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Yor gici thié
4 ;

Cac em hoc sinh va thay gido, ¢d gidao than mén !

Cudn sach Cic dang toin & phwong phdp gidai hé phwong trinh dwoc cac tac gia bién
soan nhim giup cac em hoc sinh hoc tap t6t mén Toan & THCS hién nay va THPT sau nay.

Céc tac gia c§ gang lwa chon nhitng bai tap thudc cac dang dién hinh, sap xép thanh
mot hé thong dé€ boi dudng hoc sinh kha gioi cac 16p THCS. Sach dwoc viét theo cac chu
dé twong tng véi cac van dé quan trong thuong dugc ra trong cac dé thi hoc sinh gioi toan
THCS, cling nhu vao 16p 10 chuyén mon todn trén ca nwde. Mdi chu dé duoc viét theo cau
trac ly thuyét can nhd, cac dang todn thuong gdp, bai tap rén luyén va huéng dan giai
gitip cac em hoc sinh ndm ving kién thirc dong thoi rén luyén duoc cac kién thirc da hoc.
Mbi cht dé c6 ba phan:

A. Kién thifc cdn nhé: Phan nay tém tat nhitng kién thikc co ban, nhitng kién thikc bd sung
can thiét d€ 1am co so giai cac bai tap thudc cac dang cua chuyén dé.

B. Mgt s6 vi du: Phan nay dua ra nhitng vi du chon loc, tiéu biéu chita dung nhiing ki
nang va phuwong phap luan ma chwong trinh doi hoi.

Mbi vi du thuwong cé: Loi giai kém theo nhitng nhan xét, luu y, binh luan va phuong phap
gidi, vé nhitng sai [om thwong mac nham gitip hoc sinh tich lily thém kinh nghiém giai
toan, hoc toan.

C. Bdi tdp vdn dung: Phan nay, cac tac gia dwa ra mot hé thong cac bai tap dugc phan loai
theo cac dang toan, tang dan d9 khoé cho hoc sinh khé gidi. Co nhitng bai tap dwgc trich ti
cac dé thi hoc sinh giéi Toan va dé vao 16p 10 chuyén Toan. Cac em hdy cd gang tu giai.
Néu gdp khé khan cé thé xem huéng dan hodc 10i giai & cudi sach.

C4c tac gia hi vong cudn sach nay la mot tai liéu c6 ich gitp cac em hoc sinh nang
cao trinh d¢ va nang lwc giai toan, gép phan dao tao, boi dudng hoc sinh gioi ¢ cap THCS.
Mic dit da c6 nhiéu c8 géng trong bién soan song cudn sach nay van kho tranh khoi
nhing sai s6t. Chung t6i mong nhan dwgc nhitng y kién dong gop cua ban doc.

MOI Y KIEN THAC MAC XIN VUI LONG GUT VE PIA CHI

NGUYEN QUOC BAO
\. Zalo: 039.373.2038
Tailieumontoan.com@gmail.com

@ Facebook: www .facebook.com/baotoanthcs

Xin chan thanh cam on!
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MOT SO HE PHUONG
1 TRINH THUONG GAP

PHAN 1. HE PHUONG TRINH BAC NHAT HAI AN

A. TOM TAT LY THUYET

s om by =
Hé phuong trinh bac nhat hai an c6 dang: (1) {a>l< + y. c |
a'x+b'y=c
Trong d6 a va b cling nhu a’ va b’ khong dong thoi bang 0.
* Hé (I) c6 nghiém duy nhat khi 5;& bB

* Hé (I) v6 nghiem khi 2= 22
a' b ¢

b ¢

*Heé (I) ¢ vo s6 nghiém khi §=F=E.

B. PHUONG PHAP GIAI TOAN

ax+by=c

Dang toan 1. Giai phwong trinh .
iai p ng trin {a'x+b'y=c'

PHUONG PHAP GIAI TOAN
bé giai hé phuong trinh bac nhat hai dn ching ta thwong st dung phuwong phdp
thé’hoac phwong phdp cong dai so.
Cdch 1: Phuwong phdp thé:

Buéc 1: T mot phwong trinh ctia hé, bi€u thi mot an Ch:fmg han an x theo an kia
Buoc 2: Thé biéu thirc cua x vao phwong trinh con lai réi thu gon, ta tim dwoc gid tri cta y.
Buoc 3: Thé gia tri ctia y vao bi€u thic ctia x ta tim duoc gia tri cua x.

Cdch 2: Phwong cong dai so:
Buoc 1: Nhan cac v€ ctia hai phuong trinh véi mot s6 thich hop (néu can) sao cho cac hé s6
cua mot an bang nhau hodc ddi nhau.
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Budc 2: Str dung quy tic cong dai s& d€ duoc hé phuong trinh méi trong d6 ¢ mot
phuong trinh mot an.

Buwoc 3: Giai hé phuong trinh vita thu dwoc

Chii y: Néu hé phuong trinh ¢c6 mot an ma hé s6 br?mg *1 thinén giai hé nay theo phuong
phép thé.

*Luwu y: Khi trong hé c6 chira cic biéu thirc gidng nhau, ta két hop phwong phdp ddt én phy dé
dwa hé vé mot hé¢ moi don gidn hon. Sau dé sir dung phwong phép cong hodc thé'dé tim ra nghiém
ctia hé phwong trinh.Cdc budc khi gidi hé bang phwong phdp dat dn phu:

Buéc 1: Dat diéu kién dé hé c6 nghia (néu ciin).

Buéc 2: Dat an phu va diéu kién cua an phu (néu co).

Buéc 3: Giai hé theo cac an phu da dat.

Buéc 4: Tro lai an da cho d€ tim nghiém ctia hé s6 (lwu y vdi diéu kién liic ddt dn phu).

