2 PHUONG TRINH
% NGHIEM NGUYEN

A. Kién thiic can nhé
1. Giai phwong trinh nghiém nguyén.

Giai phwong trinh f(x, y, z, ...) = 0 chta cac an x, y, z, ... v6i nghiém nguyén la tim tat
ca cac by s6 nguyeén (x, y, z, ...) thoa man phwong trinh do.
2. Mot s6 luu y khi giai phwong trinh nghiém nguyén.

Khi giai cac phuwong trinh nghiém nguyén can van dung linh hoat cac tinh chat vé
chia hét, dong du, tinh chin 1¢,... d&€ tim ra diém dic biét cua cac an sd cting nhu cac biéu
thirc chita an trong phuong trinh, tit d6 dwa phwong trinh vé cac dang ma ta da biét cach
giai hodc dwa vé nhiing phuwong trinh don gian hon. Cac phuong phap thuwong dung dé
giai phuong trinh nghiém nguyén la:

e Phuong phap dung tinh chat chia hét

e Phuong phap xét s6 du tirng vé

o Phuong phap st dung bat dang thiic

e Phuong phap dung tinh chat cua s6 chinh phwong

e Phurong phap luii v6 han, nguyén tic ciec han.

B. MOT SO PHUONG PHAP GIAI PHUONG TRINH NGHIEM NGUYEN

I. PHUONG PHAP DUNG TiNH CHIA HET
7~ Dang 1: Phat hién tinh chia hét cia mét 4n

Bai todn 1. Gidi phuong trinh nghiém nguyén 3x +17y =159 (1)

Huéng dan gidi
Gia st x, y la cac s6 nguyén thoa man phuong trinh (1). Ta thay 159 va 3x déu chia hét cho
3nén 17y:3=y:3 (do 17 va 3 nguyén td cung nhau).
Dat y = 3t(t € Z) thay vao phuong trinh ta dugc 3x+17.3t =159 < x+17t =53.
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x=53-17t

3t (t € Z) . Thir lai ta thdy théa man phuong trinh da cho
y =

Do do: {

Vay phuong trinh ¢6 nghiém (x, y) = (53 - 17t, 3t) véi t la s6 nguyén tuy y.

Bai toan 2. Tim nghiém nguyén cta phuwong trinh 2x+13y =156 (1).

Hudng dan gidi
- Phwong phap 1: Ta ¢ 13y:13 va 156:13 nén 2x:13 = x:13 (v1(2,3)=1).
bat x =13k (k € Z) thay vao (1) ta duoc: y=-2k+12

=13k
Vay nghiém nguyén ctia phuong trinh la: {; okt 12(k e”Z).

-PhuongphépZ:Tﬁ(h:bx:Jééél§X=78_1%X,

Déxezzﬁ%zezh@(mgyﬂ:;yaEﬁtyzﬂaezij:%pqa

. n . L. |x=78-13t
Vay nghiém nguyén ctia phuong trinh la: { o (teZ).

Bai toan 3. Giai phwong trinh nghiém nguyén 23x+ 53y =109.

Huéng dan gidi

109-53y _28(4=2y)+17-7y _, o 177y
23 23 23

17 -7y
23

Taco x=

Ta phai bién d6i tiép phan s6 d€ sao cho hé sd cuabién y la 1.

Phén tich: Ta thém, b6t vao tie s6 mot boi thich hop caa 23
17-7y 17-7y+46-46 7(9-y)—-46 _ oy 79-y)
23 23 23 23

Tﬁdéx:2—2y+nzgw,D€er::géer,d002$=1.

D3t 9—y =23t (te Z) =y =9—23t

=9-23t
Vay nghiém nguyén ctia phuong trinh la: ) (teZ).
y =53t-16

Chii yj: Phuong trinh ¢6 dang ax+by =c véi a,b,c la cac sd nguyén.

* Phuong phap giai:
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- Rat gon phuong trinh cht y dén tinh chia hét cua cac an.

- Biéu thi an ma hé s6 ctia nd c¢d gia tri tuyét doi nhod (chéng han x) theo an kia.

- Tach riéng gid tri nguyén o biéu thic cua x.

- D4t diéu kién d€ phan sd trong biéu thikc chita x bang mot s6 nguyeén t,, ta duoc mot
phuong trinh bac nhat hai any va t;.

- Ctt tiép tuc lam nhuw trén cho dén khi cac an déu duoc biéu thi dusi dang mot da

thirc voi cac hé sO nguyén.

Bai toan 4. Tim nghiém nguyeén cua phuong trinh 11x+18y =120 (1)

Huéng dan gidi
Ta thdy 11x:6 nén x:6. Ddt x = 6k (k nguyén). Thay vao (1) va rat gon ta dwgc:
11k + 3y = 20

20-11k
3

Bi€u thi an ma hé s6 ctia nd co gia tri tuyét d6i nho (1a y) theo k ta duoc: y =

Tach riéng gia tri nguyén ctia bi€u thitc nay: y=7-4k + %

Lai d&t % =t vdi t nguyén suy ra k =3t + 1. Do do:
y=7-43t+1)+t=3-11t
X =06k =6(3t+1) =18t +6
Thay cac biéu thirc cia x va y vao (1), phuong trinh dwgc nghiém dang.
Vay cac nghiém nguyén cta (10 duoc biéu thi bdi cong thirc:
{X =18t+6

y =311t vodi tla s6 nguyén tuy y
Chii yj: a) Néu deé bai yéu cau tim nghiém nguyén dwong cua phwong trinh (1) thi sau khi
18t+6>0 1 3

tim dwoc nghiém tong qudt ta c6 thé gidi diéu kién: S -——<t<—
3-11t>0 3 11

Do dé t =0 do t la s6'nguyén. Nghiém nguyén dwong cua (1) la (x, y) = (6, 3).
Trong truong hop tim nghiém nguyén dwong cua (1) ta con cé thé’ gidi nhw sau: 11x + 18y = 120
Do y>1 nén 11x<120-18.1=102.
Do x nguyén nén x<9 . Mat khdc x:6 va x nguyén diong nénx =6=>y =3
20-11k

b) Co nhiéu cich tich gid tri nguyén ciia biéu thirc y = —3 ching han:

y:7—4k+% (cach 1)
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1+2k

y=7-3k- (cdch 2)

2(1-k) |
y= 6—3k+T (cdch 3)
Ta thdy: - Cich 1 gon hon cdch 2 vi ¢ cdch 1 hé 86 ciia k trong phin thiec bang 1, do d6 sau khi dit
% =t ta khong cin thém mot an phu nao nita

- Trong cdch 3, nho ddt dwoc thiea s6 chung ma hé s ciia k ciia phiin phdn s6'bang -1, do d6 sau khi

dat =t ciing khong cin diung thém thira s6'phu nao nika.

Bai todn 5. Tim nghiém nguyén duong ctia phuwong trinh: 6x* +5y° =74

Huéng dan gidi
Ta c6: 6x +5y” =74 < 6(x* —4)=5(10-y*)(2)
Tur (2) suy ra 6(x* —4):5 , mit khéc (6,5)=1=>(x*~4):5 =x* =5t+4(teN)

Thay x* -4 =5t vao (2) ta c6: 30t =5(10-y’ )< y* =106t

4
t>——

5t+4>0
=N 5<:>—é<t<§,teN.Suyra:te{O;l}
10t-6>0 5 5 3

Ta c6: x2>0,y2>0<:>{
t<—
3

Vi t = 0 khong thoa man yéu cau bai toan.
Véit=1taco: {Xi =9 = {X =5 . Mat khac x, y nguyén duong nén x =3, y = 2.
y =4 y =22

Vay phuong trinh c6 nghiém (x, y) = (3, 2).
7~ Dang 2: Phuwong phap dua vé phuong trinh wdc s6
* Co s6 phwong phap:

Ta tim cich dwa phwong trinh dd cho thanh phwong trinh ¢6 mgt vé'la tich cdc biéu thirc cé
gid tri nguyén, vé'phdi la hang s6 nguyén.

Thuee chadt la bién d6i phwong trinh vé dang: A(x;y).B(x;y) =c trong dé A(x;y),B(x;y)
la cic biéu thirc nguyén, ¢ la mot s6 nguyén.

Xeét cdc truong hop A(x;y), B(x;y) theo wéc ciia c.

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén cua phuwong trinh: 2xy —x+y =3

Huéng dan gidi
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2xy-x+y =3
< 4xy —2x+2y =6
& 2x(2y-1)+(2y-1)=6-1
o (2y-1)(2x+1) =5.

Ta goi phuong trinh trén 1a phuong trinh udc sé: vé€ trai 1a mot tich cac thira s&
nguyén, v& trai 1a hang s8. Ta c6 x va y la cac s6 nguyén nén 2x + 1 va 2y — 1 1a cac s6
nguyeén va la wdc cua 5.

(2x + 1) va (2y - 1) 1a cac wdc s6 cta 5 nén ta cd:
2x +1 1 -1 5 -5
2y -1 5 5 1 -1

Vap phuong trinh ¢ cac nguyén nguyén la (x, y) = (3, 0); (-1, -2); (2, 1); (-3, 0).

Kinh nghiém gidi: Dé dwa vé trai 2xy —x+y vé phwong trinh dang tich, ta bién doi
thanh x(2y—1)+%(2y—1) bang cich nhin 2 vé ciia phwong trinh v6i 2 A& dwa vé phwong trinh

wéc s0. Luyén tdp kinh nghiém nay biang vi du 2 sau day.

Bai toan 2. Tim nghiém nguyeén cua phuong trinh: 5x -3y =2xy -11.

Hudng dan gidi

5x—3y:2xy—11:>x(5—2y)+%(5—2y)—%+11:0

2x+3 7
N

@(5—2y)(x+% =_77©(2y—5). 2y-5)(2x+3)=7 (¥

(2x +3) va (2y - 5) la cac wdc s6 ctia 7 nén ta co:
2x+3 1 -1 7 -7
2y -5 7 7 1 1

Vap phuong trinh c6 cadc nguyén nguyén la (x, y) = (-1, 6); (-2, -1); (2, 3); (-5, 2).
Nhdn xét: D61 voi nhiéu phwong trinh nghiém nguyén viéc dwa vé phwong trinh wéc so'la

rdt kho khan ta c6 thé' ap dung mot so'thii thugdt, cic ban xem tiép vi du 3:

Bai toan 3. Tim nghiém nguyén ctia phuwong trinh: x* —2xy +3y —5x+7 =0.

Hudng dan gidi
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2 2
X2—2xy+3y—5x+7:0<:>x2—x(2y+5)+(2y+5) + (2y+5)

2 _ 2 _ 2 2 _
@(X_zy;sj , ~4y' 20y 425+12y+28:0<:>(x_2y2+5j 4y +48y 3

+3y+7=0

2 2 2 .
<:>(x—2y+5j _Ay+D 7:0©(x—2}’2—+5j —(Y+1)2=Z7

2 4
2
N R SN

& (2x-2y-5-2y-2)(2x -2y -5+2y+2) =7 < (2x—4y -7)(2x-3) =7 (*

Vix, y nguyén nén tie PT(¥) ta c6 cac treong hop sau:

2x—-4y-7=1 x=-2 2x—4y-7=-7 x=2
1) = 2) =

2x-3=-7 y=-3 2x-3=1 y=1

2x—4y-7=-1 =5 2x—4y-7=7 =1
3) x—4y o lX 5 x—4y o)X

2x-3=7 y=1 2x-3=-1 y=-3

Vay cac nghiém nguyén (x; y) cia phuong trinh la: (-2; -3); (2; 1); (5; 1);(1; -3).

*Nhdn xét: Trong cdch gidi trén ta da siv dung phwong phdp bién d6i tam thirc bic
hai (ax® + bxy +cy®,ax> + bx+c) ): trudc hét ta chon mgt bién d¢ dua vé hing ding thicc (Binh
phwong ctia mot téng, hodc mot hiéu) chiva bién dé: 6 ddy ta chon bién x la :

(2y +5)°
4

x* —x(2y +5) + ,  phin con lgi cha da thirc ta lgi lam nhw ody v6i bién y:

~(2y +5) 4y*+8y-3  4y+1)P-7

4 4

+3y+7 =
Cdc ban c6 thé'tw duy tim hwéng gidi nhw sau:
x* —2xy +3y —5x+7 =0 < x* —(2y +5)x+3y+7+a=a (*)
Xét phuwong trinh: x*? —(2y+5)x+3y+7+a =0 (**)
Vi a la s6 chua biét can thém vao, xac dinh a nhw sau:
2

Awy=(2y+5) —4(3y+7 +a)

= 4y® + 20y +25-12y —28 —4a

=4y* +8y-3-4a
Chon adé A, 1a s3 chinh phuong nén —3-4a=4=a = ‘77 Khi do -

2y +5-2(x+1)
2

_2y+5+2(x+1)_4y+7
2 2 2

Ay =4(x+1) = x, =

_3
(H) _2/X
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Ao (% 3 4y +7 7
Vay: ( )@(X_EJ(X_ - j:—ZQ(ZX—3)(2x—4y—7)=—7
Vix, y nguyén nén ta co cac truong hop sau:

2x—-4y-7=1 xX=-2 2x—4y—-7=-7 x=2
1) = 2) =

2x-3=-7 y=-3 2x-3=1 y=1

2x—4y-7=-1 =5 2x—4y-7=7 =1
3) x—4y o lX 5 x—4y o)X

2x-3=7 y=1 2x-3=-1 y=-3

Vay cac nghiém nguyén (x;y) cua phwong trinh la: (-2; -3); (2; 1); (5; 1);(1; -3).

Bai toan 4. Tim nghiém nguyén ctia phuong trinh x* +12x =y” (1)

Huéng dan gidi
Phuong trinh tuong duong voi :
x> +12x = y* <:>(x+6)2 —y? =36 (x+y+6)(x—y+6)=36
Suy ra (x +y +6) va (x —y + 6) la wdc cua 36.
Ma 36 c6 18 udc nén: (x+y +6) € {+1;+2;43; +4;+6;+9; +18; 436
Két qua ta tim duoc cac nghiém nguyén 1a:(0,0);(-12,0);(-16,8);(-16,-8);(4,8);(4,-8)
Nhan xét: Phwong phdp diwea vé phwong trinh woc so'cé 2 bwedc: Phan tich thanh wéc va xét
cdc trieomg hop. Hai bwéc nay cé thé'khong khé nhieng trong trieong hop hang so phdi xét c6 nhiéu
wéc s6' ching ta cin dwa viao tinh chat ciia biéh (vi du: tinh chin 16, s6" dw tirng vé) dé gidm s’
trieong hop cin xét.
Trong truong hop vi du 4 ta c6 thé' nhin xét nhw sau:
Do y c6 s0 mii chian nén néi y la nghigm thi —y cing 1a nghiém nén ta gid st y >0 . Khi dé
X+6—-y<Xx+6+y tagiam dwoc 8 trieong hop:
X+6+y=9 [X+6+y=—4 | X+y+6=-1
X+6-y=4"|x+6-y=-9"|x+y—-6=-36
X+6+y=236 x+6+y:—2 X+y+6=18
X+6-y=1" x+6—y:—18’ X+y-6=2
X+6-y=-12"| x+6-y=3"|x+y—-6=-6

x+6+y 6
x+6y6

{x+6+y——3 {x+6+y:12 {x+y+6=—6
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Biy gio c6 10 truong hop, ta lai thiy (x+6+y)+(x+6-y)=2y nén (x+6+y),(x+6-y)cd
ciing tinh chin 1é.Do do ta con 4 truong hop:

X+6+y=-2 X+y+6=18 |x+y+6=-6 |[x+y+6=6
x+6-y=-18" | x+y-6=2 "|x+y-6=-6" |x+y-6=6

6=-6 6=6
xryT {X iRA hai phwrong trinh nay déu cé nghiém

Tiép tuc xét hai vhwrong trinh ,
P P 8 {x +y-6=-6

X+y—-6=06
y =0 ta cé xét y = 0 ngay tie diu. Ta cé phwong trinh ban diu: x(x+12)=y* , xét hai khd ning:
Néuy=0thix=0hodcx=-12
Néu y#0 thi x+6—y <x+6+ydp dung hai nhdn xét trén ta chi phdi xét 2 trieong hop
{ X+6+y=-2 {x+y+6:18
x+6-y=-18" | x+y-6=2
Gidi va két lugn phieong trinh c6 4 nghiém (0,0);(-12,0);(-16,8);(~16,-8);(4,8);(4,-8)

~ Dang 3: Phuwong phap tach ra cac gia tri nguyén.
* Co s0 phuwong phap:

Trong nhiéu bai todn phwong trinh nghiém nguyén ta tach phwong trinh ban diu thanh cic
phitn cé gid tri nguyén dé¢’ dé dang danh gid tim ra nghiém, da s6 cdc bai todn stk dung phwong phdp
nay thwong rit mt n (cé bic nhit) theo dn con lai.

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén duong ctia phwong trinh sau: xy -2y -3y +1=0

Hudng dan gidi

Taco xy—2y-3y+1=0=y(x-3)=2x-1.

Ta thdy x =3 khong la nghiém nén x =3 do dé: y=2X _31
X_
Tach ra & phan thiic == cac gid tri nguyén:
-1 2(x=-3)+5
ool (x=3)+5__ 5
x—3 x—3 x—3

Do y la s6 nguyén nén cting la s6 nguyén, do d6 (x —3) la wdc cta 5.

+H)x-3=1thix=4,y=2+5=7
+)x-3=-1thix=2,y=2-5=-3 (loai)
+)x-3=5thix=8y=2+1=3
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+) x =3 =-5thi x =-2 (loai)
Vay nghiém (x, y) 1a (4,7), (8, 3).

Bai toan 2. Tim cac s6 nguyén x va y thod man phuong trinh: x* +xy -2y -x-5=0

Huéng dan gidi
Nhan xét: trong phuong trinh nay an y c6 bac nhat nén rut y theo x.
Taco: X +xy -2y —x-5=0cy(x=2)=—x"+x+5 (¥)
V6ix=2thi: (*)<0=3 (vOly)

2
Véi x#2 tacod: (*)<:>y: X +X2+2+ 32:—x—1+ 5
X — X — X —

D&y nguyén thi 3i(x-2) . Vay (x - 2) la wéc ctia 3 do
d6:(x-2)e{-3,-1,1,3} = xe{-1,1,3,5}

Vay phuong trinh c¢é nghiém: (x, y)=(3; - 1); (5;-5); (1; -5); (-1, - 1)

Bai toan 3. Tim cac s6 nguyén duong x, y sao cho 6x+5y+18=2xy (1)

Hudng dan gidi
Ta co:
ooy-18 ., _~10y-36
6-2y 6-2y
—-66+5(6-2 _ _
= 2xX = ( y): 66 +5<:>2x:ﬁ+5
6-2y 6-2y 3-y

Nhu vay x mudn nguyén duong thi (3 —y) phai la wdc ctia — 33. Hay
(3 - y) € {il; +3;+11; i33}. Laido y>21=3-y<2=ye {il; -3;-11; —33} . Ta c6 bang sau:

3-y 1 1 3 11 33
y 4 2 6 14 36
X 19 -14 8 4 3

Thtt lai ta dwoc cac cap thdéa man la (19, 4); (8, 6); (4, 14); (3, 36).

Nhdn xét: - Dé xdc dinh dwgc phwong phdp dé’ gidi bai todn nay, khi biéu dién x theo y
-5y -18
6-2y
tie s0'la — 5y madu s6'la -2y, do dé manh dan nhin 2 vao tir s6'dé xudt hién 2y giong mau.

dwgc x = . Ta thdy biéu thirc nay kho phin tich nhw 2 vi du trén, tuy nhién dé'y ta thiy
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- Bai todn c6 thé' gidi bang phwong phdp duwa vé phwong trinh wéc so. Do 6 bai todn trén dd
nhdn 2 & x dé’ bién doi, do d6 phai c6 budc thir lai xem x, y ¢6 thoa man phwong trinh da cho hay
khong.

Bai toan 4. Tim nghiém nguyén ctia phuong trinh: 2y’x+x+y+1=x*+2y” +xy

Hudng dan gidi
Ta co: 2y°x+x+y+1=x"+2y" +xy < 2y (x—-1)-x(x-1)-y(x-1)+1=0 (1)
Nhén thay x = 1 khong la nghiém ctia phuong trinh (1).

Chia ca 2 v€ caa (1) cho (x - 1) ta dugc: 2y? —x—y+L1 =0 (2)
X_

PT c6 nghiém x, y nguyén, suy ra % nguyénnén x—1e {1;—1} = {
X [

Thay x =2 va x = 0 vao phwong trinh va d€ y dén y nguyén ta duocy = 1.

Vap phuong trinh da cho c6 2 nghiém la (2; 1) va (0; 1).

II. PHUONG PHAP SU DUNG TiNH CHAN LE CUA AN HOAC XET sO DU
TUNG VE

* Co sé¢ phwong phap: Chung ta dya vao tinh chdn 1é ctia 4n hodc xét s§ du hai vé& cua
phuong trinh nghiém nguyén véi mot s nguyén nao do roi dung lap luan d€ giai bai toan.
* Vi du minh hoa:

I~ Dang 1: St dung tinh chén 1é

Bai toan 1. Tim x, y nguyén t6 thoa man y” —2x* =1

Hudng dan gidi
Tacd y*-2x> =1y’ =2x"+1=y lasoleé
baty =2k +1 (véi k nguyén).Ta co 2k +1)2=2x2+1
& x2=2k?+2k = x chdn, ma x nguyén t6 = x =2,y =3

Vay nghiém cua phuong trinh la (x, y) = (2, 3).

Bai toan 2. Tim nghiém nguyén dwong cua phwong trinh

(2x+5y+1)(2‘x‘ +y+x° +x)=105

Hudng dan gidi
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Ta c6: (2x+5y+1)(2‘x‘ +y+x*+ x) =105

Ta thay 105 1& = 2x + 5y +11é = 5y chdn = y chin, 2" + y +x* +x= 2" + y + x(x+1) 1¢
cox(x +1) chln, y chin= 2" 1¢= 2" =15 x=0

Thay x =0 vao phuong trinh ta duoc

Gy +1)(y+1)=105  5y?+ 6y - 104=0=>y=4 hoacy = —% (loai)

Thtr lai ta c6 x = 0; y =4 la nghiém cta phuong trinh.

Vay nghiém cua phuwong trinh 1a (x, y) = (0, 4).

I~ Dang 2: Xét tinh chin 1¢ va xét s6 du tirng vé

Bai toan 1. Chting minh rang cac phuong trinh sau khéng cé nghiém nguyén:
a) x*—y*=1998 b) x* +y*=1999

Hué6ng dan gidi

a) Do x 1a s6 nguyén nén x =2k hodc x=2k+1 (ke Z) do d6 x* =4k v x* = 4k? +4k+1
vi thé x*chia 4 1udén du 1 hodc 0. Tuong tw ta cling ¢6 y* chia 4 ludén dw 1 hodc 0
Suy ra: x* —y” chia cho 4 luén du 1 hodc 0 hodc 3. Ma 1998 chia cho 4 du 2 do d6 phuwong
trinh da cho khong c6 nghiém nguyén.
b) Nhu chiing minh cau a ta ¢6: x*,y* chia cho 4 luén du 0 hodc 1 nén x* +y* chia cho 4
luén dw 0 hodc 1 hodc 3. Ma 1999 chia cho 4 dw 3 do d6 phuwong trinh da cho khong cé
nghiém nguyén.

Chit y: Chiing ta cin lwu y két qua ¢ bai todn nay:
*)x* —y? chia cho 4 khong dw 2
*)x* +y? chia cho 4 khong dw 3

Bai toan 2. Tim nghiém nguyén ctia phuong trinh: 9x+2=y* +y

Huéng dan gidi
Ta co: 9x+2=y2+yc>9x+2=y(y+1)
Ta th&y vé€ trai phuong trinh 1a s8 chia cho 3 dw 2 nén y(y+1) chia cho 3 du 2
Do d6 chi c6 thé y=3k+1 va y+1=3k+2(keZ)

Khi d6: 9x+2=(3k+1)(3k+2) < 9Ix =9k +9k < x =k (k+1)
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Tht lai: x = k(k + 1), y =3k +1 thoa man phuong trinh da cho.

Vay nghiém ctia phuong trinh 1a (x,y) = (k(k+1),3k+1) véi ke Z

Bai toan 3. Tim x, y 1a s tw nhién thod man x* +3” = 3026

Hudng dan gidi
Xét y=0=x>+3"=3026 = x> =3025 . Max € N = x=55
Xéty>0= 3" chia hét cho 3, x> chia cho 3 du 0 hodc 1= x*> +3¥ chia cho 3 dw 0 hoac 1

ma 3026 chia cho 3 du 2 (loai)
Vay phuong trinh ¢6 nghiém duy nhat (x,y) = (55,0)

Bai toan 4. Chiing minh rang phuong trinh x* -7y =51 khong cé nghiém nguyén

Huéng dan gidi
Xét x=7k(k e Z) thi x*:7.
Xét x=7k=+1 (k € Z) thi x> chia cho 7 du 1 hoic 6.
Xét x = 7k12(k € Z) thi x° chia cho 7 du 1 hodc 6.
Xét x = 7ki3(k S Z) thi x> chia cho 7 du 1 hoic 6.

Do d6 vé trai phuong trinh chia cho 7 du 0 hodc 1 hodc 6 con vé€ phai ctia phuong
trinh chia 7 du 2. Vay phuong trinh da cho vo nghiém.

Bai toan 5. Tim nghiém nguyén ctia phuong trinh x> —5y” =27

Hudng dan gidi
Do x 1a s6 nguyén nén ta c6 thé biéu dién x dwéi dang: x =5k hodc x=5k*1 hodc
x=bk+2 véi keZ

- Xét x = 5k thi x* ~5y? =27 & (5k) -5y” =27 & 5(5k* ~y*) =27

biéu nay la v6 ly vi vé€ trdi chia hét cho 5 v6i moi k va y nguyén con v€ phai khong
chia hét cho 5.

-Xét x=5kt1 thi x* -5y* =27 & (5kx1)’ ~5y° =27

& 25K £ 10k +1-5y” =27 < 5(5k* 2k —y* ) =23

biéu nay la vo ly cling vi v€ trai chia hét cho 5 véi moi k va y nguyén con vé phai

khong chia hét cho 5.
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-Xét x=5k£2 thi x* -5y® =27 & (5k+2) ~5y° =27

& 25K? £10k +1-5y* =27 & 5(5k* 4k —y*) =23

biéu nay la vo ly ciing vi vé€ trai chia hét cho 5 v4i moi k va y nguyén con vé phai
khong chia hét cho 5.

Vay phuong trinh da cho v6 nghiém.

. PHUONG PHAP DUNG BAT PANG THUC
7~ Dang 1: Sit dung bat ding thic cd dién
* Co s6 phwong phap:

Trong nhiéu bai todn ta thwong st dung bat ding thite dé chieng minh mot vé khong nho
hon (hodc khong 16n hon) vé'con lai. Mudn cho phwong trinh c6 nghiém thi ddu bang ciia bat ding
thiec phai xay ra dé la nghiém ciia phwong trinh.

Mot s6'bit dang thire C6' dién thuong duwoc ste dung nhe:

1. Bat ding thitc Cauchy (tén quoc t&'la AM — GM)

a,+a,+a, +...+a,

Néu a,,a,,a,,....,a la cic s0 thic khong dm thi: > ja,.a,a, .4,
n
Ding thirc xdy rakhi a, =a, =a, =....=a_
2. Bit diing thic Bunhiacopxki vdi hai by s6'thuc bat ki (a,,a,,a,,....,a, )va (b,,b,,b,,....,b, )ta

Ding thitc xay ra khi ton tai so thuec k (k#0) sao cho a, =kb, v6ii=1,2,3,...,n.

* Vi du minh hoa:

Bai toan 1. Tim cac s6 nguyén duong x, y thoa méan phuong trinh: (x2 + 1)(x2 + yz) =4x’y

Huéng dan gidi
Ap dung bat dang thitc AM-GM ta c6:
x> +1>2x Dau “=” xay rakhix =1.
x* +y®>2xy Dau “=" xay rakhix=y.
Do x, y duong nén nhan 2 vé ctia bat dang thiic trén ta dugc (x2 + 1)(x2 + yz) > 4x’y

D&u bang xay ra khi va chi khix=y=1.

Bai toan 2. Giai phuong trinh nghiém nguyén duong sau:

x® +7° —15x%z = 3x2y2z —(y2 + 5)3 (1)
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Hudng dan gidi
3 3
Ta co: (1) & x° +2° +(y2 +5) =15x°2+3x’y’z & X° + Z° +(y2 +5) = 3x2z(y2 +5)
¢ ~e 32 , (U6, 3 2 3 2 (2
Ap dung bat dang thitc AM-GM ta co: x° +z +(y + 5) > 3x z(y + 5)

Dau “=" xay rakhi x> =y’ +5=2

Tu x> -y’ = (x—y)(x+y) =5 giai ra dugc nghiém (x,y, z) = (3, 2, 9).

