Chii dé 6: Chitng minh cdc duong thing dong quy
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CAC PHUONG PHAP THUONG DUQC SU DUNG

Cach 1. Loi dung dinh 1i vé cac duong dong quy trong tam giac

>
>

>
>

>

Str dung dinh li ba dwong cao cua tam giac dong quy tai mot diém

Stt dung dinh li ba dwong trung tuyén cua tam gidc dong quy tai mot diém. DBiém d6 goi
la trong tam cuia tam gidc.

Stt dung cac dinh 1i: 1.Ba duong phan giac cta tam gidc dong quy tai mot diém.

Giao diém ctia hai duong phan gidc ngoai nam trén duong phan giac trong ctia goc thi
ba.

Stt dung dinh li ba duong trung tryc ctia tam gidc dong quy tai mot diém.

Cach 2. Str dung tinh chat cic duong chéo cat nhau tai trung diém moi duong ctia ctia hinh
binh hanh, hinh chit nhat, hinh thoi, hinh vudng.

Cach 3. Lui vé quen thudc, chiing minh ba diém thang hang hoéc giao diém ctia hai duwong

nam trén duong thang thi ba.

Chiic cdc em hoc sinh hoc tdp tot!
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Bai tdp c6 gidi
St dung tinh chit cac dwong chéo cat nhau tai trung diém moi dwong ctia ctia hinh
binh hanh, hinh chit nhat, hinh thoi, hinh vuong.
Bai 1: Trén hinh vé bén, cho 4BCD 1a hinh binh hanh. Chting minh rang:
a) EFGH la hinh binh hanh.
b) Cac duong thfmg AC,BD,EF,GH dong quy.
Huéng dan giai
a) Chting minh rang EG = HF; EH = GF .

b) Goi O la giao diém ctua 4C va EF . Tt giac AECF A E B
cb AE =CF,AE / /CF nén la hinh binh hanh.. Suy ra 0

la trung di€ém cua AC,EF. H G

ABCD la hinh binh hanh, O 1a trung diém cua 4AC

nén O la trung diém cua BD. D F  C

EGHF la hinh binh hanh, O la trung diém ctua EF nén O la trung diém cta GH .
Vay AC,BD,EF,GH d6ng quy tai O.
Loi dung cic duong dong quy trong tam gidc: dong quy tai truc tam, trong tam, tam
duong tron noi tiép, tdm duong tron ngoai tiép tam gidc.
Bai 2: T mot diém C & ngoai duong tron (0) ké
cac tuyén CBA. Goi IJ la duwong kinh vudng goc
v6i AB. Céc duong thang CI,CJ theo thit ty cat
duong tron (0) tai M,N.Chtng minh rang
IN,JM, AB dong quy tai mot diém D.

Huéng dan giai
M thudc duong tron duong kinh 2/ nén
JMI =90° hay JM L CI

Twong tw IN LCJ
Tam giac CIJ ¢ 3 duong cao C4,JM,IN dong quy tai D.

Vay IN,JM, AB dbng quy tai mot diém D.
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Bai 3: Cho tam gidac ABC vuong ¢ A. Trén canh AC 1ay diém M, dung duong tron (O)
c6 duong kinh MC. duong thang BM cat duong tron (O) tai. D. duwong thang AD cat
duong tron (O) tai S.

1. Chttng minh ABCD la tt giac noi tiép.

2. Chttng minh CA 1a tia phan giac caa goc SCB.

3. Goi E 1a giao diém ctia BC véi duong tron (O). Chitng minh rang cac duong thang
BA, EM, CD dong quy.

4. Chttng minh DM la tia phan giac cua goc ADE.

5. Chting minh diém M la tam duwong tron ndi ti€p tam giac ADE.

Hudng dan giai

F
Hinh a Hinh b

1.Tacd CAB = 90° ( vi tam giac ABC vudng tai A); MDC = 90° ( goc ndi tiép chan nira
duong tron ) => CDB = 90° nhu vay D va A cuing nhin BC dudi mét goc bang 900 nén
A va D cling nam trén duong tron duong kinh BC => ABCD la tit gidc noi tiép.

2. ABCD la ttt gidc ndi ti€p => D, = C, (ndi ti€p cling chan cung AB).

D = C, = SM=EM=>C,= C, (hai gbc ndi tiép duong tron (O) chan hai cung bang
nhau) => CA la tia phan giadc cua géc SCB.