* Thi du 1. Giai hé phuong trinh:

3x-2y=11 Xy
a
X+2y=1

Huéng dan gidi
a) + Gidi theo phwrong phdp thé:

3x-2y=11 (3x-2y=11 (3(1-2y)-2y=11 (3-6y-2y=11
=N =N =N
X+2y=1 x=1-2y x=1-2y x=1-2y

3-8y =11 3-11=8y 8y=-8 y=-1 y=-1 y=-1
= = = = = =
x=1-2y x=1-2y x=1-2y Xx=1-2y Xx=1-2.(-1) X=3

Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (3;-1).

+ Giai theo phwong phdp cong dai so:
3x-2y=11 4x =12 X=3 X=3 X=3
p— f— f— =
X+2y=1 X+2y=1 3+2y=1 2y =—2 y=-1
Vay hé phuong trinh c6 nghiém duy nhat (x;y) = (3;-1).

b) + Gidi h¢ bang phwong phdp dit dn phu.

biéu kién: x #0; y= 0
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a-b=1
a; 1 b (*). Hé phuong trinh da cho twong dwong voi
y 3a+4b=5
2
 fa-b=1 3a-3b=3 (7b=2 p=2 b=2
Ta co: = = = VA —
3a+4b=5 3a+4b=5 a-b=1 9
a=1+b a=—
7
1 2
bzg — = yzz
Th 7 Ly 7 2 0
ay vao (*) ta co & (thoa man)
9 1 9 7
a=— —_——=— X=—
7 X 7 9
. A o 1.7
Vay nghiém ctia hé phuong trinh la (X; y)= 5; >
*Thi du 2. Giai hé phuong trinh
r2+ =3
{3(x+1)+2(x+2y)=4 b | X y=
4(x+1D)—-(x+2y)=9 £—2y=4
X
1 -1 3X 2
VT2 x-1 y+2
o y3 7 D12 y1
2X——=— o
y 2 Xx-1 y+2
4 L s
) X+y y-1 f){4\/§—3\/§=4
e
12 2x+\y=2
X+y y-1
Huéng dan gidi

a)

3(x+)+2(x+2y)=4 3X+3+2x+4y=4 SX+4y=1 Sx+4y=1
=
4(x+1)—(x+2y)=9 4x+4-x-2y=9 3x—-2y=5 6x—-4y =10

11x=11 x=1
= =
6x—-4y =10 y=-1

Vay hé da cho c6 nghiém duy nhét (x;y)=(1-1).

b) Diéu kién x #0
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E+y:3 i+2y:6 E:10 x=1 1

X X X 2 X== .~
1 = 1 = 1 & ’ & 2 (théaman)
——2y=4 —-2y=4 —=2y=4 —+y=3 y=-1

X X X X

1
Vay hé phuong trinh c6 nghiém duy nhat (X; y) = (E’ —1).

V)] biéu kién y#0.Dat t zi, hé phurong trinh da cho tré thanh
y
- -1
x+t=—t t=—-X -1 x=-1
2 2 t=—-X Xx=-1
7<:> 1 7<:> 2 = 1 :{ _ 9 (thdéa man)
2x—3t=_7 2x—3(——x):7 5x=-5 t=5 y=

Vay hé c6 nghiém duy nhét 1a (X;y)=(-12).

S 2
-1 2
d) (1 X yr bK x#1y#-2
2X 1
L 4—=5
Xx=1 y+2
X
w1 2
Pt | ¢ | -Khidohe phuong trinh (D tro thanh:
——=b
y+2
3a-2b=4 3a-2b=4 7a=14 a=2
= = 2=
2a+b=5 4a+2b=10 2a+b=5 b=1
X
x—1_2 X=2
Khi d6 ta co: =
y+2

Vay hé phuong trinh ¢6 1 nghiém duy nhat (X;y)=(2;-1).

4 1
—+—1=5
e) ey .biéu kién: x=-y;y =1
1 2
S
X+y y-1
y 1 1 \ X
Datu= va V=——Heé phuong trinh thanh :
X+Y y-1

Swu tAim va téng hop TAI LIEU TOAN HOC




= = =
u-2v=-1 u-2v=-1 2v=u+1

{4u+v:5 {8u+2v:10 {9u:9 {u:l
v=1

Thay vao hé da cho taco:

! =1

X = = —
+y - X+Yy 1<:> x=-1
1 1 y-1=1 y=2
y-1

Vay hé phuong trinh 6 1 nghiém duy nhat (X;y)=(-12).

f) biéu kién: x>0;y>0

4&—3&:4@ 4&—3\5:4@ 5/y =0
2x+4Jy =2 4x+2]y =4 2x+.Jy =2

Jy =0 {y=0 )
< & (Thoa man)
2x=2 (x=1

Vay hé phuong trinh ¢6 1 nghiém duy nhét (X;y)=(1;0).

Dang toan 2. Tim diéu kién ctia tham s& dé hé phuong trinh théa man diéu

kién cho trudec.

PHUONG PHAP GIAI TOAN
Dang 1: Giai hé phuong trinh theo tham s6 M cho trude.

Phwong phap:
Buwéc 1: Thay gia tri cua m vao hé phwong trinh.
Buéc 2: Giai hé phuong trinh mdéi.
Buwéc 3: Két luan.
Dang 2: Tim M dé hé phuong trinh ¢6 nghiém (X; y) thoa diéu kién cho trude.
Phuong phdp:
Budc 1: Giai hé phuong trinh tim nghiém (X, y) theo tham s& M;
Budc 2: Thé€ nghiém X,y vao biéu thirc diéu kién cho trudce, giai tim M;
Buwéce 3: Két luan.
Dang 3: Tim moi lién hé gitra X, y khong phu thudc vao tham s6 M.

