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BOI DUONG HOC SINH GIO!

MON TOAN

€ Danh cho hoc sinh Ip 11 chudng trinh chudn va néng cao
@ On tap va nang cao Ki nang lam bai
€ Bién soan theo noi dung va cdu tric dé thi ciia Bo GD&DT

LDV 1t

P8 nuA XUAT BAN DAI HOC QUGC GIA HA NO!I



LN WOl BAY

Nhém muc dich gitip cdc ban hoc sinh I6p 10, lp 11, lép 12 ¢d tur liéu doc
thém d& nang cao trinh 4, cic ban hoc sinh Qidi tie hoc bd'sung thém kicn thire ki
ning, cdc ban hoe sinh chuyén Todn twe nghién ciew thém cac chuyén dé, nha sach
KHANG VIET hop tic bién soan bj sch BOI DUONG HOC SINH GIOI, BOI
DUONG CHUYEN TOAN gém 3 cudn:

- TRONG BIEM TOAN LOP 10
- TRONG PIEM TOAN LOP 11
- TRONG PIEM TOAN LOP 12

Cudn TRONG DIEM TOAN LOP 11 niy c6 21 chuyén d€ voimgi dung la
tom tdt kién thicc trong tam cua Toan phd thong va Toan chuyén, phin cac bii
tofn chon loc c6 khoang 900 bai vt nhiéu dang logi it miee dii tie co ban dén phic
tap, bai tap tw luyén khodng 250 bai, co hieong diin hay dap s0.

Cudi sich cé 3 chuyén dé ning cao: DA TH LIc, PHUONG TRINH
NGHIEM NGUYEN vi TOAN SUY LUAN.

. D dicd ging kiém tra trong qua trinh bién tip song ciing khing tranh khoi
nhiing khiém khuyét sai sot, mong dén nhén cic gop y cua quy ban doc dé'lin in
sau hoan thién hon.

Tac gia

LE HOANH PHO



coaven aé - HAM SO LUONG GIAC

. KIEN THUC TRONG TAM
Cac tinh chét ciia ham sé :
Tinh chdn - 1é clia ham sb y = f(x)
TapxacdinhD:xeD=-—xeD
Néu f(—x) = f(x), vx e D thi f 1a ham sé chdn
Néu f(=x) = —f(x), ¥x € D thi f1a ham s I1&
Tinh don diéu cta y = f(x) trén K = (a; b). vxy, x; € K
Néu x; < xz = f(x;) < f(xy) thi f ddng bién trén K
Néu x; < xz = f(x1) > f(x2) thi f nghich bién trén K.
Ham sé tuan hoan
Ham sé y = f(x) xac dinh trén tap hop D dugc goi Ia ham sé tudn hoan néu
¢6 s T = 0 sao cho véi moi x « D ta co:
x+TeD x=TeDvaf(x+T)=f(x).
Néu c6 sb T duong nhé nhét thoad man cac didu kién trén thi ham sé do
duoc goi 1a mot ham sé tudn hoan véi chu ki T.

Chu ki clia cac ham sé y = sinax, y = cosax la T = '28—'1‘. clia cac ham sé

y = tanbx, y = cotbx 1a T = ﬁ.
Cac ham sé lwong giac:
Ham sd y = sinx: c6 tap xac dinh 1a R , tap gia tri 14 [-1; 1], ham s6 1, ham

s tudn hoan véi chu ki 2r, ddng bién trén mé&i khoang (--’2‘- + k2, % + k2n)

va nghich bién trén mdi khoang ( % + k2x; :—523 +k2n), ke Zvacoddthila

mot dudng hinh sin.

Ham s6 y = cosx: c6 tap xdc dinh 1a R, tap gi4 tri 1a [-1; 1), ham sé chin,
ham s6 tudn hoan véi chu ki 2%, dong bién trén mi khodng (~r + k27, k27)
va nghich bién trén mi khodng (k2n; n + k2n), k & Z. C6 db thi la mot
duong hinh sin,

Ham sé y = tanx: co tap xac dinh 1a: D = R\ {g +kn | k e 2Z), tap gia tri
Ia R, ham s I1&:ham s6 tuln hoan véi chu ki 7,ddng bién trén méi khodng
(--’2‘- +km; 12‘- +kn) , k € Z, 6 thi nhan m&i duong thang x = g tkn, 7
lam mét dudng tiém can.




— Ham sé y = cotx: co tap xac dinh 1&: D = R\ {kn | keZ)tapgiatrilaR;
ham sé 16. ham s6 tudn hoan véi chu ky = nghich bién trén mbi khodng (k.
x + kn), k € R; c6 db thi nhan mdi dudng thang x = kx (k e Z) lam mot
dudng tiém can
Cac ham sé lwong giac ngwece:

— Ham sy = arcsinx: c6 tap xac dinh la [~1; 1], tap gia trj Ia [—-;-; %] :

>°F 8oyt
y=arcsinx <> ¢ 2 2
siny =X
— Ham sb y = arccosx: ¢6 tap xac dinh la [-1: 1] , tap giatrila [0i= ] .
{Osny
y = arccosx <
cosy =X
— Ham sb y = arctanx: cé tap xac dinh 12 R, tap gia tri la (——:—; -273).
Sl 1
y=arctanx < { 2 Y 2
tany =X
~ Ham sby = arccotx: c6 tap xac dinh |2 R, tap gia tri la (0;m).
y=’arccotxc:{0<y<1t
coty = x
2. CAC BAI TOAN
Bai toan 1.1: Tim tap xac dinh clia méi ham s6 sau:
1-cosx 7
= =tan(2x + —).
a)y or b) y = tan( 3)
Huwéng dén giai

a) Ham sé chi xac dinh khi sinx =z 0 <> x = kn, k € Z.
Vay tap xac dinh ciia ham sé 12 D =R\ {kx | k € Z}.

b) Ham sé chi xac dinh khi cos(2x + %) 20

@2x+E#£+kn.kel¢:x¢—l+k3—.kez.
g 2 12 2

Vay tap xéac dinh 12 D=R\{% + kg | ke
Bai toan 1.2: Tim tap xac dinh ctia m&i ham sé sau:

1-sinx
a)y= J3-2cosx b)Yﬂ,
1+ cosx




Hwéng dén giai
a) Vi 3 — 2cosx > 0 v&i moi x, nén tap xac dinh cia ham sé 1a D = R.
b) Tacoé 1 —sinx=0va 1+ cosx 2 0 véi moi x nén ham sé chi xac dinh khi
cosx#-1oxz(2k+1)n, keZ
\y tap xé4c dinh clia ham s8 14 D = R\ {(2k + 1)x | k  2}.
Bai toan 1.3: Tim tap xac dinh clia cac ham sé sau:

ay= oL b)y= 7-—=1 -
Y sinnx Sinx - cos X
Hwéng dan giai
) : x=0 xz0 xz0
B P k'en{sinxx 80" {mx ckn {x:n kkeZ

Vay tép xac dinh: D = (0; +=) \N
b) Diéu kién: sinx - cosx > 0 <> 2 sin(x - %) >0
i n T
esin(x=-—-)>0k2n<x— = <n+k2n
4 4 4

¢%+k2n<x<%+k2n.kez

Bai toan 1.4: Tim tap xdac dinh cla cac ham sé sau:

a)y= J-cosx b)y= \/sin(cosx) i
Hwéng dan giai
a) Didu kién: —cosx > 0 <> cosx < 0

= 2 ks xs % +k2mkeZ
b) Didu kién: sin(cosx) = 0 & k2r < cosx < 1 + k2n
Vi—1 < cosx < 1 v&i moi x nén didu kién 13;
Oscosxs1c»—-g +k2n<x< ; +kon, ke 2.
Bai toan 1. 6: Tim cac gia triclia m d& ham sé :

f(x) = y/sin®x + cos*x - 2msinxcosx xac dinh véimol x.

Hwéng ddn giai
Didu kién: sin‘x + cos’x - 2m sinx cosx > 0, V x
= 1 - 2sin’xcos’x - 2msinxcosx > 0. V X

o 1 - %sin’Zx -msin2x > 0, ¥ x

& sin®2x + 2msin2x - 2 < 0, ¥V x
- Bat t = sin2x, — 1 < t < 1 thi bai toan tr& thanh: tim m dé



ft) = £ +2mt— 2 < 0 théamanvoimoi te[-1,1]:

f(-1) <0 -2m-1<0 1 1
- — € MSs =.
{f(1)50°{2m-1so° 2 2
Bai toan 1.6: Xét tinh chan 1é cla cac ham sb:
a) y = f(x) = tanx + 2 sinx b) y = f(x)= cosx + sin’x
Hwéng dén giai

a)D=R\(%+ku|keZ}:xeD:>-xeD

f(=x) = tan(=x) + 2sin(-x) = —tanx — 2sinx = —f(x)
Vay f 1a ham sé |é.

b)D=R:xeD=>-xeD
f(—x) = cos(~x) + sin’(~x) = cosx + sin’x = f(x)

vay f 1a ham sb chén.
Bai toan 1. 7: Xét tinh chin & cla cac ham sb:
a) y = f(x) = sinx.cos’x b) y = f(x) = sinx + cosx.

Hwéng dén giai
a)D=R:xeD=>-xeD
f(—x) = sin(=x). cos’(x) = —sinx.cos’x = —f(x). Véy f 1a ham s6 Ié,
b) f(x) = sinx + cosx, tap xac dinh Ia R.

4 2 = —E =
Taco.f(4) J2 1 ‘) 0
Vi f(-%) # f(.:.) nén f(x) khdng phai la ham sé chan.

Vi f(-§) " -f(-:-) nén f(x) khdng phai la ham sé 1é.

Vay ham sd f(x) = sinx + cosx khong phai 1a ham sb chén hay €.
Bai toan 1. 8: Tim cac khoang ddng bién va nghich bién cla ham sé:

X X
= cos > =tanX.
a)y = cos 2 b)y =tan 3
Hwéng dén giai
a)Hamsby = oos-;- ddng bién trong céc khoang ma:

o+ k2n < % <+ Kones2n+Kdn<x<4n+kdmkeZ

Ham sb nghich bién trong céc khodng ma:

k21t<-’2£<n+k2nc:>k4n<x<2n+k41r.kel

Vay ham'sé ddng bién trong cac khodng (2rn+4kx ; 4n+4km); nghich bién
trong cac khoang (4kx; 2x + 4kn), k € Z



! b) Hamsby = tan% dbéng bién trong cac khodng ma:

I
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Vay hémsédbngbiéntmng&clmoéng(—% + 3k .32_“ +3kn) k e Z

Bai toan 1. 9: Chirng minh trén m&i khodng ma ham sé y = sin®x ddng bién thi

ham sé y = cos®x nghich bién.
Hwéng dén giai

Trén khoang K, ham sb y = sin’x dbng bién thi véi x,, X, tuy ¥ thudc K
ma X; < Xz = sin%; < sin’x,.
Do d6 cos’x; = 1 — sin’x; > 1 — sin’x; = cos’x,, tirc 1a ham sb y = cos’x
nghich bién trén K.

Bai toan 1. 10: Chirng minh:

a) arcsin% + arccos—% =arc cot% b) arctan(-2) +arctan(-3) = —%.

Hwéng dén gidi

a) Data=arcsin%.b=arccosi.0<a< §.0<b<%

V5

4 2
thi: sina= —, cosb = val<a+b<nm
5 J5

16 3 241
Taco: cosa= [1-— == :sinb= [1-—=
\/ 25 5 5 5

1-tanatanb 2 2
Suyra cotfa+b)= ————— == = a+b=arccot— :dpem
y ( ) tana+tanb 11 : 11 Pe

b) Pat a = arctan(-2), b =arctan(—3),—-72'— <a <—%.—§ <b<—§ thi

tana = -2, tanb = -3 va -n<a+b<-%

tana -tanb
1-tanatanb
Bai toan 1. 11: Chirng minh rdng:

a) arcsin(-x) = - arcsinx , |x|s1

Tacétan(a+b)= :1.Suyraa+b=—%5:dpcm.
b) arcsinx + arccosx = % [x]|s1

¢) arcsinx = arctan —— | x| < 1.
1-x2



Hwéng dan giai

n nt n 419
a) y = arcsinx <> {"Z_SVSE Q{——z-s-ys—

2
siny = x sin(-y) = —siny = -x

&> -y = arcsin(-x). Do d6 arcsin(-x) = —arcsinx .

n

T
n 0s—-y<sn
b)y=arceinxca{-fsys_ £

2 &

siny = x cos(%—y):sinym(

n
= E—y=arccosx<:> y + arccosx =

N A

Do d6 arcsinx + arccosx = -;—

Lo

..._15< <.’£
¢ 2 y 2 & y =arcsinx.
1siny=x

: x
Do d6 arcsinx = arctan Ixl<1.
J1—x2
Bai toan 1. 12: Chimng minh ring:

a) arctan(—x) = — arctanx , x € R

¢) arctanx = arcsin waR,
14+ %%

Hwéng din giai
5| {-£<y<£ {-£<_y<£
a)y=arctanx <> { 2 2 &4 2 2
tany = x tan(-y) = -tany = -X
e -y = arctan(-x). Do dé arctan(-x) = — arctanx .

b) arctanx + arccotx
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J'E _x 0<E—y<n
b)y = arctanx <> ¢ 2 2
l tany cot[%-y)::an,::x
n n
=3 §-y=arccotxc y+arccotx=5
Do dé arctanx + arccotx = %
n T
e
) arcsin > e ’ 2
c)y=
\J1+X2 siny = X
J1+x2
“£<Y<E —£<y<3
) 2 2 2 2
= 2 e 1 1
Cos“y =1-—— s 5
1+ %2 1+tan’y 1+x
——< <-’E
& 1.2 i 2 & y=arctanx.
tany = x

Do d6 arctanx = aresin — ,XeR.
J1+ x?

Bal toan 1. 13: Cho |x] < 1 va |y| < 1.Chiing minh réng:
arccos(xy —V1- x2.J1-y?).x +y 20
arccosx + arccosy =
2r - arccos(xy - V1-x2 J1-y2),x +y <0

Hwéng dén giai
VOi|x| < 1valy] < 1,d4tx=cosu,y=cosv,0 < uv< x .
Tacoésinu, sinv=0va 0 < u+v < 2x nén

Xy - V1-x2 J1-y? = cosu.cosv —sinu sinv = cos(u+v).

= Xét x+y > 0 <> cosu + cosv > 0.

Néux >0,y > 0thi 0 < uv< -;- nén0 < u+v < n .

Do d6 u +v = arccos(xy - V1-x% \[1-y? ).
Néux > 0,y<0thi 0 < us % nén0 < x —v < %
~ Tlrcosu2 —cosv=cos(m —V)=> U< t—-V=> U+ < =




Do d6 u +v = arccos(xy - V1-x2 y[1-y? ).
Néux< 0,y = Othi gidl twong ty.
— Xét x+y <0 <> cosu +cosv<0

Néu x < O,ysoml% <Suvsnndnn < uUtVE 2n

= 0<2n —u-v<nvacos(2r—u-v)=cos(u+v)
Do @627 — u-v = arccos(xy - v1-x2 \[1-y? ).

Néux> 0,y<0thi 0 < u < %,Os T - Vs %

nén n < u+vs< 2=
Trcosu < —cosv=cos(n —-V)=> U2 T —-V=>Uu+vanm
0<2rnr -u—-v<x vacos(2n—u-v)=cos(u+v)

Dodé2n — u-v=arc:cos(xy-\/1-x"'.‘/1--y2 ).

Néux< 0,y = O thi gidi tuong ty.
Bai toan 1. 14: Cho xy = 1.Chirng minh rang:

arctan;"ll,xy <1

arctanx +arctany = ¢ u+arctan%yy—,xy >1x>0

n—arctan;‘;y.xy >1x<0

\

Huwéng dan giai

Véixy = 1. Dat u = arctanx, v = arctany
--275<u<-’25,—%<v<-;-.tanu=x,tanv=y.
X+y _ tanu+tanv
1-xy 1-tanutanv
- Xét xy <1 : vi cosu >0, cosv >0 nén

Tacd =tan(u+v)

=M<1 <> cos(utv) >0
cosu.cosv
Do dé —3<u+v<E nén u+v=arctan’“'y e
2 2 1-xy

~ Xét xy >1: vi cosu >0, cosv >0 nén
_ sinu.sinv

= —————>1 & cos(u+v) <0
COSU.COSV

10



Néu x > 0 thi o<u<§ nen§<u+v<§2’5.

= —g<u+v-n<g va tan(u + v— nt) = tan(u+v)

x4y :>u+v=rt+arctanx+y .
1-xy =Xy

Do dbu+ v -=x = arctan
Néu x < 0 thi —-;-<u<0 nen—32—“ <u+v<--;- )

= -§<n+u+v<% vatan(n +u+v) =tan(u+v)

it = U+V=n-arctan~—Y..
1-xy 1-xy

Bai toan 1. 15: Chirng minh cac ham sb sau day 1a tudn hoan:

Do dén +u + v = arctan

a) y = f(x) = 2sin2x b) y = f(x) = cosg +1

Hwéng dén giai
a)D=R.ChonséL=n=0.Tacé
f(x + L) = f(x + n) = 2sin2(x + n1) = 2sin(2x + 2x) = 2sin2x = f(x). Vay f 1a ham
s6 tudn hoan.
b)D=Rchonséd L =6r+0.

Tacof(x+L)=f(x+6r)= cos* 5" 4

1

=oos(-;- +2n)+1=cosg- +1=f(x)

Vay f 14 ham sé tudn hoan.
Bai toan 1. 16: Ching minh cac ham sé sau day la tudn hoan;
a) y = f(x) = 2sin’x — 3cosx + 1 b) y = f(x) = —tan3x
Hwéng dan giai
a)D=RchonsédL=2x#0.
Ta c6 f(x + L) = f(x + 2r) = 2sin’(x + 27x) - 3cos(x + 2n) + 1
= 2sin’x = 3cosx + 1 = f(x)
Vay f 12 ham sé tudn hoan.

b)D-'-R\{kg- | ke Z}.Chonsé L= g 0.

Taco: f(x + L) = f(x + §)=—tan3(x+ §>

= —tan(3x + n) = —tan3x = f(x)
Vay f 1a ham sé tudn hoan.

11



Bai toan 1. 17: Chirng minh ham s
a) y = cosx tuan hoan va c6 chu ki T = 2x
b) y = tanx tudn hoan va cé chuki T = .
Huwéng dan giai

a)D=R.Chonsé L =2r=0. Tacé:
f(x + L) = f(x + 2n) = cos(x + 2n) = cosx = f(x)
Vay f 1a ham sé tuan hoan.
Ta chirng minh 2x 1a s& duwong va bé nhét trong cac sb L = 0 thod méan:
f(x + L) = f(x) v&i moi x, x + L thuge D.
Giad str c6 s6 T 0 < T' < 2n sao cho:
f(x + T') = f(x), ¥x = cos(x + T') = cosx, Vx
Chonx=0thicosT'=1: Vo Ilyvi0O<T < 2=
Vay ham sb ¢6 chu ki T = 2n.

b)D=R\{§ +kn|keZ).ChonsdL=n+0.

f(x + L) = f(x + n) = tan(x + =) = tanx = f(x).
Vay f 1a ham sé tuan hoan.
Ta chirng minh n 1a s duong va bé nhét trong cac sé L # 0 thod man:
fix+L)=fx)véimoix, x+L D,
Gia str coO 88 T': 0 < T' < sao cho: f(x + T) =f(x), vx, x+ T" & D.
= tan(x+ T") =tanx, vx, x+ T' e D.
Chox=0thitanT' =0: VO Ilyvio<T <n.
vay ham s6 co chu ki T = x.
Bai toan 1. 18: Chirng minh ham sé
a) y = |sinx| Ia tudn hoan véi chu ki m.
b) y = sin2x 12 tudn hoan véi chu ki .
Hwéng dén giai
a) Ham s f(x) = | sinx| cétap xac dinh 18 R. Chonsé L =n # 0.
Tach :xe R=>x+neRva
fix + 1) =f(x + n) = | sin(x + m)| = |-sinx| = |sinx| =f(x) (1)
Vay f(x) la ham sé tuan hoan. Ta chirng minh chu ki cla né la =, tirc 1a = 1a
sb duong nhd nhét thoa man (1).
Gia st con co s duong T' < x thod mén (1) v&i moi x:
[sin(x + T")| = |sinx|, ¥x e R
Chox =0, ta duwgc |sinT'| =0haysinT'=0: vo Iy, vi0<T <=
Vay chu ki ciia ham sé d4 cho 14 r.
b) Ham sé f(x) = sin2x c6 tap xac dinh 1aR. Chon s6 L = # 0.
Tacoxe R=>x+neRva
f(x + L) = sin2(x + n) = sin(2x + 2z) = sin2x =f(x) (1)
Vay f(x) 13 ham sb tudin hoan. Ta sé& chirng minh chu ki cia né a n.

12



B .~ — s oo e R N R T R .
Théat vay, gia sir ham sé f(x) = sin2x cé chu ki Ama 0 < A < x, khi d6 ta co:

sinf2(x + A)] = sin2x, ¥x € R.

T . n P ]
cho x = & thi sin2(~ +A) =sin™
Cho x 4thsm(4 ) |2
.—.:.sin(g+2A)=1::cosZA=1:v6M,le<2A<27r.

Vay chu ki cGa ham sb y = sin2x 14 .
Bai toan 1., 19: Chirng minh cac ham sé sau khéng tudn hoan:
a) y = X + sinx b) y = cos(x®)
Hwéng dan giai
a) Gia st f(x) = x + sinx 12 ham tudn hoan, trc 1a c6 sé T = 0 sao cho:
fix+T)=f(x) = (x+T) +sin(x+T) =x +sinx, VYx € R
Chox=0tadugc: T +sinT =0, cho x = n ta dwgec: T—sinT = 0.
DodoT+siNT=T=sinT=0=2T=0=T=0:vd Il
Vay ham sé khéng tuan hoan.
b) Gia st ham sé y = cos® |a tudn hoan, nghia Ia tdn tai L « 0 sao cho:
cos(x + L)? = cosx® véi moi x.
Suy ra (x + L)? = + k2n hodc (x + L)? = —x* + k2x.

Do d6 L = ~x +/x? + k2 hodc L = —x +y/-x? + k2r nén L phu thude x: vo li.
~ Vay ham sé khéng tudn hoan.
Bai toan 1. 20: Cho ham sb y = f(x) = 2sin2x. Lap bang bién thién cta ham sé

trén doan (-g; g ] va vé db thi ctia ham.

Huwéng din gidi
Bang bién thién
n n n n
3 7 MRSy 9 2 2
2
y = 2sin2x 0\ Ty 0 o= 4 \ 0

13



Bai toan 1. 21: Xét ham sb y = f(x) =cos§. Lap bang bién thién cla ham trén

doan [-2r; 2] va vé db thj cia ham sb. .

Hwéng dan giai
Bang bién thién
X 2n - 0 n 2n
1
y= cosi 0 / \ 0
2( g \_ |
Db thi
ye

\.
=
Lo
/"
* v

Bai toan 1. 22: Tir @b thj ciia ham sé y = sinx, hay suy ra dd thj cla cac ham
sb sau vavé db thj ctia cac ham sé do:
a)y = -sinx b)y = | sinx| c)y =sin|x|.
Hwéng dan giai
a) Db thj clia ham sb y = —sinx Ia hinh déi xirng qua truc hoanh ctia db thj ham
s6 y = sinx

y =-sinx

\

e Bt

~ | 7/

Peds’

§ = Sins

[sinx  khisinx20

|-sinx khisinx <0
duoc tir @b thj ciia ham sd y = sinx bang cach:

~ Giir nguyén phan db thi ndm phia trén tryc hoanh ké ca bor Ox.

— LAy dbi xtrng qua tryc hoanh ctia phan db thj nam phia duéi tryc hoanh
khong ké by Ox.

b)y = Isinx| = nén db thi cia ham sb y = |sinx| co

14



c) Ham sb y = sinlx| Ia chdn, nén dd thj cia n6 nhan tryc Oy Iam truc déi
xtrng. Khi x > 0 thi y = sin|x| = sinx, nhu vay phan x > 0 cta @8 thi ham sé

y = sinlx| triing v&i phdn x > 0 clia db thj ham sé y = sinx.
v 4

y =sinlx|

’
4
7

-~V

| O

A
s
'
~
=

N

’
o S AL
B AFIE
v Fem=mdeead
A
AY
\
|
'

-
-~

Bai toan 1. 23: V& db thj clia ham sé:

a)y= Ji-sin®x b) y = tan2x.

Hwéng dén giai
8)y = V1-sin’x =vcos’x = |cosx| Ia ham sé chdn nén dd thi déi xing

nhau qua tryc tung.
Khi cosx > 0 thi y = cosx. Ta ¢6 db thj y = | cosx|

o
b
-~
1™
1ol
(=]
=
=
A
“v

b)y=t802x.2x:12t-+kn@x¢%+k§.kez

D4 thi c6 cac tiém can x = % +k§.keZ
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Bai toan 1. 24: Ching minh rang moi giao diém cla dudng thing xac dinh béi
phwong trinh y = % v&i db thi cla ham s y = sinx déu cach géc toa do mét

khodng c&ch hon V10 .
Huéng dén giai

Puong thing y = % di qua cac diém A(-3; —1) va B(3; 1)

Ta c6 -1 <y = sinx < 1 v&i moi x. Chi co doan théng AB clia dudng thang
d6 ndm trong dai {(x; y)| = 1 <y < 1}. Do d6 cac giao diém M, N clia duong

thang y = % voi dd thi clia ham sb y = sinx phai thuoc doan AB.
TacdOA=41+9 =110 ;0B= J/1+9 =10

Vi M, N khac A, B nén OM, ON < OA = OB=10 .
Bai toan 1. 25: D4 thj ham sé y = sinx bién thanh @b thj nao qua:

a) Phép tinh tién vecto U =(Z:1)  b) Phép abi xmg tam (5:3)

c) Phép ddi xirng truc d: x = 2.
Hwéng dan giai
a) Phép tinh tién vecto' u bién diém M(x; y) thanh M'(x; y).



> = Cly INFIT TV DVVH Fhang Viet

e

e o ._l!_
{x'-x+xo: NN
y=y+¥, y=y'-1
Thé vao db thj y = sinx thanh @8 thj (C,).
n : T
' =1 =sin(x'= =) =-sin(z —X) =-sinx’
y' — 1= sin(x 2) |(2 )

Dodéy =1—sinx' . Vay (Cy):y=1-sinx.
b) Phép dbi xirng tam | bién diém M(x; y) thanh M'(x’; y)
X+ X'=2%, [x=n-Xx'
. =
{v+y'=2yo iv =6-Yy'
Thé vao db thi y = sinx thanh dé thj (C.):
6 -y =sin(r —x') =sinx' = y' = 6 - sinx’.
Vay db thi (Cz): y = 6 — sinx.
c) Phép ddi xing truc d: x = 2 bién diém M(x; y) thanh M'(x’; y’)
{x+x'=4 {x=4—x'
. : " .
Y=y ¥=y
Thé vao db thiy = sinx thanh dé thj (Cs):
y' = sin(4 = x'). Vay (Ca). y = sin(4 — x).
Bai toan 1. 26: Chirng minh véi k nguyén tuy y:
a) Céac duong théng d: x = kn, k = Z 1& tryc ddi xtrng clia @b thi y = cosx
b) Céc didm I(kx; 0) |a tdm dbi x(rng clia db thi y = sinx

¢) Céc diém E(%": 0) 14 tam @6i xcng ciia b thi y = tanx.
Hwéng din gial

a) Goi I(kr; 0), k « Z Phép tinh tién Ol bién ddi hé truc Oxy thanh IXY: {" i

Thé vao y = cosx thanh Y = cos(X + kn) = (-1)*.cosX
Vi cac ham sb Y = cosX, Y = —cosX déu |a ham sé ch@n nén db thj nhan
truc tung IY: x = kn lam tryc déi xirng: dpem.
Cach khac: Phép dbi ximg truc d: x = kx, k € Z bién diém M(x; y) thanh
M ) {x+ x'= 2k7:= {x - —3('+ k2n
y'=y y=y
Thé vao y = cosx thanh y' = cos(-x' + k2r) = cosx' chinh la y = cosx. Do d6
db thi khong thay ddi (dpem).
b) Phép abi xirng tam I(kn; 0), k & Z bién didm M(x: y) thanh M'(x’; y'):
| {x+x‘=2kn X =-x+k2n = =
,1 :{ | =

y+y’=0 y=_y‘ : ;iA- \ s .._x‘.-x L:_\'
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Tacé M(x; y) € (C): y = sinx
> —y' = sin(=x' + kn) < y' = sinx' <> M'(x; ') € (C)
Vay I(kr; 0), k & Z 1a tam dbi xirng cla dbd thi.
c) Phép tinh tién vecto OE bién ddi hé truc Oxy thanh EXY:

{X=X+k£.kez

2% €% 1hé vaoy = tanx thanh Y = tan(X + "7")
y = Y+0
Khi k = 2m thi Y = tanX la ham sé 1&
Khi k = 2m+1 thi Y = —cotX la ham sé 1&

Vay @ thi nhan géc ( "—2’5; 0), k & Z 1am tam @bi xing.

Cach khac: Phép dbi xing tam E( -kzﬁ; 0), k € Z bién diém M(x; y) thanh

MO v): X+X'=2kn {x:—x'+kn
¥ {v+y'=0 ==y’
1hé vao y = tanx thanh -y’ = tan(~x' + kx) = —tan X’ hay chinh la y = tanx : dpcm.
Bai toan 1. 27: Tim gia tri I6n nhét va nhd nhét cda cac ham sé:
a) y = cos’x +2sinx+ 2. b) y = sin*x - 2cos’x + 1
Hwéng dan giai
a) Ta cb: y = cos’x + 2sinx + 2 = 1 — sin®x + 2sinx + 2
=4 - (sinx—1)% Suyra: 0<y <4 vx

Vay miny = 0 khi sinx = ~1 Qx=—-;- +K2m ke Z

maxy=4khisinx=1c>x=§+k2n.ke2

b) y = sin‘x — 2cos’x + 1 = sin*x = 2(1 = sin’x) + 1
= sin®x + 2sin’x = 1 = (sin’x + 1)* = 2
Taco1<sin®x+1<2nén-1<x<2Vx

maxy = 2 khi sin’x =1 &> x = % +kn keZ

miny = —1 khi sin’ = 0 ¢ x = kn.
Bai toan 1. 28: Tim gié trj Ién nhét va nhé nhét clia cac ham sé:

a)y= sin e N el 2sinx + 3
¥ 14+ %2 14+ %° Y= Zcosx - sinx + 4
Huwéng dén giai:
a) Datt= :».ir\12”“2 . Ap dyng bét ding thirc Cosi:
+

1+x’zzlxl=‘£‘—ls1=>—1s 2P
1+ X 1+ %2

“ M
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Tacb—-;- €1 <}< % nén —sin1 <t < sin1

y=t+1-20+1=-20+t+2=A()
Tacéhésba=-2<0 hoanhdddinht=
BBT x | -sin1 .}

PN

sin1

boforios iow

Sty L
vavmaxv-f(4) 5

miny = min{f(-sin1); f(sin1)} = f(~sin1) = —2sin®1 - sin1 + 2.
X 2 +2t4+2
t=tan|=|thhy=s —=— "<
e (2) 4 ' -t+3
e Y-NW-(+2+3y-2=0
Néuy = 1: phuong trinh tré thanh — 3t + 1 = 0 thi phwong trinh cé nghiém
Néuy # 1: phuwong trinh ¢ nghiém khi
Az20e (y+2? —4y-1)3y-2) 20 3sysz.

Do d6 maxy = 2 khi t =tan§=2o5=arctan2+kn
< x=arctan2 +k2n, ke Z

va miny = -121- khi t = taﬁ% = —% < —;— & arctan(—%)ﬂm

X = arctan(~§]+k2n, keZ

Bai toan 1. 29: Tim gia trj I6n nhét va nhé nhét cla ham sé:

b 3sinx —-cosx b)y = 2sin2x + cos2x
sinx +2cosx -4 sin2x -cos2x+3

Hwéng dén giai
a) Ta co |sinx| <1, |cosx|< 1 véi moi x nén sinx + 2cosx < 3 < 4, do d6 tap xac
dinhD = R.
Ta chuyén ham sé vé phuong trinh:
3sinx -cosx . 9
= AP PO <> 3sinx — cosx = y(sinx + 2cosx — 4)
< (3 - y)sinx — (1 + 2y)cosx = —4y
Do d6: (3 - y)? + (1 + 2y)? > (4y)’ > 11y? + 2y - 10<0

1M
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10 trong diém b8i dudng hoc sinh gioi mén Todn 11 - Lé Hodnh ‘

—JT+1sstﬁ-T:'1. Vay maxy = Jﬂj—‘,minym-‘ﬁ:—:”.

b) Ta co | sin2x| <1, |cos2x| < 1 véi moi x nén
sin2x — cos2x > -2 > -3, do @6 D = R.
_ 2sin2x +cos2x
" sin2x -cos2x+3
& (2 - y)sin2x + (1 + y)cos2x = 3y

Dod6: 2~y +(1+y 23y Ty +2y-5<0=-1<y<

<> 28in2x + c0s2X = y(sin2x — cos2x + 3)

~Njo

Vay max y = ; miny =-1.
Bai toan 1. 30:
a) Tim gié tri nhd nhét clia: y = (sinx + cosx)” + - x:;og? -

b) Tim gia trj I&n nhét cla: y = sinxJcosx + cosx Vsinx .
Hwéng dén giai:

a) Taco (sinx+cosx)°=2ﬁcos’(x- -})2-2~/§ :

dang thirc xay ra, chéng han khi x = -34—" .

tlarle . A

va: = 2
sin? xcos’ x  sin’ 2x

déng thirc xay ra, chdng han khi x = 1:3;.

Do d6 y >4 — 22, déng thirc xdy ra, ching hankhix=—3—:-.

Vay miny =4 — 22, chdng han khi x = -%3

b) Diéu kién sinx, cosx 2 0, ta cé
y? = (sinx\Jcosx + cosxsinx )* < (sin’x +cos’x)(sinx + cosx)

=J§sin(x+%)s @Sy B

Déu = xdy ra, chang han khi x = % .Vay maxy = 2.

Bai toan 1. 31: Tim gia trj I&n nhét ~ bé nhat cua:
4 2
a) f(x) = 12x" + 8x° +3

(2x% + 1%

(x + y)(1-xy)
(1+ x990+ y?)

b) f(x;y) =



Huwéng dén giai:
o g ; T =
a)aatx\/_ -tant,vmte(—-z-.i).Tacé

3tan*t + 4tan’t + 3
(tan’t + 1)

f(x) = = 3- %sin’Zt = g(b).

Visin®2t<1 e gsg(t)sa.
N _5
Cho t=0thi y=3, cho t-; thly-i,

vay max f(x) = 3 chang han khi x = 0 va min f(x) = g chang han khi x = A

o1

b) Dt X=tana.y=tan[3v6la,l}e(—% , %),

(tano +tanp)(1 - tanatanp)
(1+ tan’ a)(1 +tan’p)

1 . 1
Nén E—sf(x.y)sz.

fxy) = = sin( + B).cos(et + B) = %sinZ(a +B)
Vay, max f(x;y) = % chdnghan a +p = % hay (x=0;y=1).

min f(xy) =~ -% chéng han a +p=— .:. hay (x=0;y=-1).
Bai toan 1. 32: Chirng minh bét déng thirc

a) sin’x + cos'*x < 1 v&i moi x. b) sinx < x, ¥x > 0.
Hwéng dén giai Y A
a) Vi |sinx] <1, |cosx| <1 nén: v

b) Xétx > 1thisinx<1<x

sin’x < sin%, cos™ x < cos®x Vx y
= 8in'X + c0s'*x < sin’ + cosX = 1, ¥x
Q

Xét_0<x<nmo<x<g

nén sinx = MH < MA = §dWA = x.
Bai toan 1. 33: Chirng minh v&i moi x thi cé bét déng thirc
tan(jcos x|) > cos(x + sinx) .
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Hwéng dan giai |
V6i moi x thi 10 < |cosx| <1< —’25 = tan(|cosx|) 2 [cos x|

D4u bang khi cosx = 0,
Ma |cosx| > cosx nén véi moi x thi

tan(jcos x|) > [cos x| > cosx (1)
DAu bang khi cosx =0
Ta chirng minh: cosx = cos(x + sinx) (2)

Khi sinx =0 thi BDT ding
Khi sinx >0 thi x = a +k2r , O<a<x , k nguyén
Vin-a>0nénsin(r-a)>n-a haylasina<n-a
Dod60<a<a+sina<nnén cosa >cos(a+sina)

cos (x — k2x) > cos (x —k2n + sin(x — k2n))

cos X > cos ( x + sinx)
Khi sinx <0 ta nhan duoc BT bang céach thay x bdi —x
Vi d4u béang cla BOT (2) khi sinx = 0 khdng déng théi xay ra véi BET (1)
nén véi moi x ta cé : tan(jcos x|) > cos(x + sinx).

Bai todn 1. 34: Chirng minh néu f(x) = a.cosx + b.sinx >0 véimoixthia=b=c=
d=0.
Huwéng dén giai
Néu f(x) = a.cosx + b.sinx = 0 v&i moi x thi
f(x + n)=—a.cosx - b.sinx = 0 véi moi x

Ma f(x) + f(x + n ) = 0 v&i moi x
Nén phdico f(x) = f(x + = ) =0 véimoi x .
Chonx=0thif(0)=a=0.

Chonx=-;- thlf(-;-)=b=0.vaya=b=0.

Bai toan 1. 35: Chirng minh néu:
f(x) = a.cos2x + b.sin2x +c.cosx +d.sinx 2 Ovéimoixthia=b=0.

Hwéng déan giai

Ta cb sinx + sin(x + %ﬂ-) +sin(x + %) =0,Vx
2n 4
cosx+oos(x+?)+cos(x +-§-) =0,vx
. o AT 4n
sin2x + sin 2(x + —3-) +8in2(x +?) =0,vx
2n 4
COS2X + COS2(X + 3-) +Cco082(x + T) =0,vx
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Nén f(x)+f(x+ -§§)+f(x +) =0,Vx

a F(x) = 0, (X +%> > 0,f(x + %") > 0.¥x

N8 phai c6 (x) = 0,f(x +333) = 0f(x+ 13’5) =0, VX
Taco0=f(0)=a+c,0=f(n )=a-c=> a=c=0

-o=f(§)=-a +d = d=0.

, 1
0=f(Z)=b+ —(c +d) = d =0.
(4) 7;( ) |

Vaya=b=c=d=0.
jai toan 1. 36: Cho ham sb f(x) = cos2x + a.cosx + b.sinx .
3) Chirng minh f(x) nhan gia tri dwong va gia trj am.
) Chirng minh néu f(x) 2 -1, ¥xthia=b=0.
2 Hwéng dan gidi
a)Xét a = b = 0 thi f(x) = cos2x nh&n gia tri dwong va gia tri am.
Xét a va b khdng déng thoi bang 0 thi a +b va a — b khéng déng th&i béng 0.

o _n - 1 - 1 p—3
:oéf( )+ f(—) Tz(a+b) Tz(a+b) 0
= SRy Ko e oo L
f(--—)+f(—)-T(a b) 7—2 (a-b)=0

7 %, 0% K. ¢, 3N
Nén cap séf(;).f(T) hay f(-2).f(=) khéc déu.

) Gia sir a va b khong dbng thoi bang 0, ta chirng minh tdn tai x; sao cho
(X ) <-1.
étb = 0. vi f(§)= “1+b; f(—-’25)=—1-b nén trong 2 s6 -1 +bva -1 -b
ohdi c6 mot s6 nho hon —1.
Xétb=0thia # 0:f(x) = COS2X + 2.C08X = 2.0s° X + a.cosx — 1.

Chon sé duwong m >2 sao cho %d thi tdn tai x, d& cosx, --:—:-.

m
3l toan 1. 37: Cho ham sé
f(x) = a.cos2x + b.cosx + 1 2 0 v&i moi x.

Chirng minh [a] + [b] < V2 .

2a? a? o
‘ I SO, 0. i IO P
flxg) = 5= -1=-1-2-(1- )<



Hwéng dan glai
Vi f(x) = a.cos2x + b.cosx + 1 = 0 v&i moi x.
nén f(x+ n)=a.cos2x—b.cosx+ 1 = 0 vdi moi x.
T détacothégiasa b = 0.
-~ Xétb=0thif(x)=acos2x+1 2 Ov&imoixnén |a] < 1
Dodé |a| +[b|=1< 2 .
— Xétb>0thif(r)=a-b+120= b-as= 1
Néu a < om1|a|+|b|-b as1s 2,
a b

Néu a >0 thi f(—)-—§-5+1>0 = a+hb <2

Dodé |aj+|bl=a+b < 2 .
Bai toan 1. 38: Cho a, b, t sao cho ham sb
f(x) = a.cos2x + b.cos(x~t) +1 = 0 véi mgi x.
Chirng minh:
a) ja] <1. b) |bl = V2. c) f(x) < 3 v&i moi x.
Huwéng dén giai
a) Ta co f(x) = a.cos2x + b.eos(x —1) +1 > 0 voi moi x.
nén f(x+ n ) =a.cos2x—b.cos(x—1t) +1 > 0 véi mgi x.
Do dé 2a.cos2x + 2 = 0 v&i moi x.
Hay a.cos2x + 1 2 0 vé&i moi x.
Chonx Ovax=n thicba+1 20va-a+1 20

-1<asi1=|als 1.
b)TacOf(x)"aoos2x+bcos(x-t) +12 Ovélimoix.

nén f(x—-;— ) =—a.co82x + b.sin(x—1) +1 = 0véi moi x.
Do @6 bf sin(x —t) + cos(x—t) ] + 2 > 0 v&i moi x.
Hay b.sin(x -t + % )+ V2 = 0veimoix. .

Chodlx= t+% Vi x = t+5—:-thlcéb+\/§ > Ova-b+v2 2.0
=-J2 sbs J2 = |bls V2.

c) Ta co cosx +Cos(x + -25’5) +COS(X +1375) =0,vx
2n 4x
COS2X + COS2(X + ?)4- cos2(x +T) =0,¥x

Nén (x) +f(x'+%)+f(x +"—3") = 3.vx
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Ma f(x+ %’E) = 0,f(x +13'5) = 0,vx

~Nén phai co f(x) <3 vx
Bai toan 1. 39: Cho ham s6 f(x) = cos3x + a.sin2x + b.sinx .
‘Chirng minh néu f(x) = -1, Yxthia=b=0.
Hwéng dén giai

n n
=)= -1f(-=)=> -1
Tacbf(3)> 1f( 3)

- a+b=>0;-a-b=>0néna+b=0= b=-a
Do do f(x) = cos3x + a(sin2x - sinx) =z -1, ¥V x

— -1+200323—2x+2asin%.oos§252-1. Y x
= cosézi'(cos%+a.sin-;)zo. V X

Thay x boi —x thi duvccosa—;(cos% - asin%) >0, VX

23X, 23X

Neén tich: cos? = (cos? =X -a?.sin? X)> 0, v
n tic 2( 2 a‘.si 2) X

= e,os’ﬂza’.sinzf. ¥x= 1+cos3x2a’(1-cosx),Vx

2 2
= cos3x+a’cosx>a’-1,¥x= cos3x+a’cosx=-1,vx
" = 4cos® x-3cosx +alcosx -1,V x
Batt = cosx thi co (41 +a% -3)= -\ vte[-11]
Gid sir a # 0 thi chon dugc | t] <1 = 0 sao cho (4t +a* - 3) < -1
= a=0nénb=0 Dodéa=b=0. _
Bai todn 1. 40: Cho cac goc ay, @y, as, ..., o VOI 0° < o, < 180°% i = 1,2, ...n

n
$ao cho gid trj cia > (1+cosa,) 12 mot s nguyén Ié.
il

Ching'minh rang : 3 sine, 21,
I=}
Hwéng dén giai
Tir gia thiét, ta co :

n ' n
Y (14 cosa,) = 23 cos? %= 2a + 1 ( a nguyén khéng am), va :
=] [

al n K n
S= Ysina =Y 2sinZcos 22 Vst 2+2 Y costE
I=] bwl 2 2 I=1 2 I=X+] 2
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=A+B,VvoiA B=0 (1)
NéuB = 1thitdng S = 1.
NéuB<1thi:
k k K
A= ZZsln’ﬁ=2 Z(l-cos’ ﬁ) =2k -2 cos® = %50
I=1 2 Il 2 =1 2

Suyra: 2k222c:os 2’ =2a+1-B=2k=22a+1
Theo (1)thi:S>A+B

n
Vay:S=22k-(2a+1-B)+B=1+2B>1 ticla: ) sina, >1

(B3]
Bai toan 1. 41: Cho n sé thuc ay, a; ,...,a, va ham sé:
f(x) = ap + a;cosx + a,cos2x + ... + a,c08nXx
nhan gi4 tri duong Vx e R. Chimg minh rang a, > 0.
Hwéng dan giai

n
VOi vk =12, .. 0. D&t A = 3 cost kT
i n+1

Ta co. (2 mk—nJ.A_‘
n+1

= 2sin "“1 Lain XX 4in KB L oin SRR _ i Sk%

n+ n+1 n+1 n+1 n+1

+.s§n(2n+1)kn-sln(2n-1)kn
n+1 n+1

e kn +sin(2n+1)kn B
- n+1 n+1

vn.m"—"1 40,k < {1,2,.n} nén A,=0

n n
Do 66: T = Lp[z”‘] >3 a,cos¢ 2%

(=0 +1 (~0k=0 +1

= Za,,Zcos' an -(n+1)a°+Zak A, =(n+1)a,

(=0 k=0

Vif(x) - 0, vx RnénT>0=>ao>0(dpcm).
Bai toan 1. 42: Cho sb nguyén duwong nva m = 2" - 1. Chirng minh rang véi

moi & € R, ham sd

f(x) = cos2™ + a,c08(2" - 1)X + 8,608(2" - 2)x + ... + amCOSX,
khong thé chi nhan gia trj cing dau.
Hwong din giai

Gia st f(x) chi nhar gia tri dwong. Khi dé

26




B RIS R U TR R Y i L Rl

fi(x) = %(f(x) +f(x + 1)) > 0 v&i moi x € R.

Do cos(x + kx) = (1) cosx nén ham sé:
f,(x) = cos2™ + 8,c08(2" - 2)x + ... + 8y-2c052X > 0 véi moi x € R.
Do d6 ham sé:

fa(x) = -;—(fa(x) +fylx + %n)) > 0 véimoi x € R.

Tuong ty nhu trén ta cling thu duoc:
fa(x) = c0S2™ + 2,C08(2n — 4)X + ... + 8y_4COS4X.

vay: f(x) = -;-(fz(x) + fo(x + %n)) > 0 véi moi x € R.

Lap lai qua trinh trén, sau hiru han buéc ta thu dugc
g(x) = cos2™ > 0 v&i moi x € R: v ly.
Chirng minh tuong ty khi f(x) chi nhan gia trj am |a khéng xay ra.
Baitoan 1. 43: Cho a va a tuy y. Xét f(x) = cos2x + a.cos(a + x).
Goi m, M I&n luot 13 gia trj nhd nhét, gia tri 16n nhét clia f(x).
Chieng minh m? + M? > 2
Hwéng dan giai
Ta cd: f(x) = cos2x + acos(x + o)
Suyra f(0) =1 + acosq, f(r) = 1 + acos(n + o) = 1 - acosa
nén f(0) + f(x) = 2.
VIiM = max f(x) nén M = f(0), M > f(r).

Dodé:Mzw S M1 M > 1

Tuwong tu: f(-,}) + f(—g) =-2nénm=minf(x) s-1=>m’2 1

Vay: M® + m? > 2.
Bai toan 1. 44: Cho cac sé thuc a, b, A, B va ham sé
f(x) = 1 - acosx - bsinx - Acos2x - Bsin2x = 0, ¥x € R.
Chirng minh rdng: a® + b* <2, A*+ B < 1.
Hwéng dan gial
Bat: va?+b? =r; VAZ+B? =R.
Khi d6 tdn tai o, f @& a =r cosa; b = r sina,
acosx + bsinx = rcos(x — a), A = Rcos2p; B = Rsin2f,
Acos2x + Bsin2x = Rcos2(x - )
Suyra: f(x) =1 - rcos(x — a) - Rcos2(x - p).

Pat fla + &) = e
(a+4) P, fla 4) Q thi

27




P=1- —— —Rcos2 (u—[h»ﬁj

J2 4
= ©
Q=1———Rcosz(u— ——)
2 P4
Néur>2thi1 - — <0.
J2

Tri tuyét déi cGa hiéu hai goc Z(u-[ﬂ{-) va 2((1-[3—%) béng n nén cac
cosin ctia chang trai ddu nén trong hai biéu thirc
Rcos2 (a -B+ ;—) va RcosZ(u -p- -:—) c6 mét biéu thirc khéng am.

Tir 6 dan dén trong hai sé P va Q c6 mét s6 am. Vay it nhat mét trong hai
gia tri f(a + %) va fla - %) la s6 am.

Diéu d6 1a va ly (do gia thiét f(x) = 0, ¥x € R).
Vayrf<2 suyraa’ +b*<2,
Twong tu ta coé:

f(B) =1 - rcos(p - o) - Rcos0 = 1 - rcos(p - ) - R;

f(B+n)=1-rcos(fp —a+n)-R.
Néu xay ra truéng hop R > 1 thi 1 - R <0 va do hiéu clia 2 géc p ~ a + ©
va p - o bang = nén Iap luan twong ty nhu trén ta thu duwgc mot trong hai
s6 () va f(B + n) 1a 6 &m, vo ly. Vay: A* + B*< 1.

3. BAI LUYEN TAP
Bai tap 1. 1: Tim tap xac dinh clla cac ham sb:
= X = X
a)y = cot(x + 3) b) y = tan(2x : ).
Huéng dan

a) Diéukiénx+§ e kx .Kétquao=a(-§+kn| ke

b) aiéukienzx-g ” §+kn.KétquéD=R\{1;-*kg | k e 2.

Bai tap 1. 2: Tim tap xac dinh cla cac ham sé:

1-sinx _ [1+sinx
b)y=
cos X 1-sinx

Hwéng dan

ay=

a) Didu kién cosx = 0
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”
uKétquéD=R\{%+kn | k e 2.
b)‘fBéW—Si"X > 0va1+sinx = 0véi moix.

xétquéD=R\(-;- +k2n | k e 2.
Baitap 1. 3: Cho |x] = 1vay| < 1.Chiéng minh rang:
arcsln(x\/h—yz +yﬁ).xy <0 hay x* +y* <1
arcsinx + arcsiny = x—arcsin(x\ﬁ-y’ Fy1-2) x>0y >0, X2 +y* > 1

—n—arcsin(x‘h-yz +yW1=%2),x <0,y <0, X° +y? > 1

Hwéng dén
Dung dinh nghia ham nguorc:

Ham sé y = arcsinx: c6 tap xac dinh 14 [-1; 1], tap gia trj 1 [.% :

T
2!

._E sV < E
y=arcsinx <> ¢« 2 y 2
siny =x
Bai tap 1. 4: Xét tinh chan, & cla ham sé sau:

a)y =sinx +1 b) y = sinx + sin-;-

<)y = |sinx| d)y = x* + cosx.
Hwéng dén

a)D=Rva tinh f(-;— ), f(—g ). Két qua khong c6 tinh chan I8,

b) Két qua ham sé Ié.
€)D=Rva tinh f(-x ) = f(x ). K&t qua ham sé chén.
d) Két qua ham sé chin
Bai tap 1. 5: Tim céc khodng dbng bién va nghich bién clia cac ham sé
a) y = sin2x b) y = cos(x — 1)
Huéng dan

a) Két qua dbng bién trong cac khodng (—% +kn; ; + k) ; nghich bién trong cac

khOéng(% + km; % +kn), keZ

8) Két qua abng bién trong cac khodng (1+r+k2n; 1+2r+k2m); nghich bién trong
bmkhoéngﬂ*kh; 1+n+k2n), keZ
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Bai tap 1. 6: Tir @b thi ham s8 y = f(x) = codx, hay suy ra db thj clia cac ham sb va vé
a4 thi ctia cac ham sé :

a)y =cosx+2; b)y=008(x—§-)
Hwéng dédn
a)Péy y=cosx+2=f(x)+2
b) Déyy = cos(x - §)=f(x- %).
Bai tap 1. 7: D4 thi ham sb y = cosx bién thanh dd thj nao qua:
a) Phép tinh tién vecto u = (g; 1)

b) Phép déi xrng tam |(§; 3)

c) Phép dbi xirng tryc d: x = 2.
Hwéng dan
a) Két qua (C,): y = sinx + 1
b) Két qua (C,): y = cosx + 6.
c) Két qua (Ca): y = cos(4 - x).
Bai tap 1. 8: Tim chu ky cac ham sé sau:

a) f(x) = sin2x + cos3x b) f(x) = | cosx |
c) f(x) = tan%‘-’-‘- d) f(x) = cotdx
Hwéng dén
a)D=R. T= BCNN{-zi 3’5} KétquaT=2x

b)KétquaT= =

) auéumena—“"*gwn, KeZ. Kétqua T =

njw

d) Kétqua T = %

Bai tap 1. 9: Cho ham s6 f(x) = cos3x + a.cos2x + b.cosx .
Chirng minh nu f(x) > -1, Yxthia=b=0.
Hwéng dén

St dung f(x) = —tf(g) 2

Bai tap 1. 10: Tim a d& moi x c6 f(x) = cos2x + a.cosx + 2 = 0.
Hwéng dan

Pua vé bac hai theo t = cosx. Két qua |a| < 2V2 .
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gai tap 1. 11: Tim gia tri nhd nhét va nhé nhét cla cac ham sé:

8)y= sin° x + 2sinx + 2

X T =
= ~ +sin’x tréndoan[- — , = ]
b)y 2+sn n doan [ > 2]
Hwéng dén
a) Két qua : maxy = 1khix=—§ + k2r, miny =% khix=g+k2n. keZ.

b)Kétquamaxy = 1 + — khi x=

Bai tap 1. 12:
a) Tim gia trj I6n nhét clia y = 2sin*x + 5cos’x.

b) Tim gia tri nhé nhét cua:

2 2
V=[sln’x+ '12 J {cos’x-» . )
sin® x cos® x

Hwéng dén
a) Véi sinx, cosx thudc [-1;1] thi

'y = 2sin*x + 5c0s’x <2sin’ x + 5cos’ x =2+ 3c0s® x <5

1
* 4
x cosx

nA

.
4

b) y = sin*x + cos’x + +4

sint

= (sin*x + cos*x) [1 + —‘1—) +4
sin®* xcos* x

I‘[‘l-lsln"'Zx] e 2O olge A ep A0 4 88
2 sin® 2x 2 1 2

Kétquéminy= 2—25
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cnaven aé 22 PHUONG TRINH LUONG GIAC

KIEN THUC TRONG TAM
Pat didu kién xac dinh néu c6, @& bai c6 don vi hay khéng?
Géc khéng dac biét néu ton tai thi dat hinh thire o, ...
Két hop nghiém bang cach biéu dién trén dudng tron legng giac, sa sanh
hoac xét nghiém bang nhau khi nao,...
Bién dbi vé& phuong trinh co ban, phuong trinh thuéng gap. tich cac dang,
dung bat ding thirc, danh gia 2 vé, ...
Phwong trinh Iwong giac co ban:
Phuong trinh sinx = m ¢6 nghiém khi Im| < 1.
X =0+ Kk2n

sinx = si k
o} nug[x=u—a+k21t RS

x = arcsinm + k2=
Hay sinx =m keZ
Guas 3 [x=1:-arcsinm+k2n( S
Phuong trinh cosx = m ¢6 nghiém khi |m| < 1.

X=0o+K2r

COSX. = COSu @[ (keZ)

X=-+K2n

= arccosm +K
Hay cosx=m & s ik (ke?)
X = —arccosm + k2n

Phwong trinh tanx = m luén c6 nghiém véi mei m.
tanx =tan @ <2x=a+kn kel

Haytanx=m<sx=arctanm + kn, Ke Z

Phuong trinh cotx = m ludn ¢é nghiém v&i moi m.
cotx =cotex <o x=atkm kel

Hay cotx =m <> x = arccotm + kn, ke Z

‘ Phwong trinh thwdng gap:

Phuong trinh theo ham s6 luong giac: gidi tnee tiép, néu cin dat an phy rdi giai.
Phuong trinh thudin nhat( ddng cép) bac n: Xét cosx = 0, xét cosx = 0 roi
chia-2 vé cho cos"x dé dua vé phwong trinh theo t = tanx.

Néu chia sin"x thi dua vé phuong trinh theo t = cotx. Chi y béc tang, giam
twong déi cla lugng giac.

Phuong trinh bac nhét theo sin, cos ( cb dién):

Dang: a.sinu + b.cosu = ¢, chia 2 vé cho Va’ +b? rdi dwa sin, cosin cla
géc xac dinh.

Didu kién c6 nghiém: a® + b? > ¢*.
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~ phuong trinh d6i x(ng theo sin, cos:
Dang: a(sinx + cosx) + b(sinxcosx) + ¢ = 0

Patt = sinx + cosx = Jissn(h ) [t < V2

Chu y: t = sinx - cosx = \/—sin(x——] It] < 2

_ Phuong trinh chira gia trj tuyét déi, can thirc ta sir dung cac bién ddi dai sb
nhu xét ddu, binh phuong twong duong, ... .

2. CAC BAI TOAN
Bal toan 2. 1: Giai cac phuong trinh:
a) sin’ (x - %) = V2 sinx.

b) 3cos’x — 4cos’ . sin’x + sinx = 0
Huwéng dan giai
a) Ta bién dbi phuong trinh da cho nhu sau

V2

(—(slnx —cosx)I* =2 sinx < (sinx - cosx)’ = 4sinx

Vi cosx = 0 khdng théa man phuong trinh, nén chia hat vé cla phuong
trinh cho cos’ = 0 ta duoc phuong trinh:

(smx - oosx] i sinx
cOSX cos® x

& (tanx - 1)° = dtanx(1 + tan’x) (1)
Pat t = tanx ;

@ @-10=41+0) 3 +30+t+1=0
S+ NEE+1)=0 =t=-1

Vay x = - ; + kmkeZ.
) Vi cosx = 0 khong thda man, nén chia hai vé cho cos’x # 0 ta duoc
Phuong trinh tuong duong, t = tan’x = 0
3-4tan’x +tan'x =0 ©f -4t +3=0
St=1hayt=3 & tanx = + 1hay tanx = + J3

%x=1%+kn;x=i-§+kn.kez-
Bitodn 2. 2. Giai cac phuong trinh:
a) cosx + Y. g ¢

* SINX % —— &

cOS X sinx 3
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b) 2(tanx — sinx) + 3(cotx —cosx) + 5= 0

Hwéng dan giai
a) Piéu kién x = %n- k € Z . Phuong trinh duoc bién déi

sinx + cosx 10
sinx + cosx + — ——— = — (1)
SinX.cos X 3

Pat t =sinx + cosx = \/fsin(x + %), [t|] < V2 thisinxcosx = ——

va(l) e 30 =102 + 3t + 10 = 0
o (t-2)3F -4t -5 =0
2+19., _2-19

t=2t=
Vg 3 3
Chont: # = Jisln(x* %)
n 2-\/1_9

& sin(x + =) = = sina nén coé nghi
( 4) —3\7'2-—— ghiém

x=a-§+k2n; x=::—n-a+k2n.keZ(tm).

b) Diéu kién x = "2—" k & Z . Phuong trinh:

sinx cOoSX

2(—— —sinx + 1) + 3(———cosx + 1) = 0
COSX sinx
<> (sinx + cosx — sinx cosx) [ + —3-] =0
COS X sinx

&> (sinx + cosx — sinx cosx ) (2.tanx + 3 )=0 0
Xet sinx + cosx— sinx cosx =0 (1)
Patt = sinx + cosx, [t| < V2

2 —
Mot-t=0et-2-1=0
est=1+ 2 (logi) :t=1- 42

: 1- \/5
nén sin(x + =) = = sina, do d6
ri 2

X=a- % +K2n hay x = g}—a+k2n. keZ (tm).

w

Xét2tanx +3cstanx=— = = tanf > x =P +kn, ke Z (tm).

N
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e

Bai todn 2. 3: Giai cac phuong trinh:
a) 2c0s9x(3 — 4sin*x)(3 - 4sin’3x) = 1
b) cos9x + 3cos3x + sin3x = 3sinx.
Hwéng dan giai
a) Xétsinx = 0 thi khong la nghiém cla phwong trinh.
Xét sin x # 0. PT: 2cos9xsinx(3 — 4sin’x)(3 — 4sin”3x) = sinx
<> 20059xsin3x(3 — 4sin”3x) = sinx <> 2c0s9xsin9x = sinx

2
18X = X + 2kn x=k-1—;, (ou £Tm)
= sinx
e Ox i [18)( —m-x+2kn X |, 2%
Kbk
19 19

b) PT: cos9x + 3cos3x = 3sinx ~ sin3x
o> 4c08°3X = 4sin’x < cos3x = sinx
&> Ccos3x = cos(—z13 —x)

3x=-’2t——x+2kn x=3+&t.

= & 2 kel
3X=X-4+2kn |x=-Z+Kn
2 4

Bai toan 2. 4: Giai cac phuong trinh:
a) oos(g -ZxJ +2C0SX = —%

b) (16cos’x — 20cos® + 5)(16cos*5x — 20c0s%6x + 5) = 1.
Hwéng dan giai

a) PT: oos(g-Zx) +COSX + COSX +cos§ =0

-2 3-5) (3_2) [3 1) [z_iJz
003(6 2cos6 2 2<:ose<|»2cos6 2 0

(i3 en(3-3))-

Xétcos(%-%} =0 x:—%+k2n (ke 2)

x=—§+2kn
J (ke 2)

Xét 2-£)= (5_"_5
003(6 2 cos 5 2 o

x=£+kn
2
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b) Xétx = g- + kn, k € 7 khong 1a nghiém cla phuong trinh

Xét x = -;- + kn, k € Z va ap dung cong thirc:

cosbx = 16c0s°x — 2c0s°x + Scosx, ta ¢d PT
cos5x cos25x%
cosx cos5x

=1 & c0s25x = cosx

n
[25x=x+2kn x=k=2- (k#12m+6 mke2)

& =
25x% = -X + 2Kknt x=k% ke2)

Bai toan 2. 5: Giai cac phwong trinh:
a) sin(% B 3x) +sin(§- - x)+ sindx =1

3 . £ A Xl X
b) —2—+ sm(—s-—x}rsinx = 4w353m(-§+5)
Hwéng dén giai .

a) PT: sin(£—3x)+ sin(-;»-x)+ sin4x—sin-;- =0

3
< Zsin(-}- Zmes(%— x) + Zcos(Zx + -}]sin[?.x -%) =0

o 2sin(—} - 2x)[cos[%-x)-cos(2_x+¢:-)] =0
i n kn
Xétsm(z-ZXJ =0 x-a-—z—. (k € Z)

T 2n

x X=-—+k—.kez
Xétcos[-ﬁ-x] =cos[2x +—:-) =3 18 3
x=--;-+k21t.kez

b) PT: sing +sin(§-- x)-&-sinx :40095003(5-5)

2 6 2

n n n X R K

si RS o iy - - - -
= n3+29ln6cos(6 x) 40032003(6 2)

P 2sin%.[cos—;- + cos(% = x)] = 4cos-;-oos(-;- - -;-]



Bai toan 2. 6: Giai cac phuong trinh:
a) 2 + tanxtan3x = tan®x b) 2tanx + tan3x = tan5x
Hwéng din giai
a) Didu kién: cosx = 0, cos3x # 0
PT: (1 —tan®x) + (1 + tanxtan3x) = 0
cos2x & cos2x
cos’x COSXCOS3x

=0 ¢ cos2x(cosx + cos3x) =0

Xétcoszx=0c=2x=§+kn ox= 4&"7” (k € Z) (tm)
Xét cos3x = —cosx = cos( 7t — x) <>

Chon nghiém x = 1:-+523. ke 2).

b) Diéu kién: cos* « 0, cos3x = 0, cos5x = 0
PT: (tanx + tan3x) + (tanx — tan5x) = 0
sindx sindx

COSXCOS3X COSXCOS5X

=0 <> sindx(cos5x — cos3x) = 0

XétsIMx-0¢:4x=anx=k-}.(kez)(tm)

X=kn

Xét cos5x = cos3x <> %
x=k=
4

Chon nghiém x = kr, x = §+52§ ke 2)

Bai toan 2. 7: Gial cac phuong trinh:

) (3~ tan’)(3 - tan’3x) = /3 tan9x(1 — 3tan)(1 — 3tan®3x)
b) tanx + 2tan2x + 4tandx = cotx — 8.

7




Hwéng dan giai

a) Diéu kién: cosx » 0, cos3x # 0, cos9x = 0
Xét (1 — 3tan’x)(1 — 3tan®3x) = 0 thi khéng théa man
Xét (1 - 3tan®x)(1 - 3tan®3x) = 0 phurong trinh:

gaid e d
Q[B tanzx 3 tan23x .
1-3tan‘x /| 1-tan” 3x

tan8x=0 |x ='%‘ k € 2) (loai)

ttan9xx = ﬁtangxo b 1 &
an =T
3 X

o

= .;E+ kr  (loai)

b) Diéu kién: sin8x = 0 .Phuong trinh da cho twong duong voi
cotx — tanx — 2tan2x — 4tan4x = 8
o= 2cot2x — 2tan2x — 4tandx = 8 <> 2(cot2x — tan2x) — 4tandx = 8
+» 4cotdx — 4tandx = 8 <> 4(cotdx — tandx) = 8
1 n n
<» BcotBx = 8 <> cotBx = 1 8x = Z+knc>x--33+k-8—. keZ (tm)
Bai toan 2. 8: Gidi cac phuong trinh:
a) tanxtan2x + tan2xtan3x + tan3xtandx + 3 =0
b) tang " tan2x 4 tan4dx 373
cos2x cosd4x cos8x
Hwéng dan giai
a) Diéu kién: cosx = 0, cos2x # 0, cos3x # 0, cosdx # 0
Khi sinx = 0 khéng thda man phuong trinh
Khi sinx # 0, phwong trinh da cho twong dwong voi
(tanxtan2x + 1) + (tan2xtan3x + 1) + (tan3xtandx + 1) =0
tan2x -tanx tan3x-tan2x tan4x-tan3x
— N + = 0
tanx tanx tanx

wtan4x=tanxa4x=x+knc=x=k§ (k#3m,k,me Z)

b) Diéu kién: cosx # 0, cos2x # 0, cos4x # 0, cos8x # 0
Phuong trinh da cho twong duong voi:
(tan2x — tanx) + (tan2x — tan4x) + (tan8x — tandx) = 0

tan8x=tanx < 8x=x+kne X =-k7;5(ke2)(tm)

Bai toan 2.9: Giai cac phuong trinh:
1 1 1

-

a) — + + - =
sinxsin2x sin2xsin3x sin3xsindx

O




F—_——_—_—'——————T—
cosx C€0s3x Ccos9x _
b) Jhax sin3x Sin3x sin9x : sin27x
Hwéng dan giai
a) Diéu kien: sin3x # 0, sindx = 0 = sinx = 0
Nhﬁﬂ hai vé véi sinx # 0 ta dugc
_fsinx z sinx 2 sinx A
sinxsin2x sin2xsin3x  sin3xsin4x
= (cotx — cot2x) + (cot2x — cot3x) + (cot3x — cotdx) = 0

¢m=cot4xox=4x+k1r¢ox=k§ keZ k+3n,ne )

b)gléukien:sinZ'Ix:Oc:-xz -r;;.(mEZ)

. 2c08X 2c083x i 2c089x _

" sin3x  sin9x  sin27x
& (cotx — cot3x) + (cot3x — cot9x) + (cot9x — cot27x) = 0
escotx=cot27x <> x=27x+kn

ax=k§6- (k#26m,k n e2)

Bai toan 2. 10: Giai cac phuong trinh:
a) tan’x + sin’2x = 4cos’x
b) cos’3x + cos’x + 3c0s°2x + cOs2X = 2.
Hwéng dan giai
a) Diéu kién: cosx = 0 .
PT < (tanx + sin2x)® - 4(cos’x + 4sin’x) = 0
& (tanx + sin2x)’ -4 =0
&> (tanx + sin2x — 2)(tanx + sin2x + 2) = 0
‘tanx +sin2x-2=0 [t’ -~ 4+3t-2=0

= =3
tanx +sin2x+2=0 B +212+3t+2=0

(t=tanx)

o S x=%+kn (k € Z) (tm)

(tanx = -1 il

x=-§+kn (k € Z) (tm)

b)PT: & (cos3x + cosx)? = 2 - 3cos’2x + 2c0872x — 1
L~ (cossx + cosx)? = sin22x o c0s3x + cos X = Sin2x
cos3x + Cos X = —sin2x

Xét cos3x + cosx = sin2x
< 2c0s2xcosx = 2sinxcosx <> cosx(cos2x — sinx) = 0

39



cosx =0 X =

= [cost =sinx = cos(g + x)a e

Xét 3cosx + cosx = —sin2x <» cosx(cos2x + sinx) = 0
cosx=0 X ==+ Kn

#y cost:—sinx=cos[-’2‘-—x)¢ n , 2n
Bai toan 2. 11: Giai cac phuong trinh:
a) cos’ [g—sx)+cos’2x+oos’x =%

b) 16cos’x = 1 + 5cos3x + 10cosx.
Hwéng dan giai

&0 2n gz
a) PT: 2+2[cos(3 6x]+cos4x+oost] 7

=3 cos(%-ﬁx}coux +CO82X .—.—;-

o cos(%"-ax] -cos-g +cosdx+cos2x =0
=S —Zsin(%- astln(—g - ax] +2cos3xcosx=0

= 2cosSx[cosx —cos(§+ 3x]] =0

Xét cosax = 0 < 3x = -;-+knc:x=-§+-k33,(kel)

- X = -2 4 kn
Xét cosx = cos(—+3x] =3 , (ke 2)
3 r kn
X ==t —
12 2

b) Ta cé:
16c0s°x = 2(4cos’x)(2c0s’x) = 2(cos3x + 3cosx)(1 + cOS2X)
= 2c083x + 6cosx + (cos5x + cosx) + 3(cos3x + cosx)
= cosSx + 5cos3x + 10cosx
Phuong trinh da cho twong duong véi: cosbx = 1 <> 5x = 2kn

vay:x=%(kez)

FYal
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- Bai toan 2. 12: Giai cac phuong trinh:
a) V2 (sinx + cosx) = tanx + cotx

b) 3+ sin“2x = 2sin2x + COs2X + 24/ sinx.
Hwéng dén giai:

a) Diéu kién | x » k?",kez_

1
sinxcosx

PT < 2 .V2sin(x + %)

< sin2x sin(x + %) =1

sin2x = 1 sin2x = -1
&9 3 hay 1
- =1 sin =il e e
snn(x + 4) (x + 4)

Vay x = % + k2r, ke Z

b) Phuong trinh da cho tueong duong véi
(sin®2x — 2sin2x + 1) + (2 - c0s2x — 2 /2 sinx) = 0
> (sin2x — 1) + (V2 sinx - 1)°= 0
sin2x =1 3
<« 1 &x=—+2kn, (ke 2)
sinx = f 4
Baitoan 2. 13: Giai cac phwong trinh:
a) sin3x ( cosx — 2sin3x) + cos3x ( 1 + sinx - 2cos3x) = 0

b) sin®x + cos®x = 2(sin"x + cos'%) + %cost.

Hwéng dén giai:
a) 8in3x ( cosx — 2sin3x) + cos3x (1 +sinx — 2cos3x) = 0
< sin3xcosx — 2sin’3x +cos3x + sinx cos3x — 2c0s°3x = 0
< sindx + cos3x = 2

P . 0 kn
sindx = 1 o R ]
= 7
{cosSx 4'q < i k2 : v nghigém .
w3
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b) PT: sin®x(2sin®x — 1) + cos®x(2cos’x — 1) + %cos2x =0

4 5
> cos’x cos2x — sin’x cos2x + = cos2x = 0

& cos2x(cos®x — sin®x + %) =0

> cos2x = 0 (1) hoac sin®x = cos’ + % (2).

Tacé (1) & 2x = % ¥kt S X §+ %,kez.
Phuong trinh (2) vé nghiémvi VT < 1; VP > % > VT.

Vay phuong trinh c¢6 nghiém : x = 2

N

Bai toan 2. 14: Giai cac phuong trinh:
a) (sinx + cosx)* = 5 - sin?2x b) 2Jsinx + Jcosx + cosx = 2.
Hwéng dan giai
a) Ta co: (sinx + cosx)* < 4 va 5 -sin“2x > 4
Vay dau bang xay ra khi va chi khi
{(sinuoosx)‘ =4_ {|sinx+cosx| =2
cos2x =0

ex=2 +kn, (ke
sin2x =1 4

b) Ta co: 2+sinx = 2%sin® x = 2sin? x

Jeosx +Ycosx = Ycos? x + §cos? x > 2cos? x = VT 2 2
D&u bang chi xay ra khi va chi khi:

) n
[sunx-o.cosx-1 » x'§+2k".(ke2)

sinx =1cosx=0 X w3l
Bai toan 2. 15: Giai cac phuong trinh:
a) sin®x + cos®’x = 1 b) sin®’x + cos*’x = 4]

32
Huwéng dén giai
a) Ta c6 cos®x < cos’x, ddu = xdy ra khi cosx = 0 ho#c cosx = + 1
va sin”®x < sin’x, ddu = xdy ra khi sinx = 0 hodc sinx = 1.
Nén sin“x + cos®™®x < sin® + cos’ = 1
Do d6 du ddng thire xdy ra, phirong trinh twong duong véi

A0



cosx =0 il

5 {sinx--o b km kel .

10 10 10
p) Ap dung bét déng thic 2 ;b Z(a;b) . V6ia, b > 0 va diu déng thuc

xdy ra khi va chi khia = b, ta co:

sin? x + cos?x ) 3 g
? 2" 512

DAu bang ctia bat dang thirc xdy ra khi va chi khi:

sin’x=coszx=-;— e X = i%-&kn. keZ.

Bai toan 2. 16: Gidi cac phuong trinh 2 an;

fq 4

VT = (sin’x)" + (cos™)"’ 22[
.-.:-‘.;L

a)dcos’x + 3tan’y — 4\3cosx + 2(3tany + 4 = 0
) cos* in® 1 1 siny
COS'X + sinx + ¥ =85 ‘
i cos*x  sin*x 2
o Giai
Phuong tflnh twong duong

-4J'cosx *.3 & (\/Stany)’ 2/3tany + 1 =0

JS

CosX = = & e+ K2R
.' £ s voi kle2.
= 1 y=—£+|n
B 6
e K
X # — keZ.Tacod

(cos’x + sin'x)(1 + —.1—‘—
sin‘ xcos* x
] 16
E (1 - 2sin’x cos™)(1 + ———
¢ X (2sinx cosx)* )
| ¥ 16
= (1 - —sin"2x)(1 +
(1= Fsin2xy o<
1 17

B (1 - 5)(1 + 16) = — . DAu"“="xay ra khi

=1ocos2x =0 2x = + kn <ox =

=
2

AN



—

va VP = 8+¥ 8¢ %o 20 |

2 2
Déu bang xayrakhi siny = 1 & y = % + m2rx, me ¥ .
Vaynghiem:x=% + k_zn_ vay = -g- + m2nvéi kme Z.
Baitoan 2. 17: Gidi cac phuong trinh:
a) 2cosx — | sinx|=1 b) V2 (|sinx| + |cosx|) = 2sindx
Hwéng dén giai
a) Phuong trinh da cho twong duong véi
1
CosX 2 — 1
2cosx -1 = | sinx | & 2 (M

(2cosx - 1) = sin®x (2)
(1)<:>-§ + K2n < x < -;5 + K2n,keZ.

(2) < 4cos’x — 4cosx + 1 = 1 — cos’
<> 5cos’x — 4cosx = 0

<» cosx = 0 (loai) hay cosx = —;- (thich hop)

Dot!éc:osx=i =cosa >x=+a+KnkeZ.

b) Xét déu |an Ivgt 4 géc phan tw cla x thi két qua:
n 3n Tn 13n
22—+ =— ¢ S — + X=—+K2%n,KeZ.
3 k2 n, x 5 k2 n, X 3 k2 n 53 n,Ke
Bai toan 2. 18: Giai cac phuong trinh:
a) cosx sinx + | cosx + sinx| = 1.
b) | sinx — cosx | + 2sin2x = 1.

Hwéng dan giai
ajbat t = | cosx + sinx| = V2 |sin(x* %)l

=0<ts J2 va sinxcosx = -;-(t2 13
Phuong trinh d@é bai trd thanh

%(t’-1)*t-1=0atz+2t-3=0
< t=1hayt=-23(loai).
Chont = 1 thi |sin(x + %)l = i;— & sin’(x + %) =%

A1



N |-

'QA—sin2x=0c:>2x=k1t ¢x=%.kez.

b) Dat t= [sinx — cosx| = Jilsin(x-%)l:Osts V2

v sinx c0s = = (€~ 1) . Phuong trinh g cho tré thanh
W+2f-1) =1 20+1-3 =0

3 ;
s (loai) .

Voi t = ﬁlsin(x-%)l =1 e |sinx - -:-)I -_‘?

& t=1hayt

it
n 1 1 P
SR (R Fgpes =[] = - )] =
& sin’(x 4) i 2[ cos2(x 4)]

|-

kn

am(ﬂ-g) =0 & sin2x =0 ¢ x =

%".kez.

Vay nghiém cla phuong trinh : x

Baitoan 2. 19:  Giai cac phuong trinh:
1

a)lcotx| = tanx - ——
sinx
tan® x 1
b) — = |tanx + 1] + _
| F o e
Huwéng dan giai
2) Didukién :tanx - —— > 0
sinx
Phuong trinh <> cot’ = (tanx — ;)’
| sinx
1 2
e cot’x = tan’x + —— +
sinx  cosx
& cot’x = 12 —1+cot’x+1-_2_
cos® x coS X
AR TN T

cos® x cosX

&> COSX = % &S X =t -3“- + k2r, ke Z.

IF
o L1 - cos2(x + )] = 71+ cos@x + 7) =1



Véix = % + K2n, ke?:

tan(g sl s et Tl d8 ':/1’ > 0 thich hop.
sin(g 4 k2n) 3

Voix = ‘% + k2n, keZ:

n 1 ’
tan( - — + k2 - V3 + ——= < 0:loai.
b o = NG

sm(— — + ksz

Vay nghiém cua phuong trinh la x = + k2n, ke Z.

i
3
b) Diéu kién x:-;— + kn X # §+ kr, k e Z . Ta xét cac truong hop

tanx + 1<0

Phuwong trinh tré thanh
tanx - 1< 0 9

Véitanx < -1 {

2
___!an—)( =_(tanx+1)-—1.
tanx -1 tanx -1

c:;(tanx+ 1) - —laﬂ—):——" = —(tanx + 1) — ta—nxlj

Nén moi x théa tanx = — 1 /a nghiém .
tanx + 1>0

Phuong trinh tré thanh
tanx - 1< 0

Voi—1 < tanx < 1 :{

tan® x 1
- —— = (tanx + 1) - ———
tanx -1 ( ) tanx -1

1 1

—_— = (tanx + 1) - ————
tanx -1 ( ) tanx -1

< —(tanx + 1) -
< tanx = -1 :loai.
tanx + 1>0
tanx - 1>0
2
Phuwong trinh tré thanh . i S (tanx + 1) + g e
tanx -1 tanx -1
1 1
s>tan + 1+ — = tany-+. ] e e
tanx -1 tanx -1

Nén moi x théa tanx > 1 1a nghiém .

Vai tanx > 1: {




~ Vay nghiém clia phuong trinh :

T bid
Sk e 4 CSX S ——+knr | — +kn<x< = +knkeZ.
Ra 4 4 2

n T

Wl toan 2. 20: Gidi cac phuwong trinh:
) sinx — 2sin2x + sin3x = [1 - 2cosx + cos2x|
T b) cos4x — sindx = |cosx| + |sinx| .
: Hwéng dén giai
:4‘:.; hwong trinh twong duong véi
2sin2x cosx — 2sin2x = |2cos’ — 2cosx|
‘& sin2x(cosx — 1) = |cosx/|.|cosx —1|
& sin2x(cosx—1) = - |cosx|(cosx-1)
‘& (cosx—1)(sin2x + |cosx|) =
& cosx = 1 (1) hay sin2x + Icosxl =0 (2
'|pb(1) < x =k2n, ke Z.
'“ (2) ¢ |cosx| = —sin2x (3) «» cos’x = sin’2x, sin2x < 0
’.,'ﬂ -;-(1 — €0s2x) = 1 — cos®2x, sin2x < 0
& 2c0s%2x - cos2x — 1 = 0, sin2x < 0

e>cosx = 1 hay cosx = - -;-.sin2x <0

Vi x = 23_" +k2n, k e Z thi co sin2x = sm2( — *k2r) <0 (théa)

- - -2; + k2x, ke Z thi c6 sin2x = sin2( -3- +K2n) > 0 (loai)

'.-"-' phuong trinh cé nghigém : x = %+ k2m, x =k2n, ke Z .
Ta xét cac trudng hop :

Voik2n < x < = + k2n, keZ = i ‘
2 cosx > 0

Phuong trinh tré thanh: cosdx — sindx = cosx + sinx

& cos(dx + ) = s 2
s(4x 4) cos(x 4)

k2x

W dx + Z o2 4k g =il 58

e Sl 6 3
Mlax + £ = —x + 2 ko x=5£-
) 4 4 S

Chon cac nghiém: x = k2r ; x =




VoIE + Kon < x <x + k2n,kel:>{smx>o .
2 cosx < 0
Phuong trinh tré thanh: cosdx — sindx = — cOSX + sinx
e n
sin(— — 4x) = sin(x — —
& m(4 ) ( 4)
X o_4x=x-Z +k2zn x=._n_+k—2£
4 10 5
= = .
n 5n n  K2n
= - 4x=— =X +k2n X == =+ —
4 4 3 3
: T g On
Chon cac nghiém : x = 2 + k2r ; x = 0 + k2n, ke Z .
Voi o + K2n € X < 2% + k2n, keZ = gt A :
2 cosx < 0

Phuong trinh trér thanh: cos4x — sindx = — cosx — sinx

. n T
> sin(dx = —) = sin(x + —
< sin{ i X 3

4x - Z=x+ = 4 k2n x=£+ﬂ
i3 4 4 PPy 6 3
4x—£=-3—n—x+k2n x=£+&
4 5 5
Choncacnghiém: x = n + k2n ; x = -7-55 + k2n.
Vor I o im g o v kox keB s X0
2 cosx 20

Phuong trinh tré thanh cos4x — sindx = cosx — sinx

s n
cos(4x + —) = cos(x + —
< ( 4) s( 4)

4x+§=x+3+k2n x=k—2-'E
T n n T
el e o x-S ke PR PR
4 RS X==30™* s

Chon c&c nghiém : x = 32—" +K2r; % == ¥ Kem KeZ .
Bai toén 2. 21: Gidi cac phuong trinh
2 +|sinx|

a) 2| sinx| + | cosx| + cos™x =2 b) el
3+|cos x|

= [sinx| + |cos x| .



Hwéng dén giai
5)1"0 06: 2| sinx| = 2sin’x, [cosx| + cos® > 2cos’x
aVlz22
pAu bang chi xay ra khi va chi khi :
2y — =
b xmtoosx=0C k% ke
sinx = 0,cos’ x =1 2
p) Ta c6: VP: |sinx| + | cosx| > sin® + cos®x = 1
VaVvTs1e>2+ |sinx|< 3+ [cosx|
&|sinx|< 1+ | cosx| (aung)

|sinx| =1

fcosx| =0

Bai todn 2. 22: Giai cac phuwong trinh:

Do d6 PT <> { @X:%»«kn,(kel)

a) 2sin(3x + % ) = J1 + B8sin2x cos’ 2x

) sin3x - sinx = sin2x + cos2x,x  (0; 2n),

;21 ~ cos2x
Huwéng dan giai

a) Didu kién sin(3x + %) > 0. Phuong trinh twong duong
4sin’(3x + %) = 1 + Bsin2x cos?2x

<> 2[1 - cos(6x + %)]= 1 + 4sin2x(1 + cos4x)

& 2 + 2sin6x = 1 + 4sin2x + 4sin2x cosdx
€ 2 + 2sinBx = 1 + 4sin2x - 2sin2x + 2sinbx

X = — 4 kn
& sinx = & o 12
2 5n
X = —+Kkn
: 12
Thir lai didu kien ta duoc nghiém -

~ "xﬂx%q- k2x; x=f—;+ 2k+ N ke Z.

b) Biu kidn cos2x = 1 ¢ 2x = k2% & x 2 ki, ke Z &5 x = n vl x € (0; 27).

&3x _ SINX _ sin2x + cos2x
V1 - cos2x
2c0s 2xsi
& SSORBXSINX _ Ginax + cos2x (1)
2|sinx|

40




Véisink>0 : (1) = cos2x = cos(2x — :"5)

B ﬁ,kel
16 2

kA 9 17n 3215
16'16'16 ' 16
=
16’ 16

c>2x=i(2x—-})+k2n<:x=
Chon nghiém thudc (0, 2n) 1a :

Thi¥ lai diéu kién sinx > 0 ta duge cac nghiém : T (tm) .

Vé&i sinx < 0: (1) < — cos2x = cos(2x — %)

&> cos(m—2x) =cos(2x — %) ean—-2¢X = + (2x - %) + k2n

X = 5“ + k—n.kez.
16 2

51 13n 2ix 28n
16 16" 16 ' 16
21 29n

£R TR Tm) .
TR

Chon nghiém thudc (0, 2n) 1a :

Thi lai diéu kién sinx < 0 ta duoc cac nghiém :

. P; 9 2ir 29z
Véy nghiém phai tim la: — == T 5%
Sy ngiem PRl SmLL e Te T 18 16
Bai toan 2. 23: Giai cac phuong trinh:

a) /3 - cosx - Jcosx +1 =2
b) V3 sin2x — 2cos’x = 2,/2 + 2cos2x.

Hwéng dan giai
a) Phuang trinh dugc viét lai :

J3 - cosx = Joosx +1 + 2 (1)

TacoVP > 2 .Déu *=" xdyrakhi cosx = - 1.
3 ~cosx <4 = VT <2.D4u “="“xayrakhi cosx = -1
Do dé phuong trinh dé bai twong duong véi
cosx = -1 < x=n + K2n, ke Z.

b) V3 sin2x — 2cos’x = 2.2 + 2cos2x

e 23 sinx cosx — 2cos’x = 2+/4cos’x = 4|cosx|
«> cosx (V3sinx —cosx) = 2|cosx| (1).

Néu cosx = 0: (1) théa man nén c¢6 nghiém x = -;- + kn, keZ

S0



Néucosx > 0 (1) & sin(x— %) = 1= x= 23—" + k2 (1oal, vi cosx < 0) .

Loy AT
Néucosx<0:(1)¢>5‘"(x"§)-—1=>X- 3 + k2r (logi, vi cosx > 0) .

\vay phuong trinh c6 nghiém : x = g +knkeZ.
gai toan 2. 24: Gidi cac phuong trinh:
cos X - cos?x
a) 3 =0.
1 - tan®x
b) sin’x + cos’x + sin’xcotx + cos’xtanx = 2sin2x, keZ.
Hwéng dén giai

a)aiéukien:tanzx <1 [tanx| <1 ..% +kn<X<£—+kn.

PT¢& oos-‘;—x -cos’x =0 acos% - —(1 +cos2x) =0

2x 1 1 2x) _
&mﬂ(a)—i-—z-cos:i(—é-) 0

a[eos[%{) ~ 1).[4cos (2XJ -3] =

c»x=k3m hay x = 124» ksT" keZ.
l_cégh'qu diéu kién, nghiém cla phuong trinh: x = k3r, k € Z .
) Diéu kién : sinx = 0, cosx = 0, sin2x = 0 (1).

Taco VT =sin’x + cos’™ + sin’xcotx + cos’x tanx

. X sinx
=sin’x(1 + 28 ) + cos’x(1 + )
si cosx
= sin’x (sinx + cosx) + cos’x(sinx + cosx)

sinx + cosx
Phuong trinh aé bai twong duong véi

i =20
8Ink + cosx = [Fsindx SiNX + COSX
s 1+ sin2x = 2sin2x

- n
g:ﬂn(x-p-z)zoﬁ ah
sin2x = 1

+ k2= (chon).

Sl

v‘?bhwong trinh cé nghiém : x

s km, keZ.
4

<1



Bai toan 2. 25: Giai cac phuong trinh:

,/1 - 8in2x + ,/1 + sin2x = dooen

sinx

b) -1 J 1 i 1 —‘/i--\/—(1+3°°st
sinx \|1 - cosx 1+ cosx sin® x
Hwéng dén giai
a) Didu kién sinx = 0 < x = kn, ke Z. Phuong trinh duoc viét lai
|sinx — cosx| + |sinx + cosx| = 4sinx cosx
e |sinx - cosx| + |sinx + cosx| = 2sin2x
Diéu kién sin2x 2 0.
PT « 2 + 2|sin® — cos’| = 4sin®2x

< 2cos’2x + |cos2x| — 1 = 0« |cos2x| = % )
‘ So voi diéu kién, ta dugc nghiém cia phuong trinh:

| x=£+kn;x=£+kn,kez.
3 6

So v&i diéu kién, ta dwge nghiém cua phuong trinh:
)t=—-3E + k2n (X = %“ + k2n, ke Z.
Bai toan 2. 26: Xac dinh m sao cho phwong trinh

3cos’x +2|sinx| = m c6 nghiém duy nhét thudc doan [ - E -:-1
Huwéng dén giai
Phuong trinh twong duong voi

3(1 - sin®x) + 2|sinx| =
< 3sin’x - 2|sinx| +m-3=0.(1)

F ot |

b)Tamtgonphuongtrlnh—‘—- - 2= -J’(m
sinx Vsin? sin® x
. 2 2
=5 '1 +4co:x=¢: 1 #4cosx___°m.
lsinx|{sinx ~ sin®x [sinx]  sinx
Xétsinx > 0 :(1) <> 4cos’™ + 1 = 0 loai
Xétsinx<0:(1) e 4cos’x -1 = 0 < sin’x = %
cosinx=-—’£—3—-cox=--g-*k2n;x=531*k2n

J



odbilea o T

voi x€l- i‘.; 45] . Pé y rang, ndu x I& nghiém cla (1) thi = x cling 13

~ nghiém. Nén dé x la nghiém duy nhatthi x = 0.
ﬂ;ayx =0vao(1)==m = 3,
ndwc jai, v&i m = 3. Ta duoc phuong trinh
3sin’x — 2|sinx| = 0
&% I_slnxl = 0 hay |sinx| = % : ¢6 nhiéu hon 1 nghiém .

vay khéng c6 m dé phuong trinh da cho c6 nghiém duy nhat trong doan
L ¢ 8 n

—3igl

Baitoan 2. 27: Tim m dé phuong trinh:

(4 — 6m )sin’x+ 3(2m~ 1)sinx + 2(m - 2)sin“xcosx — (4m- 3)cosx = 0 .

¢6 nghiém thudc khoang (0; %) .

Huwéng dan giai:
Pé y rang v6i cosx = 0 thi VT = £ 1 # 0 = VP nén phuong trinh vo nghiém.
Do d6 chia hai vé cho cos®x = 0, rut gon rdi dat t = tanx, thi dugrc phuong trinh:
£ —@m+ 1)+ (6m -3t - (4m - 3) = 0
o (t- 1) -2mt +4m - 3) =0 (1)

Véix e (0;’%) thi t = tanx e (0; 1).

Va(1) < t=1(loai) hay  =2mt + 4m - 3 = 0 (2)
Bai todn tré thanh tim m dé& (2) co nghiém thude (0;1):

af(0) = 0, af(1) =2 0
hodc 0 <st, <tb<1 e {A=0 : v6 nghiém
0<-§-<1
10<t 1 <t
holc[ SH TSR K0y .f(1) < 0

<0 <t, <1

S@m - 3m-1)<0e T cmer.

Wf!%<m<1.

B"Mn 2.28: Tim tham sé dé 2 phuong trinh twong dwong
OSXCos2x = 1 + cos2x + cos3x (1)
4Cos’ - cos3x = acosx+ (4 - a)(1 + cos2x) (2).



| duding hoe sinh giol mon
Huwéng dan giai

Tacé (1) = cosx + cos3x = 1 + 2cos’x — 1 + cos3x

70 trong o

& cosx =2c0s’x <> cosx =0 hodc cosx = %
(2) &> 4cos’x — (4cos’x — 3cosx) = acosx + 2(4 — a)cos’x
o> 4cos’x + (4 — 2a)cos’x + (a — 3) cosx = 0
& cosx(2cosx — 1)[2cosx — (a = 3)] =0

a-3

<> cosx =0 hoac cosx = -;— hoaccosx = S

1}

Hai phuong trinh da cho twong duong khi
8 -3_ ohoc® =3 = 1 hoge 223 > 1 hoge 2232
2 2 2
< a=3ho3ca =4hoac a > S5hodc a < 1.
Vay hai phurong trinh twong duong khi
a=3hodca=4hoaca<1ihoaca>5.
Bai toan 2. 29: Tim tham sé dé& 2 phuong trinh twong duong
sin3x + cos2x = 1 +2sinx.cos2x (1)
sin3x —msinx = (4 —2|m)sin’x  (2).
Hwéng dan giai
Tacd (1) ¢ sin3x + cos2x = 1 + sin3dx + sinx

<=1

& 2sin®x —sinx =0 <> sinx = 0 hoac sinx = %

Nén (1) c6 nghiém x = % thé vao (2) thim = |m| nénm = 0.

Va (2) e 3sinx — 4sin’x — msinx = (4 —2m) sin’x
& sinx| 4sin’ x + (4 =m)sinx +(m = 3)] =0
& sinx=0 hodc 4sin’x + (4 -m)sinx+m — 3) =0
T d6, gidi duoc 2 phwong trinh da cho tvong duong khi
0cm<i,m=3 m=4 m>5.
Bai toan 2. 30: Giai phuong trinh: 8x’ - 4x* —4x + 1= 0.
Hwéng dan giai:
Xét khodng (=1;1), dat x = cost, 0 < t < = thi phwong trinh tr& thanh:
8cos” t — 4cos’t —4cost + 1 =0
hay 4cost( 2cos’t — 1)= 4(1- sint) — 1
4cost.cos2t = 3 — 4sin’t
hay sindt = sin3t (visint>0 )
Giai rdi chon nghiém t, = 1_;-.(2 = 37—".tJ - %5
Véay phuong trinh bac 3 cho ¢é 3 nghiém




3n 5n
—, X3 =COS—.

T
L Xy = OOS-_;,XZ = COS

7 7
gal toan 2. 31: Gidi phuong trinh: (8 + 1)° = 162x — 27,
Huwéng din giai:

patu= 2x, phuong trinh:

W+ 1)’ =27(Bu-1) e u®+ 1= 3Y3u-1
Ll datv = Yau-1 e v¥+1=3u
: u +1=3v ud+1=3y

L=

vi41=3u u? —v? =3(v-u)
ut+1=3v Q{u’+1=3v
~ - +vu+v?+3)=0 u-v=0

T,‘ co hé: {

Dodéu’+1=3uhay8x’ —6x+1=0
Xét x € [-1; 1] nén dat x = cost
2n k2=n

PT: 2(4cos®t-3cost) = -1¢> cos3t = —% o= i?+-3_, (ke 2)

Tir d6 co6 3 gia trj cua x va cling chinh la 3 nghiém clda phuong trinh bac 3:
xseos-zg—n ; xzcosag—’t ¢ x=cos]§t- :
Bai toan 2. 32: Phuong trinh 8x(1 - 2x%)(8x" — 8x* + 1) = 1 c6 bao nhiéu
nghiém nam trong [0; 1].

Hwéng dan giai:

Bt x = sint, voi 0 <t < % thi phirong trinh tré thanh

- Bsint.cos2t(8sin‘t — 8sin’t + 1) = 1
& Bsint.cos2t [8sin’t(sin®t — 1) + 1] = 1
< Bsint.cos2t (1 — 2sin’2t) = 1
< Bsint cos2t cosdt = 1
& Bsint.cos2t cosdt . cost = cost

|:.

= sin8t = cost= sin(g -t

531-‘-1 keZ .

Sit= T, 52_1[ hay t = -~ +
% 14 7

18 9
Tir gidy kién 0 <t < g suy ra c6 bén nghiém thich hop la

4 5n 7 5n
*'-'sinl; X =8lh—: X =sin— vd x= —.
18 18 14 14



Bai toan 2. 33: Giai phwong trinh
(64x° ~112x% + 56x —7)* = 4(1-x)
Hwéng dén giai:
(84x° ~112x% +56x -7)* =4(1-x) nénx <1,

Néu x < 0 thi dat x = -y thi y > 0, phurong trinh
(B4y® +112y? + 56y + 7)° = 4(1+y)

Xéty > 1thi VT > VP : v nghiém

Xét0<y< 1 thiVT >49 > 8 2 VP : v nghiém
Néu x = 0 thi khéng phai & nghiém

Néu 0 <x < 1thidat x = cost, v&i 05t<-’2’-

Phuong trinh tré thanh
(B4cos® t -112cos* t + 56cos® t - 7)° = 4sin” t
e (64cos® t-112cos* t + 56cos?t-7)° cos® t = sin® 2t
& cos’ 7t = sin? 2t
<> cos14t =-cos4t

Do dé phuong trinh cho c6 6 nghiém x la

n 5n 71: T 31:
2T c0s? X cos? X cos? L ’ oos’ :

el I U G i

Bai toan 2. 34: Gii phuong trinh x* + \J(1 - x’)’ sz2(1 S5 .

Huwéng din giai:
Piéu kién : |x| < 1nén a4t x = cosu, u e [0; x).
Phuong trinh tré thanh

cos’u + sinu = 2 sinu cosu (1)
Pat t=sinu +cosuy, [t| < V2 .
(1) < (sinu + cosu)(1 — sinucosu) = J2 sinu cosu

2 -1 t? -1
Y = ) R
& ) V2 &

@t’+\/5t2-3t- V2 =0
o (- V2)ER +2/2t+1) =
e t=V2hayt=-J241

Chont = 2 thicé x=§.

F & 4



|

t=1-v2thico x= 1"/5"2"‘/5’1 .

vay nghiem: 55" 2 :

3. BAI LUYEN TAP
pai tdp 2. 1: Giai cac phuong trinh
p);sinﬂx + —2§sin7x - -21-cos7x =0

p)sinBx — coséx = V3 (sinbx + cos8x)
Hwéng dan

a) PT: sin(7x + g ) = sin(=11x)

K&-quéx=-—"— - k—“x= Ix +HKEZ

108 9’ 24 2"
g kn
B = 4 kX = 4 X kEg"
b) Két qu > Poiie 2 77l

Bai tép 2. 2: Gidi cac phuong trinh
: X X
a) dcos’; + %sinx + 3sin’; =3
b) €08’ ~ sin’x = sinx — cosx
Hwéng dan

a) PT @dng cép bac 2. Két qua x = — 12‘- +k2n keZ.

»

b) Két qua x = % + kmkeZ

B‘"ﬂil 3: Giai cac phuong trinh
ﬂ)ﬂn:ix + sinSx + sin7x =0
B) sinx + sin2x + sin3x = cosx + cos2x + COsIX
Yy Hwéng dan
3) dua vé tich sé: sin5x + (sin7x + sin3x) = 0

b) Qua vé tich 86 sin2x + (sin3x + sinx) = cos2x + (Cos3x + COsX)

B‘"’Dl 4: Giai cac phuong trinh
3) tanx + cot2x = 2cotdx

B) sinx + sin?x + sin’x + sin'x = cosx + cos?x + cos’x + cos®x

Fie |



10 trong 9/
Hwéng din
a) Tach va ghép: tanx — cotd4x = cotdx — cot2x.

Két qua x = (3m + 1)% v&i m nguyén,

b) Kétqua x = % +K2n; x=Kk2n ; x = g + k2n, ke Z.
Bai tap 2. 5: Giai cac phuong trinh
a) cos’x + sin’x = cos2x b) 2cos’x + cos2x + sinx = 0

Hwéng dan
g b1 3n
a) Két qua x oy k2n; x = K2, x = e k2n, k € Z
b) Bién ddi thanh tich,
Kétquéx=a-%+k2n:x= i—n—a+k21z:
1- 43
J2

+ k2n vdi sina =

m
X = =
2
Bai tap 2. 6: Gidi cac phuong trinh

a) Jcos2x + V1+sin2x = 2,/sinx +cosx

b) J3 - cosx — Jcosx +1 =2
Hwéng dan

a) Diéu kién va binh phurong. Két qué x = —3— +kn, x=k2n, keZ.

b) Piéu kién va binh phuong. Két qua vé nghiém
Bai tap 2. 7: Giai cac phuong trinh :
a) tanx + tan2x = tan3x b) 3tanx + 2cot3x = tan2x
Hwéng dan
a) ding cong thire bién ddi tan a + tan b,
b) Tach va ghép: 2(tanx + cot3x) = tan2x — cot3x.
Bai tap 2. 8: Giai cac phuong trinh :

sin5x sin3x 3n x I . ) ¢
= b)2sin(—-=) = e o
a) - 3 )2s n(10 2) sln(1o+ 2)
Hwéng dan
a) dung ti 1é thire hodc bién dbi 5x = 3x +2x

3n X
b)datt= —-—=
) o4 10 2



i tap 2. 9: Giai cac phuong trinh :
| a) Usin® x - Ycos? x = Y2cos2x
b)cos-:-:-(Sx ~J9x? —16x-80) =1xeZ

Huwéng dan
4) Lap phuong 2 vé va bién déi tich s6
b) Kétqua x =-21vax=-3

gai tap 2. 10: Tim tham sb dé phwong trinh vé nghiém

a) (tanx + ::-cotx)" = cos"x + sinx vé@ine N n=2

b) (cos4x - cos 2x)® = (a® + 4a + 3)(a’ + 4a + 6) + 7 + sin 3x

Hwéng dén
a) danh gia bat dang thirc AM-GM. Kétquan > 3
b) danh gia VT < 4.
Bai tap 2. 11: Giai cac phuong trinh:
a) sin *Mx + cos ®"x = 1

1

b) (sin’x +—4—)"’ + (cos®x + i
ik sin” x

o ) 2
) = —cos®y
cos® x 4

Hwéng dan
a) danh gia VT > 1. Kétquax =k g; keZ

b) danh gia VT > ~84—1 > VP.
3‘!“}) 2. 12: Gidi cac phwong trinh:
&)8!3 —Bx+ 3 =0
=1
b) B4x® — 112x* + 56x% -7 =21-%*
Hwéng dén

°3’i-%déi:8x3—6x+ \[5 =0 & 4)(3_3)( = __‘/2_5 N

Kétqua x = cos >* , x = cos ", x= P
18 18 18

b) Bigy kién x| < 1 nén dat x = sint.
5n 13n 17n 3n n

Két qua cosi.cos—.cos—.cos———.cos—.cos-—
18 18 18 18 10 10



) trong & = pc sinh gioi mon [oon

conuven aé 3: BAT PHUONG TRINH VA
Hé PHUONG TRINH LUONG GIAC

1. KIEN THUC TRONG TAM

Bat phwong trinh lwgng giac:
~ B4t phuong trinh co ban:
y sinx>0= k2n<x<n+k2r, keZ
r sinX<0< -n+k2n<x<k2n, keZ

cosx>0a—%+k2n<x<%+k2n. kel

Q A COSX<0¢:>%+R2K<X<§2E+k2n,kEZ’}

lanx>0@kx<x<§+kn, keZ tanx<0c>-g+kx<x<kn. keZ

~
A/

cotx>0okn<x<%+kn. keZ cotx<0c>-§+kn<x<k7:. keZ.

- Biéu dién trén dudng trén leong gidc dé xac dinh cung goc 1a nghiém cua
bét phurong trinh

- Bién di lvong gidc vé bat phuong trinh co ban

~ Dét &n phy, bién ddi thanh tich, so sanh, ...

Hé phwong trinh lwgng giac:
- Khicod x + y=a st dyng cong thirc bién déi tdng thanh tich
~ Dat &n phy, bién ddi tich, ...
~ Bua vé cac hé dai s6, hé c6 bac nhét, hé adi xing, ddi xing loai Il, hé dang

cép....
— Banh gia 2 vé, dung bét ddng thure, ...

2. CAC BAI TOAN
Bai toan 3. 1: Giai cac bét phuong trinh:
a) sin3x < sinx b) cosdx + cos2x < 0.
Hwéng dén giai
a) Taco sin3x < sinx <> sin3x — sinx < 0
cos2x >0 {cos2x <0
hay

<> cos2x sinx < 0 & (n
sinx < 0 sinx > 0

(.

' o



-£+k23<2x<-,—‘-+k21t
2 2
-+ k2rn < X < k2=n

_E+kn<x<£+kn
4 4

-t 4+ k2rn < X < k2=n

lr‘,» g#k2n<x<%+ k2n hay —%*an <x< K2rn, kel .

AL
“ E | k2x < 2,628 | kox
l n‘"’ e .
e g K2rn < X < n + K2n
']

) 1‘-+kn<2x<-f-+'kx
' 4 4
k2r < X < & + k2=n

TR 3n
e e <x< =2 ¢ k2n keZ .
‘P__ B k2n < x . k2n, ke Z

nghiém ciia bat phurong trinh:r+ k27 < x < -‘L K2n

1 ﬂ\k 3n

iy + k2w < x < k2n hay -+ k2n< x <-i-"'#21t.|‘€z

Wxt»wa?.x<0=>2ws3xcosx<0 '

3x ~0,cosx <0
53x <0,cosx >0

ﬁ

n3.2; Giai eecwphwngmnh

*sin3x < sin2x ﬂ%ﬂ&i&hﬁx
Huwéng dan giai:

iN3X < sin2x <> sin2x — 2sin2x cosx > 0

1 - 2cosx) > 0 ‘

5n
& By kr ey k-AZ
+n<<8x¢29t6)

k2nr < 2x < 1 + k2x

47‘&+k2n<x< %—+k21t

: j"!»l(21t<x<§+lc':21: hay x + k2r < x < % +k2x

61



- n + k21 < 2% < K2=n
() <

3+k2n<x<£+k2n
3 3

@-% + k2n <x < Kk2n.
Vay nghiém -;—+k2n<x<%+k2n;-n+k2n<x<k2n,keZ
T
véx:—-3—+k21t.kez.

b) Diéu kién 2x = gﬂm VA X # gnm.

Ta cé 2tan2x < 3tanx <> Ln: < 3tanx

1-tan‘x

tan x
L =]
(tanx + N(tanx - 1)

. tanx > 1 & 2 o keD

%+kn<x<£+kn
[—1<tanx50

T i kr<x<kn
4
Bai toan 3. 3: Gidi cac bat phuong trinh:
a) cos’x cos3x — sin3x sin’x < % .

b) 2sinxcosx — (sinx + cosx) + %< 0.

Huwéng dan giai:

a) Ta co cos’x cos3x - sin3x sin’x

= ::-(3cosx + cos3x) cos3x — sin3x. % (3sinx — sin3x)

= %(cosSx cosx - sin3x sinx) + %(cos’:!x + sin?3x)

=§cos4x+ 1.
4 4

1

Nén bét phuong trinh da cho tuong dwong %cosatx + y) <

& cosdx < l
2

62
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B, kon < ax < O + kox
s 3

LIPS B ﬁ,kez.

x —_—
B 2 L
!.,ya*a--oa 2sinxcosx — (sinx + cosx) + -;-< 0

1 1
sinx > —, cosx <5

g 1 1 )
X——||lcosx-——|<0 &
g 2(3'" 2]( 2] 1 1
SinX < —, COSX > —
: 2 2

‘E+2kn<x<-5—n-+2k7t.ke7,

t4l3 6

(=4 .*u =

i 2dkn<Xx<—+2kn keZ
3 g

‘Bai toan 3. 4: Giai cac bat phuong trinh:

‘).ghzx - cos2x+1 5 b) 1-4sin’ x
" sin2x + cos2x -1 COS2X + COS X
i Hwéng dan giai:
a) Diéu kién sin(2x + 1;-) - g :
Taco sb2x - cos2x+1 .
sin2x + cos2x -1
] Mv
' N g0 88 i3
o (cosx + sinx)® - (cos®x - sin’x) -

~ (eos®x - sinx) - (cosx - sinx)?

Q:;\ﬁj&x + sinx)(cosx + sinx - cosx + sinx) =
(€0sx - sinx)(cosx + sinx - cosx + sinx)

o 08X + sinx
- COSX - sinx

§?'~f"."bt<x+.£<l‘.4-k
5 <2 n

>0 ¢ tan(x+%)>0

2

o
S== +kn<x< % +kr keZ .

3
b)Bpr-  1-4(1- cos® - 4{1- cos?
Bﬁr_ 42(1 cos® x) BT S 4(1- cos® x) >0
- 2co0s®x +cosx -1 2cos® x +cosx —1

3 63



1
COSX + —
2cosx +1 >0 &5 2 50

i 2 1 1
2cos’ X + COS X — (cosx+1)[cosx—§)

cosxs—%.cosxx-1 %+k2nsxs%—+k2:,x:(2k+1)x

<

L]
—£+k2n<x<f-+2kn
3 3

COS X > l
2
Bai toan 3. 6: Giadi cac bat phuong trinh:
a)dsin3x + 5 > 4cos2x + 5sinx
X tanx-2

b) tan— \
2 tanx +2

‘ Huwong dan giai
a) Bat phuong trinh: 4sin3x + 5 > 4cos2x + 5sinx
<> 4(3sinx - 4sin’x) + 5 > 4(1 — 2sin’x) + 5sinx

¢ —16sin’x + Bsin“x + 7sinx + 1 ) 2 0

& (1 = sinx)(16sin°x + 8sinx + 1) 2 0
> (1 - sinx)(4sinx + 1)% > 0: dung véi moi x.

VéyS-R
2t
b)Datt-tan-a- =tlanx = ——

1-t°
BPT:t<2"2’2’2 (- +t+) _
2t+2-2t2 -t-1
t-1)E-t-1)<0vif+t+1>0, vt
i ‘/— hay 1<t<“’2‘[5
aat_a.‘/;_ma “2‘/— —tanB-—<a<0<B<—

thi nghiém:—= + k2x < x < 2a + k27, % +k2n<x<2p+kem keZ.
Bai toan 3. 6: Gidi cac bat phuong trinh

a) J5 - 2sinx 2 6sinx - 1
b) 4(x® — 2x + 1)(sinx + 2cosx) 29|x*-2x+ 1/ .
Huwéng dén giai

a) Néu sinx < %thi VT <0 nén BPT dugc nghiém ding

~nA



g Gy TNHH MTV DWiH Hhang Vit

bu sinx > Zthi VT 2 0,

BPT < 5-2sinx 2 (6sinx - 1)?

o 36sin’x-10sinx -4 sOa%zsslnx s_;-

n sinx s -;- Do d6 bét phuong trinh twong duong sinx s %

™ L okn<x <X ko keZ
.e 6

|sinx + 2cosx| = |1.sinx + 2.cosx| < 5

2x + 1 >0 thi b4t phuong trinh:

— 2x + 1)(sinx + 2cosx) > 9(x* — 2x + 1)

¢ + Bcosx > 9:v6 nghiém.

X’ — 2x + 1< 0 thi bdt phuong trinh:

2x + 1)(sinx + 2cosx) 2 -9(x’ - 2x + 1)
-+ 8cosx < -9:vd nghiém.

= 2x + 1=0thi b&t phwong trinh 0 > 0: dung.
hiém x théa : x* = 2x + 1=0

(x*+x-1)=0

-'l \/— 1+\/—

——— hayx =

hay x

___ 3.7: Glél cac hé phuang trinh:

2xn 2n
X-y = = = —
Y = 3 A

& b)

+ Ccosy = -2—. sinx + siny =

-~ Hwéng din giai
) T phuong trinh thir hai ciia hé da cho
- ’ .y cos.x-—y = é
B 2 2 2
-»--':‘;f;.; = é
i 2 3 2

N w




T

Vay nghiém cia hé phuong trinh: (% +k2n;-§ +k2n);(§ tiem -2 +ig
f

ke Z.
b) Tl phuwong trinh thir hai cla hé da cho

2sin % ; yeosx S0 P

2 2
: 3
2si .E X y = £
= snacos 5 >
& cos ;y=%=ms— ¢x-y=:t-2§n+k4u.
r X +y & 2n
Véi - , 3 - %= 5 + k2n
x—y=§+k4n y = k2n
X+y = 2% x = k2r
R ¢ & 2n :
2n Yy = — + k2n
X =y = - £ + kdrn - 3
Vay nghiém cuda hé phuong trinh :
(% + k27 k2n): (k2n:%+k2n),kez.
Bai toan 3. 8: Giai cac hé phwong trinh
T
X = —
Ty 2 X —y = g’-‘.
a) 5 1 b) 3
tanx + tany = V3 + — tanx . tany = 1
Jg y

Hwéng dén giai:
a) Didu kiénx ,y # g + kn, k € Z. Tir phuong trinh thir nhét

”r



y = ’E'. - X = tany = cotx.
‘Thay vao trong phuong trinh thir hai

R |

R . , : 1

tanx + cotx =J§+.—

e N
BER 1 = 4 P 2 = 4
< Cosxcosy 3  sin2x 3
‘ ggﬁ-;kx:y:l'-—kn,kel
i?‘ 6 3

A
SN ' {

-;-;-;-Hm:»y:%-ku. keZ
clia hé phuong trinh 13

]; (-;—+kx;-’6-'-—ku),kez

b)Bidukien X,y = -g + kn, keZ.Taco
|

5 v

W -y) = tanx - tany

% 1 + tanx.tany

1 ﬁ{tanx ~tany = - 23
- | tanx.tany = 1

4 'hnxvvﬂ —tany la nghiém cla phwong trinh
C f+28t -1=0

 t= - 3 +2hayt=- 3 -2.

3+2=tan15°¢{x=15°+k360°
- |tany=V3+2=tan75°  |y=75°+k360°

nén dugc hé

'v'?=>-§+(k-p)n=%
n
. X=—+(p+n -»
. TLL ]
4 Y=o +Pm peL




‘anx—-—\/_ 2—180( 15;) x:—.s_u.+kx
Xét: 12

% L Al
tany-\/5—2—tan(—1—2-] y 12+p1:

Vix-y= %—:a—§+(k p)n—2—3"-

X=-—5£+(p+1)n
=k-p=1=2k=p+1= 2

n
---1-2—+pu.pez
Véay nghiém ctia hé phuwong trinh:
n S5n
X=—+(p+n X=——+(p+n
|7 12 Ve 12
v=f—;+pn.pez y=-112+pn.pez
Bai toan 3. 9: Giai cac hé phuong trinh
sinx + cos’y = ! slnx.siny:l
a) 4 2 p) 43
. n
X = — COSX.COSY = —
\ UNF S e A
Hwéng dan giai:

a) Phurong trinh thir nhét clia hé dugc bién ddi nhu sau
1 1 1
-1 - 2x) + —(1 + cos2 —
> (1 = cos2x) 3 ( y) = 3
< -2sin(x +y).sin(x-y)=1
= —25In%.sln(x ~y)=1

T

e sin(x-y) = __\/1,2_. = SIH[-IJ

n
Xx-y=-—+k2r
< 54
x-y.—.T"+k2n.kez




& ; <
', x_yg_"+kzg y=-5-kn,kez
t vay nghiém ciia hé phuong trinh:
LISV .-‘? = . 3“
l 4 f“kﬂ X=T+kﬂ

' ’:;’-'.‘:‘- kn, keZ

I 11N

=y,

y=-§-k1t.kez'
Iudwchewongduong

- |cos(x-y)=1 X-y=k2n
LN 1

iy '003("*!')=5

cla hé phuong trinh:

x+y=:t-g+m2x

COSX + 6siny = 3 + 128|I12y
.'4\/§cosx + 2siny = 7

WV - Huwéng dan gidi
sinx; v = cosy, |ul, [v| < 1.

‘ i %-— u, thay vao (2) : u’+(—‘§--u)’ =

,"'-'-,\-3u =0« u=0hayu -12-3.

T

]

mi, — £ Hk-myn); (- 2 +(kem)r, g *Hlemm).

3

4

AO




Véy nghiém cha hé phuong trinh :
n 2n n
r__* 2 ; "‘mz |-+m.m.n Z.
(mn 5 n 1:)(3 n > ) €

b) Bt u = cosx;v = siny, [ul , Iv] < 1.
Hé phuong trinh tvong duong: 2‘/5"‘ +6v = 3 +12v% (1)
‘ 4f3u + 2v = 7 (@)

7 =2V thayvao (1):(7 = 2v) '+ 12v =8 + 24

TL.I(Z)QUg W;—

S 24 -10v -1=0& \l--;-hayv=--l

12
Ja cosx-ﬁ
Véiv = % U= —2-3-:tacéh¢ 12
siny = —
¥ 23
X = = + m2n X = - = + m2n
) 6 hay ¢ 6
T n
y-—8-+n21: ‘y-gi'nzn
X = = + m2n (x=—1'-+rn2n
hay 56 hay ¢ 56
n 13
S — 4 N2 e
y 6+ n ‘y 6+n.'21t
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u= 9 > 1:vb nghiém .

1
g, T =%
=~ 12 243

. - L T W _Eﬂ
voyﬂome'“ cua he.(g +m2n,g~r n2n); ( 5 + m2x, 6 + n2n),

X +m2m g +n2n);(—g- +m2x; %1!- +n2x);mneZ

pai toan 3. 11: Giai cac hé phuong trinh

cos’x - cosx + siny = 0
sin’y - siny + cosx = 0

sin°x +tany = 1
{m’y + sinx =1
Hwéng déan giai:
a)Dat u =cosx, v = siny; |u, [v| < 1.
Hé phuong trinh tré thanh:
{u3 -u +V

v - v +u

0 M

0 (@

Ly (trr (2): (u =)W + vV +uv) = 0
=>u=v hay > + vV +uv =0 .
‘xﬁu=v:thayvao(1)=> =0 = u=v=0

siny = 0
Xt + v + v =0 @ u=v = 0.
Vdy hé phuong trinhcénghiem:(-;— +mx, nm), m,nel.

L) 2 :

) Didu kign y » g + kn,keZ.

O3t u = sinx v = tany: |ul < 1.Heétr& thanh
{u2 +v =1(1)

1 vV 4 u =1(2)
Tm""hﬁové::’ Uu=-viu+v=1 =0
\7a"=vhayu+v-1=0.

U = y:thayvao (2): u® +

I

u-1=20
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-—1+\/§ -1—\/3

c>u=-—2—hayu=—2-——<-1('°6i)
sinx =i-f—‘/g=sina

Do d6 ZJ_
tany =.-_.1_+_5.=tanp

2
{x=n—a+m2n {x=a+m21c

= ha :

y =p + nn y =p+nn

Voiu+v=1=v=1-u:thayvao (2):
W-u=0 < u=0hayu=1

hay {u=1

v=_0

sinx = 0 sinx =1
=3 hay
tany = 1 tany = 0

Do d6 {“ e

X mn

(=4

n hay
y—z+n1t

Vay hé cé nghiém : (m; % +nm) ; (g + m2r; nn), (@ + m2x; B+ nn); (7 - o

+m2x; B+ nx), mnel .
Bai toan 3. 12: Giai cac hé phuong trinh

{tany - tanx - tanxtany = 1 sinx cosy =

b
cos2y + J3cos2x = -1 )

1
4
3tanx = tany

Hwéng dén giai

a) Didu kién: x, y # §+kn. keZ.

Tir phurong trinh thir nhét cia hé phuong trinh:
tany — tanx = 1 + tanxtany ,
Gia str 1 + tanx tany = 0 = tany = tanx
=1+tan’x=0:volynén 1+ tanxtany # O .
Do d6 phuong trinh trén twong duong véi
tany - tanx

n
=1 tan(ly - x) = tan—
1 + tany.tanx g v ) B




"

QY—X=%*kﬂ &Sy =
Thay vao phuong trinh thi hai

cosz(% + X + Kkn) + J3 cos2x =~ 1 & sin2x — V3 cos2x = 1

n 1
in@2x— =)= — =sin— &
< sin(2 3) >

x
)

_} A mn=y=§+(m+k)x (logi)

x
]

3—:- + mr=y=n+(m+k)n

3r
Vay nghiém cta hé & o S LL A T

y =n+(Mm+n)n
b) Diéukién :x,y = g + kn, k € Z .Tlr phuong trinh thir hai

4 sinx _ siny
COS X cosy

<> 3sinxcosy = siny cosx
; 3
&> siny cosx = e

sinx .cosy

Do dé ta c6 hé phuong trinh:
siny .cosXx

Sl ala

Céng , trir vé theo vé thi duoc

sinx + y)=1& x+y=§+m2n.

sin(x - y) = —% ax-y=-—§ +n21rhayx—y=:"—;E +n2x .

Vay nghiém cta hé:
x=1+(m+n)n x:-sﬁ-o-(m-o-n)n
6 - 6 .mnel.
y=3+(m-n)n y=—£+(m-—n)1:
3 3
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Bai toan 3. 13: Giadi cac hé phuong trinh

sinx + siny = J2
COSX + COSy = \/E

tanx + cotx = 2sin(y + %)
a) b)

tany + coty = 2sin(x - %)

Hwéng dan giai

a)Diéukign: x,y = k—; . k € Z. Phuong trinh thir nhét teong duong

1
sinxcos x

2sin(y + %) <> sin2x sin(y + §) =1

sin2x = 1 sin2x = - 1
hay n

sin =1 =3 i -=-1
[y+ 4) sm[y+4)
X=2 4 mn X=-= 4+ mx
< 4 hay : L
y=£-+n2n y=—7n+n21t

Phuong trinh thir hai tvong dwong: sin2y sin(x — %) =1

sin2y = 1 sin2y = -1
sin(x —EJ_ 1 hay sin[x—3]=—1
x=%+m2n X = - — + m2rn

= 4 hay 4
y=z+nﬂ y=-;+mt

Kéthorptaduqcnghiem(i—" + m2n; -? +mn2z)mneZ.

b) Tir h¢ suy ra sinx + cosx + siny + cosy = 22

G n 4 n
sin(x + —) + sin(y + =) =
< sin( 4) in(y 4) 2

sin[x + %J X

<
sln{y-rﬁ)
4

Thi lai ding nén d6 1a nghiém cia hé phuong trinh .
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A Bai toan 3. 14: Giai cac hé phuong trinh
u

CcOSX + COSy + cosz = 1 x>20,y>0,220
a) {cos®x + cos’y + cos’z = 1 b) X+y+2Z = =
X+y+2Z == sinx _ siny  sinz
1 2 /a3
Hwéng dén giai:

a) Bé y rang, néu x & nghiém thi — x cling Ia nghiém.
Dodbtacothéxét x .y ,z> 0.
Phuong trinh thir nhét teong duong voi

3+ asinXsinY sin-z- =1 asinisin! sinE =0.
g V2 2 2L 2 2

Phuong trinh thir hai twong duong
1 — 2cosxcosycosz = 1 <>cosxcosycosz = 0.

