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Cac em hoc sinh va thay gido, o giao than mén !

Cudn sach Bi quyét gidi todn s6 hoc THCS dwoc cac tac gia bién soan nham gitp cac
em hoc sinh hoc tap t6t mon Toan 6 THCS hién nay va THPT sau nay.

CAc tac gia c8 gang lua chon nhiing bai tap thudc cac dang dién hinh, sap x&p thanh
mot hé thong dé€ boi dudng hoc sinh kha gioi cac 16p THCS. Sach dugc viét theo cac chu
dé twong ting véi cac van dé quan trong thuwong duoc ra trong cac dé thi hoc sinh gioi toan
THCS, cling nhu vao 16p 10 chuyén mon todn trén ca nide. Mdi chu dé dwoc viét theo cau
tric ly thuyét can nhd, cac dang toan thuong gap, bai tap rén luyén va huéng dan giai
gitip cdc em hoc sinh nam viing kién thitc dong thoi rén luyén dugc cac kién thire da hoc.
Mbi chu dé cé ba phan:

A. Kién thifc cin nhé: Phan nay téom tat nhitng kién thikc co ban, nhitng kién thitc bs sung
can thiét dé€ 1am co so giai cac bai tap thudc cac dang ctaa chuyén de.

B. M§t s6 vi du: Phan nay dua ra nhitng vi du chon loc, tiéu biéu chita dung nhiing ki
ndng va phuwong phap luan ma chuong trinh doi hoi.

Mbi vi du thwong cd: Loi giai kém theo nhitng nhan xét, luu y, binh luan va phuong phép
giai, vé nhitng sai lam thuwong mac nham gitip hoc sinh tich lily thém kinh nghiém giai
toan, hoc toan.

C. Bai tdp vin dung:

Phéan nay, cac tac gia dwa ra mot hé thdng cac bai tap duwoc phan loai theo cac dang
toan, tang dan do kho cho hoc sinh kha gioi. Cé nhitng bai tap duoc trich tir cac dé thi hoc
sinh gioi Toan va dé vao 16p 10 chuyén Toan. C4c em hay cd gang tw giai. Néu gap kho
khén c6 thé xem huéng dan hodc 10i giai & cudi sach.

C4c tac gia hi vong cudn sach nay la mot tai liéu c6 ich gitp cac em hoc sinh nang
cao trinh d6 va nang luc giai toan, gép phan dao tao, boi dudng hoc sinh gidi & cap THCS.
Mic dit da c6 nhiéu cd géng trong bién soan song cudn sach nay van khé tranh khoi
nhing sai s6t. Ching t6i mong nhan dwgc nhitng y kién dong gép cua ban doc.

Trong qua trinh soan sach xin chan thanh cdm on Thay Tran Thanh Tra - Truong
THCS Chu Van An, quan Ngb Quyén, tinh Hai Phong; Thay Luu Ly Tuong - Truong
THCS Van Lang, TP Viét Tri, Phti Tho; Thay Pham Van Vuong - Truong THCS Nhi Ba
Sy, tinh Thanh Héa, C6 Qué Thi Lan Truong THCS Dién My, Dién Chau, Nghé An da
tang nhiéu tai liéu va dé thi quy dé tac gia kham khao.

Xin chan thanh cam on!
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= 1 CAC BAI TOAN VE
E: UGC VA BOI

A. Kién thlic can nhé

I. U6c va boi

1) Dinh nghia vé wéc va boi

Udc: SO tw nhién d = 0dwoc goi 1a wdc ctia s6 tw nhién a khi va chi khi a chia hét cho d . Ta
ndid la wdc cua a.

Nhin xét: Tap hop cicuécciaalaU(a)={d e N:d|a}

B0i: SO tu nhién m duoc goi la boi cua a = 0 khi va chi khi m chia hét cho 4 hay a 1a mot
wdcsG m.

Nhin xét: Tap hop cac bdi ciaa(a = 0)la B(a)={0;a;2a;...;ka}, k e Z

2) Tinh chit:

- 56 0 la bdi ctia moi s6 nguyén khac 0. S6 0 khong phai 1a wéc cua bat ki s6 nguyén nao.

- Cacso 1 va -1 la wdc ctia moi sO nguyeén.

-Néu U(a)={La} thialas6nguyén td.

- S8 lwong cac wdc ctia mot s6 : Néu dang phan tich ra thira sd nguyén t6 cia mot s6

tw nhién A 1a a*b’.c’ ... thi s§ lwong cac wéc ctia A bang (x+1)(y+1)(z+1) ...
That vay wdc ctia A la sd c6 dang mnp ...trong do:
m c6 x+1 cach chon (lai, a, a*, ...,a%)
n ¢4 y+1 cach chon (lai, b, b*, ...,b")
p ¢ z+1 cach chon (lag, c, ¢, ...,c%),...
Do d9, s6 luong cac wdc ctia A béng (x+1)(y+1)(z+1)

II. U6c chung va béi chung
1) Pinh nghia
Uéc chung (UC): Néu hai tap hop U(a) va U(b) c6 nhitng phan t& chung thi nhitng phan

ttr d6 goi 1a wdc s6 chung cta a va b. Ki hiéu UC(a; b)

5 | CHUYEN PE sO HOC




| CHU PE 1: CAC BAI TOAN VE UGC VA BOI
Nhin xét: Néu UC(a;b) = {1} thia va b nguyén t6 cing nhau.
Udc chung 16n nhat (UCLN): S8 d e N dugc goi 1a wéc s6 chung 16n nhdt cta a va b
(a;bez) khi dla phan tr 16n nhét trong tap hop UC(a; b). Ki hiéu wéc chung 16n nhét
ctia avab 1a UCLN(a; b) hodc (a;b) hodc gcd(a;b).
B0i chung (BC): Néu hai tap hop B(a) va B(b) c6 nhiing phan t&t chung thi nhiing phan t
d6 goi la boi s6 chung cua a va b. Ki hiéu BC(a; b)
B6i chung nhé nhit (BCNN): S6 m = 0 dugc goi la boi chung nho nhat ctia a4 vab khi m
la s6 nho nhat khac 0 trong tap hop BC(a; b). Ki hiéu bdi chung nho nhat cia avab la
BCNN(«; b) hodc [a;b] hodc lem(a;b).
2) Cach tim UCLN va BCNN
a) Mudn tin UCLN ctia hai hay nhiéu s8 1én hon 1 ,ta thuc hién cac bude sau :
1. Phan tich mdi s6 ra thtra s6 nguyén t&
2.- Chon ra céc thtra sd nguyén t6 chung
3.- Lap tich céc thira s6 da chon, mdi thira sd 18y v6i s§ mii nho nhat caa né
Tich d6 1a UCLN phai tim .
Vidy: 30=2.35  20=225=UCLN(30;20) =2.5=10.
Chuy:
- Néu céc s6 da cho khong ¢4 thira s6 nguyén td chung thi UCLN ctia chiing la 1.
- Hai hay nhiéu s& ¢ UCLN la 1 goi la cic s6 nguyén td cung nhau.
- Trong cac s6 da cho, néu s6 nho nhat la wdc cac sd con lai thi UCLN cta céc s6 da cho
chinh 1a s6 nho nhat &y.
b) Mudn tim BCNN ctia hai hay nhiéu s6 1én hon 1, ta thyc hién ba budc sau :
1- Phan tich mdi s6 ra thira s8 nguyén t6 .
2- Chon ra cac thtra sd nguyén td chung va riéng .
3- Lap tich cac thtra sd da chon, mdi thira s6 1ay v6i s6 mi 16n nhét caa ching
Tich d6 1a BCNN phai tim .
Vidy: 30=2.35  20=225=BCNN(30; 20) = 2%3.5=60
Chuay:
- Néu cac s6 da cho tirng d6i mot nguyeén td cung nhau thi BCNN ctia chiing 1a tich cac sd
d6.Vidu: BCNN(G5;7;8)=5.7.8=280
- Trong cac sd da cho, néu s6 16n nhat la bdi cua cac s6 con lai thi BCNN ctia cac s6 da cho
chinh la s6 1én nhat d6. Vidu: BCNN(12;16; 48) =48
3) Tinh chat

Mot s6 tinh chat ctia w6c chung 16n nhat:
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BOI DUONG HOC SINH GIOI CAP 2 |
e Néu (a;ay;...;a, ) =1thi tandi cac sd a;;a,;...;a, nguyén td cing nhau.
e Néu (a,;a)=1vm=k,{mk}e{L2;...;n} thitandicicsd a;a,;..;a, doi mot

nguyén to cung nhau.

e CcUC (1 b) thi (E;Ej:@.
CcC C C

d d
e (ca;ch)=c(a;h).
e (a;b)=1 va (a;c)=1thi(a;bc)=1
e (a;b;c)=((asb);c)
eChoa>b>0
-Néu a=bh.q thi (a;b)=h.

od =(a;b)<:>(3;2)=1.

-Néu a=hq+r(r=0) thi (a;b)=(b;r).
Mot s6 tinh chat ctia bdi chung nhoé nhat:
e Néu [a;b] =M thi [M,Mj -1.

a b
o [asbic] =[[aib]ic]
e [ka,kb]=k[a,b];
e [a;b].(a;b)=ab
4) Thuat toan Euclid trong viéc tinh nhanh UCLN va BCNN
“Thudt todn Euclid” 1la mot trong nhing thuat toan cd nhat duoc biét dén, tir thoi Hy Lap
cO dai, sau d6 dwgc Euclid (o —clit) hé thong va phat trién nén thuat
toan mang tén ong. Vé sd hoc, “Thuét toan Euclid” la mot thuat toan
dé xac dinh wéc s6 chung lén nhat (GCD — Greatest Common
Divisor) ctia 2 phan tt thudc vung Euclid (vi du: cac s6 nguyén). Khi
c6 UCLN ta ciing tinh nhanh dwge BCNN. Thuét todn nay khong
yéu cau viéc phan tich thanh thtra sd 2 sO nguyén.

Thuét toan Oclit — dung d€ tim UCLN cuia 2 s8 nguyén bat ky.

Dé tim UCLN ctia hai s6 nguyén a va b bat ky ta dung cach chia lién
tiép hay con goi 1a “vong ldp” nhu sau:

e Buoc 1: Lay a chia cho b:
Néu a chia hét cho b thi UCLN(a, b) =b.

Néu a khong chia hét cho b (du r) thi lam tiép budc 2. Euclid
(325-265 BC)
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| CHU PE 1: CAC BAI TOAN VE UGC VA BOI

e Buoc 2: Lay b chia cho sO du r:

Néu b chia hét cho r thi UCLN(a, b) = a b
Néub chiar du r, (r, #0) thi lam ti€p budc 3. b L q
e Buoc 3: Lay r chia cho s6 du r;:
, h | o
Néu r chia cho r, duw 0 thi UCLN(a, b) = r,
I q
3 2

Néur chia r du r, (r, #0) thilam tiép budc 4.
Buoc 4: Ldy r, chiachosddur, :
Néu r, chia hét cho r, thi UCLN(a, b) = r,. r @ «— (ab)
Néu r, chocho r, du ry (r; =0 ) thilam tiép
nhu trén dén khi s6 du bang 0. 0 d,
S6 dw cudi cung khdc 0 trong day chia lién tiép
nhw trén la UCLN (a,b).
Vidy: Tinh wéc s6 chung 16n nhat ctia 91 va 287.
e Trudc hét 1ay 287 (s0 16n hon trong 2 s6) chia cho 91:
287 =91.3 + 14 (91 va 14 sé duwoc dung cho vong lap ké)
Theo thuat toan Euclid, ta c6 UCLN(91,287) = UCLN(91,14).
Suy ra bai toan trd thanh tim UCLN(91,14). Lap lai quy trinh trén cho dén khi phép chia

khong con s6 du nhu sau:

91=14.6 +7 (14 va 7 s€ duoc dung cho vong lap ke)

14 = 7.2 (khong con s du suy ra két thiic, nhan 7 lam két qua)

That vay: 7 = UCLN(14,7) = UCLN(91,14) = UCLN(287,91)

Cudi cling UCLN(287, 91) = 7

Tinh BCNN nhanh nhit
D¢ viéc giai toan vé BCNN va UCLN dwgc nhanh, Néu biét 4p dung “Thudt todn Euclid” :
Biét rang: hai s6 nguyén a, b c6 BCNN 1a [ a,b] va UCLN la (a,b) thi

|ab|

bl ~[a.0] (a6) = [ab] - 5L (a0)= 2

(ab)’

Nghia la: Tich 2 s6 nguyén |ab| = UCLN (a,b) x BCNN (a,b)

Vidu: cda=12;b=18 suy ra UCLN (12,18) =6 thi:
BCNN (12,18) = (12 x 18) : 6 = 36
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BOI DUONG HQC SINH GIOI CAP 2 |
Néu lam theo cach phan tich thira s6 nguyén t5 thi phai tinh:
12=22x3; 18= 2x3* suyra BCNN (12,18) =2%x 3* =36

Nhén xét: Véi cap s6 nguyén c6 nhiéu chit so thi viéc phan tich ra thira s nguyén to mat

nhiéu thoi gian; trong khi 13y tich s8 c6 thé bAm mdy tinh cam tay kha nhanh va dé hon.
5) Phén sé t6i gian
o 1a phén s6 t6i giai khi va chi khi (a,b)=1.

Tinh chat:

i) Moi phan s6 khac 0 déu co thé dwa vé phan sd tdi gian.

ii) Dang t6i gian ctia mot phan so la duy nhat.

iii) Tong (hiéu) ciia mot sO nguyén va mot phan so tdi gian 1la mot phan so toi gian.
B. CAC DANG TOAN THUONG GAP
~ Dang 1: Cac bai toan lién quan t6i s6 wdc cia mot s6

* Co s6 phwong phap: Néu dang phén tich ra thtra s6 nguyén t& ctia mot sd tw nhién

A la a*b’c? ... thi s6 lugng cdc wéc ctia A bang (x+1)(y+1)(z+1) ...
That vay wdc ctia A la sd c6 dang mnp ...trong do:
m c6 x+1 cach chon (lai, a, a*, ...,a%)
n ¢4 y+1 cach chon (lai, b, b*, ...,b")
p cO z+1 cach chon (lay, ¢, ¢?, ...,c%),...
Do d9, s6 luong cac wdc ctia A béng (x+1)(y+1)(z+1)

* Vi du minh hoa:

e , n A , 2 A~ 96
Bai toan 1. Tim sO udc ctia sO 18

Hudng dan gidi
Ta 6 : 18% = (32.2)96 _ 3192 9%

Vay s6 wdc cuia s6 18” 1a (96+1)(192+1) =97.193=18721.

Bai toan 2. Chiing minh rang mot s ty nhién 16n hon 0 1a s6 chinh phwong khi va chi khi
sO wdc so cua nod la s6 1é.
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| CHU PE 1: CAC BAI TOAN VE UGC VA BOI
Hudng dan gidi
Gia st n=p.py...pYvéi p, nguyéntdva a eN'.
n la s6 chinh phuwong khi va chi khi a,,a,,...,a,1a cdc s8 chdn khi d6
(a, +1)(a, +1)...(a, +1) la sd 1é.
Mat khac (a, +1)(a, +1)..(a, +1) 1a s6 cdc s8 wdc ctia n, do d6 bai toan dwge ching

minh.

Bai toan 3. Mot sO tu nhién 7 la tong binh phurong ctia 3 s6 tw nhién lién tiép. Chitng minh
rang 1 khong thé c6 dting 17 udc sd.

Hudng dan gidi

Tong binh phuong cua 3 s6 tw nhién lién ti€p c6 dang :

n=(m-1)" +m? +(m+1)° =3m? + 2 khong th& 12 s§ chinh phuong.

Néu n cé dung 17 wdc s6 thi n la s6 chinh phuong (bai toan 1), vo li. Tt d6 suy
ra diéu phai chitng minh.
'~ Dang 2: Tim s6 nguyén n d€ théa min diéu kién chia hét
* Co s6 phuwong phap: Tach s bi chia thanh phéan chira an s6 chia hét cho so chia va phan
nguyén du, sau d6 d€ thoa man chia hét thi sO chia phai la wdc cua phan s6 nguyén du, tir
dé6 ta tim duoc s6 nguyén n thoa man diéu kién.

* Vi du minh hoa:

Bai toan 1. Tim sO ty nhién n d€ (5n + 14) chia hét cho (n +2).

Hudng dan gidi
Tacdébn+14=5.(n+2)+4.
Ma 5.(n + 2) chia hét cho (n + 2).
Do d6 (5n + 14) chia hét cho (n +2) < 4 chia hét cho (n +2) < (n +2) la wdc cua 4.
&Sn+2) efl;2;4)
=ne0;2}.
Vay véin €{0; 2} thi (5n + 14) chia hét cho (n +2).

\ e V4 N ~ o« A A? n + 15 \ ~ - A
Bai toan 2. Tim sO ty nhién n dé la s tw nhién.

n+3
Hudng dan gidi
L N+15 A1 . 1w
be 3 la so ty nhién thi (n + 15) chia hét cho (n + 3).
+
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= [(n+15) - (n + 3)] chia hét cho (n + 3).
< 12 chia hét cho (n +3) .

o m+3)1aU12) = {1;2; 3; 4; 6; 12}.
<ne{0;1;3;9}.

Vay véin € {0;1; 3; 9}thi

n+15 . o
la sO tw nhién.
n

Bai todn 3. Tim s ty nhién n dén2+3n+6 : n+ 3.

Hudng dan gidi
Tacd:n?+3n+6 :n+3
Suyran(n+3)+6 :n+3 & 6:n+3

=>n+3 € U®)=(1;2;3;6}=>n=0;n=3.

\ e 4 N\ n ~ ~? A ~ 4n + 5 4 -7 . \ A ~ A
Bai toan 4. Tim sO nguyén n dé phan so6 6 gia tri la mot s6 nguyén

Huéng dan gidi
. 4n+5_ 4n-2+7 n(2n-1)+7 7
Ta co: = = —n+
2n-1 2n-1 2n-1 2n-1
Vin nguyén nén dé€ an+5 nguyeén thi nguyén
2n-1 2n-1

=2n-1e U@®)={-7;-1;1,7)
& 2ne {-6;0,2,8 ©ne{-301;4}

4n+5

Vay véin e {-3;0; 1; 4} thi 2n 1 co gia tri la mot s6 nguyén
n —_

Bai todn 5. Tim sO ti nhién n dé€ biéu thitc sau la so ty nhién:
2n+2 5n+17 3n
B= + -
n+2 n+2 n+2

Huéng dan gidi
Ta co:
=2n+2+5n+17_ 3n :2n+2+5n+17—3n:4n+19
n+2 n+2 n+2 n+2 n+2
4(n+2)+11 11
B ( n+)2 :4+n+2

11
n+2

=11 (n+2) = n+2 e U1L)= {xL;+11}

B

Pé B 1a so tw nhién thi 1a sO tu nhién
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| CHU PE 1: CAC BAI TOAN VE UGC VA BOI
Don+2>1nén n+2=11 =>n=9

Vayn=9thiB e N

k+1)°
Bai toan 6. Tim k nguyén duong 16n nhat dé€'ta c6 s6 n = (k +21) la mot s6 nguyén duwong
+
Hudng dan gidi
k+1)" K2 k+23)(k —21)+484
Taco n={KFD _Kiw2ket (k+23)(k-21)+ 484 | | 484 | ;. ;o
k+23 k+23 k+23 k+23

sO nguyén duong khi va chi khi k +23|484, k +23> 23

, k+23=121 |[k=98

Ta co 484 =222=4121=44.21= =
k+23=44 k=21

Voik =98, tacon=81
Voik=21,tacon=11
Vay gia tri k 16n nhat thoa man yéu cau bai toan la 98.
I~ Dang 3: Tim s6 biét UCLN ctia chiing
* Co s6 phwong phap:

* Néu biét UCLN(a, b) = K thi a=K.m va b = K.n v6i UCLN(m; n) = 1 (1 diéu kién
ctia 6 m, n can tim) , tte d6 tim duwgc a va b.
* Vi du minh hoa:

Bai toan 1. Tim hai s8 tw nhién a, b, biét rang: a + b =162 va UCLN(a, b) = 18

Hudng dan gidi
Giastr a<b

Tacé: a+b=162, (a,b)=18

. |a=18m
Pat voi (m,n)=1,m<n
b =18n

T a+b:162:>18(m+n):162:>m+n:9

Do (m,n)=1,1ap bang:

m 1 2 3 4
n 8 7 6 5
a 18 36 loai 72
b 144 126 90
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Két luan: Cac sd can tim la: (18;144);(36;126);(72;90)

Bai toan 2. Tim hai s6 nhé hon 200, biét hiéu ctia chtiing bang 90 va UCLN 1a 15

Huéng dan gidi
Goi hai s6 can tim la a, b (a,b € N;a,b < 200)

Ta co: a—b=90; (a,b)=15

(m,n)=1 {(m,n):l

. [a=15m
bat — =
b=15n 15(m—-n)=90

m-n==6
o, 15m < 200 m<13
Lai c6: a,b <200 = =
15n < 200 n<13
m n a b
13 7 195 105
11 5 65 75
7 1 85 15

Vay: (a,b)=(195;105),(65;75),(85;15).

Bai toan 3. Tim hai s8 tw nhién c6 tich bang 432 va UCLN béng 6

Hudng dan gidi

Ta c6: ab=432; (a,b)=6(a<bh)

bat a=6m,b=6n véi(m,n)=1vams< n =36mn=432=mn=12

Ta duoc:
m n a b
1 12 6 72
3 4 18 24

Vay (a,b)=(6;72),(18,24)

Bai toan 4. Tim hai s6 a, b biét 7a = 11b va UCLN(a; b) = 45

Tt gia thiét suy raa>Db
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| CHU PE 1: CAC BAI TOAN VE UGC VA BOI

=45
o (a8)=1(a2b)

a 11 a 11 [a=11 . . a=45.11=495
My 2o a1 h)=1=>
YT T, 7j{b1=7 vi (a:) {b=45.7:315
Vay hai s6 a,b can tim la a =495 vab =315
7~ Dang 4: Cac bai toan phéi hgp giita BCNN cua cac s6 voi UCLN ctia ching

Tit UCLN(a; b) =45 = {

* Co s0 phuwong phap:

* Néu biét BCNN (a, b) = K thi ta goi UCLN(a; b) = d thi a = m.d va b = n.d vdi
UCLN(m; n) =1 (1 diéu kién ctia s& m, n can tim), tir d6 tim duoca vab.
* Vi du minh hoa:

Bai toan 1. Cho a=1980,b = 2100.
a) Tim (a,b) va [a,b].
b) So sanh [a, b].(a, b)véi ab. Chiing minh nhan xét d6 d6i véi hai s6 ty nhién ava b

Khac Otly ¥.
( Ning cao va phit trién I6p 6 tdp 1 — Vi Hitu Binh)

Huéng dan gidi
a) 1980 =223°5.11, 2100 = 2°.3.5°.7.
UCLN(1980, 2100) = 2°.3.5=60

BCNN (1980,2100) = 2°.3%.5°.7.11=69300.

b) [1980,2100].(1980,2100)=1980.2100( déu bing 4158000). Ta sé chiing minh
réng [a,b].(a,b)=ab

Cich 1. Trong cach giai nay, cac thtra s6 riéng cling duoc coi nhu cac thira sd
chung, chdng han a chtta thira s3 11,b khong chtza thira s 11 thi ra coi nhu b chita

thita s6 11 v6i s6 mii bang 0. Vi cach viét nay, trong vi du trén ta co:
1980 = 2%.3°.5.7°.11.

2100 =2%3.5%.7.11".

(1980,2100)la tich cac thtra s6 chung véi sO mit nho nhat 223°5.7°.11° =60.

[1980,2100] la tich cac thira s6 chung véi s6 mii 16n nhat 2%.3%5%7.11=69300.

Bay gio ta chirng minh trong treong hop tong quat:
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[a,b].(a,b)=ab (1)

Khi phan tich ra thira s6 nguyén t5, cac thita s6 nguyén t6 ¢ hai v€ cta (1)
chinh la cac thtra sd nguyén t6 cé trong ava b. Ta sé ching t6 rang hai vé chtra cac

thita sO nguyén t6 nhu nhau véi s6 mi twong ting bang nhau.

Goi pla thira s6 nguyén t6 tuy y trong cac thira s6 nguyén t6 nhu vay. Gia st
s6 mil cia ptrong a la x,s8 mii ctia p trong bla ytrong dé6 x va ycé thé bang 0.
Khong mat tinh tong quat, gia st rang x> y. Khi d6 vé& phai ctia (1) chita p véi s
mi x+Yy.Con & v€ trdi, [a, b] chita p v6i sO mi x, (a, b) cht p v6i s6 mii y nén vé
trai cting chtta p véi sd ma x+y.

Cidch 2. Goi d =(a,b) thi a=da'b=db’ (1), trong do (a',b") =1.

o ab A ’ . M

Dat 3= (2), ta can chttng minh rang [a,b]=m.

bé chiing minh diéu nay, can ching to ton tai cdc s6 tw nhién x, y sao cho
m=ax, m=by va(x,y)=1.

That vay ttr (1) va (2) suy ra m= a.g =ab,

m=b.%=ba. Do ¢, tachon x=b',y=a, thethi (x y)=1vi (a,b))=1,

Vay %b: [a,b], tiec 1a [a,b].(a,b) =ab.

Bai toan 2. Tim hai s6 tu nhién biét rang UCLN ctia chting bang 10, BCNN ctia chtng
bang 900.

Huéng dan gidi
Goi cdc sd phai tim 1a a va b, gia s a<b. Ta c6 (a,b)=10 nén. a=10a, b = 10b,
(a,b)=La'<b". Dodé ab=100a'b’ (1). Mt khac ab =[a,b].(a,b) =900.10=9000  (2).

T (1) va (2) suyra a'b'=90. Ta co6 cac truong hop :

a 1 2 3 4
b' 90 45 18 10
Suy ra:
a 10 20 50 90
b 900 450 180 100
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Bai toan 3. Tim hai s tw nhién a, b sao cho tong cia UCLN va BCNN la 15

Hudng dan gidi
Giasta<b
_ a=d.a, .
Goid = UCLN( a; b) = b= dh (a, <b), (a;b)=1,vad<15
Nén BCNN(a; b) = a,b.d
Theo bai ra ta c6: d +a,bd =15=>d(1+a.b )=15=>d eU (15) ={1;3;5;15}, Ma d < 15,
Nén

=1 =1 =2 =2
THI:d=1=ah =14={ "~ ° hosc |8 =2=2
b =14=b=14 b=7=b=7
a=1l=>a=3
TH2:d=3=ab -4=
b =4=b=12
=1 -5
TH3:d=5=ahb =2=>]" _°
b =2=b=10

Vay cac cdp so (a; b) can tim la: (1;14), (2;7), (3; 12), (5; 10) va dao nguoc lai.

~ Dang 5: Cac bai toan lién quan dén hai s6 nguyén td ciung nhau

* Co s6 phuwong phap: D€ chitng minh hai s6 la nguyén t0 cung nhau, ta chitng minh
ching c6 UCLN = 1.

* Vi du minh hoa:

Bai toan 1. Chiing minh rang;
a) Hai s6 tie nhién lién ti€p (khac 0) la hai s6 nguyén t6 cuing nhau.
b) Hai s6 1€ lién ti€p 1a hai s6 nguyén t6 cung nhau.

c) 2n+1va3n+1(neN )lahais6nguyén td cing nhau.

Huéng dan gidi
a)Goid e UC (n,n+1) = (n+1)-nid =1id =d =1. Vay n van+ 1 1a hai s6 nguyén t&
cung nhau.
b) Goid e UC(2n+1,2n+3) = (2n+3)—(2n+1)id = 2id = d € {1,2}.
Nhung d # 2vid la wdc cuas6 1é. Vay d = 1.
Vay (2n +1) va (2n + 3) 1a hai s6 nguyén t& cung nhau.
) Goid e UC (2n+1,3n+1) =3(2n+1)-2@n+1)id =>1d =d =1.

Vay 2n + 1 va 3n +1 la hai s6 nguyén td cung nhau
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Bai toan 2. Cho a va b 1a hai s6 nguyén t6 cung nhau. Chting minh rang cac s6 sau cting la

hai s6 nguyén td cuing nhau:

a)avaa+b b)a? vaa+b c)abvaa+b.

Huéng dan gidi

a) Goi d eUC(a,a+b) = (a+b)-aid =bid Talaicé: aid =d e UC(a, b), doddd=1
(viavab lahai s6 nguyén t6 cung nhau). Vay (a, a +b) = 1.

b) Gia st a> va a + b cung chia hét cho s6 nguyén td d thi a chia hét cho d, do d6 b
cting chia hét cho d. Nhw vay a va b cung chia hét cho s6 nguyén t6 d, trai véi gia
thiét (a, b) =1.

Vay a? va a + b 1a hai s6 nguyén t& cing nhau.

c) Gia st ab va a + b cung chia hét cho s6 nguyén t6 d. Ton tai mot trong hai thira s6 a
vab, Chéng han la a, chia hét cho d, do d6 b ciing chia hét cho d, trai vdi (a, b) = 1.
Vay (ab,a+b)=1.

Bai toan 3. Tim sO tu nhién n d€ cac s6: 9n + 24 va 3n + 4 1a cdc sO nguyén td cung nhau?

Huéng dan gidi
Gia st 9n + 24 va 3n + 4 cung chia hét cho s6 nguyén t6 d.

Ta ¢ (9n+24)-3(3n+4)id =12:d =d €{2;3}. Diéu kién d€ 9n + 24, 3n + 4) = 1 la
d#2,d#3 . Ta dé thdy d #3 vi 3n + 4 khong chia hét cho 3. Mudn d = 2 thi it nhat mot
trong hai s6 9n + 24 hodc 3n + 4 khong chia hét cho 2.

Ta thdy 9n +241as6 1é suy ranlé, 3n+41é suy ranlé.

Vay dé (9n + 24, 3n +4) = 1 thi n phai la s5 I¢.

Bai toan 4. Tim n d€ 18n + 3 va 31n + 7 la hai s6 nguyén t0 cing nhau

Hudng dan gidi
Goi UCLN(18n+3;2In+7)=d,d eN’
18n+3:d N 7(18n+3):d
21n+7:d 6(21n+7):d
=d eU (21) = {1, +3;+7;+21}

Khi dd tacéd: { = (126n +42)—(126n +21):d = 21id
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Do 2In +7:d, Ma 21n + 7 khong chia hét cho 3, nénd =1 hodacd =7

Dé hai s6 18n + 3 va 21n + 7 la hai s6 nguyen t6 thi d khac 7 hay
18n+3/7=18n+3-21/7 = 18n-18/7 = 18(n-1)/7 = n-117
=>n-127k =>n #7k+1

Vay n #7k +1 v6i k la s tu nhién thi 18n + 3 va 21n + 7 la hai sO nguyén t6

7~ Dang 6: Cac bai toan vé phan sg tdi gian
* Co sé phwong phap: Mot phan s8 1a t6i gian khi ttr s6 va mau s& cé wdc chung 16n nhat
bang 1.

* Vi du minh hoa:

N 4 ’ . M 2n+3 \ A N A .9 s . - N [N
Bai toan 1. Chitng minh rang la phan s6 toi gian vdi moi so ty nhién n.

3n+4

Hudng dan gidi
Goi d Ia wéc chung ctia (2n + 3) va (3n + 4). Suy ra:

{2n+32d {3(2n+3)3d

3(2n+3)-2(3n+4)id =1id = d eU(1
an+4id  |2(3n+4)id (2n+3)-2(3n+4):d = 1id = d U (1)

MaU(1) ={-L1}=d e{-11}

Vay Z’la phan s t5i gian.

N\ e /4 ’ . :J 21n+4 \ A ~ AN e .2 s. . ~ - A
Bai toan 2. Chitng minh rang la phan so t6i gian véi moi s6 tu nhién n.

14n+3

Hudng dan gidi
2n+4id (1)

n+13=14n+23 (3
lant3ig (2) " M rEESLNL2E (3)

Cich 1: Goi (2n+4, 14n+3)=d :>{

Te(1)va@B)suyralid=d=1

Vay 2In+4
14n+3

la phéan s6 t6i gian vdi moi s6 tw nhién n.

Cich 2: Gia st phan sd 2In+4
14n+3

chua t6i gian

Suy ra 2In + 1 va 14n + 3 c6 mot wdc s6 chung nguyeén to d.

= (21n+4)—(14n+3) = 7n+1id
= 14n+2id
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Do d¢: (14n+3)—(14n+1)=1id,vo ly

Vay bai toan duwgc chitng minh.

N e Ja ’ o M 2n+3 \ A A Ae on 7. o A N
Bai toan 3. Chtirng minh rang —; la phan s6 toi gian véi moi sO ti nhién n.
n°+3n+2
Huéng dan gidi
2n+3 2n+3

Ta viét lai: =
aviet n®+3n+2 (n+1)(n+2)

Don +1 van+2lahaisd ty nhién lién tiép nén nguyén t cuing nhau = (n+1,n+2)=1

Suy ra tong ctia chung 1a (n + 1) + (n + 2) = 2n + 3 va tich ctia chung la

(n+1)(n+2)=n’ +3n+ 2 cling nguyén t& cing nhau.

+3

Vay phan sd ,
P n®+3n+2

ne N la phan s6 t6i gian.

n+8

Bai toan 4. Dinh n dé
2n—-5

la phan s6 t6i gian véin la s6 twe nhién.

Hudng dan gidi
n+8
2n-5

bé

la phan s6 t6i gian thi (n+8,2n-5)=1

o o . d|n+8 (1)
Gia st d la mot wdc nguyén to ctia 2n -5 van + 8. Suy ra:
dj2n-5 (2)
Twe (1) va (2)suy ra: d |2(n+8)=(2n-5)+21 (3)
Dodé d|21=d =37
Mudn cho phén s6 tdi gian thi diéu kién can va du la (n + 8) khong chia hét cho 3 va 7.
Do dé: n#3k+1Ln=7m-1vdi k,me N

A . UGNV | & - IRP
Vay n#3k +1va n=7m-1la diéu kién can tim dé phan so6 5 toi gian.

7~ Dang 7: Tim UCLN ctia cic biéu thirc s6

* Vi du minh hoa:

Bai toan 1. Tim UCLN ctia 2n—1 va 9n+4 (neN).

Hudng dan gidi

Goide UC(2n-19n+4)=2(9n+4)-9(2n-1)id =17:d = d e {17;1}
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Vi 2n-1:17 = 2n-18117 < 2(n-9)'17 < n-9:17 < n=17k+9 vdi ke N
Né&un =17k + 9 thi 2n - 1:17 va 9n +4 = 9(17k + 9)+ 4 = Bdi 17 + 85:17

do dé (2n-1,9n+4)=17.

Néu n#17k +9 thi 2n - 1 khong chia hét cho 17 do d6 2n-19n+4)=1

n(n+1

Bai toan 2. Tim UCLN cuta ) va 2n +1(n eN*).

Hudng dan gidi
n(n+1) : :
Goi d € UC T,2n+1 thi n(n+1)id va 2n+1id

Suy ra N(2n+1)-n(n+1)id ticla nid.
Tir n(n+1):d va n*id suyra nid.Talaicé 2n+1id, do d6 lid nén d =1
n(n+1

Vay UCLN cta va2n+1bang 1.

7~ Dang 8: Lién hé giita phép chia c6 dw véi phép chia hét, UCLN, BCNN

* Co s0 phuwong phap:

* Néu sO tw nhién a chia cho s te nhién b dwocsd dvlak = a-k:b
*Néua:bvaa:cmaUCLN(a b)=1 = achia hét cho tich b.c (a, b, c € N)
*Néu aibvaa:cmaalasdnhonhiat = a=BCNN(a, b) (a, b, c € N)
*Néua:ibvam:ibmablénnhidt = b=U CLN(a, m) (a, b, m € N)

* Vi du minh hoa:

Bai toan 1. Ban Nam nghi 1 sd c¢6 3 chita s6, néu bdt s6 d6 di 8 thi dwoc 1 s6 : 7, néu bt s6
d6 di 9 thi duoc 150 : 8, néu bét s6 d6 di 10 thi dwoc 156 : 9, Hoi ban Nam nghi s6 nao?

Hudng dan gidi
Goi x 1a s6 ban Nam da nghi, Diéu kién: 99 < x <1000
x—8:7 x—1:7
Theo bairataco: {x-9:8 = <x-1:8 = x-1:7;8,9= x-1e BC(7;8;9)
x—10:9 x—1:9
x—1€{0;504;1008;.....; = x € {1,505;1009;....}, Ma 99 < x < 1000 nén x = 505

Vay s6 cd ba chit s6 ma ban Nam nghi la 505

Bai toan 2. Tim sO tu nhién a nho nhat sao cho chia a cho 3, cho 5, cho 7 dwoc cac s6 dw
theotht twla 2, 3,4
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Hudng dan gidi
a=3m+2 2a=6m+4 2a-1:3
Theo baira ta c6: {a=5n+3 (m,n,pe N)=42a=10n+6 = {2a—1:5 = 2a—-1e BC(3;5;7)
a=7p+4 2a=14p+8 2a-1:7

Vi a nho nhat nén 2a - 1 nhé nhat khac 0 hay 2a-1=BCNN( 3; 5; 7) = 105 =2a =106
=a=>53
Vay s6 tuw nhién nhé nhat can tim la 53

Bai toan 3. Tim sO tu nhién nho nhat khi chia cho 5, 7, 9 ¢4 s0 dw theo thtt tw 1a 3, 4, 5

Huéng dan gidi

Goi sO tu nhién can tim 1a a. Theo bai ra ta co:

a=5m+3 2a=10m+6 2a-1:5

a=7n+4(mn,peN)=12a=14n+8 =<2a-1:7=2a-1eBC(9;5;7)

a=9p+5 2a=18p+10 2a-1:9
Vi a nho nhét nén 2a - 1 nhé nhat khac 0 hay 2a-1=BCNN(9; 5;7) =315 =2a =316
—a=158

Vay s0 ty nhién nho nhat can tim la 158

Bai toan 4. Linh va Mai cing mua m6t s8 hdp but chi mau, s§ bat dung trong mbi hop
bang nhau va 16n hon 1. K&t qua Linh c6 15 but chi mau va Mai c6 18 bt chi mau hdi mdi
hop cd bao nhiéu chiéc bat?

Hudng dan gidi
Goi s0 but trong moi hop la a. Biéu kién: ae N,a<15 vaa>1

Theobairatacod:15: aval8: a, Nénala 1 wéc chung ctia 15 va 18
Va a phai lén hon 1 va nho hon 15 = két qua duoca=3

Bai toan 5. Hai 16p 6A va 6B tham gia phong trao tét trong cay, mbi em trong 1 s6 cay nhuw
nhau, két qua 16p 6A trong dwoc 132 cay vag 6B duwgc 135 cay. Héi mdi 16p c6 bao nhiéu
hoc sinh.

Huéng dan gidi
Goi s cay mdi em trong dwoc la a, Diéu kién: ae N,a<132,a>1
Theo bai ra ta c6: 132:a va 135: a khi d6 ta thdy aeUC(132;135) = {1; 3}
Vay a=3, Khi do6 16p 6A c6 132 : 3 =44 hoc sinh va 16p 6B c6 135 : 3 =45 hoc sinh.

Bai toan 6. Trong cudc thi HSG cap tinh ¢6 ba mén Toan Van Anh ,s6 hoc sinh tham gia
nhu sau:Van cd 96 hoc sinh, Toan ¢ 120 hoc sinh va Anh ¢6 72 hoc sinh.Trong budi tong
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két cac ban duwgc tham gia phan cong ding thanh hang doc sao cho moi hang c6 s6 ban thi
moi mon bang nhau.Hai c6 thé phan hoc sinh diing thanh it nhat bao nhiéu hang?

Hudng dan gidi
Goi 86 hoc sinh ding & mdi hang la a. Diéu kién: aeN,a<72vaa>1
Vi mdi hang c6 s8 hoc sinh mdi mdn bang nhau nén ta co:
9 : a;120: ava72: a,
Dé€ co it nhat bao nhiéu hang thi sd hoc sinh phai la 16n nhat hay a 16n nhat
Hay a=UCLN (96 ; 120 ; 72) = 24, Vay s6 hang can tim la : (96 + 120 + 72) : 24 = 12 hang
7~ Dang 9: Tim UCLN ctia hai s6 bang thuat toan O-clit
* Co s6 phwong phap:
a) Treong hop b|a thi(a, b)=b
b) Truong hop bta gia stta=bq + c thi(a, b) = (b, ¢).

Thudt todn Euclid.

Gia sir: a b
a=bg+r,0<r<b b r q
b=rq +r,,0<r, <5 !
L=rq,+r,0<n<r, n I, o
I.

r‘n—2 = n—lqn—l + r‘n’o < r-n < rn—l 3 q2
rn—l = rnqn
Thuat todn Euclid phai két thitc vdi so dw

: p 4 @ <«— (a,b)
r,=0
Theo b) ta co 0 o

(a,b)=(b,r)=(r.r)=..=(r1)=r.
Vay UCLN(a, b) 1a s8 du cudi cung khdc 0 trong thuat toan Euclid.

* Vi du minh hoa:

Bai toan 1. Duing thuét toan Euclid d€ chimg minh : (n* +3n° +1,n° +2n) =1.

Hudng dan gidi
Ta c6 n* +3n? +1=(n3 +2n)n+n2 +1
n+2n =(n2 +l)+n
n>+l=nn+1
nN=1.n+0

Vay (n4 +3n? +1,n% + 2n) ~1.
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Bai toan 2. Cho hai s6 ty nhién a va b (a > b).
a) Chting minh rang néu a chia hét cho b thi (a,b) =b.
b) Chttng minh rang néu a khong chia hét cho b thi UCLN ctia hai s6 bang UCLN

cua s6 nho va sO du trong phép chia s6 16n cho s6 nho.
c) Dung cdc nhan xét trén dé tim UCLN(72, 56)
(Néng cao va phit trién 16p 6 tip 1)

Huéng dan gidi

a) Moi udc chung cta a va b hién nhién la wéc ctia b. Dao lai, do a chia hét cho b
nén b la wéc chung cta a va b. Vay (a,b) =b.

b) Goi r 1a s6 du trong phép chia a cho b(a>b). Ta c6 a=bk+r(keN), can ching
minh rang (a,b) = (b, r).

That vay, néu a va b cung chia hét cho d thi r chia hét cho d, do d6 wéc chung cua
a va b clng la wdc chung ctia b va r (1). Pao lai néu b va r cung chia hét cho d thi a
chia hét cho d, do d6 wéc chung cua b va r cling la wéc chung cua a va b (2). Tt (1) va
(2) suy ra tap hop cac wéc chung ctia a va b va tap hop cac wéc chung ctia b va r bang
nhau. Do d6 hai s 16n nhét trong hai tap hop d6 ciing bang nhau, ttxc 1a (a,b) = (b, r).

c) 72 chia 56 du 16 nén (72,56) = (56,16) ;

56 chia 16 du 8 nén (56,16) = (16,8) ;

16 chia hét cho 8 nén (16,8) =8. Vay (72,56) =8.

Nhan xét : Gia st a khong chia hét cho b va a chiacho b du r,, b chiacho r, du
r,, I, chia cho r,dw r,,....,r, ,chiacho r_,dw r,,r,,chiacho r, duw 0(daysd b,r,r,,..r, la
day sO tw nhién giam dan nén s6 phép chia la httu han do d6 qua trinh trén két thirc véi
mot s8 du bang 0). Theo chitng minh & vi du trén ta c6
(a,b)=(b,r,)=(r,r,)=...(r, 41 )=rvir,_ chiahétcho r,

Nhu vay UCLN (a,b) la s6 chia cudi cung trong day cac phép chia lién ti€p a cho b,
b cho r,r, cho r,,..., trong d6 r,1,,... 1a s6 du trong cac phép chia theo thi tu trén.

Trong thyrc hanh ngwoi ta dat tinh nhu sau :

72| 56
56| 16| 1
16| 8| 3

0 2

Viéc thuc hién mét day phép chia lién tiép nhw trén dwgc goi 1a thuat toan O clit.
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Truwong hop tim UCLN ctia ba s8, ta tim UCLN ctia hai s8 roi tim UCLN cta két qua

v&i sO thit ba.

Bai toan 3. Tim UCLN( a, b) biét a la s6 gom 1991 chit s6 2; b 1a s6 gom 8 chit s3 2.

Hudng dan gidi
Ta c6: 1991 chia8 dw 7, con 8 chia7 duw 1

Theo thuat toan O- Clit:

(a,b)=(22..2,22..2)=(22..2,22 .2)=(22 ..2,2)=2.
1991562 8562 8s62 7502 756 2

Bai toan 4. Tim UCLN cuta
a) 11..1 val11111111 b) 123456789 va 987654321.

—
2004 s6 1

(Chuyén dé boi dwong hoc sinh gidi todn THCS phiin s6 hoc- Nguyén Vii Thanh)

Huéng dan gidi

a) Goia=11..1;b=11..1.Tac6 2000:8 nén 11..1=11..111...1..11...1:h.

[S———]
2004 se 1 8se 1 2000 se 1 8sel 8sel 8sel

2000 se 1

Do d6 a=11..10000+1111=bg +1111= (a,b) = (b,1111) =1111 (do b:1111),
2000 50 1
b) Goia=987654321; b =123456789. Ta co:

a=8b+9=(a,b)=(b9)=9(dob:9).

C. BAI TAP AP DUNG

Cau 1. Tim s6 chia va thuong ctia mot phép chia c6 s8 bi chia bang 145, s§ du bang 12 biét

rang thuong khac 1 (s8 chia va thwong 1a cac s tu nhién).

Cau 2. Hay viét s6 108 dudi dang tong cac s6 tw nhién lién ti€p 16n hon 0.

C4u 3. Tim s0 ti nhién n d€ 3n + 4 chia hét chon - 1.

Cau4d. TimaeNdéa+1labdichtaa-1

C4u 5. Tim s0 ti nhién sao cho 4n - 5 chia hét cho 2n -1

Cau 6. Tim s6 nguyén n dé&: 5+n”-2n chia hét cho n-2

Cau 7. Tim s8 nguyén 1 d& N° +4 chia hét cho n + 2

A AN A N s en NAL o o A A
Cau 8. Tim tat ca cac sO nguyén n dé phan so c6 gia tri la mot s6 nguyen.

n-2
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Cau 9. Tim s8 tu nhién c6 ba chit s6, biét rang né ting gdp N Tan néu cong mdi chit s& ctia
né véi N (N 1asd ty nhién, c6 thé gom mot hoac nhiéu chi s0)

Cau 10. Tim s8 tu nhién a biét rang 264 chia cho a dw 24, con 363 chia cho a du 43.

Cau 11. Tim s8 tw nhién a biét rang 398 chia cho a thi dw 38, con 450 chia cho a thi duw 18.
Cau 12. C6 100 quyén vo va 90 but chi dugce thuong déu cho mot s6 hoc sinh, con lai 4
quyén vo va 18 but chi khong du chia déu. Tinh s6 hoc sinh dwoc thwong.

Cau 13. Phan thudng cho hoc sinh ctia mot 16p hoc gom 128 vo, 48 but chi, 192 nhan vé.
C6 thé chia duoc nhidu nhat thanh bao nhiéu phan thwong nhw nhau, mbi phan thudng
gom bao nhiéu vo, but chi, nhan vé?

Cau 14. Tim s0 tw nhién a nho nhat sao cho a chia cho 3, cho 5, cho 7 duoc s6 du theo
thetela 2, 3,4

Cau 15. Mot cudc thi chay tiép stic theo vong tron gom nhiéu ching. Biét rang chu vi
duong tron 12330m , mbi chang dai 75m , dia diém xudt phéat va két thtic cing mot cho.
Hoi cudc thi 6 it nhdt mdy chang?

Cau 16. Tim sO tu nhién cd ba chit sO, sao cho chia né cho 17, cho 25 dwoc cac sd du theo
thir tyela 8 va 16.

Cau 17. Tim s0 tw nhién N 16n nhat cd ba chit s6, sao cho N chia cho 8 thi du 7, chia cho

31 thidw 28.
Cau 18. Néu xép mot s6 sach vao timg t1il0 cudn thi vira hét, vao timg tti 12 cudn thi
thita 2 cudn, vao timng tai 18 cudn thi thira 8 cudn. biét rang s6 sach trong khoang tir
715 dén 1000. Tinh s6 sdch d6?
Cau 19. Hai 16p 6A,6B cung thu nhit mot s3 gidy vun bang nhau. Trong 16p 6A,mot ban
thu dugc 25kg, con lai mdi ban thu 10Kg . Tinh s8 hoc sinh mdi 16p, biét rang s6 gidy moi
16p thu duoc trong khoang tir 200kg dén 300Kkg .
Cau 20. C6 hai chiéc dong ho(co kim gio va kim phut). Trong mot ngay, chi€c thit nhat
chay nhanh 2 phut, chiéc thit hai chay cham 3 phut. Ca hai dong ho duoc 1dy lai gio chinh
xac. Hoi sau it nhat bao lau, ca hai dong ho lai chay chinh xac?
Cau 21.Tim hai s& tu nhién biét rang:

a) Hiéu cua chting bang 84, UCLN bang 28, cic s§ d¢ trong khoang ttr 300 dén 440.

b) Hiéu ctia chting bang 48, UCLN bang 12.
Cau 22. Tim hai s ty nhién biét rang UCLN ctia chting bang 36 va tong ctia chting bang
432
Cau 23. Tim hai s8 tu nhién biét rang tich ctia chiing bang 864 va UCLN ctia né 1a 6
Cau 24. Chitng minh rang 14n + 3 va 21n + 4 (n €N )la hai s§ nguyén t& cing nhau
Céu 25. Chiing minh rang 2n + 1 va 6n + 5 1a hai s8 nguyén t3 ctiing nhau

Cau 26. BCNN ctia 2 s8 tie nhién bang 770, mot s8 bang 14. Tim s6 kia.
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Cau 27. Cho a va b 1a hai s6 nguyén t3 cling nhau. Chtrng minh rang cac s8 sau cling 1a
hai s6 nguyén td cing nhau:
a)b vaa-b (a>h);
b) a®+b® va ab.
Cau 28. Chiing minh rang néu s ¢ nguyén t& cing nhau véi a va véi b thi ¢ nguyén t&
cung nhau voi tich ab.
Cau 29. Tim so tu nhién n sao cho:
a) 4n—5 chia hét cho 13;
b) 5n+1 chia hét cho 7;
) 25n+ 3 chia hét cho 53.
Cau 30. Tim s6 ty nhién n d€ cac sd sau nguyén t6 cung nhau:
a) 4n+3 va 2n+3;
b) 7n+13 va 2n+4;
c) IN+24 va 3n+4;
d) 18n+3 va 2In+7.
Cau 31. Chttng minh rang c6 v6 s8 s§ tie nhién n d& n+15 va n+72 1a hai s6 nguyén t&
cung nhau .
Cau 32. Cho (&,b)=1. Tim:
a) (a+b,a-b) b) (7a+9b,3a+8b)
Cau 33. Tim a, b biét:
a) [a,b]+(a,b)="55;
b) [a,b]-(a,b)=5;
c) [a,b]+(a,b)=35.
Cau 34. Tim UCLN ctia cic s8 sau bang thuat todn O-clit:
a) (187231,165148);

b) (11...1,11...1).

100 chuso 8chuso

Cau 35. Tim [n;n+1n+2]
Cau 36. Tim ne N biét n <30 dé cdcsd 3n+4 va 5n+1 cd wdc chung 1én hon 1.

Ciu 37. Tim s6 nguyén n d€ phan sd 2n +21
n+

o gia tri la sO nguyeén.

Cau 38. Ba xe buyt cung khoi hanh ltc 6 gio sang tit mot bén xe va di theo 3 hudng khac
nhau. Xe tht nhat quay vé bén sau 1 gio 5 phut va sau 10 phut lai di. Xe thtt hai quay vé
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bén sau 56 phut va lai di sau 4 phut. Xe tht ba quay vé bén sau 48 phut va sau 2 phut lai

di. Hoi ba xe lai cing xudt phat tit bén Jan tht hai vao lac may gio?

Cau 39. Chting minh rang v6i moi sd nguyén duwong n thi phan s ludn toi gian.

6n+5
6n+5

Cau 40. Cho phan so: P =
3n+2

(neN).

a) Chting to rang phan s6 P 1a phan s6 t&i gian.

b) Véi gia tri nao ctia n thi phan s6 P ¢6 gia tri 1on nhat?
Cau 41. Tim hai s6 nguyén duong biét a + 2b = 48 va UCLN(a; b) + 3.BCNN(a; b) = 114
Cau 42. Cho (a, b) =1, tim (11a + 2b, 18a + 5b).

Cau 43. Chting minh rang (a, b) = (5a + 3b, 13a + 8b)

Cau 44. Cho ba s0 tu nhién a, b, c nguyén t6 cung nhau d6i mot.
Chttng minh rang (ab +bc + ca, abc) = 1

CAu 45. Tim tat cac cac s8 tw nhién a, b nguyén t& cling nhau biét rang:

a+b 8

a’—ab+b> 73

Cau 46. Cho m,n e N, 1<m < n. Chiting minh rgmg: (22n +1, 27 +1) =1

Cau 47.Cho 1<m,neN.Tim (2" -1, 2" -1)

Cau 48. Tim hai s8 tw nhién a va b, biét: UCLN (a,b) =15 va BCNN (a,b) = 300;
Cau49.Cho aeZ, tim (a a+2)

Cau 50. Cho a, m la cac s6 nguyén 16n hon 1. Chting minh rang :

(1+a+a2 +....+a”"1,a—1) =(m,a-1).

Cau 51. Chttng minh réng néu a, b, c1a cic sd 1é thi (a;—b , b;C , ¢ ; aj = (a,b,c).

Cau 52. Tong c4c s8 tw nhién a,,a,,...., a,,bang 999. Hoi wdc s& chung 16n nhat cua chiing
c6 thé nhan gia tri 16n nhat bang bao nhiéu ?

Cau 53. Cho (a, b) =1, tim (11a + 2b, 18a + 5b)

Céau 54. Cho (m, n) = 1. Tim (m+n,m* +n°).

Cau 55. Chiing minh rang cac phan sd sau t6i gian véimoi ne Z.

2In+4 2n+1
: by 12
14n+3 2n(n+1)

a)
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Cau 56. Tim s6 nguyén n d€ cac phan so sau t6i gian.
18n+3. 2n+3

; b) )
2In+7 n+7

a)
Cau 57.Tim hai s8 ty nhién a, b thoa méan a+b =128 va (a,b) =16.

Cau 58.Tim UCLN ctia ab +ba va 33 véi a + b khong chia hét cho 3

Cau 59. Chiing minh réng mot sO ty nhién c6 ba chir s6 tan cung la 136 thi it nhat 6 4 wéc
s0 duong.

Cau 60. Chting minh rdng néu [kn—Im|=1 thi (ma+nb,ka +Ib) =(a,b).

Cau 61. Tim UCLN ctia tat ca cac s6 cé 9 chit s6 duoc viét boi cac chitsd 1,2, 3, ..., 9 va
trong cac s6 do6 cac chir s6 déu khac nhau.

Cau 62. Cho (a, b) =1 tim UCLN ctia 2a +b va a(a + b)

Cau 63. Chiing minh cac phan s0 sau ti gian véin la s6 nguyén

12n+1 b) 15n* +8n+6
30n+2’ 30n% +21In +13°

a)

Cau 64. Tim sO nguyén n dé€ phan s6 13+n

toi gian.

Cau 65. Chttng minh rang néu 5n? +1:6 thi g va % toi gian.

8 31
N+9'n+10"""n+33

Céau 66. Tim sO tie nhién nho nhat dé€ cac phan s6 sau tdi gian :

Cau 67. Tim s8 ty nhién a, b biét ab = 360,[a,b] = 60.
Cau 68. Tim sO ti nhién nho nhat khi chiacho 2, 3,4, 5, 6,7, 8,9 c6 so du lan lwotla 1, 2, 3,
4,5,6,7,8.
Cau 69. Tim tat ca cac cip sd (a;b)nguyén duong thoa man hai diéu kién:
i) a,b déu khac 1 va wdc s6 chung 1én nhat cua a,bla 1.

ii) S8 N =ab(ab+1)(2ab+1) c6 ding 16 wdc s6 nguyén duong.
Cau 70. Xac dinh cac s6 nguyén t6 p,qsao cho p? - pq+2q° va 2p* + pq+q° la cdc sd
nguyeén td cung nhau.

Cau 71. Tim tat ca céc s& tu nhién khac 0: a va b, sao cho: (a,b)=1 va % - le
a +

(Thi hoc sinh gidi l6p 9 TP. H6 Chi Minh ndm 1992 — 1993)

Cau 72. Cho m, n la hai sd nguyén t6 cung nhau. Tim wéc chung 16n nhat cia m+n va

m? +n>.

TU SACH CAP 2| 28



BOI DUONG HOC SINH GIOI CAP 2 |

Cau 73. Tim tat ca cac cdp sO nguyén duong a, b théa man 4a+1 va 4b—1 nguyén td cung
nhau, dong thoi a+b la wdc cua 16ab+1.
Cau 74. Tim tat ca cic cip s6 (a;b)nguyén duong thoa man hai diéu kién:
i) a,b déu khac 1 va wdc s6 chung 1én nhat cua a,bla 1.
ii) S§ N =ab(ab+1)(2ab+1) c6 dung 16 wdc sd nguyén duong.
(Trich dé hoc sinh giéi todn Daik Lik nam hoc 2017-2018)
m+1 n+1

+—— 1a sd nguyén.
0 m guy

Cau 75. Cho hai s6 tw nhién m va n thoa man

Chting minh wéc chung 16n nhét cia m va n khong 1én hon vm+n

(Trich deé hoc sinh gioi I6p 9 Hdi Dwong nam hoc 2004-2005)

Céau 76. Cho ba s6 nguyén duong a,b,c do6i mot khac nhau va dong thoi thoa man cac diéu kién:
i) a la wéc cua b+c+bc,

ii) b la wéc cua a+c+ac,

iii) ¢ lawéc caa a+b+ab,

a) Hay chi ra bd ba s6 (a, b, C) thoa man cac diéu kién trén.

b) Chting minh rang a,b,c khong thé dong thoi 1a cac sd nguyén to.

(Trich dé vao 10 Chuyén Sw Pham Ha N§i nam 2007-2008)
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= QUAN HE CHIA HET
E: TRONG TAP HOP SO

A. Kién thlic cé@n nhé
1. Dinh nghia phép chia.

Cho hai s6 nguyén a va b trong d6 b # 0 ta luén tim dwoc hai s6 nguyén q va r duy
nhét sao cho a=bq+r, vdi 0<r <|b|-1. Trong d¢ a la s& bj chia, b 12 s8 chia, q 1a thuong,
rla s du.

Khi a chia chob thicidcs6dw r e {0;1; 2;...;|b| —l}

e Néu r=0 thi a=bq, khi d6 ta néi a chia hét cho b hay b chia hét a. Ky hiéu: a:b hay
bla.

Vay a chia hét cho b khi va chi khi ton tai s6 nguyén q sao cho a=bq.

e Néur=0,khidotandiachiabcosoduwlar.

2. M6t s6 tinh chat cAn nhé

e Tinh chat 1. Moi s0 nguyén khac 0 ludn chia hét cho chinh né.

e Tinh chat 2. Néu a:b va b:c thi a:c.

e Tinh chdt 3. Néu a:b va b:a thi a=zbh.

e Tinh chat4. Néu a.b:m va (b,m):l thi a:m.

e Tinh chat 5. Néu a:m va bim thi (a£b):m.

e Tinh chat 6. Néu a:m, ain va (m,n)=1 thi a:mn.

e Tinh chat 7. Néu a:b va c:d thi ac:bd.

e Tinh chat 8. Trong n sd nguyén lién ti€p ludn ton tai mot s6 nguyén chia hét cho n.

e Tinh chat 9. Néu a—b =0 vdia, b la cac s& tw nhién thi (a" -b")i(a—-b) (neN).

e Tinh chat 10. Néu a+b =0 véia, b, nla cdc s6 twnhién vanlasslé thi (a" +b")i(a+b).
3. Mot s6 dau hiéu chia hét

Dat A=a a_
hét nhu sau:

-a,a,a,, V0l a_ ;a_;..;a,;a,;a, lacac chit s6. Khi d6 ta c6 cac ddu hiéu chia

n-i’°
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A2 a2 < a, €{0;2;4;6;8}
e A3 (ay+a +...+a,, +a,):3.
eAld > aa, 4
e A5 3,5 < a, €{0;5}.

*A:8<=a,a88a,:8

e A9 (8, +a, +...+a,, +a,):9.

e Allle [(ay +a, +....)— (8 +a, +...) i11.

e Ai25 < aa, 25

e Al125 < a,a,a, 125

B. CAC DANG TOAN THUONG GAP

~ Dang 1: St dung tinh chat trong n s6 nguyén lién tiép c6 mot va chi mét s6 chia hét
chon(nx1)

* Co s6 phuwong phap: St dung cac tinh chét co ban nhu: tich hai s6 nguyén lién tiép chia

hét cho 2, tich ctia ba s6 nguyén lién ti€p chia hét cho 2 va 3 do d6 chia hét cho 6. Ching ta

van dung linh hoat cac tinh chat co ban nay trong nhiéu cac bai toan vé chia hét.

Bai toan 1. Chting minh rang:
a) Tich cta 3 s6 nguyén lién tiép chia hét cho 6
b) Tich ctia 2 s6 chén lién ti€p chia hét cho 8

c) Tich caa 5 s6 nguyén lién tiép chia hét cho 120

Hudng dan gidi
a) Trong 3 s6 nguyén lién ti€p cé6 mot s6 chia hét cho 3 va mot s6 chia hét cho 2 nén
tich ctia 3 s6 nguyén lién ti€p chia hét cho 6 (do (2, 3) = 1)
b) Hai s8 chan lién ti€p cd dang 2n va (2n+2) véi ne Z
Do d6 tich hai s6 nguyén lién ti€p cé dang 4n(n + 1)
Do n van +11a hai s§ nguyén lién tiép nén n(n+1):2
Vi thé 4n(n +1)§8
¢) Tac6120=3.5.8
Do 5 s6 nguyén lién ti€p c6 3 s6 lién ti€p nén theo y a) ta ¢ tich 5 s6 nguyén lién ti€p chia

hét cho 6.
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5 58 nguyeén lién tiép cb 2 s& chén lién ti€p nén theo y b) ta c6 tich 5 s§ nguyén lién tiép
chia hét cho 8.
Mt khéc 5 s6 nguyén lién tiép luén c6 mot s chia hét cho 5 nén tich ching cling chia
hét cho 5.
Vay tich cua 5 s6 nguyén lién ti€p luén chia hét cho 120.

Chu y: Tong quat ta co tich ctia n s tu nhién lién tié€p chia hét cho n!

Bai todn 2. Chting minh rdng tich ctia 3 58 chan lién ti€p chia hét cho 48

Huéng dan gidi
Ba s chén lién ti€p c6 dang 2n, 2n +2) va (2n+4) véi ne Z
Do dé tich hai s6 nguyén lién ti€p cé dang 8n(n + 1)(n +2)
Don, (n+1) va (n+2)la 3 sd nguyén lién ti€p nén n(n+ 1)(n + 2)56
Vi thé n(n+1)(n+2) =6m (m € Z)
Do d6 tich ctia 3 s8 chan lién tiép 1a 8n(n+1)(n+2)=48m:48

Vay bai toan dugc chitng minh.

Bai toan 3. Chiing minh vdi moi s6 nguyén n thi n° —n chia hét cho 6

Huéng dan gidi
Ta cé:
n’—n= n(n2 —1) =(n-1)n(n+1)
Biéu thuirc la tich cua 3 s6 nguyén lién ti€p nén mot trong 3 s6 chia hét cho 2, va mot

trong 3 sO chia hét cho 3 ma (2, 3) =1 nén (n3 —n)56

Bai toan 4. Chting minh vi moi s6 nguyén 1é n thi n®—n*—n? +1chia hét cho 128

Huéng dén gidi
Ta c6:
i —nt =i 1= (1 1) = (n? =1) = (i =1)(n* 1) = (w* 1) (2 +1)
VinlasGlénéndatn=2k+1 (keN) Taco:

(e -1) =| (2K +1) —1}2 = (4K +4k) =[ak(k+1)]

2,

Ta cé k(k+ 1) chia hét cho 2 nén nén [4k(k+1)} 64
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Mt khéc: n” +1=(2k+1)" +1=4k" +4k+2 =2(2k" + 2k +1):2

Dod6é n®-n*-n’ +1=(112—1)2 (n2 +1)§128 (dpcm)
Chii j: Binh phuong ctia mot s6 1é la sd 1é
~ Dang 2: Phan tich thanh nhan t
* Cé s6 phuwong phap: D& chiing minh A(x) chia hét cho p ta phan thich A(x)=D(x).p,
con néu khong thé dwa ra phan tich nhu vay ta cé thé viét p =k.q
Néu (k,q)=1 ta chting minh A(x) chia hét cho kvagq.
Néu (k,q)#1 ta viét A(x) = B(x).C(x) r6i chting minh B(x) chia hét cho k va C(x) chia hét
cho q.

* Vi du minh hoa:

Bai toan 1. Cho a, b, cla cac s6 nguyén khéc 0 thoa man diéu kién:

1,11y 1,11
a b c) a b* &
Chting minh rang: a’ +b> +c’ chia hét cho 3.

(Dé thi HSG I6p 9 TP Thanh Héa 2016-2017)

Huéng dan gidi

2
Tu gia thiét (l+l+1J =i+i+l©2(i+i+ijzo = atb+c =0

a b c a> b*> ¢ ab bc ca
Via,b,c Z0néna+b+c=0
=a+b=-—c
= (a+b)3 = (—c)3

=a’+b’ +3ab(a+b)=—-c’

=a’+Db®+c® =3abc

Vay a’ +b’+c’i3 véia, b,ce’

Bai toan 2. Cho A=1.2.3......29, B =30.31.32.....58.
Chting minh rang A + B chia hét cho 59.

Huéng dan gidi
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Ta co:
B = (59— 29)(59—28)(59—27)...(59 —1) =59k —1.2.3....29 =59k — A (k € Z) = A+ B =59k:59
Vay A + B chia hét cho 59.

Bai toan 3. Cho 3 s6 nguyén duong x, y, z. Chitng minh rang:

(x—y)5 +(y—z)5 +(z—x)5 chia hét cho 5(x-y)(y—z)(z—x)

Hudng dén gidi
Dat a=x-y,b=y-z=z-x=—(a+b)
Do d6 ta can chimg minh: a° +b° —(a+b) chia hét cho ~5ab(a+b)
Ta c6: a° +b° —(a+b) =—(5a'b+10ab* +10a°b° + 5ab* )
=—5ab(a’ +b° +2a’b+2ab’ )
=5ab| (a+b)(a® —ab-+b*)+2ab(a+b)]
= —5ab(a+b)(a* +ab+b*)

Do d6 bai toan dwoc chitng minh.

Bai toan 4. Chiing minh r?mg vdiba s6 tu nhién a,b,c trong d6 c6 ding mot s6 1é va hai s6
chén taludén cé (a+b+c)’ —(a+b-c)’ —(b+c—a)’ —(a—b+c)’ Chia hét cho 96

(Trich dé thi HSG Iop 9 tinh Phii Tho 2015)

Huéng dan gidi
bata+b-c=zb+c—-a=x;a+c-b=y thi x+y+z=a+b+c.

Taco (x+y+z) —x' —y’ —2’ =3(x+y)(y +2)(x+2) = 3.2c.2a.2b = 24abc

Do 350 a, b, ¢ cd 2 s8 chan nén abc chia hét cho 4 do d6 24abc chia hét cho 24.4 =96

Vay bai toan duoc chirtng minh.

7~ Dang 3: St dung phwong phap tach tong

* Cd so phuong phap: D€ chiing minh A(x) chia hét cho p ta bi€t d6i A(x) thanh tong cac
s6 hang r6i chitng minh mbi sd hang chia hét cho p.

* Vi du minh hoa:

Bai toan 1. Chitng minh m, n 1a s6 nguyén ta co:

a) n(n2+11)56 b) mn(mz—n2)§6 ) n(n+1)(2n+1)i6
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Hudng dén gidi
a) Tacs: n(n’+11)=n’+1ln=n"—n+12n=(n-1)n(n+1)+12n
Dé chiing minh: (n—1)n(n+1):6, 12ni6(ne Z)
Do d6: n(n” +11)i6
b) Ta co: mn(m2—n2)=mn[(m2—1)—(n2—1)]:mn(m2—1)—mn(n2—1)
Do: mn(m* ~1)=n(m-1)m(m+1):6, mn(n*~1)=m(n-1)n(n+1):6
Do d6: mn(m* —n*)i6
o) Tacéd: n(n+1)(2n+1)=n(n+1)(n+2+n-1)=n(n+1)(n+2)+(n-1)n(n+1)
Do: n(n+1)(n+2)i6,  (n-1)n(n+1)i6
Do d6: n(n+1)(2n+1):6

Cha y: Tach tong la phuong phéap chitng minh chia hét ma 10i giai dé hiéu, ngan gon va
dep mat nén thuwong duoc trinh bay khi bai todn c6 thé giai bang nhiéu phuong phép, tuy
nhién d€ ap dung cac em can linh hoat trong viéc tach.

Vi du: nhu cau a) thi ta thdy 12n chia hét cho 6 nén ta tach riéng ra phan con lai ching ta
phan c6 thé dua vé dang tich, dwa vao tinh chat chia hét ctia tich cic s6 ty nhién dé dang
chitng dwoc cling chia 6.

Cau b) ching ta nghi viéc thém bt 1 d€ tao ra tong ctia hai tich cuia 3 s6 ty nhién lién tiép.
Twong tu cau c) dé dang tach 2n + 1 = (n - 1) + (n + 2) d& dwa vé tong cua hai tich 3 s6 tu

nhién tiép .

Bai toan 2. Chiing minh rang: n van’ c6 chit s6 tan cling gidng nhau véin la s tw nhién.

Hudng dan gidi
D& chiing minh 7 van® c6 chit s tan cling giéng nhau ta chimg minh (n° —n):10
That vy 1~ =n(n 1) = {n1)(*+2)=n(r -3¢ ~4)5]
n(n®-1)(n®-4)+5n(n*~1)=(n-2)(n-1)n(n+1)(n+2)+5(n-1)n(n+1)
Nhan xét: (11—2)(n—1)n(n+1)(n+2)1a tich ciia nam s§ tu nhién lién tiép nén chia hét cho

2 va 5 do d6 chia hét cho 10.

Mat khac (n - 1)n(n + 1) la tich cta 3 s6 tw nhién lién ti€p nén chia hét cho 2 nén

5(n—1)n(n + 1) chia hét cho 10.
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Do d6 (n5 — n)flO vay bai toan dugc chirg minh.

5 3
Bai toan 3. a) Chting minh rang % - ?+Z—g la s6 nguyén véimoi ne Z
N n 2 g ~
b) Chting minh rang AR la s6 nguyén v6i moi n la s6 nguyén chan

Hudng dan gidi
a) Ta co 7_n:n_8_n: L
15 15 5 3
o ot Tn on® A non n"-n n-n
Dodo;: —4+—+—=—+—4+n————= + +n
3 15 5 3 5 3 5 3

Tir cac thi dy trén ta dé& dang chimg minh duoc: (° —n)i5, (n® —n)i3 do d¢6 bai toan dwoc

chtrg minh.
b) Do n 1a s6 nguyén chdn nén n=2m (v6i me Z)
o’ > om’ 3 2 m(m+1)(2m+1
Dodg: L, _m m m :2m +3m +m ( )( )
12°8 24 6 2 3 6

Theo y c) thi du 6 ta co n(n + 1)(211 + 1)56 do do6 bai toan dugc chitng minh.

Bai toan 4. Chiing minh réng ax* +bx+ce Z,VxeZ khiva chikhi 2a,a+b,ceZ

Huéng dan gidi

x(x—l)

Ta c6: ax* +bx+c=ax’ —ax+(a+b)x+c=2a. +(a+b)x+c.

x(x—l)

Dé thay: €Z vixva(x—1) lahais6 nguyén lién tiép.

Do d6: ax* +bx+ce Z,Vx e Z khi va chi khi 2a,a+b,ceZ.

Bai toan 5. Cho cdc s6 nguyén a,;a,;..;a_.Dat A=a +a,+..+a_va B=al+a)+..+a’.

Chitng minh rang A chia hét cho 6 khi va chi khi B chia hét cho 6.

Huéng dan gidi
Trwdce hét ta chiing minh bd dé: Voi moi s6 nguyén a ta ludn ¢ a’ —a 6.
That vay, tacd a’ —a= (a—l)a(a+1) .
Ta thdy trong ba s6 tu nhién lién ti€p cé mot s6 chia hét cho 2 va c6 mot s chia hét

cho 3, 1ai ¢4 2 va 3 nguyén td cung nhau nén ta suy ra duwgc a’ —a= (a —1)a(a + 1)56 .
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Xét hiéu sau

(.3 3 3 _
B—A—(a1 +a2+...+an)—(a1+a2+...+an)—(a

Ap dung bé d€ trén ta duoc (af —a1)§6; (a3 —a2)§6; o (afl —an)§6

2
Do d6 ta dwgc B—A:6. Suy ra A chia hét cho 6 khi va chi khi B chia hét cho 6.

~ Dang 4: Stt dung hang ding thitc

Co s6 phuwong phap: Néu g, b la cac sd nguyén thi:
a"—b" chiahétchoa—-bvdinlasOtenhiénva a=b.
a" —b" chia hét choa+b vdinlaso tw nhién chdnva a=-b.
a"+b" chiahétchoa+bvdinlasotenhiénléva a=-b.

(a+ b)n =ka+b" v6ik1a s6 nguyén, n la s6 tw nhién.
(a+1)n =ac+1 (61—1)11 =ac+(—1)n , n1a sO tu nhién.

* Vi du minh hoa:

Bai toan 1. Vi n 1a s§ tu nhién chén. Chting minh rang:

a) 22%2 455 b) 20" +16" —3" —1:323.

Huéng dan gidi

a) Ta cé: P =227 455% = (21+1)” +(56-1)>° = (BS 7+1)” +(BS 7-1)™

=BS7+1+BS7-1=BS7nén 22°°+55> chia7 du0

b) Ta c6: 323=17.19. Ta bién ddi 20" +16" —3" ~1=(20" 1)+ (16" -3")
Ta c6: (20" ~1):(20-1)= (20" ~1):19

M3t khdc n 1a s8 chdn nén (16" -3")i(16+3) = (16" -3"):19

Do d6 (20" ~1)+(16" —3"):19 = (20" +16" —3" ~1):19 (1)

Ta bién d6i 20" +16" —3" —1=(20"-3")+(16" -1")

Ta c6: (20" -3"):(20-3) = (20" ~1):17

Mgt khdc n 1a s8 chdn nén (16" —1")i(16+1) = (16" -3"):17 (2)

Do (17, 19) =1 nén tir (1) va (2) suy ra: 20" +16" —3" —1:323.
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Bai toan 2. Chiing minh rang v6i moi s6 tu nhién 7 ta co:

a) 112 +12°"':133 b) 5" +26.5" +8°"*1:59 c) 7.5 +12.6":19

Huéng dan gidi
a) Ta co: 1172 +122 =112.11" +12.12°" =121.11" +12.144"
=(133-12).11" +12.144" = 133.11" +12(144" —11")
Do d6 133.11"i133 va 12(144" - 11" );(144—11) hay 12(144" 11" ):133
Nén 133.11" +12(144" -11" ) = 11" +12°" 1133 (dpcm)

b) Ta co:

5"*? +26.5" +8°" =25.5" +26.5" +8.8°" =51.5" +8.64"
=(59-8).5" +8.64" =59.5" +8(64" ~5"

Vi (64" 5" );(64-5) = (64" ~5" ):59

Nén 59.5" +8(64" —5" )59 = 5" +26.5" + 8" 159 (dpcm)

0) Tacd: 7.5 +12.6" =7.25" +(19-7).6" =19.6" +7(25" 6"
Vi (25" -6")i(25-6)=7(25" ~6"):19

Nén 19.6" +7(25" —6" )19 = 57.5" +12.6" {19 (dpcm)

Bai toan 3. Chiing minh rang A =1993"7 +1997"%:30

Huéng dan gidi
Str dung tinh chat (a+ b)" =ka+Db"vdik la sd nguyén, n 1a s6 ty nhién.

Ta co:

1993

A =1993"7 +1997" =(1980+13)" +(2010-13)
=1980c +13"” +2010d - 13"
=1980c+2010d +13"” (13*)

- 30(66c+67d +952.131993)330.

Bai toan 4. Chting minh rang C =5" (5“ + 1) -6" (3“ + 2“)591 (neN).

(Chuyén sw pham Ha N§i 1997 — 1998)

Huéng dan gidi
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Str dung tinh chat (a+b)n =ka+b", ([H—l)n =ac+1, (a—l)n = ac+(—1)” voi k la

sO nguyén, n 1a s6 tw nhién

Ta cé:
C=25"+5"-18"-12"
=(21+4) +5"—(14+4) - (7+5)"
=2lc+4"+5" ~14d 4" ~7e-5"
=7(3c-2d—e)i7.
Mat khac:

C=(26-1)"+5"-(13+5) —(13-1)’
=26f+(-1)" +5"-13g—-5"-13h—(-1)’
=13(2f-g—h)13.

Vi(13,7)=1nén C:7.13=91.

Bai toan 5. Chting minh rang: A=1%+2%+3%+..+100° chia hét cho B =1+2+3+...+100

Hudng dan gidi
TacéB=(1+100)+(2+99)+...+ (50 +51)=101.50
DPé€ chitng minh A chia hét cho B ta chitng minh A chia hét cho 50 va 101
Ta co:
A= (13 +1003)+(23 +993)+...+(503 +513)
= (1+100)(1 +100+1007 ) +(2+99)(2” +2.99+99° ) +...+ (50 +51)(50” + 50.51+51°

:101(12 +100+100% +2° +2.99+99° +...+50? +50.51+ 517 ):101 (1)
Talaicé: A=(1°+99°)+(2°+98%)+...+(50° +100°
Mbi s6 hang déu chia hét cho 50 nén A chia hét cho 50 (2)
Tt (1) va (2) suy ra A chia hét cho 101 va 50 nén A chia hét cho B.

Bai toan 6. Chting minh rang véi moi s8 nguyén n tacd: A =1°+2°+3° +....+n’ chia hét
choB=1+2+3+...+mn.

(Chuyén sw pham Ha N§i 2001)

Hudng dan gidi
n(n + 1)

Ta c6 cong thitc quen thuoc B=1+2+3+...+n= 5
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. 7 5 5 5 5 5 5

Lai co: 2A=(n +1)+[(n—1) +2 }L[(n—Z) +3 }+...+(1+n )

Nhan thay mdi s6 hang déu chia hét cho (n +1) nén 2A§(n + 1) (1)

Lai c6 2A-2n° = [(n—l)5 +15} +[(n—2)5 +25}+... chia hét cho n

Do 2n’innén 2Ain  (2)

Do 2n°:nnén 2A:n (2)

Tte (1) va (2) suy ra 2A chia hét cho n(n +1) do d6 2A:2B = A:B (dpcm)
Chu y: Ta c6 cong thitc tong quat: vdin la s6 nguyén dwong va k la s6 ty nhién 1é thi:
a)1* +2° + ..+ n*i(1+2+...+n)
b)1¥ + 2 +...+(2k)  in(2n +1)
Day cling la mot bai tap, ban doc c6 thé tu chiing minh d€ cting c6 kién thric.
7~ Dang 5: St dung phwong phap xét s6 dw
* Co s0 phuwong phap: Dé€ chtiing minh A(n) chia hét cho p ta xét s6 n c6 dang n=kp +r
VOl 1 e {0;1;2;...;;7—1}.

* Vi du minh hoa:

Bai toan 1. Chting minh rang n(2n2 + 7) chia hét cho 3 v6i moi s6 nguyén duwong n.

Hudng dan gidi
Xét 3 truong hop:
- Truong hop 1: n =3k thi n(2n +7) =3k 2(3k) +7 | =3k(18K* +7):3
-Trudng hop 2: n=3k+1 thi
n(2n’ +7)=(3k+1)| 2(3k + 1)’ +7}
= (3k+1)[ 18k> +12k+2+7 | = 3(3k +1)(6k* + 4k +3):3
- Trudng hop 3: n=3k +2 thi

n(2n’+7)=(3k+2

N—"

2(3k+2)° +7}

=(3k+2)i18k2 +24k +8+7 | =3(3k+2)(6k> +8k +5):3

Ttr 3 treong hop trén suy ra n(Zn2 + 7) chia hét cho 3.

Bai toan 2. Chting minh rang véi moi s6 twnhién 7 ta c6: n(2n+7)(7n+1)chia hét cho 6
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Hudng dan gidi
Trong 2 s6 n va (7n + 1) phai c6 mdt s§ chdn nén n(2n+1)(7n+1):2
Ma (3, 2) = 1 nén ta chi can chttng minh n(Zn + 1)(7n + 1)33

Xét 3 truong hop:
- Truong hop 1: n=3k thi n(2n+1)(7n+1)=3k(6k+1)(21k+1):3

- Trwong hop 2: n=3k +1 thi 2n+7 =(6k+9):3=n(2n+7)(7n+1):3
- Trwong hop 3: n=3k +2 thi 7n+1=(21k+15):3=n(2n+7)(7n+1):3

Tt 3 treong hop trén suy ra n(2n + 7)(7n + 1) chia hét cho 6.

Bai toan 3. Cho a, b, c 1a cac s8 nguyén. Chitng minh rang néu (a3 +b’+ (:3)59 thi mot

trong ba s0 a, b, ¢ chia hét cho 3.

Hudng dan gidi

Véia, b, cla cac s6 nguyén khi d6 ta c6 a=3q, +1,;b=3q, +1,;c=3q, +r, v6i q,;q,;9; la
cac s6 nguyén va cac s6 du r,;1,;r, € {—1,' 0;1}.
Dé thdy r’ =r,;r) =r,;r, =r,. Tl d6 ta duwoc

a’=(3q, +1,) =9k, +1,;b° =(3q, +1,) =9k, +1,;¢’ =(3q, +1,) =9k, +1,
Khi d6 ta duogc a’ +b° +¢® =9(k, +k, +k, ) +(r, +1, +1,).
Ma theo gia thiét ta 6 (a3 +b° +c3)§9. Do d6nén tasuy ra (1, +1, +1,):9.
Dé thay |r1 +1, +r3|S3, dodésuyrar +r,+r,=0.
Do r;r,;1, e{—l;();l} nén tte r, +1, +1, =0 suy ra trong r,;r,;r, c6 mot sé'béng 0. biéu nay

c6 nghia la trong ba s6 a, b, ¢ c6 mot s6 chia hét cho 3.

Bai toan 4. Cho x, y, z la cac s6 nguyén thoa man (x—y)(y—z)(z—x) =X+y+z (*)

Chttng minh rang (x+y +z) chia hét cho 27

Huéng dan gidi
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Ta xét cac treong hop sau:
- Néu 3 s0 x, y, z chia cho 3 ¢ s6 du khac nhau thi (x - y), (y — z), (z - x) s€ déu
khong chia hét cho 3 do dé (x — y)(y — z)(z — x) sé khong chia hét cho 3. Nhung khi
d6 tong chia 3 s6 (x +y + z) sé chia hét cho 3 diéu nay trai v6i diéu kién (*) cua bai
todn, vi thé treong hop nay khong thé xay ra.
-Néu 3 s6 x, y, z c6 2 s0 khi chia cho 3 ¢6 cung s dw thi (x - y), (y - z), (z—X) s€ ¢
mot hiéu chia hét cho 3 do d6 (x — y)(y — z)(z — x) sé chia hét cho 3. Nhung khi d6
tong cua 3 sO (x +y + z) s€ khong chia hét cho 3 diéu nay trai voi diéu kién (*) ctia
bay toan, vi thé truong hop nay khong thé xay ra.
Vay 3 s0 x, y, z chia cho 3 phai cung s dw, khi d6 (x - y), (y — z), (z - x) sé déu chia
hét cho 3 nén tich (x — y)(y — z)(z — x) s€ chia hét cho 27. Mat khac theo gia thiét (*) ta
co (X —y)y —2z)(z-X)=Xx+y+znén (x +y + z) chia hét cho 27.
Vay bai toan duwgc chitng minh.

~ Dang 6: St dung phwong phap phan chttng

* Co s0 phuong phap: D€ chiing minh A(x) khong chia hét cho n ta gia st A(x) chia hét

cho n sau d6 dung lap luan d€ chi ra mau thuan dé chi ra diéu gia st la sai.

* Vi du minh hoa:

Bai toan 1. Chiing minh rang n” +n—16 khong chia hét cho 25 véi moi s6 tw nhién 7.

Huéng dan gidi
Gia stt n* +n—16 chia hét cho 25.
Do n”+n-16 chia hét cho 25 nén ciing chia hét cho 5.
Ta c6: n* +n-16=(n+3)(n-2)-10
Do n®+n—16 va 10 chia hét cho 5 nén (n + 3)(n — 2) chia hét cho 5 (1)
Mat khac (n + 3) va (n - 2) c6 hiéu bfmg 5 nén chiing cung chia hét cho 5 hodc cung khong

chia hét cho 5, lai do (1) nén (n + 3) va (n — 2) cung chia hét cho 5 suy ra ta ¢6 (n + 3)(n - 2)
chia hét hét cho 25.

Ttcla n”>+n-16 chia cho 25 dwr 15 mau thuan vdi gia stx, vay bai todn duwoc chirng minh.

Bai toan 2. Chitng minh rang véi moi s tu nhién 7, n* chia hét cho 3 thi 7 ciing chia hét
cho 3

Huéng dan gidi
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Gia st n khong chia hét cho 3. Khi d6 n ¢6 dang n = 3k +1 hoac n =3k + 2 (vdi k 1a s6 tu
nhién)

Néun=3k+1thi n’=(3k+1) =27k’ +27k* + 9k + 1khéng chia hét cho 3
Néun=3k+2thi n’=(3k+2) =27k’ +54k* + 36k + 4 khong chia hét cho 3

Ca hai truong hop déu mau thuan suy ra n phai choa hét cho 3 vay bai todn dugc ching

minh.

Bai toan 3. Chitng minh 2 s6 duong c6 tdng binh phuong chia hét cho 3 thi mdi s6 déu
phai chia hét cho 3

Hudng dan gidi

Gia stt 2 s6 nguyén duong a, b c6 it nhat mot s6 khong chia hét cho 3, chang han s8 d6 1a a.
Khi d6 a =3k + 1 hodc a =3k + 2 véi k 14 s6 tu nhién, ta céa® =31+1 néu sd b chia hét cho 3
hodc khong chia hét cho 3 thi a® +b? ludn c6 dang 3m + 1 hodc 3m + 2, nghia 1a khong chia
hét cho 3, mAau thuan.
Vay bai toan duwgc chitng minh.
I~ Dang 7: S& dung phuwong phap quy nap
* Co s6 phuwong phap: D€ kiém tra ménh dé dung véi moi s6 tw nhién n>p ta lam nhu

sau:

1) Kiém tra ménh dé dung véin =p.

2) Gia st ménh dé ding méi n =k (Giai thiét quy nap)

3) Chang minh ménh dé dung véin =k + 1.

Nhan xét: Trong viéc chiing minh bang phuong phdp quy nap céc ban can khai théc triét

dé gia thiét quy nap (Ia ménh dé chia hét khi n = k), ttc la trong qué trinh giai bai toan ¢
buGce chimg minh n =k + 1 cdc ban phai bién d6i lam sao xuat hién gia thiét quy nap.

* Vi du minh hoa:

Bai toan 1. Chting minh rang r1<2r12 + 7) chia hét cho 3 v6i moi s6 nguyén duong n.

Huéng dan gidi
Véin=1thitacd: n(2n’+7)=1.(2+7)=9:3, do d6 bai toan ding véi n=1
Giai st bai todn diing dén n=k v6i k>1,keN tucla:
k(21<2 +7)f3 hay k(Zk2 +7) = 3x(x S N*),
Ta sé can chitng minh bai toan dung véi n =k +1. That vay:
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(1<+1)[2(1<+1)2 +7]=(n+1)(2n2 +4n+9)
=2n° +4n*+9n+2n*+4n+9
= (2n3 +71r1)+<6n2 +6n+9)
=3x+3(2n’ +2n+3)=3y:3
Do d6 n(2n2 +7) chia hét cho 3 véi n=k+1

Vay bai toan duoc chitng minh.

Bai toan 2. Chitng minh rang 4" +15n—1 chia hét cho 9 véi moi ne N

Huéng dan gidi
Véin =1 thitacod: A=18 chia hét cho 9, do d6 bai toan ding véin=1
Giai st bai todn dung dén n=kvéi k>1,keN tucla:
4K* +15k—1:9 hay 4k* +15k—1=9x (x e N' ) &> 4k” = 9x—15k +1,
ta sé can chitng minh bai toan dung véi n = k + 1. That vay:
41 +15(k+1)-1=4.4" +15k +14
=4(9x—15k +1)+15k +14
=36x—45k +18:9
Do d6 A=4n’+15n-1 chia hét cho 9 v4i n=k +1

Vay bai toan duoc chirtng minh.

Bai toan 3. Chiing minh rang 5 +7 chia hét cho 8 véi moi s8 nguyén duong n.

Huéng dan gidi
e V6i n=1, khi dd ta ¢6 5* +7 =32:8 (dung)
e Gia sit ménh dé dung vdi, téclatacd 5 +7:8.
e Ta can chitng minh ménh dé dung voi n+1. That vay, ta co

540 L7 _ o552 47— 04 520 4 (52n + 7)

P&y 1a 5 +7:8 va 24.518. Do d6 ta duoc 5" +7:8.

Vay theo nguyén ly quy nap ta dugc 5*" +7 chia hét cho 8 v6i moi s6 nguyén duong n.

Bai toan 4. Cho n 1a mét s§ nguyén duong, Chimg minh rdng: C =7.22"2 132" 15 (1)
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Hudng dan gidi
Xétvoin=1taco: C=10:5.Vay (1) dung véin=1
Gia str (1) ding véin=k (k>1,keN), ticla: C, =7.2%2 +3% 15 (2)
Ta sé chitng minh (1) ding vdin =k + 1, tiec la phai chiing minh:
Couy = 7 92kH1)-2 | g2(kH)-1:p
Ta co: C,,, =7.22002 L g2kt _ 7 g2ks22 | g2 g2kl _ g 7 92k2 , g 32k
=4(7.2%7 +3% 1)+ 53% 1 =4C, +53% 5

Vay theo nguyén ly quy nap ta duoc C = 7.22"? +3*" ! chia hét cho 5 v4i moi s6 nguyén

duwong n.

Bai toan 5. Chiing minh rang s8 duoc tao 3" boi chit s§ giong nhau thi chia hét cho 3"
véine N”

(DE thi hoc sinh gioi l6p 9 toan qudc nam 1978)

Huéng dan gidi
Véin=1, ta c6: aaa=111.a:3, Vay bai todn dting véin = 1.
Gia st bai toan dung dénn=k (k>1,keN), ticla: aa..a:3
k
3

Ta sé chitng minh ménh dé dung dén n=k + 1.

That vay: aa..a=aa...aaa..aaa..a =aa..ax100...0100..01:3"* (do 100...0100..0153]

3t ¥ & 3 gt gt gt gt
Vay bai toan duoc chitng minh.
I~ Dang 8: Stt dung nguyén ly Dirichlet
* Co s6 phwong phap: Dau tién ta phai nim dwoc nguyén ly Dirichlet: “Nhdt m = ki + 1
con thd vao k (k < n) chudng thi ton tai mot chudng cé it nhat n +1 con tho”
Ap dung nguyén ly Dirichlet vao bai toan chia hét nhu sau: “Trong m =kn + 1 s6 c6 it nhat
n+1 sO chia hét cho k ¢6 cung s6 du”

* Vi du minh hoa:

Bai toan 1. Chttng minh trong 5 s6 nguyén bat ki c6 thé tim duwoc ba s6 c6 tong chia hét
cho 3

Huéng dan gidi
Mot s6 khi chia cho 3 thi ton tai 3 loai s6 dw la: 1, 2 hodc 3.
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Truong hop 1: Néu ton tai ca 3 loai sd du khi chia cho 3 thi:

a, =3k, +0

a, =3k, +1=>a +a, +ag =3(k +k, +k;)+3:3

az =3k; +2
Truong hop 2: Chi ton tai hai loai sd du, theo nguyén ly Dirichlet trong 5 s6 nguyén bat ki
ludn ton tai it nhat 3 sd cung du khi chia cho 3 suy ra tong 3 s0 dy chia hét cho 3.

Truong hop 3: Chi ton tai du nhat mot loai s6 dw khi chia hét cho 3 suy ra 3 s0 tuy it trong
5 56 d6 chia hét cho 3.

Bai toan 2. Cho 4 s6 nguyén phan biét a, b, ¢, d. Chitng minh rang;
A=(a-b)(a—c)(a—d)(b—c)(b—d)(c—d):12

Huéng dan gidi
Theo nguyén ly Dirichlet trong 3 sd nguyén tuy y ludn ton tai hai s6 nguyeén tuy y c6 cung
s0 dw khi chia hét cho 3 suy ra A:3
Truong hop 1: ca 4 s8 déu 1a s6 chin nén ton tai 6 hiéu chia hét cho 2 suy ra A4
Truong hop 2: ca 4 s8 déu 1a s6 1é nén ton tai 6 hiéu chia hét cho 2 suy ra A:4
Truong hop 3: 2 s6 chdn va hai s6 1é nén ton tai 4 hiéu chia hét cho 2 suy ra A4
Trudng hop 4: 3 s8 chdn va mot s§1é, tir 3 s chin d6 cho ta 3 hiéu chia hét cho 2 suy ra A:4
Truong hop 5: 3 58 1é va mot s6 1é, ti 3 56 1é d6 cho ta 3 hiéu chia hét cho 2 suy ra A:4

Do d6 A cling chia hét cho 4 ma (3, 4) = 1 nén A chia hét cho 12.

Bai toan 3. Chiing minh trong 101 s6 nguyén bat ki c6 thé tim duwoc hai s6 ¢d 2 chit s tan

cung giong nhau.

Hudng dan gidi
Lay 101 s6 nguyén bat ki chia cho 100 thi theo nguyén ly Dirichle ¢6 c6 it nhat 2 s6 ¢ cung
s0 du khi chia cho 100. Suy ra trong 101 s6 da cho ton tai it nhat 2 s& ¢6 2 chir sO tan cung

giong nhau.

Bai toan 4. Cho 2014 s6 tw nhién bat ki X;,X,,X;, ..., X,y . Chting minh rang ton tai mot s&

chia hét cho 2014 hodc tong mot so so chia hét cho 2014.

Hudng dan gidi

Xét 2014 s6: S, =x,;S, =X, +X,; .0 Sy =X, +X, FoeiF X,
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Néu ton tai S, véii=1,2, 3, ...., 2014 chia hét cho 2014 thi bai toan duoc chitng minh.

Néu khong ton tai S, véii=1, 2,3, ...., 2014 chia hét cho 2014. Pem 2014 s nay chia
cho 2014 nhan dwgc 2014 s6 du. Gia tri cua cac s6 dw nhdn dwgc thudc vao tap

hop {1, 2,3,.., 2013} . V12014 s6 du ma chi c6 2013 gia tri nén theo nguyén ly Dirichlet c6 2
s6 du bang nhau.

Ki hi¢u hai s§d61a S ,S, c6 cing s8 du khi chia cho 2014 {m,neN,1<n <m <2014

Thi hiéu: Sm ~Sn =X + X2 F- X, chia hét cho 2014,

Nhdn xét: Ta c6 thé’'tong quat hoa bai todn nhuw sau: Cho n s6'tw nhién x;X,;..;x . Chitng minh

rang trong n s6'trén c6 mgt s6 chia hét cho n hodc mgt s6'sd’cé téng chia hét cho n.

Bai toan 5. Chttng minh rdng trong 8 s& tw nhién c6 3 chit s6 bao gio cling chon duigc hai

sO ma khi viét lién nhau ta dwogc mot so cd 6 chir sO va chia hét cho 7.

Huéng dan gidi
Lay 8 s6 da cho chia 7 duoc 8 s6 du nhan mot trong 7 gia tri 0, 1, 2, 3, ..., 6. Theo
nguyén tac Dirichlet c¢6 hai s6 cting s8 du, gia stz 1a abc va def khi chia cho 7 ¢6 cting s8
dula. Gia stv abc =7k +r va def =7k +r. Ta c6:

abcdef =100abc + def =1000(7k +r)+71+r =7(1000k +1)+1001r:7

Vay bai toan duwgc chitng minh.

Bai toan 6. C6 hay khong mot s6 nguyén duong k d&& 29% 1a mot s8 ¢ cac chir s6 tan cung
la 0001.

Hudng dan gidi
Ta can chiing minh ton tai s6 nguyén k sao cho 29% —1:10*. That vay, 18y 10* +1 s6:
29,292 ... 299 chia cho 10%, khi dé c6 hai s8 ¢6 hiéu chia hét cho 104, gia st d6 1a 29"
va 20" (n>m). Ta cé 29" —29"10* hay 29™ (29" ™ -1):10".
Vi (29m ,104) =1 nén 29"™ —1:10* (dpcm).

~ Dang 9: Xét dong dw
Tém tat ly thuyét vé dong du:
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Pinh nghia: Cho 4, b 14 s6 nguyén (n 1a s6 nguyén duong). Ta néi a dong du vdi b

theo modun n va ki hiéu a=b (mod n)néu a va b c cting s8 du khi chia cho 1.
Nhu vay: a=b(mod n)< (a—b)in.Vidu: 2019=9 (mod 5)
Mot s6 tinh chét co ban:

1) Véi moi s6 nguyén a ta c6: a=a (mod n)

2) a=b(mod n) < b=a(mod n)

3) a=b(mod n) va b=c(mod n)=a=c(mod n)

4) a=b(mod n) va c=d (mod n)=(atc)=(b+d)(mod n)

Hé qua ctia tinh chét 4)

a,=b, (mod n),a2 =D, (mod n), ...... ,a,=b (mod n)

:>(a1+a2+...+an)zb1+b2+....+bn (modn)
5) a=b (mod n) va czd(mod n):a.czb.d(mod n)
Hé qua cta tinh chat 5)

a,=b, (mod n),a2 =D, (mod n), ...... ,a,=b
= (ul.uz....an) =b.b,...h, (mod n)

6) azb(mod m)@a”zb”(mod m) VneN

7)Néu a=b(mod m) va d 1a wéc chung ctia a va b sao cho (d, m) =1

thiﬂsg(mod m)
d d
~ < s ) .a b m
8) Néu a=b (mod m) va d la wéc chung caaa, b, m th1E = E[mod Ej
9 Néua=r (mod m) va 0<r <m,thir chinhla s6 du cta phép chia a cho m.

* Co sé phwong phap: St dung dinh nghia va cac tinh chat cta dong du thitc d€ giai bai toan
chia hét.

* Vi du minh hoa:

Bai toan 1. Chting minh rang: A=7.5%" +12.6" chia hét cho 19

Hudng dan gidi

Tacod: A=7.5"+12.6" =7.25" +12.6"
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D025=6(mod19)= 25" =6" (mod 19)=7.25" =7.6" (mod 19)
=7.25"+12.6" =7.6" +12.6" (mod 19)

Ma 7.6" +12.6" =19.6":19=7.25" +12.6" 119 = A=7.5"" +12.6":19

Vay bai toan duoc chirtng minh.

Bai toan 2. Chung hai s6: A=6"""-1 va B=6"""+1

Chting minh rang A va B déu la boi s6 ctia 7

Hudng dan gidi
Tacé: 6=-1(mod7)=6""=(-1)"" (mod7)=6"" =1 (mod7)= 6" -1:7
Vay Alabdictia 7.
Tt 6/ =1 (mod7)= 6" =6(mod7)
Ma 6=-1(mod7)=6"" =-1(mod 7)= 6'"" +1:7

Vay B 1a bdi ctia 7.

Bai toan 3. a) A = 2222555 + 55552222 chia hét cho 7.
b) B =1961"% +1963"* +1965"* + 2 chia hét cho 7.

Hudng dan gidi

a) Xét s0 dw ctia 22225%% khi chia cho 7.
Ta cd: 2222 =3 (mod 7) (1)
=2222%=3* (mod 7)
— 22224 =81 (mod 7)
Ma 81 =4 (mod 7)
— 22224 =4 (mod 7) )
Nhan v& vdi vé (1) va (2) ta dwoc 22225 = 3.4 (mod 7)
=22225=5 (mod 7)
=2222%5% =511 (mod 7) (3)
+ Twong tu: 55552222 = 21111 (mod 7) (4)
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Cong v& v6i vé (3) va (4) ta cd: A =211 + 51111 (mod 7)  (5)

Mt khac: 21111 + 51111 = (2 + 5) (mod 7)

=0 (mod 7)

(6)

Tt (5) va (6) ta dwoc: A =0 (mod 7)
Vay: A =22225% + 5555222 chia hét cho 7

b) Ta co:

Ta c6: 1961 = 1 (mod 7) => 1961%2= 1 (mod 7)

Tuong tu:1963°% =3°* (mod 7) =9.(3*)"" (mod7) =9.27% (mod 7) = 2(mod 7)

655

1965 = (-2)*" (mod7) = 2.(23) (mod7)=2.8(mod7)=2(mod7)

= B=1+2+2+2(mod7)=0(mod7)

Vay: B =1961"% +1963"* +1965"° +2:7

Bai toan 4. Tim s6 du cuia phép chia: 1532° -1 cho 9.

Huéng dan gidi

Ta c6: 1532 =2(mod9) = 1532° =2° (mod 9)

Ma 2° =5(mod9)=1532° =5(mod 9) = 1532° ~1=4(mod 9)

Vay s8 du ctia phép chia 1532° -1 cho 91a 4.
7~ Dang 10: Tim diéu kién bién dé chia hét

Bai toan 1.

a) Tim n nguyén d& A=n®+2n®-3n+2 chia hét cho B=n’-n

b) Tim anguyén dé a’ —2a’ +7a -7 chia hét cho a* +3

Hudng dan gidi

a) Chia A cho B ta c6: n°+2n*-3n+2=(n+3)(n*~n)+2

D& A chia hét cho B thi 2 phai chia hét cho n* —n=n(n-1)do d6 2 chia hét cho n, ta c6:

n 1 -1 2 -2
n-1 0 -2 1 -3
nn-1) 0 2 2 6
loai loai
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Vay dé€ gid tri biéu thitc A=n®+2n° —3n+2 chia hét cho gi4 tri biéu thitc B=n*-nthin=-1
hoacn=2.

b) Thuc hién phép chia a’® -2a* +7a~-7 cho a’ +3 dugc két qua:
a’—2a*+7a-7 =(a2 +3)(a—2)+(4a—1)
D& phép chia hét thi 4a —1phai chia hét cho a* +3
(4a-1)i(a*+3)
= (4a-1)(4a+1)i(a’+3)(acZ=4a+1e2)
= (162 -1)i(a” +3)
= 49i(a’ +3)
a’+3=7 a=2
= l:a2 +3=49 (loai) = L =2

Thir lai ta dwgc a =2 va a =- 2 déu thda man.

Bai toan 2. Tim s8 tw nhién n d& n’ +(n+1)" +(n+2)" +(n+3)’ chia hét cho 10.

Hudng dan gidi
Tacé: A=n’ +(n+1)2 +(n+2)2 +(n+3)3 :2(2n2 +6n+7)
Ai10<¢> 20 +6n+7:5 < 2n” +6n+2:5 < 2(n* +3n+1}:5
< n’+3n+1i5

Do dé n(n + 3) c6 tan cung la 4 hodc 0 hay n co6 tan cung la 1 hoac 6

Vay n ¢6 tan cung bang 1 hodc 6 thoa man yéu cau bai toan.

Bai toan 3. Tim s6 nguyén duong n d€ (n + 3)(n + 4) chia hét cho 3n.

Huéng dan gidi
Tacod: (n+3)(n+4):3n<n*+7n+12:3n<n’+n+12:3n
{n2+n+12§n (1)
= ) }
n*+n+12i3  (2)
Tix (1) suy ra: 12in=ne{1,2,3,4,6,12} (3)

n =3k

n=aks 28N

Tt (2) suy ra: n(n+1)§3:{
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Loai cac s0 c6 dang n =3k +1 ¢ (1) ta duoc:

n 2 3 6 12
3n 6 9 18 36
n’+n+12 18 24 54 168

Chi cd n=2 van =6 thi n®>+n+12 chia hét cho 3n do d6: (n+3)(n+4)33n

Vayn=2van=6.

Bai toan 3. Tim cac sO nguyén duong x va y 16n hon 1 sao cho x + 3 chia hét choy vay +3
chia hét cho x.

Hudng dan gidi
Giaisr2<x<y.
a) Xéty =2 thix=2, khong thoa man x + 3 chia hét cho y.
b) Xéty=3.Ditx+3=ky (KEN) (1)thiky=x+3<y+3<y+y=2ynénk<2.

Véik =1, tie (1) c6 x + 3 =y. Thay vao: y+3:x duwoc x+6:xnén lai c6 x > 1 nén
x €{2;3;6}.

X 2 3 6

y 5 6 9

Véik =2, ttr (1) c6 x + 3=2y. Thay vao: y+3:x dwoc 2y +6:x=> x+9:x=>9:x
dox>1neén xe{3;9}.
Khi x = 3 thi y = 3, thtz lai dung.
Khi x =9 thi y =6, loai vi trdi vdi x < y.
Cac cap so (x, y) phai tim 1a (2; 5), (5; 2), (3; 6), (6; 3), (6;9), (9; 6), (3; 3).
7~ Dang 11: Cac bai toan ciu tao so lién quan dén tinh chia hét caa s6 tw nhién
* Co s6 phwong phap: S6 tu nhién A = m duoc biéu dién dudi dang tong céc liy

thttanhwsau: A=a a_,.a,=a_10"+a_,.10"" +..+a

1° 0
Trong d6 a_;a_,;..;a, la cac chitsd va a_ khac0.

Khi d6 ta cd cdc dau hiéu chia hét nhu sau:

¢ A2 a,i2 < a, €{0;2;4;6;8}

e A3 (ay+a +...+a,, +a,)3.

eAld = aa, il
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e A5 a,:5 < a, €{0;5}.

*A:8<=a,a88a,:8

e A9 (8, +a, +...+a,, +4a,):9.

e Allle [(ay +a, +....)— (8 +a, +...) '11.
e Ai25 < aa, 25

e Al125 < a,a,a, 125

* Vi du minh hoa:

Bai toan 1. Tim sO tw nhién c6 ba chit s6, chia hét cho 5 va 9, biét rang chit s6 hang chuc

bang trung binh cong cta hai chit s6 kia.

Huéng dan gidi
Goi s8 phai tim 13 abc. Do a+b+¢ chia hét cho 9 va 2b=a+c¢ nén 3b chia hét cho
9, suy ra b chia hét cho 3. Nhw vay b e {0;3;6;9}. Do abc:5 nén c e {0;5}

Xét cac s6 ab0 vdi a=2b, ta dwoc s6 630.

Xét cac s6 abb véi a=2b -5, ta duoc so 135 va 675.

Bai toan 2. Tim cac chi* sO a, b sao cho:

a) a—b =4 va 7a5bl chia hét cho 3

b) a—b=6va 4a7 +1b5 chia hét cho 9

Hudng dan gidi
a) S8 7abbli3 = 7+a+5+b+1:3=13+a+bi3=a+3 chiacho3du2(l).

Tacdé a—b=4 nén:

Suyra 4<a+b<14 (2).

Mit khac a—b 1a s8 chdnnén a+b la s6 chin(3).
T (1), (2), (3) suy ra: a+be{8;l4}.

Véi a+b=8; a-b=4tadugca=6;b=2.

Véi a+b=14; a-b=4 taduoc a=9; b=5.
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b) 4a7 +105:9=512+10(a+b): 9
=504+8+9(a+b)+a+h9 = a+b chiacho 9 dul

Do a+b>a-b=6nén a+b=10. Ttr d6 tim duoc:a=8; b=2.

Bai toan 3. Ching minh ring néu ab = 2.cd thi abcd chia hét cho 67

Huéng dan gidi

Ta c6 abcd =100-ab +cd = 201-cd chia hét cho 67.

Bai toan 4. Cho s& abc chia hét cho 27. Chéing minh rang bca chia hét cho 27

Hudng dan gidi
Ta co: abc:27
— abc0:27
— 1000a + bc0:27
— 999a+a +bc0:27
— 27.37a+bca:27

Do 27.37a:27 nén bca:27.

Bai toan 5. Chiing minh rang néu ab +cd +eg chia hét cho 11 thi abcdeg chia hét cho 11.

Huéng dan gidi

abcdeg =10000.ab+100xcd +eg =9999x ab+99xcd + (%+H+@) chia hét cho 11.

Bai toan 6. Tim céac chit sO a, b sao cho 62ab427 chia hét cho 99.

Hudng dan gidi

Cach 1. Taco 99=9.11 va (9,11) =1 nén ta c6 62ab427 chia hét cho 99 khi va chi khi

62ab427 chia hét cho 9 va chia hét cho 11.

e Ta c6 62ab427 chia hét cho 9 khi va chikhi (6+2+a+b+4+2+7):9 hay (a+b+3):9
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Tir d6 ta duoc (a+b+3)e {9;18} nénsuy ra (a+b+3)e {6;15}

e Ta c6 62ab427 chia hét cho 11 khi va chi khi (6+a+4+7)—(2+b+2)11 hay
(a-b+2)i11

Tir d6 ta dugc (a—b+2)e{0;11} nénsuy ra (a—b)e{-2;9}.

Tir d6 ta xét céc trudng hop sau

-b=9
+ Truong hop 1: {a beg’ treong hop nay khong ton tai cac chit sO a, b thoa man.
a+b=

a-b=9

b - 157 treong hop nay khong ton tai cac chit s0 a, b thoa man.
a+b=

+ Treong hop 2: {

. a-b=-2 a=2
+ Treong hop 3: bt = bed
a = =

a-b=-2

+ Treong hop 4: { b-15
a+b=

, treong hop nay khong ton tai cac chit sO a, b thoa man.

Vay cac chit s6 thoa man yéu cau bai toanla a=2;b=4.

Cach 2. Ta c6 62ab427 = 62.100000 + ab.1000 + 427 = 62630.99 + ab.990 +10.ab + 57

Suy ra 62ab427 chia hét cho 99 khi va chi khi 10.ab+57 chia hét cho 99.

Tir d6 ta dugc 10.ab+57 =99.k v6ik 1a mot s3 ty nhién.

D& thdy 10.ab+57 c6 chit s& tan ciing 12 7, do d6 99.k phai c6 chit s tan ciing 1a 7 nén ta
duoc k=3

Tir d6 suy ra 10.ab+57 =99.3 = ab =24

Vay cac chit s6 thoa man yéu cau bai toanla a=2;b=4.

Bai toan 7. Tim chit s6 & biét rang 20a20a20a chia hét cho 7

Huéng dan gidi

n = 20a20a20a = 20a20a.1000 + 20a = (20a.1000 + 20a).1000 + 20a
=1001.202.1000 + 20a.

Theo dé bai n chia hét cho 7, ma 1001 chia hét cho 7 nén 20a chia hét cho 7.

Ta c6 20a =196+ (4 + a), chia hét cho 7 nén 4+ a chia hét cho 7. Vay a=3.
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~ Dang 12: Cac bai chia hét sit dung dinh 1y Fermat
* Co s6 phuwong phap:
Vi p la s6 nguyén td ta cé: a” = a(mod p).
Dic biét, néu (a, p)=1thi a**=1 (mod p).
Ching minh
Xét cac s6 a, 2a, ..., (p-1)a. Dé thay, khong c6 s8 nao trong p-1 sd trén chia hét
cho p va khong c6 hai s6 nao c6 cung s6 du khi chia cho p. Vay khi chia p—1 sd ndi trén
cho p, tanhan duoc cacsd dulal, 2, ..., p-1.Suy ra a(2a).(3a)..((p-1)a)=1.23.(p-1)
(mod p)hay (1.23..(p-1)).a**=1.23..(p-1) (mod p)
Vi (1.2.3..(p-1), p)=1 nén a**=1(mod p).

* Vi du minh hoa:

Bai toan 1. Cho a € Z;m,n € N". Chttng minh rang a*" +a®":7khi va chi khi a:7.

Huéng dan gidi
Giasw a” +a™7vaa /Ttaco (a,7)=1
Theo dinh ly Fermat: a® =1(mod7) = a*" =1(mod 7)va a"" =1(mod 7)

=a” +a’" =2(mod7). Vo lil Vay ai7

Nguoc lai, néu a:7 thi a®" +a°":7

Bai toan 2. Chiing minh r?mg 3" 428" 15111, véi moi nheN.

Huéng dan gidi
Theo dinh li Fermat, ta ¢6 3 =1(mod11) va 2°° =1(mod11).
Ta tim s6 dw trong phép chia 2*" va 3*"™ cho 10, ttc 1a tim chit s tin cling cua
chang.
Ta 6 2 =2.16" = 2(mod10) = 2™ =10k +2
3" =3.81" =3(mod10) = 3" =101 +3(k,l e N)
Ma 3% =1(mod11)va 2" =1(mod11)nén

3 42 452300 4 21019 1 5232 1 2% 4 5=0(mod 11)

Vay 3" +2°" +5111vne N,
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Bai toan 2. Mot s8 c6 6n chit s8 va chia hét cho 7. Chitng minh rang néu chuyén chit s3 tan

cung lén dau cua s6 d6 thi duwoc mot s6 cling chia hét cho 7.

Hudng dan gidi
Goi s6 ban dau 1a N = 10A + a, vdi a la chit s6 tan cing cia N va A ¢6 6n — 1 chit so.
Sau khi chuyén a 1én dau ta dwocsd M =a.10°"" + A,
Ta chitng minh N -3M:7.
That véy, tacé N —3M =7A-a(3.10°"* -1)
Ap dung dinh 1y Fermat ta co:
10° =1(mod7) = 10°" =1(mod7) = 3.10°" =3=10(mod 7)
= 3.10°""" =1(mod )
Vay N -3M:7, tix d6 suy ra diéu phai chitng minh.
~ Dang 13: Cac bai toan chia hét lién quan dén da thic
* Co s6 phuwong phap:
Dinh ly Bodu:
Phan du ctia phép chia da thiec f(x) cho nhi thitc x - a bang gia tri ctia da thiic tai x = a
Tt la: f(x) = (x - a).g(x) + f(a)
Chitng minh : Goi g(x) 1a da thitc thwong va R la s6 dw thi:
f(x) =(x - a).g(x) + R
f(a)=(a-a).g(a)+R=R (dpem)

* Vi du minh hoa:

Bai toan 1. Cho da thitc P(x) =ax® +bx+c. Biét P(x) chia cho x + 1 du 3, P(x) chia cho x du

1 vaP(x)chia cho x -1 dw 5. Tim caché s a, b, c.

(Trich dé vao 10 Chuyén Nam Dinh nam 2015-2016)

Huéng dan gidi
Vi P(x) chia cho x + 1 du 3 nén P(x) — 3 chia hét cho x + 1.
= P(x) -3 =f(x).(x + 1)
Thay x = -1 vao dang thtec trén ta c:
P(-1)-3=f(-1).(-1+1)=0.
=>P(-1)=3 (1)
Tuwong tw, P(x) chia cho x due 1 nén P(0) =1 (2)
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P(x) chia cho x—1 du 5 nén P(1) =5 (3)
Tt (1), (2), (3) ta c6 hé phuong trinh:

a(-1)?+b(-)+c=3 (a—b+c=3 [a=3
a.0’+b.0+c=1 odc=1 <db=1
al’+bl+c=5 a+bh+c=5 c=1

= P(x) = 3x2 + x + 1. Thtr lai ta thdy P(x) thoa man dé bai.

Vay P(x) =3x2+x +1.

Bai toan 2. Tim céc so thuc a, b, sao cho da thitc 4x* —11x° —2ax* + 5bx — 6 chia hét cho da
thire x* —2x—3.

(Thi hoc sinh gioi I6p 9, TP Ha Ngi, nam hoc 2012 —2013)

Hudng dan gidi

Tacs X —2x-3=x"—2x+1-4=(x-1) -4
=(x-1-2)(x-1+2)=(x-3)(x+1)
Dit thuong 1a q(x) ta c6:  4x* —11x’ —2ax® +5bx -6 = (x - 3)(x+1)q(x)
Chon x =3 tacd: 4.3' —11a° -2a.3* +50.3-6=0

— 15b-18a=-21=>5b—6a=—7 (1)
Chonx=-1, ta cé: 4.(-1)' -11.(-1)" - 2a(-1)" +5b(~1)~6 =0

—5b+2a=9 (2)

Te(l)va(2)suyra: 8a+16=>a=2
Thay vao (2) suyra: 5b+4=9=Db=1..

Bai toan 3. Tim da thic f(x) biét: f(x) chia cho x +3 dw 1; f(x) chia cho x -4 du §;
f(x) chia cho (x + 3)(x — 4) thi duwoc 3x va con du.

Hudng dan gidi
Theo dinh ly Bézout ta c6 (3) = 1;(4) = 8
bat du f(x) chia cho (x + 3)(X - 4)1é1 ax+b

Suy ra f(x)=(x+3)(x—4)3x+ax+b.
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¢ Véix=3taco:1=(-3+3)(-3-4)3(-3)+a(-3)+b=b-3a=1 (1)
o Véix=4tacd: 8=(4+3)(4-4)(3.4)+a4+b=>b+4a=8 (2)

Tte (1) va (2) suy ra: 7a=7 = a =1 thay vao (2) ta dwocb =4.

Tt d6 ta duwoc: f(x) =(x+3)(x—4)3x+x+4.

Hay f(x)=3x"-3x"-35x+4.

\ e 4 s . :I s 200 100 . n, 7
Bai toan 4. Chitng minh rang da thttc f(x) = (x = 3) i (X = 2) — 1chia hét cho da thtc

g(x)=x2—5x+6

Hudng dan gidi
Taco £(2)=(2-3)" +(2-2)" —1=0nen f(x)i(x-2)
£(3)=(3-3)" +(3-1)" ~1=0 nénf(x): (x - 3)

Nén f(x) chia hét cho (x — 2)(x — 3) = x* - 5x + 6

Bai toan 5. Cho da thitc P(x) =x°—Xx va Q(x) =x" 4+ x? +x® +x7 +x+1.

a) Tim sO du trong phép chia Q(x) cho P(x)
b) Tim x d&€ Q(x):P(x)

Hudng dan gidi

a) Ta co: P(x):x(x2 —1); Q(x):x(x80 —1)+><(x48 —1)+x(x24 —1)+x(x8 —1)+5x+1

Vi c4c da thiee x¥ —1;x* —1;x"® -1 déu chia hét cho x* —1 nén phép chia Q(x) cho
P(x) dw 5x + 1.

X O \ _ _ 1
b) D& Q(x)iP(x)thi 5x+1=0< x= 5

TONG KET CAC PHUONG PHAP THUONG AP DUNG
D€ lam giai tot cac bai toan vé chia hét, ching ta can st dung linh hoat cac phuong
phap da néu trén, 6 nhiéu bai toan chia hét chiing ta c6 thé giai bang nhiéu phuwong phap,
nhung c6 khi cing mot bai todn nhin c6 vé twong ti nhu vay nhung chi c6 mot phuong
phap c6 thé giai quyét. D€ md phdng vé diéu nay toi sé trich mot bai viét cua tac gia
Nguyén Dtic Tan trén tap chi Toan hoc va tudi tré:

Bai toan: Chttng minh rang véi moi s8 nguyén 7 thi n” +n+1 khdng chia hét cho 9.
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Cach 1: (Swr dung phirong phdp xét s6 duw)
Ta xét cac treong hop sau:
- Trwong hop 1: n=3k(keZ) thi n* +n+1=3k(k+1)+1
- Truong hop 2: n=3k+1 (keZ)thi n’ +n+1=9k(k+1)+3

- Truomg hop 3: n=3k +2 (ke Z)thi n’ +n+1=3(3k* +5k+2)+1

Tte 3 treong hop trén suy ra n° +n+1 khdng chia hét cho 9 véi moi s& nguyén 7.
Cach 2: (St dung phwong phdp tich téng)
Ta co: n* +n+1=(n-1)(n+2)+3
Do(n+2)—(n-1)=3 nén (n+2)va(n—1) dong thoi hodc khong dong thoi chia hét cho 3
Néu (n+2)§3;(n—1)§3 = (n—l)(n+2)§9 nén (n—l)(n+2)+3sé khong chia hét cho 9.
Néu (n+2) va(n—1) dé khong chia hét cho 3 thi (n—1)(n+2)+ 3sé khong chia hét cho 9.
Vay n* +n+1 khong chia hét cho 9 véi moi s6 nguyén .
Cach 3: (S dung phiwong phdp phan chirng)
Gia st (n2 +n+1)59.Dét n* +n+1=9m (m € Z):> n*+n+1-9m=0 (*)
Phuong trinh () ¢6 A =36m—3=3(12m-1)
Ta thdy A khong thé 1a sO chinh phuong do chi chia hét cho 3 ma khong chia hét cho 9 nén (*)
khong cé nghiém . V6 1y!
Vay n* +n+1 khong chia hét cho 9 v6i moi s6 nguyén .
Cich4: Tacd: 4(n*+n+1)=(2n+1) +3
Néu (2n+1):3=(2n+1) 19 nén (2n+1) +3 & khong chia hét cho 9.
Néu (21 +1) khong chia hét cho 3 thi (2n+ 1)2 khong chia hét cho 9 nén (2n+ 1)2 +3sé
khong chia hét cho 3 vi thé' cling sé khong chia hét cho 9.
Vay 4 (n2 +n+ 1) khong chia hét cho 9 nén n* +n+1sé khong chia hét cho 9 v6i moi sd
nguyeén n.

Cdc ban rén luyén kha nang sir dung cdc phirong phdp trong chirng minh cdc bai todn vé chia hét thong

qua cdc bai toan twong tw sau:

1) Chimg minh: n* + 111+ 39 khong chia hét cho 49.
2) Chtig minh: n* +3n+5 khong chia hét cho 49.
3) Chtig minh: 7n” +51+16 khong chia hét cho 169.
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Tuy nhién véi bai toan:
Chting minh: 91° +9n” + 3n—16 khong chia hét cho 343 v&i moi s6 nguyén n.
Ta dé thiy v6i cic cich 1, 2, 3 ¢6 1¢ chiing ta phdi bé tay, khai thic cic gidi 4 chii y 343 =7°
ta c6 10i gidi that “dé thuwong” sau:
9n® +91* +3n-16 = (3n+1) —49.
Néu (3n+1)i7 = (3n+1) i7" =343 nén (3n+1) —49 s khong chia hét cho 343.
Néu (3n +1) khong chia hét cho 7 thi (3n+1)’ —49 khong chia hét cho 7nén (3n+1)° —49
khong chia hét cho 343=7° .
Vay 9n° +9n® + 3n—16 sé khong chia hét cho 343 vdi moi s6 nguyén n.
Do d6 dé’gidi todn chiing ta cin linh hogt va ndm vitng cdc phuwong phdp gidi dé'cé thé'van dung tot 6
cac bai toan khdc nhau!
C.BAI TAP AP DUNG
Cau 1. Chiing minh rang a°-ai30 (aeZ)
Cau2. a) Dit A =n’+3n?+5n +3.Chttng minh rang A chia hét cho 3 véi moi gia tri
nguyén duong ctia n

b) Néu a chia 13dw 2vab chia 13dw 3 thi a’ +b’ chia hét cho 13
Cau 3. Chttng minh rang: A = [n3 (n2 - 7)2 - 36n}7 v6i VneZ.

Cau 4. Chting minh rang n’ —28n chia hét cho 48 véi moi nla s& nguyén chan
Cau 5. Cho nla s6 tg nhién Ié. Chttng minh n’ —n chia hét cho 24
Cau 6. Chting minh 0’ +17n chia hét cho 6 véi moi n€Z
Cau 7. Chting minh rdng: Q=n> +(n+1)3 +(n+2)3 19 véimoi ne N*
Cau 8. Chting minh réng : 2021° +2019%* chia hét cho 2020.
Cau 9. Chting minh rang
a) 8 +2"chiahét cho 17
b) 19" +69" chia hét cho 44
Cau 10. Chitng minh réng A =n*+n+2 khong chia hét cho 15 v6i moi s8 nguyén n.
(Deé thi HSG I6p 9 huyén Thity Nguyén 2018-2019)
Cau 11. Chttng minh réng voimoi ne N thi: n* +6n° +11n? +30n —24 chia hét cho 24.
(Deé thi HSG I6p 9 huyén Thanh Ha 2016-2017)
Cau 12. Cho a, b 1a s8 nguyén théa man: 2a’ +3ab+2b* chia hét cho 7. Chiing minh rang
a’>—b* chia hét cho 7.
(Dé thi HSG I6p 9 huyén Kinh Mon 2013-2013)
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Cau 13. Cho n 1a s6 ty nhién khong chia hét cho 3. Chiing minh réng P =3*" +3" +1 chia hét cho 13
(Dé thi HSG I6p 9 huyén Vii Quang 2018-2019)
Céau 14. Cho biéu thttc P=a, +a, +a, +...+a,,, V0i a;;a,;a,;.. la cac s6 nguyén

2019 */ a2019

dwong va P chia hét cho 30. Chiing minh rang Q =a] +a] +a; +...+aJ,, chia hét cho 30.

(Dé thi HSG Thanh Phdo Hai Phong 2018-2019)
30,2
X

Cau15. Cho x la s8 ty nhién chin. Chtng t6 ring biéu thicc M = ’2‘—4 +ot % <6 gid tri la

sO nguyén.
(D¢ thi Chon HSG I6p 9 THCS Hiép An 2018-2019)
Cau 16. Chttng minh rang véi moi s6 tie nhién n ta c6: A=7.5"" +12.6" chia hét cho 19.
(Dé thi HSG 16p 9 huyén Phit Ninh 2013-2014)
Cau 17. Chttng minh rang véi moi s6 tw nhién nthi: A =5"2+26.5" +8>"" 59

Cau 18.Cho a,,a,,........ la cac s6 tu nhién c6 tong chia hét cho 3

4 a2016

Chting minh rang: A =a’+aJ +......+a’,, chia hét cho 3.
Cau 19. a) Chiing minh rang néu tdng ctia hai s6 nguyén chia hét cho 3 thi tdng cac lap
phuong ctia chuing chia hét cho 9

b) Tim c4c s6 nguyén n dé€ n’ +1 chia hét cho n’ +1

Cau 20. Cho c4c sd nguyén duong a, b, ¢ thoa man a’+b* =c’. Chiimg minh ab chia hét
cho a+b+c.
(DEé thi vao 10 Chuyén Lam Son nam 2019-2020)

Cau 21. Tim s8 nguyén dwong n bé nhat dé€ F = n® + 4n? — 20n — 48 chia hét cho 125.
(Dé thi HSG 6p 9 huyén Hoang Héa 2015-2016)
Cau 22. Tim t4t ca cdc cdp s6 nguyén duong a,b sao cho: a+b’ chia hét cho a’b-1.
(dé thi hoc sinh gioi 16p 9 huyén Thanh Oai 2012-2013)
Cau 23. Cho céc s8 nguyén duong x, y, z thoa man x* +y* =z
Chting minh A = xy chia hét cho 12
(Dé thi HSG 16p 9 huyén Vinh Lic 2016-2018)

Cau 24. Chitng minh rang s6 tw nhién A =1.2.3....2017.2018.| 1 +l+l+ ...+L+L
2 3 2017 2018

chia hét cho 2019.

(Dé thi HSG 16p 9 huyén Hoai Nhon 2018-2019)
Cau 25. Tim s6 du trong phép chia ctia da thitc (x+ 2)(x +4)(x + 6)(x+ 8)+ 2010cho da
thirc x* +10x +21
Cau 26. Tim a,bsao cho f(x) =ax’ + bx* +10x —4 chia hét cho da thircg(x) =x* +x -2
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Céu 27. Cho da thtrc f(x) = x®> —3x” +3x —4. Vi gid tri nguyén nao cua x thi gid tri ctia da
thie f(x) chia hét cho gia tri cua da thie x* +2
Cau 28. Gia st f(x) 1a da thitc bac 4 v6i hé s8 nguyén. Chiing minh rang: Néu f(x) : 7 véi
Vx e Z thi ting hé s6 cta f(x) cling : 7
(D@ thi hoc sinh gioi lop 9 trweong Trin Mai Ninh ndm 2012-2013)
Cau 29. Tim s6 dw trong phép chia (x+3)(x+5)(x+7)(x+9)+2033 cho x*+12x+30
Cau 30. Tim da thtic f(x)biét rang : f(x) chia cho x+2du 10, f(x) chia cho x—2du 26,
f(x)chia cho x* —4 dwoc thuwong la —5x va con du
Cau 31. Cho da thirc P(x) = ax® + bx? + cx + d vdi a, b, ¢, d 1a cac hé s6 nguyén. Chitng minh
réng néu P(x) chia hét cho 5 v4i moi gia tri nguyén cta x thi cac hé sd a, b, ¢, d déu chia hét
cho 5.
(dé thi hoc sinh gioi 16p 9 huyén Thach Ha 2016-2017)
Cau 32. Cho p 1a sd nguyén t6 16n hon 5. Ching minh p* —1 chia hét cho 100
(Dé thi HSG I6p 9 huyén Luc Nam 2018-2019)
Cau 33. Chitng minh rang véi moi s8 tie nhién # thi n® + 3n +11khong chia hét cho 49.
(Dé thi HSG I6p 9 TP Ha N¢i 2019-2020)
Cau 34. Cho N =k*+2k?-16 k2 -2k +15, k 1a s6 nguyén. Tim diéu kién ctia k d€ s6 N chia
hét cho 16.
(Dé thi HSG huyén Lé Ninh 2018-2019)
Cau 35. Cho hai s6 nguyén, sd th nhat chia cho 5 dw 1, s6 thi hai chia cho 5 du 2. Hoi
tong binh phwong cua ching co6 chia hét cho 5 khong ?
Cau 36. Chiing minh rang véi moi s6 nnguyén duong thi: 5" (5“ + 1) —6" (3“ + 2“)591
Cau 37. Chitng minh rang A =1+3+32+3% + ..+ 3" chia hét cho 40.
CAiu 38. Tim da thttc f(x)bié’t: f(x) chia cho X—2du 5; f(x)chia cho X—3dw 7; f(x) chia
cho (X —2)(x—3)dugc thuong 1a X* —1va da thirc du bac nhat véi X

Cau 39. Cho sd ty nhién N > 3. Chirmg minh néu 2" =10a + b(a, beN,0<b< 10)thi tich
ab chia hét cho 6
Cau 40. Cho a, b 1a cic s6 nguyén duong théa man p = a® +b? 1a s8 nguyén t& va
p — 5 chia hét cho 8. Gia st cdc s8 nguyén x,y thoa man ax’ —by? chia hét cho p.Chiing
minh rang ca hai s6 x,y déu chia hét cho p.
(Dé thi HSG 16p 9 TP Hai Phong 2017-2018)
Cau 41. Cho ba s6 nguyén duong a, b, ¢ thoéa man a°+b*+c* chia hét cho 14. Ching

minh réng abc cling chia hét cho 14.
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(Trich dé Chuyén todn Sw Pham Ha N¢i 2019-2020)
Cau 42.
a) Tim tat ca nhiing sO tu nhién n sao cho 2" +1 chia hét cho 9.
b) Cho n la s8 tu nhién n>3. Chttng minh rang 2" +1 khong chia hét cho 2" -1 véi
moi sO tw nhién m sao cho 2<m<n.
(Trich dé Pho Thong nang khiéu H6 Chi Minh 2019-2020)
Cau 43. Chiing minh rang véi moi s6 nguyén duong n, s§ M =9.3"" —8.2*" + 2019 chia
hét cho 20.
(Trich dé Chuyén Quang Nam 2019-2020)
Cau 44. C6bao nhiéu s8 te nhién n khéng vuot qua 2019 théa man n® + 2019 chia hét cho 6.
(Trich dé Chuyén Nam Dinh 2018-2019)
Cau 45. Cho x,yla cic sd nguyén sao cho X* —2xy — y*;xy —2y? —x déu chia hét cho 5.
Chting minh 2X* + y® +2X + Y cling chia hét cho 5
(Trich dé Chuyén KHTN Ha N¢i 2018-2019)
Cau 46. Tim tit ca cac s6 nguyén khong am a,b,C thdéa man
(a-b)" +(b—c)” +(c—a)’ =6abc va a® +b* +c® +1 chia hét cho a+b+c+1.
(Trich dé Chuyén Nam Dinh 2016-2017)
Cau 47. Cho nla sd ty nhién chén, chitng minh rang s8 20" —3" +16" —1chia hét cho s8 323
(Trich @é Chuyén Binh Dinh 2018-2019)
Cau 48. Cho a’ +b” 1a bdi s8 ctia 5 véi a va b 1a cac s8 nguyén. Chiing minh rang hai s&
A=2a+b va B=2b-a hoachaisd A'=2a-b va B'=2b+a chia hét cho 5.
Cau 49. Cho phuong trinh x° +2y® +42° =91(1) vdi x;y;z1a &n va 9! La tich cac s6 nguyén
duong lién tiép tir 1 dén 9
a) Chiing minh rang néu cé cac s8 nguyén x;y;zthoa man (1) thi x, y, zdéu chia hét
cho 4
b) Chting minh rang khong ton tai cac s6 nguyén x, y, z thoa man (1).
(Trich dé Chuyén Vinh Phiic 2018-2019)
Cau50. Cho plasdnguyén t&16n hon 3. Chiing minh rang p® —1chia hét cho 24
(Trich dé Chuyén Bén Tre 2018-2019)
Cau 51. Cho sO tu nhién n2>2va sd nguyén t6 p thoa man p—1chia hét cho ndong thoi
n® —1chia hét cho p.Chting minh rang n+ pla mot s§ chinh phuong.
(Trich dé Chuyén Phan Bi Chiu 2018-2019)
Cau 52. Véi n 1a s8 tu nhién chdn, chiing minh rang: (20n +16" -3" —1)5323

(Trich dé Chuyén Lam Dbng 2018-2019)
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Cau53. Dit N=a +a, +....+dyy,, M =3 +a +........ + 8508 (ai;a'

minh réng néu N chia hét cho 30 thi M ciing chia hét cho 30
(Trich dé Chuyén Hai Dwong 2018-2019)

Cau54. Cho a, b,cla cac s6 nguyén. Chtiing minh néu a**® +b*" + ¢** chia hét cho 6 thi

2018 2019 2020
+b

a +¢** cting chia hét cho 6.
(Trich dé Chuyén Tuyén Quang 2018-2019)
Cau 55. Tim dang tdong quat cua sd nguyén dwong n biét: M = n.4" + 3" chia hét cho 7.
(Trich dé Chuyén Hai Dwong 2016-2017)
Cau 56. Chitng minh rang véi moi s8 tw nhién n thin® —9n+27 khong chia hét cho 81.
(Trich dé Chuyén Quang Ngai 2018-2019)
Cau57. Cho m,nla cic s8 nguyén thoa man 4(m+n)” —mn chia hét cho 225. Chting minh
rang: mn ciing chia hét cho 225.
(Trich dé Chuyén Lao Cai 2018-2019)
Cau58. Cho n la sd nguyén duong tity y, véi moi sd nguyén duong k dit
S, =1 +2“ +...+n“. Chting minh S,,:S,.
(Chuyén toan Thanh Hoa 2018-2019)
Cau 59. Chitng minh rang néu p va (p +2) 1a hai s8 nguyén t& 16n hon 3 thi tong ctia
chung chia hét cho 12.
(Trich dé Chuyén Hoa Binh 2015-2016)

Cau 60. Chiing minh rang néu s nguyén n 16n hon 1 thoa man n? + 4 va n? +16 1a cac s&

nguyén t6 thi n chia hét cho 5.
(Trich dé Chuyén Phii Tho 2015-2016)

Cau 61. Chimg minh biéu thiic S =n°(n+2)° +(n+1)(n®~5n+1)—-2n-1 chia hét cho 120,
véi n 1a s6 nguyén.

(Trich dé Chuyén Binh Phwoc 2017-2018)
Cau 62. Cho A=2(1*"*+2%*+..+n*") véin la s6 nguyén dwong. Ching minh rang A
chia hét cho n(n + 1).

(Trich dé Chuyén Qudng Nam 2015-2016)
Cau 63. Cho biéu thiec Q =a* +2a° —16a* —2a+15. Tim tat ca cac gia tri nguyén ctia a d€ Q
chia hét cho 16.

(Trich dé Chuyén Quang Nam 2016-2017)
Cau 64. Chttng minh rang trong ba s& chinh phuitong tity v ludn ton tai hai s6 ma hiéu ctia
chung chia hét cho 4.
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Cau 65. Cho a, b, cla ba so nguyén khac 0 thoa 1 %Jr 1 Chting minh rang: abc chia hét
a c

cho 4.
(Trich dé thi HSG I6p 9 tinh Dong Nai 2019)

Cau 66. Chiing minh rang A = 22" + 4" +16 chia hét cho 3 voi moi sO nguyén duong n.
(Trich dé thi HSG I6p 9 tinh Nghé An Bing A 2019)
Cau 67. Chting minh rang A =4" +17 chia hét cho 3 v6i moi s8 nguyén duong 1.
(Trich dé thi HSG I6p 9 tinh Nghé An Bang B 2019)

Cau 68. Cho ne N". Chting minh rang néu 2n + 1 va 3n + 1 1a cac s8 chinh phuong thi n
chia hét cho 40.

(Trich dé thi HSG I6p 9 tinh Thanh Héa 2019)

Cau 69. Chttng minh rang véi moi s6 nguyén n chan thi: n® +20n+96 chia hét cho 48.

(Trich dé thi HSG I6p 9 tinh Binh Phuéc 2019)
Cau 70. Cho p 1a mot s8 nguyén t& thoa man p=a’—b’ véi a,b 1a hai s6 nguyén duong
phan biét. Chting minh rang néu 14y 4p chia cho 3 va loai bo phan du thi nhan dwoc mot
s0 1a binh phuong ctia mot s6 nguyén lé.

(Trich dé thi HSG l6p 9 tinh Khdnh Hoa 2018)
Cau 71. Cho da thtre f(x) = x> —2(a + 1)x +b—1. Xac dinh a, b d€ f(x) chia hét cho (x - 1) va

va da thire (x + 2).

Cau 72. 1. Cho p la s6 nguyén t6 1én hon 5. Chting minh p*'® -1 chia hét cho 60.

2. Cho X, Y, z 1a cac s& duong khéc nhau d6i mot va x° + y® + z°chia hét cho x’y*z?. Tim

thuwong cua phép chia x® +y® +2° : x*y?z°

(Trich dé thi HSG l6p 9 tinh Thanh Héa 2017)
Cau 73. Cho hai s6 nguyén a va b thoa 24a” +1=b>. Chting minh rang chi c6 mot s§ a
hodc b chia hét cho 5.

(Trich de thi HSG Iop 9 tinh Quang Nam 2017)
Cau 74. Cho p va q la cac s6 nguyén t6 16n hon 3 va théa man p=q+2. Tim s6 du khi chia
p+q cho 12.

(Trich dé thi HSG l6ép 9 tinh Vinh Long 2016)

Cau 75. Cho cdc nguyén a, b, ¢, d thdéa man diéu kién a’ +b’ = 2<c2 -8d’ ) )

Chting minh rang a+b+c+d chia hét cho 3.
(Trich dé thi HSG I6p 9 Thanh Phd'Ha N§i 2016)
Cau 76. Chtrng minh rang véi moi s6 nguyén r,s8 A= 3n® 415n chia hét cho 18.
(Trich dé thi HSG I6p 9 tinh Gia Lai 2019)
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Cau 77. Biét a;b 1a cac s6 nguyén duong thoa man a’ —ab+b?* chia hét cho 9, chitng minh
rang ca a va b déu chia hét cho 3.
(Trich dé thi HSG 16p 9 Thanh Phé'Ha N¢i 2019)
Cau 78. Chiing minh rang a’+a +a +...+a’ chia hét cho 3, biét a,a,,a,,...,a, la cac chir
s6 ctia 2019°%°,
(Trich dé thi HSG I6p 9 tinh Hai Dwong 2019)
Céu 79. Cho 1 la s6 tw nhién 1é. Chitng minh: 46" +296.13" chia hét cho 1947
(Trich dé thi HSG l6p 9 tinh Ba Ria Viing Tau 2019)
Cau 80. Chitng minh rang 2n*+3n° +n chia hét cho 6 véi moi s6 nguyén n.
(Trich dé thi HSG lép 9 tinh Lam Ddng 2019)
Cau 81. Cho &, b, ¢ la cic s6 nguyén thoa man a+b=c’®-2018c. Chitng minh ring
A=a’+b®+c’ chia hét cho 6.
(Trich deé thi HSG I6p 9 tinh Quang Ngai 2019)
Cau 82. Chiing minh trong cac s6 c6 dang 20142014 ... 2014 c6 s0 chia hét cho 2013.
(Trich dé vao 10 Chuyén Lang Son nam 2013-2014)
Cau 83. Cho a,b la hai s6 nguyén duong théa man a+ 20 va b+13 cung chia hét cho 21.
Tim s8 du ctia phép chia A=4%+9° +a+b cho 21.
(Trich dé vao 10 Chuyén Hdi Phong nam 2013-2014)
Cau 84. Cho bidu thirc: A=(a’ +b™ +¢*)—(a™ +b**+¢*) voi ab,c la cdc s8
nguyén duwong. Chttng minh rang A chia hét cho 30.
(Trich dé vao 10 Chuyén Tin Lam Son nim 2019-2020)
Céu 85. Cho hai s6 nguyén dwong x,y v4i x>1 va thoa man diéu kién: 2x*-1=y".
Chitng minh rang x chia hét cho 15.
(Trich dé vao 10 Chuyén Todn Lam Son nim 2019-2020)
Cau 86. Cho cac s6 1; 2; 3; ...; 100. Viét mot cach tuy y 100 s6 d6 ndi ti€p nhau theo hang
ngang ta duwoc mot s6 tw nhién. Hoi s6 tu nhién d6 co chia hét cho 2016 hay khong?
(Trich dé vao 10 Chuyén Todn Lam Son nim 2015-2016)
C4u 87. Tim k d¢€ ton tai sO tu nhién n sao cho (n2 —k)54 véi ke {0; 1; 2;3} .
Cau 88. Cho n la s6 dwong. Chirng minh réng: (n +1)(n+ 2)...(2n) chia hét cho 2".
CAu 89. Tim a,b d€ P(x)=3x>+ax’+bx+9 chia hét cho Q(x)=x*-9.
(DE thi hoc sinh gioi huyén Chwong Mij - Ha Noi nam 2019-2020)
Céu 90. Chiing minh rang: (2019°" +2021*°):2020.
(D@ thi hoc sinh gioi huyén Chwong Mij (vong 2) - Ha N¢i nam 2019-2020)
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Cau 91. Tim t4t ca cdc s6 nguyén duong m, n sao cho m+n’ chia hét cho m’>—n va n+m?’

chia hét cho n?-m.
(D@ thi hoc sinh gidi tinh Bic Ninh nam 2017-2018)
Cau 92. Chiing minh n® —2n* +n? chia hét cho 36 véi moi n nguyén duong.
(Trich dé thi hoc sinh gi6i tinh Binh Dinh nam 2017-2018)
Cau 93. Tim céc s8 tu nhién c6 dang ab. Biét ring ab —ba’ 1a s8 chia hét cho 3267 .
(Trich dé thi hoc sinh gi6i tinh Hdi Dwong nam 2017-2018)
Cau 94. V6i a, b 13 céc s8 nguyén. Chitng minh rang néu 4a” + 3ab —11b® chia hét cho 5
thi a* —b* chia hét cho 5.
(Trich deé thi hoc sinh gidi tinh Hai Dwong nam 2011-2012)
Cau 95. Tim céc cdp s6 nguyén duong (X;y) sao cho X’y +Xx+ Yy chia hét cho
xy> +y+1.
(Trich dé thi Chuyén Phan Bgi Chdu nam 2019-2020)
Cau 96. Tim tat ca cac cdp s6 nguyén duong (a;; y) sao cho <x2 — 2) : (xy + 2).
(Trich dé thi Chuyén Phan Byi Chdu nam 2016-2017)
Cau 97. Cho a,b 14 cac s6 nguyén duong thoa man a’ +b*:ab.
a’ +b?
2ab
(Trich dé thi Chuyén Phan Boi Chdu ndm 2015-2016)

Tinh gia tri cua biéu thiec A=

Cau 98. Gia stt 4, b, ¢ 1a cac s6 nguyén sao cho a’ +b” +c” chia hét cho 4. Chitng minh réng
a, b, c dong thoi chia hét cho 2.

(Trich dé thi Chuyén Vinh — Nghé An nam 2012-2013)
Cau 99. Chting minh rang (53n+2 + 22n+3) :11, v6i moi s ty nhién n.

(Trich dé thi Chuyén Vinh — Nghé An nam 2007-2008)
Cau 100. Cho c4c s6 nguyén duong x, y thdéa man x* +x+2 chia hét cho xy 1. Tinh gia tri

2
cua biéu thirc A = X Ex+2 .
xy—1

Cau 101. Cho S 1a tap cac s6 nguyén duong n c6 dang n = x* +3y?, trong d6 x, y 1a cac s8
nguyén. Chting minh rang:

a)Néua,beS thiabeS.
, o T e o . N
b) Néu N €S VéNléséchénth1Nch1ahetcho4vaZES.

(Trich dé thi Chuyén Sw pham Ha N§i nam 2016-2017)
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Cau 102. Tim tat ca cac sd nguyén t8 p ¢6 dang p =a’ +b* +c¢* vdia, b, ¢ 1a cac s6 nguyén
duwong thoa man a* +b* +c¢* chia hét cho p.

(Trich deé thi Chuyén Sw pham Ha N§i ndm 2011-2012)
Cau 103. Chting minh rang véi moi s8 nguyén dwong n, ta ludn c6

7 7 7 7 7 !
[(270+5)"+10| +| (10n+27)" +5] +| (50+10)' +27 |
chia hét cho 42.
(Trich dé thi Chuyén KHTN Ha N¢i nam 2019-2020)

2 2

Cau 104. V6i x, y 1a nhitng s6 nguyén thoa man dang thizc L 2_ l_y 3_ L . Chttng minh

> —y°140.
(Trich dé thi Chuyén KHTN Ha Ngi nam 2016-2017)
Cau 105. Tim cac s& nguyén (x; y) khong nhé hon 2 sao cho xy —1 chia hét cho (x—1)(y—1).
(Trich dé thi Chuyén KHTN Ha N¢i nam 2015-2016)
Ciu 106. C6 bao nhiéu s3 nguyén duong c6 5 chit s§ abede sao cho abc—(10d +e) chia hét
cho 1017
(Trich dé thi Chuyén KHTN Ha N§i nam 2014-2015)
Cau 107. Tim hai chit s6 cudi cung ctia s& : A=41"" +57*"2.
(Trich dé thi Chuyén KHTN Ha N¢i nam 2012-2013)
Cau 108. Tim chit s6 tan cung cta s§ 13" +6° + 2009%°%
(Trich dé thi Chuyén KHTN Ha N¢i nam 2009-2010)
Cau 109. Cho m, n 1a hai s6 nguyén. Chirng minh rang: néu 7(m+ n)2 +2mn chia hét cho 225 thi
MmN cing chia hét cho 225.
(Trich dé thi Chuyén TP. H6 Chi Minh nam 2019-2020)
Cau 110. Cho m, n 1a cac s6 thuc duong théa man 5m + nim + 5n . Chtiing minh rang min.
(Trich dé thi Chuyén TP. H6 Chi Minh nam 2016-2017)

Cau 111. Cho x, y la hai sd nguyén duong théa man z* + y* + 10 chia hét cho xy.
a) Chting minh rang x va y 1a hai s6 1é va nguyén t3 ciing nhau.
* +y° +10
Y
(Trich dé thi Chuyén todn TP. H6 Chi Minh nam 2016-2017)
Cau 112. Cho X, y la cic s8 nguyén khong dong thoi bang 0. Tim gid tri nho nhat cta
F =[5x° +11xy—5y2|.

b) Chiing minh rang k = chia hét cho4 va k >12.

