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sU PONG BIEN, NGHICH BIEN
CUA HAM sO

I - TINH PON PIEU CUA HAM SO

ATt 46 thi (H.1, H.2) hay chi ra céc khoang tang, gidm clia ham 5 y = cosx trén

doan [_;3_;} va clla ham s6 y=|x| trén khodng (—o ; +).

Hinh 1 Hinh 2
1. Nhic lai dinh nghia

Ki hiéu K 1a khodng hoiac doan hodc nira khoang. Gia sir ham s6 y = f(x)
xdc dinh trén K. Ta ndi

Ham s6 y = flx) dong bién (ting) trén K néu v4i moi cap

X1, X5 thuéc K ma x; nho hon x, thi f{x;) nhé hon f(x,), titc 1a
X < xp = flxg) <f(x);

Ham s6 y = f{x) nghich bién (gidm) trén K néu véi moi cap x;, x,

thuoc K ma x; nhd hon x, thi f(x;) 16n hon f(x,), ticc Iz

X <x3 = f(x)> f(x)-



Ham s6 dong bién hoac nghich bién trén K dugc goi chung la
ham s6 don diéu trén K.

NHAN XET. Tir dinh nghia trén ta thiy

£ (xz) = (Xl)

X2 — XN

a) fix) dong bién trén K < >0, Vxj,xp e K

(JC]_ ES .1.'2) =

J(n) - f(xn)

Xy — X

e Vxl,xz e K

fix) nghich bién trén K <

(xq # x).

b) Néu ham s6 dong bi€n trén K thi do thi di lén tir trdi sang
phai (H.3a) ;

Né&u ham s6 nghich bién trén K thi d6 thi di xudng tir trai sang
phai (H.3b).

YA y4
1 i y=fx)
y=fx)/ | !
| |
I = % ! 1 ._
O a b x 0 a B s
a) b)
Hinh 3
2. Tinh don diéu va diu cua dao ham
A
Xét cac ham sé sau va db thi clia ching :
» 1
a) y= &% (H.4a) b) y=— (H.4b)
X
x | - 0 +o0 X | —oo 0 +o0
Y .
0 y |0 400
- / \_m \ o \ "




),4 YA

a) b)
Hinh 4

Xét dau dao ham clia méi ham sé va dién vao bang tuong (ng.
TU dé hdy néu nhan xét vé méi quan hé gilra su déng bié€n, nghich bién cla
ham sé va diu clia dao ham.

Ta thira nhan dinh If sau day.

DINH Li

(~ Cho ham s6 y = f(x) ¢6 dao him trén K. E
a) Néu f'(x) >0 v6imoix thudc K thi ham s6 f{x) déng bién
trén K.
b) Néu £'(x) < 0 v6i moi x thuoc K thi ham s6 f(x) nghich

ki bién trén K. Y.

Tom lai, trén K
f'(x) >0 = f(x)doéngbién
{ f'(x) <0 = f(x) nghich bién.
CHUY
Néu f'(x) =0, Vx € K thi f{x) khong d6i trén K.
Vidu 1. Tim cic khoang don diéu cia ham s06 :
a)y=2x"+1; b) y = sinx trén khodng (0 ; 2).
Giai
a) Ham s6 da cho x4c dinh v6i moi x € R.
Tacé y' = 8x° . Bang bién thién




Vay ham s6 y = 2x* + 1 nghich bién trén khodng (—oo ; 0), déng bién trén
khoang (0 ; +0).
b) Xét trén khoang (0 ; 2m), ta cd y' = cos.x.

Bang bién thién
T 3n
X 0 5 > 2
y'= cosx - 0 - 0 +
1 0
y = sinx / \ /
0 -1

Véay ham s6 y = sinx dong bién trén cic khodng [0 : %] va [32—?5 : 27:),

nghich bién trén khodng [E ' S—EJ

33 4
R
Khé&ng dinh nguadc lai véi dinh i trén c6 ding khéng ?
N6i cach khac, néu ham sé déng bién (nghich
bién) trén K thi dao ham clia né cé nhat thiét phai
duong (am) trén doé hay khong ? = Eicg

Chéng han, xét ham s6 y=x> c6 dé thi trén Hinh 5.

Hinh 5

CHU Y
Ta c6 dinh 1 m& rong sau day.
Gia sir ham s6 y = fix) ¢6 dao ham trén K. Néu f'(x) =0
(f'(x) <0),Vx e Kvd f'(x) =0 chi tai mot s6 hiru han diém
thi ham s6 déng bién (nghich bién) trén K.

Vi du 2. Tim cic khoang don diéu clia hAm s6 y = 2x° + 6x% + 6x — 7.
Giai. Ham s6 da cho xdc dinh v6i moi x € R.

Tacéy' = 6x% +12x + 6 = 6(x +1)°.



Doddy' =0 < x=-1vay' >0 véimoix=-1.
Theo dinh If m& rong, ham s6 da cho luon ludn déng bién.

II - QUY TAC XET TINH PON DPIEU CUA HAM SO

1. Quy tac
1. Tim tip xdc dinh.
2. Tinh dao ham f"'(x). Tim cdc diém x; (i =1, 2, ..., n) ma tai d6
dao ham biang 0 hoac khong xac dinh.
3. Sap x€p cdc diém x; theo thit tr tang d4n va lap bang bién thién.
4. Néu két luan vé cac khoang dong bién, nghich bién clia ham s6.
2. Ap dung

Vi du 3. Xét su dong bi€n, nghich bién ciia ham s6

y =%x3 —lx2-2x+2.

Giai. Ham s6 xédc dinh v6i moi x € R. Ta ¢6

2 X =1
Y=g il ¥ =0
x=2.
Bing bi€n thién
X |—o0 -1 2 +00
y' + 0 - 0 +
18 +00

Véy ham s6 dong bién trén cdc khodng (—o ; —1) va (2 ; +00), nghich bién
trén khoang (-1 ; 2).



Vi du 4. Tim cdc khong don diéu ciia haim s6 y = — .

2l
Giai. Ham s6 xé4c dinh v6i moi x # —1. Ta ¢6
. Nappl=ie=1) 2
@+ Dr @+ ?

y' khong xdc dinh tai x = —1.
Bing bié€n thién

X | -0 -1 +00

: ~ +
¥ +00 1
1/ —o0 /

Véy ham s6 dong bién trén cdc khodng (-0 ; —1) va (=1 ; +0).

Vi du 5. Chilng minh rang x > sinx trén khodng (0 ; g) bang cich xét
khoang don diéu chia ham s6 f(x) = x — sin x.

Giai. Xét ham s6 fix) = x —sinx [0 i «;—E) ,taco

f'(x)=1-cosx =0 (f'(x) =0 chi tai x = 0) nén theo chi ¥ trén ta c6 f{x)
dong bién trén nira khoang [0 ; g) :

Do dé, véi 0 < x < % ta ¢6 flx) = x — sinx > A0) =0

hay x > sinx trén khoang [0%)

Bdi tap
Xét su dong bién, nghich bién chia cdc ham s6 :
1
a)y=4+3x—x°; b)y=§x3+3x2——7x~—2;
C)y=x4~—2x2+3; d)y:mx3+x2m5.
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Tim cdc khoang don diéu cua cdc ham s6 :

2
3x+1 x° -2x
a)y= - bDy=—:3:;
1-x 1-x
2
c)y=\/x2—x—20; d)y= 2x
x° -9
Chimg minh ring ham s6 y = —~— déng bién trén khoing (-1 ; 1) ;
x°+1

nghich bién trén cidc khoang (—oo ; —1) va (1 ; +x0).

Ching minh rfing ham s6 y = Y2x — x> d6ng bién trén khodng (0 ; 1) va
nghich bién trén khoang (1 ; 2).
Chitng minh cdc bit dang thic sau :

3
a) tanx > x (O<x<g—]; b)tanx>x+% (0<x<g).

~

BAI POC THEM

TiINH CHAT DON PIEU CUA HAM SO

Diéu kién dl vé tinh chat don diéu clia ham sd dugc chimg minh dua vao dinh Ii
sau day.

DINH Li LA-GRANG

/" N&u ham s6 y = f(x) lién tuc trén doan [a ; b] va c6 dao ham trén %
khoang (a ; b) thi tén tai mo6t diém ¢ e (a ; b) sao cho

fb) - fla)= f'(c)(b—a)

hay f'(l‘:')z f(b)_f(a) ]
: L o

Minh hoa hinh hoc : ib)
NE&u ham sé f{x) thod méan céac gia thiét cla fle,)
dinh Ii La-grang thi trén dé thi ton tai diém
C ma tiép tuyén tai dé6 song song hoic
trung véi day cung AB (H. 6). fta)

Hinh 6 )



HE QUA

Néu F'(x) = 0 v8i moi x thudc khodng (a ; b) thi F(x) bang hang s&

trén khoang do.
Chiing minh. Xét diém c6 dinh x, €(a;b). Vi mbi xe(a;b) ma x=x, CAac gia
thiét cla dinh I La-grang dudc thoa mén trén doan [x,; x] (hodc[x; x,]). Do dé
tén tai diém ce(xg;x) (hodcce(x; xy)) sao cho F(x)—F(xy)=F'(c)(x—xp)- Vi
ce(a;b) nén F'(c)=0. Vay

F(x)- F(x,)=0 hay F(x)= F(x,)=const

trén toan khoéng (a ; b). |

DINH Li
Cho ham s6 y = f{x) c6 dao ham trén khoang (a ; b). )
a) Néu f'(x) > 0 vGi moi x € (a ; b) thi ham s6 flx) dong bién
trén khoang do ;
b) Néu f'(x) < 0 v8i moi x € (a ; b) thi ham sé flx) nghich bién
trén khoang dé. i

Chting minh. Lay hai diém bat ki x, X, (x <x,) trén khoang (a ; b). Vi flx) c6 dao
ham trén khoang (a ; b) nén f{x) lién tuc trén doan [x,: x,] va c6 dao ham trén khoang
(x.l 3 Xy Y.
Theo dinh Ii La-grang, ton tai mét diém ¢ e(x:x,)c(a;b) sao cho

Jxy)— f(x)

Iz —Il

a) Néu f'(x) >0 v8i moi x e (a ; b) thi f'(c) >0 nén f(x,)> f(x,). Do d6, fix)
dong bién trén khoang (a ; b).
b) Néu f'(x) < 0 véi moi x € (a ; b) thi f'(c) <0 nén f(x,)< f(x). Do d6, fix)
nghich bién trén khoang (a ; b). E

Filoy= . Tu doé suy ra :

BAN CO BIET

LA-GRANG (J.L. LAGRANGE)

La-grang la nha toan hoc Phap, xuét than trong mét gia
dinh giau cé, nhung tré nén khanh kiét khi 6ng tudng nhu
sap dudc thira k& gia san. Tuy nhién, vé sau 6ng xem tai J.L. Lagrange
hoa nay |a mét diéu may man. (1736 - 1813)

11
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Ong néi : "Néu dugc thira k€ mét tai san thi chac la téi khéng danh ddi minh cho
toan hoc".

Ong néi La-grang la ngudi Phap, ba néi la ngudi Hai-a. Ca gia dinh 6ng dinh cu & Tu-rin
(tht phi clia x(t Pi-e-méng (Piémont) thuéc I-ta-li-a).

La-gréang dudc cir lam giao su toan hoc d Truong Phao binh Hoang gia Tu-rin
nam 19 tudi. T4t ca cac hoc tré déu I6n tudi hon éng. Clng véi nhiing hoc trd uu
ta clia minh, La-grang da lap ra Hoi nghién c(tu, tién than cla Vién Han |am khoa
hoc Tu-rin. Tap bao céo déu tién clia Ho6i xuat hién nam 1759 khi 6ng 23 tudi.
Phéan 16n nhing cdng trinh t&t nhadt céng bé trong tap san dau nay la clia La-grang,
dudi nhiéu bat danh khac nhau.

G tudi 23, La-grang dudc coi la nha toan hoc ngang hang véi nhitng nha toan hoc 18n
nh&t thdi bay gid 1a O-le (Euler) va cac nha toan hoc ho Béc-nu-li (Bernoulli).
Theo I8i gidi thiéu clia O-le, ngay 2-10-1760, khi méi 24 tudi, La-grang dudc bau
lam Vién si nudc ngoai cla Vién Han lam khoa hoc Bec-lin. V& sau, O-le va
Da-lam-be (d'Alembert) con van doéng vua nudc Phé maoi La-gréang sang Béc-lin
lam nha toan hoc clia Triéu dinh.

Nam 1764, lac 28 tudi, La-grang dugc gidi thudng 16n vé bai toan binh déng clia
Mat Trang (la bai toan li gidi vi sao khi chuyén déng, Mat Trang luén ludn quay
m&t mat vé phia Trai Dat).

Cac nam 1766, 1772, La-grang lién tiép nhan dugc cac giai thudng cla Vién Han
lam khoa hoc Pa-ri vé cac bai toan 6 vat thé, 3 vat thé.

Ngay 6-11-1776, La-grang dudc vua nudc Phé - "vi vua 16n nhat chau Au" - dén
tiép néng nhiét va dugc clr lam Gidm déc Ban Toéan Li clia Vién Han 1am Bec-lin.

Nam 1787, Hoang gia va Vién Han |am Pa-ri d6n tiép ndng hau nha toan hoc I16n
La-grang tré vé va cdp cho 6ng mét can hé day da tién nghi trong dién Lu-vro
(Louvre, nay la vién bao tang I6n & Pa-ri).

Nam 1788, & tudi 52, 6ng cong bé kiét tac clia ddi 6ng, bé "Cd hoc giai tich", dé
tai ma 6ng &p G tir IGc 19 tudi.

Nhd su can thiép clia La-grang, ngudi ta da khong thira nhan 12 thay cho 10 dé
lam co s8 cho mét hé.

Ong |ap gia dinh hai 1an. Ba vg ddu m4t sém vi dau yéu. & tudi ngoai 50, La-gring
séng cd don, sdu mudn. Nam 56 tudi, éng dudc mét thi€u nir, con gai ban 6ng la
nha thién vadn hoc Lo-mé-ni-& (Lemonier), yéu va ngd 18i muén két hén véi éng.
La-grang nhan Idi. Cé da danh ca cuéc ddi tré trung, tudi dep clia minh dé cham
s6c dng, kéo 6ng ra khéi u sdu, thic tinh ngi 6ng ldng ham séng. Ong yéu tha
thiét va cdm thdy khd sd mébi khi phai tam xa ba. Ong khang dinh ring ba vo tré
diu dang, tan tuy la gidi thudng quy bau nhat trong moi giai thudng clia ddi éng.
La-grang dudc toan thé nhan dan Phap ton vinh. C6 lan, Ta-Hé-grang (Tallegrand), mét
vi tuéng, da néi vdi cha clla La-grang : "Con éng, ngudi con clla nhan dan Phép, sinh
ra & Pi-6-méng, da lam vinh du cho toan thé nhan loai bdi thién tai clia minh".
La-grang mat ngay 10-4-1813, tho 77 tuéi.



CUC TRI CUA HAM SO

I - KHAI NIEM CUC DAL CUC TIEU

1
ﬁ Dua vao dé thi (H.7, H.8), hay chi ra cac diém tai d6 m&i ham sé sau c6 gia tri I6n
nhat (nhé nhat) :

a} y:—x2+1 trong khﬂéng (—(IJ ;-|"£IJ) :

b) y::;.(x—s)z trong céac khoang [—;—%} va [1;4]-

2
’ y
1
VAN P
= @ TR N
I : i .
1 1 I 1
. "
91 1. 1 3 2 3 4 x
2 2
Hinh 7 Hinh 8
Xét ddu dao ham clia cac ham sé da cho va dién vao cac bang dudi day.
x | —oo 0 +00 x | —oo | 3 +0
yl L
y 1 y 4 +00
—ahn —o0 —c0 ﬂ
DINH NGHIA

Cho ham s6 y = f(x) xdc dinh va lién tuc trén khodng (a ; b) (c6 thé
ala —oo ; b 12 +0) va diém Xo € (a; b).
a) Néu ton tai s6 h > 0 sao cho fix) < fixg) véimoix € (xo— 4 ;
Xo + ) Vi x # x, thi ta n6i ham s6 f(x) dat cue dai tai x;.
b) Néu ton tai s6 & > 0 sao cho fix) > fixy) v6i moi x € (xg— 4 ;
Xp+ h) va x # xp thi ta n6i ham s6 fix) dat cue tiéu tai xp.

13



CHU Y

1. Néu ham s6 f(x) dat cuc dai (cuc ti€u) tai xg thi x, dugc
goi 1a diém cuc dai (di€ém cuc tiéu) cha ham s6 ; f(xy)duoc
goi 12 gia tri cuc dai (gia tri cuc tiéu) cla ham s6, ki hién
1a fep(fer), con diém M(xg 5 f(xp)) dugc goila diém cuc dai
(diém cuc tiéu) cha do thi ham so.
2. Céc diém cuc dai va cuc tiéu dugc goi chung 12 diém cuc tri.
Gid tri cuc dai (gid tri cuc tiéu) con goi 12 cue dai (cuc tiéu) va
duoc goi chung 1a cue tri ciia ham so.
3. Dé dang chitng minh dugc rang, néu ham s6 y = fix) c¢6 dao
ham trén khoang (a ; b) va dat cuc dai hodc cuc tiéu tai xqthi
f(x)=0.

2

/W Gia sl f{x) dat cuc dai tai x, - Hay chiing minh khang dinh 3 trong cha y trén béng

f(xp +Ax)— f(xy)

Ax

cach xét gi6i han ti s6 khi Ax — 0 trong hai trudng hdp Ax > 0 va

Ax < 0.

II - PIEU KIEN DU BE HAM SO CO CUC TRI

3
ﬁ a) S{r dung d6 thi, hay xét xem cac ham sé sau day c6 cuc tri hay khéng.
s 2

-y=:3‘}(x—3)2 (H.8).

b) N&u mdi lién hé gilra su ton tai cuc tri va ddu cla dao ham.
Ta thira nhén dinh 1i sau day.

PINH Li 1

/" Gia sit ham 56y = f{x) lién tuc trén khodng K =(xg — /1 5 xp + ) "\
va ¢0 dao ham trén K hoac trén K'\{ x,}, v6i & > 0.

a) Néu f'(x) > 0 trén khodng (x — & ; x) va f'(x) < 0 trén
khoang (x; ; xp + h) thi x, 1a mot diém cuc dai cia ham s6 f{(x).

b) Néu f'(x) < 0 trén khoang (xy — & ; xp) va f '(x) > 0 trén
\khoéng (xg 2 X + h) thi x, 1a mot diém cuc tiéu chia ham Sﬁﬂx)_.‘/

14



X xo-h Xp .1'04"]’! X IU'-‘h X x,3+h

f(x) + —- (%) — +

fix) f Jx)
/ @) \ \ & /

Vidu 1. Tim c4c diém cuc tri ciia d6 thi ham s6 fix) = - + 1.

Giai. Ham s6 x4c dinh v6i moi x € R.

Ta c6 f'(x) =—2x: f'(x) =0 < x = 0.

Bang bién thién
x |—o0 0 +00
J %) + 0 -
1
9 / \
—o0 —0

Tur bing bi€n thién suy ra x = 0 12 di€ém cuc dai ciia ham s6 va d6 thi cia
ham s6 ¢ mot diém cuc dai (0; 1) (H.7).

Vi dyu 2. Tim céc diém cuc tri clahim s6 y = ¥ — x> — x + 3.
Giai. Ham s6 x4c dinh v6i moi x € R.

Tacé y=3x>-2x-1;

x =1
¥y =0 1
X =——.
3
Bang bién thién
: 1
X |—o0 —== +00
3
y' + 0 — 0 +
86 -

15



# " 1 -~ (- " - a7 =
Tir bang bién thién suy ra x = _513 di€m cuc dai, x = 1 1a di€m cuc ti€u
clia ham s6 da cho.

Vidu 3. Tim cuc tri cia ham s6

_3x+1
x+1

Giai. Ham s6 x4c dinh tai moi x # —1.

=0.Vez—1.

Tacéy' = .
(x +1)

Vay ham s6 di cho khong c6 cuc tri (vi theo khing dinh 3 clia Chi ¥ trén,
néu ham so c6 cuc tri tai xq thi tai d6 y' = 0).

4
ﬁ(}hﬂng minh ham s6 y=|x khong c6 dao ham tai x=0. Ham sé c6 dat cuc tri tai
diém d6 khéng ?

Il - QUY TAC TIM CUC TRI
Ap dung Dinh 1i 1, ta ¢ quy tic tim cuc tri sau day.
QUY TACI
1. Tim tp xdc dinh.
2. Tinh f'(x). Tim cdc diém tai d6 f'(x) bing 0 hoic f'(x)
khong xac dinh.

3. Lap bang bién thién.
4. Tir bAng bién thién suy ra cdc diém cuc tri.

5
ﬁﬁ\p dung quy tac |, hay tim cac diém cuc tri clia ham sé
fx)=x(x* -3).
Ta thtra nhédn dinh 1i sau day.

DPINH LI 2
'/_

Gia sir ham s6 y = flx) c6 dao ham cap hai trong khoang
(xo —h;xg+h),véih>0.Khido:

a) Néu f'(xg) =0, F"(xp) > 0 thi xo 12 diém cuc tiéu ;
b) Néu f'(xg) = 0, f"(x) < O thi x 12 diém cuc dai.

Yo ol

16



Ap dung Dinh 11 2, ta ¢6 quy tic sau day dé tim cdc diém cuc tri clia mot ham s6.

QUY TACI

1. Tim tp xdc dinh.

2. Tinh f'(x). Gidi phwong trinh f'(x) =0 vakihiéu x; (i=1,2, .., n)
1a cdc nghiém cha nd.

3. Tinh f"(x) va f"(x;).

4. Dya vao ddu chia f"(x;) suy ra tinh chdt cyuc tri cha diém x; .

Vidu 4. Tim cuc tri cha ham s0

4

Foy == 3% %6

4
Giai. Ham s6 x4c dinh véi moi x € R.
f=x-dx=x(x>-4); f(N=02x,=0,5,=-2,x=2.
') =3x" - 4.
f"(*2)=8>0= x=-2vax=21ahai diém cuc tiéu ;
£"(0) =-4 <0 =x=01a diém cuc dai.
Két ludn
flx) dat euctifntai x=-2 vax =2 frr =i 2) =2.
fix) dat cuc dai tai x =0 va fp =f(0) = 6.
Vidu 5. Tim cdc diém cuc tri cia ham s6 f{x) = sin2x.

Giai. Ham s6 x4c dinh v6i moi x € R.

f'(x)=2c052x;f'(.r)=0<::>2x=g+ln:<:>x= %+lg (I eZ).

f"(x) = —4sin2x.
—4néul =2
f"[£+l£)=-—4.sin(£+lnj = n,u ¢ (keZ).
4 9 3 4 néu / = 2k+1

17
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Két lugn
x= % + kn (k € Z) 1a céc diém cyc dai clia ham s6.

3 L] ) E a -
= Tﬁ + kn (k € Z) 14 cdc diém cuc tiéu chia ham s6.

Bdi tap

Ap dung Quy tic I, hiy tim cdc diém cuc tri ctia cdc ham s6 sau :

a) y=2x> +3x% —36x-10 ; b) y=x*+2x%-3;
1

C) y=x+—3 d) y=22(1-x)7°;
X

e)y:\/xzw—x+1.

Ap dung Quy tic II, hiy tim cic diém cuc tri chia cidc ham s6 sau :
a)y=x'-27+1; b) y = sin2x —x ;
C) ¥ = sinx + cosx ; d)y=x5-x3w2x+1.
Chiing minh riing him s6 y = Vx| khong c6 dao ham tai x = 0 nhung vin
dat cuc tiéu tai diém dé.
Chitng minh rang v6i moi gid tri cia tham s6 m, ham s6
y=x3~mx2—2x+1
lu6n luén c6 mot diém cuc dai va mot diém cuc tiéu.

Tim a va b dé céc cuc tri cia ham s6

) §a2x3 +2ax* —9x + b

déu 1a nhimng s6 duong va xp = Tg 1a diém cuc dai.

x2+mx+1

Xéc dinh gid tri cia tham s6 m dé ham s6 y = dat cuc dai
X+ m

Hix=2



GIA TRI LON NHAT VA
GIA TRI NHO NHAT CUA HAM SO

I - DINH NGHIA

Cho ham s6 y = f(x) x4c dinh trén tap D.

a) S6 M duoc goi la gia tri 16n nhét cia ham s6 y = f(x) trén
“ tip D néu fx) <M v6i moi x thudc D va tén tai xg € D sao

cho f(xp) = M.

Ki hiéu M = max f(x).
D

b) S6 m duoc goi 12 gia tri nhé nhit cia ham s6 y = fix) trén
“ tip D néu f(x) 2 m v6i moi x thudc D va ton tai x5 € D sao
cho f(xp) = m.

Ki hiéu m = min f(x).
D

Vi dy 1. Tim gid tri nho nhat va gid tri 16n nhat ciia ham s6

y:.lc—5+l
5
trén khoang (0 ; +o0).
T 5 P 1 |
Giai. Trén khoang (0 ; +o0),tacod y' =1 — — >3
X X

y'=0<:>x2——1=0 Sx=1

Bing bi€n thién
X 0 1 400
y' - 0 +

+00 +00
" \ /
-3

Tur bing bi€n thién ta thay trén khodng (0 ; +00) ham s6 ¢6 gid tri cuc tiéu
duy nhat, d6 ciing 1a gid tri nho nhét ciia ham so6.
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Vay min f(x) = -3 (tai x = 1). Khong ton tai gid tri 16n nhit cta f{x)
(0;+00)

trén khoang (0 ;+o0).

II - CACH TINH GIA TRI LON NHAT VA GIA TRI NHO NHAT
CUA HAM SO TREN MOT POAN

A Xét tinh d6ng bién, nghich bién va tinh gi4 tri I6n nhat, gia tri nhd nhat clia ham s8 :
a)y= + trén doan [-3 ; 0];

b) y=I~—+itrén doan [3 ; 5].
.

1. Dinh li

Moi ham s6 lién tuc trén mdt doan déu cé gid tri 16n nhét
va gid tri nho nhét trén doan do.

Ta thira nhan dinh If nay.
Vi du 2. Tinh gié tri nhd nhdt va gid tri 16n nhat ciia ham s6 y = sinx

a) Trén doan E;T—"lt :
6 6

b) Trén doan[% = 215].