Bai todn 3. Gidi phuong trinh nghiém nguyén sau (x +y+ 1)2 = E’)(x2 +y° + 1)

Huéng dan gidi
Ap dung bat déng thirc Bunhiacopxki ta co: (1+1+ 1)(x2 +y’ + 1) >(x+y+ 1)2

D&u “=" xay ra khi l=l=l<::>x=y=1

Xy
Vay nguyém nguyén ctia phuong trinh la (x, y) = (1, 1).

Bai todn 4. Tim nghiém nguyén ctia phuwong trinh: x* +xy +y’ = x*y’.

Hudng dan gidi
Véi |x| >2 va |y| > 2 ta co:
2.2 >4 2 AM-GM
{)):2;72 ;4;2 =Xy’ 22(x2 +yZ)=x2 +y?+xP+y? > x4y’ +2|xy|>x2 +y? +Xy.

Vay |x|£2 hoac |y| <2

Néu x = -2 hoac x = 2 thi phuong trinh khong c6 nghiém nguyeén.

Thtt x =-1, 1, 0 ta thdy phuong trinh ¢é 3 nghiém (0;0), (1; - 1), (-1; 1).

I~ Dang 2: Sap xép thi tw cac an

* Co sd phwong phap:
Khi phwong trinh d6i xtng véi cac an X, y,z,..., ta thuong gia st x<y<z<.. dé€
giéi han mién nghiém ctia phuong trinh va bat dau di tim tit nghiém bé nhat tro di

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén duwong cua phuong trinh: 2xyz=x+y+z

Huéng dan gidi

Gidstt x<y<z .Taco: 2xyz=x+y+2z<3z
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Chia 2 v€ cho z dwong ta duoc 2xy<3=>xy<l=xy=1
Do d6 x =y =1. Thay vao phuong trinh ban dau ta dwgc: 2z=z +2 hay z=2.
Vay nghiém cta phuwong trinh dachola (x, y,z)=(1, 1, 2); (1, 2, 1); (2, 1, 1).

Bai toan 2. Giai phuwong trinh nghiém nguyén dwong: 1 + 1 + 1 1
X y z

Huéng dan gidi
Do X, y, z c6 vai tro nhi nhau nén ta gid st: x<y <z

Khi d6: 1=l+l+ls§:>xs3:>xe{1,-2,-3} (do xez7)
X y z X
Véi x =1 phwong trinh da cho vé nghiém.
. . 11 1 1 2 oy
V01x=2taco:1=—+—+—S—+—:>y£4.Matkhacy2x=2:ye{2,3,4}
2y z 2y
+) y = 2 thi phrong trinh v6 nghiém.
+)y=3thiz=6
Hyy=4thiz=4
. . 11 1. 1 2 1
V01x=3taco:1:—+—+—£§+—:>yﬁ3.MatkhaCny:3:>y:3:>z=3
y z y

Vay phuong trinh c6 nghiém la (x, y, z) = (2, 3, 6); (2, 4, 4); (3, 3, 3).

Bai toan 3. Giai phuong trinh nghiém nguyén duong: l+ 1 z.
Xy

Hudng dan gidi
Bién dodi thanh: xyz=x+y.
Do d&i xting ctia x va y nén cé thé gia thiét rang x<y . Ta
COXyz=X+y<y+y=2y=>xz<2.
Ta Iwa chon nghiém trong cac treong hop sau: x=1,z=1;x=2,z=1,x=1,z=2
Ta suy ranghiém (x,y, z) la (1, 1, 2) va (2, 2, 1).

Nhin xét: O bai todn nay do vai tro ciia x, y, z la khong binh ding nén ta khong cd thé gidi siv
X<y <z tachicothégidsi x<y

Bai toan 4. Tim nghiém nguyén dwong cua phwong trinh:

S5(x+y+z+t)+10=2xyzt
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Hudng dan gidi
Tagiasex2y2z>2t=1

Taco:5(x+y+z+t)+10=2xyzt

PEN P 5 + 5 + 5 + 5 + 10 33—?:>t3315:>t=1vt=2
yzt xzt xyt xyz xyzt t

Véit=1taco:
5(x+y+z+1)+10:2xyz

@2:i+i+i+£<£

< :>z2315:>z:{1;2;3}
VZ XZ Xy XyzZ 2z

Néu z=1 ta ¢6 5(x+y)+20:2xy<:>(2x—5)(2y_5):65:>{x=35 {x=9

y=3"ly=5
Ta dugc nghiém (35, 3,1, 1) ; (9, 5, 1, 1) va cac hoan vi ctia chung.
Véi z =2, z =3 phuong trinh khong c6 nghiém nguyeén.
Véit=2taco:
5(x+y+z+1)+20 =4xyz

5 5 5 20 35 35
<:>4=;+Z+E+Esz—2:>z2 SZS9(z2t22)3(8x—5)(8y—5)=265

Dox2y2z2>22nén8x-528y-52>11

= (8x - 5) (8y —5) =265 vO nghiém

Vay nghiém cta phuong trinh 1a bo (x, y, z)=(35; 3; 1; 1); (9; 5, 1; 1) va cac hoan vi.

~7 Dang 3: Chi ra nghiém nguyén

* Co s¢ phwong phap: Chuang ta xét tirng khoang gia tri ctia an con dwoc thé hién dudi
dang: chi ra mot hoac vai s6 1a nghiém cta phuong trinh, roi chttng minh phwong trinh
khong con nghiém nao khac

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén duong ctia phuong trinh sau: 3* +4* = 5"

Huéng dan gidi
s \ N 3 [4Y
Chia hai vé ctia phuwong trinh cho 5™ ta duoc: 5 + =] = 1
Tht thay x = 1 khong la nghiém ctia phwong trinh trén.
Vi x =2 thi VT = VP =1 thoa man bai toan.
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vases=(2] o3 o (2] =3 8] 4] =

Vay x =2 la nghiém duy nhat ctia phuong trinh.

Bai toan 2. Tim nghiém nguyén duong cua phuong trinh sau: 2* +3* =35

Hudng dan gidi

Thtt thdy x =0; x = 1; x =2 khong thoa man 2* +3* =35
Véix=3thi 2° +3° =35 (dting)
Véix>3thi 2° +3° > 35
Vay x =3 la nghiém ctia phuong trinh.
7 Dang 4: St dung diéu kién A >0 d€ phwong trinh bac hai c6 nghiém
* Co s0 phwong phap:

Ta viét phuong trinh fix, y) = 0 dudi dang phuong trinh bac hai d6i véi mot an, chang
han d6i voi x khi d6 y 1a tham s6. Diéu kién d€ phuwong trinh c6 nghiém nguyénla A >0

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén ctia phuwong trinh x* +y* —2x+y=9.

Huéng dan gidi
Ta xem phuwong trinh da cho 1a phuwong trinh an x tham sd y, ta viét lai nhu sau:
x’ —2x+(y2 +y—9) =0
Dé phuong trinh da cho ¢6 nghiém thi :
A'20e1-(y*+y-9)20¢ y* +y-10<0
S 4y’ +4y-40<0 & (2y+1) <41

Do do: (2y+1)2 € {1;9; 25}. Ta co:

2y+1 1 -1 3 -3 5 -5
2y 0 2 2 -4 4 -6
y 0 -1 1 -2 2 -3
X Loai | Loai Loai Loai |3va-1| 3va-1

Vay nghiém cta phwong trinh 1a (x, y) = (3, 2); (-1, 2); (3, -3); (-1, -3).

Bai toan 2. Giai phuwong trinh nghiém nguyén x* +2y” = 2xy +2x + 3y (*)
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Hudng dan gidi
Ta xem phuwong trinh da cho 1a phuwong trinh an x tham sd y, ta viét lai nhu sau:
X’ —2(y+1)x+2y2 -3y =0
Taco A'=(y+1) —(2y* -3y )=y* +2y+1-2y*+3y =y’ +5y +1

Dbé phuong trinh c6 nghiém nguyén thi:

V29

A'20c>—y2+5y+120<:>—73y—§s@
5-+29 54429  5-6 546
< <

< <V <
> YT 2 VST

=

Viynguyénnén y e {0,1, 2, 3,4,5} thay vao phuong trinh ta tinh dwoc gia tri cua x.
Giai ra ta dwgc nghiém ctia phueong trinh 1a (x, y) = (0, 0); (0, 2).

Nhin xét: O vi dy nay minh di cd'tinh tinh A’ cho cic ban thiy ring khi tinh A hodc A’
co dang tam thiec bic 2 : f(x) =ay’ +by +c v6ia<0 ta méi dp dung phwong phdp nay, néu a> 0

thi chiing ta dp dung phwong phdp dwa vé phwrong trinh woc so.

IV. PHUONG PHAP DUNG TINH CHAT CUA SO CHINH PHUONG
~ Dang 1: Dung tinh chat vé chia hét ctia s6 chinh phuong

* Co s6 phuwong phap:

- S8 chinh phuong khéong thé 6 chit tan cling bang 2, 3, 7, 8;

- 58 chinh phwrong chia hét cho s6 nguyén t6 p thi ciing chia hét cho p?

- S0 chinh phwong chia cho 3 ¢6 s6 dw 1a 0 hoac 1;

- S chinh phwong chia 4 ¢6 s6 dw 1a 0 hodc 1;

- SO chinh phwong chia cho 8 ¢6 s6 dw1a 0, 1 hoac 4.

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyeén cua phuong trinh: 9x +5 = y(y + 1)

Huéng dan gidi
Ta co:
9x+5= y(y +1)
© 36x+20 = 4y> +4y
& 36x+21=4y” +4y +1

o 3(12x+7) =(2y +1)

2
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S6 chinh phuwong chia hét cho 3 nén cling chia hét cho 9, ta lai ¢6 12x + 7 khong chia hét
cho 3 nén 3(12x + 7) khong chia hét cho 9. Do d6 phuwong trinh v6 nghiém.
Cach khac:
9% +5=y (y + 1)
Sy +y-9x-5=0
A=1+4(9x+5)=36x+21=3(12x+7)

Ta cd A chia hét cho 3 nhung khong chia hét cho 9 nén khong la s6 chinh phuong
do d6 khong ton tai y nguyén. Vay phuong trinh v6 nghiém.
7~ Dang 2: Bién d6i phwong trinh vé dang aA’+a,Al+..+a A=k, trong do
A(i=1..,n) l1a cic da thitc hé¢ s6 nguyén,a la s6 nguyén dwong, k 1a sd tw nhién
* Co s0 phuwong phap:
Stt dung hing dang thitc dang nhé (a+b)?, dwa phwong trinh vé dang trén. Sau d6
dwa vao tinh chat cdc a,A d€ phan tich thanh k =ak’+a,k; +..+a .k’ (véi k €Z),
dan dén giai hé phwong trinh

A12:k12
-k
R

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén ctia phuong trinh x* +y* —x—y =8

Hudng dan gidi
Ta co:
X’ +y? —x-y =8 4x* +4y’ —4x—4y =32
& (4 —ax-1)+(4y’ -4y +1) =34 & (2x-1) +(2y-1) =34
lex-1 +2y -1 =32 +5?

Ta thdy 34 chi c6 duy nhat mot dang phan tich thanh hai s6 chinh phuong 1a 3% va 5% .

(2x-1) =3 _{|2x—1|3

pods: | (B =5 _ | [Py-1]=5
(2x-1) =5° {|2><—1|=5
(y-1y=3 | [2y-1|=3

Giai ra ta dwoc 4 nghiém (x, y) = (2, 3); (-1, -2); (-2; -1); (3, 2).
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Bai toan 2. Giai phuwong trinh nghiém nguyén x* —4xy +5y* =2(x—y).

Hudng dan gidi
Tacd x> —4xy+5y° =2(x—y) < x* —4xy +5y° =2x+2y =0

<X =2xQy +1)+(2y +1)* = (2y +1)* +5y* +2y =0
S (x=2y -1 +y* -2y -1=0 < (x -2y —-1)* +(y - 1)* =2(*)

Xét phuwong trinh (*) ta co: (x—2y—1)2 >0 Vx,y = (y—l)2 <2
Ma x nguyén nén (y —1)2 € {0,1}
*Voi (y—1) =0 thi (x—2y~1)" =2 (loai)

1=1 _2
y @{y

f V& (v_1) =
Véi (y-1) 1:{},_1:_1 =0

j X_5—_|

—0:>(x—0—1)2—1:> x-1=1 = X=2
y T T x—1=11

Véy phuong trinh da cho ¢6 4 nghiém: (x,y)=(6,2);(4,2);(2,0);(0,0) .

Bai toan 3. Giai phuong trinh nghiém nguyén 5x*> —2xy +y* =17.

Hudng dan gidi
Tac6 5x° ~2xy +y> =17 & (x—y) +4X =17 & (x-y)* =17 -4 (*)

Xét phurong trinh (*) ta c6 (x —y)2 >0,Vx,y=>17-4x* 20=> x> < %

Ma x 1a s6 nguyén nén x* € {0;1; 4
-Véi x> =0= (x—y)* =17 (loai).
-Véi x* =1= (x-y)* =13 (loai)
-Voi X* =4 x=12,

2-y=1 -1
Vc’yix:2:>(2—y)2:1<:{ y @[y

2-y=-1 y=3

24y=1 —1
Véix=2=Q+y)P=le|- 7 oY

2+y=-1 y=-3

Vay nghiém nguyén ctia phuong trinh la: (2; 1), (2; 3), (-2; -1); (-2; -3).
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Bai toan 4. Tim nghiém nguyén ctia phwong trinh x +y +xy = x* +y?

Huéng dan gidi
Bién doi: x+y+xy =x" +y’ < (x—l)2 +(y—1)2 +(x—y)2 =2.
Tong ctia ba s6 chinh phuong bang 2 nén ton tai mot s6 bang 0.
Truong hop: x — 1 =0 ta dwoc (1; 0), (1; 2)
Truong hop: y — 1 =0 ta duoc: (0; 1), (2; 1)
Truong hop x —y =0 ta dwoc: (0; 0), (2; 2)
Vay phuong trinh c6 nghiém (x, y) = (1; 0), (1; 2), (0; 1), (2; 1), (0,0), (2; 2).

Bai toan 5. Tim nghiém nguyén cua phuwong trinh 2x* +4x =19 - 3y”.

Hudng dan gidi
2x* +4x =19 - 3y*
=2(x+1) =3(7-y) (%)
Ta thdy 3(7—y2)52 =S7-y'i2y lé
Talai c6 7 —y* > 0nén chi c6 thé y2 =1
Khi d6 (*) c6 dang 2(x +1)" =18.
Ta dwgc: x+1=43do dox, =2;x, =—4.
Cac cap s6 (2; 1), (2;-1), (-4; 1), (-4; -1) thdéa man (2) nén 1a nghiém cua phwong trinh da cho
~ Dang 3: Xét cac s6 chinh phuong lién tié€p
* Co s0 phuwong phap:
Phwong phap nay dwa trén nhin xét sau:
1. Khong ton tai ne Z théa man: a> <n® < (a+1)2 véi aeZ
2. Néi a> <n’<(a +2)zvc’ri a,neZthin=a+ 1. Tuong tw v6i lily thita bdc 3
3. Néu x(x+1)...(x+n) < y(y+1)...(y+n) < (X+a)(x+a+1)...(x+a+n)
Thi y(y+1)...(y+n) = (x+i)(x+i+1)...(x+i+n) voi ie {1,2,...,a—1}

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén ctia phuong trinh: 1+x+x* +x’=y® (1)

Huéng dan gidi
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Ta co:
1) 3 1) 19
X+x+1l={x+=| +=>0; 5x* +11x+7=5| x+— | +—>0
2 4 10 20
Nén

(1+x+x2+x3)—(x2+x+1)<1+x+x2+x3 <(1+x+x2+x3)+(5x2+11x+7).
Do d6: x° <y3 <(x+2)3 :y3 :(x+1)3.

x=0

Két hop vdi (1) ta co: (x+1)3 =1+x+x>+x° :>x(x+1)=0:{ .
X=-

Nghiém ctia phuong trinh la: (0;1) va (-1;0).

Bai toan 2. Giai phuong trinh nghiém nguyén: x* -y’ -2y* -3y -1=0 (2)

Huéng dan gidi
(2) e x’ =y’ +2y* +3y+1 (3)
Ta cé: y* >0;5y* +2>0nén
(y3+2y2+3y+1)—(5y2+2)<y3+2y2+3y+1£(y3+2y2+3y+1)+y2.
Do do: (y—l)3 <x’ S(y+1)3:>x3 =y’ hodc x° :(y+1)3.
Néu x° =y’ két hop vdi (3) ta cd: 2y’ +3y+1=0=>y=-1=x=-1.
Néu x* =(y+1) . Phdi hop voi (3) tac y> =0=y =0, lic dd x = 1.

Vay nghiém cua phuong trinh da cho 1a (-1; -1) va (1; 0).

Bai toan 3. Giai phwong trinh nghiém nguyén: x* +2x° +2x* +x+3 =y’

Huéng dan gidi
Ta co (x2 +x)2 <x*+2x% +2x2 +x+3<(x2 +x+2)2

2

e (K +x) <y? <(x2+x+2)2

2 \

ma (x2 - x) va (x2 +X+ 2)2 ( 1a hai s6 chinh phuong

=y =(x* +x+1)2
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4 3 2 2 2
o x+2x% 4+ 2x +x+3:(x +x+1)

Xx=1
<:>x2+x—2=0<:>{
X=-2

Thay x=1 ta duwgc y =43
Thay x =-2 ta duoc y =43

Vay nghiém cua phuong trinh (x;y) € {(1, -3);(53);(-2:3);(-2; —3)}

Bai todn 4. Giai phuwong trinh nghiém nguyén: x* +(x+1)* = y* +(y +1)*

Huéng dan gidi
Bién d6i phuong trinh vé dang
X +x+1=y(y+1) +2y(y+ ) +1=(y* +y+1)’ =k*,keZ (1)
-Néu x> 0= x> <x* +x+1<(x+1)> = x> <k? <(x+1)* khéng c6 s6 nguyén k thoa man.

. | x=0 )
- Néu 1:>y +y+1=+1

X =
Ta c6 cac nghiém nguyén ctia phuong trinh 1a (0; 0), (0; -1), (-1; 0); (-1; -1).

-Néu x<-1= (x+1)* <x* +x+1< x> = (x+1)* <k* < x* khodng ¢ s6 nguyén k thoa man.

Bai toan 5. Giai phuong trinh nghiém nguyén

x'+x*—y* +y+10=0 (6)

Hudng dén gidi
(6)=y(y-1)=x"+x*+10 (7)
Ta co: x* +x7 <x* 437 +10 < (x* +x* +10) +(6x* +2).
y(x=1)=(x*+1)(x* +2)

2=4
1

Két hop vdi (7) ta suy ra: X ,
X

Tt d6: x=42, x==1

Do d6 ta c6 thé tim duoc nghiém ctua phwong trinh (6)
7~ Dang 4: St dung diéu kién A 1a s6 chinh phwong
* Co s0 phuwong phap:
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V6i phuwong trinh nghigm nguyén cé dangf(x,y)=0 c6 thé viét dudi dang phiong trinh
bdc 2 d6i v6i mot trong 2 dn ching han dn x, ngoai dicu kiéen A>0 dé phuong trinh c6 nghiém
nguyén thi A phdi la s6'chinh phwong. Vin dung diéu nay ta c6 thé giai dwgc bai todn.

Chii y: A la s6 chinh phwong chi la diéu kién cin nhwng chwa du dé phwong trinh cé
nghiém nguyeén, do do sau khi tim duwgc gid tri cin thi lai vao phirong trinh ban diu.

* Vi du minh hoa:

Bai toan 1. Giai phuwong trinh nghiém nguyén 3x* +y” +4xy +4x+2y+5=0

Huéng dan gidi

Ta cé: 3x* +y* +4xy +4x+2y+5=0

Sy +2(2x+1)y+3x* +4x+5=0 (1)
Coi phwong trinh (1) la phuong trinh an y tham s6 x ta c6:
A'=(2x+1) —(3x? +4x+5) =4x? +4x+1-3x* —4x—5=x" —4
D€ phuong trinh cé nguyén nguyén thi A' phai 1a s§ chinh phwong hay A'=x*-4=n’
voi neN
(x—n)(x+n) =4 giaira ta deogc x =2 hodc x =-2.
Véix=2thiy=3
Véix=-2thiy=-5
Vay phuong trinh c6 2 nghiém (x, y) = (2, 3) ; (-2, -5).

Bai toan 2. Giai phuong trinh nghiém nguyén x*y* —xy = x* +2y”. (1)

Huéng dan gidi
Phuong trinh da cho viét lai: (x2 —Z)y2 -xy-x*=0 (2)
Do x nguyén nén (x2 - 2) # 0 coi phuong trinh (2) la phuong trinh an y tham s6 x ta cé:
A=x>+4x° (x2 —2) =x’ (4x2 —7).
Dé phuong trinh c6 nguyén nguyén thi A phai la s6 chinh phuong.
-Xét x =0 thi ttr (1) suy ray =0.
Xét x#0 thi (4x2 —7) phai 1a s6 chinh phwong do d6 4x* -7 =m’véi m 1a s6 nguyén, ta

co (2x—m)(2x+m):7 ta tim dwoc x =2 hoac x = -2
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V6ix =2 thay vao (2) ta duoc: y* +y-2=0=y e{L;-2}.
V6i x = -2 thay vao (2) ta duoc: y* —y-2=0=>y e{-1;2}.
Nghiém nguyén ctia phuong trinh la (x, y) = (2, 1); (2, -2); (-2, -1); (-2, 2).
7~ Dang 5: St dung tinh chat: Néu hai s6 nguyén lién tiép c6 tich 1a mot s6 chinh
phuong thi mot trong hai s nguyén lién tiép d6 bang 0
* Co s0 phuwong phap:
Giasirala+1)=k*(1) véi ae Z,k e N.
Gidgiswa#0,a+1#0 thi k*# 0. Do k la s6'tw nhién nén k > 0.
Tir (1) suy ra: a> + a =k
—da’ +4a=4K = 4a’ +da+1=4K +1(2a+1) =4K* 1 (2)
Dok>0nén 4k* <4k®+1<4k*+4k+1  (3)
Tt (2) va (3) suy ra (21()2 < (2a + 1)2 < (21( + 1)2, vo ly
Vay néu a(a + 1) = k2 thi ton tai mot trong hai 3 a, a + 1 bang 0.

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén ctia phuong trinh: x* +xy +y* = xy”

Hudng dan gidi
Thém xy vao hai v& x* +2xy +y* = xX’y* +xy < (x + y)2 =xy(xy+1) (*)
Ta thay xy va xy + 1 1a hai s6 nguyén lién ti€p, cd tich 1a mot sO chinh phwong nén ton tai
mot s§ bang 0.
Xétxy =0.Tr (1) cOx?+y>=0nénx=y=0
Xétxy+1=0.Tacédxy=-1nén (x,y)=(1;-1), (-1, 1)
Tht lai ba cap s6 (0; 0), (1; -1), (-1; 1) déu la nghiém ctua phwong trinh da cho.

Bai toan 2. Tim nghiém nguyén ctia phuong trinh: x* +2xy =5y +6 (1)

Huéng dan gidi
Ta cod (1)<::>x2 +2xy+y2 =y2 +5y+6c>(x+1)2 =(y+3)(y+2)

Do (y +3) va (y +2) la 2 sd nguyén lién ti€p ma cd tich 1a mot s6 chinh phuong nén
mot trong 2 s6 phai bang 0.

Néuy+3=0thi y=-3,x=-1.

Néuy+2=0thiy=-2,x=-1
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Vay phuong trinh c6 nghiém nguyeén la (x, y) = (-3, -1); (-2, -1).
7~ Dang 6: St dung tinh chat: Néu hai s6 nguyén duwong nguyén td ciing nhau c6 tich 1a
mét s6 chinh phwong thi mdi s6 déu 1a s6 chinh phwong

* Co s6 phwong phap:
Gid stk ab=¢* (1) véi a,b,ceN’,(a,b) =1.

Gia st trong a va b ¢c6 mot s6, chang han a, chira thira s6” nguyén t0'p véi s6'mii 1é thi s6” b
khong chira thira s6'p nén c? chiva thiea s6'p voi s6' mii lé, trdi véi gia thiét ¢? la so' chinh phirong.

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén duong ctua phuong trinh: xy = z* (1)

Hudng dan gidi
Trudc hét ta ¢ the gia st (x, y, z) = 1. That vay néu bo ba s& (xo ' VorZo ) thoa man (1) va cd
UCLN bang d, gia st x, =dx,,y, =dy,,z, = dz, thi (xl,yl,zl) cting la nghiém cta
phuong trinh (1).
Véi (x,y, z) = 1 thi x, y, z d6i mdt nguyén td cung nhau, vi néu hai trong ba sd x, y, z
c6 wdc chung la d thi s con lai cling chia hét cho d.
Tacdz2=xyma(x,y)=1nénx=a%y=b?vdi a,beN
Suy ra z?> = xy = (ab)?, do d6 z = ab.
x = ta’
Nhu vay: y =tb> vdi tla sd nguyén duong tuy y.
z=tab
Dao lai, hién nhién cac sd x, y, z c6 dang trén thoa man (1).

Cong thttc trén cho ta cong thitc nghiém nguyén duong caa (1).

Bai toan 2. Tim tat ca cac cdp s nguyén (x; y) thoa man

x* =25 +6x* —4y® =32x+4y +39=0

Huéng dan gidi
Ta co:

xt=2x% +6x° —4y2 -32x+4y+39=0
<=>x*—2x® + 6x> —32x+40:4y2 —4y+1
<=>(x—2)*(x* +2x+10) = (2y - 1)°
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Viylasdnguyénnén2y-1#0=x#2
Vi (2y — 1)? va (x — 2)? 1a s6 chinh phuwong khac 0 nén x2 + 2x + 10 la s6 chinh phuong.
Dit x* +2x+10=m’(me N") suy ra (x+1)’ +9=m” & (x+1-m)(x+1+m)=-9(*)
Do (x+1+m)>(m+1-m)nén
(x+1+m=9 [(x=3
x+1l-m=-1 m=>5
x+1+m=1 X=-5
(*)<:> =
x+1-m=-9
x+1+m=3 x=-1
x+1-m=-3 m=23
ex=3>(2y-1y=25>y=3hodcy=-2
ex=-5=(2y-1)?2=1225= y=18 hodacy =-17
ex=-1=>(2y-1?2=81=>y=5hodcy=—4

Vay cac bd (x;y) nguyén thoa yéu cau bai toan la (3;3),(3;-2),(-5;18),(-5,-17),(-1,5),(-1,-4)
V. PHUONG PHAP LUI VO HAN, NGUYEN TAC CUC HAN

I~ Dang 1: Phuwong phap lui vo han
* Co s0 phuwong phap:

Diing dé’chirng minh phweong trinh f(x, y, z, ...) ngoai nghiém tim thuwong
x=vy=z=0 thi khong con nghi¢m nao khdc. Phwong phdp nay dién gidi nhw sau:

Giadi str (xo,yo,zo,...) la nghiém cua phwong trinh f(x, y, z, ...), nho phép bién déi suy ludn
ta tim dwoc by nghiém khac (xl,yl,zl,...)sao cho cdc nghiém nay cé quan hé voi nghigm ban diu
ty s6'k nao do. Vidu x, =kx,,y, =ky,,z, =kz, ;...

Roi tir bo (xz,yz,zz,...)cé quan hé voi (xl,yl,zl,...)béi ty s6'k nao do.
Vidux, =kx,,y, =ky,,z, =kz,. Qud trinh nay dan dén Xy, YorZys--chia hét cho K v0 s la s0'tw
nhién tuy y, diéu nay xdy ra khi x =y =z = 0. Ching ta di dén vi du cu thé' nhi sau:

* Vi du minh hoa:

Bai toan 1. Giai phuong trinh nghiém nguyén sau x> +y” = 3z’

Hudng dan gidi
Goi (xo,yo,zo)lé nghiém ctia phuong trinh trén. Xét (mod 3) ta ching minh x,,y,
chia hét cho 3. That vAy rd rang vé& phai chia hét cho 3 suy ra (X} +y;)i3 . Ta co

x; =0;1(mod3);y; =0;1(mod3) dodé (x;+y;):3=>xi3,ysi3 = %,i3,y,13.
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Dt x, =3x,; Yy, =3y, thé vao rut gon ta duoc 3(xf +yf) =z, =2,:3 =>z,=3z,.
Thé z, =3z, vao 3(xf + yf) =z varat gon ta duoc: x3 +y? =z7 . Do d6 néu
(xo, VorZo ) la nghiém ctia phwong trinh thi (xl,yl, z, ) cting la nghiém ctia phwong trinh
trén. Ti€p tuc suy luan nhuw trén dan dén x,,y,,z, 3" diéu nay xay rakhi x, =y, =z, =0

Vay phuong trinh c¢é nghiém duy nhat (x, y, z) = (0, 0, 0)

Bai toan 2. Tim nghiém nguyén ctia phuong trinh: x°*-3y°*-9z°=0. (1)

Hudng dan gidi
Gia st (X, Yo:Z,) 1a nghiém nguyén cua phuong trinh khi d6 x,:3ddt x,=3x. thay

X, =3x.vao (1) ta dwgc: 9x° —y,* -9z, =0= y,:3. dat y, =3y, = z,:3,khi do:

9x°-27y° -3z, =0=3x>-9y,* - z,° =0 = 7,3. 44t z, =3z, khi do: x*-3y,’-92°=0.
A (% Yo Zo) o~ s N .
Vay (? : ?,?j ctiing la nghiém cuia phweong trinh.