Phuong phap:
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Buéc 1: Giai hé phwong trinh tim nghiém (X, y) theo tham s M;

Buéc 2: Dung phuong phap cong dai sd hodc phuong phap thé'lam mat tham s6 m;
Buwéce 3: Két luan.

(a+l)x—y=a+1 (1)

a lath 0
x+(a-1)y=2 (2) (& 12 tham <0)

*Thi du 1. Cho hé phuong trinh: {

a) Gidi hé phuong trinh khi a=2.
b) Giai va bién luan hé phwong trinh.
c) Tim cdc s6 nguyén @ d€ hé phuong trinh c6 nghiém nguyén

d) Tim @ dé€ nghiém cta hé phuong trinh thoa man x+y dat GTNN.

Hudng dan gidi
o 5
. N . , 3X—y=3 4x =5 T4
a) Khi a =2 hé phuong trinh c6 dang;: = =
X+y=2 y=2-X y = 3
4
A A o 5.3
Vay voi a = 2 hé phueong trinh c6 nghiém (X; y) = Z,Z
b) Giai va bién luan:
T PT (1) taco: Y= (a+1)x—(a—1) (3) thé vao PT (2) ta duoc:

x+(a+l)[(a+1)x-(a-1)]=2e x+(a’-1)x—(a’-1)=2<a’x=a’+1  (4)

2

1
TH1: a # 0, phuwong trinh (4) c6 nghiém duy nhét X = a -2'- . Thay vao (3) ta co:
a
a’+1 (a+1)(a*+1)-a*(a+1l) a*+a+a’+l-a‘-a® a+l
y=(a+l) a2 -(a+1)= a2 - a2 PP
. o an e ol a’+1 a+1

Suy ra hé phwong trinh da cho cé nghiém duy nhat(x, y)= ——

a a

TH2: Néu a =0, phuong trinh (4) v6 nghiém. Suy ra hé phuong trinh da cho vé nghiém.

2 2

KL: a # 0 hé phuwong trinh da cho c6 nghiém duy nhé't(x; y) = (
a a

a2+1_a+1j

a =0 hé phwong trinh da cho v6 nghiém.
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T2 a2

2
Vi a # 0thi hé phwong trinh da cho c6 nghiém duy nhé't(x; y) = ( a’+l.a +1J

a a
a’+1
xeZ a2 €z
Q) Hé phwong trinh c6 nghiém nguyeén: = (ae Z)
yeZ a+l
—€Z
a
2
Diéu kién can: X=a -:1=1+izeZ<:>izeZ<:>a2=1<:>a=il
a a a

Diéu kién du:
a=-1=y=0€Z (nhan)
a=1=y=2¢eZ (nhan)

Vay a=+1 hé phurong trinh da cho c6 nghiém nguyén.

2
V6i a#0thi hé phuong trinh d cho c6 nghiém duy nhat(x; y) = ( a+la tlJ
a a
2 2
d) Tacéx+y:ajl+at1:a +?+2:1+£+%’
a a a a a
L1
bat t =— ta duwoc:
a
1,1 1Y 7 1Y 7.7
X+Y=2t2+t+1=2(t2+—t+—j:2 (t+—j +— :2(t+—) +—>—
2 2 4) 16 4) 878

1
Dédu " =" xay ra khi va chikhit:—z,khidé a=-4

s 7
Vay a =—4 thi hé phuong trinh c6 nghiém théa man x+y dat GTNN bang 3

2x+by=a
*Thi du 2. Tim a,b biét hé phwong trinh: { Y cénghiém x=1; y=3.
bx+ay =5
Hudng dan gidi
Thay X=1; y=3 vao hé ta co:
b___l
2.1+b3=a a-3b=2 3a-9b=6 10b=-1 10
2= 2= 2= 2=
b.l1+a.3=5 3a+b=5 3a+b=5 3a+b=5 a—E.
10
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Vay a=;—0; y=% thi hé phuong trinh c¢6 nghiém x=1; y=3.

X+2y=m+3

| la th 0) .
2x—3y=m ( ) (M la tham s0)

*Thi du 3. Cho hé phuong trinh {

a) Giai hé phuong trinh (1) khi m=1.
b) Tim M déhé (1) cé nghiém duy nhét (X;y) thoa man X+ y =-3.
Hudng dan gidi
a)  Véi m=1, hé phuong trinh (1) c6 dang:

X+2y=4 2Xx+4y =38 X=2
= <
2x-3y=1 2x-3y=1 y=1

Vay hé phuong trinh ¢6 nghiém duy nhat (X, y) =(2;1).

X_5m+9
X+2y=m+3 2X+4y=2m+6 X+2y=m+3 7
b) = = =
2X—-3y=m 2Xx—-3y=m 7y=m+6 y_m+6
7
Hé phuong trinh c6 nghiém duy nhat (X; y) =(5m7+9;m;_6j.

5m+9 m+6
+
7 7

Lai co X+ Y =-3 hay =-3<MmM+9+m+6=-21<bm=-36 &m=-6

Vay v6i m=-6 thi hé phuong trinh (1) c6 nghiém duy nhét (X,Y) thoaman X+ Yy =-3.

2X+y=5m-1
*Thi du 4. Cho hé phuong trinh: y .
X—2y=2
Tim m ¢ h¢ phuong trinh c6 nghiém thoa man: x° —2y? = -2
Hudng dan gidi
2X+y=5m-1 y=5m-1-2x y=5m-1-2x X=2m
= =
X-2y=2 X—=2(5m-1-2x)=2 5X =10m y=m-1

Thay vao ta c6

m
x> -2y*=-2<(2m)* =2(m-1)° :—2<:>2m2+4m=0(:>[m
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m-1)x+y=2
*Thi du 5. Cho hé phuong trinh: {( )Xty (M 1a tham sd)
mx+y=m+1

a) Giai hé phuong trinh khi m=2;

b) Chiing minh rang véi moi gia tri cia M thi hé phwong trinh ludn c6 nghiém duy nhat
(X; y) thoa man: 2x+Yy <3.

