BAI TOAN CHUNG MINH PANG THUC, BAT PANG THUC HINH HQC PHANG

BAI TOAN 1. SU'DUNG PINH LI PYTHAGORE DE CHUNG MINH PANG THUC, BAT
PANG THUC
Dinh ly Pythagore 1a mét dinh ly rat dep cua hinh hoc so cip thé hién mbi quan hé vé do dai giira cac
canh cua mét tam giac vudng. Ta co thé g dung dinh ly Pythagore vao viéc ching minh cac quan hé
hinh hoc, dic biét 1a chimg minh cac dang thire, bit ding thirc hinh hoc.

I. KIEN THUC CAN NHO

l.‘Dinh ly Pythagore. Trong tam gidc vudng, binh phwong canh huyén A

bang tong binh phwong hai canh géc vudng.

AABC vudng tai A = BC? = AB? + AC?. y .

Chuy: Néudit BC=a; AC=b; AB=c thitacd a® =b*+c’. B C
2. Pinh ly Pythagore dao H;In hi

Néu tam giac ABC c6 do dai ba canh thoa mdn BC? = AB? + AC? thi
tam giac ABC vudng tai dinh A.

3.Cha y
Dé van dung c6 hiéu qua dinh ly Pythagore, chiing ta can trang bi mét sb kién thirc co ban sau:

a) Cac dang thirc dugc hoc trong dai s:
(a+b)’ =a®+2ab+b?
(a—b)" =a®—2ab+b*
a’-b*=(a-b)(a+b)

b) Tinh chat hinh hoc: Hai doan thang song song chan giira hai duong thang song song thi ching bang
nhau.

¢) Tinh chat hinh hoc: Néu AABC vudng tai A va B =60° thi BC = 2AC.
Il.CAC VIiDU

Vi du 1. Cho tam giac ABC vudng tai A. Goi M 1a trung diém ciia AB. Ké MH vudng goc vai BC
(H eBC). Ching minh CH? —BH? = AC?.

Loi gidi
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Ap dung dinh ly Pythagore vao cac tam giac A
vuong MCH va MBH ta dugc:

CH?=CM*-MH?* (1)
BH?=BM?*-MH? (2)

Trir (1) cho (2):

CH?-BH?=CM?-BM? :
) _ B H C
Ap dung dinh ly Pythagore vao tam gléc vuong Hinh 2

ACMvachiy AM =BM ta dugc diéu phai

chtrng minh.

Vi du 2. Cho tam giac ABC vudng tai A c6 AB=12cm; AC =18cm. Trén canh AC lay diém M sao
cho AM =5cm. Chiing minh rang: AMB =2C.

Loi gidi
Ap dung dinh ly Pythagore vao ta A
BM? = AB* + AM? =12° +5° =169. 5
M
= BM =13cm
12
Mat khac AC =18cm; AM =5cm nén MC =13cm.
Vay tam giac BMC céan tai M.
Tud6 MBC=C. B C
Theo tinh chat goc ngoai cia tam giéc ta co Hinh 3

AMB=MBC+C =2C

Vi du 3. Cho tam giac ABC, D 1a diém bat ki trong trong tam giac. Goi H, 1, K lan luot & hinh chiéu
cua D 1én BC, CA, AB. Chang minh rang: BH? +CI% + AK? =CH? + Al 2 + BK?.

Loi gidi

N&i DA, DB, DC. Ap dung dinh ly Pythagore vao cac tam A
giac vuong BDH va CDH ta duoc:
DH?=BD?-BH? =CD*-CH? .

Suyra: BH?-CH?=BD*-~CD?  (1).

Tuong tu ta c6: ClI? — Al*> =CD? — AD? (2);
AK?-BK?=AD?-BD?  (3).

Cong céc dang thirc (1), (2) va (3) ta duoc:
BH? -CH? +CI? - Al*+ AK?> —BK? =0. T d6:
BH?+Cl?+ AK? =CH?+ Al? +BK?.
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Vi du 4. Cho tam gi4c ABC. Goi M la trung diém cua canh BC. Chirng minh rang

AB?+ AC? BC?
AM? = > - (%)

Lo gidi
KéAH L BC (H eBC).
Ap dung dinh 1y Pythagore vao cac tam giac vudng ABH, ACH va AHM ta duoc:
AB?=BHZ+AH? (1)
AC?=CH?+AH? (2)
Cong cac vé cua dang thac (1) va (2):
AB? + AC?=BH?+CH? +2AH? = (BM —HM )’ +(BM +HM )’ + 2AH

BC? BC?

=2HM?+2AH? + =2AM? +

AB?+ AC® BC?
2 4

T do: AM? =

Chu y: 1) H¢ thic (*) cho phép tinh d6 dai dudng trung tuyén ciia mot tam gidc thong qua do dai cac

canh cua tam gidc d6. Ngudi ta goi (*) 1a cdng thirc trung tuyén.

2) Néu tam giac ABC vubng tai A, khi d6 AM 1a dudng trung tuyén &ng véi canh huyén BC. Bé y rang

BC? 1

AB? + AC? = BC?, thay vao hé thirc (*) ta duoc: AM? = Tuds AM =2 BC.

Ta c6 tinh chat quen thudc: Trong tam gidc vudng, dwong trung tuyén ing véi canh huyén dai bang nira
canh huyén.

Vi du 5. Cho tam giac ABC can atai A,c6 AB=AC =b va BC =a. K¢ hai duong cao AH va BK.
Chung minh:

2 4
2) AH:,/bz—a—; b) BK =,[a® -
4 4b
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Léi gidi

a) Theo tinh chat tam gi4c can: BH =CH = a

|

Ap dung dinh ly Pythagore cho tam giac ABH vuéng tai H:

2

ABZ=AH2+BH2:>AH2=ABZ—BH2=b2—%

2
Viy AH =,/b2—aZ

b) Pat KC =x= AK =b—x. Ap dung dinh ly Pythagore cho hai tam giac

. . . B H
AKB va tam giac CKB ta co:
BA’ - AK? = BC? - KC? (= BK?)
2 a.2
=b’—(b-x) =a’-x* & x=—.
2b
Ap dung dinh ly Pythagore cho tam giac BCK vuong tai K, ta c6
a4
BC? =BK?*+KC? = BK?*=BC*-CK’ =a* a0
a4
Vay BK =,[a* ——
Y 47
Vi du 6. Chi hinh vé c6 AB=CD =2cm, DE =3cm, D
BC =1cm. Chitng minh ring AE =+/32cm. B
cm 2cm 3cm
2¢
C
A
Loi gidi

Tur B ké duong thang song song vai CD, tir D ké dudng
thang song song véi BC, chling cat nhau tai M.

Ap dung tinh chat vé hai doan thang song song bi chan boi
cac duong thang song song

Taco: BM =CD =2cm
MD =BC =1cm

Suyra: AM =EM =4cm. A

Ap dung dinh ly Pythagore cho tam giac AME vudng tai M, ta co
AM? +BM?=AE’ = AE* =4"+4° =32.

Vay AE =+/32cm.
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Vi du 7. Cho tam gi4c ABC nhon c6 ba canh AB, BC, CA lan luot 12 3 s6 ty nhién lién tiép. Ké duong
cao AH cua tam gidc ABC. Chang minhHC —HB =4.

Loi gidi
Theo dé bai ta c6 AC = BC +1= AB+2.
Suyra AB+AC =2BC.
Ap dung dinh ly Pythagore vao hai tam giac vuéng ABH va ACH ta co
HC? -~ HB® = AC® - AB’ (= AH?)
= (HC - HB)(HC +HB) =(AC - AB)(AC + AB)
= (HC -HB)BC =2.2BC

—HC-HB=4

Vi du 8. Cho tam gidc ABC vubng tai A, duong cao AH. Chirng minh:

a) AH>=BH.CH ; b) AB®>=BH.BC
Loi gidi
a) Ap dung dinh ly Pythagore cho ba tam giac vuong A
ABH, AHC va ABC, ta cé:

AB? = AH?+BH? (1)
AC?=AH?+HC? (2)

BC*=AB*+AC®> (3)

Cong vé véi vé cua ba dang thuc trén:

BC? = 2AH? + BH? + HC? B H
= (BH +CH)" =2AH? + BH? + HC?

= BH? +2BH.CH + HC® =2AH? + BH* + HC®

=BHCH=AH? (4)

b) Két hop dang thuc (4) va dang thic (1) ta dugc

AB? =BH.CH + HB’ = BH.(CH + HB) =BH.BC.

Vi du 9. Cho AABC vudng tai A, duong cao AH. Ching minh
1 1 1

+ =
AB? AC? AH?

Loi gidi
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Str dung két qua vi du 8, ta c6: A
AB’ = BH.BC
AC? =CH.BC
Khi do:

1 1 1 1 CH +BH
+ e —
AB? AC?

= + =
BH.BC CH.BC BC.BH.CH

1 1 BC 1 1 B

2—|— 2: = = >
AB° AC° BCBHCH BHCH AH

H

I11. BAl TAP

Bai 1. Cho tam giac ABC vudng tai A, dudng cao AH (H e BC). Chiing minh ring
2AH? +BH?+CH? =BC?.

Bai 2. Cho hai diém A(X,;y,) va B(Xg;Yg) trong mit phang toa do. Ching minh:

AB :\/(XA—XB)2+(yA—yB)2 :

A
! }"A :
D, s DG — 1. S -
&g Ly g8 d x
Bai 3. Cho tam giac ABC vudng tai A (AB < AC), duong cao AH, trung tuyén AM. Biét ring
AH =40cm; AM = 41cm. Chang minh rang 5AB =4AC .
Bai 4. Cho tam giac ABC vudng tai A, C =30°. Ching minh ring BC = 2AB.

Bai 5. Cho tam giac ABC c6 A=135°. Biét BC =2; AB=+/2.Chtng minh ring C = 2B.

Bai 6. Cho tam giac ABC vudng tai A. Mot duong thang bat ky cit canh AB, AC theo tht ty tai D VA E.
Chting minh rang BC? —CD? = BE? — DE?.

Bai 7. Cho tam giac ABC ¢ A=60°. Chung minh raing BC? = AB? + AC?> — AB.AC .
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Bai 8. Cho tam giac ABC vudng tai A, ké AH vudng goc véi BC (H € BC). Trén tia ddi cua tia HA lay

diém D, trén canh AC lay diém E sao cho BDE =90°. Buong thang qua E song song véi BC cat AH tai F.
Chang minh AF =HD.

Bai 9. Cho tam giac ABC vubng tai A, cac duong trung tuyén BM va CN. Chang minh rang:

2
BM2+CN2=£.

Bai 10. Cho tam gidc ABC c6 hai duong trung tuyén BM va CN vudng gdc véi nhau. Ching minh rang
5BC* = AB*+ AC?.

Bai 11*. Cho tam gi4c ABC vudng tai A. I 1a giao diém cuaa cac duong phan giac trong. E va F lan luot 12
hinh chiéu vuéng géc caa A xudng Bl va Cl. Ching minh Al? = 2EF2.

Bai 12. Cho tam giac ABC. Goi H la tryc tdm cua tam giac. Chirng minh rang AH? + BC? = BH? + AC2.

Bai 13*. Cho tam giac ABC nhon c6 tryc tdm H. Goi M 1 trung diém cua BC. Puong thang qua A song
song véi MH va duong thang qua H song song véi MA cat nhau tai N. Chang minh rang

AH? +BC? = MN?.

Bai 14*. Cho tam gidc ABC thoda mdn AC > AB va BC =2(AC — AB). D la mot diém trén canh BC.
Chting minh rang ABD =2ADB khi va chi khi BD=3CD.

Bai 15*. Cho tam giac ABC nhon c6 A =60°. Chirng minh rang:

1 1 3
=+ =
BC+AC BC+AB AB+BC+CA

Bai 16. Cho tam gidc ABC vudng can tai A, goi M 1a diém nam trén canh BC. Chitng minh rang
MB? + MC? = 2MA?.

Bai 17. Cho tam giac ABC, tir diém M nam trong tam giac, ta ha cac duong vuéng géc MD L BC,
ME L AB, MF L AC. Ching minh ring

AE? + BD?* +CF? = AF? + BE*+CD”.
IV. HUONG DAN GIAl
Bai 1. (Ban doc tur vé hinh)
Ap dung dinh 1y Pythagore vao cac tam giac vuong AHB va AHC ta duoc:
AB?=AH2+BH? (1);
AC?=AH?+CH? (2).
Cong céc dang thirc (1) va (2) vachiy BC? = AB® + AC? ta dugce diéu phai chimg minh.
Bai 2. Thay rang tam giac ABH vudng tai H va

HA=|y, — Yg|; HB =[x, —Xg|.
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Ap dung dinh 1y Pythagore vao tam giac ABH cho ta diéu phai ching minh.

Bai 3. Vi AM la duong trung tuyén ng véi canh huyén cua
tam giac vudng ABC nén theo nhan xét & vi du 3 ta ¢
MA = MB = MC =41cm. Ap dung dinh ly Pythagore vao
tam giac vudbng AHM ta tinh dugc HM =9cm.

Tt d6 tinh duwgc HB =32cm; HC =50cm.

Ap dung dinh ly Pythagore vao cac tam giac vudng ABH va H ]
ACH ta co: B HM C
AB? = AH® + BH? =40 +32° = 2624 ; &
) ) s o Hinh 7
AC” =AH"+CH* =40"+50° =4100
AB? 2624 16
Suy ra ==
AC® 4100 25
Vay AB_4 hay 5AB =4AC
AC 5
B
Bai 4. Vi tam giac ABC vuong tai A, C =30° nén
B =60°.
Lai c6 AM la dudng trung tuyén ang vai canh M
huyén cua tam gi4c vudng ABC nén
MA=MB=MC.
Tir d6 tam giac MAB déu.
30°

Vay AB =MB = 1BC hay BC =2AB. A ¢

° Hinh 8

Chu y: C6 thé ching minh duoc rang: Mt tam giac vudng cé mét canh géc vudng dai bang mét niza
canh huyén thi goc doi dién vai canh géc vuong do bang 30°.

Bai 5. V& duong cao CH cua tam giac ABC. q

Tacd: CHA=180°-135°=45°.

AACH c6: H =90°; CAH =45°, :

Vay AACH vubng can tai dinh H. : 150

Ap dung dinh ly Pythagore cho AACH ta c6: HC = HA=1. H A B
Hinh 9
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Tam giac CHB vuong tai H ta c6 HC = % BC nén CBH =30° tir d6 ta co diéu phai chirng minh.

Bai 6. Nbi B voi E; C véi D.

Ap dung dinh ly Pythagore vao cac tam giac vuong ABC
va ADC ta co:

BCZ=AB?+AC?  (1);
CD? = AD*+AC?  (2).
Trir (1) cho (2) ta dugc BC?—CD? = AB* — AD’

Tuong ty 4p dung dinh ly Pythagore vao cac tam giac
vuong ADE va ABE ta duoc

BE® - DE* = AB® - AD?. Vay BC?-CD? = BE* — DE®.
Bai 7. Khéng mat tinh tong quét gia sit B>C.

K¢ duong cao BH véi H nam trén canh AC.

Tam giac AHB vuéng tai H c6 ABH =30° nén AH :%AB.

Theo dinh ly Pythagore ta c6:
BC?=BH?+HC* =BC?
=BH?+HC? = AB* ~ AH? +(AC - AH)’
= AB? + AC* —2AC.AH = AB* + AC® — AB.AC .

Bai 8. Ap dung dinh ly Pythagore vao cac tam giac vudng
ABE, ABH, AEF, BDE, BHD, BHA, BAE, EAF ta duoc

BE? = AB? + AE?
=(BH®+AH?)+(AF’+EF?) (1)

Ap dung dinh ly Pythagore vao cac tam giac BDE, BDH,
DFE ta duoc
BE’ =BD’+DE” =(BH’+HD?)+(DF*+EF?) (2)

Tu (1) va (2) suyra: AH? + AF? =DF?+HD?  (3)

*Néu AF > HD thi AH > DF , khi @6 AH?+ AF? > DF?+HD?,

*Néu AF <HD thi AH <DF , khi d6 AH? + AF? < DF?* + HD?.

B

Hinh 10

Hinh 11

D Hinh 12

Vay dang thirc (3) chi xay ra khi AF = HD, tir d6 ta c6 diéu phai ching minh.

9. TOAN HOC SO PO



Bai 9. Cach 1: St dung cong thirc trung tuyén.
Céch 2: Ap dung dinh 1y Pythagore vao cac tam gidc ABM va CAN ta duoc:

AC’? AB?

BM? = AB? + - CN?=AC?+

Cong cac dang thic trén lai va dé y ring AB? + AC? = BC?,
ta c6 diéu phai chirg minh.
Bai 10. (Ban doc tu v& hinh)

Goi G 1a giao diém ciia BM va CN, khi d6 G 1a trong tam
cua tam giac. Ap dung cong thirc trung tuyén ta duoc:

Hinh 13

gy AB°+BC® AC® .\, AC’+BC® AB’

2 4 2 4

Lai c6 BM = g BG; CN = gCG , thay vao cbng thic trén ta duoc:

9 AB? + BC? _AC2

ZBG?= 1

4 2 4 1)
2 2 2

%CGZZAC ;BC _AE (2)

Cong cac dang thirc (1), (2) va chd y tam giac BGC vudng tai G, ta c6 diéu phai ching minh.

Bai 11. Noi Al. Goi O 1a trung diém cia Al.

Céc tam giac vudng AF1 va AEI c6 FO va EO lan luot 1 dudng trung tuyén &ng véi canh huyén Al nén

tacod OF :OE:%.

Vay tam giac FOE can tai O.

B+C

Lai c6 BIC =180°— =135°

Hay FIA+EIA=135°

Do do:  FAI +EAI

= (90°- FIA)+(90°~ EIA|

Hinh 1.14

=180°—(FIA+ EIA)

=180°-135°=45°.

10. TOAN HOC SO PO



C6 céc tam giac OAF va OAE can tai O, theo tinh chat goc ngoai cua tam giéc, ta co
FOE = FOI + EOI = Z(FAI +EAI ):900 .

Vay tam giac FOE vubng cén tai O. Twr d6 ap dung dinh ly Pythagore vao tam giac vuéng can FOE ta
duoc:

Al” =(20E)’ =4.0E” =2(OE’ +OF *) = 2EF .

Bai 12. Goi I 1a giao diém ciia CH va AB. Ap dung dinh ly Pythagore vao céc tam giac vudng AHI, BHI,
ACI, BCl tasuy ra:

AH? - Al? =BH? - BI? (1) y
AC?—AI?=BC?-BI? (2)

Trir (2) cho (1) ta dugc
AC? - AH? =BC?-BH? ;

Tur d6: AH? + BC? =BH? + AC?.

cha y: B
+ Chtrtng minh trén van dung trong truong hop tam giac ABC la tam Hinh 1.15

giac ti. Trong truong hop tam giac ABC vudng thi mot sé diém
tring nhau nhung két qua van dung.

+ Bang céach ching minh tuong tu ¢d thé suy ra:

AH? + BC*=BH’*+ AC* =CH?” + AB?
Bai 13. Lay D la diém ddi xang véi H qua M.
Dé dang ching minh dugc BH//DC, BH = DC tir d6 suy ra DC L AC. A
Ap dung dinh ly Pythagore vao tam giac ADC vuéng tai C, ta dugc:
AD? = AC® +CD? = AC?+BH? (vi BH =CD).
Theo két qua bai tap 12 ta co:

AH? + BC* =BH” + AC”.

Nhu vay: AD* = AH? +BC”. B ‘W c
Cudi cuing, dé dang chirmg minh duoc MN = AD. Hinh 1.16 s

Do d6 AH? + BC? = MN?.
Bai 14. Ta xét ba treong hop:

+ Truong hop B <90° (Hinh 1.17a)
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Ha AH L BC. Ly diém E thudc doan thang CH sao cho
AE = AB.

Theo dinh ly Pythagore ta cé:
AC®—AB® =CH?-BH? =(CH +BH)(CH - BH)

= CE.BC =CE.2(AC - AB)

Do vay (AC - AB)(AC + AB)=2CE (AC - AB).

Suyra AC+AB=2CE. Hinh 1.17a

Theo bai ra BC =2(AC—AB)<:>2AB+%BC =2CE. (1)

Vivay ABD =2ADB < AEB =2ADB
< Tam giac AED cén tai E

& AB=AE = DE
o 2DE+%BC = 2CE.. (theo (1))

< BC :4(CE— DE):4CD
< BD=3CD.

+ Truong hop B =90°
Theo dinh 1y Pythagore ta dugc: B

AC?— AB® =(AC—AB)(AC + AB)

=BC?=2(AC-AB).BC D

< AC+AB=2BC A C

1 Hinh 1.17b
<:>§BC+AB+AB:ZBC

<:>AB=§BC.
4

Do d6 ABD =2ADB < ADB =45°=BAD < AB=BD
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@BDz%BC@BDzBBC.

+ Truong hop B >90°.

Ha AH L BC. Lay diém E thudc doan thang CH sao cho
AE = AB.

Theo dinh ly Pythagore ta c6:
AC?—AB? =CH?-BH? p

=(CH +BH)(CH -BH) Hinh 1.17c
= CE.BC =CE.2.(AC - AB)

Do viy (AC —AB)(AC + AB)=2CE (AC — AB).

Suy ra AC +AB =2CE.

Theo bai ra BC = 2(AC - AB) < 2AB+%BC — 2CE.

Vivay: ABD =2ADB «<>180°— ABE =2ADB

AEB +2ADB = ABE + 2ADB =180° (2)

Ma AEB + EAD + ADE =180° nén (2) < EAD = ADE
< Tam giac AED can tai E
< AB=AE =DE

= 2DE+%BC =2CE

& BC = 4(CE - DE)=4CD

< BD=3CD. B
Bai 15. bat BC=a, CA=b, AB=c.
Ké BH vudng goc vaoi AC (H thuge AC)

Theo bai ratacé A=60° nén ABH =30°.

Theo bai 1.4tacd AH = % AB. 60° =

Ding thac can chirng minh
d d Hinh 1.18

1 1 3
+ +
BC+AC BC+AB AB+BC+CA
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tré thanh ! + ! + 3
a+b a+c a+b+c

< (a+b+c)(a+c)+(a+b+c)(a+b)=3(a+b)(a+c) (1)
Ta s& chimg minh dang thtc (1).
That vay: Theo dinh ly Pythagore ta co:
BC? =BH?+HC?; BH? = AB~AH? va HC?>=(AC-AH)’.
Do d6: BC? = AB® + AC* —2AH.AC = AB? + AC* — AB.AC.
Hay a® =b®+c*—bc. Taco:

a’=b’+c*-bc
< 3a’ —2a” +3ab—3ab+3ac—3ac =b* +¢* —3bc +2bc

<:>3(a2+ab+ac+bc)=2a2+b2+cz+3ab+3ac+2bc

< 3(a+b)(a+c)=(a+b+c)(a+c)+(a+b+c)(a+b).

Bai 16. Goi diém E va diém F lan luot Ia hinh chiéu cua A
diém M trén cac duong thang AB va AC.

Do tam giac ABC vubng can tai A nén cac tam giac
BEM va tam giac CFM lan luot can tai E va F.

Ap dung dinh ly Pythagore cho tam giac BME vudng F
tai E:

MB2 = EB? +EM?=2EM? (1)

Ap dung dinh ly Pythagore cho tam giac CMF vuodng
tai F.

MC? =FM?+FC? =2FM? (2)
Tir (1) va (2) suy ra: MB® +MC? =2(EM*+FM?)

Vay MB?+MC? = 2MA”.

BAI TOAN 2.SU DUNG TAM GIAC BANG NHAU PE CHUNG MINH PANG THUC HINH
HQC

I. KIEN THUC CAN NHO

1. Pinh nghia: Hai tam giac bang nhau I hai tam giac c6 c&c canh twong ng bang nhau va cac goc
tuong ung bang nhau.
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A A
B C C’ B'

Nhu vay: AABC =AABC' &
A=A,B=B,C=C’

2. Céc trudng hop biang nhau caa tam giac

a) Trudng hop bing nhau thir nhit canh — canh — canh (c.c.c)

AB=AB'AC=AC',BC=B'C’

* Néu ba canh cua tam gi4c ndy bang ba canh cua tam giac kia thi hai tam giac d6 bang nhau.

* Cu thé: Xét AABC va AAB'C’
Néu c6: AB=AB’'
CA=CA’
BC=B'C’
Thi AABC =AA'B'C’(c.c.c).
b) Trwong hep bing nhau thi hai canh — goc — canh (c.g.c)

* Néu hai canh va gdc xen gitra cua tam giac nay bang hai canh
va goc xen gitta ctia tam giac kia thi hai tam giac d6 bang nhau.

* Cuy thé: Xét AABC va AA'B'C’
Néu co: AB = A'B’'

B=B

BC=B'C’
Thi AABC = AA'B'C’(c.g.c).

Al‘

B

A
/\
i C B" 1 Cl‘
A
B C B

Al‘

C’

* Chu y: Tir trudng hop bang nhau canh — gc — canh néi trén ta suy ra: Néu hai canh goc vudng cua tam
giac vubng nay lan luot bang hai canh goc vubng cua tam giac kia thi hai tam giac vuéng d6 bang nhau.

¢) Truong hop biang nhau thir ba goc — canh — géc (g.c.g)

* Néu mot canh va hai goc ké cua tam giac ndy bang mot canh va hai goc ké cua tam giac kia thi hai tam

giac d6 bang nhau.

15. TOAN HOC SO PO



* Cuy thé: Xét AABC va AA'B'C’

y
Néu c6: B =B’
BC =B'C’ _
c=C’
B E&" N C’

Thi AABC = AA'B'C’(c.c.c).
* Cha y: Tu trudng hop bang nhau goc — canh — géc ndi trén ta suy ra:

- Néu canh huyén va mét géc nhon cua tam giac vudng nay bang canh huyén va mot géc nhon cua tam
giac vudng kia thi hai tam giac vuéng do bang nhau.

- Néu mét canh géc vudng va mot gc nhon ké canh 4y cua tam giac vudng nay bang mét canh goc vudng
va mot goc nhon ké canh ay cua tam giac vuodng kia thi hai tam giac vuéng d6 bang nhau.

d) Trwong hop dac biét cia tam giac vubéng

* Néu canh huyén va mot canh géc vudng caa tam giac vudng nay
bang canh huyén va mét canh géc vuéng caa tam giac vubng kia B B’
thi hai tam giac vuong dé bang nhau.

* Cy thé: Xét AABC va AA'B'C’
Néu co: A= A =90° T
AB = A'B’
BC=B'C’ A = ar c

Thi AABC = AA'B'C’ (canh huyén — canh géc vuéng)
Il.CAC VIiDU

Vi du 1. Cho tam giac ABC vudng can tai A. Qua A ké duong thang d bat ky sao cho d khong cat doan
thang BC. Tir B va C ké BH va CK vudng goc véi d (H,K ed). Ching minh ring BH +CK = HK .

Loi gidi

Taco HAB+KAC =90°; KCA+KAC =90°.

A
Tu doé HAB = KCA.
Hai tam giac vuéng BHA va AKC c6 AB = AC (vi tam gidc ABC can tai
A); HAB = KCA (chiing minh trén) nén bang nhau (canh huyén — goc
nhon). » A
Hinh 1

Suy ra BH = AK; CK = AH (cac cap canh tuong ung).

Tuwdé BH+CK =AK+AH =HK .1
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Vi du 2. Cho tam gi4c ABC. Goi M va N lan luot 14 trung diém cua AB va AC. Chang minh rang

MN = % BC.
Lo gidi

Trén tia MN lay P sao cho N 1a trung diém cua MP.
Tac6 AANM =ACNP(c.g.c). Suy ra: PC = MA; AMN =CPN . 7
Vi hai goc AMN va CPN ¢ vi tri so le trong nén AB//CP .. M N P
Tu dé BMC =PCM .
Hai tam gidc MPC va CBM c6 MB = PC (= MA); MC chung; 5 L
BMC = PCM nén bang nhau (c.g.c), Hinh 2

Tudé MP =BC.Vay MN :%BC i |

chu y:

Theo loi giai cua vi du trén, vi AMPC =ACBM nén BCM =PMC.

Tur d6 MN//BC . Nguoi ta goi doan thang ndi trung diém hai canh caa mot tam giac 1a dwong trung binh

ctia tam giac d6, ta c6 tinh chat: Pwong trung binh ciia mét tam giac song song vdi canh con lgi va dai
bang nwra canh ay.

Vi du 3. Cho tam gi4c ABC c6 A< 90°, vé& vé phia ngoai tam giac ABC cac tam giac ABD va ACE
vuodng can tai A.

a) Chirng minh BE =CD.

b) Goi M 1a trung diém cua BC. Chting minh AM = % DE .

Loi gidi
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a) Ta c6 DAC = BAE = (90°+ BAC). £

Hai tam giac DAC va BAE c6 AD = AB; AC = AE; DAC =BAE

. H
nén bang nhau (c.g.c), suy ra BE=CD.

b) Trén tia AM lay diém N sao cho M 14 trung diém ciia AN. D
Thay rang, DAE =180°—BAC = ABC + BAC .