(Trich dé thi HSG I6p 9 Ha Tinh ndm 2017-2018)
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Cau 113. Cho a,b 1a cac s6 nguyén, chitng minh rang: P =a’b®—a’’ chia hét cho 30.
Cau 114. Cho da thikc P =a® —5a* +5a° + 5a% — 6a + 240 . Chtetng minh rang khi a 1a s8 nguyén
thi P chia hét cho 120.
Cau 115. Cho a,b la cac s6 nguyén duong sao a+1,b+2007 cung chia hét cho 6. Chiing
minh réng: P =4 +a+b chia hét cho 6.

(Vong 1, THPT Chuyén — Dai hoc Qudc gia Ha N¢i, nam hoc 2007-2008).
Ciu 116. Cho P = (a+ b)(b + C)(C + a)— abc, véi a,b,c 1a cac s6 nguyén. Ching minh réng
néu a+b+c chia hét cho 4 thi P chia hét cho 4.

(Vong 2, THPT Chuyén — TP. Ha N¢i, nam hoc 2005-2006)
Cau 117. a) Chitng minh rang khong ton tai cdc s8 nguyén x,y,z sao cho:
x> +y® +2> =560647.
b) Chttng minh rdng khong ton tai cac s6 nguyén a,b,c,d thoan man:
a’+b*+c’+d®=a+b+c+d+660064.

Cau 118. Chitng minh rang véi moi s8 nguyén a thi:
a) P =a®+3a+53 khong chia hét cho 49.
b) Q =a’ +5a+185 khong chia hét cho 169.
Cau 119. Tim s8 ti nhién N sao P =1% +2° + 3 +...+n? khong chia hét cho 5.
Cau 120. Tim sd nguyén a sao cho:
a) P=a’ —a+124 chiahét cho 121.
b) Q=a®-7a’ +4a—14 chia hét cho a’ +3.
Bai 121.
a) Tim m dé da thize A(X) = x* —9x% +21x° + X+ M —7 chia hét cho da thiic
B(x)=x*-x-2.
b) Tim a va b d€ da thiee f(x) =2x° —3bx* +2x+a—5 chiahét cho Xx—1 va x+2.
Bai 122. Tim da thic A(X), biét A(X) chia cho X—5 dw 7, A(X) chia cho X+3 duw -1 va A(X)
chia cho x* —2x—15 dugc thuong la 2x* +1 va con du.
Bai 123. Cho cac da thtc
P(n) =n"* +n"™° +n®*° Q(n) =n® +n® +1.
Chting minh rang v6i Ne Z thi P(n) chia cho Q(n).
Bai 124: Cho a 1a s6 nguyén duong. Chiing minh rang:
a) P=(a+4)(a+5)(a+6)+...+(2a+5)(2a+6) chia hét cho 2**°.
b) Q=(a+1)(a+2)(a+3)..(3a—1)3a chia hét cho 3°.
Bai 125: Tong cua hai s6 tu nhién bat ky chia hét cho 6 khi va chi khi tong cac 1ap phuong

cua chang chia hét cho 6.
(Thi hoc sinh gioi TP. H6 Chi Minh 1979 — 1980 vong 1)
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Bai 126. Chitng minh rang m* +20m chia hét cho 48 véi moi s& chdn m.

(Thi hoc sinh gioi TP. H6 Chi Minh 1979 — 1980 vong 2)
Bai 127. Tim tat ca cac s6 tu nhién ma khi gach bo di mot chit s6 thi s6 d6 giam di 71 Tan.

(Thi hoc sinh gioi TP. H6 Chi Minh 1982 — 1983 vong 2)
Bai 128. Tim mdt s6 ¢6 hai chit s8; biét rang s6 d6 chia hét cho 3 va néu thém s& 0 vao giita cac chir
s0 roi cong vao s6 mai tao thanh mot s6 b?mg hai lan chit s6 hang tram ctia né thi duwoc mot s6 1on
gdp 9 lan s6 phai tim.

(Thi hoc sinh gioi TP. H6 Chi Minh ndm hoc 1983 — 1984 Vong 2)

Bai 129. Chimg minh rang (X* + y* ):3 khi va chi khi x va y chia hét cho 3.

(Thi hoc sinh gioi 9 TP H6 Chi Minh 1984 — 1985 vong 2)

Bai 130. Mot s6 gom 4 chit s6 giong nhau chia cho mét s gom 3 chit sd giong nhau thi
duoc thuong 1a 16 va s6 du la mot sO r nao dé. Néu sO bi chia va sd chia déu b6t di mot
chit s6 thi thuwong khong doi va s6 du giam bét di 200. Tim cac s6 do.

(Thi hoc sinh gioi 9 TP H6 Chi Minh 1986 — 1987 vong 2)
Bai 131.
a) Tim s8 cd ba chir s6 sao cho ty s6 gitia s6 d6 va tong cac chit s6 ctia no co gia tri lon nhat.
b) Chiing minh réng:
A=(4+a-3b)".(3a-5b~1)" chia hét cho 16 véi moi s8 nguyén a va b.
B =4"" +60n—4 chia hét cho 36 véi moi s6 tw nhién n.

(Thi hoc sinh gi6i 9 TP H6 Chi Minh 1987 — 1988)

Bai 132.
a) Chting minh rang biéu thitc A= (23”+l +2" )(n5 -~ n) chia hét cho 30 véi moi s6 tu nhién n.
b) Chting to rang n=1988 1a s& tw nhién duy nhat sao cho téng cac chit s§ S(n) caand
béng S(n)=n’-1988n+26.

n(n+1)

¢) Chttng minh rang hai s6: A=2n+1B= 1a hai s6 nguyén td cung nhau véi moi

sO tw nhién n.
(Thi hoc sinh gi6i 9 TP H6 Chi Minh 1988 — 1989 vong 1 - vong 2)

Bai 133.

a) Cho hai s6 nguyén duong a vab (a2b) dé khong chia hét cho 5. Chttng minh rang:

a* —b* chia hét cho 5.

b) Cho cac s8 a,,8,,a,,...,a, ma gia tri cia né bang 1 hodc bang —1. Chtng minh rang néu

a,a, +a,a, + 8,8, +...+a,3, =0 thin chia hét cho 4.

c) Tim t4t ca cac s6 ty nhién n sao cho: n+5(n)+S(S(n))=60. Trong d6 ki hiéu S(n) chi

tong cac chit s6 cta sd n.
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(Thi hoc sinh gioi TP H6 Chi Minh 1982 — 1983 vong 2)
Bai 134. Cho s6 M =1993"" +1997%%.
a) Chting minh rang: M chia hét cho 15.
b) Hoi M tan cting bang chit s8 nao? (co giai thich)
(Thi hoc sinh giéi TP. H6 Chi Minh 1992 — 1993)
Bai 135. 1) Cho biét x,y,z la cac s6 nguyén sao cho (x-y)(y—2z)(z-x)=x+y+z.Chung
minh rang ta c6: X+ Y+ 2 1a boi s6 cta 27.
2) Chttng minh rang véi k nguyén duong va a 1a s8 nguyén t6 16n hon 5 thi a* -1
chia hét cho 240.
(Thi hoc sinh giéi TP. H6 Chi Minh 1995 — 1996)
Bai 136.

a) Tim tat ca cac sd nguyén duong n sao cho n.2" +3" chia hét cho 5.

b) Tim tat ca cac s6 nguyén duong n sao cho n.2" +3" chia hét cho 25.
(Thi vao lép 10 todn — tin P.T.N.K Dai hoc qudc gia TP. H6 Chi Minh)
Bai 137.

a) Chiing minh rang véi moi n nguyén duong ta déu co:
A=5"(5"+1)-6"(3"+2") chia hét cho 91.
b) Tim tat ca cac cdp s6 nguyeén td p, q thoa man phuong trinh sau:
52 +1997 =5%° 1 ¢
(Thi vao l6p 10 chuyén todn — tin DHSP Ha N§i 1997 - 1198)
Bai 138. Tim tat ca cac s6 nguyén n dé cho P =1999n° +1997n +30 chia hét cho 6n

Bai 139. a) Cho hai s8 tw nhién a,b sao cho ab =1996"%*. Hoi a+b c6 chia hét cho 1995
hay khong?

b) Cho hai s8 tw nhién ¢,d sao cho cd =1991°*. Hoi ¢ +d c6 chia hét cho 1992 hay
khong?

(Thi vao 10 chuyén toan Ha Noi - AMSTERDAM 1991)
Bai 140. Tim cdc s6 nguyén X,y thdéa man x° +y* =1995

Bai 141.Cho n € N". Chiing minh rang: S, =12 + 2% ...+ n®* chia hét cho
T,=1+2+...4n.

(m+n)3

Bai 142. Cho m,n la cac s6 nguyén duwong, gia stt A=-——— la s0 nguyén lé. Tim gia tri
n

bé nhat ¢ thé ctia A va tim m,n thda man gia tri nay. Ching minh cho cau tra 10i.

. SRS A a’b-1b%a+l, , . .
Bai 143. Tim cac s0 nguyén duong a, b sao cho T b1 la cdc s6 nguyén duong.
a+ —~
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Bai 143. Cho céc s tu nhién a,b,c,d,e biét:a+b+c+d+e=3a=4b=5c,d +e=13. Tim sO
16n nhét trong cac s6 a,b,c,d,e.

Bai 144. Tim t4t ca cac s6 nguyén dwong m, n sao chom+n?:(m? —n)van+m?:(n® —m)

Bai 145. Tim cac sd nguyén dwong x, i sao cho 2xy —1chia hét cho (x-1)(y-1).

Bai 146. Tim cac s& nguyén dwong X, y sao cho 4x*+6x + 3 chia hét cho 2xy —1.

Bai 147. Tim cdc s8 nguyén duong x, y sao cho X* -2 chia hét cho xy+2.

Bai 148. Tim céc s tw nhién x, y sao cho x* +3xy + y*1a Ity thtra cta 5.

4 4
Bai 149. Cho x,yla cac s6 nguyén X,y#-1 sao cho X _11+ y _11 la s6 nguyén. Chiing
y+1  x+
minh: x*y* -1 chia hét y+1.
p2n+1 _1 B q3 _1

Bai 150. Xac dinh tat ca cac sd nguyén t0 p, g sao cho viin>1lneZ.

p-1  q-1
Bai 151. Cho a,bla cac s8 nguyén va p 1a s8 nguyén t6 1é. Chiing minh rang néu p*la wdc
ctia a’+b’va a(a + b)’thi p*ciing 1a woc cia a(a+b).
Bai 152. Cho a,beZ va a=b thoa ab(a+b)chia hét cho a’+ab+b?. Chitng minh rang:
la—b|>¥ab
Bai 153. Cho n 1a mot s6 nguyén duong. Tim tong ctia tat ca cac s§ chdn ndm gitta
n’—n+1lvan®*+n+1l.

(m+nf

Bai 154. Cho m, n la cac s6 nguyén dwong, gia st A=-———— la sd nguyén 1é, tim gia tri
n

bé nhat co thé cd ctia A va tim m, n thdéa man gia tri nay. Chitng minh cho cau tra 10i.
Bai 155. Tim tat ca cdc s6 nguyén n>1 sao cho véi bat ky wdc s6 nguyén t6 caa n® -1 1a
mot wdc cua (n3 —1)(n2 —1).

Bai 156. Tim n d& M =100...0100...01 chia hét cho 37.

n n

Bai 157. Tim tat ca cac s cé nam chit s6 abcde sao cho {/abcde = ab .
Bai 158. Tim céc chit s8 a, b, ¢ véi a>1 sao cho vabc =(a+b)c.

Bai 159. Tim s6 c6 3 chit s6 abc biét abc =al+bl+c!

Bai 160. Cho cdc s6 tw nhién a, b. Chitng minh:

a, a’ +b? chia hét cho 3 thi a, b déu chia hét cho 3.

b, a’+b? chiahétcho 7 thi a, b déu chia hét cho 7.

¢, ' +b* chia hét cho 15 thi a, b déu chia hét cho 3 va 5.

Bai 161. Tim t4t ca cac s6 nguyén dwong m, n sao cho m+n’ f(m2 - n) va n+m? f(n2 = m).

2

Bai 162. Xét phan s3 A= *2
n+5

2017 sao cho phan s6 A chua tdi gian.

Bai 163. Cho a, beN sao cho aT-l_l +% € Z . Chttng minh rang wdc chung 16n nhat ctia

. Héi ¢6 bao nhiéu s6 te nhién n trong khoang tir 1 dén

a va b khong vuot qua va+b.
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ks HOP SO

A. Kién thiic can nhé

1. Dinh nghia s nguyén t6, hop s6.

1) S6 nguyén t5 la nhiing so tu nhién 16n hon 1, chi ¢ 2 wéc s 1a 1 va chinh né.
Vidu:2,3,5,7,11,13,17, 19....

2) Hop s6 1a s6 twe nhién 16n hon 1 va c6 nhiéu hon 2 udc.
Vidu:4c63udcsd:1; 2 va 4nén 41a hop so.

3) Cac s0 0 va 1 khong phai la s6 nguyén t6 cting khong phai la hgp s6.

4) Bat ky s tu nhién 16n hon 1 nao cling ¢6 it nhat mot udc s6 nguyén to.

2. Mot s6 tinh chat.

e C6 vo han s6 nguyén to.

e Néu s6 nguyén td p chia hét cho s6 nguyén t6 q thi p=q.

e Néu tich abc chia hét cho s& nguyén t6 p thi it nhat mot thira sd cua tich abe chia hét cho

sO nguyén to p.

e Néu a va b khong chia hét cho s6 nguyén t0 p thi tich ab khong chia hét cho s6 nguyén

top.

o Néu A 1a hop s8 thi A ¢6 it nhat mdt wéc nguyén 8 khdng vuot qua A,

Chitng minh. Vi n lahgp s6 nén n=ab vdi a,beZ,1<a<b<n va a la wéc nhé nhat caa n.

Thé thi n>a’. Do d6 a<+/n.

3. Phén tich m{t s6 ra thira s6 nguyén to:

e Phan tich mot s6 ty nhién 16n hon 1 ra thira s6 nguyén t0 la viét s6 d6 dudi dang mot

tich cdc thtra s6 nguyén t6.

+ Dang phan tich ra thita s6 nguyén t& ctia mdi s6 nguyén t3 1a chinh s6 do.

+ Moi hop sd déu phéan tich duoc ra thtra sd nguyén td, phan tich nay la duy nhat néu

khong tinh thi ty cac thira so.

Chéng han A=a“b”..c’, trong d6 a, b, cla cdc sd nguyén téva a, 3, ..., y e N’

Khi d6 s8 cdc udc s6 cua A duoc tinh bang (o +1)(B+1)...(y+1)

a”'-1 b -1 "-1

a-1 b-1 c-1

Tong cac wdc s6 cua A dugce tinh bang
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4. S8 nguyén t6 cung nhau.
Hai s6 a va b nguyén t8 cting nhau khi va chi khi (a,b)=1.
Cac s6 a, b, c nguyén t8 cting nhau khi va chi khi (a,b,c)=1.
Cac sO a, b, ¢ d6i mot nguyén td cing nhau khi va chi khi (a,b) = (b,c) = (C,a) =1.
5. Cach nhén biét s6 nguyén t0.
Cach1
Chia s d¢6 Ian luot cho cac s6 nguyén td tir nho dén 1én: 2; 3; 5; 7...
- Néu c6 mot phép chia hét thi s6 d6 khong la sO nguyén to.
- Néu thuc hién phép chia cho dén ltc thwong s& nhé hon s8 chia ma cac phép chia van cé
sO du thi s6 d6 la s6 nguyén t6.
Cach 2
- M6t s0 ¢6 hai wdce s6 16n hon 1 thi s6 d6 khong phai la s6 nguyén t6.
- Néu A 1a hop s6 thi A ¢6 it nhdt mot wde nguyén t6 khéng vuot qua A,
- Vé6i quy tat trén trong mot khoang thoi gian ngén, véi cac ddu hiéu chia hét thi ta nhanh
chéng tra 10i dwge mot s6 ¢ hai chit s6 nao do 1a nguyén t6 hay khong.
B. MOT SO DANG TOAN SO NGUYEN TO, HOP SO
7~ Dang 1: Chitng minh mét s6 1a s6 nguyén t6 hay hgp sd

Bai toan 1. Néu p va p®+8 la cic sd nguyén t8 thi p° + 2 1a s nguyén t3.

Huéng dan gidi
Xét p=3k+1 (k nguyén) thi p®>+8:3,1a hop sd.
Xét p=3k+2 thi p®+8:3,lahop sb.
Vay p=3k, ma p las6énguyéntdnén p=3.

Khi d6 p®+2=11, 12 s6 nguyén to.

Bai toan 2. Chiing minh r?mg n*+4 1a mdt s6 nguyén t6 khi n=1.

Hudng dan gidi
Taco: n*+4=n*+4n>+4-4n =(n’ +2)2 ~(2n)’
=(n*+2-2n)(n*+2+2n)=[ (n-1)" +1] | (n+1)" +1]

Néu n>1 thi ca hai thira s6 trén déu 16n hon 1. Nhu vay n* +4 1a mot s6 nguyén td
khi n=1.

Bai toan 3. Chitng minh rang véi moi s tw nhién n>1thi n®+n*+11a hop s6.
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Hudng dan gidi
Tacd: n®+n*+1= (n2 + n+1)(n3 —n+l) .

Ma n>1nén n’+n+1>1vasuyra n°+n*+11a hop so.

Bai toan 4. Chting minh rang néu 2" -1 1 s6 nguyén & (n >2) thi 2" +1 1a hop s3.

Huéng dan gidi
Trong ba s0 nguyén 2" -1, 2"; 2" +1 c¢6 mot s chia hét cho 3. Mat khac, 2" khong
chia hét cho 3, do d6 mét trong hai s& 2" —1; 2" +1 phai c6 mot s6 chia hét cho 3, nghia la
mdt trong hai s6 nay phai c6 mot hop s8. D& cho 2" -1 1a s§ nguyén t3 (n>2) nén chan

chan rang 2" +1 1a mot hop s6.

Bai toan 5. Cho p va 8p-1 la cac s6 nguyén t0. Chitng minh 8p+1 1a hop s6.

Hudng dan gidi
Vi 8p-11as6nguyén td nén p = 2.
Néu p=3 thi 8p+1=25 la hgp s6.
Néu p >3 thi 8p(8p—1)(8p+1):3. Vi p va 8p—11la cic sd nguyén t6 16n hon 3 nén 8p+1
chia hét cho 3 hay 8p+1 la hop sd.

Bai toan 6. Chitng minh rang véi mdi s nguyén dwong n, luén chon dwoc n* +n’* +1

s0 nguyén duong lién ti€p ma tat ca déu la hgp so.

Hudng dan gidi
Xét A = (" +n* +2)14 22

A = (n2°2° +n* 2)!+ 3:3

Ao e, = (n2020 + n2019 + 2)|+ (nZOZO + n2019 + 2) n2020 n n2019 )

N +nT T 41

Day A, A, A, o, 1a cdc hop s0 lién tiép.

~ Dang 2: Chitng minh mét sd bai toan c6 lién quan dén tinh chit cia s6 nguyén t6

Bai toan 1. Chitng minh rang néu p va p + 2 1a hai s6 nguyén t3 16n hon 3 thi tong cta

chung chia hét cho 12.

Huéng dan gidi
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Tacd: p+(p+2)=2(p+1)
e pla sd nguyén t6 16n hon 3 nén p 1a s6 nguyén td 1, suy ra:
p+1:2=2(p+1):4 (1)
e p,p+1 p+2 labasdnguyén lién tiép nén cé mot s6 chia hét cho 3, map vap +2
khong chia hét cho 3 nén:
p+1:3=2(p+1):3 2)
Tie (1) va (2) suy ra: 2(p+1):12. (dpem)

Bai toan 2. Chitng minh rang moi wéc nguyeén td ctia 20141-1 déu 16n hon 2014.

Hudng dan gidi
Goi p la wdcnguyén td cua 20141
Gia st p<2014=1.2.3..2014 : p=2014!: p
Ma (2014%-1): p nén 1} p. Diéu nay mau thuan dan dén p > 2014.

Bai toan 3. Cho cic s8 p=b°+a,q=a"+c,r=c®+b 1a cic s6 nguyén t8 (a,b,ce N*).

Chitng minh rang ba s& p, g, r ¢6 it nhat hai s bang nhau.

Hudng dan gidi
Trong 3 s8 &, b, ¢ cb it nhat hai s8 cling tinh chan lé.
Gia st hai s6 cing tinh chdnléla a vab.
Suyra p = b°+ a 1as6 nguyén t6 chdnnén p = 2.
Suyraa =b =1.Khidog=c+1lvar =c+1lnéngq=r.

Vay trong ba sG p, g, r c6 it nhat hai s& bang nhau.

Bai toan 4. Cho s tw nhién n>2va sé nguyén td p thoaman p-1 chia hét cho n dong

thoi n® —1chia hét cho p.Chiing minh rang n+ p la mot s chinh phuong

Hudng dén gidi
Taco: n*-1=(n-1).(n°+n+1)ip; (p-1)in=p-1>n=p=n+1
Vi p>n+1=(n-1) khong chia hét cho p
Do dé: (n-1)(n® +n+1):p < (n® +n+1)ip
bat: p-1=kn, k>1=p=kn+1l (¥

.77 | CHUYEN BE SO HOC




| CHU PE 3: SO NGUYEN TO, HOP SO

Suy ra (n2 +n +1)§(kn +1)=kn+1<n*+n+1

sknsn’+nek<n+l (1)

Tacé: k(n®+n+1)-n(kn+1)i(kn+1)=[(k-1)n+k Ji(kn+1)

Do k >1nén (k-1)n+k >0

Suyra (k—-1)n+k>kn+l=k=>n+1 (2)

T (1) va(2)suyra: k=n+1= p=kn+1l=n*+n+1

=n+p=n’ +2n+1:(n+1)2

Vay n+ pla mét s6 chinh phuong.
~ Dang 3: Tim s nguyén t6 théa min diéu kién nao dé

Dai véi dang toan tim s6 nguyeén t6 thdéa man diéu kién cho trude, ching ta thuong
stt dung cdc tinh chat caa phép chia sd nguyén sau d€ giai:

* Trong n sO nguyeén lién ti€p c6 mot va chi mot sd chia hét cho n.

* Moi s6 nguyeén t6 16n hon 2 déu c¢6 dang 4n+1.

* Moi s6 nguyeén t6 16n hon 3 déu c6 dang 3n£1.

* Moi s6 nguyén t6 16n hon 3 déu c6 dang 6n=+1.
Chitng minh:
e Xét m la s6 nguyén td 16n hon 2

Mbi s8 tw nhién khi chia cho 4 c6 mot trong cac s0 du 0, 1, 2, 3 do d6 moi s6 tu nhién
déu viét duoc dudidang 4n—-1;4n;4n+1;4n+2.

Do m la s6 nguyén t6 16n hon 2 nén khong thé chia hét 2 do dé m khong c6 dang 4n
va 4n+2.

Vay moi s6 nguyén t6 16n hon 2 déu c6 dang: 4n+1

Khong phai moi s6 ¢6 dang 4n+1 déu la s6 nguyén to.

Chang han 4.4 -1 =15 khong la s8 nguyén 3 .
e Xét m la s6 nguyén td 16n hon 3

+) Ta thdy moi s6 nguyén t6 16n hon 3 déu phai c6 dang 3n+1 vi néu c6 dang 3k thi
s€ chia hét cho 3 nén khong thé 1a sd nguyén t0.

Khong phai moi s6 ¢6 dang 3n+1 déu la sd nguyén to.

Chang han 3.5 + 1 =16 khong la s6 nguyén t6.

+) Moi s6 tu nhién khi chia cho 6 c6 mot trong cacs6 du 0, 1, 2, 3, 4, 5 do d6 moi s tu
nhién déu viét duoc dudi dang 6n-1;6n;6n+1;6n+2;6n+3

Do m 1a sd nguyén t8 16n hon 3 nén khong thé chia hét 2 va 3 do d6 m khong c6 dang
6n va6n; 6n +2; 6n + 3.

Vay moi s6 nguyén t6 16n hon 3 dé c6 dang: 6n+1.

Khong phai moi s6 ¢6 dang 6n+1 déu la sd nguyén to.
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Chang han 6. 4 + 1 =25 khong 1a s6 nguyén td.

* Vi du minh hoa:

Bai toan 1. Tim tat ca sd nguyén t6 p sao cho p +2 va p +4 la cac sd nguyén to.

Hudng dan gidi
V6ip=2thip+2=4vap+4=6khong phaila cic s6 nguyén t6.
Véip=3thip+2=5vap+4=7lacacsd nguyén to.

Vi p >3 ma p 1a s6 nguyén td nén p c6 dang p =3k + 1 hodacp =3k +2
Néu p=3k+1 thi p+2=3k+3=3(3k+1):3 khong la s& nguyén té.
Néu p=3k+2 thi p+4=3k+6=3(3k+2):3 khong la s6 nguyén tJ;

Vay voi p=3 thip+2 vap+4las6nguyén to.

Bai toan 2. Tim tat ca s6 nguyén t6 p sao chop +2; p+6; p +8; p + 14 déu la cac s6 nguyén t6.

Hudng dan gidi
Truong hop 1: p = 5k ma p nguyén td nén p = 5, khi do:
p+2=7 p+6=11,p+8=13;, p+14 =19 déu la sd nguyén t6 nén p =5 thdéa man
bai toan.
Truong hop 2: p =5k + 1, khi d6: p + 14 = 5k + 15 = 5(k + 3) co it nhat 1a 3 wéc 1, 5 va
(p+14) nén p +14 khong la sd nguyén to.
Vay vodi p =5k + 1 khong ¢ ton tai p nguyeén td théa man bai toan
Trieong hop 3: p = 5k + 2, khi d6: p + 8 = 5k + 10 = 5(k + 2) ¢6 it nhat 1a 3 wéc 1, 5 va
(p +10) nén p + 10 khong la s6 nguyén to.
Vay voéi p = 5k + 2 khong ¢ ton tai p nguyén td thda man bai toan
Truong hop 4: p =5k + 3, khi d6: p +2 =5k + 5 =5(k + 1) c6 it nhat la 3 wéc 1, 5 va
(p+2)nénp + 2khong la sd nguyén to.
Vay vodi p =5k + 3 khong ¢ ton tai p nguyeén td théa man bai toan
Trieong hop 5: p = 5k + 4, khi d6: p + 6 = 5k + 10 = 5(k + 2) ¢6 it nhat la 3 wéc 1, 5 va
(p+6)nénp + 6 khong la sd nguyén to.
Vay voéi p = 5k + 4 khong ¢ ton tai p nguyén td thdéa man bai toan

Do d6 p =5 1a sd can tim.

3

Bai toan 3. Tim sO tu nhién n sao cho

la s6 nguyén to.

Hudng dan gidi
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n®—-1:9=n°—-1:3= nchia cho 3 du 1 (vinéu n chia cho 3 dw 0 hoac 2 thi n® chia
hét cho 3 duw 0 hodc 2). Dit n=3k+1 (k € N). Ta c6

n*—1 (Bk+1)°-1 27k®+27k*+9k
o 9

3 3 o
pg | 5 L 12 s6 nguyen 5, phai c6 k =1. Khi d6 n—4 va 1:%

=3k®+3k*+k =k(3k* +3k +1)

=7,laso

nguyeén to.

Dip s6: n=4.

Bai toan 4. Tim s6 nguyén t6 p sao cho 43p+1 lalap phuwong ctia mét sd tw nhién.

Hudng dan gidi
Dit 43p+1=n°(neN) thi 43p=(n—-1)(n*+n+1)
SO 43p c6 bon wdc nguyén duong la 1,43, p,43p nén cd ba truong hop:

n—-1=1 L \ .
Y +n2+n+1:43p Khid6 n=2 va 43p=2°+2+1=7, loai.
n—1=43 o ‘ 2 . |
® e Khi d6 n=44 va p=44°+44+1=1981:7, loai.
nN“+n+l=p
n*+n+1=43 / o
C) { + :‘ Khi d6 n(n+1)=42=n=6,p =5 (la sO nguyén t0).
n—-1=p

Ddp s0: p=>5.

Bai toan 5. Tim tat ca cac s6 nguyén to p dé€ p vira 1a tong vira la hiéu cta hai s6 nguyén to.

Huéng dan gidi
Gia st ton tai sO nguyén t6 p thoa man diéu kién dé bai.
Khi d6 p lasdnguyéntéléva p=p,+p,=p,— P, vOi p,, P, Ps, P, la cac sd nguyén to.
Vi p la s8 nguyén t8 1é nén p,, p, khong cling tinh chan 1é. Nhung vay sé c6 mot s
nguyén td 1a 2 va gia st p, =2.
Lai vi p la s& nguyén td 1é nén p,, p, khong thé ciing tinh chdn 1¢. Ciing s& c6 mot sd
nguyén td1la 2. Do p, > p, nén p, =2.
Tk p=p,+2=p,—2 tasuyra p, p,, P, 1a ba sd nguyén to 1é lién ti€p.
Chi c6bobasd 3;5,7 lathbaman p=5=3+2=7-2.
'~ Dang 4: Nhan biét s6 nguyén td, sw phan bd nguyén t6 trong tip hop s6 tu nhién
Tt 1 dén 100 c6 25 sO nguyén td, trong tram thit hai c6 21 s6 nguyén t6, trong tram

thit ba ¢6 16 s6 nguyén t0, ... Trong nghin dau tién c6 168 s6 nguyén tJ, trong nghin
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tht hai c6 145 s6 nguyén t5, trong nghin th ba ¢ 127 s6 nguyén tJ, ... Nhu vay
cang di xa theo day s6 ty nhién, cac sO nguyén t6 cang thwa dan.

* Vi du minh hoa:

Bai toan 1. Néu p>5 va 2p+1 la cac sd nguyén t0 thi 4p+1 la s6 nguyén td hay la hop s6?

Huéng dan gidi
Xét ba 8 tw nhién lién tiép: 4p,4p+1,4p+2. D&Y rang trong ba s& nay chac chan c6
mot sO chia hét cho 3.
Vi p>5 lasdnguyén tdnén p cd dang 3k +1 hoac 3k +2.
+)Néu p=3k+1 thi 2p+1=6k+3=3(2k+1) } 3, mau thudn véi gia thiét,
+)Néu p=3k+2 thi 4p+1=4(3k+2)+1=12k +9=3(4k+3):3 hay 4p+1 la hop s6.

Bai toan 2. Tim s6 tu nhién k d€ day :k +1,k + 2,k +3,...,k +10 chita nhiéu s6 nguyeén t6 nhat.

Huéng dan gidi
e V6i k = Otacoday1,2,3,..,10chtra4s6nguyéntdla2, 3,5,7.
e V6i k = ltacéday?2, 3,4, .., 11 chta5s6 nguyéntdlaz, 3,5,7, 11.
e V6i k = 2tacdday3,4,5, ..., 12 chitad sd nguyéntéla3, 5,7, 11.

e V6i k>3 day k+1,k+2,...,k+10 chira 5 s0 1€ lién tié€p, cac sd 1é nay déu 16n hon

3 nén c6 mdt sd chia hét cho 3, ma 5 s6 chdn trong day hién nhién khong 1a s
nguyén to. Vay trong day co it hon 5 sd nguyén t6.

Tom lai v6i k =1thi day k+1,k +2,k +3,...,k +10 chira nhiéu s6 nguyén td nhat.

Bai toan 3. Chitng minh rang trong 30 s& t nhién lién tiép 1én hon 5, cé it nhat 22 hop s6.

Hudng dan gidi

Trong 30 s& tw nhién lién tiép da cho, ¢ 15 s& chén, chung déu 16n hon 5 nén 1a
hop s6. Ta tim dwgc 15 hop s6.

Chia 15 s6 1¢ con lai thanh 5 nhém, m6i nhédm gom ba s& 1é lién tiép. Trong ba sd 1é
lién tiép, ton tai mot s6 chia hét cho 3, s6 d6 16n hon 5 nén la hop s6. C6 5 nhém nén ta
tim thém dwoc 5 hop so.

Trong 30 sO tw nhién lién ti€p, ton tai mot s6 chia cho 30 dw 5, mot sd chia cho 30
du 25, gia st a=30m+5 va b=30n+25.Cacs6 a va b 1a hop s6 (vi chia hét cho 5 va
16n hon 5), dong thoi khong trung véi cac hop s6 da tim duoc (vi a va b khong chia hét
cho 2, khong chia hét cho 3). Ta tim thém dwgc 2 hop s6.

Vay c6 it nhdt 15+5+2=22 (hop s0).

Bai toan 4. C6 ton tai 1000 sO tw nhién lién ti€p déu la hop s6 khong?
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Hudng dan gidi
Goi A=2.3.4....1001.

Tacéd: A =A+2=23.4..1001+2:2
A, =A+3=234..1001+3:3

Ao = A+1001=2.3.4....1001:1001
Day A, A,,..A, 80m 1000 hop s6 lién tiép.

Vay ton tai 1000 s6 tu nhién lién ti€p la hgp s6.

Bai toan 5. (Tong quat bai s6 4)
Chting minh rang c6 thé tim duoc 1 ddy s6 gom n s6 tw nhién lién tiép (n > 1) khong

c6 sO nao la sd nguyén to ?

Huéng dan gidi
Ta chon day s0 sau:
a=(n+1)4+2 a,:2, a >2 nén a lahopsd
a,=(n+1)4+3 a,:3, a, >3 nén a, lahop s6
a, =(n+1)4+(n+1) a,i(n+1), a, >n+1 nén a, lahop sd

Day a,,a,,a,,....,a, 0 trén sé gom co6 n s6 ty nhién lién ti€p trong d6 khong cé s6 nao
la s6 nguyén td ca.
Nhin xét: Mot van dé duoc dat ra: Co nhitng khoang rat 16n cac sd tw nhién lién tiép
déu la hop s6. Vay co thé dén mot lic nao d6 khong con s6 nguyén t6 nira khong? Co
s0 nguyén td cudi cung khong? Tw thé ki III trudc Cong nguyén, nha toan hoc ¢6 Hi
Lap O - clit (Euclde) da chting minh rang: Tap cac s& nguyén t3 1a vo han.

Bai toan 6. Chitng minh rang khong thé ¢4 hitu han s6 nguyeén 3.

Huéng dan gidi
Gia st chi ¢6 htu han s0 nguyén t5 1a p,, p,, ..., p, trong dé p, la s6 1on nhat trong
cac sO nguyeén to.
Xéts8 A=p,p,..p,+1 thi A chiachombisdnguyénts p, (L<i<n) déuduw 1 (1).
Mat khac A la hop sd (vi no lon hon s6 nguyén t6 16n nhat la p,) do d6 A phai chia
hét cho mot s6 nguyén t6 nao do, tiecla A chia hét cho mot trong cac s6 p; (1<i<n)
(2), mau thuan véi (1).

Vay khong thé c6 hitu han s6 nguyén td (dpcm).
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~ Dang 5: Chitng minh ¢6 v6 s6 s6 nguyén t6 dang ax+b (v6i xe N va (a,b)=1)

Day la dang toan twong ddi kho, chting ta thuong giai bang phuong phap phan
chting.Véi dang toan nay, ¢ trinh d6 THCS cac em chi giai quyét duwoc nhiing bai
tap 0 dang don gian nhu 3x-1 va 4x+3. Viéc ching cac bai tap ¢ dang nay
phtic tap hon, cic em sé gdp nhiéu khé khan cht khong thé dé dang chtimg minh
dugc. Chang han chitng minh vé vd s8 s8 nguyén t8 c6 dang 4a + 1; 6a + 1.........
phtec tap hon nhiéu.

* Vi du minh hoa:

Bai toan 1. Chting minh rang c6 v6 s8 s nguyén t6 dang 3k —1.

Hudng dan gidi

® Nhdn xét: Moi s6 tu nhién khong nhé hon 2 ¢6 1 trong 3 dang: 3k;3k +1 hoac
3k —1. Nhitng s6 c6 dang 3k (vdi k >1) la hop s0, vay néu la s6 nguyén t6 thi phai
c6 dang 3k +1 hodc 3k —1. Xét 2 s& c6 dang 3k +1: d61a sd (3k, +1) vasd (3k, +1)
Vivéi k,k, e Z thi(3k, +1)(3k, +1) =9k K, + 3k, +3k, +1=3(3kk, +k +k,)+1=3k, +1,
do d6 tich cta nhitng s6 nguyén c6 dang 3k +1 la s6 ¢6 dang 3k +1.

e Nhdn xét: Mdi s6 c6 dang 3k —1 sé c6 it nhat mot wdc nguyén td ¢6 dang dé.

That vay, 10 rang n c6 wdc cung dang vdi nd vi ban than n 1a wdc cua n. Goi p la wdc
nhé nhéat trong cac wdc nhu thé. Néu p la sd nguyén td thi nhan xét duoc ching
minh. Néu p 1a hop s0 thi p phan tich dwoc thanh tich cac thira s6 nguyén t6 1é (do
p 1é). Cac thwra s6 nay khong thé c6 cung dang 3k +1 (vi khi d6 theo chiing minh
trén thi p sé c6 dang 3k +1). Vay it nhat mot thira s6 nguyén t6 ¢6 dang 3k —1. Do
wdc cua p cling la wéc ctia n nén n c6 wdc nguyén té dang 3k —1.

Bay gio ta sé chirtng minh c6 v0 s0 cdc s6 nguyeén t6'cé dang 3k —1.

Gia st chi c6 hitu han s6 nguyén t6 c¢6 dang 3k -1 1a p,, p,,..., P, -

Xéts6 N =3p,p,...p, —1 thi N ¢6 dang 3k -1

Theo nhan xét trén thi N c6 it nhat mot wdc nguyén t6 c6 dang 3k —1. Nhung tu
cach xac dinh N thi N khong chia hét cho bat ctt s6 nguyén t6 nao c6 dang 3k —1.
Diéu mau thuan nay chting t6 gia st trén la sai. Vay cd vo s6 cac s6 nguyén t& co
dang 3k -1.

Bai toan 2. Chting minh ran ton tai v6 s cac sd nguyén td c6 dang 4k +3.

Hudng dan gidi
® Nhin xét: Moi sO ty nhién khong nho hon 2 la s6 nguyén t5 thi phai ¢ dang
4k +1 hodc 4k +3 . Xét 2 s& c6 dang 4k +1: d6 1a s6 (4k, +1) va sd (4k, +1)
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thi (4k, +1)(4k, +1) =16k k, + 4k, + 4k, +1=4(4kk, + k +k,) +1=4k,+1, do d¢ tich cua
nhtng sO nguyén c6 dang 4k +1 1a sd c6 dang 4k +1.

e Nhdn xét: Moi s6 c6 dang 4k +3 sé c6 it nhat mot wdc nguyén t6 c6 dang do.

That vay, 10 rang n c6 wdc cung dang vdi nd vi ban than n la wdc cua n. Goi p la wde
nhé nhéat trong cac wdc nhu thé. Néu p la sd nguyén td thi nhan xét duoc ching
minh. Néu p 1a hop s6 thi p phan tich dugc thanh tich cac thira s6 nguyén td 1é (do
p 1é). Cac thira s6 nay khong thé c6 cung dang 4k +1 (vi khi d6 theo chitng minh
trén thi p sé c6 dang 4k +1). Vay it nhat mot thtra s6 nguyén td c¢6 dang 4k +3. Do
wdc cua p cling la wdc ctia n nén n c6 wéc nguyén t6 dang 4k +3.

Bay gio ta sé chirng minh c6 v0 s0 cdc s6 nguyén t6'cé dang 4k +3.

Gia st chi c6 hitu han s6 nguyén t6 c¢6 dang 4k +3 1a p,, p,,..., p, -

Xét s6 N =4p,p,..p, -1 thi N c6 dang 4k +3. Theo nhan xét trén thi N ¢ it nhat
mot wéc nguyén t6 ¢d dang 4k +3. Nhung tir cach xac dinh N thi N khong chia hét
cho bat ctt s6 nguyén t3 nao cé dang 4k +3. Diéu mau thuan nay ching to gia st
trén la sai. Vay c6 v sO cac sO nguyén t6 ¢d dang 4k +3.

~ Dang 6: St dung nguyén ly Dirichlet trong bai toan s4 nguyén t&

Bai toan 1. Cho p >5 1a s6 nguyén t3. Chitng minh rang ton tai mot s§ ¢ dang 111...11
chia hét cho p.

Huéng dan gidi
Ta xét day so: 1,11,111,...,1&1;;}
p
Néu trong day trén khong c6 s6 nao chia hét cho p thi ta cho twong ting mdi s6 voi s& du
cua phép chia. Tap hop cac s6 du chi c6 1,2,3,..., p—1 gobm p-1 phén t& (vi 0 khong thé
O trong tap nay).
Nhung vi chiing ta c6 p sd ¢ dang trén nén theo nguyén ly Dirichlet ton tai hai s6 ¢6 cung

sO dw. Gia str cdc sO do 1a: 111...1 va 111...1 véi m>n.
— —

m n

Khidé 1<n<m< p.Nhuwvay: 111...1-111...1=111...1000...0=111...1.10"

m-n n m-n

Tich nay chia hét cho p vi (p,10)=1 suy ra 111...1 chia hét cho p vand ciing nam trong day

m-n

trén. Ma 1< m-n < p mau thuan véi gia thiét khong cé s6 nao trong day chia hét cho p.

Bai toan 2. Chting minh rang trong 12 s nguyén td phan biét ludn chon ra dugc 6 s8 ky

hiéu p,, p,, P, Py, Ps, Ps 520 cho (p,—p,)( Py = Ps)( Ps + Ps):1800.

Huéng dan gidi

TU SACH CAP 2| 84



BOI DUONG HOC SINH GIOI CAP 2 |

Vi ba s6 nguyén t6 dau tién la 2,3,5 nén trong 12 sd nguyén t6 phan biét da cho
ludn co it nhat 9 s 16n hon 5. Vi sd nguyén t0 16n hon 5 nén: 9 s6 trén khi chia
cho 4 ¢6 s6 du la 1 hodc 2. Theo nguyén ly Dirichlet phai ton tai it nhat 5 s6 khi
chia cho 3 ¢6 cung s6 du. Ma 5 s6 nay lai khong chia hét cho 5, vi thé trong 5 sO &y
c6 it nhat 2 s6 ma ta c6 thé gia st 1a p;, p, sao cho (p,—p,):5. Ngoai ra hién nhién
tacd (p,—p,):3 dan dén (p, - p,)15

Xét 7 s0 con lai. theo nguyén ly Dirichlet ton tai 4 sd c6 cung sd du khi chia hét cho
3.Pem 4 s6 nay chia cho 5 cho hai kha nang xay ra:

Néu ¢ 2 s3 (chang han p,, p,)ma (p;—p,):5. Ro rang (p,—p,):2 va (p,—p,):3.
Vi (5;3,2)=1 nén ta c6 (p,—p,):30. Lay hai s6 p;, p; bat ki (ngoai ra p,, p,, P;, P,)
da chon thi pg, pg 1é (do s6 nguyén td khac 2) nén (p,+ p,):2.

T d6suy ra (p,—p,)( P, — Ps)(Ps + Ps ):30.30.2=1800.

Néu 4 s nay khi chia cho 5 ¢6 cac s6 du khac nhau 1a 1,2;3;4. Gia st (p;—1):5,
(ps—4):5 thi (ps+ ps—5):5 hay (ps+ ps):5

Véi 2 s6 con lai p,, p, third rang (p,—p,):3 (theo cach chon 4 sd trén)

Do p,; P,; Ps; P 1énén (ps+pg)i2,(ps— P, )i2.

Twr d6 suy ra (ps+ ps )10 va (p;—p,):6.

Do d6 (p,— p,)( P, — P;)(Ps + Ps ):30.10.6 =1800

Vay ton tai p,, P,, Ps, P, Ps, Ps la cac s6 nguyén td phan bién sao cho

(.= P,)(Ps— Ps)(Ps + Pg)i1800.

7~ Dang 7: Ap dung dinh ly Fermat

Cho p lasdnguyén to va a la sd nguyén sao cho (a, p)=1. Khi dé: a’*=1 (mod p).
Chting minh

Xét cac s6 a, 2a, ..., (p-1)a. Dé thay, khong c6 s8 nao trong p-1 sd trén chia hét

cho p va khong c6 hai s6 nao c6 cung s6 du khi chia cho p. Vay khi chia p-1 s0 ndi trén
cho p, tanhan duoc cacsd dwlal, 2, ..., p-1.Suy ra a(2a).(3a)..((p-1)a)=1.23.(p-1)
(mod p)hay (1.23..(p-1)).a**=1.23..(p-1) (mod p)

Vi (1.2.3..(p-1),p)=1 nén a**=1(mod p).

* Vi du minh hoa:

Bai toan 1. Tim s6 nguyén t& p sao cho 2° +1 chia hét cho p.

Huéng dan gidi

.85 | CHUYEN PE SO HOC




| CHU BE 3: SO NGUYEN TO, HOP SO
Gia st p la s6 nguyén t6 théa man 2° +1:p.
Theo Dinh I Fermat: 2° = 2(mod p) = 2° —2ip = 3=(2" +1)-(2° -2)ip= p=3.

Vo6i p=3tacd2°+1=9: 3.

Bai toan 2. Cho p la s8 nguyén t8 16n hon 2. Chitng minh rang c6 vo s6 s8 tw nhién thoa
n.2" —1chia hét cho p.

Huéng dan gidi
Tacd 2°' =1(mod p), tatim n=m(p—1) sao cho n.2"=1 (mod p).
Ta c6: n.2"=m(p—1).2"" " =m(p—1)(mod p) =n.2"=-m=1(modp)
=m=kp-1(keN").
Vay, v6i n=(kp—1)(p—-1) (keN*) thi n.2>-1ip

Bai toan 3. Cho p la s6 nguyén t5, chitng ming rang s& 2° —1chi cé wc nguyén t6 c6 dang
2pk+1.

Huéng dan gidi
Goi q la wéc nguyén to cuia 2° —1 thi q 1€, nén theo Dinh li Fermat:
2 —1ig=> (2" 1,291 —1)=2"""Y _1ig=qg—-1ip, vinéu (g—1,p)=1 thi 1ig, vo Ii.
Mit khac, g—1 chdnsuy ra g-1:2p=q=2pk+1 .

C. BAITAP AP DUNG
Bai 1. Tim s0 nguyén td p sao cho cac s0 sau cling la s6 nguyeén to:

a)p+2vap+10.

b) p+10vap +20.
Bai 2. Chting minh rdng néu n va n?+ 2 la cac sd nguyén t& thi n®+2 cfing 1a s8 nguyén td.
Bai 3. Chting minh rang néu a, a +k, a+ 2k ( a,k e N* ) 1a cac s6 nguyén t& 16n hon 3 thi k
chia hét cho 6.
Bai 4. Chting minh rang néu p 1a s6 nguyén t3 16n hon 3 thi (p - 1)(p + 1) chia hét cho 24.
Bai 5. Mot s6 nguyén t6 p chia cho 42 c6 du la mot hop so r. Tim r.
Bai 6. Mot s6 nguyén t3 p chia cho 30 c6 s6 du 1a r. Tim r biét rang r khong la s nguyén
to.

Bai 7. Chttng minh rang s& 11...1211...1 la hop sd véi n>1,
—— —

Bai 8. Tim n s6 sao cho 10101...0101 (n chit s6 0 van + 1 chit s6 1 xen ké nhau) la s6 nguyén to.

Bai 9. Cac s0 sau la sO nguyén td hay hop s0.

TU SACH CAP 2! 86



BOI DUONG HOC SINH GIOI CAP 2 |

a) A =11..1(2001 chit s5 1);
b) B= 11..1 (2000 chit s 1);
c¢) C=1010101;
d) D=1112111;
e) E=1!'+2!+3!+..+100!;
g)G=3.5.7.9-28;
h) H=311141111.
Bai 10. Cho ne N *,chiing minh rang cac sd sau la hop s6:
a) A=2""+3
b)B=2""+7;
c)C= 22" 413,
Bai 11. Cho p 1a s6 nguyén t3 16n hon 5, chting minh rang p* =1 (mod 240).
Bai 12. Chttng minh rang day a, =10" +3 ¢6 v6 s6 hop sb.
Bai 13. Chitng minh rang véi mdi s6 nguyén t3 p cé vo s6 dang 2" —n chia hét cho p.
Bai 14. Tim ne N* d€ n®—n’ + n-1 la s6 nguyén t6.
Bai 15. Tim cac sd X,y € N* sao cho x* +4y* la s6 nguyén to.

n(n+1)(n+2)
6

Bai 16. Tim tat ca cac s6 nguyén t6 p c6 dang +1 (nx1).

Bai 17. Cho ne N *, chting minh A=n"*+4" la hop s6 véi n> 1.
Bai 18. Giai phuong trinh nghiém nguyén 4(a—x)(x—b)+b-a=y* (1)
trong do a, b 1a cac s6 nguyén cho trudc va a > b.
Bai 19. Cho tap hop A goém 16 sd nguyén duong dau tién. Hay tim s6 nguyén duong k
nho nhat cé tinh chat: Trong mbi tap con gom k phan tt cia A déu ton tai hai s§ phan biét
a, b sao cho a*+b’ la s6 nguyén t6.
(Trich dé thi hoc sinh gidi 6p 9 tinh Bic Ninh 2017-2018)

Bai 20. Chting minh rdng néu a,a+m,a+2m 1a cic s6 nguyén t& 1én hon 3 thi m chia hét
cho 6.
Bai 21. Cho tap A={6;12;18;24}. Tim s6 nguyén t5 p sao cho p cdng v6i mdi phan ti cua
A ciling la nguyén to.
Bai 22. Tim s0 nguyén t8 p sao cho p*+2 cling 1a s6 nguyén to.

(Vong 2, THPT Chuyén — Dai hoc Qudc gia Ha N§i, nam hoc 2007 —2008)
Bai 23. Cho cac biéu thttc A= x* +4;B = x* + x+1. Tim cac sO tw nhién x d€ A va B déu la
cac sd nguyén to.
Bai 24. Gia st phuong trinh x*+ax+b+1=0 c¢6 hai nghiém nguyén duong. Chting minh
rang a’+b? 1a hop s6.
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Bai 25. Giai phuong trinh  x* —mx+n =0 biét phuong trinh c6 hai nghiém nguyén duong
phan biét va m, n la cac sd nguyén to.
Bai 26. (Trich dé vao 10 Chuyén Vinh nam hoc 2013-2014)

.o Y A N1 . . N 2013n% +3 o~ ~
Gia stt n la s6 nguyén t6 16n hon 2. Chitng minh rang — 8 la s6 nguyén duwong.

Bai 27. (Trich dé thi hoc sinh gioi I6p 9 Ninh Binh ndm hoc 2018-2019)
Tim t4t ca cac b ba sd nguyén t& (p;0; r) saocho pgr=p+qg-+r+160.
Bai 28. (Trich dé thi hoc sinh giéi 16p 9 Bic Ninh nam hoc 2018-2019)
Tim sd nguyén t6 p thoa man p’ —4p+9 la sd chinh phwong.
Bai 29. (Trich dé thi hoc sinh gioi I6p 9 Phii Yén ndam hoc 2018-2019)
Tim hai s8 nguyén t& p, g sao cho 8q+1= p°.
Bai 30. (Trich dé thi hoc sinh gioi 16p 9 Thai Binh ndm hoc 2018-2019)

X+ y+/2019 T

Tim tat ca cac bo sd nguyén duong (X;Y;Z)sao cho a sd hiru ti va
g & ( ) y + 242019

x* +y® +2° 1a sd nguyen t6.
Bai 31. (Trich dé thi hoc sinh gioi l6p 9 Quang Nam ndam hoc 2018-2019)
Cho s nguyén td p(p>3) P va hais6 nguyén duonga,bsao cho p® +a’ =b*,
Bai 32. (Trich dé thi hoc sinh gioi I6p 9 Thanh Hoa nam hoc 2017-2018)
Cho &, bla cac s6 nguyén duong thoa man p=a’+b” la s nguyén t va p—5 chia
hét cho 8. Gia st X,y la cac s& nguyén thoa man ax® —by” chia hét cho p. Ching
minh rang ca hai s§ x,y chia hét cho p.
Bai 33. (Trich dé thi hoc sinh gioi I6p 9 Thanh Héa niam hoc 2016-2017)
Cho p la s6 nguyén t6 16n hon 5. Chitng minh p*'® -1 chia hét cho 60.
Bai 34. (Trich dé thi hoc sinh gioi l6p 9 Nghé An ndam hoc 2016-2017)
Tim tat ca cac sO nguyén t6 khac nhau m, n, p, q thoa man
1 1 1 1 1

—t+—+—+—+
m n p q mnpq

Bai 35. (Trich dé thi hoc sinh gioi lop 9 TP Ha N¢i nam hoc 2014-2015)
Cho n nguyén duong. Chitng minh rang A=2""+2%""4+1 lahop s&
Bai 36. (Trich dé thi hoc sinh gioi I6p 9 Vinh Long ndm hoc 2015-2016)

Cho p va q la cac s6 nguyén t0 16n hon 3 va thoa man p=q+2. Tim s6 du khi chia

=1.

p+q cho 12.
Bai 37. (Thi vao 16p 10 chuyén Lé Hong Phong niam 1981)

Chitng minh rang néu p va p’+2 la hai sd nguyén t& thi p®+2 ciing 1a s6 nguyén té.
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Bai 38. (Trich dé thi hoc sinh gioi I6p 9 Nghé An ndam hoc 2014-2015)

Tim s6 tw nhién n sao cho s6 2015 ¢6 thé viét duoc thanh tong ctia n hop s6 nhung
khong thé viét dwgc thanh tong cua n+1hop so.
Bai 39. (Trich dé thi hoc sinh gioi l6p 9 Thanh Hoa nam hoc 2014-2015)

Tim tat ca cac sO nguyén to p, g sao cho ton tai s6 tie nhién m thoa man: P9 _ m” +1 .
p+tq m+l1
Bai 40. (Trich dé thi hoc sinh gioi 16p 9 Hai Dwong nam hoc 2014-2015)
Tim s& nguyén t6 p sao cho cac s6 2p® —1; 2p”° +3; 3p” +4 déu la s6 nguyén td.
Bai 41. (Trich dé thi hoc sinh giéi I6p 9 Cdm Thity nam hoc 2011-2012)
Tim s0 tew nhién n dé€ A =n*"? +n**
Bai 42. (Trich dé thi hoc sinh gioi 16p 9 Tién Hai nam hoc 2016-2017)
Tim tat ca cac sO nguyén duong a, b, ¢ thda man:
a-b2
b-cv2

Bai 43. (Trich dé thi hoc sinh gidi 16p 9 Gia Loc niam hoc 2015-2016)

+1 1a s6 nguyén to

lasS hiru i va a’ +b? +c? la sd nguyén to

Tim s6 nguyén t6 k d€ k* +4 va k* +16 dong thoi 1a cac s6 nguyén to.
Bai 44. (Trich dé thi hoc sinh gioi I6p 9 Luc Nam nam hoc 2018-2019)
Cho p la s6 nguyén t& 16n hon 5. Chting minh p* —1 chia hét cho 100

Bai 45. Gia st a, b la cac s6 tu nhién sao cho p _b [2a-b
4\ 2a+b

la s6 nguyén t6. Tim gia tri

16n nhat caa p.
Bai 46. (Trich dé chon hoc sinh gioi I6p 9 Amsterdam ndam hoc 2018-2019)
Tim tat ca cac bd ba s6 nguyén dwong (p;q;n), trong d6 p, g la cac s§ nguyén t&
thoa man: p(p+3)+q(q+3)=n(n+3)
Bai 47. (Trich dé vao 10 Chuyén todn Hdi Phong niam hoc 2019-2020)
Tim cac sO nguyén t6 p, g thoa man dong thoi hai diéu kién sau:
i) p’q+ pchiahét cho p®+q
ii) pg’+qchia hét cho > —p
Bai 48. (Trich dé vao 10 Chuyén todn Quang Binh nam hoc 2019-2020)
Cho abc 1a s8 nguyén 3. Chitng minh ring phuong trinh ax? +bx +c¢ =0 khéng c6
nghiém httu ti.
Bai 49. (Trich dé thi HSG TP. Ha N¢i nam hoc 2013-2014)

J - A A? 2—
Tim s6 tw nhién n d& 25" 2"

Bai 50. (Trich dé vao 10 Chuyén Tin Lam Son nam hoc 2015-2016)

—12 1a s6 nguyén to
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Cho day s6 tu nhién 2; 6; 30; 210; ... duoc xac dinh nhuw sau: s6 hang tht k béng tich
cta k s8 nguyén t& dau tién(k =1,2;3;...). Biét rang c6 hai s§ hang cua day s6 d6 c6 hiéu
bang 30000. Tim hai s& hang d9.

Bai 51. (Vong 2, THPT chuyén Dai hoc Vinh, nam hoc 2009 - 2010)
Chitng minh rang véi moi sd nguyén t8 1é p déu khong ton tai cac s8 nguyén dwong m,n
théa man : £:i2+i2
p m° n
Bai 52. (Trich dé vao 10 Chuyén Quang Nam nam hoc 2018-2019)
Tim hai s6 nguyén t& p va @, biét rang p+q va p+4q déu la cac s6 chinh phuong.
Bai 53. (Trich dé vao 10 Chuyén Hai Dwong nam hoc 2018-2019)
Tim tat ca cac sO tw nhién n,k d€ n® +4**1a s6 nguyén to&

Bai 54. (Trich dé vao 10 Chuyén Vinh Long nam hoc 2018-2019)

Tim céc sO tw nhién X thoa man bi€u thirc P =-x* + x* +14x + 49 1a s6 nguyén t&
Bai 55. (Trich dé vao 10 Chuyén Phii Tho nim hoc 2015-2016)

Chttng minh rang néu s& nguyén n 16n hon 1 thoa man n* +4 va n* +16 1a cac s

nguyeén to thi n chia hét cho 5.
Bai 56. (Trich dé vao 10 Chuyén Amsterdam ndam hoc 2014-2015)
1) Cho s6 nguyén duong n théa man n va 10 1a hai s6 nguyén t6 cung nhau. Ching
minh (n* —1):40
2) Tim tat ca cac sO nguyén t6 p va cac sO nguyén duong x,y thoa man { P 2_ 1=2x(x+2)
p*-1=2y(y+2)
Bai 57. (Trich dé vao 10 Chuyén TP H6 Chi Minh nam hoc 2014-2015)
Cho cac s6 nguyén dwong a, b, ¢ sao cho §+% :%
a) Chiing minh rang a +b khong thé 1a s§ nguyén t3.
b) Chttng minh rang néu c > 1 thi a + c va b + c khong thé dong thoi 1a s6 nguyén t&
Bai 58. (Trich dé vao 10 Chuyén Thdi Binh ndm hoc 2014-2015)

Cho a, b, ¢, d 1a cdc s6 nguyén duwong thoa man: a’ +ab+b?* =c® +cd +d?. Ching

minh a+b+c+dlahop so.
Bai 59. (Trich dé HSG I6p 8 Gia Vién niam hoc 2014-2015)

Tim s tw nhién n dé€ pla sd nguyén td biét: p=n®-n®+n-1.
Bai 60. (Trich dé HSG I6p 8 Thanh Chwong nam hoc 2012-2013)

Chtmg minh Vn € N*thi n® +n+2 1a hop 8

Bai 61. (Trich dé HSG I6p 8 Bic Ninh nim hoc 2018-2019)
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2 2
Cho a,b,c 1a cac sd nguyén khac 0, a # ¢ sao cho ZZ - b2 -2 Chttng minh
+C C

ranga’ +b? + c’khong phai la s6 nguyén té.
Bai 62. (Trich dé HSG lop 8 Trwc Ninh nam hoc 2017-2018)
Cho pva 2p+1la sd nguyén t& 16n hon 3. Chitng minh rang 4p +11a hop s8
Bai 63. Cho s6 nguyén t3 p > 3. Biét rdng c s6 tu nhién n sao cho trong cach viét thap
phan ctia s§ p" c6 dung 20 chit s6. Chiing minh rang trong 20 chit s& nay c6 it nhat 3 chit
s0 giong nhau.
Bai 64. (Trich dé vao 10 Chuyén Vinh niam hoc 2015-2016)
Tim cac s6 nguyén td p, ¢ théaman p+q =2 (p - q)2 .
Bai 65. (Trich dé HSG I6p 6 Hoang Héa 2018-2019)
Tim tat ca cac s6 nguyén té p, q sao cho 7p+q va pq+11 déu la s6 nguyén td.
Bai 66. (Trich dé HSG I6p 6 Song Lo 2018-2019)

Biét abcd 1a nguyén t& ¢6 bon chir s6 thoa man ab; cd ciing 1a cac s6 nguyén t&

va b? =cd +b—c. Hay tim abcd
Bai 67. (Trich dé Chuyén Khoa hoc tw nhién Ha N§i nam 2009-2010)
Tim s6 nguyén duong n sao cho tdt ca cac s6
n+1,n+5n+7n+13,n+17 n+25 n+37 déu la nguyén to.
Bai 68. (Trich dé HSG lop 6 Gia Binh 2018-2019)
Giastt p va p°+2 la cac s6 nguyén t6. Chimg to p° + p? +1 ciing 1a s8 nguyén t6.
Bai 69. (Trich dé HSG lop 6 Nghia Dan 2018-2019)
Tim hai s8 nguyén t8 X, Y théa man x> —y* =45,
Bai 70. (Trich dé HSG l6p 6 Nhuw Thanh 2018-2019)
1) Chiing minh rang hai s8 2n+1 va 10n+7 1a hai s6 nguyén t& cing nhau véi moi
sO tw nhién n.
2) Tim cacs6 X, y nguyén t8 d€ x* +23=y°.
Bai 71. (Trich dé HSG lop 6 Nong Cong 2018-2019)
Tim s8 nguyén t3 ab(a >b > 0), biét ab—ba 1a s chinh phuong
Bai 72. Tim t4t ca cac s6 nguyén t& p d€ 4p”> +1 va 6p” +1 ciing la s6 nguyén to.
Bai 73. Gia st p va q 1a cic s6 nguyeén t3 théa man dang thiic p (p — 1) =q (cf — 1) .
a) Chttng minh rang ton tai s6 nguyén dwong k sao cho p —1=kq,¢* —1=kp.
b) Tim t4t ca cc s8 nguyén t8 p, q théa man dang thite p (p - 1) =q (q2 — 1) :

(Trich dé vao 10 Chuyén Khoa hoc tw nhién Ha Noi 2017-2018)
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Bai 74. Cho p, q, 1, s 1a cac s8 nguyén t8 16n hon 3. Chiing minh rang p*> —q° +1°> —s* chia
hét cho 24.
Bai 75. Tim tét ca céc cip s8 nguyén t8 (p;q) sao cho p*-2q° =1.

Bai 76. Chitng minh rang véi moi s6 nguyén t3 p thi p® +pT_1 khong phai la tich cta hai

s0 ty nhién lién tiép.
Bai 77. Tim cac sd nguyén t0 p, q, r thoa man p?+q° =r
Bai 78. Tim cac sO nguyén t0 p,q,r thoa man cac diéu kién sau:
5<p<q<r;49<2p’—r*;2q° -1’ <193
Bai 79. Tim tat ca cac b ba sd nguyén t6 a,b,c d6i mot khac nhau thoa man diéu kién
20abc < 30(ab +bc+ ca) <2labc
Bai 80. Tim c4c s6 nguyén t& p, q va sd nguyén x thoa man x° + px+3q =0

2
p+1 vy P +1

Bai 81.Tim s6 nguyén t6 p dé la cac s6 chinh phuong.

(x+1)(2x+1)

la mot
2012

Bai 82. Chttng minh rang néu ton tai s6 nguyén dwong x thoa man
s0 chinh phuong thi x la hop so.

Bai 83. Tim tat ca cac s6 nguyén t6 p sao cho la 1ap phuwong ctia mot so ty

p’—p-2
2

nhién.

Bai 84. Cho bay s0 nguyén t6 khac nhau a,b,c,a+b+c,a+b-c,a+c—b,b+c—a trong dé

hai trong ba s8 a, b, c c6 tdng bang 800. Goi d 1 hiéu gitta s8 16n nhat va s6 nho nhat trong

bay sO nguyén t6 d6. Hai gid tri 16n nhat ctia d ¢ thé nhan la bao nhiéu.

Bai 85. Cho p 1a s& nguyén t8. Tim tat ca cdc s6 nguyén k sao cho k- pk 1a s& nguyén

duwong

Bai 86. Tim s6 nguyén duwong n lén nhat sao cho s6 2016 viét dwoc thanh

a,+a,+a,+..+a_ trong d6 cac sd a,;a,;a,;..;a, la cac hop so. Két qua trén thay doi nhu

thé ndo néu thay s 2016 bang s& 2017.

Bai 87. Tim t4t ca s& nguyén t& p, g, r thoa man phuong trinh (p+1)(q+2)(r+3)=4pqr.

Bai 88. Cho s6 tw nhién n>2, xét cac sd a a,;..;a, va cac sO nguyén t0 phan biét

PP, P, thoa man diéu kién p, |a1 —a2| =p, |a2 —313|=,,,=pn

a_ —a1|. Chttng minh réng

a =a, =...=a

1 2 n’

Bai 89. Ton tai hay khong s6 nguyén td a, b, ¢ thoa man diéu kién a” +2011=c.

TU SACH CAP 21 92



BOI DUONG HOC SINH GIOI CAP 2 |

Bai 90.Tim tat ca cac s6 nguyén td p sao cho v4i moi s6 nguyén t6 p d6 ludn ton tai cac sd
nguyén duong n, x, y théa man p" =x" +y°.
n’ +8n”+1

Bai 91. Tim tat ca cac s6 nguyén dwong n sao cho phan nguyén cua — la mot s6
n

nguyeén to.

2 2
Bai 92. Cho p la s6 nguyén t6 sao cho A= X B 13 58 ty nhién. Khi d6 A= p+1.
Xy

Bai 93. Tim t&t ca cdc s6 nguyén t3 p va q thoa man p’ -q° =(p+ q)z.
Bai 94. Cho a, b 1a cac s6 nguyén va p 1a s6 nguyén t3 1&. Chitng minh rang néu p* 1a wéc
ctia a’+b* va a(a+b)2 thi p* cling la wéc ctia a(a+b).
Bai 95. Tim c4c s6 nguyén khong &m a,b sao cho a® —b* —5a+3b+4 la sd nguyén tJ.
Bai 96. Cho da thitc f(x)= ax’ +bx’ +cx+d vdiala s6 nguyén duwong. Biét
f(5)- £(4)=2012. Chting minh ring f(7)-f(2) 1a hop sd.
Bai 97. Cho da thttc bac ba f(x) véi hé sd ctia x* la mdt s6 nguyén duwong va biét
£(5)—f(3) =2010 . Chting minh rang f(7)—f(1) 1a hop sd.
Bai 98. Tim tat ca cédc bd ba s§ nguyén duong (m;p;q) sao cho p, q la s6 nguyén t& va
2" p*+1=q°.
Bai 99.Tim sau s6 nguyén t6 p,; p,; Ps; Pu; Ps; P, thoa man p2 +p2 +p: +ps +p: =p..
Bai 100. Cho s6 nguyén t6 p dang 4k + 3. Ton tai hay khong s6 nguyén a nao thoa diéu
kién (a2 +1)5p
Bai 101. (Trich dé thi HSG thanh phd Ha Ngi nam 2019-2020)
Tim t&t ca cac bd ba s6 nguyén duwong (x,y, p) véi p la s6 nguyén t6 thoa man
X+ p’y* =6(x+2p).
Bai 102. Cho a,b,c 1a céc s8 nguyén duong. Chting minh a+b+2+ab+c? khong phai la
sO nguyen to.

(Tuyén sinh vao 16p 10 chuyén TP Ha Ngi, 2017).
Bai 103.
a) Chting minh rang véi moi s6 nguyeén t3 khéc 2 va khac 3 c6 dang: 6m+1 hogc 6m—1.
b) Chitng minh rang c6 vd s6 s8 nguyén t& c6 dang 6m—1.

(Thi hoc sinh gidi qudc gia 1991 — 1992)

Bai 104. Tim cac sO nguyén td X, Y,z thoa x’ +1=z.
Bai 105. Chitng minh rang néu 1+2" +4"(n e N*) 1a s6 nguyén t& thi n=3" véi ke N.
Bai 106. Cho a,b,c,d e N* thoa man ab=cd . Chitng minh réng: A=a"+b"+c"+d" la hop

sO voimoi neN.
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‘. N a A n(n+1)
Bai 107. Tim tat ca cac sO nguyén to p dang T—l (nx1).

N N A, » / N . ~ N . ab \ A A A
Bai 108. Tim tat ca cac s6 c6 hai chit s6 ab sao cho W la s6 nguyeén to.
a —

Bai 109. a) Cho 2 +1 1a s8 nguyén t3 (goi la nguyén t3 Fermat). Chitng minh rang k =0
hoac k =2".

b) Cho 2* —1 la s& nguyén t5 (goi 1a s6 nguyén t& Mersenne). Chiing minh rang k 1a s&
nguyeén to.

Bai 110. (Thi hoc sinh gioi TP H6 Chi Minh 1995 —1996)

1) Cho biét x,y,z 1a cac s& nguyén sao cho (Xx—y)(y—-2)(z—x)=x+y+z.Chtng minh
rang ta c6: X+ Yy+2 1a boi s8 ctia 27.

2) Chttng minh rang véi k nguyén duong va a 1a s8 nguyén t8 16n hon 5 thi a* —1 chia hét
cho 240.

Bai 111. Chttng minh rang: (p — 1)! chia hét cho p néu p 1a hop s8, khong chia hét cho p
néu p la sO nguyén to.

Bai 112. Chitng minh rang: moi wéc nguyén t& ctia 1994! — 1 déu 16n hon 1994,

Bai 113. Chiing minh rang: n > 2 thi gitta n va n! c6 it nhat 1 s6 nguyén t5 (tir d6 suy ra co
v sO sO nguyén to).

p

Bai 114. Gia st p la s6 nguyén td 1é va m= . Chttng minh rang m 1a hop s6 1é khong

chia hét cho 3 va 3" =1 (mod m).

Bai 115. Chting minh rang day s6 2003+ 23k v6i k =1,2,3....chtta v6 han s8 1a liy thira ctia
cung mot sO nguyeén to.

Bai 116. Tim bay s6 nguyén t& sao cho tich ctia chiing bang tong céc liiy thita bac sau cta
bay sd do.

Bai 117. Tim tat ca cac s6 nguyén t& p c6 dang p =a’+b’ +c? véia, b, c 1a cac s6 nguyén
duong thoa man a* +b* +c* chia hét cho p.

(Trich dé todn 10 chuyén sw pham Ha Noi ndm 2011-2012)

2 2

Ty

Bai 118. Tim tdt ca cac cdp sO nguyén duong (X, y) sao cho

la s6 nguyén duong va

la wdc s6 cua 1995.

Bai 119. Mot xi nghiép dién ti trong mot ngay da giao cho moét ctta hang mot s6 may tivi.
S6 may nay la mot sd ¢d ba chir s6 ma néu tang chit s6 dau lén n lan, giam cac chit s thi
hai va th ba di n [an thi sé dwoc mot s6 méi 16n gap n lan s6 may da giao. Tim n va sd
may tivi da giao.

Bai 120. Tim 3 s& nguyén td sao cho tich ctia ching gap 5 lan tong cta ching.
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Bai 121. Cho n la s6 nguyén dwong. Chiing minh rang ludn ton tai n s6 tw nhién lién tiép
sao cho chung la hop sd.

Bai 122. Cho s8 nguyén duong n thoa man 2" -1 1a s§ nguyén t8. Chttng minh réng n la
sO nguyén to.

Bai 123. Tim sd nguyén t& p dé 2P + p? cling 1a s6 nguyén to.

Bai 124. Cho p,q la cic s6 nguyén t6 va phwong trinh x* — px+q =0 c6 nghiém nguyén
dwong. Tim p va q .

Bai 125. Cho p,q,r 1a cdc sd nguyén t6 va n la cdc s6 tw nhién thoa p"+q" =r® . Ching
minh rang n=1 .

Bai 126. Cho p 1a s& nguyén t8 dang 4k +3 . Chttng minh rang x* +y® chia hét cho p khi
va chikhi x va y chia hét cho p .

Bai 127. Tim cac s8 ty nhién m,n sao cho x =3 **"* + 4 13 s8 nguyén t5.

Bai 128. Tim tat ca cac sd tw nhién a,b,c sao cho a°+b®+c®—3abc la sd nguyén té.

Bai 129. (Trich dé thi HSG qudn Thanh Xudn nam 2019-2020)

Chting minh rang, néu p va 8p®+1 1a hai s6 nguyeén t& 1é thi 8p? +2p+1 la s6 nguyén tJ.
Bai 130. Tim cac s6 nguyén td a,b,c va sd nguyén duong k sao choa®+b? +16c” =9k* +1 .
Bai 131. Tim cdc sd nguyén t& p va g sao cho p*|q®+1va q*|p°-1.

Bai 132. Ta goi p, gla hai s6 nguyén t0 lién ti€p, néu gitta p va g khong c6 s6 nguyén to
nao khac. Tim ba s6 nguyén t8 lién tiép p, g, r sao cho p’ +q° +r” cling la s6 nguyén té.

125 1

Bai 133. Cho s6 A=———. Chitng minh A la mot hop s6.
5~-1

Bai 134. Cho pva p+2 la sd nguyén t& ( p >3 ). Chitng minh rang p+1:6.
Bai 135. Cho p va p+41a cic s6 nguyén t3 (p >3). Ching minh réng p+8 1a hop sé.
Bai 136. (Chuyén Viing Tau 2016-2017)
Tim c4c cdp s6 nguyén td (p,q) thoaman p*-5q° =4.
Bai 137. Chitng minh rang trong 12 s& nguyén t6 phan biét luon chon ra duoc 6 s6 ky
hiéu p,, p,, Ps, Py, Ps, P sao cho (p,—p,)(P,— Ps)(Ps+ P )i1800.
Bai 138. (Dé thi HSG Todn TP.HCM ndm hoc 2004 — 2005)
n®+8n*+1

Tim tat ca cac sO nguyén dwong n sao cho phan nguyén ctaa 3—12:1 mot s&
n

nguyeén to.

Bai 139. Cho p,q 1a hai s§ nguyén t8 sao cho p>q>3 va p—q=2. Chitng minh rang:
(p+q)i12.

Bai 140. Tim s0 nguyén t6 p sao cho p+10 va p+14 la cc s6 nguyén to.

Bai 141. Cho p 1a s6 nguyén t6 16n hon 3. Chiing minh 2007 — p® chia hét cho 24.
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(D#é tuyén sinh Chuyén Toin Amsterdam 2017).
Bai 142. Tim ba s6 nguyén t6 p, g, r sao cho p?+q° =r.
Bai 143. a) Chting minh rang s& du trong phép chia mot s8 nguyén t& cho 30 chi ¢ thé 1a
1 hoac la mot s6 nguyén t6. Khi chia cho 60 thi két qua ra sao?
b) Chttng minh rang néu tong ctia n liiy thita bac 4 clia cdc sd nguyén t8 16n hon 5
la mot s6 nguyén t6 thi (n,30)=1.
Bai 144. Tim tat ca cac bd ba s6 nguyén t0 a, b, ¢ sao cho abc<ab+bc+ca.
Bai 145. Cho day s0 nguyén duong a,,q,,...,a, duwgc xac dinh nhw sau: a,=2, a, la udc
nguyén t 16n nhét cta a,a,...a, , +1 v6i n>2. Chitng minh rang a, #5 v6i moi k.
Bai 146. Tim tat ca cac s6 nguyén td p dé 2° + p’ cling la s6 nguyén td.
Bai 147. Tim ne N* dé: n™® +n™” +1 la s6 nguyén t6.
Bai 148. a) Tim cac s6 nguyén t6 p dé€ 2p+1 la lap phwong cia mot s6 tw nhién.
b) Tim céc s6 nguyén t6 p d€ 13p+1 la lap phwong cia mot s6 tw nhién.
Bai 149. Cho a,b,c,d e Nthdamana>b>c>dva ac+bd =(b+d+a—-c)(b+d-a+c)
Chttng minh rang ab + cd 1a hop sd.
Bai 150. Cho cé4c s6 nguyén duong a,b,c,d thdéa man: a* +b* =c* +d°.
Ching minh a+b+c+d lahopso.
(Trich dé thi HSG lép 9 Nghé An 2014-2015)
Bai 151. Chting minh rang néu 1+2" +4"(neN’) 1a s6 nguyén t3 thi n=3" véi ke N,
Bai 152. Tim s6 tu nhién n sao cho s 2015 co thé viét dwgc thanh tdng cua n hgp s6 nhung
khong thé viét dugc thanh tong ctia n + 1 hgp so.
(Trich dé thi HSG lép 9 Nghé An 2014-2015)
n(n+1)

Bai 153. Tim tat ca cac sO nguyén t6 p dang -1 (n>1).

Bai 154. Chitng minh rang s& A = 222n+l +31 la hgp s6 v6i moi s6 tw nhién n.
(Trich dé thi HSG lép 9 Nghé An 2017-2018)
Bai 155. Cho neN’, chitng minh ring 22" +19 va 2°"" +3?"" +5 la nhiing hop s6,
Bai 156. Chitng minh rang khong ton tai cic s6 nguyén dwong m,n,p véi p nguyén t&
thoaman: m™" +n*" =p»"®
(Trich dé thi HSG lép 9 TP. Ha Ngi 2017-2018)
Bai 157. Tim sO ty nhién n sao cho n+3 la sd nguyén td va A=2n+7 la lap phuong cua
mot s tw nhién.
Bai 158. Chiing minh rang néu b 1a sd nguyén t8 16n hon 3 thi s6 A=3n+1+2009b* 1a
hop s6, v6i moi sO tu nhién n.
(THPT chuyén Quang Ngai, nam hoc 2009-2010)
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= CAC BAI TOAN VE
= P ,
z SO CHINH PHUONG

A. Kién thiic can nhé
1. Dinh nghia s6 chinh phuwong.
S§ chinh phuong 1a s bang binh phirong ctia mot s§ nguyén.
(ttec la néu n 1a s6 chinh phuong thi: n=k* (ke Z))

2. M6t s6 tinh chat cAn nhé
1- SO chinh phuong chi c6 thé c6 chit sO tan cung béng 0,1,4,5,6,9; khong thé cé chix tan
cung béng 2,3,7,8.
2- Khi phan tich ra thtra s6 nguyén td, sd chinh phuong chi chita cac thira s& nguyén t6 véi sd
mii chén.
3- S& chinh phuong chi c6 thé c6 mot trong hai dang 4n hodc 4n + 1. Khong ¢ sd chinh
phuwong nao co6 dang 4n + 2 hodac4n +3 (n € N).
4- S6 chinh phwong chi c6 thé c6 mot trong hai dang 3n hodc 3n + 1. Khong c¢6 s6 chinh
phuwong nao co dang 3n+2 (n € N).
5- S§ chinh phwrong tan cling bang 1, 4 hodc 9 thi chit s6 hang chuc la chit s chan.

S6 chinh phuong tan cting bang 5 thi chit s6 hang chuc 1a 2.

SS chinh phuong tan cting bang 6 thi chit s8 hang chuc 1a chit s8 1é.
6- SO chinh phwong chia hét cho 2 thi chia hét cho 4.

S6 chinh phuwong chia hét cho 3 thi chia hét cho 9

S6 chinh phuwong chia hét cho 5 thi chia hét cho 25

S6 chinh phueong chia hét cho 8 thi chia hét cho 16.
7. Moi s6 chinh phwong khi chia cho 5, cho 8 chidu 1, 0, 4.
8. Gitra hai s0 chinh phuong lién ti€p khong c6 s6 chinh phuong nao.
9. Néu hai s6 nguyén lién ti€p o tich la mot s6 chinh phuong thi mot trong hai s6 dé la s 0.
10. SO cac wdc cia mot s6 chinh phuong la s 1é. Ngwoc lai, mot s6 ¢d sO cac wdc 1a so 1é thi
s0 d6 1a s chinh phuong.

11.Néun*<k<(n+1)*(n € Z) thi k khong la s6 chinh phuong.
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12. Néu hai s6 ti nhién a va b nguyén t& ciing nhau c6 tich 1a mét s6 chinh phwong thi méi
s a, b cling la cac sd chinh phuong.
13. Néu a la mot s6 chinh phuong, a chia hét cho s6 nguyén t& p thi a chia hét cho p®.
14. Néu tich hai s6 a va b la mét s6 chinh phuong thi cacsd a va b c6 dang
a=mp®;b=mg?
B. CAC DANG TOAN THUONG GAP
7~ Dang 1: Chitng minh mdt s6 1a s6 chinh phwong, hoic l1a tong nhiéu sd chinh
phuong.
* Co sd phwong phap:

DPé ching minh mot s6 n la s6 1a sd chinh phwong ta thuwong dwa vao dinh nghia,
tizc 1a chiing minh: n=k* (ke 2)

* Vi du minh hoa:

Bai toan 1. Cho n la mot s§ tu nhién. Chitng minh rang: A=n (n+1)(n+2)(n+3)+1 las6

chinh phuong.

Hudng dan gidi
Tacd: A= (n2 +3n)(n2 +3n+ 2)+1: (n2 +3n)2 +2(n2 +3n)+1: (n2 +3n Jrl)2

Vi neN nén n’+3n+1€N. Vay A la sd chinh phwong.

Bai toan 2. Cho: B=1.2.3+2.3.4+...+k(k +1)(k + 2) véi k 1a s8 tw nhién. Chitng minh
rang 4B + 1 1a s8 chinh phuong.

Hudng dan gidi
Ta thdy biéu thitc B 1a tong cua mot bi€u thic chiing ta nghi dén viéc phai thu gon
biéu thirc B truede.
Ta co:
n(n+1)(n+2)= %n(n +1)(n+2)[(n+3)— (n—1)| = %[n(n +1)(n+2)(n+3)—(n—1)n(n+1)(n+2)|
Ap dung;:

123= %(1.2.3.4— 0.1.2.3)
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2.34= %(2.3.4.5 ~1.2.34)

3.45= %(3.4.5.6 —2.3.45)

K(k+1)(k +2) :%[k(k +1)(k+2)(k+3)— (k—1)k (k +1)(k + 2)|

Cong theo v& cac dang thuc trén ta duoc:
B=123+234+..+k(k+1)(k+2)= %k(k +1)(k+2)(k +3)

= 4B+1=k(k+1)(k+2)(k+3)+1

Theo vi du 1 ta c6: 4B +1= (k? +3k +1)°

Vi k € N nén k? +3k +1€ N. Vay 4B +1 la s8 chinh phwong.

Bai toan 3. Chting minh rang: C =11...1+44..4 +1véin 1a s6 ty nhién. Chting minh rang

2n n

C la s0 chinh phuong.

Huéng dan gidi
Tacé: C = 11;..100;.0 + 11;1“1 + 44r.]..4 +1

bat a=11...1 thi 9a=99...9. Do d6 99..9+1=10" =9a+1
—— —— ——

C=al0"+a+4a+1=a(%9a+1)+5a+1

= C=9a’+6a+1=(3a+1)
= C =33..34%
—

n-1
Vay C 1a mot s6 chinh phuong.
Nhan xét:

Khi bién doi mgt s6'trong d6 co nhiéu chir s6’ giong nhau thanh mdt s6’chinh phwong ta nén

2.5

dat 11..1=a va nhw vdy 99..9+1=10" =9a+1.

n

Bai toan 4. Cho a=11...1, b=10...05. Chttng minh vab+1 1la sd tu nhién.
= ==

2016 2015

Huéng dan gidi

Cach 1:
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Ta cé: b=10..05=10...0-1+6=9..9+6=9a+6.
—— —— — =

2015 2016 2016

= ab+1=a(%a+6)+1=9a?+6a+1=(3a+1)>

= Jab+1=4(Ba+1)*=3a+1eN.

Vay vab+1 1aso ty nhién.

Cich 2:
2016

Ta co: azll...lz10 1,b:102°16+5_

2016

2016 _ 102016 2 +4.102016 _5+9 2016 2
:>ab+1=ul(102016+5)+1:( ) _ 10 +2 .
9 9 3

(10*"°+2)

=Jab+1= —

Ma (102016 ¥ 2) :3. Do d6, Jab+1 1a s6 twe nhién.

Vay vab+1 1aso ty nhién.

Bai toan 5. Cho s0 ty nhién a gom 60 chit s 1, sO ty nhién b gom 30 chit s6 2. Chtiing minh

a - bla mot s6 chinh phuwong.

Hudng dan gidi
Cich 1
60 <
Ta co: 61:11...1:10 ! , b:22...2:2.10 1.
60 30
60 30 60 30 30 472 2
L p_10°-1 200°-1) 10°-210°+1 [10°-1] (0 o)
9 9 9 2
Cich 2:
b=22..2=211.1, a=11..1=11..1.00..0+11...1 =11...1.10*° +11...1.
30 30 60 30 30 30 30 30
bit c=11..1. =>9c+1=99..9+1=10%.
30 30

Khi d6: a=c.(9c+1)+c=9c’+2c. b=2c.

2
=a-b=9c?+2c-2c=(3c) = (33...3} :

30
Bai toan tong quat: Cho k s8 ti nhién khéc 0, s twe nhién a gom 2k chit s6 1 va sd tw nhién
b gom k chit s6 2. Chting minh rang a-b 1a mot s§ chinh phuong.
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2 —
Bai toan 6. Cho ne N sao cho i

1a tich ctia hai s6 ty nhién lién tiép. Chiing minh rang

n la tong ctia hai s6 chinh phuwong lién ti€p.

Hudng dan gidi

2

Gia st ta cé: =a(a+1) .
Tt d6céd n? =3a?+3a+1 = 4n®’-1=12a*+12a+3
= (2n-1)(2n+1)=3(2a+1)" .

Vi 2n+1;2n-1 1a hai s0 1é lién ti€p nén ta c6 cac treong hop:

2n-1=3p?

Truong hop 1:
§hop {Zn +1=q?
Khi d6é > =3p?+2 (VO 1i ). Vay truong hop nay khong xay ra.

2n—1=p°

Truwong hop 2: .
Ehop {2n+1:3q2

T dd p las6lénén p=2k+1.

Tir d6 2n=(2k +1)° +1 = n=k*+(k+1)" (dpcm).

Bai toan 7. Cho k 1a mot s8 nguyén duwong va a=3k* +3k +1
a) Chiing minh rang 2a va a’ 1a tdng ctia ba s§ chinh phuong.

b) Chttng minh rdng néu a la mot wdc ctia mot s8 nguyén duong b va b 1a mot tdng gom

ba s6 chinh phuong thi b" la mét tong cta ba s6 chinh phuong.

Hudng dan gidi
a) Ta c6 2a = 6k? 4 6k +2 = (2k +1)° + (k +1)" + k2
va a% = 9k* +18K° +15k + 6k +1= (K +K) +(2k? + 3k +1)° +(2k* + k) =a’ + a2 +a’.
b) Vi b:a nén dat b=ca.
Vi b 1a tong cta ba s6 chinh phwong nén dit b ="b +b +b?.

Khi d6 b* =c*a’ =c?(a +a; +aj|
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Dbé két thic viéc chtiing minh, ta tién hanh nhu sau: cho n=2p +1 ta duoc:

2P+l :<bp)2(b12 +bZ +b32) va cho n=2p+2 ta dwoc b" :(bp)2 b2<312 +a’ +a§)

7~ Dang 2: Chitng minh mét s6 khong 1a s6 chinh phwong,.
* Co s6 phwong phap:
Dé chirng minh n khong 1a s6 chinh phwong, tuy vao tirng bai toan ta ¢ thé s
dung céac cach sau:
1) Chting minh n khong thé viét duwgc dudi dang mot binh phwong mot sé nguyén.
2) Chtng minh k? <n < (k + 1) vdi k la s6 nguyeén.
3) Chtng minhnco tan cungla?2;3;7; 8
4) Chttng minh n c6 dang 4k +2; 4k + 3
5) Chtng minh n c¢6 dang 3k + 2
6) Chting minh n chia hét cho s6 nguyén td p ma khong chia hét cho p2.

* Vi du minh hoa:

Bai toan 1. Mot 8 tw nhién c6 tdng cac chit s bang 2018 thi ¢6 thé 1a s6 chinh phuong

duwoc khong ? tai sao?

Huéng dan gidi
Goi s6 tu nhién c6 tong cac chir s§ bang 2018 1an

Ta ¢ : 2018 = 3m + 2 nén s6 tu nhién n chia 3 dw 2, do d6 s6 n c6 dang 3k +2 vdi k la s6 tu
nhién. Mdt khac mét s6 chinh phuwong trinh khong c¢6 dang 3k + 2 suy ra s6 tw nhién n
khong 1a s6 chinh phuong.

Bai toan 2. Chiing minh r?mg s6 A=n*+2n*+2n*+2n+1 trongdon e Nvan>1
khong phai la s6 chinh phuong.

Huéng diin gidi
Ta co:
A=n*42n°+2n* +2n+1=(n"+2n° +n*)+(n’ + 2n+1)
=(n’ Jrn)2 +(n+1)° > (n? +n)2 vn>1
:>A><n2+n)2Vn>1
Mat khac:

<n2+n+1)2:n4+2n3+2n2+n2+2n+1
:(n“+2n3+2n2+2n+1)+n2:A+n2 >A Vn>1
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:A<<n2+n+1)2
Do d6 <n2+n)2 <A<(n2+n+1)2

Ta c6 (n?+n) va (n2+n + 1) 1a hai s ty nhién lién ti€p nén A khong thé'la s6 chinh

phuong.

Bai toan 3. Cho A=1+2+2%+2°+...+2% . Hoi A ¢4 la s6 chinh phirong khong? Vi sao?

Hudng dan gidi
Ta c6 A=l+2+(22 +2°+2¢ +25)+...+(23° +2% 4 2% +233)
=3+ 22.(1+2+22 +23)+...+ 230.(1+2+22 +23)
=3+230+..+2%.30=3+(2+..+27).3.10.

Ta thdy A c6 chit s§ tan cling bang 3.
Ma s8 chinh phwong khong c6 chit s6 tan cung la 3. Do d6, A khong la sd chinh phuong.

Vay A khong la s0 chinh phwong.

Bai toan 4. Ching minh ring A=2012"" +2013"" + 2014 +2015"" khéng phai la s chinh
phuong véi moi s6 nguyén duong n.
(DE thi vao l6p 10 chuyén trwong DHSP TP Ho Chi Minh 2015 - 2016)

Hudng dan gidi

Ta cé:

2012*":4;2014*":4, ¥neN",

2013"" = 2013"" —1+1=(2013"" 1) +1 chia cho 4 dw 1.

2015 = 2015"" —(~1)" +1 chia cho 4 du 1.
Do d6, A=2012*"+2013" +2014*" +2015"" chia cho 4 du 2.
Ta c6: Ai2, nhung A khong chia hét cho 2%, ma 2 1a s6 nguyén t3. Suy ra A khong
la s6 chinh phuong.

Vay A khong la s0 chinh phwong.

Bai toan 5. Cho 2 <n &N, Chttng minh rang A= n® —n*+2n® +2n* khong thé 1a s8 chinh
phuong
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Hudng dan gidi
Taco A=n°—n*+2n°+2n° =n’(n*—n’ +2n+2)
:nz[n2<n2—1>+2(n +l)]
=n’[n*(n—1)(n+1)+2(n+1)]
=n?(n+1)°(n*—2n+2)
Véi 2<neN,tacd n®—2n+2>n?—2n+1=(n+1)
Van’—2n+2=n*-2(n-1)<n® Do dé (n—1) <n?—2n+2<n?

Nhw vay n? —2n+ 2 khong phai la s& chinh phwong nén A khdng phai la s8 chinh phuwrong.

Bai toan 6. Chiing minh rang tong binh phirong cua hai s8 1€ bat ki khong phai 1a mot s6

chinh phuong.

Hudng dan gidi
Giast: a=2m-+1, b=2n+1,véi mneN
Ta c: a® +b* =(2m+1) +(2n+1)" =4(m* +m+n’+n)+2=4k +2 véi kEN.

Khong c6 s8 chinh phwrong nao c6 dang 4k + 2 vivay a* +b* khong phai s6 chinh phurong.
7~ Dang 3: Diéu kién dé€ mot sd 1a s6 chinh phuwong.

* Co s0 phuwong phap: Chung ta thuwong sit dung cac phuong phap sau:

- Phwong phép 1: Stt dung dinh nghia.

- Phuong phap 2: St dung tinh chan, 1é.

- Phwong phéap 3: St dung tinh chat chia hét va chia c6 du.

- Phwong phép 4: S&t dung cac tinh chat.

* Vi du minh hoa:

Bai toan 1. Tim s6 nguyén n sao cho n(n+3) la s§ chinh phuong.

Huéng dan gidi
D& A=n(n+3) la s6 chinh phuong thi n(n+3)=k’ véikla sd ty nhién, do d¢:
n’ 4+ 3n = k?
& 4n® +12n = 4k?
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& An? +12n+9=4k* +9
& (2n+3)" —(2k)' =9
& (2n+2k+3)(2n—2k +3)=9

Ta c6 (2n+ 2k +3) > (2n— 2k + 3)

Va 9=9.1=33=(-1).(-9)=(-3).(-3)
Truong hop 1: {Zz:titizii@{nnjkk :_31@ {n =1 L A4
1 + O@{nzojAzo

—k=0 k

. 2n+2k+3=3 n+k
Truong hop 2:: &
2n+2k +3=-1 n+k=-2 n=-4
Truong hop 3 : et & * N = A=4
2n—2k +3=-9 n—k=-6 k=2
2n+2k +3=-3 n+k=-3 n=-3
Trueong hop 4 : e & * & = A=0
2n—2k +3=-3 n—k=-3 k=0

Vay khi n=—4;—3,0;1 thi ta c6 A 12 s chinh phuong.

Bai toan 2. Tim s6 nguyén n sao cho n+1955 va n+2014 la mot sd chinh phuong.

Hudng dan gidi
Gia st N+1955=a°; n+2014=b’ véi a, be N va a<b.

Khi d6 b? - a? =59<:>(b—a)(b+a):59<:>{b_a=1 {azzg

= .
b+a=>59 b=30

Dé dang suy ra n=-1114.

Bai toan 3. Tim s6 nguyén duong n dé€ cac biéu thiec sau 1a s6 chinh phuong:

a) A=n>—n+2 b) B=n>—n+2

Hudng dan gidi
a) Véin=1thi A =n?-n+2=2khong la sd chinh phuong
Véin=2thi A=n?>-n+2=41las0 chinh phuwong
Véin>2thi A=n?>-n+2khong la s6 chinh phuwong vi
(n—1)° =n*—(2n—1)<n® —(n—2) < n?

Vay n =2 thi A la s0 chinh phuwong.
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b) Ta cé: n° —n=(n*—1)n(n* +1)

V&i n = 5k thi n chia hét cho 5.

V&i n =5k =1thi n? —1chia hét cho 5

Véi n =5k +2thi n’ +1chia hét cho 5

Do d6 n° —n ludn chia hét cho 5

Nén n® —n+ 2chia cho 5 thi dw2 nén n° —n+ 2 ¢4 chit s8 tan cling 1a 2 hodc 7 nén
B =n° —n+ 2khong la s6 chinh phuong

Vay khong c6 gia tri nao ctia n thoa d€ B la sd chinh phwong.

Bai toan 4. Tim s6 nguyén duong n nho nhat sao cho cac s6 n+1, 2n+1, 5n+1 déu la cac

s0 chinh phuong.

Hudng dan gidi
Néu n=3k+1 (keN) thi n+1=3k +2, khong la s6 chinh phuong.
Néu n=3k+2 thi 2n+1=6k +5, cho cho 3 du 2 nén khong la s6 chinh phuong. Vay n:3.

2n+1 la s6 chinh phwong 1é nén chia cho 8 du 1. Suy ra 2n:8=n:4=n+11é. Do n+1 la
s0 chinh phuwong 1é nén n+1 chia cho 8 du 1, suy ra n:8.

n chia hét cho cic s6 nguyén t& cing nhau 3 va 8 nén n:24. Véi n=24 thi n+1=25=5%,
2n+1=49=7%, 5n+1=121=11.

Gia tri nho nhét ctia n phai tim 1a 24.

Bai toan 5. Tim sO tu nhién n > 1 sao cho tong 1! + 2! + 3! + ... + n! 1a mot s6 chinh phuong.

(D€ thi HSG I6p 6 - Phong gido duc dao tao Phiic Yén - Vinh Phiic)

Huéng dan gidi
Voin=1thi 1l =1=121as6 chinh phuwong
V6in =2 thi 1! + 2! = 3 khong la s6 chinh phuong
Véin=3thi1!+2!/+3!=1+12+1.23=9=23"1as3 chinh phwong
Véin>4taco 1! +21+31+41=1+12+123+1.23.4=33 con5; 6; ...; n! déu tan cung bdi 0
do d6 1! +2! + 3! + ... n! ¢6 tan cung boi chit s6 3 nén nd khong phai la sd chinh phuwong.

Vay ¢4 2 s0 ty nhién n thod man dé bailan=1;n=3.

Bai toan 6. Tim s6 nguyén duwong n sao cho A:(n+3)(4n2 +14n+7) la s6 mot chinh
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phuong.
(Dé thi chon HSG Todn 9 tinh Thdi Binh)

Huéng dan gidi
Ta c6: 4n° +14n+7 =(n+3)(4n+2)+1 va n la s6 nguyén duong nén n+3 va 4n”+14n+7 la
nguyén t& ciing nhau. Vi vay, d€ A 1a s6 chinh phwong thi 4n* +14n+7 van+3 phaila sd
chinh phuong.
Do neZ” néntacd (2n+3)° <4n’+14n+7<(2n+4)".
= 4n? +14n+7=(2n+3)" = n=1. Khi d6 n + 3 = 4 1a 53 chinh phuong.

Thtr lai, véi n=1, ta cé A=10°.

Vay s6 nguyén duong can tim la n=1.

Bai toan 7. Tim 3<aeN sao cho a(a-1)a(a-1)=(a-2)aa(a—1).

Hudng dan gidi

Taco a(a-1)a(a-1)=(a-2)aa(a-1)< a(a—l)2 =(a-2)aa(a-1). (*)
Vi VT(*) 1a s6 chinh phuong nén VP(*) cling la s6 chinh phuong.

Vi s chinh phuong chi ¢6 chit s6 tan cung thudc tap hop {0;1;4;5;6;9}
nén a co chit s& tan cing thudc tap hop {1,2;5;6;7;0} .

Do a la chitsdnén a<9. Kéthop véi 3<aeN nén ae{5;6;7}.

Tht Tan lwot ting gid tri ta thu dwoc a=7 thdéa man 76° =5776.

Bai toan 8. Tim s6 tw nhién n sao cho 2" +9 la s6 chinh phuong.

Huéng dan gidi
Giast 2"+9=m*, meN < (m-3)(m+3)=2".

m-3=2°

3 2b,véia, beN va a<hb.
m+3=

Vi m-3<m+3 nén {

Tacd 2°-2* =6 < 2a(2b-a—1)=6.

Vi 2°(2°*-1):2 ma 2° (2" -1)/4 nén a=1. Diéunay dan dén m=5 va n=4.
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~ Dang 4: Tim sd chinh phuwong.

* Co s6 phwong phap: Dya vao dinh nghia vé s§ chinh phwong A= k?, v6i k 1a s6
nguyén va cac yéu cau cua bai toan d€ tim ra sd chinh phwong thda bai toan.

* Vi du minh hoa:

Bai toan 1. Tim s6 chinh phuong abed biét ab—cd =1.

Hudng dan gidi
Gia str n” = abcd =100ab+cd =100(1+cd ) +cd =101cd +100, neZ.
=101.cd =n®~100 = (n-10)(n+10).
Vi n<100 va 101 la s& nguyén t6 nén n+10=101.
=n=91.
Thir lai: abcd =912 =8281 ¢6 82—-81=1.

Vay abcd =8281.

Bai toan 2. Cho A la s6 chinh phuong gom 4 chit s8. Néu ta thém vao mdi chir s8 ctia A

mot don vi thi ta duoc s6 chinh phuong B. Hay tim cac sd A va B.

Huéng dan gidi
Goi A=abcd =k?.
A =abcd =k?

Theo dé bai ta co: .
B =abcd +1111=m?

(v6i k,me N"va 31<k <m<100, a,b,c,d =1,9).
SmP-k?=1111 < (m-K)(m+k)=1111 (¥
Nhan xét thdy tich (m — k)(m + k) >0 nén m — k va m + k 1a 2 s6 nguyén duong.
Vam -k <m +k <200 nén (*) c6 thé viét (m - k) (m + k) = 11.101

m—k =11 {m:56 {A=2025

Do dé: = &
m-+k =101 k =45 B =3136

Vay A = 2025, B = 3136.

Bai toan 3. Tim mot sd chinh phwong gom 4 chit s6 sao cho chit sd cudi la s6 nguyén to,
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can bac hai ctia s6 d6 c6 tong cac chit sO la mot s6 chinh phuong.

Hudng dan gidi

Goi s6 phai tim la abcd véi a; b; ¢; d la cac sO tu nhién

val<a<9,0<b,cd<o.

Ta c6 abed chinh phuong = d €1{0,1,4,5,6,9].

Vid las6 nguyén té = d=5.

D4t abcd = k* <10000 = 32 < k<100, ke N.
Do k 1a mot s6 ¢6 hai chit s6 ma k2 ¢6 tan cling bang 5 = k tan cling bang 5
Tong cac chit s6 ctia k 1a mot s§ chinh phwong = k =45 (vi k tan cting bang 5 va c6 2 chi
s0)
= abcd = 2025
Vay s6 phai tim la: 2025.
C. BAI TAP AP DUNG
Bai 1: Cho a;b;cla 3 s6 nguyén thoa man diéu kién ab+bc+ca=1.
Chting minh rang (a® +1)(b® +1)(c® +1) 1a 1 s6 chinh phuong.

n(2n-1)

Bai 2: Tim s6 nguyén duong n sao cho la s6 chinh phuong .

(Dé TS I6p 10 THPT Chuyén Lam Son- Thanh Héa 2012-2013)
Bai 3: Tim tat ca cac s6 nguyén n sao cho A=n"+n’+n? cd gia tri la s& chinh phuong.
(Dé TS l6p 10 THPT Chuyén Phan Boi Chau-Nghé An 2010-2011 )
Bai 4: Chiting minh rdng moi s6 nguyén x, y thi biéu thikc

A=(x+Y)(x+2y)(x+3y)(x+4y)+Yy* b gid trj 1a s& chinh phuong.
Bai 5: Chttng minh rang cac s6 sau day la s6 chinh phuong:

a) A=22499...9100...09 b) B=11...155..56

n—-2 n n n-1
Bai 6: Chiing minh rang tng cdc binh phuong ctia 5 s3 lién tiép khong thé 1a s§ chinh phuong.
Bai 7: Cho day s6 49;4489;444889;44448889;...

Day s8 trén duoc xay dung bang cach thém s6 48 vao gitta s6 diing trede nd. Chitng minh
rang tat ca cac s& ctia day trén déu la s chinh phuong
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Bai 8: Chttng minh rang néu p la tich cia n s6 nguyén t6 dau tién thi p—1 va p+1

khong thé la cac sd chinh phuong.
Bai 9: C6 hay khong s6 tw nhién n d€ 2010 + n? la s6 chinh phwong.

Bai 10: Chitng minh rang tng cac binh phuong ctia 5 s8 tw nhién lién tiép khong thé 1a

mot sd chinh phuwong

Bai 11: Chiing minh rang néu n 1a s tu nhién sao cho n + 1 va 2n + 1 déu la cac s6 chinh
phuong thin la bdi sd ctia 24.

Bai 12: Tim s8 chinh phwong c6 4 chit s biét rang 2 chit s8 dau gidng nhau, 2 chit s6 cudi
giong nhau.

Bai 13 : Tim 3 s 1é lién tiép ma tong binh phuwong la mot s6 ¢d 4 chit s6 gidng nhau.

Bai 14: Cho s6 nguyén dwong n va cac s0 A = 444...4 (A gobm 2n chir s6 4); B= 888.....8 (B
2n n
gom n chit s6 8). Chting minh rang A + 2B + 4 1 s6 chinh phuong.
(Dé vao chuyén toan Ha Nam nam 2013-2014)
Bai 15: Gid s N =1.3.5.7....2007

Chitng minh rang trong 3 s& nguyén lién ti€p 2N —1, 2N, va 2N +1 khong c6 s6 nao 1a s§
chinh phuong.
Bai 16: V6i mdi s6 nguyén duwong n, ky hiéu S, 1a tong ctia n s8 nguyén t6 dau tién
(Sl =2,S,=2+3S,=2+3+5, ) . Chttng minh réng trong day s6 S,,S,,S,,...khong ton
tai hai s6 hang lién tiép déu la cac s6 chinh phuong .

(D€ vao chuyén todan sw pham Ha N§i nam 2013-2014)
Bai 17: Cho p 1a mdt s8 nguyén t8. Tim p d€ tdng cac wdc nguyén duwong ctia p* 1a mot s§
chinh phuong.

(Dé vao chuyén Hung Yén nim 2013-2014)

Bai 18: Tim tat ca s6 tw nhién n sao cho n® —14n— 256 la mot s6 chinh phuong.

(D€ thi HSG 16p 9 Thanh Oai nim 2012-2013)

Bai 19: Cho cac s6 nguyén a, b, ¢ # 0 thoa man: 1,111
a b c abc

Chitng minh rang: (1 +a’ )(1 +b? )(1 +c’ ) 1a s8 chinh phuong
(D€ thi HSG I6p 9 trwong Trin Mai Ninh nam 2012-2013)
Bai 20: Tim s6 tu nhién n sao cho A=n? +n+6 la sd chinh phuong
(Dé thi HSG 16p 9 huyén Vinh Lic nam 2018-2019)
Bai 21: Tim s6 tu nhién gom bon chit s6 abed biét ring né 1a mét s& chinh phuong, chia
hét cho 9 va d 1a mot s6 nguyén t6.
(D€ thi HSG I6p 9 quin Ng6 Quyeén ndm 2018-2019)
Bai 22: (D¢ thi HSG I6p 9 huyén Cim Giang ndm 2018-2019)
Cho S =2+ 2% +2° +...+2%. Chting t6 S khong phai 1a s6 chinh phuong.
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Bai 23: Tim x nguyén duong d& 4x’ +14x* +9x -6 1a s8 chinh phuong
(Dé thi HSG 16p 9 TP Bic Giang nam 2017-2018)
Bai 24: Tim s6 tw nhién n sao cho n”+17 1a s6 chinh phwong?
(Dé thi HSG I6p 9 huyén Kim Thanh nam 2012-2013)
Bai 25: Tim cac sd nguyén duong n sao cho 2" +3" +4" 1a s6 chinh phuong.
(Dé thi HSG I6p 9 huyén Vii Quang ndm 2018-2019)
Bai 26: Tim t4t ca cac s6 nguyén n sao cho n’ +2014 1a mot s chinh phuong
(Dé thi HSG 16p 9 Truwong Thanh Viin nam 2017-2018)
Bai 27: Tim cac s6 nguyén x sao cho x° —3x* +x+2 1a s6 chinh phrong.
(Dé thi HSG 16p 9 huyén Luc Nam ndm 2018-2019)
Bai 28: Tim sO tu nhién A biét réng trong ba ménh dé sau c6 hai ménh dé dung va mot
ménh dé sai:
a) A+51 1as0 chinh phuong.
b) Chit s tan cung bén phai ctia A la sd 1.
c) A-38 laso chinh phuwong.
(Dé thi HSG 16p 9 huyén Dan Phiwrong niam 2018-2019)
Bai 29: Tim cdc s6 hitu ti n thoa man tong sau la s§ chinh phuong: n* +n+503.
Gia str ton tai s6 hitu ti N va s nguyén dwong m dé& n* +n+503=m>.
(Dé thi HSG I6p 9 huyén Vii Quang ndm 2018-2019)
Bai 30: Tim cac sO tu nhién n sao cho n—50 va n+50 déu la s6 chinh phuong.
(Dé thi HSG 16p 9 huyén Thing Binh ndm 2018-2019)
Bai 31: Tim sO tu nhién n sao cho: n+ 24 va n+ 65 la hai sd chinh phuong.
(Dé thi HSG 16p 9 huyén Phit Ninh ndm 2018-2019)
Bai 32: Chitng minh rang: B = 4x(x+ y)(X+ y+2)(x + z)+ y*z* 1a mdt s8 chinh phuong
véix, y, z1a cac s6 nguyeén.
(Deé thi HSG I6p 9 huyén Tién Hai ndm 2017-2018)
Bai 33: Tim ne N sao cho: n* +n°+1 la sd chinh phuong.
(Deé thi HSG I6p 9 huyén Thanh Oai nam 2012-2013)
Bai 34: Tim tat ca cac cdp sO ty nhién (X; y) sao cho 2(x2 +y® —3x+ Zy) -1 va
5(x2 +y? +4x+2y + 3) déu 1a s6 chinh phuong.
(Dé vao 10 Chuyén Nam Dinh ndm 2019-2020)
Bai 35: Chitng minh rang s M = (n + 1)4 +n* +1 chia hét cho mot s6 chinh phwong khac 1
vdi moi s6 n nguyén duong.
(Dé vao 10 Chuyén Binh Thudn nim 2019-2020)
Bai 36: Cho n 1a s6 nguyén duong thoa man 1/12n” + 1 1a s§ nguyén. Chitng minh réng

24/12n* +1 + 2 1a 58 chinh phuong.

(Dé vao 10 Chuyén Bic Ninh niam 2019-2020)
Bai 37: Cho a, b, c la cac s6 nguyén duong nguyén nguyén t6 cung nhau va thoa man
1 1

—+ y = l Chttng minh rang a + b 1a s6 chinh phuong.
a c
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(Dé vao 10 Chuyén Thdi Nguyén ndm 2016-2017)
Bai 38: Chitng minh rang néu a va b 1a cac s6 tw nhién 1é thi a® +b® khong phai 1a s6 chinh
phuong.
(Dé vao 10 Chuyén Hoa Binh ndm 2016-2017)
Bai 39: Tim tat ca cic sd nguyén duong n sao cho n* +3" la mot s8 chinh phuong.
(Dé vao 10 Chuyén Quoc Hoc Hué niam 2017-2018)
Bai 40: Chiing minh rdng néu s& tw nhién abc 1a s8 nguyén & thi b? —4ac khong l1a s6
chinh phuong.
(Dé vao 10 Chuyén Binh Dinh nim 2017-2018)
Bai 41: Tim c4c s6 nguyén m sao cho m* +12 1a s8 chinh phuwong.
(Dé vao 10 Chuyén Phii Tho nam 2017-2018)
Bai 42: Tim tat ca cic cdp (x; y) nguyén duong sao cho x* + 8y va y’ + 8x la cac s6 chinh
phuong.
(Dé vao 10 Chuyén Todn Hdi Dwong nam 2017-2018)
Bai 43: Cho biéu thitc A=(m+n)’ +3m+n véim, n la cic s8 nguyén dwong. Chting minh
rang néu A 1a mdt s6 chinh phuong thi n® +1 chia hét cho m.
(Dé vao 10 Chuyén TP H6 Chi Minh ndm 2017-2018)
Bai 44: Cho p 1a mdt s6 nguyén t8. Tim tat ca cdc s6 nguyén n d&€ A=n* +4n"" 1a s8 chinh
phuong.
(Dé vao 10 Chuyén Ba Ria Viing Tau nam 2017-2018)
Bai 45: Cho hai s6 nguyén duong m, n thoa man m+n+11a mot wdc nguyén td cua
2(m? +n?)-1. Chiing minh rang mn la s& chinh phuong.
(Dé vao 10 Chuyén Nghé An nam 2018-2019)
Bai 46: Tim cac gia tri nguyén ctia Xd& M = x* +(x+1)’ —2x* — 2x1a s8 chinh phuong.
(Dé vao 10 Chuyén Hung Yén nam 2018-2019)
Bai 47: Cho s6 ti nhién n>2va sd nguyén t& p thoa man p-—1chia hét cho ndong thoi
n® —1chia hét cho p.Chting minh rang n+ pla mot s§ chinh phuong.
(Dé vao 10 Chuyén Dai hoc Vinh Nghé An niam 2018-2019)
Bai 48: Tim hai s6 nguyén t8 p va q, biét rang p+q va p+4q déu la cic s6 chinh
phuong.
(Dé vao 10 Chuyén Quang Nam nam 2018-2019)
Bai 49: Chitng minh rang néu hiéu céc lap phuong ctia 2 s8 nguyén lién tiép 1a binh
phuong ctia mot s6 tie nhién n thi n 13 tong 2 s6 chinh phuong lién tiép.
(Dé vao 10 Chuyén Bic Ninh nim 2018-2019)
Bai 50: Chitng minh rang khong ton tai s& tu nhién n d& 2018+ n’ 1a s§ chinh phuong.
(D% vao 10 Chuyén Bic Giang nim 2018-2019)
Bai 51: Cho A=m’n’ —4m-2n véi m,n la cac s6 nguyén dwong. Khi N =2 tim m d& A la
s6 chinh phuong. Khi n > 5chting minh rang Akhdng thé 1a s§ chinh phuong.
(Dé vao 10 Chuyén Ba Ria Viing Tau nam 2018-2019)
Bai 52: Chiing minh néu a;b 1a cac s6 nguyén théa man hé thirc 2a® +a=3b*+b thi a-b

va 2a+ 2b +1la nhitng s6 chinh phuong.
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Bai 53: Tim s6 tw nhién x d€ biéu thitc x* +2x+20 6 gia tri 1a mot sd chinh phwong.
Bai 54. Tim cac sd nguyén X sao cho A= x(x—1)(x—7)(x—8) la mot sd chinh phwong.

Bai 55. Cho A=11...1-88...8+1. Chitng minh A 1a m¢t s6 chinh phuong.
s T

2n n
Bai 56. Tim tat ca s ty nhién x,y d€ 2* +5’ la s6 chinh phuwong.
Bai 57. Tim ne N dé 2°+2"+2" la s8 chinh phuong .

Bai 58. Tim s& tu nhién n 6 2 chit s6 biét rang 2n+1 va 3n+1 déu la cac s6 chinh phuong.

Bai 59. Cho cac s8: {B=11.....11 ; Chitng minh rang: A+ B +C +8 1a mdt s8 chinh phuong,.
—

Bai 60. Tim tt ca cac sd nguyén n sao cho n* +2n°+2n* +n+7 1a s6 chinh phuong.

(D@ thi vio 16p 10 chuyén, treong DHKHTN — DHQG Ha Ni nim 1992)
Bai 61. Tim tat ca cac sO nguyén khong am n sao cho c6 cac s6 nguyén a, b thoa man
n’=a+b va n’=a’+b’.

(Romanian MO 2004)

Bai 62. Hay tim hai s3 chinh phuong phan biét a,a,a,a, va bb,bb, biét rang
a—-b=a-b=a-b=a-b,

Bai 63. C6 ton tai hay khong 2013 s6 nguyén duong a;, a@,, ..., y,, sao cho cac s6
a’ +a;, a’+a+al, a’+a+..+a,, déu lasd chinh phuwong?

Bai 64. Thay cac dau * bang cac chit s6 sao cho s6 sau day la mot s6 tw nhién.

A= 6/4****

Bai 65. V6i mdi neN , dat A =(10"+10"" +...+10+1)(10"" +5)+1 . Ching minh rang A,
la s6 chinh phuong.

Bai 66. Gia st rang 2n+1 va 3n+1 la cac s8 chinh phwong. Chitng minh rang 5n+3 la mot
hop s6.

Bai 67. C6 hay khong céc sd x,y phéan biét thudc khoang (988;1994) sao cho Xy +x va

Xy +y déula cac s6 chinh phuong ?
( Thi hoc sinh gisi toan lop 9, TP.HCM nam 1994)

Bai 68. C¢ ton tai hay khong mot s6 tw nhién n sao cho s6 k =+/n+1++/n—-1 la mot s6 hiru ti.
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Bai 69. Cho day s3, a, =144, a, =1444, a_ =1444. .44
%/_/

n chuso4

Tim tat ca cac sO tu nhién n sao cho a, la s6 chinh phuong.

Bai 70. Chitng minh rang c6 vo sd bd ba 3 s tw nhién (a,b,c)sao cho a,b,c nguyén t&

cuing nhau va s6 n=a’h® +b’c’ +c?a’ 1a mot sd chinh phuwong.

Bai 71. Tim c4c s6 nguyén m va n dé cho da thite p(x) = x* +mx® +29x* + nx+4,X € Z 1a mot
s0 chinh phuong.

Bai 72.

1. Tim sO tw nhién a nho nhat, a # 0sao cho a chia hét cho 6 va 1000a la s6 chinh phuong.
2. Tim s0 ty nhién b nho nhat sao cho s6 (b—1) khong chia hét cho 9, b chia hét cho tich
cua bdn s6 nguyén t6 lién tiép va 2002.b 1a sd chinh phuong.

Bai 73. Cho a va b 1a 2 s8 tunhién, a’ —b® c6 thé 1a mot s6 chinh phuong khong?

Bai 74. Tim s6 tu nhién k =ab c6 hai chit s6 sao cho k +ab=(a+b)’

Bai 75. Tim tat ca cac s6 nguyén n d€ A=2017? (n“ +n®+ n2> 1a s8 chinh phuong

(Tap chi Todn & hoc tudi tré s6'468)

n- 3; 1a binh phuwong ctia mot s6 hitu ty dwong tuy .

Bai 76. Tim s0 nguyén duong n dé

(HSG Nam Dinh 2015 -2016)
Bai 77. Tim s0 tw nhién ¢ dang abc théa man: abc =n? -1 va cha = (n—2)2 voi neZ,n>2.
(HSG Séc Tring 2015 - 2016)
Bai 78. Tim s0 tu nhién n sao cho n+12 va n-11 déu la sd chinh phuwong.
(HSG Séc Tring 2016 - 2017)
Bai 79. Tim tat ca cc s6 tu nhién n sao cho n*—14n-256 1a mot s chinh phuong.
(HSG Qudng Nam 2014 - 2015)
Bai 80. Cho n la sO tw nhién c6 2 chit s6. Tim n biét n + 4 va 2n déu la cac s6 chinh phuong.
(HSG Tra Vinh 2016 - 2017)
Bai 81. Cho n la s6 tw nhién. Hay tim tit cd cdc s6 nguyén t6 p sao cho sO
A=1010n* + 2010(n+ p)+10"" c6 thé vist dudi dang hiéu ctia 2 8 chinh phuong.
(HSG Ldm Dbng 2016 - 2017).
Bai 82. Tim nghiém nguyén duong x dé€ 3" + 171 la s6 chinh phuwong.
(HSG Lai Chdu 2015 - 2016)

Bai 83. Tim tat ca cac sd tu nhién x sao cho 5 + 12" la mét s6 chinh phuwong.

(HSG Bdc Giang 2015 - 2016)
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Bai 84. Tim tdt ca cac s6 nguyén n sao cho A la mot sd chinh phuong voéi
A = 4n*+ 22n° +37n* +12n-12.
(Chuyén Yén Bdi 2016 - 2017).
Bai 85. Tim c4c s6 nguyén k d& k* —8k® +23k® — 26k +10 1a s6 chinh phuong.
(Chuyén Hai Dwong 2015 - 2016).
PP+2°+3+---+n°

Bai 86. Tim s0 tu nhién n (n > 1) bé nhat sao cho la s6 chinh phuong.
n

(Tap chi todn hoc tudi tré s6'362).
Bai 87: Tim tat ca cac sO tw nhién n sao cho ca hai s60 9n+16 va 16n+9 déu la sO chinh
phuong.
Bai 88: Lady mot sO ty nhién c6 2 chi s6 chia cho s ¢d 2 chit s6 viét theo tht tu nguoc lai
thi duoc thuong la 4 va du 15. Néu 1dy s6 d6 trir di 9 thi duwgc mot s6 b?mg tong binh
phuong ctia 2 chit s6 tao thanh s6 d6. Tim sO tu nhién &y.
Bai 89. Viét cacs6 1, 2, 3, ..., 2007 thanh day theo th tu tuy y duoc s6 A. Hoi s6
A+2008%" +2009 co phai la s6 chinh phuong hay khong? Vi sao?
(Tap chi todn hoc va tudi tré s6'377)
Bai 90. Cho cac s6 hitu ti x, y thoa man x° + y° = 2x*y?. Chtiing minh 1-xy la binh phuong
ctia mot sO hiru ti.
Bai 91. Cho m,n 1 hai s6 nguyén duong 1é sao cho n” —1 chia hét cho [m* +1—n?]. Ching
minh rang [m® +1—n?] la s8 chinh phuong.
Bai 92. Chttng minh rang trong ba s& chinh phuitong tuy y ludn ton tai hai s6 ma hiéu ctia
chung chia hét cho 4.
Bai 93. Chitng minh rang n® +1999n+ 2017 (n e N) khong phai la s§ chinh phuong.
(HSG Tinh Quing Ngai 2017 —2018)
Bai 94. Gia st n la s8 nguyén duong thoa man diéu kién n? 4 n+31la s6 nguyén t6. Chiing
minh réng n chia 3 du 1 va 7n® 4-6n+ 2017 khéng phai s chinh phuong.
(Chuyén Tinh Qudng Ngai 2017-2018)
Bai 95. Cho X,y la cdc s& nguyén thoa man 2x* +x=3y*+y.
Chtang minh x— y;2x+2y+1va 3x+ 3y +1 déu la cac s6 chinh phuong.
(HSG Tinh Thanh Hod 2015-2016)
Bai 96. Cho bi€u thiec A=2(1* +2° +...+2017%) . Hoi A c6 la binh phuong ctia mot sd
nguyén hay khong?
(Todn hoc tudi tho s6'120)
Bai 97. Cho a va b la c4c s6 ti nhién thoa man 2016a* +a = 2017b* +b (1).
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Chttng minh rang a—b 1a mot s§ chinh phuwong.
(Todn hoc tudi tho s6'120)
Bai 98. Cho x,Y,z 1a cic s6 nguyén t6 cing nhau va thod man (x—z)(y —z) = z°. Ching
minh rang tich 2017°xyz 1a mot s& chinh phuiong.
(Todn hoc tudi tho s6'120)
Bai 99: Xac dinh s8 dién thoai cia THCS thanh phd Thu Dau Mat, biét s6 d6 dang 82xxyy
v6i xxyy 1a s6 chinh phuwong.
(HSG Binh Dwong 2016 —2017)
Bai 100: Tim t4t ca cdc s tw nhién 7 sao cho C=2019" +2020 1a s6 chinh phuong.
(HSG Qudng Binh 2018 — 2019)
Bai 101: Tim s& nguyén t& p thda man p’ —4p+9 1a s6 chinh phuong.
(HSG Bic Ninh 2018 —2019)
Bai 102: Cho B=12.3+23.4+3.45+..+n.(n-1).(n-2) véi neN". Chting minh rang B
khong 1a s6 chinh phuong.
(HSG Bic Ninh 2018 —2019)
Bai 103: Cho s6 nguyén t6 p(p > 3)va hai s6 nguyén duong a,bsao cho p?+a’=b’.
Chting minh a chia hét cho 12 va 2(p+a-+1) la s6 chinh phuong.
(HSG Qudng Nam 2018 —2019)

Bai 104: Tt 625 s6 tw nhién lién ti€p 1; 2; 3; ...; 625 chon ra 311 s0 sao cho khong c6 hai s&
nao c6 tong bang 625. Chitng minh rang trong 311 s duwoc chon, bao gio ciing cé it nhat
mot sd chinh phueong.

(HSG Hung Yén 2017 —2018)

Bai 105: Tim céc s6 ty nhién N sao cho n® +2n++/n”+2n+18 +9 la sd chinh phuong.
(HSG Hai Dirong 2016 — 2017)

Bai 106: Tim céc s8 c6 2 chit s8 ab (a#b) sao cho s n=ab—ba 1a mot s§ chinh phuong
(HSG Hung Yén 2015 — 2016)
Bai 107: Cho a=111 ...1 va b=1000...0 5. Chting minh rang s5 M =ab +1 1a s chinh
— M

2017 so 1 2016 s6 0
phuong.
(HSG Dik Lak 2015 —2016)
Bai 108: Chiing minh rang v6i mdi sd nguyén n > 6 thi s3:a, =1+ 26.10...(4n—2) la mot
(n+5)(n+6)...(2n)
s0 chinh phueong

(Trich dé chuyén todn Dai hoc sw pham Ha N§i 2014 —2015)
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Bai 109: Tim a,b d€ f(x)=x"+2x’—x*+x(a—-4)+b+2 viét thanh binh phuong ctia mét
da thttc.
(HSG huyén Chwong My 2019 —2010)

Bai 110: Xac dinh sd dién thoai cia THCS X thanh phd Tha Dau Mot, biét s6 do6
dang 82xxyy véi xxyy la sd chinh phuong.
(HSG tinh Binh Duwong 2016 —2017)
Bai 111: Cho hai s8 tu nhién 4, b thoa man 2a” +a = 3b” +b. Chiing minh rang 2a+3b + 1 1a
s0 chinh phuong.
(HSG tinh Hdi Dwong 2016 —2017)
Bai 112: Cho 7 1a s6 nguyén duwong va m la wdc nguyén dwong ctia 212 Chiing minh ring
n? + m khong la s0 chinh phwong.
(HSG tinh Hai Dwong 2016 —2017)
Bai 113: Tim t4t ca c4c s6 nguyén dwong n d& A= 2° +2° +2" 13 s§ chinh phuong.
(HSG tinh Hai Dwong 2009 — 2010)
Bai 114. Cho a, b 1a hai s6 nguyén duong, dat A=(a+ b)2 - 2a?, B=(a+ b)2 —2b%.
Chitng minh rang A va B khong dong thoi 1a s6 chinh phuong.
(Viao 10 Chuyén Sw Pham Ha N¢i 2018 — 2019)
Bai 115. Cho 2 s6 nguyén a,b thoa man a’ +b’* +1=2(ab+a+b). Chirng minh a va b 1a hai
s0 chinh phuwong lién ti€p.
(Vo 10 Chuyén Sw Pham Ha Ngi 2015 — 2016)

Bai 116. Cho hai s8 hitu t 4, b thoa man dang thirc a’b +ab® +2a°b? +2a+2b+1=0.
Chttng minh rang 1 — ab 1a binh phuong ctia mot s& hiru t.
(Vao 10 Chuyén Sw Pham Ha N6i 2011 —2012)

Bai 117. Gia sit m va n la nhiing s6 nguyén duong véin > 1. Dt S =m?n® —4m+4n.
Chitng minh rang:
1) Néum>n thi (mn’ —2)2 <n®S <m?n*.
2) Néu S 1a s6 chinh phuong thi m =n.
(Viao 10 Chuyén Sw Pham Ha N¢i 2010 — 2011)

Bai 118. Cho x, y 12 nhiing s6 nguyén 1én hon 1 sao cho 4x*y* —7x+ 7y 14 s6 chinh phuong.
Chttng minh réng: X=Y.

(Viao 10 Chuyén Khoa hoc tw nhién 2014 —2015)
Bai 119. Cho biéu thitc A= (m+n)’ +3m+n véi m, n 1a céc s8 nguyén duong. Chitng minh

rang néu A 1a mot s chinh phuong thi n® +1 chia hét cho m.
(Viao 10 Chuyén TP. H6 Chi Minh 2017 —2018)

Bai 58 120. Chitng minh ring: Néu abc 13 s6 nguyén t& thi b’ —4ac khéng phai 1a s8 chinh
phuong.
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(n+1)(4n+3)

Bai 121. Tim s nguyén dwong n nho nhat dé la s6 chinh phuong.

Bai 122. Tim cdc s6 nguyén td X,y sao cho: x*+3xy+ Yy’ la s& chinh phuwong.

Bai 123. Cho 2 s8 tw nhién y > x thoa man: (2y-1)° =(2y—x)(6y+x). Chting minh 2y —x
la s6 chinh phuong.

Bai 124. Cho céc sd nguyén duong a,b,c thoa man: (a,b,c)=1ab=c(a—b). Chiing minh:
a—b 1a s6 chinh phuong.

Bai 125. Cho X,y la s& nguyén duong sao cho X* + y* —x chia hét cho xy. Chiing minh: X
la s6 chinh phuong.

Bai 126. Cho 3 s6 ty nhién a,b,c thoa man diéu kién a-b la s6 nguyén t6 va

3c’ =ab+c(a+b). Ching minh: 8c+1 la s§ chinh phuong.

Bai 127. Gia st n 1a s tu nhién 16n hon 1 sao cho 8n+1 va 24n+1 1a s6 chinh phuong.

Chiing minh réng: 8n+3 la hop so.

Bai 128. Cho a,b la hai s6 nguyén sao cho ton tai hai s& nguyén lién tiép ¢ va d dé

a—b=a’c-b’d . Chiing minh réng |a-b| 14 s& chinh phuong.

Bai 129. Cho cac sO tw nhién a,b,c sao cho a?+b®+c?= (a—b)2 +(b—c)2 +(c— a)z. Chting

minh rang cac s& ab,bc,ca va ab+bc+ca déu la s§ chinh phuwong.

Bai 130. Cho A= Qf_iff + 5&3&_‘42 . Chitng minh rang A 1a s§ chinh phuong.

n n-1 n

Bai 131. Tim tat ca cac sO tu nhién n d€ 4n+9 va 9n+10 déu la sd chinh phuong.

Bai 132. Tim tat ca cac s tu nhién n dé 3" +144 la s0 chinh phuwong.

Bai 133. Tim tat ca cac s6 nguyén duong n dé€ 3" +63 la s6 chinh phuong.

Bai 134. Chting minh rang khéong thé thém chit s6 0 vao giita chit s6 6 va 8 trong s§ 1681
dé thu duoc mot s6 chinh phueong.

Bai 135. Tim t4t ca cdc sd tw nhién n dé€ 2°% +2°° + 2" 1a s chinh phuwong.
Bai 136. Tim tat ca cac cap sO tw nhién m,n sao cho 2" +3" 1a s6 chinh phuong.

Bai 137. Tim tat ca cic cdp sO nguyén duong (m,n) d&€ 2".5" + 25 la s§ chinh phuong.

Bai 138. Tim cdc s6 nguyén dwong X, Y sao cho x* +3y va y®+3x la s§ chinh phwong.
Bai 139.

a) Chiing minh rang: Néu n 1a s8 tw nhién sao cho 2n+1 va 3n+1 1a s& chinh phuong thi
n:40.

b) Tim t4t ca céc s8 ti nhién ab d& 2ab+1, 3ab+1 1a céc s8 chinh phuong.

Bai 141.

a) Chtrng minh: n=1984 1a gid tri I6n nhat ctia n d€sd 4% +4°* +4" 1a s8 chinh phuong.
b) Tim cac sO nguyén dwong X, Y, z dé: 4" +4” +4” 1a s6 chinh phuong.

Bai 142. Cho s6 nguyén duong n va d 1a mot wdc s6 nguyén duong ctia 3n’. Ching
minh: n?+d 1a s6 chinh phwong khi va chi khi d =3n?.

Bai 143. Cho m,n 1a 2 s6 nguyén duong 1é sao cho n® -1 chia hét cho |m2 -n? +1| . Chting

minh rang; |m2 —n? +1| 1a s& chinh phuong.
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= UNG DUNG PONG DU THUC
2 TRONG GIAI TOAN SO HQC
O

A. Kién thiic can nhé
1. Dinh nghia
Cho a,b 1a cac s6 nguyén va n 1a s6 nguyén duong. Ta dinh nghia a dong du véi
b theo moédun n va ki hiéula: a=b(modn), néu a va b c6 ciing s§ du khi chia cho n.
Chii iy : a) a=b(modm) la mot dong duw thitc voi a la vé'trai, b 1a vé phai.
b) a=b(modm) < a-b:m < JteZ saochoa=b+mt.
¢) Néu a va b khong dong du véi nhau theo médun m ta ky hiéu :
a # b (mod m).
d) Néu a chiacho b du r thi a=r(modb)
2. Tinh chat
1. Tinh chat phan xa : a = a (mod m).
2. Tinh chat d6ixtng: a=b(modm) = b = a(mod m).
3. Tinh chat bac cau :
a=b(modm);b=c(modm) = a=c(modm).
4. Cong hay trtr ttng v€ ctia dong duw thirc c6 cung modun :
a=b(modm); c=d(modm) = a+c=b+ d(modm)
Tong quat: a =b (modm),i=1;2;.,k = a ta,*+..ta =b +b, £..£b, (mod m).
5.a) Nhéan hai v€ ctia dong du thirc véi mot s6 nguyeén :
a=b(modm) = ka=kb(modm) véik €Z
b) Nhan hai v&€ va modun ctia dong du thirc voi mot s6 nguyén duong:
a=b(modm) = ka=kb(modkm) vdik eN*
6. Nhan ting vé€ ctia nhiéu dong du thirc c6 cung mddun :
a=b(modm); ¢ =d(modm) = ac = bd (mod m)
Tong quat a =b (modm),i=1;2; ..,k = aa,..a, =bb,..b, (mod m).
7. Nang hai vé€ cia mot dong du thirc 1én cuing mot lity thira :

a=b(modm) = ak=b<(modm) (k eN¥)
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8. Néu hai s6 dong du vdi nhau theo nhiéu moédun thi ching dong du véi nhau theo
modun la BCNN ctia cdc moddun ay:
a=b(mod m),i=1;2;..;k = a=b(mod [m;m,;...m]).
Dgcbiét néu (m,m;)=1 (i,j=1;2..;k) thi
a=b(mod m)= a=b(mod m.m,..m).

9.Néu a =b (mod m) thi tap hop cac wdc chung clia a va m bang tap hop cac wdc
chung cua b va m.
Dacbiét: a = b (mod m) = (a, m)=(b, m)

10. Chia hai v€ va moédun ctia mot dong du cho mot wéc duong chung cta ching :

a=b(modm), k € UC(a,bm), k>0 = %EE(mOdgj

bac biét: ac = bc (mod m) = a=b | mod m
(c,m)

B. CAC DANG TOAN THUONG GAP

7~ Dang 1: St dung dong dw thirc trong cac bai toan chitng minh chia hét

* Co s6 phwong phap: Khi s§ du trong phép chia a cho m bang 0 thi a : m. Nhu vay dé
chiing té a : m ta chttng minh a = 0 (mod m)

* Vi du minh hoa:

Bai toan 1. Chimg minh réng: (2222 +5555”% ):7

Hudng dén gidi
Ta cé: 2222 =3(mod7) hay 2222 = —4(mod7) = 2222%% = (-4)™" (mod7) (*)
Mat khéc 5555 = 4(mod 7) = 55552 = 4% (mod 7) (**)
Tw () va (*%)
= (2222 +5555" ) =| (~4)™ + 4% | (mod7)
= (22227 +5555" ) = 477 (4% ~1)(mod 7)

Talaico: 4% = (4°)" =64 ma 64=1(mod7) = 4°* =1(mod 7)
= 4% 1= 0(mod7) = —4%% (4** ~1) = 0(mod 7)

Do vay (2222°% +5555% ) = 0(mod7) hay (2222 + 5555 ):7

Bai toan 2. Chimg minh réng: A=(7.5""+12.6")19
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Hudng dan gidi
Ta c6:
57" =(5?)' = 25" = A=7.25" +12.6"
25=6(mod19) = 25" =6"(mod19) = A=7.6" +12.6" (mod19) <> A=19.6"(mod19)
= A=0(mod19) = A‘19

Bai toan 3. Chting minh rang 12>+ 1172 : 133 (n € N)

Hudng dan gidi

Cich 1:Ta c6 122 = 144 = 11(mod 133) ; 112 =121 = -12(mod 133)
Dodé 122+1=12. (12%)" = 12. 11" (mod 133)

1172 =112 11" = -12. 11" (mod 133)
Do d6 1221+ 112 = 12.11"-12. 11" = 0 (mod 133).
Vay vé6in e N thi 1221+ 112 : 133.
Céch 2: Ta c6122=144 = 11(mod 133) =120 = 11~ (mod 133) (1)
Ma 12 = — 112 (mod 133) (2) Nhan v& véi vé ctia (1) va (2) ta c6 :
120,12 = 117, (= 112) (mod 133) = 122 = _1172 (mod 133)
1221+ 112 = 0 (mod 133) hay 1221+ 112 : 133.

Bai toan 4. Chiing minh ring: A=(2"" +5):7(vneN)

Huéng dan gidi
Tacd 2°=8 El(mod 7)
Ta di tim s8 dw cia 2°" khi chia cho 3 (day chinh la ¢im mau chdt ctia bai toan).
Vi 4=1(mod3) = 4" =1(mod3) = 2°" =1(mod3) hay n chia cho 3 du 1.
Gia st 2°" =3k +1(k e N)
Khi d6 taco: A=2%"+5=28+5
Vi 8“=1(mod7)= 2.8 =2(mod7)= 2.8 +5=2+5(mod7)
= A=0(mod7)
Vay A:7
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7~ Dang 2: St dung dong dw thirc tim s6 dw

* Co s0 phuwong phap: Vi hai s6 nguyén a va m, m >0 ludn c¢6 duy nhat cdp s6 nguyén q,

rsaochoa=mq+r, 0<r<m. De€ tim s6 du r trong phép chia a cho m ta can tim r sao cho
a=r(mod m)

{0 <r<m

* Vi du minh hoa:

Bai toan 1. Tim s& dw khi chia 3%°% cho 7.

Hudng dan gidi
Ta c6
3 =2(mod7)=3* =(3?) =1(mod7)
= (36 )333 =1(mod7) < 3 =1(mod7)
Mt khac 3 =2(mod7) = 3 = 3.3 =1.2(mod 7) = 3" :7 du2.

Nhén xét: D€ tim s6 du khi chia a" cho b >0, ta 18y Iy thira v6i s6 mi tdng dan cta a
chia cho b dé€ tim s0 du. Ta sé ding lai dé xem xét khi tim duoc sd dw ¢6 gia tri tuyét doi

nhoé hodc la mot gid tri ddc biét co lién quan dén bai toan.

Bai toan 2. Tim s6 du trong phép chia 5° + 7% cho 12.

Hudng dan gidi
Ta cé

52 =1(mod12) = (5?)" =1(mod12) < 5 =1(mod12)(*)
72 =1(mod12) = (7)” =1(mod12) < 7% =1(mod12)(**)

Te (*);(**) = 57 +7% cho12duw 2.

Bai toan 3. Tim s dw ctia s6 A = 3% 4+ 4%°% Kkhi chia cho 11

Huéng dan gidi
Tac6 ¥ =243=1(mod11) = (3°)" =1(mod11) = 3* =1(mod11)(1)
Mit khic 4° =1024 =1(mod11) = (4°)" =1(mod11) = 4°* =1(mod11)(2)

Tir (1);(2) = s6 dw cua s§ A =3 + 4% khi chia cho 11 13 2.

Bai toan 4. a) Tim s6 du trong phép chia 15325 -1 cho 9.
b) Tim s& du trong phép chia 2016 +2 cho 5
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Hudng dan gidi
a) Tacd 1532=9.170+2 = 2 (mod 9) do do6 1532°> = 25 (mod 9)
= 15325-1=25-1(mod 9). Vi25—1=31 = 4 (mod 9). Do d6
1532°-1 = 4 (mod 9). Vay s0 du can tim 1a 4.
b) Ta c6 2016 = 1 (mod 5) do d6 2016215 = 12015 (mod 5)
suy ra 2016218 +2 = 12018+ 2 (mod 5). Vi1l +2=3 = 3 (mod 5).
Do d6 201628 +2 = 3 (mod 5).
Vay s6 du can tim 1a 3.
7~ Dang 3: Tim diéu kién ctia bién d€ chia hét
* Co s0 phwong phap: Dua vao tinh chat caa dong du thic vé s6 du dé€ tim ra diéu kién
cua an dé biéu thirc chia hét.

* Vi du minh hoa:

Bai toan 1. Tim sO ti nhién n sao cho: a. (23n+4 + 32”“)519 b. (n.2” +1)§3

Huéng dan gidi
a.Tacd 2°"* +3"" =16.8" +3.9"
Vi 16 =-3(mod19) = 16.8" =-3.8" (mod19)
= (16.8" +3.9")i19 < (-3).8" +3.9" = 0(mod19)
< 9"-8"=0(mod19) < 9" =8"(mod19)
=n=0
vi trdi lai 9" =8"(mod19) = 9 =8(mod19) la vo ly
Vay n=0.
b.Ta xét cac truong hop sau
Trwong hop 1
Néu n=3k(ke N)=n.2":3=n2"+1{3= loai
Trwong hop 2
Néu n=3k +1(k e N)=n.2" +1=(3k +1).2%" +1=3k.2%"* + 2% 4+ 1=3k.2°%*" + 2.8 +1
=n2"+1:3< (2.8 +1):3
8=-1(mod3) = 8" =(-1)" (mod3)
= 2.8 +1:3 2,(-1) +1=0(mod3)
tuong duong véi k chdn < k=2m(meN)=n=6m+1(meN)

Trwong hop 3
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Néu
n=3k+2(keN)=n2"+1=(3k+2).2%"? +1
=3k.3%"? 1 2.2%"? 1 1=3k.2%*"? 1.8 +1
= (n2"+1):3< (-1)"" +1=0(mod3)

= k+lle k=2m(meN)=n=6m+2(meN)

Vay diéu kién can tim la m= 1(mod 6) hodc m= 2(mod 6).

Bai toan 2. Tim s0 ty nhién n ¢ 4 chit s6 sao cho chia n cho 131 thi dw 112 va chia n cho
132 thi dw 98.

Huéng dan gidi
n=98(mod132) = n =132k +98(k € N )(1)
= 132+98=112(mod131)
= k +98+33=112+33(mod131) = k =14(mod131)
= k =131Im+14(me N)(2)
Tt (1) va (2) n=131.132m +1946 = n =1946
7~ Dang 4: Tim mot chir sd tin cung
* Co s0 phuwong phap:
Néu a=r(mod10);0<r <b thi r 1a chit s6 tin cling cua a.
Ta can luu y mot s6 tinh chat sau:
Tinh chat 1
Néu a c6 chir s8 tan cung la 0;1;,5;6 thi @" cling c6 chir s8 tdn cing nhu a nghia la
a" = a(mod10)
Tinh chat 2
Né&u a c6 chit s§ tan cing bang 4;9 thi a* cd chir s§ tan cling bang 6;1.
Nghia la: Néu a =4(mod10) = a® = 6(mod10) = a** = 6(mod10)
Néu a=9(mod10) = a’ =1(mod10) = a* =1(mod10)
Do vay dé€ tim chit s6 tan cuing cuia a" ta chia n cho 2.
Tinh chit 3
Néu a ¢ chir s0 tan cung la 2;3;7;8 thi ta a4p dung mat trong cac két qua sau:

2% =6(mod10);3" =1(mod10); 7* =1(mod10);8* = 6(mod10)

Do vay dé tim chit s tdn cing ctia &" ta chia n cho 4.
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* Vi du minh hoa:

Bai toan 1. Cho s§ A= 2012°"" tim chir s§ tan cling ctia A.

Huéng dan gidi
Ta c6 2013=4.503+1
Vi 2012 = 2(mod10) = 2012* = 6(mod10)
= (2012*)” = 6(mod10) & 2012 = 6(mod10)
= 2012%% = 6.2(mod10) <> 2012°* = 2(mod10)

Vay A c6 chix s6 tan cung 1a 2.

Bai toan 2. Cho B =1978"® tim chit s& tan cling ctia B.

Hudng dan gidi
1978 =8(mod10) = 1978* = 6(mod10)
1986° =0(mod4)=1986 =4k (k € N)
= C =1978" =6(mod10)
Vay chir s0 tan cung cta B la 6.
~ Dang 5: Tim hai chit s8 tdn cung
* Co s phwong phap: Néu a=r(mod100);10 <r <100 thi r la chit s tan cling cta a.
Ta can lvu y mot sO tinh chat sau:
2% =76(mod100);3* = 01(mod100);6° = (mod100)
7° =01(mod100);5? = 25(mod100)
76" = 76(mod100); 25" = 25(mod100)(Vn > 2)
a=0(mod10) = a* = 01(mod100)
a=13;7;9(mod10) = a** = 01(mod100)
a=5(mod10) = a** = 25(mod100)
a=2;4,6;8= a”* =76(mod100)

Tt d6 ta co:

Do vay dé tim hai chit s8 tan cing ctia @" ta chia n cho 20.

* Vi du minh hoa:

Bai toan 1. Cho s8 A =2012"" tim hai chit 6 tan cting ctia A.

Huéng dan gidi

Ta cd
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2013=20.100 +13
2012 = 2(mod10) = 2012 = 76(mod100)

= (20122 )" =76(mod100) < 2012™ =76(mod100)(1)

2012 =12(mod100) = 2012° =12° (m0d100) = 2012° =84 (mod100)
= 2012° =56(mod100) = 2012 =56(mod100) = 2012%* = 72(mod100)(2)
Tir (1) va (2) = 20127 = 2012%.2012%% = 76.72(mod100) <> 2012 = 72(mod100)

Mat khac

Vay A c6 hai chit s6 tan cung la: 72

Bai toan 2. Tim hai chit s6 tan cing ctia cac sO sau

9
97 92012

a. A=7 b. B=29 o C Eg7ge

Hudng dan gidi

a. Vi 7* =01(mod100) nén ta di tim s§ dw khi chia 9" cho 4.

Ta co

9=1(mod4)=9" =1(mod4)=9" =4k(k e N)

= A=7" =7%1=7,(7*) =7.04(m0d100) = 7 =07(mod100)
Vay A c6 hai chit s0 tan cung la 07.

b. Vi 29'° = 01(mod100) = nén ta di tim s8 dw khi chia 9*** cho 10

Tacod:
=—1(mod10) = 9% =1(mod10) = 9**** =10k +1(k e N)
= B = 29" = 29,(29"°)" = 29.01(m0d100) < B = 29(mod100)
Vay B c6 hai chit s6 tan cung 1a 29.
c. Vi C =6(mod10) = C* = 76(mod100) = C*" = 76(mod100)
Mit khac
1986 = 6(mod 20) =>1986° =16(mod 20)

= C =19787%* = (1978 )".1978" =1978".76 (m0d 100)
Talaico:
1978 = ~22(mod100) = 1978‘ =56(mod100) = (1978 ) =56 (mod 100)

=1978" =76(mod100)
= C =96.76(mod100) <> C = 76(mod100)

Vay C c6 hai chit s0 tan cung 1a 76.
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7~ Dang 6: St dung dong dw thirc trong cac bai toan vé s6 chinh phwong

* Co s6 phwong phap:

S8 chinh phuong 1a s8 ¢6 dang n*(ne N)

Ta di chitng minh mot s tinh chat co ban cta s§ chinh phrong bang dong du :

1. S6 chinh phuong khi chia cho 3 chi ¢6 hai s6 dw 1a 0 hoac 1.

That vay ta di xét cac treong hop sau

Véi n =3k = n=0(mod3)= n*=0”(mod3) < n’ =0(mod3) s5 du bang 0

V6i n=3k +1=> n=+1(mod3) = n? = (+1)° (mod3) < n? =1(mod3) = s3 dw bing.
2. SO chinh phwong khi chia cho 4 chi ¢6 hai s6 dw 1a 0 hodc 1.

Chitng minh twong tu :

Véi n=4k = n=0(mod4)= n*=0?(mod4)=n=0(mod4)= s& du bang 0.

V6i n=4k 1= n=+1(mod4) = n® =(£1)’ mod4 < n? =1(mod4) = s8 du bing 1.
Véi n=4k +2=n=2(mod4)= n’=2* =4(mod4) < n’ =0(mod4) = s& du bang 0.
3. SO chinh phwong khi chia cho 8 chi c6 ba s6 dw 1a 0,1 hodc 4.