Gidi

Hinh 9

20



Tir d6 thi cia ham s6 y = sinx (H.9), ta thdy ngay :

a) Trén doan D = [g* %J ta cO

1
Tir 46 maxy =1 ;miny = ——.
D 2

b) Trén doan E = [g, ZTC] ta co

2. Quy t3c tim gia tri 16n nhat, gia tri nho nhat cua ham sé lién tuc
trén mot doan

ya
P e e iy
= 2 1
¥ 8 2 e 2 :
: = P i
GHEERTRE gl © T omoU 2Rl :
X néu l<x<3 T | "
I
c6 d6 thi nhu Hinh 10. Hay chi ra gia tri S0l 31 —a
I6n nhat va gia tri nhd nhat cla ham sé : 1l
trén doan [-2 ; 3] va néu cach tinh. | 3
Hinh 10
NHAN XET

Néu dao ham f'(x) gilt nguyén ddu trén doan [a ; b] thi ham s6
dong bién hodc nghich bién trén ca doan. Do do, fix) dat dugc
gid tri 16n nhit va gid tri nhd nhit tai cdc dau miit cta doan.
Néu chi c¢6 mot s6 hitu han cdc diém x; (x; < x;;;) ma tai d6
f'(x) bang 0 hoac khong xdc dinh thi ham s6 y = f(x)don
diéu trén mbi khoang (x;;x;,1) . R0 rang gid tri 16n nhat (gid
tri nhd nhat) cha ham s6 trén doan [a ; b] 12 s6 16n nhit (s6
nhd nhit) trong cic gid tri clla ham s6 tai hai diu miit a, b va
tai cdc diém x, noi trén.
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Quy tac
1. Tim cac diém X1s X9, X, trén khodng (a ; b), tai do f'(x)
bang 0 hoac f'(x) khong xdc dinh.
2. Tinh fla), f(x1)s F(3)eon F(x,), F(D).
3. Tim s6 16n nhit M va s6 nho nhat m trong céc s6 trén. Ta c6

M =max f(x), m = min f(x).
[a; b] [a; b]

CHU Y
Ham s6 lién tuc trén mot khoang c6 thé khong c6 gid tri 16n
nhit va gid tri nhd nhat trén khoidng d6. Ching han, ham so
1 % el o S ;
f(x) =— khOng c6 gid tri 16n nhdt, gid tri nho nhét trén
X
khoang (0 ; 1). Tuy nhién, ciing c6 nhitng ham s6 c6 gid tri
16n nhét hoac gid tri nho nhat trén mot khoang nhu trong Vi du 3
dudi day.
Vi du 3. Cho m6t tim nhoém hinh vuéng canh a. Ngudi ta cat & bon géc bon
hinh vuéng bing nhau, réi gap tim nhom lai nhu Hinh 11 d€ dugc mot cdi hop

khong nép. Tinh canh clia cdc hinh vuong bi cit sao cho thé tich clia khai hop
12 16n nhat.

_

2

e

Hinh 11
Giai. Goi x 1a d6 dai canh cta hinh vuong bi cit.

R& rang x phii thoa man diéu kién 0 < x < -g- .
Thé tich ctia khoi hop Ia

V(x) = x(a — 2x)? [0 <x< %J



Ta phaitim x € [0; 52{] sao cho V(x,) c6 gid tri 16n nhat.

Ta co Vi(x) =(a - 2x}2 + x.2(a — 2x).(-2) = (a — 2x)(a — 6x).
2 a 2

Trén khoang (0 E) ta cO

Vi) =0 x=%.

Béng bién thién
a a
x |0 3 >
Vi(x) + 0 -
2a°
V(®) / 27 \
0 0

Tir bang trén ta thdy trong khoang [0 : g) ham s6 ¢6 mot diém cuc tri duy

nhit 13 diém cyc dai x = % nén tai d6 V(x) c6 gid tri 16n nhit :

3
2a
max V(x) = —
aj 21
0; —
2
ﬁ 3
Lap bang bién thién clia ham s6 f(x)=— : =,
1+x

Tl d6 suy ra gia tri nhé nhat cla f{x) trén tap xac dinh.

Bdi tdp
1. Tinh gid tri 16n nhat, gid tri nho nhat chia ham s6 :
a)y =x° — 3x° — 9x + 35 trén cdc doan [-4 ; 4] va[0: 5] ;
23
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b)y =x* —3x% + 2 trén cdc doan [0 ; 3] va [2: 5] ;

2—x

g) oy = trén cic doan [2 ;4] va[-3;-2];

ol

d) y = ¥5 — 4x trén doan [-1 ; 1].

Trong s6 cdc hinh chit nhat ciing c¢6 chu vi 16 cm, hdy tim hinh chit nhat c6
dién tich 16n nhét.

Trong tit cd cdc hinh chit nhit cing c6 dién tich 48 mz, hdy xac dinh hinh
chit nhat ¢6 chu vi nhd nhat.

Tinh gia tri 16n nhét cla cdc ham s6 sau :

b)y = 4¢° — 3x*.

a) y = :
1+ x°
Tinh gid tri nho nhat cha cac ham so6 sau :

a)y=|x|; b)y=x+f(x>0).
X

BAI POC THEM

CUNG LOI, CUNG LOM VA PIEM UON

1. Khai niém vé cung 18i, cung 16m va diém udn
Xét db thi ACB clia ham s6 y= f(x) biéu dién trén Hinh 12. Gia sl d6 thi co tiép
tuyén tai moi diém.

o

=Y

Hinh 12



Tai moi diém clia cung;l—E' , tiép tuyén ludn luén & phia trén clia AC . Ta
néi AC 1a mét cung I8i. N&u a la hoanh db cila didm A, c 1a hoanh d6
clia diém C, thi khoang (a ; ¢) dudc goi la mét khoang 16i clia db thi.
Tai moi diém cla cungaé, tiép tuyén ludn luén & phia dudi cliaCB .
Ta néi CB Ia mot cung 16m. Ki hiéu b 1a hoanh dé cla diém B thi
khoang (c ; b) dudc goi la mét khoang 16m cla dé thi.
Diém phan cach gilta cung I6i va cung I6m dudc goi 1 diém udn cla
dé thi. Trén Hinh 12, C la mét diém uén.

CHU Y
1. Tai diém ubn, ti€p tuyén di xuyén qua dé thi (H.12).
2. Trong mét s6 gido trinh, nhat la gido trinh Giai tich toan hoc &

Pai hoc, ngudsi ta goi AC trén Hinh 12 1a cung I6m va CB la cung 6.

2. D&u hiéu 18i, I6m va diém uén

Ta c6 hai dinh Ii sau day.

PINH Li 1

(" Chohams3 y= f(x) cddaoham cap hai trén khodng (a ; b). R
Néu f"(x)<0 v8 moi xe(a;b) thi d6 thi cla ham s8 16i trén
khoadng dé.

Néu f"(x)>0 vGi moi xe(a;b) thi d6 thi clla ham s 16m trén
\khoang dé. J

DINH Li 2

Cho ham sé y= f(x) c6 dao ham cép hai trén khoang (a ; b)
vax,e(a:b). Néu f"(x) d6i ddu khi x di qua x, thi diém

M (x5 f(xy)) 12 diém ubn cla d6 thi ham s6 da cho.

3. Ap dung

Vi dy 1. Tim cac khoang 16i, 16m va diém uén cla dé thi cac ham sé :
a)y=x ; b) y=—sinx trén doan [0 ; 2x].

Giai

a) Tap xacdinh : R.
Tacod y'=5x", y" =205
Bang xét dau y"
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X —a0 0 +ow y4
yll g D +
P4 thi clia ” Diém uén =
ham sé 0(0;0)
Vay d6 thi ham sé 16i trén khoang (—<o ; 0), 16m
trén khoang (0 ; +e0). Diém O(0 ; 0) la diém uén >
clia d6 thi ham s (H.13). 0 x
b) Tacé
y'=—cosx, Fr=Eng .
Bang xét dau y"
S 0 s 2n
v T 0 B Hinh 13
Dé thi clia " Diém uon e
ham s& Lom A0 Lo
Vay frén doan [0 ; 2x), do thi ham s6 16m frén YA
khoang (0 ; =), 16i trén khoang (x ; 2n). Diém
A(n ; 0) la diém uén cla dé thi ham s& (H.14). i
A\ m
. I .
0 ! T 27?\\_ x
— '
Hinh 14
Vi du 2. Tim céac khoang 16i, 16m cla d6 thi ham s8
Akl
o x—1
Giai. Tap xac dinh R \{l} .
y'=— 2,}ctat:ﬁ!nhm:ﬂm:;n xr] i
(x-1)
= z , Xac dinh v8i moix =1.
(x—1)
Bang xét dau y"
X —o0 1 +o0
yll B II +
D6 thi ca ham sé Lbi Lém

Vay d6 thi clia ham s6 16i trén khoang (—« ; 1) va 16m trén khodng (1 ; +w).



(D8 thi khéng cé didm uén vi ham sé 4
khong xac dinh tai diém x = 1) (H.15). ) SO DA,

Hinh 15

[ yll
=g 1 )
/N Cho ham s6
M(x; y)
2—x
y=== (H16). .
- ! -
c6 dé thi (C). 0| Al 525 X
Néu nhan xét v& khoang cach tir = : P
dim M(x ; y) e (C) 6i dudng thdng \Az
y = —1khi |x] = 400 .
|
Hinh 16

Vidu 1. Quan sit d6 thi (C) cia ham s6

fx) = l+ 2 (H.17).

X
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Néu nhéan xét vé khoang cich tir diém M(x ; y) € (C) t6i dudng thing y = 2
khi |x| =+ va cdc gidi han

lim [f(x)-2], lim [f(x)-2].

X—»+00 X—»—00
Gidi. Ki hiéu M, M' 14n luot 13 cdc diém thuoc (C) va dudng thing y =2 ¢6
ciing hoanh d6 x (H.17). Khi |x| cang 16n thi cic diém M, M' trén cic d6
thi cang gin nhau.

Ta co
lim [f(x)—2]= Ilim [[l+2)-—2]= Iim l=0.
X —>+o0 X—>+aoo X X—>+o0 X
Twong tur, lim [f(x) —2]=0.

X—»—0

L S T | Rl i

Y

Hinh 17
CHUY
Néu lim fix)= lim Ax)=/ taviétchungla lim f(x) =1l

X—>r+0 X—>—w x—> oo

DINH NGHIA

Cho ham s6 y = flx) xdc dinh trén moét khoang v6 han (la
khoang dang (a ;+9), (-0 ; b) hodc (—oo ;+o0)). Dudng
thing y = y, 12 dudng tiém cAn ngang (hay tiém cin ngang)
clia d6 thi ham s6 y = fix) n€u it nhat mot trong cic dicu kién
sau dugc thod man

Iim fix)=yp: Im f{x) =y

X—>+c0 X—»—0



Trong Vi du 1, dudng thing y = 2 12 tiém can ngang ctia dudng hypebol

1
y=—=+2
X

Vidu 2. Cho ham s6
[

Jx

xdc dinh trén khoang (0 ; +00).

D6 thi ham s6 ¢o tiém cin ngang y = 1 vi
1
lim f(x)= lim |——=+1|=1.
LY SR N

II - PUONG TIEM CAN BPUNG

2
Tinh lim (l+2] va néu nhan xét vé khoang cach MH khi x — 0 (H.17).

a—=0\ X

DINH NGHIA

Dudng thing x = x, duoc goi 1 dudng tiém can ditng (hay tiém
cin ding) cha d6 thi ham s6 y = fix) n€u it nhat mot trong cic
di€u kién sau duogc thod man

lim f(x) =400, lim f(x)= —0,

X—r ,ra' X=X,
lim f(x) = —0, lim F(x) = 400 .
X—> x["; X=X

Vi du 3. Tim cdc tiém can diing va ngang ciia do thi (C) ctia ham s6

_ =1
3 i
Gigi. Vi lim . el P —o0 (hodc lim =l +o0) nén dudng thing
x>2TXx+2 x>-2"Xx+2

x =—21a tiém céan ding cia (C).
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xm-.

Vi lim : = 1 nén dudng thing
x—>+0 X + 2 yA

y =1 la tiém cén ngang cua (C).
D6 thi cia ham s6 duoc cho trén

Hinh 18.
1 y=1
0 /’P—.—-——;
-2 _% /ﬂj x
(o]
|
I
H
Hinh 18
: 9 G s s . 2x% + x+1
Vidu 4. Tim tiém can ditng cha do6 thi ham s6 y = = =
x—.
2 2
Gl G o SRV en e e TR P
[3)+ 2x -3 [3)— 2x -3
x| = x| =
2 2

: 3 ; 6 e g s o
duong thang x = 5 1a ti€m cén diing cua do6 thi ham s6 da cho.

Bdi tGp
Tim cdc tiém cin ctia d6 thi ham s6 :
¥ —x+7
qiy = 3 by = :
)y 2—-x )y x+1
2x -5 7
gy : d)y=—-1.
z 5« -2 x X
Tim cdc tiém can ditng va ngang ctia d6 thi ham s6 :
2
2—x x“+x+1
a)y = 5 b b)y = 5
0—x 3—-2x-5x
2
X% —3x+2 Jx1
c)y= : d)y=

x+1 \/;—1.



KHAO SAT SU BIEN THIEN VA
vE PO THI CUA HAM SO

I- SO DO KHAO SAT HAM SO
1. Tap xac dinh
Tim tap xdc dinh cia ham s6.
2. Su bién thién
* Xét chiéu bién thién ctia ham s6 :
+ Tinh dao ham y';
+ Tim cédc di€ém tai d6 dao ham y' bang 0 hoac khong xédc dinh ;
+ Xét ddu dao ham y' va suy ra chiéu bién thién ctia ham s6.
* Tim cuc tri.

* Tim cdc gi6i han tai v cuc, cdc gidi han vo cuc va tim tiém cin (né€u co).
* Lap bang bién thién. (Ghi cac két qud tim duoc vao bang bién thién).
3. DO thi
Dura vao bang bi€n thién va cdc yéu t6 xdc dinh & trén dé vé do thi.
CHU Y
1. Néu ham s6 tudn hoan véi chu ki T thi chi cin khio sit su

bié€n thién va vé do thi trén mét chu ki, sau doé tinh tién do thi
song song véi truc Ox.

2. Nén tinh thém toa d6 mot s6 diém, dac biét 1a toa do céc
giao diém chia d6 thi véi cdc truc toa do.

3. Nén luu y dén tinh chén, 1€ cta ham s6 va tinh do6i xing cha
dé thi dé vé cho chinh xéc.
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IT - KHAO SAT MOT SO HAM DA THUC VA HAM PHAN THUC

1
ﬁ Khao sat su bién thién va vé dé thi clia cac ham sb da hoc

32

y=ax+b, y=a,1'2+bx+c'
theo so d6 trén.

Hémsﬁy:ax3+bx2+cx+d(a¢0)

Vi du 1. Khio sit su bién thién vi v& d6 thi clia ham s6 y = x> + 3x> — 4.
Gidi
1) Tap xac dinh : R.
2) Su bién thién
e Chiéu bién thién
¥ =3x% + 6x=3x(x +2) ;

=-2
y'=0<:>[x

x=0

Trén cdc khodng (—o0 ; —2) va (0 ; +o0), y' duong nén ham s6 déng bién.
Trén khoang (-2 ; 0), ' am nén ham s6 nghich bién.

* Cuyc tri

Ham s6 dat cuc dai tai x = -2 ; yop = y(-2) = 0.

Ham s6 dat cuc tiéu tai x =0 ; yor = y(0) = —4.
* Cac gidi han tai vo cuc

lim y= lim ﬁ(uéﬂi = o

*
X—»—0 X—>»—0 X x3

lim y= lim x3[1+3—i = +o0.

X—>+0 xX—>+00 -



* Bang bién thién

x| —ob -2 0 +00
j + 0 - 0 +
0 +00
—00 —4
3) D6 thi
i3 ) £ D
Tacox +3x —4=x-1Dx+2)"=0
[x:—-Z
—
=1

Vay (=2 ; 0) va (1 ; 0) 1a cic giao diém cha d6 thi véi truc Ox.

Vi y(0) = —4 nén (0 ; —4) Ia giao diém cda d6 thi véi truc Oy. Diém d6
cling 14 di€ém cuc tiéu cta dé thi.

D6 thi cia ham s6 duoc cho trén Hinh 19. y4
Luu y. DO thi ctia ham s6 bac ba da cho co
tam do6i xiing 1a diém 7 (-1 ; -2) (H.19).
Hoanh d6 ctia diém I 1a nghiém cua
phuong trinh y” = 0.

Hinh 19

\ Khao sat su bién thién va vé dé thi clia ham s8 y = —x” + 32> — 4. Néu nhan xét vé
d6 thi clia ham sé nay v6i d6 thi clla ham sé khéo sat trong Vi du 1.

Vi du 2. Khio sit sy bién thién va vé d6 thi clia ham s6

y:—-x3+3x2—4x+ 2

Gidi
1) Tap xac dinh : R.
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2) Su bién thién
* Chiéu bién thién

Viy =3 +6x—-4="3x-1>-1<0véimoix eR,

nén ham so6 nghich bién trén khoang (-0 ; +c0). Ham s6 khong c6 cuc tri.

* Gi61 han tai vo cuc

. : 3 3 4 2
lim y= lim |[x|l1-—+——-—]||= —00,
X+ x—>+o0| x 2 X |
i g i | =21 et W
X —>»—0 X—>—0| X x2 x3 i
* Bing bién thién
X —0 +00
¥ =

3) D6 thi

D6 thi chia ham s6 cit truc Ox tai diém (1 ; 0),
cit truc Oy tai diém (0 ; 2).

D6 thi clia ham s6 duge cho trén Hinh 20.

Hinh 20

=y



Dang cua do thi hAimsobacbay=ax’ + bx* + ex +d (a# 0)

a1 a<(
Phuong trinh y ‘
y=0 \_ ™
¢6 hai nghiém //; \\_//x o
phan biét
yA Y
Phuong trinh J \
y=0 —
B : / " .
cO nghiém kép I 0 X 0 \ P
Y y
Phuwong trinh \
y=0 \
3

3
Khéo sat su bién thién va vé dé thi clla ham s6 y = %—3—2 Ex+1.

2. Hiams8y=ax’ +bx* + c(a# 0)

Vi du 3. Khio sét su bi€n thién va vé d6 thi cia ham s6 y = x* — 247 - 3.
Gidi

1. Tap x4c dinh : R.

2. Su bién thién

e Chiéu bién thién

x=1
y'=4x3—4x=4x(x2"1);y'=0<:> x=-1
xi=],
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Trén cdc khoang (-1 ; 0) va (1 ; +0), ¥' > 0 nén ham s6 dong bién.
Trén cidc khoang (—oo ; —1) va (0 ; 1), ¥' < 0 nén ham s6 nghich bién.
* Cuc tri

Ham s6 dat cuc ti€u tai hai difm x =-1vax=1; yor = y(£1) = -4.
Ham s6 dat cuc dai tai diém x =0 ; yop = ¥(0) = -3.

* (Gi61 han tai vo cuc

i et Tt S e | 2= 35,
X—>—0 xX——0 2 u
lim y= lim x* Im%ﬂ% = 0.
X—»+c0 X—>+00 X X
* Bang bién thién
X —00 —-1 0 1 +00
¥ - 0 - 0 = 0 i+
+00 -3 400
y e W 5 i " 5 e
3. Do thi YA
Ham s6 da cho 1a ham s6 chan, vi 1 1
W=x) = (-x)* - 2A-x)% -3 B (o[ [ B x
=5~ 2% —3 = y(). ]
Do d6, dé thi nhan truc Oy 1am truc d6i ximg. |
D6 thi cit truc hoanh tai cdc diém (V3 :0) va \j‘[w
|

(=3 0), cit truc tung tai diém (0 ; —3) (HL. 21).
ﬁ . Hinh 21

Khao sat su bién thién va vé dé thi clia ham s6 y=—x"* +2x% +3.

Bang dé thi, bién luan theo m s6 nghiém cla phuong frinh —x* +2x* +3=m.

Vi du 4. Khao sit su bién thién va vé do thi chia ham s6

x4
y:———_];2 + —-

2 2
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Giai
1. Tap x4c dinh : R.
2. Sir bi€n thién
* Chiéu bién thién
Y =-20 - 2%x=-2%("+1);y=0=x=0.
Trén khoang (—<o ; 0), y' > 0 nén ham s6 déng bién.
Trén khoang (0 ; +0), y' < 0 nén ham s6 nghich bi€n.
* Cuc tri

’ i i 3
Ham s6 dat cuc dai tai x =0, yop = y(0) o

Ham s6 khong c6 diém cuc tiéu.
* Gidi han tai vo cuc

s . a1 1 3
lim y= lim |-x"|=—4+——-—||=—00.
X—»+oo x—dow 2. x2 2x4

* Bang bién thién

x oo 0 +00
y + 0 -
3
L on o0

3. D6 thi
Ham s6 dé cho 12 ham s6 chin vi

¥4

WRTTON x.c MEN +2 - ,..x_;_ LR TR N

Do d6, d6 thi nhan truc Oy lam truc d6i xing. /

Mat khdc,y =0 < —x' —2x" +3 =0 —+
S -1 +3)=0 > x==l.

D6 thi cat truc hoanh tai cic diém (=1 ; 0) va (1 ; 0),

cit truc tung tai diém (0 ,%) (H. 22).

Hinh 22
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Dang cua do thi ham so y = ax* + bx* + ¢ (@#0)

a>0 a<()

Phuong trinh
p=d

c6 ba nghiém / \
phén biét \/0 \_/ x I 0 \ x

Phrong trinh
y=0 \ / / \
cO mot 0 x o X
nghiém / \

ﬁs

Lay mot vi du v& ham s6 dang y=ax" +bx” +¢ sao cho phuong trinh y' = 0 chi c6

mot nghiém.
; - ax+ b
3. Hamso y = (c# 0, ad — bc # 0)
cx +d
k] - _— . ol — o - o ~ - _x + 2
Vi du 5. Khio sit su bi€n thién va v& d6 thi cia ham s6 y = T
X+

Gidi

1. Tap x4c dinh : R \ {-1}.

2. Su bi€n thién

(x4l —(-x+2) -3
(x + 1) a2

* Chiéu bién thién y' =

y' khong xdc dinh khi x = -1 ; y' lu6n ludén am véi moi x # —1.
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Vay ham s6 nghich bién trén cic khoang (-0 ; —1) va (-1 ; +o0).

* Cyc tri
Ham s6 da cho khong c6 cuc tri.

-x+ 2
e Tiém can  lim y= lim ——= = 0 ;
x—=>-1 x—>—1 X+1
. ‘ —-x+2
lim y= lim a = +00.
poy=* x—1F X+ 1

Do d6, dudng thing x = —1 1a tiém cén ding.

mx+2_

lim y= lim -4,
x—>»doo x—do Xx+1
Vay dudng thing y = —1 12 tiém can ngang.
* Bang bién thién
X | -0 -1 +00
¥ - -
—00 -1
3. D6 thi A
D6 thi cit truc tung tai diém (0 ; 2) va
cat truc hoanh tai diém (2 ; 0) (H. 23).
Liru y. Giao di€ém cta hai tiém can Ia 2
tAm d6i xitng ctia d6 thi. 1-\
o]l 1 o™~ "
—1 =-=]
i
I
H
Hinh 23
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Vi du 6. Khao sét su bién thién va vé d6 thi clia ham s6

= x=2
2x +1
Gidi
e 1
1. Tap xéc dinh : R \ {—E}
2. Su bién thién
* Chiéu bién thién
o Fxwl-DE-2 5
(2x + 1)2 Qx+1%

y' khong xdc dinh khi x = m% :

1
y' ludén ln6n duong v6i moi x # ——-

b : : LA« A
Vay ham s6 dong bién trén cac khoang [ﬁoo; ~ E] va [WZ— : +oo)

* Cuc tri
Ham s6 da cho khéng c6 cuc tri.

* Tiém cin
. x—2
lm y= Ilim = 400 ;
( 1]— [ 1]—2x+1
e S et
2,
. x—2
lim y= = —00.

Do d6, dudng thing x = w»%- l1a ti€ém cén ding.

x—-2 1

—

lim y= lim
xX—>*owo xoto2x +1 2

Vay dudng thing y = % 14 tiém cAn ngang.



* Bing bién thién

1
= == +
X a0 > s 8}
y’ + +
+00 1
2 —c0

3. Do thi

D6 thi cat truc tung tai diém (0 ; -2) va
cit truc hoanh tai diém (2 ; 0) (H. 24).

Ay

_llo
2
'—ch
I
1l
H/
Hinh 24
5 e ” ax + b
Dang cua do thi ham so y = (c#0,ad— bc#0)
cx +d
D=ad-bc>0 D=ad —be <0
AY \n:ﬂ
N X
T N
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IIT - SU TUGNG GIAO CUA CAC PO THI

A

42

6
Tim toa d6 giao diém cla dé thi hai ham sé

y= X+ 2x - 3,

y= s gy B
Gid st ham s6 y = fix) ¢6 d6 thila (C;) va ham s6 y = g(x) c6 d6 thila (C,).
Dé tim hoanh do giao diém cua (C,) va (C,), ta phéi giai phuong trinh f{x) = g(x).
Gia sit phwong trinh trén ¢6 cdc nghiém 13 xq, x;, ... Khi d6, cdc giao diém

Vi du 7. Chiimg minh rang d6 thi (C) ctia ham s6
x—1
x+1

yﬁ

lu6n luén cit dudng thiang (d) : y = m — x véi moi gid tri cla m.
Gidi. (C) lu6n cit (d) néu phuong trinh

x =

=m-Xx (1)
x+1

c6 nghi€m vd&i moi m.

Ta co
x—1 x—1=((x+D(m-x)
=m-x <
x+1 x # -1
- P B T W, P (2)
x = -1.

Xét phuong trinh (2), ta co6 A =m® +8 >0 véi moi gid triclam va x = -1
khong thod man (2) nén phuong trinh luén c6 hai nghiém khac —1. Vay (C)
va (d) ludn cat nhau tai hai diém.
Vidu 8
a) V& d6 thi cia ham s6

P P 32
b) St dung d6 thi, bién luan theo tham s6 m s6 nghiém ctia phurong trinh

e i, ey (3)



Gidi

a}y'=3x2+6x;

---------- 2
y'=0<:>x=0,.1‘=-"2- /\ m ly=m

D6 thi ¢6 diém cyc dai 1a (-2 ; 2) va diém / \ /

cuc ti€u 12 (0 ; —2). 2 4\ O E
D6 thi ctia ham s6 y = x° + 3x% — 2 duoc

biéu dién trén Hinh 25. =

b) S6 nghiém ctia phuong trinh (3) bang s6

giao diém clia d6 thi ham s6 y =X+ -2 Hinh 25

va duong thing y = m.