Mat khac ACAM = ABNM (c.g.c)

Nén ACB=CBN, BN =AC. | 1

Taco ABN = ABC +CBN = ABC + ACB = DAE

Vay ADAE = AABN (c.g.).

1 Hinh 3 N
Tur do suy ra, DE=AN =2AM hay AM = > DE .=

Vi du 4. Cho tam gi4c ABC, dudng phan giac AD. Puong thang vudng goc véi AD tai A cit BC tai E.
Biét C nam giira B, E v BE = AB+ AC . Chitng minh riang: BAC +3ACB =360°.
Lo gidi

Trén tia d6i cua tia AB lay diém F sao cho AF = AC.
Taco: BE=AB+ AC = AB+ AF =BF nén ABEF can tai B.
Do d6 F =BEF (1).

Lai c6 AE L AD, ma AD la duong phan giac trong dinh A cua
AABC nén AE la duong phan giac ngoai dinh A cua AABC.
Hay CAE = FAE .

Hinh 4

Do vay, ACAE = AFAE(c.g.c).
Tirdo suyra ACE =F, AEC = AEF (2).

Tu (1) va (2) suy ra ACE =F =CEF =2AEC.
Tacd ACB=180°—- ACE =CAE + AEC.

Suy ra 3ACB = 3(CAE + AEC) .
Do dé: BAC +3ACB = BAC +3(CAE + AEC)

:(BAC +CAF)+(AEC + ACE +CAE)
—180°+180° = 360°. M
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I11. BAI TAP

Bai 1. Cho tam giac ABC, trén canh AB lay D va E sao cho AD = BE . Qua D va E ké cac duong thing
song song véi BC cit AC theo thir tu tai M va N. Chang minh BC = DM +EN..

Bai 2. Cho tam giac ABC can tai A c6 A=30°. Bén ngoai tam gi4c ABC, dung tam giac déu BDC. Chiing
minh ring AD? = AB® + AC?.

Bai 3. Cho tam giac ABC can tai A c6 A=100°. Tia phan giac trong géc B cit AC & D. Chirng minh
BC=BD+AD.

Bai 4. Cho tam giac ABC can tai A c6 A=80°. Ly diém M & mién trong cta tam giac va diém N trén
canh AC sao cho BMC =150°, MBC =10°, BMN =160°. Chirng minh réng BM = MN + NA.

Bai 5. Cho tam giac ABC vudng can tai A. Trén nira mat phang bo AC chtra diém B, 1y diém D sao cho
CD vuéng goc voi AC va CD = AC. M 1a diém trén doan thang CD sao cho MD =2MC . N 1a trung diém
ctia doan thang BD. Chirng minh AMC = AMN .

Bai 6. Cho tam giac ABC vuong tai A c6 AC =3AB. Trén canh AC lay hai diém D va E sao cho

AD = DE = EC (D nam giita A va E). Chitng minh AEB + ACB =45°.

Bai 7. Cho tam giac ABC. V& dudng phan giac trong AD caa tam giac. Trén AD lay hai diém E va F sao
cho ABE =CBF . Chitng minh ACE =BCF.

Bai 8. Cho tam giac ABC vudng tai A. E 1a mot diém nam trén canh BC sao cho EC =2EB . Ching minh
rang AC* =3(EC” —EA?).

Bai 9. Cho tam giac ABC, duong trung tuyén AM. Trén nira mat phang b AB chira dinh C vé doan thang
AE vudng goc voi AB va AE = AB. Trén nira mit phang bo AC chira dinh B vé doan thang AF vudng géc
v6i AC va AF = AC . Chiing minh rang EF =2AM .

Bai 10. Cho tam giac ABC vudng cén tai A. Goi E 1a trung diém cua AC. Qua A ké duong thang vudng
g6c voi BE cit BC tai D. Chung minh AD = 2ED .

Bai 11. Cho tam giac ABC vudng can tai A. M 1a diém nam trong tam gi4c sao cho ABM =15°;

BAM =30°. Ching minh ring: BC =2AM .

Bai 12. Cho tam giac ABC vudng can tai A. Lay cac diém D va E lan lugt thudc cac canh AB va AC sao
cho AD = AE. Puong thang di qua D va vudng goc vai BE cat CA ¢ K. Chiing minh rang AK = AC.

Bai 13. Cho tam giac ABC. CAc tia phan giac trong cua goc B va C cat nhau tai 1. Qua | ké mot duong
thang song song véi BC, dudng thang nay cit AB, AC theo tha tu ¢ D va E. Chiing minh rang

DE =BD+CE.

Bai 14. Cho tam giac ABC can tai A. Ké duong phan gi4c trong CD. Qua D ké dudng thang vudng goc
vé6i CD cit BC tai F. Buong thang ké qua D song song véi BC cit AC tai E. Tia phan giéc goc BAC cit
DE tai M. Chitng minh rang:

a) CF =2BD b) CF =4MD
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Bai 15. Goi | 1a giao diém ba duong phan giac trong ciia tam giac ABC. Ching minh rang AB+BI = AC
khi va chi khi ABC =2.ACB.

Bai 16. Cho tam giac ABC can tai A cd A= 20°. Trén canh AB liy diém D sao cho BDC =30°. Chung
minh raing AD =BC.

Bai 17. Cho tam gidc ABC c6 A=60°,B =70°. Lay diém D trén canh AB sao cho ACD = 20°. Ching
minh raing AC+AD=BD+BC.

Bai 18. Cho tam giac ABC nhon, goi H Ia truc tm cua tam giac. Goi M la trung diém cua doan thing BC,
I 1a giao diém cac duong phan giac cua cac goc ABH va ACH . Buong thang M1 cat AH tai N. Ching
minh raing NA=NH .

IV. HUONG DAN GIAl
Bai 1.
Qua N ké NF//AB(F € BC). Néi EF . A

Tac6é ABEF = ANEF (g.c.g) nén BE = AD = NF;EN =BF .

Lai c6 NFC = ABC = ADM (ddng vi); NCF = AMD (dong vi).

Do vay DAM =FNC .

Tacéd AADM =ANFC(g.c.g) nén DM =FC.

Tu d6 suyra BC=BF+FC =DM +EN .B

Bai 2.

Dung ¢ phia ngoai tam giac ABC tam giac AEB déu, ndi EC.
Taco: EAC =90°, EBC = ACD.

Hai tam giac EBC va ACD béng nhau (c.g.c), suy ra EC = AD.

Lai c6 tam gidc EAC vudng tai A nén theo dinh ly Pythagore, ta co:
EC® =EA*+AC’.

Pé yrang, EA= AC,EC =BD nén AD? = AB?+ AC’.H

Bai 3.
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Trén canh BC lay hai diém D va E sao cho BDE =80°,
BDK =60°.

Tac6 ABAD = ABKD(g.c.g) nén AD =DK.

Lai c6 KDE =20°, DKE = A=100°
suy ra: E; =80°, DEC =100°, EDC =C =40°. Hinh 7
Vay ADEC can tai E, tir d0 DE = EC.

Dé dang ching minh ABDE cén tai B, AKDE can tai D nén BD =BE, DE = DK = AD.
Cuébi cing, BC=BE+EC =BD+AD .®

Bai 4.

N&i AM. Puong cao AH cua AABC cit BM tai P. Ké AK L PM . CM cit AK tai Q.

Ta cd: PAK =PBH =10° va cac tam giac APB va BPC can tai P.

Tinh duoc s6 do cac goc:

MCB = 20°, PCB =10°, MPC =20°, QAC =30°,

ANM = APM =80°, APC =100°.

D& dang chiang minh APAC can tai P, AQAC can
tai Q nén PQ la duong trung truc cua AC va do do tia
PQ la tia phan giac cua goc APC.

Nhu vy, QPC = A—FZ)C = 50°

Hinh 8

va QPM =QPC -MPC =30°.
Mat khac, QMP =30° nén AQPM can tai Q.
Tu do6, AAPM can tai A.

Vay AMP = APM =80°, AMN =PMN — AMP =80°.
Chung minh dugc hai tam giac can APM va AMN bang nhau nén AP = AN, PM =MN .
Cudi cing, BM =BP+PM = AP+PM = MN + AN .|
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Bai 5.

A
Trén tia d6i tia BD lay diém E sao cho BE = MC.
Tacd BA//CD (cung vubng goc vaoi AC) nén ACB =DBC (hai £
géc so le trong). Mat khdc AB=CD(=AC).
Vay AABC = ADCB (c.g.c) €
Suy ra, BD=AC =AB=DC. M
Tacé AABD = AACD(c.c.c) nén ABD = ACD =90°.
Hinh 9
Dé dang chiang minh AABE = AACM (c.c.c) , suy ra
AE = AM, AEB=AMC.
Chimng minh duoc AAEN = AAMN (c.g.c) néntacé AMN = AEN .
Vay AMN =AMC .=
Bai 6.
Trén nira mat phang bo AC khong chira B vé hinh vudng ADKH. B
Tacé ABHK =ACDK (c.g.c) nén BK =CK, BKH =CKD.
Tam giac BKC c6 BK = KC nén ABKC cén tai K. 0
A D E €
Hon ntra, BKC + K, +CKD =K, + BKH =90°.
14
Vay ABKC vuéng can tai K. " A >
K Hinh 10

Turdo, KCB =45°.

Lai c6 AAEB =ADCK (c.g.c) nén AEB=C, .

Cudi cing, AEB+ACB=C, + ACB=KCB=45°.1
Bai 7.
Dung cac diém H, I, K sao cho AB 1a dudng trung truc caa doan

thang El, AC la trung truc caa doan thang EH, BC 1a duong
trung truc ciia doan thiang FK.

Theo tinh chat cua diém nam trén duong trung truc ta co
Al = AE = AH . Vay AIAH can tai H.

Mait khac dé dang chirng minh duoc AD Ia tia phan giac cua goc
IAH. Nhu vay, AD la duong trung truc cua doan thang IH. Do F
ndm trén AD néntacé FI =FH (1).

Hinh 11
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Lai c6 AFIB=AKEB(c.g.c) nén FI =KE (2).
Tu (1) va (2) suyra FH =KE.
Xét AFHC va AKEC c¢6 FH =KE, FC =KC, HC =EC.

Tir d6 AFHC = AKEC(c.c.c).

Vay HCF =ECK . Suy ra HCE = KCF .

Cudi cung, vi BCF ZQZF; ACE :g nén ACE =BCF .=

Bai 8.

Goi G la giao diém cua hai duong trung tuyén AD va BF cua tam giac ABC.
, ) _ . A
Theo tinh chat dwong trung tuyén tng vai canh huyén cua

BC

mot tam giac vuodng, suy ra DA=DB =DC = - F
Vi G la trong tam cua tam giac ABC nén be = l.
AD 3 B E D

Mat khéc, do D la trung diém cua BC nén theo dé bai ra ta Hinh 12

., DE 1

6 —==.

BD 3
Nhuvay 22 - DE(_ 1)
AD BD\ 3

Két hop véi AD = BD ta dugc DG = DE ..

Vi ADGB = ADEA(c.g.c) nén AE =BG.

Ap dung dinh ly Pythagore vao cac tam giac ABF va ABC ta duoc:
BF? = AB’ + AF? =(BC® — AC? )+ AF? (*).

Thay BF = g BG, BC :gEC, AF :%AC vao hé thuc (*) ta duoc:

(g BG)Z = G EC)Z —AC? +G AC)Z
Thu gon hé thirc nay ta dugc diéu phai ching minh.m
Bai 9.
Truong hop BAC =90°, két qua 12 hién nhién.

Ta chirng minh bai toan cho truong hop BAC <90° (truong hop BAC >90° ching minh tuong ty).
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Trén tia d6i cua tia MA lay diém D sao cho MA =MD . Budng
thang vudng goc véi AB tai B cit AD tai G. ta co

AAMC = ADMB(c.g.c) suy ra D=CAM, AC =BD.

Lai c6 BG//AE (cung vudng goc vai AB) nén BGA=EAG
(Hai goc so le trong).

Ma BGA=D+DBG, EAG = EAC +CAG =EAC+D.
Vay DBG =EAC .

Co DBA=DBG + GBA=DBG +90°,

FAE = EAC + FAC = EAC +90°. Hinh 13 p
Vay DBA =FAE . Hai tam giac DBA va FAE c6 AE = AB, AF =BD(= AC), DBA=FAE nén bang
nhau (c.g.c)
Do d6 FE=AD.Ma AD=2AM nén FE=2AM .R
Bai 10.
Qua C vé duong thang vudng goc véi AC, cit AD tai F.
Do ABE =CAF (ctng phu véi AEB) nén ABAE = AACF (g.c.g).
Tudésuyra CF=AE=EC. 3

Vay ACDE =ACDF (c.g.c) suy ra CDE =CDF.

Trén tia DE lay diém G sao cho ED = EG. 4 3 C

Tacé AAEG =ACED(c.g.c) nén CDE = AGE va AG//DC.

‘ G Hinh 14
Vi DAG = FDC (hai goc dong vi) suy ra DAG = DGA.

Vay ADAG cén tai D, tr d6 DA=DG =2DE .&
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Bai 11.
K¢ duong trung tuyén AD cia AABC.
Khi d6 AD ddng thoi 1a duong cao va duong phan giac cia AABC 30

Trén nira mat phang b AC khong chaa D, lay diém E sao cho
AADE déu.

15 30°

D& dang tinh dugc s do cac goc: ACE =30° CAE =15°.

Nhu vay: AAEC = AAMB(g.c.g).

BC =
Hinh 15 &

Tu do suy ra: AM =AE=AD=T.I

Bai 12.
Tacod D, =E,; (cung phu véigoc K).
Do d6 AKAD = ABAE(g.c.g).

Tu dosuyra AB=AK.
Ma AB = AC (AABC vudng can tai A).
Nén AK =AC.&

Bai 13.
Vi DE//BC nén DIB=1IBC, EIC=ICB.

Mt khac Bl va Cl lan luot Ia tia phan giac goc B va goc C cua
tam giac ABC nén IBC = IBD, ICB=ICE . D I E

Do d6 DIB = IBD, EIC = ICE. N

Tir d6 suy ra cac tam giac BDI va CEI 1a cac tam giac can lan
luot tai cac dinh D va E. Hinh 17

Vay DE=DI +IE =DB +EC .&
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Bai 14.

. . A

a) Goi N la trung diém cua CF. Noi EN. Ta c6 DN la
duong trung tuyén tng véi canh huyén cua tam giac )

CE D M E
vuong CDF nén: ND == NF =NC.
Do d6 ADNC can tai N. )
Vi CD la phén giéc géc C cua AABC nén B F N c
ECD — NCD Hinh 18

Mat khdc NDC = NCD (vi ADNC can tai N) nén NDC =ECD..
Tirdo6 DN//AC. Vi DN//AC nén ACB = DNB (hai goc dong vi),
Lai cO0 ACB=B (Vi AABC can tai A)nén B=DNB.

Tur d6 suy ra: ADBN can tai D.

Vi ADBN cén tai D nén BD = DN =% hay CF =2BD.

b) Chitng minh dugc ADE cén tai D va AM vira la duong phan gi4c vira 1a duong trung tuyén caa AADE .

Taco: ADEN = ACNE(g.c.g) nén DE =CN :%: hay CF =2DE.

Do d6 M 1a trung diém cua DE nén CF =4MD .=
Bai 15.
Trén tia AB lay diém D sao cho BD =BI . Vi ABDI cén

tai B nén BID = BDI :%ABI :%ABC.

* Néu AB+BI = AB thi AD=AC.
Vi AADI = AACI (c.g.c) nén ADI = ACI .

Do do %ABC = % ACB hay ABC =2.ACB.

*Néu ABC =2.ACB thi %ABC = % ACB, suy ra Hinh 19

ADI = ACI .

Do d6 AADI = AACI (g.c.g). Nén AD = AC.

Mat khac AD = AB+BD = AB+BI . Dovay AC=AB+BI .&
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Bai 16.
Vi AABC céan tai A va BAC =20° néntacd ABC = ACB =80°.

Lai c6 BDC =30° nén ACD =10°.

Trén ntra mat phang bo AB chira C dung tam giac déu ABE. Theo d6
tacd CAE =40° AB=BE = AE. Do AACE can tai A nén:

ACE = AEC =70°.

BEC = AEC — AEB =70°-60°=10°.

EBC = ABC — ABE =80°—60° = 20° . B C Hinh 20

Tacé AADC = ABCE(g.c.g) nén AD=BC.®

Nhgn xét: Ta cd thé dua ra bai toan nguoc lai nhu sau: Cho tam giac ABC ¢ B =80°. Trén canh AB lay
diém D. Biét rang BDC =30°. Chung minh rang AB = AC.

Bai 17.

Trén tia d6i cua tia DC lay diém E, trén tia ddi cua tia CD lay F

diém I, trén tia CA liy diém F sao cho:
DE =DB, DI =CE, CE=CF.

Ta tinh dugc: ACB =50°, DCB =30°, CDB =80°.

Lai c6 ACEF can tai Ccd C=20° nén CFE =CEF =80°.

Theo phan nhan xét bai 15, ta cd6 AIDB véi IDB=80°, C la
diém trén canh 1D thoa man DCB =30° nén IB =D . Hon
nita ta c6 ABID can tai | v&i 1 =20°.

Hinh 21 I

Tacé ACEF =AIDB(c.g.c) nén EF =BD =ED.
Do d6 AEFD can tai E. Ta tinh dugc

EFD = EDF =50°, ADF =30°, AFD =30°
Taco AAFD céantai Anén AF =AD.
Cubi cing, AC+AD=AC+AF =CF =CE=CD+DE=CD+DB.®
Bai 18.
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Goi H 1a giao diém cac duong cao BD va CE. N6i EM, EN, DM, DN.
Theo tinh chit duong trung tuyén tng véi canh huyén cua tam giac

vuobng, tac6 EM = DM :%.

Lai c6 ABD = ACE =90°—BAC nén

IBA=IBD=ICA=ICE

_Laep=tacE=45_Llgac.
2 2 2

Do vay

Hinh 22

IBC + ICB =(ABC—ABI )+(ACB—AC|)=(ABC+ACB)—(AB| +AC|)

=(180°—BAC)—2(45°—%BAC)=90°.
Tur do ABIC vuong tai .

Ta co IM 1a dudng trung tuyén wng véi canh huyén cia ABIC nén IM :% =EM =DM . Tir d6, M
nam trén dudng trung truc caa DE (1).

Mat khac vi AIMB va AEMB can tai M nén

IME = IMB — EMB =(180°—2IBC)—(180°—2EBC)= 2(EBC— IBC)

=2EBI = ABD =90°-BAC .
Chung minh tuong tu ta dugc IMD =90°—-BAC . Do vay IME =IMD .
Tac6 AEMI =ADMI (c.g.c) nén ID=IE. Turdo | nam trén duong trung truc cia DE (2).
Tu (1) va (2) suy ra Ml 1a duong trung tryc cua DE.
Lai c6 N nam trén Ml nén NE =ND.

Goi N’ 1a trung diém cua AH, theo tinh chat duong trung tuyén tng vai canh huyén caa tam giac vuéng
taciingco ND=NE.

Do vay N’ ciing nam trén dudng trung truc caa DE.
Tur d6 N va N’ tring nhau suy ra N 1 trung diém caa AH hay NA=NH .

BAI TOAN 3.5U DUNG QUAN HE GOC VA CANH POI DIEN, QUAN HE PUONG VUONG
GOC VA PUONG XIEN, QUAN HE PUONG XIEN VA HINH CHIEU, BAT PANG THUC TAM
GIAC

I. KIEN THUC CAN NHO
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1. Quan hg giira goc va canh ddi di¢n:

Trong mot tam giac, goc déi dién vai canh 16n hon 1a géc 16n hon, canh di dién véi goc 16n hon 1a canh
I6n hon. Cho tam giac ABC, ta co: p
B<C«< AC<AB

B>C«< AC > AB

Chay:

* Néu B=C thi AC=AB vanguoc lai. \ p
B

* Trong tam giac vubéng canh huyeén la canh c¢6 do dai I6n nhat. Hinh 1

2. Quan h¢ giira dwong vudng géc va dwdng xién, dwdng xién va hinh chiéu:

Xeét tat ca cac dudng vudng goc va duong xién ké tir mot diém nam ngoai mot dudng thang ti duong
thang do, ta cé cac ket luan sau:

* Puong vudng goc ngan hon moi dudng xién.

* Puong xién nao 16n hon thi c6 hinh chiéu 16n hon va nguoc lai, dwdng xién nao ¢6 hinh chiéu I6n hon
thi 16n hon.

* Néu hai duong xién bang nhau thi hinh chiéu bang nhau. Nguoc lai, néu hai duong chiéu bang nhau thi
hai duong xién bang nhau.

M
Cho mot diém M nam ngoai duong thang d. Qua M ké duong
vudng géc MH va cac duong xién MA, MB xudng dudng thang
d.
Khi d6 ta co:
MH < MA; MH < MB
MB > MA < HB > HA [l 4
< s _ A H B
3. Bat dang thirc tam giac Hinh 2

Trong mot tam giac, do dai mot canh ludn Ién hon hiéu va nho hon tong do dai hai canh con lai. Cho tam
giac ABC, dat BC=a;CA=b;AB=c

Khi do 7

lo—c|<a<|b+c| b
la—c|<b<|a+c]

la—b|<c<|a+b|

B ” C
Hinh 3

B6 sung: Vai ba diém A, B, C bét ky, ta ludn c6: AB < AC +CB . Dau
bang xay ra < A, B, C thang hang va C nam gitra A va B.

Il. CAC VIiDU
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Vidu 1. Cho tam giac ABC khong can, M 1a trung diém cua BC.
a) Ching minh AB+ AC >2AM

b) Biét AC > AB, chung minh MAB > MAC

¢) Ké AH vudng gdc véi BC (H € BC). Tia phén giac goc A cat BC ¢ D. Chiing minh MH > MD

Loi gidi

Trén tia d6i cua tia MA lay diém E sao cho MA= ME . Ta c6 AAMB = AEMC (c.g.c) nén suy ra

AB=CE,MAB=E

Ap dung bét dang thirc tam gidc vao AACE ta duoc AC +CE > AE
Ma AB=CE, AE =2AM nén AB+AC >2AM

b) Xét AACE c6 CE = AB< AC suy ra EAC <E hay MAC<E
Ma MAB = E néntaco MAB > MAC

c) Khdng mat tinh tong quat gia sir (AB < AC)

(Truong hop AB > AC, d6i vai tro cia B va C rdi ching minh
tuong tu).

Thay rang néu H nam ngoai doan thang BC. Khi ay B nam giira H
va C. Ma D va M nam trén doan thang BC nén hién nhién
MH > MD

Xét truong hop H nam trén doan thang BC.

Vi AB<AC néntacd C<B

Lai c6 BAH =90°-B;CAH =90°-C

T do suy ra BAH < CAH

Theo chitng minh céu a, vi AB < AC nén BAM >CAM

Do vay BAH <BAD <BAM

Hinh 4

Mt khac H, D, M nam trén doan thang BC nén BH < BD < BM hay MH > MD .

% chu vi tam giac ABC.

Vi du 2. Cho tam giac ABC, v& AH vudng goc véi BC (H thudc doan thang BC). D 1a diém nam giita
A va H, E 1a diém nam giira B va H, F 1a diém nam giira C va H. Chiing minh rang chu vi tam giac
DEF nhé hon chu vi tam giac ABC. Tim mdt vi tri caa cac diém D, E, F dé chu vi tam giac DEF bang

Loi gidi
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N&i CD. Vi F nam giita C va H nén HF < HC . Theo quan hé giita dudng xién va hinh chiéu, vi
HF < HC nén DF <DC.

Lai ¢6 D nam giira A va H nén HD < HA. Ap dung quan hé giita duong xién va hinh chiéu, ta duoc
CD<CA

Tirdé DF < DC < CA(1)
Ching minh tuong tu, ta dugc DE < DB < AB(2)

Taco EF:HE+HF<HB+HC:BC(3)

Tu(l) (2) va (3) suy ra DE +EF + FC < AB+ AC+BC . Hay chu
vi tam gidc DEF nho hon chu vi tam giac ABC.

Vi D, E, F lan luot 14 trung diém cua AH, BH va CH, theo Vi du 2
(Chuyén dé 2) ta ching minh duoc

DE:E;DF:A—C;EFzﬁ B
2 2 2

Khi d6 chu vi tam giac DEF bang % chu vi tam giac ABC.

Vi du 3. Cho tam giac ABC vudng can tai A. Goi D va E 14 hai diém theo tha tu nam trén hai canh AB
va AC sao cho AD = AE. Goi K 1a diém thudc canh BC. Trén nira mat phang bd AC khong chia diém

B, vé& diém | sao cho EAIl = DAK va Al = AK . Chtng minh rang KE + KD > AB

Loi gidi

Taco AD = AE; AK = Al, EAI = DAK nén AADK = AAEI (c.g.c).

Tur @6 suy ra DK = El A
Taco KE +KD = KE +KI > KI (1)
Lai c6 EAl = DAK nén KAI =BAC =90° D, E
Nhu vay AKAI vudng can tai A. )
Theo dinh 1y Pythagore ta duoc =
KI? = AK? + Al? =2AK? y X " Hinh 6 ¢

Tir do suy ra KI =+/2.AK >2.AH (2)
Lai c6 AAHB vudng can tai H nén AB? = AH?+BH? =2AH? , suy ra AB=+2AH (3)

Tir (1), (2) va (3) suy ra: KE + KD > AB . D4u “="xay ra khi va chi khi K triing véi H.
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Vi du 4. Cho hai tam gidc ABCva A'B'C'co AB=A'B;AC=A'C"' . Chitng minh
A<A'<BC<B'C'.

Loi gidi

B'!
D

A 1] (' A ’
Hinh 7
Gia sir tam giac ABC va tam giac A'B'C' c6 AB = A'B; AC = A'C"; A< A" . Dung tam gidc A'B”C' bing

tam giac ABC (hinh v&). Tia phan giac cua goc B'A'B" cit B'C' ¢ D. Ta c6 AB'A'D = AB”A'D (c.g.c) nén
DB'=DB" . Trong tam gidc DB"C'tac6 DB"+DC'>B"C'=B'C'>B"C'=BC .

Nguoc lai, néu tam giac ABC va tam giac A'B'C' c6: AB=A'B;AC=A'C;BC<B'C'.
Ta sé chung minh A< A" . That vay:

*Néu A=A’ thi AABC = AA'B'C'= BC =B'C" (loai)

*Néu A> A', 4p dung phan thuan ta suy raBC > B'C" (loai)

Vay A<A'.

Cha y: Quan hé giira goc va canh di dién chi dung trong mot tam giac hozc hai tam giéc bang nhau, con
d6i véi hai tam giac khong bang nhau thi khong ap dung duoc. Tuy vy, qua vi du trén ta thdy véi hai tam
giac c6 thém diéu kién hai cap canh bang nhau, ta c6 mot két qua dang chu ¥ trong viéc chiing bat dang
thae hinh hoc.

I11. BAl TAP

Bai 1. Cho tam giac ABC déu. Goi M Ia trung diém ciia BC. Trén canh AB lay diém D, tia DM cat AC tai
E. Chang minh rang MD < ME .

Bai 2. Cho tam giac ABC can tai A. Trén canh BC lay hai diém D va E sao cho BD = DE = EC . Chung
minh rang BAD = EAC < DAE .

Bai 3*. Cho tam giac ABC nhon, B >C . K¢ hai dudng cao BD va CE. Chting minh rang:
AC—-AB>CE-BD

Bai 4*. Cho tam giac ABC c6 AB < AC . P 1a mot diém nam trong tam giac sao cho PBA=PCA . Goi H
va K 1a chan duong vudng goc ha tir P xudng AB va AC. Goi I 1a trung diém cua BC. Chiing minh
HIB < KIC .

Tir bai 5 dén bai 11 &p dung két qud ¢ vi du 4.
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Bai 5. Cho tam giac ABC ¢ AB < AC . Trén céac canh AB va AC lan luot liy cac diém D va diém E sao
cho

BD =CE . Goi M la trung diém cua BC. Chitng minh MD > ME .
Bai 6. Cho tam giac ABC ¢ AB < AC . Goi M la trung diém cia BC. Trén doan thing AM |y diém O
batky (O = M) . Chiing minh ring OB < OC .

Bai 7. Cho tam giac ABC can tai A. Trén tia BA lay diém E, trén tia d6i cua tia CA lay diém F sao cho
BE = CF. EF cit BC tai diém D. Chang minh BD > DC .

Bai 8. Cho tam giac ABC can tai A. L4y M 1a mot diém trén canh BC sao cho MB < MC . Trén doan
thang AM l4y diém O. Chung minh raing BOA> COA.