Hudng dan gidi

a) Giai hé phwong trinh khi m=2.

. [ X+y=2 X+y=2 x=1
Ta co: & = .
2X+y=3 x=1 y=1

Vay hé phuong trinh c6 nghiém duy nhat (41).

b) Tacd y=2- (m —1) X thé vao phuong trinh con lai ta dwgc phwong trinh:
mx+2—(m-1)x=m+1¢ x=m-1suyra y=2—-(m-1)° véimoi M
Vay hé phuong trinh ludn c6 nghiém duy nhat (X; y) = (m ~1,2—(m —1)2)

2X+ y:2(m—1)+2—(m—1)2 :—m2+4m—1:3—(m—2)2 <3 véimoi M.

*Thi du 6. Cho hé phuong trinh :{ZX ray=-4
ax—3y=5
a) Giai hé phuong trinh véi a=1
b) Tim & dé€ hé phuong trinh c6 nghiém duy nhat.
Huéng dan gidi

a) Véi a=1, ta cd hé phuong trinh:
2X+y=—-4 6x+3y=-12 X=—7 x=-1 x=-1
= = = =
X—-3y=5 X—-3y=5 X—-3y=5 -1-3y=5 y=-2
Vay véi a=1, hé phuong trinh ¢6 nghiém duy nhat la: (X; y) = (—1; —2) .

b) Ta xét 2 truong hop:

X=-2
+Néu a =0, hé co6 dang: {2)(3; _45 = 5 . Vay hé c6 nghiém duy nhat
_ — y - _
3
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2 a
+N&u a0, hé c6 nghiém duy nhat khi va chi khi: —# — <> a’ # —6 (luén ding, vi

a -3
a’®>0 véimoi Q)

Do do, véi a# 0, hé luon cd nghiém duy nhat.
Tém lai hé phwong trinh da cho c6 nghiém duy nhat véi moi a.

X+my=m+1
*Thi du 7. Cho hé phuwong trinh: { y

(M la tham s0)
mx+y=2m

a) Giai hé phuong trinh khi m=2.

X=2
b) Tim m d€ hé phuong trinh ¢6 nghiém duy nhat (X; y) thoa man {

Huéng dan gidi
X_5
o . X+2y=3 X+2y=3 3x=5 "3
a) Thay m =1 ta cé hé phuwong trinh = = =
2x+y=4 4x+2y=8 2x+y=4 y—g
3

x+my=m+1 (1)
b)  Xéthé
mx+y =2m (2)

T (2) =y =2m-mx thay vao (1) ta duoc

Xx+m(2m-mx)=m+1s 2m? —m?x+x=m+1
<:>(1—m2)x:—2m2+m+1<:>(m2—1)x:2m2—m—1 (3)

Hé phuong trinh da cho c6 nghiém duy nhat < (3) c6 nghiém duy nhat
m’ 120 m=+1 (*)

X_2m+1
Khi d6 hé da cho c6 nghiém duy nhat m+1
m
y_m+1
s 2m+122 —_120
Tacé{ RS m-+1 = m-+1 oSm+l<0eom<-1
y>1 m 51 -1 50
m+1 m+1

Két hop véi (*) ta dwgc gid tri M can tim1a m < -1.
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x-2y=5 (1)
mx—y=4 (2)

*Thi du 8. Cho hé phuong trinh: {
a) Giai hé phuong trinh véi m=2.
b) Tim M d€ hé phuong trinh 6 nghiém duy nhat (X, y) trong d6 X,y trai dau.
) Tim M d& hé phuong trinh c6 nghiém duy nhat (X;y) thoa man x =|y|.
Hudng dan gidi

: X—2y=5 X=2y+5
a) Véi m=2 ta cé hé phuong trinh:

o
2x—y =4 2(2y+5)-y=4

X=2y+5 x=1
= y = . Vay m =2hé c6 nghiém duy nhat (X;y) = (1, -2)
3y=—6 y=-2

b) T phuong trinh (1)ta c6 X=2y+5. Thay X =2y +5 vao phuong trinh (2) ta duoc:
m(2y+5)-y=4<(2m-1).y=4-5m (3)

Hé c6 nghiém duy nhét khi va chi khi (3) c6 nghiém duy nhét. Diéu nay tuong duong véi:

2m—1¢0<:>m¢%.

Tir 36 ta duwoc: y:4_5m ; X=5+2y= .
2m-1 2m-1
Ta co: X.y=3(4;5mz). Do do x.y<0<:>4—5m<0<:>m>£ (thoa man diéu kién)
(2m-1) S
: 3 _|4-5m|
Taco: X= =
C) aco: X |y|<:>2m_1 |2m_1| ()

1 1
T (4)suy ra 2m-1>0<m >E.Véi diéu kién m>- ta co:

4-5m=3 m=2(1)

(4)<:>|4—5m|=3<:>[ =
4-5m=-3

) mx+(m+1)y=1
*Thi du 9. Cho hé phuong trinh: .
(m+1)x—my =8m+3

Chting minh hé lu6n c6 nghiém duy nhat (X; y)

Hudng dan gidi
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Xét hai duong thing (d,):mx+(m+1)y-1=0;(d,):(m+1)x—-my—-8m+3=0.
+Néu m=0 thi (dl)Z y—-1=0 va (dz)Z X—5=0 suyra (d1) ludn vudng goc voi (dz).
+Néu m=-1 thi (dl)Z X+1=0 va (dZ)Z y+11=0 suyra (dl) ludn vudng goc voi (dz).