TH2 (Hinh b)

ABC = CME (cung phu ACB ); ABC = CDS (cungbu ADC )=> CME = CDS

=> CE=CS=SM =EM => SCM = ECM =>CA 12 tia phan giac ctia goc SCB.

3. Xét ACMB Ta co BALCM; CD 1L BM; ME 1 BC nhu vay BA, EM, CD la ba dwong cao
ctua tam giac CMB nén BA, EM, CD doéng quy.

4. Theo trén Ta ¢4 SM = EM => D, = D, => DM la tia phan giac ctia géc ADE.(1)
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5.Tacd MEC = 90° (ndi tiép chén nira duong tron (O)) => MEB = 90° .

Tt giac AMEB c6 MAB = 90° ; MEB = 90° => MAB + MEB = 180° ma day la hai goc
ddi nén t gidc AMEB noi tiép mot duong tron => 4, = B,

Tt giac ABCD la ti¢ gidc noi tiép => 4, = B, (ndi tiép cing chan cung CD)

=> 4 = 4, => AM la tia phan giac cta goc DAE (2)

Tt (1) va (2) ta 6 M la tam duong tron noi tiép tam giac ADE.

Bai 4: Cho duong tron (O) duong kinh AB. Trén doan thang OB 1ay diém H bat ki ( H

khéng trung O, B); trén duong thang vudng géc véi OB tai H, 1dy mot diém M & ngoai

duwong tron; MA va MB thit tu cat duong tron (O) tai Cva.  D. Goilla giao diém ctia

AD va BC.

1. Chting minh MCID la t& giac ndi tiép.

2. Chting minh cac dwong thang AD, BC, MH dong quy tai L.

3. Goi K la tam duong tron ngoai tiép t& giac MCID, Chiing minh KCOH la t& giac noi
Hudng dan giai M

1. BCA = BDA=90" (ndi tiép chan nira duong tron ) ...

=> MCI + IDM = 180° ma day la hai géc d6i ctia t giac

MCID nén MCID la t& giac noi tiép.

2. AD, MC, MH la ba duong cao cta tam giac BAM nén A o H

dong quy tai L.

3. Chi ra KCI la tam giac can, ttt d6

— e~ e~

CIK = HIB=CAB=ACO

ACO+0OCI = KCI +OCI =90° . Tt &6 chira OCK = 90° .... (tw chitng minh)

Bai 5: Cho tam giac nhon ABC ndi tiép duong tron (O;R). Tiép tuyén tai B va C cta
duong tron (O;R) cat nhau tai T, duwong thang AT cat dwong tron tai diém thit hai la D
khac A.

1.Chting minh rang A4BT” ABDT.

2. Chitng minh rang : AB.CD =BD.AC

3. Chttng minh rang hai duong phan giac géc BAC; BDC va duong thang BC dong
quy tai mot diém
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Hudng dan giai

1. Xét tam gidc ABT va tam giac BDT c¢:
BTD chung
BAT =TBD (g6c noi tiép va goc tao boi tiép
tuyén va day cting chan cung BD).
=> AABT" ABDT.(g-g)
2.C6 AABT” ABDT.(g-g)
=> ﬁ = ﬂ (1)
BD BT
Chtng minh dwoc AACT ” ACDT (g-g) Y
_ AC _AT (2) i o
CD CT
Tiép tuyén tai B va C cat nhau tai Tnén BT=CT  (3)

Tir (1), 2), 3) 6 2B A€ _ 4pcp=BD.AC
BD CD

3. Phan gidc géc BAC cat BC tai I, theo tinh chat phan giac trong tam giac ta co:
B _ 48
IC AC
Tt AB.CD =BD.AC => A8 _BD 1B _BD
AC CD IC CD
=> DI la phan giac géc BDC
Do d6 hai duong phan giac goc BAC va BDC va duong thang BC dong quy.
Bai 6: Cho ntra duong tron ( O) duong kinh AB. Vé 2 tiép tuyén Ax va By. Lay M trén
duong tron sao cho AM < BM. AM cét By tai F, BM cit Ax tai E.
a. Ching minh: 4B* = AE.BF

b. Tiép tuyén ctia dwong tron tai M cat AE, BF tai C va D. Chttng minh C va D la trung
diém caa AE va BF.

c. Chting minh c4c duong thang AB, CD, EF dong quy.