Bai 9. Cho tam giac ABC c6 AB < AC; A= 90° . V& vé phia ngoai tam gi4c nay cc tam gi4c vudng can
ABD va ACE. Goi M la trung diém ciia BC. Chiing minh MD < ME .

Bai 10. Cho hai doan thang AC va BD cit nhau tai trung diém O caa doan thang AC. Biét AB > BC ,
chitng minhCD > DA .

Bai 11. Cho tam gidc ABC c0 AB < AC . Goi BD va CE 1a hai duong cao cua tam gidc. Chiing minh
BD<CE .

Bai 12. Cho tam giac ABC thoa man c6 AB > AC, tia phan gi4c goc A cit BC & D. Goi M 1a diém bt ky
trén doan thang AD (M khéc A). Chiing minh rang AB— AC > MB— MC .

Bai 13. Cho tam gidc ABC, M la diém nam trong tam gi4c. Chting minh rang:
a)MB+MC < AB+ AC

b)MA+MB +MC |6n hon ntra chu vi va nho hon chu vi tam giac ABC.

Bai 14. Ching minh rang tong d6 dai ba duong trung tuyén 16n hon % chu vi va nho hon chu vi tam giac

do.
. . ) 1 , S A
Bai 15. Cho tam giac ABC c6 B >90°; AB = > AC . Chttng minh rang C > 5

Bai 16. Cho tam giac ABC c6 C =90° , dudng cao CH. Chitng minh rang AC + BC < AB+CH .

Bai 17. Cho tam giac ABC vuéng tai B, duong phan giac AD. Qua C ké duong thang vudng goc véi BC
cat AD tai E. Chting minh chu vi tam giac ECD Ién hon chu vi tam giac ABD.

Bai 18. Cho tam giac ABC c6 AB > AC . Trén cac canh AC va AB lay tuong tmg cac diém M va N sao
cho AM = AN . Goi O 1a giao diém cia BM va CN. Chiing minh rang OB > OC .

Bai 19. Cho tam giac ABC c6 BAC > 60°. Chuang minh rang AB+ AC <2BC
Bai 20.Cho tam giac ABC nhon, goi H la truc tdm cta tam giac do. Chirng minh

HA+ HB + HC <§(AB+AC+ BC).
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IV. HUONG DAN GIAl
Bai 1.

Vi tam gidc ABC déu nénB = ACB = A=60°

Theo tinh chat goc ngoai BDM = A+ E > 60°

Ap dung quan hé giira goc va canh ddi dién trong tam gidc BDM ta duoc
DM < BM =CM (1)

Tam giac MCE c6 MCE =120° va la gdc 16n nhat cua tam giac MCE nén \
Hinh 8

MC < ME (2)

Tur (1) va (2) suy raMD < ME .

Bai 2.
Ta c6 AABD = AACE (c.g.c) nén BAD = CAE (1)
Trén tia d6i cua tia DA lay diém F sao cho DA = DF .
Vi AAED = AFBD (c.g.c) nén DAE = F; AE =BF .
Vi AEC > ABC = ACB nén trong tam gidc AEC ta c6 AE < AC
Tu d6 suy raBF < AB (vi AE =BF; AB=AC)
Trong tam gidc ABF c6 BF < AB nén BAD < F
Hinh 9

MaDAE = F nén BAD < DAE (2)

Tir (1) va (2) suy ra BAD = EAC < DAE .

Bai 3. A
Trong AABC, vi ABC > ACB nén AC > AB.

Trén canh AC lay diém M sao cho AM = AB .

Goi N va F lan luot 1a hinh chiéu ciia M trén AB va CE. N %

Ta c6 AABD = AAMN (canh huyén - géc nhon) nén MN = BD.. £ M
Mt khac vi AMNE = AEFM (canh huyén- géc nhon) nén MN = EF.

Do vay MN =BD =EF . B Hinh 10

Vi AFCM vubng tai F nén CM >CF hay AC—AM >CE—-EF.
Tu dosuyra AC—AB>CE-BD.
Bai 4.
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Goi E va F lan luot 1a trung diém cua BP va CP. Ap dung tinh chat duong trung binh cua tam giac va tinh
chat duong trung tuyén tng vai canh huyén cua tam giac vuong, ta duoc:

HE=IF:%;KF:IE=C—2P;HEI =IFK

Tur d6 AHEI = AIFK (c.g.c), suy ra EIH = FKI (1)

Vi AB < AC nén ABC > ACB

Két hop véi PBA=PCA suy ra PBC > PCB , ma PBC =CIF va
PCB =BIE (hai géc dong vi) nénCIF > BIE (2)

TuCIF > ICF =BIE suyra FC>FI . Ma FC =FK (: %) nén

IF <FK
Hinh 11

Tu do KIF > IKF hay KIF > EIH (3)

Tur (1), (2) va (3) suy raKIF +CIF > BIE + EIH hay HIB < KIC

Bai 5.

Xét tam giac ABC. Vi AC > AB nén ABC > ACB hay DBM > ECM
V/¢6i hai tam gidc BDM va CEM ¢6 CE = BD;CM = BM

~ A A 5 e z B ' M ¢
Vi DBM > ECM nén theo két qua ¢ vi du 4 ta cé MD > ME . Hinh 12
Bai 6.
Xét hai tam giac AMB va AMC c¢6 MB = MC ; MA chung, ma
AB < AC nén theo két qua ¢ vi du 4, ta co
AMB < AMC hay OMB < OMC
Bay gio ta xét hai tam gidc OMB va OMC c6 MB =MC, OM
chung, OMB < OMC . Theo két qua ¢ vi du 4 ta dugc OB < OC : ~ams 2

B ;
Hinh 13
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Bai 7.

Trudc hét ta s& chimg minh D 13 trung diém cua EF. That vay, Ké EH va
FK vudng goc véi duong thang BC (H, K e BC).

Ta c6 ABEH = ACFK (canh huyén- géc nhon) nén EH = FK

Xét hai tam giac EHD va FKD cd

EHD = FKD =90°, EH = FK; DEH = DFK (hai goc so le trong)

Suy ra: ADEH = ADFK (g.c.g) = DE = DF

Cudbi ciing vai hai tam giac BED va FCD ta thdy DE = DF; BE =CF ma ® W
BED > CFD (goc BED la gdc ngoai ctia tam giac AFE) nén BD >CD Hinh 14

(theo két qua & vi du 4).

Bai 8.
Thay rang, véi mot diém M bat ky thuoc mién trong cua tam giac ABC

can tai A (diém M c6 thé nam trén cac canh cua tam giac, M khong
trung vai B hoac C) ta ludn cé6 AM < AB (Ban doc ty chitng minh).

Quay lai bai toan.

Xét ABAM va ACAM c6 AB = AC, AM chung.

ViBM <CM nén BAM <CAM . Ap dung két qua ¢ vi du 4 mét lan ’.\
nira véi AABO va AACO ta dugc OB <OC l

Dé chiing minh BOA > COA ta s& dung hai tam giac c6 hai cip canh B M

tuong (ng bang nhau va c6 cac goc xen giita 1a BOA va COA nhu sau: Hinh 15
Trén canh OC lay diém N sao cho OB =ON . R rang N nam & mién trong tam giac can ABC nén

AN < AB. Hai tam gidc AOB va AON c6 OB =ON, OA chung, AB < AN nén BOA>COA.
Bai 9. Do AB < AC nén BD <CE (Tam giac vudng can co6 canh goc

vudng 16n hon thi canh huyén I6n hon). Ta c6 AEAB = ACAD (c.g.c)

nén BE =CD . Hai tam gidc DCB va EBC c6 BE =CD , BC chung. Vi 5

BD <CE nén DCB < EBC hay DCM < EBM . A

Xét hai tam giac DCM va BEM c6 BE =CD; MB = MC, DCM < EBM

nén MD < ME .

Nhan xét: Trong bai toan trén, ta vé ra phia ngoai tam giac ABC céc tam

giac vudng can tai A. Néu vé ra phia ngoai tam giac ABC cac tam giac A e } .

déu thi sao? Chiing ta c6 bai toan twong tuy nhu sau: Cho tam giac ABC

‘ Hinh 16
cd AB < AC,A=120° . Vé veé phia ngoai tam giac ABC cac tam giac

déu ABD va ACE. Goi M la trung diém cuia canh BC. Ching minh MD < ME .
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Bai 10.

Goi M la trung diém cua AC.

B
Taco AB > BC, theo két qua cua vi du 1 4p dung vao tam giac ABC,
dudng trung tuyén BM ta dugc ABM < CBM (1)
| |
1 M | (.
D

Ciing tir AB > BC nén BAM < BCM (2) 4
Tir (1) va (2) suy ra ABM +BAM < CBM +BCM hay AMD <CMD . Hai
tam giac AMD va CMD c6 MA = MC ; canh chung MD; AMD < CMD nén Hinh 17

theo két qua ¢ vi du 4, ta dugc AD <CD.
Bai 11.
Vi AB< AC néntacod ABC > ACBhay EBC > DCB

Trén tia d6i cua tia DB ldy diém F sao cho DF = DB ; trén tia di
cua tia EC lay diém G sao cho EG = EC . Ta c6 AEGB = AECB
(c.g.c) va ADFC = ADBC (c.g.c) nén GB=BC =CF.

Mat khac GBC = 2EBC > 2DCB = FCB.

Ap dung két qua & vi du 4 vé6i hai tam gidc GBC va FCB ta suy ra
BF <CG.Tudo BD<CE.

Nhan xét: Tir két qua cua bai toan ta c6: Trong mot tam giac

A F
D,
G
E
B C
II.hL 1Q
A
duong cao tng vaéi canh 16n hon thi nho hon.
Bai 12.
Trén canh AB lay diém E sao cho AE = AC.Ta c6 AAME = AAMC
E
B D c

(c.g.c)nén ME=MC.

Ta c6 AB—AC = AB— AE = BE > MB—ME (Ap dung bat dang thirc
tam giac vao AEMB).

T d6 AB— AC > MB—-MC. Hinh 19

Bai 13.
a) Gia sir tia BM cat canh AC tai D.

A
TacoOMC <MD +CD trdoMB+MC <MB+MD+CD=BD+CD.
Laico BD<AB+AD . Turdo
MB+MC <BD+CD < AB+AD+CD=AB+ AC D
b) Theo két qua phan a ta co: M
B C

Hinh 20
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MB + MC < AB+ AC (1)
MC + MA < BC +BA(2)
MA+MB < CA+CB(3)

Cong (1), (2) va (3) ta duoc 2(MA+MB + MC) < 2( AB + BC +CA) . Tir d6 ta c6

MA+MB +MC < AB+ BC +CA(*)

Mt khac, ap dung bt ding thirc tam giac vao cac tam giac MAB, MAC, MBC ta duoc
MA+MB > AB; MB + MC > BC; MC + MA > CA

Do vay 2(MA+MB+MC)< AB+BC +CA hay MA+MB +MC >%(AB+ BC +CA)(**)

Tu (*) va (**) suy raMA+ MB +MC 16n hon ntra chu vi nhung nho hon chu vi AABC.
Bai 14.

Gia st AABC c¢6 cac dudng trung tuyén AM, BN, CP cét nhau tai A
trong tdm G. Theo vi du 1, ta c6

AB + AC
<

2
BA+BC P N
<—
2
CA+CB G

2

AM

BN

CP<

B M

Cong cac bat dang thirc trén ta duoc X
Hinh 21

AM +BN +CP < AB+BC +CA(1)
Mt khac, theo bai tap 13 ta c6 GA+GB +GC > %(AB + AC+BC)
2 1
hay g(AM +BN +CP)> E(AB+ AC +BC).
Twrdo AM +BN +CP > %(AB+ AC +BC)(2)
Tir (1) va (2) suy ra tong d6 dai ba dudng trung tuyén cua mot tam giac 16n hon % chu vi va nho hon chu
Vi cua tam giac do.

Bai 15.
Goi M la trung diém caa AC, phan giac goc A cat canh BC tai D.
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Ta c6 AABD = AAMD (c.g.c) nén ABD = AMD. ‘ B

D
Lai c6 ABD >90° nén AMD >90°.
Tudo AMD >CMD "
Hai tam giac AMD va CMD c6 MD la canh chung; A M
MA = MC; AMD >CMD nén AD > DC. Hinh 22

Xét trong AADC c6 AD > DC nén C > DAC hay C > B';C :

Bai 16.

Vi AABC vudng tai C va ACBH vudng tai H nén AB>CB >BH . Ton tai diém D thudc doan thang AH
sao cho BC =BD . Goi E Ia hinh chiéu cua D trén AC.

Mat khac vi ACBD céan tai B nén BCD = BDC .

Lai co BCD+ECD =90°BDC + HCD =90° .Tur do
ECD =HCD

Vi ACED = ACHD (canh huyén-géc nhon) nén
CE=CH;DE=DH.

Hinh 23

Tacd AB+CH =BD+DA+CH > AE+BC+CE =CA+CB.

Nhan xét: Tt két qua cua bai toan ta co: Trong mot tam gidc vudng, tong hai canh géc vudng nhé hon
téng cua canh huyén va dudng cao ang véi canh huyén ay.

Bai 17.
Ta co AB // CE (vi cung vudng goc véi BC) nén ABD = E (hai gdc so le trong). F
Mat khac do AD la phéan giac cia géc BAC nén suy ra E = CAD
Tur do6 ACAE cén tai C.

Tacé CE=CA> AB nén CE* > AB*(1).
’ Hinh 24
Goi F la hinh chiéu cua D trén AC.

Ta c6 AABD = AAFD (canh huyén - géc nhon) nén DB = DF. Ta c6
CD > DF = DB nén CD? > BD?(2). E

Tu (1) va (2) suy ra CE?+CD? > AB® + DB? = DE? > DA’ hay DE > DA.
Vi CE > AB;CD > DB; DE > DA nén chu vi AECD I6n hon chu vi AABD.

Bai 18.
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Vi AB > AC nén c6 diém P trén canh AB sao cho AP = AC . Goi D la giao diém cia CN va PM. Vi
AN = AM < AC = AP nén P nam giira N va B.

Tu d6 BMN > PMN

Dé dang ching minh duoc ADMN can tai D nén PMN =CNM;
tir d6 BMN > CNM hay OMN >ONM .

Trong AOMN c6 OMN >ONM nén ON >OM (1).

Ta cd AAPM = ACAN (c.g.c) nén PM =CN.

Vi AAPC can tai A nén APC <90°

Tur d6 APM <90°hay BPM >90°. Hinh 25
Trong APBM ¢6 BPM >90° la goc I6n nhat nénBM > PM =CN (2)

Tur (1) va (2) suy raBM —OM >CN —ON hay OB > OC .
Bai 19.

Ta xét hai truong hop:

+ Truong hop 1: AABC c6 A=60°.

Goi D va E lan luot 12 hinh chiéu cua B va C 1én phén giac goc A cua
AABC.

Céc tam giac vudng ABD va AEC lan luot c6 cac goc nhon

BAD =30° CAE =30° nén BD :%AB;CE :%AC .

Tirdo AB+AC =2(BD+CE)<2BC.
Hinh 26a

Dau “=" xay ra khi va chi khi AABC déu.

+ Truong hop 2: AABC c6 A=60°.

Trén canh BC lay diém B'sao cho CAB'=60°. 4

Theo két qua & truong hop 1 tacod AB'+ AC <2B'C(1)

60°

Trong AABB'tacé AB-AB'<BB'< ZBB'(Z)

Tur (1) va (2) suy ra AB+ AC < 2BC .

Trudng hop nay khdng xay ra dau “=". B B’ ¢
Toém lai, ta ludn c6 AB+ AC <2BC . Hinh 26b
Dau “=" xay ra khi va chi khi AABC déu.
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Bai 20.
Qua H ké cac duong thang song song véi AB va AC, cit AC va AB lan luot tai D va E.
Ta co AADH = AHEA (g.c.g) nén AE=DH;AD=EH .

Xét AAHD c6 AH < AD+DH , suyra AH < AD+AE(1)

Laico EH//AC ma AC L BH nén EH LBH.

Tir d6 AEBH vudng tai H, suy ra BH < BE(2) . Chimg minh twong tu ta dugc CH <CD(3)

Tu (1), (2) va(3) suy ra AH +BH +CH < AB+ AC(4)

Chting minh tuong tu ta dugc:

AH +BH +CH < AB+BC(5)
AH +BH +CH < AC+BC(6)

Tur (4), (5) va (6) suy raHA+ HB + HC <§(AB+ AC+BC).
BAI TOAN 4. SU DUNG PINH LI THALES (TA-LET) VA TINH CHAT PUONG PHAN GIAC
CUA TAM GIAC PE CHUNG MINH PANG THUC
I. KIEN THUC CAN NHO
1. Poan thang ti 1é

Hai doan thing AB va CD goi la ti I véi hai doan thang A’B' va C'D’ néu co ti I¢ thuc: :,z, =%
2. binh ly Thales trong tam giac 4

Néu MN //BC thi:

AM AN AM _ AN M, N

MB NC' AB AC’ / \
* Mé rong dinh ly Thales: B —>C

Cho ABCD la hinh thang (AB//CD) néu MN //AB thi:

AM BN AM BN M/ \N
MB NC' AD BC

3. Dinh ly Thales dao / \
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Néu M, N 14 hai diém lan luot trén hai canh AB, AC sao cho

AM_ AN i MN//BC

MB NC

4. Hé qua dinh ly Thales M N

Néu mot duong thing cit hai canh cia mot tam gic va song song / \

vGi mot canh con lai thi né tao thanh mot tam giac méi cé bacanh 8™ ¢

tuong ung ti 1€ véi ba canh cia mot tam giac da cho.
(Cha y: Hé qud nay vdn ding trong truong hop dwong thang dé cho cdt phan kéo dai cia hai canh kia).
5. Tinh chit dwong phan giac cia tam giac

Trong tam giac, dudng phan gidc cua mot goc chia canh ddi dién thanh hai doan thang ti 18 vai hai canh

k& hai doan 4y. D

Chu y: Tinh chit van dang véi tia phan gidc goc ngoai
cua tam giac. Cho AABC, AD va AE lan luot la céc
duong phan giac trong va phan giac ngoai tai dinh A
cua tam giac.

DB EB _AB B D C

Khi do: = = .
DC EC AC

B sung: Mét sé tinh chét cua ti 18 thirc

Vi a,b,c,d khac 0. Néu %: E thi ta c6 cac hé thirc sau:

d
ad =bc
a_b
c d
ath cxd a ¢
b d a+b c=*d
a_c _afc
b d bzxd

(Gia sir céc ti s6 déu co nghia)

Il. CAC Vi DU

Vi du 1. Cho hinh binh hanh ABCD. Tir diém C ké dudng thang cat tia d6i cua tia DA va tia doi cua
tia BA lan luot tai diém E va diém F . Trén canh DC ldy diém K sao cho DK = BF . Goi giao diém
cua AK va EF la M . Chirng minh EM = MF .

Loi gidi

Tu diém M ké duong thang song song véi duong thang AF va cit duong thang AE tai diém N .
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EN NM NM DK

Ap dung dinh Iy Thales ta co: . 1
P Cung dinn Iy AE AF DK AF W
A B . F
ma M _ AN 5y do DK //MN .
DK _ AD

. DK BF BC AD
va—=—=—"2="2(3)
AF  AF AE AE
Tu (1), (2) va (3) ta co:
EN AN AD AN
AE  AD AE AE

= EN =AN.

Theo dinh ly duong trung binh cua tam giéc thi
EM =MF.

Vi du 2. Cho tam giac ABC, lay cac diém M, N lan luot trén hai canh AB, AC sao cho MN //BC,
BN cat CM tai diém |, Al cit BC tai diém D. Ching minh BD =DC.

Loi gidi

Tu diém A, ké duong thang d song song véi BC cit tia Bl vatia Cl lan luot tai diém E va diém F
(hinh v&).

F A E
Ap dung hé qua dinh ly Thales ta co:
AR _AM AN AT L AR = AE (1)
BC MB NC BC
Vi EF //BC, theo dinh ly Thales ta co: AR = Al = AE
DC ID BD
(2) B D C

Tu (1) va (2) suyra BD=DC.

Vi du 3. (Bo dé hinh thang) Cho hinh thang ABCD (AB//CD). Hai canh bén AD va BC cit nhau ¢

diém E . Hai duong chéo AC va BD cit nhau tai diém O. Goi F 1a giao diém cua AB va EO.
Chung minh AF =BF .

Loi giai
Kéo dai tia EO cit canh DC tai diém M . .
< AF  BF EF
Ap dung hé qua dinh ly Thales ta co: = = 1
p dung h¢ qua dinh ly oM cm( EI\/Ij()
AF _BF ( FO
=== (2
CM DM OoM
0
Nhan vé véi vé cua dang thic (1) va (2) ta duoc:
2 2
AF N D M C

DMCM DMCM
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Vi du 4. Cho tam gidc ABC c6 trong tam 1a G, tir G keé duong thang cat tia ddi tia CB tai diém D va
cit hai canh AC, AB lan luot tai diém E va diém F . Chang minh L,
GD GE GF

Lo gidi
Ké trung tuyén AM di qua G . Tirdiém B, diém C ke cc duong thang song song véi DF cit tia AM
lan Tuot tai diém K va diém H .
Do ABMK =ACMH (g.c.g) nén BK =HC va HM = MK ..

Str dung tinh chét trong tdm cua tam giac va dinh ly Thales
ta co:

GA_,GM _, HM _HK

=2. =2. = (1)
GD GD HC BK
Do GE//HC nén %:ﬂ:ﬂ (2)
GE HC BK

Do GF //BK nén %:& (3)
GF BK

T (1), Q) va@)suyra o -SA AL 1 1
GF GD GE GF GD GE

Vi du 5. Cho hinh thang vuéng ABCD (AB//CD) va A=90°. Goi M la trung diém cua AB, tia
CM cit AD tai K sao cho DBK =90°. Ching minh CB=CD.

Loi gidi
L4y diém N 1a trung diém cia doan BD.
Kéo dai MN cat BK tai diém H .
Ap dung dinh ly Thales voi AB//CD "
KM _ KA 1) H
MC AD
oy B
Ap dung dinh ly Thales véi HN //KD
HM KA, (_BM
MN ~ AD BA N
Tir (1) va (2) suy ra % _ % —KH //CN (dinh Iy Thales dao).
D C

Do d6 CN 1. BD = ACBD céan tai C=CB=CD.

Vi du 6. Cho tam giac ABC c6 AB < AC, dudng phan giac AD, dudng trung tuyén AM . Trén canh
AC lay diém E sao cho AE = AB. Puong thang BE cat AD va AM lan luot tai diém H va diém
F , duong thing HM céit DF tai diém | . Chitng minh DI = IF .
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Léi gidi

Tirdiém M ké duong thing song song véi AB cit AD, BE lan luot tai diém K va diém P . Tia MH
cit AB tai diém N .

Do tam giac ABE cantai A ma AH la phan giac nén BH = HE
Str dung tinh chat duong trung binh cua tam giac: do MH //EC nén NA=NB.
Xét hinh thang ABKP (AB//KP).

Tathay NA=NB nén MK = MP (theo bb dé hinh thang).
Do PK//AB, st dung hé qua cua dinh ly Thales ta co:

MD _MK . MP_MF . .. o MD_MF

DB AB  AB FA DB FA

Ap dung dinh 1y Thales d4o suy ra AB//DF.

Xét hinh thang ABDF (AB//DF)tacd N la trung diém cua K
AB nén | latrung diém cua DF . Vay DI = IF .

Vi du 7. Cho tam giac ABC vudng can tai A. Trén canh AB lay diém E . Tia CE cat duong thang
vudng goc véi AB tai B o K. Tir E ké dudng thang song song véi BC cit BK tai diém F . Duong
thang AF cit duong thing CK tai diém G, duong thang BG cit AC tai diém D. Goi DE cit BK
tai diém H . Chang minh AC =BH .

Loi gidi
D

Vi BK //AC, theo h¢ qua dinh ly Thales ta co: AD _FK :

AC FB
Vi DC//KH, theo hé qua dinh ly Thales ta co: E:ﬁ. 4

AC BH

K
Tur d6 suy ra ﬂzﬁ.(l) F
FB BH
B C
Do EF //BC néntacé E=E:ﬁ (2)
FB EC AC
KB KB H

Te()va(2)suyra —=——=AC=BH.
(1) va (2) suy BH - AC

Vi du 8. Cho hinh thang ABCD (AB//CD). K¢ duong thang song song véi duong thang AB cit cac
canh AD, BD, AC,BC lan luot tai cac diém |, E,F,K sao cho IE = EF = FK . Gia sir duong thang
BF cit day DC tai diém M . Ching minh ring DM = MC va ba diém A, E,M thang hang.

Loi gidi
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Ap dung hé qua dinh ly Thales khi EK //DC :

EF FK(_BF A .
DM MC| BM
Do EF = FK nén DM =MC hay M la trung diém cua DC . L SN E —F L NK

Giasir AE cit DC tai M’ tuong tu ta ching minh dugc M’ 1a
trung diém cua DC .

=F
S

SuyraM=M",
Viy, ba diém A E,M thiang hang.

Vi du 9. Cho hinh binh hanh ABCD. Goi K 1a diém thudc canh BC . Puong thang AK cat dudng
chéo BD), cit duong thang DC tai G . Ching minh AE? = EK.EG

Loi gidi

Vi AD//BK, ap dung hé qua cua dinh 1y Thales ta dugc:

oY

AE DE

22 - B

EK EB

Vi AB//DG, ap dung hé qua dinh ly Thales ta cé: E

EG DE

—=—(2)

AE EB

Tir (1) va () suyra 25 = EC . ap? —EK EG. o c G
EK AE

Vi du 10. Cho tam giadc ABC c6 AB < AC, duong phan giac AD . Ly diém | thudc canh BC sao
cho Bl =2IC. Tirdiém | ké duong thang song song véi AD cat AB, AC lan luot tai diém K va
diém E . Chiing minh BK = 2CE .

Lo gidi

Ap dung tinh chat duong phan giac cua tam giéc ta co: g = % 1)

Vi El //AD, ap dung dinh ly Thales ta co: g:% 2

. AB CE
T (1) va(2)suyra —=— (3
ir (1) va (2) suy ra —= == (3)

AB BK

Vi AD//KI , theo dinh ly Thales ta c6: — =—— (4)
BD BI

Tir (3) va (4) suy ra %:% ma Bl = 2IC nén BK = 2CE .
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Vi du 11. Cho tam gidc ABC, trén canh AB lay diém M , trén tia ddi cua tia CA liy diém N sao cho
BM =CN . Puong thaing MN cit duong thang BC tai diém D . Ching minh %:%.
Loi giai
Vi ME //AC, &p dung hé qua dinh ly Thales, ta co:
AB BM .
=== (D)
AC ME
Do ME//CN, &p dung hé¢ qua cua dinh ly Thales ta
co:
M
DN CN
=2 )
DM ME
Ma tir gia thiét ta c6 BM =CN (3) B & =
X .. AB DN
Tu (1), (2)va(3)tacd: —=——-.
(). @ va @) taco: = =—

Vi du 12. Cho tam giac ABC can tai A. V& cac duong phan giac BD va CE . Chiing minh rang
1 1 1

— =

DE BC AC

Loi giai
Theo tinh chat duong phan giac cua tam giac ta co:
AD_BA AE_CA
DC BC EB BC’
Vi AB=AC (AABC cantai A)nén

AD _2E vay DE//BC
DC EB

Theo hé qua dinh ly Thalés ta co:

BC AC AD+DC . DC

= = 1+
DE AD AD AD E D

11 DC
Vay =-=t
DE BC AD.BC

1 BC 1 1 B
=—+ =—+—.
BC ABBC BC AB

I11. BAI TAP

Bai 1. Cho hinh thoi ABCD c6 canh la a. Mot duong thang qua diém C cit AB, AD lan luot tai diém
E vadiém F . Chang minh L 1.1
AE  AF
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Bai 2. Cho hinh thang ABCD (AB//CD). Trén tia di cua tia BA lay diém E sao cho BE =CD. Goi

giao diém cua AC véi BD va DE theo thir ty 1a diém | va diém K. Chang minh %:%.

Bai 3. Cho tam giac ABC c6 AC > AB. Trén hai canh AB va AC lay hai diém D va E sao cho

BD =CE. Goi K 1a giao diém DE va BC. Chung minh AB_KE
AC KD

Bai 4. Goi O 1a giao diém cua cac dudng thang chira hai canh bén cua hinh thang ABCD, duong thang

di qua O song song véi day AB cit AC,BD theo thirty & M va N . Chiang minh OM =ON .

Bai 5. Cho hinh thang ABCD (AB//CD). Mét duong thang d song song véi hai day cat hai canh bén
AD va BC theo thir tu ¢ cac diém M, N va cat hai duong chéo BD va AC & diém H va diém K.
Chang minh MH =KN .

Bai 6. Cho tam giac ABC, duong trung tuyén AM . Goi | 1a diém bat ki trén canh BC . Buong thang di
qua | vasongsong véi AC cat AB tai diém K . Puong thang di qua | vasong song voi AB cit
AM, AC theo thir ty & D va E . Chang minh ring DE = BK .