+Néu m#{0;1} thi duong thing (d,),(d,) Tan luot c6 hé s6 goc la: a, =— m 1,612 _m+l suy ra
m+ m

a,.a,=—1dodoé (d,)L(d,).
Tém lai véi moi M thi hai dudng thang (d, ) luén vudng géc véi (d, ). Nén hai duong thang ludn
vuong goc voi nhau.

Xét hai duong thing (d,):mx+(m+1)y-1=0;(d,):(m+1)x—my—-8m+3=0 luon vudng géc

véi nhau nén né cat nhau, suy ra hé c6 nghiém duy nhat
B. BAI TAP VAN DUNG

Bai tap 1. Giai cac hé phuong trinh:

2X+Yy=5 2X+5y=-3 X—y=1
a) b) C
X—-y=1 3x—-y=4 3X+2y=3
Bai tap 2. Giai cac hé phuong trinh:
1 1
XxX—2y=1 7x-2y =1 X+y=3 —X+=y=3
1. 2. 3. 4.12 3
2X+y=7 3X+y=6 Xx-2y=0 ax—-3y =7
Bai tap 3. Giai cac hé phuong trinh:
2Xx+3  4x+1 X—y x-3y
, y-1  2y+l . T+T:0 . =(x+2)(y+3)==xy+50
XLZZX;A’ w_lzo 1(x—2)(y—2):£xy—32
y-1 y+2 2 2 2
Bai tap 4. Giai cac hé phuong trinh:
1_2:2 23 +25 _5 g+5:2
1) xgy x;y 2) X—Yy 2X+Yy 3) X X+Yy
T _3 1 1 2 3 1
+ =— —+ =17
X+y X=Y¥y 2Xx—y 2x+y 15 X X+Y

Bai tap 5. Giai cac hé phuong trinh:
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., Jx+2Jy-1=5 ” J3x—1-\2y+1=1 ro 4 5
4x - Jy-1=2 23x-1+3,2y+1=12 3) 3

mx+4y =20 (1)

(m 1a tham s0)
x+my=10 (2)

Bai tap 6. Cho hé phuwong trinh: {

Véi gia tri nao ctia m hé da cho:
a) VO nghiém
b) Co6 nghiém duy nhat
c) Vo s6nghiém
mx+y=-1

Bai tap 7. Cho hé phuong trinh: {
X+y=-m.

Tim m d€ phuong trinh cé nghiém duy nhat (x, y) théa man: y = x°

2x-3y=2-a

Bai tap 8. Tim nghiém nguyén a d€ hé phwong trinh
x+2y=3a+1

Co6 nghiém (x; y) sao cho T = Y 1a sO nguyen.
X

(Trich dé tuyén sinh 16p 10 Chuyén Tdy Ninh ndm 2014-2015)

mx+2y=m+1

Bai tip 9. Dinh én dé hé c6 nghiém duy nhat 1a nghié é
Ap inh m nguyén 5 ¢ nghiém duy nhat la nghiém nguy n{2x+my=2m—1

—y=2
Bai tap 10. Cho hé phuong trinh: -
3x+my=>5

a) Giai hé phuong trinh khi m = V2.

b) Tim gia tri cia m d€ hé phuong trinh da cho ¢6 nghiém (x; y) thoéa man hé

mZ

thitc x+vy=1- .
y m?+3

(Trich deé vao lop 10 Chuyén Quang Nam nam 2008-2009)
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PHAN 2. HE GOM MOT PHUONG TRINH BAC HAI VA
MOT PHUONG TRINH BAC NHAT HAI AN

A. PHUONG PHAP GIAI TOAN

Dang toan 1. Giai hé phuong trinh:

ax’ +bxy +cy’ +dx+ey+f=0 (1)
Ax+By+c=0 (2)

PHUONG PHAP GIAI TOAN
Ta sit dung phuong phap thé:
Buwéc 1: Tt phuong trinh (2) rat x hodc y r6i thé vao phuong trinh (1). Khi d6 ta dwoc
phuong trinh bac hai theo x hodcy, gia str: £ (x) =0 (3)

Buéc 2: Phirong trinh (3) 1a phuwong trinh bac hai an x (hodc y) ching ra dé dang giai, ta c6
duoc x roi suy ray.

Buéc 3: Két luan nghiém.

*Thi du 1. Giai hé phuong trinh:

. {9x2+4y2=36 (1) o b){ x+y=9

2x+y=5 (2) X2+y2=41
Hudng dan gidi
a) Ta co: (I):>25x2—40x+64=0c>x=§:>y=%

Vay hé c6 nghiém (x,y)=[8-9j.

5'5

X+y=9 1

b) Taco: | , y ) @)
X“+y =41 (2)

Te(1) > y=9-x=(2) = x*+(9-x)’ =41
< 2x? —18x+40=0

x=4 = y=5
x=5 = y=4

Vay hé phuong trinh c6 nghiém (4,5); (5,4)
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X2+ XY+ +2X+y =6 (1) .
2x+y=3 (2) )

* Thi du 2. Giai hé phuong trinh: {
Hudng dan gidi

Tt (2) ta dugc: y =3 -2x

Thé vao (1) ta duoc:

X +x(3-2x)+(3-2x) +2x+(3-2x)=6 = 3x* ~Ix+6=0=x> ~3x+2=0 & x=1vx=2

Véix=1thiy=1

Véix=2thiy=-1.
Vay hé co nghiém (x,y)=(1;1),(2;-1).