X = m2n

Tir d6 suy ranghiémcliahéla { y = % + nn

z=%—(n+2m)1:

vacachodnviclabdbanay, mne Z.

b) Ta cd (x; 0; 0) ; (0; =; 0); (0; 0; n) Ia nghiém clia hé.
Taxét x,y,z> 0. Tir gia thiét ta c6 thé coi x ,y,z Ian lwot 14 ba goc
mét tam giac XYZ .

Xét tam giac ABC c6 b =CA =2,c=AB= J3.vaa =BC =1.
a® + ¢ - b?
2ac

Thé thi cosB = =o=a=§;

6
Goi R 12 ban kinh dudng tron ngoai tiép tam giac XYZ thi YZ = 2Rsinx;
ZX = 2R siny ; XY = 2R sinz.
Sau d6 tir phwong trinh the ba cla hé suy ra
sinx _siny _ sinz _ 2Rsinx _ 2Rsiny _ 2Rsinz
— o — - _—_-> = -
1 2 ‘/3 a b c

Tuwong ty, ta duwgc: C = 1;— o g
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Nenac “ca T aB

Do d6 hai tam giac ABC va XYZ déng dang nén x = g; y = g; z= %
» T N =N

Vay , nghiém ctia hé: (x; 0; 0); (0; =; 0); (0; O; n);(g; 3 5).

Bai toan 3. 15: Giai hé phwong trinh
sinx =siny + siny + 1
a) {siny =sin®z +sinz +1
sinz=sin®x + sinx + 1

Jsln2x+ g cos’y + g =J20y
sin® x cos’y \x+y

sin’y+—13—+‘/cos2x+ . =\[20x
siny cos’x \x+y

Hwoéng dén giai

a=b’+b+1

a) Dat a =sinx, b = siny, c=sinzthi hé; {b=c®+c+1
c=a’+a+1

Viham sé f(t) = t* + t + 1 déng bién trén trén D =R
a=b’+b+1  [a=f(b)

Nénhé {b=c’+c+1e b=1f(c) <
c=a’+a+1 |[c=Ha)

b)

a=b=c
a=1(a)

Dodé: a=a’+a+1 e a=-1néncda=b=c=-1.
Vaynghiémx=--g- +k21r,y=-§ +m2n,z=—g +n2z,m,n keZ.

b) Diéu kién sinx, cosx, siny, cosy # 0va xy>0. Nhan 2 PT thi

8in? X+ —1— + cos®y + ¥l | siny + 1+ Joos? K it
2 2 2 2
sin® x cos“y sin“y cos® x

20xy
(x+y)°

=20

Ap dung bét déng thirc Cauchy va AM-GM:
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2
sin’ x + ! cost x4+ —— | = Fowikeon i =0 - =
sin® x cos? x I sinxcosx |
) 2 2 2
5 Isin2x! .1 s J >[1,3 =[§]
2 21sin2x!1 2Isin2x| 2 2
2
5
2|=| nén
5) [zl
2 1 2 2 1
sin® x + + |cos“y+ ln y+ cos“ X +
sin® x cos’y sin® y cos?® x
z44[sinzx+—12—)[cos2y+ J sin® ](cos2x+ L )
sin® x cos’y sin y cos? x
4
244(2] 10> 20 [-20%Y
4 (x+y)?

Déu=xéyrakhi|sin2x|=1,x=ynennghi¢mx=y=—:-+k —;—kez.

Bai toan 3. 16: Xét bat phuwong trinh
x* + 2x(cosy — siny) + 2sin’y > 0.
a) Tim y dé bat phuong trinh dung véi moi x .
b) Tim y dé bat phuong trinh dang véimoi x = 0 .
Hwéng dan giai:
a) V& trai cla bat phuwong trinh 12 tam thirc bac hai theo x c6 hé sé theo x* 1a
1> 0, bat phuwong trinh ding véimoi x <> A' <0
<> (cosy — siny)? - 2sin’y < 0 < 1 - sin2y — (1 — cos2y) < 0

Tuomgtu{sin’y+ \ )[cos’y+
sin’y

& sin2y — cos2y > 0 = V2sin(2y - %) >0

asin(2y—§)>0¢:» k2n<2x-%<n+k21t

s c;l!.+k2n<2x<§£+k21:¢)£+kx<x<£7£+knkez.
4 4 8 8

b) Bidu kien dé bai duoc thda, ngoai trudmg hop & cau a), ta con cb truong hop:

sin(Zy —3] <0
Az20 4
af(0) >0 < {siny >0
_S__0>0 siny - cosy >0

2




10 trong diém b6i dudng hoc sinh gidi mén Todn 17 - Lé Hodnh Pho

3% +k2n = y < Zk2x
8 8

e 1y = kn

L ik2mcy <§E+k2n
4 4

<:58—n+k2n<y< —981*k21tva y#n+k2nkelZ.

Bai toan 3. 17: Tim a dé bét phuong trinh
sin®x + cos’x — a(sinx +cosx) > sinx cosx(sinx + cosx)

nghiém dung vé&i moi x thuge [0; %].

Hwéng dén giai:
Bat phuong trinh trong duong
(sinx + cosx)(1 — a — 2sinx cosx —sin’x cos’x) > 0. (1)

Véi x e [0; %1: sinx + cosx > 0.Do dé (1) tré thanh

1 — a — 2sinx cosx —sin’x cos’x = 0
<5 sIN°2X + 4sin2x + 4a — 4 < 0 (2)
datt= sin2x thi (2) < t* — 4t + 4a — 4 < 0,t e [0;1]
—da < -t +4t+4  tel0;1].
Xét ham sb bac hai: f(t) = -t2 + 4t + 4 0<t<1c6da<0vahoanh
dé dinh t = 2 < 1 nén diéu kién dé bai théa man khi :

4a <maxf(t)=f(1) @ 4a <4 < a<1.
[0; 1]
Bai toan 3. 18: Tim m dé bt phwong trinh

2sin’x — m cosx — 3 < 0 duwoc nghiém dung véi moi xe (0; g) .

Hwéng dan giai:

Bat phwong trinh dé bai twong duwong voi
2(1 - cos’) - mcosx - 3 <0
&> 2c0s’x + mcosx+ 1 2 0.

Datt=oosx.0<x<§=>0<t<1

fit) = 28 + mt + 12 0,a=2>0.
Piéu kién f(t) > 0 thda man véimoi te (0;1):

X6tA<0om-8<0<o Iml <2V2;



- L

A >0 |m|>2\/§
Xét { af(0)> 0 < 1>0 < m>2V2;
S L0 =<0 8%
2 4
Xét ¢« af(l) > 0 <= m+3 >0 (v nghiém ).
l§—1>0 —m-1>0
2 4

vay didu kién: m > — 242 .

Bai toan 3. 19: Tim m dé hé phuong trinh co nghiém: {

Hwéng dan giai
Didu kién y = % + knkeZ.
Pat u =sinx; v =tany, |u| <1.
v +mv = m (1)
m (2)
Lay (1) trir (2) = (Uu=v){(u+v-m) =0

Hé tré thanh

v® + mu

=2 UuU=v hay u+v-m=20.
Véiu = vithayvao (1) = > + mu — m = 0 (3)
Hé c6 nghiém khi (3) c6 nghiém = [-1; 1]
[ af() 2 0
af(-17 = 0
A 20
f(1).1(-1) < 0 hodc { g
— +1>0
2
S
3 -1<0
[ 420
1-2m > 0
cam>-21-.hoac<m2 +4m 20 & m =2 0.
2-m>0
% -m-2<0

sin® x +mtany = m
tan’ y +msinx=m




lOtmngszldeg hocslnhgzlmdn Todn 11 - Lé Hodah Pho

— u: thay vao (1) thi dugc phuong trinh
= 0.

Véiu+v-m=0=vVv=m
W -mu+ m -m

A=-3m’+4m=0 < 0 < m < —:hé daconghiém & phan trén.

Wl

Vay hé co nghiémkhi m = 0.
Bai toan 3. 20: Tim tham s& @& hé phuong trinh c6 nghiém

sinx +sin2x=a
{cosx +cos2x=b
Hwéng dan giai
sinx+sin2x=a
cosx+cos2x=b
Suy ra (a —sin2x)’ + (b - cos2x)* = 1
v {sinx+sin2x=a @{sinx(nzcosx):a )
cosx +cos2x=b cosx(1+2cosx)=b+1 (2)

Ta co{

cosx =0

Néu b= 11 (2) & 4
COSX = —-2-

Véicosx=0tir(1):>a=i1;V0icosx=-% t (1) = a =0

Vay(a=+1,b=-1),(a=0,b=0)

Néub+1=0:
2 2
Do dé tanx = —— nén sln2x=____.28(b+1) -,c052x=(b+1) -a
S a® +(b+1 a® 1+ (b+ 17
2ap+) | [, (+12-a?Y
= |a-————| +|b- =l
[ az+(b+1)2} ( a"'+(b+1)’]

a+(b+1)7° a’+(b+17?
hay (@ +b®> -1? =a? + (b +1)°.

Déo lai néu a, b théa (a® +b% - 1)? =a? + (b + 1) thi chon x thda man:

hay[a(az + b2 -1)]2 +[(b+1)(a"'+b2 —1)]2 sk

2 2 2 2

sinx:a(a+—b'n'cosx:(b+1)(a +b% 1)
a’ +(b+1)2 a2+(b+1)2

9.1 2

Nén cé 3'“2X=M—.coszx=(b*1) -a

a®+(b+1° a®+(b+1°

Suy ra hé théa man.



L ounu =
~ Vay didu kién clia a va b dé hé phuong trinh ¢6 nghiém :

(@® +b° - 9)° =a® + (b+1)°.
Bai toan 3. 21: Tim tham sé @& hé phuong trinh cé nghiém
cosx = a.cos’y
{ a.sin®y
Hwéng dan giai

Xét a = Othi hé: {cf’s"=° v& nghiém .
sinx=0

sinx

Xét a # 0, tir hé phuong trinh da cho suy ra
cos’x = a’cos®y
sinfx = a’sin®y
= 1 = cos’x + sin’x = a’(cos®x + sin®x)
152 3 1
1 =2a°(1 - =sin2y) = a°(~ - — cosé
P ( 5 2y) ( . y)

3a® - 4

<> cosdy = -

a

. 5
Phwngtrlnhnéycénghiemkhi|§—az—4l <1 o1x<lal < V2.
a

Thir lai hé cho c6 nghiém.
Bai toan 3. 22: Gidi b&t phuongtrinh \1+x - 1 -x = x
Hwéng dén giai:
Didu kién: — 1 < x <1nén dat x = cos2t, t € [0; -g].
Bét phuong trinh tré thanh

,/1 + cos2t - \/1 - cos2t < cos2t

< V2 |cost| - 2 |sint| < cos% - sin%t

L= \/5 (cost — sint) < (cost + sint)(cost - sint)
& cos(t + %)(cos(t-%)-n > 0 < cos(t + %)so

ﬂ o X ots X oo X oot x SN exs.

4 2
f Nghiém clia b4t phuong trinh 1a: <1< x 0.

¢

8l




Bai toan 3. 23: Giai bat phuong trinh

|4(,/(1-x’)’ —x)+3(x-V1-x)| < 2

Hwéng dén giai:
Diéu kién xac dinh — 1 < x < 1nén datx =sintvéit e [—1;-; %1.

4(\/(1— x?)? - x%) + 3(x - Ji-x )|
- 4(\/(1 - sin” t)® —sin® t) + 3(sint - Ji-sin® t)l
- |a(Jeos® t - sin® t) + 3(sint - Veos? t}‘

=|4(cos® t - sin® t) + 3(sint - sin® t)|

Do dé ta co

=|(4cos®t - 3cost) + 3(sint - sin® t)l

=|cos 3t + sin 3t| = ’\/5 sin(3t + -})l <+2.

Vay [4(J(1-x2)? - x3) + 3(x — v1- %2 )| <2 nén bét phuong trinh cé nghiém

-1<x<s1.

a P
Baitodn 3.24: Giéi hé phuong trinh (X (' + ) =8
x(y? -1)=6
Hwéng dan giai:
8
—-3y=1 3
3 - =
Dox # 0 nén hé: & & t-3y=1 (t=g)
PaaZ g Lr=st=t SR

y

suyra (t-y)(E+ty+y*+3)=0
nént=ydodé y'-3y=1 (1)

Xét -2 < y < 2, datt=2cosa, a € [0; 7

(1): 8cos®a—6 cosa= 1 hay cos3a = %

Tir 46 gidi va chon 3 nghiém a la %;%E;';_n

Vi (1) 1a phuwrong trinh bac 3 nén ¢6 ding 3 nghiém y



n Sn n
20055;2cos?;;2coszr
suy ra 3 nghiém (x; y) cua hé.
x- 82°x-8z+2* =0
Bai toén 3. 25: Giai hé phuong trinh {y - 3x®y - 8x + x* =0
z-3y’z-8y+y® =0

Hwéng dén giai:
Vixy z= 171; khong la nghiém nén hé phuong trinh:

3z'-2°
X = >
x(1 - 32%) =3z - 2° =%
yi1-33) =8x-x* o ly-= :”“3:2
2(1-3y") =3y -y’ }
3y -y

Z =
[ 1~ 8y*

Pat x=tana ; a & ( —-;—; % ) thi y= tan3a; z=tan% ; x =tan27a .
T d6, (x; y; 2) 1a nghiém cua hé thi tana = tan27«
= 260 = kn ¢a=g—:;ke[-—12;12].kez.

Thir lai, hé c6 25 nghiém

x=tank—n. y = tan-k-:ﬁ‘-.z - tanig-f.k-—o,-_ﬂ....,tu.
26 26 26
2x + X%y =y
Bai toan 3. 26: Gidi hé phuong trinh {2y + y?z = 2
22 +2°Xx = X
Hwéng dan giai:

Tir cac phuong trinh clia hé phuong trinh ddchosuyra x ,y,z = £1.
Nén hé da cho tvong duong vai

¢ i
r = 2
2¢=(1- x?)y =3

2y=(1-y*)z & iz = z 2 -
 [22=(1- 2)x ;7"
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Pat x =tantthi y = tan2t; z = tandt, x = tan8t.

Ta dugc phuong trinh: tan8t = tant = t = 575 WO Ve 6.

cac nghiém t nay thich hop nén suy ra cac nghiém x, y, Z.
X +y: = 4
Baitoan 3.27: Gidihe {z® + t* =9
xt + yz = 6,xz max

Hwéng dan giai:
Pat x = 2cosa, y = 2sina; z = 3cosp, t = 3sinf,a , f € [0; 2x] thi
xt+yz > 6 « 6(cosusinf + sinacosf) 26

< Bsin(a + B) =6 c>a+B=§.

Luc d6, P = xz = 6¢cosacosp = 3[coss(a — ) + cos(a + )]

= 3cos(a - )
dat gia trj Ion nhét khi cos(a-p)=1 = a-p=0.
Suyraa=f= > oOX=Yy= JE; z=t= ﬁ -
4 2
Vay nghiémcia hé: x=y= \/§,z= = 52/—-2—
Bai toan 3. 28: Cho 3, b, ¢ la cac sé duong cho trudc.
X+y+z=a+b+c )
Giai hé phuong trinh: | 4xyz —(a®x +b%y + c®z)=abc  (2)
Xy.z>0
Hwéng dén giai:
2 2 2
Taco(2:4 = 2 + b L C 'y abc”

yz Zx  xy Xyz

DAt 2 =Xy = =Yy —o= = 2y thi4=X2 +y? +27 + X2y,
yz Vzx 75

trongdé O<X1<2.o<y1<2.0<21<2.
Béng cach xem phuong trinh méi 13 phuong trinh bac hai theo z,, biét sé

(4-x%)4~-y?) goiy ring ta dat
x‘=2$inu.0<u<% va y, =2sinv,0<v < % nén c6

4 = 4sinu + dsin’v + z? +4 sinu.sinv.z,

84
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.

Nhu thé (z; + 2sinu . sinv)® = 4(1 = sin“u)(1 - sin®v) .

hay |z, + 2sinu . sinv| = |2 cosu . cosv| .

Vi z,, sinu, sinv déu dwong nén b dau gia tri tuyét déi thi:
Z, = 2(cosu.cosv — sinu.siny) = 2 cos(u+vV).

do d6 2sinu .\Jyz =a, 2sinv.yzx =b,

2(cosu .cosv - sinu .sinv) Jx_y =

. Tr(1):x+y+z=a+b+cthi

(Vx cosv - Jy cosu)® + (Jxsinv + Jysinu - Vz)? =0

nén vz = s/;sinv+\/;sinu=\/;21 * J;ﬁ

a+b

Vlthé\/--\/— +J-Tn6nz=

c+a x=b+c
2" 2

Tuongtycd y =

RO rang bd ba (x: v; 2) = (°*° °;° ‘“") thod hé phuong trinh a3

cho. Vay dé 1a nghiém duy nhét J

Bai toan 3. 29: Gidi hé phuong trinh

{x +3y?-2y=0
36(xy/x + 3y*) - 27(dy? —y) + (2V3 -9)x - 1=0
Huwéng dan giai

 Pidukienx > 0.Tacd

X +3y% -2y =0 & (V3x)? + (3y -1 =1

Neén tdn tai s6 te [0;n ] sao cho 3x = sint va 3y— 1= cost.
Phuwong trinh 2:

36(xy/x + 3y®) - 27(dy? - y) + (23 -9Nx -1=0
Tré thanh 4cos®t—3cost + 43 sin® t - 3Y3sint + 2.sint =0

P sin(3t-§)=sint

7n 19n
€ [0;n ] nén chont 15' 24 24
Tir d6 suy ra nghiém ctia hé
2 \/_4+\/§+\/— 4 J§+J— 4+ 2(4+\/_ J_
RGN 19 )i UL 12
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v (A2 -6 a- 24— V2 VB),
2l ens> 12 '
3. BAI LUYEN TAP
Bai tap 3. 1: Gidi cac bét phuwong trinh sau
a)coaxz-——‘@ b) cotx > @
2 3
c) cosx < sinx d) cosx + J:—Bsinx >0.

Hwéng din
a) Vé dudng tron lwong glac va biéu didn cung géc.

Két qua kr <x < % +kn, keZ
b) Két qua kn < x < g +kn, keZ

) Kétqua % + k2r <x< %E +k2x, keZ

a)Kétqué-lé +kzu<x<%" +Kk2r, keZ

Bal tap 3. 2: Gidi cac bat phuong trinh sau
a) 2sin’ x - 3sinx +1 >0 b) cos® - 3cosx +2 < 0
Hwéng ddn

a) 2sin? x — 3sinx +1 >0 < sinx < % hay sinx > 1.

Két qua %+k2n<x<£—+(2k+1)n,kez

b) Kétqud x=k2x, keZ
Bai tap 3. 3: Gidi cac bét phuong trinh sau
1 1 5
- i i 25
S2 b“’rnusln)( 2
Hwéng din
a) Diéu kién cosx = 0, chuyén vé va quy ddng phan sd.

1
a) cosx +
co

Két qua %+k2n<x<32—n+k2x, keZ

b) Két qua k21t<x<§+k2u.%+k2x<x<(2k+1)n. keZ
Bai tip 3. 4: Gidi cac bat phuong trinh sau

a) sinx < cos® x b) 1 <2
coSs 2x




a) Bura vé cos(x+ y) = sin15°, cos(x~y)= cos 15°
b) Két qua x =kmy = tg+ enn

Bai tip 3. 8: Gidi cac hé phwong trinh sau

Cty TNHH MTV DWH Khong
A Hwéng dan
1+ \/g
2

b) Xét cos 2x <0 thi BPT thda maén.

a) Két qua -arcsin—

+(@Kk+ Dr<x<arcsin—tY2 Lok s ). keZ

Xét cos 2x >0 thi BPT <> cos2x 2 V2

2
Bai tap 3. 5: Giai cac bat phuong trinh sau
2 _2sinx+cosx+3 )|0083x+asln3x+1l 1+2J‘
8)37° 2cosx _sinx+ 4 |  cos3x+2 | 3
Hwéng dén

a) Mau thirc ludn lubn duong. Két qua moi x
b) Dra vé bac nhét theo sin3x va cos3x. Két qua moi x
Bai tap 3. 6: Giai cac hé phuong trinh sau

J3
) cos6x + cos8x =0 b) DY =ca
cos 3x = 2sin” 2x J3
cosX.cO8Y =~
Hwéng dén
a) PT(1) & 2cos7x.cosx = 0. K&t qua x = % +kn, kKeZ
b) Két qua x=(%+%+k)my=(%+%—k)n,m. keZ
Bai tap 3. 7: Gidi cac hé phuong trinh sau
1 5
sinx.siny = sinx+cosy=—3
tanx.tanyzﬁ cos"’x+sin2y=-i-

Hwéng din
x=§+k2n;y=12t-+mt: x=%’5+k2my=§+nx, K.neZ

a) tanx + 3tany = 0
4 + 2y = b5n




b) 2J/3cosx + Bsiny = 3 + 12sin®y
4\/acosx + 2siny = 7
Hwéng dan

a) Rut thé.

s n ® n n T
Kétqua (Z+kn, 115 - k%) (=% s kn, 185 k%)
Mqul (3 +lon 112 = kaki(Ge & 6 <3’

X = = + m2x X = -—= + m2n
b) Két qua 6 : 8 ;
y=16'-+n2n Yy = — + n2n
n n
x_6+m2n.x- 6+m21t
5n

y=-6—+n2n y=§65+n2n
Bai tép 3. 9: Giai cac hé phwong trinh sau

sinx + sin2x = 0 sinx + siny = ~/§
a) b) 1
COSX + COS2X = 0 cosx + cosy = 2

Hwéng dén
a) Bién dbi thanh tich sb.

Kétqua x = 2 +k—231'-;x=1t+k21:

b) Kétqué(% +(m +n)2n, % +m2n); (-54—"+(m+n)2n, _5:‘1:_ + m2n).

Bai tap 3. 10: Giai cac hé phuong trinh sau
(

COSX = COSYCOSZ
a) {sln"’x = COSXCOSY

1
" b) {cosy =cosxcosz + —=sinxsinz
cos“x = sinxsiny v3

TS
COSZ =COSXCOSYy + Tgsmxsiny

Hwéng din
a) Cong vé theo vé thi c6 cos(x -y) = 1.
Trir vé theo vé thi c6 cos(x +y) = ~cos2x.

Két 53+ml‘.;_.§+ X en2n).
Qa(THm3i— 3 tmp tn2)

b) Két qua (m2x; n2r; k2n).



R Cty TNHH MTV DWH Hhang
' Bai tap 3. 11: Voigiatri m nao thi hé phuong trinh c6 nghiém
e X+yY = m

a){sccsx.cosy.cos(x— y) + 1=0
sinXx + sin2x = m

b)
COSX + COS2X = m

Hwéng din
a) PT(1) suy ray = m —x rdi thé vao PT(2).
- Kétqud m=kn keZ

p)Kétquam=0,m=~1,m=(1+ v3)2.

| g Raeton o
Bai tap 3. 12: Gidi hé phuong trinh | ' ! - WY *J) =82+
: XYy +YZ+2ZX = 1

B Hwéng din

Nhén xét x,y z cling dau nén xét x, y, z >0.

Dung lvong giac héa. Dat x = tan%;y = tang;z = tan%
P Y
- Ketqua (—; —11),(-=;-=:-1)

Kétqué (3 5iMgi-zi-1
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cnuyén aé < TO HOP VA XAC SUAT

. KIEN THUC TRONG TAM

Quy téc cdng: Gid sir mbt cdng viéc co thé dugc tién hanh theo mét trong
k phuong an A, A,, ...., A.. Phuong an A, c6 thé thire hién theo n; cach, thi
cbng viéc co thé thyre hién theo tdng ny + ny + ... + ny cach.
Quy tic nhan: Gia si* mdt cdng viéc nao dé bao gbm k céng doan A, A,,
..., Ax. Cong doan A, cé thé thyc hién theo n, cach, thi cong viéc cé thé thue
hién theo tich nyn,...ny cach.
Hoén vj: Cho tap hop A ¢6 n phan tl, n 21. Mot hoan vij clia n phan t&r cia
A 1a mét bd sép thr tw n phan t& ndy, mdi phan t&r cé6 mat ding 1 1an. S6
hoén vj n phan t&: P, =n!
Chinh hop: Cho tap hop A ¢6 n phan tir, n > 1 va s8 nguyén duong k, 1 <k <n.
M6t chinh hgp n chap k phan tir clia tap A 1& mot bd sdp thir tur k phan tir tir
n phan t& cGa A. Sé chinh hgp n chap k:

L

" (n-k)!
Té hgp: Cho tap hop A cé n phdn tir, n 21 va sé nguyén k: 0 < k < n. Mot td
hop n chap k phan tir cla tap A 1a mét tap hop con clia A ¢6 k phén tr.Sé
t6 hop n chap k (sé tap con k phan ti¥) :

c* = nl  nln-1)..(n-k+1)
8 = =
k!i(n-k)! k!
Hoén vj lap, chinh hop lap, té hop lap
Cho tap E c6 n phan t, ta goi n- tap E.
Hinh thanh tr tap E= {X,:Xz;... %}
n!

Sé céac r- hoan vj lap 1a T

Jin, L.n !

Sé cac r- chinh hop 13p la n".
Sécacr-td hoplapla C' . =C’ ..

ner-1
Thiét 1ap anh xa, song anh
Anh xaf; A — B khi m&i phdn tr a thudc A ddu c6 1 twong g duy nhét
b thugc B, b goi |a anh cia a: b = f(a).
Bon anh f: A — B khi f |a 4nh xa ma hai phan ti khac nhau bét ky thudc A
déu cé hai anh khac nhau trong B.
Toan &nh f: A — B khi f 1a anh xa ma mi phan t& b thuéc B déu tdn tai
phan tr a thudc A dé b = f(a).
Song anh f: A — B khi f vira don anh vira toan anh.

=n(n-1)(n-2)..(n-k+1)




Cry TNHH MTV DVWH Khong Vigt:

Cho anh xa f tir tap hru han A vao tap htru han B

Néu f don anh thi sé phante: |A| < [B]

Néu f toan anh thi sé phan ta: |A| = [B]

Néu f song anh thi sé phan tir: [A| = [BI.

Phwong phap gbp vao va loai di: Cho mét n- tap E céac phén t&r va mot
N- tap cac tinh chat py,p»....py Ma cac phan tr clia E co p; hay khéng co E.

tinh chét do thi sb phan tir:

S g | N
PPy Py) =N=2.N(R)+ X np,.p)
=1 1<i<jsN

- X n(p.pupy)+ o+ (-1 N(p,p,...By)
1sicjcksN

Dém sé phan tir cia hop cac tap hop
~ V6i2tapA, Bthi: |Au Bl = |Al +|B| - A~ B
—~ V6i3tap A, B, C thi;

|auBuC| = |Al+|B|+|C| - |AnB| - IBAC| - |[ChAl + [AnBACI

— Téng quét véi n tap:

Cho Ay,..., A, 12 n tap hop hitu han (n22) thi:

n n n
A u.UA =Y [Al- X [ANAl+ D [ANANA|
I=1 1<i<ken teick

<tsn
+ . =D)AL A LN A
Xéac suét: Gia s phép th(r T c6 khong gian mdu la Q va cac két qua clia T
I& ddng kha nang.
N&u A 12 mot bién cd va Qa 1a tap hop mé ta A véi Qs < Q thi xac suét cia

Q
A: P(A) = lTA
9

Tinh chat: 0 < P(A) < 1 véi moi bién cd A, P(@) =0, P(Q) = 1.
Bién c¢é hgp AU B: Khi bién cd A hoac bién cb B xdy ra.
TapmotalaQau Qg
Bién cé xung khic: Hai bién cb A va B duoc goi 1a xung khéc néu bién cb
ndy xay ra thi bién cé kia khdng xdy ra.
Qanp=02

Quy tic cdng hai bién cb xung khic:
Néu A va B xung khéc thi P(A U B) = P(A) + P(B)
Téng quat: Néu n bién cb ddi mdt xung khic A, A;, ..., A, thi:

PA1L Az U ... UA,) = P(A)) + P(Az) +... + P(A,)

Bién cb dbi cia A: La bién cb A khéng xdy ra, ki hiéu A .
Két qua: P(A) =1 - P(A)
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Bién cé giao A ~ B ho#ic AB: Khi hai bién cb A va bién cé B cling Xay ra.
Tap mé ta: Qar Qp.

Bién cb dadc Iap: Hai bién cb A va B duoc goi 1a dc 18p néu viec xay ra
hay khéng xay ra cia bién cé nay khdng Iam dnh hudng toi xac suét xay ra

cua bién cb kia.
Quy téc nhan 2 bién cé déc lap:
Néu A va B doc 1ap thi P(AB) = P(A). P(B)
Téng quat: Néu k bién cb doi mot doc 1ap nhau A, As.... A, thi:
P(AiA2.A) = P(A1) . P(A2) ...P(AY).
Xac sudt c6 didu kién: Xac suét cla bién cb A trong didu kién bién cé B da

xdy ra: P(A [B) = % P(B)>0.

Suy ra P(AB) = P(A|B).P(B).

2. CAC BAI TOAN
Baitoan 4. 1: Véicacchirsd 0, 1, 2, 3, 4, 5 ¢o thé lap dwoc bao nhiéu
a) S6 1é gbém 4 chir s khac nhau?
b) S6 chdn gém 4 chir sé khac nhau?
Hwéng dan giai
a) Goi s Ié dang xét gbm 4 chir s6 c6 dang abed trong d6
de(1,3,5:a,b,c €{0,1,2,3,4,5),a = 0.
Ta ¢6 3 cach chon d Ié. Khi d @& chon thi a con 5 - 1 = 4 cach chon. Khi d, a da
chon thi c6 6 - 2 = 4 cach chon b va khi d, a, b da chon thi ¢ ¢6 3 cach chon.
Vaysbésdlécantim1a 3443 = 144

b) Goi céc 86 c6 4 chir 6 khac nhau dwoc I4p tir 5 sb a4 cho |a abed. C6 &
cach chon a. Khi a da chon thi ¢é 5 cach chon b. Khi a, b d4 chon thi cé
6 ~ 2 = 4 cach chon ¢ va khi a, b, ¢ da chon thi ¢é 3 cach chon d. Do dé cé
5.5.4.3 = 300 s6 nhu vay.
Vay sb sb chan la 300 - 144 = 156,
Cach khac: xétd=0va d e {2 4).

Bai toan 4. 2: Cho tap A = {1, 2, 3, 4, 5, 6,7, 8). Qé bao nhiéu sé ty nhién
chan gom 5 chr sé khac nhau Idy tir A va khong bét d4u béi 125.

Hwéng dan giai

Bata= aa,a a.a,, aschin, a e Avadoi 1 khac nhau.
Vi as € {2,4,6,8) nén c6 4 cach chon.
Do A khong chira s6 0 nén a,a,a.a, co A* =840 c4ch.

Do d6 cé 4 x 840 = 3 360 sb chin gdm 5 chi¥ s khac nhau 1Ay tir A,



' Ta loai di cac sb bat diu béi 125 Ia cac s6 a = 125a,a, voi as, as thudc
{2,3.6,7.8) phan biét va a; la s6 chdn nén c6 3.4 = 12 cach.
vy con lai 3 360 — 12 = 3 348 sb theo yéu cau,

Bai toan 4. 3: Héi c6 bao nhiéu s6é tv nhién c6 9 chir sé trong d6 c6 3 chir sé
|& khac nhau va ba chir sb chdn khac nhau, mdi chir sé chdn c6 mat dung

hai lan?

Hwéng dén giai
Goi A la sb cac s c6 9 chir sb thod man diéu kién dé bai, tinh ca cac sb co

chir s6 0 ding dau. C6 C cach chon 3 chir sb 16 va c¢6 C? cach chon 3 chr

6 chdn nén A = C}.C{ = 4536000.
Goi B 1a s6 cac sb co 9 chir s thod man diéu kién d& bai véi chir sb 0 dung dau.
€6 C7 cach chon 3 chir sb |é va c6 C; cach chon 2 chir sé chdn khac 0,
2 8!

= 604800.
4 2121 PRAS00

méi chir s6 chdn c6 mat dung hai lan nén B = CZ.C

Vay sb cac sb thod man dé bai 1a A - B = 3931200
Bai toan 4. 4: C6 bao nhiéu sé ty nhién gbm 4 chi s sao cho khéng cé chir
s6 nao Iap lai dung 3 I1n.
Hwéng dan giai
S6 s6 tu nhién c6 4 chir s6 1a: 9.10.10.10 = 9 000
Ta loai di cac sé ma c6 1 chir sé 13p lai dung 3 lan
~ Xét chir s 0 1ap lai ding 3 14n.

Vi sé abcd, a « 0 nén phai c6 dang a000 do d6 c6 9 sb.
~ Xét chir s6 khac 0 lap lai ding 3 lan 12 a.

Dang xaaa c68sévix=0,x»a

Dang axaa,aaxa,aaax déucé 9 sé
M c6 9 s6 a khac 0 nén co (8 + 9.3)9 + 9 = 324 sb
VV&y con lai: 9 000 - 324 = 8 676 sb
Bai toan 4. 5: Tl cac chirs6 0, 1, 2, 3, 4, 5 14p duoc bao nhiéu sé ty nhién co
3 chir s6 khac nhau déi mét va chia hét cho 9.
Hwéng dan giai

Dat x = abc thi x chia hét cho 9 khi téng cac chi sb chia hét cho 9.

Xét {a,b,c} = {0, 4, 5} vi a # 0 nén c6 2 cach chon, b # a nén c6 2 cach con
lai 1a sé c. Do d6 c6 2.2.1 = 4.

Xét {a,b,c} = {1,3,5) thico 3! =6 sbd

Xét {a,bc)={2,34}thico3!=6sbd

Véy téng cong c6 4+6+6 = 16 sb theo yéu cau

93




Bai toan 4. 6: Tur cac chir s6 0, 1, 2,3, 5, 7, 9 lap dugc bao nhiéy ;3 W nhién

¢6 3 chir s8 khac nhau ddi mot va chia hét cho 15.
Hwéng dén giai
Pat x = abc thi x chia hét cho 15 <> x chia hét cho 3 va x chia hét cho 5.

Xétc =5 thi x = ab5 , vi trong 6 chi¥ sé con lai 0, 1, 2, 3, 7, 9 ¢6 3 sb chia
hét cho 3, ¢6 2 sé chia cho 3 du 1, c6 1 56 chia cho 3 du 2.

~ Néu b chia hét cho 3 thi a chia cho 3 du 1 nén c6 3.2 = 6 sb.

— Néu bchia cho 3dw 1 thiachiahét cho3vaa # 0nénco2.2=4sb.

— Néu bchia cho 3 duw 2 thi a chia cho 3 dw 2: loai.
Xétc=0 thix= ab0 , vitrong 6 chir sé con lai 1,2, 3, 5,7, 9 ¢6 2 sé chia
hét cho 3, ¢6 2 sé chia cho 3 du 1, c6 2 sé chia cho 3 dw 2.

~ Néu b chia hét cho 3 thi a chia cho 3 nénc6 2.1 =2 sb.

—~ Néu b chia cho3dw 1thiachia cho3dw2nénco2.2=4sb.

—~ Néu b chia cho 3 du 2 thi a chia cho 3 duv 1 nén cso 2.2 sb.
Vay tdng cong c6 20 sd.

Bai toan 4. 7: Tir cac chr s6 0, 2, 4, 5, 8, 9 lap duoc bao nhiéu sb tw nhién
c6 4 chi¥ s6 chia hét cho 5 va 16n hon 2000.

Huwéng dan giai

Pat x = abed thi x chia hét cho 5 nén tan cling 1a 5 hay 0.

Xétd=0 thix= abc0
-~ Néua, b, c bidngnhauva a = 2 thico 5 sb.

~ Néua,b, ¢ chico2sébangnhau,a > 2 c6 6.C% +5.3-1=74 sb.
- Néua, b, c d6i mét phan biétva a > 2 thico P} -P? =100 sé.

Xétd =5 thix= abch.
- Néua, b, c bdngnhauvavaa > 2 thico 5 sb.

— Néua,b,c chico2sbbingnhauva a > 2 c6 6C2 +3.5=75 sb.

- Néua, b, ¢ d6i métphanbiétvaa > 2 thi c6P? -PZ =100 sé.

Vay tdng cong coé 359 sb.
Bai toan 4. 8: Trong tap S = {1,2,...,280} cé bao nhiéu sé chia hét cho it nhét
mdt trong cac 6 2,3,5,77
Hwéng din giai
Goi A; ={k € S/k chia hét cho 2} A, = {k € S/k chia hétcho 3}, A;=1{k €
S/ k chia hét cho 5}, As={k e S/k chia hét cho 7}.

Bai toan yéu cu tim |A, U A, U As U Al Ta co:
| A =2—20=1402 |A2|=lt~2%j,=93
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sl = 22 =56 IA.I=$=40
|A1hAz| = {%J = 46, [Ay A A =31902 =28
[A Al = ?187°=20; |Az Ay =[‘°’1—‘;°J= 18
[Asn Al = [3319]=13; | As Al =£;?°=
|A1nAzﬂ/\s|=[%]=9:|AmAzﬁA4|=-2—4—822= ;
A A Al = 2= |AznA3nA4|=[%g-]=2
A0 AN A A =[§%g]=1

Thay vao cong thire tdng quét ta tim duge:
[AyUA LA UA,| =218
Bai toén 4. 9: Hoi tir cac chir s6 1, 2, 3, 4, 5 ta co thé 1ap dwoc tat cd pao
nhiéu s6 co 15 chtr sé ma trong mdi sé m&i chir sé déu c6 mat dang 3 (4
va khéng c6 chi¥ sé nao chiém 3 vj tri lién tiép trong s67?
Hwéng dan giai
Goi x la tap gbm tat ca cac sb thod man yéu cdu dé bai.
A |a tap gbm tat ca cac s co 15 chir sé dugc lap nén bdi cac chiv sb 1 2
3, 4, 5 ma mdi chir sb déu c6 mat dung 3 1an trong sb. i

! 5
Khi d6: X = A\ (gA,]

V&i A 1a tap gbm tht ca cac sb thude A ma chir sb i chiém dung 3 vi tri jian
tiép(i=1,2 3 4,5)
Xét 1 <k < 5 ta chirng minh dugc:

K
(15-2K)! _15!
A - va co |A|-—3—5—.
=1
k n k
Ap dung cong thire: NAl =X X ﬂA..
=1 kst tyclp.dyShy |t
Y150, 1 180 a1l s @1 o7l g 5l
PH-F -G Gy gty G
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Bai toan 4. 10: Tir 6 chir s 1,3,4,5,7,8 1ap cac sb ty nhién c6 5 chir 56 khac

nhau. Tinh téng tat ca cac sé d6.
Hwéng dan giai
Néu hang don vj bang 1 thi c6 A; céach lap.

Tuong ty as = 3,4,5,7,8 thi cling c6 A; cach Iap.
Do d6 téng cac chi sé & hang don vj 1a:
(1+3+4+5+7+8).A; =28. A} =3360
Tuong tw cho hang chyc, hang tram, hang ngan va hang van thi ta c6 téng
tat ca cac sé:
T=(1+10+ 100 + 1000 + 10000)3360 = 11111.3360 = 3732960.

Téng quat: Véi n chir sé ab,c,..., ¢ tir 1 dén 9 phan biét tao ra céc sé cho k
chir sé khac nhau thi tbng cac hoan vi 1a:

k—
T=(n-1)l(a+b+c+.+ 6)109 £ .

Bai toan 4. 11: Cho n s6 tir 1,2,...,n. C6 bao nhiéu cach chon ra m s6 ma cé 2
s6 lién tiép.
Hwéng dan giai

Néum > n_;_]_ thi bt ki cach chon m sé trong n'sd 1,2,...n luén ludn cé 2 sé

lién tiép (hon nira sé s6). Vay sb cach chon Ia: cr.

Néum < nT”thi sb cach chon ra m sé tir n b @6 1a: c
Ta loai di s6 cach chon m sb:a; < a; < ... < a, ma khong ¢6 2 sb lién tiép.
Pat b, = a; + 1 - i thi m sé b, phan biét.

Viiam<sn<e by<n+tl-m. Do décd C™

n+t-m
12,..n*1-m.Vayc6: C"-CI  cach.

Bai toan 4. 12: Cho tap X co n phén tr va tap Y co m phén tir.

a) Cé bao nhiéu anh xaftir Xva Y.

b) C6 bao nhiéu don anh ftir X vao Y.

¢) Cé bao nhiéu song anh ftir X vao Y.

Hwéng dan giai f

a) MGi phan tr cia X c6 dung m cach chon phan

tl twong &rng trong Y. Ma X cé n phan t&, Do

d6 sb anh xa f tir X vao Y 1a sd cach chon m

phan t& cla n phan té:

m.m...m (n 1an) = m" cach.

cach chon m sb b, tir n+1-m sé:
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) D& f 13 1 don anh thi 2 phén t&r khéc nhau cla X |8y tuong (rng 2 phan tir
~ khac nhau ctia Y. Do d6 ta phai co n = m.

86 don anh f tir X vao Y 1a s8 chinh hgp n chap m bang A™ .
¢) Rd rang khi n = m thi don anh f & céu trén Ia toan anh nén f 1a song anh,

Vay sb song anh la A] =P, =n!

m
Chii ¥ voi n = m thi s6 todn anh tir X vao Y: )" (-1)*.CK.(m -k)"
k=0
Bai toan 4. 13: Phuong trinh
a)x +y +z= 16 cé bao nhiéu by nghiém (x.y,z) nguyén duong.
b) x +y +z +t=20 cd bao nhiéu bg nghiém (x,y,z,1) tyw nhién.
Hwéng dén giai
a) Liét ké 16 sb 1 lién tiép thi c6 15 khodng cach
1-1-1-1—........ -1-1
M&i b§ nghiém (x,y,z) nguyén duong cla phuong trinh
X + y + z = 16 twong tng v&i mbi cach chon 2 ddu cach tir 15 khoang
cach dé co cac gia tri clia x, y, z 1a sé chir sb 1.

Vay s6 bg nghiém can tim 1a C%
P)Patx=X-1,y=Y-12=2Z~1t=T-1thi XY, ZT nguyén duwong va

phuong trinh tré thanh :

X=1+Y-1+4Z-14T-1=20
Hay X +Y +Z + T =24, XY, Z,T nguyén duong.
Liét ké 24 s 1 lién tiép thi c6 23 khodng céch
1-1-1-1-.......... -1-1
M8i bé nghiém (X, Y, Z, T) nguyén duong twong (rng véi mdi cach chon 3
ddu cach tir 23 khodng cach @& co cac gia tri ctia X, Y, Z, T 1a sé chir sb 1.

Vay s6 bo nghiém can tim la C3,

Biltoin 4. 14: Co6 50 hoc sinh vao clra hang gidi khat ban 3 loai : ché, kem va
nuéc dira, méi hoc sinh goi mét ly. Cé bao nhiéu su lwa chon ?

Hwéng dén giai

Goi x, y, z lan luot 14 sb ly ché, kem va nuéc dira, ta co x,y,z2 nguyén va
Xyz > 0. Ta dua vé dém phuwong trinh x + y + z = 50 ¢6 bao nhiéu bd
nghiém (x,y,z) tu nhién.
M8i bo nghiém (x.y,z) tw nhién twong ing song &nh véi méi day nhj phan
52 56 gbm 50 56 1 va 2 6 0 xép lién tiép: xsb1,s80,ysd1, s 0vazsb
Tmax+y+z=50.

Vico CZ, day nhj phan nhu thé nén do 14 sé bo nghiém can tim.

Vay c6 C, sy ya chon .
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Bai toan 4. 15: Tim cac sé bd ba (a, b, c) trong d6 a, b, ¢ I1a cac sb nguyén

thoa man diéu kién

0=as50=<sbs6,0scs7vaa+b+c=15
Huwéng dan giai

Ki hiéu T 1 tAp céc bd (a, b, ¢) thod man didu kién dé bai.

Véi méibd (a, b, c) e T .Ta dat: f(a, b, ¢) = (a', b', ¢

Trongdoa'=5-a b'=6-b,c'=7-c.

Ta cé (a', b', ¢') 1a bd ba cac sb nguyén khdng am véi
a+b+c'=18-(a+b+c)=3

Hién nhién f 1a don anh. Ta chirng minh f toan anh;

V&i mdi bd (a', b', ¢) cac sé nguyén khdng am véia' +b' + ¢ = 3, ta xét bd (a, b, ¢)

véia=5-a,b=6-b c=7-c.

Tacé:a+b+c=18-a'-b'-c'=18-3=15.

Via'z0nénass5.

Via'+b'+c'=3, b, c'20néna's3 dodoaz0.

Tuongtytacd0sb<s6,0scs7.

Vay(a, b, c) e Tvaf(a, b, c)=(a b’ c) doddflasonganh.

Ma s6 cac b (a', b'. ¢) cac s nguyén khong am c6 tdng bang 3 la CZ = 10
nén |T| =10.

Bai toan 4. 16: Tim sé cac b ba (a, b, ¢) trong d6 a, b, ¢ la c4c sé nguyén
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khong &m c6 tong cla ching béng 15 va cb it nhat mét sb 16n hon hay
bang 7.
Huwéng dén giai

Goi A, B, C lan luot 1a tap tat ca cac bd ba (a, b, ¢) trong dé a, b, ¢ la cac sb
nguyén khéng am, a + b + ¢ = 15 va lan luot twong (rng voi

az7,b27,c>7. Tacintim |[AUBUC/|. Taco:
lavBuc|=|Al + (Bl +[c|l-|AnB| -|BrCI

-lecnAl + |AnBAC] ()

Véimbibd (a, b, c) € A, tadatf(a, b,c)=(a', b, c),trongdéa' =a-7,
b'=b, c'=c. Tach (a', b, c') 14 bd ba cac sé nguyén khéng d&m véia' +b' + ¢
=a+b+c-7=15-7=8.
Vifsong anh nén |A| = C2) =45 Tuongty |B| = |C| = 45.

Véiméi bd (a, b, ¢) € A B, tadatg(a, b, c) = (a, b', ).
Trongdéa'=a-7,b'=b-7, ¢ =c¢ Tacé (a', b, ¢') la bd ba cac sé nguyén
khongama+b+c-14=15-14=1,

Vig la song anh nén |AnB|=C2=3.

Twongty |IBAC|=|A~C| =3
VIANBAC=2, dodé |[AnBAC| =0
Vay: [AUBUC| =45+45+45-3-3-3+0=126.



J i -‘,ip_il toan 4. 17: Cho trudc sb nguyén duong n va k. Phuong trinh x; + x; +...+

% = N ¢©6 bao nhiéu bg nghiém (x; ; Xz ;...; X, ) nguyén khoéng am.

Hwéng dan giai
Goi X |a tap hop tht ca cac bd nghiém (X ; Xz ;...; X ) thda man phuong
trinh X; + Xz +...+ X = N, t0C 1@ X, ; X2 ;...; X la& cac s6 nguyén khéng am va
¢ tbng bang n. Goi Y 1a tap hgp cac day nhj phan cé n + k — 1 ki tu, trong
doconkite 1vak—1Kkity0.
Ta thiét lap mot song anh tir X @én Y.,
V&1 mi bd (Xy; Xa...; %) € X dugc twong (rng v&i mét ddy nhj phan cé n + k —1
ki tir, trong d6 c6 n ki tr 1 va k—1 ki tur 0, do d6 la mét phan tlr cla Y. Goif la
phép turong (ng do, thi f 1a mot anh xa tir X dén Y, hon nira f 1a don anh.
V6i mbi day n +k — 1 ki tw voi n kit 1 va k— 1 ki tyr 0, khi ta Gém tir tri sang
phdi c6 x; 561,860, x,56 1,560, X588 1,..., Xq 56 1, 56 0 va x, 56 1 thi day
d6 sé (ng v&i b (xq; Xz;...; X ) & X théa man phurong trinh x; + X%, +...+ %, =n
nén fla toan anh, do dé fla song anh.
Ta c6 mbi day nhj phanco n + k — 1 ki t, trongdoconkityr1vak-1kitu0,
twong trng voi cach chon k —1 vi tri trong n + k — 1 vj tri @& ghi sé 0. Do d6 sé

phantl Y| =CK .
Vay [X| = |vl=Ck] , ticla phuong trinh x; + %, +..+ %, =n c6 C*

Bai todn 4. 18: Cho tru6c sé nguyén dwong n va k. Phuong trinh x; + X, +...+
X =N co bao nhiéu b nghiém (x; ; X2 ;...; X ) nguyén duong.
Hwéng dén giai
Diéu kién n > k. Goi X |a tap hop tét ca cac bd nghiém (x; ; Xz ;... X, ) thoa

_duong va co téng bang n. Goi Y 1 tp hep cac diy nhj phan cé n +k —1 ki
twgbm n kitu 1vak-1kity0.
Ta thiét 1ap mét song anh tir X dén Y,
V6i mbi bo nghiém (x; ; X2 ;...; Xx ) € X duge trong (rng véi mot day nhi phan
eon +k—1kitwgdmn kity 1vak—1kity 0, do dd la mot phan ti cia Y.
Goi fla phép tuong tng do, thi f 12 mét anh xa tr X @én Y, hon nira f 1a don anh.
Véi mbi day n +k -1 ki tw gbm n kity 1vak-—1Kkite 0, khita dém tu tréi
sang phai c6 x; 881, x,88 1, x386 1,..., Xy 50 1 va x, 56 1 thi day do sé ing
VO bd (xy ; Xz ;...; X ) € X théa man phuong trinh x; + X, +...+ x, =n nénfla
toan anh, do dé fla song anh,
Ta c6 mdi day nhj phan cé n +k =1 ki ty gdm n ki ty 1 va k -1 ki ty 0, tvong
tng v&i mi cach chon k —1 vj tri khodng cach néi trong n — 1 vj tri khodng cach

néigira 2 ki tw 1. Do d6 sé phante |Y| = C*1.

i




vay|x|= |Y|= CX tac 1a phuong trinh X, + x; +..+ x, = n cOC} bO
nghiém (a, ; a2 ;..., ax ) nguyén duong.

Cach khac: data, =%y -1, 8; =% —1,...,a=x-1thia, , a;,..., a, nguyén
khong am va thda méan phuwong trinh a; + a +...+ a, = n - k nén theo bai

toan trén thi co6 C] .  =Ch"} bd nghiém (ay ; a2 ;...; 8 ) ty nhién tirc 13 co

n-kik-1
C!"] bd nghiém (X; ; Xz ;...; X ) nguyén durong.

Bai toan 4. 19: Cho truéc sé nguyén duong n va sé nguyén duong r thoa
manr<n-—r+1, Cébaonhiéu tpcon Aclia S ={1,2, .., n}, cod rphan t&
va A khéng chira hai s nguyén lién tiép.

Hwéng dén giai
Goi Y 1a tap hop cac tap con co r phan tr clia tap {1, 2, ... n—r+1}.
Ta thiét Iap mét song anh tir X dén Y.
GiastAe X, A={a) a...a}vdia <a;<..<a
Patby=ay, bp=a;—-1,....,b=a+i-1.. .b=a+r-1
Viam—a 2 2nén by<b;<..<bsn-r+1
Tap {bs, b, ..., b} 1a mot tap con c6 r phan tir cta tap {1,2, ... n—r+ 1}, do
d6 1a mot phan tlr cda Y.
Gol f la phép dat tvong (rng tap A € X voi tap B = {by, bz, ..., b} € Y. Khi dé
f1a mdt don anh. Gid s&* B = {by, b, ..., b} € Y.
Pat a, =by, a;=bz+1,..a=b+i-1,a8=b+r-1
Tacd:au—a =bu—b+12 2 dodbéA e Xvaf(A)=B nénflatoan anh.
Vay f song anh tir X vao Y nén sé phan t& cia X bang sé céac tap con ¢é r
phéntlrcliatap{1,2 ...,n=r+1}.

Vay sé phan t& clia X 1a C

n-r+l’

Baitoan 4. 20: Chotap S = {1, 2, ..., 2n}. Mét tap con A cua S dugc goi I3 tép
cén néu trong tap d6, sb cac sb chan va sé cac sé 1é bing nhau. X&c dinh
s6 tap cén cla S.

Hwéng dén giai

Goi X 1a tap hop tat ca cac tdp can cla S va Y 14 ho tAt ca cac tap con cla
S ¢6 dang n phan t&. Ta thiét lap mdt song &nh tir X dén Y.
GoiL={1,3, .., 2n-1}.
Gia sir A € X |a tap can. Goi A, va A, tuong Ung |4 tap céc sb chan va tap cac
sbldciaAthl |A ] = |A;] va

Ay U VA= |A] + L]~ [Az] = |L] =n
nén tap A; w (L\Ay) [a mét phan ttk cla Y.
Goi f 1a phép dat trong ing tap A € X véitap A, U (L\A) e Y.
Ta co fla don anh.
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.~ GidsrM e Y. Goi M; va M, tong (rng 1a tap cac sb chdn va tap céac sb 1é cla
M. PatA1 =My Az =LAM vaA = A, o Ay Khido A la tdp can vi: |Ay = |M, ],
1Asl = Ll = IMz] =n= Mg = [M[ = [Ma] = [m,].
Vay /. € X va f xéc dinh bi f(A) = A; U (L \ Ag) nén f 14 toan anh, do d6 f
song anh.
Vi c6 mot song anh tir X vao Y nén sd tdp can cla S béng sb cac tap con co n
phén ti¥ cia S. Vay S co C3, tép cén.
Bai toén 4. 21: Mot thay gido co 12 cubn sach d6i 1 khac nhau gbm 5 séch
van hoc, 4 sach Am nhac va 3 sach Hoi hoa. Thay lay 6 cubn sach tang
déu cho 6 hoc sinh. C6 bao nhiéu cach tang ma sau khi tang xong thi méi
loai sach con it nhét 1 cubn.
Huwéng dén giai
Pé y tng 2 loai sach nao cling Ién hon 6 nén sau khi cho 6 cubén thi khdng
thé hét tGi 2 loai sach.Sé cach chon 6 sach tir 12 sach khac nhau cho 6 hoc

sinh khac nhau 12 A‘,’2 = 665280.
Ta loai di cac trudng hop:

~ Tang hét sach Van hoc : AjA] = 5040
~ Téng hét sach Am nhac : AgA: =20160
~ Tang hét sach Héi hoa : AJAZ = 60480

VAy téng sb cach tang can tim la:
665280 - (5040 + 20160 + 60480) = 579600.
Bai toan 4. 22: C6 bao nhiéu cach tang 5 mén qua khac nhau cho 3 ngudi ma
ai cling c6 qua?
Hwéng dén giai
Co2truong hopnhdnqua3+1+1va1+2+2
= Xét tredng hop nhén qua 3 +1 +1:
€6 3 cach chon ra 1 ngudi d& nhan 3 qua, sé cach chon 3 qua la C}. Con 2
-Ngudi nén cé 2 cach lyra chon 2 qua con lai.
‘Do 'd6 s6 cach chon 14 3.C2. 2 = 60.

= Xét truong hop nhan qua 1 +2 +2:
€6 3 cach chon ra 1 ngudi dé& nhan 3 qua, sb cach chon 1 qua la 5. Con 2

Nguoi nén cé6 C2 cach lya chon 2 qua cho ngudi thir nhat va ngudi con lai
‘thi nhan 2 qua cudi cing.
Do @6 sb cach chon 14 3.5. C2. 1 =90.

‘ Vay tdng sé céch tang cén tim 1a: 60 +90 =150.




10 trong diém bBi dudng hoc sinh gidi mén Tadn 17 - (& Hodnh Pho

Bai toan 4. 23:Cho p diém trong khéng gian trong d6 c6 q > 4 diém déng
phang trén mat phang (R) va khéng c6 4 diém khong cung thube (R) ma
dbng phéng.

a) Co bao nhiéu mat phéng di qua 3 diém trong sb dé.
b) C6 bao nhiéu tir dién tao béi 4 dinh Ia 4 diém trong s6 do.
Hwéng dan giai

a) Sé cach chon 3 diém trong p diém la C] .
Sé cach chon 3 diém trong q diém nim trén
(R) ta C2. T4t c& cac cach nay chi xéc dinh / & 7
1 mat phdng (R).Vay sé mat phdng tao N

.3 3
thanhla: C - C_ +1

X

b) Lap luan dang nhr trén va theo gia thiét thi s6 tir dién can tim Ia: C; - c; 2

Bai toan 4. 24: Cho da giac déu A,A;... Az, ndi tiép dudng tron (O). Biét rang s6
tam giéc c6 cac dinh 12 3 trong 2n dinh cho nhiéu gap 20 1an s& hinh chir nhat
c6 cac dinh 1a 4 trong 2n dinh cho. Tim n.

Hwéng dan giai
Sé tam giac cé cac dinh chon tir 2n dinh d3 cho 13
C3, Vi da giac déu c6 2n dinh nén c6 n duong

chéo la dudng kinh ma ctr 2 dwdng chéo loai nay
thi tao ra 1 hinh chi* nhat. Do d6 sé hinh chir nhat

la C?

@), N
3!(2n-3)! 2!(n-2)!
<2n(2n-1)(2n-2) =60.n(n - 1)
Vi n nguyén va n > 2 nén rit gon dugc: n° - 9n + 8 =0
<»n=1hoacn=8 Vaychon: n=8.
Bai toan 4. 25: Cho p + q + r vat gbm p vat loai 1 giéng hét nhau, q vat loai 2
giéng hét nhau va r vat loai 3 d6i mét khac nhau. Tinh sé cac td hop ¢ thé
nhan dugec.

Theo gid thiét: C5 =20.C? =

Hwéng dén giai

Ta c6 p vét loai 1 nhu nhau nén c6 thé 14y: 0, 1,..., p vat tirc 12 co p + 1 céach
ldy. Twong ty q vat loai 2 nhu nhau cé q + 1 cach lay.
Déi voi r vat loai 3 khac nhau d6i mot, mdi vat co 2 cach 14y hoac khong Iy,
do @6 c6 2" cach Idy.
Vay cé: (p + 1) (q + 1) 2" td hop.

Bai toan 4. 26: C6 bao nhiéu cach phan phéi n qua ciu nhu nhau vao m hdp
phan biét:
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~a) hop nao cling ¢6 qua cau
) khéng nhét thiét hop nao ciing c6 qua cau.
Hwéng dan giai
\/6i didu kién n = m thi s6 cach phan phéi khéc nhau ma hdp nao cling co

qua caula : CI/

That vay, ta biéu dién n qua céu A lién tiép c6 n-1 vach phan chia:
A-A-A-.-A-A

Mdi cach phan phéi Id mt cach chon m-1 vach tir n-1 vach.

\/ay s6 cach phan phéila: CT'.
) S6 cach phan phéi ma co thé c6 hop réng la C "

nm-1"
That vay, ta biéu di€n n qua cdu A va m sb 0 lién tiép thi co m + n — 1 vach
phan chia, chang han:
A-0-A-A-0-...-0-A-0
M&i cach phan phéi co thé cé hop rdng 1a mot cach chon m-1 vach ty m + n
~ 1 vach.
Vay sé cach phan phéila CT.! ., khdng c6 diéu kién gitra m va n.

Bai toan 4. 27: Trong mat phdng cho 100 diém phan biét sao cho khéng cé 3
diém nao théng hang.
Ching minh réng trong sb cac tam giac dugc tao thanh tir 100 diém do, c6
. khéng qua 70% céac tam giac nhon.
3.0 Hwéng dan giai
Tir 4 diém phan biét khong cé 3 diém nao thdng hang, nhiéu 1dm 13 c6 3
tam giac nhon. Tir két qua nay, suy ra v&i 5 diém phan biét khéng coé 3
~ diém nao thang hang, ta nhan duoc 10 tam gidc va co khong qua 7 tam
giac nhon.
Vi 10 diém phan biét khéng c6 3 diém nao thang hang, sé circ dai cac tam
giac nhon tao thanh la: sé cac tap con 4 diém nhan cho 3 réi chia cho sb
c4c tap con 4 diém chira 3 diém cho trude. Trong khi d6, sb tat ca cac tam
giac tao thanh cing co biéu thirc twong ty nhu trén nhung thay vi nhéan 3 ta
nhén cho 4. Do vay sb cac tam gidc nhon chiém khéng quéa 3/4 sb tat cd
Cac tam giac (ddi voi 10 diém).
Li luan tvong ty, ta xét 100 diém phan biét sao cho khéng c6 3 diém nao
thang hang. Sé cyc dai cac tam giac nhon tao thanh la: sé cac tap con 5
} diém nhan cho 7 rdi chia cho s& cac tap con 5 diém chira 3 diém cho trudc.
Trong khi d6, sb tAt ca cac tam giac tao thanh cling c6 bidu thirc trong tv
_nhw trén nhung thay vi nhan 7 ta nhan cho 10.
* Do vay sé cac tam giac nhon chiém khéng qua 7/10 sé tAt ca céc tam giac
tao thanh, didu phai chirng minh.

a)




10 trong iém héi dudng hoc sinh gidi mén Todn 11 — Lé Hodnh Pho

Bai toan 4. 28: Cho cac sb nguyén duwong k va n vai k < n. Héi tit ca ¢é bao
nhiéu chinh hop chap k (a4, az,..., a) cia n s nguyén dwong dau tién, ma
m&i chinh hop (a;, az, ...,ax) thod man it nhAt mot trong hai diéu kién sau:

(i) Téntais, t e {1; 2,....k} saochos <tvaa; > a
(i) Tdn tai s  {1; 2;...;K} sao cho (a; — s) khdng chia hét cho 2,
Hwéng dan giai

Goi A 1 tap hop tat ca chinh hop chép k clia n sé nguyén duong dau tién
va A, 1a tap hop tAt ca chinh hgp thoa man yéu clu cua bai ra.
Néu ki hiéu A; = {chinh hop (ay, ..., a) e Ala;<a., 1512  k=-1vaa =i
mod 2, i =1,2,... k} thi r6 rang:

A;cAvaA,=A\A,. Suyra: Al = |Al = |A,]
Bay gir ta xét A,. V&I mdi (a,,..a) € A,tadducoa +iza+jveimoii=]e
{1.. .k} (a+i):2vag+ie(1,.. mk}voimoii-- 1,2,.. .k

- s A - K

Ta chirng minh: |A;| = C[n:] suy ra: |A,l k)! C[P;_k}

Bai toan 4. 29: Tim tt ca cac sb nguyén dwong n cd tinh chat sau: Cé thé
chia tap hop 6 sb {n, n+1, n+2, n+3, n+4, n+5} thanh hai t4p hop, sao cho
tich tAt ca cac sé cla tap hop nay bang tich tat ca cac sbé cla tap hop kia

Hwéng dan giai

Ta hay dé y réing trong 5 sb nguyén lién tiép phai c6 moét sé chia hét cho 5.
Vi vay néu tap hop 6 sb {n, n+1, ..., n+5} cd tinh chat da néu trong d4u bai,
thi trong tap hop Ay phai cé ding hai sé chia hét cho 5, df nhién d6 phai Ia
cacsbnvan+5 concacsdn+1,n+2 n+3, n+4khéng chia hét cho 5.
Mat khac, néu trong 6 sb cla tap hop trén chia hét cho mét sé nguyén té
p > 7, thi 5 sb con lai s& khong chia hét cho p, va tap hop khong cé tinh
chat doi hoi. Tir day dac biét suy ra ring cac s n+1, n+2, n+3 va n+4 chi
chira cac thira s nguyén té 2 va 3, tirc la:

n+1= 243"
n+2= 2232
n+3= 23"
n+4=2M34,

trong @6 Ky, |y.... Kq, ls 12 nhirng sb nguyén khong am.
Néu n+1 (va do d6 n+4) chia hét cho 3, thi n+2 va n+3 khong chia hét cho 3,

vay I, = |3 = 0 va n+2 = 22, n+3 = 23 phung nhu thé thi n+2 va n+3 1a hai
s6 nguyeén lién tiép ma lai 1a hai sé chdn, didu nay vé Ii.

Lap luan tuong ty, ta thdy rang néu n+2 chia hét cho 3, hodc néu n+3 chia
hét cho 3, thi ta vAn gap méau thuln.
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B
Mau thudn &y ching té khong cé sb nguyén duong n nao thod man diéu

kién bai toan.

Bai toan 4. 30: Tim tAt ca cac sb nguyén duong k sao cho cé thé phan chia

i

tap hop X = {1990, 1990 + 1, ..., 1990 + k} thanh hai tap con A, B thod man
didu kién: Tong cua tit ca cac phén tir thudc A bang téng cla tat ca cac
phén tl thude B.

Hwéng dan giai
Trudc hét, ta quy uéc: tap s M duwoc goi la cé tinh chat T néu M co thé
duwoc chia thanh hai tap con roi nhau sao cho téng cua tat ca cac phan tir
cua tap con nay bang tong cla tat ca cac phan tir cia tap con kia.
Theo bai ra, ta can tim tat ca cac sé nguyén duong k dé tap X co tinh chét
T. D& thdy néu X c6 tinh chat T thi téng cla tit ca cac phan ti clia x sé |13
mot s6 chdn. Ma tdng nay béng 1990(k + 1) + k(k + 1)/2 nén k(k + 1) : 4.
Suy ra, k cn cd dang k =4t + 3 hodck =4tvoit e N.
Xét treong hop 1 : k =4t + 3 ¢ N. Khi d6, sb phan tir cla X sé la 4(t + 1).
Do d6, ta co thé chia tap X thanh t + 1 tap con réi nhau sao cho méi tp con
déu gbm 4 sb tir nhién lién tiép. D& thay, tap gdbm 4 s tu nhién lién tiép 13
tap c6 tinh chét T. Tir @6 suy ra tap X sé cé tinh chat T.
Xét trong hop 2: k = 4t, t e N, Khi d6, tap X sé& c6 4t + 1 phan ti. Do d6,
néu X dugc chia thanh hai tap con réi nhau A, B thi mt trong hai tap con
@6, khdng mét téng quat gia sir 14 A, phdi co khdng it hon 2t + 1 phan tir

Nhuw vay, tap B s& c6 khdng qua 2t phan tir. Suy ra, néu ki hiéu a, b tvong

{rng 1a tdng cla tat ca cac phan t& cla A, B thi:
a = 1990 + (1900+1) + ... + (1900+2t) = 1990(2t+1) + t(2t+1)
b< (1990 + 2t + 1) + ... + (1990 + 4t) = 1990 x 2t + t(6t + 1)
Véi gia thiéta = b ta co:
1990 x 2t + t(6t + 1) = 1990(2t + 1) + t(2t + 1)
<> 4t° > 1990 nén 't > 23.
Voit=23tacd X ={1990, 1990 +1,..., 1990 + 92} = AUB,
Véi: A= {1990 + 1, 1990 + 2,..., 1990 + 46).
B ={1990; 1990 + 47, 1990 + 48,..., 1990 + 92}
Hién nhién A, B roi nhau, va bang tinh toan truc tiép d& thdy a = b. Nhu vay
VGit =23 (< k = 92) tap X c6 tinh chat T.
Véit>23taco: X=X,UX;
le X;={1990, 1990 + 1, ..., 1990 + 92}
va X, ={1990 + 93, 1990 + 94, ..., 1990 + 4t}.
Theo phan trén, tp X, c6 tinh chét t. Hon nira, do tap X, c6 4(t - 23), phan
tl nén, van dung nhirng lap luan d3 trinh bay khi xét trwéng hop 1, ta sé
duoc tap X, co tinh chét T. Tir d6 suy ra tap X ciing c6 tinh chét T.
Vay, tom lai, tAt ca cac sé nguyén duwong k cn tim 12 tAt ca cac sb c6 dang
k=4t+3 te Nvak=4tte N t>23
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Baitoan 4. 31: ChotapM ={1,2, ..n}(n € N, n = 2). Tim sé m nhé nhit sao
cho trong m&i tap con chira m phén tir cia M déu tén tai it nhat 2 s ma 1
trong 2 sé 1a bdi cua sé kia.

Hwéng dan giai
Taco C= {BJ 4 1;[%} 2;...n} c6n — [EJ phan t& va khéng c6 phén tir
n&o la boi cua it nhat 1 phan tir khac thuéc C.

Suyra: m> {"T”J + 1 phén t& Ta ching minh; m =[2g—1} +1

Xét 1 tap con P bét ki chira [1;—1]+ 1 phén tir ctia M. Vi mdi p P dat

p=2'q:s>0;seNvaqlasdlévit<p<nnéni<g<nmatyidénn

cod [ "; 1} s6 & khac nhau nén trong bidu dién cac phan tir p € P, phai c6 it

nhét 2 sé q Ié bing nhau suy ra ton tai it nh&t 2 sé a, b « P sao cho:

a= 2%/, b=2%/ Ticlatrong 2 sb a, b phai c6 1 sé la bdi cia sb kia,
Bai toan 4. 32: Ching minh rdng tap hop {1, 2, 3,...,1989} c6 thé duoc viét
thanh hop cua cac tap rdi nhau Ay, Az, ..., Ayr sao cho moi A, i = 1,
2,....117, déu c6 chira 17 phén tir va tdng gia tri cia cac phén tir nhing A,
déu bang nhau.
Hwéng dén giai

Truéc hét, ta xay dung 117 tap hop gdm 3 sé sao cho tdng cia 3 sé d6
trong m&i tap déu béng 0 va chudng réi nhau tirng déi mét nhw sau:
Tir tap {1, 2, 3,...,1989), tao thanh tap M = {-994, -993,... 993, 994}, tap
hop nay cé dugc bang cach l4y timg sé hang clia tap hop da cho trir di 995.
Khi d6, ta tao 116 tap hop gdm 3 sb néi trén Ia:

N, = {993, —496, —497}, N, = (-993, 496, 497},

Naxes = {9934k, 2k—496, 2k-497)},

Nokez = {-993+4k, ~2k+496, —2k+497)},

Nq1s = {665, ~382, -383}, Ny¢ = (665, 382, 383}
Ngoai ra, ta dat Nqy7 = {~1, 0, 1}
Tét ca 117 tap hop trén déu roi nhau tirng d6i mét. That vay, trong méi tap,
do céc phan tir thir hai Géu chin nén cac phén ti thir hai cla cac tap hop
N1, ....Ny1s khéng thé triing véi cac phan tir thr nhét hogc thir ba clia nhirng
tap hop nay, tét ca cac phan tir th(r nhat clia nhiing tap hop nay cb gia tri
tuyét adi Ion hon tat ca phan tir thir ba, thanh thir cac tap hop N; rdi nhau
tirng doi mét.



ﬁgoéi ra, néu s6 x ndo dé 1a phan tr ciia mét trong cac tap hop N, thi sé (—x)
¢ling 1a phén tir ctia mét trong cac tap hop N,
pé y rdng 14.117 phan tir cla tap hop M, khéng thuéc vé mét trong céc tap
hop Ni, duoc chia thanh 7.117 céap sb v&i dau dbi nhau. Bang cach tuy y ta
thém 7 cap sb phan biét vao tap hop N, da chon & trén, ta sé chia duoc tap
hop M thanh 117 tap hop con tirng cap khéng giao nhau. Cuéi cung dé
thod man yéu cu cua bai toan, ta chi cin xay dyng 117 tap A, bang cach
cbng 995 vao tirng phan tir cia cac tép N, tuong ing.
Bai toan 4. 33: Xé&t hoan Vi Sy, Sy, ..., S, clia cac s6 0, 1, 2,...,n, ta tac dong mot
“phép bién ddi 1&n hoan v nay néu tim duoci, jsao chos, =0 vas =s., + 1
Hoan vi m&i tao thanh nhan duoc bang cach ddi ché hai phan ti s, va s,
Hoi voi sé n nao thi xuét phat tir hoan vj (1, n, =1, n-2,..., 3, 2, 0) ta cé thé
nhan duoc hoan vi (1,2,...,n,0) bang cach Iap lai nhiéu lan phép bién dbi 467
Hwéng dan giai
Thir trye tiép, ta thady rang co thé thyuc hién yéu clu cla bai toan trong
truong hopn=1,n=2, 3, 7, 15, nhung khéng thyc hién dugc khin =4 5
- 6,8,9, 10, 11,12, 13,1 4.
Tir 46, ta du doan rang cac sé dang n = 2™ - 1 va sé n = 2 sé thoa man
diéu kién bai toan.
Tadé y, ndu n = 2m, thi sau m-1 14n bién ddi ta sé c6
1n0 n-=2 n-1 n4 n-3.4523
va khong thé Iam tiép dugc. Vay véi n chln, n > 2 ta khong thuc hién dugc
Néu n = 15 ta c6 thé 1am nhu sau:
11514 1312111098 76 54320

N Cty INHH MTV DVWH Hhang Vigt

(bat diu)
1014151213 10118 967 452 3
(sau 7 1an bién déi)
1230121314158 9 10114 56 7
. (sau 8 Ian bién ddi)
1234567089 10111213 14 15
A (sau 8 1&n bién ddi)
1234567891011 121314150
- (sau 8 I&n bién dbi)
‘Téng quét, ta gid st n = 2™ - 1. Goi P, 13 hoan vj du tién va P, 1a hoan vi
€6 dang:
~ 123..R-10, n-R+1, n-R+1 n-R+2 n—-R+3...
n, n—2R+1 n-2R+2..n-R,..., RR+1 ... 2R-1
O day R 14 ki hiéu cho sé 2" va d4u phdy ngan cach biéu thj ring, sau hoan
Vi ban ddu 1, 2..R-1 0, tang I8n R s hang. Néu kh&i du tir P, thi s6 0

- Gugc chuyén ddi thanh cdng véi R, 3R, 5R,..., n-R+1, réi voi R+1, 3R+1...,
n-R+2, tiép tuc véi 2R-1, 4R-1,...,n. Didu nay s& cho ta P,.,. D& dang kiém
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tra duoc Py ddn dén P, va sau d6 dén Py, 1a vi tri két thiuc. Nhu thé, c6 thé
thire hién dugc theo yéu cdu dé bai cho truéng hop n = 2™—1.

Tiép theo, gia sir n l&é nhung khéng cé dang 2™-1, Luc d6, ta c6 thé viét
n = (2a + 1)2° — 1 (ldy 2° 14 lu§ thira cao nhét clia 2 sao cho noé chia hét n+1)
Ta cé thé dinh nghfa Py, P;,..., Py nhu trén. Ta cé thé dat dén P, nhu trén;
12.B-10, 2aB 2aB+1 ... (2a+1)B-1, (2a-1)B ... 2aB-1,...,
3B, 3B+1,... 4B-1, 2B, 2B+1,..,, 3B-1, B, B+1,..., 2B-1
voi B = 2° — 1. Khi d6, 0 dugc chuyén véi B, 3B, 5B..., (2a-1)B, va dat n6
ngay bén phai ctia (2a+1)B-1 = n, nén khéng thé tiép tuc dugc xa hon, diéu
nay cé nghTa khéng thé thuc hién duoc dé thod man didu kién bai toan cho
n=(2a+1)2°-1.

Bai toan 4. 34: Trong Ian thi giao luu, mot sé thi sinh Ia ban bé cla nhau,
quan hé ban bé Ia quan hé hai chidu. Goi mdt nhém cac thi sinh 1a nhém
ban bé néu nhu hai ngudi bét ki trong nhém nay la ban bé cla nhau, sé
lwgng clia mét nhém ban bé dugc goi 1a c& cla nd.Biét rang, c& clia mot
nhém ban bé cé nhiéu ngudi nhét 12 mét sb chin.

Chirng minh réng c6 thé xép tat ca cac thi sinh vao hai phong sao cho c&
clia nhém ban bé c¢6 nhidu ngudi nhéat trong phdng nay ciing bng c& clia
nhém ban bé cé nhiéu ngudi nhét trong phong kia

Hwéng dan giai

Ta goi cd cha mot tap hop A, ki hiéu 1a c(A), 1a c& clia nhém ban bé déng
ngudi nhat trong A. Goi M Ia nhém ban bé dong ngudi nhét trong tap hop G
tat ca cac thi sinh, nhu vay ¢(M) = ¢(G) = 2m la sb chin.
Ta chi ra mét cach phan hoach G thanh hai tap hgp ¢6 cing ¢& nhu sau:
Truéc hét A 1a mét tap hop m thi sinh ctia M va B = G = A. Nhw vy ¢(B) >
m = ¢(A). Chirng nao c(B) = ¢(A) + 2 ta chuyén mét thi sinh clia M tir B sang
A. MGi 1an nhu vay c& cia B gidm khéng qua 1 va ¢& clia A tang dung 1.
Do d0, ta c6 thé thue hién dugc viéc diéu chinh nay cho téi khi ¢(B) = ¢(A)
hodc c(B) = c(A) + 1.
Trong treéng hgp ¢(B) = ¢(A)+1 ta thyrc hién tiép viéc diéu chinh méi bing
cach xét tit cd nhém ban bé By, B,,....B; gém c(B) ngudi trong B. Néu tdn
tai B, va m € M-A sao cho m ¢ B, thi tap hgp Au{m)} va B — {m} Ia hai tap
hop ¢6 cung c& c(A) + 1. Néu m e B, véi moi B va m € M-A thi B, - (M-A)
luén khac tap rdng vi B, c6 it nh&t m+1 phan tir con M-A chi ¢6 nhidu nhét
m phan t&. Xuét phat tir C = @ ta chon mét phan t& cia B, — (M-A) vao C,
véi B, la nhém ban bé nao dé cé c(B) ngudi trong tap hop B-C. Qua trinh
két thuc khi thu dugc mét tap hop C sao cho ¢(B - C) = ¢(B) — 1 = ¢(A):
Ta ching minh ¢(A w C) = c(A). That vat, xét mdt nhém ban bé Q tuy y
trong A w C. Do m&i phan t& cGa C 1a ban bé ctia mgi phan t& M-A cho nén
Q v (M-A) 1a mét nhém ban bé trong G va do dé:

c(G)=2m= |Qu (M-A)| = |Q] +2m - |A])
Suyra: |A| > |Q|. Vay B -CvaAu C 12 phan hoach ciia G thanh hai tap
hgp ¢6 cung ¢c& (dpcm).




j toan 4. 35: Co6 9 bi xanh, 5 bi d6, 4 bi vang déu cb kich thuée khac nhau.

‘Chon ra 6 bi. Tinh xac suét cla bién cb

a) chon dung 2 bi d6 b) chon bi d6 bang bi xanh
Hwéng din giai

C6 18 bi gém 9 bi xanh, 5 bi d6, 4 bi vang d&u c6 kich thudc khac nhau,

‘ 1 chon ra 6 bi thi khong gian mau Q c6 C5, = 18564 phan tir.

@56 cach chon ra ding 2 bi d6 C%.CY, = 7150 (cach)

7150

~ 38 %.
18564

\Vay xac sudt P(A) =

b) C6 3 tredng hop
Chon 1 bi @5, 1 xanh : CL.C].C; =45 cach

. Chon 2bidd, 2 xanh : C2.C2.C2 = 2160 cach

Chon 3dd, 3xanh  : C}.C =840 cach
CotAtca 45+ 2160 + 840 = 3045 cach

" 3045 ..,
Vay xac suét P(B) = Teaee 16 %.
Bai toan 4. 36: M6t hop dung 4 vién bi do, 5 vién bi trdng va 6 vién bi vang.
Ngu6i ta chon ra 4 vién bi tr hop d6. Tinh xac suét dé trong sb bi 14y ra
* khéng c6 di cé ba mau?
Hwéng dén giai

86 cach chon 4 bi trong 15 bi la : Cj, = 1365.
Céc trudong hop chon dugc 4 bi ca 3 mau la:

= 2d6+1trdng +1vangeod  : CC.CL =180 cach
= 1d6+2trdng + 1vangcé > : CLCC; =240 cach
= 1d6+1trding +2vangco  : C,C,Ci =300 cach

86 cach chon 4 bi co dG 3 mau 1a: 180 + 240 + 300 = 720
Do d6 sb cach chon dé 4 bi |4y ra khdng cé dl 4 mau la: 1365 - 720 = 645.

Vay xac suét can tim: P = 845 43
1365 91
- Bai todn 4. 37: Chon ngdu nhién mot sé ty nhién n gdm 3 chir s6 khac nhau.
 Tinh xéc suét 6é n 1a mot s6 chan.

Hwéng dén giai
Goi n = nn,n, . Do n gdm 3 chir s6 nén n, = 0.Vay c6 9 khad nang chon Ny,
~ Schon;, 8 chons. Suy ra ¢ 9 x 9 x 8 =648 cach chon ra n.

[l




Dé n la sb chin thi ny phai 14 0 hodc ny e {2,4,6,8)
Xeét ny = 0: 6 9 kha nang cho n,, 8 cho n,. Do d6 c6 9. 8 = 72 kha nang.

Xet ny € {2,4,6,8): co 8 kha nang cho ny, 8 cho ny, 4 kha nang cho ny. Do do
co 8. 8. 4 = 256 kha nang .

Vay c6: 72 + 4.64 = 328 kha nang chon ra sé chdn n.
Xac sudt can tim la P = 528 _ 051,
648

Bai toan 4. 38: Chon ngdu nhién mot sé tw nhién gdm 5 chir s8 khac nhau
Tinh xac suat dé duoc mét sé chia hét cho 9 va cé mat chi s6 9.
Hwéng dan giai
Chon ngdu nhién mét sé tu nhién gdm 5 chir sé khac nhau thi khéng gian
mau co 9.A; = 27216 phan tir.

Goi n = nn,n,n,n, 14 sb tu nhién gém 5 chir sé khac nhau chia hét cho 9
va cé mat chirsb 9.
Bat S = ny + n; +ny +ng +n; thi
9+0+1+2+3 < S < 9+8+7+6+5=> 15<S < 35
Vin=nn,n,nn, chia hét cho 9 nén S chia hét cho 9 do d6
S=18hay S = 27.

~ XétS =18 thico 3 nhém: {0;1,2:6:9), {0;1,3;5.9) va {0:2,3;4.9}.

- Xeét S = 27 thi c6 10 nhom: {0:3:7;8:9). {0,4:6.8:9}, {1,2,7,8,9}, {1,3;6:8,9),
{1,4:5,8:9}, {1.4:6,7,9}, {2.3:6,7.9}, {2,:4:5.7,9). {3.4:5.6,9} va {0,5,6,7,9}
Trong 13 nhém c6 6 nhom c6 chir s6 0 nén c6 13.5! — 6.4! = 1416 sb.

Vay xac sutcantimiap= 2216 o,
27256

Bai toan 4. 39: Co 5 doan thang c6 d6 dai 1, 2, 3, 4, 5 (cm). LAy ngdu nhién 3
doan, tim xac suét dé 3 doan nay lam 3 canh cia 1 tam giac.
Hwéng dén giai

Tir 5 doan lay ra 3 doan thi khong gian méu cé:CZ = 10 phan ti

Ba doan a < b < ¢ lay ra tao thanh tam giac khia + b > ¢. Do d6 chi ¢6 3 kha
nang chon doan la (2,3 4}, {2,4,5) va (3.4,5).

Vay xac suét can tim: P(A) = % .

Bai toan 4. 40: M&i dé thi c6 5 cau dugc chon ra tir 100 cu ¢ sin. Mot hoc

sinh hoc thudc 80 cau. Tim xac suét @& hoc sinh d6 rut ngiu nhién ra 1 dé
thi cé 4 cau da hoc thude.

Hwéng dan giai
Cé C3,, cach lap dé thi gbm 5 cau hdi.
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.||‘<G° C;O cach chon ra 4 cau da hoc thudc va coé wa cach chon ra 1 cau con
Jai tir 20 cau khéng hoc thudc. Vay xac sudt:
CsyCly 395395

cs, 941094

Bai toan 4. 41: Cho bat giac deu ndi tiép trong 1 dudng tron. Chon ngiu nhién
" ra 2 dinh, tim xac suat dé 2 dinh d6 néi thanh dudmg chéo cé dd dai bé nhat
Hwéng dén giai

~ ©6 G2. =28 cach chon 2 dinh tuy ¥ tir 8 dinh ciia bét gidc déu

Pudng chéo ngadn nhét 1a dudng nbi 2

: dinh gan nhét khong lién tiép chinh I

canh cta hinh vudng noi tiép. Vi co 2

" hinh vudng ndi tiép nhu thé nén c6 8
‘canh la 9 dudng chéo ngan nhét.

v 8 2
/ At P= — == = 29%.
Va_yxécsu e o

=~ 42%.

P(A) =

Bai toan 4. 42: Mot bang vudng n x n 6 vudng. Chon ngdu nhién mét 6 hinh
‘chir nhat, tinh xac suat dé 6 hinh dugc chon 1a hinh vuéng.
Hwéng dén giai
Hinh chir nhat tao b&i mét canh ngang va mét canh doc.
- Vico n 6 vudng nén co n+1 diém bién, c&r 2 diém thi chon dugc mét canh
- nén co C? . cach chon canh ngang, va ¢6 C?,, cach chon canh doc. Vay
n’(n+ 1)
ST

- 86 hinh chiv nhat 1a CZ,, .C?, =

Tacosb
hinh vuéng canh 1 ¢6 n.n hinh
- hinh vuéng canh 2 ¢é (n-1).(n—1) hinh
~ hinh vuéng canh 3 co (n=2).(n-2) hinh

~ hinh vuéng canh n ¢é 1.1 hinh
"‘?ﬁy tbngcongco 1 +2% + ... 4+n° = w hinh vuéng.
Do do xac sudt dé hinh duoc chon la hinh vuéng:
nn+N)@n+1) n*(n+1% _ 2(2n+1)
y P= : = .
d_ﬂ_ 6 4 3n(n+1)
\M todn 4. 43: Cho 1 hinh lap phuong c6 6 mat son mau. Ta chia thanh
~ 10x10x10 = 1000 khéi lap phuong nhé nhw nhau. LAy ra 1 khéi nhé, tim xac
~ Suatgé:
‘ ‘@) Co 2 mat son mau. b) Khéng c6 mét nao duoc son.
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Hwéng dén gidi
a) Khéng gian m3u c6 1.000 phan tir (chia cat Wit 7

10.10.10 phan t& déu nhau 3 mat).

Dé y co 8 khéi & 8 dinh c6 3 mat dugc son.
Khéi nhé co 2 mat son mau ndm doc

theo mdi canh trir 2 khéi dinh. Ta ¢6 khéi lap
phwong c6 12 canh

N
N

Do d6 c6 (10 - 2) x 12 = 96 khdi nhé c6 2 mat e i T
son mau.
Vay xac sudt:  P(A) = 96 ; 0,096

1000

b) Khéi lgng khéng cd mat nao duge son nén thude khéi ruét.

Do d6 cé: (10 -2) . (10-2) . (10 - 2) = 8° = 512 khéi
; 512
Vay xac suat; P(B) = 1000 =0512

Bai toan 4. 44: C6 9 em hoc sinh cung di mét chuyén tau. M&i em chon tuy y
va ngau nhién mot trong 3 toa tau da dinh. Tim xac suét dé clia cac bién cb.
a) Toa déu co 3 em
b) Mot toa c6 4 em, mét toa nira cd 3 em va toa con lai céd 2 em

Hwéng dén giai
Khéng gian mau c6 3° = 19683 phan ti.

a) Trong 9 ban ta chon duoc Ctap hop 3 ban. Mat khac, ci 3 ban Ién toa dau
thi 6 ban con lai c6 tAt ca 2° cach Ién 2 toa sau, vi day la mét sy chon 6 lan
c6 hoan lai déi véi tap hop 2 yéu t6 1a 2 toa sau. Nhu vay sé két cuc thuan
loi cho viéc 3 ban I&n toa dau 1a

5376 _1792

19683 6561

b) Tuong ty nhu trén ta cé xac suat dé cho 4 ban 1én toa dau, 3 ban 1én toa

CeCiC; 140

19683 2187

Mat khéac theo du bai ta cé thé hoan vj sé thir ty ba toa cho nhau nén xac

suét dé cho mét trong 3 toa ¢6 4 ban, mét trong hai toa con lai c6 3 ban va

toa cudi cung c6 2 ban 1a: Py = %

Bai toan 4. 45: Chon ngau nhién mot vé xd sb cé 5 chr sb tir 0 dén 9. Tinh
xac suét dé sb trén vé khéng co chi sé 1 hoc khéng cé chir sb 5.
Hwéng dan giai
Goi A 1a bién cé "khéng c6 chir sb 1", B 1a bién cé "khdng c6 chir sb 5",
Tacé: P(A) = P(B) = (0,9)° va P(AB) = 0,8)°
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C;. 2°= 5376. Vay xac suét phai tim la: P, =

thwr hai va hai ban Ién toa thir 3 1a:




Nén: P(A v B) =P(A) + P(B) - P(AB)
=2(0,9)° - (0,8)° = 0,8533.

aai toan 4. 46: Ba khdu sung ddc 18p ban vao 1 muyc tiéu. xac suét bén tring
cta k11207, cla k.2 1a 0,8 va cla k.3 1a 0,5. M&i khdu ban 1 vién, tim xac

suat gé: :
a) C6 1 khdu bén tring b) C6 it nhat 1 khdu bén tring
Hwéng dan giai

a) Goil A 1a bién cb khau thir i bén tring muyc tiéu, i = 1,2,3.

Xéc sudt dé c6 1 khdu bén triing la:

P = P(A).P(A2).P(As) + P(A1).P(A2).P(As) + P(A1).P(A2).P(As)
=0,7.0,2.05 +0,3.08.0,5+0,3.0,2.0,5 = 0,22

b) Ta gidi theo bién c dbi

P(A)=P(A1) .P(A2). P(A3)=03.0,2.05=0,03

Vay: P(A) = 1-P(A)=0,97.

Bai toan 4. 47: Mot cau lac bd treéng hoc ¢é 50% hoc sinh choi béng da; 70%
hoc sinh choi bong ban; 60% hoc sinh choi béng chuyén; 30% hoc sinh
choi béng da va choi béng ban; 40% hoc sinh choi béng ban va choi bong
chuyén; 20% hoc sinh choi bong da va choi bong chuyén; 10% hoc sinh

" ¢hoi ca ba loai. Chon ngdu nhién mét hoc sinh, tinh xac suat dé em dd:
a) choi béng da hoac choi béng chuyén,
" b) choi it nhat mét trong ba loai trén.
“¢) choi dung hai trong ba loai trén.
VR 1+ Hwéng dan glai
Gol A Ia bién cé "Em d6 choi béng d& ", B Ia bién cé "Em d6 choi bong
'ban", C Ia bién cb "Em dé choi béng chuyén"”.
“Tir didu kién bai ra, ta c6:P(A) = 0,5; P(B) = 0,7; P(C) = 0,6; P(AB) = 0,3,
P(BC) = 0,4; P(AC) = 0,2 va P(ABC) = 0,1
) Bién ¢ "Em a6 choi bong d4 hoac choi bang chuyén.” I3 bién c A U B.
Tacé: P(A w B) = P(A) + P(B) - P(AB)=0,5+0,7-0,3=0,9
‘Vﬁy xac suit dé em do6 choi béng da hodc choi béng chuyén.
 laP=09=90%.

”) ier 6 "Em d6 choi it nhat mot trong ba loai trén" 1A AU B L C. Tacé:

& itg \UBLC) = P(A)+P(B)+P(C)-P(AB)-P(BC)-P(AC)+P(ABC)

~=05+0,7+06-03-04-02+01=1.

- Vay xac sut a& em d6 choi it nhat mét trong ba loai trén 12 P =1.

Q}}Q@l H Ia bién cé "Em d6 choi dung hai trong ba loai trén" thi

1=ABC UABCu ABC.
heo quy tic cong: P(H) = P(ABC) + P(ABC) + P(A BC)
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Ta cé: AB = ABC U ABC.
Theo quy tic cdng xac suat: P(AB) = P(ABC ) + P(ABC)
Suy ra: P(ABC) = P(AB) - P(ABC) = 0,3 - 0,1 = 0,2
Tuong ty: P(ABC) = P(AC) - P(ABC) =0,2 - 0,1=0,1
P(ABC) = P(BC) - P(ABC) = 0,4 - 0,1=0,3
Nén P(H)=0,2+0,1+0,3=06.
Vay xac suat @& em dé choi ding hai trong ba loai trén |14 0,6 = 60%

Bai toan 4. 48: Xét so db mang dién c6 6 cong tac khac nhau, trong dé méi
cOng tac co 2 trang thai dong va md.

A S 4 >4 B
pe— e
P £ > 4 S
& D
Tinh xac suat dé mang dién-théng mach tir P dén Q?
Huwéng dan giai

M&i cach déng - mé 6 cdng tac clia mang dién dugc goi 1a mét trang thai
clia mang dién. Theo quy tic nhan, mang dién cb 2° = 64 trang thai.

Truée hét, ta tim c6 bao nhiéu trang thai khéng thong mach tic la khdng co
dong dién di qua. Mach gbm hai nhanh A —» Bva C - D. Trang thai
khéng théng mach xdy ra khi va chi khi ¢a hai nhanh A — B va C - D déu
khéng théng mach.

Vi nhanh A —» B c¢6 8 trang thai trong d6 chi cé duy nhat mét trang thai
thong mach, con lai cé 7 trang thai khong théng mach, Tuong ty & nhanh C
— D ¢6 7 trang thai khéng théng mach.

Theo quy tdc nhan, ta c6 7.7 = 49 trang théi ma cd A —» B va C — D déu
khéng théng mach.

Nén mang dién c6 64 - 49 = 15 trang thai théng mach tix P tgi Q.

Vay xéc sut & mang dién théng mach 1a P = 5— ~ 23 %.

Bai toan 4. 49: C6 5 linh kién dién t&r xac suét hong tai 1 thoi diém 12 0,01;
0,02; 0,02; 0,01 va 0,04 tuong (rng. Tim xac suét dé co dong dién chay qua
theo dang mach sau: 5
a) Mach méac néi tiép
b) Mach méc song song
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Hwéng dén giai

p—

020202020

a) Goi A 1a bién c6 linh kién ther | t6t: 1= 123,45
A |4 bién cb dong dién chay qua theo kiéu méc néi tiép thi:
A = AAAAAs. Vi cac bién cb A, dbc 1ap nén:
P(A) = P(A1) - P(A2) . P(As) . P(Ay). P(As)
= (1-0,01) (1-0,02) (1-0,02) (1-0,01) (1-0,04) ~ 0,904
Vay xac suét dé co dong dién chay qua mach méc néi tiép 1a P(A) = 0,004,

n)Goi B I3 bién cé dong dién chay qua mach méc song song thi B 13 bién cé

ca 5 linh kién bj hong: B=A A, A A A,

Taco: P(B)=1-P(B) = 1—P(A‘)P(A2)P(A3)P(A‘)P(A5)
=1-16.10"°
Vay xéc suat dé c6 dong dién chay qua mach méc song song 12
P(B) =~ 0,999999998.
Bai toan 4. 50: Bo ngau nhién 4 14 thu khac nhau vao 4 phong bi ghi san dja
chi khac nhau. Tim xac sudt dé cé it nhat 1 14 thu dén diing ngudi nhan.
Hwéng dan giai
86 céch bd ngiu nhién 4 14 thu vao 4 phong bi 12 4!,
Ta ky hiéu (1,3:2;4) 1a |4 thu 1 bé vao phong bi 1, 1a thu 3 bé vao phong bi
2, 1a thu 2 bd vao phong bi 3 va 14 thi 4 bé vao phong bi 4.
B8 c6 it nhat 114 thu aén dlng ngudi nhan ta xét cac trrérng hop:
3 ﬂ_ﬁ_‘ﬁ’!hu dén dung nguéi nhan: ndu 14 thu 1 dung ngudi nhan thi co 2 kha

=

_ ;2‘"9 (1;3:4:2), (1,4:2;3), do 46 ¢6 2. 4 = 8 kha nang.
= 2la thu dén dung ngudi nhan: cé G2 = 6 kha nang.

2 3|é thu dén dung nguoi nhan: khéng xay ra
= 414 thw aén dung ngui nhan: (1;2;3;4) ¢6 1 kha nang.
0 d6 t8ng cong c6 c6 15 kha ndng. VAy xac sut 8é cé it nhét 1 14 thu dén

: 15
' hguoinhanla P= — ==,
ding g an S

Q’kmﬂ 4. 51: B6 ngdu nhién n 14 thur khac nhau vao n phong bi ghi s3n dja
“Chikhac nhau Tim xac sudt @& cé it nht 1 14 thu dén dung ngudi nhan.

|
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Huwéng dén giai
Goi A, la bién cb 14 thir j én ding ngudi nhan, j=1.2,..n.
Va A 12 bién cé c6 it nhat 1 14 thu dén ding ngudi nhan thi:
A=A VA UAU ... UA,
Ta co:
PA) =Y P(A) -2 PA nA)+ Y P(A NA NA )=+ .+ 1)"-"P(~A)

i<} i< j<k

anloc o s -

n n! n!
1 1 1
= 1-C2, c2. et =D
"n(n—1)+ "nin-NHn-2) Hn n!
= 1-l+l-...+(—1)"".l.
2! 3l n!

Bai toan 4. 52: Trong mét trd choi dién tir, x4c sudt dé game thi thang trong
mét tran |4 0,4 (khong co hod). Hai phai choi téi thiéu bao nhiéu tran dé xac
suét thang it nhat mét tran trong loat choi dé Ién hon 0,957

Hwéng dén gial
Goi n |a sb tran ma game thi thyc hién
Goi A la bién cb "Théng it nhat mét tran trong loat choi n tr@n".

= A labién cdthuacantranthi P(A)=(06)"

Do d6: P(A)=1 - (0.6)"

Ta can tim s& nguyén dwong n nhé nhét thoa man:
P(A)=095tcla 0,05 = (0.6)"

Vi (0,6)° = 0,078 ; (0,06)° =~ 0,047 nén n nhé nhét |2 6.
Vay game thi phéi choi téi thiéu 6 tréan.

Bai toan 4. 53: C6 mdt trd choi x6 s6 nhu sau: Tir 90 sé Ban 16 chirc chon
ng&u nhién 5 sb. Ngudi choi dugc quyén dat tién cho mot sb bat ki hay cho
mot nhom sé. Néu tat ca cac sb ngudi choi viét ndm trong 5 sb cda Ban t6
chirc thi ngudi choi thang s tién bang 15 1an sb tién dat néu ngudi choi
viét mot sb; bang 270 1An néu ngudi choi viét hai sb; bang 5500 1an néu
ngudi choi viét ba sé; bing 75000 Ian néu ngudi choi viét bén sb; bang
1000000 lan néu anh ta viét nam sé.

Tim s6 1&n théng trung binh cla ngudi choi khi viét mét sé, hai sb, ..., nam
sb. Gia sir c6 100000 ngudi dat tién viét ba sb. Tim xac suét sao cho co
hon 10 ngudi thdng trong sé ho,

Hwéng dén gial
Né&u ngudi choi viét k sd, thi xac suét p, sao cho tit ca cac sé anh ta viét
nam trong nam sé ctia Ban té chirc, bing:



"P1=78 ‘P27 501 ' P2 T 11748

P« =517038 ' P* ~ 43040268
Ki hidu Ey |a sé 1an thang trung binh clia ngudi choi khi viét k sé va dat a
doéng, ta co:
. Ey=15a .1-% —a.s= ——;—a . Ez= —;—gas—%a
" i tAt c Ey < 0, nén rd rang la trod choi x4 s nay khong c6 lgi cho ngudi
choi du viét méy sé. Xac suét sao cho c6 hon 10 ngudi thdng trong sé
nhiing ngudi viét 3 sb bang = 0,24,

Bai toan 4. 54: Hai dau th( A va B thi dau trong mét giai c& vua. Ngudi thing
mot van dugc mét diém va khéng cé van hod. Xac suét thdng mot van cla
dau thi A 12 o va clia B 12 B. Ai hon déi thd hal diém thi thdng gidi. Tinh xac
sudt thing gidi ciia m&i dau thi.

; Hwéng dan giai
Gid st a > B. Ki hiéu P.(A) 1a xac suét thdng gidi clia A sau n van; A, va B,
1 céc bién sé twong (g A va B thing van dau tién. Khi do:
Pu(A) = P(A1)Pn1(A/A;) + P(By)P,.1(A/By) =
, = a.Ppy(AJAY) + BPos(A/By) (")
a1 ¢ T‘fong d6 P,,.1(A/A;) 1a xac sudt A thdng gidi sau n-1 van con lai, khi A d3
* théng van dAu tién; P,(A/B,) 1a xac suét A thang gial sau n-1 van con lai,
‘khi B da thang van dau tién.
Xétn > 2. Dé A thang gidi sau n—1 van con lai, khi A da thang van dau, thi B
. phai thdng van thi hai, nghia la:
Pa-1(AJA:) = P(B)Pp-2(A) = BPy2(A)
- Tuong ty: Pny(A/By) = P(A1)Pn2(A) = aPp2(A)
- Tir d6 va (*) ta c6 Py(A) = 2aBPy2(A), va suy ra:
9 niP.(A) 2aPa?,... Par(A) = 2ap)™'a?
‘Khin= 2tac6Pz(A) o
Vi khong c6 van hoa nén o + B = 1, do d6 xac suét théng gidi clia A Ia:

 PA)= 3P, (A) = [1+ 208+ (20" +..]
t' ket

A

1-2ap o 4p?’
: tuin 4. 55: C6 hai chiéc hép chira bi. Hp thir nhét chira 4 vién bi do va 3
Vién bi tréing, hop thir hai chira 2 vién bi d6 va 4 vién bi tring, L4y ngdu nhién
tlr m&i hop ra 1 vién bi, tinh xac suét dé 2 vién bi dugc I4y ra cé cing mau.

" Be
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Hwéng dén giai
Xac suét dé 2 vién bi duoc I4y ra cung 14 bi d6 14 ;

Xac suét dd 2 vién bi duoc lay ra cung Ja bitréng 1a

i i | } auld: —+—==—
Xac suét dé 2 vién bi dugc l4y ra cé cing mau SR

Bai toan 4. 66: Goi S 12 tap hop tAt ¢ sb ty nhién gdém ba chr sb phan biét
dwoc chon tir cac sb 1; 2; 3; 4; 5; 6; 7. Xac dinh sb phan tir ctia S. Chon
ng&u nhién mdt sé tir S, tinh xac sudt dé sé dugc chon 1a sé chan.

Hwéng dén giai
S cach goi sb ty nhién gdbm 3 chir s6 phan biét 1a: 5.6.7=210
Vay sé phan t&r S 14 210.
Sé cach goi s ty nhién gdm 3 ch( sé phan biét 1a sé chan:

3.6.5= 90 .
Vay xac suét dé chon 3 sb ty nhién phan biét la sb chin tir 7 sé da cho la:
wtidf Dy
210 7
3. BAI LUYEN TAP

Bai tdp 4. 1: Co bao nhiéu sé ty nhién khac nhau, bé hon 10 000 dwoc tao ra
tir cacchrs6 0, 1, 2, 3,4.
Hwéng dan
Chi y c6 chi¥ sé 0. Két qua 625 sb
Bai tap 4. 2: C6 bao nhiéu sb ty nhién gém 6 chi¥ sé d6i 1 khéac nhau trong do
c6 mat sé 0 nhung khéng cé chir s6 1.
Hwéng dan
Xét cac chir sb 0;2;3;4,5,6;7;8 va 9.Két qua 33 600 sb
Bai tap 4. 3: Mot ban dai cé 2 day ghé dbi dién nhau. Cé bao nhiéu cach xép n
hoc sinh I6p A va n hoc sinh I&p B ma 2 hoc sinh déi dién nhau khac lop va
hai hoc sinh lién tiép cling khac 16p.

Hwéng dan
Lap so db
X Y X Y
Y X Y X
Két qua 2.nln!

Bai tap 4. 4: M6t t& bd mon cliia mét trwedng 6 10 gido vién nam va 15 giao
vién nir. C6 bao nhiéu cach thanh lap mét hoi ddng gém 6 uy vién cla td bd
mén, trong d6 sb uy vién nam it hon sb uy vién ni?
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Hwéng dén

Xét cac tredng hop 0 nam va 6 nix, 1 nam va 5 n(, 2 nam va 4 ni.

Két qua 96460 cach

gal tap 4. 5: Co n dau — va m dédu +. Dat ching Ién 1 hang sao cho khéng c6
déu + nao lién nhau. C6 bao nhiéu cach dat?

Hwéng dén

piéu kién n +1 = m. D&t n ddu - trir thanh hang thi ¢6 n —1 khoang cach va
"2 yj tri bién thanh ra cé n +1 vj tri ¢c6 thé dat dau +:

Két quﬁ nu
Bai tap 4. 6: Cho n diém trong d6 c6 m diém ndm trén duong thing d va
khong co 3 diém nao khdng clng thudc d ma chiing thdng hang.
Giasrn>mz23.
a) Néi chung lai thi cé bao nhiéu duéng thing?
_b) Néi chung lai thi ¢6 bao nhiéu tam giac?
Hwéng din
a) Mot dwong thang xéc dinh béi 2 diém M va N phan biét.
Xét M, N cling thudc d va M thudc d con N khéng thudc d.

Kétqua C> -C2 +1

b) Kétqua C?-C2 .
!il t8p 4. 7: Phuong trinh x +y + z + t = 2014 ¢6 bao nhiéu b nghiém
a) (x.y,z,t) nguyén duong. b) (x,y,z,t) tw nhién.
Hwéng dén
a) Bua vé Gém sb anh xa hay chon 2013 vj tri khodng céch gitra 2 chir sé 1
cla day 2014 chir s6 1. Kétqua C3 ...
D)PAt X =x +1, Y =y +1,Z =2z +1, T =t +1 thi X,Y,Z.T nguyén duong. Két

qu‘ c:2{)‘17
Baitp 4. 8: Tir cac chir sé tr 0 3&n 9 14p céc sb tir nhién co 3 chir sé khac nhau.
a) C6 bao nhiéu sb. b) Tinh téng cac sb do.
Hwéng din
) Két qua 359 640

)Dﬂng dang sb x = a,.100 + a,.10 + a3 .
t3p 4. 9: Ba ki thu dy gidi co d4u vong tron theo cach thire nhur sau: ddu
- lién A a4u vei B, nguoi lhang s& ddu vdi C, tiép theo nguoi thdng méi
S8 d4u voi ngudi da thua,.... Giai s& két thic néu co ai d6 théng lién tiép
: \hai van.
~ @) Tinh xac suét thing cudc cia mi ki thi néu tit ca déu ngang tai.
b) Tinh xac suét thdng cudc clia mBi ki thii néu van dAu tién A thang.
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Hwéng ddn

-
‘14

alo

a) Két qua %

1
4 2
b) Két qua —,=,
) q 7'7

N -

Bai tap 4. 10: M6t hoan vij {Xy, Xz, ..., X2n} cUa tap hop {1, 2.....2n} duoc goi I3
c6 tinh chét P, trong d6 n 12 mot s nguyén duong, néu | x, — X! = nvéi it
nhat mét i thude {1, 2,...,.2n~-1}.

Chirng minh rang v&i mdi n, sé cac hoan vj cé tinh chét P 16n hon sé cac
hoan vi khéng c6 tinh chét do.

Hwéng dan
Lap anh xa f tir tap khong c6 tinh chat P vao tap co tinh chét P.

Chirng minh f khéng toan &nh hodc chimg minh: |Al> %(2:1)!

Bai tap 4. 11: Goi S Ia tép hop tAt cad cac n—bd (X, Xa.....X,) v&i mdi X, 1a mot
tap con cla tap {1, 2,...,1998}. V&i moi k thudc S (tirc 13 k 1a mét n-bd nhu
trén), ta goi f(k) 1a sé tat cd cac phan t&r trong hdi clia n tap hop cla k. Tim
téng tt cd cac f(k) khi k chay trong khap S.

Hwéng ddn
Két qua X; la mét tap con cla tap {1, 2, 3, ..., m} thi tdng can tinh 1a s(n, m)
as m(znm 4 2n(m—1))

Bai tap 4. 12: Cho S = {1, 2, 3...,280}. Tim sb ty nhién n nhé nhét sao cho
moi tap hop con gém n phan ti cla S déu chira 5 sé d6i mdt nguyén to
cung nhau.

Huwéng dan
Kétquan =217
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cnuvén aé 5: CAC DAI LUONG TO HOP VA
NHI THUC NEWTON

1. KIEN THUC TRONG TAM

) Cac dai lwong té hop A, P, C:DFG
Giaithtra: n! = 1.23..(n-1).nvao! =1
86 hoan vin phén t& cua 1 tap: P, = n!

}
$6 chinh hop chap k cla 1 tap cé n phan ti: A* = o '—“k)l

. S il n!
- $6 t6 hop chap k clia 1 tap c6 n phén ti: Cf = P
Cac hang déng thirc (tam giac hé sé Pascal)
_ (a+b)’=1
(a+b)'=a+b
(a+b)’=a’+2ab + b’
(a+b)’ =a’+ 3a°b + 3ab® + b°
(a+ b)* = a*+ 4a’b+ 6a%p? + 4ab® + b*
(a* b)° = a° + 5a'b + 10a’b*+ 10a°b’ + 5ab* + b°, ..
Nhj thirc Newton( Niuton)

n
(a+b)’= > Cla"*b"= Cla"+Cla"b+..+C'ab™" + C1b"
k=0

Kétqua: (1+x)"=Y Clx* =C+Clx+...+Cx"
k=0

(@-b)'=[a+(-n)] Zc“ a™( Z( ~f)*Cra"*p*

k=0
BRCE£C! +C2+..4Ch =2% CO-Cl +C2—...+(-1°C=0
Chay:
1)C; =C*, A =C'P,, C' +C!*' = C*! (Pascal),

2) Khai trién téng quat (i a,] = Zﬁ—ia"‘a"? am

- V6itbng ¥ lAy theon; +ny+ ... +np=n
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3) Hé sb clia x* trong khai trién cia tich: B(x). Q(x) la tdng cac hé sb sau khi
phan tich ddy da (néu cé) dang:
= =) xl=x
4) Téng cac hé sb sau khai trién 1a P(1)

2 = =x0x*

Téng cac hé sé theo Iu§ thira lé : w

Téng cac hé sé theo luj thira chan ;_P(‘)*:(—»

5) Danh gia cac hé sb: so sanh lién tiép cac hé s a, va ay.,
6) Cac hudng gidi toan vé hé thiee td hop:
- Dung céng thirc, tinh gon, ding quy nap
—Dém béng 2 cach khac nhau
— Chon gia tri cap sb a, b cla nhj thirc. D& khir cac td hop chap 1é hay
chén thi ta chon 2 gia tri x déi nhau rdi cdng hay trir hai hé thirc.
—~Sosanhddngnhat(1+x)". (1 +x)"=(1 +x™"
~ Dao ham: méi cAp dao ham clia 2 vé va chon gia trj ciia x cho ta mot hé
thire t6 hop.

(1+%)"=C) +Clx+C2x* +...+Cix* +...+CI.x"
= n(1+X)"" = C, +2C2X +... +Ckx*' 4.+ nClx""
= n(n-1)(1+x)"? = 1.2.C2 + 2.3Cx +... + n(n - )C x" 2

= n(n-1)(n-2)(1+x)"°=1.2.3C2 +2.3.4C} +...+n(n - )(n-2)C"x"2,
C6 khi ta nhan chia bién x, X, ... vao 2 vé tnrére khi dao ham dé tao hé thire méi.

2. CAC BAI TOAN
Bai toan 5. 1: Giai cac phuong trinh:
mi-(m-H _1 Pz o
% (m+1)l 6 o) AP, 410
Hwéng dan giai

a) Diéu kién m nguyén duong.
m(m—1)l-(m—1)l=1 m-1 =_]_
(m-HImm+1) 6 mim+1) 6

&Bm-6=m’+m < M’ -5m+6=0

< m=2hodcm=3.
B)DK x e N, x>4, —22_ =210 o - X+2! 549
AP, (x-=1! 4,
ar



e x(x + 1)(x +2) = 210.
"~ Vi210=56.7 nén suy ra x = 5 (chon)
Bai toan 5. 2: Giai cac phuong trinh 2 &n k, n:

a) .gmi =240 A%3 | b) C1, = (3n)*

n-K

Hwéng dan giai

(n+5)! 240.(rH‘:‘))!
(n—K)! (n-K)!
& (n+3)! (n +4)(n+5)=240(n + 3)!
esn’+9n-220=0<> n=11hodc n = -20 (loai)

\/ay nghiém la (11, k) vé&i k nguyén, 0 <k < 11

b) Ta co: Cj, = (3n)*

', Piéu kién 0 < k < n. Phuong trinh: ~————

('3n)! _ @ es (8n-2)!(3n - 1)(3n) = (3n)*
I(2n)! (n—=1!n(2n - 1)!(2n)

(3h-2)!  (3n)*".2n? - o _ 3*'onn*
(n-N(2n-1)!  (3n-1) et ey

Vi Cyl, €Z ¥n=1nén3“"2nn*: (3n-1) (1)
Ma (3, 3n-1) =1, (n, 3n-1) =1

Nén(1)xdayra<2n: (3n-1)
Dodé2n>3n-1e=n<st1en=1

Thir lai C) = 3" <k =1. Vay (n; k) = (1; 1).

‘Bai toan 5. 3: Giai cac bat phuong trinh:

o 5 Al 15
a)Ch +Cl, >—A? b) —az24
) Gz +Crp > AL ATy
Huwéng dan giai
7 O+3)! 5 ni

ap
3‘29““ Kion n nguyén, n22. BRT. Tt > 2. (n-2)!

~9n’*+26n+6>0 <> n(n’-9n+26)+6>0:Bing
V&y nghiém n nguyén, n > 2
b) Bidu kién n nguyén duong.
' (n+4)! 15 _ (+2!n+3)n+4) 15
'lg nln+2) (-1 (n-19inh+2)1  (n-1)!
S (n+3)(n+4)<15n <n’-8n+12<0

E &2<n<6.Vay: n=3;4;5

' ha
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Bai toan 5. 4: : Giai bat phuong trinh véi hai n n, k:

P
—:8_ < 60.AN% .
(n =% k)l n+3

Hwéng dan giai
Didu kién n, k nguyén, n > k = 0. BPT bién déi thanh:
n+5(n+4)(n-k+1)<60
Xét n = 4 thi v nghiém, Xétn =3 thichonk=3
Xétn=2thichonk=2 Xétn=1thichonk=0;1
Xétn=0thichonk=0.
Vay 5 bd nghiém (n k) 1a: (0; 0), (1; 0), (1; 1), (2; 2) va (3, 3).
Bai toan 5. 5: Gidi cac hé phuong trinh:
g 2AY +5CY =90 b) Cli _ cr & i
5A] -2C) =80 6 5 2
Hwéng dén giai
a) Diéu kién x, y nguyénva x>y >0Datu= A’ v= C! taco hé

{2u+5v=90 {u=20
<>

5u-2v =280 v=10
x!
=20
A (x-y)! .2 x!=20(x - y)!
X s yt=2
yl(x-y)!
x=5
Nény =2 = x = 5 (thod man). Vay:{ 5"
y:
b) Diéu kién x, y nguyén dwongva 2 <y + 1 < x, ta co hé:
Ly (C2] e _ X!
6 5 /6ylx+1-y)l S(y+x-y-7)
ey, et x+9! x!
6 2 6ylx+1-y)! 2Ay-Nix-y+7!
Xx+1 e
o B =yx+1=y) By +)
X1 8
6y 2

Dodéx+1=3y <>x=3y-1
Thé vao ta co: y = 3. Vay nghiém {"=:
y:



toén 6. 6 Chirng minh:
a) C" -"'k”C{““ ,voicacsdtynhien 1 <ks=n

p) nC,, = (r+1C;" +rCL, voicacsé ty nhignnzr+ 1.
Huwéng dén giai
et

S nl (k-Dn-k+N _n-k+1
A ki (n-k)! n! k

2

cfnc;, s(r?—r+r)C:, =(n-r)C. +rC,
| n! -

o

#+1C = (r+1)

'b) (4n)! chia hét cho 2*".3".
o Hwéng dan giai

&) Tacs T=(k+ 1) (k+2) . (ko) = L K0y gy
18 hop 1a sb nguyén nén T chia hét cho n!.
 qua: Tich n s& nguyén lién tiép chia hét cho n!
+1) { 2 n(n+1)(n+2) 16 ; n(n+1) (n+2) (n+3) : 24

2%3"=24"= (4))
5 cach phan phéi 4n ngudi vao n phang, mbi phong 4 ngudi thi co

& (4n)! _ (4n)!
T=C,ClraCinsCi= @ e cach
fis6 cach T Ia s nguyén nén (4n)! chia hét cho 2*.3".
0an 5. 8: Chirng minh:
D) =10 ((1+10)® - (1- J10)%) 12 86 tur nhién va 12 boi 20.
nguyéncia u=(2+ J3)" . n nguyén duong la sé tw nhién €.

Hwoéng dan giai
.:;‘ t= \/1—0((1 % \/1_0.)100 o (1 pi JE)‘W)
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—\/_['fcw(\/_)" ):cm,(—\h_or]

k=0 k0

= M(2‘§0341 (J_)ENHJ (2202’" 10:(J1_0)J

100
=20) C%..10' 1a sb ty nhién va 1a boi 20.
in0

b) Taco u=((2+J§)“+(2-J§)")-(2-J§)"
VI 0<2-8<1=20<(2-y3)" <1

Va (2+J§)"+(2-J§)"_Zc*2"*(f) +Zc"2""‘( J3y

k=0
=23 C2.2"%3' la s tw nhién chdn
=0
Nén phan nguyén [u] =(2+ \/5)" +(2- J§)" -1 14 sé tw nhién 1é.
Bai toan 5. 9: Chirng minh v&i cac sb nguyén:
a) C +2C'+C2=C ,,
b) C| +3C’ '+3C2+C?=C ,,3<srsn
Hwéng dén giai

Ngoai cach chirng minh tryc tiép tir cong thirc t hop: C* = #Ik)! ta siv

2<rsn

dung hé thirc Pascal: CY + C**' = C**! nhu sau:

n+
o) To ot 2051+ Gy (0171 o{cy 1)
( n+1 m!) 2
b) Tacé: C[ +3C!™" +3c:‘—2 Nos
= (2ot ve) oo e
=Cl , +CL =0

n+2 n2 " Ymg*

Bai toan 5. 10: Chdng minh :
a) Cr =C™ voicac sb tu nhiénn > k.

b) Ch, +2C% ] +C*2 =C* voicacsé tynhienn—-2 > k.

1)K



’ Hwéng dén giai
eéchdungcbngthuc hé thirc Pascal, ta cé thé dém 2 cach

(apEcOnphéntu

\p con k phan tir 1a C¥. M3i cach tao ra mét tap con k phan tir tuong
HoynhAtmot tap con n = k phin 6 cdn lei cla E.
oonn—kphéntulé Ci™*nén c6 Ck=CI™.

Eoénphéntu c62phéntiravab.

ap con k phan tor 1 ch.

8 con Chirs ava chira bl 1 6k /2 phiin tir ol F = E \ fa:b)
Cg"" tap con rdi bd sung a va b thi c6 CX 2 tap con k phén ti.

:h phan chia tap réi nhau nén c6 C! , +2.C: +C5 5 =Ck.

4.11: Chu'ng mmh vé@in, k nguyén duong.:

‘X"«n-y") ZCz‘(x-by)”-z(x y (1) hai sé thye x,y.

=G
Hwéng dan giai
X+yvav=x-y thi g hs vao y=%
o

g céng thire nhi thirc Newton, ta cé

(utv) +(u-v)' = ic:un-uvu [“(_1)::]_

Vachay them 3 Clu™v [1+(—1) ] 2 Z Chu*v* = 22 C2A,
" k=0

=0

a co dpem.
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b) Xétday (X, X,,...X,,,,,) @6mn+1 chirsd 1 varchir s4 0. Bang cach chon
rvi tri cho sé 0 trong n +r +1 vitrinén cé C|  day.

Mat khac, ta xét vj tri chir s6 1 cudi ciing clia day, vi tri ¢ thé cb 1a n +1,
n+2, ... n +r+1. Ta goi mdt day loai k néu vj tri chir s6 1 cudi cung 1a n + k
+1. Trong mdi day loai k thi sau chir sé 1 cubi cung la r —k chir s6 0 va

trurdc d6 1a n +k chir s6 gém k chi s6 0 va n chir sb 1 nén c6 Cf,, day loai

k. Suy ra sb day |a téng c4c loaidaysék=0,k=1,. . k=r: > C! . Vayta
k=0

nek nersel”

r
c6 dugc ) Cf, =C;
k=0

Bai toan 4. 12: Cho S 1a tap hop {1, 2,....n}, n 2 1. Ta goi pa(k) 1a s cac hoan
vi ciia S c6 dung k diém cé dinh.

n
Chirng minh rang: 3 kp, (k) =n!.
k=0
Hwéng dan giai
Tacé: nC ! =kC* = Ect,;: =C* néuk«0

Péy: p,(k)=Cip, ,(0). D p,(k)=n!nén
k=0

n n n n-1
kZopn(k) =Y kCp, ,(0)= nkZoC:;Ip,.-u(O) = Z(I)C:..Pn +1(0)
- -l o=

k0
= nnz‘pn_,(k) =n(n-1)!=n!
k=0

Céach khac: ta dém bang 2 cach

(ng v&i méi hoan vj ta viét b thir ty (dy, ds,... d,) sao cho d, = 1 néu i thudc
S 14 diém cé dinh clia hoan vj da cho va sao cho d, = 0 trong trwdng hop trai
lai. Vi 6 hoan vi 12 n! nén ta viét dugc n! bd thir ty . Ta dém sb don vj téng
quét trong tat cd cac bd thir ty nay bang hai cach khac nhau.