Dura vao do6 thi, ta suy ra két qua bién luan vé s6 nghiém ctia phuong trinh (3).
m > 2 : Phuong trinh (3) c6 m6t nghiém.

m =2 : Phuong trinh (3) c6 hai nghi€ém.

~2 < m < 2 : Phuong trinh (3) ¢6 ba nghiém.

m = -2 : Phuong trinh (3) ¢6 hai nghiém.

m < -2 : Phuong trinh (3) ¢6 mot nghiém.

Bdi tGp
Khdo sdt su bién thién va vé d6 thi clia cic ham s6 bac ba sau :
a) y=2+3x—x; b) y= x> +4x% +4x ;
c)y:x3+x2+91; d)y=~2x3+5.
Khao sét sur bién thién va vé d6 thi chia cdc ham s6 béac bon sau :
a) y=—x7 +8x° —1; b) y=xt-2%+2;
1 3
c)y=—x4+x2~——; d)y=—2x2~x4+3.
2 2
Khao sét su bién thién va vé d6 thi cia cic ham s6 phén thifc :
x+3 1-2x —-Xx+ 2
d = . b = 2 c = .
I = i Y 4 ) Y=o
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Bang cdch khao sit ham s6, hay tim s6 nghiém cta cdc phurong trinh sau :
a) > -3x2+5=0; b) -2 +3x2-2=0; «¢) 2% -x*=-1
a) Khao sit su bién thién va vé d6 thi (C) ctia ham s6

1= T T
b) Dua vao d6 thi (C), bién luéin vé s6 nghiém clia phuong trinh sau theo
tham s6 m

X -3x+m=0.

Cho ham s6 y = e —1

2x+m

a) Chiing minh rang v4i moi gid tri clia tham s6 m, ham s6 luén dong bién
trén moi khoang xdc dinh clia nd.

b) Xdc dinh m d€ tiém cén ding cta d6 thi di qua A(-1; \/E).
¢) Khio sat su bién thién va vé d6 thi cia him s6 khi m = 2.

: ; 1 1
Cho ham s6 y = 11'4 +=x% +m.

a) V6i gid tri ndo cha tham s6 m, d6 thi ciia ham s6 di qua diém (-1;1) ?
b) Khdo st sur bi€n thién va vé d6 thi (C) cia ham s6 khi m = 1.
c) Viét phuong trinh ti€p tuyén cia (C) tai diém c6 tung do bing %
Cho ham s6
y=x>+(m+3x>+1—m (mlatham s6)
c6 d6 thila (C,,).
a) Xédc dinh m @€ ham s6 c6 diém cuc daila x = 1.
b) Xdc dinh m d€ d6 thi (C,,) cit truc hoanh tai x = -2.

Cho ham s6

W i KIS N

x—1
c6 do thi la (G).
a) Xdc dinh m dé do thi (G) di qua diém (0 ; —1).
b) Khao sdt sut bi€n thién va vé do6 thi ctia ham s6 véi m tim duoc.

¢) Viét phuong trinh ti€p tuyén cia do thi trén tai giao diém cua nd vdi
truc tung.



7

On tép chuong |

Phit bifu cdc diéu kién d€ ham s6 déng bién, nghich bi€n. Tim cdc khodng
don diéu ctia cdc ham s6

y =—~x3+2x2—x—-7,

xX—35

yFl—x

Néu cich tim cuc dai, cuc ti€u cia ham s6 nhd dao ham. Tim céc cuc tri
ciia ham s6
y= =052 wd:

Néu cich tim tiém can ngang va tiém céin ditng ctia d6 thi ham s6. Ap dung
dé tim cdc tiém cén cha d6 thi ham s6
Bl

g 2-x
Nhic lai so d6 khao sat su bién thién va v& d6 thi ciia him s6.

Cho ham s6 y = 2x* + 2mx + m — 1 ¢6 d6 thi 1a (C,,), m 12 tham s0.
a) Khao sat su bién thién va vé d6 thi cia ham s6 khi m = 1.
b) Xac dinh m dé ham s6 :
i) Dong bi€n trén khoang (-1 ; +o0) ;
ii) C6 cuc tri trén khoang (-1 ; +00).
¢) Chitng minh ring (C,,) lu6én cit truc hoanh tai hai di€ém phan biét véi
moi m.
a) Khao sit sur bién thién va vé d6 thi (C) ctia ham s6
fx)=—x +3x° +9x + 2.
b) Giai bat phuong trinh f'(x — 1) > 0.
¢) Viét phuong trinh ti€p tuyén clia d6 thi (C) tai diém c6 hoanh d6 x;, biét
rang f"(xg) = —6.
a) Khéo sdt su bién thién va vé d6 thi (C) ctia ham s6
y= 2 sy,
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10.

11.

46

b) Dua vao d6 thi (C), bién luan s6 nghiém ctia phuong trinh sau theo m

x3+3x2+1=£2?'~-

¢) Viét phuong trinh dudng thing di qua diém cuc dai va diém cuc tiéu cha
d6 thi (C).
Cho ham s6
f)=% =3mx* +32m—Dx+1 (m1la tham s6).
a) Xdc dinh m dé ham s6 déng bién trén tap xdc dinh.
b) V6i gid tri ndo cha tham s6 m, ham s6 c¢6 mot cuc dai va moét cuc tiéu ?
¢) X4c dinh m dé f"(x) > 6x.
a) Khao sat su bién thién va vé do thi (C) ctia ham s6

1 4 2 3
X)=—x —3x" +—-
f(x) 5 5

b) Vi€t phuong trinh tiép tuyén ctia d6 thi (C) tai di€m c6 hoanh do 1a
nghiém cua phuong trinh f"(x) = 0.
¢) Bién luan theo tham s6 m s6 nghiém ciia phrong trinh x* — 6x% + 3 = m.
Cho ham s6
y=—x" +2mx’ = 2m + 1 (m 12 tham s6)
c6 do6 thila (C,,).
a) Bién luén theo m s6 cuc tri cia ham so.
b) V6i gid tri ndo cha m thi (C,)) cat truc hoanh ?
¢) Xdc dinh m dé (C,,) c6 cuc dai, cuc tiéu.
a) Khao sat su bién thién va vé d6 thi (C) ctia ham s6

x+3

Y= -
x+1

b) Chitng minh ring v6i moi gid tri clia m, dudng thiang y = 2x + m lu6n
cat (C) tai hai diém phéan biét M va N.

¢) Xac dinh m sao cho d6 dai MN 1a nhé nhit.

d) Ti€p tuyén tai mot diém § bat ki cta (C) cat hai tiém cén cta (C) tai P
va Q. Chiing minh rang § 1a trung diém cua PQ.



12. Cho ham s6 f(x) = %::3 . %xz —4x +6.

a) Giai phuong trinh f'(sinx) = 0.
b) Gidi phrong trinh f"(cosx) = 0.

¢) Viét phwong trinh ti€p tuyén ctia d6 thi hAm s6 da cho tai diém c6 hoanh
d6 1a nghiém cha phuong trinh f"(x) = 0.

Bdi tép trdc nghiém
Chon khdng dinh diing trong cdc bai sau day.
1. S6 diém cuc tri cia ham s6 y = —%xi” T e
(A)1; (B)O; (e 33 (D) 2.

2. S6 diém cuc dai clia ham s6 y = x* + 100 1a :

(A)O; (B)1: (©2; (D) 3.
3. SO dudng tiém can ciia d6 thi ham s6 y = i 2 1a-
+ X
(A) L (B)2; {84 fe B (D) 0.
4. Hamso y = e dong bién trén :
x+3
(A) R ; (B) (—0;3); (€Y (3 ;%o0) ; (D) R \{-3}.

5. Tiép tuyén tai diém cuc tiéu cha dé thi ham s6
y=%x3 —2x% +3x-5

(A) Song song v6i dudng thing x =1 ;
(B) Song song véi truc hoanh ;
(C) C6 hé s6 goc duong ;
(D) C6 hé s6 goc bang —1.
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HAM SO LUY THUA, HAM SO MU VA
HAM SO LOGARIT

Luy thira

Ham s6 luy thira

Logarit

Ham s6 mii, ham s6 logarit
Phuong trinh mi va légarit

Bat phuong trinh mi va légarit



LUY THUA

I - KHAI NIEM LUY THUA

1. Luy thira véi sé mii nguyén

Cho n 1a mot s6 nguyén duong.
Véia 1a s6 thue tuy ¥, luy thira bic n clia a 1a tich ciia n thira s6 a

a” =a.d.....a

—_————

n thira s6

Véia=#0

Trong biéu thitca™ , ta goi a 12 ¢o sd, s6 nguyén m 12 s6 mil.
CHUY.
0°va 07" khong c6 nghia.

Luy thira v6i s6 mii nguyén c6 cdc tinh chit twong tu clia luy
thira v6i s6 mil nguyén duong.

Vidu 1. Tinh gid tri cGa biéu thifc
)10 P
A= [EJ 2T Y@ 252 4 123‘1.[5) .

|/ S N S
273 0,24 252 128
Vi du 2. Riit gon biéu thiic

B:|: a\E —2\5]_ B

(1+ a’ )_1 B

i T )

(a0, a+%1).
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2.

50

A

Giai. Véia#0,a #+1, taco

B=[a20 +a* -242a). ——

a (=g 2)
=(a 2+53\E—2a\5)- 31
a —da
= a2(@® - — =2
ala” — 1)

Phuong trinh x" = b

2
Dua vao d thi clia cac ham s6 y=x" va y=x"(H.26, H.27), hay bién luan theo b
s6 nghiém clia cac phuong trinh x> =p vax? =p. 54
y=x4
0 x

Hinh 26 Hinh 27

D6 thi cia ham s6 y = x>¥*! ¢6 dang twong tw d6 thi ham s6 y = x> va d6 thi
ham s6 y = x>* ¢6 dang twong tu d6 thi ham s6 y = x*. Tir d6 ta c6 két
qua bién luén s6 nghiém cta phuong trinh x" = b nhu sau :

a) Truong hop n 1é :

Vé6i moi s6 thuc b, phuong trinh c6 nghiém duy nhat.

b) Truong hop n chan :

V61 b < 0, phuong trinh v6 nghiém ;

Véi b = 0, phuong trinh ¢6 mét nghiém x =0 ;

Vé6i b > 0, phuong trinh ¢6 hai nghiém doéi nhau.



3. Canbacn
Cho s6 nguyén duong n, phuong trinh
aﬂ. - b
dura dén hai bai todn nguoc nhau :
* Biét a, tinh b.
* Biét b, tinh a.
Bai todn thir nhat 1a tinh luy thira cia mot s6. Bai todn thitr hai dan dén
khai niém lay can clia mot so.

a) Khai niém
1

Chﬁng han, 2 va —2 134 cdc can bac 4 cua 16 ; —%lﬁ can béc 5 cua FE.

Cho s6 thuc b va s6 nguyén duong n (n = 2). S6 a dugce goi la

can bac n clia s6 b néu a”" = b.

Tir dinh nghia va két qua bién luén vé s6 nghiém cta phuong trinh x" = b,
taco:
Véinlévab € R : C6 duy nhat mot can béc n cla b, ki hiéu 1a 4p.
b <0 : Khong ton tai cin bic n cha b ;
Vé6i n chin va b=0:Cémétcan bacncia blasé0;
b >0 : C6 hai can trdi du, ki hiéu gid tri dvongla b .
con gid tri am 13 /b .
b) Tinh chat cua can bac n

Tir dinh nghia ta ¢6 cdc tinh chat sau :

= M—

% Nb -
(%a)" =¥am ;
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o R {a, khi n lé
a =

lal, khi n chén ;

ﬁs
Chitng minh tinh chat ¥a.4b = %ab.
Vi du 3. Riit gon cédc biéu thifc :

a) ¥4.98; OEENES
Gidi
2B =-V3R-=-J2 -2
03545 = YB) = 5.
4. Luy thira véi sé mii hiru ti
Cho s6 thuc @ duong va s6 hitu ti r = = trong d6 m € Z,

n

n € N, n> 2. Luy thita chia @ v6i s6 mii 7 1a s6 @’ xdc dinh boi

m
it nm
a =a” =\Na" .

1
1

. 3 3 1
Vi du 4. — :‘-3—$—; 42: 4 = —=—
| {8) 8 2 Ji3 8

1

a =¥a (a>0,n =72).

Vi du 5. Riit gon biéu thirc
5 2

it

Xy =0).

a2



5.

Gidi. Vi x va y la nhitng s6 duong, theo dinh nghia, ta cé
1 1

. 2.
L1

x4 + y4

Luy thira véi s& mii v ti
G 16p duéi, ta da bict s6 2 1a mot s6 vo ti duge biéu dién dusi dang
sO thap phin v6 han khong tudn hoan :

V2 =1,414 213 562..
Goi r, 12 6 hitu ti thanh 1ap tir # chit s6 d4u tién ding dé viét v2 & dang
thdp phén, n =1, 2, ..., 10.
Sir dung mdy tinh, ta tinh duoc 37 twong ing. Ta c¢6 bang ghi cdc day s6
(r,) v (37) v6in=1,2, ..., 10 nhu sau :

n r, 3'n

1 1 3

2 1.4 4,655 536 722
3 1,41 4,706 965 002
4 1,414 4,727 695 035
- 1,4142 4,728 73393
6 1,414 21 4,728 785 881
7 1,414 213 4,728 801 466
8 1,414 213 5 4,728 804 064
9 1,414 21356 | 4,728 804 376
10 1,414 213 562 | 4,728 804 386

Ngudi ta chitng minh duoc ring khi n — +oo thi diy s6 (3") didn d€n mot
2

gi6i han ma ta goila 377 .

Sir dung mdy tinh bd tii (c6 mudi chit s6 thap phan), ta c6

3V2 4 4,728 804 388.
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Cho a 1a mét s6 duong, a la moét s6 vo ti. Ta thira nhén rang luén cé mot
ddy s6 hitu ti (r;,) c6 gi6i han l1a « va ddy s6 tuong (ng (a’™) c6 gi6i han
khong phu thudc vao viéc chon day s6 (r;,) .

Ta goi gi6i han cia diy s6 (a'7) 1a luy thita ctia @ v6i s6 mil e,
ki hieu Ia a“.

! T o 2
a® = lim d'" véi a = lim Fye
R—»+00 n—+c0

Chii y. Tir dinh nghia, ta c6 1% =1 (a € R).

II — TINH CHAT CUA LUY THUA VGI SO MU THUC

Y Hay nhic lai cac tinh chat clia Iu§ thira véi s6 mi nguyén duong.

Lu§ thira v6i s6 mil thuc cé cdc tinh chat twong tu luy thira véi s6 mi
nguyén duong.

Cho a, b 1a nhimg s6 thuc duong ; «, f1a nhiing s6 thuc tuy §. Khi do6, ta co :

a® a—
S0
@)f =a% |
(ab)® = a®*b%:

Néu a > 1 thi a® > aP khi va chi khi a> g .
N&u a < 1 thi a® > a” khiva chikhi a< .
Vi du 6. Rit gon biéu thic

JTHE 9.7
T (a>0).

(GJE—Z )JE+2
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Gidi. Véia >0, tacod

aﬁ+1+2—J’? 3

a 5

=D 2 O

- o 7 (GJ::‘_I )J§+l
Ruat gon biéu thic W (a>0).
Vi du 7. Khong sit dung mdy tinh, hiy so sdnh cdc s6 52¥3 va Y2,

Gidi. Ta c6 23 = V12, 32 = J18.

Do 12 < 18 nén 24/3 < 34/2.

Vicase s lon ton 1 ner 5290 « 5542,
%

3 J8 3V
So sanh cac sé [—) va [—] .
4 4

Bai tap
1. Tinh:
2 2 3 3
a) 99.275; b) 1444 : 94 ;
[ \O075 .3 2
c) (E) +0,25 2; d) (0,04)"1° — (0,125) 3.

2. Choa, bla nhing s6 thuc duong. Viét cdc biéu thitc sau dudi dang luy thira
v6i s6 mil hitu ti

1 1 1

a) a3.Va: b) b2.63. b :
4 1

c) a® : ¥a; d) Vb : b,
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3. Viét cdc s0 sau theo thif tu ting dén :
1

PHE i 0 3N =
g4 gl ™ g = . b) 987 ;| — s A2
2 7

4. Choa, bla nhitng s6 thuc duong. Riit gon céc bi€u thifc sau :
f‘_[ ol E)
a3\a 3 +a3) (\/_ wa_ )
ILf 3 I N2
a4(4+a4] b3(\/_ Vb~ )

L 1 11

adb 3 - a'_gbg d) a3\/3 + b3\/_

O Do+ G5

5. Chitng minh ring :

2.5 32
a)[ ) <[%) : b)'76“€ > V6

a)

HAM SO LUY THUA

I - KHAI NIEM
1

Toaa b e LSS =2 G eNY; J=o =L =G =22 D)
X

Bay gio, ta xét ham s6 y = x% véi a1a s6 thuc cho trude.

| Ham s6 y = x%, véi @ e R, dugc goi 1a ham s6 lug thira.

1
; ) 1 By
Chéang han, cic ham s6 y = x, y:xz, F=rgh y=x3, y=x‘E, y=x
X

1a nhitng ham s6 luy thira.
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1
R V& trén cung mét hé truc toa dd dé thi clia cac ham sé sau va néu nhan xét vé tap
1
xac dinh clia ching : y=x%, y=x2, y=x '
CHUY
Tap xdc dinh clia ham s6 luy thita y = x“ tuy thudc vao gid tri
cia a. Cu thé,
V6i a nguyén duong, tap xdc dinh IaR ;
Véi @ nguyén am hoic bang 0, tip xdc dinh 1aR \ {0} ;

Vé6i a khong nguyén, tap xac dinh 1a (0 ; +00).

II - PAO HAM CUA HAM SO LUY THUA

G 16p 11, ta da bi€t dao ham clia cdc ham s6 y=x" (neN,n>1) va

y=~/;l£1

(x") = " 1 (x e R);

1 1
= L
Wx)' = 2\1/; hay (xZJ - 51»)(2 (x> 0).

Mot cich téng quat, ngudi ta chiing minh dugc ham s6 luy thira y = x*
(a € R) ¢6 dao ham v6i moi x > 0 va

(xa)l - axa—l.

Vidu l
(.2t *

a) Akl = e el b) (B3) = BBl > 0).
| R
2 2
" N Tinh dao ham clia cac ham sé :

2
y=x 3, y:xﬂ, y:l_ﬁ.
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CHU Y

Cong thirc tinh dao ham clia ham hogp d6i véi ham s6 luy thira
co dang

n

(w®)' = au®lu'

Vi du 2
2\ 1
[(23(2 +x— 1)§j £ %(2;3 tx-1) 322+ x-1y
_ 2(4x+D)
3t v x-1
3

Tinh dao ham clia ham sé y = (3x* —1)_"5.

III - KHAO SAT HAM SO LUY THUA y = x%

Tap xdc dinh cla ham s6 lu§ thira y = x“ Iu6n chita khodng (0 ; +o0) v6i

moi a € R. Trong trudng hop téng qudt, ta khio st ham s6 y = x“ trén
khodng nay (goi 1a tap khao sat).

y:xa, a>(0) y::xa, a<()
1. Téap khao st : (0 ; +o0). 1. Tapkhaosat: (0; +400).
2. Su bién thién 2. Subién thién
y'=axa_1>0, =0 y'=axa_1<0, Y=
Gi61 han dac biét : Gidi han dac biét :
lim x% =0, lim x% = +oo. lim x%= 40, lim x%=0.
x—0" X —»+00 x—0" X—>+w
Tiém cén : Khoéng co. Tiém cén :
Truc Ox 1a tiém can ngang,
Truc Oy la tiém cén ding cta do thi.
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3. Bang bién thién 3. Bang bién thién
0 400 x |0 +o0
) + ¥ =
=400 +00
y 0/ y \0
4.D6 thi (H. 28 v6i a > 0). 4. D6 thi (H. 28 véi @ < 0).
yA

a>1

O<a<l
a=0

a<(

=y

Hinh 28

D6 thi chia ham s6 lu§ thira y = x“ 1uon di qua diém (1 ; 1).
Trén Hinh 28 1a d6 thi clia ham s6 luy thira trén khoang (0 ; +o0) itng véi
cdc gid tri khac nhau cla a.
CHUY
Khi khido sit ham s6 luy thira v4i s6 mii cu thé, ta phai xét
ham s6 d6 trén toan bo tap xdc dinh ctia nd.

Du6i day 12 dang d6 thi ciia ba ham s6 :y = x> (H. 29a), y = x 2 (H. 29b),

y = x" (H. 29c¢).
y A YA y A
% X
» =
(0] ; 0 X
a) b) c)
Hinh 29
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i )
Vi du 3. Khéo sit su bién thién va vé d6 thi cia ham s6 y = x 4.

1. Tap xdc dinh : D = (0 ; +o0).
2. Su bi€n thién
7

Chiéu bién thién : y' =-2x 4,

Ta c6 y' <0 trén khodng (0 ; +00) nén ham s6 da cho nghich bién.

Tiém cén : lim y=+00, lim y=0.

x—0" X >+ Y4

D6 thi c6 tiém cén ngang 1a truc hoanh va
co tiém cin ding 1a truc tung.
Bing bién thién

X 0 400 |

yl = : r

0 1 X
+00

3. D6 thi (H.30). Hinh 30

Bang tom tit cac tinh chat ciia ham s6 luy thira y = x% trén khoang (0 ; +o0)

a>0 a<(

D@O ham y' = a'xa_l ; y' = axa_l.

Chiéu bién thién Ham s6 lu6n dong bién. Ham s6 lu6én nghich bién.

Tiém cén ngang 1a truc Ox,

Limican Bhongico. tiém can dimg 12 truc Oy.
Po thi b6 thi luén di qua diém (1;1).
Bdi tap
1. Tim tap xdc dinh ctia cdc ham s06:
. 3
a)y=(01-x) 3; b) y = 2 - x%)3;
0 y=0* -2 By =02 —x-2)V2.
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2. Tinh dao ham cta cdc ham s6 :

1
1

3 7 = @R =1, by y= = p—a)hs
E
Q) y=@r+D)2; d) y = (5- x>
3. Khdo st sur bién thién va vé do thi cia cic ham s6 :
i
a) y=x3; h) y=x7°.
4. Hay so sdnh cdc sO sau véi 1 :
a) (4,1)%>7; b) (0,2)%;
¢) 0,7); d) (3)%4,

5. Hay so sdnh cic cdp s0 sau :

10>~ . (12)>
a) 3,1)"2 va (4,3)"% ; b) [‘ﬁ‘) va [ﬁ) : ) 0,3%va 0,22 ;

LOGARIT

o 1
[ R Tim x dé:
= - 1
a)2* =8 b)2* =—; gid* =81 d) 5 =—,
) ) 4 ) ) 125

Cho s6 a duong, phuong trinh

duwra dén hai bai todn nguoc nhau :
* Biét a, tinh b.
* Bi€t b, tinh a.
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Bai todn thit nhat 1a tinh lu§ thira v&i s6 mii thuc cia mot s6. Bai todn thi
hai din dén khdi niém 14ay logarit cha mot s6. Ngudi ta chitng minh duogc

ring v6i hai s6 duong a, b, a # 1, luon tén tai duy nhét s6 asao cho a® = b.
1. Dinh nghia

Cho hai s6 duong a, b v6i a # 1. S6 @ thod man dang thiic

a” = b dugc goi 1a logarit co s6 a cia b va ki hiéu 12 log, b.

g=Tog, bussa” =b,

Vidu 1

—2
a) logy8 =3 vi2> =8 ; b) 10g19:—2vi[%) = 9.

ﬁz
a) Tinh log, 4, log;—
R by

2

b) Cé céc sb x, y ndo dé 3* =0, 2¥ =3 hay khéng ?
CHU Y
Khong c6 16garit clia s6 am va so 0.

2. Tinh chat

Cho hai s6 duong a va b, a # 1. Ta c6 céc tinh chat sau day.

log,1 =0, log,a=1,

a'%8ab — p log,(a*) = a.

3
ﬁ Hay ching minh céc tinh chat trén.
Vidu 2
2log, 5 (log52 2
a)3210823 = (3l085)" = 52 =95,
1 -3
b) log, 8 = log; [*2*] = -3.
) 2
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YCho b =23, b, =2
Tinh log, b +log, b, ; log, (bb,)va so sanh cac két qua.

1. Légarit cua mét tich

PINH Li 1

Cho ba s6 duong a, by, b, v6i a # 1, ta c6
log,(byby) = log, by +log, b, .

Légarit ciia mot tich bang tong cdc logarit.

Chirng minh. Dat oy = log, b, a, =log, by, tacd

o +ay =log, b +log,b,. (1)
Mat khdc, vi i = a®, b, = a®2, suyra b, = a®1.a® = g%17 %2,
Do doé a + oy = log,(bib,). (2)
Tir (1), (2) suy ra

log,(by) = log, by + log, b,. _

Vidu 3. Tinh logg 9 + logg 4.
Gidi. logg 9 + logg 4 = logg(9.4) = logg 36 = 2.
CHU Y
Dinh 1i 1 c6 thé md rong cho tich ciia n s6 duong :
log,(bb,...b,) = log, by + log, by, + ...+ log, b,
(a, by, by, ... by >0,a #1).
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A

E | 3
Tinh log12+210gl§+10g1—8~.

2 2 3
2. Légarit cua mét thuong
A
Cho b =2°, b, =2°. Tinh 1 1 logs . U anh cac két qua
o b =27, b,=2". Tinh log, b —log, b,, 0323" va so sanh cac két qua.

p)

DINH Li 2

Cho ba s6 duonga, by, b, v6ia # 1, ta co

loga% = log, by —log, b, .

Légarit ciia mot thuwong bang hiéu cac logarit.

Dac biét loga%=—logab (@>0,b>0,a=1).

DPinh Ii 2 dugc chitng minh tuong ty Pinh 11 1.
Vidu 4. Tinhlog; 49 — log; 343.

Gidi. log7 49 —log; 343 = Iog—;% = log-,-%; = —log; 7 = -1.

3. Légarit cia mét luy thira

DPINH Li 3

Cho hai s6 duwong a, b ; a# 1. V6i moi «, ta ¢o

log, b* = alog, b.

Logarit ciua mot luy thia bang tich ciia s6 mii voi logarit ciia
co s0.

Dic biét log, 45 = log, b.

n
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Chitng minh. Dat B =log, b thi b = a”.
Do d6 b = (@P)* = a?’.
Suy ra aff = log, b® hay alog, b =log, b”. =

Vidu 5. Tinh gid tri cha cdc biéu thifc :
- 1
a) log, 47 ; b) logs /3 — S logs15.