Bai 7. Cho tam giac ABC vuong tai A, V€ ra ngoai tam giac d6 tam giac ABD vudng can tai B, tam
giac ACF vudng can tai C. Goi H 1a giao diém cua AB va CD. Goi K 1a giao diém cia AC va BE.
Chang minh AH = AK .

Bai 8. Cho tam giac ABC . Ké mot duong thang cat cac canh BC, AC theo thir tu ¢ diém D, diém E va
cat duong thang BA ¢ diém F . V& hinh binh hanh BDEH . Buong thang di qua diém F song song véi
BC cittia AH tai diém | . Chitng minh FI =DC .

Bai 9. Cho hinh binh hanh ABCD, goi M 1a diém thudc canh BC, N la diém thudc tia d6i cua tia BC
sao cho BN =CM . Cac duong thang DN va DM cit duong thang AB lan luot tai diém E va diém F .
Chang minh AE? =EB.EF.

Bai 10. Cho hinh thang ABCD (AB//CD). Goi | la giao diém cuia hai duong chéo AC va BD. K a
giao diém cia AD va BC. Puong thang IK cat AB va CD theothttuy o N va M .

a) Chung minh NA=NB, MC=MD.

b) Puong thang qua | song song voi hai day cua hinh thang ABCD cit AD va BCtheo thatu ¢ E va
F . Chang minh ring 2 _ 1,1
EF AB CD
Bai 11. Cho tam giac ABC can tai A. V& cac duong phan giac BD va CE. Chang minh rang
1 1 1
= + :
DE BC AC

Bai 12. Cho tam giac ABC vudng tai A, duong phan giac AD. Goi M va N theo thi ty Ia hinh chiéu
cua B va C trén AD. Chung minh ring 2AD <BM +CN..

Bai 13. Cho tam giac ABC (AB = AC). Goi D la trung diém cua BC. AE va AF lan luot [a phan giac

trong va phan gidc ngoai dinh A cua tam giac ABC. Goi H Ia hinh chiéu vubng gdc ciia A trén BC.
Chuang minh raing EF.DH = AB.AC
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Bai 15. Cho hai diém A va B nam cuing nira mat phang bo 1a duong thang xy. Goi H va K lan luot 12
hinh chiéu cia A va B trén dudng thang xy . Goi giao diém caa AK va BH 1a O, goi | 1 hinh chiéu
cia diém O trén duong thang xy . Ching minh rang Ol (AH +BK )= AH.BK .

Bai 16. Cho ba diém A’,B’,C’ lan luot nam trén ba dudng thing chira ba canh BC,CA, AB cua tam giac
ABC sao cho chung khong c6 diém nao hoic c6 dung hai diém nam trén hai canh cua tam giac. Khi d6
A, B',C’' thing

A'B B'C CA
A'C BA CB
Bai 17. Cho ba diém A',B’,C’thudc ba canh BC,CA, AB cua tam giac ABC . Khi d6 AA',BB’,CC’ dong
quy khi va chi khi

hang khi va chi khi

=1 (Pinh ly Melelaus)

AB B'C CA
A'C B'A'CB

=1 (Pinh ly Ceva)

Bai 18. Cho tam giac déu ABC. Trén cac canh AC, AB lan luot liy hai diém D va E sao cho
CD _AE 1445
DA EB 2

ldy hai diém M va N sao cho MN song song véi AC . Chting minh BN > 20M .

. Cac duong thang BD va CE cit nhau tai O. Trén doan thang BD va CE lan luot

IV. HUONG DAN GIAI
Bai 1.
Do DC//AE , &p dung hé qua dinh ly Thales ta co:

DC CF
==
AE EF

Do BC//AF , ap dung hé qua dinh ly Thales ta c6:

BC CE
aF e P

Tu (1) va (2) suy ra

DC BC_a a CF CE_, 1 1 1

f— = — =y ——=1>
AE AF AE AF EF EF AE AF
Bai 2.

Ap dung hé qua dinh ly Thales:
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AK AE
=)
KC DC

Ap dung hé qua dinh 1y Thales ta co:
Al AB __AC AI+Cl AB+DC

—= =
Cl DC Cli Cl DC
AB+BE AE
= -— (2)

DC DC

R AK AC

Te(Dva(2)suyra —=——.
(va(@)suyra =

Bai 3.

Tur diém D ké duong thang song song voi AC cat duong thang BC tai diém H . Tacd DH//AC, ap

dung hé qua dinh ly Thales ta co:

AB DB EC
AC DH DH

(1)

Do EC//DH , &p dung h¢ qua dinh ly Thales
ta co:

i~
FN
o]
\ ¢

KE EC
o= (2)
KD DH &
B
R AB KE
Te(Dva(2)suyra —=——.
()va()suyra —— =+ —

Bai 4.

Ap dung hé qué dinh 1y Thales véi (ON //DC) ta co:

ON OB
=
DC BC

Ap dung dinh Iy Thales cho ODC (AB//DC) ta co:

OA OB

Or_DB 4

AD  BC

Tir (1), (2) va 3) taco: M~ N oM —oN.
DC  DC

Bai 5.

Str dung hé qua cua dinh ly Thales ta co:

MH MD
So= s ()
AB AD
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OM OA

Ap dung hé qua dinh Iy Thales v&i (OM //DC) ta co: -—
p dung hé qua dinh ly Gi ( ) o5c-ap Y

A B




KN NC
e
AB BC
Ap dung dinh ly Thales ma rong cho hinh thang ABCD
ta duoc: @:N—C 3)
AD CB
s MH KN

Tu (1), (2)va(3)suyra: —=——=MH =KN . o C

(D). () va @) suyra: — == £ %

Bai 6.
Lay diém N trén tia d6i cua tia MA sao cho MA=MN . Suy ra ABNC la hinh binh hanh.
— AB=CN (*).

Ap dung hé qua ctia dinh ly Thales ta c6 cAc hé thic sau:

BK KiI

R 1
AB AC()
DE AE
—~ -~ @
CN AC
ma Kl = AE , két hop vai (1) va (2) suy ra BK _DE
AB CN N

Tir (*) tacd AB=CN nén BK = DE .
Bai 7.

bit AB=BD=c

AC=CE=b

Ap dung h¢ qua dinh |y Thales ta c6

AH AC b AH b
= =—=

HB BD ¢ AH+HB c+b

c c+b c+b

Ap dung hé qua dinh |y Thales ta c6

AK AB c__ AK c

—— :> e
CK CE b AK+CK c¢c+b

ﬁzL:AK=£ )
b c+b c+b

Tu (1) va (2) suyra: AH = AK..
Bai 8.
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Kéo dai duong thang FI cit duong thang AC tai diém K. Kéo dai duong thang EH cit duong thang AB tai
diém M. Ap dung dinh ly Thales v6i ME //FK ta dugc:

FI.  MH
=== (1)
FK ME
A
ma BH //EF nén MH = BH = ED (2
ME EF EF - .
Do DC//FK, &p dung dinh ly Thales ta duoc: @:D_C (3) iy 40 ¢
A ZANRN
. FI. DC
Két hop (1), (2) va (3) ta dugc: —=——=FI =DC.
ethop (1), (2) va (3) ta duor e FK F I K
Bai 9.
Nb6i diém A véidiém N .
Tacd AD//MN va AD=MN nén tir giac ADMN Ia hinh binh hanh.,
Do AN //DM , ap dung hé qua dinh ly Thales ta co: N
AE EN
c==oo ()
EF ED
A E B _E
Do AD//BN, &p dung h¢ qua cua dinh ly Thales ta
co:
M
EN EB
===
ED AE
D C
Tu (1) va (2) suy ra E:@: AE’ = EB.EF .
EF AE
Bai 10.

a) Vi AN//DM,NB//DM, AN //MC,NB//MC nén theo hé qua dinh ly Thalés ta co:

AN KN BN
DM KM CM

(1)
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AN _IN

o™ W:W()

AN AN BN BN

Do do . = )
DM CM DM CM

hay AN? =BN?
Vay AN =BN . Két hop voi (1) tacé DM =CM .
b) Vi EI //DC,IF //DC, AB//CD nén theo hé¢ qua dinh ly Thales ta
co:
El Al BI
DC AC BD DC

F %), vay IE=EF

Lai co EI //AB nén ﬂ:ﬂ Két hop vai (*) ta duoc:
AB DB
EI EI BI ClI BD 1 1 1
—+ = + = =l.Hy —=—+—
AB CD BD BD BD El AB CD
FO < .1 2
beéyrangvi IE=IF,IE+IF =EF nén —=—
El EF

Tir do —= = =+ —

EF AB CD

Vi du trén cho ta mot phuong phap ching minh hai doan thang bang nhau.

. . : z
bé chiing minh x =z, ta ching minh ti 1€ thic — = e

< | X

Néu co y =t, ta s& c6 diéu phai ching minh.
Bai 11.
Theo tinh chat duong phan giac cua tam giac ta co:

AD _ BA AE _CA
DC BC'EB BC'

Vi AB=AC (AABC céntai A)nén E:E .Vay DE//BC.
DC EB

Theo hé qua dinh ly Thalés ta co:
BC AC AD+DC DC

=1+ )
DE AD  AD AD
L_LJF DC 1 BC 1 1.1 1
Vay DE BC AD. BC BC AB. BC BC AB’
Bai 12.
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Khong mat tinh tong quat, gia st AB < AC .

Vi AD latia phéan giac cia AABC nén ta cd Ezﬁﬂ
DC AC

Tuwdoé DB<DC.

Lai c6 c&c tam giac AMB va ANC vudng can nén
BM =MA;CN =NA.

Tacdé BM +CN = AM + AN

=2AD+(DN-DM) (1)

Vi BM //CN (cung vubng goc véi AD ) nén theo dinh ly Thales
DM DB

tacO — =——<1,trdo suyra DM <DN hay DN—-DM >0
DN DC
(2).

Tur (1) va (2) suy ra BM +CN >2AD.

Déau “=" xay ra khi va chi khi AABC vudng can tai A.

Bai 13.

Khong mét tinh tong quat, gia st AB < AC. Vi AE va AF lan luot |a phan gi4c trong va ngoai cia tam
gidc ABC nén ta co:

EB FB AB
EC FC AC

,_EB ___AB
EB+EC AB+AC

Suyr

EB  AB
hay — = ——— .
BC AB+AC

AB.BC

Tird6 EB=—22% '
aee AB + AC F H &8 ED -

FB AB FB AB FB AB.BC

Mat khac = suyra —=——= P
FC-FB AC-AB BC AC-AB AC — AB

AB.BC AB.BC  2AB.BC.AC

Taco EF =EB+FB= + = - -
AB+AC AC-AB AC°-AB

1)

Ap dung dinh ly Pythagore vao cic tam giac vudng ABH va ACH ta dugc

BC ’
ACZ:AH2+CH2:AH2+(2T+DHJ
BC ’
ABzzAH2+BH2:AH2+QE——DHj
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AUN-Y
Tirdo AC®— AB® =2BC.DH hay DH =% ()

2 2
Tur (1) va (2) suy ra EF.DH = ZABZ'BC'AE: . AC” - AB = AB.AC.
AC° - AB 2BC

Bai 15.
Tacd AH//OI//BK (vi cung vudng goc vai xy). Theo hé hé qua dinh ly Thalés ta c

Ol 1K _ Ol HI
AH KH’'BK KH'

vay O, OL K HI_KH _, ie
AH BK KH KH KH
11 !
Hay Ol —— + = | =1
y (AH BKj * H I

Tir do suy ra Ol (AH +BK )= AH.BK .

Bai 16.

Hinh vé cho 1 diém nam trén phan kéo dai, truong hop con lai lam twong ty.

* Piéu kién can:

Gia sir ba diém A’;B’ va C' thang hang, tir diém B ké BM //AC (M € A'B).

Ap dung dinh ly Thales ta co:

AB'_AB'
B'C B'C'
CA" B'C
AB BM'’
BC' BM
C'A AB'’

- AB' CA' BC' AB’' B'C BM 1
B'C AB C'A B'C BM AB’

* Pieu kién du:
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Gissy: AB' CA' BC

L2 2R P 1)
B'C AB CA

vd AB'nAB={C"}

_ AB’ CA' BC”

Ta co: ) ) =
B'C AB C"A

12

Tur (1) va (2) suy ra:

BC'_BC”
CA C'A
= C'=C"= A,B',C’ 1a ba diém thiang hang.

Bai 17.
* Piéu kién can: Ké qua diém A duong thang song song véi BC cit BB’ tai diém M cit CC tai diém N.

Theo h¢ qua va dinh ly Thales:

AC' AN

—=—"(1);
CB BC
BA" Al AC BA" AM
AM Al AN AC AN
CB" BC

= 3
B'’A AM

Tu (1), (2), (3) ta co:

AC’' BA' CB' AN AM BC 1
CB AC BA BC AN AM

* Piéu kién du:
Gia s 3 diém A’;B’ va C’ dugc ly lan luot trén ba canh
AC’ BA' CB 1(1)

BC,CA, AB nhu hinh théa man ) ) =
C'B A'C B'A

va AA'NBB'={1} .KéClcit AB tai C".

AC" BA' CB'
C'B 'AC BA

Khi d6 1(2)

Tu (1) va (2) suy ra

AC'" AC"

= =c'=C".
CB C'B

Viy ba duong thing AA’; BB’ va CC’ ddng quy.

Bai 18.
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Ap dung dinh ly Menalaus véi AABD va ba diém thing hang E,O,C ta duoc:

EA OB CD_, .,
EB OD CA
CD EA 1++5

Theo baira —=—=
DA EB 2

_,CD_1+V5
CA 3+45°

Thay cac két qua trén vao hé thirc (*) ta duoc
1+45 OB 1+5
2 'OD'3+45

OB
= —— =1 hay OB=0D (1
OB y (1)

Tur N ké duong thang song song véi BC, cat BD tai P.

VIMN//BC néntace o - ON _OM 5y
OB OC 0D _

Tur (1) va (2) suy ra OM =O0P.
Tacd PMN = PDC > 60% PNM = BCA=60° nén PMN > PNM .
Tird6 PN >PM =20M .
Mat khac BPN =180°— MPN =180°— DBC >180°— ABC =120° nén BN > PN >20M .
BAI TOAN 5.SU DUNG PHUONG PHAP DIEN TICH
PE CHUNG MINH PANG THUC VA BAT PANG THUC

I. MOT SO KIEN THUC CO BAN

a) Cong thuec tinh dién tich tam giac:

S:Eha
2

Trong d6 S 14 dién tich tam giac ABC, a 1a d6 dai canh twong ing dinh A, h 1a chiéu cao twong ung
ké tr dinh A.

b) Coéng thikc khéac tinh dién tich tam giac:
Cong thirc 1:

S =%acsin B (1)

Trong do: a, ¢ 1a hai canh ké cua goc B.

57. TOAN HOC SO PO



That vay: Ta c6: h=c.sin B thay vao cong thiac S = % ha

Ta duoc S =%acsin B.

Cong thuc 2: S=pr (2

Trong do p la nira chu vi tam gidc ABC, r la ban kinh dwong tron néi tiép tam giac ABC.
That vay:

S= SOBC + S0A<: + SOAB

1 1 1
=—ra+—rb+=rc
2 2 2

S :%r(a+b+c): pr.

Cong thurc 3:

S=(p-a)r, (3)

Trong do p la nwa chu vi tam giac ABC, r, la ban kinh dwong
tron bang tiép dinh A cua tam giac ABC.

That vay,

S= SAElF - SBDIE - SDCFI

S :%ra(c+ BE+b+CF)—%ra(ZBE+2CF)

(b+c—aj (a+b+c j
S= r, = —alr,
2 2

=(p-a)r,

Cong thurc 4:

abc
S=—"(@4
4R )

Trong do a, b, c la ba canh cua tam giac, R la ban kinh dwong
tron ngogi tiép tam giac ABC.

That vay, Ap dung dinh ly ham sin ta co:
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_a = _b = _C :2R:>sinB:L
sinA sinB sinC 2R i

Thay vao cong thuc tinh dién tich tam giac S = %acsin B ta duoc:

1 b abc BT F
S=—-ac.—=——

2 2R 4R
Cong thac 5:

S=\p(p-a)(p-b)(p-c) (5)

(cong thic Hé-rong)
Trong do a, b, ¢ la ba canh cua tam giac, p la niza chu vi tam giac ABC.
That vay: Trong tam giac ABC ludn ton tai mot dinh ma chan duong cao ha tir dinh d6 thudc canh
d6i dién. Khong mét tinh tong quat, gia sir dinh d6 14 A. Goi AH =h, BH =x, khid6 CH =a—x.
(v6i 0<x<a). Ap dung dinh ly Pythagore cho hai tam giac vuong:
h®+x* =c*(*) a?—b?+c?
, ) L, XE————.
h*+(a-x) =b 2a

Thay vao (*) ta dugc:

hz{az —b? +¢? ]2 o (@+b+c)(a+c—b)(b+a—c)(b-a+c)

2a 43’
. a+b+c 2\/p(p—a)(p—h)(p—c) X f
Vi p=———nén h= thay vao
a
. , 1
cong thuc S ==ha. Ta duoc z.
2 ¢ h b
¢) Tinh chat co ban vé dién tich cia tam giéc.
Tinh chat 1: Néu hai tam giac c6 cung day thi ti s6 dién tich Bt -
N s K . . X H a-x
bang ti so hai duong cao.
Chirng minh:
L AE.BC
Spec 2 AE

Soc Lprpc DF’
2
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Tinh chat 2: Néu hai tam giac co cung dudng cao thi ti sb

dién tich bang ti s6 hai day.

Chwng minh:
L AEDC
Sue _ 200 _DC.
Swo 1agpp BD
2

Hé qua: Puong trung tuyén cua tam giac chia tam giac thanh hai

phan c6 dién tich

Tinh chat 3: Cho tam giac ABC, goi diém D va diém E 1a cac diém

thudc dudng than

Khi do6 S _ A

biang nhau.

g AB va AC.
D AE

SADE A
Chirng minh:

Ia

sABC —

B AC

D.EH

. EH AE
ma =

Swe  Llagck  CK AC

(dinh ly Thales)

Vi thé Suec _

AD AE

S,e AB AC

Tinh chéit 4: Ti s6 dién tich hai tam gi4c dong dang bang binh phuong ti s6 dong dang.

Chirng minh:

Gia st AABC ~ ADEF theo ti s6 k

Nehia 1a 25—k va 20 _
EF DK
Ta co:
S 1AH.BC
ABC _ — k2
Soer LK EF
2

Tinh chat 5: Cho tir giac ABCD va diém O Ia
giao diém cta hai duong chéo AC va BD. Khi d6, AB//ICD < S, = Sgco

Chirng minh:

«Néu AB//CD,vé AH 1 DC:BK 1 DC
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Thi AH=BK = Saoc = Sgpe
= SADo + SDoc = SBco + SDoc
= SADo = SBCO .

“NéU'S,  =S. — L AH.DC=2BK.DC = AH =BK ma AH//BK nén ABHK I4 hinh binh
ADO BCO 2 2

hanh. Vay AB//CD.

Tinh chit 6: Néu hai canh bén cua hinh thang ABCD ( AB//CD) cit nhau tai E, hai dudng chéo cit
nhau tai O thi S,z = Sgoe -

Charng minh:

Goi F 1a giao diém cua EO véi AB. Str dung bé d@é hinh thang thi
F 13 trung diém cua AB.

Str dung tinh chat 2 thi: S,cr = Saeri Saor = Seor = Saco = Seor

Cong thikc tinh dién tich cia tir giac.

. o D
- Dién tich tir giac bang nua tich hai duong chéo nhan véi goc tao
bai hai duong chéo.

- Néu tir giac c6 hai duong chéo vudng gdc thi dién tich tir giac bang nira tich hai duong chéo.

1. Ung dung ciia dién tich trong viéc giai toan

a) Chirng minh cac ding thirc hinh hoc

Vi du 1. (Tinh chat dwong phan giac). Cho tam giac ABC, AD la duong phén giac trong. Ching
... DB AB
minhrang —=—.
DC AC
Loi giai
1DE.AB AB
Taco —282 = 1 = (1) A
Sweo Zpr.Aac AC
2
(vi DE = DF). F
S, DC
(vi hai tam giac ABD va ACD c6 chung duong cao). 5 b <
DB AB
Tr()va(2)suyra —=——.
U (1) va (2) suy oc-Ac™
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Vi du 2. Cho tam giac ABC nhon néi tiép (O). Cac dudng cao AD, BE, CF cat nhau tai H. Ching

. ) P ) ~ - 4 N - - X -7
minh rang 255 = L, trong do r, R 1an luot 1a ban kinh duong tron ndi tiép va ngoai tiép tam giac
ABC

ABC.

Loi giai

Ta chirmg minh dugc OA L EF, OB 1L DF, OC L DE.

Vi tam giac ABC nhon nén O nam bén trong tam giac, tir d6 ta
co:

SABC = SOEAF + SODBF + SODCE

oirp, -LlpEoA+iDFOB+ICEOC
2 2 2 2
P r
<rP. =RP -2 =—— n
ABC DEF PABC R
Vi du 3. Cho tam giac ABC, M 1a diém nam trong tam giac AM, BM va CM cit cac canh BC, AC va
AB lan luot tai D, E, F. Chitng minh rang MD ME MF _
AD 'BE CF
Loi giai
MD AH
TacO —=—-
AD Mi

Ap dung tinh chat vé ti sé dién tich ta co:

MD Sy
AD

_ Sewmp _ Semp + Scwp — Suec (1)

SBAD SCAD SBAD + SCAD SABC
Chtrng minh tuong tu ta cling co

ME _Swe ) MF_Sus (3
BE Suc . CF Sy

Cong (1), (2) va (3) ta co diéu can ching minh.m
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Vidu 4. (Dinh ly Carnot) Cho tam giac ABC nhon co d,,d, d, lan luot 12 khoang cach tir tim duong
tron ngoai tiép O dén céc canh BC, CA, AB. Goi R, r lan luot 1a ban kinh duong tron ngoai tiép va noi
tiép tam giac. Khi d6 ta c6 hé thic: d_ +d, +d_=R+r

Loi giai
(Phu thugc hinh vé)

Ta thay tir giac ONAP noi tiép trong dudng tron duong kinh AO
nén theo dinh li Ptoleme:

K
AP.ON + AN.OP = AO.PN
c b a
= —d,+=-d, =R.—=cd, +bd, =Ra.
2" 2 2 i
Hoan toan tuong tu, ta co: D E C

bd,+ad, =Rc,ad +cd, =Rb
Ta cling co: d,.a=0M.BC =25, .
Tuong tu: dybo=S,.,,d..C=Sg, -
Cong tat ca cac dang thac trén lai, ta co:
(a+b+c)d, +d, +d.)=R(@+b+c)+(Sgs+ Sosc +Soca)

=2p(d,+d,+d,)=R2p+2S=d,+d,+d, =R+r.

Vi du 5. Cho hinh binh hanh ABCD, trén DC lay diém E sao cho AD = AE . Goi F 1a diém bat Ki trén
canh BC. Goi H va K lan luot 12 hinh chiéu cua B va F trén AE va AD. Ching minh rang BH = FK .

Lai giai
Vi DC//AB nén dudng cao ké tir E dén AB bang dudng cao ké tir A va B dén DC.
Ta lai thay AB =DE +CE
NéN S,ee = Spoe + Sece
1

= SABE :ESABCD (1)

1
Tuong tw S, = ESABCD ()

Tur (1) va (2) suy ra

= SABE = SADF S%AEBH Z%AD.FK =BH =FK .m
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Vi du 6. Cho hinh binh hanh ABCD, trén canh AB va CB lan luot lay diém E va diém F sao cho
AF =CE . Goi diém O 1a giao diém CE va AF. Ching minh AOD =COD.

Lo giai
Ké DH L AF va DI LCE

Theo vi du 5 thi:

= Spee :%DH.AF :%DI.CE

SADF
Theo gia thiét thi AF =CE
= DH = DI = OD la phén gidc AOC

Vay, AOD =COD.

Vi du 7. Cho tam giac ABC, M 1a mét diém nam trén doan BC. Trén tia d6i cua tia MA lay diém N,
trén doan AC lay diém E. Puong thang NE cat BC tai P sa0 cho S, = Sywe = Scpe - Chiing minh rang:

PB=PC.

Loi giai
DO Sypp = Sepe = ME/INC (tinh chét 5)

Ap dung tinh chat 6 ta co:

Saup = Sacp - Ma theo gia thiét
SABM = SMNP = SCPE = SABP = SACP

Tir tinh chat 2 suy ra: PB=PC .m

1. BAI TAP AP DUNG p& c

Bai 1. Cho tam giac ABC, trén canh AB lay diém E sao cho BE =3AE . Trén canh BC lay diém F sao
cho BF =4FC . Goi D la giao diém cua AF va CE. Chang minh rang CD = DE.

Bai 2. Cho tam giac ABC, trén tia d6i cua tia AC ldy diém D sao cho A 1a trung diém cua DC, trén tia ddi
cua BA lay diém E sao cho B 14 trung diém cua AE, trén tia d6i cua tia CB lay diém F sao cho
=78 5c - Chiing minh rang CB=CF .

SDEF
Bai 3. Cho hinh thang ABCD c6 day 16n AB, goi M, N lan luot 14 trung diém caa AB va CD. Mot duong
thang song song Vi hai déy cat cic doan AD, BC, MN lan luot tai E, I, F.
Chang minh EI = FI
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I11. HUONG DAN GIAI

Bai 1. Do BE=3EA= AE :%AB.
. £ N 1
Theo tinh chat 2 thi = S .. ZZSABF (1).

Do CF :%BF = S, = %SABF @)

Tu (1) va (2) suy ra: S,er =S,cr -

K¢ hai duwong cao EH va CK cua hai tam giac AEF va tam giac
ACF.

Suy ra EH =CK = AEHD = ACKD (g.c.g) =CD=DE .=
Bai 2. Vi A la trung diém caa DC, theo tinh chat 2 thi:

SABD = SABC = SADE = 28ABc (1)
Tuong tu: Sper =28 g¢ )
Theo d& bai Sy =78 460 (3)

Tu (1), (2) va (3) ta co:
Seer = 2S 5c = Sger = 2S5ce = Saee = Sper -
Theo tinh chat 2: BC =CF .m
Bai 3. K¢ duong cao EH va FK cua hai tam giac EMN va FMN.

Vi AM =BM va DN =CN

Nen Sumo = Saune (1)
Vi EF//AB,EF//DC nén
Save = Seur (2) Va Spye =Scpe (3)
Tu (1), (2) va (3) ta suy ra:
Sevn =Seuy = EH =FK

= AEHI =AFKI = El =FI| .=

BAI TOAN 6.5 DUNG PHUONG PHAP VE HINH 4 M » B
BINH HANH

PE CHUNG MINH DPANG THUC VA BAT PANG THUC

I. KIEN THUC CAN NHO

1. Pinh nghia: Hinh binh hanh 1a tir gidc ¢6 cac canh di song song.
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2. Tinh chat:
* Canh: C4c canh déi song song va bang nhau.
* Goc: Cac goc dbi bang nhau.
* Duong chéo: Cac dudng chéo cit nhau tai trung diém caa mdi duong.

I1. CAC VI DU

Vi du 1. Chang minh rang trong tam giac vudng, duong trung tuyén tng véi canh huyén bang nira canh
huyén.

Loi gidi

L4y D sao cho D ddi xirng véi A qua M. Suy ra ABDC Ia hinh binh hanh.

Lai c6 BAC =90°.
Nén ABDC la hinh chir nhat.

Vay nén: AM = % BC.m

ES
F
~

Vi du 2. Chirtng minh rang: Trong mét tam giac, ba dudng trung tuyén dong quy.

Loi gidi
Xét tam giac ABC, trung tuyén AM. Lay G trén AM sao cho AG = 2GM .
V& hinh binh hanh BGCD. 3
Tia CG cit AB tai E.
Vi GE//BD va G 1a trung diém AD. Nén GE 1a duong trung binh E F
AABD .
Suy ra E 1a trung diém AB. 'B

Tuwong ty BG kéo dai cit AC ¢ F thi F 1a trung diém AC.

. N D
Vay ba duong trung tuyén cta tam gidc dong quy.m

Vi du 3. V& ra ngoai tam giac ABC hai tam giac vudng cén tai A la: AABD,AACE . Goi M la trung

diém BC. Chiing minh rang: AM = % DE .
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Léi gidi

V& hinh binh hanh ABNC
Khi d6 DAE = ACN = (180"— A].

Do do, ADAE = ANCA(c.g.c)

= AN =DE = AM :%DE.I

v

Vi du 4. Dung bén ngoai tam giac ABC hai tam giac vuéng can tai A la: ABD va ACE. Chung minh:

SABC = SADE

Loi gidi

Dung hinh binh hanh ABFC
1
= SABC = SABF (: E SABFC] (1)

Lai c6: AADE = AABF =S, =S,sc  (2)

Tu (1) va(2)suyra: Sz =Sppe - ®

Vi du 5. Bén ngoai tam giac ABC V& hai tam giac can tai A lan luot la: AABH va AACE sao cho

H =120° va E =60°. Goi M la trung diém ciia BC. Ching minh HME =90° .