S6 bo thir ty , trong cach viét ma ¢ ding k don vi, bang p,(k) vi thé sé don

n
vi tong quat trong tat ca cac vecto bang: ) kp, (k)
k=0

Mat khac, s6 bd ther ty trong do c6 don vi & vi tri th i, bang
(n = 1)!. Vay s6 don vj & vi tri thir i trong tat ca cac bg thir ty bang (n-1)! va
s téng quat tat ca don vj trong tat ca cac bd thir ty sé bang n(n-1)! = n..
vay 3 kp, (k) =nl.

k=0
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5. 13: Chirng minh:
#C2 +..+Ch =C} +C3 +..+C3h" =22
300 3% +C2 .37 +C;,.3" +..4C 3% = 227122 19),
R Hwéng din giai
2n
xét nhi thirc (1 +x)" = 3" Ch x*

k=0

- 2n
honx=—1thi: 0= 3 CX (-1
- k=0

1 2 3 2n-1 , (2n
‘-‘Czn + G5, =G5 +—..=C5' + Czn

2 o _ ol o 201 _
A= C;, +CZ +...+C5 =C}, +C] +..+CX"' =B

. 2n
thico: 22" = ZC'.M'-'A*B=2A
. =0

\ +C}, +...40% = €}, +C}, ..+ = 2,25 = pont
2 khai trién:
"= Cj +C, .3'+C] 3% +.. .+ C3%
‘= Cg -C,,.3'+C3 3%~ ...+ CI.3™
theové: 47"+ 22"=2(an +C2 .3 +...+Cg.32")
43" 4250

2

Dods: C; +C2 3% +...+C.3%" =

b = 2‘&-’ *220-1 = 221—‘ (22n+ 1).
an 6. 14: Chirng minh

R 1 S

O 4203 4 4C5 4. g, = (132N -(1-V2)"
Rt " v 22

y Hwéng dén giai

0:(141/2)" = CO + 2V2C! +2C2 +.2¥2C2 4 22C2 + ..
(1/2)" = C0 - 2"2C! + 202 - 2%2C? +.22C +...

Ong lgi 2 vé theo vé:

‘%"e*"f B0 - = 2(CD +2C2 +4C% +..42°C* +..)
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Suy ra dpcm.
b) Ta c6:v2(1+v/2)" = Y2C% + 2C} +2/2C2 + 4C} + ...
J2(1+2)" = J2C° - 2C} +22C2 - 4C2 + ..
Trir vé theo vé:
V2(14 V2)" - 2(1-J2)" =4 (C} + 2C2 +4C% + ... +2“CZ*' +...)

Suy ra dpem.
Bai toan 5. 15: Chirng minh

a)Ck +4Cf'+6CE2 +4CK % +Ch* =C]

n+é
b) (c2) {Ci) +...+{ca) = ¢,
Huwéng dén giai
a)Taco: (1+x)*. (1+x)"=(1+x"™

4 n ned
| i i m o m
nén Y C,x'.Y Clx'=) C" x
=0

=0 m=0
Hé sé theo x* clia vé phai la C* , va clia vé trai la:
clct+Cic+Cict2+Cick +Ci Lk
= 1Cf+4C! ' +6C 2 +4C5° +CF*
So sanh déng nhat 2 vé :Ct + 4.CH' +6CH2 +4Ck? +C* =CF |
Ta c6 thé dung truc tiép hé thire Pascal: C| +C," =C}}}
b) Taco (1+x)". (1+x)"=(1+x*

n 21
nen  3CX3Cx=FChxt
=0 k=0

=0
Péy: x"=x" x"=x' . x""=..=x".x"va C =C"
Do dé hé sb clia X" clia vé phai la C), va cla vé trai la:
CoC0+ 0L oI+l
2 2
= GoEl v elc+ L vency sw(el)iafellf +...{(cD)
2 2 2
So sanh déng nhét, ta cé: (Cg) {C;) +o 4{02) =CJ .

Bai toan 5. 16: Chirng minh hé thirc:
a) C," - 20;‘: Fes -H(C:‘1 +ot NC) = n2"!

1130}



Huwéng dan giai
2 G (14»;) = C +Clx +C2x% +...+Chx* + ..+ C0.x"

K)'M = C} +2C2x +...+kCF x* " +... + nCO X"

=1 thi C! +2C2 +... +kC* +...+nC] =n.2™"

n cép 2

14x)" % = 1.2.C2 + 2.3Cx +...+ n(n - )CI.x"?
)(n-2)(14%)"*=1.2.3C3 +2.3.4C}x +...+n(n - 1)(n - 2)C.x"*

5 85_7 thi ¢6 dpcm.
9 Chung minh hé thire:

. e Hn=1C) =(n+2)2"".
'?-‘Eﬁ H-YHCh CF Y H{-1"CKC =0 véik <.
' Hwéng dén giai

n
x(14x)"= 3 Clx*"!

k=0
ly dao ham 2 vé: (1 +x)" +nx(1 +x)"" = )i CF.(k + 1)x*
k=0
x =1 thi duoc két qua cin chirng minh.
6 (1#x)" = C2 +Cl.x + C2x® 4.+ Cix* + ...+ C.x"
dao ham lién tiép k 1an 2 vé:
)™ = 1 Cl +2C2 x +..+KC X" + .+ Clnx™"
=1)(14%)"° = 1.2.C2 +2.3C? +..+n(n - )CJ x"2

1)...(n-k+1)(14x)"™* = ii(i ~1).(-k+1)Cx™*

Ik

N X = -1 va chia 2 vé cho k! thi c& dpem.

_‘ +2.3.4C)7 +...+n(n - N(n-2)C).7"* = n(n - T)(n - 2)8™*
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Bai toan 5. 18: Tinh téng

BT IS 1
a)T..-:g- F’+ +Evoinnguyen.n22.
1 1 1
b)s,.-—a gtk véinnguyén, n=3
An Anﬂ n+m
Hwéng dan giai
1 (k-2)! 1 Lol
Taco: —= = -
a)aA: kI  Kk-1) k-1 K
DodO:T,,=(-1-—-1- + b e e e ) =1—-1-=l——1
[ 2 3 n-1n n n
(k - 3)! 1
b) Tacé: L0 =
) Al k! k(k - 1)(k -2)

Kk

12 1 Vs ¥ s X
k-1k(k-2) k-12(k-2 k

5 padid Ao A =1[1_2+1
2'k-Nk-2) 2 (k-9 2\k-2 k-1 k

Dodb:S,,=-1—{ LA T A o JEPOR, )

2ln+m n+m-1 n-1 n-2
Bai toan 5. 19: Tinh téng:
a)S=CP+CPICl +CP2C2+..+C) ,,CF'+CP

n-p+e1~n

b) T=1C? + 2C) +3C% +...+ (n+1)C]

Hwéng déan giai
a)Tacs: corck - (0K ____nl
(p-K)(n-p)! kl(n-k)!
n! p’ “'Cpck

Tpln-plkip-k)! P
Dodd: S = Ch(C)+C] +.4CF)=Ch.2°

1P
Vay: S=CPP=—15 _
i pln—p)!

b) Vi: Ck =C"™* nén: T=1C0+2C] +3CZ +...+ (n+1C)
hay T = 1C! + 2C]"' +3C:"2 +..+(n+ m:

1312
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ing vé theo vé: 2T = (n +2) (CF +C] + CZ +...4C)) =(n+2).2"
T=(n+22""

n 5. 20: Tinh céc téng :

11,c‘+202+3.03+...+nC"

1zc’+2ac°+a4c‘+ +(n-1)nC’

' Huwéng dén giai

Ta chirng minh kCk = nCk ] :

R
"k'k,l(n—k)! Ty nCk™}. Ap dung thi cé

"v'.,;zc:2 +3C¥+..+nC

1 +Chy # Gy # o+ O =n 2™

=1)C}, =knCy} =nkGCl = nin - 1CLZ nén
2C2 +2.3C2 +3.4C} + ..+ (n-1nC]
-1)(Cy,+C} ,+Ci,+...+C2) =n(n-1).2"2.
21: Tinh céc téng :

—.C:,+;C’+ +—C“
1 1 1
= o] e e ]
25 tas et AT neg o
Hwéng dén giai
a chirng ook o
chu mmhk”C" Ao, ¢
O T 1 TR e

+1kln-K)! n+i(k+Din-k)! n+1 ™

1 1 1
E.C:‘ + -3-.0:‘: + n—”.C:
2™ 9
-&-C2 +Cz‘1+ +C“’})--—m-.
\ 1 % 1 1 ket 1 1 K+1 e 1 Cuz

' 1)(k+2) "Tk+2n+1 ™ netk+2 ™ (a+Yn+2) ™2




¢ sinh gic -
2 1

-L 0 _1_. 1 L ==
Nén F = 15 G+ 2‘3.(3" * 34 L, S TS c
1 2 3 ne2 2n2 -n-3
- __(C, 4C2, +C PGPy TS
e e met Cmet Cna 4 Coig) = "o
Bai toan 6. 22: Tinh téng

1 0 Y 2
3 i) L/ W b
19910‘"‘ 1090 1990 " 1989 1989
(_1)0\ m 1 99¢
*1991—m C'ee+m * ~ ggg Co:
Hwéng dan giai

Véin=1,2,., tadatS(n) = Z( ~-)™C™ ., trong d6 tdng duoc ly tir m =

n-m*'

cho dén hét nhirng sé hang khéc 0.

n
Tacoténg: ¥ CK =CXlnén:

k=m

ZS(k)ZZ( )"Clm Z( Uk Z cy

=m k=0 m k=2m

20" =1-8(n)

TacoS(n)=1- nfS(k). suyraS(n+1)=8(n)-S(n-1) (1)

k=0
Taco S(0)=S(1) =1, tr dé6
S(2)=0,8(3)=-1,S(4)=-1,5(5)=0,5(6) =1, S(7) =1
Tir (1) ta c6 S(m) = S(n) néu m = n (mod 6).

Do Cr,=Cl +CM"' néntaduoc:

n-m mm n-m-1

1 1
1991, Clagy ~ —==Clyeo + ——C2%,, -
[1991 1991 " 79g0 9% " 1ggg ~'ses

(-1)" cm 1 995
1991 m 1894%-m Fow= .F%- 598

Suyra T =
AT Th

Bai toan 5. 23: Khai trién:

7
a) P(x) =(x+§) b) Q) = (6 + 1) (¢ - 1)°

T~ a
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k. Hwéng dén giai
Ap dung cong thirc nhj thre

Ao 7 x

. 1) _ ko 7k( 1

)B[X-Px] -EC,.X (X]
300

k=0

' N " P
,.g\cg.x7+C.‘,.x°[—] +C§.x’(-) +C§.x‘(—)
By X X X

1 4 1 5 1 6 9 7

4

' C,.x’(;] +ch=(;) +C$.x(;] +c;(;)

=+ TXC 4 21 + 36x + I 9
R el

p)Taco (1) = Co0)°. 1+ CLOCP (=1 + Cix* (=17 + CH° (-’
+ CHE.(-1)* + Cox(-1)° + Cg(-1)°

—Bx"0 + 15x* — 20x° + 15x* - 6x° + 1

5. Q(x) = (C+1)(x"2— 6" + 15x° -20x° + 15" - 6x’+1)
 =xM o a5 -6+ - 6 + 1.
6. 24: Tim s hang khong chira x trong khai trién:

' 1 15 28 n
") yX#0 b)[x-%(-ﬂ( ‘5] /biét C) +C' +C1* =79,

Hwéng dan gial
ng téng quat:

k
L 1

38 hang khang chira x (rng 30-3k =0 ¢ k = 10 a C!%= 3003
: CP+C' +Ch 2 =79 (n nguyén, n > 2)
+n+ "("—;’-=79 o nt+n-156=0

> N=-13 hay n=12. Chonn=12
Y6in = 12 sb hang téng quét cla khai trién:

' k 12-k (1
,f--:c:_,.(x.%/;)""‘.[x‘f‘:J =C',‘2.(x%] {x-%%] < R

86 hang khong chira x ng: 240 - 48k =0 <> k=5
Vay s6 hang khong chira x 1a: C}, =792.
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Bai toan 5. 25: Tim céc sé hang nguyén cla khai trién:
7
afa\’ 4
a) (V2 +43) o) (5 o
Hwéng dan giai
5
a) Sé hang téng quét ctia khai trién: (\fé +i’/§) l&:

5k k

T..,-C"(J') ‘@3 =craz 8

D4 Ty nguyén thi 52—" va 5 nguyén, k=0, 1,...5

Do d6 k = 3. Vay sé hang nguyén 1a T, =C? 2.3 = 60
b) Sé hang thi k la:

[ 4 ' = =
Ter = C} (V5) [_J =Ck572 22 voik=0,1,..7
Y

7-k

Sé hang nguyén thi —— %“- Ia 6 nguyén nénk = 3

Vay s6 hang nguyen la: T, = C] .5%.2° = 28 000.

Bai toan §. 26: Tim hé sé cua :
a) x* trong khai trién P(x) = (1 + x)* . (1 + x)"
b) x* clia khai trién: Q(x) = (1 + 2x + 3x9)"°
Hwéng dén giai

APX)=(1+x°.(1+x)" =(1+3x+3x%+ x°)[ic:x*J

= ZC"X"+SZC" kel +320k k¢2*zck k+3

k=0 k«0
V6in 2 k 2 3 thi hé sé cia x*: C +3CK"+3.C"2 +C'2.
b) Ta ¢6 Q(x) = (1 +2x+ 3x)"% = (1 + 2x) + 3"

= ZC o (14 2%)10%(3x2)¥ = 5_‘,3" o1+ 2x)"0 % x

Hé sé clia x* chico khik < 2
Véi k = 0 thi c6 da thire: 3°CF (1+ 2x)"°

Véik = 1 thi co da thire: 8'C] (1+2x)°

2 Vim> 2
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&1 k = 2 thi c6 da thirc: 82.CF, (1+2x)° x*

\Vay hé sb theo x* 1a:

3°.c9,Cl,.2* +3'C) C2.2? + 32.C%,CJ.2° = 8085.
pai toan 5. 27: Tim hé sé cia

n
a) x*® trong khai trién (l‘ + x’) biét rang
-

| Chiiy +CE 4+ O =201,

1) x* trong khai trién (X—L-M/x—s) biétring CMl -C" . =7(n+3).

Hwéng dan giai
‘a) -~- thiét suy ra: Cgm‘ +C;m1 +"+cgw| =2% 1)

Vi C im! =CIM ™, vk, 0<k<2n+1nén:

1
B 1+ oy ++ 0y = E‘Cg'"' 40}, i+ +CY) ()

w1+ Copq ot Conty = (14 P11 = 221 @)
(2)va(3)suyra: 2*=2"hayn=10

T 1 0 4 10
(_‘ 3 X7J L z C‘,‘o(x“)”"‘ (xv)x % ZC‘,‘OX"““
k=0 k=0

X
36 clia x*° 1a C*, véi k thod man: 11k -40=26 <> k=6
hé sé cia x*° 1a: CJ; = 210.

Cpit - Chg =7(n+3) > (C} +C

ned na3

)-C:'“a=7(n+3)

’-W=7(n+3)¢n+2-7.2!=14¢n=12
."'

gy 5)12* o
’;‘:: ang tdng quat clia khai trién 1a: C‘,‘z(x")“.[xz] =Chx 2

Taco: S0 _gnenk=4.Dodohesécia X' la CY,.
in 6. 28: Trong khai trién: P(x) = [x+%](x+2zl}.{x +-2‘7]

@) Tim hé sb cla x™' b) Tim hé sé clia x".
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Hwéng dén giai

Taco P(x) = (x - %](x +2—12-][x +2an
=x"+Ax" +BX"%+ ..
a)Hésbdchiax™"'la:

s ik ¥ A8 e
220 e By, 84

b) Hé sb cliax™ 1a: B

2
TacOA’=(-;-+£5+...+2an =%+_+...+4ln+2a

1 Yoo dal -804
SuyraB= E(Az _5(1-3))=T'
Bai toan 5. 29: Tim hé sé cla x* trong khai trién:

a) P(x)=(1+%)"% + (1+ %)% + (1+%)**® 4 ..+ x+1

b) Q(x) = (1+ x)"%% + x(1+ x)°° + x®(14 x)%8 4 ... + x"°

Huwéng déan giai

a) P(x)=(1+%)"% + (14 %)% + (1+x)°® + ..+ (14 x) +1

1000 989 50 49
2 ) Chan X +§C§°e.x" +aik D Chx® + ) Chox* +...+1

k=0 k=0
Hé s ctia x™ trong khai trién tng v6i k =50 1a: C50,, + C50, +...+ C0

b) Tacod (x+1)°% - x"%% = (x +1-1).Q(x) = Q(x) nén hé sb clia x*° trong khai
trién Q(x) la hé sé cta x* trong khai tridn (x+1)"°%,

1000
Mata co (x+1)'%% = (x+1)'°% = ?:{, Chag® -

Vay hé sb clia x*° trong khai trién Q(x) la C30_ .
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i toan 5. 30: Tim hé sé ciia x* trong khai trién:
P(x) = (1+ )" + 2(14 %)% + 3(1+ x)° + ...+ 1000(1+ x)"°%.
Huwéng dén giai

Ta co P(x)=(1+Xx). zs(n x) = (14 x). [1020:0(1+ x)‘)'

=1 I=1

,'- =(1+x).[(1+x)

1-(1+ x)'%%%),
1-(1+x)
_ 100001+ %)'%°"  (1+%)'®" - (1+x)
X x2
’, ra hé sbé cta x* trong khai trién 1a 1000C3),, - C32

1001
Bai toan 5. 31: Xac dinh hé s6 clia ¥° ciia khai trién
v ','P(x) = _.(((x -2 -2)*- ... - 2)*, k lAn m& déng ngodac.
Hwéng dln giai

i

P(0) = (...(((-2)* - 2)* -2)* - ... - 2)?, k |&n m& déng ngo&c
~ =((4-27-2)"-.. - 2)" k- 114n m& déng ngozic
= (427 -27-. -z)’ k — 2 1&n mé& déng ngoac
= 8
 (@-27-27=4-27=4
Pat A, 1a hesécdax B.lahésécuax’va Pe.x’ 12 tdng cac sé hang chira

cac |0y thira 16n hon 2 cla x.
"a c6 thé vidt:

- PO=(.((x~27-2~..~2", k IAn m& dong ngodc.
=P 4 By + Ay x+4

=[(((x—27-2P .2~ 2F, k— 1 1&n mé& déng ngodc.
[Prs X + By + Ay x+ )= 2F
2P X+ B + Ay X+ 2)

=P x® 2P, B, x*+(2P A, +B2 x*

b + (4P, +2B, A, ) +(4B,_, +AZ X* +4A,_x+4
"‘ X+ 2P, B, x*+ (2R A, +B )x+

+ 4(F,_,+2B,_A, ,]x + (4B, +AZ )x® +4A,_x+4

6 A= 4Acy, By = A2, +4B,
T atinh A,
‘(x 2=x*-4x+4, néntaco A, = 4.
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Do d6 A; = -4.4 = —4° Ay =-4°, ... va mbt cach tdng quat A, = —4*,
Tatinh By By= A? [ +4B,_,

= A +4(A , +4B, ;)

Al +4AZ , + 47 (A2, +4B, ,)

A2, +4A7 , + 4°A7 443 (A7, + 4B, ,)

SAL HAAZ AT 4 A CAT + 4RAT 4B
Thé B, = 1, A, = 4, A, = 4% Ay = —4°, . Ay = 4" véo bidu thic ta
duoc: By =4" 2+ 4.4+ 4% 47%C 4+ +4"7 42+ 47 1

- 42’(—2 + 42k-3 44 42*-‘ ERE 4“‘1 + 4* X7 4“-1

=4 (1+44+482+4%+ 447447

= 4k 4" -1
4-1
42%-1 _ gk~
Vay hé sb theo x* 12 By = e

Bai toan 5. 32: Tim hé sb cua
a) x"°'y*™ trong khai trién (2x - 3y)**
b) x®°y°z* trong khai trién (2x - 5y + 2)"®
Hwéng dan giai

a) (2x - 3y)’*® = 2)zo;o(ax)"‘”"“(—:ay)" = 2§(-1)“ - saiard it
k=0 k=0

Nén hé sb cia x'*'y™ mg véik = 99 1a -C28 2'9'3%

15
b) Ta cd (2x - 5y +2)'® = Y C¥, (2x - 5y)"**2*

k=0
15-k

= 3¢k, 3l 20 (-sy)2t
k=0 =0

15!

Nén hé sb clia x°y’z* ing véik = 4, i= 512 2° (-5)° . ST

Bai toan 5. 33: Trong khai trién cla
a) (1 +x)* | tim sé hang chinh gitra.

21
b) (a"’°. b +b-"°.§/£) , Xac dinh sb hang thir k ma Iu§ thira clia a va b
bé&ng nhau.




Huwéng dén gial
N 2n
Taco: (1 +x)°" = > C x" Vi2n chadn nén sb hang chinh gitra trng véi
k=0

|, ," nia; CL X" = (2n)! ¥ I 1.3.5..(2n - 1).2".)("

= it n!

{  co (a-ue J" w-vcg]‘ ) ZC 1(a-ue buz)u.(b-ve_aua)zi-u

k=0
.4' ct a[z‘a_u :] (n 21—-&] ch 42-anlb -21

L u? thira ctia a va b giéng nhau khi: 42;3'( =4k6-21 &63=7ker k=9

4n 5. 34: Sau khi khai trién: P(x) = (1+ x* = )% va Q(x) = (1- 32 + x*)' ™ th

'_.u‘nx”a‘:aaamcnaolanhan?

Hwéng dan giai

=(1+3-x)'va H(x) = (1+X+x)"* = P(~x) nén hé s ciia x*°

@a'tm'cbéngnhau.kméuam-

Qx) = (1- X +x)"™* va K(x) = (1-x*=x)"*® =Q(-x) nén hé sb cia

da thirc béng nhau, ki hiéu b

khai trién H(x) = (1 + x*+ )" toan hé sb dwong nén hé sé clia x™° clia

16n hon hé sé clia x*° ciia K(x).

80 > bao Nén sau khi khai trién hé sb clia x*° clia P(x) = (1+ 3 - ) 16n
sb cla X clia QX) = (1-x°+x)'™.

5. 356: Cho n la mot sé nguyén duong. Tim s6 cac hé sé 1é cua da

::'.Vn(x)"'(xz +x + 1)"

R . Hwéng dén giai

Xét cac da thirc c6 hé s nguyén P(x) va Q(x). Ta ki hiéu P(x) ~ Q(x) néu
— Q(x) chi gdm cac hé sb chin (do dé sé cac hé sb Ié clia P(x) va Q(x)
nhau). Quan hé nay co nhirng tinh chat:

P(x) ~ Q(x); Q(x) ~ G(x) thi P(x) ~ G(x)

P(x) Q(x); G(x) ~ H(x) thi P(x) . G(x) ~ Q(x) . H(X)

P(x) (& + x+1) ~ 0 thi P(x) ~ 0.

38ng qui nap dé dang ching minh dugc voi n = 2° thi (X + x + 1)°

"+ X2 + 1 do d6 56 cAn tim, ki hiéu 18 T(Us(x)) béng 3.
n=2" - 1. Ta phan biét hai truéng hop:
m = 2k+1 khi @6 m = 1 (mod 3) xét da thirc:
WX 3 1) 08 2 x4+ T eV o ™

PN X,

"
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Tir cac nhan xét suy ra: R(x) ¢ +x + 1)
~x+ 1) ™+ + LA™ ™Y £ 27 P 1)
+XHDEP X" x+ )
~ O 24, a4 0P R ™ w ) S (Y #1)
~x*™2 4+ xn"" + 1n
Mat khac Un(x) 0 + x+ 1)~ (0 + x+ 1)2 ~x*" 2 + xn*" + 1
Vay: (Un(2) . R(x)) ()(2 +x+1)~0= Uyx) ~ R(x).

m+2
= T(Unx) = TRe) = 2+

Véim =2k, n=0 (mod 3)
Khi @6 lap luan tvong ty véi da thirc:
RO = (x+ 1) 08"+ + L+ x™ 4+ x™) 4 x"
X+ EXT L+ x 1)

Ta dugc:T(Uq(x) = T(R(x)) =

e
3

+2 m
Toém lai voin = 2™ - 1 thi T(U,(x) = 2" ; (-1

Xét truong hop tng quat. Viét n trong hé nhj phan:

n=.1_.;._] 0...0 u 000...0 L_] 0..0
L PR 8 by

BatS1=b|:Sg=b|+a1+b3
Sg=by+a,+.. . +a,.4+b,

K
thin = 3 2%(2% - 1) Do d6:

=1

K K + =
Un(x) = [T +x+ 1)28’ (2% -1) ~]‘[(xzs’ Tkt 4 1)”‘ !

i=1 I=1

k
= >0, (%)% v&i 0x) = U}, (x)
(5%

; 2.:—1
Do da thirc (x"’s"‘ i 1) c6 hé s khac khéng dng truée 2" (v > 0).

R6 rang 2% chia hét cho v va:

V2N Sy PN BRI 2 o8H
Do d6 sd céac chir s6 1 trong khai trién nhj phan cia v chi c6 thé chiém vi tri
voi §ist< S, - 1.

142



B . K
vay: ];[eai(x’s‘ )= I';I(x"" + X1 6079

2!‘02 S5 (—1).’

'aayd‘lasécéchesélécﬁa e.'(xzs')tt':cla d = z

‘Hon nira: I!I(x"'1 PP e F xR
"X =1 Os&sq
. 14l
TAt ca cac sb nay Ia phan biét do s gidi thich & trén.
Ll k 20102 _(_1)ll
vay: TU,) = [[—F—
i
3ai toan 6. 36: Gia si Q(x) 1a da thirc khac khong. Chieng minh véi méi
n e Z dathic P(x) = (x - 1)" Q(x) c6 khong it hon n+1 hé sé khac khong.
Hwéng dén giai
&u:mg minh bang qui nap theo n « Z*. V6&in = 0 da thire
= Q(x) ¢6 it nhat mot hé sé khac khéng, vi Q(x) khéng = 0.
id str n > 1, da ching minh duge rdng néu da thirc R(x) khac khéng thi da
thic (x - 1)" ' R(x) c6 khong it hon n hé sé khac khéng.
3 thiét rang voi da thirc khac khong Q(x) = x°.Qu(X), r & 2+, Qq(0) # 0, da
(x) = (x - 1)" Q(x) = X(x = 1)" . Qy(x) c6 khéng nhidu hon n hé sé
ng.
Ja thire Po(x) = (x - 1)" . Qo(x) cling khéng nhiéu hon n hé sé khac
con P'g(x) c6 khdng nhiéu hon n-1 hé sé khac khéng.
g Plo(x) = (x - 1)" Q'g(x) + n(x = 1)"" Qq(x)
= (x - 1)™" R(x) v&i R(x) khong = 0 (vi Py(x) khong phai hang
Biéu nay mau thuan voi gia thiét qui nap.
y khéng dinh duoc ching minh xong.

—

6.37:Cho0<a< m. Chirng minh réng véi moi da thire Q(x) e Rlx]

 thi da thire: P(x) = (x* - 2xcosx + 1).Q(x) khdng thé co tat ca cac hé
U khoéng am.
Huéng dén giai
Q) =ax"+ax" '+ . +a,x+a,
x) = box™*? + byx™" + .. + BruX + bpez.
: P(x) = ( - 2x.cosa + 1).Q(x) cho ta:
ap
4 — 23,C0S0
92 = &, + ag - 2a,c0sa
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Bner = 8pey — 28,C08
bniz = @q
Suy ra: by = ay + a2 — 28,1 COSQ, Bnuz = aney =0, @8y =a2=0

n+2

va 3 b, sinke =0
k=0

Ma sinka > 0 vi @ & (o.ﬁ} nén tén tai hé sé by< 0.
+

Bai toan 5. 38: Tim hé sb 16n nhit clia khai trién: (1 + 2x)"?
Huwéng dan giai
86 hang téng quat cia khai trién: (1 + 2x)"* 1a a, = C, .(2x)"

cohésb b, = C* . 2% Xét by < by & C*, 2" < C¥;'. 2%
12 12 12

121 ok 121 Lo il <012 1) cok <22
Ki2-Kk) < k= DIA1-K)! 3

Dodbd: by<by<bi<..<by<bg>bg>byg>by>bya
Vay hé sb Ion nhét1a by = CY, 2% = 126 720.
Bai toan 5. 39: Trong khai trién:  P(x) = (2—3x + 5x°*) '#
a) Tinh téng tat ca hé sé.
b) Tinh téng tat ca hé sé clia cac luy thira 18 cia x.
¢) Tinh téng tat ca he s6 clia céac luy thira chan cua x.
Hwéng dén giai
Taco P(x) = (2 -3x + 5x° ) "2 = ag +a,x +ax° +...+ Ay x ¢
Nén P(1) = ap +a; +tap +...+ ays
P(- 1) =ap—ayta;— ...+ a8
a) Tongtitcd hésblaP(1)=(2-3+5) '8 =4
b) Téng tAt ca hé sé cla cac luy thira Ié clia x:
P()-P(-1) 4" 10"
2 2
c) Téng tt ca hé sé clia céc luy thira chin cla x:
P()+P(-1) 4" +10'®

2hw 2
Bai toan &. 40: Cho day da thirc P,(x) xac dinh dinh theo f,(x):
Y P, (x
b= =2 g e, )= i)’
Tinh t6ng cac hé sb clia Py(x).

Huwéng dan giai
Téng céc hé sé clia Py(x) 1a Pa(1).
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P00 = (1=%)"25 (%)= (1-X)™2x1"_ (x)
— ] Y2 ' 1 (n+1)'Pﬂ(x)
=(1-x) .x[Pn (x).(i—x)““ - A—x)™? J
=x((1-x)P, ' (X)+(n + )P, (x)
0 86 Pret(1) = (n+1).Py(1)
(1) = N.Pp(1)= n(n=1).Ppa(1)=...
=n(n-1)(n-2)...1.Py(1) = n(n-1)(n-2)...1.1=n!
ng cac hé sé cla Py(x) 1a Py(1) =n !,
5. 41: ﬂmsénguyéndtmngnblétr&uhesé
x"~2 trong khai trién (x-z] béng 31.

) ctia x*™ trong khai trién (x*+1)"(x+2)" 13: a3, = 26N,
L Huwéng dan gidi
| 'f (

n K i
"‘:) Foe- 1) nenne st cia e ci(-1)
2
@idu kién c:_(_z) =31tasuyran=32

k=0
?+ 1" (x+2)" latich 2 da thirc ¢6 béc 2n va bac n nén c6 bac khai

B
o

. - 1),, (X*Z)n chxz(n-k)zclxn-* 2!

k=0

| 3i :3 2n +(n-3) = (2n-2) + (n -1)

8 hé 56 cud X' 12 a3, = C0.C2.2° +Cll2.

0 gid thiét as,.s = 26n <> C2.C2.2% +C! .2 = 26n
-3n+4)=3.26n < 2n*-3n-35=0

Y - n = 5

. x-1 o

N 8. 42: Cho khai trién [2 2 42 3] c6 s hang ther tw bing 20n va

b

=5C' . Tim sé nguyén duong n va x.

|

' Hwéng dan giai

- 3 5 n! n!
nguyén, n 23, tacé C° =5C! 3l(n 3 1l(n-1)|
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& (n-1)(n-2)=30 <> n*-3n-28=0

x-1 =V X
Chon n=7 nén co [22 +2 3} =[22 +2 3)

) Y
S6 hang thir tw bing 20n = 140 nén cg[zz] [2 3} =140

&> 352%22%=140 < 2*?=4 < x=4(chon).
Vayn=7vax=4
Bai toan 5. 43: Tim s nguy&n dwong n sao cho:

a) C? +2C] +4C% +...+2"C) =243
b) C}, +C3, +...+ C2n ' =2048
Hwéng dén giai

. n
a)Taco:3"=(2+1)"= Y Ct2" hay3"= C]+2C] +...+2"C]

k=0
Do d6: 3" =243 =3° Vayn=5.
b) Dung céc khai trién nhj thare ( 1- 1) va ( 1+ 1)*

2n
Taco(1+1)"= Zc;,, =6 4 €L+ CL k.. + P O

va (1-1)*" = Z( ~pfck =CL -CL, +CF, —...=Cor + O

k=0

Trir vé theo vé thi duge: 22" -0 =2[ CL +C) +...+C"'
= C}, +C3, +..4C = 2271 nan 221 = 2048 = 2"

Dodé2n-1=11 < 2n=12 Vay. n=6.
Bai toan 5. 44: Tim s nguyén dwong n sao cho:

a) 1C! +2C2 +...+nC) = 11264

b) £C)+2°C2 +...+ n?C" =n(n + 12'#
Hwéng dén giai

n
a) Xét: (1 +x)"= ) C; x" 14y dao ham 2 vé va cho x=1thi:
k=0

n
n2™' = Y kC}hay 1.C; +2C2 +...+nC) =n2™"

Do d6: n.2™"' = 11264
Vi day u, = n.2"" tang va uy; = 11.2"° = 11264 nén n = 11,



ot (143" = 3 Chx

k=0

&y dao ham 2 vé va nhan x vao 2 vé rdi dao ham tiép 1an nra, cho x = 1
gc: £C) +2°C2 +...+n*Cl =n(n+1)2"*

16 n(n+12'%** =n(n+ 12" % = 277 = 2" - n=1237.

n 6. 45: Tim sé nguyén dwong n sao cho:

€2 +2.3C)+34C; +...+(n-WnC =105.2*

P e 1 a0l 2=
NG+ —, —Co+...+ Cl=
R R R T
) Hwéng dan giai
a chirng minh

I !

1.2C2 +2.3C2 +3.4C! +...+(n-1InC" =n(n-1).2"2.
6 n(n-1.2"2 =105.2%° = 21.20.2"°
| < 21 thi n(n-1).2"2 <21.20.2"° : loai

> 21 thi n(n-1).2"? > 21.20.2'"° : loai

: 21 thi théa man . Vay n = 21,

SR i
i n+1

‘l_ Y
%’HL 22"0201¢n+1=2020¢:n=2019.
§

. 46: Cho céc sb ty nhién thod 0 <k < n.
S 2

ng minh: C},., €3, <(C3,)

, '\ Huwéng dén giai
u=C; C) v6ii=0,1,..n

chirng minh day (u,) gidm.That vay véii > 1:
#SUL & G, G <G Cony

£ (2n-! _ @n+i-9)! (2n-i+1)
+D)I'nl(n=i)! " nifn+i-NH nln=i+1)!
(n-i+1) < (2n-i+1) (n+i) < (2i-1).n = 0: dung.
.s Uk S U1 S Uga<...SUp

B Ci sOh0n =(cn)

g
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Bai toan 5. 47: Cho n nguyén, n = 2.

n
Chirng minh b4t ddng thic : 2 < (1 + %) <3

Huwéng dan giai
Khai trién nhij thirc:

1n A 1!( 10 11
14=| =Y CH|=| =C2|=| +C}=| +... =4+1+_..
B RS tmii
1ﬂ
Vi céc s6 hang con lai duvong nén: (1+;} >2

17 & 1)
Va véin nguyén, n=2: (1+;) =ZC:[;)

k=0

2 3
n! 1 n! 1

=1+1+ =1 4 o =] +
2l(n-2)! [n] 3!(n-3)! (n]

= +—1—-.n-1+l.m_1)(n-2)~lu..<2~*'—1—-4-—1-+...+l
2l n 3! n® 2! 8! n!
<2+i+i+.. !
1.2 23 (n=1n

=2+{1_1J Jed ] M gen AP oG-l %a
T2 2 3 n-1 n n

n
Toém lai, ta da chirng minh 2 < [1 + -;1'-] <3.

Bai toan 5. 48: Cho n nguyén dwong, n=2vaa,b>0.

oo (a+b)*-a" -p’
Chirng minh: 2 4/(ab)" .
9 = (ab)”
Hwéng dan giai
Tacé: C) +C! +CZ +...+ C! = 2"va khai trién nhij thirc:

n n-1
Lol gl _ N pn | ol gl
(a+b)"—a"—b"_§c"a b -a"-b gc,,.a b

2"-2 2"-2 2"-2

1 1 n-1 n-1
= Y c|a™b'+ Y c oal
.2 2[§ "( +§‘ ¥
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ZC' Ja"b" (Cauchy)

; -—2 i=1
‘ " -2)Wa"" = (ab)" .

' ns. 49: Cho cac sé nguyén duong m va n sao cho n < m. Chirng minh

(m +n)!
2" ls( )t

<(m? +m)".
Hwéng dén giai

 (m+n)! =(m+n)(m+n-1)..(m-n+2)(m-n+1)
" (m-n)!

=T ‘(m+1-l)(m+I)

ira2".n!=2"123n=(21)22).(2n)= flz va
' el
=1

céac bat déng thirc can ching minh twong duong voi
"?'s'ﬁ(m +1=-)(m+i)< I"'[(mz- +m)

v=i’+l-—i’+lsm +m-F+i=(m+1=i)m+i)
m+1)=m’+m

b nguyén nam gitra 1 va n. Suy ra:
('r‘n+1-)(m+i)sm2+m

, I']2isn(m+1 l)(m+l)sn(m +m)

i=1

y céc bét ding thurc aa cho 1 ding.

LUYE) TAP
1: Khai trién:
P(x) = (2x + 1)° b) (a+b)
: Hwéng din
Ung cong thire Nhj thirc
*b)'= i Cra™b*= Cla" +Cla™ ' +...+ CI"'ab™" + Cb"
i k=0

8t qua P(x) = 32x° + 80x* + 80X® + 4062 + 10x + 1 .
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b) Két qua a” + 7a° + 21a°b’ + 35a’b” + 352" + 21a’b® + 7ab® + b’
Bai tap 6. 2: Tim sé hang chinh gitra ctia khai trién:

4 2014
a)(1+x)" b) P(x) = [x+—;}
X

Hwéng dén
a) Sé hang chinh gitra cia khai trién la sé hang thir 6.
Két qua 252x°

4 1007 1
b) Két qua G207 x'07 (;;) =Clona 4" o7

Bai tap 6. 3: Timhé sb cla :
a) x” trong khai trién: P(x) = (1 +x)° + (1 + %)%+ . + (1 + )"
b) x* trong khai trién P(x) = (x + 1)* .(3-x)"".
y Hwéng dén
a) Dung Nhj thirc Newton

n
(1+x)" =§0:. k=Cl+Clx+...+ChX"
Két qua Cg +C?° +...+C}, =3003
b) Két qua C,.3% + 2.C2 .3° - C3,.97 = 131220.
Bai tap 5. 4: Tim sb hang khéng chira x ctia khai trién:

12 7
a)P(x)'-‘-‘(%h/;] VEIx>0 b) {2/;7‘:) véi x >0
Hwéng dén

n
a) Dung cong thirc Nhj thirc (a + b)"= " Cka™*b* Két qua C{, =495
k=0
b) Két qua Cj = 35.
Bai tap 5. 5: Tim cac s6 hang nguyén cda khai trién:

a) (\E %]. b) (V3 +%/§)°.

Hwéng dan

n
a) Dung cong thire Nhj thirc (a + b)"= )" Cra™"b".
k=0
Két qua 625 va 143360.
b) Két qua 4536 va 8



ff.
e Al +3A3

b gid triM =~ hiét rAng:

nh gid tri (n+1)!

320.’.,, +2C2 . +C? =149

\{ s6 hang duong cla day x, = %A“‘ -Ci,+C2, . n24
Hwéng din
n Mnglhllrc nl=123.(n-1).nvaol =1

n! n!
= o0 S R

& c6 7 s6 hang duong 13 X, Xs, Xa, X7, Xa, Xa VA X1o

i..rr- Tinh téng:
ci cz cP n
= 0420 Pt
1 C\ C:-‘ c:-i
. 1 2 n
i EP"' ?P, +...+-2—“P.M

_ Hwéng dan
h 86 hang téng quéat truére. Két qua M"—;Q

¢ :.',,‘n* 2)' -2.

l Cho s6 nguyén k: 0 < k < 2014. Chirng minh:

+1 1007 1008
Ckams <Co1s +Conis

Hwéng dén
g l'ihi thire va céc téng té hop.
5. 9: Cho nhj thirc P(x) = (3 - 2x)", n nguyén dwong. Sau khi khai trién.
t6ng tat ca cac hé sb
nh nh téng tat ca cac hé sé theo Iuf thira 16,
nh téng tat cd cac hé sé theo luy thira chin.
Hwéng din
lﬂsn tdng quét tir bac thap Ién béc cao
P(=1) va P(1) thi tdng cac hé sb sau khai trién Ia P(1)
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Téng cac hé sb theo luy thira Ié : E“—)_:(—_” va tdng cac hé sé theo Iy

thira chan: w

a) Kétqua 1

b) Két qua =6

n
c) Két qua H5

Bai tap 5. 10: Gidi bat phuong trinh:
a) A2 +5A% > 21 b) CJyZ > Cly
Hwéng dén

n! va CX n!

-0 " kn-k)!

Dung céng thirc P, =nl; AX =

a)KétqudneN,nz5
b) Két qua n =11, 12,...,18
Bai tap 5. 11: Cho n la mét sé nguyén duong.

1 2n+1
Chirng minh 7 < (1 + ;J <8.
Hwéng dén
1 2n+1
bata = [1 + ;J , chirng minh: ay < ay4 thl dwgc a, < 8

Va chirng minh: (1 + @)™ 2 1 + ma + (m - 1)%a%.

net

n=te1

2
Bai tap 5. 12: V&i moi s6 nguyén duong n, tinh téng T= > C!
=0

Hwéng din

n

2
Bata = ) C, thicda=1,a,=2, 8 =8 +an2
=0

5+3J§[1+J§]"+5-3J§[1-J§]"

Kétqud T=
" 10 2 10 2
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cnuyvén aé ¢:  CAP SO VA TONG

. KIEN THUC TRONG TAM

- phuong phap quy nap

Pé ching minh ménh @& chira bién A(n) 1a mét ménh dé dang voi moi gia

tri nguyén duong cua n, ta thyc hién hai buée sau:

¢ 1: Ching minh A(n) 12 m6t ménh d& ddng khin = 1.

2: Voi k 1a mot sé nguyen duong tuy y, tir gia thiét A(n) 1a mot ménh dé
khi n =k, chirng minh A(n) cling la mét ménh dé dung khin=k + 1.

A(n) dung v6i moi 6 nguyén duong n > n, thi ta kiém ching A(n) ding

N = n,, coN & phan sau, véi gid thiét quy nap 1a A(n) dtng khin = k > Ne.

86 cong

56 cong la mot ddy sb hiru han hay vé han ma trong d6, ké tir sé hang

hai, m3i s6 hang déu béng tdng cia sé hang dimg ngay trude né va

s6 d khéng dbi, goi la céng sai:

(uq) 18 clp sé cong < Vn 2 2, Uy = U,y +d.

Néu (ur) 18 mot cdp s6 cong thi : u, = 2t~ et ;u"“

mot cdp sé cong co sb hang dAu u, va cong sai d thi sb hang téng
Uy = Uy + (n—1)d.

's6 hang dAu tién ctia mét cAp sb cong:

‘3.,=u, + Uz + ...+ U, thi

L L +2un)n hodc : S, = [a“+(;'1)d]"

p sé nhan
0 s6 nhan 14 mét day s (hru han hay v6 han) ma trong dé, ké tir sé
g thir hai, méi s hang déu béng tich cla sé hang ditng ngay trréc n6
nét sd q khéng déi, goi la céng boi:
(up) 14 cép sb nhan < Yn > 1, Uy = Uny .q
N8U (u,) 1a mét cAp sé nhan thi - W = Upey . Uger.

Ny

NeU mot cdp s6 nhan co s6 hang dau u, va cong boi q = 0 thi sé hang tdng
Quétu, = u, g™ .
Ong n sb hang dau tién ciia mot cép sé nhan:

_.s.,zu,+u,+...+u..mls.,=l"(:;:n) ,q#1.

g clia cdp sb nhan Iui v6 han c6 cong bdi q véi |ql < 1:

PR e I
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u
S=U1*U1Q+U1q2‘|'...= 1——‘6
Cac tdng véi mei sé nguyén dwong n
1+2+3+...+n=n—(nz+—1)
n(n+1)(2n + 1)
6
n?(n+ 1)
4
n.=n(n+1)(2n+1)(3n’+3n—1)
30 ‘

P+224+83%2+...4+0%=

P4+22:33+..+n°=

y R O g O PR

2. CAC BAI TOAN

Bai toan 6. 1: Chirng minh v&i moi s6 nguyén duong n:

_n(n+1)(2n + ){3n® + 3n - 1)

if 30 '

Hwéng dén giai

Ta chirng minh bing phwong phap quy nap

A 1235
0

fiata 9ty w0t

Khin=1thivT=1,VP= = 1 nén ddng thire ding khin = 1.

Gia s(r ddng thirc dung khin =k > 1:

(K +1)(2K + 1)(3k® + 3k - 1)
30

Ta chirng minh dang thirc ding khin =k + 1:

2
424 480 4o kb 4 (ap)t = KK *2’(2";03)(3" +9k+5)

1+t A% ikd

That vay, tir gia thiét quy nap ta cé:
k(k + 1)(2K + 1(3k? + 3k - 1)

42043 4 ak 4 k41t =
30

+(k +1)°

K(2k + 1)(3k® + 3k - 1) + 30(k + 1)°
30
6k* + 39k® + 9% + 89k + 30
30
(2k? + 7k + B)(3k? + 9k + 5)
30

=(k +1).

=(k+1).

=(k+1).




4 4 1)(K + 2)(2K + 3)(3k* + 9K +5) ,
% 30 : dpem.

\/ay dang thirc dung v&i moi sé nguyén duong.
i todn 6. 2: Chirng minh véi moi s6 nguyén duwong n, ta co:

3 4 n+2 1
+ R =1- (1)
122 “ig:g.o? n(n +1).2" (n+1.2"
Hwéng dan giai
Ay G
Yo d6 (1) dang khin = 1.

s (1) dtng khi n = k, k nguyén duong.
yng minh (1) ddng khi n = k + 1. That vay, theo gia thiét quy nap:

B k2. k+3

by 1.22 T kik # D25 (k + Dk + 2)2+

" k+3 249! 2(k +2) - (k+3)
'{C(&+1)2" Tk k227 ke k+ 22
R

i “'a"+2)2|m
1) dang v&i moi sé nguyén duong n.

6. 3: Chirng minh v&i moi s6 nguyén duong n, ta co:

: dpem.

NS . =
:‘+X)n= C:+C:‘x+...+C:"x“"+C:x"=Zc:.xk (1)
) k=0

Hwéng dén giai

=1thi (1+x)'= C)+Cjx=1+xnén (1) dang khi n =1.

st khing dinh (1) ding v&i n nguyén duong. Ta chirng minh (1) ding
Voin + 1. That vay:

... n n

.|¢1 + x)mi = (1 + x) (1 + x)n = Zc:xt + Zc:‘xkﬁ

l

eo ZC"*"'1+ZC" x*, ZC"x**’-Zc*"x"+x""

] k=1 k=1

Tha -véo déng thire trén ta dugc:
(1 +x)™ =1+ Z(C“ +Cl )( ™!

Kt
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n n+1
x° + ) Ch X +Chx™ =Y CX x* :dpem
Pt k=0

=C?

net

Vay (1) ding véi moi s6 nguyén duong n.
Bai toan 6. 4: Chirng minh vé&i moi 86 nguyén duwong n = 2, ta co:

cos%:%\l2+ 2+...4+v2 (n—1dAu can).
Hwéng dan giai

Khin =2 thi cos— = cos =~ = —2: ding
22 2

S

Gia str cong thirc dung khi n = k, k nguyén, k = 2. Ta chirng minh céng thirc
dung khin =k + 1. That vay:

2cos2ﬁ=1+cos%=1+%\/2+\12+\)...+\/§
1
= 5{2+\/2+\/2+\/...+~/§].n-1 déu can

Do d6 cos? —~ =%[2+\/2+J2+\/...+\/§J.n-1 déu can

okt
ncos;’%:%(\&ﬂ)aﬂl...ﬂfé}ndéu can: dpem.
Bai toan 6. 5: Chirng minh v&i moi s nguyén duong n, ta cé:
1 1 1
—_— +t >1.
n+1 n+2 3n+1
Hwéng dén giai
Khin=1thiBpT: + + L+ 15113 54
2 8% 12

Do d6 BET dung khin= 1.
Gid s BBT ding khin =k ke N:——+ —1 4 ..+ 1 >1,
k+1 k+2 3k +1
Ta chirng minh BET dung khin =k + 1:
1 1 1 1 1 1
- +...+ + + + >
k+2 k+3 3k+1 3k+2 3k+3 3k+4

That vay, tir gia thiét quy nap ta co:

1

LU 3 1 1 1 1 1 1
=|—1 + o v - -
(k+1 k+2 3k+1J‘{3k+2 3k+3 3k+4 k+1)

.~



SR R =1+ -
© " 8+2 3k+3 3k+4 (8k + 2)(3k + 3)(3k + 4)
vay BDT dung véi moi s6 nguyén duong n.
31 toan 6. 6: Chirng minh vé&i moi s6 nguyén duong n:
& 113! . (2n + 1) = ((n + 1))™ (1).
Hwéng dan giai
=1 thi (1) < 113! = (2!)* = 6 > 4: dung
Gia st (1) dung khi n = k, k nguyén duong.
' ra chirng minh (1) ding khin = k + 1. That vay:
{.3! A2k + 1)) (2k +3) = ((k+ 1)) . (2K + 3)L.
dn ching minh: ((k + 1) . (2k + 3)1 > ((k + 2))**2
e (2k + 3)1 2 (k + 2)! (k +2)*",
K+ 3)(k +4) ... (2k + 3) > (k + 2)*",
‘naydung voimoim>2thik +m>k + 2.

> 1.

A n n
:_a_ J ca'+h ).
2
Hwéng dén giai
(e 222 <22D. ging

3 i
RS ding khia=k, K nguyén duong’[a; b) <22 @

Ta ching minh (1) dang khin =k + 1. Thatvay, via + b> 0.
18 K k K
én (2) - a+b)(a+b <2 +b*(a+b

| 2 2 2i|yr2
LS S G o | K, ok
B (a+bJ cal b vabt +ath

4

1+bk+1+abk+akbsakfi+bkﬂ

4 2
+a'b <a*! + p*! 3)
INg méat tinh tdng quat, gid stra 2 b.
+b>0néna>-b,dodda> |bl=a">[b|™>b"véi moi m nguyén duong.

18¢6 (3) <> a’(a—b) + b'(b - a) > 0 &> (a — b)(a* - b*) > 0: ding.
ay (1) dung voi moi s nguyén duong n.

ng minh:
N
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Bai toan 6. 8: Cho 2n sb tuy y: a4, @z, ..., @, va by, ba,..., bn.
Chirng minh bat déng thire:

,f(a, +a, +...+a,) +(b, +b, +...+b ) s\/;f +b? +Ja§ +b3 +ot ‘faﬁ +b? .
Hwéng dén giai
Khin = 1thi BBT: |/aZ +b? <,/a2 + b2 : dung.

Khi n =2 thi BDT: \[(a, +8,)® + (b, +b,)? <y/a? +b? +[a + b2

e (ar+a)® + (by+b)? < a% +b? +a2 + b2 + 2,/(a? + b?)(aZ +b2)

& 818, + bib, < (@ + b?)(aZ + b?)

Néu VT < 0 thi BOT dung, con néu VT > 0 thi BET

& (@82 + biby)? < (a? +b?)(a2 +b?)

& 2a,a;b:b; < a2 +b? + a2 + b? ¢ (ajby ~azby)* > 0: ding

Gia st BDT dung khi n = k, k nguyén duong. Ta chirng minh BET dang khi
n=k+ 1. That vdy.

\/(81 +a, +...+8, + am)2 +(t.)1 +b, +...+ bk +b,m)2

= J((a, +8,+..+8)+a,,)° +((b+b, +..+b ) +b,

< J(a, +a, +..+8,)° + (b, +b, +...+b,)* +\[a§*, +b;

< Ja2 +b? + Ja2 +bF +...0JaZ +bF + a2, +bF, : dpcm
Vay BBT dung véi moi sé nguyén duong n.
Bai toan 6. 9: V&i mdi sb nguyén duong n, chimg minh day u, = 7.2%"% + 3
luén chia hét cho 5.
Hwéng dan giai
Khin=1taco:u; =722 +3""'=7+3=10: 5.
Do d6 (1) ding khin = 1.Gid st (1) ding khin =k k € N’, ta s& chirng minh
(1) ciing diung khin=k + 1.
That vay, ta co: Uy = 7.220172 4 3201 _ q = 47.2%2 4+ 937"
=4(7.222+ 3% ") +53%* " =4, +53*".
Vi u, ¢ 5 (theo gia thiét quy nap) nén uy.s : 5 (dpcm).
Vay (1) ding véi moi sé nguyén duong n.
Bai toan 6. 10: Chirng minh véi moi sé nguyén dwong n thi day:
Uy = 62" + 3™2 + 3" chia hét cho 11.
Hwéng dan giai
Khin=1thiu, =6°+3%+3=66: 11 (ding).
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14 st ménh @& dang khi n = k, k nguyén duong. Ta chirng minh ménh gé
wang khi n = k+1. That vay:
L, =622+ 357+ 31 = 36.6™ 3.3"%+ 33"
x 62: + 3!(02 & 3k) 33(&#2 + 3k)
—33(3“%+ 3% i 11 (dung).
u, chia hét cho 11 véi moi n nguyén duong.
n 6. 11: Xac dinh sé hang dAu va céng sai clia cp sé cong:

| 'lg,-u,>0 U, +u,. =60
UM s+ Uy =
,..;._:;,+u§,=101 e =
g Huwéng dén giai

deuz Uy > 0 nén Uss > Uay, Va
I,L§...=-§[(Uaa+0u) +(u3,-u34)’]:101=%(121+9d’).
9d° = 202 - 121 =81, chond = 3.

Uzg + Uz = (uy + 30d) + (uy + 33d) = 2u, + 63d
=-89. Vayu;=-89vad=3.

7-.-.60 ) (u, + 4d) + (u, + 16d) = 60 (1

5 =1170  |(u, +3d)? + (u, +11d)* =1170 (2)
1)¢Zu,+20d 60 nén u; = 30 - 10d

1 (30 — 7d)* + (30 + d)* = 1170

~360d - 630 =0 ¢ 5d°-36d-63=0

)0d6d = 3 hosc d = %

Khid = 3 thi u, = 0, khi d = 351 thi uy = =12,

il toan 6. 12: Tim 4 sb hang clia cép sb cong c6 tdng clia chung bang 22 va
ﬂc binh phurong clia chiing bang 166.

| Hwéng dén giai

G0i 4 86 1ap cdp s cong 1a x — 3y, x—y, x +y, X + 3y.

.{(x 3y)+(x-y) + (x+y) + (x + y) = 22

L(x=3y)? +(x—y) + (x+y)* +(x +3y)* =166

. i
4 f4x = 22 "‘3
Ax2+20y -166 y=i523_

/3y 4 56 phai tim 12 1, 4, 7, 10 hay 10, 7,4, 1.
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Bai toan 6. 13: Mét cép sb cdng hiru han u, cb tdng cac sb hang trir s hang dau

tién bang —36; tdng cac sé hang trr sé hang cubi ciing bang 0. Tim sé hang
dau tién va cong sai biét uy; — uy = —16,

Hwéng dén giai
Goi d |a cong sai. Ta c6:
S -u, =-36
0% U, -u, =-36
S -u,=0 =
% (u, +11d) - (u, + 3d) = -16

U, —uy =-16
Dod64d=-16 = d =4, vau,—u; = (n - 1)d =36 = n = 10.
Tacé Sy—uy = g(2U1+(n-1)d)-ux=-36:u, =16.

Vayu,=16vad=-4.
Bai toan 6. 14: Cho day (u,) xac dinh: u; =a, Uy =8 -u,, n= 1.
Tim a dé day (u,) lap cAp sb cong.

Hwéng dén giai
Goi d |a cdng sai ctia cip sb cong thi:
Unet = Uy +d Ma Upey = B = u, nén co:

Up*d=8-U,=>U,= Bz;dvo'imoinzt

Do d6 uj, Ia day khéng dbi nén u,. = u, = u; = a.

Tacda=8-a= a=4. Daio lai vdia =4 thi u, = 4 véi moi n > 1 nén day
khéng dbi hay 1ap cap sb céng c6 cong sai d = 0.
Vaya=4.

Bai toan 6. 15: Vi gia trj ndo cua a dé tim duoc x sao cho 3 sé

5% & g% g ; 25" + 257 |ap thanh cap sbé cong.
Hwéng dan giai
Theo gia thiét ta c6: (5'* +5'%) + (25" + 257 = 2’% nén

a=(5""+5")+(25" + 26 > 2 /5'*5"* 4 2,/25% 25°*

—az2V5% +2J25° =10+2=12
Déu dang thuc xay ra khi x = 0.
Vay véi a > 12 thi 3 s6 d6 1ap thanh cép sb cong.
Bai toan 6. 16: Goi S, la tng n sb hang d4u tién clia cap sé cong u,
Cho Sy = qva Sq = p. Tinh S;.q.
Hwéng dan giai
Taco: Upsy = Uy + pd; Upsa = Up + Pd; ...} Upsq = Ug + pd.
140



' UM N/ ,"r-._‘ n LS

ai q déng thure thi dugc:
+u,.2+ CFUpeg = Uy + Uz + ..+ Ug + pad.
:""' Sp=Sq+pqd.=> Spq=Sp+Sq+pad (1)

khac S = g(lh *Up), Sg = %(“1 *ug)

25 2(gS, -pS,)
——3% =y,—u=(p-q)d = pqd=——FL 9
R 3 P-9

hé véo (1) thi duoc S,.q = f‘H—q;(fz_Sp-) ==(p *+q).

§. 17: Cho db thj ham sé y = x* + ax? + b cét truc hoanh tai 4 didm
&t co hoanh dé Iap thanh cip sé cong. Tim hé thirc gitra a va b,
Hwéng dan giai

esx'+ax’+b=0(1).

t= 0 thi 6 phuong trinh: £ + at + b = 0 (2)

cét truc hoanh tai 4 diém phan biét c6 hoanh @6 Iap cap sé cong

a+\/a -4b

2

8(1) c0 4 nghiem x; = —\Jt, ==\t . xa= i, xe= Jt,

$6 CONG NEN X4 — X3 = X3 — X2 = X2 = Xy.
o= v =3 s ey

— el — 2—
4b=g'a a 4b=°10 STER

(2) co 3nghiem 0 <ty <ty t;,, =

a® — 4b = —4a — 25(a% - 4b) = 16a° = 9a° — 100b = 0.

18: Tim m dé phuong trinh x* — (3m + 5)¢ + (m + 1)°=0 (1) co 4
'an biét 1ap thanh cap sé cong.

Hwong dén giai

“ t= 0 thi (1) tré thanh: = (3m + 5)t + (m + 1)° = (2)

nghiém phan biét nén (2) c6 2 nghiém duong phén bigt0 <ty <t
10 (1) co 4 nghiém:

Y o PR P o
liém nay 1ap cap s6 cong khi X — X3 = Xa — X2 = Xa — X4
-\F-J_ SRR NN
.:{t‘nz:smﬂ»sij',:amﬁ»s

A ?o (me
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2
Do d6 9[3"1‘55) =(m+1°? & 19m’ =70m - 125=0

<::>m=—-12—9£-2 hoacm=5.ThL'rlaiv0im=—%§- vam =5 thi (2) déu co 2

nghiém duong phan biét. Vay m = -% hoacm = 5.

Bai toan 6. 19: Tim a sao cho cac nghiém khong am cta phurong trinh:
(2a - 1)sinx + (2 — a)sin2x = sin3x tao thanh mot cép sb cong.

Hwéng dén giai
PT : (2a - 1)sinx + 2(2 — a)sinxcosx = 3sinx — 4sin’x

sinx=0 (1)
& sinx[2cos’ — (2 —a)cosx—a] =0 <> [cosx=1  (2)

a
cosX =7 (3)

Tir (1) va (2) ta cé: x = kn, k € N (do chi xét x = 0).

Néu |a| > 2 thi (3) vé nghiém. Vay cac nghiém clia phurong trinh tao thanh
mét cAp sb cong.

Néu |al < 2: Phuong trinh (3) c6 nghiém. Goi x, Ia nghiém clia phuong
trinh nay v&i 0 < X, < n thi:

B)eox=tx,+K2n, ke Z

Néu cac nghiém clia phuong trinh cho tao thanh mot cap sb cdng thi pha

céhoacxo=0:>a=—2;hoacx°=%:a=0;hoacx°=n=>a=2.Tht}la'

ddng nén céc gia tri cAn tim a = 0 hodc |al 2 2.
Bai toan 6. 20: Cho 2 c4p sé cong hiru han, m&i cép sb c6 100 sé hang: 4. 7.
10, 13, 16, ... va 1, 6, 11, 16, 21... Héi co tat ca bao nhiéu sé c6 mat trong

ca 2 cap sé trén.
Huwéng dan giai
Goi cp sb cong thir nhét 1a (u,) va clp sb cong thir hai la (vn).
Tacd: Uup=u;+(n=1)d=4+3(n=1)=>u,=3n+1
vi=vy+ (k=1d=1+5Kk-1)= v=5k—-4.
Véik neZ  1<k<100,1<n<100.
Ta 00 Uy =V, <> 3n + 1= 5k—4 <> 5k — 3n =5 <> 3n =5(k — 1) nén n chiahétcho 5
Patn=5,teZ=>k=3t+1Do1sk <100 1 <n < 100 nén
te{t2..;20}. Vay c6 20 sb ddng thoi c6 mat trong ca 2 cép sb cong trén

16, 31, 46, ..., 301.



S r

an 6. 21: Ching minh day (u,) xac dinh béi:

Uy U+ ... +Up= ﬁ'_/;_an_) I&p thanh cép sb cong.
Hwéng dén giai

:":,J: Uy + Uz P Un..1 + Upn, Sn..1 =Wy + Uz e Up-1 nén:
5y Sy = 00T 30D - 54
“»z’-A —Up=5-3(n+ 1) - (5-3n) =-3: khdng ddi v&i moin > 1. Vay day
cép sb cong c6 cong said = -3.

6. 22: Chirng minh khéng tdn tai mét clp sé cdng nao chira 3 sé

| 't-_ﬁ. \lg.va \/g

A

n

Hwéng dén giai
J2, 3, J5 1a3sbhangth m+ 1,n + 1, k + 1 phan biét cia cip
ng Uy €6 cong sai d, sé hang dAu u;.
: V2 =u; +md, V3 =u, +nd, V5 = u; + kd

V3 =(m-n)d, V3 - V5 = (n—kyd

5

t, voithieu ti
n-k .

V3 =t(V3 - J5) = 2 +ty5 = (t+ 1)/3
#5C+2110 =3(t+ 1 = 21410 =200 + 6t + 1.
2t 6t +1
F, -
Dan 6. 23: Chirng minh a, b, c |4 3 s8 hang cba cép sé cong, diéu kién
" % 1a: {pa+qb+fc=0
i p+q+r=0

B Huwéng dén giai

slra, b, claséhangthirk +1,n+1, m+ 1 ciia mét cAp sb cong co u;
hang dau, d 1a cong sai.

[a=u, +kd
‘ib=u,+nd =>b-a=(n-kd=d=
¢c=u, +md

Ia s6 hiru ti: vo Iy = dpem.

véip, q, Z nguyén.

b-a
n-k

17
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—ain-m)+bm-k)+ck-n)=0Datp=n-m,g=m-—Kk,

ap+qb+rc=0

p+q+r=0

Pao lai, gia s tdn tai cac sé nguyén p, g, r sao cho a, b, ¢ thoa map,
pa+gb+rc=0

{p+q+r=0

Tacog=—(p+r)=pa-blq+r) +rc=0=p{@a-b)=rlb-c).

Do d6 p va r cung dau, gid s p, r > 0.

Patd = 3;—" thi b%‘ =d=a-b=rdb—c=pd.

t=k—nth11 v&i p, g, r nguyén .

Khéng mét tinh téng quat, gidsra=>b = c.

hayb=c+qdvaa=b+rd=c+(p+nd.
Do d6 3 s a, b, ¢ nam trong cép s6 cfng co uy =c, cong said = a_;_b Vo

b = Up,y VA @ = Uy, 4.Bai toan dugc chirng minh hoan toan.
Bai toan 6. 24: Cho tam gi4c ABC. Chirng minh 3 canh a, b, ¢ 1ap cép s cong

khi va chi khi tr:m-li .tang = 1
2 2 3

Hwéng dan giai
Ta c6 a, b, ¢ lap thanh cép sbé cong.

< a+ ¢ =2b < 2RsinA + 2RsinC = 4RsinB.
B
@sinA+sinC=25hB¢:>2$h"—\;—Coos—A;—c=4sh’§cosg

ALC,
252
A C A C A C A C

&5 C0S— COS— + Sin— sin— = 2(cos— cos— —sin— sin—)
2 2 2 2 2 2 21 108

<> COs

= Zsin§ ‘::vcos(ﬁ - 9)= 2cos(
2 202 2

c>3sin§sin9 =cosﬂcosE mtanﬂ.lan-(2 =
2 2 2 2 2 2

@]

Bai toan 6. 25: Cho 3 goc x, v, z lap cép sb cong co cong sai d =

w|a

a) Chirng minh: tanx.tany + tany.tanz + tanz.tanx = -3
b) Chirng minh: 4cosx.cosy.cosz = cos3y.

Hwéng dan giai
tany —tanx

a) Ta co: tanZ = tan(y —x ) =
3 1+tlanxtany



tany - tan x
J3
tw thi: 3 + tanx.tany + tany.tanz + tanz.tanx
-tanx tanz-tany tany-tanx
+ -
J3 N -3

/ay tanx.tany + tany.tanz + tanz.tanx = -3

1 + tanx tany =

=0

(cos: 4008X.Co8Y.C0SZ = 400S(y ~ 7 ).cosy.cos(y + %)

\ %(oosZy + coszg) = 2cosy (2cos’y — 1 - %)
%y — 3cosy = cos3y.
6. 26:Cho cép sb cong (u,). Chirng minh:

«rzaa haeied

B b e o).
:‘3’“2 :}%*Jus Jun-i*'iun \ﬁ:"aun'

‘) é" i +ont g e s (1+1+ +—)u“¢0
e A A U
Hwéng dén giai

';edng sai clia cp sé cong.
romiu,—uz—...-u,.nenmdﬁng

L T T ‘f“*—-

T R

wgtacovr= Yo Yoo e | o,
Yo - o (-1
Y d(\/_«‘ﬁﬁ) oy o)

Q1+u.,-u,+u...,-...-un+u1
e Uit YU 1 1

q( n-K+1 uk n-k+i ul( un-koi

. +U, U+ +
z,‘,. gtacs; —r1toe thitth,  oHhtbh
u‘l'un uZ'un-i un‘u1

s Ml
1]+(_1_+¢]+ ,,(;+1]= 2(1+i+ ,,1) = gpom.
U, ) YU Uy Uy Y b Y U,




Bai toan 6. 27: Goi S, laténg n sé hang dau tién cua cép sé cong un.
a) Ching minh:S;.s — 38,2 + 35,1 =S, =0 (1)
b) Chirng minh: Ss, = 3(Sa, — Sh) (2)
Hwéng dan giai
a)Tacd(1) < Sna—Sn2—=2(Spa—Sn1) + (Spe1 = Sn) =0

u..+u .
&3 Unes = 2Unez + Upey = 063 Upep = —9512—"“-: duang.

b) Ta €6 3(San— Sn) = 3(Unet * Unez + o0 + Uze)= 3. -g- (Une s + Uszn)
VA Saq = (Us + ... + Up) + (Uney + ... + Uan) + (Uznes + ... + Usp)

= (Uy + Ugo) * (U + Ugyq) + .+ (U + Ugneg) + g(um + Up)
n
= N(Upeq + Uzp) + ’2‘(Un01 + Uz,)

= ‘g(unu + Uzn) = 3(Szq — Sp) nén (2): dung.
Bai toan 6. 28: Goi S, I tdng n s hang dau tién cla cp sb cong u,. Ching

2
minh néu i"—=m—. n+m thi _u_,,,____2m—1.
S n? u,  2n-1
Hwéng dan giai
2
Taoé-s-—=m—:>—-(2u,+(m 1)d : (2u‘+(n-1)d) _m_
Sn n2 02
= n(2uy + (M= 1)d) = m(2u, + (n - 1)d)
:Z(n—m)u,+(m-n)d=0=>(n-m)(2u1-d)=0::~u,=-g—.
Do 86 u, = u1+(m-1)d=%—1d. u,.-u,+(n-1)a-%‘—1d
u 2m -1
Vay = o8-l
& u, 2n-1

Bai toan 6. 29: Tim sé nguyén dwong n bé nhét thod man tinh chét sau
Khong tbn tai bat cir mét cép sé cdng nao gdbm 1999 sé hang ma cép sb
cdng d6 co chira dang n sb nguyén.

Hwéng dan giai
Gia sir tdn tai mét cdp sb cong gdbm 1999 sé hang ma cép sb cong do co
chira ding n sé nguyén. Khoéng mét tinh tdng quét, c6 thé gia st rang cép
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4 cong 6 c6 chira n sé nguyén 1,2, 3, .., n va c6 cbng sai la % _Tir1 aén

~ ké ca hai s6 d6, ta c6 (n— 1)k + 1 86 hang. Tai m&i ddu mat, c6 nhidu Idm
k-1 sé hang nra thém vao @& cho cip sé nay khéng thé chira sb hang
—uvén nao khac niva. Suy ra (n— 1)k + 1< 1999 < (n - 1)k + 1 + 2(k — 1),
g 2000 k< 1998

' n+1 n-1
yhu thé, néu mot cép sb cong nhu vay ton tai, thi phai tn tai mot sé

B k nni gira 2200 5 1998,
td n+1 n-1

o
Néun <63 thi .19;9182% nén; 1998 = q(n — 1) +r

6i g lamotsé nguyénvaO<r<n-1.Licdéq=>32va
=qn-=1)+r+2=q(n+1)(r+2-2q)
2000 1998
<gs=
n+1 n-1
gia tri q nay c6 thé duoc dung nhu k & trén Gé tao nén mét cap s

do,r+2-2q<n+1-64<0. Suyra:

“-

n nam gitra 64 va 69 (tinh ludn 2 sé dau), ta co thé d& dang kiém tra

10 tai.

ién, v6i n = 70, k knong thé t3n tal duoc vi ca hai s8 2020 va 125
ném trong khodng (28; 29).

0 n phai tim la 70.

n 6. 30: Hai cAp sb cong c6 cling sé phén tir. Ti gitra sé hang cubi cla
5 d4u va sé hang diu clia cép sé thir hai bang ti gitra sb hang cubi
_ s6 thir hai va sé hang d4u cla cép sé thir nhét va bang 4. Ti gitra
Bng cac sb hang cua cap sb thir nhét va tdng cac s hang clia cép sb thir
béng 2. Tim ti gitra hai cong sai clia cip sb.

4 Huwéng dan giai

id st¥ hai cAp sé cong c6 n sb hang véi sé hang dau 1a a,, cong sal d,, va
g dau 12 by, cong sai d,

a, b g Lty bt
' "b,+b, +..+b,
a+(n-Nd, b, +(n-0d, 4 va 2a, +(n-1)d, 5
4 b, a, 2b, +(n-1)d,
;‘ééng d,, d; # 0. T&r phuong trinh thér nhét suy ra
(n~1)d, = 4b, — a, va (n - 1)d, = 4a, — b,

2

1A7
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2b, + (4a, - b,)
Dods; S 0=0% 52 o
d, (n-1d, 4a,-b,
Bai toan 6. 31: Hay tim mot cdp sb cong (u,) 8p b&i 2n+1 sé tu nhién lién tia,
thoa man 2 diéu kién sau:

(i) uf + ug +....+ui, = u:.z + uf.a 4t u;m‘
(ii) S6 1996 1a mot sé hang clia day
Hwéng dan giai
Goi sé hang d4u tién clia day la m, thi s hang thir 2n+1 cla n6 1a 2n+m
Theo dé ta cé:
m?+ (Mm+1)2 + .+ (m+n)? = (m+n+1)° + ... + (m + 2n)* (1)

_klk e D@k o)
i 6

Nén

Dat Sy =1?+22+ _+K* = S,

Pang thire (1) viét lai dwéi dang sau:
Smin = Sm-1 = Smezn — Smen=> St + Smean = 2Smen (3)
ap dung cong thirc (2) vao (3) ta co:
(m=1m@@m-=1)+(m+2n)(m+2n+ 1)(2m +4n + 1)
= 2m+n)(m+n+1)2m+2n+1)
o m-2'm-2n"-n’=0 (m+n)m-n2n+1)]=0
< m=n(2n+1)(dom+n>0)
Vay cép sb cong co dang:
mm+1m+2 ... m+2nvéim=n(2n+1)
Piéu kién dé& 1996 1a sb hang cia day trén |a; m < 1996 <m + 2n

2n® +n-1996<0

n2n+1)<1996<n(2n+ 1)+ 2n &
2n® +3n-1996 = 0

-3+15977 ~1+15969
<> 2 =ns 2
Don & Z =» n = 31. Vay c6 duy nhét 1 c4p sb cong thod mén didu kién cua
dé bai dé la: 1953, 1954, ..., 2015.

Bai toan 6. 32: Xac dinh 4 sb hang cla cip sb nhan u, biét ring:
{u, +U, +U, +U, =15

uf +u§ +u§+uf =85
Huwéng dan giai

140
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Goi 1 cong boi cia cAp s6 nhan u, thi 7 1ap cdp s6 nhan c6 sé hang dau
W va cong boi g°.

1thi he (loai)
e {wf-
8 & A
U,(Q_ Y _4s a0
¢ét q =1 thi hé trong duong: .
‘_‘f_(Q_‘Q =85 @

q° -1
= ﬁ@ . Thay vao (2) ta cé:
q*

1(q-1>2 @ -+ g 2250a-9a'+D _gg
SR @Nar ) o (@en@-9

g+ ) 17 A s
=—e>14q"-17q° - 17¢° - 17g+ 14 =0
AT AR S

. 1 1Y 1
o — =17 q+—) 17=0< 14( +-J -17( +-)—45=0
' q‘) ( q g g

U6i q.= 2 thi u, = 1, q-ltmu. =8,

fdy, c6 2 cApsénhan1a 1,2,4,8va 8, 4,2, 1.
todn 6. 33: Xac dinh sé hang dau va cong boi ciia cap sb nhan u,

'i‘ 'u, +u, =35
u,-i»u2 + Uy + U, +Ug -49[— 4 o — e o —
Huwéng dén giai

3u kién cac sé hang u, = 0. Goi g & cdng bdi.
A€t q = 1 thi uy = Uy = Uy = Uy = Uy Nén hé:

v

140
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2u, =35 _85
Sy = -5 2 (loai)
VU, uf =49

Xétq = 1, vi ddy u, = 0 1&p cap sb nhan c6 sb hang dau uy va ¢ong bdi q
nén day Lllap cAp sb nhan cé sé hang diu lea cng bbi &. Ta c6 he

n 1

u, +ug’ =35
()
tuwong duvong: < 5 ml
u,1 d =49.l g
1-q u 4 1
_ q
u +ug’=85 |ug®=7u=28
(= L=
uiq =49 ug® =-7,u, =28
u,=28,q2=—1- 4
P 41 U, =28,q=%.
u, = 28,q° =~—(VN)
4
Béltoéns.M:ﬂmtétéécsbmucxsaochotan[%—x).tan -%.tan (1—“2+x‘

tao thanh mét cp sé nhan theo thir ty ndo dé.
Huwéng dén giai

Pata= tan% va y = tanx. Xét ba trudng hgp clia 3 thi ty:

Truong hop 1: tan| - x | tan | =+ x | =tan®~
g (12 ] (12+] 12

a-y a+y .2 2 o2
oL 27) _a? o gty =al(1-aYy
1+ay 1-ay ( )

@' -1)y'=0.Viazt1tacoy=0.
Do db tanx = 0 < x = kn, k € Z Ia nghiém cla bai toan.
n
Trwdng hop 2: tan—- . tan | —+ x | =tan?| 375 ~ %
g hop 12 (12** ) 12

2
a+y (a-y 2 2ol L
ol [—1+ay] e (a® + 1)yfay’ + (@° - 1)y + 3a] = 0
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ach:y=0c>x=kn keZ.

12 4 6
nén v -23y+3=0, suyray; =y, = V3.
v
Do dé tanx= V3 < x= g + kn, k € Z 1a nghiém cta bai toan.

Kh ;y’+(a’-1)y+3a=0. via=tan-— =tan(£-5] =2- 3

d 12 12

1INy

Thay x b&i —x, dra vao két qua trén thi nghiém bai toan 1a:

> 3 T s 2 l+x
Truong hop 3:tan— . tan| ——x | =tan®| 15

n 6. 35: Cho x, va X Ia 2 nghiém clia phwong trinh:

-3x +a =0, 3 va x4 1a 2 nghiém phuong trinh : x* — 12x+ b =0 .
rang Xy, X2, X3, X« theo thir ty trén Iap thanh cAp sé nhan. Tim a, b.
Hwéng dan giai

] =3 x,(1+q) =8 (1

f,

Kiko = & XX, =a (2)

ty + X, xq’(1+q) =12 (3)
i= X;X, =b (4)
va(3)=q’=4=q=12

3= 2 thi (1) = x; = 1. Thay véo (2), (4):
BEXX= X[ .q=2vab=xx = x°.q° = 32.
Néu q = -2 thi (1) = x, = —3. Thay vao (2), (4):

i = xiq=-18vab= x?q°=-288

,'a=2 a=-18
T{b Rgarees {b =288

1 n
Im a khac 0 aé day (u,) 14p cdp sé nhan.
: Hwéng dén giai

1a20vau,., = Lg-nen céc sé hang clia day déu cung déu.

i n

ﬁ‘%ﬂm,kez. Vaycécsécéntlmlax=knvax=t§ +kn, keZ.

30i  1a cong b thi x; = X1.q | Xa = X1.9% X« = X,.G". 4p dung dinh Iy Viet:

todn 6. 36: Cho day (u,) GUoc Xac dinh b3 Uy = 8, Upey = — véin = 1,

pra—




Do @6 cong bdi g > 0. Ta cb Upey = Up.q MA Upey = ui nén co:

n

Unq = 2 u? -2 woimoinz1.
u, q

Xéta > 0 thiu, >0 védi mgin =1, do do:

Up = \/g la day khong dbi nén upy = U, = Uy = a.

Tacéa=§oa2=9,chona=3>0.
Xéta< 0thiu, <0 véimoinz1,dodé

Up = —\/g la day khong ddi nén Uney = U, = @,

Tacda= g —a’=9 Chona=-3<0.

Déolai, voia=3thiu,=3véimoin=1convoia=-3thiu,=-3véimoin =1
Hai day khong dbi nay déu 1ap cap sb nhan c6 cong bdiq = 1.
Vaya=-3 hodaca=3.
Bai toan 6. 37: Chirng minh khong tén tai mét cdp sb nhan nao chira céc so
hang 2,3 va5.

Hwéng dan giai
Gia sir ¢6 cp sb nhan u, chira cac sé hang 2, 3, 5 Ia cac sé hang chira k +
1, n+ 1, m+ 1khac nhau.

Tac<52=u1.q',3=u,.q',5=u,.q’“_—.>.g.zq ‘_:.=q

3 mk _ 5k 3.m ,Sw_
=>(‘2') —(5) ’=°(—2') -(E) =(
Dod62".3™ .5 =2m3"5"

Xét n > m thi 6 2"™ /3™ . 5" = 3* 5", vé trai 1a sb chdn con vé phai la sb I
vo Y. .

Xétn < mthi co 3™ . 5= 2™" 3% 5" vé trai 1a s6 1& con vé phai la so
chan: v ly.

Vay khong ton tai cap sb nhan chira cac sé hang 2, 3va 5.

Bai toan 6. 38: Chirng minh a, b, ¢ a 3 sé hang clia cAp sb nhan thi diéu kién

a?bc' =1
p+q+r=0

Nl on
S
-
3
|
S—

can va du la: { véi p, q, r nguyén.



' Hwéng dan giai
2 s @, b, ¢ 1an luot 1a thir hang k + 1, n + 1, m + 1 ctia mét cép sé nhan
hang dau tién la u; va cong boi la g. Ta co:

q" b= u..q" Jc=uy.q7

c
.'bm'k N EY (1)
aPbic' =1
A {p+q+r=0
o lai gia st tén tai cac sb nguyén p, q, r thod man dé bai.
\mét tinh téng quattaco thégidsirazb = c.
q+r=0=q=—(p+r).Dodotra®.p%.c'=1suyra

¥ <Ale
o

a0 =1 [EJP(EJ == (ET ; (‘E) i

-

\ 1va %2 1 nén p va r cung déau.

p8tp=m—m, g =m K r=k=nhits (1) = ‘apem.

’2-)' —b=at'va(2) = % =" = ¢ = bt? = at™"

6 chirng 16 a, b, ¢ 1&n luot 1a sé hang thur 1, r+ 1 vap + r + 1 trong

» 86 nhan v&i cong boi t.

in dugc chirng minh hoan toan.

. 39: Hay xac dinh cac gia tri cia a sao cho phuong trinh:

X"~ a x’ + (2a + 17)x* — ax + 16 = 0 c6 4 nghiém Iap thanh cip sé nhan
i Huwéng dén giai

5 a R 1a gi4 trj ma phuong trinh d& cho c6 4 nghiém Iap thanh cép

han véi cong boi q.

€ thay x = 0 khéng 1a nghiém PT, nén q = 0.

4q =1 thi (1) c6 4 nghiém béng nhau va bang 1 (hoac -1)

3 ,‘,Ia=4 a=-4

"‘{2 L i {2a+1 6

déukhbngxéyra Vayq=1

q=-1: PT da cho c6 nghiém la: x, = x, x, - x=>a=0
.16x‘+17x’+16 = 0 v6 nghiém

Uq # +-1, q # 0: khdng mét tinh tdng quat, ta goi 4 nghiém Ia: «, «q, «q’,
(20, |q] >1)

wl < el lql < |ag?| < |ag®|
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Mat khac —1‘; ¢ing 1a nghiém (1), (i=0, 3) va:
o

.2
! > . >-L2»<—1—'—— = aq:’:-l:q:a :
ol o] o] =
8 A
Do d6 4 nghiém phuong trinh 13: o,a®,a 3,a”'. Theo Binh Ii Viet, ta co

1 1

a o 5 a
a+ad+adtal =—
16

A 2 4

a®+0d 414140 3+ ? =2a1+617

U 1
Patz=u?+a 3, 222, taco:

23-22:% 2 3 15
4
2 =-32°=2(2"-22) - —
Bn 48 ( T

z'-32° =
. 16

= 2*-22°-322+4z+ g =0

o (e3e) e-252 -25)

malzl 22nénz= g = a=170

Ngugec lai a = 170 thi phuong trinh tré thanh:

16x* — 170x> + 357% — 170x + 16 = 0 c6 4 nghiém {% % 2, B}Iap
thanh cép sé nhan c6 q = 4.
Vay: a=170

Bai toan 6. 40: Cho 4 sé a, b, ¢, d theo thr tu 1ap cdp s6 nhan.
Chirng minh (d = b)* + (b=¢)* + (c - a)’ = (d - a)°.
Huwéng dan giai

Goi q 1a cdng bdi cAp sé nhéan, ta cé: b = aq, ¢ = aq®, d = aq® nén

(d-a)’=(aq’-a)’=a%q’ - 1)°va:

(d=b)* + (b~c) +(c-a)’ = (aq’ - qa)* + (aqg - aq")’ + (aq” -~ a)°

=a’(@’ -+ (@-a) + (@ - 1))
=a’(q°~29"+q° +q’-29° +q* +q' - 29" + 1)
=a%(q® - 2q° + 1) = a’(q* - 1)* = dpem.
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an 6. 41: Cho 3 canh ciia tam giac I3p thanh cAp sé nhan. Ching minh

sng boi q thod man: ‘/5_2-1 <q< J§2+ i
y Hwéng dan giai

30i 3 canh |4p cap sé nhan 1a x, xq, xg° (x>0, q > 0).
,: g 2 canh I&n hon canh thi 3 nén:

:«|>x<12 q°-q-1<0

XQ xq2>x q°+q-1>0

i —-——i"a‘E Eqeity +2‘[5-

~1++/5 1+ V5
= > <q< 4

néu sin’x, sin%y, sin‘z 13p cAp s6 cong thi tanx, tany, tanz 14p c4p s6 nhan.
Hwéng dan giai
Ta c6 sin’x, sin’y, sin’z 1ap c4p sb cong

siny — sin®x = sinz - sin’y = cos’y - cos’ = cos’z ~ cos’y
S ETAEE
v't'_tqn’y 1+tan®x 1+tan’z 1+tan’y
e 2 +tan’ x + tan® z

1’y 1+tan®x +tan’ z + tan x.tan® z

y = 1 thitanx.tanz = 1 nén
1= tanx.tanz . Vay tanx, tany, tanz lap cép sé nhan.
0an 6. 43: Tim 3 s vira lap cap sb cong vira lap cép sé nhan.
Huwéng din giai
0i 3 sécéntimlax y, 2. Theoglathlét
¥z =2y, v =xz =z =2y-xnény’=x2y-x)
Y=2xy-xX'=(x-y) =0=x=ynénz=x
véi 3 86 x = y = z thi chung 18p cép sb cong c6 cong sai d = 0 va
i lap cap sb nhan cé cong bdiq = 1.
cén tim 14 3 sb bang nhau bét ki.
‘8. 44: Tim 3 sb lap thanh c4p sb cong, c6 tdng béng 15. Biét ring
ém Ian luot vao 1, 1, 4 thi 3 s6 méi lap cap sé nhan.
- Huwéng dén giai
ap sb cong us, Uy, Us 6 cong sai d.
COU, + U + U3 =156 =23u, =15 U =5.

=1
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Dodéuy=5-d uz=5+d.
Theo gi& thiét thi us +1, Uz + 1, uy + 4 1ap cap nhan nén:
(uz + 1) = (uy + 1)(us + 4).

—~36=(6-d)9+d)=>d"+3d-18=0=d=-18 hoacd = 3.
Vay 3 s6 can tim 1a 23, 5, -13 hoac 2, 5, 8.

Bai toan 6. 46: Cho cép sb cong (u,) voi cong sai khac 0. Biét rang cac s
UsUs, UsUs V@ Uauy theo thér tu d6 lap thanh mét cdp sé nhan voi cong boi
g = 0. Hay tim q.

Hwéng dén giai
Vi cép sb ¢dng (u,) cé cong sai khac 0 nén cac sd uy, Uy, us d6i mot khac
nhau. Suyrauyup #0vag=1.
Ta c6 UzUs = UgUp.q VA Usliy = UyUz.q2 DO 06 Us = Ui = Uxq”
Vi Uy, Ug, U3 & mot cAp sb cong nén uy + us = 2u.
Tir két qua trén, suy ra: Ux(q+q°) =2u; <> q° +q-2=0.Chon g=-2.

Bai toan 6. 46: Hai cap s6 cdng va nhan véi cac s6 hang duong co cung mot
sh cac sb hang, trong do cac sb hang dau va cudi twong rng nhur nhau
Téng cac sb hang cta cép sé nao sé Ién hon.

Hwéng dan giai
Goi cap sb cong la a, va clp sb nhan la b,
Theo dé&: b, = ay, a, = b, = by.q""
pat A,=a;+az+..+a, B,=b +by+..+Db,

14q"" -
R e L AL R B SRl
2 2 q-1
Matkhéc:1+q+qz+...+q"'2+q”"=ﬂn;11.
q_.
=1 "1 fet -2 K, Anket
— =—[(1+q ) +(Q+q" ) *+..+(q +q ")
q-1 2
+. (@)
Tacoq +q™"'>1+q""
BéiVl:qk+qn-h‘1—1—qn-‘=(qk-1)(1-qH-‘)So.
e e (1+q"! (q" -1
nén: q—ls1—q—‘n.Dodoa‘( d )nza,(q" )(vla1>0)
=) 2 2 q-1
Vay A, 2 Ba,

Bai toan 6. 47: Cho cap sé cdng: 308, 973, 1638, 2302, 2968, 3633, 4298.
Hay xac dinh cap sb nhan by, by, b, by, bs, bs sao cho:
308<b, <973 <b, < 1638 < by <2302 < hy < 2968 < bs < 3633 < by < 4298.
Hwéng dan giai



, ta tim cong bdi x .Ta c6: bs = by.x". Gia trj I&én nhét cho b, 14 972,
ri nho nhét cho bs 14 3634. Nhu thé ta duoc:

972.x° = 1,301 <x
&c, tir gia tri nho nhét 14 2304 cla b, va gia trj I6n nhat 1a 4297 cla
, cling c6: 4297 > 2304.¢ = x < 1,37

_a
i\

Ay
&) sl
e |

1,301 =x < 1,37 nén duoc: x = g—

5
=b, (%] - Ma 3° = 243 nén b, phai 1a boi ciia 243, nhung b, nim

va 972 nén b, = 486, 729 hay 972. K&t hop véi by.x = b, > 973 ta
by =972.

sé nhan: 972, 1296, 1728, 2304, 3072, 4096.

n 6. 48: Cho cdp sb cong (u,) va cp sb nhan (v,) d&u c6 cac sb hang
p day mai {X.} : Uy, Vi, Uz, Va,... Viét cong thirctdng quat clia day
céc s6 hang d4u va cong sai, cong boi.

f Hwéng dan giai

i d la cong sai cla cAp sb cong thiu, =u, + (n=1)d (1)

¢Ap sb cong moi: a,, a,, ....cba,=u,obd'=gl306ngsai.

@G=a+(n-1)d=uy +(n_.1)g @)

ﬂ(Z) thi Uy = agk-1, k= 1, 2, oy
66ng bdi clia cAp sé nhan da cho thi v, = v,.q™'  (3)

C4p 88 nhan moi: by, by,... voi by = v, 06.q'= /g Ia cong b

1 n-2
(@)™ =v, q? (4)
A (4) thi v, =v,.q"" =by, k=1, 2m...
cdp sd noi trén va cac két qua thi day {x.}: Uy, V1, Ua, Va.... chinh 14

1. a khin=2k-1
ay, by, a3, by,...nén; x;={ "
e 7 {b khi n = 2k

n

- aﬂ + bn + (_1)'1' bn -an

e 2

B n-2
-4(n-1)g+b,.(q)"" H{-1)" [b,q 2 -a —(n-ogD
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1 d ol n n-2 d
5 E{(n'1)'2'*u1+vrc‘ 2 H-) [u,q ® ‘(0-1)5]]

1 d =2 oE d
Vay: X, = 5 u,+(n—1}§+v,.q2 +«{-1"|u,q ? —u,-(n—1)§ s

Bai toan 6. 49: Chirng minh trong cp sé cong gdm 1999 s6 hang lién ¢

khong thé chon dugc 12 sb 14p thanh cép sb nhan c6 cong bdiq > 1. i
Huwéng dén gidi

Bing cach chia tht ca cac sb hang cla cép sé cong cho sé hang d3y ¢,

cAp sé nhan, gia st cap sb cong chira cac s614,¢,..9" @>1). |

q'' =1+ (n — 1)d. Véi d 12 cong sai cap sbé cong, ta chirng minh n > 18y

Vi ™ 1a c4c sé hang ctia cAp sé cong chira s6 1 nén q"'d.1 13 6 tw nhia,

g’ -1.9-1
Do d6 .—d—=q+1Iéséh&uﬁ:qhﬁuﬁ:»dhbutl

14 cac phan s téi gian.

) Ll 1" _ 1
Thcl: P v;q 1=u v .b
d a d a v

Vi, v)=1,(ab=1=>u-viabiv"
—u-vzabz2v'.Teu>v21=u22
1"

UH—V"'EZ1+U"-V
vi' o a u-v L
=4O+ 21+ @942°4 424 1)=2"
= nz2" =2048 > 1999.
Vay cép sb cong gbm 1999 sb hang khong thé chira 12 sé hang cua 1"
capsbnhancoq> 1.
Bai toan 6. 50: Tim cong thirc tinh cac tdng sau:
a)S=12+3%+.. +(2n-1) b) T=12+23+ ..+ (n-1)n.
Huwéng dén giai
a)Tach: S=(@21=17+(22-17+..+@n-1)7
=4(12+2%+ _+n?)-4(1+2+..+n)+n

s 4’n(n+1)(2n+1) _gMntD) o =n(4n2 =9
6 2 3

n=1+

b) 3T = "fsk(k +1) =§(k(k + 1)Kk +2) - (k- Dk(k + 1)
k=1

k=1
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n—j)n(n+1).vayT=$";1);ﬂﬂ

T= "kz_ "k___"‘(n"'")(a‘*’)_n(n""')
ch khac .‘Z; ; s s

» ﬂ(ﬂ+1)[2"+1-3]___(n-1b(n+1)

. 6 3

oan 6. 51: Tim cong thirc tinh cac tdng sau:

1 1

an 6. 52: Hay tim da thire F(x) sao cho F(x) — F(x - 1) = x* vé&i moi x. Tir
18p céng thirc tinh tdng S, = 1 + 2%+ . +n?

Hwéng dén giai

Ihéy ham () = £0ee1)* = 2001)' + Lxe1)f = Do) thoa man
kién F(x) - F(x1) = x". Suy ra:

3 - . k=1 k=1 4

n 6. 53: Tinh tdng

n=1+11+111+ .. +11..11(nch sb 1)
3 =1+2a+3a’+4a’ + .. +(n+1)a" alasd cho trude.

Hwéng dén giai
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T — e et e et ———————————— e e
10=1 10%* -1 1071 10" -1
+ + + .+
9 9 9 9

a)Tacé S, =

%(10+102+...+1o")-2

ol 9 )9 81
b) Xéta=0:S, =1

nel
1(1010"-1 n_10"'-10-9n

Xéta=1:S"=‘| +2§".+(n+1)= (ﬂ+1)én+2)

Xéta=0 a1, taco:
aS,=a+2a’+3a’+4a'+ . +(n+1)a
—=S,-aS,=1+a+a’+a’+ . .+a"=(n+1)a"
aml_1

n+1

Sy(1-a)= -(n+ 1)a™’

1 |a™'-1-(n+1Na™'(@@a-1) (n+1)a"‘2 ~(n+2)a™" +1
1-a a-1 (1-a)*

Sp=

Bai toan 6. 54: Cho |q| < 1. Tinh t6ngvo han:
a)A=1+2q+3g°+..+ng"" +
b)B=1+4q+9g°+ ..+ n’q"" +

Hu'bngdﬁnglél

a)TacoA=1+2q+3q°+..+nq" " +
nén Aq=q+2¢°+3q°+..+nq"+..
DodoA-Aq=1+q+q +..+qQ"+.,

1
die )’
b)TacoB=1+4q+9q°+.. +n’q""
Bq=q+4q” +9q° +...+nq+..
nénB(1-q)=1+3g+5q°+...+(2n+1)q" + ...
DodéB(1-q)q=g+3g°+5q°+...+(2n+1)q"" +
nénB(1-q)-B(1-q)f=1+2q+2q°+...+2q"+ ...

nén A(1—q)-—. Vay A

B(1-gP=1+2q(1+q+g>+.. )~1+2q_=.1_+9.
-q 1-q
vayB= 9.
(1-9)
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n 6. 55: Cho|a|<1 Ibl <.
=1+a+a’+..; B=1+b+b’+
htdng vo han T =1+ ab + b +

Hubngdinglél |
dung cong thire tinh tdng cia cap sb nhan Ui vé han:
1',.+82+ | a:ﬂ
-a A
2 :-1_ b:.B;1
+b+b"+ .. 1-b= B

:i's1+ab+azb2 C SR 1_1“ (vi |ab] <1)

= 1 . AB 3 AB
,_(u)(y] AB-(A-1)(B-1) A+B-1

_ A )l B
todn 6. 56: Cho cap sb nhan u;, uy, .., Uy Uy > 0, cong bdiq >0 va q = 1

! '{ 0 4 e, . Tinh P = uqu,...u, theoava b.

Hwéng dén giai
'?-Psu,ua Up = UpUsQUGe g™ = )L "2 = u?q 2

nin-1)

o d
+q +.+q"") =a q-n
1 1} Rt [1 -1
_ . — = 1
q q b= q1
1T —=-=1
! S

=(—) ¢>|P| [ ) Vlu1>0vaq>0nenP=(E)§.

0an 6. 57: Bidu di&n céac sé thap phan vé han tudn hoan lam dudi dang

0.32111... b) 5,616161...
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Hwéng dan giai
a)0.32111...=032 + 0,001 + 0,0001 + 0,00001 + ...

32 1 Pl i {20y
= + + | == = +
100 1000 1000 (10) 1000 (10}
_ 32 1 1! @2 1, _gee

= + + = + =
100 1000 4o 1100 900 900
10

b) 5,616161... =5+ 0,61 + 0,0061 + 0,000061 + ...

1 1
=5+061+061— +061—+
10° 10*

1 61 556
= 5 4+ —
99 99

=5+061.

g
10?

Bai toan 6. 68: Cho cAp sb cong Uy, Uz.... Un (N 2 4), ma moi sb hang déu

3 3
duong. Ching minh: — 2 zgw = +d L SR L }

TRV u,u U, Ugu,Ug U u,u,
Huwéng dan giai
Taco: uy +uz+ .. =( +u)n . BET twong duvong:

Eu‘+u2+... "”i{ fo) & uf,
n q[u,uz...u “304 uautus u,u Uy

3

u
S Uttt Uy 2 ",/u,uz...un d +.. ¥ "—‘-‘—
uz“:“c U,u,Ug UtUy

Ap dung BDT AM=GM cho n sb duong:

d—— 4u +u5+u° U
Ul,.. U, —Ju,usu A<

“2“3“

4u, +u +u.+
uy,..u, n = JUaUUU, .. U, <
5 T d—,-— 4U_ +U, +Ug+...+U
Qfu ., o —L— = YUy, < 2

Uty
Cong lai n bat dang thirc, ta co:




Cy
[rtf + ik u: ]su,+ug+...+u..

v UpUsuy, “3“4": UU,U,

‘fﬁ  Du"="xdyrac U, = v = Up,
"i: 6. 59: Cho cép sb cong ay, az, as, ..., @, ¢ tat ca cac sé hang khéng

?_f (mgminh Ja,a <faa,.a, 5__31

Hwéng dén glél
5,,4'82 +...+a" "l a‘ +an
n B

- Ay

ung bat ddng thirc AM-GM cho n s6 khong am:
ta,a,.-a, < i *’az;---*an _a+a, )

dé: a,8,<a8,1<338,2S ... <A VOI2<k< 9-;—1

‘w

mmngnéuZSks— thi 81842 S & B
E;goldla cong sai ta co:

=1+ Anye2 = [3) + (k= 2)d].[a; + (n—k + 1)d]

24 (N —1)ay.d + (k=2)(n - k + 1)d?

Ik« 8nket = [29 + (k= 1)d]. [a; + (n—k)d]

% (= 1)a,.d + (k= 1)(n - k)

k=2)(n -k +1) = (k= 1)(n - k) + 2k —n -2

%!nenm( n-2<0.

: k-2)(n-k +1) < (k-1)(n-k)
: ‘..,*’ - 8402 € By Anke (dpem).
& g ta co: (a5.82...80)° = (81.30)(82.80-1)... (2n31) 2 (a1.8,)"

w8, 2 ,[a a, (2).

2)=dpcm

LUYEN TAP

26. 1: Chirng minh v&i moi n nguyén duong:
42 ..+ (2n)% = 2n(n+N(@n+1)

- 3
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b) y2-v2-+..-v2 =2.008 301~ 21)"“).ndéu can.

Hwéng dan

a) Dung quy nap truc tiép hay tach thira s 4 cho gon.

b) Ding quy nap

Bai tap 6. 2: Chirng minh v&i moi s6 nguyén duong n = 3, ta co:

n+1 n 37 4n-1 1
ayn"'>(n+1) b’?'E"'mnWﬁ

Hwéng din

a) Dung quy nap va bién ddi tvong duong.

b) Dung quy nap

Bai tap 6. 3: Chirng minh day u, =11""+12°™" : 133
Hwéng din

Dung quy nap va tach s mi theo gia thiét quy nap.
Bai tap 6. 4: Biéu dién cac sb thap phan vé han tudn hoan sau dudi dang
phan sé:

a) 0.444... b) 0,212121
Hwéng dén
a)0444.. = 0,4 +0,04 +0,004 +...... K&t qua %

b) 0,212121 = 0,21+ 0,0021 + 0, 000021 + .... Két qua 3l3

Bai tap 6. 6: Cho tam giac ABC c6 ba canh theo thir a, b, ¢ Iap cép sb cong.
Chang minh:

a) ac = 6Rr b) cong said = %(tan%— tan%).

Hwéng dén

a) Diing a + ¢ = 2b va dung cong thirc dién tich S=pr=aTbRE

b) Dung a+c=2bvac6ngsaid=%(c-a).

Bai tap 6. 6: Cho 2 cép sb cOng 17, 21, 25, .... va 16, 21, 26,..... Chirng minl
cac sé c6 mat chung trong 2 cAp sé cdng do cling Iap thanh cép sb cdng.
Hwéng din
Cép sb cong 17, 21, 25, .... ¢b sé hang tdng quat u, = 17 + 4n
Cép sb cong 16, 21, 26,..... cd sb hang téng quét vy, = 16 + 5m

Két qua u, =21 vad=20.
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i tap 6. 7: Hai cap sb cong va nhan ¢6 cung sé hang dAu bang 5, cling sb
ang thtr ba nhu nhau, sé hang thi hai cia cép sé cdng Ién hon sé hang

th(r hai clia cap sé nhan 10. Xéac dinh 2 cép sé do.

Hwéng din

0l cAp s cong 5,5 +a, 5 + 2athicAp sénhan 14 5, 5 +a— 10, 5 + 2a

2"-5"
2"+5"
1 1 1
+ i #
-1 u, -1 u —1

i tap 6. 8: Cho day u, =

Hwéng dan
p B n 14 n
Gh=ate vOb a0 guuBptin e
2"+ 5" 2"+ 5" u -1 52

n

6. 9: Cho cdp sé cong vé han a, a + d, a +2d, ... Tim didu kién clia a
d @é trich ra dugc mot day vé han 1ap thanh cp sé nhan.
{ Hwéng dén '

A I.lﬁd =0 hoac % Ia sé hiru ti

6. 10: Hay tim cdp sé nhan duoc lap bdi 16 sé tw nhién, sao cho:
hang d4u Ia sé co 9 chir sé.

hang tiép theo 13 sé c6 10 chir sé.

4 86 hang tiép theo 1a s6 c6 11 che s,

288 hang sau ciing 14 sb c6 12 ch(r s6.
. Hwéng dan

rwée hét chirng minh cong bdi q < 2, cudi cung la q =

w|o;

P 6. 11: Chirng minh riing véi moi s6 thyc M, tdn tai mot cAp sé cong vé
3N sa0 cho: tng cac chir sé clia mdi s hang (trong biéu dién thap phan)
On hon M, m3i sé hang 1a mét s6 nguyén duong va cong sai khong chia
€t cho 10.

' Huwéng dan
Chon cong sai dang 10™ + 1
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Chuyén dé 7: DAY SO

1. KIEN THUC TRONG TAM
Day sb : M6t ham sé u xac dinh trén tap hop cac sé nguyén duong N’ ( hay
m& rong N) duoc goi 1a mot ddy sb. Ki hiéu day sb u = u(n) bdi (up), va goi
Ia u, 14 sé hang tong quat clia day sb d6.
Day sé (u,) viét dudi dang khai trién: s, Uz,..., Un,...
Cac cach cho mét day sé:

— Cho day sé bi cong thirc clia s6 hang tdng quét up.

~ Cho day sb bdi hé thirc truy hdi hay bang quy nap u; va Un,: theo ug; us, u;
VA Unsz theo Ug, Uner;...

— Din dat bing 1&i cach xac dinh m&i s8 hang clia day sé.
Cac day sb déc biét:

~ Day cAp sb cong: Up = Upy +d, ¥Yn e N’

~ Day cp sb6 nhan: Vo = Vo1.q, Yne N’

~ Day Fibonaci: Fg=0,Fy=1vaFa =Fa*+Foq,n21

n n
Cong thirc Binet F"=71g ('*‘E] -(1;@] !

2 2

- Daylucas: Li=1, L;=3vala =Lyt Ly voinz2

(58] (5%)

2 2

— Day Farey bac n: day f, gom cac phan s6 téi gidn ndm gitra 0 va 1, c6 mau
sé khong I6n hon n , sép xép theo thir tyr tang déan.
01 012 0.1.2.3
WGt -Gz b= Giaiggh
Diy sb ting, day sb giam
~ Day sb (u,) la day sé ting néu u, < Uney, Yne N’
~ Day sb (u,) la day sb tang nghiém ngat néu U, < Up.y, Yne N’
- Day sé (u,) la day s6 gidm néu Uy > Uny, Ve N’
~ Day sb (u,) 1a day sé giam nghiém ngat néu u, > Upey, ¥ne N’
Cac day tang, day gidm duoc goi chung la day don digu.
Day s tudn hoan
Day s6 (u,) tudn hoan chu ky k néu ug .k =u,, Yne N
Day sbé bj chén:
- Day sb (un) durgc goi 14 day sb bj chan trén néu tdn tai mot sé M sao cho:
vne N, u, <M



Cty TNHH MTV DWH Hhang Vit
5y 80 (u,) duoc goi la day sé bj chan dudi néu tn tai mét sé m sao cho:
ne N, u,zm.
s6 (Un) duorc goi 1a day s bj chan néu no vira bj chén trén, vira bj chan
- nghTa 13, ton tai mét s& M va mét s6 m sao cho: vn e N, m<u, <M.
dinh cac day sé bing day phy:
) Unes = Uy + f(n) thi dat day phy X, = Uney = U, hodic viét lién tiép u, = (u, —
+ (Up1 = Un2) + ...+ (Uz—Uy) + Uy
6ng n dang thic e n=1, 2, ,.. dén n dé tinh.

Uper — Up = Up — Upy + @ , &t ddy phuy v, = U, — Uy thi duoc:
\ = Vo +a laday cép sb cong.
Uner = Un = B(Un = Uny ), @8t d8y phy v, = Uy — Uy thl duoe
1= b, ladayclpsdnhan.
Ng Uq.y = au, + b véi a # 0, dat day phy u, = v, +c thi dwec v, = av,
+ b~ ¢), ta chon hang sé ¢ sao cho ac + b — ¢ =0 thi AUOC Ve = av, 3
86 nhan.
: Upez = @.Upey + DUy thitim 2 86 « va B sao choa + f = a, a.p = —b, khi
ez = (@0 + B)Uner — . BUy =5 Unez = BUney = c(Unes — B.UR)
V& day phu Xq = Uges — PU; thod MAEN Xnes = . X, ddy cAp sb nhan.
Xac dinh cac day sé bang phwong trinh sai phan:

no day s6 (x,). Xét phurong trinh
agx,  +ax . o+..+ax =gn) (1).
 goi phuong trinh
5 aoxm taX gt tax, = 0 (2)

phuong trinh thudn nhét trong (ng véi phuong trinh (1).

-2

/2 goi phurong trinh &n

a) +ad“ '+ . +ar=0 (3)

 phuong trinh déc trung clia phuong trinh (1) va cda (3).

hiém tong quat cla (1) c6 dang: x, = X, +X, n=12...

ng 6 X, 12 nghiém tdng quat cla (2) va X, 14 nghiém riéng bét ky ciia (1).

m téng quat ciia phurong trinh thudn nhét (2)

phuong trinh dac trung c6 k nghiém phan biét A,2,,...,A, (nghiém
On c¢d) thi (2) c6 nghiém téng quét

x—n =CAL +CA% +...+C AL, n=12;...

I x,,x,,...,x, tatimduockhingsb c,c,.....c,.




10 trong ém béi dudng hoc sinh gidi mén Todn 17 - Lé Hodnh PhS .
Néu phuong trinh dac trieng cé q < k nghiém phan biét oy SR Aq trong do
A, la nghiém bdi s, A, la nghiém boi h, con lai A, A,,....A, 18 k= (s+h)
nghiém don, thi (2) c6 nghiém téng quat
X: = CoA0 AT+ C A0 +(Cyy +Cy N+, 4 n* AT

+(Cpy +Co N+t Co" ')A, N=12;...
Néu phuong trinh dac treng co s < k nghiém phan biét ApAgi..A, va
Ay =X+ yi=r(cos ¢ +i.sing) 1a nghiém boi h thi sé phiec lién hiép k_q
clng Ia nghiém bdi h, thi (2) ¢é nghiém téng quat
X, =CA0 +C,AD +...+C AL +1°(A, + An+...+ An™")cosne
+1"(B, +B,n+...+B,n"")sinng, n=12;...

— Phuong trinh sai phan tuyén tinh cép 1:
X, =a, ax ,+bx =P(n), P(n)lada thirc theo n.

Phuong trinh d&c trung ai +b =0 co nghiém A = "?b

Nghiém tdng quat c6 dang: X, =Z+ X., N=12,... voi nghiém tdng quat
ctia phurong trinh thudn nhdt x_=cA”, n=12;...
Néu 1 = 1 thi nghiém riéng bt ky x_, Ia da thirc cing bac véi P(n).

Néu i = 1 thi nghiém riéng bat ky x_ = n.Q(n) véi Q(n) |4 da thirc clng bac

véi P(n).
— Phuong trinh sai phan tuyén tinh cép 2:
X, =a, X, = ax_,+bx  +cx =P(n), P(n)lada thic theo n.

Phuong trinh dac trung ai® +bi +¢ =0 ¢6 2 nghiém 1,4,

Nghiém téng quat c6 dang: x, = Z +X, =12

Néu A, A, 1@ 2 nghiém thye phan biét thi nghiém téng quat cla phuong
trinh thuan nh&t x_ = AA7 +BAZ, n=12;...

Néu Ay, 18 2 nghiém thye bang nhau thi nghiém téng quat cla phuong
trinh thudn nhat x_ = (A + Bn)A2, n = 1.2;...

Néu 7,4, la 2 nghiém phirc thi dwa vé dang luong gidc
x+yi=r(cos¢ +ising) thi nghiém téng quat cla phwong trinh thudn nhat

Z =r"(Acosné + Bsinng), n=12;...



Jéu 4, # 1thi nghiém riéng bét ky x 14 da thirc cung bac véi P(n).

{6u ., hay A, = 1 thi nghiém riéng bt ky x’,= n.Q(n) véi Q(n) 14 da thirc
bac véi P(n).
A, = A, = 1thi nghiém riéng bét ky x_ = n®.Q(n) v&i Q(n) 14 da thirc

bac voi P(n).
ong trinh sai phan tuyén tinh cap 3.

o, %, =p X, =y,ax_q +bx_, +ex . +dx =P(n), P(n)la da thirc theo n.
ong trinh dac trung aA® + bA® + cA +d=0 c6 3 nghiém Aphgidg
ém téng quat co dang: x, = Z»r X, h=12..

Aphy Ay 18 3 nghiém thuc phan biét thi nghiém tdng quat ciia
ng trinh thudn nhét x_ = A%? + BA) + CAD, n=12;...
4,2, la 2 nghiém thyc béng nhau va ), 1a nghiém don thi nghiém
quat cua phuong trinh thun nhét x, = (A + Bn)AJ + CA2, n=12;..
Ay kg Ay 18 3 nghiém thuc béng nhau thi nghiém tdng quat cia
wong trinh thudn nhét x_ = (A +Bn+ Cn?)A%, n=12:...
Néu A, 1a nghiém thyc va 2.,,7., 4 2 nghiém phirc lién hop
; ‘1 =r(cosp +ising) thi nghiém téng quat cta phuong trinh thuan nhat
) = AL ¢ "Bcosne + Csinng). n=12....

, # 1thi nghiém riéng bat ky x_ |a da thirc ciing bac véi P(n).

»f‘f_", bac voi P(n).
U A, = &, = &, = 1thi nghiém riéng bt ky x_ = n*.Q(n) v&i Q(n) Ia da
IC cling bac véi P(n).
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2. CAC BAI TOAN
Bai toan 7. 1: Tim 6 sé hang du cia day.v, = sin® —Z-«»cosm.

3
Hwéng dan giai
i or _ 1 1

=1 thi N’y +cos—=—=—==0
Thén ivy=sin’y e

T(
n=2thiv,=sin’3 +cos4—;-=1

3n 1
n=3thivy=sin°g§ +cos2n= Ll

| —

1
2

Nj= Niw

n=4thiv‘=sin’n+cos§1 0 =
3 2

n= 5thiv,.-sin’%ucosl—(:);E =&t a0

22
3n
n=6thivs=sin’5 +cos4n=1+1=2,
Bai toan 7. 2: Tim 5 s hang dau cua méi day sé sau:

au=0vau,= zi,vOimoinzz.

u ,+1
b)u, =1, uz——2vaun-u,,..—2u,,_zvé'imoin23
Hwéng dan giai
a)Tacobuy=0vanz2,u,= ; =:u2=..-—2 =2
u,+1 u +1
s 2 2'u- 2 2 50
3— = - " P =
w+1 5 u+1 i+1 "29
25
bl 2 1682
*T @41 2500 , 3341
841

b)Tacou; =1, uz=-2vanz3; Uy = Upy — 2Up-2.
Dodbus=us—2uy=-2-2=—4, Uy =Us—2u,=4+4=0
Us=Us—2Uu3 =0+ 8=8.

Bai toan 7. 3: Tim 6 sb hang dau cla day céac doi thd trong théng thir n, theo
quy luat: "M6t doi thé gbm mot thé duc va mét thd cai cir mdi thang de
duwoc mot ddi thd con cing gdm mot thd dyc va mét thd céi; mbi doi tho
con, khi trén hai thang tudi, lai m&i thang dé ra mdt ddi thé con, va qua trinh

sinh né cir thé tiép dién".
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Huéng din giai

oi 1,lddéyeé(:atlblttu’btmngthéﬂgthnrn

g1coF, =1

g 2, doi tho chua dé connéncéd Fz =1

q 3, doitho bat ddu déconnéncoFa=1+1=2

q 4, d6i tho tiép tuc dé con nénco Fy =2+ 1=3.

g 5, d6i tho tiép tuc dé con va doi thd con dau tién bét dau dé con nén
=3+1+1=5.

g 6, doi tho tiép tyc dé con va hai d6i thé con dau tién cling dé con nén
=5+1+1+1=8.

n 7. 4: Tim s6 hang th(r 1000 cta day sé sau:

n+1
o3 b) u =4,u . =5u

Hwéng dan giai

nén thé n =100 th 66 Uy, = 1o

=5U,., = 52Uy = 5%y, = ... = 570U, = 4.5%%,
7. 6: Cho déy sé (a,): 1, 8, 22, 43, 71,... Chirng minh s6 35351 1a mot
 hang cua day a,.
Hwéng dan gidi
 cac hiéu sb clia sé ding sau va sé dirng ngay trwdc né 1ap thanh cép
8 cong: 7, 14, 21, 28, ..
: ._giéthlétag—a, +71;a3=a,+7.2,...; @y = ap1 + 7(n-1)
>9ng n-1 aéngthucthla,.-a, +7(1+2+ . +(n=1))

(n-Tn
=1+7
2

+7 ‘-’%’ﬂ = 35351 & 70+ Tn—70700=0,n > 1.

( n =101, Vay sb 35351 la s6 hang th(r 101 clia day (a,.)
toan 7. 6: Cho day sé (u,) dwoc xéc dinh:
‘ Uy =2, Uz = 3, Up = 3Upy = 2Un2, N2 3.
f18385 ¢6 ndm trong day u, khdng?

Hwéng dan giai
36 Upn = 3Upg = 2Up2 => Up = Upy = 2(Up-1 = Up-2).
tV,=Us=Usq, N22, thive =1.

? ,00 Vn 2v“_1 nén Vn . 2 Vn-1 = 22.Vn_g = 2’.VH
=, =2y, =22
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Do @6 up = (U = Upey) + (Upey = Unaz) + oo+ (Up — Uy) + Uy
SVt Vot t V#2227 42704 1)+ 2

n-1
=Z _2+2=1+Z“

Xétu, = 16385 < 1+ 2" = 16385 <> 2™ = 16384 = 2"
e n=15. Vay 16385 |a sb hang th(r 15 cla day u,.
Bai todn 7. 7: Cho day sb (u,) xac dinh bdi:

Uy =1vauy= , véimoinz1.

o+ 1

Chirng minh rang (u,) la mét day sé khéng ddi.
Hwéng dan giai

Tacouy=1,uz= —2—=1 LUy = i-=1

1+1 1+1
Ta chirng minh quy napu, =1, n>1 (1).
Khi n =1 thiu, = 1: ding
Gia str (1) dung khi n = k, k nguyén duong.
Ta chung minh (1) dung khin=k + 1.

2 2

£ ___% _1 dpem.
uf+1 1+1 P

Vay u, =1 v&i moi n nguyén duong.

Thatvay: u A =

Bai toan 7. 8: Cho day sb u, = sin(2n - 1)%. Chirng minh d&y tuan hoan. Tim

tap cac gia tri clia day.
Hwéng dén giai

A

=sint=0, Ua-Sln?_——

2
J3 . 1t _ V3

u.=sinﬁ= —,Us=sin3t =0, us =sin — ==,
2 2 2 2

Ml&

Ta cé: uy =sin

WA

YNz 1, Uy =sin(2(n + 3) - 2)13‘. = Sin«2f\—1)-;— + 27)

= sin(2n - 1)5’5 =!Up.
Vay day tudn hoan nén céc gia trj khac nhau cia u, 1a hiru han va tap gia tri

V3 f

clau,la {-— 0;
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Q-Chodaysé u, xac dinh boi: uy = 1, Uge, =-§-u§ +-g-un+1. nz1.
amlnh day tudn hoan.Tinh tdng 18 sé hang dAu tién.
Hwéng dén giai
B =1, u2=2,us=0,u=1,Us=2,..
g minh quy N@p: Upea = Uy, N2 1 (1).
' thi us = 1 = uy: dung.
s (1) dung khi n = k, k nguyén duong.
; minh (1)ding khin=k + 1. That vay:

.‘__. s 2“m+1= -—uk+ u,‘+1-uw dpcm.

s6 hang déu tién

+ Uz + Us) + (U + Us + Ug) + ...+ (Ugg + Uygz + Uyp)

y+ Uz + Ug) = 6(1+2+0) =18,

10: Cho daly s6: Uy = 1, U = 2, Unet = @Uy = Uy VO MOI N 2 2
) minh véi a =\/3 thi day sb (u,) tuan hoan

ng minh v&i a = -Z- thi day sé (u,) khéng tuan hoan

) Hwéng dén giai

=33 thi u;=1,0:=2, Un1 = V3 Uy —Upy VEImQiN 2
Bil=1,U,=2, U3 =231, uy =43, us=23-2,
7\'[3-.07 ==1=-U, Yg=-2=-u,

ey Ug2 = —Ug

=U7 =1, Uy, Uys = —Ug = U, ...=> Uneiz = Uy VI MOI N 22.
1a day tudn hoan chu ki 12.

iy didn u, = 2 v6ia, 16, s, « N, n > 5. D chiing minh day s6 (us)
3 2
19 tudn hoan, ta chirng minh
N~ 4 voi moi n = 5 bang quy nap theo n.
6 thi khang dinh dung,

khéng dinh diing vé&i moi 5 S n <k, k 2 6. Ta sé chirng minh khing
ng dung chon=k + 1.
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That Vay. tr cbng thirc Uges = %ug - Ug-1

Quor .3 % Qv 3q, -4q,.,
2% 2 2% %1 ok-3
Do 3qy — 4G | nén ta co sy, = (k + 1)—4: dung = dpcm.
Bai toan 7. 11: Xac dinh sb hang téng quat clia day sé:
a)u, =17+ 32+ _+(2n=-1)° b) Vo =127 +2.3%+ ..+ (n—1)n°

Huwéng dan giai

Ta cé:

a)u, =1%+ 3%+ . +(2n-1)?
= 4( 17+ 2%+ . +n%)—4(1 42 +.4n) +n
2
:4n(n+1)(2n+1)_4n(n+1) S h% n(4n -1).
6 2 3
b)va=1.22+2.3%+ . + (n—-1)n?
= (1%2°+..+0°)- (1?+2%+ . +n%)
_n’(n+1° nin+H@n+1) _ n(n® —1)(3n + 2)

4 6 12
Bai toan 7. 12: Xac dinh s6 hang téng quét clia day sé:
1 1 1
A) U, =t == F s s
1.4 47 (@n-2).(3n+ 1)
TP AR ol
214 28 n(n+ 3)
Huwéng dén giai
a)u =—1—-+—1—+ + !
"n"14 37 " (@n-2).(8n+1)
1-3 . 1%% =3 1 1 1 1 1 n
e iy g bt B P ot i )=—(1- )=
3% 4D 34 7 3'3n-2 3+1 3 3n+1 3n+1
b) v =L+—1—-+ + !
" 14 25 n(n +3)
158 i s 8 Vo K o1
35232 58583 P
i I o S 1 15709 1 ¥t 1
+s(n—s—;)Q\E(n-2-n«o'1)+§(n-1—rl+2)+\73-(;“n+3)
L IR s NS U T 1 1 2 i VR ey 1 1
I Y At 4 st s R :
31 2 3 3n+1 n+2 n+3 18 3'n+1 n+2 n+3
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7. 43: X4ac dinh sé hang tdng quat cia day sé:
‘un:u,,_,+7 n=2. b)vi=3,Vp=5vp;,n2=2,
Hwéng dén giai

> 2 Up = Up-y + 7 NéN:

-‘+7'(Un-2+7)+7 Up2 + 2.7 = (U3 +7) + 2.7
A+37=u*(n-1)7=2+(n-1)7=7n-5.

Vi = 5V NEN:

=5(5Va-2) = 5% Va2 =5%5Vn3) =5 Va3 = ...
y=5"".3=3.5"",

n 7. 14: Xac dinh s6 hang téng quat clia day:

(=2, Upet U+ N2 T D)ur=1 Uy =Us+2n-1,n2>1.
Hwongdinglél

*(n 2)+(n-1)
.+2+ AN=-1))=1+(1+2+3+ .. +n)

; 2
48Y V= Uney = Up, N 2 1,

et U+ 2N =1, N2 1=V, S Upey = U, =20 — 1
=2(n+1) =12 vpyy =V =2 khéng déi nén day (v,) lap cap sb
g said= ZVQSAhQngdAUV1~Ug-U|=1

= (Un — Un-y) + (Unog = Ung) + % (U= ug) + Uy

)
¥

s:z-;s.h,+1=“—“<zv,-(n—2)d)+1
!’T(u(n 2)2)+1=n’-2n+2

80 hang téng quét u, =n’-2n +2,
1 7.15: Xac dinh sb hang tdng quat clia day:

,,uM=ag-.nz1. b)vi =5, Vner. Va=1,n2 1.