Gidi

1 2

= g . 2 2
a) log, 47 =log, 27 = ?logz 2= =

b) IogS\E = %logSIS = logs J3 - logs J15
1
2

3 1 e 1
= loge —— = logc— = log=5 2 = ——,
85\/1—5 35\[5‘ 25 )

I1I - POI CO SO

WChoa=4,b=064, c=2.Tinh log, b, log.a, log.b.
Tim mét hé thirc lién hé gitra ba két qua thu dudc.

DINH Li 4

Choba st duonga, byevéia1, oz 1,08 log, b=-"5c2
log.a

1
log;, a

Dac biét log, b = (b#1)

logaa b = éloga b (a #0).
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Chitrng minh. Theo tinh chit ciia 16garit va Dinh 1i 3, ta c6

log,. b = logc(alogﬂb) = log, b.log, a.
Vi a #1 nén log.a # 0. Do dé

log, b = log, b. m

log.a
IV — VI DU AP DUNG
Vidy 6. Tinh :
log; 2

a) 2108415, b)3 27
Gidi

a) Ta c6 log, 15 =log , 15 = %logz 15 = log, V15 .

Do d6 2'%8415 = plom V15 _ i3

L,
b) Vilog, 2= 10g3_3 2= —%logg, 2 =log;2 3 =logz—
27

2
1
logLZ logy—

nén3 2 =3 V2 - SL

N4
Vidu 7. Cho a = log, 20. Hay tinh log,;5 theo a.
Gidi. Ta c6

a = log, 20 = 10g2(22.5) = 2logy, 2 +logy 5=2+10g, 35,
suy ra log,5=a-2.
Vay TogynBi logy 5 :am2_
log, 20 o

Vi du 8. Riit gon biéu thitc

1
A=1log; 7+ 2loga49 — lo e
8% g9 gJ§7
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Gidi. Ta c6

A=log 1 7+2log,(77) - log 1 (T7)
32

= —logy 7+ 2log; 7+ 2logz 7 = 3logy 7.
Vi du 9. So sdnh cdc s6 log, 3 va logg 5.
Gidi. Dat a =1og,3, f =logg 5.
Tacé 2% =3>2'néna>1:6%=5<6nenpg <1.
Suyra a > f.
Viy log, 3 > logg 5.

V — LOGARIT THAP PHAN. LOGARIT TU NHIEN

1. Logarit thap phan

|| Logarit thap phan la 16garit co s6 10.
log;ob thuong duoc vi€t 1a logh hoac 1gb.

2. Logarit tu nhién

n
Ngudi ta ching minh duoc diy s6 (u,) Vi u, = [1 +lj ¢6 gi6i han 1a
n

mot s6 vO ti va goi gidi han db la e,

1 i
e= lim (1+~] :
n—»+oo n

Mot gid tri gdn ding ciae l1a e ~ 2,718 281 828 459 045.

|| Logarit tu nhién 1a 16garit co s6 e.
log, b duoc vi€t 1a Inb.
CHU Y
Muén tinhlog, b, v6i a # 10 vaa # e, bang mdy tinh bo tii,
ta c6 thé slt dung cong thitc ddi co s6.
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Chéng han,

logy3 = 283 1 584 962 501.
log?2
log; 0.8 = 1“”’38 ~ 0,203 114 013.

Bdi tGp
Khong st dung mdy tinh, hay tinh :
a) 1082%; b) logl2;

4

c) logft@; d) log0=5 0,125.
Tk
2) 410g2 5 . b) 27logg 2 :
o) 9103452; d) 4logg 27

Riit gon biéu thifc :
a)logs 6.1ogg 9.10g¢ 2 ; b) log, b + log 5 b*.
So sdnh cdc cdp s0 sau :
a) logz Sva log;4 ;
b) logpz2va logs3 ;
¢) log, 10va logs30.
a) Cho a = logzp3, b = logyy 5. Hiy tinh logy;1350 theoa, b.

b) Cho ¢ = log;53. Hay tinh log,515 theo c.



BAN CO BIET

Al DA PHAT MINH RA LOGARIT ?

Né-pe (John Napier) 1a nha toan hoc Xcét-len (Scotland).
Ong sinh nam 1550 tai Me-ti-ston (Metiston-Castle),
gan thanh phé E-din-boc (Edinburgh) va tét nghiép
trudng Pai hoc Téng hop E-din-boc.

Né-pe |a ngudi phat minh ra légart. Thuat nglr "Légarit" do
6ng d& nghi xuat phat tir su két hgp hai tir Hi Lap A6yog (doc
la "logos" cb nghia la ti s8) va 'ap1bu g (doc la "aritmos” cb
nghia la s6). Trong toan hoc ¢8, binh phuong, lap phuong, ..
dudc goi la céc t s6 kép, béi ba,... Nhu vay, déi véi Né-pe, tir
A6y0s 'api Ouds cd nghia 1a "sé ti s6". Logarit dudc Né-pe J. Napier
xem la sé trd gitp dé tinh i s6 clia hai s6. (1550 — 1617)

Trong tac phdm "M ta bang légarit ki diéu" (1614), Né-pe dua ra dinh nghia va

cac tinh chat cla légarit. Légarit ma Né-pe xét cé co s6 gan bang L
e

Thuat ngu "Logarit tu nhién" do Men-gé-li (P. Mengoli — 1659) va Men-ca-to
(N. Mencator — 1668) dua ra. Nam 1893, Prin-xém (A. Pringshelm) da ki hiéu
|6garit tu nhién cla s6 N bdi In N. BGi vay, viéc goi I6garit tu nhién |a légarit Né-
pe khéng cb cd sd. Tuy nhién, ngudi ta van thudng goi nhu vay cé 18 1a do da
gén |dgarit tu nhién véi tén ngudi thiét 1ap bang I6garit dau tién.

Ngoai ra, Né-pe con la tac gia clla moét loat cac cong thirc danh cho viéc giai cac
tam gidc cdu, rat tién Igi cho viéc |18y Idgarit.

Ngay 4-4-1617, Né-pe qua ddi tai qué huong éng.
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HAM SO MU. HAM SO LOGARIT

I - HAM SO MU

Vi dy 1. Bai todn "1ai kép"
Mot nguoi giti s6 tién 1 triéu dong vao mét ngan hang véi 1ai sudt 7%/nam.
Biét rang néu khong riit tién ra khoi ngan hang thi cif sau mbi nam, s tién 1ai
s& dugc nhap vao von ban dau (ngudi ta goi d6 1a 13i kép). Hoéi nguoi d6 duoc
linh bao nhiéu tién sau » ndm (ne N'), néu trong khodng thoi gian nay
khong rit tién ra va 1di suat khong thay ddi ?

Giai. Gia stt n > 2. Goi s6 vOn ban déu la P, 14i sudtlar. Tacé P =1 (triéu dong),
r=0,07.

* Sau nam thit nhét :
Tiénlaila T, = Pr=1.0,07 = 0,07 (triéu dong).
S6 tién dugc Iinh (con goi 1a von tich luy) 1a

PB=P+T, =P+ Pr=P(+r) = 1,07 (triéu d6ng).
* Sau nam thit hai :
Tiénlaila T, = Ar=1,07.0,07 = 0,0749 (tri¢éu déng).
Véntichlu§la P, =P + T, = B, + Pr = P(1+ )

= P(1+1)% = (1,07)% = 1,1449 (triéu déng).

* Twong tu, von tich lu§ sau » nam 1a

P, = P(1+1r)" = (1,07)" (triéu déng).
Vay sau n nam, ngudi dé duoc linh (1,07)" triéu déng.

Vi du 2. Trong Vat 11, sy phan rd clia cdc chit phong xa duoc bi€u dién
bang cong thitc

t

m(t) = my [%)T ;
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trong d6 my 1a khéi lugng chét phong xa ban dau (tai thoi di€m 7 = 0), m(t)
1a kh6i lugng chdt phong xa tai thdi diém #, T 1a chu ki bdn ra (tic 1a
khodng thoi gian dé mot nira s6 nguyén tir ciia chit phong xa bi bién thanh
chit khac).

Vi du 3. Dan s6 thé giéi duge ude tinh theo cong thic S = Ae"‘f,trong do A
1a dan s6 ctia nam ldy lam md&c tinh, § 1a dan s6 sau » nam, 7 1a ti 1¢ ting
dén s6 hang nam.

1

ﬁ Cho biét n&m 2003, Viét Nam cé 80 902 400 ngudi va fi I& ting dan s6 1a 1,47%.
Héi nam 2010 Viét Nam sé& c6 bao nhiéu ngudi, néu fi 1& tdng dan sé hang nam
khéng doi ?

Nhiing bai todn thuc t€ nhu trén dua dén viéc xét cic ham s6 c6 dang y = a”.

1. Dinh nghia
“ Cho s6 thuc duong a khic 1.

Ham s6 y = a" dugc goi 1a ham s6 mil co s6 a.

2
ﬁTrong cac ham sé sau day, ham s6 nao |a ham sé mi ? Véi co s6 bao nhiéu ?
X
a) y=(3)"; b)y=53 ; c)y=x*; d) y=4"
2. Pao ham cua ham sé mii

Ta thtra nhan cong thitc

lim =1 (1)

DPINH Li 1

Ham s6 y = e¢* ¢6 dao ham tai moi x va

e’} ="

Chirng minh. Gia st Ax 1a s6 gia clia x, ta c6

5}’ - e.r-hﬂx _ E."T = e.r{eﬂu: _ 1)'
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Do do6

ﬂ - ex eﬂx _1
Ax Ax
Ap dung (1), ta co
i =7
lim = I
Ax—0 Ax
Tir d6 suy ra
A
y'= lim = e’ i
Ax—>0Ax

CHU Y

Cong thitc dao ham ctia ham hop d6i v6i ham s6 " (4 = u(x))

1a (") =u'e".

DINH Li 2

Hamsé y=a" (a >0, a # 1) c6 dao ham tai moi x va

(@) =a*lna.

Chirng minh. Ta c6

bat u(x) = xlna, theo Chi y trén, ta duwoc
(@) = (%' = "% (xIng)’ = a* Ina. ]
CHUY

D6i v6i ham hop y = a“, ta c6

(@) =a"Ina . u'.

5 g e+l . 5 5
Vidu 4. Him s6 y = 8 c6 dao ham la

i Liirres
y =8 "M 4 x4 1)'In8 = 8F P (2x 4+ DIng.



3. Khaosathamsomii y=a* (a>0,a=1)

y=a",a>1 y=g*,0<a<l
1. Tap xac dinh : R. 1. Tap xac dinh : R.
2. Su bién thién 2. Su bién thién
y'=a‘'lna>0, Vx. y'=a" Ina <0, i
Gidi han dac biét Gid6i han dac biét :
lim ¢* =0, lim &' = +ow. lim a* =400, lim a" = 0.
X—»—0o0 X—>+a0 X—>—0 X—>+
Tiém cin : Tiém can :
Truc Ox la ti€ém cén ngang. Truc Ox la ti€ém cén ngang.
3. Bang bién thién 3. Bang bi€n thién
i —00 0 1 400 X —c0 0 1 400
¥y + [ & 2 y = = .
X a »T® y | 4o
/ \
a
0 0
4. D6 thi (H.31) 4. D6 thi (H.32)
YA YA
=y
(a>1)
a
ar-—- I
0 * o 1 X
Hinh 31 Hinh 32
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Bang tom tit cac tinh chit cia ham so mii y=a* (a>0,a=1)

Tap xac dinh (—o0 ; +00).

Dao ham y'=a" Ina.

e , a > 1 :ham s6 luén dong bién ;
Chiéu bién thién ; T
0 <a <1 : ham s6 luén nghich bién.

Tiém céan truc Ox la tiém cén ngang.

di qua cdc diém (0 ; 1) va (1 ; a), ndm phia

(y=a"* >0, Vx € R).

II — HAM SO LOGARIT
1. DPinh nghia
‘ Cho s6 thuc duong a khdc 1.

Ham s6 y = log, x dugce goila ham so logarit co s0 a.

Vidy 5. Cic ham s6 y =logz x, y = log; x, y = longx,y =Inx, y = logx
4

’ by — 1
la nhitng ham s06 16garit v61 co s6 lan lwot 1a 3, 7 5, e va 10.

2. DPao ham cua ham sé logarit

Ta c6 dinh i sau day.
DINH Li 3

Ham s6 y = log, x (a >0, a # 1) c6 dao ham tai moi x > 0 va

1
(log, x)' = i
xlna
A A |
Dac biét (Inx)' = —.
ok
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3.

CHU Y

Doi v6i ham hop y = log, u(x), ta co

(log, u)' =

ulna

Vidu 6. Ham s06 y = log,(2x + 1) c6 dao ham la

y' =(ogy(2x +1))' =

3

GxsD) 2

(2x + DIn2  (2x+1DIn2’

Tim dao ham clia ham s8 y = In(x +v1+x?).

Khdo sat ham so légarit y = log,x (a>0,a# 1)

y=log,x,a>1

y=log,x, 0<ax<l

1. Tap xac dinh : (0 ; +0).
2. Su bién thién

¥ = : =0). Vx>0
xlna
Gi61 han dac biét :
lim log, x = —oo,
x—0"
lim log, x = +oo.
X—>+aco
Tiém cén :

Truc Oy la tiém can ding.
3. Bang bién thién

x |0 1 a +o
y’ + + +
i 400
/
-0 0

1. Tap xac dinh : (0 ; 400).

2. Su bién thién
: 1
P = <0, Y.
xlna

Gid6i han dac biét :
Iim log, x = +oo,
x—>0"

Iim log, x = —c0.
X—»+0o0

Tiém cén :
Truc Oy 1a tiém cén ding.
3. Bang bién thién

x |0 a 1 +00

+oo~_1
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4. D6 thi (H.33)

4. D6 thi (H.34)

ya YA
1=z . -
y = log x
@>1) y =log,x
0<a<l)
Hinh 33 Hinh 34

Bang tém tit cac tinh chat cia ham s6 y = log,x (> 0,a#1)

Tap xac dinh (0 ; +c0).
1
Bao ham y' = .
xIna

Chiéu bién thién

a>1:ham s6 luén déng bién ;
0 <a <1 : ham s6 luén nghich bién.

Tiém can

truc Oy la tiém céin ding.

Pé thi

di qua cdc diém (1 ; 0) va (a ; 1) ; ndm phia
bén phdi truc tung.

Duéi day 1a do thi clia cac ham s6 :

1 X
[5) (H 35) :

y=logyx, y=

yi

Hinh 35
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A

4

Néu nhan xét vé mai lién hé gilra d6 thi clla cac ham sé trén Hinh 35 va Hinh 36.

NHAN XET

D6 thi clia cdc hAim s6y = 4" va y = log, x (a>0,a # 1) d6i

xifng v6i nhau qua dudng thing y = x.

Bang dao ham cua ciac ham so luy thira, mi, logarit

Ham so cép Ham hop (u = u(x))

(x%)' = ax® x

(3% -7

(EI)I — el’ (eu)l = euu!
(a*)' =a*lna (a¥)' = a".Inau’
1
(Inlxl)' = — (Inlul)' = —
X u
1 u'
log,, |x])' = log,, lul)' =
( 8a ) xlna ( Sa ) ulna
Bdi tGp
V& d6 thi cila cdc ham s0 :
ik
a)y=4" : b) y=|—]| .
)y ) oy (4]
Tinh dao ham clia cdc ham s6 :
a)y = 2xe" + 3sin2x ; b)y=5x2-—2xcosx ; c)lyzx-;1
)
Tim tap x4c dinh clia cdc ham s0 :
a) y = logy(5 — 2x); b) y = logz(x* — 2x);
3x+2
¢) y = log, (x> — 4x + 3); d)y = logg 4 1x

5

Tl



4.

>

Vé d6 thi clia cdc ham s0 :

a)y = logx; b)y =log; x.
Tinh dao ham ctia cdc ham so6 :

a)y = 3x* — Inx + 4sinx ;

b)y = log(x> + x +1) ;

PHUONG TRINH MU VA
PHUONG TRINH LOGARIT

I - PHUONG TRINH MU

78

Bai toan
Mot nguoi g ti€t kiém v6i 1ai sudt 8,4%/nam va 1ai hang nam duoc nhap
vao von. Hoi sau bao nhiéu nam ngudi d6 thu duoc gip doi s6 tién ban dau ?
Giai. Goi s0 tién giri ban diu 1a P. Sau n ndm, s6 tién thu duogc 14
P, = P(1+0,084)" = P(1,084)".
Dé P, = 2P thi phdi c6 (1,084)" = 2.
Do do6 n= 1081,084 e 8, 59.
Vi n 1a s6 tu nhién nén ta chon n = 9.
Véay muoén thu duoc gip doi so tién ban dau, ngudi d6 phai giri 9 nam.
* Nhitng bai todn thuc t€ nhu trén dua dén viéc gidi cdc phuong trinh c6 chita
4n s6 & s6 mil cua luy thira. Ta goi d6 14 cac phuong trinh mii.

X
Chéng han, cdc phuong trinh 3" = 8, (é) - *it +3 =0 12 nhitng phuong
3;
trinh mii.
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Phuong trinh mii co ban

Phuong trinh mil co ban c6 dang

a=b@>0,a%1).

Dé giai phuong trinh trén, ta st dung dinh nghia logarit.

V6ib>0,tacd a*

=be x=log,h.

Vé61ib < 0, phuong trinh v6 nghiém.

Minh hoa bang do thi

Hoanh do giao diém ctia d6 thi hai hAm s6 y = @ va y = b 1a nghiém cua

phuong trinh @™ = b.

S6 nghiém ctia phurong trinh 12 s6 giao diém ctia hai d6 thi.
RG rang, néu b < 0 thi hai d6 thi khong cat nhau nén phuong trinh vo nghiém.

Néu b > 0 ta c6 hai do6 thi trén cdc hinh 37 va 38. Trén méi hinh, hai d6 thi
luon cét nhau tai mot diém nén phuong trinh ¢6 nghiém duy nhat.

X

.

A
=k g
(a@a>1)
b b y=>b
/i = \
I |
e | | Rl
0 loéab X log,b O %
Hinh 37 Hinh 38
Két ludn

Phuong trinh @* = b(a > 0,a # 1)

b= 0

c6 nghiém duy nhét x = log, b.

b<0

vO nghiém.
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Vi dy 1. Gii phuong trinh 22*71 4+ 4% = 5,

Gidi. Dua vé trdi vé cliing co s 4, ta dugc

L iaa—shy =2
2 9

Vay x = log, %

2. CAach gidi mot sé phuong trinh mii don gian
Ngudi ta thudng sit dung cdc phuong phép sau dé gidi mot s6 phuong trinh mi.
a) Pua vé cung co so

A
Gidi phuong trinh 6> =1 bang cach dua vé dang o™ =4®® va gidi phuong

trinh A(x) = B(x).

x+1
Vi du 2. Giai phuong trinh (1,57 = (%) .

- Fw - o A oy - 3
Giai. Dua hai v€ v€ cling co s0 E,ta duoc

-
2 2
Dod6 5x-7T=—x-1x=1.
Vay phuong trinh ¢6 nghiém duy nhat x = 1.
b) Pat 4n phu
Vi du 3. Giai phuong trinh

o' -4.3"-45=0.
Gidi. Dat + = 3%, t > 0, ta c6 phuong trinh

? —4r-45=0.

Gidi phuong trinh bic hai nay, ta duge hai nghiém # =9, t, = 5.
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Chi c6 nghiém # = 9 thoa man diéu kién ¢ > 0.

Do d6 3* =9. Vayx = 2.
2

Giai phuong trinh %.52-" +5.5° =250 bang cach dat 4n phu =5
¢) Logarit hoa

Vi du 4. Giai phwong trinh 3" 2’”2 =1,
Gidi. Lay 16garit hai v€ véi co s6 3 (con goi 1a logarit ho4), ta dugc
log3(3x.2‘¥2) = logz1 < logz 3" + log; 2 —0.
T do ta co
x+ x210g32 =0 x(1+ xlogg2) =0.

Vay phuong trinh da cho c¢6 cdc nghiém la

1
log; 2

X1 = Ova Xy = — = "“10g2 i

II — PHUONG TRINH LOGARIT
Phuong trinh logarit 12 phuong trinh c6 chifa 4n s6 trong
biéu thitc duéi d4u 16garit.

Chéng han, cdc phuong trinh
logy x=4va logﬁx—- 2loggax+1=0
7
déu 1a phuong trinh 16garit.

1. Phuong trinh légarit co ban

Tinh x, biét log,x =—i--
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Phuong trinh 16garit co ban c¢6 dang
log, x=>b(a>0,a=#1).

Theo dinh nghia l6garit, ta c6

logax:bﬁx:ab.

Minh hoa bang do thi
V& d6 thi ham s6 y = log, x va dudng thing y = b trén cling mot hé truc
toa do (H. 39 va H. 40).

y‘ ylh
y=b i \ y=b
b / b \
I l
TS : %
0 I @ % O| ab 1 X
y = log,x y =log,x
(@a>1) 0<a<])

Hinh 39 Hinh 40
Trong cd hai trudng hop, ta déu thiy do thi clia cic ham s6 y = log, x va
dudng thing y = b ludn cit nhau tai mot diém véi moi b € R.

KET LUAN

Phuong trinh log, x = b (a >0, a # 1) lu6n c6 nghi¢m duy

b

nhit x = a v6imoi b.

Céach giai modt sé phuong trinh légarit don gian

Ngudi ta thudng st dung cdc phuong phép sau dé gidi mot s6 phuong trinh
l6garit.

a) Pua ve cung co so

" Ncho phudng trinh log; x+logy x = 6. Hay dua cac logarit & vé frai vé cling cd sé.



Vi du 5. Gidi phuong trinh logz x + logg x + logy7 x = 11.
Gidi. Dua cic s6 hang & v€ trdi vé cling co s6 3, ta dugc
logz x + 10g32 X+ 10g33 e 1l
< logz x + %logsx + %logg, x=11 <loggx =6.
Vay x = 3% = 729.

b) Dat 4n phu

N Gii phuong trinh log; x—3log, x+2 =0 b&ng cach dat &n phu ¢=log, x.
Vi du 6. Giai phuong trinh

1 2
+ =1
S—-logx 1+logx

Gidi. Diéu kién clia phuong trinh 12 x > 0, logx # 5va logx # —1.

bat t = logx (r # 5, t # —1), ta duoc phuong trinh

1 2
+ =il
S5—-t 1+t

Tir d6 ta c6 phuong trinh

14t +20-=0-1)1+1)

& —t+11=-? +41+5 < 12 -5t +6 =0.
Gidi phuong trinh béc hai theo 7, ta duoc hai nghiém # =2, , =3 déu

thod man diéu kién r= 5, t # —1.

Vay logx) = 2, logx, =3 nén x =100, x, = 1000.

N Giai phuong trinh log, x+log? x = 2.
2
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¢) Mi hoa

Vi du 7. Giii phuong trinh log,(5-2%) =2 - x.
Diéu kién ctia phuong trinh 1a 5 - 2% > 0.
Gidi. Theo dinh nghia, phuong trinh da cho twong duong véi phuong trinh

~log; 027 72-x

(Phép bi€n d6i nay thudng dugc goi 1a mii hoa). Tir do ta ¢

5 O B e

21

bat ¢t = 2* (1> 0), ta c6 phuong trinh bac hai t* — 5t +4 = 0 v6i hai nghi€ém
dwong t =1, t = 4. Vay nghiém cuta phuong trinh did cholax=0,x =2.

Bdi tGp

Giai cdc phuong trinh mii :
s

a) (0,372 =1; b) (3) = 25;
¢) 2% 32 _ g, d) 0,5°*7.0,5!2* = 2.
Giai cdc phuong trinh mii :
a) 37187 = 108; K) 2Pl oF =R
c) 64* —8* —56 = 0; d) 3.4% - 2.6* = 9.

Giai cdc phuong trinh logarit :

a) logz(5x + 3) = logz(7x + 3);

b) log(x — 1) — log(2x —11) = log2;
c) logy(x — 3) +logy (x + 2) = 3;

d) log(x? — 6x + 7) = log(x — 3).



Gidi cdc phuong trinh 16garit :
1 ) 1
a) —log(x” + x —5) =log5x + log—;
2 3%
b) %log(,ac2 —4x—1)=log8x —log4x;

c) Iogﬁx+ 4logy x +logg x =13.

BAT PHUGONG TRINH MU VA
BAT PHUONG TRINH LOGARIT

I - BAT PHUGNG TRINH MU

1.

Bat phuong trinh mi co ban

Ta xét bit phuong trinh danga™ > b.

Bit phuong trinh mii co ban c¢é dang a” > b (hoic a* = b,

a® <b, a* <b)véia>0,a=1.

* Néu b < 0, tap nghiém cha bt phwong trinh 1AR vi a* >0 = b, Vx € R.

« Néu b > 0 thi bat phuong trinh twong duong véi a* > a'%%a?,

Véia > 1, nghiém cua bat phuong trinh 1a x > log, b.
V6i0 <a <1, nghiém cua bat phwong trinh 1a x <log, b.
Vidul

a) 3 > 8l x>log8l & x> 4;

X
b)[%) >32 o x<log;32 © x<-5.
2
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Hay lap bang tuong tu cho cac bat phuong trinh a* >b, a* <b, a* <b.

2.

86

Minh hoa bang do thi

V& d6 thi hAm s6 y = @* va dudng thing
y = b trén cung mot hé truc toa do.
Trong trudng hop @ > 1 ta nhan thay :

* Néu b <0 thi a* > b v6i moi x.

* Néub>0thi a* > b v6i x > log, b (H.41).

Truong hgpO<a<l,tacod:
* Néu b<0thi @ > b v6i moi x.

e Néu b > 0 thi a* >b v6i

¥4

x < log, b (H. 42).

y=a*
(@a>1)
b
I }’ = b
i /
_-—-"'/ i
o[ loggb X
Hinh 41
YA
b y=b
™N

Togzb O

Ly

Hinh 42

Két ludn. Tap nghiém cla bit phuong trinh a* > b duge cho trong bang sau :

. Tdp nghiém

g a>1 O<axl
b<0 R R
b>0 (log, b ; + o) (—o ; log, b)

Bat phuong trinh mi don gian

Dudéi day 1a mot s6 vi du vé bit phuong trinh mil don gian.

2
Vi du 2. Gidi bit phuong trinh3¥ % < 9.

Gidi. Bit phuong trinh da cho c6 thé viét & dang

3 X 32



2

Vicos6316nhon 1 nén x° — x < 2.

DPay la bat phuong trinh bac hai quen thudc. Giai bit phuong trinh nay, ta
duge -1 < x < 2.