Hudng dan giai
a. Ta c6 AMB=90° (g6c noi tiép chan ntra duwong tron) = AM L BE
Xét AEAB va AABF co:

EAB=ABF ; AEB = FAB (cung phu voi EAM )
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Suy ra AEAB ~ AABF ( g.g)

_, AB_AE _ \B:_ AE.BF "
BE AB

b. CA =CM va CO la tia phan giac
ctia ACM

= AAMC can tai C va CO la duong cao = COLAM

Do dé trong AABE c6 OA=0OB, OC//BE nén CA=CE. = A o B

c. Goi giao diém ctia AB va EF 1a S. Ta sé chiing minh
S, C, D thang hang.

Gia st SC cit BF tai D’. Vi AE // BF nén theo dinh li Ta-let, cé:

£:221 = D’ la trung diém caa BF
CE DF

=D trtung véi D’ hay S, C, D thang hang.
Vay ba duong thang AB, EF, CD dong quy tai S.

Bai 7: Cho tam giac ABC ¢6 ba goc nhon ndi ti€p trong dwong tron (O;R). H 1a truc
tam ctia tam gidc ABC . V€ duong kinh AD ctia duong tron (0); vé OM L BC tai M.

a) Chtng minh rang OM = %AH

b) Goi G la trong tdm ctia tam gidc ABC . Chting minh rang H,G,0 thang hang va
HG =2GO.

¢) Goi B’ lan luot 1a trung diém ctia cic can CA, AB. Duong thang d, qua M song
song v6i 04, dwdong thang d, qua B’ song song vdi OB, duong thang d, qua ¢’
song song voi OC.
Chitng minh rang cac dwong thang d,d,,d, déng qui.

Huwdng dan giai

a) HB 1L AC (H latructam cua AABC)
AD 1a dwong kinh nén ACD =90 BH 1 AC,DC 1 AC
= BH || DC
Chtng minh twong tw co: CH || DB
Do d6 tt gidc BHCD la hinh binh hanh
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Tacé: 0’4 L BC
= M la trung di€m cua HD

OM la duong trung binh cia AAHD nén OM = %AH

b) AABC c6 AM la dwong trung tuyén, ¢ thudc doan thang AM va AG = %AM nén

G la trong tdm cua tam giac AHD . HO la duong trung tuyén nén HO di qua G va

HG =2G0
Goi N la giao diém cua d, voi AH
AHAD ¢6 MN || AD, M la trung di€ém cua HD

= N la trung diém ctia AH

Ta c6: NH = OM(= %AH),NH | OM

Do d6 #NOM la hinh binh hanh.

= d di qua trung di€ém I cua OH
Chiing minh twong tur 6 d,,d, di qua I
Vay cac dwong thang d,,d,,d, dong quy

Bai 8: Trén cac canh AB,BC cua tam gidc ABC dung ra phia ngoai tam gidc cac hinh
vudng ACAA, va BCB B,. Chtiing minh rang cdc duong thang 4B, A B, A B, dong quy.

Huéng dan giai ad
Trwong hop 1: C=90". RS rang AB,AB,AB, dong quy tai C. 4, c
Trwong hop 2: C = 90' B,
Cac duong tron ngoai ti€p hinh vudng ACA A, va BCB,B,
Co diém chung c sé cat nhau tai M (khéc C) “ 4 <

Ta cé: AMA, = 45° (gbc ndi tiép chan cung mot phan tu dwong tron)

AMC = A/QE — 90" (g6c ndi tiép chan nira dueong tron)
Tuong tu: 6’]\,/./51 = 45"

Vi tia MA, nam gitta hai tia M4 va MC tia MC nam gifta hai tia MB va MA,

nén AMA, + AMC + CMB, = 45° + 90" + 45" = 180"
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hay 4, M,B thang hang.

Chtng minh twong tw A,M,B va A, M,B, théng hang
Vay AB,AB va AB, cung di qua M

Hay AB,AB va AB, dong quy.