Hwéng dan giai

.-.-3' u‘=§-=
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5 4 ¥ khin=2

Bai toan 7. 16: Tim s hang tdng quat clia day sé (u,) xac dinh béi:
a)u; =1 VauUyy =5u,+8véimoinz1.
b)uy =1vau,=2Uns +3vEéimoinz2.
: Hwéng dén giai
a) Xét day s (vn), V&I Vo = Uy + 2.
Taco Unt =5uU, + 8, n 21, nénvdiv, =u,+2thi
Vnet = Unet # 2= 5u, + 10 = 5(u, + 2) = Sv,, n2 1.
Do d6 day v, lap cip sb nhan cé sé hang dau v, = 2, cong bdi g = 5.
Sé hang tdng quat clia cAp sb nhan v, la v, = v,.q7' = 2.5
Vay sb hang tdng quat u, = v, =2=25"" -2,
b)Patv,=u,+athiu,=v,-2a
Dodd un. = 2ups+ 3> Vay—a=2(vp—a)+ 3
&5 Vney = 2V, + (3—2).
Chon 3 - a =0 nén a = 3 thi day v, lap cap sé nhan cé sb hang dau
vi=us;+a=4,cong bdiq=2nén
vaE vt =427 =227,
vay sb hang tbng quat u, =2™' -3,
Bai toan 7. 17: X4c dinh sé hang téng quét clia day (u,) xac dinh bai:
a)lh =1, Uz = 0 yUnes S Uper—Up, N 2 1
b) Un.1 = (@ + b)u, — abu,y v&in 21, theo a, b, ug, uy cho trwdce.
Hwéng dén giai

@) Unez = Upst — Up & Uneza = Uney + Uy = 0.

Phuong trinh dac trung X*—x+1=0 c62 nghiém phirc x = 1+ ;\/5
o ik aiE - ; 'l
Ta c6 dang luong gidcx = e isin-é nén cong thire tdng qu?

nn nn
u, =Acos? +Bsin?, n=12...
Mau;=1,u;=0nénA=1vaB= %

Vay sé hang téng quat u_ = cos—+ = sin—.
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1m‘ét =5 Upey — AU, = b(u, = au,.1)

W = Up = 8Up_1 = Vpey =BV = v = b™" . vy

p d6: Uy — Ay = vib™’

N Un = Up — @Up_1 + @(Un_1 — @Ua.2) +...+ @™ '(U; — a.ug) + a"ug
afag + (b +ab™? + . +a™")v,

'ug + (@™ +a" b + ... + ab™? + b™")(u, — aup)

g™ +a" b +..+ab™ + by, —ab@™ +a™ b +..+ab™ + by,
: ,-khi nz2

n_ bn an—1 2 bn—1
T S
ua = b thi u, = na""u; - (n-a)a"uo

2 Unst = (2 + b)u, — abu,; co phirong trinh dac trng
-(a+bx+ab=0 < x;=a,x:=b

A up=oaa"+pb"

,uo a+P, uyy=aa+pb

-_ @ac dinh duoc a, .

in 7. 18: Tir hinh vudng AB,CD; cé canh bang 6cm, dyng cac hinh
‘_‘AszCzDz. A3BiCiDsy, ....,AnB,C,D,,... theo céach sau:

méin = 2, 3, 4,... ldy cac diém A,, B,, C, va D, tuvong (g trén céc canh
‘1. Bn—lcn-h Cn—iou-l Va Dn-1An-l sao cho Ah-lAﬂ = 1cm va AanCnDn
16t hinh vubng. Lap day sé (u,) voi u, 1a d§ dai canh cla hinh vuéng
nCrDyy bai hé thire truy héi.

! Hwéng din giai

moi n nguyén duong, xét hai hinh vudéng A,B,C.D, canh u, va
3041Cn+1Dneq CANN Up.y.

ua«bthiu,= -

Yo

0% Unet = Ane1Bines Al D By
= |
pn)z +(Ban|)2 By
AB, -1 +1

B 12 Dm;

=1 +1 :

Uy =6, Une = (U —2u, +2,n21, D, G Co

In 7. 19: Xéac dinh sé hang tdng quét clia day sé:

V2, u, = \/2+J2++ V. +v2 (n ddu can)

":'\/5.\!". LA ¥2 9
| U -2,
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Hwéng dén giai

§-=£ =>~/—~u1—2cos— Zoos—-—

= 2+J- =u, = 2cos—-2cos—
8 o

a) Ta co cos

Ta chirng minh quy nap: u, = 2003;2—1
e 1= cos% 1= iz-?- 2

b) Tacé tan® — = —Tr
8 1+cos ™ ALl
4 2

l\l

—3 22

v +tan—

= tan§=\/§-1 nén vm,=—"——i

n
1-v,.tanz

n T

VBN B g tengtang
1+(1-v2)v, 1-(2-03 4_gan® tan®
3 8

T =N
=tan(—+—
( 8)

T = n
tan(—= + =) + tan—
va=1 (1- f) J%n 8u=m(£+2'18‘.)
p 2V 1-tanE+X).tans
2 n(3+8) an8

v2+21

Ta chirng minh quy nap: Vo = lan(% +(n- 1)%).

Bai toan 7. 20: Xéc dinh sé hang tng quat cla day sbé (u,) xac dinh bo'
Uy =1vaun=uy+(n+1).2"véimoinz1.
Huwéng dén giai '
Ta s& chirng minh: u, = 1 + (n = 1).2" vé&i moi n 2 1 (1), béng phuong ph¥
quy nap.
Véin=1,tacou,=1=1+(1-1)2". Dodé (1)dung khin=1.
Gia st (1) dung khi n =k, k & N', ta s& chirng minh n6 cling ding khin =k + !
That vay, tir hé thire xac dinh day sé (u,) va gia thiét quy nap, ta co:
Uy S U+ (K + 1).25 =1+ (k=1).2+ (k + 1).2" = 1 + k2"
Vay (1) ang véi moi n = 1.
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en 7. 21: X4c dinh sé hang tdng quét clia day sé Fibonaxi :
=0,F1=1, Fre2=Fp+Fpyy,n20.

Hwéng dén giai
st28ba>bsaochoa+b=1, ab=-1, thia, blanghiém phuong

21846
4 2
d0 Frez = Fn + Fey = —abF, + (@ + b)Fqe

Frez = aFqeq = b(Fpey — aFy).
Ve = Frey — aF 5 thi Vaes = by, 18p cép sé nhéan.
iy d6 tinh duoc v, rdi suy ra:

" 14v5 1-5 :E[[ 2 } [ 2 ]J

héc: Frez = Fn+ Frey & Frz— Frey—Fp =0

 trinh dac trung
1-J6 1445
Xy =—3

Fo

tacoFo=0vaF, =1néntimdugc2hésd A, B.

- 3275

an 7. 22: X4c dinh sé hang tdng quét clia day sé Lucas:
" Li=1, L=3valpi =L+ Ly vOIinz2

h Huwéng dan gidi
€0 Lyt = Lo+ Lot © Lavt =La=Loy =0.
wong trinh dac trung

¥-x-1=0e x,=1-2\[5- ; !=1+2J§

>.‘ A 1-\5 ; 1445 :
- <58 (5

ByLy=1,L;=3thia = B =1.VayL,= [Lf] +[

1+J§J"‘

2
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Bai toan 7. 23: Cho day (a,): an = —5—2——

n"+4n+3

day sé (bn): by =@y, bpey = by + ey, N2 1.
Huwéng dén giai

Tacé:by=as, b=by+a=a, +a;
bs=b,+a;=a;+a;+ay..,.bh=a,+ax+..+a,
2 1 1

= - nén:
k?+4k+3 k+1 k+3

Tacba,=

1
- |+
(4
AR 5L 4
—_———— - .V e it 45 I
gl e e O L e A

Bai toan 7. 24: Cho déay sé thyc (x,) xac dinh bai:
Xo =1, Xper =2-4JX, =21+ X, v&i moin & N. Tim cdng thirc téng qus

n
clia day (ys) Xac dinh bdi cong thire y, = > x 2, vne N
=1
Hwéng dan giai

Taco: x,,, =2+ X, ~21+ |, [f J_-1)
= Xy +1= 14 /X, . Tir 86 tinh dugc:

- (sfé—1)2 Xy =(\N_;-1)2 N, &, =[2ﬁ; —1]2 nén

1

xi=142-242; %= 1442-22°

1 1

1 1 i
Xg= 1424 228 : - x.= 1422 _ 227
1

3 X

D0 d0: y, =2+4+..+2" +4-27127" =2 1-27 |42

. Xac dinh sb hang téng quat el



] Cty TNHH MTV DWH Khang Vige
7. 25: Xac dinh sé hang téng quat clia day sé (x, ) xac dinh bdi:

2 X
SV Ay e U—
i 3v et 2(2n+)x_ +1
, Huwéng dan giai

rach X,., = [2@n+ 9, +1]=x,

.
2(2n + 1x, +1 Xout

PR L R .

X

N net ne1 n

—'-::v...,-v,,+4n+2

2
4"2

V= Vs + 2n(n=1) + 2(n—1) = 2n% - % Vay x, =

ban 7. 26: Xac dinh tAt ca cac day sb thuc ay, as,..., 315 thod man diéu

Hwéng dan giai
9ng cac bat dang thirc da cho ta co:

2014

a —(n- 1)2[2(%.:"(" 1))]+a,+1-2[an —(n- 1)+1]

n=1

2015

023 [a,-(n-Mh1-2/a -(-1]= 3 m[,/a,,-(n-n-qzvoin

. n=1

12,...,2015. Tir @6, véin = 1, 2,... 2015 ta duoc:

8 ~(n-1)-1=0 haya,=n

I0i ciing, dé dang kiém tra dwoc réng day a, = n thod man cac tinh chét
3i hoi, vi 2Jn-(n-1) = (n + 1) = (n = 1) v6i n = 1, 2,..,2014 va
015-2014 =1+ 1= dpcm.

ac: Dat ay s = 2015 + k. Ta sé dung phwong phap quy nap lui theo n
9at dau tir 2015 tro xubng) dé ching minh réng a, > n + k

13 St a,,, > n + k + 1, khi d6:

— N+ 1) 2 (@ =N + 12> (k + 27 > 4k + 4, do db
+ k. Két qua dang véimoinma 20152n 21

eng, a; > 1+ k. Suyra:

(82015 — 2014) = 4(1 + k) 2 (2 + k> = 4 + 4k + K tr 4O
<0,trclak=0.Nhuthéd a,>nvéin=1,2,..,2014.
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Bay gi¢, néu a, = n + k, voi k > 0, véi n nao do < 2015, thi If luén twong t,
nhu trén ta clingcé a; 2 1 + k, suy ra:

4 = 4(ays—2014) > (a; + 12 (2+ kP> =4 +4k +k*> 4
Diéu nay mau thuan. Vay a, = n v&i mei n < 2015.
Bai toan 7. 27: Hdi c6 tdn tai hay khéng mét day v6 han tang céc sé nguyén t4
(p) thod man: | pye —2p] =1 vk =1
Hwéng dan giai
Gia st tdn tai day cac sd nguyén té (py) thod man cac yéu cau clia dé bai,
Khéng mét tbng quat c6 thé coi py > 3. Xét py (k = 1) bAt ki.
Néu p, = =1 (mod 3) thi phai ¢6 px.s = 2px + 1 (vi 2px = 1 = 0 (mod 3)) va dg
a6 pyet =—1 (mod 3).
Néu py = 1 (mod 3) thi phai ¢ pxet = 2px = 1 (Vi 2px + 1 = 0 (mod 3) va dg
vay pys1 = 1 (mod 3). Tlr do suy ra:
Néu p; = =1 (mod 3) thi pesy =2p +1 ¥ k2 1.
Dovay vk > 1tacépy=2""p, + (2" - 1).
Suyrapy=(2“"-1) (modpy) v k> 1= P, = (2" - 1) (mod py) = 0 (mod

p1) theo dinh Ii nhd Fecma) mau thudn véi P, 18 sb nguyén té.

Néu py = 1 (mod 3) thi pxs = 2px— 1 ¥k 2 1.

Do vay px = 2" 'p = (2" = 1) vk > 1 = py = <2 = 1) (mod py) Yk > 1

= p, = ~(2"17'= 1) (mod py) = 0 (mod p;) (theo dinh li nhd Fecma) mau

thudn voi P, I s6 nguyén té.

Tir cadc mau thudn nhén dugc ta cé dpem.
Bai toan 7. 28: Xac dinh s6 hang téng quat clia 2 day sb (un); (vs) ¥éc dinh nhu
U, =0 ; v, =cosa
sau: {u =u_, +2v,_ sin«
Vv, =V,  +2u_ cos’a
Hwéng din giai

Ta ¢6 u, + tana v, = (1 + 2tana cos’a) (Un + tanavi-,)
Ap dung lién tiép n Ian ta cé duoc:

Un + tanav, = (1 + 2tanacos®a)"(up + tanavy) (1)
Tuong ty thi ta cling c6 dugec:
Uy = tanavy = (1 = 2tanacos’a)"(ug - tanavy) (2)

Tir (1) va (2) két hop véi ug = 0, vp = cosa ta c6 hé sau:
u, +tanav, =(1+2tanacos® a)" sina
u, —tanav, = -(1-2tanacos® a)"sina
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A 1 tana
1-tana

=-2tana

_|(1+2tanacos® a)"sina  tana
|- 2tanacos? a)" sina - tana
= —sinatana[(1-2tanacos’a)” + (1+2tanacos’a)"]
[t (1+2tanacos® o)’ sina
|t —(1-2tanacos? ) sina
= —sinaf(1-2tanucos’a)” + (1+2tanacos’a)"]

n

D
suyra: u = ;" =-;-sina[(1+sln2a)" - (1—sin2a)"]

,:’—D-' = '5 = [(1 + sin 2@)“ - (’ sin 20.)"]

oén 7. 29: Xét tinh tang, gidm cla day sé:
5n-1
2n+3

U =1’ = 3n% + 5n -7 b) u, =

, Hwéng dén giai

€0 U, ,.=(n+1)°—a(n+1)’+5(n+1)-7=n°+2n-4

P NI@U Upsy — Uy = =3n’+3n+3= N(n-1)+3>0,vn=1.
¥n > 1. Vay day sé tang.

5(n+1)-1_5n+4

2(n+1)+3 2n+5’

_5n+4 5n-1_ 17
Upsy = U >0,¥vn=1
T one5 2n+3 (@2n+3)@n+85)

>u,, Vn 2 1. Vay day sé tang.
oar 7. 30: Xét tinh tang, giém clia day sé.

(‘1)"— b) Uy =9, Upey = Uy — 2+ sinn, N2 1.
n+5
Hwéng dan giai.
5 1 2 3 '
COou - = = 8 -t iy
iy = 5 uz 7 Us 8

< Uy, Uy > Uz nén héng s khong tang, khéng giam.
£O Upey = Uy — 2 + siNN
Unyy — Uy =8inn—-2<0, ¥n (visinn< 1, Vn).

y day sé gidm.
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Bai toan 7. 31: Xét tinh tang, giam cla day sé:

n

n+1
b =
o W= Hen

Hwoéng dén giai

n+2
3001

a) X, =

a)Taco: X, >0 va X4y =

1 _N+2 n+1_ n+2 n+2
3"“' 3" 3(n+1) 3n+3

=5 Xpe1 < Xn, VN 2 1. VAy day sb gidm.
1

(n+2)!

ymi 2m1 . 2n s 2
L b T (n+2)! () n+2

= Ynet < ¥n, VN 2 1. Vay day sb gidm.
Bai toan 7. 32: Xét tinh tang, gidm clia day sé:

a)ap = Jn+1—Jr_1 b) b, = 2—J_Q
n
Hwéng dan giai

a)Tacd: a,= Jn+1 \/—- n+han -———-1-—
Jn+1+\/— Jn+1+\/a

<1,vn21

X
Lap ti sb —o=
ap x

n

b) Tacod y, >0 VA yney =

<1, vn21.

1 1
= 8pe = < =g ,vn21.
2 s/n+2+\ﬁ1+1 sﬁl+1+sfl; o
Vay day sé giam.
2-n
b) Tacé b, = =2 _Jo.Dodshuin ~Jn+1
Vn Vn Jﬁ

Lap hiéu sb: by.y = (T-TJ (JR-M)<0.V:\ >1.

=5 bpey < by, VN 2 1. Vay déy sb gidm.
Bai toan 7. 33: Xét tinh tang, giam cla day sb:

a) u, = [%Jﬂ Jn b) u, = \[3+J3+J...+J5 , ndéu can

Hwéng dan giai
n+
a)Tacou,>0vaun = (g] .Jn+1




tis6: ':":‘ =(§)M.\/ﬁ :[g]ﬂ n

"”’1: dn+4 ant4 <1,vnz=1.
3V n 9n+ 4 4n+4 +(5n-4)

o d \u.m < up, ¥n = 1, Vay day sé giam.
ghimg minh quy Nap: Une: > Ug, ¥ 2 1 (1),
in=1thiu>u < V3 + J3 > \/5:d0ng.
(1) ding khi n = 1.Gia s (1) dung khi n = k, k nguyén duong: un., > u,
Upei >3+ U= (34U, > (34,
> Uy+y. Do d6 (1) ding khin =k + 1,

dang véi moi n nguyén duong, do dé day sb tang.
n 7. 34: Xét tinh tang, giam cla day sé:

Hwéng dén giai
>0,vn>1,va
1 1 1
](1-3—2J (1 _-3_"] [1_ 3:»1}
_1_3:¢1<1'vn=un01<um Vn.Vaydaységlém
= o —— “+ +
n+2 n+3 3n 3n+1 3n+2 3n+3
1 1 1 1
e + - -
3n+1 3n+2 3n+3 n+1
L8 + 1 2 9n+5

(ST - - >0
3+1 3n+2 3n+3 (3n+1)(3n+2)(3n+3)
Vast > vy, VN > 1. VAy day sb tang.

. 35: Cho day (u,): 0 <u, <1, u, # % Va Upei(1 — Up) = nz1.

2
i
ng minh day tang.

Hwéng dan giai

g bét @éng thirc AM-GM cho 2 s6 duong:



Unet + (1 =up) 2 2,}um,(1-u“)

= Uney + (1 =up) 2 2\/;1- =3 Uneq 2 Up, VN

DAu = xay ra khi Unsq = Up. Do d6:

Uper(1 = Up) = % & Un(1=up) = :1— <:4u§ —4u,+1=0

& (u-1P =0 uy = % (loai).

Vay ¥n > 1, Ups > U, Nén day sé tang.

an® +1

2n® +3

a) day sb giam b) day sé tang
Hwéng dan giai

TaCOUn=-a"+——2:§§a—:ﬁu"d:E+ 2‘33 :

2 2(2n’+3) 2 2[2(n+1)2+3]

Dodbqu—Un'-‘z-sa[ 1 = 21 J
2 (2n+1?+8 2n*+3

1 1
2n+10°+3 2n*+3

2-3a>0¢=a<§

Bai toan 7. 36: Tim a dé day u, = a:

Vign+1%+3>2n°+3>0=> <0,¥n=1.

Do d6: a) Day u, giam <

2-3a 2

b) Day u, tang < <0ua>§

Bai toan 7. 37: Chung minh day:
a) U, = 1 — 4n bj chin dudi b) v, = At
n+3
Hwéng dén gidi
a)Tacou,=n’-4n=(n-2)°-4=-4+(n-2°>—4, vn.
Vay day sb bj chan dudi.

bi chan trén,

n+1

b)Tacovnz1thin+1<n+3nénv,= = 3<1,\7’n.
+

Vay day sé bj chan trén.
Bai toan 7. 38: Chirng minh day sé bj chan:

6n° - 2n+1

= b) v, = 6sinn + 7 cos2n.
n’ +2n

a)u, =

— 206




Huwéng dén giai

4 vy = 230 D41 . b chan dusi
n”+2n

(6n°+12n) ~14n+1_ . 14n-1

' n®+2n n® +2n

,d‘yséb‘mén

06 —6 < Bsinn <6, 7 < 7cos2n < 7

<6 : bi chan trén

 Un =
=

= (~1)".n khong bj chan duéi.
Hwéng dan giai

e

4nsM vn=nc< %. vn: vé ly.

nn =2k + 1, k nguyén duwong thi co:

—2k+1)>m, Vk=> ks O]

VK Vo Iy,

Hwéng dan gidi
R 1) 11 1 1. % 1
Sl |t == |+t =] —— -

) 2(3 SJ 2(20-—1 20+1]

s n
K 2n+1) 2n+1
0 < u, < 1, ¥n nén day sb bj chan.




n-1 s n+1

Do d6 V. < = 0 < v, < 1, ¥n.Vay day sé bj chan.

4an+3 " 4n+3
Bai toan 7. 41: Xét tinh don diéu va bj chan cla day:
n® +1 n’
blvy,= —
2n? -3 o= o
Hwéng dén giai

10 2
a)Taco: y==2,Uz=1, U3= —=—
) 1 2 i

Do d6 uy < Uy, Up > U nén day sb khdng tang, khong giam

Tacd u, = k! + -—S—A
2 2(2n°-3)

aju, =

Vivnz1,-1< —— < nén -2 <u,<1Vay day sb bi chan.
2 -3 5

b) Ta ¢c6 v, > 0 v&i moi n nguyén duong
4 Vo (0497 0® (e

n1 - 2n‘1 vn 24'\41 ) 2ﬂ 2n2
2
Xét ﬁﬂda@do"”d
v, 2n 2

1
c>n+1<n~/-2-c>n> onz23
J2-1

v 1
4= n<

V” JE‘.'
Dodouy<uU;<Uzvauy>ug>ug> ...

Xét on<2

Vay day sb khéng tang, khong giam va 0 < u, < u; = % ¥n 2 1 nén day so

bj chan.

Bai toan 7. 42: Chirng minh rang day s (u,) v&i u, = :*2 la mét day s0
4

giam va bj chan.

Hwéng dan giai
Tacbu,= g4-——5—nénu,m=g+_i_
3 3(3n+2) 3 3(3n+5)
5 1 1
DOGOIJ - I — — 1 H e 21'
i — Uy 3(3'”5 3n+2)<0 voi moin

Vay (u,) 1a mot day sé gidm,
208
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mot day gidam nén bj chan trén béi M = u, = 1.

5 2 : >
>0nénu, > —, ¥n = 1: bi chan duéi.
3(3 ¥ 2) " 3 i cha
(un) bi chan.

Hwéng dén giai

J n+i
« Upses = (14‘%} nén

fn+2)" (n+d " (n?+2n AP
S{n+1) [ n (m+12) " n

7 n«
= "‘,l-—1 .n+1>[1_ 1 ].n+1=1
L (h+1? n n+1)..n

1Y

i trién nhi thire: u, = ( 14-
n,

-1 1 nn-Hn-2) 1 nn-1).1 1

B T T 123 @ d2n
2 1'—1 +—1- 1-1 1-g 4-...+i 1--‘1 1—“——1
el n) 3 n n nl{ n n
t . 1 1 1
+— S gt ey I
TR 7 R Y A e

=2 =2+ ;u’M .22, tang va bj chan.

Hwéng dan giai

'Sa<1nénu,>0 vn
NG minh quy Nap: Ussy > Uy, N2 1 (1)
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(- e il bl
Khin=1u;= —+ — . —> — =uy: dun
32 5%5 8 gy

Gia st (1) dung khi n = k, k nguyén duong.
Ta chirng minh (1) ding khin = k + 1. That vay: U > Uk = uf*, > uf.

... Ay <
=3 + -2-uf,,>-2-+§tf= Ugez > Uge: dpem.

Ta chirng minh quy nap: u, < 1,n=1 (2)
Khin=1u= %<1 . dung.

Gia st (2) dung khi n = k, k nguyén duong.
Ta chirng minh (2) dGng khi n = k + 1. That vay.
a 1 a 1 1 1
o Tk e oy
Vay day sé tang va bj chan.
Bai toan 7. 45: Cho day Fibdnaxi (Up): Uy = Uz = 1] Upeq = Uy + Upy.
Chirng minh céc tinh chét sau cla day:
a)Up2=1+uUy+uz+ .. *Up
b) Uy + Uy + Us + ... + Uzp-y = Uzn.
C) Uz * Ly + ... + Uzn = Uzney — 1

d) uf +u;‘ + +uﬁ =u.u ..
Hwéng dén gia

=1: dpcm.

a)Tachd: uy=u;
up+tux=Ug
Uz + U3z = Uy

Un + Upsy = Unez
Cong tirng vé thi c6: u; + (Uy + Uz + ... + Up) = Upe2
Maus=1nén1+uy+uz+ ... +U; = U2

b) Ta cé: Up = Uz, Uz + U3 = Uy, Ug * Us = Ug; ...; Uzn-2 ¥ Uzp-q = Uzn.
Cong tirng vé thi ¢6: Uy + Ug + Us + ... + Uzpy = Uza.

c)Tachiug+us+us+ et Uz =(Up * Uz +Ug L Ug) = (Uy +ug F L U

Theo phan trén thi uz + Ug + ... + Uz = (Uznez = 1) = Uzg
= Upneg = Ugn =1 = Upney = 1.

d) upup=u? (Vicou =u=1)
Uz.Us = Up(Uy + Ug) = Ugliz + U3

Us.Ug = Us(Uz + Us) = Uglig + U3
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Fy =1, Fret = Fn + Fay VOi moi n 2 1.Chirng minh ring:
F:n =Foneq VOIN € N
nenet = FmetFres + FnFavéimoim neN
- Fl +F)—F), véimgineN
Hwéng dan giai
phurong phap quy nap todn hoc va sir dyng hé thirc truy héi:

Fre1 = Fa+ Foy
h khéc :Ding céng thire tdng quat cla day Fibonacci:

-;2 1 [[1+5 n_ 1-45 n
sl 2 2
. 47: Gia st F,, L, twong (ng 1a s6 hang thi n clia day Fibonacci va

s. Chirng minh réng Fa, = Fr,.L, v&i moi sé nguyén dwong n.
Hwéng dn giai

%[[“2\/5],.-[1_2@], vau=[1-2@]"+(1+2\/g]"_

1'[“@]2"_[1_.@”}

2 2
[1+2J§]"+[1-2J§}"}

an 7. 48: Cho a , b 1a cac b thire thod man 4b > a* va hai day sb (uy);
dugc xacdinh nhwsau: up = a; vo = b;

BT =Vol § Une1 = 2Vp =Us2 VN=0,4, .5

#ng minh rang tén tai mot sé n > 0ma u, > 0.

Hwéng dan giai:

Qia thiét suy ra v, > O véimoin € N. Ta co

'A ” _715[[1:,2«/5)"_[1-2\/5]"-

.




10 trong Jiém bdi dudng hoc sinh gibi mén Todn 11 — Lé Hodnh Pho

Uor C i 2( u, }2.
2v, 2v, 2v,
Dat w, = Tet thi wesq =1-2we2 VA Wo= 2b-a;
"
vadb>a?=2b > 2b—a’ > -2bnén—1< 2°2“b"‘2 <1
Pat 2b — a* =~ cos, ¢ € (0; n).

V&i wp = - coso , bang quy nap tacd w, = - cos(2"p) .
Do ¢ € (0; 7] nén cé k € N sao cho 2".¢ e(%; nl.

Khi @6 wy, = - cos(2"g) = U+ 1> 0.

2
2
Baitoan 7.49: Choday (a,) a;=1,a;=1,a,= n ¥ =3
n-2
a) Chirng minh a, nguyén vei moi n.
b) Tim sé hang téng quat a,,.
‘ Hwéng dén giai
a3, , = aﬁ—l +2 = a2 2

a)Taco: ¢ " ™2

2 = anan_z : i 8".13.1_3 o an_’ —~ an_z
an—lan-a © an»-z +2

=> @p-2(an + @n-2) = an-1(8n-1 + @n-3)
a,+a , a, ,+3a,, __aa+a,_3+1

= =4
a a a, 1

n-1 n-2
Do d6: a, =4a,_y — a2
Via; =1, a; = 1 nguyén nén a, nguyén véi moi n.

b) Xét2 s6 a > sao cho a + =4, aP = 1 thi a, } 1a nghiém phuong trinh

X¥—dx+1=0doddu, p=2+3.
Taco a, =4a,.4 — 8,2 = (« + f)an — afan-2
ap — 0@g-y = B(an-y = adq-z). DAt by = Aney — adq thi by = ba

Tir d6 tinh duge b, = (1 + V3)2 - V3)™".

Suyra: a_ = ‘[_ B Yo+ Ay ‘/—”(2 V3,



n 7. 50: Cho cac s6 nguyén a, b, ¢ thod man a” = b + 1. Xét day sé (u,)
¢ dinh bdi: Uy = 0, Une = auy + \Jbu? + ¢, n e N. Ching minh réng

() 1 8y cac s6 nguyén.
‘i Hwéng dén giai
¢ gid thiét cUa bai toan ta co:

~2au, .U, +U2, ~c?=0,vneN

£-2au u +u -c?=0,vneN.

netn
theo vé, ta du'o'c. (Ugez2 = Ua)(Unsz + Up = 28.Uq44) =0, ¥n & N.
neN,néduu, e Zvauy € Zthiuygs e 2.
DeZvau =|c|l eZnénsuyrau,eZ, vne N’
»an 7. 51: Cho a € Z, day {u,} xac dinh béi:
U, = (U, + 1)+ (a+ D, +2a(@+ u,(u, +1)
nh réng Upe2Z vneN.
\ Huwéng din giai
a0 [uny — (28 + 1)u, — af° = 4a(@ + ua(un + 1)
o2 +a? -2(2a+ My, -2a(, +u,)=0,Yne N

wong trinh: X2 + 12 +a® - 2(2a + 1)usX — 2a(Up + X) = 0.

[(2a + 1)u, + a]X + (u,—a)? = 0.
, phuong trinh ndy cé 2 nghiém 12 Uy VA U,y nén theo dinh Ii Viet

Uns = (42 +2)u, +2a, Yne N
0,u;=aeZtasuyrau; €2, ¥neN,
7. 52: Cho day s6 {x,} xac dinh béi

=1, Xne1 = (1+3)x +2-§.nz1vaneN
n n
mmh réing tt ca cac sé hang cla day 1a sé nguyén.

Huwéng dan giai
€ hét ta viét lai cong thirc truy hdi dudi dang

Xnet =Xo+ 2+ ﬂ’%ﬁ

BOX, = 1, X3 =3, X3 = 8, X4 = 17, X5 = 31, Xg = 51,.. néna(n ) jan 1ot

3,7, 12, 18, 25... véi quy luat : "Sé thir n béng 6 thir n—1 cong n+1".
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(n—1)n(n + 4)
6

Ta chirng minh béng quy nap x, =1+

Théat vay, diéu nay dang v&in = 1. Gia sl ta da chirng minh duoc
1 (k—1)l;(k+4)

Khi d6: X, ,, {”%J"- ,,2_%

o (1o o2era). o 2
k 6 k
o g, K-k +4) K-N(Kk+4d) 5 _ 4, k(k + 1)(k + 5)
6 2 6
Theo nguyén ly quy nap ta c6 diéu phai chirng minh.
Dé chirng minh khang dinh clia bai toan, ta chi can ching minh (n = 1)n(n + 4)
ludn chia hét cho 6. Théat vay
(n - 1)n 14 tich cta hai sé nguyén lién tiép nén chia hét cho 2.
(n=1)n(n +4) = (n = 1)n(n + 1) + 3(n = 1)n chia hét cho 3.
Bai toan 7. 53: Cho day cac sb nguyén ay, ay, ..., 8,... thod man
(n=1)am =(n+1a,-2(n=1) véimeoin = 1.
Néu 2000 chia hét a,egs, hay tim s n nhd nhét, voi n = 2 sao cho 2000 chia

hét a,,
Hwéng dén giai
Hién nhién, tir dang thirc & d& bai, ta c6 a; = 0, va khi n = 2 thi:
) 1
et = "—t-{an -2

Do @6, day da cho dugc xac dinh mét cach duy nhét bdi a;
Ngoai ra, ta c6 a, = (n - 1)(cn + 2), véic = 32& ~1 12 mot s8 thye tuy y, ddy

a, thod mén dang thirc & didu kién clia bai todn.

Tht ¢ cac day a, thod man didu kién cla bai toan déu cé dang nhu thé.
tAt ca cac sb hang cla day ddu 14 cAc sb nguyén va 2000 chia hét asgeg Né"
ta d& thay rang c 1a s6 nguyén va ¢ = 1000m + 2. Nhu thé, suy ra 2000 chi@
hét a, khi va chi khi 1000 chia hét (n = 1)(n+ 1). To don =2k + 1 va k(k + !/
chia hét cho 250 = 5°.2. Vi k va (k + 1) nguyén té cling nhau nén ta suy
sb nnhd nhét, n 2 2, 1a:

2x124 + 1= 249.
Bai toan 7. 54: Cho day sé u, = 1 + 2°(n = 1). Tinh téng:
A=1+22"+322+42%+ . +2018.2%°7

14



Huéng diin gial
Up=1+2"(n-1)suyra:

16: 2 =up-uy; 3.2 =y~ up 428 = Uy - Uy
- 2018.27" = Usg4s — Ugge7
L= 1+ Uzore — Uy = Uzere = 1+ 2°°'°.2017.
55: Cho day (u,) dugc xac dinh:
,0232001 Un¢z-20m1—un+3.n=1.2, 3.
nséhangaéuuens..

Hwéng dén giai
—ZUnoi+un=3
—2U + Uy =3 Ug—2u3 + U2 = 3, jUp — 2Unq + Upp = 3,
g vé n — 2 déng thire trén thi duoc:
4 =Up + Uy =3(n-2).
33(ﬂ 2)"’"2 Uy, =3n-5.
=U2=33-5us-u3=34-5. .Uy~ Upy =3.n-5.
vé n - 2 ddng thirc trén:
=3(3+4+..+n)-5n-2)

! : 2
.-‘-“‘*‘Z‘" 2) _ 5n+2011 nén u, = 2" . 0 4 2002

1S, = %(1’+2’+ e W %(1 +24+ . +n)+2002.n

n(n = 3)(n + 1) + 2002.n.
7. 56: Cho déy s6 (u,) xc dinh nhur sau:

b et
hThréngVneN'taoéuﬁua* Fup<1.
Huwéng dan giai

3{ theo quy tic x4c dinh day ta cé:

L "'(2" 3).Uy-y hay 2(k = 1)uy-y = 2k.ug = Uy.s,
thk 2,3,..,n+1 tacé:

1 =4Ugz Uz = 4uy = BUs;...; Upy = 2(N = 1)Upy = 20U,
_ = 2(n + 1)ups

lng vé n ddng thirc trén, ta cé:

U+ U, =200 = 2(0 F Uy = 1 = 2(n+1)Upys
«:v. xac djnh day, ta c6 u, > 0, ¥n nguyén duong nén
0:* . *Uy<1,YneN.

=1+2""(n+1=1)=1+2".2n= Upey — Uy = (n + 1).2".
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Bai toan 7. §7: Day (a,) dugc thanh lap theo quy tic sau:

ay=1,a=a, *‘l- ey @n = apg t .
a n-1
Chirng minh s/2n—1<a" <\J3n-2,n>1
Hwéng dan giai

Véimoik>1tacoa’=al +2+ —

k-1
péyranga,>1,vk>1nén al ,+2<a’<a’ +3
Tudotaco: a°,+2<a’<a’, +3;a% ,+2<a’ <a’,+3,.

2 “ 'at
a’+2<ai<ai+3; al+2<aj<al+3
Suyra:2n-1<af<3n-2, vn>1

Vay J2n--1<an<\/3n—2.Vn>1(dpcm).

Bai toan 7. 58: Gia str cac sb ag, a4, 2, ..., a, thod man cac diéu kién:

ap = %.am=ak+ %af.véimolk=0.1,....n-—1

Chirng minh rdng 1 - %< a <1,

Hwéng dan giai
Ta sé& chirng minh bang quy nap theo k:
n+1
e VOimoik=1,2..
n-k+2 *“2n-k o
1 g = 2n+1

Khik=1,tacé a,=a,+-a
1 0 n D 4

+1
Suyraan - <a, <
Gia str bAt ding thirc dlng véi mei k = r < n, ta cé:
a, =a +1a’-a (1+1a,]
n n

2 1.ooaobéta5ngmcaungkmk=1.

n+1 1+1 n+1 >.nﬂM % n+1
on-r+2 n2n-r+2) 2n-r+1 2n-(r+1)+2
Mat khac, vi (2n = 1)? > (2n =1 + 1)(2n = (r + 1)) nén ta lai cé:

n $veid n(2n r+1) n
al'1< 1+-
2n-r nan-r (en-r)® 2n—(r+1)

Suyra a , >

- dpcm.

216



';:n,tanhandwcn—ld- L =n+1<a o,

n n+2 n+2 " 2n-n
4ch khac: Tir gia thiét suy ra day tang va bién déi:

' 1 1 fa sl L4

e = =N Er— =i =

akoi n+ ak n+1 ail ako‘l n

Huwéng dan giai
y nap ta ching minh Unlp.z = U2 | +1 véi moin = 1,
, = 5 nén cong thirc dang khin = 1.
cong thie trén dang khin=k > 1. Ta chirng minh céng thire dung
k+1; UgetUges = Uglyez = Uf.a -—lfﬂ (1)

EVAY (1) & Uket(Uker + Uyes) = Upan(Uy + Uga)
> Uke1.3Ukez = Ukez. Uy dung

=, +1,voimoinz1,

' 1
36, néu U, > 0, Up.; > 0 VOI moin =1 thi: p = uﬁ“ =25 0

'}‘suyra.vlu,=1.u2=2Iacacséduangnénu.,>0véimoinz1vé

| :’déng thire Cauchy ta c6:u, wd; 22

., 2015
g minh rang uy + Uy + ug +... + <
'g NG Uy +uz +uy Uz015 2017
Hwéng dan giai
6 4, 2 _ 20k +1-k)

b ke tedk) | 2l
..A,<2(\/k+1-\/|;)dom<k+(k+1)___2k+1

2;2k(k +1) 2 2

%7



1 1
u -
B T T
Do do: u,+u2+u3+...+un<[1— : )-{ : —-—1-]+...'(—- )
) (2 3 Vk  Jk+1

1
= U +U,+Ug 4.+ <1=
Jide il T

k+1
1 2 2 2 k
Vii 1- =1- <= -4 =
Jksed Nak+8 . K +dk+4. K+2 k+2
k
Nhr vay ta di dén: Uy + Uy + Uy b Uy <o
V&i k = 2015 ta c6 diéu phai chirng minh.
3. BAI LUYEN TAP
Bai tdp 7. 1: Tim 6 sb hang dau cla day:
2—
a)u,= 2 =2 b) u, =(~1)" /4"
Hwéng din
a) Tinh tryc tiép véin=12,34,5va 6.
5 29 47 23
KetQUA Uy =1, Uz= >, Us=5; U= —, Ug=— ; Ug= —
qua u, 2= 3 Us Uq 2 Us 5 Ug >

b) Két QUé Uy ==2; Uz =4 uz=-8B,u = 16, Ug = -32, ug = 64.
Bai tap 7. 2: X&c dinh sb hang tng quat cla day sé.:

a)u =_1_'u =_1.+.l.+ + 1
o el T T T

1 1 1 1
bpvy=1=—vp=(1==)1=-=)..(1--).
) vq 54V ( 2)( 3) (1 n)
Hwéng dan
a) Ding sai phan. Két qua u, = ——
n+1
b) Tinh gon phan sb. Két qua v, = %

Bai tap 7. 3: Xac dinh sé hang tdng quéat cla day sb:
a)u,=1+3+5+ ... +(2n-1) b)va= 1.2+23+ .. +n(n+1)
Hwéng dén
a) Cép sb cong c6 u, = 1 va d =2, Két qua u, = n’
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n(n +1)(n + 2)
3 3
4p 7. 4: Xac dinh s6 hang tdng quat clia day sé:
(Us) X4 dinh bz Uy =3 VA Upey = Uy + 5 vGimoin = 1.
(Ug) X4c Ginh bGi: Uy =1, Unsy = 3uy + 10, n > 1.
4 Hwéng dén
bt lién tiép rdi cong lai vé theo vé. Két qua u, = 5n -2
ing day phu U, = v, +a. Kétqua u, =23" -5 n>1.
p 7. 5: Xac dinh s6 hang tdng quat cla day sé:
: Uy =2, U3 =5, Upez = 5Upey = Bu, , N2 1.
4 Hwéng din
'M" Unez —Unet = B(Unes — up) rdi dat day phu.
= 35" 4+5
p 7. 8: Xac dinh sb hang tdng quat cia day sbé:
_ '-i‘; 4-,’8!.:: +1 ineN
Jba V& Upnsy = BU,— Uy
ih n
P R

i 7. 7: Xét tinh tang, gidm cia day s8 (u,) x4c dinh boi:

2 téng_ Két qua' Vn =

n

Hwéng dan

=1, Upey =30, + 10,0 > 1. b) Uy =3, Upyy = u:;g.nzt

Hwéng dan

Xét u,, > 0 véi moi n. Két qua day sé tang

qua day sb khong ddi nén khong tang, khong giam

D 7. 8: Cho day sb thyc Xo, X1, Xz ... dUQc X4c dinh bdi
Xo =1, % =1,n(n + 1)Xpe1 = 0N = 1)X, = (N = 2)Xp1

. 7 9: Xét day tt cd cac sb I1é va 1ap nhom (1), (3,5), (7.9,11),..
nhém thir n ¢6 n chir sé. Tinh tdng cac sé clia nhém thir k.
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D O N O T R R U R N —— R ——————————..
Hwéng dén
Nhém thir k co k chir sb 1ap cép sé cong nén chi can tim quy luat cia chg
sé dAu tién clia nhom Kétqua T =k*

Bai tap 7. 10: Cho dy sb (s,) véi s, = sin(4n — 1)%. Chirng minh day tuan,

hoan. Hay tinh tdng 15 sé hang d4u tién cia day sé da cho.
Hwéng ddn
Tinh lién tiép sy, Sz, Sa, Sa,.. hay dyra vao biéu thirc luong giac

! 2n
sin(4n -1 E=sm LR sy,
( )6 ( 5 3)

Két qua Spe3 = Sn; Si5=0.
Bai tap 7. 11: Cho day Fibonaxi (a,):
8,=8,=1,8n2= 8+ 8pey VOi YN E N
Va cho da thirc f(x) bac n véi hé sé nguyén biét:
f(k) = a, v&i vk = 1002; 1003;...; 2014. Tim f(2015)
Hwéng dan
Dung f(2n+3) = azney — 1 + f(2n+2) = @zne1 + Bznez— 1 = Bzpea — 1
Két QUé f(2015) = azg1s — 1.
Bai tap 7. 12: Gia st F, 1a sé hang thu k cda Fibonaci 1, 1,2, 3,5, 8,... Chuirng
minh v&i mo| N thi: 4F ,2F oF 1s2F nea 18 86 chinh phuong.
Hwéng ddn
Day Phibonaxi (Fi) thi ¢6: |Fres . Faz —FaeoFn | =3
Két qua sb chinh phuong (2F Frea + 3)°.
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Cty TNHH MTV DVWH Hhong Vigt

wrvén aé s:  GIO1 HAN DAY SO

im Un = 0 hodc u, - 0
e >0, 3n, e N in>n,= |uy| <¢
s = L hodc u, —» L
Bve>0,3n, e N n>n;= [u,-L| <e
' " =+ hO&ac U, —» +x
-"-" LAngeN n>n, = u,>A.
U, = — hoac u, —» —x.
<0,3n, e N n>n,= u, <A,
day co gioi han hiru han thi goi 1a day héi tu, con day khéng coé gloi
ay ¢6 gi6i han khéng hiru han (- = hodc + = ) thi goi |a day phan ky
: dlnh ly cor ban giéi han day sé:
han néu cé clia 1 day la duy nhat
U limu, = A, limv, = B va ¢ la mét hang sé thi
lim{u,, *V)=A+B |limu,-v,)=A-B
l’ A | A
Us . Vo) =AB  ;lim(cu,) =CcA ; lnmv—"=—8-(néu B = 0).
ql <1 thi limq" = 0.
Un | < v, v&i moi n va lim v, = 0 thi limu, = 0.
Was< usbvoimoinz Novalimu,=Lthia< L<b.
-('i S Uy < W, vOimoin = Nova limv, = limw, =L thilimu, = L .

‘-"(.," voé dinh :—t-, w—w, 0.
x

B 2.

'va mau clia phan thire cho n véi lu§ thira [on nhat clia tir hodc mau, cho
€6 co 56 Ion nhét & tr hoac mAu, viéc ndy cling nhu dat thira chung
a chung, nhan, chia lugng lién hiép bac hai, bac ba,. ..
Ia thém bot dai lugng don gidn nhat dé cac gidi han méi ¢ cung
iang va vo dinh, ..
ic dinh ly m& r¢ng gi¢i han day sé:
U ddy hol tu thi day do bj chan.
nh Iy Bolzano- Weierstrass : Tir mot dy bj chan ludn trich ra duoc mot
ly con hai ty.
1 dﬁy don diéu va bj chan thi day héi tu.
Ay (u,.) dugc goi la day Cauchy néu
Ve>0,3n,e N v mn>ny= lun—uql <¢




10 trong diém bSi dudng hec sinh giol mén Todn 11 - (é Hodnh PO
— Day (u,) hdi tu khi va chi khi day (u,) |a day Cauchy.
— Néu day (u,) ¢ day con (uz,) tdng va bj chén trén va day con (Uzn.1) Qidn,
va bj chan duéi, hon nira 2 day nay cung cé gioi han L thi day u, cb gjg
han L.
— Binh ly trung binh Cesaro:

, U +U, +...4U
Néu lim u, = L thi lim——2——"—"—0 =
n

Hay fim (Uney —Up ) = L thi umf'ni =L
— Dinh ly Stolz: Néu 2 diy (u,), (v,) trong 6 day (v,) la day sé duong tang va

fim 2~ U "YUt 13n tai thi nmﬁ-um "_::M

n vn—1 n

2. CAC BAI TOAN
Bai toan 8. 1: Ding dinh nghia chirg minh cac day sé sau c6 giéi han béng 0:

8) U= 3 6 giéi han bang 5

b) Uy = 73= co gi¢i han bang 0.
n

Hwéng dan giai
a) V&i moi sé € > 0 tuy y cho truée:

Xét lun—L| <ee ’5“—'3-
n+1
8

8
onti1>= on>—-1,
£ 3

5 <8Q_£.. <g
n+1

Chon n, € N" sao cho ng > 2-1.

TacovneN,n>n,=>n> 9-—1: Iu,,—5| <g
e

Vay theo dinh nghfa thi limu, = 5.
b) V&i mgi sé & > 0 tily y cho truée

3 9
CEd> — CSgHN> —,

3
Jn Jn &

Chon n, € N' sao cho n°>—92-.
[ A

Xét |un| <g&




Gy TNHH MTV DWH Hhang Viét

eN'.n>n°=n=% = |u,| <& dpem.
14

oan 8. 2: Chirng minh:

Néu |ql < 1thilimg"=0.

Néuq > 1thi lim =0, im0
i q" q'

Hwéng dén giai
q = 0 thi hién nhién diéu khdng dinh 1a dang.

w0 <lql<1thi H: ! > 1nén 1l=1+hvoih>o

H (1+h)"=1+nh>nhva |q"] <— —vai mei n.

' 1 =0nénlim. ) =0. Tir a6 suyralimq"=0.
n hn
Mq>1néndatq=1+hvéih>0.

;:_,v =(1+h)= Cg + C;h+ Cﬁhz 4 +C:h"

g -'~- n -
'=(1+h)"= 3 CiH 2C2h* 5q'2 ﬂ"‘—z—'lhf
k=0

Phiny iy o2
n(n-MHh* (n-1h°
0

| lim =0 nén lim & =0 suyralim—n-zo
=1 (n—1)h? q

n

()(f)




10 trong iém i dudng hoc sinh gidi mén Todn 11 — L& Hodnh Pho

Véin kha lon,

Vi & 1a hing sé duong, 0 < —
m! m+1

Do d6 lim2-=0
n!
b) Cho k tuy y nén tdn tai s6 nguyén duong m sao cho m > k.

m
n* n" n
:o—;<——n: E—m__/:—
a va)"

Via>1nén Ta>1 thi lim— =0nénlim[ "n]zo.
(Ya)

(Va)"'
k
Vay lim™ =0
a
Bai toan 8. 4: Chirng minh rang
a)limy2 = 1 b) lim%Yn =1
' Huwéng dén giai

a)batqg= Y2 -1>0= 2-(1+q" =Y Ciq"2Clg=nq

k=0
:gzq=‘\‘j§-1:1S'\’/551+§::dpcm.
n

b) Vi n = 3, theo bat déng thirc AM—-GM, ta co:

1< ¥ =1 ndn _2_2@1 _}
n

Nhu vay 1<Q/H<1+£::»llm?[r;=1

vn

Cach khac:iq=n -120=n=(q+1" = Y. Cq" 2C%q* =
k<0

=0<qs i-:>15%.<.1+1’—2—-
n-1 n-1

Bai toan 8. 5: Chirng minh cac day sau khéng cé gidi han .

nn-1 2
_2 q

a) u, = cosnx b) v, = sin(nn + %)



L VEIrT Wil V- DVVH BHoy

Hwéng dan giai

mtm Uy = Upp = cOS2Zmn =1 — 1

'12m+1 thi U, = Uomey =cos(Zm+ 1n=-1 5 -1 % 1.
, *'r, u, khéng c6 giéi han.

n = 2m thi v, = Vo = sin(2mn + §)= 1->1.

1 thi Va = Vames = sin((2m+1)r + §)=-1 =121,

Ay Vn khong co gidi han.
: Tinh cac gi¢i han sau:

(2n+1°(4-n) 3n% -n+1
- b) lim———————
~nesy i

Hwéng dén giai
2
Sy
xpmas AN Jo2 () T 4
( 5\ 3 27
3+-)
n
2 n6 =2 'ézo
-+ 6 n’(n+4+—) n+d+—
n

_ -7’ -5n+8

b) Uy =
) ta n+12
Hwéng dan giai
I, 3 2 3 2 3 2
R~ .= 2 39 2 9 i@
+n 2)=n\/2+n n2=\[2 i
2 1 8 1.3
SHa O g ST
n(Z ﬂ+n2] "+"2
3_2
n’ __\/_5
f_ 8 i
B
n+n2




10 trong diém b wdng hee sinh g - >

VAL +% 50 v&i moi n nén limup = +.
N n

Bai toan 8. 8: Tinh gi&i han cua cac day sau:

3 2"0' 2 3"\01 22’\ ¥ 5"02
8) Un ——'_— b) Un T m—
4+3" 3"+54"

Hwéng dén giai

(o2]

\n
6[?] -6
6.2" -6.3" 3 ; _0-
= nén limu, =

aju =
M= e 1Y 0+1
4[—] +1

=6,

n
& 2255 ”25[%]
B i

3 +54" i
(—3-) +5

Vi Iim(%)" = 4,255 0, Iim(%)" = 0 nén limu, = +.

Bai toan 8. 9: Tinh gi¢i han cia cac day sau:

8) = nl+(n+1)! b) g = (n+2)l+(n+1)!
2(n + 1)+ 7n! (n+2)! - 5(n+3)!
Hwéng dén giai
2
o nlnin+1) _ 1+(n+?) _n+2 1";
"T nln+f+7n! 3n+1)+7 2n+9 5.9
n
Dodéllmu,.=1.
2
b) g = n+N!(n+2) +(n+ 7! B (n+2)+1

(n+1)!(n+2)—5(n+1)!(n+2Xn+3)-(n+2)-5(n+2)(n+3)



g Vié

3
1+=
g n+3 o B nén limu, = 0.
(n+2)(-5n-14) (n+2)(_5_?)

pan 8. 10: Tinh cac gi6i han sau:

e

' Hwéng dan giai
3 2 3
5 +n2—3/n°+1= n" +n° -(n° +1)
+ ?I“T Yo 22 + P 2 Y 41+ Y(n® + 12
n® -1
2 2
Y 2§’ 1 ’ LT 1
.+;J +n 1+;. 1+—n5-+n.{(1+n—{)

it

. n®
- ;”2 z
) +ﬂ1+% '#Hnle*.i/[“nlzJ

fff. “ yﬂs'* n? -¥n+ 1) = %

n+1-n°
i’/(n’ +12+¥n +1n+n?

2] 1 1
1 3 1+ — 1+—+1
: "'Ol ( n2 ) * nz

18. 11: Tinh cac gi6i han sau:

(Q/n3+n2 _Jn2+3n) b) B =lim VR +2 -Vn? +1

I +2-Yn? 402

e +1- n) =lim

| Hwéng dén giai
8. ¥n® +n? ~Jn? +3n =¥n® +n® —n+n—+n? + 3n
- AP EnE g

N —n=
L n? +n2)? + Yn® £nn+n

t




n® n 1
2 = 2
(%‘Nn"’) +¥n® +n? n+n? (%1] *ij‘*l”
n n

va n-n? +8n = P, < 9
n+vn®+3n n+\/n +3n 1+\l;+§

nénl\-l-g_"7
3.2 86
b) Ta cb: Jn? 2 - Jn? +1 =Jn2+2-\/ni2+1 n
Yn® 42 -Ynd + 12 D In® +3-Yn? + 0

Vn? +2 - Yn® +1 n® 42— (n? LA . 1
n (Jn +2-n? +1) n(Jr?+2+*/ﬂ’+ﬂ
. n[?f(n3 +2)% + Yn® +2.Ynd 4 n? +Yn® +n2)2]
e -Taw 2-n

‘ﬂ 1+——- +%+— \Fq--#{[(‘l«— )2

—-1
n

nénB=0.(-3)=0.
Bai toan 8. 12: Tinh céc gioi han sau:

a) limy2.3" -n+2 b) lim

Hwéng dan giai
a) Ta cé Jz.a"-n+2=(J§)". 2-5':-»,_-2: véi moi n.
\/ 3

Vitim =0 valim-2 =0 nenlimis—2t+2 =\2>0.
3" 3 3

1
J3n+2—@41

Ma ||m(J§)" — 4. D0 d6 liMy2.3"—n+2 =+,

piol'd




P2
B (7n+ 27

(1+4+..4(3n-2))°

Huwéng dén giai
0124224324+ _+nl= n(n+1(2n+1)
6
o)
o = n(n+1)(a|+1) 4 n n
3 3
6(7n +2) 3(7*"2']
n
e 12 1
" 6.7° 2058

k — 2)° = 27k” - 54Kk* + 36k — 8 nén tir thirc bing :

ne 2

| ':1) _54'n(n+1)6(2n+1) +36.n(n2+1)—8n

iy 1,4, .., 3n-2 1ap thanh cAp s6 cdng c6 sb hang dAu u, = 1, céng sai
gdm n sé hang nén mAu thirc bang

+un)J2 --(%(1 +3n -Z)Jz - ﬂzL;f_

? 2(n+1)? = 9n(n + )(2n+ 1) + 18n(n + 1) 8n

%:

1.8 a2
zn(an 1)

V& m&u cung bac 4 v6i hé sb % va % nén suy ra limu, = 3.




m ng nh g =

Bai toan 8. 14: Tim giéi han cla cac day sé sau :

1+1+l+ +-—1-
PN T byu = —2—2 —Z
12 23 n(n+1) ety ot
58 8
Hwéng dén giai
I [

a) Voi mbi sé ngu \ A =——
) guyén duong k, ta cé DT S

(1 1) (1 1 R ) Al T 1
= | |F | —— | — |1 ———
2)2::8 n-1 n)\n n+t n+1

Do d6: limu, = lim(1 —L) =1.
n+1

b) Ap dung céng thirc tinh tdng ctia cAp sé nhan:

10
1l 1 1"(5] 1)
[ poorOuLINEINS (PN WG <7 A P
2+22+ +2“ 1 3 2[1 (2]]

=2 Uy

i
2
1ﬂ
AN 1 o 5 1Y
T SR e 5] e s )
B g Lt -1 4’(5)
5

n n
Vi lim[lJ =0 fiml 11 =0 nensmu,= 2.
2 5 5

Bai toan 8. 15: Tinh gi¢i han clia cac day sau:

a)u, =

P L OV W (s

o= (1-2)(o-2)--2)
Hwéng dan giai
1




e IRy 1
" e L ot s o e | 2RO =1-0=1.
d .+1)[1+2+3+ +n+J nénlimu,=1-0=1
2.0l i nén limu, = 0.
3 n n

: Tinh gi¢i han cla cac day sau:

1 1 1 PPy -1 =y
gt 1-_]...[1-_) BLaEel -9
M\ 2‘)[ 8’ n’ v 241 7 4+1 n +1

Hwéng din giai
1_K -1 (k-Dk+D)
1“61_?: i@ < Ik

132435 (n-3)(n-17) (n-2)n (n-T)(n+1)
2 @ 47 (-2 (-1 0

i 1 _ (k- DK +k+1)  (k=1)(K +k+1)
K1 (k+)KE-k+) (k+1)[(k 12 Hk - 1)7_]

: 134
n2+n+1_21 =)
8 (n+1)? 3( 1]2
1+-
n

/

18. 17: Dat f(n) = (n* + n + 1)> + 1. Xét day sb (u,) sao cho

-1(2)f(4)f(6) T@n) . Tinh limnJu,_ .

v Hubngdinglil

) =[(n + 1)+ nf + 1=+ 1) +2n(n* + 1) +n’ + 1
- =+ 1)(n*+2n+2) = (n? + )[(n + 1)° + 1),

g Ik 1) _(4Kk® -4k +2)(4k® +1) _ (k1) +1
- f(2k)  (4k2 HIX4K? 44k +2)  (2k+ 1) +1

s F+13+415 41 (2n-12+1_ 1
3"+152+17’+1 “@n+19? 4 2n® +2n+1
n

] 72n’+2n+1

7171




1 1
Vay limn,Ju, = lim R

2+—+—

n n2
Bai toan 8. 18: Tinh gi¢i han day
o 1
u"_g,:l(l+1)(l+2)...(i+2015)'ne
Hwéng dan giai
Dung phuong phap quy nap, tinh
u=3 L =l[l- il ].vbiaeN'
TS+ N(i+2).(i+a) ala! (n+a)!
T 1 54} =l[a+1—1]=l[l_ 1 ]
1.23...(a+1) (a+1)! a| (a+1)! alal (a+")!
gt Lol | i el
o "“'a[a! (a+k)!]
b 1
TaC0: Uy =Yt K+ 2K+ 8) (K17 a)
bt ) (k+1+a_a)=l[_‘._M'_]
aal a(k+1+a)! ajla! (k+1+a)!
« n 1 1] 1 nl
VeV N, u; ‘gi(in)(nz)...(na) zE[ET (n+a)l]

- 1 S Y 1 X n!
Doy 4, —g,:l(l+1)(l+2)...(l+2015) 5 2015[(2015)! (n+2015)!]
1 n!
—lim
2001.(2001)! (n+2001)!

n! 1
m =lim =0
(n+2015)! (n+1)(n+2)...(n+2015)
P = s
2015.(2015)!
Bai toan 8. 19: Tinh gidi han sau:

Iim[cos(xn\/"’ "+ +n+ 1) + sin(mﬂn’ +3n° +n+ 1)]

Hwéng din giai

Daty, = Yn® +3n° +n+1 nén ta cAn tinh

lim[cos(nn.y,) + sin(n.n.y,)]

Tacé: limu =

ma li

Véy limu, =

1171



n(n + 1) 1a s6 chin nén ta co:
gos(nN.yn) = COS[-Nmy, + N(n + 1)n) = cosnn(n + 1 - y,)

(n+1)°-y? Bed P
(n+ )2 +y, (n+N)+y? (h+D+y,(n+1N+y?
- 2n
{. L) 2
(1+1) + =0 Yo (1+ J (y,,]
B 0 n n n
ty: sin(xny, ) = - sin - en
(1+ 1) + 1o (1+ J [y“)
n n n n
Yo =1nén limcos(nny, ) = cos&=_1
n 3 2
va limsln(myn)=-sinﬂ-__‘/§
3 2
o T 1443
,.[cos(nn.y")+sln(myn)]=_ +2‘/—

0dn 8. 20: Tinh gi&i han ciia day sé (u,) xac dinh boi:
Uy =10vaup = l—:_,ﬂs*swwnzt

Hwéng dén giai

U'll..a.

15_25 1
4

25 ( )"" do @6 limv, = 0

15
Up = lim(v, + 7)- o



U Tong arém HOT QUOTIg TIQC SIIT gror ey TO9 7 — e rioanirneg.

Bai toan 8. 21: Tinh gi¢i han cia day sd (u,) xac dinh béi:

-4
véi nz1.

T

Hwéng dan giai
Ta chirng minh quy nap u, = —4 v&i moi n. Batv, =

u
Uy =1 Upy =

un+1
+4

n

u -4

- +1

Tacbv,,,,=u"”+1=u"+6 =2un+2
u,+4 uﬂ—d*4 5u, +20

1
=g.u"+ :2_ Vn, V&I moin
5u + 5

Do d6 v, lap thanh cap sé nhan c6 céng bdi q =

Uill\)

nénv,=v,.q"" = v,.(g)"“ = limv,=0

u +1 4y —
n 3uﬂz n
u;‘+ -V

1
Mav, = nén limu, = -1.

n

Bai toan 8. 22: Cho day (x,) dwoc xac dinh nhu sau:

X, =1
{xn_, = Jx, (%, + D(x, +2)(x, +3) +1

n

Paty, = Z——z- Tim limyp,

Hwéng dén giai
Ta o X, = /(¢ + 3%, )0 +3x, +2)+1=x2 +3x, +1

Ta chiing minh qui nap Awec: X, > 3" nén suy ra limx, = +=
Talai co: Xpey + 1= (Xq + 1)(X + 2)

SR | e
X,+2 x +1 x . +1
= 1 > 1 1 1 1
=2 = —_—— -
Yo ,z;: 42 z,:( +1 X2 +1} 41X+
1 1
= - Vay i =—
U I S ay limy,




- 'y U~ v S IIUVMS M

o

o Vi€

18, 23: Tinh cac gioi han sau:

_o\n
.p:f-z sin(n + 1) b) Ilm%—
" n n+2v¥n 3" +4

Hwéng dan giai
n+2sin{in+1) n+2 1

thi |u,|< s
n@n+2§f-n g/n(n+2) %

? i = 0 nén limu, = 0.

I

2 ol |2 I(—2>"l=(_J"
e " e |3°"+4|$|33"| 27)"
47 '27
nguyén Ii kep, ta c6 limu, = 0.
24: Tinh cac gi¢i han sau;

2 n
énlim| —| =0,
<1n un(z?J 0

b) fim 3.7" -cos(n+1)

Hwéng dén giai
e n 1 n
— =llm[g+5}=lim[(g] +5J
\ 5!\ 5
» ;
= <1neén lim(g)" =0, do d6 lim 2"5‘;5 =5

: " cos(n+ 1) 3=l ( . CO8(n+ 1))
- 7

g [cos(n + 1 Sl=(1]"
" 7"

< = <1 nénlim()" <0, dodé lmS30+1_o
7 g

jm 37" —cosn+1) _

g
N 8, 25: Tinh gioi han clia day sé:
!~ 2"'” = 2.
 h+2) b nbrg

|

Pragreme.




2 22 2
Tocbun s & BTk,
5) 1RCoN, 2°3 4 7 n+1n+
Do d6 |u,| s(%)"vdi moi n.

Vio < § <1nén |im(§)“=o, do 86 limu, = 0.

b) Ta ching minh réng o ] s-g- véi moi n.

Tacéu,>0, vnva Yot gnenumsg.u,..

u, 3
2 2 2
Dodéu,.sE.u,..,5(5)2.un_zs...s(§)"".u1
Y Sove 472
Mau,= — nénu,<(=)"". = <(=)"
o ® = nen Y, (3) 3 (3)

Vio< -2 <1nén nim(fa"-)" =0.Tacé limuy=0.
Bai toan 8. 26: Cho s6 « € (0; 2). Tinh giéi han cla day (u):
Uns2 = GUnet + (1 = a)u,, n =0, 1, 2,...theo cac gia trj ug, U .

Hwéng dan giai
Ta €0: Uper = U = (&t = 1)(Up = Upt) = ... = (@ = 1)"(uy — o)

n+1

Suy ra Upy — U= Y (U —U,_,) = Z(a 1" (u, - u,)

k=1 k=0
= (=) 3 (- 1" = (U, - ).
k=0

Trae(©:2) = la-1] <1=lim{{a-1)"=0

1-(a -] _u -y
1-(a-1) Sigiy

) I (S )
1-(a-1)

Do d6: lim{upey — ug) = Ilml:(u, - Uy).

(1-au, +u,

-y
V. llmu
%y Ty e g2 e

PO AN



.27 Tinh gi&i han day:

Sl

= + it

+1 Vn?+2 vn? +n

| Huéng dan giai
S ok-1_2k-1_ 2k-1 Z'M

mw—

: J_\/_ V2n+1 J2n+1

.'”'. < S—‘-- vGi moi n.
. ,-2"*1 \/E

n- ~ =0 neén limu, = 0.

JVOik=12,....n.

' “+n \/ﬂz*k Jn2+1

=1nén co limu, =1.

b)limg{\/‘*—nl“q

| Huwéng dan giai
shimg minh _:_J,;<(n+1)\/n+1-ﬂ n<g\/n+1

B | ¢

Z[(k+ v+ 1Kok

t-o

| = _[(n+1)JE"1]
.l‘, Vi n>-2[k\/— (k- 1)‘[—]> m/_

k-'

217




2 1+V2+...+4n 2(n+1)Jn+ -1

Nén: —<
3 n/n 3 n/n

a 20 W= 2 o 1eVR s 2
3 nn 3 nn 3

1+x—1<§. véix > 0.

Thay x bdi — va tinh tdng hai vé tir 1 dén n, ta dugc:
n

?n.;znzkm ;[\/:_ ]<_2n—Zk

] & n(n + 1)
Taco: lim— ) k= lim ;
2‘12 z 4n 4

k=1

Vai k n k n k2
Hten? z;2n2+k Z,an(anhk)

! i k? n(n+1)(2n + 1)

== — 0. Suyra:
o ant 24n* y
1 i Nk
lim = =0
[.,Z.,zn2+k kz.,zn2]
K T S
= lim —_——
nzd xz:i2n2 4

Theo nguyeén li kep, ta co: limZ[ {1 + L - 1] = %
n’

Bai toan 8. 29: Cho (a,) la mot day vd han cac sb nguyén duong

Hwéng dan giai
Ta chirng minh a, > n v&i moi n nguyén dwong, n > 2 béng phan chu ng
Giasirténtain e N saocho a, <n.

Vi mbi n > 2 dt x, = —n

n-1

-~y



i thiét ta b x, > x,., véimoin22.Via,=1nénnz= 1. Goin la sé
nhat co tinh chat trén thi a,., >n > a,,
. _ a,
"\.xf a

n-1

< 1. Tl 12 Xy > Xo-y... SUY F@ FANG V&I MO i > n thi x, < 1.

day suy ra a, = Xa., < 8y VOi moii > nnén a, > an; > a, > .. Suyra
khong thé 1a mt day sé vo han cac sb nguyén duong. Bidu nay mau
1 v gia thiét.

suyra lun| < %.va Iim% =0 nén limu, = 0.

oan 8. 30: Cho s6 a> 1. Tinh gi¢i han clia day sé (u,) xac dinh bai:
. U1=8.Um|=\/lz.ﬂ21.
_' Hwéng dén giai
shirng minh quy nap u, > 1, vé&i moi n,

= un—1
\/u:-1- \/(ZH

> 1 nén ‘/t: +1>2 doddu,-1s

uﬂ
> na1.
Hwong dén giai
Png minh quy nap 0 < u, < % :

u
A CO Up.y = Up(Up + .1):; e <uUp+ .1_
2 u, 2




R e e e e e ———————————

u
ViD<u, < l.Vnnen nid
4 u

n

< +

3
= o
4

B
| -

w

Do d6 vé&i moi N Upey € — U, NEN:

o

3 32 3n-1
-~ S(—=) ‘Up2S...S(— . Uy
Uns4 Up-1 (4) n-2 (4) 1

Mau;= — < — nén u,,s(%)“, wn.

4

-

Vi 0 < % <1 nén Ilm(%)“ = 0, Vay limu, = 0.

Bai toan 8. 32: Cho day sb (u,) duoc xéc dinh bdi :
Us = Uz =1, Upey =4U, — SUpy, VOIMOIiN 2 2.

: u
Churng minh réng vé&i moi sé thyc a > J5 ,ta déu co lim—==0.

a
Hwéng dén giai
TacO Upey = 4Up—SUp-y &> Uney — 44Uy + Supy = 0.
Phuong trinh dac trung x> —4x+5=0, A’ = -1 <0 nén cd 2 nghiém phuc
lién hiép x42=2 % 1.
Suy ra cong thirc tdng quéat cla day da cho la:

u, = (/5" [%cosna -%slnna] . vn

Vi <1nénu,<(V5)" vn=123...

3 1
—cosna ——Ssinna
5 5

n
Suyra: 0<u—"<[§-) nén IimE"—=o.
aI'\ a an‘

Bai toan 8. 33: Cho day (x,) dugc xac dinh nhu sau:
X =3, Xory = X2 = 3%y + 4.
a) Chirng minh rang (x,) Ia mdt ddy khéng bj chan trén.
1
+ v I Py
X -1 X=1 X =1
Hwéng dan giai
a) Ta chirng minh bang quy nap rang X, 2 n + 2.
Hién nhién bt dang thirc dung khin = 1.
Gia sr bat Ging thire véin =k = 1 thi:
Xpoy = XXk = 3)+42(k+2)(k-1)+4=2k + 3.

b) Xét day (yn): yn = . Tim limy.

A0



LS IV vV OVVH Khono V/é

,_z‘n+2khln=1.2-.3. ...Dodddﬂykhdngbichantren.
e 4 1 o 3 1
;5..“—2=("u‘1)("u‘2)_"x“2-"u‘1

'.1 Sy e 4

;_1 X -2 x,-2

ing c4c ddng thirc trén, véi k=1, 2,.. nta dugc:
R e
'I;—"Z X, q—2 X

-2

n+1

1 1 1
<— suyralim =0. Vay: limy, = 1.
X4-2 n Xosi =2

in 8.34: Ching minh céc dy sau hoi e

: :-+-2—2-+...+¥-. b)u"=%+%+...+%—2\/;.
: Hwéng dén giai

=—+i+...+i+ ! =y +*1-

g2 52 (e " (1)

w1 > Un, ¥n 2 1: ddy tang
ly 80 tang nén bj chan dudi bdi m =uyp =1

S s 1 R 1
R — b — €ty o T
T o T Tt S Manhaa -
o (S I [l L8
2 3/ " (n-1n
= <2, n21: bj chan trén,

day s  tang va bj chan nén hoi tu.
1 1 1 1
U1 = — 4 b=t —2Jn+1.Dod¢:
TR Y N e

1 1
-y - -2Jn+1+2Vh = -2(yn+1-+vn
T o

2 2 i

= <0: day gidm
| 2Vn+1 Jn+1+vn
88 giam nén bi ch@n trén béi uy = -1.
I
1

l 2
=2(Vk +1- k), &p dung:
KT K. g




2(J2 — 1) + 2(/3 —V2) + ... + 2(Jn +1 - Jn) - 2Jn
os2dnri-2dn=-2+2/n+1-n)>-2.

Do d6 day sbé bj chan dudi. Vay day sb hdi tu.
Bai toan 8. 35: Cho a > 0. Chirng minh day héi tu

Un =\/; Ja+ \/ +yJa (ndaucan).

Hwéng dan giai
Ta chirng minh quy N@p: Unss > Uy, Y N2 1(1)

Khin=1u;= Ja+ a>\/; = uy : dung.

Giasl Uy > Uy = a+ Uy >a+ U

Un

= Ja+y > J;+ U, = Ugs2 > Uy dpem.
Vay day sb u, tang.
Ta cb u, > 0 va tir (1) nén Ja+u" > U,

:a+un>u2n:>u'2‘—un-a<0

o L2841 4‘2‘8“ <, < 23227 nen gay bi chan,

Vay day sé tang va bi chan nén hdi ty.
Bai toan 8. 36: Chi(rng minh 2 day sau hoi tu:

n n+t
=(1+1] IV = [1+1) :
n n
Hwéng dén giai

10 1 el
Ta Cé Un< Unoj L) [1+-) [1‘0-——)
n+1

c»1+-<[ \F \[+2 n(n+2)
n+1)Yn+1 n+1 (n+1)2

Ap dung bt déng thirc AM-GM cho n s6 duong phan biét:

\[ \[11 UL (W] SRR XUk
n+1 +2 n

n+2
g n’ +2n-1__nin+2)
nn+2) n®>+2n+1
Tuong ty, ta ching minh duQc vy < Vot , VN2 2.
Vay day (v,) giam

. Vay (u,) 1a day tang

T19



n+1 n n
*=(1+1J =(1+1J .(1+1J>(1+1J =u,
. n n n n

Hwéng dén giai

9: Uy =@ >0, vy =b >0 nén chirtng minh quy nap duoc véi mgQi n thi u,
0

U+V

4> U,V = Vney, D21,

¥Oi moi n > 2 thi u, = v,

‘.,..“n‘“’ i ;“ =u,,n>2nén day u, gidm va

= w’"n" ,/vnvn =V,,N22nén day v, tang.

0@ u, > vy, n > 2 nén cé duoc:

2UnZVn2v2= Vab

Y ,"a gidm va bj chan du6i con day v, tang va bj chan nén ca 2 day
gioi han hiru han: limu, = A, limv, = B.

5 A qua giéi han thi duoc:

= nén A = B: dpem.

E ~ A



Ta chirng minh quy nap 0 < u, < 2 nén day bj chan.

1 1 1 1
" R = 2" =2 2‘ = — o
VA& Usyy =g [ u+1] ( uM+1] U, +1 u, +1
Ta chirng minh quy nap day tang:
Khi n = 1 thi uz = g > uy = 1: Diing.

Gid st¥ U, > Uny, tr cac két qua trén thi ¢d un. > U, dpem.
Day u, tang va bj chan nén c6 gioi han htru han.
PatL = limu, thi 0 <L <2 va limup = L.

qua gi¢i han thi duoc:

=241 L 12_{-1=0.Chon _1+45
L+1 2
Bai toan 8. 39: Cho day sb (u,) xac dinh nhw sau:

= =2
{"‘ ey n=1,2 3.
Uy, = 2U,q +U,

2u_ +1
Chuyén uy.y = —2
iy u +1

Batx, = e n=1,2, 3. Tinh gi&i han Iim X,

n

Hwéng dan giai
Ta chirng minh bang quy nap réng:

W, W (=9
2 =5 n 1 - RIS
U,..,-U,,Um-(-ﬂ ol s o

2
ut?t Un Us

2
TS VPeY ¢ NOLR =
°(u,.) Z(un]' 2

Vi day (u,) ting va khong cé chan trén nén limu, = +

u,,
Tacé day x, = T n =123, ... tAng va bj chan trén b&i 2 nén co gio1 "

dat gioi han dé 1a L.Chuyén qua giéi han suy ra:
1?-2L-1=0eL=1+ 2 hodcL=1- 2.

Vlu,,z1nenchonL-1+\/—V3ylimxn"1+\/— 4
Bai toan 8. 40: Gia sir x, thudc khoang (0: 1) 1a nghiém clia phuong 1"

R S

x x-1 X-n

Chirng minh day (X,) hoi tu. Tim giéi han do




Cty TNHH MTV DWH Hhang Vigt
Hwéng dan giai
1 " 1 %
X,-n-1 X -n-1
sng khi @6 f,.1(0°) > 0. Theo tinh chat cia ham lién tuc, trén khoang
) o it nhdt mot nghiém cia fae(x). Nghiém d6 chinh 13 x,.,. Suy ra
T 1a day s (x,) gidm. Do day nay bj chan dudi boi 0 nén day sé
n.
minh gi&i han noi trén bang 0.
gia s limx, = a > 0. Khi d6, do day (x,) gidm nén ta co x, > a véi

Ay0<xa<tiném f_(x)=1(x)+ 0

;+%+ +% —» +w khi n — +x, nén tén tai N sao cho véi moin=N

1. Vay phai ¢6 limx, = 0

1: Cho sé thyc a > 2,

a'% "+ x"+ +x+1(n=1,2 )

h rang véi méi n phuong trinh f,(x) = a ¢6 dung mot nghiém

D; +2c) va day s (x,) co gidi han hivu han.

A Hwéng dén giai

i n, dat g,(x) = f,(x) — a; khi 36 gn(x) Ia ham lién tuc, ting trén [0, +). Ta
1-a<0;g41)=a"+n+1-a> 0, nén gs(x) = 0 c6 nghiém duy

(0; +x).

Ing minh ton tai giéi han limx,, ta ching minh day (x.) tang va bj chan.

: 1 nl
. 1 o 1—(1'3]
(1~—]=a‘°(1-—J e ST/ 5 S
< a a 1

' a

B 14

P <1- , =12
‘ a

N 0
hC, tir g (x) =a'°%n  tXn 4 +1-a=0, suy ra
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—

11 -1
X Gn(Xn) = a®Xn tXn 4+ ¥, —ax,=0

=5 Gnet(Xn) = XnGn(Xo) + 1 +AX,—a@=ax, +1-a<0
Do X, < 1-l
a

Vi @ner 12 ham tang va 0 = Gnv1(Xae1) > Gnet(Xn) NEN X < Xnes.
Vay day (x,) (n = 1, 2,..) tAng va bj chan, nén ton tai limx,.
Bai toan 8. 42: Cho day sé (a,) duoc xac dinh boi:
a;>0,a>0vaay = \[a_"+ a2
Xét day s (M,) v&i M, = max{ay, an.s, 4}. Chirng minh rang day sé (M,) ns
tu, suy ra gi¢i han clia day sé (a,) .
Hwéng dan giai
Day sb (M,) véi M, = max{ay, a1, 4}
Néu M, = 4 thi a,, an.q <4, SUy ra @, S 4. T G6 Mp, = 4
Néu M, = 8net thi @heq 2 @, 8peq 2 4. Khi dé:

\Jan—i L \}an - \Jaml = Jaml
Suyraane = Ja,, ﬁfam, < Jan + ,fan_, = et

suy ra Mner = max{anoh 82, 4} =31 = M,
Néu M, = a, thi @, = @ne1, 3, = 4. Khi d6:

a2 = Ja_,, + Jam, SZJ—a: S an

Suy ra My« S a, = M,

Vay trong moi trudng hop thi My, S My, tlc (M,) |a day s giam va day (W4
bi chan dwéi béi 4 nén day nay c6 gidi han M = 4. Ta chirng minh gidi i
M=4.

That vay, gia st giéi han la M > 4. Khi 6 v&i moi e > 0, tdn tai N sao cho
voimoinzNthiM=-=e<M,<M+e.

Chon n 2 N sao cho My.z = anez.

Taco: M—g<Muz=anz= \Ja, + [a,, <2M+s
oSMM-4)-e¢(2M +4-¢) <0

Mau thudn vi M > 4 va & c6 thé chon nhé tuy y
DodélimM,=4suyralima,=4 .

n
Bai toan 8. 43: Cho day sb (a,) thod man: lima_ > af =1.

=1

Chirng minh lim¥3na, =1



Cty TNHH MTV DWH Hhong Vige
Hwéng dén giai

2
a,-a 1
M(Cy,y - C,)=liM=0—"0e1 jim 20y 1 _4

a,a, a;(1-a,) =8
0 dinh i trung binh Cesaro, ta dugc:

', = =1=limna,=1.

in 8. 45: Cho day s6 (u,) thod man
vi;"( on + Uzne) = A va Ilm(uz,. + Uznq) = B.

.

\ Hwéng dén giai

B = Uzn, Dy = Uzney, N =1,2,3,... ta c6:

de 80 _ Upop ~Upy  (Uyp +Upny) = (Upny +Up,)

B D, U (Upp,g +Uppyp) = (Ug,, 5 +Uy,,)




10 trpng diém béi duodng hoc sinh g - .

— lim a . .,—a, (uzmz + uam) (g4 +Yp,)
et = bn ("2ma #Upp, o) = (Upyp +Ugy, )
= 2B-2A _ 4.
2A-2B

u
Theo dinh li trung binh Cesaro, ta c6 fim—2 = 1.

u2m1
841 todin 8. 46: Tinh giot han satt: fim— (1+—1—+...+—’-J
V2 Jn
Hwéng dan giai
1 1
DEt Xy = 14 —=+ .4 ==, ¥, =V, ¥n
s il Jn

Ta co6 day y, tang thuc su- valimy,=+

va fim o1 —% J"* shimansd +¥n _,
v.,.,-v,. ﬂ1 f Jn+1

Theo dinh Ii Stolz thi: lim 1= 2.

n

Vay Iim%[1+:;_§—+...+—\;=]=2.
n n

Bai toan 8. 47: Cho a 1a sb thyrc duong bét ki Ién hon 1.

2 n
Tinh Ilm—n—[a PRSP .‘LJ
an¢1

2 n
Hwéng dén giai
a? a" a™!
Datxn=a+—§-+...+—n—,yn=_n-'~dn
Tace: Jmr . 08 o4, vOimoin>—1—
A n+1 a-1

tire 14 véi n dd Ién thi day (y,) tang. Hon nira
n+1 1 a-— 2 4\ N _1\2
o _[1+@-9] G- _@ -t




o0 dinh I Stolz thi lim =2 - %
o

»an 8. 48: Vo1 céc s6 thuc duong xo, yo, «, B ta xét hai day sé {x,} va {y,)

:.1 Bayn + x£
" » n=012... (1)
'._:-,, = axn + £‘

0
Hwéng dan giai
0 Xq —> 0, Yo —> +0

0 yrm

e Xonay =AY g + ==X, *L
2n Xon
B
= —(acx,, (+ )+

B0 Xy, ¢ + Aoy (2)

[ X — +o  Vaya 2 1.
1) ta co: X2 +y2 > (2 +y2)+ 20p

O X -+, y, —>+x v&i moi didu kién ban dau xp, yo > 0
3 a=21,p>0tuyy.

diéu kién can va du ddi voi a, 08 ta €6 X, — +x VA y, — +x véi moi

. X
s 0<a <193 2 =c . Tirgia it (1) ta co: Yoot Yo

n

n da I6n thi Xz — 0 (do 0 < & < 1), didu ndy mau thudn véi gia
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u
rau =4u iy
suy 5 3

n—1

Doao-'-_5+in22=-'—+§_3( g).nzz

n n-1 n 2 n1
1.5 y S < 1 4
suyra —+-=3"(—+3)> —=—m———
! h 2 u 2 u, 11.3"'-10
Nén x"=un—3=——4,———-3
11.3""-10
4 AN
Vay x20‘3=m-3 va limx,=0
3. BAI LUYEN TAP
Bai tap 8. 1: Tim cac gidri han sau:
nJ1+2+3+ b)"m1-2+3—4+...+(a1—1)—2n
3n°+n-2 2n+1
Hwéng din

X n(n+1) 1
a) Diing tdng 1 #2 +3+...4n =  Kétqua —
2 32

b) Dung tdng 1 -2 +3 -4 +...+(2n-1)-2n =1 -1~ .1 =-n.

Két qua - %
Bai tap 8. 2: Tinh gi¢i han ciia cac day sb sau:
cos3n _ sin(n+3)
au, = : byuy= ———
P Y= i+ 3)

Hwéng dan
a) Diing dinh ly kep 0. Két qua limu, = 0.
b) Két qua limu, = 0
Bai tap 8. 3: Cho sé tu nhién ¢ 2 3. Tinh gi6i han day sé tu nhién (a,) 1"

sau a;=¢, a, = a,,.,.[%—']+ 1:n=23,..

Hwéng din
Dung phu'o'ng phéap qui nap chirng minh day a, giam va bj chan dudi b3
Két qua lima, = 3.
Bai tap 8. 4: Chirng minh céc day sb sau khong c6 gibl han :

a) u,= cos —g— n b) vo=sin(nn + -;)




Cty TNHH MTV DWH Hhong Vigt

Hwéng dan

“ho! 2 day cta n ma u, ¢6 giéi han khac nhau, chdng han
' =4m van =4m +2.

n 2 day ciia n ma u, cé gidi han khac nhau

n 8. 5: Tinh cac gi¢i han sau:

(504 2)(2n + 1) (n° +n*)(-3n - 2)*°
4 n3 (30 A1 1)6 4n3 (n + 9)23

é80

) lim(In® +3 - Vn? + 2) b) jim 10 =vn
" firnth
Hwéng dan

&m bot n. Két qua 0

an chia lugng lién hiép cho tir va mau. Két qua + «

, U, =2
Cho day (U,) :
u,,-U, -m(u’ -U,)n21
Ul
=1 UIH =i
Hwéng dén
tang va khdng bj chan trén nén u, — +»
2015
) 8. 8: Tinh gidi han clia day:
v n 6n” —n® +n+1

Eatcn N b) U =

B 1 30013 3n® -2n? +1
. Hwéng dén

¥ thirc c6 bac bé hon bac miu thie. Két qua 0
que + w .
P 8. 9: Cho day sé {u,} duoc dinh bdi:

(neZ'). Tinh: lim et
u,

1 Hwéng din
ng minh qui Nap (Un1)® = Uy . Upeg = (=1)"
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KétqualL=1+ 2
Bai tap 8. 10: Tinh céac gidi han sau:

220 5. an 2 5" 52" -3"
a) “m n n b) “m n+2014 n+3
1+43" +4.5 2 +3" +1
Hwéng dan

a) Chia t& va mau cho a" ¢é co sb Ién nhat 1a 5"

b) Chia tir va m&u cho a” ¢6 co sb 16n nhat la 3". Két qua 5_17- .
Bai tap 8. 11: Tinh gi&i han cia day (u,) xac dinh bai:

u, =2014 u, = 2003
a) b) < ..
unn =7 J-u—n- 2 'um—i 5 |2n'un = 1|
Hwéng dan

a) Day u, gidm va bj chan dudi nén u, — L. Két qua lim u, =1
b) Két qua limu, = 2001
Bai tap 8. 12: Chirng minh cac day s6 c6 gidi han va tim gidi han do:

K L3
a)un=l+£+...+1 b) u"-_-"k"'2 Yookt "0
3 ¥ o K+ 1

Hwéng dan

a) Xac dinh u, nhe hiéu sé u, - 3u,. Kétqua -3

1
b) Két qua —
) Kétqua 2



e

én aé 9: GIO1 HAN HAM SO VA LIEN TUC

IEN THUC TRONG TAM
5i han cua ham sé

st (a; b) I& mdt khodng chua diém x, va f 1a mot ham sé xéc dinh trén

)=L¢:» V(xn).xn # X5, X, > X, = f(x )L
1(X) = +o0 < V(X ), X, # Xg, X = X, = f(X_ ) > +0
)= -m 2 V(X )X, #Xg, X, > Xy = (X ) = —>

& ham sb f xé&c dinh trén khoang (a; +=).
N f(X) =L < V(x ) x —+x= f(x,) > L

& ham s f xac dinh trén khodng (—b).
(X)=L & V(X )X, = -% = f(x,)—L

ham sé f xac dinh trén khoang (x; b).
f o giti han bén phai |4 sé thuc L khi x dén dén x,:

1) =L < Y(x,),x, >%5,%, > X, =1(x ) >L

186 f c6 gioi han bén trai 14 sé thyre L khi x dan dén x:
H(X) =L = V(x, )%, < X5, X, = X; = 1(x,) > L

h Iy vé gi&i han
v ;_,llm f(x) =Ava 'ILTo f(x) =B (A, B € R).

a v_p‘gm [f(x) + g(x)] =A+B; lim [f(x)-g(x)]=A-B
. .3_:-.:0 L3ad ")

f(x) A

,Q(X)] = AB: "m —_ = -B- (khi Bz0 )

¥ g(x)
;i,.'i.' duing khi thay x — x, bdi x — += hodc x —» —=,
If(x)l- +xthi lim L-o

x-+x, f(x

f(x) = lim f(x)=L thi llm f(x) =
= % quo

253



sin'l1
=0.
1

Ham s6 lugng giac lim -s—';'—i =1 suy ra day lim
X

n
Khir dang vo dinh

Néu c6 dang vb dinh % khi x — X, thi phan tich t& thic va mau thic 5

thira sd (x — x.), hay nhan chia lugng lién hop, bién ddi lugng giac vi

sinu
——u—0,..
u

Néu c6 dang vé dinh — khi X —» +x, X — —= thi chia t&r thirc va@ mau thiy.

cho lu thira cao nhét cda x, hay nhan chia luong lién hiép dé khir can thirc,
Néu c6 dang vo dinh « — =, 0. thi dat nhan & chung la luy thira cao nha!
ctia x, quy déng phéan sb, nhan chia 'wong lién hop dé khir can,....chuyérn
qua dang khac. Chu y thém bot, chia tach, dat an phy,...

Ham sé lién tuc

Gia str ham sé f xac dinh trén khodng (a; b) va X, & (a; b). Ham sé f duoc

goi 13 lién tyc tai diém x, néu: lim f(x) = f(x,). Ham s6 khong lién tuc tal
:-ox°

diém x, duoc goi la gian doan tai diém x.
Ham f duoc goi la lién tuc bén phai tai Xo néu lim f(x)= f(x,) -
l-vlé
Ham f dwoc goi 1a lién tuc bén tréi tai xg néu lim f(x)=f(x,) .
X «oxa
Do d6 ham f lién tuc tai X, € (a; b) néu f lién tuc bén phai va lién tuc bén tra
tai xo.

Ham sb f lién tuc trén mét khodng néu né lién tuc tai moi diém thudc tap hop
do.Ham sé f xac dinh trén doan [a; b] duoc goi 1a lién tuc trén doan [a, b]
néu no lién tuc trén khodng (a; b) va ,

lim f(x) = f(a). lim f(x)=1(b)

x-+a’" —b"
Téng, hiéu, tich, thwong ctia hai ham s lién tyc tai mot diém |a nhing har
s lién tuc tai diém do (trong trudng hop thuong, gid tri clia mau tai @iém do
phai khac 0).
Ham da thirc va ham phan thire hiru t lién tuc trén tap xac dinh cla chund
Cac ham sé lugng gidc y = sinx, y = cosx, y = tanx, y = cotx lién tuc trén tap
xac dinh cda chung.



am s0 f lién tuc trén doan [a; b] thi tn tai gia tri In nhat va gia tri nhé

vén doan dé.

1i v& gia tri trung gian cda ham sé lién tyc

£ |a mot ham lién tyc trén [a,b] thi f nhan moi gia trj trung gian gitva gia
nhét m va gia trj I6n nhat M cla no trén doan d6.

ham sé f lién tuc trén doan [a; b). Néu f(a) = f(b) thi véi méi sé thuc
tra f(a) va f(b), ton tai it nhat mét diém c < (a; b) sao cho f(c) = M.

Néu ham sb f lién tuc trén doan [a; b] va tich f(a) f(b) < 0 tn tai it nhét

¢ € (a; b) sao cho f(c) = 0, tirc 1a phuwrong trinh f(x) = 0 c6 it nhat mot

= ¢ thudc khodng (a; b).

3 hinh hoc: Néu ham sb f lién tyc trén doan [a; b] va c6 tich f(a).f(b) <

'@ thi ctia ham sb y = f(x) cat truc hoanh it nhét tai mét diém cé hoanh

& | a;.b).

= 9x -4 b lim——,

x+1 x5 - x
Hwéng dén giai

a x2—3x-4=(x+1)(x-4)=x
X+1 x+1

Ay s6 (x,) trong R\ {1} sao cho limx, = - 1, ta cé:

= lim(x, — 4) =1 -4 =5, vay lim X—X-4_ ¢

x+-1 X419

-4

B = ! x&c dinh trén khoang (—=»; 5)

V5-x

86 (%) trong (—=; 5) \ {1} sao cho limx, = 1, ta cé:
LIS iV Ml 7L = |

J5-x, 2 2 f5_x 2

N 9. 2: Ding dinh nghia, tinh cac giéi han sau:

K ) = lim

Hwéng dan giai
im s6 f(x) = xsin-:-. V6i moi day s (x,) ma X, # 0, véi mol n va limx, = 0

: 7
1) = XSin— nén:
n

958



< |x.| valimlx,| =0

7
X, sin—
xn

| f(xn) l =

Do a6 limf(x,) = 0 . Vay lin?) (xsln-}) =0.

b) X6t ham s8 fx) = ———— . Vi moi dély 56 (x,) mé X, = 5 voi moi n va limx, =5,
66 fixe) = ——— . Vi lm(=3) =3 <0, lim{x, ~ 5)* = O va (= 5" > 0o moy
=
nén limf(x,) = —o
Vay lim = 0.
x5 (x - 5)°
Bai toan 9. 3: Chirng minh céc gidi han saukhbng ton tai:
a) lim . sin X b). ‘Ilm cos2x

Huwéng dan giai
a) Léy 2 day x, = nm, X = % + 2nx thi limx, = +20, lim X =+,
Dat f(x) = sinx thi limf(x,) = limsin(nx) = im0 = 0
limf(x') = Iimsin(% +2nm) = lim1 = 1.

Vi limf(x,) # limf(x,) nén khong tdn tai lim sin x
Xt 4

b) Lay 2 day: X, = N, X' = % + nm thiclimx, = +o, limx_ = +o.
Pat f(x) = cos2x thi: limf(x,) = limcos(2nx) = lim1 = 1.
limf(x's) = Iimcos(% +2n7) = lim0 = 0.

Vi limf(x,) # limf(x's) nén khong ton tai lim cos2x.

Bai toan 9. 4: Co tbn tai khdng céc giéi han sau:

a) lim cosl b) lim sln-4—
x—0 X %0 X

e 1



Hwéng dan giai

X, = ———— thi limx, = 0, limx, =0,

an 8. 5: Tim c4c gi6i han sau:
B+ x—Vx b) fim X8
Xz x—»2* x2 - 2%
Hwéng dan giai

Jx +X - \/- X% + X - x? 1
x? Z(Jx +x+\/_) x(\/x +x+s/_)
Jx2+x+J§)=o va x(Vx? + x +Jx) > 0 véi x>0

_EJX2+X—\/; =4
,-%w 2 = 400

j(x 2 +2x+4) x+2x+4 1
X(x - 2) X x-2

/ 2 ,/ g
b = tva im Y1244 50 nen tim XX -8
x-32" X x-»2" X -2X

=+,



Bai toan 9. 6: Tim cac gi¢i han sau:

2 tm x* +3x+2 b) lim Vx? = 7x +12
x—»(=1)" :fx +x* =3  J9-x?
Hwéng dén giai

x2+3x+2_(x+1)(x+2)=Jx+1(x+2)
i i 3 v R

a) Véi moi x > -1,

2
Dode: lim X r3x+2 Lo
. x-(r-nn‘ W+ x*
U -7x+12  JB-x)(@4-%) Va-x
J§ X2 ﬁx)(:hx) r+x

7x+1 \/6
Do d6: lim
x—=3" JQ x° T

x° -2x + 3 khi x<2

4x° -29 khi x>2
Huwéng dan giai

V6i x < 2 thi f(x) = x* = 2x + 3 nén

lim f(x)= lim (X*-2x+3)=4-4+3=3

x-+2" x—2"
Véi x > 2 thi f(x) = 4%’ — 28 nén
lim f(x) = lim (4x*-29)=32-29=3

b) Vi -3 <x <3,

Bai toan 9. 7: Cho f(x) = { . Tim lI!irr; f(x).

x-+2* x—+2*
Vi lim f(x) = lim f(x) =3 nén Ilm f(x) = 3.
X427 x-»2*
-1 khix<0
Bai toan 9. 8: Goi d 1a ham déu: d(x) = {0 khix=0
1 khix>0
Tim lim d(x), lim d(x)va lim d(x)
x-+0" x—+0*
Hwéng din giai AY
Véix<0tacoddx)=-1,
dodé lim d(x)= lim (=1)=-1 s
x-+0" x-+0"
Véix>0,tacéd(x)=1, 0 X
do dé lim d(x) = lim 1=1 S——————]
x-0* x-0*




Ceu TNHH MV DAY K A W‘t
fim d(x) = lim d(x) nén khong tén tai fim d(x).
.:'.\ | l‘.°0 X

n 9. 9: Ta goi phan nguyén cia sé thyc x Ia sé nguyén Ién nhét va
g vuot qua x, ki hiéu [x).

im [x] . fim [x] va fim[x]
P Hwéng dén giai
lim [x] =1

x—+2"

1<x<2thi[x]=1nén

2<x<3thi[x]=2nén lim [x] =2

1—02.*

m [x] » lim [x] nén khong tan tai lim[x].

thj ham y = [x] Ty
2 :
] '
s
i e R
! : X
i — |
[l ' —2

4_ .3

b) lim X -X"+3

X412 OyB =
Hwéng dan giai




Bai toan 9. 11: Tim céc gi¢i han sau
(x+ D2(2x + 1)* by fim A2+ 3)°(x* - 2)’

i
i R @x® +)(x-2)° = (x2 + 1)*(4x + 5)"*

Huwémg dén giai

1 2 1 3

92(2x + 1 [“}] '[2+§]
&) il *V__ im =4
xsee (2¢3 + f)(x 27 X 1 2\
(2+—-].(1-—]

x° X

a¥ [, 2Y
(2x + 3)°(x* - 2) = )
b) lim = fim Lt )
X o= (x2 e 1)3(4x + 5)10 Rp—0 ( 1 )3 (4 5]!4
J4+—

x| 1+ —
X2 X

Bai toan 9. 12: Tim céc gidi han sau

[ond - 3
_?"__"_"_,j_‘ b) fim (x+ B [————
X-»b

a) lim
ox* 4+ %% 41

X—b et alxl =
Hwéng déan giai
a) Véimoix =0, taco:

|
o TS 1
7

3|XI 7 A
g
Do 86 limy Y2E =T+ %

X~y slx‘ -7
b) V&i x> 0, ta co:

3 3 2
(x+1)’ X rx (x+1)
2x* +x% +1 V2x + X2 +1

2
x(1+—1-] 3
Vi fim =24 o nén T (X + Oy = 0
g SR PO

1
2+—2—+ 2
X X




Cey TNHH MTV DWWH Khanao

pan 9. 13: Tim cac giéi han sau:

X exe2x VX2 + X + 2x
im ————— b) lim —————==
s 2x+3 X=b 40 2x +1
Hwéng dan giai

i moi X < -1, x:-g ta co:

— x+2x |xw1+—+2x -x‘f1+ +2x —‘}1+—+2

2x+3 2x+3 2+3 .

2+—
X
VX x+2x 1
! !‘-@o 2x+3 2’
"';.'.9 x>° ta co:
B o Ix]‘{1+-+2x xJH + 2X J1+ —+2
X 3 2x+3 2x+3
\/x2+x+2x _3_
2x +1 2
. 14: Tim céc gi¢i han sau
b) lim x/x -5
X0 x? _x 42
Hwéng dén giai
1,,_3
= .. .2
8x’-x+5 *=_ 1 5 8
8-—+—=
x2
Q/E:
8x*-x+5 V8 2°
A
=D g 20,
’--x+2 it T L

0.15-11mcacgi

b lim 4x5 —5x* +1
=1 (x ~ 1) (x° +x-2)




~ 10tong drém bol audng NQC sinh gioT mon 7ot 77 = L8 rear e
Hwéng dan giai

a)Dang%.taco

X +3\/_ (x+\/-)(x —x\/§+3) X -x\/§+3
3-x? x+\/_)(x \/—) V3 -x

Dodé: lim > *3‘/_= g =9—‘/§.

x+-y3 3-Xx2 _275 2

b) lim s -5x*+1 _ (x N(ax® - -x2 -x-1)
=1 (x = 1) (x° +x - 2) i (x =0 +x-2)
IO ol o ot Sl P | 1)(4x° +3x° + 2x+ 1)
x-+1 x*+x-2 1 (x=1)(x2+x+2)
. 4x®+3x®+2x+1_10 5
= |lim =—=—
-1 X% 4x+2 4 2

Bai toan 9. 16: Tim céc gidi han sau véi m,n nguyén duong:

x" -1 b) im X+X2+X +...+X"=n
%31 xm " X1 x2 -1

. Hwéng dén gial
a) Taco: it bin Kot Wt .
x-1xM _q x=1| X~— -1 x-1
Véix=1, taco:

x"=1  (x=Dx™' +x" 24 e x4
x-1 x-1

s (S

x-+1 X -1

n
Ap duyng thi: nmi‘"-—1-u 6B, vasl
m_q4 x| x-1 x-1) m

n-2

X e x™2 4 e X+

. +1+1=n(consd1).

3 B
b) "mx-:-x2+x H W =0
xe1 x2_1
=1 [x-1 X2 -1 x3-1 x"-1]
= |lim + - + .t

-1 x2-1 x2-1 X% -1

= |im

x-+1

1 x+1 X 4+x+1 XTERTTL ST
+ + Kotk
Xx+1 xX+1 X+1 x+1



g _l_\_zn(n+1)
2+2+...+2 -~z

pan 9. 17: Tim céc gioi han sau:
g"“-(n+1)x+n b)llm (1+XX1+2x)..(1+nx)-1
o (x-1? x50 X

Hwéng dén giai

.{-'x',"‘-(n+1)x+n - ™' - 1-(n+x+n+1

B (x-1? (x-1?
"'x"+x""+...+x—n)= X" =14 X" =1, 4 X -1
R (x-17 X1

R U S DR T S SR ) S (2 ) P
a6 lumx"”'—(nﬂ)x+r'a

';E“"‘ (x - 1)2

=n+(n-1)+(n—2)+...+1=@

B (14X)(1 + 2x)...(1 +nx) = 1 + ﬂgﬁ'—)x +f(x).x°, nén

% F n(n +1)
{1+ %)(1+2x)...(1+nx) -1 _ o 1+ 3 X+ 1(x). % -1
X = x-0 X

' ; +
=7 x +f(x).x*

_imn+1) _n(n+1)
= M2+ 1002 = =52

X

n 9. 18: Tim cac giGi han sau

.«,:"‘ +2—,\/2_X ——%‘?-2\/;*1

N b) lim

'-._1_ 3_x X1 x-1
Hwéng dén giai

2 - 2x ="m(2-xXJx+1+~/3-x)
X=1-V3-x %2 (2x - 4)(Jx+2 +2x)

Vx+1+V3-x 2 1

~2(Vx+2+/ox) -8 4
=%, khix - 1thi t — 1

22X +1 . 1421 41
e =lim
X-1 -1 18 _4
L (t-n(* - -1-9 Bog?-g-1 35

—— T ——

-_:;1)(t5 +t P 2 4t 49) =""‘t‘+!‘+t’+t’+t+.1= 6 3



10 trong dfém boi dudng hoc sinh g P

Bai toan 9. 19: Tim cac gi¢i han sau

J A ~ g
&) i L E x-S b),,m?/ 2 4x2-x41

e x* -1 =1 x? _4x+3
Huwéng dan gidi
V2x 143 -8x+1_ V2x-1- 1,6 -3x+2
X -1 x? -1 2 -1
2 2x—1-—1+x2-3x+2 2 x=2
X1 x? -1 (X +V2Xx-1+1) T

Dodb lim¥X-1+x-8x+1 _2 1_,
! x% -1 4 2

Yx-2+% —x+1_ 9/;.—2+1+ X

x®* -4x+3 X2 -4x+3 X°-4X+3
x-1 ! X(x - 1)

(x~1)(x-3) V(x—a)“—?/x-zn] (x-(x-3)

i ("'3)[3/("-21)2 -?/x-2+1]+xf3

1 2
Do dbé Iimfx _— L
(x) 373
Bai toan 9. 20: Tim cécgibi han sau
Jivax 1o x -1 by lim Y7+x+3+x-4
X x4 x g |

Hwéng dan giai
J1+4x$/1+ -1_rax¥isx 3/1‘3,,%7‘1

gj—m1sﬁ71

a)

b) f(x) =

a) lim
x—0

Yi+x. +
31*’4’“’1 Y142 + :\’/1+x+1
J1+4xJ1+ -9

Do dé: =4,
2

b _?/7+x+J3+x_4_§/7+x
) f(x) = S e e

L
3’

J3+x-2

X -1

1
3
2




O N ATV DWW/ HBono UV i

j“;'7+x~2= BRIl Ao

-1 (;:“-1)[%[(7“()2 +2[7+x+q
e 1 -

4,x+1)[d(7 +x)? +¥Y74x+ 4]

—:.— :-2 = X—1 - 1
5 (xa ~N(3+x42) (€ +x+Y(W34x+2)

lmi(x) = =+ =1

| 312 34 9
yan 9. 21: Tim cac giéi han sau
Jx- = i Jx+2-Yx+20
x-8 =7 Yx+9-2
Hudmgdlnglél
-4 - V' J -2+2- i’/—

' x-’l x-a

(Wx—a-2)(Vx- 4+2) - @- Y@+ 28 + )
. (x-8)(Vx-4+2) L (x—8)(4 + 2¥x + ¥x?)
R

TN
¥x+2-Yx +20 THin VX +2 3+3-—3/x+2
Yx+9-2 7 Ix+9-2

x=7 "’7Jx+2+3-6
3-¥x+20 _ lim e
S X=T7 7 (x—7)(9 + 3Ux + 20 + Yx + 20)°)
-1 T

+8Y%x+ 20+ Yx+200° 27

s Vx+2-3 = 1 1

o2 e

=7 (x = 7)((Yx+9)° + 2(Yx +9) + 4(Yx + 9)° +8)
= 1 ~ _1_

"Yoxs 0 +24x + 07 + a4¢fix + 9 +8 32

)




Do d6:B= L2

27

Bai toan 9. 22: Tim cac gi¢i han sau:

a) lim (V@ +x - Va4 +x%) b) lim

x-»1

Hwéng dan giai

2018 2017
1 x2018  q_ 2017

Dang vb dinh = — =
a) Voi moi x < -1, ta co:

U2 4 x —Va+x® = X=% x4

Vx4 A |x|J1+—+|x| "

x4 1“—

-X\[1+-1--x\[l+-— J1+-1- 1+—42—
X X

Dod6 lim (WP +x-va+x2) = —' .,
P T e

v n-1
b) Ta c6 ‘n = _n (A+x+x%+...+x™")
1-x" 1-Xx 1-x"
1-x  1-%° 1-x""
+ ra—
1-x" 1-x° 1-x"
1 - Lo ki ) €0 i
e I T I L O e
n 1 )_1+2+..+(0-9) (n-fn_n-1
1-x" 1-x n 2n 20
Ap dung vao bai toan:
( 2018 2017 ) ( 2018 1 )_"m( 2017 1 J

Do dé lim(

X1

LIT, 1—x2°’°—1-x2°")_!‘l"‘ 1- x2018 D2 M- 1-x"’°‘7-1-—x
_2018-1 2017-1_1

2 2 2

Bai toan 9. 23: Tim cac gid¢i han sau:

& 3x ; 7 x+4

a) lim (x*+1) b) lim :
x—s(-1* x2 -1 *-‘z(x-2)2 4 -
Huwéng dan giai

Dang v dinh 0.«

-~



CLT VA MV DVWA Khona V

4<x<0, taco:

s . 2 g ’ 3x i 2 3x
"‘;‘x» x2_1_(x+1Xx X+ 1) ﬁ(x—ﬂ(xﬂ) VX + 1(x X+1) =

3x
- lim (x°+1) =0,
"..(-.l)* X2—1
7 =+ va lim x+4= E=\/§>0.nen
w2\4-x V2

e . x+4 =
-2 Va-x
n 9. 24: Tim cac gioi han sau;
1975 b) lim 1 1!2-3)(4-2
) Hwéng dan giai
1975 ol 18Ys
D% -3x+2) (x—17 x-2
1 - vova im1275 - 1975 <0 nen

1) -1) x-+1x -2
X

_1975 oy

=1)(x* -3x+2)

(<1, ta co:

B -3x+2 1 (x-1(x-2)

) 2k

Vof +3x+4  (1-x)(1+x+...+x )| X2 +3x+4
1 | X-2
e+ X"\ (x —1)(x? + 3x + 4)

. 1 [@-oxs2
"'1"1-x“Vx2+3x+4 ;
N 9, 25: Tim c4c gidi han sau:
tanx - sinx 1+sinx - cosx
= b) lim ———=
" sin®x x01-sinx - cos X
Hwéng dan giai

: - sinx =i 1-cosx = 3m 1
*+0cosx.sin’x x-0cosx(1+cosx)

¥
2



X X
23m2—+23m§co

14+8inXx—Ccosx
b) lim ——— = lim
x+01-sinXx—-cosx x—»0

bt

25sin? X~ 2sin X cos
2 2

nix

sin 2+ cos 2
_0+1_

= lim 2 -1.
0 X Siget 01
2 2
Bai toan 9. 26: Tim cac gi¢i han sau:
a) lim 1- cos X.cos 2xcos 3x b) lim sin(a + x) sin(a + 2x) - 5.9:;33
x-»0 1-cosx x—0 X

Hwéng dan giai
a) 1 — cosx.cos2x.cos3x = 1-—cosx + cosx(1 — c0s2x.cos3x)
= 1 — cosx + cosx [1 — cos2x + cos2x(1 — cos3x)]
= 1 - cosx + cosx(1 — cos2x) + cosxcos2x (1 - cos3x)

2sin2—k5 sin = i . ;
1-coskx _ 2 _ 2 2 K2
1-cosx g [l kT x|
2sin® — —_— sin—
2 2 2
ol B 1-C0S X.COS 2X cOs 3X
x—0 1—008)(
1-cos2x 1-c0s3x
= lim| 1+ €08 X. ———— + COS X.COS 2X.—————
x—0 1-cosx 1-cosXx

= 1+414+19=14
b) sin(a + x)sin(a + 2x) — sin’a

= -%[oos(Za + 3x) — cosx] —% (1 - cos2a)

= —-;-[cos(za + 3x) - cos2a] - %[1 - cosx]

3 ) 2 X
= gin(2a + —x) sin— - sin® —.
( 2 ) 2 2
Do 86 lim sin(a + x)sin(a + 2x) -sin‘a
x-0 X
3x X
in— sin—
3. 3 . 2 ¥ i 2| 3
= lim—= 2a+—X]|. —lim—=sin—| —= |==
prpozsm( a + 2x) B lmzsnnz sin2a

X
) 2 2



9, 27: Tinh céc gi¢i han sau:

{—‘*’2824'1 b) "m1-J2x+1+slnx
3 x40 \[Bx +4 -2-x
Hwéng dén giai
_.:+1__ -2x? =_( X Jz 1
2% 2sinx(1+v2x® +1)  \SINX) 4 JoxZ
T = 2X2+1 =1 _1. =....1_
0 1-cos2x T N
o 1—J2x+1+sinx V3X+4-2-x
X " X
sinx)_ A=x
+ 3
y X V3X+44+2+x
o 1-y/2x+ 1+ sinx _ [i”J 1
3x+4-2-x 2
9. 28: Tinh céac gi¢i han
_’Zx.tan(ﬁ-x) 1 et £l L
i 4 ya®  2c0sX -1
! { 3
Hwéng dan giai

“-xthlx= bR st 0
4 4 4

n2x tan(

v

X = % =
&3 X)= !l_rpo tan(2 2t).tant !'-T) cot2t . tant
0s2t sint S cos 2t g

8in2t cost 10 2cos’t 2

V3

4=
—S8SINX - —CO0SX
= lim 2 2

X -

2760



Y g e i ——
Bai toan 9. 29: Tinh cac gi&i han:

X 1

a) Ll.rp‘(1 - x)tan? b) Ilm

X2 x _8
Hwéng dan giai
a)Patt=1-xthix=t-1, x> 1=t 50

M- imticotD
2 120 2

sin(x® — 4)

X A
i 1- i ST tan
1|_n:=( x)tan > !mt ta

=
= - lim-z-.cosﬁ. —e =-g.
150 2 nt n
S‘ﬂ-—a—

: x* -4 sin(x®-4)
b) lim sin(x® - 4) = lim > .
-2y3 -8 ( & x2x3 -8 x?-4

= ek X+2 sin(x -4) 1
x+2x% 4. 2x+4 Xx°-4 12 e
x+2+a khitsx<9
Bai toan 9. 30: Cho ham sé f(x) = < x* - 81
Jx-3
Ty theo tham a xét su tdn tai gi¢i han ,l(l_lg f(x).
Hwéng dan giai
Vai1<x<3thif(x)=x+2+anén:
lim f(x) = im(x+2+a)=5+a

x-+9" x-29"

khix >9

x? -81 (x-9)(x+9)

Jx=8,. Ax-8

_ (x=3)(/x +3)(x +9)
Jx -3

nén lim f(x) = lim (Vx + 3)(x + 9) = 12(y3 + 3)

x-+9" x-+0"

Véi x> 9 thi f(x) =

= (VX +3)(x +9)

Taco5+a=12(v3+3) = a=12(y/3 +3)-5,do d6
khia = 12(3 + 3) =5 thi lim f(x) = 12(//3 +3), va

khi a # 12(y/3 + 3) = 5 thi khéng t3n tai lim f(x)
X3
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y8. 31: Chirng minh cac ham sé sau lién tyc trén R,

Yax-2 0 vuo K- o o
‘ij' > b) g(x) = X -1
- Ml khi x =2 7x-3  khi x<1
3 Hwéng dén giai
86 f xéc dinh trén R.
Y 3/
» 2 thi f(x) = 43 = 22 lién tuc

-thlf(2) 5 va limf(x)=lim Vax-2

= xX-—-2

4% -8

thig(1) =4 va lim g(x) = lim (7x - 3) = 4
X1 x-»1"
' 2
. 13 lim x +X- 2 = lim (x D(x + X+ 2)
Sxar-  X-—1 PR X -1

'_' lim (x* + X +2) =4 = lim a(x)

 x1" X1

= VX +8 b) g(x) = V8 - 2x?
8 Hwéng dan giai
0 f xéc dinh khix + 820 x2-8 . D = [-8; +x)

,‘2. | op); um f(x) = um x+8 -,/x +8=f(x,)

[lién tuc trén khoéng (~8; +oo)
M f(x) = V-8+8=0=1(-8). Vay flién tyc trén D.

"1



b) Ham sé g(x) = J8 - 2x® xac dinh trén D = [-2; 2]
Vi moi x, € (=2: 2) tach:  lim g(x) = /B~ 2x% =1(x,)
—olo

Do dé ham sé f lién tuc trén khoang (-2; 2)
Va lim g(x)=8-2(-2)* =0=g(-2)

x-+(-2)*
lim g(x) = v8 - 2.2° =0 =g(2).Vay ham sé flién tuc trén D.
X2
Bai toan 9. 33: Tim cac gia trj clia tham s d& ham sé lién tuc tai x = 2.
X*-8x+2 Khi x <2 NXHE2-8B pl
a) f(x)={ »2 _ox b) g(x) =1 J/x+7 -3
mx+m+1 khix=2 x°-3bx khix=2
Huwéng dan giai
a)Tacof(2)=2m+m+1=3m+1
lim f(x) =2m+m+1=3m+1=f(2)va
l—oz.
2 _
lim f(x) = lim X -%x+2 Lo (x-Dx-2) oox-1_1
X-22" xsz- X2 2% sz X(X-2) x=2- X 2

Ham sb f lién tuc tai diém x = 2 khi 3m + 1 = % om=-—;-.
b) Ta c6 g(2) = 4 — 6b.

Khix »>2thi Yx+7 -3 0,Yx+2-a—>2-a.

Gia stra # 2 thi gi¢i han khong hiru han: loai néna= 2.
VX+2-2 (x 2)(Vx + 7 +3)
Iimg(x)-lim
x+2 [x 47 -3 "’2(x 2)(Vx+2+2)
=“m\)x+7+3__6__§
w2 fx1242 4 2

Vay ham sé lién tyuc tai x = 2 khi va chi khi:

3 5
a=2limgx)=0g(2)«»a=24-6b=—<¢ra=2b=—,
lim g(x) = g(2) &> a =2 5 a=2b=2

Bai toan 9. 34: Tuy theo tham sd, xét sy lién tyc cla ham sd:

;/;'1 khi x> 1
Yx -1
f(x) = {ax+b khi -3<x<1
2
X°+4x+3 khi x <=3
- Sl




Hwéng dén giai
s dinh D = R. Vi x > 1 thi f(x) = VX1 e tuc
¥ -1

3 <x < 1thif(x) = ax + b lién tuc
2 ‘e 2
" X
x=1thif(1)=a+b

k) = lim(ax +b)=a +b=1(1)

x—+1"

' J' L | ) + Px +9)
M*%/_ Pl (x - N(Vx + 1)

: '(’/_ Q/_+1 3

o = L)

Fs lln" J_+1

Xx=-3thif(-3)=—3a+b

lién tuc

x—(-3)"

f(x)= lim X +4x+3 im X+ (x+3)
Xa(-3)" e g x-+(-3)" (X - 3)()( + 3)

+b= % thi f gian doan tai x = 1
b2 2. 3a+b= % thi f gién doan tai x = -3, x = 1

-;-'-:-3a+b~% a-ﬂ b= 2 thi f lién tyc trén R.

In 9. 35: Chung minh phucng trinh

+6x° - x“+2x+123=0co nghiém

"~ 4x" - 6x" + 12x—20=0 c6 2 nghiém.

: Hwéng dan giai

() = x7 + 6x° ~x* + 2x + 123 thi flién tyc trén R
§ ~) = 123, f(~6) = — 1296 nén f(—6).1(0) <0 : dpcm.,
= 3x* - 4x’ - 6x% + 12x— 20 thi flién tuc trén R
0 . 0) =-20
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Mat khac : lim f(x) = +e nén tdn tai x; < 0 dé f(x,) > 0
va lim f(x) = += nén tdn tai x; > 0 dé f(xz) > 0

do d6 f(0).f(x;) < 0 va f(0) . f(xz) <0

nén 3 X, € (X, 0) va x's € (0; x;) @8 f(x;) = 0 va f(x'p) =0

Vay phuong trinh da cho c6 2 nghiém.
Bai toan 9. 36: Chirng minh phuwong trinh

a) 2x° —6x + 1 =0 co6 3 nghiém phan biét

b) x* - 5x> + 4x — 1 = 0 ¢ 5 nghiém phan biét.

Huwéng dan giai

a) Pat f(x) = 2x° = 6x + 1 thi f lién tyc trén R

Ta c6 f(0) = 1, f(1) = -3, f(2) = 5, f(=2) = -3

= f(=2).f(0) < 0 ; f(0).f(1) < 0 ; f(1).f(2) < O

Vay phuong trinh c6 3 nghiém trén cac khodng (-2; 0) ; (0; 1) va (1: 2)
b) Xét ham sd f(x) =x° - 5x° + 4x - 1, khi @6 f(x) lién tuc trén R

1 -8 o1ty f1y=_ % .
f(-2) =-1, 2) 32.«0) 1.f(2) 32,\‘(1) 1, f(3) = 119 do a3

f(—2).f(—-:—)<0; f(—'g’)-f(O) <0; f(O).f(%) <0, f(%).fﬁ) <0; f(1).£(3) = - 119 <

[3F RS )

nén phuong trinh cé 5 nghiém phan biét thugc 5 khodng réi nhau: (-2 - ),

A e .
(-5 00 (0 3). (5 Va1 3)

Bai toan 9. 37: Chirng minh phwong trinh ax® + bx + ¢ = 0 ludn luon
nghiém véi moi tham sé trong cac truéng hop:

e A S0 b) 5a + 4b + 6¢ = 0
m+2 m+1 m
Huwéng dan giai
a) Xét f(x) = ax® + bx + ¢ , khi d6 f(x) lién tuc trén R. Tac6 f(0) = ¢
2
nen (TN =C yoasro) ™t -5 _<0,m>0

m+2  m(m+2) m+2  m(m+2)
Vay phuong trinh luén lubn c6 nghiém véi moi tham sb a,b,c.m.
b) Xét f(x) = ax® + bx + ¢ , khi @6 f(x) lién tuc trén R

Taco f(0)=c, f(2)=4a+2b+c, f(.%)=%+%+c

nén f(0) + 4. l(%)+ f(2) = 5a +4b+6c=0
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4

(.;:J f(2) phai co it nhat 2 s8 trai déu,

B 1bn tai 2 Gié tr p.q {o;%:z} thod f(p)-f(q) < 0

shuong trinh 1udn udn cé nghiém véi moi tham sé a b,c.
38: Ching minh phuong trinh sau luén co nghiém:
ga thirc béc lé
3 thirc f(x) bac chn co it nhat 2 nghiém khi f(1) + 1(3) + £(5) = 0.

Huwéng dén giai
‘;Mnh da thirc bac Ié c6 dang

™+ 8™ + .+ @geX + @gmy = 0, @9 = 0, m 14 56 tu nhién.

2 4 b ™ + ...+ bymX + bamey = 0.

B 35 P() =571 + ™ .4/, % by + bases ki 36 ham da thire
--'?:‘_: dinh va lién tyc trén R.

| lim P(x) = —= nén on tai a < 0 d& P(a) < 0 va [lim P(x) =+ nén tén
> 0488 P(b)> 0

 ta luon o;m P(a) . P(b) < 0 nén phuong trinh bac 1& P(x) =0 luén lusn

]

phuong trinh bac 3 luén ludn cé nghiém.
da thire bac chdn nén lién tuc trén R .
X) = +xnéua,> 0, Nn:”f(x)=—co néua, <0

et f(1) +1(3) +f(5)=0.

cagiatr (1) =f(3) = f(5) = 0 thi phuong trinh c6 3 nghiém, néu trai
tlrong 3 gia tri 1(1), f(2), f(5) phai c6 2 gia tri duong va 1 gia tri am
guoc lai.

40°C6 2 khoang (a, b) va (b,c) dé f(a).f(b) < 0 va f(b).f(c)<0.Vay f co it
nghiém

9. 39: Chirng minh cac phurong trinh sau u6h c6 nghiém:

.'-'eosx
13X + b.cos2x + ¢.cosx + sinx = 0

Huwéng dén giai _
—m , khi 6 f(x) lién tuc trén (g; 7).