Vay tdp nghiém cia bat phuong trinh da cho 1a khoang (-1 ; 2).
Vi dy 3. Gii bat phuong trinh 4° — 2.5°% < 10",
Gidi. Chia hai v€ clia bit phuong trinh cho 10%, ta dugc
X X
33«
5 2
2y
Bt = [EJ (> 0), ta c6 bat phuong trinh

2
r——2<1hayﬂ<0.
t t

Gidi bét phuong trinh nay véi diéu kién ¢ > 0, ta duoc 0 < t < 2. Do d6

X
O<(E) =2
5

Vicosd % nho hon 1 nén x > log, 2.
5
Viy tap nghiém cha bt phurong trinh da cho la(log, 2 ; +0).
5

A:
Giai bat phuong trinh 2¥ +27 -3 <0,

II - BAT PHUONG TRINH LOGARIT

1. BAat phuong trinh légarit co ban

Xét bat phuong trinh log, x > b.

Bat phuong trinh 16garit co ban c6 dang log,x > b (hodc

log,x=b, log,x<b,log,x <b)vlia>0,a=#l.
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Truong hopa > 1, ta co
logax>b¢:>x>ab.
Truong hopO<a<1,taco
logax>b<::>0<x<:ab.
Vidu4

a)log2x>7<:>x>27¢:>x>128.
1’ 1
b)log1x>3<::>0<x<[5j <::>0<x<§.
P

Minh hoa bang do thi
V& d6 thi ham s6 y = log, x va dudng thing y = b trén cling mot hé truc toa do

(H. 43, H. 44). YA
yl
y = log,x ab o
(a>1) 0 1\ X
ab " l
0 /1 z : =
b y=b
y = loggx
0D<a<l)
Hinh 43 Hinh 44

Quan sat do thi, ta thay :

Trudng hop a > 1: log, x > bkhi va chi khi x > a”.

Trudng hop 0 < a < 1: log, x > bkhi va chi khi 0 < x < a”.

Két lugn : Nghiém clia bat phuong trinh log, x > b dugc cho trong bang sau :

log, x> b a>1 =a=l

Nghiém x>ab 0<x<ab

R Hay lap bang tuong tif cho cac bt phuong trinh log, x> b, log, x<b, log, x<b.
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2. Bat phuong trinh légarit don gian
Ta xét mot s6 vi du vé bit phuong trinh 16garit don gian.
Vi du 5. Gidi bét phuong trinh logy 5(5x + 10) < logg 5(x* + 6x +8).
Gidi. Diéu kién clia bat phuong trinh da cho 12

{5x+10>0 {x>-2

x <—4 hoac x > -2

5 & x> -2,
¥ beBxab8 >0

Vi co s6 0,5 bé hon 1 nén véGi diéu kién d6, bat phuong trinh di cho tuong
duong v6i bét phuong trinh 5x +10 > x* + 6x + 8

<:>x2+x-—2<0<:>—2<x<1.

K&t hop véi dicu kién, ta duge tdp nghiém cla bét phuong trinh di cho la
khoang (-2 ; 1).

Vi du 6. Gidi bat phuong trinh log, (x — 3) + log,(x — 2) < 1.

Gidi. Dieu kién cta bat phrong trinh 1a x > 3. Khi d6, bat phuong trinh da
cho tuong duwong voi

log, [(x — 3)(x — 2)] < log, 2.
Vicos6216nhon 1 nén(x —3)(x—2) < 2.

Giai bat phuong trinh nay, ta tim duoc 1 < x < 4. Két hop véi dieu kién x > 3,
ta dugc nghiém cta bat phuong trinh dd chola 3 < x < 4.

/ R\ Giai bét phuong trinh log, (2x+3) > log, (B3x +1).
2 2

Bdi tép
1. Giai cdc bét phuong trinh mii :

3 7 2x2—3x 9
g] 3% o 4 b) [—) S
9 7

c) 3*¥2 4 371 < 03 4% =325 +250.
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Giai cdc bt phuong trinh 16garit :
a) logg(4 —2x) 22 ; b) log; 3x — 5) > logy (x + 1) ;
5 5

c) logg, x — logs(x — 2) <logg,3 5 d)log3x—5logzx +6 < 0.

On tap chuong I

Hay néu céc tinh chét cta lu§ thira véi s6 mii thurc.
Hay néu cdc tinh chat cia ham s6 luy thira.
Hay néu cdc tinh chat ciia ham s6 mii va ham so6 l16garit.
Tim tap xdc dinh ctia cdc ham s0 :
1 x—1

a = z b — 'y :
)y T | 0=

¢) y = logVx2 — x—12; d) y = V25% — 5*.

Bi€t 4* + 4™ = 23. Hay tinh 2* + 27%,
Cho log, b =3, log,c = —2. Hay tinh log, x v6i:

43
a)x=a3b2\/z; b)x=a;ja
C
Giai cdc phuong trinh :
) B gt o s o ge, b) 25— 65755 =0
¢} 49° L 12* —3.16% = 0; d) log7(x —1)log; x = logy x ;
e) 10g3x+log\5x+loglx=6; g) logx+8:10gx.
— x —_—
3
Giai cdc bat phuong trinh :
) DAL 4 B DR Dl o bj (04 —(Z5) =53
¢) logs |:logl (2 - 1)] <1; d) logj , x — Slogg x < —6.
2



Bdi tap trdc nghiém

Tép xdc dinh ciia hiam s6 y = 1ogf ““1a:

ik
(A (o :NU(2;+wo) ; (B)(1:;2);
(O R\ {1}; (D) R\ {1;2}.

Chon khing dinh sai trong cdc khang dinh sau :
(A) Inx >0&x>1; (B) logp x<0&0<x <1

(C) logia>logibsa>b>0; (D) logia=logybesa=5b>0.
3 3 B 2

Cho ham s6 f(x) = In(4x — x*). Chon khing dinh diing trong cdc khing
dinh sau :

(Af'(2)=1; B f(2=0;
(O f'(5)=12; (D) f'(=1) =-1,2.
Cho ham s6 g(x) = log; (x> -5x+7). N ghiém chia bit phwong trinh
2
g(x)>01a:
9 B e A (B)x<2hoacx>3;
(El2axe3s (D) x<
Trong cdc ham so :
Sl gl 0 e b
sin x COS X CoS x
ham s6 nao c¢6 dao ham la ?
CoS x
(A) f(%) ; (B) g(x) ; (C) h(x) ; (D) g(x) va h(x).

2
S6 nghiém ctia phuong trinh 22% ~7**3 =1 1a:

(A)O; (B) L; (©2; (D) 3.
Nghiém ctia phuong trinh 10'°8° = 8x + 5 Ia :

1 5 7
(A)O; (B) 5 (© 3 (D}Z'
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NGUYEN HAM - TICH PHAN VA UNG DUNG

Nguyén ham
Tich phan
Ung dung cia tich phan trong hinh hoc



NGUYEN HAM

I - NGUYEN HAM VA TINH CHAT

1. Nguyén ham

1
ﬁ Tim ham s8 F(x) sao cho F'(x) = f{x) néu :

a) fix) = 3.1:2 V@i x € (—o ; +o) ; b) Jlx)y= : v8i re [_f_ : E]_
cos? x 2 2
Ki hiéu K I1a khoang hoac doan hoac nira khoang cia R.
DINH NGHIA

Cho ham s6 fix) xdc dinh trén K.
Ham s6 F(x) droc goi 12 nguyén ham clia ham s6 fix) trén K
néu F '(x) = filx) véimoi x € K.

Vidu l
a) Haim s6 F(x) = x* 1 moOt nguyén ham cha ham s6 f(x) = 2x trén
khodng (—0 ; +00) Vi F '(x) = (x%)' = 2x, Vx € (—0 ; +0).

5 s g 5 1
b) Ham s6 F(x) = Inx 1a moét nguyén ham cua ham s6 f(x) = — trén
i

khoang (0 ; +0) vi F '(x) = (Inx)' =l, Vx e (0; +o0).
X

2
ﬁ Hay tim thém nhiing nguyén ham khac clia cac ham sé néu trong Vi du 1.

PINH Li 1

Néu F(x) 1a mot nguyén ham chia ham s6 fix) trén K thi
vGi mdi hang s6 C, ham s6 G(x) = F(x) + C ciing 1a mot
nguyén ham cua fix) trén K .

3
ﬁ Hay ching minh Dinh Ii 1.
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DINH Li 2

Néu F(x) 1a mOt nguyén ham ctia ham s6 fix) trén K thi
moi nguyén ham cla f{x) trén K d€u c6 dang F(x) + C, véi
C 1a mot hang s6.

Chitng minh. Gia sit G(x) cling 12 m0t nguyén ham cia fix) trén K, tic 1a
G'(x) =f(x), x € K. Khi d6

(Gx)-F(x)=Gx)-F'(xX)=A0)-fx=0,x K.
Vay G(x) — F(x) 1a mot ham s6 khong d6i trén K. Ta ¢
Gx)—-F(x)=C = Gx)=Fx)+(C,x e K. [ |
Hai dinh Ii trén cho thiy :

Néu F(x) 1a mot nguyén ham ctia ham s6 fix) trén K thi F(x) + C, Ce R
1a ho t4t cd cdc nguyén ham ciia f(x) trén K. Ki hiéu

[f@d = Foy+ .

CHUY
Biéu thic f(x)dx chinh 13 vi phan cha nguyén ham F(x) cla
f(x), vidF(x) =F '(x)dx =jf(x)dx.
Vidu 2

a) VOix € (—o0 ; +0), IZxdx = a2 3
b) V6i s € (0 ; +0), Eds=1ns+c;

c) V6i t € (—oo ; +00), jcosrdz = sint + C.
Tinh chat cia nguyén ham

TINH CHAT 1
[ £xdx = f(x)+ C.

Tinh chat ndy dugce suy truc ti€p tir dinh nghia nguyén ham.
Vi du sau day minh hoa cho tinh chat do6.



Vidu 3. [(cosx)'dx = [(~sinx)dx = cosx + C.

TiNH CHAT 2

[k (0)dx = k[ fx)dx (k12 hing s6 khdc 0).

Chirng minh. Goi F(x) 1a mo0t nguyén ham cua kfix), ta c6
kfix) = F'(x) (*)
: 1, 1 |
Vik#0nén f(x) = EF (X) = {EF(x)) ;

Tir do, theo tinh chat 1 ta co

k[ flxyd = k[ &F(x)] dx = k[%F(x) % q) = F(x) + kC; (C; € R)

= F(x)+ C (Vi C; tuy ¥ thuoc R vak=0nén C = kC
wy ¥ thuoe R)

= [k (x)dx (do (). :

TiNH CHAT 3

[[£0) £ g(0)]dx = [ fodx + [g(x)dx.

4
ﬁHﬁy chimg minh Tinh chat 3.

Vi du 4. Tim nguyén ham ctia ham s6 f(x) = 3sinx + 2 trén khoang (0 ; +00).
x

Gidai. Vix € (0;+0), ta cd

I{Ssinx + E]d.vc — 3_[sinxdx + ZIldx = =3cogx+ 2InxsC.
x

X

3. Su ton tai nguyén ham
Ta thtra nhdn dinh 1i duéi day.
DINH Li 3

[ Moi ham s6 f(x) lién tuc trén K déu c6 nguyén ham trén K. ]
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Vidu5
2
a) Ham s0 f(x) = x3 c6 nguyén ham trén khoang (0 ; +o0) va
Z 3
Ix3dx = %x?’ + C.

b) Ham s6 g(x) = c6 nguyén ham trén timg khoang (krx ; (k + 1)m)

sin” x
(ke Z) va

1
I 7 dx = -cotx + C.
sin” x

Bang nguyén ham cua moét sd ham s thudng gip

4.

A
Lap béng theo mau duédi day réi ding badng dao ham trang 77 va trong SGK Dai s
va Giai tich 11 dé dién cac ham sé thich hdp vao cét bén phai.

f'x fx)+C

a'lna (a>0,a=1)

COsXx

—sinx
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Tiur bang cdc dao ham, ta c¢6 bang nguyén ham sau day.

fodx=c [a*dr = 4 L Ca>0,a%1)
Ina
Idx=x+C Icosxd.r=sinx+C
jx“dx= L Py cex -1 Ismxdx=—003x+C
a+1
Ilm=1n|x|+c _[ 12 dx = tanx + C
% COS™ %
Ie‘rdr:ex+C J.+12 dx =—cotx +C
sin” x

Vidu 6. Tinh :

1

a) ] —de trén khoang (0 ; +c0) ;
(S

b) [(3cosx - 3*~")dx trén khodng (oo ; +o0).

Gidi

a) Véix € (0 ; +o0) ta co

I[lxz i —I—-de - 2] x2dx + Ix_%dx

3/x2
2 g 1 2 3
=§x + 3x3 +C=§x3+3\/;+c.
b) Véix € (—o0 ; +00) ta ¢co
I(Scosx — 3"‘_1)dx = 3jcosxdx - %J.Sxdx

X x—1
=3sinx————+ C = 3sinx —
3In3 In3

+ C.

CHU Y

Tir day, yéu ciu tim nguyén ham ctia mot ham sé duoc hiéu 1a
tim nguyén ham trén timg khodng xdc dinh clia né.
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II — PHUONG PHAP TINH NGUYEN HAM

1. Phuong phéap déi bién sé&

ﬁ 6
a) Choj(x—n‘”dx . Datu=x—-1, hay viét (x—1)'%dx theo u va du.

E i DEE x—. FEVREN 2 4 THso Evads
X

b) Cho IP}?

DINH Li 1

Néu [ fu)du = F(u) + C va u = u(x) 12 ham s6 ¢6 dao ham
lién tuc thi
[ FuG (o dx = Fu(o) + C.

Chirng minh. Theo cong thitc dao ham clia ham hop, ta c6
(F(u(x)))" = F '(u).u'(x).
ViF'(u)=fu)=fux)) nén (Fu(x)))' = fu(x)u'(x). i
Nhu viy, cong thitc If(u)du = F(u) + C diang khi u 1a bién s6 doc lap thi
cling ding khi # 1a mot ham s6 cta bién s6 doc lap x.
HE QUA
V6iu=ax+ b (a#0),taco

jf(ax + b)dx = lF(ax +b)+C.
a

Vidy 7. Tinh j' sin(3x — 1)dx.
Gidi. Vi Isinudu = —cosu + C nén theo hé qua ta ¢
[ sin(3x — dx = —%ms(?ax g
CHUY
Néu tinh nguyén ham theo bi€n méi u# (¥ = u(x)) thi sau khi

tinh nguyén ham, ta phai trd lai bién x ban dau bing cdch thay
u bo1 u(x).
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Vidy 8. Tinh | =dx.
(.1+1)
Gigi. Dat u =x+ 1thiu'=1va dx stUCVletthanh du . Khi dé
(x+1) u
nguyén ham cén tinh trd thanh
[t au = j[—m—}m [utau-fuau =1L+l Lic
U u 3w 4y

Thay u = x + 1 vao két qua, ta dugc
f £ —dx = I 3{1. ! ~1]+c.
Ceal) (x+1y\4 x+1 3

2. Phuong phap tinh nguyén ham tirng phan

7
Taco (xcosx)'=cosx—xsinx
hay —xsinx=(xcosx)' —cosx.

Hay tinh I(ICOSI]'CLT va Icosxd.r. T d6 tinh j.rsin.tdt‘.

DINH Li 2

Néu hai ham s6 u = u(x) va v = v(x) c6 dao ham lién tuc
trén K thi

Iu(x}v'(x)dx — u(x)v(x) — j' ' (x)v(x)dx.

Chitng minh. Tt cong thitc dao ham cua tich
(u(w(x))" = u'(x)v(x) + u(x)v'(x)

hay u(x)y'(x) = ((xv(x))" —u'(x)v(x),

ta c6 J' u(x)v'(x)dx :I(u(x)v(x)) 'dx — J' u'()v(x)dx.

Vay Iu(x)v '(x)dx = u(x)v(x) — J.u'(.r}v(x)dx. m
CHUY

Vi v(x)dx = dv, u'(x)dx = du, nén dﬁng thitc trén con duoc
viét & dang

Iudv =uy — Ivdu.

D6 1a cong thire tinh nguyén ham tirng phan.
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Vidu 9. Tinh

a) Ixe‘rdx; b) Ixcosxdx; c) jlnxdx.

Giai

a) Patu=xva dv =e*dx, tacé du =dx vi v = ¢*. Do d6
‘[.ue'rdx = xe* — J‘e“"dx =xe’ —e* +C.

b)Datu =xva dv =cosxdux, ta duoc du = dx va v =sinx. Vay

Ixcosxdx = XSInXx — Isinxdx

hay Ixcosxdx: xsinx + cosx + C.

c)Patu=Inx, dv=dx,tacé du = lldx va v=x. Do do
X

Ilnxdx = xlnx — Idx =xlnx—-x+C.

"R Cho P(x) 1a da thirc cia x. Tir Vi du 9, hiy I14p bang theo mAu du6i day réi dién u va
dv thich hgp vao 6 tréng theo phuong phéap tinh nguyén ham ting phén.

J- P(x)e'dx j P(x)cos xdx I P(x)In xdx
u P(x)
dv e'dx
Bai tap

1. Trong cac cap ham s6 dudi ddy, ham s6 nao la mot nguyén ham cia ham
sO con lai ?

i w - 1 - - - 2
a)e ¥ va —e *; b) sin2x vasin“x ;

2
c)[l = 3) e’ va [1 = i]e*.
X X

2. Tim nguyén ham clia cic ham s0 sau :

x+dx+1 2% —1
3 >

D)= = b) X = —— ;
X e
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1

el i) = 3 d) f(x) = sin5x.cos3x ;
SinZx.cos=x

e) fix) = tan’x ; g) fx) = 372 ;

h) f(x) = 1

1+ x)(1-2x)
3. S dung phuong phédp d6i bi€n s6, hay tinh :
a) j(l —x)?dx(datu=1-x);
5
b) _[x(l +x*)2dx (dat u=1+x%) ;

C)Icos3xsmxdx (dat t = cosx) ;

d)_[ ok (datu = e* +1).
e +e*+2

4. Sir dung phuong phdp tinh nguyén ham tirg phén, hay tinh :
a) [xIn(l + x)dv; b) [(x* + 2x - De*dx;

c) [xsin(zxn)dx; d) I(l—x}cosxdx.

TICH PHAN

I - KHAI NIEM TICH PHAN
1. Dién tich hinh thang cong

1
ﬁ Ki hiéu T 1a hinh thang vuéng gi6i han bdi dudng thang y = 2x + 1, truc hoanh va hai
duong thangx=1,x=¢(1 < ¢ < 5) (H.45).

1. Tinh dién tich & cla hinh T khi r = 5 (H.46).
2. Tinh dién tich S(#) cha hinh T khi ¢ € [1 ; 5].
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3. Ching minh rang S(s) 1a mét nguyén ham clia fir) = 2t + 1, ¢t € [1 ; 5] va dién tich
& =5(5) - S(1).

Cho ham s6 y = f(x) lién tuc, khong d6i ddu trén doan [a ; b]. Hinh phing
giéi han bdi d6 thi cia him s6 y = f(x) , truc hoanh va hai dudng thing x = a,
x = b dugc goi la hinh thang cong (H. 47a).

O 16p dudi, ta di biét cdch tinh dién tich hinh chit nhat, hinh tam gidc. Bay
gidy, ta xét bai todn tinh dién tich hinh phing D gidi han bdi mot dudng

cong kin bat ki (H. 47b).

P i S

b)

Hinh 47

Bing cdch ké cdc dudng thing song song véi cdc truc toa do, ta chia D
thanh nhitng hinh nho 1a nhimg hinh thang cong (H.47a). Bai todn trén
dugc dua ve tinh dién tich cia hinh thang cong.

Vi du 1. Tinh dién tich hinh thang cong giéi han bdi dudng congy = i,

truc hoanh va céc dudng thingx = 0, x = 1.

Gidi. V6i mbi x € [0 ; 1] goi §(x) 14 dién tich cha phén hinh thang cong da
cho niim giita hai dudng thing vuéng goc v6i truc Ox tai di€ém c6 hoanh do 0
va x (H. 48).



y.il }" /
1 ------------------- y - xz 1 qqqqqqqqqqqqqqqqqqq y = _‘[2
F
P
~
\
N
Qt‘J\ . MS\\\N .
0 X 1 X 0 x x+h 1 X
Hinh 48 Hinh 49

Ta chiing minh
S'(x) = x’xe 10:1].
That vay, v6i h >0, x + h <1, ki hiéu Spypg VA Syypr lan luot 1a dién
tich cac hinh chit nhat MNPQ va MNEF (H.49), ta c6
Sunpg < S(x + h) — S(X) < SyNeF
hay
hx* < S(x + h) = S(x) < h(x + h)*.

Vay
S(x+ h) —Sx) 2
< i
h
Vé6ih <0, x + h >0, tinh todn trong tu, ta dugc

S+ =8(x) 2
h

0 < 2xh + K2,

o2xh + h? < <0.

Toém lai véi moi h # 0, ta ¢6

S(x+h) - S(x)
h

2| < 2x|nl + K2

Suy ra
Fiity=itim S(x+ h)—S(x) "
h—0 h
Ta ciing chitng minh duoc S'(0) =0, §'(1) =1.

xz,xe O 1).

Do dd, S(x) 1a mot nguyén ham cua ham s6 f(x) = ¥% trén doan [0 ; 1].
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x3

Mt khdc trén doan d6, F(x) = = cling1amot nguyén ham clia f(x) = x% nén

x3

S(x)=?+C,CeR.

Tir gid thi€t $(0) =0, suy ra C =0. Vay

3
X
S(x) e

Thay x =1 vao dﬁng thitc trén, ta c6 dién tich clia hinh can tim 14 §(1) = %

By gid, ta xét bai todn tim dién tich hinh thang cong bat ki.

Cho hinh thang cong giéi han béi cdc dudng thang x = a, x = b (a < b),
truc hoanh va dudng cong y = f{x), trong d6 fix) 1a ham s6 lién tuc, khong
Am trén doan [a ; b].

VA
V6i mbi x € [a ; b], ki hiéu S(x) 1a dién tich
clia phan hinh thang cong d6 ndm giita hai y =fx)
dudng thing vuéng goc véi Ox 1an luot tai a %
va x (H.50).
T B ) ' . S(x%

a cling chimg minh dugc S(x) la mot i <
nguyén ham cta f{x) trén doan [a ; b]. o| @ * *
Gia sir F(x) cling 1a mOt nguyén ham ctia f{x) thi

Hinh 50

c6 mot hang s6 C sao cho S(x) = F(x) + C.

ViS(a) =0nén F(a) + C =0 hay C =-F(a).

Vay S(x) = F(x) — F(a).

Thay x = b vao ding thifc trén, ta c¢6 dién tich clia hinh thang cén tim 13
S(b) = F(b) — F(a).

2. Dinh nghia tich phan

\ Gi& st f{x) |&a ham s& lién tuc trén doan [a ; b], F(x) va G(x) & hai nguyén ham clia
ftx). Chitng minh rang F(b) — F(a) = G(b) — G(a), (tic 1a hiéu s6 F(b) — F(a) khéng
phu thudc viéc chon nguyén ham).
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Cho f(x) 1a ham s6 lién tuc trén doan [a ; b]. Gia st F(x) la
moOt nguyén ham cla f{x) trén doan [a ; b].

Hiéu s6 F(b) — F(a) dugc goi 1a tich phén tir @ dén b (hay tich
phan xdc dinh trén doan [a ; b]) ctia ham s6 fix), ki hiéu 1a

b

[ FCodx.

a

Ta con ding ki higu F(x)|) d€ chi hieu 6 F(b) - F(a).

b
Vay | [feodr = Fol, = Fb) - Fa.

b
Ta goi j 14 ddu tich phdn, a 1a cdn dudi, b 12 can trén, fix)dx
a
12 biéu thitc dwdi ddu tich phdan va f(x) 1a ham 56 duoi ddu
tich phan.
EL Y
Trong trudng hop a = b hoac a > b, ta quy udc

a b a
[Fondr =05 [ foodx = -[ fndx.
Vidu 2 ’ . .

2
2
foxde = 2[[ =22 -2 =4-1=3;
1
€1 2
Z)I?dt:lnrh =Ine-Inl=1-0=1.
1

NHAN XET

b
a) Tich phan clia him s6 ftir a dén b c6 thé ki hiéu bdi [ F(x)dx
a
b
hay I f(#)dt . Tich phan d6 chi phu thudc vao f va cic cén a, b

a

ma khong phu thudc vao bi€n s6 x hay t.
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b) Y nghia hinh hoc ciia tich phdn. N&éu ham s6 f{x) lién tuc va

b
khong Am trén doan [a ; b], thi tich phan j f(x)dx 1a dién tich
a
§ cla hinh thang cong gi6éi han bdi d6 thi cta flx), truc Ox va
hai dudng thing x = a, x = b (H.47a). Vay

b
§ = [ f(x)dx.

II — TINH CHAT CUA TiCH PHAN

TINH CHAT 1

b b
[k (0dx = £ fx)dx (k 12 hing s6).

TINH CHAT 2

b b b
[LrGo) £ gColdx = [ Fx)dx = [g(x)dx

3
ﬁ Hay chirng minh cac tinh chat 1 va 2.

4
Vidy 3. Tinh [ (x> + 3Jx)dv.
1

Gidi. Ta co

4 4 4 1
j(ﬁ +3vx)dx = szdx +3[ x2dx
1 1 1

3
31\4 o
3 1 3

4 43 _
A -l a3 y=3s.
13
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TINH CHAT 3

b C b
[ F(x)dx = j’ Fx)dx + j Flx)dx (a<c<b).

Chirng minh. Gia st F(x) la mOt nguyén ham cta fix) trén doan [a ; b]. Khi
d6, F(x) ciing 1a mot nguyén ham ciia f{x) trén mbi doan [a ; c] va [¢ ; b]. Do
do, ta co

c b
[ FGdx +[ FGdx = (F(e) - F(@) + (F(b) - F(c))

a

b
= F(b) — F(a) = j' F(x)dx. =

27

Vi dy 4. Tinh J' J1 = cos2xdx .
0

Gidai. Ta c6

2 2 2
ftmdx - f\/2$h12xdx = ﬁﬂsinﬂdx-
0 0 0

sinxy, nfu0<x<n

Vi lsinx| =47 b
—sinx,nfunt < x<2n

nén

2m T 27
j V1 - cos2xdr = 2 [j lsin x| dx + [ |sin.r|dx]
0 0 b3

= \Eﬁ sin xdx — Tsinxdx]

0

ﬁ[(wcosxﬂg + (cos;r)ﬁm] = 4«./5.
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III — PHUONG PHAP TINH TiCH PHAN

1. Phuong phéap déi bién s&

1
Cho tich phan 7= j 2x+1)dx.
0
1. Tinh I bang cach khai trién (2x+1)%.
2. D4t u=2x+1. Bién d&i biéu thitc (2x+1)*>dx thanh g(u)du.

u(l)
3. Tinh j g(u)du va so sanh két qua véi I trong cau 1.
u(0)

Tuong tu phuong phdp déi bién s6 trong viéc tinh nguyén ham, ta c6 dinh li
sau day.