Tuwong tw ta xét cac treong hop sau :

n =8k = n=0(mod8)= n* =0(mod8)

n=8k 1= n=+1(mod8) = n* =1(mod8)

n=8k+2=n=+2(mod8)= n*=(+2)" = 4(mod8)

n =8k +3= n=+3(mod8) = n?=(+3)"(mod8) < n* =1(mod8)

n=8k +4 = n=4(mod8)= n’=4%(mod8) < n’ =0(mod8)

Hoan toan tuong tu ta c6 thé xét cac truong hop s6 dw cua s chinh phwong khi chia cho
5,7,9..

* Vi du minh hoa:

Bai toan 1. Chting minh réng s6: A=19" +5° +1995* +1996* véi k chdn khong thé 1a s6
chinh phuong.

Huéng dan gidi
Vi k chan ta c6
19" =(-1)" (mod4) = 19" =1(mod 4)
1995 = (~1)* (mod 4) = 1995° =1(mod 4)
1996 = 0(mod4) = A=19" +5" +1995" +1996“ =3(mod 4)
Hay A chia 3 du 4. Vay A khong thé la s6 chinh phuong.

127 | CHUYEN DE sO HOC




| CHU PE 5: UNG DUNG PONG DU THUC TRONG GIAI TOAN SO HOC

Bai todn 2. Tim t4t ca s tw nhién x,y d€ 2* + 5” 1a s6 chinh phuong.

Huéng dan gidi
Giasa 2 +5 =k? (keN)

Néu x =0 thi 1+5” =k’do d6 k chdn = k?chia hét cho 4 nhung 1+5’ chia 4 du 2.
Vayx =0, tir 1+5” =k® = k 1é va k khong chia hét cho 5. Xét hai truong hop.
+) Véiy=o0thi 2* +1=k? =(2n+1)" (viklénén k=2n+LneN).
= 2"=4n(n+1) = n=1.Khi d6 x=3; y =0 (thoa man)
Thw lai: 2 +5 =2°+5° =9 la s6 chinh phuong.
+) V6i y #0 va k khong chia hét cho 5 = k? = +1(mod5)
Tk 2 +5' =k* = 2* = +1(mod5) = X chan
Dat x=2x (x eN), taco
5 = (k + 2% )(k - 2*)

k+2h=5" .. C .
= VOi Y, +Y,=Y VvOi Y, >Y,, y1, y21a cdc s ti nhién.

k—2% =5%

=24 =5 (5" ) =52 =1=y,=0 .

=y, =Y. Khidé 2%" =5"-1.
Néuy=2t(teN) thi 2" =5-1=25'-1:3,v0ly
Vay y 1é, khi d6 2" =5" -1=4(5""+5"7 +..+5+1).
Néu y>1thi 5" +57%+..+1,1é (vO ly).
Néu y=1=x =1khiddé x=2;y=1.
Thirlai 2* +5 =22 +5' =9 1a s chinh phuong

Vay x=2;y=1hoacx=3,y=0.

Bai toan 3. Gia stt rang 2n+1 va 3n+1 la cac s8 chinh phuong. Chttng minh réng 5n+3 la

mot hop so.

Hudng dan gidi
Gid st 2n+1=a’va 3n+1=b? véi a,be N* .

Khi d6 5n+3=4(2n+1)—(3n+1)=4a’-b* =(2a—-h)(2a+h).
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Do a*=1(mod2) nén a’=1(mod 4) . Suy ra n=0(mod2) va b=1(mod 2) . Do d6 2a-b>1
va 2a+b>1.Vay 5n+3 la hop sé.

Bai toan 3. Tim nghiém nguyén dwong x dé 3* + 171 la s chinh phuong.

(HSG Lai Chdu 2015 - 2016)

Huéng dan gidi
Ta c6: 3* =13(mod8); y*=0,1,4(mod8). Ma: 3*+171=y’ = 3" =1(mod8). Do d¢6: x 6
dang 2k (keN).

Phuong trinh tré thanh A= (3" )2 +171=y? v6ik =0, 1, 2 thi phuong trinh vd nghiém nén
néu phuong trinh ¢6 nghiém thi nghiém d6 phai > 3. Do d6 theo nguyén ly kep duoc ta

2

co: |(3) 43 za>(3.

2 2 2 2
Khido: A=|(3)'+3] hogc A=|(3") +2
Gidi tirng treong hop ra ta duock =3 = x=6 =y =30. Vay x=6.
7~ Dang 7: Skt dung dong duw thitc trong cac bai toan vé s nguyén td, hgp sd
* Co s0 phwong phap: Dai véi nhiéu bai toan vé sd nguyén t6 va hop sd ngoai st dung
cac tinh chat vé s6 nguyén td ching ta con phai van dung cac tinh chat ctia dong dw thiee

va dinh ly Fermat.

* Vi du minh hoa:

Bai toan 1. Tim tat ca cac s6 nguyén t3 p sao cho p’+14 1a sd nguyén t&

Hudng dan gidi
Ta xét hai treong hop sau
Trwong hop 1
Véi p=3= p’+14 =23 lasd nguyén t§
Trwong hop 2
Vi p#3= p’ =1(mod3)= p®+14:3(p’ +14>3)= p*+14 khong phaila s5 nguyén td,
Vay p=3.

Bai toan 2. Chiing minh rang v6i moi s6 nguyén t6 p déu ton tai vo s6 s6 tw nhién n sao

cho 2"—n:p.

Hudng dan gidi
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Ta xét hai truong hop sau

Trweong hop 1

Néu p=2=2"-n:2(Vn=2k;k e N)
Trwong hop 2

Néu p>2=2""=1(mod p)

Theo dinh ly Fermat= A —(p-1)k =1+k(mod p)(Vk e N)
Do d6 vdi moi s6 tw nhién n c6 dang n= ( p —l)(hp —1)(k IS N*)

Taco 2"-n=1+(hp-1)=0(mod p) ticla 2" —nip

Bai toan 3. Cho ne N~ chitng minh rang: 19.8" +17 1a hop sd.

Huéng dan gidi
Ta xét cac treong hop sau
Trweong hop 1
Néu n=2k =19.8" +17 El.(—l)2k +2=3=0(mod3)=19.8" +17:3
Mat khac 19.8" +17 > 3= 19.8" +17 1a hop sd.
Trwong hop 2
n=4k +1=19.8" +17=19.8"" +17=19.8.64* +17 = 6.8.(—1)2k +4=52=0(mod13)Ma
19.8"+17 >3= 19.8"+17 la hop sd
Trwong hop 3
n=4k+3=19.8"+17 =19.8"** 117 =19.8.64* 117 =(-1).3.(-1)"" + 2=5=0(mod3)

=19.8"+17:5
Ma 19.8"+17>5= 19.8" +17 1a hop sO.

Bai toan 4. Cho p 1a sd nguyén t8 16n hon 8. Chitng min rang :(3p -2° —1)542 p

Hudng dan gidi
Tacé 42p =2.3.7.9 dé chiing minh A= 3P —2° —1 chia hét cho 42p ta chi cin chi ra rang
A chia hét cho 2,3,7
That vay
Tacé A=1" —0—1=0(mod2)=> Ai2
Vi p lasdnguyén td lénhon 8nén p lasslé:

p=2k+1= A=3"-2%"-1=0-42-1=-12-1=-3=0(mod3) = A3
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Mt khac A=3% —2%1 —1=3.9F - 2% 1=3.2" - 2% 1= (2" -1)(2°*** ~1)(mod 7)
Do p =2k +3 khong chia hét cho 3= k:3 hodc k +1:3

Ta xét cac treong hop sau:

Trweong hop 1

Néu k=3h(heN)=2“-1=8"-17

Trwong hop 2

Tuong tw néu k +1:3= 2" -1:7

Vay trong moi truong hop ta déu c6 A:7

Theo dinh ly Fermat ta c6 A=3" —-2° —1:(3p —3)—(2p —2)3 p

Tt d6 suy ra diéu phai chitng minh.

~ Dang 8: St dung dong duw thitc trong cac bai toan giai phuwong trinh nghiém nguyén
* Co s6 phuwong phap: Trong giai phuwong trinh nghiém nguyén viéc lya chon

modun mot cach thich hop sé giap viéc gidi cac phwong trinh khé phtic tap tro nén don

gian hon. Ddc biét 1a cac bai todn chitng minh phuwong trinh nghiém nguyén vo nghiém.

* Vi du minh hoa:

Bai toan 1. Chiing minh rang cac phuong trinh sau khong cé nghiém nguyén:

a) x?—y*=1998 b) x2 + y?=1999

Hudng dan gidi
- Nhan xét: S§ chinh phuong chia cho 4 chi c6 s du 0 hodc 1
x?=0,1(mod 4)

a) Ta co6:
y? =0,1(mod 4)

} = x?—y*=0,1,3(mod 4)

Ma 1998 chia cho 4 du 2, nén phuong trinh khong c6 nghiém nguyén.
x* =0,1(mod4)

b) Ta co:
y?=0,1(mod4)

}: x*+y*=0,1,2(mod4)

Ma 1999 chia cho 4 du 3, nén phuwong trinh khong c6 nghiém nguyén.

Bai toan 2. Giai phuwong trinh nghiém nguyén: x* =2y’ -8y +3 (1)

Huéng dan gidi
Tacod: (1) ©x° =2(y-2)" -5
- Nhan xét: S§ chinh phuong chia cho 8 chi c6 s6 du 0, 1 hodc 4
Ta co: X = 0,1,4(mod 8)
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(y—-2)"=0,1,4(mod8) = 2(y-2)’ =0,2(mod8)

~5=3(mod8) }:‘2(3"2)2—553’5(”10%)

Suy ra phuong trinh khong c6 nghiém nguyeén.

Bai toan 3. Phuong trinh z° = (x> —1).(y*> — 1)+ 2013 c6 nghiém nguyén duong hay
khong?

Huéng dan gidi
Ta co:
x> =0,1,4(mod 8) = x* —1=0,3,7(mod 8)
y> =0,1,4(mod 8) = y* —1=0,3,7(mod 8)
2013 = 5(mod 8)

} = (x* ~1)(y* ~1)=0,1,5(mod 8)

= (x2 - 1)(y2 - 1) +2013 =5,6,2(mod 8)

Ma z* =0,1,4(mod8)
Suy ra phuong trinh khong c6 nghiém nguyeén.
~7 Dang 9: Stt dung cac dinh ly (ta thira nhan khéng chitng minh)
* Co s6 phwong phap:
1. Dinh ly Fermat bé. Cho a la s6 nguyén duwong va p la s6 nguyén t6. Khi d6 ta luén

c6 a® =a (mod p). Pac biét néu (a, p) =1thi a"* =1 (mod p).

2. Pinh 1y Wilson. Véi moi s6 nguyén td p thi (p—1)! =-1(mod p).

3. Dinh ly Euler. Cho m 1a s6 nguyén duong va a la sO nguyén to cung nhau véi m;
¢(m) 1a sd cac sd nguyén duong nho hon m va nguyén td cung nhau véi m. Khi do6
a®™ =1(mod m).

Chii y: Néu s6 nguyén duong m c¢6 dang phan tich thanh thira s6 nguyén t&: m =

02 o Qa hY 1 l 1
P;t.pyE....pee thi @(m)= m(l——)(l——)...[l——] .
p1 pz pk

* Vi du minh hoa:

Bai toan 1. Cho a,be Z; (a, b) =1 Chi*n minh rf?mg -ad-2p? khong chia hét cho 19.

Hudng dan gidi
Ta chting minh bang phan chiing nhuw sau:

6 6.

Gia st (a3—2b3)519 khi d6 (a3) (2b3) (a3—2b3)519.
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6 6

Mt khéc (a°) —(2b°)" =a' —64b™ . Néu a,b khong chia hét cho 19 thi theo dinh Iy

Fermat (Dinh lj Fermat: aP = a(mod p)= a®* =1(mod p) Véi moi a nguyén va p nguyén to).

= a" =b" =1(mod19) = a'® — 64b*® =1-64 =—63 = 0(mod19) (V6 ly)
e (28 ohd): al9_ o
Néu mot trong hai so chia hét cho 19 thi tir (a —-2b ):19:> bi19 = volyvi (a,b)=1.

Vay a’° - 2b® khong chia hét cho 19.

Bai toan 2. Chitng minh rdng v&i moi s6 tw nhién n thi: 2°" +3%" +2007 chia hét cho 22

Huéng dan gidi

Theo Dinh ly Fermat bé ta c6 2!° = 1(mod 11) ; 3'° = 1(mod 11)
Tacé 34=81 = 1(mod 10) = 3**1=3. (34" = 3(mod 10)

= 3%1=10k+3, (k € N)
Mat khac2¢=16 = 1 (mod 5) =2 = 1(mod 5)
= 241=2 (2= 2 (mod 10) = 21 =10t+2, (t € N)
Do dé 2" +3%" 42007 = 2% 1 32 1. 2002 45

= 23.(210)k +32.(31°)t +22.9145 =23+ 32+0+5 = 0 (mod 11)

Ma 2% +3" +2007: 2 (vi 2°"" las6 chdn 3% lasd1é 200714 s8 1@).
Do(2;11)=1 nén 2% 437" +2007 : 22.

Bai toan 3. Cho a,;a,;...;8,,, la 2016 s§ nguyén dwong . Chiing minh rang diéu kién can
\ 2 A 5 5 5 5 : ) .
vadudé a;+a,+a;+...+a8,,,:30 la a, +a, +.... + 8y, : 30.

Hudng dan gidi
Theo dinh ly Fermat bé , do 2; 3; 5 1a cac sO nguyén t0 va a la s6 nguyén duong bat
ky taco:
a?=a(mod2) = a*=(a?)?=a?=a(mod?2) = a’= a(mod 2)
a®=a(mod 3) = a’=a’ a’= a.a’?= a’= a (mod 3)
a® = a (mod 5)

Theo tinh chat néu hai s dong du véi nhau theo nhiéu moédun thi ching dong dw véi
nhau theo m6 dun la BCNN ctia cac modun ay.

Dodo a° =a(mod2.3.5) hay a° = a(mod 30) = a°-a = 0 (mod 30)

Nghiala (] +a5+a5+...+ 8505 )= (& +8, +....+ 8y5s ) =0 (mod 30)

VAy @ +a, +...+8,,:30 < a’+aj+aj+..+a3,,:30
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Bai toan 3. Chttng minh rdng trong céc s& ti nhién thé nao ciing c6 s6 k sao cho 1983— 1
chia hét cho 10°.

(DE thi hoc sinh gioi todn cdp 2 toan quoc nam 1983).

Hudng dan gidi
Vi 1983 khong chia hét cho 2 va khong chia hét cho 5 ma 105 =255 nén (1983; 10°) = 1. Ap
dung dinh ly Euler ta c6 :
1083") =1(mod 10°).

Ta c6 ¢(10°)=10° (1—%} (1—%] =4.10" . Nghiala 1983"% -1 : 10°

Vay k=4. 10

B. BAITAP AP DUNG

Bai 1. Chiing minh 4% -7 : 9

Bai 2: Chttng minh rang véi moi s8 nguyén

A= (n“ —n?+ n—l)f(n—l)2 (VneZ,n>1)

Bai 3. Chttng minh rang: (9” +1) khong chia hét cho 100(Vne N)

Bai4.Chos6a=a,a,,..,8, (1<a,<9; 0<a,<9;i=0;1;..,n-1)

Hay xac dinh dau hiéu chia hét :
a) Cho 3; b) Cho 4.

Bai 5. Chtng minh ring: A= (19242003”‘”" +1920)5124(Vn e N*)

Bai 6. a) Hay tim chit s8 tan cling cua 9%
b) Hay tim hai chit s6 tan cling caa 3"
Bai 7. Tim sO du trong phép chia
a) 8! -1 cho1l. b) 2014%°" +2016%™ + 2018 cho 5.
c) 2°+41% cho 7 d) 1°+3°+5 +..+97° +99° cho 4.
Bai 8. Tim s6 du trong phép chia :

a) 1532° -4 cho 9; b) 2% cho 25;

¢) 2014°™ cho 13.
Bai 9. Tim s6 du trong phép chia :
a) A = 35%-35% + 35% - 35° + 35'° + 35% cho 425.

b) B = 10° +10' +10° +...4+10"° cho?7.
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Bai 10. a) Tim chit s6 tan cing cta 4%
b) Tim hai chi s6 tan cung cua 3°.
c¢) Tim ba chi s0 tan cung cua so 2°'2.
Bai 11. Chtng minh :
a) 4125617 b) 241 -2115 (n e N);
) 36— 27 113; d) 2001 : 341.
Bai 12. Chttng minh 18907 + 1945215 + 20172018 © 7,
Bai 13. a) Chiing minh 55552222 + 222255 + 155541111 : 7
b) Cho M= 220" +119%" +69%%°" 1 (220+119+ 69)'*
Ching minh M : 102.
Bai 14. Chitng minh rang 521,201 4221 3n1 1 38 (n e N¥)

Bai15. Chosda=aa, ,..a,a, (1<a,<9; 0<a,<9;i=0;1;..,n-1)

N
Hay xac dinh ddu hiéu chia hét :
a) Cho 9; b) Cho 25; ¢)Cho11; d) Cho 8.
Bai16. Cho A=2%" +19 véin e N*. Chting minh réng A la mot hop s6.
Bai 17. Cho B= (12!)”+20162%, Chiing minh rdng B chia hét cho 13.
Bai 18. Chiing minhrdng véin e N:
a) 227 +3.2"7 ;

24n+1

b) 2° +2.12°" +5.10°" :11.
Bai 19. a) Vi gia tri nao cuia s6 tw nhién n thi 3» + 63 chia hét cho 72.
b) Cho A=20"+16"-3"- 1. Tim gid tri tw nhién ctia n d¢ A:323.
Bai 20. Tim cac sO nguyén t0 p thoaman 2" +1:p.
Bai 21. Tim tat ca cac s6 nguyén td p sao cho p?+20 la sd nguyén t6 .
Bai 22. Cho p 1a s§ nguyén t3. Chtiing minh rang s8 ab® —ba’:p véi moi s§ nguyén
duwong a, b.
Bai 23. a) Chtrng minh rang tdng cac binh phuong ctia ba s8 nguyén trong phép chia cho 8
khong thé cé dula 7.
b) Chiing minh phwong trinh 4x* + y? +9z° = 2015 khong c6 nghiém nguyén.
L0

Bai 24. Tim hai chi s0 tan cung cua 201

(Dé thi Olympic Todn Singapore nam 2010)
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Bai 25. Cho biéu thitc A = (a2 + b212 + ¢2012) — (22008 + H2008 + ¢208) y i a, b, c la cac sO
nguyén duong. Chttng minh rang A chia hét cho 30.
(DE thi chon hoc sinh gioi mon todn I6p 9 TP Ha N§i nam hoc 2011 —2012)
Bai 26. Chitng minh rang khong ton tai cic bo ba s6 nguyén (x; y; z) thoa man dang thikc
x*+y* =72 +5.
(DE thi vao l6p 10 trweong THPT chuyén KHTN Ha Noi nam hoc 2011 —2012).
Bai 27. Tim hai chit s8 cudi cing cua s A= 41 + 577,
(D@ thi vao I6p 10 trwong THPT chuyén KHTN, DHQG Ha Ngi nim hoc 2012 —2013).

Bai 28. Cho a, b 1a hai s6 nguyén dwong thoa man a + 20 va b + 13 cuing chia hét cho 21.
Tim s6 du trong phép chia A=4*+9" +a+b cho 21.

(D@ thi tuyén sinh 16p 10 THPT chuyén Trin Phii Hai Phong ndm hoc 2013 —2014)
Bai 29. Cho n 1a mot sd nguyén dwong chimg minh A = 2°™* + 2°"* 11 1a hop s0.
(Dé thi hoc sinh gioi Ioép 9 TP Ha Noi ndam hoc 2014 —2015)
Bai 30. Chtiimg minh A =2012"" +2013" +2014*" + 2015*" khong phai la s& chinh phuong
v6i moi s6 nguyén duwong n.
(D@ thi tuyén sinh vao lop 10 chuyén triong DHSP TP H6 Chi Minh nam hoc 2015 —2016)
Bai 31. Chitng minh rang phuong trinh : X + y*° + 7*> =197 4 7%% 4 9% 1thong ¢4
nghiém nguyeén.
Bai 32. Tim nghiém nguyén duong ctia phwong trinh X(X + 3) + y( y+ 3) =27 ( Z+ 3) voi
diéu kién X,y la cac sd nguyén to.
Bai 33. Chimg minh  (2013%% + 2014* — 2015™* ) :106.
Bai 34. Chitng minh rang 1* + 2% + 3% + 4* khong chia hét cho 5.

Bai 35. Chitng minh rang véi mdi s6 nguyén t3 p ton tai vo s6 s8 cd dang 2" —n , (n e N)
chia hét cho p.

2001

Bai 36. Tim hai chit s6 tan cting ctia 26°

Bai 37. Tim s0 tw nhién n sao cho 3" +4n +1 chia hét cho 10.

Bai 38. Tim s8 tu nhién n nho nhat 16n hon 4 sao cho n® +4n* —20n —48:125

Bai 39. Cho s6 nguyén a khong chia hét cho 5 va 7. Chiing minh rang:
(a*-1)(a‘+15a% +1)35

Bai 40. Chitng minh rang 2" + 3" khong chia hét cho 23 véi moi s8 ty nhién m, n.
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Bai 41. Chiing minh rang trong cac s3 tw nhién thé nao ciing c6 s8 k sao cho 2017% -1 chia
hét cho 10°.

Bai 42. Tim n nguyén duong dé phuong trinh sau c6 nghiém httu ti:

X" +(x+2)" +(2-x)" =0

\ e . \ n~? 7 ~ n 2 n 1945 . \ ~? 4 ~ ~ 2 ~ . \
Bai 43. Goi a la tong cac chit s ctia sO (29) . Goi b la tong cac chit so6 cua s6 a. Goi ¢ la

tong cac chit s6 ctia b. Tinh c.
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A. Kién thiic can nhé
1. Giai phwong trinh nghiém nguyén.

Giai phwong trinh f(x, y, z, ...) = 0 chta cac an x, y, z, ... v6i nghiém nguyén la tim tat
ca cac by s6 nguyeén (x, y, z, ...) thoa man phwong trinh do.
2. Mot s6 luu y khi giai phwong trinh nghiém nguyén.

Khi giai cac phuwong trinh nghiém nguyén can van dung linh hoat cac tinh chat vé
chia hét, dong du, tinh chin 1¢,... d&€ tim ra diém dic biét cua cac an sd cting nhu cac biéu
thirc chita an trong phuong trinh, tit d6 dwa phwong trinh vé cac dang ma ta da biét cach
giai hodc dwa vé nhiing phuwong trinh don gian hon. Cac phuong phap thuwong dung dé
giai phuong trinh nghiém nguyén la:

e Phuong phap dung tinh chat chia hét

e Phuong phap xét s6 du tirng vé

o Phuong phap st dung bat dang thiic

e Phuong phap dung tinh chat cua s6 chinh phwong

e Phurong phap luii v6 han, nguyén tic ciec han.

B. MOT SO PHUONG PHAP GIAI PHUONG TRINH NGHIEM NGUYEN

I. PHUONG PHAP DUNG TiNH CHIA HET
7~ Dang 1: Phat hién tinh chia hét cia mét 4n

Bai todn 1. Gidi phuong trinh nghiém nguyén 3x +17y =159 (1)

Huéng dan gidi
Gia st x, y la cac s6 nguyén thoa man phuong trinh (1). Ta thay 159 va 3x déu chia hét cho
3nén 17y:3=y:3 (do 17 va 3 nguyén td cung nhau).
Dat y = 3t(t € Z) thay vao phuong trinh ta dugc 3x+17.3t =159 < x+17t =53.
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x=53-17t

3t (t € Z) . Thir lai ta thdy théa man phuong trinh da cho
y =

Do do: {

Vay phuong trinh ¢6 nghiém (x, y) = (53 - 17t, 3t) véi t la s6 nguyén tuy y.

Bai toan 2. Tim nghiém nguyén cta phuwong trinh 2x+13y =156 (1).

Hudng dan gidi
- Phwong phap 1: Ta ¢ 13y:13 va 156:13 nén 2x:13 = x:13 (v1(2,3)=1).
bat x =13k (k € Z) thay vao (1) ta duoc: y=-2k+12

=13k
Vay nghiém nguyén ctia phuong trinh la: {; okt 12(k e”Z).

-PhuongphépZ:Tﬁ(h:bx:Jééél§X=78_1%X,

Déxezzﬁ%zezh@(mgyﬂ:;yaEﬁtyzﬂaezij:%pqa

. n . L. |x=78-13t
Vay nghiém nguyén ctia phuong trinh la: { o (teZ).

Bai toan 3. Giai phwong trinh nghiém nguyén 23x+ 53y =109.

Huéng dan gidi

109-53y _28(4=2y)+17-7y _, o 177y
23 23 23

17 -7y
23

Taco x=

Ta phai bién d6i tiép phan s6 d€ sao cho hé sd cuabién y la 1.

Phén tich: Ta thém, b6t vao tie s6 mot boi thich hop caa 23
17-7y 17-7y+46-46 7(9-y)—-46 _ oy 79-y)
23 23 23 23

Tﬁdéx:2—2y+nzgw,D€er::géer,d002$=1.

D3t 9—y =23t (te Z) =y =9—23t

=9-23t
Vay nghiém nguyén ctia phuong trinh la: ) (teZ).
y =53t-16

Chii yj: Phuong trinh ¢6 dang ax+by =c véi a,b,c la cac sd nguyén.

* Phuong phap giai:

139 | CHUYEN DE SO HOC




| CHU PE 6: PHUONG TRINH NGHIEM NGUYEN

- Rat gon phuong trinh cht y dén tinh chia hét cua cac an.

- Biéu thi an ma hé s6 ctia nd c¢d gia tri tuyét doi nhod (chéng han x) theo an kia.

- Tach riéng gid tri nguyén o biéu thic cua x.

- D4t diéu kién d€ phan sd trong biéu thikc chita x bang mot s6 nguyeén t,, ta duoc mot
phuong trinh bac nhat hai any va t;.

- Ctt tiép tuc lam nhuw trén cho dén khi cac an déu duoc biéu thi dusi dang mot da

thirc voi cac hé sO nguyén.

Bai toan 4. Tim nghiém nguyeén cua phuong trinh 11x+18y =120 (1)

Huéng dan gidi
Ta thdy 11x:6 nén x:6. Ddt x = 6k (k nguyén). Thay vao (1) va rat gon ta dwgc:
11k + 3y = 20

20-11k
3

Bi€u thi an ma hé s6 ctia nd co gia tri tuyét d6i nho (1a y) theo k ta duoc: y =

Tach riéng gia tri nguyén ctia bi€u thitc nay: y=7-4k + %

Lai d&t % =t vdi t nguyén suy ra k =3t + 1. Do do:
y=7-43t+1)+t=3-11t
X =06k =6(3t+1) =18t +6
Thay cac biéu thirc cia x va y vao (1), phuong trinh dwgc nghiém dang.
Vay cac nghiém nguyén cta (10 duoc biéu thi bdi cong thirc:
{X =18t+6

y =311t vodi tla s6 nguyén tuy y
Chii yj: a) Néu deé bai yéu cau tim nghiém nguyén dwong cua phwong trinh (1) thi sau khi
18t+6>0 1 3

tim dwoc nghiém tong qudt ta c6 thé gidi diéu kién: S -——<t<—
3-11t>0 3 11

Do dé t =0 do t la s6'nguyén. Nghiém nguyén dwong cua (1) la (x, y) = (6, 3).
Trong truong hop tim nghiém nguyén dwong cua (1) ta con cé thé’ gidi nhw sau: 11x + 18y = 120
Do y>1 nén 11x<120-18.1=102.
Do x nguyén nén x<9 . Mat khdc x:6 va x nguyén diong nénx =6=>y =3
20-11k

b) Co nhiéu cich tich gid tri nguyén ciia biéu thirc y = —3 ching han:

y:7—4k+% (cach 1)
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1+2k

y=7-3k- (cdch 2)

2(1-k) |
y= 6—3k+T (cdch 3)
Ta thdy: - Cich 1 gon hon cdch 2 vi ¢ cdch 1 hé 86 ciia k trong phin thiec bang 1, do d6 sau khi dit
% =t ta khong cin thém mot an phu nao nita

- Trong cdch 3, nho ddt dwoc thiea s6 chung ma hé s ciia k ciia phiin phdn s6'bang -1, do d6 sau khi

dat =t ciing khong cin diung thém thira s6'phu nao nika.

Bai todn 5. Tim nghiém nguyén duong ctia phuwong trinh: 6x* +5y° =74

Huéng dan gidi
Ta c6: 6x +5y” =74 < 6(x* —4)=5(10-y*)(2)
Tur (2) suy ra 6(x* —4):5 , mit khéc (6,5)=1=>(x*~4):5 =x* =5t+4(teN)

Thay x* -4 =5t vao (2) ta c6: 30t =5(10-y’ )< y* =106t

4
t>——

5t+4>0
=N 5<:>—é<t<§,teN.Suyra:te{O;l}
10t-6>0 5 5 3

Ta c6: x2>0,y2>0<:>{
t<—
3

Vi t = 0 khong thoa man yéu cau bai toan.
Véit=1taco: {Xi =9 = {X =5 . Mat khac x, y nguyén duong nén x =3, y = 2.
y =4 y =22

Vay phuong trinh c6 nghiém (x, y) = (3, 2).
7~ Dang 2: Phuwong phap dua vé phuong trinh wdc s6
* Co s6 phwong phap:

Ta tim cich dwa phwong trinh dd cho thanh phwong trinh ¢6 mgt vé'la tich cdc biéu thirc cé
gid tri nguyén, vé'phdi la hang s6 nguyén.

Thuee chadt la bién d6i phwong trinh vé dang: A(x;y).B(x;y) =c trong dé A(x;y),B(x;y)
la cic biéu thirc nguyén, ¢ la mot s6 nguyén.

Xeét cdc truong hop A(x;y), B(x;y) theo wéc ciia c.

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén cua phuwong trinh: 2xy —x+y =3

Huéng dan gidi
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2xy-x+y =3
< 4xy —2x+2y =6
& 2x(2y-1)+(2y-1)=6-1
o (2y-1)(2x+1) =5.

Ta goi phuong trinh trén 1a phuong trinh udc sé: vé€ trai 1a mot tich cac thira s&
nguyén, v& trai 1a hang s8. Ta c6 x va y la cac s6 nguyén nén 2x + 1 va 2y — 1 1a cac s6
nguyeén va la wdc cua 5.

(2x + 1) va (2y - 1) 1a cac wdc s6 cta 5 nén ta cd:
2x +1 1 -1 5 -5
2y -1 5 5 1 -1

Vap phuong trinh ¢ cac nguyén nguyén la (x, y) = (3, 0); (-1, -2); (2, 1); (-3, 0).

Kinh nghiém gidi: Dé dwa vé trai 2xy —x+y vé phwong trinh dang tich, ta bién doi
thanh x(2y—1)+%(2y—1) bang cich nhin 2 vé ciia phwong trinh v6i 2 A& dwa vé phwong trinh

wéc s0. Luyén tdp kinh nghiém nay biang vi du 2 sau day.

Bai toan 2. Tim nghiém nguyeén cua phuong trinh: 5x -3y =2xy -11.

Hudng dan gidi

5x—3y:2xy—11:>x(5—2y)+%(5—2y)—%+11:0

2x+3 7
N

@(5—2y)(x+% =_77©(2y—5). 2y-5)(2x+3)=7 (¥

(2x +3) va (2y - 5) la cac wdc s6 ctia 7 nén ta co:
2x+3 1 -1 7 -7
2y -5 7 7 1 1

Vap phuong trinh c6 cadc nguyén nguyén la (x, y) = (-1, 6); (-2, -1); (2, 3); (-5, 2).
Nhdn xét: D61 voi nhiéu phwong trinh nghiém nguyén viéc dwa vé phwong trinh wéc so'la

rdt kho khan ta c6 thé' ap dung mot so'thii thugdt, cic ban xem tiép vi du 3:

Bai toan 3. Tim nghiém nguyén ctia phuwong trinh: x* —2xy +3y —5x+7 =0.

Hudng dan gidi
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2 2
X2—2xy+3y—5x+7:0<:>x2—x(2y+5)+(2y+5) + (2y+5)

2 _ 2 _ 2 2 _
@(X_zy;sj , ~4y' 20y 425+12y+28:0<:>(x_2y2+5j 4y +48y 3

+3y+7=0

2 2 2 .
<:>(x—2y+5j _Ay+D 7:0©(x—2}’2—+5j —(Y+1)2=Z7

2 4
2
N R SN

& (2x-2y-5-2y-2)(2x -2y -5+2y+2) =7 < (2x—4y -7)(2x-3) =7 (*

Vix, y nguyén nén tie PT(¥) ta c6 cac treong hop sau:

2x—-4y-7=1 x=-2 2x—4y-7=-7 x=2
1) = 2) =

2x-3=-7 y=-3 2x-3=1 y=1

2x—4y-7=-1 =5 2x—4y-7=7 =1
3) x—4y o lX 5 x—4y o)X

2x-3=7 y=1 2x-3=-1 y=-3

Vay cac nghiém nguyén (x; y) cia phuong trinh la: (-2; -3); (2; 1); (5; 1);(1; -3).

*Nhdn xét: Trong cdch gidi trén ta da siv dung phwong phdp bién d6i tam thirc bic
hai (ax® + bxy +cy®,ax> + bx+c) ): trudc hét ta chon mgt bién d¢ dua vé hing ding thicc (Binh
phwong ctia mot téng, hodc mot hiéu) chiva bién dé: 6 ddy ta chon bién x la :

(2y +5)°
4

x* —x(2y +5) + ,  phin con lgi cha da thirc ta lgi lam nhw ody v6i bién y:

~(2y +5) 4y*+8y-3  4y+1)P-7

4 4

+3y+7 =
Cdc ban c6 thé'tw duy tim hwéng gidi nhw sau:
x* —2xy +3y —5x+7 =0 < x* —(2y +5)x+3y+7+a=a (*)
Xét phuwong trinh: x*? —(2y+5)x+3y+7+a =0 (**)
Vi a la s6 chua biét can thém vao, xac dinh a nhw sau:
2

Awy=(2y+5) —4(3y+7 +a)

= 4y® + 20y +25-12y —28 —4a

=4y* +8y-3-4a
Chon adé A, 1a s3 chinh phuong nén —3-4a=4=a = ‘77 Khi do -

2y +5-2(x+1)
2

_2y+5+2(x+1)_4y+7
2 2 2

Ay =4(x+1) = x, =

_3
(H) _2/X
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Ao (% 3 4y +7 7
Vay: ( )@(X_EJ(X_ - j:—ZQ(ZX—3)(2x—4y—7)=—7
Vix, y nguyén nén ta co cac truong hop sau:

2x—-4y-7=1 xX=-2 2x—4y—-7=-7 x=2
1) = 2) =

2x-3=-7 y=-3 2x-3=1 y=1

2x—4y-7=-1 =5 2x—4y-7=7 =1
3) x—4y o lX 5 x—4y o)X

2x-3=7 y=1 2x-3=-1 y=-3

Vay cac nghiém nguyén (x;y) cua phwong trinh la: (-2; -3); (2; 1); (5; 1);(1; -3).

Bai toan 4. Tim nghiém nguyén ctia phuong trinh x* +12x =y” (1)

Huéng dan gidi
Phuong trinh tuong duong voi :
x> +12x = y* <:>(x+6)2 —y? =36 (x+y+6)(x—y+6)=36
Suy ra (x +y +6) va (x —y + 6) la wdc cua 36.
Ma 36 c6 18 udc nén: (x+y +6) € {+1;+2;43; +4;+6;+9; +18; 436
Két qua ta tim duoc cac nghiém nguyén 1a:(0,0);(-12,0);(-16,8);(-16,-8);(4,8);(4,-8)
Nhan xét: Phwong phdp diwea vé phwong trinh woc so'cé 2 bwedc: Phan tich thanh wéc va xét
cdc trieomg hop. Hai bwéc nay cé thé'khong khé nhieng trong trieong hop hang so phdi xét c6 nhiéu
wéc s6' ching ta cin dwa viao tinh chat ciia biéh (vi du: tinh chin 16, s6" dw tirng vé) dé gidm s’
trieong hop cin xét.
Trong truong hop vi du 4 ta c6 thé' nhin xét nhw sau:
Do y c6 s0 mii chian nén néi y la nghigm thi —y cing 1a nghiém nén ta gid st y >0 . Khi dé
X+6—-y<Xx+6+y tagiam dwoc 8 trieong hop:
X+6+y=9 [X+6+y=—4 | X+y+6=-1
X+6-y=4"|x+6-y=-9"|x+y—-6=-36
X+6+y=236 x+6+y:—2 X+y+6=18
X+6-y=1" x+6—y:—18’ X+y-6=2
X+6-y=-12"| x+6-y=3"|x+y—-6=-6

x+6+y 6
x+6y6

{x+6+y——3 {x+6+y:12 {x+y+6=—6
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Biy gio c6 10 truong hop, ta lai thiy (x+6+y)+(x+6-y)=2y nén (x+6+y),(x+6-y)cd
ciing tinh chin 1é.Do do ta con 4 truong hop:

X+6+y=-2 X+y+6=18 |x+y+6=-6 |[x+y+6=6
x+6-y=-18" | x+y-6=2 "|x+y-6=-6" |x+y-6=6

6=-6 6=6
xryT {X iRA hai phwrong trinh nay déu cé nghiém

Tiép tuc xét hai vhwrong trinh ,
P P 8 {x +y-6=-6

X+y—-6=06
y =0 ta cé xét y = 0 ngay tie diu. Ta cé phwong trinh ban diu: x(x+12)=y* , xét hai khd ning:
Néuy=0thix=0hodcx=-12
Néu y#0 thi x+6—y <x+6+ydp dung hai nhdn xét trén ta chi phdi xét 2 trieong hop
{ X+6+y=-2 {x+y+6:18
x+6-y=-18" | x+y-6=2
Gidi va két lugn phieong trinh c6 4 nghiém (0,0);(-12,0);(-16,8);(~16,-8);(4,8);(4,-8)

~ Dang 3: Phuwong phap tach ra cac gia tri nguyén.
* Co s0 phuwong phap:

Trong nhiéu bai todn phwong trinh nghiém nguyén ta tach phwong trinh ban diu thanh cic
phitn cé gid tri nguyén dé¢’ dé dang danh gid tim ra nghiém, da s6 cdc bai todn stk dung phwong phdp
nay thwong rit mt n (cé bic nhit) theo dn con lai.

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén duong ctia phwong trinh sau: xy -2y -3y +1=0

Hudng dan gidi

Taco xy—2y-3y+1=0=y(x-3)=2x-1.

Ta thdy x =3 khong la nghiém nén x =3 do dé: y=2X _31
X_
Tach ra & phan thiic == cac gid tri nguyén:
-1 2(x=-3)+5
ool (x=3)+5__ 5
x—3 x—3 x—3

Do y la s6 nguyén nén cting la s6 nguyén, do d6 (x —3) la wdc cta 5.

+H)x-3=1thix=4,y=2+5=7
+)x-3=-1thix=2,y=2-5=-3 (loai)
+)x-3=5thix=8y=2+1=3
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+) x =3 =-5thi x =-2 (loai)
Vay nghiém (x, y) 1a (4,7), (8, 3).

Bai toan 2. Tim cac s6 nguyén x va y thod man phuong trinh: x* +xy -2y -x-5=0

Huéng dan gidi
Nhan xét: trong phuong trinh nay an y c6 bac nhat nén rut y theo x.
Taco: X +xy -2y —x-5=0cy(x=2)=—x"+x+5 (¥)
V6ix=2thi: (*)<0=3 (vOly)

2
Véi x#2 tacod: (*)<:>y: X +X2+2+ 32:—x—1+ 5
X — X — X —

D&y nguyén thi 3i(x-2) . Vay (x - 2) la wéc ctia 3 do
d6:(x-2)e{-3,-1,1,3} = xe{-1,1,3,5}

Vay phuong trinh c¢é nghiém: (x, y)=(3; - 1); (5;-5); (1; -5); (-1, - 1)

Bai toan 3. Tim cac s6 nguyén duong x, y sao cho 6x+5y+18=2xy (1)

Hudng dan gidi
Ta co:
ooy-18 ., _~10y-36
6-2y 6-2y
—-66+5(6-2 _ _
= 2xX = ( y): 66 +5<:>2x:ﬁ+5
6-2y 6-2y 3-y

Nhu vay x mudn nguyén duong thi (3 —y) phai la wdc ctia — 33. Hay
(3 - y) € {il; +3;+11; i33}. Laido y>21=3-y<2=ye {il; -3;-11; —33} . Ta c6 bang sau:

3-y 1 1 3 11 33
y 4 2 6 14 36
X 19 -14 8 4 3

Thtt lai ta dwoc cac cap thdéa man la (19, 4); (8, 6); (4, 14); (3, 36).

Nhdn xét: - Dé xdc dinh dwgc phwong phdp dé’ gidi bai todn nay, khi biéu dién x theo y
-5y -18
6-2y
tie s0'la — 5y madu s6'la -2y, do dé manh dan nhin 2 vao tir s6'dé xudt hién 2y giong mau.

dwgc x = . Ta thdy biéu thirc nay kho phin tich nhw 2 vi du trén, tuy nhién dé'y ta thiy
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- Bai todn c6 thé' gidi bang phwong phdp duwa vé phwong trinh wéc so. Do 6 bai todn trén dd
nhdn 2 & x dé’ bién doi, do d6 phai c6 budc thir lai xem x, y ¢6 thoa man phwong trinh da cho hay
khong.

Bai toan 4. Tim nghiém nguyén ctia phuong trinh: 2y’x+x+y+1=x*+2y” +xy

Hudng dan gidi
Ta co: 2y°x+x+y+1=x"+2y" +xy < 2y (x—-1)-x(x-1)-y(x-1)+1=0 (1)
Nhén thay x = 1 khong la nghiém ctia phuong trinh (1).

Chia ca 2 v€ caa (1) cho (x - 1) ta dugc: 2y? —x—y+L1 =0 (2)
X_

PT c6 nghiém x, y nguyén, suy ra % nguyénnén x—1e {1;—1} = {
X [

Thay x =2 va x = 0 vao phwong trinh va d€ y dén y nguyén ta duocy = 1.

Vap phuong trinh da cho c6 2 nghiém la (2; 1) va (0; 1).

II. PHUONG PHAP SU DUNG TiNH CHAN LE CUA AN HOAC XET sO DU
TUNG VE

* Co sé¢ phwong phap: Chung ta dya vao tinh chdn 1é ctia 4n hodc xét s§ du hai vé& cua
phuong trinh nghiém nguyén véi mot s nguyén nao do roi dung lap luan d€ giai bai toan.
* Vi du minh hoa:

I~ Dang 1: St dung tinh chén 1é

Bai toan 1. Tim x, y nguyén t6 thoa man y” —2x* =1

Hudng dan gidi
Tacd y*-2x> =1y’ =2x"+1=y lasoleé
baty =2k +1 (véi k nguyén).Ta co 2k +1)2=2x2+1
& x2=2k?+2k = x chdn, ma x nguyén t6 = x =2,y =3

Vay nghiém cua phuong trinh la (x, y) = (2, 3).

Bai toan 2. Tim nghiém nguyén dwong cua phwong trinh

(2x+5y+1)(2‘x‘ +y+x° +x)=105

Hudng dan gidi
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Ta c6: (2x+5y+1)(2‘x‘ +y+x*+ x) =105

Ta thay 105 1& = 2x + 5y +11é = 5y chdn = y chin, 2" + y +x* +x= 2" + y + x(x+1) 1¢
cox(x +1) chln, y chin= 2" 1¢= 2" =15 x=0

Thay x =0 vao phuong trinh ta duoc

Gy +1)(y+1)=105  5y?+ 6y - 104=0=>y=4 hoacy = —% (loai)

Thtr lai ta c6 x = 0; y =4 la nghiém cta phuong trinh.

Vay nghiém cua phuwong trinh 1a (x, y) = (0, 4).

I~ Dang 2: Xét tinh chin 1¢ va xét s6 du tirng vé

Bai toan 1. Chting minh rang cac phuong trinh sau khéng cé nghiém nguyén:
a) x*—y*=1998 b) x* +y*=1999

Hué6ng dan gidi

a) Do x 1a s6 nguyén nén x =2k hodc x=2k+1 (ke Z) do d6 x* =4k v x* = 4k? +4k+1
vi thé x*chia 4 1udén du 1 hodc 0. Tuong tw ta cling ¢6 y* chia 4 ludén dw 1 hodc 0
Suy ra: x* —y” chia cho 4 luén du 1 hodc 0 hodc 3. Ma 1998 chia cho 4 du 2 do d6 phuwong
trinh da cho khong c6 nghiém nguyén.
b) Nhu chiing minh cau a ta ¢6: x*,y* chia cho 4 luén du 0 hodc 1 nén x* +y* chia cho 4
luén dw 0 hodc 1 hodc 3. Ma 1999 chia cho 4 dw 3 do d6 phuwong trinh da cho khong cé
nghiém nguyén.

Chit y: Chiing ta cin lwu y két qua ¢ bai todn nay:
*)x* —y? chia cho 4 khong dw 2
*)x* +y? chia cho 4 khong dw 3

Bai toan 2. Tim nghiém nguyén ctia phuong trinh: 9x+2=y* +y

Huéng dan gidi
Ta co: 9x+2=y2+yc>9x+2=y(y+1)
Ta th&y vé€ trai phuong trinh 1a s8 chia cho 3 dw 2 nén y(y+1) chia cho 3 du 2
Do d6 chi c6 thé y=3k+1 va y+1=3k+2(keZ)

Khi d6: 9x+2=(3k+1)(3k+2) < 9Ix =9k +9k < x =k (k+1)
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Tht lai: x = k(k + 1), y =3k +1 thoa man phuong trinh da cho.

Vay nghiém ctia phuong trinh 1a (x,y) = (k(k+1),3k+1) véi ke Z

Bai toan 3. Tim x, y 1a s tw nhién thod man x* +3” = 3026

Hudng dan gidi
Xét y=0=x>+3"=3026 = x> =3025 . Max € N = x=55
Xéty>0= 3" chia hét cho 3, x> chia cho 3 du 0 hodc 1= x*> +3¥ chia cho 3 dw 0 hoac 1

ma 3026 chia cho 3 du 2 (loai)
Vay phuong trinh ¢6 nghiém duy nhat (x,y) = (55,0)

Bai toan 4. Chiing minh rang phuong trinh x* -7y =51 khong cé nghiém nguyén

Huéng dan gidi
Xét x=7k(k e Z) thi x*:7.
Xét x=7k=+1 (k € Z) thi x> chia cho 7 du 1 hoic 6.
Xét x = 7k12(k € Z) thi x° chia cho 7 du 1 hodc 6.
Xét x = 7ki3(k S Z) thi x> chia cho 7 du 1 hoic 6.

Do d6 vé trai phuong trinh chia cho 7 du 0 hodc 1 hodc 6 con vé€ phai ctia phuong
trinh chia 7 du 2. Vay phuong trinh da cho vo nghiém.

Bai toan 5. Tim nghiém nguyén ctia phuong trinh x> —5y” =27

Hudng dan gidi
Do x 1a s6 nguyén nén ta c6 thé biéu dién x dwéi dang: x =5k hodc x=5k*1 hodc
x=bk+2 véi keZ

- Xét x = 5k thi x* ~5y? =27 & (5k) -5y” =27 & 5(5k* ~y*) =27

biéu nay la v6 ly vi vé€ trdi chia hét cho 5 v6i moi k va y nguyén con v€ phai khong
chia hét cho 5.

-Xét x=5kt1 thi x* -5y* =27 & (5kx1)’ ~5y° =27

& 25K £ 10k +1-5y” =27 < 5(5k* 2k —y* ) =23

biéu nay la vo ly cling vi v€ trai chia hét cho 5 véi moi k va y nguyén con vé phai

khong chia hét cho 5.
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-Xét x=5k£2 thi x* -5y® =27 & (5k+2) ~5y° =27

& 25K? £10k +1-5y* =27 & 5(5k* 4k —y*) =23

biéu nay la vo ly ciing vi vé€ trai chia hét cho 5 v4i moi k va y nguyén con vé phai
khong chia hét cho 5.

Vay phuong trinh da cho v6 nghiém.

. PHUONG PHAP DUNG BAT PANG THUC
7~ Dang 1: Sit dung bat ding thic cd dién
* Co s6 phwong phap:

Trong nhiéu bai todn ta thwong st dung bat ding thite dé chieng minh mot vé khong nho
hon (hodc khong 16n hon) vé'con lai. Mudn cho phwong trinh c6 nghiém thi ddu bang ciia bat ding
thiec phai xay ra dé la nghiém ciia phwong trinh.

Mot s6'bit dang thire C6' dién thuong duwoc ste dung nhe:

1. Bat ding thitc Cauchy (tén quoc t&'la AM — GM)

a,+a,+a, +...+a,

Néu a,,a,,a,,....,a la cic s0 thic khong dm thi: > ja,.a,a, .4,
n
Ding thirc xdy rakhi a, =a, =a, =....=a_
2. Bit diing thic Bunhiacopxki vdi hai by s6'thuc bat ki (a,,a,,a,,....,a, )va (b,,b,,b,,....,b, )ta

Ding thitc xay ra khi ton tai so thuec k (k#0) sao cho a, =kb, v6ii=1,2,3,...,n.

* Vi du minh hoa:

Bai toan 1. Tim cac s6 nguyén duong x, y thoa méan phuong trinh: (x2 + 1)(x2 + yz) =4x’y

Huéng dan gidi
Ap dung bat dang thitc AM-GM ta c6:
x> +1>2x Dau “=” xay rakhix =1.
x* +y®>2xy Dau “=" xay rakhix=y.
Do x, y duong nén nhan 2 vé ctia bat dang thiic trén ta dugc (x2 + 1)(x2 + yz) > 4x’y

D&u bang xay ra khi va chi khix=y=1.

Bai toan 2. Giai phuong trinh nghiém nguyén duong sau:

x® +7° —15x%z = 3x2y2z —(y2 + 5)3 (1)
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Hudng dan gidi
3 3
Ta co: (1) & x° +2° +(y2 +5) =15x°2+3x’y’z & X° + Z° +(y2 +5) = 3x2z(y2 +5)
¢ ~e 32 , (U6, 3 2 3 2 (2
Ap dung bat dang thitc AM-GM ta co: x° +z +(y + 5) > 3x z(y + 5)

Dau “=" xay rakhi x> =y’ +5=2

Tu x> -y’ = (x—y)(x+y) =5 giai ra dugc nghiém (x,y, z) = (3, 2, 9).

Bai todn 3. Gidi phuong trinh nghiém nguyén sau (x +y+ 1)2 = E’)(x2 +y° + 1)

Huéng dan gidi
Ap dung bat déng thirc Bunhiacopxki ta co: (1+1+ 1)(x2 +y’ + 1) >(x+y+ 1)2

D&u “=" xay ra khi l=l=l<::>x=y=1

Xy
Vay nguyém nguyén ctia phuong trinh la (x, y) = (1, 1).

Bai todn 4. Tim nghiém nguyén ctia phuwong trinh: x* +xy +y’ = x*y’.

Hudng dan gidi
Véi |x| >2 va |y| > 2 ta co:
2.2 >4 2 AM-GM
{)):2;72 ;4;2 =Xy’ 22(x2 +yZ)=x2 +y?+xP+y? > x4y’ +2|xy|>x2 +y? +Xy.

Vay |x|£2 hoac |y| <2

Néu x = -2 hoac x = 2 thi phuong trinh khong c6 nghiém nguyeén.

Thtt x =-1, 1, 0 ta thdy phuong trinh ¢é 3 nghiém (0;0), (1; - 1), (-1; 1).

I~ Dang 2: Sap xép thi tw cac an

* Co sd phwong phap:
Khi phwong trinh d6i xtng véi cac an X, y,z,..., ta thuong gia st x<y<z<.. dé€
giéi han mién nghiém ctia phuong trinh va bat dau di tim tit nghiém bé nhat tro di

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén duwong cua phuong trinh: 2xyz=x+y+z

Huéng dan gidi

Gidstt x<y<z .Taco: 2xyz=x+y+2z<3z
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Chia 2 v€ cho z dwong ta duoc 2xy<3=>xy<l=xy=1
Do d6 x =y =1. Thay vao phuong trinh ban dau ta dwgc: 2z=z +2 hay z=2.
Vay nghiém cta phuwong trinh dachola (x, y,z)=(1, 1, 2); (1, 2, 1); (2, 1, 1).

Bai toan 2. Giai phuwong trinh nghiém nguyén dwong: 1 + 1 + 1 1
X y z

Huéng dan gidi
Do X, y, z c6 vai tro nhi nhau nén ta gid st: x<y <z

Khi d6: 1=l+l+ls§:>xs3:>xe{1,-2,-3} (do xez7)
X y z X
Véi x =1 phwong trinh da cho vé nghiém.
. . 11 1 1 2 oy
V01x=2taco:1=—+—+—S—+—:>y£4.Matkhacy2x=2:ye{2,3,4}
2y z 2y
+) y = 2 thi phrong trinh v6 nghiém.
+)y=3thiz=6
Hyy=4thiz=4
. . 11 1. 1 2 1
V01x=3taco:1:—+—+—£§+—:>yﬁ3.MatkhaCny:3:>y:3:>z=3
y z y

Vay phuong trinh c6 nghiém la (x, y, z) = (2, 3, 6); (2, 4, 4); (3, 3, 3).

Bai toan 3. Giai phuong trinh nghiém nguyén duong: l+ 1 z.
Xy

Hudng dan gidi
Bién dodi thanh: xyz=x+y.
Do d&i xting ctia x va y nén cé thé gia thiét rang x<y . Ta
COXyz=X+y<y+y=2y=>xz<2.
Ta Iwa chon nghiém trong cac treong hop sau: x=1,z=1;x=2,z=1,x=1,z=2
Ta suy ranghiém (x,y, z) la (1, 1, 2) va (2, 2, 1).

Nhin xét: O bai todn nay do vai tro ciia x, y, z la khong binh ding nén ta khong cd thé gidi siv
X<y <z tachicothégidsi x<y

Bai toan 4. Tim nghiém nguyén dwong cua phwong trinh:

S5(x+y+z+t)+10=2xyzt
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Hudng dan gidi
Tagiasex2y2z>2t=1

Taco:5(x+y+z+t)+10=2xyzt

PEN P 5 + 5 + 5 + 5 + 10 33—?:>t3315:>t=1vt=2
yzt xzt xyt xyz xyzt t

Véit=1taco:
5(x+y+z+1)+10:2xyz

@2:i+i+i+£<£

< :>z2315:>z:{1;2;3}
VZ XZ Xy XyzZ 2z

Néu z=1 ta ¢6 5(x+y)+20:2xy<:>(2x—5)(2y_5):65:>{x=35 {x=9

y=3"ly=5
Ta dugc nghiém (35, 3,1, 1) ; (9, 5, 1, 1) va cac hoan vi ctia chung.
Véi z =2, z =3 phuong trinh khong c6 nghiém nguyeén.
Véit=2taco:
5(x+y+z+1)+20 =4xyz

5 5 5 20 35 35
<:>4=;+Z+E+Esz—2:>z2 SZS9(z2t22)3(8x—5)(8y—5)=265

Dox2y2z2>22nén8x-528y-52>11

= (8x - 5) (8y —5) =265 vO nghiém

Vay nghiém cta phuong trinh 1a bo (x, y, z)=(35; 3; 1; 1); (9; 5, 1; 1) va cac hoan vi.

~7 Dang 3: Chi ra nghiém nguyén

* Co s¢ phwong phap: Chuang ta xét tirng khoang gia tri ctia an con dwoc thé hién dudi
dang: chi ra mot hoac vai s6 1a nghiém cta phuong trinh, roi chttng minh phwong trinh
khong con nghiém nao khac

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén duong ctia phuong trinh sau: 3* +4* = 5"

Huéng dan gidi
s \ N 3 [4Y
Chia hai vé ctia phuwong trinh cho 5™ ta duoc: 5 + =] = 1
Tht thay x = 1 khong la nghiém ctia phwong trinh trén.
Vi x =2 thi VT = VP =1 thoa man bai toan.
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vases=(2] o3 o (2] =3 8] 4] =

Vay x =2 la nghiém duy nhat ctia phuong trinh.

Bai toan 2. Tim nghiém nguyén duong cua phuong trinh sau: 2* +3* =35

Hudng dan gidi

Thtt thdy x =0; x = 1; x =2 khong thoa man 2* +3* =35
Véix=3thi 2° +3° =35 (dting)
Véix>3thi 2° +3° > 35
Vay x =3 la nghiém ctia phuong trinh.
7 Dang 4: St dung diéu kién A >0 d€ phwong trinh bac hai c6 nghiém
* Co s0 phwong phap:

Ta viét phuong trinh fix, y) = 0 dudi dang phuong trinh bac hai d6i véi mot an, chang
han d6i voi x khi d6 y 1a tham s6. Diéu kién d€ phuwong trinh c6 nghiém nguyénla A >0

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén ctia phuwong trinh x* +y* —2x+y=9.

Huéng dan gidi
Ta xem phuwong trinh da cho 1a phuwong trinh an x tham sd y, ta viét lai nhu sau:
x’ —2x+(y2 +y—9) =0
Dé phuong trinh da cho ¢6 nghiém thi :
A'20e1-(y*+y-9)20¢ y* +y-10<0
S 4y’ +4y-40<0 & (2y+1) <41

Do do: (2y+1)2 € {1;9; 25}. Ta co:

2y+1 1 -1 3 -3 5 -5
2y 0 2 2 -4 4 -6
y 0 -1 1 -2 2 -3
X Loai | Loai Loai Loai |3va-1| 3va-1

Vay nghiém cta phwong trinh 1a (x, y) = (3, 2); (-1, 2); (3, -3); (-1, -3).

Bai toan 2. Giai phuwong trinh nghiém nguyén x* +2y” = 2xy +2x + 3y (*)
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Hudng dan gidi
Ta xem phuwong trinh da cho 1a phuwong trinh an x tham sd y, ta viét lai nhu sau:
X’ —2(y+1)x+2y2 -3y =0
Taco A'=(y+1) —(2y* -3y )=y* +2y+1-2y*+3y =y’ +5y +1

Dbé phuong trinh c6 nghiém nguyén thi:

V29

A'20c>—y2+5y+120<:>—73y—§s@
5-+29 54429  5-6 546
< <

< <V <
> YT 2 VST

=

Viynguyénnén y e {0,1, 2, 3,4,5} thay vao phuong trinh ta tinh dwoc gia tri cua x.
Giai ra ta dwgc nghiém ctia phueong trinh 1a (x, y) = (0, 0); (0, 2).

Nhin xét: O vi dy nay minh di cd'tinh tinh A’ cho cic ban thiy ring khi tinh A hodc A’
co dang tam thiec bic 2 : f(x) =ay’ +by +c v6ia<0 ta méi dp dung phwong phdp nay, néu a> 0

thi chiing ta dp dung phwong phdp dwa vé phwrong trinh woc so.

IV. PHUONG PHAP DUNG TINH CHAT CUA SO CHINH PHUONG
~ Dang 1: Dung tinh chat vé chia hét ctia s6 chinh phuong

* Co s6 phuwong phap:

- S8 chinh phuong khéong thé 6 chit tan cling bang 2, 3, 7, 8;

- 58 chinh phwrong chia hét cho s6 nguyén t6 p thi ciing chia hét cho p?

- S0 chinh phwong chia cho 3 ¢6 s6 dw 1a 0 hoac 1;

- S chinh phwong chia 4 ¢6 s6 dw 1a 0 hodc 1;

- SO chinh phwong chia cho 8 ¢6 s6 dw1a 0, 1 hoac 4.

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyeén cua phuong trinh: 9x +5 = y(y + 1)

Huéng dan gidi
Ta co:
9x+5= y(y +1)
© 36x+20 = 4y> +4y
& 36x+21=4y” +4y +1

o 3(12x+7) =(2y +1)

2
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S6 chinh phuwong chia hét cho 3 nén cling chia hét cho 9, ta lai ¢6 12x + 7 khong chia hét
cho 3 nén 3(12x + 7) khong chia hét cho 9. Do d6 phuwong trinh v6 nghiém.
Cach khac:
9% +5=y (y + 1)
Sy +y-9x-5=0
A=1+4(9x+5)=36x+21=3(12x+7)

Ta cd A chia hét cho 3 nhung khong chia hét cho 9 nén khong la s6 chinh phuong
do d6 khong ton tai y nguyén. Vay phuong trinh v6 nghiém.
7~ Dang 2: Bién d6i phwong trinh vé dang aA’+a,Al+..+a A=k, trong do
A(i=1..,n) l1a cic da thitc hé¢ s6 nguyén,a la s6 nguyén dwong, k 1a sd tw nhién
* Co s0 phuwong phap:
Stt dung hing dang thitc dang nhé (a+b)?, dwa phwong trinh vé dang trén. Sau d6
dwa vao tinh chat cdc a,A d€ phan tich thanh k =ak’+a,k; +..+a .k’ (véi k €Z),
dan dén giai hé phwong trinh

A12:k12
-k
R

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén ctia phuong trinh x* +y* —x—y =8

Hudng dan gidi
Ta co:
X’ +y? —x-y =8 4x* +4y’ —4x—4y =32
& (4 —ax-1)+(4y’ -4y +1) =34 & (2x-1) +(2y-1) =34
lex-1 +2y -1 =32 +5?

Ta thdy 34 chi c6 duy nhat mot dang phan tich thanh hai s6 chinh phuong 1a 3% va 5% .

(2x-1) =3 _{|2x—1|3

pods: | (B =5 _ | [Py-1]=5
(2x-1) =5° {|2><—1|=5
(y-1y=3 | [2y-1|=3

Giai ra ta dwoc 4 nghiém (x, y) = (2, 3); (-1, -2); (-2; -1); (3, 2).
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Bai toan 2. Giai phuwong trinh nghiém nguyén x* —4xy +5y* =2(x—y).

Hudng dan gidi
Tacd x> —4xy+5y° =2(x—y) < x* —4xy +5y° =2x+2y =0

<X =2xQy +1)+(2y +1)* = (2y +1)* +5y* +2y =0
S (x=2y -1 +y* -2y -1=0 < (x -2y —-1)* +(y - 1)* =2(*)

Xét phuwong trinh (*) ta co: (x—2y—1)2 >0 Vx,y = (y—l)2 <2
Ma x nguyén nén (y —1)2 € {0,1}
*Voi (y—1) =0 thi (x—2y~1)" =2 (loai)

1=1 _2
y @{y

f V& (v_1) =
Véi (y-1) 1:{},_1:_1 =0

j X_5—_|

—0:>(x—0—1)2—1:> x-1=1 = X=2
y T T x—1=11

Véy phuong trinh da cho ¢6 4 nghiém: (x,y)=(6,2);(4,2);(2,0);(0,0) .

Bai toan 3. Giai phuong trinh nghiém nguyén 5x*> —2xy +y* =17.

Hudng dan gidi
Tac6 5x° ~2xy +y> =17 & (x—y) +4X =17 & (x-y)* =17 -4 (*)

Xét phurong trinh (*) ta c6 (x —y)2 >0,Vx,y=>17-4x* 20=> x> < %

Ma x 1a s6 nguyén nén x* € {0;1; 4
-Véi x> =0= (x—y)* =17 (loai).
-Véi x* =1= (x-y)* =13 (loai)
-Voi X* =4 x=12,

2-y=1 -1
Vc’yix:2:>(2—y)2:1<:{ y @[y

2-y=-1 y=3

24y=1 —1
Véix=2=Q+y)P=le|- 7 oY

2+y=-1 y=-3

Vay nghiém nguyén ctia phuong trinh la: (2; 1), (2; 3), (-2; -1); (-2; -3).
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Bai toan 4. Tim nghiém nguyén ctia phwong trinh x +y +xy = x* +y?

Huéng dan gidi
Bién doi: x+y+xy =x" +y’ < (x—l)2 +(y—1)2 +(x—y)2 =2.
Tong ctia ba s6 chinh phuong bang 2 nén ton tai mot s6 bang 0.
Truong hop: x — 1 =0 ta dwoc (1; 0), (1; 2)
Truong hop: y — 1 =0 ta duoc: (0; 1), (2; 1)
Truong hop x —y =0 ta dwoc: (0; 0), (2; 2)
Vay phuong trinh c6 nghiém (x, y) = (1; 0), (1; 2), (0; 1), (2; 1), (0,0), (2; 2).

Bai toan 5. Tim nghiém nguyén cua phuwong trinh 2x* +4x =19 - 3y”.

Hudng dan gidi
2x* +4x =19 - 3y*
=2(x+1) =3(7-y) (%)
Ta thdy 3(7—y2)52 =S7-y'i2y lé
Talai c6 7 —y* > 0nén chi c6 thé y2 =1
Khi d6 (*) c6 dang 2(x +1)" =18.
Ta dwgc: x+1=43do dox, =2;x, =—4.
Cac cap s6 (2; 1), (2;-1), (-4; 1), (-4; -1) thdéa man (2) nén 1a nghiém cua phwong trinh da cho
~ Dang 3: Xét cac s6 chinh phuong lién tié€p
* Co s0 phuwong phap:
Phwong phap nay dwa trén nhin xét sau:
1. Khong ton tai ne Z théa man: a> <n® < (a+1)2 véi aeZ
2. Néi a> <n’<(a +2)zvc’ri a,neZthin=a+ 1. Tuong tw v6i lily thita bdc 3
3. Néu x(x+1)...(x+n) < y(y+1)...(y+n) < (X+a)(x+a+1)...(x+a+n)
Thi y(y+1)...(y+n) = (x+i)(x+i+1)...(x+i+n) voi ie {1,2,...,a—1}

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén ctia phuong trinh: 1+x+x* +x’=y® (1)

Huéng dan gidi
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Ta co:
1) 3 1) 19
X+x+1l={x+=| +=>0; 5x* +11x+7=5| x+— | +—>0
2 4 10 20
Nén

(1+x+x2+x3)—(x2+x+1)<1+x+x2+x3 <(1+x+x2+x3)+(5x2+11x+7).
Do d6: x° <y3 <(x+2)3 :y3 :(x+1)3.

x=0

Két hop vdi (1) ta co: (x+1)3 =1+x+x>+x° :>x(x+1)=0:{ .
X=-

Nghiém ctia phuong trinh la: (0;1) va (-1;0).

Bai toan 2. Giai phuong trinh nghiém nguyén: x* -y’ -2y* -3y -1=0 (2)

Huéng dan gidi
(2) e x’ =y’ +2y* +3y+1 (3)
Ta cé: y* >0;5y* +2>0nén
(y3+2y2+3y+1)—(5y2+2)<y3+2y2+3y+1£(y3+2y2+3y+1)+y2.
Do do: (y—l)3 <x’ S(y+1)3:>x3 =y’ hodc x° :(y+1)3.
Néu x° =y’ két hop vdi (3) ta cd: 2y’ +3y+1=0=>y=-1=x=-1.
Néu x* =(y+1) . Phdi hop voi (3) tac y> =0=y =0, lic dd x = 1.

Vay nghiém cua phuong trinh da cho 1a (-1; -1) va (1; 0).

Bai toan 3. Giai phwong trinh nghiém nguyén: x* +2x° +2x* +x+3 =y’

Huéng dan gidi
Ta co (x2 +x)2 <x*+2x% +2x2 +x+3<(x2 +x+2)2

2

e (K +x) <y? <(x2+x+2)2

2 \

ma (x2 - x) va (x2 +X+ 2)2 ( 1a hai s6 chinh phuong

=y =(x* +x+1)2
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4 3 2 2 2
o x+2x% 4+ 2x +x+3:(x +x+1)

Xx=1
<:>x2+x—2=0<:>{
X=-2

Thay x=1 ta duwgc y =43
Thay x =-2 ta duoc y =43

Vay nghiém cua phuong trinh (x;y) € {(1, -3);(53);(-2:3);(-2; —3)}

Bai todn 4. Giai phuwong trinh nghiém nguyén: x* +(x+1)* = y* +(y +1)*

Huéng dan gidi
Bién d6i phuong trinh vé dang
X +x+1=y(y+1) +2y(y+ ) +1=(y* +y+1)’ =k*,keZ (1)
-Néu x> 0= x> <x* +x+1<(x+1)> = x> <k? <(x+1)* khéng c6 s6 nguyén k thoa man.

. | x=0 )
- Néu 1:>y +y+1=+1

X =
Ta c6 cac nghiém nguyén ctia phuong trinh 1a (0; 0), (0; -1), (-1; 0); (-1; -1).

-Néu x<-1= (x+1)* <x* +x+1< x> = (x+1)* <k* < x* khodng ¢ s6 nguyén k thoa man.

Bai toan 5. Giai phuong trinh nghiém nguyén

x'+x*—y* +y+10=0 (6)

Hudng dén gidi
(6)=y(y-1)=x"+x*+10 (7)
Ta co: x* +x7 <x* 437 +10 < (x* +x* +10) +(6x* +2).
y(x=1)=(x*+1)(x* +2)

2=4
1

Két hop vdi (7) ta suy ra: X ,
X

Tt d6: x=42, x==1

Do d6 ta c6 thé tim duoc nghiém ctua phwong trinh (6)
7~ Dang 4: St dung diéu kién A 1a s6 chinh phwong
* Co s0 phuwong phap:
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V6i phuwong trinh nghigm nguyén cé dangf(x,y)=0 c6 thé viét dudi dang phiong trinh
bdc 2 d6i v6i mot trong 2 dn ching han dn x, ngoai dicu kiéen A>0 dé phuong trinh c6 nghiém
nguyén thi A phdi la s6'chinh phwong. Vin dung diéu nay ta c6 thé giai dwgc bai todn.

Chii y: A la s6 chinh phwong chi la diéu kién cin nhwng chwa du dé phwong trinh cé
nghiém nguyeén, do do sau khi tim duwgc gid tri cin thi lai vao phirong trinh ban diu.

* Vi du minh hoa:

Bai toan 1. Giai phuwong trinh nghiém nguyén 3x* +y” +4xy +4x+2y+5=0

Huéng dan gidi

Ta cé: 3x* +y* +4xy +4x+2y+5=0

Sy +2(2x+1)y+3x* +4x+5=0 (1)
Coi phwong trinh (1) la phuong trinh an y tham s6 x ta c6:
A'=(2x+1) —(3x? +4x+5) =4x? +4x+1-3x* —4x—5=x" —4
D€ phuong trinh cé nguyén nguyén thi A' phai 1a s§ chinh phwong hay A'=x*-4=n’
voi neN
(x—n)(x+n) =4 giaira ta deogc x =2 hodc x =-2.
Véix=2thiy=3
Véix=-2thiy=-5
Vay phuong trinh c6 2 nghiém (x, y) = (2, 3) ; (-2, -5).

Bai toan 2. Giai phuong trinh nghiém nguyén x*y* —xy = x* +2y”. (1)

Huéng dan gidi
Phuong trinh da cho viét lai: (x2 —Z)y2 -xy-x*=0 (2)
Do x nguyén nén (x2 - 2) # 0 coi phuong trinh (2) la phuong trinh an y tham s6 x ta cé:
A=x>+4x° (x2 —2) =x’ (4x2 —7).
Dé phuong trinh c6 nguyén nguyén thi A phai la s6 chinh phuong.
-Xét x =0 thi ttr (1) suy ray =0.
Xét x#0 thi (4x2 —7) phai 1a s6 chinh phwong do d6 4x* -7 =m’véi m 1a s6 nguyén, ta

co (2x—m)(2x+m):7 ta tim dwoc x =2 hoac x = -2
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V6ix =2 thay vao (2) ta duoc: y* +y-2=0=y e{L;-2}.
V6i x = -2 thay vao (2) ta duoc: y* —y-2=0=>y e{-1;2}.
Nghiém nguyén ctia phuong trinh la (x, y) = (2, 1); (2, -2); (-2, -1); (-2, 2).
7~ Dang 5: St dung tinh chat: Néu hai s6 nguyén lién tiép c6 tich 1a mot s6 chinh
phuong thi mot trong hai s nguyén lién tiép d6 bang 0
* Co s0 phuwong phap:
Giasirala+1)=k*(1) véi ae Z,k e N.
Gidgiswa#0,a+1#0 thi k*# 0. Do k la s6'tw nhién nén k > 0.
Tir (1) suy ra: a> + a =k
—da’ +4a=4K = 4a’ +da+1=4K +1(2a+1) =4K* 1 (2)
Dok>0nén 4k* <4k®+1<4k*+4k+1  (3)
Tt (2) va (3) suy ra (21()2 < (2a + 1)2 < (21( + 1)2, vo ly
Vay néu a(a + 1) = k2 thi ton tai mot trong hai 3 a, a + 1 bang 0.

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén ctia phuong trinh: x* +xy +y* = xy”

Hudng dan gidi
Thém xy vao hai v& x* +2xy +y* = xX’y* +xy < (x + y)2 =xy(xy+1) (*)
Ta thay xy va xy + 1 1a hai s6 nguyén lién ti€p, cd tich 1a mot sO chinh phwong nén ton tai
mot s§ bang 0.
Xétxy =0.Tr (1) cOx?+y>=0nénx=y=0
Xétxy+1=0.Tacédxy=-1nén (x,y)=(1;-1), (-1, 1)
Tht lai ba cap s6 (0; 0), (1; -1), (-1; 1) déu la nghiém ctua phwong trinh da cho.

Bai toan 2. Tim nghiém nguyén ctia phuong trinh: x* +2xy =5y +6 (1)

Huéng dan gidi
Ta cod (1)<::>x2 +2xy+y2 =y2 +5y+6c>(x+1)2 =(y+3)(y+2)

Do (y +3) va (y +2) la 2 sd nguyén lién ti€p ma cd tich 1a mot s6 chinh phuong nén
mot trong 2 s6 phai bang 0.

Néuy+3=0thi y=-3,x=-1.

Néuy+2=0thiy=-2,x=-1
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Vay phuong trinh c6 nghiém nguyeén la (x, y) = (-3, -1); (-2, -1).
7~ Dang 6: St dung tinh chat: Néu hai s6 nguyén duwong nguyén td ciing nhau c6 tich 1a
mét s6 chinh phwong thi mdi s6 déu 1a s6 chinh phwong

* Co s6 phwong phap:
Gid stk ab=¢* (1) véi a,b,ceN’,(a,b) =1.

Gia st trong a va b ¢c6 mot s6, chang han a, chira thira s6” nguyén t0'p véi s6'mii 1é thi s6” b
khong chira thira s6'p nén c? chiva thiea s6'p voi s6' mii lé, trdi véi gia thiét ¢? la so' chinh phirong.

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén duong ctua phuong trinh: xy = z* (1)

Hudng dan gidi
Trudc hét ta ¢ the gia st (x, y, z) = 1. That vay néu bo ba s& (xo ' VorZo ) thoa man (1) va cd
UCLN bang d, gia st x, =dx,,y, =dy,,z, = dz, thi (xl,yl,zl) cting la nghiém cta
phuong trinh (1).
Véi (x,y, z) = 1 thi x, y, z d6i mdt nguyén td cung nhau, vi néu hai trong ba sd x, y, z
c6 wdc chung la d thi s con lai cling chia hét cho d.
Tacdz2=xyma(x,y)=1nénx=a%y=b?vdi a,beN
Suy ra z?> = xy = (ab)?, do d6 z = ab.
x = ta’
Nhu vay: y =tb> vdi tla sd nguyén duong tuy y.
z=tab
Dao lai, hién nhién cac sd x, y, z c6 dang trén thoa man (1).

Cong thttc trén cho ta cong thitc nghiém nguyén duong caa (1).

Bai toan 2. Tim tat ca cac cdp s nguyén (x; y) thoa man

x* =25 +6x* —4y® =32x+4y +39=0

Huéng dan gidi
Ta co:

xt=2x% +6x° —4y2 -32x+4y+39=0
<=>x*—2x® + 6x> —32x+40:4y2 —4y+1
<=>(x—2)*(x* +2x+10) = (2y - 1)°
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Viylasdnguyénnén2y-1#0=x#2
Vi (2y — 1)? va (x — 2)? 1a s6 chinh phuwong khac 0 nén x2 + 2x + 10 la s6 chinh phuong.
Dit x* +2x+10=m’(me N") suy ra (x+1)’ +9=m” & (x+1-m)(x+1+m)=-9(*)
Do (x+1+m)>(m+1-m)nén
(x+1+m=9 [(x=3
x+1l-m=-1 m=>5
x+1+m=1 X=-5
(*)<:> =
x+1-m=-9
x+1+m=3 x=-1
x+1-m=-3 m=23
ex=3>(2y-1y=25>y=3hodcy=-2
ex=-5=(2y-1)?2=1225= y=18 hodacy =-17
ex=-1=>(2y-1?2=81=>y=5hodcy=—4

Vay cac bd (x;y) nguyén thoa yéu cau bai toan la (3;3),(3;-2),(-5;18),(-5,-17),(-1,5),(-1,-4)
V. PHUONG PHAP LUI VO HAN, NGUYEN TAC CUC HAN

I~ Dang 1: Phuwong phap lui vo han
* Co s0 phuwong phap:

Diing dé’chirng minh phweong trinh f(x, y, z, ...) ngoai nghiém tim thuwong
x=vy=z=0 thi khong con nghi¢m nao khdc. Phwong phdp nay dién gidi nhw sau:

Giadi str (xo,yo,zo,...) la nghiém cua phwong trinh f(x, y, z, ...), nho phép bién déi suy ludn
ta tim dwoc by nghiém khac (xl,yl,zl,...)sao cho cdc nghiém nay cé quan hé voi nghigm ban diu
ty s6'k nao do. Vidu x, =kx,,y, =ky,,z, =kz, ;...

Roi tir bo (xz,yz,zz,...)cé quan hé voi (xl,yl,zl,...)béi ty s6'k nao do.
Vidux, =kx,,y, =ky,,z, =kz,. Qud trinh nay dan dén Xy, YorZys--chia hét cho K v0 s la s0'tw
nhién tuy y, diéu nay xdy ra khi x =y =z = 0. Ching ta di dén vi du cu thé' nhi sau:

* Vi du minh hoa:

Bai toan 1. Giai phuong trinh nghiém nguyén sau x> +y” = 3z’

Hudng dan gidi
Goi (xo,yo,zo)lé nghiém ctia phuong trinh trén. Xét (mod 3) ta ching minh x,,y,
chia hét cho 3. That vAy rd rang vé& phai chia hét cho 3 suy ra (X} +y;)i3 . Ta co

x; =0;1(mod3);y; =0;1(mod3) dodé (x;+y;):3=>xi3,ysi3 = %,i3,y,13.
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Dt x, =3x,; Yy, =3y, thé vao rut gon ta duoc 3(xf +yf) =z, =2,:3 =>z,=3z,.
Thé z, =3z, vao 3(xf + yf) =z varat gon ta duoc: x3 +y? =z7 . Do d6 néu
(xo, VorZo ) la nghiém ctia phwong trinh thi (xl,yl, z, ) cting la nghiém ctia phwong trinh
trén. Ti€p tuc suy luan nhuw trén dan dén x,,y,,z, 3" diéu nay xay rakhi x, =y, =z, =0

Vay phuong trinh c¢é nghiém duy nhat (x, y, z) = (0, 0, 0)

Bai toan 2. Tim nghiém nguyén ctia phuong trinh: x°*-3y°*-9z°=0. (1)

Hudng dan gidi
Gia st (X, Yo:Z,) 1a nghiém nguyén cua phuong trinh khi d6 x,:3ddt x,=3x. thay

X, =3x.vao (1) ta dwgc: 9x° —y,* -9z, =0= y,:3. dat y, =3y, = z,:3,khi do:

9x°-27y° -3z, =0=3x>-9y,* - z,° =0 = 7,3. 44t z, =3z, khi do: x*-3y,’-92°=0.
A (% Yo Zo) o~ s N .
Vay (? : ?,?j ctiing la nghiém cuia phweong trinh.

% Yo %o

Qua trinh nay tiép tuc thi duoc: (3k 3O

jlé cac nghiém nguyén cua (1) voi moi k diéu

nay chi xay ra khi x, =y, =2,=0.Vay (0, 0, 0) la nghiém duy nhat ctia phuong trinh da

cho.

Bai toan 3. Giai phuwong trinh nghiém nguyén sau: x* +y” +z° = 2xyz

Hudng dan gidi
Goi (x,,¥,,2,)la nghiém ctia phuong trinh trén, ta ¢6 x; +y; +z; = 2x,y,Z, suy ra
(xé +ys+ zs) chdn (do 2x,y,7,) nén ¢ 2 trudng hop xay ra:
Truwong hop 1: C6 2 s6 1é mot s6 chdn khong mat tinh tong quat gia st x,,y, 1¢, z, chan.
Xétmod 4 ta ¢6: x; +y; +z; =2(mod 4)con 2x,y,z,14 (do z, chin) = Vo ly
Truong hop 2: Ca 3 s6 dé chan. Dat x, =2x,,y, =2y,,z, =2z, thé vao rat gon ta co:

X2 +y? +72 =4x,y,z, 1ap ludn nhu trén ta dugc x,,y,,z, chin.
Qua trinh ti€p tuc dén x,,y,,7,:2" (ke N")diéu d6 xay ra khi x, =y, =z, =0

Vay phuong trinh c¢6 nghiém duy nhét (x, y, z) = (0, 0, 0)
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7~ Dang 1: Nguyén tic cwc han
* Co sd phwong phap:

Vé hinh thtc pheong phdp nay khac véi phuwong phap lui vo han nhung veé y
teong sit dung thi nhw nhau, déu chitng minh phwong trinh ngoai nghiém tam thuong
khong con nghiém nao khac.

Phuong phap bat dau bang viéc gia st (xo,yo,zo,...) la nghiém cua phuong trinh
f(x, y, z, ...) voi diéu kién réng budc véi bo (xo,yo,zo,...). Vi du nhu x, nhé nhat hoac
X, +V,+2,+.. nNhd nhdt . Bang phép bién d6i s6 hoc ta tim duwoc bd nghiém
khéc(xl,yl,zl,...) trai voi diéu kién réng budc trén. Vi du khi tim dwoc bd (xo,yo,zo,...)véi
x,nho nhat ta lai tim dwoc bo (xl,yl,zl,...)thc’)a man x, <x, ttt do dan téi phuong trinh
da cho c6 nghiém x, =y, =z,=0.

* Vi du minh hoa:

Bai toan 1. Giai phuong trinh nghiém nguyén sau 8x* +4y* +2z* =t* (1)

Huéng dan gidi

Giéi stt (x,,Y,,2,)1a nghiém ctia phuong trinh trén véi diéu kién x,nho nhat.

Tt phuong trinh (1) suy ra t 1a sd chdn. Dat t=2t, thé vao phuong trinh (1) va rtt gon ta
duoc:4x} + 2yt +z: =8t! 10 rang z, chn. Dit z, =2z, = 2x} +y, +8z! =4t} =y, chan.
bat y, =2y, = xg + 8y‘11 + 4z;1 = th = X, chan.

Dit x, =2x, = 8x} +4y} +2z} =t} =(x,;y,;z,;t,) cling 1a nghiém ctia phuong trinh
trén va dé thay x, <x, (v ly) do ta chon x,nhé nhat. Do d6 phuong trinh trén ¢ nghiém
duy nhat (x,y,z,t)=(0,0,0,0).

Tong két: Mot bai todn nghiém nguyén thieong cé thé gidi bang nhiéu phwong phdp, ban
doc nén tim nhiéu cdch gidi cho mot bai todn dé’rén luyén ki nang cia minh. Sau ddy minh sé gidi
mot bai todn bang nhiéu phwong phdp dé’tong két.

Bai toan. Tim nghiém nguyén ctia phuong trinh sau: x* +xy +y* =x’y* (1)

Loi giai

Cach 1. Dua vé phwong trinh wéc s6
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x> +xy+y* =x’y?
S 4x° +4xy +4y? =4xX°y?
< 4x° +8xy +y? =4x°y? +4xy
o (2x+2y) =(2xy +1) -1
= (2xy + 1)2 - (ZX + Zy)2 =1
& (2xy +2x+2y +1)(2xy +1-2x-2y) =1
Sau d¢ giai phuong trinh wéc sd
Cach 2. Ding tinh chit s6"chinh phwong va phwong trinh wéc so
47 +4xy +4y® = 4x7y?
o (2x+ y)2 +3y° = 4x7y’
o (2x+y) =y (4" -3)
Néu y =0 thi x =0 ta c6 (0, 0) la nghiém ctia phwong trinh.
Néu y =0 thi 4x* —3 phai la s8 chinh phuwong .
Ta c6: 4x* -3 =k*(keN) dua vé (2x+k)(2x-k)=3
Ta tim dugc x =1 va x =-1 tit d6 tim duogcy
Cach 3. Dua vé phuwong trinh bdc 2 doi véi x
(y2—1)x2—yx—y2=0 (2)
Xéty =1 thi(2) co dang: -x-1=0 dwocx=-1.
Xéty =-1thi(2) cd dang x -1 =0 duwgc x =1.
Xét y # %1 thi (2) la phwong trinh bac hai d6i véi x co:
A=y’ +4y® (y2 —1) =y’ (4y2 —3).
Ta phai cd A 1a sd chinh phuwong .
Néu y =0 thitr (2) suyrax=0
Néu y #0 thi 4y® —3 phai la s6 chinh phuong.
Tac6 4y’ -3=Kk*(keN)=(2y+k)(2y—k)=3,ta dugc y =*1 do dang xét y =+1
Cach 4. St dung bit dangthic

Khong mat tinh tong quat gia sw |x| < |y , thé'thi x* <y?,xy < |xy| <y’

Do dé: xX’y* =x* +xy+y’> <y’ +y’ +y’ <3y’
Néu y =0 thix=0.
Néu y #0 chia hai v&€ cho y* ta dugc x* <3 . Do dé x> =1=> x=+1

Vay phuong trinh c6 ba nghiém (1, -1), (-1, 1), (0, 0)
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Cach 5. St dung tinh chat s6 chinh phuwong
Thém xy vao hai v& x* +2xy +y* = X’y* +xy < (x+ y)2 =xy(xy+1)

Ta thdy xy va (xy + 1) la hai s& nguyén lién ti€p c6 tich 1a mét sd chinh phwong nén
ton tai mot sO béng 0
Xétxy =0t (1) c6d xX*+y*=0=>x=y=0
Xétxy=-Inénx=1,y=-lhodcx=-1,y=1
Tht lai thdy phwong trinh ¢6 ba nghiém (0, 0); (1, -1); (-1, 1).
C. BAITAP AP DUNG
Bai 1: Tim nghiém nguyén ctia phuong trinh 2xy —x—y =1.
Bai 2: Tim nghiém nguyén ctia phwong trinh x* + x + 2009 = y? .
Bai 3: Tim nghiém nguyén ctia phuong trinh x° +5y? +62% + 2xy — 4xz =10.
Bai 4: Giai phwong trinh nghiém nguyén 3x° —2xy +y —5x+2=0.
Bai 5: Tim nghiém nguyén ctia phwong trinh (x* + y)(x+ y*) = (x - y)°.
Bai 6: Giai phuwong trinh nghiém nguyén x° —y® = 2xy +8.
Bai 7: Tim nghiém nguyén duwong ctia phuwong trinh 5(x + y +z) + 3 = 2xyz.
Bai 8: Tim nghiém nguyén ctia mdi phuong trinh
a) 1+ x+ x>+ X3 +x* = y*;
b) 1+ x+ x>+ x* = y°.
Bai 9: Giai phwong trinh nghiém nguyén 4x+9y =48,
Bai 10: Tim nhitng s0 tu nhién 1é n d€ 26n+17 la s6 chinh phuong.
Bai 11: Tim céc s6 nguyén X, Y,z sao cho x*+y*+z* =2012.
Bai 12: Tim nghiém nguyén duwong ctia hé phuong trinh {Xz 4;13)/2 - 222
13X +y° =t".
Bai 13: Tim nghiém nguyén cua phuong trinh x* -3y -9z° =0.
Bai 14: Tim nghiém nguyén ctia phuong trinh
X2 +2y?+272 —2xy—2yz—47 =4,
Bai 15: Tim nghiém nguyén ctia phuong trinh
(x2 +l)(y2 +4)(z2 +9) = 48xyz.

Bai 16: Tim nghiém nguyén cta hé phuong trinh

x*+2%=9
y> +1t* =16
xt+yz =12.

Bai 17: Tim nghiém ctia phwong trinh: x* +y° —x’y =xy* =5
Bai 18: Tim cdc nghiém nguyén ctia phwong trinh : x(x + 1)(x +2)(x +3) =y2 (1)
Bai 19: Tim tét ca nghiém nguyén ctua phuong trinh: (x2 — y)(y2 —~ x) =(x- y)3
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Bai 23:
Bai 24:

Bai 25:

Bai 26:
Bai 27:

Bai 28:
Bai 29:;

Bai 30:

Bai 31:

Bai 32:

Bai 33:

Bai 34:

Bai 35:

Bai 36:
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N A 2 4 A~ A 2 ~ \ ].
Tim tat ca cac sO x, y nguyén duong thoa man phwong trinh: —+—=——
X

Giai phwong trinh nghiém nguyén duong 1,11 trong do p la sd nguyén to.
X'y P

Tim nghiém nguyén duong ctia phuwong trinh: %+ % + % = %

Tim nghiém nguyén cua phuong trinh 6x+15+10z=3

Chttng minh réng phuong trinh sau khong co nghiém nguyén:
X +y?+27 =199 (1)

Tim nghiém duong ctia phuong trinh Jx + \/§ =+/50.

Giai phwong trinh nghiém nguyeén: y = \/ X+2Vx-1+ \/ x—2vx-1
Giai phuong trinh trén tap s6 nguyenx® = \Jy(y + 1)(y +2)(y +3) +1

(Chuyén Quang Trung — Binh Phuwoc 2015)
Tim s8 tw nhién x va s6 nguyén y sao cho 2* +3 =y’
Tim céc s6 tw nhién x, y thoa man: (ZX + 1)(2X + 2)(2X + 3)(2X +4)—5y =11879.
Tim tat ca cac cap (x, y, z) 1a cac s6 nguyén théa man hé phuong trinh:

X+y+z=3
X’ +y’+2° =3

Tim s6 nguyén x, y, z thoa man cac dang thtc: { 5 XTyrz=2 (1)
2X° —=xy+x-2z=1 (2)
Tim s6 thuc a d€ cac nghiém ctia phuong trinh sau déu 1a s6 nguyén:
x* —ax+(a+2)=0 (1)
Tim céc s6 nguyén dwong x va y thoa man phuong trinh:
(x* +4y® +28) ~17(x* +y*) = 238y” +833.
(Chuyén Nguyén Trai — Hii Dwong 2016 — 2017)
Tim tat ca cac cap s6 ty nhién x, y thoa man: 2*.x*> =9y* +6y +16
(Chuyén Ha N¢i 2016 —2017)
Tim nghiém nguyén ctia phwong trinh: Xy (x+y)+x+y =3+xy
(Trich dé vao 16p 10 chuyén DHKHTN, DHQGHN ndim 2014)
Tim t4t ca céc cap s6 nguyén duong (x; y) thoa man (x+ y)3 =(x-y- 6)2 .

(Trich dé thi vao I6p 10 Chuyén Lé Hong Phong- Nam Dinh 2014-2015)

169 | CHUYEN DE SO HOC




| CHU PE 6: PHUONG TRINH NGHIEM NGUYEN

Bai 37: Tim nghiém nguyén ctua phuong trinh x*> —y® = xy +8
(Trich dé vao Chuyén Binh Dwong 2017)
Bai 38: Tim nghiém nguyén cta phuong trinh x° +1=4y”.
(Trich dé vao Chuyén Lé Hong Phong — Nam Dinh)
Bai 39: Tim nghiém nguyén ctua phuong trinh sau x* +y* +5x”y” + 60 = 37xy
(Trich dé vao Chuyén Bac Liéu 2017)
Bai 40: Giai phuong trinh nghiém nguyén y® —2x—-2=x(x+ 1)2 ()
(Trich dé vao Chuyén Hung Yén 2017)
Bai 41: Giai phuong trinh nghiém nguyén x* +2y” —2xy —4x+8y+7 =0 (1)
(Chuyén Lwong Thé'Vinh — Dong Nai 2017)
Bai 42: Tim x, y nguyén sao cho Jx + \/§ =418
(Chuyén Binh Dinh 2015)
Bai 43: Tim cdc s6 nguyén x va y thod man phuong trinh9x+2=y* +y
(Chuyén Phan Bgi Chidu — Nghé An 2014)
Bai 44: Tim cép sO nguyén (x;y) thoa man phuong trinh: 2015(x” + y*) - 2014(2xy +1) = 25
(Chuyén TP. H6 Chi Minh 2014)
Bai 45: Tim nghiém ctia phwong trinh: x* +y° —x’y =xy”* =5
(Chuyén Lam Son 2014)
Bai 46: 1) Tim t4t ca cac s6 nguyén td p va cac s6 nguyén duong X,y thoa man
{p—l = 2X(x+2)
p'-1=2y(y+2)

2) Tim tat ca cac s6 nguyén duong n sao cho ton tai cac sd nguyén duong X, y, z thoa man
X’ +y° +2° =nx’y’z’

(Chuyén Ha N¢i Amsterdam 2014)
X+y=z

X3+y3 :Z2

Bai 47: Tim nghiém nguyén dwong ctia hé phwong trinh: {
(Chuyén Hoang Vin Thu - Hoa Binh 2015)

Bai 48: Tim nghiém nguyén ctua phuong trinh: x* —2y(x—y) =2(x+1)
(Chuyén Hing Viwong Phii Tho 2015)

Bai 49: Tim cdc s6 nguyénx, y thoa man x* +x* —y* -y +20=0.

(Chuyén Nguyén Trai Hdi Dwong 2015)
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Bai 50: a) Chténg minh khong ton tai cdc bd s6 nguyén (x, y, z) thoa man x* +y* =7z* +5
b) Tim tat ca cdc nguyén nguyén thoa man dang thiic (x + 1)4 - (x - 1)4 =y’
(Chuyén KHTN Ha N¢i 2011)
Bai 51: Tim tat ca cac cdp sd nguyén (X;y) thoaman 2x*+5y? =41+ 2xy.
(Chuyén Nam Dinh 2018-2019)
Bai 52: Tinh tat ca cac cip s6 nguyén dwong (X;y) thoa man: x = y?** —y _y*% 12
(Chuyén Lam Son — Thanh Héa 2018-2019)
Bai 53: Cho phuong trinh x*+2y° +4z° =91(1) véi x;y;z1a dn va 9! La tich c4c s& nguyén
duong lién ti€p tir 1 dén 9
a) Chting minh rang néu c6 cac s6 nguyén x; y; zthéa man (1) thi x, y, zdéu chia hét cho 4
b) Chttng minh rdng khong ton tai cac s6 nguyén x, y, zthoa man (1).
(Chuyén Vinh Phiic 2018-2019)
Bai 54: Tim cdc nghiém nguyén cta phwong trinh X° —xy+2=X+y
(Chuyén Bén Tre 2018-2019)
Bai 55: Tim cac s6 nguyén x,y,z thoa man dong thoi: x* +4y* +2° +2xz+4(x+2) =396 va
X +y*=3z.
(Chuyén Dak Lak 2018-2019)
Bai 56: Tim c4c cip sd nguyén (x; y)thoa man diéu kién 2x* —4y* —2xy —-3x-3=0
(Chuyén Déng Nai 2018-2019)
Bai 57:Tim nghiém nguyén ctia phuong trinh: 3x* —2xy + Yy —5x+2=0
(Chuyén Tuyén Quang 2018-2019)
Bai 58: Tim x, y nguyén duong thoa man: 16(x° - y*) =15xy +371

(Chuyén Thdi Nguyén 2018-2019)
Bai 59: Tim cdp s6 nguyén x, y théa man x* -2y* =1
(Chuyén Bic Ninh 2018-2019)
Bai 60: Tim nghiém nguyén cua phuwong trinh x* —xy+y° =2x -3y -2
(Chuyén Vinh Long 2018-2019)
Bai 61: Tim t4t ca cac cip s nguyén (x ; y) thoa man dang thiic x2y2 —x? - 6y2 = 2Xy.
(Chuyén Quang Nam 2018-2019)
Bai 62: Tim tat ca cdp sd nguyén x, y théa man y*+2xy—3x—-2=0
(Chuyén Lao Cai 2018-2019)
Bai 63: Tim tat ca b s6 nguyén (a;b)thoa man 3(a’ +b*)-7(a+b)=-4
(Chuyén Binh Phuéc 2018-2019)

Bai 64: Tim tat ca cac cap s6 nguyén (x ; y)théaman y*+y=x"+x>+x*+x.
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(Chuyén Todn Lam Son — Thanh Hoa 2019-2020)
Bai 65: Tim tat ca cdc nghiém nguyén ctia phwong trinh: X* —xy —5x+5y+2=0
(Chuyén Tin Lam Son — Thanh Héa 2019-2020)
Bai 66: Tim tat ca cac nghiém nguyén duong ctia phuong trinh
xy® —(y —45)* + 2xy +x — 220y +2024 = 0.
(Chuyén Hung Yeén 2019-2020)
Bai 67: Tim tat ca cac s ty nhién n d€ phuong trinh x*> —n*x+n+1=0 (dn sd x) co cac
nghiém la s6 nguyén.

(Chuyén Binh Thugdn 2019-2020)

, , 24y’
Bai 68: Tim tat ca cac cdp sO nguyén (x, y) thoa man Xty 8
x+y 13
(Chuyén Phii Yén 2019-2020)
n’=a+b

Bai 69: Tim cac sO nguyén khong am a, b, n thoa man: .
n*+2=a’+b’

(Chuyén Quang Nam 2019-2020)
Bai 70: Tim tat ca cdp s6 nguyén (x; y) théa man 2020(x> +y*)—2019(2xy +1) =5
(Chuyén Cin Tho 2019-2020)
Bai 71: Tim t4t ca cic nghiém nguyén dwong cua phuwong trinh 2x°y —1=x*+3y .
(Chuyén Dik Nong 2019-2020)
Bai 72: Tim nghiém nguyén duong ctia phwong trinh \/m +1=+/x+ \N
(Chuyén Quang Ngai 2019-2020)
Bai 73: Giai phuong trinh nghiém nguyén 4y® =2 ++199 — x* - 2x
(Chuyén Binh Phwoc 2019-2020)
Bai 74: Tim tat ca cac cdp s6 nguyén duong (:z:; y) thoa man: (xy +x+ y)(x2 +y? + 1) =30.
(Chuyén Bdc Ninh 2019-2020)
Bai 75: Tim tat ca cac cap s6 nguyén (X; y) thoa man
(2x+5y +1)(2‘X“l +y+x2+ x) =65
(Chuyén Tién Giang 2019-2020)
Bai 76: Tim tat ca cac cdp s6 nguyén duong (m;n) thoa man phuong trinh
2™ m?* = 9n”-12n +19.
(Chuyén Ba Ria Viing Tau 2019-2020)
Bai 77: Tim tAt ca cic cap s6 nguyén thda man (x° —x+1)(y* +xy) =3x-1

(Chuyén Ha N¢i 2019-2020)
Bai 78: Tim tat ca cac cdp s6 nguyén (x;y) thoa man x*y* —4x*y +y® +4x* —=3y* +1=0.
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(Chuyén Sw pham Ha N§i 2019-2020)
Bai 79: Tim x, y thoa man: 2(\/;-!-}7—2) = \/\/_Ty
(HSG Lop 9 An Giang nim 2015-2016)
Bai 80: Tim tat ca cdc nghiém nguyén ctia phuong trinh x* +xy +y” = xy’
(HSG Lép 9 Thanh Héa nam 2015-2016)
Bai 81: Tim tat ca cic cap s nguyén (x;y) thod man x° +y” =xy” +1
(HSG Lép 9 TP. Bic Giang niam 2016-2017)
Bai 82: Tim cdc s6 nguyén duong x, y, z thoa man: 3x*> —18y” +2z* +3y’z* —18x =27 .
(HSG Lép 9 Hii Duong nim 2014-2015)
Bai 83: Tim nghiém nguyén ctia phuong trinh x*y? (x+y)+x=2+y(x-1).
(HSG Lép 9 Thanh Hoa 2018-2019)
Bai 84: Tim tat ca cac nghiém nguyén duong cta phuong trinh:
xy” +2xy —243y +x =0
Bai 84: Tim s6 nguyén x, y thoa man dang thirc x* =y +,/y +1
Bai 85: Giai phuwong trinh nghiém nguyén y* =1++9 x> —4x
Bai 86: Tim s0 nguyén a dé€ phuwong trinh sau c6 nghiém nguyén duong |4 - 3a| =5-a
Bai 87: Tim tat ca cac cap (x; y) nguyén thoa man x’y* +(x —2)2 + (Zy —2)2 —2xy(x +2y —4) =5.
(HSG Lép 9 Lang Son nim 2018-2019)
Bai 88: Tim nghiém nguyén duwong ctia phuong trinh : 4y* +6y” —1=x.
(HSG Lép 9 Binh Phwéc ndam 2018-2019)
Bai 89: Tim tat ca cdc cdp s6 nguyén (x; y) théa man phuong trinh
(x=y-1)(x+1-y)+bxy+y*(2-x-y)=2(x+1)(y +1).
(HSG Lép 9 Nam Dinh nim 2018-2019)
Bai 89: Tim t4t ca céc cip s8 nguyén (x; y) thoa man: (x —2018)2 =y*' -6y’ +11y* -6y
(HSG Lép 9 Hung Yén nim 2017-2018)
Bai 90:Tim nghiém nguyén ctia phuong trinh y* -5y +62 = (y —2)x* +(y* -6y + 8)x.
(HSG Lép 9 Thanh Héa ndm 2017-2018)
Bai 91: Tim céc cdp sd nguyén (X;y) thoa man: 2x* +2y” +3x— 6y = 5xy —7.
(HSG Lép 9 Héi Duong nim 2016-2017)

Bai 92: Tim tat ca cdc nghiém nguyén ctia phuong trinh 3x —16y —24 =/9x” +16x +32 .
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(HSG Lép 9 Hung Yén nim 2016-2017)
Bai 93: Tim cac sd nguyén x, y thod man phuong trinh (x + y)(x + 2y) =x+5
(HSG Lép 9 TP. H6 Chi Minh nim 2016-2017)
Bai 94: Tim cac cdp sd nguyén (x;y) thoa man: x(x2 +X+ 1) =4" 1.
(HSG Lép 9 Vinh Phiic ndm 2015-2016)
Bai 95: Tim nghiém nguyén duong ctua phuong trinh: 3* +171=y”.
(HSG Lép 9 Nghé An nim 2015-2016)
Bai 96: Tim céc nghiém nguyén (x;y) ctia phuong trinh: 54x* +1=y°.
(HSG Lép 9 Thanh Héa niam 2015-2016)
Bai 97: Tim cac nghiém nguyén (x; y) ctia phuong trinh: 5(x2 +Xy + yz) =7(x+2y)
(HSG Lép 9 Thanh Héa niam 2014-2015)
Bai 98: Tim cac cap s nguyén (x; y) théa man: x(1+x + xz) = 4y(y—1).
(HSG Lép 9 Vinh Phiic nam 2014-2015)

Bai 99: Tim c4c s6 nguyén duong X, y, z théa man x* =2x+yzz4.
(HSG Lép 9 Khédnh Hoa ndm 2014-2015)
Bai 100: Tim x,y,z € N théa man \/x+2\/§ = \/§+\/;

(HSG Lép 9 Thanh Héa niam 2012-2013)
Bai 101: Tim nghiém nguyén cua phuwong trinh: ~ 2xy*+ X + y + 1= X* + 2y* + xy

(HSG Lép 9 Binh Dinh nim 2018-2019)
Bai 102: Tim céac sé nguyén X, y théaman 4 =1+3".

(HSG Lép 9 Quang Tri ndm 2018-2019)
MGt s6bai todn tir dé thi hoc sinh gioi todn 16p 10!

Bai 103. Tim t4t ca cdc sO tu nhién X, y thoéa man phuong trinh:

() =3361-+/11296320

(Dé dé nghi THPT TP. Cao Lanh — Dbng Thip)

4x - 6y|+[9x—6
Bai 104. Tim nghiém nguyén ctia phuong trinh: | \/% y| =+/313 (1)
X" +y
(Dé dé nghi THPT Bac Luu)
Bai 105. Tim nghiém nguyén ctia phuong trinh: x* +x+1=2xy+y

(Dé dé nghi Chuyén Lé Khiét — Qudng Ngdi)
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Bai 106. Chiimg to ring s6: 444444 +303030v3 khong viét dudi dang (x+y+/3 )2 véi
x,yeZ
(Dé dé nghi Chuyén Quang Trung — Binh Phwéc)
Bai 107. Tim tat ca cac sO nguyén duong x, y thoa man phuwong trinh:
9(x* +y*+2)+2(3xy —1) = 2008
(Dé dé nghi THPT Hing Vwong — Lé Lai)
Bai 108. Tim nghiém nguyén ctia phuong trinh: x? + x2y + Xy2 + y3 = 8(x2 +Xy + y2 + 1)
(Dé dé nghi Chuyén Lwong Vin Chinh — Phii Yén)
Bai 109. Tim nghiém nguyén cua phuong trinh
x* +17y” +34xy +51(x+y) =1740
Bai 110. Tim tat ca cac cap (X, y, z) la cac sd nguyén thoa man hé phwong trinh

X+y+z=3
x3+y3+z3=3

Bai 111. Tim tat ca cac s6 nguyén X, y, z théa man phuong trinh:
3x* +6y” +2z° +3x°y* —18x -6 =0.
Bai 112. Tim tat ca cac cdp s6 nguyén duong (a,b) thoa man dang thikc:
a’—b*+3(a>~b?)+3(a—b) =(a+1)(b+1)+25.
Bai 113. Tim t&t ca cc cap s6 nguyén duong (x;y)thoa man phuong trinh:
(3 +4y* +28) =17(x* +y* +1dy* +49)
MGt s6'bai todn phwong trinh nghiém nguyén trong tap tri todn hoc tudi tré
Bai 114. Tim moi nghiém nguyén ctia phuong trinh x* (y - 5) -xy=x-y+L1L

Bai 115. Tim céc bd s8 nguyén (ab,c,d) thoa man hé {ac ~obd =4
ad+bc=3
Bai 116. Mot tam giac ¢ sd do 3 canh la cac s6 nguyén x, y, z thdéa man
2x% +3y? +27° —4xy +2xz—20 =0.

Chting minh tam giac d¢6 la tam gidc déu

Bai 117. Chting minh rang phuwong trinh sau khong cé nghiém nguyén duong
X +y’ =(x+ y)2 + (xy)2

Bai 118. Tim nghiém ty nhién cua phuong trinh

x2y3—4xy3+y2+x2—2y—3=0.
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Bai 119. Tim t4t ca cdc s6 nguyén X,y thoa phuong trinh 2x* +y* +xy =2(X+Y)

(Trich deé hoc sinh gioi l6p 9 tinh An Giang 2017-2018)

Bai 120. Tim nghiém nguyén ctia phuong trinh _X-y _3

X2 —xy+y> 7
Bai 121. Tim cac s6 X,y nguyén duwong thoa man phuong trinh: l6(x3 — y3) =15xy +371

(Trich deé hoc sinh gioi l6p 9 tinh Bén Tre 2017-2018)
Bai 122. Tim nghiém nguyén ctia phuong trinh: (x—y)(2x+y+1)+9(y-1)=13

(Trich dé hoc sinh gioi I6p 9 tinh Binh Dinh 2017-2018)
Bai 123. Tim t4t ca cac cdp s nguyén (x,y ) thoa man phuong trinh
X =y _ 7
xP+xy +y® 13
(Trich deé hoc sinh gioi I6p 9 TP. Ha Ngi 2017-2018)
b?+c? =a’

Bai 124. Tim cdc s6 nguyén duong a, b, ¢, (b>c) thda man )
sy & ( ) {2(a+b+c):bc

(Trich deé hoc sinh gioi I6p 9 Ha Tinh 2017-2018)

Bai 125. Tim cac so thue x sao cho x++/2018 va Z—\/2018 déu la s6 nguyeén.
X

(Trich dé hoc sinh gi6i I6p 9 Hdi Dwong 2017-2018)
Bai 126. Tim c4c cip s8 nguyén (X;y) théa man (X— 2018)2 =y -6y’ +11y* -6y

(Trich dé hoc sinh gi6i I6p 9 Hung Yén 2017-2018)
Bai 127. Tim tat ca cac s6 nguyén duong a,b,c théa man a+b+c=91 va b’ =ca.

(Trich deé hoc sinh gioi l6p 9 Phui Tho 2017-2018)
Bai 128. Chttng minh rang véi moi s6 nguyén n cho triedc, khong ton tai s6 nguyén dwong

X sao cho x(x+1)=n(n+2)

(Trich deé hoc sinh gioi I6p 9 huyén Ba Vi 2019-2020)

Bai 129. Tim s0 thuc x dé biéu thitc 3/1+ IX + 3/1— JX 1asd nguyeén.
(Trich deé hoc sinh gioi I6p 9 quin Ba Dinh 2016-2017)
Bai 130. Tim céc s6 nguyén dwong x, y, z thoa man: 3x* —18y* + 2z% + 3y’z* —18x = 27.
(Trich deé hoc sinh gioi I6p 9 tinh Hai Dwrong 2014-2015)

Bai131.  a) Tim cac s§ nguyén duwong x, y thoa man x° —y° = 95(X2 + yz)
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2 2

b) Tim cac sé'thu’cx,ythéaménx _4+ y _4+8:4(\/x—1+,/y—1)
X y

(Trich dé vao 10 Chuyén Sw Pham 2016-2017)
Bai132.  Tim t&t ca cdc cip s6 nguyén (x;y) thoaman (x+y)(3x+ Zy)2 =2x+y-1.
(Trich dé vao 10 Chuyén Khoa hoc tw nhién Ha N¢i 2018-2019)
Bai133.  Chitng minh rang khong ton tai cdc s8 nguyén x, y théa man dang thitc
122% + 26y + 15y° = 4617
(Trich dé vao 10 Chuyén Khoa hoc tw nhién Ha N¢i 2017-2018)
Bai134.  Tim tat ca cac cdp sO nguyén (:v; y) théa man dang thiec sau x* +2x° = y°.
(Trich dé vao 10 Chuyén Khoa hoc tw nhién Ha N¢i 2016-2017)
Bai135. Tim cdc cap s6 nguyén (x; y) thoa man: 5x% +8y* =20412.
(Trich dé vao 10 Chuyén Khoa hoc tw nhién Ha N§i 2013-2014)
Bai136.  Tim tét ca cdc cip s8 nguyén (x; y) thoa man dang thirc
(x+y+1)(xy+x+y)=5+2(x+y).
(Trich dé vao 10 Chuyén Khoa hoc tw nhién Ha N¢gi 2012-2013)
Bai137. Tim tat c cac s6 nguyén khong am (x, y) thod man dang thiic
(L+ x2X1+ y2)+ 4xy + 2(x + y )1+ xy) = 25.
(Trich dé vao 10 Chuyén Khoa hoc tw nhién Ha N¢i 2010-2011)
Bai 138. Tim cac sO nguyén a dé€ cac phuwong trinh sau c6 nghiém nguyén:
a) X’ —(a+5)x+5a+2=0 (1)
b) x¥*+ax+198=a (2)
Bai 139. Tim c4c s6 nguyén duong x, y thoa man phuong trinh: x* +y°® +1=3xy.
Bai 140. Tim cac nghiém nguyén khong am ctia phwong trinh :
(y+1)4+y“:(x+l)2+x2 )
( Vong 2,THPT Chuyén — Dai hoc Sw pham Ha N¢i, nidm hoc 2006 —2007)
Bai 141. Tim cac s0 nguyén x, y thoa man: 7(x+y)= 3(X2 — Xy + yz) 1)

Bai 142. Tim nghiém nguyén ctia phuong trinh: x* +17y® +34xy +51(x +y) =1740
(Vong 1, THPT Chuyén - Dai hoc Qudc gia Ha N¢i, nam hoc 2005 - 2006)

Bai 143. Tim nghiém nguyén duong ctia phuong trinh: 7(x*y + x+xy’ +2y) = 38xy + 38
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Bai 144. Tim cac cdp s6 nguyén(x,y) thoa man diéu kién: (x + y +1)(xy + X+ y) =5+ 2(x +y)
( D€ thi tuyén sinh vao 16p 10 trwong THPT chuyén KHTN — DHQG Ha Ngi , 2014)
Bai 145. Tim céc cdp s nguyén (x, y) thoa man diéu kién: 4x° +8xy + 3y’ +2x+y+2=0
( D@ thi tuyén sinh vao 16p 10 chuyén todn tin Amsterdam , 2018)
Bai 146. Tim céc cdp s6 nguyén(x,y) thoa man diéu kién: x°* — y* =91

Bai 147. Tim nghiém nguyén ctia phwong trinh: x° —xy +1=2y —x.
Bai 148. Tim nghiém nguyén ctia phuong trinh: X° —y° = xy +8(*)
Bai 149. Tim c4c s8 nguyén duong x, y, zthéa man: X" -2=(xy+2)z.
Bai 150. Tim cc cdp s nguyén (X;Y) théa man diéu kién: (x+2)°(y—2)+xy? +26=0.
Bai 151. Tim c4c s6 nguyén duong (X; y)théa man: x° —y® = 95(x* +y?).
(Trich Dé tuyén sinh 16p 10 chuyén Toin DHSP Ha N¢i, nidm 2016)

Bai 152. Tim cac s6 nguyén td X,y thda man diéu kién: (x2 + 2)2 =2y* +11y* + x*y* +9
Bai 153. Tim cac s6 nguyén duong X,y thda man: x* - y? =13(x2 +y? )
Bai 154. Tim t4t ca cac cap s6 tw nhién (X;y) théa man phuong trinh:

16x* +y* +14y*+49 16
(x2+y2+7) 17

Bai 155. Tim cdc cdp nghiém s6 nguyén (x; y)thda man x* —xy +y’ = x’y? -5,
(Dé tuyén sinh vao lop 10 Trieong THPT chuyén KHTN — DPHQG Ha N¢i, 2015).

Bai 156 Tim t4t ca cac s6 nguyén duong X, y, z thdaman x+y-z=2 va 3x* +2y* —z* =13.
(Dé tuyén sinh Chuyén Tin Amsterdam, 2017)
Bai 157. Tim tét ca cic s6 nguyén X,y thoa man diéu kién: x* (x+y)=y*(x— y)2 .
(Trich Dé tuyén sinh vao l6p 10 Truong THPT chuyén KHTN — DHQG Ha N¢i, 2016)
Bai 158. Tim t4t ca cdc cap s6 nguyén (X;y) thoa man x> —xy +y’ = x’y* -5
(Dé tuyén sinh 16p 10 Truong THPT chuyén KHKT — DHQG Ha N¢i, 2015)
Bai 159. Tim nghiém nguyén ctia phuwong trinh X*y?(X+y)+X+Yy =3+Xy.

Bai 160. Tim nghiém tw nhién cua phuwong trinh: 8* -37 = y°

Bai 161. : Tim nghiém nguyén khong am cua phuwong trinh: \/ X+ \/ X+yX+. X =y

Trong d6 v€ trai ¢ n ddu can
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PHAN NGUYEN
7 TRONG SO HOC

A. Kién thic cdn nhé

1. Dinh nghia
Ta biét réng, moi s8 thuc x déu cé thé bidu dién duoc dudi dang: x=n+t véi neZ va
0<t<l
Vidu: 6,7=6+0,7;-6,7=-7+0,3
Sw biéu dién trén la duy nhat. Ta goi s& nguyén n la phan nguyén ctia x ; con t duoc goi
la phan 1é cua x. T day ta di dén dinh nghia.
Phéan nguyén cta sO thuc x 1a s6 nguyén 16n nhdt khong vuot qua x, ki hiéu la [x]. Ta
c6 [x] < x<[x]+1.
, 1 3
Thi du: [25} = 2;[5} =0;[-7,2]=-8[V2|=1....
Phén 1é ctia s6 thye x la hiéu cia x véi phan nguyén cta nd, ki hiéu la {x}.
Tacé {a}=a—[a],0<{a} <1.

Thi dy {2, :0,1;{%}:%;{—7,2} ~08,...

2. Tinh chat

1) aeZ<«[a]=a hoic {a}=0.

2) neZvan<a<n+leZe[a]=n

3 [la]={a)-o

4) NéuneZ thi[n+a]=n+[a];{n+a}={a}.
5) Néu[n+a]=nthineZ va0<a<l.

6) a>b=[a]>[b].

7)  [a]+[b]<[a+b].

Tong quét [a,]+[a,]+...+[a,]<[a,+a, +..+a,],
8) [a]-[b]=[a-h].

9) {a}+{b}>{a+b};{a}-{b}<{a-b}.

10) Néu [a]=[b] thi |[a—b|<1.

1) [a]+[a+—}:[2a].

N |-
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12)  NéuneN* thi [na]zn[a];[@}:{i}

n n
13) Néu a la s6 nguyén thi [-a]=—[a];
Néu a khong la s6 nguyén thi [-a]=—[a]-1
Ching minh cic tinh chit:
CAc tinh chat 1) dén 5) c6 thé chiing minh dé dang trén dwa vao dinh nghia phan

nguyen.

6) Vi a>b nén ton tai s ¢>0 sao cho a=b+c. Do d6. a=[b]+{b}+c, suyra
[a]=[b]+ [{b +C] Ma[ +c]20 nén [a]>[b].

7) Viét a=[a]+{a},b=[b]+{b}. Khi do

[a+b]=[[a]+{a}+[b]+{b} |=[a]+[b]+[{a}+{b}].
Ma [ {a}+{b} |20 nén
[a+b]>[a]+[b].
8) Ap dung tinh chat 7 ta c6
[a—b]+[b]<[a-b+b]=[a] nén [a]-[b]>[a-b].
9) {a}+{b} =a—-[a]+b—[b]=(a+b)—([a]+[b])>a+b-[a+b]={a+b}.= {a}+{b} = {a+b}
{

+ :

(2] {b} = a—[a] +[b]-b = (a—b)([a] - [5])  (a-b)-[ab] - {a-b}. = {a] - b} < {a-b]
Vay {a} —{b} <{a-b}.
10) [a]=[b] suy ra a—{a}=b—{b}. Khéng giam tinh téng quat, giad st a>b

Néu a=b thi |a-b|=0;

Néu a>b thitr a—b={a}—{b} <{a-b}

Suy ra [a—b|=a-b<{a-b}<1

Vay |a—b|<1.

11) Dat {a}=d thi 0<d <1.

. Néu 0<d <%th‘1 [a+ﬂ:[[a]+d+ﬂ:[a]+[d+ﬂ=[a];
[2a] = 2([a]+d)|=2[a]+[2d]=2[a]. Tir d6 suy ra diéu phai chiing minh,
. Néu %gd <1 thi {a+ﬂ=[[a]+d +ﬂ:[a]4{d +ﬂ=[a]+1;

[2a] =] 2([a]+d)]=2[a]+]
12) Ta c6 [na]:[n([a]+{a})]= n[a]+[n{a}], ma [n{a}]>0 nén [na]=n[a].

Bt A B

2d]=2[a]+1. Suy ra diéu phai chitng minh.
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13) Néu a la s nguyén thi [-a]=-a=-[a].

Néu a khong nguyén thi 0<{a} <1, nén -1<—{a}<0, suyra [-{a}|=-1.

Ta co [-a]= [—([a] + {a})] =[-[a]]+[-{a}]=-[a]-1.
B. CAC DANG TOAN THUONG GAP
7~ Dang 1: Tim phan nguyén ctia mdt s6 hodc mot bi€u thirc
* Co s6 phuwong phap: D¢ tinh gia tri mot biéu thiec chita phan nguyén, ta can st dung cac
tinh chat cta phan nguyén, két hop véi cac ki thuat tinh toan khac dac biét la Phwong
phap “kep”
Déanh gia s6 hang dé “kep” sd can tinh phan nguyén gitta hai sd nguyén lién tiép: Dua
biéu thirc vé dang z < A< z+1va kétluan [A] =1,

* Vi du minh hoa:

. 1
Bai toan 1. Tim [x] biét: x=-— + 1, a1
12 23 34 n.(n+1)
Huéng dan gidi

Ta can chi ra s6 nguyén y sao cho: y < x<y+1dé: [x] =y

béy Xx= 1—1 +(£—1j+ +(£——1 :1——1
2 2 3 n n+l n+1

Suy ra 0<X<1:>[X]:0

Bai toan 2. Tim phan nguyén ctia so: \/6 + \/6 +..+y6+/6 (6100 d4u cin).
(Nang cao va phdt trién lop 9 tdp 1 — Vii Hitu Binh)

Huéng dan gidi

Kihiéu a_ =\/6+\/6+...+\/6+«/€ (¢ n d4u can).
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Taco a =6<3

a, =,6+a </6+3=3

a, =6+a, <J6+6=3

00 :\/6+a99 <6+3<3.

Hién nhién a, > /6 > 2 a,,, > V6 > 2. Nhu viy 2 <a,, <3, do d6 [a,,] =

Bai toan 3. Tinh phan nguyén ctia: A= \/n(n +1)(n+2)(n+3). véinlasG ty nhién.

Hudng dan gidi

Tacé: A= n(n+1)(n+2)(n+3). :\/(n2 +3n)(n® +3n+2) = \/(n2 +3n)2 +2(n” +3n).

béy rang:

\/(n2+3n)2 <\/(n2+3n) +2 n +3n <\/n +3n +2 +3n)+1

Suy ra n” +3n<A<n’+3n+1.Vay [A]=n*+3n, neN.

Bai toan 4. Tim [x] biét: x = \/ 4n? ++/16n° +8n+3 v&in la s8 ty nhién

Huéng dan gidi

That vy ta c6: (4n+1)° <16n® +8n+3<(4n+2)’

= 4n+1<+/16n* +8n+3<4n+2

= 4n® +4n+1<4n®> +16n> +8n+3 <4n’ +4n+2<4n’> +8n+4

:>2n+1<\/4n2 ++/16n* +8n+3 <2n+2

=[x]=2n+1

Bai toan 5. Tinh tong sau:

<[]+ [2)+[]- o[

Hudng dan gidi
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=[]+ (V21 [ ([ AT 8o [46] - [8) (5[55),
Theo cach chia nhém nhu trén, nhém 1 ¢é ba s6, nhom 2 ¢6 nam s6, nhém 3 ¢6 bay so,
nhdém 4 ¢6 chin so.

Cac s8 thudc nhém 1 bang 1, cac s8 thudc nhdm 2 bang 2, cac s8 thudc nhém 3 bang 3, cac
s6 thudc nhém 4 bang 4.

Vay A=13+24+3.7+4.9=70.

I~ Dang 2: Chitng minh mét ding thitc chita phan nguyén

* Co s06 phuwong phap: Chiing minh cac hé thiec chita phan nguyén thuc chat c¢é thé coi la
chiing minh cac tinh chat cua phan nguyén. D€ chitng minh cac hé thiec chita phan
nguyeén ta phai st dung cac tinh chat da duoc néu trong phan ly thuyét, két hop véi cac ki
thuat dai so va so hoc.

* Vi du minh hoa:

Bai toan 1. Ching minh rang v6i moi sd nguyén duong n ta ludn co:

AR

Huéng dan gidi
Néu n chin, tic1a 1 = 2k thi {%}[ZKH}:[k]{k +ﬂ: k+k=2k=n
2k +1+1

N&;nkﬂ&cn=2k+1&m{2i;1]+{ }z{k+%}+ﬂ4&]:k+k+1:2k+1:n

2

Vay bai toan duoc chirtng minh.

Bai toan 2. Cho n 1a s6 ty nhién, chitng minh:

Vit |-[ Va2

Hudng dan gidi
Eﬁtkz[JZEIE];rnz[JZﬁii]
Tacd: k=>m
Do kZ[M] nén k </4n+2 = k?<4n+2.
Gia stt k? = 4n+2, diéu nay vo ly vi s8 chinh phwong chia cho 4 khong thé duw 2. Tir d6
suy ra: k?<4n+2=k? S4n+1:>kS\/m:>k£[\/m:|=m.

Vay k=m.
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Bai toan 3. Chting minh rang véi 7 1a s8 nguyén duwong bat ki, ta c6:

s

Khi d6: kS\/ﬁ+l<k+1C>k—ES\/ﬁ<k+l<:>k2—k+1Sn<k2+k+l.
2 2 2 4 4
Vi n nguyén duwong nén phai c6 k* —k +1<n<k? +Kk.
Chttng minh twong tu:
msH+%<m+l<:>m2—m+%£n—%<m2+m+%<:>m2—m+13n3m2+m
Vay phai c6 k=m.
~ Dang 3: Phwong trinh chia phin nguyén
1) Phuong trinh c6 dang: [ f(x)]=a (aeZ)
* Co s6 phwong phap: | f(x)|=a (aeZ)<a<f(x)<a+l

* Vi du minh hoa:

Bai todn 1. Giai phwong trinh ?;[X]2 +5[x]-2=0.

Hudng dan gidi
bat [X] =Y,y € Z . Phuong trinh tré thanh: 3y +5y -2 =0.
Suy ra y =-2 hodc y=—% (y=—%loaido yeZ)

Do do [x]:y=—2 .Suyra -2<x<-1.
Vay tap nghiém cta phuong trinh 1a  [-2;-1)

Bai toan 2. Giai phuwong trinh [Xz - 5]2 —Q[X2 + 7] = -26.

Hudng dan gidi
Ta co: [xz +7] =[x2 +5]+2

Do dé: [x2+5]2—9[x2+7]:—26
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s[x +5]2 ~9([x* +5]+2)=-26
=[x +5] ~9[x* +5]+8=0
Djt [ X’ +5]=y=y=>5yeZ . Phuong trinh tré thanh: y* -9y +8=0.

Suyra y=8 hoac y=1(y=1loaido y<5)
Dodé [x*+5]=y=8 .Suyra8<x’+5<9<3<x’ <4< 3<x<2.

Vay tap nghiém ctia phwong trinh la [\/5 ; 2)

Bai toan 3. Giai phuong trinh {%} + [g} =17

Huéng dan gidi

Truwdce hét ta wdc lwong gia tricua z.

Do [X]anén 17££+£:5—X,su ra Xx>20,4.. (1)
273 6"

Do [X]Z X—1 nén 17>(§—1J+(%—1)zgx—2,suy ra Xx<22,8 (2)

Do z 1a s6 nguyén nén tir (1) va (2) suy ra x € {21;22}.
Thtr vao phuwong trinh da cho, ta dwoc x =21
2) Phwong trinh ¢6 dang: | f (x)]=g(X)
* Co s6 phuong phap: Diat g(x)=t (t nguyén), bi€u dién f(x)=h(t) dua vé phuong
trinh [h(t)]=t<t<h(t)<t+lhay O<h(t)-t<l.
Tim t, sau d6 tir g(x)=t timra X.

* Vi du minh hoa:

_9Xx-5
=

Bai toan 1. Giai phuong trinh {4 _53)(}

Huéng dan gidi

5X -5 7t+5 4-3x 5-2Mt

=t(teZ) thi x= ;
5 5 25

Ta cé 5-2lt :t<::>t£5_21t <t+1
25 25

bat
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<:>25ts5—21ts25t+25<:>_—20<tsi.
46 46
Do t nguyénnén t=0. Suy ra x=1.

Vay phuong trinh c¢6 nghiém duy nhat x =1.

Bai toan 2. Giai phuong trinh x* —9[x]+8=0.

Hudng dan gidi
2. S X’ +8
Bién d6i phuong trinh vé dang [x]= =

2
X +8=t (t e N*) thi x=+/9t—-8 (do x>0). Tacod

[\/Qt—8}:t<:>tsx/9t—8<t+l
1<t<st

2_0t18<0 ||g< V13
- t2 7t+9>0<:> 2
B 7+13

2
Do t la s6 tw nhién nén t € {1;6;7;8}. Do d6 Xe{l;m;\/%ﬁ}.

bat

t=

Vay tap nghiém ctia phwrong trinh la {1; \/46;/55 ;8}.

Bai toan 3. Gidi phuong trinh {2X3_1} + [4X6+1} = 5X3_ 4'

Hudng dan gidi

Ap dung tinh chat: [a]+{a+ﬂ =[2a], ta cd

2x-1| | 4x+1 2x-1] 12x-1 1 4x -2
+ = + +—|=
S

Nén phuong trinh da cho tré thanh
[4x—2}_5x—4
3 3

:t(teZ) thi X:3t+4;4x—2:4t+2
5 3 5

Dit 5x—4

. Suy ra

4t + 2

[4t+2

}:t<:>0§
5

—t<le -3<t<2ote{-2,-10;1;2}

;E;ZQZ}-
55

g~

(do t nguyén), twong tng tim duogc X € {%2
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3) Phwong trinh c6 dang;: I: f (X):I = [g (X)]
* Co s6 phuwong phap:
Pat [ f(x)]=[g(x)]=t suyra|f(x)-g(x) <1 dandén a<x<b.

a < f(x)<b

, tir d6 tim duwoc t.
a, < f(x)<b,

(1 (x)]=t
[9(x)]=t

Tap hop cac gia tri x tim dwoc tir hé trén s€ la nghiém cua phuwong trinh.
* Vi du minh hoa:

Véi a<x<b suyra{

Ung véi moi gid tri ctia t nguyén, giai hé { dé tim x.

Bai toan 1. Giai phuong trinh {sz‘l} - [ Xgl}.

Hudng dan gidi
Theo tinh chét 10 thi néu [a]=[b] thi [a—b| <1

Dt [ng_l} = { le} =t(t € Z). Theo tinh chat chitng minh trén ta c6

2x—1_ X+1
3

0<X—+1<6 OS[X—H}SS
2 2

ox-1 .
Py —13[2X_1}36
3 3

<1<:>—1<XT_5<1©—1<X<11. Khi d6

. Suy ra t €{0;1,2;3;4;5}.

2x-1
0< <1 1
— —<
Véit:Othi[zxs 1}{";1}:0@ 31 175X 2 1
0<Xt ~1<x<1
2
2x-1
1< <2 7
_ < —_
Vc’yitzl’chi{zx3 1}:{)(;1}:1@ 31 2_X<2©2£x<3
1< Xt o 1<x<3
2
2x-1
2< <3
— —<
Véi t=2 thi[zxs 1}:["21}:2@ 31 175X T s
<X 3 3<x<5
2
2x-1
3< <4 11
_ < -
Véi t=3 thi[zxs 1}:[)‘;1}:3@ 31 LR 2<:>5£x<1—21.
33% 4 5<x<7
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2x-1

4< <5 13
_ 22 < x<8
Vc’yit:4th‘1[2X3 1}{X21}=4® 31 o175 c7<x<s
4g%<5 7<x<9
2x-1
5< <6 19
_ 8<x <2
Vc’yit:S’chi[zx3 l}:[le}:&: 31 = X<2<:>9£x<%.
5£%<6 9<x<11

Vay tap nghiém ctia phuong trinh la [0,5;1)U[2;3)U[3,5;5,5]U[7;8)U[9;9,5).

Bai toan 2. Giai phuong trinh [x—2,3] =[4—x].

Hudng dan gidi
Theo tinh chat 10 thi néu [a]=[b] thi |a—b| <1 suy ra:
[x-2,3]=[4-x]=-1<(x-2,3)-(4-x)<1
& -1<2Xx-6,3<1< 2,65< X < 3,65.
Suy ra 0,35 < x—-2,3<1,35. Do d6 [x—2,3]=0hodc [x-2,3] =1.
Vi 2,65< x< 3,65 nén 0,35<4-x<135 suy ra [4—X] =0hodc [4—X] =1.
Truwong hop 1: [x—2,3]=[4-x]=0
Tac [4-X]=0<0<x-2,3<1=52,3<x<3,3
Két hop hai diéu kién ta dwgc: 3<x< 3,3,
Truwong hop 2: [x—2,3]=[4—-x]=1.
Tacé: [x-2,3] =1 1<x-2,3<2&33<x<43;
[4-x]=11<4-x<2<2<x<8.
Khong c6 x nao thoa man hai diéu kién trén.
Ttr hai treong hop ta cd nghiém cua phuong trinh la 3<x <3,3
4) Phuong trinh chita nhiéu dau phin nguyén
* Co s6 phwong phap:
St dung tinh chat cta phan nguyén, phan tich da thic thanh nhan tk, dat an phu
(néu can) dé€ dua vé phuong trinh it phan nguyén hon.
* Vi du minh hoa:

Bai todn 1. Gidi phuong trinh: [g} + {%} =X
Hudng dan gidi

Ta thay xla sO nguyén. Dat x=6a+r trong dd a,reZ va 0<r <6.
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el
SN ATHENA T

Lan luot cho r bgmg 0,1,2,3,4,5 ta duoc.

T 0 1 2 3 4 b}

a 0 -1 -1 -1 -1 -2

T 0 -5 —4 -3 | -2 -7

Cach khac:

[x+y] khi 0<{x}+{y}<Zy

Ta dé dang chiing minh duoc tinh chét [x] + [y] = {[x . y] 1 khi 1< {x} +{y} 9
_ < <

Ap dung tinh chét trén ta duoc:

X X X X 5x . | X X X X 5x
2 3 2 3 6 2 3 2 3 6
Vay néu x la nghiém cua phuong trinh [g} + {—} = X. thi {%} =X hodc [%} -1=x

OSS—X—X<1 OSS—X—(X+1)<1
6 6
Xxe”Z XxXe”Z

hay -6 < x<0hoac -12<x<-6. Vay -12<x<0.
Do x nguyén nén x chi c6 thé'la —11,-10;-9;-8;-7;-6;-5; —4;-3;,-2;-1,0.

Thay vao phuong trinh va thtr lai, ta dwoc: x = -7;-5;-4;-3;-2;0.

Bai toan 2. Giai phwong trinh {%} + [%} - [%} =224

Hudng dan gidi
Ta c6 [x]+ [5} + [5} =224.
4 6
Truwdce hét ta wdc lwong gia tricua z.

Do [x] <X nén 224£X+§+%=%X,suyra X>134,4.. (1)
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N X X 5
Do [x]>x—1nén 224>(x—1)+(§—1j+[€—lJ=§X—3,suy ra x<136,2 (2)

Do z la s6 nguyén nén tix (1) va (2) suy ra x € {135;136}.

Thtt vao phuwong trinh da cho, ta duoc x =135.

Bai toan 3. Giai phuong trinh [x]+[2x]+[3x]+...+[2009x] = 4036082.

Huéng dan gidi
Nhan xét réng
[X]<x<[x+1] suy ra k[x]<k«<k[x]+k nén k[x]<[kx]<k[x]+k-1(keZ").
Do d6 thay k =1,2,...,2009 rdi cdng theo v€ ta co
2019045 x] <[x]+[2x]+...+[2009x] < 2019045 x] + 2017036.
2019045[X] <4036082 < 2019045[X] +2017036.

Lai c6 4036082 = 2019045 +2017037. Do d6 phwong trinh v6 nghiém.

Bai todn 4. Giai phwong trinh {%} — [X2] = [—XZJ.

Hudng dan gidi

Néu a la s6 nguyén thi [-a]=-a=—[a].
Néu a khong nguyén thi 0<{a} <1, nén —-1<—-{a} <0, suy ra [-{a} |=-1.
Tac6 [-a]= [—([a] + {a})] = [—[a]] + [—{a}] =-[a]+1.

—|X*|,x* eZ
Do dé: [-x*|= <]

—[xzj—l, x> ¢ 7.

. Néu x* la s6 nguyén thi phwong trinh da cho tré thanh

[Zx—l 2x -1
3

Ma x* 1a s& nguyén nén x e {1; \/E,\/§}

}:OQOS <1<:>%§x<2.

. Néu x* khong la s6 nguyén thi phuong trinh da cho trd thanh

Fx_l}:—u:os 2X-1 1 1<x<t
3 3 2

Ma x* khong nguyén nén phailoai x=-1,x=0= xe(-10)u (O; %)

Vay tap nghiém ctia phuong trinh la (-1;,0)uU (O; %) U {1; J2;\3 }
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5) Phwong trinh dang héi hgp
* Co s6 phwong phap:

C6 nhitng phuong trinh chita ctia phan nguyén va phan du, hodc phan nguyén véi
cdc phép toan khdc (liy thira, cin thirc,...) ta x€p chung vao dang phiwong trinh hon hop.
Giai chiing noi chung la kho, can két hop nhiéu suy luan va ki thuat khac nhau, nhu dung
dinh nghia, chia khoang, stt dung tinh chét s6 nguyén cua [x]hodc tinh chat 0<{x} <1,
cac tinh chat x nguyén khi va chi khi {x} = 0hodc x =[x], cdc phwong phap cta dai s6 nhw
dat an phy, bién doi tuong duong hé phwong trinh,...

* Vi du minh hoa:

Bai toan 1. Giai phuong trinh trén tap sd dwong: [x2] =[x]’

Hudng dan gidi
Xét n<x<n+lhay [x]=n, trong d6 nla sd tw nhién (c6 thé bdng 0). Ta cb

n> <x*<n’+2n+1.Do do [xz}chi 6 thé nhan céc gia tri
n%:n®+1Ln?+2:..:n*>+2n.

Nhung [x]* = n*nén phuong trinh da cho dting khi va chi khi

2 2 2
[XZ}:[X]zznz,t{rclé {n =xsn +1hay n<x<+n®+1.
n<x<n+l

Vi x>0néntacd 0<x<1hodcn<x<+n®+1,n=1234,..

Bai toan 2. Giai phuwong trinh: [XZ ] +[x]={x}+2.

Huéng dan gidi
Ttie gia thiét ta suy ra {x} = [X2]+ [X]—2. V& phai la mot s6 nguyén, ma vé trai 0<{x} <1
nén {x} =0. Vay x la mdt s6 nguyén. Do d6 x*cling la mot s6 nguyén. Suy ra [ij = x*va
[X] = x. Phuong trinh da cho tr¢ thanh x* + x-2 =0.

Phuong trinh nay c6 nghiém x =-2 hodc x = 1.

Bai toan 3. Tim cac s6 z,y,2 thoa man ca ba phwong trinh sau
r+[yl+{z} =11; y+[z]+ {2} =22 ; z+[z]+{y} =3,3.

Huéng dan gidi
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Cong tirng vé cac phuong trinh da cho dwoc =z +y + 2 = 3,3.
Cong tirng vé hai phuong trinh dau dwoc

z+y+ 2]+ {z} +[y]+{z} =3,3.
Suy ra [y]+ {2} = 0 (cht y rang [2] + {2} = 2).
Do d6 {z} la s6 nguyén, suy ra {z}=0. Vay [y] =0 va z = [z].
Te z+[y]+{z}=1L1va[y]=0suyra z+{z} =11.
Do0<{z}<lvaz=[z]nén z=1,dodo {z} =0,1.
Tt y +[z]+ {2z} =2,2 va {z}=0 suyra y +[z] = 2,2.
Talaico [y =0nén 0 <y <1,dodo y=0,2[z]=2.
Vay z = [z]+{z} = 2,1.

~ Dang 4: Bat phuong trinh chita phan nguyén

* Co s6 phuwong phap: Khi giai bat phuong trinh ¢ chita ddu phan nguyén, ta thuwong dat
biéu thire [ f(x)]=t(t nguyén) d& chuyén vé giai bat phuong trinh khong con chita dau
phan nguyén, roi van dung dinh nghia va tinh chat cua phan nguyén d€ tim ra nghiém
cua bat phuwong trinh.

* Vi du minh hoa:

Bai toan 1. Giai bat phuong trinh [x+2]>5.

Huéng dan gidi
Cich 1. Nhan xét rang [a]>b (b nguyén) khi va chi khi a>b+1.
Ta c6 [x+2]>5 khi va chi khi x+2>6. Do d6 x>4.
Cich 2. Dat [x+2]=t (t 1a s8 nguyén) thi c¢6 t >5. Do vay te{6;7;8;...}.
T [x+2]=t suyra t<x+2<t+l suyra t-2<x<t-1te{6;7;8;..}.

Vay x 2 4. Bat phuong trinh c6 v6 s6 nghiém x > 4.

Bai toan 2. Giai bat phuong trinh 2[x]" ~9[x+1]+16 <0.

Huéng dan gidi
Ta c6 [x+1]=[x]+1. Bién d6i bat phuong trinh thanh
2[x]* -9[x]+7 <O0.
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bit [x]=t (t la s0 nguyén) thi 6 2t*-9t+7 <0 suy ra 1<t<3,5 ma t nguyén nén
te{2;3}.

V6i t=2 thi [x]=2 suy ra 2<x<3.

V6i t=3 thi [x]=3 suy ra 3<x<4.

Vay tap nghiém cua bat phuong trinh la [2;4).

Bai toan 3. Giai bat phuong trinh [2x] >[x].

Hudng dan gidi
Cdch 1. Dt [x]=t (t la s6 nguyén) thi t<x<t+1 suy ra 2t<2x<2t+2. Do d¢ [2x]=2t

hoac 2t +1.

. Véi [2x]=2t thi 0<{x}<0,5 va 2t>t<t>0, ma t nguyén nén t la sd nguyén
duong. Dan dén x>1.

. V6i [2x]=2t+1 thi 0,5<{x}<1 va 2t+1>t<t>-1 ma t nguyén nén t la sd

nguyén duong. Dan dén x> 0.
Két hop v6i 0,5<{x} <1 dan dén x>0,5.

Cich 2. Nhan xét rang [a] >[b] khi va chi khi a>b va [a]=[b] .
Ta c6 [2x]>[x] < 2x>x va [2x]#[x] < x>0 va [2x]=[x].
Trude hét ta im x sao cho [2x]=[x].
bit [2x]=[x] =t (t nguyén) ta c6
2x—X| <1< |x|<1 suy ra 0<x<1nén [x]=0.
V6i t=0 thi [x]=[2x]=0 suy ra 0<2x<1nén 0<x<0,5.
Vay nghiém cua bat phwong trinh la x > 0,5.

Bai toan 4. Giai bat phuong trinh [x].{x} <x-1

Hudng dan gidi
Bét phuong trinh [x].{x} < x—1 twong duong véi [x].{x} <[x]+{x} -1 hay

(1) < (3} -1 ([x]-2)(1x} ~1) <O,
Do {X}—1< Onén [X]>l hay x>2

Vay nghiém cua bat phuwong trinh 1a x > 2

7~ Dang 5: Phan nguyén trong chitrng minh mét s6 dang toan s hoc
* Co s6 phwong phap: Phan nguyén duoc ting dung kha nhiéu trong giai cac bai toan s6

hoc vé s0 tan cung, chia hét, sd nguyén t6....chung ta cung dén véi cac vi du cu thé.
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* Vi du minh hoa:

Bai toan 1. Cho a>0 va s§ n nguyén dwong. Chitng minh rang s cac sd nguyén dwong

N TAr N \ A / | a
la bdi s6 cua n va khong vuot qua a la {—}
n

Hudng dan gidi
Ta viét a=nq+r, trong d6 q la s6 tw nhién, 0<r <n.
R& rang cac boi s6 caa n khong vueot qua a la n,2n,...,gn. tong cdng c6 q so.

o ) a NPy N1 A ) ey
Mat khac [—} =(Q. Tt d0 suy ra két luan cta bai todn.
n

Bai toan 2. S6 2012! ¢6 tan cung bao nhiéu s6 0?

Huéng dan gidi
Vi 10 =25 nén d& biét 2012! c6 tan cung bang bao nhéu chit s8 0, ta can phai tinh
sO mii ctia 5 khi phan tich 2012! ra thira s6 nguyén t6.
Theo Vi du 1, S§ mi ctia 5 khi phan tich 2012! ra thita s6 nguyén t3 bang

[2012}{2012}[2012}+[2012} =402+80+16+3=501. (Do 2012<5°%)

5 5 5° 5¢
Do mii cua 2 khi phéan tich 2012! ra thira s6 nguyén td nhiéu hon 501.
Vay 2012! Cé tan cung la 501 chit s6 0.

Nhén xét. Néu 5° <n <5 thi s6 chir s6 0 tan cing vé bén phai cua sd n! bang

HNEISE

)2012

Bai toan 2. Tim s tw nhién k 16n nhét sao cho (2011! chia hét cho 2012%.

Huéng dan gidi
Ta c6 2012 = 2°503.
SO mii cao nhdt cua 503 ¢6 trong 2011! La

[2011
503

Vay 2011! chia hét cho 503° va khong chia hét cho 503, hién nhién 2011! chia hét
cho 4°. Do vay 2011! chia hét cho 2012° va khong chia hét cho 2012°,

Mudn (2011!)** chia hét cho 2012 thi k <3.2012 = 6036.
Vay maxk =6036.

} =3 (do 2011<503?).

Bai toan 3. Tim sO tw nhién n sao cho
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[zonm} - {2(;]11} - {2012}' @

Huéng dan gidi
Viét n=2010k +r(0<r <2009k, r 1a c6 s6 tw nhién). Thay vao (1) ta c6

2010k +r | [2011k+r—k] [ 2012k +r—2k
2010 2011 2012

r—k r—2k r—k r—2k
oSk=k+|—|=k+ = - =0.
2011 2012 2011 2012
Suy ra 0<r—-2k nén 2k <r <2009,0 <k <1004.
Vay n=2010k + r(0 < k <1004; 2k <r <2009).

Do ¢6 105 gia tri ctua k (ttr 0 dén 1004). Véi mot k thi r nhén cac gia tri tie 2k dén
2009. Vay so nghiém ty nhién n cua (1) la

1004
>"(2010-2k ) =1011030.

k=0

Bai toan 4. Tim tat ca cac sO nguyén t6 X sao cho

[\/ﬂ + [\/E] +o.+ [m} la s6 nguyeén to.

Huéng dan gidi
Nhan xét

[\/n—z}z[ n2+1}:...:[ (n+1)2—1}:n,neN.
Dat Snz[\/n_z}{ n2+1}+...+[ (n+1)2—1}:(2n+1)n:2n2+n.

4x? —3x—1)

Do dé y=[\/ﬂ+[\/§}+...+[\/ﬂJ=Sl+SZ+...+SX1=X( 5

Neén 6y=x(4x2—3x—1), suy ra 6y:Xx, ma X,y la cdc s6 nguyén t& suy ra x €{2;3;y}.
Néu x=2 thi y=3 (thoa man); néu x=3 thi y=13 (thoa man); néu x=y thi y=-1
hoac yzg (loai).

Vay bai toan co6 hai nghiém x=2 va x=3.

Bai toan 5. Cho a=2++/3.
a) Tinh [a2]
b) Tinh [a’]
¢) * Chting minh rang [a” ] la s6 tw nhién 1é v6i moi sO n nguyén duong.

(Néng cao phat trién l6p 9 tdp 1 — Vii Hitu Binh)
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Huéng dan gidi
a) Cdch 1 (tinh truc tiép)
a?=(2+43) =7+443.
Tac 6<4v3<7 nén 13<a’ <14. Vay [a* |=13
Cdch 2 (tinh gian tiép).
Tac a® =7+4+3.Dat b=2-+/3 thi b =7-4y3. Suy ra
a’+b* =14 (1)
Tacé 0<b<1l nén 0<b*<1 2)
Tir (1) va (2) suy ra 13<a’ <14. Vay | a’ | =13,
b) Cdch 1 (tinh truc tiép)
a* =(2+3) =8+12J3+18+3V3 = 26+15/3
Ta cé 25<15V3 < 26 nén 51<a’ <52. Vay [a’ ]| =51
Cdch 2 (tinh gian ti€p).
Taco a° =26+153. Dt b=2-+/3 thi b® =8-12y/3+18-33 =26-153 Suy ra
a’+b® =52 (1)
Tacé 0<b<1 nén 0<b®<1 )
Tir (1) va (2) suy ra 51<a’ <52. Vay [a’ | =51

c) Dit b =2—+/3. Theo khai trién (x+ y)n , ta duoc
a" = (2+ﬁ)“ — A+B+y3 vdi A B 1a s8 tw nhién

b" =(2-+3) = A-BV3.
Suy ra a"+b" =2A (3)
Taco O<b<lnén 0<b"<1 4)
Tir (3) va (4) suy ra 2A—1<a" <2A.Vay [a" |=2A-1, ticla [a" | las51e.
Chii yj: Trong cach tinh gian ti€p, d€ chiing to [a”] la s6 nguyén m, ta chting minh rang

a"+b"=m+1va 0<b" <1, théthi m<a" <m+1, do dé [am]:m.