Bai 9: Cho duong tron (O;R), dwong kinh BC, 4 la diém trén duong tron (4 khac B
va C).Ké 4H vudng gbéc voi BC (H thudc BC). DPuong tron tam / duong kinh 44
cit AB,AC va duong tron (0) tai D,E,F

a) Chirng minh t&t giac BDEC ngi tiép

b) Chitng minh 04 vudng goc voi DE

¢) Chiing minh cac dwong thang 4F,DE,BC dong quy

d) Cho biét sd 4B = 60°. Tinh theo R dién tich t& giac BDEC

Hudng dan giai

A

a) Chitng minh tir gidc BDEC ngi tiép:

Ta c6: ADH = AEH =90° (gdc ndi tiép chén nira duong tron)
Ta lai c6: ADE = AHE (g6c noi tiép cting chan cung AE )
AHE = ACB (ctng phu véi EHC )

Vay tt gidc BDEC noi tiép (gdc ngoai tai mot dinh bang géc trong ctia dinh d6i dién)
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b) Chitng minh OA L DE:

Ta cd: AOAB cantai O (O4=0B=R)

— OAB =0OBA.Ma OBA+ ACB =90° (A4ABC vuong tai 4)
AHE = ACB

= OAB + ADE =90° hay O4 L DE

¢) Chitng minh cdc dwong thing AF,DE,BC dong quy:
Goi S la giao diém cta AF va BC

ASAO co: AH 1 BC (gt)

OI L A4S (tinh chat dwong ndi tam ctia 2 dtr cat nhau)
= SI 1 04 (duong cao thit ba trong ASAO0)

Ma 04 1 DE (cau b)

= §,D,1,E thang hang hay duong thang DE qua §.
Vay cac duong thang 4F,DE,BC déng quy

d) Tinh theo R dién tich ti¥ gidc BDEC:

—  sdAB _60°

Ta cé: AABC vudng tai A, ACB = 5 =30°
AB = BC.sin30° = 2R%= R; AC = BC.cos 30° = 2R.§ —R3

ABAC RR\3 R3
BC 2R 2

AH.BC =AB.AC = AH =

Ta lai c6: AADE dong dang A4ACB
2 2 2
S s (Bcj (Bcj 2R ( 4R ) 16
- = = = = g
S.,. \DE AH RSB | \RSB) 3
2

Sucs _ Save _ Sucs = Suve _ Swec _ _ 138,05, _13 ABAC _13 RRV3 _13R’\3

16 3 16=3 13 BDEC T 16 16 2 16 2 32
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Bai 10: Cho tam gidc ABC vuodng tai 4,7 la mot diém trén canh AC . Duong tron duwong
kinh IC cit BC & E vacit BI 6 D.

a) Ching minh t& gidc 4BCD ndi ti€p duoc trong dwong tron.
b) Chitng minh DB la phan giac cia goc ADE .
c) Chiing minh / 1a tam duong tron noi ti€p tam giac 4DE .
d) Chting minh 4B,CD,El d6ng qui.

Hudng dan giai
a) Chitng minh t& gidc 4BCD noi ti€p duogc trong duong tron.
Ta co
BDC =90° (gbc ndi tiép chin nira dwong tron).
CAB =90° ( tam gidc ABCvudng tai A4).

Mat khac hai dinh D, 4 cung nhin BC duwdi mot goc D
90°.

Vay t& giac ABCD noi ti€p duoc trong duong tron.

b) Chttng minh DB la phan gidc ctia goc ADE . K A
Do tit giac ABCD noi ti€p duwoc trong duong tron.

Nén 4ADB = ACB (cung chin cung 4B).

IDE = ACB (cung chin cung IE cia dudng tron dudng kinh IC).
= ADB = BDE.

Vay DB la phan giac ctia goc ADE .

c) Chiing minh /7 1a tam duong tron noi ti€p tam giac 4ADE .
Chtng minh dwoc t& gidc ABEI ndi ti€p duoc trong duong tron.
= CAE = CBD (cung chin cung IE).

Mt khac vi t& gidc 4BCD ndi tiép duoc trong duong tron.
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Nén CAD = CBD (cing chan cung CD).

= CAE = CAD => AC 12 phan gidc ctia géc DAE.

Ma DB cat AC tai I.Do d6 I la tim dudng tron ndi tiép tam giadc ADE .

d) Chiing minh 4B,CD, EI dong qui.

Goi K la giao diém cua 4B va CD.

Ta c6 BDC =90° (g6c noi tiép chan ntra dwong tron) = BD L KC.