DINH Li
7~ Cho ham s6 f{x) lién tuc trén doan [a ; b]. GiA sir ham s6 \
x = ¢(r)c6 dao ham lién tuc trén doan [ ; B 1 sao cho

pla)=a,p(f)=>b va a<@(t) <b v6i moi t e [a; f].
Khi dé

b p
[rdx = [ fpune'nde

Yo o

1
Vidu 5. Tfnhf 1 ~dx.
01+.1'
1
Gidi. Dat x = tant, —— <t < =. Tacd x'(t) = —.
2 2 Cos 1

Khix=0thit=0,khix=1thit= E.

Cac gia thiét cta dinh i trén dugc thoa man. Do dé

e r
1 4 4
1 1 dt
.[ 2dx:.[ e 2:.{‘11:3
01+.r 01+tant cos“t 4

(*) Néu f< a,taxétdoan [f; a].
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CHU Y

Trong nhiéu trudng hgp ta con sit dung phép dbi bi€n s6 &

dang sau :
b

Cho ham s6 f{x) lién tuc trén doan [a ; b]. Dé tinhIf(x)dx,
[/

doi khi ta chon ham s6 u# = u(x) lam bién s6 mdi, trong do trén

doan [a ; b], u(x) c6 dao ham lién tuc va u(x) € [a ; 1.

Gia str ¢6 thé viét

f(x) = glu(x)u'(x),x € [a;b],
v6i g(u) lién tuc trén doan [ ; f].
Khi do, ta c6

b u(h)
j Ff(x)dx = [ o(w)du.
a u(a)

oy

2
Vi du 6. Tinh f sinx cos xdx.
0

Giai. Dat u = sinx. Ta cOu' = cosx.

Khix=0tlrﬁu(0)=0,khix=%ﬂﬁu(£)=l.

2
Vay
1 - fall &
jsinzxcosxdx = qudu B R
3 0 3
0 0
. X
Vidy 7. Tinh [———db.
2 o)

Gidi.Dat u =1+ x*, tacé u' = 2x, u(0) = 1, u(1) = 2 nén

- - 2_ 1(1 \_3
1 492 16

[— —ar- .lj_l_d,,., s

¥
LY 274 4 42
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2. Phuong phap tinh tich phan timg phan

A

110

5
a) Hay tinh j(,r+l}e"'ch- bé&ng phuong phép tinh nguy&n ham tiing phan.

1
b) Tir d6 tinh j (x+1)e*dx.
0

Tuong tu phrong phdp tinh nguyén ham timg phén, ta c6é dinh 11 sau day.

DINH Li

ﬁié’u u = u(x) va v = v(x) 1a hai ham s6 c6 dao ham lién t‘:‘h
trén doan [a ; b] thi

b b b
[utov'(x)dx = )| - Ju'Comxydx
b b

hay judv =uv“z —Ivdu.

N, =@ a .

T

2
Vi dy 8. Tinh j' xsin xdx.

0
Giai. Dat u = x vi dv = sinxdx, ta ¢6 du = dx va v = —cosx. Do d6
L = E
2 2 2
Ixsinxdx = (—XxCOSX) i & Icosxdx
0 0
i X
2 2
=(-xcosx)|, + (sinx)|,=0+1=1.
“Inx
Vi du 9. Tinh j —-dx.
1 X



Gidi. Dat u = Inx vady = -iz—d.x,ta co du = —l—cb: vay = ——1-.D0 doé

x X X
¢ £ e
Im—xdx= Linx|| + [Ldr=[-Lmx-1)|
2 x 1 2 X T
1 1

L i 2
=[——*—)"(0—-I)=1-——.
& € e

BAN CO BIET

NIU-TON (I.NEWTON)

Niu-ton |a nha toan hoc, vat i hoc, co hoc va thién van hoc
vi dai ngudi Anh.

Sinh ra thiéu thang, Niu-ton |a mét dira tré yéu 6t. Lén
|&n Niu-ton cling khéng phai Ia mét cau bé khoé manh. Cau
thudng phdi tranh nhing trd chaoi hi€u déng clia dam ban bé
cling Ira tudi. Thay vao dé, cau tr sang ché ra nhing trd
chdi cho riéng minh, qua dé cling thdy dudc tai nang thuc
nghiém cla Niu-ton s6m dudc béc 16. Khi thi cau lam ra
nhing d6 chdi co hoc, nhu chi€c déng hé bang gb chay
dudc, khi thi cau sang ché ra chiéc cdi xay gi6, bén trong dé
mét con chudt déng vai trd ngudi thd xay. C6 lan vao ban I. Newton

dém Niu-ton da tha chi€c diéu mang dén léng chiéu sang, (1643 — 1727)
khién cho dan lang hodng sg. Va ngay tir Iiic nhd, Niu-ton da rat chiu khoé doc sach va
ghi chép cén than nhing diéu Ii thi ma cau doc dudc trong sach.

Nam 1661, 18 tudi, Niu-ton vao hoc tai truéng Dai hoc Cam-brit (Cambridge). Tir dé
Niu-ton thuc su quan tdm dén khoa hoc. Thay day toan clia Niu-ton thira nhén
cdu sinh vién xudt sac da vugt minh va ndm 1669 éng nhudng chirc vu gido su
cho ngudi hoc tré 16i lac dy. Niu-ton gilt chlfc nay cho dén nam 1701.

Céng hién 18n lao cla Niu-ton di véi toan hoc 1a déng thai va déc 1ap véi Lai-bo-nit
(G. Leibniz), 6ng da sang lap ra phép tinh vi phan va tich phan. Ngay tif nhiing nam
1665 — 1666, luc 22, 23 tudi, Niu-ton da xay dung co sd clia phép tinh nay ma
6ng goi la "phuong phap théng luong", va éng da ap dung phuong phap dé dé
gidi nhitng bai toan vé Co hoc.

Niu-ton va Lai-bo-nit déu phat hién ra méi lién hé sau sac gilta tich phan va
nguyén ham. Lich st Toan hoc cho thdy khai niém tich phan da xuat hién déc |ap
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vGi dao ham va nguyén ham. Do d6, viéc thiét 1ap mai lién hé giira tich phan véi
nguyén ham la mét phat minh cla Niu-ton va Lai-bo-nit.

Niu-ton d& cé nhitng phat minh co ban vé day vé han. Dic biét, 6ng md réng
dinh Ii, nay goi la "dinh Ii nhi thirc Niu-ton" cho trudng hgp sé mi 1a mét so thuc
tuy y.

Niu-ton cén c6 nhiing céng hién I6n lao trong céc linh vuc Dai s6, Hinh hoc, Ca
hoc va Vat li. Ong da phat minh ra dinh luat vi dai v& van vat hap dan.

1. Tinh cic tich phéin sau :

Ja = x)?dx: b) Tsm[ﬁ ¥ x]d.r;
0

ey | —

a)
! #
2
2 1 2 .
c) d) | x(x +1)"dx;
'[ x(x+1) J(.) ( )
g
3
& 4 a5 2
e) > dx; g) I sin 3x cos Sxdx.
1 (x+1) T
2 2
2. Tinh céc tich phan sau :
Y
2 2
) [I1 - xldx; b) [ sin’xdx;
0 0
In2 2x+1 T
c) I E—+1dx; d) Ishﬂxcostdx.
EI 0
0
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3. Sir dung phuong phdp ddi bi€n s6, hiy tinh :

3 2
a)_[ . 3dx (datu=x+1) ;

Y2

1
b) j\h —x>dx (dat x = sin?) ;
0

1 x
c) dex (dat u =1+ xe™) ;

X
0 1+ xe

d) dx (a > 0) (dat x = asint).

1
B, D

4. Skt dung phuong phdp tinh tich phan tirg phén, hay tinh :

T
Z e
a) j(x+1)sinxdx; b) Ilenxdx;
0 1
1| 1
c) j In(1 + x)dx: d) j' (x% = 2x — e *dx.
0 0

S. Tinh cic tich phin sau :

1 3

= 3
a) [(1+3x)2dx; b)
0

2
x2~1dx; C)Ilnﬂ:x)dx.
x° =1 1 X

O ey 1D |

1
6. Tinh [x(1- x)’dx bing hai phwong phdp :
0

a) DéibiEnsu=1—-x;
b) Tinh tich phén tirng phén.
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UUNG DUNG CUA TiCH PHAN
§j 3 TRONG HINH HOC

I - TINH DIEN TICH HINH PHANG

/R Tinh dién tich hinh thang vuéng dudc gisi han béi cac dudng thang y= —2x -1, y =0,
x= 1V x=5

So sanh vdi dién tich hinh thang vuéng trongﬁ1 clia §2.
1. Hinh phiang gi6i han bdi mét dudng cong va truc hoanh

= Gia slt ham s6 y = f{x) lién tuc, nhan gid tri

' khong 4m trén doan [a ; b]. Ta da biét hinh
thang cong gidi han boi do thi cha flx), truc
hoanh va hai dudng thing x = a, x = b ¢6
dién tich § duoc tinh theo cong thitc

b
S = [ fooax. (1)

Trudng hop fix) < 0 trén doan [a ; b], ta co
—fix) =2 0 va dién tich hinh thang cong
aABb bang dién tich hinh thang cong
aA'B'b 1a hinh d6i xitng clia hinh thang da

Hinh 51 cho qua truc hoanh (H.51). Do do
b
S = Saapp = Saamp = | (~f(x)dx. 2)
[/}
Téng quét, dién tich § clia hinh 74
phing giéi han bdi dé thi cla pe
ham s6 f(x) lién tuc, truc hoanh -
va hai dudng thing x =a, x = b
(H.52) duoc tinh theo cdng thirc
>
b 0 a b b
] 0
4]

Hinh 52
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Vi du 1. Tinh dién tich hinh phing dwoc gi6i han béi d6 thi clia ham s6 y =x°,

truc hoanh va hai dudng thing x = -1, x = 2 (H.53).

Gidi. Ta ¢c6 x° <0 trén doan [-1 ; 0] va

x> >0 ten doan [0 ; 2]. Ap dung cong thitc
(3),taco:

2 0 2
8= I |x3|dx = j (—~x3)dx + IxS dx
-1 -1 0

=  HE

Hinh phing gidi han bédi hai dudéng cong

Cho hai ham s6 y = f;(x) va y = f5(x) lién tuc
trén doan [a ; b] . Goi D 1a hinh phing giéi
han bdi d6 thi hai ham s6 d6 va cidc duong
thang x = a, x = b (H.54).

Xét trwong hop fi(x) = fH(x) v6i moi
x ela;bl. Goi S, S, la dién tich cha hai
hinh thang cong gi6i han bdi truc hoanh, hai
dudng thing x = a, x = b va cdc dudng cong
y =f1(x), y =f>(x) twong ng. Khi do, dién tich
§ cua hinh D 1a

b
S =588 = [(Ax) ~H(x)dx.

y4

y.l

Hinh 53

=Y

Hinh 54

Trong trudng hop téng quét, ngudi ta chimg minh dugc cong thirc

b
$ = [|AG0) = fx)|dx

CHU Y

(4)

Khi 4p dung cong thiic (4), can khir dau gid tri tuyét d6i cla
ham s6 dudi dau tich phan. Mu6n vay, ta gidi phuong trinh
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fi(x) = f>(x) =0 trén doan [a ; b]. Gid sir phuong trinh c6 hai
nghiém c, d (¢ < d). Khi d6, fi (x) — f>(x) khong d6i ddu trén

cdc doan [a ; c], [c ; d], [d ; b]. Trén mdi doan d6, ching han
trén doan [a : c], ta cO

[lA) - fr0|dx =

[LA) - H()1dx

Vi du 2. Tinh dién tich hinh phing gi6i han bdi hai dudng thing x =0, x = 7
va d6 thi cha hai ham s6 y = cosx, y = sinx (H.55).

Giai. Dat fi(x) = cosx, f5(x) = sinx.
Tacé £(x) - fo(x) =0

& cosx—sinx =0

T
& x=— € [0;x].
=y [0 : m]

Vay dién tich chia hinh phiang da cho 12 Hinh 55
T
T 2 T
S = Ilcnsx —sinxldx = Ilcosx — sinx|dx + Ilcosx — sinx|dx =
0 0 T
4

Ot a2

T

(cosx — sinx)dx| + I(cosx — sinx)dx
i
4

T

4
= [(sinx + cos x) 1k (sin x + cos.x) o= 2\/5.
T
4
Vi du 3. Tinh dién tich hinh phang gi6i han bdi hai dudng cong y = X —xva
y=x-x.
Gidi. Ta c6

F =B =~ =To~ 2D)=a" 4 2 =%
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Phuong trinh fj(x) — f>(x) = 0 ¢6 ba nghi€m x; =-2, x, =0, x3 =1.

Vay dién tich hinh phang di cho 1a

1 0 1
&= “x3+x2m2x|dxﬁ I(x3+x2-2x)dx+ J(.r3+x2~2x)dx
= =2 0
[x4 x° ZJ a [x4 X 2) Il 8 § 37
=|| —+—-x +| —+——-x = —t—=—,
4 3 9 4 3 al 3 12 12

II - TINH THE TicH

2
ﬁ Hay nhéc lai céng thifc tinh thé tich khéi I&ng tru cé dién tich day bang B va chiéu
cao bang h.

1. Thé tich ctia vat thé

Cat mot vat thé 0 bdi hai mat phing (P) va (Q) vudng gbc véi truc Ox 14n luot
tai x = @, x = b (@ < b). Mot mat phing tuy ¥ vuéng géc véi Ox tai diém x
(a < x < b) cattheo thiét dién c6 dién tich 12 S(x) (H.56). Gia st S(x) lién tuc
trén doan [a ; b].

0
-

Hinh 56

Ngudi ta chitng minh duge rdng thé tich V clia phan vat thé © gidi han boi
hai mat ph*fmg (P) va (Q) duoc tinh boi cong thic :

b
V= jS(x)dx. (5)
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Vi du 4. Tinh thé tich khoi lang tru, biét

\ 1 : c
dién tich ddy bang B va chiéu cao bang h.

"
Gidi. Chon truc Ox song song vGi dudng //ﬁ. /

cao clia khéi lang tru, con hai ddy nam
trong hai mat phiang vuéng gbéc véi Ox
taix =0 vax=h (H.57).

Hién nhién, mot mét phang tuy ¥ vudng goéc
véi truc Ox, cét lang tru theo thiét dién co
dién tich khong d6i S(x) = B (0 < x < h).

Ap dung cong thitc (5), ta ¢6

o ____________
h h " A B
V = [S(odx = [ Bdx = By, = B
0 0 Hinh 57
2. Thé tich khai chép va khéi chép cut 0

a) Cho kho6i chdp c6 chiéu cao bang & va

dién tich ddy bang B. @
. T - 2 S, /

Chon tI'L_lC1Ox vudng goc *i',fou mat phang (x) R

ddy tai diém [ sao cho gboc O tring véi b—H

dinh ctia khoi chép va cé hudng xac dinh

bdi vecto OI . Khi d6 OI = h. Mot mat h
phing (@) vubng goéc véi Ox tai x
(0 € x < h) cit khoi chop theo thiét dién
co dién tich 1a S(x) (H.58). Ta co
. 2 g T 11
S(x) = B=- :
" !
Khi d6, thé tich V ciia khéi chép 1a Hinh58
h ) h
V:IBx_dx:E{iJ :ﬁ
o B m*\3Jlo 3

b) Cho khéi chdp cut tao bdi khoi chdp dinh § ¢6 dién tich hai ddy l4n luot
la B, B' va chiéu cao bang h.
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Chon truc Ox trung v4i dudng cao cla
khoéi chép va gbc O tring véi dinh §. ‘;‘,i
Hai mit phing ddy cta khéi chép cut A1
cit Ox tai I va I' (H.59). Pat OI = b, L
O'=a (a<b). Goi V 1 thé tich cha B;{%‘q r
kh6i chép cut. Ta c6 :
b 2
V=[Bdv = %(53 )
b 3b

a

iBbma-az+ab+b2-

3 b?
o
Vi B'=B— vah=b-anén
2
b
h . .
V:E(B“F\/BB + B'). Hinh 59

III — THE TICH KHOI TRON XOAY

Nghé nhdn lang gém Bdt Trang
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Bai toan

Gia st mot hinh thang cong gi6i han
bdi d6 thi ham s6 y = f{x), truc Ox va
hai dudng thing x =a va x = b (a < b)
quay xung quanh truc Ox tao thanh
moOt khoi tron xoay (H.60). Hiy tinh thé
tich V cua no.

Gidi. Thi€t dién cha khoi tron xoay trén
tao bdi mit phing vuéng goéc véi truc Ox
tai x € [a ; b] 12 hinh tron c6 ban kinh
bing |f(x)|. Do d6, dién tich cia thiét

dién 12 S(x) =nf>(x). Vay theo cong
thirc (5) ta c6

b
V=x FA(x)dx. (6)

Vi du 5. Cho hinh phing gi6i han b&i
dudng cong y = sinx, truc hoanh va
hai dudng thing x = 0, x = n (H.61).

Tinh thé tich khoi tron xoay thu duoc
khi quay hinh nay xung quanh truc Oux.

Gidi. Ap dung cong thitc (6), ta c6

T Y
V =x j S = gj'(l _ cos2x)dx

'n[ 1 . Jlﬁ nz
=—| x——sin2x 0 =—:
2 2 2

Vi du 6. Tinh thé tich hinh c4u b4n kinh R.
Giai. Hinh ciu ban kinh R 13 kh6i tron
xoay thu dugc khi quay nira hinh tron

gi6i han boi dudng y = VRZ — x?

(-R < x < R) va dudng thing y = 0 xung
quanh truc Ox (H.62).

Hinh 60

J”"

= sinx

Hinh 61

ylh

Hinh 62



-R
R
R 4
- :rr_[ (R? - x*)dx = T{Z[sz = —) el
—R -R 3

Bdi tGp
Tinh dién tich hinh phang gi6i han bdi cdc dudng :
a}y=x2,y=x+2; b)y=|lnx|,y=1; c)y=(x—~6)2,y=6x—x2.

Tinh dién tich hinh phang gi6i han b&i dudng cong y = o= 3= 1, ti€p tuyén
v6i dudng ndy tai di€ém M(2 ; 5) va truc Oy.

2
Parabol y = % chia hinh tréon c6 tdm tai géc toa dd, ban kinh 22

thanh hai phan. Tim ti s6 dién tich ciia chiing.

Tinh thé tich khéi tron xoay do hinh phing gi6i han bdi cdc dudng sau
quay quanh truc Ox :

a)y=1mx2,y=0;
b)y=rcosx. y=0,x=0.x=m:

c)y=tanx, y=0,x=0,x= %

Cho tam gidc vuéng OPM c¢6 canh OP nam trén truc Ox. Dat

POM =a, OM =R [Osasg,}i:’ﬁ).

Goi T 1a khoi tron xoay thu dugc khi quay tam

YA
gidc d6 xung quanh truc Ox (H.63). -
a) Tinh thé tich cia Ptheo a va R. R A\
]
b) Tim @ sao cho thé tich clia 7716n nhat. il P: E
\“5
\\’l\"f
Hinh 63
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BAN CO BIET

LICH SU PHEP TiINH TIiCH PHAN

Phép tinh tich phan da dudc cac nha bac hoc st dung tir trude thé ki XVIII. Dén thé
ki XIX, Cé-si (Cauchy, 1789 — 1857) va Ri-man (Riemann, 1826 — 1866) mdi xay
dung dugc mét Ii thuy&t chinh x&c vé tich phéan. Li thuyét nay vé sau dugc Lo-be-go
(Lebesgue, 1875 — 1941) va Dang-gioa (Denjoy, 1884 — 1974) hoan thién.

Dé dinh nghia tich phan, cac nha toan hoc & thé ki XVII va XVIIl khéng dung dén
khai niém gi6i han. Thay vao dé, ho néi "téng clia mét s vé cung I16n nhiing s8
hang vé clng nhd". Chang han, dién tich clia hinh thang cong 1a téng clia mét s6
vo cung Ién nhiing dién tich cla nhiing hinh chi nhat vé cung nhoé. Dua trén co sd
nay, Ké-ple (Kepler, 1571 — 1630) da tinh mét cach chinh xac nhiéu dién tich va
thé tich, Cac nghién clu nay dudc Ca-va-li-o-ri (Cavalierie,1598 — 1647) tiép tuc
phat trién.

Dudi dang trifu frdng, tich phan da dudc Lai-bd-nit dinh nghiia va dua vao ki hiéu f. Tén
goi "tich phan" do Bec-nu-li (Jacob Bernoulli, 1654 — 1705), hoc tro cla Lai-bo-nit
dé xuat.

Nhu vay, tich phan da xuat hién doc |ap vdi dao ham va nguyén ham. Do dé, viéc
thiét lap lién hé gita tich phan va nguyén ham la mét phat minh vi dai cla Niu-ton
va Lai-bd-nit.

Khai niém hién dai vé tich phan, xem nhu gidi han clia cac téng tich phan, la cla
Co-si va Ri-man.

-,

BAI POC THEM

TINH DIEN TiCH BANG GIGI HAN

1. Tinh dién tich hinh thang cong

Xét hinh thang cong gidi han bdi cac dudngx=a, x=b (a<b), y=0va y = flx),
trong d6 f(x) 1a ham sé lién tuc, khéng &m trén doan [a ; b].

Pé xac dinh dién tich cla hinh thang cong trén. Ta dung phép chia nhd, x4p xi
bdi mét hinh bac thang va chuyén qua gidi han.
Ta chia doan [a ; b] thanh n phan tuy ¥ béi cac diém x,, x,, ..., x, sao cho

4= X5 <X LalXy =1



T cac diém chia, vé& cac dudng thang song song véi truc Oy, tuong (ing chia hinh
thang cong thanh » hinh thang cong nhé (H.64a).

Y A

NN
NN

nHuink

Hinh 64
Tai m6i hinh thang cong x._,A.B.x., ta dung mét hinh chit nhat cé day la doan

[x._,:x.] va chiéu cao bang f(£) véi & lay tuy y trén doan [x,_ :x,] (H.64b).
Hinh chif nhat nhan dudc x; \M.N,x; cb dién tich bang

it
JE(x —x;_ ).
S48 nay xdp xi dién tich hinh thang cong x;, ;A B,x;.
Ki hiéu S Ia dién tich hinh thang cong aABb can tim, ta cé
S = f(& X —x)+ [(6)(xy —x )+ ...+ f(S, WX, —x,_4),

hay S= D FE)x —X;_y)- (1)

i=1
X&p xi nay cang chinh xac néu tat ca cac hiéu s6 x, —x, , cang nhé. Su kién nay gai y
cho ta v& phép chuyén qua gidi han khi max (x,—x, ,) dén t6i 0 d& thu dudc dién tich

1<i<n
hinh thang cong aABb.
Xét
n
lim ) f(&)(x; —x, ;) Khi max (x; ~x,_;) 0. )

i=1
Ngudi ta chiing minh dugc rang néu f(x) lién tuc trén doan [a ; b] thi gidi han (2)
luén tén tai khéng phu thudc cach chia doan [« ; b] va cach 14y diém i b A

i=1,2,..,n Tacoi gidi han 8y la dién tich clia hinh thang cong da cho.
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Vay §=1lim Y f(£)(x;, —x; ;) khi max (x;—x,_) —0. (3)

i=1 IS
b
Gi6i han nay chinh Ia J' F(x)dx.

2. Ap dung
Nho gidi han dang (3), ta c6 thé tinh dudc dién tich mét s6 hinh phéng.
Vi du 1. Tinh dién tich hinh thang cong y,
gidi han bdi cac dudng

3

yz.rz,y: 0, x=0vax=1.
Giai. Ta tién hanh theo phuong phap trén
nhung chia doan [a ; b] thanh » phan béng =
nhau, tc la doé dai cac doan [x, i5%] o, g
/
&
bang ~. Diém & dugc chon la mat trai 3 ///g
clia doan [x 43 %1, & =x, 4. Khido %%g
— A _.f"/; >
O *1 X L=k, X

: 2
f(§£)=(ﬂ) L i=1,2, .. n(HB85).
i
Ta lap téng dang (1)

R it DRORE)

- %(1 gt g (n—l)z) - n(n—1)(2n-1)
n 6n

_ (n—1)(2n-1)
6n> .

Hinh 65

L

Vay S= lim Zf('fs)(-";_f;_l): lim E-hen=l)
”_>+mf=|. i

(vi chia déu doan [a; bl nén max(x, —x; ;) =0 < n— +w).
1<i<n

Vi du 2. Tinh dién tich hinh tréon ban kinh R.

Giai. Vi dién tich hmh tron khéng phu thudc vi tri cua né trong mat phang Oxy
nén dé xac dinh, ta gia st tam hinh tron trung vai goc toa d6. Hinh tron doi xu'ng
qua tdm, nén ta chi can tinh dién tich clla phan ndm & géc phan tu th(t nhat clia
mat phéng toa d6.
Hinh tron dudc gidi han bdi dudng tron c6 phuong trinh 12 x% +y? = R2. Ta cb thé
viét phuong trinh nay & dang tham sé

x=Rcost, y=Rsint, 0<t<2m.



Ta tinh dién tich phan tur hinh trdn duge gidi han bdi cung tron x = Rcost, y = Rsint
[(}5 zs%] va hai truc toa d6 x=0va y = 0.