Chii 1j: Ngoai phuong phép thé tity vao tirng bai toén ta con ¢ thé giai bang phuong phap
dwa phuwong trinh c6 bac 2 ctia hé vé dang tich.

x? +y2 =2(xy+2)

*Thi du 3. Giai hé phuong trinh: {
X+y=6

Hudng dan gidi
V& trdi cua phuong trinh thit hai phan tich duoc thanh nhén t, nén phuong trinh
trd thanh (x —y —2)x -y +2) = 0. Hé phuong trinh da cho twong duwong véi hai hé phuong

trinh sau:
o x—=y+2=0
’ xX+y=6
v JX7y-2=0
’ xX+y=6

Giai timg hé trén bang phép thé, ta im dugc cac nghiém cta hé phuwong trinh da
cho: (-1;1); (1;-1).

Dang toan 2. Tim diéu kién ctia tham sd dé hé thoa man diéu kién cho trudce.

ax’ +bxy +cy’ +dx+ey+f=0 (1)
Ax+By+c=0 (2)

PHUONG PHAP GIAI TOAN

Ta ta thuc hién cac budce sau:
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Buéc 1: Tu phuong trinh (2) rat x hodc y roi thé vao phuong trinh (1). Khi d6 ta dwoc
phuong trinh bac hai theo x hodcy, gia stt: f(x,m)=0  (3)

Buéc 2: Giai va bién ludn hé theo tham s ta s€ di giai va bién luan (3).

- Tim diéu kién cta tham sd dé€ hé c6 nghiém ta sé di tim diéu kién dé€ (3) c6 nghiém.

- Tim diéu kién ctia tham s& d€ hé c6 nghiém duy nhat ta sé€ di tim diéu kién dé€ 93)
c6 nghiém duy nhat.

- Tim diéu kién cta tham s0 d€ hé c6 2 nghiém phan biét ta sé di tim diéu kién dé€ (3)
c6 2 nghiém phan biét.

Buéc 3: Két luan gia tri tham s6 can tim.
*Thidy1. Cho {9)(2 ~ley* =144 (1)
X—y=m (2)
Tim m dé hé c¢6 nghiém duy nhat.
Huéng dan gidi

Ta co: (I)= 9x* —16(x - m)2 =144 & 7x* -32mx +16m* +144 =0. (3)
Hé c6 nghiém duy nhéat khi (3) ¢6 nghiém duy nhit < A'=0<m’> =7 < m = /7.
Vay v6i m = ++/7 théa man diéu kién dau bai.

X+y =2m+1

, vOoi m 1a tham s0.
2 20 2
Xy+y'x=2m"-m-1

*Thi du 2. Cho h¢é phuong trinh: {
Chitng minh rang hé ludn cé nghiém véi moi m.
(Trich dé Chuyén Phii Yén nam 2012-2013)
Huéng dan gidi
Chting minh rang hé luon ¢ nghiém véi moi m
X+y =2m+1

Hé da cho viét lai la:
xy(x+y)=(2m+1)(m-1)

xeR
y=-x

X+y =0

(1) N&u m = - thi hé tro thanh:
xy(x+y)=0

=—— Sx+y=0&
2
Hé ¢6 v s6 nghiém.

+y=2m+1
(2) N&u m # - thihé tro thanh: 47~ -0
2 xy =m-1

Nén x,y 12 nghiém phwong trinh: X? —(2m +1)X+m-1=0 (*).

P/t (*) c6 A=(2m+1)? —4(m —1)=4m>+5>0,¥m nén ludn c6 nghiém.
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Vay hé phuong trinh ludn c6 nghiém vdi moi m.
2 2 _
*Thidy3. Cho |20 +Y)rxry=p @
y =X =b (2
Chting minh rang: a= 0 ¢ nghiém véi Vb
Hudng dan gidi
Ttk (2):
=>y=b+x

:>(1)<:>a[x2+(b+x)2]+x+b+x=b
o 2ax’ +2(ab +1)x + ab® =0
i) a=0: Phuong trinh < x=0 c6 nghiém vdi Vb
2i)a#0Tacod: A' =(ab+1)* —2a%b?

=-a’b?+2ab+1

Chonb = —g:>A/ =-4-4+1=-7<0
a

Hay phurong trinh khong c6 nghiém véi Vb
Vay a=0.
*Thi du 4. Véi gid tri nao ctia m, hé phuong trinh:

x> +y? =25 €]
mx—y=3m—-4 (2)

c6 nghiém kép?
Huéng dan gidi
Tk (2) y = mx +4—3m thé vao phuong trinh (1) ta co:
(m? + 1% +2m(4 =3m)x + (Om> —24m—9)=0  (3)
Heé c6 nghiém kép khi va chi khi phwong trinh (3) c6 nghiém kép
oA =[@dm+3) =0

3
Sm=—-=
4

*Thi du 5. Biét cap s8 (X, y) 1a nghiém cta hé phrong trinh

X+y=m
X +y>=-m’+6
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Hay tim gia tri nho nhat cia P = xy + 2(x + )

Hudng dan gidi
Dat el u=m u=m
at u=x+y;v=xy taco: =
Y d u?—2v=-m+6 v=m®-3

Nhu vay X,y la nghiém ctia phuong trinh:
t> —mt+m? -3 =0(*)
Dé X,y ton tai < (*) c6 nghiém <> A =-3m®+12>0
& -2<m<2
Khi d6: P=xy+2(x+y)=m?+2m-3=(m+1)’ —4>0 véi moi m
Do d6 P dat gid tri nho nhat 1 4 khi m = -1.
*Thi du 6. Biét cdp s (x, y) 1a nghiém cta hé phuong trinh