Cdch khac:
=2—-+/3 +X, =4
Dat & V3 , khi d6 {Xl ? = X,X langhiém ctia phwong trinh x* —4x+1=0.
X, =2++/3 XX, =1

bat S, =x' +Xx; Ta co:
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X —4x +1=0= X" —4x" 4+ X = (1)
Xo — 4%, +1=0= x)** - 4x2”+1+x2:0 (2)

Cong (1) va (2) taduoc: S, +4S,,+S, =0 (3)

n+l

Tacod S, =2,5, =4 nén tir (3) suy ra S,1a s8 nguyén chan véi moi ne N . Ta c6

0<2-V3<1nén 0<x <1= X +(x ~1) <X} <} +¥ =8, -1<(2+3) <5
:{(2+\/§)”}=sn ~1la s61é véimoi ne N

7~ Dang 6: Chitng minh bat dang thitc c6 chita phan nguyén
* Co s6 phuong phap: D& chtiing minh cac bat dang thiic phan nguyén ta phai st dung
linh hoat cac tinh chdt da duoc néu trong phan ly thuyét.

* Vi du minh hoa:

Bai toan 1. Chting minh rang
[x]+[y]<[x+Y].

(Néng cao phat trién l6p 9 tdp 1 — Vii Hitu Binh)

Hudng dan gidi
Cich 1. Tac6 [x]<x;[y]<y nén [x]+[y]<x+y.
Suy ra [x]+[y]la s nguyén khong vuot qua x +y (1)
Theo dinh nghia phan nguyén, [x+ y]1a s& nguyén 16n nhat khong vuot qua x+y (2)
Tt (1) va (2) suy ra [x]+[y]<[x+Y].
Cich 2. Theo dinh nghia phan nguyén, ta c

0<x—[x]<1

0<y-[y]<1
Suy ra 0<(x+y)—([x]+[y]) <2
Xét hai truong hop:
- Néu 0<(x+y)—([x]+[y]) <21 thi

[x]+[y]=[x+Y] (1)

- Néu 1< (x+y)—-([x]+[y])<2 thi 0<(x+y)—([x]+[y]+1) <1 nén

[x+y]=[x]+[y]+1 )
Trong cé hai truong hop ta déu c6 [x]+[y]<[x+Y].
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Bai toan 1. Cho X,y € R Chting minh rang

[2x]+[2y] = [x]+[y]+[x+Y].

(Chuyén dé boi duong hoc sinh gioi todn THCS S6'hoc — Nguyén Vii Thanh)

Hu’é’ng dan gidi
Ta c6: [2x] = 2[x]+2{x}]=2[x [2 H:
[2y]=[2[y]+2{y}]=2[y]+ [2{y} ]
[x+y]=[x]+[y]+ [{X}+{Y}]
Bat dang thitc can chiing minh twong duong voi:
2]+ 2 ]z[0+ 1] @
Vi 0<{x}+{y} <2 nén ta c6 hai truong hop sau:
e Néu 0<

_+_
{x}+{y} <1 thi (1) ludn dung dtng vi vé trai 16n hon béng 0, v& phai béng 0.
{x

o Néu 1< {x}+{y} <2 thi [ ] 1khi d6 {x }Z%hoéc {y}z%.Giésfr
1

X225 =2{x b21=[2{x}]+[2{y}]>1 (dpem)

C.BAI TAP AP DUNG

Bai 1: Tim [x] biét: x—%<—2<x

Bai 2: Tim [x] biét: x<-5<x+0,5

1 1 1
Bai 3: Tim [x] biét: X=1+—"=+-——=+..+

Bai 4: Tim phan nguyén cta biéu thtec :

\/2+\/2+...+\/2+\/§ , (v&in dau can)

Bai 5 : Tim phan nguyén cua biéu thirc :

Bai 6: Tinh tong sau:
-[V1234]+[V2345]+[34586+..+| fn(n+1)(n+2)(n+3) |

Bai 7: Chiing minh rang, véi moi s6 nguyén n ta cé:

[n+x]=n+[x]

Bai 8: Chitng minh rang, véi moi x,y ta co:
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Bai 11:

Bai 12:

Bai 13:
Bai 14:

Bai 15:

Bai 16:
Bai 17:
Bai 18:

Bai 19:

Bai 20:

Bai 21:

Bai 22:

Bai 23:

Bai 24:

Bai 25

Bai 26

Bai 27

Bai 28
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X] +[y] < [x+y] < [x] + [y] +1

Cho n la s6 nguyén duong, chitng minh:

)

Cho n 1a s§ tu nhién, ching minh: [ v4n+1|=| J4n+2]

Cho n 1a s0 ty nhién, chitng minh: [«/ﬁ ++/n +1] = [x/4n + 2}

Chting minh ring: [x] + {x + ﬂ = [2x], (v6i x 12 56 thuc bat ky)

, o n+1 n+2 n+4 n+8 n+1
T ;5= | A3 2 [ 2 | 2

Chttng minh réng: m [X] < [mx] < m[x] +m-1 (v6éi moi gia tri m nguyén dwong)

Chitng minh rang : Khong ton tai x thoa man:
[x] + [2x] + [3x] +....+ [100x] = 313096

Giai phuong trinh: [x+0,7] =- 4

Giai phwong trinh: [x+1] + [x+2] + [x+3] =4

Giai phuong trinh ~ 4[x] = 3x

Giai phuong trinh: {5 +86X} = 15X5_ !

Giai phuong trinh: 2X _1} +
Giai phuong trinh: [x].{x} =x-1

Giai phuwong trinh: x - 3 [5} =2

Giai phuong trinh: [x—1] = [g T 1}

Giai phuong trinh:  x*=2x? + [x]
: Giai phuong trinh: x* - [x] =3
1
: Giai phueong trinh: [—Xz + 3X} = {XZ + E}
. 2n n n+2
:Voik >3, Ching minhrang | — || — [+| — |
k k k
: Cho n,k,k,,....k, € N”. Chtng minh réng:

|:k1+k2 +otk

» }+(n—1)£kl+k2+...+kn.
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Bai 29 : Chiing minh rang néu r 1a s§ du trong phép chia a cho s8 nguyén dwong b thi

s

Bai 30: Cho ne N, chitng minh [na]>n[a] . D4t biét khi {a} <%th‘1 [na]=nla]

Bai 30: Cho ne N', chiing minh [na] > n[a] . D4t biét khi {a} < %thl [na]=n[a]
Bai 31: a) Tinh tong sau: S = [\/1] + [\/E] +[ ] [ 4]

b) Chone N va n>2. Tinh tong : A= [ ] [\/E}i- +[ J

Be‘1i32:Tinhph‘énnguyénc1.’1aT:\/§_|_§/g_|_</§_|_m_l_n+ n+1
n

Bai 33: V6i ne N*, chting minh réng:

o o5

m-1)a+b
Bai 34 : Tinh tong : A={O'a+b}+{1'a+b}+...+{¢}

m m

Trong d6 a,me N va (a,m):l,beZ.

Bai 35 : Cho m, n 1a hai s§ tu nhién 1é va nguyén t& cing nhau. Chttrng minh rang :
n-1)m m-1)n m-1)(n-1
e e R B e
n n n m m m 2
2000
Bai 36 : Tim hai chit s tan cung ctia sO [(\/29 +\/Z> }

k
Bai 37: Tinh ding S :{””}[ntzy---{—nt% }
2 2 2

(Thi todn Qudc té'nam 1968)
Bai 38 : Chiing minh rang khong ton tai s6 thuc x thoa man :
[x]+[2x]+[4x]+[8x]+[16x]+[32x] =12345.

Bai39:Tim ne N~ thoa man [n] la wdc cta n.

[x]-x
x4

Bai 40 : Giai phwong trinh: 1- |X +ﬂ =
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Bai 41: Vi mdi s8 thuc a ta goi phan nguyén cta a 1a s& nguyén 16n nhat khong vuot

qua a va ky hiéu l1a [¢]. Chting minh rang véi moi s6 nguyén dwong n, biéu thirc

3In _i +l
V 27 3
(Trich dé vao 10 Chuyén Khoa Hoc tw nhién Ha Ngi nam 2011-2012)

Bai 42: Vi mbi s6 thuee a, ta goi phan nguyén caa sd a la s6 nguyén 16n nhat khong vuot

2

n+ khong biéu dién duoc dudi dang 1ap phuong ctia mot s nguyén duong.

qué a va ky hiéu 1a [a]. Chting minh rdng véi moi n nguyén duwong ta luon cé.

3 7 n“+n+1
—+——4 .. ——|=N
12 23 7 n(n+1)

(Trich dé vao 10 Chuyén Khoa Hoc tw nhién Ha Ngi nam 2010-2011)
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- NGUYEN LY DIRICHLET
2 TRONG SO HQC
O

A. Kién thiic can nhé
1.  Gioi thiéu nguyén ly Dirichlet
Dirichlet (Di-rich-18) (1805 — 1859) la nha

toan hoc nguoi Birc, duoc cho la nguoi dwa
ra dinh nghia hién dai vé ham s0. Trén co so
quan sat thuc t€, d6ng da phat biéu thanh
mot nguyen li mang tén 6ng — nguyén li
Dirichlet: Khong thé nhét 7 con thé vao 3 cdi
long ma mbi cdi [ong cé khong qud 2 con tho.
N6i cach khéc, néu nhot 7 con tho vao 3 cdi
[6ng thi ton tai it nhat mgt [ong co tiv 3 con tro
lén. Mot cach tong quat hon, néu c6 k 1ong
dé nhét m con  tho (voi
k=kn+r (O<r<k-1)) thi ton tai it nhat

mét 16ng c6 chita tit n + 1 con thé tré 1én Johann Peter Gustav Lejeune Dirichlet

Ta ciing c6 thé dé dang chit minh nguyén 1i Dirichet bang phuong phap phan
chiing nhu sau: Gia stt khong c6 mot [ong nao chit n + 1 con tho tro 1én, tizc 1a mdi long
chita nhiéu nhét n con thd, thi sd con tho chita trong k 1ong nhiéu nhat chi c¢é thé la kn con.
Diéu ndy mau thuan véi gia thiét cé m con tho véi m=kn+r (0<r <k -1).

Nguyén 1i Dirichlet that don gian, dé hiéu nhung dwoc van dung vao giai rat nhiéu bai
toan trong so hoc, dai s6, hinh hoc vé viéc chi ra su ton tai cia mot hay nhiéu d6i tugong
thoa man mot diéu kién dat ra.

Khi sit dung nguyén 1i Dirichlet vao bai toan cu thé, diéu quan trong la phai nhan ra (hay
tao ra) Long hodc Tho hoac ca Long va Tho.

2. M6t s6 dang ap dung ctia nguyén ly Dirichlet

eNguyén ly Dirichlet co ban: Néu nh6t n+1 con thd vao n cai chuong thi bao gio cling ¢

mot chudng chira it nhat hai con tho.

TU SACH CAP 2| 202



BOI DUONG HOQC SINH GIOI CAP 2 |
e Nguyén ly Dirichlet tong quat: Néu c6 N do vat duoc dt vao trong k hop thi sé ton tai
mot hop chira it nhat {%} d6 vat. (O day [x] 1a s8 nguyén nho nhét c6 gia tri nhé hon

hodc bang x)
e Nguyén li Dirichlet mé réng: Néu nhdt n con tho vao m >2 céi chudng thi ton tai mot

n+m-1

chudng co it nhat { } con tho.

m
e Nguyén 1i Dirichlet dang tap hgp: Cho A va B 1a hai tap hop khac rong c6 s6 phan tu
hitu han, ma s6 luong phan tt ctia A 16n hon s8 lwong phan ti ctia B. Néu véi mot quy tac
nao d6, mdi phan tir ctia A cho tuong tng v6i mot phan tir ctia B, thi ton tai it nhat hai
phan ti khac nhau ctia A ma ching twong ting véi mot phan tir cua B.

3. Phuwong phap ttng dung.

Nguyén li Dirichlet tedng chttng nhu don gian nhu vay, nhung né la mot cong cu
hét stec c6 hiéu qua dung dé chitng minh nhiéu két qua hét stic sau sac ctia toan hoc.
Nguyén 1i Dirichlet cing dwoc ap dung cho cac bai toan ctaa hinh hoc, diéu d6 dugc thé
hién qua hé thong bai tap sau:

b€ sit dung nguyén ly Dirichlet ta phai lam xudt hién tinh huéng nhét “tho” vao
“chudng” va thoa man cac diéu kién:

+ 56 ‘thd” phai nhiéu hon sd chudng.
+ “Tho” phai dwgc nhdt hét vao cac “chudng”, nhung khong bat budc chudng nao
cting phai c6 tho.

Thuong thi phwong phap Dirichlet dugc 4p dung kem theo phuong phap phan
chiing. Ngoai ra né con c6 thé ap dung véi cac nguyén ly khac. Mot s bai toan co ban
thueong gdap nhuw sau:

1) Trong n + 1 s6 tw nhién bat ki luén tim dwoc hai s6 chia cho n ¢d cung s6 du (hodc

hiéu cua ching chia hét cho n).

2) Néu trén mot doan théng do dai 1 dat mot so doan théng c6 tong do dai 1én hon 1
thi c6 it nhat hai trong s6 cac doan thang d6 ¢ diém chung.
3) Neéu trén duwong tron ¢ ban kinh 1 dat mot s6 cung c6 tong do dai 16n hon 27 thi
co it nhat hai trong sd cac cung d6 c6 diém chung.
4) Trong mot hinh c6 dién tich S dat mot s6 hinh c6 tong dién tich 16n hon S thi co it
nhat hai trong s6 cac hinh d6 c6 diém chung.
B. CAC DANG TOAN THUONG GAP
7~ Dang 1: Chitng minh su ton tai chia hét

* Co s0 phuwong phap:
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Thong thuong ta coi m s6 ty nhién da cho la m “con tho”, cac s6 du trong
phép chia cac sO ty nhién d6 cho n 1a nhitng “I6ng”; nhu vay sé ¢ n cai 1ong: I6ng i
(0<i<b)gdm nhitng sd ty nhién da cho chia chon dw .

* Vi du minh hoa:

Bai toan 1. Chiing minh rang:
a) Trong 2012 s6 ty nhién bat ki luén tim dwoc hai s6 chia cho 2011 ¢6 cung s dw
(hay hiéu ctia chting chia hét cho 2011).
b) Trong 2012 sd tw nhién bat ki luén tim dwgc mot s chia hét cho 2012 hodc ludn

tim duoc hai s6 chia cho 2012 ¢6 cung s6 du.

Hudng dan gidi
a) Ta coi 2012 s6 tw nhién da cho la 2012 “con tho”; “I6ng i” gom céc s6 chia cho 2011 du i
(0<i<2011) nén b 2011 Iong: 1ong 0, Iong 1, ..., 1ong 2010. Nhuw vay c6 2011 16ng chira
2012 con tho nén theo nguyén li Dirchlet ton tai it nhat mot 16ng chita khong it hon hai con
tho, tiee 1a ¢6 it nhat hai s chia cho 2011 ¢6 cung so du.
b) Néu trong 2012 s6 da cho cé it nhat mot s6 chia hét cho 2012 thi ta chon ludn sd nay.
Néu khong c6 sd nao chia hét cho 2012 thi khi chia cho 2012 nhan nhiéu nhat 2012 s6 dw
khac nhau la 1, 2, ..., 2011. Theo nguyén li Dirichlet, ton tai it nhat hai s6 chia cho 2012 c6
cung sO du.
Nhdn xét. Ta c6 thé tong quat bai toan trén nhu sau:
1) Trong n + 1 s0 tw nhién bat ki ludn tim dwoc hai so chia cho n ¢6 cung s6 du (hay hiéu
cua chang chia hét cho n).
2) Trong n s6 ty nhién bat ki luén tim dwgc mot sd chia hét cho n hodc ludn tim duwoc hai

s0 chia cho n ¢6 cung sd du.

Bai toan 2. Chting minh rang luén tim dugc s c6 dang 20122012...2012 (gdm céc s& 2012
viét lién ti€p nhau) chia hét cho 2013.

Hudng dan gidi
Xét 2014 s6 sau: 2012, 20122012, ..., 2012...2012 (g6m 2014 b s6 2102).
Pem 2014 s6 nay lan lwgt chia cho 2013, c6 2014 s& ma chi c6 2013 s6 dw trong phép chia
cho 2013 (1a 0, 1, 2, ..., 2012) nén ludn ton tai hai s6 chia cho 2013 c6 cung s6 du, chéng han
dé la a =2012...2012 (gom i b 2012) va b = 2012...2012 (g6m j bd 2012) vdi 1<i < j<2014.
Khi dé
b—a=2012...2012.10" (gom j —ibd 2012) sé chia hét cho 2013.
Lai ¢6 UCLN (10*,2013) =1 nén s& 2012...2012 (gdm j — i bd 2012 sé& chia hét cho 2013. Bai
toan duoc chiing minh.
(O day “tho” 1a s6 c6 dang 2012...2012, “Iong” 1a s8 dw trong phép chia cho 2013).
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Nhdn xét. Mdu chot ctia bai toan la chon ra 2014 (= 2013 + 1) s6 tu nhién ¢ dang da cho.
Tl d6 ta c6 thé phat bidu nhiéu bai todn twong tw, chang han nhu: Chting minh rang ludn
tim dwoc s6 ¢ dang 111...1 chia hét cho 29.

Bai toan 3. Cho sau sO tu nhién a,b,c,d,e,g. Chiéing minh réng trong sau sd dy, ton tai

mot sd chia hét cho 6 hodc ton tai mot vai s6 c6 tong chia hét cho 6.

Hudng dan gidi
Truong hop cé mot sd bang 0 thi ta chon s8 0 thoa man yéu cau dé ra.

Truong hop sau s6 déu 16n hon 0. Xét 6 s6 sau

S =a
S,=a+b
S;=a+b+c

S,=a+b+c+d

Ss=a+b+c+d+e

S;=a+b+c+d+e+g.
Pem mdi s& nay chia cho 6 ta nhan duoc s6 du thudc tap {0,1,2,3,4,5}.
Néu ton tai S,(i =1,2,...,6) chia hét cho 6 thi bai toan da duoc chtitng minh.
Néu khong c6 Si nao chia hét cho 6 thi ta 6 6 s chia hét cho 6 chi nhan 5 loai s6 du khac
nhau (1,2,3,4,5); theo nguyén ly Dirichlet ton tai hai s8 chia cho 6 ¢ cling s8 du, chang
han Sz va Ss do d6 hiéu cua hai s6 nay sé chia hét cho 6, tiec 1a c+d +e chia hét cho 6. Bai
toan da duogc chimng minh.
(O day “tho” 1a cac s6 S, “Iong” 14 s8 du trong phép chia cho 6).
Nhain xét. Ta c6 thé phat bi€u bai toan tong quat sau:
Cho n s8 tw nhién a,,a,,...,a,. Chitng minh rang ton tai mot s& chia hét cho n hoic ton tai

mot vai sd ¢ tong chia hét cho n.

Bai toan 4. Chting minh rang:
a) Trong n sO tw nhién lién tiép ludn tim dwgc mot sd chia hét cho n.
b) Trong 39 s6 tw nhién lién ti€p luén tim dwoc mot s6 ma tong cac chir sd ctia nd
chia hét cho 11.

Hudng dan gidi
a) Gia st khong tim dwgc sd nao trong n s tu nhién lién ti€p da cho ma chia hét cho n.
Khi d6 n s6 nay chia cho n chi nhan duoc nhiéu nhat la n — 1 s du khac nhau
(1,2,3,...,n-1), theo nguyén li Dirichlet ton tai hai s& chia hét cho n cé cling s du, chang
hanlaavab véi a>b, khi d6 a - Db chia hét cho n, diéu nay mau thuan v6i 0<a—-b<n. T
d6 suy ra diéu phai chiing minh.
b) Lay 20 s6 tw nhién lién ti€p dau cua day, ta luén tim dwgc mot s6 cd chir s6 hang don vi

la 0 va c6 chir s6 hang chuc khac 9.Gia sir 6 1a N va tdng cac chit s6 caa N 1a s. Khi d6 11
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s& N,N+L,N+2,N+3,..N+9 N+19 s& nim trong 39 s6 da cho. Vi N tan cung béng 0 nén
tong cac chit s caia N,N+1L N +2,..,N +9 lan luot béng s,5+1,5+2,..,5+9. VIN tan cung
bang 0 va ¢ chit s6 hang chuc khac 9 nén tong cac chit s ctia N + 10 bang s + 1, tdng cac
chir s8 ctia N + 19 bang s + 10.

Trong 11 s6 tw nhién lién ti€p s,5+1,5+2,5+3,...,5+9,5+10 ludn tim duwoc mot s6 chia hét
cho 11. Chéng hans6 d61a s+i(0<i<10): Néu 0<i<9 thita chon duwgcsd N +i thoa man
yéu cau bai toan; néu i = 10 thi ta chon duoc s6 N + 19 thdéa man yéu cau bai toan.

Nhdin xét. Mau chdt d€ giai bai toan cau b) la phai tim ra 11 s6 trong 39 s6 da cho ¢ tong

cac chir sO thit tw 1a 11 s6 ty nhién lién ti€p, dong thoi st dung két qua cau a).

Bai toan 5. Cho cac sO tw nhién tir 1 dén 2012. Hoi ¢ thé chon ra duoc nhiéu nhat bao

nhiéu s6 sao cho tong cta hai s6 bat ki trong chung khong chia hét cho hiéu cua né?

Huéng dan gidi
Nhan thay, néu hai s0 chia cho 3 cuing du 2 thi hiéu ctia chung chia hét cho 3, con tong cta
ching chia cho 3 dw 1; nén tdng cua ching khong chia hét cho hiéu ctia chung.
Trong cac s6 ty nhién tir 1 dén 2012, sé c6 671 sO chia cho 3 du 2 la cac s6 c6 dang
3k+2 (k=0,12,...,670). Khi d6 hai s bat ki trong 671 s6 nay c6 tong chia 3 du 1, hiéu chia
hét cho 3, nén tdng khong chia hét cho hiéu ctia ching. Ta sé chitng minh rang chon dugc
nhiéu nhat 672(=671+1) sO trong cac sO tir 1 dén 2012, thi trong 672 sd nay ludn tim dwoc
a,b(a>b) sao cho a—b<2 (That vay, gia st nguoc lai thi hiéu gitta s6 nho nhat va sd 16n
nhat trong cac s& da chon sé& khong nho hon 3.671=2013. Diéu nay mau thuan gia thiét
véi hiéu gitta s6 16n nhat va s6 nhd nhat khong vueot qua 2012-1=2011), nghialaa-b
bang 1 hoc 2.
-Néu a—b =1 thi hién nhién a + b chia hét choa-b (= 1)
-Néua-b=2thia+blasdchinnéna+b chia hét choa-b (=2).
Nhu vay ttr 2012 s6 da cho khong thé chon dwgc hon 671 s6 thdéa man diéu kién bai toan.
Suy ra sO lwgng 16n nhat cac s6 phai tim la 671.
'~ Dang 2: Bai toan vé tinh chait cic phan ti trong tap hop
* Co s0 phwong phap: Thong thuong ta phai lap ra nhitng tap hop cé tinh chat can thiét
16i stt dung nguyén li Dirichlet &€ chiing t6 c6 hai phan t&r thudc hai tap hop bang nhau.
* Vi du minh hoa:

Bai toan 1. Cho sau s6 nguyén duong d6i mot khac nhau va déu nhé hon 10. Chitng minh

rang ludn tim dwoc 3 s0 trong d6 c6 mot s6 bang tong hai s6 con lai.

Hudng dan gidi
Goi sau s0 nguyén dwong da cho la a;,a,,a,,a,,8;,8, voi 0<a <a, <..<a; <10.
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bat A={a,,a,,3,,8,,8,} gom 5 phan tt c6 dang am véi me{2,3,4,5,6}.

bat B={a,-a,a8,-a,3,-a,a8,-3,8,—-a} gom 5 phan t&¢ c6 dang a,-a Voi
ne{2,3,4,5,6}.

Ta thdy cac phan tir cta hai tap hop A va B déu thudc tap hop gom 9 phan tir {1,2,3,...,9}
trong khi tong s6 phan tir cua hai tap hop A vaBla 5+5=10.

Theo nguyén li Dirichlet ton tai hai s6 bang nhau ma chiing khong thé thudc cting mot tap
hop, nén ¢ mot sd thudc tap hop A béng mot s6 thudce tap hop B, téc la a, =a, —a,, do do
a,=4a,+4a,.

Ba s6 a,,a,,a doi mot khac nhau. That vay, a, #a, vinéu a, =a, thi a =0 trai vdi gia
thiét ca bai toan.

Vay ton tai ba s6 a,,a,,a, trong cacso da choma a, =a, +a, (dpcm).

(O day, c6 10 “tho” 14 10 s8 a,,a,,a,,a,,8,,8, —a,,8,—a,,8, — 8,8, — 8,8, —a, va c6 9 “1ong”
1a9s61,2,3,4,5,6,7,8,9).

Nhdn xét. D€ giai bai toan nay, ta can tao ra hai tdp hop gom cac phan tr nho hon 10 va
tong s phan tt cua hai tap hop phai khong nho hon 10. Tt d6 suy ra ton tai hai phan tt
ctia hai tap hop bang nhau.

Bai toan 2. Cho X la tap hop gom 700 s& nguyén duong khac nhau, moi s6 khong 16n hon
2006. Chting minh rang trong tap hop X luén tim dwgc hai phan ti x, y sao cho x — y thudc
tap hop E ={3;6;9}.

Hudng dan gidi

Gia st 700 s6 nguyén duong da cho la a;,a,,...,8,,. Ta xét cac tap hop sau:

A:{ailazv"amo};

B={a, +6,a, +6,...a,, + 6}

C={a +9a,+9,..a,,+9}
Téng s6 phan t ctia ba tap hop A, B, C 1a 700.3 = 2100, trong d6 mdi phan tir déu khong
vuot qua 2006 + 9 = 2015, ma 2100 > 2015 nén theo nguyén li Dirichlet ton tai hai phan tt
bang nhau. Vi mdi tap hop A, B, C ¢6 cac phan tit d6i mot khac nhau nén hai phan tit bang
nhau do phai thudc hai tap hop: A va B, hoac A va C, hoac B va C.
- Néu hai phan tir thudc A va B, chdng han a =a, +6 suy ra a —a; =6.
- Néu hai phan tir thudc A va C, chang han a, =a, +9 suyra a —a, =9.
- Néu hai phan tir thudc B va C, chang han a,+3=a,+6 suyra a —a, =3.
Nhu vay luon ton lai hai s6 thudc tap hop A c6 hiéu la 3, 6, 9. Ta duoc diéu phai ching
minh.
(O day 2100 “tho” 1a 2010 phan tir ctia ba tap hop A, B, C; 2015 “Iong” 1a cac 8 tir 1 dén
2015)
Nhdn xét. Ta con c6 két qua manh hon nhu sau:
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Cho X 1a tap hop gom 505 s& nguyén duong khéc nhau, mdi sd khong 16n hon 2006. Trong
tap hop X ludn tim dwgc hai phan ti x, y sao cho x —y thudc tap hop E ={3;6;9}.

Chirng minh.

Goi A 1a tap hop céc s6 thudc X ma chia hét cho 3, goi B 1a tap hop cac sd thudc X ma chia
cho 3 du 1, goi C la tap hop cac sd thudc X ma chia cho3 duw 2.

C6 505 s6 xép vao ba tap hop, ma 505 = 3.168 + 1 nén theo nguyén li Dirichlet ton tai mot
tap hop cd chira tir 169 sO trd lén.

Trong tap hop nay, hai s6 bat ki ¢6 hiéu la mot boi cua 3. Ton tai hai s6 x, y ¢ hiéu nho
hon 12. That vay, néu moi s6 trong tap hop nay déu c6 hiéu khong nho hon 12 thi s6 16n
nhat trong tap hop khong nho hon 12.168 = 2016 > 2006, trai v6i dé bai.

Vay trong tap hop X ton tai hai phan tit x, yma x—yekE.

Bai toan 3. Cho hai tap hop s8 nguyén duong phan biét ma moi s§ déu nho hon n. Chiing
minh r?mg néu tong sO phan t& cua hai tap hop khong nho hon n thi ¢ thé chon duoc

trong mdi tap hop mot phan tit sao cho tdng cua chiing bang n.

Hudng dan gidi

Gia st hai tap hop s0 nguyén duong da cho la

A={a,a,,..,a,} va B={b,b,,....b }
voi a<n(i=12,.,m), b,<n(j=12,.,k) vam+l>n,
Xét tap hop C={n—-b,n-b,,...n-b}.
Nhaén thdy, cé tat ca n — 1 s6 nguyén duong phéan biét nho hon n, cac phan ti caa A va C
déu nho hon n va tong s6 cac phan t& cua A va C khong nhé hon n. Theo nguyén li
Dirichlet, ton tai it nhat hai phan t& bang nhau, ching khong cting thudc A va C, do d6
mot phan tr thuéc A va mot phan tie thudc C, tic la ton tai hai s6 ap va n—b, ma
a, =n-b, < a, +b, =n (diéu phai chttng minh).
(O day coi m + k “tho” 1a cac s6 nguyén dwong thudc tap hop A hodc C, n -1 “Iong” 1a cac
sO nguyén duong tir 1 dénn - 1).
7~ Dang 3: Bai toan lién quan dén bang 6 vudng
* Cé s6 phwong phap: Mot bang vudng kich thude n x n gdom n dong, n ¢t va 2 duong
chéo. Mdi dong, mdi cot, mdi duedong chéo déu cé n 6 vudng.
Mot bang cac 6 vudng kich thudc m x n gobm m dong va n cot.
* Vi du minh hoa:

Bai toan 1. Cho mot mang 6 vudng kich thude 5 x 5. Nguoi ta viét vao moi 6 ctia bang mot
trong cac sO -1, 0, 1; sau d6 tinh tong ctia cac s6 theo tirng cdt, theo tiing dong va theo tiing
duong chéo. Chiing minh rang trong tat ca cic tong d6 ludn ton tai hai tong c6 gia tri bang
nhau.
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Hudng dan gidi
Bang 6 vudng kich thude 5 x 5 ¢6 5 dong, 5 cot, 2 duwong chéo nén sé ¢ 12 tdng cua cac s6
duoc tinh theo dong, theo cot va theo dudong chéo. Mdi dong, cot va duong chéo déu cé
ghi 5 s6 thuoc tap {-1; 0; 1}. Vi vay gia tri mdi tdng thudc tap hop {-5; 4; -3; -2; -1, 0; 1; 2;
3; 4; 5} ¢6 11 phan tir. C6 12 tong nhan trong tap 11 cac gia tri khac nhau nén theo nguyén
li Dirichlet ton tai it nhat hai tong nhan cung mot gia tri. Bai toan duoc chtiing minh.
(O day “tho” 1a tdng nén c6 12 “tho”, “Iong” 1a gid tri ctia tong nén ¢ 11 “Iong”).
Nhdn xét. Véi cach giai tuwong tu, ta cd bai toan tdng quat sau:
Cho mot bang 6 vudng kich thudc n x n. Nguoi ta viét vao moi 6 ctia bang mot trong cac
s0 -1, 0, 1; sau d6 tinh tong cua cac s6 theo ting cdt, theo titng dong va theo titng duong

chéo. Chttng minh rdng trong tat ca cac tdng d6 ludn ton tai hai tdng cé gia tri bang nhau.

Bai toan 2. Trén bang 6 vuong kich thudc 8 x 8, ta viét cac sd tw nhién tir 1 dén 64, mdi s&
viét vao mot & mot cach tity y. Chitng minh rang ludn ton tai hai & vudéng chung canh ma

hiéu cac s6 ghi trong chung khong nho hon 5.

Huéng dan gidi
Ta xét hang c6 6 ghi sd 1 va cot c6 6 ghi s6 64. Hiéu gitra hai 6 nay la 63.
S6 cap 0 ké nhau ttr 6 ghi s6 1 dén 6 ghi s6 64 nhiéu nhat la 14 (g6m 7 cdp 6 chung canh
tinh theo hang va 7 cdp 6 chung canh tinh theo cot).
Ta c6 64 = 14.4 + 7 nén theo nguyén li Dirichlet, ton tai it nhat hai 6 ké nhau ma hai s ghi
trén do6 c6 hiéu khong nho hon 4 + 1 = 5. Bai toan dugc chirg minh.
(O day, “tho” 1a hiéu ctia hai s8 trong 64 s8 (tir 1 dén 64) nén c6 63 tho; “Iong” 1a s8 cap 6
vuong ké nhau ttr 6 ghi s6 1 dén 6 ghi s6 64 nén c6 nhiéu nhat la 14 16ng).
Nhan xét.
. Madu chét ctia bai toan 1a quan tam dén hai 6 vudng ghi s6 nho nhat (sd 1) va s6
16n nhat (s6 64) s€ c6 hién 16n nhat 1a 63; dong thoi xét tix 6 ghi s6 1 dén 6 ghi s6 64 chi can
t6i dala (8 — 1) + (8 — 1) = 14 6. O day ta da van dung nguyén li Dirichlet tong quat: C6 m
tho, nhot vao k Iong ma m =kn +r (1<r <k-1) thi ton tai it nhdt mot I6ng chita khong it
honn +1 con tho.
. Néu thay béi bang chit nhat gom 8 x 10 6 vuodng, trén d6 ghi cac s6 tir 1 dén 80
khong 1dp mot cach tuy y thi két qua cau bai todn con dung hay khong? Hay chiing minh.
7~ Dang 4: Bai toan lién quan dén thuc té
C6 s6 phwong phap: Khi chiing minh sy ton tai mot sd ddi twgng thdéa man diéu kién nao
do, ta thuwong str dung nguyeén li Dirichlet.
biéu quan trong nhat la phai xac dinh dugc “thd” va “long”.
* Vi du minh hoa:

Bai toan 1. Mot t6 hoc tap c6 10 hoc sinh. Khi viét chinh t4, ca to déu méc 16, trong do6 ban

Binh méc nhiéu 16i nhat (méc 5 16i). Chiing minh rang trong t& &y ¢ it nhat 3 ban da mac
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mot s6 16i bang nhau.

Hudng dan gidi
Ta coi “tho” la hoc sinh (trit ban Binh) nén ¢6 9 tho; “Iong” 1a s6 18i chinh ta hoc sinh mic
phai nén c6 4 Iong: Iong i gom nhitng hoc sinh maci16i (i= 1, 2, 3, 4). C6 9 thé nhét vao 4
Iong, ma 9 =4.2 + 1, nén theo nguyén li Dirichlet ton tai it nhat mot I6ng chita khong it hon

2 +1 =3 tho, tzc 1a c6 it nhat 3 ban méc mot s6 16i bang nhau.

Bai toan 2. O mot vong chung két co vua c6 8 dau thu tham gia. Mdi dau thu déu phai gip
dt 7 dau tha con lai, mdi ngudi mot tran. Chitng minh rang, trong moi thoi diém gitra cac

cudc dau, bao gio cling c6 hai dau thu da dau mot s6 tran nhu nhau.

Huéng dan gidi

Ta coi “thd” 1a dau thu nén c6 8 tho; “1ong” 1a s6 tran ddu cua dau thu nén cé 8
Iong: “Iong i” gom cac ddu thua da thi dduitran (v6ii=0,1,2,3,4,5,6,7).

Ta thdy long 0 va I6ng 7 khong dong thoi ton tai, vi néu c6 mot dau thu chua dau
tran nao thi sé khong c6 dau thu nao da dau da 7 tran, cling nhw néu ¢é dau thu da
dau du 7 tran thi khong cé ai chwa ddu tran nao.

Nhu vay, c¢é 7 Iong chita 8 con tho nén theo nguyén li Dirichlet ton tai mot I6ng
chita khong it hon 2 con tho, ttc 1a trong moi thoi diém gitta cac ceoc ddu ludn tim

duoc 2 dau thu da dau dung mot so tran.

Bai toan 3. C6 6 nha khoa hoc viét thu trao doi véi nhau vé mot trong hai dé tai: bao vé
moi trudong va chuong trinh dan s6. Chiing minh rang c6 it nhat ba nha khoa hoc cung

trao do6i vé mot dé tai.

Huéng dan gidi
Goi 6 nha khoahocla A, B,C, D, E, F.
Nha khoa hoc A sé viét thw trao ddi véi 5 nha khoa hoc con lai vé 2 dé tai, c6 5=2.2+1
nén theo nguyén li Dirichlet ton tai it nhat 3 nha khoa hoc (chéng han B, C, D) dugc nha
khoa hoc A trao d8i vé ciing mot dé tai (chang han d@é tai moi truong).
Trong ba nha khoa hoc B, C, D néu c6 hai nguoi nao ciing trao doi vé dé bai moi truong
(chéng han B, C) thi ta chon dwogc A, B, C cung trao d6i vé mot dé tai.
Néu trong ba nha khoa hoc B, C, D khong ¢6 hai ngwoi nao trao doi vé dé tai moi treong
thi ho sé trao d6i v4i nhau vé dé tai dan s9, ta sé chon duoc B, C, D cung trao d6i mot dé
tai.
(O day coi nha khoa hoc (trir A) 1a “tho” nén ¢6 5 tho, coi dé tai 1a “Iong” nén c6 2 1ong va

van dung nguyén li Dirichlet tong quat).
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7~ Dang 5: Bai toan lién quan dén su sap xép

* Co s& phwong phap: Cac bai toan vé sap xép chd, phan cong viéc khong doi hoi nhigu
vé kién thirc va ki nang tinh toan, ching cha yéu két hop suy ludn 16gic d€ xét cac kha
nang co6 thé xay ra véi nguyén li Dirichlet.

* Vi du minh hoa:

Bai toan 1. C6 20 ngudi quyét dinh di boi thuyén bang 10 chiéc thuyén do6i. Biét rang néu
hai nguoi A va B ma khong quen nhau thi tong s6 nhiing nguwoi quen cta A va nhing
ngudi quen cta B khong nho hon 19. Chiing minh rang cé thé phan cong vao cac thuyén

d6i sao cho moi thuyén déu la hai nguoi quen nhau.

Huéng dan gidi
Néu trong 20 nguoi khong cd hai nguwoi nao quen nhau thi tong sd ngudi quen cua hai
nguoi bat ki 1a 0. Diéu nay mau thuan véi gia thiét 1a tong sd ngudi quen cua hai nguoi
khong nhé hon 19. Vay ton tai mot sd cap quen nhau.
Ta x&p mdi cdp quen nhau d6 vao mdt thuyén ddi. Goi k 1a s8 lwong thuyén 16n nhat ma
trong do ta cd thé xép duoc nhitng cdp quen nhau vao moét thuyén va ki hiéu thuyén thi i
x€p hai nguoi Ai va Bi quen nhau (1<i<k).
Gia stt k<9, ki hiéu tap hop M gom nhiing nguoi chwa duoc xé€p vao thuyén nao, tic la
gom nhitng nguoi dd6i mot khdong quen nhau. Chon hai nguoi A va B trong tap hop M.
Theo bai ra thi tong sO nguoi quen ctia A va s6 nguoi quen cua B khong nho hon 19 va
nhing nguoi quen A hodc quen B da duoc xép vao thuyén réi. Nhu vay co 19 nguoi quen
hé quen A hodc B duwgc xép vao nhiéu nhat 1a 9 thuyén déi (trir 1 thuyén vi A, B chwa duoc
x€p), ma 19 = 9.2 + 1 nén theo nguyén li Dirichlet ton tai it nhat mot thuyén cho 2 nguoi
quen ca A va B. Nhung khi d6 ta c6 thé xép lai nhu sau: trong k — 1 thuyén dau tién van
gitt nguyeén, con thuyén thtt k xép Ak va B, con thuyén tht k + 1 xép A va Bx. Diéu nay
mau thuan véi gia st.
Theo cach x&p nay ta tiép tuc xép dén hét 10 thuyén sao cho mdi thuyén hai ngudi déu

quen nhau.

Bai toan 2. Ki thi tuyén sinh vao truong THPT chuyén Long An nam nay c6 529 hoc sinh
dén tr 16 dia phuong khac nhau tham du. Gia st di€ém bai thi mon Toan cta modi hoc sinh
déu 1a s8 nguyén 16n hon 4 va bé hon hodc bang 10. Chitng minh rang luon tim dugc 6 hoc

sinh c6 diém mo6n Toan giong nhau va cung dén tir mot dia phuwong.

Huéng dan gidi
Ta c6 529 hoc sinh c6 diém bai thi tir 5 diém dén 10 diém. Theo nguyén ly Dirichlet

ta ¢ 89 hoc sinh c6 diém bai thi nhw nhau (ttr 5 diém dén 10 diém).
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Ta c6 89 hoc sinh c6 di€ém bai thi nhu nhau va dén tit 16 dia phuong. Theo nguyén ly

Dirichlet tim dugc 6 em c6 cung diém thi mon toan va dén tir cung mot dia phuong.

~7 Dang 6: Van dung nguyeén li Dirichlet vao cac bai toan hinh hoc
* Co s0 phuong phap:Mot s6 cac dang toan hinh hoc thuong gap:
1) Néu trén mot doan thang d6 dai 1 d3t mot s& doan thang c6 tong dd dai lén hon 1
thi ¢6 it nhat hai trong s6 cac doan thang d6 ¢ diém chung.
2) Néu trén duong tron cd ban kinh 1 dat mot s6 cung c6 tong do dai 16n hon 27 thi
co it nhat hai trong s0 cac cung dé c6 diém chung.
3) Trong mot hinh c6 dién tich S dat mot s hinh ¢ tong dién tich 16n hon S thi c6 it
nhat hai trong s6 cac hinh d6 c6 diém chung.

4) * Vi du minh hoa:

Bai toan 1. Trong hinh vudéng ma d¢ dai mdi canh 13 4 cho truwde 33 diém phan biét, trong
d6 khong c6 3 diém nao thang hang, Nguoi ta vé cac duong tron c6 ban kinh déu bang
V2, ¢6 tam la céc diém da cho.
Hoi c6 hay khong 3 diém trong s cac diém ndi trén sao cho chung déu thudc vao phan
chung cta 3 hinh tron ¢6 cac tam ciing chinh la 3 diém d6?

(Thi chon HSG I6p 9 Qudc Gia nam 1995-1996- Bang A)

Huéng dan gidi
Chia hinh vudng da cho thanh 16 hinh vudng, méi hinh vudng c6 canh 1a 1; vi c6 33
diém chtra trong 16 hinh vudng, do d6 theo nguyén tac Dirichlet at phai c6 it nhat 1a

mot hinh vudng chira khong it hon 3 diém.

Khoang cach gitra hai diém bat ky trong hinh vudng don vi da cho khong thé vuot
qua dd dai duong chéo ctia né bang V2.

Goi 0,,0,,0, 1a 3 diém cting nam trong mdt hinh vudng don vi nao d6 .

Vé ba duong tron tam O,,0,,0, cung ban kinh la 2 . Chic chén ca ba diém

0,,0,,0, déu nam trong ca ba duong tron nay, nghia la chiing nam trong phan

chung ctia 3 hinh tron c6 tam tai chinh cac diém O,,0,,0;.

Bai toan 2. Trén mit phang cho 25 diém sao cho tir ba diém bat ky trong s& chting déu tim
dugc hai diém c6 khoang cach nhé hon 1. Chitng minh rang ton tai mot hinh tron c6 ban
kinh bang 1 chita khong it hon 13 diém.

Hudng dan gidi
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Xét diém A va hinh tron (C,) c6 tdm A va ban kinh 1a 1. Néu tat ca 24 diém con lai déu

ndm trong (C,) thi hién nhién bai toan dwoc chirng minh.

Xét trreong hop c6 di€ém B nam ngoai (C,). Tacd AB>1 xét hinh tron (C,) tam B va ban
kinh la 1.

Gia st C la mot diém bat ky khac A vaB . Ta chitng minh C phai thudc mot trong hai
hinh tron (C, )hodc (C,).

That vay: gia st nguoc lai diém C khéng thudc ca (C,), ca (C,) = AC>1 va BC >1;
theo trén, AB>1 nhu vay c6 bd ba diém A, B,C trong d6 khong c6 bat ky 2 diém nao
c6 khoang cach gitra chung nho hon 1. V6 Ly, vi trai véi gia thiét.

Diéu v6 ly d6 chiing to rang hodc 1a C thudc vao (C,) hoic la C thude vao (C, ).
Nhu vay ca 25 diém da cho déu thudc vao (C,) va (C,).

Theo nguyén tac Dirichlet, at phai c6 it nhat 1a mot hinh tron chita khong it hon 13

diém.

Bai toan 3. Cho hinh vuéng ABCD va chin duong thang phan biét théa man mdi mot

duong thang déu chia hinh vudng thanh hai t gidc 6 dién tich ty 18 véi 2 va 3.

Chitng minh rang ton tai it nhat 1a ba duong thang dong qui tai mot diém.

Huéng dan gidi

M
B C B C

;

N

Nhan xét: cic duong thang da cho khong thé di qua trung diém cac canh hinh
vudng ABCD boi vi ngugc lai thi hinh vudng sé bi phan thanh hai phan tam giac va
ngi giac.

Gia st mot duong théng trong s6 do cit canh BC tai M va cit canh AD taiN .
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Cac hinh thang ABMN va CDNM ¢6 chiéu cao bang nhau nén tir gia thiét suy ra
MN chia doan thang né&i trung diém P ,Q ctia AB va CD theo ty 1& %

Dé thay chi c6 4 diém chia 2 duong trung binh ctia hing vudng ABCD theo ty 1& %

1al,J,K,H . Co69 duong thang dia qua 4 diém nay; theo nguyén tac Dirichlet, phai
c6 it nhat 1a 3 duong thang cung di qua mot diém.

Bai toan 4. Cho da giac déu gom 1999 canh. Nguoi ta son cac dinh ctia da giac bang 2 mau
xanh va do. Chitng minh rang &t phai ton tai 3 dinh duwgc son ciing mdt mau tao thanh
mot tam gidc can.

Hudng dan gidi
Ta c6 da giac 1999 canh nén c6 1999 dinh. Do d6 at phai ton tai 2 dinh k& nhaula P va Q
duoc son bdi cing 1 mau ( chdng han mau do).
Vi da giac da cho la da giac déu c6 mot s6 1é dinh, cho nén phai ton tai mét dinh nao dé
nam trén drong trung truc ctia doan thang PQ . Gia st dinh d61a A .
Néu A t6 mau do thi ta c6 AAPQ la tam gidc can ¢6 3 dinh A, P,Q dwgc t6 cung mau do.
Néu A to mau xanh. Ltc d6 goi B va C la cac dinh khac cua da giac ké voi P vaQ .
Néu ca 2 dinh B va C dwgc t6 mau xanh thi AABC can va c6 3 dinh cting t6 mau xanh.
Néu nguoc lai mot ttrong hai dinh B hodc C ma t6 mau do thi tam giac BPQ hodc tam
gidc CPQ la cdc tam gidc can c6 3 dinh dugc t6 mau do.

C.BAI TAP AP DUNG
Bai 1. Mot d6i thong c6 800 000 cay thong. Trén mdi cay thong c6 khong quéa 500 000 chiéc
14. Chting minh rang it nhat cling c6 2 cay thong c6 cting s6 1a nhu nhau & trén cay.

Bai 2. Mot 16p hoc c6 40 hoc sinh. Chitng minh réng o it nhat 4 hoc sinh ¢6 thang sinh
giong nhau.

Bai 3. Cho day s8 gom 5 s8 tu nhién bat ki a,,a,,a,,a,,a;. Chiing minh rang ton tai mot s&
chia hét cho 5 hodc tong cia moét s s0 lién ti€p trong day da cho chia hét cho 5.

Bai 4. Cho p 1a s8 nguyén t8 16n hon 5. chitng minh rang ton tai mot s6 ¢6 dang 111...11

ma chia hét cho p.

Bai 5. Vi 39 s8 tu nhién lién tiép, hoi rang ta c6 thé tim dwoc mot s6 ma téng cac chit s§

cua no chia hét cho 11 hay khong?
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Bai 6. Chiing minh rdng trong 52 s8 tu nhién tity ¥, chi it cfing ¢ mot cgp gdom hai s3 sao

cho hoac tong hoac hiéu ctia chung chia hét cho 100.
Bai 7. Chting minh rang ton tai lily thita ctia 29 ma céc chit s6 tan cting ctia né 1a 00001.
Bai 8. (Bai toan 4p dung 2 Ian nguyén tac Dirichlet)

C6 17 nha toan hoc viét thw cho nhau trao déi vé 3 van dé khoa hoc, mdi nguoi viet
thu cho mot nguodi vé mot van dé. Ching minh rang it nhat ciing ¢6 3 nha toan hoc
trao doi voi nhau vé cung mot van de.

Bai 9. Mot 16p hoc ¢6 30 hoc sinh. Khi viét chinh ta, em A pham 14 16i, cdc em khéc pham

it 16i hon. Chiing minh rang c6 it nhat 1a 3 hoc sinh khong mac 18i hodc mac s6 161 bang

nhau.

Bai 10. Cho 5 nguoi tly y. Chitng minh rang trong s8 d6 c6 it nhat 1a hai nguoi c6 s&

ngudi quen bang nhau ( chti y 1a A quen B thi B quen A).

Bai 11. Trong mot giai bong da c6 10 doi tham gia, bat c hai d6i nao trong sd dé cling
phai ddu véi nhau mot tran. Chiing minh rang tai bat ct thoi diém nao cua lich thi dau

cling c6 hai d6i da dau duoc mot s6 tran nhu nhau.

Bai 12. Chung minh rang d6i véi mot s6 n nguyén duong bat ki bao gio ta ciing tim duwoc

mot s8 tu nhién ma cac chit s6 ciia nd bao gom chi ¢ chit sd 5 va chit s6 0 va chia hét cho n.
Bai 13. Chting minh rang ludn ton tai s6 dwgc viét boi toan chi s6 8 chia hét cho 2011.

Bai 14. Chting minh rang néu (n, 2010 ) = 1 thi lu6n ton tai mdt s6 k nguyén duwong sao
cho nk -1 chia hét cho 2010.

Bai 15. Chitng minh rang trong 1007 s8 tit nhién bt ky ludn ton tai hai s6 sao cho téng
hodc hiéu cua ching chia hét cho 2011.

Bai 16. Cho n + 1 s8 nguyén duong khac nhau nhé hon 2n (n > 1). Chting minh rang c6

thé chon ra 3 s6 nao d6 ma mot s6 bang tong hai s6 kia.

Bai 17. Cho tam giac déu ABC c6 canh bang 1. Danh d4du 5 diém phan biét bat ky trong
AABC . Chitng minh rang at ton tai it nhat 1a 2 diém trong s d6 ma khoang cach gitta
chang nho hon0,5.

Bai 18. Bén trong hinh vudng c6 canh bang 1, 1y bat ky 51 diém phan biét. Chiing minh
rang phai ton tai it nhat 1a 3 diém trong s6 51 diém nay nam trong mot hinh tron cé ban

kinh bang %
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Bai 19. Bén trong hinh tron (O,R) c6 dién tich bang 8, nguoi ta 1dy 17 diém phan biét bat
ky. Chitng minh rang bao gio ciing tim duoc it nhat 1a 3 ¢iém tao thanh mot tam giac co
dién tich bé hon 1.

Bai 20.Bén trong mot cai san hinh chit nhat cé chiéu dai 4m va chiéu rong la 3m c6 6 con
chim dang &n. Chting minh rang phai c6 it nhat 1a hai con chim ma khoang céch dau gitta
chiing nhé hon 1a +/5m.

Bai 21. Cac diém trén mit phang duoc t6 bang mot trong ba mau: xanh, d6, vang. Chiing
minh rang ton tai it nhat 1a 2 diém dwoc to boi cing mot mau va khoang cac gitta chung
bang 1.

Bai 22. Trén mat phang cho 100 diém bat ky. N&i mdi diém vdi it nhat 1a 66 diém trong s&
99 diém con lai bang mot doan thang. Ching minh rang cé thé xay ra truong hop ¢ 2
diém trong so 4 diém bat ky ctia 100 diém da cho khong dwoc ndi véi nhau.

Bai 23. Cho 5 diém phan biét ndm bén trong hinh vuéng ABCD c6 canh bang 35+ 3.
Chitng minh rang at tim duoc it nhat 1a mot diém trong hinh vudng da cho sao cho,
khoang cach ttr né dén ém da cho 16n hon 10.

Bai 24. Mbi diém ctra mit phang dwoc to bang mot trong hai mau xanh hogc do. Chiing
minh rang &t im duoc it nhat 1a ba diém duwoc t6 boi cing mot mau tao thanh mot tam
giac déu co canh la 1 hodc J3.

Bai 25. Mbi diém ctia mit phang duoc t6 bang mot trong hai mau den va do. Ching to
rang ton tai mot tam gidc déu ma cac dinh ctia né chi duregc té bang mot mau.

Bai 26. Trén mat phang cho 2000 duong thang phan biét, d6i mot cat nhau. Chitng minh
180°

2000

Bai 27. Bén trong dudng tron cd ban kinh 2000 c6 8000 doan thang c6 d6 dai la 1. Ching

minh rang c6 thé dung duoc mot duong thang d hoéc 1a song song hodc 1a vudng goc véi

rang ton tai it nhat 1a 2 dwong thang ma gdc tao bdi chiing khong 1én hon

mot duong théng | cho trudc, sao d cit it nhat 1 hai doan théng da cho.

Bai 28. Cho bang 6 vudng kich thuwdc 10.10 gom 100 & vudng don vi. Dién vao mbi 6
vudng ctia bang nay mot sd nguyén duong khong vwgt qua 10 sao cho hai s6 ¢ hai 6
vudng chung canh hodc chung dinh nguyén t8 cting nhau. Chttng minh rang trong bang 6
vuong da cho c6 mot sd xuat hién it nhat 17 [an.

Bai 29.Trong hinh chi nhat kich thude 1.2 ta 1dy 6n° +1 diém vdi n la s6 nguyén duong.
Chitng minh rang ton tai 1 hinh tron ¢ ban kinh 1 tta khong it hon 4 trong s6 cac diém
n

da cho.

Bai 30. Cho mdi diém trén mat phang dugc to bang mot trong hai mau xanh, dé. Chiing

minh rang ton tai mot tam gidc ma ba dinh va trong tam cung mau.
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= CAC BAI TOAN SU DUNG
E: NGUYEN LY CUC HAN

A. Kién thiic can nhé

1. Nguyén ly cuc han.

Nguyén li cec han duoc phat biéu don gian nhu sau:

Nguyén 1i 1: Trong mot tap htru han va khac rSng cac so thuce ludn ludn cd thé chon dwoc
s0 bé nhat va sO 16n nhat.

Nguyén li 2: Trong moét tap khac réng cac sO tw nhién luon ludn cd thé chon dwoc so bé
nhat.

Nho nguyén ly nay ta cd thé xét cac phan tr ma mot dai lwong nao dé cé gia tri 16n nhat
hodc nho nhat, Chéng han :

- Xét doan théng 16n nhat (hodc nho nhat) trong mot s6 httu han doan thfmg

- Xét goc 16n nhat (hodc nhé nhat) trong moét sd hitu han goc.

- Xét da gidc co dién tich hodc chu vi nhé nhét ( hodc 16n nhat) trong moét s6 hitu han da giac

- Xét khoang cach 16n nhat (hodc nho nhat) trong mét sd hitu han khoang cach gitra hai
diém hodc khoang cach tir mot diém dén mot duong thang

- Xét cac diém la dau mut ctia mot doan thang, xét cac diém & phia trai nhat hodc phai
nhat ctia mot doan thang( gia thiét 1a doan thang nam ngang).

Nguyén 1i cyc han thuwong duoc st dung két hop véi cac phuong phap khac, ddc biét la
phuong phap phan ching, duwgc van dung trong trong treong hop tap cac gia tri can khao
sat chi tap hop httu han( nguyén 1i 1) hoac c6 thé c6 vé han nhung ton tai mot phan ti 16n
nhdt hodc nhé nhét (nguyén li 2).

2. Cac budc ap dung nguyén ly cuc han khi giai toan

Khi van dung nguyeén li nay, ta phai tién hanh cac budc sau:

e Budc 1. Chiing minh rang trong tat ca cdc gid tri can khao sat ludn ton tai gid tri 1én nhat
hodc gia tri nhé nhat.

e Budc 2. Xét bai toan trong trueong hop riéng khi né nhan gia tri nay (nho nhat hodc 1on
nhat)

e Budc 3. Chi ra mot mau thuan, chi ra mot gia tri con nhé hon (hay 16n hon) gid tri ta dang
khao sét .

Theo nguyén li ciia phwong phép phan ching, ta sé suy ra diéu phai chttng minh.
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B. BAI TAP VAN DUNG

Bai toan 1. Ton tai hay khong ton tai 100 diém sao cho véi bat ki hai diém A; B nao
trong 100 diém dé clng ton tai moét diém C trong cac diém con lai ma goc

ACB < 60°

Hudng dan gidi
C Gia st ton tai 100 diém c6 tinh chat nhw
dé bai. Goi A; B la hai diém c6 khoang
cach 16n nhat trong 100 di€ém nay va ton
tai diém C ma géc ACB < 60°
Diém C khong thé thudc duong thang
AB

Xét tam giac ABC c6 canh AB 16n nhat
nén goc C la 16n nhat ma gobc

ACB <60°nén goc A va B ciing < 60°

Do d6 A+B+C <180° v ly nén khong ton tai 100 diém trén

Bai toan 2. Cho 10 duong thang trong d6 khong c6 hai duong nao song song. Biét
qua giao diém ctia 2 duong thang bat ki trong 10 duong thang d6 cé it nhat mot
duong thang trong cac duong thang con lai di qua. Chting minh 10 duong thing
dé dong qui.

Hudng dan gidi
A Gia sit 10 duwong nay khong dong qui.
Xét duong thang d, c6 1 hoéc nhiéu giao
diém cta 2 duong thang da cho nam
ngoai d, ta goi A 1a diém nam gan d nhat

Theo gia thiét c6 it nhat 3 duong thang

qua A.
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do khong c6 hai deong thang nao // nén ba dwong thang nay cat d tai 3 diém khéac nhau
B; C; D va gia sit C nam gitta B va D
Ciing theo gia thiét qua C con c6 modt duong thang nita, duong thang nay cit doan AB,
ADtaiE; F, chéng han cit AB tai E ndm gitta A va D, khi d¢ dé thay khoang cach tir E dén
d <khoang cach tir A dén d, diéu nay trai v6i cach chon diém A va dwong thang d

Vay 10 duong thang nay dong qui.

Bai toan 3. Cho mot da giac 16i n canh ( n > 3). Chitng minh rang ton tai mot tam giac co
dinh 1ay tir dinh da giac da cho ma duong tron ngoai ti€p tam giac chita tat ca cac dinh

con lai cua da giac

Hudng dan gidi
Véi da giac AA,..A, , xét tat ca cac gobc AAA, (V6iitlr 3 dén n) ta chon gbc ¢ s6
do nho nhat AA A, dudng tron ngoai ti€p tam gidc AA A, chitra tat ca cac dinh khéc cua
da giac.
Thét vay néu c6 dinh Aj (j tir 3 dén n) ma & ngoai duong tron thi AA A, < AAA,

Mau thuan, vay bai toan dwoc chitng minh.

Bai toan 4. Mot nuede c6 80 san bay, ma khoang cach gitra hai san bay nao cling khac nhau.
Mdi may bay cat canh tir mot san bay va bay dén san bay nao gan nhat. chiing minh rang,

trén bat ky san bay nao cling khong thé c6 qua 5 may bay bay dén.

Hudng dan gidi
Tt gia thiét suy ra néu cac mdy bay bay tir cac san bay M va N dén san bay O thi
khoang cach MN la 16n nhét trong cac canh ctia tam gidc MON, do do MON > 60°.

Gia st rang cdc mday bay bay tir cac san bay M;,M,,...,M  dén san bay O thi mot

ot A AR LA . 360°
trong cac goc M;,OM; khong I6n hon .

(i,j,n=12,3,..80) vitdng cac goc da cho

360°
n

bang 360°. Vay: >60° = n<6; suy ra diéu phai chtrng minh.

Bai toan 5. Trong tam giac ABC c6 ba goc nhon. 1ldy mot di€ém P bat ky; chiing minh
khoang cach 16n nhat trong cac khoang cach tir diém P dén cac dinh A, B, C ctuia tam giac

khong nho hon 2 Ian khoang cach bé nhat trong cac khoang cach tir diém P dén cac canh
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cta tam giac do.

Huéng dan gidi
Dung PA, PB,, PC, trong ttng vudng goc vai cac canh BC, CA, AB. Vi tam gidc ABC c6
ba géc nhon nén cac diém A, B,,C, tuong ting nam trong doan BC, CA va AB. N&i PA,
PB, PC ta co:

o — — e~~~

thé nho hon 60°. Khong mat tinh tong quét, ta gia st goc APC, la 16n nhat, khi d6

APC, >60°. Xét AAPC, vudng tai C,, ta co: 2\% = cos APC, <60° = % Tk d6 ta cd:
AP > 2PC,. Néu thay PA bang khoang cach 16n nhét trong cac khoang cach tit P dén
cac dinh va thay PC, bang khoang cach ngan nhat trong cac khoang cach tir P d&én cac

canh thi bt dang thttc cang dwoc thoa man.

Bai toan 6. Chiing minh rang: Néu tat ca cic canh ctia tam giac déu nho hon 1 thi dién tich

3

tam gidc nho hon e

Huéng dan gidi

Goi A la gbc nho nhat ctia tam gidc ABC, suy ra: A<60°. Ta co:

1 1 1 11£\/§
2

Syec =5 BH.AC =~ ABSiN AAC. Do d6: Sy < AB.ACSiN60° <1,

4

Bai todn 7. Chiing minh rang bon hinh tron duong kinh 1a bdn canh ctia mot tu gidc 16i thi phu

kin mién t& giac ABCD.

Huéng dan gidi
Lay M la mot diém tuy y cua t& giac 16i ABCD. C6
hai kha nang xay ra:
e Néu M nam trén bién ctia da gidc (ttc M nam trén mot
canh ctia tt giac ABCD). Khi d6 M nam trong hinh tron c6
duong kinh 1a canh &y. Trong truong hop nay két luén cta

bai toan hién nhién dung.
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¢ Né&u M nam bén trong ti gidc 16i ABCD .

— — —

Khi d6 ta c6 AMB+BMC + CMD + DMA = 360"

———

Theo nguyén 1i ciec han thi trong cac goc AMB, BMC,CMD, DMA 1udn ton tai mot goc co

sO do 16n nhat.

—_——

Gia stt MaxBMC = {AMB, BMC, CMD, DMA} . Khi d6 BMC > 90°

Tt d6 suy ra M nam trong (hodc ciing 1am la nam trén) duong tron duong kinh BC. Vay
di nhién M bi phu boi duwong tron nay. Nhu thé do M la diém tuy y caa t& giac ABCD, ta

suy ra bon hinh tron noéi trén phu kin t& giac 16i da cho. Vay ta c6 diéu phai chitng minh.

Bai toan 8. Trén m4t phang cho 2x2000 diém; trong d6 khong c6 bat ky 3 diém nao thang
hang. Nguoi ta td 2000 diém bang mau do va td 2000 diém con lai bang mau xanh. Ching
minh rang; bao gio cling ton tai mot cach noi tat ca cac di€m mau do voi tat ca cac diém

mau xanh bdi 2000 doan thang khong cé diém nao chung.

Hudng dan gidi
Xem t4t ca cac cach ndi 2000 cp diém ( do véi xanh) bang 2000 doan thang. Cac cach ndi
nhu vay ludn ludn ton tai va do chi c6 2000 cap di€m nén so tat ca cac canh noi nhuw vay la
huwo han.

Do d6, at tim duoc mot cach ndi c6 tdng dd dai cac doan thang 1a ngan nhat. Ta chiing
minh rang day la cdch ndi phai tim.

That vay; gia st ngroc lai ta c6 hai doan théng AX va BY ma cit nhau tai di€m O ( Gia
st A va B t6 mau do, con X va Y t6 mau xanh). Khi d6, néu ta thay doan théng AX va BY
bang hai doan thang AY va BX, cac doan khac giit nguyén thi ta c6 cach ndi nay cé tinh
chat:

AY +BX < (AO+0Y)+(BO +0X) = (AO + OX) + (BO+0Y) = AY +BX < AX + BY

Nhu vay; viéc thay hai doan thang AX va BY bang hai doan thang AY va BX, ta nhan
duoc mot cach ndi méi c6 tong do dai cac doan thang 1a nhé hon. V6 ly, vi trai véi gia thiét
la da chon mot cach néi ¢6 tong cac do dai 1a bé nhat. Diéu vo ly do6 chiing to: Cach néi ¢o

tong d6 dai cac doan thang 1a nang nhat 1a khong c6 diém chung.
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Bai toan 9. Cho 2000 duong thang phan biét, trong d6 ba duong thang bat ky trong s&
ching dong qui. Chiing minh réng: ca 2000 duwong thang da cho dong qui tai mot diém.

Huéng dan gidi

A Bang phuong phép phan ching: Gia st
nguoc lai cac duong thang da cho khong
di qua mot diém. Xét cac giao diém tao

P nén boi 2000 duwong thang da cho. Xét tat

| ca cac khoang cach khac 0 ha ttr cac giao

diém nay dén céc dwong thing da cho
Gia st A la moét giao diém trong s6 d6 Va goi AQ la khoang cach nho nhat trong s6 d6 vé
tit A dén duong thang 1 trong s§ 2000 duong thang. Qua A theo gia thiét, phai c6 it nhat
ba duong thang nay cat 11an lwot tai B, C va D.

Vé AQ LI, thi hai trong ba diém B, C, D phai nam vé cting mot phia ctia diém Q, chang
hanla CvaD.

Gia st QC <QD; v& CP L AD,QK L AD = CP <QK < AQ. V5 Ii, vi trdi véi gia st AQ la
khoang cach bé nhat. Diéu vo 1i d6 chiing to 2000 duong thang da cho dong qui tai mot

diém.

Bai toan 10. Trén mit phang da cho 2000 diém, khoang cach giita ching d6i mot khac
nhau. N&i mbi diém trong s6 2000 diém nay véi diém 6 gan nhat. Chirng minh rang, véi

cach noi d6 khong thé nhan duoc mot duong gap khic khép kin.

Huéng dan gidi
Gia st nguoc lai, chung ta nhan duoc mot duwong gap khac khép kin. Goi AB la mét 16n
nhat cta duwong gap khac khép kin nay.
Gia st AC va BD la hai mat ké véi mat AB, ta cé:
e AC < AB nén B khong la diém ngéan nhat ctia A.

e BD < ABnén A khong la diém ngan nhat ctia B. Chiing t6 rang Ava B khong dugc
ndi voi nhau. Vo li! Biéu vo i nay ching to khéong nhan duwoc mot duong gap khuc khép

kin v6i cach n6i nhu vay.
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Cich khdc: Néu c6 doan ndi AB thi B la diém ngan nhat ctia A ( cac khoang cach khéc
nhau ) Vay khong ton tai doan ndi A véi 1998 diém con lai. nhu thé cac doan ndi khong

thé tao thanh duong gap khuc ( dwong ap khac khon ton tai ké ca khi c6 hai doan).

C. BAI TAP AP DUNG
Bai 1:Bén trong duon tron tim O bén kinh R = 1 ¢6 8 diém phan biét, chiing minh rang:
Ton tai it nhat hai diém tron s6 chiing ma khoang cach gitta hai di€ém nay nho hon 1.

Bai 2. Trén cac canh cta tam giac ABC lay diém C,, A, B, lan luot thudc AB,BC,CA. Biét

rang, do dai cac doan thang AA, BB, CC, khong 16n hon 1. Chitng minh rang: S . < =

V3

(don vi dién tich).

Bai 3: Trong hinh vudéng ma d6 dai méi canh 1a 4 cho trude 33 diém phan biét, trong d6
khong c6 ba diém nao thang hang. Nguoi ta vé cic duong tron cd ban kinh déu bang V2,
c6 tam la cac diém da cho. Hoi c¢6 hay khong ba diém trong s6 cac diém ndi trén sao
ching déu thudc vao phan chung ctia ba hinh tron cé cac tam ciing chinh la ba diém d6?
Bai 4. Trén mat phang cho 2000 diém khong thang hang. Chitng minh rang ton tai mot
duong tron di qua ba trong s6 2000 diém da cho ma duong tron nay khong chira bat ki

diém nao trong s6 1997 diém con lai.

Bai 5. Cho tt giac ABCD ngoai tiép duong tron tam O. Chitng minh rang cac dwong chéo
AC,BD giao nhau tai O thi tit gidc ABCD 1a hinh thoi.

Bai 6. Cho 19 diém trong d6 khong c6 ba diém nao thang hang, nam trong mot hinh luc gidc déu

c6 canh bang 1. Chting minh rang ludn ton tai mot tam giac ma dinh 1a ba trong 19 diém trén c6 it

nhat mot goc khong 1én hon 45° va nam trong duong tron ban kinh nho hon % :

Bai 7. Cho tit gidc ABCD thoa man: ban kinh cac duong tron néi tiép bon tam giac ABC,
BCD, CDA va DAB bang nhau. Chitng minh rang: ABCD Ia hinh chit nhat.

Bai 8. Cho 2000 duong thang phan biét; trong d6 c6 ba duong thang bat ki trong s6 chung
thi dong quy. Chitng minh rang ca 2000 dwong thang da cho dong quy tai mot diém.

Bai 9. Trén mat phang da cho 2000 diém, khoang cach gitta chiing d6i mot khac nhau. N&i
moi diém trong sd 2000 diém nay véi diém & gan nhat. Chiing minh rang véi cach ndi do

khong thé nhan duoc mot duong gap khuc khép kin.
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Bai 10. Trén m4t phang cho 2000 diém thoa man ba diém bat ki trong s& chting déu thang
hang. Chiing minh rang 2000 diém da cho thang hang.

Bai 11. Cho t& giac 16i ABCD c6 hai duong chéo AC va BD cat nhau tai E. Chiing minh
rang néu cdc ban kinh ctia 4 duong tron ndi tiép cac ram gidc EAB, EBC, ECD, EDA ma
bang nhau thi t gidc ABCD 1a hinh thoi.

( Dé thi hoc sinh gidi qudc gia 16p 9 nam 1986 — 1987 Bang A)

Bai 12. Trong tam gidc ABC c6 ba goc nhon. Lay mot diém P bat ki, chtiing minh réng
khoang cach 16n nhat trong cac khoang cach tir diém P dén cac dinh A, B,C cta tam giac
khong nho hon 2 lIan khoang cach bé nhat trong cac khoang cach tir diém P dén cac canh
cta tam giac do.

(Thi cho hoc sinh gioi 16p 9 qudc gia nam 1991 — 1993 bang B)
Bai 13. Chiing minh rang b&n hinh tron duong kinh 1a bon canh ctia mdt t gidc thi phu
kin mién t gidac ABCD.

Bai 14. Goi O la giao diém ctia t gidc 16i ABCD. Chitng minh rdng néu cic tam gidc
AOB, BOC, COD, DOA co chu vi bgmg nhau thi tit gidc ABCD Ia hinh thoi.

Bai 15. Bén trong hinh vudng canh 1 cho n diém. Chttng minh rang ton tai mot tam gidc co

dinh tai cac diém da cho hodc dinh ctia hinh vudng sao cho dién tich S ctia né thoa man

b4t dang thikc S <
2(n+1)

Bai 16. Trong mit phang cho n duong thang ma d6i mot khong song song véi nhau, sao

cho qua giao diém ctia mdi cip duong thang thi cé mot dreong thang thit ba. Chiing minh

rang tit ca n duong thang da cho dong quy.

Bai 17. Trén mit phang cho n diém phan biét. Chting minh rang ton tai mot duwong gap

khtic véi cac dinh 1a n diém da cho ma chiing khong tw cit nhau.

Bai 18. Trong day s6 gom 6 s6 nguyén duong sap theo thit tu tang dan théa man s6 ding
sau 1a bdi cta s6 dung tredc nd va tong cua sau sd do6 1a 79. Tim day sd ma sd tht sdu cd

gia tri 1on nhat.
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Bai 19. Cho 21 s0 nguyén d6i mot khdc nhau thoa man diéu kién tong ctia 11 s6 nguyén
tlly y trong ching 16n hon tdng ctia 10 s8 nguyén con lai. Biét rang trong 21 s6 d6 c6 mot

sO 1a 101 va s6 16n nhat 1a 2014. Tim 19 s0 con lai.

Bai 20. Chon 100 s8 tu nhién khac nhau bat ki sao cho mdi s6 déu khong vuot qua 2015 va
mdi s6 déu chia 17 dw 10. Chting minh rang trong 100 s6 trén ludn chon dugc ba s6 c6

tong khong 16n hon 999.

225 | CHUYEN DE SO HOC




i NGUYEN LY BAT BIEN
) o L,
T 10 TRONG GIAlI TOAN

A. Kién thlic can nhé
1. Nguyén ly bat bién.

Cho a, b, c 1a nhiing s6 thuec ta xét tong S=a+b+c. Néu ta doi chd a cho b, b cho ¢, ¢ cho
a, thi tong S ludn ludn chi la mot (khdng d6i). Tong nay khong thay doi d6i véi thie tu phép cong.
D a, b, ¢ 6 thay ddi thit tw nhu thé ndo ching nita S van khong thay d6i, nghia 1a S bat bién déi
v6i viéc thay ddi cac bién khac. Trong thuc té€ cling nhu trong toan hoc, rat nhiéu van dé lién quan
dén mot s6 d6i twong nghién ctru lai bat bién ddi voi sy thay doi ctia nhiéu doi twong khac.
2. Cac budc 4p dung nguyén ly bt bién khi giai toan

D¢ giai toan duoc bang dai luong bat bién ta thuc hién theo cac budc sau:

+ Bwdc 1: Ta phai phat hién ra nhiing dai lwgng bat bién trong bai toan. Budce nay twong doi
kho néu ta khong luyén tap thuong xuyén.

+ Buwde 2: Xt 1y ti€p dai lwong bat bién dé tim ra cdc diém mau thuan.

B. BAI TAP VAN DUNG

Bai toan 1. Trén bang ta viét 10 dau cong va 15 dau trir tai cac vi tri bat ky. Ta thuc hién xda 2
dau bat ky trong d6 va viét vao d6 1 ddu cong néu xda 2 dau giong nhau va 1 dau trtr néu xo6a

2 dau khac nhau. Hoi trén bang con lai ddu gi néu ta thye hién thao tac trén 24 [an?

Hudng dan gidi
Ta thay moi ddu cong 1a s6 1 va mdi dau trir 1a -1. Ta thdy tich cia cac s trén bang
la -1. Ma theo cach thuc hién cta bai thi ta xéa di 2 s0 va viét vao do6 tich cua 2 s6 do, dong
thoi ta chi thue hién 24 Tan nén suy ra tich cua tat ca cac so trén bang sé khong doi nhu vay
tich cac s8 trén bang luon bang -1. Do d6, khi thiee hién thao tac 24 Tan thi trén bang con lai

dau -.

Bai toan 2. Gia st n la 1 s0 1é ta viét 1én bang cac s6 tix 1 dén 2n, sau d6 chon ra 2 s bat ky
a vab va viétlai 1 s§ bang |a—b|. Chitng minh rdng s6 cudi ciing con lai trén bang 1a 1 s6

2

1é.

Hudng dan gidi
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Tong ctia cac sO trén bang ban daula: S=1+2 +....+ 2n=n(2n + 1). Ta thay n 1é nén
S 1é. Ma véi cac thao tac trong bai thi tong sé giam di 2.min {a;b} do d¢ tinh chan 1é cua

tong khong ddi. Vi ban dau S 1a sd 1é nén sd cudi cung con lai trén bang 1a so 1é.

Bai toan 3. Cho cac s6 2,8,1,0,1,9,9,5 duoc viét trén 1 vong tron. Ctt 2 s6 canh nhau ta cong
thém 1 vao 2 s6 d6. Hoi sau 1 s6 lan thuc hién thao tac trén cac s trén vong tron c6 thé

déu bang nhau dugc khong?

Hudng dan gidi
Ta nhan thay tong cac s trong vong tron la 1 s 1é nén khi thuee hién cac thao tac trén
thi tdng tédng 1én 2 nén tinh chdn 1é ctia tdng khong doi. Mt khac s6 cac s6 trén vong tron la

chan nén néu cac sd déu bang nhau thi tong cta né bay gio la s6 1é suy ra mau thuan.

Bai toan 4. Mot to gidy bi ¢t nho thanh 6 manh hodc 11 manh. Cdc manh nhan dwoc lai cd
thé chon d€ cit (thanh 6 manh hodc 11 manh nho hon) ... C nhu vay ta c6 thé nhan duoc
2005 manh cat khong ?

Huéng dan gidi
Sau mdi Ian cat mot manh gidy thanh 6 manh hogc 11 manh thi s6 manh gidy tang
1én 1a 5 hoac 10. Nhu vay tinh bat bién ctia bai toan la “s6 manh gidy luén tang 1én mot boi
sG ctia 5”. VAy s6 manh gidy sau cac lan cit c6 dang 1 + 5k, mit khac 2005 c6 dang 5k nén

v6i cach cat nhu trén, tir mot to gidy ban dau, ta khong thé cit dwoc thanh 2005 manh.

Bai toan 5. Mdi s6 trong day 21, 22, 2, ..., 22005

déu duoc thay thé boi tong cac chit sO ctia nd. Ti€p tuc lam nhu vay voi cac s6 nhan
duoc cho t6i khi tdt ca cac sd déu cd 1 chit s6. Chitng minh trong day nay : sd cac sd 2

nhiéu hon sO cac so 1.

Huéng dan gidi
Ta thdy : “S6 tw nhién A va tong cac chit s ctia A ludn cung s6 du trong phép chia cho 9”.
Mait khac ta ¢6 : 2! chia cho 9 duw 2 ;
22 chia cho 9 duw 4 ; 23 chia cho 9 du 8;
24 chia cho9 dw 7 ;2% chiacho9du5;

2¢ chia cho9duw1 ;27 chiacho9du?2;...
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Do d6 2¢+r Jan lwgt nhan cac s6 du trong phép chia cho91a 2, 4, 8,7, 5, 1 tuong tng
vbicacgidtrictarlal, 2, 3, 4,5, 0. Day cudi cung nhan dwgc gom 2005 s6 thudc tap hop
{2;4;8;7;5;1}.

Ta c6 2005 = 334 x 6 + 1 nén day cudi cung c6 335 so 2 (nhiéu hon s6 cac s6 khac 1

s0). Vay s0 cac s0 2 nhiéu hon sd cac s6 1 dung 1 s0.

Bai toan 6. Mot hinh tron dugc chia thanh 10 6 hinh quat, trén mdi O nguroi ta dat 1 vién bi.
Néu ta c¢ di chuyén cac vién bi theo quy luat : mdi [an 14y & 2 6 bat ki mdi & 1 vién bi,
chuyén sang 0 lién ké theo chiéu nguwoc nhau thi c6 thé chuyén tat ca cac vién bi vé cung 1

0 hay khong ?

Huéng dan gidi
Trudc tién, ta to mau xen ké cac 6 hinh quat, nhu vay sé co6 5 6 duoc té6 mau (6 mau)

va 5 6 khong dugc to mau (6 trang). Ta c6 nhan xét :

Néu di chuyén 1 bi & 6 mau va 1 bi & 6 trang thi tong s3 bi & 5 6 mau khong d6i.
Néu di chuyén & 2 6 mau, mbi & 1 bi thi tdng s6 bi ¢ 5 6 mau giam di 2. Néu di
chuyén & 2 6 trang, mbi 6 1 bi thi tdng s6 bi & 5 6 mau ting 1én 2.

Vay tong so bi & 5 6 mau hoac khong doi, hodc giam di 2 hoac tang 1én 2. N6éi cach

khéc, tdng s6 bi & 5 6 mau sé khdong thay ddi tinh chdn 1é so véi ban dau.

Ban dau tong s bi & 5 6 mau la 5 vién (la s6 1é) nén sau httu han lan di chuyén bi
theo quy luat trén thi tong s6 bi & 5 6 mau ludn khac 0 va khac 10, do d6 khong thé chuyén
tat ca cac vién bi vé cung 1 0.

C. BAI TAP AP DUNG

Bai 1:Mot to gidy duoc xe thanh 6 manh, lai xé 1 trong 6 manh nhé dé thanh 6 manh nho
khac. Ctz ti€p tuc nhw vay hoi c¢é khi nao dugc 1995 hoac 2011 manh nhoé hay khong?

Bai 2: Trong mot bang 6 vudng 100x100 6 dwoc dién ddu( + )va dau ( - ) . Mot bude thue
hién béng cach doi toan bd nhitng dau ¢ 1 hang hoac 1 cft nao d6 sang dau nguoc lai hoi

sau hitu han budc lam nhw trén bang 6 vuéng nhan dwgc ding 1970 ddu (-) khong.
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Bai 3: Trén bang co cac s6 %;%;...,% . Mbi 1 Tan thuc hién cho phép xo6a di 2 s6 a;b bat

ky trén bang va thay bang a + b - 2ab hoi sau 95 Ian thiec hién phép xda thi s6 con lai trén
bang la s6 nao?

Bai 4: Hai nguoi choi 1 tro choi vi 2 dong keo. BPong th nhat c6 12 cai va déng thir 2 ¢6
13 cai mdi nguoi choi dugc 13y 2 cai keo tir 1 trong 2 dong keo hodc chuyén 1 cai keo tir
ddng thit nhat sang dong th 2. Nguoi choi nao khong thé thye hién cac thao tac trén la
nhu thua. Hay chttng minh rang nguoi choi thit 2 khong thé thua, nguoi d6 c6 thé thang
khong?

Bai 5. Trén bang ghi mot s6 nguyén duwong c6 hai chi s6 tro 1én. Nguoi ta thiét 1ap s6 madi
bang cach xda di chit s6 hang don vi ctia s8 da cho, sau d6 cong vao s& con lai 7 Tan s& vira
bi x6a. Ban dau trén bang ghi s6 6'®. Hoi sau mot sd budc thuwe hién nhuw trén ta c6 thé thu

dwoc 100° hay khong ? Tai sao ?

Bai 6. Gia st rang n 1a mot s6 18, Dau tién ta viét cac s6 tir 1 téi 2n trén mot bang den. Sau
d6 ta chon ra hai s& bét ki a, b va xoé chting, rdi thay thé chiing boi [a—b|. Chiing minh

rang sO con lai cudi cung la mot so 1é

Bai 7. Nguoi ta viét trén bang day cac s6 tw nhién lién tiép tir 1 dén 100. Thuc hién tro choi
nhu sau: Tién hanh xda hai s a, b bat ki trong day sd trén va viét lai mot sd la a’ +b°.
Thuc hién tro choi nhu trén cho dén khi trén bang con lai mot s6. Hoi s6 con lai trén bang

o thé la 9876543212016 khong.

Bai 8. C6 2010 vién soi. Hai nguoi choi thay phién nhau bdc s6i, mdi lwot di nguoi choi
duogc quén boc mot sd luong vién soi 1a luy thira véi s6 ma tw nhién bat ki cta 2(1, 2, 4,
..... ). Ai b8c duwgc vién soi cudi cling 1a thang cudc. Gia stt ca hai nguoi choi déu la nguoi
thong minh. Hoi ai 1a nguoi thang cudc?

Bai 9. Trong mot hop c6 2010 vién séi. C6 hai ngwoi tham gia trd choi, mdi ngwoi lan luot
phai bdc it nhat 1a 11 vién so6i va nhiéu nhat la 20 vién soi. Nguoi nao bdc vién soi cudi
cting sé thua cudc. Hay tim thuat choi d& dam bao ngudi bdc dau tién ludn 1a nguodi thang

cudc.
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Bai 10. Trén bang c6 ghi 2013 s6 1;l;l;...;L. Moi [an xda di hai s6 bat ki trén bang thi
123 2013
ta thay bang s6 z = Ll va gilt nguyeén cac s6 con lai. Sau 2012 lan thuec hién thi trén
X+y+

bang con lai mot s6. Tim s6 con lai d6.

Bai 11. Cho mot hinh tron duoc cia thanh 10 6 hinh quat. Trém mdi 6 hinh quat ta dat mot
hon bi. Thwe hién trod choi nhu sau: Mbi [an 1ay 0 hai 6 bat ki mdi & mdt hon bi va chuyén
sang 0 lién ké theo chiéu nguwgc nhau. Héi sau mot s6 [an thuc hién tro choi ¢é thé chuyén

tat co cac vién bi vé cung mot 6 dugce khong.

Bai 12. Cho mot bang 6 vudng chira s6 nhu hinh 4a. Ta thuc hién mot thuat toan T nhu
sau: Chon ra 2 s6 bat ki ndm & hai 6 vudng canh nhau va cong 2 sd d6 vdi mot s6 nguyén
nao do6. Hoi réng sau mot sO lan thye hién thuat toan T thi bang hinh vuéng chita cac sO

nhu hinh 4a c6 thé thanh bang hinh vuoéng nhw hinh 4b hay khong ?

11213 71819
41516 6124
71819 315|1

Hinh a Hinh b

Bai 13. Cho mdt ban co qudc t€ 8.8 . Hoi rang quan ma c6 thé di nudc dau tién tir 6 dwdi
cung bén trai va két thac & 6 trén cung bén phai hay khong. Véi diéu kién nd phai di qua
tat ca cac 0 trén ban co va moi 6 chi di qua dung mét lan
Bai 14. Moi s0 trong cac s6 a,;a,;a,;...;a_nhan mot trong hai gia tri la —1hodc 1.

1772773 n

Biét rang S=a,.a,.a,.a,+a,.a,a,.a, +...+a_a,.a,.a, =0. Chitng minh rang n chia hét cho 4

Bai 15. Trén mit phang cho 2011 diém sao cho khong c6 3 diém nao thang hang. Xét tat ca
cac doan thang ndi cdc cdp diém trong 2011 diém nay. Vé duong thang d khong di qua
diém nao trong s6 2011 diém ndi trén. Chitng minh rang néu dwong thang d cit mot sd

doan thiang xét & trén thi s§ doan thang bi dwong thang d cit 1a mot s§ chan.

TU SACH CAP 21 230



BOI DUONG HOC SINH GIOI CAP 2 |
Bai 16. Cho trudc s6 nguyén duwong n 1é. Tai mdi & vudng ctia ban ¢ kich thwée nxn
nguoi ta viét mot s6 +1 hodc —1. Goi a, la tich cua tat ca nhitng s6 ghi trén hang th k

(tinh tte trén xudng) va b, la tich cta tat ca nhitng s6 ghi trén cot thit k (tinh tir trai sang).
Chitng minh rang véi moi cach dién s8 nhu trén, déu co:

a,+a,---+a_+b +b,+---+b_#0.

1

Bai 17. Ta dinh nghia vién gach hinh méc cau la hinh gém 6 6 vudng don vi nhu hinh vé
dwdi day hoac hinh nhan duwoc do lat hinh dé(sanh trai, sang phai,...) hodc hinh nhan duwoc
do xoay hinh d6 di mot géc. Xac dinh cac hinh chit nhat kich thitc m.n v6i m, n la cac s6

nguyén duwong sao cho c6 thé lat dugc bang cac vién ganh hinh méc cau

Bai 18. Cho cac bang 6 vudng 6x6 dudi day:

4+ -+ |+ A+ F ] A+ |+

A+ |+ A+ A+ |+

A+ |+ A+ A+ |+

A+ |+ A+ A+ |+

A+ |+ A+ A+ |+

A+ |+ |+ A+ -+ + 4+ |- -+ |+
Bang 1 Bang 2 Bang 3

Thuc hién thao tac bién d6i nhu sau: Mbi bude bigh d6i cho phép dao ngurgc dau tat ca cac

0 trén cung mot hang hodc mot cot hodc mot duwong chéo hoac doc theo mot duong bat ki
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song song voi mot trong hai duong chéo. Hoi sau mot s6 budc bién doi cd thé dwa mot

trong cac bang trén vé bang khong cé ddu trir duoc khong.

1

V2

choi ta xoad hai s6 nao dé trong ba sd trén bang, gia st la a va b roi viét vao 2 vi tri vira xoa

Bai 19. Trén bang den viét ba s J2 0 2; . Ta bit dau thuce hién tro choi nhw sau: Mdi [an

dong thoi gitt nguyén s con lai. Nhu vay sau moi lan choi trén

. A .atb |a—b|
hai sO mdi
2

va
NN
bang ludn c6 ba s8. Chitng minh rédng du1 ta c6 choi bao nhiéu lan di ching nita thi trén

bang khong dong thoi c6 ba s8 ——; v2; 142,

232

Bai 20. Trén bang cho 2014 s6 tw nhién tir 1 dén 2014. Thuc hién lién ti€p phép bién doi
sau: Moi 1an xo04 di hai s8 bat ky a, b c6 trén bang roi viét thém sd a+b—%ab vao bang.
Khi trén bang chi con lai diing moét s6 thi dirng lai. Tim sd con lai d6.

2 2014 2015

, L e , . Mdi Tan bién déi, x6a di hai s0 a,
2015 2015 2015 2016

Bai 21. Trén bang viét cac sO

b bat ky va thay bang s3 a+b—5ab. Héi sau 2014 lan thuc hién phép bién d3i trén bang

con lai sO nao?
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HUONG DAN GIAI-DAP SO
CHU PE 1. CAC BAI TOAN VE UGC VA BOI
Cau 1.
Goi X la s chia, @ la thuong, ta c6 145=ax+12(x>12). Nhu vay X la wdc cua
145-12 =133
Phén tich ra thira s6 nguyén t6 : 133=7.19
Uéc ctia 133 ma lon hon 12 14 19 va 133
Néu s8 chia bang 19 thi thiwong bang 7. Néu s& chia bang 133 thi thuong bang 1, trai
vOi dé bai.
Vay s& chia bang 19, thuong bang 7.
Cau 2. Gia st s0 108 viét dudi dang tong ctia K s6 tw nhién lién ti€pla n+Ln+2,..,n+kK
véi k,neN,k>2,n+1>1 . Ta co:
(n+1)+(n+2)+..+(n+k)=108

(2n+k+1).k _108

(2n+k+1).k =216

Bai toan dua dén viéc tim cac wdc cua 216. Ta dua ra hai nhan xét sau dé giam bdt s6
treong hop phai xét:

1) 2n+k+1>k>2

2) Hiéu (2n+k+1)—k =2n+1 la sd 1é nén trong hai s6 2n+k+1va kc6 mot s6
chdn, mét sd 1é.

Do d6 ta chi can tim wdc 1é cua 216, dong thoi trong hai s 2n+k+1 va K co tich
bang 216, chon k 1a s8 nho hon.

Phan tich ra thira s6 nguyén t&: 216 = 2°.3°, U6c 1é cia 216 16n hon 114 3, 9, 27

V6i K =3thi 2n+k +1=72 ta dwoc N =34, do d6 108 =35+ 36+ 37

V6i K =9thi 2n+k+1=24 tadwoc N =7,do d6108=8+9+.....+16

Véi 2n+k +1=27 thik =8 , ta dwoc N =9, do d6108=10+11+...+17
Cau3. B¢ 3n+4in—-1<[1.3n+4)-3.(n-1)] in—-1<7in—lhayn-1 € U®)
n—-1=1
“lho1=7"

Vay véin=2hoac n=8thi3n+4: n-1

Caud.DEa+11abdicuaa-1nén thi 21 13 s8 nguyen L _14 2
a-1 a-1 a-1
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=a-1€UQ2)={1,1,2}
=>a =1{0,2,3} (thoa man a € N)
Caub5. Taco4n-5=2(2n-1)-3

Dé€ 4n - 5 chia hét cho 2n - 1 thi 3 chia hét cho 2n -1

Véi2n-1=1=>n=1
Véi2n-1=3=>n=2

Vayn=1;2

Cau 6. Taco 5+n°-2n =5+n(n-2)
= 51n2-2ni(n-2)khi5:(n-2)
—>n-2€U®B)={-5-1,1,5)
=>ne€e{-3,1,3,7}

Cau7. n+4in+2=n(n+2)-2(n+2)+8:n+2=28in+2.

Tim dwoc: n=0, 2; 6.

n+1

Céu 8.Taco ;5 lasdnguyén khi (n+1)in-2

Tacé: n+1=[(n-2)+3]

Vay (n+1)in-2 khi 3:n-2=>n-2eU(3) = {+1;+3} = ne{-113;5}

Cau 9. Goi s0 phai tim 1a abc, ta c6 abc +1001+10n +n = abc.n Suy ra abcin.
Dat abc =nk (k €N) thi nk +111n = nkn.

Chia hai v&€ cho n#0 ta dwoc k+111=nk titcla 111=k(n-1). Nhu vay k va n-11a

wdc cua 111.

Bai toan c6 4 dap so:

k n-1 n abc
1 111 112 112
3 37 38 114
37 3 4 148
111 1 2 222

Cau 10.

S8 264 chia cho @ dw 24 nén a la wdc cua 264 —24 =240,a> 24
S8 363 chia cho @ dw 43 nén a la tc cua 363—-43=320, a > 43

Do a la wdc chung cua 240 va 320, dong thoi a > 43 .
UCLN (240,320) =80 wéc chung 1én hon 43 1a 80.
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Vay a =80

Cau 11. Ta thay : 398-38=360:a; a > 38.

450-18=432:a; a >18.

Vay a la udc chung ctia 360 va 420, dong thoi a > 38.

Phan tich ra thita s6 nguyén t3: 360 = 2°.3%5; 432 = 2°.3%.

UCLN(360,432)=2°3" =72.

Uéc chung cua 360 va 432 ma lén hon 38 1a 72.

Vay a=72.

Cau 12. S6 hoc sinh 1a wéc chung cua 100 -4 =96 va 90-18 =72, dong thoi 16n hon 18.

Tim dwoc: 24 hoc sinh.

Cau 13. 5§ phan thuong 16n nhat 1a UCLN(128,48,192) .

Dip s6° Chia duoc nhiéu nhat thanh 16 phan thuéng, moi phan gom 8 vé, 3 but chi, 12

nhan vo.

Cau14. a=3m+2(me N)= 2a=6m+4, chiacho3du1
a=5n+3(neN)=2a=10n+6 chiacho5du1
a=7p+4(peN)=2a=14p+8, chiacho7du1l
Do d6: 2a—1e€ BC(3,5,7) . D& a nho nhat thi 2a—1 1a BCNN(3,5, 7)
BCNN(3,5,7) =1
2a-1=105
2a=106
a=53

Cau 15. Chiéu dai ngan nhat ctia duong chay tinh bang mét la BCNN(330,75) =1650

gom 1650:75 =22 chang.

Cau 16. Goi s6 phai tim la n.

n+9eBC(17,25). T d6 b =425k —9.

Dip s6: 416 va 841.

Cau17. n+1:8=n+1+64:8=n+65:8 (1).

n+3:31=n+3+62:31= n+65:31 (2).
Tir (1) va (2): n+65:BCNN(8,31)

— n+65:248

= n=248k-65(keN’).

Véi k=3 thi n=679;

Véi k =4 thi n=927;
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Véi k=5 thi n=1175.

Dé n 1a s 16n nhat cd ba chir so, ta chon N =927.

Cau 18. Goiso sachla X thi x+10 ¢ BC(10,12,18) va 715 < x <1000.
Dip s6: x =890.

Cau 19. Goi s8 gidy méi 16p thu duoc 1a x (kg) thi x-26i11; x-25:10 do d¢
x-15¢ BC(ll,lO) ngoai ra 200 < x<300. Ta tim dwgc X =235, do d6 16p 6A ¢b 20 hoc

sinh, 16p 6B ¢4 22 hoc sinh.

Cau 20. bong ho tht nhat 1ay lai gio chinh xac khi né chay nhanh dwoc 12 gio, tic la 720

phat, nhu vay nd lai chi dang gio sau: 720:2 =360 (ngay).

Pong ho thi hai 14y lai gio chinh xac khi né chay cham dwoc 12 gio, tiée 1a 720 phat, nhuw

vay no lai chi ding gio sau: 720:3 =240 (ngay).

S8 ngay it nhat d€ ca hai dong ho cling chi gio dung la BCNN(360,240) = 720.

Ddp s0: 720 ngay.

Cau 21. a) Goi hai s& phai tim 1a ava b, ta c6: a—b=84,a=28a',b=28b" trong do
(a',b'zl),suyra a'—b'=3.

Do 300<bh<a<400 nén 11<bh'<a'<15.
Truong hop a'=15,b'=12 loai vi trdi vdi (a',b') =1.
Truong hop a'=14,b"'=11 cho a =392,b =308.

b) C6 vo s8 dap s6: a=12a',b=12b"' véi a'=2n+5,b'=2n+1(n eN)

Cau 22.

Goi hai s6 tw nhién can tim la a va b, ta co:

a
Vi UCLN( a; b) =36 nén {b

% va (aib1) =1, Ma:

a+b = 432 => 363, +36b, =432 =>36(a, +b,) = 432 Nén a, +b, =12 Ma (arbi) =1 Nén

ta c6 bang sau:

a, 1 |5 |7 |11
a 36 | 180 |252 | 396
b, 11 (7 |5 |1

b 396 | 252 | 180 |36

Vay céc cdp s0 ty nhién (a; b) can tim la : (36 ; 396), (180 ; 252), (252 ; 180), va (396 ; 36)

Cau 23. Goi hai sO tw nhién can tim la a va b, ta co:
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a==6
Vi UCLN( a; b) = 6 nén {b ) 6211 va (arbi) =1, Ma:

ab =864 => 6a,.6b, =864 =>36.a,b, =864 Nén ab, =24 Ma (arbi) =1 Nén ta c bing

Sau:

a, 1 (3 |8 |24
a 6 |18 |48 |144
b, 24 |8 |3 |1
b 144 (48 |18 |6

Cau 24. Goid = UCLN( 14n +3; 2In+4) =>d eN"

Khi ddtacéd:
: 3(14n+3):d :
14n+3.'d => ( ) => 42n+9:d => (42n+9)—(42n+8):d =>1id
21n+4:d 2(21n+4):d 42n+8:d

Vay hai s6 14n + 3 va 21n + 4 la hai s6 nguyén td cung nhau

Cau 25.Goid =UCLN(2n+1;6n+5),=>d eN"

Khi d6 ta co :

2n +1: 3(2n+1):d :

nelid _ JS(an+1)id_ [6neSid o6 (6n+3)id = 2id = d €U (2) = {1:2]
6n+5:d 6n+5:d 6n+5:d

Do2n+1:d, ma2n+1 laila s6 lé nén d=2 loai, do d6 d=1
Vay hai s6 14n + 3 va 21n + 4 la hai s6 nguyén td cung nhau
Céau 26. Goi s6 phai tim x, thi [14,x]=770.
Tacé: 770=x.k (ke N),770=14.55, (k,55)=1, do d6 k 1a wéc cta 14.
Vay k bang: 1,2,7,14, tuong ting xbang 770,385,110,55.
Cau 27.a) Goi d eUC(b,b—a) thi a—b:d,b:id, dodé a:d.Tacé (a,b)=1nén d =1.
b) Gia st @’ +b® va ab cung chia hét cho s6 nguyén t& d thi vo Ii.
Cau 28. Gia sv ab va ¢ cung chia hét cho sd nguyén td d thi vo 1.
Cau29.a) 4n-5 :13
= 4n-5+13 : 13
=4n+8 : 13
=4(n+2) :13
Do (4,13) =1lnén n+2 : 13

Dip s6: =13k -2(k e N").
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b) Ddp s6': n =7k —3(k € N*)

c) (25n+3) : 53=(25n+3-53) : 53.

bip so: n=53k +2(k e N)

Cau 30.

a) nkhong chia hét cho 3.

b) n 1a s6 chan.

c) n lasole.

d) Gia s 18n+3va 21n+7 cung chia hét cho s6 nguyén td d thi

6(21n+7)-7(18n+3) :d=21:4d .

Vay d €{3;7} .

Hién nhién d #3 vi 21n+7 khong chia hét cho 3. Nhu vy (18n+3,2In+7) =1

< (18n+3) : 7(con 21n+7 ludn chia hét cho 7)

< (18n+3-21) : 7 <=18(n-1) : 7<= (n-1) : 7.

Vay néu n# 7k +1(k eN) thi (18n+3,2In+7)=1.

Cau 31. Bai toan khong yéu cau tim moi gia tri cia N ma chi can chi ra vo s6 gid tri cta N
dé (n+5n+72)=1.Do d6 ngoai cach giai nhw ¢ bai trén, c6 thé giai nhu sau:

Goi d e UC (n+5,n+72) thi 57 : d. Do (n+15) :d , 57 : d nén néu ton tai N sao cho
n+15=57k +1 thi d =1. Néu ta chon n=57k-14 (k=1,2,3,...) thi (n+15,n+72)=1, 15
rang c6 vO sO gia tri caa N .

Cau 32.a) UCLN(a+b,a—b) bang 2néu a va b ciing 1¢, bang 1 néu trong @ va bcé mot
s8 chan va mot sd 1é.

b) 1 hoac 29.

Cau 33.
a)Goi a=da', b=db’, (a',b")=1. Ta co:

[a,b]:%bzda'b'. Theo dé bai, ta cé:da'b'+d =55 hay d(a'b+d)=55. Nhu vay

a'b'+1 1a wdc cua 55, mat khac a'b'+1> 2.

Ta ¢6 [an luot

d a'b'+1 | a'b’ a' | b a b
11 5 4=22 1 4 11 44
1 10 5 50
5 11 10=25
2 5 10 25

TU SACH CAP 21 238



BOI DUONG HOC SINH GIOI CAP 2 |

1 54 1 54

1 55 54=233
2 27 2 27

b) Giai tuong tu cau a) ta duoc: d(a'h'-1)=5. Tt 46:

d a'b-1|a'b" |a' b' a b
6 1 6 1
1 5 6
3 2 3 2
5 1 2 2 1 10 5

c) Co 6 cap sO (1, 36), (4,9), (5, 40), (7, 42), (14, 21), (35, 70).

Cau 34.a) 1;b) 1111

Cau 35.

Dat A:[n,n+1]vé1 B =[A,n+2] .Ap dung tinh chat [a,b,c] =[[a,b],c] ,ta cod
B=[n,n+1n+2].

Dé thay (n,n+1)=1,suyra [n,n+1]=n(n+1). (do [a,b].(a,b)=ab)
n(n+1)(n+2)
(n(n+1),n+2)

Lai dp dung tinh chit [a;b] =22 thé thi [n,n+1n+2] =

(a;b)
Goi d =(n(n+1),n+2). Do (n+1,n+2)=1nén d =(n,n+2)=(n,2)
Xét hai treong hop:
n(n+1)(n+2)
2

-Néunléthid=1,suyra [n,n+1Ln+2]=n(n+1)(n+2).

-Néunchinthid=2, suy ra [n,n+1,n+2]:

Cau 36. Goi d 1a mot wdc chung cua 3n+4va 5n+1 (d e N*)
Ta c6 3n+4idva 5n+1idnén 5(3n+4)-3(5n+1)id <17:d =d e {1;17}
D€ 3n+4 va 5n+1 cé wéc chung 1én hon 1, ta phai cé 3n+4:17
hay 3(n—10)§17mé UCLN (3 X 17):1 nén (n—10)217
n-10=17k (keN).VineN, n<30=-10<n-10<20 nén ke{0; 1}.
V6i k=0=>n=10, khi d6 3.10+ 417 va 5.10+1:17 (thoa man)
Véi k =1= n=27 , khi d6 3.27+4:17 va 5.27 +1:17 (thda man)
Vay ne{10; 27}.

Cau 37. pe 2N+l
n+2

o gia tri la s6 nguyén thi 2n+1:n+2 (1)

Vin+2in+2 nén 2(n+2)in+2 (2)
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Tie (1) va (2) [2(n+2)—(2n+1)]in+2

=3:n+2

Vin+2 nguyénnén n+2e {—1; -3:1; 3} =ne {—3; -5: —1;1}

Vay v6i = ne{-3,-5;-11} thi phan s§ CILE SPgR nguyen.

n+2
Cau 38. Gia st sau a phut (k€ tt Itic 6h) thi 3 xe lai cung xudt phat tai bén Ian thit 2.
Lap luan dé€'suy ra a la BCNN (75,60,50).
Tim dugc BCNN(75,60,50) =300 (phut) =5 gio.
Sau 5h thi 3 xe lai cung xudt phat, lac d6 la 11h cung ngay.
2n+1:d

. =6n+5-3(2n+1)id =2:d=d e {12}
6n+5:d

Cau 39. Gia st d €UCLN (2n+1,6n+5) = {

Vi n la s8 nguyén duong nén 2n+1/2=d #2 = d=1

Vay vdi moi s6 nguyén duong n thi phan sd ludn tdi gian.

6n+5

6n+5

Cau 40. Cho phanso: P =
3n+2

(neN).

a) Chting to rang phan s3 P 1a phan s t6i gian.

Goi d =UC(6n+5,3n+2) (véi deN")

=6n+5:d va3n+2:d

= (6n+5)—(3n+2).2:d=lid=>d=1

Vay phan sd P la phan s6 t6i gian.

b) Véi gia tri nao ctia n thi phan s6 P ¢6 gia tri 16n nhat?
6n+5 _ 2(3n+2)+1:2+ 1
3n+2 3n+2 3n+2

Taco: P=

SE:PSE
2

2

1
<

VoineN thi 3n+2>2= — o
3n+2 2 3n+2

Ddu “=" xay ra <n=0
’ 7 .7 s 17 A~ M 5
Vay n=0 thi phan sd P c6 gia tri 16n nhat bang 3

a=d.a

Cau 41. Goi UCLN (a;b)=d => {b _dh, (a;b)=1

Ma:a+2b=48=>da, +2db, =48=>d(a, +2b )=48=>d eU (48) (1)
Ta lai c6: 3.BCNN(a; b) + UCLN(a; b) = 114
=>d+3.a,b.d =114 => d (1+3a,b,) =114 => d €U (114) )

T (1) va (2) => d eUC(48;114) = {1;2;3; 6}
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Ma: d(1+3a.b)=114=338=>d:3=>d =3 hojcd =6

THI:d-3—> (2 +20=16 _ Ja+2b =16
1+3a,b =38 |3a.b =37

TH2 : d =g 2 t20=8 _ [a+2b=8_  [a=2=>a=12
1+32,b, =19 (&b =6 b,=3=>b=18

Vaya=12vab=18
Cau 42. bdt (11a +2b, 18a + 5b) =d

55a+10b:d )
= —=19a:d

36a+10b:d

19b:d

.~ |198a+36b:d
Va J—
198a +55b:d

19a:d :
Do dé . =19:d (vi(a,b)=1)
19b:d

Vay d e {1;9}
Cau 43. Ta co

(a,b)=(a,a+b)
=(a+a+b,a+h)=(2a+h,a+b)
=(2a+b,3a+2b)=(5a+3b,3a+2b)
= (5a+3b,2(5a +3b)+3a+2b)
=(5a+3b,13a+8b)

A o o (ab+bc+ca)ip
Cau 44. Gia st ton tai sO nguyén t0 p sao cho

abc:p

a:p
Tt abc:p=| b:p
c:p

b:
Giastr a:p=>ab+ac:p=> bcfszzs

Diéu nay mau thuan véi (a, b) = 1 hoéc (a, c) = 1.
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Cau 45.Ta c6 (a+h,a’ —ab+b2)=(a+b,(a+b)2 -(a’ —ab+b2)):(a+b,3ab)

Do (a,b)=1nén (a+b, ab)=1

Vi vay (a+b,a2 —ab+bz):(a+b,3ab):(a+b,3):>d e{L3}

*Xétd=1
a+b=8
Khi do ZLbzzi@ <:>3ab:—9
a’—ab+b* 73 a’—ab+b*=73
biéu nay khong xay ravi a,be N
*Xétd=3
a+b=24 a;b)=(17;7
Khi d6 ZLbZ=£<:> , , S 3ab=-9< ( ) ( )
a’—ab+b*> 73 a’—ab+b*=219 =(7;17)

Thit lai ta droc hai cip s6 trén thoa man dieu kién bai toan,
Cau 46.Pat d=(2" +1, 2" +1)=d le.
Ta 6
R
(27 +2)(2 +2)(2 )
(27" +1)(27 +1).. (27 +1)(2" -1)id
(

Dodo(22 +1) 2 1) 2:d=d=1(vid1é)

Vay (27 +1, 27 +1)=1

Cau 47. Dat d = (m, n). Khi d6 ton tai cac s6 tw nhién r, s sao cho rn - sm =d.
Pat d, =(2" -1, 2"-1)=d, le.

Ta co:

2" —1:2° -1 (vi nid)

2" ~1:2" -1 (vi mid)
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Do d6 d,:2° -1

2" ~1id, = 2" ~1id,

m _o9sm _ asm(am-sm 4\ _ osm(nd _ d
AT IEC RN Bt (277 ) =20 (22

Mat khac: {

Ma (2,d,)=1=2"-1id,
Tt ddsuyra d, =2° -1
Vay (2" -1, 2"-1)=2"" -1

Cau48.Gidsr a<hb

Do UCLN (a, b) =15 = {a =M <), (mn)=1,
b=15.n

Khi &6 BCNN(a; b) = 15.m.n.

Do do:
UCLN(a; b).BCNN(a; b) = (15.m.n).15 = (15m).(15n) =ab = ab =300.15 = 4500
mn =20
=15m.15n = 4500 = {
m<n
Ta c6 bang:

m n a b
1 20 15 300
4 5 60 75

Vay cac cdp s0 (a; b) can tim la : (15 ;60), (300 ; 75) va dao nguoc lai.
Cau49.Giastr d =(a,a+2)=d|avad|a+2=d|a+2—-a=d =1hodcd=2.

Voéialéthi(a, a+2)=1.

Vi a chan thi (a, a +2) =2.
Cau50.Gias d |(1+a+..+a"") vad|(a—1)suyra:
d |(a”"1 —1)+(a""2 —1)+...+(a—l)+m:> d|m.

Vay d|mvad|a-1.
Nguoc lai, néu d |[ava d |a—1thi d(mm’1+...+a+1)

Vay (1+a+..+a"*,a-1)=(m,a-1)

243 | CHUYEN DE SO HOC




| DAP AN CHU PE 1: CAC BAI TOAN VE UGC VA BOI

Cau51. Giastr d|a,b|d,c|d thidle.

Taco a+bidva a+bhi2= a+bi2d(do (2,d)=1)= 2+L:q.

Tuong tu: bJZrCEd va C;d :d

a+b b+c c+a

Vay d la wdc cua , ,
2 2 2

C oo o a+b b+c c+a .o o a+b a+c b+c
Nguoc lai, gid st d 1a wdc ctia , , thi d 1a woc cua + — =

2 2 2 2 2

Tuong te d |bva d |c.

Vay: (a+b b+c c+a

1 b = ’b, -
2 ' 2 ' 2 j (a.b.c)
Cau 52.

Giastt d =(a,,8,,...,8, ),/khi dd a +a, +...+a,, =999:d, suy ra d la woc cta
999 = 3°.37

Vidl|a,(k=12,..,49)nén a, >d,vk =999 =a, +a, +...+a,, >49d

=d< % < 21.Vay d chi ¢ thé nhéan cac gid tri 1,3, 9.

Gid tri d 16n nhat bang 9 khi a, =a, =...=a,, =9;a,, =567 (vi 9.48+567 =999)

Cau53.Giasx d = (11a+ 2b,18a+5b), khi d6 d |18a+5b va d |1la+2b, suy ra
d |11(18a+5b)—18(11a+ Zb) =19b = d |19 hoéac d | b.

- Néu d [bthi tir d |5(11a+2b)-3(18a+5b)=a—-5b=d |a=d|(ab)=1=d =1.
-Néu d |19 thid =1 hoacd = 19.
Vay (11a +2b, 18a + 5b) bang 1 hodc bang 19.

Cau 54. Gia st d :(m+n,m2 +n2) khidé d |m+n va d|m*+n®suyra

d |(m+n)2 —(m2 —nz):Zmn.

dim+nvad|2mnsuyra d|2m(m+n)-2mn=2m? va d|2n(m+n)-2mn=2n’.

Do d6 d|(2m?,2n*)=2(m*,n*)=2=d =1hogcd =2.
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Néu m, n cung 1é thid =2.
Néu m, n khac tinh chdn 1é thid = 1.
Cau 55. a) Gia siv d =(21n+4,14n+3), khi d6 d | 21n+4 va d |14n+3 suy ra

d|2(21n+4) va d|3(14n+3)=d [3(14n+3)-2(2In+4)=1=d =1.

21In+4
14n+3

Vay la phan s6 t6i gian.

b) Gia st d =(2n+1,2n2+2n) suyra d]2n’*+2n-n(2n+1)=n.

Ted|2n+1lvad|nsuyrad|2n+1-2n=1=d =1.

2n+1 o
4y —— = 1a phan s6 t5i gian.
2n° +2n

18n+3 _3(6n+1)

Cau 56. a) Ta co: =
2In+7  7(3n+1)

.Ma (3,7)=(3,3n+1)=(6n+13n+1) =1nén d& 12

phan s& 18n+3 t6i gian ta phai c6 (6n+1,7)=1.

Mat khac,én+1=7n-(n-1), do d6:

(6n+17)=1.<(n-17)=1<n=7k+1l(keZ).

18n+3

Vay, v6in chia cho 7 khong du 1 thi
2In+7

la phan s6 t6i gian.

nt3_p M igian o (n+7.10) =l n21k-7(keZ),

b) Ta c6
n+7 n+7

Cau 57. Khong mdt tinh tong quat ta c6 thé gia st a <D.
Vi (a,b)=16 nén a=16a,,b=16b, véi (a,,b, ) =1.
T a+b=128 suyra 16(a, +b ) =128 < a +b =8 . Véidiu kién a, <bva (a,,b)=1ta

c6 8, =1,b,8 hodc a, =3,b, =5. T d6 ta c6 a=16,b =112 hodc a = 48,b =80.

Ciu 58. Ta c ab+ba=10a+b+10b+a=11(a+b);33=11.3. Vi (a + b) khong chia hét
cho 3 nén (ab+ba,33) =11

Cau 59. SO c6 3 chir s6 tan cung la 136 chia hét cho 8 nén c6 it nhat 4 wéc s6 dwong la 1, 2,
4, 8.
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Cau60. d|a,d|b thi d|ma+nb,d|ka+Ib;

d [ma+nb,d |ka+Ib thi d |[k(ma+nb)—-m(ka+Ilb)=+b=d|b.

Twong tu: d | a.

Céu 61. Ta c6 123456798 — 123456789 = 9 nén UCLN phai tim chi c6 thé'1a 1, 3 hodc 9, ma
tat ca cdc s6 da cho déu chia hét cho 9 nén UCLN phai tim 1a 9.

Cau 62.
d|a(2a+h)-(a’+ab)=a’

=d|(a’,b*)=1=d =1
d|b(2a+b)-2(a”+ab)=b*-2a

d =(2a—b,a2 +ab):>

Cau 63.

a)d =(12n+1,30n+2) = d |5(12n+1)-2(30n+2) =1=d =1

12n+1
Vaw opan <5
PR Son 12

la phan s t6i gian.
b)d = (15n” +8n+6,30n° + 21 +13) = d | 2(15n" +8n+6)—(30n° + 2In+13) =1=d | 5n+1
= d|3n(5n+1)—(15n* +8n+6)=>d|5n+6=d |(5n+6)—(5n+1)=d |5

{d|5n+6

=d|l=d=1
d|5

. . . 15n°+8n+6
Vay phan so 5
30n° +21n+13

la phan s6 t6i gian.

1314 13 igian (15.0-2)=1.
n-2 n-2

Cau 64.

Do d6 n - 2 khong chia hét cho 3 va 5.

. ,n+1
Do dé dé phan s 13

toi gian thi n# 3k +2,n # 5l + 2

Cau 65. Chitng minh n 1é 1a khong chia hét cho 3.

ke
k+(n+2)
gian < (n+2,k)=1<:> N+ 2 nguyén t6 cung nhau vdi 7,8,...,31va n+ 2 nho nhat

k+(n+2):1+n+2 i

K K

Cau 66. Cac so da cho c6 dang (k = 7,8,..,31) .Ma

< Nn+2=37<n=35.
Cau 67. a)a=6,b=60hodca=12,b=30 (a<b);
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b) Cac cap s0 (a, b) v6i a <bcan tim la (1; 54),(2; 27),(5; 50),(10; 25)vé1 (11; 44)
Cau 68. n+1i[2,3,4,5,6,7,8,9] =5.7.8.9 = 2520. Vay n = 2519.

Cau 69. Ta c6: N =ab(ab+1)(2ab+1) chia hét cho cacsd: 1;a
;b(ab+1)(2ab+1);b;a(ab+1)(2ab+1);ab+1;ab(2ab+1);2ab+1 ;
ab(ab+1); N ;ab;(ab+1)(2ab+1) ;b(ab+1);a(2ab+1) ;a(ab+1); b(2ab+1) c6 16 wdce
duwong Nén dé€ N chi c¢6 dang 16 wéc dwong thi a; b; ab+1; 2ab+1 la sd nguyén t6 . Do
a, b>1l=ab+1>2
Néu a;b cung 1é thi ab+1 chia hét cho 2 nén 1a hop s0 (v6 ly). Do d6 khong mat tinh tong
quat, giastt a chdn b lé = a=2.
Ta cling c6 néu b khong chia hét cho 3 thi 2ab+1=4b+1 va ab+1=2b+1 chia hét cho 3
la hop s6 (vo ly)= b =3.

Vay a=2; b=3.
Cau70. Dat A= p® — pq+29°vaB=2p° + pq+0g°. Xét cac treong hop:
+) p=( =2, khong thoa man.
+) p=2,02>3, khidd
(AB)=(4-2q+2¢*,8+2q+q")

=(2-q+9°,8+2p+q°)  (vi8+2p+q’i2)

=(6+3q,8+29+q%)

=(2+09,8+(2+0)q), (vi8+2p+0q*i3)

=d.

Suyra d léva d|8.Dodé d=1.

+)q=2,p =3, khidd
(A.B)=(p*-2p+8,2p*+2p+4)

=(p*-2p+8,p*+ p+2), (vi p’-2p+8:2)
(3p-6,p° +p+2)

p—2,p*+p+2), (vi p?+p+2i3)
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Suyra d|4p, d1éva d < p.Dodé d=1.
+) p,q>3,.Vi p,q déulasGlénén p+q va p—q lacacsd chén. Suy ra
A=p(p-q)+29°i2 va B=2p® +q(q+ p):2.Vay A va B khong nguyén t3 ciing nhau.
Tom lai: p=2,0423, qnguyéntd hodc q=2,p=3, p nguyén to.
Cau 71. Goi (a+b,a* +b*)=d = a+bid va a’+b’id

—a’+2ab+b*id = 2abid vi (a,b)=1
= (ab,a+b)=1=(2ab,a+b)=(2,a+b)
= d la wdc sd ctia (2ab,a+b):>d 1a wéc sb clia (2,a+b)

=d lauwdcsdcua2 = d=1hodcd=2.

. a+b=7 a+b=7 a=3 _ [a=4
Néu d =1= = = hodc )
a®+b*=25 |ab=12 b=4 b=3
) a+b=14
Neud=2=¢ , | vO nghiém.
a“+b°=50

Tém lai (a, b) = (3,4),(4,3)

Cau 72. Dit A=m+n va B=m®+n”. Goi d 1a wéc chung 16n nhat ctia A vaB vdi d>1.
Khi d6 ta 6 Aid;Bid hay ta dwgc m+nid;m*+n*id.

Talaicé A>-B= (m+n)2 —(m2 +n2) =2mn. Ma (A2 —B)Ed nén suy ra 2mn:d.

Laicd m+n:d nén 2n(m+n)§d = 2mn+2n°:d

Két hop voi 2mnid ta dugc 2n’id . Hoan toan tuong tw ta ching minh dwge 2m?id.
Theo bai ra thi m va n nguyén t& cing nhau nén m va n khéng cting tinh chan. Ta xét cac
treong hop sau:

e Trueong hop 1: Trong hai s8 m va n cé mot s6 chdn va mot s8 16, khi d6 m+n la sd 1é
nén tit m+n chia hét cho d ta suy ra dwoc d 1a s8 1é. Ttr d6 ta dwge m* va n’ cling chia
hé cho d. Ma ta lai c6 m va n nguyén td cung nhaunénsuy ra d=1.

e Trueong hop 2: Ca hai s6 m va n déu 1a s6 1¢, khi d6 ttr m +n 1a s& chdn nén ttr m +n
chia hét cho d véi d 16n nhat ta suy ra duoc d 1a s6 chan.

Pit d=2d", khi d6 tir 2m?:d va 2n?:d ta dwgc m?:d' va n?:d’'.
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Do m va n nguyén t6 cung nhau nén suy ra d'=1, do d6 d =2.
Vay ta co hai két qua nhu sau:
+ Néu trong hai s6 m va n cé mot sd chdn va mot s6 1é thi (m +n, m? +n2) =1
+Néu ca hai s m van ciing 1é thi (m+n,m” +n*)=2.

Céau 73. Gia sir cac s6 nguyén duong a, b théa man yéu cau bai toan, khi d6 ta co
(4a+1,4b-1)=1 va 16ab+1i(a+b).

Taco (4a+1)(4b+1)=16ab+1+4(a+b)i(a+b).

Laic6 4a+1+4b—-1=4(a+b)i(a+b). Ma (4a+1,4b-1)=1.

Néu ca hai s6 4a+1 va a+b cung chia hét cho mot s6 nguyén t6 p nao do, thi ti

4a+1+4b-1 chia hét cho (a+b) ta suy ra duoc 4b—1ip, diéu nay méu thudn véi gia
thiét (4a+1,4b-1)=1. T d6suy ra (4a+La+b)=1.

Taco (4a+1)(4b+1)i(a+b) va (4a+1a+b)=1 nénsuyra 4b+1i(a+b).

Nguoc lai gia str a, b 1a cac s6 nguyén duong thoa man 4b+1i(a+b)

Khi d6 tir (4a+1)(4b+1)i(a+b) ta suy duoc 16abi(a+b).

Néu hai s6 4a+1 va 4b—1 cung chia hét cho p thi p la s6 nguyén t5 lé.

Ta lai co 4a+1+4b—1:4(a+b)3(a+b), suy ra 4b+1:p.

Do d6 ta dugc 4b+1-(4b—1)=2ip, diéu nay mau thuan véi p la s& nguyén t& 1é.

Tir d6 ta dwoc (4a+1,4b-1)=1.

Nhu vay hai s6 nguyén duong a, b thdéa man (4a +1,4b- 1) =1 va 16ab§(a + b) tuong
duwong véi hai s6 nguyén duong a, b thoa man 4b + 1E(a + b).

Chuyla 4b+1lasdléva 4b+1< 4(a+b) nén tir 4b+13(a+b) ta suy ra duoc

4b+1=a+b a=3b+1
4b+1=3(a+b)” | b=3a-1

Nhu vay cap s6 nguyén duong (a;b) la (c; 3c—1),(3c+1;c) vGi ceN .

Ciu 74. Ta c6: N =ab(ab+1)(2ab+1) chia hét cho céc sd:
1;a;b(ab+1)(2ab+1);b;a(ab+1)(2ab+1);ab+1;ab(2ab+1);2ab+1 ;
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ab(ab+1);N ;ab;(ab+1)(2ab+1) ;b(ab+1);a(2ab+1) ;a(ab+1); b(2ab+1) c6 16 udc

duwong Nén dé€ N chi c6 dang 16 wdc dwong thi a; b; ab+1; 2ab+1 14 s6 nguyén td. Do
a, b>1=ab+1>2

Néu a;b cung 1é thi ab+1 chia hét cho 2 nén la hop s6 (v6 ly). Do d6 khong mat tinh tong
quat, gid st a chdn b 1é = a=2.
Ta cling ¢ néu b khong chia hét cho 3 thi 2ab+1=4b+1 va ab+1=2b+1 chia hét cho 3
lahop s6 (voly)=b=3.

Vay a=2; b=3.
Cau 75. Goi d 1a UCLN(m, n) suy ra m®,n?,mn cting chia hét cho d?.

m+1+n+1_m2+n2+m+n

la s6 nguyén nén m? +n” +m+ N ciing chia hét cho d?.
n m mn

Do

Suy ra m + n chia hét cho d* =>m+n>d* = +vm+n >d.

Cau 76. a) Dé thdy b s6 (a,b,c)=(1,3,7) théa man dé bai

b)Dat S=a+b+c+ab+bc+ac.

Tt gia thiét suy ra S chia hét cho a,b,c.
Vi a,b,c d6i mdt khac nhau, do d6 a,b,c dong thoi la cac s6 nguyén t6 thi S:abc hay
S =kabc(k e N)
Khoéng mat tinh tdng quat, gia st a<b<cC.
Néu a=2 thi b,c déulé=b+c+Dbc 1é nén khong chia hét cho 2.
Dodé a>3 nén b>5,c>7. Tk S =kabc(k € N) suy ra
1 1 1 1

0<k =—+—+—+—+1+1<1:> ke N
ab ac bc a b c

Vay a,b,c khong thé dong thoi la cac s6 nguyén to.
Cau 77. Thay x=2n+1= A=4n(n+3)=4n(n+1+2)=4n(n+1)+8n
Cau 78. Ta can tim ab; cho biét abiab véi 1<a,b<9.

< ab=nab véinlasd tw nhién khac 0.

<10a+b=nab < 10a=b(na-1)=10ai(na-1)

Néu a=1=b(n-1)=10= c6 thé lap bang dé chon:

b 1 2 5
n-1 10 5 2
n 11 6 3
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Néu a#1=(an—-1)=1=an-1 la w6c sG cua 10.
= an-1e{1;2;5} = ane{2;3;6}
= (an-1,n)=(21),(3;1),(2:3).(3;2)
Thay (@,n) vao ta tinh dwoc b.
Ta c6: (a;b)=(2;4),(3;6)

Dap s6: ab e {11;12;15; 24;36}
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Cau 1. Ta co:

a’~a=a(a‘~1)=a(a’~1)(a*+1)=a(a+1)(a~1) (a—4) +5|
=a(a+1)(a-1)(a-2)(a+2)+5a(a+1)(a-1)

Do tich ctia s8 nguyén lién ti€p thi chia hét cho 5 va trong 5 s8 nguyén lién tiép ludn c6 ba
s8 nguyén lién tiép ma tich ctia chiing chia hét cho 6 va (6,5)=1

Suy ra a(a+1)(a—1)(a—2)(a+2):30va 5a(a+1)(a—1):30.

Vay a’—a:30

Cau 2. a) Taco:

A:n3+3n2+3n+1+2n+2:(n+1)3+2(n+1):....

:n(n+1)(n+2)+3(n+1)

Khi d6: 3(n+1):3; n(n+1)(n+2)la tich ctia 3 s6 nguyén duong lién tiép nén chia hét cho
3=>A:3

b) Taco:
a=13k+2,b=13n+3

a’+b? =(13k+2) +(13n+3)" =...=13(13k" + 4k +13n’ +4n+1)13
Cau 3. Ta cé: A= [n3 (n2-7) —36n}
=n|n(n’-7)-6][n(n’~7)+6|=n(n’~7n-6)(n’ ~7n+6)
=n(n’-n-6n-6)(n’~n-6n+6)=n| (n*~1)-6(n+1) | n(n*~1)-6(n-1)|
=n(n+1)(n’ -n-6)(n-1)(n*+n-6)=n(n+1)(n+2)(n-3)(n-1)(n-2)(n+3)
Do d6 Ala tich ctia 7 s8 nguyén lién tiép = A7 VneZ
Céu 4. Tacé: n =2k, véik las8 nguyén; n’ -28n =(2k)’ -28(2k) =8k’ - 56k
=8k(k*~7)=8k(k* -1-6)
=8k (K ~1)-48k =8k (k —1)(k+1)-48k

k(k—1)(k+1)1a tich ba s6 nguyén lién tiép nén chia hét cho 6 nén

8k (k—1)(k+1)—48k chia hét cho 48
Cau5. Tacéd: n’ —n=n(n-1)(n+1)

Vi n-Ln;n+1 laba s6 te nhién lién ti€p nén c6 mot trong ba sd d6 chia hét cho 3.

Doddénlénénncoddang n=2k+1 (keN)
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Tacod: n’ —n=n(n-1)(n+1)=(2k+1).2k.(2k+2) =4k (k+1)(2k+1)
Vikva (k +1)1a 2 s8 tu nhién lién tiép suy ra: k(k+1):2= 4k(k+1)(2k+1):8 = (n’ -n}:8
Vi 3 va 8 1a hai s§ nguyén t3 cing nhau nén két hop vdi (1);(2) suy ra
(n’-n)i24  (dpem)
Cau 6. Ta co:
n’+17n=n’-n+18n=n(n-1)(n+1)+18n
Vi n(n-1)(n+1)la tich ba s6 nguyén lién ti€p nén chia hét cho 2 va 3, (2,3)=1nén chia
hét cho 6

18n:6 , suy ra diéu phai chitng minh
Cau 7. Ta co:

Q=n3+(n+1)3+(n+2)3
=n3+(n3+3n2+3n+1)+(n3+6n2+12n+8)

=3(n’+3n’ +5n+3)

Pt C=n’+3n*+5n+3=n’+n*+2n*+2n+3n+3
=n’(n+1)+2n(n+1)+3(n+1)

=n(n+1)(n+2)+3(n+1)

Ta thdy n(n+1)(n+2)chia hét cho 3( vi tich 3 s6 tu nhién lién tiép)
Va 3(n+1):3 = Cchia hét cho 3

Nén Q =3C chia hét cho 9
Cau 8. Ta cd: 2019™ +2021°"° = (2019™ +1) + (2021 -1)

Vi (2019° +1):(2019 +1) < (2019 +1):2020. (1)
(2020 ~1):(2021-1) & (2020 -1):2020.  (2)

Tt (1) va (2) ta c6 dpem.
Cau 9.

a) Ta c6: 8° +2" =(2° )5 +2'" =2 42" =2"(2* +1) =2'.17 chia hét cho 17
b) Ta c6: 19" +69" (19 +69) < 19° +69'° 188 = 19" + 69" 144

Cau 10.

Néu n=3k(keZ) thi A=9k’+3k+2 khong chia hét cho 3.

Néu n=3k+1(keZ) thi A=9Kk*+9k+4 khong chia hét cho 3.
Néu n=3k+2(keZ) thi A=9k*+15k+8 khong chia hét cho 3.

Do d6 A khong chia hét cho 3 véi moi sO nguyén n.
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Vay A khong chia hét cho 15 v6i moi s6 nguyén n.

Caull.Tacd: n* +6n° +11n* +30n-24

=(n'+6n’ +11n*+6n)+(24n-24)=n(n’ +6n’ +11n+6)+24(n-1)

=n[(n3 +r12)+(51r12 +5n)+(6n+6)]+24(n—1):n(n+1)(n2 +5n+6)+24(n—1)
=n(n+1)(n+2)(n+3)+24(n-1)

Vin;n+1;n+2;n+3;1abdn sd ty nhién lién ti€p nén tich cua ching chia hét cho 3.
M3t khac trong 4 s8 tw nhién lién ti€p ludn ton tai 2 s6 chdn lién ti€p nén c6 mot s6 chia
hét cho 2, mot s8 chia hét cho 4 . Vay n(n+1)(n+2)(n+3) chia hét2.3.4=24va24 (n-1)
chia hét cho 24 nén n* +6n° +11n? + 30n — 24 chia hét cho 24.

Cau 12. Ta cé: 2a° +3ab+2b*:7

= 2(a? +b? —2ab) + 7ab:7 = 2(a—b)’ + 7ab:7
Do7abi7 (a,beZ)=2(a—b):7do(2,7)=1
Tt d6 ta c6a’ —b* = (a—b)(a+b):7
Vay (a°-b%):7
Cau 13. Vi n lasd tu nhién khong chia hét cho3nén n=3k +1 hodc n=3k+2 (ke Z).
-Xét n =3k +1 tac: 3" =31 =332 = (3*)" 9= 2779 =9 (mod 13)

3 =3 =343 (F) 3=2743=3.
Suyra: P=3"+3"+1=9+3+1=13=0 (mod 13).
-Xét n=3Kk+2 taco: 3" =372 = 3% 3¢ = (3*)" 81=27%*81=81=3 (mod 13)
3 =32 =343 = () 9=27"9=0.

Suy ra: P =3"4+3"+1=3+9+1=13=0 (mod 13)

Vay, véi n 1a s8 ty nhién khong chia hét cho 3 thi P =3"" +3" +1 chia hét cho 13.
Cau 14. Xétz la s6 nguyén duong, ta thay

x* =x=x(x=1)(x+1)(x*+1)16 (1) (vi chita tich ciia ba s3 nguyén lién tiép)
Véi x=5q (qeZ,) thi xX’-x}5

Véi x=5q+1(qeZ,) thi xX’-xi5

Véi x=5q+2(qeZ,) thi x’-xi5

Suy ra x’—x:5(2) ma (5,6)=1 (3)

Tt (1), (2), (3) suy ra x’ —x : 30
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Xét hiéu Q—P:(af—al)-l-(a; —a2)+(a§—a3)+...+(a5 azow)

o

Vix’—-x:30nén Q-P:30

Ma theo bai ra P:30 nén Q :30

Cau 15. Viala s6 ty nhién chdn nén a=2k (k € N)

Dodé M = £+£+&:k—3+k—z K

24 § 12 3 2 6
:2k3+3k2+k=k(k+1)(2k+1)
6 6
Taco: k(k+1)i2 = k(k+1)(2k+1):2

Ta can ching minh k(k+1)(2k+1):3
+Néuk=3n (véin € N) thi k(k+1)(2k+1):3
+Néuk=3n+1 (véin e N) thi 2k+1:3
+Néuk=3n+2(véin € N) thi k+1:3
Nhu vay ¥ k € N ta c6 k(k+1)(2k+1)ludn chia hét cho 2 va cho 3. Ma (2,3) =1 =
k(k+1)(2k+1)i6
Vay A co6 gia tri nguyén.
Cau16. Véin=0tacé A(0)=19 : 19
Gia st A chia hét cho 19 v6in =k nghiala: A(k)=7.5" +12.6*:19
Ta phai chttng minh A chia hét cho 19 v6in =k + 1 nghia la phai chitng minh:
A(k+1)=7.51 £12,61:119
Taco: A(k+1)=75"" +12.6":19
7.5°5* +12.6".6

=7.5%6+7.5"19+12.6"6
=8.A(k)+7.5°.19:19

Vay theo nguyén ly quy nap thi A = 7.5+ 12.6" chia hét cho 19 véi moi sd ty nhién n
Cau 17. Ta co:
52 4+26.5" +8°"! =25.5" +26.5" +8.8°"
=5"(59-8)+8.64" =59.5" +8(64" —5"
59.5"159 va 8.(64" —5" )(64—5) =59
Vay 5% +26.5" +8"159
Cau 18. Dé thdy a’—a=a(a—1)(a+1)la tich ctia 3 s& tw nhién lién ti€p nén chia hét cho 3
Xét hiéu:
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— (53 _ 3 _ 3 _
—(a1 al)Jr(a2 a2)+ ...... +(azm6 a2016)

Cac hiéu trén chia hét cho 3, do vay A chia hét cho 3

Cau19. a)Goi2sd phaitimla ava b, tacd a+bchia hét cho 3

Ta co: a° +b° :(a+b)(a2—ab+b2):(a+b)[(a+b)2—3ab}

Vi a+bchia hét cho 3nén (a+b) —3ab chia hét cho 3.

Do vay, (a+b)[(a+b)2 —3ab} chia hét cho 9

b) n5+1§<n3+1)<:>(n5+n2—n2+1)3(n3+1)

@nz(n3+1)—(n2—1)f(n3+1)

@(n—l)(n+l)f(n+l)(n2—n+1)

on-1lin-n+1

=n(n-1)in*-n+1

Hay nz—nfnz—n+1:>(n2—n+1)—1§(n2—n+1)
=1in*-n+1

Xét hai treong hop:

) ) n=0
+)n"-n+l=1on" -n=0&
n=1
+) n’—n+1=-1<n’-n+2=0,khdng co gia tri ctia n théa man
Cau 20. Tir gia thiét ta c6
a2+b2+2ab—c2=2ab<:>(a+b)2—c2=2abc>(a+b+c)(a+b—c):2ab *).
Néu a 18, b chdn thisuy ra ¢ 1é dan téi a+b—c chan.

Néu a, b 1é thi ¢ chdn suy ra a+b-c chan.
Néu a, b cling chdn thi ¢ chadn suy ra a+b—c chan.
Nhu vy trong moi truong hop ta ludn cd a+b—c chadn = a+b-c=2k (keZ).

Tte (*) ta cling suy ra 2k (a+b+c)=2ab < k(a+b+c)=ab < abia+b+c.
Cau2l. Taco: F=n®+4n?-20n-48=(n-4)(n + 2)(n + 6).
Thtt v6i n =1; 2; 3 thi F déu khong chia hét cho 125.
Thtt v6i n =4 thi F = 0 chia hét cho 125.
Vay s6 nguyén duong bé nhat can tim la: n = 4.
Céu 22. Theo deé bai c6: a+b” =k(a’b—1)(keN’)
<:>a+k:b(ka2—b)<:>a+k:mb (1)
Véi ka’-b=m(meN')=m+b=ka’ (2)
Tir (1) va (2) 6 (m=1)(b-1)=mb b -m + 1
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—a+k-ka2+1=(a+1)(k+1-ka) (3)
Vim >0 theo (1) nén (m - 1)(b—1) = 0. Tix (3)
=>k+1-ka20=>k+12>2ka=>12k(a-1)
:{k(a—1)=0:{ a=1
k(a-1)=1 a=2,k=1
*Néua=1tr (3)=>(m-1)(b-1)=2=>b=2hoscb=3
=>(a; b) =(1;2) va (1; 3)
*Néua=2k=1=>(m-1)(b-1)=0
Khim=1t& (1) =>(a; b) = (2; 3)
Khib=1=>(a;b)=(2; 1)
Thir lai ta c6 dép s8 (a,b) = (1,2),(1,3), (2,3),(2,1)
Cau 23. - Xét phép chia ctia xy cho 3
Néu xy khong chia hét cho 3 thi
{x = +1(mod3)
y =+1(mod3)

G
-0

=2"=x"+y*=2 (mod3) (Voli

+1(mod3)
+1(mod3)

Vay xy chia hét cho 3 (1)
- Xét phép chia ctia xy cho 4
Néu xy khong chia hét cho 4 thi
=+
THL 1 +1(mod 4)
y = +1(mod 4)
x*> =1(mod 4)
=
y? =1(mod 4)
=z’ =x"+y’ =2(mod4) (vdli)
TH2: Trong hai s6 x,y mot s6 chia 4 du 2, mét s6 chia 4 du 1 hodc -1. Khong mat tinh tong
quat gia st
x =x1(mod 4)
y =2(mod 4)
x*> =1(mod 8)
—
y? =4(mod 8)
=z’ =x"+y’ =5(mod8) (vo )

- Vay xy chia hét cho 4 (2)
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- Tt (1) va (2): Vay xy chia hét cho 12
Cau 24. Ta co

B =1.2.3.....n.[1+%+%+...+1J (*) 1a s0 tw nhién. That vay:

n
Véin=1 thi B=1eN suy ra (*) dung.
Véi n=2 thi B=3€eN suy ra (*) dung.

<3ém4ﬂdmngn=kﬁgmamB=LzawK@+%+%+m+1

Can chiing minh (*) dting khi n=k +1, nghia la

B=123...(k+1). 1+£+l+...+L eN.
273 7 (k+1)
Ta co: B:1.2.3.....(k+1). 1+£+l+...+ 1
2 3 (k+1)

k
Co<k+1leN = BeN.
1.23...keN

1.2.3.....(1+£+£+...+1j eN
2 3

Vay 1.2.3.....n.(1+%+%+...+£j la s6 tw nhién.
n

:1.2.3.....(1+1+l+...+lj(k +1)+1.2.3.....k
2 3 k

Suy ra, véi n=2k thi 1.2.3....2k l+£+1+...+i val23..k 1+l+l+...+l 1a cac so
2 3 2k 2 3 k

tw nhién.
1

Suy ra (L+L+...+—j(k +1)(k+2).....2k cingla cac s ty nhién.

k+1 k+2 2k

Ap dung cac chitng minh ta cé: 1.2..... um9@+%+m+ﬂ%—

1010 1011 2018

( L + : +...+Lj.1010.1011 ..... 2018 ciing la cac s6 ty nhién.

(101133 .
Ta c6  =1010.1011.....1342.....2018: 2019
1342:673

1 1

=12.. 1009.(1+—+ +mj.1010.1011....1342 ..... 2018:2019.

2

3:3
Va . _.=123...673.....1009: 2019
673:673
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=1.2.....10009. i+L+...+L .1010.1011......2018:2019.
1010 1011 2018
N A 11 1 1 . 1w
Vay s0 tu nhiéen A=1.2.3...2017.2018.| 1+ =+ =+...+ ——+——| chia hét cho 2019.
2 3 2017 2018

Cau 25. Ta co:
P(x) =(x+2)(x+4)(x+6)(x+8)+2010
= (x* +10x+16)(x* +10x+24)+2010
Dit t =x” +10x +21, bidu thiee P(x) duroc viét lai:
P(x) =(t—5)(t+3)+2010 = t* -2t +1995
Do d6 khi chia t* —2t+1995 cho t ta c6 s& dw 1a 1995
Cau 26. Ta co: g(x)=x"+x-2=(x-1)(x+2)
Vi f(x) =ax’ + bx” +10x — 4 chia hét cho da thirc g(x) =x* +x—-2
Nén ton tai mot da thiee q(x)sao cho f(x) = g(x).q(x)
=ax’ +bx* +10x—4 = (x+2).(x—1).q(x)
Véi x=1=a+b+6=0=>b=-a-6 (1)
Voéi x=-2=2a-b+6=0 (2)
Thay (1) vao (2), tacé: a=2;b=4
Cau27. Chia f(x)cho x* +2duwgc thwong la x—3duw x+2
Dé€ f(x) chia hét cho x* +2 thi x+2 chia hét cho x* +2
= (x+2)(x—2)chia hét cho x* +2
= x” —4 chia hét cho x* +2
= x* +2 -6 chia hét cho x* +2
= 6 chia hét cho x*+2 ma x* +222=x* +2€{3;6} = x e {+1;+2}
Tht lai ta thdy x =1;x =-2 thoa man
Vay véi x =1;x =-2thi f(x) chia hét cho x* +2
Cau 28. Gia s f(x) =ax* +bx’ +ox’ +dx+e
Do f(O)zenén e:7

Mt khéc: {f(1)=a+b+c+d+e:7 {a+c:7

= .
f(-1)=a—-b+c—-d+e:7 b+d:7

f(2)=16a+8b+4c+2d+e:7 - da+c:7
f(-1)=16a—8b+4c—2d+e:7  |4b+d:7

a+c:7 3a:7 a:7 . |b+d:7 3b:7 b:7
= .L_>y ._ =3 ._ Vva R o = .
da+c:7 c:7 c:7 4b+d:7 d:7 d:7
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Vay cac hé s6 cta f(x) déu chia hét cho 7.

Cau29. Ta cd: (x+3)(x+5)(x+7)(x+9)+2033=....=(x* +12x+27)(x* +12x+35)+2033

Dat x* +12x+30 =t, ta c6: (x+3)(x+5)(x+7)(x+9)+2033 = (t—3)(t+5)+2033
=t +2t—-15+2033 = t(t+2)+2018
Vay ta c6 (x+3)(x+5)(x+7)(x+9)+2033 = (x2 +12x+30)(x2 +12x+32)+2018
Vay s6 du trong phép chia (x+3)(x+5)(x+7)(x+9)+2033 cho x* +12x+301a 2018.
Cau 30. Giasu f (x) chia cho x* —4 duoc thuong la —5x va con du la ax+b. Khi d6
f(x) = (x2 —4).(—5x)+ ax+b
Theo dé bai, ta co:
f(2)=26  [2a+b=26  [a=4
{f(—z)w@{—zﬁb ~10" {b =18
Do d6 f(x)=(x*—4).(-5x)+4x+18
Vay da thirc f(x)can tim 1a f(x) = (x2 —4).(—5x)+4x+18
Cau 31. Tacd: P(0)=d: 5
P(l)=a+b+c+d:5=>a+b+c:5 (1)
P(-1)=-a+b-c+d:5=>-a+b-c:5 (2)
Te(l)va@)suyra2b:5=>b:5vi(2,5)=1,suyraa+c:5
P(2)=8a+4b+2c+d:5=>8a+2c:5=>a:5=>c:5
Cau32.Tacod p*-1= ( p* —1)( p*® + p” + p® + p* +1).
Do p las6 nguyén t6 16n hon 5 nén p la mot so lé.
= p®+1va p°-11acacso chan
= p* -1 chia hét cho 4
= p® -1 chia hét cho 4
Vi p lasdnguyéntdlénhon5 = p la mot s6 khong chia hét cho 5.
Lap luan ta dwoc p* -1 chia hét cho 5.
Lap luan ta duwoc p* + p*? + p® + p* +1 chia hét cho 5.
Suy ra p* -1 chia hét cho 25.
Ma (4;25)=1nén p”*-1. (dpcm)
Cau 33. Gia st ton tai sd ti nhién n sao cho n* +3n+11 chia hét cho 49. Khi d¢6, ta cé

4(n® +3n+11) = (2n+3)" +35 chia hét cho 49
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Ma 35 va 49 ciing chia hét cho 7 nén (2n +3)” chia hét cho 7. Suy ra 2n + 3 chia hét cho 7.
T d6 (2n+ 3)2 chia hét cho 49. Két hop véi (1) ta dwoc 35 chia hét cho 49, mau thuan.

Vay, véi moi s6 tg nhién n thi n® +3n +11khdng chia hét cho 49.
Cau 34. Ta c6: N =kt +2k? — 16k2 - 2k +15 = (k*- k2) + (2k* — 2K) - (15k? — 15)
= (k2- 1)(k2 + 2k — 15) = (k - 1)(k + 1)(k - 3)(k + 5)
Ta thdy rang véi k 1a s6 nguyén 1é thi N 1a tich ctia 4 thita s§ (nhan ttt ) chdn. Do d6 N
chéc chan chia hét cho 16.
Vay k phai la s6 nguyén lé.
Cau 35. Vi s0 thit nhat chia cho 5 du 1 nén c6 dang 5a+1, s thit hai chia cho 5 du 2 nén c6
dang 5b+2(a,beZ)
Ta c6 tdng binh phuong hai s6 d6 la:
(5a+1)" +(5b+1)" =252 +10a+1+25b” +10b+4=5(5a" +5b” +2a+2b+1)5

Vay tong binh phuwong cta hai s chia hét cho 5
Cau36. Tacd: A=5"(5"+1)-6"(3"+2")=25"+5" 18" 12"
A=(25"-18")-(12" -5").A chia hét cho 7
A=(25"-12")-(18" -5").A chia hét cho 13
Do (13,7) =1nén A chia hét cho 91
Cau37. Taco: A=1+3+32+3% +..+3!
=(1+3+3% 3%+ (3*+3°+3¢ + 3")+ (3% + 3%+ 30 + 31)
=(1+3+3%3)+3% (1+3+3%3%+3%1 +3+34+ 3%
=40 + 3440 +38.40
=40, (1+34+3% : 40
Vay A : 40
Cau 38. Goi du trong phép chia f(X)cho X* —11a ax+b
Tacé: f(x)=(x- 2)(x—3)(x2 —1)+ ax+b
Theobaira: f(2)=5néntacd: 2a+b=5;f(3)=7nén 3a+b=7
=a=2b=1
Vay da thiic can tim 1a f (x)=(x—2)(x —3)(x2 —1) +2x+1
Cau39.Tacod: 2"=10a+b=hb:2=ab:2 D)
Ta chtng minh ab:3 (2)
That vay , tit dang thiee 2" =10a+b = 2" c6 chit s6 tan cting 1a b
Dat n=4k +r(k,r eN,0<r <3) taco: 2" =16.2"
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Néu r=0thi 2" — 2" =2"(16" ~1)10 = 2"tan cing 1a 2"

Suyra b=2"=10a=2"-2"=2"(16" -1)'3=>ai3= ab:3

Tir (1) va (2)suy ra ab:6

Cau 40. Theo gia thiét p—5 chia hét cho 8 nén dat p =8k +5 (k la s6 tu nhién)
Ta ¢6 [(axz)4k+2 —(byz)mz} (ax? —by?) = a®?.x¥ —pteZ yHtip

— (a4k+2 + b4k+2 ) X8k+4 _ b4k+2 (X8k+4 + y8k+4) D

2k+1, .
ta’+b’=pvab<p=x*4y*tip (%)

My a%+2 4 p¥+2 = (az )2k+1 + (bz)
Néu trong hai s6 X,y c6 mot sO chia hét cho p thi tit (*) ta suy ra s6 thit hai cling chia hét
cho p.