CAB =90° ( tam gidc ABC vudng tai 4)=>CA L KB.

ACKB c6BDva CA la hai duong cao cit nhau tai 7 nén 7 1a trwee tAm ctia ACKB
= KE la duong cao ctia ACKB = KE 1 BC(1).

Mt khéc IEC =90° (g6c ndi tiép chdn nira dudng tron) = IE L CE = IE 1 BC(2).
Tt (1),(2) suyra E,I.K théng hang.

Vay AB,CD,El dong qui tai K.

Bai 11: Cho tam giac 4BC vuodng tai 4. Trén canh AC ldy diém M khong trung véi 4
va C.Vé duong tron duong kinh MC, cat canh BC tai D. Cac duong thang BM va

AD Tan luot cat duong tron tai cac diém E, F . Chitng minh rang;
a) AABC » ADMC . Suy ra AB.MC =BC.DM .

b) Cac t& gidc ABDM va AECB ndi tiép

c) AB//EF .

d) Céc duong thang 4B,CE,MD ddng quy.

Hudng dan giai
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a) Vi BAC = MDC =90°va BCA chung nén A4BC © ADMC .

AB _ BC
DM MC

Do do = AB.MC = BC.DM .

b) Vi BAM +MDB =180° nén ti gidc AMDB ni tiép.
Vi BAC = BEC =90° nén tt gidc AECB ndi ti€p.
c) Ta co: ABM = ADM ( cing chan 2—1\/7)

MEF = ADM ( cing chan A//ﬁ?)
Suy ra ABM = MEF = ABI/EF .

d) Gia st 4B cit EC tai 7.Tacod CA,BE la duong cao ctia tam giac BIC.

= M la truc tam ctia ABIC = IM 1 BC.
Ma MD 1 BC = I, M, D thang hang. Vay 4B,EC,MD dong quy tai M .
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Bai 12: Hai duong tron (O;R) va (O';r) ti€p xtic ngoai tai C(R>r) goi AC va BC 1a hai

duong kinh di qua C cta duong tron (0) va (0'). DE la day cung cua dwong tron (O)

vudng géc voi AB tai trung diém M cua AB. Tia DC cat duong tron (0') tai diém thi 2
laF

a) Tt giac ADBE la hinh gi? Vi sao?

b) Chttng minh ba diém B, F, E thang hang

c) DB cit duong tron (0') tai diém thtt hai 1a G. Chtmg minh DF, EG va AB dong quy

d) Chitng minh MF la ti€p tuyén cua (0")

Huwéng dan giai

a) Tt giac ADBE la hinh thoi vi AM = MB; MD = ME va DE 1 4B

b) Tacd BE//DA.N&iBF tacd ADF = BFD =90° = BF //DA. Nhu viy BE//DA va

BF //DA ma qua B chi c6 duy nhat mot duong thang song song véi DA do d6 3 diém
B, F, E phai thang hang

¢) Ta c6 CG vudng gdc v6i DB, mat khac EC vuong gdéc véi DB. Nhung qua C chi ton
tai duy nhat mot duwong vuong géc véi DB nén E, C, G phai théng hang va DF, EG,
AB phai dong quy tai diém C, chinh la tryc tam tam giac EDB

o~

d) Nhan thdy MEF =F, va O'BF =F, ma MEF +0'BF =90° nén F, +F, =90°, suy ra

MFO'=90". Vay MF 12 tia tiép tuyén cta dudng tron tam O'.
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Bai 13: Cho AABC (AC > AB, BAC =90 ). Goi I, K theo thit ty 14 trung diém cua AB,
AC. Cac duong tron dwong kinh AB, AC cit nhau tai diém thit hai D; tia BA cit
duong tron (K) tai diémt hit hai E; tia CA cat duong tron (I) tai diém thit hai F

a) Ching minh B, C, D thang hang

b) Ching minh tit gidac BEEC noi tiép

¢) Chiing minh ba duwong thang AD, BF, CE déng quy.

d) Goi H 1a giao diém tht hai cta tia DF véi duong tron ngoai ti€p tam gidc AEF, hay
so sanh DH va DE.

Hudng dan giai

a) ) Ap dung dinh ly géc noi tiép chan nita dreong tron, ta ¢6 :

ADB = 90°%; ADC = 90° . S

Suy ra ADB+ADC = 180°. NN
0 /

Vay B, D, C thang hang.

b) Ap dung dinh 1y gbc noi tiép \ P ~.