X+y=2a-1
x> +y*=a’+2a-3

Xac dinh tham s6 ctia a d€ hé thoa man tich xy nho nhat.
Huéng dan gidi
Rut y tir phwong trinh dau y = 2a—-1-X, thé vao phuong trinh sau ta duoc:
2x* —(2a—-1)x+3a” —6a+4 = 0(*)
D€ X,y ton tai < (*) c6 nghiém < A’ >0
< -2a’°+8a-720

V2 V2

o2-Y2ca<24¥2
2 2

Vi a thoa man (1) hé phuong trinh ¢6 nghiém. Phwong trinh duoc viét lai nhu sau:
(x+y)—2xy=a*+2a-3
o (2a-1) -2xy=a? +2a-3

3a’-6a+4

& XY =
¢ 2

Ttr d6 suy ra Xy nho nhatkhi a=2- %, khi d6 suy ra gia tri teong ting cuia Xy.
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B. BAI TAP VAN DUNG

2 2
Bai tap 1. Gidi hé phuong trinh: | X T 27 =2,
2x-y =0

2 2
Bai tap 2. Gidi hé phuong trinh: %+ Y ~ 17,
3x+5y=13

x—y:m(1+xy)

Bai tdp 3. Tim m dé hé sau c6 nghiém duy nhat .
2+x+y+xy=0

‘en A o x+my-m=0
Bai tap 4: Cho h¢ phuong trinh | °,
X“+y —x=0

Tim m d& hé phuong trinh c6 2 nghiém phan biét (x,;y, );(X,; Y, )sao cho:
A= (x, —x, ) +(y, —y,)* dat gid trj Ién nhat.

Z_yr4+2x=2
Bai tap 5. Giai bién luan hé phuong trinh sau: {X y X .
X+y=m
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PHAN 3. HE PHUONG TRINH POI XUNG LOAI I

A. TOM TAT LY THUYET

f(x,y)zO

Hé d6i xting loai I la hé ¢6 dang:
g (x, y) =0

Trong d6 f(x, y) va g(x, y) 1a cac da thitc d6i xting.

Nghia la: f(x, y) =£(y, x) va g(x, y) = g(y,x)
Hay hé phuong trinh d6i xtng loai I la hé phuwong trinh c6 vai tro x, y hoan toan
nhw nhau trong mdi phuong trinh, néu ta hoan d6i vi tri x va y trong hé thi hé
x+y+2xy =21

huwong trinh khong thay doi. Vi du:
P & & ™hay ' {2x2+2y2—xy=7

Tinh chat: Néu hé c6 nghiém (x,;y,) thi do tinh d6i xting, hé cling c6 nghiém la (y,;X,).
B. PHUONG PHAP GIAI TOAN

f(x,y)zO
g(xy)=0

Dang toan 1. Giai hé phuong trinh d6i xtng loai I: {

Trong do f(x, y) va g(x, y) 1a cac da thitc d6i xting.
PHUONG PHAP GIAI TOAN
1) Bién d6i cac phuwong trinh cua hé dwa vé an S va P ma: S=x +y, P =x.y. Giai duoc S
va P . Khi do x, y la nghiém ctia phwong trinh: X2 -S.X+P=0

2) Déi khi ta phai ddt an phuu=u(x), v=v(x) vaS=u+v, P=uv.
3) C6 nhitng hé phuong trinh tré thanh d6i xting I sau khi dét an phu.
Mot s6 hang dang thiic hay dugc dugc stt dung:
x* +y’ :(x+y)2 ~2xy =S”-2P
x> —xy+y’ =(x+y)2 —3xy=5"-3P
x> +xy +y° =(x+y)2 -xy=S*-P
X’ +y° =(x+y)3 —3xy(x+y) =S’ -3PS

Xyt =(x +y?) —2xy? =[(x+y)2 —2xy:|2 ~2xy* =(S* ~2P) ~ 2P

2

' +xy? +y* =<x2 +y° —xy)(x2 +y° +xy)=(S2 —ZP) p?
1 1 x+y S
X'y xy P

y xy P

7
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1 x*+y> S*-2P
+ — = = ;
X2 y2 X2y2 P2
x,y_xX+y -2
y X Xy P

, e . X+y+xy=-1
*Thi du 1. Giai hé phuong trinh: § |~ |
X +y —xy=7
Hudng dan gidi
=-1
He o (x+y)+xy
(x+y)* -3xy=7

Dat {XJFY:S (Hx, y < S 24P) ta duoc {
xy =P

TH 1. S=1 N x+y=1<:> x=-1,y=2
Xy =-2 x=2,y=-1

TH 2. S=—4:> x+y=—4<:> x=—1,y=—3.
P=3 xy =3 x=-3,y=-1

S+P=-1 S=1,P=-22
=
S?-3P=7 S=—4,P=3

3,33 3 _
*Thi du 2. Giai hé phuong trinh: {X Xy +y =17
X+Xxy+y=5

Hudng dan gidi

{x3+x3yS+y3 =17<:> (x+y)3+x3y3—3xy(x+y):17
X+Xy+y=>5 (x+y)+xy:5

batx+y=a; xy=b . Hé da cho tr¢ thanh:

a’+b’-3ab=17 a=5-b a=5-b
= =
a+b=5 b>-5b+6=0 (b-2)(b-3)=0

=3 =3 =3- =3-
Véi {; ) ta co hé phuwong trinh {X vy = {X Y = {X y

xy =2 y?=3y+2=0 |(y-1)(y-2)=0
=2 =
= {X hoac {X 1
y=1 y=2

Véi |- ta co hé phuwong trinh XTy = XZ Y (vO nghiém)
3 xy =3 y =2y+3=0

Vay nghiém cua hé da cho la: (x;y) = (1;2); (2;1)
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Xy(x+y)=2
X’ +y’ +x°y’ +7(x+1)(y +1) =31