% Yo %o

Qua trinh nay tiép tuc thi duoc: (3k 3O

jlé cac nghiém nguyén cua (1) voi moi k diéu

nay chi xay ra khi x, =y, =2,=0.Vay (0, 0, 0) la nghiém duy nhat ctia phuong trinh da

cho.

Bai toan 3. Giai phuwong trinh nghiém nguyén sau: x* +y” +z° = 2xyz

Hudng dan gidi
Goi (x,,¥,,2,)la nghiém ctia phuong trinh trén, ta ¢6 x; +y; +z; = 2x,y,Z, suy ra
(xé +ys+ zs) chdn (do 2x,y,7,) nén ¢ 2 trudng hop xay ra:
Truwong hop 1: C6 2 s6 1é mot s6 chdn khong mat tinh tong quat gia st x,,y, 1¢, z, chan.
Xétmod 4 ta ¢6: x; +y; +z; =2(mod 4)con 2x,y,z,14 (do z, chin) = Vo ly
Truong hop 2: Ca 3 s6 dé chan. Dat x, =2x,,y, =2y,,z, =2z, thé vao rat gon ta co:

X2 +y? +72 =4x,y,z, 1ap ludn nhu trén ta dugc x,,y,,z, chin.
Qua trinh ti€p tuc dén x,,y,,7,:2" (ke N")diéu d6 xay ra khi x, =y, =z, =0

Vay phuong trinh c¢6 nghiém duy nhét (x, y, z) = (0, 0, 0)
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7~ Dang 1: Nguyén tic cwc han
* Co sd phwong phap:

Vé hinh thtc pheong phdp nay khac véi phuwong phap lui vo han nhung veé y
teong sit dung thi nhw nhau, déu chitng minh phwong trinh ngoai nghiém tam thuong
khong con nghiém nao khac.

Phuong phap bat dau bang viéc gia st (xo,yo,zo,...) la nghiém cua phuong trinh
f(x, y, z, ...) voi diéu kién réng budc véi bo (xo,yo,zo,...). Vi du nhu x, nhé nhat hoac
X, +V,+2,+.. nNhd nhdt . Bang phép bién d6i s6 hoc ta tim duwoc bd nghiém
khéc(xl,yl,zl,...) trai voi diéu kién réng budc trén. Vi du khi tim dwoc bd (xo,yo,zo,...)véi
x,nho nhat ta lai tim dwoc bo (xl,yl,zl,...)thc’)a man x, <x, ttt do dan téi phuong trinh
da cho c6 nghiém x, =y, =z,=0.

* Vi du minh hoa:

Bai toan 1. Giai phuong trinh nghiém nguyén sau 8x* +4y* +2z* =t* (1)

Huéng dan gidi

Giéi stt (x,,Y,,2,)1a nghiém ctia phuong trinh trén véi diéu kién x,nho nhat.

Tt phuong trinh (1) suy ra t 1a sd chdn. Dat t=2t, thé vao phuong trinh (1) va rtt gon ta
duoc:4x} + 2yt +z: =8t! 10 rang z, chn. Dit z, =2z, = 2x} +y, +8z! =4t} =y, chan.
bat y, =2y, = xg + 8y‘11 + 4z;1 = th = X, chan.

Dit x, =2x, = 8x} +4y} +2z} =t} =(x,;y,;z,;t,) cling 1a nghiém ctia phuong trinh
trén va dé thay x, <x, (v ly) do ta chon x,nhé nhat. Do d6 phuong trinh trén ¢ nghiém
duy nhat (x,y,z,t)=(0,0,0,0).

Tong két: Mot bai todn nghiém nguyén thieong cé thé gidi bang nhiéu phwong phdp, ban
doc nén tim nhiéu cdch gidi cho mot bai todn dé’rén luyén ki nang cia minh. Sau ddy minh sé gidi
mot bai todn bang nhiéu phwong phdp dé’tong két.

Bai toan. Tim nghiém nguyén ctia phuong trinh sau: x* +xy +y* =x’y* (1)

Loi giai

Cach 1. Dua vé phwong trinh wéc s6
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x> +xy+y* =x’y?
S 4x° +4xy +4y? =4xX°y?
< 4x° +8xy +y? =4x°y? +4xy
o (2x+2y) =(2xy +1) -1
= (2xy + 1)2 - (ZX + Zy)2 =1
& (2xy +2x+2y +1)(2xy +1-2x-2y) =1
Sau d¢ giai phuong trinh wéc sd
Cach 2. Ding tinh chit s6"chinh phwong va phwong trinh wéc so
47 +4xy +4y® = 4x7y?
o (2x+ y)2 +3y° = 4x7y’
o (2x+y) =y (4" -3)
Néu y =0 thi x =0 ta c6 (0, 0) la nghiém ctia phwong trinh.
Néu y =0 thi 4x* —3 phai la s8 chinh phuwong .
Ta c6: 4x* -3 =k*(keN) dua vé (2x+k)(2x-k)=3
Ta tim dugc x =1 va x =-1 tit d6 tim duogcy
Cach 3. Dua vé phuwong trinh bdc 2 doi véi x
(y2—1)x2—yx—y2=0 (2)
Xéty =1 thi(2) co dang: -x-1=0 dwocx=-1.
Xéty =-1thi(2) cd dang x -1 =0 duwgc x =1.
Xét y # %1 thi (2) la phwong trinh bac hai d6i véi x co:
A=y’ +4y® (y2 —1) =y’ (4y2 —3).
Ta phai cd A 1a sd chinh phuwong .
Néu y =0 thitr (2) suyrax=0
Néu y #0 thi 4y® —3 phai la s6 chinh phuong.
Tac6 4y’ -3=Kk*(keN)=(2y+k)(2y—k)=3,ta dugc y =*1 do dang xét y =+1
Cach 4. St dung bit dangthic

Khong mat tinh tong quat gia sw |x| < |y , thé'thi x* <y?,xy < |xy| <y’

Do dé: xX’y* =x* +xy+y’> <y’ +y’ +y’ <3y’
Néu y =0 thix=0.
Néu y #0 chia hai v&€ cho y* ta dugc x* <3 . Do dé x> =1=> x=+1

Vay phuong trinh c6 ba nghiém (1, -1), (-1, 1), (0, 0)
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Cach 5. St dung tinh chat s6 chinh phuwong
Thém xy vao hai v& x* +2xy +y* = X’y* +xy < (x+ y)2 =xy(xy+1)

Ta thdy xy va (xy + 1) la hai s& nguyén lién ti€p c6 tich 1a mét sd chinh phwong nén
ton tai mot sO béng 0
Xétxy =0t (1) c6d xX*+y*=0=>x=y=0
Xétxy=-Inénx=1,y=-lhodcx=-1,y=1
Tht lai thdy phwong trinh ¢6 ba nghiém (0, 0); (1, -1); (-1, 1).
C. BAITAP AP DUNG
Bai 1: Tim nghiém nguyén ctia phuong trinh 2xy —x—y =1.
Bai 2: Tim nghiém nguyén ctia phwong trinh x* + x + 2009 = y? .
Bai 3: Tim nghiém nguyén ctia phuong trinh x° +5y? +62% + 2xy — 4xz =10.
Bai 4: Giai phwong trinh nghiém nguyén 3x° —2xy +y —5x+2=0.
Bai 5: Tim nghiém nguyén ctia phwong trinh (x* + y)(x+ y*) = (x - y)°.
Bai 6: Giai phuwong trinh nghiém nguyén x° —y® = 2xy +8.
Bai 7: Tim nghiém nguyén duwong ctia phuwong trinh 5(x + y +z) + 3 = 2xyz.
Bai 8: Tim nghiém nguyén ctia mdi phuong trinh
a) 1+ x+ x>+ X3 +x* = y*;
b) 1+ x+ x>+ x* = y°.
Bai 9: Giai phwong trinh nghiém nguyén 4x+9y =48,
Bai 10: Tim nhitng s0 tu nhién 1é n d€ 26n+17 la s6 chinh phuong.
Bai 11: Tim céc s6 nguyén X, Y,z sao cho x*+y*+z* =2012.
Bai 12: Tim nghiém nguyén duwong ctia hé phuong trinh {Xz 4;13)/2 - 222
13X +y° =t".
Bai 13: Tim nghiém nguyén cua phuong trinh x* -3y -9z° =0.
Bai 14: Tim nghiém nguyén ctia phuong trinh
X2 +2y?+272 —2xy—2yz—47 =4,
Bai 15: Tim nghiém nguyén ctia phuong trinh
(x2 +l)(y2 +4)(z2 +9) = 48xyz.

Bai 16: Tim nghiém nguyén cta hé phuong trinh

x*+2%=9
y> +1t* =16
xt+yz =12.

Bai 17: Tim nghiém ctia phwong trinh: x* +y° —x’y =xy* =5
Bai 18: Tim cdc nghiém nguyén ctia phwong trinh : x(x + 1)(x +2)(x +3) =y2 (1)
Bai 19: Tim tét ca nghiém nguyén ctua phuong trinh: (x2 — y)(y2 —~ x) =(x- y)3
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Bai 20:

Bai 21:

Bai 22:

Bai 23:
Bai 24:

Bai 25:

Bai 26:
Bai 27:

Bai 28:
Bai 29:;

Bai 30:

Bai 31:

Bai 32:

Bai 33:

Bai 34:

Bai 35:

Bai 36:

BOI DUONG HOC SINH GIOI CAP 2 |

N A 2 4 A~ A 2 ~ \ ].
Tim tat ca cac sO x, y nguyén duong thoa man phwong trinh: —+—=——
X

Giai phwong trinh nghiém nguyén duong 1,11 trong do p la sd nguyén to.
X'y P

Tim nghiém nguyén duong ctia phuwong trinh: %+ % + % = %

Tim nghiém nguyén cua phuong trinh 6x+15+10z=3

Chttng minh réng phuong trinh sau khong co nghiém nguyén:
X +y?+27 =199 (1)

Tim nghiém duong ctia phuong trinh Jx + \/§ =+/50.

Giai phwong trinh nghiém nguyeén: y = \/ X+2Vx-1+ \/ x—2vx-1
Giai phuong trinh trén tap s6 nguyenx® = \Jy(y + 1)(y +2)(y +3) +1

(Chuyén Quang Trung — Binh Phuwoc 2015)
Tim s8 tw nhién x va s6 nguyén y sao cho 2* +3 =y’
Tim céc s6 tw nhién x, y thoa man: (ZX + 1)(2X + 2)(2X + 3)(2X +4)—5y =11879.
Tim tat ca cac cap (x, y, z) 1a cac s6 nguyén théa man hé phuong trinh:

X+y+z=3
X’ +y’+2° =3

Tim s6 nguyén x, y, z thoa man cac dang thtc: { 5 XTyrz=2 (1)
2X° —=xy+x-2z=1 (2)
Tim s6 thuc a d€ cac nghiém ctia phuong trinh sau déu 1a s6 nguyén:
x* —ax+(a+2)=0 (1)
Tim céc s6 nguyén dwong x va y thoa man phuong trinh:
(x* +4y® +28) ~17(x* +y*) = 238y” +833.
(Chuyén Nguyén Trai — Hii Dwong 2016 — 2017)
Tim tat ca cac cap s6 ty nhién x, y thoa man: 2*.x*> =9y* +6y +16
(Chuyén Ha N¢i 2016 —2017)
Tim nghiém nguyén ctia phwong trinh: Xy (x+y)+x+y =3+xy
(Trich dé vao 16p 10 chuyén DHKHTN, DHQGHN ndim 2014)
Tim t4t ca céc cap s6 nguyén duong (x; y) thoa man (x+ y)3 =(x-y- 6)2 .

(Trich dé thi vao I6p 10 Chuyén Lé Hong Phong- Nam Dinh 2014-2015)
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Bai 37: Tim nghiém nguyén ctua phuong trinh x*> —y® = xy +8
(Trich dé vao Chuyén Binh Dwong 2017)
Bai 38: Tim nghiém nguyén cta phuong trinh x° +1=4y”.
(Trich dé vao Chuyén Lé Hong Phong — Nam Dinh)
Bai 39: Tim nghiém nguyén ctua phuong trinh sau x* +y* +5x”y” + 60 = 37xy
(Trich dé vao Chuyén Bac Liéu 2017)
Bai 40: Giai phuong trinh nghiém nguyén y® —2x—-2=x(x+ 1)2 ()
(Trich dé vao Chuyén Hung Yén 2017)
Bai 41: Giai phuong trinh nghiém nguyén x* +2y” —2xy —4x+8y+7 =0 (1)
(Chuyén Lwong Thé'Vinh — Dong Nai 2017)
Bai 42: Tim x, y nguyén sao cho Jx + \/§ =418
(Chuyén Binh Dinh 2015)
Bai 43: Tim cdc s6 nguyén x va y thod man phuong trinh9x+2=y* +y
(Chuyén Phan Bgi Chidu — Nghé An 2014)
Bai 44: Tim cép sO nguyén (x;y) thoa man phuong trinh: 2015(x” + y*) - 2014(2xy +1) = 25
(Chuyén TP. H6 Chi Minh 2014)
Bai 45: Tim nghiém ctia phwong trinh: x* +y° —x’y =xy”* =5
(Chuyén Lam Son 2014)
Bai 46: 1) Tim t4t ca cac s6 nguyén td p va cac s6 nguyén duong X,y thoa man
{p—l = 2X(x+2)
p'-1=2y(y+2)

2) Tim tat ca cac s6 nguyén duong n sao cho ton tai cac sd nguyén duong X, y, z thoa man
X’ +y° +2° =nx’y’z’

(Chuyén Ha N¢i Amsterdam 2014)
X+y=z

X3+y3 :Z2

Bai 47: Tim nghiém nguyén dwong ctia hé phwong trinh: {
(Chuyén Hoang Vin Thu - Hoa Binh 2015)

Bai 48: Tim nghiém nguyén ctua phuong trinh: x* —2y(x—y) =2(x+1)
(Chuyén Hing Viwong Phii Tho 2015)

Bai 49: Tim cdc s6 nguyénx, y thoa man x* +x* —y* -y +20=0.

(Chuyén Nguyén Trai Hdi Dwong 2015)
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Bai 50: a) Chténg minh khong ton tai cdc bd s6 nguyén (x, y, z) thoa man x* +y* =7z* +5
b) Tim tat ca cdc nguyén nguyén thoa man dang thiic (x + 1)4 - (x - 1)4 =y’
(Chuyén KHTN Ha N¢i 2011)
Bai 51: Tim tat ca cac cdp sd nguyén (X;y) thoaman 2x*+5y? =41+ 2xy.
(Chuyén Nam Dinh 2018-2019)
Bai 52: Tinh tat ca cac cip s6 nguyén dwong (X;y) thoa man: x = y?** —y _y*% 12
(Chuyén Lam Son — Thanh Héa 2018-2019)
Bai 53: Cho phuong trinh x*+2y° +4z° =91(1) véi x;y;z1a dn va 9! La tich c4c s& nguyén
duong lién ti€p tir 1 dén 9
a) Chting minh rang néu c6 cac s6 nguyén x; y; zthéa man (1) thi x, y, zdéu chia hét cho 4
b) Chttng minh rdng khong ton tai cac s6 nguyén x, y, zthoa man (1).
(Chuyén Vinh Phiic 2018-2019)
Bai 54: Tim cdc nghiém nguyén cta phwong trinh X° —xy+2=X+y
(Chuyén Bén Tre 2018-2019)
Bai 55: Tim cac s6 nguyén x,y,z thoa man dong thoi: x* +4y* +2° +2xz+4(x+2) =396 va
X +y*=3z.
(Chuyén Dak Lak 2018-2019)
Bai 56: Tim c4c cip sd nguyén (x; y)thoa man diéu kién 2x* —4y* —2xy —-3x-3=0
(Chuyén Déng Nai 2018-2019)
Bai 57:Tim nghiém nguyén ctia phuong trinh: 3x* —2xy + Yy —5x+2=0
(Chuyén Tuyén Quang 2018-2019)
Bai 58: Tim x, y nguyén duong thoa man: 16(x° - y*) =15xy +371

(Chuyén Thdi Nguyén 2018-2019)
Bai 59: Tim cdp s6 nguyén x, y théa man x* -2y* =1
(Chuyén Bic Ninh 2018-2019)
Bai 60: Tim nghiém nguyén cua phuwong trinh x* —xy+y° =2x -3y -2
(Chuyén Vinh Long 2018-2019)
Bai 61: Tim t4t ca cac cip s nguyén (x ; y) thoa man dang thiic x2y2 —x? - 6y2 = 2Xy.
(Chuyén Quang Nam 2018-2019)
Bai 62: Tim tat ca cdp sd nguyén x, y théa man y*+2xy—3x—-2=0
(Chuyén Lao Cai 2018-2019)
Bai 63: Tim tat ca b s6 nguyén (a;b)thoa man 3(a’ +b*)-7(a+b)=-4
(Chuyén Binh Phuéc 2018-2019)

Bai 64: Tim tat ca cac cap s6 nguyén (x ; y)théaman y*+y=x"+x>+x*+x.
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(Chuyén Todn Lam Son — Thanh Hoa 2019-2020)
Bai 65: Tim tat ca cdc nghiém nguyén ctia phwong trinh: X* —xy —5x+5y+2=0
(Chuyén Tin Lam Son — Thanh Héa 2019-2020)
Bai 66: Tim tat ca cac nghiém nguyén duong ctia phuong trinh
xy® —(y —45)* + 2xy +x — 220y +2024 = 0.
(Chuyén Hung Yeén 2019-2020)
Bai 67: Tim tat ca cac s ty nhién n d€ phuong trinh x*> —n*x+n+1=0 (dn sd x) co cac
nghiém la s6 nguyén.

(Chuyén Binh Thugdn 2019-2020)

, , 24y’
Bai 68: Tim tat ca cac cdp sO nguyén (x, y) thoa man Xty 8
x+y 13
(Chuyén Phii Yén 2019-2020)
n’=a+b

Bai 69: Tim cac sO nguyén khong am a, b, n thoa man: .
n*+2=a’+b’

(Chuyén Quang Nam 2019-2020)
Bai 70: Tim tat ca cdp s6 nguyén (x; y) théa man 2020(x> +y*)—2019(2xy +1) =5
(Chuyén Cin Tho 2019-2020)
Bai 71: Tim t4t ca cic nghiém nguyén dwong cua phuwong trinh 2x°y —1=x*+3y .
(Chuyén Dik Nong 2019-2020)
Bai 72: Tim nghiém nguyén duong ctia phwong trinh \/m +1=+/x+ \N
(Chuyén Quang Ngai 2019-2020)
Bai 73: Giai phuong trinh nghiém nguyén 4y® =2 ++199 — x* - 2x
(Chuyén Binh Phwoc 2019-2020)
Bai 74: Tim tat ca cac cdp s6 nguyén duong (:z:; y) thoa man: (xy +x+ y)(x2 +y? + 1) =30.
(Chuyén Bdc Ninh 2019-2020)
Bai 75: Tim tat ca cac cap s6 nguyén (X; y) thoa man
(2x+5y +1)(2‘X“l +y+x2+ x) =65
(Chuyén Tién Giang 2019-2020)
Bai 76: Tim tat ca cac cdp s6 nguyén duong (m;n) thoa man phuong trinh
2™ m?* = 9n”-12n +19.
(Chuyén Ba Ria Viing Tau 2019-2020)
Bai 77: Tim tAt ca cic cap s6 nguyén thda man (x° —x+1)(y* +xy) =3x-1

(Chuyén Ha N¢i 2019-2020)
Bai 78: Tim tat ca cac cdp s6 nguyén (x;y) thoa man x*y* —4x*y +y® +4x* —=3y* +1=0.
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(Chuyén Sw pham Ha N§i 2019-2020)
Bai 79: Tim x, y thoa man: 2(\/;-!-}7—2) = \/\/_Ty
(HSG Lop 9 An Giang nim 2015-2016)
Bai 80: Tim tat ca cdc nghiém nguyén ctia phuong trinh x* +xy +y” = xy’
(HSG Lép 9 Thanh Héa nam 2015-2016)
Bai 81: Tim tat ca cic cap s nguyén (x;y) thod man x° +y” =xy” +1
(HSG Lép 9 TP. Bic Giang niam 2016-2017)
Bai 82: Tim cdc s6 nguyén duong x, y, z thoa man: 3x*> —18y” +2z* +3y’z* —18x =27 .
(HSG Lép 9 Hii Duong nim 2014-2015)
Bai 83: Tim nghiém nguyén ctia phuong trinh x*y? (x+y)+x=2+y(x-1).
(HSG Lép 9 Thanh Hoa 2018-2019)
Bai 84: Tim tat ca cac nghiém nguyén duong cta phuong trinh:
xy” +2xy —243y +x =0
Bai 84: Tim s6 nguyén x, y thoa man dang thirc x* =y +,/y +1
Bai 85: Giai phuwong trinh nghiém nguyén y* =1++9 x> —4x
Bai 86: Tim s0 nguyén a dé€ phuwong trinh sau c6 nghiém nguyén duong |4 - 3a| =5-a
Bai 87: Tim tat ca cac cap (x; y) nguyén thoa man x’y* +(x —2)2 + (Zy —2)2 —2xy(x +2y —4) =5.
(HSG Lép 9 Lang Son nim 2018-2019)
Bai 88: Tim nghiém nguyén duwong ctia phuong trinh : 4y* +6y” —1=x.
(HSG Lép 9 Binh Phwéc ndam 2018-2019)
Bai 89: Tim tat ca cdc cdp s6 nguyén (x; y) théa man phuong trinh
(x=y-1)(x+1-y)+bxy+y*(2-x-y)=2(x+1)(y +1).
(HSG Lép 9 Nam Dinh nim 2018-2019)
Bai 89: Tim t4t ca céc cip s8 nguyén (x; y) thoa man: (x —2018)2 =y*' -6y’ +11y* -6y
(HSG Lép 9 Hung Yén nim 2017-2018)
Bai 90:Tim nghiém nguyén ctia phuong trinh y* -5y +62 = (y —2)x* +(y* -6y + 8)x.
(HSG Lép 9 Thanh Héa ndm 2017-2018)
Bai 91: Tim céc cdp sd nguyén (X;y) thoa man: 2x* +2y” +3x— 6y = 5xy —7.
(HSG Lép 9 Héi Duong nim 2016-2017)

Bai 92: Tim tat ca cdc nghiém nguyén ctia phuong trinh 3x —16y —24 =/9x” +16x +32 .
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(HSG Lép 9 Hung Yén nim 2016-2017)
Bai 93: Tim cac sd nguyén x, y thod man phuong trinh (x + y)(x + 2y) =x+5
(HSG Lép 9 TP. H6 Chi Minh nim 2016-2017)
Bai 94: Tim cac cdp sd nguyén (x;y) thoa man: x(x2 +X+ 1) =4" 1.
(HSG Lép 9 Vinh Phiic ndm 2015-2016)
Bai 95: Tim nghiém nguyén duong ctua phuong trinh: 3* +171=y”.
(HSG Lép 9 Nghé An nim 2015-2016)
Bai 96: Tim céc nghiém nguyén (x;y) ctia phuong trinh: 54x* +1=y°.
(HSG Lép 9 Thanh Héa niam 2015-2016)
Bai 97: Tim cac nghiém nguyén (x; y) ctia phuong trinh: 5(x2 +Xy + yz) =7(x+2y)
(HSG Lép 9 Thanh Héa niam 2014-2015)
Bai 98: Tim cac cap s nguyén (x; y) théa man: x(1+x + xz) = 4y(y—1).
(HSG Lép 9 Vinh Phiic nam 2014-2015)

Bai 99: Tim c4c s6 nguyén duong X, y, z théa man x* =2x+yzz4.
(HSG Lép 9 Khédnh Hoa ndm 2014-2015)
Bai 100: Tim x,y,z € N théa man \/x+2\/§ = \/§+\/;

(HSG Lép 9 Thanh Héa niam 2012-2013)
Bai 101: Tim nghiém nguyén cua phuwong trinh: ~ 2xy*+ X + y + 1= X* + 2y* + xy

(HSG Lép 9 Binh Dinh nim 2018-2019)
Bai 102: Tim céac sé nguyén X, y théaman 4 =1+3".

(HSG Lép 9 Quang Tri ndm 2018-2019)
MGt s6bai todn tir dé thi hoc sinh gioi todn 16p 10!

Bai 103. Tim t4t ca cdc sO tu nhién X, y thoéa man phuong trinh:

() =3361-+/11296320

(Dé dé nghi THPT TP. Cao Lanh — Dbng Thip)

4x - 6y|+[9x—6
Bai 104. Tim nghiém nguyén ctia phuong trinh: | \/% y| =+/313 (1)
X" +y
(Dé dé nghi THPT Bac Luu)
Bai 105. Tim nghiém nguyén ctia phuong trinh: x* +x+1=2xy+y

(Dé dé nghi Chuyén Lé Khiét — Qudng Ngdi)
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Bai 106. Chiimg to ring s6: 444444 +303030v3 khong viét dudi dang (x+y+/3 )2 véi
x,yeZ
(Dé dé nghi Chuyén Quang Trung — Binh Phwéc)
Bai 107. Tim tat ca cac sO nguyén duong x, y thoa man phuwong trinh:
9(x* +y*+2)+2(3xy —1) = 2008
(Dé dé nghi THPT Hing Vwong — Lé Lai)
Bai 108. Tim nghiém nguyén ctia phuong trinh: x? + x2y + Xy2 + y3 = 8(x2 +Xy + y2 + 1)
(Dé dé nghi Chuyén Lwong Vin Chinh — Phii Yén)
Bai 109. Tim nghiém nguyén cua phuong trinh
x* +17y” +34xy +51(x+y) =1740
Bai 110. Tim tat ca cac cap (X, y, z) la cac sd nguyén thoa man hé phwong trinh

X+y+z=3
x3+y3+z3=3

Bai 111. Tim tat ca cac s6 nguyén X, y, z théa man phuong trinh:
3x* +6y” +2z° +3x°y* —18x -6 =0.
Bai 112. Tim tat ca cac cdp s6 nguyén duong (a,b) thoa man dang thikc:
a’—b*+3(a>~b?)+3(a—b) =(a+1)(b+1)+25.
Bai 113. Tim t&t ca cc cap s6 nguyén duong (x;y)thoa man phuong trinh:
(3 +4y* +28) =17(x* +y* +1dy* +49)
MGt s6'bai todn phwong trinh nghiém nguyén trong tap tri todn hoc tudi tré
Bai 114. Tim moi nghiém nguyén ctia phuong trinh x* (y - 5) -xy=x-y+L1L

Bai 115. Tim céc bd s8 nguyén (ab,c,d) thoa man hé {ac ~obd =4
ad+bc=3
Bai 116. Mot tam giac ¢ sd do 3 canh la cac s6 nguyén x, y, z thdéa man
2x% +3y? +27° —4xy +2xz—20 =0.

Chting minh tam giac d¢6 la tam gidc déu

Bai 117. Chting minh rang phuwong trinh sau khong cé nghiém nguyén duong
X +y’ =(x+ y)2 + (xy)2

Bai 118. Tim nghiém ty nhién cua phuong trinh

x2y3—4xy3+y2+x2—2y—3=0.
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Bai 119. Tim t4t ca cdc s6 nguyén X,y thoa phuong trinh 2x* +y* +xy =2(X+Y)

(Trich deé hoc sinh gioi l6p 9 tinh An Giang 2017-2018)

Bai 120. Tim nghiém nguyén ctia phuong trinh _X-y _3

X2 —xy+y> 7
Bai 121. Tim cac s6 X,y nguyén duwong thoa man phuong trinh: l6(x3 — y3) =15xy +371

(Trich deé hoc sinh gioi l6p 9 tinh Bén Tre 2017-2018)
Bai 122. Tim nghiém nguyén ctia phuong trinh: (x—y)(2x+y+1)+9(y-1)=13

(Trich dé hoc sinh gioi I6p 9 tinh Binh Dinh 2017-2018)
Bai 123. Tim t4t ca cac cdp s nguyén (x,y ) thoa man phuong trinh
X =y _ 7
xP+xy +y® 13
(Trich deé hoc sinh gioi I6p 9 TP. Ha Ngi 2017-2018)
b?+c? =a’

Bai 124. Tim cdc s6 nguyén duong a, b, ¢, (b>c) thda man )
sy & ( ) {2(a+b+c):bc

(Trich deé hoc sinh gioi I6p 9 Ha Tinh 2017-2018)

Bai 125. Tim cac so thue x sao cho x++/2018 va Z—\/2018 déu la s6 nguyeén.
X

(Trich dé hoc sinh gi6i I6p 9 Hdi Dwong 2017-2018)
Bai 126. Tim c4c cip s8 nguyén (X;y) théa man (X— 2018)2 =y -6y’ +11y* -6y

(Trich dé hoc sinh gi6i I6p 9 Hung Yén 2017-2018)
Bai 127. Tim tat ca cac s6 nguyén duong a,b,c théa man a+b+c=91 va b’ =ca.