Néu ca hai khong chia hét cho p, theo dinh ly Fec-ma ta c6

X = y¥* =1(mod p) = x*** + y*** = 2(mod p) mau thuln véi (*)

Vay ca hai sd x, y cung chia hét cho p.

Cau 41. Do a° +b® +¢® chdn nén trong cacs0 a, b, ¢ ¢ it nhat mot sO chin. Ttr &6 suy ra
tich abc chia hét cho 2. (1)

Gia st trong ba s a, b, ¢ khong c6 s6 nao chia hét cho 7. Ta thay rang, véi moi x nguyén
khéng chia hét cho 7 thi x=+1,+2,+3(mod7), suy ra x’=+1(mod7).

Do d6 a®=+1(mod7), b*=+1(mod7), ¢’ =+1(mod7).

Suy ra a’+b*+¢*=-3,-1,1,3(mod7), tic a®+b®+c* khong chia hét cho 7, mau thuan. Vay
trong ba sO a, b, ¢ phai co it nhat mot s chia hét cho 7.

Tt d6 suy ra tich abc chia hét cho 7. (2)

Tt (1) va (2) véichuy (2;7)=1, tacod abc chia hét cho 14.

Cau 42.

a) n=3k suy ra 2" +1=8“+1=(-1)‘ +1(mod9). Suy ra k 1&, k=2t+1.

Suy ra n=3(2t+1)=6t+3.

Néu n=3k +1 tacd 2" +1=3.8+1=(-1)".3+1(mod9) suy ra 2" +1 khong chia hét cho 9.

Vay voi n=6t+2, voi t 1a s6 tw nhién la cac sd can tim.

b) Cach 1: Ta c6 2" -1:2" —1. Ttr 2°" =(2" +1)(2" -1).

bdt 2n=km+q (0<q<m).

Khi d6 2°"-1=2"""%-2%429-1=2%(2" -1)+2' -1 chia hét cho 2" -1, suy ra 2°-1 chia hét
cho m ma 0<27-1<2"-1,suyra q=0.

Do d6 2" =km.
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Truong hop 1: Néu m 1é, suy ra k chdn, k=2k', suy ra n=k'm, 2" +1=2""+1=2"" -1+ 2 chia
hét cho 2" -1, suy ra 2 chia hét cho 2" -1 v ly.

Trwong hop 2: Néu m chdn m=2m' nén n=km', suy ra 2" +1 chia hét cho 2" -1, ma 2" -1
chia hét cho 2™ -1 nén 2" +1 chia hét cho 2™ -1, suy ra 2 chia hét cho 2" -1 v0 ly vi
m'>1.

Cach 2: Taco 2™ (2”1 —1)52”1 -1,suyra 2"-2""i2" -1, ma 2"+1:2" -1 suy ra 2" " +1 chia hét
cho 2" -1.

Ly luén twong tu ta c6 2" +1 chia hét cho 2" -1.

Giasit n=km+qg,0<g<m.

Chon k nhu trén, ta ¢6 2°+1 chia hét cho 2"-1. Ma g<m nén 2%+1=2"-1, giai ra
g=1m=2 (voly).

Cau43. M =9.3"-8.2*" +2019=9.81"-8.16" + 2019

Ta co:

81=1(mod 4) = 81" =1(mod 4) = 9.81" =9 =1(mod 4)

8.16" =0(mod 4)

= M =1-0+2019 =2020 = 0(mod 4)

hay M :4 1)

Lai co:

81=1(mod5) = 81" =1(mod5) = 9.81" =9 = 4(mod5)

16 =1(mod5) = 16" =1(mod5) = 8.16" =8 = 3(mod5)

= M =4-3+2019 = 2020 = 0(mod5)

hay M:5 2)

T (1) va (2) = M :BCNN(4,5) hay M :20 (dpcm)

Cau44. Dat n=6q+r,re{0,1,2,3,4,5}. Khi dé n®+ 2019 chia hét cho 6 khi r’° +3 chia
hét cho 6.

Néu r chén thi r’+31¢ do d6 r’+3 khong chia hét cho 6. Suy ra r €{1,3,5}.

Véi r =1=> r® +3 =4 khong chia hét cho 6.

Véi r=3=r°+3=30:6.

Véi r =5=>r®+3=128 khong chia hét cho 6.

Suyran=60+3.Ma 0<n<2019=0<q<336.

Vay c6 tat ca 337 s6 tie nhién n thoa man dé bai.

Cau 45. Ta cé:
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(x2—2xy—y)+(xy—2y2—x)=x2—xy—2y2—x

:x2+xy—(2xy+ yz)—(x+ y)=(x+y)(x-2y-1)

Lai cé: X* —2Xy — Y, Xy — 2y® — X chia hét cho 5

= (X+Y)(x—2y—1)chia hét cho 5

TH1: Néu X+ Y chia hét cho5 thi y =—x(mod5)

= 0=x*-2xy—y =x*+2x* + x=X(3x+1)(mod5), do vay Xchia hét cho 5 hoic chia 5
duw 3.

+) Néu Xchia hét cho 5 thi y cling vay, bai toan duwoc chirng minh

+) Néu Xchia cho 5 du 3 thi y chia 5 du 2, thi

2X°+ Yy +2x+y=2.9+4+2.3=30=0(mod5)

Ta cling c6 diéu phai chitng minh.

TH2: Néu x — 2y —1chia hét cho 5 thi X =2y +1(mod5)

=0=x"-2xy—-y= (2y+1)2 -2y(y+1)-y=y+1(mod5)

Do d6 ychia 5 dw 4 va Xcing chia 5 du 4 nén:

2x*+y? +2x+y=2.16+16+2.4+4=60=0(mod5)

Vay ta c6 diéu phai chitng minh.

Cau 46. Gia st @;b;C la cac s6 nguyén khong am thoa man dé bai, ta co:

(a—b)2 +(b—c)2 +(<:—a)2 =6abc < a”+b’+c*—ab—-bc—ca=3abc (1)

Phan tich @° +b®+¢® —3abc=(a+b+c)(a’ +b’ +c’—ab-bc-ca) (2

T (1)va(2) a’+b’®+c’®—3abc=3abc(a+b+c)hay a’+b’+c’=3abc(a+b+c+1).

Do a®+b®+¢®+1 chiahétcho a+b+¢+1 nénta dwoc 1 chiahétcho a+b+c+1
Suyraa=b=c=0.
Thtt lai: a=b=C =0 thoa man. Vay c6 duy nhat b s6 (a; b;C) = (0;0;0) thoa man deé
bai.
Cau 47. Ta co:
a"-b"=(a-b)@" " +a"’b+a" b’ +..+ab"’+b"") =>a"-b"=m(a-b) (a, b,n,meN) (*
Vinla s tu nhién channénn=2k (ke N) = A =20"-3"+16" -1 =400 — 9" + 256" —1
Ap dung (*), c6: A = (400% —1¥) + (256" —9*) = 399x + 247y =19-21x +19.13y (X, y e N)
= A:19 véimoisd tenhiénnchan (1)
va cd: A = (400 —9%) +(256% —1°) =391p + 2550 =17-23p+17-15q (p,q € N)

= A17 véimoiso tenhiénn chdn  (2)
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ma 17 va 19 1a hai s6 nguyén t8 cung nhau nén tt (1) va (2) suy ra: A:17-19 véi moi sd
tw nhién n chan

Vay 20" -3"+16" -1:323 v4i moi s6 tg nhién n chdn
Cau 48. Cach 1. Ta ¢ a® +b* =a’ —4b” +5b” =(a—2b)(a+2b)+5b’

Do a’+b* 1abdi s6 ctia 5 nén suy ra (a—2b)(a+2b):5.

Do 5 14 s6 nguyén t& nén tir (a—2b)(a+2b):5 suy ra a—2b:5 hodc a+2bi5. Dén déy ta
xét cac treong hop sau:

e Néu a—-2b:5, khi d6 B=2b—-a chia hét cho 5.

Mat khéc ta lai c6 2b—a =(2b+4a)—5a nén 2b+4ai5=>2(2a+b):5= A=2a+bi5, do2
va 5 nguyén t6 cung nhau.

e Néu a+2b:5, khi @6 B'=a+2b chia hét cho 5. Do d6 ta dwoc —a—2b:5.

Ma ta lai c6 —a—2b=-5a—(2b—4a) nén suy ra 2b—4a:5=2(b-2a):5= A'=2a-bi5 do
2 va 5 nguyén td cung nhau.

e Néu a-2b:5 va a+2b:5 khidd ca A, B, A’, B’ cung chia hét cho 5.

Cach 2. V6i moi s6 nguyén a va b ta luon viét duoc dudi dang a =5k;a=5k+1;a=5k=+2
va b=5m;b=5m=1;b=5m=*2 trong d6 k va m la cac sd nguyén.

Theo bai ra thi a*+b® 1a bdi s ctia 5 nén ta ¢ cac treong hop sau:

e Néu a=5k va b=5m, khi dé tacd A, B, A’, B’ cung chia hét cho 5.

e Néu a=5k+1va b=5m+2, khi dé tacd A’, B’ cung chia hét cho 5.

e Néu a=5k+1va b=5m-2, khidd ta cd A, B cung chia hét cho 5.

e Néu a=5k-1va b=5m+2, khi dd tacod A, B chia hét cho 5 hodc A’, B’ chia hét cho 5.
e Néu a=5k-1va b=5m-2, khi dd ta cé A, B chia hét cho 5 hodc A’, B’ chia hét cho 5.
Cau49. a) Ching minh rang.....

Ta cé: 91=1.2.3.4.5.6.7.8.91as6 chin = x*12= x12= x=2m (m e Z)

=8m’+2y* +47° =91 4m® + y* + 27° =1.3.4.5.6.7.8.91a 58 chén
=>yi2=>yi2=y=2n (neZ)

= 4m* +8n®*+22°=1.3.45.6.7.8.9

< 2m*+4n*+7° =1.2.3.5.6.7.8.914 s8 chin
=>22=>1:2=>1=2p(peZ)
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= 2m®+4n®+8p*=1.2.3.5.6.7.8.9
< m+2n°+4p®=1.356.7.8.9

m:2 X =2m:4
Chting minh hoan toan tuong ty ta cling ¢4 {n:2 (M;n;peZ)=>1y=2ni4
p:2 z=2p:4
Vay ta c6 diéu phai chitng minh
b) Chitng minh rang khong ton tai.....
Theo y a) ta c6 thé dit x =4a;y =4b;z=4c (a;b;ceZ)
=a’+2b*+4c’ = % = 1'2'3'4;6'7'8'9 =1.35.6.7.9 1as§

chin=>ai2=a=2u (ueZ)
—8u’+2b*+4¢®=1.35.6.7.9 < 4u® +b° +2¢*=1.3.35.7.9=15.7.3*
Lai co:
(15.7.3'):3' = (1.5.7.3'):9
{xg’ =01  (mod9)(xeZ)
= a;b;ci9 = (4u® +b° +2¢°):9°
Nhung do 1.5.7.3*khong thé chia hét cho 9°nén ta c6 diéu vo ly
Vay ta c6 diéu phai chiing minh
Cau 50. Ta c6 nhan xét sau: Néu p 1a s6 nguyén t& 1én hon 3 thi p® =1(mod 24) @
Lai c6: ~1=23(mod24)  (2)
Cong vé theo v€ cuia (1);(2) ta duoc: p®—1=24(mod24) = 0(mod 24)
Vay p’ -1 chia hét cho 24 véi p la s6 nguyén t& 1én hon 3.
Cau51. Ta cé: n*~1=(n-1).(n* +n+1)ip
(p-1)in=p-1>n=p=n+l
Vi p2n+1=(n-1)khong chia hét cho p
Do d6: (n—1)(n*+n+1):p < (n*+n+1)ip
bat: p-1=kn, k>1=p=kn+l (¥
= (n*+n+1)i(kn+1) = kn+1<n®+n+1
skn<n®+nek<n+l
k(n®+n+1)—n(kn+1)i(kn+1)
= [ (k=1)n+k Ji(kn+1)
k>1=(k-1)n+k>0
= (k-1)n+k>kn+1
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=k>n+1
=k=n+1=p=kn+l=n*+n+1
=n+p= n2+2n+1:(n+1)2
Vay n+ pla mét s6 chinh phuong.
Cau 52. +) Chiing minh hang dang thttc
(a-b)(a" +a"*b+a" b +....+a’h"* +ab" +b"")
=a"+a"b+a" b +...+a " +a’h"* +ab" " - (a”‘lb +a" %’ +...+a’h" P +ab" " + b")

—a"—p"
+) Vi nla s6 chan, dat n =2k, k e Nta co:

20" +16" —3" —1=20* +16% —3%* —1= 400" + 256" —9* -1

D& chimg minh (20" +16" —3" —1):323, ta can chtmg minh (20" +16" —3" —1) chia hét cho
19va17

Ta co:

400 —1* =(400-1)( 400" + 400" 2.1+ 400" °.1° +.....+ 400.1 * +1°*)
=399.(400" + 400" *.1+ 400 °.1° +......+400.1* + 1)
=19.21.(400"* + 400" *.1+ 400 °.1° +......+400.1* +1)i19

256" —9* = (256 —9)(256 " +256* 2.9+.......+ 9" 2.256 + 9* )

= 247.(256" " + 256" %.9 +......+ 9 *.256 + 9"

=13.19(256"" + 256" 2.9+ .......+ 9 %256 + 9 *):19

= (400 -1 + 256 —9119)

Tuwong tw ta cling co:

400" — 9 = (400-9)(400"* +400" %9+ .....+ 92,400+ 9" ")
=17.23(400"" + 400" *.9+ ...+ 92400+ 9" )17

256" —1= (256 —1)(256" ! + 256" *.1+......+ 256.1 * +1°*)
=17.15(256"" + 256" 2. 1+......+ 256,12 +1 1 )17

= 400 — 9% + 256~ —1:17
Nhu vay ta co:

20" +16" - 3" —1= (400" + 256 — 9" —1)519

__=(20"+16" -3"-1)i(19.17)
20" +16" - 3" —1= (400k + 256 — 9 —1);17
=N (20n +16" —3" —1)5323

Nhu vay ta c6 diéu can chiing minh.
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Cau53.Tacd: N =2+, + oot i M =87 +85 + oot 35 (8B € Z°)

Xét hiéu
A5 5
M-N=a'+a,+...+8y55 —& =&, —.....— Qyyq

5 5 5

=(a —a, )+ (a5~ ;) + oo+ (@015 — Aprs)
Taco a®—a=a(a’-1)=a(a’+1)(a*-1)=a(a’ +1)(a-1)(a+1)
30=2.3.5véi 2,3,5déu la cac s6 nguyeén t6
Ta co: a(a2 + 1)(a —1)(a +l) co tich cua 3 sO tw nhién lién tiép a—1;a;a+1nén
a(a—1)(a+1)sé chia hét cho2va3
Néu a chia cho 5 du 0,1 hoac 4 thi [an lwot a,a —1,a +1sé chia hét cho 5
Néu achi5 du 2 hodc 3 thi a+1sé chia hét cho 5
Vay a(a’+1)(a—1)(a+1)sé chia hét cho ca 2;3;5 nén sé chia hét cho 30
Do vay M — N chia hét cho 30 do dé M ciing chia hét cho 30
Ta c6 diéu phai chtiing minh
Cau 54. Ta co:
q2018 4 p2019 | 2020 _ <a2016 L p27 C2018)
_ 2016 (az _1) 1 p27 (bz _1) 42018 (C2 _1)
=aa(a-D(@+1)+b*°.(b-1(b+1) +c* c(c-1(c+1)
Ta cé tich 3 s8 tw nhién lién tiép sé chia hét cho 6, do cé 1 s8 chdn va 1 s chia hét cho 3.
Do vay: a(a—1)(a+1);b(b-1)(b+1);c(c—1)(c +1) déu chia hét cho 6 nén
[azow 4P 4 o200 _ (a2016 4 p2Y 4 o208 ):|56
Vay ta c6 diéu phai chitng minh
Cau 55. +) n =2k (k nguyén duwong): M = 2k.4%* + 3% = 2k.16* + 9*. Ta cd: 16F va 9" cung du véi
2k chia 7.
= M cung du voi (2k.2F + 2F) = 2K,(2k + 1) chia 7= (2k + 1) chia hét cho 7=k chia 7 du 3,
hayk=7q+3 =>n=14q+6 (g € N).
#) =2k +1 (k nguyén duong): M = (2k + 1).4% 1 + 3%+ = 4(2k+1).16} + 3.9*
= M cling dw véi (k +4).2¢ + 3.2¢ = (k + 7).2* chia 7.
=k chiahétcho7=k=7p (p € N).
Vay n=14q + 6 hodacn=14p + 1, v6i p va g 1a cac s6 te nhién.
Cau 56. Chttng minh rang véi moi s6 ti nhién n thi n® — 9n + 27 khong chia hét cho 81.
Gia st ton tai sO ti nhién n 36 n® — 9n + 27 i 81,
suyran® —9n+27:i3hayni3
=>n =3k khi d6 n* —9n +27 = 27(k*— k + 1)
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man®—9n+27:81nénk*—k+1:3

Nhung k* — k +1 = (k — 1).k.(k + 1) + 1 khong chia hét cho 3 v4i moi k.
Vay v6i moi s6 ty nhién n thi n® — 9n + 27 khong chia hét cho 81.

Cau 57. Dt A=4(m+ n)2 —mn
= 4A=16(m+ n)2 —4mn=16(m+ n)2 —[(m+ n)2 —(m—n)z}
=15(m+n)’ +(m-n)’

m-n):3 m-n)’:9
p225-15 = ) ): N )2' = (m-n)*i225
(m=n)5 | (m-n)"i25

2 (m+n):3  [(m-n)i15 (mi15 ,
=(m+n)i15= = =< 7 =>mn:225
(m+n):’5  |(m+n)i15 (n:15
Vay 4(m+ I’l)2 —mn chia hét cho 225 thi MN ciing chia hét cho 225

Cau 58. Ta c6 Sl=1+2+...+n=m.

D¢ chiing minh bai toan ta chi can ching to 2S,,,,:n(n+1).

Ta c6 nhén xét sau: Voi a,b nguyén duong bat ki thi (a** +b**):(a+b).
That vay :a” +b™* = (a+b)(@*** —a*'b+...—ab®™" +b**°)i(a+b).

Xét hai treong hop:

+) Néu n 1é: Tir nhan xét trén ta cd 28,4, = 20°"° +2[ 12 + (n=1)"° |+ 2[ 2% + (- 2)™ |+

n—l 2019 n+1 2019 )
+2 T + T :Nn

282019 = 2(12019 + n2019) + 2[22019 + (n —1)2019] +

+2Hn__1j2019 +(n_+3j2019}+|:(n_ﬂj2019 +(n_+lj2019}(n+1)
2 2 2 2

Mit khac n va n+1 nguyén t6 cung nhau nén 2S,,, : n(n+1).
+) Néu n chan: Ta c6

28,000 = 2071 +2[ 1+ (n-1)™ [+ 2[ 2% +(n -2 ]+

A e e e

23,50 = 2(12019 + n2019) + 2[22019 +(n _1)2019] +
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+2Kn—;2j l +(n%4j l }+2ng l +(n%2} l }(n+l)

Suy ra 2S,,, : n(n+1).

Vay S, 1S, .

Caub59.Tacod:p+(p+2)=2(p+1)

Viplénén (p+1)i2=>2(p+1)id (1)

Vip, (p+l), (p+2) la 3 s6 tw nhién lién ti€p nén co it nhat mot s6 chia hét cho 3, ma p va
(p+2) nguyén té nén (p+1):3 (2)

Tte (1) va (2) suy ra [p+(p+2)]:12 (dpcm)

Cau 60. Ta c6 v6i moi s6 nguyén m thi m? chia cho 5 dw 0, 1 hodc 4.
+ Néu n? chiacho5dw 1thi n*=5k+1=>n’+4=5k+5:5;keN".
Nén n*+4 khong la sO nguyén t6

Néu n? chia cho 5 dw 4 thi n® =5k +4=>n’+16=5k +20:5;k e N".
Nén n*+16 khong la s6 nguyén to.

Vayn?: 5hayn :5

Cau 61. Ta co

S =n(n*+5n°+5n*—5n—6)

n[(n2 ~1)(n*+6)+5n(n’ —1)}

= n(n2 —1)(n2 +5n+6)

=n(n-1)(n+1)(n+2)(n+3)

=(n-1)n(n+1)(n+2)(n+3)

Ta c6 S la tich ctia 5 s6 nguyén ty nhién lién ti€p chia hét cho 5! nén chia hét cho 120.
Cau 62. Vi 2 s6 nguyén duong a, b bat ki ta co:

a®® +b* = (a+b)(@™* +a*™b +...+ab™ ™ +b*) = a® +b*™*i(a+h)

+ Xét truong hop nla sd 1é

Ap dung khang dinh trén ta co:

2[17 4 (-1 ]in

2[ 27 4+ (n-2)*° Jin

n—1 2015 n+l 2015
2{(—2j o5 }En
Suy ra
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A:n2015+2[12°15+(n—1)2°15J+2[22°15+(n—2)2°15]+.._+2 (n—lj2015+(n+1]2015 "
2 2

Tuong tw
2015 2015 2015 2015
A:2(12°15+n2°l5)+2[22°15+(n—1)2°15}+ +2 n-1 + n+3 + n+l + n+1 :(n+1
2 2 2 2 '

Mit khac n van + 1 nguyén to cung nhau nén A i n(n + 1)
Twong tir v6i treong hop n chdn ta ciing ¢ A i n(n+1)
Cau 63. Ta co:

Q=a'+2a’-16a*-2a+15=(a" +2a*-2a-1)—(16a* -16)
=(a-1(a+1)°-16(a*-1).

Voéiale, a=2k+1 keZ.

Khi d6: (a—1)(a+1)> = 2k(2k +2)° =16k (k +1)*:16.

Ma 16(a” —1):16nén Q chia hét cho 16.

Véiachdn, a=2k, ke Z.

Khi d6: (a-1)(a+1)° = (2k —1)(2k +1)° 1a s& 1é nén khong chia hét cho 16. Do d6 Q khong
chia hét cho 16.

Vay ala s6 nguyén lé.

Cau 64.

+) Vi mdt s& nguyén bat ky phai la s6 chdn hodc 1a s6 1é. Do d6 theo nguyén ly Dirichlet
trong 3 s6 nguyén bat ky ludn chon ra duoc 2 s6 ¢ cling tinh chdn 18.

+) Ap dung ta c6 trong 3 s6 chinh phuong bat ky ludn chon ra dugc hai s6 c6 cung tinh
chan 1é. Goi 2 s8 chinh phuwong dwoc chon ra d6 1a a® va b*. Khi d6 ta co
a’-b’>=(a-b)(a+h).

+) Vi @ va b® cling tinh chan 1é nén a, b ciing cling tinh chan 1é. Do d6 a—b 14 s8 chdn va
a—b cling 12 s6 chan a’ -b* = (a-b)(a+b):4, (dpcm).

Chii y:

Ta c6 thé gidi bai todn nay bang cdch vén dung tinh chat sau ctia s6'chinh phwong: “M@t s6 chinh
phwong chia cho 4 thi sé c6 s6'dw la 0 hdc 1”. Khi do 1dp ludn nhw cdch lam trén ta thu dwoc diéu
phai chitng minh. Tuy nhién trong khi lam bai thi néu vin dung tinh chat nay thi hoc sinh phai
chirng minh lai.

Binh luan: Vi cich lam trén ngan gon, day dt song mot s8 hoc sinh cam thdy hoi triru

twong ( do nguyeén 1i Pirichlet hoc sinh it dn tap khong nam trong chwong trinh SGK ma
¢ sach tham khao). bai toan trén cd thé trinh bay nhu sau:

Trong ba s6 nguyén tity y ludn ton tai hai s8 hodc chan hoc 1é
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Goi hai s8 chinh phuong chon ra 1a a® va b?(a, b nguyén)

+TH1: a, b cting chin: suy ra a® —b? = (2k; )* —(2k, )* = 4(k12 - k12)54, ki,k, €Z
+TH2: a, b cling 1é: suy ra a® —b? = (2k, +1)° —(2k; +1)° = 4(k{ +k —kF —k; )i4,k;,k, €Z

Vay trong ba s6 chinh phuong tuy y ludn ton tai hai s6 ma hiéu cua ching chia hét cho 4.
Cau 65.

cach1: Lo 1il e beamb+o) ()
a b c

TH1: Néu a la s8 nguyén chan, suy ra a(b+c):2, theo (1)Suy ra: b.c:2

Vay abc chia hét cho 4

TH2: Néu a 1a s6 nguyén 1é. Vi b va c1a hai s6 ciing 1é thi: b+ci2=a(b+c):2
Ma abc khong chia hét cho 2 (vi a, b, ¢ d&u 18). Suy ra mau thuan.

Vay trong hai s8, b, ¢ ton tai it nhat 1 s6 chan.

+V0ib chan, ma a 1é nén c chan (vi b.c chan nén a(b+c) chan suy ra c chan, viale)
Suy ra abc chia hét cho 4

+ Vi ¢ chdn, trong tw abc chia hét cho 4

Cach 2: 1:%+l<:>bc:a(b+c) < abc=a’(b+c)(2)
a C

Ta thay a, b, c khong thé déu 1a s 1é vi néu vay thi abc 1a s6 1¢, con b+c 1a s8 chén.
Vay trong 3 s6 ton tai it nhat 1 s6 chan.

Néu a chdn thi a?chia hét cho 4, ti (2) suy ra abc chia hét cho 2.

Néu b chan, do a 1é nén b + ¢ chadn (vi abc chdn) suy ra c chan.

Vay abc chia hét cho 2.

Twong tir cho triedng hop c chan.

Cau 66.

Taco A=22 +4" +16 :(22" —1)+(4” ~1)+18

Pat 22 =2% (keN') suyra 2% ~1=2% -1=4*-1:3

Do d6 véi moi n nguyén duong ta cé: 22 —1:3; 4" -1:3; 1813

= A=2% +4" 1163

Ciu 67. Taco A=4" +17 =(4“ —1)+18

Véi moi n nguyén duong ta c6: 4" —1:3; 18:3

= A=4"+17 '3

Cau 68. Gia st 2n+1=m’,3n+1=k’ (mkeN’) =>m’lass1é = mlassle.
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=2n=m’-1=(m-1)(m+1):4 , Suy ra:n chan, k 1¢

Vik1asd1é nén k -1,k +1 1a hai s chan lién tiép va (3, 8) = 1 nén

Tk 3n+1=k* =3n=k*-1=(k-1)(k+1):8=ni8 (1)

Khi chia mot s6 chinh phuong cho 5 thi s6 dw chi c6 théla0; 1 ; 4. Ta xét cac truong
hop:

Néu n chia cho 5 dw 1 thi 2n + 1 chia cho 5 du 3. (vo 1i)

Néu n chia cho 5 dw 2 thi 3n + 1 chia cho 5 du 2. (vo 1i)

Néu n chia cho 5 dw 3 thi 2n + 1 chia cho 5 du 2. (vo 1i)

Néu n chia cho 5 du 4 thi 3n + 1 chiacho5dw 3. (vo 1i)

Vay n:5 (2)

Vi (5, 8) =1 nén ttx (1) va (2) suy ra n chia hét cho 40.

Cau 69. Chttng minh rang véi moi s6 nguyén n chan thi: n® +20n+96 chia hét cho 48.
Ta ¢ n chdn =n=2k,keZ.Suyra

n® +20n+96 = (2k )" +40k +96 = 8(k® +5k) + 96 =8[ (k* —k ) + 6k | +96 =8(k’ —k ) + 48k + 48.2
Do k-1 k;k+11a 3 s6 nguyén lién tiép nén (k —1).k.(k +1) chia hét cho 6

= k®—k=(k-1)k.(k+1):6=8(k’—k):48,vk e Z.

Vay véi moi s6 nguyén n chén thi n°+20n+96 chia hét cho 48.

Cau70.Tacop=a’ —b’ =(a—b)(a2 +ab+b2).

Via, b1a cic s6 nguyén duong nén, ta cé a’ +ab+b> > 1.

Dopnguyéntdnén a—b=1=a=b+1=> p=3b>+3b+1

= 4p=3(4b>+4b +1)+1=3(2 +1) +1(dpem).
Cau 71. Ta co: f(x)f(x—l); f(x)f(x+2) nén x =1 va x = -2 la nghiém ctia da thtrc f(x)
hay f(1) =0 va f(-2) = 0. Do do:

{ 1’-2(a+1).1+b-1=0 {Za_bz_z 3
=

=——;b=-1
(—2)2—2(a+1).(—2)+b—1:0 da+b=—7" " 2

Cau 72. 1.Tacé:
P —1=(p)™ -1 =(p* -1).A=(p-D(p+D(p*+).A (1) (AeN)
Vi P 1a s8 nguyén t8 1én hon 5 nén p 1a s8 1&, suy ra p — 1, p +1 12 hai s6 chan lién tiép
=(p-D(p+D):4 (2
Vip-1, p, p+llaba s6 tu nhién lién tiép nén (p-Dp(p+1):3. Nhung p khong chia hét
cho3nén (p—-1(p+1):3 (3)
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Vi p khong chia hét cho 5 nén p c6 mot trong cac dang 5K £1; 5k £2
-Néu p=5k+1thi p*=25k*+10k +1=5n+1
_Néu p=5k+2thi p>=25k*+20k +4=5-1

Ca hai treong hop trén déu cho ta p“ —1=5q:5 (4) ( (n,l,geN)

Vi 3, 4, 5 1a cac s6 nguyén td cung nhau tung do6i mot nén tr (1), (2), (3), (4) suy ra
p2016 —1 chia hét cho 4.3.5 ttc 1a chia hét cho 60

2. Vivai tro ctia x, y, z binh déng nhau, khac nhau d6i mét nén ta co thé giase X <Y <Z.

Khi d6, goi t la thwong ctia phép chia X*+y* 4281 xPy?z? Suy ra:

T4y’ > ty? — X +y

2 2,,2
z

Xy

X
X +y + 2 =ty o 2=ty -

=tx’y* —x-y (1)

-Néu tx°y’ —x—y <0 (¥ thit<%+xéy<2:>t=1

Thay t =1 vao (*), ta duoc X°y* —x-y<0=>xy-x-y<0= (x-1)(y-1) <1
=>x=1
=y -y<0s y(y-1)<0  (voly)
Vay tX°y’ —x-y >0 (2)
-Tir (1), ) suy ra: 2> > (tX°y* - x—y)* (3)
-Miatkhacvi x>+ y* + 28 =tx’y?z® nén X} + y* 122 => x>+ y* > 7° (4)
-Te (3) va(4)suyra:
X2+ y° > (Y2 —x—y)?
S X+ Y >ty — 208y (X4 Y) + X+ 2xy + VP
= X+ Y+ 2ty (x + y) > tx'y*
X2+ v+ 2ty (X + Y)
0y

S WXy <

<:>'[xy<2(£+£]+i3+i3 (5)
X y) Xty

-Néu X>2 thi y>3=txy>6>2 1+£j+i3+i3>2 1+1 +i3+i3
2 2) t2° t2 X y) tx ty

Diéu nay mau thuan véi (5).
Vay x = 1. Khi d6 (5) tro thanh :
1

2 1
ty<2+—+-+— 6
y A (6)
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-Néu y >4 thi ty24>2+g+1+i322+—+_+_,
4 t t4 y t ty

Diéu nay mau thuan véi (6).

Vay ye {23} (Viy>x=1)

X +y*=9:7°

+Néuy=2thi{ x<y<z <<x=Ly=2z7=3.
x=Ly=2

x> +y®=28:7°

+Neéuy =3 thi x<y<z .(Loai)

x=Ly=3

- Thi lai ta thay (x, y, z) = (1, 2, 3) va cac hoan vi ctia né thoa man.

Vay thwong cta phép chia X +y + 22Xy =1

Cau 73. Cach 1: 24a* +1=b" < 25a° +1=a’ +b* = a’ +b* =1(mod5) (1)

, |a=0,41,+2(mod5)
Ta co:
b=0,+1 +2(mod>5)

a’ =0,1,4(mod5)
= (2)
b® =0,1,4(mod5)
. . a’=0(mod5) . _ [a®*=1(mod5)
T (1) va(2)suy ra: § hoac .
b? =1(mod5) b? = 0(mod5)
Suy ra chi mot s6 a hodc b chia hét cho 5.
Cach 2: 24a° +1=b* & 25a° +1=a’ +b* = a’ +b* =5k +1 (1)

VneZ :>n:5l+r(l eZ,re{0;1;2;3;4})

=n’ =5l +1’ (LeZ 1’ <{0;L4})

=5k +1 2=
Tt (1) va (2) suy ra: {a ok + hoéc {a ok,

b® =5k, b® =5k, +1

Suy ra chi mot s6 a hodc b chia hét cho 5.

Cach 3: 24a° +1=b’ < 24a* —b® = -1 khong chia hét cho 5 nén a va b khong dong thoi
chia hét cho 5.

+ Gia st a va b déu khong chia hét cho 5.

a* =1(mod5)

b* =1(mod5) = (a” +b%)(a” —b") =0(mod )

Theo dinh ly Fermat ta co {

Néu a’ +b* =0(mod5) thi 25a° +1=a’ +b* =0(mod5) ( vo li).
Suy ra @’ —b? =0(mod5) = 23a% +1=b? —a? =0(mod5) (*)
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Vi a khong chia hét cho 5 nén a=+1,+2(mod5).
Véi a=£1(mod5) = a® =1(mod5) = 23a” +1=—1(mod 5) ( tréi véi (*))
V6i a=+2(mod5) = a® = 4(mod5) = 23a* +1=3(mod5) ( trai vdi (*))
Vay diéu gia st 1a sai. Tt d6 suy ra diéu can chitng minh.
Céu 74. Do q la s6 nguyén t6 16n hon 3 nén q ¢6 dang 3k+1 hodc 3k+2 vdi ke N'.
+Néu q=3k+1, khi d6 do p=q+2 nén p=3k+3 chia hét cho 3, treong hop nay loai do
p khong phai la sd nguyén t6.
+Néu q=3k+2,khidd do p=q+2 nén p=3k+4. Do p la sO nguyén t6 nén k phai la s
ti nhién 1é. Khi do ta dwoc p+q = 6(k+1)§12. Vay s0 du khi chia p+q cho 121a 0.
Cau 75. Tlr gia thiét a’ +b® =2(c’ -8d*) ta c6

a’+b’ +3ab(a+b)+(c:3 +d3)+3cd(c+d) =3ab(a+b)+3cd(c+d)+3c”-15d°

& (a+b)3 +(<:+c1)3 =3ab(a+b)+3cd(c+d)+3c’ ~15d°

Dé thdy 3ab(a+b)+3cd(c+d)+3c’~15d° chia hét cho 3 nén ta dugc (a+b)3+(c+c1)3
chia hét cho 3.
Mt khéc ta lai c6 (a+b)3 +(c+d)3 =(a+b+c+d)3 ~3(a+b)(c+d)(a+b+c+d)
Ma 3(a+b)(c+d)(a+b+c+d) chia hét cho3nénsuyra (a+b+ c+d)3 chia hét cho 3.

Do vay a+b+c+d chia hét cho 3.

Chi y: Ban chat bai toan trén chinh 1a bai todn co ban: Néu x’ +y° chia hét cho 3 thi x+y
chia hét cho 3.

Cau76.Taco: A= 3n’+15n0=3(n°—n+6n)= 3|(n—-1)n(n+1)+ 6n |

V6i moi s6 nguyén n, (n—1)n(n+1)+6n chia hét cho 6
Vay A= 3|(n—1)n(n+1)+6n | chia hét cho 18
Ciu 77. Ta co: (a2 +ab+b2)59 = 4(a2 +ab+b2)§9
= (2a-b)" +30° |9
Ma 3b%:3nén (2a—b)’:3 ma 3 1a s6 nguyén td nén (2a-b):3.
(2a-b):3 nén (2a-b)*:9.
Tir (1) va (2) = 3b%:9 = b?:3 ma 312 s8 nguyén t5 = b:3.
(2a—b):3 va bi3 = 2ai3 ma (2;3)=1nén a:3.
Vay ca a vab déu chia hét cho 3.
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CAu 78. Vi 2019°:3 nén (&, +a, +..+4,)3. Xét hiéu:
(af’+a§ +...+a§)—(a1+a2 +..+a,)=(a,-1)a,(a,+1)+(a, -1)a,(a, +1)+..+(a, -1)a, (a, +1)
chia hét cho 3. Do d6 a’+a} +a} +...+a’ chia hét cho 3 (dpcm).
Cau 79. Ta c6: 1947 = 3.11.59
bat A=46" +296.13"
, |46" =1"=1(mod3)
{13n =1" =1(mod 3)
Suy ra: A=1+296=297=0(mod3) = A:3 (1)
, | 46" =2"=1(mod11)
{13n =2"=1(mod11)
Suy ra: A=2"+296.2" =297.2" =11.27.2" =0(mod11) = A:11 (2)
* 46" = (-13)" =-13"(mod13)
Vinla sO tw nhién 1é
= A=-13"+296.13" = 295.13" =5.59.13" = 0(mod 59)
= A:59 (3)
Ma 3; 11; 59 d6i mot nguyén td cuing nhau nén twr (1), (2), (3)
= A:(3.11.59) = A:1947
Cach 2: Ta cd: 1947 = 33. 59
Dit A=46"+296.13" = 46" —13" + 297.13" = (46" —13") + 297.13"

A=(46-13).A +33.9.13" =33(A +9.13"):33
Laic6: A=46"+296.13" = 46" - (-13") +295.13" = [ 46" — (~13") |+ +295.13"
A=[46—(-13)].A, ++59.5.13" (vinlé)
=59.(A, +5.13"):59
Ma (33;59) =1 nén A:(33.59) =1947
Cau 80. Ta cd: 2n° +3n* +n=n(2n*+3n+1) =n(n+1D(2n+1) .

+ n(n+1)la tich ctia hai s6 nguyén lién ti€p nén chia hét cho 2.

+ Xét 2n* +3n* +n=n(2n” +3n+1) =n(n+1)(2n+1) tac co:

- Né&u n chia hét cho 3 thi 2n® +3n* +n chia hét cho 3

- Néu n chia 3 dw 2 thi n+1 chia hét cho 3 nén 2n®+3n”+n sé chia hét cho 3
- Néu n chia 3 dw 1 thi 2n+1 chia hét cho 3 nén 2n®+3n” +n sé chia hét cho 3

Vay trong moi treong hop thi 2n° +3n” +n sé chia hét cho 3.
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Ta c6 (2;3)=1nén 2n°+3n’ +n chia hét cho 6 v6i moi s& nguyén n.
Cau 81. Tac6 a+b=c’-2018c < a+b+c=(c—1).c.(c+1)—2016c chia hét cho 6.
Mt khac (a°+b®+¢*)—(a+b+c)=(a-1).a.(a+1)+(b-1)b.(b+1)+(c-1)c.(c+1) chia
hét cho 6
Do d6 A=a’+b’+c’chia hét cho 6.

Cau 82. Ta xét 2014 s6 khac nhau c6 dang 20142014...2014 = an, c6 n b$ 2014. n e N*
Trong 2014 s6 nay c¢ it nhat hai s6 khi chia cho 2013 c6 cung s6 du.

Giasit2sd dolaai, aj (j>i). Khidd aj—ai: 2013
hay: 20142014...2014 - 20142014...2014 = 20142014....20140000...0000: 2013

j s6 2014 i 502014 j—1s6 2014 4i s 0
S6 c6 dang 20142014...2014 . 10% | 2013
Vi UCLN(10, 2013) = 1 nén UCLN(10", 2013) = 1 véi moi n € N*

Vay: c6 s6 dang 20142014...2014 chia hét cho 2013.
Cau 83. Twr gia thiét suy ra a=1(mod3), a=3k+1(keN);b=2 (mod 3), b=3q+2(qeN).
Suyra A=4*+9"+a+b=1+0+1+2 (mod 3) hay A=4 (mod 3). (1)
Lai co: 4* =4 =4.64* =4 (mod 7)
9° =% = 2%2 (mod 7) = 9°=4.8"=4(mod 7).

Ttr gia thiét ta con suy ra a=1(mod7),b=1(mod 7).
Dan dén A=4*+9" +a+b=4+4+1+1(mod 7) hay A=10 (mod 7).
Tt (1) suy ra A=10 (mod 3); ma 3 va 7 nguyén td cung nhau nén A=10 (mod 21).
Vay A chia cho 21 du 10.
Cau 84. Ta c6 : x° = x = x(x* = 1)= x(x* = 1)@ + 1)= x(x> = 1)[ (x* ~4) +5 |
=(x=2)(x = D)x(x + 1)(x +2) + 5(x = I)(x + 1)x
Tacd: (x=2)(x-1) x(x + 1)(x +2) chiahétch 5 va 6
ma (56)=1nén (x—-2)(x-1) x(x +1)(x +2):30
lai c6 (x-1)x(x+1) Chia hét cho 2 va 3 ma (2,3)=1 nén 5(x — 1)x(x+1) :30
Do déx>-1:30
Suy ra A = (a%20 + b2020+ ¢2020) - (92016 4 p2016 + 2016)
A =a¥(a® - a) + b5 (b° —b) + ¢ (c® - ¢) :30
Vay A:30
Cau 85. Trudc tién, ta chirmg minh x : 3.
Daty’=a,aeN*taco2xX*-1=yP* < 2x?=a’+1 o 2x*=(a+1)(a>-a+1) (1)
GoiUCLN(a+1;a2-a+1)=d(d e N*), tacé:a+1d,a2—a+1:d.
Suyra(a2-a+1)-(a+1)(a-2)=3:d=>d=1hoscd=3
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*Néu d =1 thittr (1), ta co:

a+l=2 a+1=x?
) ) hoac (loai via ¢ N¥)
a’—a+l=x a’—a+1=2

a+l=2 a=1 a=1
{a2-a+l:x2 <:>{X2:lz{x_l(loa1V1pha1cox>l)
*néud=3thiter (1) tacd: 2x2: 9. ViUCLN(2;9)=1nén x2: 9 =x : 3 (*)
Chtng minh x : 5.

Paty*=b, b e N*, taco: 2x2-1=b° < 2x2=b°+1

< 2x2=(b+1)(b*-b*+b2-b+1) (2)

Goi UCLN(b +1;b*=b*+b2-b+1)=k (k € N¥)
Tacd:b+1:kbt-b*+b2-b+1:k

= (b*-b*+b>-b+1) - (b+1)(b>-2b2+3b—-4)=5: k

Suy rak=1hodck=5.

*Néu k=1 thi ttr (2) c6

b+1=x? b N K b+1=2
: ¢ N* ac:
bt~ 4 b7 —ba1ez o EN) O e g gy

b:l(l . \ h7~ 7 1)
= 0oal vl al co X >
x=1 P

*Néu k =5 thi tir (2) suy ra 2x? : 25. Vi UCLN(2; 25) =1 nén x?: 25 = x :5 (**)
Ttr (*) va (**) suy ra x : BCNN(3; 5) hay x : 15 (dpcm)

Cau 86. Gia st A 1a s8 tu nhién duoc tao thanh bang cach viét 100 s6 trén theo hang ngang
mot cac bat ki. Khi d6 trong s6 tu nhién A ¢ 21 chir s6 1 va 20 chit s6 tir 2 dén 9.

Do d6 tong cdc chit s& ctia A la 21.1+20(2+3+4+5+6+7 +8+9) = 901 khong chia

hét cho 9
Ma 2016 chia hét cho 9 do d6 A khong thé chia hét cho 2016
Cau 87.

Gia st ton tai so k e {O; 1; 2;3} dé€ ton tai sd tu nhién n sao cho (n2 —k)54 . Khi d6 ta xét cac
treong hop sau

e Truong hop 1: Néu n =4q vdi q la s8 tw nhién. Khi d6 n* -k =16q” - k.

Do d6 dé (n2 —k)§4 thi ki4 nénsuy ra k=0.

o Truong hop 2: Néu n=4q+1 vdiqla sd tw nhién. Khi d6 n* -k =16q* £8q+1-k

Do dé6 dé (n2 —k)§4 thi 1-k:4 nénsuyra k=1.
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o Truong hop 3: Néu n=4q+2 vodi qla sd tu nhién. Khi d6 n*> -k =16q”> +16q+4—k
Do d6 dé (n2 —k)§4 thi k:4 nénsuyra k=0.

Vay v6i k=0 hodc k=1 thiludn ton tai s6 ty nhién n dé€ (n2 - k)54 .

(2n)!_(135...(2n-1))(246..2n)

Cau 88. Ta co: (n+1)(n+2)...(2n) =

=1.35...(2n— 1).2“.2-5 =135..(2n-1).2"

Do d6: (n+1)(n+2)...(2n) chia hét cho 2".
CAu 89. Ta c6: Q(X)=x*-9=(x-3)(x+3)
bé P(x):Q(x)thi P(3)=0;P(-3)=0

Ta co:
P(3)=33+a3+h3+9=9a+3b+90=0=3a+b+30=0

P(-3)=3.(-3)’ +a.(-3)" +b.(-3)+9=9a-3b-72=0=3a-b-24-0

. |3a+b+30=0 6a=-6 a=-1
é < <
3a-b-24=0 3a-b=24 b=-27

Vay a=-Lb=-27thi P(x):Q(x)
Céu 90. Ta c6: (2019° +1)+(2021°° —1) = 2019™ + 2021
Ma 2019™* +1=(2019+1)(2019°"° - 2019 +2019™* - ..-1) (1)
2021 —1=(2021-1)(2020 + 2021°° + 2021 + ... +1)  (2)
Cong vé (1) va (2) ta dugc:
2020. [(20192018 —2019%"7 +2019°° —. .. 1) +(2021°% + 2021°"° + 2021°"" +. . +1)] 12020
m-+n?im?—n
n+m?:n>—m
@{m+n22m2—n {(m—n+1)( n)

Cau 91. { (1)

n)>0
2 2 A -
n+m?>n>—m (n—m+1)(m+n)>0

-n+1>0
{m = (do m, n nguyén duong)

&
n—m+1>0
< —-1<m—-n<1
»THI: m—n=-1 &m=n-1
+) m+n®im* —n
(n*—3n+1)+4n—2
€l =

m+n? n—1+n?
= — —— €72 = 5
m<—n (n—l) -n n°—3n+1

€z
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737 74437

:>24n—_2 €Z=n*-3n+1<4n-2 =n*-7n+3<0= <n<
n-—3n+41 2 2

vineN" =ne{1,2,34,5,6}
= me{1,2;3;4;5}

Th lai vao (1) ta tim duoc cdc cdp (m;n)thoa man la: (2;3).
TH2: m—n=0&m=n
m+n®:m*>—n

2
MmNt g Nk eZ:w €Z= -2 €Z-n-1<2 n<3
me—n n“—n n“—n n-1
VineN =ne{123} =me{1;23}

=

Thr lai vao (1) ta im duoc cdc cdp s& (m;n)thoa man la: (2;2), (3;3).
TH3: m—n=1&m=n+1
n4+m?:n’—m

2 n+(n+1)y 2
_ndm eZ¢ﬁ ez 3t g
n_m n>—n-—1 n“—n-1
:1n—+21€Z:>nz_n_1§4n+2 =n’-5n—-3<0
n*—n-—
= S_ﬁﬁném_ﬁ

VineN =ne{l;2;3,4;5} = me{2;3,4,5,6}
Thu lai vao (1) ta dwoc cdc cdp s6 (m;n) thoa man la: (3;2)

Cau92. Tacod: n®—2n*+n?=n®—n*—n*+n?= n“(n2 —1)—n2(n2 —1):|:n(n—l)(n Jrl)]2
y A2 ) 2.
bit A=n(n-1)(n+1), tacd {A33 va (2,3)=1 = A6 :>[n(n—1)(n+1)] :36 (dpcm)

Cau93. ab —ba =(10a+b)? - (L0b+a)? =99(a? —b?)

ab’ —ba’ chia hét cho 3267 nén a?—b? = (a—b)(a+b) chia hét cho 33
1<a,b<9=a=Dbhay a=7,b=4;a=4,b=7

Vay ta c6 cac s 11;22;33;44;47;55;66; 74;77;88;99

Cau 94. Ta co:

4a®> +3ab—11b%:5 = (sa2 +5ab— 10132)—(4312 +3ab —11b2)35
—a’ +2ab +b*:5
=(a+b)’i5

—=a+b:5 (Vi5lasdnguyén td)
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=a'-b'=(a’+b’)(a+b)(a—b):5
Cau 95. Ta co:

XY+ X+ Yixy? +y+1
e y(Xy+x+y)-x(xy’ —y+1)ixy* +y+1

Sy -xixy?+y+1

=m
TH1: y2 =X:>{y ) : Vi moi m 1a s6 ti nhién khac 0
X=m
Th lai thay thoa man

TH2: y* > X, ta ¢
Xy’ +y+1<y? - x < (x-1)y* +y+x+1<0 (vdlido x,y>1)
TH3: y* < x. Ta c6:
xy2+y+1<x—y2<:>x(y2—1)+y2+y+1<0 (volido x,y>1)
Vay, (X; y) = (m2 : m) voi m thudc tap s6 tu nhién khac 0
Cau 96. Ta cb (x2 —Q)E(xy+2)(:> (x2y+2x)—(2z+2y)f(xy—|—2)<:>2x+2y§xy+2
Dt 22 + 2y = k(ay +2) véi k€ N’

Xét k> 2.Khido

2042y =k(ay+2)>2(my+2) e rty>ay+2e (z-1)(y—1)+1<0

Diéu ndy mau thuan vi z;y nguyén duong.

Suyra k <2 hay £ =1.5uyra 2<x+y>:xy—|—2(:><x—2)(y—2):2
+Néuz—2=Ly—2=2thiz=3y=4
+Néuzrz—2=2;y—2=1thiz=4y=3

Vay cdp so (x,y) thoa man bai toan la (3;4) va <4;3>.

Cau 97. Ky hiéu (x;y) la wdc chung 16n nhat ctia hai s6 nguyén x vay.
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Goi d = (a;b) => a=da,;b=db,, véi (a;b,) =1
=a’+b*=d*(a’+b?) va ab=d’a,b,
= d*(a’+b?)id%a,b, = a’ +b’iab,
=a’ib,=a,-a,:b, ma (a;b,)=1=a,:b,

Twong tu b,:a, suyra a, =b, =1

@)
2d%a,b,

Cau 98. Gia str 2 1é. Khi d6 a’ chia 4 du 1. Ma b? +¢? chia 4 chi c6 thé c6 s6 du 14 0, 1 hodc
2. Do d6 khong théa man. Vay a chén. Twong tw b, ¢, chdn, dpcm.
Cau 99. Ta c6 52+ 22" = 25.125" + 8.4" = 25(125" - 4") + 33.4".

Mit khac (125"-4") : (125-4)=121:11va33.4" :11,Vn € N. Do d6

52422 111, vneN.

Cau 100. Dé thdy xy # 1. Ta xét cac truong hop sau

e V6i x=1 va y>2, khi d6 tir gia thiét ta dwgc 4 chia hét cho y—1 hay y—1 la wdc cua 4.
Chti y réng wdc ctia 4 gdom 1; 2; 4 nén ta tim duwoc y e {2; 3;5}.

+Voi x=1va y=2 taduwoc A=4

+Voi x=1va y=3 taduwoc A=2

+Voi x=1va y=5 tadwoc A=5

e V6i y=1 va x>2, khi d6 tir gia thiét ta dwoc x* +x+2 chia hét cho x—1 hay 4 chia hét
cho x—-1, suy ra x—1 la wdc ctia 4 nén ta dwoc xe{2;3;5}.

+Voi x=2 va y=1ta duwoc A=38

+Voi x=3 va y=1taduoc A=7

+Voi x=5 va y=1ta duoc A=38

e V6i x>2 va y>2,khid6 do x* +x+2 chia hét cho xy -1 nén ta dwgc y(x2+x+2) chia
hét cho xy—1, tit d6 suy ra x+2y+1 chia hét cho xy-1.

x+2y+1

Dat k=
xy -1

,cht ¥ rdng do x>2 va y>2 nén ta duoc xy—1>3.
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+Néu k=1 thi ta duoc x+2y+1:xy—1<:>(x—2)(y—1)z4.
Giai phuong trinh tich trén ta dwoc cac nghiém la (x; y) = (3;5),(4;3)(6;4).
Khi d6 ta tinh dwoc cac gia tri twvong tng cia A la 1; 2; 4.
+Néu k=2, khi d6 ta duge x+2y+12xy -1 (x-2)(2y-1)<4
Véi y >3 va x>2 thi bat dang thiic trén khong xdy ra, con véi x=2 va y =2 thi k khong
nhan gia tri nguyén duong.
Vay cac gia tri nguyén duong ma A nhan duocla A e {1,' 2;4; 7;8} .
Cau101.a) Ta c6 a,b € S nén a = m* 4+ 3n* va b = p’> + 3¢ véim, n, p, q la cdc sd nguyén.
Khi d6 ta cé
ab = (m2 + 3n2)(p2 + 3q2) =m’p® + 3n°p° + 3m’¢ + I’
= (m?p2 + 6mnpq + 9n2q2) + 3<m2q2 —2mnpq + n2p2)
2 2
= (mp +nq) +3(mg—np)
Do vay abe S.
b)Do N € S néntacd N = z” + 3y” vdix, y la cac s8 nguyén va do N 1a s6 chdn nén x, y
c6 cling tinh chdn 1é. Ta xét cac treong hop sau
+ Xét truong hop x va y déu 1a s& chan. Khi d6 dé thdy N chia hét cho 4.
bat = = 2a;y = Qb(a,b € Z), khi do % =a’ + 3b° nén % €s.
+ Xét trudmg hop x va y déu la s6'1é. Khi d6 ddt = = 2a + Ly = 2b +1(a,b € Z)

2

Taco N =2’ +3y° =(2a+1) +3(20+1) =da* +4a+120 +12b +4 nén Nid.

Mat khac do x, y la cac s6 1é nén 2> — 4*:8 nén z — 3y:4 hodc = + 3y:4.
2

T+y

2
Véi z — 3y:4 ta duoc %: [x—43y] +3

2

+3

Véi x + 3y:4 ta duoc %: [x—?)y

4

Vay bai toan dwgc chitng minh.

2
Cau102. Giastt a>b>c.Taco a* +b* +c* =(a’ +b® +¢* ) —2(a’b? +b*c* +c’a’).
Viplasdnguyéntdva p>3,suyra a’+b*+c* chia hét cho p khi va chi

a’b® +b’c® + c*a’khi chia hét cho p hay
a’h’ +c?(a’ +b?)ip < a’h’ —c*ip < (ab—c*)(ab+c?)ip.
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Do p=a’®+b®+c®>ab+c’>ab-c*>0 vaplasdnguyéntdnén ab-c*=0=a=b=c
= p=3a°=>a=b=c=1vap=3.

Cau 103. Trudc hét ta chitng minh rang x” = x(mod42),vx e Z. (1)
That vay, ta cd X' —x = x(x—l)(x+1)(x4 +x? +1) )
Dé thay x(x-1)(x+1) la tich 3 s6 nguyén lién tiép nén né chia hét cho 6.
Theo dinh 1i Ole thi X" —x=0(mod7),vxeZ , tiecla x’ —x chia hét cho 7.
Vay x” —x chia hét cho BCNN(6;7)=42. Khang dinh (1) duoc chitng minh.
Tk d6
[(27+5)' +10}7 +| (10n+27)"+ 5]7 +[(5n+10) + 27]7

=(27n+5)" +10+(10n+27)" +5+(5n+10)" +27(mod 42)

=27n+5+10+10n+27+5+5n+10+27(mod 42)

=42(n+1)(mod42)

=0(mod42).
Tt d6 ta c6 khang dinh ctia bai toan.

-1 y-1

Cau 104. Bién ddi gia thiét 3

3" —1)=2(y 1) & 32> —2° =1

Vi s6 chinh phwong chia 5 dw 0 hodc 1 hodc 4, ma 3x* —2y* =1 nén z* va y* chia cho 5 c6
cung s6 dw 1, tir d6 ta dwoc z° —y* 5

Vi s6 chinh phwong chia 8 dw 0 hodc 1 hodc4, ma 3x* —2y* =1 nén z* va y* chia cho 8
c6 cung s6 duw 1, tir 46 ta duoc 2° — 8

Do 5 va 8 nguyén t6 cung nhau nén ta dugc z* — y* 140

Cau 105. Ta c6 xy—1:(x—1)(y—1),suyra xy—1ixy+1-x—y.
Ma xy+1—x—y5xy—l—l—x—y:>(x—1)+(y—1)E(x—l)(y—l), suyra x—1:y—1vay—1:x—1,
nén x=y

xz—lf(x—l>2 tacoO x+1ix—1,suyra2ix—1,nén x=2 hodc x=3.

Cau 106. Ta cO abcde = abc00 + de = abc-100 + de
= abc(101— 1)+ de = abc-101 - abe + de

Suy ra abede chia hét cho 101« abc —de = abc —(10d +e) chia hét cho 101.

99999 _ 990 9
101 101

Vay s6 ¢6 5 chit sO 16n nhat chia hét cho 101 la 990-101

Ta c6 101-m <99999 = m <
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Ta co 101'n§9999:>n§%:99

Vay s6 ¢ 5 chit s6 nho nhat chia hét cho 101 la 100-101
SO cac s6 co 5 chir sd thdéa mén yéu cau ctia bai toan la: 990 —100 +1=891.
Pép s6: 891 so.
Cu 107.+) 41° =(40+1)° =40 + 80 +1=81 (mod 100).
41* =81* (mod 100) =(80* +160+1) (mod 100) =61 (mod 100).
= 41° =61.41 (mod 100) =(60.40+100+1) (mod 100) =1 (mod 100).
= (41°)" =41 =1 (mod 100) = 41" =41 (mod 100).
+) 57 =1 (mod 100) =572 =(57*)"" =1 (mod 100).
Suy ra A=41'" 457" =(41+1) (mod 100).
Vay 2 chit s6 cudi cung ctia A la 42.
Cau 108. Ta c6
13" = (13* .13 = 3(m0d10);6° = 6(Mod10);2009 = (2009)*™*.2009 = 9(mod10)
13" +6° +2009%” =3+ 6+9 =8(mod10)
nén 13 +6° +2009°” ¢6 tan cling la 8

Cau 109. Ta c6: A=7(m+n)’ +2mn = 7(m2 +n2)+16mn =7(m-n)’+30mn.

Do A:225 nén A:15.

Lai c6 30mn : 15 nén 7(m—n)” : 225.

Suy ra (m—n):15.

Twr day, ta c6: 7(m—n)° chia hét cho 225.

Dan dén 30mn : 225, ticcla mn :15.

Ma mn=(m-n)n+n® nén n* 115 tic n 115. Tr d6, suy ra m :15(do (m—n):15).
Vay mn :15% =225.

Cau 110. Ta ¢ 5m + n:m + 5n nén 5m +n = (m + 5n)a véi a la sO nguyén duong.
Khi do ta duwgc 5m —am = ban —n < m<5—a): n(5a—1>.

Do m, n, ala cac s6 nguyén duong nén 5¢a —1 >0 dodésuyra5—a > 0.

Do a nguyén duong nén ta dwoc a € {1; 2;3; 4} . Ta di xét cac truong hop sau.
+V0i a =1, khi d6 ta duwogc 4m = 4n <& m = n nénsuy ra m:n.

+V0i a =2, khi d6 ta dugc 3m =9n & m = 3n nénsuy ra m:n.
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+Voi a = 3, khi do6 ta dwoc 2m =14n < m = Tn nénsuy ra m:n.
+V0i a = 4, khi d6 ta duwogc m = 19n nén suy ra m:n.
Vay m ludn chia hét cho n.
Cau 111. a) Chitng minh rang x va y la hai s8 1é va nguyén t3 cing nhau.
Gia str trong hai s8 x va y c6 mot s8 chdn, do vai trd ctia x va y nhw nhau nén khong mat
tinh téng quat ta gia st x 1a s6 chan. Khi d6 do 2* + 3* + 10 chia hét cho xy nén
2* + y* 410 chia hét cho 2. Ttr d6 dan dén y* chia hét cho 2. Tt d6 suy ra duoc
2* + y® + 10 chia hét cho 4, dan dén 10 chia hét cho 4, diéu nay v li. Do d6 ca hai s6 x va
y déu la s6 lé.
Goi d = (:zs;y), khi d6 z = dx;y = dy, voi z;y, € N,(:z:o;yo) =1.
T dd tacod 2° + y* +10 = d’z + d’y. + 10 chia hét cho d°z,y, nén suy ra 10 chia hét cho
d’ nénsuy ra d = 1 hay x va y nguyén t& cung nhau.

2" 41y 410
y

b) Chting minh réng k = chia hét cho 4 va k > 12.

ZJL(m2 +n’ —|—m—|—n—|—3)
(2m +1)(2n +1)
Do 4 va (2m+1>(2m+1> nén suy ra m° +n” +m + n + 3 chia hét cho (2m+1>(2n+1).

Détx:2m+1;y:2n+1(m,n€N>.Khidc')taCék:

2 2
Hay ta duoc T Amints gy nguyeén. Ttr d6 suy ra k chia hét cho 4.
(2m +1)(2n +1)
2 2
~ \ 1 A . A~ \ 7 A A
Clng ttt k = Tty +10 ta duoc z° + y* + 10 = kxy . Néu trong hai s6 x va y ¢c6 mot s6

Y
chia hét cho 3, khi d6 khong mat tinh tong quat ta gia st s6 d6 la x. Khi d¢ ta suy ra duoc
y> 4+ 10 chia hét cho 3 nén y* + 1 chia hét cho 3 hay y* chia 3 dw 2, diéu nay v ly vi ¢
chia 3 du 0 hodc du 1. Do vay x va y khong chia hét cho 3. Suy raz®;y* chia 3 cing c6 s6
du1a 1. Do d6 ta dwoc o” + y* + 10 = kzy chia hét cho 3. Ma ta lai ¢ (3;zy) = 1 nén k chia

hét cho 3.
Két hgp vdi k chia hét cho 4 ta suy ra duoc k chia hét cho 12. Do d6 k£ > 12.

Cau 112. Dt F = [5x° +11xy—5y2|: f(xy), mlaGTINN caa F.
Tacd m lasdnguyénva f(0;1)=f(1;,0)=5=m<5.
Vi X, y la cac s8 nguyén khong dong thoi bang 0 nén 5x* +11xy —5y® # 0 hay

F=<0.
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Xét x=2n; y=2k.Tacod f(x;y)=f(2n;2k)=4f(n;k) nén gia tri f(2n;2k) khong
thé 1a GTNN. Do d6 GTNN cua F xay ra khi x, y khong cling chdn, vi vay m la sd 1é.

*Néu m=1suy raton tai X, y dé
|5x2 +11xy —5y2| =1 < 100x* +220xy —100y? = +20 < (10x+11y)” —221y? = +20
& (10x+11y)° £20 =221y*:3. Suy ra (10x+11y)" chia 13 du 6 hoc dw 7. Ma s& chinh
phuwong khi chia 13 chicé dw 0, 1, 3, 4, 9, 10, 12. Do d6 vé Iy.

*Néu m=3 suyraton tai x, y dé
|5x2 +11xy —5y2| =3 <1002 +220xy ~100y? = +60 < (10x +11y)’ —221y? = +60
& (10x+11y)° +60 =221y*:3. Suy ra (10x+11y)’ chia 13 du 5 hodc du 8. Ma s& chinh
phuwong khi chia 13 chic6 dw 0, 1, 3, 4, 9, 10, 12. Do d6 vé Iy.

Vay GTNN caa F 1a 5.
Cau113. P = (a7b3 - a3b3) —(a3b7 - a3b3)

A=a'b*-a’b’= a3b3(a4 —1):a2b‘°‘(a—1)a(a+1)(a2 +1) chia hét cho 6 vi (a—1)a(a+1)la

tich ba s0 nguyeén lién tiép.

A=a’h’ [(a—Z)(a—l)a(a +1)(a+2)+5a(a’ —1)] = Ai5. Do d6 A!30.
Tuong tu B= (a3b7 —a3b3)§30 = P:30.

Cau 114. P =(a°—5a* +6a°) —a®+5a° —6a+ 240
=a’(a’-5a+6)-a(a’—5a+6)+240=(a’~5a+6)(a’ —a)+240

Suy ra P=(a-3)(a—-2)(a—1)a(a+1)+240:120

Ttr &6 suy ra P chia hét cho 120.

Cau 115. P=4a+a+b=(4a+2)+(a+1)+(b+2007)—2010
Tac6 4* +2=(4"-1)+3=(4-1)(4"" +4" +...+4+1)+3 chia hét cho 3.
Mit khéc 4 +2 1a 58 chdn nén (4°+2):2 do d6 4 +2 chia hét cho 6.

a+1,b+2007 va 2010 cung chia hét cho 6 nén P chia hét cho 6.

Cau 116. Do a+b+c chia hét cho 4 nén dit a+b+c=4k(k e Z)ta co:
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P =(4k —c)(4k —b)(4k —a)—abc = (16k* — 4kc — 4ka +ac)(4k —b) - abc
— 4k (16k2 — 4kc — 4ka + ac — 4kb + bc + ab)— 2abc.

Do a+b+ci4 nén trong ba s6 a,b,c phai c6 it nhat mot s& chdn nén 2abci4 , tir d6 suy ra
P chia hét cho 4.

Céu 117. a) Ta biét rang binh phuong mot s6 nguyén chia cho 8 dw 0, 1, 4, do &6 x>+ y* +2° chia
cho 8 thi s§ du thudc tap {0;1;2;3;4;5;6} .

Mit khéc, 560647 chia cho 8 du 7. Vay khong ton tai X, Y,z la cac s6 nguyén thoa man dé bai.
b) Dang thtic da cho tuwong dwong véi
(a-1)a(a+1)+(b-1)b(b+1)+(c—1)c(c+1)+(d-1)d(d+1)=660064.

V& trai chia hét cho 6, v€ phai khong chia hét cho 6, tir d6 suy ra diéu can chirng minh.

Cau118.a) Tacé (a+5)—(a—2)=7 nén a+5 va a—2 cung chia hét cho 7 hodc ciing khéng chia
hét cho 7.

Néu a+5 va a—2 ciing chia hét cho 7 thi P =(a+5)(a—2)+ 63 khong chia hét cho 49.

Néu a+5 va a—2 cling khong chia hét cho 7 thi (a+5)(a—2) khong chia hét cho 7, do d6 P
khong chia hét cho 7, nén P khong chia hét cho 49.

b) Q =a’ +5a+185 khong chia hét cho 169.
Tuong tu ta vit Q =(a+9)(a—4)+221.

Cau119. Ta o P — 1" +1)6(2n+1) .

bt Q=n(n+1)(2n+1) thi Q=6P.
Dé thay rang n =5k +1,n =5k +3 thi Q khong chia hét cho 5, do &6 P khdng chia hét cho 5.

Cau 120.a) P =(a+5)(a—6)+154.

Ta cé (a+5)—(a—6) =11 chia hét cho 11, vay a+5;a—6 cung chia hét cho 11 hodc cung khong
chia hét cho 11.

Néu a+5;a—-6 cung chia hét cho 11 thi a+5;a—6 chia hét cho 121. Suy ra P khong chia hét cho

121.
Néu a+5;a—-6 cung khong chia hét cho 11 thi P khong chia hét cho 121.

Vay khong ton tai sd nguyén a dé€ P chia hét cho 121.
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b) Q=(a’+3)(a—7)+(a+7) chiahét cho a’+3 khi
(a+7)i(@’+3)=(a—7)(a+7)=[(a’ +3)-52]:(a’ +3)

= a’+3e{4;13,26;52} > ae{L,-7}.

Bai 121.

a) Tacd A(X) = (x* —x—2)(x* =8x+15) + m+23, do &6 A(X) chia hét cho B(x) khi
m+23=0< m=-23.

b) f(x) chia hétcho X—1 va X+2 nén ta cé:

f(0 =PI _ | fQ=0 _ | a-3=1 a:‘;

F0)=q(x+2) | F(=2)=0  |a—12b=25 b=-3

Bai 122. Theo dé bai ta c6 vdi moi X:
A(X) = p(X)(x=5) +7 @)
A(X) =a(x)(x+3) -1 (2)
A(X) = (2x° +D)(x=5)(x+3)+ax+b (3)
T (1), (2) tacd A(B)=7,A(-3)=-1.

Tir (3) ta c6 A(5) =5a+b; A(~3) =—3a+b.
A(5)=5a+b=7
A(-3)=-3a+b=-1

Vay A(X) = (x* —2x-15)(2x* +1) + x + 2.

Bai 123. Ta phan tich P(n) thanh nhéan ta:

P(n) _ nlsoo(nso +no +1) — pleoo [(n40 +1)2 . n40]

_ pleoo (n4o +n® +1)(n40 _n® +1) — e [(nzo +1)2 _ nzo} (n4o _n® +1)

=™ (n® £ 0 1 1)(n® —n +1)(n" —n? +1).
Tt d6 suy ra P(n) chia hét cho Q(n) véi neZ.
Bai 124.

1.2.3...(a+3)(a+4)(a+5)...(2a+5)(2a +6)
- 1.2.3.(a+3)
2.4.6..(2a+4)(2a +6)

1.23..(a+2)(a+3)
=1.3.5...(2a+5)2*" chia hét cho 2**°.
1.2.3..(3a-1)3a

123..a

Dodétacé{ =a=1b=2.

a) P

=1.2.3..(2a+5).

b) Q=

3.6.9...3a
1.2.3..a

=[1.4.7..(3a-2)][2.5.8...(3a—1)].3" chia hét cho 3°
Bai 125: Ta c6: (a° +b*)—(a+b)=(a’—a)+ (b’ -b)=(a-1)a(a+1)+(b-1)b(b+1):6

=[1.4.7..(3a~2)][2.58..(3a D).
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Do do: (a°+b*):6 < (a+b):6

Bai 126. Vi m 1a 56 chdn = m = 2k = m® + 20m = (2k)’ + 40k
m° +20m =8(k® +5k) =8[ (k* k) + 6k | =8(k® —k )+ 48k
Taco: (k°—k):6=8(k®—k):48 va 48k:48

Vay: (m°+20m):48

Bai 127. Goi sd can tim 1a X =Xxy..tha,a, ,...a,a,, b la chit s6 can gach.

bat A=xy.t vaY =xy..taa, ,..a3a
Taco: X =71Y

& AL +b10"+a,..a =71 (Al0"+a,.a)

<hb.10"=61.A10"+70.a,a, ,..8,8

a .
Néu A>0 thi b.10" >61A.10 vi 0<b<9.

Vay A=0 ticla b.10" =704a,..a,

Chit s6 bi gach la chit s6 dau tién tinh twr trai qua phai.
M3t khéc: (10%,7)=1 v6i moi k = bi7

Ma 1<b<9=b=7

Lic dé: 7.10" =70.4a,..a,

=Y =aa,_,..a,a =100..00 (n-1 chit s& 0)

Vay: X =7100...00 (n—1 chtr s 0) chit s bi gach dila 7.

Bai 128.
Goi s6 can tim 14 ab. Ta cé:
ab:3 va alb+2a=9.ab

@{(a+b)£3 @{(a+b)23

100a+b+2b=9(10a+b) 3a=2b
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Tt 3a=2b=2b:3 ma (2,3)=1=b:3 do (a+b):3
—a:3ma3a:2=a:2
Taco: a:3;ai2;(2,3)=1=>a6l<a<9=>a=6=b=9
Vay: ab=69.
Bai 129.
*Néu xi3 va yi3 = x*13 va y* 3= (X" +y*):3
* Nguoc lai: gia siv (x2 +y? )53
Ta c6 mot s6 nguyén a bat ky chi c6 mot trong ba dang.
a=3¢g,a=3q+lLa=3g-1
= a* ¢6 mot trong hai dang 3k hodc 3k +1
= X" +Yy* c6 mot trong cac dang: 3p,3p+1,3p+2
Do do: (x*+y*)i3< x*3 va y*i3< xi3 va yi3.
Bai 130.
Ta c6: aaaa =16.bbb+r
aaa =16.bb +(r —200)
Véi: 200<r <bbb.
Trit cac dang thitc, ta ¢6: 1000a =1600b+200 <> 5a=8b+1=>a=>5 va b=3.
Ta c6 cac s6 5555 va 333 thoa man.
Bai 131.
a) Goi s8 can tim 1a: abc =100a+10b+c.

__abc _100a+10b+c _, 9(lla+b)
a+b+c a+b+c a+b+c
Nhan thay k bé nhat khi ¢ 16n nhat = khi d6 ¢=9
:>k=1+9(11a+b)= 0+9(10a—9)

a+b+9 a+b+9
= k bé nhat khi b 16n nhat =b=9

9(10a—9
k=104 2002-9) 5 9.180
a+18 a+18

= k bé nhit khi a bé nhat > a=1
Vay abc =199
b) Xét cac treong hop: (1) achan, b chdn; (2)achén;blé
(3) alé; b chan; (4)alé, ble.

Trong tat ca cac truong hop ta déu cd A:16

Dung phuong phap quy nap toan hoc dé€ chitng minh cho B:36 vdi moin.
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Bai 132.
a) Chi can chimg minh (n°-n}:30 v6i moi n.
b) V6i moi s6 ty nhién khéac 0, ta ¢6: 0<S(n)<n.
* Néu 1< n <1987 = (n—1)(n—1987) <0

= n’-1988n+1987 <0
= n*-1988n+26 <n*-1988n+1987 <0
= vo ly.
*Néu n=1988= S (1988) =1988% —1988.1988 + 26
Vay n=1988 thoa man.
*Néu n>1988=n-1988>1
= n?-1988n+26 > n’-1988 =n(n—-1988)>n
= S(n)=n?-1988n+26>n (voly)
Viluon luén co: 0< S (n) <n
Vay chi c6 n=1988 thoa man.
) Goi (AB)=d=d>1
n(n+1)

= A:d va B:d :>(2n+1)5d va :d

= n(2n+1)id va 2n(n+1):d
:>(2n2+n)5d va (Zn2 +2n)§d
:>[(2n2+2n)—(2n2+n)}2d
=nid = 2nid ma (2n+1):d
=ld=>d<lmadx>1=d=1
Vay (AB)=1
Bai 133.
a) Mot s6 nguyén duong khong chia hét cho 5 thi c6 mot trong cac dang;:
x=50+1,59+2,59+3,5q +4
= x* ¢6 mot trong céc dang 5k +1 hodc 5k +4
= x* ¢6 dang duy nhat 5p+1
=b*=5B+1va a‘*=5A+1=a"'-b*=5(A-B)5
b) Theo gia thiét, ta suy ra cac tich: a,a,,a,a,,...,8,8 chi nhan mot trong hai gia trj 1

hoac -1.
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Do d¢: aa, +a,a, +a,a, +..+a,a =0<> n=2m.Dong thoi c6 m s hang bang 1, m s
hang bang —1.
Nhan thay: (aa,)(a,3,)--(a,3 ) =2a/a;..a; =1
= S& cac s8 hang bang —1 phai 1a s§ chén.
Tacla: m=2k =>n=4k = n:4.
c) Taco: n+S(n)+S(S(n))=60=n<60=S(n)<5+9=14
= 5(S(n))<1+9=10=5(n)+S(S(n))<14+10=24
60=n+S(n)+S(S(n))<n+24=36<n<60
Boi vi n,5(n),S(S(n)) c cling s8 du trong phép chia cho 9.
= 3n chia cho 9 du 6 (do S(60)=6) = n chia 3 dw 2.

= n chia cho 9 ¢c6 mét trong ba s6 du 2, 5, 8.
= n e {44;47;50}
Bai 134.
a) Biéu dién M = (1993 —1)+(1997"*® +1) = M i3
Bi€u difn M =1993.1993"* +1997.1997*** =1093,(1993*)"" +1997.(1997¢)""
— M tan ciing 1a chit s3 0 = M i5 ma (3,5)=1= M 15.
b) M tan cung la chit s6 0.
Bai 135. 1) Xét ba s0 dw ctia X, Y,z khi chia cho 3.

* Néu ca ba sd 1a khéc nhau: (0,1,2) thi x+y+2:3 nhung khi d6 (x-y)(y—2z)(z—x)
khong chia hét cho 3 (v ly).

* Néu c6 hai s6 du bang nhau thi x+ Yy + 2z khong chia hét cho 3 trong khi d6 mot trong
ba hiéu x—y;y—z hodc z—x chia hét cho 3 (vo1y) vi (x—y)(y-2z)(z—X)=x+y+z.

Vay chi con truong hop ca 3 s6 x,y,z déu c6 cung sd du khi chia cho 3.
= (x-y)(y-2)(z—x):3.3.3=27

Ma: (x=y)(y-2z)(z—X)=X+y+z=X+Yy+2:27

2) Tacé: a* ~1=(a*) -1 =(a* -1).P

Ta c6: a*—1=(a—-1)(a+1) la tich ctia hai s6 chan lién tiép a—-1>4 viala sd nguyén t&

a>bh.

TU SACH CAP 21 294



BOI DUONG HQC SINH GIOI CAP 2

= At c6 mét s8 chia hét cho 2 va mot s6 chia hét cho 4.
=(a-1)(a+1):8
Xét ba so lién tiép: a-La,a+1; 4t c6 mdt sd chia hét cho 3 via khong chia hét cho 3.
= (a-1)(a+1):3=>(a-1)(a+1):24
Tacé: a*-1=(a-1)(a+1)(a’+1) vaalasdle.
= a’+11asd chin = (a2 +1)32
= (a-1)(a+1)(a’+1):48
Lai vi a khong chia hét cho 5.
— a cd dang 5k +1,5k —1,5k + 2,5k -2 = a* ¢4 dang 5m+1=a*-1i5
Vi (5,4,8)=1=>(a-1)(a+1)(a’ +1):240
Bai 136.

a) Néu n=2k = A=2k.2% +3% = (2k +1) 2% + 3% - 2%,

A=(2k+1).2* +5p
Boi vi (2%,5) =1 do do:

A5 2k+1:5< 2k =5m+4 < k=5t+2< n=10t+4
Né&u n=2k+1=> A=(2k +1)27 + 3% = 2k 27K 4 22K+ 3%+ = | %% 4 B

Do dé: A5 k:5<n=10m+1
Tom lai: A:5< n=10m+4 hodc n=10m+1
b) A:25= A:5< n=10m+4 hodc n=10m+1
* Truong hop n=10m+1
Ta c6: 2*° =1024 =—1(mod 25)

3" =59049 = —1(mod 25)

A=(10m+1).200m* 4 3o

2" = (-1)" (mod 25); 2™ = (-1)".2(mod 25)
= (10m+1).2°"™* = (10m +1)(-1)" .2(mod 25)
3™ =(-1)" .3(mod 25)

= A=(20m+5)(-1)" (mod 25)
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Ai25 < (20m+5):25 <> 5(4m+1):25 < (4m+1):25
< 4dm+1=5 < 4dm=5t-1< m=5q+1
Vay Ai25 n=10(5q+1)="50q+11
* Treong hop n=10m+4
A=(10m+4)210m* 4 3om

Lam tuong tu = A=16(10m+4)(-1)" +81.(-1)" (mod 25)
(-1)".(160m +145)(mod 25)
Vay Ai25 < (32m+29):5 < 32m =1(mod5)
< m=50+3< n=50q+34

Tém lai Ai25 < n=>50q+11 hodic n=50q+ 34
Bai 137.

a) Viét: A=(25"-18")-(12"-5")

Ta c6: (25" -18")i(25-18) va (12" -5"):(12-5)

= A7

Viét: A=(25"-12")-(18"-5")

Ta c6: (25" -12")i(25-12) va (18"-5")i(18-5)

= A3 vi (7,13)=1= Ai7.13=01

b) Ta co: 5" +1997 =5 +¢* & (5%° —1)+1996:(52”2 —1)+q2 -1

Néu p va qla sd nguyén t8 = 5°° —1=25° —1:24

Va 527 —1=25" ~1:24;9° ~1=(q-1)(q+1):3

=1996:3 vo ly. Vay phuong trinh khong ¢ nghiém (p,q).
Bai 138. Bi€u dién P =(1998n° +1998n)+(n*—n+30)
Boi vi (1998n? +1998n):6n = P:6n <> (n*—n+30):6n
Xét hai treong hop:
+Néu n>0:
Ta c6 (n*—n)in=>30in vi 30:6=(n’—n):6

Ma n’-n=n(n-1):2, do d¢:

n(n—1):3=n =3k hodc n=3k+1
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Vay P:i6n< n=3k hodc n=3k+1 véi n lauwdcsdcua 30 =ne {1,3,10,30}
+Néu n<0:DPat n=-m véi m>0
Lam tuong tu ta c6: m e {2,5,6,15} = n e {-2,-5,-6,-15}

Bai 139. a) 1996 = 3.665+1=> ab = (3k +1

)1995

= ab c6 dang 3Q +1
= a va b phai ¢ cung dang 3m+1 hodc 3m-1

—=a+b c6ddang 3p+2 hodc 3p—-2

= a+b khong chia hét cho 3 nén a+b khong chia hét cho 1995
b) Lam twong tw voi:

1991=3k-1=cd =3Q+1

= C va d phai ¢6 cung dang 3m+1 hodc 3m-1

= C+d c6 dang 3p+2 hodc 3p—2

= C+d khong chia hét cho 3 nén ¢+ d khong chia hét cho 1992
Bai 140. Ta c6: (X + y)3 =X +y° +3xy(X+y)=1995+3xy(x +Y):3
Do d6 (x+y)3§3:>(x+y)§3:>(x+y)3327

Ta c6: 3xy(x+y)§9:>1995:(x+y)3 -3xy(x+Yy):9

Vo 1y vi 1995 chia cho 9 du 6

Bai 141.Ta co: 2T, = n(n+1). Mét khéc, sit dung tinh chat a" +b" chia hét cho a+beN'va
n 1 tacé: 28, = [(12019 029 422 4 (n =) (0 +1)}E(n +1) (1)

28, ={[1=2 + (n -1 |+ [22 + (= 2|+ [0 -1 |+2nkin (2)

Do (n,n+1)=1 nén ti (1) va (2) suy ra: 2S,:n(n+1)=2T, hay S, T,.

Bai 142. Goi d la wéc chung 16n nhdt caia m va n.

Giast m=ad, n=bdvéi (a,b)=1

3 3 3 3

Tacs A=A _ 8@ _dGash
n

Vi (a,b)=1nén (b,a+b)=1.Suyra (b* (a+b)’) =1. Nhu vay dé€ A nguyén thi d:b*, gia st

d =cb?. Bay gio ta dwoc A=c(a+b)’vdi a, b, ¢ nguyén duong.

)2019
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Do a+b>2 va A lé nén A nhéan gia tri bé nhat 1a 27, diéu nay xay ra khi c=1,a+b=3. Khi
do co hai kha nang;:

Néu a=2 va b=1thitacé d =1. Suyra m=2,n=1.

Néu a=1va b=2thitacéo d=4.Suyra m=4,n=8.

Bai 143. Ta 6 a’b—-1=b(@’+I)—(b+l):a+I=b+ lia+l. Twong tu

b’a+1 =a(b’~I)+a+1ib—1suy raa+1ib—1. Tkt d6 suy ra

b+lib-1<b-1+ 2:b-1=Db-1€U(2)suy ra b=2hodcb=3.

a=1

a=3

Vay cacbd s6 (a;b) thoa man diéu kién la:(a;b) = (1;3),(2;2).(3;3).

Bai 143. Tur gia thiét ta suy ra a + b+c+d+e chia hét cho 34.5=60suy ra 4b,5c chia hét
cho 60 nén b chia hét cho 15, ¢ chia hét cho 12. Néu b =0hodc ¢ =0thi suy ra
a=b=c=d=e=0trai vdi gia thi€t suy ra b,c#0. Vay b,c 21suy ra b>15, ¢ 212. Theo gia
thiét ta c6: 3(a+b+c+d+e)=3a+4b+5c=3(d +e)=b+2c>15+2.19=d +e>13.

Dau bang xay ra khi va chi khi b=15,c=12vaya = 20. Vay a=201a gid trj can tim.

Bai 144. Khong mat tinh tong quat, ta gia st n>m

+Néu n>m+1thi suy ra

n>—m>n+m?, that vay ta c6: n> ~=m-n-m’ =(n+m)(n—m-1) >0. Tt &6 ta suy ra n+m?
khong thé chia hét cho n—m?.

+Taxét n=m+1,

m+n®im’—n< m+(M+1)%im? —(m+1) < m?+3m+1im’ -m+1< m’ —-m+1+4mim? —m+1h

5—\/2_1< 5+\/ﬁ

m<
2 2

nguyén duwong nén suy ra m e {1;2;3;4} thiz tryc tiép ta thdy m=1,m=2thoa man.

Véi b=2tacd 3:a+l=a=2,vdsi b=3ta co: 45a+|:>[

ay 4mim*-m+1l=4m>m’-m+lem? -5m+1<0 < ,dom1lasd

+Xétm=ntacd N“+ninf-n=>2n'n"*-n=>2n>2n"-n<n°-3n<0< 0<n<3 tht truc
ti€p ta thdy n=2hodc n=3 thda man diéu kién.
Vay cdp s6 (m; n) thoa man diéu kién la: (m,n)=(2;2),(3;3),(1;2),(2;2),(2;3),(3;2).
Bai 145. Dt x-1=a,y-1=b vdi a,b e N". Yéu cAu bai toan duoc viét lai thanh:
2(@a+1)(b+1)-1l:ab <= 2ab+2(a+b)+1l:ab < 2(a+b)+1:ab. Ta gia st 2(a+b)+1=Kkab, va
1<a<b thi kab=2(a+b)+1<4b+b=5b=ka<5. Tl d6 ta c6 cac treong hop c6 thé xay ra
la: k=l,a=1=2(1+b)+1=b=b=-3loai. Thir lan lwot: k=1,a=2;k=1,a=3; k=1a=4;
k=la=5k=2a=Lk=2a=2 k=3 a=1 k=4,a=1 k=5a=1 ta suy ra cac cap s0
(x;y) thoéa man diéu kién la:
(%;¥)=(2:2),(2;4).(4,2),(8,4),(4:8).
Bai 146.Twr gia thiét ta suy ra

Y(4x% +8x+3):4xy —1 < x(4xy —1) + 2(4xy —1) + X+ 3y + 2:4xy —1..
Hay
3y+3 12y+12 3(4y-1)+15
4y-1 4(4y-1)  4(4y-))

X+3y+2:4xy -1 4xy—1<x+3y+2 < X(4xy-1) <3y+3 < x<
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Ma 3(4y_1)+15:§+ig§+£:2 suyra X<2.
44y-1) 4 4(4y-1) 4 43

Thay x=1=y=1va y=4.

Thay x=2 suyra y=1.

Bai 147. T gia thiét ta suy ra X* —2ixy +2 Ta cd phan tich sau:

y(x* —2) = x(xy +2) —2(x+Yy) suy ra 2(x+Yy)ixy+2hay 2(x+y)=k(xy+2)véi ke N".
Néu k>2thi 2(x+Yy)=k(xy+2)22(xy+2) = x+y2xy+2< (x-1)(y-1)+1<0. biéu nay
la vo ly do x,y21. Vay k=1<2(x+y)=xy+2< (X-2)(y-2)=2.Tt d6 tim dugc
(xy)=(3,4),(43).
Bai 148. Gia st x*+3xy+y°=5"dox,y>2=>n>2.
Suy ra x* +3xy + y2325<:>(x—y)2 +5xy§25:>(x—y)2+5xy55 :>(x—y)255<:> x—y:5hay
(x—y)*i25= 5xy:5 < xyi5. Do x,y 1a s6 nguyén t& ta suy ra x hodc y chia hét cho 5.
Gia st x:5 = x=5, lai c6 x-y:5 = s0 con lai cling chia hét cho 5, hay x=y =5.
Khi d6 n=3.

x'-1 a y'-1 m,

=—;voi (a,b)=I,(m,n)=1, b,n>0. Theo gia thiét ta co:

Bai 149. Dat =—;
y+1 b x+1 n

a m. . . ., .. an+bm an+bm:b an:b n:b
—+— la s6 nguyeén, ttec la: el = — . =< . =n=b.
b n bn an+bm:n bm:n b:n
4 4
Mt khac 2.0 _ X —1y _1=(x—l)(x2+1)(y—1)(y2+1)1;‘a s6 nguyén, suy ra

b'n y+1 x+1
amin=aneab=x'-1ly+l.Tacod: x'y*-1=y*(x*' -D)+y* -1 max*-liy+iva
y* —1iy? -1’y +1nén bai todn dugc chirng minh.

Bai 150. Ta cé:

p:_f: Z__ll@*(p—l)( ppn_‘ll—l}(p—l)[‘;_‘ll—l] < p(p"-D(p"+D = (p-1)(p+1) (1)

Néu g < p" —1thi cac thira sd ¢ vé trai 1on hon cac thira s6 twong tng ¢ vé phai cua (1), do

déq= p".Vignguyeén t6 con p” khong nguyén té nén q > p" +1.

Mot trong nhiing thita s6 & v& trai ctia (1) chia hét cho s8 nguyén t3 g. Theo bat dang thiic
q= p"+1, diéu d6 chi xay ra khi q=p" +1

Thay vao (1) ta duwgc: p(p"-1) =(p-1)(p"+2) suy ra p"-3p+2=0.

Tt d6 p/2hay p=2,n=2 suyra q=p"+1=5.

Bai 151. Ta c6: 2a’b=a(a+b)—a(a’+b?)

Vi p*la woc ctia a®+b* va a(a+ b)2 nén p* 1a wéc ctia 2a’h.Lai vi p 1é nén p* 1a wdc cua
a’h.

Néu a khong chia hét cho p? thi s6 mii ctia p trong a*16n nhat chi c6 thé 1a 2. Do d6 b phai
chita p?, nghia 1a b chia hét cho p? suy ra b’:p*. Diéu nay vo ly vi a’+b? khong chia hét
cho p* (do a* khong chia hét cho p*). Nhu vay a phai chia hét cho p?.

Vi a’ +b? chia hét chop*nén b?ip*. Suy ra bipva (a+b)ip.
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Tom lai, p*lawoccua a(a+b).
Bai 152. bat d =(a,b).Suyra a=xd,b=yd,(x,y) =1
ab(a+b)  dxy(x+y) <7

Khi do: =
a’+ab+b®>  x*+xy+y’

Ta 6 (X*+xy+y?x)=(y*x)=1. Twong tw (X" +xy+y*;y)=1.
Vi (x+y;y)=1nén (x*+xy+y i x+y)=(yx+y)=1.
Do d6 x2+xy+y2|d =d>x"+xy+Vy°.
Mit khac |a—b|3:d3|x—y|3:d2|x—y|3.d 2d2.1.(x2+xy+y2)>ab.
Vay [a—b|>¥ab .
Bai 153. Ta c6 n*—n+1=n(n-1)+1va n*+n+1l=n(n+1)+11a cacsdle.
Suy ra rang s6 1é nhé nhat duoc xem xét 1a n”” —n+2 va s6 1& 16n nhat 1a n* +n. Nhu vay
tong can tim la:
(n*=n+2)+(n’ —n+4)+...+(n* +n-2)+(n*+n)
=(n*-n)+2+(n’=n)+4+...+(n*=n)+2n-2+(n*~n)+2n
=n(n’-n)+2(1+2+...+n)=n’=n’+n’+n=n’+n,
Bai 154. Goi d la wéc chung 16n nhat ctia m va n.
Giaskt m=ad, n=bd véi (a,b)=1.
3 3 3 3

Ta b A:(m+2n) _d (al+2b) :d(adzrb) .

n d°b b
Vi (a,b)=1nén (b,a+b)=1 suy ra (bz,(a+b)3):1. Nhu vay d€ A nguyén thi d:b®, gia st

d =cb?. Bay gio ta duoc A=c(a+b)’ véi a, b, ¢ nguyén duong.

Do a+b>2 va A lé nén A nhan gia tri bé nhatla 27, diéu nay xay rakhi c=1; a+b=3.
Khi d6 c6 hai kha nang:

Néu a=2vab=1thitacé d=1.Suyram=2, n=1.

Néu a=1vab=2 thitacé d=4,suyra m=4; n=8.

Bai 155. Ro rang n =2 thoa man cac diéu kién bai toan.

Véi n>2 tavidt n°~1=(n*-1)(n’+1)=(n*~1)(n+1)(n* -n+1)

Do d4 tat ca cac thira s6 nguyén t& ctia N> —n+1 chia hét cho n® -1 hoic
n*-1=(n-1)(n+1).

Tuy nhién can dé€'y réng (n2 —n+Lnd —1)§(n3 +1,n? —l)é 2.

Mit khdc, n° —n+1=n(n-1)+1 la s§ 1¢, vi vay tat ca cac thira s§ nguyén td cua n’ —n+1
phai 1a chia hét n+1.

Nhung n’—n+1=(n+1)(n-2)+3 vi vay ta phai c6 n®—n+1=3" véi k nguyén duong. Boi
vin>2néntacod k>3.

Bay gio 3|n” —n+1 nén n=2(mod3), nhung mdi trudng hop n=2,5,8 (mod9), ta cd

N’ —n+1=3(mod9) mau thuan.

Vay bai toan c¢6 nghiém duy nhatla n=2.
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Bai 156.Ta c6 M =10""" +10"" +1.
D&y rang 10° =1(mod37), cho nén ta c6 thé xét cac truong hop ctia n theo mod3.

Néu n=3k thi M =10° +10+1=0(mod37).

Néu n=3k+1 thi M =10° +10? +1=0(mod37).

Néu n=3k -1 thi M =1+1+1=3(mod37).

Tém lai, M chia hét cho 37 khi va chi khi n c6 mot trong hai dang n =3k hodc n=3k +1
voi ke N*.

Bai 157. Dt x =ab. Ta ¢4 abcde =1000x+y véi 0<y <1000 .

Ttr {/abcde =ab ta suy ra 1000x+y = x°.

Van dé con lai la chung ta di giai phuong trinh nghiém nguyén.

Vi y>0 nén 1000x < x* = x* >1000 = x =32 (1)

Mit khac do y <1000 nén 1000x+1000 > x* = X(X* ~1000) <1000 = x <33 (2)

Ttr (1) va (2) suy ra x =32 hay x° =32768.

Vay abcde =32768.

Bai 158.

Tir \/abe = (a+b)c, suy ra 100a+10b+c=(a+h) c =10(10a+b)= c[(a+b)2 —1} *)

Vi a>1nén 10(10a+b)>100 = c| (a+b)’ ~1]|>100 = a+b>4 va c>1.

Néu a+b khong chia hét cho 3 thi (a+b)2 =1(mod3). T (*) suy ra (10a+b):3 = (a+b):3
(v 1f).

Nhu vay (a+b):3 nén (10a+b):3. Tix (*) suy ra ¢:3 va do d6 ¢ khong chia hét cho 5.
a+b-1=1

. Kéthop véi (a+b):3 tasuy ra a+b =6 hodc
a+b+1=1

T (*) suy ra [(a+b)2 —1}35 :{

a+b=9.

Trwong hop 1: a+b =9 thay vao (*) ta duoc: 10(9a+9)=80c =8c=9(a+1) =>ci9=c=9,
vivay a="7.

Truong hop 2: a+b =6 lam tuwong tu treong hop trén.

Bai 159. Vi abc <999 nén ak-bh+c!<999= a, b, c<6 = abc <666.

Diéu nay dan dén al+b4c!<666 = a, b, c <5=>albhlc!<3.5!=360 = a<3.

Suy ra al4+bHc!<3454+51=246 > a<?2.

Néu b=c=5 thi al+514+5!=a55 = al+240=ab55, tac a>2 vivay a=2.

Tuy nhién tht lai thdy 255 2+ 545!

Mot trong hai s6 b hodc ¢ nhé hon 5.

Tir d6 ta cd al+bHcl<24+4451=146 = abc <146 = a =1, b<4.

Vi c<5 thi abc=al+blcl <1+ 41+ 41=49 vo ly.

Véi ¢ =5 thi 105 =14b45! sauy ra 10b =16+b! = b! tan cling boi s8 4, vivay b=4.
Vay abc =145 théa man yéu cau bai toan.

Bai 160.

a, Mot s6 chinh phuwong khi chia cho 3 chi cé thé dw 0 hodc 1. Do a’ +b’® chia cho 3 nén
chi c6 thé xay rasd du 0+0, 0+1, 1+1 trong 3 treong hop nay chi cé truong hop a, b3
thi @’ +b*:3 suy ra dpem.
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b, M6t s6 chinh phuwong khi chia cho 7 chicdé thé du 0, 1, 2, 4. ( That vay chi can xét
a=7k, 7k£7, 7Tk+2, 7k £3 thi a* chiacho 7 c6sd dulanluotla 0, 1, 4, 2). Nhu vay
a’+b? khichiacho 7 thicdsddwla 0+0, 0+1, 0+2, 0+4, 1+2, 1+4, 2+4, 1+1, 2+2,
4+4. Trong céc treong hop nay chicd a, b dong thoi chia hét cho 7 thi a’+b*:7 dpcm.
¢, Dé thay néu a khong chia hét cho 3 thi a* chia 3 chi c6 thé dw 1. T gia thiét ta c6
a*+b* chia hét cho 3 va chia hét cho 5.

Néu a khong chia hét cho 3 thi a* khong chia hét cho 3 suy ra b* khong chia hét cho 3
nén b khong chia hét cho 3 suy ra a‘ +b* chia cho 3 dw 2. Tréi vdi gia thiét, vay a, b
phai chia hét cho 3. Ta cling ¢6: Néu a khong chia hét cho 5 thi a* chia cho 5 ¢6 thé du 1.
Lam twong tw nhu trén ta suy ra a, b phai chia hét cho 5 1a dpcm.

Bai 161.Khong mat tinh tong quat, ta gid se n>m.

+) Néu n>m+1 thi suy ra N —=m>n+m?® that vay ta cé:
n’—m-n-m?=(n+m)(n-m-1)>0. Ttr d6 suy ra n+m* khong thé chia hét cho n*-m.

+) Taxét n=m+1,

m+n’im?—n & m+(m+1) im* —(m+1) & m? +3m+1im* —m+1 < m? —-m+1+4mim? —m+1
5_‘/Z3mg5+m,do

2 2
s6 nguyén duong nén suy ra m e {1;2;3;4} thi tryec tiép ta thdy m=1, m=2 thoa man.

m la

hay < 4mim’-m+1=4m>m’-m+l< m’ -5m+1<0 <

+)Xét m=ntacd n*+nin“-n=2nn>-n=2n=>n"-n<n"-3n<0 < 0<n<3 thie triee
tiép ta thdy n=2 hodc n=3 thda man diéu kién.

Vay cac cap s6 (m;n) théa man diéu kién la (m;n)=(2,2), (3,3), (1.2), (2.1), (2,3), (3,2).
Bai 162. Gia st A la phan s8 chua t3i gian, dit d =(n*+4,n+5), suy ra d >1.

Ta c6 d|(n+5)"—(n’ —4)=10n+21=10(n+5)-29 = d|29 =d = 29.

Nguoc lai néu (n+5):29 thi dat n+5=29m véi me N*. Khi d6

N’ +4=29(29m* -10+1):29 nén A chua t3i gian.

Nhu vay, ta chi can tim n sao cho n+5=29m v6i me N*.

1<n<2017 =1<29m-5<2017 =1<m<69 = c6 69 gid trictia m = c6 69 gid trictaa n.
Vay c6 69 gid tri cia n dé A 1a phan s6 chua t6i gian.

Bai 163. Giast d =(a,b) =>a=md, b=nd véi (m,n)=1.

m?+n?)d+(m+n
Ta cé a+1+b+1:( ) ( ):>(m+n)3d:>d£m+n:>d31/d(m+n)=\/a+b.

b a mnd
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Bai 1. a) b) Bap s6: p = 3. Xét p dwdi cdc dang: p=3k, p=3k+1, p=3k+2 (keN).
Bai 2. n=3.
Bai 3. SO nguyén t0 16n hon 3 ¢6 dang 6n +1, 6n + 5. Do d6 3 s6 a, a + k, a + 2k phai c6 it
nhat 2 s0 c6 cuing mot dang, hiéu la k hodc 2k chia hét cho 6, suy ra k chia hét cho 3.
Bai4. Taco (p-1)p(p+1):3 ma(p,3)=1nén
(p-D(p+D:3 (D)

p 12 s6 nguyén t& 16n hon 3 nén p la sd'1¢, p - 1 va p + 1 1a hai s8 chan lién tiép. Trong hai
s6 chén lién ti€p, c6 mot s6 1a bdi ctia 4 nén tich ching chia hétcho 8 (2).
Tt (1) va (2) suy ra (p -1)(p + 1) chia hét cho hai s6 nguyén td cung nhau 3 va 8.

Vay (p-1)(p+1):24.
Bai5. Tacop=42k +1r=2.3.7k +1 (k, r €N, 0 <r <42). Vi p la s nguyén t0 nén r khong
chia hétcho 2, 3, 7.
Cac hgp s6 nho hon 42 va khong chia hét cho 21a 9, 15, 21, 25, 27, 33, 35, 39.

Loai di cac s chia hét cho 3, cho 7, chi con 25. Vay r = 25.
Bai 6. Taco p=30k +r=2.3.5k +r (kr eN,0 <r<30). Vi p la s nguyén t6 nén p khong
chia hét cho 2, 3, 5.
Cac hgp s6 nho hon 30 va khong chia hét cho 21a 9, 15, 21, 25, 27.
Loai di cac s6 chia hét cho 3, 5 thi khong con s6 nao nita. Vay r khong phai la hgp s6.
r khong phai la hop s6 cling khong phai la sO nguyén t6, suy rar =1.
Bai7.11..1211.1=11..10..0+11..1=11..1(10" +1)..

n n n+l n n+1 n+1
suy ra dpcm.
(10™* —-1)(10™* +1)
9.11
n=1: p =101 la s6 nguyén t6.

Bai 8. p=1010...101=

n>1: plahop s6.
Bai 9.Tat ca déu la hop s6.

a) A=11..1=1+1+..+1:3.
— |

2001 2001

b)B=11...1:11.
—

2000

¢) C=1010101:101.
d) D=1112111=1111000+1111:1111.
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e) E:3 vi 14+21=3:3, con 34+4!+...+100! cling chia hét cho 3.
g) G=3.5.7.9-28 chia hét cho 7.
h) H=311141111 = 311110000 + 31111 chia hét cho 31111.
Bai 10. Chttng minh A:7;B:11,C:29.
Bai 11. 240 =24 3. 5.
Bai12.n=6k +4, keN.
Bai 13. p =2 1dy n chan; p > 2 1ay n = (pk - 1)(p -1), keN*.
Bai 14. n* —n’ +n—-1=(n-1)(n* +1), n =2.
Bai 15.
X'+ 4yt = (X +4x°y +4y*) —AxPy? = (X7 +2y?)% — (2xy)? = (XF — 2%y + 2y?)(X® + 2%y + y?)
x=y=1thi x* +4y* =5 la s6 nguyén t0.
_nn+H(n+2) (n+3)(n*+2) .
6 6

Véi n>24 thin+3>6vanz+2>17.

Bai 16. p

n + 3 va n? +2 hodc mot s§ chdn, mot s chia hét cho 3; hodc mot trong hai s chia hét
cho 6, khi dé plahopsévdéin=1,2, 3 thip=2,5,11 la cac sd nguyén to.
Bai 17. n chdn thi A chia hét cho 2.
n lé, dat n =2k +1 (ke N¥), ta co:
n*+4" =n*+ 4% = (n® +2°)% 2,025
= (n? + 2% —n.2")(n* + 2% +n.2")
=[(n-2)+2% [ (n+2")* + 2% |
Bai 18. Gia sit phuwong trinh (1) c6 nghiém x,y nguyén. Xét nghiém y nguyén dwong . Vi
a>bnéntkr (1) cd x=a,x=b va 4(a—x)(x—b)>0,suy rab <x<a. Ddt a—x=m,x-b=n
thi m, n duong. Lac d6 (1) trd thanh 4mn-m-n=y’ (2) véi m, n, y nguyén duong. Bién
doi (2) < (4m-1)(4n-1)=4y*+1 (3)
Vi tich cac s0 dang 4k + 1 lai ¢6 dang d6 nén sd 4m - 1 phal c6 wéc nguyén td dang p = 4k
+ 3. Ttr (3) co (4y2 +1)E p hay 4y?=-1 (mod p) (4). Suy ra (y, p) = 1. Theo dinh li nhé
p-1

Fermat (2y)p*1 =1(mod p) = [(Zy)z}T =1(mod p) .

2k+1

T d6 va (4) co (—1)p7_l =1(mod p) = (-1)" =1(mod p) = mau thuan.

Vay phuong trinh (3) khong c6 nghiém nguyén.

Bai 19. Ta xét tap T gdm c4c s6 chdn thudc tap A.Khidé |T|=8 vavéi a, b thudc T ta
c6 a’+Db*,doddé k>9

Xét cac cdp sd sau:
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A = {14} U {32} U {516} U {6;15} U {7;12} U {8;13} U {9;10} U {1114}

Ta thay tong binh phuong ctia mdi cip s6 trén déu la s6 nguyén t&

Xét T la mot tap con cua A va |T |=9, khi d6 theo nguyén 1i Dirichlet T sé chita it nhat 1
cap ndi trén.

Vay k., =9

Bai 20. Cac s6 nguyén t8 16n hon 3 déu la s6 1é. Néu m la s 1é thi a+m la s6 chdn 16n
hon 3 nén khong la s6 nguyén t5. Vay m 1a s8 chdn, m=2p ( p 1a s6 nguyén duong).
Néu p=3k+1 thibasddachola a,a+6k+2,a+12k+4.

Néua chiacho 3 du 1 thi a+6k+2:3 (loai).

Néu a chia cho 3 du 2 thi a+12k +4:3 (loai).

Vay p khong cé dang 3k +1.

Twong te p khong cé dang 3k +2. Vay p=3k = m=6k.

Két luan: m chia hét cho 6.

Bai 21. Ta thdy p=2 va p =3 khong thoa man.

Néu p=5k+1(k >1) thi p+24=>5k+25=>5(k+1) khong la sd nguyén to;

Néu p=5k+2 thi p+18=>5k+20=5(k +4) khong la s& nguyén t5;

Néu p=>5k+3 thi p+12 khong la s6 nguyén to;

Néu p=5k+4 thi p+6 khong la s6 nguyén to;

Néu p=>5kla sé nguyén to thi k=1, nén p=5.

Khidé p+6=11 p+12=17, p+18=23, p+24 = 29.

Vay p =5 la s6 nguyén t0 thoa man dé bai.

Bai 22. it A= p*+2,néu p=2 thi A=18 khong la s nguyén t6.

Néu p =3 thi A=83 lasdnguyén té.

Néu p>3 thi p lénéncéddang p=3k+1 hodc p=3k+2.

Khi d6 A= p*+2 chia hétcho 3 va A>3 nén A khong la sd nguyén t5. p =3 la sd nguyén t&
thoa man dé bai.

Bai 23. A= (X' +4x°+4)—4x* = (xX* +2)* —4x* = (X* = 2x+ 2)(X* + 2x + 2).

Néu x=0 thi A=4 khong la s6 nguyén to.

Néu x =1 thi A=5,B =3 la cac sd nguyén t0.

Néu x>2 thi A=[x(x—2)+2](x*+2x+2) la tich ctia hai s8 tw nhién 16n hon 1 nén A la
hop s6. Vay x =1 thoa man dé bai.

Bai 24. B€ phuong trinh da cho c¢6 hai nghiém x, X, (Xl, X, € N *) thi ta phai c6 :

A>20sa’-4(0h+1)=0
Theo dinh ly Vi-ét ta co:
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{x1+x2=—a:>{a:—(x1+x2)
XX, =b+1 b=xx, -1
Taco: a’+b?=[—(x+ xz):|2 + (%%, —1)°
= X7+ 2X X, + X5 + XIX5 — 2%, X, +1
=X+ %+ X0 +1=(x +1)(x} +1)
Do X,X, € N* nén suy ra:
xX*+1leN | [x2+1leN
{xf iz2 {xzz +1>2
Vay a’+b? e N,a’*+b* > 4;a’ +b? :(xf +1)(x22 +1) = a’ +b* la hop s6.
Bai 25. Goi X, X, la cdc nghiém ctia phuong trinh da cho. Theo dinh ly Vi-ét ta co:
{x1+x2 =m
XX, =N
Do m,n 1a cac s6 nguyén td suy ra x, =1, X, =n ( gia st x,X,).
Tk X, +X, =m=1+n=m=m,n la hai sO nguyén t6 lién ti€p =>n=2,m=3.
Ta ¢ phuong trinh: x* —3x+2 =0, phuwong trinh nay ¢4 hai nghiém la 1 va 2.
Bai 26. Vin la s6 nguyén t6 16n hon 2 nén 2013n’ + 3 = 2008n +5(n—-1)(n+1)+8:8
Vin la s6 nguyén td 1é nén ta c6 diéu phai chitng minh.
Bai 27.
1. Khong mat tong quat gia s p<q<r .
Voi p=2: 2qr=q+r+162 < 4qr-2q-2r =324
< 2q(2r-1)—(2r-1) =325« (29 -1)(2r-1) =325=5%-13.
3<29-1<2r-1=9<(2q-1)* < (2r-1)(29-1) © 9< (29 -1)* <325 < 3< 2q-1<18.
Do 29 -1 la wdc ctia 52.13 nén 2q—le{5;13}.
Néu 20-1=5<q=3=r =233 (loai).
Néu 2q-1=13 < q =7 = r =13 (thoa man).
par=p+q+r+160 < p(qr—-1)—q-r=160
< (ar-1)(p-1)+aqr-1-q-r=160 < (qr-1)(p-1)+q(r—-1) - (r-1)-2=160
< (gr-1)(p—1)+(q-1)(r—1) =162.
Néuplé =q;r lé = (qr-1)(p—1)+(q—1)(r —1):4 ma 162 khong chia hét cho 4=
Vo ly.
Vay b0 ba s6 nguyén t& can tim 1a (2;7;13) va cac hoén vi.

Bai 28. Dat p’ —4p+9=t’(teN)
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Bién d6i thanh p(p”—4)=(t-3)(t+3) (1)=pl(t-3)vpl(t+3)

Trieong hop 1: Néu plt—3

Dt t-3=pk(k e N)

Khi dé6 thay vao (1) ta co:

p(p2 —4) = pk(pk+6) < p* —pk®* —6k—4=0

Coi day la phuwong trinh bac hai an p diéu kién can d€ ton tai nghiém cta phuwong trinh la:
A=Kk +4(6k+4)=k*+24k+16 la mdt s6 chinh phuong,

Mit khéc véi k>3 ta dé chiing minh duge (k) <k' +24k +16 < (k* +4)

Suy ra cac trueong hop:

2

k*+24k+16=(k* +1) < 2k* ~24k-15=0 (loai)
2

k*+24k+16=(k*+2) < k*~6k-3=0 (loai)

2 (1.2 2 2 . .
k*+24k+16=(k* +3) < 6k*~24k-7=0 (loai)

Do d6 phai c k < 3. Thur truc ti€p dwgc k=3 thoa man.
T détaco t=36,p=11.

Luu §: HS c6 thé lam nhw sau khi thay vao (1)

p(p® —4)=pk(t+3) = k(t+3)=p*—4 = p’ =kt +3k+4

Mit khéc ta ¢ (t—3)° =p’k> = t* -6t +9 = k*(kt + 3k +4)

&t —t(6+Kk*)+9-3k’ —4k* =0

Coi day la phuwong trinh bac hai an n diéu kién can d€ ton tai nghiém cua phuong trinh la:
A=(6+1°) —4(9-3K> ~4k*) =K* +24K° +16k> =k* (k* +24k +16) 1a mdt s§ chinh
phuong. Muon vay thi k* +24k +16 phai la mot sd chinh phuong.

Sau d6 cach lam giong nhu trén.

Trieong hop 2: Néu plt+3

D4t t+3=pk(keN)

Khi d6 thay vao (1) ta c6: p(p2 —4) = pk(pk—6) < p> —pk* +6k—4=0

Coi day la phuong trinh bac hai an p diéu kién can d€ ton tai nghiém cua phuong trinh la:
A=k*-4(6k—-4)=k"-24k+16 la mdt s6 chinh phuong,.

Mat khéc véi k>3 ta dé ching minh dwoc (k2 —4)2 <k'-24k+16< (k2 )2 Suy ra céc
treong hop:

k! ~24k+16=(k* ~1)" & 2k* ~24k +15=0 (loai)
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k! ~24k +16=(k* ~2)" & K ~6k+3=0 (loai)

k* - 24k +16 = (K’ —3)2 < 6k* —24k+7 =0 (loai)

Do d6 phai ¢6 k <3 Thutr truc ti€p duoc k=3 thoa man.

Tir d6 suy ra t=3;18 tuong ing p=2;7.

Vay tap tat ca gia tri p can tim la {2;7;11}

Bai 29. Ta c6 p®chia cho 3 du 0 hodc 1.

Xét p’chia cho3dw0, viplasdnguyéntdnén p=3,suyra q=1, v Ii.

Xét p®chia cho 3 du 1, suy ra 8¢ chia hét cho 3 ma (8;3)=1nén q=3= p=5thda man.
Vay p=5;q=3 thoa man bai.

Bai 30. Ta c6 ~- V22 m:m(m,neN*,(m,n):l)
y+1242019 n
nx—my=0
= mx—my = (mz—ny)+/2019 :{ y :>1:1:>xz:y2
mz—-my=0 'y z

x2+y2+22:(x+z)2—2xz+y2:(x+z)2—y2:(x+y+z)(x+z—y).
Vi x+Yy+2z1as6 nguyén lén hon 1 va x* +y’ +z°1a s6 nguyén t§ nén
{x2+y2+22:x+y+z

X-y+z=1
Tirdosuyrax =y =z =1

X+ y~+/2019
y +z+/2019

Kétluan (x;y;2)=(L11).
Bai3l.Tacd: p°+a’=b’< p*’=(b-a)(b+a).

Th lai =1va X’ +y*+2° =3 thoa man yéu cau bai toan.

Cacuwdccuap?lal, p vap?; khong xay ra treonghopb+a=b-a=p

Do d6 chi xay ra treong hop b+a=p*vab-a=1.
2

p°-1

2
Khi d6 b= pT-i-l va a= suy ra2a=(p-1)(p +1).

Tieplésuyra p+1, p-11ahaisd chdn lién ti€p = (p -1)(p + 1) chia hét cho 8.

Suy ra 2a chiahétcho8 (1)

Tt p nguyén t6 16n hon 3 nén p khong chia hét cho 3. Do d6 p c6 dang 3k+1 hodc 3k+2.
Suy ra moét trong hai s6 p + 1; p —1 chia hét cho 3. Suy ra 2a chiahét cho3  (2)

Tte (1) va (2) suy ra 2a chia hét cho 24 hay a chia hét cho 12 (dpcm).

2
Xét Z(p +a+t 1) :2[p+p71+1J =2p+p2+1:(p+1)2 la s6 chinh phuong.

Bai 32. Do p-5:8 nén p=8k+5 (k eN)

Vi (axz )4‘”2 —(by2 )4'”2 E(axz —by? ) D nén a2, xBed k2, ek

TU SACH CAP 21 308



BOI DUONG HOC SINH GIOI CAP 2 |

Nhén thé'y a4k-¢—2 . X8k+4 _b4k+2 . y8k+4 — (a4k+2 + b4k+2 ) X8k+4 _ b4k+2 (X8k+4 + y8k+4)
k+ k+1 ., N ~ + .
Do a**? 4 p*+2 =(a2)2 1+(b2)2 1:(a2 +b2) =p vab<pnén x> +y*ip (¥
Néu trong hai s6 X, y c6 mot s6 chia hét cho p thi tir (*) suy ra sd tha hai cling chia hét cho
p.
Néu ca hai s6 X,y déu khong chia hét cho p thi theo dinh li Fecma ta c6 :

8k+4

x¥ = x"1 =1(mod p), y*** =y"* =1(mod p)
8k+4 8k+4

= x*** 4+ y¥*** = 2(mod p) . Mau thuan véi (*).Vay ca hai s6x va y chia hét cho p.
Bai 33. Taco:

p?° —1=(p)™ -1 =(p* -D.A=(p-D(p+(p* +1).A () (AeN)

Vi P 1a s6 nguyén t6 16n hon 5 nén p la s6 1¢, suy ra p — 1, p +1 1a hai s6 chdn lién tiép
=(p-D(p+D:4 (2

Vip-1, p, p+l la ba sO tu nhién lién ti€p nén (p-Dp(p+1):3. Nhung p khong chia hét

cho3nén (p-1(p+1):3 (3)

Vi p khong chia hét cho 5 nén p c6 mot trong cac dang 5K £1; 5k £2

-Néu p=5k+1lthi p?=25k*+10k +1=5n+1

-Néu p=5k+2thi p*°=25k*+20k +4=5I-1

Ca hai treong hop trén déu cho ta p“ —1=5q:5 (4) ( (n,1,ge N)

Vi 3, 4, 5 1a cac s6 nguyén td cung nhau tung do6i mot nén tr (1), (2), (3), (4) suy ra

p*® —1 chia hét cho 4.3.5 ttic 1a chia hét cho 60

Bai 34. Khong mat tinh tong quat gia s m<n<p<q.

1 1 1 1 1 1 1 1 1 1
Néeum>3thi —+—+—+—+ S B BN S
m n p q mnpq 3 5 7 11 35711

Vay m = 2va(1)trothanh1+£+£+ 1 :_()

n p q 2npq 2
1 1 1 1 1 1 1 1
Néu n>5tacd —+—+—+
n p q 2npq 5 7 11 2.5.7.11
1 1 1 1
Vay n=3 va (2) tro thanh —+—+ —=—< (p—6)(q—6):37
q 6pg 6

1
St ——— <=
2

suyra P=7 va q=43.

Vay (m;n;p;q) 1a(2;3;7;43) va cac hoan vi ctia no.

Bai 35. Ta co:

2A=2"""2 42" 4+2=58"+2
Do8=1(mod7)=8"=1(mod7)= A=5+2=0(mod 7) = A:7
Mt khac ta chiing minh duwgc A >0 nén A la hgp s6.
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Bai 36. Do q la s6 nguyén t6 16n hon 3 nén q ¢6 dang 3k +1 hodc 3k+2 vdi ke N™.

+Néu q=3k+1, khi d6 do p=q+2 nén p=3k+3 chia hét cho 3, truong hop nay loai do

p khong phai la s6 nguyén t0.

+Néu q=3k+2,khidé do p=q+2 nén p=3k+4.Do p la sd nguyén t6 nén k phai la s

tw nhién lé. Khi d6 ta dugc p+q=6(k+1)i12. Vay s8 dw khi chia p+q cho 121a 0.

Bai37. p’+2=p°-1+3=(p-1)(p+1)+3

Trong ba sd ty nhién lién ti€p: p—1 p, p+1 cd mot s6 chia hét cho 3. S6 d6 khong thé la
p-1 hodc p+1 vinéu gia sit nguoc lai, ta suy ra p®+2 chia hét cho3 va p*>+2>3,vdly,

vi p®+2 la s6 nguyén t8. Vay p phai chia hét cho 3, ma p la s6 nguyén t&, do d6 p =3.
Khi p=3= p*+2=3"+2=29 la s nguyén td.

Bai 38. Gia sit 2015=4a, +4a, +...+4,, trong do6 a,;a,;...;a,1a cdc hop s6
Theo bai ra ta c6
+ Madi s6 hang a,;a,;...;a, khong thé viét thanh téng hai hop s6 (1)
+ Tong hai hop s6 bat ki khong thé viét thanh tong 3 hop s (2)
Do 2015 1a s6 1é nén ton tai it nhat mot hop s6 1€, hop s6 d6 phai béng 9vi 1;3;5;7;11;13
khéng phai 1a hop s6.
Néu c6 hop s61é a, 215=a, =9—(a,—9) vdi (a,—9)>61a s§ chdnnén a,bang tong hai
hop s6- trai vdi (1)
Mit khac khong c6 qua mot hop s6 bang 9 vi néu c6 hai hop s bang 9 thi 9+9=6+6+6 trai
véi (2)
Do d6: 2015=9+a, +a, +...+a, vdi a,;a,;.;a, la cdc hop s8 chan
=a,+a,+..+a, =2006 (3)
= cac hgp so phai nhan cac gia tri 4 hodc 6.
Vinéu a, la hop s6 chdn va a, >8=a, =4—(a, —4)1a tong hai hop s, trai véi (1)
S6 hop s8 bang 6 chi c6 thé 1a mdt vi néu c6 hai hop s6 bang 6 thi 6+6=4+4+4
Giast a,=6=>2a,=a,=..8,=4=(n-2).4=2000= n=502
Vay s6 tw nhién can tim la n =502
Bai 39. Néu p=( thi p:M:Zm—2+i.

+1 m+1
Do meN vaplasdnguyéntdnén 4:(m+1)=>m=0m=Lm=3 = p=2; p=>5.
Néu p #q thipg vap +glanguyén td cung nhau vi pg chi chia hét cho cac wéc nguyén to
la p va g con p + g thi khdng chia hét cho p va khong chia hét cho g.
Goi r Ia mot wc chung cia M* +1va m+1= [(M+1)(m-D]ir = (m*-1)ir
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:>[(m2 +1)—(m’ —1)]5r:>23r:> r=1hodcr=2.
+) r=1lsuyra p+q=m+1 pg=m’+1= p,q la hai nghiém ctia phuong trinh
x> —(M+Dx+m?+1=0 vbénghiémdo A=-3m’+2m—-3=—(m-1)>—(2m*+2) <0
+) r=2suyra2pq=m’+1va 2(p+q)=m+1= p, q 1 hai nghiém ctia phwrong
trinh 2X* — (M+1)X+m?+1=0 v nghiém do
A=-Tm*+2m—-7=—(m-1)* - (6m* +6) <0.
Vay bd cac sd nguyén td (p; q) can tim 1a (p;q) =(2;2); (p;q) =(5;5).
Bai 40.
+) Néu p=7k + i; k,i nguyén, i thudc tap {+1,+2;+3} . Khi &6 p® chia cho 7 c6 thé du: 1;4;2
Xét p>2=2p° -1 2p*+3& 3p°+4>7
Néu p®chiacho?7 du1thi 3p” +4chia hét cho 7 nén trai GT
Néu p’chiacho 7 dw 4 thi 2p® —1 chia hét cho 7 nén trai GT
Néu p®chiacho7 dw2thi 2p®+3 chia hét cho 7 nén trai GT
+) Xét p=2 thi 3p” +4=16 (loai)
+) Xét p=7k, vi p nguyén td nén p = 7 la nguyén to, co:
2p° -1=97; 2p*+3=101; 3p®+4=151déu la cic s8 nguyén t&
Vayp=7
Baidl. x¢tn=0thiA=1 khong phai s6 nguyén t6
n =1 thi A =3 la s0 nguyén t&
Xétn>1 ta co:

A=n""-n*+n*" -n+n*+n+1=n° [(n3)670 —1}+n[(n3)667 —1}+(n2 +n+1)
Ma [(ns )670 - 1} chia hét cho (n3 B 1) suy ra [(ns )670 - 1} chia hét cho (n2 +n+ 1)
Twong tu: {(n‘q} )667 - 1} chia hét cho (n2 +n+ 1)

Do d6 vdin>1 thi A chia hét cho (nz +n+ 1)nén Alahop sé.

Vay n =1 la gia tri can tim.

Bai 42.
Dit a-bV2_x (X, y € Z, xy#0) = ay—bx =(by —cx)/2 (¥
b-cV2 Yy

Via,b,c,x,y € Z= ay-bx € Z = (by—cx)\/EEZ
-bx=0 =b
ay —bx :{ay X

Ma V2 € Inén tir (*):{
by -cx=0

cx = by
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= acxy =b’y = ac=b? (vixy #0)
a’+b?+c2=(a+c)>—2ac+b?*=(a+c)>—Db?=(atc—Db)(atctb)
Via?+b2+c2lasdo nguyéntévaa+c-b<a+c+b

= a+tb-c=1= a+b+c=a2+b?+¢? (1)
Ma a, b, cnguyén deong nén a< a% b< b? c< ¢? (2)
Tt (1) va (2) = a=b =c=1, thir lai: Thoa man, két luan
Bai 43. Vi k 1a s6 nguyén t& suy ra k> +4>5; k> +16 > 5
-Xétk=5n (neN) maklasdnguyén té nén k =5.

Khi d6 k?+4 =29; k?+16 = 41 déu la cac sd nguyén to.
Xétk=5n+1 (ne N)=k®=25n" +10n+1=> k? + 4i5

= k” +4 khong la s8 nguyén t6.

-Xétk=5n+2 (neN)=k’=25n" =20n+4 =k’ +16:5
=k’ +16 khong 1a s8 nguyén td.

-Xétk=5n+3 (ne N)=k*=25n"+30n+9 = k*+16:5

= k” +16 khong la s8 nguyén t6.

-Xétk=5n+4 (neN)=k*=25n>+40n+16 = k’ + 4i5

= k’ +4 khong 1a s6 nguyén td.

Vay d€ k* +4 va k” +16 1a cic s6 nguyén t3 thi k = 5.
Bai44. Taco p® —1=(p*-1)(p*+p" +p®+p*+1).

Do p lasonguyén td 1én hon 5 nén p la mot so lé.

= p®+1va p°-11acacsod chan

= p* -1 chia hét cho 4

= p® -1 chia hét cho 4

Vi p lasdnguyén tdlénhon5 = p la mot s6 khong chia hét cho 5.
Lap luan ta dwoc p* -1 chia hét cho 5.

Lap luan ta dwoc p* + p* + p® + p* +1 chia hét cho 5.

Suy ra p* -1 chia hét cho 25.

Ma (4;25)=1nén p* -1. (dpcm)

e \ .« .« A/ < v \ - 2 - v 2 m
Bai 45. Ttx gia thiét suy ra b chadn, ta dat b =2c thi p=E /a C<:>4FZ _a C,dat p_m

2\b-c c a+c
a—c=km?

a+c=kn? :>2C=k(n2_m2) va 4pn=km(n2—m2)_
+c=

voi (m,n)=1va k:(a—c,a+c):>{
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Néu m, n ciinglé thi 4pn=km(n’-m*):8 = p chan, ticla p=2.

Néu m, n khong cling 1é thi m chia 4 du 2. (do 2p khdng la s& chdn khong chia hét cho 4
va 2_(:p 12 phan s t8i gian). Khi d6 n 1a s6 1é nén n’ —m? 1a s& 1é nén khong chia hét cho 4
suy ra k 1a s6 chia hét cho 2. Dt k =2r ta c6 2pn= rm(n2 —mz) ma (n2 —mz,n):l =rin
dat r=ns taco 2p=s(n-m)(n+m)m do n-m , n+m déu la cac s6 1é nén n+m=p,
n-m=1,suyra s, m<2 va (m;n)=(12) hodc (2;3). Trong ca hai treong hop déu suy ra

P<5.Véi p=5thim=2,n=3,s=1,r=3, k=6, c=15, b=30, a=39.
Bai 46. Khong mat tinh tong quat, gia st p<q.

Truong hop 1: p=2
= p(p+3)=2(2+3)=25=10
=10+0q(q+3)=n(n+3)
©10=n"+3n-q¢*-39=(n"-g°)+(3n-3q)
<10=(n-q)(n+q)+3(n—q)
<10=(n-q)(n+q+3)
Vi p(p+3)+q(q+3)=n(n+3) ma p; q; n la cac sd nguyén duong =n>q>2.
=>n+q+3>2+2+3=7
Ma 10=1.10=25

n+q+3=10 n+q="7 n=4
= = =
n-q=1 " [n-g=1"|q=3

So vdi diéu kién thdéa man.
Vay b ba s6 nguyén duong ( p;g;n) can tim la (2;3;4).
Trueong hop 2: p=3
= p(p+3)=3.(3+3)=36=18
=18+q(q+3)=n(n+3)<18=n"+3n-q*-3q=(n’-q’)+(3n-3q)
)(n+q)+3(n—q)
(

<18=(n—q
-q)(n+q+3)

<18=(n
Vi p(p+3)+0a(q+3)=n(n+3) ma p; q; n la cac sd nguyén duong =n>q=3.
=>n+0+3>3+3+3=9
Ma 18=1.18=29=3.6

n+q+3=18 n+q=15 n=8
= = =
n-q=1 n-q=1 q="7

So vdi diéu kién thdéa man.
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Vay b ba s6 nguyén duong ( p;g;n) can tim la (3;7;8).
Truong hop 3: p>3
Ta sé chitng minh v6i 1 s0 nguyén a bat ki khong chia hét cho 3 thi tich a(a+3) luon chia
3dul.
That vay:
Néu a:3dul =a=3k+1=a+3=3k+4
= a(a+3)=(3k+1)(3k+4)=9k* +15k +4:3 du 1.

Néu a:3du2 =>a=3k+2=>a+3=3k+5
= a(a+3)=(3k+2)(3k+5)=9k*+21k +10:3 du 1.

Tré lai bai toan chinh:
Vig=p>3=p13q13.
= p(p+3)+q(q+3):3 du2.
Ma n(n+3):3 dw 1 (néu nt3) hodc n(n+3):3 néu n:3.
= p(p+3)+q(q+3)=n(n+3)
Suy ra khong c6 bo ba s6 nguyén duwong (p;g;n) thoa man yéu cau bai toan.
Bai 47. Ta co:
p’q+pip’+q=q(p’+q)—-(p’a+p)=a’—pip’+q.
P9’ +q:q° —p=(pa’+q)-p(a’-p)=p*+qig’—p.
o’ —p=—(p’+q)<q’+q+p° - p=0(N).
QP-p=p°+q<=(q+p)(q-p-1)=0<q-p-1=0<q=p+1.
Ma p, q la hai s6 nguyén t6 nén p =2,q =3 (thoa man bai toan)
Bai 48. Gia st phuong trinh ax” +bX + ¢ =0 ¢4 nghiém hiru i, khi d6
A=b*-4ac=m*(meN).
Suy ra b’ >m?® hay b>m. (1)
Ta c6 4a.abc = 4a(100a +10b + c) = 400a® + 40ab + 4ac
=(400a” + 40ab +b? ) - (b* — 4ac) = (20a +b)" —m’
=(20a+b+m)(20a+b—m)

Do abc 1a s& nguyén t6 nén (20a+b+m)§ﬁ hodc (20a+b—m)§ﬁ, suy ra

20a+b+m=>abc (2)
T (1) tacd 20a+2b=20a+b+b>20a+b+m
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T (2) tacd 20a+b+m=>100a+10b+c>100a +10b
Do dé
20a+2b >100a +10b < 2(10a + b) >10(10a + b) < 2>10 (vo ly)

Vay A khong thé la sd chinh phwong nén phwong trinh ax’ +bx+c=0 khong co
nghiém httu ti.

Bai 49. Ta c6 2n’-6n+2=2[n(n-3)+1]

Vin(n-3) chdn nénn(n-3)+1=2k +1 véi k e N U{-1}.

Suy ra 52" °"? _12 = 2521 +1-13113

Vivay 5 "2 _12 nguyén t5 hay 5 °*2-12=13

nén nn-3)+1=1,suyran=0hodcn=3.

Bai 50. Xét day s6 c6 dang 2;2.3;2.3.5;...

Gid sir hai s6 can chon la a=2.3.4.5..p,;b=2.35...p,, véi p,, P, (N <m) la cac s nguyén tb thix
n va thir m.

Tac6 b—a=235..p, -2.3.5..p, =30000 < 2.3.5.p, ( Py.s-Pyiz-- Py —1) = 2.3.5.10000

Ta thdy 2.3.5.1000 ton tai uéc clia 3 nén a va b c6 chita so nguyén t6 3 nén p, >3 va 1000 khong
c6 udc nguyén td khac 2 va 5 nén a khong c6 udc khac 2 va 5 nén p, <5.Tir d6 ta dugc

+Néu p, =3, tadugc p,,.p,.,...p, =10000, khong ton tai p, thoa min

+Néu p, =5 tadugc p,,.p,.,...p, =1001=7.11.13 = p_ =13, tir d6 ta dugc
a=235=30;b=2.3.5.7.11.13 = 30030

Bai 51. Gia st ton tai s6 nguyén t6 p 1é sao cho:

%:$+n—12<:> p.(m*+n?)=m’n* = m’n*ip,

Ma p lasd nguyén to nén m:p hodc n:p.

Néu m:pthi m=kp(k e N")

= p.(m?+n?)=(kpn)’ = m? +n? = pk*n? = (m®+n?)ip
Ma m:p nén n:p.

Vay m> p,n>p=m*> p’,n° > p?

Suy ra i+—<—:>£££2:> p<2.Volivi p las6nguyén td lé.
m P P
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p+q=a’
Bai 52. Theo dé ta c6 p+4q:b2,suyra b? —a? =3g<(b-a)(b+a)=3q
a;beN*

Tkt q lasdnguyéntd va a+b>2 nén ta cd cac truong hgp sau:
b-a=1

bta=3q suyra b=a+1va 2a+1=3q, suyra q lé.

+TH1:{

Taviet q=2k+1 (keN")
Khi d6 2a=3q-1=6k +2 hay a=3k+1va p=a®—-q=9k?+4k =k (9 +4)
Do p nguyénténén k=1 va p=13,q=3.

b-a=3
+TH2:{ ,suyrab=a+3 vaq=2a+3
b+a=q
Lai c6 p:a2—q:a2—2a—3:(a+l)(a—3).Do p nguyéntdnén a=4 va p=5,q=11.
b—a=
+TH 3: 2 qV‘ab>a21.
b+a=3
Suyra b=2 va a=1khi dé q=1 khong phai s6 nguyén to.
Bai 53.
Ta co:

n®+ 4% =n® 4 (22)" = (n?) 4 227007 4 (22) —(24n)’
_ (nz n 22|<71)2 _<2k71.n)2
=(n?+2%1 - 2"%n)(n* + 2%+ 24Un)

\ s ~ o« A \ 8 2k 1 \ A ~ A ~ A
Do n,kla cac s6 tw nhién va n°+ 47" la mot s6 nguyén t6 nén

nd 4+ 42+ — (nz 4 2kl _ 2"+1.n)(n2 42kl 2k+1'n>
— n2 + 22k+1 . 2k+1.n 1
en’-225n+2(2) =1

o (n-24) +(24) =1

(n-2=0 (k=0 , .
= =>n"+4""=14+2+2=5
2k =1 n=1
n-2¢=1
= N
{zkzo (VN)
n_ZKZ_%VN)
_2k:0

Vay n=1k =01a cac gia tri can tim.
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Bai 54. Ta co:

P:(7+x+x2)(7+x—x2)

Tacd 7T+ Xx+x*>1

X=3
x=-2 (L)
Vay x=3= P =19 (thoa man).

Vi P la s6 nguyén t6 nén 7+x—x2=1<:>X2—X—6:0©{

Bai 55. Ta c6 voi moi s6 nguyén m thi m”chia cho 5 duw 0, 1 hodc 4.
+Neéu n* chiacho5du1thi n*=5k+1=n*4+4=5k+5:5 (keN").
nén n’ +4 khong la sd nguyén td.

+Neéu n’ chiacho5du4 thi n*=5k+4=n"+16=5k+20:5 (keN).
nén n’ +16 khong la sd nguyén to.

Vay 7’5 hay n chia hét cho 5.

Nhan xét. Bai toan 4p dung tinh chat chia hét, chia ¢ du cua mét sd chinh phuong khi
chia cho 5; tinh chat s& nguyén t6, hop s0,...

Nhac lai kién thtrc va phuong phap.

e Mot s6 chinh phwong khi chia cho 5 chi ton tai s6 du 0 hoac 1 hodc 4. Ching minh:
+ m=5k=m” =25k chia 5 dw 0 (dung).
+ m="5k+1=m" =25k’ +10k +1 chia 5 dw 1 (dung).
+ m=5k+2=m" =25k’ + 20k +4 chia 5 du 4 (ding).
+ m=>5k+3=m" =25k> + 30k +9 chia 5 dw 4 (dlng).
+ m=>5k+4=m" =25k> + 40k +16 chia 5 du 1 (dung).

e Ap dung tinh chét chia hét, chia c6 du vao bai toan; “SS nguyén t&” la s8 chi ¢ hai
udc la 1 va chinh né.

+n chia5dw1 thi (n*+4):5 nén (n* +4) khong phai la s8 nguyén t§ (loai).
+ n chia 5 du 4 thi (n2 +16) :5 nén (nz + 16) khéng phai la s6 nguyén td (loai).

+ Do d6 néu (n2 +4) va (n2 + 16) 1a s8 nguyén 0 thi chi con ton tai truong hop n* chia
hét cho 5. Khi d6 n chia hét cho 5.
Bai 56.
1) Cho s6 nguyén duwong n thoa man n va 10 la hai s6 nguyén t6 cuing nhau. Chting
minh (n* -1):40
Vin va 10 nguyén t6 cung nhau nén n khong chia hét cho 2 va 5.
= n chi ¢d thé ¢ dang 10k + 1 va 10k + 3 véik € N.
Ta co: n* —1=(n*-)(n° +1) = (n-D(n+1)(n* +1)
Donlénénn-1:2;n+1:i2van*+1:2=n*-1:8.(1)
eNéun=10k=1=n2=(x1)=1(mod 10)=>n2-1:10=>n‘-1:5(2)
Tt (1) va (2), chay (5;8) =1suyrani-1:40
eNéun=10k+3=n2=(x3)2=9 (mod 10) > n2+1: 10 > n*—1:5 (3)
Tt (1) va (3) chtry (5;8) =1 suy ran*-1: 40
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Vay trong moi treong hop tacon* -1 : 40
p—1=2x(x+2)

2) Tim tat ca cac s6 nguyén t6 p va cac sO nguyén duong x,y thoa man { ,
p*-1=2y(y+2)
Tt (1) = p - 112 58 chdn = p 1a s& nguyén t& 1é.
Trie tiing v€ cua (2) cho (1) ta
duoc p? - p=2y° -2x* +4y-4x < p(p-1) =2(y — X)(y + x+2)(*)
= 2(y-x)(y +x+2)ip.Ma (2;p) =1nén xay ra 2 TH:
ey-xip=>y-x=kp(k € N¥)
Khidote ()= p-1=2k(x+y+2)=>kp-k=2K2(x+y+2)=>y-x-k=2KA(x+y +2)
(loaivix+y+2>y—-x-k>0;2k>1=2k(x+y+2)>y-x-k)
ey+x+2ip=>x+y+2=kp (k € N¥)
Te(*)=>p-1=2k(y-x) > kp-k=2k¥(y -x) = x+y +2 -k =2kXy - x) (**)
Ta chiing minh k =1. That vay nfu k 22 thi tle (*) =2 x +y =2k¥(y = x) +k-228(y —x) (Viy
-x>0)
5> 9Ix27y > 7y <ld4x = y <2x
Do d6 tlr (2) = (p - 1)(p + 1) = 2y(y + 2) < 4x( 2x + 2) < 4x(2x +4) = 8x( x +2) = 4(p - 1)
(Vi2x(x +2) =p -1 theo (1))
= p+1<4 = p <3, mau thuan véi p 1a s6 nguyén t3 1é.
Dodd k=1, suyra
{x+y+2:p {x+y+2:p {x+y+2:p {y=3x+1
= = =
p-1=2(y—Xx) X+y+1=2(y—X) y=3x+1 p—1=4x+2
Thay p—1=4x +2 vao (1) ta c6: 4x+2=2xX(X+2) < 2Xx+1=x"+2x < X’ =1=> x =1
=y =4, p="7 (thoa man)
Vayx=1,y=4vap=7.
Bai57. a)Tacé: ~+=tn @0 1 aib)=an®)
a b c ab ¢
Gia st a + b la s6 nguyén t6, khi @6 tir (*) = ab i (a+b) = a i (a+b) hodcbh: (a+b)
Diéu ndy mau thudn do0<a<a+b,0<b<a+b.
Vay a + b khong thé'1a sd nguyén to.
b) Gia stt a + ¢ va b + ¢ dong thoi la s6 nguyén t6.
T c(a+b)=ab=ca+ch=ab=ca+ab=2ab-ab=a(b+c)=b(2a-c)=a(b+c):b (**)
Mab + cla s6 nguyén td, b 1a s6 nguyén duwong nho honb +cnén (b +¢, b)=1
Do doé tr (**) suy raa i b.
Chttng minh twong tetacéb(a+c)=a2b-c)=>b:a
Vaya=b. T (*) > a=b=2c
Do d6 a+c=b +c=3c, khong la s6 nguyén t6 véi c > 1 (mau thuan vdi gia st)
Vay a + c va b + c khong thé dong thoi la s6 nguyén to.
Bai 58. Ta c6
a’+ab+b*=c’+cd +d*=>a*+2ab+b’=c?+2xd +d* +ab-cd
<=>ab-cd =(a+b)’-(c-d)*=(a+b+c+d)(a+b-c—d)(*)
Néu ab-cd =0.Doa+b+c+d>0=>a+b-c-d=0=>a+b+c+d=2(c+d)lahopsd
do ctdeN*vac+d>1
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Néu ab—cd #0. T (*) @ ab-cd i (a+b+c+d).
a’+ab+b*=c’+cd+d?*=>3(ab—cd)+(a’—2ab+b*)=c*—2cd +d?
=>3(ab—cd)=(c-d)*—(a-b)’=(c-d+a-b)(c-d—a+b)=0

= (c-d+a-b)(c-d-a+b)i(a+b+c+d)

Gia stta+b +c+dlasonguyén to thi ta co
c-d+a-bia+b+c+dhoacc-d-a+bia+b+c+d

Diéu nay mau thuando —(a+b+c+d)<c-d+a-b<a+b+c+d;
—(a+b+c+d)<c-d-a+b<a+b+c+dva(c-d+a-b)(c-d-a+b)#0
Vay a+b+c+dlahop so.

Bai 59. Bién ddi duoc p=(n’+1)(n-1)

Néu n =0;1 khéng thoa man dé bai

Néu N =2théa man dé baivi p=(2°+1)(2-1)=5

Néu n > 3khéng théa man dé bai vikhi d6 pcd tir3uwdctrolénla l;n-1>1 va
n+1>n-1>1

Vay n=2thi p=n®-n’+n-11as8 nguyén t.

Bai 60.

Tacé: N°+n+2=n°+1+n+1=(n +1)(n2 —n+1)+(n +1)=(n +1)(n2 —n+2)

Do VNe N *nén n+1>1va nz—n+2>1.Véy n3+n+21‘ahop56

2 2
Zz+b -2 (a-c)(b*-ac)=0=b*=ac

Bai 61. Ta cé: >
+C C

Ma
a’+b?+c’=a’+ac+c?=a’+2ac+c’—b*=(a+c) —b’=(a+c+b)(a+c—b)

Ta thay @° +b” +¢* > 3do dé néu a® +b* + ¢*1a céc s8 nguyén t8 thi xay ra cac trudng
hop sau:

Da+c—b=La+c+b=a*+b*+c*=a’+b*+c*=2a+2c-1
=(a-1)+(c-1) +b*=1=a=c=Lb=+1  (ktm)

2a+c+b=la+c-b=a’+b’+c*=a’+b*+c*=2a+2c-1

:>(a—1)2+(c—1)2+b2=1:>a=c=1,b:i1 (ktm)
da+c+b=-la+c-b=—(a’+b’+c’)=a’+b*+c*=-2a-2c-1
:>(a+l)2+(c+l)2+b2 =l=a=c=-1b=+1 (ktm)
fa+c-b=-lLa+c+b=—(a*+b*+c’)=a’+b*+c’ =—2a-2c-1
:>(a+1)2+(c+1)2+b2 =l=a=c=-1b=+1 (ktm)
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Bai 62. Do p 1a sd nguyén t& 1én hon 3nén cédang p=3k+1p=3k—-1véi k >1
+Néu p=3k+1thi 2p+1=6k +3=3(2k +1)
Suy ra 2P +11a hop s6 (vo 1y)
+Néu p=3k-1Lk>1thi 4p+1=12k —-3= 3.(4k —1)
Do K >1nén 4k —1>3.Do d6 4p +11a hop s6.
Bai 63. Do p la s6 nguyén t6 va p >3 nén p khong chia hét cho 3. (*)
p" €6 20 chix s6. Cac chit s chi co thé1a0,1,2,3,4,5,6,7,8,9 gobm 10 chit s6 d6i mot khac
nhau.

Néu khong cé qua nhiéu hon 2 chit s6 gidng nhau thi mdi chit s6 phai c6 mat dting 2
lan trong cach viét sd p~.
Nhu vay tong cac chit s6 ciasé pr1a:2(0+1+2+3+4+5+6+7+8+9)=90:3nén p~ :3
Diéu nay mau thuan (*).

Vay trong s6 p" phai co it nhat 3 chir sd giong nhau.

Bai 64. RO rang p, ¢ phan biét. Khong mat tinh tong quat ta gia st p < ¢. Xét cac truong
hop sau:
2

Truong hop 1. p = 2. Khong théaman vi p + ¢ 1é, con 2 ( D — q) chan.
Truong hop 2. p = 3. Khi d6 tim dugc ¢ = 5.
Truong hop 3. p 2 5. Goi 7, 7, Ian luot 1a s6 du cta phép chia p, ¢ cho 3.
Rorang 1, 1, € {1,2}.

2
Néu 7, =1, thi 3 | p+q va 3(2(p—g) . Khong thoa man.

2
Néu 7, # 7, thi 3‘p+q va 3| Q(p—q) . Khong théa man.
vay (i g)=(3:5), (5 3).
Bai 65. Ta co: p, q lasonguyén to nén pq-+11lasd nguyén to 16n hon 11

= pg+11lasdlésuyra pg las6 chan.
Do 7p+qlas6 nguyén t816n hon 7 nén p va q khong thé cling tinh chén lé.

*) TH1: p=2thi 7p+q=14+q. Ta thay 14 chia 3 du 2
+) Néu q chia hét cho 3, do q la sd nguyén t6 nén q=3.
7p+q=17; pq+11=17 (T/m)
+) Néu q chia cho 3 du 1 thi 14+ qchia hét cho3 = 7p+qlahop sd
+) Néu q chia cho 3 dw 2 thi 2q chia cho 3 dw 1 nén pq+11=2q+11 chia hét cho 3
= pg+11 la hgp sO.

*)TH2: q=2thi 7p+q=7p+2

TU SACH CAP 21 320



BOI DUONG HOC SINH GIOI CAP 2 |

+) Néu 7p chia hét cho 3 thi p chiahétcho3nén p = 3=7p+q=23;,pq+11=17 (Thoa
man)

+)Néu 7p chiacho3dw1 chiahétcho3 = 7p+2 lahop s6

+)Néu 7p chia cho 3 du 2 thi p chia cho 3 du 2 nén 2p chiacho 3 du 1 = pq+11=2p+11 chia
hét cho 3 nén pq+11 1a hop sé.

Vay: p=2,q=3 hodcp=3,q=2.

Bai 66. Vi ab; cd la cac sO nguyén to nén b,d 1é va khac 5

Talaicé b* =cd +b-c < b* ~b=9c+d <b(b-1)=9c+d

Néu b =1 (khong théa man)

Néu b=3 nén 9c+d=6=c=0,d=6 (khong thoa man)

Néu b=7=9c+d =42=d =42-9c = c=4;d =6 (loai)
Néub=9=9c+d=72<d=72-9c=c=7:d =9 (théa man)

=ae{l;2;7}

Vay abcd e {1979;2979;7979}

Bai 67. Trong 3 s8 a, b, ¢ cd it nhat hai s§ cing tinh chan 1é.

Gia st hai s6 cing tinh chdnléla a vab.