Loi gidi

V& hinh binh hanh BNCH.
= HA=CN va HAE = NCE[: 90° + Aj
Vivay AHAE =ANCE (c.g.c) = HE =NE (1)

ma E, =E, = HEN =60° (2)

Tur (1) va (2) suy ra AHNE déu = HME =90° .m

J

N

Vi du 6. V& bén ngoai tam giac ABC hai tam giac vuéng céan tai M va N la AABM va AACN . Goi E
1a trung diém ciia BC. Chuang minh raing AMNE vudng can.

Loi gidi
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Dung hinh binh hanh CMBD

= MA=CD va MAN = DCN (= 90° + AJ

= AMAN =ADCN (c.g.c) = N, =N,

= AMND vuong can tai N

Ma E 1a trung diém caa MD nén AMNE vudng can. m D

Vi du 7. Hai ngdi lang A, B nam hai bén song, can xay cau DE nhu thé nao dé duong di ADEB ngan
nhét (biét 2 bo séng song song vai nhau, cau vudng goc vai bo).

Loi gidi

Dung hinh binh hanh ADEK, F 1a giao diém cua bd séng véi BK (nhu
hinh v¢&) khi do: A

AD+ED+EB = AK + KE + BE > AK + BK
Do DE khong d6i nén AK khong doi

— K ¢b dinh = F ¢b dinh. D

— AD+ED+EB> AK +BK (khong dbi)
Vay doan thang ngian nhatkhi E=F m

E F
B

Vi du 8. Cho luc giac ABCDEF c6 cac canh thoa mén diéu kién BC—EF =ED—AB=AF —-CD >0
va canh dbi dién song song véi nhau. Ching minh luc giac ABCDEF ¢6 cac goc bang nhau.

Loi gidi

V& cac hinh binh hanh APEF, CDEN. Ké AP cit CN tai M. Suy ra tir giac ABCM Ia hinh binh hanh.
Theo bai ra ta co: F
BC-EF=ED-AB=AF-CD>0.
Thé nén, tam giac PMN déu
Tathay: B = AMC =120° F = APE =120°, D = CNE =120°.
Ta ciing thiy: BAF = AMN + EPM = 60°+60° =120°

D

Tuong tu: FED = DCB =120°

Kétluan: A=B=C=D=E=F=120°. m
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Vidu 9. Cho tir giac 16i ABCD véi AD = BC, goi E, F lan lugt 1a trung diém cua CD va AB. Goi giao

diém cua AD va FE 1a H va giao diém cua BC va FE la G. Chang minh rang: AHF = BGF .

Loi gidi
L4y diém I sao cho F 1a trung diém cua Cl.

Lac ay, ACBI Ia hinh binh hanh.

Vi thé EF la duong trung binh cua tam giac CDI.

=G, =1, (1) (goc tao boi hai canh twong ung song song).
= D, =H, (2) (hai goc dong vi va DI//HF ).
Do AD = Al nén tam giac ADI la tam giac cantai A = D, =1, (3)

Tu (1) (2) va(3) tasuy ra: AHF =BGF . m
I11. BAl TAP

Bai 1. Cho ttr giac ABCD c6 M, N lan luot 1a trung diém caa AD va BC. Chiing minh rang, néu
AB+CD =2MN thi AB//CD.

Bai 2. Cho tr gidc ABCD c6 hai duong chéo AC =x,BD =y (khong di). Goc tao bai AC vaBD laa
(khong d6i). Xac dinh hinh dang cua ti gidac ABCD dé chu vi ABCD nho nhat?

Bai 3. Cho tam giac ABC nhon, c6 B = 2C . K¢ dudng cao AH. Trén tia ddi cua tia BA lay diém E sao
cho BE =BH . Ching minh EA=HC.

Bai 4. Chitng minh rang d6 dai duong trung tuyén luén nho hon ntra tong hai canh bén.

. N : . A : 3
Bai 5. Chtiing minh rang d6 dai ba duong trung tuyén caa tam giac luén nho hon chu vi va 16n hon — chu

vi cua tam giac.
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Bai 6. Cho tam giac ABC vubng can tai A, goi K 14 trung diém
ciia BC. Trén tia dbi cua tia KA lay diém D sao cho KD = 2KA.
Goi M 1a trung diém cia AK. Chang minh rang: BM L BD

IV. HUONG DAN GIAl

Bai 1. Vé hai hinh binh hanh CDME va ABFM ( nhu hinh v&
bén)

Tur d6 suy ra: CEBF la hinh binh hanh vi ¢c6 mét cap canh
dbi vira song song va bang nhau.

Suy ra, E, N, F thang hang. D

L4y diém K sao cho N 14 trung diém cua MK thi MFKE I hinh binh hanh.

Taco: AB+CD=2MN =MK.

Suy ra: MF + ME = MK

Suyra: MF + FK = MK . A b

Tir d6 E va F cing nam trén MK. Vay AB//CD . m
Bai 2. Dung hai hinh binh hanh la ADBF va BDCE.

Suy ra AF//CE va AF =CE (do cling bang va song song voi
BD). 2
i

Suy ra ACEF la hinh binh hanh

[ C

Lai cO AF =y va EF =x, FAC =« (khong doi)
Do d6 P,,., = AB+BC+CD+ DA
P.eco =(AB+BE)+(BC + BF)
Pco = AE +CF (khong doi)
Nén chu vi cia ABCD nho nhit khi A, B, E va C, B, F thang hang.

Vay lac do ABCD Ia hinh binh hanh.m

Bai 3. Dyng hinh binh hanh AHCD ma H =90° nén AHCD
Ia hinh chir nhat.

:C1:H1:D1 1)
Vis! T'sH =G (2)
B=2C,
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Tur (1) va (2) suy ra = H, = H, suyraE, H, D thiang hang.

Twrdosuyra E=D,
= AAED can tai A = AE=AD

—AE=HC.m
Bai 4. V& hinh binh hanh ABDC (nhu hinh bén) )

Khi d6 = AM = A—ZD (tinh chét hinh binh hanh) - E

Ma AD < AC + AB (bit ding thirc tam giac)

AB + AC
—— .1

T do: = AM < M

Bai 5. Goi 3 duong trung tuyén cua tam giac lan luot 1a AM, BN, CE.

Theo két qua caa bai 12 thi: 3

W

<AB+AC;BN<AB+BC;CE< BC+ AC

AM _—
2 2 2

Cong hai vé cua cac bat dang thirc cuing chiéu ta duoc:
AM + BN +CE < AB+BC +CA 1)

Goi G la trong tdm cua tam gidc ABC, ta c6
GA+GB>AB:>§(AM+BN)>AB A

Tuong tu ta co:

%(CE+BN) > BC;%(CE+AM)AC

Tir do suy ra: AM +BN +CE >%(AB+ BC+CA) (2)

Tur (1) va (2) suy ra diéu phai chang minh.

Bai 6. Lay E 1a trung diém cua DK, v& hinh binh hanh
ABKN nhu hinh vé bén.

Khi do: AABN =AEBD (c.g.c)
— ABN = EBD

ma = ABE =90° = NBD =90°

Vay BM LBD.m
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B o B
D
E F
A
BAI TOAN 7. D
SU DUNG TAM GIAC PONG DANG BE
CHUNG MINH PANG THUC, BAT PANG
THUC é Ny
B c E F

I. KIEN THUC CAN NHO
1. Pinh nghia
Tam giac ABC dong dang véi tam giac DEF khi va chi khi
A=D;B=E;,C=F
AB_BC_CA
DE EF FD
Ki hiéu: AABC -~ ADEF .
2. Cac truong hep dong dang cia tam giac
a) Trudng hop ddng dang canh - canh - canh:
* Néu ba canh ciia tam giac nay ti 18 véi ba canh. cta tam giac kia thi hai tam giac d6 dong dang.
* Cu thé: Xét AABC va ADEF

, AB BC CA
Tac) —=—=—

Thi AABC - ADEF (c.c.c)
b) Truwong hep dong dang canh - géc - canh
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* Néu hai canh cua tam giac nay ti 1¢ véi hai canh cua tam giac kia va hai goc tao boi céc cip canh do
bang nhau thi hai tam giac d6 dong dang.

* Cuy thé: Xét AABC va ADEF

Ta co: A

m_ca D

DE FD

A=D ]

Thi AABC — ADEF (c.g.C) B R ¥

* Chl y: Hai goc dang xét phai la hai goc xen gitra cac cap canh ti I¢ dang xét.

¢) Truwong hep ddng dang gdc - goc

* Néu hai goc caa tam giac nay lan luot bang hai géc cua tam giac kia thi hai tam giac d6 déng dang.
* Cu thé: Xét AABC va ADEF

Tacd A=D

B=E Thi AABC -ADEF (g.g)

* Chi y: Néu mot goc nhon cua tam giac vudng nay bang mot goc nhon cua tam giac vudng kia thi hai
tam giac vuoéng d6 dong dang.

d) Truong hep dong dang canh huyeén - canh goc vuéng:

* Néu canh huyén va mot canh goc vudng cua tam giac vudng nay ti 18 voi canh huyén va mot canh goc
vuodng cua tam giac vuong kia thi hai tam giac vuéng do dong dang.

* Cuy thé: Xét AABC va ADEF

A
Taco %=% D

B=E =90’ /D\

B C E F

thi AABC —~ ADEF (canh huyén, canh goc vuong)

Chu y: Truong hop nay dic biét ¢ chd hai goc bang nhau khéng phai 1a hai goc xen giita cua hai cap canh

ti 1€ dang xét.
A4
L
ﬁ\ D
B C E F

Il.CAC VIDU
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Vi du 1. Cho tam giac ABC c6 hai duong cao BD va CE. Chiing minh rang: AE.AB = AD.AC.

Loi gidi
Xét AAEC va AADB c6 A la goc chung

AEC = ADB = AAEC — AADB (9.9)

AE _AC

= = AE.AD = AD.AC.
AD

Vi du 2. Cho tam giac ABC can tai A, (A = 90") c6 duong cao AD, truc tim H. Chirng minh rang:

CD? = DH.DA

Loi gidi

Xét ADHB va ADCA
C6 BDH = ADC =90°
DBH = DAC (cung phu voi C)

Suy ra ADHB - ADCA(g.9) K
H
:%zﬁjDH.DA=DC.DB " 1
DC DA B~ " D : K &

= CD’ = DH.DA.

Vi du 3. Cho tam giac ABC nhon, truc tam H. Goi M 1a trung diém cua BC. Puong thang vudng goc
v6i MH tai H cat AB va AC theo thir ty tai | va K. Chang minh rang: HI = HK.

Loi gidi
Ta cd: HAI = MCH (cung phu véi ABC)

AHI = CHM (cung phu véi DHI')
Tu do suy ra: AAIH - ACHM (9.9)
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IH AH
==
HM CM

Taco: HAK = MBH (cung phu véiC)
AHK = BMH (str dung tinh chat géc ngoai cua tam giac)
Tur d6 suy ra: AAHK —~ ABMH (9.9)

HK AH .
= ——=——(2). Tu (1) va(2)suyra
= () Tir (1) va (2) suy

R N3
HM HM

Vi du 4. Cho hinh binh hanh ABCD. Mét duong thang di qua diém A cit doan BC tai diém F, cit
duong thang DC tai diém G. Chiing minh riang: BF.DG = AB.AD

Loi gidi
Goi giao diém cua AF va BD 1a diém E.
Do ADEG -~ ABEA (g9.9)
. DG ED B F

nén —=—(1)
AB EB E

Do AAED -~ AFEB (9.9)

Nen AL _ED
BF EB

Tur (1) va (2) suy ra:

AD _ DG

= = BF.DG = AD.AB
BF AB

Vi du 5. Cho tam gi4c ABC ¢6 AB=2; AC =3; BC =4 . Chung minh ring BAC = ABC +2ACB

Lot gidi
Trén doan thang BC liy diém D sao choBD =1 .
Taco CD=BC-BD=3.

o
L)

Vi AACD cén tai C nén tasuy ra ADC = DAC (1)

Lai cO AABD~ ACBA (c.g.c) néntacd BAD =C (2).
Tir (1) va (2) suy ra BAC = BAD + DAC = ACB+ ADC

= ACB+ ABC + BAD = BAC = ABC+2ACB
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I11. BAI TAP

Bai 1. Cho hinh thang ABCD (AB//CD) sao cho BAD = DBC . Chung minh BD* = AB.DC .

Bai 2. Cho tam gidc ABC c6 AD la phan giac cua tam giac ABC. Chttng minh AD? < AB.AC .

Bai 3. Cho tam giac ABC, vé hai duong cao BD va CE cua tam gidc ABC. Goi EH va DK 1a hai duong
AK AH

cao cua tam gidc ADE. Chitng minh =—.
AB AC

Bai 4. Cho tam giac ABC c6 ba goc nhon, v& hai dudng cao BD va CE cit nhau tai diém H. Chiing minh
BH.BD+CH.CE = BC* .

< - < ~ A X 4 BC ~ . L 4 . ¥4
Bai 5. Cho hinh vuéng ABCD, trén canh BC lay diém M sao cho BM = 5 Trén tia doi cua tia CD lay

diém N sao cho CN = % Goi | 1a giao diém cua AM va BN. Chang minh CIM =90° .

Bai 6. Cho AABC c6 3A+2B =180°.Chung minh BC? = AB.(AB—AC).

Bai 7. Cho hinh thoi ABCD ¢6 A =60°. Goi M 1a mot diém thugc canh AD. Puong thang CM cat duong
thang AB tai N. Goi giao diém cua BM va DN la diém P. Chiing minh BPD = 60° .

Bai 8. Cho hinh binh hanh ABCD (AB > AD). Tir diém C ké CE va CF lan luot vudng géc véi dudng
thang AB va duong thing AD(E € AB, F € AD). Chung minh AB.AE+AD.AF = AC”.

Bai 9. Cho tam giac ABC nhon, ké cac duong cao BD va CE cua tam giac ABC. Chang minh AED = ACB

Bai 10. Cho tam giac ABC, v& phan giac AD cua tam giac ABC. Chitng minh AD* = AB.AC — DB.DC.
Bai 11. Cho hinh vuéng ABCD. Trén canh AB lay diém M. K¢ duong thang BH vudng goc Véi

CM (H eCM) . V& HN vudng goc véi DH cat BC tai diém N. Ching minh rang AM.NB = NC.MB .
Bai 12. Cho hinh vudng ABCD, trén canh AB, BC lan lugt iy hai diém E va diém F sao cho BE = BF.
Goi H 1 hinh chiéu cua B trén CE. Chang minh DHF =90°.

Bai 13. Cho tam giac ABC nhon, ba duong cao cia tam giac 1a AD, BE, CF cét nhau tai diém H. Chung
minh DEH = FEH .

Bai 14. Cho tam giac ABC vudng tai A, duong phan giac BD cat dudng cao AH tai diém 1. Chang minh
AD.BD = BI.DC .

Bai 15. Cho tam giac ABC vudng tai A, trén canh AC lay diém D. Goi diém E Ia hinh chiéu caa diém C
trén BD. Chang minh AB.CE + AE.BC = AC.BE.

Bai 16. Cho tam giac ABC déu, goi O Ia trong tdm cua tam giac. Lay M 1a mot diém bat ki thudc canh
BC, (M khéng triing véi trung diém cua canh BC). Ké MP va MQ lan luot vudng goc voi AB va AC sau
d6 cit OB, OC tht ty tai | va K. Goi D 1a giao diém cua PQ va OM. Chang minh PD = QD .
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Bai 17. Cho tt gidc ABCD c6 M, N lan luot 1a trung diém cua hai duong chéo BD va AC sao cho diém M
khong tring véi diém N. Puong thang MN cét hai canh bén AD va BC lan luot tai diém P va Q. Ching

Bai 18. Cho tam giac ABC c6 AB=c, AC =b, BC =a thoaminA =2B. Chang minh a* =b +bc .

Bai 19. Cho tam giac ABC. Céac duong phan giac goc ngoai tai cac dinh B va C cua tam giac cit nhau & K.
Pudng thiang vudng goc véi AK tai K cét cac dudng thiang AB, AC theo thi tu ¢ D va E. Chiing minh
DE* =4BD.CE.

Bai 20. Cho tam giac ABC nhon. Cac dudng cao AD, BE, CF cit nhau tai diém H. Chang minh rang:
a) AB.AF = AC.AE

b) BH.BE + CH.CF = BC*.

Bai 21. Cho tam giac ABC cén tai C ¢ C =15°. V& diém D nam & mién trong ciia tam giac sao cho
ADB =105°vaAD =2BD .

Chung minh rang: ~/5AD.BC =2CD.AB .

Bai 22. Cho tam giac ABD, dudng phan giac AD. Ching minh raing AD? < AB.AC

Bai 23. Cho tir gidc ABCD ¢6 BAC = DAC va ABC = ACD , cac duong thang AD va BC cit nhau ¢ E,
cac dudng thang AB va CD cit nhau & F. Chiing minh riang AB. DE = BC. CE va
2AC’ < AD. AF + AB. AE .

Bai 24. Cho tam giac can ABC(AB = AC), | 1a trung diém ciia BC. Trén céc canh AB, AC lay lan luot cac
diém K, H sao cho BK.CH = BI* . Chang minh IH.KB+ HC.IK > HK_BI.

Bai 25. Cho tam giac ABC vudng tai A. Lay cac diém M va N lan lugt nam trén cac canh AB va AC; cac
diém P va Q nam trén canh BC sao cho MNPQ I hinh vudng. Chitng minh rang BC > 3PQ.

Bai 26. Cho tir giac ABCD. Ching minh rang AB.CD+ AD.BC > AC.BD.

Bai 27. Cho luc giac 16i ABCDEF c6 B C
AB =BC, CD = DE, EF = FA .Chang minh rang

BC DE FA_ 3
—t—t—2=2—
BE DA FC 2
IV. HUONG DAN GIAl
Bai 1.

Xét AABD va ABDC
CO: BAD = DBC (qt)
ADB = BDC (so le trong)

Suy ra AABD -~ ABDC (9.9)
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ﬁzﬂ::>BD2 =AB.DC. m

BD DC
Bai 2.

Gia sir AB < AC, trén doan AC lay diém M sao cho
ADM = ABD

Xét AABDva AADM c6 ABD = ADM

Suy ra AABD ~ AADM (9.9)

AD _AB . AD* - AM.AB= AD’ < AB.AC.m

AM AD
Bai 3. Xét truong hop tam giac ABC nhon, cac truong hop
tuong tu.
Do AABD -~ AACE (g.9)

AE AC

Do AAHE -~ AAKD (g9.9)

AE AH

Tur (1) va (2) suy ra

AB _AK _ AK _AH
AC AH ~ AB AC

Bai 4. Ké HK vudng géc véi BC (K € BC)

Xét ABHK va ABCD c6 B chung K =D =90°.
Suy ra ABHK -~ ABCD (g.9)

nen B _BK _ i p - Be.BK 1)
BC BD

Tuong tu ACKH ~ ACEB (9.9)
= CH.CE=CK.BC (2)

Tu (1) va (2) suy ra BH.BD+CH.CE = BC (BK +CK ) = BC*

Bai 5. Goi E 14 giao diém cua Al va DC.
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Goi F 1a giao diém cua Cl va AB .

bat canh cua hinh vuéng ABCD la a

DOAABMwAEMC(g.g):>§—§=C—M=2:>CE=2a.
Ma CN =% = NE=24-%-3,
2 2 2
DoAF//CE:E=C—N:>ﬁ=3:3_a=l:>BF=E,
B NE a4 2 2 3 3

Do d6 BF = BM = AABM = ACBF (c.g.C)
= BAM = FCB = BAM = ICM
Xét AABM va ACIM ¢ BAM =ICM (cmt), AMB =CMI (d6i dinh)
Suy ra AABM —~ ACIM (9.9).
Vay CIM = ABM =90° .m

Bai 6. Do 3A+2B=180° nén 3A+2B=A+B+C=2A+B

A B F
M I
D C N
C>A AB > BC
= = i
C>B AB > AC

Trén canh AB lay diém D sao cho AD = AC.

180° — A

— ADC = (1)
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Theo bai ra ta co:

3A+2B:180":>A+B:180 —4

2)

T (1) va(2)suyra = ADC=A+B.

Ma ADC = C, + B (tinh chat goc ngoai caa tam giac).
SuyraA=Ci.

Xét AABC va ACBD c6: B la goc chung A= Ci(chung minh trén).
Suy ra AABC ~ ACBD (g.9).

= AB_BC _ e = AB.BD = AB(AB— AC)
BC BD

Bai 7.

Do ANAM — ANBC = YA _AM _ NA _NB |y 4o BC = BD)

NB BC AM BD
Do

N P D
NA _CD _ NA _BD
AM DM~ AM DM

ANAM ~ ACDM = (2) (doCD = BD)
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R NB BD
Toe () va(2)suyra; —=—
(1) va (2) suy 2D DM

Xét ABND va ABDM c6 DMN = MDB =60° (gt)

B BD . R
NB _ BD (ching minh trén)
BD DM

Suy ra ABND —~ ADBM (c.g.c) = BND = DBM

Ma BPD = BND + NBP (tinh chét goc ngoai)

= BPD = DBM + NBP = DBN = 60°

Bai 8.

Goi cac diém M va diém N lan luot I hinh chiéu cua diém D va diém B trén duong thiang AC.

Do AANB - AAEC (g.9)

_ AB_AN
AC AE

Do AAMD -~ AAFC (9.9)

= 4D = AM = AD.AF = AC.AM (2)
AC AF

— AB.AE = AC.AN (1)

Tur (1) va (2) suy ra 4
AB.AE+AD.= AC(AN + AM) = AC”.
Bai 9. Do AADB~ AAEC (9.9)

AD AB AD AE E
> —==—— s —=—
AE AC AB AC

Xét AAEDva AACBcd Alagoc chung B C

AD AE
—=—(cmt)
AB AC

= AAED -~ AACB (c.g.c)= AED = ACB .

Bai 10. Theo tinh chat tam giac ngoai cua tam giac, ta cd
ADC > ABC . Trén tia d6i cua ta DA lay diém E sao cho
ADC = ABE
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C=E ()
= AADC -~ AABE (0.9)=3{AD AC

AB AE
= AD.AE = AB.AC = AD(AD +DE)=AB.AC
= AD? = AB.AC - AD.DE (1)

Xét AADCVva AABE ¢ Di = D2 (d6i dinh)
C = E (chiing minh ¢ (*))
Suy ra AADC —~ AABE (9.9)

= 4D = bc = AD.DE = BD.DC (2)
BD DE

Tu (1) va (2) suy ra AD?> = AB.AC —BD.DC.
Bai 11. Xét ADHC va ANHBc6 DCH = NBH (cung phu BCH)

DHC = NHB (cung phu CHN )
= ADHC -~ ANHB (9.9)

_NB_HB

DC  HC
Do AMBH —~ ABCH (g.)

_ BH_MB
HC BC

Tur (1) va (2) suy ra

NB _MB = BC.NB=DC.MB = NB=MB (do BC =DC).
DC DC

Suyra AM=NC.

Vay AM.NB=NC.MB

Bai 12. Thathay HBC = HEB =HCD
= AEHB —~ ABHC (g.9)

_ HB_BE_BF  pe—BF.BC=CD)
HC BC CD

Xét AHBFva AHCDcO HBF = HCD (chtrng minh trén)

va HB _BF (chung minh trén)
HC CD

Suy ra AHBF —~ AHCD(c.g.c) = BHF = CHD = DHF =90’ .
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Bai 13. ABHF —~ ACHE (9.9)

BH CH
> —=—
HF HE

Xét ABHCva AFHE 4

C6 BHC = FHE (d6i dinh)

BH _CH (ching minh trén)
HF HE

= ABHC ~ AFHE (c.g.c)

=C,=E (1) B
Tuong tu, chimg minh duoc AAHB ~ AEHD (c.9.c)= A, =E, (2)
Ma = C, =A, (3) (cung phuvei A)
Tu (1), (2)va(3)taco: E =E,.Vay DEH =FEH .
Bai 14. Ta c6 AABH —~ ACBA (9.9)

BH BA . BA AD

BA BC BC DC
(tinh chat duong phan giac)

BH AD
=== ()
BA DC

Do ABHI -~ ABAD (9.9)
BH BI

H

S22 0
A~ 80

Tu (1) va (2) suy ra AD _ BI = AD.BD = DC.BI.
DC BD

Bai 15. Gia stra AB va CE cit nhau tai diém M. Trén BE lay
diém F sao cho BAF = EAC = EAF =90°

ME_MB:>MA_ME
MA MC ~ MC MB’

Do AMEB -~ AMAC (9.9) =

Xét AMAEva AMCB c6 M la goc chung

MA _ME B

—— =—— (chting minh trén)
MC MB

AMAE -~ AMCB (c.g.c)

83. TOAN HOC SO PO



= MFEA=MBC = E, =C,
(do cung phu v6i MBC)
B, =D,
Tac6 C,=D,=90° =B, =C,

D, =D,

BAF = CAE
Do = ABAF -~ ACAE (g.g)
Bz = Cz

= ﬁ = BE = AB.CE = AC.BF (1)
AC CE
EAF = CAB =90°
Do

— AEAF - ACAB
E:=C,

~AE _EF . A\EBC=AC.EF (2)
AC  BC

Tu (1) va (2) suy ra AB.CE+ AE.BC = AC(BF +EF )= AC.BE.

Bai 16. Do tam gi4c ABC déu nén trong tam O 1a giao diém cua cac dudng cao cua tam giac dy. Suy ra
IMKO la hinh binh hanh.

Tathidy AMIB —~ AMKC (9.0)

MI _ MB
= ="—(I)
MK~ MC

Tathdy AMPB —~ AMQC (g.9)

_MB_MP
MC MQ

MI _MP __MI MK

Tu (1) va (2) suy ra = =
r(1)va(2)suy MK MQ:>MP MO

= IK | | PO.

Vi IMKO Ia hinh hinh hanh nén NI =NKma IK / /PQ.
Vay PD =QD (dinh ly Thales).
Bai 17.

Tur diém A va diém C ké cac duong thang song song véi duong thang BD cét duong thang MN lan luot tai
diém E va diém F.

= AANE =CNF (9.c.g) = AE=CF
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Vi = AAPE - ADPM

PA _AE
==
PD DM

Vi ACQF - ABQOM (9.9)

_O_CF
OB BM

Ma 2L _ CF 340 AE = CF;DM = BM.
DM BM

Tir (1), (2) va (3) suy ra 2 2 2C
PD OB
Bai 18. V& phan giac AD ciia AABC. Ap dung tinh chét duong phan
giac cua tam giac ta co:
BD c¢+b BD+DC ab
= = =

< DC = .
b DC b DC c+d A

Xét AABC va ADAC c6: C chung va
ABC = DAC (= %AJ

— AABC — ADAC (g.9)

D
_ BC _AC . Ac?—BC.DC=b? :a.a—b<:>b(b+c)=a2.
AC DC b+c

Vay a’ =b*> +bc
Cha y: Mé rong bai toan.

T Y L ..., 1 1
Neu gia thiet bai toan tro thanh A +2B =4C thi khi d6 _:_+Z'

C a

That vay, ap dung bai 18 ta co:
Do
A=2B=a’ =b*+bc

= d* :c2+ac+bC:c(a+b+c).
B=2C=b*=c*+ac

1 a+b+c 1 b+c

1
c  a a a E+b(b+c)

Bai 19.

Theo tinh chit diém nam trén tia phan giac caa goc, khoang céch
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tir K d&én AD bing khoang céch tir K dén AE (cting bang khoang
cach tir K d¢én BC).

Do d6 K nam trén tia phan giac trong géc A cua tam giéc ABC.
Tam gi4c ADE c6 duong cao ddng thoi 1a dudng phan giac
néncantaiA. TuddéD=E .

C6 tong 4 goc cua tir giac BCED bang360°.

360°

Ma B, =B,;C,=C,;D=Enén B +C, +E= =180°

Ciing c6 CKE =C, + E =180°nén CKE =B,

Hai tam giac BDK va KEC c6 CKE = B, D = E nén chiing dong dang (g.9).

Trdo 22 _PK hay BD.EC = DK.KE (*).
KE EC

DE?

Dé y raing DK = KE = %, thay vao (*) ta dwoc BD.CE = hay DE* =4BD.CE

Bai 20.
a) Xét AABE va AACFcO A, AEB=AFC =90’

Do d6 AABE A AACF (g.9)
Tir d6 suy ra AR _AE hay AB.AF = AC.AE.
AC AF

b) D& dang chimg minh duoc:

BH BC
+ ABHD A ABCE (0g.g)suyra —=——
(9.9) suy 2D BE

Hay BH.BE = BD.BC (1)

CH CD
+ ACHD A ACBF (9.9) suy ra —=——
(0.9 suy BC CF

Hay CH.CF =CD.BC (2)

Cong (1) va (2) ta duogc:
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BH.BE +CH.CF = BD.BC +CD.BC = BC(BD.CD) = BC”.