(Trich deé hoc sinh gioi l6p 9 Phui Tho 2017-2018)
Bai 128. Chttng minh rang véi moi s6 nguyén n cho triedc, khong ton tai s6 nguyén dwong

X sao cho x(x+1)=n(n+2)

(Trich deé hoc sinh gioi I6p 9 huyén Ba Vi 2019-2020)

Bai 129. Tim s0 thuc x dé biéu thitc 3/1+ IX + 3/1— JX 1asd nguyeén.
(Trich deé hoc sinh gioi I6p 9 quin Ba Dinh 2016-2017)
Bai 130. Tim céc s6 nguyén dwong x, y, z thoa man: 3x* —18y* + 2z% + 3y’z* —18x = 27.
(Trich deé hoc sinh gioi I6p 9 tinh Hai Dwrong 2014-2015)

Bai131.  a) Tim cac s§ nguyén duwong x, y thoa man x° —y° = 95(X2 + yz)
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2 2

b) Tim cac sé'thu’cx,ythéaménx _4+ y _4+8:4(\/x—1+,/y—1)
X y

(Trich dé vao 10 Chuyén Sw Pham 2016-2017)
Bai132.  Tim t&t ca cdc cip s6 nguyén (x;y) thoaman (x+y)(3x+ Zy)2 =2x+y-1.
(Trich dé vao 10 Chuyén Khoa hoc tw nhién Ha N¢i 2018-2019)
Bai133.  Chitng minh rang khong ton tai cdc s8 nguyén x, y théa man dang thitc
122% + 26y + 15y° = 4617
(Trich dé vao 10 Chuyén Khoa hoc tw nhién Ha N¢i 2017-2018)
Bai134.  Tim tat ca cac cdp sO nguyén (:v; y) théa man dang thiec sau x* +2x° = y°.
(Trich dé vao 10 Chuyén Khoa hoc tw nhién Ha N¢i 2016-2017)
Bai135. Tim cdc cap s6 nguyén (x; y) thoa man: 5x% +8y* =20412.
(Trich dé vao 10 Chuyén Khoa hoc tw nhién Ha N§i 2013-2014)
Bai136.  Tim tét ca cdc cip s8 nguyén (x; y) thoa man dang thirc
(x+y+1)(xy+x+y)=5+2(x+y).
(Trich dé vao 10 Chuyén Khoa hoc tw nhién Ha N¢gi 2012-2013)
Bai137. Tim tat c cac s6 nguyén khong am (x, y) thod man dang thiic
(L+ x2X1+ y2)+ 4xy + 2(x + y )1+ xy) = 25.
(Trich dé vao 10 Chuyén Khoa hoc tw nhién Ha N¢i 2010-2011)
Bai 138. Tim cac sO nguyén a dé€ cac phuwong trinh sau c6 nghiém nguyén:
a) X’ —(a+5)x+5a+2=0 (1)
b) x¥*+ax+198=a (2)
Bai 139. Tim c4c s6 nguyén duong x, y thoa man phuong trinh: x* +y°® +1=3xy.
Bai 140. Tim cac nghiém nguyén khong am ctia phwong trinh :
(y+1)4+y“:(x+l)2+x2 )
( Vong 2,THPT Chuyén — Dai hoc Sw pham Ha N¢i, nidm hoc 2006 —2007)
Bai 141. Tim cac s0 nguyén x, y thoa man: 7(x+y)= 3(X2 — Xy + yz) 1)

Bai 142. Tim nghiém nguyén ctia phuong trinh: x* +17y® +34xy +51(x +y) =1740
(Vong 1, THPT Chuyén - Dai hoc Qudc gia Ha N¢i, nam hoc 2005 - 2006)

Bai 143. Tim nghiém nguyén duong ctia phuong trinh: 7(x*y + x+xy’ +2y) = 38xy + 38
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Bai 144. Tim cac cdp s6 nguyén(x,y) thoa man diéu kién: (x + y +1)(xy + X+ y) =5+ 2(x +y)
( D€ thi tuyén sinh vao 16p 10 trwong THPT chuyén KHTN — DHQG Ha Ngi , 2014)
Bai 145. Tim céc cdp s nguyén (x, y) thoa man diéu kién: 4x° +8xy + 3y’ +2x+y+2=0
( D@ thi tuyén sinh vao 16p 10 chuyén todn tin Amsterdam , 2018)
Bai 146. Tim céc cdp s6 nguyén(x,y) thoa man diéu kién: x°* — y* =91

Bai 147. Tim nghiém nguyén ctia phwong trinh: x° —xy +1=2y —x.
Bai 148. Tim nghiém nguyén ctia phuong trinh: X° —y° = xy +8(*)
Bai 149. Tim c4c s8 nguyén duong x, y, zthéa man: X" -2=(xy+2)z.
Bai 150. Tim cc cdp s nguyén (X;Y) théa man diéu kién: (x+2)°(y—2)+xy? +26=0.
Bai 151. Tim c4c s6 nguyén duong (X; y)théa man: x° —y® = 95(x* +y?).
(Trich Dé tuyén sinh 16p 10 chuyén Toin DHSP Ha N¢i, nidm 2016)

Bai 152. Tim cac s6 nguyén td X,y thda man diéu kién: (x2 + 2)2 =2y* +11y* + x*y* +9
Bai 153. Tim cac s6 nguyén duong X,y thda man: x* - y? =13(x2 +y? )
Bai 154. Tim t4t ca cac cap s6 tw nhién (X;y) théa man phuong trinh:

16x* +y* +14y*+49 16
(x2+y2+7) 17

Bai 155. Tim cdc cdp nghiém s6 nguyén (x; y)thda man x* —xy +y’ = x’y? -5,
(Dé tuyén sinh vao lop 10 Trieong THPT chuyén KHTN — DPHQG Ha N¢i, 2015).

Bai 156 Tim t4t ca cac s6 nguyén duong X, y, z thdaman x+y-z=2 va 3x* +2y* —z* =13.
(Dé tuyén sinh Chuyén Tin Amsterdam, 2017)
Bai 157. Tim tét ca cic s6 nguyén X,y thoa man diéu kién: x* (x+y)=y*(x— y)2 .
(Trich Dé tuyén sinh vao l6p 10 Truong THPT chuyén KHTN — DHQG Ha N¢i, 2016)
Bai 158. Tim t4t ca cdc cap s6 nguyén (X;y) thoa man x> —xy +y’ = x’y* -5
(Dé tuyén sinh 16p 10 Truong THPT chuyén KHKT — DHQG Ha N¢i, 2015)
Bai 159. Tim nghiém nguyén ctia phuwong trinh X*y?(X+y)+X+Yy =3+Xy.

Bai 160. Tim nghiém tw nhién cua phuwong trinh: 8* -37 = y°

Bai 161. : Tim nghiém nguyén khong am cua phuwong trinh: \/ X+ \/ X+yX+. X =y

Trong d6 v€ trai ¢ n ddu can
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Bai 1:Bién d6i phuwong trinh thanh 4xy —2x—2y =2

< 2X(2y-1)-(2y-1) =3< (2x-1)(2y-1) =3.
Vi X va y la cacsd nguyén nén 2x—1 va 2y -1 la cc s6 nguyén.
Do vai tro ctia x,y nhu nhau, khong giam tong quat gia s x>y nén 2x-1>2y-1. Ma
3=3.1=(-3)(-1) nén xay ra hai treong hop
1){2x—1:3<:>{x: 2;
2y-1=1 y=1
2){2x—1:—1 - {x =0
2y-1=-3 y=-1.
Vay phuong trinh ¢6 bon nghiém (x;y) 1a (2;1), (L 2),(0;-1),(-10).
Nhin xét. Bang cach nay ta ¢ giai dwoc phuong trinh dang ax+by+cxy=d, trong d6
a,b,c,d la cac s6 nguyén.
Bai 2: Ta cd x*+x+2009 = y*(y e N)
< (2x+1) - (2y)* =-8035
< (2x+2y+1)(2x -2y +1) = -8035.
Do yeN nén 2x+2y+1>2x-2y+1, va ching déu la s6 nguyeén.
Ta c6 su phan tich —8035=1607.(-5) = (-1607).5 =1.(-8035) = (—8035).1.

Vi vay xay ra bon truong hop
{2x+2y+1:1607 {4x+2:1602 {x:400
1) = =

2X—-2y+1=-5 4y =1612 y =403.

2X+2y+1=-1607 4x +2 =-1602 X =-401
= =

2X—-2y+1=5 4y =1612 y =403.

2X+2y+1=1 4x+2 =-8034 X =-2009
3) S S
2x—2y+1=-8035 |4y =8036 y = 2009.
2X+2y+1=-1 4x +2=8034 x = 2008
4) = =
2x—2y+1=8035 |4y =8036 y = 2000.
Bai 3: Bién d6i nhu sau
[x* +2x(2y —22) +(y—22)*]-(y - 22)* +5y* + 62> =10
< (X+y—22)* +4y* +4yz+27* =10
& (x+y-22)2+(2y +12)* +2° =10.
Nhan thay x,y,z 1a cac s6 nguyén va 2y+z+z=2(y+z) la sd chdn, nén (2y+2)* va z* la
hai s8 chinh phwong cling tinh chan 1é, nén viét
10=0°+3*+1%

Xay ra cac kha nang sau

TU SACH CAP 2| 416



BOI DUONG HOC SINH GIOI CAP 2 |

(x+y-22)*=0
)4 (2y+12)* =3
7’ =1
Tim dugc cac nghiém (x;y;z) la
L12),(4-20),(-42-1),(-5-L-D). *)
(x+y-22)*=0
2)! (2y+12)* =1
7* =3

Tim dugc cac nghiém (x;y;z) la
(7,-13),(8,-2:3),(-8;2,-3), (- 7,1, -3). **)
Vay 6 tat ca 8 bd (x;y;z) théoa man dwgcmo ta o (*) va (**).
Bai 4: Cich 1. Phuong trinh nay chi chita bac nhat d6i véi y nén ta cé thé raut y theo x.
Tacd (1-2x)y =-3x>+5x—2.
Do X nguyén nén 1-2x#0. Suy ra

3x2 —5x+2 12x> —20x+8
= o4y =""C T BX+ T+ .
2x-1 2x-1 2x-1

Do x,y la cac s6 nguyén suy ra la s6 nguyén, nén 2x-1e{l;-L}. Ttr 46 tim

2x-1
duoc (x;y) 1a (1,0),(0;2) .
Cdch 2. Coi phwong trinh bac hai d6i véi X, ta cd
3x* —(2y -5)x+y+2=0.
A=(2y+5)*-12(y+2) =4y* +8y +1.
Nén phuong trinh c¢6 nghiém nguyén thi A phai la sd chinh phwong, tic la
4y* +8y+1=k’*(k e N)
& (2y+2)° -k =3
< (2y+k+2)(2y-k+2)=3.
Ttr d6 cling tim duwoc cac nghiém nhw trén
Nhén xét. Bang cach nay ta c6 giai dugc phuong trinh dang
ax? +bxy +cx+dy =e, hodc (ay’ +bxy +cx+dy =e)
Trong d6 a,b,c,d,e la cac s6 nguyén.
Bai 5: Bién d6i phuong trinh vé dang
y[2y® + (x> —3X)y + x+3x°]=0.
Néu y=0 thi x sé€la s6 nguyén tuy y.
Xét y=0 thi 2y* +(x* —3X)y+x+3x* =0. @
Ta coi (1) 1a phuong trinh bac hai theo an vy, ta tinh
A = (x> —3x)* —8(x+3x%) = X(x +1)*(x - 8).
Truong hop x=-1 thi A=0, nghiém kép cua (1) la y=-1.
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Truong hop X # -1, d€ phuong trinh ¢6 nghiém nguyén thi A phaila s chinh
phuong, ttc la

x(x—8)=k’(k e N) & (x—4—k)(x-4+k) =16.
VikeN nén x—-4—-k<x—-4+k va (x—4-k)+(x—4+k)=2(x—4) nén
X—4-K,x—4+k cing chan.Lai c6 16 = 2.8 = 4.4 = (-4).(-4) = (-2).(-8). Xay ra bon

trueong hop
x—4-k=a .
voi (a;b) =(2;8),(4;4),(-4;-4),(-2;-8).
X—4+k=b
Vay phuong trinh da cho c6 cac nghiém nguyeén (x;y) la (-1;-1),(8;-10),(0;k) voi
k eZ.

Luu 3. Trong treong hop F(x,y) la da thire ¢d hé sd nguyén véi bac cao hon 2 theo bién x
va y, ta cling c6 thé dua vé mot trong hai trieong hop trén bang céch dat an phu.
Bai 6: Ta c6 thé dua vé dang phuong trinh bac hai an y bang phép dat x=y+a (véi a
nguyén). Khi d6 ta cé (3a-2)y*+(3a°-2)y+a’-8=0.
Do a nguyénnén 3a—2#0, tinh
A=(3a*-2)*-4(3a-2)(a’-8)
=-3a’ +8a’-12a’ +96a - 60
=—(a’ -4a-2)* -2a(a’ -56) - 56.
P& cho A>0 suy ra 2a(a®-56) <0< 0<a<¥56. Vi a nguyén nén a chi nhan gia
tri 1,2,3.Thir chon chi c6 a=2 la thich hgp va tim dwoc (x;y) la (0;-2),(-2;0).
Bai 7: Do vai tro X,y,z nhu nhau, khong giam tong quat gia st 1<x <y <z. Chia hai v€&
ctia phuong trinh cho xyz ta cé
2=i+£+i+isg.
Xy Xz yz Xyz X
Do vay 2x* <18 = xe{L,2,3}.
1) Vo6i x=1 thitacd 5(y+2)+8=2yz < (2y-5)(2z-5) =41.
Vi y,z nguyén duong va y<z nén -3<2y-5<2z-5, va 41=141.
2y-5=1 y=3
22—5:41<:>{z - 23.
2) Voi x=2 thitaco 5(y+2)+13=4yz < (4y-5)(4z-5)=77.
Vi y,z nguyén duwong va 2=x<y<z nén -3<4y-5<4z-5, va 77=11.7.
4y-5=7 y=3
4z—5:11©{x:4.
3) Véi x=3 thitacé 5(y+2)+18=6yz < (6y—5)(6y —5) =133. *)
Mat khéc y,z nguyén duong va 3<y<z nén 15<6y-5<6z-5
suy ra (6y—5)(6y—5) >15° =225. (Mau thuan véi (*)).

Chi xay ra treong hop {

Xay ra treong hop {
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Vay phuong trinh c6 cac nghiém nguyén duong (x;y;z) 1a (1,3;3),(2;3;4) va cac
hoan vi ctia né.
Nhan xét. Vi cach lam tuong tu, ta ¢ thé tim nghiém nguyén dwong cua phuong
trinh dang a(X, + X, +...+X,) +b=¢xX,...x,, trong dé a,b,c,n la cac sd nguyén duong
vanx2.
Bai 8: a) Voi x=0 thay vao phwong trinh tim dwoc y =1 hoac y =-1.
V6i x=-1 thi y=1hoac y=-1.
Véi x>0 thi x* <y* <(x+1)*, diéu nay vo 1i.
Véi x<-1thi (x+2)* <y* <x*, diéu nay vo Ii.
Vay phuong trinh da cho c6 bén nghiém nguyén (x;y) la
(0:0),(0;-1), (-L1), (=L -D).
b) Voi x=0 thi y=1.
Véi x=-1 thi y=0.
Véi x>0 thi x°* < y® < (x+1)°, diéu nay vo Ii.
Véi x<-1thi (x+1)° < y® <x%, diéu nay vd Ii.
Vay phuong trinh da cho c6 hai nghiém nguyén (x;y) la (0;1), (-10).
Nhan xét. Vi cach lam twong tu nhu trén, ta ¢ thé tim nghiém nguyén duong ctia
phuong trinh dang 1+ x+X* +...+ X" = y" véi n 1a s6 nguyén duong.
Bai 9: Gia xtt X,y la cac s6 nguyén thoa man phuong trinh da cho.
Ta thdy 48 va 4x chia hét cho 4 nén 9y chia hét cho 4, ma (9;4) =1 nén y:4.
Dit y=4t(teZ), thay vao phuong trinh dau ta dwgc 4x+ 36t =48
< X=12-9t va y =4t (*). Thay cac biéu thirc cia x,y ¢ (*) thay thoa man.
Véy phuong trinh c6 vo s& nghiém (x;y)=(12-9t;4t) vdi te Z.
Bai 10: Gia st 26n+17 =k* (véi k tw nhién 1¢). Khi d6
26n+13=(k—2)(k+2) <=13(2n+1)=(k-2)(k+2).
Do 13(12n+1):13 nén (k —2):13 hodc (k+2):13.

2_ —
Néu (k—2)13 thi k=13t+2 (t 1¢), khi dé n=20 41
2
Néu (k+2)113 thi k=13t -2 (t 1), khi d6 n="> %=1
2 Lt _
Vay 8 tw nhién 1é n can tim 6 dang 13t——24t1(t 18).

Bai 11: Gia st ton tai cac sd nguyén x,y,z thoa man phwong trinh.
Nhan thdy x*,y*,z* chia cho 16 du 0 hodc 1, nén x* +y*+z* chia cho 16 ¢6 sd du la

mot trong cacs6 0, 1, 2, 3.
Trong khi d6 s8 2012 chia cho 16 dw 12. Hai diéu nay mau thuan véi nhau.
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Vay khong ton tai cac sd nguyén X, y,z thdéa man dé bai.
Bai 12: Gia st tim duoc bo s8 nguyén duong (x,y,z,t)=(a,b,c,d) thoa méan diéu kién bai
a’+13p* =¢?
13a® +b* =d”’.
Goi UCLN(a,b)=m(meN*), suy ra cim va d:im.

ra, ta co {

bit a=ma,b=mb,c=mc,d =md,, vdi a,b,c,d; la cdc s6 tu nhién va (a,,b)=1.
Suy ra 14(a2+b2)=cz+d2 <::>l4(a12 +bf)=cf+d12. Suy ra ¢ +d?:7, do d6 ¢ 7 va
d,:7, dan dén a’ +b7:7 nén & :7 va b :7. Diéu nay mau thuan véi (a,,b)=1.

Nhin xét. Bang cach lam tuong tu ta c6 thé chitng minh dugc hé phuong trinh

Xyt =20 ;o N \ ) N

{nxz oy =t voi N+l cd wdc nguyén to dang 4k +3 va (n +1,p ):1 khong co
nghiém nguyén duong.

Bai 13: Gia st (X,, Yy, Z,) 1& nghiém ctia phuwong trinh.
Khi d6 x,:3, dat x, =3x, (véi x, €Z)tacd 9% —ys -3z =0.
Khi d6 y,:3, dity, =3y, (voi y, €Z) ta cd 3%’ -9y, —z5 =0.
Khi d6 z,:3, dat z, =3z, (v6i z, €Z) tacd x; -3y’ -9z’ =0.
Nhu vay (X, Y;,z) =(%%Z—3‘)j ciing la nghiém nguyén cua phuong trinh. Qua
trinh ti€p tuc nhu vay ta suy ra cac bd sd (;—g%;—g] moi neN cing la nghiém
cua phwong trinh. Diéu nay xay ra khi va chi khi x, =y, =2, =0,
Vay phuong trinh c6 duy nhét nghiém nguyén (x;y;z)=(0;0;0).
Nhdn xét. Ta goi phwong phap giai trong vi du trén la phuwong phap lui vo han cua
Fermat, thuong dung dé€ chitng minh phuong trinh c6 nghiém duy nhat hoac vo
nghiém.

Bai 14: Bién d6i phuong trinh vé dang
(x*—2xy+y?)+(y* —2yz+2°)+(2° —4z2+4)=0

Xx—y=0
s(x-y)+(y-2)+(z2-2) =0 y-z=0=x=y=2=2.
z2-2=0

Vay phuong trinh c6 nghiém duy nhat (x;y;z)=(2;2;2).
Bai 15: Nhan thdy néu (X,; Y,;Z,) la mot nghiém nguyén cua phuong trinh thix,, y,, z,
cung duong hodc cé hai s6 am va mot s6 duwong.

Ngoai ra (—Xo;=Yo: 2o ), (%o =Yoi =20 ), (—%: Yo:~Z, ) cling la nghiém.

Do d6 trudc hét ta di tim nghiém nguyén duong.
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Ap dung bat dang thiic Co-si cho hai s§ khong am, ta co
X +1>2x>0;y*+4>4y>0;2°+9>62>0.

Suy ra (x2 +1)(y2 +4)(z2 +9) > 48xyz.

Déng thtic chi xay ra khi va chi khi x=1,y=2,z=3.

Vay nghiém nguyén (X;y;z) ctia phuong trinh la

(1,2;3),(-1-2;3),(5-2-3).(-1;,2;-3).

Nhdn xét. Bang cach nay ta c6 thé tim nghiém nguyén ctia phuong trinh dang

(% +a) (% +87 )..(X2 +a2) = 2"X%,..X,.&2,...4, VOi &,N la cdc s6 nguyén duong,.
Bai 16: Ap dung bat dang thitc Bu-nhia-kdp-xki cho hai bd s8 (x,z) va(t,y) ta cé

9.16 = (x2 + 22)(y2 +t2) > (xt + yz)2 =12°,

suy ra (x2 + zz)(y2 +t2) =(xt+ yz)2 khi va chi khi xy = zt.

T x¥*+2°=9< x=0,z=143 hodc x=+3,z=0.

Néu x=0 thi t=0, khi d6 y*=16,yz=12. Vay y=4,z=3 hodc y=-4,z=-3.

Néu z=0 thi y=0, twong ty tim duwgc x=3,t =4 hoac x=-3,t =—4.

Vay nghiém nguyén (X;y; z;t) ctia hé 1a

(0;4;3,0),(0;-4;-3,0),(3;0;0;4),(~3;0,0~4).
Bai 17:
Ta co:
X’ +y’ =X’y —xy’ =5
<:>(x—y)(x —xy+y2)—xy(x+y):5

<:>(X+y)(x2—2xy+y2)=5
<:>(x+y)(x—y)2 =5

Do (x - y)?=0 va x y thudc Z nén xay ra hai treong hop:

{x+y:5 {x:?)

Thl: yz = XY = Y
(x—y) =1 X+y=>5 x=2

x-y=-1 y=3

x+y=1 x+y=1
Th2: — (loai)
(x—y) =5 x—y:i\/g
Vay phuong trinh c6 hai nghiém nguyén (X;y) €{(3;2);(2;3)}
Bai 18: Néu y thoa man phuong trinh thi — y cling thoa man phuwong trinh, do dé ta 6 ta

giast y>0.
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Khi dé: (1) & (x2+3x)(x®+3x + 2)=y?
bat t=x2+3x+1 duwoc:
(t-1)(t+1) =y’ ot -1=y’ & (t-y)(t+y)=1=t+y=t-y=y=0
Thay y =0 vao (1) ta dwoc: x=0, -1, -2, - 3.
Vay phuong trinh c6 nghiém (x, y) = (0, 0); (-1, 0); (-2, 0); (-3, 0).
Bai 19: Ta co:
(¢ =y)(y" =)= (x=y)

< Xy? -y =X +xy =x° =3’y +3xy’ -y’

& 2x° = x’y? —=xy = 3x’y +3xy” =0

& x(2x2 +(—y2 —3y)x—y+3y2) =0
Néu x =0 thi y bat ki thudc Z.
Néu x #0 suy ra: 2x° +(—y2 —3y)x—y+3y2 =0
Coi day la phuwong trinh an x ta c6: A= (y2 +3y)2 —8(3y2 —y) = (y—l)2 y(y+8)
D€ phuong trinh c6 nghiém nguyén thi A phai la s6 chinh phuong ttec la:
y(y+8)=a2 <:>(y+4)2 -a’ =16<:>(y+4+a)(y+4—a)=16 (aeN)

Vi (y+4+a)>(y+4-a)va(y+4+a)+(y+4-a)lasdchdnnén taco cic treong hop:

y+4+a=8 y+4+a=4
{y+4—a:2 {y+4—a:4'
y+4+a=-8 y+4+a=-4
{y+4—a:—2 {y+4—a:—4

Gidi ra ta degc nghiém ctia phuong trinh la:
(1,1),(10,-8),(6,-9),(21,-9),(0;k) v6i ke Z

Bai 20: Ta co
11 1 x+y 1

= &
X y 617 Xy 617
< (x-617)(y-617) =617

& Xy —617(x+y)=0< Xy —617x—-617y + 617> = 617>

Vix, y nguyén duong nén x — 617 va y — 617 la wdc 16n hon —617 ctia 6172

Do 617 1a s6 nguyén t0 nén xay ra 3 truong hop:
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X—617 =617

{y—617:617
X—617 =1 x=y=1234

{ , & | Xx=618;y =381306
y-b17= 6172 X = 381306, y = 618
X—617 = 617

_{y—617:1

Vay tdt ca cac cap (x;y) nguyén duwong can tim la
(1234;1234) , (618; 381306), (381306; 618)
Bai 21: Ta c6: xy = px+py = (x—y)(y-p)=p".
Vi p 1a s6 nguyén t6 nén wde s6 nguyén ctia p” chico théla:  +1,+p,+p* . Thi [an luot
voi cdc wdce trén ta duoc cac nghiém (x, y) la: (p +1,p+p° );(2p,2p);(p +p’,p+ 1).

Bai 22: Ta c6: (1)< 6y +6x+1=xy < x(y—6)-6(y—6)=37 < (x—6)(y—6)=37
Do vai trd ctia x, y binh dang gia st: x>y >1=x-6>y-6>-5

~6=37 [x=43
Chi c6 mot truong hop 1a {X {X

=
y-6=1 y=7
Vay phuong trinh ¢ 2 nghiém la (x, y) = (43, 7); (7, 43).
Bai 23: Ta co: 10z:3 = z:3 . DBat z =3k ta dugc 6x+15y+30k =3 < 2x+5y+10k =1

Pua vé phuong trinh hai an x, y vdi cac hé s twong tng 2 va 5 la hai s6 nguyén t&

cung nhau 2x+5y:1—101<:>x=1 12_5}’— 5k 2y+—y
y=1-2t
., 1-y
Dt > =t(teZ) ta dugc ¢ x =—-5k —2(1-2t)+t =5t -5k -2
7z =3k

Vay phuong trinh ¢6 nghiém la (x, y, z) = (5t - 5k - 2, 1 - 2t, 3k) vdi k, t la s6 nguyén tuy y.
Bai 24: Ta biét rang s8 chinh phwong chén thi chia hét cho 4, con s6 chinh phuong 1é thi
chia cho 4 duw 1 va chia cho 8 du 1.

Téng x* +y* +z° lasd1é nén trong ba sd x*;y*;z* phai c6: hodc c6 mot s6 1€, hai s6
chan; hoic ca ba sd 1é.

Truong hop trong ba s8 x*;y*;z* ¢ mot s6 1¢, hai s6 chan thi vé trai cta (1) chia
cho 4 dw 1, con vé€ phai la 1999chia cho 4 du 3, loai.

Trong truong hop basd x*;y?;z° déu 1é thi vé tréi cua (1) chia cho 8 du 3, con vé€
phai la 1999 chia cho 8 du 7, loai.

Vay phuong trinh (1) khong cé nghiém nguyén.
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Bai 25: Ta thay ngay 0<x,y <50. Tt \/§ =+/50 —/x ta c6

y =50+ x—2+/50x =50+ x—10v/2x

Vix, y nguyén nén 10v2x nguyén. Ta biét rang véi x nguyén thi 10v2x hosc 1a s& nguyén
hodcla s6 vo ty. Do d6 dé 10v/2x nguyeén thi 2x phai la s6 chinh phuong tic la

2x =4k* = x=2k* ke Z véi 2k* <50 = k* <25 = k chi c6 nhan cac gia tri: 0, 1, 2, 3, 4, 5.
Lua chon k trong cdc s6 trén d€ thoa man phuong trinh ta duoc cac nghiém (x, y) la (0, 50);
(2, 32); (8, 18); (18, 8); (32, 2); (50,0).

Bai 26: Diéu kién: x>1

y:\/(x—1)+1+2\/; +\/(x—1)+1—2\/i

=\/(JE+1)2 +\/( x—1—1)2

:\/;+1+‘x/;—1‘

Véix=1thiy=2

V6i x22thi y =x—1+1+vx-1-1=2Vx~1 . Do dé: y* =4(x~1)

Do x>2 nén c6 thé dat: x - 1 =2 véi t nguyén duong.

_ 2
Do do6 ta cé: x=1+t
y =2t

Vay phuong trinh c¢é nghiém 1a (1, 2); (1 + t? 2t) véi t nguyén duong.