Suyra p = b°+ a 1as6 nguyén t6 chdnnén p = 2.

Suyraa =b =1.Khidog=c+1lvar =c+1lnéngq=r.
Vay trong ba sd p, g, r c6 it nhat hai s§ bang nhau.

Bai 68. +) V6i p=2 thi p?+2=8 khong la s nguyén to.

+) V6i p=3 thi p?+2=11va p®+ p*+1=37 déu la sd nguyén té.

+)Véi p>3= p=3k+l(keNk=>2)

= p*+2=(3k+1)" +2=9k* £6k +3=3(3k’ £2k +1) : 3 nén p’+2 la hop s3.

Vay chicéd p=3 thi p°+2 va p®+ p’+1 déu la s6 nguyén té.

Bai 69. Ta c6: x> =45+ y°.

Ta thay x> >45 va X la s6 nguyén t6 nén X phai la s8 nguyén t& 1. Suy ra x° 1a sd 1é.
Ttr d6 suy ra y* 1a s6 chdn, ma y la s6 nguyéntd. Suyra y=2; x=7

Vay x=7 va y=2 thdéa man yéu cau bai toan.
Bai 70. 1) bit d =UCLN (2n +1,10n + 7)

Suy ra 2n+1id. Vivay 5(2n+1):d.
Ma 10n+7:d nén 10n+7—5(2n+1)§d
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= 2:d

Do @6 d =2hoac d =1.

Néu d =2thi 2n+1:2 (vO ly).
=d=1.

1=UCLN (2n+1,10n+7)

Vay 2n+1va 10n+7 1a hai s6 nguyén td cung nhau.

2)

- Néu 1a s6 nguyén t6 1é thi y° = x*+23 la s8 chdn. Vay y* =2 (loai).
- Néu x=2 thi y*=2°+23=27.Vay y=3.

Bai71. Tacé: ab—ba=9(a—b)

—ab-ba=3%(a-h)
D& ab—ba 14 s8 chinh phuwong khi @ — b 14 s8 chinh phuong
Do a,blacicchitsova 0<a,b<9=>1<a-b<8
=>(a — b) la s6 chinh phuong khi (a—b) {1,4}
+Néu a-b=1=ab {21,32,43,54,65,76,87,98} ma ab la s§ nguyén t5 va la sd 1é =>ab =43
+Néu a-b=4= ab e {51,62,73,84,95) ma ab la s nguyén t5 va la sg lé =>ab =73
Vay abe{43;73}

Bai 72. Vip la sd nguyén t8 do d6 ta dwoc 4p” +1>5 va 6p° +1>5

bat x=4p2+1:5p2—(p—1)(p+1); y=6p2+1:>4y=25p2—(p—2)(p+2)
Khi dé
e Néu p chia cho 5 dwr 4 hodc dw 1 thi (p—1)(p+1) chia hét cho 5

Suy ra x chia hét cho 5 ma x > 5 nén x khong la s6 nguyén t6.

e Néu p chia cho 5 dw 3 hodc du 2 thi (p-2)(p+2) chia hét cho 5
Suy ra 4y chia hét cho 5 ma (4,5)=1 nén y chia hét cho 5 ma y >5

Do d6 y khong 1a s6 nguyén to

Vay p chia hét cho 5, ma p la s6 nguyén t6 nén p=5.

Thtt v6i p=>5 thi x=101; y =151 la cac s6 nguyén to&

Tim tat ca cdc s6 nguyén t8 p dé 4p” +1 va 6p° +1 cling la s6 nguyeén té.

Bai 73. 1. Gia str p va q a cdc s8 nguyén t§ théa man déng thire p(p —1) = g(¢* —1).
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a) Chttng minh rang ton tai s6 nguyén dwong k sao cho p —1=kq,¢* —1=kp.

A \ 7 p - q - A 1 A 17 N \ 7 A A ~
Néu p=g thitacé p—1=¢ —-1= X diéu nay vo li vi p, q la cac s6 nguyen to.
p=q=

Do vay p = ¢, khi d6 do p va qla cac s6 nguyén tdnén p —1iq va ¢* —1ip.
Nhu vay ton tai cac s6 nguyén duwong m, n théa man p — 1 = mgq;q° —1 = np, thay vao

: < A oA s N A p—1=kq
dang thtrc da cho ta duwgc m = n. Do vay ton tai s6 nguyén duwong k sao cho |, 1= ko'
g —1L=nrp

b) Tim t4t ca cac s8 nguyeén t8 p, q théa man dang thite p < p— 1) =q (q2 — 1) :

Thé p = kg + 1 vao hé thittc ¢° — 1 = kp ta duoc ¢* —1:k<kq+1)(:)q2 —kq—k—1=0.

Xem phuong trinh la phuong trinh béac hai an g, khi d6 d€ phuong trinh c¢6 nghiém
nguyén duong thi
A=k +4(k+1)=k"+4k + 4 phaila s§ chinh phuong.

2

Ta ¢6 &' <k:4+4k+4<(k2+2)2 nén ta duoc A = (k* + 1)

Tird6 ta duge k' + 4k +4=(F +1) & k=K & k=1,

Thay vao hé thirc da cho tadwoc ¢° —¢—2=0&¢=2= p=3.

Vay cadcs6 p = 3;q = 2 la cac s6 nguyén td can tim.

Bai 74. Trudc hét ta chiing minh véi p 1a s6 nguyén t6 16n hon 3 thi p® -1 chia hét cho 24.
Thét vay, ta c6 p*-1=(p-1)(p+1).

Do p 12 s6 nguyén t6 1én hon 3nén p—1 va p+1 1a hai s8 chan lién tiép.

Suy ra ta dugc p’ —1=(p-1)(p+1)chia hét cho 8.

Miit khéc ta lai ¢6 (p—1)p(p+1) chia hét cho 3, ma p la s6 nguyén t6 16n hon 3 nén p
khong chia hét cho 3. Do d6 p* —1=(p-1)(p+1) chia hét cho 3.

D&y 1a (3;8) =1 nén ta dugc p* —1=(p-1)(p+1)chia hét cho 24.

Chtmg minh hoan toan twong tw thi ta dwoc q° —1;1* —1;s* -1 cling chia hét cho 24.

Tacod p*—q* +r’° -5’ :(p2 —1)—(q2—1)+(r2 —1)—(32 —1).
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Do d6 ta duwoc p* —q° +1° —s” chia hét cho 24.

Bai 75. Tr p° -2q” =1 ta dwoc p’ =2q° +1. Do d6 ta suy ra duoc p la sd nguyén t6 1é.
Tir d6 ta dt p=2k+1 voi ke N'.

Khi d6 ta duoc (2k+1) =2¢* +1 4k> +4k +1=2¢° +1 = 2k (k+1) = ¢

Do d6 q° 1a s8 chdn nén q la s6 chdn. Ma q la s6 nguyén td nén q=2.

Thay vao p>—2q° =1 ta suy ra dugc p=3.

Vay cap s nguyén t6 (p;q)=(3;2) thoa mam yéu cau bai toan.

Bai 76.

e Truong hop 1: Néu p=2 suy ra p3 +pT_1 khong nguyén

e Truong hop 2: Néu p =4k +1, khi d6 ta dwoc p’ +pT_1 = (4k+1)3 +2k la s6 1é nén

p’+ PT—l khong thé la tich cta hai sd ty nhién lién tiép.

e Truong hop 3: Néu p=4k+3.Gia skt p° + la tich cua hai s6 tu nhién lién tiép

p-1
2

Khi d6 ta c6 p’ +pT_1 =x(x+1) < 2p(2p2 +1) = (2x+1)2 +1 véix 1a s6 ty nhién.

Tt d6 suy ra (2x+1)" +1ip vo i vi p=4k+3.

Tt cac treong hop trén, ta c6 diéu phai chitng minh.

Bai 77. Do p va q la cac s6 nguyén t6 nén p;q>2, do dé suy ra r >3, mar la s6 nguyén t&
nénr lasdlé.

Ttr d6 suy ra p? va g khdc tinh chdn 1é nén p va q khéc tinh chan 1é.

Nhu vay trong hai s6 p, q c6 mot s6 chan, khdong mét tinh t6ng quat ta gia st s6 d6 1a q.
Khi d6 q=2 nén ta duoc p’ +2° =r. Dén day ta xét cac truong hop sau:

e Néu p=3, khido6 tacd 3°+2° =r hay r=17 la mot sd nguyén td.

e Néu p >3, do p la sd nguyén t6 nén c6 dang p=3k+1 hodc p=3k+2 vdiklasd

nguyen duong.
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Ttr d6 suy ra p* chia 3 dw 1 hay p° =3n+1(ne N*).
Laic6 plasdlénén 2P =(3-1) =3m—1(m eN*).
Tix d6 ta duoc p* +2° =3n+1+3m—1=3(m +n):3 nénla hop s8. Do d6 truong hop nay loai.
Vay b ba s6 nguyén t6 can tim la (p; q;r) = (2; 3;17),(3; 2;17) )

Bai 78. Ttr 49 <2p” —r%;2q* -1* <193 ta c6 2q° —193<r* <2p*-49,do dd q° -p* <72.

Mt khac tir diéu kién 5<p<q<r ta duoc r>11, do dé 2p2 >49+121=170 hay p>11.
Vi (q—p)(q+p)s72 nén q—-p=2 hodc q—p=4. Xét hai treong hop sau:

e V4i q-p=2 va q+p=<36, khi dé ta dugc p=11;q =13 hodc p=17;q=19.

+Néu p=11;q =13 thi 145<r”* <193, suy ra r =13 = q (loai)

+Néu p=17;q=19 thi 529 <r* <529, suy ra r =23 (nhéan).

e V6i q—p=>4 va q+p<18, khong ton tai vi p>11.

Vay ba s6 nguyén t6 can tim la p=17;q=19;r=23.

Bai 79. Ttr gia thiét suy ra §<l+%+l<%.Kh6nggiém tinh tong quat giastt a>b >c>1.
a c

Suy ra E<§:>2c<9,do do ce{2;3}
3 ¢

. 2 1. 1.1 7 1
e Voic=2suyra —<—+—+—<-—=—< <—-=
a b 10 6 a b 5 6 b b 5

Do d6 be{7;11}

+V(’yib=7,khidétt‘rl<l+l<lsuyrai<l<£:>a6{19;23;29;31;37;41}
6 a b b5 42 a 35

+V(’yib=11tt‘rl<l+l<lsuyrai<l<£:>a:13,doa>b
a b 5 66 a

e Véi c=3 trgia thi€tsuy ra ~<—+t <512 Ly 6o b=5(dob>0)
32 b 30 3 b

Thay b=5 vao l<l+l<£ ta duoc 6<a<175:a:7.
a

Vay c6 cac bd ba s6 nguyén t6 khac nhau (a;b;c) thoa man la:
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(19;7;2),(23;7;2),(29:7;2),(31;7;2),(37:7;2),,(41;7;2),(13;11;2),(7;5;3) va céc hoan vi ctia
no.

Bai 80. Ta ¢ x5+px+3q:O<:>x(x4+p):—3q.

Vi q la s6 nguyén td va x la s6 nguyén nén tir phuwong trinh trén suy ra

X € {—1;—3;—q;—3q} .

Ta xét cac treong hop sau:

+Néu x =-1, khi d¢ tit phuong trinh trén ta dugc 1+ p =3q. Do q la s6 nguyén t6 nén

e Khi q=2 thitaduwoc p=5

e Khi q>2 thi 3q 1256 1é nén p 1a s& nguyén t& chdn, do d6 p=2 nén q =1 khong phai
la s6 nguyén to.

+Néu x = -3, khi d6 tir phuong trinh trén ta duoc p+81=q, do d6 p 1a s6 nguyén t& chdn
va qla s6 nguyén td 1é. Ttr d6 ta duoc p=2;q=83.

+ Néu x = —q, khi d6 ttr phuong trinh trén ta dwoc p+p* = 3. Truong hop nay khong xay
ra do p va qla s6 nguyén td nén p+q* >3.

+ Néu x =-3q, khi d6 tir phrong trinh trén ta dwoc p+81p* =1. Trudong hop nay khong
xdy ra do p va qla s6 nguyén td nén p+81q* >1.

Vay cac bo so (x; p; q) thoa man yéu cau bai toan la (—1; 5;2),(—3; 2; 83) .

Nhan xét: Tt phuwong trinh x(x4 + p) =-3q ta suy ra duoc x chia hét cho 3 hodc x* +p chia
hét cho 3. Bén day ta xét cac truong hop nhu trén. Tuy nhién véi cach lam nay viéc ly luan

sé phttc tap hon.

y A s = p+l L p+l
Bai 81. Gia str ton tai cac sO nguyén duong x va y thoa man pT x> va 2 > 2

p+1=2x" (1)
p’+1=2y” (2)

Trit theo v& ctia dang thic (2) cho dang thiec (1) ta dugc p(p —1) = 2(y+ x)(y—x) (3)

Khi do ta duwoc {

Suy ra ta duoc 2(y+x)(y—x)ip (4).
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Mt khéc tir (1) ta thay plas6lé va x>1>Tacd p+1=2x> =x* +x* >x+1=>p>x.
T (2)talaico y>1 nén p’+1=2y’ =y’ +y’ >y’ +1=p>y.
Ttr (3) ta suy ra duwoc y >x. Ttr d6 ta duwoc O0<y—-x<p.
Chu y p lala sd nguyén to 1é nén ti (4) ta suy ra duwoc x=yip.
Ma talai co 0 <x+y <2p nén ta dwoc x+y =p. Thay vao (30 ta dwoc p—1=2(y—x).

Ttr d6 suy ra y—x=pT+1 nén ta duoc x = le;y=3p4—1.

2
Thay x=pT+1 vao (1) ta duoc p+1=2(pT+1] <Sp=7.

Thay p=7 vao (2) ta dugc 7> +1=2y> = y =5.
Vay p=7 thoa man yéu cau bai toan.
Nhan xét: Ngoai cach giai nhu trén ta con c6 thé giai bang cach xét cac kha nang ctia p:

pr+1 (4k£1) +1
2

Véi p chdn khong xay ra, véi p=4k+1 khi d6 ta duoc =8k> 4k +1.

Dén day ta tim cac gia tri ctia k d€ 8k* 4k +1 la cic s6 chinh phuong.

(x+1)(2x+1)

Bai 82. Gia st ton tai s6 nguyén duong x thoa man 012

la moét s6 chinh phueong.

(x+1)(2x+1)
2012

Khi d6 ton tai s6 nguyén duong q d€ =q” hay (x+1)(2x+1)=2012¢q".

Vi 2012 chia hét cho 4 nén (x+1)(2x+1)§4. Ma 2x+11asO0lénén x+1:4.

Tl d6 ta dugc x =4k -1 vo6i k 1a sd nguyén duong.

Thay vao phuong trinh trén ta duge 4k (8k—1)=2012q" < k(8k-1)=503q".
D&y la (k,8k—1)=1 va 503 la s§ nguyén t&. Nén ton tai cac s6 nguyén duong a va b sao

k=503  [k=a’
cho q=ab Vé(a,b):l.TYrdétacécéché{ék 1 if Va{Sk i_ .

k = 503a?
+Véi { 2 ,» hé nay vd nghiém vi b? chia 8 chi c6 cacsd dulao, 1, 4.

8k-1=b
& k:a2 . 4 2
+ Vi .Khi d6 ta duwoe x =4k—1=4a’-1=(2a-1)(2a+1).
8k —1="503b"
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x+1)(2x+1
Néu a=1 thi x =3, khi d6 ta duoc ( 2)0(12 ) = 533 khong phai la s6 nhinh phwong.

Néu a>2 khidd x= (Za - 1)(2a + 1) la mot hop s6. Vay bai toan duoc chitng minh.
p’-p-2
Bai 83. Dat BT n® v4inla mot s6 tu nhién.

Vi p la s6 nguyén td nén ta xét cac truong hop sau:
e Truong hop 1: Véi p=2, khi d6 ta dugc n=0 thoa man yéu cau bai toan.

2

e Truong hop 2: V6i p > 2, khi d6 ta cd p_Tp_z:nS <::>p(p—1):2(n+1)(n2 —n+1).

Ttr d6 ta dwge n+1:p hodc n* —n+1ip (vi p la s6 nguyén t5 1é).

+Néu n+1:p thitadwgc n+1>p. T d6 ta duoc 2(n2 —r1+1)2n2 +(n—1)2 +1>n>p-1.
Ttr d6 ta duoc p(p—l) < 2(n+1)(n2 —n+1). Do d6 treong hop nay lai

+Néu n* —n+1ip, khi d6 ta dit n* —n+1=kp véik 1a s6 tw nhién khac 0.

Thay vao phuong trinh p(p-1)= 2(r1+1)(n2 —n+1) ta duoc p=2(n+1)k+1.

Tir d6 suy ra n* —n+1=2(n+1)k*+k hay n’ —(2k*+1)n—(2k* +k-1)=0.

Xem phuong trinh trén 1a phuwong trinh bac hai an n. Khi d6 do 2k* +1 1a s6 1é nén dé
phuong trinh trén c6 nghiém nguyén thi A =(2k* + 1)2 +4(2k* +k—1) phai la s8 chinh
phuong 1é.

Ta thiy (2k*+1) <A <(2k*+4) . Do d6 A=(2K* +1) +4(2k* +k-1)=(2k> +3) .

Tt 46 ta tinh dwoc k=3 suy ra n =20 nén p=127. Thir lai ta thdy p=127 théa man yéu
cau bai toan.

Vay cacso can timla p=2 va p=127.

Bai 84. Do vai tro cua a, b, ¢ nhw nhau nén khong mat tinh tong quat ta gia st a<b<c.
Khi d6 s6 nguyén t6 1on nhat la a+b+c va s6 nguyén t6 nho nhatla a+b-c.

Do d6 ta dugc d =(a+b+c)—(a+b—c)=2c, nén d€ c6 d lan nhat ta can chon duoc s§

nguyeén td ¢ 16n nhat.
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Cht y rang a, b, ¢ 1a cac s6 nguyén t& 1é vinéu a =2 thi khi d6 b+c—a 1a s& chdn 16n hon
2 nén khong thé la sd nguyén t6. Do d6 ca bay s6 nguyén td da cho déu la so 1é.

Ta xét cac treong hop sau

e Truong hop 1: Néu a+b =800, khi d6 s6 nguyén t6 a+b—c>3 nén ta dugc c<797. Vi
797 1a sO nguyén td va ta can 1dy ¢ 16n nhat nén ta chon ¢=797.

Khi d6 ta duoc a+b+c=1597 va a+b—c=3. Vi 1597 va 3 déu la cac sd nguyén t0 nén ta
can chon cac s6 nguyén td a, b sao cho 797 +a—b va 797 + b—a la cac sO nguyén to.

La chon a =13 thita dwgc b=787 va 797 +a—b =23;797 +b—a =1571 déu la cac so
nguyeén to.

Lac d6 ta duwoc d =2¢=2.797 =159%4 .

e Truong hop 2: Néu b+c =800, khi d6 ¢<800. Néu ta chon ¢ =797 thi ta duwgc b=3.
Ma talai co a<b nén a =2 khong thoéa man. Do d6 ¢ <797 nén d <2.797 =159%4.

e Truong hop 3: Néu a+c¢ =800, khi d6 ¢ <800. Néu ta chon ¢ =797 thi ta duoc a=3.
Tir d6 ta dwgc a+b—-c>5 nénsuy ra b>799, do d6 b > ckhong théa man.

Do d6 ¢ <797 nén d =2c<15%4.

Vay gid tri 16n nhat caa d 1la 1594 véi cac s6 nguyén td duoc chon trong treong hop 1 va

a+b=2800.

Bai 85. Khi p=2 ta co: \/kz —pk = Jk? =2k = (k —1)2 -1 do (k —1)2 -1 khéng thé'la s6
chinh phwong 16n hon 0.

Khi p >3 ta xét hai treong hop.

+Neéu k chia hét cho s6 nguyén to p thita dat k =np khi d6 ta co:

k? — pk =n*p?— p’n=p’n.(n—-1) do n.(n—1) khong thé la s& chinh phuwong nén truong hop
nay ta loai.

+ Néu k khong chia hét cho p, tkc la (k,p)=1 suy ra (k,k—p)=1. Do dé
k? — pk =k (k — p) 1a s6 chinh phuong khi va chi khi k, k- p la s6 chinh phuong. Tt la:

k=m?, k—p=n>= p=m’-n*=(m-n)(m+n) ma p las6nguyén t& nén ta suy ra

m-n=1 p+1 (p+1)° . . . N
min=p :>m=T =k = . Thz lai ta thay thoa man.
—+ =

(p+1)

Vay k = véi p 1a s6 nguyén to le.
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Bai 86. Ta xét bai toan tong quat: Tim sd nguyén duong n 16n nhat sao cho s6 nguyén
dwong A (A > 3) viét dwoc thanh tong a, +a, +a, +...+a,_ trong d6 cacso a,;a,;a,;..;a, la
cac hop so.

Giast A=a,+a,+a,+..+a_ trong d6 a a,;a,;..;a, la cac hop so0. Khi d6 theo dé bai ta
phai tim s6 n 16n nhat ¢ thé.

Cht ¥ rang d€ ¢ n 16n nhat thi cac hop s8 a,;a,;a,;..;a, phai nhé nhat. Dé thay 4 1a hop
s6 chdn nhé nhat va 9 1a hop s6 1é nhé nhat. Do d6 véi moi s6 nguyén duong A ta ludn
6 A=4a+r, trong d6 ala s6 nguyén duong va re{0;1;2;3} . Dén day ta xét cac truong
hop sau

e Truong hop 1: Néu r=0, khi d6 A =4a.Ma 4 la hop s6 nho nhat nén so k 16n nhat
lan=a

e Truong hop 2: Néu r=1, khi d6 A =4a+1. Ma4 lahop sO nhé nhatnén n<a

Xét n=a. Vi Alasolénén ton tai it nhat mot s6 a, véi i=1,2;...;n la s6 1é. Khong mat
tinh tong quat, gia s a, 1, suy ra a, 29 . Khi dé

a,+a,+..+a >9+4(a-1)=4a+1+4>4a+1=A

Xétn=a-1,khid6otaco A=4a+1=4(a-2)+9.Doddénlénnhitla n=a-1

e Truong hop 3: Néu r=2, khi d6 A =4a+2. Tuong ty truong hop2tacé n<a.
Xétn=a taco A=4a+2=4(a-1)+6 nénsdnlénnhatla n=a

e Truong hop 4: Néu r=3, khi d6 A =4a+3.Ma4lahop s6 nho nhatnén n<a.

Xét n=a. Vi Alaso 1é nén ton tai it nhat mot sO a, voi i=1;2;..;n la s6 1é. Khong mat
tinh tong quat, gia st a, 1é, suy ra a, >9. Khi d6

a,+a,+..+a 29+4(a-1)=4a+3+2>4a+3=A

Xét n=a-1,khid6taco A=4a+3=4(a-3)+15=4(a-3)+6+9.Do d6 nlén nhat
lan=a-1

Két luan: Véi s8 nguyén duong A >3 va A chan thi A phén tich duoc thanh a hgp s8.
Vi s6 nguyén duong A >3 va A lé thi A phan tich duoc thanh a—1 hop s6, trong d6 a la

thwong trong phép chia s6 A cho 4.
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Ap dung: Véi A =2016 =4.504 thi ta dwgc n 1én nhat1a 504 va A =2016 =504.4 .
Véi A=2017=4.504+1 thi ta dugc nlon nhatla 503 va A =2017 =502.4+9.

Bai 87. Gia st p, q, r la cac sd nguyén t6 thoa man phuong trinh
(p+1)(q+2)(r+3)=4pqr.

Ta cd p,q,r=2. Khi do ta xét cac treong hop sau

e Néu r=2, khi d6 phuong trinh trén tro thanh 5(p+1)(q+2)=8pq.

Do (5,8)=1 va 5 la wdc nguyén t8 ctia pqnén ta duwoc p=>5 hodc q=5.

+V6i p=5, khi d6 ta duwoc 5(5+1)(q+2)=8.5q = q =6 khong phai la s& nguyén td.
+V6i q =5, khi d6 ta dwoc 5(p+1)(5+2)=8.5p=p=7 thoa man yéu cau bai toan.
e Néu r =3, khi d6 phuong trinh trén tro thanh (p+1)(q+2)=2pq

Tir d6 ta dwoc (p-1)(q-2)=4=1.4=22.Do p va q la cc s6 nguyén t8 nén

q-2#2,q-2#4.

—-1=4 =5 v
Neén tir d6 ta suy ra duoc {p n1™ {p 3 thoa man yéu cau bai toan.
q — = q =

e Néu r>3, khi d6 ta cé 4pqr=(p+1)(q+2)(r+3)<2r(p+1)(p+2)

Hay ta duoc 2pq < (p+1)(q+2) = (p—l)(q—Z) <4.

Do d6é p-1<4;q-2<4 vaplasdnguyén td nén ta duwoc p=2 hodc p=3.

+Voi p=2 thi tir phuong trinh da cho ta duoc 3(q+ 2)(r + 3) =8qr.

Do (3,8) =1 nén 3 phai la wéc nguyén t8 ctia qr, ma q var la cdc s6 nguyén t3, lai c6 r >3
nén suy ra duwgc q=3. Tt d6 ta dwgc r=5 théa man yéu cau bai toan.

+Vdi p=3 thi tlr phuong trinh da cho ta duoc (q+ 2)(r + 3) =3qr

Hay ta duwoc 2qr—3q—2r=6<(q-1)(2r-3)=9=19=33.

, khong

2r—-3=9 r=6
Laico r>3 nén 2r-3>3, do d6 tir phwong trinh trén ta duwoc { {

=
q-1=1 q=2
thoa man yéu cau bai toan.

Vay cac bo ba s6 nguyén t6 (p; q;r) thoa man yéu cau bai toan la (7; 5;2),(5; 3; 3),(2; 3;5) .
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Bai 88. Dit p,|a, —a,|=p,|a, —a,|=...=p, |2, —a,|=k vdikla mot s§ khong am.
. as k k k
Khi @6 ta duoc |a1—a2|:—; az—a3|:—;...; an—a1|:—
p] p2 pn
kt kt kt . NV .
Hay a,-a,=—2*;a,-a,=—2%;..; a_—a, =—= Vdi t,;t,;..;t nhangia trila 1 hoac —1.
p1 p2 pn

A A A 2 ’ 2 P A t t t t
Cong theo v€ tdt ca cac dang thic trén ta dwoc 1{—1+—2 +— 4+ —“} =0
pl pZ p3 pn

9 t t t t t t t t N Ay A
bat M:—1+—2+—3+...+—“:M——1:—2+—3+...+—“:L. Suy ra Q la mot s6

pl p2 p3 pn pl p2 p3 pn p2 'p3"'pn
nguyeén. Ttr d6 ta duoc p,.p,...p, (Mp1 —t, ) =Qp, - Hay ta duoc
P; (pz P3Py M- Q) =t,.p, PP,
Néu M 1a s8 nguyeén thi tir dang thiec trén suy ra vé tréi chia hét cho p, con vé phai khong

chia hét cho p,, diéu nay v6 li. Do d6 M khong thé la s6 nguyén, suy ra M #0.

t
Do d6 twe k{t—1+t—2+—3+...+t—“J:0 ta suy ra dugc k=0
pl p2 pS pn

DAV \ x A
Diéu nay dan dén p, |a1 —a2| =p, |a2 —a3| =..=Pp,

an—a1|:0

Hay suy ra duoc |a1 —a2| = |a -a

an—a1|:0 nén a, =a, =...=a_.

n

2 3|
Bai 89. Gia st ton tai cac s nguyén t0 a, b, ¢ théa man diéu kién a® +2011=c. Khi d¢ ta

xét cac treong hop sau:

e Néu c=2, khido a®+2011=2, diéu nay volido a, blén hon 1.

e Néu c>3, khi d6 do cla s6 nguyén to nén cla so 1é.

Ttr a° +2011=c ta suy ra dugc a® +2011 la s6 1é nén a” 1a s chan hay a la s8 chan.

Do a la s6 nguyén t& nén ta duwoc a=2. Nhw vay 2° +2011 1a s8 nguyeén t6. Ta xét cdc kha
nang sau

+Khi b=2 thi ta dwgc 2° +2011=2015 12 modt hop s6.

+Khi b>3, doblasdnguyéntd nénblasdlé. Ta dit b=2k+1,keN .
Khi d6 ta c6 2° +2011 =22 +2011=2.2% +2011=2.4* +2011=2.(3+1)" +2011
D@ thdy 2(3+1)" chia3 dw2 va 2011 chia 3 du 2 nén ta dugc 2.(3+1)" +2011 chia hét cho 3.

TU SACH CAP 21 332



BOI DUONG HOC SINH GIOI CAP 2 |
Do d6 2° +2011 chia hét cho 3. Suy ra 2° +2011 1a mot hop sd.
Vay khong ton tai cac s6 nguyén t& a, b, c d& a® +2011=c.
Bai 90. Ta xét cac truong hop sau
e V6i p=2,khidétontai n=1va x=y=1d€ 2' =1°+1°.
e V6i p=3,khidétdntai n=2 va x=1,y=2 d€ 3 =1"+2°.
e V6i p >3, khi d6 gia st ton tai cac sO nguyén duong n, x, y voin bé nhat théa man
p'=x>+y’.
Do p>3 nénsuy ra(x;y)#(1;1), do d6 x* —xy +y’ :(x—y)2 +xy>1va x+y>1.
Tacd x° +y° =(x+y)(x2 —xy+y2) nén (x3 +y3)f(x+y) va (x3 +y3)f(x2 —xy+y2) .
Do d6 suy ra (x+y) va <x2 —xy+y2) phai cting chia hét cho p.
Suy ra (x+ y)2 —(x2 — Xy + yz) =3xy chia hét cho p. Do p 14 s6 nguyén t& va p" =x* +y°
nén ta duoc x va y chia hét cho p.

T d6 suy ra n >3, khi d6 chia ca hai v€ ctia p" =x’ +y’ cho p’ ta duoc

(3] (3)

\ 4 A . ~ /4 ~ A X 2 ~ A A . 4
Ttr d6 suy ra ton tai sO tw cac s6 nguyén duwong n—3;—;= thoa man yéu cau bai toan.Tuy

PP
nhién diéu nay lai ma thuan véi viéc nhon n nho nhat.
Vay véi p >3 thi khong ton tai cdc sd nguyén duong n, x, y théa man p" =x>+y°.
Do d6 cac s6 nguyeén t6 thoa man yéu cau bai toanla p=2 va p=3.

3 2 2
Bai 91. Dat A = nasntl_n + 8—n+L Ta xét cac treong hop sau:
3n 3 3 3n
e Truwong hop 1: Néu n =3k vdi k 1a mot sd nguyén dwong, khi dé ta duoc

A=3k3+8k+i
9k

Dé thay 3k’ +8k < A <3k” +8k+1 nén suy ra [A]:[3k2 +8k+i}:3k2 +8k =k (3k+8).
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D& [ A] lamdt s nguyén 8 thi k=1, khi d6 [ A]=11 la d6 nguyén t&. T d6 ta tim dugc

n=3

e Truong hop 2: Néu n =3k +1vdi k la mot sd nguyén, khi do ta dugc

=3k*>+10k+3+
9k +3 9k+3

A=3K2+2k+ 148k + 2+
3 3
Dé thay 3k*+10k+3 < A <3k’ +10k +3+1 nén suy ra

1
. 2
[A]—{?)k +10k+3+-

+3}=3k2+101<+3=(1<+3)(31<+1).

Nhu vay dé [A] la mot s6 nguyén to thi k+3 =1 hodc 3k+1=1, tix d6 ta tim duwgc k=1.
Khi d6 [ A |=3 1a mot s6 nguyén td va n=1.

e Truong hop 2: Néu n =3k +2 véi k 1a mot s6 nguyén, khi dé ta duoc

A=3k2+4k+§+8k+%+ 1 =3k*+12k+6 + 2

9k+6 9%k+3 3

Ta thay 0< L 24 nén suy ra
9%k+3 3

+ﬂ=31<2 +12k+6 =3(K* +4k+2)

[A]={3k2+1zk+6+ 1
9k +3

Suy ra v6i moi k thi [ A lu6n la s6 nguyén t3.

Véay d&€ [ A] las8nguyén 6 thi n=1 hodc n=3.

X=m
Bai 92. Goi d la wéc chung 1én nhat cua x, y tasuyra qy=nd

(mn)=1
2 2 242 242 2 2 2 2:
. X"+ m°d“+ pn“d® m°+pn . m®+ pn“:n .
Tacod: A= oy _ p2 = PN m? 4 pn2imn = , P ,. =mn.
Xy mnd mn m°+pn°:m

Mt khéc ta ¢4 (m,n)=1 suy ra n=1 do d6 m’+pim = pim ma p la s& nguyén t& nén
m=1 hodac m=p.

+Néu m=1thi x=y=d= A=p+1.

dp)’ + pd?
+Néu m=p= x=dp,y=d khidd A:(p)—+p: p+1.
p

d2

Ap dung vao bai toan ta suy ra dpcm.
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Bai 93. Gia st p va q la cac s6 nguyén t6 thoa man p’ —q° =(p+ q)z. Khi d6 ta duoc
p’—-q°>0.
T d6 ta duwoc p° >q° >2° nén ta duwgc p>3.
Suy ra p khong chia hét cho 3. Ta xét cac treong hgp sau:
e Néu q=3,khi d6 p’' -3 =(p+3)’ & p’—p* —6p-252=0 < (p-7)(p* +6p+36)=0.
Do p®+6p+36>0 nénta dugc p-7=0=p=7.
e Néu q#3 khidd p=3m=+1,q=3n=+1 vdi m, nla cac sd nguyén duong.
+Véi p=3m+1va q=3n+1 thi p°-q°:3 va (p+q)2 chia 3 du 1, nén khong théa man
yéu cau bai toan.
+ Véi p=3m+1 va q=3n-1 thi p°—q’ chia3 du2va (p+ q)2 chia hét cho 3, nén khong
thoa man yéu cau bai toan.
+V6i p=3m-1va q=3n+1 thi p°—q’ chia3du1va (p+ q)2 chia hét cho 3, nén khong
thoa man yéu cau bai toan.
+Vé6i p=3m-1va q=3n-1 thi p°—q’i3 va (p+q)2 chia 3 du 1, nén khong thoa man
yéu cau bai toan.
Vay cap s nguyén t6 (p;q) thoa man yéu cau bai toan la (3;7).

Bai 94. Ta ¢ 2a2b:a(a+b)2 —a(a2 +b2).

Do p* la wdc ctia a® +b* va a(a+b)2 nén p* cling 1a w6c ctia 2a’b .

Do p 1a s6 nguyén t6 1é nén suy ra p* la woc cua a’b.

Néu a khong chia hét cho p® thi s6 mii ctia p trong a® khong vuegt qud 2, khi d6 a® khong
chia hét cho p*. Do d6 b phai chita p?, diéu nay c6 nghia la b chia hét cho p?, tir d6 ta
dwoc b* chia hét cho p*. Ttr d6 suy ra a’ +b’ khong chia hét cho p*, diéu nay mau thuan
voi gia thiét.

Do vy a phai chia hét cho p* nén a* khong chia hét cho p*. Tt a’+b” khong chia hét

cho p* ta suy ra dugc b* chia hét p*, do d6 b chia hét cho p*
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Dan dén a+b chia hét cho p* nén suy ra a(a+b) chia hét cho p*.

Vay p* cling la wéc cia a(a+b).

Bai 95. Dit A=a’-b>-5a+3b+4, dé thdy A 1a s8 chdn. Do dé A 1a sd nguyén t3 khi va

chikhiA=2, hay A=a’-b*-5a+3b+4=2,suyra (a+b-4)(a-b-1)=2.

Ta xét cac treong hop sau :

+Tru’énghop{ b1 <a=4b=1
a— — | =

+ Truwong hop
+ Treong hop

+ Treong hop
Bai 96. Ta c6 f(5)—f(4)=2012 < 6la+9b+c=2012

£(7)-£(2)=(343a+49b+7c+d)-(8a+4b+2c+d)=335a+45b+5c
= 305a +45b +5¢+30a = 2012 +30a = 2(1006 + 15a)

Vi ala s8 nguyén nén ta duoc f(7)—£(2) chia hét cho 2 va 1006 +15a khac 1
Do d6 £(7)-f(2)la hop s&

Bai 97. Theo bai ra f(x) c6 dang f(x)=ax’ +bx* +cx+d véia nguyén duong.

Ta c6 2010 =£(5)-(3)=(5"~3")a+(5"~3 )b+ (5-3)c=98a+16b+2c
=16b+2c = (2010 - 98a)
Lai co:

£(7)—£(1)=(7"-1°)a+(7" =1*)b+(7 1) c = 342a +48b + 6¢ = 342a + 3(16b + 2c)
= 342a +3(2010-98a) = 48a + 6030 = 3(16a +2010)

Vianguyén duong nén 16a+2010>1 . Vay f(7)—f(1) la hop s6

Bai 98. Bién doi 2".p* +1=q’ thanh 2"p* =(q-1)(q' +q° +q* +q+1)
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Do q*+q°+q*+q+1 1énén q-1=2"p" véi k=0;1;2
+Néu k=0 khi do6 tacd q—1=2" T d6 ta duoc
(2m+1) -1
T om

p’ = =24 452%™ 1 10.2°™ +10.2™ +5

Néu m >1 thi p? ES(modS)Vé linén suy ra m =1, tir d6 ta duwoc p=11;,q =3.

+Néu k=1 khi d6 ta c6 q—1=2"p do d6 ta duoc p=(q-1)(q*+q*+q* +q+1)

Do d6 dé p lasé nguyén to thi q-1=1=q=2, tit dé suy ra q=31.

Thay vao phuwong trinh ban dau ta dwgc 2™.31° +1=2°, phuwong trinh khdng ¢6 m nguyén
duwong thda man.

+Néu k=2 khidé tacd q—1=2"p* do dé taduwgc 1=q* +q’ +q° +q+1 diéu nay vd li do
q la s6 nguyén to

Vay bo (m; p;q) = (1;11;3) la bd duy nhat can tim.

Bai 99. Ttr gia thiét suy ra p, >2= p; =1( mod8).

Ma p? =1;4(mod8) nén trong 556 p, (i = 1;5) c6 bon s6 bang 2, mot s& 1én hon 2.

That vay, gia st k 1a s6 s8 chan trong day p,,p,, P, ., Ps- Suy ra
pi+ps+ps+p;+p: =4k+A (Alatdng binh phuong cua 5-k s8 1é)

(pf +pa+pi+p; +p§) =4k +(5-k).1(mod 8) =3k +5(mod 8)

Ma (pf +ps+ps+p; +p§)zl(mod 8) nén 3k+4:8=>k=4.

Nhan xét duoc chitng minh xong.

Bay giotagiastt p,=p,=p,=p, =2, p5 >2

Tt d6 suy ra p; —p: =16 <:>(p6 —pS)(p6 +p5):16

Tt do giai dwoc p, =5;p, =3.

Vay bd cac sd nguyeén t& cac sd can tim 1a (pl;pz;pS;p4;p5;p6) trong d6 (pl;pz;p3;p4;p5)

duoc xac dinh 1a (2;2;2;2;3) va cac hoén vi, con ¢6 dinh p, =5.

Bai 100. Gia st ¢6 sO nguyén a dé (a2 + 1)§p hay ta ¢6 a® =—1(mod p)
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p-1 p-1
2

Suyra a*'=(-1)2 (modp) hay a*'-1=(-1)2 -1(modp)

Nhung theo dinh 1i Fecmat thi a”' —1=0(mod p)

p1
2

Nén ta duoc (-1) 2 ~1=0(mod p) ma p la s8 nguyén t5 dang 4k +3 nén

(—1)%—1 1= O(mod p) o -2= O(mod p), diéu nay vo li.
Nén khong ton tai sd nguyén a thoa man yéu cau bai toan
Bai 101. Do 6(x + 2p) chia hét cho 3 nén tir phwong trinh da cho ta suy ra x* + p®y?® chia hét
cho 3. Mit khéc, ta c6 d€'y rang, véi moi s6 nguyén a thi a? chia cho 3 dw 0 hogc 1. Do d,
dé x* + p?y’chia hét cho 3 thi ta phai c6 x’va p’y®ciing chia hétt cho 3. Suy ra x va py
cung chia hét cho 3.
bat x = 3a v6i a nguyén duwong. Phuong trinh da cho cé thé duoc viét lai thanh
9a’ + p’y* =18a+12p (1)
Do 9a*, p?y? va 18a chia hét cho 9 nén tir phwong trinh trén, ta suy ra 12p chia hét cho 9,
tiec la p chia hét cho 3. Ma p la sd nguyén t6 nén p = 3. Khi d6, phuong trinh (1) c6 thé viét
lai thanh a® + y* = 2a +4.
Hay (a-1)° +y? =5 (2)
Vi (a —1)2 > Onén tir phwong trinh trén, ta suy ra y> <5 . Doy la s6 nguyén dwong nén ta
c6 y e{1,2}. Bang phép thtr truc tiép, ta tim duoc cac cdp s8 nguyén duong (a, y) thoa
man phuong trinh (2) 1a (3,1) va (2,2). Ttr d6 suy ra, c6 hai bd (x, y, p) thoa man yéu cau dé
baila (9, 1,3) va (6,2, 3).
Bai 102.
Dat p=a+b+2Vab+c?, giaskr a>b.
Cach 1: Xét p¢Z thi pkhong la s6 nguyén to.
Xét peZ: Gia st thi p 1asd nguyén to = ab+c? 1a sd chinh phuong
= (a+b)’ ~4(ab+c?)= p.(a+b+2\/ab+c2 ) p=(a-b+2c)(a-b-2c)ip.

THI: (a-b+2c)ip=>a-b+2c>p=a+b+2vab+c’ =c=b++ab+c?* >c (loai)
TH2: (a-b-2c)ip=a-b-2c=0 hodc p<|a—b-2c|

Néu a—b—20:0:>c:a—;b:> p=2(a+b)=a+b=1 (loai).

Néu p<la-b-2c|<a+b+2c=+ab+c” <c (v li) (loai).
Vay p khong thé la sd nguyén to.

Cach 2: TH1: vab+c® ¢ Z suy ra dpcm.

TH2: Vab+c® =d ¢ Z" = ab=(d —c)(d +c) voi d >c.

= 3r,ssao cho (r,5)=1 va a :Mzi.
d-c b S
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+) asir,(r,s)=1=>3peZ",a=pr,d—c=ps.

+) bris,(r,s)=1=3qeZ",b=gs,d+c=qr.

T d6 K=a+b+2d = pr+gs+(ps+qr)=(p+q)(r+s) lahop sé.

Bai 103. a) Mdi s8 tie nhién déu c6 thé viét dudi dang: 6m,6m+1,6m=*2,6m+3.

Moi s6 nguyeén td khac 2 va khac 3 déu khong chia hét cho 2 va cho 3 suy ra chung chi c6
thé c6 mot trong 2 dang 6m+1 hodc 6m-—1.

b) Goi p la s6 nguyén t6 16n nhat c6 dang 6m-1.

bdt A=2.35...p 1a tich cac s6 nguyén td tx 2, 3, 5,... dén p.

Goi D=A+1

Néu D la s0 nguyeén t6 thi bai toan duoc chitng minh vi D> p, D=2.35..p-1=6m-1.

Néu D la hgp s6 thi D c6 it nhat mot wdce s6 nguyeén to chinh la p,. Taconéu p, < p thi p,

la wdc s6 cua D va p, la wdc sd cua A.
= p, lauwdcsd cuia A-D=1(voly vi p, lasd nguyén to).
Néu p, > p tacd p, cling c6 dang 6m—1.

Vi néu khong mot wdc sd nguyén to nao ctia D c6 dang 6m—1 ma chi c¢6 dang 6m+1 thi
tich cta chiing c6 dang 6m+1, vo ly vi trdi vdi cach dat D =6m—1. Tom lai ta ludn luén

tim duoc s6 nguyén t6 dang 6m—1 16n hon p.
Vay ¢6 v s0 s6 nguyén t6 ¢ dang 6m-1.

Bai 104. Vi X,y la cac s6 nguyén td nén x>2,y>2 suyra z25.
z1a s8 nguyén t& 1é nén x’ 1a s8 chdn suy ra x =2, khi d6 z=2" +1.
Néu y Ié thi 2’ +1:3, suy ra z:3, v li. Vay y chan, suy ra y=2,z=2°+1=5.
Vay cac s6 nguyén td can tim la x=y=2;z=5.
Bai 105. Dat n=3“m véi (m, 3) = 1. Gia s m > 1, xét hai tredng hop:
) m=31+1( e N¥). Ta c:1+2" +4" =1+ 2% G £ 4¥CH — 14 g@ 4 g1 (y4i g =2%),
suyra 1+2"+4" =a(@" -1)+a’(@® - +a’+a+lia’ +a+1=1+2"+4" 1a hop s6.
i) m=3l+2,( e N*). Ta c¢:
142" +4" =14+ 2% G2 4 3@ _ 14 g%2 4 g0+ — 329 _1) +a?(@® 1) +a’ +a+1lia’ +a+1
(véi a=2%).

Suy ra 1+2" +4" la hop s0.
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Vay m =1 titclan = 3%
Bai 106. Gia st (a, b) =t, khi d6: a=ta,,c=tc, vdi (a,c)=1.
Ttr ab = cd suy ra ab=cd = b:c,.
bat: b=kc, = cd =a kc, = d =ka,.
Khidé: A=a"+b"+c"+d" =t"a +k"c] +t"c] +k"a = (k" +t")(a; +¢/).
Vi k,t,a,¢, € N* nén A la hgp s0.

n(n+1)_l_ n“+n-2 _(n-1)(n+2)
2 2 2 .

Véin=2tacop=2.

Bai 107. Ta co: p=

Véin=3tacop=>5.

Véin >3 thi n;1>1vé n+2 >1 nén p la hgp s6.

n(n+1)

Vay véin =2, n=3 thi p 1a s6 nguyén td c6 dang 1.

Bai 108. Vi a,b ¢6 vai tro nhu nhau nén c6 thé gia stv a > b.

Gia st ﬁ = p vdip la s6 nguyén td. (*¥)

Suy ra ab:p=a:p hoac bip= pe{2,35,7}.

_n? a2
Tt‘r(*)tacéab=ap-bp(a+p)(p_b):pz®{a+p_p @{a—p P

p-b=1 b=p-1
Véip=2tacé ab=21hoic ab=12.
Véip=3tacd ab=62 hoic ab=26.
Véip=5vap="7tacodaco?2chitso (loai).
Vay céac s6 ab can tim 14 12, 21, 26, 62.
Bai 109. a) Gia st phan chiing rang k >0 va k # 2" véi moin.
Khidok=2".t, véitlé>1. VO li voi2k+1 la sd nguyén to.
Vay k=0hoack =2
b) Gia sttk=m . t véi1 <t <k, khido 2¢-1=(2')" -1i2' 1= 2 ~1 la hop s& vi 2-1 >1.
Vay k la s6 nguyén to.
Bai 110. 1) Xét ba s6 du cua X, Y,z khi chia cho 3.
* Néu ca ba sd 1a khéc nhau: (0,1,2) thi x+y+2:3 nhung khi d6 (x-y)(y—2z)(z-x)
khong chia hét cho 3 (v ly).
* Néu c6 hai s6 du bang nhau thi x+y+ 2z khdng chia hét cho 3 trong khi d6 mot trong ba
hiéu x—y;y—z hodc z—x chia hét cho 3 (vo1y) vi (x—-y)(y-z)(z—-X)=x+y+z.
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Vay chi con truong hop ca 3 s6 x,y,z déu c6 cung sd du khi chia cho 3.

= (x-y)(y-2z)(z—x):3.33=27

Ma: (x=y)(y-2z)(z—X)=X+y+z=>X+Yy+2:27

2) Tacé: a* ~1=(a*) -1 =(a* -1).P

Ta c6: a*—1=(a—1)(a+1) la tich cia hai s6 chan lién tiép a-1>4 viala s6 nguyén t&
a>>o.

= At c6 mdt s chia hét cho 2 va mot s§ chia hét cho 4.

= (a-1)(a+1):8

Xét ba so lién tiép: a-1,a,a+1; 4t c6 mdt sd chia hét cho 3 via khong chia hét cho 3.
=(a-1)(a+1):3=>(a-1)(a+1):24

Tacé: a*-1=(a-1)(a+1)(a’+1) vaalasdle.

= a’ +11a 8 chdn = (a* +1):2

= (a-1)(a+1)(a’+1):48

Lai vi a khong chia hét cho 5.

= a c6 dang 5k +1,5k -1,5k +2,5k -2 = a* c6 dang 5m+1=a*-1:5

Vi (5,4,8)=1=>(a-1)(a+1)(a’ +1):240

Bai 111. +) Xét truong hop p la hop so6:

Néu p la hop s6 thi p la tich cua cac thira sd nguyén t6 nhdo hon p va s6 ma cac luy
thira nay khong thé 16n hon sd mi cua chinh cac luy thtra dy chita trong (p - 1)!.
Vay: (p-1):p (diéu phai chttng minh).

+) Xét truong hop p 1a sd nguyén to:

Vip € P =>pnguyén td cung nhau véi moi thtra sd cua (p -1)!
(vip>p-1=>(p-1)!:p (diéu phai chitng minh)

Bai 112. Goi p la wdc s6 nguyén t6 ctaa (1994! - 1)

Gia st p <1994 =>1994. 1993 ..... 3. 2. 1 chia hét cho p

<=>1994! Choa hét cho p

ma (1994!-1):p=>1:p (vOly)

Vay: p khong thé nhé hon hogc bang 1994 hay p > 1994 (diéu phai chitng minh).

Bai 113. Vin>2nénk=n!-1>1, do d6 k c6 it nhat mot wdc s6 nguyén to p.

Ta chttng minh p > n .That vay: néu p < n thi n! chia hét cho p

Ma k chia hét cho p => (n! — 1) chia hét cho p.Do d6: 1 chia hét cho p (vo ly)

Vay: p>n=>n<p<n!-1<n! (Diéu phai chitng minh)
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p_ p p_ p
Bai114. Taco: m=> 3+ b véia=S Tp=3+1
2 4 2 4

a, b déu la cac s6 nguyén 16n hon 1 nén m la hop s6.

Ma m=9""+9P?+ . +9+1 vaplénénmlé va m=1 (mod 3).
Theo dinh li Fermat, ta c6: 9° —9:p.
9° -9

(p.8)=1nén 9°-9:8p = m-1

p_
Vi m-1:2 nén m-1:2p, khi dé: 3m’l—1332p—13u=m. dpcm).
3 p

Bai 115. Gia st ton tai s6 nguyén td p sao cho:

2003+23k=p"  (1).
Trong d6 k,n la cac s6 nguyén duwong nao do.
Ttr (1) dé thay p khong chia hét cho s& nguyén t6 23 nén (p,23)=1.
Theo dinh 1i nhd Fermat thi p* —1 chia hét cho 23, suy ra p* c§ dang p** =1+23s véi
moi s6 nguyén duong t.
T d6 p?*" =(@1+23s)p" = p" +23s.p" =2003+ 23K +23s.p" hay p**" =2003+23(k +sp")
voimoi t=12,3,....
Bai toan duoc giai day du khi ta chi ra sy ton tai s6 nguyén t& p thda man (1). Ching han:
Véip=2cod 2003+23.91=2%
Véip=3co 2003+23.8=3
Véip=4co 2003+23.6=2141
Véi p = 2003 thi ton tai k theo dinh 1i Fermat thoa man 2003+ 23k = 2003%,
Bai 116. Goi bay s6 nguyén td la p, p, Pys ..., P; -
Ta cd: pyp,PsPaPsPsPy = P+ P;+ P5+ Po+ Ps +Pg+p7 ()
Ta can dung dinh li Fecma nho:
Néu sd nguyén a khong chia hét cho 7 thi a® =1(mod 7) .(C6 thé chimg minh tryc tiép diéu nay
thong qua viéc bién d6i a° = (7k +r)* = 7t £1 véi moi r thdaman 0<r <6, con t 1a s6 nguyén)
Gia st trong bay s6 nguyén t0 trén c6 k sd khac7 véi 0<k <7.
Néu k = 0, nghia la ca bay s6 trén déu bang 7 thi ta c6

7.7.7.7.7.7.7 =77 7575+ 7+ 7% 7% thoa man (*).

Néu k =7, nghia la ca bay s0 trén déu la s6 nguyeén t6 khdc 7 thi v€ trai ctua (*) khong chia
hét cho 7, con vé& phai cua (*) chia hét cho 7 theo dinh li Fec ma, diéu nay khong xay ra.

Vay chi xay ra bay s6 nguyén td trong dé bai déula 7.

TU SACH CAP 2| 342



BOI DUONG HOC SINH GIOI CAP 2 |

Bai 117. Gia st a>b>c.Tac6 a‘ +b* +¢* =(a* +b’ +c2)2 —2(a’h’ +b%*c® +c%a’).
Viplasdnguyéntdva p>3,suyra a’+b*+c* chia hét cho p khi va chi

a’b? +b?c? + c?a’khi chia hét cho p hay

a’h® +¢*(a’ +b*)ip < a’h’ —c*ip < (ab—c*)(ab+c)ip.

Do p=a’+b®+c®*>ab+c’>ab-c*>0 vaplasdnguyéntdnén ab-c*=0=a=b=c

= p=3°=a=b=c=1vap=3.

2 2

ty
X=y
3.7.19. Cac s6 nguyén td 3, 7, 19 déu c6 dang 2(2m +1) +1=4m +3

Bai 118. Gia st ~

=k nguyén duong va k 1a wdc s6 caa 1995 = 5.3.7.19 = 5n vdi n=

Goi wdc chung 16n nhat cta x,y 1a d =(x,y) thi x=du,y=dv vdi (u,v)=1.
Theo gia thiét x* +y* =k(x-y) & dUu*+v?) =ku-v) (1).
Xét hai treong hop:
1) kla wdc s6 cian = K ¢6 wdce s6 nguyén td dang 4m + 3.
Ap dung ménh dé 2 vao (1) thi u? +v* khong chita cic dc s6 nguyén t& ctia k nén k 1a wéce
s6ctad =d =kt. Tt (1) cé t(u*+v*) =u-v, do d6 u® <u®+v’ <u-v<u= (1) vd nghiém.
2) k =5m v6i m la wéc s6 ctia m. Luc d6 (1) trd thanh d(u? +v*)=5m(u-v). Lap
luan nhuw trén thi m la wéc s6 cuia d. Suy ra d= m.t. Ttr 46 ta cd
t(u? +v3) =5u-v) (2
T (2) c6 u® +v* <5(U—v)
A=u?+v* -5u-v)<0 (3)
Mat khac
AA=4u” —20u+ 25+ 4v* +20v+25-50 = (2u—5)* +(2v+5)* —=50>1* + 7* =50 >0= A >0
Két hop v6i (3) phai c6 A= 0. Diéu nay xay ra chi khi 2u-5=+1 vav=1,

_ . lu=3 _ (u=2
nghia la va
v=1 v=1

Tr A=0va (2)suyrat=1=d=m.Cécs6 X,y phai tim la {’;i?nm hoic {iifnm trong
dé m 1a wéc cua n =3.7.19, nghia 1a m 1ay 8 gid tri sau: 1, 3, 7, 19, 21, 57, 133, 399.
Bai 119. Gia str s§ may tivi da giao 1a abc =100a+10b+c. Ta co:
100(a+n)+10(b—n)+(c—n) =n(100a+10b +c) hay
100a+100n+10b—10n+c—n=100an+10bn+cn.

Twr d6 ta duwoc: 100a+10b+c = ﬂq
n_
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Nhung 89 1a s§ nguyén t8 nén hodc n - 1 phai bang 1 hogc n phai chia hét cho n-1. Trong
ca hai treong hop ta déu tim dwocn =2 va abc =178.
Vay s6 may tivi da giao la 178.
Bai 120. Goi 3 s6 nguyén t6 phai tim la; a, b, c ta c6: a.b.c=5(a+b +c)=>abc : 5
Via, b, ¢ cd vai tro binh dang
Gia si: a:5via €P =>a=5
Khi do: 5bc=5(5+b + )
<=>5+b+c=bc
<=>bc-b-c+1=6
<=>b(c-1)-(c-1)=6
<=>(c-1)(b-1)=6

Do vay: b-1=1=>  b=2

va c-l1=6va c=7
b-1=2=> b=3 (loaivic=4 ¢ P)

va c-1=3va c=4

Vai tro a, b, ¢, binh déng
Vay bd sO (a ;b ;c) can tim 1a (2 ;5 ;7)
Bai 121. Dat a= 2.3.4...n(n +1) = (n +1)!

Xét n s6 a+2,a+3,..,a+n+1 Tathdy a+iii véimoi i=2,3,...,n+1.Suy ra n s6 nay déu

la hop s6.

Bai 122. Gia st n lahop sd, taco n=ab véi 2<a<b<n .Khido

2" —1=2%-1=(2*-1)(2°*? +2**"? 4. +1] 1a hop s8. Diéu nay tréi véi gia thiét. Vay n la
sO nguyén to.

Bai 123. Ta xét cac treong hop sau

+) p =2, khi d6 2" + p? =8 la hgp s6.

+) p =3, khi d6 2° + p? =17 1a s6 nguyén td.

+)p >3, khi d6 2°+ p? =(2° +1)+(p*-1) .

Vi p 1é va khong chia hét cho 3 nén 2° +1:3 va p®-1:3.

Suy ra 2° + p?:3 nén 2P + p’ la hgp s6.

Vay p=3lasdcan tim.
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Bai 124. Goi X, la nghiém nguyén duong cta phuwong trinh x* — px+q=0 , ta cd X, nén

X, =1 hodc x,=q .

+) X,=1ltac61-p+g=0 < p=q+1 ,suyraq=2,p=3.

+) X, =0 tacd g°—pq+q=0 < p=g+1,suyraq=2p=3.

Vay (p.9)=(32) .

Bai 125. Giasr n>2 .

Trong bas6 p,q,r c6 mot s chan.

*r=2,khido p"+q" =4 diéu nay khong xay ra

*p>q=2,tacd: p"+2"=r".

+) n 1é. Suy ra: (p+2)(p”’l—2p”’2+...+2”’l)=r2 :

Vi p+2>1va p"t=2p" %+, 42" >2" >1

Néntacd r=p+2 ,suyra p"+2" :(p+2)2 = p?+4p+4 . Diéu nay khong thé xay ra voi
nz3.

+) n=2k , ta cd: p** +2%* =r® . Theo phuong trinh Pitago ta cd:
p“=a’-b*,2"=2ab,r=a’+b’ vdéiabeZ,a>b,(ab)=1.

Tacd: b=La=2"",suyra p“*=4"-1<4"=p=3.

Hay 3" =4 -1 phuong trinh nay vo nghiém.

Dodotacéd n=1.

Bai 126. *) Néu x hodc y chia hét cho p thi hién nhién s6 con lai cling chia hét cho p.
*) Xét x,y cung khong chia hét cho p . Vi p la sd nguyén té nén (x;p)=(y;p)=1.
Do d9o, theo dinh 1i Fecma ta co:

4k+2 4k+2 (

xP"=y?? =1(mod p) hay x***=y*** (mod p)

=N (xz)2k+1 z(y2)2k+1 (mod p) .

Suy ra x=y(mod p) , do d6 x*+y®=2x*(mod p) = 2ip voli
Vay ta c6 diéu phai chitng minh.

Bai 127. Ta ¢4 3m* +6n—61=3Kk +2
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Néu k21 tacod x=3%"?+4=927"+4113 .

Suy ra k=0 hay 3m*+6n-61=2 < m?’+2n-21=0.
Vim® léva m*<21l nén m’=1,m?=9 .
*m=1=n=10

*m=3=>n=6.

Bai 128. Khong mat tinh tong quat, ta gia st a>b>c .

Taaﬁa3+b3+c3—3am::(a+b+cxa2+b2+c2—ab—bc—ca).

Do d6 a®+b® +c® —3abc 1a s6 nguyén t5 khi xay ra mot trong cac truong hop sau:
a+b+c=1va a®+b*+c*—ab-bc-ca la s6 nguyén to.

Tk a+b+c=1 = a=1b=c=0,khido6 a’®+b®+c’®—3abc =1 khong la s6 nguyén té.
a’+b’+c*—ab-bc-ca=1va a+b+c lasdnguyén té.
Taco @’ +b?+c?—ab-bc-ca=1< (a-b) +(b—c) +(c—a)’' =2.

a=>b

a=>b
Suy ra <b-c=1 <:>{ = a+b+c=3b-1
c=b-1
c-—a=-1
a-b=1
Hoac {b-c=0 < b=c=a-1.
a-c=1

Vay céc s tu nhién can tim 1a (k;k;k —1) va cac hoan vi v6i 3k -1 la s6 nguyén t3.
Hodc (k;k -1k —1) va cac hoan vi voi 3k —2 la s6 nguyén t6.
Bai 129. Do p la sO nguyén t6 lé nén p=3k+lhoac p=3k
+Néu p=3k+1 thi 8p® +1=8(3k +1)’ +1=3(24k” +16k +3):3nén vo ly.
+Néu p=3k.Do p lasd nguyén t61é nén p=3, rd rang 8.9+1=73la s6 nguyén t&

ma 8p°+2p+1=72+6+1=791a s6 nguyén tJ.
Bai 130. Tt phuong trinh ta suy ra a®+b*+c? =1(mod 3) . Suy ra, trong ba s a,b,c ¢ hai

s0 chia hét cho 3.
a=b=3, tacd 18+16c* =9k* +1< (3k —4c)(3k +4c) =17

3k +4c=17 {k=3
=

Suy ra
3k—-4c=1 c=2

¢ =3, khong mat tinh tong quat, ta gia st a=3 . Khi d6 ta c6 (3k —b)(3k +b)=152=19.8
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3k+b=19 n 3k+b=38 k=7
+ vO nghiém +
3k-b=1 3k-b=4 b=17
3k+b=76 k=13 3k+b=152 =
+ + vO nghiém.
3k-b=2 b=37 3k-b=2

Bai 131. Néu p=3,tac6q® |3 —1=2%7.11nén q=2 .
Xét p#3,tacod p2|(q+1)(q2—q+1) .

Ma (q+1,9° —q+1)=(q+13) =1 hoic 3. Suy ra hoic p’|q+1 hoac p*|q’ —q+1. Tir day, suy
ra p<q.
Néu q=p+ltaco p=2,q=3.

Xét q=p+2.Vi g’ [(p-1)(p+1)(p°—p+1).

Do (g, p+1)=(q, p~1)=1 va (p* - p+1L p*+ p+1)=(p*+ p+L2p)=1 nén ta cé hoic

q?| p?+ p+1 hodc q° | p*— p+1.
Ma > p+2 nén qzz(p+2)2> p’+p+1>p°’—p+1.Suyra g*|p®-1.

Vay (p,d)=(2.3):(3.2) -

Bai 132. Néu cac sé nguyén td p, g, r déu khéc 3 thi p, g, r c6 dang 3k+1 suy ra p’,
g°, r’ chiacho3 déudwlal.Khid6 p*+q°+r’i3 va p’+q¢° +r*>3 nén p>+q>+r’ lahop

~

s0.
Vay p=3, =5, r=7,khidd p’ +q¢° +r* =3*+5" +7° =83 la s6 nguyén td.
a’-1
a-1

Bai 133. Dat a=5®.Tacd A= =a*+a’+a’+a+1

:(a2+3a+1)2—5a(a+1)2.

Thay a=5"ta duoc:

A=(a?+3a+1) 5% (a+1)’

=(a’+3a+1-5"(a+1))(a’+3a+1+5"(a+1))

Ttr d6 co dpem.
Bai 134.Vi p la sO nguyén td va p >3, nén s nguyén t6 p co 1 trong 2 dang: 3k + 1,3k + 2
voi ke N*.
Néu p=3k+1 thip+2 =3k+3=(k+1) = p+2:3 va p+2>3

Do d6 p+21lahop sO (trai voi dé bai p+2 1a s6 nguyén to)
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Néu p=3k+2 thi p+1=3k+3=3(k+1) (1)
Doplasdnguyéntdvap>3 = p lé=k 1é = k+1 chan=k+1i2 (2)
Tt (1) va (2) suy ra: p+1:6

Bai 135. Vi p la s6 nguyén t6 va (p>3), nén s6 nguyén t6 pcod mot trong hai dang:
3k +13k+2 véi ke N

Néu p=3k+2 thi p+4=3k+6=3(k+2)= p+4:3va p+4>3

Do d6 p+4 lahop so (trai voi dé bai p+4 la s nguyén t0).

Néu p=3k+1thi p+8=3k+9=3(k+3)= p+8:3 va p+8>3

Do d6 p+8 lahop so.

Vay s6 nguyén to p c6 dang p=3k+1 thi p+8 lahop so.

Bai 136. Tix p*-5q° =4 < (p-2)(p+2)=5q°

Do 0< p-2< p+2,q nguyén t6 nén p—2 nhan cac gia tri 1, 5, g, g°

Ta c6 bang sau:

p-—2 p+2 p q
1 59° 3 1
5 q° 7 3
p 5q 3 1
p’ 5 3 1

Vay ( P, q) = (7;3) thoa man.

Bai 137. Vi ba s0 nguyén td dau tién la 2,3,5 nén trong 12 s6 nguyén t& phan biét da cho
ludn c6 it nhat 9 s6 16n hon 5. Vi s6 nguyén t6 16n hon 5 nén: 9 s§ trén khi chia cho 4 ¢6
s0 dw 1a 1 hodc 2. Theo nguyén ly Dirichlet phai ton tai it nhat 5 s khi chia cho 3 ¢6 cung
sO du. Ma 5 s6 nay lai khong chia hét cho 5, vi thé€ trong 5 s6 dy c6 it nhat 2 s ma ta co
thé gia sw 1a p,p, sao cho (p,—p,):5. Ngoai ra hién nhién ta c6 (p,-p,):3 dan dén
(P, —p,):15

Xét 7 s6 con lai. theo nguyén ly Dirichlet ton tai 4 s6 c6 cung sd du khi chia hét cho 3.
Pem 4 s0 nay chia cho 5 cho hai kha nang xay ra:

Néu c6 2 s8 (chang han p,, p,)ma (p,-p,):5. RS rang (p,—p,):2 va (p,—p,):3. Vi
(5;3;2)=1néntacd (p;—p,):30. Ldy haisG pg, p, bat ki (ngoaira p,, p,, Ps, P,) da chon thi
Ps, Pg 1é (do s& nguyén t& khac 2) nén (ps + ps):2.

Tt dosuy ra (p,—p,)( P, — P;)(Ps + P ):30.30.2=1800.
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Néu 4 sd nay khi chia cho 5 c6 cac s6 du khac nhau la 1,2,3;4. Gia st (p,—1):5,
(ps—4):5 thi (ps+ p; —5):5 hay (ps+ p;):5
Véi 2 s6 conlai p;, p, third rang (p,—p,):3 (theo cach chon 4 sO trén)
Do p,; P, Ps: Ps 1€nén (ps+ pg)i2,(ps— P, ):2.
Ttr d6 suy ra (ps + ps ):10 va (p,—p,):6.
Do d6 (p,—p,)( P, — P )( Ps + Pg):30.10.6 =1800

Vay ton tai p,, P,, Ps, P, Ps, Pe la cac sO nguyén t6 phan biét sao cho
(p,—P,)(P.—P;)( Ps+ Ps)i1800.

3 2 2
Bai 13805t A- o+l _n° 8 1
3n 3 3 3n
e Xétn=3k.
Ta co: A=3k2+8k+9ik.8uyra [A]:3k2+8k=k(3k+8).
[A] 1a s6 nguyén t6 < k =1. Khi d6 n=3.
e Xét n=3k+1

Ta co: A=3k?+2k +1+8k +§+i:3k2 +10k +3+i.
3 3 3n 3n

Suy ra [A]=3k? +10k +3=(k +3)(3k +1).
[A] 1a s6 nguyén t6 < k =0. Khi d6 n=1.

e Xétn=3k+2.
16 1 1

Tacd: A=3k2+ak+orgk+ 00 L gk yaok4 24 L
3 3 3n 3 3n
Suy ra [A]=3k* +12k +6 = 3(k2 +4Kk + 2) khong phai s6 nguyén t& k.
Bai 139. Do q 1a s8 nguyén t& 16n hon 3 nén q/3, vay q c6 dang 3k 1.
Néu q=3k+1 thi p=3k+3=3(k+1):3. Mdt khiac, p>q>3 nén khong phai la s6 nguyén
t6. mau thuan nay chimg té q khong thé cé dang 3k +1.

Dodé q=3k-1= p=3k+1.

T d6 p+q=6Kk:3.
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Hon nita, vi p,q la hai s6 nguyén td lon hon 3 va (p+1)—(q+1)=2 nén p+1,q+1 la hai

s6 chén lién ti€p. do d6 hai trong s8 p+1,q+1 c6 mdt s8 chia hét cho 4.

Khong mat tinh tong quat, ¢ thé gia st (q+1):4, ticla gq+1=4m hay q=4m-1.
Suyra: p=4m+1vadodd p+q=8m:4.

Vi (3,4)=1nénsuyra (p+q)l2.

Bai 140. V6i p=3 thi p+10=13 va p+14 =17 la cac s6 nguyén t0.
Véip>3thi p=3k+1.

e Néu p=3k+1 thi p+14=3k+15:3 ;

e Néu p=3k—1 thi p+10=3k+9:3.

Vay voi p=3thi p+10 va p+14 1a s6 nguyén to.
Bai 141. Tinh chat: Néu p la s6 nguyén t& 16n 3 thi p” —1 chia hét cho 24.
Chtng minh: p>3 nén p las§1é dan dén p?-1=(p-1)(p+1) la tich 2 s& chin lién tiép
nén chia hét cho 8 (*).
Lai co (p-1) p.(p+1) la tich 3 s& chdn lién tiép nén (p-1) p.(p+1)chia hét cho 3. Ma 3 Ia
s nguyén t& nén trong 3 s (p—1), p,( p+1) phai c6 it nhét 1 s& chia hét cho 3. Do p
khong chia hét cho 3 suy ra (p—1)(p+1) chia hét cho 3 (**). Tix (*), (**) suy ra p*-1:24.
Ta c6: 2007 - p® = 2016 —( p® —1):24 (dpem).
Bai 142. Gia st ¢ ba s6 nguyén td p, g, r sao cho p’+g” =r.Khi d6 r>3nén r 1a s l¢,
suy ra p, g khong cling tinh chan 1é. Gia st p=2 va g la s6 1é. Khi d6 ta ¢6 2 +q° =r.
Néu g khéng chia hét cho 3 thi g =1(mod3). Mat khac, vi g 1é nén 27 =—1(mod3), tir d6

suy ra 2°+q*:3=r:3,vo li. Vay g=3, ltc d6 r=2°+3* =17 la sd nguyén t6.
Vay p=2, q=3, r=17 hodc p=3, g=2, r=17.

Bai 143. a) Gia st p 1a sO nguyén td va p=30k+r v6i 0<r<30.Néu r lahgp s6 thi r c6
wdcnguyeén td g <+/30 =g =2;3;5 thi g lan luot chia hét cho 2;3;5, vd li. Vay r=1 hodc r

la s6 nguyén to.

Khi chia cho 60 thi két qua khdng con dting nita, chang han p=109=60.1+49, 49 1a hop s0.

b) S8 nguyén t& p khi chia cho 30 chicéthédu 1, 7, 11, 13, 17, 19, 23, 29.
Véir=1,11,19, 29 thi p* =1(mod30).

Véi r=7,13,17,23 thi p’ =19 (mod 30).
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Suy ra p* =1(mod 30).
Gia st p,,p,,...,p, 1a cac s6 nguyén td 16n hon 5.
Khi dé g=p; +p; +...p; =n (mod 30) = g=30k+n la s6 nguyén t6 nén (n,30)=1.

Nhin xét: v6i p la s8 nguyén t3 1én hon 5 ta ¢ thé chitng minh p* =1 (mod 30) bing
cach 4p dung Dinh 1i Fermat.

Ta c6 p* =1 (mod 2), p> =1(mod 3), p* =1 (mod 5) = p* =1 (mod 30).
Bai 144. Vi a, b, c déng vai trdo nhu nhau nén gia st a<b<c.
Khi d6 ab+bc+ca<3bc = abc<3bc=a<3=a=2(vialasdnguyén to).

Véi a=2,tacd 2bc<2b+2c+bc = bc<2(b+c)<4c =>b<4 =b=2 hoac b=3.

e  Néu b=2 thi 4c<2+4c thoa vdi c 1a s6 nguyén to bat ki.
o Néu b=3 thi 6c<6+5c=c<6=c=3 hoac c=5.

Vay cac cap so (a, b, ¢) can tim 1a (2, 2, p), (2, 2, 3), (2, 3, 5) va cac hoéan vi cua
chung, véi p 1a s6 nguyén to.
Bai 145. Ta ¢6 a, =2,a, =3, gia s&t vdi n>3nao dé ma cd s 5 la wdc nguyén td 16n nhat ctua
s0 A=2.3.a,...a, , +1 thi A khong thé chia hét cho 2, cho 3. Vay chi c6 thé xay ra A=5" véi
m>2,suyra A-1=5"-1:4.

Ma A-1=2.3.q0,..a, , khong chia hét cho 4 do a;,...,a, , 1a cac s6 1, vO li. Vay A khong co
wdcnguyeén to 1én nhatla 5, tticla a, #5, Vke N*,
Bai 146. V6i p=2 ta ¢ 2° + p> =8 khong la s6 nguyén to.
Véi p=3 thi 2° +p> =17 1a s8 nguyén to.
V6i p>3 tacd p*+2° =(p* —1)+(2° +1). Vi p 1é va p khong chia hét cho 3 nén
p® —1:3va 2° +1:3, do d6 2° + p* la hop so.
Vay, v6i p=3 thi 2° + p* 1a s6 nguyén t8.
Bai 147. Ta cd: n®®® +n”? +1=n*(n""" -1)+n(n** =1)+n* +n+1.

Véi n>1 tacod: n®™

-1:n’-1:n"+n+1,
Do dé: n*® +n™? +1in° +n+1 va n®+n+1>1nén n*> +n™” +1 la hop so.
Véi n=1 thi n*** +n™? +1=3 la s6 nguyén to.

Bai 148.
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a) Giastt 2p+1=n’ (véi neN);nlasdlénén n=2m+1(meN) , khi d6

2p+1=2m+1’ = p=m(4m* +6m+3).
Viplasdnguyéntonén m=1, suyra p=13.
Thr lai, 2p+1=2.13+1=27=3%. Vay p=13.
b) Giast 13p+1=n’*(neN);p>2 suyra n>3.
13p+1=n*=13p=(n-1)(n> +n+1).
13 va p la cdc s6 nguyén t6, ma n—1>1 va n® +n+1>1nén n—1=13 hodc n—1=p.
i)  V6i n—1=13 thi n=14, khi d6 13p=n* —1=2743 = p=221 14 8 nguyén t&
ii)  V6in-1=p thi n® +n+1=13=>n=3, khi d6 p=2 la sd nguyén td.
Vay, v6i p=2,p=211 thi 13p+1 la lap phuwong cua mot s6 tw nhién.
Bai 149. B6 dé: Néu s6 nguyén duong a la mot wdc s8 cua tich A=aa,..a, véi g € N va
a>a,Vi=12,..,n thialahop so.
Chitng minh: Gia st nguoc lai, a 1a s6 nguyén t0. Khi d6, do A:a nén trong cac sé a; phai
c6 it nhat mot s a; chia hét cho a, tiic ta phai c6 a; > a. Diéu ndy mau thuan vdi tinh chat
cua sO a, do d6 nd phai la hop so.
Tré lai bai toan: Gia thiét ctua bai toan c6 thé duoc viét dudi dang nhuw sau:
ac+bd =(b+d) —(a-c)’,
hay a* —ac+c* =b* +bd +d°.
Ta c6 (ab+cd)(ad +bc) = ac(b? +d*)+bd (a* +¢?)

ac(b® +bd +d*)+bd (a* —ac+c?)
(ac+bd)(b? +bd +d?).

Do d6, ab + cd 1a wdc cua (ac +bd )(b2 +bd +d? ) Theo bo dé trén, dé€ chitng minh ab + cd
1a hop s6, ta chi can chitng minh dugc tinh dting dan cta hai bat dang thic:
ab+cd > ac + bd (1)

Va ab+cd >b*+bd +d*  (2)
Bat dang thitc (1) hién nhién ding do ta c6 ab + cd —ac —bd = (a - d)(b - ¢) > 0. Nhu vay, ta
chi con phai xét bat dang thikc (2). Tir gia thiét, ta thay néu a<b +d thi:
a’—ac+c’=a(a-c)+c’ <(b+d)(b+d-c)+c’

=b®+bd +d*—(b—c)(c—d)<b?+hbd +d*.
Mau thuan nay cho thay a > b +d va nhu thé, ta cé:
ab+cd >(b+d)b+d® =b*+bd +d>.

Bat dang thttc (2) dwoc chiing minh. Bai toan dugc gidi quyét hoan toan.
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Bai150. Vi a, b,c,de N " =a+b+c+d>4 (1)
Xét a® +b* +c* +d* —(a+b+c+d)=(a’ —a)+(b* —b)+(c’ —c)+(d* —d)
=a(a-1)+b(b-1)+c(c-1)+d(d-1):2
Ma a’ +b* +¢*+d* =2(a’ +b’)i2=a+b+c+di2 (2)

Tt (1)va (2) suy raa+b +c+dlahogp s6.

Bai 151. Bat n=3“m véi (m,3)=1. Gia st m>1, xét hai truong hop:
iym=3/+1(/eN’) Ta cé:

K .. k
142" +4"=1+2° " =146 + 0% (v6i a=2"), suy ra

1+2"+4" =a(@® -1)+d*(@” -1)+a* +a+1id* +a+1=>1+2" +4" la hop sb.
ii) m=3/+2(/eN’") , Ta c6:

K K
1_|_2n +4n — 1+23 (3/1+2) +43 (31+2) — 1+a3/+2 +a6/+4

6/+3

=a@?-1)+a* (@ -1)+a’ +a+1ia’ +a+1 (Véi a=2"),

Suy ra 1+2" +4" la hgp s0.
Vay m=1 técla n=3".

Bai 152. Gia s&t 2015=a, +a, +...+4,, trong d6 a;;a,;...;a,1a cac hop sd

Theo bai ra ta co

+ Mdi s6 hang a,;a,;...;a, khong thé viét thanh tong hai hop s8 (1)

+Tong hai hop s6 bat ki khong thé viét thanh tong 3 hop s6 (2)

Do 2015 1a s6 1é nén ton tai it nhat mot hop s6 1€, hgp s6 d6 phai béng 9vi1;3;5;7;11;13
khéng phai 1a hop s6.

Néu céhop s6leé a, 215=a,=9—(a,—9) véi (a,—9) =612 s6 chdn nén a bang tong hai
hop s6- trai vdi (1)

Mit khac khong c6 qua mot hop s6 bang 9 vi néu c6 hai hop s8 bang 9 thi 9+9=6+6+6 trai
véi (2)

Do d6: 2015=9+a, +a, +...+a, véi a,;a,;..;a, 1a cic hop s& chén
=a,+a,+...+a,=2006 (3)

= cac hgp so phai nhan cac gia tri 4 hodc 6.

Vinéu a, 1a hop s8 chdn va a, 28 = a, =4—(a, —4)la tdng hai hop s0, trdi voi (1)

S6 hop s8 bang 6 chi c6 thé 1a mdt vi néu c6 hai hop s6 bang 6 thi 6+6=4+4+4

Giastt a,=6=>a,=a,=..8, =4=(n-2).4=2000 = n =502

Vay s0 tie nhién can tim la n =502
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_n(n+1)_

2
Bai 153. Ta c6: p= > 1= tn=2_(n-1)in+2)

2 2

Véi n=2tacd p=2;
Véi n=3 tacd p=5;

,. . h-1
Véi n>3thi

>1van+2>1nén p lahop so.

n(n+1)_1

Vay véi n=2,n=3 thi p la sO nguyén t6 c6 dang

Bai 154. Ta 6 2°™'=2.2"" chia3du2 Vne N

— 2°™=3k+2,(k e N)

— A=2""" +31=2%2 4 31=4,(2%) +31= 4.8+ 31
Ma 8" chia7 duw1Vk e N =4.8" chia7du4Vvk e N
—4.8431:7VkeN

= A=22"431:7VneN MaA>7

= A la hop s6 véi moi s6 ty nhién n.

Bai 155. ® Ta chitng minh 2" +19:23 véi moi n>1.
Ta cé: 2° =1(mod 1) =2 =2 (mod 22) =2""" =22k +2 (keN).

Theo Pinh li Fermat: 22 =1 (mod 23) =27 =22¢?=4 (mod 23) =2*  =19:23.
Mt khac: 22" +19>23 nén 27 +19 la hop s6 v6i moi ne N*.

e Ta chiing minh 2*"" +3%"" +5:11 véi moi n>1.

‘e , 3 -1 3 +1 ,. 3 -1 3 +1
Bai 156. Ta cO m= . =a.b vOi a= b=
2 4 2 4

a,b déu la s6 nguyén t6 16n hon 1 nén m la hgp s6
Ma m=9""+9"7+.+9+1vaplénénmléva m=1 (mod 3).
Theo Dinh li Fermat, ta ¢4 9° —9:p.

9" 1.

(p,8)=1 nén 9 —9:8p=>m—1:

p
\ - : e 9P -1
Vi m—1:2 nén m-1:2p, khi d6 3 1—1:32"—1:9T=m (dpcm).
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Bai 156. Gia st ton tai bd sd (m,n,p) thda man yéu cau dé bai. Dé thdy O<m, n<p.
Phuong trinh da cho ¢6 thé dugc viét lai thanh
(m+n)A=p™"*, (1)

2018 2017 2017 2 2017 2018

trong d6 A =m m>n+m='n"—..—mn~ ' +n
Néu A khong chia hét cho p thitw (1), tacd A =1 va
m+n :p2018 :m2019 +n2019'

2018

Tt 6 dé thdy m =n =1 va p** =2, mau thuan. Vay A chia hét cho p .

Do m+n >1 nén tir (1) suy ra m +n chia hét cho p . Khi d¢, ta cd

A =2019m”"* (mod p).
Do A chiahétcho p va 0<m < p nén tir két qua trén, ta suy ra 2019 chia hét cho p, hay
p =2019. Tir day, dé thdy m va n khac tinh chan 1é, hay m # n.

Bay gio, ta viét lai phwong trinh da cho dwdi dang)\ <m3 )673 + ( n’ )673 =2019"",
hay (m Jrrz)(m2 —mn +n2)= 2019%",
trong dé, B =(m3)672 _(m3)671 (n3)+...—(m3)(n3)671 +(n3)672. Do m =n nén
m*—mn+n’ =(m —n)2 +mn>1,tr ddtacd m>—mn+n® chia hét cho 2019. Tuy nhién,
diéu nay khong thé xay ra do
m* —mn+n*=3n*(mod 2019)
m®—mn+n’ =0 (mod 2019).
Vay khong ton tai cac s6 m,n,p thda man yéu cau dé bai.
Bai 157. Dat n+3=p= A=2p+1=2a’.
Suyra a lasd tunhiénlénén a=2t+1=2p+1=8t>+12t* + 6t +1.
= p=t(4t> + 6t +3)la sd nguyén td nén t =1=> p =13.
Suy ra n=10,A=27.
Bai 158. Ta c6: A= 3n+1+2009b? = (3n + 2010b2) + (1—b?) = 3.(n + 670b%) + (L—b)(L+ b).
Do b lasd nguyén t6 16n hon nén b khong chia hét cho 3, do do

(b-1)(b+1):3=> Al3, A>3,

Vay A la hogp s6.
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Bai1: Ta cé: a*+1=a’+ab+bc+ca=(a+b)(a+c)
Tuong tw: b*+1=(a+b)(b+c); c*+1=(b+c)(c+a)
Do dé: (a2 +1)(b2 +1)(<:2 +1) = [(a+b)(b+c)(c+a)]2
Vay bai toan duoc chitng minh.
Bai 2:

Ditn(n-1)=26¢ (1)
Do VP chdn va (2n - 1) 1é nén n chdn hay n = 2k

Do do: (1) suy ra k(4k — 1) =13q2 (2)
Nhan thay (k, 4k - 1) =1 nén:

k =u? k =13u?
(1) 2V 2
4k —-1=13v 4k —1=v

Xét treong hop 1 ta co:

k=u? .
S Ak =18 41212V +V +15 V2 + 114 = V2 = 3(mod4) (v Iy)
4k -1=13v

Xét treong hop 2 ta co:
{ k =13u®

1 , =4k =V +1(vd ly)
—1=v

Vay khong ton tai n thdéa man yéu cau dau bai.
Bai3: TacoA=n'+n’+n’=n’(n’+n+1)
Voin=0thi A=0 (thoa man)
Véin#0 thi A 1a s chinh phuong khi va chi khi n® +n+1 1a s6 chinh phuong.
Khi d6 n* +n+1=k* (keN).= 4(n” +n+1) =4k’ = (2n+1)" - 4k* =3
= (2n+1-2k)(2n+1+2k)=-3
Vi 2n+1+2k 22n+1-2k, VneZ,k e N nén
2n+1-2k =-3
{2n+1+ 2k =1
2n+1-2k=-1
{2n+1+ 2k =3
2n+1-2k =-3
{2n+1+ 2k =1
2n+1-2k =-1
{2n+1+2k:3

=n=-1 (thoaman)

=n=0 (loai)

Vay n=0;n=-1
Bai4: Taco A=(x+y)(x+2y)(x+3y)(x+4y)+y* =(x* +5xy+4y°)(x* +5xy+6y°)+y*
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Pit X°+5xy+5y°=t (teZ) thi

A=(t=y)t+y)+y' =t> —y* +y* =t? = (x* +5xy +5y*)°
Vi x,y,z€Znén X’ €Z, 5xyeZ, 5y°eZ =x*+5xy+5y°eZ
Vay A 1a s6 chinh phuong.
Bai 5: a) Ta co:

A=22499...9100...09
— —

n-2 n

=224.10" +99...9.10" +10"" +9
=224.10"" +(10"* —1).10"* +10"" 49
=224.10"" +10°" —10""* +10"" 49
=225.10"" —-90.10" 4-9

2
=(15.10" -3)
Vay A la s0 chinh phuong.
b) Tacod:

5
——

B=11..155.56=11..155.5+1=11...1.10" +5.11...1+1
= —— - —— ——

n n-1 n

n n 2n n n
:10 —1.10n+5.10 —1+1:10 -10 +95.10 -5+9

n n

10" +4.10" + 4
9

2
(10" +2
3

Do d6 B 1a s6 chinh phuong.

Bai6: Giasu: n—2;n—Lnn+Ln+2 véi 2<neN la5 s ty nhién lién tiép
Ta c6: (n—2) +(n—1)° +n° +(n+1)° +(n+2)" =5(n’ +2)

Vi n? khong thé cé chit s tan cling 1a 3 hodc 8 nén <n2 - 2)/5 = 5(n2 - 2) khoéng 1a s6
chinh phuong.

Vay tong cac binh phuwong cta 5 s tw nhién lién ti€p khong phai sd chinh phuong.

88.8

Bai 7: Taco 44..488...89=44...488.8+1=44..4.10" +8.11...1+1
—_———— —_— ; —_— ——

n n-1 n n n

10 -1, gi0 -t

=4, +1

410" -4.10"+8.10"-8+9 4.10°" +4.10" +1
9 9
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[210"+1
3

Ta thay 2.10" +1=200...01 (c6 n—1 chits0 0 ) c6 tong cac chit s6 chia hét cho 3 nén né
chia hét cho 3

Suy ra (%j €Z hay cac s co dang 44...488...89 la s chinh phuong.

Bai 8: Vi p latich cia ns6 nguyén to dau tién
Nén p:2 va p khong chia hét cho 4 (1)
a) Gia st p+1 la s3 chinh phuong. Dt p+1=m’(meN)

Vi p chdnnén p+11é =>m’ 1&é = m 1é.
Dt m=2k+1(keN).

Ta cé: m* =4k*> +4k+1
= p+1=4k’> +4k+1
= p =4k’ +4k =4k(k+1) i 4 méu thuan véi (1)
= p+1 la s6 chinh phuong.
b) p=2-3-5--- lasd chiahétcho3 = p—1 cdé dang 3k +2.
Khong ¢ s6 chinh phuong nao c6 dang 3k +2
Nén p-1 khong la s6 chinh phuong.
Vay néu p latich n s6 nguyén t6 dau tién thi p—1 va p+1 khong la sd chinh phuong.
Bai 9: Gia st 2010 + n? la s chinh phuwong thi 2010 + n?=m? (me N)
Tt d6 suy ra m? - n?= 2010 < (m +n) (m —n) =2010
Nhu vay trong 2 s6 m va n phai cé it nhat 1 s8 chdn (1)
Mt khdcm +n+m-n=2m = 2s8 m +n va m - n cung tinh chan 1¢ (2)
T (1) va (2) = m+nvam-nla2sdchan.
= (m+n) (m-n) : 4 nhung 2006 khong chia hét cho 4
= Diéu gia st sai.
Vay khong ton tai sO tu nhién n d€ 2010 + n? 1a s6 chinh phuong.

Bai 10: Goi 5 s0 tu nhién lién tiép d61a n—-2,n-1L,n,n+Ln+2(neN,n>2).

TU SACH CAP 21 358



BOI DUONG HOC SINH GIOI CAP 2 |
Tacé: (n-2)° +(n-1)" +n*+(n+1)° +(n+2)" =5.(n* +2)
Vi n? khdng thé tan cuing boi 3hodc 8
Do d6 n® +2 khong thé chia hét cho 5
Suy ra: 5.(n” +2) khong la s8 chinh phuong
Hay néi cach khac: A khong la sd chinh phuwong
Bai 11: Vin+1va2n+11a cdc s chinh phuong nén ddtn+1=k% 2n+1=m? (k, m € N )

Tacomlasdlé > m=2a+1 = m2=4a(a+1)+1
m2—1=4a(a+1)
2 2
= nchin > n+11é = klé = datk=2b+1 (véibe N) = k2=4b(b+1) +1

= n=4b(b+l) = n:8 (1)
Ta co: k2 +m?=3n+2 = 2 (mod3)
Mat khac k2 chia cho 3 du 0 hoac 1, m? chia cho 3 duw 0 hoac 1
Nén dé k2 + m?= 2 (mod3) thi k? = 1 (mod3)
m? = 1 (mod3)
= m?-k?>:3hay2n+1)-(n+1):3=n :3 (2)
Ma (8;3)=1 (3)
Tw (1), (2), 3) > n:24

Ma n= =2a(a+1)

Bai 12: Goi s6 chinh phuong phai tim la: aabb =n?>véia,be N,1<a<90<b<9

Ta co: n?2= aabb =11. ab =11.(100a+b) =11.(99a+a+b) (1)
Nhén xét thdy aabb : 11 = a+b i 11

Mal<a<90<b<9nénl <a+b<18 = a+b=11
Thay a +b =11 vao (1) dwoc n?=11%9a + 1) do dé 9a + 1 1a sd chinh phuong
Bang phép thit véia=1;2;...; 9 ta thdy chi c6 a=7 thod man = b=4
SO can tim la: 7744

Bai 13: Goi 3 s0 lé lién tiép d61a2n- 1;2n+1;2n+3 (n € N)

Taco: A=2n-1+(2n+1)2+(2n+3)2=12n2+12n + 11

Theo dé bai ta dit 12n2+12n+11= aaaa =1111.avdialéval <a <9
= 12n(n+1)=11(101a-1)

= 10la-1:3=>2a-1:3

Vil<a<9nénl <2a-1<17va2a-11énén2a-1 e {3,915}

= ae{2;5;8}
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Vialé D a=5=>n=21
3 s0 can tim la: 41; 43; 45
Bai14: Ta cd A=444....4=444.....4000..0+444..... 4:444....4.(10”—1)+888....8

2n n n n

2
=4111...1.999...9+B=4.111...1.9.111...1+ B = (6.111....1} +B
— — e —

n n n n

3 ’ 3 \?
=/ —-.888...8| +B=|—B| +B
4 —— 4

Khi do

n

2 2 2
A+2B+4= EB +B+2B+4= EB +2.§B.2+4: §B+2
4 4 4 4

2 2 2
=(§.888....8+ 2] = (3.222....2+ ZJ = [666....68]
4 n n n-1

Ta c6 diéu phai chiing minh.

Bai 15:
a. 2N -1=2.1.3.5.7...2007 -1

C6 2N :3 = 2N -1 khong chia hét cho 3 va 2N -1 :3k+2(k € N)
Suy ra 2N —1 khong la s0 chinh phwong.

b. 2N =2.1.3.5.7...2007

Vi N lénén N khong chia hét cho2va 2N: 2.

Nhung 2N khong chia hét cho 4.

2N channén 2N khong 1a s6 chinh phuong.

c. 2N +1=2.1.35.7...2007 +1

2N +1 1é nén 2N +1 khong chia hét cho 4.

2N khong chia hét cho 4 nén 2N +1 khong chia cho 4 du 1.

Do dé: 2N +1 khong la sd chinh phuong.

Bai 16: Ki hiéu p,la sO nguyén t0 thit n. Gia st ton tai sO tu nhién m ma
S,,=2a%S,=b*(abeN")
vi§, =2;5,=10;S,=17=>m>4

Tacé: p, =S-S5, ,=b*-a’=(a-b)(a+b).Vi p,lasdnguyéntsvab+a>1.

Né h-a=1 Suy ra: p, =2b-1=2,/S, ~1=8S, = Po 1) (1)
en b+a:pm' uy ra: P, = = m m= 5
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Do m >4 nén
2

S, <(1+3+5+...+p,,+ pm)+2—1—9:(pm7+1j 8<(Iom+1

2
j mau thuan véi (1)

Nén trong day s6 Si, Ss,...... khong ton tai hai sO hang lién tiép la s6 chinh phuong.
Bai 17: Do p 1a s6 nguyén td nén cac wdc s6 nguyén dwong cta p* la: 1; p; p*; p*; p*1
Dat S=1+p+p°+p’+p’
GiastS=n>=4n’ =4p* +4p> +4p* +4p+4 (1) (n € Z)
Ta co: 4p* +4p° +p° < (2n)2 <4p* +p*+4+4p° +8p° +4p
o (2p2 + p)2 < (2n)2 < (2p2 +p+ 2)2
& 4n® = (2p2 + p+1)2 (2)
Tt (1) va (2) suy ra p°—2p-3=0<p=3
Tht lai v6i p = 3 thoa man. Vay s6 nguyeén td can tim la: p = 3.
Bai 18: Dit n’ ~14n-256 =k* (ke N) < (n-7)" —k* =305
< (n-k-7)(n+k-7)=305=1.305=615
Xét cac truong hop:do n+k-7 >n-k-7
Treuong hop1: n-k-7=1 van+k-7=305=>n=160 (nhan)
Treong hop 2:n-k-7=-305van+k—-7=-1=>n=-146 (loai)
Treong hop3:n-k-7=5 van+k-7=61=>n=40 (nhan)
Truong hop4:n-k-7=-61 van+k-7=-5=>n=-26 (loai)
Vay n=40, k=28 hoacn=160, k=152

Bai 19: Ta cé: l+1+1=L:>ab+bc+ca=1
a b ¢ abc

=1+a’=ab+bc+ca+a’=a(a+b)+c(a+b)=(a+b)a+c)
= 1+b* =ab+bc+ca+b’> =b(a+b)+c(a+b)=(a+b)(b+c)
=1+c® =ab+bc+ca+c’ =b(a+c)+cla+c)=(a+c)(b+c)
:>(1+a2)(1+b2)(1+c2):(a+b)2(b+c)2(a+c)2 :[(a+b)(b+c)(c+a)TV‘1 a, b, cla
cac s0 nguyén = (a+b)(b+c)(c+a)eZ
= (1+a”)(1+b?*)(1+c?) 1a s6 chinh phuong.
Bai 20: D€ A la s6 chinh phuong thit A=n’+n+6=a’(aeN)

-Tacod: NP +n+6=a?
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& 4n® +4n+24 = 4a°

& (2a) ~(2n+1) =23

< (2a+2n+1).(2a-2n-1)=23

- Vi a, nla cac s6 tw nhién nén (2a +2n +1) la s6 ty nhién va

2a+2n+1>2a-2n-1. Do do
2a+2n+1=23 4da=24 a=6

{2&1—211—1:1 ©{4n:20©{n:5

-Vayn=5
Bai 21: Ta co

+d la sd nguyén t6 va abcd la s6 chinh phwong nén d =5.

+abed <10000=100% = abed = (¥5) ; véi X {1.2,3;4;...,9}
+ Vi abcd chia hét cho 9 (%)229:7553: x+5€{6;9;12} = x e {1,4,7}
Kiém tra lai ta dwoc hai so: 2015 va 5625.
Bai22:Goi M =2+2°+2°+..+2¥ =S =2+M
M =2M —M = (22 +2° 4.4+ 2%) (2422 4.+ 2%) = 2% ~ 2= § = 2% = (2*)" 2° = 8.16™
Vi 16* ¢4 chir s6 tan cling 1a 6
= S ¢6 chir s0 tan cung 1a 8
Nén S khong la s6 chinh phuong.
Bai 23: Vi 4x° +14x* +9x -6 1a sd chinh phuong, nén ta ¢§ 4x° +14x* +9x—-6=k? vdi ke N
Ta c6 4)° +14x° +9x—6=...=(x+2)(4x* +6x—3)nén ta cd (x+2)(4x* +6x—3)=k’
Dat (x+2,4x2+6x—3)=d voideN”
Tacé x+2:d = (x+2)(4x-2):d = 4x+6x—4id
Ta lai c6 4x* +6x—3:d :>(4x2 +6x—3)—(4x2 +6x—4)=1§d =d=1
Vay (x+2,4x* +6x-3)=1
ma (x+2)(4x2 +6x—3)=k2 nén ta co
x+2 va 4x* +6x—3 la s6 chinh phuwong= x+2 =a’va 4x* +6x—-3=b* vdiabe N~
Vix>0nén taco 4x% <b? <4x? +12x+9 & (2x)° <b? <(2x+3)°
Viblénén b? =(2x+1)° < 4x* +6x—3=4x> +4x+1 > X =2

Véix=2tacd 4x® +14x* +9x—6=100=10? la s8 chinh phuong.
k-n=1

=
k+n=17

Bai24: Giast: n”+17=k’ (keN)va k>n = (k—n)(k+n)=17c>{

Vay v6i n =8 thoa man yéu cau bai toan.
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Bai 25: Dat A=2"+3"+4". Néu n=1 thi A=9 (thdéa man)
Xét n>1 hay n>2 thi 2"+4" chia hét cho 4.

Ta c6 3" chia 4 dw 1 v6i n chdn hodc —1 véi n 1é. Ma mot s8 chinh phuwong chia 4
dw 0 hodc 1 nén A phai chia 4 du 1 nén 3" phai chia 4 du 1. Suy ra n chén.
Véi n chan: 2" chia 3 du 1, 4" chia 3 du 1, 3" chia hét cho 3.
Do d6 A chia 3 du 2 (v6 li, vi mdt s6 chinh phwong chia 3 ¢6 s6 dwla 0 hodc 1).
Vay n=1.
Bai 26: Giastr n®+2014=k’(k’eN) < 2014=k*-n? < 2014 =(k+n)(k—-n) (1)
Suy ra (k +n) va (k — n) = 2k 12 s6 chdn nén (k +n) va (k - n) ciing tinh chn I¢
Do 2014 1a s6 chdn nén (k + n) va (k —n) déu 1a s6 chan = (k +n)(k —n):4
Khi d6 ttr (1) suy ra ta lai c6 2014:4 (diéu nay vo li)
Vay khong cd s6 nguyén n nao d€ n® + 2014 1a sd chinh phuong
Bai27: Tacd: X° —3x* +x+2=(x-2)(x* - x-1)
* Xét Xx—2=0= x=2: théa man yéu cau bai toan.
* Xét x*—x—1=0: Loai.
*Xét x—2=x"-x-1tacod: x=1.
*TH x#2; x#1. V6i x nguyén ta chiing minh duoc (x—1x* —x-1)=1.
Nén x*-3x* + X+ 2 la s6 chinh phwong khi X—2 va x* —x—-1 cling la s§ chinh phwong.
Dé x* —x—1 1a s8 chinh phuwong thi x> —x-1=Yy’ véi yeZ.
Tim duwoc x=2(loaido Xx#2)va Xx=-1. Thitlai x=-1 tacéd x*-3x*+x+2 co gia tri béng
—1 khong phai la s6 chinh phwong nén = x=-1 (loai).
Vay x=2 hodc x=1 thi x*-3x*+x+2 14 s8 chinh phuong.
Bai 28: Néu ménh dé b) dung thi A + 51 c6 chir s0 tan cung la 2 va A — 38 ¢6 chix s6 tan
cung 1a 3 nén ca hai s0 nay déu khong la s6 chinh phuong. Vay ménh dé b) sai va cac
ménh dé a) va c) dung.
Gia st A+51=m?* A-38=n’(m,ne N;m>n) = m?-n’=89 hay (m —n)(m +n) = 89
Vig9lasonguyéntdnénm+n=8 vam-n=1=>m=45van=44nén A=1974.
Bai 29: Gia st ton tai s6 hitu ti N va sd nguyén duwong m dé n®+n+503=m’.

N \ ~ ~ 2 A A . a \
Vi: nlasdhttutinéntontai a, beZ, b0 sao cho n=B va (a;b)=1

2
Ta cd: n> +n+503=m? :(%) +%+503: m? < a’ +ab +503b? = m?b?

o al :—b(a+503b—m2b2):> a’ib
Ma (a;b)=1nénb=1hay b=aeZ

Do d6: n? +Nn+503=m? < 4n® +4n+2012 = 4m* < 4m* —(2n+1)° = 2011
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< (2m-2n-1)(2m+2n+1)=2011
Vi: (2m-2n-1)+(2m-2n-1)=4m>0.
Ta c0 cac treong hop sau:

2Zm-2n-1=1 - m =503
2m+2n+1=2011 n =502

2m-2n-1=2011 {m =503

- Truwong hop 1: {

=
2m+2n+1=1 n=-503

- Truong hop 2: {
Vay, n =502 ; n=-503 thoa man bai toan.
n—50=a’
n+50=b’

Suy ra b*—a* =100 < (b-a)(a+b) = 2°.5%

Bai30:  Gidsw { voi a,b nguyén duong va a<b.

Do b-a<a+b va ching c6 cling tinh chdn, 1é nén b—a va a+b phai la cac

sO chan.

b_a=2 _ 24
Dodé{ a {a

a+b=50" |b=26

Vay n=626 thoa man yéu cau bai toan.
n+24 =k?

n-65=h?

< k>-24=h*>+65

< (k—h)(k+h)=89=1.89

k+h=289 k=45
= =
k-h=1 h=44

Bai 31;: Ta cé: {

Vay: n =45 -24=2001
Bai 32: Tacd: B=4x(x +y)(x +y +z)(x + z) + y?z?
B =4(x*+ xy + Xxz)(X> + Xy + Xz +yz) + y*z?
B =4(x*+ xy + xz)* + 4(x* + Xy + Xz).yz + y*z?
B = (2x* + 2xy + 2xz + yz)?
Vix, y, z la sO nguyén nén 2x2 + 2xy + 2xz + yz la sd nguyén
= B 1a s6 chinh phuong
Bai 33:
=040 +1=(n? +k) =n+2kn? 1k (k e N)
=n’-2kn* =k*-1=n?(n-2k)=k*-1>0
Ma k?-1:n> = k? =1hoac n? <k?*-1

Néu k’ =1=k=1=n*(n-2)=0=n=2
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Thirlai 2* +2° +1=5" (thda man)
Khi k#1=k*>k*-1>n>=k>n
— n—2k <0 mau thuan vdi diéu kién n? (n—2k)=k*-1>0.
Vay n=2.
Bai 34: + Gia si ton tai cap sO tw nhién (X; y) thoa man yéu cau. Khi d6 a,b e N * ma

2

2, 2
Z(X i _3X+2y)_ , suy ra a2+b2=7[(x+1)2+(y+1)2]

5(X*+y* +4x+2y+3)=b’

Noi cach khac phuong trinh (1): A® + B* = 7(X ? +Y2) c6 nghiém (X YA B) voi
X,YeN*va ABeN .Tacoi (X;Y;A; B) 1a bo nghiém cua (1) thoa man diéu kién X +
Y nho nhat.

+Tir (1) 6 (A’ + B?):7 . Nhan thay mét s§ chinh phuong chia cho 7 chi c6 thé cho s& du
1a0.12.4 nén ( A’ + B?):7 khi va chikhi Ai7 va B:7, dan téibiéu dién A=7A, B=7B,
v6i A,B e N* . Khidé (1) tro thanh X +Y?=7(A’+B]).

Lap luan twong tw dan dén X =7X,,Y =7Y, véi XY, e N*.

Bai 35: Ta c6:

+)+n+1

M=(n
[ n2+2n+1 —n2]+[(n4+2n2+1)—nﬂ
(

n2+n+1)(n +3n+1)+(n2+n+1)(n2—n+1)

(n2 +n+1)(2n2 +2n+2)
2

<n2 +n+1)2

2
Vi ne N’ nén (n +n+ 1) la s6 chinh phuong khac 1.
Do d6, tir (*) suy ra M =(n + 1)4 +n* +1 chia hét cho mot s8 chinh phwong khéc 1 véi moi
s0 n nguyén duong (dpcm).
Bai 36: Vi 12n° +1 la s lénén dé y12n® + 1 la sd nguyén thi 12n” + 1= (2m + 1)2 meN.
Suy ra, m(m - 1) = 3n’.

. . . . m=3u";m+1=1 .
Vi (m;m—l—l) = 1 nén xay ra hai treong hop 1 — 3u2,u,v€Z .
=% =
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Néu m = v*;m +1=3u* thi v* = 3u’ —1 hay ¢’ 1a s§ chinh phuong chia 3 dw 2. Diéu
nay khong xay ra vi moi s6 chinh phuwong chia 3 dw la 0 hoac 1. Do d6 chi xay ra
m = 3u*;m+1=1v".

Ta c6 2y12n* +1+2= 2(2m + 1) +2=4m+4=4v> 1a s§ chinh phuong (diéu phai

chirng minh)

Béi37:T1‘1’l—|—l:ltadu’QC a+b:l<:>c(a+b>:ab<:>ab—ac—bc:0.
a b ¢ ab c

Ttr d6 ta dwoc ab — ca —be +¢* = ¢ <:>(a—c)(b—c>:c2.

Goi d = (a—c;b—c),khi détacod ¢*id’ nén cid., tir d6 dAn dén aid:bid.

Ma do a, b, c nguyén t6 cung nhau nén ta duwgc d = 1.

Do d6 uéc chung 16n nhat ctia a —c va b—c 1a1. Matalai 6 (a —c)(b—c) = ¢’ nén
suy ra a —c¢ va b — ¢ la cac s6 chinh phuong.

bat a—c:mQ;b—c:nQ(m,nGN*>.Khidétacc')

¢ :(a—c)(b—c>:m2.n2 =c=mn.

Tedotacoa+b=a—c+b—c+2c=m’+n’ +2mn:(m+n)2.

Vay a + b 1a sd chinh phuong.
Bai 38: Vi a, b 1a cac s§ tu nhién 1é nén ta ddt a = 2m + 1;b = 2n + 1(m,n € N).
Khi do ta c6 a® +b* = (2m +1) + (20 +1) = 4(m* +n® +m +n)+2
Ta c6 mot s6 chinh phuwong chia hét cho 2 thi phai chia hét cho 4
Ma a* + b* chia hét cho 2 nhung khong chia hét cho 4, nén a” + b” khong phai 1a s6 chinh
phuong
Bai 39: Gia st 3" +n’ =m?® véi m la mot s6 nguyén duong.

m-n=23"

Ta ¢ 3“+n2:m2@(m—n)(m+n):3n,dodc’)tadu(yc{ )
m+n=3"

Do m+n>m-n nén n-k>k=n-2k>0 hay n-2k>1. Ta xét cac treong hop
e Truwong hop 1: Néu n—2k =1, khi d6 tir hé phuong trinh trén ta dwoc

on =3k _3k =3k(3“-Zk —1)=2.3k —n=3"=2k+1
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Dé dang chiing minh dwoc véi k>2 thi 3* =(2+ 1)k >25+1>2k+1

Ttr d6 d€ 3 =2k +1 thi k=0 hodc k=1, tir d6 ta tim dwoc n=1 hodc n=3.
e Truong hop 2: Néu n-2k > 2, khi d6 ta dwoc k<n-k-2 nén 3* <3"*?
Do d6 2n=3"*-3" >3"* 32 =3"*2(3? 1) =8.3"
Do k la s6 nguyén duong nén n—-k-2>1, do dé ta duoc
32 = (241 2142(n-k-2)
Tt d6 suy ra 2n > 8[1+2(n—k—2)] hay ta dwoc 8k+12>7n.
Mt khac ta lai c6 n>2k+2 nén 7n >14k+14. Do d6 ta duwgc8k +12 > 14k + 14, diéu nay
vo 1i.
Do d6 trong truong hop nay khong co s ty nhién n thoa man.
Vay céc s6 tu nhién thoa man bai toan la n=1 hodc n=3.
Bai 40: Chttng minh bang phan chiing.
Gia st b? —4ac la s chinh phuwong m* (me N).
Xét 4a.abc = 4a(100a +10b + ¢) = 400a + 40ab + 4ac
= (20a+b)? — (b* —4ac) = (20a+b)* —m? = (20a +b +m)(20a +b —m)

Ton tai mot trong hai thita s6 20a+b+m,20a+b—m chia hét cho s8 nguyén t§ abc. Diéu

nay khéng xay ra vi ca hai thira s6 trén déu nhé hon abc.

That vay, do m<b (vi m* —b* =—4ac <0)

Nén: 20a-+b—m<20a-+b-+m<100a+10b+c = abc.

Vay néu s& tw nhién abc 1a s8 nguyén t6 thi b? —4ac khong 1a s& chinh phuong.
Bai 41: D4t m® +12 =n’ vdin la sd nguyén. Khi do, ta co:

n-m’=12& (n—m)(n+m)=12.

Do m, n la cdc s6 nguyén va n—m;n+m 1a cac s& chdn nén ta cé cac treong hop nhu sau
+Véin-m=-6 van+m=-2taduwocn=-4,m=2..

+Véin+m=-6 van-m=-2 tadueoc n=-—4,m=-2.
+Véin+t+m=6van-m=2tadwocn=4,m=2. .
+Véin+m=2van-m=6tadwocn=4;,m=-2..

Thtr lai ta dwoc cac gia tri m nguyén thdéa méan yéu cau bai toan 1a m e {—2; 2} .
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Bai 42: Khong mat tinh tong quat ta c¢d thé gia st x > .

Khi d6 ta co: x> <x*+ 8y < x*+ 8x < x* + 8x+16 = (x+4)2
Theo yéu cau ctia dé bai x* + 8y la s& chinh phwong nén n6 sé nhan gia tri 1a mot trong cac

sO (x+1)2 ;(x+ 2)2 : (x+3)2 . Ta xét cac truong hop cu thé nhu sau:

THI: x* + 8y=(x+1)" =2x+1=8y. Di¢u nay khong thé xay ra vi 2x+1 la s 1é con 8y 1a 3

chan.

TH2: x* + 8y=(x+3)"=6x+9=8y. Diéu nay khong thé xay ra vi 6x+9 12 s51é con 8y 1a

s& chan.

TH3: x> + 8y:(x+2)2:>4x+4:8y =x=2y-1.

Do: y®+ 8x la s6 chinh phuong nén y* + 8(2y—1) = y* + 16y -8 1a s8 chinh phuong.

Véiy=1=>x=1=>Cap s0 (x; y) = (1; 1) théa man yéu cau.

Xét y=2 taco: y?+16y-8 =(y+3)° + (10y—-17)>(y+3)’ va

y?+16y-8=(y+8) 72 <(y+8)’. Do d6 dé: y*+ 16y -8 la s§ chinh phuong thi ta phai

c6: y?+16y-8¢e {(y+7)2; (y+6)"; (y+5)° ;(y+4)2}
y=3
X=5
y=11
x=21

Giai tryec tiép cac truong hop ta duoc: (TM)

Vay caccdp ()= (L 1); (53); (3;5); 21;11); (11 21).
Bai 43: Do m, n la cac s§ nguyén duong nén ta cé:

(m+n) <(m+n) +3m+n<(m+n+2).
Do d6 (m+n) <A <(m+n+2)". Ma Alasg chinh phuong nén ta dugc A=(m+n+1)".
Dodé (m+n) +3m+n=(m+n+1) =3m+n=2(m+n)+1=>m=n+1.
Tir d6 suy ra n’ +1=(n+1)(n’ =n+1)=m(n* —n+1)im,

Bai 44: Ta xét cac truong hop sau

+ Truong hop 1. Néu p=2.khido tacé A=n*+4n.
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Xét nzo,khidédéthé{y n' <n'+4dn<n'+4n’+4<nt <n' +4n<(n2 +2)2

Do A =n" +4n 1a sd chinh phuong nén ta dugc A =n* +4n =n* hodc
A:n4+4n:(r12+1)2

Véin* +4n=n* ©n=0.

Véin' +4n = (n2 +1)2 on'+dn=n"+20"+1e 2’ -4n+1= 0,phvf0ng trinh khong ¢

nghiém nguyeén.

Xét n=-1 va n=-2, thay vao ta dugc A khong phai la s6 chinh phuong.

2 2
Xét n<—2,khidc’)déthé’y n'-2n° +1<n' +4n<n' < (n2 —1) <n’ +4n<(n2)
Do d6 A =n* +4nkhong thé 1a s8 chinh phuong.
+ Trueong hop 1. Néu p > 2, khi d6 do p 1a s6 nguyén t6 nén p 1a s6 1é.
Do A la s chinh phirong nén ton tai s6 nguyén t € A =n* +4n""' = ¢,
Dé thay véin =0 thi A 12 s8 chinh phuwong.

2

2
Xét n#0,khidétacd n* +4n""' =t* < 1+4nP”° =[Lj .
n

2
, , - , t : ,
\ A A A 2 A p 3 \ A A 7 - \ h—3 \ A
Do p la so nguyén to 1é nén 1+4n*~ la s6 nguyén duong, do do (nZ J va 4n** 1a so

chinh phuong.

2
_ t

Pit 40" = 32{—2] =b’ (aa be Z) ta c6 phwong trinh
n

1+a2=b2@(b_a)(bm):l@[b—a=b+a:11®[b=1;a=0

b-a=b+a=- b=-1a=0

2
— t A \ A 4 N\
Véib=1;a=0taco 4n*” =0;[—] =1=>n=0, diéunay voly vi n=0

2
n

t
2

2
j =1=>n=0, diéunay voly vi n =0
n

Véib=-1;a=0tacé 4n"”’ =0;£

Nhu vay khi p > 2 khong ton tai s nguyén n d€ A 1a sd chinh phuong.
Vay véin=0; p =2 thi A la mot s6 chinh phuwong.
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Bai 45: Gia s m#n. Theo bai ra ta co:

(m+n)2—1:(m+n+l)(m+n—1)§(m+n+l)

:>2(m2+n2)—1—[(m+n)2—1}E(m+n+1)

& (2m? +2n* —=m’ —2mn—n’)i(m+n+1)

<:>(m—n)23(m+n+1)

Do m+n+1 la s6 nguyén t6 = m+n+1la wdc cia m—n

Ma m-n<m-n+ldo dovoly

Vay gia st sai = m=n= m.n=m?1a sd chinh phuong

Ta c6 diéu phai chiing minh.

Bai 46: Ta c6: M :x4+(x+1)3—2x2—2x

M =x*+ x3+3x* +3x+1-2x> - 2x

M=x*+x3+x2+x+1

=AM =4x* +4X3 +4X* + 4x + 4

+) Ta co:

(2x2 +x)2 =4x* +4X3 + X2 <AX +AX3 + X2+ 2X° +(x+2)2 =4x* +4X3 + AX® + 4x+ 4 =AM
Ta thady ddu " ="khong thé xay ra nén (ZX2 + X)2 <4M @

+) Véi Xx=0=4M =4 & M =1= M la s6 chinh phuong

Vé6i X=1=4M =20 & M =5= M khong la s6 chinh phuong.

Véi X=2=4M =124 = M =31= M khong la s0 chinh phwong

X—1>2 {x23

SN = (x-1)" >4 = 4—(x-1)" <0
X-1<-2 x<-1

Véi x #{0;1;2} ta cd: {

Ta co:
AM =4X* +4x° +4X* +4x + 4
=4x* + 4% +5%% + 2X+1—x* + 2x+3
:(2x2+x+1)2—(x—1)2+4
S 4aM <(2¢ +x+1)  (2)
\ \ 2 2 2 2 2 2
Tir (1) va (2) = (2x° +1) <4M <(2x* +x+1) .Ma x€Z = 4M =(2x" + x+1)

Xx—-1=2 {x:3
=

<:>(x—1)2 :4<:{X_1:_2

X=-1

Vay ¢ 3 gia tri nguyén ctia Xthdéa man yéu cau bai toanla x=0; x=-1;x=3
Bai 47: Tacé: n°—1=(n-1).(n’ +n+1)ip

(p-1)in=p-1>2n=p=n+l

Vi p2n+1=(n-1)khong chia hét cho p
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Do d6: (n—1)(n*+n+1):p < (n*+n+1)ip
bat: p-1=kn, k>1=p=kn+l (¥
= (n*+n+1)i(kn+1) = kn+1<n®+n+1
skn<n*+nek<n+l
k(n®+n+1)—n(kn+1)i(kn+1)
:3[(k—1ﬁ1+k]an+l)
k>1=(k-1)n+k>0
= (k-1)n+k>kn+1
=k>n+1
=k=n+1=p=kn+1l=n*+n+1
:>n+p:n2+2n+1:(n+1)2
Vay n+ pla mét s6 chinh phuong.
p+q=a’
Bai 48: Theo dé ta c6 { p+4q=Db?, suy ra b? —a? =3q<(b-a)(b+a)=3q
abeN”

Ttr q lasdnguyén to va a+b>2 nén ta cd cac truong hop sau:
b-a=1

b+a=3g suyra b=a+1va 2a+1=3q, suyra q le.

+TH1:{

Taviet q=2k+1 (keN")
Khi d6 2a=3q-1=6k +2 hay a=3k+1va p=a®-q=9k?+4k =k(9k +4)
Do p nguyénténén k=1 va p=13,q=3.

b-a=3 .
+TH 2: ,suyrab=a+3 vaq=2a+3
b+a=q
Lai c6 p=a2—q=a2—2a—3=(a+1)(a—3).Do p nguyén ténén a=4 va p=5,q=11.
b-a=
+TH 3: q vab>a>1.
b+a=3

Suyra b=2 va a=1khi d6 q=1 khong phai s6 nguyén t0d.
Két luan: (p;q) = (5;11), (13;3).
Trinh bay cdch khdc:

p+g=a’
Theo d8 ta ¢4 { p+4q=hb?.
abeN”
Suy ra bz—a2=3q<:>(b—a)(b+a):3q.

Vi p, q la cac s6 nguyén to nén a>2, b>4. Do d¢6 ta c6 cac truong hop sau:
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b-a=

+TH1:
{b+a:3q

.Khidoé b=a+1va 2a+1=3q.Suyra q le.

Taviét q=2k+1 (keN")
Khi d6 2a=3q-1=6k +2 hay a=3k+1va p=a®—-q=9k*+4k =k(9k +4)
Do p nguyéntonén k=1.Suyra p=13, q=3.

+TH 2: { 2=3 Khidéb=a+3va q=2a+3
b+a=q

Lai c6 p:a2—q:a2—2a—3:(a+l)(a—3).

Do p nguyéntonén a=4.Suyra p=5, q=11.

Vay p=13, q=3 hoac p=5, q=11.

Bai 49: Goi 2 s6 tu nhién lién tiép d6 1a a,a+1(acZ), theo dé bai ta cé:
(a+l) -a*=n’<a’+3a’+3a+l-a’=n’ =3’ +3a+l=n> (¥
a=0=>n=1=0"+1"=a=0 (tm)

+)Xét TH:—1<a < 0ta c6:
a=-1=n=1=0"+1=a=-1 (tm)

+)Xét TH: {a>0 :>(2a)2 <3a’ +3a+1<(2a+1)2

a<-1
Vay ta cd n la tong cta hai s6 chinh phuong lién tiép .
Bai 50: Gia s 2018+ n’ la s8 chinh phuong thi 2018+n” =m’ (meN")
Suy ra 2018 =m’—n® < 2018=(m—-n)(m+n)
Nhu vay trong hai s8 m—n va m+n phai c6 it nhat mot s& chén (1)
Ma (m—n)+(m+n)=2m nén suy ra hai s& m—n va m+n cung tinh chdn 1é (2)
Ttr (1) va (2) suy ra hais§ m—n va m+n 1a hai s& chén
= (m-n)(m+n) chia hét cho 4
Ma 2018 khong chia hét cho 4 nén diéu gia s 1a sai.
Vay khong ton tai s6 ti nhién n dé 2018+ n* 1a s& chinh phuong.

Bai 51: Khi n = 2ta c6: A=4m? —4m—4 = (2m-1)" -5 = 4k?
< (2m-2k-1)(2m+2k -1) =

2m-2k-1=1 m=2
TH1: < (tm)
2m+2k -1=5

2m-2k -1=-1 m=-1
& (ktm)
2m+2k -1=-5 k=—
2m—-2k —1= 5 m=2
TH3: (tm)
2m+2k —1= 1 k=—
2m—-2k -1=-5 =—
TH4: T (ktm)
2m+2k -1=-1 -
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Vay m=2
V6in>5m=1=A=n’-2n-4=(n-1)"-5<(n-1)’
A:n2—2n—4:(n—2)2+2n—8>(n—2)2(Do n>5)
= (n-2)" <A<(n-1)".Do d6 Akhéng thé1a s& chinh phuong
Khi m> 2 ta c6:
A=m’n*-4m-2n
A=(mn-1)" +2mn—4m-2n-1
A:(mn—1)2+2(n—2)(m—1)—5
= A>(mn-1)"+2(n-2)-5(do m>2=>m-1>1)
= A>(mn-1)° (Do n>5=2(n-2)-5>1)
Lai co: A:m2n2—4m—2n£(mn)2
= (mn-1)" < A<(mn)’. Do vdy Akhong thé I s3 chinh phuong
Bai 52: Tt 2a’ +a=3b”+b tacé a>bva

2(a’-b*)+a-b=b’ < (a-b)(2a+2b+1)=b’
Dit (a—-b;2a+2b+1)=d
= (a-b)id;(2a+2b+1)id vab:d
=[2a+2b+1-2(a-b)]id = (4b+1)id mabid
= 1l:dhayd=1.
Vay a—bva 2a+ 2b+1nguyén to cung nhau, két hop voi (*) ta cé:
a—b va 4a+4b+1déu la s6 chinh phuong.
Bai 53: Gia st X’ +2x+20=a’(aeN,a>4).< a’—(x+1)’ =19

< (a-x-1)(a+x+1)=19.

a—-x-1=1
Vi (a—x—1)<(a+x+1) va19=1.19 nén .Do @6 x=8.
a+x+1=19

Thtt lai v6i x =8, ta ¢ Xx? +2Xx+20=8*+2.8+20=107 thoa man.
Bai 54. Ta co: A= (x2 - 8x)(x? - 8x +7).
Datx?-8x=ythiA=y(y+7)=y2+7y

Gid st y2+ 7y =m? (m thudc N)

=>4y2+ 28y +49 - 4m? =49
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=> (2y +7 +2m)(2y + 7 - 2m) = 49 = 49.1 = (-1).(-49) = 7.7 = (-7).(-7).
Ta thay 2y +7 +2m = 2y + 7 - 2m nén ta c6 4 truong hop:

2y+7+2m=49
Truong hop 1: yriw ,dodd y=9.
2y+7-2m=1

Suy ra xe{-1,9}.

. 2y+7+2m=-1 ,
Truong hop 2: ,dodd y=-16.
2y+7-2m=-49
Suyra x=4.

2y+7+2m=7

Truong hop 3: ,dodo y=0.
rong hop {2y+7—2m=7 odoy

Suy ra x €{0;8}.

2y+7+2m=—

Trwec hop 4:

;, do dé y=-7.
Suy ra xe{1;7}.

Vay xe{-1,0;1,4;7;8,9}.

Bai 55. Ta ¢o : A=11..100..0+11...1-88...8+1.

bat a=11...1 thi 9a=99...9. Do d6 99..9+1=10" =9a+1.
—— —— ——

n n n

Taco A=al0"+a-8a+l=a(%a+1)+a-8a+1
= A=9a’ —6a+1:(3a—1)2.

= A=33..32%.

e

Vay A la mot s6 chinh phuong.
Bai 56. Gia sit 2* +5¥ = k? (k thudc N)
Néu x =0 thi 1 + 5 = k* do d6 k chdn => k2 chia hét cho 4 nhung 1+5” chia 4 duw 2.
Vay x khac 0, tir 2* +5¥ = k2 => k 1é va k khong chia hét cho 5. Xét hai truong hop.
#)Véiy=0thi 2 +1=k* =(2n+1)’ (viklénén k=2n+LneN).

= 2"=4n(n+1) = n=1.Khi d6 x=3; y =0 (théa man)

Thw lai: 2 +5 =2°+5° =9 la s6 chinh phuong.

+) V&i y#0 va k khong chia hét cho 5 = k? = +1(mod 5)
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Tk 2° +5' =k* = 2* = +1(mod5) = x chan
Dat x=2x (x, eN), taco
5 =(k+2%)(k-2%)
k+28 =5 | _—
= {k % VvOi Y, +Y,=Y VOi Yy, >Y,, y1, y21a cdc sO ty nhién.
= 2" =52 (5" ) =5 =1=y,=0 .
=y, =Y. Khidé 2%" =5"-1.
Néuy=2t(teN) thi 24%=5%_1=25'-1:3,voly
Vay y 1é, khi d6 2" =5" -1=4(5"" +5"? +..+5+1).
Néu y>1thi 5" +5"7%+.+1,1é (vd ly).
Néu y=1=x =1khiddé x=2;y=1.
Thtt lai 2* +5¥ = 2% +5' =9 1a s6 chinh phuong
Vay x=2;y=1hodacx=3,y=0.
Bai 57.
-Véi ne {O;l; 2 ....;8} , béng cach thi khong cé gia tri n thoa man dé bai.
-V6i n>9, dat 2°+24+2"=t*  taco t*=2°(1+2°+2"%)=2°(9+2"")

— 9+2"° la s8 chinh phuong
-Dit 9+2"8 =k? (ke N" k >3)

k+3=2°%

Do d6: 2"° = (k-3)(k +3) < {k o (voia>b).

Khi d6: (k+3)—(k—-3)=2"(2""-1)
©23=2(2"-1)
2" =2 a=3
Q{za-b —1=3©{b=1'
Do dé n-8=3+1<n=12.
Thte lai 2° + 2™ + 22 =80°.
Vay s0 tie nhién can tim lan=12.
Bai58. Tacd 10<n<99 nén 21<2n+1<199.
Tim s6 chinh phuong 1é trong khoang trén ta dwoc 25; 49; 81; 121; 169.

Tuong ting véi sd n bang 12; 24; 40; 60; 84.
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SO 3n+1 bgmg 37;73;121; 181; 253. Chi ¢6 121 1a s6 chinh phuong.

Vay n=40.
2m_
A:lo 1
9
m+1
Bai 59. Ta c6: B=109 1
C=6.10 -1
9
2m m+l m_
Nén:A+B+C+8:109 1+109 1+6.109 1+8

10" —1+10™" —1+6.10" =6 +72
9

m 2 m 2
(10") +16.10" +64 (1o 48
- 9 3 '
Bai 60. Vi n* +2n* +2n®> +n+7 1a s8 chinh phueong nén:
n*+2n*+2n*+n+7=m?, meN.
R 2 2 2 2 2 2 2 2
Ta cd: m :(n +n) +n +n+7>(n +n) :>m>|n +n|:>m2|n +n|+1
2 2 2 2
:>m2|n +n+1|:m z(n +n+1) .
Khidc’)n4+2n3+2n2+n+72(n2+n+1)2<:>n2+n—630<:>—3£n£2.
VineZ nén ne{-3;,-2;,-1,0;1;2}.
Thtt [an lwot tirng gid tri ta thu dwgc n=2 thdéa man yéu cau bai toan.
Bai 61. Ap dung bat dang thtic quen thudc 2(a’ +b2)2(a+b)2 ta c6 duoc 2n® >n* hay
n<2.

e Vb6in=0, tachon a=b=0.
e V6in=1 tachon a=1 b=0.
e Vb6in=2, tachon a=b=2.

Vay cac gid tri ctia n can timla 0; 1, 2.

Bai 62. Dat a,a,a,a, =a’ va bb,b.b, =b? véi a, beN. Gia stt rang a,a,a,a, >bbbb,. Khidd

32<b<a<100 vaaa,a,a, >bbbb, =a®-b* =(a+b)(a-b)=1111c =11.101c (do viéc dit
c=a-b=a,-b,=a,-b=a,-b,).
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Do 11; 101 la cac sO nguyén t6 va a+b <200, a—b <100 nén ta c6 hé phwong trinh

a+b=101 [a=(101+1ic):2
—
a-b=11c  |b=(101-1ic):2

Vi b>32 nén c<3. Kéthgp vdi a+b =101 (sd 1é) nén ¢ 1é, nghiala ¢ =1 hodc ¢ =3.

.+ 1x_ .. |@a=036 [a=67
Diéu nay dan dén ;

b=45" [b=34

Do d6 cac cap s6 chinh phuwong phai tim la: 3136 va 2025; 4489 va 1156.
Trong treong hop a+b=11c thi c =1 (biloai).

Bai 63. Xuat phét tir dong nhat thic (2a-+1)° +(2a% +2a) =(2a% +2a+1) ;
Tachon a=1va a =3=2a+1, a,=4=2a’ +2a, ta duoc:

a’+a’= (Za2 +2a +1)2 =5

Chon a, = 2(a2 +a)2 +2(a2 +a) =12 ta c6:

al+a’+a’ :(Z(a2 +a)+1)2 +(2(a2 +a)2 +2(a2 +a))2

2
- (Z(a2 + a)2 +2(a’+ a)+1) =132
Ctt nhw vay ta chon duoc 2013 sd thda man.
Bai 64. Ta co: A=4***x = Nb — gxxxx*

A® ¢4 chir sO tan cling bén trai 1a 4

= 10000 < A® <100000

=100< A® <317

=>4<A<7

A la mo6t sO te nhién = A=5 hodc A=6

Véi A=5= A° =15625, khong thoa

Véi A=6= A° = 46656

Vay s0 phai tim la: A=%/46656 .

Bai 65. A, duoc viét lai nhu sau: A :111...1(10n+l +5)+1 (n+1chirsd1).

Dt t=111..1 ( n chitsd1). Suy ra 9t+1=10"" = A=t(9t+1+5)+1=9t* +6t+1=(3t+1)" .
Vay A,la mot s6 chinh phuwong.

Bai 66. Gia sit 2n+1=a?va 3n+1=b? véi a,be N* . Khi d6
5n+3=4(2n+1)—(3n+1)=4a’—b* =(2a—-h)(2a+h).
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Do a*=1(mod2) nén a’=1(mod 4) . Suy ra n=0(mod2) va b=1(mod 2) . Do d6 2a-b>1
va 2a+b>1.Vay 5n+3 la hop sé.

Bai 67. Gia stz ton tai y > x>1sao cho xy+x=m’,xy+y=n° véi mneN* . Vi y> x nén
Xy+x>x2= m*>x?> = m>x = m>x+1.Tacd: y-x=n*-m? > (m+1)° -m* =
y—x>(x+1)" =x* = y>3x+1.Ldcnay y & (988;1994) . Vay khong ton tai cac s§ X,y
phén biét thudc khoang (988;1994) sao cho xy+x va xy+y déu la cac sd chinh phuong.

Bai 68. Gia st ton tai N € N *sao cho ta c6vn+1++/n-1=kla mot s6 hiru t
vn+1 :%(k +§j

=+n+1-+/n- :EDodétacé 1 )
«/—n—Z:E(k——]

k
Ta suy ra (n+1)va (n-1) la hai sd chinh phuong.
{n +1=p" (s p,geN*
n-1=q?

=P -7 =2(%)
(p+d)va (p-q) cing tinh chat chin lé
(*)=(p+d)va (p—0a) lahai s6 tw nhién chan.
=(p+q)(p-q)i4=2i4 voli.
Do d6 khong c6 so ty nhiénn thoa yéu cau cta bai toan.
Bai 69. Ta co:
* a, =14 khong phai la s6 chinh phuong.
* @, =144=12"
* a, =1444 =38
Ta hay xéta, la mot s6 chinh phuong

a, =k’ keN*
a, tan cung la 4444 .
SS dut ctia phép chiaa, cho 16 bang sd du ctia phép chia 4444 cho 16.
=a, =16q+12
= k* =16q+12 (*)
Suy ra: k:2 va k:4.
=>k=2(2t+1)=4t+2
= k® =16t* +16t + 4 =16h+ 4 mau thuan (*).
Ta suy ra: a, véi n>4khong phaila s6 chinh phuwong.
Bai 70. Chon 3 s6 tw nhién a,b,c nguyén t6 cung nhau va théa tinh chdt. a=b+c

Tacod n=ah?+b%c?+c’a’=(b+c)’ (b2 +C2)+b202
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=b* +c* +3b%? +2b% +2bc® = (b+c+he)’.
Do d6 n la moét sd chinh phueong.
C6 vd 58 bo ba s8 tie nhién nguyén t3 cing nhau ma mot trong 3 s6 bang tdng hai s8 kia.
TD: (2,3,5)=1 va 5=2+3.
= n=6"+15"+10° =19°.
Bai 71. p(x)1a mot da thirc bac 4 va hé s6 ctia x*1a 1 nén p(x) chi 6 thé 1 binh phwong

ding ctia mot tam thiec bac 2 ¢6 dang: a(x) = x* + px+q

2
Do d6, ta c6 : x*+mx® +29x° +nx+4 = (X* + px+q)

=x*+2p*+(p” +2q)X* +2pax +q°
q°=4 q=2

- 2pg=n - p=15
p®+2q=29 m=+10
2p=m n==+20

Vay (m,n)=(10,20),(-10,-20).
Bai72.Tacé: ai6,a#0«< a=6kkeN
Suy ra : 1000a = 6000k = 20%15k
1000a la s8 chinh phuong khi va chi khi k =15p?, pe N°
=a=90p°, peN’
Do d6 s6 tu nhién a nho nhat phai tim la : a =90
2. Taco: 2002=2.7.11.13
2002b 1a s8 chinh phuong nén ta 6 :b = 2002k, k e N°
b chia hét cho bdn s6 nguyén t6 lién ti€p ma b da chira ba thira s6 nguyén t6 lién ti€p 1a 7,
11 va 13 nén thtra s6 nguyén t6 thit tw 1a 5 hodc 17, b nho nhat nén ta chon thira s6 nguyén
t0 th 5.
= b=2002.25t*,t e N"
*Néu t? =1= b =50050 = b —1=50049:9 khong thoéa man yéu cau.
*Néu t* =4 =b=200200 = b-1=200199 :9 thdéa man.
Vay s6 b phai tim la b =200200.
Bai 73. Ta ¢6: a*> —b* = (a—b)(a+b)

Giastr a>0
Mudn cho @’ —b? 1a mot s6 chinh phuong, ta chi can chon
d(u? +v?)
a+b=du’ a=—"
{a—b:dvz,u A p_ d*—v?)
2
Trong d6 hodc d chdn hodc u va v cling tinh chat chén, 1é (u > v)
Luc d6 ta co: a’—b’=c’ < a’=b’+c’

Cac nghiém ctia phuong trinh la:
a=d(u®+v®),b=2duv,c=d(u*—v?)
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Vay a’ —b? ¢4 thé 1a mot sd chinh phueong.

Bai74. Tacé k=ab=10a+b nén k+ab=(a+b)’
<10a+b+ab=a’+b*+2ab < b’ +ab-b=10a-a’
<b’+(a-1)b=a(10-a)

Ma a(10-a)<25 do dé b? +(a-1)b< 25 b? <25 (vi (a-1)b>0)
=b=0;2;3;4;5. Ta xét ting truong hop va két luan.

Vay s6 k can tim 1a: 91; 13; 63.

Bai 75.Chuyén vé dang A= 2017%(n‘+n°+n*)=2017"n° (n* +n+1)
D& A chinh phwong thi n? +n+1 chinh phuong.

Giatri n théamanla n=—-1hoac n=0

2
Bai76. Giasa 1=/ — |9
n+43 (p

voi p,q lahai s6 nguyén duong va (p,q)=1.Tacé
n—37=k.g’°,n+43=k.q’ véi k 1a s6 nguyén duong

=k(p—q)(p+q)=80=2"5.1

Truong hop 1: Trong hai s6 p,q cé mot chir s6 chan, mot s§ 1é = p+q va p—q déuleé.

p+q=>5 p=3
Tk (1)={p-q=1<{g=2=n=101
k=16 k=16

Truong hop 2: Cahaisdé p,q déulé. Bt p=2a—1, q=2b—1 vdi a,b 1a cac s6 nguyén
duong

Tu (1)=k(a—b)(a+b—-1)=20=2°51

Tacoé a+b—1>a—b va a+b—1,a—b khac tinh chén 1&.

Xét cac cap s6 (a—b;a+b—1) Ian luot(1;2),(1;4),(1;20),(2;5),(4;5),(5;20).
Tinh a,b= p,q,k ta dugc n bang 38,47,55,82,199,398

Vay n bang 38,47,55,82,199,398

Bai 77. Ta c6: abc =100a+10b+c=n?—1;
cba=100c+10b+a=n’—4n+4=99(a—c)=4n—5=4n-599  (*)

Mat khéc: 100 <n*—1<999 =101< n? <1000
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=11<n<31l(doneZ) <**)
T (*) va (**) = 4n—5=99= n=26. Vay abc =675

Bai 78. Gia st: n+12=a* n-11=b® (a, b eN; a>b) = a’-b’=(n+12)- (n-11)=23

( a=12
a+b=23

Hay (a—b)(a+b) =1.23. Giai hé phuong trinh: { b=11

Do:a-b< a+b):>{

.. la=12

Voi =n=132
{b:n

Vay n=132.

Bai 79. Dat: n® —14n-256=k* (keN) = (n-7)" —k*=305 = (n—7+k)(n-7—k)=305

Ma: 305 = 1.305 = (- 305)(- 1) =5.61 = (- 61)(- 5) vd (n—7-k) < (n—7+k) nén xét cac

. n-7-k=1 . |n=7-k=-305_  _ [n-7-k=5 . [n=-7-k=-61
truong hop: C oac c
n—7+k=305 n-7+k=-1 n—-7+k=61 n-7+k=-5
n=160 . |n=-146 . (n=40__ [n=-26
= hoac hoac hoac
k =152 k =152 k=2 k=28
. n=40 _  |n=40
Vi: n, keN= Vay
n=160 n=160

Bai 80. Vi: n 1a s8 6 2 chit s§ nén 9 <n <100 =18 < 2n < 200

Ma: 2n 1a 58 chinh phuong chdn nén 2n={36;64;100; 144;196} = n={18;32;50; 72;98}
= n+4={22;36;54; 76,102} chi thdy n+4=36 la s§ chinh phuong = n=32

Vay n=32.

Bai 81. Gia st A=1010n*+ 2010(n+ p)+10"" =a®~b? (a,beN)

Do: A chdnnén a*-b® =(a—b)(a+b) cling chdn (a-b); (a+b)cing tinh chan 1¢.
=a’-b* =(a—b)(a+b): 4 tiép tucta c6: B=1010n"+ 2010(n+p): 4

T B=1010n° + 2010(n+p) +2(n° +n+p)i2 =(n*+n+p)=n(n+1)+p:2

Ma: n(n+1):2=p 2= p=2

Véi p=2=A=ak=(k+1)"~(k+1)° (keZ")

Bai 82. Dat: 3* + 171=y?,
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Cich 1: Viét phuwong trinh da cho vé dang 9.(3*’2 + 19): y? (x> 2). D€ y € Z thi diéu kién
can va dula 37 +19 = 7° (2 € Z') 1a s8 chinh phuong.

+) Néu x—2=2k+1 1a sd 1é thi 3**+19 =(32k+1 +1)+18=4.B+18 2 nhung khong chia hét
cho 4 nén khong thé'1a sd chinh phuong.

+) N&u x-2=2k lasd chin thi 3% +19 =2 < 3% +19 =7 & (2+3")(2-3")=19

-3=1 z =10 =
Vi 19 1a s6 nguyén t6 nén z—3" < z+3“ nén {Z { = {Z 10

=
z+3=19 [3=9
Vay x =6.
Cich 2: +) Néu x =2k +1(keZ")thi VT =13 + 3= VT =1.3+3=6(mod3) (v6 nghiém) vi VP
1a 58 chinh phuong. Do d6: x =2k (keZ") thi €y rang 3" > y-3“>0.
Ma: y—3“+y+3=2y 2 nén 2 s6 trén ciing tinh chan I¢.
M3t khéc: 171 = (y-3")(y+3")=1.171=3.57=9.19. Xét timg trudong hop cu thé ta 6 két
qua x =6.
Cich 3: Ta c6: 3 =1,3(mod8); y* = 0,1,4(mod8). Ma: 3"+ 171=y* = 3" =1(mod8). Do do: x
6 dang 2k (keN).

Phuong trinh tré thanh A= (3" )2 +171=y? véi k =0, 1, 2 thi phuong trinh v6 nghiém nén
néu phuong trinh ¢6 nghiém thi nghiém d6 phai > 3. Do d6 theo nguyén ly kep duoc ta

c6: [(3k)2 +3]2 >a>(3).

Khi d6: A=[(3")2+3T hodc A=[(3k)2+2}2

Giai titng treong hop ra ta dugck =3 = X=6 =y =30. Vay x =6.
Cich4: Vi: 3 :3;171:3=y:3. Dty =3k (keZ" k1),

Khi d6: 3" +171=9k*. Vi: 171:9; 9k* i 9 = 3" 1 9 = x=2h (heN")
Khi d6: 9" +19=k? < k*—(3"!) =19 o (k+3"*)(k-3"*) = 10.

D&y rang: 0< k—3"" <k+3"" va k—3""+k+3"" =2k : 2 nén hai s6 nay cting tinh chén 1é.

=x=6.Vay x=6.

Mit khac: (k+3“1)(k_3h1)=1_19:>{k_3h_1=1 {kzlo

i 1g _
k+3"t =19 |h=3

Bai 83.Gia st 5* + 12" =y®. Nhan xét x = 1 khong thoa man phuong trinh. Khi d6 x > 2. Tt
phuong trinh ta thdy y lé.
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Vi: 12°:8, y*:8 dw 1 voiy lé nén 5*=1(mod8) suy ra x chan.
Dit: x = 2k (keN") ta c6 phwong trinh: 5% =(y-12")(y+12").

y+12¢ =5%"

Do 5 1a s6 nguyén t& nén ton tai meN, m < k sao cho { Lok _&n
y —_ =

Suy ra 2.12=5"(5%*"-1). Do 2, 12 déu nguyén t§ ciing nhau v6i 5 ma: 2.12 : 5" nénm
=0 va ta duogcy = 12" +1.

Thay vao phuong trinh ta duoc: 2.12¢ =25 -1(*) hay k > 2 thi:

25" —1>24% =2412* >2.12" (Loai)

Véik=1(TM) = x=2,y =13. Vay phuong trinh c6 nghiém tu nhién x = 2.
Bai 84. Ta cé: A =(n+2)"(4n*+6n-3).

n=3
THI1: A=0=> —3+./21
n=———"-
4

TH2: A # 0 va A la s6 chinh phuong = (4n’ +6n-3) 1a s chinh phuong.

& 4n? +6n-3=k? (keN) < (4n+3)" —(2k)" =21 (4n+3+2k)(4n+3-2k)=21.

nez
Ta thay: {k ) 7 nén 4n+3+2k va 4n+3-2k la cadc wdc ctia 21.
c

neZ 4n+3-2k =1 k=5
$) 4n+43-2k <4n+3+2k v6i | C ~ Dodétaco: 4 =
k e 4n+3+2k =21 n=2
. [4n+3-2k=3 k=1 . [4n+3-2k=-21 k=5 y
hoac: & 1 hoac & —7 hoac
4n+3+2k =7 n=— 4n+3+2k=-1 n=—

2 2

4n+3-2k =-7 k=1
=
4n+3+2k =-3 n=-2

Vay n =12 la gia tri can tim.
Bai 85. Dit: M =k* —8k® +23k? — 26k +10 ta cd:
M :(k4—2k2+1)—8k(k2—2k +1)+9k2—18k+9

=M :(k—l)z((k—3)2+1). M la s8 chinh phuong khi va chi khi: (k—l)2:0 hoac
(k—3)" +1 1a 58 chinh phuong,

TH1: (k-1)'=0 <k =1
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TH2: (k—-3)" +1 1a 56 chinh phuong

Dit: (k-3)"+1=m?(m € Z) &m’—(k-3)" =1 (m-k +3)(m+k-3)=1

m-k+3=1

m+k-3=1 m=1k=3
VimkeZ =>m-k+3eZ, m+k-3 e Z nén: S =k=3.

m-k+3=-1 m=-1k=3

m+k-3=-1

k=1
Vay {k thi k* —8k® +23k? — 26k +10 1a s8 chinh phuong.

12+224+3% +..-4+n? :(n+1)(2n+1)
n 6

Do (2n+1) 1énén (n+1) chdn =n 1&. it n=2m+1 (meN’)

Bai 86. Ta co:

Gia st (n+1)(2n+1)=6k* (keN") (1)

Thay vao (1) ta co: (m +1)(4m+3):3k2. Do: (m +1, 4m+3)=1, 4m+3 khong 1a sd chinh
m+1=a’

42 3 37 (a,beN";ab=k) Tir d6 ta cé: 4a°-3b% =1
m+3=

phuong nén ta co: {

<:>(2a—1)(2a+1) =3b%. Talai ¢ (2a+1, 2a—1):1 nén c6 2 kha nang:

2a-1=a’ . ’
@) {2 . Z} (al,bleN ) nén ta suy ra b’ =3a’+2 (V0 1y vi s6 chinh phuwong chia 3 chi dw
a+l=
0 hoac 1).

2a_1:a2 * z,

I > (a,,b,eN") nén tasuy ra 3b2—a?=2 suy ra a, 1é va khdng chia hét cho 3.

Da+loap? |22 y , =9, y 2 &
- 2

Dé thay a,=5=>n=337 la s6 nguyén duong bé nhat thoa man bai toan.

2 2 2 2
Khidg: T12 +3n+~--+n :(n+1)§52n+1):(337+1)(62.337+1):1952

Bai 87: Ta co: n =0 thoa man bai toan.
Xét n > 0, néfu ca 2 s0 9n+16 va 16n+9 déu la s6 chinh phuong thi s6
A, =(9n+16)(16n+9)=(12n)’ +(92 +162)n +12? cfing la s8 chinh phuwong.

A, =(12n+13)’

Mat khac: (12n+12)" < (12n)° +(9° +16”)n+12° <(12n+15) nén ta cé: i
A, =(12n+14)

n=1

Ttr d6 thay vao giai ra duoc:
n=52

Vay ¢6 3 gia tri ciia n thoa man: n={0,1,52}
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. o . |ab=4ba+15 (1)
Bai 88: Goi s phai tim la: ab (a,beN,1<a,b<9) tacohé: < __
ab—9=a’+b?(2)
Tl (1) ta thay néu b>2=>4ba+15>4.21+15=ab >99 = ab =99=a=b =9(KTM)

Vay b =1 thay b=1vao (2) ta duoc: al-9=a*?+1’ <=10a+1-9=a’+1 <a’-10a+9=0

{azl
=
a=9

Véia=1 =a=b(KTM)

Véia=9 =ab=91(TM :91=4.19+15)

Vay s0 phai tim la 91.