Ta chia doan [0 ; R] trén truc hoanh

v A
thanh » phan bdi cac diém x; (i=0, ..., n)
M, M;_
sao cho cac diém M; (i =0, ..., ) tuong 0 '—"""‘“"I\Mi(x“yj)
(ing chia cung trén thanh » phan bang Vi =
nhau. Khi dé, s6 do cac cung nho
déu bing —. Piém & dugc chon
2n ! /
trung véi x; (mat phai doan [x; ,; x;1) %
. < %
(H.66). Ta cb =
[n ; n:] %
X; = Reos| ——i— M,
2 2” 5 —f"-:ﬂ | .
(121, 2, e N). 0 X; X X,=R Xx
cai[ TE R i-1 i n
¥; =Rsm(——:—)
2 2n Hinh 66
X=0,y,=R
Lap téng dang (1), ta dudc
n n
o —% )= S R [__][ e _ﬂ
;ﬂg‘)(r‘ ) g‘ L CIETY ks CRE ™ B P e
RS it (- DR ) s
;SM(H )2n. sin(2n )4n sin "
—2R? sini{sin(n. “DE sin@n-1)=+
4n 2n 4n
+sin(n—2)-1t—sin(2n—3)l+...+smisms—n}
2n 4n . 4n

- R? Smi[{COSl—CDS(4n—3)l]+ [cosi—cos(atn.—?)i] n
4n 4n 4n 4dn 4n

b T
+...+ [cos ——CO0s S—]
4n 4n

= R GO (D
4n 4n

— R? sini[cos 5L i 0059£+...+C05(4n.—3)i}
4n n 4n 4n

sin(4n —1)x —sin3x
2sin2x ’

Vi cos5x+cos9x+...+cos(dn—3)x =
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nén t8ng trén viét thanh

" 2. - sm{4n—1)4i—sm-ii
J(x; —x;_1)= R cos—.(n—1)sin——R" sin— 2 dt
2S5 =) 1-(n=Dsin—— - s
i=1 2sin—
4n
N sin(4n—1)-%—sin T~
=R?cos—.(n—1)sin—— R, dn____ 4n
n 4n 14
4cos—
4n

Chuyén qua giéi han dang thirc trén khi n— +o (Vi max(x; —x; ;) >0 < n —> +x),
1<i<n

ta dudc

§= lim Ef(g,.)u,. e 1=

el e g
. cmi_ﬁ[l_l]ﬂ_;ﬁ an__an |_TR®
n—>+o dn 4 n/ T 4c05—ﬁ— 4
4n 4n

Vay dién tich hinh tron bang =R>.

On tap chuong llI

a) Phdt bi€u dinh nghia nguyén ham ctia ham s6 f{x) trén mot khoang.
b) Néu phuong phdp tinh nguyén ham timg phan. Cho vi du minh hoa.
a) Phit biéu dinh nghia tich phan clia ham s6 f(x) trén mot doan.

b) Néu cic tinh chit cia tich phan. Cho vi du minh hoa.

Tim nguyén ham cta cdc ham s0 sau :

a) fix)y=(x-1)1 -2x)(1 —3x) ; bYfx) = sin 4x cos? 2.x :
1 .

Q) ) = —— ; d) fix) = (¥ ~1y°.

1-x

Tinh :

, (x +1)?
2 — dx; b dx;
a) I{ X)sinx ) _[ \G



d)f 5 dv;

C}I

e* +1 (sm,x+cosx}
1 1
e) dx:; ) dx
e B [me—
5. Tinh:
64
X 1+~/;
a) dx; b) dx
£~Jl+x Jl. 2’/;
2 T
c) Jlxzeg"rdx; d) Ix.fl+si112x dx;
0 0
6. Tinh:
14
2 1
) [ cos2xsin®xdr; b) | ox — 27| x:
=]
2
) (x+1)(x+2)(x+3)dx_ d)_[ s
x2 , 2—21:~~3 ,
1
A
]
e) [ (sinx + cosx)*dx; @) [(x +sinx)’dr.
0 0

7. Xét hinh phiang D giéi han béi y = 241 — X% va y=2(1-x).
a) Tinh dién tich hinh D.
b) Quay hinh D xung quanh truc Ox. Tinh thé tich kh6i tron xoay dwoc

tao thanh.
Bdi t&p tréc nghiém
1. Tinh_[%,ké’t quala:
'8 5
A : B)Cl-x; (©) =2fl-x+C; @ splf%
( )m (B) x3; (C) x ( )m
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% Tinh_[Z‘G A o, qué sai 13 :

Jx
(A) x| . (B) 2(2"'; 11j+ Gz
(C) 2(2**G +1)+C; D) 2V* 1+ C.

3. Tichphan [cos®xsinxdx bing :
0
2 2 3

A) ——; B) —: C) —: D) 0.
(A) = (B) 5 ( )2 (D)0

T T

2 2
4. Cho hai tich phan [ sin”xdx va [ cos’xdx, hy chi ra khiing dinh diing :

0 0
i L * x
2 2 2 2
(A) Isinzxdx % Icoszxdx; (B) Ismzxdt < Icoszxdx;
0 0 0 0
1 E
2 2
(O) [sin’xdx = [ cos®xdx; (D) Khong so sdnh duoc.
0 0

5. Dién tich hinh phing gi6i han bdi cdc dudng cong
a)y=xXvay=1x béng :
1
(A)O; (B) 4 (&) r% (D) 2.
b) y=x+sinxva y=x (0<x <2x) bang:

(A)—4; B 4; ()0 (D) 1.

6. Cho hinh phing giéi han bdi cic dudng y = Jx va y = Xx quay xung
quanh truc Ox. Thé tich cha khéi tron xoay tao thanh bang :

(A)O; (B) - ; ©C)m; (D) g
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PO tinh bac hai v6i he 6 thyc




Ta dd bi€t cdc phuwong trinh béc hai v6i biét s6 dm khong c6 nghiém thuc.
Phuong trinh béc hai don gian nhat khong c6 nghiém thuce la phwong trinh

x2+1={].

V6i mong mudn md rong tap hgp s6 thuc dé moi phuong trinh bic n déu c6
nghiém, ngudi ta dua ra mot s6 mdi, ki hiéu 1a i va coi né 1a nghiém cua
phuong trinh trén. Nhu vay

el

2. Pinh nghia s phtrc

M&i bi€u thic dang a + bi, trong d6 a, b € R, i* = -1 dugc
goi 1a moét so phire.

D6i véi s6 phitc z = a + bi, ta n6i a la phan thue, b 14 phan
a0 cua z.

Tap hop céc s6 phitc ki hiéu 1a C.
Viduy 1. Céac s6 sau la nhitng s6 phic :
2 +5i; —J2+3i ; 1+(=3)i (con viét 1a 1-3i); 1++/3i (con viét Ia

1 4xl3).
1

\Tim phan thuc va phan 3o clia cac s6 phifc sau : —3+5i, 4—i2, 0+, 1+ 0i.

3. S6 phitc bing nhau

Hai s6 phic 14 bang nhau néu phdn thuc va phin 4o cha
chiing twrong ing bing nhau.

a+bi=c+di=sa=cvab=d.
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Vi du 2. Tim cédc s6 thuc x va y, biét
Cx+D+@By—-2Di=(x+2)+(y+ D).
Giai. Tir dinh nghia cla hai s6 phitc bang nhau, ta c6
2x+1=x+2va3y-2=y+4.
Vay x=1vay=3.
CHU Y
* Mdi s6 thuc a duge coi 12 mot s6 phiic v6i phan 4o biang 0
a=a+0i.
Nhu vay, méi sé thuc ciing la mot sé phirc. Tacd R < C.
* S6 phitc 0+ bi duoc goi 1a so thuan ao va viét don gidn la bi
bi =0+ bi.
Dic biét i=04+1i.
S6 i duagc goi la don vi ao.

B

VViét s6 phifc z cé phan thuc bang % phan 4o bang =%

Y
> .z g | I— M
4. Biéu dien hinh hoc s6 phirc :
Nhu trén di thdy, méi s6 phic z = a + bi hoan ! .
toan duoc xdc dinh bai cap s6 thue (a ; b). e N =
Diém M(a ; b) trong mot hé toa do s
! . inh
vuong goéc clia mat phang duoc goi la
diém biéu dién so phic z=a + bi 7}
(H.67). sl
Vidu 3. (H.68) 7)) —— 4;‘1
Diém A biéu dién s6 phitc 3 + 2i ; 1t 3
Diém B bi€u dién s6 phitc 2 — 3i ; _3i‘ S oo 12 3 —
Diém C biéu dién s6 phitc -3 — 2; ; : =1} i
Piém D biéu dién s6 phitc 3i. ' & i
3{-------'B
Hinh 68
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5. Modun cua s phic
Gia st s6 phiic z = a + bi duoc biéu dién bdi diém
M(a ; b) trén mit phing toa do (H.69).

Do dai cha vecto oM dugc goi la
modun cua so phire z va ki hiéu 12 Izl
Vay

2| = |OM| hay la + bil = [oM].
Dé théy la + bil = Va* + b*.

Vidu4

321l = 3% +(-2)* = V13 ;
1+i/3] =1+ (B =2

/"% Sé phiic nao c6 médun béng 0 ?

6. phtrc lién hop

a) Biéu dién trén mat phang toa d6 cac s6 phic sau : 3 — 2i,

—4i, 3.
b) Cac diém biéu dién sé thuc, s6 thuan 4o ndm & dau trén mat phang toa do ?

Hinh 69

ﬁ Biéu dién cac cép s6 phic sau trén mat phﬁng toa d6 va néu nhan xét :

a)2+3i va 2-3i ;
b) —2+3i va —2-3i.
Cho s6 phitc z=a+ bi. Ta goi
a — bi 1a s6 phirc lién hop cia z va
kihiéula 7 = a — bi.

y A
Bl M
!
1
0 a x

z=a+ bi

Viduls
z=-3+2i; z=-3-2i;
=43 ; Z =4+ 3i.

Trén mit phing toa do, cdc diém biéu dién z
va 7 doi xiing véi nhau qua truc Ox (H.70).
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A
Choz=3-2i.

a) Hay tinh z va Z. Néu nhan xét.
b) Tinh |z| va [Z]. Néu nhan xét.

Tir dinh nghia ta c6 :
T =17z :

« [zl =1l.

BAN CO BIET

CAC-DBA-NO (G.CARDANO)

Céac-da-né la mét nha bac hoc ngudi I-ta-li-a. Ong sinh n&m
1501, dat hoc vi tién si y khoa nam 1526, nhung khéng
dudc hanh nghé y ma trd thanh thay gido day toan. Ong
cé trén 200 coéng trinh vé céac linh vuc Toan hoc, Y hoc,
Triét hoc, Thién van hoc, Am nhac va Than hoc. Nam
1545 6ng xudt ban quyén sach "Nghé thuat 16n cla
phép gidi cac phuong trinh dai s8". Trong cuén sach
nay, oéng trinh bay cach giai phudng trinh bac ba, bac
bén va dé cap tdi can bac hai clia s6 am. C6 thé ndi su
nghién cu sé phlrc khdi ngudn tir cdng trinh nay.

G. Cardano
(1501 — 1576)

Bdi tap
1. Tim phén thuc va phan 4o clia s phiic z, biét :
a) z=1-mi; b)z=x5-vf;
C)Z=2\/E; d) z =T

2. Tim céc s6 thue x va y, biét :
a) Bx-2)+2y+Di=(x+1-(y-9)i;
b) (1-2x) - i3 =5 + (1 - 3y)i;
) Cx+y)+Q2y—x)i=(x—2y+3)+(y+2x+ 1.
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3. Trén mit phing toa do, tim tip hop diém biéu dién c4c s6 phiic z thod min
diéu kién :
a) Phan thuc clia z bang -2 ;
b) Phén 4o ctia z bang 3 ;
c¢) Phan thyuc clia z thudc khoang (-1 ; 2) ;
d) Phén ao cha z thudc doan [1 ; 3] ;
e) Phan thuc va phan do cua z déu thudc doan [-2 ; 2].
4. Tinhlz| véi :

a) z = -2+ i3] b) z = 2 - 3i;
¢) z=-5; d) z = i3.
5. Trén mit phing toa do, tim tip hop di€m bi€u dién cdc s6 phitc z thod min
di€u kién :
a) |d=1; b) Izl <1;
c)1<ld<2; d) |z| = 1va phén 4o ciia z bing 1.
6. Tim 7, biét :
a) z=1-iV2; b) z = —2 +iv3;
c)z=5; d) z = 7i.

CONG, TRU VA NHAN sO PHUC

1. Phép cong va phép trur

1
ﬁTheo quy tic cdng, trir da thirc (coi i 1a bién), hay tinh :
(B3+2)+(5+8i);
(7+50)— (4+3i) .
Phép cong va phép trir hai s phitc duoc thuc hién theo quy tac
cOng, trir da thic.
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Vidul
G5+20+B+7)=0B+3)+2+7Ni=8+9i ;

(1+61)—-(4+3)=01-4)+(6-3) =-3+3i.
Téng quat

(a@a+bi))+(c+di)=(@+c)+(b+d)i;
(a+bi)—(c+di)=(a—c)+(b—-4d)i.

2. Phép nhan

2
ﬁTheo quy tdc nhan da thdc véi cha y i2 =1, hay tinh (3+2i)(2+3i).
Phép nhan hai s6 phiic dwoc thuc hién theo quy tic nhan da
thitc roi thay i? = -1 trong két qua nhan duoc.
Vidu 2
(5+2i)(4+3))=20+15 + 8i + 6i% = (20— 6) +(15+ 8)i = 14 + 23i;
(2-3i)6+4i) =12 +8i —18i —12i% =12+ 8i — 18i +12
=(12+12)+ (B8 -18)i =24 - 10i.
Téng quét
(a + bi)(c + di) = ac + adi + bci + bdi* = ac + adi + bci — bd.
Vay

(a + bi)(c + di) = (ac — bd) + (ad + bc)i.

CHU Y
Phép cong va phép nhan cdc s6 phitc c6 tat cd cdc tinh chit
cta phép cong va phép nhan cic s6 thue.

3
ﬁ Hay néu céc tinh chat cla phép cong va phép nhan sé phic.

Bai tGp
1. Thuyc hién cdc phép tinh sau :
a) 3-5)+(2+4); b) (2 =31)+ (=1 =71}
c) (4+3))—-(5-T7i) ; d) (2 -3i) - (5 - 4i).
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2. Tmh a+ B, a—- p v6i:

a) =3 B=2; b)a=1-2i, f=06i;

c)a=5,p=-T; d)a=15 =4-2i
3. Thuc hién cac phép tinh sau :

a) (3~2i2—3); b) l+0)(3+7i);

c) 5(4 + 3i) ; d) (-2 - 5i).4i.

4. Tinh 2, i*, .

Néu cdch tinh i” v6i n 12 mot s6 tu nhién tuy ¥.
5. Tinh:

a) (2 +3i)%; b) (2 + 3i)°.

PHEP CHIA sO® PHUC

1. Téng va tich cla hai s& phic lién hop

Cho s0 phitc z =a + bi. Tacé :
z+Z =(a+bi)+(a->bi)=2a ;
27 = (a + bi)a - bi) = a® — (bi)? = a® + b* = |
* Téng ciia mét s6 phitc véi s6 phiic lién hop ciia né bang hai
lan phan thuc ciia sé phitc dé.
* Tich ciia mot sé phiic véi sé phirc lién hop ciia né bang binh
phitong médun ciia sé phite dé.

Vay t6ng va tich ctia hai s6 phiic 1ién hop 14 mot s6 thuc.
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2. Phép chia hai sé phirc

Chia s6 phttc ¢ + di cho s0 phitc a + bi khdc 0 1a tim s6 phitc z sao cho
¢ + di = (a + bi)z. S6 phitc z dugc goi 14 thuong trong phép chia ¢ + di cho
a + bi va ki hiéu Ia

c+di
i -
a+ bi
Vidu 1. Thuc hién phép chia 4 + 2i cho 1 + .
Giai. Gia stt z = 41+ :'TI . Theo dinh nghia, ta c6 (1 +i)z =4 + 2i.
+ 1

Nhan ca hai v& véi s6 phitc lién hop clia 1 + i, ta duogc
(I=-DA+idz=(1—-1)(4 + 2i)

suy ra 2z=6-2i
hay z=1(6~2:’)=3-f.
2
Vay 4+2.'!:3“!
1+
c+di

Téng quét, gia st z = . Theo dinh nghia phép chia s6 phiic, ta co

a+ bi
(a+bi)z=c+di.
Nhan cd hai v€ véi s6 phitc lién hgp ciia a + bi, ta duge
(a — bi) (a+ bi)z =(a — bi)(c + di)
hay

(0> + b5z = (ac + bd) + (ad — be)i.

Nhéin cd hai vé véi s6 thuc

, ta duoc
a* + b*
1

a2+b2

[(ac + bd) + (ad — be)i].

il

c+di ac+bd+ad—bc.

= [ &
a+bi  g?+p* @ +b°
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CHU Y

Trong: thie Hanh, 48 dalrirang . nhka ol Ve mluve

a+ bi

s@ phirc lién hop cia a + bi.

Vi du 2. Thuc hién phép chia 3 + 2i cho 2 + 3i.
Gidi

Skl BAMNE—3y YA 5 1r D

— — —1

243 2+ 3i)(2-30) 13 13 13

A
1+i  6+3i

Thuc hién cac phép chia sau :

2-3i" 5
Bai tGp
1. Thuc hién céc phép chia sau :
5 23, b)1+iﬁ; g PR
37  RRNE) 2, =5 i
2. Tim nghich ddo é— cua sO phirc z, biét :
a)z=1+2; b)z=v2-3i; c¢)z=i; d)z =5+ i/3.

3. Thuc hién ciac phép tinh sau :
1+ 2)°

a) 2i3+ D2+ 4) ; b) - :
-2+

&) 3425406454y IR )k
3+ 60

4. Giai cdc phuong trinh sau :

a) 3-2i)z+ @4 +5)=T7+3i; b)) +3i)z—-2+5)=2+1)z;
i . .
c) +(2-3i)=5-2.i.

..._f
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PHUONG TRINH BAC HAI VOl

44 HE s6 THUC

1. Can bac hai cua s6 thuc am

ﬁThé nao la can bac hai clia sé thuc duong a ?

Tuong tu cin bic hai cia mot sé thuc dwong, tir ding thiic % = -1 ,tanodiila
mot can bic hai cia —1 ; —i ciing 14 mét can bac hai cla -1, vi(—)? = -1. Tir
dé, ta xdc dinh duoc can béc hai clia cdc s6 thuc 4m, ching han :

Cin bac hai clia —2 13 +iv2,vi (+ iv2)? = -2 ;
Can bic hai ciia -3 12 + i3, vi (2 iv3)2 = -3 ;
Can béc hai ctia —4 13 + 2i, vi (£ 2i)> = 4.

T6ng quat, cdc can bac hai ciia 6 thuc a am 12 +i,[|a].
2. Phuong trinh bac hai véi hé sé thuc

Cho phuong trinh bic hai ax> + bx+c =0 v6ia, b, c € R, a = 0. Xét biét
6 A = b* — 4ac cha phuong trinh. Ta théy :

* Khi A = 0, phuong trinh ¢6 m{t nghiém thuc x :—~%;

e Khi A >0, c¢6 hai cin bac hai (thuc) chia A 12 +/A va phuong trinh c6
hai nghiém thue phéan biét, duge xdc dinh bdi cong thiic
—b+ A

2a

* Khi A <0 phuong trinh khong c¢6 nghiém thuc vi khong t6n tai can bac
hai thuc chiaA.

A2 =
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Tuy nhién, trong truong hopA < 0, néu xét trong tdp hop s6 phiic, ta vin
c6 hai can béac hai thuén 4o ciia A 1a + im . Khi do6, phuong trinh c6 hai
nghiém phitc duoce xdc dinh bdi cong thitc
L _Th#i |A|
i T'
Vi du. Gidi phuong trinh x” + x + 1 = 0 trén tap hop s6 phifc.
Taco A =1-4=-3. Vay phuong trinh da cho ¢6 hai nghiém phiic 1a

—1+i3
x1,2 = *T'

NHAN XET
Trén tap hop s6 phiic, moi phwong trinh bac hai déu cd hai

nghiém (khong nhét thi€t phan biét).

Téng quét, ngudi ta da ching minh dwgc ring moi phuong
trinh bdcn(n = 1)

1

agx” + alx”_ +..+a, 1x +a, =0,

trong d6 ay, ay, ..., a,€ C, ag # 0 déu cé n nghiém phiic
(cdc nghiém khong nhét thi€t phan biét).
D6 1a dinh I co ban cua Pai s6 hoc.

Bai tdp

Tim céc can bac hai phitc clia cdc s6 sau: -7 ;-8 ; —12; -20; —121.

Giai cdc phuong trinh sau trén tap hop s phiic :

a) 377 +22-1=0; b)722+3z2+2=0; ¢)5°-Tz+11=0.
Giai cdc phuong trinh sau trén tap hop so6 phiic :

a)z4+22~6:0; b)z4+722+10i0.

Choa, b,c eR, a0, z;, 712 hai nghiém ctia phuong wrinh az” + bz + ¢ = 0.
Hay tinh z; + z, va z;.z, theo cic hé s6 a, b, c.

Cho z = a + bi 1a mét s6 phitc. Hay tim mot phuong trinh béc hai v6i hé s6
thuc nhén z va z lam nghiém.



-,

BAI POC THEM

PHUONG TRINH PAI SO

Phuadng trinh dai s6 la phuong trinh dang
agx" +alx”_1 +..+a,_x+a,=0,

trong dé n 1a mét s6 nguyén duong ; ay, a;, ..., a, la cac s6 da cho va dudc goi la
cac hé sé clia phuong frinh, x 1a 8n s6. Néu a, # 0 thi n 12 bac cla phuong trinh.
Viéc nghién clru su tén tai nghiém clia phuong trinh dai s& va tim céng thic tinh
nghiém clia n6é da thu hat cong sirc clia nhiéu nha toan hoc, trong nhiéu thé ki.
Chinh tif nhitng nghién c(tu d6 da ra ddi nganh Pai s6 va thic ddy su phat trién
clia nhiéu linh vuc toan hoc khac.

TUr 2000 nam trudc Coéng nguyén, ngudi Ai Cap va ngudi Babilon c6 da biét gidi cac
phuong trinh bac nhat va mét sé trudng hop riéng clia cac phuong trinh bac hai
va bac ba.

Li thuyét gidi phuong trinh bac hai dugc trinh bay 1an dau tién trong cudn sach "Sé
hoc" clia Bi-6-phang (Diophantus), nha bac hoc c6 Hi Lap thé ki lll. Cén chd ¥ réng
van dé c6 nghiém clia phuong trinh dai s luén gan véi su md rong cac tap hop sé.

Chéng han, phuong trinh x + 3 = 0 khéng c6 nghiém trong tap hop sé tu nhién N,
nhung c6 nghiém trong tap hop cac s6 nguyén Z. Phuong trinh 3x + 2 = 0 khéng
c6 nghiém trong tap hdp cac sé nguyén Z, nhung cé nghiém trong tap hop cac sé
hitu ti Q.

Téng quat, trén tap hop cac sé hitu tf Q, moi phuong trinh bac nhat déu cé
nghiém. Nh& viéc md réng tir tap hop cac s6 hiu ti Q sang tap hop cac sé thuc R,
mét I6p cac phuaong trinh bac hai dang ax® +bx+c=0 Vi biét s6 A =b>—4ac>0
c6 nghiém.

Cong thlc xac dinh nghiém cla phuadng trinh bac hai

_—b+4A

T 2a

da dudc biét tir thé ki thi VI va diéu doé thuc ddy cac nha toan hoc di tim céng
thirc tinh nghiém clia cac phudng trinh bac ba, bac bén,... Tuy nhién, phai mudi
thé ki sau (thé ki XVI), cong thic tinh nghiém cla phuong trinh bac ba va thuéat
toan giadi phuong trinh bac bén mdi dugc cac nha toan hoc Ha-li-a tim ra.

X

Nghiém clia phuang trinh bac ba
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,1'3+px+q=ﬂ (")

dudc cho bdi cong thirc sau (thudng goi la cong thiic Cac-da-no) :

2 3 7 3
J\,.zij_ff_.F 9_+P_+{j_i_ . p
2 4 27 2 4 27
Cac-da-n6 da cong bé cong thic nay nam 1545, trong quyén sach "Nghé thuat
|6n cla phép giai cac phuong trinh dai sé".

N ed
Lé tu nhién, ta coi biéu thic trén c6 nghia khi dai lugng A :%+2—? la khéng am.

Pai lugng A ciing dudc goi l1a biét s6 clia phuong trinh (*). Tuy nhién, dé chi ra
nhitng phuong trinh bac ba véi biét s6 A < 0, ma van cé nghiém thuc. Chéng han,
xét phuong trinh

X —Tx+6=0.
Phuong trinh nay cé ba nghiém la -3, 1, 2 nhung biét sé

2 o =g
TR Gl e

T T
Diéu d6 dan dén viéc thira nhan réng biéu thic

sl a0 8l {100
27 27

la cb nghia va cac gia tri clla n6 1a -3, 1, 2, mac du biéu thirc nay chita c&n bac
hai clla mét sé thuc am.

Nhu chiing ta da thdy, su thira nhan cé céc can bac hai clia s6 thuc am, bat dau
tir viéc dat i=+/~1 da dan dén su ra ddi clia tap hop céc sé phirc.

Déng thdi vdi viéc sang tao ra cac sé phirc, ngudi ta chiing minh dudc rang moi
phuong trinh dai s6 bac n (n > 1) v6i hé s6 phic déu cé n nghiém phlc (cac
nghi@m khéng nhat thiét phan biét).

Nhu vay, viec md rong cac tap hop s6 gan vdi van dé cb nghiém clia cac phuong
trinh dai sé da dirng lai & tap hop cac sé phic.

Tuy nhién, cac nha toan hoc van theo dudi bai toan tim céng thirc nghiém dudi
dang biéu thic chita cén thitc cho cac phuong trinh bac I6n hon hosc bang 5.
Géan 300 nam sau khi tim ra cdng thirc Cac-da-n6, nam 1826, A-ben (Abel), nha toan
hoc Na Uy da chimg minh dugc rang khéng cd mét cong thilc nghiém nhu vay cho
cac phuong trinh bac 16n hon hodc béng ndm véi hé sé bang chit. Hon nita, nha toan
hoc Phap Ga-loa (Galois), ndm 1830 con giai dudc tron ven bai toan : "Trong nhiing
diéu kién nao, mét phuong trinh dai s8 gidi duge bang can thic ?". Céng trinh thién
tai clla Ga-loa dat nén méng cho su phat trién clia Dai s6 hién dai.



On tap chuong IV

Thé nao la phan thuce, phan 4o, m6dun ciia mot s6 phirc ?

Viét cong thitc tinh médun ctia mot s6 phitc theo phén thuc va phéin 4o clia nd.
Tim moi lién hé gilta khdi niém modun va khdi niém gia tri tuyét doi cua
mot sO thuc.

Néu dinh nghia s6 phiic 1ién hop clia s6 phifc z. S6 phitc nao bang s6 phiic
lién hop clia n6 ?

S6 phitc thod mén diéu kién nao thi c¢6 diém biéu dién & phin gach chéo
trong cdc hinh 71 a, b, ¢) ?

Ao y A Va4
2
o[ 1 x - 2 2 x
=
a) b) c)
Hinh 71

Trén mit phang toa do, tim tap hop diém biéu dién céc s6 phiic z thod man
di€u kién :

a) Phan thuc ctia z bang 1 ;

b) Phén 4o cla z bang -2 ;

¢) Phén thuc cta z thudc doan [-1 ; 2], phdn do ctia z thudc doan [0 ; 1] ;

d) | < 2.
Tim cdc s6 thuc x, y sao cho :
a) 3x+yi=2y+1+Q2-x)i ; b) 2x+y—1=(x+ 2y — 3)i.