=m

e 9 3

) = ——

"~ sinx cosx

(%)== 3ae (g; -Z;+ e).(‘g: -27£+ g)c (gi m).f(a) <0

Y78
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lim f(x) = +2=> b e (n-e M. (x-e M) (g; m)f(b) >0

do dé f(a).f(b) < 0 v&i mei m:dpcm.
b) Xét ham sé f(x) = a.sin3x + b.cos2x + C.cosx + sinx , khi @6 f(x) lién tyc y,

R.Tacof(0)= b+c, f(g)=-a-b+1
fx)=b-c, f(%)=a—b—-1
nén (0) + f(-’21)+ fx) + f(-32—")=0vai fool abie

do @6 tén tai 2 gia tri p,qe {0;%;1!;%} thoa f(p).f(q) <0

nén phuong trinh ludn ludn c6 nghiém v&i moi tham sé a,b.c.

Bai toan 9. 40: Chirng minh phuong trinh:
a) ab(x - a)(x - b) + be(x - b)(x - ¢) + ca(x - c)(x—~a)=0 luén cbé nghiém
b) x* — 3x + 1 = 0.6 3 nghiém x; < X < Xs va thod x5 =2+ Xa.

Hwéng dén giai

a) bat f(x) = ab(x-a) (x-b) + be(x=b) (x—C) + ac(x-a) (x=c) thi f lién tuc trén D=R.
Ta cé: f(a) = be (a-b) (a—c), f(b) =ac (b-a) (b—c), f(c) = ab (c-a) (c-b)
nén f(a).f(b) f(c) = —a’b’c? (a-b)* (b=c)* (c-a)’<0
Do dé trong 3 gia tri f(a), f(b), f(c) c6 mot gia trj khéng duong, gia st 1a fi
Ma f(0) = a’b? + b’c? + a’c’ > 0 nén f(a) . f(0) < 0 va f lién tyc trén R. Vi
phuong trinh ludn c6 nghiém véi moi a, b, ¢

b) Ta c6 f(x) = x* — 3x + 1, lién tyc trén R
vaf(-2)<0,f(-1)>0,1(1)<0f2)>0
Suy ra phuong trinh f(x) = % — 3x + 1 = 0 c6 ba nghiém X, Xz, X3 thoa

2<x;<=-1<x<1 <X3<2

Do d6 3 nghiém cia phuong trinh déu thod |%] <2
Datx=2.cosx, 0<a<180°thi: x*—3x+1=0

e Beos x — Bcosx + 1 =0 ¢ 2cos3u = -1 <> cos3a = -%

Véi: a e [0° 180° thi co 3 goc thod man la:
ay = 40°, oz = 80°, ay = 160°.
Vay x; = 2.c0s160°, x, = 2 c0s80°, xs = 2.cos40° va

X2 = 4c0s740° = 2(1 + c0s80°) = 2 + 2.c080° = 2 + Xz
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4n 9. 41: Cho ab,c,d la cac sé thyc. Chirng minh néu phwong trinh
¢ (b + c)x +d + e =0 cod nghiém thyc thude [1; +x) thi phuong trinh:
+cx° +dx + e =0 cling c6 nghiém thyc.

Hwéng dén giai
s thudc [1;+x) 1a nghiém thye clia phwong trinh cho thi
+ (b*+c)x, +d + @ =0 hay: ax,’ +cx + @ = —(bx, +d )
ham sb f(x)= ax® +bx® +cx? +dx + e, khi d6 thi f lién tuc trén R.

: Xo) = (ax,® +cx, +e) + \/z (bx, +d)

j,./;;) = (ax,? +CXq + &) =[x, (bX, + d)

;f(\l;o_ ).f(-\/;c: ) = (ax,” +cx, +8)* - x,(bx, +d)?
= (ax,” + €xX, + €)% — X, (ax,? +cx, + e)

= (ax,* +cxy + €)% (1-%y) <0

8 phurong trinh f(x)=0 c6 it nhét 1 nghiém thuéc doan [-fxiyx, |
h ‘z g trinh ax* +bx’ +cx” +dx + e =0 ¢6 nghiém thye.
in 9. 42: Cho 2 ham sb f(x),g(x) lién tuc trén R va thod mén
=g[f(x)]. Chirng minh néu phuong trinh : f(x)= g(x) v6 nghiém thi
ong trinh f[f(x)}=g[g(x)] clng v nghiém.
s Hwéng dan giai
wong trinh f(x)= g(x) v nghiém va f(x), g(x) lién tuc trén R nén cé 2
ang xay ra, hoac
X) - g(x) > 0,vx = f(x) > g(x), ¥x
R = f(f(x)) > g(f(x)) = f(a(x)) > glg(x)), ¥x
0 phurong trinh f[f(x)]=glg(x)] vé nghiém, hodc
X) - g(x) < 0,vx = f(x) < g(x), ¥x
: = (f(x)) < g(f(x)) = f(g(x)) < g(g(x)), ¥x
rong trinh f{f(x)]=glg(x)] vé nghiém
NG ca 2 trir'ng hop thi phwrong trinh vé nghiém.
19.43: Cho phuong trinh  x'2 +1 = 4x*y/x" - 1.
m s6 n nguyén duwrong bé nhat dé phuong trinh c6 nghiém.
Hwéng dan giai
Giéu kién x" — 1 > 0. Néu n Ié thi x > 1, con néu n chin, khi phuong
0 nghiém thi phai c6 nghiém x > 1. Do @6 ta chi cin xét x > 1. Ap
8t ddng thirc AM-GM:
= (x4 (x® = x* + )= (x* + D -+ 1)

5 2x% 2% AIx* ~ 1= 4x* x* -1
> 4x° Vx® - 154x* Vx? - 1> 4x* Jx -1
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do d6 phuong trinh khong c6 nghiém khin = 1,23 .4,
Xétn = 5, phuong trinh tré thanh ~ x'% + 1= 4x*Vx® -1

DAt (x) = x'2 +1- 4x* x5 -1, Kkhi d6 f(x) lién tyc trén (1;+c)

Tacof(1)=2>0, #(3)=() +1 —«g)'.‘f(g)s “1<0

nén f(x) cé nghiém x > 1.
Vay gia tri n nguyén duong bé nhét cin tim la n =5.

Bai toan 9. 44: Cho 2 ham sb lién tuc f,g: [a;b] —[a;b] va thod man cac digy
kién: (1) flg()]=glf(x)] va (2) ham sé f(x) don diéu tang.

Chirng minh hé phwong trinh {'g((X) e

¢6 nghiém .

Hwéng dan giai

Dat h(x)= g(x) = x , khi @6 h(x) lién tyc trén [a;b]
Theo gid thiétta cé h(a)=g(a)-az0vah(b)=g(b)-b<0
do d6 tdn tai c thudc [a;b] sao cho h(c) =0 hay g(c) =c¢
Néu f(c) = ¢ thi c6 diéu phai chirng minh.
Néu f(c) = c thi dat x, =f(c),x, = f(x,),....x, =f(x__,)
Vi f(x) don diéu ting nén day {x, } la day don diéu co6 gia tri thudc doan
[aib] nén hoi tu vé xo thude faib] :  lim x, =x,

Khi do g(x:)=glf(c)]=fla(c)]=f(c) =x
Bang quy nap ta chirng minh dugc g(x.)=x, v&i moi n.
Vi f(x), g(x) lién tuc nén chuyén qua gi¢i han ta co:

mxn = fl’i_r’r.ab f(x,,) = f(xo):'!mxn = mg(xn) = 0(X,)
nén f(xo)= g(xo)= Xo=> dpcm

2 - |
Bai to&n 9. 46: Cho ham sb: f(x) = iz;x"_{l Chirng minh tdn tai ¢ & (1, 9
+

sao cho f(c) =

B1A

Hwéng dan giai
13

Ta c6 f(x) lién tuc trén doan [1: 5] va céf(1)=—-g va 16)= 1.
7 n 13 : - 4 ¢
Vi == S S nén theo dinh Ii vé gié trj trung gian cta ham sb lién IV

nén tdn tai it nhat mot diém c e (1; 5) sao cho f(c) = %
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n 9. 46: Cho f: [0; 1] - [0; 1] 1a m&t ham lién tyc. Chirng minh réing tén
:’ c € [0; 1] sao cho f(c) = c.
- Hwéng dén giai
. m s6 g(x) = f(x) — x trén [0; 1] thi g lién tyc trén [0; 1]
» 6:9(0) =f(0)-0>0;g(1) =f(1) =150
0).9(1) < 0 do @6 tén taic  [0; 1]saochog(c) =0
flo)-¢=0=1f(c)=c.
&n 9. 47: Cho ham sb f(x) xac dinh, lién tuc trén [a;b] ma f(a) #f(b). Hai
&.d bét ki ma cd >0. Chirng minh t8n tai sé r thoa man
K cf(a) + df(b) ~(c +d )f() =0,
Hwéng dén giai
gl .u = cf(a) + df(b) - (c + d )f(x) , khi d6 g(x) lién tuc trén [a:b] .
a C g(a) = cf(a) + df(b) - (c + d )f(a)= d( f(b)- f(a) )
g(b) = cf(a) + df(b) - (c + d )f(b) =c( f(a) - f(b) )
a).oaa)—cd( f(b)-f(a) )* < 0
g trinh g(x) = 0 c6 nghiém x = r
tal sé rdé cf(a) + df(b) - (c +d)f(r) = 0.
48 Cho ham sé f(x) xac dinh, lién tyc trén R.
inh néu f(0) = (1) va véi m nguyén duong bét ky thi tdn tai c aé

=1(c).
‘ ‘ Hwéng dan giai
J yén duong . Dat g(x) = f(x + ;‘) ~f(x), khi d6 g(x) lién tuc trén R.

":'L:-- .1. g m—-i
‘ ..9(0)+9(m)+9(m)*.--+9( = )
':;r(O» +(f(3 )—f(l »+<f(3 >—f(3 D*.. (1) f(""—‘1 ) = (1) ~1(0) = 0

cécgiétri g(0) = c(-—)=o(—)= =9(—) =0 thi c6 ngay
cbntrél lai, néu téteéglétrlkhdng ddng thovi béngOthl tdn tai 2 gia
du toc 1a tdn tai 2 6 ab <{0; :‘ .;"‘?}aé g(a).g(b) < 0,
x)cénghvem

hure g trinh f(x + %):f(x)cénghiemx=c:dpcm.
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Bai to4n 9. 49: Cho ham sé f: [ajb] — [a:b], v&i a<b va thod diéu k.én
| f(x) = f(y) | <|x =yl v&i mix, y phan bigt thue [a;b].
Chirng minh tén tai duy nhét sé c e [a;b] sao cho f(c) = c.
Huwéng dan giai
Tir gid thiét cho thi c6 f(x) lién tuc trén [a;b]
Xét ham sé g(x) =| f(x) — x | , khi d6 g(x) lién tuc trén [a:b]
Do dé ton tai ¢ € [a;b] sao cho: g(c) = n[ﬂr;] glx). (%
Xai 8

Ta s& chirng minh g(c) = 0. Gia st g(c) = 0,do dé f(c) = c.
Tir bt dang thirc da cho thi: | f(fc)) - f(c) | <|f(c) —c]
Suy ra g(f(c)) < g(c): mau thudn véi (*)
Nén g(c) =0 nghia laf(c) =c.
Gia sl phuong trinh f(x) = x cdn ¢ nghiém c, = ¢, ¢y thude [a; b] thi: |
f(cy) — f(c) | = | ¢y —c| : mau thudn véi gia thiét = dpem.
Bai toan 9. 50: Cho ham sé f(x) lién tuc trén R va nhan gia tri duong 1an gia
tri &m. Chirng minh tén tai d 20 va ¢ thda man:
f(c) +f(c+d) +f(c+2d) = 0.
Hwéng dén giai
Theo gia thiét thi tdn tai X, d& f(xo) <0. Vi f(x) lin tyc trén R nén ton ta
khoang K=(a,b) chira xq ma f(x) < 0 trén do.
Trén K tdn tai cp sbé cong ag,bg,co ma téng f(ap) + f(by) + f(co) <0.
Tuong ty t6n tai cp sé cong ay,by,cy ma tdng f(ay) + f(by) + f(c1) >0
Xét cac ham sb a(t) = agt + a,(1-t), b(t) = bot + by(1-t), c(t) = cot + ¢4(1-1) 1N
a(t) , b(t) va c(t) lap cép sb cong voi moi t.
Dat g(t) = f(a(t)) + f(b(t)) + f(c(t)) , khi d6 thi g(t) lién tuc trén R
va c6: g(0) = f(ay) + f(by) + f(cy) > 0, g(1) = f(@0) + f(bo) + f(Co) < 0
nén ton tai m @é g(m) =0
do dé f(a(m)) + f(b(m)) + f(c(m)) =
Chon d = b(m) — a(m) = ¢(m) - b(m) thid = 0= dpcm.
Bai toan 9. 51: Gia st cac ham sé f, g: (0; +x) — (0; +x) lién tuc va thod giev
kién: vx 2 0 ma g(x) = x ta déu co: fig(x)] =1 <= f(x) = 1.
Chirng minh ton tai sé ¢ > 0 @& g(c) = c.
Hwéng dén giai
Ta dung phan chirng:Gia st g(x) # x, Vx>0
= flgx)]=1=1f(x)=1vx>0
Pat: h(x) = flg(x)] - f(x) v&i x>0
Ta ¢6 h(x) lién tuc trén (0, +wx) (do f va g lién tyc)

h(x) <0 Vx>0

Péng thei h(x) # 0, ¥x >0 =
N ) [h(x)>0 Vx>0
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w09 = glal-.g0lll (m ham g)
h(x) > 0 x> 0 thi: f(x) < fig(x)] < flg(x)] < flgs(x)], x>0

h(x) < 0 Vx> 0 thi: f(x) > fig(x)] > figa(x] > flgs(x)] ¥x >0

2y theo (1) ta thay:

s f(x) = 1 thi flg()] = 1 = flga(x)] = 1,

(x) = flga(x)]; mau thudn, con néu f(x) = 1 thi fig(x)] = 1

]= 1= flgs(x)] =1

: (x)] = f(gs(x)] cing mau thudn = dpcm.

an 9. 52: Giai phuong trinh 8x° - 4x* —4x+1=0
Hwéng dén giai

am 86 f(x) = Bx® — 4x° = 4x + 1, khi d6 f(x) lién tyc trén R

(1) = -7, 1(0)= 1; f(%)= —1:f(1) = 1 nén f(x) = 0 c6 ding 3 nghiém

&m nay thudc khodng (-1;1).

g (=1,1), dat x = cost, 0 <t < x thi phuong trinh:

cos” t — 4c0s’t —4cost + 1 =0 <> 4cost( 2cos’t — 1)= 4(1- sin’t) — 1
ost.cos2t = 3 —4sin’t <> sindt=sindt  (visint>0 )

i n 3n 5n
roi chon 3 nghiém t, = ;,te = _7_,:3 S
3n 5n
shuong trinh c6 3 nghiém X, -cos— X, =COS— > X _cos7
:r; , 63: Giai phuong trinh sin® x + 4cos® x = 3cosx.
Hwéng dén giai

0 khong phai Ia nghiém nén phuong trinh twong duong

1+4cot’ x=3cotx,

sin® x
+4cot’ x = 3cotx(1+cot?x) < cot® x-3cotx+1=0.
cotx, ham sé f(t) = * - 3t + 1 lién tyc trén R
21(=2) = — 1, f(-1) = 3; f(1) = -1, f(2) = 3 nén phuong trinh f(x) = 0 c6 3
phén biét thugc khodng (-2;2).
0dng (-2;2), aatt 2cosu, u e (O;n)
tﬂnh 8cos’u—6cosu+1=0 < 2cos3u+1=0

~. =-l¢$ !‘I,--—uz=ﬂ =&I-

9

’ 1, = Zcos9 R -2cossg t -2cos 2t

Bl
o g trinh cho ¢6 3 nghiém

1
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x, = arc cot(2cos 49—"). x, = arccot(2cos %).x3 = arccot(2cos %)

Bai toan 9. 54: Giai bat phuong trinh Vx+1+¥7-x >2
Hwéng dan giai

Xét phwong trinh Vx+1+ 37 -x =2

Datu=Jx+1zo;v=i’/7—x

u+v=2 & u=2-v o u=2-v

w+v¥=8 |(@2-v)=8-V (2-v)(vV¥ +8v+2)=0
v=2 x=-1

Dodb ([v=-1«|x=8 (chon)
vV=-2 Xx=15

Vifx) = Jx + 1+ 37 - x - 2 Ia ham sb lién tyc trén [~1; +2c) nén f chi dbi dau iy

qua3 diémx=-1,x=8 x=15.

Taco: f(7)= VB -2>0,1(8)=10+3-2-2<0

f(34) = V35 + Y27 -2>0

Vay nghiém cta bt phuong trinh 1a -1 <x < 8, x> 15.
Bai toan 9. 66: Tinh gi¢i han cia day s6 {u,} xac dinh béi :

u,,=2“.J2-J2+J2+...+J§ (n+1dduv )

Hwéng dén gial
aatvn=J2+J;+J?+...+J§ (nddu ")

Ta chirng minh quy nap dugc v, = 2cos;’t‘; nén
u, = 2".\}2- V242 +..+42
= 2""2 ~2c08—— =2" {2.2sln2 & I
& o2

= oMigin K=" oM2gjn T

1
2n+2 E 2!\02

1 n 1 i 2:'2 n

Vay: limu,. =lim2™? = sin— = lim— ==

ay " 2 A ank - 2
2:»2




Cey TNHIH MTV DVVH Hhang Vigt
gn 9. 56: Cho hai day sé (a,), (b,) duoc xac dinh nhw sau:

2015+ 2010 b, = 2016a, . 3= Z 2 by = (BB, ...

+Bry by = ,/ a b, , .Tim limb, va lim a,.

Hwéng dan giai

" [a=2015b=2016

. foosa-—(0<a<f)

_a+b bcosa+b 20
2 2 2

‘ 20 a
a,+b, _bcos > +bcos§

2 2

a 2
=bcos—cos® —
2 %

iy o o o o
\ = \/b"' cos? Ecos2 — =bcos—cos—

22 22

.......

B a o
beos.cos—.. cos— cos? X
' 22 o

S v 4
JCOS —. COS—— COS— 008
2 22 2n-1

o
- b —sina = £ ey
2" sin— S o
2
. bsina o
I = vaco: a, = b, .cos —
o, = h = bn P
_bsina o _bsina

H

Jdimcos— =
2“ o
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3. BAI LUYEN TAP
Bai tap 9. 1: Dung dinh nghfa, tinh cac gi&i han sau:
a) lim [xcos 3) b) lim —or>
X0 X X2 (x e 2)
Hwéng dan
a) Dung dinh ly kep 0. Kétqua 0
b) Két qua + =
Bai tap 9. 2: Tim cac gidi han sau:
4
a) lim X = 8 ] b) lim ——i
x-+2x2 _ 4 x+2x? 4 6x+8
Hwéng dan

a) Dang vé dinh % phan tich thiva s (x-2). Kétqua 3

b) Dang vd dinh % phan tich thira sb (x+2). Két qua —16

Bai tap 9. 3: Tim cac giéi han sau:

‘-
L B i X, L

x»32x? ~3x-9 X1 2J x+1-x
' Hwéng dan

a) Dang vo dinh % phan tich thira sé (x-3). Kétqua 9

J'

b) Dang vé dinh %nhan chia lwgng lién hiép. Két qud ——
Bai tép 9. 4: Tim céac gid¢i han sau

X 3w+—\l Vi by lim (x+ DX +1)...(<" +1)

a) y—% 3 X540 . n+!
J4+x Y8-x-Y1+x (X" +1) 2

Hwéng din
0 . ook 4. . 24
a) Dang vé dinh 9 nhan chia lwong lién hiép. Két qua =

b _nin+7)
b) Dang vé dinh —. Kétquan 2 .
o0
Bai tap 9. 5: Tim cac giéi han sau:
2x — sinXx Ji+tanx -1+ sinx

a) lim b) lim
x+0" Y- COSX x40 %




Hwéng dan
) 0 =
g v6 dinh 5 chia t&r va mau cho x. Két qua 2

ap 9. 6: Tinh cac gi¢i han mét bén:
_ x+2Vx 4-x2

b) li
x—J; )x—:‘;‘QQ-—x

Hwéng din
vo dinh g chia rat x. Két qua -2

ang v dinh % phan tich thira s6 (x-2). K&t qua 0

» Jx+7 +4a khix 2 2
né .a! ham s c6 gidi han khix — 2.
: Hwéng din

gidihan 2 bén. Kétqui a= 2.

#p 9. 7: Cho ham s6 f(x) = {4" pabul (NX<2

P 9. 8: Tim cac khoang, nira khoang ma ham sé lién tuc
-

X" +3x+4 b) g(x) = vx +1-2Jx -
2x +1

Hwéng dén

|phan thire lién tuc trén tap xac dinh.

Ua D = (~; -%) U (--;-: +x).

qQua D = [3; +x)
P 9. 9: Tim cac diém gian doan cta ham sb

) = tanx + 2cotx b) Q(X) -~ 2sinx

r sinx — \/5 cos X
' Hwéng dén

) gian doan tai cac diém khong xac dinh.

qua x = k%. keZ

=l tknkeZ

w
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Bai tap 9. 10: Tim cac gié tri tham s6 a dé ham sé lién tyc trén R.

2
a) f(x) = xsin; khix >0 fién tuc trén R

acosx-5 khix<0

Jx+6-a
Y I e
x*-(2b+1x Khix=3
Hwéng dén
a) Tinh f(0) va gi¢i han 2 bén ciia 6 0. Kétqud a = 5.

b) Khix — 3 thi Vx+1-2-0 nénphdico Vx+6-a—0 dods a=3 1,
d6 xac dinh b va thi lai.
Bai tap 9. 11: Chirng minh phuong trinh
a) @ + bx + ¢ = 0 v&i 12a + 15b + 20¢ = 0 c6 nghiém
b) x* - 10x® + 9x — 1 =0 c6 5 nghiém phan biét
Hwéng dan

a) Diing téng?f(%} . % 0) = 0 nén f[%]va (0) tréi déu.

b) Chon 6 gi4 tri x tang dan ma f(x) lién tiép ddi dau.
Bai tap 9. 12: Tim tham s m dé phuong trinh:
a) mx* + 2x* - x — m = 0 c6 2 nghiém.
b) x* - 3x* +2mx +m -2015 = 0 c6 3 nghiém x;< =1< X;< Xa
Hwéng ddn
a) Xétm = 0, xét m # 0 chia 2 vé cho m.
Két qua moi m thi phuong trinh ludn ludn cé 2 nghiém.

/A\// >
Phuong trinh 3 nghiém X< =1< Xxp< x5 thi f(=1) = = 2019 — m >0 nén
m < -2019. Pdo lai ding phan tich theo nghiém. Két qua m < -2019.

b)
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én aé 10: DAO HAM VA VI PHAN

HUC TRONG TAM

‘nghia dao ham, vi phan

‘ham s y = f(x) xac dinh trén khoang (a; b) va diém x, thuéc khoang d6,
X - x—xolaségia cla biénséva

( )' (xo)
l—oxo X - x

:r . ! Ay-
)=y (%)= = Jm 2 (huhan)

s6 y = f(x) co dao ham tai xo thi lién tuc tai diém x,,
va quy tac

B y=0iy=x= y=1; y=x"=o y=nx"',
i = y=—— (x>0, y=thsya
S odx " Yx
nx = y'=cosx; y = cosx = y' = -sinx;
y= 12 : y=cotx= y'= —: '
cos? x sin® x
- y = 8rccosX = y' = ——
1-x2 Vioxt
1 -1
X=y'= ‘ =arccotx = y'=
W=y + v, (u=v)'=u'=v,
=uv+uy, (9_) =_ti’.v_-u_v';
v v2

hop: f',=f',.u' ham nguoe: X', =—

m cdp n:

ighia : f(x) = [f™" ()

= snix+ ™) [ 1 )w !
; i T

_ 1 co hoc : chuyén dong s = s(t) c6 van téc tai diém t,:
' 8'(to) va gia tbc tai diém t: a(to) = v'(to) = 5" (to).




Tiép tuyén va tiép xac

— Pao ham clia ham sé y = f(x) tai diém v 4
X |4 hé sé goc cua tiép tuyén cua dd )
thi tai diém xg: k = f '(Xo).

Phuong trinh tiép tuyén tai diém
Ma(xa; f(Xo)): f(xo)
y = f'(Xo)(X — Xo) + f(Xo).

— Tiép tuyén di qua diém K(a; b). o
Lap phuong trinh tiép tuydn tai xo i O
cho tiép tuyén di qua diém K(a: b) thi
tim ra Xo.

f(x) =9(x)
F(x)=g'(x)

— Didu kién tiép xuc clia 2 db thj f(x) va g(x) 1a hé { c6 nghia

Nghiém chung X, 1a hoanh d¢ tiép diém
Tinh gan ddng:
f(xo + AX) = f(Xg) + f'(xo)AX
Quy tic L'Hospital
Gid str hai ham sb f va g lién tuc trén khoang (a: b) chira Xp, CO dao ha
trén (a ;b) \ {xg} va co f(xo) =a(xo) = 0.

Néu lim PO _| i tim fx_,
xoxg g'(x) x—+xg 9(X)
Pac biét. f'(xp) = lim M: lim fx) - fxq) =1'(x,).
x-oxg  X—X, xaxg  X—=Xg

2. CAC BAI TOAN
Bai toan 10. 1: Dung dinh nghia, tinh dao ham cda m&i ham sbé :

3x +1
X-2

1
a)y= , X =3. b)y=?/;.x°=—8-.

Hwéng dan giai
a) Cho xo = 3 sb gia Ax
3(3+Ax) 10 _  -7Ax

A LA L v i G T

=-7. Vayf'3)=-T.

1 : 1 1
b) Cho xo = — sb gia Axthi Ay = f| —+Ax |-f| =
) - Ny i [3+ ] (3]
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g ax
2 2
1 1d1 1
4(——-0'“) +E —8‘+Ax+z
= Jim i = 2 =i
9. 04 N 1#1 i= Bl
(§+Ax) +*3 §+Ax*z 4
| o
3

b) y = x" véin nguyén duong
| Hwéng dan giai
khodng (~=; 1), ta c6:
-f:'.;: ~f(x) = 1+ X+ Ax 14x

31-)( Ax 31—):

V1-%—-Ax A1-x

ax + AXyY1-Xx

V1-X + V1-x - Ax
Vi-x—-Ax.V1-x

1+ X +V1=x(¥1- X + 1= x = Ax) __3-x

~= = |im (Cx™ + C3x™2Ax +... +Cn'xax™2 4 Ax™ )
A Ax—0

=Cx™ =nx"". vayy' = nx"".

~N Oy



W -
Bai toan 10. 3: Chirng minh cac ham sé lién tuc tai x = 0 nhung khong c6 g,
ham tai do.

a) y== [} by =f(x) =
Hwéng dén giai
a) Taco f(0) =0, ,Ill_r.riox/i—)(—l =0 =f(0) nén f lién tuc tai x = 0.

Cho x = 0 s gia Ax, ta co: Ay = f(0 + Ax) - f(0) = \n—;]

| LR

im &Y gim X 1_ jim
a0t AX  axa0* AX Ax—-»0* AXI

Vay khdng tén tai dao ham tai x = 0.
b) Tacé f(0) =0, lim || -0=f(0)nenflientuctaix=0.

o1
Ax +1 Ax+1

Cho x = 0 sb gia Ax thi: Ay =

im &Y = lim

*“"9- AX Ax-+0" AX +1

=1

im Yo im ——=1=  lim 2L
a0t AX  axa0t AX +1 Ax-+0"
Vay f khéng c6 dao ham tai x = 0.
1-J1-X
X

il khi x=0
2

Chirng minh f lién tuc va cé dao ham tai x = 0.
Hwéng dén gial

1-vi-x 1
X

2

_2-x-2V1-x _ (2-x°-4(1-%) _ X
2x 2x(2-x+2J1-x) 22-x+21-%)

im 100 -10) _ 1 1
=0 Xx-0 **02(2 x+2J1-x) 8

khix=0
Bai toan 10. 4: Cho ham sé f(x) =

Tacod f(x)-f(0)=

Vay ton tai f'(0) = E nén f lién tyc tai x = 0.

-~



2 1 <
én 10. 5: Cho ham s6 f xac dinh: f(x)={% SNy khix =0
0 khi x=0
gng minh réng f lién tuc va cé dao ham trén R.
Hwéng dén giai

5 (x) = x’sm;‘ X4c dinh va lién tuc trén R \(Ojva

tim f(x) = lim x* sln% =0 vi

x’sln-‘-, <x;limx? =0
X -0
8 lim f(x) = (0) = 0 do d6  fién tuc tai x = 0 nén lién tuc trén R
X2 0thi f'(x) = 2xsln% ~cosx. Tatinh " tai x = 0.Ta c6:
4 = _ax___ = AXsin—
AX Ax Ax
d6: lim Y o vi:

10. Axsin—'—, <Ax—>0nénf'(0)=0
(x) c6 dao ham trén R.

in 10. 6: Tim a, b dé ham sé f(x) = x*-2 Khix =0
: x® +ax+b khix>0

tai x = 0, khi d6 tinh f(0).

Hwéng dan giai

0 CO dao ham tai x = 0 thi lién tuc tai x = 0 nén

f(0) = Ilm (x? +ax+b)=-2=b=-2

l f(x) f(O)_ lim X+ ax

= lim(x+a)=a.
x-0*

i 3
i Atotidil) Gl e L
X x-0 x-0" X x.0-

kién ton tai dao ham taix=0laa=0vab=-2

oK L hbk b) y = (x=1)(x + 2)(x - 3).

~iM1



Hwéng dén giai
a)Tacoy= 1 o_3+abx, D=R
a

a
Nény' = %.Sx‘— %.2x+ab= %x‘-gx«»ab

b) y' = (x=1)'(x+2)(x-3) + (x—1)(x*+2)'(x~3) + (x=1)(x+2)(x-3)'
= (x+2)(x=3) + (x=1)(x=3) + (x=1)(x+2) = 3x" — 4x - 4
Bai toan 10. 8: Tinh dao ham cac ham sé

5x -3 1
Nys x2 +x+1 2 (x% -x+1°
Huwéng dan giai
s 5(x% + X+ 1)~ (5x—3)(2x+1) _-6x* +6x+8
(x2+x+1)2 (X +x+1?

by Datu=x'—x+1thly= =
u

~(u®)'  -5u'u' -6u'  -5(x-1)
@R 0 W pE-x+1
Bai toan 10. 9: Tinh dao ham clia cac ham sé sau
ax +b ax® +bx+c¢
a)y=CX+d o a'x®+b'x+c'
Huwémg din gidi
s alcx+d)-c(ax+b) ad-be
ex+d?  (ex+d)?

. _ (2ax +b)(a'x® +b'x+c')-(ax® +bx +c)(2a'x +b’)
(@'x® +b'x+c')?
_ (ab- a'b)x’ + 2(ac’-a'c)x+bc'-b'c
(@'x +b'x+c')? '

Bai toan 10. 10: Tinh dao ham cac ham sé:

a) y = (x—x)* b)y = (x + 1)(x + 2)° (x + 3)’

Hwéng dén giai

a)y = 32(x - X" (x = %) = 32(x = x))"'.(1 - 2x)
b)y = 1.(x+2) (x+3)° + (x+1).2(x+2)(x+3)’ + (x+1)(x+2)2. 3(x+3)°
= (x + 2)(x+3)(x + 2)(x + 3) + 2(x + 1)(x+1) + 3(x+1)(x+2)]
= (x + 2)(x+3)7p¢ + 5x + 6 + 2(° + 4x+3) + 3(x" + 3x + 2]
= (x+2)(x + 3)’[6:x° + 22x + 18] = 2(x + 2)(x + 3)%(3x% + 11x + 9).

y'=

a)y

b)y

om PRl



4n 10. 11: Tim dao ham clia mdi ham sé:

2 44 X

b)y=
: ¥ e

Hwéng dan giai
’x +1 3 ’X 1
13 (x+;) = 1-? = x? -1
.-l. '- ;‘i)ws 2JX+1 2 xa("z"").

X
.i" _xz s -2X
’ 3 xz;;a aig? (a® - x?) + x? il a®

(X
'.;

—x?

n 10. 12: Tinh dao ham céc na'm sb sau;

f +J§ b)y =3-=%
- 1+x
Hubnqdlngﬁl
J')' 1
+\/— 4\/—\/1+_~/—
ol 1—— 9, ' - -2
1% ; s nén Iy aaohan??.vé. 3’y T %

255 -2 -2

a? - x? 2_*:)\[&:_,‘2 -J(qz_xa)a

" b 13: Tim dao ham clia cac ham sé sau:
1008 \/2x +1~cot® x b) y = 2sin3x.cos5x
Hwéng dén giai
sin(v/2x +1).(v2x + 1)' ~3cot? x(cotx)’'
3 (sz—+ 1) 5 c0tX
V2x +1 sin® x
¥ = sin8x — sin2x nén y' = BcosBx — 2C082X.

) 3y (1+x° 3l = X} (14 x)? =3y(1-X)’(1+ x)*

r—




10 trong ng hoc sin -

Bai toan 10. 14: Tinh dao ham cac ham sé:

1 1
ajy= byy= [1+tan| X+ —
i |slnx| )y [ x)

Hwéng dén giai
e _ —(Vsin?x)' -2sinxcosx _-cotx
a)Tacoy= nény' = = = =
sin® x si®X  sin?xvsin?x  [sinX|
1
P X x? -1

by = =
2cos? (x + %)‘Ftan[x +%) 2x° cos® (x +5]\F+ tan(x +

Bai toan 10. 15: Tinh dao ham cia ham sé:
ay= sin(cos’x).cos(sin’x) b) y = sin"x.cosnx, n = 2.
Hwéng dén gidi
a) y = cos(cos™).(cos™)' . cos(sin’x) + sin(cos™X)(-sin(sin’x))(sin"x)
= —2sinXCOSX.coS(C0SAX)c0s(SinX) — 2sinxcosx.sin(cos ). sin(sinx)
= —sin2xcos(cos’x).cos(sin’x) + sin(cos’x).sin(sin’x)]
= —8in2x.cos(cos’X — sin’x) = —sin2x.cos(cos2x)
b) y' = nsin™'x.cosx.cosnx + sin"x{=sinnx).n
= nsin™'x(cosx.cosnx — sinx.sinnx)
= nsin™'x.cos(n+1)x.
Bai toan 10. 16: Tinh dao ham ctia ham sé:

a) y = arcsin(4x® -7) b) y = arc cot y1- 3x
Hwéng dan giai
2 '
a) y=arcsin(d4x® -7) = y'= o = 8x
J1-(ax? -7  J56x? - 16x* - 48
b) y =arccoty1-3x =y'= ALY -

T14(1-3%7  2(2-6x + 9x2)1-3x
Bai toan 10. 17: Tinh vi phan cla ham sé:
= 2
a)y=x+ [o_ 2 b)y = -2x° -2X +1
x®+x+1°
Hwéng dan giai
A 2x V2 -2 -x J2-x% - x
ay=1- = =dy= dx
2y2-x2 J2-x2 J2_x?

o

|



A% — 2)(x% + X + 1) = (-2%% — 2x + 02(x® + X + 1)(2x + 1)
(x* +x+1*
_2(2x + (X" +x +1) - 2(=2x" - 2x + )(2x + 1)
(x*+x+1°
2(2x + DOE +x-2) &= 22x+)(x* +%-2)
OE +x+1° OC +x+1°
&n 10. 18: Tinh vi phan clia ham sb:

= cos(CosXx) b)y=

Huwéng dén giai
sin(cosx) . (cosx)' = sinx.sin(cosx)
“ = sinx. sm(cosx)dx

2 1+tanx)

(1+ tanx)?

cos® X 4 -2 d%
 (1+tanx)*  cos® x(1+ tanx)®
i 0. 19: Cho hai ham f va g c6 dao ham trén R. Tinh dao ham cla

() - g% by = JF(x)+g*(x)
‘ 3 Hwéng dén gidi
) () = ge) Y =3 1(x) = 2x.9'()
g’ ()" _ 2(x).F'(x) + 6xg® (x*) 9‘(X’)
2((x) + g°(x?) 2JfP(x)+ g° (%)
1 10. 20: Cho ham s y =f(x) c dao ham trén R. Chirng minh:
._’ th&n thif' &, b) Néu f 1é thi f' chan.
Hwéng dan giai
; tnen R thi v&i moi x € R: f(=x) = f(x).
| ham 2 vé thi dugc: f'(=x) . (=)' = f'(x) = —f '(~x) = f (%)
».N =—f'(x). Vayf'lé.
18 trén R thi véi moi x € R: f(~x) = —f(x).
30 ham 2 vé thi duoc: f'(—x) . (-X)' = —f '(x) = —f (~x) = —f '().
X) = f'(x). Vay f' chin.
110. 21: Cho ham sé y = (x) ¢6 dao ham v&i moi x va thod man:
2X) = x —f *(1 — x). Tinh £'(1).
"1+ x.f *(x). Tinh dao ham tai diém M(1: 1).

} Huwéng dén giai
40 ham 2 vé, ta co:




A N e
4f(1+2x)  f'(1 +2x) =1+ 3F(1 ~x) . f'(1=x). :
Thé x = 0: 4f(1) £'(1) =1+ 3£(1) . f'(1) ™)
Thé x = 0 vao (1 + 2x) = x - (1 = x) = £(1) = =F(1).
= (1)(1 + (1)) = 0 = f(1) = 0 hoac f(1) = —1.
Vi f(1) = 0 thi (*): 0 = 1 (loai)

V6i f(1) = =1 thi (*): —4f (1) = 1 + 3f (1) = £ (1) = "7'

b) LAy dao ham 2 vé, ta cé: 2f '(x) = f *(x) + 3xf *(x) . f '(x).
Thé x=1vatacéf(1)=1nén:
2f'(1)=1+3f'(1)=f'(1) =1,

Bai toan 10. 22: Cho ham s6 f(x) c6 dao ham véi moi x va thod man diéy kg,
f(2x) = 4cosx.f(x) — 2x. Tinh f'(0). ;

Hwéng dén giai

Pao ham 2 vé, ta cb 2f '(2x) = —4sinxf(x) + 4cosxf '(x) — 2
Thay x = 0, ta c6: 2f'(0) = 4f '(0) - 2.
Vay f'(0) =1

Bai toan 10. 23: Chirng minh c&c ham sé sau c6 dao ham y' = 0.
a) y = sin’x + cos®x + 3sin’xcos’x.

by =cost S~ + o8 +x)+cos’(%" -x)+oos*<33ﬁ +x)-2s0x
Hwéng dan giai

a) y' = Bsin’xcosx — 6cos’xsinx + Bsinxcosx - Bcosxsin’x
= Bsinxcosx[(sin‘x — cos*x) + (cos’x - sin’x)]
= 3sin2x{(sin’x — cos’x)(sin’x + cos’x) + (cos’x - sin’x)] = 0
Cach khac: Bién ddi legng giac trudcthi y = 1.

‘= 2 R sy 2 =
by = 2cos(3 x)s:in(3 X) Zoos(a -vx):’,in(3 +X)
5 2n, 2n s Sy 4, —
M?—M?-uo-zm?’rx)sn(—é-ﬂ)-atsmx.

=l&xz—;—zo-m%+zo1+tw‘?“-p<)-m‘?“+zol-m

= 2c0s % sin(—2x) + 2cos 43—“ sin(-2x) — 2sin2x

= —2%1 sin2x - 2 l;- sin2x — 2sin2x =0,

Bai toan 10. 24: Gidi phuong trinh y' = 0 v&i ham sé:

_ X2 -3x+4 _Ux®-2x+3
R by s ———
X =x+1 2x +1



Hwéng dan giai
'i'." + 1> 0 véi moi x.

(2x-3)(x% ~x+ 1)~ (¢ ~3x + 4)(2x ~1) _ 2x® ~6x + 1
i (X -x+17 x4 1

',90@2x2—6x+ 1=0ex= 312‘/;.
- 2x + 3> 0 v&i moi x nén didu kién: xx-%

(2x+1)-Vx®-3x+3.2

(2x+17?
(X=1(2x + 1 - 20 - 2x+3) _ 3x -7
@2+ 0°VX-2x+3  (2x+12Vx2 ~3x+3

By =0 3x-7=0cx= % (chon).

n 10. 25: Cho ham sé f(x) = v - 2x . Gidi bt phurong trinh:
0 b) f'(x) < (x).

Hwéng dan giai
L Bn x° — 2x > 0 & X < 0 hodic x > 2.
00 £'(x) = 2x -2 = i1
2% —2x  x? -2x
B [x-1<0
LA o x<0
X*-2x>0
T Y o
F X2 - 2x x-1<x%-2x
X<0 hayx>2
i 3+\5
i = x<0hay x 2
1.;.;;_» &hay X2 3+‘/§ é

1 10. 26: Gidi phuong trinh y' = O véi ham s6: ,
cos’x + sinx b) y = 2x — cosx — /3 sinx
Huwéng dén giai

= —2cosxsinx + cosx = cosx(1 - 2sinx)

Y= 0 <> cosx(1 - 2sinx) = 0 < cosx = 0 hodic 1 - 2sinx = 0.

~ ™



10 trong diém bOI auong NQC SINIT GIOT mort TOW 77 — TF TTOVNTTies

=-§+k2n
cosx=0 v
= 1 ©|x==+k2r
slnx=§ 6
x=—52+k2n k € Z)
A 6

b)y' =2+ sinx - V3 cosx
1 Ja

Dodéy =0 < sinx— J3cosx=-2 Es'"x- ?cosx=_1

: = T T
sin(x— —=)=-1 —— 2 ———t K27,
<> sin(x 3) o X 3 5 .3

@x=-% +K2n, ke 2.

Bai toan 10. 27: Tim m 3& phuong trinh y' = 0 ¢6 nghiém x véi ham sé:
a)y = (m - 1)sinx = (2m + 3)x
b) y = (m + 1)sinx + mcosx — (m + 2)x + 1.
Hwéng dén giai
a) Tacody = (m— 1)cosx - (2m + 3)
y =0 (m-1)cosx=2m +3
Xét m = 1 thi 0.cosx = 5: v& nghiém (loai)
2m+3
m-1

Pidu kién c6 nghiém x 1 }ﬂr:*—fl <1e [2m+3| < [m-1]

Xétm = 1thicosx =

c:>(2m+3)2s(m—1)2a3m2-14m+8$0c>-4sms-§.

b) Tacé y' = (m + 1)cosx — msinx — (m + 2)
y' =0 < (m+ 1)cosx —~msinx =m + 2
Pidu kién c6 nghiém x: a* + b? > ¢?
e m+1)2+mizm+2fem’-2m-320
e me<-1hodcmz3.

Bai toan 10. 28: Cho f(x) = '“;’x‘ +"‘;2x’ bl el

Gidi va bién luan phuwong trinh f'(x) = 0.
Hwong din giai
Taco f'(x) = (m—1)x + (m — 2)x° = 2mx + 3.
f'(x)=0 e (x=1)[(m=1p¢ + (2m - 3)x-3] =0 (1).
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6 1°(x) = 0 1udn c6 nghiém x = 1.

im—1Dx"+(2m-3)x-3=0(2)

um=1thi —x—-3=0ex=-3.

lum# 1thi A =(2m—3)*+ 12(m - 1) = 4m* - 3.

‘;:o¢4m’—3<0a Im| < {g:(Z)VOnghlem
V3

S0 4m’-3>0< |ml > ?3:(2) ¢6 hai nghiém :

_8-2m+J4m® -3

- 2m-)

p 10. 29: Gidi va bign ludn phuong trinh y' = 0 v6i ham sé:
=- f{lsanx = (2m - 5)cosx + 2(2 — m)x + 1.

1 Hwéng dan giai
~c082X + (2m — 5)sinx + 2(2 - m)

%~ 1+ (2m — 5)sinx + 4 — 2m,

+(2m - 5)sinx + 3 - 2m.

36 y' =0 < 2sin’ + (2m = 5)sinx + 3 — 2m = 0
> 3-2m

L

X = 1 hodc sinx =

3-2m _ 3-2m a-
= e _1h
-, Oac 2

2

5

>1c>m>§hoacm<%thlsinx=

ém nén phuong trinh y' = 0 ¢6 c4c nghiém x = % +k2n k € 2,

. 3-2m 1 5 ... 3-2m
<1 —<m< —,d
J" 2 625 > at 2

&+ k2r hodc x = n — a + k2r.

= sina nén sinx = sina

1

g tri Y’ocbeécnghiémxgg*k21tvéx=a+k21t.x=n—q+k21¢,

10. 30: Tinh gi4 tri dao ham tai diém:
. 8 s = 3x -1
X+ 1)°, y"(0) by= P Y1),
A Hwéng dan giai
(5% + 1)7 . 5= 40 (5x + 1)’
D.7(5x + 1)° . 5 = 140(5x + 1)°
40.6(5x + 1)°.5 = 4200(5x + 1)° Do @6 y"(0) = 4200.




T RN SO R SR A Ok O & NS RVIRL AN Y T A e
.=3(x+2)—(3x—1) 7

b -
" (x +2)° (x +2)°
o 14(x+2) 14 W=t
i (x+2)° (x+2)°:’y“ 27

Bai toan 10. 31: Tinh dao ham dén cép:
a) y = sin5xsin3x, y* b) y = sin'x, y".
Huwéng dan giai

a)Tach:y= -% (cos8x — cos2x) = —% cos8x + —;-cost.

y' = 4sin8x — sin2x, y" = 32c0s8x — 2c082X
y" = —2568in8x + 4sin2x, ' = —2048cos8x + Bcos2x.

1-cos2x

2
1 2

= —(1 - 2c082x + COS"2X

2 ] 4( :

b)Tacby=sin‘x=(

=%(1—Zcos2x+——1_c°szx) S

1
=— - —C0S2X +—C084Xx
2 8 2 ‘8

nény' = sin2x — %slMx. y" = 2c0s2x ~ 2Cc084X.

y" = —4sin2x + Bsindx.
Bai toan 10. 32: Cho ham sb v&i tham s a:

f(x) = x* — 2cos2a.x’ +-:-sin23.sin6a.x’ +yJ2a-1-a°.x +a’.

Ching minh f”(% }> 0.

Hwéng dan gial
Pidukien2a-1-a’20<(a-1)’s0ea=1.

Khi 6 f(x) = x* — 2c0s2.x° + gsinz.sins.x’ 1,

nén f'(x) = 4x° - 6cos2.x* + 3sin2.sin6.x;
va f"(x) = 12x* - 12cos2.x + 3sin1.sin6

= %) = 3 - Bcos2 + 3sin2.sin6 = ~6c0s2 + 3(1 + sin2.5in6).

Vi g- <2 < 7 ndh cos < 0 VA Sin2.8in6 > -1 nenf"(%) >0,
Bai toan 10. 33:

% (-1)"nla"
(ax+b)™"’

n
a) Chirng minh quy nap: ( . )
ax+b

e TatTal



2 dao ham clp nclahamsb: y = —-,y= L
] x

x* —4x
Huéng dan giai
; 1 i, R ¢ (-).ta .
o [ax +b) (ax+bf® (ax+b)® i

s cong thirc duing khi n =k, k 2 1, tirc [a:

k) K

e aik!i. L&y dao ham 2 vé:

- b (ax + b)""

a0 \0 (ke e Daxs b)*a _ (-9*!(k + f)a**’
(ax + b)2k02 (ax + b)l(+2

cmaungkhln=k+1 vwconghwd"m"“"'"e"

imsb g(x) = -~ thi gx)=
X xn+2

(n+1) ne
BN T

C
+ —_—
X+2

10x-4 _ 10x-4 _A
X -4x x(x’ -4)) X
K—4 = A(X* ~ 4) + Bx(x + 2) + Cx(x - 2)
=(A+B+C)¢+2(B-C)x—4A.
A+B+C=0 A=1
Wt he sb 2 vé, ta c6:4 2B -C) =10 e B =2

RS
x...

—4A=-4 C=-3
s o2 © gd
X x-2 x+2
1 2 3
= (-1)".n! + = :
! [x"“ -2 (x +2)"“]

?‘w inh cong thire: (sin(ax + b)) = a"sin(ax + b + n%)

‘dao ham cap n cda ham sé:
_y =sinx + cos*x ; y = cos3x. cosx.

Hwéng din giai
= 1. (sin(ax + b))' = acos(ax + b) = asin(fax +b + -;E): ding

01



Gia str: (sin(ax + b))® = a* sin(ax + b + k%).

LAy dao ham 2 vé, ta cé:

(sin(ax + b))**") = a"*'.cos(ax+b + k%) =a"" sin(ax+b + (k+1)g) nén oy

thirc dung khi n = k + 1:dpcm.
Twong ty: (cos(ax + b)) = a".cos(ax + b +n -g ).
b) Ta co y = sin’x + cos*x = (sin’x + cos’x)* - 2sin®xcos’x

=1 Lgintax=1- l(1 - cosdx) = 3 4+ 1cosax.
2 4 3 4
vay y = ~(sindx)™" = -4 sin(dx + (n - 1)%)
Tacody = cos3x . COSX = %(cosdx + cos2x)

Suy ra: y" = %[4".cos(4x + 012‘-) + 2" cos(2x + ng)l.

Bai toan 10. 35: Tinh dao ham cap n clia ham sb:
a) f(x) = (3x - 2)"* b) f(x) = Vx .
Hwéng dén giai
a) f'(x) = 12(3x - 2)°, £"(x) = 108(3x - 2)°.
f"(x)= 648(3x — 1), f(x) = 1944, {7 (x) =0 véin 2 5.

1 ? §
b) f'(x) = A e trw= e o= 3,2 fox= 15,3
2 4 8

2Jx 16
-t 2n-1 1
Ta chirng minh quy nap: f"x = 1 ‘(;n “My7 wneN
trong d6 (2n - 3)!!1 =1.3.5..(2n - 3), Vn 2 2 (-)i=1.
Bai toan 10. 36: Cho ham sb f(x) = 2: ": . Hay tinh £'%7 (0).
x* +
Hwéng dan giai
_2X+ 9 2 =2
Tacof(x) = - o f).(x*+3)=2x+9
X+

Do d6: f'()(x* + 3) + 2xf(x) = 2

() + 3) + 4x f(x) + 2f(x) = 0

f(x)(x* + 3) + 6xf "(x) + 6f '(x) =0

Béng quy nap ta chirng minh dugc cong thirc:

-~



X)X + 3) + 2nxf™"(x) + n(n-1)f"Fx) = 0
yra: 170 = "D 2 g)

B 1997! 2.1997!
19970y = =" " {0 P Shablb it
- (0) = T3%8 ) 3099

oan 10. 37: Cho f(x), g(x) & cac ham sb c6 dao ham dén cép n, chirng
o ceng thuc (1917 = 3040 ;

Hu'érng dén giai

k=0

Y, n

ra (fg)™" = ((fg)™) = ZC: ('(klg(n-k)).
; k=0

y '._‘(’f""”g‘""‘) +f“"g"‘""")

".t‘*djg(n-k) + i szmg(n.‘-u)

u)g(nn U Zcufmg(n.t K)

k=0

NS 2
g+ Z C:-tf(k)g(nd-l) + ZC:'(k)glnd-k) + fg(mu

ko1 k=1

™ N n
g+ ) (CL" + CH)fkIginetk) | gaimet

L]

u. . + z Cﬂ‘1’(k)dn¢3~k) + 'g(ﬂ‘f)

ket

g+ZCk f(k)g(nd-k) +

k=1

’g("")

n+t

G g™ = gpem.

N 10. 38: Cho ham sb f(x) = (& — 2x + 2)sin(x — 1), Chirng t6 hé
' 2020)(x)+ '(2020)(y) o

g trinh sau c6 nghiém:
3 x* +y% =10

- -y



Huwéng dén giai

Pata=x-1,b=y-1
f(x) = (¢ — 2x + 2)sin(x — 1) = (a° + 1)sina = g(a) h¢ phuong trinh trd tha,, -
g?%%(a) + g**?(b) = 0 Q)
@+ +(b+1)* =10 (2)
a(x) 1a ham sb 1& nén g'(x) 1a ham sé chdn, g"(x) la ham sb1é...
Téng quat: g?*V(x) 1a ham sb 1&
nén voi b = —a thi (1) thoa mén
Thay b = -a vao (2) c6 (a + 1)° + (a—1)* = 10
Gidiraduoc(a=2,b=-2) hodc(a=-2,b=2)
Vay nghiém: {" 73 ey {" ==1
y=-1 y=3
Bai toan 10. 39: Viét phuong trinh tiép tuyén cla db thj ham so:

a)y= :—‘—: biét hoanh d6 tiép diém 1 xo = 0.
+

b)y = —% - 2%~ 3x + 1 6 hé sb goc Ion nhat.

Hwéng dan gidi
a) Phuong trinh tiép tuyén tai @iém (xo, f(Xo)):
y = f'(Xo)(X = Xo) + f(Xo). Ta c6 Xo = 0 nén f(xo) = —1
x+)-(x-1)_ 2
(x +1)° (x+1)?
Thé vao thico:y =2(x—0)—1=2x~-1.
b) Hé sé goc cua tiép tuyén 13 dao ham tai do:
y'=-x’-4x-3=1=-(x+20°*<1.

00 = = f'(x0) = 2

Dodéhe sbgoclonnhdtiay =1taixo=-2= f(xo)= %
: s 5__. 11
Tuéptuyéncéntlm.y-—1(x+2)+-2-—x+ 5%

Bai toan 10. 40: Lap phuong trinh tiép tuyén cla @ thj ham sé:
a)y = x" - 3x + 2, biét tiép tuyén song song truc hoanh.
b) y = 2¢ — 3x + 9, biét tiép tuyén hop véi truc hoanh goc 45°,

Hwéng dan giai

a) y' = 3x* - 3. Tiép tuyén song song voi truc hoanh nén hé sé goc la dao harm
Y =03 -3=0< %=1,
Vi xo = 1 thi f(xo) = 0: logi
Vi xo = —1 thi f(xo) = 4 nén co tiép tuyén:y = 4.

TNnAa
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4x — 3. Tiép tuyén hop véi tryc hoanh géc 45° nén hé sé goc:
k = +tan45° = +1.
y=1=4x-3=1ox=1

li'i(xo) =8 nén cb tiép tuyén: y = x + 7.

3 1

2

g6 f(xo) = 8 nén cd tiép tuyén: y = —x + 127 .

in 10. 41: Viét phuong trinh tiép tuyén clia

~ (Pry=-x"+T7x-66 biéttiép tuyén i qua B(2; 0).
Hwéng dan giai

€6 y' = —2x + 17. Phuong trinh tiép tuyén tai didm Mo(xo; yo) :
(=2xg + 17)(x = Xo) +(=x3 + 17x; — 66) = (~2x, + 17)x +x5 - 66
ép tuyén di qua P(2; 0) nén ta co:

(2% + 17).2 + x - 66

f=—1odx-3=-1ox=

S —4x;~32 = 0 <> X, = 4 hoac X, = 8.

(o = =4 thi co tiép tuyén; y = 25x — 50

8 thi c6 tiép tuyén: y = x - 2.

% :ﬁéptuyény-x -2vay=25(x-2).

N 10. 42: C6 bao nhiéu tiép tuyén clia dd thj (C): y = x° - 3¢ + 3 diqua
'.'}

Huwéng dén giai
ng trinh duong thing d di qua E(— ~1) cb hé sé goc k:
; 23 23k

= —-)-1-k -T-1

d tiép xtic véi (C):
-3:&’+3=k{x-—%)—1 0

3x’-6x=k (2)

.(2)vao(1)- x°-3x2+3-(3x’ 6x)(x——)-—1
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Voixo=2thik=0; Vé'ixo=3mlk=9.V6ixo=%thlk=

tiép tuyén ctia dd thj di qua diém E.
Bai toan 10. 43: Tim m dé& dudng théng

a) d: y = mx — 1 tiép xtic véi @8 thi (C): y = X o+ 4x.
2
b)d :y =7 —x tiép xtc v&i ad thj (C): y = *:“
Huwéng dén giai

a) Budng thang d tiép xuc voi (C) khi hé sau c6 nghiém
{I(x) g(x) Q{x’-x’+4x=mx-1(1)
f'(x)=g'(x) |[8x*-2x+4=m (2)
Thé mtir (2)vao (1):  x*—x +4dx=(3x' - 2x +4)x -1
2 - =120 x-1)2F +x+1)=0.
e x=1=0(vi 2 +x+1>0 véi moiX).
e x = 1. Thé vao (2) thi m = 5. Vay 2 @ th tiép xtc khi m = 5.
X2+ thiy = Z-Zx;m
(x-1
voay=7-xthly=-
Diéu kién 2 dd thi tiép xuc khi hé sau cé nghigm:

b) Véiy =

2
X *M_o ox% -8x+m+7=0
s e {2x% —4x+1-m=0
X -2x-m
-—=-1 x#1

(x-1?

Khir m thi duoc: 4x° — 12x + 8 =0.
<> x = 1 (loai) hodc x = 2 (chon).
Thé vao thi dwoc m = 1 1a gia tri can tim.

5
s\ &
3 3y003

Bai toén 10. 44: Cho f(x) = (X — X1) (X = X2) ... (X = X»), biéu di&n céc téng 52

day theo f(x) va f '(x):

a3

X=X

8= Z

Hwéng dénqlél
Ta b f(x) = (X = X)) (X — X2) ... (X = Xn)

f'(x) = (X - X2) (X = Xa) e (X = Xp) ¥ (X = Xg) (X = X3) ... (X=Xa) + ...

X1) (X = Xz) ... (X = Xqp-1)
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L bt OBl eadh .

By 1 =(x—xz)(x-xs)...(x—x,,)+(x—-x,)(x—x,)...(x-xn)+... _f(x
X-X (¢ =%)(X=X,)...(x - X, ) f(x)

3 n n '
. ey =x) ! —n=x1% W n
X=X T(X-X -1 X=X, f(x)

3himg t6 phuong trinh c6 diing 5 nghiém x, ( I=15 ).
b 15 3 X +1
“: i s = - .
- ‘szf -x'-2
Hwéng dén gial

ham sé f(x) = x° - %x‘ = 5x* +x* + 4x ~ 1 thi f(x) 12 ham s lién tuc trén

aco:f(-2)=-5<0  f0)=-1<0 f(1)=-%<0

3 1} & 175
'1(-§)=2>o f[§)=§>o f(3)=-2—>0
r hf(x)=006cécnghiemx,,x;.x;,.:q.xssaocho:
";<-g<x2<0<x3<21<x‘<1<x5<3‘

f(x) = 0 Ia phuong trinh bac nadm nén cé ding 5 nghiém
i@ nghiém cla phuwong trinh nén:

'-:%x,‘ =57 44X, ~1=0c52x5 - x* - 2= 2(5x] - x? - 4x)

| _,, 5 X‘ +1
o=
- 2(5%° —x? - 4x)

e g(x) = X+1 @ X+1
5x? - x% —4x  x(x-1)(5x + 4)
. X+1 =é+ B ¥ C
(X ~1)(5x+4) x x-1 5x+4
L x+1 SEAEIRET 1 SN0
MX=1(5x «4)  4x 9(x-1) 36(5x+4)

nén ddng nhét duoc:

~N"



Dogsse=iyd, te b L

8 =10 9 X -1 72
Ma f(x) = (x = X4 )(X = X2)(X = X3)(X = Xa)(X — Xs)
Vay x = x(i=15) ta duoc Lm:i(_L}
'(x) =1 x-x|

va f'(x) = 5x* — 2 = 15x° + 2x + 4, do d6:
1 & 1 IR | (1)
e —_———t=-12
) Z, -x Ex-1 )
' 5 5 '
Ui [ el Zl PR L) S
f(O) =1 -x‘ =1 x| f(O)

. o Vil
T TR T . 1G5 12900
4 4 =3 4. 4789
f(—g) =) "g —X. ! x. + —5— f(— —5-)
8959
Vay § = 2859
S =~ 4789

Bai toan 10. 46: Tinh tong:
T = C!(cosx—sinx) + 0C; + C 3sinxcosx(sinX - cosX) + ... +

+ Clnsinxcosx(sin”# x - cos" -
Hwéng dan giai
Xét ham sé y = (1 + cosx)" + (1 + sinx)” thi:
y= (CP + C!cosx + CZcos’ +... + C] cosx) +
(C + Clsinx + ... +C sin"x)
=2C? + C] (sinx + cosx) + C? (sin’x + cos’x) +...+

C" (sin"x + cos"x)
=y'= C! (cosx - sinx) + 0.C; + CJ 3sinxcosx (sinx — cosx)

+ ...+ C"nsinxcosx(sin"*x - cos"x)
Do dé: T =y' = [(1 + cosx)" + (1 + sinx)")]
= n(1 + cosx)™" . (~sinx) + n(1 + sinx)"™" cosx
= nfcosx(1 + sinx)™" = sin x(1 + cosx)™"].
Bai toan 10. 47: Tinh tdng

a)P=1+2x+3¢+ .. +nx" b)Q =12+ 2% + 352+ .. +n'X

1NN



Cty TNHH MTV DWH Fhang Vige

Hwéng dén giai
.-1-”1|P=1+2+"_+n=@

1__xm‘l \J xm1-1

21tacotdng 1+ x+x"+ .. +x"=

b 1-x  x-1
fa0 ham hai vé:
3 3R+ . +mx = (0F Px-9 - (™" 1)
i (x =1
. nx™' —(n+Ox" +1
" B e
=1thiQ=17+22+ 3%+ +pi= NOLDEN+T) 1)6(2]1 A
1, nhan x vao hai vé vao dang thirc cau a)
2 +3x°+ .+ nx"
2 (n+)x"" +x

=1x+2X+3x°+ _+nx"

I !:?(x-ﬂz
am vé phai: 17 + 2% + 3%¢ + . + nX"" =Q
am vé trai;
2™ — (0 + 12X + D(x - 1% - 20%™2 - (0 + X" 4 x)(x - 1)
i (x-1*
2™~ (n+ X" + )(x = 1) - 2(nx™? — (n+ )x"*" + X)
b (x_ns
X2~ (207 420~ 1)x™ — (n+ 9" —x - 1

x-1° i

10. 48: Cho sé nguyén dwong n. Tinh téng:
Sn)=1"+2%+ _ +nf voik=1,23

Huwéng dén giai
thire F(x) = (x - 1)0C + X+ ... +x") = x™1 _ 2
0 ham cAp hai F'(x) ta cé:
X+3x°+ . +nx"") + (x-1) 21+ 3.2x + ... + n(n-1)x"?)

Jnx™' -2
=1,tac62(2+3+ ...+n)=(n-1).(n-2) = 2(S;(n) - 1)



10 trong oiém b6 dudng hoc sinh giol mén - 3

n(n+1)

Vay: 8y(n) =
LAy dao ham cép ba F "(x), ta co:
3(2.1 + 3.2+ ... + n(n-1)x"?) +

(x-1)(3.21 +43.2x+ ... + n(n-1)(n-2).x"") = (N+1)n(n-1) 14
Chox=1,taco: 3(2.1 +32+ ... +n(n-1)) = (n+1)n(n-1)
T a6: > mim—1) = ‘l‘i):‘"—")= S2(n) - $1(n)

m=1

Vay Sa(n) = _"‘Lt”s(_znﬂ).

Tuwong ty, 14y dao ham cép bén, ta co:

4(3.2.1+432+ ... +n(n-1)(n-2)x"")

+(x-1)(4.3.21+... + n(n-1)(n—2)(n-3)x"“) = (n+1)n(n-1)(n-2)x"">
Chox=1,tacé:

4(3.21+432+ ... +n(n-1)(n-2)) = (n+1)n(n-1)(n-2)

nén 3" m(m - m-2)= L+ ""‘"4’ N —2) _ g (n) - 38x(n) + 284(n)

m=1

2 2
Vay: Ss(n) = 11";—"—

Cach khac: Ta c6 thé ding sai phan Ax; = (x+1)* - x* dé tinh Sy,
Axs = (x+1)° - xX* @& tinh S;, Ax, = (x#1)* - x* & tinh S,.
Bai toan 10. 49: Chirng minh:

a) 1.C! +2C2.9+ ... +kCh.8" " +..+ nCl.8™" =n10""

b) 1.C! +3C? +5kC: +7C] +...=n2"*

Huwoémg dan giai
DAt f(x) = (1 + x)" thi f'(x) = n(1+x)"" vé&i mgi x
Va mat khac, khai trién nhj thirc:

n n
f)= Y Chx* = f(x)=3 Crkx""
k=0 k=1

n
Do d6: ) Clkx*' =n(1+x)"" véi moi x

k=1

a) LAy x = 9 thi cé dpcm
b)Ldyx= 1thl 1.C! +2C?+3C2+.. +nC)=n2""




E Ctyy TNHH MTV DWH Hhang Vigt
yx=-1thi 1.C! -20% +3C7 - . H-1™'nC" =0
#ng lai va chia 2 thi cé dpcm.

oan 10. 50: Tinh cac tdng

T= £C! 422C7 4.4 n?C? b)S= £°C} +2°C2 + ... +n°C"
' Hwéng dan giai

3 n
¢6 (14x)" = 3" Ck x" 14y dao ham 2 vé thi co:
k=0

'= ZC"k.x"' = mx(1+x)"™ = ZC"JQ(
k=1 kel

‘dao ham 2 vé thi duoc

n

A1+ )™ +n(n-1x(1 +x)™2= 3 CKi2x!
2 ‘ k-2

on x =1 thi ¢6: T = n(n + 1)2™2,

vao 2 vé, tiép tuc I&y dao ham 2 vé rdi chon x = 1 thi co:

) + 3)2™°,

in 10. §1: Dung vi phan, tinh gan ding:

b) ——t
J20.3

Hwéng dén giai
g cong thirc gén ding f(xo + Ax) = f(xo) + f(xo).Ax.

K 1
f(x) = ¥x thif'(x) = V&i X = 27, Ax = -0,3
] 332

357 3 ~ g/5+%(_o,3) ~ 2,909,

R o

1 -1
Df(x) = — thif'(x) = V&I Xp = 20,25; Ax = 0,05
. \/; ZxJ

0,05) =0,222.
“4s 5 40 3720 25

1 10. 52: Dung vi phan @& tinh gan ding

845730 b) tan29°30'
Hwéng din giai
¥ng cong thirc gan ding: f(xo + Ax) = f(xo) + f'(Xo).AX.
45¢ e E . _1!_



10 trong diém ng

Xét f(x) = cosx, f'(x)=-sinx voixg=

= conl X4 - |ncos s -shnl— |.—=
4 360 4 4/ 360

\[é 2 %
h °30' s — - —.—— = 0,7009.
ay cos45”3 > "2 360

&Ia
()
o

b) Ta c620°30'= X - 2
I8 6 360

Xét f(x) = tanx, f'(x) =1 + tan’x Vo B Ay
(x) = tanx, f'(x) X V&I Xo 5 o

b1 n n 2n) -=x
t KRR 2| P2 7 Ol KU -
= an[6 360}, an6+[ + tan 6] )

Y. 4
—_ = 0,566.
Js*s( aso]

Bai toan 10. 63: Tinh cac gidi han:

hay tan29°30" =

&g
&) s =Aeh b) lim Vx -3
x+2 x2 . ox -8 x+9 X-9
: Huwéng dén giai
Ap dung quy tac L'Hospital:

a) Xétf(x) = x* — x” — 128 thi f(2) = 0 va f '(x) = 8x" = 7x°
Xét g(x) = x* + 2x — 8 thi g(2) = 0 va g'(x) = 4x + 2.
iim x® - x” -128 _f'(2) 576 _288
2 x?+2x-8 @' 10 5

b) Xétf(x)= VX -3 thi f(9) = 0 VA f'(x) = ——

2\/;
Jx -3 (x)-19) _ .
o o i T B R

Bai toan 10. 54: Tinh cac gi¢i han sau:

2
a) "r%s/1+2x+22/1+3x+3x -3

U1+ x -1
sinx ' b) :'r‘g‘oc/“ L
Hwéng dan giai
a) Xétf(x)= Ji+2x +2Y1+ 3x +3x* -3

1 2
Thi f(0)=0vaf'(x)= 7=+-—-———+6X
1+2x Y1+ 8x)?




a GVTM#IM?VDVVHM Vigr
(x) = sinx thi g(0) =0 va g'(x) = cosx
oy +2x+2#1+3x+3x2-3 e ) B

= —=+—=+0=3.
X g0 i #Hh
1
'{‘{— : m-1
( 1““1) m(1+ X) n
=i "m = —
1—00( 1+x_1| x-—+0 1 m
n-1
n1+x)n

(1+ax)'"® - (1+ bx)'®
m
*+0 (14 ax)® - (1+ bx)®
Hwéng dan giai
() = x" thi (1) = 1, f'(x) = nx™"'
) = x™ thi g(1) = 1, g'(x) = mx™"
E X'-1 x"-1] ¢ (1)
. j !m[x i -1J g'(n m
=(1+ax)'"-(1 +bx)‘° thi f(0) = 0,
4f'(x) = 103(1 +ax )" - 10b(1 + bx)®
(X) = (1 + ax) - (1 +bx)°thl g(0)=0,
a(1 + ax)® - 9b(1 + bx)®.
,(1+ax)'°-(1+bx)‘° f'0) _10a-10b _10 SF5 b
= (1+ax’ —(1+bx g(0) Sa-8b 9 oo 0
1 10. 66: Tinh cac gidi han sau:

NX - sinx b) fim 1-cosx
) )3 x=0 Xsinx
¥, Huwéng dan giai

ik —sinx _ lim {tanx - sinx)
3 x—0 (x3)o

1an"x +1-cosx _ . (tan’x+1-cosx)’

3x? x-+0 (3x2)'

2tan x(tan® x + 1) + sinx _ lim (2tan” x + 2tanx + sinx)'
Bx . x=0 (6x)

: ? x(tan® x + 1) + 2(tan? x +17)+cosx 1

6 2




m1-cosx_"m(1—cosx)' 3

b) li = ——
x-0 xsinx  x-0 (xsinx)

g in sinx)"
= lim L = lim ( )

x-+0 §iNX + XCOSX x=0 (sinX + xcosXx)'

COS X - ¢
x+02C0SX - XSiNX 2
Bai toan 10. 57: Chirng minh:
a) Néu y = x* - x thi (x + 2y)dx — xdy = 0

by Néuy =x+ Vx2 +1 thi V1+x® dy—ydx=0
Huwéng dan giai

a) Ta co dy = (2x — 1)dx nén
(x + 2y)dx — xdy = (x + 2x° — 2x)dx — x(2x — 1)dx =0

X X aagd
20 +1 1 et
Dods: oY % +1dy-ydx=0.

dx x2 +1
Bai toan 10. §8: Chirng minh:

a) Néuy = V2x—x2 thiy’y"+1=0. -
b) Néu y = Asin(at + b) + Bcos(at + b) thi y" + a*y = 0.

b)Tacéy' = 1+

Hwéng dan giai
MRS 7.5, 1-x
a)y'= =
ofox-x2  2x-x?
2x - %% - (1=-X). Ll
2 Jax—x"' =—(2X-X2)-(1-X)z

y"_
2% - X2 @2x - x2)2x - X2

L -1

= =-——1::y°.y"=—1 = dpem.
3(2)( -xyp ¥

b) y' = aAcos(at + b) — aBsin(at + b)
y" = —aAsin(at + b) — a’Bcos(at + b).
= —a%(Asin(at + b) + Bcos(at + b)) = -a’.y.Do d6: y" + a’y = 0.
Bai toan 10. 69: Cho 2nsé a, b, i=1,2,..,n va ham sé:
f(x) = aysinbx + azsinb,x + ... + a,sinbyx thod man
l100) | < |sinx| , wx e [-1; 1].
Chirng minh: |ayb; + @b, + ... + agby| < 1.



Cty TNHH MTV DWH Hhang Vige
Hwéng dan giai

166 f(0) = 0 va f'(x) = abicosbyx + a;b,c08bX + ... + a,b,cOSbX

;_-7 '(0) = aiby + @by + ... + a,b,. Theo dinh nghta:

f(x) f(O) f(x) L f(x) sinx
£(0) = lm x-.o X :':Lo sinx’ x
- sinx

f(x) sinx < sinx
sinx  x X
r X

=0nén |1'(0)| < 1: dpem.

"';'10. 60: Cho ham sé f(x) = ax’ + bx + ¢ thod man:
b =) <1, [fO)] <1, [fx)] <1.
gng minh: | f'(x)| <4, vx e (-1;1).

oy Hwéng dan giai
co f'(x) = 2ax + bva
(-1)=a-b+c f(0)=c,f(1)=a+b+cneén
6=1(0). b= (1)~ 1-1) .3 = (1) + {=1) ~ 0
‘xthuOc[—1 1] thi |£'(x) | smax{lf(1)| [f¢=1)[}

It = Iy o - 20(0) + (1) ~1=1)|

imoi x € [-1, 1], x 2 0:

1 844
+ — [f=1)| +2 S+l 42=4
2|f( )| |f<0)|.<.2+2

10. 1: Dung dinh nghia, tinh dao ham cia m&i ham sé :
=X —5x, xo = —1 b)y=J3x+1.xo=4



Hwéng din h
f(x) - f(x,)
X =X,

a) Dung dinh nghia: f'(x;) = y'(x,) = ‘an;\o

Két qua f'(-1) =-9.
3
b) Kétquaf'd)= ——.
2J13
Bai tap 10. 2: Dung dinh nghia, tinh dao ham ctia m&i ham sb :

VoI X * b)y= V3a-x vix<3.
2x -1 2

a)y=
Huwéng dan

f(x) - f(x,)

a) Dong dinh nghta: f'(x,) = y'(x,) = lim
) Dung dinh nghta: f'(x,) = y'(X,) L1 ey

Kétquay =

= vOIi X # l
(2x - 1)° 2

b)Kétquay =
Y T

Bai tap 10. 3: Tim dao ham clia mdi ham sé sau:

voi x < 3.

1+Xx
a)y=(x-2)x"+1) b)y=
J1-x
Hwéng dan
a) ding quy tic dao ham cta mét tich. Két qua y' = 4x° - 6x° + 1.
3-x
b) Kétqua y'= ————
2J(1-x)°
Bai tap 10. 4: Tinh dao ham céc ham sb sau:
a)y= sinx + cos X b)y = sBsodty
sinx -cosx

Hwéng dén

a) diing quy tic dao ham cia mét thuong. Kétqua y' = A e
(sinx - cos x)*
b) Két qua y' = x*(3cos’x - xsin2x)

Bai tap 10. 5: Tinh vi phan clia c4c ham sb sau:

a)y=x"—-xVJx +2 b)y= Joos? 2x + 1

Hwéng din




§t qua dy = (8x” —-g-\/;)dx

ung cong thirc dao ham cia can bac 2.
N sindx
dtquady = - dx.
ap 10. 6: DUng vi phan, tinh gan ding
e '_ 1 g
3 b) Y2015
0,99 95 )
Pri’ Hwéng din
1g €Ong thirc (X + Ax) = f(xo) + f '(xo)AX

: j:;;f-; = 1,0005

1
- 10,9995

iham y = ¥x va chon x, = 13. Két qua 32015 ~ 12,6306,
ip 10. 7: Gidi phuwong trinh y' = 0 vé&i ham sé:

er’ -2x°+3 b) y= %sian +sinx-3

Hwéng dan

qué x = 0 hoac x =

(AR

QUA X =7 +k2r hodc x=+ =~ +K2nk c 7

w

8P 10. 8: Cho hypebol (H): y = x—'—2 Tiép tuyén (T) cta (H) tai diém M cb

G0 x = a 2, cét tryc hoanh Ox tai A va cét dudng thing d: x = 2 tai
ng minh M la trung diém cda AB va dién tich tam giac giéi han bdi
Iyén, Ox va d khong déi.
) Hwéng dén
dhuong trinh tiép tuyén tai diém Mo(xs; f(xo)):
(X0) (X = Xo) + f(xo).
Qua S = 2.
110. 9: Lap phuong trinh tiép tuyén chung cia 2 dé thi:
(Py):y =x"-5x+6va (Py):y=—x+5x—11.
' Hwéng din
Phuong trinh tiép tuyén chung 14 y = ax+ b rdi déng nht
qua:y = 3x - 10vay=-3x +5.
10. 10: Tinh cac tong

B 1.C2000 +2.Clggq +.. 4200102000
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b) P = 1.2"'C] +2.2"2C2 +...+n.2°C],
Hwéng dén
a) Dung dao ham cdia nhj thirc. Két qua S = 1001.2%°%°

b) Kétqua P=n.3""
Bai tap 10. 11: Tinh cac giéi han sau:
< 2 3 2
- "mJ 24+%x% —x+1 B i J1+ 2% + 231+ 3x + 3x -3
x»1 x? _—4x+3 540 5%
Hwéng din
a) Dung quy tic L'Hospital cho hai ham s f va g lién tuc trén khoang (a 1,
chira X, 6 dao ham trén (a ;b) \ {xo} va c6 f(xg) =g(xo) = 0.

Néu tim SO i im T Kétqua - 2.
x=xg 9'(X) x-+xg g(X) 3
b) Két qua 3/5.
Bai tap 10. 12: LAp c6ng thirc dao ham cép n clia ham sé:
13x +1

&) ¥ s b)y = sin’x — 2014x + 3
™ e )y
Hwéng dén
n W n AN
a)Kétquay-_z_- __3_: n = 2-("1)-3"ﬂ|+3( 1).2.n!.
il @+ (2x-1)™

by = s|n2x - 2014,
Kétqua y" = 2" sin(2x + (n— 1)%).



wén ac 1: DINH U LAGRANGE VA
~ TiINH DON DI€U, CUC TRI, LOI LOM

[«

\ THUC TRONG TAM
 Ii Lagrange: 4
f1a mot ham lién tuc trén [a; b), cb
- ham trén (a; b).

L d6 ton tai ¢ < (a,b) aé:

(b) - f(a) = (b - a)f'(c)

"f(a) =f'(C) 0
a

Z .
@
e sonsieden
]
p—]
»”
~
y

o |ecea
(2]
o,
”

D-

3 Iy Rolle: Cho f1a mot ham lién tyc trén [a; b], c6 dao ham trén (a; b)
'.-’j #(b). Luc d6 ton tai c & (a; b) dé f'(c) = 0.

1 Cauchy: Cho fva g I3 hai ham lién tuc trén [a, b], cé dao ham trén
) va g'(x) » 0 taimix  (a; b) .

b) @& f(b) - f(a) g f'(c) .
B O ® e o)

k.

=0 v6i moi x & (a; b) thi ham s f = C khong ddi trén (a; b
don diéu:
xac dinh trén K la mét khodng, doan hoac nira khoang.
2N trén K néu véi moi x,, x; € K: X, <X = f(x;) < f(x)
Bhbién trén K néu voi moi x;, x; € K: x; <%= f(xy) > (o).
80 ham s6 co dao ham trén khoang (a; b) khi do:
1am 6 f déng bién trén (a; b) thi f (x) 2 0, v x & (a; b)
ham s6 f nghich bién trén (a; b thi f'(x) < 0, v x & (a: b).
H(x) 2 0 v6i moi x € (a; b) va f'(x) = O chi tai mot 6 hivu han diém cia
) thi ham s6 déng bién trén khodng (a; b).
{X) < 0 v&i moi x e (a; b) va f'(x) = O chi tai mdt sé hiru han diém cia
ithi ham sé nghich bién trén khodng (a; b).
B6,thém ham s6 f fién tyc irén [a; b; trén (a; b, trén [a; bj thi ham sé f déng
Nghich bién tuong tmg trén (a; b); trén (a; b; trén [a; b,
i ham sé
8m sé f xac dinh trén D. Diém x, ¢ D duoc goi 1a mot diém cyre dai
Neu ton tai mot khodng (a; b) = D chura diém X, sao cho f(x) < f(xo)
OiX & (a; b) \ {x.}. ;
19 tr diém curc tidu x,: f(x) > f(x,) véi moi x € (a; b) \ {xo).



- Bb dé Fermat: Gia sir ham sb c6 dao ham trén (a;b). Néu f dat cuc trj 1/
diém x, € (a;b) thi f'(x;) =0.
Cho y = f(x) lién tuc trén khodng (aib) chira Xo, c¢d dao ham trén cac khoa‘n
(a:Xo) V& (Xo:D): 4
Néu f '(x) dbi dAu tir am sang duong thi f dat cuc tiéu tai xo
Néu f'(x) dbi dau tir dwong sang am thi f dat cyre dai tai x, .
Cho y = f(x) c6 dao ham cAp hai trén khodng (a;b) chia xo
Néu f'(xo) = 0 va f "(xo) > O thi f dat cuc tiéu tai X
Néu f ‘(o) = 0 va f"(x) < 0 thi f dat cyrc dai tai Xo
Tung d6 cuc tri y = f(x) tai x = xo ngoai pheép thé yo = f(Xe), v&i ham da thy.
y = f(x) = Q). F/(x) + () = yo = rlxc), v& ham horu i y = f(x) = % thiy,
2 uxg) _ u'lxg)

v(x,) vi(x;)
Dac biet: Voi ham bac 3 ¢6 CD, CT va néu y = q(x). ¥ + r(x) thi phuong
trinh dudng thing qua CB, CT la y = r(x).
Tinh 18i 16m cua db thj :
Ham sé f xac dinh trén K 1a mét khodng, doan hodc nira khoang.
f goi 1a 16m trén K néu va,f,a + B = 1: fax + By) < af(x) + Bi(y), vx,y 20

f goi la 18i trén K néu v, B, + B = 1: f(ax + By) = af(x) + Bi(y), vx,y = 0.

YA

Y4
o (€)= fix)
. : ’ .
0O B b % O a b »

Cho ham sb y = f(x) lién tuc va c6 dao ham cép 2 trén K

flomtrénK < f"(x) 2 0, vxe K

fitren K < f"(x) < 0, ¥xeK _
Bidm ubn U 14 diém ngan cach phan 18i va phn 16m. Mot bén tiép tuyen
didm U ndm phia trén db thi con & bén kia thi tiép tuyén ndm phia duo’ 0%
thi. Didm ubn (xo :yo) khi dao ham cép 2 déi dau qua xo.

Néu f 181 trén doan [a,b] thi GTLN = max{f(a); f(b)} va néu f I8m trén 4%
[a,b] thi GTNN = min{f(a); f(b)}.

320



TOAN

41. 1: Tim sé c trong dinh Iy Lagrang :

f(x) =x— X" trén [~1; 3] b) y=f(x)=Jx’-xtren(1;51.
’ Hwéng dén giai

sby = f(x) = x - x" lién tyc trén [ -1, 3] va c6 dao ham

= 1- 3%° , theo dinh ly Lagrang thi tbn tai sé ¢ e [-1;3] sao cho

._ A*
} =1-3¢?

ac? = 2=Z =Jz
g“=-6<c 3.Ch¢nc 3"

36 y = 1(x) = Vx? - x_lién tuc trén [1; 5] va c6 dao ham

.“r 4 -1
i I du f khéng lién tuc.

Hwéng din giai
b -2, -1 <x<0
2x 0 <x<2
7 f(2) - 1(1)
rong =f'e
y trinh ——=< = =
Sc<0thl 1=-2:|oai

(€)= 1=f'(c)

Sc<2thl 1=2c c=%:chon.

X + sinx. tan > =1, vx X 8
 Amhadr = 4)



_WWW
Hwéng dan giai 3
a) Xét f(x) = sin’x + cos’x, D =R.
f '(x) = 2sinxcosx — 2cosxsinx = 0, VX.
Do d6 f(x) la ham hang trén R nén f(x) = f(0) = 1.

X nT =n
b) Xét f(x) = cosx + sinx . tan=, D= (==, —).
) (x) 5 ( 2 4)
f'(x) =—sinx+cosxtani + sinx =—A3.inx+<>o‘s.x.tan5 +tan£.
2 X 2 2
2cos 5

X
= —sinx + tan 3‘2- (1 + cosx) = -sinx + tan% cos’

= —sinx + sinx = 0 v&i moi X € (—%; %) »

n

Suy ra rang f 1a mot ham hang trén khodng (—%; 2

g

Do d6 f(x) = f(0) = 1 v&i moi x & (-%; 2

Bai toan 11. 4: Chirng minh rang:

% T
a) arcsinx +arccosx = =, Ix|<1

b) arctanx +arccotx = — ,x € R

N A

Hwéng dén giai
a) Néux =1, x=-1thi dung.
Néu —1 < x < 1 thi xét ham sé f(x) = arcsinx + arccosx

1A =i
Vi-@  Vi-x2
b) Xét ham sé f(x) = arctanx + arccotx, D =R
1 -1

+
14x2 1+x

Bai toan 11. 5: Chirng minh réng:

- = _1. =
=0 = ) =C=f(z)

Y(x) = L
= tix)= s

=0 = f(x)=C=f(0)=

= f'(x)=

2

N =

a) arctanlil—arctanx =3,x <1.
1-x 4

Cz.. =nx21
14 x°

b) 2arctanx + arcsin




Hwéng dan giai

<1, xét f(x) = arctanu —arctanx
. 1+ x. -22
-.,/. M swil B 50 ) e
‘(X) 1+X 14 %2 1+ X0 14+ %2
( ) H(—)
1-x
- gt Al ko

1452« 1+ %2

faf(x)=C=0)=2-0=

i
2

= 1, xét f(x) = 2arctanx + aalrcsin1 £X
X 4
(2x ! 2~ 2X2
f ): 2 + 1+X2 (1+X2)2
B 1ex? \/ 2% 1o 1+x2 \/
=
. 14 %2 1+x2
. =L—L—O (vix 2 1)
1+4x% 14x2

- TRy e

11. 6: Xac dinh ham sé f(x) thod man:

f(0) =8 va Fx).f'(x)=1-2x (*).
Hwéng dan giai

Yo 1 S (P00 =1-2x &5 () = 3-6x.

g(x) £(x) = 3x + 3¢ thi g'(x) = (F(x))' ~ 3 + Bx = 0.
X) = C: héng sé trén D, do d6:
3X+ 3% =C = F(x) =32 + 3x + C.

)= Y3 +3x+C. Vif(0) =8 = C = 64.
0= Y-3x% + 3x + 64 _ thir lai ddng.

11, 7: Xét sy bién thién ctia ham sé:
X"~ 257+ x + 1 b)y=x'+8¢+9

A Hwéng dén giai
Tacoy =3x - dx + 1



Choy’=0c>3x’—4x*1=0ox=%hoécx=1.

BBT X |- 1/3 1 +o0
y' + 0% == 0 +

Vay ham s ddng bién trén méi khodng (—; %) va (1; +), nghich bién 1

> 1
khoang (—; 1).
9(3 )

B)D=R. Tacoy =4x> + 16x = 4x(x’ +4),y' =0 = x=0.

y > 0 trén khodng (0; +0) = y ddng bién trén khodng (0; +)
y < 0 trén khodng (—c; 0) = y nghich bién trén khodng (~=; 0).

Bai toan 11. 8: Xét su bién thién ctia ham sé:

x2 -2x+3

3 L
= s b =
2y x*x )y X+1
Hwéng dan giai
a) Tap xac dinh D = R\ {0}.
2
Tacoy =1 __3?=x ;3 Y =0esx= 43,
X X
BBT: X oo -3 0 B3+ o
y' i G . - 0 +

Vay ham sb ddng bién trén khodng (—c; —V3) va (v/3; +w), nghich b

trén m&i khoang (-v/3; 0) va (0; V3).

b) D =R\ {-1).
Tacoy = —

x2-2x-5

(x + 1)

Vay ham sé nghich bién trén mdi khodng mdi khodng xac dinh.

Bai toan 11. 9: Tim khodng don diéu ctia ham sb
a)y= Vx(x=3)

a) D = [0; +x). V&i x> 0, ta co:

wil e o faa BROD o

b)y= %x—%z
Hwéng dén giai
De>x=

<Ovéimoix=-1(viA'=1-5<0).




De> Vx° > 1< x*> 1 hodic x <-1hodcx> 1.

} W<1ax’<1¢-—1<x<1v&xso.

'-“ 86 ddng bién trén cac khodng (—=; —1) va (1; +), nghich bién trén
dng (-1; 1).
111. 10: Xét sy bién thién cia ham sé:

By + sink b) y = x + 2cosx trén (0; ).

Huwéng dén giai

m 56 adng bidn trén khodng (% %’5). nghich bién trén mi khodng

11, 11: Chirng minh cac ham sé

¢ "'; ¥ \/x"’ +1-x nghich bién trén R.

)= 2x — cosx + V3 sinx dbng bién trén R.
A Huwéng dan giai

-~



— TUTronNg orem boT QuorTy VG ST QIOT T TOXNT TT =& TNowirne = =~ =~ 3
Vi V2 +1> 5% = [ x| 2 x vxnénf'(x) <0, vx do 6 ham sé f nghich ;

trén R.
b)y' =2 + sinx— /3 cosx = 2(1 + %sinx & —‘?cosx).

= 2[1 + sin(x — %)] > 0, v&i moi X.

Vay ham sé ddng bién trén R.
Bai toan 11. 12: Tim céc gia tri clia tham sé dé ham sb:

a) f(x) = -;-x3 + ax’ + 4x + 3 dbng bién trén R.

b) f(x) = mx — x° nghich bién trén R.
Hwéng dén giai
a)f'(x)=x*+2ax+4,A=a’-4
- Néua’-4 <0hay-2<a<2thif'(x) >0 véi moi x € R nén ham sé ding
bién trén R _
- Néua=2 thl f'(x) = (x + 2)* > 0 v&i moi x # =2 nén ham sb ddng bién trén R~
- Néu a =-2 thi ham s6 f'(x) = (x - 2)* > 0 v&i moi x # 2 nén ham s6 ding
bién trén R '
~ Néu a < -2 hoac a > 2 thi f '(x) = 0 c6 hai nghiém phan biét nén f ' cd ddf
dau: loai.
Vay ham sé ddng bién trén R khi va chikhi-2 <a<2.
b)y'=m=- 3%
-~ Néum<O0thiy <0 véimoixe R nén f nghich bién trén R
- Néum =0thiy =-3x" < 0 véi mgi x € R, déng thirc chi xay ra voi x =0

nén ham sé nghich bién trén R.
- Néum>0thiy‘=0¢x=t\/§
BBT X |—» X1 Xz +o0
y =) g BT | e

y - b /\b

Do d6 ham sb déng bién trén khodng (xy; x2): loai
Vay ham sé nghich bién trén R khi va chi khim < 0.
Bai toan 11. 13: Tim m dé ham sé déng bién trén mdi khoang xac dinh:
2
(Bm-Nx-m* +m b)y= x+2+_1_
X+m -1

a)y=

e YV



Hwéng dén giai
2\ {-m}. Ta co:

‘-+vm)(3m— 0)-[@m-x-m?+m] _4m? -2m

(x +m)? (x +m)?
86 ddng bién trén méi khodng xac dinh <> 4m? - 2m > 0
: 1
3 2.
< (0 hodacm >
1- véi moi x = 1.

X2 -2x+1-m

.'__-f iy'=
oy —

T = 1=+/m 1 1+dm 4w

86 nghich bién trén mdi khoang (1 - Jm ; 1) va (1; 1 + Vm ): loai.
am sb ddng bién trén m3i khodng xac dinh clia né khi va chi khim < 0.
0 11. 14: Tim a dé ham sé:

=x"—ax’ + x + 7 nghich bién trén khodng (1; 2)

e %(1 + 2cosa)X’ + 2xcosa + 1, a e (0; 2x) ddng bién trén

Hwéng dan giai

SO nghich bién trén khoang (1; 2) khi va

Yy <0 véimoix e (1,2) \
> |
(=<0 4-2a<0 13

= < 2

/

-lpl

~a
13-4a<0 B



Viy' > 0 & ngoai khoéng nghiém nén ham sé dbng blén véi moi x > 1 kh
chi khi 2cosa < 1 <> cosa < 1 —sas§£
2 3 3
Bai toan 11. 16: Tim m @& ham sb y = x* + 3x” + mx + m chi nghich bié, |,
mét doan c6 d6 dai bang 3.
Hwéng dan giai
D=R,y =3 +6x+m,A'=9-3m
X6t A'<0thiy 2 0, ¥x : Ham lubn ddng bién (loai)

XétA'>0 <> m<0thiy =0 co 2 nghidm X, Xz NEN X + X2 = -2, Xyx, = 1
3
BBT:

X |—0 X4 X2 +wo

y' ¥ 0o =SNG e

3 PRl T

Theo & bai: x; — X, = 3 & (X —X;)* =9 & X7 +X; —2xX, =9

@(x;*’x,)z - 4% =9 & 4~%m=9c¢ m= -%(thoé)
Bai toan 11. 16: Tuy theo tham sé m, xét sy bién thién cia ham s
y= %x’-me"PQx-m

Hwéng dan giai
D=R.Tacly =x'—4mx+9; A'=4m’-9

L NéuA‘sOcMm’ch:lmls%ﬂwiy‘zO,VxnénhémsédbngbiéntrénRL
- NéuA'>04m’>9
& [ml 2 g thi y' = 0 c6 2 nghiém phan biét x,.; = 2m +4m? -9 . L&

bang bién thidn thi ham ddng bién trén khoding (2m ~ V4n? 9; 2m +/am’ -

va nghich bién trén m&i khodng (—o; 2m — Jam? -9), @2m + Jam? -9, +)
Bai toan 11. 17: Tim cuec tri clia cac ham sé sau:

a) f(x) = —x 3423+ 3x—1 byy=x*-56x°+4

Hwoéng dén giai
a)D=R.Tacof'(x)=x*+4x+3

f')=0¢ X*+4x+3=0c>x=-3hodcx=~-1.



+o0

1
—0 il Ean —7/3/'

s6 dat cuc dai tai diém x = -3, f(=3) = —1 va dat cyc tiéu tai

-»a-71,f(-1)=—§.

R Tacoy =4x’ - 10x = 2x(2x* - 5)
10> x =0 hodic x = :t\/g Ly = 12xt = 10.

b, [ng] =20 >0, y"(0) = ~10 < 0 nén ham sé dat cyc dai tai x = y,

1= (x + 2)° (x = 3% b)y = |x*+3x—4|
| Hwéng ddn giai

2(x + 2)(x - 3)° + 3(x + 2)° (x-3)% = 5x(x + 2)(x — 3)°

0 =0¢e>x=-2hoacx=0hodcx=3.

X |=o =] 0 3 +0
y' i s e iy Py

+oo
1 -oo/o\‘-wa/

fiém cyc dai (~2; 0) va cyc tiéu (0; —108).
x*+8x-4 , xs-4hayx 21
© [ -8x+4, -4<x<1

J2X+3 x<-4 hay x>1
;‘—2)(-3. -4 <x<1

3 B | 4 312 1 +o0
y' = + 10 - +
'y cb

el T



Bai toan 11. 19: Tim cue trj clia ham sé

_x*-2x+3 - 2x+1
ay= e b) y ==
Hwéng dén giai
2 —
a)D=R\{-1}. Tacoy =X F2%"5 vopesx=-1+/6
(x+1°
BBT x [ ~1=+/6 =1 qsf§ A
y' +. .0 = 0 +

y —4-2.J/6 s 8
Na
_/ s 2JZ_/
Vay diém CB(-1~ J6: -4 -2+/6), CT(=1+ J6:2/6 - 4).
11
(x-5)°

tirng khodng xac dinh, do dé khdng c6 curc tri.
Bai toan 11. 20: Tim cuec trj clia cac ham s sau:

a)y= xv4 - x b)y= Vx* -2x+5
Hwéng dén giai
a)Diéu kién -2 <x <2 V&I -2 <x < 2 thi

. —2(x? -
Y- ex XU 8 yapox=12

b)D=R\{5). Tacoy = < 0, ¥x # 5 nén ham sé nghich bién tren

Ja-d  Jaoy?
BEF 4 gt Hiaplinla o gub o Do
y sl 1o S LR
Vay ham sb dat cuc daitai x =v2, yeo = 2 va dat curc tidu tai x = -2 , yer =2
B)D=R.Tacoy = ——2—' _ y'=0ex=1.
x° -2x+5
BET X |—0 1 +20
y T L
y +o0 +0
\2/7

Vay ham sé dat CT(1; 2)

ke T a)



11. 21: Tim cyec trj cla ham sé:
. byy = I (x-5)
k . xz -6

. Huwéng dan giai

¢ dinh D = (~0; —V6) U (V6 ; +)

: 4

’ 2—6- X

. ;;xz -6 _3x*(x* -6)-x* _2x°(x*-9)

X -6 Vo -6 JxE -8)°

<> x =0 hoac x = +3.

n 56 dat cuc daitai x = -3 va ng=-9\/5. dat cyc tiéu tai x = 3 va

3.

ey

Vi x =0 thiy' = 32  2X-5)_S(x-2)
« ! W ol
X = 2. Bang bién thién
L X |—o0 0 2 +o0

|’ y +T AU
0 +0
- /' \_3{/3/'

im s6 dat cuc dai tai x = 0, ycp = 0
va dat cyc tidu tai x = 2, yor = -3 Y4 .
111. 22: Tim cuec tri cia ham sé
X~ sin2x + 2 b) y = 3 — 2cosx — cos2x.

Hwéng dan gidi

Y = 1-2cos2x
& cosox = % ax=i§ +kn, K € Z: y" = dsin2x.



Taco y'(-g + kn) = 4sin(—%) =—23 <0 nén ham sé dat cuc dai taj g,

J3

n n
=-" +km. ke Z ==L dkp+2= + 2.
8 ¥ 6 2

Tacéy"(—g +kx)=4sin§ = 24/3 > 0 nén ham sb dat cyc tidu tai cac q¢

x= = +kn, ke Z yor= — +kn—i§- +2
6 2
b) y' = 2sinx + 2sin2x = 2sinx(1 + 2cosx):
sinx=0 on
y=0& {e>x=knhodcx=4+—+2kn ke Z
cosx:—E 3

y" = 2cosx + 4cos2x

Ta ¢6 y"(kn) = 2coskn + 4cos2kn = 2coskn + 4 > 0, voi moi k € Z, nén hap
s da cho dat cyc tidu tai cac diém x = kr, ycr = 2 — 2coskn bang 0 khi g
chén va béng 4 khik 1é.

Tacby"(+ ot 2kn) = 2 cos 2?ﬁwcosia—:ecos%-d < 0 nén ham
R L R 9
dat cuc dai tai diém: x = :t-?* 2kn, ke Z, yeo = =

Bai toan 11. 23: Chirng minh ring ham s6 ludn lubn cb cyc dal va cyc tiéu vol
tham s :
a)y=x+ax*-(1+b)x+a+4b-ab

X2 +(Mm+2x+m’+2

b)y=
X +m

Huwéng dan gial
a)D=R.Tacoy =3x"+2ax-1-b’
A'=a% + 3(a + b%) > 0, Va, Yb nén y' = 0 [udn ludn c6 2 nghiém phan biét X!
X,. Bang bién thién:

X |- X1 X2 +o0
y' =) - 0 "

Y /CD \ s /,+oo

vay ham s luon ludn c6 mot cyec dai va mdt cyc tiéu.

- -~
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x2 +2mx +2m-2
(x +m)?

\{~m}. Taco y' =

airc g(x) €6 A'=m*—2m + 2 >0, ¥m va g(-m) = -m”+ 2m —2 2 0, ¥m nén
5n c6 hai nghiém phan biét khac —m. Vlyaéldéuhailénkhxquaz
i, vay ham sb udn lun c6 cuc dai va cuc tiéu.

1. 24.Tlmthams¢déhamsé

‘"",_ m? + 5m)x’ + 6mx° + 6x — 5 dat cyc dai tai x = 1,

“4(1-m)x-2
3 X+m

dat cyc tidu tai x = 0.

. Hwéng dén giai
2. Tacoy =-3(m*+ 5m)x’ + 12mx + 6
ham sd dat cure dai tai x = 1 thiy'(1) =0
- -3m*-3m+6=0em=1hodcm=-2,
by =—6(m? + 5m)x + 12m
n=1thiy"=-36x+ 12 nén y"(1) =-24 < 0, ham sb dat cyrc dai tai x = 1.
fim =2 thi y" = 36x — 24 nén y"(1) = 12 > 0, ham sb dat cyc tiéu tai x = 1
, Vay gia tri can timm = 1,
¥ +2mx-m? +m+2

A\ {-m}. Tacoy =
. - (x+m)2
18m s6 dat cyc tiéu tai x = 0 thi y'(0) =0
f+m+2=0=m=-1hodcm=2.
x +2x-2 1 1

=X+3+——=2y'=1-
x-1 x-1 (x-1)?

.jf— =1thiy

y'= (_2? = y'(0) =-2 < 0= x = 0 la @idm cyc Gai ciia ham sé: loai.

. BA-d L
‘2m|y="x—:‘2—2=x-a+x4 AR,

+2 (x+2)?

8
(x +2)°
id trj can tim m = 2.
N 11. 25: Tim céc tham sé dé dé thj ham sé
) = ax’ + bx’ + cx + d sao cho ham sé f dat cuyc tidu tai diém
: 1(0) = 0 va dat cyc dai tai diém x =1, f(1) = 1.
X) = mx’ + 3mx* — (m — 1)x— 1 khong c6 cyec tri.
' . Hwéng dan giai
L f'(x) = 3ax® + 2bx + ¢. Vi f(0) = 0 nén d = 0. Ham sé dat cuyec tiéu tai
IX=0nénf'(0)=0dodéc=0.

o ‘ =

,¥"(0) =1>0nén x =0 la diém cyc tidu clia ham sb.

prp—



10 lrpng diém bol auong NYC ST JIoT moni 1odr TT = Le o rie
Vif(1) = 1 nén a + b= 1. Ham sé dat cyc dai tai diém x = 1 nén
f'(1)=0dod6d63a+2b=0,

a+b=1 {a=-2

3a+20=0  |b=-3
Thir lai: f(x) = —2x° + 3%, f'(x) = —6x° + 6x, f"(x) = —12x + 6.
f*(0) = 6 > 0. Ham sé dat cyc tidu tai diém x = 0: thod man.
f"(1) = —6 < 0. Ham sé dat cyc dai tai diém x = 1: thod mén.
Vaya=-2,b=-3vac=0.
b) Ta xét cac trudng hop sau:
Khi m = 0 thi y = x — 1 nén ham s8 khéng c6 cuc trj
Khim = 0 thi y' = 3mx’ + 6mx—m + 1
Ham sé nay khong co cue tri khi va chi khi phuong trinh y' = 0 khéng ¢4
nghiém hoac cé nghiém kép, tirc la:

Ta c6 hé phuong trinh {

A'50c39m2+3m(m—1)=12m2-3m50¢05ms%

Vay didu kién cantimla0sm < %

Bai todn 11. 26: Tim cc tham sé a& db thi hémséy=f(x)=%x2+ %axzun

2 2

¢6 2 cyc trj va hoanh do 2 diém cuc trj ca ham s6 6 thod man %+52— >7
g =%

Huwéng dan giai

D=R.Tacoy =x'+ax+1.

Vi y' 1a ham sb bac hai nén ham s6 ¢o 2 cuc tri khi va chi khi y'(x) =0 co hal

nghiém phan biét <> A >0 a°-4>0¢>a<-2hodca>2.

Goi x; va x; |a hai nghiém cua y'(x) = 0 thi

S=x;+x;=-a,P=xx=1.

e w X, %o i X +x2 i
Tacé:—2—+—>7 ol L+2| ~2>T7Ts|—=| >9
- S X, X XXy

2
2_
¢:>[S PZP] >0 (a’-22>9<a*>5

Chongiatria<-— Jg hoaca> Jg
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B 11. 27: Cho d thi ctia ham sé:

y = (3a° = 1)x° = (b® + 1)x* + 3¢’ + 4d co hai diém cuc tri 1 M(1; =7),
5. —8). Hay tinh tdng T =a+b? + ¢ + &

2 Hwéng dan giai
tA=3a’-1 B=~b’+1),C=3c% D=4d, thi ham sé da cho |a:
b y=AX + Bx? + Cx +D.
2 c0: y' = 3AX° + 2Bx + C . Theo gia thiét thi
(1) 3A+2B+C=0 A=2
12A+48+C=0 _ |B=-9
A+B+C+D=-7 C=12
8A+4B+2CD=-8 |D=-12
a=+1,b=2c=42 d=-3.
a’+biectrd=12422422+ 3%= 18,
1. 28: Viét phuong trinh duong thing di qua diém cyc dai, cyre tidu
thi: y = x* + 3mx® + 3(m? - 1)x + m° — 3m.
Hwéng din giai

+ 6mx + 3(m° - 1), A'= 1 > 0, ¥x nén &b thj ludn ludn c6 CB va CT
nh do x., X3.

y(x) chia cho y'(x) ta c6: y(x) = (-%x - g) y'(x) = 2(x + m).

‘ = y(xl) ez (% X, + %J Y'(X1) - 2(’(1 +m)= —2()(1 +m)

{ ' 1
Y2 = y(xz) = (5 X, + %J y'(%2) = 2(xz + m) = =2(x, + m)
dudng thing qua CP, CT lay = —2(x + m).
¢ 2
n 11. 29: Cho ham sd y = "—‘;‘”‘1—”‘ trong @6 p 0, p + q? = 1. Tim céc
' X2+
P, g a0 cho khoang cach gita hai didm cyc tri la 10 .
) Huwéng dan gidi
- = (2x+p)(x% +1) - 2x(x® + px + q) _pX° -2(q-x+p
- (x* +1)° x* +1?
L kign aé db thj co hai diém cyc trj x,, x; la phuong trinh sau c6 hai
&m phan biét: px” + 2(q— 1)x—-p=0
O p20=(q-1)°+p*>0:dungvip=0.
-2(q-1)

k -'t x' + xz = ,X,.xz = -1




Khodng c¢ach gitra hai Giém cuce tri d:

2 2
2%, + 2X, +
d2=(x‘_x2)2+( 1 p_ 2 p) =(x1_x2)2+[i--_e_J
2

2x, 2x, 2x, 2x

2
= (% - x2)2[1+ 4:2,(2 } =((q" 1) +Pz)(1+p;iz)

172
4
1-q°
&g’ +4q° -5q=0<>q(q° +4q-5)=0
Chonnghiémq=0nénp=+ 1. Vayp=% 1,q=0.

Nén 10 =((q—1)2+1-q2)(1+ )

2
Bai toan 11. 30: Cho ham sby = - - 3x -% c6 @b thi (C). Chimg minh ring

2
ham sé c6 ba diém cure tri phan biét A, B, C. Tinh dién tich tam giac ABC
Hwéng dén giai
1 X -3x°+1

Tach y=x-3+ =
X X
y=0ox-3¢+1=0
Dat f(x) = x° — 3 + 1 thi f(=1) = =3, {(0) = 1, f(1) = =1, {3) = 1 nén theo tinh
chét ham lién tuc, phirong trinh y' = 0 ¢6 3 nghiém Xa, Xa, Xc théa man diéu
kién =1 < x5 <0 <xg<1<xg<3. Tirddsuyradpcm.
Dién tich tam gidc ABC:

2

1
s | [xa = X8)(Ya = Yc) = (Xa = Xc)(¥a— ya) |
Theo dinh Ii Viete, ta co:
Xa + Xg + Xc = 3, XaXg + XgXe + XcXa = 0 va Xaxgxe = 1

X2 - x2 1
nén ya-ys= —* E’—3(xA—xg)~(—-—1—)

2 Xy, Xg

X+ 0hb

= (XA-XB)[ 2 3xAxB]=-%(xA-xg)(xc+1)

Tuong tw ya—yec = ‘%(XA - Xc)(xg *+ 1).

TrdésuyraS= ?T-’

Bai toan 11. 31: Tim khodng 18i , 16m va diém ubn cla @b thj :
a)y=x" +6x° —4x+1 b)y=3x"-56x"+3x-2 .

-~



Hwéng din giai
by =3 + 12x 4, y" = 6x + 12

e 1 1 : 1
& " >—— y'< X<——,y"=0 B -,
;; >0 & X > y' <0 < 5 y & X >

3 thi 1i trén khoang (~o ; -% ) 16m trén khoding (= ; +2 ) va cs
Bai- - 35
jubn (3 : -3)

' = 15x" — 206" + 3, y" = 60x° — 60x° = 60X? (x —1)
>0 & x> 1,y'<0 < x<1,x# 0,
va déi dau khix =1,

wb) y=v54+x°
Hwéng dan giai

.-1 " _2

- yy = 20
“ ad0-x7 8(1- x)Y(1- x)?

z g Y= o > 0,vx
V5432 (54x)WE4x2
thi I6m trén R

X%+ 4x-1
byy=——m— .,
)y o
Hwéng dan giai

0 6
e 40
(2-3x)? (2-3x)°

-~



R R I T B B N I it e e

Do déy" >0 = x < %,y'<0@x>—§-.

Vay db thj 13i trén khodng (%; +o0 ), 16m trén khodng ( — ;% ) va khéng

diém uén.
b) Diéu kién x = 2
Tacé y:."i‘.‘%’.; "=——2—2——3a0
(x-2) (x-2)

Dodoy >0 < x< 2,y"'<0 > x>2.
Vay db thi 18i trén khodng (2; += ), 16m trén khoang ( —<:2 ) va khong
diém ubn.
Bai toan 11. 34: Chirng minh db thj:
a)y= =5x* = 6x%+ 13 luén ludn 1di
b) y = x arctan x luén luén [5m.
Huwéng dan giai
a)D=R.Taco y'=-20x"-12x,
y" = —60x% — 12 < 0 v&i moi x nén dd thj y = — 5x* —6x" + 13 ludn ludn 1o

b)D=R.Tacé y'=arctanx + >
1+X

y.=‘1 +1+x2-—2x’= o 1=t o i
1ex® (14327 14 (14X (147
nén dd thj y = x arctan x luén ludn 16m.
Bai toan 11. 35: Tim tham sb dé db thj :
a)y = f(x) = x* — ax* + x +b nhan I(1; 1) lam diém udn.
b y = f(x) = x* —mx? +3 c6 2 diém ubn.

Hwéng dan giai
~a)D=R. Tacoy' =3x"—2ax+1,y" =6x-2a

>0,vx

Dodéy" =0 < x=%

I(4: 1) 12 @im ubn & {"”” c:>{8=3

=0 |b=2
b)D=R. Tachy'=4x’—2mx,y" = 12 -2m

Dodoy =0 « x’='—2—.

D thi c6 2 diém ubn o-';l>o o m>0.

1Tl0
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111. 36: Chirng minh rang véi a € R, db thi ham sé

- x+a
X x+1

lubn c6 ba diém udn thdng hang.
Hwéng dén giai

‘(;2+x+1)—(x+a)(2x+1)=_x"’+2&x+a—1
' (X2 +x+1° (x*+x+1°
" 2(x® + 3ax + 3(a- x—1)
A

20X +3ax + 3@-1)x-1=0
X)=x"+3ax’ +3@@-1)x—-1,xeR
(0)=~1<0,f(-1)=1>0

WA

X) =, lim f(x) =+ va dbng thoi ham sé nay lién tuc tén tap sé

phuong trinh f(x) = 0 ¢6 ba nghiém phén biét thudc céc khodng
1), (=1, 0), (0; +x)
‘hoanh d6 cliia mt trong cac diém uén Ia x, nén

X3 +3ax} + 3a-1x, -1=0

*’51 Saxg +3ax, +3a-1= 3x, +3a

38— 1)(x] +x+ 1) =3(x; + a)
0

Xota _ (% +3a-M0G+x,+1) X, +3a-1
X3 + X, +1 (x5 + Xy +1) 3

ic diém ubn clia d thj thudc duong thang y = -’-‘—1—?—-1 nén ching

3

YEN TAP
12 Tim s6 ¢ trong dinh Iy Lagrang :
X) = 2x" + x4 trén[-1: 2]

(%) = % trén [2; 5].
Hwéng dan
¥ong trinh fib) - f(a) = (b - a)f'(c). Két qua ¢ =

/
=10

|-



Bai tap 11. 2: Ching minh rang:

a) arctan 1sX
1+ X

n
+arctanx=—-4—.x >-1.

b) 2arctanx + arcsin 2’(2 =-nX<-1
1+x

Hwéng din
a) Ham sé f(x) cia VT co dao ham bang 0 nén f(x) = f(0).
b) Ham sb f(x) cia VT cé dao ham bang 0 nén f(x) = f(=1).
Bai tap 11. 3: Tim cac khoang don diéu clia ham sé:

x-2 2%
MY s
Hwéng dan
a) Tinh dao ham va xét dau.
K&t qua abng bién trén (2 — V7 ; 2 + V7 ) va nghich bién trén (< 2 -
(2 + J7 +x).
b) Két qua nghich bién trén céac khodng (—=; -3), (=3, 3). (3; +=)
Bai tap 11. 4: Tim khodng don diéu clia ham sb
x* X+1
a)y= —\]ﬁ b)y e
Hwéng dan

a) Két qua ddng bién trén (—=; -3), (3; +), nghich bién trén (-3; V6 ), (V6 3
b) Két qua ddng bién trén khodng (—=: 1).
Bai tap 11. 5: Cho ham b a, b thod mén b # a + kr, k & Z . Chirng minh harl
sin(x + a) .
= ———— don trén tr xac dinh.
4 sin(x + b) Ao Faihatng "
Hwéng dén

= SN0 -2) 4 1 thirc khong dbi déu trén timg khoding xéc din'
sin“(x+Db)
Bai tap 11. 6: Chirng minh ham sb sau khéng c6 dao ham tai x = X nhund
cuce tri tai diém do.
a) f(x) = |x* — 2015x+ 2014 | + 2016 véi xo = 2014

-2x khix<0
b) f(x) = vOix; = 0.
H6) sin% khix =0 e
Hwéng dan
a) Diing dinh ngha tinh dao ham. Két qua CT (2014; 2016).




'j-; - (0:0)
. 7: Tim céc tham s6 thuc sao cho ham sé

e = x+p+ —J - dat cyc dai tai 0iém A(-2; -2).
(x =

‘ 1 1 y T
2 sinx + — sin3x datCb taix= —
inx + = vl

» Hwéng dan
, u kién can la f'(-2) = 0. Két qua p=q=1

kiencénlaf(— )=0,Kétqud a=2.

, : Cho ham sb 1y = (x+a)® + (x+b)* = x°

‘diéu kién a, b d& ham sé cé 2 cuc tri

ing minh phuong trinh y = 0 khéng thé c6 3 nghiém phén biét .
' Hwéng din

@ ab>0.

) hop khéng co6 cuye trj va con truéng ¢ cure tri thi ta chirng minh
B2 0.

’9 Tim diéu kién cé CB, CT va lap phuong trinh dudng thdng qua
[ clia 8 thjy = x* = 2x° + mx = 1,

Hwéng dan

| ...iy.!_ 3 g_ y=6n’19+8x+2n‘\9--9

10: Chirng minh trong tt ca tiép tuyén cta @b thj :

.,_‘; +12x% — 4x +7 thi tiép tuyén tai diém ubn co hé sé goc Ion nhat.

\rong trinh tiép tuyén do.

Hwéng dén

6¢ clia tiép tuyén 1a gia trj dao ham tai diém do.

a tim GTLN.

y 140x — 569.

1. 11: Ching minh dé thj sau co khodng 16i va khodng I6m nhung
6 diém ubn :

X + 1
5 - 3x

5x° -3x+1
i 7x-2
Hwéng dédn *
‘? ninh y" khdc 0 va cé dbi ddu
@ minh y" khac 0 va c6 dbi dau
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cnuven aé 12z UNG DUNG DRO HAM

1. KIEN THUC TRONG TAM
Tim gi4 tri 1&n nhét, nhé nhét
Dbi v&i ham sé y = f(x) trén D. Xét déau dao ham y' hodc tlr bang bién, this
c6 két luan vé GTLN, GTNN. Néu can thi dat &n phy t = g(x) voi dié,
daydicliat
Néu y = f(x) dbng bién trén doan [a;b] thi: min f(x) = f(a) va max f(x) = ¢
Nguoc lai véi ham nghich bién. :
Néu y = f(x) lién tuc trén doan [a;b] va f'(x)= 0 ¢6 nghiém x, thi:

min f(x) = min { f(a); f(x1); f(x2);...; f(b) }

max f(x) = max { f(a); f(xy), f(xz)....; f(b) }
Néu f 18i trén doan [a,b] thi GTLN = max{f(a); f(b)} va néu f1dm trén g,
[a; b] thi GTNN = min{f(a); f(b)}. -
Dbi véi cac dai lwong, chon @it bién x (hoac 1), kém diéu kién ton tai D
vao gid thiét, cac quan hé cho dé xac 1ap ham s can tim gid tri 16n nhj

Chirng minh bat ding thirc:
Néu y = f(x) ¢ y’ > 0 thi f(x) ddng bién:
x > a=f(x) > f(a); x < b = f(x) <f(b)
Déi voi y' < 0 thi ta cd bat ddng thire nguoc lai.
Viéc xét ddu y' doi khi phai cAn dén y ", y ",... hodc xét dau bd ph
chéng han tr sé clia mdt phan sé c6 mau duong,.... Néuy”>0thiy d
bién tir d6 ta co danh gia f '(x) rdi f(x)....
— T bang bién thién ta cing nhan dugc GTLN, GTNN dé c6 danh gia.

_ BAt aing thirc c6 bidu thirc dang 2 —"@) 14 dung dinh Iy Laa

b-a
bét déng thirc.

— C6 thé phéi hop véi cac bat ddng thirc co ban.
Phwong phap tiép tuyén
Cho n sb a thudc D c6 tdng a, + a, +...+ a, = nb khong ddi.
B4t ding thirc c6 dang f(ay) + f( az) +...+ f(a, ) 2 nf(b) .
Lap phuong trinh tiép tuyén taix = b: y = Ax + B.
Néu f(x) = Ax+ B trén D, d4u bang xay ra khi x = b.
Khi d6 f(as) + f(az ) +...+ f(an))
> A(a; +a; +...+a,)+nB
= Anb + nB = n( Ab + B) = nf(b)




(s TIVHH 7V DVUVH KA 9 /‘t

ybang xdy rakhia,=a, = =a,=b,
2 néu f(x) < Ax + B trén D, ddu bing xay ra khi x = b thi c6 nguoc lai
y+f(az)+..+f@) < nf(b).

*}. 8 dung tinh 16i I5m dé khéng dinh hay dy doan bat ddng thirc.

 dang thirc Jensen

o ham s6 y = f(x) lién tyc va c6 dao ham cAp 2 trén K.
g 7002 0,VxeK= fI6mtrénK

Yo, Bia + P =1: f{ax + By) < af(x) + pf(y),vx,y 20

moi a, b. ¢, d thudc K thi:

lp-f(b)S'[a+bJ_f(a)+f(b)+f(c)<'[a+b+cJ :

~ 2 2 3 3

} £9(x) < 0,vxe K= f l8itrénK

e, B o+ B =1: f(ax + By) = af(x) + BHy), ¥x,y 2 0 .

mei a, b, ¢, d thugc K thi:

f(a) + f(b) o f(a +b ) f(a) + f(b) + f(c) s¢fatbtc

¥ = 5 i

phwong trinh, hé phuong trinh, bt phwong trinh:

ham so f don diéu trén K thi phuong trinh f(x) = 0 c6 téi da 1 nghiém.
(a) = 0, a thugc K thi x = a I nghiém duy nhét.

€6 dao ham cép 2 khong dbi d4u trén K thi f ' 1a ham don diéu nén
g trinh f(x) = 0 ¢4 t6i da 2 nghiém trén K. Néu f(a) = 0 va f(b) = 0
'# b thi phuong trinh chi cé 2 nghiém lax=a,x=b.

f, ,"mOt ham lién tuc trén [a; b], cé dao ham trén (a; b) thi phuong
fb) ~ fa) = (b - a)f'(x) c6 it nhat mét nghiém c e (a; b).

)

18 mot ham lién tuc trén [a; b], c6 dao ham trén (a; b) va fla) = ib) = 0

¥

a hai nghiém ca f c6 it nhat mét nghiém ctia f .
& ham f va g lién tuc trén [a; b], c6 dao ham trén (a: b) va g'(x) # 0

Bi . f(b)-f(a) 1f'(x)
; _e (a; b) thi phuong trinh v roggenr c6 it nhat mot nghiém
€ (a,b).

ign phuwong trinh vé nghigm :

= f(x) trén D dat gia trj I6n nhdt, nhé nhat: GTLN = M va
= m thi

1g trinh f(x) = k c6 nghiém < m<k<M
Wong trinh f(x) > k c6 nghiém < k <M
IPong trinh f(x) < k c6 nghiém < k>m
rong trinh f(x) > k cé nghiém moi x thudc D < k <m
Wong trinh f(x) < k cé nghiém moi x thude D < k = M




10 trong diém b8i dudng hoc sinh gidi mdn Todn 17 —lé HodnhPho
Chay:
1) Tir BBT ta tinh duoc sé nghiém phuong trinh, didu kién vé sb nghig
phurong trinh. Mét 6 bai toan ta chuyén tham s6 vé 1 bén dang m = f(x)
2) S6 nghiém ciia phuong trinh bgc 3: ax’ + bx’+cx+d=0,a=0.
Néu f'(x) = 0, ¥x hay f'(x) < 0, ¥x thi f(x) = 0 chi cé 1 nghiém.
Néu f'(x) = 0 c6 2 nghiém phéan bigt va:
Véi yeo Yer > 0 : phuong trinh f(x) = 0 chi cé 1 nghiém
Véi Yoo Yer =0 : phuong trinh f(x) = 0 cé 2 nghiém (1 don, 1 kép)
Véi Yep .Yer <0 : phuwong trinh f(x) = 0 ¢6 3 nghiém phan biét
3) Khai trién Taylor cia ham f tai diém x = X!

f(x,)

f(x) = f(x,) 4'.—(:!°—)(x -Xg) +

"9 (c)
(n+1)!

ne1

(X =x,)

(x=x)" +

2. CAC BAI TOAN
Bai toan 12. 1: Tim gia trj I6n nhét va gié tri nhd nhét clia ham sé:

3
a) f(x) = 53-+ 2x% + 3x — 4 trén doan [—4; 0]

b) f(x) = | x* + 3x* — 72x + 90| trén doan [-5, 5].
Hwéng dén giai
a)f'(x)=x"+4x+3,f'(x) =0 x=-1hodcx=-3.

Ta o6 f(—4) = -2, f-3) = =4 (1) = -2 10)= 4.