Bai 89. Goi la tong cac chit s6 ctia s thi s va t, ¢d cung s6 du khi chia cho 9, nghia la
s=t +9a vdi a la s6 tw nhién. Do d6 s6 A duoc viét boie 1, 2, 3, ..., 2007 nén

ty =t +.tty =1+2+..+2007-9%k =B-9k (keN") (1)

Ta c6 tong 9 sO ty nhién lién tiép 1a a+(a+1)+(a+2)+..+(a+8)=9(a+4):9 nén tong ctia
2007 =9.223s0 tw nhién lién tiép cling chia hét cho 9, nghia la
B=1+2+3+..4+2007=9h (heN") (2)

T (1) va(2)taco t, =9(h—k)=A=9m (meN")

Ma ta ¢ (9u+1)(9v+1)=9(9uv+u+v)+1 vdi u,ve N

Khi d6 C = 2008 +2009 =(9.223+1)"" +9.223+2=9+3 (neN") (4)

Ttr (3) va (4) suy ras6 A+C =9(m+n)+3 (5). Néu A+ClasG chinh phuong ma chia hét
cho s6 nguyén t& 3 thi né phai chia hét cho 9, nhung diéu nay mau thuan véi (5). Vay
A+C khong la s6 chinh phuong.

Bai 90. VGi x =0 hodc y=0 tacd 1-xy =1° (dpcm)

Vo6i x#0,y=0,X,y€Q, ta c6 cac cach sau:

Cach 1: Binh phuong hai vé& dang thiic (1) ta duoc:

X+ Y0 +2x°y° =4xtyt = X0 + ¥ - 2x°y° = Ax*yt —4x°y°
2 x> —y° ?

(x*—y®) =ax'y* (1-xy)=>1-xy = (TZVZJ (dpcm)

Céch 2: Binh phuwong hai lan (1) x™ + y* +2x°y® = 4x*y*

X4y =2x"y (2-xy) = X+ ¥+ 2x0y10 = 4x°y* (4—Axy + X°Y?)
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= X20 + y20 + 2X10 le :16X8y8 _16X9 y9 +4X10y10

= X +y* -2xy"* =16x°y® (1-xy) = (xlo —y¥ )2 = (4x“y4 )2 (1-xy)

x10 _ y 2
1- Xy = (Wj (dpcm)

5 5 2
C4ch 3: Chia ca hai vé€ ciia (1) cho x* ta duoc X—4+y—4: 2y—2
X' X X
5 2 6 3
= x+y—4:2y—2:> xy+y—4=2y—2 (nhan ca hai v& véi y)
X X X X

6 3

3
IR A R A +1:1—xy:>[y 1]:1—Xy(dpcm)

X T o
3 3 6 6 6 6
Czich4:(1):>X—+y—:2:>X—+y—+2xy:4z>x_+y__2)(y:4_4Xy
yz x2 y4 N y4 N
oy 2
3 y3 *2—?

2

X y
|| =41l-xy)=1-xy=

[yz Xz] (1—xy) y i
Cdch 5: Dat x =ky thay vao (1) va bién d6i dong nhat.
Ta ¢ (ky)® +y° = 2(ky)*y?
Hay k°y® +y° =2k’.y’.y*. Hay k°y° +y° =2k*.y*. Hay y*[(k’y+Yy)—2k?*]=0.
V6i x=0,y=0,x,y€Q tacd: (kK°y+y)—2k*=0.

Ha y——2k2 va X—k—2k2 ——2k3
YV = K1 Kl

2 3 5 2 5 5
Lacnay ta co: 1—xy =1 2k 2k _(k+D)" —4k” (k-1 _[k_l

5
LS S _ _ binh phuong ct
CH1 K11 (k+1)° (Kt k+1] i pitong cha

mot sO hitu ty.
Bai 91. * Néu m=n thi ta c6 ngay dpcm.

m-+n=2Xx

*Né’umkhécn:Dét{ (X,y e N*;x>0;y=0)
m—n=2y

m=X
Khi d6 {n—x—'—; vatlt X+y>0;x—y>0 suyra x>|y|

Do n*—1:|m? +1—n’|= m*:|m* +1—n’|=m’ =k(m* +1-n?) (1), keN.

Tacd (1) & (x+Yy)* =k(@xy+1) < x> =22k —)xy + (y* —=k) =0 (*)
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Phuong trinh (*) c6 mot nghiém la X nén c6 mot nghiém ntra la X .

=2(2k -1
Ta co: {X+X1 E ):>X1
xXx =Yy —K

€N
-Néu x, >0 thi (x;y) 1a cdp nghiém thoa man (*), suy ra x, >|y|
Khi d6 y? —k = xx, >| y*|= k <0=0< x+x, = 2(2k —1) < 0, mau thuan.
-Néu x, <0 thi xx, =y*~k<0=k>y*=k>0=4xy+1>0=y>0
Tacd: k=x2 -2k —Dx,y+y> =x +2(2k 1) | x, |y + y*.
Suy ra k > 2(2k +1)| X, |y > 2(2k —1) > k , mau thuan.
2
Vay x, =0.Khidé k= y? va mT: m? +1—n? 1 s8 chinh phuong.
Do d6 |m? +1—n?| la s8 chinh phwong (dpcm).

Bai 92. +) Vi mot s6 nguyén bat ky phai 1a s& chdn hojc 1a s 1é. Do d6 theo nguyén ly
Dirichlet trong 3 s6 nguyén bat ky luén chon ra duwoc 2 s8 c6 cling tinh chan 1é.

+) Ap dung ta cé trong 3 s& chinh phurong bat ky ludn chon ta dwoc hai s§ c6 cling tinh
chan 1. Goi 2 s8 chinh phwong dwoc chon ra d6 1a a® va b?.

Khi d6 ta c6: a2 —b? = (a—b)(a+b).

+) Vi @® va b® cing tinh chdn 1é nén a,b cling cing tinh chdn 1é. Do d6 a—b 1a s& chén
cling 1a s6 chdn a* —b? = (a—b)(a+b):4 (dpcm).

Bai 93. Ta c6 n® +1999n+ 2017 = n® —n+2000n+ 201542 (n€ N)

Ta thay: n° +1999n+ 2017 = n® —n+ 2000n + 2015+ 2
=n(n—Y(n+1)(n—2)(n+2)+5n(n—1)(n+2)+2000n 42015+ 2 (n € N) chia 5 du 2.
Ta nhan xét rang khong c6 s6 chinh phuong nao chia 5 du 2.

Vay n®+1999n + 2017 (n € N) khong phai 1a s6 chinh phuong.

Bai 94. Vi n 1a sd nguyén duong nén n” +n+3> 3.

Goi r la s6 du khi chia n cho 3,r €{0;1;2}.

Néu r =0 hodc r =2 thi n* +n+3:3. Mau thuan véi gia thiét n? +n+3 1a s6 nguyén td.
Do d6 r =1 hay n chia 3 dw 1. Khi d6 7n*+6n+2017 chia 3 du 2.

Ma mot s6 chinh phuwong ¢ sd du khi chia cho 3 la 0 hoac 1.

Nén 7n” +6n+ 2017 khong phai s8 chinh phuong.

Bai 95. Ttr: 2x° +x =3y’ +y (1)

.387 | CHUYEN BE SO HOC




| DAP AN CHU DE 4: CAC BAI TOAN VE SO CHINH PHUONG

=2X =2y +x—y =Yy’ = (x—y)(2x+2y+1) =y (2)

Mat khéc tir (1) ta cd: 3x* —3y° +Xx—y = x* hay (x—y)(3x+3y+1) = x

= (X—Y)?(2x+2y +1)(3x + 3y +1) = X’y* = (2x+ 2y +1)(3x + 3y +1) 1a s8 chinh phuong (3).
Goi (2x+2y+1;3x+3y+1)=d = (2x+2y+1):d;(3x+3y+1):d

= (Bx+3y+1)—(2x+2y+1) = (x+Y):d

= 2(x+Yy):d=(2x+2y+1)—2(x+y)=1:d nén d =1

= (2X+2y+1L3x+3y+1)=1 (4)

Tt (3) va (4) = 2x+2y+1 va 3x+3y+1 déu la sd chinh phwong.

Lai cd ttt (2) = (x—y)(2x+ 2y +1) 1a s6 chinh phuong suy ra x—y ciing la s6 chinh
phuong. Vay 2x* + x=3y?+y thi x—y;2x+2y+1 va 3x+3y+1 déu la cac s8 chinh
phuong.

Bai 96. Dat B = (1* +2° +...4+2017%) = (2° +4° +...+2016°) + (1* + 3° +...+2017%)

Ta thay sO cac s6 hang cta B las61é1a (2017 —-1):24+1=1009. Do d6 B lasd1é. Suy ra A
chia hét cho 2 va khong chia hét cho 4. Vay A khong phai la s6 chinh phuong.

Bai 97. Néu a <b thi v€ trai cua (1) nho hon v€ phai nén chi xét a>b. Véi a=Db thi tte (1)
suyra a=b=c=0, lucdé a—b =0 1a sd chinh phuong (*).
Véi a>b, bién doi (1) vé dang:
b? = 2016(a’ —b?) + (a—b) = b® = (a—b)(2016a + 2016b +1) (2)
bat d =(a;b) thico a=md,b=nd;(m;n)=1m—-n=t>0
Gia st (t;n)=u=-n:u,t:u=m:u=u=1nghiala (t;u)=1
Thay b=nd,a—b—td vao (2) cé:
n*d =t(2016dt + 4032dn +1) = n’d = 2016dt* + 4032dnt -+t (3).

T (3) ta cé: n’d:t,(t,n)=1=d:t. Mat khdc d =t.Lic dé a—b=td = d? 1a s6 chinh
phuong (**). Tt (*) va (**) c6 diéu phai chiing minh. Vay a—b 1a mét sd chinh phwong.

Bai 98. Truedc hét ta chitng minh rang (x— z);(y — z) nguyén t& cling nhau. Gia st
d=(x—z;y—12) tacd: x—z:d;y—z:d = (x—2)(y—12):d°

Tw gia thiét suy ra z°:d* = z:d . Khid6 x va y chia hétcho d.

Vi (x,y)=1=d =1. Vay (x—1z);(y—2) cung la sd chinh phuwong.

Dit k> =x—z;m*=y—z (ke N*)

Tacod: (x—z)(y—2)=2> =k’m* = z=km
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Khi d6 x+y=k?+m?+ 2km = (k +m)®. Mt khac ttr (x—z)(y—2z) =2z’ suy ra
Xy =z(x+y) = xyz =z°(k + m)* = [z(m + k)z] 1a 6 chinh phuong.
Vay 2017°xyz =|2017z(k +m)?| 1a s8 chinh phuong.
Bai 99: Ta c6 xxyy =11.x0y. Ma ta thdy rang 11 1a s6 nguyén t& va xxyy la mot sG chinh
phuong nén suy ra x0y:11=99x+x+y:1ll= x+y:ll.
Theo diéu kién dé bai ta co:
0<X+y<18< Xx+y=11= X0y =99x +11=> xxyy =121(9x +1).
Tt d6 suy ra 9x+1 la s6 chinh phuwong suy ra x=7 (0<x<10) = y =4
Vay s6 dién thoai d6 la 827744.
Bai 100: V&i moi s6 te nhién a thi a® khi chia cho 8 chi c6 cac s6 dw 14 0; 1; 4.
S0 2019 chia 8 dw 3; 2020 chia 8 dw 4.
Suy ra 2019" =3" (mod 8)
-Néu n chinthi n=2k,ke N = 2019" =3* =1 (mod 8)
= C=5(mod 8)
= C khong thé'1a s6 chinh phuong.
-Néu n lé thi n=2k+1LkeN = 2019" =3** =3.3* =3 (mod 8)
= C=7(mod 8)
= C khong thé'1a s0 chinh phuwong.
KL: Khong ton tai n thoa yéu cau bai toan.
Bai 101: Dit p’ —4p+9==t’(teN)
Bién ddi thanh p(p’ —4)=(t-3)(t+3) (1)=p!(t-3)vpl(t+3)
Trieong hop 1: Néu plt—3
Dit t—3=pk(k e N)
Khi d6 thay vao (1) ta co:
p(p2 —4) = pk(pk+6) < p* —pk® -6k -4=0
Coi day la phuwong trinh bac hai an p diéu kién can d€ ton tai nghiém ctia phuwong
trinh la:

A=Kk*+4(6k+4)=k*+24k+16 la mdt sG chinh phuong.

Mit khéc véi k >3 ta dé ching minh duoc (k) <k*+24k+16 < (k> +4)
Suy ra cac treong hop:

4 (12 2 2 . _ :
k' +24k+16=(k* +1) < 2k* ~24k—-15=0 (loai)

4 (12 2 2 A :
k'+24k+16=(k* +2) < k*~6k-3=0 (loai)

.389 | CHUYEN BE SO HOC




| DAP AN CHU DE 4: CAC BAI TOAN VE SO CHINH PHUONG

K2 +24k +16= (k2 +3) < 6k*~24k~7=0 (loai)

Do d6 phai c6 k < 3. Thtt tryee ti€p duoc k=3 thoa man.

Tirddtaco t=36;p=11.

Luwu y: HS c6 thé lam nhw sau khi thay vao (1)

p(p® —4)=pk(t+3) < k(t+3)=p’ —4 = p’ =kt +3k+4

Mt khac ta ¢6 (t-3)* =p’k® = t* —6t+9 =k’ (kt +3k +4)

ot —t(6+1<3)+9—31<3 —4K* =0

Coi day 1a phuong trinh bac hai an n diéu kién can d€ ton tai nghiém ctia phuwong
trinh la:

A=(6+K) ~4(9-3K ~4k?) =K® +24K° +16k> =k* (k* +24k +16) 1a mot 55 chinh
phuong. Mudn vay thi k* +24k+16 phaila mot s6 chinh phuong.

Sau d6 cach lam giong nhu trén.

Truwong hop 2: Néu plt+3

Dt t+3=pk(k e N)

Khi d6 thay vao (1) ta co: p(p2 —4) = pk(pk—-6) < p* —pk® +6k -4 =0

Coi day 1a phuong trinh bac hai an p diéu kién can d€ ton tai nghiém ctia phuwong
trinh la: A=k*-4(6k-4)=k*-24k+16 la mot s§ chinh phuong.

Mit khdc v6i k >3 ta dé chimg minh duoc (K —4) <k -24k+16<(k*) Suy ra
cac treong hop:

2
k' 24k +16=(k* ~1) & 2k*~24k+15=0 (loai)
k' ~24k+16=(k* ~2) =k ~6k+3=0 (loai)

2
k?—24k+16 = (k*=3) < 6k* ~24k+7 =0 (loai)
Do d6 phai c6 k <3 Thtt tryec ti€p duoc k =3 théa man.
Tir d6 suy ra t=3;18 tuwong tng p=2;7.
Vay tap tat ca gia tri p can tim la {2;7;11}
Bai 102: Ta co
4B=12.3.4+234.(5-1)+3.45.(6-2)+..+n(n-1).(n-2).[(n+3)—-(n-1)]
=n.(n+1).(n+2).(n+3)=n*+6n°+11n* +-6n < n* +6n° + 11’ +6n+1=(n’ +3n +1)2
Ma n*+6n°+11n* +6n>n* +6n°+9n* = (n2 +3n)2 = (n2 +3n)2 <4B< (n2 +3n +1)2
Do d6 B khong phai la s6 chinh phwong.
Bai103: Tacé: p°+a’=b’* < p®=(b-a)(b+a).
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Cacuwdccuap?lal, p vap?; khong xay ra treong hopb+a=b-a=p

Do d6 chi xay ra treong hopb+a=p*vab-a=1.
2

pe-1

2
Khi dé b= pTH va a= suy ra2a=(p-1)(p +1).

Tieplésuyra p+1, p-11ahaisd chdn lién ti€p = (p -1)(p + 1) chia hét cho 8.

Suy ra 2a chiahétcho8 (1)

Tt p nguyén t6 16n hon 3 nén p khong chia hét cho 3. Do d6 p c6 dang 3k+1 hodc 3k+2.
Suy ra moét trong hai s6 p + 1; p —1 chia hét cho 3 . Suy ra 2a chiahét cho3  (2)

Tte (1) va (2) suy ra 2a chia hét cho 24 hay a chia hét cho 12 (dpcm).

2

Xét 2(p+a+1) =2(p+p7'1+1j =2p+p?+1=(p+1)” 1 58 chinh phuong,

Bai 104: Ta phan chia 625 s6 tit nhién da cho thanh 311 nhém nhu sau :
Cacnhém n,n,,..., Ny, m6i nhém gom 2 s6 hang (k,625-k) ttc 1a mbi nhém cd hai
s6 hang c6 tdng bang 625 sao cho k = 49,k = 225
Nhém 311 gom 5 8 chinh phuong {49, 225,400,576;625)
Néu trong 311 sd duoc chon khong ¢d s6 nao thudéc nhom n,;,, nhw vay 311 s nay
thudc 310 nhdm con lai thi theo nguyén tac Dirichlet phai c6 it nhat mot trong hai s&
thudc cing mot nhém. Hai s nay c6 tong bang 625. Mau thuan véi gia thiét. Vay
chéc chén trong 311 s8 duoc chon phai cé it nhat mot s6 thudc nhém n,, . SS nay la
s0 chinh phuong.
Bai 105:
Do n*+2n++/n” +2n+18 +91a s8 chinh phwong nén v/n’ +2n +18 1a s6 tu nhién.
bat Vn*+2n+18 =k (keN)
on’+2n+18=k’ < (k+n+1)(k-n-1)=17
Do k,n déulasotenhiénnén kK+n+1>k-n-1
. |k+n+1=17 k=9 ) > )
Xa{ ~ c;{ =N +2n++/n°+2n+18 +9=81=9°(tm)
k-n-1=1 n=7
Vay n =7 thdéa man yéu cau bai toan
Bai 106: Tacé ab-ba=k* (keN)=9(a-b)=k’
Do dé a-b la moét s6 chinh phuwong
a-b=1
Talaico a-b<9,azb=|a-b=4
a-b=9
V6i a-b=1=a=b+1=c69 s6 thoa man: 10; 21; 32; 43; 54; 65; 76; 87; 98
Voi a-b=4=a=b+4=cd 6 s0 thdéa man: 40; 51; 62; 73; 84; 95.
Véi a-b=9=a=b+9=cd 1 s0 théa man: 90
Vay c6 tat ca 16 s6 thoa man: 10; 21; 32; 43; 54; 65; 76; 87,98; 40; 51; 62; 73; 84; 95; 90.
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10n - 1 . A 4 4 A \ A 4 ~ \
ta di phan tich cdc s6 a va b vé cac lay thira

Bai 107: Chu y dén bién do6i 111...1=
%’_J

nsol

2017
caa 10. Ta c6 a:111...1=M va b=1000...05=1000...0+5=10" +5.
— 9 — —

2017s01 2016s00 2017s00

102017_1
Khi do ta duwoc M:ab+1:T.(1On +5)+1:

(102017)2_'_4.102017_5 1027 49 2
+1=| —= .
9 3

2017
~ A ? N ? 2 /4 A 7. 7 .
Dén day ta chi can chi ra duoc —5 € N ta ta c6 diéu phai chitng minh.

Tuy nhién 10201% e N hién nhién dung do 10 +2:3. Vay M =ab+1 1a s8 chinh
phuong.
e Chu y. Véi dang toan chitng minh s6 chinh phuwong nhuw trén ta cht y dén phép bién
doi:

9=10'-199=10" -1;999 =10° —1;% =10"-1

nso9

Bai 108. Ta cod

2"[1.35..(20-1) | .(n-4)!  27(n+4)!

a =1+ =1+
" (2n)! 246..2n
=1+2“..1.2.3....n(n+1)(n+2)(n+3)(n+4)
2"1.234..n

:1+(n+1)(n+2)(n+3)(n+4)=(r12+5n+5)2

Do d6 ta dugc a_ = (n2 +5n+ 5)2 1 s6 chinh phuong.

Bai 109: f(x)=x"+x+1+2x>-2x-2x* —ax—2x+b+1
:(x2+x—l)2 +(a—2)x+(b+1)

a-2=0 {azz

Dé f(x) trd thanh binh phwong ciia mét da thiic thi =
b+1=0  |b=-1

Vay v6i a=2,b=-1 thi f(x) tré thanh binh phuong cia mét da thiee.
Bai 110: Ta c6: xxyy =11x0y 1a s8 chinh phrong nén
X0y $11<> 100X+ y 111 99x+ X+ y 111

x+y=11 {x:yzo
—

¢>X4—y§11¢>{ 1
X+Yy=

X+y=0
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Ta c6: xxyy =11x0y =11(99X + X + y) =11(99x +11) =11>(9x +1)
= 9x+1 1a s0 chinh phuong.
=>x=71T=Yy=4
Vay xxyy = 7744; xxyy = 0000
Bai 111: 22’ +a=3b’+b < (a—b)(2a+2b+1)=b? (*)
Goi d 1a wdc chung cua (a-b,2a+2b+1) (d eN'). Thi

{E:;f)zzbdﬂ):d = (a-b)(2a+2b+1)id* =b*:d* = bid

Ma (a-b):d = a:d = (2a+2b):d ma (2a+2b+1):d =1:d=d =1

Do dé (a-b,2a+2b+1)=1. Tk (*) ta dwgc a—b va 2a+2b+1 la sd chinh phwong

=> 2a+2b+1 la sO chinh phuong.

Bai 112: Gia st n? + m la s chinh phuong. Bat n2+m =k (1) (vdik nguyén duong)
Theo bai ta cd 2 =mp (p nguyén dwong)= m=2n’: p, thay vao (1) ta cé:

2

b2 nep? e 2pn? = p’k® =n?(p?+2p)=(pk)’
p

r]2

Do 12, (pk)’ chinh phuong, nén p?+2p phai chinh phuong.

Mat khéc p® < p*+2p<(p +1)2 , tee p® +2p khong chinh phwong. Nén gia st sai.
Vay n? + m khong chinh phuong.

Bai 113: Xét N> 9= A=2°+2°+2" = 2°(1+2* +2"°)

Thay 1+ 2* +2"° 13 sd 1é nén A chia hét cho 2° nhung khong chia hét cho 2% nén A
khong 1a s6 chinh phuong.

Xétn=9 = A=2°+2° +2° = 2°(1+2" +1)=9.2° = 96" 1a 58 chinh phuong.
Xétn<9= A=2° 425 42" =27 (27 4287 11)
Do 27" +2%" +1 1a s 1é va A 1a s6 chinh phuong nén 2"1a s8 chinh phuwong nén n la s&

~ *
chan, ne N suy ra ne{2;4;6;8}
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Khi d6 A chinh phuwong, 2" chinh phwong suy ra B =2"" +2°™" +1 1a s6 chinh phuong.
Nhén xét sd chinh phwong 1é chi ¢6 thé tan cung 1a 1; 5; 9.

Véin=2 = B=2" +2% +1=2177 (loai)

Véin=4 = B=2°+2° +1=545, thay B chia hét cho 5 nhung khong chia hét cho 25 nén B
khong la sO chinh phuong.

Véin=6=B=2°+2"+1=137 (loai)

Véin=8 = B=2+2°+1=35 (loai). Vayn=9.

Bai 114: Gia st ton tai cic s6 duong a, b sao cho (a+b)’ —2a® va (a+b)" —2b* déu la s§
chinh phuwong. Trong cac cap s6 nguyén duong (a, b) nhw vay, ta xét cdp sao cho a nho

nhat. Dat(a+b)" —2a® =x?, (a+b)’ —2b? = y* véi x, y nguyén duong. Ta ¢ (a+b)” - x* = 2a?

nén a + b va x cling cting tinh chdn 1é, suy ra(a+b)’ - 2a* chia hét cho 4. Tt d6 ta c6 2a>

chia hét cho 4, suy ra a chia hét cho 2.

Chtng minh twong tu, ta ciing c6 chia hét cho 2, suy ra x, y chan. Tt d6, ta cd

G2 -)-G) G-

Péu 1a s6 chinh phuong. Do d6 cap so (% , gj cling thdéa man yéu cau. Diéu nay mau

thuan véi cach chon cap (a, b). Vay véi moi a, b nguyén duong, cac s6 A, B khong thé dong

thoi la s6 chinh phuong.
Bai 115. Cho 2 s& nguyén a,b thoa man
a’+b’ +1=2(ab+a+b) < a’ +b? +1-2ab+2a-2b=4a < (a-b+1)’ =4a
la s0 chinh phwong suy ra a la s6 chinh phuong a = x? (x la s6 nguyén)
(x? —b+1)2 =4x* < x> —b+1=2x
eb=(x-1)
Vay a va b la hai s6 chinh phwong lién tiép
Bai 116. Ta ¢6 a’b+ab® +2a’b® +2a+2b+1=0
< ab(a+b)’ +2(a+b)+1=0
& (ab-1)(a+b)’ +(a+b+c) =0 (1)

2
Tt (1)suyra a+b=0val-ab :(a+b;-1j (dpcm)
a+
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Bai 117. 1) Ta ¢ (mn2 - 2)2 <n’S < n’>1<n>1(dung)
nS? <m?’n* < m > n (dung theo gia thiét).
2) Gia st m # n, xét hai treong hop
V&im > n, theo 1) va do S 1a s6 chinh phwong suy ra n°S = (mn2 —1)2 = 4n® =2mn’ +1 (sai)
Véim <n khi do
Néu m>2thi n>2= 2mn>4m= (mn)’ <S <(mn+1)° (mau thudn véi S 1a s& chinh
phuong).
Néu m =1 thi
Véin>2thi (n+1)" <S <(n+2)" (mau thun véi S 1a s8 chinh phuong).
Véin =2 thi S =8 khong phai 1a s6 chinh phuong
Vay phai c6 m =n.

Bai 118. Do x; y la cac s6 nguyén 1én hon 1 nén x; y >2
= —dxy+1<-7x+7y<4dxy+1
= 4x2y2 —dxy+1< 4x2y2 —7x+7y< 4xzy2 +4xy +1
= (2xy - 1)2 <dx*y? —7x+7y< (2xy + 1)2 .
Ma 4x*y? —7x +7y 1a s8 chinh phwong va 1< 2xy —1<2xy +1;
nén ta cé 4x?y* —7x+7y= (ny)z & x =y, diéu phai chitng minh.

Bai 119. Cho biéu thite A=(m+ n)2 +3m+n véim, nla cac sd nguyén duong. Chirng minh
rang néu A 1a mot s chinh phuong thi n® +1 chia hét cho m.

Do m, n 14 cc s8 nguyén duong nén ta c6 (n+1)° <(m+n)" +3m+n<(m+n+2)°.

Do d6 (m+n)’ < A<(m+n+2)°". Ma A la s& chinh phuong nén ta dugc A=(m+n+1)".
Do dé (m+n) +3m+n=(m+n+1)° =3m+n=2(m+n)+1=>m=n+1..

Tir d6 suy ra n° +1=(n+1)(n* —n+1)=m(n* —n+1):m..

Bai s6 120. Gia st b? —4ac 1a s6 chinh phuong thi b?—4ac=k* v6i ke N". Ta co:
4aabc = 4002’ +40ab + 4ac = 4002’ +40ab +b” —k* = (20a+b+k)(20a+b k).

Vi abc 1a s8 nguyén td nén c#0 va ac>0.Do dé b>k = 20a+b+k >20a+b-k > 20a.
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(20a+b+k)(20a+b—k)

Suy ra abc = 1 =m.n.Ma 20a+b+k,20a+b—k déuléon hon 4a nén
a
m,n>1 suy ra abc 1a hop s8, mau thuln véi gia thiét.
Bai 121.
n+1)(4n+3 « ’ A s
Dat M: k? < (n+1)(3n +1):3k2(k eN ), cdc s6 n+1,4n+3 nguyén to cung

nhau va sd 4n+3 khong phai la s6 chinh phuong (sd chinh phwong chia 4 chi c6 thé duw 0
n+l=a’

4n+3=3p’
4a’ -3p* =1< (2a-1)(2a+1)=3b* do 2a-1,2a+1 nguyén td cing nhau nén ta cd cac kha

hodc 1 nén suy ra { voi (a,be N*). Tt d6 ta cé:

nang xay ra nhu sau:
2a-1=3%°
THI1: = y?-3x* =2 = y? chia 3 du 2 (loai)
2a+1=y?
2a—-1=x*
2a+1=3y?

+Né&u x chan thisuy ra y chdn suy ra 3y?—x* chia hét cho 4, ma 2 khong chia hét cho 4

TH2: { =3y’ —x* =2(*).

nén diéu nay khong thé xay ra.
+Néu x 1é thi suy ra x khong chia hét cho 3. Do n+1=a*2a-1=x* nén n nho nhat khi
va chi khi a nho nhat dan dén x nho nhat.

(n+1)(4n+3) 169.657

Xét x =5 khi d6 ta tinh dugc a=13,n =168, =(13.15)° thoa man

diéu kién. Vay gid tri n nho nhat can tim 1a 168.
Bai 122.
Giad stt x> +3xy+y? =m’ véi m 1a sd tu nhién khac 0.
Ta thdy rang: Néu ca 2 s3 x,y khong chia hét cho 3 thi x°,y* chia 3 dw 1. Suy ra
x* +y’chia 3 dw 2dan dén m? chia 3 dw 2 diéu nay khong thé xay ra. Vi mot s chinh
phuong chia 3chi c6 thé dw 0 hodc 1. Tt d6 suy ra trong hai sO X,y phai co 1 s6 chia hét
cho 3.Giastrsd ddla x thi x=3 (do x la sd nguyén t0). Thay vao ta co:
y?+9y+9=m’ < 4y® +36y+36 =4m* hay
(2y+9)° —4m? =45 < (2y+9—2m)(2y +9+2m) = 45=1.45 = 3.15 = 5.9. Giai cac truong hop
ta thu duoc cap s6 (x;y) thoa man diéu kién la (x;y)=(3;7),(7;3).
Bai 123.
Vi 2y -1 la s6 chinh phuong 1é nén x 1a so lé.
Goi d =(2y—x,6y+x) véi d eN,d lé.
2y —x:d 2y—X+6y+x:d 8y:d y:d

Suy ra — L& LS

{6y+x:d {3(2y—x)—(6y+x)zd {—4x:d {x:d
Mt khéc cling tir gia thiét ta suy ra (2y-1)° =d? =2y -1id ma y:d = d eU (1)=>d =1,
hay (2y—x,6y+x)=1 tit d6 suy ra 2y —x,6y + x déu 1a s& chinh phuong.
Céch ra dé bai khac:
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Cho céc s6 nguyén dwong x,y thoa man y>x va x°+4xy-8y’-4y+1=0. Chtng minh
2y —x 1a s chinh phuong.

Bai 124.
a=md

bit (a,b)=d<<b=nd .Vi(ab,c)=1=(c,d)=1 thay vao diéu kién ban dau ta co:
(mn)=1

= m.n

c, ddat c=mnk véi k nguyén duong

cm—cn:m c:m
dmn:c(m—n):cm—cn: =

cm-—cn:n c:n
thi ta suy ra dmn=c(m-n)<d=k(m-n)=d:k ma k|C:>k=1 nén d =m-n nén
a-b=d(m-n)=d? la mot s6 chinh phuong.

X =md
Bai 125. Dat (x,y)=d =< y=nd . Thay vao diéu kién bai toan ta cé:

(mn)=LmneN
d’mn=xy|x*+y*—x=d(dm’ +dn’ —m) = dmn| dm® +dn’-m .
Tt d6 suy ra d|m (1).
Ta ciing c6 dm”+dn’—mim=>dn*im do (m,n)=1=(m,n*)=1.
Suy ra m|d (2).
Ttr (1) va (2) suy ra d =m nén x=dm=d? 1a sd chinh phuwong.
Bai 126. Ta viét lai gia thiét thanh 4c¢” =c*+ab+bc+ca=(c+a)(c+b).
bit (a+c;b+c)=d=a+c—(b+c):id=a-bid.
Vi a-b lasd nguyén tonén d =a—b hoac d =1.
+Néu d =1 thi a+c,b+c la hai s6 nguyén t& cung nhau suy ra a+c,b+c la hai s6 chinh
phuwong. Dat a+c=m?,b+c=n’ véi mneZ. Khi 46 m’-n’=a-b la s6 nguyén td hay
(m—n)(m+n) lasdnguyéntd = m-n=1=>m=n+1 nén
4c*=m’n® = 2c=mn=8c+1=4mn+1=4n(n+1)+1=(2n+1)".
+Néu d=a—b thi a+c=(a-b)x,b+c=(a-b)y véi x,y e Z. Khi d6
a—b=(a+c)—(b+c)=(a-b)x—(a-b)y=(a-b)(x—y)=x-y=1=x=y+1.Khi dd
4c? =(a+c)(b+c)=(a-b)’ xy=(a-b) y(y+1) suy ra y(y+1) la s§ chinh phuong nén
y(y+1)=0=c=0=8c+1 la sd chinh phuong. (Chu y: Tich hai s tw nhién lién tiép la s&
chinh phuwong khi va chi khi tich &6 bang 0).
8n+1= x>
24n+1=y?
Khi d6 8n+3=4x"-y*=(2x+y)(2x-y). Do d6 2x+y>2x-y vi vay néu 8n+3 la sd

Bai 127. Gia st { véi X,y 1a cac s6 nguyén duong.

nguyeén t6 thi diéu kién la 2x—y=1= y =2x-1 khi d6

n=1

Diéu nay mau thuan véi diéu kién n 1a s6 nguyén dwong 16n hon 1. Vay 8n+3 1a hop s6.

2 2 2 n:O
24n+1:(2x—1) & X :x+6n:>8n+1:x+6n<:>x:2n+1:8n+1:(2n+1) =
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Bai 128. Vi ¢ va d la hai s§ nguyén lién tiép nén d=c+1 thay vao dang thikc
a—b=a’c—b’d tadugc a-b=a’c-b’*(c+1)< (a-b)[c(a+b)-1]=b?

Dé dang ching minh (a—b,c(a+b)-1)=1 nén |a—b| phaila s§ chinh phuong.

Bai 129. Tr a® +b*+c®=(a-b) +(b—c)" +(c—a)’, suy ra a*+b*+c* =2(ab+bc+ca) (1)
Tir (1) = (a+b+c)” =4(ab+bc+ca)

Vi (a+b+ 0)2 va 4 1a nhiing s chinh phuong nén ab+bc+ca phaila sd chinh phuong.

(1) = (a+b-c)’ =4ab

Vi (a+b—c)” va 4 1anhiing s8 chinh phuong nén ab 1a s§ chinh phuong.

(1) = (b+c—a)’ =4bc

Vi (b+c—a)” va 4 lanhiing s§ chinh phuong nén be 1a s3 chinh phuong.

(1) = (c+a—b)" = 4ca

Vi (c+a-b)” va 4 1a nhiing s§ chinh phuong nén ca 14 s3 chinh phuong.

a-1

Jtaco10"=9a+1va11.1°=2~—,
-7 10

_ 2 2 2 2
Suy ra A:(3a)2+[5.a1—01.(9a+1)+4a2}=9a2+(9a 1) :(96‘ +1j .

10" -1

Bai 130. Dat a=11..1° =
n

2 2

9a’+1

Vi a lé nén la s6 nguyén. Suy ra A la s6 chinh phuong.

Ta co thé tinh cu thé nhu sau:
9a’-1 1 [Llo” —1j2 . 1] 10 -2.10"+10 10"(10"-10) 8(10" 1)

+ +1
2 2 3 18 18 18

n-1_ n-1_
=5.10”.10 1+4.:LO 1+1=55...5.1O"+44...4+1=55...5+44...45.
ey S ST I

9 n-1 n-1 n-1 n-1

Nhuw vay A=33..3°55...5.10" + 44...4° =55...544...45
—_— = —_— e e Ve

n n-1 n n-1 n-1

An+9=x°
9n+10=y?
Suy ra 9x* —4y* =9(4n+9)-4(9n+10) =41< (3x-2y)(3x+2y) =41
3x-2y=1
3x+2y=41

Bai 131. Theo gia thiét, ton tai cdc s6 nguyén duong X,y sao cho {
Vi 41 la s6 nguyeén t6 va 3x—2y <3x+ 2y nén chi xay ra {

Tt d6 tim dugc x=7;y=10.Suy ra n=10.

Bai 132. Giaistr 3" +144=1° v6i | e N. Suy ra (I +12)(| —12)23”.
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[+12=3°
Suyra 11-12=3° suy ra 3* —3° =24 hay 3** -3"" =8. Vi 8 khong chia hét cho 3 nén
a,beN,a+b=n

phaicé b=1.Suyra a=3 va n=4.

Bai 133.
Gidi st 3" +63=k*. Néu n 1é thi 3" +63=3+63=2(mod4). Suy ra k? =2(mod4) (loai)
Néu n chin dat n=2m v6i me N, khi d6 k*-3"" =63 <> (k-3")(k+3")=7.9
Vi k—3"=k+3"(mod3) nén suy ra ca k+3" va k—3" déu chia hét cho 3.
. o . k-3"=3

Hon nita k—3" <k +3" chi xay ra kha nang

k+3"=3.7
Ttr d6 tim dugc m=12 va m=2. Suy ra n=4.

Bai 134. Gia st ta c6 thé thém n(n>0) vao gitta chit s6 6 va chit s 8 trong s6 1681 dé thu
duoc moét sd chinh phuwong. Khi d6 ton tai s6 nguyén duong k sao cho:
16.10"? +81=k* < (k—9)(k+9) =2""5""% Suy ra k+9,k -9 chi cé udc nguyén t& la 2 hodc
5. Hon nira k lé va (k+9)—(k-9)=18=2.3" nén (k+9,k—-9)=2. Chi xdy ra hai truong
hop sau:

k—9=25"2  (k+9=25"

hoac
k+9=2"° k—9=2"°

Trong ca hai truong hop ta co: [2.5"% —2"*

=18 [255"-16.2"| =9
biéu nay khong xay ra vi 25.5" -16.2" > 25.2" -16.2" =9.2" > 9.

Bai 135. Gia st s6 tw nhién n théa man dé bai. Khi d6 ton tai so nguyén duong k sao cho:
Q12 | 92015 L on _ 2 oy 92012 L on _ 2 oy (k +3.21006)(k _3.21006) —on

k+3.21%° =2°
Suyra {k+32%°=2"  suyra 2*-2°=3.2"" hay 2°(2°"-1)=3.2""".
a,beN,a+b=n
b-1=1006 {b =1007

P < n=2016.
22 _1=3 a=1009

Suy ra {

Bai 136. Gia sit 2" +3" =k’ k e N. Néu m 1é thi 2" EZ(mod3). Suy ra n=0.Do do
(k+1)(k—1)=2". Ta thay k lé (k+1k-1)=2 nén chi c6 thé€ xdy ra k—-1=2 va k+1=2""
Tir d6 tim dwoc k=3, m=3.
k+2°=3°
Néu m chin, dit m=2s,se N. Ta cé: (k+25)(k—25):2”.5uyra k—2°=3
a,beN,a+b=n
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Suy ra 3*-3"=2"". Vi 2°" khong chia hét cho 3 nén phai c6 b=0,a=n. Nhu vay
3 -1=2%"

Néu s=0 thi n=1m=0

Néu s>0 thi 3"=2""+1=1(mod4) nén n chan.

Dit n=2t,te N khido (3 +1)(3' -1)=2"".

Ta thdy (3'+1,3' ~1)=2 nén phai c6 3 -1=2;3'+1=2"

T d6 tim duwoc t=1,s=2,n=2,m=4.

Vay c6 ba cip sd thoa man dé baila (m,n)=(0,1);(3,0);(4,2).

Bai 137. Gia st 2".5"+25=1% v6i | e N. Suy ra (1+5)(1-5)=2"5".

Vi (I1+5)—(1-5)=10=2.5 nén suy ra ca hai s6 | +5 va | -5 cling chia hét cho 2 va 5.
Suy ra (1+5,1-5)=10. Xay ra c4c truong hop sau:

. 1+5=10 _
Truong hop 1: {I e _qpom2gn? (loai)
Truong hop 2: {I +5=102" :
|-5=105""
Suy ra 2" =5"?+1.Vi 5" +1=2(mod4) nén phai c6 m=3,n=2.
Truong hop 3: {I +5=108" .
| -5=10.2""

Suy ra 5"°-1=2""?.Néu m>5 thi 5"*-1=2""7:8.Suy ra n—2 chdn, dit n—-2=2k, ke N.
Khi d6 (5" -1)(5" +1)=2"".

Vi (5%, 5*) = 2 nén phai c6 5* ~1=2 (loai). Vi m<4, thir tryc tiép ta thy m=4,n=3
théa man.

| +5=10.2""%5""

1-5=10 '

Suyra |l =15 va 2"?5"?=2.Suyram=3,n=2.

Vay ¢6 hai cdp s6 thoa man dé baila (m, n)=(3; 2), (4; 3).

Bai 138.

Khong mat tinh tong quét ta gid st: X<y vi y> <y*+3x<y*+3y<y’+4y+4 :(y+2)2.

Truong hop 4: {

= y2+3x=(y+1)’ < 3x=2y+1. Biy gid ta cin tim diéu kién dé:

X’ +3y =m’ < 16x° +48y =16m’ < 16X + 24(3x —1) =16m* < (4x +9)2 —16m* =105 hay
(4x—4y+9)(4x+4y+9)=1.105=3.35=5.21="7.15. Giai cdc truong hop trén ta thu duoc bd
s6 (x; y) thoa man diéu kién la (x; y)=(L 1), (11;16), (16; 11).

Bai 139.

a) Ta thdy 2n+1 1a s6 chinh phuong 1é nén 2n+1 tan cung bdi cac cht s 1, 5,9 suy ra n
c6 chit sO tan cung 1a 0, 2, 4. Mat khac 3n+1 cling 1a s6 chinh phuong nén n chi c6 thé tan
cung boi 0. Suy ra n:5.

Khi n tan cungla 0 thi 2n+1, 3n+1 déu la s6 chinh phuong lé.
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Suy ra 3n+1=(2k +1)° = 3n =4k (k +1):8 hay n:8 ma (5, 8)=1=n:40.
b) Tir két qua ciu a suy ra ab =40 hodc ab=80 thit lai ta thiy chi c6 ab=40 thoa man diéu
kién bai toan.
Bai 141.
a) Ta xét N>1008. Gia str 4" +4* +4" =y* véi yeN". Hay 4% (4+4° +4" %)= y* do
4% = (4 )2 suy ra 4+4” +4™% 13 s§ chinh phwong chin, hay 4+4° +4"% = (2k +2)° véi
keN.
Taco: 4+47°+4"% = (2k+2)" < 47 +4™ =k (k+1) < 477 (1+4™ ) =k (k +1).
~ PR \ \ A2 47 =k 977 _ 4n-1008 1A
Néu k 1a so chan thi k+1 la so lé suy ra =47 =4 =n=1985 thw lai
1+4™% =k +1
ta thdy khong théa man.
47 =k +1

1+4™% =k
Khi n=1984 thi 4% + 41 4 419 = 22 4 22016 | 92968 _ (914, pio%t )2 dpem.

b) Khéng mat tinh tong quat ta gida st x<y <z.Dat 4 +4” + 47 =u’® thé thi
27 (1+ 47 + 47 ) =0,

TH1: Néu 1+ 4" +4** la s0 1é thi

1447 447 =(2k+1)" © 47 +477 =k (k+1) 477 (14477 ) =k (k +1).

Néu k 1é thi { = 47 = 4710 1 2 = 401 < 4% = n <1985 hay n<1984.

- 4y—x—1 — k
+Neéu k chan thi k+1 lasd1é suy ra S =4 = 7=2y—x-1va
1+47 =k+1
B 14 =4 4 42 2 (20 2
47 =k +1

+Néu k 1é thi k+1 chdn suy ra { e Ny I L | (*) do

1+477 =k
2x—2y—11as6 1é ludon khac 0. Nén (*) khong thé xay ra.

TH2: Néu 1+4' ™ +4°* 1a s6 chan thi y = x hodc z =x. Ttr d6 ta suy ra phai c6 x=y dan
dén: 2+4" la s6 chinh phuong. Diéu nay la v6 ly vi mét s6 chinh phuong chia cho 4 chi
cO thé du 0 hoac 1. Con 2+4* chia cho 4 du 2 hoac 3.

Tém lai: Diéu kién d€ 4" +4Y +4* 1a s6 chinh phuong la: z=2y—-x-1.

Ap dung vao cau a) ta cé6: n=2.1008-31-1=1984.

Bai 142. Vi d 1a mot wdc ctia 3n° = d.k =3n?, ta cd n*+d =n’ +% 1a s8 chinh phuong véi

n’k (k +3)

k>0, keN ticla 2 1a s8 chinh phuong suy ra k(k +3) 1a s& chinh phuong.

2k +3-2m=1 {kzl

bit k(k+3)=m’ = (2k+3+2m)(2k +3-2m)=9= = )
2k +3+2m=9 m=2

Bai 143. Néu m=n thi ta c6 diéu phai chitng minh.

m+n=2X m = X
* y(x,yeZ,x>0,y¢0)khidétacé{ Y

Xét m#n tadét{
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{x+y>0
suy ra
X—y>0
Do n®-1: |m2—n2+1| suy ra —(m*—n? 1)+ m?: |m2—n2+1|:m25|m2—n2+1|.Suy ra

m* =k(m?>=n”+1) (1) (v6i keZ).
Thay m=x+y,n=x-Yy taco: (X+Y)* =k(4xy +1) < x* = 2k(2k =1)xy + y* =k =0 (*). Phuong
trinh (*) c6 1 nghiém la X € Z nén c6 mot nghiém nita la x,. Theo hé thitc Vi-et ta co:

X+ X =2(2k -1)

{xxlzyz—k
+Néu x, > 0= (x;Y) la cdp nghiém théa man (*) suy
rax, >yl y? -k =xx > yf=y?* =k <0= x +x=2(2k -1) <0 mau thuan.
+Néu x, <0thi xx, =y*~k<0=>k>y*=k>0=4xy+1>0=y>0.Tacd:
k=x2-202k-1)xy+y>=x2+2(2k -1)| x | y+y? > 2(2k -1) | x, | y = 2(2k —1) > k mau thuan.

= x>yl

teday suyra x €Z.

2 2
Vay x, =0.Khido6 k=y? va m2—n2+1=m7=[mj nén |m2—n2+1| 12 s6 chinh phuong.
y
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CHU PE 5. UNG DUNG CUA PONG DU THUC
TRONG GIAI TOAN SO HOC

Bai 1.

Tac 4°=64 =1 (mod 9) = 4= (4*)" = 1(mod 9)

Miit khac 42=16 = 7(mod 9) = 42018 = 42016 42 = 1.7 (mod 9)

Vay 4% -7 =0(mod9) hay 4*%-7 : 9.

Bai 2.

Truong hop 1:

V6i n=2= A=1}(2-1)" luén ding

Truong hop 2:

Véin>2= A=n’ (n"’2 —1)+(n —1)=n*(n —1)(n“’3 +n"* +...+1)+(n -1)
=(n=1)(n"* +n"? +..+n? +1)

Mat khac

n=1(mod(n-1))= n* =1(mod(n-1))(vk e N)
=n"!'+n"? +..+n’ =n-2(mod(n-1))
=n""+..+n’ +1=n-1(mod(n-1))
n"*+..+n?+1=0(mod(n-1))(1)

= (n=1)(n"* +..+n’ +1)Eo(mod(n—l)2)

= A=(n"-n’+n-1)i(n-1)’

Bai 3.

Trwong hop 1:

V6i n=0=9" +1=2 khong chia hét cho 100.

hodc N =1= 9" +1=10 khong chia hét cho 100.

Trwong hop 2:

n>2 Ta di xét 2 kha nang sau:

Kha nang 1:

Véinchin n=2k(k e N*)=9"+1=9% +1=2(mod10)

= (9n +1) khéng chia hét cho 10.= (9n +1) khoéng chia hét cho 100.

Kha nang 2:
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Véinle n=2k+1(neN*)=9"+1=9.81" +1=2(mod4)

= (9n +1) khéng chia hét cho 4.= (9n +1) khoéng chia hét cho 100.
Bai 4.
Tacéa=a,a,,..

a)Taco 10 = I(mod 3) dodd ai. 10 = ai(mod 3) ,i=1;2;3; .., n

a8, =an10"+an1.10™ + ..+ a1.10 + ao .

Do d6 an.10" + an-1.10™! + ...+ 21.10 + a0 = (an + an1+ ...+ a1 + ao) (mod 3)
Vaya: 3 < an+anit..+ai+ao= 0 (mod 3)
& antanit..tartao: 3.

b) Tacé102=100 = 0 (mod 4) = a.. 10' = 0 (mod 4),i=2;3; .., n
= an.10" + an1.10™! + ...+ 21.10 + a0 = (a1.10 + ao) (mod 4)
Viya:4 < an1l0+ac=0(mod4) < aa, : 4.
Bai 5. Ta c6 124 = 4.31=> A=0(mod 4)
Do vay d€ chtiing minh A:124 ta di chtng minh A:31
That vay : 1924 = 2(mod31);1920 = —2(mod31) = A= 22" —2(mod31)(*)
Mit khac : 2° =32=1(mod31). Ta di tim s& du ctia 2003°*" khi chia chob.

2004" =0(mod 4) = 2004" = 4k = 20037 = 2003
2003 =3(mod5) = 2003" = 3* =81 =1(mod5)
= 2003 =1(mod5) = 2003**" =5m+1
= 22 =27 = 2,(2°)" =2(mod31)
Thay vao (*) tac6 A=0(mod31)= A:31
Bai 6.

a) Tim chi s6 tan cung ctia mot s6 1a tim du trong phép chia s6 d6 cho 10. Vi 9+ 1=
9.81" = 9(mod 10). Do 9 1a s6 1é nén so 9% 6 chit s6 tan cungla9.

b) Tim hai chit s6 tan cuing ctia mot s6 la tim du trong phép chia s6 d6 cho 100.

Tacé 3¢=81 = —19(mod 100) = 3% = (- 19)%(mod 100)
Ma (- 19%2=361 = 61(mod 100) Vay 3° = 61(mod 100)

310 = 61.9 = 549 = 49 (mod 100)

3% = 492 = 01 (mod 100)  ( do 492 = 2401 = 24.100 + 1)
Do d6 3" = 01 (mod 100) nghia la hai ch@ s6 sau cung cua 3'%° la 01.
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Bai 7. Véi nhitng bai toan dang nay, phuong phap chung la tinh toan dé di déna = b
(mod m) véi b 1a s6 ¢d tri tuyét d6i nho nhat cd thé duoc (t6t nhat 1la b = +1) tie d6 tinh
duwoc thuan loi a® = b" (mod m)
a) 8! =1.2.3.4.5.6.7.8.
Tac63.4=12 =1 (mod 11);2.6=12 = 1 (mod 11) ;7.8 = 1 (mod 11) Vay 8! =5 (mod 11)
= 8! —1= 4 (mod 11). S6 du trong phép chia 8! -1 cho 11 1a 4.
b) 2014 = -1 (mod 5) = 2014 = -1 (mod 5)
2016 = 1 (mod 5) = 2016** =1 (mod 5) ; 2018 = 3 (mod 5)
2014215 + 201625 + 2018 = 3 (mod 5).
€) 22°=1(mod7) = 2%¥=(2 4 =4 (mod?7)
41= -1 (mod7) = 41% = (-1)® = -1 (mod 7)
20+ 419 =4-1 = 3 (mod 7).
d)1°=1(mod4); 3>=-1(mod4); 5°=1(mod4) ;..;
97° = 1 (mod 4); 99° = -1 (mod 4). Paps6 :Du0.

Bai 8. a) 1532 = 2 (mod 9) = 1532% = 25 = 5 (mod 9)
—=1532°-4 =1 (mod 9)
b)25=32 = 7 (mod 25) = 210=(252 = 72 = — 1 (mod 25).
2200 = (210200 = (— 120 = 1 (mod 25).
€) 2014 = 155.13 = 1 nén 2014 = — 1 (mod 13); 20152¢=2k +1 (ke N)
= 2014%5" = (1)1 = —1 (mod 13). Dép s8: du 12.
Bai 9. a) Ta cé 35%=1225=425.3 - 50 = —-50(mod 425)
35% =352 35 = -50. 35 = — 1750 = —50(mod 425)
35%=(352) = (- 50)2 = 2500 = —50(mod 425)
Tuwong tw voi 35%; 35'¢; 35%2. Tie d6 ¢ A = -100(mod 425).
Hay s6 du trong phép chia A cho 425 la 325.
b) Ta ¢6 10° = 7.14285 + 5 = 5(mod 7); 105 =5.10 = 1(mod 7);
10"-4=99..96 = 0(mod 2) va 99..96 = 0(mod 3) = 10" -4 = O(mod 6)

n-15'9 n-15'9
= 10n=4(mod 6) va1l0"=6k +4 (k, n € N*).
Dod6 10°" =10%** = (10°)".10* =10*(mod 7)
Vay B = 104 +104+10* +... +10¢ = 10.10¢ = 10° = 5(mod 7).
Bai 10. a) Ta tim duw trong phép chia s6 d6 cho 10.
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Vi4?= 6(mod 10) nén 45 =40 = (4%)*4 = 64 = 4(mod 10) = chi sO tan cung la 4.
b) Ta tim du trong phép chia s6 d6 cho 100. Theo vi du 3 chuyén dé 26 ta da ¢ 3'%° = 01

(mod 100) nghia la hai chit s6 sau cung ctia 3'%° la 01. S6 3'%° la boi sO ctia 3 nén chit s6 hang
trdm ctia no khi chia cho 3 phai ¢6 s6 du la 2 d€ chia ti€p thi 201 chia hét cho 3 (néu s6 du la 0
hay 1 thi 001; 101 déu khong chia hét cho 3). Vay s6 3% = 31 : 3 ¢4 hai chit s6 tan cling bang
201:3=67.

c¢) Ta tim du trong phép chia s6 dé cho 1000. Do 1000 =125.8 trudc hét ta tim s6 du cua 252
cho 125. Tir hang dang thuc:

(a+Db)>=a’+5a*hb + 10a°b? + 10a?b?® + 5ab* + b° ta c6 nhan xét néu a:25 thi (a + b)> = b>(mod
125).

Vi210=1024 = - 1(mod 25) nén 20=25k -1 (k € N).
Tir nhan xét trén ta c6 2% = (210 = (25k — 1) = — 1 (mod 125)
Vi véy 2512 = (2%0)10, 212 = (— 1)1, 222 = 212 (mod 125).
Do 212=210,22=1024. 4 = 244 = 96 (mod 125). Vay 252 = 96 (mod 125).
Hay 252=125m +96, me N . Do 2%2: 8,;96:8 nénm : 8 = m=8n(n € N).
2512=125. 8n + 96 = 1000n + 96. Vay ba chit s tan cuing ctia s6 2°21a 096.
Bai 11. b€ chting t6 a : m ta chitng minh a = 0 (mod m)

a)41=42-1=-1 (mod 7). Do d6 412® = (- 1) = — 1 (mod 7)
Hay 41205 = 6 (mod 7) = 41215 6= 0 (mod 7)

b) Ta c6 2¢=16 =1 (mod 15) = 24 =1 (mod 15) = 2#—1=0 (mod 15)
Do d6 241 -2 = 2(24n — 1) =0 (mod 15).

) Ta ¢6 3°=27 =1 (mod 13) ; 37 = (3.3 =3 (mod 13)

Ta c6 24 =3 (mod 13) = 26 = 12 = — 1 (mod 13)
27 = (26)12, 24 =3 (mod 13)

Do d6 37 — 276 =0 (mod 13)  hay 37— 27 :13

d) 341=11.31
*Tac62°=32 = -1(mod 11); 20=22-2 = -2 (mod 11)
Do d6 2015 = (- 2)55= (25 = 1(mod 11)
%2015 = (252, (5% = 1(mod 31) do 25= 1(mod 31) va 5°= 1(mod 31)
Do d6 20 = 1 (mod 11.31) hay 20% = 1 (mod 341) = 2051 : 341
Bai 12. 1890 = 0 (mod 7) ; 1945 = — 1 (mod 7) ; 2017 = 1 (mod 7)
18907 = 0 (mod 7) ; 1945255 = — 1 (mod 7) ; 20172 = 1 (mod 7) = dpem.
Bai 13. a)Ta c6 5555 = 793.7 + 4 = 4(mod 7); 2222 = 318.7 — 4= — 4(mod 7)
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— 55552222 + 22225555 = 42222 + (_ 4)5555 =_ 42222(43333_ 1) (mod 7)
Do 43% — 1 = [(43 )1111 — } ;4=64 =1 (mod 7) nén (4)""! =1 (mod 7)

Hay 4% -1 = 0 (mod 7) . Do d6 555522 + 22225 = 0 (mod 7) va
15554111 = (2. 7777)1111= 2111 77771111 = () (mod 7) = dpcm.

b) Ta 6 102 =2.3.17. Ta c6 (220 + 119 + 69)'2 = 0 (mod 102)
*220 = 0 (mod 2);119 = -1 (mod 2);69 = 1 (mod 2) = M = 0 (mod 2)
*220 =1 (mod 3); 119 = -1 (mod 3) ; 69 = 0 (mod 3) = M = 0 (mod 3)
*220 = -1(mod 17);119 = 0 (mod 17) ; 69 =1(mod 17) = M = 0 (mod 17)
D€y 119% va 69%° la cacs6 1é) ; = M = 0 (mod 2.3.17). Hay M : 102
Bai 14. Dat A =521 2041 4201 3041 Ta e A : 2, Vne N*;
Taco A=2n(521,2 +2n1 3m1) =20 (2501 10 +6"1,9)
Do 25= 6 (mod 19)= A= 2 (6"1.10 +6"'.9)= 2~.6"'. 19 = 0 (mod 19)
Hay A:19. Ma 2;19)=1 = A:19.2 = A: 38.

Bai15.Tacoa=a.a

nAn_1e

a)Tacd 10 = 1(mod 9) doddai. 10' = ai(mod 9),i=1;2;3;..;,n

2,8, =an.10"+ an1.10"! + ..+ a1.10 + a0 .

Do d6 a = (an+ an1t ...+ a1+ ao) (mod 9). Vay
a:9 < antantt..tartar=0(mod9) < antanit+..tartao:9.
b) Ta c6 10?=100 = 0 (mod 25) = ai. 10' = 0 (mod 25),i=2; 3; ..., n.
= a = (a1.10 + ao) (mod 25).
Vaya:25 < an10+ao=0(mod25) < aga, : 25.
¢)Do 10 = -1 (mod 11) = ai. 10' = ai .(—~ 1)' (mod 11)
a=(a+ta +as +..)—(artas+as+.)(mod11)
Dodba: 1l < (ao+a2 +as +..)—(a1+as+as+.) =0 (mod 11)
Tiec 14 hiéu ctia tong cac chir s8 & vi tri 1é va tdng cac chit s6 & vi tri chén bang 0.
d) Taco 10°= 1000 = 0 (mod 8) = ai. 10' = 0 (mod 8),i=3;4; .., n.
= a = (a2 10>+ a1.10 + ao) (mod 8).
Vaya:8 < a. 10+ ar. 10+ao= 0 (mod 8) < a,aa, : 8.
Bai 16. Theo dinh ly Fermat bé, do 11 la s6 nguyén t& nén ta co
210 = 1 (mod 11) = 2! = 1 (mod 11)
= 210n+1=D 21 = 2 (mod 22) = 21n+1=22k +2 (k € N)
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210 n+l

Do 23 1a s6 nguyén t& ta cling 6 22 =1(mod23) = 2° =2"?=4.2%"= 4 (mod 23) =
22" $19 =4+19 = 0 (mod 23) Ttcla A 23. Ma A>23, Vn >1 nén A la hop s6.
Bai 17. Theo dinh ly Wilson : V6i moi s6 nguyén t6 p thi (p — 1)! =-1 (mod p).
Do 13 nguyén t§ nén 12! =—1 (mod 13) = (12!)" = (-1)®= -1 (mod 13).
Ta c62016=13.155+1 = 1 (mod 13) = 2016215 = 1 (mod 13).
DoddB= (12!)°+201625 = 0 (mod 13). Hay B : 13.
Bai 18. a) Theo Dinh ly Fermat bé, do 7 1a s6 nguyén t6 nén 2° = 1 (mod 7).
Tacé 4 =1(mod3) = 4" =1 (mod 3) = 24" = 2 (mod 6) . Nghia la
w1229 =2 4 =2 (mod 6) = 22+1=6k+2 , (ke N)
Miit khdc 2% = (292 =80 = 1 (mod 7) = 3.2 = 3 (mod 7).
Do d6 22" +3.2% = 26k+243 = 22 (26)k+ 3 = 221+ 3 = 0 (mod 7).

b) Do 11 la s6 nguyén t6 nén 21° = 1 (mod 11)

Tacd 16 =1 (mod 5) = 16" = 1 (mod 5) = 2.16" = 2 (mod 10). Nghiala 2 +1=2(24) =
2.16" =2 (mod 10) = 2*+1=10k+2 , (ke N)

Matkhac 12 = 1 (mod 11) = 12>*'= 1 (mod 11) = 2.12>*! = 2 (mod 11);
Do 10?=1 (mod 11) =10* =1 (mod 11) = 5.10> = 5 (mod 11).
Vithe 22" 42,125 +510%" = 21%+242 45 =22+ 7 = 0 (mod 11).
Bai19. a) Taco72=89va (8;9)=1.
*63 = 0 (mod 9); khi n=2 thi 3» = 0 (mod 9) do d6 3~ + 63= 0 (mod 9).
*Mat khac, véin=2k (ke N*) thi 3n—1=3*-1=9-1=1k-1
= 0 (mod 8) dodd 3" +63=3"-1+64 =0 (mod 8).
Vay véin=2k (keN*)thi 3n+63: 72.
b) Tac6323=17.19va (17, 19) = 1.

*A=20"-1)+(16"-3") = P+ Q.

Ta c6 20" = 1(mod 19) = P = 0 (mod 19).

Néun=2k (ke N*) thi Q=16%—3% = (~3)%—3% =3%_3%= ( (mod 19) = A=P+Q = 0 (mod
19)

*A=Q20"-3")+(16n-1)= P+ Q’
20"= 3" (mod 17). Do d6 P’ = 20" — 3~ = 0 (mod 17).
Néun=2k (keN*)thiQ =16*-1=(-1)*-1=1-1= 0 (mod 17)
=A=P+Q =0(mod17). Do (17;19)=1nén A = 0 (mod 17.19).
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Vay véin=2k (keN*)thi A=20"+16"-3"-1 : 323.
Bai 20. Theo dinh ly Fermat bé ta ¢4 2° = 2 (mod p) nénnéu 2 = — 1 (mod p) thitac63 = 0
(modp) = p=3.
Mat khackhi p=3 thi2*+1=9 = 0 (mod 3). Vay p=31asd can tim.
Bai 21. Véip =3 thi p? +20 =29 la s6 nguyén t0.
Véip # 3thip? =1 (mod 3) nén p>+20 =21 = 0 (mod 3).
Vay p?+20 : 3 mat khac p>+20 >3 nén p>+20 1a hop s6 . Vay chi ¢6 1 s6 nguyén t6 can
timla p=3.
Bai 22. V6i a,b eN*. Néuab : p this6 abP— bar: p
Néu ab / p thi(a, p) = (b, p) =1. Do d6 a*'! = br'=1 (mod p) =

ar!l— brl=0(modp) = ab(ar'- br?!) =0 (mod p)

= abP- bar=0(mod p) hay abP— bar: p, Va, b eN*

Bai 23.a) Giastta,b,c € Z maa?+b?+c2 =7 (mod 8).
Tacda=0;£1;,£2;, £3; 4(mod 8) = a2 =0;1;4 (mod 8)
= b2+ 2 =7;6;3 (mod 8). Diéunay voly vi b? = 0;1;4 (mod 8) vac? = 0; 1;4 (mod 8)
= b*+c2=0;1;2,4;,5(mod 8).
Vay a%+b?+c2 £7 (mod 8).

b) Ap dung cdua)tacod véi x,y,z € Z

4x2 +y? + 922 = (2x)? + y2 + (3z)? #7 (mod 8).

Ma 2015=8.251+7 =7 (mod 8)

Vay phuong trinh da cho khong cé nghiém nguyeén.
Bai 24. Ta c6 2011 = 11 (mod 100) ; 112 = 21 (mod 100) ; 11° = 31 (mod 100);
11° = 21.31 = 51 (mod 100) = 11 = 512 = 1 (mod 100).
Ta co 20102 = 0 (mod 10) = 2010**=10k (k € Z)

— 2011%°°"" = 20111 = 111 = (1119 = 1 (mod 100). Do d6 hai chit s tan ciing 1253 01.
Bai 25. Bai toan c6 nhiéu cach giai. Sau day la cach giai theo dong du thic:

*Taco Vn eN*thin®—n =0(mod 30)  (vidu 8 chuyén dé 26 da chiing minh)

A = (2012 _ q2008) 4 (H2012 _ p2008) 4 (2012 _ (2008)

A =a? (a5 — a) + b2 (b5 — b) + 27 (5 — ¢)

Ta coa’—a =0 (mod 30) = a*" (a®—a) =0 (mod 30)

Tuong tw b7 (b°>-b) = 0 (mod 30) ; ¢ (c® - ¢) =0 (mod 30)

Vay A = 0(mod 30). Hay A i30.
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Bai 26. Gia st ton tai b0 ba s6 nguyén (x; y ; z) théa man x* + y*=7z*+5
o xi+yi+zi=820+5 (1),
Xét véi mot s8 nguyén a bat ky thi néu a chdn thia =2k (ke Z)

= a*=16k* = 0 (mod 8); néu alé thia*= (2k + 1)*=1 (mod 8)
Dodéxt+y* +2z4 =0;1;2;3 (mod 8). Trong khi d6 8z* + 5 =5 (mod 8) mau thuan vdi (1).
Vay khong ton tai cac bo ba s8 nguyén (x; y; z) thdéa man dang thike x4 + y*="7z* +5.
Bai 27. Ta c6 412 = (40 + 12 =402+ 80 + 1 =81 (mod 100)

414=812 = 6561 =61 (mod 100) =41° =61.41 = 1 (mod 100)

—411% =41, (415 = 41 (mod 100)
Mt khac 574= 10556001 = 1 (mod 100) = 572012 = (574 = 1 (mod 100)
Vithé A = 41+ 1(mod 100).
Do d6 hai chit s6 cudi cung ctia s A = 4110 + 572012 [3 42
Bai28.Doa+20:21 = a=1(mod3) va a =1 (mod?7)

b+13:21 = b =2(mod3) va b = 2 (mod?)

SuyraA=4"+9®+a+b=1+0+1+2=1(mod 3) = A = 10 (mod 3)
Xéta=3k+1;b=3q+2 vdik,qe Ntacd 4°=4%"1=4 64 = 4 (mod 7)
Ob=932 = 2342 = 4,84 = 4 (mod 7).
Dod6A=41+%+a+b=4+4+1+1=10(mod7) = A = 10 (mod 7)
A =10(mod 3)vaA =10 (mod 7) ma (3;7)=1nén A = 10 (mod 3.7)

Hay A = 10 (mod 21). Vay s6 du trong phép chia A cho 21 la 10.

Bai29. 23 = 1 (mod7) = (2% = 1 (mod 7) = 2%+1=2,(2%) = 2 (mod 7).
va 21 =22(2%)-1 = 4 (mod 7).

Nén A =2+4+1=0(mod7)nghiala A:7 Mavdine N*thi A>7.
Vay A lahop s0.

Bai 30.Vn eN* tacd 2012 = 0 (mod 2) ; 2013* = 1 (mod 2);

2014% = 0 (mod 2) ; 2015%=1(mod2). Dodé A =2 =0 (mod?2).
*Talaic6 2012 = 0 (mod 4) = 2012% = 0 (mod 4);

2014 = 2 (mod 4) = 20142 = 22= 0 (mod 4) = 2014%= (2014%2°=0 (mod 4)
Do 2013 = 1(mod4) = 2013* =1 (mod 4);

D02015 = — 1 (mod 4) = 2015% = (- 1)* =1 (mod 4)

Vay A = 2 (mod 4) nghiala A chiacho4du?2. TacdA:2;A [22; 21as6 nguyéntd. Vay A
khong 1a s6 chinh phwong Vn e N*.
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Ta c6
197 =(2.9+1
(-2)™° = (-2).222 = (-2).(2°)" 2 =(-4).(2*)"
Do
2°=1(mod9) = (2°)" =-1(mod9) = (-4)(2°)" =4(mod9) = 7 = 4(mod9)(2) Tir
(1) va (2) =197 + 7% + 9%% =5(mod9)(3)

)2003

=1(mod 2003)(1); 7" = (9-2)"" = 7 = (-2)""(mod 9) Mt khéc

Vi 1ap phuong cia mét sO tu nhién khi chia cho 9 chi ¢6 thé dw 1a 0,1,—-1 nén moi sd
nguyén X,Y,Z tacd: X° +y° +27° = (xf‘)3 +(y5)3 +(z5)3 =(-3);(-1);0;1;3(mod9)(4)

Tt (3) va (4) suy ra phuwong trinh khong c6 nghiém nguyén.

Bai 32.

Tacd z(z+3)=12"+3z

Mt khéc ta ludn ¢ 22 = O(mod 3) hodc z? = 1(mod 3)

Do d6 v6i moi z nguyén ta co :

z(z+3)=c(mod3);c e{0;1}(1)

Chttng min twong tw voi y,x

= X(x+3)+y(y+3)=d(mod3);d €{0;1;2}(2)

Lai d&y ring: X(x+3)+y(y+3)=(x*+y*)(mod3)(3)

Cht y rang néu p la s6 nguyén t& khac 3 thi p* =1(mod3). Do vay X,y dong thoi la cac
sO nguyén to khac 3 thi :

x* +y* =2(mod3)(4)

Két hop (1), (2), (3), (4) suy ra it nhat mot trong hai s6 x,y phai la 3. Do vai tro d6i xting ctia
X,y chon x=3

Khi x=3tacd:

18+y*+3y=2"+32118=2"+3z-y* -3y < 18=(z-y)(x+ y+3)(5)
Tez>0,y>0=>z+y+z>3=2-y>0.

Vi thé két hop voi (Z +y+ 3) —(Z — y) =2y +327 (doynguyén ton 16n hon 2). Nén ttr (5)

suy ra:
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{z+y+3:18 {y:7

z-y=1 z=38
=

Z+y+3=9 y=2

Z-y=2 z=4

Do tinh d6i xttng nén phuong trinh ¢6 4 nghiém nguyén duong :
(3,7:8):(7;3,8);(3;2;4);(2:3,4)

Bai 33. Ta phai tim s0 tu nhién r sao cho

0= r = (2013%16+ 201421 — 201521 )10 (mod 106)

Ta c6 2013 =106.19 - 1 = 2013= —1(mod 106) = 201326 = 1(mod 106)
2014=106.19 = 2014= 0 (mod 106) = 20142"¢= O(mod 106)
2015=106.19 + 1 = 2015= 1(mod 106) = 2015*¢= 1(mod 106)

Do d6 (20132016 + 2014216 — 2015216 )20= 0 (mod 106).

Bai 34. Do 5 la sd nguyén t6 nén theo Dinh ly Fermat bé ta cd: véia=1;2;3;4tacé a°
a(mod5) < a*=1(mod5) < a* =1 (mod 5).
Do do6 1% + 2% + 3% +4*%* =1+1+1+1 =4 (mod 5).
Ching tO 1%+ 2%+ 3% + 44 [ 5
Bai35.* Néup=2thi2"-n:2 vVn=2k (keN).
*Néup = 2 do(2;p)=1 nén theo dinh ly Fermat bé ta c6 :
201=1(modp) = 2r1-1=0(modp) = 2°¥ _1=0(modp).
Hayla 209" —1:ip (keN;k>2).
Mit khac (p - 1)% = (- 1) = 1 (mod p)

2k

p ip

Vay ton tai vo s s6 ty nhiénn c¢d dang n=(p-1)*, (VkeN; k> 2)saocho2"-n: p.

Bai 36. A =26%".Tacé 1000 = 8.125

Xét sO du ctia A khi chia cho 125, ta co:

6* =1(mod5) = 6" =5m+1 (meZ")
— A =26"" =26°™ = 62.(26° )”‘

Mt khéc 26° =1(mod125) = A = 26(mod125)
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= A =125k + 26 (k c z*)

Xét s8 du khi chia A cho 8, dé thay

Ai8=125k+26:8=>5k+2:8=>k=8m+6 (meZ')
= A =125(8m+6) + 26 =1000m + 776 = 776 (mod1000)

Vay ba chir s0 tan cung cta A 1a 776.

Bai37.Dat n=4m+r (m, reN, 0<r<3).Xét cic trudng hop cuar.
*r=0=n=4m

Khi dé

3" =81" =1(mod10)
= 3" +4n+1:10 < 16m+2:10 < 8m+1:5 < 3m+1:5 < m=5k+3 (ke N)

Ta dugc n =20k +12 (ke N)
*r=1l=>n=4m+1
Khi d6

3" =3.81" =3(mod10)
=3"+4n+1:10 < 16m+8:10 < 8m+4:5 < 3m+4:5< m=5k+2 (ke N)

Ta dugc n =20k +9 (keN)
Tuong tw xét cac treong hop con lai.
Bai 38. it A=n°+4n*-20n-48

Tacd A=(n—-4)(n+2)(n+6)

_ n =3(mod5)
Vi Ab=
n =4(mod5)
* n=3(mod5)

Khi d6 n—4/5 va n+6/5 nén n+2:125=n>123

* n=4(mod5)
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n—4:25

. _=>nx>19
n+6:25

Khi d6 n+225:{
Vay n =19 thoa man diéu kién dé bai.
Bai 39.
Dit A=(a*-1)(a"+15a° +1)
Ap dung dinh li Fermat ta c6:
a’ =1(mod5) va a° =1(mod7) do a khong chia hét cho 5 va 7.
Vi a‘=1(mod5)=a‘-1:5= A5
Lai co: A=a"+15a° —15a° —1=a’+15-15a° -1=0(mod7) = A7
Vay Ai5.7=35 (vi(5,7)=1)
Bai 40. Gia st 2" +3"123=8" (2" +3"):23= 2™ + 24"
Vi 24 = l(mod 23) = 24" = 1(mod 23)
Do d6 2™ +1:23

Ta chting minh 2" +1/23 VueN

Tacd 2" = 1(mod 23) . Lan luwot xét cac so dw khi chia u cho 11 ta dwoc
2" +1/23 YueN.

Vay 2" +3"123 Vm,neN.

Bai 41. Vi 2017 khong chia hét cho 2 va khéng chia hét cho 5 con 10°
(2017,10°) =1.

Ap dung dinh 1 Buler ta c6: 2017/ =1(mod10°)
Ma ¢(10°)=10° 1-1)1-1) 24100
2 )" 5

Bai 42. Phuong trinh da cho: X" +(x+2)" +(2-x)" =0
Nhén xét: D€ phuong trinh c6 nghiém thi n 1é.
*Nn=1=>x=-4€Q

555 A
=25 nén
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“n>1: Gia sit phuong trinh c6 nghiém hiru ti X =2(p,qe Z, ¢>0, (p,q)=1).
q

Thay vao phuong trinh ta c6:
p"+(p+2q) +(p-29)' =0 (1)
Ta co:
(p+2q)" +(29-p)"i(p+29)+(29—p)=4q
=p":4q = {q =1
p=2m

Thay vao (1) tacé: m" +(m+1)" +(1-m)" =0  (2)
Vi (m+1)"+(1-m)"i(m+1)+(1-m)=2=m":2=m chén.
Vinlénén (m+1)’ =m+1(mod4), (1-m)" =1-m(mod4)
Suy ra: m" =2(mod4) Vo Ii
Vayn=1.
Bai 43. Boi vi 2° =8=-1(mod9) = (2*)"" =-1(mod9)

= (2] chia 9 du 8

=a,b,c chia 9 du 8
Ta cé: 2" =8192 <10* = 2% <10% = 211 <10%**
Ta ciing c6: (2°)° <(10*)’ =10* va 2’ <10°

1945 OLT4201136+7 _ 1 ()40134+24+7 _ 4 5391

= (29)
= 56 (2°)"" khong c6 qué 5391 chi s,

= a<5391.9=48519
=hb<34+94+9+94+9=39=0c<3+9=12

€c<12;ma C chia 9 du 8 va ¢>0 nénsuy ra c=38.
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Bai 1:Bién d6i phuwong trinh thanh 4xy —2x—2y =2

< 2X(2y-1)-(2y-1) =3< (2x-1)(2y-1) =3.
Vi X va y la cacsd nguyén nén 2x—1 va 2y -1 la cc s6 nguyén.
Do vai tro ctia x,y nhu nhau, khong giam tong quat gia s x>y nén 2x-1>2y-1. Ma
3=3.1=(-3)(-1) nén xay ra hai treong hop
1){2x—1:3<:>{x: 2;
2y-1=1 y=1
2){2x—1:—1 - {x =0
2y-1=-3 y=-1.
Vay phuong trinh ¢6 bon nghiém (x;y) 1a (2;1), (L 2),(0;-1),(-10).
Nhin xét. Bang cach nay ta ¢ giai dwoc phuong trinh dang ax+by+cxy=d, trong d6
a,b,c,d la cac s6 nguyén.
Bai 2: Ta cd x*+x+2009 = y*(y e N)
< (2x+1) - (2y)* =-8035
< (2x+2y+1)(2x -2y +1) = -8035.
Do yeN nén 2x+2y+1>2x-2y+1, va ching déu la s6 nguyeén.
Ta c6 su phan tich —8035=1607.(-5) = (-1607).5 =1.(-8035) = (—8035).1.

Vi vay xay ra bon truong hop
{2x+2y+1:1607 {4x+2:1602 {x:400
1) = =

2X—-2y+1=-5 4y =1612 y =403.

2X+2y+1=-1607 4x +2 =-1602 X =-401
= =

2X—-2y+1=5 4y =1612 y =403.

2X+2y+1=1 4x+2 =-8034 X =-2009
3) S S
2x—2y+1=-8035 |4y =8036 y = 2009.
2X+2y+1=-1 4x +2=8034 x = 2008
4) = =
2x—2y+1=8035 |4y =8036 y = 2000.
Bai 3: Bién d6i nhu sau
[x* +2x(2y —22) +(y—22)*]-(y - 22)* +5y* + 62> =10
< (X+y—22)* +4y* +4yz+27* =10
& (x+y-22)2+(2y +12)* +2° =10.
Nhan thay x,y,z 1a cac s6 nguyén va 2y+z+z=2(y+z) la sd chdn, nén (2y+2)* va z* la
hai s8 chinh phwong cling tinh chan 1é, nén viét
10=0°+3*+1%

Xay ra cac kha nang sau
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(x+y-22)*=0
)4 (2y+12)* =3
7’ =1
Tim dugc cac nghiém (x;y;z) la
L12),(4-20),(-42-1),(-5-L-D). *)
(x+y-22)*=0
2)! (2y+12)* =1
7* =3

Tim dugc cac nghiém (x;y;z) la
(7,-13),(8,-2:3),(-8;2,-3), (- 7,1, -3). **)
Vay 6 tat ca 8 bd (x;y;z) théoa man dwgcmo ta o (*) va (**).
Bai 4: Cich 1. Phuong trinh nay chi chita bac nhat d6i véi y nén ta cé thé raut y theo x.
Tacd (1-2x)y =-3x>+5x—2.
Do X nguyén nén 1-2x#0. Suy ra

3x2 —5x+2 12x> —20x+8
= o4y =""C T BX+ T+ .
2x-1 2x-1 2x-1

Do x,y la cac s6 nguyén suy ra la s6 nguyén, nén 2x-1e{l;-L}. Ttr 46 tim

2x-1
duoc (x;y) 1a (1,0),(0;2) .
Cdch 2. Coi phwong trinh bac hai d6i véi X, ta cd
3x* —(2y -5)x+y+2=0.
A=(2y+5)*-12(y+2) =4y* +8y +1.
Nén phuong trinh c¢6 nghiém nguyén thi A phai la sd chinh phwong, tic la
4y* +8y+1=k’*(k e N)
& (2y+2)° -k =3
< (2y+k+2)(2y-k+2)=3.
Ttr d6 cling tim duwoc cac nghiém nhw trén
Nhén xét. Bang cach nay ta c6 giai dugc phuong trinh dang
ax? +bxy +cx+dy =e, hodc (ay’ +bxy +cx+dy =e)
Trong d6 a,b,c,d,e la cac s6 nguyén.
Bai 5: Bién d6i phuong trinh vé dang
y[2y® + (x> —3X)y + x+3x°]=0.
Néu y=0 thi x sé€la s6 nguyén tuy y.
Xét y=0 thi 2y* +(x* —3X)y+x+3x* =0. @
Ta coi (1) 1a phuong trinh bac hai theo an vy, ta tinh
A = (x> —3x)* —8(x+3x%) = X(x +1)*(x - 8).
Truong hop x=-1 thi A=0, nghiém kép cua (1) la y=-1.
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Truong hop X # -1, d€ phuong trinh ¢6 nghiém nguyén thi A phaila s chinh
phuong, ttc la

x(x—8)=k’(k e N) & (x—4—k)(x-4+k) =16.
VikeN nén x—-4—-k<x—-4+k va (x—4-k)+(x—4+k)=2(x—4) nén
X—4-K,x—4+k cing chan.Lai c6 16 = 2.8 = 4.4 = (-4).(-4) = (-2).(-8). Xay ra bon

trueong hop
x—4-k=a .
voi (a;b) =(2;8),(4;4),(-4;-4),(-2;-8).
X—4+k=b
Vay phuong trinh da cho c6 cac nghiém nguyeén (x;y) la (-1;-1),(8;-10),(0;k) voi
k eZ.

Luu 3. Trong treong hop F(x,y) la da thire ¢d hé sd nguyén véi bac cao hon 2 theo bién x
va y, ta cling c6 thé dua vé mot trong hai trieong hop trén bang céch dat an phu.
Bai 6: Ta c6 thé dua vé dang phuong trinh bac hai an y bang phép dat x=y+a (véi a
nguyén). Khi d6 ta cé (3a-2)y*+(3a°-2)y+a’-8=0.
Do a nguyénnén 3a—2#0, tinh
A=(3a*-2)*-4(3a-2)(a’-8)
=-3a’ +8a’-12a’ +96a - 60
=—(a’ -4a-2)* -2a(a’ -56) - 56.
P& cho A>0 suy ra 2a(a®-56) <0< 0<a<¥56. Vi a nguyén nén a chi nhan gia
tri 1,2,3.Thir chon chi c6 a=2 la thich hgp va tim dwoc (x;y) la (0;-2),(-2;0).
Bai 7: Do vai tro X,y,z nhu nhau, khong giam tong quat gia st 1<x <y <z. Chia hai v€&
ctia phuong trinh cho xyz ta cé
2=i+£+i+isg.
Xy Xz yz Xyz X
Do vay 2x* <18 = xe{L,2,3}.
1) Vo6i x=1 thitacd 5(y+2)+8=2yz < (2y-5)(2z-5) =41.
Vi y,z nguyén duong va y<z nén -3<2y-5<2z-5, va 41=141.
2y-5=1 y=3
22—5:41<:>{z - 23.
2) Voi x=2 thitaco 5(y+2)+13=4yz < (4y-5)(4z-5)=77.
Vi y,z nguyén duwong va 2=x<y<z nén -3<4y-5<4z-5, va 77=11.7.
4y-5=7 y=3
4z—5:11©{x:4.
3) Véi x=3 thitacé 5(y+2)+18=6yz < (6y—5)(6y —5) =133. *)
Mat khéc y,z nguyén duong va 3<y<z nén 15<6y-5<6z-5
suy ra (6y—5)(6y—5) >15° =225. (Mau thuan véi (*)).

Chi xay ra treong hop {

Xay ra treong hop {
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Vay phuong trinh c6 cac nghiém nguyén duong (x;y;z) 1a (1,3;3),(2;3;4) va cac
hoan vi ctia né.
Nhan xét. Vi cach lam tuong tu, ta ¢ thé tim nghiém nguyén dwong cua phuong
trinh dang a(X, + X, +...+X,) +b=¢xX,...x,, trong dé a,b,c,n la cac sd nguyén duong
vanx2.
Bai 8: a) Voi x=0 thay vao phwong trinh tim dwoc y =1 hoac y =-1.
V6i x=-1 thi y=1hoac y=-1.
Véi x>0 thi x* <y* <(x+1)*, diéu nay vo 1i.
Véi x<-1thi (x+2)* <y* <x*, diéu nay vo Ii.
Vay phuong trinh da cho c6 bén nghiém nguyén (x;y) la
(0:0),(0;-1), (-L1), (=L -D).
b) Voi x=0 thi y=1.
Véi x=-1 thi y=0.
Véi x>0 thi x°* < y® < (x+1)°, diéu nay vo Ii.
Véi x<-1thi (x+1)° < y® <x%, diéu nay vd Ii.
Vay phuong trinh da cho c6 hai nghiém nguyén (x;y) la (0;1), (-10).
Nhan xét. Vi cach lam twong tu nhu trén, ta ¢ thé tim nghiém nguyén duong ctia
phuong trinh dang 1+ x+X* +...+ X" = y" véi n 1a s6 nguyén duong.
Bai 9: Gia xtt X,y la cac s6 nguyén thoa man phuong trinh da cho.
Ta thdy 48 va 4x chia hét cho 4 nén 9y chia hét cho 4, ma (9;4) =1 nén y:4.
Dit y=4t(teZ), thay vao phuong trinh dau ta dwgc 4x+ 36t =48
< X=12-9t va y =4t (*). Thay cac biéu thirc cia x,y ¢ (*) thay thoa man.
Véy phuong trinh c6 vo s& nghiém (x;y)=(12-9t;4t) vdi te Z.
Bai 10: Gia st 26n+17 =k* (véi k tw nhién 1¢). Khi d6
26n+13=(k—2)(k+2) <=13(2n+1)=(k-2)(k+2).
Do 13(12n+1):13 nén (k —2):13 hodc (k+2):13.

2_ —
Néu (k—2)13 thi k=13t+2 (t 1¢), khi dé n=20 41
2
Néu (k+2)113 thi k=13t -2 (t 1), khi d6 n="> %=1
2 Lt _
Vay 8 tw nhién 1é n can tim 6 dang 13t——24t1(t 18).

Bai 11: Gia st ton tai cac sd nguyén x,y,z thoa man phwong trinh.
Nhan thdy x*,y*,z* chia cho 16 du 0 hodc 1, nén x* +y*+z* chia cho 16 ¢6 sd du la

mot trong cacs6 0, 1, 2, 3.
Trong khi d6 s8 2012 chia cho 16 dw 12. Hai diéu nay mau thuan véi nhau.
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Vay khong ton tai cac sd nguyén X, y,z thdéa man dé bai.
Bai 12: Gia st tim duoc bo s8 nguyén duong (x,y,z,t)=(a,b,c,d) thoa méan diéu kién bai
a’+13p* =¢?
13a® +b* =d”’.
Goi UCLN(a,b)=m(meN*), suy ra cim va d:im.

ra, ta co {

bit a=ma,b=mb,c=mc,d =md,, vdi a,b,c,d; la cdc s6 tu nhién va (a,,b)=1.
Suy ra 14(a2+b2)=cz+d2 <::>l4(a12 +bf)=cf+d12. Suy ra ¢ +d?:7, do d6 ¢ 7 va
d,:7, dan dén a’ +b7:7 nén & :7 va b :7. Diéu nay mau thuan véi (a,,b)=1.

Nhin xét. Bang cach lam tuong tu ta c6 thé chitng minh dugc hé phuong trinh

Xyt =20 ;o N \ ) N

{nxz oy =t voi N+l cd wdc nguyén to dang 4k +3 va (n +1,p ):1 khong co
nghiém nguyén duong.

Bai 13: Gia st (X,, Yy, Z,) 1& nghiém ctia phuwong trinh.
Khi d6 x,:3, dat x, =3x, (véi x, €Z)tacd 9% —ys -3z =0.
Khi d6 y,:3, dity, =3y, (voi y, €Z) ta cd 3%’ -9y, —z5 =0.
Khi d6 z,:3, dat z, =3z, (v6i z, €Z) tacd x; -3y’ -9z’ =0.
Nhu vay (X, Y;,z) =(%%Z—3‘)j ciing la nghiém nguyén cua phuong trinh. Qua
trinh ti€p tuc nhu vay ta suy ra cac bd sd (;—g%;—g] moi neN cing la nghiém
cua phwong trinh. Diéu nay xay ra khi va chi khi x, =y, =2, =0,
Vay phuong trinh c6 duy nhét nghiém nguyén (x;y;z)=(0;0;0).
Nhdn xét. Ta goi phwong phap giai trong vi du trén la phuwong phap lui vo han cua
Fermat, thuong dung dé€ chitng minh phuong trinh c6 nghiém duy nhat hoac vo
nghiém.

Bai 14: Bién d6i phuong trinh vé dang
(x*—2xy+y?)+(y* —2yz+2°)+(2° —4z2+4)=0

Xx—y=0
s(x-y)+(y-2)+(z2-2) =0 y-z=0=x=y=2=2.
z2-2=0

Vay phuong trinh c6 nghiém duy nhat (x;y;z)=(2;2;2).
Bai 15: Nhan thdy néu (X,; Y,;Z,) la mot nghiém nguyén cua phuong trinh thix,, y,, z,
cung duong hodc cé hai s6 am va mot s6 duwong.

Ngoai ra (—Xo;=Yo: 2o ), (%o =Yoi =20 ), (—%: Yo:~Z, ) cling la nghiém.

Do d6 trudc hét ta di tim nghiém nguyén duong.
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Ap dung bat dang thiic Co-si cho hai s§ khong am, ta co
X +1>2x>0;y*+4>4y>0;2°+9>62>0.

Suy ra (x2 +1)(y2 +4)(z2 +9) > 48xyz.

Déng thtic chi xay ra khi va chi khi x=1,y=2,z=3.

Vay nghiém nguyén (X;y;z) ctia phuong trinh la

(1,2;3),(-1-2;3),(5-2-3).(-1;,2;-3).

Nhdn xét. Bang cach nay ta c6 thé tim nghiém nguyén ctia phuong trinh dang

(% +a) (% +87 )..(X2 +a2) = 2"X%,..X,.&2,...4, VOi &,N la cdc s6 nguyén duong,.
Bai 16: Ap dung bat dang thitc Bu-nhia-kdp-xki cho hai bd s8 (x,z) va(t,y) ta cé

9.16 = (x2 + 22)(y2 +t2) > (xt + yz)2 =12°,

suy ra (x2 + zz)(y2 +t2) =(xt+ yz)2 khi va chi khi xy = zt.

T x¥*+2°=9< x=0,z=143 hodc x=+3,z=0.

Néu x=0 thi t=0, khi d6 y*=16,yz=12. Vay y=4,z=3 hodc y=-4,z=-3.

Néu z=0 thi y=0, twong ty tim duwgc x=3,t =4 hoac x=-3,t =—4.

Vay nghiém nguyén (X;y; z;t) ctia hé 1a

(0;4;3,0),(0;-4;-3,0),(3;0;0;4),(~3;0,0~4).
Bai 17:
Ta co:
X’ +y’ =X’y —xy’ =5
<:>(x—y)(x —xy+y2)—xy(x+y):5

<:>(X+y)(x2—2xy+y2)=5
<:>(x+y)(x—y)2 =5

Do (x - y)?=0 va x y thudc Z nén xay ra hai treong hop:

{x+y:5 {x:?)

Thl: yz = XY = Y
(x—y) =1 X+y=>5 x=2

x-y=-1 y=3

x+y=1 x+y=1
Th2: — (loai)
(x—y) =5 x—y:i\/g
Vay phuong trinh c6 hai nghiém nguyén (X;y) €{(3;2);(2;3)}
Bai 18: Néu y thoa man phuong trinh thi — y cling thoa man phuwong trinh, do dé ta 6 ta

giast y>0.
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Khi dé: (1) & (x2+3x)(x®+3x + 2)=y?
bat t=x2+3x+1 duwoc:
(t-1)(t+1) =y’ ot -1=y’ & (t-y)(t+y)=1=t+y=t-y=y=0
Thay y =0 vao (1) ta dwoc: x=0, -1, -2, - 3.
Vay phuong trinh c6 nghiém (x, y) = (0, 0); (-1, 0); (-2, 0); (-3, 0).
Bai 19: Ta co:
(¢ =y)(y" =)= (x=y)

< Xy? -y =X +xy =x° =3’y +3xy’ -y’

& 2x° = x’y? —=xy = 3x’y +3xy” =0

& x(2x2 +(—y2 —3y)x—y+3y2) =0
Néu x =0 thi y bat ki thudc Z.
Néu x #0 suy ra: 2x° +(—y2 —3y)x—y+3y2 =0
Coi day la phuwong trinh an x ta c6: A= (y2 +3y)2 —8(3y2 —y) = (y—l)2 y(y+8)
D€ phuong trinh c6 nghiém nguyén thi A phai la s6 chinh phuong ttec la:
y(y+8)=a2 <:>(y+4)2 -a’ =16<:>(y+4+a)(y+4—a)=16 (aeN)

Vi (y+4+a)>(y+4-a)va(y+4+a)+(y+4-a)lasdchdnnén taco cic treong hop:

y+4+a=8 y+4+a=4
{y+4—a:2 {y+4—a:4'
y+4+a=-8 y+4+a=-4
{y+4—a:—2 {y+4—a:—4

Gidi ra ta degc nghiém ctia phuong trinh la:
(1,1),(10,-8),(6,-9),(21,-9),(0;k) v6i ke Z

Bai 20: Ta co
11 1 x+y 1

= &
X y 617 Xy 617
< (x-617)(y-617) =617

& Xy —617(x+y)=0< Xy —617x—-617y + 617> = 617>

Vix, y nguyén duong nén x — 617 va y — 617 la wdc 16n hon —617 ctia 6172

Do 617 1a s6 nguyén t0 nén xay ra 3 truong hop:
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X—617 =617

{y—617:617
X—617 =1 x=y=1234

{ , & | Xx=618;y =381306
y-b17= 6172 X = 381306, y = 618
X—617 = 617

_{y—617:1

Vay tdt ca cac cap (x;y) nguyén duwong can tim la
(1234;1234) , (618; 381306), (381306; 618)
Bai 21: Ta c6: xy = px+py = (x—y)(y-p)=p".
Vi p 1a s6 nguyén t6 nén wde s6 nguyén ctia p” chico théla:  +1,+p,+p* . Thi [an luot
voi cdc wdce trén ta duoc cac nghiém (x, y) la: (p +1,p+p° );(2p,2p);(p +p’,p+ 1).

Bai 22: Ta c6: (1)< 6y +6x+1=xy < x(y—6)-6(y—6)=37 < (x—6)(y—6)=37
Do vai trd ctia x, y binh dang gia st: x>y >1=x-6>y-6>-5

~6=37 [x=43
Chi c6 mot truong hop 1a {X {X

=
y-6=1 y=7
Vay phuong trinh ¢ 2 nghiém la (x, y) = (43, 7); (7, 43).
Bai 23: Ta co: 10z:3 = z:3 . DBat z =3k ta dugc 6x+15y+30k =3 < 2x+5y+10k =1

Pua vé phuong trinh hai an x, y vdi cac hé s twong tng 2 va 5 la hai s6 nguyén t&

cung nhau 2x+5y:1—101<:>x=1 12_5}’— 5k 2y+—y
y=1-2t
., 1-y
Dt > =t(teZ) ta dugc ¢ x =—-5k —2(1-2t)+t =5t -5k -2
7z =3k

Vay phuong trinh ¢6 nghiém la (x, y, z) = (5t - 5k - 2, 1 - 2t, 3k) vdi k, t la s6 nguyén tuy y.
Bai 24: Ta biét rang s8 chinh phwong chén thi chia hét cho 4, con s6 chinh phuong 1é thi
chia cho 4 duw 1 va chia cho 8 du 1.

Téng x* +y* +z° lasd1é nén trong ba sd x*;y*;z* phai c6: hodc c6 mot s6 1€, hai s6
chan; hoic ca ba sd 1é.

Truong hop trong ba s8 x*;y*;z* ¢ mot s6 1¢, hai s6 chan thi vé trai cta (1) chia
cho 4 dw 1, con vé€ phai la 1999chia cho 4 du 3, loai.

Trong truong hop basd x*;y?;z° déu 1é thi vé tréi cua (1) chia cho 8 du 3, con vé€
phai la 1999 chia cho 8 du 7, loai.

Vay phuong trinh (1) khong cé nghiém nguyén.
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Bai 25: Ta thay ngay 0<x,y <50. Tt \/§ =+/50 —/x ta c6

y =50+ x—2+/50x =50+ x—10v/2x

Vix, y nguyén nén 10v2x nguyén. Ta biét rang véi x nguyén thi 10v2x hosc 1a s& nguyén
hodcla s6 vo ty. Do d6 dé 10v/2x nguyeén thi 2x phai la s6 chinh phuong tic la

2x =4k* = x=2k* ke Z véi 2k* <50 = k* <25 = k chi c6 nhan cac gia tri: 0, 1, 2, 3, 4, 5.
Lua chon k trong cdc s6 trén d€ thoa man phuong trinh ta duoc cac nghiém (x, y) la (0, 50);
(2, 32); (8, 18); (18, 8); (32, 2); (50,0).

Bai 26: Diéu kién: x>1

y:\/(x—1)+1+2\/; +\/(x—1)+1—2\/i

=\/(JE+1)2 +\/( x—1—1)2

:\/;+1+‘x/;—1‘

Véix=1thiy=2

V6i x22thi y =x—1+1+vx-1-1=2Vx~1 . Do dé: y* =4(x~1)

Do x>2 nén c6 thé dat: x - 1 =2 véi t nguyén duong.

_ 2
Do do6 ta cé: x=1+t
y =2t

Vay phuong trinh c¢é nghiém 1a (1, 2); (1 + t? 2t) véi t nguyén duong.

Bai 27: x™ = [y(y + I)(y+2)(y +3) +1 (1)

Co y(y+1)(y+2)(y+3)=[y(y+3) [[(y +D(y +2) | =(y* +3y)(y* +3y +2)
Diat t=y* +3y+1=> y(y+1)(y+2)(y+3)=t’ -1 (t€Z, 221)

X2015 _1 > 0

1) &x*-1=\Jt’'-1<
(X2015 _1)2 — t2 _1(2)

Vi x, tla s6 nguyén ta co:

2) (x2°15 -1+ t)(xzo15 -1- t) =-1

[ (2015 _
{x2015—1+t—1 P
x“ 7 =-1-t=-1
PN o (x5 21
X _1+t=-1 { _ 1
25 =1 t=-
x=1
X =
Voi x*P =t=1=4 , <4ly=0
y +3y+1=1
y=-3

TU SACH CAP 2| 424



BOI DUONG HOC SINH GIOI CAP 2 |

X2015:1 X=]. X:1
Véi =3, <qly=-1
t=-1 y +3y+1=-1
y=-2

Thtt lai ta thdy cac cdp (1;-3), (1;-2), (1;-1), (1,0) thoa man dé bai
Vay c6 4 cip (x;y) can tim 1a (1;-3), (1;-2), (1;-1), (1;0)
Bai 28: Lan luot xét cac gia tri ty nhién cta x:
Néux=0thi y’=4=>y=12
Néu x =1 thi y* =5, khong ¢6 nghiém nguyén
Néux >2 2thi 2*:4 , do d6 v€ trai chia cho 4 du 3, con y 1é nén vé phai chia cho 4
dw 1. Mau thuan.
Két luan: Nghiém ctua phuwong trinh 1a (0 ; 2), (0; -2).

Bai 29: (2" +1)(2" +2)(2" +3)(2" +4) -5 =11879.
(27 +5.2+4)(2* +52' +6)-5' =11879 (1)
Datt = 2% +5.2° +5,t € N*, ta co:
(1) < (t-1)(t+1)—5' =11879
o t2—5Y =11880(2)
Xét cac TH sau:
eTHl:y>2= 5" :25
Tir (2) suy ra £ 5 = t2 25. Do d6 tir (2) = 11880 : 25 (v6 1i)
eTH2:y=1
(2) © t2=11885 (loai vi 11885 khong phai 1a s6 chinh phuong)
« TH3:y =0
2) & t2=11881 = t =109
= 2% 452 +5=109 = 2 +5.2* -104=0

2 =8(tm

o —(13()L) =X=3.

Vay x =3, y =0 1a cac s6 ty nhién can tim.

Bai 30: Ta co:
(x+y+z)3 —(x3 +y’ +z3)=3(x+y)(y+z)(z+x)
©27-3=3(x+y)(y+z)(z+x)
@(x+y)(y+z)(z+x):8 (*
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X+y=aeZ
bat Jy+z=beZ . Khi do: (*)<:>abc=8:a,b,ce{i1;i2;i4;i8}
z+x=cel

Vix, y, z vai tro binh dang nén ta giai st: x<y<z=ax>b2>c

Khi d6 ta ¢6: a+b+c=2(x+y+z)=23=6=>a>2

ox=y=z=1

. , |b+c=4 b=2
Véia=2taco:

=
bc=4 c=2

y o Jpre=2 A A
Véia=4taco: { b (khdng c6 nguyén nguyén)

Sx=-5y=4,z=4.

bc=1

. . |b+c=-2 b=-1
Véia=8taco: = )
c=-—

Véy hé da cho c6 4 nghiém: (x,y,z)=(1,1,1);(4,4,-5);(4,-5,4);(-5,4,4).
Bai 31: Ttz (1) ta dugc z =2 + y — x thay vao (2) ta duoc:
2% =Xy +X—4 -2y +2x =1 2x" +3x-5=y(x+2)

Do x = - 2 khong thoa man phuwong trinh trén nén:

2 —
_2x7+3x 5:2x—1— 3
X+2 X+2

Xx+2==1

<:>xe{—1;—3;1;—5}
X+2=%43

y nguyén nén (x + 2) la wdc ctia 3. Suy ra: {

Tir d6 suy nghiém ctia hé 1a: (x,y,z)=(1;-6;-3),(-3;4;1),(1;0;1),(-5;-10;-3)
Bai 32:
Goi x,,x, langhiém ctia phwong trinh (1) . Theo dinh ly Vi-et ta co:

X;.X, =a+2
Do do: x,x, —(x1 +x2)=2<:> xl(x2 —1)—(x2 —1)=3<:>(x1 —1)(x2 —1)=3
Suy ra (x, —1) va (x,—1) la u6c cua 3.
Giai str: x, >x, = x, —1>x, -1 . Khi dé:

2

~1-3 4
a) 4 =M _Khi d6 a=6.
x,—1=1 X

“1=11 -0
b) 1 =177 Khidéa=-2
X,—-1=-3 X, =—2

Thay gia tri cua a vao phuong trinh (1) tht lai va két luan.

Bai 33: Ta co:
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(x* +4y? +28) ~17(x" +y*) =238y +833
o [xz +4(y? +7)2}2 :17[x4 +(y? +7)2}
e 16x'-8x (y? +7)+(y*+7) =0

s [axt-(y*+7)] =0

< 4x3 —y2 -7=0
<:>(2x+y)(2x—y)=7 (1)

. . . , |2x+y=7 x=2
Vix,yeN =2x+y>2x—-yva 2x+y >0 Do do:

2x—-y=1 < y=3
Két luan: (x, y) = (2, 3) thoa mai yéu cau bai toan.
Bai 34: Ta c6: 9y” +6y +16 =(mod 3) = 2*x* =1(mod 3). Ma
x> = 0;1(mod 3) = {2: - 1(m0d3)
X El(mod3)
Néu x lé dit: x=2k+1(keN)=2*=24" =2(mod3)(sai), suy ra x 1é loai.
Néu x chan dat: x = 2k(k 5 N) =2 =4"= 1(mod 3) (dung).
Do d6 khi x chén thi
22 =9y* +6y +16 & (2k2") =(3k+1)’ +15 & (2k.2* -3y ~1)(2k +3y +1) = 15.
Vi y, ke N=2k2"+3y+1>2k2"-3y-1>0.
Vay ta co cac treong hop:

{ 2k2-3y-1=1 {21<.2k -8
+ =

. = ke¢N (loai)
2k.2*+3y+1=15 3y+1=7

P -4 (k=1
+{21<2 3y-1 3©{2k2 4 { Vay (% y) = (20)

=
2k2"+3y+1=5 |3y+1=1 |y=0
Bai 35: D4t x + y = a; xy = b. Phuong trinh tr6 thanh: ab> +a=3+b

Xétb=3suy ra: a =% (Vo ly)

b*-9 -10
I DI
b”+1 b™+1
Ta phai c¢6 (b2 + 1) phai la wéc dwong ctia 10 do d6: b* +1e {1;2; 5;10} =be {0; +1;42; —3}

Xét b#3 tacs: blata=3+ba(b +1)=3+bea= 3+b

b*+1

<:>a(b—3)=

Néub=0thia=3.Tacd: x+y=3,xy=0=>x=0,y=3 vax=3,y=0
Néub=1thia=2.Tacd x+y=2,xy=1=>x=1,y=1
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Néu b=-1 thia=1

Taco:x+y=1,xy=-1 x=

1445 145 15 1445
2 YT VT

= loai

> (loai)
Néub=2thia=1.Tacd: x+y=1vaxy=2khong ton tai x, y.
Né'ub=-2th‘1a=%(v61y).

Néu b=-3 thia=0. Ta cd: x +y =0 va xy =-3 khong ton tai X, y nguyén.
Vay phuong trinh ¢ 3 nghiém la (x, y) = (0, 3); (3, 0); (1, 1).

Bai 36:

X +y -3xy=1

<=>(Xx+Y)® -3xy(x+y)—3xy =1

bat x + y=a vaxy =b (a, b nguyén) ta co:

a’-3ab-3b=1

<=>(a+1)(@’°-a+1)-3b(a+1) =2

<=>(a+1)(a*~a+1-3b) =2

=>3,_ -1(L)

a+l=1 a=0
<
a’—a+1-3b=2 b=

280 <—>{a:1(TM)<—>{X+y:1—>(x- ) {(0;1); (1,0)}
a’-a+1-3b=1 0 =0 " 1Y) €4(0:1); (4

a+l=-1 a=-2 X+y=-2
31, <=> (TM) <=> =(X;y) e
a"—a+1-3b=-2 b=3 Xy =3

a+l=-2
4) , <=>
a—a+1-3b=-1

=-3
+y4 = (x;y)ed

Vay (xy) e{(0:2); (L 0)}
Bai 37: Phuong trinh da cho twong duwong x* —xy — (y2 + 8) =0

Coi phwong trinh trén la phuong trinh an x ¢ y la tham s6 ta co:

A=y2+4(y2+8)=5y2+32

Ta c6 A chia cho 5 du 2 nén ¢6 tan cung la 2 hodc 7. Do d6, Akhdng la s6 chinh phuong
vay phuong trinh da cho v6 nghiém.

Bai 38: Ta c6: X’ +1=4y” < (2y-1)(2y+1)=x’
Do (2y-1,2y+1)=1chonén 2y +1=a’,2y-1=b’(a,be Z)

Suy ra: a’ —b’ :2<::>(a—b)(a2 +ab+b2):2
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) a=1
a’+ab+b* =1
o of [ 30453

a-b=1 6
a’+ab+b”>=2 b__3+\/§
6

Do a, b la s6 nguyén nén chi nhan duoc gid tria=1vab=-1suyray=0vax=-1
Vay phuong trinh c6 nghiém (x, y) = (-1, 0)
Bai 39: Ta c6: x* +y” +5x7y? +60 = 37xy
& X2 =2xy +y? =-5x"y” +35xy — 60
o (x-y) =-5(xy*+7xy-12) (1)
Do (x-y) 20=-5(x’y* +7xy-12)20 . Ditt=xy (te Z ) ta co:

—5(t2+7t—12)20<:>3£ts4 .Matlasonguyénnént=3hodct=4

b

2
Khit=23ta co {(X - y) 3= 0 < x* =y? =3 (khong ton tai gia tri nguyén cta x, y)
y =

2
Khit=4taco (x—y) :0<:>x=y=2hoéc x=y=-2
xy =4

Vay phuong trinh c6 hai nghiém la (x, y) = (2, 2); (-2, -2).
Bai 40: Ta co: (1)< y® =x" +2x7 +3x +2

2
Do 2x2+3x+2:2(x+2j +§>O:>y3 >x°

Xét |x|>1 thi: y° :x?’+2x2+3x+2:(x+1)3+1—x2 <(x+1)3
Do d6x® <(y+1)3 <(x+1)3

Vix, y nguyén nén phuong trinh khong c6 nghiém.

Xét

x| <1 thi do x nguyén nén x =1 hodc x =-1 hodcx =0
Véix=-1taduocy=0
Véix=1thiy=2
Véix=0thiy=132 (loai)
Vay phuong trinh c6 2nghiém (x, y) = (-1, 0); (1, 2).
Bai4l: Taco (1) (x—y-2) +(y+2) =1
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Dodétaco: (y+2) <le-1<y+2<le 3<y<-1=yel-3,-2.-1}
Véi y =-3 thay vao phuong trinh ta dugc: x> +2x+1=0< x=-1
Véi y =-2 thay vao phuwong trinh ta duoc: x* -1=0< x=+1
Véi y =-1 thay vao phuong trinh ta dwgc: x> —2x+1=0<x=1
Vay phuong trinh c6 4 nghiém (x, y) = (-1, -3); (1, -2); (-1, -2); (1, -1).
Bai 42: Ta ¢6 :v/x +.Jy =\18(x>0;y > 0)
Pt viet:Vx +4fy =3v2(1)(0 < Vx <3v2;0 < \Jy <3v2)
Pt viét:
Ix =32 - \Jy 20 <=> (Vx)* = (32 - \Jy)? <=> 62y =y —x+18
:>\/E=—y_x6+18 eQ

a’ e N(Vi2yeZvaa>0)

<=> 2y=aeQ<=>2y=a26Q<=>{ -
a:

a=2m(m e N)
=>2y =(2m)’ <=>y =2m’ <=> \/§ = m/2.TT = Vx =n/2

Pt (1) viet: nv2 +mv2 =342 <=>m+n=3(m;n € N)
(n=0 x=0
=>
m=3 y =18

n=1 x=2
=>
m= y=8

N

A ~ . . |x=0 |x=2 |x=8 |[x=18
Vay Pt da cho c6 4 nghiém ; ; ;
y=18 |y=8 |y=2 |y=0

Bai 43: Phuong trinh da cho twong duong vdiox = (y —1)(y +2)(1)
Néuy -1 :3thiy+2=(y—1)+3:3=>(y—1)(y+2):9

Ma 9x 9 Vx € Znén ta c6 mau thuan.

Suy ray -1 :3, do d6: y -1 =3k(k € Z)=>y=3k+1(k e Z)

Thay vao (1) ta cd:9x = 3k(3k +3) => x = k(k +1)

—k(k+1
Vay phuong trinh c6 nghiém:{ <~ < * D7)
y=3k+1

TU SACH CAP 2| 430



BOI DUONG HOC SINH GIOI CAP 2 |

Bai 44:

2015(x* +y*)—2014(2xy+1) =25

<=>2014(x-y)* +x* +y* = 2039

bat t=Ix-yl , te Ndo x, y nguyén

Xét cac truong hop:

TH1: t =0, titc x = y = phuong trinh v6 nghiém

TH2:t=1, tkclax -y ==1

+Voix-y=1hay x=y + 1, phrong trinh tré thanh:

(y+1) +y*=25<=>y’ +y-12=0

<=> {y =3
y=—4

Véiy=3thix=4; véiy=—-4thix=-3

+V0ix -y =-1hay x=y -1, pheong trinh tré thanh:

(y=1 +y*=25<=>y* -y-12=0

. B -

Véiy=-3thix=—4;véiy=4thix=3

TH3:t>2, VT > VP = phuong trinh vo nghiém

Vay céc cap (x;y) thoa la (4;3), (-3;—4), (-4;-3), (3;4)

Cach khac: St dung phuwong phap bién doi phuong trinh vé dang vé trai 1a tong cua cac

binhphuong. V€ phai la tong ctia cac s6 chinh phuong, hoac cach diéu kién c6 nghiém cta

phuongtrinh bac hai cling c6 thé giai ra dap so.
Bai 45:
X’ +y’ =X’y —xy’ =5
<=>(x+y)(x* —=xy +y?) = xy(x+y)=5
<=>(x+y)(*-2xy +y*)=5
<= (x+y)(x-y)’ =5

Do (x-y)?=0 va x y thudc Z nén xay ra hai truong hop:

X+y=>5 x=3
~5 x-y=1"_ |y=2
Thi: {X”’ ;= Y Y
(x-y) = X+y=>5 — x=2
| (x-y=-1 y=3

x+y=1 x+y=1
Th2: , = (L)
(x-y)" =5 |x-y=%£V5

431 | CHUYEN DE sO HOC




| DAP AN CHU PE 6: PHUONG TRINH NGHIEM NGUYEN

Vay phuong trinh cé hai nghiém nguyeén (x;y) €1{(3;2);(2;3)}

Bai 46:

1) Tim tdt ca cac s6 nguyeén td p va cac s6 nguyén duong x,y théa man {PZ— 1=2x(x+2)
p -1=2y(y+2)

Tt (1) = p - 114 58 chdn = p 1a s& nguyén & 1é.

Trie tiing v€ cua (2) cho (1) ta

dugep® —p=2y* -2x* +4y —4x < p(p—1) = 2(y = x)(y + x+2)(*)

= 2(y-x)(y +x+2)ip.Ma (2;p) =1nén xay ra 2 TH:

ey-xip=>y-x=kp (k€N

Khidote ()= p-1=2k(x+y+2)=>kp-k=2K2(x+y+2)=>y-x-k=2KA(x+y +2)

(loaivix+y+2>y-x-k>0;2k>1=2k}x+y+2)>y-x-k)

ey+x+2ip=>x+y+2=kp (k€N

Te(*)=2>p-1=2k(y-x) =2 kp-k=2KA(y —x) = x+y +2 -k =2kXy — x) (**)

Ta chiing minh k=1. That vay nfu k 22 thi tir (*) =2 x +y =2k¥(y - x) +k =22 8(y — x) (Viy

-x>0)

> Ix27y=>7y<ld4x =y <2x

Do d6 tir (2) = (p - 1)(p + 1) = 2y(y + 2) < 4x( 2x + 2) < 4x(2x +4) = 8x(x +2) = 4(p - 1)
(Vi2x(x +2) =p -1 theo (1))
= p+1<4 = p <3, mau thuan véi p 1a s6 nguyén t3 1é.
Do do k=1, suy ra
X+y+2= X+y+2= X+y+2= =3x+1
{p—i’: 2(y}jx)<:> {x+;+1:§(y—x)©{y :};x+1 p©{;—1:4x+2
Thay p-1=4x+2vao (1) ta co: 4x+2=2x(x+2) < 2x+1=x*+2x & x* =1=>x=1
=y =4, p="7 (théa man)
Vayx=1,y=4vap=7.
2) Tim tat ca cac s6 nguyén duong n sao cho ton tai cac sd nguyén duong X, y, z thoa man
X’ +y° +2° =nx’y’z® (1)
Gia st n 1a s6 nguyén duong sao cho ton tai cc s6 nguyén duong x,y,z thoa man (1)
Khong mat tinh tong quat, gia sk x>y 2z >1.
Te (1) =20<y’+2° =xX*(ny’z’ -1) > ny’z’ -1>0=ny’z* -1>1
=y +2° =x*(ny’z’ 1) > x*(¥)

Vix2y2znén3x’>x’+y’ +z° =nx’y’z> = ny’z’ = 9x* >n’y‘z*
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3

Két hop vdi (*) ta cd 9(y3 + 23) >9x*> >n’y'z* =9 [1 +Z—3J >n’yz*
y

z’ z’
May>z=—<1=n’yz' <9| 1+ |<18(*)
y y

Ta c6: (%)= z* <18 = [Z
Z

eNéuz=2:(*) =>16n’y<18=>n=y=1 (loai viy < z)

eNéuz=1:(*) =>n’y<18=>n’<18=>n<4

Ta chttng minh n € {2;4}. That vay,

*Néun =4 thi trnly <18 = 16y <18 = y = 1. Tir (1) = x>+ 2 = 4x2= x3(4 — x) = 2 = x2 1a udc
cia?2 =

x =1 (khong thoa man)

*Neun=2thitern?y<18suyrady<18=1<y<4.

ry=1:(1)=> x> -2 +2=0=x*(x-2)=—2<0=x<2=x=1(L)
+y=2:1)=>x>-8x*+9=0=9=x*(8—x). Suy ra x*1a wdc ctia 9. Ma x*> > y? = 4 nén x=3
(khong thoa

man)

+y=3:(1)=x’ -18x* +28 =0 = x*(18 —x) = 28. Suy ra x* la w6c ctua 28. Ma x2 > y?> =9 nén
khong ton tai x thoa man.

+y=4:(1)=x’-32x* +65=0= x* la udc cta 65 (loai vi 65 khéng ¢ wdc chinh phuong)
Vay n € {2;4}. Do d6é n € {1,3}

Thtt lai véin =1, ton tai bo (x;y;z) nguyén duong chang han (x;y;z) = (3;2;1) thoa man (1)
véin =3, ton tai bo (x;y;z) = (1;1;1) thoa man (1).

Vay tdt ca cac gia tri n thoa man bai toan la n € {1;3}

y=4:(1)= x> -32x* +65=0= x> la udc cta 65 (loai vi 65 khong c6 uéc chinh phuwong)
Vay n € {2;4}. Do d6é n € {1,3}

Thtt lai véin =1, ton tai bo (x;y;z) nguyén duong chang han (x;y;z) = (3;2;1) thoa man (1)
véin =3, ton tai bo (x;y;z) = (1;1;1) thoa man (1).

Vay tdt ca cac gia tri n thoa man bai toan la n € {1;3}

Bai 47: Ta co: x° +y° = (x+y)’ <=> (x+y)(X* —=xy +y* —=x-y) =0

Vi x, y nguyén duong nén x+y >0, ta ¢é: x> —xy +y’> —x-y =0
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<=>2(x*-xy+y’ —-x-y)=0

<=>(x-y) +(x-1)*+(y-1)* =2

Vix, y nguyén nén co6 3 treong hop:

x-y=0

+ Truong hop 1:9(x—1)* =1<=>x=y=2,z=4
(y-1°=1

x-1=0

+ Truong hop 2:4 (x—y)? =1<=>x=1,y=2,z=3

+ Truong hop 3: x—y)2 =l<=>x=2,y=1,z=3
_1)\2

1)’ =1

X
Vay hé c6 3 nghiém (1,2,3);(2,1,3);(2,2,4)

Bai 48: Ta co:

X2 —2y(x—y) = 2(x+1) <=> x> = 2(y + )x + 2(y* = 1) = 0(1)

Dé phuong trinh (1) c6 nghiém nguyén x thi A' theo y phai 1a s6 chinh phuong
TacOA'=y* +2y+1-2y* +2=—-y* +2y+3=4—(y-1)* <4

A'chinh phwong nén A’ €{0;1;4}

+Néu A'=4=>(y-1)* =0 <=>y =1thay vao phuwong trinh (1) ta 6 :

x=0

X —4x=0<=>x(2-4) <z>{

+Néu A'=1=>(y-1)>=3<=>yeZ

y=3

+Né&u A'=0=>(y—1) =4<=>{

+ Vi y = 3 thay vao phuong trinh (1) ta ¢6:x* =8x+16 =0 <=> (x—4)* =0 <=>x =4
+ Vi y =1 thay vao phwong trinh (1) ta cd: x> =0 <=>x=0

Vay phuong trinh (1) c6 4 nghiém nguyén : (x;y) € {(0;1);(4;1);(4;3);(0;-1)}
Bai49:Tacd (1) @ x* +x*+20=y’ +y

Ta thé'yx4 +x? <xP 420 < x +x% +20+8x2
& xz(x2 +)<y(y+1)< (x2 +4)(x2 +5)
Vix, y €EZ nén ta xét cac treong hop sau

+THL y(y+1) = (" +1)(x* +2) < x* +x* +20 = x* +3x7 +2
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o2 =18 X’ =9 x=13
Véix* =9 ,tacdy’ +y=9"+9+20 < y* +y-110=0
<y =10;y =-11(t.m)

+TH2. y(y +1) = (x> +2)(x* +3) =& x* + x> +20 =x* +5x* +6

S4x =14 X :% (loai)

+TH3. y(y+1)=(x*+3)(x* +4) & 6x* =8 < xX* zg (loai)

+THA. y(y+1) =(* +4)(xX* +5) < 8x* =0 x> =0 x=0

Véix* =0 ,tacoy’ +y=20y’ +y-20=0<y=-5y=4

Vay PT da cho cé nghiém nguyén (x;y) la :

(3,10), (3;-11), (-3; 10), (-3;-11), (0; -5), (0;4).

Bai 50:

a) Giai str ton tai (x, y, z) thoaman x* +y* =7z +5 < x* +y* +z* =8z" +5 (¥)
x'+y*+2'=0,1,2,3 (mod 8)

Tacod a* =0,1 (mod 8) vdi moi sd nguyén a =
( ) s { 8z*+5=5(mod 8)

Mau thuan véi (*) vay khong ton tai (x, y, z) thoa man dang thic.

b) Phwong trinh teong duwong voi

[(xjtl)2 +(x—1)2}[(x+1)2 —(x—l)z:i =y’ < (ZX2 +2).4x =y’ <8’ +8x=y’.

Néu x>1=8x" <8x’ +8x < (2x+ 1)3 =S (2x)3 <y’ <(2x+ 1)3 (mau thuan véi y nguyén)
Néu x < -1 va (x, y) 1a nghiém, ta suy ra (-x, -y) ciing la nghiém ma -x>1= mau thuan
Néu x =0 thi y = 0 (mau thuan)

Vay (x, y) = (0, 0) la nghiém duy nhat

Bai 51: Phuong trinh da cho twong dwong 2x* —2xy +5y° —41=0. (1)
Tacd a', =82-9y* >0 = y? S%. Mt khéc tie (1) ta 6 y2 1asS1é, nén y° 6{1;9}
Véi y=1=2x"-2x-36=0=x¢ Z.
Véi y=-1=2x*+2x-36=0= x ¢ Z.
. ) x=1
Véi y=3=2x"-6x+4=0=
X=2.
L 5 Xx=-1
Véi y=-3=2x"+6x+4=0= 5
X=-2.
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Vay c6 4 cip s8 nguyén (x; y) théa man 1a: {(1;3),(2;3),(-1-3),(-2; —3)}.

Bai52: Dat: X"’ =a;y"" =b(a;beZ)

Phuong trinh da cho tro thanh: a® =b® —b* —b +2(*)
=a®=b*-30"+30-1+2b*—4b+3=(b-1)’ +(2b° —4b+3) > (b-1)’

Lai c6: @* =b° +60b” +12b+8—7b* 130 —6 = (b+2)’ —(7b* +13b—6) < (b +2)’
Tt (1) va (2) ta c6: (b-1)’ <a® <(b+2) =>b-1<a<b+2

a=>b

a=b+1

+) Véi a=btacéd: (*) < b’ =b’-b*—b+2

&b?+b-2=0<(b-1)(b+2)=

b=1 a=b=1
& &

b=-2 a=b=-2

X673 — y673 -1 X = y :1(tm)
= <

678 — y673 ~- 2 X=y =67\3/§(ktm)
+)Voi a:b+1:>(*)<:>(b+1)3:b3—b2—b+2
b +30*+3b+1=b>-b°-b+2
< 4b° +4b-1=0

1+\/_
\/_

Vi a,beZ:{

b=

(ktm)

b=_ (ktm)

Véy(x;y)=( 1)

Bai 53: a) Chitng minh ring.....

Tacé: 9'=1.2.3.456.7.8.9las6 chin = X’ 12> xi2=>x=2m (meZ)
=8m° +2y*+47° =91 4m® + y° + 27° =1.3.4.5.6.7.8.91a 58 chén
=>y'i2=y2=y=2n (neZ)

= 4m* +8n° +22°=1.3.4.5.6.7.8.9
< 2m® +4n® +2° =1.2.3.5.6.7.8.91a 56 chan

=17’2=>17:2=1=2p(peZ)
= 2m® +4n®+8p°*=1.2.3.5.6.7.8.9
< m+2n°+4p*=1.356.7.8.9

m:2 X=2m:4
Chtrmg minh hoan toan twong tw ta cling ¢6 {n:2 (m;n; pe Z) =y=2n:4
p:2 z2=2p:4

Vay ta c6 diéu phai chiing minh
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b) Chitng minh ring khong ton tai.....

Theo ¥ a) ta c6 thé dat x =4a;y =4b;z =4c (a;b;ceZ)
|
—a’+2b°+4c® = % = 1'2'3'4';'6'7'8'9 =1.3.5.6.7.9 1a s8

chin=>ai2=a=2u (ueZ)

=8u*+2b*+4c®=1.35.6.79 < 4u*+b*+2c*=1.3.357.9=15.7.3"
Lai co:

(15.7.3'):3' = (1.5.7.3"):9
x*=0;#1  (mod9)(xeZ)
=a;b;ci9= (4u3 +b% + 2(:3)593
Nhung do 1.5.7.3*khong thé chia hét cho 9°nén ta c6 diéu vo ly
Vay ta c6 diéu phai chiing minh
Bai 54:
XXy +2=X+yoxX-xy—-x-y=2
e x(x*-1)-y(x+1)=-2

<:>(x+1)(x2—x—y)=—

[ (x+1=-2 [ (x=-3
XZ_X_y:]_ {yzll(tm)
X+1=2 x=1
{ { (tm)
X —X—y=— y=1

Vi X, yeZ = <:>
X+1=1 x=0

f =%

X —X—y=-2 y:2

=1 X=-
X+1= { (tm)
X —X-y=2 ly=4

Vay hé phtrong trinh c6 cac nghiém nguyén (X; y) = {(—3;11) ; (1;1);(0; 2);(—2; 4)}
Bai 55: Tim cac s6 nguyén x,y,z thoa man dong thoi:
X2 +4y° +2° +2x2+4(x+2) =396 va x*+y>=3z.
Tt diéu kién x* +y? =3z suy ra X* +y? chia hét cho 3 hay x,y déu chia hét cho 3.
X2+ 4y° + 7%+ 2X2+4(X+2) =396 < (X +2+2)> =4(100-y?).
Suy ra: 100-y® 1a s8 chinh phuwong va y®<100. Mit khac yi3 nén
y? €{0;36} =y e{0;6;,-6}.

2 2
, X2=32 Z:X_ Z=X_
Xet y=0: ) & 3 v 3
(x+2+2)7=400 |, ;09 20 |x+z42=-20
Tim dwoc x=6,z=12hoac x=-9,z=27.
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x* +36 = 3z
(x+2+2)" =256

2 2
=X 10 |22
& 3 \% 3

X+Z2+2=16 |[X+z+2=-16
Giaira x,z¢Z. Vay (xy;z) 1a (6;0;12) hodc (-9;0;27).

Xét y=6 hoac y=-6: {

Bai 56:

2x> —4y? —2xy—3x-3=0

& (2% —axy - 2x)+(2xy - 4y* —2y) - (x—2y -1) =4
< 2x(x-2y-1)+2y(x-2y-1)—(x—-2y-1)=4

o (x-2y-1)(2x+2y-1)=4 (¥

Do X,y € Z,2x + 2y —11é nén ta c6 cac treong hop sau day:

x=1
[(2x+2y-1=-1 [[2x+2y=0 {y:_l(tm)
X—=2y-1=-4 X—2y=-3 7
(*) <= < | [x==
2X+2y-1=1 2X+2y=2 3 (ktm)
X-2y-1=4 X—-2y=5 -4

L L y=—

Vay nghiém nguyén ctia phurong trinh da cho la (1;,-1)
Bai 57: Phuwong trinh da cho tuwong duwong véi

3x° —2xy+y—-5x+2=0

& 3X* —5X+2=2xy -y

< 32 —5x+2=y(2x-1)

=>y= 3)(22_)(—5_)(1”(D0...x €Z = 2x-1#0)

Do x, ynguyén nén:
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(3x* —5x+2)i(2x-1)
{3(2x—1)25(2x—1)

| 4(3x ~5x+2)-3(2x-1)" [i(2x-1)
& [-20x+8-3(—4x+1) |:(2x-1)

< (-8x+5)i(2x-1)

[ -8x+5+4(2x-1) {(2x-1)

< 1i(2x-1)

2x-1=1 x=1=y=0
= =

2x-1=-1 X=0=>y=-2

Vay cdc nghiém nguyén (X; y)cta phuong trinh da chola  (1,0);(0;-2)
Bai 58:
Vi x, ynguyén dueong nén VP >0do d6 VT >0nén X >y

Ta c6: 15xy =16(x° — y*)~3711a s§ 1é nén x, y déu 1¢, do vy : {X >3
Xét x =3thi y =1 thay vao phuwong trinh thoa man
Xét x>5
Ta co:
x-22y=16(x'-y’) 216[x3 —(x—2)3J =16(6x" ~12x+8)
15xy +371<15x(x—2)+371=15x* —30x +371
16(6x” —12x +8) - (15x* —30x +371) = 81x* ~162x — 243 = 81(x* — 2x - 3)
Tac6: X* —2x—-3>0,Vx 25=16(x’ - y°) > 15xy +371
Vay treong hop nay vo nghiém
Vay phuong trinh cé cap nghiém nguyén duong duy nhat (X; y) = (3;1)
Bai 59: Ta c6 1 s6 chinh phwong khi chia cho 3 sé nhan duogc s6 du la 0 hodc 1 nén ta cé:
(3k)? = 9k?
(3k +1)* =9k* + 6k +1=1(mod3)
(3k +2)" =9k? +12k + 4 =1(mod3)
Néu x, y > 3thi x,y khong chia hét cho 3 do d6 s6 du ctia V€ trai cho 31a 1-2.1=-1 chia 3
du2vdlydo x*—-2y* =1
= trong hai s& x, y phai c6 mot s& bang 3
X=3=9-2y'=1=y’ =4 y=2(y>0)

s
y=3=>x"-29=1x"=19=>xc
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Vay cdc cip s6 nguyén (x;y) =(3;2)

Bai 60:

X2 —xy+y?=2x-3y-2< x*—(y+2)x+y*+3y+2=0 (1)
A=(y+2)' —4(y*+3y+2)=-3y’-8y—4

D€ phuong tinh (1) ¢ nghiém thi A>0

:>—3y2—8y—420<:>3y2+8y+4§0c>—2£yg—g

Viynguyénnén y=-2 hodc y=-1.

Véi y=-2, (1) =>x*=0 < x=0.

x=1

x=0

Vay nghiém cta phuong trinh: (0;-2),(0;-1),(1;-1).

Véi y=-1, (1) = x*-x=0 @{

Bai 61:- Voi y=0,tacé x=0 .
-Véi y =0, taco:

2
362)72—)62—6)72 :2xy<::>xzyz—5y2 Z(x+y)2 <::>362—5:(X+—2y):a2 (an).
Y

|+l =5 x=3

x2a2:5<:>{
X=-3

_3
|
Khi x:3:3y2—6y—9:0<:{y:_1

y_=1
y=-3
Vay (xy) €{(0:0);(3-1);(3:3):(-3:1)i(-3-3)}

Khi x:-3:>3y2+6y—9:0<:{

Bai 62: Coi phuwong trinh da cho 1a phuong trinh bac 2 dn y ¢6 tham sd x
Tacd: A=4x*+12x+8
Vi X,y € Z = Ala sd chinh phuwong

= 4x* +12x+8=k? < 4x* +12x+9-k* =1
& (2x+3)" —k? =1
< (2k+3-k)(2k+3+k)=1
-1
(tm)

[ (2x+3-k =1 i
2X+3+k =1 k=0

=

2x+3-k=-1 X=-2

(tm)
2X+3+k=-1 k=0

Thay vao phuong trinh dé
Véi x=-1=(*) <y’ —2y+1:0<:>(y—1)2 =0= y=1(tm)

b
I
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Véi x=-2=(*) < y2—4y+4=0<:>(y—2)2 =0 < y=2(tm)

Vay tap nghiém ctia phurong trinh da cho 1a (x;y) = {(-11);(-2;2)}

Bai 63: Nhan ca hai vé€ ctia phuwong trinh véi 12 ta duoc:
36(a”+b*)-84(a+h)=-48 < (6a—7)" +(6b—7)" =50=5"+5"=1"+7

[ (6a—7=5
6b—7=5
6a—7=-5
6b-7=5 [a=b=2(tm)
6a—-7=5 a=1 b=2(kim)
6b—7=-5 3
{6a—7:—5 a:2,b:%(ktm)
6b—7=-5
1,1
a==;b==(ktm)
- 6a—7=1
(6a-7)7=25 |{° s 3
i 6b—7=7 a_4_b_7(ktm) et
_ — — Ty = a=
(6b—7)* =25 {6a—7:—1 3 {b '
7 =
6a—7) =1 6h—7=7 —1:b =L (kt
:E ;2 <:>6a71<:>a’ 2 olasb=2
6b—7)° =49 —7=
2 {Gb— =—1 azé;b:O(ktm) a=0
(6a—7)" =49 3 b=1
(607 =1 {6a—7=—1 a=Lb=0 -
- 80-7==7 | a_0:b=2(ktm)
{6&—7:7 3
6b—7=1 a:%;b:%(ktm)
6a—7=-7 4
6b-7=1 a=—:b=1(kim)
6b—7=-1
6a—7=-7
| |6b-7=-1

Vay tap nghiém ctia phwrong trinh da cho la (a;b) ={(0;1);(10);(2:2)}
Bai 64:

Ta co

V+y=X'+ X+ X+ x < 4y* +4y +1=4x" +4x° +4x° + 4x+1

{(Zy #17 =(20¢ +x) + (Bx+D)(x+D)
=

2y +1)* =(2x* + x+1)2 —X(X+1)
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Ta thdy : néu x <—1hodc x> 2thi (3x+1)(x+1) >0 vax(x—2) >0nén tir (1) va (2) ta suy ra
(2x2 + x+1)2 >(2y+1)° > (2x2 + x)2 (*) Loai vi khong c6 s6 nguyén y thoa man.
T dosuyra -1<x<2=xe{-10,1,2}

Xét x=2=y°+y=30=>y=5y=-6

Xét x=1= y*+y =4 loai

Xét x=0=>y’+y=0=y=0,y=-1

Xét x=-1=y*+y=0=y=0y=-1

Vay hé da cho c6 6 nghiém 1a (0,5)(2--6)(0:0), (0;-1), (-1,0), (-1, 1)

Bai 65:

Tt x* —xy —5x+5y =2

< X(X-y)-5(x-y)=2

< (X-y)(x-5)=2

Vi2=12=21=(-1).(-2)=(-2).(-1) nén ta c6 4 treong hop sau:

-y=1 =6
Truong hop 1: {i g_ {y (TM)

-5=2 [x=7

. X—y=2 y=4
T hop 2: M
Frong hop {x—5:1®{x:6(-r )

_v=— =4
Tru&mghop&{z g @{;{ 3(TM)

—_y=-2 -6
Truong hop 4:{§ g_ = {)}(’_ 4(TM)

Vay co6 4 cap (X,y) théaman la: (7; 6); (6; 4); (3; 4); (4; 6).

Bai 66:

Ta cd xy* —(y—45)" +2xy +x—220y +2024 =0 < (y+ D(xy + x —y —129) = -128 = -2’
= y+1e{24:8,16:32:64128) = y € {1;3:7:1531:63;127} = (x;y) € {(33:1),(25:3),(15:7)} .
Bai 67:

Xét phwong trinh:  x*> —n’x+n+1=0 (4n sd x) (1)

Dé phuong trinh (1) cé nghiém thi A>0=n*-4n-4>0=n¢{0;1} (do neN)
Goi x1, x2 1a hai nghiém ctua phwong trinh (1).

Ap dung hé thitc Vi-et, ta duoc: {Xl X = n

XX, =n+1

a2
=X, +X,~XX,=n"-n-1
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< x (1-x,)-(1-x,)=n*—n-2
e (x,-1)(1-x,)=(n-2)(n+1)
< (x,-1)(x, -1)=(2-n)(n+1)
V6i neN,ng{0;1} thi {X"ll):;f;n;z;

Do dé6 x, > 1;x, 2 1= (x, -1)(x, -1)>0=(2-n)(n+1)>0
=2-n>0(don+1>0,VneN)=>n<2

Ma neN,n ¢ {0;1} = n =2.Khi d6, phuong trinh (1) tré thanh:
X’ —4x+3=0<(x-1)(x-3)=0

x—=1=0 x=1(t/mer)
= =
X x:3(t/mer)
Vay véi n € N, d€ phuong trinh da cho c6 cac nghiém la s6 nguyén thi n = 2.
Bai 68:
ViX,yeZ=x+Y, X’+y*eZ

2 2
XY 85 gs(x+ y)=130 + y?) >0
Xx+y 13

=Xx+y> 0.

(x+ y)2
Ap dung BDT: x*+y°> — < (X-Yy)*20 (ludn ding)
Ta co:

85(x + y)=13(x* + yZ)Z%( X+ y)2 =X+ y< %: X+y<13

Mat khac:
X+y>0 ,
A X+Y=13=X"+y =85
X+Yy:13
Suy ra:
[ (x=6
™
X+y=13 y=13-x {y:7( )
2 2 7.2 2 <
X +y°=85 |x*+(13-x) =85 X=7
y_6 ™)
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Vay nghiém cua PT la: (x; y)=(6;7); (7; 6)
Bai 69: C6: (a+b)” <2(a’+b”) suy ra n <2(n’+2), hay n*(n-2)-4<0.
Néu n>3 thi n°(n-2)-4>n*-4>0 (Loai). Dodé n=0; 1, 2.
Véi n=0; 1 chirakhong ton tai a;b théa man dé bai.
Véi n=2 chira a=1b=3 hodc a=3;b=1 thda man dé bai roi két luan.
Bai 70:
2020(x* +y*)—2019Q2xy+1)=5
& 2019(x—y) +x7+y*=2024 (1)

= 2019(x —y)* <2024 = (x —y)* < ig?gzosu—y)z <1=0<|x—y[<1
[r=»[=0

=
r=y=1

Néu |x—y| =0=>x=y, tr (1) = 2x* =2024 = x* =1012 (v06 nghiém nguyén)

, [x-y=1 —x-1
Néu |x—y|=1th1 Y S y=r vatr (1) =>x*+y =5 (2)
x—y=-1 y=x+1

[y =—1 )
Thay y=x-1 vao (2) taduoc: = X’ +(x-1)’ =5’ -x-2=0< * :{y
X

[x=1 =2
Thay y=x+1 vao (2) taduoc: = X’ +(x+1)’ =5 " +x-2=0< * Z:P
Vay phuong trinh ¢ 4 nghiém nguyeén: (x;y) = (=1;2);(=2;1);(1;-2);(2;—1)
Bai 71: 2(2x°y —x* -3y -1)=0 < (2x* -3)(2y-1)=5 (*)

2y-1=1 =1
Suy ra 2y -1eU(5)={+L+5} ma 2y—-1>-1Vy >0 nén { y @{y

2y-1=5 |y=3
‘s \ 2 2 X=2(n)
Véi y =1 thay vao (*) ta dugc 2x° -3=5ox" =4 2(I)
X:_
Véi y =3 thay vao (*) ta dugc 2x* —3=1< x? =2 x=++/2 (loai).
Vay cdc s6 nguyén duong théamanla x=2,y=1.

Bai 72:
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X+ y+3+1:\/;+\/§
< X+ y+3+2\/m+1:x+2\/x7y+y
oy 3=y -2
< X+ y+3:xy—4\/W+4
Xy—xX—y+1
4
Néu xy la s6 khong chinh phuong thi VT la s6 v ti con VP 1a s6 hitu ti, vo ly

Vay xy =k* = /xy =k
Tacod x+ y+3:xy—4\/ﬁ+4<:>x+ y+2\/x_y:xy—2\/x—y+1<:>(«/§+\/§)2 =(\/x_y+1)2

SVxrly =y -1 (9
oy =k-1-Ix o y=(k-1)" -2(k-1)/x +x

S\ Xy =

_(k—1)2+x—y .
@&—W vi (k>2)

Néu x la s6 khong chinh phwong thi VT 1a s6 vo ti con VP la s6 hitu ti, vo ly
Vay x la so chinh phwong, Ly ludn twong tu thi y 1a s6 chinh phuong
Pat x=a’;y=b’
T (*) a+b=ab+1< (a—1)(b-1)=2
Ta tim duoc (a;h)=(2;3);(3;2) = (X y)=(4;9);(9:4)
Bai 73: DK:199 —2° — 22> 0 & (2 + 1)2 <200 =z € {-15-14-13;..;1213} (Viz € 2)

Tacé:4y2:2+\/199—x2—2x:2+,/200—(z+1)2 <2410V2=0<y’ <4, mayec”

Suy ra: y € {-2—1; 1;2} .

) z=-—15 . r=—15 5 r=-3
y r =13 Y r=13 Y T =
T =-3
y=2=
r=1

Vay tap hop cac cdp s (x; y> nguyén thoa man dé bai la:

S = {(13;—1),(13;1),(—15;—1),(—15;1),(—3;2),(—3;—2)(1;2),(1;—2)}

Bai 74: Vi z,y nguyén duong va <a:; y> = (1; 1) khong thoa man phuong trinh nén

°+y" +1> 32y +x+y>3.Suyra 2y + 2 + y 1la wdc nguyén duwong 16n hon 3 ctia 30
gom: 5;6

Néuzy+z+y=5« (x - 1>(y - 1) = 6 ta duoc cac treong hop
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r+l=2 jz=1 e LiA a1
+) & (thoa man diéu kién dau bai)
y+1=3 y=2

r+1=3 |z=2 A e
+) & (thoa man diéu kién dau bai)
y+1=2 y=1

Néuzy+z+y=6<« (x+1>(y+1) = 7 khong théa man
Vay cac cdp sd (x;y) thoa man la (1;2),(2;1) .

x|-1

Bai75: Vi651énén 2X+5y +11eva 28X +y + x>+ x 1

Ma 2X+11é nén 5Y chan, suy ra y chan

Mit khac X2 + x = X(x +1) chinnén 2" 1¢, suy ra [x|-1=0 < x =1
Véix=1=(5y+3)(y+3)=65=>y=2

Véi x = -1 = (5y+3)(y+3)=65< 5y° +4y —66=0 Phuong trinh nay khong cé
nghiém nguyeén.

vay: (x;y)=(12)

Bai 76: Ta c6 2™.m?=9n?-12n +19 < 2™.m? = (3n-2)? +15

Néumlé = m=2k+1, ke N’

=2m.m?=2.4km? = (3+1)k 2m? = 2m? (mod3) ma m?=0;1 (mod3) nén 2.4x.m? =0;2 (mod3).
Mat khac (3n-2)? +15 =1 (mod3)

Vay truong hop nay khong xay ra

Néu m chdn= m=2k, ke N thi ta c6 phuong trinh

2%m? - (3n-2)2=15 < (25m +3n-2) (2<m -3n+2) = 15 (¥)

Vim,n € N nén 2x.m +3n-2 > 2x.m -3n+2 va

2km +3n-2 >0 = 2km -3n+2 >0

) 2*m+3n-2=15_ _ [2*m+3n-2=5
Dodo () < hodc |
2'm-3n+2=1 2'm-3n+2=3
[2*m+3n-2=15 k 2k =
THI: & 22k 8(V(A) nghiém)
1 2m-3n+2=1 n=3
[2m+3n-2=5 k 2k = k=1 [m=2
TH2: & 2.2k 4<:> =
12m-3n+2=3 |n=1 n=1 |n=1

Vay phuong trinh da cho c6 nghiemm=2,n=1
Bai 77:

Ttr bidu thiee (X° —Xx+1)(y® + xy) =3x -1 ta nhan thay 3x-1 phai chia hét cho (x*—x + 1)
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ta co (3x - 1)(3x - 2) =9x2- 9x +2 =9(x®— x + 1) - 7 cling phai chia hét cho (x*—x + 1)
suy ra 7 chia hét cho (x*- x + 1)
(x®>-x+1)=1hoac7
Thay x=0,1,3 va -2 lan lugt vao ta c6 y => (x,y) = (1,1),(1,-2) va (-2,1)
Bai 78: Phuong trinh da cho c6 thé duoc viét lai thanh x*(y- 2)2 +y -3y*+4=3
hay (y-2)°(x*+y+1)=3.
Suy ra (y-2)° =1 va x*+y+1=3. Giai ra, ta dwoc x=+1 va y=1. Vay c6 hai cip s6 nguyén
(x;y) thoa man yéu cau ctia dé bai la (1,1) va (-11).
Bai 79: Biéu kién: x> 0;y 2;4/x+y—-220
Vi diéu kiéu kién trén binh phuong 2 vé ta c6
2(\/;+y—2) = \/;.y = \/;(Z—y)—Z(Z—y) =0 (2—y)(\/;—2) =0
oy=2vx=4
Két hop voi diéu kién ta co: x>0,y=2 va x=4,y>0
Bai 80: Ta co x? + xy + y? = x?y?
< (x+yy=xyly+1)
+Néux+y=0 = xy(xy+1)=0< {xy=0
xy =-1
Véixy=0.Kéthop véix+y=0= x=y=0
V&xy=4nK&thV&x+y=0:3{X=1 h&k{xz_l
y=-1 y=1
+Néux +y=0 = (x+y)?laso chinh phwong
xy(xy + 1) la hai s6 nguyén lién ti€p khac 0 nén ching nguyén t6 cung nhau. Do d6 khong
thé cuing la s6 chinh phuwong
Vay nghiém nguyeén ctia phwong trinh la (x; y) = (0; 0); (1; -1); (-1, 1)
Bai 81: Ta ¢ x5+}#::xy2+1¢3(x5—1)—(xy?—y2)=0
¢3(x—1Xx4+x3+x2+X+J)—}9(X—1):O¢3(x—lxx4+x3+x2+x+1—y2):O
x-1=0
Tkt x4 x +x+1=y’
*Néux-1=0=>x=1tacd 1+y* =y*+1 dlng véi moi y nguyén
Vay ngiém caa PT 1a (1;y e Z)
Néu x* +x° + x> +x+1=y” = 4x* +4° +4x7 +4x+4 =(2y)’

Ta cd
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(Zy)2 —(2x2 + x)2 =4x* +4x° +4x° +4Ax+4—4x* —4x° =P
2
=3x*+4x+4=3 x+z +§>O
3) 3

Vay ta co (2% +x)* <(2y) *

Taco (2x*+x+2) ~(2y) =5x*20, Vay tacé (2y) > (2 +x+2) **
Tir* va ™ ta 6

(@ +x) <(2y)" <(2¢ +x+2) = (2y) =(¢ +x+1) ;
(2y) =(2x¢ +x+2)

Néu (2y) =(2x* +x+17 & —x* +2x+3=0 & x> ~2x-3=0

<:>(x+1)(x—3)=0c>{xz_1
Xx=3

+néu x=-1=y’ =1 y=+1

Néu x=3=y2=121= y=+11

-Néu (Zy)2 =2 +x+2) -5’ =0 x=0>y’ =1 y=41.