Cha y: Qua bai tap trén, dé chimg minh duoc hé thirc dang x.y = st =r?, ta c6 thé chirng minh hai hé
thirc x.y =r.a;st=rbvéi a+b=r.Cong hai hé thirc nay cho ta diéu phai chitng minh.

Bai 21.

E

Trén nira mat phang bo BC khong chira A vé tia Cx vudng géc vaéi BC. Lay diém E trén tia Cx sao cho BC
= 2CE.

Thay rang: ACE =105°;%=%=2 (vi CA=CB;CB=2CE).
DB CE

Nén AADB va AACE ddng dang (c.g.c). Tir d6: CAE = DAB; % = %

Hai tam giac DAC va BAE dong dang (c.g.c) nén ‘:—l; = Z—g hay AD.BE =CD.AB(¥)

Mt khéc tam giac BCE vudng tai C. Néu dit CE = xthi BC =2x.

Theo dinh ly Pythagore: BE? = BC* +CE* = x* +(2x)2 =5x? = BE = x+/5..

NG

T o BE === BC. Thay vao h¢ thitc (*) ta duoc J5AD.BC =2CD.AB.

Bai 22. Taco C = ADB. Trong géc ADB veé tia DE (E

thudc AB) sao cho ADE = C , khi d6 diém E nam trén

doan thang AB. Tir d6 suy ra AE < AB

Mit khac AAED -~ AADC (g.g) nén E

AE _AD |y AEAC = AD”.
AD ~ AC L

87. TOAN HOC SO PO



Tu d6 AD®* = AE.AC < AB.AC

Bai 23. Tac6 DAC = BAC,ABC = ACD nén B
ACB=ADC
Tu ddé ACE =EDC D
C F
Hai tam giac ACE va CDE d6ng dang (g.g) nén ta co
EC EA
i &
E
Lai cO DAC = BAC nén AC la duong phén giac
cua AABE, tr do EA = BA (2)
EC BC
Tur (1) va (2) suy ra £C_BA hay AB.DE = BC.CE.
ED BC 4
Ap dung két qua bai 22, ta c6 AC 1a dudng phan gi4c cua tam giac
ABE va ACF nén AE.AB > AC*va AD.AF > AC’. =
T doé 2AC* < AB.AE + AD.AF .
Bai 24. Taco BK.CH=BI> = B8 - BL _ C1 i pr—cr)
Bl CH CH
K
Tir &6 ABKI —~ ACIH (c.g.C)
| |
Suy ra BK = BL = K1 B ' I ' C
Cl CH IH
= IH KB=IK.Cl =IK.BI;HC.IK = BI.IH. 4
Nhu vay [H.KB +IK HC =IK BI +IH Bl M N
= BI(IH.IK) > BI.HK
Bai 25 . —
Vi MNPQ Ia hinh vuéng nén & 0 p ¢

MN |/ /BC;MQ 1 BC;NP 1 BC
Ta co tam giac ABC,QBM, PNC ddng dang véi nhau nén

BQ _AB . PC_AC
OM AC PN AB’

Tur d6 suy ra BC = BQ+QP+PC =QP B0 1 EC
op  Qr
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AC

BO | L AB_ aC
—QP( PNj QP( +AB >

QM
Dau “=" xay ra khi va chi khi AB=AC.

A

Cha y: Bai toan trén sir dung bét dang thtc dai sb don gian sau:

Véi hau sé duong a va b, ta luén co %+é >2.
a

Bai 26. Trong goc ABC liy diém E sao cho

ABD = EBC; ADB = ECB
Khi d6 ta c6 AABD —~ AEBC (9.9)

AB BD AD
Suyra —=—
BE BC EC

Ti d6 AD.BC = BD.EC (1)

Xét AABEva ADBC c6 4B = &;ABE =DBC
BE BC

Do vay AABE -~ ADBC (c.g.c),

Suy raE = AE hay AB.DC = AE.DB (2)
DB DC

Tur (1) va (2) suy ra

F : E

AB.CD+ AD.BC = AE.DB + EC.DB = DB(AE + EC) > AC.BD.

Chay: Két qua cuia bai tap 18 1a noi dung dinh ly Ptolemy. Dau “=" & bat dang thac Ptolemy xay ra khi
va chi khi tr giac ABCD noi tiép (trong trudong hop nay cé dang thac Ptolemy).

Bai 27. Ap dung bat dang thuc Ptolemy (bai 15) vao tir giac ACEF

ta duoc AC.EF + AF.CE > AE.FC.
Theo bai ra AF = FE nén ta c6
AC.AF + AF.CE > AE.FC

= AF(AC+CE)2 AE.FC
FA_  AE
=>—>——
FC  AC+CE

. DE A . B A
Tuong tu ta co > ¢ va ¢ > ¢

DA~ AE+AC ~ BE EC+AE’

Cong cac bat dang thic trén ta duoc
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> -+ + >
FC DA BE AC+CE AE+AC CE+AE 2

FA DE BC AE CE AC 3
—t—t—2

Cha y: Bai toan trén su dung bét dang thirc dai sé quen thudc sau: Véi ba sb a,b va ¢ duong, ta c6
a b c 3
+ + >—.
b+c c+a a+b 2
BAI TOAN 8. SU DUNG HE THUC GIUA CANH VA PUONG CAO TRONG TAM GIAC
VUONG

PE CHUNG MINH DPANG THUC VA BAT PANG THUC

I. KIEN THUC CAN NHO
Cho tam giac ABC vudng tai A (hinh bén). Goi BC =a; AC =b; AB=c; AH =h;BH =c';HC =b'

Khi d6 ta co6 cac hé thuc:

1)b? =ab';c* =ac'
2)a’ =b”® +c?
Y’ =b'c’
4)ah =bc

1 1 1

e

Il.CAC VIiDU

AB' _BH
BC? BC

Vi du 1. Cho tam gidc ABC vubng tai A, duong cao AH. Chirng minh

Loi gidi
Ap dung hé thirc trong tam giac ABC vuong ta co: A
AB’ = BH.BC(1)

Ap dung hé thic trong tam giac ABC vudng ta co:
AC? =CH.BC(2)

2 H
AB? BH.BC BH Hinh 1

Tu (1) va (2) suy ra; = =
r(L)va@)suy e =C0Re " oh

2 2
Ap dung tinh chat cua ti 18 thic ta co: ;A‘B == BH ABZ _BH
AB° +BC BH +CH BC BC

Vi du 2. Cho tam giac ABC vudng tai A dudng cao AH, goi D va E 1a diém ddi xang cua H qua AB va
AC. Chitng minh HD? + HE? = 4BH.HC

Loi gidi
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Do D ddi xtng véi H qua AB nén: DAH = 2.BAH (1) E

Do E déi xtng véi H qua AC nén: EAH =2.CAH (2)

Tur (1) va (2) ta suy ra: DAH + EAH =180°= D, A, E thing hang. b

Vit giac AMHN c6 A=M =N =90°= DHE =90°

Ap dung hé thirc luong trong tam giac ABC vuodng tai A: ¢ ] s C
mn s
AH? =BH.CH = (2AH )’ = 4BH CH

Do D va H ddi ximg qua AB, E va H di xang véi nhau qua AC nén 2.AH = DE
Vi thé: DE? = 4.BH.CH
Ap dung dinh ly Pythagore cho tam giac DHE vudng tai H, ta c: DE? = HD? + HE?

Tu d6: HD? + HE* = 4BH.HC

Vi du 3. Cho tam gidc ABC vudng tai A, duong cao AH. Tir H k¢ HM L AC(M e AC) , goi N I hinh
1 1 1 1

chiéu caa M trén BC. Chang minh 1 b=
AB® AC° HC® MC MN

Lo gidi
Ap dung hé thirc lwong cho tam giac HMC vudng tai M:
1 1 1

= 1
MN? HM2+MC2()

Ap dung hé thire luong cho tam giac AHC vuéng tai H:
1 1 1

= 2
HM 2 HA2+HCZ( )

Ap dung hé thirc luong cho tam giac ABC vuong tai A:

1 1 1
HAZ  AB? | AC? (3)

1 1 1 1

Tu (1) (2) va (3) tasuy ra: + + + =
() @ va@) tasuyra: o+t ot = =

Vi du 4. Cho tam giac ABC vudng tai A, duong cao AH, goi D va E lan luot 12 hinh chiéu cua H trén
AB va AC. Chung minh AE.CE + AD.BD = BH.HC

Loi gidi
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Xét tir giac ADHE c6é A= D = E =90° nén ADHE la hinh chir nhat.

Suy ra: DE = AH = DE? = AH? = HE® + HD” = AH?(*) 4

(&p dung dinh ly Pythagore cho tam gidc DHE vuéng tai H). E
Ap dung hé thirc luong trong tam giac AHC vudng tai H: D

HE® = AE.CE(1)

Ap dung hé thire luong trong tam giac AHC vudng: . " Hinh 4

HD? = AD.BD(2)
Ap dung h¢ thirc luong trong tam gidc ABC vuong: AH? = BH.HC(3)

Lay (1), (2) va (3) thay vao (*) ta duoc: AE.CE + AD.BD =BH .HC

Vi du 5. Cho tam giac ABC vudng tai A, duong cao AH, goi E va K lan luot I hinh chiéu cua H trén

ABVa AC. Ching minh —— =+ 4 1, 1
AKZ ABZ AC? HB

Loi gidi
Ap dung hé thirc trong tam giac AHB vudng ta co:

1 1 1
HEZ HBZ  AHZ @)

Ap dung hé thirc trong tam giac ABC vuéng ta co:
1 1 1

AHZ  ABZ @ AC? (2)

1 1 1 Hinh 5

Thay (2) vao (1) ta duoc: = + +
y@ ) " HE? AB? AC? HB?

Tu gidc AEHK 1a hinh chir nhat do ¢6 3 goc vudng nén AK = HE .

1 1 1 1

Va = + +
Y AK? AB® AC? HB?

Vi du 6. Cho tam giac ABC vudng tai A, goi E, K lan luot 12 hinh chiéu cua H trén AB va AC con | 1a
hinh chiéu ciia A trén EK. Ching minh —2 =+ 2 > = 12 o1 ~— L ;
AB° AC Al HB® HC

Loi gidi

Ta thay t giac AEHK 14 hinh chix nhat vi ¢6 3 goc vudng nén HK = AE; HE = AK

, ) 1 1 1
Ap dung hé thac trong tam giac AKE vudng: = +
1 1

SUy T = ke T HE? @)
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1 1
= 2
HK 2 AH2+HCZ( )

Ap dung hé thirc trong tam giac AHC vuong:

11 1
HE? AR hse )

Ap dung hé thirc trong tam giac AHB vuong:

o . 1 1 1
Ap dung hé thuc trong tam giac ABC vubng: = + 4
p dung h¢ gtamg TRVl C)
X 1 1 1 1 1 2 2 1 1 1
Tu (1) (2) (3) va (4) ta co: =2 + + + = + = - —
W@ G)va ) Al? (AB2 ACZJ HA> HB?> ~ AB®> AC®> AlI*> HB? HC?
Vi du 7. Cho tam gi4c ABC vudng tai A duong cao AH. Goi E, F 1a hinh chiéu caa H trén AB va AC.
3
Ching minh rang: A83 _BE
AC® CF
Loi gidi
Ap dung hé thirc luong cho cac tam giac vuong:
A
AB> BH.BC BH ¥
AC> CH.BC CH
AB* BH® BE.AB
- 7 = 2 = )
AC* CH® CF.AC E
3
N AB” _BE B H - C
AC® CF Hinh 7
Vi du 8. Cho tam gidc ABC vubng tai A, duong cao AH. Ké HE vudng gbc vai AB, ké HF vudng géc
4
voi AC (E € AB;F e AC) Goi M, N lan luot la hinh chiéu E, F trén BC. Chiing minh: 2(?4 =%

Loi gidi

AB® BE _ AB° BE’

Str dung két qua cua vi du 7 ta duoc:

== =
AC® CF AC® CF?
AB® BE?® _ BM.BH

Ap dung hé thirc luong trong tam giac vuéng, ta co: = =
p dung hé thirc lugng trong tam g g cf - ce? - enca W

AB’ _BH.BC BH

Mataco: — = =—-1(2)
AC® CH.BC CH

AB® B BM.AB*> AB* BM

Tu (1) va (2) ta co: = = =
(1) ) AC® CN.AC? AC* CN

I11. BAl TAP VAN DUNG

Bai 1. Cho hinh vudng ABCD. Goi | Ia mét diém nam giira A va B. Tia DI va tia CB cat nhau ¢ K. Ké
duong thang qua D, vudng goc voi DI Puong thang nay cat dudng thang BC tai L. Chiing minh rang:

a) Tam giac DIL la mot tam giac can.
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khéng doi khi I thay ddi trén canh AB.

. 1 1
b) Tong — +
) g DI° D

K2

Bai 2. Cho tam giac ABC vudng tai A(AC > AB). Trén canh AC lay diém B’ sao cho AB'= AB. T B’
1 1 1

= +
BD? BC?

ké dudng thang song song véi AC cat AD tai diém E. Chting minh rang: A1D2 v

Bai 3. Cho hinh chir nhat ABCD c¢6 AB =k.AD (k > 0, k khong d6i). Qua diém A ké duong thiang bat ki

cit BC tai M cat DC tai diém 1. Ching minh rang: khong doi.

1
+
AM? " (k.AlY

Bai 4. Cho hinh vudng ABCD canh a khong doi. Trén doan AD lay diém F sao cho AD=k.FD (k> 0, k
khong d6i). Tur diém F ké duong thang bat ki cit BC tai diém M, ¢t DC tai diém I. Chang minh
1 1
2 + 2
FM®  (k.FI)

khong ddi khi duong thing qua F thay doi.

Bai 5. Cho hinh vudng ABCD canh a khong doi, lay E va F lan lugt trén DC va AD sao cho
EC=2:FD=2 (m,n >0, m va n khong ddi). Tur F ké duong thing bét ki ct BC tai M, c&t DC tai I. Tix
m n

R S S
FM? (nFl)* EC® (mEK)’

E ké duong thang bt ki cat AB tai N cat BC tai K. Chang minh:

Bai 6. Cho hinh vudng ABCD canh a lay E, F lan luot trén canh DC va DA sao cho
EC =2:FD =2(m,n>0). Tir F ke duong thang bét ki cat BC tai M, cét DC tai I. Tir E ké dudng thang
m n

n L ‘ . : . , . EK m

vuobng gbc vai Fl cat AB tai N, cat BC tai K. Chirng minh: =Y
n

Bai 7. Cho tam giac ABC vubng tai A, duong cao AH. Goi E va F lan luot 14 hinh chiéu caa H trén AB
va AC. Goi I 1a giao diém cua AH va EF. Chiing minh rang: BH.CH =4.1E.IF

Bai 8. Cho tam giac ABC nhon, hai duong cao BD va CE cit nhau tai H. Trén doan HC va HB lan luot
ldy M va N sao cho AMB = ANC =90° . Chitng minh AM = AN

Bai 9. Cho tam giac ABC vuéng tai A, canh huyén BC khong ddi. Goi AH 1a duong cao cua tam giac
ABC. Goi D va E lan luot 12 hinh chiéu caa H trén AB va AC. Xac dinh hinh dang cua tam giac ABC dé
dién tich ADHE dat gia tri I6n nhat.

Bai 10. Cho tam giac ABC vubng can tai A. Goi M 1a trung diém ciia AC. Puong thang qua A vudng goc

véi BM cit BC tai D. Tinh %

Bai 11. Cho ABCD Ia hinh thang c6 AB // CD sao cho tdn tai diém O cach déu bén canh cua hinh thang.
Mot dudng thiang qua O vudng goc véi AB cat AB va CD lan luot tai E va F. Chting minh % = %

Bai 12. Cho tam gidc ABC vudng tai A, duong cao AH, ké HD vubng gdc vai AB, HE vudng goc vai AC
(D € AB; E € AC). Chuang minh rang: AD.AB = AE.AC =HB.HC
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IV. HUONG DAN GIAl
Bai 1. 5 . p

a) AADI = ACDL(g.c.g)
= DI =DL = ADIL can.
b) Ap dung hé thirc luong trong tam giac DLK vuéng tai D: L

1+1 1:>1+1—1kh6nd6i
DL> DK? DC? DI?> DK? DC? g

Bai 2.

Goi C’ 1a giao diém ctua B’D vé6i BE nhu hinh vé:

= ABC’B’ 1a hinh vudng canh a.

Theo bai trén thi: —— +—— =Ly L, 1 _1
AD? AET @ " BD BC? a

Tir do suy ra dpem.

Bai 3.
Qua A ké dudng thang vudng goc véi AM cit cat DC tai E. Ta thay:

AM _ AB _

w~E

AABM ~ AADE(g.g) = —— ===k = AM = kAE g , ;
Vay 12+ L 7= L >+ L 2=£2( 12+ 12): — khong doi
AM®  (k.AI)  (KAE) (kA k“(AE® Al k“AD
Bai 4.
H B
Theobai 3thi — +—~ -+ 1 :
FM (k.FI) k® FD \
M
a 1 1 1 2
Coma FD=— nén + =— khong doi
k FM2 (k.F|)2 a2 L ;\,‘
Bai 5.
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1 1 1 .1 1

Theo bai 4 thi: + =— va + =

FM? (nFIY a  EN® (mEK)’
Bai 6.
1 1 1 1

Theo bai 4 thi: >+ 5 = 5+ >
FM® (nFI)” EN® (mEK)

ViEN LFM =EN=FM = ! = !

(nF1)"  (mEK)’

EK
:>_
Fl

=% (dpcm).

Bai 7.

Ta thiy AEHF la hinh chit nhat nén: 2IE = 2IF = AH
Ap dung hé thire luong trong tam giac vuong ABC, ta c6
AH? =BH.CH

Vi thé (21E)° = BH.CH = BH.CH = 4IE* = 4IE.IF
Bai 8.

Ap dung hé thirc cho tam giac ABM vudng tai M
AM? = AE.AB(1)

Ap dung hé thirc cho tam giac ACN vuéng tai N

AN’ = AD.AC (2)

AD _AB

Do AABD ~ AACE = AE = AD.AC = AE.AB (3)

Tu (1), (2), (3) suy ra: AM? = AN?
Vay AM = AN
Bai 9.

é = dpcm

Goi AM la dudng trung tuyén cua tam giac ABC = AM = % khong doi

Ap dung hé thic trong tam giac AHB
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AH?
AB

AE.AB = AH? = AE =

Ap dung hé thic trong tam giac AHC

2
AD.AC = AH? = AD = AH
AC
Khi @6
4 4 3 3 2
S, - AD.AE = AH AH® _AH® _AM® BC

ABAC AHBC BC  BC

(khong doi)

Vay Sapwe dat gia tri 16n nhat khi H tring véi M hay ABC la tam giac vudng can tai A

Bai 10.
Ké thém CK L AD;K € AD

Goi H 1a giao diém cua AD véi BM.

Vi BH // CK nén: bc :C—K(l)
DB BH
Ma CK =2HM nén E:ﬂ(Z)
DB BH

Ap dung hé thirc vé canh va dudng cao trong tam giac ta co:

AM® _HMBM _ HM _(AM C 1
AB? BH.BM BH (AB) 4

Thay vao (2) ta duoc: bc = 1
DB 2

Bai 11.

Do AB// CD nén A+ D =180°

= A+ ADO =90° = AAOD vuong tai O.

Ap dung hé thirc luong trong tam giac vudng. Ta co

OM? = AM.DM

ONZ — BN.CN }:> AM.DM =BN.CN

Vi theo tinh chét tam giac bang nhau nén:
AM = AE; DM =DF;BN =BE;CN =CF

Tir d6 suy ra: AE.DF = BE.CF = o= - DF
AE CF

Bai 12.
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Ap dung hé thirc gitta canh va duong cao trong tam giac vuéng ta co:

AD.AB = AH’
AE.AC = AH’®
BH.CH = AH?

Tur do suy ra: AD.AB =AE.AC =HB.HC

A

BAI TOAN 9.
SU DUNG PINH Li VAN AUBEL PE CHUNG MINH PANG THUC VA BAT PANG THUC
I. KIEN THUC CAN NHO

1. Pinh ly Van Aubel:
Trén ba canh BC, CA, AB cua tam giac ABC lan luot lay ba diém M, N, K sao cho AM, BN, CK dong

quy tai E. Khi do: AE = AK + AN
EM KB NC

Chang minh:

Céch 1:

Ap dung dinh ly Menelaus cho AABM d6i véi ba diém K, E, C
thang hang, ta co:

AK BC ME:l AK CM AE(l)

. . = = .
KB CM AE KB BC ME

Ap dung dinh ly Menelaus cho AACM d6i vé6i ba diém B, E, N
thang hang, ta co:

AN BC ME AN BM AE
) . =1= = . (2)
NC BM AE NC BC ME

Hinh 1

AN AK AE (CM BM) AE

Tu (1) va (2) suy ra: + = : + =
NC KB ME\BC BC/) ME

Céch 2: Tir A ké duong thang song song véi BC cit tia CK, tia BN lan luot tai D va F.
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Ap dung hé qua dinh 1y Thales, ta co: AE = AD = AF
EM CM BM

Ap dung tinh chat day ti sé bang nhau, ta dwoc

AE _ AD+AF _AD+AF_AD+AF()
EM CM+BM  BC  BC BC

Ap dung hé qua dinh ly Thales, ta co:

AD AK
8¢~ Kk8

. AF AN Hinh 1

ag—m()

AE AK AN
= +

Thay (2) va (3) vao (1) ta duoc =
ay (2) va (3) vao (1) ta dug KB NG

Cach 3.

Taco

AK S,
KB  Sge
AN 3 Sane B
NC S.

AEC

AEB

S
Seec
S
S

suyra AK AN _ Syec+Suep
KB NC  Sue

Hinh 2
Lal Cé AE — SAEB — SAEC — SAEB +SABC — SAEB +SAEC (2)
SBEM SCEM SBEM +S(:EM SBEC
Tur (1) va (2) suy ra AK + AN = AE
KB NC ME

2. Nhan xét:
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* Truong hop: Diém E nim ngoai tam giac ABC, diém M nam trén canh BC con diém K, N 13 hai diém
nam trén tia AB, tia AC, (hinh 4) khi do:

A
Taco AE = Sae = Sace = Sage + Sace — S agec
EM " Seem  Scem  Seem T Scem Seec
Taco PK _ Sac _ Sue _ Saxc ~Saxe _ Suec
BK SBKC SBKE SBKC - SBKE SBEC
M y
Tuong tu AN = Saes B C
Seec
AK AN S S S E
Suyra + — TAEC | TAEB _ “TABEC
BK  NC Sgec Sgee Spee .
Hinh 3 N
AK AN AE
Suy ra + =
BK NC ME

Nhu vay, hé thie cia dinh Iy Van Auhel khéng bi thay doi do viéc diém E nam bén trong hay bén ngoai
tam giac ABC.

Il.CAC VIiDU

Vi du 1. (Chtng minh tinh chat trong tdm cua tam giac)

Cho AABC c6 ba dudng trung tuyén AM, BN, CK cit nhau tai E. Khi d6 % =§
Lot gidi
(Ban doc tu vé hinh)
Ap dung dinh ly Van Aubel ta co: AE _ AK + AN =1+1=2= AE =2EM
AM KB NC
vay £5-=2
AM 3

Nhan xét: Bai nay c6 thé chizng minh bang sir dung dwdng trung binh cua tam giac.

Vi du 2. Cho AABC c6BC =a; AC =b; AB =c . Goi I 1a tim duong tron noi tiép AABC, tia Al cit BC

tai A’. Ching minh Al _c+b
A a

Loi gidi
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Goi tia Cl cat AB tai C’, tia BI cat AC tai B’

Ap dung dinh ly Van Aubel cho AABC ta co:
Al_AB' AC
IA' B'C C'B

Theo tinh chat duong phan giac cua tam giac thi:

AB' ¢ AC' b

BC a'C'B a

B A’

Tir do ﬂ:C+b Hinh 5
1A' a

Vi du 3. Trén ba canh BC, CA, AB cua tam giac ABC lay 3 diém H, M, N sao cho AH, BM, CN dong
quy tai G. Goi P, Q lan luot 1a giao diém cua HN v6i BM va HM véi CN. Tia AP, AQ cit canh BC lan
AP AQ_., [ AN AM j

luot tai E va F. Ching minh rang:
QF NB MC

Loi gidi
Ap dung dinh ly Van Aubel cho tam giac ABH véi AE, BG, HN dong quy:
A
AP _ ﬂJrﬁ(l)
PE NB GH
Ap dung dinh ly Van Aubel cho tam giac AHC véi AF, CG,
HM dong quy:
AQ AM AG
et
QF MC GH

Ap dung dinh ly Van Aubel cho tam giac ABC véi AH, CN,
BM dong quy

AG AN AM (3) Hinh 6
GH NB MC

AP AQ (AN AM
Tir (1) () @) suy ra: oo+ o B(NB MC]

Nhan xét:

- Truong hop H 14 trung diém BC thi MN // BC hay — AN _ AM :>£+ AQ =6 AN

NBE MC PE QF NB

-Tru:onghopGlatrungdlemAchl% ﬂ 1:>£+£:

MC PE QF
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Vi du 4. Cho tam gi4c ABC, trén BC, CA, AB lan luot lay A’, B’, C’ sao cho AA’, BB’, CC’ dong quy
tai K. Goi giao diém cua A’B’ v6i CC’ 1a N, giao diém cua A’C’ v6i BB’ 1a M. Tia AM, AN lan luot
cit BC tai E va F. Chitng minh:

a) EN, FM, A4’ ddng quy tai I.
b)Al.LKA'=3.I1A".AK

Loi gidi

a) Ap dung dinh Iy Menelaus cho AABE

AM EA' BC'_1

ME A'B'C'A
AM C'A A'B

= = .
ME BC' EA'

Ap dung dinh Iy Menelaus cho AAFC

FN AB' CA' 1

NA B'C A'F
FN A'F B'C

= = .
NA CA' AB'

Khi d6 AM EA' FN (C'A A'B) EA' (A'F B'C
ME A'F NA (BC' EA') A'F{CA' AB'
_C'AABB'C
BC' CA' AB'

=1 (do AA’,BB’,CC’ d6ng quy tai K)

‘IAM EA' FN
ME A'F' NA

=1 theo dinh Iy Ceva thi AA’, EN va FM dong quy tai diém I.

b) Ap dung dinh Iy Van Aubel cho AABA', AACA', AAEF ta duoc:

AM AK AC',. AN AK AB' . AM AN Al
ME :KA'+C'B( )’NF :KA'+B'C( )’ME+NF :W( )

AK ~AC' AB' Al
Thay (1), (2) vao (3) ta duoc: 2. + + =—1(4
ay (1), (2) véo (3) ta duoe: 2.0 -5+ ot =i =11(4)

Ap dung tiép dinh Iy Van Aubel cho tam giac ABC: AC + AB = AK
C'B B'C KA’
Thay vao (4) ta duogc 3. AK = Al
KA' A"

= 3.AK.IA'=KA".Al
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Vi du 5. Cho K 1a diém nam trong tam giac ABC. Goi D 1a giao diém cua AK véi BC, E 1a giao diém
AK BK CK
kD KE TKF

ciia BK voi AC con F 1a giao diém cua CK véi AB. Chang minh rang

Loi gidi

Ap dung dinh Iy Van Aubel cho tam giac ABC:

AK AE AF BK FB BD KC EC+DC
KD EC FB'KE AF DC FK AE BD

Cong hai vé cua cac dang thirc ta dugc:

AK BK KC AE AF FB BD EC DC (AE EC AF FB BD DC
+—t—= —=+— |+ + + DC 2D

+
KD KE FK EC FB AF DC AE BD |\EC AE FB AF

(theo bat dang thuc AM - GM)
D4u “=" xay ra khi K Ia trong tdm cua tam giac ABC.