Bai 27: x™ = [y(y + I)(y+2)(y +3) +1 (1)

Co y(y+1)(y+2)(y+3)=[y(y+3) [[(y +D(y +2) | =(y* +3y)(y* +3y +2)
Diat t=y* +3y+1=> y(y+1)(y+2)(y+3)=t’ -1 (t€Z, 221)

X2015 _1 > 0

1) &x*-1=\Jt’'-1<
(X2015 _1)2 — t2 _1(2)

Vi x, tla s6 nguyén ta co:

2) (x2°15 -1+ t)(xzo15 -1- t) =-1

[ (2015 _
{x2015—1+t—1 P
x“ 7 =-1-t=-1
PN o (x5 21
X _1+t=-1 { _ 1
25 =1 t=-
x=1
X =
Voi x*P =t=1=4 , <4ly=0
y +3y+1=1
y=-3

TU SACH CAP 2| 424



BOI DUONG HOC SINH GIOI CAP 2 |

X2015:1 X=]. X:1
Véi =3, <qly=-1
t=-1 y +3y+1=-1
y=-2

Thtt lai ta thdy cac cdp (1;-3), (1;-2), (1;-1), (1,0) thoa man dé bai
Vay c6 4 cip (x;y) can tim 1a (1;-3), (1;-2), (1;-1), (1;0)
Bai 28: Lan luot xét cac gia tri ty nhién cta x:
Néux=0thi y’=4=>y=12
Néu x =1 thi y* =5, khong ¢6 nghiém nguyén
Néux >2 2thi 2*:4 , do d6 v€ trai chia cho 4 du 3, con y 1é nén vé phai chia cho 4
dw 1. Mau thuan.
Két luan: Nghiém ctua phuwong trinh 1a (0 ; 2), (0; -2).

Bai 29: (2" +1)(2" +2)(2" +3)(2" +4) -5 =11879.
(27 +5.2+4)(2* +52' +6)-5' =11879 (1)
Datt = 2% +5.2° +5,t € N*, ta co:
(1) < (t-1)(t+1)—5' =11879
o t2—5Y =11880(2)
Xét cac TH sau:
eTHl:y>2= 5" :25
Tir (2) suy ra £ 5 = t2 25. Do d6 tir (2) = 11880 : 25 (v6 1i)
eTH2:y=1
(2) © t2=11885 (loai vi 11885 khong phai 1a s6 chinh phuong)
« TH3:y =0
2) & t2=11881 = t =109
= 2% 452 +5=109 = 2 +5.2* -104=0

2 =8(tm

o —(13()L) =X=3.

Vay x =3, y =0 1a cac s6 ty nhién can tim.

Bai 30: Ta co:
(x+y+z)3 —(x3 +y’ +z3)=3(x+y)(y+z)(z+x)
©27-3=3(x+y)(y+z)(z+x)
@(x+y)(y+z)(z+x):8 (*
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X+y=aeZ
bat Jy+z=beZ . Khi do: (*)<:>abc=8:a,b,ce{i1;i2;i4;i8}
z+x=cel

Vix, y, z vai tro binh dang nén ta giai st: x<y<z=ax>b2>c

Khi d6 ta ¢6: a+b+c=2(x+y+z)=23=6=>a>2

ox=y=z=1

. , |b+c=4 b=2
Véia=2taco:

=
bc=4 c=2

y o Jpre=2 A A
Véia=4taco: { b (khdng c6 nguyén nguyén)

Sx=-5y=4,z=4.

bc=1

. . |b+c=-2 b=-1
Véia=8taco: = )
c=-—

Véy hé da cho c6 4 nghiém: (x,y,z)=(1,1,1);(4,4,-5);(4,-5,4);(-5,4,4).
Bai 31: Ttz (1) ta dugc z =2 + y — x thay vao (2) ta duoc:
2% =Xy +X—4 -2y +2x =1 2x" +3x-5=y(x+2)

Do x = - 2 khong thoa man phuwong trinh trén nén:

2 —
_2x7+3x 5:2x—1— 3
X+2 X+2

Xx+2==1

<:>xe{—1;—3;1;—5}
X+2=%43

y nguyén nén (x + 2) la wdc ctia 3. Suy ra: {

Tir d6 suy nghiém ctia hé 1a: (x,y,z)=(1;-6;-3),(-3;4;1),(1;0;1),(-5;-10;-3)
Bai 32:
Goi x,,x, langhiém ctia phwong trinh (1) . Theo dinh ly Vi-et ta co:

X;.X, =a+2
Do do: x,x, —(x1 +x2)=2<:> xl(x2 —1)—(x2 —1)=3<:>(x1 —1)(x2 —1)=3
Suy ra (x, —1) va (x,—1) la u6c cua 3.
Giai str: x, >x, = x, —1>x, -1 . Khi dé:

2

~1-3 4
a) 4 =M _Khi d6 a=6.
x,—1=1 X

“1=11 -0
b) 1 =177 Khidéa=-2
X,—-1=-3 X, =—2

Thay gia tri cua a vao phuong trinh (1) tht lai va két luan.

Bai 33: Ta co:
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(x* +4y? +28) ~17(x" +y*) =238y +833
o [xz +4(y? +7)2}2 :17[x4 +(y? +7)2}
e 16x'-8x (y? +7)+(y*+7) =0

s [axt-(y*+7)] =0

< 4x3 —y2 -7=0
<:>(2x+y)(2x—y)=7 (1)

. . . , |2x+y=7 x=2
Vix,yeN =2x+y>2x—-yva 2x+y >0 Do do:

2x—-y=1 < y=3
Két luan: (x, y) = (2, 3) thoa mai yéu cau bai toan.
Bai 34: Ta c6: 9y” +6y +16 =(mod 3) = 2*x* =1(mod 3). Ma
x> = 0;1(mod 3) = {2: - 1(m0d3)
X El(mod3)
Néu x lé dit: x=2k+1(keN)=2*=24" =2(mod3)(sai), suy ra x 1é loai.
Néu x chan dat: x = 2k(k 5 N) =2 =4"= 1(mod 3) (dung).
Do d6 khi x chén thi
22 =9y* +6y +16 & (2k2") =(3k+1)’ +15 & (2k.2* -3y ~1)(2k +3y +1) = 15.
Vi y, ke N=2k2"+3y+1>2k2"-3y-1>0.
Vay ta co cac treong hop:

{ 2k2-3y-1=1 {21<.2k -8
+ =

. = ke¢N (loai)
2k.2*+3y+1=15 3y+1=7

P -4 (k=1
+{21<2 3y-1 3©{2k2 4 { Vay (% y) = (20)

=
2k2"+3y+1=5 |3y+1=1 |y=0
Bai 35: D4t x + y = a; xy = b. Phuong trinh tr6 thanh: ab> +a=3+b

Xétb=3suy ra: a =% (Vo ly)

b*-9 -10
I DI
b”+1 b™+1
Ta phai c¢6 (b2 + 1) phai la wéc dwong ctia 10 do d6: b* +1e {1;2; 5;10} =be {0; +1;42; —3}

Xét b#3 tacs: blata=3+ba(b +1)=3+bea= 3+b

b*+1

<:>a(b—3)=

Néub=0thia=3.Tacd: x+y=3,xy=0=>x=0,y=3 vax=3,y=0
Néub=1thia=2.Tacd x+y=2,xy=1=>x=1,y=1
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Néu b=-1 thia=1

Taco:x+y=1,xy=-1 x=

1445 145 15 1445
2 YT VT

= loai

> (loai)
Néub=2thia=1.Tacd: x+y=1vaxy=2khong ton tai x, y.
Né'ub=-2th‘1a=%(v61y).

Néu b=-3 thia=0. Ta cd: x +y =0 va xy =-3 khong ton tai X, y nguyén.
Vay phuong trinh ¢ 3 nghiém la (x, y) = (0, 3); (3, 0); (1, 1).

Bai 36:

X +y -3xy=1

<=>(Xx+Y)® -3xy(x+y)—3xy =1

bat x + y=a vaxy =b (a, b nguyén) ta co:

a’-3ab-3b=1

<=>(a+1)(@’°-a+1)-3b(a+1) =2

<=>(a+1)(a*~a+1-3b) =2

=>3,_ -1(L)

a+l=1 a=0
<
a’—a+1-3b=2 b=

280 <—>{a:1(TM)<—>{X+y:1—>(x- ) {(0;1); (1,0)}
a’-a+1-3b=1 0 =0 " 1Y) €4(0:1); (4

a+l=-1 a=-2 X+y=-2
31, <=> (TM) <=> =(X;y) e
a"—a+1-3b=-2 b=3 Xy =3

a+l=-2
4) , <=>
a—a+1-3b=-1

=-3
+y4 = (x;y)ed

Vay (xy) e{(0:2); (L 0)}
Bai 37: Phuong trinh da cho twong duwong x* —xy — (y2 + 8) =0

Coi phwong trinh trén la phuong trinh an x ¢ y la tham s6 ta co:

A=y2+4(y2+8)=5y2+32

Ta c6 A chia cho 5 du 2 nén ¢6 tan cung la 2 hodc 7. Do d6, Akhdng la s6 chinh phuong
vay phuong trinh da cho v6 nghiém.

Bai 38: Ta c6: X’ +1=4y” < (2y-1)(2y+1)=x’
Do (2y-1,2y+1)=1chonén 2y +1=a’,2y-1=b’(a,be Z)

Suy ra: a’ —b’ :2<::>(a—b)(a2 +ab+b2):2
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) a=1
a’+ab+b* =1
o of [ 30453

a-b=1 6
a’+ab+b”>=2 b__3+\/§
6

Do a, b la s6 nguyén nén chi nhan duoc gid tria=1vab=-1suyray=0vax=-1
Vay phuong trinh c6 nghiém (x, y) = (-1, 0)
Bai 39: Ta c6: x* +y” +5x7y? +60 = 37xy
& X2 =2xy +y? =-5x"y” +35xy — 60
o (x-y) =-5(xy*+7xy-12) (1)
Do (x-y) 20=-5(x’y* +7xy-12)20 . Ditt=xy (te Z ) ta co:

—5(t2+7t—12)20<:>3£ts4 .Matlasonguyénnént=3hodct=4

b

2
Khit=23ta co {(X - y) 3= 0 < x* =y? =3 (khong ton tai gia tri nguyén cta x, y)
y =

2
Khit=4taco (x—y) :0<:>x=y=2hoéc x=y=-2
xy =4

Vay phuong trinh c6 hai nghiém la (x, y) = (2, 2); (-2, -2).
Bai 40: Ta co: (1)< y® =x" +2x7 +3x +2

2
Do 2x2+3x+2:2(x+2j +§>O:>y3 >x°

Xét |x|>1 thi: y° :x?’+2x2+3x+2:(x+1)3+1—x2 <(x+1)3
Do d6x® <(y+1)3 <(x+1)3

Vix, y nguyén nén phuong trinh khong c6 nghiém.

Xét

x| <1 thi do x nguyén nén x =1 hodc x =-1 hodcx =0
Véix=-1taduocy=0
Véix=1thiy=2
Véix=0thiy=132 (loai)
Vay phuong trinh c6 2nghiém (x, y) = (-1, 0); (1, 2).
Bai4l: Taco (1) (x—y-2) +(y+2) =1
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Dodétaco: (y+2) <le-1<y+2<le 3<y<-1=yel-3,-2.-1}
Véi y =-3 thay vao phuong trinh ta dugc: x> +2x+1=0< x=-1
Véi y =-2 thay vao phuwong trinh ta duoc: x* -1=0< x=+1
Véi y =-1 thay vao phuong trinh ta dwgc: x> —2x+1=0<x=1
Vay phuong trinh c6 4 nghiém (x, y) = (-1, -3); (1, -2); (-1, -2); (1, -1).
Bai 42: Ta ¢6 :v/x +.Jy =\18(x>0;y > 0)
Pt viet:Vx +4fy =3v2(1)(0 < Vx <3v2;0 < \Jy <3v2)
Pt viét:
Ix =32 - \Jy 20 <=> (Vx)* = (32 - \Jy)? <=> 62y =y —x+18
:>\/E=—y_x6+18 eQ

a’ e N(Vi2yeZvaa>0)

<=> 2y=aeQ<=>2y=a26Q<=>{ -
a:

a=2m(m e N)
=>2y =(2m)’ <=>y =2m’ <=> \/§ = m/2.TT = Vx =n/2

Pt (1) viet: nv2 +mv2 =342 <=>m+n=3(m;n € N)
(n=0 x=0
=>
m=3 y =18

n=1 x=2
=>
m= y=8

N

A ~ . . |x=0 |x=2 |x=8 |[x=18
Vay Pt da cho c6 4 nghiém ; ; ;
y=18 |y=8 |y=2 |y=0

Bai 43: Phuong trinh da cho twong duong vdiox = (y —1)(y +2)(1)
Néuy -1 :3thiy+2=(y—1)+3:3=>(y—1)(y+2):9

Ma 9x 9 Vx € Znén ta c6 mau thuan.

Suy ray -1 :3, do d6: y -1 =3k(k € Z)=>y=3k+1(k e Z)

Thay vao (1) ta cd:9x = 3k(3k +3) => x = k(k +1)

—k(k+1
Vay phuong trinh c6 nghiém:{ <~ < * D7)
y=3k+1
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Bai 44:

2015(x* +y*)—2014(2xy+1) =25

<=>2014(x-y)* +x* +y* = 2039

bat t=Ix-yl , te Ndo x, y nguyén

Xét cac truong hop:

TH1: t =0, titc x = y = phuong trinh v6 nghiém

TH2:t=1, tkclax -y ==1

+Voix-y=1hay x=y + 1, phrong trinh tré thanh:

(y+1) +y*=25<=>y’ +y-12=0

<=> {y =3
y=—4

Véiy=3thix=4; véiy=—-4thix=-3

+V0ix -y =-1hay x=y -1, pheong trinh tré thanh:

(y=1 +y*=25<=>y* -y-12=0

. B -

Véiy=-3thix=—4;véiy=4thix=3

TH3:t>2, VT > VP = phuong trinh vo nghiém

Vay céc cap (x;y) thoa la (4;3), (-3;—4), (-4;-3), (3;4)

Cach khac: St dung phuwong phap bién doi phuong trinh vé dang vé trai 1a tong cua cac

binhphuong. V€ phai la tong ctia cac s6 chinh phuong, hoac cach diéu kién c6 nghiém cta

phuongtrinh bac hai cling c6 thé giai ra dap so.
Bai 45:
X’ +y’ =X’y —xy’ =5
<=>(x+y)(x* —=xy +y?) = xy(x+y)=5
<=>(x+y)(*-2xy +y*)=5
<= (x+y)(x-y)’ =5

Do (x-y)?=0 va x y thudc Z nén xay ra hai truong hop:

X+y=>5 x=3
~5 x-y=1"_ |y=2
Thi: {X”’ ;= Y Y
(x-y) = X+y=>5 — x=2
| (x-y=-1 y=3

x+y=1 x+y=1
Th2: , = (L)
(x-y)" =5 |x-y=%£V5
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Vay phuong trinh cé hai nghiém nguyeén (x;y) €1{(3;2);(2;3)}

Bai 46:

1) Tim tdt ca cac s6 nguyeén td p va cac s6 nguyén duong x,y théa man {PZ— 1=2x(x+2)
p -1=2y(y+2)

Tt (1) = p - 114 58 chdn = p 1a s& nguyén & 1é.

Trie tiing v€ cua (2) cho (1) ta

dugep® —p=2y* -2x* +4y —4x < p(p—1) = 2(y = x)(y + x+2)(*)

= 2(y-x)(y +x+2)ip.Ma (2;p) =1nén xay ra 2 TH:

ey-xip=>y-x=kp (k€N

Khidote ()= p-1=2k(x+y+2)=>kp-k=2K2(x+y+2)=>y-x-k=2KA(x+y +2)

(loaivix+y+2>y-x-k>0;2k>1=2k}x+y+2)>y-x-k)

ey+x+2ip=>x+y+2=kp (k€N

Te(*)=2>p-1=2k(y-x) =2 kp-k=2KA(y —x) = x+y +2 -k =2kXy — x) (**)

Ta chiing minh k=1. That vay nfu k 22 thi tir (*) =2 x +y =2k¥(y - x) +k =22 8(y — x) (Viy

-x>0)

> Ix27y=>7y<ld4x =y <2x

Do d6 tir (2) = (p - 1)(p + 1) = 2y(y + 2) < 4x( 2x + 2) < 4x(2x +4) = 8x(x +2) = 4(p - 1)
(Vi2x(x +2) =p -1 theo (1))
= p+1<4 = p <3, mau thuan véi p 1a s6 nguyén t3 1é.
Do do k=1, suy ra
X+y+2= X+y+2= X+y+2= =3x+1
{p—i’: 2(y}jx)<:> {x+;+1:§(y—x)©{y :};x+1 p©{;—1:4x+2
Thay p-1=4x+2vao (1) ta co: 4x+2=2x(x+2) < 2x+1=x*+2x & x* =1=>x=1
=y =4, p="7 (théa man)
Vayx=1,y=4vap=7.
2) Tim tat ca cac s6 nguyén duong n sao cho ton tai cac sd nguyén duong X, y, z thoa man
X’ +y° +2° =nx’y’z® (1)
Gia st n 1a s6 nguyén duong sao cho ton tai cc s6 nguyén duong x,y,z thoa man (1)
Khong mat tinh tong quat, gia sk x>y 2z >1.
Te (1) =20<y’+2° =xX*(ny’z’ -1) > ny’z’ -1>0=ny’z* -1>1
=y +2° =x*(ny’z’ 1) > x*(¥)

Vix2y2znén3x’>x’+y’ +z° =nx’y’z> = ny’z’ = 9x* >n’y‘z*
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3

Két hop vdi (*) ta cd 9(y3 + 23) >9x*> >n’y'z* =9 [1 +Z—3J >n’yz*
y

z’ z’
May>z=—<1=n’yz' <9| 1+ |<18(*)
y y

Ta c6: (%)= z* <18 = [Z
Z

eNéuz=2:(*) =>16n’y<18=>n=y=1 (loai viy < z)

eNéuz=1:(*) =>n’y<18=>n’<18=>n<4

Ta chttng minh n € {2;4}. That vay,

*Néun =4 thi trnly <18 = 16y <18 = y = 1. Tir (1) = x>+ 2 = 4x2= x3(4 — x) = 2 = x2 1a udc
cia?2 =

x =1 (khong thoa man)

*Neun=2thitern?y<18suyrady<18=1<y<4.

ry=1:(1)=> x> -2 +2=0=x*(x-2)=—2<0=x<2=x=1(L)
+y=2:1)=>x>-8x*+9=0=9=x*(8—x). Suy ra x*1a wdc ctia 9. Ma x*> > y? = 4 nén x=3
(khong thoa

man)

+y=3:(1)=x’ -18x* +28 =0 = x*(18 —x) = 28. Suy ra x* la w6c ctua 28. Ma x2 > y?> =9 nén
khong ton tai x thoa man.

+y=4:(1)=x’-32x* +65=0= x* la udc cta 65 (loai vi 65 khéng ¢ wdc chinh phuong)
Vay n € {2;4}. Do d6é n € {1,3}

Thtt lai véin =1, ton tai bo (x;y;z) nguyén duong chang han (x;y;z) = (3;2;1) thoa man (1)
véin =3, ton tai bo (x;y;z) = (1;1;1) thoa man (1).

Vay tdt ca cac gia tri n thoa man bai toan la n € {1;3}

y=4:(1)= x> -32x* +65=0= x> la udc cta 65 (loai vi 65 khong c6 uéc chinh phuwong)
Vay n € {2;4}. Do d6é n € {1,3}

Thtt lai véin =1, ton tai bo (x;y;z) nguyén duong chang han (x;y;z) = (3;2;1) thoa man (1)
véin =3, ton tai bo (x;y;z) = (1;1;1) thoa man (1).

Vay tdt ca cac gia tri n thoa man bai toan la n € {1;3}

Bai 47: Ta co: x° +y° = (x+y)’ <=> (x+y)(X* —=xy +y* —=x-y) =0

Vi x, y nguyén duong nén x+y >0, ta ¢é: x> —xy +y’> —x-y =0
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<=>2(x*-xy+y’ —-x-y)=0

<=>(x-y) +(x-1)*+(y-1)* =2

Vix, y nguyén nén co6 3 treong hop:

x-y=0

+ Truong hop 1:9(x—1)* =1<=>x=y=2,z=4
(y-1°=1

x-1=0

+ Truong hop 2:4 (x—y)? =1<=>x=1,y=2,z=3

+ Truong hop 3: x—y)2 =l<=>x=2,y=1,z=3
_1)\2

1)’ =1

X
Vay hé c6 3 nghiém (1,2,3);(2,1,3);(2,2,4)

Bai 48: Ta co:

X2 —2y(x—y) = 2(x+1) <=> x> = 2(y + )x + 2(y* = 1) = 0(1)

Dé phuong trinh (1) c6 nghiém nguyén x thi A' theo y phai 1a s6 chinh phuong
TacOA'=y* +2y+1-2y* +2=—-y* +2y+3=4—(y-1)* <4

A'chinh phwong nén A’ €{0;1;4}

+Néu A'=4=>(y-1)* =0 <=>y =1thay vao phuwong trinh (1) ta 6 :

x=0

X —4x=0<=>x(2-4) <z>{

+Néu A'=1=>(y-1)>=3<=>yeZ

y=3

+Né&u A'=0=>(y—1) =4<=>{

+ Vi y = 3 thay vao phuong trinh (1) ta ¢6:x* =8x+16 =0 <=> (x—4)* =0 <=>x =4
+ Vi y =1 thay vao phwong trinh (1) ta cd: x> =0 <=>x=0

Vay phuong trinh (1) c6 4 nghiém nguyén : (x;y) € {(0;1);(4;1);(4;3);(0;-1)}
Bai49:Tacd (1) @ x* +x*+20=y’ +y

Ta thé'yx4 +x? <xP 420 < x +x% +20+8x2
& xz(x2 +)<y(y+1)< (x2 +4)(x2 +5)
Vix, y €EZ nén ta xét cac treong hop sau

+THL y(y+1) = (" +1)(x* +2) < x* +x* +20 = x* +3x7 +2
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o2 =18 X’ =9 x=13
Véix* =9 ,tacdy’ +y=9"+9+20 < y* +y-110=0
<y =10;y =-11(t.m)

+TH2. y(y +1) = (x> +2)(x* +3) =& x* + x> +20 =x* +5x* +6

S4x =14 X :% (loai)

+TH3. y(y+1)=(x*+3)(x* +4) & 6x* =8 < xX* zg (loai)

+THA. y(y+1) =(* +4)(xX* +5) < 8x* =0 x> =0 x=0

Véix* =0 ,tacoy’ +y=20y’ +y-20=0<y=-5y=4

Vay PT da cho cé nghiém nguyén (x;y) la :

(3,10), (3;-11), (-3; 10), (-3;-11), (0; -5), (0;4).

Bai 50:

a) Giai str ton tai (x, y, z) thoaman x* +y* =7z +5 < x* +y* +z* =8z" +5 (¥)
x'+y*+2'=0,1,2,3 (mod 8)

Tacod a* =0,1 (mod 8) vdi moi sd nguyén a =
( ) s { 8z*+5=5(mod 8)

Mau thuan véi (*) vay khong ton tai (x, y, z) thoa man dang thic.

b) Phwong trinh teong duwong voi

[(xjtl)2 +(x—1)2}[(x+1)2 —(x—l)z:i =y’ < (ZX2 +2).4x =y’ <8’ +8x=y’.

Néu x>1=8x" <8x’ +8x < (2x+ 1)3 =S (2x)3 <y’ <(2x+ 1)3 (mau thuan véi y nguyén)
Néu x < -1 va (x, y) 1a nghiém, ta suy ra (-x, -y) ciing la nghiém ma -x>1= mau thuan
Néu x =0 thi y = 0 (mau thuan)

Vay (x, y) = (0, 0) la nghiém duy nhat

Bai 51: Phuong trinh da cho twong dwong 2x* —2xy +5y° —41=0. (1)
Tacd a', =82-9y* >0 = y? S%. Mt khéc tie (1) ta 6 y2 1asS1é, nén y° 6{1;9}
Véi y=1=2x"-2x-36=0=x¢ Z.
Véi y=-1=2x*+2x-36=0= x ¢ Z.
. ) x=1
Véi y=3=2x"-6x+4=0=
X=2.
L 5 Xx=-1
Véi y=-3=2x"+6x+4=0= 5
X=-2.
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Vay c6 4 cip s8 nguyén (x; y) théa man 1a: {(1;3),(2;3),(-1-3),(-2; —3)}.

Bai52: Dat: X"’ =a;y"" =b(a;beZ)

Phuong trinh da cho tro thanh: a® =b® —b* —b +2(*)
=a®=b*-30"+30-1+2b*—4b+3=(b-1)’ +(2b° —4b+3) > (b-1)’

Lai c6: @* =b° +60b” +12b+8—7b* 130 —6 = (b+2)’ —(7b* +13b—6) < (b +2)’
Tt (1) va (2) ta c6: (b-1)’ <a® <(b+2) =>b-1<a<b+2

a=>b

a=b+1

+) Véi a=btacéd: (*) < b’ =b’-b*—b+2

&b?+b-2=0<(b-1)(b+2)=

b=1 a=b=1
& &

b=-2 a=b=-2

X673 — y673 -1 X = y :1(tm)
= <

678 — y673 ~- 2 X=y =67\3/§(ktm)
+)Voi a:b+1:>(*)<:>(b+1)3:b3—b2—b+2
b +30*+3b+1=b>-b°-b+2
< 4b° +4b-1=0

1+\/_
\/_

Vi a,beZ:{

b=

(ktm)

b=_ (ktm)

Véy(x;y)=( 1)

Bai 53: a) Chitng minh ring.....

Tacé: 9'=1.2.3.456.7.8.9las6 chin = X’ 12> xi2=>x=2m (meZ)
=8m° +2y*+47° =91 4m® + y° + 27° =1.3.4.5.6.7.8.91a 58 chén
=>y'i2=y2=y=2n (neZ)

= 4m* +8n° +22°=1.3.4.5.6.7.8.9
< 2m® +4n® +2° =1.2.3.5.6.7.8.91a 56 chan

=17’2=>17:2=1=2p(peZ)
= 2m® +4n®+8p°*=1.2.3.5.6.7.8.9
< m+2n°+4p*=1.356.7.8.9

m:2 X=2m:4
Chtrmg minh hoan toan twong tw ta cling ¢6 {n:2 (m;n; pe Z) =y=2n:4
p:2 z2=2p:4

Vay ta c6 diéu phai chiing minh
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b) Chitng minh ring khong ton tai.....

Theo ¥ a) ta c6 thé dat x =4a;y =4b;z =4c (a;b;ceZ)
|
—a’+2b°+4c® = % = 1'2'3'4';'6'7'8'9 =1.3.5.6.7.9 1a s8

chin=>ai2=a=2u (ueZ)

=8u*+2b*+4c®=1.35.6.79 < 4u*+b*+2c*=1.3.357.9=15.7.3"
Lai co:

(15.7.3'):3' = (1.5.7.3"):9
x*=0;#1  (mod9)(xeZ)
=a;b;ci9= (4u3 +b% + 2(:3)593
Nhung do 1.5.7.3*khong thé chia hét cho 9°nén ta c6 diéu vo ly
Vay ta c6 diéu phai chiing minh
Bai 54:
XXy +2=X+yoxX-xy—-x-y=2
e x(x*-1)-y(x+1)=-2

<:>(x+1)(x2—x—y)=—

[ (x+1=-2 [ (x=-3
XZ_X_y:]_ {yzll(tm)
X+1=2 x=1
{ { (tm)
X —X—y=— y=1

Vi X, yeZ = <:>
X+1=1 x=0

f =%

X —X—y=-2 y:2

=1 X=-
X+1= { (tm)
X —X-y=2 ly=4

Vay hé phtrong trinh c6 cac nghiém nguyén (X; y) = {(—3;11) ; (1;1);(0; 2);(—2; 4)}
Bai 55: Tim cac s6 nguyén x,y,z thoa man dong thoi:
X2 +4y° +2° +2x2+4(x+2) =396 va x*+y>=3z.
Tt diéu kién x* +y? =3z suy ra X* +y? chia hét cho 3 hay x,y déu chia hét cho 3.
X2+ 4y° + 7%+ 2X2+4(X+2) =396 < (X +2+2)> =4(100-y?).
Suy ra: 100-y® 1a s8 chinh phuwong va y®<100. Mit khac yi3 nén
y? €{0;36} =y e{0;6;,-6}.

2 2
, X2=32 Z:X_ Z=X_
Xet y=0: ) & 3 v 3
(x+2+2)7=400 |, ;09 20 |x+z42=-20
Tim dwoc x=6,z=12hoac x=-9,z=27.

437 | CHUYEN DE SO HOC




| DAP AN CHU PE 6: PHUONG TRINH NGHIEM NGUYEN

x* +36 = 3z
(x+2+2)" =256

2 2
=X 10 |22
& 3 \% 3

X+Z2+2=16 |[X+z+2=-16
Giaira x,z¢Z. Vay (xy;z) 1a (6;0;12) hodc (-9;0;27).