Chiing té rang véi moi s6 phitc z, ta luon c6 phéin thuc va phan do cla z
khéng vurgt qua médun clia nd.

Thuc hién cac phép tinh sau :

a) 3+2)[R2-D+B-2)]; b) {4—3i)+-1—+—"-{_-;
2+1

= Y 3+i_4——3.i‘

c) 1+1) (1-1)" ; d)2+i >
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10.

11.
12,

144

Giai cdc phuong trinh sau trén tap s6 phic :

a) 3+4i)z+(1-3)=2+35i; b) (4 + Ti)z — (5 — 2i) = 6iz.
Giai cdc phuong trinh sau trén tap s6 phirc :
a) 322 +7z+8 =0; b)z*-8=0; c)z*-1=0.

Tim hai s6 phiic, bi€t tdng ctia chiing bing 3 va tich clia chiing bing 4.
Cho hai s6 phic z;, z, . Bi€t rang z; + z, va 73z, 1a hai s6 thuc. Ching to
ring zj, z, 13 hai nghiém cia mot phuong trinh bac hai véi hé s6 thuc.

Bdi t&p tréc nghiém

S6 nao trong cdc sO sau la so6 thuc ?

(A) (V3 + 2i) — ({3 - 2i); B) 2+ iV5) + (2 - iaf5);
=
©) ( +i3); (D)IH.
V2 —i
S6 nao trong cdc s6 sau 12 s6 thudn 4o ?
(A2 +3) + (2 - 3i) ; (B) (V2 + 3).(2 - 3) ;
2 +3i
C) (2+ 2§ ; D :
(©) (2 +2i) )=
Ding thitc ndo trong cdc dang thifc sau 1 diing ?
Ding thitc ndo trong cdc dang thifc sau 1 diing ?
Ay a4+ =216 : @®) 1+ =16i ;
©a+:i) =16: M)d + 1)’ = —16i.

Biét rang nghich ddo cha s6 phiic z bang s6 phirc 1lién hop clia nd, trong cic
két luan sau, két luan nao la ding ?

(A)zeR; @B)lzZ=1; (C)zlamotsthudnio; (D) |zl =-1.
Trong cdc két luan sau, két ludn nao la sai ?

(A) Mo6dun ciia s6 phitc z 1a mot s6 thuec ;

(B) Modun cua s6 phitc z 1a mot s6 phiic ;

(C) Modun cta so6 phirc z 1a mot s thuc duong ;

(D) Modun cta s6 phirc z 1a mot s6 thuc khong am.



ON TAP cuOI NAM

| — Cau hoi

L

o

ol

10.

Dinh nghia sy don diéu (dong bi€n, nghich bién) clia mot ham s6 trén
mot khoang.

Phat biéu cdc diéu kién cin va di dé ham s6 f{x) don diéu trén mot khodng.
Phat biéu cdc diéu kién di d€ ham s6 f(x) c6 cuc tri (cuc dai, cuc tiéu) tai
diém x,.

Néu so d6 khao sit sur bi€n thién va vé d6 thi ctia ham s6.

Néu dinh nghia va cdc tinh chit co ban cla logarit.

Phat bi€u cdc dinh 1i vé quy tac tinh 16garit, cong thitc d6i co s6 cia logarit.
Néu tinh chat cia ham s6 mii, ham s6 l6garit, mdi lién hé gilta d6 thi céc
ham s6 mii va ham s6 l6garit cing co s0.

Néu dinh nghia va cdc phurong phdp tinh nguyén ham.

Néu dinh nghia va cdc phuong phdp tinh tich phan.

Nhic lai cdc dinh nghia s6 phiic, s6 phitc lién hop, médun ciia s6 phiic.
Biéu dién hinh hoc clia s6 phiic.

Bai tap

Cho ham s6 fix)=ax*-2@+Dx+a+2  (a#0).

a) Chitng t6 ring phuong trinh f{x) = 0 luén cé nghiém thuc. Tinh cic
nghiém do.

b) Tinh téng § va tich P cta cdc nghiém clia phwong trinh f(x) = 0. Khio
sdt su bi€én thién va vé do thi clia § va P theo a.

Cho ham s6 y=——;—x3+(a-—1}x2 +(a+3)x—4.

a) Khao sat su bién thién va vé do thi (C) ctia ham s6 khi a = 0.
b) Tinh dién tich hinh phing giéi han bdi (C) va cdc dudng thing y = 0,

r=-1:.x=1

145



3. Chohims6 y= C+ax’ + bx +1.

a) Tim a va b dé d6 thi cia ham s6 di qua hai diém A(1 ; 2) va B(-2 ; -1).
b) Khio sét su bi€n thién va vé d6 thi (C) clia ham s6 (ng vdi cdc gid tri
tim duoc clia a va b.

c¢) Tinh thé tich vat thé tron xoay thu dwgc khi quay hinh phing gi6i han
bdi cdc duong y = 0, x =0, x = 1 va d6 thi (C) xung quanh truc hoanh.

4. Xét chuyén dong thing xdc dinh bdi phuong trinh

1 4 3 12
sy=—t -t +—-13t,
4 2

trong d6 ¢ duogc tinh bang gidy va s duogc tinh bang mét.

a) Tinh v(2), a(2), bi€t v(7), a(t)14an luot 1a van t6e, gia toc chia chuyén
dong da cho.

b) Tim thoi diém # ma tai d6 véin toc biang 0.

. Chohilmsﬁ'y=x4+ax2+b.

. ’ i 10 et s
a)Tinha,bdéhémsﬁcécuctr;bﬁngEkhlx:l.

2 o g . m — . 1
b) Khio sit su bi€n thién va v& d6 thi (C) cha ham s6 da cho khia = &

= 1.
¢) Vi€t phuong trinh ti€p tuyén cia (C) tai cic diém c6 tung do bang 1.
6. Chohamso y = i
x+m-1

a) Khéo sdt su bién thién va vé d6 thi (C) ctia ham s6 khi m = 2.
b) Viét phuong trinh ti€p tuyén d ctia d6 thi (C) tai diém M c¢6 hoanh do
a==—1;

7. Chohams6 y =

S

a) Khao sat su bién thién va vé do thi (C) ctia ham s6 da cho.

b) Tim cdc giao di€ém cta (C) va d6 thi cha ham s6 y = X2+ 1. Viet phuong
trinh ti€p tuyén cta (C) tai mbi giao diém.

c) Tinh thé tich vat thé tron xoay thu duoc khi quay hinh phing H gi6i han
béi d6 thi (C) va cdc dudng thang y = 0, x = 0, x = 1 xung quanh truc Ox.
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10.

11.

12,

Tim gid tri 16n nhét, gi4 tri nhd nhét ctia ham s6

a) f(x) = 2x° = 3x% = 12x +1 trén doan |:——2;§:|;

b) f(x) = x?Inx trén doan [1 ; ¢] ;
) Jtx) =xe ™ trén nira khoang [0 ; + o) ;
d) fix) = 2sinx + sin2x trén doan [0 2 %n] :

Gidi cdc phuong trinh sau :

)13 = 1= i

b)(3* +2M)(3* +3.2%) =8.6" ;

c) Iog\g(x — 2).logsx = 2.loga(x - 2) ;
d)log% x—5log, x +6 =0.

Gidi cdc bat phuong trinh sau :

2
X 1 log, (x“ 1)
a) sl m = -2l £
31’ i 2:{' 2
2 1-logyx 1
c) log” x + 3logx = 4; d) ———=<-—.
I+logyx 4

Tinh cédc tich phan sau bang phuong phdp tinh tich phan timg phan :

!

¢t 2 o
a) [ VxInxdr: b) [
] 30X
6
T 0
¢) [(m = x)sinxdx; d) [ (2x+3)edx.
0 =1

Tinh céc tich phan sau bang phuong phdp d6i bién s6 :

T

24
a) I tan{f - 4){)(],\' (datu = COS[E e 43(.')) :
o 3 3
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13.

14.

15;

16.

148

&
mlﬁ_,—]'-—-—m:.nlm
o
+

N | &
(]
=)
=
e
Il
|
1
s

=

sin3xcos4xdx(dz§tu = CcOSXx )2

L]
S
=R A

| =

4
d) I—de(dam = JT+tanx).

g 008X

4
Tinh dién tich hinh phiing gi6i han bdi cdc dudng :
a)y=x"+1, x=—1,x=2 vatruc hoanh ;
bYy=Inxy x= l,x=ev'atruch05uﬂ1.
e
Tim thé tich vat thé tron xoay thu dugc khi quay hinh phang giéi han boi

cdc duong y = 2x% va P= X

xung quanh truc Ox.
Giai cdc phuong trinh sau trén tap s6 phic :
aA)B3+2)z-4+T1)=2-5i ;

b)(7 = 3)z + (2 + 3i) = (5 — 4i)z ;
)22 -2z+13=0:

dzt-z2-6=0.

Trén mat phang toa do, hiy tim tap hop diém biéu dién s6 phiic z thod man
bét déng thic :

) |22 b)|z-i|<1; c)lz-1-il<1.



PAP sO - HUONG DAN

CHUONG I

§1.

1.

§2.

a) Him s6 déng bi€n trén [—m;gj,

3
nghich bién trén | —; + | ;
2

b) Ham s6 déng bi€n trén cdc khodng
(—0 ; =7) va (1 ; +0), nghich bién trén
i B

¢) Ham s6 dong bién trén cdc khodng
(—1; 0), (1 ; 4<0), nghich bién trén (—o ; —1),
(051);

d) Ham s6 dong bi€n trén [0 2 %} , nghich

2
bién trén cdc khodng (—= ; 0), [—3— z +oo] :

a) Ham s6 dong bién trén cic khodng
(=03 1), (1;+m);

b) Ham s6 nghich bién trén cdc khodng
(=05 1), (15 +0);

¢) Ham s6 nghich bién trén khodng (—0 ; —4),
dong bién trén khodng (5 ; +o0) ;

d) Ham s6 nghich bién trén cdc khodng
(—e0;-3), (3:3), B +4<0).

HD. Xét dau y'.

HD. Xét ddu .

HD. Khéo sat su bi€n thién cuia cdc ham

s0 sau trén khodng [0 %J :

a) f(x)=tanx—x;

5
b) g(x) = tanx—x—% .

a)Xpp =3, X0 =23 b)xop =05

3
d) xcp = 3

diém cuc tri; €) xp = % x

2 a)xCB :UTICT —2k] 4
b),rCB=§+k1t,
(3
xer=—gHin k1<)
c)_rCD:§+2kn,
(]
Xer :I+(2k+1}11: (ke Z);

d) ,tcﬂ = _l 2 ,\_CT = ]. -

3. HD. Sirdung dinh nghia cuc tri.

4. HD. Xét déu y'.

3. a:—g;b> 2
5 5
hodc aszr:ﬂ b ﬂ
243

6. m=-3

§3.

1. a) min y=—41, max y=40;
[4:4] [—4:4]
miny =8, maxy=40.
[U;S]y [O:S]y

b) max y=56, miny=——.
[0:3] [0:3] +

miny =6, max y=552.
[2:5] [2:5]

¢) miny=0;maxy=—.
[2:4] [2:47 3

[3;-2] [3:-2]
d) min y=1;max y=3.
[=1;1] [-1:1]

s Xer=1,x=10 khéng phai 1a
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Hinh vuéng canh 4 cm.

Hinh vuéng canh 443 m.
a)maxy=4,b)maxy=1.

e W

a)mhlyzﬂ,b)(él}ﬂ)yzti.

§4.

1. a) Tiém cén dimg x =2 ;
Tiém cén ngang y = —1.
b) Tiém cén dimg x=—1 ;
Tiém cén ngang y = —1.

2
¢) Tiém cén dimg x = 3 :

i 2
Tiém cin ngang y = e
d) Tiém céan dimg x = 0.
Tiém cén ngang y = —1.
2. a) Hai tiém cén dilng x = 13 ;
Tiém cén ngang y = 0.

b) Tiém cén dimg x = —1 va 1=-§ :

Tiém cén ngang y = —%.

¢) Tiém cén ding x = -1 ;
d) Tiém can dimg x =1 ;
Tiém cén ngang y = 1.

4. a) Mot nghiém ; b) M6t nghiém ;
c) Hai nghiém.
5. b) Vi m<-2 hoacm>2: c6 mot
nghiém,
m = -2 hodc m = 2 : ¢6 hai nghiém.
-2 <m <2 : ¢6 ba nghiém.

6. bym=2.
1 1 1
7. aym=—;¢)y=2x——,y=—-2x——.
) y ) P i
3 5
8. aym=—=;bym= ——.
2 3

-aim=0c)yv=-2x~1;

150

ON TAP CHUONG I
5. ) )mz22:1)m<2;
6. b)0<x<4;c)y=9x+6.
7. b) m< 2 hodc m> 10 : m6t nghiém ;
m =2, m= 10 : hai nghiém ;
2 <m< 10 : ba nghiém ;
c)y=—-2x+1.
8. aym=1:b)m=1:¢c)m<0.
9. b)y=4x+3vay=—4x+3.
¢) m<—6:vonghiém ;
m=—6: 2 nghiém ;
—6<m<3:4 nghiém ;
m =3 : 3 nghiém ;
m >3 : 2 nghiém.
10. a) m < 0 : mot cuc dai ; m > 0 : hai cuc dai
va mot cuc tiéu. b) Vm ; ¢) m > 0.
11.c) m=3.

12. a) V6 nghiém : b) %+ R, keZ.

Bai tap trac nghiém
1.(B);2. (A);3.(B);4.(C); 5. (B).

CHUONG II
§1.
1. a)9;b)8;¢c)40;d) 121.

5 1
2, a)aS;:b)b;:c)a;:d)bs.

—3
3 8zt Py (l] .
2

£ 3 =1
b) 98° ; 325 ; (-J ;
7
4. a)a;b)1 (b+1);

c) L(arib) 2

fab
d) 3ab.



§2.
1. a)(—0;1):b) (2 :42) ;
ORN{-1;:1:d)(—o: —1)U(2;+x).
2
2

-
*

2. a) %(4x—1)(2x2 — ¥

ol

b) %1(2,”1)(4—,1——,1-2)

By

c) 3?11(3,\% nz

d) —BG5—xB1,
4, a) 16nhon : b) nhé hon ;
¢) nhd hon ; d) 16n hon.
5. a), b) nhé hon : ¢) 16n hon.

I
1. a)-3;b)—=;¢)—; d) 3.
a) J=s el
2. 2)9:b)242:¢) 16:d) 9.

2
: a)-?;;b)4loga|b|.

4. a) lén hon ; b) nhé hon ; ¢) 16n hon.
1

5. a)2a+b+1;b) ;
2(1—rc)

§4.

3. a) (—oo ;g];b) (o0 ; 0) (2 ; +0);
2
c)E= i huE; +m);d)[—§ : lj.

5. a) y'=6x—%+4¢053‘ s

2x+1
b) y'=—5 :
(x“+x+1)Inl0
, l-Inx
c)y'= =
x“In3

§5.

2
1. a)x=—:b)x=-2:
5 )

cjx=0holicx=3:d)x=9.
2. xS 2eh)xsAne=ladi=10.
3. a) vonghiém ;b)x=7;
g)x=b;d)x=73;
1. DE=2 - WNx=5x=8.

§6.
1

1. a)x(lho&cx:-i&;b)as_rsl;
¢)x < 1l;d)x<0hoicx>1.

2, a).t£—30;b)§<x<3;
clx»3:d) 9=<x<27

ON TAP CHUONG II

4, a)IR\{lE;b)(—oo;l)u[g-;-%OO];

¢) (-0 ;-3)uU(4;+w);d) [0; +oo).
5. 5
a)8:.b) 11.
T ¥=3bix=0,x=1 cia=1:
dx=8;:e)x=27:2)x=4.

&

8. a)ng;b)x<—l;

3
¢)——=<|xl <2 ; d) 0,008 <x < 0,04.

22

Bai tap trac nghiém
1.(B);2.(0);3.(B) ;4. (0):5.(B);
6. (O); 7. (B).

CHUONG 11
§1.
1. a) ¢ “va —¢ ¥ 12 nguyén ham clia nhau,

b) sin? x 12 m6t nguyén ham ciiasin2x .

g) [l—i)exlﬁ mot nguyén ham cla
X

2
(1 = E] &
X
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b)2+—h]2_1+ C;c)2cot2x+C;
e*(In2—-1)

d) —l lcos 8x+cos 2;—) +C:
4\ 4

e)tanx—x+C;

2) —163_2"(+C;
2
e e SV
T
D.;:l[LJf = |
(rai-2%) 3\l+x 1-2x

5

1 10 1 2.2
3. a)-—(1- +C:b)=(1+x7)2 +C;
a) 10( x) )5( x")

+C.

1
c)——-00541+C;d)— -
4 1+¢

1 e

HD. =
e +e+2 (e’ +])

4, a)%(x?' —1)h1(1+x)—ix2 +%+C.
b)e (x> -1)+C:
¢) —%cos(z.w 1)+is'u1(2,1' +1)+C;
d)(1-x)sinx—cosx+C.

§2.

1. a) GY9-1):b)0:¢)In2 :

3
103/4

1 4
dy 11~ €)—— 32+ ) 0.
) 5 )3 g2)
5 ST = e e YD
b * 4, 2, "

5 b T
3. a)—;b)—:;c)In(l +e);d) —.
: )4 ) In( ) .

152

4, a)2 ;b)ge3+l;
9 9

¢)2In2—1;d)-1.

3 243

2
5. 4—- b +ln- 3].1‘1— .
a) TR ) =k c)

§3.
1. 3)2 ;b)e+l—2 =c) 9.
2 e

2. B
3
5 L
3n+2
2
4. a)E:n: b)— )3[1—3].
4
5. a)T(cosa—cos3a) [0<a<gj
23R
b ax V(a@)=V., =
)FE] (a)=Vp 5
3
tai cosa——1~
=, Ji'

ON TAP CHUONG 111

3 11
3. a)—r4—3 P43 -x+C:

b) —10054:—Lcosﬁx +C:
8 32

1

'[ X
&1 Lxs + X
2

+C;

1-x
d) —e3‘ By s

4, a)(x—2)cosx—sinx+C;

3

+§x2 +2J§+C;

3 |La

2
b)—x
)5



C)le Y—et+x+C;
2
1 m
d)—tan| x—— |+C;
2 4

3

§(1+1)2—%x +C38)3 bW L

—X

= s )1839

: )3(13 “1):d)2V2.

6105 —hwry

21
—:;¢) —+11In2;
8 In2 2

1 b8 T S5t
d)——In3 :e)l+— : g9)—+—.
) 2 ) 2 e 3 2

i w8 iy 28
2 3

Bai tap trac nghiém
L (Cr2. D)y 3. (BY X 4.(C);
5.a) (O),b) (B) ; 6. (D).

CHUONG 1V

§1.
1. a) Phin thue 1a 1, phin 4o 1a —x.

b) Phén thuc 12+/2 , phin 40 12 —1.
¢) Phan thue 122+/2 , phan 4012 0.
d) Phén thuc 13 0, phén 4o 13 —7.

3 4 1-+/5 _\/54-1_

2' a I:"", :—-;b = : =
JE=sed=gih) Z 2 3

)x=0,y=1,

3. a) Pudng thing song song véi Oy, cit

Ox tai diém (-2 ; 0).

b) Pudng thang song song véi Ox, cit Oy

tai diém (0 ; 3).

¢) Cic diém nim trong phin mit phéing
toa do gidi han bdi hai duong x = -1 va

x=2,

d) Cic diém ndm trong phdn mit phéng toa
d6 gidi han bdi hai duong y = 1 va y = 3, ké

cé cdc diém nim trén hai dudng nay.

+C.

e) Cic diém nim trong hinh vuéng gidi
hanbdicicduong x= 2 ;x=2;y=-2;
y =2 k€ cé cic diém nim trén céc canh
clia né.

. a)lzl=7 ;b) | =11

o)lzl=5;d)|d=+3.

. a) Buong tron tim O ban kinh 1.

b) Hinh tron tdm O ban kinh 1.

¢) Hinh vanh khan giéi han bdi duong
tron tdm O ban kinh 2 va duong tron tim
O bén kinh 1, ké ca cdc di€ém trén dudng
tron tdm O bédn kinh 2.

d) La giao diém ctia dudng tron tim O
ban kinh 1 va dudng y = 1.

L) T=1+i2:b)T==2-if3:

©)7=5:d) T=-T7i.

1. a)5—-i;b)-3-10i;

¢)—1+10i;d)-3+i.

. A)a+f=3+2i; a—p=3-2i;

b)a+pf=1+4i; a-f=1-8i;
ca+f=-2i; a—pf=12i;
da+pf=19-2i;a- =11+2i.

. a)—13i:b) —10—4i:

¢)20+15i: d)20—8i .
P=—i,i*=1,i°=i.

Néu n=4g+r,0<r<4 thii" =i".

5. a)—-5+12i;b)-46+9i.

L . )2+f 2J—f
13 13 7 7
o2 gl gy ey

13 13
i = J2 .3

153



;w8 @,
gl ="l
28 28
3. a)-28+4i; b)ﬁ—gz
a 3
c)32+13i; d)g—gl.
45 45

4, a)z=1:b) z:ﬁ—gf;c)zzlﬁ—SL
5 5

§4.

ot

+i\7 - 12i2 423 - 4205 : +11i.

1+iv2 3+iJ47

7. o 1} | Z) 5 :_T;b) Z)y = o1

7 +if171
0

3. a) Zy9 :iv’i; Z3 4 :ii\/?j.
b) 2z, = £iv2; 2, , =+iAf5.

c) Z 9 =

4. z;+z, :_E;lez =£.
5. x> —2ax+a’+b* =0
ON TAP CHUONG IV
2, Néu s6 phitc 1a mot s6 thuc thi modun
ctiia no6 chinh 12 gia tri tuyét déi clia no.
3. z=Zzkhivachikhize R.
4, a) S6 phitc ¢6 phin thuc 16n hon hodc
béng 1.
b) S6 phitc c6 phin do thudc doan
| 452,
¢) S6 phiic c6 phan thire thudée doan [-1; 1]
va modun khéng vuot qua 2.
5. a) buong x = 1. b) BPudng y = 2.
¢) Hinh chi nhat giéi han bdi cdc dudng
x=—l =l epe ey ]
d) Hinh tron tdim O bén kinh 2.
G.ax=1iy=1: B)x=-—| y=3
14

Ry e b)——?s

154

=4 H
) diid)—+=i.
5 %

9. 8) z=2+2i ;b) r=o -1
3 3 17 17
—T+iN47
10.2) zu:T‘ b) 7, =48 ;

T SRINBE) Bl B
3+i7 3-if7
ll.zlz 2 = :
2 2
12.Déat zy +z, =a;ziz, = b;a,b e R.

71,Zy1a hai nghiém cua phuong trinh

22 —az+b=0.
Bai tap trac nghiém

1. (B). 2.(C). 3.(B). 4. (C). 5.(B). 6. (C).

ON TAP CUOI NAM

2
L a)x =1lix=1+—.

a
b)S:2+g;P:1+E.
a a
#. 14 b)gg,
3
134
3 Da=1Lb==1lie) 11:_
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(khong k€ bién).
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BANG TRA cUU THUAT NGU

Thuat ngit Trang
Bét phuong trinh 16garit 87
Bét phurong trinh 16garit co ban 87
Bét phurong trinh mi 85
Bat phwong trinh mil co ban 85
Can bacn 51
Co s6 49
Cuc dai, cuc tiéu, cuc tri 13, 14
Dién tich hinh phing 114
Diém biéu dién s6 phiic 131
Diém cuc dai cha d6 thi. Diém cuc tiéu cia d6 thi 14
Diém cuc dai cha him s6. Diém cuc ti€u clia hAim s6 14
Diém cuec tri 14
Déng bién. Nghich bién. Don diéu 4,5
Pon vi 4o LA
Gid tri cuc dai. Gid tri cuc tiéu 14
Gid tri 16n nhét. Gid tri nho nhat 19
Ham s06 l6garit 74
Ham s0 1uy thira 56
Ham s6 mii 70
Hinh thang cong 102
Logarit 61
Logarit co s0 a cua b 62
Logarit hod 81
Logarit thip phan 67
Loégarit tu nhién 67
Lu¥ thira 49
Mo6dun cha s6 phiic 132
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Mii hod

Phéin thuc. Phan do
Phurong phdp déi bién s6
Phuong phédp tinh nguyén ham titng phan
Phuong phép tinh tich phén titng phan
Phurong trinh 16garit
Phuong trinh 16garit co ban
Phurong trinh mii

Phuwong trinh mii co ban

S6 mii

S6 mii hiru ti

S6 mil nguyén

S6 mil vo ti

S6 phiic

S6 phiic lién hop

S6 thudn do

Tap khao sat

Thé tich cha vat thé

Thé tich khoi chop

Thé tich khéi tron xoay
Tich phén

Tiém cén ding
Tiém cdn ngang

84
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110
81
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79
49
52
49
33
130
132
131
58
117
118
119
105
29
28
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MUC LUC

Chuong 1. UNG DUNG DAO HAM BE KHAO SAT
VA VE PO THI CUA HAM SO

§1. Su déng bién, nghich bién cia ham so
Bai doc thém : Tinh chat don diéu cia ham so
Ban c6 biét : La-grang (J.L. LAGRANGE)

§2. Cuc tri clia ham s

§3. Gia tri lon nhat va gia tri nho nhat cla ham s6
Bai doc thém : Cung 16i, cung lom va diém uén

§4. Buong tiém can

§5. Khao sat su bién thién va vé dé thi cla ham s

On tap chuong |

Chuong II. HAM SO LUY THUA
HAM SO MU VA HAM SO LOGARIT

§1. Luy thia
§2. Ham s6 luy thua
§3. Logarit

Ban c6 biét : Ai da phat minh ra logarit ?
§4. Ham s6 ma. Ham s6 logarit
§5. Phuong trinh mu va phuong trinh 16garit
§6. Bat phuong trinh md va bat phuong trinh 6 garit
On tap chuang II

Chuong IIl. NGUYEN HAM - TICH PHAN VA UNG DUNG
§1. Nguyén ham
§2. Tich phan
Ban c6 biét : Niu-ton (I. NEWTON)
§3. Ung dung cta tich phan trong hinh hoc
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§1. S6 phiic 130
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§3. Phép chia s6 phuc 136
§4. Phuong trinh bac hai voi hé so thuc 139
Bai doc thém : Phuong trinh dai s6 141

On tap chuong IV 143
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Pap s6 — Hudng dan 149
Bang tra cuu thuat ngu 156
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