Nhan xét: Loi giai sir dung dinh Iy Van Aubel rat ty nhién va don gian
hon phuong phap sir dung dién tich dé chirng minh bai nay!!

a
Hinh 8

Vi du 6. Cho tam giac ABC c6 duong trung tuyén AD, goi M 1a trung diém AD, giao diém ctia BM voi
MF_  ME _
CM -MF BM —ME

AC 13 E, giao diém cua CM véi AB la F. Chiang minh rang:

Loi gidi

Ap dung dinh ly Van Aubel va do D 1a trung diém cia BC nén:

BM BF BD BF BM BM —ME
=>—-= -1= (1)

ME AF DC AF ME ME

CM CE CD EC CM CM —MF

M _CE CD_EC_CM _;_CM-MF

MF AE BD AE MF MF

Ap dung dinh ly Van Aubel va do M 1a trung diém ctiia AD nén:

AE AF AI\/I AE AF
= =1(3)
EC FB MD EC BF
B D C

MF + ME =1 Hinh 9
CM -MF BM -ME

I11. MQT SO BAI TAP UNG DUNG CUA PINH LY VAN AUBEL

Tur (1) (2) va (3) ta cé:
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Bai 1. Cho tam giac ABC nhon noi tiép (O), cac duong thang AO, BO, CO cit cac canh BC, CA, AB lan

luot tai D, E, F. Dat 8D _ x;E = y;E =z . Chang minh rang
DC EA FB
h, + L + n, =R+r
XZ2+z2+1 yx+x+1 zy+y+1

Bai 2. Cho P 1a diém bén trong AABC c6 thoa mén Seac _ Seac _ Seen Goi D, E, F lan lugt 14 giao diém

a b c
cua AP v&i BC, BP véi AC va CP véi AB. Tinh gié tri biéu thic %+%+% theo a, b, c

Bai 3. Cho tam giac ABC, trén ba canh BC, CA, AB lan luot lay 3 diém D, E, F sao cho AD, BE, CF

ddng quy tai P. Chirng minh rang: E.E.E:£+E+E+2(*)
PD PE'PF PD PE PF

Bai 4. Cho tam giac ABC ¢ AB=c;BC =a;CA=b , vaIla tim duong tron ndi tiép tam giac ABC, cac

tia Al, BI, Cl lan luot cat BC, AC, AB tai A>, B’ , C’ . Ching minh ring AL BL CL_8
AA''BB''CC'™ 27

IV. HUONG DAN GIAl

Bai 1. Str dung dinh ly Ceva: EEE =1l=xyz=1
DC EA BF

Str dung dinh ly Van Aubel:

AO AF AE _AO
= + =
OD FB EC  OD
AD h, _ob,

=7+XZ

a

= = h,
oD Xx2+z+1 AD

= XZ+2+1=

Goi A’ 14 trung diém BC, sir dung Thales:

OA:OD:> h, _ OA'
h AD XZ+z+1

a

Tuong tw goi B” va C’ 1an luot 1a trung diém AC va AB ta co:

h, . h __h

a

<—=0A+0B'+0OC" .
X2+z+1 yx+x+1 zy+y+1 Hinh 9

Str dung hé thuc Carnot thi: OA'+OB'+OC'=R+r

Tir d6 suy ra diéu phai chang minh.
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Bai 2. Su dung cbng thac tinh dién tich tam giac:

Seas ~BH BD _C
Sepc CK DC b
CE a AF b
Tuongty —=—;—=—
EA ¢ FB a

Ap dung dinh ly Van Aubel:
AP _AE AF _c+a

PD EC FB a

B H :
E:E+£:ﬂ Hinh 10
PE FA DC b

CP _CE CD a+b

_— = — =
PF AE DB c

Tir d6 sé tinh dwoc gié tri cua biéu thuc AP E+ P
PD PE PF

Bai 3. Ki hi¢u Spz; =a;S,pc =b;Sgpp =C
Str dung cdng thue tinh dién tich tam giac ta co:

BD cCE aAF b
DC bEA CFB a

Str dung dinh ly Van Aubel ta c6:
AP AE AF _b+c BP _BF BD _a+c CP_CD CE _a+b

—t— — =
PD EC FC a 'PE FA DC b 'PF DB EA ¢

Hé thirc (*) can chimg minh twong duong véi:

(a+b)(b+c)(c+a) a+b b+c c+a

abc c a b
< (a+b)(b+c)(c+a)=ab(a+b)+bc(b+c)+ca(c+a)+2abc

+2

Ping thuc cudi cung ludn ding, vay nén dang thie (*) da duoc ching minh.
Bai 4.
TaCéAI.BI.CI= 1 . 1 . 1
AA' BB' CC' 1+£ 14 IB' N IC'
Al Bl Cl

Str dung dinh ly Van Aubel c6 két qua ¢ vi du 2 ta dugc:
Al Bl CI 1 1 1 b+c a+c a+b

AA"BB"CC'_1+ a 4, b ¢ " a+b+c a+b+cat+btc
b+c a+c a+b
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bat a=x+y;b=y+z;c=z+x tacod

Al Bl CI 1 y z X
———=—| 1+ 1+ 1+
AA' BB' CC' 8 X+y+12 X+y+2 X+y+12

Ap dung bt dang thtrc “Trung binh cong - Trung binh nhan” ta co:

3

DAY WU IR
X+Y+12 X+Yy+12 X+y+z | _ 8

3 S 27

Al Bl CI
AA' BB' CC'

1
<=
8

Dau = xay ra khi ABC 1a tam giac déu.
MOQT SO BAI TOAN TRiCH TRONG CAC PE THI

Bai 1. Cho dudng tron tdm O, ban kinh R. Tir mot diém M & ngoai dudng tron, ké hai tiép tuyén MA va
MB voi dudng tron (A, B 1a cac tiép diém). Qua A, ké duong thang song song véi MO cit duong tron tai E
(E khac A), duong thang ME cét duong tron tai F (F khéc E), duong thiang AF cit MO tai N, H 1 giao
diém ciia MO va AB.

1) Chitng minh: Tw giac MAOB ni tiép duong tron.
2) Chung minh: MN* = NF.NA va MN =NH .

HE' _EF |

3) Chirng minh: - =
) g HF* MF

(Trich dé thi vao 10, Hai Dwong, Néam hoc 2017 - 2018)
LOI GIAI
1) MAO = MBO =90° = MAO + MBO =180°
Ma hai gbc ddi nhau nén t gidc MAOB nai tiép.
2) Chira AMNF «» AANM (9.9)

suy ra MN*> = NF.NA
Chira ANFH «» AAFH (9.9)

suy ra NH> = NF.NA

Vay MN® = NH’suyra MN =NH .

C6 MA = MB (tinh chat 2 tiép tuyén cit nhau) vd OA=OB=R.

Suy ra MO la duong trung truc cua AB, nén AH 1 MO va HA= HB.
Xét hai tam gidc AMAF va AMEA c0:

AME chung, MAF = AEF
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nén AMAF «» AMEA (g.9), suy ra MA _MF = MA*> = MF.ME
ME MA

Ap dung hé thirc luong vao A vubng MAO, c6: MA* = MH.MO

ME MO

Do d6: ME.MF = MH.MO hay =
MH MF

Suy ra AMFH &2 AMOE , do d6 MHF = MEO .

Vi BAE la goc vudng noi tiép (0) nén E, O, B thang hang.
Suyra FEB = FAB[: %SdEB] = MHF = FAB

Nén ANH + NHF = ANH + FAB =90° = HF | NA
Ap dung hé thirc lwong vao tam giac vuéng NHA, co:
NH? = NF.NA = NM* = NH*> = NM = NH

3) Ap dung hé thire lwong vao tam giac vudng NHA, co:
HA’ = FANA va HF* = FAFN

HB> HA® FANA NA

Ma HA=HB nén — =——= =—,
HF HF FAFN NF

suy ra HB> = AF.AN (Vi HA= HB)

Vi AE //MN nén EE = FA s qua caa dinh 1f Thales)
MF NF

HB> EF NA FA NF
HF* MF NF NF NF

Nén suy ra =1 (dpcm)

Bai 2. Cho tam giac ABC, M 1a diem bat ki nam trong tam gic. Kéo dai AM cat BC tai P, BM cat AC tai
Q, CM cat AB tai K. Chirng minh rang
MA.MB.MC >8MP.MQ.MK
(Trich d@é thivao 10 , Tinh Thdi Binh, Nim hoc 2017 - 2018)
LOI GIAl
Pat a=3S,,50:0 = Sapyaci€ = Sapup - T2 CO:

MA _b+c_2bc MB _a+b_ 2Jab
MP a ~ a 'MQ c ¢’
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MC_a+c>2\/;
MK b ~— b

Suy ra M—A.@.M—Czs
MP MQ MK

= MA.MB.MC >8MP.MQ.MK
Dau “=" xay ra khi M Ia trong tdm cua tam gi4c ABC.
Bai 3. Cho tir giac ABCD nai tiép duong tron O;R . Goi | 1a giao diém AC va BD. Ké IH vudng géc voi
AB; IK vudng goc voi AD (H € AB;K € AD).
1) Chirng minh tir giac AHIK ni tiép duong tron.
2) Chtng minh rang IA.IC = IB.ID.
3) Chitng minh rang tam giac HIK va tam giac BCD d6ng dang.
4) Goi S la dién tich tam giac ABD, S’ la dién tich tam giac HIK. Chiing minh rang:
/ 2
e

(Trich dé thi vao 10, Tinh Phi The, ndm hec 2017
LOI GIAI

1) Tt gidc AHIK c6: AHI =90° IH L AB |

AKI =90° IK 1| AD

= AHI + AKI =180°

Do d6 tir giac AHIK noi tiép.

2) Xét AIAD va AIBC co:

A1 = B (2 g6c noi tiép cung chan cung DC caa O )
AID = BIC (2 goc dbi dinh),

suy ra AIAD «» AIBC (9.9)

do do “ = D = IA.IC = IB.ID
IB IC

3) Xét dudng tron ngoai tiép tr giac AHIK ¢6 A = H (2 gdc noi tiép cuing chin cung 1K)

Ma Ai=Bi= Hi =B
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Chtrng minh tuong ty, ta duoc K1 = Di
Xét AHIK va ABCD c6: Hi = Bi;K\ = Di nén AHIK > ABCD (g.9)

4) Goi S, ladi¢n tich cuia ABCD . Vi AHIK «» ABCD nén:

S'_HK®_ HK® _ HK’ HK?

1)

S, BD’° IB+ID’ A4IBID 4IAIC

V& AE | BD,CF | BD = AE/JCF = SE = 1€
AE 1A

AABD va ABCD c0 chung canh day BD nén:

'y B
S AE S

S _CE_S_lc
IA

Tur (1) va (2) suy ra

/ 2 / 2
s's,_ HK® IC  S'_HK
S,'S TA4IAICTIA S T 4IA?

(dpcm).

Bai 4. Cho tam giac ABC vuong tai A duong cao AH duong tron tam E duong kinh BH cat AB tai M (M
khac B), duong tron tam F duong kinh HC cat AC tai N (N khac C)

1) Ching minh AM.AB = AN.AC va AN.AC = MN”.

2) Goi | 1a trung diém cua EF, O 1a giao diém caa AH va MN. Chang minh 10 vuéng goc véi duong
thang MN.

3) Chung minh 4 EN? + FM? = BC* +6AH".
(Trich dé thivao 10, Tinh Nam Pinh, Nim hoc 2017 - 2018)
LOI GIALI
1) Tacé BMH = HNC = 90° (cac g6c noi tiép chan nira duong tron), suy ra HM L AB,HN L AC.
Ap dung hé thirc lugng vao tam giac vudng AHB va AHC, c6
AH? = AM.AB va AH®> = AN.AC = AM.AB = AN.AC
Mat khac, tir gidc AMHN c6 ba goc vudng nén Ia hinh chit nhat khi d6 AH = MN = AN.AC = MN’

2) Ttr giac AMHN Ia hinh chi nhat, cé
O la giao diém cua AH va MN. Suy ra A
O 1a trung diém ciia AH va MN. Khi d6
AEMO = AEHO (c.c.c)

= EMO = EHO =90°
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=EM | MN
Ching minh tuong tutacé FN | MN

Suy ra ME //NF = MEFN la hinh
thang vuong.

Ma Ol la duong trung binh cua hinh
thang vudng MEFN nén OI 1. MN .

3)Pit MN = AH = h,x,y lan luot 1a ban kinh cua duong tron E va F .
Tacod 4 EN* +FM?> =4| ME* +MN* + ME*+ MN’

=4 X +y +210°

BC? +6AH* = HB+ HC * +6h* = HB® + HC* + 2HB.HC + 6/’

= 4x" +4y* 4217 46k =4 x>y 4217

Vay 4 EN*>+FM* = BC* +6AH”

Bai 5. Cho nira duong tron tam O duong kinh AB va C la mot diém trén nira duong tron (C khéac A va B).
Trén cung AC lay diém D (D khac A va C). Goi H la hinh chiéu vudng géc cua C trén AB va E la giao
diém cta BD va CH.

1) Chang minh ADEH la tir gi4c noi tiép.
2) Chtng minh rang ACO = HCB va AB.AC = AC.AH +CB.CH

3) Trén doan OC lay diém M sao cho OM = CH . Chtang minh rang khi C chay trén nira dudng tron da
cho thi M chay trén mot dudng cé dinh.

(Trich dé thi vao 10 TP Pa Ning, nam hoc 2017 - 2018)
LOI GIAI

] ., B H 0 =
1) Taco: ADE =90° (gOC NOI e cover oo gy e ey B
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va AHE =90° (do CH L AB)

Suy ra ADE + AHE =180° suy ra, t giac ADEH nai tiép.
2) Tacod: ACO=CAO (AOAC can tai O).

ACO = HCB (cung phu CBH).

Suyra: ACO= HCB.

Xét AACB va ACHB c6: ACB=CHB=90°, ABC chung.

Suy ra AACB «» ACHB = AC _BC = AC.BH =CB.CH (*)
CH BH

Ma BH = AB— AH thay vao (*) ta dugc:
AC.AB=AC.AH +CB.CH (dpcm).

3) Goi K 1a diém chinh giira cung AB (chira diém C).
Suyra OK L AB=OK //HC .

Xét AOMK va ACHO c0:

MOK = HCO (so le trong), OM =CH (gia thiét), OK = CO (cung bang ban kinh). Suy ra
AOMK = ACHO (c.g.c).

Suy ra OMK = CHO (hai goc tuong tng bang nhau)

Ma CHO = 90° = OMK =90°

Vay M chay trén duong tron duong kinh OK ¢ dinh. (dpem).

Bai 6. Cho hinh vudng ABCD ni tiép duong tron O . Biém M thudc cung nho CD cia O , M khac C
va D. MA cit DB, DC theo thir ty X, Z; MB cét CA, CD tai Y, T; CX cit DY tai K.

1) Chang minh rang: MXT =TXC,MYZ = ZYD va CKD =135°.

2) Chtng minh rang: KX KV, 2y
MX MY CD

3) Goi | 1a giao diém cua MK va CD. Chiing minh rang XT, YZ, Ol cing di qua tim dudng tron ngoai tiép
tam giac KZT.

(Trich dé thi vio 10 Chuyén Toan, DHSP HN, nam hoc 2012 - 2013)
LOI GIAI
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a) Taco DXM :% sdDM +sd AB = DTM nén ti giac DXTM noi tiép.

Ma DMT =90° = DXT = 90°
Suyra TX | BD,ma AC L BD=TX//AC

Do d6 MXTI' = ZAC = XCA=TXC
Tuong tu, ti giac MCYZ noi tiép

Suy ra ZY //BD nén MYZ = MBD = BDY = ZYD
Ta co tir gidc ADZY noi tiép nén YDC = YAZ = MDC
Tuong tu t& giac BCTX noi tiép nén XCD = XBM = MCD

Nén ADMC = ADKC g.c.g = DKC = DMC =135°

Tacé XKD =180°— DKC =45° = DMX nén tt giac DXKM nai tiép.
Ma DXTM noi tiép nén 5 diém D, X, K, T, M cling nam trén mot dudng tron tam E duong kinh DT.
Tuong tu 5 diém Y, K, Z, M, C nam trén duong tron tm F duong kinh ZC suy ra XK. XC = XZ.XM

XK Xz _Xz_Dz_Dz
XM XC XA BA DC

YK CT . XK KY ZT DZ+CT+ZT
Tuong ty — = + = —

—— hén + = 1
YM CD XM YM CD CD

¢) Goi H 1a giao diém XT va YZ. Ta ching minh H 1a tam duong tron ngoai tiép tam giac KZT.
TacO HZT =HTZ=45°=HT =HZ (1)

Tu giac KHZX noi tiép, nén:

HKZ = HXZ = HXK = HZH = HK = HZ 2)

Tir (1) va (2) suy ra H 1a tim duong tron ngoai tiép tam giac KZT.

Goi giao diém cua XC va YZ 1a F.

Do FKZ =90° nén F, H, Z thang hang.
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Twong tu, goi XT giao ID tai E. Taco E, H, T thang hang

AHEF & ACOD suyra 26 _ EE_HT _ FT
oC CD 0C CB

V‘|FT//BCnén£:£:>ﬂ:£,mélHT1:OCI=45O
BC IC oc IC

Nén suy ra AITH «» AIOC do &6 HTI = OCT , hay O, |, H thang hang.
Bai 7. Cho tam giac ABC vudng tai A, noi tiép trong duong tron O . Trén cung BC khong chua A, lay

diém M tuy y (M khac C). P 1a diém trén canh BC sao cho BAM = PAC . Trén cac tia AB, AC lay lan luot
cac diém E, F sao cho BE=CF = BC .

1) Chiing minh: AABP «» AAMC va MC.AB+ MB.AC = MA.BC .

MB.AE + MC.AF

2) Chirng minh MA+ MB + MC = =

3) Xéc dinh vj tri diém N trén duong tron O dé tong NA + NB + NC 16n nhat.
(Trich dé thi vao 10 Chuyén Toan, Qudng Binh, ndm hoc 2012 - 2013)
LOI GIAI

A

Taco: ABP = AMC (cung chin cung AC)

BAM = PAC = BAP = MAC
Nén: AABP «» AAMC

Suy ra: AB _ BP = MC.AB= MA.BP (1)
MA MC

Mat khac: BMA = BCA,BAM = PAC = AABM «» AAPC
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_MB_MA _ yvipac—marc (2)
PC AC

Tu (1) va (2) suy ra: MC.AB+ MB.AC = MA.BC

Tir két qua cau a) ta c6: MA = mB.AC |y 2B
BC BC

Do d6: MA+ MB+ MC = MB. £+1 +MC ﬁ—|—1
BC BC

_ MB_[M]

L MC. [M]

BC

:MB.[AC+CE]

+MC‘[AB+BF]

_ MB.AE + MC.AF
BC

Xét trrong hop N thugc cung BC khdng chaa A.
- Néu N khéc C theo két qua cau b) ta c6

NA+NB+NC — NB.AE;—CNC.AF 3)

- Néu N tring C, ta thay (3) van dang.

Mit khac 2 NB.AF NC.AE < NB’.AF’+NC*.AE®
& NB.AE+NB.AF < NB>+NC*> AE’+AF> =BC*EF> (4)
Tu (3) va (4) suy ra NA+NB+ NC <EF

DAau bang xay ra khi va chi khi NB.AF = NC.AE hay NBC = AEF .

Xét trudng hop N thudc cung BC chira A. Lay N° d6i xting N qua BC, khi ¢6 N” thudc cung BC khong
chia A, N'A < NA,N'B=NB,N'C =NC.

Ap dung trudng hop trén ta co:
NA+NB+NC <N'A+N'B+N'C <EF
Vay trong moi truong hop thi NA+ NB+ NC ¢6 gia tri 16n nhét 1a EF, dat duoc khi NBC = AEF

Bai 8. Cho tam giac OAB vuong cén tai O véi OA=0B =2a.Goi O la duong tron tdm O ban kinh a.
Tim diém M thugc O sao cho MA-+2MB dat gia tri nho nhat.

(Trich dé thi vao 10 Chuyén Toan, TP HCM, nam hec 2010 - 2011)
B
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LOI GIAI
Puong thang OAcit O taiCvabD,B
vé6i C 1a trung diém cua OA. Goi E 1a
trung diém cua OC.
* Truong hop M khong trung vai C va D.
Hai tam giac OEM va OMA dong dang

(do MOE = aom,2M _ 1 _ OF
OA 2 OM
Suyra@:%:l:MAzz.EM
AM OA 2

* Truong hop M trung v6i C: MA=CA=2.EC =2.EM
* Truong hop M trung véi D: MA= DA =2.ED =2.EM
Vay ta lubn c6 MA=2.EM . Do d6

MA+2.MB=2 EM+ MB >2.EB
Déu “=" xay ra khi M 14 giao diém cua doan BE véi duong tron O .
Vay MA+2.MB nho nhét khi M 1a giao diém cua doan BE véi duong tron O .

Bai 9. Cho ba diém A, M, B phan biét, thing hang va M nam gitra A, B. Trén cting mét nira mit phang bo
1a duong thang AB, dung hai tam giac déu AMC va BMD. Goi P 1a giao diém cua AD va BC.

1) Chang minh AMPC va BMPD la cac ta giac noi tiép.

2) Chung minh VCP.CB +~/DP.DA = AB .

3) Puong thang ndi tam cua hai dudng tron ngoai tiép hai tir giac AMPC va BMPD cit PA, PB tuong (ng
tai E, F. Ching minh CDFE la hinh thang.

(Trich dé thi vao 10 Chuyén Toan (Vong 1), PHSP Ha Néi, nim hoc 2016-2017)
LOI GIALI
1) Vi CMA = DMB = 60° = CMB = DMA = 120°
- Xét ACMB va AAMD c6

CM = AM
CMB = DMA = ACMB = AAMD (c.g.c)
MB = MD
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N MCB = MAD
MBC = MDA

Suy ra AMPC va BMPD la céc tir giac noi tiép.
2) Vi AMPC la tir giac noi tiép nén
CPM =180°—CAM =120°=CMB

= ACPM «» ACMB (g.g)égz%
CM CB

— CP.CB=CM* = JCP.CB =CM

Tuong tw ~DP.DA = DM

Vay +CP.CB ++/DP.DA=CM +DM = AM +BM = AB
3) Ta c0 EF la duong trung truc cia PM

= EB=EM ,suyra AEPM céantai E

Mit khac EPM = ACM =60° (do AMPC la ti giac noi tiép)
nén AEPM déu, nén PM = PE .

Tuong ty PF =PM .

Tacd CM //DB nén PCM = PBD
Ma BMPD Ia ti gi4c noi tiép nén PBD = PMD .
Suyra PCM = PMD

Talai c6 CPM = DPM =120°

P PM CP PE
. ACPM o AMPD(g.g) = <E —PM _ CP_PE
MP PD PF PD

Theo dinh 1y Thales dao ta c6 CE //DF , suy ra CDFE la hinh thang.

Bai 10. Cho tam giac ABC. Trén cac canh BC, CA, AB lan luot lay cac diém D, E, F. Goi d, 1a duong
thang qua D va vudng goc voi BC, d, 1a duong thang qua E va vudng goc véi CA, d, 1a duong thang
qua F va vudng goc véi AB. Chang minhrang d, , d, va d, dong quy khi va chi khi c6 dang thic
sau: DB*—DC? + EC*—EA* + FA>—FB*> =0.

(Trich dé thi vao lép 10 Chuyén Toan THTH, PHSP TP HCM nim hoc 2014 - 2015)
LOI GIALI
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Goi M la giao diémciia d, va d, va F' lahinh chiéu ciia M 1én AB.
Taco

DB?> —DC? + EC*—EA*> + FA*—FB> =0

< BM? —MD* —DC* +EC*> —EA> +FA* —FB* =0
& BM® —MC? +EC* —EA® +FA* —FB> =0

& BM?> —ME* —EA> + FA* —FB* =0

& BM® —MA® + FA*—FB* =0

& F'B>—F'A*+FA*—FB* =0

& FB—FA+FA-FB=0 (1)

Ma < F'A+ F'B=FA+FB=AB

nén 1 < F'B=FB& F' =F < d,d,,d, dong quy.
Bai 11. Cho hai duong tron O;;R, va O,;R, véi R > R, tiép x(c trong véi nhau tai A. Puong thang

cait O;R, va O,;R, lan luot tai B va C khac A . Puong thang di qua trung diém D ctia BC vuéng goc
v6i BCcat O;R, taiPvaQ.

1) Chiing minh C Ia truc tdm tam giac APQ.

2) Ching minh DP? =R* —R?.

3) Gia sit D;;D,;D,; D, lan luot Ia hinh chiéu vudng géc cua D xudng cac duong thang BP; PA; AQ;QB.
Chung minh:

DD, + DD, + DD, + DD, g% BP + PA+ AQ+QB

(Trich dé thi vao 10 Chuyén Toan (Vong 1) Lé Hang Phong, Nam Dinh, niam 2014 - 2015)
LOI GIAl
1) Goi M 1a giao diém caa AP véi duong tron O, .

Ta c6 PBQC la hinh thoi, nén QC//BP, ma D,
CM //BP (cung vubng goc véi AP) néntacé Q,C, M
thang hang. Tam giac APQ c6 hai dudng cao AD va

. R A A - D
QM cat nhau tai C nén C la tryc tam tam giac APQ. <

2) Ta ching minh dugc DM 14 tiép tuyén cua duong 0,
tron O, .
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Taco PD* =BD.DA=DC.DA=DM? =0,D* —R?

Mit khac 0,D = 0,C +CD:A_2C+%:§: R

Néntacé PD* =R —R]

3) Ta Chimg minh dugc DD, = DD,, DD, = DD,, BP = BQ,PA =PB
nén DD, + DD, + DD, + DD, g% BP -+ PA+ AQ + QB

&2 DD, +DD, <PA+PB

Tac6 PB® =BD? + DP? > 2DB.DP = PB 2% =2DD,.

Tuong tu: AP > Zt)ﬁ% = 2DD,. Tur d6, ta c6 diéu phai chimg minh.

Ding thic xay ra khi DA= DB =DP.

Bai 12. Cho AABC ngi tiép duong tron O . Puong cao AA, BB, CC, ctia tam giac ABC cat nhau tai H.
Puong thang AA cat O tai K= A.

1) Chting minh rang: A la trung diém HK.

2) Tinh HA  HB | HC
AA BB, CC,

3) Goi M la hinh chiéu vuéng gdc cua O Ién BC. Puong thang BB, cat O tai giao diém thi hai 1a E,
duong thang MB, cat AE tai N.

2
Chuang minh rang: AN _1AB, |
NE | EB,

(Trich @é thi vao 10 Chuyén Toan (Vong 2) Lé Hang Phong, Nam Dinh, niam 2014 - 2015)
LOI GIAI
1)Taco A =C,=C, nén ACHK cantai C.
Ma CA la dudng cao nén CA 1a duong trung truc, suy ra A 1a trung diém cua HK.
2) Taco:

HA HB HC
+—+
AA BB, CC,
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—l- AL - BB B
AA BB, cC,
_5 [(HA  HB HC,
AA BB, CC,

S ABC S ABC ABC

—3_ SHBC+SHAC+SHBA]:3_1:2

3) Tur gia thiét ta c6 M 1a trung diém BC, suy ra AB,MC cén tai M, do d6

MB,C = MCB, = AB,N = ACBB, ©> AB AN (g.g)=B,N L AE

Ap dung hé thirc lwong trong tam giac vudng ta co:

2
AB, _ AN.AE _ AN (dpem).
EB, EN.EA EN

Bai 13. Cho tam giac ABC ndi tiép duong tron O . Lay diém D trén cung BC khong chira diém A (D
khac B, C). Goi H, I, K lan luot 1a hinh chiéu vuéng goc cua D trén cac dudng thang BC, CA va AB.
BC _ AC, AB

DI DK

Chung minh:
(Trich dé thi vao 10 Chuyén Nguyén Du, Pdik Ldik, nidm hoc 2014 - 2015)
LOI GIAI
Ta c6 cac ta giac BHDK, DHIC, ABDC noi tiép = KHD = KBD = ACD
Ma DHI + ACD = 180°
= DHI + KHD = 180° = KHI = 180°
= K,H,I thang hang.

Mit khac HCD = KAD .

B H
= AHCD «» AKAD (g.g)= HC = K4
DH DK K ¢

HE _IA
DH AD

HBD = IAD = AHBD «» AIAD =

BK _IC

BDK = BHK = CHI = CDI = ABDK «» ACDI = =
KD DI

Do do, ta co:
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BC _BH  HC AL _AK AL AB  BK
DH DH DH DI KD DI KD KD

_AL_AB_ CI_AC  AB

DI KD DI DI DK’
Bai 14. Cho hai duong tron O , O’ cit nhau tai A va B. Tir diém C thugc tia di cua tia AB ké hai tiép
tuyén dén O tai DvaE, Enamtrong O . Cac duong thing AD, AE cit O’ tai diém thi hai twong
tng 13 M, N. Goi | 1a giao diém cia DE va MN.
1) Chitng minh rang tt giac BEIN nai tiép va ABIN «» ABDA .

2 2
2) Chang minh rang G [Q] :[%] .
CB CB DB

3) Chang minh rang | 1a trung diém cua MN.
(Trich dé thi vao Chuyén Todn (Vong 2), PHV, nim hoc 2015-2016)
LOI GIAI

1) Vi t giac ABNM nai tiép nén BNI = BAD . (1)

Vi ti giac DAEB noi tiép nén BAD = BED . (2)

Tir (1) va (2) suy ra ta giac BEIN noi tiép.

Theo chiing minh trén, BNI = BAD .

Talai c6 BIN = BEN = BDA (do céc tt giac BEIN, AEBD nai tiép).
Suy ra ABIN «» ABDA (9.9).