Xét y=6 hoac y=-6: {

Bai 56:

2x> —4y? —2xy—3x-3=0

& (2% —axy - 2x)+(2xy - 4y* —2y) - (x—2y -1) =4
< 2x(x-2y-1)+2y(x-2y-1)—(x—-2y-1)=4

o (x-2y-1)(2x+2y-1)=4 (¥

Do X,y € Z,2x + 2y —11é nén ta c6 cac treong hop sau day:

x=1
[(2x+2y-1=-1 [[2x+2y=0 {y:_l(tm)
X—=2y-1=-4 X—2y=-3 7
(*) <= < | [x==
2X+2y-1=1 2X+2y=2 3 (ktm)
X-2y-1=4 X—-2y=5 -4

L L y=—

Vay nghiém nguyén ctia phurong trinh da cho la (1;,-1)
Bai 57: Phuwong trinh da cho tuwong duwong véi

3x° —2xy+y—-5x+2=0

& 3X* —5X+2=2xy -y

< 32 —5x+2=y(2x-1)

=>y= 3)(22_)(—5_)(1”(D0...x €Z = 2x-1#0)

Do x, ynguyén nén:
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(3x* —5x+2)i(2x-1)
{3(2x—1)25(2x—1)

| 4(3x ~5x+2)-3(2x-1)" [i(2x-1)
& [-20x+8-3(—4x+1) |:(2x-1)

< (-8x+5)i(2x-1)

[ -8x+5+4(2x-1) {(2x-1)

< 1i(2x-1)

2x-1=1 x=1=y=0
= =

2x-1=-1 X=0=>y=-2

Vay cdc nghiém nguyén (X; y)cta phuong trinh da chola  (1,0);(0;-2)
Bai 58:
Vi x, ynguyén dueong nén VP >0do d6 VT >0nén X >y

Ta c6: 15xy =16(x° — y*)~3711a s§ 1é nén x, y déu 1¢, do vy : {X >3
Xét x =3thi y =1 thay vao phuwong trinh thoa man
Xét x>5
Ta co:
x-22y=16(x'-y’) 216[x3 —(x—2)3J =16(6x" ~12x+8)
15xy +371<15x(x—2)+371=15x* —30x +371
16(6x” —12x +8) - (15x* —30x +371) = 81x* ~162x — 243 = 81(x* — 2x - 3)
Tac6: X* —2x—-3>0,Vx 25=16(x’ - y°) > 15xy +371
Vay treong hop nay vo nghiém
Vay phuong trinh cé cap nghiém nguyén duong duy nhat (X; y) = (3;1)
Bai 59: Ta c6 1 s6 chinh phwong khi chia cho 3 sé nhan duogc s6 du la 0 hodc 1 nén ta cé:
(3k)? = 9k?
(3k +1)* =9k* + 6k +1=1(mod3)
(3k +2)" =9k? +12k + 4 =1(mod3)
Néu x, y > 3thi x,y khong chia hét cho 3 do d6 s6 du ctia V€ trai cho 31a 1-2.1=-1 chia 3
du2vdlydo x*—-2y* =1
= trong hai s& x, y phai c6 mot s& bang 3
X=3=9-2y'=1=y’ =4 y=2(y>0)

s
y=3=>x"-29=1x"=19=>xc
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Vay cdc cip s6 nguyén (x;y) =(3;2)

Bai 60:

X2 —xy+y?=2x-3y-2< x*—(y+2)x+y*+3y+2=0 (1)
A=(y+2)' —4(y*+3y+2)=-3y’-8y—4

D€ phuong tinh (1) ¢ nghiém thi A>0

:>—3y2—8y—420<:>3y2+8y+4§0c>—2£yg—g

Viynguyénnén y=-2 hodc y=-1.

Véi y=-2, (1) =>x*=0 < x=0.

x=1

x=0

Vay nghiém cta phuong trinh: (0;-2),(0;-1),(1;-1).

Véi y=-1, (1) = x*-x=0 @{

Bai 61:- Voi y=0,tacé x=0 .
-Véi y =0, taco:

2
362)72—)62—6)72 :2xy<::>xzyz—5y2 Z(x+y)2 <::>362—5:(X+—2y):a2 (an).
Y

|+l =5 x=3

x2a2:5<:>{
X=-3

_3
|
Khi x:3:3y2—6y—9:0<:{y:_1

y_=1
y=-3
Vay (xy) €{(0:0);(3-1);(3:3):(-3:1)i(-3-3)}

Khi x:-3:>3y2+6y—9:0<:{

Bai 62: Coi phuwong trinh da cho 1a phuong trinh bac 2 dn y ¢6 tham sd x
Tacd: A=4x*+12x+8
Vi X,y € Z = Ala sd chinh phuwong

= 4x* +12x+8=k? < 4x* +12x+9-k* =1
& (2x+3)" —k? =1
< (2k+3-k)(2k+3+k)=1
-1
(tm)

[ (2x+3-k =1 i
2X+3+k =1 k=0

=

2x+3-k=-1 X=-2

(tm)
2X+3+k=-1 k=0

Thay vao phuong trinh dé
Véi x=-1=(*) <y’ —2y+1:0<:>(y—1)2 =0= y=1(tm)

b
I
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Véi x=-2=(*) < y2—4y+4=0<:>(y—2)2 =0 < y=2(tm)

Vay tap nghiém ctia phurong trinh da cho 1a (x;y) = {(-11);(-2;2)}

Bai 63: Nhan ca hai vé€ ctia phuwong trinh véi 12 ta duoc:
36(a”+b*)-84(a+h)=-48 < (6a—7)" +(6b—7)" =50=5"+5"=1"+7

[ (6a—7=5
6b—7=5
6a—7=-5
6b-7=5 [a=b=2(tm)
6a—-7=5 a=1 b=2(kim)
6b—7=-5 3
{6a—7:—5 a:2,b:%(ktm)
6b—7=-5
1,1
a==;b==(ktm)
- 6a—7=1
(6a-7)7=25 |{° s 3
i 6b—7=7 a_4_b_7(ktm) et
_ — — Ty = a=
(6b—7)* =25 {6a—7:—1 3 {b '
7 =
6a—7) =1 6h—7=7 —1:b =L (kt
:E ;2 <:>6a71<:>a’ 2 olasb=2
6b—7)° =49 —7=
2 {Gb— =—1 azé;b:O(ktm) a=0
(6a—7)" =49 3 b=1
(607 =1 {6a—7=—1 a=Lb=0 -
- 80-7==7 | a_0:b=2(ktm)
{6&—7:7 3
6b—7=1 a:%;b:%(ktm)
6a—7=-7 4
6b-7=1 a=—:b=1(kim)
6b—7=-1
6a—7=-7
| |6b-7=-1

Vay tap nghiém ctia phwrong trinh da cho la (a;b) ={(0;1);(10);(2:2)}
Bai 64:

Ta co

V+y=X'+ X+ X+ x < 4y* +4y +1=4x" +4x° +4x° + 4x+1

{(Zy #17 =(20¢ +x) + (Bx+D)(x+D)
=

2y +1)* =(2x* + x+1)2 —X(X+1)
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Ta thdy : néu x <—1hodc x> 2thi (3x+1)(x+1) >0 vax(x—2) >0nén tir (1) va (2) ta suy ra
(2x2 + x+1)2 >(2y+1)° > (2x2 + x)2 (*) Loai vi khong c6 s6 nguyén y thoa man.
T dosuyra -1<x<2=xe{-10,1,2}

Xét x=2=y°+y=30=>y=5y=-6

Xét x=1= y*+y =4 loai

Xét x=0=>y’+y=0=y=0,y=-1

Xét x=-1=y*+y=0=y=0y=-1

Vay hé da cho c6 6 nghiém 1a (0,5)(2--6)(0:0), (0;-1), (-1,0), (-1, 1)

Bai 65:

Tt x* —xy —5x+5y =2

< X(X-y)-5(x-y)=2

< (X-y)(x-5)=2

Vi2=12=21=(-1).(-2)=(-2).(-1) nén ta c6 4 treong hop sau:

-y=1 =6
Truong hop 1: {i g_ {y (TM)

-5=2 [x=7

. X—y=2 y=4
T hop 2: M
Frong hop {x—5:1®{x:6(-r )

_v=— =4
Tru&mghop&{z g @{;{ 3(TM)

—_y=-2 -6
Truong hop 4:{§ g_ = {)}(’_ 4(TM)

Vay co6 4 cap (X,y) théaman la: (7; 6); (6; 4); (3; 4); (4; 6).

Bai 66:

Ta cd xy* —(y—45)" +2xy +x—220y +2024 =0 < (y+ D(xy + x —y —129) = -128 = -2’
= y+1e{24:8,16:32:64128) = y € {1;3:7:1531:63;127} = (x;y) € {(33:1),(25:3),(15:7)} .
Bai 67:

Xét phwong trinh:  x*> —n’x+n+1=0 (4n sd x) (1)

Dé phuong trinh (1) cé nghiém thi A>0=n*-4n-4>0=n¢{0;1} (do neN)
Goi x1, x2 1a hai nghiém ctua phwong trinh (1).

Ap dung hé thitc Vi-et, ta duoc: {Xl X = n

XX, =n+1

a2
=X, +X,~XX,=n"-n-1
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< x (1-x,)-(1-x,)=n*—n-2
e (x,-1)(1-x,)=(n-2)(n+1)
< (x,-1)(x, -1)=(2-n)(n+1)
V6i neN,ng{0;1} thi {X"ll):;f;n;z;

Do dé6 x, > 1;x, 2 1= (x, -1)(x, -1)>0=(2-n)(n+1)>0
=2-n>0(don+1>0,VneN)=>n<2

Ma neN,n ¢ {0;1} = n =2.Khi d6, phuong trinh (1) tré thanh:
X’ —4x+3=0<(x-1)(x-3)=0

x—=1=0 x=1(t/mer)
= =
X x:3(t/mer)
Vay véi n € N, d€ phuong trinh da cho c6 cac nghiém la s6 nguyén thi n = 2.
Bai 68:
ViX,yeZ=x+Y, X’+y*eZ

2 2
XY 85 gs(x+ y)=130 + y?) >0
Xx+y 13

=Xx+y> 0.

(x+ y)2
Ap dung BDT: x*+y°> — < (X-Yy)*20 (ludn ding)
Ta co:

85(x + y)=13(x* + yZ)Z%( X+ y)2 =X+ y< %: X+y<13

Mat khac:
X+y>0 ,
A X+Y=13=X"+y =85
X+Yy:13
Suy ra:
[ (x=6
™
X+y=13 y=13-x {y:7( )
2 2 7.2 2 <
X +y°=85 |x*+(13-x) =85 X=7
y_6 ™)
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Vay nghiém cua PT la: (x; y)=(6;7); (7; 6)
Bai 69: C6: (a+b)” <2(a’+b”) suy ra n <2(n’+2), hay n*(n-2)-4<0.
Néu n>3 thi n°(n-2)-4>n*-4>0 (Loai). Dodé n=0; 1, 2.
Véi n=0; 1 chirakhong ton tai a;b théa man dé bai.
Véi n=2 chira a=1b=3 hodc a=3;b=1 thda man dé bai roi két luan.
Bai 70:
2020(x* +y*)—2019Q2xy+1)=5
& 2019(x—y) +x7+y*=2024 (1)

= 2019(x —y)* <2024 = (x —y)* < ig?gzosu—y)z <1=0<|x—y[<1
[r=»[=0

=
r=y=1

Néu |x—y| =0=>x=y, tr (1) = 2x* =2024 = x* =1012 (v06 nghiém nguyén)

, [x-y=1 —x-1
Néu |x—y|=1th1 Y S y=r vatr (1) =>x*+y =5 (2)
x—y=-1 y=x+1

[y =—1 )
Thay y=x-1 vao (2) taduoc: = X’ +(x-1)’ =5’ -x-2=0< * :{y
X

[x=1 =2
Thay y=x+1 vao (2) taduoc: = X’ +(x+1)’ =5 " +x-2=0< * Z:P
Vay phuong trinh ¢ 4 nghiém nguyeén: (x;y) = (=1;2);(=2;1);(1;-2);(2;—1)
Bai 71: 2(2x°y —x* -3y -1)=0 < (2x* -3)(2y-1)=5 (*)

2y-1=1 =1
Suy ra 2y -1eU(5)={+L+5} ma 2y—-1>-1Vy >0 nén { y @{y

2y-1=5 |y=3
‘s \ 2 2 X=2(n)
Véi y =1 thay vao (*) ta dugc 2x° -3=5ox" =4 2(I)
X:_
Véi y =3 thay vao (*) ta dugc 2x* —3=1< x? =2 x=++/2 (loai).
Vay cdc s6 nguyén duong théamanla x=2,y=1.

Bai 72:
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X+ y+3+1:\/;+\/§
< X+ y+3+2\/m+1:x+2\/x7y+y
oy 3=y -2
< X+ y+3:xy—4\/W+4
Xy—xX—y+1
4
Néu xy la s6 khong chinh phuong thi VT la s6 v ti con VP 1a s6 hitu ti, vo ly

Vay xy =k* = /xy =k
Tacod x+ y+3:xy—4\/ﬁ+4<:>x+ y+2\/x_y:xy—2\/x—y+1<:>(«/§+\/§)2 =(\/x_y+1)2

SVxrly =y -1 (9
oy =k-1-Ix o y=(k-1)" -2(k-1)/x +x

S\ Xy =

_(k—1)2+x—y .
@&—W vi (k>2)

Néu x la s6 khong chinh phwong thi VT 1a s6 vo ti con VP la s6 hitu ti, vo ly
Vay x la so chinh phwong, Ly ludn twong tu thi y 1a s6 chinh phuong
Pat x=a’;y=b’
T (*) a+b=ab+1< (a—1)(b-1)=2
Ta tim duoc (a;h)=(2;3);(3;2) = (X y)=(4;9);(9:4)
Bai 73: DK:199 —2° — 22> 0 & (2 + 1)2 <200 =z € {-15-14-13;..;1213} (Viz € 2)

Tacé:4y2:2+\/199—x2—2x:2+,/200—(z+1)2 <2410V2=0<y’ <4, mayec”

Suy ra: y € {-2—1; 1;2} .

) z=-—15 . r=—15 5 r=-3
y r =13 Y r=13 Y T =
T =-3
y=2=
r=1

Vay tap hop cac cdp s (x; y> nguyén thoa man dé bai la:

S = {(13;—1),(13;1),(—15;—1),(—15;1),(—3;2),(—3;—2)(1;2),(1;—2)}

Bai 74: Vi z,y nguyén duong va <a:; y> = (1; 1) khong thoa man phuong trinh nén

°+y" +1> 32y +x+y>3.Suyra 2y + 2 + y 1la wdc nguyén duwong 16n hon 3 ctia 30
gom: 5;6

Néuzy+z+y=5« (x - 1>(y - 1) = 6 ta duoc cac treong hop
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r+l=2 jz=1 e LiA a1
+) & (thoa man diéu kién dau bai)
y+1=3 y=2

r+1=3 |z=2 A e
+) & (thoa man diéu kién dau bai)
y+1=2 y=1

Néuzy+z+y=6<« (x+1>(y+1) = 7 khong théa man
Vay cac cdp sd (x;y) thoa man la (1;2),(2;1) .

x|-1

Bai75: Vi651énén 2X+5y +11eva 28X +y + x>+ x 1

Ma 2X+11é nén 5Y chan, suy ra y chan

Mit khac X2 + x = X(x +1) chinnén 2" 1¢, suy ra [x|-1=0 < x =1
Véix=1=(5y+3)(y+3)=65=>y=2

Véi x = -1 = (5y+3)(y+3)=65< 5y° +4y —66=0 Phuong trinh nay khong cé
nghiém nguyeén.

vay: (x;y)=(12)

Bai 76: Ta c6 2™.m?=9n?-12n +19 < 2™.m? = (3n-2)? +15

Néumlé = m=2k+1, ke N’

=2m.m?=2.4km? = (3+1)k 2m? = 2m? (mod3) ma m?=0;1 (mod3) nén 2.4x.m? =0;2 (mod3).
Mat khac (3n-2)? +15 =1 (mod3)

Vay truong hop nay khong xay ra

Néu m chdn= m=2k, ke N thi ta c6 phuong trinh

2%m? - (3n-2)2=15 < (25m +3n-2) (2<m -3n+2) = 15 (¥)

Vim,n € N nén 2x.m +3n-2 > 2x.m -3n+2 va

2km +3n-2 >0 = 2km -3n+2 >0

) 2*m+3n-2=15_ _ [2*m+3n-2=5
Dodo () < hodc |
2'm-3n+2=1 2'm-3n+2=3
[2*m+3n-2=15 k 2k =
THI: & 22k 8(V(A) nghiém)
1 2m-3n+2=1 n=3
[2m+3n-2=5 k 2k = k=1 [m=2
TH2: & 2.2k 4<:> =
12m-3n+2=3 |n=1 n=1 |n=1

Vay phuong trinh da cho c6 nghiemm=2,n=1
Bai 77:

Ttr bidu thiee (X° —Xx+1)(y® + xy) =3x -1 ta nhan thay 3x-1 phai chia hét cho (x*—x + 1)

TU SACH CAP 2| 446



BOI DUONG HOC SINH GIOI CAP 2 |

ta co (3x - 1)(3x - 2) =9x2- 9x +2 =9(x®— x + 1) - 7 cling phai chia hét cho (x*—x + 1)
suy ra 7 chia hét cho (x*- x + 1)
(x®>-x+1)=1hoac7
Thay x=0,1,3 va -2 lan lugt vao ta c6 y => (x,y) = (1,1),(1,-2) va (-2,1)
Bai 78: Phuong trinh da cho c6 thé duoc viét lai thanh x*(y- 2)2 +y -3y*+4=3
hay (y-2)°(x*+y+1)=3.
Suy ra (y-2)° =1 va x*+y+1=3. Giai ra, ta dwoc x=+1 va y=1. Vay c6 hai cip s6 nguyén
(x;y) thoa man yéu cau ctia dé bai la (1,1) va (-11).
Bai 79: Biéu kién: x> 0;y 2;4/x+y—-220
Vi diéu kiéu kién trén binh phuong 2 vé ta c6
2(\/;+y—2) = \/;.y = \/;(Z—y)—Z(Z—y) =0 (2—y)(\/;—2) =0
oy=2vx=4
Két hop voi diéu kién ta co: x>0,y=2 va x=4,y>0
Bai 80: Ta co x? + xy + y? = x?y?
< (x+yy=xyly+1)
+Néux+y=0 = xy(xy+1)=0< {xy=0
xy =-1
Véixy=0.Kéthop véix+y=0= x=y=0
V&xy=4nK&thV&x+y=0:3{X=1 h&k{xz_l
y=-1 y=1
+Néux +y=0 = (x+y)?laso chinh phwong
xy(xy + 1) la hai s6 nguyén lién ti€p khac 0 nén ching nguyén t6 cung nhau. Do d6 khong
thé cuing la s6 chinh phuwong
Vay nghiém nguyeén ctia phwong trinh la (x; y) = (0; 0); (1; -1); (-1, 1)
Bai 81: Ta ¢ x5+}#::xy2+1¢3(x5—1)—(xy?—y2)=0
¢3(x—1Xx4+x3+x2+X+J)—}9(X—1):O¢3(x—lxx4+x3+x2+x+1—y2):O
x-1=0
Tkt x4 x +x+1=y’
*Néux-1=0=>x=1tacd 1+y* =y*+1 dlng véi moi y nguyén
Vay ngiém caa PT 1a (1;y e Z)
Néu x* +x° + x> +x+1=y” = 4x* +4° +4x7 +4x+4 =(2y)’

Ta cd
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(Zy)2 —(2x2 + x)2 =4x* +4x° +4x° +4Ax+4—4x* —4x° =P
2
=3x*+4x+4=3 x+z +§>O
3) 3

Vay ta co (2% +x)* <(2y) *

Taco (2x*+x+2) ~(2y) =5x*20, Vay tacé (2y) > (2 +x+2) **
Tir* va ™ ta 6

(@ +x) <(2y)" <(2¢ +x+2) = (2y) =(¢ +x+1) ;
(2y) =(2x¢ +x+2)

Néu (2y) =(2x* +x+17 & —x* +2x+3=0 & x> ~2x-3=0

<:>(x+1)(x—3)=0c>{xz_1
Xx=3

+néu x=-1=y’ =1 y=+1

Néu x=3=y2=121= y=+11

-Néu (Zy)2 =2 +x+2) -5’ =0 x=0>y’ =1 y=41.

Két luan (x, y) = (-1, 1); (-1, -1); (3, 11); (3, -11); (0, 1); (0, -1); 1a (L,y € Z).
Bai 82: Gia thiét < 3(x~3) ~18y> +222+3y°2* =54 (1)
+)Lapludn dé z°:3=2z:13=272"19= 7> >9(¥)

(1)< 3(x - 3)* +22% +3y*(2* —6) =54 (2)

(2) = 54 = 3(x - 3)? +22% + 3y* (22 —6) 2 3(x — 3)* + 2.9+ 3y*.3
(x-3)*+3y’ <12 >y’ <4 =y’ =1y’ =4 viynguyén duong

Néu y* =1« y=1 thi (1) c6 dang:

3(x—3)2+522 =72=52> <72 = 7* 375—2:>22 =9=z=3(vico(*))

Khi d6 3(x —3)2 =27= (x - 3)2 =9, x nguyén duong nén tim dwoc x=6
Néu y* =4 < y =2 (vl y nguyén duong) thi (1) ¢6 dang:
3(x—3) +142% =126 = 142> <126 = 7’ <9 = 7’ =9 = z = 3 (vi z nguyén duong)

x=3 |x=6

Suy ra (x—3)* =0= x =3 (vi x nguyén duong) . Dap s6 <y =2;{y =1
y guy & p y y

z=3 |z=3
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Bai 83: Dat a=x+y,b=xy(a,beZ) va a’>4b

2+b

b2

Phuong trinh (1) trd thanh: b>a+a=2+b<a= ;
+

Do d6: (2+b)§(b2 +1):>a2 —4'p? +1:>(a2 +1)—55b2 +1=5'a%+1

=a’+1le{l;5}=ac{0,4}=ac{0;-2;2]

Véi a=0:b:2:>{ =0 = (xy)e{(0:2),(20)}

X+y=2
_X:\/E
g Xy =-2 y=—2 o A
Véia=-2=b=0= = (loai vi khong thoa man x, y nguyén)
x+y=0 X =2
N

Véia=2=b =% (loai vi b khong nguyén)
Vay nguyén (x, y) = (0, 2); (2, 0).
Bai 84: Ta cé: xy2 +2xy -243y +x =0 < x(y + 1)2 =243y
243y
(y+1)

Do (y,y+1)=1nén ( ) 1a wdc ctia 243 . Mat khac: 243=3°

Viy+1#0 néntacd: x=

Do dé: (y+1) =32 v(y+

Voi: (y+1)2 =3 = y=2,x=54

Voi: (y+1) =3 = y=8,x=24

Vay nghiém duong ctia phuong trinh la: (x, y) = (54, 2); (24, 8)

Bai 84: Xét phuong trinh x* =y” + \/ﬁ véi x,yeZ'

Xéty =0 thi x> =1 do x nguyén dwong nén x = 1

Xét y>1=x2>3. Ta co: (x+y)2 (x—y)2 :y+1:>(y+1)§(x+y) (vo ly)
Do d6 s6 nguyén khong am phai tim la (x, y) = (1, 0).

Bai 85: Ta c6 y* =1+,[13—(x* +4x+4) =1+ /13— (x+2)’ <1+13

Suyra1<y’<4

Vé6i y? =1=13=(x+ 2)2 khéng c6 nghiém nguyén.
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V6i y?=4=3=13-(x+2) = (x+2) =4 = x=0vx=—4
Vay phuong trinh ¢6 4 nghiém (-2, 0); (-2, -4); (2, 0); (2; - 4).
Bai 86: Ta co: [4-3x=5-a (1)
Xét xSé , ta duoc x:a—_l.

3 3

-1 _4
<— J—
3 3=

Dé x nguyén duong va thudc khoang dang xét ta giai hé =4

a-1:3
Khi d6 x =1.

9—

Xét x>é,tadu’oc X=—.
3 3

9;a>é a<b
Giai hé: 3 3@{ . <a=3k vdi k<1.
. a:3
9-a:3
Khi d6 x=3 -k
Vay ta can a =4 hodc a = 3k véi k nguyén, k<1.
Bai 87: Ta co:
2.2 2 2
XTy“+(x—2)"+(2y—2)" —2xy(x+2y—4)=5
2,,2 2 2 2 2 _
S XY T+ X —4X+4+4y° -8y +4-2X"y—4xy° +8xy =5
<:>(x2y2—4xy2+4y2)+(x2—4x+4)+(—2x2y+8xy—8y)=
<:>yz(xz—4x+4)+(x2—4x+4)—2y(x2—4x+4):1

<:>(x2—4x+4)(y2+1—2y):1<:>(x—2)2(y—1)2:1
TH1:(x—=2)=(y-1)=1< x=3 va y=2
TH2:(x-2)=(y-1)=-1<x=1 vay=0
TH3:(x-2)=—(y-1)=1=x=3 va y=0
TH4: (x-2)=—(y-1)=-1e x=1va y=2

Vay phuong trinh ¢6 cac cap (X;y) nguyén la: (3;2);(1;,0); (3;0):(32).

Bai 88:
Pit Vx=a,a>0, y’=b,b>0.
4y* +6y° —1=

< 4b*+6b-1=2a°
< 16b% +24b — 4 = 432
< 16b% +24b+9-4a% =13
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& (4b+3)° —4a® =13
< (4b+3-2a)(4b+3+2a)=13

Lap bang

4b+3-2a 1 13
4b+3+2a 13 1

a 3 -3
b 1 1

Nhan Loai

X 9

y 1

Vay phuong trinh c6 nghiém nguyén la (x;y) la (9;1).
Bai 89: Taco (x-y-1)(x+1-y)+6xy+y*(2-x-y)=2(x+1)(y+1)
& (x=y) —146xy -y (x+y—-2)=2(x+y+xy+1) & (x+y) =y (x+y-2)=2(x+y)+3
S (x+y)(x+y-2)-y’(x+y-2)=3 o(x+y-2)(x+y-y’)=3

Vi X, yeZ nén x+y-2; x+y-y* lacacwdc cua 3

4 X+y-2=1 y>=0 Xx=3
=S N :
X+y-y’ =3 x+y=3 |y=0

x=3 =7

X+y—-2= y’ = y=-2 X+y—-2=3 y’ =4 y=-2
2 < . 2 =

X+y—-y =-3 X+y=1 x=-1 X+y—-y =1 X+y=5 x=3

4 X+y-2=-3 - y’=0 - x=-1
X+y-y*=-1 |x+y=-1|y=0"
(

Bai 89: Ta c6
(x—2018)" +1=y* +9y* +1-6y* —6y + 2y’ =(y* —3y+1)2

e (y? —3y+1)2 —(x-2018)’° =1 (y* -3y +1+x-2018)(y* -3y +1-x+2018) =1

(y2—3y+1+x—2018):—1 X = 2018 x=2018
THI1 : <:>{ ) &4ly=1
(y?-3y+1-x+2018)=-1 [y —3y+2=0 _
y=2
(y?-3y+1+x-2018)=1 (x=2018 x=2018
TH2: <:>{ ) <4ly=0
(y?-3y+1-x+2018)=1 |y*-3y=0 y=3

Vay phuong trinh c6 nghiém (x;y) e {(2018; 0);(2018;1);(2018;2);(2018; 3)}
Bai 90: Tacd (1) = (y-2)(y-3)+56=(y—2)x*+(y—2)(y—4)x
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<:>(y—2)[x2 +(y—4)x—(y—3)]:56
< (x-1)(y-2)(x+y—-3)=56.
Nhén thdy (y-2)+(x—1)=x+y—3, nén ta phai phan tich s6 56 thanh tich ctia ba s&

nguyén ma tong hai s6 dau bang so con lai.

Nhuw vay ta co

+)56=1.7.8= (xy)=(209).
+)56=7.18= (x;y)=(83).

+) 56 =(-8).1.(-7) = (x;y) =(-7:3).
+) 56 =1.(-8).(=7) = (x; y) =(2-6).
+) 56 =(-8).7.(-1) = (x y) =(-7:9).

)56 7.(-8).(-1) = (x1y) - (8-).
Vay phuong trinh cé 6 nghiém nguyén nhu trén.
Bai 91: Ta c6 2X* +2y* +3x -6y =5xy -7 < (x—2y)(2x -y +3)=-7
Xét cac treong hop ta c6 (x;y) =(3;2);(-5;-6);(—7;—4);(L4).
Bai 92: D& phuong trinh c6 nghiém thi 9x* +16x + 32 phai la mot s6 chinh phuong.
Khi d6 9x* +16x+32 =t*(t e N). Phuong trinh trén tuong duong voi

81x” +144x+288 =9t* < 81x* +2.9.8+ 64 + 224 = 9t
& (9x+8-3t)(9x+8+3t) =224 = 2%14 = 2°28 =256 =—2.112
=2*.(-14)=2"(-28)=2%(-56) =2.(-112)
Tacd xeZ;te Nnén 9x+8+3t>9x+8-3t 9x+8—3t;9x+8+3t cing tinh chin lé.
Lai thdy 9x+8+3t va 9x+8-3tdéu chia 3 dw 2 khi d6 ta c6 cac truong hop sau.

9%x+8+3t=14 . 9x+8+3t:56. O9x+8+3t=8 . Ox+8+3t=2
Ix+8-3t=-16"|9x+8-3t=-4"|9x+8-3t=-28"|9x+8 -3t =-112

Giai cac treong hop trén ta duwoc x € {—7; -2;-1; 2}
+Voi x=-1= -27-16y =5= y = -2 (thdéa man).

+ Vi X=—2:>—30—16y:6:>yz—z(loai).