; F
chan ntra dwong tron, ta co: WA
BFA = 90°; CEA = 90°; /
suy ra BFC = BEC(=90'). Khi d6 E;F la hai dinh lién la__. I\ K

tiép cling nhin BC dwdi mot géc bang nhau. B~_ D
Vay t& giac BFEC ndi tiép. e -

c) Xét tam giac ABC c6 AD L BC;BF L AC;CE L AB.
Suy ra AD,BF,CE la ba duong cao. Vay chiing cat nhau tai mot diém S.

d) Ta c6 AEHF ndi tiép nén EHF = FAB mat khac FAB=FDB = EHF = FDB
= HE//BC= AD 1 HE. (1)

— — e~

Van dung goc ndi tiép, ti giac ndi tiép ta co: FDA = FBA = FCE = ADE
= DA la duwong phan gidc EDF @)

Tt (1) va (2) suy ra DEH can tai D suy ra DE=DH.
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Bai 14: Cho tam giac ABC vuong tai A va mot diém D nam gitta A va B. Duong tron
(O) duong kinh BD cat BC tai E. Cac duong thang CD, AE Ian lwot cit dwong tron (O)
tai cdc diém thit hai 1a F, G. Chiing minh rang :
a) Cactt gidc ADEC va AFBC noi tiép
b) AD.AB = AG.AE
c) AC//FG
d) AC, DE va BF dong quy.

Hudéng dan giai
a) CAD=90°,CED=90° = t& gidc ADEC ndi ¢
tiép.

CAB=90°,CFB=90° = tit gidc AFBC noi tiép.

b) Ta c6 AAED” AABG(g.g) =

AE_AD 4D AB= AE.AG. 4
AB _ AG

¢) Tt gidc ACED ndi tiép = C, =E,.

Tt gidc DFGE ndi tiép = F =E, .
Suyra C,=F = AC//GF.

d) ABCD c¢6 CA,BF,DE la duong cao = CA, BF,DE dong quy.

Todn Hoa: 0986 915 960 — Tong hop.



Chii dé 6: Chitng minh cdc duong thang dong quy

Mot s6 bai tap ty rén:
Bai 1: Cho hai duong tron (O) va ( Q') cat nhau tai A, B. Ké dwong kinh AC ctia (O) cat
duong tron (O') tai F. Ké duong kinh AE ctia ( O') cat duong tron (O) tao G.

Chtrng minh:
a) Tt giac GFEC ndi tiép ;
b) GC, FE, AB dong quy.

Bai 2: Cho duong tron (O) duong kinh AB, goi I 1a trung diém cua OA, day CD vuong
gbc voi AB tai . Lay K tuy y trén day cung BC nho, AK cat CD tai H.

a. Chung minh tt gidc BIHK ndi tiép.
b. Ching minh AH.AK c6 gia tri khong phu thudc vi tri diém K
c. KéDN L CB,DM L AC. Chitng minh cac duong thang MN, AB, CD dong quy.

Bai 3: Cho duong tron (O) dwong kinh AB, goi I la trung diém ctia OA, day CD vudng
gbc véi AB tai I Lay K tity y trén day cung BC nho, AK cat CD tai H.

a) Chttng minh t& giac BIHK ndi tiép.
b) Chiing minh AH.AK c6 gia tri khong phu thudc vi tri diém K
c) Ke DN L CB, DM L AC. Chitng minh cac duong théng MN, AB, CD déng quy

Bai 4: Cho duong tron (O) duong kinh AB, Goi I 1a trung diém OA. Day CD vudng goc
v6i AB tai . LAy K tuy y trén cung BC nhé. AK cat CD tai H
a, Chting minh t& giac BIHK ndi tiép

b, Chttng minh AH.AK c6 gia tri khong phu thudc vao vi tri diém K.
c,ké DN 1L CB,DM 1 AC.chtng minh MN,AB, CD dong quy .

d, Cho BC =25cm . Hay tinh dién tich xung quanh hinh tru tao thanh khi cho t& giac
MCND quay quanh MD.

Chiic cdc em hoc sinh hoc tdp t6t!

Todn Hoa: 0986 915 960 — Téng hop.
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