2) Vi CD latiép tuyéncua O nén CA.CB=CD?. Tir d6 suy ra
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CA CACB CD* [CD

2
ea — === 3
CB CB® CB CB] ®)

Lai c6, tix ACAD » ACDB g.g =<2 P4 4
CB DB

2 >
Tir (3) va (4) suyra SA — [C_D] :[D_A] .
CB (CB DB

2 2
3) Tuong tu cau b) ta co A = CE = EA
CB CB EB

Suyra —=— (5)

Tircau 1), ABIN o ABDA = 1Y _ P4 )
IB DB

. IM EA
Tuong tutacd ABIM ©» ABEA = —=—(7)
IB EB

Tu (5), (6), (7) suy ra IM =IN , hay | 14 trung diém cua MN.
Bai 15.
1) Cho tam giac ABC noi tiép duong tron O , ¢ g6c A nhon va AB > AC . Tia phan giac cia géc BAC

cat duong tron O tai D (D khac A) va cit tiép tuyén tai B caa duong tron O tai E. Goi F 1a giao diém
cua BD va AC

a) Chieng minh EF song song vai BC.

b) Goi M 1 giao diém cua AD va BC. Céc tiép tuyén tai B, D cua duong tron O  cit nhau tai N. Chung

s 1 1 1
minhrang: —=—+—
BN BE BM

2) Cho tam giac nhon ABC noi tiép duong tron O , dudng cao AH. Goi M 1a giao diém cua AO va BC.
MB _ . AB

Chuang minh HB  MB >2-— . Dau dang thic xay ra khi nao?
HC MC AC

(Trich dé thi vao 10 Chuyén Hung Yén, nim hoc 2015 - 2016)
LOI GIAI
1) a) Do EBF = BAD = EAF nén BEAF noi tiép duoc.
Suy ra BEF + BAF =180°

Ma BAF = CBE (gbc tao boi tiép tuyén va day cung)
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Nén BEF + BCE =180°, ma day la hai goc trong cung phia nén

BC |/ /EF .

b) NDB = BAD =CAD =CBD,

suyra ND//BC.

Theo Thales: E:1—E
BE BE
_,_ND
BM
NB_ND _|
BE BM

NB NB

Ma ND=NB.Do d6 —+—=1
BE

BM

1 1 1
= =
BN BE BM

2) Ké duong kinh AP

Dé& dang ching minh dugc:

AAHB & AACP nén: HB _AH
PC AC
HC AH
Tuong ty: — = —
PB  AB
HB PB AB
Suyra: —.—=—,
HC PC AC
HB PC AB
suyra: —=—.—
HC PB AC
Lai c6: AAMC «» ABMP nén: Mc _ Mp
AC PB
MB MP
Tuong ty: —=——
B PC
MB AC PB . MB PB AB
Suyra, —.—=—nén; —=—.—
MC AB PC MC PC AC

Cong lai, tacd: —+—=
HC MC

HB MB [Q

PC
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Bai 16. Cho tam giac ABC cd ba gc nhon, ni tiép duong tron O . Cac duong cao AM, BN, CP cua tam
gidc ABC cung di qua diém H. Goi Q 1a diém bat ki trén cung nho BC (Q khéc B va C). Goi E, F theo thir
tu 1a diém doi xung vai Q qua AB va AC.

1) Chung minh MH.MA = MP.MN .

2) Ching minh ba diém E, H ,F thang hang.

3) Goi J 1a giao diém cua QE va AB, | 1a giao diém cua QF va AC. Tim vi tri cua diém Q trén cung nho

BC dé AB +£ nho nhat.
QJ  0I

(Chuyén Toan TP Ha Ngi, nam hoc 2015 - 2016)
LOI GIAL

1) D& dang thay rang cac ta giac CNHM, BMHP nai tiép. Cho nén NCH = NMH va NMP = HBP , két
hop voi ACH = ABH (cung phu voi BAC) tasuy ra NMH = HMP (1)

Mt khac t gilc ANMB noi tiép nén MNH = MAB (2)

Tu (1) va (2) tasuy ra

AHMN o APMA din dén M _ MN
MP  MA

= MH.MA = MN.MP
2) Trudc hét dé thay AACQ = AACF (c.c.c)

nén AFC = AQC = ABC = CHM dan dén ti giac AFCH noi tiép va ACH = AFH =90°— BAC (3)
Mt khac do tinh chit ddi xung ta c6 AF = AQ = AE .

hay tam giac AEF can tai A dé co
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AFE = AEF = 90°—%EAF =90° —% FAQ + EAQ

=90°— CAQ+ BAQ =90°—BAC

Do d6 ta duoc AFH = AFE hay ba diém E, H, F thang hang.
3) Truéc hét thay rang AB.QJ = 2S,5,, AC.Ql =25,

vadgt p= 28 AC
oJ 0l
Khi d6 ap dung BDT Cauchy-Shwarz ta co:

AB’ AC? AB*  AC?
P = + = +
ABQJ ACQOI 2S,, 2S,,

AB+ AC’ AB+AC

-2 SABQ + SACQ 2 SABC +SQBC

Ping thuc xay ra khi va chi khi QI =0J .
Mt khac néu goi G 1a diém chinh gitra caa cung nho BC thi luén co

2
AB+ AC
S <SS dodoP>_22T

OBC — ~GBC ? —
2 SABC +S GBC

Vay P = [qug—f] nho nhat khi va chi khi Q 1a diém chinh gitta caa cung nho BC.

Bai 17. Cho tam giac ABC nhon, c6 truc tim H va noi tiép duong tron tm O. Goi D, E, F twong tng la
cac chan duong cao cua tam giac ABC ké tir A, B, C. Goi M 1a giao diém cua tia AO va canh BC. Goi N,
P twong tng | hinh chiéu vudng gdc ciia M trén cac canh CA, AB.

1) Chang minh: HE.MN = HF .MP .
2) Chtng minh tt giac FENP noi tiép.

3) Chtng minh rang:

BD.BM _(ABY
CD.CM  (AC

(Trich dé thi vao 10 Chuyén Todn, Vinh Phiic, ndm hoc 2015 - 2016)
LOI GIAl
1) Taco6 FHE = PMN =180°— A,

FEH = FAH = MAN = NPM
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(do tir gidc HFAE, PMNA noi tiép).
Do d6 APMN & AEHF

= HE.MN = HF.MP

2) Tir phan 1) thi

FEN = FEH +90°

= NPM +90° = BPN

Nén tir giac FENP noi tiép.

3) Tacd BAD = CAM = BAM = DAC

Suyra Sup _ BD _ sin/BAD.ABAD _ AB.AD
S. CM  sinZCAM.AC.AM — AC.AM

BM _ sin/BAM.AB.AM _ AB.AM
CD sin/CAD.AC.AD AC.AD

SBMA —

SCAD

2
BD.BM
Do do = [AB]

cDCM  (AC

Bai 18. Cho duong tron O;R va day BC ¢6 dinh khong di qua tim. Trén tia d6i cua tia BC lay diém A
(A khac B). Tir A ké hai tiép tuyén AM va AN véi duong tron O (M va N 1a cac tiép diém). Goi | la
trung diém ca BC.

1) Chung minh A, O, M, N, | cung thugc mot duong tron va IA |a tia phén giac cua goc MIN .

2) Goi K 1a giao diém caa MN va BC. Chting minh 2 i+i .

AK  AB AC
3) Puong thang qua M va vudng goc véi duong thang ON cat O tai diém thi hai 1a P. Xac dinh vi tri
ctia diém A trén tia d6i cua tia BC dé AMPN Ia hinh binh hanh.

(Chuyén Nguyén Trai, Hai Duwong, nam hoc 2015 - 2016)
LOI GIAI

125. TOAN HOC S



1) Theo gia thiét AMO = ANO = AIO = 90°

= 5diém A, O, M, N, | thudc dudng tron duong kinh AO

= AIN = AMN,AIM = ANM (Gobc ndi tiép cung chian mot cung)
AM = AN = AAMN can tai A= AMN = ANM

= AIN = AIM = (dpcm)

) 2 =L il 9ABAC=AK AB+AC

AK AB AC
& AB.AC = AK.AI (Do AB+ AC =2AI)
AABN dong dang véi AANC = AB.AC = AN?
AAHK dong dang véi AAIO = AK.AI = AH.AO
Tam gidc AAMO vuobng tai M c6 duong cao MH = AH.AO = AM”?
= AK.Al = AM”. Do AN = AM = AB.AC = AK.Al
3) Taco AN L NO,MP L NO,M & AN = AN | | MP

Do d6 AMPN la hinh binh hanh < AN = MP =2x

2
Tam giac ANO dong dang voi ANEM = AN _NO NE_2
NE EM R
TH1. NE=NO — OE:>——R JR? —x* & 2x* =R* —R4{/R*—x?
Piat VR —x* =t,t >0=x* =R* —t*
2t=—R

PTTT 2 R°—t* =R°-Rt< 2t  —Rt—-R*=0¢

Dot>0=t=R& VR’ —x* =R< x=0= A=B (Loai)
TH2. NE= NO+OE:>——R+\/R2—X & 2x2 =R? +RyR? —x?

Piat VR —x* =t,t >0=x* =R* —t*
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2t=R
PTTT 2 R*—t* =R°+Rt & 2t" +Rt—R*=0¢& (R

R/3

Dot>0=2t=R < 2JR*— 2:R<:)X:T:AO:2R

Vay A thudc BC, cach O mot doan bang 2R thi AMPN 1a hinh binh hanh.

Bai 19. Cho duong tron tam O duodng kinh BC, A 1a diém di chuyén trén duong tron O (A khac B va
C). Ké AH vuodng goc véi BC tai H. M 1a diém ddi ximng cua diém A qua diém B.

1) Chimg minh diém M luén nam trén mot dwdng tron ¢b dinh.

2) buong thang MH cit O tai E va F (E nam gitta M va F). Goi I 14 trung diém cua HC, duong thang
Alcit O tai G (G khac A). Chang minh: AF? +FG? +GE? + EA? = 2BC?.

3) Goi P 1a hinh chiéu vudng goc caa H I8n AB. Tim vi tri caa diém A sao cho ban kinh dudng tron ngoai
tiép tam giac BCP dat gié tri 16n nhét.
(Trich dé thi vao 10 Chuyén Toan, Nguyén Trai, Hdi Duwong, nim hoc 2016-2017)

LOI GIAI

1) Ly K 1a diém d6i xting cua O qua B, vi B va O ¢ dinh nén K ¢b dinh. Tt giac OAKM la hinh binh
hanh nén KM =0OA.

Do OA = % khong doi.

= M nam trén duong tron tam K, ban kinh % .

2) Xét AAHB va ACHA c6
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BHC = BHA =90°, BAH = ACB (cuing phu véi ABC)
= AAHB «» ACHA.

Goi S 1a trung diém cua AH, I 1a trung diém caa HC nén
= AABS «» ACAI = ABS = CAI

Ta lai c6 BS 1a duong trung binh cuia AAMH

BS /| /IMH = ABS = AMH = AMH = CAl

Ma CAI + MAI = 90° = AMH + MAI =90° = Al 1. MF
Xét tr gidc AEGF noi tiép O , c6 AG L EF

Ké duong kinh AD, do GD 1. AG va EF 1 AG nén EF [ /GD, do d6 tt giac noi tiép EFGD Ia hinh
thang can

= FG=ED = AE* + FG* = AE* + ED* = AD” = BC*

Tuong tu ta chitng minh dugc: AF® + EG® = BC®

Vay AE* +FG* +AF* +EG* =2BC” .

3) Goi Q la hinh chiéu cua H trén AC = T gidc APHQ la hinh chit nhat (S 1a tam)
= AQP = AHP = ABC

nén ta giac BPQC nai tiép.

Puong trung truc cua cac doan thang PQ, BC, QC cit nhau tai O’ thi O’ 1a tam dudng tron ngoai tiép tam
giac BCP.

C6 00’ // AH vi ciing vudng géc véi BC.

Tam giac OO’C vudng tai O nén
2
o’c :JOC2 + AT
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OA L PQ vaO’'S L PQ
— 0'S/JOA nén tir gide ASO’O la hinh hinh hanh ) 2
P
=00'=AS = AH
? B
Trong truong hop A nim chinh giita cung BC thi ta van co: = \[/’
00’ = AS = % o'




Do OC khéng ddi nén O’C 16n nhét khi AH I6n nhat
< A chinh gitra cung BC.

Bai 20. Cho duong tron tam O, béan kinh R. Tir mot diém M & ngoai duong tron ké hai tiép tuyén MA va
MB véi duong tron (A, B 1a cac tiép diém). Qua A ké duong thing song song véi MO cit duong tron tai
E (E khac A), dudng thang ME cit duong tron tai F (F khac E), dudng thang AF cat MO tai N, H la giao
diém ciia MO va AB.

1) Chirng minh: Tir gidc MAOB ndi tiép dudng tron.

2) Chting minh: MN? = NF.NA va MN = NH .

HE' _EF

3) Chirng minh; — =
) g HF* MF

(Trich dé thi vao 10, Chuyén Nguyén Trai, Hai Duwong (Vong 1), nim hec 2017 - 2018)

LOI GIAI
1) Tacd MAO =90°, MBO = 90° d A o B
(theo tinh chat cua tiép tuyén va béan kinh) s b
F y — \\,

Suy ra: MAO + MBO = 180° ,‘ / \

, - N | H \
Vay ta giac MAOB noi tiép duong tron. ' \
2) Taco AE//MO= AEM = EMN, \

ma AEM = MAF , suy ra EMN = MAF
ANMF va ANAM c6

MNA chung; EMN = MAF nén ANMF dong dang véi ANAM

#% :% = NM?> =NF.NA (1)

Mat khac c6: ABF = AEF = ABF = EMN hay HBF = FMH
= MFHB la ti giac noi tiép

= FHM = FBM = FAB hay FHN = NAH .

Xét ANHF va ANAH co:

ANH chung; NHF = NAH = ANHF dbng dang ANAH

NH_NA _ NH? = NF.NA 2)
NF NH

Tu (1) va (2)tacdé NH=HM .
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3) Xét AMAF va AMEA c6: AME chung, MAF = MEA
suy ra AMAF dong dang véi AMEA

ME MA AE ME AE?
= — = —— = 3
MA MF AF MF AF

3)

Vi MFHB la tir gi4c noi tiép = MFB = MHB = 90° = BFE = 90°
Va AFH = AHN =90° = AFE = BFH .

AAEF va AHBF c6: EFA = BFH;FEA = FBA

suy ra AAEF ddng dang voi AHBF

AE HB AE* HB®
R— i J—

— — 4
AF HF AF? HF2()

Tur (3) va (4) ta co:

ME HB’ o MF+FE _ HB’
MF  HF? MF HF*

FE HB* HB* FE
= it 2 =1
MF HF HF*> MF

S 1+

Bai 21. Cho hai duong tron O;R va O’;R’ cat nhau tai hai diém phén biét A va B. Trén tia ddi cua tia
AB lay diém C, ké tiép tuyén CD, CE voi O , trong d6 D, E 1a céc tiép diém va E nam trong O’ .
Puong thang AD, AE cat O’ lan luot tai M va N (M, N khéc A). Tia DE cit MN tai I, OO’ cat AB va
DI lan luot tai H va F.
1) Chung minh: FE.HD = FD.HE .
2) Chttng minh: MB.EB.DI = IB.AN.BD .
3) Chung minh: O’l vudng gdc véi MN.

(Trich d@é thi vao 10, Chuyén Nguyén Trai (vong 2), Hdi Dwong 2017 - 2018)

LOI GIAI

1) O cat O’ taiA B

= 00’ L AB = CHO =90° (1)

CD, CE latiép tuyéncua O taiD, E

— CDO =CEO =90° (2)
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CHE = CDE
CHD =CED

Tu (1) va (2) = C,D,0,H,E cung thuoc duong tron duong kinh CO =

Ma CD = CE = CDE = CED = CHE = CHD
= HC la duong phan giac cua DHE .

Mit khac OO’ L AB tai H hay FH L HC tai H

= HF la phan giac ngoai tai H cia ADHE

FE _HE
FD

= FE.HD = FD.HE

2) Trong O c6: BMN = BAN

Trong O’ c¢6: BAN = BDE = BMN = BDE

= BDMI la tt giac noi tiép = MBI = MDI = ABE
Xét AMIB va AAEB c6: MBI = ABE;BMI = BAE

— AMIB» AEB=MB_1B (3

AB  EB

Xét AABN va ADBI c6: BAN = BDI; BNA = BID

 AABN o ADBI = 2B _ ANy

DB DI

Tu(3)va(4):>@£:£A—N:>MBEBDI IB.AN.DB
AB DB EB DI

3) Xét AIBN va ADBA co:

IBN = DBA (Vi = DEA=IEN), BIN = BDA (vi BDMI noi tiép)

— AIBN » ADBA= 1N P4 g

B DB

Xét ACDA va ACBD c6: DCB chung; CDA = CBD

= ACDA «» ACBD = DA CD

CB

Ma CD =CE = DA CE (6)
DB CB

Xét ACEA va ACBE c0: BCE chung; CEA=CBE
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— ACEA > ACBE = gg A

EB
Mit khac AMIB «» AAEB (theo phan b)

EA IM

=2 (8
B O

Tir (5), (6), (7), (8) ;»%:%;»m —IM =0/l LMN

Bai 22. Cho tir giac ABCD ¢6 BAD = 60°, BCD = 90° . Budng phan giac trong cua BAD cat BD tai E.
Pudng phan giac trong caa BCD cit BD tai F. Ching minh: £+£ = L+ ! +— ! +— !
AE CF AB BC CD DA
(Trich @é thi vao 10 Chuyén Long An, nim hoc 2016 - 2017)
LOI GIAI

Goi K 12 hinh chiéu vudng goc cua E 1én AB.

Dién tich tam giac ABE la:
KE.AB _ AE.sin30°.AB _ AE.AB
2 2 4
Dién tich tam giac ADE Ia: AE:‘D . \

AB.sin60°.AD _ \3AB.AD
4 D

Dién tich tam giac ABD Ia:

Ta c0: Dién tich tam giac ABE + Dién tich tam giac ADE

= Dién tich tam giac ABD. C
Suy ra: £:L+ ! 1)
AE AB AD
Tuong tu nhu trén ta tim duogc ﬁ = L + L 2)
CF CB CD

Tu (1) va (2) ta co: £+£=L+ ! +— ! +— !

AE CF AB BC CD DA
Bai 23. Cho duong tron O;R va diém A cb dinh trén O;R . Goi M, N 1a cic giao diém caa hai duong
tron O;R va A;R ;H la diém thay doi trén cung nho MN cua duong tron  A;R . Puong thang qua H

va vubng goc véi AH cit O;R tai B, C.Ké HI L AB 1€ AB ,HK L AC KeAC .
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1) Chang minh rang IK ludn vudng goc véi mot dudng thang cd dinh va AB.AC = 2R?.
2) Tim gié tri 16n nhat cua dién tich AAIK khi H thay doi.
(Trich dé thi HSG Ldp 9, Tinh Pha The, nim hoc 2016 - 2017)
LOI GIAI
1) Tacd ATH =90°% AKH = 90°

Vi AIH + AKH =180°
nén ti giac AJHK noi tiép.
Ké tiép tuyén At ctia dudng tron

O;R tai A.

ACB+ HAC =90°
AHK + HAC =90

Taco

— ACB = AHK (1)

Ta lai c6: AHK = AIK
(do tir giac AIHK noi tiép) — (2)

va BAt = ACB (clng bang %sd AB) (3)

Tu (1), (2), (3) suy ra: . BAt=AIK = At/ /IK

Mit khac OA L Ar=-IK 1 OA. Vay IK lubn vudng goc véi dudng thang cé dinh OA.
Goi J 1a giao diém cia AO va IK; A’ 1a diém ddi xang véi A qua O.

Tacd AACH «» AAA'B AHC = ABA’ =90°:ACH = AA'B .

AC _ AH
= AA/

= AB.AC = 2R.AH = 2R?

2) Tac6 AAKH ~ AAHC = AR _AH = AK.AC = AH?.
AH  AC

Goi S,S’ lan luot la dién tich cac tam giac ABC va AIK.

Tacd AAIK «» AACB = AL _AK_IK _ AT , suy ra:

AC AB BC AH
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1
st MK A Kk _[AK]2 [AK.AC]2

s 1,.5c AHBC ~ | AB.AC

1 AB

AH*  AH? 1
AH2R® 4R* 4

2
Suy ra S’:E.S :EAH.BC :E.BC gE.ZR:R—
4 8 8 8 4

2

Vay gié tri 16n nhat cua tam giac AJK bang RT datkhi H=0.

Bai 24. Tur diém M ndm ngoai dudng tron thm O V& hai tiép tuyén MA, MB vai duong tron (A, B 1a
céc tiép diém). Cat tuyén MPQ khong di qua O (P nam gitra M, Q). Goi H 1a giao diém cia OM va AB.

1) Chttng minh HPO = HQO..
3 < R A r A 1 1 Lz . 5 A
2) Tim diém E thudc cung Ién AB sao cho tong ajtﬁ 6 gida tri nho nhat.

(Trich dé thi HSG Lép 9, Tinh Nghé an, nam hoc 2015 - 2016)

LOI GIAL

1) AMPA dong dang AMAQ (g.9), 4
0. — /N

suy ra MA> = MP.MQ 1 / N
/

AMAO vudng tai A, c6 dudng cao |."

AH nén MA? = MH.MO ) \.\ 2

Tu (1) va (2) suy ra \

MP MO o
P.MQ=MH.MO hay — = — *
Q Y i~ o (*)

AMPH va AMOQ c6 goc M chung, két hop (*) ta suy ra AMPH dong dang AMOQ (c.g.c). Suy ra
MHP = MQO

Do d6 tir giac PQOH la tir giac noi tiép
- HPO = HQO = %stH (dpcm)

2) Trén tia d6i cua tia EA liy diém F # ¢

sao cho EB = EF hay AEBF /
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cantai E, suy ra BFA = %BEA

Dit AEB = a khi d6 AFB—= %

nén F di chuyén trén cung chira goc % dung trén BC.

Tacé:L+L2L.
EA EB FEA+EB

1 1 . . .
Nhu vdy — 4+ —— nho nhat khi EA + EB l6n nhat
EA EB

hay EA-+ EF 16n nhat < AF [6n nhat (**)
Goi O’ 1a diém chinh giira cua cung 16n AB
suy ra AO’AB céan tai O’ suyra O'A=0'B (3)
AQO’EB va AO’EF c¢6 EB = EF, O’E chung

Va FEO'=BEQ’ (cling bu véi BAO')

= AO’EB = AO’EF (c.g.c)suyra O'B=0'F (4)

Tur (3) va (4) suy ra O’ 1a tdm cung chtra goc % dung trén doan thang BC (cung d6 va cung 16n AB cling
thudc mot nira mit phang bo AB).

Do d6 AF 16n nhat khi n6 1a duong kinh cia O’ khi E=0Q’ (**¥).
Tir (¥*) va (***) suy ra E 1a diém chinh giira cung l6n AB thi E_IAJFé gid tri nho nhit.

Bai 25. Trong céc hinh binh hanh ngoai tiép duong tron  O;r , hay tim hinh binh hanh c6 dién tich nho
nhit.
(Trich dé thi HSG Lép 9, Tinh Hdi Dwong, nidm hoc 2011 - 2012)
LOI GIAl

!

Theo bai ta suy ra cac canh cua hinh hanh la

tiép tuyén cua duong tron O;r . Goi M, N, P, Q
lan luot 12 tiép diém ciia duong tron véi cac
canh nhu hinh vé.

= CM =CN; AP = AQ,BM =BQ;PD = DN
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— CM +BM + AP + PD =CN + DN + AQ + BQ
= 2BC =2AB=BC = AB

Ké AH L BC.Tacod AB> AH , diu “=" xay ra khi

ABC =90°

Taco: OM L BC,0OP L. AD,AD//BC

= P, O, M thang hang, do 6 AH = PM =2r.

S,eco = AH.BC = 2r.AB > 2r.2r

=S pep > 417, ddu “=" xdy ra khi ABC =90°.

Vay trong cac hinh binh hanh ngoai tiép duong tron O;r thi hinh vudng c6 dién tich nhé nhat va bang
4r*,

Bai 26. Cho tam giac ABC, diém M & trong tam giac, cac duong thaing AM, BM, CM, lan luot cat cac
canh BC, CA, AB tai P, R, Q. Ki hi¢u S, la di¢n tich tam giac ABC.

1) Chang minh rang: MA.BC + MB.CA+ MC.AB > 4S,,.

2) Xéc dinh vi tri cia M dé dién tich tam giac PQR 16n nhat.
(Trich dé thi HSG Lép 9, Tinh Binh Dinh, nim hec 2010 - 2011)

LOI GIAI
a) Ta co: PM _ MI_ Spuc
PA AH S,
N Swwe _PM _ MI _ MIBC _ 2S,,

Siue—Sme MA~ MA  MABC MA.BC

= MABC>2 S, —Suyc

A
Tuong tu ta cling co:
MBAC>?2 S, — Sy . o
MC.AB>2 S, —Sum
Cong theo vé ta s& duoc diéu can chiing minh.
B
b) Pt Spyo =X Sour = ¥ Spwp =2 = Sper =X+ Y +2 Homd B c

Taco Sme _ MR .Sewe _MQ  zx _ MRMQ_ y
Suce  MC Spyg MB - SyceSews  MC.MB - Sy
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3_ SBMP'SPMC < SI§MC _ SBMC (1)

y SBMC B 48BMC 4

Tuong tu ta cling co: Xy < % (2);£ < SA4MB ©)
z X

Cong theo vé céc BDT (1), (2) va (3) ta duoc: 2 + Y2 4 Z < SATBC (4)
z Xy

Mat khac dung BDT Co-si ta sé chung minh dugc

ﬁ+£+§2x+y+z nén tir (4) suy ra:
z X y

S S
XHY+2S=% = Sppn <=5

4
bang thuc xay ra khi:
SPMB = SPMC;SCMQ = SQMA; SAMR = SRMB
X=Yy=1

< M la trong tdm cua tam giac ABC.

S ABC

Vay khi M la trong tam cua tam giac ABC thi max S, = e

Bai 27. Cho tam giac déu ABC noi tiép duong tron tim O ban kinh R. M 1a mét diém di dong trén cung
nho BC cua duong tron do.

1) Chung minh MB+ MC = MA

2) Goi H, I, K lan luot 1a chan duong vudng gdc ha tir M xudng AB, BC, CA. Goi S, S' lan luot 1a dién
tich cua tam giac ABC, MBC. Ching minh riang: Khi M di dong ta ludn c6 dang thirc:

23 S +25’
3R

(Trich d@é thi HSG Lép 9, Tinh Binh Pinh, nim hoc 2016 - 2017)

MH + Ml +- MK =

LOI GIAI
A
A
0 °0
o
E B C
o N
M
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a) Céch 1: Trén tia ddi cua tia MC ldy diém E sao cho ME = MB.
Taco: ABEM 1a tam giac déu = BE = BM = EM

ABMA = ABEC = MA=EC

Do d6: MB+ MC = MA

Céch 2: Trén AM lay diém E sao cho ME = MB

Tac6: ABEM 1a tam giac déu = BE = BM = EM

AMBC = AEBA(C.g.c) = MC = AE . Do d6: MB+MC = MA
b) Ké AN vudng gbc vai BC tai N

Vi AABC la tam giac déu nén O Ia

trong tdm cua tam giac

= A,O,N thing hang = AN = %R

Tacod: AN = AB.sin ABN

~ ap=—"N 3B ps
sinABN 2 2 H

Ta co: %MH.AB =S am

<:> MH — ZSABM = ZSABM

AB R\3
I MK.AC = S,y & MK = 28 pcm _ 2Sacm
2 AC  RS3

!/
Imisc = S,y < Ml = 2Sgem _ 2Sgew _ 28
2 BC RJ3 Ry3
/
Dodé: MH +MK +MI =>4 _2_ s 45
RV3 R+3
_2 L 2 g
R\/g R\/g' ABMC
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28" 2 . 23 5+28
=t S48 =
RV3  Ry3 3R

Bai 28. Cho tam gidc ABC c6 ban kinh dudng tron nai tiép lar. Goi M, N, P lan luot 13 trung diém cua
cac canh BC, CA, AB . Biét rang:

1 1 1 1
==
AM BN CP r

Ching minh tam giac ABC 1a tam giac déu.
(Trich dé thi HSG Lép 9, Tinh Thai Binh, nam hec 2015 - 2016)
LOI GIAI

Goi duong cao tuong ung véi canh BC 1a AH. Goi S la dién tich tam gidc ABC.

Ta dé thay: 5 < s _BC
AM — AH 2
Tuong tu ta co: i<A—C i<ﬁ

BN~ 2 'CP™ 2
Cong vé theo vé ta duoc:

S S S :
— 4+ = 4= <p,t do p la ntra chu vi.
AM+BN+CP_p rong dopiand
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