+ Vi x:2:>—18—16y:10:>y:£ (loai)
+Voi x=-7 = -45-16y =19 = y = -4 (thoa man)
Vay nghiém nguyén ctia phuong trinh la (x; y) = (—1; —2),(—7; —4).

Bai 93: Phuong trinh tirong duong véi x* +3xy +2y° —x—5=0. nhan thay day la phwong
trinh ¢6 bac la hai nén ta sé st dung delta d€ giai phuwong trinh nghiém nguyén nay.

Phurong trinh twong duong voi x* +3xy +2y* —x=5=0 < x* +(3y —1)x+2y* -5=0
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Xem phuong trinh la phuong trinh bac 2 dn x ta duoc
A=(3y-1) —4(2y*-5)=y* -6y +21=(y-3) +12
Dé phuong trinh trén c¢d nghiém la nghiém nguyén thi Ala sd chinh phuong.
bat A :(y—3)2 +12=a’ < (a-y+3)(a+y—3)=12 vdiala s8 nguyén.

Vi a—-y+3 va a+y-3 cung tinh chdn 1é nén ta ¢4 bang sau

a-y+3 2 6 -2 -6
a+y-3 6 2 -6 -2

a 4 4 —4 —4

y 5(TM) | 1(IM) | 1(TM) | 5(TM)

Thay y =5 vao phuong trinh da cho ta dugc x* +14x +45=0 < x € {-9; -5}
Bai 94: Ta c6 X(X* + x+1) =4’ 1< (x+1)(x* +1) =47
Do X, yeZ=X,y=0
-Néu x=0=y=0=(x;y)=(0;0) la nghiém ctia phuong trinh da cho.
-Néu x>0=y>0=x+1 chan, dit x=2k+1(k >0)
Khi d6 (k+1)(2Kk* +2k +1) = 4"
Do 2k*+2k+11as81énénsuyra k=0=x=1=y=1=(x;y)=(L1)
Vay phuong trinh da cho ¢6 nghiém (x;y)=(0;0);(11)
Bai 95: Viét phuong trinh da cho vé dang: 9.(3* -2 +19) = y? (x>2). D€ y la s6 nguyén thi
diéu kién can va du la 3*-2+ 19 = z2la s6 chinh phuong (z 1a s6 nguyén duong)
Néu x -2 =2k +11as61é thi 3%**1+19 = (3%+1 + 1) + 18 = 4.B + 18 chia hét cho 2 nhung
khong chia hét cho 4 nén khong thé la s6 chinh phuwong.
Do d6 x — 2 = 2k 14 s6 chdn
Ta c6 32 +19 =2 < (z-3)(2+3")=19. Vi 19 1a s§ nguyén t5 va z-3* <z+3" nén
z2-3=1 z=10 (z=10
{z+3k =19 Q{BK :9@{k:2
Vay x =6 vay = 30.
Bai 96: Néu x=0= y =1 thdéa man
Néu y=0= x¢Z khong thoa man
Xét x#0;y #0 phuong trinh da cho cé dang
454x (54X +1) = 4.54C.y° & (427% +1) = (6xy)’ +1
Dat 4.27x° =a;6xy =b ta duwoc phwong trinh
(a+1)"=(b +1)(b*~b+1) (*)
Tt (*) ta thdy b+1>0. Goi UCLN(b+1b*-b+1)=d
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b+1:d ) . :
=1, . =>b’-b+1=b(b+1)-2(b+1)+3id = 3:d
b*-b+1:d
Mit khéc (a+1)’ = (4.27 x° +1) khoéng chia hét cho 3 nén 3 khong chia hét
d=d=1=(b+Lb’-b+1)=1
T (*)nhan thdy tich hai s6 nguyén t6 cing nhau la mdt s6 chinh phirong nén phai

) {b+1:m2

e (m;neN*;m22;m224)
b’-b+1=n?

2

Tacé n* =(m*-1) —(m*-1)+1
on’= (m2 —1)2 —(m2 —2) (1);n? :(m2 —2)2 +(m2 —1) (2)
Tir (1) va (2) = (m?-2) <n?<(m?~1)° vd 1y suy ra phuong trinh (*) vo nghiém.
Vay phuong trinh c6 nghiém duy nhat (x;y)=(0;1).
Bai 97:
Ta cé: 5(X* +xy +y?) =7(x+2y) (1)
= 7(x+2y):5 = (X+2Y):5. bst x+2y =5t (2) (teZ) thi
(1) tré thanh X*+Xy+Yy> =7t (3).
Tir (2)= X =5t —2Y thay vao (3) ta duoc 3y —15ty + 25t =7t =0 (*), coi day la
PT béc hai d&i v6iy co: A =84t — 75t
D& (*) c6 nghiém <> A >0 <> 84t —75t* >0 <:>0§ts§—§
ViteZ =1t=0 hojc t=1.Thay vao (*):
+V6it=0=y,=0=x =0

Y,=3=>X,=-1

it=1=
Vol {y3:2:>x3:1

Vay phuong trinh c6 3 nghiém nguyén (x, y) la (0; 0), (-1; 3) va ( 1; 2)
Cich khic: Ta c6 5(4%" +4xy +4y°) = 28(x+2y) = 15x" = 28(x+2y) —5(x+2y)’

Do 15x* > 0= 28(x+2y)-5(x+2y)’ =—5[(x+2y)2 —2(x+2y).%+12659}+129 < 129
Vay OSlSXZS%DOSXZS%,XGZnén xe{-1;0;1}

+X=0=y=0

+X =-1= y =3 thdéa man bai toan.

+X=1l=>y=2

Bai 98:Ta ¢ x(1+x+xz):4y(y—1)<:>(x3+x2)+x+1:4y2—4y+1

e (x+1)(x*+1)=(2y-1)" (1)
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Vi X,yEZ:>(2y—1)2 >0 nén tr (1) suy ra x>0 va x chan.
x?—1:d

Gia dir (x+Lx*+1)=d =d lé va T =2id=d=1
x*+1:d

Vi (x+1)(x* +1)1a s chinh phuong ma (X +1x* +1) =1 nén (x+1) va
(X2 +1) cting la hai s6 chinh phuong.

Do x>0 = x2 <X’ +1<(x+1)’ = x* +1=(x+1)" = x=0

y=0

y=1

Vay hai cdp s6 nguyén(x;y)=(0;0);(0;1)

Khi x:0:4y(y—1):0:{

Bai 99: Ta c6 X* = 2X + yzz4 & (X ~1)° =y725; %, y, zeZ* va ¥,Z € {1,2;..;9}
Suy ra X -1 c6 dang ab
Do d6 yzz5=a5 = (10a+5)? =100a(a +1) + 25
Suyraz=2=y+z+z+5=y+9
Vi (X —1)% = yzz5 1a s6 chinh phuong va cé tdng cac chit s8 bang y+9 nén yz75
chiacho 9 dw 0,1,4,7. Do dd y e {1,4,7}
Khi d6 tim duoc (X, Y,2) € {(36;1;2);(66;4;2);(86;7;2)} .

Bai 100: Ta co \/x+2\/§:\/§+\/§ <:>x+2\/§=y+z+2\/ﬁ
o (x—y-2)+2/3=2yz = (x—y—2) +4/3(x-y-2)+12=4yz (1)

2
TH1. Néu x—y—2+0 Ta co P U o ) voly
4x-y-z)

(do x,y,ze N nén vé phai cta (2) 1a s6 httu ty ).
TH2. x—y—-2z=0 khidé (1)@{;(/2—:3’3—Z=0 -
Xx=4 x=4
Giai (3) ra ta dwoc <y =1 hoac {1y =3 thir lai thoa man
z2=3 z=1
Bai 101: 2xy*+ X+ y +1=X"+2y’+xy < X’ = x(2y’ -y +1)+2y*~y-1=0 (1)
Dit 2y~ y+1=a,khido PT (1) trd thanh & xX*—ax+a-2=0 (2)
Phuong trinh (2) c6 A=a’-4a+8=(a—-2) +4
Phwong trinh (1) c6 nghiém nguyén < Phuwong trinh (2) c6 nghiém nguyén
= A la s6 chinh phuwong
Dit (a-2)+4=k* (keN) o k’-(a-2)=4 o (k+a-2)(k-a+2)=4
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Vi (k+a-2)+(k-a+2)=2k lasd chdn va co tich cling 1a s8 chan nén (k+a-2) va

(k-a+2) la sd chin.

 |k+a-2=2__ [k+a-2=-2 k=2_ _ [k=-2
Do d6 hoac R hoac
k-a+2=2 k-a+2=-2 a=2 a=2
2
X:a+\/k7:2+2:2
Vay phuong trinh (2) c6 2 nghiém la 2 2
a—Jk? 2-2
X= = =0
2 2
Tacod 2y’ —y-l=a=2< 2y°-y-1=0 ©2y°-2y+y-1=0
y=1
e(y-1)(2y+1)=0< 1.Tachon y=1(viy € Z)
S22

Vay nghiém nguyén (x ; y) cua phuong trinh 1a (2; 1) va (0; 1)
Bai 102: Xét x=1=y=1.
Xét x22 thi 48. Néu y chin, dat y=2k(keN')=1+3" =1+9" =2(mod8),
vo li
Néu y le y=2k+1(keN')=1+3' =1+9"3=4(mod8), vo li.
Vay X=Yy =1 thdéa man yéu cau bai toan.
Bai 103.
Nhan thay x, y 1a céc s& nguyén khong am va /11296320 = 2°.41/105 13 s8 v ty.
Phuong trinh da cho c6 thé viét lai:
(x+y) +4xy—3361=4(x+y)xy -328v105 (1)
V& trai cta (1) la s6 hitu ti nén diéu kién can va du d€ phuong trinh c6 nghiém nguyén la
ctia vé& trai va v& phai ctia (1) déu bang 0. Khi d6 ta c6 hé phuong trinh:

(x+y) +4xy—3361

4(x+y)/xy ~328v105 =0

S*+4P-3361 (2)

SVP =824105  (3)

bat S=x+y,P =xy ta c6 hé phuwong trinh: {

82°.105

g

Tt (3) rat ra dwoc: P = Thay vao (2) thu gon ta duoc:

S*-3361.5% +4.82.105=0 < S* =1681v S* =1680 = 41
Do do: S=41,P =420.
Suy ra x, y la nghiém ctia phuong trinh:
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t=20

t* —42t+420=0 <
t=21

Vay phuong trinh c6 2 nghiém (20 ; 21) va (21 ; 20).
Bai 104.
Ta thay (x, y) = (0, 0) khong la nghiém cua phuong trinh.

Véix, y khéc 0: (1) < [4x—6y|+[9x ~6y|=,[313(x* +?)

|A+B| (AB20)
|A-B| (AB<0)

Ta dé dang chting minh duoc: |A|+|B| = {
Néu (4x—-6y)(9x—6y)=0 thi

(2) = [13x-12y|= W & 144x% +2.13.12xy +169y* = 0 < 12x + 13y = 0
Vi (13,12) =1 nén (x,y)=(13k;-12k) v6i ke Zva k=0

Néu (4x—-6y)(9x—6y)<0 thi

(2) &[5 =[313(x* +y?) <> 288x* +313y* =0 (VN)

vay phuong trinh c6 nghiém (x,y)=(13k;-12k) v6i ke Z va k=0

Bai 105.

Phuong trinh da cho duoc viét dudi dang: y = g 1 +t——— 4y =2x+1+——
2 4 4(2x+1) 2x+1

Vix,yeZ=2x+1lawdccua3 :>2x+1e{1;—1;3;—3}
Vay nghiém ctia phweong trinh la: (0;1),(—1; —1),(1;1)(—2; —1)
Bai 106. Néu (A+B\/§)2 ~C+DV3 thi C=A?+3B%,D =2AB:>(A—B\/§)2 ~C-D\3

Do d6 néu (x+y+/3) = 444444 + 30303043

Thi ta ciing co: (x—y+/3 )2 — 444444 - 3030303 (v6 1)

Do 444444 —303030~/3<0.

Bai 107.

Déats=x+y, p=x.ykhido s,pe N’ .Luc dé phuong trinh tro thanh:
35 =4p+664 (1)

Néu p =1 thi s¢ N" (mau thuan)

Vivay p>2 va 35’ 2672 =" 2224 (2)
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Mat khéc tir diéu kién: s* > 4p , ta cd 3s” —664 <s”. Vi vay: s> <332 (3)
Tix (2) va (3) ta c6: s* € {256;324}

a) s*=256=s=16,p=26=>x¢N'.

b) s’ =324 =5=18,p=77 =(x,y)=(11,7);(7,11).

Vay phuong trinh c6 2 nghiém (x, y) = (11, 7); (7,11).

Bai 108. Ta co:

X’ + X’y +xy° +y’ :8(x2 +xy +y’ +1)

& x(x2 +y2)+y(x2 +y2):8(x2 +y2)+8xy+8

<:>(x2 +y2)(x+y—8)=8xy+8 (1)

Suy ra: x, y chung tinh chan 1é va (x + y — 8) 12 s6 chn.

2
X+ 2
Néu x+y-826 thi x> +y’ Z(Ty)2%>4

Suy ra: (x* +y?)(x+y-8)26(x* +y*) 2 2(x* +y*)+8xy >8+8xy, phuong trinh (1) khong
thoa.

Néu x+y-8<—4 thi (X’ +y”)(x+y—8)<—4(x* +y*)<8xy <8+8xy , phuong trinh (1)
khéng thoa.

. . . e x=2 |x=8
Néu x+y-8=2thi (1)<:>x +y =4xy+4 .Khi doé: x+y=10,xy =16 < gV :
y= y=

Néu x+y-8=0thi (1) < 8xy +8=0 < xy+1=0, phuong trinh khong c6 nghiém nguyén
vi x+y=8

Néu x+y-8=-2thi (1)< x* +y* +4xy+4=0 . Khi d6: x+y =6,xy =—-20khong c6
nghiém nguyeén.

Két luan: Nghiém nguyén ctia phuong trinh la (x, y) = (2, 8) ; (8, 2).

Bai 109. Phuong trinh da cho c6 dang: x* + 17[y2 +2xy +3(x+ y)} =1740

Chti y rang véi s x nguyeén, x c6 thé c6 dang nhuw sau:

x=17k*r v6i re{0,1,2,3,4,5,6,7,8} va keZ
Tk d6 suy ra: x* € {17k,171<+1,17k+4,17k+9,171<+8,17k+16,17k+2,17k+15,17k+13}.

Nhan thdy rang v& phai 1a 1740 khi chia cho 17 ¢6 s dw 1a 6. Tron khi d6 vé tréi khi chia
cho 17 trong moi treong hop déu khong c6 s6 du 1a 6. Vay phuong trinh da cho khoéng ¢
nghiém nguyeén.

Bai 110. Ta cé:
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(x+y+z)3—(x3+y3+z3) 3(x+y)(y+z)(z+x)
©27-3=3(x+y)(y+z)(z+x)
<:>(x+y)(y+z)(z+x) 8 (*

X+y=aeZ
Dat {y+z=beZ . Khi do: (*)@abc=8:>a,b,ce{il;i2;ir4;ir8}

z+x=cel
Vix, y, z vai tro binh dang nén ta gidi sit: x<y<z=a>b2>c

Khi d6 ta c6: a+b+c=2(x+y+z)=23=6=a>2

. . |b+c=4 b=2
Véia=2taco: = x=y=z=1
bc=4 c=2
.. , |b+c=2 . , . .
Véia=4taco: beo1 (khdng c6 nguyén nguyén)
C=

. . |b+c=-2 b=-1
Véia=8taco: = oSx-5y=4,z=4.
bc=1 c=-1

Véy hé da cho c6 4 nghiém: (x,y,z)=(1,1,1);(4,4,-5);(4,-5,4);(-5,4,4).
Bai 111. Ta c6:

3% +6y* +22° +3x°y* ~18x 6 =0

& 3(x* —6x+9)+6x" +27” +3y’7* =33

©3(x-3) +(3y* +2) (22 +2) =37

D3 dang thy: 3(x-3) <33 & (x-3) <11

Suy ra: (x-3) €{0,1,4,9)

+V6i (x=3) =0=(3y”+2)(2*+2) =37

Nhan xét: 3y* +2>2 va z> +2>2 (¥)

Vay treong treong hop nay phuong trinh vo nghiém

e e R At
7 +4L= 74+ 2=

Khong ton tai gia tri nguyén cua x, y nén trong treong hop nay phuong trinh vo nghiém.

3y’ +2=5

#V6i (x-3) =4= (3y* +2)(" +2)=25. Do (") nén { 2 +2=5

Khong ton tai gia tri nguyén cua x, y nén trong treong hop nay phuong trinh vo nghiém.
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+V6i (x-3) =9:

242=2 242= =1 =-1
3}; + . 3}; + 5<:> y y y
z-+2=5 7z +2=2 z=0 z=0

:>(3y2+2)(22+2):10<:>{

Két luan phuwong trinh da cho c6 4 nghiém nguyén:

(x,y)=(6,1,0);(6,-1,0);(0,1,0);(0,~1,0)

Bai 112. Tim tét cd cic cip s6 nguyén duong (a,b) thoa man ding thikc:
a’-b’+3(@*-b*)+3(a—-b)=(a+1)(b+1)+25.

a’-b’+3(a*-b*)+3(a-b)=(a+1)(b+1)+25

< (a’+3a*+3a+1)— (b’ +3b° +3b+1)=(a+1)(b+1)+25

@+l —(b+1’ =(@+1)(b+1)+25 (*)

bat x=a+1,y=b+1(x,yeZ;x,y22).

Khi d6 (*) tro thanh: x° —y° = xy +25 < (x—y)(X* +xy +y*) =xy + 25 (**)

+ Tl (**)suy ra x>y =>x-y21, ma x> +xy +y’ >0 nén:

x> +xy+y’ <xy+25= x> +y’> <25 = x <4 (1).

+Honntra: x>y va x,y>2 nén xy >6.

Suyra x’ -y’ =xy+25>31=x>>31=>x>3 (2)

Tt (1) va(2) suyra: x=4.Do x>y va y=>2 nén ye{2;3}.

=3
_, thoa (**). Suy ra {ab . la cdp sO can tim.

+ Thr lai, chi co {X

Bai 113. PT < x* +4(y*+7) | = 17[x4 +(y? +7)1

2

o 16x -8x* (y*+7)+(y* +7) 0@[4x2—(y2+7)]2:0
©4x2—y2—7=0c>(2x+y)(2x—y)=7
Do x,y nguyén duwong nén 2x+y >2x-y va 2x+y >0

2x+y=7

Vay { <:>(x;y):(2;3)

2x-y=1
Vay phuong trinh c¢6 nghiém (x; y) = (2; 3)
Bai 114.

X2(y_1)_xyzx_y+1:>y(xz_x+1):5xz+X+1:>Y:5X22+—X+11= +_26X_41 (1)
X =X= X" =X+
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Do xz—x+1=(x—1)2+§>0 va x> —x+1=x(x-1)+1lasd1é
4
Mat khéc y la s6 nguyén nén phai c6 (3x—2)§(x2 —x+1) hay (3x2 —2x)f(x2 —x+1)

Lai co: 3(x2 —x+1)§(x2 —x+1).5uy ra: (x—?:)f(xz—x+1):>(3x—9)§(x2 —x+1)

5 (3x—9)§(x2—x+1) .
Ta co: {(3x—2)3(x2—x+1 :>7.(x —x+1)

S

Néeu X —-x+l=1< [X . ta dwgc nghiém (0, 1); (1, 7)

v x=-2
Néu x“ —x+1=7 <
x=3
Véi x =-2 thi y khong nguyén
Véix=3thiy=7.
Vay phuong trinh cso 3 nghiém (x, y) = (0, 1); (1, 7); (3, 7).

Bai 115. Ta c6: 25=(ac-3bd) +(ad +bc) =8(bd) +(ac—bd) +(ad-bc) <8(bd)’.
Suy ra (bd)’ < %5 <4 ma bd nguyén nén |bd| <1
V6ibd =0 thi ta tim dwoc cac bd s8 (a, b, ¢, d) nhu sau
(1,0,4,3),(-1,0,-4,-3),(4,3,1,0),(-4,-3,-1,0)
Bai 116. Ta c6: 2x° +3y” +22° —4xy +2x2-20 = 0.

& (xmy+2) +(x—y) +(y+2) =20,

Ta thay 20 chi ¢c6 moét dang phan tich thanh tong binh phuwong 3 s6 d6 la:
20=0+2*+4*Do x-y+z>0,y+z>0=>x-y=0

Tt day ta giai ra duge nghiém x =y =z =2 tirc la tam giac déu
Bai 117. Gia st phuong trinh ¢6 nghiém dwong (x, y)
Vi cac s6 duong a, b ki hiéu (a, b) la wéc chung 16n nhét cta a va b.

Dat (x,y):d taco x=dx,,y=dy, véi x,y, e N va (xl,yl)zl. Khi d6:
(1)<:>d(xf+yf):(xl+y1)2 +(X1Y1)Z (2)
Véiluu y rang (x,y, )2 (x,+y,) (3)

T (x,,y,)=1 suy ra (x,y,,x,+y,)=1. K& hop véi (3) ta dugc x,y,i(x,+y,) va d6 dé

X, +y, =1, mau thuan véi x,,y, eN
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Vay phuong trinh da cho khong cso nghiém nguyén duong.
Bai 118. Xét phuwong trinh:
Xy’ —4xy’ +y? +x* =2y -3=0
=3 (Xy3 +1)—4(xy3 +1)+(y2 —2y+1) =0
<:>(xy3+1)(x2—4)+(y—1)2 =0 (2)
Ta thdy vdi x, y 1a s6 tw nhién thi :
xy>+1>0, (y-1) 20
Do dé x*—4<0 . Nghia la x chi c6 th€ 18y cac gia tri 0, 1, 2
Véix =0 thay vao (2) ta dwoc: y? -2y —3 =0 hay y =-1 (loai) hoac y = 3.
Véix =1 thi3y®+3 - (y-1)>=0 (vO nghiém)
Véix=2thiy=1
Vay phuong trinh da cho c6 2 nghiém la (2, 1) (0, 3).
Bai 119. Phuong trinh da cho twong dwong voi :
22 +(y—-2)x+y* -2y =0 (1)

Xem day la phuwong trinh bac hai theo an X

A=(y-2) —-8(y* -2y)=-Ty* +12y +4=(y-2)(-Ty-2)

DPé (1) c6 nghiém thi A20<:>_72£yﬁ2 do yeZ<:>ye{O,l,2}

X=
o Vi y:0:>2x2=2x<:{ .
X =

x—_—l(loai)
e Véiy=1le2X-x-1=0<|" 2
x=1
e Véiy=2o2x"=0<x=0

Vay tap nghiém ctia phuong trinh 1a (0;2);(1;1);(1;0);(0;0)

Bai 120. Ta co: x? —xy+y2 :%(x+y)2 +%(x—y)2

X— 3 9 3
—xz—xy}:—yz :7<:>7(x—y):3(x2—nyryz)<:>7(x—y)=z(x+y)2+Z(x—y)2
Dat p=x+y,q=x-y
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Khi d6 ta c6: 28p=3(p”+3q°) (2), tir d6 suy ra 28pi3=pi3 . Ditp=3k (ke Z)
Thay gid tri cia p vao (2) ta co: 28k = 3(31(2 + qz) (3)
Suy ra k§3:>k:3m(m eZ) .
Thay k =3m vao (3) ta duoc:

28m:27m2+q2:m(27m—28):—q2SO:OSmS%:mzovmzl

Véim=0thiq=p=0suyrax=0,y=0 (loai)
Véim=1thip=9vaq=1hoacq=-1.

T désuyrax=5 y=4hodcx=4,y=5

Vay phuong trinh cé 2 nghiém (x, y) = (5, 4); (4, 5).

Bai 121. Vi x,y nguyén duong nén l6(x3 - y3) =16xy+371>0= x> Y.

Ta lai c6 15xy=16(x3—y3)—371 lasdlénén x,y déulé.suyra y>Lx>y>1=x>3.
Xét x=3= y <3= y=1 thay vao phuwong trinh thdéa man.

Xét x>5 tacod x—2>y, suy ra 16(x3—y3)216[x3 —(x—zﬂ =16(6x"-12x+8).

Mit khéc 15xy +371<15x(X—2)+371=15x" —30x +371. Ta chttng minh

16(6x° ~12x+8) >15x" —30x + 371,

Thét vdy, 16(6x* —12x+8) >15x* —30x +371

< 81x* -162x—243> 0 < x> = 2x—3>0 < (x+1)(x—3) >0 dung v6i moi x>5.

Suy ra 16(X3— y3)>15xy+371 véimoi X>5.

Véy phuong trinh cé nghiém (x;y)=(3;1).

Bai 122. Ta c6: (x—y)(2x+y+1)+9(y—1)=13< 2x* + Xy + X —2xy —y* -y +9y—-9-13=0

(2x2 —2xy+6x)+(xy—y2+3y)—(5x—5y+15):7c> 2X(x—y+3)+y(x—y+3)-5(x—y+3)=7
< (x—y+3)(2x+y-5)=7

+ THI. {x—y+3:1 c>{x—y=—2

<
2X+y—-5=7 2x+y =12 16
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X_10
X—y+3=7 X—y=4 T3
eTH2: {0 T =0 ol 3 (loai)
2X+y-5=1 2X+y=6 -
Y=—
3
X—-y+3=-1 X—-y=-4 X=-2
+TH3: Y SNV o (thoa man)
2X+y-5=-7 2X+y=-2 y=2
X—=y+3=-7 X—y=-10 X=-2 . .
+TH4: = & (thdéa man)
2X+y-5=-1 2X+y=4 y=8

Vay pt da cho c6 nghiém nguyén (x; y) la: (—2; 2), (—2;8).

Bai 123. Diéu kién: x’ +xy +y* #0. Ttr phuwong trinh suy ra x —y # 0. Bay gio ta viét lai
phuong trinh da cho dwéi dang

13(x—y)=7(x2+xy +y2) (1)
Tt day, ta co 13(x -y ) chia hét cho 7. Ma (14,7 = 1) nén x —y chia hét cho 7. (2)

Mat khdc, talaicd x> +xy +y° :%(x—y)va%(x +y)2 Z%(x—y)z

Do d6, két hop voi (1), ta suy ra

13(x—y)2 (x—y)2

&

Tt d6, voichay x —y #0, tacd ddnh gid O<x —y <57—2.Ké'thopvc’yi (2), taduwoc x —y =7

vax’+xy +y°=13.

=

—y = =4
Giai hé phuong trinh x2 y=7 5 |V

x“+xy +y =13 x =4

y=-3

Bai 124. Ta ¢6 b? +¢? = a? :(b+c)2—2bc:a2 :>(b+c)2—4(a+b+c):a2
:>(b+c—2)2 :(a+2)2.

Vib>c>1nén b+c-2>1do do
b+c-2=a+2=a=b+c-4=b’+c’=(b+c-4) = (b—4)(c-4)=8.

Vi b-4>c-42>-3 nén cd cac truong hop sau

=a=13.

{b—4:8 {ble
THI:

=
c-4=1 c=5
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TH2: {
C

Bai 125. Diéu kién x=0.
bat a=x++2018 = x=a-+/2018

étbel  J30m8~ 1 01§ - @J/2018+2018
X a—-~/2018 a—J2018
= b(a—+/2018) = 2025 -2a+/2018

— ab-2015= (b—a)+/2018

Voi a,beZ
= ab-2025eZ = (a-h)v/2018 =0
=a=b

— a=b=+2025 =+45

+ a=45=> x=45-+/2018

+ a=-45= x =-45-+/2018

Bai 126. (x—2018)" = y* —6y° +11y’ -6y < (x—2018)" +1=(y’ —3y+1)2

& (x-2018)° -(y* —3y+1)2 =1 (y? -3y —x+2019)(y* -3y +x-2017) =1

Vicdp X; Y nguyén nén:

y? —3y—x+2019=1 x=2018 x=2018;y=0
THI1: =9, < '
y?-3y+x-2017=1 [y*-3y=0 " [x=2018y=3

y? -3y —x+2019=-1 X =2018 x=2018;y =1
TH2: AN < -
Y -3y+x-2017=-1 " |y’ -3y+2=0 |x=2018;y=2

Vay phuong trinh c6 cic nghiém (x; y) € {(2018;0),(2018;1),(2018;2),(2018;3);
Bai 127. Dat b =qa;c=g”a(q>1) thi ta duoc a(l+q+q°)=91=137.

Truong hop 1: Néu q la s6 tie nhién thi ta dugc

a=1 a=1
o =a=1b=9,c=81.
1+9+q*=91 |q=9
a=7 a=7
, = =a=7b=21c=63.
1+9+q° =13 q=3

a=13 a=13
o = a=13b=26;c=52.
1+q+9°=7 q=2
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Y ~ \ ~ ~ ? \ .2 ? X
Truong hop 2: Néu g la s6 httu ty thi gia st q=—(x>3;y>2).
y

Khi do a(1+q+q2):91<:> a(x2 + XYy + yz):9ly2 (x2 +Xy+Yy° 219)
2

Ta c6 c=%eN:>%eN:>a=ty2:>x2+xy+y2=91:>x=6;y=5.
y

va a=25;b=230;c=36.

Vay c¢6 8 b s6 (a;b;c) thoa man(1;9;81),(819;1),(7;21;63),(63;21,7);...