Két luan (x, y) = (-1, 1); (-1, -1); (3, 11); (3, -11); (0, 1); (0, -1); 1a (L,y € Z).
Bai 82: Gia thiét < 3(x~3) ~18y> +222+3y°2* =54 (1)
+)Lapludn dé z°:3=2z:13=272"19= 7> >9(¥)

(1)< 3(x - 3)* +22% +3y*(2* —6) =54 (2)

(2) = 54 = 3(x - 3)? +22% + 3y* (22 —6) 2 3(x — 3)* + 2.9+ 3y*.3
(x-3)*+3y’ <12 >y’ <4 =y’ =1y’ =4 viynguyén duong

Néu y* =1« y=1 thi (1) c6 dang:

3(x—3)2+522 =72=52> <72 = 7* 375—2:>22 =9=z=3(vico(*))

Khi d6 3(x —3)2 =27= (x - 3)2 =9, x nguyén duong nén tim dwoc x=6
Néu y* =4 < y =2 (vl y nguyén duong) thi (1) ¢6 dang:
3(x—3) +142% =126 = 142> <126 = 7’ <9 = 7’ =9 = z = 3 (vi z nguyén duong)

x=3 |x=6

Suy ra (x—3)* =0= x =3 (vi x nguyén duong) . Dap s6 <y =2;{y =1
y guy & p y y

z=3 |z=3
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Bai 83: Dat a=x+y,b=xy(a,beZ) va a’>4b

2+b

b2

Phuong trinh (1) trd thanh: b>a+a=2+b<a= ;
+

Do d6: (2+b)§(b2 +1):>a2 —4'p? +1:>(a2 +1)—55b2 +1=5'a%+1

=a’+1le{l;5}=ac{0,4}=ac{0;-2;2]

Véi a=0:b:2:>{ =0 = (xy)e{(0:2),(20)}

X+y=2
_X:\/E
g Xy =-2 y=—2 o A
Véia=-2=b=0= = (loai vi khong thoa man x, y nguyén)
x+y=0 X =2
N

Véia=2=b =% (loai vi b khong nguyén)
Vay nguyén (x, y) = (0, 2); (2, 0).
Bai 84: Ta cé: xy2 +2xy -243y +x =0 < x(y + 1)2 =243y
243y
(y+1)

Do (y,y+1)=1nén ( ) 1a wdc ctia 243 . Mat khac: 243=3°

Viy+1#0 néntacd: x=

Do dé: (y+1) =32 v(y+

Voi: (y+1)2 =3 = y=2,x=54

Voi: (y+1) =3 = y=8,x=24

Vay nghiém duong ctia phuong trinh la: (x, y) = (54, 2); (24, 8)

Bai 84: Xét phuong trinh x* =y” + \/ﬁ véi x,yeZ'

Xéty =0 thi x> =1 do x nguyén dwong nén x = 1

Xét y>1=x2>3. Ta co: (x+y)2 (x—y)2 :y+1:>(y+1)§(x+y) (vo ly)
Do d6 s6 nguyén khong am phai tim la (x, y) = (1, 0).

Bai 85: Ta c6 y* =1+,[13—(x* +4x+4) =1+ /13— (x+2)’ <1+13

Suyra1<y’<4

Vé6i y? =1=13=(x+ 2)2 khéng c6 nghiém nguyén.
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V6i y?=4=3=13-(x+2) = (x+2) =4 = x=0vx=—4
Vay phuong trinh ¢6 4 nghiém (-2, 0); (-2, -4); (2, 0); (2; - 4).
Bai 86: Ta co: [4-3x=5-a (1)
Xét xSé , ta duoc x:a—_l.

3 3

-1 _4
<— J—
3 3=

Dé x nguyén duong va thudc khoang dang xét ta giai hé =4

a-1:3
Khi d6 x =1.

9—

Xét x>é,tadu’oc X=—.
3 3

9;a>é a<b
Giai hé: 3 3@{ . <a=3k vdi k<1.
. a:3
9-a:3
Khi d6 x=3 -k
Vay ta can a =4 hodc a = 3k véi k nguyén, k<1.
Bai 87: Ta co:
2.2 2 2
XTy“+(x—2)"+(2y—2)" —2xy(x+2y—4)=5
2,,2 2 2 2 2 _
S XY T+ X —4X+4+4y° -8y +4-2X"y—4xy° +8xy =5
<:>(x2y2—4xy2+4y2)+(x2—4x+4)+(—2x2y+8xy—8y)=
<:>yz(xz—4x+4)+(x2—4x+4)—2y(x2—4x+4):1

<:>(x2—4x+4)(y2+1—2y):1<:>(x—2)2(y—1)2:1
TH1:(x—=2)=(y-1)=1< x=3 va y=2
TH2:(x-2)=(y-1)=-1<x=1 vay=0
TH3:(x-2)=—(y-1)=1=x=3 va y=0
TH4: (x-2)=—(y-1)=-1e x=1va y=2

Vay phuong trinh ¢6 cac cap (X;y) nguyén la: (3;2);(1;,0); (3;0):(32).

Bai 88:
Pit Vx=a,a>0, y’=b,b>0.
4y* +6y° —1=

< 4b*+6b-1=2a°
< 16b% +24b — 4 = 432
< 16b% +24b+9-4a% =13
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& (4b+3)° —4a® =13
< (4b+3-2a)(4b+3+2a)=13

Lap bang

4b+3-2a 1 13
4b+3+2a 13 1

a 3 -3
b 1 1

Nhan Loai

X 9

y 1

Vay phuong trinh c6 nghiém nguyén la (x;y) la (9;1).
Bai 89: Taco (x-y-1)(x+1-y)+6xy+y*(2-x-y)=2(x+1)(y+1)
& (x=y) —146xy -y (x+y—-2)=2(x+y+xy+1) & (x+y) =y (x+y-2)=2(x+y)+3
S (x+y)(x+y-2)-y’(x+y-2)=3 o(x+y-2)(x+y-y’)=3

Vi X, yeZ nén x+y-2; x+y-y* lacacwdc cua 3

4 X+y-2=1 y>=0 Xx=3
=S N :
X+y-y’ =3 x+y=3 |y=0

x=3 =7

X+y—-2= y’ = y=-2 X+y—-2=3 y’ =4 y=-2
2 < . 2 =

X+y—-y =-3 X+y=1 x=-1 X+y—-y =1 X+y=5 x=3

4 X+y-2=-3 - y’=0 - x=-1
X+y-y*=-1 |x+y=-1|y=0"
(

Bai 89: Ta c6
(x—2018)" +1=y* +9y* +1-6y* —6y + 2y’ =(y* —3y+1)2

e (y? —3y+1)2 —(x-2018)’° =1 (y* -3y +1+x-2018)(y* -3y +1-x+2018) =1

(y2—3y+1+x—2018):—1 X = 2018 x=2018
THI1 : <:>{ ) &4ly=1
(y?-3y+1-x+2018)=-1 [y —3y+2=0 _
y=2
(y?-3y+1+x-2018)=1 (x=2018 x=2018
TH2: <:>{ ) <4ly=0
(y?-3y+1-x+2018)=1 |y*-3y=0 y=3

Vay phuong trinh c6 nghiém (x;y) e {(2018; 0);(2018;1);(2018;2);(2018; 3)}
Bai 90: Tacd (1) = (y-2)(y-3)+56=(y—2)x*+(y—2)(y—4)x
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<:>(y—2)[x2 +(y—4)x—(y—3)]:56
< (x-1)(y-2)(x+y—-3)=56.
Nhén thdy (y-2)+(x—1)=x+y—3, nén ta phai phan tich s6 56 thanh tich ctia ba s&

nguyén ma tong hai s6 dau bang so con lai.

Nhuw vay ta co

+)56=1.7.8= (xy)=(209).
+)56=7.18= (x;y)=(83).

+) 56 =(-8).1.(-7) = (x;y) =(-7:3).
+) 56 =1.(-8).(=7) = (x; y) =(2-6).
+) 56 =(-8).7.(-1) = (x y) =(-7:9).

)56 7.(-8).(-1) = (x1y) - (8-).
Vay phuong trinh cé 6 nghiém nguyén nhu trén.
Bai 91: Ta c6 2X* +2y* +3x -6y =5xy -7 < (x—2y)(2x -y +3)=-7
Xét cac treong hop ta c6 (x;y) =(3;2);(-5;-6);(—7;—4);(L4).
Bai 92: D& phuong trinh c6 nghiém thi 9x* +16x + 32 phai la mot s6 chinh phuong.
Khi d6 9x* +16x+32 =t*(t e N). Phuong trinh trén tuong duong voi

81x” +144x+288 =9t* < 81x* +2.9.8+ 64 + 224 = 9t
& (9x+8-3t)(9x+8+3t) =224 = 2%14 = 2°28 =256 =—2.112
=2*.(-14)=2"(-28)=2%(-56) =2.(-112)
Tacd xeZ;te Nnén 9x+8+3t>9x+8-3t 9x+8—3t;9x+8+3t cing tinh chin lé.
Lai thdy 9x+8+3t va 9x+8-3tdéu chia 3 dw 2 khi d6 ta c6 cac truong hop sau.

9%x+8+3t=14 . 9x+8+3t:56. O9x+8+3t=8 . Ox+8+3t=2
Ix+8-3t=-16"|9x+8-3t=-4"|9x+8-3t=-28"|9x+8 -3t =-112

Giai cac treong hop trén ta duwoc x € {—7; -2;-1; 2}
+Voi x=-1= -27-16y =5= y = -2 (thdéa man).

+ Vi X=—2:>—30—16y:6:>yz—z(loai).

+ Vi x:2:>—18—16y:10:>y:£ (loai)
+Voi x=-7 = -45-16y =19 = y = -4 (thoa man)
Vay nghiém nguyén ctia phuong trinh la (x; y) = (—1; —2),(—7; —4).

Bai 93: Phuong trinh tirong duong véi x* +3xy +2y° —x—5=0. nhan thay day la phwong
trinh ¢6 bac la hai nén ta sé st dung delta d€ giai phuwong trinh nghiém nguyén nay.

Phurong trinh twong duong voi x* +3xy +2y* —x=5=0 < x* +(3y —1)x+2y* -5=0
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Xem phuong trinh la phuong trinh bac 2 dn x ta duoc
A=(3y-1) —4(2y*-5)=y* -6y +21=(y-3) +12
Dé phuong trinh trén c¢d nghiém la nghiém nguyén thi Ala sd chinh phuong.
bat A :(y—3)2 +12=a’ < (a-y+3)(a+y—3)=12 vdiala s8 nguyén.

Vi a—-y+3 va a+y-3 cung tinh chdn 1é nén ta ¢4 bang sau

a-y+3 2 6 -2 -6
a+y-3 6 2 -6 -2

a 4 4 —4 —4

y 5(TM) | 1(IM) | 1(TM) | 5(TM)

Thay y =5 vao phuong trinh da cho ta dugc x* +14x +45=0 < x € {-9; -5}
Bai 94: Ta c6 X(X* + x+1) =4’ 1< (x+1)(x* +1) =47
Do X, yeZ=X,y=0
-Néu x=0=y=0=(x;y)=(0;0) la nghiém ctia phuong trinh da cho.
-Néu x>0=y>0=x+1 chan, dit x=2k+1(k >0)
Khi d6 (k+1)(2Kk* +2k +1) = 4"
Do 2k*+2k+11as81énénsuyra k=0=x=1=y=1=(x;y)=(L1)
Vay phuong trinh da cho ¢6 nghiém (x;y)=(0;0);(11)
Bai 95: Viét phuong trinh da cho vé dang: 9.(3* -2 +19) = y? (x>2). D€ y la s6 nguyén thi
diéu kién can va du la 3*-2+ 19 = z2la s6 chinh phuong (z 1a s6 nguyén duong)
Néu x -2 =2k +11as61é thi 3%**1+19 = (3%+1 + 1) + 18 = 4.B + 18 chia hét cho 2 nhung
khong chia hét cho 4 nén khong thé la s6 chinh phuwong.
Do d6 x — 2 = 2k 14 s6 chdn
Ta c6 32 +19 =2 < (z-3)(2+3")=19. Vi 19 1a s§ nguyén t5 va z-3* <z+3" nén
z2-3=1 z=10 (z=10
{z+3k =19 Q{BK :9@{k:2
Vay x =6 vay = 30.
Bai 96: Néu x=0= y =1 thdéa man
Néu y=0= x¢Z khong thoa man
Xét x#0;y #0 phuong trinh da cho cé dang
454x (54X +1) = 4.54C.y° & (427% +1) = (6xy)’ +1
Dat 4.27x° =a;6xy =b ta duwoc phwong trinh
(a+1)"=(b +1)(b*~b+1) (*)
Tt (*) ta thdy b+1>0. Goi UCLN(b+1b*-b+1)=d
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b+1:d ) . :
=1, . =>b’-b+1=b(b+1)-2(b+1)+3id = 3:d
b*-b+1:d
Mit khéc (a+1)’ = (4.27 x° +1) khoéng chia hét cho 3 nén 3 khong chia hét
d=d=1=(b+Lb’-b+1)=1
T (*)nhan thdy tich hai s6 nguyén t6 cing nhau la mdt s6 chinh phirong nén phai

) {b+1:m2

e (m;neN*;m22;m224)
b’-b+1=n?

2

Tacé n* =(m*-1) —(m*-1)+1
on’= (m2 —1)2 —(m2 —2) (1);n? :(m2 —2)2 +(m2 —1) (2)
Tir (1) va (2) = (m?-2) <n?<(m?~1)° vd 1y suy ra phuong trinh (*) vo nghiém.
Vay phuong trinh c6 nghiém duy nhat (x;y)=(0;1).
Bai 97:
Ta cé: 5(X* +xy +y?) =7(x+2y) (1)
= 7(x+2y):5 = (X+2Y):5. bst x+2y =5t (2) (teZ) thi
(1) tré thanh X*+Xy+Yy> =7t (3).
Tir (2)= X =5t —2Y thay vao (3) ta duoc 3y —15ty + 25t =7t =0 (*), coi day la
PT béc hai d&i v6iy co: A =84t — 75t
D& (*) c6 nghiém <> A >0 <> 84t —75t* >0 <:>0§ts§—§
ViteZ =1t=0 hojc t=1.Thay vao (*):
+V6it=0=y,=0=x =0

Y,=3=>X,=-1

it=1=
Vol {y3:2:>x3:1

Vay phuong trinh c6 3 nghiém nguyén (x, y) la (0; 0), (-1; 3) va ( 1; 2)
Cich khic: Ta c6 5(4%" +4xy +4y°) = 28(x+2y) = 15x" = 28(x+2y) —5(x+2y)’

Do 15x* > 0= 28(x+2y)-5(x+2y)’ =—5[(x+2y)2 —2(x+2y).%+12659}+129 < 129
Vay OSlSXZS%DOSXZS%,XGZnén xe{-1;0;1}

+X=0=y=0

+X =-1= y =3 thdéa man bai toan.

+X=1l=>y=2

Bai 98:Ta ¢ x(1+x+xz):4y(y—1)<:>(x3+x2)+x+1:4y2—4y+1

e (x+1)(x*+1)=(2y-1)" (1)
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Vi X,yEZ:>(2y—1)2 >0 nén tr (1) suy ra x>0 va x chan.
x?—1:d

Gia dir (x+Lx*+1)=d =d lé va T =2id=d=1
x*+1:d

Vi (x+1)(x* +1)1a s chinh phuong ma (X +1x* +1) =1 nén (x+1) va
(X2 +1) cting la hai s6 chinh phuong.

Do x>0 = x2 <X’ +1<(x+1)’ = x* +1=(x+1)" = x=0

y=0

y=1

Vay hai cdp s6 nguyén(x;y)=(0;0);(0;1)

Khi x:0:4y(y—1):0:{

Bai 99: Ta c6 X* = 2X + yzz4 & (X ~1)° =y725; %, y, zeZ* va ¥,Z € {1,2;..;9}
Suy ra X -1 c6 dang ab
Do d6 yzz5=a5 = (10a+5)? =100a(a +1) + 25
Suyraz=2=y+z+z+5=y+9
Vi (X —1)% = yzz5 1a s6 chinh phuong va cé tdng cac chit s8 bang y+9 nén yz75
chiacho 9 dw 0,1,4,7. Do dd y e {1,4,7}
Khi d6 tim duoc (X, Y,2) € {(36;1;2);(66;4;2);(86;7;2)} .

Bai 100: Ta co \/x+2\/§:\/§+\/§ <:>x+2\/§=y+z+2\/ﬁ
o (x—y-2)+2/3=2yz = (x—y—2) +4/3(x-y-2)+12=4yz (1)

2
TH1. Néu x—y—2+0 Ta co P U o ) voly
4x-y-z)

(do x,y,ze N nén vé phai cta (2) 1a s6 httu ty ).
TH2. x—y—-2z=0 khidé (1)@{;(/2—:3’3—Z=0 -
Xx=4 x=4
Giai (3) ra ta dwoc <y =1 hoac {1y =3 thir lai thoa man
z2=3 z=1
Bai 101: 2xy*+ X+ y +1=X"+2y’+xy < X’ = x(2y’ -y +1)+2y*~y-1=0 (1)
Dit 2y~ y+1=a,khido PT (1) trd thanh & xX*—ax+a-2=0 (2)
Phuong trinh (2) c6 A=a’-4a+8=(a—-2) +4
Phwong trinh (1) c6 nghiém nguyén < Phuwong trinh (2) c6 nghiém nguyén
= A la s6 chinh phuwong
Dit (a-2)+4=k* (keN) o k’-(a-2)=4 o (k+a-2)(k-a+2)=4
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Vi (k+a-2)+(k-a+2)=2k lasd chdn va co tich cling 1a s8 chan nén (k+a-2) va

(k-a+2) la sd chin.

 |k+a-2=2__ [k+a-2=-2 k=2_ _ [k=-2
Do d6 hoac R hoac
k-a+2=2 k-a+2=-2 a=2 a=2
2
X:a+\/k7:2+2:2
Vay phuong trinh (2) c6 2 nghiém la 2 2
a—Jk? 2-2
X= = =0
2 2
Tacod 2y’ —y-l=a=2< 2y°-y-1=0 ©2y°-2y+y-1=0
y=1
e(y-1)(2y+1)=0< 1.Tachon y=1(viy € Z)
S22

Vay nghiém nguyén (x ; y) cua phuong trinh 1a (2; 1) va (0; 1)
Bai 102: Xét x=1=y=1.
Xét x22 thi 48. Néu y chin, dat y=2k(keN')=1+3" =1+9" =2(mod8),
vo li
Néu y le y=2k+1(keN')=1+3' =1+9"3=4(mod8), vo li.
Vay X=Yy =1 thdéa man yéu cau bai toan.
Bai 103.
Nhan thay x, y 1a céc s& nguyén khong am va /11296320 = 2°.41/105 13 s8 v ty.
Phuong trinh da cho c6 thé viét lai:
(x+y) +4xy—3361=4(x+y)xy -328v105 (1)
V& trai cta (1) la s6 hitu ti nén diéu kién can va du d€ phuong trinh c6 nghiém nguyén la
ctia vé& trai va v& phai ctia (1) déu bang 0. Khi d6 ta c6 hé phuong trinh:

(x+y) +4xy—3361

4(x+y)/xy ~328v105 =0

S*+4P-3361 (2)

SVP =824105  (3)

bat S=x+y,P =xy ta c6 hé phuwong trinh: {

82°.105

g

Tt (3) rat ra dwoc: P = Thay vao (2) thu gon ta duoc:

S*-3361.5% +4.82.105=0 < S* =1681v S* =1680 = 41
Do do: S=41,P =420.
Suy ra x, y la nghiém ctia phuong trinh:
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t=20

t* —42t+420=0 <
t=21

Vay phuong trinh c6 2 nghiém (20 ; 21) va (21 ; 20).
Bai 104.
Ta thay (x, y) = (0, 0) khong la nghiém cua phuong trinh.

Véix, y khéc 0: (1) < [4x—6y|+[9x ~6y|=,[313(x* +?)

|A+B| (AB20)
|A-B| (AB<0)

Ta dé dang chting minh duoc: |A|+|B| = {
Néu (4x—-6y)(9x—6y)=0 thi

(2) = [13x-12y|= W & 144x% +2.13.12xy +169y* = 0 < 12x + 13y = 0
Vi (13,12) =1 nén (x,y)=(13k;-12k) v6i ke Zva k=0

Néu (4x—-6y)(9x—6y)<0 thi

(2) &[5 =[313(x* +y?) <> 288x* +313y* =0 (VN)

vay phuong trinh c6 nghiém (x,y)=(13k;-12k) v6i ke Z va k=0

Bai 105.

Phuong trinh da cho duoc viét dudi dang: y = g 1 +t——— 4y =2x+1+——
2 4 4(2x+1) 2x+1

Vix,yeZ=2x+1lawdccua3 :>2x+1e{1;—1;3;—3}
Vay nghiém ctia phweong trinh la: (0;1),(—1; —1),(1;1)(—2; —1)
Bai 106. Néu (A+B\/§)2 ~C+DV3 thi C=A?+3B%,D =2AB:>(A—B\/§)2 ~C-D\3

Do d6 néu (x+y+/3) = 444444 + 30303043

Thi ta ciing co: (x—y+/3 )2 — 444444 - 3030303 (v6 1)

Do 444444 —303030~/3<0.

Bai 107.

Déats=x+y, p=x.ykhido s,pe N’ .Luc dé phuong trinh tro thanh:
35 =4p+664 (1)

Néu p =1 thi s¢ N" (mau thuan)

Vivay p>2 va 35’ 2672 =" 2224 (2)
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Mat khéc tir diéu kién: s* > 4p , ta cd 3s” —664 <s”. Vi vay: s> <332 (3)
Tix (2) va (3) ta c6: s* € {256;324}

a) s*=256=s=16,p=26=>x¢N'.

b) s’ =324 =5=18,p=77 =(x,y)=(11,7);(7,11).

Vay phuong trinh c6 2 nghiém (x, y) = (11, 7); (7,11).

Bai 108. Ta co:

X’ + X’y +xy° +y’ :8(x2 +xy +y’ +1)

& x(x2 +y2)+y(x2 +y2):8(x2 +y2)+8xy+8

<:>(x2 +y2)(x+y—8)=8xy+8 (1)

Suy ra: x, y chung tinh chan 1é va (x + y — 8) 12 s6 chn.

2
X+ 2
Néu x+y-826 thi x> +y’ Z(Ty)2%>4

Suy ra: (x* +y?)(x+y-8)26(x* +y*) 2 2(x* +y*)+8xy >8+8xy, phuong trinh (1) khong
thoa.

Néu x+y-8<—4 thi (X’ +y”)(x+y—8)<—4(x* +y*)<8xy <8+8xy , phuong trinh (1)
khéng thoa.

. . . e x=2 |x=8
Néu x+y-8=2thi (1)<:>x +y =4xy+4 .Khi doé: x+y=10,xy =16 < gV :
y= y=

Néu x+y-8=0thi (1) < 8xy +8=0 < xy+1=0, phuong trinh khong c6 nghiém nguyén
vi x+y=8

Néu x+y-8=-2thi (1)< x* +y* +4xy+4=0 . Khi d6: x+y =6,xy =—-20khong c6
nghiém nguyeén.

Két luan: Nghiém nguyén ctia phuong trinh la (x, y) = (2, 8) ; (8, 2).

Bai 109. Phuong trinh da cho c6 dang: x* + 17[y2 +2xy +3(x+ y)} =1740

Chti y rang véi s x nguyeén, x c6 thé c6 dang nhuw sau:

x=17k*r v6i re{0,1,2,3,4,5,6,7,8} va keZ
Tk d6 suy ra: x* € {17k,171<+1,17k+4,17k+9,171<+8,17k+16,17k+2,17k+15,17k+13}.

Nhan thdy rang v& phai 1a 1740 khi chia cho 17 ¢6 s dw 1a 6. Tron khi d6 vé tréi khi chia
cho 17 trong moi treong hop déu khong c6 s6 du 1a 6. Vay phuong trinh da cho khoéng ¢
nghiém nguyeén.

Bai 110. Ta cé:
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(x+y+z)3—(x3+y3+z3) 3(x+y)(y+z)(z+x)
©27-3=3(x+y)(y+z)(z+x)
<:>(x+y)(y+z)(z+x) 8 (*

X+y=aeZ
Dat {y+z=beZ . Khi do: (*)@abc=8:>a,b,ce{il;i2;ir4;ir8}

z+x=cel
Vix, y, z vai tro binh dang nén ta gidi sit: x<y<z=a>b2>c

Khi d6 ta c6: a+b+c=2(x+y+z)=23=6=a>2

. . |b+c=4 b=2
Véia=2taco: = x=y=z=1
bc=4 c=2
.. , |b+c=2 . , . .
Véia=4taco: beo1 (khdng c6 nguyén nguyén)
C=

. . |b+c=-2 b=-1
Véia=8taco: = oSx-5y=4,z=4.
bc=1 c=-1

Véy hé da cho c6 4 nghiém: (x,y,z)=(1,1,1);(4,4,-5);(4,-5,4);(-5,4,4).
Bai 111. Ta c6:

3% +6y* +22° +3x°y* ~18x 6 =0

& 3(x* —6x+9)+6x" +27” +3y’7* =33

©3(x-3) +(3y* +2) (22 +2) =37

D3 dang thy: 3(x-3) <33 & (x-3) <11

Suy ra: (x-3) €{0,1,4,9)

+V6i (x=3) =0=(3y”+2)(2*+2) =37

Nhan xét: 3y* +2>2 va z> +2>2 (¥)

Vay treong treong hop nay phuong trinh vo nghiém

e e R At
7 +4L= 74+ 2=

Khong ton tai gia tri nguyén cua x, y nén trong treong hop nay phuong trinh vo nghiém.

3y’ +2=5

#V6i (x-3) =4= (3y* +2)(" +2)=25. Do (") nén { 2 +2=5

Khong ton tai gia tri nguyén cua x, y nén trong treong hop nay phuong trinh vo nghiém.
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+V6i (x-3) =9:

242=2 242= =1 =-1
3}; + . 3}; + 5<:> y y y
z-+2=5 7z +2=2 z=0 z=0

:>(3y2+2)(22+2):10<:>{

Két luan phuwong trinh da cho c6 4 nghiém nguyén:

(x,y)=(6,1,0);(6,-1,0);(0,1,0);(0,~1,0)

Bai 112. Tim tét cd cic cip s6 nguyén duong (a,b) thoa man ding thikc:
a’-b’+3(@*-b*)+3(a—-b)=(a+1)(b+1)+25.

a’-b’+3(a*-b*)+3(a-b)=(a+1)(b+1)+25

< (a’+3a*+3a+1)— (b’ +3b° +3b+1)=(a+1)(b+1)+25

@+l —(b+1’ =(@+1)(b+1)+25 (*)

bat x=a+1,y=b+1(x,yeZ;x,y22).

Khi d6 (*) tro thanh: x° —y° = xy +25 < (x—y)(X* +xy +y*) =xy + 25 (**)

+ Tl (**)suy ra x>y =>x-y21, ma x> +xy +y’ >0 nén:

x> +xy+y’ <xy+25= x> +y’> <25 = x <4 (1).

+Honntra: x>y va x,y>2 nén xy >6.

Suyra x’ -y’ =xy+25>31=x>>31=>x>3 (2)

Tt (1) va(2) suyra: x=4.Do x>y va y=>2 nén ye{2;3}.

=3
_, thoa (**). Suy ra {ab . la cdp sO can tim.

+ Thr lai, chi co {X

Bai 113. PT < x* +4(y*+7) | = 17[x4 +(y? +7)1

2

o 16x -8x* (y*+7)+(y* +7) 0@[4x2—(y2+7)]2:0
©4x2—y2—7=0c>(2x+y)(2x—y)=7
Do x,y nguyén duwong nén 2x+y >2x-y va 2x+y >0

2x+y=7

Vay { <:>(x;y):(2;3)

2x-y=1
Vay phuong trinh c¢6 nghiém (x; y) = (2; 3)
Bai 114.

X2(y_1)_xyzx_y+1:>y(xz_x+1):5xz+X+1:>Y:5X22+—X+11= +_26X_41 (1)
X =X= X" =X+
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Do xz—x+1=(x—1)2+§>0 va x> —x+1=x(x-1)+1lasd1é
4
Mat khéc y la s6 nguyén nén phai c6 (3x—2)§(x2 —x+1) hay (3x2 —2x)f(x2 —x+1)

Lai co: 3(x2 —x+1)§(x2 —x+1).5uy ra: (x—?:)f(xz—x+1):>(3x—9)§(x2 —x+1)

5 (3x—9)§(x2—x+1) .
Ta co: {(3x—2)3(x2—x+1 :>7.(x —x+1)

S

Néeu X —-x+l=1< [X . ta dwgc nghiém (0, 1); (1, 7)

v x=-2
Néu x“ —x+1=7 <
x=3
Véi x =-2 thi y khong nguyén
Véix=3thiy=7.
Vay phuong trinh cso 3 nghiém (x, y) = (0, 1); (1, 7); (3, 7).

Bai 115. Ta c6: 25=(ac-3bd) +(ad +bc) =8(bd) +(ac—bd) +(ad-bc) <8(bd)’.
Suy ra (bd)’ < %5 <4 ma bd nguyén nén |bd| <1
V6ibd =0 thi ta tim dwoc cac bd s8 (a, b, ¢, d) nhu sau
(1,0,4,3),(-1,0,-4,-3),(4,3,1,0),(-4,-3,-1,0)
Bai 116. Ta c6: 2x° +3y” +22° —4xy +2x2-20 = 0.

& (xmy+2) +(x—y) +(y+2) =20,

Ta thay 20 chi ¢c6 moét dang phan tich thanh tong binh phuwong 3 s6 d6 la:
20=0+2*+4*Do x-y+z>0,y+z>0=>x-y=0

Tt day ta giai ra duge nghiém x =y =z =2 tirc la tam giac déu
Bai 117. Gia st phuong trinh ¢6 nghiém dwong (x, y)
Vi cac s6 duong a, b ki hiéu (a, b) la wéc chung 16n nhét cta a va b.

Dat (x,y):d taco x=dx,,y=dy, véi x,y, e N va (xl,yl)zl. Khi d6:
(1)<:>d(xf+yf):(xl+y1)2 +(X1Y1)Z (2)
Véiluu y rang (x,y, )2 (x,+y,) (3)

T (x,,y,)=1 suy ra (x,y,,x,+y,)=1. K& hop véi (3) ta dugc x,y,i(x,+y,) va d6 dé

X, +y, =1, mau thuan véi x,,y, eN
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Vay phuong trinh da cho khong cso nghiém nguyén duong.
Bai 118. Xét phuwong trinh:
Xy’ —4xy’ +y? +x* =2y -3=0
=3 (Xy3 +1)—4(xy3 +1)+(y2 —2y+1) =0
<:>(xy3+1)(x2—4)+(y—1)2 =0 (2)
Ta thdy vdi x, y 1a s6 tw nhién thi :
xy>+1>0, (y-1) 20
Do dé x*—4<0 . Nghia la x chi c6 th€ 18y cac gia tri 0, 1, 2
Véix =0 thay vao (2) ta dwoc: y? -2y —3 =0 hay y =-1 (loai) hoac y = 3.
Véix =1 thi3y®+3 - (y-1)>=0 (vO nghiém)
Véix=2thiy=1
Vay phuong trinh da cho c6 2 nghiém la (2, 1) (0, 3).
Bai 119. Phuong trinh da cho twong dwong voi :
22 +(y—-2)x+y* -2y =0 (1)

Xem day la phuwong trinh bac hai theo an X

A=(y-2) —-8(y* -2y)=-Ty* +12y +4=(y-2)(-Ty-2)

DPé (1) c6 nghiém thi A20<:>_72£yﬁ2 do yeZ<:>ye{O,l,2}

X=
o Vi y:0:>2x2=2x<:{ .
X =

x—_—l(loai)
e Véiy=1le2X-x-1=0<|" 2
x=1
e Véiy=2o2x"=0<x=0

Vay tap nghiém ctia phuong trinh 1a (0;2);(1;1);(1;0);(0;0)

Bai 120. Ta co: x? —xy+y2 :%(x+y)2 +%(x—y)2

X— 3 9 3
—xz—xy}:—yz :7<:>7(x—y):3(x2—nyryz)<:>7(x—y)=z(x+y)2+Z(x—y)2
Dat p=x+y,q=x-y
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Khi d6 ta c6: 28p=3(p”+3q°) (2), tir d6 suy ra 28pi3=pi3 . Ditp=3k (ke Z)
Thay gid tri cia p vao (2) ta co: 28k = 3(31(2 + qz) (3)
Suy ra k§3:>k:3m(m eZ) .
Thay k =3m vao (3) ta duoc:

28m:27m2+q2:m(27m—28):—q2SO:OSmS%:mzovmzl

Véim=0thiq=p=0suyrax=0,y=0 (loai)
Véim=1thip=9vaq=1hoacq=-1.

T désuyrax=5 y=4hodcx=4,y=5

Vay phuong trinh cé 2 nghiém (x, y) = (5, 4); (4, 5).

Bai 121. Vi x,y nguyén duong nén l6(x3 - y3) =16xy+371>0= x> Y.

Ta lai c6 15xy=16(x3—y3)—371 lasdlénén x,y déulé.suyra y>Lx>y>1=x>3.
Xét x=3= y <3= y=1 thay vao phuwong trinh thdéa man.

Xét x>5 tacod x—2>y, suy ra 16(x3—y3)216[x3 —(x—zﬂ =16(6x"-12x+8).

Mit khéc 15xy +371<15x(X—2)+371=15x" —30x +371. Ta chttng minh

16(6x° ~12x+8) >15x" —30x + 371,

Thét vdy, 16(6x* —12x+8) >15x* —30x +371

< 81x* -162x—243> 0 < x> = 2x—3>0 < (x+1)(x—3) >0 dung v6i moi x>5.

Suy ra 16(X3— y3)>15xy+371 véimoi X>5.

Véy phuong trinh cé nghiém (x;y)=(3;1).

Bai 122. Ta c6: (x—y)(2x+y+1)+9(y—1)=13< 2x* + Xy + X —2xy —y* -y +9y—-9-13=0

(2x2 —2xy+6x)+(xy—y2+3y)—(5x—5y+15):7c> 2X(x—y+3)+y(x—y+3)-5(x—y+3)=7
< (x—y+3)(2x+y-5)=7

+ THI. {x—y+3:1 c>{x—y=—2

<
2X+y—-5=7 2x+y =12 16
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X_10
X—y+3=7 X—y=4 T3
eTH2: {0 T =0 ol 3 (loai)
2X+y-5=1 2X+y=6 -
Y=—
3
X—-y+3=-1 X—-y=-4 X=-2
+TH3: Y SNV o (thoa man)
2X+y-5=-7 2X+y=-2 y=2
X—=y+3=-7 X—y=-10 X=-2 . .
+TH4: = & (thdéa man)
2X+y-5=-1 2X+y=4 y=8

Vay pt da cho c6 nghiém nguyén (x; y) la: (—2; 2), (—2;8).

Bai 123. Diéu kién: x’ +xy +y* #0. Ttr phuwong trinh suy ra x —y # 0. Bay gio ta viét lai
phuong trinh da cho dwéi dang

13(x—y)=7(x2+xy +y2) (1)
Tt day, ta co 13(x -y ) chia hét cho 7. Ma (14,7 = 1) nén x —y chia hét cho 7. (2)

Mat khdc, talaicd x> +xy +y° :%(x—y)va%(x +y)2 Z%(x—y)z

Do d6, két hop voi (1), ta suy ra

13(x—y)2 (x—y)2

&

Tt d6, voichay x —y #0, tacd ddnh gid O<x —y <57—2.Ké'thopvc’yi (2), taduwoc x —y =7

vax’+xy +y°=13.

=

—y = =4
Giai hé phuong trinh x2 y=7 5 |V

x“+xy +y =13 x =4

y=-3

Bai 124. Ta ¢6 b? +¢? = a? :(b+c)2—2bc:a2 :>(b+c)2—4(a+b+c):a2
:>(b+c—2)2 :(a+2)2.

Vib>c>1nén b+c-2>1do do
b+c-2=a+2=a=b+c-4=b’+c’=(b+c-4) = (b—4)(c-4)=8.

Vi b-4>c-42>-3 nén cd cac truong hop sau

=a=13.

{b—4:8 {ble
THI:

=
c-4=1 c=5
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TH2: {
C

Bai 125. Diéu kién x=0.
bat a=x++2018 = x=a-+/2018

étbel  J30m8~ 1 01§ - @J/2018+2018
X a—-~/2018 a—J2018
= b(a—+/2018) = 2025 -2a+/2018

— ab-2015= (b—a)+/2018

Voi a,beZ
= ab-2025eZ = (a-h)v/2018 =0
=a=b

— a=b=+2025 =+45

+ a=45=> x=45-+/2018

+ a=-45= x =-45-+/2018

Bai 126. (x—2018)" = y* —6y° +11y’ -6y < (x—2018)" +1=(y’ —3y+1)2

& (x-2018)° -(y* —3y+1)2 =1 (y? -3y —x+2019)(y* -3y +x-2017) =1

Vicdp X; Y nguyén nén:

y? —3y—x+2019=1 x=2018 x=2018;y=0
THI1: =9, < '
y?-3y+x-2017=1 [y*-3y=0 " [x=2018y=3

y? -3y —x+2019=-1 X =2018 x=2018;y =1
TH2: AN < -
Y -3y+x-2017=-1 " |y’ -3y+2=0 |x=2018;y=2

Vay phuong trinh c6 cic nghiém (x; y) € {(2018;0),(2018;1),(2018;2),(2018;3);
Bai 127. Dat b =qa;c=g”a(q>1) thi ta duoc a(l+q+q°)=91=137.

Truong hop 1: Néu q la s6 tie nhién thi ta dugc

a=1 a=1
o =a=1b=9,c=81.
1+9+q*=91 |q=9
a=7 a=7
, = =a=7b=21c=63.
1+9+q° =13 q=3

a=13 a=13
o = a=13b=26;c=52.
1+q+9°=7 q=2
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Y ~ \ ~ ~ ? \ .2 ? X
Truong hop 2: Néu g la s6 httu ty thi gia st q=—(x>3;y>2).
y

Khi do a(1+q+q2):91<:> a(x2 + XYy + yz):9ly2 (x2 +Xy+Yy° 219)
2

Ta c6 c=%eN:>%eN:>a=ty2:>x2+xy+y2=91:>x=6;y=5.
y

va a=25;b=230;c=36.

Vay c¢6 8 b s6 (a;b;c) thoa man(1;9;81),(819;1),(7;21;63),(63;21,7);...

Bai 128. Ta co: x(x+l):n(n+2)<:>x2 +x+1:(n+1)2 (1)
V6i x €N thi: x> <x” +x +1<(x+1)" nén x> +x +1 khong phai 12 s8 chinh
phuong ma (n + 1)2 la s6 chinh phuong véi Vn € Z, do d6 (1) khong xay ra.
Vay véi moi s6 nguyén n cho truede, khong ton tai s nguyén duong X sao cho
x(x+1)=n(n+2)
Bai 129.
1) Pt M=1+Vx +I1-Vx (x>0)
2 2
Ta cé M® = 2+3(%/1+&) %/1—\/;+3%/1+\/§(%/1—\/§) —243MYL—x <2+3M (Vi
A—x <1 ¥vx>0)

= M*-3M-2<0
& (M+1)(M*-M-2)<0

& (M+1)*(M-2)<0
{M:—l
f—
M <2
. {a\3/1+\/§
bat

(a=1,b<1)
b=31-x

+) Véi M=-1, ta cod {

a+b=-1 a=-1-b
2 1b0=2" |~(1+3b+307+b°)+ b7 =2

a=-1-b AA 1
<9, = hé vo nghiém
b*+b+1=0

H)Véi M<2oa+b<2e(a+h) <8< a’+b*+3ab(a+b)<8

oab(a+b)<2<ab(a+b)<a’+b® < (a+b)(a-b) >0
{azb

=
a+b=>0
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Néua=bo2a’=2<a=1<x=0
Néu a+b>0=0<M<2.Vi M nguyén nén M ={0;1;2}

a+b=0 a=-b A A A
e M=0= 2<:> = hé vO nghiém

a®+b®= 0=2
a+b=1 a=1-b a=1-b
[ M:l:} = <~
a®+b®=2 a’—ab+b*=2 1-2b+b’-b+b%>+b*=2
[, _3-v2
6
3+4/21
b= +e\3/— b_3+x/ﬂ
a=1-b i 6
= = _ o
3% -30-1=0" || b=2 621 34 o1
a=
6
a=1-b
,_ 321
L 6
,_ 3121 1+\&=9+2\/Z .
Két hop diéu kién ta duoc 6 S 9 sSx=— (TM)
3-421 9-2421 27
b= 1-x =2 2¥2
6 9
a+b=2 a=2-b 4—4b+b?>-2b+b*+b*=1
a®+b’=2 a’—ab+b?=1 a=2-b

b=1
& < x=0(TM)

a=1

A y 28 e
Vay vdi x =0 hoac X:E thoa man yéu cau bai toan.

Bai 130.Gia thiét < 3(x—3)° ~18y? +22% +3y*z* = 54(1)
+) Lap luan dé z*:3=12:13=2*:9= 2" >9(%)

(1)< 3(x—3)* +22% +3y*(2* —6) =54(2)
(2)= 54 =3(x—3)* +22° +3y*(z* —6) > 3(x-3)* + 2.9+ 3y>.3
(x—3)*+3y* <12

=y’ <4= y? =1y’ =4 viynguyén duong
Néu y* =1<> y =1 thi (1) c6 dang:

3(x—3)2+522 =72=57°<72=>17° 37—52: 22 =9 =z =3(vicd(*))

Khi dé 3(X—3)2 =27T= (X—3)2 =9, x nguyén duwong nén tim duwgc x =6
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Néu y* =4 < y = 2(vi y nguyén duong) thi (1) c6 dang:

3(x-3)" +147° =126 > 147° <126 = 7* <9 = 7* =9 = 7 = 3(vi z nguyén duong)

Suy ra (X—3)? =0 = X = 3(vi x nguyén duong)

I
w P o

A

X
Papsdo <y =
Z

W W

X
Y
z

Bai 131.

a) Tim cac s6 nguyén duong x, y théa man x° —y® = 95(X2 + y2)

e Phin tich va 1oi giai. Dit d = (X,y) khi d6 z = da;y = db vdi a,b € N* va (a,b) =1.
Va phuong trinh trd thanh d(a - b) (au2 +ab + b2) =95 (aQ + b2>

Vi (a2 +b*a’+ab+ bg) =1nén a’>+ab+b? = (a — b)2 — 3ab la wdc cua 95 = 5.19, wdc

nay chia 3 du 1 hodc 0 va 1én hon 1 nén chi c6 thé' 1a 19, nhu vay (a — b)2 —3ab =19

a—b=1 a=26 z =195
Tt d6 ta duwoc —_ & =d=065=
a.b =

Vay cdp so nguyén duong thoa man bai toan la (z; y) = (195; 130)

2 2
b)Timcécs@'thucx,ythéaménx 4+y 4+8:4(\/x—1+\/y—1)-
T Yy

e Phan tich va loi giai. Tt hé thic bai toan cho ta c6 diéu kién xac dinh la z > 1;y > 1. Hé

thirc da cho cé chira ca bién & mau va chita ca can thiee bac hai, do d6 dé tim dwoc cacx, y

thoa man ta sé bién doi hé thire da cho vé dang tong cac binh phwong. Ta c6
2 2
T —4 o
+4

18=4 \/a:—l—i—\/y—l)
z y

2 o 2 4 _1
o2 4 daNz -1 y =4 Ny L4—0
Y

— +4+
x x Y

<:>l(x2—4+4x\/x—1+4x)—|—l(y2—4+4y\/y—1—|—4y):0
z Yy
2 2
1 T —2 x—l) +l(g/—2\/y—1) =0
Y

P
X

Viz>1;y >1néntacod

1 > z r-Nr—1=0 [2=2
—(x—Z z—l) +—(y—2«/y—1) N o
T Y y—2Jy—1=0 y=2
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Thtr lai ta thay <£U; y) = (2; 2) thoa man yéu cau bai toan.
Bai 132. D&y rang 2x+y = (3x+2y)—(x+y) nén phuong trinh da cho duoc viét lai thanh
(x+y)(3x+2y)2 =(3x+2y)—(x+y)—1
Dit a=x+y;b=3x+2y.Khi dé tacé ab’=b—a-1 hay a(b2 +1):b—1.
Tir d6 suy ra b—1 chia hét cho b®+1. Do d6 ta duwgc b*>+1—(b-1)(b+1) chia hét cho
b* +1 hay 2 chia hét cho b*>+1.Suy ra b’ +1e {1;2} nén b e {—1;0;1}.
+Véi b=-1 ta duoc a=-1, khi d6 ta duoc (x;y) = (1; —2) .
+V6i b=0 ta duwoc a=-1, khi d6 ta duoc (x;y) = (2; —3) .
+Véi b=1 ta dwoc a=0, khi d6 ta duoc (x;y) = (1;—1) .
Vay céc cdp sO nguyén (x; y) = (1,' —2),(1; —2),(2; —3) thoa man yéu cau bai toan.
Bai 133. Trudc hét ta chiing minh bd dé: Vi moi sd nguyén t6 ¢d dang p = 4k + 3 thita

ludn cd

afp<a,b € Z)

o +bip e
b:p

That vay, ta xét hai treong hop sau
+ Truong hop 1. Néu mét trong hai sd a va b chia hét cho p thi ta suy ra diéu can ching
minh.

+ Truong hop 2. Néu ca hai s a va b cung khoog chia hét cho p. Khi d6 ta ¢

(a;p)z (b;p) =1.

P—— 1(mod p) g = ) = a4 b" = 2(mod p)

(mod D

p—1 =1 od 4k+2 =1 od
Theo dinh li Fecmat ta co [a (m p) {a (m p)

‘ 2h+1 241 , . o
Mat khac ta 6 a**** + 5" = (a2) s (b2) " chia hét cho a’ + b nén chia hét cho p.
Ttr d6 suy ra 2 chia hét cho p, ma p 1a s6 nguyén td nén ta dwgc p = 2. Diéu nay mau
thuan vi p 1a s& nguyén té 1é.
Nhu vay treong hop 2 khong xay ra hay bo dé duoc chitng minh.

Tré lai bai todn. Do 4617 chia hét cho 19 nén 122° + 262y + 155”119 hay ta duoc
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122° — 122y + 15y + 382y:19 < 122> — 122y + 157119
& 3(4:62 —dzy + 5y2)519 & 42° — dzy + 5y° 119

& (49&2 — 4y + yQ) +4y°119 & (2x — y)2 - (2y>2 19
Do 19 la s6 nguyén t6 c6 dang 4k + 3 nén dp dung bo dé trén ta suy ra duoc

{235—3/519

2y:19 2y:19 2y:19 y:19

3z —2y:19 {395219 1x319

Tt d6 ta dwoc 42 — 4zy + 5y :19°. Didu ndy dan dén mau thuan vi 4617 khong chia hét
cho 19°.
Vay khong ton tai cdp sO nguyén (:c; y) thda man yéu cau bai toan.
. . 2
Bai134. Tacd x' +2x° =y & x' +2xX* + 1=y’ +1 & (X2 +1) z(y—|—1>(y2 —y+1).
Goi d = (y+1;y2 —y+1). Khi dé ta c6 <y+1)25d va y® —y +1:d nén ta duoc
2 . .
(y+1) —(y2 —y+1>:d = 3y:d
Do d la nguyén t6 nén ta c6 hai truong hop
c o 2 2 2 . A 2 2. 2 : aa \
+Khi 3:d ta duwoc (x + 1) = (y + 1)(y -y+ 1):9 nén (x +1) :9 = x” +1:3. Diéu nay

vO ly vi s6 chinh phwong chia cho 3 khong thé c6 s6 du la 2.

+Khi 3:d ta duoc yid, kéthop v6i y +1:d tasuy raduwoc d =1.
Do d6 (y+1;y2 7y+1)=1.
Khi do6 do (y + 1)(y2 -y + 1) la s6 chinh phuong nénta dat y +1=a%y’ -y +1= b’
trong do a, b 1a cac s6 nguyén duong va (a;b) =1. Tk @6 ta duoc
. 2
b =(a2 —1) —(a2 —1)<:>4b2 — 4a' —12a’ —|—12<:>(2b—2a2 +3)(2b+2a2 +3):3
2 ‘
Vi (2b>2 > (2a2 - 3) = 2b > 2a’ — 3 nén ta xét cac truong hop sau

. 20-2a+3=1 |b=1
+ Treong hop 1. Véi |

26 +2¢>—3=3 = o =9 h¢ khéng ¢6 nghiém nguyeén.

. L 20—-2a*+3=3 |b=1 a=1 |y+1=1
+Tru’onghc_yp2.V01«2b+2a2_3:1<:>a2 1<:>b =1, sr=y=0.
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Tht lai vao phuong trinh ban dau ta thdy thoa man. Vay phuwong trinh ¢6 nghiém duy
nhat la (0;0).

Bai 135. Nhan xét: a; b 1a cic s6 nguyén thda man a* +b*:3 thi a; b:3 that vay, vi
a? 50,1(m0d3); b2 EO,l(mod?)).
a* = O(mod 3)

&a, b3,
b2 EO(modB)

suy ra a’ +b? EO(IIIOd?)) @'

Phuong trinh twong duong véi (6x2 + 9y2) - (x2 + yz) =28-9%,

x? = O(mod 3)

) of d3):>x:3x1;y:3y1(xl;y1€Z).
y°-=0(mo

suy ra x* +y> =0(mod 3) :>'

Thay vao phuong trinh ta thu dwoc 5-9x7 +8-9-y7 =28-9°
& 527 +8-y7 =28-9%.
Lap luan teong tu ta thu dwoc x; =3x,; y; =3y, (x,; y, €Z).
Va nhan duoc phwong trinh 5-9x3 +8-9-y5 =28-9°
& 545 +8-y5=289.

Tuong tu ta ¢ x, =3x5; ¥, = 3y; (x3; y5 €Z) va thu dwoc 5-x3 +8-y3 =28 .

Tt phwong trinh suy ra y3 < % <22

2*Oéxzf§
Suy ra Y3 37 5 $x§:22;y§:1.
y§:1:>x§:22

=7 =927 7 =97 = x? =93.2%, 2 =97,
Dépso: x=2-3%;y=3%, x=2.3%, y=-3>, x=-2.3%, y=3%, x=-2.3%, y=-3°.
Bai 136. Phuong trinh terong dwong véi
(x+y+1)(xy+x+y)=2(x+y+1)+3
&(x+y+1)(xy+x+y—2)=3.

=x+y+1 lawdc cua 3.

(vOo nghiém).

1=1 =
+ Gidi {x+y+ 1x+y 0

xy+x+y—2=3 |xy=5

+ Giai 1x+y+ ©1x+y @135

Xy+x+y—2=-3 y=—1

+ Giai 1x+y+ @{ery @{x

xy=1

xy+x+y—-2=1 |xy=1 y=1
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1=-3 ——4 .
+ Giai 1x Ty = {x Ty (vO nghiém).

xy+x+y—-2=-1 |xy=>5
Vay (x y)=(1,-1), (1 1).

Bai 137. Ta co:

(l+ xz)(1+ y2)+4xy+2(x+ y)(1+xy)=25.< (xy +1)% + 2(x+y)(1+xy)+(x+Yy)* =25

S (XY +1+x+y) =25 (x+1)%(y+1)° =25
Vix, y khong amnén (x+1)(y +1)=5taco (x;y)=(0; 4); (4; 0)
Bai 138. a) Goi X, X, € Z la nghiém ctia phwong trinh (1), Theo Vi-ét ta co:

=a+b
{xptx2 a+ *

XX, =5a+2

. , {5x1+5x2=5a+25
Tt (*) ta co
XX, =5a+2
= (% —5)(x,-5)=2=12=2.1=(-1).(-2) = (-2).(-1)
Suy raa=8hoaca=2

b)Taco: 402" & Ly hx —xx =198
a co: — XX, =—
XX, =198 —a fER TR

< (% -1)(x, -1) =199
Do 199 la s6 nghuyén t& nén:
(% =1)(%, ~1) =1.199 =199.1 = (~1).(~199) = (~199).(-1) = a =198 hoica = -2
Bai 139. Dat u=x+y, v=x.y.
Ta cd: X°+y° +1=3xy < (x+ y)3—3xy(x+ y)+1-3xy =0
Hay u®-3uv+1-3v=0< (u +1)(u2 ~u +1)—3v(u +1)=0<(u +1)(u2 ~u +1—3v) =0.
Vix,y>0=u=x+y>0=u+1#0

Vay u’-u +1—3v=0:>v=%(u2 —u +l)

X+y=u

Ta phai tim x,y nguyén dwong sao cho:
P y ety & x.y:%(uz—u+1)

Suy ra x, y la hai nghiém ctia phuong trinh bac hai:

1
X% —uX +§(u2—u+1)=0

Ta co A=—%(u—2)2<0 néu U= 2. Vay ta phai cé: u=x+y=2:x=y=%=1.
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Bai 140. Ta c6:

PT & y* +2y® +3y* + 2y = x* + X
S +2y +y)+2(y2 +y) +1=x" +x+1
S (YY) +2(y +y)+1=x"+x+1

S +y+D? =x*+x+1
Patt=y? +y+1 thi teN vat>1, ta duoc:

t? =x*+x+1 4% =4x° +4x+4

& 47 —(2x+1)" =3

o (2t-2x-1)(2t+2x+1)=3

Cht y rang 2t + 2x+1>3 nén ta c6 2t + 2x + 1 =3 va2t—2x-1=1
Suy ra phuong trinh cé nghiém nguyén khong amlax=0;y=0

Bai 141. bBat p=x+y;q=x-y thi x= ID;rq,y= p;q

Thay vao (1) ta dwoc 28p = 3( p’ + 3q2) ()]

Tt (2) suy ra: 28p : 3ma (28,3) =1 nén p :3, dat p = 3k.
Thay vao (2): 28k =3(3k” +q*) = ki3 dat k =3m ta duoc
m(28—27m)=0*=m=0 hodcm=1.
Néum=0=>x=y=0
Néum=1=>x=5y=4hodacx=4,y=5

Viy (xy) € {(0:0).(5:4),(4:9)

Bai 142. Phuong trinh da cho twong duong voi:

17y? +34xy +51(x+y)-1734=6-X*

Vé€ trai cua phuwong trinh chia hét cho 17.

bit x=17k+r(ne N,0<r <16)
Dé thdy x*—6=(17k +r)’ -6 khong chia hét cho 17.

Vay phuong trinh khong c6 nghiém nguyén.
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Bai 143. Chu y rang moi s6 hitu ti déu bidu dién duoc duy nhat dudi dang lién phan s6:

a_g . 1
b 1
O + 1
Q, + 1
R
L+
o
Véi q,€Z;9,,9,,...q, e N'vaq, >2
Phuong trinh da cho twong dwong voi
2 2
xy+x+x3{ +2y=§<:>(x+y)+ 1=5+ 11
Xy+ X+— 2+~
y 3

Tiedosuyra x=2,y =3.

Bai 144.

Ta viét lai phuong trinh: (X+y+1)(xy+x+Yy)=2(x+y+1)+3< (x+y+1)(xy+x+y—2)=3

= x+y+1lawdcctald

Xy+X+y—2=3

m{x+y+1:1 {x+y:0
+ Giai =
Xy =5

L x+y+l=-1 X+y=-2 x=-1
+ Giai & Rt y=-1

Xy+X+y—-2=-3 xy=1

X+y+1=3 X+y=2 x=1
+Giéi{ Y <:>{ d @{

( Vo nghiém)

Xy+x+y—-2=1 xy=1 y=1
X+y+1=-3 X+y=-4

+Giail Y = Y77 (V6 nghiem)
Xy+Xx+y-2=-1 Xy =5

Vay: (xiy)=(5-1)(11)
Bai 145.

Ta viét lai phwong trinh:

4% +2x(4y+1)+3y* +y+2=0

2 2
< 4x? +2.2x.(4y2+lj +(4y2+1j +3y° + y+2—(

4y +1)2 0o
2

TU SACH CAP 2| 474



BOI DUONG HOC SINH GIOI CAP 2 |

4y+1j2_{4y2+4y+1j__2
2

Hay:[2x+ 2

2 2
(2x+ 4y2+1j —(2y+1J =2 (2x+y)(2x+3y+1)=-2

2
Ta co cac treong hop xa yra:
2x+y=1 2x+y=1 y=-2
: = =N :
THL: | 2x 43y +1=-2  |2x+3y=-3 x:g (loai)
2x+y=-1 - 2x+y:—1c> y=1
TH2: ox4+3y+1=2 " |2x+3y=1  |x=-1(thoaman)

1
2X+y=-2 - 2x+y:—1<:> y=5
TH3: |2x+3y+1=1" |2x+3y=0 — | _ 3 (loa)

4
1
2X+y=2 2x+y=-1 y__f
. =S = o
TH4: | 2x 13y +1=-1 " |2x+3y=-2 y _i(thoaman)
4

Vay phuong trinh ¢6 nghiém duy nhat(x;y)=(31)
Bai 146.
Ta viét lai phwong trinh: (x - y)(x2 +xy+Yy°)=91=137

Vi(13,7) =1vax® +xy + y* > 0 suy ra cac kha ning cé thé xay ra la:

X—y=7 . |x-y=13
hoac
x> +xy+y?=13 XC+xy+y> =7

Ta tim dwoc nghiém:(X;y)=(6;5);(-5,-6);(4;-3);(3,-4)

Bai 147.
Ta viét lai phuong trinh: X° +X+1=y(X+2), d¢y rdng X =-2 khong pha la nghiém caa
3 2(x+2)-2 2)+5(x+2)-9
X +x+1<:>y:x (X+2)—2x(x+2)+5(x+2)

huwong trinhnénsuy ra y =
P & y y +2 X+2

hay

y =X —2X+5—L2, dé x;yeZ= x+2eU(9). Tt d6 ta tim dugc cac nghiém ctua phuong
X+

trinh 1a: (X;y) =(-11149);(7;39);(-5;43);(-3;29);(-1-1);(L1).
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Bai 148.

Str dung hang dang thitc: a® —b® = (a—b)’ +3ab(a—b) ta cé: (*) tuwong dwong voi

(x— y)3 +3xy(x—y)=xy+8.Ddt x—y=a,xy=b vdi a,b e Z phwong trinh tro thanh:
a’+3ab=b+8<a’-8=-b(3a-1)=a’-8i3a-1

Suy ra 27(a’-8):3a-1<> 27a°~1-215:3a-1. Do 27a°~1=(3a-1)(9a’ +3a+1):3a-1, suy
ra diéu kién can la: 215:3a—1, cha y rang 215=43.5.Ttr 46 ta im duoc a=2,b=0suy ra
céc cdp nghiém ctia phuong trinh la:(x;y) =(0;-2);(2;0).

Chu y: Véi cac phuong trinh duwa dugc vé an x—y; xy hodc X+ Y; Xy ta dung phép dat an
phu d€ chuyén thanh bai toan chia hét.

Bai 149.

T gia thiét ta suy ra X* —2ixy +2hay y(x2 - 2)5 xy +2. Ta c6 phan tich sau:
y(x*—2)=x(xy+2)—2(x+y)suy ra 2(x+ y)ixy+2 hay 2(x+y)=k(xy+2)véi ke N*.
*Néu k>2thi 2(x+y)=k(xy+2)22(xy+2) < x+y2xy+2 < (x-1)(y-1)+1<0.
Ditunay volido x,y>1.Vay k=1 2(x+y)=xy+2< (x-2)(y—2)=2 . Ttr d6 tim duoc
(xy)=(3;4);(4:3).

Bai 150. Dat z = y—2, phuwong trinh da cho tro thanh:

(x+2)2 z+(z+2)2 X+26=0< (x+2z+8)(xz+4)=6 tlr dd suy ra x+z+8eU(6). Giai cac
treong hop ta thu duoc cdp sd (X; y) thoa man diéu kién la:
(x%y)=(L-1);(-3;3);(-10;3);(3;,-8).

Bai 151. Dat d =(X,y);d >1suy ra x=ad;y =hd véi (a,b)=1. Tt phwong trinh ta cé:
d(a-b)(a’+ab+b*)=95(a’+b’). Vi (a,b)=1 nén (a’+ab+b’;a* +b*)=(ab;a’ +b*) =1
Suy ra a’ +ab+b? U (95). Néu a’ +b”+abi5= 4(a’ +b’+ab):5= (2a+b)’ +3b*i5. Mot s§
chinh phuong chia 5 chi c6 thé du 0; 1; 4. Suy ra a,b:5 diéu nay trai véi gia thiét(a,b)=1.
Vay a’+ab+b’=19,do a>b>0=b=2;a=3 la cdp s6 duy nhat thoa man: Ttr d6 tinh
dugc cip nghiém cua phuwong trinh 1a: (x;y) =(195;130).

Bai 152. Ta viét lai gia thiét thanh:

(x2 +2)2 :(y2 +3)2 +(y4 +x2y? +5y2)(x2 +2)2 —(y2 +3)2 = yz(x2 +y° +5)
Hay (x*+y®+5)(x’ -2y’ -1)=0< x> -2y* =1 (x-1)(x+1) = 2y?

Suy ra (x—1)(x+1):2hay x—1hodc X +1chia hét cho 2. M4t khéc ta co:
X+1—-(x-1)=2:2nén ca 2 s6 x+1,x—1deéu chia hét cho 2. Do d6 (x—1)(x+1):4=y:2, ma

y la sd nguyén td nén y’:2=> y=2 . Thay vao ta tim dugc x=3.

Bai 153. Dit (x,y)=d >1suyra x=ad,y=bd vdi a>b,(a,b) =1 thay vao phuong trinh ta
c6:a%d° —b%d® =13(a%d® —bd®) <> d (a—b)(a? + ab+b?) = 13(a” +b?) = 13(a® + b?): (a? + ab + b?)
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Ta lai cé: (@ +b% a” +ab+b?*) =(a® +b* ab) =1
2 2:
a“+b:d ) )
That vay gia st (a2+b2,ab):d1:{ bid ' giast aid, =bid,
abid,
Ma (a,b)=1=d, =1 . Nhu vay ta c6: a? +b* khong chia hét cho a? +ab +b?

Suy ra 13:a* +ab+b* = a*+ab+bh*=13=>a=3,b=1=x=15,y=5

16a’+b*+14b+49 16

Bai 154. Dat x’ =a,y’ =b ta viét lai phwong trinh thanh =
(a+b+7) 17

16a% +b? +14b+ 49 _16
(a+b+7)2 17

Hay =16(a+b+7)" =17.16a> +17(b +7)? hay

256a ~32(b+7)+(b+7)" =0 (16a~b-7)" =0<16a-b-7=0 hay 16x’ - y* =7

Ttcla (4x—y)(4x+y)=7 do x,y la s& tw nhién nén ta suy ra {4x+y:7 y=3

Ax—y=1 {x:l
=N

Bai 155. Dé thdy véi x =0hodc y =0 khong thoa man.

Xét |X|,|y| >1 do vai tro nhue nhau, gia st |X| Z|y|

Khi d6 ta cé x* —xy+y* <3x* =y’ <8=ye{+1;+2}.

+Néu y=1=x*—x+6=x>=x=6.

+Néu y=-1=x"+Xx+6=x> = x=-6.

+Néu y=2=x*-2x+4=4x>-5=x ¢ Z loai.

+Néu y=-2= X" +2Xx+4=4x>-5= x ¢ Zloai.

Dép s8: (x;y) = (6,1),(-6;-1),(L6), (-1 -6).

Bai 156. Tt diéu kién x+y—z=2 suyra z=x+Yy—2 thay vao diéu kién ban dau ta co:
3x2+ 2y —(x+ y—2)2 =13. Hay 2x* +y? —2xy—4x+4y-9=0

& Y2 -2y(x=2)+2x* ~4x-9 & y? —2y(x-2)+(x-2)" +2x* ~4x-9—(x-2)" =0
<:>(y—x+2)2+x2 =13=4+9, suy ra x* =4 hodc x*=9 < x=2 hodc x=3.

Néu x=2 suyra y=3 =2=3,néu x=3 suyra (y+1)2:4:>y:1::>2:2.

Vay 6 haibd 3 5 (X; y;2) théa man diéu kién 1a (2;3;3) hoac (3.1;2).

Bai 157. Ta thdy x =y =0 la m{t nghiém cta phuong trinh.
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x=md
Véi x,y#0 giastt (x,y)=d =< y=nd thay vao phuong trinh ta duoc:

(m,n)=1
m*d?(md +nd):(md—nd)2n2d2<:>m2(m+n):n2d(m—n)2:>m2(m+n)5n2

(mz’ 7)=1

Do (m,n)=1 ( ) :>n2:1:>n:J_r1.
Néu n=1=m?(m+1): (m 1) = m+1i(m- 1) = m+1lim-1=me{3;2;0;-1} ttr d6 tim duoc
cac cap nghiém (X;y)=(27;9),(24;12).
Néun=-1= mz(m—l)zd(m+1)2 = m-1m+1=me{-3;-2;0;1} , kiém tra khong co gia
tri nao thoa man.
Bai 158. Dé thdy véi X=0 hodc y =0 khong thoa man.
Xét |X|,|y|21 do vai trd nhu nhau, gia st |x|>|y|
Khi d6 ta co x> —xy + y* < 3x°
Suy ra X’y? =x*—xy+ Yy’ +5<8x* = y* <8= y e {+1,+2}.
+Néu y=1=x*-x+6=x"=x=6.
+Néu y=-1=>x"+x+6=x>=>x=-6
+Néu y=2=x*-2x+4=4x*-5=x¢ Z loai

+Néu y=-2=x"+2x+4=4x* -5=x¢ Z loai
Dép s6: (x;y)=(6;1),(-6;-1),(16),(-1-6).

Bai 159: Dat u=x+y;v=xy, ta co:

uv’ =v+u-3=0, ta phai co:

A, =1-4u(u-3)20=>u<3=ue{0,1,23}.
Dép s6: (0;3),(3;0), (L1)

Bai 160. Ta viét lai phuong trinh thanh:
2"-7=1

22—y =37 (2 —y)(2¥ +2 .y +y?) =137T=
y (2" = yX y+y?) {22X+2le+y2:37

Thay 2" =y +1 ta cé:
(Y+D)?+(y+Dy+y* =37y +y=12 y(y+1)=34=y=3,x=2

Vay phuong trinh c6 nghiém la (x; y) = ( 3; 2)

Bai 161. Ta thay cap s6 ( 0; 0) la mot nghiém ctia phwong trinh trén
Néun =1 thi ¥x = y = x = y?(x < 0) vay nghiém ctia phuong trinh trén (x; y) 1a ( 2 t) véi

teN
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Néun=2thi yX++/X =y = x+/x = y* = J/x = y2 = x = +/x 14 s6 tw nhién
= /x =t v6i t e N Khi dé t(t+ 1) = y2nhung t* <t(t+1)< (t+1)° nén t* < y? < (t+1)’

biéu nay khong xay ra véi t > 0 va phuong trinh chi ¢6 nhiém (0; 0)

Véi n>3 tacd \/X+\/X+\/X+...+\/_ =y?>—X trong d6 v€trdilan-1d&u cin; dat
y?—x=y, lasdnguyén duong. Tiép tuc lam nhu vay nhu thé n - 2 [an dan dén

X+/X = y2h2 — X

Nhu vay ta lai tré vé treong hop thit 2 va chi c6 nghiém (0;0).
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1
Bai 1: Ttr diéu kién bai ra ta co: X<—2+§:> X<—1:>—2<X<—1:>[X]:—2

Bai2:  Turdiéukiénbairatacéd: —55<x<-5=[x]=-6

A3 . 2. 1 2 — —_
Bai 3: Taco.\/ﬁ \/ﬁ+\/_ (\/7 \/7) \/_ \/m_h/ﬁ—Z(\/m \/ﬁ)
:>2(Jn_+1—Jﬁ)<%<z(\/ﬁ—M)

Cho n nhén c4c gid tri tir 2 dén 10°, ta duwgc:

1+ 2(\/106 —JE)< X <1+ 2(\/106 —1):1999

ma: 1+ 2(\/106 —JE) >1+2000—2+/2 > 2001—3 =1998

=1998 < x <1999 = [X] =1998
Bai4 Tacod: x>1

Kihiéu x, =\/2+\/2+...+\/2+ﬁ (¢ n d4u can).
Tacd x =+2<4=2
X, =6+% <v2+2=2

X, =+J2+X, <V2+2=2

X, =2+ X, <v2+2<2.
Nhw vay 1< x, <2,do do [x,]=1.

Bai 5. Tacod: x>1

Ta co x1:§/§<€/§:2
X, =36+x <6+2=2

X, = 36+x%, <V6+2=2

X, =36+x, <6+2=2.
Nhw vay 1< x, <2,do do [x,]=1.
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Bai 6: Taco: N(n+1)(n+2)(n+3)=(n 2+3n)(n2+3n+2):(n2+3n)2+2(n2+3n)
(n2+3n)2<n(n+1)(n+2)(n 3)< (n2+3n+1)2

—=n +3n<\/n (n+1)(n+2)(n+3)<n’+3n+1

2)
[\/n n+1 n+2 n+3} n®+3n

=S :(12 +2%+..4n? )+ (1+2+...+n)
n(n+1)
Ta c6 cac cong thirc : 1+2+...+n=T;

n(n+1)(2n+1)
6

12+2%+..+n=

oo n(n +1)6(2n +1) .\ 3n(r;+1)

Bai 7: Tabiéu thi: x =[x]+{x} = [n+x]=[[x]+n+{x}], ma: 0<{x} <1
Con: n + [X] la s6 nguyén nén [[x]+n+{x] n+ [X] Hay: [n+x] =n+ [X]
Bai 8: Ta biéu thi: x =[x]+{xjva y =[y]+{y}

= x+y=[x]+[y]+{y} +{x}

ma: 0 {x) +{y} < 2= [x]+ [Y]<[x+y] <[]+ [y] 41
Bai 9:
} [n”} {k+£}=2k=n
2
-Xétnlés@'le n—2k+1 thi: {

}{””}{ } +[k+1]=2k+1=n
R R

Bai 10: Dat k = [ 4n + ] [\/4n+1].

Tacod: k>m
Do k = [4n+2] én k<+J4n+2 = k?*<4n+2.

-Xetnlasochan n—2k thl‘:

Nl:

Nl:

Gia stt k> =4n+2, diéu nay vo ly vi s chinh phuwong chia cho 4 khong thé dw 2. Tt d6
suy ra: k* <4n+2= k> <4n+1=k<Jan+1=k<[Van+1|=m.

Bai 11: Trudc hét ta chiing minh: v4n+1 <~/n+y/n+1</4n+2

Tirdo suy ra [ an+1]<[Vn+n+1]<|Van+2]

Ma tir két qua bai s 10: [ v/4n +1]

Bai 12: Dat {a}=d thi 0<d <1,

= [\/4n + 2] ta c6 diéu phai chitng minh.

o Néu O£d<1 thi [a+1 :[[a]+d+£}
2 2 | 2

[a]+[d+ﬂ:[a];
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[2a]= [2([a] +d )] =2[a]+[2d]=2[a]. Tt d6 suy ra diéu phai chixng minh.

. Néu %s d <1 thi {a+%} :[[a]+d +%} :[a]+[d +%} =[a]+1;
[2a]=2([a]+d)|=2[a]+[2d]=2[a]+1. Suy ra diéu phai chimg minh.

Bai 13: Ap dung két qua bai tap 12 ta co: {X +%} = [2x] - [x]

oo S L o)
Vay: s =[n]- {22020}

Bai 14: Voi: x—[x] { } ma: m{x} >0

Khi d6: [mx] = m[x]+m{x} | =m[x]+[m{x}]

Vi: Osm{ }<m:>0§[m{x}]sm—1

Suy ra m[x] <[mx]<m[x]+m-1véi moi giad tri m nguyén dwong

Bai 15: Dat: S = [x] + [2x] + [3x] +....+ [100X], 4p dung két qua bai 14

Cho m nhén céc gia tri tir 1 dén 100 r6i cong lai ta duoc:
5050(x] < 'S < 5050(x] +4950 => 5050[x] < 313096 < 5050 x] + 4950

[x]< 61,99
= = 61,02 < [x] < 61,99
[x]> 61,02
biéu nay ching to khong c6 x thoa man
Bai 16: Phuong trinh trong dwong -4<x+0,7<-3 < —4,7<x<-3,7
Bai 17: St dung tinh chat: [n+x]=n+ [x], (neZz)
Véi moi gia tri n nguyén ta co:
[x+1] + [x+2] + [x+3] =6 +3[x] = 3[x] +6=4

= [x] = -% vO ly hay khong c6 x thoa man.

Bai 18: Ttr ddc di€m phuong trinh ta c6: 3x € Z =x =4—;, (kez)

34[4k} N [4k} kg[k+5}:k@{E}=03k:0iL2
3 3 3 3

= X=0;— §
3'3
Bai 19:
Dit: lsx_7=t,(teZ):>x=5t+7 . 30t +117 | _
15 120
:>OS30t+117—t<1:>—i£t 117
120 30 90
Do: t nguyén t—0'1:>x—l'i
e ! 15’5
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Bai 20: Dat: 2X3_1 =y = X= % Thay vao phuong trinh da cho

ta dwoc: [y] + [y+%} = % = [2y] = %

Giai twong ti nhw bai 19 ta dwoc: y =—

I'—‘ o] w
01|\| ale

1.3,
'5'5’

A A T 214
Vay nghiém phuong trinh la: S = {—— g 2}

Bai 21: Phuong trinh duoc bién déi thanh: [x]. {x

= ([X)-1)({x}-1) =0 do: {x}-1<0
Nén: [x]-1=0= [x]=1=>1<x<2
Bai 22: Dat: x=a+{x}, (a=[x])

+{x}-1

Phuong trinh da cho tro thanh: 3[2} —a-2= [ﬂ _a-c

SR ST W et

k+2+{x}

=0< <l=>-1<k+{x}<0=>k=-1

x:—1+{x}:>—1<x<0
Bai 23: Dit: x=a+{x}, (a=[x])
[x-1]= [a 1+{x }] a-1

[ )

:>Os4_aT+{X}<1:>2+{x}<as4+{x}:>Os{x}<a—2§2+{x}<3

=a-2¢e{l;2} =>ae{34}
=3<Xx<5
Bai 24: Phuong trinh duoc bién ddi thanh [x] = x* (x* - 2)

+ Xét: x2§2:>—\/§sx§\/§:>[x]e{0;—l}
Néu: [x]=0=x=0

Néu: [x]=-1= x=-1

+ Xét: X° >2:>[x]>\/§:>x(x2—2)=%]£1

:>x2—2£l<1<:>x<\@:>x/§<x<\@:>[x]:1:>x:\/1+ﬁ
X

Bai 25: Phuong trinh dwgc bién ddi thanh:
x3—(x—{x})=3:> x*—x=3-{x}=>2<x*-x<3

Neéu: x22:>x3—x:x(x2—1)26>3 (loai)
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Néu: x<-1=x*-1>0=x* -x=x(x-1)<0<2 (loai)
Néu: -1<x<0=>x*—x<-x<1<2 ( loai)
Néu: 0<x<1=x*—x<x*<1<2 ( loai)

Vay: 1<x<2e[x]=1=x =4=x=34

Bai 26: Ta co: x2+%>0:{x2+ﬂ>0
29
Con: —x2+3x:—(x——j +Z£

= [—xz +3x] = {xz +—} =ne{0;1;2}

Néu: N=0= x<

Néu: n=1:>72£x<1

N

Néu: n= 2:>—<x<—

w2

2 2

Bai 27: Gia st n=kq+r (0<r <k). Ta can chttng minh: {—

Voéir=0hayr=1 thi {Zkr} [%}=0 vik>3.

2r _r+2 2r r+2
Voir>2thi —>—&< | — |2 ——|.
k k k k

k +k, +...+k
Bai28: k >1= L2 ">1 Do dé:
n

2r
k

525

{kl+...+kn}+(n_1)gm+(n_1)mzk1+_,_+kn,

n n n

Bai 29 : Gia st a:bq+r;Osr<b:>%:q+%:>qg%<q+1:{ﬂ:q

Bai 30: [na]=n[a]+[n{a} |=n[a].

Néu {a}<1th‘1 0<n{a}<1=|n{a}|=0=[na]=n[a].

n

TU SACH CAP 2| 484



BOI DUONG HOC SINH GIOI CAP 2 |

Bai 31:

a) S = ([\/i]—l-[\/i]-l-[\/g])-l-([\/z]—l-+[\/§:|)+([\/§]++|:\/E:|)+([\/E]++|:\/ﬂ:|)

Theo cach chia nhém nhu trén, nhém 1 ¢ ba s8, nhéom 2 ¢d nam s6, nhém 3 ¢6 bay so,
nhom 4 ¢6 chin s6.

Céc s8 thudc nhém 1 bang 1, cac s8 thudc nhém 2 bang 2, cac s8 thudc nhém 3 bang 3, cac
s6 thudc nhém 4 bang 4.

Vay A=13+24+3.7+4.9=70.

1
b) Ta c6 cac cong thirc: 1+2+...+n= n(n2+ );
Paote 4ri_ n(n+1)(2n+1)
6

V6ik=0,1,...2n thi: n”> <0’ +k < (n+1)° = n<Jn 1k <n+1.
Dodé[\/n—z}:[M}Z...:[MJ:
6 2k 105 g e [ 7 o [N 4T e[ 520| n(2n e
Nhém tuong ti cau a) ta duoc:
A=)+ [2]+ 4 1]
-[Vi]+[V2]+. {J 1Y 4 2(n- 1)}
:([ﬁ]+[ﬁ]+[ﬁ})+([ﬁ}+...+[ﬂ)+...+q (n—1)2}+...+[\/(n—1)2+2(n—1)D

Do do:

n-1

A

([\/k_z}+[\/k2—+1}+...+[\/k2 +2k})=n§‘2k2 +n2jk

(n-1)n(2n-1) .\ n(n-1) _ n(4n2 —3n—1).
6 2 6

Bai 33: Ta co : kﬁi/k:l >1k=12,..,n

Ap dung bat dang thicc AM-GM cho (k + 1) s6 dwong, ta c6:

k=

2.
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k+1

K+—+=
k+i/k+1:k+1.1...1.k+1< k - k1.4, 1
K el k-1  k+1 k = k(k+1)

Suy ra: 1< @jk:l <1+ k(k1+1) :>n<kzn=1:k+‘i/k:l <n+kzn=1:k(k1+1):>n<T <n+l

(vi ta dé chiing minh duoc Z L zl—i <1)
S k(k+1) n+1

Vay [T] =n.

k-1 k
Bai 33: Cho s0 tu nhién k sao cho: m+——< X< m+—;[x] =m , khido:
n n

[x]+{x+ﬂ+...+{x+%}=(n—k+1)[x]=m(n+1—k)

Va [x+ n-k +1}+...+[x—n—_l} =(k-1)(m+1)

n n

Ma [nx]=mn+k -1 . T d6 suy ra:

1 n-1

[x]+[x+—}+...+{x——} =m(n—-k+1)+(k-1)(m+1)=mn+k-1=[nx].
n n

Bai 34 : Trudc hét ta nhan xét rang néu a la s8 hitu ti thi {a} ciing la s6 hiru i nén néu ta

chiing minh dwgc cac phan s6 trong tong A d6i mot khac nhau thi A chinh la tong ctia m

phan s0 tdi gian c6 mau lam :

1
m
N na+b na+b| .
That vay, gia st ¢6 n;,n, sao cho: = voi 0<n,n,<m
m

na+b na+b a(n,-n)
m m m

Thi

eZ ,vdlydo (am)=(mn,-n)=1.

m-1_m(m-1) m-1

Vay A:2+£+...+
m m m 2m 2

Bai35:Voik=1,23,...,m-1,taco:
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o e
Suy ra: {k.%}+{@}:l.

Khi d6: n{&w}:[kﬂHM}L

m m m m

Suy ra: {k.ﬂ}{w} —n-1.

m m

Cho k Ian luot bfmg 1,2,...,m -1 r6i 1dy tong ta duoc:

S ]y 5] 2D

k=1 m kel M

ot -1)(n-1
Tuong tu: k—m = M (dpem)
ka N 2

Cdch 2. Ap dung két qua bai 34 cho b =0, a=n ta duoc:

(2o {22)o..ofinctin] o

Suy ra: P}[@}...{M}:ﬂ+@+...+(m_l)n _m-1

m m m m 2

n(m-1) om-1_ (m-1)(n-1)
2 2 2

2
Bai 36 : Dt X, = (/29 —/21) =50-2:/609;

(dpem)

X, =(\/29 +21) =50+21/609.

X, X, La nghiém ctia phuong trinh x> —100x +64 =0

Dit S, =X +X;. Ta co:
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X —100x, +64=0=> X2 —100x" +64x" =0 (1
X% —100x, +64=0=> X' —100x)" +64x} =0 (2

)
)

1000

Cong (1) va (2) ta duoc: S,,, —100S,, +64S, =0 va [ %" [=S, ~1.
Do dé: S,., =100S,, —64S, =365, =6°S, =6'S, , =..=6"2S; (mod100)
Suy ra: Sy, =6"".2(mod 100).

Nhung 6% =(6°)"" =(76) =76 (mod 100)nén S, =52(Mod100).
Vay [(\/2—9 + \/Z)ZOOO } ¢6 hai chit s6 tan cting bang 51.

+2k n+2¢ .. o
Bai 37 : Slatong hitu han vi véi k da 16n tht — —— o <1,khido P ~ 0 véi k > k,nao do.

. 1 n 1
Ap dung tinh chat [X +E} = [ZX] - [X]cho {2“1 +E} , sau cOng lai ta dugc S =n.

Bai 38. Dit {x} =a(0<a<1) tacé:

[x]+[2x]+[4x]+[8x]+[16x]+[32X]
=63[x]+[2a]+[4a]+[8a]+[16a]+[32a]
=63[x]+k (0<k<62keZ)

Gia st 63[X]+k =12345 thi k = 60;[x] =195.
Ma [kx]=[k[x]+ka]<k[x]-ka<k[x]+k = k[x]<k[x]-k-1(k=1)
= [x]+[2x]+[4x]+[8x]+[16x]+[32x] < 63[x]+57, vo ly.
Bai 39 : Goi | VN | =1, giastrn=kt. Taco
t<Jn<t+l=t? £n<(t+1)2 :>t£k<t+2+%

t=1k=123thin=1,2,3.

t>2=>t<k<t+3=k=tt+Lt+2=>n=tt(t+1);t(t+2).
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Bai 40 : \x—l\(\x+1\—1):{x},x¢0.
Xét cac treong hop: Xx>1;x <-1,-1<x<1.

§ ={0,-2,—/5}.

Bai 41: Ky hiéu K=|;| n—%—i—%, don>1=K>1.

3

3
. 1 1 1 1 2
Taco K<3n——+=-<K+1<|K—=| <n——<|K+=
V27 s [ 3) = 27 3]
4:)K3—K2+5—i§n—i§K3+2Kz—i—éK—i—i
3 27 27 3 27

<:>K3+§§n+1<2<1<3+3I<2+%K+%<:>K3<n+l<2<(1<+1)3

3l — i + 1
V' 27 3
nguyén duwong.

k? +k+1 k? k+1 k 1 1 1

= + = +—=l——+—(k€N)
k(k+1) k(k+1) kk+1) (k+1) k k+1 k
Thay k Ian luot tir 1 ta co
{ 3 7 n2+n+1}

12" 23" " n(n+1)

2

suy ra n+ K> =n+ khong biéu dién dugc dudi dang lap phuong ctia mot s6

Bai 42: Xét

= n+1—i = n+L =N
- n+l] n+1] (dpem)
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Bai 1. Ta hay twong twong mdi ciy thong 1a mot "thd”, nhw vay c6 800.000 "thd" dwoc
nhot vao khong qua 500.000 "chiéc Iong". Long 1 ting véi cay thong cd 1 chiéc 14 trén cay,
Iong 2 tng véi cay thong co 2 chiéc 14 trén cay v.v... S6 tho 16n hon s6 16ng, theo nguyén
tac Dirichlet it nhat c¢6 1 Iong nhét khong it hon 2 thé nghia 1a c6 it nhat 2 cay thong c6
cung s 14.

Bai 2. Mot nadm c6 12 thang. Ta phan chia 40 hoc sinh vao 12 thang d6. Néu mdi thang cd
khong qua 3 hoc sinh duoc sinh ra thi sd hoc sinh khong qua: 3.12 = 36 ma 36 <40 (v0 ly).
Vay ton tai mot thang cé it nhdt 4 hoc sinh trung thang sinh ( trong bai nay 40 thoé la 40
hoc sinh, 12 16ng 1a 12 tén thang).

Bai 3. Ta sé thanh lap day s6 mdi gom 5 s6 sau day:

Slzal
S,=a +a,
83=a1+a2+a3

S,=a +a,+a; +a,
Sg=a, +ta, +a, +a, +a;
- Néu mot trong cach S, (i =1,...,5) chia hét cho 5 thi bai toan da dwoc chirng minh.
- Néu khong c6 s6 nao chia hét cho 5 thi khi dem chia cac sd S; cho 5 sé duoc 5 s dw
o gia tri tir 1 dén 4.
C6 5 58 dw ma chi c6 4 gia tri (5 tho, 4 [ong). Theo nguyén tac Pirichlet it nhat phai c6
2 50 du c6 cung gia tri. Hiéu ctia ching chia hét cho 5. Hiéu nay chinh la tong cac a,
lién tiép nhau hodc la a nao do.
Bai 4.
Xétday s6 1,11,111,..., 111....11
%’_/
pchit so'1
Ta chting minh trong day trén phai c6 s6 chia hét cho p. Gia st két luan ay khong dung,
ttee la khong c6 bat ky sd nao cua daylai chia hét cho p.
Cho twong ting mdi s6 du ctia phép chia cho p . Tap hop s8 dw c6 thé thudc tap hop {1, 2,
3,..., p— 1} (Do 0 khong thé thudc tap hop nay). Ta lai c6 p s6 trong day so trén. Vi vay theo
nguyeén ly Dirichlet ton tai it nhat hai s0 c6 cung sd du khi chia cho p. Gia st cac s6 d6 1a

111...11 (m chit s6 1) va s6 111....11 (n chit s6 1) véi (1<n<m< p). Tl d6 ta c6

(111..11 — 111..11)} p, hay 111..1 000..0: p Hay 111..1.10": p (1)

m chit s51 n chit s§'1 m—n chit s61 nchit so 0 m—n chit s6'1
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Do p 1a s6 nguyén t& 16n hon 5 nén (p; 10) =1, Vi thé tr (1) tasuy ra | 1 p(2)

11...1
%/_/

m—n chit s6'1

111...1 1a mot s8 thude day trén nén tir (2) suy ra mau thuan véi gia thiét. Vay gia st

m—n chit s6'1

phan chiing 1a sai. Ta suy ra diéu phai chitng minh.
Bai 5. Tt 20 s6 dau tién cua day bao gio ta cling c6 thé tim dwgc 2 s6 ma chir s6 hang don
vila 0, va trong hai s& d¢ it nhat phai c6 mot s c6 chir s6 hang chuc khac 9. Gia s&t N la s6

d6, va ta goi S la tong cac chir sd cua N.

Tacéday sO méiN,N+1, N+2,.N+9, N+191a11s6 van ndm trong 39 s6 cho trudc ma
tong cac chit s6 caa chunglaS,S+1,S+2,..5+9,5+10. D6 la 11 s8 ty nhién lién tiép, it

phai c6 mot s chia hét cho 11.
Bai 6. D€ lam xuét hién s "tho" va s6 "long ta lam nhu sau:

Trong tap hop cac s6 du trong phép chia cho 100 ta 1dy ra tiing cdp sd sao cho tdng

cac cdp d6 bang 100 va thanh 1ap thanh cac nhém sau:

0;0), (1;99),(2;98),(3;97),(4;96), (5;95), (6;94)... (49 ;51), (50 ; 50). Chu y réng

s€ ¢4 50 cap nhu vay, ta thém vao cdp (0, 0) sé c6 51 cap (51 Iong).
- Pem chia 52 s6 tw nhién cho 100 sé c6 52 s6 dw (52 tho).

- C6 52 58 dut ma chi c6 51 nhém, theo nguyén tac Dirichlet it nhat cling phai c6 2 s&

du cung roi vao mot nhom.

RO rang la cdp so ty nhién tng véi cap s6 du nay chinh 1a hai s6 tw nhién c6 tong

hodc hiéu chia hét cho 100. (dpcm)
Bai 7. Trudc hét ta cht y rang:

29™ ¢6 tan cting 1a 1 néu m 1a s8 chén

29m ¢6 tan cung 1a 9 néu m la so lé.

Ta hay xét 10° liiy thira ctia 29 vdi cdc s6 mit chan khac nhau. C6 hai kha nang xay ra:
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a. Trong do6 néu c6 sd mi 2k nao ma 29% ¢é tan cung la 00001 thi bai toan da duoc

chtrmg minh.
b. Khéng c6 s6 mii 2k nao dé€ 29% ¢6 tan cung la 00001.
Tit b, ta thdy rang:

SO cac s6 6 5 chir s tan cung khac nhau nhé hon 10° (k€ tir 5 chir s6 tan cung 00002,

00003, ... 99 999, 10°).

trong khi d6 s6 cac s6 khac nhau ma ta dang xét 1a 10° s6. Theo nguyeén téc Dirichlet

it nhat phai c6 hai liy thira nao d6 ¢é 5 chir s tan dung la nhw nhau.

Gia st A1 =29%K1 =M . 10° abed,

A>=29%K2 =M. 10° abed,

C6 thé gia st ki > ke ma khong lam mat tinh chat tong quat cuia bai toan. Thé thi ta cd:
Ar-Ar= 29%K1- 292K — (M - M) 108
Ar- An= 29%1- 2922 = 2922 (292(kik) _q)

Vi 29%K2 ¢6 tan cung la 1 va Ai- A2 = (M1 - M2)10° ¢6 tan cung khong it hon 5 s6 0 nén

suy ra (292(k1'k2) —1) phai c6 tan cung khong it hon 5 chit s6 0, tit d6 suy ra

292(1-K2) 6 tan cling 12 00001 (s8 cac chit s8 0 it nhat 14 4).
Ta tim duoc s0 k =2(ki - k) thdéa man dé bai (dpcm).

Bai 8. Goi A la nha toan hoc nao dé trong sd 17 nha toan hoc, thi nha toan hoc A phai trao
d6i véi 16 nha toan hoc con lai vé 3 van dé. Nhw vay nha toan hoc A phai trao déi it
nhat véi 6 nha todn hoc vé mdt van dé nao dd. Vi néu chi trao do6i vdi so it hon 6 nha
toan hoc vé mdt van dé thi s6 nha toan hoc dwoc trao doi véi A it hon 16. (Cac ban ¢
thé dién ta theo khai niém "tho" va "long" d€ thdy o day da ap dung nguyén

tacDirichlet Ian th nhat.)
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- Goi cac nha toan hoc trao ddi véi nha todn hoc A vé mot van dé nao do (gia st van
de I) 1a A, Az, As, A4, As, As . Nhu vay ¢ 6 nha toan hoc trao d6i voi nhau vé 3 van
dé (khong ké trao doi v6i A). Nhu vay ¢ 6 nha toan hoc A1, Az, As, A4, As, A trao doi

vdinhau vé 3 van dé, [, 11, I11.
Co6 hai kha nang xay ra:

a. Néu ¢ 2 nha toan hoc nao d6 cung trao doi voi nhau vé van dé I thé thi c6 3 nha

toan hoc (ké ca A) trao d6i vdi nhau vé van dé I. Bai toan dwoc chiing minh.

b. Néu khong c6 nha toan hoc nao trong 6 nha toan hoc A1, Az ... As trao doi vé van
dé I thi ta c6 6 nha toan hoc chi trao d6i véi nhau vé 2 van dé II va III. Theo nguyén
ticDirichlet cé it nhat 3 nha toan hoc cung trao d6i véi nhau vé mot van dé II hodc
III. Bai toan cting dugc ching minh.

Bai 9. D€ ton trong ta can thay d6i ngdn ngtr thd, chudéng 1a hoc sinh , phong.
Phong 1: Chika cic em mic 1 16i.

Phong 2: Chika cic em mic 2 16i.

Phong 14: Chira cdc em mic 14 16i.

Phong 15: Chira cdc em khong miic 16i.

Theo gia thiét phong 14 chi c6 em A. Con lai 14 phong chtta 29 em. Theo nguyén ly
Dirichlet ton tai mot phong chita it nhat 3 em. Ttr d6 c6 diéu phai chiing minh.

Bai 10. C6 5 nguoi nén s8 ngudi quen nhiéu nhat ctia moéi nguoi 1a 4.
Phong 0: Chita nhitng ngueoi khong co ngueoi quen.
Phong 1: Chita nhitng ngueoi co 1 ngueoi quen.
Phong 4: Chira nhirng nguoi co 4 nguweoi quen.
D&y rang phong 0 & phong 4 khong thé cing c6 nguoi.

Thuc chat 5 nguoi chita trong 4 phong.
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Theo nguyén ly Dirichlet ton tai mot phong chita it nhat 2 nguoi. Tt d6 c6 diéu phai
chirng minh.

Bai 11. Xét mot thoi diém bat ky cua lich thi dau ( moi doi thi ddu t6i da 9 tran).
Phong 0: Chita cdc doi chwa dau tran nao.
Phong 1: Chita cdc doi da thi dau 1 trdn.
Phong 9: Chita cdc doi da thi dau 9 tran.
D&y rang phong 0 va phong 9 khong thé cting c6 ddi thi dau.
Thuee chat 10 d6i chita trong 9 phong.
Theo nguyén ly Dirichlet ta suy ra diéu phai chitng minh.

Bai 12. Xét n+ 1 s sau: a, = 5;a, =55;...;a,,, = 55...5( n+1 chit s6 5).

n+1

Theo nguyén ly Dirichlet : véi n+1 s8 trén &t ton tai hai s8 c6 cting s6 du khi chia cho n.
Hiéu cta hai sd nay la sd c6 dang: 55...50...0 gom toan chit s6 5 va chit s6 0 va chia hét

cho n. D¢ 1a diéu phai chitng minh!

Bai 13. Xét 2012 s6 a, = 8;a, =88;...;8,,, = 88...8(2012 chit s6 8). Twong tw vi du 4 s€ ton tai
s0 co dang 88...80...0 (n chit s6 8 va k chit s6 0) chia hét cho 2011.

Ma: 88...80...0 = 88...8.10% va (10%,2011) = 1 suy ra so: 88...8 chia hét cho 2011. Diéu phai
chttng minh! ( Lwu y: 2011 la s6" nguyén to)

Bai 14. Xét 2011 sO sau: n; n2; n3;...; n211,

Theo nguyén ly Dirichlet ton tai it nhat hai s6 c6 cing s6 du khi chia cho 2010.Gia stt hai
s6délanivan véi1<i< j<2011.Khidéni—n' = ni (ni-'-1) =ni (n*- 1) chia hét cho

2010 (k =j-1ila s6 nguyén duong). Vay n* — 1 chia hét cho 2010 ( vi (n!, 2010) =1).
Bai 15. Ta xét phép chia 1007 s0 trén cho 2011 va xép vao:

Nhém 0: Cic s6 chia hét cho 2011 ( dw 0)

Nhém 1: Cic s6 chia cho 2011 dw 1 hodc 2010.

Nhém 2: Cic s6 chia cho 2011 dw 2 hodc 20009.

Nhom 1005: Cdc s6 chia cho 2011 dw 1005 hodc 1006.
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Theo nguyén ly Dirichlet ton tai mot nhém chiva it nhat hai s6. Theo cach xép nhém thi

hodc la tong hodc la hiéu cta hai s6 nay sé chia hét cho 2011.
Bai 16. Sap thittun+1s8 dacho 1<a <a, <..<a,, < 2n(Nhém 1). Xét thém n s&:
b=a,-a;b,=a,-a;.;b,=a,,—a.Tacd:1<b <b, <...<b, <2n(Nhom 2).

Tap 2n s0 ciia ca 2 nhém trén (trit @, cia nhdm 1) nhan 2n -1 gia tri ( chudng).

Theo nguyén ly Dirichlet c¢6 2 s§ bang nhau nhung khong cing mdt nhém 1 hogc

nhdém 2 tirc 1a phai thudce 2 nhém. T d6 suy ra diéu phai chiing minh!

Bai 17.

B C

Cac duong trung binh ctia AABC chia n6 thanh bon tam giac déu ¢ canh 1a0,5.
Theo nguyén tac Dirichlet, at ton tai it nhat 1a 2 diém roi vao cing mot tam giac
nho. Ta c6 khoang cach gitta 2 di€ém nay nho hon 0,5.
Bai 18. Chia hinh vudng da cho thanh 25 hinh vuéng con béng nhau cé canh 1a 0,2. Suy ra
theo nguyén tac Dirichlet, at ton tai it nhat 1a 3 diém nam trong moét hinh vudng con. Ta c6

ban kinh ctia dudng tron ngoai tiép hinh vudng nay bang % < % Suy ra 3 diém da cho

nam trong hinh tron ban kinh 1a % :

Bai 19.

Chia hinh tron (O, R) thanh 8 phan béng nhau. Do d6 mdi hinh quat co dién tich béng 1.
Theo nguyén tac Dirichlet, at c6 it nhat 1a mot hinh quat chwa nhigu hon 2 diém.

Xét 3 diém phan biét trong hinh quat da cho. Dé thay tam giac tao bai 3 diém nay c6 dién
tich bé hon 1.

Bai 20.
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Chia san thanh 5 hinh nhw hinh vé. Ap dung nguyén tac Dirichlet, ta suy ra két qua can
chirng minh.
Bai 21. Dung (0; J3 ) P 1a mot diém thuoc (0; J3 ) Duyng hinh thoi OAPB c6 duong chéo

OP canhla 1.
V3

Goi | la giao diém cta hai duong chéo, ta c6: Ol = -

2
:>AI2=AOZ—OI2=1—[£j :i /L\
2 4
AN\ |I/ B
1

Vay AAOB déu c6 canh bang 1.

Gia st nguoc lai, moi cdp hai diém c6 khaongr cach gitra chiing bang 1 ma déu dugc to

bang hai mau khéc nhau.

Khong matas tinh chat tong quat, ta gia st diém O duoc td bang mau xanh, diém A dwoc

t6 bang mau do6 va diém B dugc to bang mau vang.

Boivi PA=PB =1 suy ra P phai dugc to bang mau xanh.

Vi cach 1ap luan nhu vay ta suy ra, tat ca cac diém trén duong (O; J3 ) déu duoc t6 cung
mdt mau xanh. Mt khac dé dang tim duoc trén (0; J3 ) hai diém ma khoang cach gitra
chting bang 1, nén theo gia st chting dugc t6 bang hai mau khac nhau. Vo 1y.

biéu v6 ly d6 chiing to ¢ hai diém duoc té cing mot mau ma khoang cach cta ching

bang 1.

Bai 22. Goi cac diem da chola A, A A,,..., Ay
Ki hieu: M ={A1,A2,&,...,A33}, N :{A34’A351A36’---1A56}r P:{Aewpbs’pbgv-'-"a&oo}

Tap M gom 33diém, tap N gom 33 diém va tdp P gom 34 diém. Truong hop ctia bai

toan: yéu cau chiing minh c6 thé xay ra néu nhu:
Mbi diém trong tap hop M chi dugc ndi véi cac diém ctia tap hop N hodc P.
Ccacs diém cua tap hop N chi dwoc ndi véi cac diém cua tap hop P hodc tap M.
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Cac diém cta tap hop P chi duoc ndi vdi cac diém co trong tap M hodc tap N (2 tdp nay

<6 66 diem).

Thét vdy, gia st (A, A;, A, A ) 1a4 diém bat ky trong s8 100 diém. Theo nguyén tic
Dirichlet awrt phai c6 it nhatla 2 diém cung thudc vao cung 1 tdp hop (M, N hoac P)

Do d6 véi cach phan chia trén day, 2 diém nay khong duwgc néi véi nhau.

Bai 23. Goi K, | Ian lugt la trung diém cta cac canh AB va

cD. ]: b
Trén doan Kl 1dy diém M va N sao cho:

KM = NI =8 M

Ta c6: MN = KI —KM — NI =35++/3-16 =19++/3 N

con AM =BM =DN =CN

D D
:\/(35+\@]+82 > 20

2

Do d6 néu ta vé cac duong trong c6 tam la A,B,C,D,M,N ban kinh 1a 10 thi cac duong

tron nay khong cat nhau.

Boi vi chi ¢6 5 diém phan biét ndm trong hinh vudng, do d6 &t ton tai it nhat 1a mdt hinh

tron khong chira diém nao trong s6 5 diém da cho.
Nhaén thay, tdm cua dwong tron nay cé khoang cac téi 5 diém da cho 16n hon 10.

Bai 24. Dung mdt tam gidc déu c6 canh bang 1. Néu ca ba dinh duoc to béi cting mot mau
(xanh hoac do) thi bai toan dwoc chirtng minh.

Trong truong hop nguoc lai, xét tam giac déu ABC cd canh AB=1ma A va B duoctd
bang hai mau khéc nhau.

L4y diém D ctia mit phang sao cho AO=B0O=2.Vi A B P

khac mau nén D cung mau véi chi mot trong hai di€ém A
hoac B.

Suy ra ton tai doan t héng AD =2 hoac BD =2 ¢4 2 mut

dugc to bang hai mau khac nhau. Gia st 1a doan thang A
AD. Goi K la trung diém ctia doan thang AD thi K cling
mau véi mot trong hai diém A hodc D. Giast K va A

cung c6 mau xanh.
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Vé cac tam giac déu APK va AQK.

Néu P va Q c¢6 mau xanh thi ta cé tam gidc déu APK va AQK c6 canh bang 1 va ba dinh

duoc to bang cung mau xanh.

Néu P va Q c6 mau dé thi tam giac PQD c6 3 dinh duoc t6 cing mau d6. Dé thay, tam

gidc PQD déu c6 canh 1a +/3.

Bai 25.
Cach 1. C6 thé giai nhw bai 808

Cach 2: c6 thé giai nhw cach sau day:

Vé tam giac ABC néu ca ba dinh A B,C duoc td
cung mot mau thi ta ¢6 ngay diéu phai ching

minh.

Néu A, B,C duoc to bdi 2 mau khac nhau, theo

nguyén tac Dirichlet, at phai cé hai dinh dwoc t&

cung mot mau. Gia st cac dinh A va B duoc to D E

cing mau den, khi @6 C duoc t6 bang mau do..
Dung luc gidc déu ADGEFC c6 tam la B.

Ta c6 tam giac ADB déu. Néu D dwgc t6 mau den ta cd ngay diéu phai ching
minh. Con néu D duogc td mau do, lai xét tam gidc CDE déu. Néu E duogc td béng

mau do thi tam giac CDE c6 ba dinh duoc t6 cuing mau do, thoa man.

C6 néu nguoc lai E dugc to b?mg mau den, lai xét tam giac BEF déu. Néu F duoc

t6 bang mau den thi ta c6 BEF c6 ba dinh duoc t6 cing mau den, thoa man.
Gia st nguoclai F dugc to b?mg mau do, thi lai xét tam giac CFH déu.

Néu diém H duoc td bang mau do thi ta c6 tam giac CFH c6 ba dinh duoc to bing
mau do, thoa man. Con gid st nguoc lai H duoc to béng mau den thi lai vé tam
giac déu BHI. Néu | duoc t6 bang mau den thi tam giac BHI c6 ba dinh dwoc to
bang mau den, thoa man. Gia stt nguoc lai, | dwoc to bang mau d6 thi xét tam giac
IDF . Dé thdy tam gidc IDF déu, theo trén ta c6 ba dinh I,D,F dugc t6 bdi cing

mau d0, thoa man.

Tém lai: ta chiing to dwoc rf?mg, ton tai tam gidc déu ma ba dinh dwoc t6 bdi cung

mot mau.
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Bai 26. LAy mot diém O bat ky trén mit phang. Qua O dung cac duong thang song song
véi 2000 duong thing da cho. Tai O ta c6 4000 goc d6i mot ddi dinh b tdng s6 do bang
360°. T d6 suy ra diéu phai chitng minh.

Bai 27. Gia st xy la mot duwong thang bat ky vudng goéc véi |. Ta danh ddu cac doan

théng theo thit tw 1,2,3,...,8000 . Chiéu cac doan thang nay 1én hai dwong thang xy va I.
Kihiéu a va b, (i=12,...,8000) twong ting 1a d6 dai cta cdc doan thang da cho trén cac
duong thang xy va I.

Taco a +b >1 véimoi i=12,...,8000

Do d6 (a,+a, +...85 )+ (b, +b, +... by, ) > 8000 = 4000 + 4000

Suy ra: hodcla a, +a, +...85,, > 4000

hogc1a b, +b, +...byy,, > 4000

Ta c6 8000 doan thang c6 thé chiéu vuong goc 1én duong kinh ctia duong trong véi do dai
4000.

Néu cac hinh chi€u cta cac doan thang da cho 1én duong thang | ma khong c6 cac diém

chung thi ta co: @, +a, +...85,, <4000.

Vivay trén | tim duwgc mot diém la hinh chi€u cta cac di€m thudc it nhat la hai trong s&

cac doan thang da cho.

Khi d6 duong thang vudng géc véi | dung qua diém nay sé cé diém chung véi it nhat hai
doan thing trong s 8000 doan thang da cho.

Bai 28. Xét hinh vudng canh 2x2, do hinh vuéng nay cé mdi hinh vudng nhé ludn chung
canh hodc chung dinh nén ton tai nhiéu nhat 1 s& chén, nhiéu nhat 1 s6 chia hét cho 3 do
d6 c6 it nhat 2 so 1é khong chia hét cho 3. Bang 10x10 dwgc chia thanh 25 hinh vuéng c6
canh 2x2 nén ¢ it nhat 50 sd 1é khong chia hét cho 3. Ttr 1 dén 0 ¢6 3 s6 1é khong chia hét

cho 3141, 5, 7. Ap dung nguyén i Dirichlet ta dwgc mdt trong ba s6 trén xudt hién it
nhat {?} +1=17 Tan

Bai 29. Chia cac canh ctia hinh ch nhat thanh n doan va 2n doan bgmg nhau ,mdi doan ¢

A \ e 1 Al 7 - A . M 7 \ M ) 7 2 \ ~
do dai —. Noi cac diém chia bang cac duwong thang song songvdi cdc canh cta hinh ch
n

A \ A 2 7. \ ]- 4 Re 1) A 7 A
nhat ta duwoc n.2n =2n* hinh vudng nho véi canh 1a —. Néu moi hinh vudng chita khong
n
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qua 3 diém thi tong s6 diém da cho khong qua 3.2n* =6n’(trdi vdi gia thiét). Do d6 phai

A . \ A s A 7 .« A? ~ \ \ A 1 A . oA
ton tai 1 hinh vudng chita khong it hon 4 diém. R0 rang hinh vuong canh — ndi tiép
n

\ \ /4 4 \ 2 \ \ \ \ ’ \ \ (A A /4
duwong tron ban kinh 1a — va dwong tron nay duoc chira trong dwong tron dong tam ban

2n
kinh .
n
Bai 30.
Lay nam diém tuy y sao cho khong co ba A

diém nao thang hang trén mit phang.
Khi d6 vi chi dung c6 hai mau dé t6 cac
dinh, ma theo nguyén li Dirichlet phai
ton tai ba di€ém trong s6 d6 cung mau.

Gia str d6 1a ba diém A, B, C c6 mau do. N

Nhu vay ta cé tam gidc ABC véi ba dinh

(eX

mau do. Goi G la trong tam tam gidc B
ABC. Chi c6 hai kha nang xay ra:

+Neéu G co mau do. Khidoé A, B, C, G

cung do va bai toan da dwoc giai.

+ Néu G c¢6 mau xanh. Kéo dai GA, GB, GC ciac doan AA’=3GA, BB’=3GB, CC’=3GC.
Khi d6 goi M, N, P twong ting la cac trung diém ctia BC, CA, AB thi

A’A=3AG=6GM =A’A =2AM.

Twong tuw B'B=2BN, CC’=2CP. Do d¢ cdc tam gidc A’'BC, B'AC, C'AB twong ttng nhan
A, B, Cla trong tam. Mat khdc, ta cling c6 cac tam giac ABC va A’'B’C’ c6 cung trong tam
G. C6 hai treong hop sau o thé xay ra:

e Néu A’, B, C’ cung xanh. Khi d6 tam gidc A’B’C’ va trong tam G c6 cung mau xanh.

e Néu it nhat mot trong cac diém A’, B’, C’' ¢6 mau do6. Khong mat tinh tong quat gia st A’
do. Khi do tam gidc A’'BC va trong tam A mau do.

Vay trong moi kha nang luon ton tai mot tam giac ma ba dinh va trong tdm cung mau.
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CHU PE9. SUDUNG NGUYEN LY CUC HAN TRONG SO HOC

Bai 1: Nhan xét: it nhat 7 diém trong sd 8 diém da cho 1a khac tam O.

Goi cac difm do 1a A, A, AL AL ALALA LA,

Ta c6 goc nho nhat trong sd cac goc AOA (i#k,1<ik<8)

12 khong 16n hon 220 < 60°.

Gia sit AOA, 1a bé nhat.

Xét AAOA,, vi AOA, <60°

nén @2 >60° hodc CTQZ\A1 > 60°

Suy ra, hodc OA, > AA, hodc OA > AA,
Ma OA <1 hoac OA, <1= AA, <1.

Bai 2. Khong mat tinh tng quat, gia st C < B < A. Xét hai B

treong hop: C. .
1

TH1: Tam gidc ABC c6 ba goc nhon, khi d6: A>60° va
A<90°. A

B:

Taco: h <BB <1, h <CC <1

s lepihh 1 1 o 1
ABC 27 2'sinAT 2sin60° 3 0 T3

TH2: Tam gidc ABC khong la tam gidc nhon, khi do: A>90°

= AB<BB, <1, AC<CC, <1= S, S%AB.AC s%<i

V3

Bai 3: Chia hinh vuong da cho thanh 16 hinh vudng, mdi hinh vuong c6 canh bang 1; vi c6
33 diém chtta trong 16 hinh vuong, do d6 theo nguyén tac Dirichlet at phai c6 it nhat la
mot hinh vudng chira khong it hon ba diém.

Khoang cach gitra hai diém bat ky tron hinh vuong don vi da cho khong thé vuot qua do

dai dudng chéo ctia né bang /2 .
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Goi 0,,0,,0,1a ba diém cling nam trong mdt hinh vudng don vi nao dé. Vé ba duon tron
tam O,,0,,0, ciing ban kinh 14 +/2. Chic chin ca ba diém O,,0,,0, déu ndm trong ca ba

duong tron nay, nghia 1a ching ndm trong phan chung ctia ba hinh tron c6 tam tai chinh

cac diém O,,0,,0,.

Bai 4. NGi hai diém bat ki trong s 2000 diém da cho bang 1 doan thang. Ta c6 tat ca
1999000 doan thang nhw vay. Goi AB la doan thang c6 d6 dai bé nhat.

Vé duong tron tam O duong kinh AB = 1998 diém con lai nam ngoai duong tron tam O.
Goi C la diém trong sd 1998 diém con lai thoa man goc ACB 1a 16n nhat trong sd cac goc
nhin 2 diém A va B.

Xét AABC. Ta c6 duong tron ngoai tiép AABC khong chira diém nao trong s6 1997 diém

con lai.
Bai 5. Khong mat tinh tong quat, ta gia st: OC < OA, OB <OD
Goi B, C, Ian luot la cac diém d6i xting cua B va C qua O.

— OB =0B,, OC =0C,

A
Boi vi BC la tiép tuyén cua (O)
nén B,C, ciling ti€p xtc véi (O) B 5 D
Mat khéc, AD ciing tiép xuc voi (O)
= A=C, D=8 C

= O0A=0C,0B=0D

= ABCD Ia hinh binh hanh.

Mit khac, ABCD ngoai tiép (O)
= AB+CD =AD+BC = 2AB=2AD = AB=AD = ABCD Ia hinh thoi.
Bai 6. Vé cac duong chéo cta luc giac déu. Cac duong chéo nay chia luc gidc déu thanh 6
tam giac bang nhau mdi canh tam giac cé d6 dai bang 1. Theo nguyén li Dirichlet thi trong

19 diém luodn ton tai bon diém nam tron mot tam gidc déu.

Gia st bdn diém cung nam trong mot tam gidc déu la A, B, C, D. Ta xét cac vi tri ctia bon

diém A, B, C, D theo cac truong hop sau:
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e Truwong hop 1: Bon diém A, B, C, D tao thanh mét t& giac 16i.
Khi d6 ta c6 A+B+C+D=360".
Nhu vay trong b&n goc trén ton tai mot géc nhé hon hodc bang
90°, gia str d6 la goc A. Khi d6 ta c6 DAC+CAB<90° nén mot
trong hai goc DAC;CAB c6 mot goc khong 16n hon 45°.
Nhu vay mot trong hai tam gidc ADC va ABD c6 mot goc
khong 16n hon 45°.
e Trudng hop 2: Trong bon diém A, B, C, D ¢c6 mot diém nan trong tam giac c6 ba dinh 1a

ba diém con lai. Gia st diém D ndm trong tam giac ABC.

+Né&u BDC >90° thi ta dwoc DBC +DCB <90° nén mot A

trong hai géc DBC; DCB khong 16n hon 45 Suy ra tam

giac BCD thoa man yéu cau bai toan.

D
+Né&u BDC <90° thi ta dwoc BAC <90°, do d6
CAD +BAD < 90"
B C

Tt d6 ta duwgc mot trong hai goc C/AT) ; B/AT) khong 16n
hon 45° hay mdt trong hai tam giac ADC va ADB thoa

man yéu cau bai toan.

Mat khéc ta giac déu cé canh bang mot nén ban kinh dwong tron ngoai tiép tam giac déu

V3 \f

la — Ma —< g nén ta c6 diéu phai chiing minh.

Bai 7. Gia str: I =Tlyep = lepp = Mops B B

Vé cac hinh binh hanh ABB'C, ADD'C suy ra t&
giac BB'D'C la hinh binh hanh. A

Do d6: AABC =AB'CB; AADC =AD'CD
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= Tagc = Tercer Tanc = Morep

Mat khac: AABD =ACB'D'(C.C.C) = Iy = I

Theo gia thiét:

Fasc = Teco = Feoa = Tore = Terce = fee'n = Moep = eep

Goi E la giao diém ctia BD' va DB'. Ta chttng minh C=E.

Gia st C khac E = E thudc vao mot trong 4 tam giac EBD,EBB',EB'D',ED'D.
Gia sit C thudc vao mién tam giac BDE = Iy = laep = lgep = legp (VO 1y).

Diéu vo li chting to E trung véi C = B,C,D' thang hang va D,C,B' thang hang.
Tacé: D'C// AD = BC// AD

Vi: CB'//AB= DC// AB

Suy ra ABCD Ia hinh binh hanh.
X6t Ep: S0 = Spoe = % S,ec (vi ABCD 13 hinh binh hanh).

@rABD.AB+BZD+DA=rADC.AD+D2C+CA@AB+BD+ DA = AD +DC +CA < BD =CA

Vay ABCD la hinh chit nhat.

Bai 8. Bang phuong phép chiing minh phan chiing:
Giai st ngueoc lai cac dwong thang da cho khong di
qua mot diém. Xét cac giao di€ém tao nén bai 2000
duong thang da cho. Xét tat ca cac khoang cach khac
0 ha i giao cac giao diém nay dén cac duong thing =

da cho. Gia st A la mét giao di€ém trong s6 do6 va goi

AQ 1a khoang cach nho nhat trong s6 do vé tir A dén | B Q C
1 duong thang | trong s& 2000 dwdng thang.

Qua A theo gia thiét, phai c6 it nhat 1a 3 duong thang nay cat | Tan luot tai B, C va D.

Vé AQ L1, thi hai trong ba di¢ém B, C, D phai ndm vé ciing mot phia véi diém Q, chang
hanla C vaD.

Gia stt QC <QD; v& CP L AD, vé QK L AD.
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Suy ra: CP <QK < AQ. Vo li, vi trai vdi gia sit AQ la khoang cach bé nhét. bBiéu vo li dé
chting to 2000 dudng thang da cho dong quy tai 1 diém.

Cach khéc: L4y hai duong thang bat ki a,b cat nhau tai M thi bat et dwong thang tuy y
nao ciing phai qua M. Vay 2000 duong thang trén sé dong quy.

Bai 9. Gia st nguoc lai v6i cach ndi d6, chting ta nhan

dugc mot duong thang gap khiic khép kin.

Goi AB la mét 16n nhat ctia duong gdp khiic khép kinnay. A
Gia st AC, BD la hia mat ké véi mat AB.

Ta co:

¢ AC<ABnén B khong la diém gan nhat cua A.
e BD < ABnén A khong la di€ém gan nhat cta B.

Chting t6 rang A va B khong dugc ndi véi nhau. Vo 1i!

biéu vo6 li nay chiing to khong thé nhan duwgc mot duong gap khiic nao khép kin véi cach

ndi nhw vay.

Cich khic: Néu c6 doan ndi AB thi B la di€ém gan nhat cua A (cac khoang cach khac nhau).
Vay khong ton tai doan n6i A véi 1998 diém con lai. Nhw vay cac doan n6i khong thé tao
thanh duong gap khuc (duong gdp khiic khong ton tai ké ca khi c6 2 doan).

Bai 10. Gia stt nguoc lai 2000 diém da cho khong thang hang.

Dung qua mdi cip hai diém trong s 2000 diém nay mot duong thang. S8 cac duong
théng dugc ndi nhu vay la hoan toan xac dinh, httu han. Xét cac khoang cach khac 0 nho
nhat tir 2000 diém da cho dén cac duong thang vira dung. S8 cac khoang cach nhu vay

ton tai va httu han.

Goi khoang cach tit A dén duwong thang BC la bé nhét (A, B, C 1a ba diém trong s 2000
diém da cho). Theo gia thiét, trén BC con ¢ 1 diém that 3 1a D khac B va C.

Vé AQ L BC, khoang cach AQ la bé nhat (theo gia st), ta c6 trong ba diém B, C, va D
phai c6 it nhat 2 ¢iém ndm vé cting mot phia véi ctia diém Q, gia st 1a C va D.

Gia sit CQ < DQ; vé& CR L AD, dé thay CR < AQ (vo li).

Diéu v6 li chiing to 2000 diém da cho thang hang.

Cach khéc: Lay hai diém ¢d dinh A, B bat ki thi mot trong s6 1998 diém con lai cling déu

nam trén duong thang AB. Vay 2000 diém da cho thang hang.
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Bai 11. Khong mat tinh tong quat, ta gia st rang: CE < AE, BE < DE.

Goi By, C, twong ting la cac diém d6i xtiing ctia B va C qua tam E, ta c6 cam giac C,EB

nam trong mién tam giac AED.

Gia stt doan thang AD khoéng trung véi doan thang C,B,.

Khi d6 duong tron noi tiép tam gidc C,EB, nam bén trong

duong tron noi ti€p tam giac AED, dong dang (phdi canh)

véi duong tron nay voi tam dong dang E, hé sd dong
dang I6n hon 1. A

Nhu vay: r,., > Iees (Magp 1a ban kinh duwong tron nodi

ClEBl -

tiép tam gidc AED); vO i vi trai vdi gia thiét r, = e, diéu d6 ching to A=C,, D=B,.
Khi d6 OA=0C, OB=0D= ABCD la hinh binh hanh.

Trong hinh binh hanh ABCD c6 p,r =S, = Sgec = pif (trong do, p,, p, la ntta chu vi cua
cac tam gidc AEB,BEC).

Suy ra: p, = p, < AB+BZE+EA:BC+CZE+EBC>AB:BC (Vi AE =CE)

Hinh binh hanh ABCD ¢4 AB =BC nén ABCD la hinh thoi.

Bai 12. Dung PA, PB,, PC, twong ttng vudng goc vdi cac canh BC, CA, AB. Vi tam giac
ABC c6 ba gbc nhon nén cac diém A, B, C, twong ting ndm trong doan BC, CA, AB. N&i
PA, PB, PC ta co:

— — — e~

APC +C,PB+BPA + APC +CPB, + B,PA =360°

Suy ra goc 16n nhat trong cac goc nay khong thé nho hon 60°.
Khong mat tinh tong quat, ta gia st APC, 1a goc 16n nhat, khi
do: ﬁ:’a >60°. Xét tam giac APC, vudng tai C, ta co:

PCF:: = cos,(P\C1 <€0s60° =—

Tir d6 ta c6: AP > 2PC, .

Néu thay PA bang khoang cach 16n nhat trong cac khoang
cach tir P dén cac dinh va thay PC, bang khoang cach nhé
nhat trong cach khoang cach tir P dén cic canh thi bat dang
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thitc cang dugc thoa man.
Bai 13. Goi M la mét diém bat ki bén trong ti giac ABCD.
Ta c6: AMB +BMC + CMD + DMA = 360°

Do d6 gbc 16n nhat trong bo gdc nay khong nho hon 90°. Khong mat tinh tong quat, gia
stt goc BMC 16n nhat.

— BMC >90° = M nim trong dudng tron dwong kinh BC .
Bai 14. Khong mat tinh tong quat, ta gia sa: AO >CO, DO > BO.
Goi B, C, twong ting la cac diém do6i xing ctia B va C qua O

= 0B =0B,, OC =0C,

Tam gidc B,OC, nam trong tam gidc AOD .

Ta co: chu vi (AAOD) > chu vi (AB,OC,) = chu vi
(ABOC )= chu vi (AAOD). A

Dédu “=" xay ra < B, =D, C, = A.
Khi d¢, tir gidc ABCD c6: OA=0C,0B=0D = ABCD la hinh binh hanh.
M3t khéc: Chu vi (AAOB )= AB + BO + OA, chu vi (ABOC) = BC + BO +OA.

Suy ra AB=BC. Vay ABCD la hinh thoi.

Bai 15.
B C B C B C
. An
A A A
. Ay
Ax
As A,
Ay
A D A D A D

Goi A, B, C, D la bon dinh hinh vudng va A;A,;..;A_lan diém nam trong hinh vuong.

No6i A, véi4 dinh A, B, C, D. Khi d6 ta duoc 4 hinh tam gidc.
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+Néu A, ndm trong mot trong 4 tam giac d6 (gia st A,nam trong tam gidc ADA,) Ta ndi
A, v6i A, Dva A, . Sau khi n6i xong thi s6 tam gidc tang thém 2.

+Néu A, ndm trén canh chung nSi A, véi A va C. Khi d6 s6 tam giac ciing tang thém 2.

Nhu vay trong moi treong hop, s6 tam gidc sé tang thém 2. Véi cac diém A;A,;..;A_ta
lam twong tw.

Cudi cling s tam gidc dwoc tao thanh 1a 4+2(n—-1)=2n+2 tam gidc. C4c tam gidc trén
déu c6 dinh la dinh cta hinh vudng hoac n diém da cho. Khi d¢, tong dién tich ctia 2n+2
tam giac nay bang dién tich hinh vudng(bang 1).

Theo nguyén ly cwc han thi ton tai tam giac c6 dién tich nho nhéat trong 2n+2 tam giac dy.

Goi dién tichnay la S thi S<

. Ta c6 diéu can chitng minh.
2(n+1)

Bai 16.

Gia st tit ca cdc duong thang da cho

khong dong quy tai mot diém. Xét giao

diém A ctia hai duong thang tly y trong p d

n dwong thang da cho. Ki hiéu hai £

duong thang nay 1a d, va d,. Véi mbi B c 4

duong thang d, khong di qua diém A ta d A: .
2 s

xét khoang cach tir diém A dén duong
thang d,. Trong s8 cc cip diém A va
duong théng d, nhu vay ta chon cap
diém A va duong thang d, ma khoang

cach tir A dén d, la nho nhat.

Gia str duong thang d, cat hai duong thang d, va d, Ian luot tai B va C. Theo gia thiét

ctia bai toan thi ton tai duong thang d, di qua A va cat dwong thang d, lai D. Khong mat
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tinh tong quat ta cd thé gia st D thudc doan BC. Qua D t6n tai duong thang d, cat phan
trong ctia doan thang AB hodc AC. Gia stt duwong thang d. cat AC tai E ndm trong doan
AC. Khi d6 khoang cach tit E dén duong thang d, nhé hon khoang cach tir A dén duong
théng d,, diéu nay mau thuan véi khoang cach tir A dén d, 1a nho nhat.

Vay tat ca cdc duong thang da cho dong quy tai mot diém.
Bai 17.
Xét hé tat ca cac duong gap khuc khép kin gom c6

n khtic vdi n dinh chinh 1a n diém da cho. Vi s6

duong gap khic la hiru han nén ton tai mot duwong

co6 tong do dai bé nhat. Goi duong gap khuc co
tong do dai bé nhatla AA,...A A, .Khid6no
chinh la mét duong gdp khtic can tim va khong cé

hai canh nao ctia duong cat nhau.
That vay, ta gia st hai canh ctia duong gap khiic cat nhautaiOla A A, va AA .

i® it T T+
Terdotacd AA,,+AA  >AA +A A, . Theobat ding thitc tam gidc thi duong gap

khtc nhay khép kinva A/A,.LAAA LA A A A A c6tdng doi dai ngan hon

duong gap khtic da chon. Diéu nay mau thuan. Do d6 bai toan dwoc chiing minh.

Bai 18. Gia sit sau s6 nguyén duong a;a,;a,;a,;a ;a, thoéa man thoa man yéu cau bai

toan

Tacd a, <a,<a,<a,<a,<a, vaa,+a,+a,+a,+a,+a, =79

Ta c6 nhan xét, néu a, >12 thi a, >2a, =24 va a, >2a, =48.

Khi d6 a, +a,+a,+a, +a,+a, >12+24+48 >79 khong thoa man yéu cau bai toan.

Do d¢6 ta duoc a, <12.
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D€'y 1a trir s6 dau tién thi cac s6 con lai trong day sd trén la boi cua s6 ding trude no, do

d6 ta c6 mot cach chon bon s6 dau tién la a, =1;a, =2;a, =4;a, =8.

Tacod a, =ma, =8m va a, =na, =8mn vdi m, n la cac s6 nguyén duwong 16n hon 1.

Mat khac ta lai c6 a, +a, +a, +a, +a, +a, =79. Tte d¢ ta duoc
1+2+4+8+8m+8mn=79=m(1+n)=8

Giai phuong trinh nghiém nguyén trén két hop véi diéu kién so thit sau cta day 1on nhat
ta dwoc m =2;n =3 nén ta dwoc a, =48.

Vay day s6 can tim 1a 1; 2; 4; 8; 16; 48.

Khéng mat tinh tong quat ta gia s

Bai 19. Goi 21 sd d6 la a;;a,;ag;..;ay.

a, <a, <a, <..<a, .Khiddtaduoc a, =2014.
Theobairataco a,+a,+a,+...+a, >a,, +a,; +...+a,,
Nén ta duoc a, >(a,, —a, )+(a,, —a,)+..+(a, —a,, ).

Do a a,;a,;...;a, la2ls0 guyén doi mot khacnhauva a, <a, <a, <...<a, néntasuy ra

>10.

dwoc a,,-a,>10; a,;-a,2>10; ..; a =

21”4

Do d6 ta dwgc a, >100 nén suy ra a, >101. Theo bai ra trong 21 s6 trén c6 mot s6 la 101

nén tir cac két qua trén ta suy ra dwoc a, =101.

Vatacé 101> (a12 —a2)+(a13 —a3)+...+(a21 —an)

Do do6 100 > (a12 —a2)+(a13 —a?’)+...+(a21 —all) nén a,-a,=a;,—a, =..=a, —a; =10
Tir d6 ta dwoc a,, =a,, —10=2014-10 =2004 .

Tl a,, =2004 dén a,, =2014 c6 11 s6 nguyén khac nhau nén ta duoc

a, =2005;a,, =2006;...;a,, = 2013
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Tt d6 ta dwoc a, =a,, —10=2005-10=1995;a, =a,, —10 =2006-10 =1996;...;a,, = 2004
Vay 19 s6 can tim la 19 s& nguyén lién tiép tir 1995 dén 2013.
Bai 20. Gia st n la s0 tu nhién chia 17 du 10, khi d6 n#0 va n ¢6 dang n=17k+10 véi
keN.

Goi 100 s8 ty nhién duoc chon la 17k, +10;17k, +10;17k, +10;..;17k,,, +10.
Khong mat tinh tong quat ta gia st k, <k, <k, <..<k,,.

Néu k,,, >118 thikhi dé 17k, ,, +10>17.118 +10 = 2016 . Do d6 k

100 —

<117.

100

Ta sé chttng minh k, <20. That vay, gia st k, > 21.

Khi d6 tir k, <k, <k, <..<k,, suyra k, >k, +L;k, 2k, + Lk, 2k, +T;..; Kk, 2k, +1

100 —

Nén tir k, >21 suy ra k, >21+1=22;k, >22+1=23;k, >23+1=24;..;k,,, >117+1=118,

777100

diéu nay trai véi k,,, >118. Do d6 k, <20. Vi k, <20 nénsuy ra k, <19;k, <18.

100

Vi két qua trén ta chon ba s6 nhé nhat trong 100 s0 trén 1a 17k, +10;17k, +10;17k, +10.
Khi @6 ta duwoc

17k, +10+17k, +10+17k, +10 <(17.18+10) +(17.19+10) +(17.20 + 10) = 999

Vay ta ludn chon duoc ba s6 ¢é tdng khong 16n hon 999. bai toan dwoc chiing minh.
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Bai 1: Sau mdi [an xé s§ manh ting thém 5, nén s6 manh sau moi [an xé cé dang 5k + 1 va
1995 khac dang 5k + 1 con 2011 c6 dang 5k +1
Bai 2: Khong
Bai 3: Goi cac sO trén bang la a,;a,;..;a, xettich sau: (2a1 —1)(2212 —1)...(2ak —1) Khi x6a
di 2 s a,;athi tich mét di 2 thira s§ (2a, —1)(2a, ~1) nhung lai nhan thém thira s :
2(ai +a; —2aa, ) -1= (2&1i - 1)(2a]. —1), nén gia tri tuyét doi caa tich trén khong doi...Dap

A \ . A~ \ A 1
sO:conlaisdbnva2n-1=0nénn-= E

Bai 4: Tinh bat bién trong bai la tinh chdn hay Ié ctia t6ng hay hiéu hai déng keo. Tong s
keo cua hai dong giam di hodc s6 keo cuia dong thit nhat giam di, nhu vay tro choi phai
két thtic, nén ngudi thit hai sé thang.

Bai 5. Chang han nhu s8 ban dau trén bang 1a s&
x=10a+b, ae{l; 2;3;...; 9}; b e{O; 1, 2;3;...; 9}
SO méi thu dwoc sau cac thao tdic nhu débaila y=a+7b

Ta thdy y =x-9a+6b

S6 ban dau ghi trén bang 1a 6' chia hét cho 3.

Theo nhu trén thi sau mét s6 budc thye hién thao tac nhu dé bai, s6 méi thu duoc cing la
mot s cting chia hét cho 3.

Vay nén sau mdt sd bude thure hién thao tac nhw dé bai, thi khong thé nao thu dwoc 100°,
la mot s6 khong chia hét cho 3.

Bai 5. Goi S la tong ctia tat ca cac s6 trén bang. Liic dau ta c6 S=1+2+3+...+2n=n(2n+1)la

mot s6 1é vin 1la mot s6 1é. Ta can tim dai lwgng bat bién.
Hai s6 bi xda di la a va b, khong mat tinh tong quat ta giast a>b.

Khi d6 s& duoc thay vao la [a—b|=a—b.
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Nhu vy sau méi lan thiee hién thuat todn nhu trong dau bai da néi thi S sé bi gidam di mot mot dai
luong c6 gié tri bing a+b—(a—b)=2b la mot s§ chin. Vi thé tinh chdn 1é ctia S duroc gitt nguyén

sau moi lan thuc hién xao hai so trén bang. Trong trueong hop trén thi S ludn la mot s6 1é va vi thé

khi trén bang con lai mot so this6 délasolé.

(100+1).100

Bai 7. Vi day s8 tu nhién tir 1 dén 100 ta o6 tong 1+2+3+...+100 = = 5050

Tién hanh xda hai s8 a, b bat ki trong day s8 trén va viét lai mot s61a a’ +b’. Khi d6 tong day s&

trén bang tang mot dai luong (a3 +b’ ) - (a + b) .
Ta thdy 14+2+3+...4+4100 = 5050 chia 3 c6 s6 du la 1.
Lai thdy (a’+b*)—(a+b)=(a—-1)a(a+1)+(b-1)b(b+1).

Do d6 dai luong tang lén ludn chia hét cho 3. Nhu vay sau mdi lan tién hanh tro choi thi tong day
s0 trén bang ludn chia cho 3 c6 s6 dw 1a 1. Ma ta lai ¢6 9876543212016 chia hét cho 3. Do d6 sau mét
sO lan tién hanh tro choi thi trén bang khong thé con lai s6 9876543212016.

) 7 . > N . . . \ e . 7 A k PN 2.
Bai 8. Cach di ciia nguoi di sau nhw sau: Khi nguoi di trude boc 2° vién soi.
A N A1 \ k . e . A “A 2.
+Néu k laso1é thi 2° chia 3 duw 2, nguoi di sau boc 1 vién soi.
+ Né&u k 1a s6 chan thi 2 chia 3 dw 1. nguoi di sau bdc 2 vién soi.

Nhuw vay nguoi di trede ludn d6i mat véi tinh hudng s6 vién soi con lai chia hét cho 3 va khong

bao gio bdc dugc vién soi cudi cung. Vay nguoi di sau ludn thang.

Bai 9. b€ dam bao thang cudc, 6 nudc di cudi cung ctia minh nguoi bdc so6i dau tién phai dé lai

trong hop 11 vién soi. O nwdc di trede d6 phai dé lai trong hop 11+ (20 +11) = 42 vién soi.
Suy ra nguoi boc soi dau tién phai dam bao trong hop lic nao cling con 11+ 31k vién soi.

Ta ¢6 (2010—-11):31=65 du 15. Nhu vay nguoi boc soi dau tién ¢ lan tht nhat ciia minh phai

boc 15 vién.

Ti€p theo, khi d6i phuwong boc k vién soi (k=1, 2, ..., 20) thi nguoi boc soi dau tién phai boc

31—k vién soi, cudi cung sé dé€'lai 11 vién soi cho doi phuong.
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Bai 10.

Ta cé lzmzi+l+l. Khi d6 ta duoc l+1=i+l+l+1=(l+1j(l+1j.

Z Xy Xy X 'y Z Xy X 'Yy X y

Nhu vay sau mdi lan x6a di l+ 1 va l+ 1 thi ta thay bang s& 1+ 1= (lJr 1j(l+ 1] .
X y z X y

Nhuw vay tich cac s6 sau moi [an xda va thay s6 méi 1a khong doi.

Dodéné'uklésé’cuéiCfmgthitadu’ocl+1: %+1 %+1 ! +1 [=2014!
1 N2 2013
. 1
Tir d6 ta dwoc k=———.
2014!-1

Bai 11. Trudc hét ta t6 mau xen ké cac 6 hinh quat, nhu vay ta c6 5 6 duoc t6 mau va 5 6 khong
dugc to mau. Néu di chuyén mot vién bi & 6 mau va mot vién bi 6 6 khong mau sang 6 lién ké thi
tong sO vién bi 6 cac 6 mau cting nhu 6 khong mau 1a khong thay d6i. Néu di chuyén hai vién bi &
mdi 6 mau sang 6 khong mau thi tong s& vién bi 6 & mau bi giam di 2. Con néu di chuyén hai vién
bi & hai 6 khong mau sang 6 lién ké thi tong s8 vién bi 6 & mau duoc tang 1én 2. Nhw vay sau moi
[an thuc hién tro choi thi tdng s6 vién bi 6 cac 6 mau khong thay d6i tinh chdn 1é so véi luc dau.
Ma ban dau tong so vién bi trong cac 6 mau la 5, nhu vay sau httu nhan lan thuc hién tro choi thi
tong s6 vién bi trong cac o mau ludn la s 1é. Do d6 tong s6 vién bi trong cac 6 mau ludn khéac 0 va
khac 10. Nhu vay sau mot s6 Tan thwe hién tro choi ta khong thé duoc tat ca cac vién bi vé cung

mot 6 duoc.

Bai 12. T6 mau cac 6 ctia hinh vudng nhu hinh vé duwdi day véi mau den(D) va mau trang(T)

D|T|D
T D|T
D|T|D
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Dt B la tong cac s6 ¢ cac 6 mau den va W la tong cac sd & cac 6 mau trang. Ta thay vi moi lan thuc
hién thuat toan T ta cong thém 2 s6 & 2 6 canh nhau véi mot s6 nguyén nén de thay rang hiéu

B-W 1a khong ddi

Nhung véi gia thuyét ctia bai toan thi 6 hinhala B-W =5, con ¢ hinh b thi B-W =-1. biéu
nay trai voi quy tac bat bién o trén. Vay sau nhitng [an thuc hién thuat toan T thi tit hinh a ta

khong thé nhan dwgc hinh b

Bai 13. Ta t0 cac 6 trén ban co xen ké cac mau den trang nhu ban co vua(hinh vé)

b/ T/ b|T|/b|T|D|T

T/ b|T|b|T|b|T|b

Do su “ binh ddng mau “ nén khong mat tinh tong quat ta cé thé gia st rang 6 dudi cling
bén trai c6 mau trang. Tit cich di ctia con ma ta nhan thay rang sau mdi nide di con ma sé sang
mot 6 khac mau voi 6 ma ndé dang ding . Vi thé sau mot s6 1é nuwde di con ma sé & 6 mau den, sau
mot s& chdn nuede di con ma sé ¢ 6 mau trang . Day 1a tinh bat bién ctia chiing ta .

Tré lai bai todn ta thdy rang di tir & dwdi cling bén trdi 1én 6 trén cting bén phal can di 63
nudc di. Vi thé 0 trén cung bén phai sé can mang mau den(Theo nhu tinh bat bién). Diéu nay la vo
ly. Vay quan ma khong thé di tir 6 dudi cung bén trai nén 6 trén cung bén phai nhu yéu cau ctuia

dau bai duoc .
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Nhan xét Bai toan da duoc gidi quyét nhung xung quanh bai todn nay van con rat nhiéu diéu can
phai suy nghi. Chang han nhu khi xét ban co X.X véi X 1a mot s6 1é thi liéu c6 mot cach di tir 6

dudi cung bén tréi 1én 6 trén cung bén phai va thoa man cac yéu cau cua bai toan hay khong?
Bai 14. Day la mot bai todn vé 1y thuyét s6 nhung ta van sé dung bat bién d€ giai no.

Tinh bat bién nay nhw sau: Ta thay S sé khong thay doi s6 du khi chia cho 4 néu nhu ta d6i dau

cua 4 s0 hang lién tiép

That vay, néu co 2 sd duwong va 2 sd am thi sé khong c6 chuyén gi thay d6i, néu c6 1 s6 khac dau 3
s0 con lai thi khi d6i ddu thi gia tri cua S sé thay d6i 4 hoac —4 va diéu nay khong anh hudng gi
t6i sO du cuia S khi chia cho 4 c3, cu6i cung néu 4 s6 cung dau thi khi doi ddu S sé thay doi mot dai

luwong la 8 hay —8 diéu nay di nhién ciing khong anh huong gi téi s6 du cta S khi chia cho 4 .
Bay gio quay lai bai toan, thyc hién thuéat toan d6i dau caa 4 s6 hang lién ti€p sao cho cudi cung

dua t&t ca n s6 thanh sd duong. Khi &6 S=n va theo tinh bat bién thi S chia hét cho 4 (vi ban dau
S =0 chia hét cho 4). Vay n chia hét cho 4 va ta da c6 két luan cho bai toan .

Bai 15. Duong thang khong di qua diém nao trong 2011 diém trén nén khi d cat mot doan thang
nao d6 thi né chia mat phang thanh hai ntita ma 2011 diém trén nam & hai nira mat phang ddi nhau
va mot ntra chita chan sd diém, nita con lai chita 1é s& diém(do 2011 1a s& 1é). Mat khac khi néi chan
s6 diém & nita bén nay véi 1é s§ diém bén kia ta sé chitng minh duoc 1a s§ doan thang ndi duoc la
mot s6 chdn. That vay, gia st d chia cdc diém trén ntra tht nhat c6 m diém(m chdn) va ntra mt
phang kia chita n diém(n 1é). Cit mot diém bén nira nay ndi duoc mot doan thang véi nira bén kia

nén s§ doan thang ndi duoc 1a m.n, do m chén nén m.n chén. Bai todn dugc chiing minh.
Bai 16. Trudc hét ta chi ra duoc a, € {-1;+1},b, e {-1;+1},a, +b, €{-2;0;+2} (k,1€{1,2,..n}).

+ Néu d6i dau ctia s6 & mot 6 vudng thudc hang k va cot 1 thicacs6 a, va b, cling ddi dau theo,
cac s0 con lai (cua day a,, a,,...,a_, b, b,,..., b_)khong d6i dau. Hon nita, khi d6 tong a, +Db,
khong do6i, hodc tang thém 4 hodc giam di 4.

+ Mbi bang véi mot cach dién s6 nao d6, déu dugc suy ra tir bang gom toan s +1 bang cach thuc
hién d6i dau mot s6 phan tir. Tong a, +a, +---+a_+b, +b, +---+b_ ctia bang sau khi d6i kém

tong a, +a, ++--+a_+b, +b, +---+b_ ctia bang toan s6 1 mot s6 la boi cua 4.
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+Khi d6 tong ctia bang sau khi d6i a, +a, +-++a, +b, +b, +--+b_=2n(mod4)
Donlénén a, +a,+---+a_+b, +b,+---+b_ 52(m0d4)
Vay v6i moi cach dién s6 taluén c6 a, +a, +---+a_+b, +b,+---+b_=#0.

Bai 17. Nhan thady m va n khac 1, 2, 5. Chia hinh ch nhat m.n thanh m.n 6 vudng don vi va danh
s& céc hang tir dudi 1én, dénh s6 cac cot tir trai qua phai. Ta goi 6 (p;q) 12 6 ndm 6 hang thir p va

cOt thir q. Hai hién gach hinh mdc cau ¢6 thé ghép duoc thanh cac hinh dwdi day.

X|10|0]|0O ONNORN®)
X0 X |0 O|X|0O
XX |X]0O X 10X

XXX

Do d6 dé 14t dugc hinh chit nhat m.n thi tich m.n phai chia hét cho 12. Néu moét trong hai s6 m va
n chia hét cho 4 thi c6 thé lat dwgc hinh ch® nhat m.n. That vay, néu m chia hét cho 4 va n chia hét
cho 3 thi hinh chit nhit m.n c6 thé chia thanh cac hinh ch nhat 4.3 va do d6 c¢6 1at duwgc. Néu m
chia hét cho 4 va n khong chia hét cho 3 thi ta c6 thé viét n vé dang n =3a+4bvédia vab la cac s6

nguyén duong, khi d6 bang m.n ¢6 thé lat duoc.

Bay gio ta chiing minh mot trong hai s6 m va n chia hét cho 4. Gia st nguoc lai ca m va n cung
chia hét cho 2 nhung khong chia hét cho 4. D€ chiing minh duoc diéu nay khong xay ra ta can tao

ra mot bat bién. D€ tao ra bat bién ta dién vao cac 6 cta hinh ch nhat theo quy tac sau: Xét 0

(p; q) . Néu hai toa dd p va q cung chia hét cho 4 thi ta dién vao 6 (p; q) s0 1, néu chi p hodc q chia
hét cho 4 thi ta dién vao 6 (p;q) s62. Vi cac dién nhur vay thi ta thu duoc bat biéh 1a tong cac s&

trong cac 6 6 hinh thit nhat va hinh s6 hai déu 1a s& 1é. Do m va n 1a s& chn nén tdng cac sd trong
cc 6 & hinh chit nhat m.n 1a s& chdn. Mudn 14t dwgc hinh chit nhat m.n thi tong s6 hinh thit nhat
va hinh thit hai phai 14 s6 chdn. Khi d6 m.n chia hét cho 24, diéu nay khong xay ra vi m, n khong
chia hét cho 4.
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Bai 18.

e V6ibang thit nhat ta thay cac dau cong trong bang bang +1 va cac dau trir trong bang bang —1.
RO rang tich tat ca cac s6 trong cac & vudng hodc tinh chdn 1é ctia cac dau trir hodc tinh chén 1é cua
tong cac sd khong phai la bat bién. Mdc du tich cac s trong tit ca cac 6 vudng cuia bang khong
phai 1a bat bién nhung cé thé tich cac sd trong mot s6 6 vudng cd dinh lai la bat bién. D€ tim cac 6
vuong co dinh nay ta can tim tap hop cac 6 vuong sao cho khi thuc hién bién do6i s6 6 vudng co thé
dao d&u ludn l1a s6 chan. Dé thay tap hop cac 6 vudng duoc danh d&u x trong bang sau cé tinh chat

nhuw thé:

X X
X X
X X
X X

Tai trang thai xuat phat tich tat ca cac s6 trong cac 6 vuéng dugc danh dau noéi trén la —1. Do tinh
nau la bat bién nén sau mét sd phép bién doi ta khong thé dwa bang vé trang thai khong c6 dau trie

dwoc(vi khi d6 tich tat ca cac 6 dwoc danh dau la +1).
e Vi bang thi hai ta 1ap luan tuong ty bang thit nhat.

e V6i bang thit ba ta thay cac ddu cong trong bang bang +1 va cac ddu trir trong bang bang —1.
R rang tich tat ca cac sd trong cac 6 vudng hodc tinh chdn 1é ctia cidc d&u trir hodc tinh chn 1é ctia
tong cac sO khong phai la bat bién. Mac du tich céc s6 trong tat ca cac 6 vudng cta bang khong
phai la bat bién nhung c6 thé tich cac sO trong mot s6 6 vudng ¢d dinh lai la bat bién. D& tim cac 6
vuong ¢6 dinh nay ta can tim tap hop cac 6 vudng sao cho khi thuc hién bién d6i s6 6 vudng co thé
dao d&u ludn 1a s6 chdn. Dé thay tap hop cac 6 vudng duoc danh dau x trong bang sau cé tinh chat

nhu thé:

TU SACH CAP 21 518



BOI DUONG HOC SINH GIOI CAP 2 |

X X X X
X X
X X
X X
X X

X X

Tai trang thai xuat phat tich tat ca cac s6 trong cac 6 vuong duoc danh dau noéi trén 1a —1. Do tinh
nay la bat bién nén sau mot sd phép bién ddi ta khong thé dua bang vé trang thai khong c6 dau trie

dwoc (vi khi d6 tich tat ca cac & dwge danh dau la +1).

) .2 2 A A e 2 . M a+ b |a - b|
Bai 19. Gia st ba s0 trén bang 1a a, b, ¢, khi thay a,b bang x =

vay=1—.
IR

+b?.

Khi do ta cé X2+y2 :(

=)\ 2

2
a+b]2 +[|a—b|] _a’+2ab+b’+a’—2ab+b’ _

a+b |a b|

VLR

Nhu vay sau khi x04 2 s6 a,b thay boi hai s6 méi thi tong binh phuwong hai s6

méi khong d6i. Do d6 tong binh phuong ctia ba s6 trén bang khong ddi va bang 2 +4 +% = % .

Mit khéc tong binh phuwong ba sd

\/_ 1+\/—1a [—+2+3+2\/_j¢— Vay khong thé
2\5 8 2 e

dong thoi trén bang ba s6 —= \/> 1+ \/7

Bai 20. Trong qua trinh bién ddi, gia st trén bang c6 day s6 a,; a,; ...; a

Ta xét biéu thirc sau: P = |(a1 - 2)(a2 - 2)...(an - 2)| . Ta chting minh su méi [an xda thi gid tri biéu

thirc P giam di hai lan.
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| DPAP AN CHU PE 10: CAC BAI TOAN SU DUNG NGUYEN LY BAT BIEN
Gia str ta x6a di hai s8 a va b khi d6 tich P mét di thira s& (a—2)(b—2) nhung khi thay

‘ (a-2)(b-2)

. 1 , 1 Ay o
bang a+b—5ab thi tich P ¢6 thém thtra s a+b—Eab—2 = giam di mot nira

nén P giam di mot nira. Khi xda di hai s6 va thay bang mot sd nén sau moi lan xda trén bang giam

di mot so.
Ma trén bang c6 2014 s6 nén sau 2013 [an x6a thi P giam di 2°°" Tan.

Khi d6 ta c6 gia tri P =|(1-2)(2-2)...(2014-2)[=0
Gia sir s6 con lai trén bang 1 x khi d¢6 ta c6 P=|x-2|=0=x =2

Vay s6 cudi cung trén bang la 2.

Bai 21. Trong day s trén c6 s6 403 _ l
2015 5

Néu xda hai s6 a va b bat ki va thay bang s6 méi la ¢ =a+b—5ab, nhw vay sau mbi lan xéa day

trén giam di mot s6. Nhu vay sau 2014 [an xda trén bang con lai mot so.

v A ’ \ , ~ ’ 1 \ A A \ N 1 1 1
Dén mot lac nao do ta sé xoa z v mot s6 b thi ta thay bang ¢ = g+b —S.Eb =3

A 7 ~ 1 \ . N~ - A ~ 1 A N A \ AY . Ay 1
Nhu vay ct xdéa s g thi lai xuat hién so g . Vay s0 cudi cung con lai la g
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