16 !
Vay ;Egr;, f(x) = -3 x:?%]f(x) =-4

]
b) Xét ham sé g(x) = x* + 3x* - 72x + 90 trén doan [-5; 5]
g'(x) = 3x* + 6x — 72; g'(x) = 0 &> x = 4 ho&c x = -6 (loai)
f(-5) = 500; f(5) = =70; f(4) = -86.
Do d6 —86 < g(x) < 400, vx € [-5; 5] va vi ham sé g(x) lién tyc trén dodt
(-5; 5] nén 0 < f(x) = |g(x)| <400.

v in f(x)=0; f(x) = f(~5) = 400.
ay Tg; | (x)=0 _:?g;] (x) = f(-5) = 400
Bai toan 12. 2: Tim gia tri Ién nhét va nho nhét cla ham sb

a)y=2x2+2x+3 b)y=x‘—2x3+x2—1vdix:.2
X2 +x+1 X2 - X
Hwéng dén gial
2x +1 1
a = eeee— V=0 X ——
Ly (x% +x+1)° : 2



Cey TNHH MTV DWH Khong Vigt

x |0 -1/2 +@m
y + 0, .-

10/3
y 2 /V \ 2

8y maxy = % va khong t8n tai GTNN.

i x 2 2 thi m3u thire x* — x = x(x = 1) > 0, ta c6:

A 1 2x -1
X* -x (x* = x)

sb ddng bién trén [2; +x).

= >0,vx=>2

tiny = £(2) = g va khéng tn tai GTLN.
yan 12. 3: Tim gia tri nhd nhét cta ham sé:

> 4 2 1 1 1 2

=X X Xt — = b) y=Ix|+{1+—

B Xt % i "‘1,
Hwéng din giai

x #0. Datt=x+%.ltl22 thi

4 _x +x+-l-—1-+l- -5 +t+4
x* x* x
‘séf(t)-t‘ SC+t+4v6i|t] 22
) =4t — 10t +1, ()= 126 - 10

2 2 thi f"(t)>0 nén

F'® > f'(2)=13>0 dodsf(t) > 2.

< —2thi f"(t) >0 nén

) < 1'(-2) =-11<0 do dé f(t) > -2.

%

h thi miny = f(— 2) = -2 khix = -1.

"—”I. Didu kien x =1,
x-1

x’+1

-x

5y =l x|+

.
-

=l x|+

1-|~i

=1 <x < 0thi ham sb e

8 X2 +2x+1
' (x-1?
~1)=1,y(0)=1,f(1-v2)=2y2-2

Y=0e x=1- 2.



So sanh thi r‘rzinoy=2\/§-2 taix=1- V2.
~isxs

Khix < -1 ho#c x> 1thiy> 1> 222
Khi 0< x <1thiy>1>2y2-2

Vayminy =22 -2 taix=1- v2.
Bai toan 12. 4: Tim gi tri I&n nhét va gia trj nhé nhét ca cac ham sb:

a)y=f(x)=x+ Ja-x2

b) y = f(x) = VX2 + 4x + 21— J-x* + 3%+ 10

Hwéng dan giai
a) Ham sé f xac dinh va lién tuc trén doan [-2; 2]
f/(x) = 1 ——— , véi moi X € (-2; 2)
4 -x?

; X 2 O<x<2
f'X)=0e1- =0 V4-xX° =xo c>x=\/§.
= J4-x2 {4—x2=x2

Tacof(y2)=2V2:f(-2) = -2; f(2) = 2.
Sasanh thi max f(x)=2V2 va in_f(x)=-2.
8o 8. ey =248 i
b) Didukien | X TAX+2120 | o y<5
-x2 +3x+1020
. -X+2 = 2X+3
J=x2 +4x+21 2V-x% +3x+10
=(4-2x)\/—x2+3x+10-(3—2x)J-x2+4x+21
2J-x? + 4x + 214/-x% + 3x + 10
Choy =0 < (4 - 2x)\/—x2 +3x+10 =(3-2x)J-x2 +4x+ 21
(4-2x%)(3-2x)20
<
(4 -2x)°(-x% + 3x +10) = (3 - 2x)*(-x® + 4x + 1)

yl

x<1 hay x>2
2 &OX=

-51x% +104x-29=0

Tacs y(-2)=3iy(5) = V2iy(6) =4




yminy = V2 taix = % maxy =4 tai x = 5.

oén 12. 5: Tim gia tri I6n nhét va nhé nhat cia ham sé
y = X — Sin2x trén doan (°§ v m] b)y=sinx + %sian
Hwéng dén giai

1 -2cos2x ; f'(x) = 0 <> cos2x =

afl

Xye " . qmy=
E)_ 2 ,f(ﬂ) I
: _5n V3. L%
ml:[w-a;:]f(x)_ 5 b > .‘ 'Tm.l:r;\‘]f(x)- 5
2 2

len tuc trén D = R, tudn hoan véi chu ki 2z nén ta xét trén doan [~ n).

+cos2x=0¢> x= ig- X = im
€0 f(~r) = 0, f(-g) o 3J_ f( =)= ‘/5
3V3 3~/_

= ——, min --—.
4 y

,f(n)=0.

2

8N 12. 6: Tim GTLN, GTNN cda T = -—zx+—y22.trong 6 x, y tuy ¥
X° + Xy + 4y

héng déng thoi bdng 0.

Hwéng dén giai

Y=0thix#0nénT=1Xéty =0, datx = ty thi:

2y 4 y2 = 2 +1

+ty? 44y P41+ 4

? + 611

(2 +t+4)2"

=f(t), D=R.

f')=0et=-3+J10



\/1—0‘)= 10+2\/1_6,

15 '
minT = -3 + \/1_0)=L‘125i-1—9 .

Bai toan 12. 7: Cho 2 sé duong thay ddi x va y thodAman x +y = 1.
Tim GTNN cua

a)Q=xy+ — pppal 2 L
Xy 1-x  1-x
Hwéng dan giai

a)Patt=xy, vix,y>0vax+y=122xy nén0<t5%.

Lap BBT thi c6 maxT = f(-3 -

Tac6Q=ft)=t+ % —f(t) =1 -% < 0 nén f nghich bién trén (0; %].

Vay minQ = f(— )-1—47-.

b>voix,y>o,x+y=1nenaatx=sin’a.y=ooszavoio<a<g

sin® a+cos a_ sina+cos’a
cosa sina sina + cosa

P=

Patt=sina + cosa = s/.;.sln[a+ﬂ.1sts%

(-3t -3)(t*-H-24-1°-3) t*+3
(" -1? (2 -1

Nén f nghich bién trén [1; v2 ] Vay minP = f(v2) = V2

P=ft)= = f ‘M) =

Bai toan 12. 8: Cho 3 sé duong a, b, ¢ thod man a’ + b? + ¢ = 1.

5 _ a3 § _opd 8. pad
TimGTINcla S= 2 =28 8,2 B b o 2kt il S
b? +¢2 ¢ +a? a® +b?
Huwéng dén gidi
Theo gia thiét thi a, b, ¢ € (0; 1)

2\2 212
Tachgs M=a o b(1-b%)? o ci- c?)? a2
1-a? 1-b° 1-¢?
= a(1-a*)b® + b(1 - b%)c* + (1 - c%)a’
Xét f(x) = x(1 = x°) trén khodng (0; 1)




i'r'1"3xz.f‘()()=0c>x= %

! 2 € sig By e 2
pBBT thi0 <f(x) <« —= Do @6 S < —(b® +¢? +a%) =<
3/3 33 33
dubdngkhia=b=c= 7‘; Vay max § = 452

3/3'

odn 12. 9: Cho x, y I3 cac sé thye thay ddi va thod didu kien
<. Tim gia trj nhé nhét cla biéu thirc: F = X + y? - 8x + 16.

b Hwéng dén giai

x>0thix° <y’ VaAF =x + ¥~ 8x + 16 >x° + X’ —8x + 16.

86 f(x) = x° + x> —8Bx + 16 v&i x > 0,

, '(x) déng bién:
1=f'0)>f(1)=0,0<x<1=f(x)<f'(1)=0
"Lx 0 I 0

T - 0

f 16\10/+

d6: (x) > 0 = F > 10. DAu dang thire x@y ra khix =y = 1.

o0

T's
Xy
Huwéng dan giai
2,42
i +2"+V=2(x+1)+y+1,véi2$xs3sy
Xy y X

(y) = i‘y’;‘—'L% g() =0y = J2x(x+ 1)

X |3 ,/2x(x +1) -0

' _ 0 +

Sl sl




=

Do @6 min g(y) = g(J2x(x + 1)) = 2V2 %+1+%
Xétf(x) = 22 %+1+% 2<x<3thi

f'(x) = —‘/5 - -—12- < 0 nén f nghich bién trén doan [2; 3] do do:

x"’ 14—1 s
X
minf(x) = £(3) = 4‘%”.00 46 B < 4J§+1,déu biing khix = 3,y = 2 /6

Vay minT =

46 +1
3

Baitoan 12. 11: Cho x, y, z > 0 thoa man x+y+zs%.

5 5 5

TimGTNNT-——+L+L+"_+V_+I_,

v’z Zx Xy ¥y Z X

Hwéng dan giai

Ap dung BDT Co si: T 2 3.:«:}(’(‘:2)2 + 33 xy2)*
Datt=°xyzmlo<tsx+;+z=%

Xét ham sé f(t) = %+3t‘,0<tsl.
\ 2

6

3
Ta cb f ') = -‘t?nzt”:?ﬁ'—:—-

3 £) <0, Vte[o; -;-] nén f nghjch bien

195

1
trén| 0; dodof(t) =f
[0:3] oot F}-52

195
16
Bai toan 12. 12: Cho phuong trinh: x* + ax® + bx® + ax + 1 = 0 cé nghiém. Ti7
gia tri bé nhat cia T = a® + b®,
Hwéng dén giai

Goi o 1a nghiém: x§ +ax3 +bx2 +ax, +1= 0= X, # 0 nén

Ddu=khix=y=2z= — VaymlnT



o+ b+ -1+—12-=0 = {x§+—12-]+{xo+lJ+b=0
Xo xo Xo xo

(2-v)

1+y

=a’+b’>

' 2-1
=y, t>4.Ta ching minh( ) 2z
2
21 5,
e 1) 24 thif't) = =8 5 0 fadng bién
1+t (1+1)°
5 a b
=f(t)>f(4)--oéu =khit=4 >y= ﬂvé; =
b=—_2'a=i,
5 5

m"h‘x‘” ';‘Xa- z 2 gx+1'0c6nghlemx-1

12. 13: Tim sb hang bé nhét ctia déy xac dinh bdi;
U = n*=20n° + 0,5n% - 13n.

| Hwéng dan giai
am sd f(x) = x* - 20x* + 0,5 - 13x, x = 1.
- () =4x" - B0x* + x = x(4x* - 60x + 1)

2 1thi £'(x) = 0 cé nghiém x = “*T i

BT thi f dat GTNN tai x = L Y888 " r14:151,

1#(14) = -16548 ; {(15) = -16957 5. So sanh thi sé hang I&n nhat 13 uys
= -16957,5.

112, 14: Cho parabol (P): y = x* va diém A(=3: 0). X4c dinh diém M
arabol (P) sao cho khodng cach AM 1a ngén nhét.

e ¥ - 1



Hwéng dan giai
Goi M(x; x°) 14 mét diém bét ki cua parabol (P)
Taco AM = J(x +3)° + x* =Vx* +x2 +6x+9
Xéthamsbg(x)=x*+x* +6x+9,D=R
g(x) =4 +2x +6 = (x + 1)@ —4x +6), g(X) =0 = x = -1.
Lap BBT thi min g = g(~1) = 5.Vay minAM = /5 tai M(-1; 1).
Bai toan 12. 15: Hinh thang can ABCD cé day nhé AB va hai canh bén g,
dai 1m. Tinh géc o = DAB = CBA sao cho hinh thang c6 dién tich I6n nhj

va tinh dién tich 16n nhét dé.
Hwéng dan giai

Ha AH Lco.aatx=A’Ec,o<x<g %

Ta duoc AH = sinx, DH = cosx;
DC =1 + 2cosx. -
Dién tich hinh thang la: D H {

S(x) = ﬁB;ZCP- AH = (1 + cosx)sinx; 0 < x < g

S‘(x)=(cosx+1)(2005x-1),0<x<.::'s'(x)=o¢:,x.-_- %’E

Lap BBT thi maxS = s( 2;‘] 8V 1 an hinh thang c6 dién tich Im nhét ki

Bai toan 12.16: Choa, b, ¢ 2 —4—3 va a +b +c =1. Tim gia trj I6n nhét cua:

a b c

LE + .
a?+1 b2+1 c®+1

Hwéng dén giai
a_ . b " c < i
a®+1 b%+1 c?+1 10

Chirng minh .

2

X
vdnxz—cbfx
X% +1 4 ik ( 0+

36x+3
50

Xét ham sé f(x) =

Tiép tuyén taix = % lay=



] X 36x+ 3 -3
h < vl x> — .
3 min . 50 2

36x° + 3% ~14x + 3> 0 <> (4x + 3)(3x - 1) >0 : ding.

36a+3+38b+3+360+3 9
50 )

ng f(a) + (b) + f(c) <

0 DhusiTashesa !
10 3

b + c) bic +a) cla +b)

v - ;

y4c) +a° (c+a)’+b® (a+b)? +c?

Hwéng dén giadi

b claaséthwcdwng,tachungmmh.

J:’l", & b(c +a) " c(a+b) .<.-§

(c+a) +b® (a+bf+c? 5

thirc thudn nhat nén ta chudn héa: a + b + ¢ = 3. Do 46
b@-b) . c(3-c)
+a’ (3-bP+b? (3-cff+c?
fa-2a°  6b-20°  6c-20° 12
F-6a+9 2b°-6b+9 2c*-6c+9 5
1 1 3
— + + S
" -6a+9 2b°-6b+9 2c°-6c+9 5

A
(S0 )

M $6 f(x) =———— ¢6 tiép tuyén tai x =1 Ia
4 X+9

‘-';,“.  Ta chirng minh ! < S voi0<x<3.

: 2x° -Bx+9 X
g thirc trong duong © (2x +3)(2x% - 6x + 9) > 25

R%° - 3x% 1 120 5 2(x - )(2x% ~x -9 2 0  dding.

2a+3+2b+3+2c+3_§

g f(a) + f(b) + f(c) < % 5

G khi a =b =c.
, 5



Bai toan 12, 18: Chirng minh:

3
a)sinx>X--%.Vx>o b)tanx>x.\1xe(0;-z-)

Hwong dan giai
3
a) BBT. x- %— sinx>0, vx>0
xa
Xétf(x) =x - e sinx thi f lién tyc trén [0; +x)
x2
f'x)=1- > - cosx ; f"(x) = =x + sinx

f*(x) = -1+ cosx < 0 nén f " nghich bién trén [0; +x):
x>0 = f"(x) <f"(0) = 0 nén f' nghich bién trén [0; +x):
x > 0 = f'(x) < f (0) = 0 nén f nghich bién trén [0; +x):
x>0=>f(x)<f(0)=0:dpcm

b) Ham sé f(x) = tanx — x lién tyc trén nira khodng [0; -;-) va cé dao hap

f'(x) =

> 0 véi moi x & (0; —). Do @6 ham s f ddng bién trén n
cos® X 2

khodng [0; %) nén f(x) > f(0) = 0 v&i moi x & (0; %).

Bai toan 12. 19: Chirng minh c4c bt ddng thirc véi moi x € (0; %)

3
a) tanx > x + % b) sinx + tanx > 2x.

Hwéng dan giai

3 y
a) Ham s f(x) = tanx — x — % lién tuc trén nira khodng [0; %) va co dao hat

f'(x) = 12 -1 -3 =tan®x-x*

cos™ X

= (tanx + x)(tanx — x) > 0 v&i moi x € (0, g) do d6 f ddng bién nén

f(x) > f(0) = 0 vé&i mi x & (0; g-) = dpem.



§1(x) = sinx + tanx — 2x lién tuc trén nira khodng [0: g) va co:

1
-2>cos’ + -2 = (cosX —
cos? x cos® x cos x

i(x) = COSX +

y>o0.

ham sb f ddng bién trén [0; g) nén f(x) > f(0) = 0.
42. 20: Chirng minh bét ddng thirc:
+ 8in2x > 2x, Vx e (0; n]. b) tanx < ﬁ, Vx[o. ﬂ
3 LY
Hwéng dén giai
186 f(x) = 8sin’§ + sin2x — 2x, ¥x € (0; ).
+ 2c082x — 2 = 4sinx(1 - sinx) 20 nén f(x) ddng bién trén nira
=] do dé f(x) > f(0) = 0: dpcm.
: 0 thi BDT dung.
>0 thi BBT oy < i.Vx © (0; 1'—]
] X n 4

fanx 'vxe[o;f]
X 4

~tanx -
pos? x _X-sinxcosx 2x-sin2x

x°cos’x  2x°cos?x

< %Enenoqxsg = sin 2x < 2x do d6 f'(x) > 0 nén f déng bién

13C - 4c0s2C + 1

2 2 voitam giac ABC c6 A<B < C < 90°

Hwéng dan gidi

dtana < a tanb o> 1202 _1aNb

a b

186 fg = 20X, 0<x<X



1

X —lanx
f'(x) = cos? X =x-slnxcosx_2x-sln2x

x? x2,cos® x 2%* cos® x

Xét g(x) = 2x — sin2x , 0 € x < g
g'(x) = 2 —2cos2x = 2(1 —cos2x) 20
nén g déng bién: x > 0 = g(x) > g(0) = 0, do d6 f'(x) = 0 nén f dbng bié,
[0:%).Vl0<a<b<§:>f(a)<f(b):dpom. '
2c0s3C -4cos2C +1
cosC

&> 2(4cos’C — 3cosC) — 4(2c0s°C—1)+1 = 2cosC
& Bcos’C — Bcos’C~8cosC+5 > 0.

b) Do cosC > 0 nén bét déng thire: >2

T(rgiélhiét:60°sC<90°¢:0<cosCs%
PatcosC =t t e (0; —21-]. xéthamsé:y =f() = 8t —BF -8t +5

Tacé: y=f(t)= 24F—16t-8 <0, Vte(O;-;—]

Dodé min f(t) =0(dpcm).

e (0.:“;1
Bai toan 12. 22: Chirng minh béat ddng thirc
2
1+—;—x-%<\)1+x <1+—;—x, vai x> 0.

Hwéng dan giai
Xét ham sé f(x) = 1 + %x — Ji+x trén [0; +). Ta c6:

f'(x) = = - > 0 v&i x > 0 nén f(x) ddng bién trén nira khod

|
2 241+ x

[0; +=), Do d6 f(x) > {(0) = 0 v&i moi x = 0.
2
Xétham s8 g(x) = Vi+X =1 2 + % trén[0; +)

1. x 1
Taco: g'(x) = -, g"()-_-___
J1+ 24 4 401+ )1+ x
nén g' déng bién trén [0; +x), do d6 g'(x) = g'(0) = 0. Suy ra g ddng pién’
[0; +) nén g(x) > g(0) = 0 v&i moi x € [0; +=) = dpem.

"8 L

>0



212. 23: Cho a, b, ¢ > 0 va a® + b? +¢? = 1, Ching minh bAt ding thire
3 s 3J3

c?+a® a’+b® 2

—

Hwéng dén gial
" a b c 3J3
Ang thire <> . + -
1-a® 1-b%. 1-oc%*" 2
a? b? ! c? 3J3

a(l-a%) b(-b%) ofi-c?) 2
pam s f(x) = x(1-¢) vi x € (0:1)

6:F()=1-3C;f'(x)=0c>x= % €0 1)

T 1 4o
VN0 | —
o/\_

1 2
a f(x) < f(— = —Y 0:1) né
4 ) (J§) 2la x € (0;1) nén

b? g c? 3\/_

33

(a® +b% +¢?) S (dpcm).

—
a®) b(1-b%) c(i-c )
12.24:Cho x,y, 20, x +y + 2= 1.Ching minh :
s 4
:_: “ Z + Zz S e
[t yzexs
Hwéng dan giai
mét tinh téng quat, gid str: y = min{x, y.2}=0<y< %

ﬂ-x’y +yz+Zx=xy+ v’a-x-y)wu-x y)?
=X+ By -2)¢ + (1-2y)x -y -y

3X“+ 23y —2)x + 12y
Tbx=%hoacx=1-2y2_-§.

y=-2z<1-ynéntaco BBT:



Xen g - 1B | 13y
+ 0 -0 7
3 / \ /

Ta cé f[lJ-i-ly(1-3y+3yz)s%,va

3):27 3

3
Ak ® ;_1 = o 1 2x+1-y+1-y =_4_
f(1-y) = y(1-y) 2-2y(1 y)(1 y)sz( 3 )

Vay f(x) < —247 suy ra dpcm.
Bai toan 12. 25: Cho n nguyén duong. Chirng minh véi moi x:

x2 x3 xl 2n
fex ooy g X >0
TR TR L AT T
Hwéng dan giai
248 < 2n
Xetfoymi=ear . - X o pegf L oS x o R
21 3l il (2n)!

Véix < 0thif(x)=120:ding. V&i x> 2n thi:
X2 ¢ X x20 201
f(x) =1+| —=-X|+|—==—|+. 4| —"—
2! 4! 3! (2n)!  (2n-1)!
3 2n-1

X X X -
-1+a(x-2)+zl-(x—4)+...+w(x—2n) 2120:ding

Vi 0 < x < 2n thi f lién tuc trén doan [0,2n] nén tdn tai gia tri bé nhat tal X
Néu x; = 0 hay x; = 2n thi f(x) 2 f(X0) 2120
Néu x; € (0,2n) thi f dat cyec tidu tai d6.

P St M i
f'(x)=-1+x 2!+"'+(2n—1)l n)] f(x)

2n
vu'(xo)=o=:f(xo)=(Z—:To:f(x)zf(xopo:aang

Bai to&n 12. 26: Cho céc sb nguyén n (n = 2) va hai sb thyc khong am *

Chirng minh: §x" +y" > x4 y™
Hwéng dan gial
Véi x =0 hodc y = 0, bat déng thirc dung.




n n+1
y > 0, bét ddng thirc trong duong §/1 + [3) > m\{1 + (3]

am sb f(t) = ;}%WI t € (0; +x).
| t(1-1) FM=0et=1.
mJ(:‘ t"“)m % + t")n-‘
x |0 1 0
rwle + 0. <

(Y

1/ \1

‘ (t) = 1 véi moit e (0; +x) = dpcm.
42.27: Cho4 séduonga, b, c,dcotdnga+ b +c +d =1.

h:6(a® +b*® +¢® + d®) 2 a% + b? +c? + d? +.;-,

Huéng dén giai
,c.dduongcétdnga+b+c+d =1nén0<ab,c, d<1.

= 6(a® +b® +c® +d*) - (a® +b® +¢? +d"’)2-;—.

'"a2)+(eb’-b2)+(ec°-c2)+(ed°-d*)z%.
: 2_1, T i 8 =g b ot
a 32)+(6b b 32)+(e<: c 32)+(6d° d® 32)zo

m s6 1(x) = 6x° ~x* é thi £°(x) = 18x° — 2x

. AN
_tﬂnhtnéptuyéntaix-4léy 8(x 4)

u . 1 5 1
<x<1, ¥ 8= = oy Ny
ta chirng minh X 3 2 8 (x 4)

1 5 1
,3"""2-‘3—22 g(x";)

Py > SLB‘J o 8(6x° - %) = 5x—1

-y



= (4x - 1)?(3x + 1) = 0: ding, d&u bang khi x =
Do d6

(Ba® —a?) + (6b° —b?) + (6c® —¢?) +(6d° —d?)
= f(a) + f(b) + f(c) + f(d)

sa-1 5b-1 S5c-1 5d-1_S@+b+c+d)-4 _1
8 8 8 8 8 8

3
z

Vay (6a° —a?) + (6b° —b%) + (6¢° ~ ¢?) + (6d° — d?) 2-;-

DAubdngkhia=b=c=d= —

Bai toan 12. 28: Cho 3 sé duong a, b, c c6 tdng a + b +c =1.

1-b-c 1 c-a 1a b 3

Vi+a? \/1:b2 \f+c —T
Hwéng dén gii

Via,b,cduongcotdnga+b+c=1nén0<abc<1va

i-b-¢ 1-c-a 1-a-b

Chirng minh

T= + +
Ji+a? Ji+b®  V1ac?
i a " b A c
J1+a? Ji+b2 1462
1
Xét ham b f(x) = ——e thi f'(x) =
Jux2 (1+x"’)31+x’
Phurong trinh tiép tuyén tai x = ~ fay = —— (27X +1)
3 10J10
Vé&i0 < x < 1, ta chirng minh < (27x +1)
71+x2 10V10

X 1
Thét vay < (27x + 1)
\_]1 + x2 1 03 10

e 10410x < (27x+ W1+ 32 & 1000x2 < (27x + 12(1+ %)
& 729x° + 54x* -270x% +54x +120

e (3x - 13812 + 60x + 1) 2 0: dling, du bing xay ra khi x =

1.
< .



VHH MTV DWWH Hhang Vide

o do
a b

4 . v
J1+a® Vi+b?  V14c?
1 1
B (27a+ 1)+
Jov10 10710
1
10410

™

= f(a) + f(b) + f(c)

(27b+ 1) + (27c +1)

1
10v10

(27(a+b+c)+3)=i

=

. ! 1
bangkhia=b=c= — .
pang 3

an 12. 29: Cho tam gi4c ABC. Chirng minh

i
SJ— b) tan%ﬂangnangz\/g

i A+slnB +8inC<——
| Hu'éng dén giai
ham s6 f(x) = sinx, 0 <x <
' bosx f'(x) = — sinx
X) <0 trén (0 ; = ) nén f13i, theo bat dding thirc Jensen thi c6

'a)+f(b)+f(c)zs«“g*°) 3.sin g_i

fad

-

am sé f(x) = tan% 0<x<nx

q =%(1+tan )f"(x)-—tan (1+tan® -)

(x) >0 trén (0 ; » )nenflom. theo bét déng thirc Jensen thi cé
)+f(b)+f(c)ssf(a*:*°)=3.tan§=J§.

?khiA=B=C=§ :

1 6. 30: Cho a, b, ¢ 4 3 56 thye dwong. Chieng minh .
8 PPl T g Clasbac
+ -
b+c c+a a+b 2
Hwéng dén giai
fang thirc thudn nhat nén ta chudn héa: a+b+c =3,
,;' a’ Pt 8

R SRR T S

'8-a3b3c2




vdl0<x<3.

Xét ham sé f(x) =

6% - x2 18
Tacod f'(x)=——:f"(x)=
(3-x)* ( (3-x)°
Vi £ "(x) >0 trén (0 ;3) nén f 15m, theo bat déng thirc Jensen thi co
VT =f(a) + f(b) + f(c) = 3( )= %

Baitoan 6.31: Choa, b, c, dla 3 s thuc dwong va co tdng a+b+c+d =1

a+b+c

Chirng minh . l+-1-+—1-+1za +b?+c?+d® + €3
b c d %
Huwéng dan giai
Tacol+l+l+lzaz+b2+c2+d"’+23-
a bc d 4
= 1—az+—1--b2+-1——cz+—1-—d22§§
a b c d 4

Xét ham sé f(x):-::—x"’ voi0<x<1.

Taco F'(x)=—2 - 2% 1"(X) = =
X X

Vi £7(x) >0 trén (0 ;1) nén f 15m, theo bét dang thirc Jensen thi co
a+b+c+d, 63

VT =t(8) + 1(b) +1(c) + f(d) 2 41————) =

Dau=khia=b=c=d = 7t
Bai toan 12. 32: Cho a, b, ¢, d > 0. Chirng minh:

ilaTac+bcd+cda+dab < [Eb+bc+cd+da+ac+bd

4 \ 6
Hwéng dén giai
Khéng mét tinh téng quat, gidsirasbsc<d.
Xét da thire: f(x) = (x—a) (x - b) x~¢) (x - d)
=x'—(a+b+c+d)’+(ab+bc+cd +da + ac + bdy’
— (abe + bed + cda + dab)x + abed
Vi f c6 4 nghiém nén ' cé 3 nghiém X4, Xz, x3>0
f'(x)=4x° - 3(@a+b+c+d)x’ +2(ab+bc +cd+da+ac +bd)x
_ (abc + bed + cda + da”

=4(x - Xq) (X = X2) (X = X3)



ey TNH! M?VDMIMMQ Vige

heo dinh ly Viete, ta c6: xyx;xs = -} (abc + bed + cda + dab)

g1Xa + XoXa + X3y = %(ab+bc+od+da+ac+bd)

\p dung bat dang thirc AM-GM:

;;f' ab + bc + cd + da + ac + bd) = XX, + X,X3 + XaX;

X, X5Xq )= 3?/% (abc + bed + cda + dab)®

y d6 suy ra dpem.

odn 12. 33: Cho a,b.c Ia 3 s6 ma phuong trinh: x* + ax® + bx + ¢ = 0 ¢6 3
ghiém phan biét.

atrng minh: | 27¢ + 2a° - 9ab | < 2,/{a® - by .

: Hwéng dén giai

fx)=x"+ax’+bx+c, D=R, f'(x)=3x+2ax+b.

[f(x) = 0 c6 3 nghiém phan biét nén f '(x) = 0 ¢6 2 nghiém phan biét;

Iy e -a-Va®-3b ik -a++ya? -3b
3 ‘ 3 '

® 56 cao nhét clia f durong nén yep = f(x;) >0 va f(x,) = yer < 0.
f(x) = (%x + -;-an’(x) +%(3b -a®)x+c —3;-

(x) = §(3b -a®)x +c- %b

(X1) > 0 = - 2,/(a? - 3b)° < 2a® + 27¢ - Qab
{X2) < 0 = 2a° + 27¢ - 9ab < 2\/(&2 - 3b)°
dy: |2a° + 27¢ - 9ab | < 2,/(a? - 3p)°

N 12. 34: Chirng minh b4t ddng thire:

iNb - sinal<db-al véi abtuyy.
1 < 1

nf+n+1 1+n?

. Huwéng dén giai
8 = b thi bat ddng thuc dung.

< arctan

v&i moi n.

s""’—"’"“—a{s 1. Khéng mét
b-a

L+

@ « b thi bt ding thirc tuong duong:

tong quat , gidstrb>a.



10 trong

Ham sé f(x) = sinx lién tyc trén [a;b] va c6 dao ham f'(x) = cosx.

Theo dinh Ii Lagrange, tén tai c € (a;b) sao cho:
f(b) — f(a) ~1'(c) = sinb -sina o
b-a b-a

- M:lcosqst dpcm.
b-a

b) Bt ddng thirc twong duong:
1 arctan(n + 1) — arctann 2 1
1+(n+1)° (n+1)-n 14+n?
Ham s f(x) = arctanx lién tuc trén [n;n+1] va cé dao ham

f'(x) = —. Theo dinh li Lagrange, tdn tai ¢  (n;n+1) sao cho:

1+ X
1(b)—f(a)= f'(c) = arctan(n+1)—arctann___ 1
b-a (n+1)-n 1+¢?
1 1 1
Vic e (n;n+1) nén < <
: 1++1 1+¢® 1+n°
= dpcm,

Bai toan 12. 36: Chirng minh ring v&i moi s6 nguyén duong n, ta co bat déng

thire: 2(@—\/5)<—1n-<2(\/5-~/r'1_-—1)

g
Huéng dén giai
Ham sé f(x) = Vx lién tuc trén [0; +20) va c6 dao ham
F1x) = —— trén (0; +«). Theo dinh Ii Lagrange, v&i moi
2Jx

n =1 tdn tai x; € (n-1; n) va x; € (n; n+1) sao cho:
wor = fO)-fn-0) .. . _ fin+1)-Hn)
£ n-(n-1) 1) (n+7)-n

Hay L :\/t_\—\/n-t . =Jn+1—\/r‘l
2/,

1 1 1
Vi0 <xs<n<x;nén > >
; . ZJ:T, 2vn 2,})(2

Doaa.Jn+1-JE<#<JE-Jn-1 = dpem
n




san 12. 36: 5 sé thyc duong x, y, 2, a, b, thoa: {x _YRE20
: azb>0

airng minh X*(y® = 2°) + y(z° = x°) + 2°(x° - y") 2 0
Hwéng dan giai

a a
f00= x| 21| nént'(x)=2xb '
8t f(x) = x (bz )nn (x) o

a_
: f"(x) = %[% -J)xb : >0 do d6 f(x) tang trén (2°; y")

go dinh Ii Lagrangge:

") = (") = '(cly’ - 2°), ¢y & (25 ¥

£ =2"=f'c)ly’ - 2"

ang ty: x* ~ y° = £ '(co)[x" - y7), ¢z € (v"; X))
=Yy -2) =X - ylly’ - 2
2" ~ ") = £ (o)X = yPlly” - 2)

'~V -2 2 (" -2 - yD)

(° = 2% + y2* = X% + 2°(¢ - y°) > 0 (dpeim)
U, = a E(O;“)
u,=sinu -1 n21

.ﬁiNMh 0<u <J 3
n+t

Hwéng dén giai
, dao ham dén cép 5, ta chirng minh duoc:

x3 5 3 5

_~x+?—1xTo<0Vx>0::>smx<x—?+%6 Vx>0

in 12. 37: Cho day : {

g minh quy nap.Khin=1:0<u, =sina <1< \/-Z: (dang)

Sl 0 < uy = SinU,., < ‘/ 2
6 sinu, < sin —< —
4 n+1 Vn+1 [ 6 n+1 120 (n+1)2J

36 ta cAn ching minh
: o o 3
e e <

6 n+1 120 (n+1)? n+2

TAS




1 3 n+1 1
o 1- - < =
2(n+1) 40(n+1)° %+2 J‘* 1

n+1
patx= ——e|0; 1], xet f(x)=1-5+9‘1-(1+x)'%.05x51
n+1 2 2 40 2
ds e vl Bl B 5
f(x)——§+§6+§(1+x)?.f (x)-ﬁh 5 <0
(1+x)?

= f* nghich bién: x > 0 = f '(x) < f *(0) = 0 = f nghjch bién
Ma x > 0 = f(x) < f(0) = 0 = dpcm

Bal toan 12. 38: Gidi phuong trinh:
a) V3-x+x2 —V24+x-x° =1

b) V2x® + 3x? + 6x + 16 = 23 + 4 —x
Hwémng dén gial
a) Datt = x* — x thi phuong trinh tré thanh:

J3+t-vV2-t=1,-8<t<2
xéthamsdf(t)= V3+t1-v2-t,-3<t<2,
; > 0 nén f ddng bién trén (-3; 2)

1
+
2\/3+t 2J2-t

Tacé f(1) =2 -1 = 1 nén phuong trinh: f(t) = f(1)
1445
g

Voi-3<t<2thif'(t) =

otzloX-x-1=0&x=

b) Diéu kién xac dinh:

2x3+3x2+6x+1620° (X+2)(2x2-X+8)zo & -2<x<4
4-x20 4-x20

Phuong trinh trong duong v2x® +3x? +6x +16 — 4 - x =243

Xét ham sbé f(x) = v2x® + 3x% +6x +16 - V4 —x,-2<x <4
2
Thi f(x) = ——2 X+ . 1__ .0 nentddng bién
\/2x3+3x2+6x+16 24 —x

ma (1)=2/3 , do d6 phuong trinh tré thanh f(x) = f(1) & x=1
Vay phurong trinh c6 nghiém duy nhét x=1

Ny



4n 12. 39: Giai phuong trinh -

.;‘;’ e l=Jx® -2 -x

2 1 1
b) 3x —18x+24=l5-—5,-m
Hwéng dén gidi
an: x> ¥2. Taco:
';;, 2-x+C - 1>x>1=2x23=x> 13
vécho Ux? thi phuwong trinh:
2

ke e

uhamsévétrai x> %/_ 3 thi
= 52

w‘W?_J‘__

.hﬁm s6 f nghich bién trén khoang (\/5 +x) ma f(3) = 0 nén phuong
36 nghiém duy nhét x = 3.

? X 1; 2, phuong tinh trG thanh:

R 1 1
(k-1
| -1

[2x - 5|
! r- % voit> 0. Ta c6:

". +.'1_ > 0 nén f dbng bién trén (0; +x)

g trinh: f(|2x=51) =f(Ix-1]) & |2x-5| = |x=1]
E—20x+25=x"-2x+1¢>3x°~ 18x + 24 = 0.
“=6x + 8 =0 <> x=2ho#c x =4 (chon)

1 12. 40: Giai bt phuong trinh:
X+1+2\x+6<20-3/x+13
2x—1|(F—x+1)>x°-6x* + 15x - 14.
Huwéng dan giai
Kién: x > ~1. BPT viét lai: Vx + 1+ 2yx + 6 + 3Yx + 13 <20
(X) 1 ham s6 vé trai, x = —1. Ta co:

LT



1 1 3
2\x +1 i Jx +6 +2Jx+13
nén f ddng bién trén [-1; +x). Ta cb f(3) = 20 nén BPT:f(x) < (3) < x .
Vay tap nghiém ctia BPT 1a S = [-1; 3].
b) BPT: |2x =1/ [(@2x -1 +3]> (x-2)* + 3x -6
o |2x=112+3|2x=1] > (x-2)°+3(x-2)
Xéthamsbf(t) =+ 3t D=R.
Taco f'(t) = 3t + 2 > 0 nén f ddng bién trén R.
BPT: f(|2x=1])>f(x-2) &> |2x=1] > x~-2.
Xét x — 2 < 0 thi BPT nghiém duing.
Xétx—2>0thi 2x—1>0nén BPT <> 2x~1>x-2 <> x>-1:80lng
Vay tap nghiégmiaS =R
Bai toan 12. 41: Giai hé phuong trinh

f'(x)= >0

3

X+G=f+ul o1 X - 1=y(y~1)

a){y+3=2+VZ® +1 b) {y® -1=2(z-1)

2+3=x+ VX2 +1 2% -1=x(x-1)
Hwéng dan giai

a) Xéthamsé f(t) =t+Vt? +1-3,1cR

t _\/t2+1+t JE 41

thi f'(t)=1+——== >
\/t2+1 \/t2+1 \[tz+1
x =1(y)
nén f(t) déng bién trén R. Ta cé hé {y =1(2)
z =f(x)
Gia st x > y thi f(x)>f(y) nén z > x do dé f(z)>f(x) tirc 1a y>z: v6 ly
Gia str x < y thi f(x)<f(y) nén z < x do d6 f(z)<f(x) tic 1a y<z: vb Iy
Gia str x = y thi f(x) = f(y) nén z = x do @6 x = y = z. Thé vao hé:

X4+3=X+V +1=283=Vx’+1>x2=2 cox=i\/§

20wt

Thi¥ lai x = y= 2= +1/2 thi hé nghiém diing.
Vay hé phuong trinh ¢6 2 nghigmx=y=2z2= i\/E .

2
1 < b bl | 1

)Tact =y’ —y+1=|y-——=| +=2=>—3X>—.
) Yed [y 2]"4 F8 e

Tuongtyy, z = %,Datf(t)=tz-t+1.t> % thi

b AN



=y -y+1  |x*=Ky)
she vy’ =2°-z+1 o {y* =1(2)
2=x-x+1 |22=1(x)

x>y thi f(x)>fly) > 2°>x* = z>x.
nénf)>fx) >y’ >2* 5 y>z
ix>y>z>xVvoly.

ity x<y:volynénx=y=x=y=z Tacét =f()
Crt-1=0(t-1)E+1)=0at=1,

2, 42: Gidi hé phwong trinh
'A‘-J;?:a-x" i {(4x2+1)x+(y-3) 5-2y=0
= 4x2+y2+2\/m=7
Hwéng dan giai

8 x21,y20. Hé phuong trinh twong duong véi:
(-1 +x°-8=0 (1)
2 (2)
= V11 -t 1 +£ -8 véit>1.
..' 1 1 ;
() = -2(t-1) + 3¢ + =3t -2t+2+ > 0 voi moit> 1
p 2Jt-1 2Jt-1
ddng bién trén (1; +u).
nh (1) c6 dang f(x) = f(2) nén (1)
hay vao (2) taduocy =1,
) ém cia phuong trinh 1a (x; y) = (2; 1).
K
qgvs4,y52.Tac6
%4 )x + (y - 3),/5- 2y =0 (%% + 1)2x = (5-2y + 1)/5- 2y
186 f(t)= ( +1)t voit € Rthi f'(t) = 32 + 1 > 0 nén f ddng bién trén

2 = (5 - 2y +1)/5 - 2y < f(2x) = (/5 - 2y)
: x=0
.| c:2x=\/5-2y¢ 5 - 4x°
y=
2




W

5 - 4x?
2

Thé y = vao phuong trinh sau ta dugc

5 2
4x* +(—2-—2x2) +2V3-4x=7

‘V6ix =0, x = % thi khong théa man nén ta chi xét khi 0 < x< %.
5 i 3

Xét ham sé g(x) = 4x* +(—2-—2x2} +2\/a—4x,0<x<Z

Thi g'(x) = 8x - BX(> - 2x%) ~ e = AX(4% - 8) - 8 20

2 J3-4x 33-4x
nén g(x) nghich bién trén (0;%). ma g(%) =7 néh phuong trinh say
nghiém duy nhét x = —;- , suy ray = 2: chon.

Vay hé cé nghiém (x;y)=(% 12).

x2-12x + 35 < 0 (1)

Bai toan 12. 43: Giai hé bét phuong trinh: ¢ 1
x” - 3x +9x+-§ >0 (2)

Huwéng dén giai
Taco (1) X -12x+35<0e=5<x<7

Xét (2) : DEti(x) = x* — 3% + 9x + -;- D=R

2
fix) = 3 - 6x + 9> 0, Vx eR nén f(x) ddng bién: x> 5 = (x) > 73

Do @6 f(x) >0, ¥xe (5:7)
Vay tap nghiém clia hé bt phuong trinh 1a S =(5; 7)
Bai toan 12, 44: Chirng minh phurong trinh c6 mét nghiém duy hét:
a)3x° + 15x—-8=0 b) x*=x*=2x-1=0.
Huéng dan giai
a) Ham f(x) = 3x® + 15x — 8 |a ham sé lién tyc va c6 dao ham trén R.
Vi #(0) = -8 < 0, (1) = 10> 0 nén t8n tai mot 86 x, & (0; 1) sao cho f(xo)
tire 13 phueong trinh f(x) = 0 cé nghiém.
Mt khéc, ta c6 y' = 15x* + 15 > 0, vx & R nén ham sé da cho juon’
dbng bién. Vay phuong trinh d6 chi c6 mot nghiém duy nhét.
b)Taco X =32 —2x—1=0 e>x’=x’+2x+1
ex*=(x+1)220nénx"20 = x20

-~




amsb fx)=x"-x*-2x-1véix21.
jy' =5x" = 2x -2 = (2x" = 2x) + (2x* - 2) + x*
L =2 =1)+ 20 = 1)+ x* >0, véi moi x > 1.
ham s6 dbng bién trén tap xac dinh.
& ) tuc VoI moi x > 1 va c6 (1) =~ 3 <0, f(2) = 23 >0 nén phuong trinh
b ong trinh cho c6 mét nghiém duy nhét.
142, 45: Ching minh phuong trinh ¢6 mét nghiém duy nhAt:
2 fx-2 =11.
B + cosx = m, |m| < 1 cé nghiém duy nhét thudc doan [0; 7).
Huémg dan giai
im 86 f(x) = 2x%./x -2 =1 thi ham sé x&c dinh va lién tuc trén nira
- '\[2' +00),
z 2xJ -2+ ] "‘5"'8)>o.voimoaxe(2;+oo)
2Vyx -2 yx-2

h g 6 dbng bién trén niva khodng [2; +).
i2) = 0, f(3) = 18. VI 0 < 11 < 18 nén tdn tai sb c e (2; 3) sao cho
11 tirc ¢ 1a mét nghiém cda phwong trinh f. Vi ham sé déng bién trén
) nen ¢ la nghiém duy nhat cia phuong trinh.

M 86 f(x) = sin’X + cosx, lién tuc trén doan [0; ].

0nénf'(x) =0 cosx= — e x= §
X 0 g n
f'(x) + 0 ey
. S
f(x) =
1/'4 \-1
n

3 gian cia ham sé lién tuc, véi moi m e (—1: 1) = (=1: % ), t8n tai mét

P



10 trong diém

sb thyc c e (—;—; n) sao cho f(c) = 0 tirc c la nghiém cla phuong trink

ham sb f nghich bién trén [%; ] nén trén doan nay, phuong trinh ¢
nghiém duy nhét.
Con véi moi x € [0; gl. tacod 1< f(x)< ; nén phuong trinh khéng

nghiém suy ra dpcm.

Bai toan 12. 46: Tim sb nghiém cda phuong trinh

42 = 2x* = x* - 3¢% -6x-3=0.
Hwéng dén giai
Phuong trinh trong duong: (X +3)0¢ =x* - 2x—1) = 0.
=x’+3=0hodcxX’ =X -2x+1=0
e x=-Y3 hoticx* - x*-2x-1=0.
Xét phurong trinh: x* —x* —2x—1=0=x" = (x + 1)*2 0.
Dod6x* >0 =x20=(x+10°21=x"21=x21.
Do d6 nghiém ciia phuong trinh x* = x* = 2x — 1 = 0 néu c6 thi x = 1
f)=x"-x=2x=-1,x21.
fi(x)=5x" —2x-2=2(x' - 1) + 2x(x’ - 1) 2 0.
Do d6 f déng bién.
Vif(1) =-3 <0vaf(2) =23 >0 nén f(x) =0 co nghiém duy nhéat x, > 1
Vay phurong trinh cho c6 dang 2 nghiém.

Bai toan 12. 47: Tim tham s& dé phuong trinh cé nghiém:

a) m(\)1+x2 1= +2)=2\/1—x‘ 152 —1- %2

b)(4m—3)Jx+3+(3m—4)J1—x+m—1=0
Hwéng dan giai
a) Didu kien -1 < x < 1. Datt= J143 =J1-%% thit20
vaf=2-21-x* <2 déu=khix*=1.Dod60<t< 2
_2
PT:mt+2)=2-f+te P . .4
t+2

t? 4+ 4t

—2 4
xétf = 12 0<t< V2, (1) = < 0 nén f nghich bie"
t+2 (t+2)7°

[0; V/2]. Bidu kién c6 nghiém:
min f() < m < max f®) & (V2)sm<f0) e V2 —1<sms1.



VM MV DVUM BEhanao Viéer

Ax+3+41-x+1

4x+3481-x+1
{./;1—) -x) = 4 nén dat:

=2sing = 2 J1 -X= 2cos¢-

R d ook
t —,0<p=s—, 0=stx1,
\:tanz ] >

NE-121-90 7 -12t-9

" Pitf() = ———— 0<t<1.
51 —16t-7 w i 512 ~16t-7
L (s -16t-7)

n-3<x<1.PT &

1+12

< 0 nién f nghich bién trén doan [0; 1], do d6

cé nghiém: f(1) < m < f(0) < % <ms< —3—

2. 48: Tim tham sé a& phuong trinh:
2X + 4 - Vx +1=m co dung mét nghiém
mX +2 = 2x +1 ¢6 2 nghiém phan biét.
Huwéng dén giai

\ x+1 > 0, phuong trinh tr& thanh Yt* +3 —t=m *

@t (rng voi mdi nghiém khéng &m cia phuong trinh (*) ¢6 ding mét
A phirong trinh d& cho, do d6 phwong trinh d& cho cé dling mét
khi va chi khi phuong trinh (%) cé diing mét nghiém khong am.

mséf(t) = Yt* +3 -t véit=0,f'1) = £

-1<0.
4:?0‘ +3)°

= 43va lim (t) = 0 nén co bang bién thién:

t 0 +o0

f'(t) -

| V3 R 0

‘::e S Msuyfadcg'éﬂi&'\ﬁ'ndhmlﬂ0<ms %
[2x+120
DE +mx +2=(2x+1)?

c>3x’+4x-1=mx,x2-—;-



10 trong ng hoc sinh gi -

2
le=0kh6ngmoémannen:-3x—*;5x—-4=m. xz-%
2 -
xetf(x)=§1—*:—"—1. xz-—;-.xaeomlf'(x)-sx it
x*

LAp BBT thi diéu kién phuong trinh cho cé 2 nghig¢m phan bigt la

f(x) = m c6 2 nghiém phan bietxz—-;-.xath m> %.

Bai toan 12. 49; Tim diéu kién d& phuong trinh ¢6 nghiém
a) 2(1 + sin2x.cosdx) - -;-(coux — cos8X) =m

-m-1e+3¢-(m-NHt+1=0
Hwéng dén giai

a) Tacod: 2(1 + sin2x.cos4x) - % (cos4x — cos8x)

= 2 + 2.8in2x.cos4x — sinBx.sin2x
= 2 + sin2x(2cos4x - sin6x)
Patt = sin2x(-1 <t< 1) xét y =f(t) = 4t' — 4> -3¢ + 2t + 2
Tach: f'(t)=16C - 12 —6t+2 = (t—1) (168" + 4t 2)
2831 O
f(t)-o=>t-1.t--5.t-;
1 ’ 129

So sanh.: f(-1)o f(1)c f(—l) va f(z) thl max y= 5 ,miny = -?4—

Vay didu kién c6 nghiém 1?3 sm <5

b) Ta c6 t = 0 khdng Ia nghlem. cma hai vé cho ¥
€ (m-1t+3-(m-1) 14+ =0
t t?

2
= (H%] -(m—1)(t+%) +1=0

Patx=t+ % thi |x| =2 va phuong trinh tré thanh:

X2 +x+1
X

=m

X-(m-1)x+1=0ey=

Tach y = X’ 1

>0,v|x| 22vaf(-2)= ;:-,f(2)=£.



U Uslaoli' S DUV N

0 Viel

phuo gtﬂnhcénghiemkhims--g- haymz%

n 12. 50: Tim tham s6 dé bét phuong trinh
Bx—2 + 2J4-x <m c6 nghiém

, 2 4L 9 <x+a c6 nghiém v&i moi x
' Hwéng déan giai

g_iJ -2 +2J4-x,D= [—4]

. 2 =2J- - ax -2
 Jax-2 Ja-x  Jax-2 . J4-x

':(’x)?.Oc: 2J4-x > Jax-2 (x#4, x= —;-)

AN g
24 (4-X)24x—-2 & X< =

ing bién thién thi co két qua m > 14,
ay2x® + 9<x+aca(Vax? + 9 =1)<x
M M V2x2 + 9 —1>0, vx)

V2t 49 -1
X iyl 9-y2x? +9

. E = , XeR, f'(x) =
‘72;8 +9-1 V2xt +9.(2x® +9 - 1)

F'(x =0¢9 V2x2 +9=0 2% +9=81
=X¥=36ox=+6

3T thi min f(x)=-%

PT nghiém diing vx khi a < -%

12. 51: Tim didu kién cla m @& hé c6 nghiém:
AR
Pye-
l3+y +l 15m-10
X y?

Hwéng dén giai
x.y¢0.93tu=x+%.v=y+$thllul22. lvl 2.




—YWMWW
u+v=>5 u+v=5
oAl s miflis)
U -3u+v' -8v=15m-10 uv=8-m
Do d6, u, v la nghiém phuong trinh: =5t + 8 -m =0
Bai toan dua vé tim m dé phuong trinh * — 5t + 8 = m c6 2 nghiém,
man |t,| , [t;] 22 '
Xét f)=t*-~5t+8,D=R.Taco:f'(t)y=2t-5
Bang bién thién:
t | —o -2 2 5/2 +o0

a +an - /////2 — : - +a0
i \22 //// \7/4/

Vay: %smszhoacmazz

Bai toan 12. 52: Cho ¢ va y la hai ham lién tuc trén [a; b], kha vi trén (a, b)
@'(x) = 0 tai m8i x € (a; b) . Luc d6 tdn tai c  (a; b) dé:
[o(b) - e(a)]v'(c) = [w(b) - w(a)le'(c)
Hwéng dan giai
Xét ham F(x) = [w(b) — w(a)]e(x) - [p(b) — e(b)lw(x) thi F lién tyc trén [a b]
c6 dao ham trén (a; b).
Thém vao d6 F(a) = F(b). Do d6 theo dinh ly Rolle, ton tai ¢ € (a; b) dé
F'(c)=0,ticla [o(b) - e(@)]y'(c) = [w(b) - w(a)le'(c) : dpecm.
Bai toan 12. §3: Cho ham s& f kha vi trén [0;1] va thod man: f(0)=0 ; f(1) =
Chirng minh tdn tai 2 6 phan biét a;b thudc (0;1) sao cho f '(a).f'(b) = 1
Hwéng dan giai
Xét ham sé g(x)= f(x) +x = 1 , khi d6 thi g(x) lién tuc va c6 dao ham Ir
[0;1]. Ta cé: g(0)=—1 <0 va g(1)=1 >0 nén tdn tai sb ¢ thudc (0,1) s
cho g(c) =0.
Do dé f(c) + c -1 =0 hay f(c) = 1-¢
Ap dung dinh ly Lagrange cho f trén cac doan [0;c] va [c;1] thi :

tdn tai a<(0;c) sao cho: ﬁ%%g—o-)- =1'(a)
va tén téi be(c;1) sao cho: _f%:(c) =1'(b)
nén: f'(a)f(p)=TC21=f€) _(-cle _,

1-¢  c(l-c)
Vay tdn tai 2 s& phan biét a;b thudc (0;1) sao cho f'(a).f'(b) = 1.

- -



nh phuwong trinh : ax* + bx® + ¢ = 0 ¢6 nghiém.
Hwéng dén giai

etham 56 Fx) = 217 + gx‘ + 5x°, khi d6 F(x) lién tyc, c6 dao ham

) .ung dinh Ii Lagrange trén [0; 1] thi tén tai ¢ e (0; 1): F(1)1+;(0) =F'(c).

_o)=o,F(1)=;+g+ % =0nénF'(c)=0 hay cf(c)=0

jc € (0,1) nén ¢? » 0 do d6 f(c) = 0 = dpcm.
an 12. 66: Cho 0 < a < b va f [a mét ham lién tuc trén [a; b), cé dao ham
1 (a; b). Chirng minh réng tdn tai ¢ thude (a, b) sao cho:
i af(ba) : zf(a) = f(C) -cf .(C).
Hwéng din giai

ham sé g(x) = @ va h(x) = % thod man diéu kién cta dinh i

B ; ; . 9(b)-g(a) g'(c)
ichy. Do d9, tén tai ¢ < (a; b) sao cho: NB) &)~ (o)
) f(a) cf'{c)-f(c)

2

3 = dpcm.

. c?

in 12 56: Cho ham s6 f(x) c6 dao ham trén [0; 1] va nhan gia tr duong.

’ng minh bét phwong trinh:

L -0 < %(m) ~2§(0)) ¢6 nghiém.
Hwéng dan giai

2 ham sé: 9(x) = arctgx;h(x) = '(x)z trén [0; 1].
+X

1
5 1 2x 1

Co: ' o :l = f 'l
A 1+x% ) (1+x%)? (x)+1+x2 “

0 dinh ly Cauchy thi tdn tai ¢ (0;1) sao cho:

- ———



Bai toan 12. 57: Giai hé phwong trinh

0 1)

h()-h(0) _h(e) ,. .2 -Gl e
a-90 g@ = T E_4 8 ot 2
4
nén 2 (1(1) - 260)) = '(e) = ~225 1)
n 1+¢

2c
P f(C) 2 f'(c) = “C) j;

Vi 0<c<1 nén1+c®>2c vavi f(c) >0 nén f'(c)-1
+

= dpcm,

{Jx+1+‘\/x-1—\/y‘+2=y

X2 ¥ 2x(y ~ ) +y% ~By +1=0
Hwéng dan giai
Diéu kién x =1

X2 +2(y-1)x+y* -6y +1=0 a(x+y-1)2-4y=0 nén: y=0

@1+VX-1—J)"+2 =Yy
o Jm*#’:_’:\/(y‘ﬂ)ﬂi-w +1)-1(")

Patf(t) = Vt+1+ Yt—1 thi fddng bién trén [1; +)
Nen (**) & f(x) = fly* + 1) > x =y + 1
Thé vao () taco :dy = (y' +y)P=y* +2y° +y°

y=0-x=1 [y=0
o <=

y r2yt+y=4 |y=1
(vi gly) =y’ + 2y* + y abng bién trén [0; +)
Vay nghiém cua hé (x; y) = (1; 0) hay (x; y) =(2; 1).
Cach khac: x* +2(y-1)x+y* -6y +1=0
DX=-Y+1 12\/; vixz1

= X=-y+1 +2\/;
Datu=‘x—1zOvav=y‘zO.taduqc Ju+2+$/ﬁ=s/v+2+2/\7

Xét ham sé f(t) = Vi + 2 + ¥t tang trén [0; +x)
=fu)=fivy=>u=v=ax-1=y"




VEH MTV DVVH Khono Vit

JYEN TAP
12 1: Tim gia tri I&n nhét va gia tri nhé nhat cia ham sé

v= _x._.—_2x_+2 b) y= 1 trén (E,:}_’IJ
% x* +2x+2 cosx 2 2
Hwéng dan

dao ham va lap BBT.
qua maxy = 3+242 va miny = 3-2\2

max _y = -1. Ham sé khéng c6 gia tri nhé nhét.
{33)

jp 12.2: Tim gia trj Ion nhét va nhé nhét cia ham sé

B 1 1
- X)= -
) sinx+4 cosx-4

Hwéng dan

mau thirc va dat t = cosx — sinx = V2 cos(x + -;5) (1t1<2)

qua minf = 8 maxrutdc

)12.3: Cho @b thi (C): y = | x—m]| - —M 1<m<4.
m*-3m+3
 GTNN cla dién tich gi&i han b&i db thj va truc hoanh.
y Hwéng dén
dién tich da giac gi¢i han.
maxS = §(2) =9, minS = S(1) = 1.
P 12.4: Xac dinh tam giac vudng ABC c6 dién tich Ion nhét biét téng mot
h goc vudng va canh huyén bang a cho trwdre.
Hwéng dén

X 1& mot canh géc vudng thi x >0 va tinh canh gdc vudng con lai . Két
la nira tam gi4c déu

12 §: Cho tam gidc ABC. Chirng minh

%+cos > +cosg si b) sln%+ sln-g-+ sln% s-:i

Hu&ng dan
ham sé f(x) = cos% trén (0: 7 )

¢ mséf“):sin% trén (O, )
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Bai tap 12.6: Cho céc sb thyc x, y thod man 0 <x < % valsys< 1;-
Chirng minh rdng: cosx + cosy < 1 + cos(xy).
Hwéng dan

Xét ham sb f(t) = 1 + cost’ - 2cost v&i t & [0; 21.

Bai tap 12.7: Cho cac sb thue duong X, y, 2 voi x 2 y 2 z. Chirng minp,
ﬂ+ﬁ+é>x2+f+zz.
z X v
Hwéng din
L R BRI =8
Batu-z.v-zv(nuzvztthl.

Wvv=-1)+u?—uv(v?+1) +vV* =0

Baitap 12.8: Chox,y,z=20vax +y +z= 1. Chirng minh:
7
O<sxy+yz+zx=2xyz < —.
Xy +yz + ZX = 2xyz 27
Hwéng dén

Gid sirz 14 86 bé nhitthi 0 sz < %

Xétf(z)=-—223+z2+1,0525%

Bai tap 12.9: Chirng minh bét dang thirc
a) BECNULI:Néu x>-1vaaz=1 thi (1+x)"21+ax
Néux>-1va0<a<tthi (1+x)%<1+ax

(a-b)? _a+b (a<b)y® ..
b) ———<——~-yJabgs——-— vbia > b>0.
) 8a 2 Ja— 8b
Hwéng dén
a) Xét ham sé: f(x) = (1 +x)* =1 —ax véi x > -1
b) Xét ham s f(x) = v/ rdi dung dinh Iy Larange.
Bai tap 12. 10: Cho a, b, ¢ khéng &m va khéng ddng thoi bang 0.
a® b? c? 1
+ 4 < —
5a° +(b+c)® 5b°+(c+a)X+b® Sc?+(a+b’ 3
Néux>-1vaD<as<1thi (1+x)°<1+ax

Chirng minh




Hwéng dan

é 2
tham s6 f(x) = — > va lap phuong trinh tiép tuyén tai
2x® -2x+3

’\ By = 4x9 1

p 12.11: Giai phuong trinh, hé phuong trinh :
- 23 -2+ Jx? - 3V3x + 4 =3

- Jy=1-%

lox-10* =y

. Hwéng dadn
] o‘hém clia ham sé VT, Két qua x =3.

)12 12 Tim tham sé dé phwong trinh
' + 4x° ~ 8x + 1 - m = 0 c6 4 nghiém phan biét,
cosx + % cos2x + % cos3x —m = 0 ¢6 vd sb nghiém.

' Hwéng dan
A -Bx+1-m=0e X' +4x - 8x+1=m.
186 f(x) = x* +4x* —8x + 1.

~Oo1
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cnuven aé 13: PHEP BIEN HINH VA DO1 HINH

1. KIEN THUC TRONG TAM
Phép bién hinh
Phép bién hinh F trong mat phéng la mét quy tic dé voi mdi diém M thyg,
mat phing, xac dinh dugc mot diém duy nhat M’ thudc mét phang &y, goi
anh clua diém M: F(M) = M",
Phép d&i hinh
Phép déi hinh 13 phép bién hinh khéng lam thay ddi khodng cach gilra hj
didm batki: F: M =M, N =N’ thi M'N' = MN. Dai khi ta con goi 13 phep
dang cy.
Binh i co ban: Phép doi hinh bién ba diém thang hang thanh ba diém
thing hang va khéng lam thay ddi thir ty ba diém d6, bién duong thing
thanh duong thang, bién tia thanh tia, bién doan thang doan thang bang no
bién tam giac thanh tam gi4c bang nd, bién duong tron thanh dudng tron
¢6 cung ban kinh, bién géc thanh géc bang né.
Céac phép d&i hinh dac biét

— Phép bién hinh ddng nhét | bién m&i diém M thanh chinh né, tirc 1a anh W
ludn tring voi M.

— Phép tinh tién theo vecto v cho truréec, 1a phép bién mdi diém M thanh diém
M' sao cho MM' = v, ki hiéu T - y

Trong hé toa d6 Oxy cho v (a; b).

Goi T, : M(x; y) —» M(xy) //M.

' M
" {x =x+a . :
y'=y+b

- Phép déi xirng qua dudng thing d 14 phép bién mdi diém M cla mat phang
thanh diém M' déi xirng véi M qua d, ki hiéu 1a B4 hay Sg.

~ Phép déi xing qua diém | la phép bién ddi méi diém M thanh diém M do
xtrng v&i M qua |, ki hiéu la B, hay S;.
Trong hé toa d6 Oxy cho diém I(a; b).

x'=2a-x

D M(x; M'(x'; ') thi: .
2 MGG Y) = MU y) {y,=2b_y

- Phép quay tam O géc quay o, bién "
didm O thanh O va bién mdi diém M
khac O thanh M' sao cho: 0 [
OM'=0OM
(OM,OM') = & o

0N




‘g*’wi- Qqo, ) hay Rio, ).

-.:-", quay gbc ¢ bién duwéng thdng d thanh dudng thing d', néu0 < ¢ <

i
2
’_,d')=¢p. con néu E <g<munthi (dd)=n-0.

¢ dinh phép doi hlnh

By 2 tam giac béng nhau ABC va A'B'C' tuvong irng thi xac dinh chi mot
/dbi hinh bién A, B, C thanh A',B',C' twong tng.

sh bang nhau
i nh dugc goi 13 bang nhau néu cé phép doi hinh bién hinh nay thanh

Awdng chirmg minh: dung quan hé hinh hoc; dung hé thire vé vecto dé
'ra quan hé do dai; dung phuong phap toa dd,...

-: inh cta hai phép ddi hinh lién tiép:

M vaFy: M M

quy téc bién M thanh M" theo dc trung cac phép doi hinh. Tir d6
phan tich mét phép doi hinh thanh tich cac phép déi hinh nao dé.
/dinh diém ta thuong tim twong giao. Thong thudng diém cén tim
¢ mot duong da biét va mot dudng 13 dnh qua phép doi hinh, do dé
} can tim 1a diém chung. Bai todn dyng hinh ddy dl c6 4 budc: phan
dng hinh, chirng minh va bién luan, tuy nhién cé thé luoc gian di.

m quy tich (tap hop diém), néu c6 phép déi hinh bién diém M thanh M’
qh tap hop diém cla M thi anh (C') 1 tap hop diém clia M'. Ta phéi
VI cac quy tich co ban,

: huéng

y )
Oy) = a(mod2n)
LON) = a(mod2n) o é@ >)@
.. = a(modn)
gidc ABC : (AB,AC) + (BC,BA) + (CA, CB) = n(mod 2r)
l' va (AB,AC) + (BC,BA) + (CA,CB) = 0(mod )
ABC néi tiép dudng trén (O):
OB) = 2(CA, CB)(mod2x) va (OA,0B) = 2(CA,CB)(mod )
diém A.B,C.D thuéc duong tron
CB) = (DA,DB)(mod2r) hay (CA,CB) = ~(DA,DB)(mod 2x)
A,CB) = (DA, DB)(mod 7).

2R
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2. CAC BAI TOAN i

Bai toan 13. 1: Mot diém goi la bat dong néu né triung véi anh cla no Qu
phép bién hinh. Chirng minh mdt phép doi hinh c6 hai diém bat déng 13 m(;at
phép déng nhat hoac Ia mét phép ddi xing truc.

Hwéng dén giai

Goi F la phép déi hinh ¢c6 hai diém bét dong A, B: F(A) = A, F(B) = B.
Lay mot diém C khéng thdng hang voi A, B va goi C' = F(C).
Néu C' = C thi F cé ba diém bat dong khong thdng hang. Gia s F khéng
phai 14 phép dbng nhét thi co mot diém M ma anh M' khac M ta c6: Ay <
AM', BM = BM', CM = CM' nén A, B, C cach déu M va M' nén nam s,
trung trrc ctia MM' do d6 ching thdng hang: vé li. Vay F 1a phép adng nhat
Néu C' khéng tring C thi AC = AC' va BC = BC' nén AB Ia trung truc cig
CC'. Khi d6 F chinh la phép déi xirng truc, véi truc 1a dudng thang AB.
Két qua: Néu phép doi hinh c6 ba diém bét dong khong thdng hang 1
phép déi hinh d6 1a mét phép ddng nhat.

Bai toan 13. 2: Chirng minh rang néu phép déi hinh F bién mai duong théng a
thanh dudng thdng a' vudng goc véi a thi F c6 mét diém duy nhat bién
thanh chinh né.

Huwéng dan giai
Truéc hét, F khong thé co hai diém phan biét bién thanh chinh n6 vi khi do
duong th_éng di qua hai diém @6 phai bién thanh chinh no, trai voi gia thiét
1a F bién duéng thdng thanh dwéng thang vudng goc.
P& chirng minh sy ton tai cla diém bién
thanh chinh no, ldy mot diém A nao d6va  ———*]
goi Ay = F(A), Az = F(A).
Néu A trang A, thi A 13 diém bién thanh
chinh nd, boi vay ta gia st rAng A khac A,.
Khi d6 ta co doan thdng AA, bién thanh +
doan thdng A,A; nén AA; = AjA;, Nngoai ra
c6 AA, L AA; nén tam giac AAA; vudng A e # ’%\4‘\
can tai A,.
LAy didm A; 530 cho AA;AA; 1 hinh vudng va diém A's 1a diém dbi xund
v&i As qua diém A,. Khi d6, F bién diém A, thanh diém A, hoac diém A's Ta
ching minh rdng néu F bién A, thanh A's thi vé li. That vay, néu ta go! | J
K I14n Ieot 13 trung diém ciia cac doan thing AA;, AA;, AA's thi F bien |
thanh J va bién J thanh K ma IJ khéng vuéng géc véi IJ, vé li. Vay F bién A2
thanh As va ciing teong ty F bién A; thanh A, Nhu vay F bién doan tha"?
AA, thanh doan thdng AsAs, suy ra F bién trung diém clia AA, thanh tru"
diém cua A,As, tirc 12 bién tam O cla hinh vudng AA;A,A; thanh chinh ¢
| Vay F c6 duy nhét diém O bién thanh chinh né.
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2 13. 3: Cho dudng thang a va mét diém | ndm trén no6. Goi F 1a phép

inh bién a thanh a va | Ia diém duy nhat bién thanh chinh né. Chirng

rang F bién diém M bt ki thanh diém M' sao cho | Ia trung diém MM',
Giai ;

am M bat ki ndm trén a va khac |,

‘4o hinh F bién a thanh a nén bién ¢ N

| M thanh diém M' trén a, IM = IM".

iravi M khac M' nén | 1a trung Y

a .: MM' M : M

:,,‘ fduong thang di qua | vubqg goéc Nt

thi F bién b thanh dudng thang di b

ya vudng goc voi a.

b bién thanh b. Cling 1ap luan nhu trén, néu N ndm trén b thi F bién N

N' sao cho | 1 trung diém cla NN'. Gid st diém P khéng ndm tén a va

PM L. ava PN L'b(M € a, N e b). Theo trén M bién thanh M', N bién

N'sao cho | 1 trung diém clia MM' va NN'. Suy ra P bién thanh diém P'

10 M'IN'P' 12 hinh chir nhat va do d6 | 1 trung diém clia PP'

13. 4: Cho 2 tam giac bang nhau ABC va A'B'C'. Chirng minh cé

461 hinh bién tam gidc ABC thanh tam giac A'B'C'.

' Hwéng dén giai

€p bién hinh, F bién m&i diém M thanh diém M’ sao cho néu

PCA +qCB U

W =pC'A' = qC‘B;.

ing minh F 14 phép doi hinh. G

F bién N thanh N', néu CN =kCA +tCB thi

| (e A" + tC'B'. A

N = CN - CM = (k-p)CA +(t-q)CB

= MN ? = (k - p)°CA? + (t - q)°CB? + 2(k - p)(t- q)CA . CB

[t MN', = M'N'2

2 = (k- p)’C'A% + (t - q)°C'B? + 2(k— p){t—q)C'A".C'B'

giac ABC va A'B'C' bang nhau nén CA = C'A', CB = C'B' va

B = C'A'.C'B'. Do d6 MN = M'N' hay F I phép doi hinh, bién A, B,

Ot thanh A", B, C' = dpem,

13. 5: Trong mat phéang toa @ Oxy, v6i «, a, b 14 nhirng sé cho

Xét phep bién hinh F bién méi diém M(x: y) thanh diém M'(x'; y') trong

= XCcoSax—-ysina +a

"= Xxsina +ycosa+b

‘Minh phép F a phép doi hinh.

M

"L




Hwéng dén giai
Phép F bién diém M(x;; y;) thanh didm M'(x; y';), didm N(Xz; v2) thany,

N'(x'; ¥'2)
{x, =X,cosa-y,sina+a {x, =X,Cco8a ~Y,sina+a

y, =X,sina+y,cosa+b |y, =X, sina+y,cosa+b

Ta co: MN = (X, ~X,)? + (¥, ~ ¥o)?

va  MN = - x )R -y )

X \ﬂ:(X, - x,)cosa —(y, - yz)slnm]:z + [(x1 - X,)sina+(y, - Yz)COs{, i\;

= ﬁ(x, ~ X,)% c08? o+ (¥, — ¥,)° SIn° & H{x, - x, ) sin® a +(y, - ¥, )° cos’

= Jox, =%, + (v, =¥, = MN.

Vay phép F 1a phép doi hinh.
Bai toan 13. 6: Chirng minh ring hop thanh cia mét s6 hiru han céc phép t
tién 12 mot phép tinh tién va ngugc lai mot phép tinh tién dugc xem I3 |
thanh clia mdt sé hiru han cac phép tinh tién.
Huwéng dan giai

Cho phép tinh tién T, theo vecto ﬁ: va phép tinh tién T, theo vecto U,
F 1a phép hop thanh cia T, va Ta. .
Gia sir T, bién diém M thanh diém M, - e

u
va T, bién diém M, thanh My, tirc la: / T
MM, = u, ; MM, = u,

1 2
Suyra: MM, =u, +u, :xacdinh M A M

Vi phép hop thanh F bién M thanh M,

nén F 1 phép tinh tién theo vecto : u, + U .
Mét cach tong quat: Hop thanh ciia mot & hiru han phép tinh tién 1a mot P
tinh tién theo vecto tdng cla cac vecto tinh tién clia cac phép tinh tién 40
Do mét vecto cé thé phan tich thanh téng hiru han cac vecto nén 1@ e
két qua phan tich nguoc lai.

Bai toan 13. 7: Chirng minh hop thanh cla hai phép dbi xtrng truc co c&°
dbi xirng song song la mét phép tinh tién va nguoc lai, méi phép tm' :
d&u c6 thé xem |a hop thanh clia hai phép ddi xirng truc cé truc aoi ¥
song song bang nhiéu cach.

- A



Hwéng dan giai
& D, va By 1a cac phép ddi xirng truc co a b
uavabméal/bvéf-'lahapthénh cla
"1 By LAy hai diém A, B I1&n luot ndm trén
f eaochoABLa Véi diédm M bét ki, D,
an M thanh M; va B, bién M, thanh M,.
ju goi H va K 1an luot 13 trung diém cua
iy va MM thi : TR G B R R 8 e

vi A1 D N H M, K M
d, = MM, + MM,

b= 2(!-TM: + l@li) = 2HK = 2AB xac dinh
shép hop thanh F bién M thanh M; ma MM, =2AB nén F 14 phép tinh
theo vecto 2A~B'

yoc lai, gid st T la phép tinh tién theo vecto u. LAy mot dwong thing a
| d6 vudng géc voi u va dudng thing b 1a dnh cia a qua phép tinh tién

vecto % U thi phép tinh tién T 1a hop thanh ciia phép @8 xng tryc B,

hép d6i xing truc Dy, Vi cé nhiéu cach chon dudng thing a, nén co
'-phép ddi xing B, va By, c6 hop thanh 1a T.

in 13. 8:

phép dbi xrng truc B, qua dwong thang a va phép tinh tién T theo

v vudng géc voi a. Chirng minh réng hop thanh cla D, va T 1a phép
g truc.
dlnh hop thanh cla m phép déi xirng tam.

Hwéng dén giai
xem phép tinh tién T Ia hop thanh cla hai phép déi xting tryc B, va
Vi vecto tinh tién vubng  géc  v6i a  nén
b // c. Do d6, ta duoc hop thanh cla ba phép ddi xirng cé truc song
). Vay ta duoc mot phép ddi xirng tryc.
6 hop thanh ciia 2 phép ddi xirng tam A va B Ia phép tinh tién vecto

. Do d6, hop thanh cia m = 2n phép ddi xiing tam Ay, Ag,..., Az, 14

Plinh tién vecto 2(A A, + A A, +..+A, A )
1
/ : :
M
M ] M

IR7
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Vi hop thanh cua phép tinh tién V va phép déi xing tam | 13 phép doi
tdm J sao cho U= —% v. Do d6 hop thanh cia m = 2n + 1 phép 4|

tam A;. Ag..... Azne1 la phép d@8i xtng tam O sao cho:
A0 = ~(AA; +AA, +aer Ao 4A2) -

Bai toan 13. 9: Chirng minh hop thanh cda hai phép abi xirng truc co trye 2
nhau la mdt phép quay va nguoc lai, mdi phép quay déu c6 thé xem |3 1,
thanh cua hai phép dbi xing tryc cé truc cét nhau, bing nhiéu céch. ;

Hwéng dén giai M,
Gia s cho hai phép d6i xirng truc D,
va B, cb truc a.va b cat nhau tai O, con
F 1a hop thanh cla B, va By Lay hai
didm A, B khac O 1an luot nam trén a,
b sao cho goc AOB khong tu va dat
¢ = (OA, OB). VoI moi diém M khac O,
gia st D, bién M thanh M, va By bién —
M, thanh M,. ‘
Khi d6, néu goi H va K 1an Ivot 1a trung
diém clia MM, va M;M thi ta co: M

OM = OM, = OM;
va (OM, OM;) = (OM, OoM,) + (0M1. OM;)
= 2(OH, OM,) + 2(OM;, OK) = 2(OH, OK) = 2¢.

vay phép hop thanh F 12 phép quay tam O goc quay 2¢.
Nguoc lai, gia sir Q Ia phép quay tam O goc quay . Ta ldy duéng thang

nao d6 di qua O va b la dnh cla a qua phép quay tam O gdc quay é

hop thanh hai phép déi xtrng truc B, va B, chinh 1a phép quay Q.
Bai toan 13. 10: Xac dinh hgp thanh cda m phép d6i xing:
a) cb truc ddi xirng ddng quy.
b) cé truc d6i xirng song song.
Hwéng dan gidi
a) Xét m = 2n. Hop thanh cia hai phép i xirng c6 truc d4éi xirng song 50"
mét phép tinh tién. Vi vy, hop thanh cla 2n phep dbi xirng truc co V¢ §
xing song song la hop thanh cia n phép tinh tién, do @6 ciing & phép 1" !
Xét m = 2n +1. Gia sir F 1a hop thanh cia 2n + 1 phép ddi xtng. GO 3
dbi xtmg thir nhét 1a B, c6 tryc 4 dudng thing a, 2n phép 461 xng cof
c6 hop thanh 1a phép tinh tién T. Ta co thé xem T 12 hop thanh cV? -
phép dbi x(rng ma phép thir nhét 1a D, va pheép thir hai la Py Vay F 1
thanh clia ba phép abi xtmg: By, B, va By. Nhung vi hop thanh cu@ D
B, 1a phép déng nhét e nén F chinh la phép dbi x(rng Dy.
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'm = 2n. Néu F |a hop thanh cia 2n phép dbi xirng c6 truc ddi xtrng
g quy tai O thi F 12 hop thanh cGa n phép quay c6 tdm O va do dé F |a
¢ phép quay.

‘i = 2n +1. Gia sl F |2 hgp thanh cia 2n + 1 phép @i xing truc cé cac
bu di qua O. Goi D, I phép dbi xirng dau tién, thi 2n phép déi xung
! lai c6 hop thanh la phép quay Q tdm O. Ta xem Q Ia hop thanh
| hai phép ddi xirng truc, trong d6 phép thir nhét 13 B, va phép thir hai I3
Nhur vy F 18 hop thanh ciia ba phép déi xing truc; ©,', D, va . Vay F
h la phép dbi xing tryc Dy,

n 13. 11: Trén ba dudng tron cé cung tdm O va cé ban kinh R, 2R, 3R,
ugt ldy ba diém A, B, C sao cho tam giac ABC vubng can tai B va diém
uéc mién trong tam giac nay. Tinh dién tich tam giac ABC theo R.

3 Hwéng dén giai

pquay tam B géc-g bién C

) A € bién diém O thanh O'

" |AO'=0C =3R
'|BO'=BO = 2R,0BO" = 90°
BO' vudng can

D'=0By2 = 2R 2

00" + OA? =8R? + R?= 9R? = 0'A’ = O'OA =90°
00' = 45° nén BOA = 135°

m sé cosin trong tam giac BOA cho:

OA? + OB - 20A.0BcosBOA = (5 + 22 )R?

‘wuéng can = S(ABC) = %AB2 = #Rz.

3. 12: Cho hai duéng thdng song song d, va d, va hai diém A, B &
ia cOa déy (dy, dy).

'€ dy, N e d; sao cho MN L d; va AM + MN + NB 13 ngén nhét.
, Hwéng dén giai A

M € d,, N e d; sao cho:

dy
dy taco NM = a: xéc dinh, phép A
8n vecto a bién M thanh N, ! reih
thanh A' do d6 AM = A'N nén ; N B

MN+NB=|a|+AN+NB >|al| +AB.

X3y ra khi N Ia giao diém cua A'B véi dy, ha NM L d, thi M, N 1a 2
ean tim,
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Bai toan 13. 13: : Cho dudng thdng d di qua hai diém phan biét P, Q va p,
diém A, B nam vé mot phia déi véi d. Hay xac dinh trén d hai diém M, N saq
cho MN = PQ va AM + BN bé nhét.
Hwéng dén giai
Gia sir dung duoc hai diédm M, N A A’
ndm trén d sao cho MN = PQ. Liy

diém A' sao cho AA'= PQ thi diém
A' hoan toan xac dinh va AMNA' |a W il
hinh binh hanh nén AM = A'N.

Do d6 AM + BN = A'N + BN.

LAy A, déi x(rng A' qua d thi: Y
A'N + BN = A;N + BN > AB: Khong dbi

Vay diém N can tim Ia giao diém cla AB va d, va diém M xac dinh b
NM=QP,

Bai toan 13. 14: Cho goc nhon xOy va mét diém A nam trong géc d6. Xéc dinh
diém B trén Ox va diém C trén Oy sao cho tam giac ABC c6 chu vi nhd nhat
Hwéng dan giai

Xét tam giac ABC c6 B va C lan luot 0

nam trén hai tia Ox va Oy. Goi A' va

A" |a cac didm dbi xieng v&i diém A

lan luot qua cac dudng thdng Ox va

Oy. Chu vi ctia tam giac ABC la: C

AB + BC + CA

=A'B+BC + CA" =2 A'A".

DAu "=" x3y ra khi bén diém A', B, C,

A" thdng hang. Vay chu vi tam giac

ABC bé nhét khi lay B va C 1an luot 12 X y

giao diém clia doan thdng A'A" véi hai

tia cia géc nhon xOy.

Vi géc xOy nhon tén tai cac giao diém B va C. j
Bai toan 13. 15: Cho dinh O ndm trong tam gidc ABC. Goi A', B', C' 1a anh cuss

A, B, C qua phép d6i xtrng tam O. Biét ring A' & trong tam giac ABC, I

tri cia O @& phan chung T cta 2 tam giac ABC, ABIC' 6 dign tich Ion nhat?

Hwong dén giai ¢ P

T 14 hinh binh hanh c6 hai canh lién \

tiép nam trén AB va AC va mét dudng

chéo 1a AA'. Goi M la giao diém cia

AA' véi canh BC va dyng hinh binh

hanh AKMH, c6 MK // AC va MH // AB

(K € AB, H € AC).




VHH MTV DVWH Hhang Vigt
5 T & trong hinh binh hanh AKMH, do dé: St < Saxun
5. AK AH

Sank _ A% AT bo MK #/ AC va MH // AB nén:
& __ ABAC

OM AH_BM . AK AH_

' AC BC AB ' AC
AK AHS1[AK AH] 1

ng bat déng thirc Cosi: —

AC'AC 4.AB AC,) 4

. 1
e < —S S < —Sagc.
54 ABC = DAKMH 2ABC

: &n nhat khi O 1a trung diém cda trung tuyén AM.
) 13. 16: Tam giac ABC ¢6 BC =a, AC = b, C= ¢ (¢ < 120°%). Tim diém
g mat phéng sao cho MA + MB + MC nhé nhét va tinh gia tri nhé nhét

Hwéng dan giai
ién phép quay: Q Ui :M - M, A - A', thi MA = MA",

4c CMM' déu, nén MM' cM.
+MB + MC = BM + MM' + M'A’ > A'B: khéng dbi
dinh li ham sé cosin trong tam

a + b’ - 2abcos(p + 60°).

| dwong gap khic BMMA' ngan

W M va M' ndm trén BA', do d6
CAA'" = 60° nén thudc dudng

0ai tiép tam giac ACA'.

M cén tim 1a giao clia duéng théng BA' va duong tron ngoai tiép

c ACA'. D6 dai ngén nhét cta tdng I:

MA + MB + MC = a® + b? - 2ab.cos(p + 60°).

13. 17: Tim anh qua phép:

ién vecto u(-2; 3) clia dudng thing d: 3x - 5y + 3 = 0 va dudng

Xt +y? —2x+4y-1=0.

Quay tam O, géc 90° clia Guéng thing d: y = 2x.
Hwéng dén giai
nh tién vecto u (-2; 3) bién diém M(x; y) thanh diém M'(x; y') thi ta




trong /iong hoc sini

Taco x = x + 2,y =y - 3. Thay vao phuong trinh cua d ta duoc:
3(x+2)-5y -3)+3=0hay3x' - 5y' +24 = 0.

Vay phuong trinh cia d' 1a: 3x -5y + 24 = 0.

Thay vao phwong trinh (C) ta dugec:

(X +27+(y -3 -2(x+2) +4(y -3)-1=0

hay x? + y? + 2x' -2y =4 =0. :

Vay phuong trinh (C): %% + y* + 2x -2y —4 = 0.
b) Bwéng thang d: y = 2x qua géc O va

M(1; 2) thi diém O khéng thay ddi Kf—M

con M bién thanh M'(=2; 1). ” A

Do d6 anh cua d |4 dudng thang : :

OM':y=—lx. )t ol O JORRIA T 3
2

Bai toan 13. 18: Tim anh qua phép dbi xing:
a) tryc d: x — 2y + 4 = 0 cGia dwong tron (C): x> +y? —=2x =10y + 1=0
b) tam I(Xo; Yo) clia dudng thang A: ax + by + ¢ = 0.

Hwéng dén giai d
a) Buong tron (C) ¢ tam I(1; 5) va
bankinhR= J1+25-1=5 ! \
Ta tim hinh chiéu cta | 1&n d va tim .
diém |'déi xirng cla | qua d.
Puong thang qua | vudng géc véi d cé phuong trinh:
"_‘lzy_’§¢.zx+y_7=o_
1 -2

Hinh chiéu H co6 toa d6 thod man hé phuwong trinh :

{"‘2‘”":0@.{":2 nén diém H(2; 3) = I(3; 1)
2x+y-7=0 y=3
ViR'=R nén (C): (x-3)* + (y—1*=25. |
b) Cho M(x; y) va M'(x; y) Ia anh clia M qua phép déi ximg tam véi tam I(x. -
thi x + X' = 2%, Yy + Y =2y NN X = 2%, = X, ¥ = 2y — Y'.
Thé vao phuong trinh A thanh: a(2x, — x) + b(2y,—y') +¢ =0
hay: —(ax' + by' +c) + 2(ax, + by, +¢) =0
Vay (A"): ax + by + c—2(ax, + by, + ¢) = 0. J
Bai toan 13. 19: Cho tam gidc ABC, vé ra ngodi hinh chtr nhat BCDE "~
dudng thang qua D va E Ian luot vudng géc véi AB va AC cét nhau i@
Chirng minh AK vudng géc véi BC.
Hwong dén giai .
Goi BB' va CC' 1a hai duéng cao clia tam giac ABC va H a tryc tar -
tam giac nay.



ey INHH MTV DVVH Khong Vigt

hép tinh tién vecto BE = CD bién: A
' thanh EK (vi EK // BB) .
¢ thanh DK (vi DK / CC) el

ja BB' va CC' giao nhau tai H nén H
4 K la hai diém tuong ung trong phép
Yo d6 HK // BE nén HK L BC. B C
8 AH L BC, vay A, H, K thing hang,
ghfa 1a AK vuéng géc véi duong

ing BC. E
foan 13. 20: Cho t giac 16i ABCD khéng phai 1a hinh thang. Goi M va N
i lrot 13 trung diém clia AB va CD. Chirng minh rang néu MN tao véi cac
nh AD va BC nhirng géc bang nhau thi AD = BC. c
/ Hwéng dén giai B —
g ME - BC va MF - AD
' giac MBCE va MADF |a hinh binh hanh nén M
; 2E = BM, DF = AM nén CE = DF, CE // DF.
506t giac CEDF 12 hinh binh hanh nén hai duéng N
va CD giao nhau tai trung diém N.
BO gia thiét thi EMN = NMF nén tam giac EMF can
© duong phan giac viva 14 trung tuyén.
y ME = MF = BC = AD. D
ian 13. 21: Cho tam giac ABC. Trén dudng phan gidc ngodi cla goc C
mot diém D khac voi C,
ting minh rang; DA + DB > CA + CB.

' Hwong dan giai
O A' 13 diém déi xing voi A qua CD. Do A
J.1a phan giac ngoai clia géc C, nén A'
Oc tia ddi cla tia CB va A'C = AC

';;‘ =DA'+DB>BA (doD ¢ BA) 2 -
itkhac: BA'=CB + CA'=CB + CA ;

'do DA + DB > CA + CB.

38N 13. 22: Cho tir giac 16i ABCD c6 AB = a, BC = b, CD = ¢, DA = d.
ac + bd

IPng minh tir giac co dién tich S <

Hwéng dan giai
Ldung duong trung tric A cla dudng chéo BD va goi C' Ia anh clia C
INg phép dbi ximg qua A, khi @6 ABC'D = ABCD, DC'=BC =b, BC'=DC =¢.

A8

ikl an




Tir giac 16i ABC'D c6 dién tich bang S
va cac canh lién tiép AB = a, BC' = ¢, : <
bi P b
S = Sasco = Sasc' + Sanc A s l”
= 1 acsina + l.bdsinl} \
2 i
1
2 2 2 A

Bai toan 13. 23: Cho tir giac ABCD néi tiép dudng tron (O). Goi M, N. P, Q 13,

lan luot vudng gbe véi CD, DA, AB, BC. Goi | 1a giao diém cia MP va N

Chuing té ring bén duong thing MM', NN', PP', QQ' dong quy tai mét diém

Hwéng dan giai

Vi MNPQ Ia hinh binh hanh nén | la

Phép déi xang tam B, bién diém M

thanh diém P, bién duéng thang MM'

song véi MM', tirc 1a vudng géc voi DC.

Do d6, duong thing MM' dugc bién

twong ty; dudng thang NN' bién thanh

duong thang QO, duéng thang PP

thang QQ' bién thanh dudng thdng NO. .

Vi bén dudng thang MO, NO, PO, QO déng quy tai O nén bbn dudng thang
Bai toan 13. 24: Cho hinh binh hanh ABCD va duwéng tron (C) bang tiép cua

tam giac ABD, tiép xtic véi phédn kéo dai cia AB va AD tuong rng tai cac

Q. Chirng minh ring dwdng tron ndi tiép tam giac BCD tiép xuc voi cac

canh BC va DC tai P va Q. A

Goi K 1a tiép diém cua (C) voi BD; (V) 1a

dudng tron ndi tiép tam giac ABD, tiép

H; goi | 14 trung diém cta BD.

Tl MM' = NN'

NN' = DK + DH suy ra BH = DK,

Ta ¢ phép dbi xirng B

10 trong diém b8 dudng hoc sinh gidi mén Todn 11 — Lé Hodah Phd
CD=b, DA =d.
; 1, .8c+bd \
lwot 1a trung diém cla cac canh AB, BC, CD va DA. Ha MM', NN', PP', Q¢
Nhan xét gi vé vi tri diém déng quy va hai diém |, O?
trung diém ctia MP va NQ.
thanh duong thdng di qua P va song
thanh dwong thdng PO. Hoan toan
bién thanh duéng thang MO, dudng
MM', NN', PP', QQ' dng quy tai diém O' dbi xirng véi tam O qua diém |.
diém M va N. Boan thdng MN cat BC va DC tuong (ng tai cac diém P va
Hwéng dan giai
xtc véi AB tai M', véi AD tai N' va BD tai
va MM' = BH + BK,
B D H~ K




Cty TNHH MTY DVWH khong Vigt
gidc AMN can tai A va vi DQ // AM nén tam giac DQN can tai D suy ra
= DN = DK = BH = BM". Do d6, Q la anh clia M’ trong phép B,. Twong
]’a anh cta N' trong phép B, phép B (V) + (V') di qua 3 diém K, Q,
M, N', H |a cac diém chung duy nhat cua (V) voi AB, AD va BC. do dé
, P cling la diém chung duy nhét cia (V') véi BC, CD, CB suy ra dpem.
n 13. 25: Cho tam giac ABC. V& phia ngoai tam giac dyng ba tam giéc
\BCA, ACB,, ABC. Chirng minh rdng AA,, BB,, CC, ddng quy.
u Hwéng dan giai
“T-; AAq mM CC'
p quay tam B goc 60° bién A, thanh C,
| A thanh C,, bién A,A thanh CC,, do
IC, = 60°.
rén CC, diém E sao cho

\ thi tam giac EIA déu.
y tam A géc 60° bién C, thanh B,
thanh |, C thanh B, va vi C,, E, C
ang nén B, |, By thang hang.
BB, CC, dbng quy tai |.
26: Cho lyc giac 16i ABCDEF ndi tiép trong duong tron véi tdm O
kinh R. Biét rang AB = CD = EF = R, chirng minh ring trung diém cac
thang BC, DE va FA Ia dinh clia mot tam giac déu.

P Hwéng dan giai
i luc giac ABCDEF dinh hudng
9i M, N va P theo thir ty I trung
eac canh BC, DE va FA.

5 MP - %(EK +CF)

(BA + CO + OF)

N =

\

Quay goc +§ bién MP thanh :

+ éE) = %(B_E' + cTa) =MN

aMP = MN va PMN = g- Do d6 tam gidc MNP déu.

) 13. 27: Cho tam giac ABC. Dyng vé phia ngoai clia tam giac cac hinh
9 BCIJ, ACMN, ABEF va goi O, P, Q In Iuot Ia tam clia ching. Chirng
A0 vubng goc vai PQ va AO = PQ.




10 trong diém b6i guong hoe sinh gidi mén Tada 11 - L&

Hwéng dén gial
Goi D 1a trung diém AB thi phép
quay tam C goc 90° bién MB thanh
-Al, suy ra tam giac DPO vuéng can
tai D.

E D

Phép quay tam D, géc 90° bién O
thanh P, bién A thanh Q.
Do dé OQ = PQ va AO vubng goc
véi PQ.

J |

Bai toan 13. 28: V& bén ngoai tir giac ABCD bén hinh vudng dung trén 4

canh. Chirng minh tdm cac hinh vudng do la dinh clia 1 t& giac 6 2 duang
chéo vudng goc.

Hwéng dan giai:

Goi O:. O, Os, O 12 tam ciia 4 hinh vudng.M, N, P, Q 1a trung diém Ag,

CD, AD, BC

0,0, = O,M +MN +NO,
=6,‘,M+%(Aé +BD)+NO, (1)
Xét phép quay géc — 90° :

S MBS AR Bl a5
2.)2
%9.;0115. NOI—-»%E
i - AB e~ — D— — - ——— —_ - -
Nén 0,0, —» o QO, +OP S OP+PQ+Q0O, =00,

Vay 0,0, =00, .
Suy ra 0204 =040, va 0204 1 0403, .
841 todn 13. 29: Cho tam gidc ABC. LAy trén AB mot diém luu dong M va I}
AC mét diém N sao cho BM = CN. Ching minh trung tryc clia MN qua
diém cb dinh va duong tron (AMN) qua 2 diém cb dinh.

Hwéng dén giai

Taco: BM=CNva (BM, CN) = (AB, AC)=¢




¢ N 1a anh ctia M trong phép quay o
‘a6c quay o bién B thanh C. A

» d6 dudng trung tryc cda MN qua
n quay O cb dinh la giao diém cla
ong trung tryc cua BC va cung
' ﬂi_gbc ¢ dung trén day BC.

va N 12 hai diém tuong g, va A 13
» diém cia hai duong thang tuong
g BM va CN trong phép quay trén.

do goc (OM ON) = (AM, AN) nén M, N, A, O cling & trén dudng tron.
\dudng tron (AMN) qua 2 diém cé dinh A va O.

an 13. 30: Goi A la mét trong hai giao diém cia hai dudng tron (O4) va
), Mot dwong thang A tuy v, quay quanh A, cét lai 2 dwéng tron & M,,

Tim quy tich cac diém M sao cho AM = %Mﬁz‘

; .‘_1

Hwéng dén giai
I, K theo thur ty 1a hinh chiéu cta O,,
rén dudng thang MM,
d6 Myl = IA, AK = KM, va do d6:
J 14 hinh chiéu cua O, trén OK, khi
DJ=IK = AM
fa tir giac AO;JM Ia mét hinh binh hanh, do @6 JM=0,A ¢ dinh, vi

&)

A2 anh cua J qua phép tinh tién theo vecto O_,A nén: Tﬁ Wi M.

i€m J lusn nhin doan 0,0, ¢6 dinh dwéi mot géc 90° khang ddi. nén
 diém J 1a duong tron o dudng kinh 0,0,. Suy ra quy tich didm M
ih clia duéng trdn w qua phép tinh tién Tcm :

1 13. 31: Cho hinh binh hanh ABCD c6 dinh A cé dinh, BD co6 do dai
g dbi béng 2a, con A, B, D ndm trén mot duéng tron ¢b dinh tam O,
h R. Tim quy tich dinh C.

Hwéng dén giai
€0 dai cat duwong tron & K, nén K A
nh. Goi H Ia tryc tam tam giac

| 12 trung diém ctia BD.

10 suy ra:

——

1201 = 2yJR? - a® : khong ddi nén suy ra H
rén dwong tron tam A, ban kinh 2JR? - a? .

2077



Do ABK = ADK =90°, maAB/ DC,AD//BC

— BK | DC va DK 1 BC nén K Ia tnyc tam tam giac BDC

— CK | DB = CK // AH.

Trong tam giac ACK, do Ol la duong trung binh, nén KC = 20!
— KC = AH = AHKC 1a hinh binh hanh

. HG = AK: xac dinh. Phép tinh tién vector AK bién H thanh C, biéy ,
thanh K.

Vay quf tich clia C la dwong tron tam K, ban kinh 2JR? -a% .
Bai toan 13. 32: Cho tam giac ABC ¢b dinh. Vé hinh thoi BCDOE ma E, 0
cung phia déi véi duong thang BC. Ha DD; L AB, va EE; L AC. Cac dugng
théng DD, va EE, cét nhau tai M. Tim quy tich M.
Hwong dan giai 2

Goi H la trire tam tam giac ABC
— H ¢b dinh.Ta co: HC // DD,
(vi cing vudng goc AC).
—» MED =HCB va MDE =HCB

(géc cb canh tuong Ung song song)
— AMDE = AHBC (g.c.g) 8

. CH =MD. Ma CH // MD nén DM = CH: xéc dinh.

Phép tinh tién theo vector CH bién D thanh M va bién C thanh H. Ma CD =
BC khong ddi nén C thudc dudng tron (C; BC) nén quy tich cac diém M 13

duéng trén anh qua phép tinh tién CH, chinh la dudng tron (H; BC)

C

Bai toan 13. 33: Cho tam giac déu ABC. V&i mot didm M tuy ¥ goi M, 1a diem

dbi x(rmg voi M qua dudng thang AB, M; la diém déi xirng voi M, qua
duong thang BC va M; 1a diém dbi xng voi M, qua dudng thang CA. Tim
quy tich trung diém | cia MM;.

Hwéng dén giai
Goi M' 1a diém dbi xirng clia M qua BC,
K 1a trung diém cta MM, (K € AB) va
K' 1a trung diém cia M'M.. Khi dé phép
d@bi xirng qua duong thang BC sé bién
M thanh M, M, thanh M, nén ciing bién
K thanh K' tirc 1a bién BK thanh BK'. B L7 ¢
Suy ra géc hop bdi BK' va BC clng Ms
bang 60° hay BK' // AC.
Vi MM, L BK, MaMs L AC, suy ra ba diém M, M, M; thing hang. N&Y "

goi H 13 trung @idm MMy (H' € AC) thi MM, = 2K'H' = 2BH voi BF'
dudng cao cla tam giac ABC.

-~ ey



6u goi P 1a trung diém MM' (P « BC) va | 1a trung diém MM, thi
.;.M-‘M; =BH. Vay phép tinh tién theo vecto' BH s& bién didm P thanh

vi P e BC nén quy tich | chinh Ia anh clia duong thdng BC qua phép tinh

fién noi trén. Quy tich nay Ia duéng thing di qua trung diém cla hai canh

\B va AC.

‘: oan 13. 34: Cho tam giac ABC néi tiép trong duwong tron (O) va mét didm
thay déi trén (0). Goi M, Ia diém dbi xing véi M qua A, M, 1a didm déi
véi My qua B, M; Ia diém abi xing véi M, qua C. Tim quy tich diém

_ Hwéng dan giai
Goi | 14 trung diém clia MM, ta c6:

MU vay diém | cd dinh, do d6 phép bién hinh F bidn diém M thanh M, 1a

I€p dbi xung qua diém |.

M thay déi trén (O) nén quy tich diém M, Ia dwdng trdn (0'), anh cla

ong tron (O) qua phép ddi xirng tam véi tam |,

: 13. 35: Cho duong trén (O) va day cung AB cé dinh, M la mét diém

0ng trén (O), M khéng tring A, B. Hai dudng tron (04), (0;) qua M theo

Uty tiép xuc voi AB tai A va B. Tim quy tich cac didm N I giao diém thur
cua (Oy) va (0,).

Hwéng dan giai

i | 1a giao diém clia MN va AB, ta co:

=IM.IN=I8’= 1A=1B

18 trung diém clia AB ¢ dinh.

I P 1a giao Giém thr hai clia MN v6i (O)

IA.IB = IM.IP
IN = IP nén | 1a trung diém ctia PN, do
) phép dbi xirng tam | bién P thanh N.

"00




Vi quy tich diém P la dwong tron (O) nén quy tich N 1a duong tron (OY) |5
anh cua (O) qua phép @i xrng tam |, bé di hai diém A va B.

Bai toan 13. 36: M&t diém M luu dong trén cung AB lén cla duong tron (O), vor 4
8 |a hai diém cé dinh trén dudng tron nay. Trén doan BM I4y diém N sao cho By
= AM. Tim tép hop diém N.

Hwéng dén giai ;
Puong trung truc cia cung AB cét M
cung AB I6n tai | ¢6 dinh.
Ta c6 hai tam giac IMA va INB bang

nhau (c.g.c)
— IN=IMva (IM, IN) \
= (MA, MB) = ¢: khong di FE e =8

nén phép quay tam | géc ¢ bién M thanh N.
Vay tap hop diém N Ia cung BIB' anh clia cung AIB qua phép quay tam |
goc .

Bai toan 13. 37: Cho hai dudng trén (O), (Oz) va mét dudng thang d. Dung mot
duéng thang d' // d sao cho d' cét (Oy) va (Oo) theo hai day cung béng nhau.
Hwéng dan giai
Gia st a5 dung duoc dudng thing d' song song voi d, cat (O;) tai A, B va

cét (O,) tai C, D thoa man: AB = CD.
Goi |y va |5 1an luet 1 hinh chiéu vubng géc voi 0,0, trén d. Goi (O%) 2
anh cua (O5) qua phép tinh tién Tg; .

0 O:

Agy B C S 07 D

Do AB = CD — AC = BD = I;l; nén phép tinh tién d6 bién C thanh A U
thanh B, do dé (O',) cat (O,) tai A va B. Tir d6 suy ra cach dung.

Dung (') la anh cia (O;) qua Tl:;‘ . Goi A, B 12 cac giao diém cua (O'2) va
(O4) thi duong thing d' di qua A, B sé la dudng thing can dung.




Y IV TN VIE:

»an 13. 38: Cho AB va CD Ia hai day khéng cét nhau cla duong tren (O).

5i mot diém M nam trén dudng tron, goi E va F theo thir ty 12 giao diém

MA va MB vé&i CD. Xac dinh diém M dé EF c6 d6 dai bang a cho trude,
Hwéng dan giai

M

co EF = a xéc dinh.
4 str da dyung duoc diém M.
SIA"= T (A) thi MA / FA'

n AFB = AMB = «: khong dbi.

o, F 1a giao diém cta CD voi

A ehua goc a nhin bé&i doan A'B.
O suy ra cach dung.

f _.-énh ciaAqua T. 1aA"

ng cung chira goc a trén day A'B.
.-"_f. giao diém F clia CD véi cung do, thi M 1a giao diém clia BF voi (U
1 13. 39: Cho hai duédng tron (O; R), (O; R') va mét duérng thang d.
dinh diém | trén d sao cho tiép tuyén IT clia (O; R) va tiép tuyén IT clia
hop thanh cac géc ma d 1a mét trong cac duéng phan giac cua cac

: Hwéng dén giai
112 diém cin tim thi IT 13 tiép tuyén
g cla hai dudng tron (Oy; R) va

3 cach dwng: Vé tiép tuyén chung
i dudng tron (Oy; R) va (O'; R)
érn cla t va d chinh Ia diém |
. Khi d6 tiép tuyén IT' chinh la t
g théng déi ximg véi IT" qua d
) tuyén IT clia (O; R).
ghiém phy thudc vao sé tiép tuyén chung va sé diém chung clia t va o
N 13. 40: Cho 5 diém P,, P,, Ps, Py, Ps. Dung mot hinh ngd giac
j‘ a0 cho trung diém céc canh AB, BC, CD, DE va EA lan luot 13 P,
3 P‘l P5

Hwéng dan giai

8 da dung dwoc ngd guéc ABCDE theo yéu cau. Lay mot didm A' tuy
‘goi B' 13 diém ddi xing cla A’ qua Py, C 1a diém déi xung cua B' qua
la diém di xirng clia C' qua Ps, E' 12 diém déi xtrng clia D' qua &, va

1 diém déi x(rng ctia E' qua Ps.

~f- AA" -PA‘ PA:—PB+PB -BB'

AN




—

Twong ty BB' = -CC/, CC'=-DD',DD' = -EE', EE' = -AA"

Do 6 AA ' =— AA " nén A la trung diém clia A'A".

Tir d6 suy ra cach dyng: Lay mot diém A’ bét ki, réi dyng céc diém B'

D', E', A" nh trén. Cudi cuing ding trung diém A ctia doan thdng A'A", m,“A'
la mét dinh ctia ngl giac can tim. Cac dinh con lai dung dé dang.

Bai toan c6 mot nghiém hinh duy nhét. That vay néu cb hai ngl gz,
ABCDE va A'B'C'D'E’ cuing thoa man didu kién cla bai toan thi 1ap luan Nhy
trénta cé AA'=—AA'nén AA'= 0 tircla A tring v6i A", va do d6 B, C
E 1an lvot trung voi B', C', D', E".

Bai toan 13. 41: Trong mat phang cho duéng thdng d va hai dwong tron (0,
va (Oz) ndm vé hai phia clia dudng thang. Hay dung hinh vudng co by
dinh thuéc d, con hai dinh con lai 14n lwot ndm trén (O4) va (Oy).

Hwéng dan giai
Gia sir dung dugc hinh vudbng ABCD v&i B, D € dcon A € (Oy), C = (0,
Khi d6 A, C @bi xtrng véi nhau qua (BD) = d.
Do d6 D4 C 1= A, (O;) - (0'2)
Suy ra cach dyng:

Dung (O'2) = Du((02)) va A 1 giao diém cla (O') véi (Oy)
Dung C = D4(A) va | 1a giao diém cia AC véi d (1 la trung diém AC).
Dyng dudng trén tam |, ban kinh 1A, cét d tai hai diém B, D
N6i AB, BC, CD va DA ta duoc hinh vudng can dyng.

Bai todn 13. 42: Cho hai dudng thing a, b song song va mét diém G khon?
nam trén ching. Xéc dinh tam giac Géu ABC c6Aca,BecvaGla tro"®
tam cua tam giac doé.



1 Cty W‘/HM’VDVVHM Vige
Hwéng dén giai

vda dung duoc AABC

N ~duliy ‘
an cac didu kién
5A = GB = GC va AGB=BGC=CGA=12(F,
rong phép quay Q tam G géc 120° bién &
B, biénathanha'nénB=b a'.
suy ra cach dung: B b
'Ia nh ciia a qua phép Q va B = b ~ a'. Cac dith A. C I3 4nh clia B

p quay tdm G, géc +120°,
3 ludn c6 hai nghiém hinh, géc quay +120°.

3. 43: Cho tam gidc ABC, ¢6 géc A = @, va mot diém M nam trén
8. Dung trén cac duong thing BC, CA cac didm N, P tuong trng
MP = MN va duéng trén di qua A, M, P tiép xdc véi MN.

' Hwéng dan giai
& dung duoc hai diém:

A
P & AC thoa man cac diéu kién, \
WP = MAP = o, "
N nén phép quay Q tam M, goc ¢ bién M A

V', PA thanh NA'. Goi AN  AC = |, " \

> = (PA,NA)) = ¢ =NIC = BAC
ra ‘cach dyng nhu sau: ) N
M, géc ¢ bién A thanh A",

AB, N € BC.

MP cat AC tai P sa0 cho NMP = ¢ thi N va P 14 cac didm can tim,
86 Mot nghiém duy nhét,

44: Cho tam giac déu ABC canh a, M Ia diém tuy y.

Minh réng: Tir 3 doan thdng MA, MB, MC ta luén luén dung duoc

idc (T) nao d6.Tam giac (T) suy bién thanh doan thang khi va chi
trén dudng tron ngoai tiép tam giac ABC.

¥tich ciia diém M sao cho (T) I tam giac vuéng.
A Hwéng dan giai

BN&/C




10 trong lém héi dudng hoc sinh giél mén Todn 11 — Lé Hoanh Fno

a) Xét phép quay (A; 60%): AB - AC va AM — AM'

Tam giac AMM' déu nén: AM = AM'
AABM = AACM' nén BM = CM'

Vay tam giac MCM' cé 3 canh: MM' = MA, M'C = MB va MC. B¢ ¢,
tam giac (T) can dung. 1
Néu (T) suy bién thanh doan thdng: (M, C, M' thang hang)

Vi tam gidc AMM' déu nén:

AMM' =60° = AMC = ABC =60’

Vay: M thude duong trén ngoai tiép tam giac ABC, dao lai dung phep
(A, 60%. Taco: ACM+ ABM= 180°.

AABM = AACM' = ACM' = ABM = ACM + A'éﬁ' = 180°

Vay (T) suy bién thanh doan thing

b) Trudc hét, ta tim quy tich cac diém M sao cho: MA? = MB? + MC*
Dung | ddi xirng vari A qua BC. Goi E = Al n BC. Ta co:

2 2
MB? + MC? = 2ME® + B_g_; MAZ+ MI2 = 2ME? + 52'_

q

Suy ra: MA? + MI? - MB? - MC? = @’
Do d6: AMCM' vudng taiC < MM? = MC* + M'C?
= MA?=MB? + MC?e> M =2’ > Ml = a ,
Vay: Tap hop cac diém M 1a duéng tron tam | ban kinh R = a tri hal
B.C.
Goi J 1a diém déi xirng véi B qua AC va K 1a diém dbi xing voi C qua A8
Tiur d6 suy ra quy tich clia M |a 3 dudng tron
(I @), (J; @), (K; a) trir 3 dinh clia tam giac ABC.
Bal toan 13. 45: Cho tam giac ABC va cac diém M, N, P 1an lwot 14 trung 98
ctia cac canh BC, CA, AB. '
a) Xét bén tam giac APN, PBM, NMC, MNP. Tim phép doi hinh bien §
giac APN I1an luot thanh mét trong ba tam gidc con lai.
b) Xét tam gidc c6 ba dinh 1a tryc tam cla ba tam giac APN, PBM va N
Chirng minh tam gidc d¢ bing tam gidc APN. Chirng minh diéu 00 ¢
dung néu thay truc tam bang trong tam, hodc tam dudng tron ngod!
hoac tam dudng tron ndi tiép. A
Hwéng dan giai

a) Phép tinh tién vecto AP bién tam giac
APN thanh tam gidc PBM. Phép tinh

tién veco AN bién tam giac APN thanh ©
tam giac NMC.

Phép déi xirng tam J 1a trung diém cua
PN, bién tam giac APN thanh tam giac
MNP




s’ Vi Y ‘Sria, fple'gle "

: ~,, Hs l&n lvot 1a true tam cla cac tam giac APN, PBM, NMC. Phép
AP bién tam giac APN thanh tam guac PBM nén bién H, thanh H,,
H,‘, AP nén AH=PH:. Suy ra AH = PHz =NHs . Do dé phép

&r theo vecto AHy bién tam giac APN thanh tam giac HH,H,.

@i trong tam tam duong tron ngoai tiép, tam duong tron noi tiép,
 minh hoan toan tuong tu.

}13. 46: Cho luc giac ABCDEF théa man cac diéu kién - tam giac ABF
' tai A, BCEF la hinh binh hanh, BC = 19, AD = 2013 va DC + DE

4+ 2 Tinh dién tich lyc giac ABCDEF.

, Hwéng dan giai
' C
A D
By e E

ép tinh tién theo vector BC bién A thanh K, F thanh E.

gidc ABF vudng can tai A nén tam giac CKE vubng can tai K.
y C KE = g = -C—g \/—

' J2

ig bat ddng thire Ptoleme vao i gidc CKED:

KC.DE + CDKE > CE.KD

E + CD) KE > CEKD = DE+DC >KD. ﬁE

34 \2 > KDV2 = KD < 1994

4c AK =BC =19nénAD < AK + KD < 19+ 1994 = 2013 = AD
1= 1994 nén K thudc doan AD, do d6 déu = trong bét déng thirc xay ra.
% K, E, D ciing thudc mét dudng tron.

c CDE = goc CKE = 90°va DC + DE = 1994 /2 .
1a goc gira hai dudrng chéo KD va CE thi

Speer + Seker = BC.CE. sin a + % CE.KD. sin a

R i o+ % 1994 CE. sin «
)
16.CE. sin «

ANS




= UGN OO O R L R O oy Y e e e
Mat khac DC + DE = 19942 .

- EC.sin(a - :’;-) +EC.sin(a + %) =1994./2 = CE. sin « = 1994
Vay dién tich S = 2022904.

3. BAI LUYEN TAP
Bai tap 13. 1: Chirng minh céc phép tinh tién, déi xtng tam, déi ximng y,
phép quay déu |a cac phép di hinh. T
Hwéng dan
Duing dinh nghfa va chon huwéng gidi hinh hoc, vecto hay toa do
Bai tap 13. 2: Gia s phép doi hinh F bién diém | da cho thanh chinh 4
bién mét didm M khac | thanh diém M’ khong trung véi M.
a) Tim nhirng Gudng tron bién thanh chinh né qua phép d&i hinh F
b) Chirng t& ring néu duédng thing a khong di qua | thi F bién a 1y
duong thing a' khdng tring véi a.
Hwéng dén
a) Két qua cac dudng tron co tam 1a |,
b) Dung phwong phap phan ching.
Bai tap 13. 3: Co hay khong mét phép doi hinh F sao cho moi duong th
déu bién thanh duwdng thang song song v&i n6?
Hwéng dén
Két qua khong c6 phép ddi hinh F.
Bai tap 13. 4: Cho hinh binh hanh ABCD va diém M sao cho C nam trong
giac MBD. Gia sir MBC =MDC.
Chirng minh AMD =BMC
Hwéng dén

Dung phép tinh tién theo vecto BA.
Bai tap 13. 5: Cho tam giac ABC cé dinh. Goi Bx, Cy theo thir tu la cac tia$
ciia cac tia BA, CA. Cac diém D, E thir ty chuyén déng trén cac tia BX|
Tim qu§ tich céc trung diém M cla DE biét BD = 2CE.
Hwong dan
Két qua quy tich cac trung diém M 1a tia Im: nh cla tia BN, qua phe?
tién T, theo vecto BI.

Bai tap 13. 6: Trong mat phéng Oxy, cho dudng thdng d c6 phuwond n
x - 5y + 7 = 0 va dudng thang d' ¢ phurong trinh 5x —y — 13 =0. TIT p
dbi xirng qua tryc bién d thanh d'.

Hwéng dan
Phép déi x(rng qua tryc |a phan giac.

rr. v
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Két qua cé hai phép dbi xing qua cac truc: A, c6 phuong trinh
+y~-5=0,A;co phrongtrinhx—-y—1=0,

£4p 13. 7: Budng tron ndi tiép tam gide ABC tiép xuc voi cac canh AB va

AC tuong Urng tai cac diém C' va B'. Chirng minh rang néu AC > AB thi CC'

) BB'

Hwéng din

0l B" [a diém déi xing ciia B qua phan giac géc A. Khi d6 B" nim trén

anh AC va AB = AB".

4p 13. 8: Cho hai diém B, C ¢ dinh trén dudng trén (O; R) va mét diém A
ddi trén duong trén d6. Chimg minh rang trc tam H cla tam giac

BC ndm trén mdt dudng tron cb dinh.,

3 Hwéng din

ang pheép dbi xirng tam, di xirng tryc hay tinh tién.

p 13. 9: Cho hai doan thing bang nhau AB, A'B'. Hay xac dinh phép

ay bién A thanh A', B thanh B'.

- Hwéng dan

gtatrvonghopal//b,amb=0,a=b.

ip 13. 10: Cho ba diém thing hang A, B, C diém B n&m gitra hai diém A

C. Dyng vé mot phia cia duong théng AC céc tam giac déu ABE va

JF. Goi M va N Ian Iwot 1a trung diém cla AF va EC, Chieng minh tam

¢ BMN Géu.

Hwéng dan

19 phép quay tam B géc quay 60° va cac doan anh béng tao dnh ctia no.

p 13. 11: Goi O, O' 1a tdm cla céc hinh vuéng, | la trung diém clia BC.

P tam giac ABC va vé ra ngoai hai hinh vudng ABMN, ACPQ. Chirng

h hai doan thing BQ, CN bing nhau, vudng géc véi nhau va tam giac

D' vubng can.

1 Hwéng dan

'3 phép quay tam A, géc —90°

P 13. 12: Da giac I8i n canh goi 14 n - giac déu néu tat ca cac canh cla

Pang nhau va tat ca cac géc cia né bang nhau. Chirng réng hai n—

/déu bang nhau khi va chi khi chiing cé canh bang nhau.

Hwéng dan

Ova O'lan lrot la tam clia cac duong tron ngoai tiép hai da giac do thi

tam giac OA,A; va O'A'A; bing nhau nén c6 phép doi hinh F bién tam

* OA,A; thanh tam giac O'A',A%,



chuven aé 14: PHEP DONG DANG
VA PHEP NGHICH DRO

1. KIEN THUC TRONG TAM
Phép déng dang
Phép bién hinh D goi 1a phép ddng dang i s6 k (k > 0) néu v&i hai diém
ki M. N va anh M', N' cia chiing, ta c6 M'N' = kMN.
Pinh Ii co ban: phép déng dang bién ba diém thang hang thanh ba dié,,
thing hang va khéng lam thay déi thir tw ba diém do, bien duong thiing
thanh dudng thang, bién tia thanh tia, bién doan thang thanh doan thang ¢,
a6 dai k 13n, bién tam giac thanh tam giac dbng dang véi ti sé k. bi,
duwong tron c6 ban kinh R thanh duéng tron ¢6 ban kinh kR, bién géc than,
géc bang né.
Vi phép déng dang bdo toan d9 Ién cia géc nén ta con goi la phép bién
hinh béo giac. |
Xéc dinh phép déng dang
Néu 2 tam gi4c ddng dang ABC va A'B'C' tuong (rng thi xac dinh chi mét
phép déng dang bién A, B, C thanh A',B'.C' tuong (ng.
Phép vi tw

— Cho diém O va mét sé k = 0. Phép vj ty tdm
O, ti sé k bién diém M thanh diém M' sao cho
OM'=kOM.
Ki hiéu V(o hay Hok 0
Khi k >0 goi la phép vi tu thuédn, k <0 goi la
phép vi tw nghich.

— Néu M'. N theo thir tw 1a dnh clia M, N qua phép vi tu fi s6 k thi M'N =
k.MN; M'N'= |k|.MN.

~ Hop thanh cia hai phép vi tw V; c6 tam O, ti sb ky va V c6 tam O; ti 50
la mot phép tinh tién néu ky.kz = 1; 1a mét phép vi tur néu kykz = 1.

— V6i hai duong tron bat ki lubn c6 mét phép vj tyr bién dudng trén nay than"s
dudng tron kia. Tam vj ty cla 2 duwdng tron khong ddng tam 1a 2 giém chidj

M

trong va chia ngoai doan néi tam theo ti k = x%.




(Y VMM VTV DVUVN Bhono Vie

llé phép d&i hinh va déng dang
iphép dbng dang F ti s6 |k| déu la hop thanh caa mét phép vi tu V ti sé k
;?* phép doi hinh D.
:. png dang

Inh goi 1a déng dang vé&i nhau néu cé phép déng dang bién hinh nay
\+ hinh kia. ©& ching minh 2 hinh (H,) va (H') dbng dang, ta st dung
w dé bién hinh (Hy) thanh (H,) bang (H';) rdi si* dung phép déi hinh
,) thanh (H';).
| mhlch dao
:nghich ddo cuc O, i k (phwong tich)
'“ £ M — M khi OMOM' =k
p nghich ddo circ O, phuong tich k bién A thanh A" | B thanh B' thi

|kI.AB : ;
- ——— vaAB A B ,
= OA 0B va A B, A'B' dbng vién

‘nghich ddo f cyc O, i k: M — M khi OMOM = k. Véi M thude
(1), datp =P O/ (1) va goi N 14 giao diém khac M clia OM véi (1)

SMON - p Vi OMOM =k = OM'= “ON nén M' 14 anh cia N qua
p

:

Wity tam O i &
v M
A N M

| nghich ddo cuc O bién 1 dwong thang qua cuc O thanh chinh no,
Gubng thdng khéng qua cyc O thanh dudng tron qua cuc O.

M

O 9

.:'ﬁghich ddo cuc O bién dudng tron qua cuc O thanh dudng théng,
mot dudng tron khéng qua cyc O thanh mét duong tron, dac biét bién

NG tron tam 14 cyre O va ban kinh vk khi phuong tich k >0 thanh chinh nd.
P nghich dao bao toan sy tiép xtc va géc clia 2 yéu té.

FYatal



1) Phép vi tu tdm O ti 56 k 1a mot mot phép ddng dang ti 6 |k| nen
tinh chét clia phép dbng dang. Ngoai ra, phép vj tyr c6 tinh chat dan 8
sau: duwdng thdng néi mét diém va anh cla né luén luén di qua O, ;|

clia dwong thang d ludn song song hodc trung v&i d, bao toan SU’W

xuc, ...

2) Yéu t6 lién quan dén phép vj tir 14 thdng hang va ti s& khong déi tir g,
dung phép vi ty dé gidi toan chirng minh, xac dinh diém, dyng hiny,
tich anh cia M khi biét quy tich ctia M, ... :

3) Thang hang va déng quy

- Binh ly Menelaus: Tam giac ABC, ba diém M, N, P 1an luot thudc ba ;.
thdng BC,CA AB:

M. N, P thing hang <
MC

- Binh ly Ceva: Tam giac ABC, ba diém M, N, P Ian ot thudc ba duéng
thang BC,CA AB:

AM, BN, CP déng quy ho&c song song <> <E
— Binh Iy Ceva dang lugng gi4c: Tam gidc ABC, ba diém M, N, P 1an luot
thugc ba dudng thdng BC,CA AB:
sin[(é?d sinBCP sinC?Wl -+
sinCBN sinACP sinBAM
— Binh ly Camot: Tam gidc ABC va ba diém M, N, P. ‘
Ba dwérng thang lan luot qua M, N, P va vudng géc véi BC, CA, AB da
quy < (MB® —~MC?)+ (NC? -NA?) + (PA® -PB?)=0.