Bai 128. Ta co: x(x+l):n(n+2)<:>x2 +x+1:(n+1)2 (1)
V6i x €N thi: x> <x” +x +1<(x+1)" nén x> +x +1 khong phai 12 s8 chinh
phuong ma (n + 1)2 la s6 chinh phuong véi Vn € Z, do d6 (1) khong xay ra.
Vay véi moi s6 nguyén n cho truede, khong ton tai s nguyén duong X sao cho
x(x+1)=n(n+2)
Bai 129.
1) Pt M=1+Vx +I1-Vx (x>0)
2 2
Ta cé M® = 2+3(%/1+&) %/1—\/;+3%/1+\/§(%/1—\/§) —243MYL—x <2+3M (Vi
A—x <1 ¥vx>0)

= M*-3M-2<0
& (M+1)(M*-M-2)<0

& (M+1)*(M-2)<0
{M:—l
f—
M <2
. {a\3/1+\/§
bat

(a=1,b<1)
b=31-x

+) Véi M=-1, ta cod {

a+b=-1 a=-1-b
2 1b0=2" |~(1+3b+307+b°)+ b7 =2

a=-1-b AA 1
<9, = hé vo nghiém
b*+b+1=0

H)Véi M<2oa+b<2e(a+h) <8< a’+b*+3ab(a+b)<8

oab(a+b)<2<ab(a+b)<a’+b® < (a+b)(a-b) >0
{azb

=
a+b=>0
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Néua=bo2a’=2<a=1<x=0
Néu a+b>0=0<M<2.Vi M nguyén nén M ={0;1;2}

a+b=0 a=-b A A A
e M=0= 2<:> = hé vO nghiém

a®+b®= 0=2
a+b=1 a=1-b a=1-b
[ M:l:} = <~
a®+b®=2 a’—ab+b*=2 1-2b+b’-b+b%>+b*=2
[, _3-v2
6
3+4/21
b= +e\3/— b_3+x/ﬂ
a=1-b i 6
= = _ o
3% -30-1=0" || b=2 621 34 o1
a=
6
a=1-b
,_ 321
L 6
,_ 3121 1+\&=9+2\/Z .
Két hop diéu kién ta duoc 6 S 9 sSx=— (TM)
3-421 9-2421 27
b= 1-x =2 2¥2
6 9
a+b=2 a=2-b 4—4b+b?>-2b+b*+b*=1
a®+b’=2 a’—ab+b?=1 a=2-b

b=1
& < x=0(TM)

a=1

A y 28 e
Vay vdi x =0 hoac X:E thoa man yéu cau bai toan.

Bai 130.Gia thiét < 3(x—3)° ~18y? +22% +3y*z* = 54(1)
+) Lap luan dé z*:3=12:13=2*:9= 2" >9(%)

(1)< 3(x—3)* +22% +3y*(2* —6) =54(2)
(2)= 54 =3(x—3)* +22° +3y*(z* —6) > 3(x-3)* + 2.9+ 3y>.3
(x—3)*+3y* <12

=y’ <4= y? =1y’ =4 viynguyén duong
Néu y* =1<> y =1 thi (1) c6 dang:

3(x—3)2+522 =72=57°<72=>17° 37—52: 22 =9 =z =3(vicd(*))

Khi dé 3(X—3)2 =27T= (X—3)2 =9, x nguyén duwong nén tim duwgc x =6
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Néu y* =4 < y = 2(vi y nguyén duong) thi (1) c6 dang:

3(x-3)" +147° =126 > 147° <126 = 7* <9 = 7* =9 = 7 = 3(vi z nguyén duong)

Suy ra (X—3)? =0 = X = 3(vi x nguyén duong)

I
w P o

A

X
Papsdo <y =
Z

W W

X
Y
z

Bai 131.

a) Tim cac s6 nguyén duong x, y théa man x° —y® = 95(X2 + y2)

e Phin tich va 1oi giai. Dit d = (X,y) khi d6 z = da;y = db vdi a,b € N* va (a,b) =1.
Va phuong trinh trd thanh d(a - b) (au2 +ab + b2) =95 (aQ + b2>

Vi (a2 +b*a’+ab+ bg) =1nén a’>+ab+b? = (a — b)2 — 3ab la wdc cua 95 = 5.19, wdc

nay chia 3 du 1 hodc 0 va 1én hon 1 nén chi c6 thé' 1a 19, nhu vay (a — b)2 —3ab =19

a—b=1 a=26 z =195
Tt d6 ta duwoc —_ & =d=065=
a.b =

Vay cdp so nguyén duong thoa man bai toan la (z; y) = (195; 130)

2 2
b)Timcécs@'thucx,ythéaménx 4+y 4+8:4(\/x—1+\/y—1)-
T Yy

e Phan tich va loi giai. Tt hé thic bai toan cho ta c6 diéu kién xac dinh la z > 1;y > 1. Hé

thirc da cho cé chira ca bién & mau va chita ca can thiee bac hai, do d6 dé tim dwoc cacx, y

thoa man ta sé bién doi hé thire da cho vé dang tong cac binh phwong. Ta c6
2 2
T —4 o
+4

18=4 \/a:—l—i—\/y—l)
z y

2 o 2 4 _1
o2 4 daNz -1 y =4 Ny L4—0
Y

— +4+
x x Y

<:>l(x2—4+4x\/x—1+4x)—|—l(y2—4+4y\/y—1—|—4y):0
z Yy
2 2
1 T —2 x—l) +l(g/—2\/y—1) =0
Y

P
X

Viz>1;y >1néntacod

1 > z r-Nr—1=0 [2=2
—(x—Z z—l) +—(y—2«/y—1) N o
T Y y—2Jy—1=0 y=2
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Thtr lai ta thay <£U; y) = (2; 2) thoa man yéu cau bai toan.
Bai 132. D&y rang 2x+y = (3x+2y)—(x+y) nén phuong trinh da cho duoc viét lai thanh
(x+y)(3x+2y)2 =(3x+2y)—(x+y)—1
Dit a=x+y;b=3x+2y.Khi dé tacé ab’=b—a-1 hay a(b2 +1):b—1.
Tir d6 suy ra b—1 chia hét cho b®+1. Do d6 ta duwgc b*>+1—(b-1)(b+1) chia hét cho
b* +1 hay 2 chia hét cho b*>+1.Suy ra b’ +1e {1;2} nén b e {—1;0;1}.
+Véi b=-1 ta duoc a=-1, khi d6 ta duoc (x;y) = (1; —2) .
+V6i b=0 ta duwoc a=-1, khi d6 ta duoc (x;y) = (2; —3) .
+Véi b=1 ta dwoc a=0, khi d6 ta duoc (x;y) = (1;—1) .
Vay céc cdp sO nguyén (x; y) = (1,' —2),(1; —2),(2; —3) thoa man yéu cau bai toan.
Bai 133. Trudc hét ta chiing minh bd dé: Vi moi sd nguyén t6 ¢d dang p = 4k + 3 thita

ludn cd

afp<a,b € Z)

o +bip e
b:p

That vay, ta xét hai treong hop sau
+ Truong hop 1. Néu mét trong hai sd a va b chia hét cho p thi ta suy ra diéu can ching
minh.

+ Truong hop 2. Néu ca hai s a va b cung khoog chia hét cho p. Khi d6 ta ¢

(a;p)z (b;p) =1.

P—— 1(mod p) g = ) = a4 b" = 2(mod p)

(mod D

p—1 =1 od 4k+2 =1 od
Theo dinh li Fecmat ta co [a (m p) {a (m p)

‘ 2h+1 241 , . o
Mat khac ta 6 a**** + 5" = (a2) s (b2) " chia hét cho a’ + b nén chia hét cho p.
Ttr d6 suy ra 2 chia hét cho p, ma p 1a s6 nguyén td nén ta dwgc p = 2. Diéu nay mau
thuan vi p 1a s& nguyén té 1é.
Nhu vay treong hop 2 khong xay ra hay bo dé duoc chitng minh.

Tré lai bai todn. Do 4617 chia hét cho 19 nén 122° + 262y + 155”119 hay ta duoc
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122° — 122y + 15y + 382y:19 < 122> — 122y + 157119
& 3(4:62 —dzy + 5y2)519 & 42° — dzy + 5y° 119

& (49&2 — 4y + yQ) +4y°119 & (2x — y)2 - (2y>2 19
Do 19 la s6 nguyén t6 c6 dang 4k + 3 nén dp dung bo dé trén ta suy ra duoc

{235—3/519

2y:19 2y:19 2y:19 y:19

3z —2y:19 {395219 1x319

Tt d6 ta dwoc 42 — 4zy + 5y :19°. Didu ndy dan dén mau thuan vi 4617 khong chia hét
cho 19°.
Vay khong ton tai cdp sO nguyén (:c; y) thda man yéu cau bai toan.
. . 2
Bai134. Tacd x' +2x° =y & x' +2xX* + 1=y’ +1 & (X2 +1) z(y—|—1>(y2 —y+1).
Goi d = (y+1;y2 —y+1). Khi dé ta c6 <y+1)25d va y® —y +1:d nén ta duoc
2 . .
(y+1) —(y2 —y+1>:d = 3y:d
Do d la nguyén t6 nén ta c6 hai truong hop
c o 2 2 2 . A 2 2. 2 : aa \
+Khi 3:d ta duwoc (x + 1) = (y + 1)(y -y+ 1):9 nén (x +1) :9 = x” +1:3. Diéu nay

vO ly vi s6 chinh phwong chia cho 3 khong thé c6 s6 du la 2.

+Khi 3:d ta duoc yid, kéthop v6i y +1:d tasuy raduwoc d =1.
Do d6 (y+1;y2 7y+1)=1.
Khi do6 do (y + 1)(y2 -y + 1) la s6 chinh phuong nénta dat y +1=a%y’ -y +1= b’
trong do a, b 1a cac s6 nguyén duong va (a;b) =1. Tk @6 ta duoc
. 2
b =(a2 —1) —(a2 —1)<:>4b2 — 4a' —12a’ —|—12<:>(2b—2a2 +3)(2b+2a2 +3):3
2 ‘
Vi (2b>2 > (2a2 - 3) = 2b > 2a’ — 3 nén ta xét cac truong hop sau

. 20-2a+3=1 |b=1
+ Treong hop 1. Véi |

26 +2¢>—3=3 = o =9 h¢ khéng ¢6 nghiém nguyeén.

. L 20—-2a*+3=3 |b=1 a=1 |y+1=1
+Tru’onghc_yp2.V01«2b+2a2_3:1<:>a2 1<:>b =1, sr=y=0.
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Tht lai vao phuong trinh ban dau ta thdy thoa man. Vay phuwong trinh ¢6 nghiém duy
nhat la (0;0).

Bai 135. Nhan xét: a; b 1a cic s6 nguyén thda man a* +b*:3 thi a; b:3 that vay, vi
a? 50,1(m0d3); b2 EO,l(mod?)).
a* = O(mod 3)

&a, b3,
b2 EO(modB)

suy ra a’ +b? EO(IIIOd?)) @'

Phuong trinh twong duong véi (6x2 + 9y2) - (x2 + yz) =28-9%,

x? = O(mod 3)

) of d3):>x:3x1;y:3y1(xl;y1€Z).
y°-=0(mo

suy ra x* +y> =0(mod 3) :>'

Thay vao phuong trinh ta thu dwoc 5-9x7 +8-9-y7 =28-9°
& 527 +8-y7 =28-9%.
Lap luan teong tu ta thu dwoc x; =3x,; y; =3y, (x,; y, €Z).
Va nhan duoc phwong trinh 5-9x3 +8-9-y5 =28-9°
& 545 +8-y5=289.

Tuong tu ta ¢ x, =3x5; ¥, = 3y; (x3; y5 €Z) va thu dwoc 5-x3 +8-y3 =28 .

Tt phwong trinh suy ra y3 < % <22

2*Oéxzf§
Suy ra Y3 37 5 $x§:22;y§:1.
y§:1:>x§:22

=7 =927 7 =97 = x? =93.2%, 2 =97,
Dépso: x=2-3%;y=3%, x=2.3%, y=-3>, x=-2.3%, y=3%, x=-2.3%, y=-3°.
Bai 136. Phuong trinh terong dwong véi
(x+y+1)(xy+x+y)=2(x+y+1)+3
&(x+y+1)(xy+x+y—2)=3.

=x+y+1 lawdc cua 3.

(vOo nghiém).

1=1 =
+ Gidi {x+y+ 1x+y 0

xy+x+y—2=3 |xy=5

+ Giai 1x+y+ ©1x+y @135

Xy+x+y—2=-3 y=—1

+ Giai 1x+y+ @{ery @{x

xy=1

xy+x+y—-2=1 |xy=1 y=1
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1=-3 ——4 .
+ Giai 1x Ty = {x Ty (vO nghiém).

xy+x+y—-2=-1 |xy=>5
Vay (x y)=(1,-1), (1 1).

Bai 137. Ta co:

(l+ xz)(1+ y2)+4xy+2(x+ y)(1+xy)=25.< (xy +1)% + 2(x+y)(1+xy)+(x+Yy)* =25

S (XY +1+x+y) =25 (x+1)%(y+1)° =25
Vix, y khong amnén (x+1)(y +1)=5taco (x;y)=(0; 4); (4; 0)
Bai 138. a) Goi X, X, € Z la nghiém ctia phwong trinh (1), Theo Vi-ét ta co:

=a+b
{xptx2 a+ *

XX, =5a+2

. , {5x1+5x2=5a+25
Tt (*) ta co
XX, =5a+2
= (% —5)(x,-5)=2=12=2.1=(-1).(-2) = (-2).(-1)
Suy raa=8hoaca=2

b)Taco: 402" & Ly hx —xx =198
a co: — XX, =—
XX, =198 —a fER TR

< (% -1)(x, -1) =199
Do 199 la s6 nghuyén t& nén:
(% =1)(%, ~1) =1.199 =199.1 = (~1).(~199) = (~199).(-1) = a =198 hoica = -2
Bai 139. Dat u=x+y, v=x.y.
Ta cd: X°+y° +1=3xy < (x+ y)3—3xy(x+ y)+1-3xy =0
Hay u®-3uv+1-3v=0< (u +1)(u2 ~u +1)—3v(u +1)=0<(u +1)(u2 ~u +1—3v) =0.
Vix,y>0=u=x+y>0=u+1#0

Vay u’-u +1—3v=0:>v=%(u2 —u +l)

X+y=u

Ta phai tim x,y nguyén dwong sao cho:
P y ety & x.y:%(uz—u+1)

Suy ra x, y la hai nghiém ctia phuong trinh bac hai:

1
X% —uX +§(u2—u+1)=0

Ta co A=—%(u—2)2<0 néu U= 2. Vay ta phai cé: u=x+y=2:x=y=%=1.

TU SACH CAP 2| 472



BOI DUONG HOC SINH GIOI CAP 2 |

Bai 140. Ta c6:

PT & y* +2y® +3y* + 2y = x* + X
S +2y +y)+2(y2 +y) +1=x" +x+1
S (YY) +2(y +y)+1=x"+x+1

S +y+D? =x*+x+1
Patt=y? +y+1 thi teN vat>1, ta duoc:

t? =x*+x+1 4% =4x° +4x+4

& 47 —(2x+1)" =3

o (2t-2x-1)(2t+2x+1)=3

Cht y rang 2t + 2x+1>3 nén ta c6 2t + 2x + 1 =3 va2t—2x-1=1
Suy ra phuong trinh cé nghiém nguyén khong amlax=0;y=0

Bai 141. bBat p=x+y;q=x-y thi x= ID;rq,y= p;q

Thay vao (1) ta dwoc 28p = 3( p’ + 3q2) ()]

Tt (2) suy ra: 28p : 3ma (28,3) =1 nén p :3, dat p = 3k.
Thay vao (2): 28k =3(3k” +q*) = ki3 dat k =3m ta duoc
m(28—27m)=0*=m=0 hodcm=1.
Néum=0=>x=y=0
Néum=1=>x=5y=4hodacx=4,y=5

Viy (xy) € {(0:0).(5:4),(4:9)

Bai 142. Phuong trinh da cho twong duong voi:

17y? +34xy +51(x+y)-1734=6-X*

Vé€ trai cua phuwong trinh chia hét cho 17.

bit x=17k+r(ne N,0<r <16)
Dé thdy x*—6=(17k +r)’ -6 khong chia hét cho 17.

Vay phuong trinh khong c6 nghiém nguyén.
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Bai 143. Chu y rang moi s6 hitu ti déu bidu dién duoc duy nhat dudi dang lién phan s6:

a_g . 1
b 1
O + 1
Q, + 1
R
L+
o
Véi q,€Z;9,,9,,...q, e N'vaq, >2
Phuong trinh da cho twong dwong voi
2 2
xy+x+x3{ +2y=§<:>(x+y)+ 1=5+ 11
Xy+ X+— 2+~
y 3

Tiedosuyra x=2,y =3.

Bai 144.

Ta viét lai phuong trinh: (X+y+1)(xy+x+Yy)=2(x+y+1)+3< (x+y+1)(xy+x+y—2)=3

= x+y+1lawdcctald

Xy+X+y—2=3

m{x+y+1:1 {x+y:0
+ Giai =
Xy =5

L x+y+l=-1 X+y=-2 x=-1
+ Giai & Rt y=-1

Xy+X+y—-2=-3 xy=1

X+y+1=3 X+y=2 x=1
+Giéi{ Y <:>{ d @{

( Vo nghiém)

Xy+x+y—-2=1 xy=1 y=1
X+y+1=-3 X+y=-4

+Giail Y = Y77 (V6 nghiem)
Xy+Xx+y-2=-1 Xy =5

Vay: (xiy)=(5-1)(11)
Bai 145.

Ta viét lai phwong trinh:

4% +2x(4y+1)+3y* +y+2=0

2 2
< 4x? +2.2x.(4y2+lj +(4y2+1j +3y° + y+2—(

4y +1)2 0o
2
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4y+1j2_{4y2+4y+1j__2
2

Hay:[2x+ 2

2 2
(2x+ 4y2+1j —(2y+1J =2 (2x+y)(2x+3y+1)=-2

2
Ta co cac treong hop xa yra:
2x+y=1 2x+y=1 y=-2
: = =N :
THL: | 2x 43y +1=-2  |2x+3y=-3 x:g (loai)
2x+y=-1 - 2x+y:—1c> y=1
TH2: ox4+3y+1=2 " |2x+3y=1  |x=-1(thoaman)

1
2X+y=-2 - 2x+y:—1<:> y=5
TH3: |2x+3y+1=1" |2x+3y=0 — | _ 3 (loa)

4
1
2X+y=2 2x+y=-1 y__f
. =S = o
TH4: | 2x 13y +1=-1 " |2x+3y=-2 y _i(thoaman)
4

Vay phuong trinh ¢6 nghiém duy nhat(x;y)=(31)
Bai 146.
Ta viét lai phwong trinh: (x - y)(x2 +xy+Yy°)=91=137

Vi(13,7) =1vax® +xy + y* > 0 suy ra cac kha ning cé thé xay ra la:

X—y=7 . |x-y=13
hoac
x> +xy+y?=13 XC+xy+y> =7

Ta tim dwoc nghiém:(X;y)=(6;5);(-5,-6);(4;-3);(3,-4)

Bai 147.
Ta viét lai phuong trinh: X° +X+1=y(X+2), d¢y rdng X =-2 khong pha la nghiém caa
3 2(x+2)-2 2)+5(x+2)-9
X +x+1<:>y:x (X+2)—2x(x+2)+5(x+2)

huwong trinhnénsuy ra y =
P & y y +2 X+2

hay

y =X —2X+5—L2, dé x;yeZ= x+2eU(9). Tt d6 ta tim dugc cac nghiém ctua phuong
X+

trinh 1a: (X;y) =(-11149);(7;39);(-5;43);(-3;29);(-1-1);(L1).
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Bai 148.

Str dung hang dang thitc: a® —b® = (a—b)’ +3ab(a—b) ta cé: (*) tuwong dwong voi

(x— y)3 +3xy(x—y)=xy+8.Ddt x—y=a,xy=b vdi a,b e Z phwong trinh tro thanh:
a’+3ab=b+8<a’-8=-b(3a-1)=a’-8i3a-1

Suy ra 27(a’-8):3a-1<> 27a°~1-215:3a-1. Do 27a°~1=(3a-1)(9a’ +3a+1):3a-1, suy
ra diéu kién can la: 215:3a—1, cha y rang 215=43.5.Ttr 46 ta im duoc a=2,b=0suy ra
céc cdp nghiém ctia phuong trinh la:(x;y) =(0;-2);(2;0).

Chu y: Véi cac phuong trinh duwa dugc vé an x—y; xy hodc X+ Y; Xy ta dung phép dat an
phu d€ chuyén thanh bai toan chia hét.

Bai 149.

T gia thiét ta suy ra X* —2ixy +2hay y(x2 - 2)5 xy +2. Ta c6 phan tich sau:
y(x*—2)=x(xy+2)—2(x+y)suy ra 2(x+ y)ixy+2 hay 2(x+y)=k(xy+2)véi ke N*.
*Néu k>2thi 2(x+y)=k(xy+2)22(xy+2) < x+y2xy+2 < (x-1)(y-1)+1<0.
Ditunay volido x,y>1.Vay k=1 2(x+y)=xy+2< (x-2)(y—2)=2 . Ttr d6 tim duoc
(xy)=(3;4);(4:3).

Bai 150. Dat z = y—2, phuwong trinh da cho tro thanh:

(x+2)2 z+(z+2)2 X+26=0< (x+2z+8)(xz+4)=6 tlr dd suy ra x+z+8eU(6). Giai cac
treong hop ta thu duoc cdp sd (X; y) thoa man diéu kién la:
(x%y)=(L-1);(-3;3);(-10;3);(3;,-8).

Bai 151. Dat d =(X,y);d >1suy ra x=ad;y =hd véi (a,b)=1. Tt phwong trinh ta cé:
d(a-b)(a’+ab+b*)=95(a’+b’). Vi (a,b)=1 nén (a’+ab+b’;a* +b*)=(ab;a’ +b*) =1
Suy ra a’ +ab+b? U (95). Néu a’ +b”+abi5= 4(a’ +b’+ab):5= (2a+b)’ +3b*i5. Mot s§
chinh phuong chia 5 chi c6 thé du 0; 1; 4. Suy ra a,b:5 diéu nay trai véi gia thiét(a,b)=1.
Vay a’+ab+b’=19,do a>b>0=b=2;a=3 la cdp s6 duy nhat thoa man: Ttr d6 tinh
dugc cip nghiém cua phuwong trinh 1a: (x;y) =(195;130).

Bai 152. Ta viét lai gia thiét thanh:

(x2 +2)2 :(y2 +3)2 +(y4 +x2y? +5y2)(x2 +2)2 —(y2 +3)2 = yz(x2 +y° +5)
Hay (x*+y®+5)(x’ -2y’ -1)=0< x> -2y* =1 (x-1)(x+1) = 2y?

Suy ra (x—1)(x+1):2hay x—1hodc X +1chia hét cho 2. M4t khéc ta co:
X+1—-(x-1)=2:2nén ca 2 s6 x+1,x—1deéu chia hét cho 2. Do d6 (x—1)(x+1):4=y:2, ma

y la sd nguyén td nén y’:2=> y=2 . Thay vao ta tim dugc x=3.

Bai 153. Dit (x,y)=d >1suyra x=ad,y=bd vdi a>b,(a,b) =1 thay vao phuong trinh ta
c6:a%d° —b%d® =13(a%d® —bd®) <> d (a—b)(a? + ab+b?) = 13(a” +b?) = 13(a® + b?): (a? + ab + b?)
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Ta lai cé: (@ +b% a” +ab+b?*) =(a® +b* ab) =1
2 2:
a“+b:d ) )
That vay gia st (a2+b2,ab):d1:{ bid ' giast aid, =bid,
abid,
Ma (a,b)=1=d, =1 . Nhu vay ta c6: a? +b* khong chia hét cho a? +ab +b?

Suy ra 13:a* +ab+b* = a*+ab+bh*=13=>a=3,b=1=x=15,y=5

16a’+b*+14b+49 16

Bai 154. Dat x’ =a,y’ =b ta viét lai phwong trinh thanh =
(a+b+7) 17

16a% +b? +14b+ 49 _16
(a+b+7)2 17

Hay =16(a+b+7)" =17.16a> +17(b +7)? hay

256a ~32(b+7)+(b+7)" =0 (16a~b-7)" =0<16a-b-7=0 hay 16x’ - y* =7

Ttcla (4x—y)(4x+y)=7 do x,y la s& tw nhién nén ta suy ra {4x+y:7 y=3

Ax—y=1 {x:l
=N

Bai 155. Dé thdy véi x =0hodc y =0 khong thoa man.

Xét |X|,|y| >1 do vai tro nhue nhau, gia st |X| Z|y|

Khi d6 ta cé x* —xy+y* <3x* =y’ <8=ye{+1;+2}.

+Néu y=1=x*—x+6=x>=x=6.

+Néu y=-1=x"+Xx+6=x> = x=-6.

+Néu y=2=x*-2x+4=4x>-5=x ¢ Z loai.

+Néu y=-2= X" +2Xx+4=4x>-5= x ¢ Zloai.

Dép s8: (x;y) = (6,1),(-6;-1),(L6), (-1 -6).

Bai 156. Tt diéu kién x+y—z=2 suyra z=x+Yy—2 thay vao diéu kién ban dau ta co:
3x2+ 2y —(x+ y—2)2 =13. Hay 2x* +y? —2xy—4x+4y-9=0

& Y2 -2y(x=2)+2x* ~4x-9 & y? —2y(x-2)+(x-2)" +2x* ~4x-9—(x-2)" =0
<:>(y—x+2)2+x2 =13=4+9, suy ra x* =4 hodc x*=9 < x=2 hodc x=3.

Néu x=2 suyra y=3 =2=3,néu x=3 suyra (y+1)2:4:>y:1::>2:2.

Vay 6 haibd 3 5 (X; y;2) théa man diéu kién 1a (2;3;3) hoac (3.1;2).

Bai 157. Ta thdy x =y =0 la m{t nghiém cta phuong trinh.
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x=md
Véi x,y#0 giastt (x,y)=d =< y=nd thay vao phuong trinh ta duoc:

(m,n)=1
m*d?(md +nd):(md—nd)2n2d2<:>m2(m+n):n2d(m—n)2:>m2(m+n)5n2

(mz’ 7)=1

Do (m,n)=1 ( ) :>n2:1:>n:J_r1.
Néu n=1=m?(m+1): (m 1) = m+1i(m- 1) = m+1lim-1=me{3;2;0;-1} ttr d6 tim duoc
cac cap nghiém (X;y)=(27;9),(24;12).
Néun=-1= mz(m—l)zd(m+1)2 = m-1m+1=me{-3;-2;0;1} , kiém tra khong co gia
tri nao thoa man.
Bai 158. Dé thdy véi X=0 hodc y =0 khong thoa man.
Xét |X|,|y|21 do vai trd nhu nhau, gia st |x|>|y|
Khi d6 ta co x> —xy + y* < 3x°
Suy ra X’y? =x*—xy+ Yy’ +5<8x* = y* <8= y e {+1,+2}.
+Néu y=1=x*-x+6=x"=x=6.
+Néu y=-1=>x"+x+6=x>=>x=-6
+Néu y=2=x*-2x+4=4x*-5=x¢ Z loai

+Néu y=-2=x"+2x+4=4x* -5=x¢ Z loai
Dép s6: (x;y)=(6;1),(-6;-1),(16),(-1-6).

Bai 159: Dat u=x+y;v=xy, ta co:

uv’ =v+u-3=0, ta phai co:

A, =1-4u(u-3)20=>u<3=ue{0,1,23}.
Dép s6: (0;3),(3;0), (L1)

Bai 160. Ta viét lai phuong trinh thanh:
2"-7=1

22—y =37 (2 —y)(2¥ +2 .y +y?) =137T=
y (2" = yX y+y?) {22X+2le+y2:37

Thay 2" =y +1 ta cé:
(Y+D)?+(y+Dy+y* =37y +y=12 y(y+1)=34=y=3,x=2

Vay phuong trinh c6 nghiém la (x; y) = ( 3; 2)

Bai 161. Ta thay cap s6 ( 0; 0) la mot nghiém ctia phwong trinh trén
Néun =1 thi ¥x = y = x = y?(x < 0) vay nghiém ctia phuong trinh trén (x; y) 1a ( 2 t) véi

teN
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Néun=2thi yX++/X =y = x+/x = y* = J/x = y2 = x = +/x 14 s6 tw nhién
= /x =t v6i t e N Khi dé t(t+ 1) = y2nhung t* <t(t+1)< (t+1)° nén t* < y? < (t+1)’

biéu nay khong xay ra véi t > 0 va phuong trinh chi ¢6 nhiém (0; 0)

Véi n>3 tacd \/X+\/X+\/X+...+\/_ =y?>—X trong d6 v€trdilan-1d&u cin; dat
y?—x=y, lasdnguyén duong. Tiép tuc lam nhu vay nhu thé n - 2 [an dan dén

X+/X = y2h2 — X

Nhu vay ta lai tré vé treong hop thit 2 va chi c6 nghiém (0;0).
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