AM, BN, CP ddng quy <> 1

2. CAC BAI TOAN

Bai toan 14. 1: Trong mat phang toa dd Oxy cho:
a) Budng thdng d: 2x + y — 4 = 0. Tim dudng thdng d' 1a &nh cua d @
phépvitytam Otisd k = 4.
b) Hai parabol (P,):y = ax’* va (P,): y =bx’ (@ # b). Tim phép vi tv "
parabol nay thanh parabol kia.

Hwéng dan giai

a) Lay A(0; 4) va B(2; 0) thudc d. Phép vi tw tam O ti sé k = 4, bién A thanh

B thanh B'.

Taco OA'=40A, OB'=40B nén A'(0; 16), B(8; 0)
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d6 d' la duong thdng qua A', B' c¢6 phuong trinh doan chén:

XiY 1 2x+y-16=0.
B8 16 i

'_:_) ép Vi tw V(o i bién diém M(x; y) thanh M(kx; ky).
Goi (Py) 1a parabol: y = ax? va (P;) |a parabol: y = bx®.

Ta ching minh rang Vio, «: (Py) = (P2) véik = 2,

That vay, néu M(xi; y5) € (Py) thi (xy; y1) = (xs; ax?) nén &nh M' ¢6 toa d6:

£ 2
;Zx,;%axf) [bx b[b ]] (%,:bx2) € (P2): dpem.

e
."

toan 14. 2: Trong mat phdng Oxy cho hai diém A(2; 1) va B(8; 4). Tim toa do
wluwahandudngtmn(A 2)va (B, 4).
Hwéng dan giai
dubng tron da cho khOng ddng tdm va c6 ban kinh R = 2, R' = 4 nén c6
ai phép vi ty ti sb k = iﬁ = £2, bién duong tron (A; 2) thanh dudng tron (B:
). Goi I(x; y) 4 tam vj ty, ta co;
‘=:t2IA.c> 8-x =12(2—x)Q X=-4y=-2
' 4-y=12(1-y) X=4y=2
Ay tdm vi te ngoai 1a I(—4; —2) va tam vj tu trong 14 I'(4: 2).
‘{ n 14. 3: Xac dinh tdm vj ti trong va tdm vj ty ngoai cta hai dudng tron
ONng cac trudng hop sau;
ai duong tron tiép xdc ngoai voi nhau.
) ; fai dudng tron tiép xuc trong véi nhau.
) Mot dudng tron chira dudng tron kia.
Hwéng dan giai
0i | a tam vi tw ngoai, I' 1 tdm vj ty trong cua hai duéng tron (O) va (0.

-

(O) va (0 tuép xtc ngoai thi tiép diém I' Ia tam vj tu trong, giao diém

@ OQ' voi tiép tuyén chung ngoai cta (O) va (O') néu cb 1a tam vi ty
g ‘.



b) Néu (O) va (0) nép xtic trong thi tiép diém | 14 tam vj ty ngoai, tam vj u,
trong I' 1a giao diém cta OO' va MM' trong d6 OM, O'M' Ia 2 vecto ba,
kinh ngugc hudng cla (0) va (0).

c) Néu (O) chira (O') thi x&c dinh | va I' qua cac cap vecto ban kinh cung
huéng va nguoc hudng. Bac biét, khi O tring O' thi | va I trung 0.

Bai toan 14. 4: Goi F la phép bién hinh c6 tinh chat sau day: Véi moi cap dién,

M, N va anh M', N' cla chung, ta luén co M’ N' =kMN, trong do k 1a mot g4
khéng déi khac 0. Hay chirng minh réng F 1a phép tinh tién hoac phép vj ty
Hwéng dan giai
LAy mét diém A cb dinh va dat A’ = F(A). Theo gid thiét, v&i diém M bét |
va anh M'= F(M), ta c6:
A'M' =kAM
Néuk=1,thi A'M' = AM
nén MM' = AA " xac dinh. \
Vay F Ia phép tinh tién theo vecto AA". %

Néu k # 1 thi co diém O sao cho OA'=kOA
Taco OM'= OA'+ A'M' =kOA +kAM =kOM

Véy F la phép vi t tam O, ti s6 k.
Bai toan 14. 5: Cho hai phép vi tu V; ¢6 tam O ti sd k; va V; co tam O; ti so
ks. Xac dinh phép F 1a hop thanh cla V, va V.

M M

Hwéng dan giai
LAy mot diém M bét ki, néu V, bién M thanh M va V; bién M, thanh M, thi
OM kOMvaOM-kOZM, o

Khi d6, phép hop thanh F bién M thanh M.
Goi | 1a anh cta O, qua phép vj tw V;, tirc |a:

0,l=k,0,0,

Khi d6: IM, =k,OM, =kk,OM
Néu ki kz = 1 thi IM;= OM nén
MM, =0] - 0,0, +O,1=(1-k,)0.0  xac dinh. *

Vay F la phép tinh tién theo vecto u = (1= k) 0,0, .

Néu ki k; # 1 ta chon didm Os sao cho: O,  kk,0,0,

Khi d6: O,M, = O, +IM, = kk,0,0, +kk,OM = kk,O;M
Vay F |a phép vi tw tam Os ti s6 kik:




Vi ATV DVVAE Rhono Viel

fam O; cua phép vi tu do
gurgc xac dinh boi dang thirc

0,1 = kk,0,0,
0,0, +0,0, +0,l =kk,0,0,

0,0, +k,0,0, = (1-kk,)0,0,

e e

8 00: - 1O o,
;..3. tam cla ba phép vi ty V,,V, va F 1a ba diém thang hang.

pan 14. 6: Trong méat phdng Oxy xét phép bién hinh F bién m&i diém M(x; y)
anh M'(3x + 1, =3y + 5).

shirng minh F 1a mdt phép déng dang.

i Hwéng dan giai

hép F bién A(xy; y,) thanh A'(3x, + 1; =3y, + 5)
[Xz; y2) thanh B'(3x; + 1, =3y, + 5)

860 AB = \[(x, - x,)* +(y, ~y,)° v

AB' = \[(3X, - 3x,) + (-3y, + 3y, =3 (X, -} +(y; = y,)* - 3AB
W F 1a phép déng dang tisb k = 3.
in 14. 7: Cho hinh vuéng ABCD tam | ¢é cac dinh A, B, C, D quay t!«

duo'ng Xac dinh phép dbng dang bién Al thanh CD
Hwéng dan giai

A !
dbngdanglak-——7=~s/— .
Q Ia giao diém 2 cung chua géc
), dung trén day AC va ID. B C

©Op thanh cia phép quay tdm O, géc quay %’5 va phép vi tu tam O ti s6

4
= /2 bién A thanh C. | thanh D nén chinh 4 phép dong dang can tim

ié ’ Ri thanh CD.
dn 14. 8: Cho hai dudng trén cé dinh (O; R) va (0% R) voi
R Hai diém M va M' 14n luot di ddng trén hai duéng tron (O) va (O)

30 cho (OM, O'M') = 80°. Xac dinh phép déng dang bién M thanh M'.



sinh g

Hwéng dan giai
H' - " SO
Tace 2M _B (oM, O'M') =60° M
T TR ) K\
Goi A va B 1a 2 tam vj ty cia 2 \

duong tron (O) va (O) thi A, B chia o !//J

00" theo tisb + %'.

Goi | 14 giao diém cla duwdng tron dwéng kinh AB voi cung chira gée 60°
dwng trén day OO'. Hop thanh cla phép quay tam 1, gbc 60° va phép vi 1

am 1 Bk = % bién OM thanh O'M' nén bién M thanh M'. D6 1 phep

déng dang cén tim.

Bai toan 14, 9: Chirng minh néu phép déng dang F bién tam giac ABC thanh
tam giac A'B'C' thi trong tam, tryc tam, tam dudng tron ngoai tiép tam giac
ABC I4n Iwot bién thanh trong tam, tryc tam, tam dudng tron ngoai tiép tam
giac AB'C'.

Hwéng dan giai

— Goi D 14 trung diém ctia doan thing BC thi phép déng dang F bién diém D
thanh trung diém D' clia doan thing B'C' va vi thé trung tuyén AD cla tam
giac ABC bién thanh trung tuyén A'D' clia tam giac A'B'C'. B6i v6i hai trung
tuyén con lai cling thé. Vi trong tam tam giéc 1 giao diém ctia cac uong
trung tuyén nén trong tam tam giac ABC bién thanh trong tam tam giac
A'B'C'.

- Goi AH la duéng cao cla tam giac ABC (H ¢ BC). Khi do phép déng dang
F bién duong thdng AH thanh dwong thdng A'H'. Vi AH L BC nén A'H'
B'C'. ndi cach khac A'H' 13 duéng cao cua tam giac A'B'C'. Déi voi cac
duong cao khac clng thé. Vi truc tam cla tam giac la giao diém cua cac
duéng cao nén tryre tam tam giac ABC bién thanh tryc tam tam giac A'B'C'

~ Goi O |a tam dudrng tron ngoai tiép tam giac ABC thi OA = OB = OC nén
néu diém O bién thanh diém O' thi O'A' = O'B' = O'C' = kOA = kOB = kOC.
do d6 O' |a tam duong tron ngoai tiép tam giac A'B'C'.

Bai toan 14. 10: Cho hai tam gidc ABC va A'B'C' c6 AB L A'B', BC L B'C', CA
L C'A". Chirng minh rang hai tam giac d6 dong dang.

Hwéng dan giai
Goi (O) va (O') 1a cac dwdng tron ngoai tiép céc tam giac ABC va A'B'C'. Ta
cé mot phép vi tw bién duong tron (O') thanh duéng tron (O). Ki higu A
By, C 1a & L2 cac dinh A, B', C' trong phép vi tu dé.



&)
?i /I A'B', B,C, // B'C', C,A, #/ C'A’ nén A:B; | AB, B{Cy LBC,C/A, L
e hién phép quay tdm (O) géc quay 90° bién tam gidc A,B,C, thanh
¢ AzB:C.. Tam gidc A,B,C, c6 3 canh song song v&i tam giac ABC
ig ndi tiép trong mét dudng tron (O), do d6 cac dinh cla A2B,C; triing
h clia tam gidc ABC. Diéu @6 ching 16 ring tan tai mét phép déng
3 hop thanh clia mét phép vi ty véi mot phép quay bién tam giac
thanh tam giac ABC nén 2 tam gidc d6 ddng dang.

14. 11: Chirng 6 rang cac da gidc déu c6 cing sé canh thi ddng
% nhau.

N
1

Hwéng dén giai
| n—gidc déu AA;..A, va B,B,..B, c6 tam Ian lwot la diém O va

O'B :
= =a - 50! VIa phép vi ty tam O, ti 6 k va C,C;...C, Ia dnh
2 1

glac AiA;...A, qua phép vi tur V. Ta 6 C,C;...C, cling |4 da giac déu
£2 nén C,C,...C, = B,B,. Do d6 hai n—gidc du C+C; va B,B;..B,

bang nhau nén cé phép di hinh D bién C1C,...C, thanh B,B,...B,.
F 13 phép hop thanh cta V va D thi F 1a phép déng dang bién
1' 1anh BB;...B,. Vay hai da giac déu do déng dang v&i nhau.

4. 12: Cho tam giac ABC v6i trong tam G, tryc tam H va tam duéng
fitiép O. Chung minh GH =~ 2GO va ba diém G, H, O ciing ndm
tdurong thing O-le. A

. Hwéng dan giai
AL BCmaBC/BC' nénOA' L BC.
¥ OB' L A'C'. Vay O Ia truc tam cia
Ong tam tam giac ABC nén

0GA", GB=-2G8", GC =-2GC". b & '
18D vj ty V tam G, ti s6 — 2 bién tam \/

C' thanh tam giac ABC.
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Diém O la trirc tam cua tam gidc A'B'C' nén phép vi tu V bién O thanh 3
tam H cla tam giac ABC. :
Do d6 GH =-2GO nén ba diém G, H, O thing hang.
Bai toan 14. 13: Goi MA, MB, MC la 3 day cung cla duong tron tay, o
Chirng minh rang cac giao diém khac voi M cla 3 duong tron dudng o
MA. MB va MC lay tirng d6i mot 1a 3 diém thang hang. K T
Hwong dén giai
Goi A,, By va Cy Ian luot 1a trung diém
cia MA, MB va MC; |, J, K 1an luot la giao
diém thi hai cla cac cap duong tron N
duomg kinh MB. MC, dueng tron dudng 10 5 5
kinh MC, MA va duéng tron dudng kinh |
MA, MB.
Taco |, J, K 1a diém ddi xirng cia M qua
8101. C‘A1 va A181.
Phép vi tur tam M ti sé 2 bién céc hinh chidu 1, J, K cia M Ién cac canh
tam giac A;B,C; thanh |, J, K.
TU céc tir gide ndi tiép duoc thi géc KM =J M nén Iy, Jy. K thang hang

do @6 |, J, K thang hang.
Bai toan 14. 14: Cho hai duéng tron (0O) va (O) ¢ ban kinh khac nhau, 1é
xuc ngoai voi nhau tai A. Mot dudrng tron (O") thay adi, ludn ludn tiep e
ngoai véi (O) va (') 1an It tai B va C. Ching minh réng dudng thang B0
lubn di qua mét diém cb dinh.
Hwéng dan giai
Kéo dai BC céat (0') tai B'. Vi C la tam vi
ty trong cua (Q') va (O) nén hai vecto
O'B' va 0'B ngugc hudng.
Vi B 14 tam v| tu trong cla (O) va (O")
nén hai vecto 0'B va OB nguoec

huéng. Do dé hai vecto OB va O'B’
cung huéng. .
Vay duong thang BB', cling chinh la duéng thing BC, ludn luon ¢ %
diém cb dinh 1 tam vj ty ngoai | ctia (O) va (O).
Bai toan 14. 15: Cho hai dudng tron (O) va (O') tiép xGc ngoai voi nha 'y
M6t goc vudng Ay quay quanh A, tia Ax cat (O) tai M con tia Ay cht (O') @'
a) Chirng minh duong thdng MM’ lubn di qua mét diém cb dinh. .
b) Duong thang MM’ cét (O) tai N va cét (O') tai N'. Chirng minh NAN' = 90%
cac tiép tuyén clia (O) tai M, N, cac tiép tuyén cia (O) tai M', N cal "y
tao thanh mét hinh binh hanh.
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Huwéng dén giai

|4 giao diém thir hai clia OO' va dueng trén (OY). Tacé A'M' va AM

huéng suy ra OM va O'M cung hwong. Vay duéng thdng MM’

Judn di qua tam vi tw ngoai S cua (O) va (O').

4 tam vi tw ngoai cia (O) va (O') nén ON va O'N' ciing huéng. Suy
’.1 A'N', ma AN' L A'N' nén AN' L AN hay NAN' = 90°,

phép vi tu tam S, tiép tuyén tai M cia (O) bién thanh tiép tuyén tai M’
DY), nén hai tiép tuyén do song song. Cling tuong ty, tiép tuyén tai N
D) va tiép tuyén tai N' ctia (O') cling song song. Vay bén tiép tuyén do
nh mot hinh binh hanh.

44. 16: Cho tam giac ABC can dinh A, A, 14 trung diém BC.

g minh tdn tai duy nhét cap diém B, C, thod céc didu kién: B, thudc
AC, C, thudc doan AB va BC, + A,B, = BA, + B,C;.

g minh khi d6 ban kinh duong tron ndi tiép tam giac ABC bing hai lan
nh duwrdng tron ndi tiép tam giac A,B,C,.

A Hmﬁngdénglél A
X X M |H
C|' ' Bl Cl L B]
N\ |/ <
A ¢
' ) C
Ay B N A, C

2.

2, A\Bi=ACi=y,IC=IBj=x, AB=AC =b (b> 1)

' 1-x), ACy = bx. Ta cé:

1b" (1~ x)? - 2b(1 — x)cosC = 1 + b(1-x)? - 2(1-X)

BC; = 1+2x =y’ = [(1 +2x = b(1 - x)]*

1+ 2x - b(1=x) =1 +b¥(1 - x)? - 2(1 - x)

2(1 + b)x’ ~ (b~ 1)x~(b-1)=0(0<x< 1)

= 2(1 + b)x* ~ (b~ 1)x — (b - 1). Ta cb: (0) < 0 < f(1) va f(x) 1a tam
i€ hai nén tdn tai duy nhét x e (0; 1) 68 f(x) = 0.

&) thi tr giac BCB,A; ngoai tiép dugc duang tron (lo, ro). Ta goi M,
i tiép diém cta dudng trén (o, ro) V&I BiC, va BA,. Do 46 BB,
N déng quy tai S.

1a dudng tron noi tiép tam gide ABC.
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Bai toan 14. 17; Gid s ba dudng tron (Ag), (Bo) va (Co) €0 cling ban i

X&t cac phép vi ty V(g1 bién dudng tron (Io, ro) thanh dudng tron (1 1) ]

r BA, BA, BC, 2BH :

Al it B TS L g et I va quaV bién (14, :

" BR B BNy o R n {1, 1) thanh (, 4
BM

ko= 2 = =L Tird6r=2n.

r1 1

theo thir tu tiép xic véi hai canh clia cac goc A, Bva C clia mot tam g
ABC. Goi Dy la dudng tron thu tw tiép xuc ngoal VoI ca ba duong troy
trén. Chirng minh réng tam Dy thang hang voi tdm cac duong tron o
ngoai tiép tam giac ABC. ‘

Huwéng dén giai
Goi | va O 14n lugt 1 tAm cac dudng trén ndi, ngoai tiép cla tam giac Ang
Vi cac duong tron (A), (Bq), (Co) €6 ban kinh béng nhau va dudng tron (o
tiép xtc ngoai voi ca ba dudng tron do nén DoAs = DBy = D.C,, hay :
cach khac D, la tam dudng tron ngoai tiép cla tam giac A.B.Co.
Ma cac dudng tron (A,), (B,), (Co) co ban kinh bang nhau nén A8, // AR
B,C, /! BC va C,A, I/ CA. Hon nira AA,, BB, va CC, dong quy tai | Do ¢
hai tam giac ABC va A;B.C, la anh cia nhau qua mot phép vi tu tam |
Tir d6 suy ra O, |, D, théng hang
Bai toan 14. 18: Cho hai dudng tron (Oy), (O2) cat nhau tai hai diém phan
A. B. Cac tiép tuyén tai A va B ctia durong tron (O1) cat nhau tal C
dudng thang MA, MB di qua mét diém M bat ki trén dudng tron (O.) catl
duang tron (O2) tai N, P theo thur tu d6. Goi J la trung diém cla NP
Ching minh rang M, C, J thdng hang.

Giai

Tr gia thiét suy ra MC la dudng ddi trung cia tam giac MAB. |
Vi A, B, N, P cing nam trén mét dudng tron va cac duong thang AN. &8
cit nhau & M nén AMAB déng dang AMPN.
Goi | 1a trung diém cda AB.
Goi d 14 phan giac cta géc AMBKkhi
d6 d cling la phan giac cia goc NMP

gatk = M

MA
Ta c6 phép dbng dang
V(M'\)O Dd.' A = P. B N
nén AMAB ~ AMPN M
Do d6 trung tuyén MI cGa tam
giac MAB bién thanh trung tuyén
MJ ctia tam giac MPN.
Vi MI va MJ ddi xtrng voi nhau qua d, suyraM, C, J théng hang.

-~
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114. 19: Goi A', B, C' 12 céc hinh chiéu vuéng goc clia mét diém M bét
jm trong mat phang cta mét tam gidc ABC da cho I1an Iuot trén cac
ng thing chivra dudng cao AA,, BB, va CC, clia tam gidc @6. Chirng
tam giac A'B'C' lubn ddng dang voi chinh né khi M chay khap

phang.

Hwéng dan giai
4 13 tryrc tam clia tam gidc ABC.

on diém A\, B\ M, H déng vién,
A'B'; A'M) = (HB', HM) [modn]

bn diém A', C', H, M déng vién nén
A'CY) = (HM; HC") [modn]

A'C) = (A'B'; A'M) + (A'M: A'C)

3 HM) + (HM; HC') = (HB": HC)

 AB) [modr] B

J 1 (BC'; B'A") = (BA: BC) [modn]

ftam giac A'B'C' luon déng dang nghich véi tam giac ABC ¢ dinh

Ol moi vi i clia didm M, cac tam gidc A'B'C' luén tw ddng dang.

14. 20: Cho tur giac I6i ndi tiép mét duong tron tam O. Phép quay tam

I'(0 < @ <) bién ABCD thanh tu giac A'B'C'D'. Chirtng minh réng

nh trong tng AE *'B'; BC, B'C'; CD, C'D' va DA, D'A’ clia hai

giao nhau tai cac d..m M, N, P va Q Ia cac dinh ctia mét hinh
B’

Hwéng dan giai m\
F, G, H theo thir ty 4 trung diém A ' B

Bh AB, BC CD, DA cia tor giac /
Wa E', F', G', H' 14 trung diém cac &
(8, B'C', C'D', D'A' cia tur giac

A C

AR

Qs A A,BisB' nén E s E'

= A'B' nén OE = OE' nén hai tam

ong OEM, OE'M bang nhau (nguoc hudng).
£ (OE: OM) = (OM: OF") = %[modn]

4

phép ddng dang

Q N Voik = bién E thanh M
10.%)

2 cos—
2

[t thi bién twr gidc EFGH thanh tir giac MNPQ ma ti giac EFGH la
INh hanh nén suy ra MNPQ 1& hinh binh hanh.
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Bai toan 14. 21: Tam giac ABC c6 hai dinh B, C cb djnh con dinh A chay .
mét dudng tron (O; R) c¢b dinh khong c6 diém chung véi dudng thang o
Tim qy tich trong tdm G clia tam giac ABC.

Hwéng dan giai
Goi | 14 trung didm clia BC thi | ¢b dinh. B
Vi G la trong tAdm cta tam giac ABC nén

G =

-

1A,
3

Do d6 phép vi tw V tam ti sb -;: bin

| diém A thanh diém G.
Tir 66 suy ra khi A chay trén duong tron (O R) thi quy tich G 1a anh o9

duong tron d6 qua phép vi ty V, tire [a dudng tron (O'; RY) ma 0'=13g
;10

vaR = IR,
3

Bai toan 14. 22: Cho dudng trén (O; R) va diém | ¢b dinh khac O. Mot didm i
thay @i trén duwéng tron. Tia phan giéc cta goc MOI cét IM tai N. Tim o
tich diém N. : '

. Hwéng dan gial
D&t 10 = d. Theo tinh chét duong phan giac
Ta co .l_N_ - E. — 9. M

NM OM R

IN d IN d

=> = T —
IN+NM d+R IM d+R ~ |

Vi hai vecto IN va IMcung hudng nén
iN=_9

d+R

IM.

d

-+

Do d6 phép vi ty V tam | ti sé k = 7

diém M thanh diém N.
Khi M & vi tri M, trén dudng trén (O; R) sao cho IOM, = 0° thi tia phan 97
ctia goc IOM, khong cét IM. Biém N khong tén tai. ,
Vay khi M chay trén (O; R) (M khéc Mo) thi quy tich diém N |a dnh cla (@
qua phép vi tw V bé di anh clia diém M,, _

Bai toan 14. 23: Cho dudng trén (O) c6 dwdng kinh AB. Goi C 1a dié”‘,i‘
xirng v&i A qua B va PQ la dudng kinh thay dbi clia (O) khac duond h,
AB. Buéng thdng CQ cét PA va PB 1an luot tai M va N. Tim quy tich

| diém M va N khi duong kinh PQ thay déi, .

bién
R
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: Hwéng dan giai
6 QB // AP (vi cling vudng géc voi PB) va B 1a trung diém ctia AC nén
trung diém cla CM. Tuong tu ta c6 AQ // BN (vi cling vudng goc voi
\va B la trung diém cla AC nén N Ia trung diém cia CQ.

M

§ CM = 2CQ nén phép vj tw V tam C i sé 2 bién Q thanh M. Vi Q
trén duong tron (O) trir hai diém A, B nén quy tich M 13 dnh cua
g tron d6 qua phép vj ty V trir 2 anh cla A, B.

3t CN = % CQ nén quy tich N 14 anh ctia dwdng tron (O) qua phep
"tam C, ti s6 % trir 2 4nh clia A, B.

14. 24: Trén mat phing cho tir giac 16 ABCD véi cac canh dbi khéng
Song. Tim quf tich tam cla c4c hinh binh hanh MNPQ ma céc dinh M,
Q theo thir tu thuéc c4c canh AB, BC, CD, DA nhung khéng tring véi
80 cla tur giac.

‘. Hwéng dan giadi

" B' 1a diém déi ximg cla
tdm O cda hinh binh
MNPQ. Do AB khéng
song véi CD nén O Ia
diem cia MP tuong

d VOi hai doan B'A' va CD
lau hay A' thuéc mién
mién hinh binh hanhD

véi DD'=CC' = AB.
0 thugc mién trong cla mién binh hanh EFFH anh cia mién binh

COD'C qua phép vi tw tam A fi sé % tirc 14 E, G, F, H 12 trung diém
C,AD, AD', AC".

8 minh trong tw thi O thuge mién trong cia mién binh hanh IEJF v&i
20 thir ty 12 trung diém ctia AB va CD.

Uy tich can tim 1a phan giao cia hai mién trong ctia hai mién binh
EGFH va IEJF,




Bai toan 14. 25: Cho tam giac ABC. Hai diém M, N chuyén déng trén 2
AB, AC sao cho BM = CN. Tim quy tich trung diém MN va trong ‘am
giac AMN. '

Hwéng dan giai
Goi I, J, K, L 1an lugt 12 trung diém
ctia MN, NB, BC va MG. Gogi AA, |a
dwéng phan giac trong clia BAC; |y
la giao diém cla dwéong thing di
qua K song song véi AA, voi canh
AB hoac AC.
Phan thuan; Ta co tr gidgc IJKL 1a
hinh thoi va tir d6 co Kl // AA,. Do K
cb dinh nén | ndm trén duwong thdng
06 dinh Kl,. B
Gidi han: | ndm trén doan thang Ki,.
Phén ddo: Lay diém | tuy y thudc doan Kl qua | ké dudng thang song sq
v&i AB cat AC & I Goi N 1a diém dbi xtrng clia A déi voi I' (N thube can
AC) duong thing NI cét canh AB & M. Ta s& chirng minh | 12 trung il
cia MN va BM = CN.
Vay Quy tich ctia |, trung diém cia MN, 1a doan thang loK. Suy ra quj tid
trong tdm tam giac AMN va doan thang Gl,, anh cua doan théng I,K QU

phép Vit tam A, ti 86 g.

Bai toan 14. 26: Goi (L) 1a tlép tuyén ciia dudng tron (C) va M 1a mot diem i
(L). Hay tim qu§ tich cac diém P thod man tinh chét: tén tai hai diém R, O tr
(L) sao cho RM = QM va tam giac PQR nhan (C) lam duéng tron noi tiép

Hwéng dan giai
Cho X la giao diém cia (C) va (L), P
O 14 tam cla (C). Gid si XO cét
(C) tai diém thir hai Z; Y 1a diém trén
QR sao cho M I trung diém XY.
Goi (C') la duéng tron bang tiép
goéc P cia tam giac PQR.
Gia str (C') tiép xtic v&i QR tai Y', 0
Phép vi tu tdm P, ti s

PY' - bién (C) thanh (C) e

tlép tuyén véi (C) tai Z
bién thanh dudng thang
QR, suy ra Z bién thanh
¢ £

A o~



& chirng minh réng QX = RY".

QYy’ OX
' = 90" Y'O' ~AOXQ=> —— = —
M ORO' = 90" = AQY'O' ~ AOXQ=> gy
—FP—(- -——O Y'S uy ra:
EX0" YR
IXQ = Y'O'.0X = RX.Y'R nén:
QX BY" . BY — QX =RY'

“0R-QX QR-RY' QY'

chac, QX = RY nén Y tring Y'. Nhu vay, diém P di dong nhung ludn
Al trén tia YZ cb dinh.

fai, l&y diém P bét ki trén tia YZ, thi bang cach li luan tuong tu nhu

‘cling ¢6 QX = RY. Nhung M Ia trung diém XY nén suy ra M 13 trung

2 QR, nhu thé P 1a diém cla quy tich,

lai, quy tich cua P la tia YZ.

n 14. 27; Cho ba diém A, B, C thing hang theo thir tw d6. Goi (V4), (V2)

1ty la cac duong tron duong kinh AB va AC. Mot diém M chuyén

n (Vy), duéng thidng AM cét lai (V,) & diém N. Tim quy tich giao

P clia BN va CM.

Hwéng dan giai
0,, O; theo thir tu 13 tan clia cac dudng tron (Vy), (Vo)
AB =b, AC =¢
dinh Ii Menelaus cho tam giac N
&1 cat tuyén CPM ta duoc
CB _
CA
B CN nan BABNCBL - c
BC PB CA 0, \BJo,
PN__CA_-b
- PB BA a
PN-PB -a-b BP a
- = hay —
PB a BN a+b

khi M thay @i trén duong tron (O1) thi quy tich diém N Ia duong tron
'va P |13 anh cia N qua phép vi ty tam B, ti sd _—5 do dé quy tich cua

-: ' can tim |a duéng tron o @nh cia (O;) qua phép V[ g J

ab

423



Bai toan 14. 28: Cho mét duong tron (O), mét dudng thang d va mot gig
cé dinh. Vi mdi diém M thude dudng tron (O) ta xac dinh diém N a4 , .
véi M qua d. Goi | 14 trung diém cua doan thdng PN. Tim tap hop Gién, |
M thay ddi trén duong tron.

Hwéng dan giai
Tir diéu kién bai toan ta suy ra tap hop N [a mot dudng tron (O') apy,
(O) trong phép dbi xirng truc d.

Mat khac, ta cé F?i:%ﬁhi,nenna &nh clia N trong phép vi tw tam P, fij < 1

Téap hop cac diém | la mot dudng tron (O") va anh cda (O') trong phép

VP1 . Vay tap hop cac diém | 1a mdt dueong tron dnh cua (O) qua p
( ~"')
2

ddng dang la hep thanh clia 2 phép Dy va V(P e

2

Bai toan 14. 29: Cho hai dwéng thing song song d va d' va diém cé dinh §
ngoai dai (d, d'). Mot cat tuyén di dong qua S cat d tai M va d' tai M'. Chy
minh réng céc tiép diém T va T' clia cac tiép tuyén vé tir S dén dudng ig
dwong kinh MM' & trén nhizng dwéng théng cb dinh,

Hwéng dan giai -

V& cat tuyén qua S va vudng géc véi d tai A va d' tai B.
Dung tiép tuyén SC véi dudng tron dudng kinh AB tam | va tiép tuyén
vl duedng tron dudng kinh MM' tam O. $

Ta co: S_O_=§:£=O_M
OM IA Sl 1A

Do d6 duwong tron (O) la anh ¢ -

cla duwong tron (l) qua phép s <

déng dang c6 tam la S. Trong 0

phép dbng dang ndy cac diém T

va T' la diém tuong ing clia %

cac tiép diém C va C' cla

duwong tron (1). :

Do d6 céc tam giac SIO, SCT va SC'T' ddng dang va vi SIO= 90" "

SCT=SC'T' =90°

Vay Tva T' & trén cac dudng thang IC va IC' cb dinh.

Bai to&n 14. 30: Cho tam gi4c nhon ABC, hay dung hinh vuéng MNPC
cho hai dinh P, @ ndm trén canh BC va hai dinh M, N 13n lwot ndm 1" =
canh AB va AC.

A1
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Hwéng dén giai
3 st ta dung hinh vudng MNPQ thi phép vi A
y tam A, ti s6 % bién hinh vuéng MNPQ M NS
hinh vuéng BCP'Q". Suy ra céach dyng: B (5 ;: ; c

-
-

yng hinh vuéng BCP'Q' ndm ngoai tam ; N
jac ABC. Lay giao diém P, Q cla BC voi ;
jc doan thang tuong ang AP' va AQ'. Tir P ;
'@, vé cac duong thang vubng géc véi ]
B, l&n luot cét AC va AB tai N va M. Khi d6 Q P
JPQ chinh la hinh vubng can dyng.
san 14. 31: Dyng mét duong tron (C) tiép xtc véi hai dudéng théng Ox,
ly cho sdn va di qua mét diém ¢ dinh A cho s3n & trong goc xOy.

q Hwéng dan giai
han tich, gia s dung duoc dudng tron (C) di qua A va tiép xdc voi Ox,
ep vi tir tam O bién (C) thanh (C') chi théa man 2 didu kién tiép xdc

Y

.
-

th dyng: ,

ig duong tron (C') tuy y tiép xac véi Ox va Oy.

Ng OA cét (C') tai A"

g giao diém A cla duong thdng OA' véi duéng thdng qua C, song
A

tron tam C, ban kinh CA 1a duéng tron phai dung.

ng minh: Budng tron tdm C, ban kinh CA di qua A 1a anh cua duong

((C!) trong phép vi tu nén tiép xdc véi Ox, Oy, tam O tik = g—:

| lugn: Buong thdng OA cét (C) tai 2 diém A"y, A', nén bai toan c6 2
,:_‘,‘ hinh.

3 14, 32: Cho hai dudng trén (O) va (0') cé ban kinh khac nhau tiép
1Ngoai voi nhau va mét diém M trén (O). Dyng mét dudng tron di qua M
Bp xiic véi ca hai dudng trdn (O) va (0.

¥ Hwéng dan giai

S 13 tam vi ty ngoai cla (0) va (0'). Goi N la anh clia M qua phép vj tu
S 'bién (O) thanh (O"). Buéng théng SN cét (O') tai diém th(r hai M'. Goi
d giao diém cia OM va O'M",



-
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vi O'N = O'M' nén O"M = O"M".

o
z
=

Véay dudng tron O" ban kinh O"M tiép xGc véi (O) tai M va tiép xuc v (0
tai M' 1 tam can dung.

Bai toan 14. 33: Dung tam giac ABC néu biét hai géc B=f, C=y va mét

trong cac yéu té sau:

a) Puong cao AH = h.

b) Ban kinh R ctia duong trén ngoai tiép
Huwéng dan giai

a) Dung doan thing B'C' tuy y. Trén mét
nira mat phang cé be B'C' dung tia B'x
va C'y sao cho xB'C'=pva yC'B'=7.
Hai tia d6 cat nhau tai A va ta co tam
giac ABC'

Dung dudng cao AH' cla tam giac
AB'C'. Néu AH' = h thi AB'C' |4 tam giac
can dyng. B H C
Néu AH' = h thi trén tia AH', ta ldy diém H sao cho AH = h rdi dung duong
thdng a vuéng goc voi AH tai H, cat AB' tai B va cat AC' tai C. Tam giac caf
dung la ABC.

b) Duwng tam giac AB'C' nhw cau a) rdi dyng tdm O' clia dwéng tron ngoal ep
tam gidc AB'C'. Trén tia AO' lay diém O sao cho AO = R rdi dung duond
tron (O) di qua A (tue 1a cb ban kinh bang R). Hai tia AB' va AC' Ian luot ¢!
(O) tai cac diém B va C (khac A). Tam gidc ABC 1a tam gidc can dung

Bai toan 14. 34: Cho hai dudng thang a va b cét nhau va diém C. Tim trén 1@
dwong thdng a va b cac diém A va B tuong ung sao cho tam giac A"
vudng can 0 A.

Huwéng dén giai
H . 0 CB 4= 5 »’,,m
Ta co théy goc luong gidc (CA; CB) = —45°va —— = J2.DodsBlaé
clia A qua phép déng dang F co duoc bing cach thyc hién lién tiép pe”
quay tam C, goc —45° va phép vi ty tam C, ti s6 J2.

AL
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: bién a thanh a'.

ep V . - bién a' thanh a",
BeH (c.\2)
3 ja giao diém clia a" va b,
a giao diém cua b va trung truc cla BC.
ym giac ABC 13 tam gidc vudng can tai A can dyng. it
pan 14. 35: Cho hai duong tron (O; R), (O R'), hai diém A trén (O) va
gm A' trén (O'), mét dwéng thing xx'. Dyng doan thang MM’ song song
Bl xx' sao cho M ndm trén (O); M' ndm trén (O') ddng thdi cac tam giac
, O'A'M' déng dang va cung huéng.

Hwéng dan giai
3an tich : Gia si da dung duoc hai
im M, M' thoa man diéu kién cla
J bai. Lay diém | sao cho AIOO' ~
AA" va cung hudng. Bata = OIO'.
i F 1a hop thanh cla phép vi ty

Ltisbk= %— va phép quay tam

6 o thi F bién A thanh A', O thanh

"f;_; anh clia M trong F 1a M", ta cé6 M" & (0.
bién A thanh A', O thanh O', M thanh M' nén ta cd AOAM ~ AO'A'M'
eling huong. Suy ra M" = M' hay AIMM' ~ AIOO' va cling huéng. Do vay

gée IMM', 100" bang nhau va cung huéng.
irng: Tir | vé dudng thang cét (O) tai cac diém M, M, va cét duong

" » e o -
19 xx' tai diém K sao cho hai goc IKx va I00' bing nhau va cung
Ing. Tw | vé tia IM' cét duwong tron (O') tai M' va MYy sao cho hai goc

A', 010’ bang nhau va cling huéng.

g minh: do M e (0), M' & (O'), MIM' =0IO' va F: (O) = (O') nén F
N M thanh M’ Suy ra AIMM' ~ AIOO' va ta c6 IMM' =100 = IKx. M4

’.l;(_;( clng huéng voi l66', suy ra MM' // xx' (d6i vai My, M'; ciing
ing minh tuong ty).

N luan: S6 nghiém tuy theo s6 giao diém cia duong thing IK véi dudng
1(0).

‘6
i
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Bai toan 14. 36: Cho phép nghich dao f cyc O, phuong tich k >0. Chirng m\i

f bién duong tron tam 1a cuc O va ban kinh Jk thanh chinh né va i
dudng tron (1) truc giao voi duéng tron @6 déu bét bién. ,

Hwéng dén giai
Phép nghich ddo cuc O, phuong tich k >0
M — M khi OMOM' =k
Goi M” |2 giao diém cliia OM véi dudng
trdn tam 1a cyc O va ban kinh VK thi
OMOM' =k =>M"=M' nén phép nghich
dao bién dudng tron tam la cyc O va
ban kinh vk thanh chinh né.
Goi duong tron (1) trec giao véi dudng tron trén, vé tiép tuyén OT

Ta c6 ONON'=P O/l) = OT? = k nén moi duong trén (1) trec giao vej
duwdng tron 66 déu bét bién.

Bai toan 14. 37: Chirng minh dinh ly Ptoleme:
T giac 16i néi tiép mot dudng trdn khi va chi khi téng céc tich 2 canh dif
béng tich 2 chéo.

. Hwéng dén giai
Cho ti giac ABCD ndi tiép duong tron (O).

Xét phép nghich ddo f cyrc A, phuong tich k =1 3
bién dudng tron (O) qua A thanh dudng
thang d. : A\
f bién B, C, D thanh B', C', D’ thdng hang 2
N\ \D

trén d.

1kl.BC BC =
Taco B'C'= =
ABAC AB.AC /B- C'\ [)‘ N
CcD BD
Tuongty C'D'= ‘B'D'=
i ACAD ABAD

Vi B',C',D’ thdng hang theo thir ty d6 nén B'C' +C'D' = B'D’
BC ¥ cb _ 8D
ABAC ACAD ABAD
< ADBC+ABCD=ACBD.
Do lai néu ADBC + ABCD = ACBD thi B',C',D’ thing hang theo thu
d6 nén f bién dudng thing d chira B', C', D' khong qua cyc A thanh duU oné
tron qua cyrc A, do d6 tao dnh B, C, D thudc dudng tron nay = dpcm 3

Bai toan 14. 38: Cho 4 dudng tron (0,), (O2), (O3), (Os) ma mdi dudng tro
tiép x(ic ngoai v&i 2 dudng tron khac. Chirng minh 4 tiép diém déng vie"

& "~



(U TN ATV DUV Bhono Vie

Huwéng dan giai
4 tiép diém |a A, B, C, D v6i A 14 tiép diém clia 2 dudng tron (O4), (O,).
"i &p nghich dao f cuc A.

* n 2 duong tron (O,), (O) tiép xic ngoai va qua cye thanh 2 duong

ng ds, d» song song nhau,

:- 2 dudng tron (0.), (O.) tiép
s ngoai va khéng qua cyc thanh 2
g tron (O'3), (O'9) tiép xuc nhau.
dc tiép diém B, C, D thanh B,

diém khac cla 2 dwéng dé nén
3 D' thdng hang. Suy ra tao dnh B,
) thudc mét dudng tron qua cyrc A.
!IépdiémA B, C, D déng vién.
14 39: Cho 2 diém A, B va dudng tron (0). Dyng duéng tron (V) di
A, B va trirc giao véi (0).

Hwéng dan giai
hép nghich ddo f cuc A, ti sb
N(O) thi f bién duéng tron (O) d
h chinh n6 va bién B thanh B',
g tron (V) di qua A, B va tryc giao
bién thanh dudng thang d qua

d d
‘D' ViB, D la2tiép diém vandm B’ \
1 d dz song song nhau con C' 1a 2 \

g dudng thang d qua O, B,
t(0) tai M

at (O) tai M
ong trén (V) qua A, Bva M.
1 14. 40: Cho dudng tron (C) tam |, ban kinh R va diém O ¢ dinh sao
= 2R, (Cy), (C2) 12 2 dudmng tron thay ddi qua O, tiép xtic vai (C) va truc
& nhau M Ia giao diém thir 2 cla (Cy) va (Cy). Tim tap hop diém M.
Hwéng dan giai
p nghich dao f cuc O,
g tich Poyc) = OFF = R? = 3R?
) thanh (C).
%, Q la diém tiép xtc cla
UC;) voi (C), khi do:
1) = (D) tiép xuc cia (C) tai P"
P’ = 3R
= (D) tiép xuc voi (C) tai Q" 0Q.0Q' = 3R?
1 M

AN



Vi (C4) trre giao (C) = (Dy) L (D2) tai M.
Ta co IP'M'Q' 1a hinh vudng canh R nén IM' = R fé tclaM e (v) la Auy,,
trdn tam |, ban kinh R 2 = M < (y) nghich ddo cta (v)

Lay M' & (¥), gid sir M = f(M') = OMOM' = 3R?

Poiy = O = (R2)? = 2R*= OM'ON ;N & () = OM = %ON

Véay quy tich ca M 1a dudng tron (y) 12 hinh vj tu cua (y') trong V(0 2 -

.

Bai toan 14. 41: Cho duong tron (Q) duwong kinh AB = 2R. Goi (A) la tidp

tuyén cua (O) tai B. Goi (C) la dudng tron thay dbi va ludn tiép xuc ve (o f

va (A) tai hai tiép diém phan biét. Goi (Cy) va (Cp) l& hai dwong tron bar 4,

ctia (C) va (C,) va (C;) ludn tiép xiic véi nhau tai M, Tim quy tich cia M
Huwéng dan giai

Xét phép nghich ddo f cuc B, phuong tich k = — 4R’

Do B € (A) nén qua f: (A) — (A)

Do B « (0) nén qua f (0) —» (d) véi (d) 1a dwéng thang vuéng goc voi AB ()

H voi H = f(A) (BABH = -4R? )

T gid thiét thi (C,) va (C.) khéng di qua ciuc B nén;

(Cy) = (C'y)

(Cs) = (C'2)

D& thay M = B do d6 f(M) = M. Do M Ia tiép diém cuda (Cy) va (Cz) nén M I3
tiép diém cda (C';) va (C%).

Do (C,) tiép xuc voi (O) va (A) nén (C',) tiép xdc véi (A) va (d).

Do (C») tiép xuc vai (O) va (8) nén (C'5) tiép xtc véi (A) va (d).

Suy ra quy tich cla M' 1& dudng thang (D), voi (D) vubng goc voi AS 1@
trung diém | ciia BH

Do d¢, theo tinh chat d6i hop cia phép nghich ddo thi quy tich cia M @
énéh ctia (D) qua f. Anh cia (D) qua f 14 dudng tron dudng kinh BJ (I
diem B).

Voif(l)=J (BLBJ=-4R?)
Vay quy tich ctia M 1a dudng tron duéng kinh BJ (tnr diém B).

3. BAI LUYEN TAP
Bai tap 14. 1: Cac khang dinh sau day c6 ding khéng: Phép vi tur

a) Ludn c6 diém bat dong (ttrc 1a diém bién thanh chinh né).
b) Khéng thé cé qua mét diém bat dong.
¢) Néu coé hai diém bat dong phan biét thi moi diém déu bat dong.

AN
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Huwéng dén
% a bung : tam vi tyr.
{ ja Sai.
gua Pang. Chirng minh khi dé 1a phép déng nhét.
p 14. 2: Cho duong thdng d va duong tron (O). M6t duong tron luu
ng tiép xic voi d va (O) tai M va N. Chirng minh ring MN di qua mot
im ¢6 dinh.

Hwéng dan
iqua Gol AB 1a duong kinh clia dudng tran (O) vuong géc voi d. Vay
qua diém cb dinh A,
p 14. 3: Cho duong tron (O; R) va diém A cb dinh. Mot day cung BC
d6i clia (O; R) c6 66 dai khong ddi BC = m. Tim quy tich trong tam G
tam giac ABC.
Hwéng dan
1 Goi | 1 trung diém cua BC. Phep vi tw V tam A ti sé § bién diém |
ddiém G. Quy tich G |a dnh cua quy tich | qua phép V
4: Cho dudng tron w(O; R) va day cung BC cd dinh. Mot diém A chuyén
durong tron d6. Goi H 1a truc tam cla tam giac ABC. Tim quy tich
Ehiéu vudng goc M cla H trén dudong phan giac trong ciia géc BAC.

8 Hwéng dan
ing pheép vi tu va dé y quy tich truc tam H 1a mot dudng tron
14. 6: Cho hai dudng tron (O) va (O') cét nhau tai A va B Hay dung
Aimot dueng thang d cit (0) & M va cat (O') & N sao cho M 4 trung
clia AN.
18 Hwéng dén
gphep vi tur V tam Ati s6 2.
14. 6: Cho tam giac ABC ndi tiép duéng tron (0) cb dinh, trong dé B

£€0 dinh con A di dong. Tim quy tich tryc tam H va trong tam G cla

Jidc ABC

A Hwéng dan

JUa Buong tron déi xung cla (0) qua BC trir 2 diém va dudng tron
Elia (O) qua V(; g). | trung diém AB.

£14, 7: Cho tam giac ABC va mét diém M ném trong goc d6. Dung
g tron di qua M va tiép xuc voi hai canh BC, BA cla tam giac ABC
Huwéng dan

19 dudng tron tuy y (E) tiép xtc véi hai canh BC, BA cua tam giac ABC
B giao diém ciia dudng tron (E) véi dudong thing BM rdi ding phép vi
am B.




Bai tap 14. 8: Tim diéu kién dé hai hinh ch@ nhat déng dang véi nhau
Hwéng din
Két qua Néu hinh chir nhat cé chiéu réng a, chiéu dai b va hinh chiy Nhay
(H") cb chiéu réng a', chiéu dai b', didu kién can va du dé (H) dong dang v,

Rl RO
(H") 1a: 2 b

Bai tap 14. 9: Ching minh phép dbng dang bién 3 diém thang hang thanh 5

diém théng hang, déng thai bao toan thir tur cac diém.
Huwéng dén
A, B, C thang hang theo thir tiy d6 <> AB+BC=AC .

Bai tap 14. 10: Trong mat phdng Oxy cho dudng tron (C) ¢ phuong trinp,
(x—1)>*+(y—-2y =9 Hay viét phuong trinh duéng tron (C") 12 anh cda (c,
qua phép ddng dang c6 dugc bing cach thyc hién lién tiép phép vi tu tam,
O ti sb k = -2 va phép dbi x(rng qua truc Oy.

Huwéng dan

Tir dinh nghfaOM' = —2 OM @& tim ra toa 6 M'(x’;y’) theo M(xy).
Két qua (C"): (x—2)° + (y + 4)° = 36.

Bai tap 14. 11: Cho hinh thoi ABCD canh a, géc nhon A = 60° c6 duang tron
ndi tiép (1). Tim quy tich cac diém M cé phuong tich M d6i voi (1) bang

az
T
Huwéng din
Dung dung phép vij
Bai tap 14. 12: Cho dudng thing d tiép xdc véi dudng tron (O; R) tai A.
Chirng minh cac dwdng tron (1) tiép xuc véi d va tryc giao véi dwdng tron
(O) thi ludn tiép xtc véi dudng tron cb dinh.
Hwéng dan

Dung phép nghich do cyc O phuong tich R?.
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aé 15: QUAN HE SONG SONG

N THUC TRONG TAM

ing hang va déng quy

5 chon 2 mat phdng phan biét ciing chira cac diém, cac didm nay thang
g trén giao tuyén ctia 2 mat phdng. Con cac dudng déng quy, ¢6 thé suv
g tinh chét 2 duéng chéo cta hinh binh hanh, cét cing ti Ig, chirng
h ddng quy lién tiép, hodc dung phan ching, ...

o diém va giao tuyén clia dwong thdng va mét phang

mat phang phu chira dudng thang, dua vé tim giao diém cua duédng
g @3 cho véi giao tuyén ctia mat phdng cho va mat phang phuy.

2 diém chung clia 2 mat phang, giao tuyén 13 dwéong thang di qua 2 diém
g nay, co thé tim 1 @iém chung va song song véi 1 duéng thing khac.

(Ve tim giao diém voi canh clia khéi da dién va tim giao tuyén véi mat
h0i da dién. Thiét dién can tim la mét da giac c6 cac canh thude mot
@t cla khdi da dién.

M giao diém, giao tuyén, thiét dién ta co thé sir dung: trong mét mat
g, cac duong thang cét nhau hodc kéo dai cét nhau; duéng giong tir
udng mat phang hodc dudng giong song song; giao tuyén clia 2 mat
lam géc; giao tuyén song song, quan hé dac biét cta dé bai cho

dén yéu té cé dinh va quy tich giao diém cua 2 dwong thing di
trong khéng gian

ren 2 quan hé: dai lvgng khéng ddi va cac yéu t6 cb dinh da cho, cac
g glao clia 2 yéu té cb dinh.

2 mét phang cb dinh va phan biét I3n lugt chira 2 dueng thing di dong
30 diém thudc giao tuyén cb dinh. Luu y giéi han va phan déo.

Mghia dwéng va mit song song

khi a, b dbng phéng va khong cé diém chung.

) khi chiing khéng c6 diém chung.

{Q) khi chiing khéng cé diém chung.

Iy song song co ban

8 2 (P),a/lb,bc(P)thial(P)

A




2. CAC BAI TOAN

'

Néu (P) chira 2 duong thdng cat nhau cung song song voi (Q) thi h;,; '
phang (P) // (Q).

e e
L/
Trong tam tir dién

Trong tir dién 3 duong trung binh (doan ndi trung diém 2 canh dgj
ddng quy tai trung diém cia m&i doan goi la trong tam ter dign. -
Goi G 1 trong tam cuia tr dién ABCD thi dudng thang di qua G va mat g;
clia tir dién sé di qua trong tdm cda mat déi dién voi Ginh ay. Néu goi ' 14
trong tdm cua mat BCD thi GA = 3GA" 1
Giao tuyén song song

al/l(Q),v(P)oaP)n(Q)=A=Alla
a//bva-avpobanp=A=A//a hay A/ /b
allp¥ryna=aynp=b= al/lb

Dinh ly Talet

Hai cat tuyén bt ky dinh ra trén 3 mat phang doi mdt song song cac d

twong ung ti 1€
D30 lai, trén 2 duéng chéo nhau 1an luot Iy cac diém A, B,C va A’ B C

thir tir, néu AA,—; - _ée% thi AA" BR' CC' nm trén 3 mat phang song song
Goc gitra 2 dwirng thang

La géc gitra 2 dudng thang cung di qua mot diém nao @6 va lan luot s
song voi 2 dwdng thang da cho.
Hinh lang try , hinh hép

Hinh lang try c6 hai mat day 14 hai hinh da giac ¢6 cac canh tuong Y
song song va bang nhau, c6 cac méat bén la nhirng hinh binh hanh, t©
canh bén song song va bang nhau.

Hinh hop 1a hinh 1ang tru c6 day 1a hinh binh hanh. Trong mdi hinh hop ©
dudng chéo cét nhau tai trung diém méi duong, diém cét nhau do 9%
tam hinh hop.

Bai toin 15. 1: Cho 3 dudng thing a, b, ¢ d6i mot cit nhau. C6 thé ke! luat
duéng nay ddng phéng va ddng quy? Chirng minh : Néu 3 duong tha™d
b, ¢ d6i mot cét nhau va khéng ddng phéng thi ching déng quy.

Huwéng dan giai ]
Khdng chéc. Ta minh hoa 3 hinh vé sau tuong (rng 3 dudng thang 2
@bng phang va déng quy; ddng phing va khéng déng quy; khond
phang va dong quy.



C

%/ [/ ><7

};. 3. Cho ba duwéng thang a, b, ¢ déi
nhau Goi A la giao diém clia b va
ehirng minh duong thang a qua giao

A |
a khéng qua diém A thi a cét b, ¢ 'B/

C khac diém A.Do do, ba dudng
3. b c cUng nam trén mat phang
6 ly.Vay chung ddng quy. b &
Néu n duong thing déi mét cit nhau va khéng déng phang thi
g quy.
2: Cho n diém (n > 4) trong d6 bat ki 4 diém nao cling déng
(rng 16 rang n diém d6 ddng phang,

Hwéng dan giai
: phén ching. Gia st n diém d6 khéng dbng phang thi it nhét phai
im trong chiing khéng ddng phéng, trai gia thiét.
3: Cho hinh chép S.ABCD co day 1a ti giac ABCD c6 hai canh
n khong song song. Ly diém M thudc mién trong ciia tam gidc SCD.
80 tuyén cla hai mat phang:
! Vé (SCD) b) (ABM) va (SCD)
v wa (SAC).

Hwéng dan giai S
3 va M 12 hai diém chung cia 2
'_” va (SCD) nén giao tuyén la
,J g SM.

hiet, trong mp(ABCD) kéo dai
J¢at nhau tai |.

B, | ¢ CD nén | va M Ia 2 diém
€ua 2 mp(ABM) va mp(SCD)
80 tuyén cla chung la Guong
IP(SCD), IM cét SC tai J thi giao
Bla mp(ABM) va (SAC) la dudng

%

Ane



Bal toén 16. 4: Cho hinh chop tur gidc S.ABCD veéi hai duong thang AR |,
cét nhau, Goi A’ 1a mét diém nam gitra hai diém S va A. Hay tim cq,
tuyén cia mp(A'CD) voi cac méat phang
a) (ABCD), (SCD), (SDA) b) (SBC), (SAB),

Hwéng dan giai S

a) Theo gia thiét ta co:

(ABCD) i (A'CD)=CD ;
(SCD) ~ (A'CD) = CD
(SDA) n (A'CD) = DA'".

b) Trong mp(ABCD), kéo dai AB cat CD tai K
Trong mp(SAB), AK cét SB tai B' thi
SAB) ~ (A'CD) = A'B', (SBC) n (A'CD) = CB'

Cach khac: Trong mp(ABCD), AC cét BD tai O.
Trong mp(SAC), SO cat A'C tai |.

Trong mp(SBD), DI cét SB tai B'.
Bai toan 15. 5: Cho tr dién ABCD. Goi |, J Ia cac diém 1an lugt ndm trén

canh AB, AD véi Al = %AB va AJ = %AD. Goi G 14 trong tam tam g

ACD. Tim giao diém ctia duéng thang 1J, IG voi mp(BCD).
Hwéng dén giai

Trong mp(ABD), theo gia thiét |J, BD

khdng song song nén kéo dai cat

nhau tai K.

TacoKe lJ Ke BD

- Ke lJ,K e (BCD).

vay IJ n (BCD) =K.

Goi M I3 trung diém cla CD, trong

mp(ABM) kéo dai |G cat BM tai E thi E

chinh 14 giao diém cia IG véi mp(BCD). -

Bai toan 15. 6: Trén 3 tia Sx, Sy, Sz khéng déng phang Ian luwot 1ay cac 2

Ava D, Bva E, C va F sao cho DE cét AB tai |, EF c&t BC tai J, FD °*

tai K. Chirmg minh ba diém |, J, K thdng hang. S
Huwéng dén giai

Tacol=DEnAB
DE c (DEF) = | € (DEF)
AB c (ABC) = | ¢ (ABC).
Li luan tuong t thi J, K ciing lan
leot thudc vé hai mat phdng trén
nén |, J, K thudc vé giaotuyén
clia (ABC) va (DEF) phan biét.
Vay 3 diém |, J, K thdng hang.

AN




Cry TNHH MTV DWH Ffhong Viée

146. 7: Cho ti gidc ABCD ndm trong mat phang («) ¢ hai canh AB va
héng song song. Goi S 1a mot diém nam ngoai mat phang (a) va M 13
cta doan thdng SC. Goi N 13 giao diém cla dudng thang SD va
hang (MAB). O Ia giao diém cia AC va BD. Chiing minh ba duéng
v Z',.‘ 0, AM va BN dbng quy. S
: Hwéng dan giai
& giao diém ctia AB va CD. Hai
phang (MAB) va (SCD) co hai
hung 1& M va E. Do d6 hai mat
nay co ME Ia giao tuyén. Trong
ang (MCD), goi N 1a giao diém
a EM, ta c6 N la giao diém
yong thdng SD va mat phing

 glao diém clia AM va BN,
| vira thugc mat phang (SAC) vira thude mat phang (SBD).
3¢ SO |a giao tuyén clia (SAC) va (SBD). Do d6 ba duéng thing SO,
BN d’bng quy tai .
. 8: Cho tt dién ABCD c6 cac canh thod man AB.CD = AC.BD =
"‘“ rng minh cac dudng thang di qua mdi dinh va tam duéng tron
[cac mat dbi dién déng quy tai 1 diém.

' Hwéng dan giai
[, C', D' a tam dwéng tron ni tiép
J'w* dbi dién cac dinh A, B, C, D.
‘BB', CC', DD" khéng déng phéng
Lehing minh ching d6i mét cat =

: A—"F
~ CD. e
EC BC

“BD
AC.BD = AD.BC nén % e Ry = O AR phan

AD ED AD'
‘J- cla tam giac ACD nén B' thugc AE. Vay AA' cit BB' trong

.\
-]

3

an giac trong cla tam giac BCD nén —

h tuong tu thi ching d6i mét cét nhau va khéng déng phang nén
ang dé dbng quy.

.._',- 9: Cho hinh chép cuyt tir giac ABCD.A'B'C'D' ¢6 cac canh bén I3
CC' DD' va cé day lén ABCD 1a hinh binh hanh. Goi M, N, P, Q
glao diém clia cac cap duong thing AD' va BC', CB' va DA', BA'
.- 'va DC'. Chirng minh bdn diém M, N, P, Q déng phing.
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Huéng dan giai
Goi S la diém déng quy cia cac
duéng thang AA', BB', CC', DD'. Vi BC
song song v&i AD nén giao tuyén A
cua hai mat phang (BB'C'C), (AA'D'D)
di qua S va song song v&i BC. Ta ¢
M, N 1a hai diém chung cua hai mat
phang noi trén nén M, N déu thudc A.
Li luan twong ty, hai diém P, Q thudc
giao tuyén A' cla hai mat phéng
(ABB'A) va (CDD'C) (giao tuyén nay di
qua S va song song v&i AB). Vay bdn
diém M, N, P, Q cling nam trén mp(a, A").
Bai toan 15. 10: Cho hai hinh binh hanh ABCD va ABEF tam O, O’ khg,
cung ndm trong mot mét phang. '
a) Chirng minh OO' song song v&i cac mat phang (ADF) va (BCE).
b) Goi M va N la trong tdm cac tam giac ABD va ABE. Ching minh
song song v&i méat phang (CDEF), "
Hwéng dan giai
a) Ta c6: OO' // DF, nén: OQ' // (ADF).
Tuong ty: OO' // CE nén O0O' // (BCE).
b) Goi | 12 trung diém cua AB.
Trong mp(IDE), vi M, N, 1a trong tam

nén: =—=—=> MN / DE. Vi MN

khéng nam trong (CDEF) nén MN //
(CDEF).

Bai toan 15. 11: Cho t&r dién ABCD. Goi | va J 1an luot la trung diém cus &
va BC. Trén canh BD, l4y diém K sao cho BK = 2KD. Goi E va F 129
diém ciia dudng thing CD va AD véi mat phéng (1JK).
a) Ching minh DE = DC, FA = 2FDva FK/ IJ ,
b) Goi M va N 12 hai @iém bat ki 14n lvot ndm trén hai canh AB va CD. TiM
diém clia dudng thdng MN voi mét phdng (UK). A

Hwéng dan giai

a) Trong (BCD), CD cét JK tai E nén E la
giao diém ctia CD véi (1JK). Trong tam
giac BCD, dyng DD' // JK.

VIKD = 1 KB nén JO' = LB,
2 2

Vi JB = JC nén JD' = —;-JC.

Suy ra: D'J = D'C. Do d6: DE =DC



Cty TNHH MIV DVVH Khang Vigt
3 (ACD), AD cét IE tai F. Day Ia giao diém clia AD voi (IJK). Trong tam
ACE, AD va El Ia hai trung tuyén, nén F |4 trong tam.

46 FA = 2 FD.Vi K va F la trong tam céc tam giac BCE va ACE nén ta

-f; = FF? =2 suyra FK//IJ.

1J tai P, MD cat FK tai Q thi PQ Ia giao tuyén cia mp(MCD) va
JJK). Trong (MCD), MN cat PQ tai O, chinh Ia giao diém cia MN voi

n 15. 12: Cho hinh chép tr giac S.ABCD c6 day Ia hinh binh hanh
D. Goi M va N theo thir ty Ia trung diém cia AB va SC.

joi | va J la giao diém cia mp(SBD) v&i cac dudng thdng AN va MN.
ng minh ba diém B, |, J thdng hang.

B A JM JB
B RN ,
Hwéng dan giai

: tam hinh binh hanh ABCD. Trong

§ ANAB, MN cét Bl tai J. Vay J 14 giao
cta MN va mp(SBD).
gach vé thi B, |, J thang hang. A

frong tam cta tam giac SAC nén :-3- = 2. Goi M' 14 trung didm Al, thi

BJ, va J 12 trung didm ciia M'N nén % = 1. Taco: IB = 2MM', IJ =
E B

\Vay = =3,

T

15. 13: Cho t&r dién ABCD. Cac diém P, Q Ian Iwot 12 trung diém cla
CD; diém R nam trén canh BC sao cho BR = 2RC. Goi S 14 giao

lia mp(PQR) va canh AD. Tinh ti -g-g .
: Huéng dan giai

d giao diém cla RQ va BD; E
g diém clia BR. Khi do EB =
RC va RQ // ED.

Bidc BRI co: ED // RQ,
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Do d6 DB = DI nén AD va IP la hai duong trung tuyén cla tam giac ,
nén giao diém S cia AD va IP |a trong tam cta tam giac ABI va ta co Ag

SA
2DS. Vay —=2.
ay SD

Bai toan 15. 14: Tir bén dinh clia hinh binh hanh ABCD v& bén nira 6y,
thdng song song cung chiéu Ax, By, Cz va Dt sao cho ching cat mat py, ind
(ABCD). Mot mat phang (a) cét bén nira Guéng thing theo thtr tu n, trén
tai A', B', C'va D'. Chirng minh: )
a) (Ax, By) // (Cz, Dt), (Ax, Dt) // (By, Cz).

b) T& giac A'B'C'D' 1a hinh binh hanh va AA' + CC' = BB' + DD'.
Hwéng dan giai
a) Taco Ax /I Dt = Ax // (Cz, Dt)
AB /I DC = AB // (Cz, Dt)
Vi mp(Ax, By) chira 2 dudng thang
Ax, AB cdt nhau cing song song
vé&i (Cy, Dt) nén (Ax, By) // (Cz, D).
Tuwong ty (Ax, DY)/ (By, Cz).

b) Mat phang () cat 2 cap méat phang
song song (Ax, By) va (Cz, Dt); (Ax,
Dt) va (By. C2z) theo céc giao tuyén

AB' /| D'C', AD' /f BC' nén ABCD' AL 4

I3 hinh binh hanh.

Goi O, O 1an It I3 tm c4c hinh binh hanh ABCD, AB'C'D". Ta ¢4 OO'|
duéng trung binh cia hinh thang AA'C'C nén c6 00" = ﬁ;ﬁ.
Tuwong ty O0'= %

Vay AA'+CC'=BB'+DD."
Bai toan 15. 15: Cho lang try tam giac A'B'C'.ABC. Goi |, G va K lan luot 3
trong tdm cua tam giac ABC, ACC' va A'B'C'.Chirng minh :
a) (IGK) / (BB'C'C)  b) (A'GK) // (AIB').
Hwéng dan giai A » —
a) Goi M va M' trong (rng |a trung diém cia ACva A'C'. [ = B
Theo tinh chét trong tdm clia tam giac ta c6:

M MG _ 1

Rl S Sebdon iR T g /I (BB'CCY.

e a:aGIIBC = 1G // (BB'CC) '
M _MK ylecm it ;
MB M'B’ \ ---------

va MM'// BB' = IK // BB". B



Coy TNHH MITV DWH Hhang Vide

‘ // (BB'C'C).
(IGK) /I (BB'C'C).
i | : va F trong ting 14 trung diém cia BC

ac
3E /I CF = B'E // (A'CF). Ma AE / A'F = AF // (A'CF).
"'.,(AEB') /1 (A'CF)) hay (AIB') /I (A'GK).
in 15. 16: Cho hinh hop ABCD.A'B'CD".

W

hing minh mét phang (BDA') song song (B'D'C), dudng chéo AC di

g tam G, va G; cua hai tam gidc BDA' va B'D'C, hon ni¥a G, va G,

doan AC' thanh ba phan bang nhau.

4c trung diém ctia sdu canh BC, CD, DD', D'A", A'B', B'B clng nam trén

mét phang

' Hwéng dan giai

phang (BDA') va (B'D'C) song

g vitacoBD //B'D, BA' // D'C
D, BA'// (B'D'C).

)va O' 14n luot 13 tam clia day

) va A'B'C'D'. Budng chép AC'

g méat phang (AA'C'C), AC'

'O tai G, Xét tam giac BDA' thi

A& mot trung tuyén va AO // A'C'

G, AO 1

B A 3 do d6 G, la

tam ctia tam giac BDA'.
tt.r thi G; la trong tam cla tam gi4c B'D'C
o '0 /I O'C va O trung diém AC, O' trung diém A'C' nén G, 14 trung
a AG; va G; Ia trung diém clia C'G;.
1~G Gz—GzC'.
),' v J. K. M, N [3n Iwot 1a trung
€ua cac canh BC, CD, DD/,
‘B‘ B'B.
O EF // UN, JN // KM va
:.' BD, FJ // BA', KM // BD,
f BA'. Do d6 hai mat phdng
N) va (JKMN) déu song song
BD).

g hai mat phang (EFJN), (JKMN) co chung diém J nén ching phai
[nhau. Vay sau diém E, F, J, K, M, N déng phéng.
¥ 16. 17: Cho hinh hop thoi ABCD.AB'C'D' ¢6 tit ca cac canh déu
hhau. Trén AB, DD, C'B' Iy ba diém M, N, P sao cho AM = D'N =
Chirng minh rdng mp(MNP) song song mp(AB'D").
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Hwéng dan giai
Vi c4c canh cha hinh hép bang nhau
va AM =D'N =B'P nén MB = PC' = ND.
BM C'P _MB MA AB
Tach —=s—D—=——=—""0
MA PB' PC' PB' C'B
Theo dinh Ii Ta lét ddo, cac duong
thang BC', MP,AB' cung song song voi
mot mat phang hay MP // mp(AB'D’).
Twong tu thi dueoc MN // mp(AB'D'). Vay mp(MNP) // mp(AB'D')
Bai toan 15. 18: Chirng minh réng tdng binh phuong tht ca cac Auong che
clia mét hinh hép béng tdng binh phuong tat ca cac canh cua hinh hop g4
Hwéng dan giai :
Ta biét trong mét hinh binh hanh, tdng binh 4
phuong hai duéng cheo bang téng binh
phuong bén canh.
Véi hinh hop ABCD.A'B'CD..
Ap dung @bi v&i 2 hinh binh hanh
ACC'A' va BDD'B'
AC? + CA? = 2(AC* + AA®)
va BD? + DB? = 2(BD? + BB?)
Nén AC? + CAZ + BD? + DB% = 2[(AC? + BD?) + (AA? + BB
= 2[(2(AB? + AD?) + 2AA) = 4(AB® + AD” + AAY)
Vi 12 canh hinh hop chia lam 3 nhém song song va béng nhau = dpcrm
Bai toan 15. 19: Cho hinh chép S.ABC va mét diém M nam trong tam gl
ABC. Cac dudng thdng qua M Ian lugt song song voi cac duong thang SA
SB.SC cét cac mat phang (SBC), (SCA), (SAB) tai A", B, C'. Chung m!
MA' MB' MC'
. + =1,
SA SB SC
Hwéng dan giai
Kéo dai AM cét BC tai N. Trong mp(SAN) ké MA' song song voi SA ctS
tai A'. Diém A' a diém can tim. S
Twong ty xac dinh duoc cac diém B', C'.

SmsczMN
S,sc AN
. MN  MA'
ma —=——
AN SA

Do dé SMBC =_'”ﬁ
Sasc SA

M B

réng

Ta co:




Cty TNHH MTV DWH Bhang Viét

- _Smg_A__ MB' SMAa Z_M_C'

NS 88 S 86
 MAT MB' ’ MC' Smac *Suca *+ Suan _Sasc _4
"SA SB SC Sasc S aac

joan 15. 20: Cho hinh chép S.ABCD cé day la hinh binh hanh. Mé&t mat
ang (P) 1an luot cat cac canh SA, SB, SC tai A', B', C'. Goi O 1a giao diém
3 AC va BD; | 12 giao diém cua A'C' va SO. Gei D' 1a giao diém ctia mp(P)

SA SC_SB  SD
canh SD. Ching minh rang SA' SC° _§§ SO
Hwéng dan giai

ong Mp(SAC), A'C' cét SO tai |. Trong mp(SBD), B'l cit SD tai D'. Khi d6
ghinh Ia giao diém cta mp(P) véi SD. :

sng Mp(SAC), vé AE // A'C' cat SO
£, vé CF // A'C' cat SO tai F.
3 SA _SE_SO-OE

i sl sl
SC _SF_SO +OF
SE—

"jmrung diém cia AC va AE I/ CF, A

SA SC 2SO SB SD 2SO0

- T el D R

AT T T bt ki v
SA+sc=ss+so
sSC' SB' SD'

n 15. 21: Cho t&r dién ABCD va
diém M, N, E, F 1an lvot ndm trén ¢
canh AB, BC, CD va DA. Ching

Hng Néu bén diém M, N, E, F A

Hwéng dén giai
duong thdng A bat ki cdt mat

Ng (MNEF) tai mot diém O . Bén

Phang lan lvot qua A, B, C, D va
8 thoi song song voi méat phang
EF) c&t duong thang A theo thir
8l A', B', C', D". Theo dinh ly Ta-lét
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NB _OB'
"'INC T OC
EC OC' FD OD'
ED 0D FA OA’
~MA NB EC FD OA' OB' OC' OD'

Vay

Bai toan 16. 22: Cho hinh chép S.ABCD. Trong tam giac SCD, ta 1y mét gié,
M. Tim thiét dién clia hinh chép véi mat phang (ABM).
Hwéng dan giai
Goi N la giao diém cia SM va CD, K |a
giao diém cta BN va AC. Giao tuyén cla
(SAC) va (SBN) la dudng thing SK.
Trong mat phang (SBN), BM cét SK tai O.
Ta suy ra O |a giao diém clia BM v&i
(SAC).
Trong mat phang (SAC), AO céat SC tai E,
day la giao diém cla (ABM) véi canh SC,
EM céat SD tai F la giao diém cla (ABM)
v&i canh SD. Thiét dién can tim 13 t& giac
ABEF.

Bai toan 15. 23: Cho mét hinh chép S.ABCD c6 day ABCD la mét hinh binh
hanh tam O. Goi M, N, P lan luot 1a trung diém clia SA, BC, CD. Dyng thiét
dién cia hinh chop khi cat bdi mp(MNP) va tim giao diém cia SO va
(MNP). N

Huwéng dén giai
Budng thang NP cat AD tai | va cit AB
tai J, MI cat SD tai K; MJ cat SB tai L.
Néi NL, PK thi thiét dién 1a ngl giac
MLNPK.
Trong mp(ABCD), AC cét NP tai E.
Trong mp(SAC), SO cét ME tai H thi H
|& giao diém cua SO véi mp(MNP).

S

Bai toan 15. 24: Cho hinh chép t& giac S.ABCD. Ba diém A', B', C' [&n luo!
nam trén ba canh SA, SB, SC nhung khéng tring véi S, A, B, C. Xac din”
thiét dién cla hinh chép khi cat bdi mp(A'B'C)).

Hwéng dén giai
Goi O 1a giao diém cla hai dudng chéo AC va BD, Goi O’ Ia giao diém cud
A'C' va SO; D' 14 giao diém clia hai dwéng thing B'O' va SD.
- Néu D' thudc doan SD thi thiét dién 13 tr giac A'B'C'D".




4y D' ndm trén phan keo dai cia canh SD, goi E 14 giao didm cda CD va
D!, F la giao diém ciia AD va AD". N&i EC", EF thi thiét dién 1 nga giac

pan 15. 25: Cho hinh chép S.ABCD c6 day Ia hinh binh hanh. Xac dinh
ét dién cla hinh chop khi cat bdi mat phdng di qua trung diém M cla
nh AB, song song véi BD va SA.

Hwong dan giai

|a M vé dudng thang song song voi
) cat AD tai N va cat AC tai |. Qua M,
N V& cac duong thdng song song voi
lan luot cat SB, SC, SDtai R, Q, P.

I8t dién 1a ngll gidc MNPQR.

ich khac: Tim giao diém Q cla mat
g cat voi canh SC bang cach néi
0 diém J ctia MN va BC voi R va kéo
cat SC tai Q.

8A, SB, SC lan Iuot tai A", B', C', D'.Tim didu kién ctia mp(a) dé thiét
NA'B'C'D' 1a:
Hinh thang? b) Hinh binh hanh?
' Hwéng din giai N

6 (SAB) ~ (SCD) = SE,
(SAD) n (SBC) = SF.

Bt dién A'B'C'D' 1a hinh thang
A'B'// C'D' hoac A'D' // B'C'.
{tt) song song SD hodc SF.
€t dién A'B'C'D' 14 hinh binh hanh A
‘A'B' // C'D' va A'B' // B'C'
() song song voi SE va SF.

U
| P ——

=7

Feveaves
AT

445




Bai toan 15. 27: Cho hinh chop S ABCD cé day ABCD l|a hinh binh hanh Vdi
AB = a, AD = 2a. M4t bén SAB @ mot tam giac vudng can tai dinh A Tréy
canh AD l4y mét diém M va dat AM = x (0 < x < 2a). Xac dinh va tinh djg,
tich thiét dién cat béi mp(a) di gua M, song song v&i SA va CD

Hwéng dan giai :
Ta ¢6 mp(a) song song voi giao tuyén
DC cuia hai mat phang (SDC) va (ABCD)
nén cat hai mat phang nay theo hai
giao tuyén song song: MN / PQ.
Do dé t&r giac MNPQ la hinh thang,
hon nra 1& hinh thang wvubng Vi

QMN = SAB = 90°.
Ap dung dinh I Talet, ta cé:
PQ IQ_, QM_, QM _, DM _, 2a-x_x

—— -—-:1————:

MN M M SA DA 2a 2a
= PO~ tya MO DM 28 yig. S0y
2 IGANPDA | DR

5)2a—x =4a2-x2
ar'va -
Bai toan 15. 28: Cho hinh chép tam gidc S ABC. Goi K, N theo tha tu 1a trung

Vay Sunpo = %(MN +PQ)MQ = —;-(a +

diém cta SA. BC. Diém M chia doan SC theo ti s6 -§ :

a) Tim ti s6 dién tich tam giac ASC va AKM.
b) Xac dinh thiét dién cua hinh chop khi cat bdi méat phang («) qua M. N K

Gia sir mp() c&t AB tai L, tinh i 6 %.
Hwéng dan giai
a) Vi K trung diém SA va SC = -:-sm nén:

S

Sasc __Vasc

SAKM 1 S :

2 ASM
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y dai MK cét CA tai H. Trong mait phang (ABC) ndi N v6i H cat AB tai L.
\giac MIKLN 1 thiét dién can dung.

sng MP(SAC) tir A v& AE // SC (E & MN) thi:

AL HA 4 AL AL 2
— = e D = =

Nl H 5 AB 2Nl 5

san 16. 29: Cho hinh chép S ABCD c6 day |a hinh thang ABCD véi day 13

=avaBC =b. Goi | va J Ian Iuot 14 trong tam clia cac tam giac SAD va

C. Mat phang (ADJ) cét SB, SC Ian lugt tai M, N. Mat phing (BCI) cét

SD lan luot tai P, Q.

hing minh MN song song voi PQ.

Bid st AM cét BP tai E; CQ cét DN tai F. Chirng minh réng EF song

g voi MN va PQ. Tinh EF.
7 Hwéng dan giai

)/ BC nén mp(ADJ) cat (SBC) theo

d tuyen NK // AD, BC va mp(BCl) cat

) theo giao tuyén PQ // AD, BC.

VN // PQ.

\(AMND) ~ (PBCQ) = EF

” 'AD, BC, MN, PQ

)CP  EF = K = EF = EK + KF.

En RE PE 2
= =

U
m
A
I

09ty KF = 22 vayEF = 22+ Zp=2a v

;‘{15. 30: Cho hinh lang try tam gidc ABC. A'B'C'. Goi H Ia trung diém
7anh A'B'.

ting minh rdng duong thdng CB' song song véi mp(AHC!).

M giao tuyén d cla hai mat phing (AB'C') va (A'BC). Chirng minh rang
g song v&i mp(BB'C'C). Xac dinh thiét dién cét béi mp(H: d).

‘ Hwéng dan giai

18 tam ctia hinh binh hanh AA'C'C.
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Xét tam giac A'B'C thi HI 1&a mét dwong

trung binh cua né, nén CB' // HI. Mat khac

HI ndm trong mat phang (AHC') nén CB' //

mp(AHC").

b) Goi J la tdm cla hinh binh hanh AA'B'B.
Ta ¢6 |, J 1a hai diém chung cua hai mat
phang (AB'C') va (A'BC). Vay giao tuyén d
clia chuing la duong thang IJ. Vi d // B'C'
nén d // (BB'C'C). A
Pudng thang HJ cat AB tai M.

Ta c6 AA' // HM, suy ra AA' // mp(H; d)
nén mp(AA'C'C) cat mp(H; d) theo giao
tuyén qua | va song song véi AA'.

Giao tuyén nay cét AC va A'Cllan luot tai N va E. Vay thiétdién la hinh by
hanh MNEH

Bai toan 15. 31: Cho hinh lang try tam giac ABC.A,B,C,;.

a) Dung thiét dién ctia hinh Iang tru véi mp(a) di qua AC, va song song v

CB,. Goi G, Ia trong tam cda tam giac A;BsC,. Xac dinh giao tuyen ci

mp(«) va mp(BB,G,).

b) Xac dinh giao diém J clia dudong thang BM véi mp(a) trong dé M 1a tru

didm cua canh A,C,. Tinh ti s6 %%

Huwéng dan giai .
a) Theo tinh chét giao tuyén song song, trong : /|
mp(BCC,By) vé qua C, dudng thang song ; i/’ /
song voi CB,, cat BB, tai E, thi L
B,E = CC, = BB,. =0 /
Trong mp(ABB:A;) AE ~ AB, = | thi | 12 trung =
diém cua A;B,. Tam giac AC,l Ia thiét dién can Ak = ===
dung. et <NV
Goi M, N I&n lvot 12 trung diém clia A,Cy, B, /
AC. Duang thang MN cét AC, tai O. /
Ta c6 O va G, thudc hai mat phdng (a) va :
(BB,G;) nén duéng thang OG; Ia giao tuyén
cua chung;
b) Giao diém J cla dudng thdng BM N B
véi mp(a) chinh 14 giao diém J cua I
BM va OG,. ol &

M G, By



BB

b JG, GH 3PBi. >

o) ] ‘= = = —

G(H /BB thi 2= o i
2

4n 15. 32: Cho hinh hdp ABCD.A'B'C'D'. Trén ba canh AB, DD', C'B' 14n
t iy ba diém M, N, P khong tring v&i céc dinh sao cho
A_DN_B'P

;DD B'C

hirg minh rdng mp(MNP) va mp(AB'D') song song véi nhau,

(éc dinh thiét dién cda hinh hop khi cat bi mp(MNP).

4 Hwéng dén giai ¢

. AM_D'N_B'P

PC' C'B'
h If Ta-lét ddo, thi MN song song véi mp(a) véi mp(a) song song
D va MP song song véi mp(B) véi mp(p) song song v&i AB', BC.

D // BD', BC' // AD' nén hai mp(a) va mp(p) déu song song voi
\B'D) do d6 MN va MP déu song song véi mp(AB'D'). Vay mp(MNP) //
B'D').

Vé ME song song voi AB', tir P vé PF song song véi B'ID'. Tir N vé NK
r g voi AD' cat AD tai K. Thiét dién 13 luc gidc MEPFNK c6 céc canh

) 15. 33: Cho hinh hép ABCD.AB;CD;. Goi M, N va O Ian ot 1a
diém cia A;B;, CC, va tdm cla day ABCD.

i€ dinh giao diém S cla duong thdng MN va mp(ABCD); dyung thiét
Ua hinh hop khi cat béi mp(MNO);

Hwéng dén giai
& trung diém clia AB, thi ME // CN.

g Mp(MNCE): S = MN n CE do

S clng ld giao cla MN véi

BCD).

|t CD tai H va AB tai K. HN cét

13i J, M cét B,C; tai |. Ngi gidc

IN Ia thiét dién cAn dyng.




10 trong dié

b) NC // ME, NC = —;-ME

~AK=CH = -;-KE:CH=%AE= 1aB=C,J.

(e2]

1B, MB, 1
TR T
Bai toan 15. 34: Cho hinh chép S ABCD day 1a hinh binh hanh tam O co Ac
a. BD = b, Tam giac SBD la tam giac déu. Mot mat phang («) di dong s
song v&i mat phang (SBD) va qua diém | tén doan AC. Xac dinh va tju
dién tich thiét dién cua hinh chop voi mat phang (a). Tim x dé dién tich 1k
dién Ién nhat. i
Hwéng dén giai
Ta xét 3 truong hop
— Néu | trang O thi thiét dién la tam giac déu
b2y3
4

SBD canh b co Ssap =

— Néu | thubc doan OA: 0 < x < g

Vi («) I/ (SBD) nén theo tinh chéat giao
tuyén song song thi (ABCD) cét theo giao
tuyén MN qua |, song song voi BD.

Tuong ty () cat (SAB) theo giao tuyén MP song song voi SB va cat (SAD)
theo giao tuyén NP song song v&i SD.

Thiét dién 1a tam giac déu MNP déng dang voi tam giac déu SBD. Ta off

2
EM_B.P_=[M_N] Do MN // BD = .M.N.:.ﬂ:é‘.
SBCD BD AO a
_ b3 (2xf b?x2y/3
:)Smp- e R 2
4 a a

— Néu | thuéc doan OC: % < x < a Tuong ty nhu trén thi thit dién 12 141
giac déu HKL déng dang voi tam gidc déu SBD.

iRl

S.., \BD) (CO a

B2J3 4(a-x° b(a-x)*V3
A= at B a?

= ShkL =



(& TIVHY WVITV DVVMN Hhono Vie

|

3 két qua trén thi dién tich thiét dién Ion nhét khi x =

o N

n 15. 35: Cho t(r dién ABCD. Goi M, N 1&n luot 14 trung di
P 1a mOt diém thay déi trén doan thdng AD.
¢ dinh giao diém Q cia mp(MNP) va canh AC. Chirng minh thiét dién
50 1a hinh thang khi P khac A va D.
m quy tich giao diém | clia QM va PN.
m quy tich giao diém J cia QN va PM.

. Hwéng din giai
thang qua P song song v&i
sat AC tai Q thi Q 12 giao diém cua

a mp(MNP). Ta ¢c6 PQ // MN nén
fien MNPQ 13 hinh thang.
@ | 1a giao diém cla QM va PN.Ta co:"
ABC) cé dinh.
ABD) cd dinh nén giao diém | thudc
AB cé dinh. &
déi trén doan thang AD nén | chi ndm trén phin cta duong thing
} di cac diém trong clia doan AB.
i, 18y mot diém | bét ki thudc duéng thdng AB nhung khéng ném gitra
8. Goi P, Q I14n lvot Ia cac giao diém cua IN véi AD, clia IM véi AC.
6 Mp(MNP) cét AC tai Q va giao diém cia QM va PN 14 |.Vay qu tich
em | clia QM va PN 1a phan duéng thang AB trir di cac diém trong
Joan AB.
QN < mp(NAC) cb dinh PM ¢ mp(MAD) cb dinh nén giao diém J
giao tuyén AO cd dinh v6i O = CN ~ DM. Tir d6 thi quf tich giao
‘clia QN va PM 14 doan thing AO.
15. 36: Trong mp(P) cho hai dudng thing a va b cét nhau tai |. Ngoai
€ho hai diém M. N sao cho dwdng thdng MN cit (P) tai O va O
Nam trén a va b. Mot dudng thing c thay ddi di qua O cét a, b 1an
‘A va B. Goi A' |a giao diém ctia AN va BM, B' 1a giao diém clia AM

m cua BC va

Quy tich A'va B',
Ng minh duéng thdng A'B' ludn di qua mot diém cé dinh.
Hwong dén giai
A& mp(M; b) va A' « mp(N; a) nén quy tich A’ Ia giao tuyén p cua hai
iang c6 dinh : mp(M; b) va mp(N; a).

'B' € mp(M; a) va B' € mp(N; b) nén twong tu quy tich B' 1a giao
j cla hai mat phdng cé dinh: mp(M; a) va mp(N; b).

Fy - |




b) Trong mp(A'B’; MN) duéng thing A'B' cat MN tai K. Diém K cling chiny
giao diém clia mp(p: q) cd dinh va dudng thdng MN ¢b dinh nén k «
dinh.Vay A'B' lubn ludn qua K cb dinh.

Bai toan 15. 37: Cho hai nira dudng thdng Ax va By chéo nhau. Hal diém
va N I4n lvot di dong trén Ax va By sao cho AM = BN. Chumg minh rang
a) Duéng thdng MN 1uén luén song song véi mot mat phéng cé dinh.

b) Trung diém | ctia MN thudc mot méat phdng cb dinh.
Huong dén giai

a) Dyng Bx‘. Il Ax. Trong mat phéng (Ax, Bx), duong thdng qua M song sof
véi AB cat Bx' tai M'. ‘
Ta c6: BM' = BN = AM.
vay BNM' |a tam giac can tai B nén
M'N song song vé&i phan giac ngoai Bt
clia goc x'By.

MM'/ /AB {MM‘/ /(AB,BY)
M'N//Bt  |M'N//(ABBt)

Nén hai mat phang (MM'N) va (AB, Bt)

song song voi nhau.

Tir @6 suy ra MN ludn ludn song song véi mat phang (AB, Bt) cbddinh.
b) Goi I' trung diém NM' thi BI' vudng géc NM' ma tam gidc BNM' can 1218

nén I' thudc phan giac trong Bu cb dinh.

Vi Il // MM' nén I // AB do @6 | thuéc mp(A, Bu) cb dinh. |
Bai toan 15. 38 Cho tir dién ABCD. Mot mét phang (P) di dong ludn sond =%

véi 2 dudng thing CD I4n lugt cAt cac canh AC, AD, BD, BC tai M. "

F. Tim tap hop giao diém 2 chéo | cla tir giac MNEF.

Hwéng dan gial

Ta cd AB // (P), AB  (ABC) = (ABC) n (P) = MF // AB

va AB // (P), AB  (ABD) = (ABD)  (P) = NE // AB.

Do d6 MF // NE // AB.

AN

Ta c6: {

t



Cey TNHH MIV DWH Hhong Vigt

g tv MN // EF I/ CD nén t& giac
lﬁ hinh binh hanh.
A K Ian luot 13 trung diém cla B

A

yva L 1An luot 1a cac giao diém cla
-ap dudng thing CH va MF, DH va
hi ba diém J, |, L thing hang trén
cua 2 mp(P) va (HCD).

yH, I K théng hang. Vay khi (P) di
' Ham | cGa hinh binh hanh MNEF
n doan thdng HK.

: m ldy mot diém | bét ki trén doan thing HK. Qua I ké dudng thing
: véi CD lan lvot cét CH va DH tai J va L. Qua J va L 1an luot va
g thdng MF (M € AC, F € BC), NE (N € AD, E < BD) ciing song
AB thi t(r giac MNEF 14 hinh binh hanh va cé tam 13 |,

g_  hop tam | cda hinh binh hanh MNEF |a doan thang HK.

6. 39: Cho hai duéing thdng chéo nhau a, b. Hai diém M, N Ian lvot
: n a va b. Tim tap hop nhirng diém | chia doan thing MN theo
50 k_cho trwée, k 2 0.

Hwéng dén gial
8m c6 dinh Mo, N, Ian lrot ndm trén a, b va diém |, chia M,N,
zk cho trrdre thi |, ¢b dinh.

M M, M IN MN
S=k=200 5 - ___
N "IN, LM, N MN,

g dinh Iy Ta—lét ddo thi ba doan >j<]z,-

ol MoM, NoN ndm trén ba mét for T
song song. Do 66 | ndm trén f
3i qua |, va song song voi a va
phang nay duoc xac dinh béi 2 Mo b

ang qua M, laa'//a, b' // b. N

diém | « mp(R), hai mp(l; a) va (I; b) c&t nhau theo giao tuyén,

¥en nay catavabtai M, N.

M_LM,

IN "IN,

I. lich cac diém | 1a mat phing (R).

5. 40: Cho hai tia Ax va By ndm trén hai dudng thing chéo nhau.

N M chay trén Ax va mot diém N chay trén By sao cho AM = kBN (k
Olruoc).

g minh ring MN song song véi mot mat phing ¢d dinh.

2P hop cac diém | thudc doan MN sao cho IM = kIN.

M

'tyTa-aet thi:
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Hwéng dan giai
a) Vé tia Bz song song va clung huéng voi
tia Ax. Trén cac tia Ax, By va Bz lan luot
lay cac diém cé dinh Mo, Ny va M'; sao

<cho AM, =k va BM'; = AM,,.
BN,
L&y diém M' thude tia Bz sao cho
BM' = AM thi MM' // MoM's va NM' // NgM's.
Do d6 (MNM') // mp(MoNoM').
Vay MN ludn song song v&i mat phéng cb dinh (MoNoM's).
Céch khac: Dung dinh ly Ta—lét dao.
b) Goi O la mét diém thudc doan thang AB

sao cho %g -k nén O cb dinh. Tir O ta

vé hai tia Ox' va Oy' sao cho Ox' /I Ax,
Oy' // By. V& MM' // AB, M' & Ox'va NN' /]

AB, N' e Oy'.
M MM _OA

T e —=—=k=>MNAMN =|

A0 NN OB

Trong tam giac M'ON: %:k =.(C))—hh:" do @6 | nam trén tia phan giac
ctia goc x'Oy'.

Pdo lai, lay | [a mét diém bét ki thudc tia phan giac Ot clia géc x'Oy'

V& IH 1/ Oy', H € Ox. Lay M' e Hx sao cho HM' = kHO.

M'I cét Oy’ tai N' thi IM' = KIN".Goi M va N I&n Iugt 1 nhiing diém thude
tia Ax, By sao cho AM = OM'; BN = ON".

Tacé |, M, N thang hang va % =K.

Vay tap hop cac diém | 1 tia phan giac Ot cia goc x'Oy'.
Bai toan 15. 41: Cho hinh chép ti giac S.ABCD c¢6 AD cét BC. Hay tim di

M nam trén canh SD va diém N trén canh SC sao cho AM // BN.

Hwéng dén giai

Goi | 1a giao diém cua BC va AD, khi d6

(SAD) m (SBC) = Sl

Gia sir cO M € SD, N € SC sao cho AM

J/ BN thi khi d6 hai mat phang (SAD) va

(SBC( cét nhau theo giao tuyén S| phai

song song v&i AM va BN. Tl do ta suy

ra cach xac dinh diém M va N nhu sau:




A trong mp(SAD) ta vé duong thang song song voi Sl, cat SD tai M; tir

ong Mp(SBC) ta vé dudng thdng song song véi S|, cdt SC tai N. Vay M

N la hai diém can tim.

pan 15. 42: Cho t dign déu ABCD ct cac canh béng a. Goi M va N 1an

ot 1a trung diém cua CD va AB. Hay xac dinh diém | = AC, J « DN sao

o |J // BM. Tinh d6 dai doan thing IJ theo a.

g/ hwong dan giai

sng mp(BCD), tir D v&@ duong thdng

ag song voi BM cét CB tai K. N&i K va N

 tai |. Trong mp(IKD), t&r | vé dudng

song song voi DK cét dudng thing

J. Khi dé theo cach dung ta cé 1J //
K

BM I duréng trung binh cua tam
CKD nén: KD = 28M = 2. ﬂ a3

5i H 13 trung diém ctia BC, khi dé.

. NK KH 3HC
- IRELII LU 512 c
AC= N HC ~HC

J’

n 15. 43: Trong mat phang () cho tam giac ABC. Tir ba dinh cia tam
€ nay, vé cac tia song song cung chiéu Ax, By, Cz khéng nam trong («).
| Ax Iy doan AA', trén By ldy doan BB' trén Cz Iy doan CC',

,=3Nl = KD =3lJ VaylJ = EKD o

F IB JC KA
BB, (< thing hang va oo KA _y
‘ 9 hang va 15" JA KB

G va G' Ian lwot 13 trong tam cua y

8 2 mp(ABC) va (A'B'C)
oC' // BB'
B BB
€ cc
Ong tw co

CC' . KA AA
.
AA' KB BB'

Cty TNHH MTV DWH Hhang Vigt



B JC KA
1B'JC KA _,
Do do: 1= JA KB
b) Goi H va H' lAn lrgt 12 trung diém céc canh BC va B'C' thl HH' // BB', g ,
HH' 1/ AA'

Tace: 26 _2_A8 _ cauan.
Bai toan 15. 44: Cho hinh chép S.ABCD c6 day 1 mot twr giac 18i. Goi M, | |
O 14n lwot 1a trung diém cla SD, AB, CD, IJ. "

a) Ching minh réng néu Gy, G Ian Iuwot 1 trong tam cla tam gidc SAE 4
ABC thi G,G, song song MJ. '

b) Chirng minh rdng tam dudng thdng ma méi duong thang di qua trung idm
ctia mét canh hinh chép va trong tam cla tam giac tao boi ba dinh hipy
chép khéng ndm trén canh néi trén ddng quy tai mét diém G va diém G nay
trén doan thang SO va GS =4GO. S -
Hwéng dén giai '

a)Tacé %:%:% = GG I SC.
Mat khac MJ |a dwéng trung binh cha
tam giac DSC nén MJ // SC. A
Tir @6 suy ra GGz // MJ.

b) Tacé tam dudng thang da cho khéng
ddng phang; ta chi cn chirng minh
chung cét nhau tirng di thi ddng quy.
L4y hai duomg thing bét ki trong tam dudng thdng trén, chdng han nhu hal
dudng thing MG, va JG,. Theo cau a) thi GG, # MJ, do d6 MG va JGi
ndm trong mp(G;G2JM).

Vay MG, va JG, cét nhau = dpem.

Xét mp(ABCD) ta c6; OA + OB +0C + 0D =0

— OD = -(OA + OB +0C) = ~30G; (vi G 4 trong tam tam giac ABC) = !
G,, D thang hang va OD = 30G;.

Xét ba mat phang (G,G.KM), (G;MD), (SUJ), ta cé

(G1G2JM) M (GzMD) = G2M; (G1G2dM) M (SW) = GyJ;

(GsMD)  (SIK) = SO. Do d6 3 giao tuyén G;M, G,J va SO dbng quy.
két qua cau b) thi G;M va G,J cét nhau tai G. Vay diém G nam trén SO
Vé MM' song song véi SO va cét G,D tai M', ta cé:

OM =MD = LD SO0 . Oy 2
2 i
5 2

Thed

o |

2 MM’ G,M' 3

2 e




SO = GS =4G0.

p 15. 1: Cho mat phang (P) va ba diém A, B, C khang nam trén (P). Gia

 doan théng AB va doan thing BC déu cat mp(P). Chirng minh réng

an thdng AC khéng cét mp (P).
g’ Hwéng dan

|va0 quan hé cung phia, khac phia déi voi (P).

: 2: Cho hai hinh binh hanh ABCD va ABEF khéng cing ndm trong
mat phang. Goi M va N 14 hai diém di déng twong (rng trén AD va BE

! ——=——. Chi*ng minh rdng dudng thdng MN Iuén ludn song

g vGi mot mat phang cé dinh.
Hwéng din
g dinh ly Talet dao.

&

116, 3: Cho twr dién ABCD va diém M thudc mién trong cla tam giac
). Goi | va J trong tng 13 hai diém trén canh BC va BD sao cho IJ
g song song voi CD.

ic dinh giao tuyén cla hai mat phdng (1JM) va (ACD).

y N [a diém thuéc mién trong cla tam gidc ABD sao cho JN cit doan
gl H. Tim giao tuyén cla hai mat phing (MNJ) va (ABC).

) Hwéng dén

ong thang CD va IJ kéo dai cét nhau tai M', Két qua MM'.

2 dudng thang kéo dai cit nhau trong mét mat phéng.

16. 4: Cho hai mét phéng (a) va (B) cét nhau theo giao tuyén d. Trong
@y hai diém A va B sao cho AB cét d tai |. Diém O 13 mét didm ndm

(@) va () sao cho OA va OB I1an luot cat (B) tai A' va B'.

lting minh ba diém |, A", B' thing hang.

BAg («) Iy cac diém C sao cho A, B, C khéng thdng hang. Gia sir OC

b) tai C', BC cat BIC' tai J, CA cét C'A' tai K. Ching minh |, J, K thédng

Hwéng dén
8 minh ba diém cung thuée 2 mat phing phan biét () va (OAB).
3m thang hang trén giao tuyén.
15. 5: Cho hinh chép S.ABCD c6 day hinh thang, AB la day Ion. Diém
#dng tén canh SA. Goi N Ia giao didm ciia SD véi mp(MBC). Chirng
Auong thing MN ludn di qua mot diém cé dinh.
' Hwéng din
i qua K cb dinh, AD ~ BC = K.



10 trong diém b 1 dudng hoc sinh giol mén Toan 17 - 3
Bai tap 15. 6: Cho tr dién ABCD. Bén diém P, Q, R. S 1an lugt ndm trep
canh AB, BC, CD, DA va khéng trung véri céc dinh cla tur dién. Ching mi
rang: bbn diém P, Q, R, S dbng phang khi va chi khi ba duéng thing p,
RS, AC hoac déi mét song song hoac déng quy.
Hwéng dan
Dung dinh ly vé 3 giao tuyén doi mot cat nhau.
Xét duéng thing PQ, RS song song va cét nhau.

Bai tap 15. 7: Cho hinh chop S.ABCD c6 day ABCD la mét hinh binh k.
Trong mat phang (ABCD) vé dudng thdng d di qua A va khéng song sg
voi cac canh clia hinh binh hanh. Goi C' 1a mot diém nam trén canh ¢
Tim thiét dién cat bdi mat phang (d; C). :

Huwéng din
Xét duong thang d di qua diém C va khéng qua C.

Bai tap 15. 8: Cho hinh chép S.ABCD day la hinh binh hanh tam O. Goi M N
I4n Iuot 1a trung diém cia SA, SD; P va Q la trung diém clia AB va ON
a) Chirng minh (OMN) song song v&i (SBC).

b) Chirng minh PQ song song v&i (SBC).
Hwéng dan

a) Chirng minh MN song song BC va OM song song SC

b) PQ nam trong mp(OMN).

Bai tap 15. 9: Cho lang tru ABC AB'C'. Goi H 1a trung diém clia A'B'.

a) Chirng minh CB' song song v&i mat phang (AHC'). Tim giao diém ci
AC' v&i (BCH).
b) Mat phang («) qua trung diém M clia CC' va song song voi AH va CB.
Xac dinh thiét dién va ti sb ma céc dinh cla thiét dién chia canh tvong ung
cua lang try. [

Huwéng dan
a) Goi | & tam hinh binh hanh va chirng minh CB’ song song IH.

b) Két qua cactisé 1,1, 3, %.1

Bai tap 15. 10: Cho tir dién ABCD. Goi | 1a trung diém cua canh AB, M [a ’_"'6‘1
diém di déng trén canh CD, P la trung diém cla doan BM. Chang minh rand
IM va AP méi duéng ndm trong mdt mat phang cb dinh khi M di dong 1%
canh CD. Tim tap hop cac giao diém G ciia IM va AP.

Hwéng dadn _
G thudc 2 mat phdng cd dinh (ICD), (AEF) véi E, F 1&n luwot 1a trung diém ol
BC va BD, G thubc duéng thang HK 1a giao tuyén clia méat phdng cé dinh

Bai tap 15. 11: Cho t& dién ABCD. Hai diém M, N I4n luot thay @i trén ™

canh AB va CD. Tim tap hop cac trung diém E cta MN.
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Hwéng dan

gt qua tap hop céc diém E 1a hinh binh hanh,

tap 15. 12: Cho hinh chop S.ABC. Goi K va N Ian luot 1 trung diém clia
A va BC; M |a diém nam gitra S va C.

(rng minh rang mat phang di qua K, song song véi AB va SC thi di qua
N.
Xéc dinh thiét dién cia hinh chép S.ABC khi cat bdi mp(KMN). KN chia
it dién thanh hai phan cé ti dién tich?

; Hwéng dén

i | 1a trung diém cda SB thi KI song song v6i AB va IN song song véi SC
qua hai phan c6 dién tich bing nhau.
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couryven aé 1c: VECTO TRONG KHONG GIAN

. KIEN THUC TRONG TAM

Cac qui tac:

Cong , trir AB +BC = AC, OM~-ON =NM

Trung diém | cia AB: 1A +1B=0

Trong tdm G cula tam giac ABC: GA+GB+GC=0
Trong tam G cia t& dién ABCD: GA +GB +GC +GD =0
Hinh binh hanh ABCD:  AB + AD =AC: AB-AD=DB
Hinh hop ABCD.A'B'C'D": AB+AD+AA'=AC'

Tam ti cy: Tam i cy ctia hé diém A, A,,... A kémkhésd m m, .m
v&i m, +m, +...+m, #01a diém | duy nhét thod

m A, +m,JA, +..+m A =0.

Tich vé hwéng

Tich v huéng cuia 2 vecto : ab=lal.lbl.cos(ab)

AB L CDkhi ABCD =0.
Tam gidc ABC thi c6 ABAC = 1 (AB? + AG? - BC?)

ABCD

T dién ABCD thi c6 ABCD =
ur dién cos( )= ABCD

Cung phwong va déng phéng:

Hai vecto cung phwong a, b khi b=ka

Co s¢& trong méat phang: cho 2 vecto a, b khéng cung phuong thi mal
vecto ¢ trong mat phdng G8u phan tich mdt cach duy nhat the?

a, b: c=m. a+nb
Ba vecto dbng phéng khi chung ndm trén 3 dudng thdng cling song 0"
v&i 1 mat phang.

Piu kién 3 vecto ddng phing : Néu ¢ =m. a +n. b thi ddng phang
Cho3vectoa, b, ¢. Néuma +nb +pc =0 thim=n=p=0: bave
khong ddng phang, con néu mét trong ba sé m, n, p khac khéng thi ba
vecto a, b, ¢ ddng phing.

3

clo




§& cua khéng gian: Cho 3 vecto a, b, ¢ khéng ddng phang thi mcn
o u cla khéng gian déu phan tich mét cach duy nhéat theo 3 vecto a,

.

u=xa +yb+zc

shia AB theo ti s6 k = 1 thi moi O bat ki: OM = __OA;"‘(OB

finh MN thi ta biéu dién MN rdi binh phuong vé huéng.
g minh A, B, C thing hang thi ta bidu didn : AB = KAG
¢ OC =mOA +nOB, m+n=1,
NG g minh 4 crém ABCD abng phang thi ta biéu didn AD theo

ghirng minh AB // CD thi ta AB =kCD va A khong thudc CD.
hirng minh AB // (1JK) thi ta bidu dién AB theo 1JIK .

TOAN

) di&n cac vecto AC', BD', CA' , DB', BC', A'D

Hwongdingiai A rey

=AB +BC+CC'=a+b+c
=BA +AD +DD'=-a +b+¢c P

BICD + DA + AA' =—a - b + ¢

IDC +CB+BB'=a-b +0

EBC+CC'=b+c,AD=AD +DD=b-¢.

N 16.2: Cho hinh tir dién ABCD, goi A", B, C', D' Ian luot 14 trong tam
&c mat BCD, CDA, DAB, ABC. Pat AA' = a, BB =b, CC'=c.

dién cac vecto sau day theo a, b, c: DD', AB, BC, CD, DA.
Hwéng dan giai
.-lé trong tam tir dién ABCD, khi do:

*GB +GC +GD =0 hay AA' +BB' + CG' +DD' =0 .
DD’ =-a -b-c

Bt

R A B
GB-GA =-=BB' +>AA'=>(a~-b
4 258 * 2 i )
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: R D T
=GC -GB=--CC'+ -8B =2(b - A
BC =GC -G - : S(b-¢)

< e 3

CD = GD - GC =->DD' + = CC'
4 4
3
4-(a +b+c +c)=—(a +b+2¢)
DA =GA -GD =-SAA' +3DD'
4 4

3 o . . 3 - . -
=“(-a-a-b-c)=-—(2a +b + )
4(a a c) 4( )

Bai toan 16.3: Cho hinh chop S.ABC c6 SA = SB = SC = b va d6i mét hop 4

nhau géc 30°. Tinh khodng cach tir S dén trong tdm G cla day.
Hwéng dén gidi

Tacé SA + SB + SC =3SG nén:
9SG%=(SA + SB + SC)?
=SA2+SB?+SC?+2SA . SB +2SB.SC +2SC.SA

= 3b% + 3.2b2 cos30° = 3b°(1 + V/3).Vay SG = g 3(1++/3)

Bai toan 16.4: Cho tir dién ABCD c6 AB=c¢,CD =c¢',AC=b,BD =b" BC =a,

AD = a'. Tinh goc gilra c4c vecto BC va DA .
Hwéng dan giai
Taco BC.DA = BC(DC + CA)= CB.CD - CB.CA

A

1 (cB? + CD? - BDY) - %(CB’ + CA? - ABY)

- N

= — (AB® + CD? - BD® - CA?)

no

c? +c%-b? -b*?
2aa’ j

Do d6 cos(BC, DA ) =

Bai toan 16.5: Cho hinh chép tam giac S ABC c6 cac canh SA = SB = sSC =

AB = AC = ava BC =a+2. Tinh goc gitta AB va SC.

Huéng dan giai
Ta cbeos| SG.A8B) - SC,AB _(SA+AC)AB SAAB+AC. AB
I
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30 tam gidc SAB, SAC déu 1a va ABC, SBC Ia tam giac vuéng nén

- 2 o L . .
SB :a.a.cos1zo°=-92— va AC.AB =0, do d6' cos(SGC . AB) =-%

.goc gitra hai vecto AB va SC bang 120°.
&n 16.6: Cho hinh t& dién déu ABCD c6 tit ca cac canh bing m Cac
o M va N I4n luot 14 trung diém cua AB va CD. A

nh do dai MN.

nh goc gita MN véi céc vecto CD, BC.
Hwéng dan giai
AD = a. AB =b AC = ¢
N la trung diém clia AB va CD nén: M

C
-2 2 -2 -2 - - - oive 2
= MN =%(a +C +b +2a.c-23.b—2b.c)=2—':—.

I,‘: M\@
-——2 A

o~ o

{MN .BC = %(é +¢-b)-b+c)

= . o' w .2 S -2 . =
a.b-bc+b +ac+ec -b.c)

2 2 2
ST S LI S B
2 2 | 2
- MNBC 2
MN, BC X
i )=NMNBC - 2

6c gica hai vecto MN va BG bang 45°,
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Bai toin-‘le.?: Cho 4 tia Ox, Oy, Oz, Ot trong khéng gian, d6i mot hop nhy,,
goc bang .
a) Tinh ¢
b) Mét tia Ou khac Ox, Oy, Oz, Ot hgp voi cac tia d6 cac goc s, ay, o, .

K -
Tinh p=Y cosa, , q=) cos’a,.
i=1 1=1
Hwéng dén giai:
a) Goi o, = OAy, e, =OAz 8, =OAs .6, =OAs 14 céc vecto don vi clia Ox, o,
Ll
Oz, Ot.

AA10A2 = AA:OA; = AA40A1 (ch)
— TG dién A,AAA, Ia tr dién déu c6 trong tam 1a O nén:

6:+é:+e—3.+6:=6=>(e:+e:+-e;+é:)2=0
— 4 + 12cosp = 0 => cosp = -%
b) Goi e la vecto don vj cud Ou, ta c6

p= §cosa-§ee -eZe =0, g= Zcos u,-Z(ec)

ma -xe,+x 92+x ea+xe

S ee=x+ Y xee =X+ Zx,(-g) (v, = 14)
fei

fgey  Wo HS
Sx ==Y X ==X == X
X ’3,22‘

X zxe-l[ix,][f;e,J ve

1=1 l-’ 3 j=1

B Roiee [ S 4
= [Z(e.e)e.]“%ez =§ = Y(ee)e e)——=oq=% :

=1 =1
Bai toan 16.8: Chirng minh:

a) Ba vecto clung vudng goc voi vecto n # 0 thi @dng phang.
b) Biém M thudc ‘mp(ABC) khi va chikhicobasbx y,zmax+y+2~

sao cho OM = xOA + yOB + zOC voi moi diém O.
Hwéng dan giai

a) Goi ba vecto ciing vudng géc véi n 13 a, b, ¢ thi an=bn=cn=0 Gia®
a, b, ¢ khéng ddng phang thi tbn tai 3 s6
x.y.zsaochoﬁ=x§+y54zé .

ARA



Y~ xan+ybn+zen=0=n=0:Vly

g' 8, AC la hai vecto khéng cung phurong nén didm M thude mp(ABC)
ya chi khi co: AM =/AB + mAC

OM — OA =KOB — OA )+ m(OC — OA ) i moi m O.

OM = (1~/=m)OA + /OB +mOC.

{—-/-m=X/=y m=2zthi

E‘\=xO~A +yOB +z()6.v01x+y+z=1

qua M thudc tam giac ABC khix +y+z=1vax,y, z>0.

1 16.9: Cho tir dién ABCD. A', B, C', D' twong (g thudc AB, BC, CD,

Chang minh diéu kién cin va du @é A, B, C, D' déng phang

;«.G' ‘D

(@)
)
o

=]

o
>

: Hwéng dan giai:

hé cos& b=AB, c=AC, d=AD

fiém A', B, C', D' chia AB, BC, CD, DA theo i ki k2, ks, ks thi:
AA-KAB & _AB-k,AC b-k,c

b, AB'= =
1-k,  1-k, 1-k, 1-k,
|AC-k,AD c-k,d AB-,_A‘d—k‘AK_ d
ks T R T kg 1ok

A' B, C', D' déng phing
,«_=mA§'+nAC;+pm (m+n+p=1)
"-6 b—k20+nc~k3d d

ke ek K

&

K. f=n( 0 mkf po 0k Yan =
— b+ 2 lc+ 3 ld=0 Ma
o) (e )

P =1= —k,(1-k,) kK, (1=k; )~k k Ky (1-K,) = 1-K,

A'A B'B C'C DD
Skk k.k, =1 A Rl O
Pk e T B C eb DA
1. 10: Cho tu dién ABCD. Céc diém M va N I4n Iuot 13 trung diém
3 va CD. Ldy céc diém P, Q Ian luot thudc cac dudng thang AD va
O cho PA =kPD, QB =kQC (k # 1). Chirng minh rang céc diém M,
& cling thudc mdt mat phing.

1
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Hwéng dan giai
Chon gbc M. Tacé PA =kPD.

MB - kMC
1-k B
MQW + MB = (—)‘. MC + MD =2Mﬂ,nén:

Tuong tu: MQ =

MP + MQ = ﬁ(ﬁ& + MB - k(MC + MD)]
=K UN
k-1
Do @6 MP, MQ, MN ddng phang nén cac diém M, N, P, Q clng thg
mét mat phang.
Bai toan 16.11: Cho hinh hép ABCD.A'B'C'D'. Goi | |a giao diém hai dugne
chéo cla hinh binh hanh ABB'A’ va K la giao diém hai duong chéo olig
hinh binh hanh BCC'D".

Chirng minh ba vecto BD, IK, B'C' déng phdng. '

Hwéng dan giai TR 7
Taco: BD = BC + CD ” / s L Bf

=B'C' +(AD - AC)

=B'C'+B'C'-2 K

=2B'C' -2IK

(Vi IK la duéng trung binh ctia tam giac AB'C)
Vay BD, IK, B'C' dbng phing.

Bai toan 16.12: Cho hinh lang tru
ABC.AB'C'. Goi | va J lan luot 12 trung
diém cla BB' va A'C'. Piém K thuéc
B'C' sao cho KC' = -2KB'. Churng
minh rdng bdn diém A 1, J, K cung
thudc mot mat phang.

Huwéng dan giai
Chon co s AA' = é. AB = 6. AC = ¢ A

Taco: Al = -21-(;@ + AB')




ib+a+b)= %(é +2b)

LA+ AC!) = J(a +a +5)= 1@a + 6

AC'+2AB' _a+c+2@+b) _3a+2b+c
i 3 3

, ta co AK = E(Ai + AJ)= dpem.

RIA = 0 2KC + KD = 0, 2EB +3EC = 0 v3 2FA + 3FD = 0.
iminh bén diém |, E, K, F dbng phéng.
Huwéng dan giai
vecto co s6:BC =a,BD =b, BA = ¢

A

= dbng phéang.
"= lé + BE B
3 1 3 -

BC==Z¢+=a

! X 3 z
3 5 3 5 C

8l $6 x va y sao cho IK = xIE + yIF

R e N A 1 o
E—-b-—-c= = t —yb +(—y-—x)c
3 3 sxa sy (lsy 3x)

f. 2

Tx=—

= 3 10
.r.: 1 X=-9—
§ - - S &S

y 3 y_5
B -8 =9
Y — s —

= 3 3

AT ZIF ~» dpcm



Bai toan 16.15: Cho t dién ABCD, M va N la cac diém 1&n luot thuoc AR

Bal toan 16.14: Cho hinh te dién ABCD, | va J 1an lugt 14 trung diém
va CD; M fa diém thuéc AC sao cho MA = kiMC . N 1 diém thudc gy

cho NB = k;ND - Chirng minh rdng cac diém 1, J, M, N cung thube mg, |
phang khi va chi khi k; = k. ‘

Hwong dén giai
i : . IA-k,IC
Vi MA =k;MC nén IM = ik
1-k,
Tuong ty ta cé:
_IB-K,ID _-IA—k,ID x )
1-k, 1-k,

Xét IM =pl'l'\'l +qﬂ
IA-kIC _ -A-k,ID
C = p. q(IC
1-k, 1-k,

- . k Ut
P O IO G o I || P _al5_g
1k, 1-k, -k, 2 1k, 2

fllj)

1

1 + p =O
1-k, 1-k,
k k, k
! ST TN, BN B, TER 7
-k, 2 =k 1k 1-k
Pk, 9.,
1k 2

CD sao cho MA = -2MB, ND = -2NC . Cac diém |, J, K lan luot '8

AD, MN, BC sao cho |A kID JM kJN KB kKC Chung minh
cac didm |, J, K thang hang.
Hwéng dan giai

Taco: U =1A + AM + MJ ,
U=1D +DN + NJ

kU =KID +KDN + kNJ
hay kU = IA + KDN + MJ
Do d6: (1 —k)l = AM — kDN



i = ' AM-—% DN
Bk 1-k

minh trong tw nhu trén ta co: IK = WMB _ﬁNC
WA = -2MB, ND =-2NC nén U = 12kMB—%Nc

B U =2JK . Vay ba didm |, J, K thdng hang.

16.16: Cho ba mét phang song song (a), (B), (y) va hai dudng thang
nhau d, dy cat ching theo thi tv tai A, B, C va A, By, C;. TUr mét
'|¢c béat ki trong khéng gian dyng cac vecto OM = AA;, ON = BB,
vQ&. Chirng minh M, N, P thdng hang.

Hwéng dan giai

) (B). (v) song song véi nhau, hai duéng thang d, d; cat chung Ian leot
B, C va Ay, By, Cy nén theo dinh ly Ta-lét thi B chia AC, B, chia AC;
ung tf sb nen:

- k S
= _AAi-——GC
1-k ET R ET

3 ON=WOM—1—OP=~NM =KkNP = dpcm.
. P

16.17: Cho hinh hgp ABCD.A'B'C'D'
ic canh bang m, cac géc tai A bang

diém xac dinh bdi AP = D'A,

DC'. Chirng minh dudng thing PQ / B
@ trung diém cla canh BB'. Tinh do i/ %

Hubngdénglél AN ... i

"
o
> !
ml
n
ol
Q!
"
(2 I}

D'

12 trung didm cia BB' thi: MP = MB + BA + AP

ALOD



Do AP =D'A =-a - ¢
4 31 Sl gl 6L wirtigne AL T
én MP=-2_pb-a-¢c ==Za-b-
nén 3 a-c¢ 58 c
Mat khdc MQ = MB' +B'C’'+C'Q = MB' +B'C'+DC'
=gé+6+énénl\ﬁl5+Md=0'(dpcm)
- -2 2
Taco PQ" = PQ =4MP

3- . .2 9 -2 =2 .2 - N aTe
4[§a+b+cJ =4 za +b +¢c +3ab+3ac+2bc

4 143- 2 _33m? = PQ=m/33.
Céach khac: Chiéu theo phwrong song song v&i BB' 1én mat day (A'B'C'D').
Bai toan 16.18: Cho hinh hép ABCD.A'B'C'D'. Mét dwéng thing A car

duong thang AA', BC, C'D' 1an luot tai M, N, P sao cho NM = 2NP T

MA
MA'

Huéng dan giai
Chon cosé AD = a, AB = b, AA' = c. Vi M thudc duéng thing
nén: AM =kAA' =kc;
N thuéc BC, P thudc C'D' nén; BN =ta,C'P =mb
Tacé: MN = NB + BA + AM =—ta - b + ke
NP =NB + BB' + B'C' + C'P
=ta+c+a+mb=(1-t)a +mb +c.
t=2(1-1)

Do NM =2NP nén:{-1=2m ok=2m=—=1t=2.
k=2 <

MA

Viy — =2,
ay MA'

Bai toan 16.19: Cho M, N I14n luot [a trung diém cac canh AB, CD cua v °%

ABCD, P 14 diém chia canh AD theo ty sé —2. Hay x4ac dinh diém O "

canh BC sao cho PQ va MN cét nhau. Khi d6 diém Q chia canh BC' the?
s nao?

AN



_ Hwéng dén giai
AN lubn cét mp(PBC) nén MN khéng song song PQ.

cac duong thang MN va PQ cét nhau hay diém M, N, P, Q déng phéng
11on tai x, y sao cho MP = xMN +yMQ .

B = b, AC = G, AD = d va B

BQ =tBC =—tb +tc.

P
86:MP = MA + AP =15+ 23 \
e { = : | i Pl e ¢
=—(AD +BC) =~=—b+—-c +—d
M S
R R LS . "B
=MB +BQ = 7b~th +1c =(; -1 +1c.

2

N x

o
g
oS
]
|
|
0
<
[l

2
==y ==
& | 8

= BC nén diém Q chia canh BC theo ty sé —2.

20 Cho hinh lang try tam giac ABC.A'B'C'. Ly cac diém A, B,,
ian lvot thuoc cac canh bén AA', BB, CC' sao cho
B’ ; :

S _CC 3 Trén cac doan thang CA, va A'B, Ian luot 14y cac

l, J sa0 cho IU/B'C,. Tinh ti s6 ——

1

Hu'ong dan giai
AA'=a, AB = b, AC = ¢.
gia thiét, ta co
8, BBi=-2a, CiCi==3
4 4




A'Bi-AB +B' B1=-%a +b

B'Ci=B'A+A'C'+C'Cy =—%5 —b+e
Vi | thuéc CA, nén Cl =tCA= %té ~te
Do J thudc A'B; nén A'J =mA'B, = -%méms

=IC+CA'+AJ= (1—§t—%mJ5+m6+(t—0c

4
juSg S 4y
- »5T0 oY 44 3
Taco/IBCy< U =kB'C, &{m =K
t-1 =k
c;k:-l =£' :lvayl_J.=_1_
8" 8 8 “BGl 3

Bai toan 16.21: Cho mét hinh hép ABCD.A,B,C,D,. Mét méat phang di qua b,
song seng v&i DA, va AB, cét duéng thdng BC, tai M. Tim ti s6 ma diém M
chia doan thdng BC,. '

Hwoéng dén giai

Gia st MB -kMC, Ta phéu xac dnhksao cho ba vecto DA ;, AB, ¥
DM dbdng phing. D4t DA, =a ,DC, = Dp:c
Taco: DA D,A, D,D.—-a c, AB =DC b=

ﬂd:D‘B—kD'C’ =a+b+c-kb
4 1-k 1-k

Piéu kién ba vecto DM,DA,, AB déng phdng ta phdi co m

ONi=mDA, +nAB.

A (1KE
1-k

=m(;—5)+n(l;—é)=m§+n5—(m+n)é

=m m=1

I..

—
3*‘

= m=-%. Vayk=3.
1

— k:

i ~(m+n) 3

FE. )



Cty TNHH MTV DWWH Khong Vit
16.22: Cho hinh lang try tam gidc ABC A'B'C'. Goi G va G' 1an luot 1a
2g tAm cla tam giac ABC va A'B'C', | 1a giao diém clia AB' va A'B. Ching
h rang Gl // CG'

Hwéng dan giai
oncosd gbc A AA'=a |

e  —— -

e AGC=C

T I e
- .A|=

AG 3 5

e e A

2 A1 6

- sy — Ba +b -2¢
'=AG'-AC=a ,b_;i-c =3a+T2°

fra: CG' = 2GI ma GI, CG' phan biét nén Gl // CG'
in 16.23: Cho hinh hép ABCD.A;B:C:D;. Diém M chia doan AD theo ti

-— diém N chia doan A,C theo ti sé —g. Chdrng minh MN song song

A M
(=19 |D) D
Huong dingiai g
BA - . BB = b, BC = ¢
.l

>+

D,

B aliet e I B T
BA+4_ =Sa+c,éﬁ___B‘Q\‘J":,::BC_3a+3!:o+2c
1 5 2 5
1+ — 1+ =
4 3

ra MN = BN — BM = —2a+53b+c

chi ng minh MN // mp(BDC) ta phai chirng minh ba vecto MN, BD va
138ng phang, ttre 1a ¢6 m va n sao cho:

2a+3b+a

\ = mBD +nBC & =ma +nb +(m+n)c



10 trong diém b6i dudng hoc sinh giol mén Todn

om=-§ van= -:- (dpcm).
Bai toan 16.24: Cho hinh hop ABCD.A'B'C'D". Xét cac diém M va N 14y |
thudc cac dudng thang A'C va C'D sao cho MA' = kMC NC* fNu

(k.t =1). Dat BA = a, BB' =b, BC = c. Xac dinh k, t dé duong iy,

MN song song v&i duong thang BD'.
Hwéng dan giai
Tir gid thiét ta co:

BMzg—é‘::(‘iC,dodé:

V20 gz K

a+ c
1-k  1-k 1=K

BN=2C 18D 5 ae:

BM =

BN = L a+ —l—b ic
-t 1-t

Vi BD' va C'D 12 hai duéng thdng chéo nhau nén duong thang MN so

song v&i duong thdng BD' khi va chi khi MN = pBD'

Do MN BN BM nén ta co:
TRy {f AL A T = B iy T | B, S
-t 1=K 1-t 1-K 1-k

Ma'= a + b + ¢, , b, ¢ |4 bavecto khéng déng phang nén:

_._t_._-.1_.-=p
MN=pBD' e {o—-1—=p & k=-3
k p:l
1+1—_—k'=9 4
Vay khi k = =3, t = 1 thi duéng thing MN va dudng thing BD' song °"

v@i nhau.
Bai toan 16.25: Cho t dién ABCD. Goi M va N l1an luot 1a trung diém cud A%

va CD. Chirng minh:

a) MN = %(Ad + BC)= %(Ad + BD)

b) Diém G |4 trong tam clia t& dién ABCD khi va chi khi:
GA +GB+GC +GD =0




Cty TNHH MIV DVWH Fhang Vigt
Hwéng dan giai
2c6:MN = MA + AD + DN, MN = MB + BG + CN
Ui M, N 12 trung diém cia AB, CD nén:
JA + MB = 0
N + CN =0

90 do: MN = %(Alj + BC)

pan 16.26: Cho hinh hgp ABCD.A'B'C'D". Goi Dy, D,, D, lan lvot 1a diém

| xUng cla diém D' qua A, B', C. Ching t6 rang B Ia trong tdm cua t&r
2 D;D,0.0'.
Hwéng dan giai
[AA' =a, AB=b, AD = ¢
gia thiét, ta co: BD' + BDs = 2BA =-2b

BD'=a+b+c.VayBDi=-a-b-c

3D =~a + b + ¢.Vay BD; + BDz + BDs + BD' = 0
i nay chung t6 B Ia trong tam cda tw dién D,D,DsD".

N 16.27: Cho hinh chop S.ABCD. Goi O a giao diém cia AC va BD.
ng t6 rang ABCD |4 hinh binh hanh khi va chi khi

SA + SB + SC + SD =450.
1 Hwéng dan giai

i M, N 1an It I3 trung diém clia AC, BD thi:
OC =20M, OB + OD = 20N.
€6: SA + SB + SC + SD =4S0
SO + OA + SO + OB + SO

~ +0C + S0 +0D =480

OA + OB + OC + OD = 0




el S 2 Ve

10 trong diém b6i dudng hoc sinh gioi mon /o6 — L€

e 2(OM +ON) = 0 diéu nay chirng t O, M. N thdng hang. Mat khac
thudc AC, N thudc BD va O I giao diém clia AC va BD nén O, M, N thi,
hang chi xdy ra khi O =M = N, tirc O la trung diém clia AC va BD,
ABCD 12 hinh binh hanh: dpem. "
Bai toan 16.28: Cho hinh hép ABCD.A'B'C'D' ¢6 P va R 1an lugt Ia trung g;4
cac canh AB va AD'. Goi P, Q, Q', R' I3n lugt Ia tm clia cac hinh by
hanh ABCD, CDD'C, AB'C'D', ADD'A". Chirng minh hai tam giac PQR
P'Q'R' ¢cé cung trong tam .
Hwéng dén giai |

Ta chirng minh réng PP'+QQ' +RR' = 0.

Tam gidc ABC cé PP Ia dudg trung binh nén PP’ = % AD

Tuwong ty: QQ'=—DA' = A'A

N | -
|-

Dodé: PP' + QQ' + RR' = —(AD+DA' +A'A)=0 = dpem.

Bai toan 16.29: Trén mat phéng (P) cho hinh binh hanh A;B:C:D;. Vé mét
phia d6i véi mat phdng (P) ta dung hinh binh hanh A;B;C.D,. Trén cac.
doan AsA;, BiBa, c,c,, DD, ta 1an lwgt 1dy cac diém A, B, C, D sao cho:

oy BB‘ 5 . Chirng minh réng tir gidc ABCD Ia hinh binh hanh
AA, BB, CC, w
Hwéng déan giai

L4y diém O, dat OA; = a1, OB = br, OCi = ¢y, ODy =
A,B,C,D; 1a hinh binh hanh nén: B: C
ai+cy=by + dh. . v D/
Tuong ty dat. : 1
OA: = az, OB; = bz, OCz = C2, :

OD:z = dg thi a2 + C2 = ba + ds 'B, :

et = S Ll ey
P@OA=a,OB=b,OC=c,OD=d abijBs AR
B s, Yo 2 g7t
T4 66 A Bia Ao theo G-k non A =2t b o,
14Kk As D,
= B,-kﬁe ® E1-kéz = C?h—kaz
Tuon b= C e = nén
gt 1+k yi 1+k 1+k

Gl (ay + c1) —k(az +C2) B (b + dy) - k(b, +dg)

1+k 14k



la+c=b+d= OA+0OC=0B+0D = AB = DC.
ay ABCD 1a hinh binh hanh.
jpan 16.30: Cho tir dién ABCD. Goi |, J, H, K, E, F Ian luot 13 trung diém
\céc canh AB, CD, BC, AD, AC, BD.Chtrng minh:
JDA .BC + DB.CA + DC.AB = 0.
.‘Aa’ + CD? + AC? + BD? + BC” + AD? = 4(10” + HK? + EF?) .
Hwéng dan giai
D'A' Bii + DB . CA . oc AB

»'BD’ + BC? + AD? = AB? + CD? + 412
,‘;‘~! = a. DB = b, DC = c.

= (A + AD + DJ
+AD+%
2
. 6 I
~a+b)+(-a)+—== 3—2 *C nen
2

.2 .2 .2 Ay 5
=2b +2a +2c -2ac-2bc
B2 T e SR
BIBO"+BC +AD =(c-af +b +(c-bf +a

=2a +2b +20 -2a0-2b0

16: AC? + BD? + BC? + AD? = AB? + CD? + 41

g tu: AC? + BD? + AB? + CD? = BC? + AD? + 4HK?

+ 002 +BC? + AD? = AC? + BD? + 4EF?

I6:AB® + CD* + AC? + BD? + BC? + AD? = 4(1J° + HK? + EF?),

@8N 16.31: Cho tam giac ABC va mét diém O. Véi mdi diém M trong
Ng gian, ky hiéu: f(M) = MA? + MB? + MC? + 3MO?. Chirng minh ring
Kién can va du dé O 1a trong tam AABC [a f(M) ludn khong dbi véi moi

Hwéng din giai

G |a trong tam cla AABC, thi:

1= MA? + MB? + MC? - 3MO? = 3MG? - 3MO?

' +(GA’+ GB? + GCY) = AMG + MO )OG +(GA? + GE® + GCY)

A7



Néu O = G thi f(M) = GA? + GB? + GC? = héng s6, YM
Néu f(M) = hang s6, thi: f(O) = (G)
— 30G . OG =3G0.0G = 6.0G*=0, hay O=G.
Bai toan 16.32: Cho hinh chop t& gidc S ABCD day |a hinh binh hanh My
mat phang (P) cat cac canh SA, SB, SC, SD theo thir ty tai K, L, M
SA SC _SB_ SD
SK SM SL SN’
Hwéng dan giai
Goi O 14 tAm hinh binh hanh day thi: SA + SC =2S0 = SB + SD
Pat- SA =aSK, SB =bSL, SC =¢SMS, SD =dSN,a, b, c.d> 1
SA SC SB SD

Khidd : — =a+cvd —+— =b+d
SK S SL SN

Chirng minh rang:

Taco SN- SO - (SA +SC- sB)=28A+SsC-2sB
4 a g g

VI K, L, M, N dong phdng nén: % + -Z- = g- =1=> a+c = b+d (dpcm).

Bai toan 16.33: Cho hinh lang tru tam gidc ABC.A'B'C' cé d§ dai canh bén
béng a. Trén céc canh bén AA', BB', CC' ta lay twong (ing cac diem M, N P
sao cho AM + BN + CP = a. Chirng minh rang mat phang (MNP) luon lén
di qua mét diém cb dinh.

Hwéng dan giai
Goi G va G' 1an luot 1a trong tdm clia tam giac ABC va tam giac MNP
Tacé: AM = AG + GG' + G'M '
BN = BG + GG' + G'N
CP=CG+CG +G'P
Nén AM + BN + CP = 3GG'
Vi lang tru cé canh bén bdngava AM + BN +CP=a 4
nén AM + BN + CP = AA'dodb AA' = 3GG!'

= GG = % AA' Vi G, A, A'cbdinh nén G' ¢b dinh. Vay (MNP) luén qu

M

G' ¢b dinh.

Bai toan 16.34: Cho hinh chop S.ABCD day la tir giac, M 1 trung diém can’
AB, N 1a trung diém cia canh CD, G va G, lan lugt 1a trong tam clia day V@
mat bén SCD.

a)Xacdinhl.IA + 1B +IC +ID +1S=0 .

A79



o) _aLlon st D MM DD Bl AN D S uv 00 AN S
ghirng minh doan thang néi tir dinh v6i trong tam cia day cing véi bén

n thang néi trung diém cia mét canh day véi trong tam mat déi dién thi

2g quy tai |. Goi E la trung diém clia SA, dudng thang El cat mat phing

s tai F, chirng minh F 1a trong tam cGia ABCD.

Hwéng déan giai
A, N 14 trung diém cta AB va CD, ta cé:

+ 1B =2IM, IC + ID =2IN,

#1B +IC + 1D =2(IM + IN)

j trung diém cia MN nén:

:';:4 IN =2IG

BA + GB + GC + GD

BM +2GN = 0 nén G Ia trong tam ciia ABCD.
f,:lﬁ +1B +IC +ID =4IG nén4IG + IS = 0

Al
’ | 1

|a diém trén doan SGva — = —
' # IS 3

IE 3

EF va iF =5 EF qua |, va F ia giao diém cia EI voi mat day ABCD

& trong tam ABCD.

BCD.AB,C,D;. Goi P va Q Ia giao diém cua mat phang (CMN) voi
drong thing B,C, va DB,. Biéu thj cac vecto AP va AQ theo cac
FAB =a, AD = b, AA, = .

. Hwéng dén glai

N diém M, N, C, P ddng phng nén:

.»ixm +yAN +zA75.x+y+z= &

470



o W e (gu]a.{%n)swa

Mat khac, néu dat: BP =tB,C, thi AP = a +tb + ¢

Gidi twong tw: AQ = %(4& +5b +4¢).

Bai toan 16.36: Cho hinh hdp ABCD A'B'C'D'. Cac diém M, N Ian luot thisg

CA va DC' sao cho MC = mMA, ND =mNC', Xac dinh m dé cac duen
thang MN va BD' song song v&i nhau. Khi &y, tinh MN b

ABC = ABB' CBB'=60°va BA = a,BB'=b BC=c.
Hwéng dan giai
BA =a,BB' =b, BC = ¢ thi
BD'=a+b+c
DoMC=mMA nén
‘BM=BC-n18A=c~ma
i-m 1-m
Tuong ty ta co:
BD-mBC' a+c-mb+c) _ 1 -
i-m 1-m 1-m
Tras MN = BN —BM = LEMge M g M ¢
1-m 1-m 1-m
Do AC, BD' chéo nhau va DC', BD' chéo nhau nén

MN // BD' < MN =kBD < MN =ka +kb +kc,

BN =

Vi a, b, ¢ khéng ddng phang nén |




a1 +m=—m¢»m=—-1-.Tirdé.tac6k= l.
- 2 3
'=_% thi MN // BD'. Ta c6: W\i:%(é+6+é)

B 4 -2 -2 -2 e T
6 MN =g(@ +b +c +2ab+2ac+2bc)

N> = — (a® + b’ + ¢ + ab + ac + be)

ek
9

VN = %\/az+b"’+c2+ab+bc+ca.

p 16.37: Trén cac canh AB, AC va AD clia tir dién ABCD lan luot 14y
fiém K, L va M sao cho:AB = aAK, AC = BAL va AD = yAM.
g minh réng:

BUy = + [+ 1thi cac mat phang (KLM) lubn di qua m6t diém ¢ dinh.

BU B = o+ 1vay=p + 1 thi cdc mat phdng (KLM) ludn di qua mét
g thang cb dinh.

Hwéng dan giai

B =a, AC=b, AD =c.Vibavecto a, b, ¢ khong déng phéng,
Bi diém X bét ki trong khéng gian ta co:
Xxa +yb +zc

p+q+r=1
A = uxAK + ByAL + vzm
By =a+p+1,thic
OXAK +ByAL + (a + B+ 1)zAM
F8€ X « mp(KLM) ta cén c6 didu kién:
B+ (a+p+1)z=1hay (x+2)a+(y+2p+z=1 (*)
HeN (*) dung véi moi a, P khiva chikhix=y=—-1,z=1
X sao cho AX =-a - b + c Ia diém cb dinh ndm trén moi

iB=a+1,y=p+1haya=p-1,y=p+1thi

(P~ 1)x AK + pyAL + (B + 1)zAM.

: Mp(KLM) ta can co diéu kign:

X+Ry +(B+1)z=1= (x+y+2)p-x+2=1(")

(**) dung véi moi f khiva chikhi: x+y+z=0vad—x+z=1hayz
V& y = ~2x — 1. Vi vay, ta c6 thé Iy diém X ing véix=0,y=-1,2=

A01




1va Y ng voi: x = 1, y = =3, z = 2 chang han, tic [a: AX =—b + ¢, A
a — 3b + 2¢ thi X, Y l1a hai diém cb dinh thudc moi mp(KLMm) |
mp(KLM) luén di qua duong thng cé dinh XY, i
Bai toan 16.38: Cho ¢ dién ABCD. Chirng minh:
AC? + BD? < AD? + BC? + 2AB.CD.
Hwéng dén giai

Ta co: AC? + BD? < AD? + BC? + 2AB.CD

e AC2?- AD?+ BD?- BC?< 2AB.CD

= (AC —AD XAC + AD)+(BD —BCXBD +BC)< 2AB.CD

« DC(AC + AD)+ CD(BD + BC) < 2AB.CD

< DC(AC + AD - BD - BC) < 2AB.CD

< DC(AC + CB + AD + DB) < 2AB.CD

e DC 2AB < 2AB.CO ¢ AB.CD < AB.CD: ding vi ddu ding th
khong xay ra ( AB khong song song CD). )

Bai toan 16.39: Cho tir dién ABCD. Goi M, N 1 hai diém 1an luot chia AD,
theo ti s& k < 0. Chirng minh MN < max(AB, CD). '
Hwéng dan giai:
Ta cé M, N chia AD, BC theo ti sé k nén
v MB-KMC _ MA + AB - k(MD + DC)
1-k 1-k
(MA kMD) + AB-kDC _ AB-kDC
1-k 1-k

56| |AB+(-k)DC
NURCE - Ras

<|AB| I(-k)DCI _ AB-kDC
L 1-k T =

(dok<0)

m-km
1-k .
Bai todn 16.40: Cho tir dién MABC, G 12 trong tam tam giac ABC. C
minh © MAZ+ MB*+ MC?> MA .GA + MB .GB + MC .GC
> GA? + GB*+GC~
Hwéng dén giai:
Ta cé :MA.GA + MB.GA + MC.GC

> MA.GA + MB.GA + MC.GA

m=max(AB,DC) = AB<m,DCsm= MNs

=m.

A M~



‘+(—37)6A'+ (MT-} +(ﬁ)é§+(NTG+(?('3)G—C

G(GA + GB + GC) + GA? + GB? + GC?

A? + GB® + GC”.

jat dang thirc AM-GM : 2MA.GA < MA? + GA?

GB < MB? + GB, 2MC.GC < MC? + GC?

MA.GA + MB.GB + MC.GC) < MA? +MB? + MC? + GA? + GB? + GC?
A%+ MB? + MC? ~ (MA.GA + MB.GB + MC.GC)

(MA.GA + MB.GB + MC.GC)- (GA” + GB® + GC?) > 0

: MA*+ MB” + MC? = MA.GA + MB.GB + MC.GC.

JA%+ MB*+ MC? = MA .GA + MB .GB + MC .GC

P > GA? + GB%GC?

16.41: Cho ba tia Ox, Oy, Oz khéng ddng phing. Dat xOy = a, yOz =

K = v. Goi Ox, Oyy, Oz lan luot 14 cac tia phan gidc cla cac géc
Oz, zOx. Chirng minh réng:

X + cosf} + cosy > -g.

|Ox; vubng goc véi Oy, thi Oz, vubng gée véi ca Ox, va Oy;.
- Hwéng dan giai

Léy E, E2,Es 1an luot thubc cac tia Ox, Oy, Oz sao cho

Ok, = OEz = OE; =1,

6E1 =61. 6—.E2 =82, aéa =éa_

@ Ox, Oy, Oz khong ddng phang nén:

= =7 SR ST T R S L7

b +©,)°>0 < e +82+63 +(261.82 + 8283 + €3.81) >0
2(cosa + cosf + cosy) > 0. VAy cosa + cosp + cosy > -g.

DE; + OE, // Oxy ; OEz + OEs // Oy, : OEs + OE; // Oz,
4 Oy, = (OE; + OE2)(OE; + OE3) = 0

E: + OE: OE; + OE/.OFs + OE2.0Es = 0

(OE; + OE: )(OE; + OEy)

f + OE1.OEz + OE2.0Es + OE1.0E; =0

1L Ozy. Tuong ty, ta cling c6 Oy, L Oz,.

116.42: Cho tam dién vudng Oxyz. M6t dudng thang tiy v hop voi
» Oz céc goc a, P, y. Chirng minh o+ B +y < .

A07




Hwéng dan giai:
Khéng mét téng quat, gid sir d qua O. Goi i.].k.elan lwot la cac Vecty o
vi ciia Ox, Oy, Oz va d. Ta chirng minh:
cos’a + cos’p + cos’y = 1
That vay, dat o' =(i,e), p'=(j.e) v = (k.e)

thi: e= cosa.’. | + cosp'. j + cosy.k
—1=|e|2= e?=cos’a +cos’p' + cos’y'
n
Do a, B,y= 2 néna=ca hay a=n-ao = cos’a = cos’a

Twong ty: cos’p = cos’p, cos’y = cos’y
nén cosia + cos’p + cos’y = 1= cos2a + cos2p + 2c0s’y =0

Gidsta+p+yem, %2723—(014'[3)20

=5 oSy < c0s [n — (o + ) = —cos(a + )
— cos2a + cos2f + 2cos’(a. + f) 20
= 2cos(a + B) [cos(a — B) + cos(a + )] 20
=s cos (a + 3) cosa cosp = 0: vo Iy vi

cos(a + p) < —cosy < 0 vacosa >0, cosfi 2 0. Vaya+pf+y<n
Bai toan 16.43: TU O_ném trong da dién 16i, dyng cac vecto vudng goc o
mat va cé modun bang dién tich cadc mat trong trng. Chirng minh tong &
vecto nay bing 0.

Hwéng dan giai:

Ta chirng minh t8ng t4t ca vecto hinh chiéu cla cac vecto da cho VS

dudng thang d bét ky bang0 .

Xét hinh chiéu ciia da dién lén mp (P) vudng goc voi d. Hinh chiéu cua
dién dugc phi bng hinh chiéu cla cac mat dudi 2 lop, Vi co thé chia 8
mat thanh 2 dang "cac mat phia trén" va "cac mét phia dudi” khond ca™
dén cac mat chiéu thanh doan thdng). Quy woéc dién tich dai sé hinh %
<l mBi mat 2 dién tich hinh chiéu cia mat d6, ldy déu (+) doi v°! &
"phia trén’, [y dAu (-) déi véi mat “phia duoi", thi tdng sé dien tich das
hinh chiéu ctia céc mat bang 0. N
Mat khac, dién tich hinh chiéu cia mdi mat bang d¢ dai hinh chiéu ¢
vecto trong (rng trén dueng théng d. B8ng thoi dbi véi cac mat khat “%
thi hinh chiéu cac vecto twong ng nguec hudng nhau nén suy @ tond;

dai Gai sb hinh chibu cla c4c vecto @& cho trén dudng thing d b
(@pcm),

- S A



6. 1: Cho tir dién ABCD véi trong tam G-

" g minh: AB + AC + AD =4AG

ol A' 1a trong tam tam gidc ABC. Chirng minh:

' A'B.AA' +A'C . AA'+AD.AA' =0

Hwéng dén

"M, N Ia trung diém cla AB, CD

ya A' trong tm tam giac BCD.

6. 2: Cho hinh hgp ABCD.A'B'C'D' v6i tam O. Chirng minh:

5= AB + AD + AA'

3+B'C'+D'D=AD +DC +BB=AC

(+ OB+ OC + 0D + OA' + OB' + OG' +OD' = 0

Hwéng din

quy tac 3 diém

ng diém cac chéo

: Cho tir giac ABCD. Chiing minh ring:

BCD Ia hinh ch@r nhat thi véi moi diém M trong khéng gian ta luén

+MC? = MB? + MD?.

ABCD 1a hinh binh hanh thi MA? + MC? — MB? - MD? khéng phu thuéc
diém M trong khong gian. Nguoc lai c6 diing khéng?

” Huwéng dén

a0 diém O cuia AC va BD.

a0 diém O cla AC va BD Ia trung diém méi chéo, nguoc lai dang.

?,{ 4: Cho hinh lang try ABC A'B'C'. Goi G' 1a frong tam tam giac
D3t AA' =a, AB = b, AC =¢.

€U thj méi vecto B'C, BC', AG' quaa,b,c.

Hwéng dan

—

*a6=-é-6+é§6=5-6+6j&=%@5+B+&

3. 5: Cho tir dién ABCD. Trén canh AD ldy diém M sao cho AM =

8 trén canh BC Idy diém N sao cho NB = —3NC . Chirng minh ring
,, AB, DC, MN dbng phéng.

Hwéng dan

minh MN = * AB + 3G
| 4 4



Iom‘d héi dudng hoec sin. qiol mén oo, — L& Hoonh Pho

Bai tip 16. 6: Trong khong gian cho hai hinh binh hanh ABCD va ABCD, ;.
¢6 chung nhau mét diém A. Chirng minh rang '

a) Cac vecto BB', CC', DD' déng phéng.
b) Hai tam giac BDC', B'D'C cung trong tam.
Hwéng dan

a) Chirng minh CC' = BB' + DD'

b) Chirng minh BB'+DD' +C'C=0.

Bai tap 16. 7: Cho hinh tir dién ABCD, |, K, E, F 14 cac diém thod man;
218+1A=0 2KC+KD= 0, 2EB +3EC = 0 va2FA +3FD = 0 cpyn
minh cac vecto BC, IK, AD 1a déng phing, céc vecto BA, B cj ¢
déng phéng.

Hwéng dan

Chon hé vecto co s6:BC = 5. BD = 5, BA = c

Bai tap 16. 8: Cho tir dién ABCD. LAy cac diém M, N, P, Q I1an luot thute A8

BC, CD, DA sao cho AM = %A‘é, BN = %B—é. AQ = %Z\"é. DP = kDG

Hay x4c dinh k @é bén diém P, Q, M, N cing ndm trén mét mat phang
Hwéng dan

Chonhévectcoos&:ﬁ =b, AC = é, AD =d
Kétqua k= %

Bai tap 16. 9: : Cho M, N I4n Iuot 14 trung didm ciia céc canh AB va CD d
tr dién ABCD: P |2 diém thudc dudng thing AD sao cho PA = kPD K
sb cho trudc (k # 1). Xac dinh diém Q thudc dudng thdng BC sao cho
va MN cét nhau. Khi @6, hay tinh ti s6 k = g% :

Hwéng din
Vi MN ludn cét mp(PBC) nén MN khéng song song PQ. .
Vay cac dudng thing MN va PQ cét nhau hay didm M, N, P, Q déng P"
nén tn tai x, y sao cho MP =xMN +yMQ. TP
Pt AB = b, AC =c, AD =d va
BQ =tBC =-tb +tc.
Dua vé 1ap hé phuong trinh:




.x y 1 4
— _—— t:—— X=— 4
, 2+2 y > 3 x:s
= +yt=0 c><y1=—§c:> y=1
_2 y=—1 t=-§-
.3

) BQ = § BC nén diém Q chia canh BC theo ty s —2.

p 16. 10: Cho hinh hop ABCD.A'B'C'D". Goi M va N I1&n lugt Ia trung
m cta CD va DD'; G va G' lan Iwot 13 trong tam cla cac t&r dién A'D'MN
BCCD'. Chirng minh rang duéng thdng GG' va mat phang (ABB'A') song
g v&i nhau.

Hwéng dan

ncosé AB=a,AD =b, = ¢

trong tdm cua tr dién BCC'D' nén: A 2 D

pEr GUEc 2| e 16 sufe T

LRE+AC +AC+ ADY L W7
. 4 B
18 trong tam cla tr dién A'D'MN nén: N
‘%( AA'+ AD'+ AM + AN)

- '
b chirng minh : GG' = *(5a - ¢) B

= o

AB, AA', GG' ddng phing.

16. 11: Chirng minh ring véi hai vecto a, b tuy ¥ ta ludn luén co: a
2 (a . b)*. DAu = xay ra khi nao?

Hwéng din

qua khi a , b cung phuong.
16. 12: Cho tr dién ABCD va M la diém bét ky trong khéng gian. Tim
i nhé nhét cia:

=| MA +2MB + MC + 3MD |

= MA? + MB? + MC? + MD?

Hwéng din

12 didm théa man IA + 2B + IC + 3iD=0 thi | ¢é dinh va
'MA +2MB + MC + 3MD | = 7ML,

qua M 1a trong tam G cua t dién.

'Y s L 4
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cnuyén aé 17: QUAN HE VUONG GOC

. KIEN THUC TRONG TAM

Dinh nghia vuéng géc

a L bkhig(a,b) = 90".

a L (P) khi a vudng goc véi moi dudng thdng clia (P). |
(P) L (Q) khigéc cta 2 duong thing a, b lan luot vudng goc véi 2
phang bang 90°. "
Pinh Iy vudng géc co ban ‘
Néua Lb,a Lc, b ce(P), bcat cthi a L(P) “
Néu (P) chira 1 duéng thdng vudng géc véi (Q) thi hai matphang (P) | (g
Néu (P) L (Q), (P) n(Q)= A vaac(P),a L A thi a L(Q) “
Cho b’ 1a hinh chiéu ciia b 1én (P), va a c(P). Néua Lbthia |

fesm s

Céc hinh khéi
Hinh chép déu: Pay da gidc déu va cac canh bén bang nhau. Hinh chi
clia dinh 1a tdm cla day. Trung doan ctia hinh chop déu la doan no: di
véi trung diém cla canh day. ‘
Hinh lang tru déu: Day da giac déu va cac canh bén vudng goc voi dayl
lang try dang).

Hinh hop chir nhat: hdp dlirng va cb day 1a hinh chlr nhat.

Hinh 1ap phuong: Hinh hdp chir nhat c6 3 kich thuée bang nhau.

Géc giiva dwong thang va mat phang

Géc gitra 2 dudng thdng 1a géc hop bdi 2 dwdng thdng cung di qud
diém va 1an luot song song vé&i 2 dudng thang da cho.

Goc gitra 2 mat phing 1a géc hop béi 2 duong thdng 1an lugt nam I
mat phang va vudng goc véi giao tuyén.

Géc gitra dudng thang va mat phang 14 goc gira duong thing do vo!
chiéu ctia né 1én mat phdng. Dac biét néu dudng thang vudng goc Vo'
phéng thi c6 sb do 90°.

o, /Afi/




s¢ nhi dién, tam dién

bc nhi dién 12 goc tao boi 2 niva mat phing co chung giao tuyén, sé do
§ng goc c6 dinh nam trén canh nhj dién va 2 tia clia goc ndm trén 2 mat
Wang va vudng goc voi giao tuyén.

sc tam dién 1a géc hop bai 3 tia khéng déng phing

(e}

X
y

g cach giira diém, duong thing va mat phing

cach tir 1 diém dén 1 duwdng thdng la doan vudng goc ha tir diém
§6n duong thing.

)ang cach tir 1 diém dén 1 mat phdng la doan vudng géc ha tir diém d6
\mét phing.

ang cach gitra 2 yéu t6 song song 1a cach tir 1 diém ciia yéu té nay dén
iang cach gilra hai dudng chéo nhau |4 d¢ dai doan vudng goc chung, ciing
hoang cach tir duong thang nay dén mat phing song song chira dudng

§ g _A 4

: o)

b

| thém quan hé vecto dé giai toan.

hinh c6 dién tich S ndm trén (P) c6 hinh chiéu Ién (Q) voi dién tich
i 8' = S.cosa, a la géc gitra 2 mat phing. Tir d6 suy ra cach tinh goc
2 mat phing nhe dién tich.

1: Cho hinh t(r dién ABCD, trong d6 AB L AC, AB 1L BD. Goi P va
[ Cac diém I1an luot thude cac duong thing AB va CD sao cho

kPB ; QC =kQD (k # 1). Chirng minh réing AB va PQ vuéng goc véi nhau.
Hwéng dan giai

ﬁQ -PA + AC + cQ

Q= PB +BD + DQ = kPQ = kPB + kBD + kDQ nén:

A00



trong

(1-K)PQ = PA — kPB + AC —kBD + CQ -kDQ = AC - kBD
Do G6 (1- K)PQAB = ACAB - kBDAB = 0.

Mak # 1 nén PQAB =0 = AB L PQ.
Bai toan 17. 2: Cho t& dién ABCD, goi P, Q 1an luot 1a trung diém clia AR |, 3
CD. Chirng minh réng PQ |a doan vuéng géc chung ctia AB va CD
> AC =BD va AD = BC.
Hwéng dén gial
Pat DA =a,DB = b,DC =c thi
PQ=PA + AD+DQ s 2-0_ g0 B Yl A
2 2 2

TacoAc=BDc>|é-é|=|6|a(é-é)2=62

b —(6-a) =0 (a+b-c)(-a+b+c)=0
aP(—j.(—5+t;+é)=0.

Tuong ty AD = BC & |£|=|é-6|o£2 ~(6-B)? < PQ@a-b+6)=0

" db:{AC =BD {PQ.(—a +b+6)=0

AD=BC  |PQ(a-b+c)=0
F;d.[(-é+6+é)+(;-6+é)]=0 {F_’—Q.(-:=O {PQ_LCD
(3 (s, < > . % e X - X S o
Po.[(-a+b+c)-(a-b+c)}=o PQ(b-a)=0 [(PQLAB
Bai todn 17. 3: Cho hinh 14p phurong ABCD.AB'C'D' ¢6 canh bang a. Trén cac,

canh DC va BB' ta 14n lugt lay cac diém M va N sao cho DM = BN = ¥
vGi 0 < x <a. Chirng minh AC' va MN vudng goc v&i nhau.

Huémg dan glai A b B
D3t AA'=a,AB=bAD=c. SN m S
%
thi BN=%.a va DM=2b. o i
a a E ‘\\
Tact AC'=AA'+AB+AD=a+b+C s
Ma MN = AN - AM = (AB + BN) - (AD + DM) o L7
c

Do d6 W:[BJ&)-[&+56}=£é+{1_£)5_
a a a a



)Tc'"mi=(é+6+é).[ié+{1-lJ6-éJ
a a

iap = - -2
;a2+(1-5Jb2-c =x.a+[1—§)a2—a2=O:AC‘iMN.
1 a

toan 17. 4: Cho ba diém A, B, C thdng hang va duéng thing A. A", B'. C' 1a
ilng diém trén A sao cho AA', BB', CC' déu vubng goc v&i A. Chirng minh

2 AB A'B'
khéng vubng goc A thi — = —— |

, Hwéng dén giai

A, B, C thing hang nén : AB=kBC |

‘B, C' cOng thdng hang nén A'B'=k'B'C' A

‘,'; =0 la mét vecto chi phuong cla A thi:

A'+ AB +BB' = k(B'B+BC + CC')v hay ABv =k'BCv
AB =kBC nén tir d6 suy ra kBCv = k'BCv
. - AB _A'B'
€0 BCv=0 nénk=k' hayla —=2_"—_,
( 0 nén ay EERa

AB), (SAC) cuing vudng géc véi day.
Chirng minh SA L (ABC).

92 AH L SB, AK L SC. Chirng minlj (AHK) L (SBC). &
Hwéng dan giai
€6 (SAB), (SAC) L (ABC) nén giao tuyén

BC | (SAB)
(SBC) L (SAB). Vi AH vudng géc véi giao
€n SB nén AH L (SBC)
lAH  (AHK) nén (AHK) L (SBC).
,,:. 17. 6: Cho hinh t&r dién vuéng OABC c¢6 ba canh OA, OB, OC déi
Pt vudng goéc. Ha AH vudng goc véi (ABC). Chirng minh:
Tam giac ABC c6 ba géc nhon va H 14 tryc tam tam giac ABC.
T 2
- = + + :

OA? o0B®? 0OC?

Hwéng dan giai

IC tam giac OAB, OBC, OCA vuéng tai O nén:




AB? = 0A? + OB?, BC® = 0B? + OC?

AC? = OA? + OC?

Do dé BC? < AB? + AC? nén géc B clia tam

giac ABC 1a géc nhon. Tuong ty thi tam giac

ABC nhon.

Vi H 1a hinh chiéu cla diém O trén mp(ABC) nén OH L (ABC).
Ma OA L (OBC) nén OA L BC do @6 hinh chiéu AH L BC.
Twong tw thi BH L CA. Vay H la tryc tam tam giac ABC.

b) Néu AH L BC tai A" thi BC L OA'". Vi OH la duong cao clia tam giac Vudng
AOA', vudng tai O va OA' |a dudng cao cua tam giac vudng BOC, Vudng
tai O nén:

1 1 35 A 1 1
= . — 4 + :
OH? OA? OA? OA®? 0B? OC?

Bai toan 17. 7: Cho hinh chép S.ABC c6 SA L mp(ABC) va tam giac ABC
khéng vuéng. Goi H va K I&n luwot 1a trere tAm cla cac tam giac ABC v
SBC. Chirng minh rang:

a) AH, SK, BC dbng quy. b) HK 1L mp(SBC); (SAC) L (BHK)
Hwéng dan giai

a) Goi AA' 1a duding cao cla tam gidc ABC, do
SA 1 (ABC) nén SA' L BC. Vi H la tryrc tam
tam giac ABC, K [a tryc tam tam giac SBC
nén H thudc AA', K thudc SA'.

Vay AH, SK, BC ddng quy tai A",

b) Do H la tryc tdm tam giac ABC nén BH L
AC,maBH LSAnénBH L SC. MaKIla A\
tryc tdm tam giac SBC nén BK 1 SC.
Vay SC | (BHK).Suy ra HK L SC.
Ma HK 1 BC do BC L (SAA'). Vay HK L mp(SBC).

Vi K la tryc tam cla tam gidc SBC nén BK L SC. Vi H la tryc tam caa am
giac ABC va SA L (ABC) nén BH L AC, BH L SA.

Suy ra BH L (SAC) nén BH 1 SC.

Do d6 SC L (BHK) nén ta cé (SAC) L (BHK).

Bai toan 17. 8: Cho hinh vudng ABCD va tam giac can SAB nam trén hal mak

phing vudng géc véi nhau. Goi |, J 1a trung diém AB, AD.
a) Chirng minh mp(SAD) L mp(SAB).
b) Chirng minh mp(SCK) L mp(SID).
Hwéng dan giai _

a) Vi mp(ABCD) 1 mp(SAB) va AD L AB nén AD L mp(SAB), do do mp(SN] )

L mp(SAB).

FTatle)




VM MTV DUV ’:. ‘t

a c6 2 tam giac vudng ADI va CDK
&ing nhau (c.g.c) nén géc ADI= CDK .
ta AD L CD nén DI L CK.

/] trung diém cla AB nén

8| | AB => S| L (ABCD)

» Sl L CK.

iay KC L mp(SID) va do a6 mp(SCK)
_mp(SID).
n 17. 9: Cho hinh lang try ABC A'B'C’ ¢co day la tam giac déu canh a,
nh bén CC' vubng géc véi day va CC' = a.

i |, M 14 trung diém clia BC, BB'. Chiing minh Al vuéng géc véi BC' va
C' vudng goéc voi AM.

K 1a diém trén doan A'B' sao cho B'K = %va J 1a trung diém cua B'C',

AINg minh AM vuéng goc véi KJ.

r Hwéng dén giai
m gidc déu ABC nén trung tuyén

L BC. Theo gia thiét, ta c6: CC' L (ABC). X o
3d6: CC' L Al. Suy ra: Al L (BCC) /
(Al LBC'

da co: BC' L Al. Mat khac, BCC'B' 1a hinh
g canh a nén BC' L CB'. IM |4 duéng trung A - 45

h clia tam giac BCB' nén IM // CB'. Tir 46 ta e ,

8C' | IM.

iy ra: BC' L (AIM). Vay: BC' | AM %

h chiéu AM Ién (A'B'C)) 1a A'B'. Tam gidc A'B'C' @8u nén C'N L AB' ma
#f C'N nén JK L A'B". Vay AM L JK

9an 17. 10: Cho hinh chop S.ABCD c6 day I hinh thang vubng tai A, B
€0 AD = 2AB = 2BC, SA vudng goc voi day. Chirng minh:

BC) 1 (SAB) b) (SCD) L (SAC).

' Huwéng dan giai ¢

A &

€6 BC | BA = BC | SB

N BC L (SAB)

@6 (SBC) L (SAB).

1O Ia trung diém AD thi OA = AB =
:va OA // BC, ta c6 goc A, B vudng
h OBCD Ia hinh vuéng.

1 d6 OB L. AC ma OBCD hinh binh
th nén OB // CD, do d6 CD | AC.




Ma CD L SA nén CD L (SAC).
Vay (SCD) L (SAC).

Bai toan 17. 11: Tam giac ABC vudng ¢ canh huyén BC nam trong mp(, )
canh AB va AC Ian lvot tao voi mp(P) cac gbc B va y. Goi a & goc tao py;
mp(P) va mp(ABC). Chirng minh sin‘a = sin’p + sin®y.

Hwéng dan giai
Ha AA' vudng gbc voi mp(P) thi ABA’,
ACA' 1an ot la goc gitra AB, AC véi mp(P),
theo gia thiét ABA' =[5, ACA' =v.
Ha duéng cao AH cla tam giac vudng ABC o T
thi AH | BC nén AHA' = « la géc gitra A I '
mp(ABC) va mp(P).
Ta co: sinf} = ﬁ , siny = & , Sina = -AA 1

AB AC AH
Jihon e,

AH> AB?* AC?

Trong tam giac vuéng ABC, ta c6:

AA:2 AA-Z AA-2
- o +
AH® AB? AC?
Bai toan 17. 12: Cho hinh hop chir nhat ABCDA'B'C'D". Goi a, B, yvax y zla
3 goc tao bdi dudng chéo AC' véi 3 canh chung dinh A va 3 mat chung
dinh A. Chirng minh:

s sin‘o = sin’p + sin®y.

a) sin’a + sin’p + sin’y = 2 b) sin’x + sin’y + sinz =1
Hwéng dan giai P ‘

Goi 3 kich thuoc AA' = a, s -
AB = b, AD = ¢ va dudng chéo 5 i RN C/?l
d=AC'thia’ +b’ +c?=d”. a8 ST,

a) Ta ¢ AA', AB, AD 12 3 canh chung dinh A. it B Iodp
Xét 3 tam giac vudng ACA', AC'B, AC'D: o

%

sin’a + sinp + sin%y = EL-(A'C" +BC? + DC?)

= dll’(bz +ci+ci+al+a’+ b= 315(2az+2b2* 2¢%) = 2.

b) Hinh chiéu ctia AC' Ién 3 mat chung dinh A 1an luot 1a AB', AD' va AC xet
tam giac vudng AB'C', AD'C', ACC".

sin’x + sin’y + sin’z = ;12- (cF+p’+a’)=1.

Bai toan 17. 13: Cho tr dién ABCD c6 cac canh AB, AC, AD d6i mét yudn?
gbc véi nhau. Chirng minh rang:

A



| Ba duong trung binh cua tir dién bang nhau.
) Néu AB = AC + AD thi ABC + CBD +DBA =90°,

Hwéng dén giai
oi I, J 1a trung diém AB, CD.

= U = (AJ- AP

2 ::- (AC + AD - AB)?

. .1. (AC? + AB? + AD?) ]

AB, AC, AD déi mot vubng géc.

omg tu thi 6 3 duong trung binh cing bing %JAB‘? +AC? + AD?

n céc tia AC va AD Ian lugt lay cac
im P va R sao cho: AP = AR = AB va
hinh vubng APQR = DR = AC va

= AD. Khi dé, ta co:

8C = ARQD va AABD = APQC %

A

>+ CBD +DBA =RQD+DQC + CQD = RQP = 90°

thac: Dung dinh ly césin.

N 17. 14: Cho hinh chép S.ABC cé day 14 tam giac d&u canh a va SA =
£ SC = b. Goi G 1a trong tam tam giac ABC. Xét mat phéng (P) di qua A
UBNng goc véi dudng thing SC. Tim hé thirc lién hé gitra a va b dé (P)
5C tai diém C, ndm gira S va C. Khi d6 hay tinh dién tich thiét dién cuia
.chop S.ABC khi cét bdi mp(P). S

Hwéng dan giai '
B SG | mp(ABC).

P) di qua A va vubng géc véi SC

'AB nadm trong (P). V& duéng cao
‘clia tam giac SAC thi (P) chinh la
ABC,). Do tam giac SAC can tai S
diém C, ndm trong doan thing SC

va chi khi ASC < 90°.

C* < SA® + SC? &> a? < 2b% Trong trwdng hop nay, thiét dién cia hinh
P b cét bdi (P) Ia tam giac ABC,.

. = %AB.C‘C, = %a.C'C,. v6i C' 1a trung didm cia AB.



Ta c6: CCy.SC = SG.CC'

—cc, = S6CC _ ay3b? - a’ VEY S = a®3b® -a®
VETGE 7 @b v a
Bai toan 17. 15: Cho hinh vuéng ABCD canh a, tam O. Trén dudng thing

vudng goc v&i mat phing ABCD tai O, ldy diém S sao cho SO = % M
phang («) qua A va vudng goc v&i SC lan lugt cét SB, SC,SDtai B, C' 1y
a) Chiing minh C' 12 trung diém ctia SC va B'D' song song voi BD.
b) Tinh dién tich cua tu giac AB'CD". S
Huéng dén giai
a) Tacé: (a) L SCvaAC c (a)=>AC' LSC

Vi OC = 9—23 ., §C?= SO + DC?

= -56—3—2-+2f:2=282:380=a Jé
Vay SAC Ia mot tam giac déu.
Do d6 C' trung diém SC.
Tacé: BD L AC, BD L SO
— BD L (SAC) => BD L SC. |4
Ma: ()L SC nén () // BD.
Do dé, («) cét (SBD) theo giao tuyén B'D' // BD.

b) Vi BD L (SAC) nén B'D' L (SAC), do d6 B'D' L AC’

=S
-

-
=

s=1AC.BD
2

B'D 'SG 2 ..., 28D 2 _a?\3

Tach ——=c==2=BD'== _SaJE =82

Bai toan 17. 16: Cho tam giac déu ABC c6 dudng cao AH = 2a. Goi O Ia 13
diém clia AH. Trén dudng thing vudng goc véi mat phdng (ABC) tai O 12V
diém S sao cho OS = 2a. Ggi | 1a mot diém trén OH, dat Al = x, a <x < 28
Goi (a) la mat phang qua | va vubng géc
v6i duéng thang OH. Dung thiét dién cla
() voi W dién SABC. Voi x nao thi dién
tich thiét dién Ién nhat.

Hwéng dan giai

Tacé: BC L OH
Qua |, dyng MQ // BC (M ¢ AB, Q € AC)
thi MQ L OH. Mat khéc, ta c6: SO 1 OH.
Dung IJ // OS (J € SH) thi IJ € OH.

Tacé: MQ //BC = (a) / BC

FrAY &



46, qua J dung dudng thing song

g voi BC, cat SB va SC tai N va P ta duoc hinh thang MNPQ 12 thiét
n can dyng.

gd: ASOB = ASOC = SB = SC = ASAB = ASAC => SBA = SCA va -
=CP, BM = CQ, do d6: ABMN = ACQP.

g6: MN = QP. Vay thiét dién 1a hinh thang can.

_4a/3 MQ Al «x _2x/3
\H = 2a nén BC T'BC_AH—Za:MQ- 3
BJ Ol x-a X—-a 4aJ§ 4

AR Svaees SR stmm— NP=—.—=— - 3
"SH OH a a9 a(x a))J-
Hl _2a-x

O

xay ra khi x — §a=23—xax= iga- (chon).

117. 17: Cho tr dién ABCD trong dé gdc gira hai dwérng thang AB va
ing a. Goi M Ia diém bét ky thuéc canh AC, dat AM = x (0 <x < AC).
@t phang (P) di qua diém M va song song véi AB, CD. Xac dinh vj tri
M gé diéen tich thiét dién ciia hinh tir dién ABCD khi c4t béi mp(P) dat
'n nhat.
Hwéng dén giai
la hinh binh hanh MNQR.

BN _AC-x :,Nwzﬁ(Ac_x) B
AC

AC N
MR_AM_ X _ yn €D
CD AC AC AC
C
= ABCD (AC - x)x.sina < 1AB.CD.sina
AC? $

BuNgrMax <> AC—x = x e x = %

I M 1 trung diém clia AC thi dién tich Ién nhét.

17. 18: Cho hinh tr dién 6&u canh a, | va K I4n luot Ia trung didm cia
\B va CD, mat phéng (P) chira IK cat hinh to dién déu theo mot thiét
im thiét dién co dién tich I6n nhat, nhé nhét.

ANV



Hwéng dan gidi
Mat phéng (P) cét canh BC tai E thi cét
canh AD tai F va dat BE = aBC thi

AF = AD v6i0 sas1.
Néua=0thiE=BvaF=A, thiét dién

la tam gidc ABK.

Néu o = 1 thi E = C va F = D, thiét dién

|& tam giac CID. o
Néu 0 < « < 1 thi E thudc canh BC; F thubc canh AD va thiét dién 13 1 ..

IEKF. Chon hé co s gbcB: BC =a, BD = b, BA =c |

Taco IK = %(é + b —c)EF = —aa +«b +(1-a)c nén: IK.EF =g

Do d6 IK L EF nén: Siexs = %IK.EF.

ay2

T
Tach K= —(a +b —c)=—(2a") = K= —
a =4(a ) 4( ) = >

EF?=(—0a +ab + (1-a)c)=ale®+(1-a)]
Vi IK khong @di 1én dién tich IEKF lon nhét, nhd nhat khi @6 dai EF K
nhét, nhd nhat.

V6i0<a <1 EF=fla)=ai2e’ — 2a + 1] c6 gi tri nhd nhat | -

2
nhét 1a a°. So sanh thi minS =-}a2 ‘max S = 9——4‘[—5 .

Bai toan 17. 18: Cho tr dién déu ABCD canh a. Goi M la trung diém CD
g6c gilra hai dudong thing AB va CD, BC va AM.
Hwéng dan giai A

Tacé: ABCD = AB.(AD - AC) = ABAD - ABAC

- aa.cosB0’ -aa.cos60° =0
— AB 1 CD nén géc cua AB va CD béng 90° .

Ta ob: e“ciéqﬁ-ﬁy%(i\ém_d) B

(AC" + AC.AD - ABAC - ABAD)

Nl N =

2
(a2 + a.a.cos60° - aa.cos60° ~aa.cos60°) = 3&-

2MO



nén cos(BC AM) =

o Al ;{5 BCAM 1

y goc gitra BC va AM la géc nhon a co cosa = 2—‘/-_-

in 17. 19: Cho tr diégn ABCD c6 BC=AD=a, AC=BD=b,AB=CD=c¢
) cac goc o la géc gitra BC va AD ; B 1a géc gira AC va BD ; y Ia géc
3 AB va CD. Chirng minh réng trong ba sb hang a’cosa , b’cosp
sy ¢ mot sé hang bang tdéng hai sé hang con lai.

' Hwéng dan gial

: BCBA = BC(BA - BD) = BCBA - BCBD

362 + BA? -cAz)-%(Bc" +BD? -CD?)

c? -2 ¢ -b?
2a* a®
Bu goc gitra BC va AD bang « thi:

xv': B
¥ : _b2| a
Jc_z hay a’cosa = |c2 —b2|

a C
g tw nhur trén, néu goi P 1a géc gitra AC va BD thi:

' cos(BC,DA) = 2

=>b’cosa=|a2-c2| va y Ia géc gilta AB va CD thi

- =>c?cosy =lb2 —azl.

\ b, ¢ 1a d dai clia BC, CA, AB, ta c6 thé xét a > b > ¢ thi
;azlcz-b", : b"’cosp=|a2—c2‘ : 2 cosy:lb"—azl

| trong trudng hop ndy ta c6 b’cosp = a’cosa + c’cosy

10c. Dat « 1a géce gilra cac vecto MN va BA f la géc gilra céc vecto
'. CD. Tim méi lién hé gitra AB va CD 0 = = 45°. 4

Huéng dén giai

-W AB thi NP // CD. Tir d6, gbc gitra MN va
ang géc glO'a MN va MP, d6 la géc PMN.

ita MN va CD bang goc gira MN va PN,
PNM .
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Vay hai géc trén bang nhau va bang 45° khi va chi khi:
MN = NP va MPN = 80°.

suyra SF AB -2 cDva AB L CD. Ma PA=kPC = AR K
CA AC PG
Vay didukiénla A2 - || va AB L CD.
cD

Bai toan 17. 21: Cho hinh chop S.ABCD c6 day |a hinh vubng, canh bén A
SB = SC = SD = b cung hop véi day goc 60°.Goi | 1a trung diém ciy o
Tinh géc hep béi dudng thang: S
a) SC voi mp(SBD) b) S| v&i mp(SAB).

Hwéng dén giai

a) Ha SO L mp(ABCD).
ViSA=SB=SC=8D
-5 OA = OB = OC = OD nén O Ia tam
ctia hinh vudng day, géc SCO = 60°.
Tacéd: SO LOC,BD LOC
— OC L mp(SBD) nén SO la hinh [ Nz
chiéu clia SC 1én mp(SBD). A J ¢
Tam giac vuéng SOC c6 géc C = 60° nén goc S = 30°.
Vay géc gitra dwong thing SC véi mp(SBD) bang 30°.

b) Goi | 1 trung diém ctia AB. Ta c6 IJ L AB ma SO L AB nén AB . mp(Sl
do @6 hinh chiéu clia dudng thing SI 1én mp(SAB) 1a duéng thang SJ

Hinh vuéng ABCD c6 duéng chéo AC = SA = 8B = bnén IJ = BC = :

by/3

tam giac déu SAC c6 duéng cao SO = - T
Goi ¢ 1a goc gira dudng thang Sl va SJ, tam giac vudng SOI:

b
n. Ol 22 1
2750 p/a V6
2

Bai toan 17. 22: Cho hinh chép S.ABCD c6 dy 1 hinh vuong canh a, SA L (A
Hai diém M va N I3n lrot thay ddi trén hai canh CB va CD, dat CM = x, CN ™
Tim hé thire lién hé gitra x va y dé:

a) Hai mat phdng (SAM) va (SAN) tao véi nhau goéc 45°,

b) Hai mat phang (SAM) va (SMN) vuéng géc v&i nhau.
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Cty TNHH MTV DWH Hhang Vigt
Hwéng dan giai
50 AM, AN cling vubng goc voi SA nén géc

on MAN la géc gitra hai mat phing (SAM)
SAN). Hai mat phang doé tao voi nhau

e 45° khi va chi khi MAN = 45°, N & CD.
BAM + DAN = 45°.
| = tan(BAM + DAN)

jg cong thirc cong va c6 tanBAM = ? ,

thi diéu kién can tim 1a:

3 b 4
"~ a
2a% + xy = 2a(x + y)

A L MN, (SAM) L (ABCD) nén: (SAM) L (SMN) khi va chi khi AMN =90°
#(a-x)’+x +y' =a’+(a-y)’c ay = x(a-x).

n 17. 23: Cho hai tam gidc ABC va BCD nam trong hai mat phang
§ goc voinhau, AC=AD=BC=BD=avaCD=2x.

ic dinh doan vudng géc chung ciia AB va CD.

e dinh x sao cho (ABC) vudng goc véi (ABD).
Hwéng dan giai

@ J 1an Iuot Ia trung diém cla AB va CD.

Jidc ACB can dinh C va IA = IB nén CI | AB.
gt DI L AB nén AB L(CID)
b ‘ 1 AB.

3) L AJ. v

(= B = Ja? _ x2 (a>x)= AB=,[2(a®-x?)

i (ABC) L (ABD) <> ClJ = 45°

2 .2
'ﬁc: Sk =x<:3x2=a’cx=¥.

2 2
17. 24: Cho hinh lang try tam gidc déu ABC.AB,C, v&i canh day
A va canh bén AA, = #. Goi O, Oy Ian lwot la tAm cia hai tam giac

goc gitra AO, va OB,.



10 trong iém b8i dudng hoc sinh giéi mén Todn 17 — Lé Hodnh Pho
Hwong dan giai
Chon hé co s¢AA1= a, AB = b, AC = c,

Goi « 1a gbc tao bdi hai dudng thing AO;
va 081

et e

g " |Ao,.0A1|
cosa = |cos(OA, o&)l ~TBE,

Vi lang tru tam giac déu nén :
AQ? = OB? = AA? + A O] =a’

va OA, =%(ﬂl‘+/® +ACy)= =%(3é+6+é)
6§1=%(Ké1+|§é1+€é1)=%(3£+26-é)
Do d6 : OA:.OB =%<3§ +b+c)3a+2b-c)

= %(9&2 +2b -b.c+2b.c —82) = %az. Vay cosa = %
Bai toan 17. 25: Cho hinh Iap phuong ABCD.A'B'C'D' ¢6 canh la a. Gol
va M 1an luot 1a trung diém cta AD, AB va CC'.
a) Tinh géc o gira hai mat phdng (ABCD) va (EFM).
b) Tinh dién tich S ctia thiét dién cat béi mat phéng (EFM).

Huwéng dén giai
a) Ta c6 giao tuyén clia (ABCD) va (EFM) la EF vudng goc voi AC nén
vudng goc IM.
¢ = MIC D ¢
a
tan¢g = M il [?.
IC 3a/2 3
4
1 1 9
cos® ¢ = B -
1+tan®y 4,2 11
9
oeyaidragii
VTR

b) Goi O, O' 14n Iugt 1a tam ctia cac hinh vubng ABCD va ABCD'. M Cét,
tai K. Puong thang qua K song song voi BD cit BB'va DD' tai P v@ a
dién & ngl giac EFPMQ.



g' |a dién tich hinh chiéu EFBCD cua thiét dién.

7a? 7a® V11 7211
RS = —= én S = ; = 3
c6: S 5 Scosg nén 3 "9 54

in 17. 26: Tu dién SABC c6 tam gidc ABC vuéng can dinh B va AC = 2a,
anh SA vubng goc véi mat phang (ABC) va SA = a.

khoang cach tir S dén duong thang BC.

H L SB. Tinh khodng cach ti¥ trung diém O clia AC dén duéng thing CH.
1 Hwéng dan giai $

5 SA L (ABC), AB L BC
EB L BC = d(S; BC) = SB.
" 0 ¢ ABC vuodng can tai B,

SAB vudng tai A.
1 SA* + AB’=a’+2a’ =32 SB=aJ3. M ¢
/BC L (SAB) = (SAB) L (SBC)

H L SB thi AH L (SBC). b

"'_trung diém clia OK // AH = OK 1 (SBC). t

5K L CH do d6 d(0: CH) = ok = AH

'_giac vudng SAB véi dudng cao AH ta co:

1 1 aV6

- LISR AH-— OK=8J—.
L AS? AB? 2a

; . 27: Hinh chép S.ABCD c6 déy 1a hinh vubng ABCD tam O canh
h SA vudng goc véi mat phéng (ABCD) va SA = a. Goi | Ia trung diém
inh SC va M Ia trung diém cla AB.

odng céch tir | dén (ABCD), dén dudng thang CM.
‘ Hwéng dan giai
SA L (ABCD) ma 10 // SA

O | (ABCD) nén

;d D = |O = = 3
) 5
CM) = IH
8 trung diém cla canh CD.
 giac vudng MHO va MNC déng

R



A 4L ™ B LA L A B " 28 LD ™ Lo M AL e et AR s o s
oy 2. 8 Bl oK _aJ’S—O.

nénIH =10+ OH" = 7+56-1—0-=9IH— 0

Bai toan 17. 28: Cho gbc vudng xOy va mét diém M nam ngoai mat p, 2
chira goc vudng. Khodng cé4ch tir M dén dinh O cia goc vudng bang o5
va khoang cach tir M téi hai canh Ox va Oy déu bang 17cm. Tinh k.
cach tir M dén mat phing (xOy) chira géc vudng. 9

Hwéng dan giai M

Ha MH L (Ox, Qy) thi d(M, (xOy)) = MH
Ha MA L Ox, MB L Oy
TacoHA L OAvaHB L OB ;
nén tir gidc OAHB |12 hinh ch® nhat.
Hon nira vi MA = MB nén HA = HB
nén OAHB Ia hinh vuéng
MH? = MO? - OH? = MA? — AH? 1 X
=23 -20A’=17-0A’ > OA’=240 o A
Do @6 MH? = 172 — 240 = 49 nén MH = 7cm.

Bai toan 17. 29: Cho tr dién OABC c6 OA, OB, OC dbi mét vudng aoc
nhau va OA = OB = OC = a. Goi | Ia trung diém cia BC. Xéac dinh va tinh

dai doan vubng géc chung cla cac cap dudong thang.

a) OAvaBC b) Al va OC.
Hwéng dén giai
a) Ta c6 Ol L BC, Ol 1 OA nén Ol la doan vuéng géc chung ctia OA va BC 0
_BC_af2 “
f kg
b) Goi K trung diém OB thi IK // OC nén OC //
mp(AKI). Ta ¢c6 CO L (OAB) nén IK L (OAB),
do d6 (OAB) L (AKI).
Ha OH L AK thi OH L (AKI).

VEHE /OCVGIE € Alvave EF/OHVOIF ¢
e OC thi EF |a doan vudng goc chung cla Al
va OC, EF = OH.

1 1 1

Trong tam giac vuéng OAK:

aVs

2
nén  OH?= 2 OH=2Y2
5 5

Bai toan 17. 30: Cho hinh chép S.ABCD c6 day |a hinh vuéng ABCD can”
¢é canh SA = x va vudng goc v&i mat phing day. Dung va tinh dé d
vudng géc chung clia cac dudng thang.
a)SBvaCD b) SC va BD; SC va AB.

v |



Hwéng dan giai
fa c6 BC L SA, AB nén BC L (SAB)

- BC 1 SB.

44 c¢6 BC L CD nén BC la doan vuéng

36¢ chung cia SB va CD, d(SB; CD) =
c=a
a.c6:BD L SA, AC

in BD L (SAC) tai 0. Ha OH L SC.

3c6 OH L SC va OH L BD nén OH I

vudng goc chung ctia BD va SC.

FOH_SA |\ oH= OCSA_aVa

S

e sC 3

¢6 AB // CD = AB // (SCD).

) L AD, SA nén CD L (SAD) = (SAD) L (SCD)

L SD thi AK L (SCD).Vé KE // CD, K & SC, vé EF // AK, F € AB thi
la doan vudng géc chung clia SC va AB.

e .. ASAD afa.. 2aJ5
¢6 EF = AK = = = ;
SD  /a? 442 5
@n 17. 31: Cho hinh Iap phwong ABCD.AB'C'D' ¢6 canh bing a. Tinh
dang cach gitra hai dudng thang:
AA' va DB' b) BC'vaCD'".
‘ Hwéng dén giai
% AA' I/ BB' = AA' I/ mp(BB', DD')
[d(AA"; DB') = d(AA', (BB', DD') = d(A: (BB', DD")

& DB)= 1ac= 82
2 2

86 CD' ndm trong mp(ACD) va BC'
| trong mp(A'BC"). Vi D va B' cach déu
\dinh cla 2 tam giac ddu ACD', ABC'
 DB' | (ACD), (A'BC') do d6 (ACD)

26 B'D céit hai mat phéng (ACD)
A'BC') I4n Iuot tai G, G' thi DG = GG' = G'B'

B .. DB a3
fco:BC) = == - 2=

N 17. 32: Cho hinh hop thoi ABCD.AB'C'D' 6 cac canh déu béng a va

D=BAA'=DAA'= 60°. Tinh khodng céch gia hai mat phing day
CD) va (A'B'C'D).

& TNHH MTV DVWH Hhang Vige



Hwéng dan giai
Tir gid thiét suy ra cac tam giac A'AD,
BAD. A'AB la cac tam giac can clng c6
géc & dinh bang 60° nén chung la cac
tam giac déu. Do d6 tir dién A'ABD la e
dién déu canh a, hinh chiéu clia A' trén
mp(ABCD) chinh la tam H cuia tam giac
déu ABD. Khoang céch gilra hai day la
A'H. Ta co:

2
AH? = AAZ — AH? = %— Vay AH = 559 .

Bai toan 17. 33: Tu dién SABC ¢o ABC |a tam giac vudng can dinh B, AB = a,
SA vubng goc voi (ABC)va SA = a \/5 . Goi (a) 18 mat trung trurc cia SB o
I3 trung diém ctia BC, A 1a dung thang qua O va vudng géc véi mat phing
ABC. Dung giao diém K ctia A va mat phang (). Tinh OK. i
Hwéng dén giai A
Goi M Ia trung diém ctia doan SB.
Dyng dudng cao AH clia tam giac SAB
rdi dung MF // HA, F € SA, ta dugc:
MF L SB.
Mat khac ta co: BC L (SAB) = BC L SB.
Dyng MN // BC, N e SC, thi: MN L SB
Suy ra () 1a mat phdng (MNF).
Vi A L (ABC) nén A /I AS. B _
Goi fp 1a mat phdng (SA, A). Trong (SBC) goi | 1a giao diém ctia MN va SO
thi: B ~ a = FI. Budng thdng Fl cat A tai K thi K chinh [a giao diém can
dyng cia A va a. :
Vi | 1 trung diém clia SO nén OK = SF '

Hai tam giac vuéng SMF va SAB dbng
dang nén ta co: ;
SF_SM_ . _SBSM -
SB SA SA
H
SB=ay3,SM= ‘—’?s-.sma 2.
Tacosr=3“f. vayox=§%‘/—5. 4 .

Bai toan 17. 34: Cho hinh hop ABCD.AB'C'D' ¢6 céc canh bang a, BAD= 6

BAA'=DAA' = 120°.
a) Tinh géc gilra cac cap duong théng AB véi A'D va AC' v&i AD.
b) Tinh dién tich cac hinh A'B'CD va ACC'A'.



Ctyr TNHH MTV DWH Khang Vigt
Hwéng dan giai
—ta HlGcec e o R B =D
cosd AB=xAD=yAA' =2 thi X =y =z =a?

AB // A'B' nén gbc gilra AB va A'D
hg goc A'B' va A'D, d6 la géc DA'B'
y 180° - DA'B'.

oaﬂ A D? + A'B* - 2A'D.A'B.cosa

y+z:oDB' =3a’-a’-a%+a%=2a°

9a® = 2% + 3a° - 2a.a/3 cosa = cosa = —
T 4 2 2

V3

. o a
66 AC'AD = (x z)y=—+a*-——=a’
: =(x+y+2)y >t >

ol [ 1
'|AC'|.|AD|cosp = a® => cosp = —— = ¢ = 45°
[Act[ao v

[ goc gitra AD va AC' bdng 45°.

op = AD.A'B'SINBA'B = a J:?.a.-‘/s—g-

f dién tich Spgcp = a°y2

LACC' = P thi AC? = AC? + CC*? - 2AC.CC' cosf’
"2

2a° = 32’ + a’ - 2a\/3.a.cosp = cosf = = = sinp = ~—

Js 3
f dién tich Sacca =AC.CC'sinf =a \/58? =g° \/5

in 17. 35: Cho hinh t& dién ABCD, | va K 1an luot Ja céc trung diém clia
Va CD. Mat phang (P) qua IK, cét BC tai E, cat AD tai F. Chirng minh

Néu BE = «BC thi AF = AD va BA EF,CD ddng phing.
déu IK L AB va IK L CD thi IK L EF tai trung diém O cua EF,

Y



10 trong ciém bh6i dudng hoc sinh gidi mén Todn 11 - Lé Hodnh PhS
Hm‘mgdlnglil i
Chon hé vecto co' s& : BC -=a,BD =b,BA = ¢

a)Tacé IE=IB+BE=-—-2-+ua.Dat AF=B.AD thi

IK = xlE+ylF@g %—%-—%+Xa£+%+yﬁ(5-é)

[ 1
Xou = —
A
¢<yB=§ <> qa=p nén AF=BAD=aAD
1
Y X ne 1 pRe==
5 > yp 2 2
Tacé:ﬁ:ﬁ+§i+ﬁ=—aé+é+a(ﬁ—é)

= a(b -a) + (1- a)c = «CD + (1- a)BA :dpem.
b) Ta ¢6' IKEF = |K'[aco' +(1- a)éK]

= olKCD +(1-a)KBA=0
Vay IK L EF tai O.
Vi1, O, K thing hang nén cé sé y sao cho : 10 = yIK
Vi E, O, F thdng hang nén cé sé z sao cho :
ZIE + (1- z)lF =10 = le

-

Ma |'é=-5+ua;u==E+mb-c)=-—+a(ﬁ-é)

nén z[—§+ué]+(1-z)l:—:-+a(5-a)]= 'y[-g-r%-%]

ma;+(1-z)as+(-?=+%-§-a+m]a=.;.a+.;.s_1a

o

2



Za =

N |~

Y

} _z = e

.(1 ) 2 Z=

Y

— T - 20 = —%
o+ Za

uy ra 10 = %(IE +IF) =>01a trung diém cia EF

oan 17. 36: Hinh chop S.ABQD c6 day la hinh vudng ABCD canh a va c6
@t bén SAD la tam gidc déu ndm trong mat phang vudng géc véi day. Goi
. P lan Iuot I3 trung diém ciia AD, AB, SB va goi K 1a giao diém cda B

(o] ung minh (CMF) vuéng géc voi (SIB) va tam giac BKF can.

Pung va tinh dé dai goan vudng géc chung clia AB va SD. Tinh khoang
ch gitra hai dudng thdng SA va CM.

Hwéng dan giai

B=AMBC (c.g.c) nén géc ABJ - BCM ma AB | BC.
ICM L Bl va c6 CM L SI, do d6 CM L (SIB).
{ (CMF) | (SIB) §
tam giac vubng BCM

aV5

oM = —— VaBKCM=BM.BC

T
e . T
2

2 tam giac vuéng SIB, BKF:

N 2 2
=SI%+ 1% = 3%5’% =222

}vubng goc chung ctia SD va AB la AE = %_3
A /I (CMF) nén d(SA; CM) = d(SA; (CMF))

"

#H | FK thi SH L (CMF). Do @6 (SA, CM)=SH, tacod:

® SF.sinSFH = SF.sinKFB = SF sinSB| - sa%:a—;@




Bai toan 17. 37: Hinh chép S.ABCD cé day la hinh vuéng ABCD canh a

canh bén déu bang a J3.
a) Tinh khodng céch tir S dén mét phdng (ABCD).
b) Xac dinh va tinh thiét dién cia hinh chop voi mat phang (P) qua A, VUbing
goc véi SC. Goi o la goc gitra AB va (P). Tinh sing. 3
Hwéng dan giai
a) Goi O la tam ctia hinh vudng ABCD thi SO la khodang cach tir S dén (ABCD)
2a® 10a° '

Ta cod: SO?=SC? - 0C? = 3a% - ST

Vay SO =

b) ViBD L (SAC)nén BD L SC.
Ha AC' L SC, AC' cét SO tai H va cét
SC tal C'. Trong (SBD), duwéng thdng
qua H va song song véi BD cét SB va
SD Ian luottai B'va D'
Ta co: BD' L SC nén SC L p(AB'C'D") I
va thiét dién can tim 1a t&r giac AB'C'D". A

avi10
¥

BD | (SAC)=>BD L AC'=BD LAC nénS= %AC‘.B‘D'.

' 2
Tacd: AC'= SOAC _ aVi5 -8C? = SA’ - AC? = _‘%_

sC
SC'SC  4a
SH = ~%a  \igD #BD nen:
SO Ji0
L] L] 2
BD'_SH_4_ o 4,5, vays= 20930
BD SO 5 3 15
Ha OK L (P) thi K thuoc AC'.
HaBF_L(P)thiBF=OK=CTC'=—a;/5
a3 i
Tacosincp=sinBTF=£=—6——=—3-.
BA a 6

= Dr

Bai toan 17. 38: Cho tir dién gan ddu ABCD c6 AB = CD = a, AD = BC pr

AC = BD = c. Dung va tinh @6 dai doan vudng géc chung clia 2 can’
AB, CD

Hwéng dan giai:
Goi M, N 14 trung diém AB, CD nén 2MN.AB = AD.AB - BCBA

510



. =%[(A02 +AB? - DB?) - (BC? + BA? - CA?)] =0

yd6 MN L AB. Twong ty MN L CD
. (AD+BC)y AD?+BC? + 2ADBC

id 4 4
AD? +BC? + (AC? + DB® - AB® - DC?)

; B

- 2 5.2 SRS OO le 2 1nd n2
+2: 2a” b Hfg a’ _Mn=./b +c2 a

n 17. 39: Cho tr dién ABCD goi |2 tr dién trwec tdm. khi cdc canh géi
) vudng géc voi nhau.

Ching minh cac ménh dé sau day Ia twong duong:
ABCD 12 tir dién truc tam,
IChan dudng cao clia tir dién ha tir mét dinh tring véi truc tam cia mat

+ CD? = AC? + BD? = AD? + BC?

shting minh rang bén duéng cao clia i dién truc tm ddng quy tai mot
n. Diém d6 goi la trrc tam cua i dién noi trén.

Hwéng dén giai

ing minh (i) < (i) A

AA' | (BCD) thi A' 1a hinh chiéu

A lén mp(BCD).

1AB 1 CD, AC 1 BD thi BA' L CD,

A" |a trirc tam tam giac BCD.

c lai, néu A' 1 tryc tam tam gide : *

D thi BA' L CD, tir 46 suy ra AB L CD. el

ong ty, ta cling c6 AC L BD.
ket qua trén, ta suy ra: dpem.
g minh (i) <> (iii). Ta co:

8.CD?=AC? +BD? <> AB” +(AD-AC F'=AC. +(AD — AB

2AC .AD =-2AD.AB < AD(AB - AC)=0

AD.CB =0 AD | BC.

ong ty: AC? + BD? = AD? + BC? «» DC L AB.

AB? + CD” = AD? + BC? <> DB L AC.

ABCD Ia t& dién tryc tam nén néu vé cac dudng cao AA' va BB' cia tir
N thi A', B' 1an luot 14 tryc tAm cla tam gidc BCD va ACD. Khi do BA',
3 CD dbng quy tai I. Nhuw vay AA', BB' 13 hai durdng cao clia tam giac
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ABI nén AA' va BB' cit nhau. Tuong ty, néu ké dudng cao CC' cla tr g,
thi ta ciing ¢6 AA', CC' cét nhau va BB', CC' cat nhau. Mat khac, AA' g
CC' khéng cung nam trong mét mat phang nén AA', BB', CC’ déng Quy ¢
mét diém. Tuong ty ta c6 AA', BB', DD' déng quy (DD' 1a dwong cao ¢y .
dién ABCD).
\Vay, khi ABCD Ia tr dién trerc tdm thi cac dudong cao AA', BB', CC'
ddng quy tai mot diém. :
Bai toan 17. 40: Mét t&r dién goi 12 gan déu néu cac canh dbi bang nhay 1.
doi moét.
a) Véi tir dién ABCD, chirng té cac tinh chét sau |a twong duong:
(i) T dién ABCD la gan déu ;
(ii) Cac doan thang néi trung diém céc cap canh ddi dién ddi mdt vudng goq
voi nhau ;
(iii) Cac trong tuyén (doan thang ndi dinh v&i trong tam mat déi dién) béng
nhau ,
(iv) Téng cac goc tai mi dinh béng 180° .
b) Chirng to hinh khai trién cla t& dién gan déu ABCD trén mp(BCD) lam
thanh maot tam giac nhon.
Hwéng dan giai
a) — Churng minh (i) <= (ii)
Goi M, N, P, Q, E, F 14n luot 1a trung diém cda AB, CD, BC, AD, AC, BD
(i) = (ii); Do AC = BD nén MPNQ Ia hinh thoi, vi
thé MN | PQ. Twong ty ta co MN L EF, PQ L EF.
(i) = (i); NQ 1a hinh binh hanh ma MN L PQ nén
MPNQ Ia hinh thoi, tic la MP = MQ, tir d6 AC = BD.
Tuong ty céd BC = AD, AB = CD. a

— Churng minh (i) <= (jii)

Goi A, B' 1an luot 14 trong tam cua cac A

tam giac BCD va ACD.

(i) = (ii): Ta c6 ABCD = AADC (c.cc)

nén BN = AN, tr d6AN=B'N. R "
Vay AAA'N = ABB'N (c.g.c), suy ra AA' = BB'

Twong ty ta co dpem. ¢ N

(jil) = (i): Do gia thiét ta c6 BB' = AA', ma AA' cét BB' tai G, AG = 3GA" 9‘:
= 3GB' nén BG = AG va GA' = GB'. C4c tam giac BGA' va AGB' bang """
nén BA' = AB', BN = AN.
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ng : BC? + BD® = 2BN? +

b AC* + AD? = BC? + BD? . A
hg t CA” + CB? = DA + DB?

ra AD = BC va AC = BD.

g tu ta co AB = CD. W

g minh (i) <= (iv) > -
(iv): Do sy bdng nhau clia cac tam \n@(/
ABC, CDA, BAD véi tam giac CDB

Aj
dng cac goc tai B bang 180°. Déi voi
inh con lai clng duoc ly luan twong
u trén.
(i): Trai cac mat ABC, ACD, ABD Ién mat phang (BCD).
hg cac goc tai B cling nhu tai C, tai D déu bing 180° nén cac bo ba
Ay .C,Az: A2, D, As;As, B, A lanhing bé ba diém thdng hang.
8y BC. CD, BD la ba dudng trung binh cla tam giac AAA; .
=A,C =CA; = CA Tuong tir AD = BC, CD = AB.

g minh trén thi ta cé hinh khai trién cda tir dién ABCD trén mat
ICD) la tam gidc AiAzA; .

_‘,minh tam giac AA;A; ¢ ba goc nhon.
8Y, xét tam giac A,AzA; ¢6 AC = A,C = AC; nén AA, L AA,
fw thi AA, , AA; , AA; d6i mt vudng goc.

AAZ = AAT + AAZ ; AAZ = AAZ + AAZ;
AAZ = AA? + AA,2
24 AN A

2
C* + AD? = 2AN® + o

R g 2,
A3 1 AAT + AAT > AA; |
i+ AA; > AN

nh ly ham s6 cosin cho tam giac AjAA;s = dpem..

¥. 41: Cho tam giac ABC. Tim tap hop cac diém M trong khéng gian
in mdi hé thire sau;

CM = CB.AM (1) b) MA? + MB? = 2MC?  (2)
Hwéng dén giai

\B(CB + BM) = CB(AB + BM)

BM = CB.BM < BM(AB - CB) =0

AC = 0> MB L AC.

D hop cac diém M la mét phéng di qua B va vudng goéc voi duong

A
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10 trong diém baI G ang hec sinh gio éan 10 — (& Hoonh Fho =

b) Goi G la trong tam va O |a tam duéng tron ngoai tiép tam giac ABC 3
c6:(2) <> (OM — OA)? + (OM — OB)? = 2(OM — OC)’
& OMP+OA?~20M .OA +OM'+ OB*~20M .0B= 20M” + 20C* - 40N

s - —— — -

< 20M(OA + OB —20C) =0 (viOA = OB = OC)
< 20M(OA + OB + OC -30C)=20M30G -30C)=0
< B0OM(0OG — OC) =0 ¢ OM.CG =0 & MO L CG.
Vay tap hop cac diém M 12 mat phdng di qua O va vudng goc véi g,
thang CG. 5

Bai toan 17. 42: Hinh chép S.ABCD c6 day ABCD la hinh vudng canh 3 g
vubng goéc véi (ABCD) va SA = a. Goi M Ia diém di dong trén doan cp
dat CM = x. Goi K 1a hinh chiéu ctia S trén BM. s
a) Tinh d$ dai doan SK theo a va x.
b) Tim tap hop cac diém K.

Hwéng dan giai ;

'\

\
|
‘ a) Ta co:
‘ Sama = lABMH = —1-32
2 2
| 2
| A= Dmwe 8
| BM /a2 %2
2 2
SKZ=SA?+ AK? > SK=a 2"2 L2
a° +x

b) AKB = 90° do d6 K & trén duéng tron dudng kinh AB trong mat phif
(ABCD). Mét khac vi M di dgng trén doan CD nén diém K luon luon naf
trong géc CBD. Do dé diém K & trén cung OB voi O la tam cua hi
vuong ABCD. _
Dao lai, ta chirng minh moi diém K thudc cung OB déu thoa dieu kien &8
bai toan. Vay tap hop cac diém K can tim la cung OB cla duong '8
dudng kinh AB trén mp(ABCD).

Bai toan 17. 43: Cho d [a mét dudng thing vudng géc voi mp(a) va cat
O. Gid st A 1a mot diém cé dinh trén d, B va C 1a hai diém di dong 11"
duéng thang d' ¢d dinh trén (o) va khong di qua O sao cho mp(B; d) - ff‘(
d). Goi A", B, C' I&n luot 1a chan cac dudng cao AA', BB, CC' clia MEY
a) Chirng minh A'B .A'C khong dbi, AB + AC* — BC? khong déi va tr¢ &
H ctia AABC ludn c6 dinh.

b) Tim tap hop cac diém B'va C'.
Hwéng dén giai

a) Vi AA' | BC nén OA' L BC.

(ct) fv




k Cty TNHH MTV DWH Hhong Vigt
,;gié thiét (B; d) L (C; d) va do («) L (C; d) 4

9% + OB?) + (AQ? + OC?) - (OB? + OC?) = 2A0% khéng dbi.

)& hinh chiéu cia B xudng mp(C; d) va BB' L AC nén OB' L AC

3 L mp(OBB') = AC L OH. M3t khac do BC L mp(OAA') nén BC | OH
1L mp(ABC) = OH L AA'. Vi tam giac vudng OAA' ¢6 dinh nén H ¢ dinh.

giém B', C' thudc mat phang cb dinh (A; d') va d&u nhin doan thing AH
ah duéi mét goc vubng nén ching déu thude dudng tron (C) dudng kinh
bng mat phang (A; d).

A' L BC nén BA va BH khong thé vuong goc voi AA' nén B' 2 A, H.
-""_! .C. Z A. H

Elai, lay B' < (C)\{A; H). Goi C = AB' N d' va B = HB' ~ d'. Ta phai
g minh: mp(C; d) L mp(B; d).

i@y do AC L BB', AC L OH nén AC L(OBB') = OB L AC.

31 OA = OB L mp(OAC) = mp(B; d) L mp(C; d).

d minh tuong ty ddi véi C'. Vay tap hop cac diém B', C' a duong tron
thai diém A, H va trong mat phéng (A; d')

47. 44: Cho tir dién ABCD va durérng thing d. Tim diém M thude d dé

19

A + 2MB? + 3MC? + 4MD? bé nhét.
Hwéng dén giai

} diém sao cho: 1A +2IB +3IC+4ID = 0
=146+ 3 ac+ 2D

5 10 5

L6 dinh. Ha IH L d thi H c6 dinh.

v 20 g g g

(= MA +2MB +3MC +4MD

BIA Y +2(MI + 1B Y+ 3(MI + (C )2+ 4(Mi + 1D

T+ 1A+ 2187 + 2IC7 + 4ID% + 2MI (1A +21B +3IC +4ID)
54 1A% + 21B? + 3I1C? + 4ID?

" + 1A% + 21B? + 3IC” + 4ID* khéng dbi.
Dé nhat khi M 1a hinh chiéu H cdia | Ién d.



Bai tap 17. 1: Cho t& dién ABCD c6 AB = AC = ADva BAC =60", BAD - 80
Goi | va J 13n lugt 14 trung didm ciia AB va CD. Ching minh rang : AR |
CcD,\J LABvall Ll CD. ’

Hwéng dan

Duing tich v& huéng, chirng minh ABCD =0, ABlJ=0,CDN=0.

Bai tap 17. 2: Cho tir dién ddu ABCD c6 tét ca cac canh bang nhau. Goi 1y
N 1An lugt 1a trung diém clia AB va CD. Lay cac diém |, J, K 1an luot th e
céc duong thing BC, AC, AD sao cho IB =KIC, JA =kJC, KA =KKD tropg
do k 1a sé cho truoc.

a) Chirng minh rang MN L IJ va MN L JK.
b) Chirng minh rang AB L CD.
Hwéng dan

a) Chirng minh tich vé huéng bang 0.

b) Chirng minh tich vé huéng bang 0.

Bai tap 17. 3: Cho hinh chép SABC 06 SA=SB=SC=AB=AC=avaBC =22
Tinh géc gitra hai dudng théng AB va SC.

Hwéng dén

ABSC

ABSC

Két qua goc gitra hai duong thing SC va AB bang 60° .

Dung tich vo huéng: cos(AB,SC) = cos(AB;SC) =

Bai tap 17. 4: Cho tr dién ABCD ¢6 CD = %AB. Goi |, J, K 1a trung diém ol

BC. AC, BD ma CD vuéng goc voi IJ va AB. Tinh jA—KB-
Hwéng dan
Két qua AB.S
JK 6

Bai tap 17. 5: Cho hinh I3p phuong ABCD.AB'C'D". Cac diém M, N lan U ?*.
chia cAc doan thing AD' va DB theo ciing ti sé k (k # 0, 1). Ching minh
a) MN [uén ludn song song Vo mp(A'D'BC)

b) Néuk = - % thi MN // A'C va MN L AD'va MN L DB.

Hwéng dan
Chon ¢co' s& AA'-a, AB=b,AD=c



4 dién MN theo A'DA'B

';' g minh cung phuong.

80 17. 6: T dién OABC c¢6 cac canh OA=0B =0OC = a va AOB = AOC
30°, BOC = 90°.

Chirng minh tam gi4c ABC Ia tam gi4c vuéng.

shirng minh ring OA | BC va néu goi I, J Ian lvot 14 trung diém cua OA,
thi IJ L OAva IJ L BC. Tinh doan IJ.

: Hwéng din

shirng minh BC® = AB? + AC?

) _ av2
qua |J = 5

3y vubng géc véi mp(ABC) va & cling phia adi véi (ABC), Ian luot Iy
fiém A' va C' sao cho AA' = 2a, CC' = x. Xac dinh x sao cho:

=90°. Tinh géc gitra hai mat phing (ABC) va (A'BC").
Hwéng dan
x=0;
X =4a cosp = % :

17. 8: Tir dién SABC c6 ABC Ia tam gidc vudng can dinh B, AB = a,
idng goc voi (ABC), SA = a. Goi (a) Ia mét phang di qua trung didm M
AB va vudng goc voi SB. Tinh dién tich cla thiét dién cat bdi mat

: Hwéng ddn

hang (o) di qua trung diém M cla AB va vudng géc véi SB nén song
2

V6i BC. Kétqua s - 5°32‘[5.

17. 9: Cho tam giac ABC vuéng tai C. Trén nira dwdng thing At vudng
Oi mat phdng (ABC) ta &y mét diém S di dong. Goi H va K Ian Iuot 1a
Bhiéu vudng goc ciia A trén SB va SC.

) tap hop cac diém H va K.

ing minh réng dwdng thang HK di qua mét diém cb dinh.

Hwéng din

Ua Tap hop cac diém K Ia nira dudng tron (L,) dwéng kinh AC ndm
mat phang (C, At) va nam vé phia nira dwdng thing At, trir diém C.
IOp cac diém H 1a nira dudng tron dudng kinh AB ndm trong mat
| (B; At) va ndam vé phia nira duéng thang At, trir diém B.

44 | 13 giao diém cla BC va HK.
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Bai tap 17. 10: Cho hinh Iap phuvong ABCD A'B'C'D' canh a. Tinh:
a) Khoang cach tir A dén mp(A'BD).
b) Khodng cach tir A", B, C, D' én dudng thang AC'.
Hwéng din
a) Hinh chiéu A |&n mp(A'BD) la trirc tdm H cda tam giac A'BD

K&t qua d(A: (A'BD)) = “‘—33

b) Két qua khodng cach tir A', B, C, D' dén AC' ddu bling a—:- .

Bai tap 17. 11: Cho hinh lang tru ABC.A'B'C' ¢6 tat ca cac canh déu gy,
Goc tao béi canh bén va mat phang day béng 30°. Hinh chiéu H cia g,
trén mat phang (A'B'C') thudc duéng thing B'C'.

a) Tinh khodng cach giira hai mat phang day.
b) Chirng minh AA' va B'C' vudng géc, tinh khoang cach gitra ching
Hwéng dan
a) Hinh chiéu H clia diém A trén mat phang (A'B'C!) 1 trung diém B'C’

Két qua AH = -3

ay/3

b) Két qua HK = -4—3

Bai tap 17. 12: Cho tir dién ABCD. Tim diém M thuéc mp(ABC) sao cho
a) | 4MA + 2MB + MC - 6MD | nhd nhét.
b) 2MA? + 4MB? + 5MC? - 2014MD? nhé nhét.
Hwéng dan

a) Két qua M 1a hinh chiéu ctia didm |12 diém sao cho 4IA + 2B +IC 6ID 2
I&n mat phdng (ABC).
b) Két qua M Ja hinh chiéu clia diém E 1a diém sao cho

2EA + 4EB + 5EC — 2014ED = 0 |én mat phdng (ABC).
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wvén ¢ 1s: THE TICH KHOI DA DIEN VA KHOI CAU

4

N THUC TRONG TAM

b tich cuia khéi da dién

& tich cua khéi lang try bang tich sé cla dién tich mat day va chidu cao
y khoéi lang tru d6: V =S4 h.

b tich clia mdt khéi hop chir nhat bing tich sé cla ba kich thude: V = abe.

§ tich ctia mét khéi chop bang mét phdn ba tich sé'cta dién tich mat day

cao cla khéi chop dé: V = % Sa. h.

tich khéi chop cut V = % (S+ S8 +8)h.

ién hay hinh chop tam giac cé 4 cach chon dinh.

‘ n ndi tiép hinh hop, tir dién gdn déu (co 3 cap canh déi bang nhau)
j; p hinh hép chir nhat va tir dién déu ndi tiép hinh 1ap phuong.
toan céc dai lugng, néu can thi dat &n rdi tim phuong trinh d@é gidi

0
‘:1 0.

nh dién tich, thé tich co khi ta tinh gién tiép bing cach chia nhd cac
hodc 4y phan Ion hon trr di cac phan du hodc ding ti sé dién tich, ti sé
4+ S(AB'C') AB' AC'  V(SA'B'C) SA' SB' SC'

* S(ABC) AB AC ' V(SABC) SA SB SC

va khéi ciu

op céac diém trong khéng gian, cach diém O cé dinh mét khodng R
A;. d0i goi la mat cdu c6 tam 1a O va ban kinh bang R. Ki hiéu 13 S(O; R):
R)={M | OM =R}

U ban kinh R c6 dién tich 1a; S = 4rR?

Bau ban kinh R co thé tich la: V = %nR’.

frong doi gira mat cdu va dudng thang, mat phang: dya vao so sénh
Inh R va khodng cach d tir tam mat cdu O dén duong thing, mat
§ twong (ing. Néu d < R thi mp cat mat ciu theo dudng tron giao
€O tam 1a hinh chiéu O Ién mp, ban kinh r = vR? - d?

r m A ndm ngoai mat cAu S(O; R), ¢6 vo sé tiép tuyén véi mat cAu,
@an thdng ndi A véi cac tiép diém déu bing nhau.
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T g oSN DO GO TG S R e
Mat cAu ngoai tiép, néi tiép hinh da dién :

— Mt cAu di qua moi dinh ctia hinh da dién goi 1 m&t cau ngoai tiép b,
dién va hinh da dién goi la ndi tiép mat cau do. h
Pidu kién can va da dé mot hinh chép cé mat cau ngoai tiép 1a day ¢,
chép d6 c6 dudng trén ngoai tiép. h

~ Diéu kién cAn va da d& mot hinh lang try cé mat cdu ngoai tiép 13 1, .
dirng va day cla hinh Iang tru 6 cé duéng trén ngoai tiép. g
Xac dinh tam O cta mét ciu ngoai tiép hinh chop S.AAz. A, co day |34
gidc noi tiép duong tron (C), goi A la tryc cla dudng tron do va gq) g
giao diém cla A véi mat phéng trung trirc cla moét canh bén, ching
canh SA, thi OS = OA, = OA, = ... = OA, nén O Ia tam mt cau ngoai tiép

~ Mat chu tiép xac véi moi mat clia hinh da dién goi 1a mat cau noi tiép p,
da dién va hinh da dién goi Ia ngoai tiép mat céu do. i
Xac dinh tam | clia mat cAu ndi tiép khdi da dién. Véi 2 mat song song
thudc mat phang song song cach.déu, véi 2 mat phang cat nhau thi | iy
mat phan giac (chira giao tuyén va qua mét dudng phéan giac cla goe
bi 2 duwdng thing Ian lugt thudc 2 mat phang, vudng goc voi giao tuyén),

Chay:

1) Vi hinh chép déu, lng try déu thi st dung truc cda hinh khéi.

2) Néu khéi da dién c6 méat cau ndi tiép thi ban kinh r = -gl

P
3) Bai toan cye tri co thé dung bét déng thirc co ban va dao ham.

2. CAC BAI TOAN
Bai toan 18. 1: Tinh thé tich cla khéi tam mat déu cé canh bang a.
Hwéng dan giai
Ta phan chia khéi tam méat déu canh a vdi
cac dinh 13 A, B, C, D, E, F thanh hai khéi
chép t gidc déu A.BCDE va F.BCDE . Vi
hai khéi chép d6 bang nhau nén c6 thé tich
bdng nhau, do d6 thé tich V clia khéi tam
méat déu bing hai I1an thé tich Vy clia khéi  £===""
chép A.BCDE.
Vi BCDE 12 hinh vuéng canh a véi tam O va
tam giac ABD 14 tam giac vuong can dinh A

6

Ry e 1
nén: V, = §SacOE.AO =5a2.a 3

TéE

Suy ra khéi tam mat déu c6 thé tich 1a: V = 2V, = a°

m|,%,

o



n 18. 2: Cho khéi lang try t& gidc déu ABCD.A,B,C:D; ¢ khoang céch
jtra hai duéng thang AB va A,D bang 2 va d9 dai duong chéo cla mat

pén bang 5.

) Ha AK L A,D (K € A;D). Chirng minh ring: AK = 2.

) Tinh thé tich khéi lang try ABCD.A,B,C,D,. B, é

Hwéng dén giai P

B/ AB, = AB// (AB,D) )

> d(A, (A1BiD)) = d(AB, A;D)

aco AB; L (AAD;D)= A,B, L AK.

Etkhac: A\D L AK = AK L (AB,D) SN AC
by AK = d(A, (ABD)) = d(AB, A\D) = 2. A

& tam giac vudng A;AD, ta c6: AK? = A,K KD 2

BAK=Xx=4=x5-x) >x*-5x+4=0=>x=1hodcx=4.

gix =1, AD = VAK® + KD? = 2/5, AA, = JAD? - AD? - /5

186V, =205

i x =4, twong tu taco : VABCDAM:‘D _10\/_

n 18. 3: Cho hinh hop ABCD.A'B'C'D' c6 thé tich V. Hay tinh thé tich

i dién ACB'D'
Hwéng dan giai
€ tir dién BACB', C'B'CD', DD'AC,

B'D' déu c6 thé tich bang %

‘z.

D,

R gy RS

3 Ve M
: Vacgo =V -4.— = — B c
ACB'D 6 3

18. 4: Cho khéi hép ABCD.AB,C,D, cb tat ca cac canh bang nhau va
ga, AAB=BAD=AAD =a(0°<a<90%, Haytinh thé tich ciia khdi hp.
Hwéng dan giai

AH LAC (H € AC) B, C

N giac A,BD can (do A,B = A,D)
'raBD L A,O.

e



AH AK _ AK _ cose nen cosg= S22

o
coSs —
2

(0 8
CO8P-COS 2 AR, AH  AA,

2
. co a
—~ AH=asinp=a [1-222 % _ \/coszg-cosza
cos’®  cos?

| i)

- ABAD.sina.AH = 2a° sin% \/cosz % -cos’a .

VABCDA,B,C,D,

Bai toan 18. 5: Cho khéi lang tru ding ABC.A'B'C' c6 day la tam giac A,
vubng tai A, AC = b, ACB = 60°. Buéng thdng BC' tao véi mp(AA'C'C) iy
g6c 30°. Tinh d0 dai doan thang AC' va thé tich khéi lang tru da cho.

Hwéng dan giai
Tacé BA L AC, BA L AA'nén BA L (ACC'A"). C
Vay AC' 1a hinh chiéu cta BC' trén mp(ACC'A"). :
Do d6 géc BC'A bang 30° nén:

AC' = ABcot30° = ACtan60°cot30° = by/3 .3 = 3b.
Taco: CC?=AC?-AC?= 8b°
Do dé CC' = 2b+/2.

V =Sh= %AB.AC.CC'

- %bJﬁ.b.ZbJE -p°V6.

Bai toan 18. 6: Cho khdi lang try dirng ABC.A'B'C' cé dién tich day bang S va
AA' = h. M6t mat phang (P) cét cac canh AA', BB', CC' an Iuot tai A, B, va
C, BiétAA,=2a,BB;=b,CC,=c.

a) Tinh thé tich hai phan cua khéi lang tru dugc chia bdi mp (P).
b) Véi diéu kién nao cla a, b, ¢ thi thé tich hai phan d6 bang nhau.

Huwéng dan giai

a)Taco: Vagoape, = Vasnec + Vascce,

A

1 1
= -583 + ESECC‘B‘d(Al(BCC'B‘))

1 ™I
B — s BC. >
3aS+ 3_2(b+c) C.d(A,BC)

%aS+%(b+c)S=%(a+b+c)S

\'/

AB{CLABC' 7

VA,a,c,,A'a-c- - ABC.AB,C,
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vk s AIMA A AA A A L A e A",

= Sh—-;—(a+b+c)S=%(3h—a—b—c)S

iéu kién V. r8c; = Vape,aec

e S(a+br)S= JShes2@+bec)=3n
jodn 18. 7: Cho hinh Iang tru tam gic ddu ABC. A'B'C' c6 t4t ¢4 cac canh

u béng d. Hay tinh:
) Khoang cach tir diém A t6i duong thing B'C va goc hop bdi hai duwong
éng A'B va B'C.

I Thé tich i dién ABB'C va khodng cach gitra hai duéng thing AB va BC
Hwéng dan giai ,
 giac AB'C |a tam giac can <

AH . B'C = AC B .

[dV2 =d.8'
PAn= B1_VBC?1c? _ diis RS o= =
' 2 V2 4 i

[AA'=a, AB=b , AC=¢ thibec =,t;, ]cl cos 60° =d§

]A'és'c'] :
ABBC 4
. . 1d® dy3 d*\3

8C = Va gec — —

d6 cos(A'B, B'C) =

2R 12
la khoang cach gira hai dwéng thing A'B va B'C thi Vassc) =

: Va3 1 f (1)
i8.B'C.h.sing, suy ra: —— = —dv2.dv2h [1-| ~
ing, suy ra: =5 = 2dv2.dv2 \4J

dVs

40 ta tinh dugc: h = =5
in 18. 8: Cho khéi lang tru tam gidc ABC.A'B'C' c6 day la tam giac qéu
h a, diém A' cach déu ba diém A, B, C, canh bén AA' tao véi mat phang
mot géc 60°,

N thé tich va dién tich xung quanh clia hinh I&ng try.

§23



Hwéng dan giai
Goi O 14 tam ctia tam giac déu ABC. Vi A'A = AB = A'C
nén A'O L mp(ABC) A
Do dé A'AO = 60°. Ta c6:
A'O = AOtans0°

-h0V3 = 2 5 -0

Vay thé tich cén tim la:
A
a®\3 s a®J3
4 4
Vi BC L AO nén BC L AA' hay BC L BB'

nén BB'C'C l1a hinh chir nhat.Goi H la
trung diém cua AB. Ta co:

V= SAgc.A'O =

2
Sy = 2Saass + Sesce = 2AHAB + BB'BC = “f(ﬁi&).

Bai toan 18. 9: Tinh thé tich khéi tir dign ABCD c6 cac cap canh dbi bing
nhau: AB=CD=a,AC=BD=b AD=BC=c. ]
Huwéng dan giai A

Dyng tir dién APQR sao cho B, C, D ’
1&n lwot la trung diém cac canh QR,
RP, PQ.

Taco AD = BC = %PQ

»AQ= -;-PQmaDIétrungdiém

cla PQ => AQ L AP.
Tuong tu: AQ L AR, AR L AP.

1 i
Taco:V ==V = —
ABCD 4 APQR 4

Xét cac tam giac vudng APQ, AQR, ARP ta c6:
AP? + AQ? = 4c?, AQ? + AR? = 4a°, AR + AP? = 4b’

o AP = {2 a2 +b2+c2 ,AQ= v2./a? -b% +c?
AR = V2.4/a? + b2 -c?

Vay: Vasco = -;[——s—\f(fa"’ +b? +¢?).(a? -b? +c?)(@® +b* ).

3
Diic biét : Khi a=b=c thi tir dién 6&u Vasco = 31‘25 .

. % AP.AQAR

- s



joan 18. 10: Cho tir dién ABCD.

g minh Vasep = %AB.CD. d(AB,CD).sin(AB,CD)
Hwéng dan giai

@ co AA'/BC nén Vagep = Vasco

joi MN |a doan vuéng géc chung cla

Bva CDVv6oiM e AB, N e CD.

: M // CA' nén Veacp = Vmacco

aco: MN L AB nén MN L CA'. B

. 1 1 1 . 1 .
ach = — Sa: = — —CA'CD.sine.MN= —AB.CD.d.sinc.
0= 2 Sacomn 32 o 5 o

18. 11: Cho hinh chép tam gidc déu S.ABC, c6 do dai canh day bang
30i M va N Ian luot 1 céc trung diém cia cac canh SB va SC. Tinh theo

ién tich tam giac AMN, biét rAng mat phang (AMN) vuéng géc véi mat
ing (SBC).

5 Hwéng dén giai
'K 12 trung diém clia BC va | = SK ~ MN.

gia thiét suy ra MN = %BC = g, MN // BC, suy
4 trung diém cia SK va MN.

C) L (AMN) => Al 1 (SBC) = Al L SK. + ,

36 ASAK can tai A, suy ra SA = AK = %

2
6 SK* = SB? - BK? = %nén: Al = SA® —SP = af_o

3 1 a®\10
ESaun = —~MN.Al = dvdt).
| 2 16 VM

BN 18. 12: Cho t dién SABC c6 cac canh bén SA = SB = SC = d va
3= 120°, BSC =60°, ASC =90°. Tinh thé tich tr dién SABC.

_ Hwéng dén giai
'giac SBC déu nén BC =d.

o T4



10 trong: ng hoc sinh g

Tam giac SAB céan va goc ASB = 120°
nén SBA = SAB = 30° Goi H 13 trung
=

dv

n
w

diém clia ABtaco AH=BH =

—, AB=d"3.

Tam gidc SAC vudng tai S nén AC =d V2.
Tam giac ABC vudng tai C vi:

BC? + AC? =d? + 2d° = 3d* = AB®.

Vi SA = SB = SC nén hinh chiéu cla
dinh S xubng mat phang (ABC) phai
trung voi trung diém H cla doan AB.

2
ViASB=120°nénSH=—S—E=E.SABC=lBC.AC=d\/E
2 2 2 2
1 1dd2 d®V2
V. T - U =
SAEAI AR~ giplia 12 i

Bai toan 18. 13: Tinh thé tich hinh chop déu S.ABCD biét SA = b va goc gioa
mat bén va day bang «.
Huwong dén giai
Ha SH 1 (ABCD) thi H 1a tdm hinh vuéng ABCD. Goi M la trung diém BC thi
SM, HM | BC = SHM = «.Goi a la canh day. S
Trong tam giac vuéng SMB co:

ap° - a®

SM? =SB’ - MB’ =

Trong tam giac vuéng SMH co:

SM = HM 4 a |
cosu 2cosu

Do do: a° = cos’a(4b’ - a%)
2 _ 4b%cos’a
a T —

1+cos’a

nén a

2bcosayi+cos?a

1+ cos’a
. T
Trong tam giac SHM cé: SH = HM tanu = bsinayi+ cos’a
1+cos®a
b° sina. cos® a1 + cos? a

1 2_ 4
SuyraV= - SHa = —
3 3 (14 cos? a)?




18. 14: Cho hinh chép S.ABCD, day la nira luc giac déu AB = BC = CD

ta. Canh bén SA vudng goc voi day va SA=a /3.
Tinh thé tich hinh chop.

(Tim trén canh bén SB mét diém M khac B sao cho AMD = 90°. Mat phang
MD) cét hinh chép theo mot thiét dién, tinh dién tich thiét dién do.
Hwéng dan giai

5
%smo SA = —3 2aaf aVs - 38

g vecto voi he vecto co sé:
a,AD = b, AS =¢.

8t SM = . SB = a(AB - AS)=a(a - ¢)
BM0<a<1. Taco A ‘» D

= 8A - SM=-c —~a(a -c¢c)-aa +(a-1)c h ¢

(e6: AMD = 90° <> MA .MD =0

~a + (¢~ 1)c][-«a *+(a—1)c + b]=0

2 2022 0 ey 2 s =
8 —u@)+(a-1)3a"=0a’~a+(®=-2a+1)3=0

da* - 7u + 3= 0, chon a = 3

S

SM3
4

%6 SM = 3 SB nén M  doan SB sao cho oM

dién la hlnh thang AMND.

ﬂ-Q;MN 33 HaMH L AD.
'S8 4 2

H =pAD thi MH = AH — AM =fb —aa + (a—1)c
Mﬁ .AD =0 [Bb -ua +(u-1)é1 b=0

4a°) ~a(@’)+0= 0 e p(4a’) - —a =0 & [3=1—36-.
AH = = AD.Tacté MH =ib—§a—lc
4 4
AP OO - A 156a°
=|—b-—-a-—c| = —(36a° +144a° + 48a° - 72a°) = ——
(16 e 4°J feg T vithata )= 256

%Jms:%@

e L 2




2
Dién tich Sanp = %(AD+MN).MH= ‘; J39

Bai toan 18. 15: Cho hinh chép S ABCD c6 day ABCD 14 hinh thang vudng 1,
va D: AB = AD = 2a, CD = a; gobc gilra hai mat phang .(SBC) va (ABCD) b3
60°. Goi | 1a trung diém ctia canh AD. Biét hai mat phang (SBI) va (SCl) ¢,
vudng goc voi mat phing (ABCD), tinh thé tich khéi chop S.ABCD theo 4 "

Hwéng dén giai
Vi (SBI), (SCI) cuing vuéng goéc vori day nén SI L (ABCD).
Ha IK L BC thi SK L BC = SKI =60°. S

Ta ¢co Sasco = %(AB + DC) . AD = 3a°

2 2
Va Sag * Scoi = 3-2* = Sigc = 2:—' :

Tacé BC = (AB - CD)? + AD? = 6a°

Sa\fg Qaﬁ_s
= S|l=——

1
vaSge = =BCIK = IK=
1BC 5 = 5 5

3 e
Vay V= %smo. g1=22 ;15 .
Bai toan 18. 16: Cho hinh lap phuong ABCD.A'B'C'D' canh a. Goi M [a trung
diém ctia CD va N 13 trung diém ctia A'D". Tinh:
a) Thé tich khéi tr dién B'MC'N, goc va khodng cach gira hai duong thang
B'M va C'N.
b) Thé tich hai phan ctia khéi 1ap phuong bi phan chia boi mat phang di
qua B', M, N.
Huwéng dan giai
a) Xem tir dién B'MC'N a khéi chép dinh M
va day la tam giac B'C'N thi dién tich day

2
la % va duong cao la a, vay thé tich

~ a’
cuandlav=—.
6

- Goi M' 1a trung diém cla
C'D' thi B'M c6 hinh chiéu trén
mp(A'B'C'D') la B'M".
Tac6é B'M' L C'NnénB'M LC'N.

2
BM?=B'C?+ CC?+CM = 93— 5 B'M= 37

<L



, 2 2
' C.D-z + D'Nz = 82 + a = 5a = C'M:#
& tich tir dién B'MC'N:

= 1 B'M.C'N.d sin90°, trong d6 d Ia khoang cach gira B'M va C'N nén V =
6

8a av5 a*y/5 A 48\/—

,« B'N cét C'D' tai |, duwdng théng MI cét DD' tai E va cét CC' tai J. N
‘¢t BC tai K. Ta dugc thiét dién ctia hinh 18p phuong khi cét bai
(B'MN) 1a ngli gidc B'NEMK. Goi V, Ia thé tich phdn hinh hdp bj phan
@ co chira mém C,CvaD.

: 3, ED 3 28 ¢k 4

€6 Vi = Viemscr — Vienoy trong dé6 KCMB'C'l 1a mét khéi chép cut c6
yng cao la a va dién tich hai day 1a

‘ 1 aa_a
" a S = —CMCK WS s
i KCM > 2

e 82 2 32 2133
a a T = e—
3 16 16 8
2 3 4 3
.‘.s(m,.,,fso-=l,‘i'_.2_a=a_:> O
3 343 18 a8 18 144
S . 5583 89a3
| i w 144 144

in 18. 17: Hinh chép S.ABCD co6 day la hinh vuéng ABCD tam O cb
IAB = a. Budng cao SO cia hinh chép vubng gdc véi mat day (ABCD)

Ih thé tich hinh chép.
hh khodng céach gilra hai duwéng thang : AC va SD; SC va AB.
Hwéng dan giai S




Vi AB // CD nén AB // (SCD).

Goi |, K 14n Iuot 14 trung diém cla AB, CD thi ta c6 O 1a trung diém ¢
Do d6:

d(SC, AB) = d(AB, (SCD)) =d(l; (SCD)) = 2d(O; (SCD))

Ta cé CD L SO, OK nén CD L (SOK) = (SCD) L (SOK)

Ha OH L SK thi OH L (SCD) nén d(O; (SCD)) = OH

1 1 TR L a5
O 082 OK2 a® a°® a° 5
2a\5 *

Vay d(SC; AB) = e
Bai toan 18. 18:Hinh chép S.ABCD c6 day 1a hinh thoi ABCD tam |, cg

bang a va dudng chéo BD = a. Canh SC = %wdng goc v&i mat phia

(ABCD).

a) Tinh thé tich hinh chop.

b) Chirng minh (SAB) vubng géc (SAD).

Hwong dén giai
3

aVvs= —;— Sasco. SC = %.8.323 8\2/6 =a ;/5
b) Vi ABCD I hinh thoi nén BD L AC

ma BD L SC = BD L (SAC)

= BD 1 SA.

Trong mat phang (SAC) ha

IH L SA thi SA L (BDH).

Do d6 BH L SA va DH 1 SA nén gbc
gitra hai mat phang (SAB) va (SAD) la
géc giva hai dudng thing HB, HD.

Hai tam giac vuéng AHI va ACS c6 géc nhon A chung nén dbng dand

Do a8 b, BE Sy ARG
Al AS AS
Vi BD = a nén ABD Ia tam gidc ddu, do d6: AC = 2Al =a /3.
3ay2 a BD

SA= JAC? +SC? = =

Vay hai mat phang (SAB) va (SAC) vubng géc.
Bai todn 18. 19: Cho hinh chép S.ABC ¢6 SA = SB = a, ASB= 120", B
60°, CSA =90°. Tinh thé tich hinh chép.

= IH= B nén tam gidc BHD vuong &'

530



Hwéng dan giai
aia thiét suy ra AC = a 2

a, AB=a J3
AB® = AC? + BC?
lam giac ABC vuéng tai C.
SH L mp(ABC), do SA =SB = SC
HA = HB = HC ma AABC vubng tai B A
&n H 12 trung diém cla canh huyén

[a co:

9 1 11 a a’\2
Cl hinh chépV = ‘3— SA8C° SH = 5.5.5.8\/2_.'5— 12
| 18. 20: Cho khéi hop ABCD A'B'C'D'. Chimg minh réng sau trung
clia sau canh AB, BC, CC', C'D', D'A' va A'A ndm trén mét mat phing
it phdng do chia khéi hop thanh hai phan c6 thé tich bang nhau.

' Hwéng dén giai
y N, I, J. K, E lan luot Ia trung
plia cac canh AB, BC, CC', CD',
'A cia khéi hop ABCD.ABCD',
D |a giao diém cla cac duong
ta khéi hop.
ba duong thdng MN, El va KJ
)t song song va ching I4n luot di
| diém thang hang M, O, J nén
Ing thang d6 déng phang.

U diém M, N, |, J, K, E ciing ndm trén mét mat phing (c).Mat phéng
I8 khéi hop thanh hai khéi da dién, déi xing nhau qua didm O nén c6
) bang nhau.

'én SC va SB.

Mg minh rdng AH L SB va SB L (AHK).
1 thé tich khéi da dién ABCHK.

Huwéng dén giai
H 1 SC, AH L CB

AH | (SBC) = AH L SB.

L AK, suy ra SB L (AHK).




b) Tam giac SAB can & A nén SK = %sa.

Vous _SA SH SK_1SH_1SHSC 1 _ SA’
Voec SA'SC'SB 2'8C 2 sC*  2SA*+AC
_ 1 4a° 2 _5
" 24a% 1 4atc0s?30° 7 = Vascue =7 Vsanc

3 3
Ma Vs asc = %Smc.SA =2 :;[53 VascHk = Saz:@.

Bai toan 18. 22: Khéi chép S.ABCD co day la hinh binh hanh. Goi M 13 tne
didm SC. Mot mat phing («) di qua AM va song song vo&i BD chia ki gy
thanh hai phan. Tinh ti s6 thé tich hai phan dé.

Hwéng dén giai
Goi O la tam cla day ABCD, AM cat SO tai G
Vi G la trong tdm cta tam giac SAC nén g% = %
Mat khac mp(c) // BD nén s& cat mp(SBD) theo giao tuyén EF qua @

song song v&i BD (E € SB, F € SD), vi vay:
SE_SF_SG_2 S
sB SD SO 3

Vi EF // BD va OB = OD

Nén GE = GE, SAEM = SAFM-

Vay: Vsaewr L2 N Vaaem
Veasco Veasc SATERT

>4

_SASESM _21 1 B

o ——— — — T —— I —

SA'SB'SC 32 3 ]
Bai toan 18. 23: Cho diém M nim trong hinh tir dién déu ABCD. Chund &
ring tbng cac khodng céch tir M toi bén mét cia hinh tor dién 12 ME
khong phy thudc vao vi tri cla diém M. .
Hwéng dan giai
Goi h 1a chiéu cao va S la dién tich cac
mét t dién déu.
Goi Hy, Ha, Hs, Hq 130 luot 12 hinh chiéu
cta diém M trén cac mat phang (BCD),
(ACD), (ABD), (ABC). Khi d6 MH;, MH_,
MHs, MH, 14n lugt 1a khoang céch tir
didém M t6i cac mat phang dé. Ta cé:



Vmaco * Vmaco + Vmaso + Vmasc = Vasco.

1 1 1 1 1
8 1SMH; + ~SMH;+ ~SMH,= ~S.h
LS MH, + SMH; + ZSMH; + ZSMH = o

WH; + MH, + MH3 + MH, = h: Khéng aéi.

4n 18. 24: Cho tir dién ABCD co6 diém O Ia tdm mat cu ndi tiép, ban
s r . Goi ha, hg, he, hp 1an lugt 13 khodng céach tir cac didm A, B, C, D
cac mat déi dién.

1 1 1
— — e —
hg he hy
Hwéng dén giai
Wy dién ABCD dugc phan chia
h bon khéi t& dién OBCD, OCAD,

yng minh rdng b 155
r h,

D, OABC
Vo oco =L' Vo.cmzL
BVaeco M Vageo hs 5
gt Yossc _ T
he Vieco Mo
Nt Vﬁmﬂ[;i;g}
VABCD hA hB hc

118. 25: Cho tir dién ABCD. Tim tap hop céc diém M:
MA? + MB? + MC? + MD? = k?, k cho trudc.
Hwéng dan giai
J 12 trung diém canh AB, CD va G la trung diém 1J.
O MA? + MB® + MC? + MD? = k*
AB? CD? _
5=

1

R+ ) oM? + K2

2

a 2 2
*MJ2)=k2— AB +CD

2
GEJKMD_"
; 2 2

4
) < 0 thi tap diém |a @. Néu m = 0 thi tap diém 12 {G}
1> 0 thi tap diém Ia mat cAu tam G c6 ban kinh R = Jm
§¢: Sir dung hé thirc: GA + GB+GC+GD=0.

‘ 2 2
___l(kZ_u? _AB+CD] = m héng sé

£
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Bai toan 18. 26: Cho diém A & ngoai mat ciu S(O; R).
Ma&t mat phang bét ki di qua AO, cit méat cdu S(O; R) theo mét dug
(C). Goi AH 1a mét tiép tuyén clia durdng tron d6 tai H.
a) Chirng minh rng AH cling tiép xtic v&i mat cu tai diém H.
b) Ha HI vudng goc v6i OA tai |. Chirng minh rang | 18 diém c6 din, 1
phu thudc vao tiép tuyén AH. Suy ra quy tich cac tiép diém H. ‘

Hwéng dan giai

a) Vi AH Ia tiép tuyén cla duéng tron (C)
tai H nén khoang cach tir O t&¢i duwdng
thdng AH bing R, vay AH clng tiép
xUc véi mat cau tai H.

b) Vi HI lIa dudng cao cla tam giac vudng

R2

Ng fea

OHA nén OL.OA = OH? hay Ol =

(khéng ddi). Suy ra | 1a diém cb dinh va
do d6 H nam trén mp(P) vuéng géc voi
OA tai |.
Ngoai ra, vi H con ndm trén mat ciu S(O; R) nén H ndm trén dudng ity
giao tuyén ctia mat cau va mp(P). '
Bai toan 18. 27: Cho hinh chop S.ABCD c6 day 1a hinh chr nhat va SA vués
géc véi mat phang ddy. Goi B, C', D' Ian lugt la hinh chiéu vubng goc el
A trén SB, SC, SD. Chirng minh:
a) Cac diém A, B', C', D' déng phéng
b) Bay diém A, B, C, D, B', C', D' ndm trén mot mét cau.
Hwéng dan giai S
a) Tacé BC L (SAB), suyra BC L AB'". \
Ma AB' L SB nén AB' L (SBC), suy ra
AB' L SC.
Twong ty AD' L SC.
Do d6 SC L (AB'D")
Goi | 1a giao diém clia SO véi B'D', goi
C" |a giao cta Al v&i SC thi AC" thudc a %
(ABD)nén AC" L SC.vayC'=C"
Tir d6 A, B, C', D' cuing thudc mat phdng di qua A va vudng goc voi ©
Ia cac diém A, B', C', D' ddng phéng.
b) Theo gia thiét ta c6 AB L BC, AD L DC.
Theo chirng minh trén ta ¢6 AB' 1L BC, AD' L D'C, AC' L C'C. Tt ° g
d@iém A, B, C, D, B, C', D' ciing nhin doan AC dudi mot géc vuéng. 0
chiing cing thudc mat cdu duwéng kinh AC,
Bai toan 18. 28: Cho mét tr dién déu ABCD canh a. Mét mat cau (S) 1
v&i ba dudng thing AB, AC, AD 14n luet tai B, C va D.

sC.

Px:




Gty TNHH MTV DWH Hhang Vigt

Finh ban kinh R ctia mat cdu (S).
Uot mat cau (S') c6 ban kinh R’ < R, tiép xuc v&i mat cau (S) va cling
in cac duong thdng AD, AB, AC lam cac tiép tuyén. Tinh thé tich khéi

Hwéng din giai

O la tam clia mat cAu (S) thi OB = OC = OD
R va OBA, OCA, ODA la nhirng tam giac
ng tai cac dinh B, C, D. Goi H Ia giao diém

- avé _ av3d

D' 14 tam mat cAu (S') va D' 1 diém tidp xic cia (S) voi AD, cét ca hai
©au boi mat phdng (ADO) ta duoc hinh gém hai duéng tron tam O, tam
‘_:-xﬁc v&i nhau va cling tiép xuc voi AD tai D va D',
§ OD'_AO'_R'_AO-R-R A
. OD AO

+a® =

R AO
= \’R"’ ’iz.-g.az .—_—.3\/_5..
O 2 2

N 18. 29: Cho hinh chép S.ABC biét TAhg SA = a, SB = b
,-va ba canh SA, SB, SC d6i mét vudng géc

h dién tich mat ciu ngoai tiép

ing minh réng diém S, trong tam tam gisc ABC va tam mat cAu ngoai
6 thing hang. ¢

4

Hwéng dén giai
L 13 trung diém cla AB. Vi tam

SAB vuéng & S nén truc A 13

g thing vuéng goc véi mp(SAB)

Goi | 1a giao diém cla A va mat

) trung trrc clia doan thdng SC

ach déu bén diém S, A, B, C.

mat cdu ngoai tiép hinh chép

# €O tAm | va ¢ ban kinh R = |A.




? 2 2 2 2
Tach: RZ=1A2= 12+ Af = ( ) +(A—28] ::‘:‘:;‘:
Dién tich mat cu 1a: S = 4xR? = n(a’ + b* + ¢°)
b) Vi SC // 1J nén S| cét CJ tai m6t diém G va do SC = 21J nén CG = 2G
Vi CJ 14 trung tuyén ciia tam giac ABC nén G Ia trong tam tam giac ABc
= dpcm.

Bai toan 18. 30: Cho hinh chép S.ABC c6 SA = SB = SC = a, ASB= 60%

BSC =90°va CSA = 120°. X4c dinh tam va tinh ban kinh mét cau ngoai tié,
Hwéng dan gidi

TacoAB=a BC=a\2 vAAC=2a3 l

nén tam gidc ABC vudng & B.

Goi SH Ia duwéng cao cua hinh chop, do

SA = SB = SC nén HA = HB = HC suy

ra H |a trung diém clia canh AC. (
Tam mat cau thude truc SH.

Vi gbc HSA = 60° nén goi O la iém

déi xirng véi S qua diém H thi: OS = OA

= 0C = OB = a. Suy ra mét cdu ngoai <

iép hinh chép SABC c6 tm O va c6 i ko

bankinhR=a..
Bai toan 18. 31: Cho hinh chép t gidc déu S.ABCD c6 canh day bang a

canh bén bing a2,
a) Tinh thé tich cia hinh chép da cho.
b) Tinh dién tich mat cAu ngoai tiép hinh chép S.ABCD.
Hwéng dan giai
a) Tam giac SAC Ia tam gidc déu co canh
bang a J2 neén cé duong cao:

Jéaf
2

TacoSHIa dubng cao clia hinh chop

2 a 6 a’J—

3 T 6

b) Goi O Ia trong t4m clia tam gidc déu
SAC thi O Ia tam mat cAu ngoai tiép
hinh chép. Ban kinh mat cau la:

a6

R= OS--—SH-—- S=4nR%’=

nénVs=

8 a2




n 18. 32: Cho hinh chép tam giac déu SABC c6 dudng cao SO = 1 va
ah déy bang 26 . Didm M, N Ia trung diém ctia canh AC, AB twong trng.
':' thé tich hinh chop SAMN va ban kinh hinh cAu néi tiép hinh chép do.

Hwéng dan giai S
p ABC 12 tam giac déu nén:

= L AM.AN sin60° = 3‘/—

133 \/—

d6: Vaamn = — . —— 1~—
¢ SAMN 3 2

ABC Ia hinh chép déu nen O trung
am dudng tron ndi tiép tam giac

86 OM L AC, ON L AB va do SO L (ABC) nén ta suy ra SM L AC, SN L
:‘,"_» SM =
am giac vudéng AOM; SOM:

iATtan30° V6. ‘f = J2 =ON

’+SO"2+1=3=:SM=\/§.nen'

32 1

‘2AMSM-— So = SANSN = 3‘f

K 1a trung diém cta MN thi SK L MN.

@

3v

§=1+2J2+33.

3.33: Cho tir dign ABCDv6iAB=CD=¢, AC=BD=b,AD=BC=a.
ih ban kinh mat cdu ngoai tiép tur dién R.

b ban kinh hinh cAu noi tip: r =

Cty TNHH MTV DWH Hhang Vigt