*Thi du 3. Giai hé phuong trinh: {

(Trich dé Chuyén KHTN Ha Ngi nam 2018-2019)
Huéng dan gidi
Ta c6 hé phwong trinh:
xy(x + y) =2
(x+y)(x* —xy+y2)+(xy)3 +7(x+y+xy+1)=31
xy(x+y)=2
(x+y)[(x+y)2 —3xy}+(xy)3 +7[(x+y)+xy+1} =31

=

fe—

ab=2

bat a=x+v;b =xy thi hé trén trd thanh:
? Yoo =Ry The ren o ha {a(a23b)+b3+7(a+b+1)=31

ab=2
= a’-3ab+b’+7(a+b+1)=31
:>(a+b)[(a+b)2 —3ab}—3ab+7(a+b+1)=31
(a+b) —3ab(a+b)~3ab+7(a+b)-24=0
(a+b)’ ~6(a+b)-32+7(a+b)-24=0
(a+b)3+(a+b)—3O:0
<:>(a+b)3—27+(a+b):3

g U 9

<:>(a+b—3)[(a+b)2 +3(a+b)+1o}:o

:a+b:3(do (a+b)2+3(a+b)+10>0)

:{a+b:3:>{a:2 (do a’ :(x+y)2 > 4xy = 4b)

ab=2 b=1
=2
:{x+y =>x=y=1
xy =1

Vay hé c6 nghiém duy nhat (x;y) = (1;1)
, A L Xy=Xxy=3
*Thi du 4. Gidi hé phuwong trinh < |~ |
X“+y +2Xx-2y=6
Hudng dan gidi
Day khong phai 1a phuong trinh d8i xtng loai mot nhung bang mot phép dat an
X+t+tx=3

, la hé d6i xting loai I
X"+ Yy +2x+2t=6

phu t=-y ta duogc hé: {
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Dat: {x+y =5 (E|X, y & §* > 4P) ta dwoc:

xy =P
S+P=3 P=3-S @)
=
S?-2P+25-6=0 S?-2(3-5)+25-6=0 (2)
Giai (2): < S?+45-12=0

< S2-25+6S-12=0

S=2 =P=1

S-2)\S+6)=0
= ( s +6) <::{S=—6 =>P=9

Khi dé:

§=2
i) {P 1 ta cé X, tla nghiém ctia hé phuong trinh

x=1 x=1
X2-2X+1=0 & =
t=1 y=-1

S=-6
2i) {P 9 ta cé X, tla nghiém ctia hé phuwong trinh

X=-3 X=-3
X2 +6X +9=0 & &
t y=3

Dang toan 2. Tim gia tri ctia tham s& m dé hé phuong trinh d6i xtng loai I ¢

nghiém thoa man diéu kién nao do.
PHUONG PHAP GIAI TOAN

Buwoc 1: Dat diéu kién (néu cod).

Buéc 2: DatS=x+y, P=xy v6i diéu kién cta S, P va S?>4P ().

Buéc 3: Thay x, y boi S, P vao hé phwong trinh. Giai hé tim S, P theo m r6i tir diéu kién (*)
va diéu kién bai toan dé tim m.
Chii ; Khi ta ddt an phu u =u(x), v=v(x) va S=u + v, P = uv thi nhé tim chinh xac diéu
kién u,v.

. . 1A . . A o | XFY Xy =M+2
*Thi du 1. Tim m dé h¢ phuong trinh ¢6 nghiém duy nhét: § | )

XY+Xxy =m+1
Hudng dan gidi

X+Yy+Xy=m+2

Hé ph trinh
¥ pruong i <:>{xy(x+ y)=m+1
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., JU=X+Y IS
Dat Diéu kién: u? > 4v
V =Xy

u+v=m+2
Hé phuong trinh @{

=u, v la nghiém cta phuong trinh:
uv=m+l

{“ L

X=m+1 v=m-+1l
X2-m+2)X+m+1 =0 < o
X =1 u=m+1
(2)
v=1

{(1) c6 nghiém duy nhdt

XA S 5 VN
Dé hé phuong trinh cé nghiém duy nhat: <

(2) 6 nghiém duy nhdt
vN
i} -3
{1=4(m+1) m==4 ;
m+1)° <4 -3 ——
- ( + ) < - m>T<:> m 2
1<4(m+1) o I
(m+1)* =4 { N
- m=-3

A 3 \ \ .7 . ATAY N\
Vay m = 1 va m =1 la gia tri can tim.

, . ot A . X+y+xy=m+l
*Thi du 2. Tim m dé hé phuong trinh.< | )
X“y+Xxy-=m

Co6 nghiém (x,y) sao cho x >0, y>0.
Huéng dan gidi
X+y+xy=m+1

Hé ph trinh
é phuong tr Q{xy(x+y):m

., JU=X+Y N
Dat Diéu kién: u? > 4v
V =Xy

u+v=m+1
Hé phuong trinh <:>{
uv=m

=u, v la nghiém ctia phuong trinh: X?- (m +1)X+m =0
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u

X=m \Y
= =

X=1 u

\Y

b€ hé phuong trinh ¢6 nghiém (x,y):X >0,y >0

1
m
m
1

1
- —2m
254 1>4m 4
>
v m>0 (m>0 0<ms<t
u>0 = ) = m> 2 = 4
v>0 U - m>2
m>0 m<-2
) _m>0

A 1 \ \ .7 o A \
Vay OSmSZ va m > 2 la gia tri can tim.

x> +y? :2(1+m)
*Thi du 3. Cho h¢ phuong trinh: )
(x + y) =4

Xac dinh m dé hé cé dang hai nghiém.

Huéng dan gidi
2 2 2 B
X +yz—2(1+m)<:> (x+y) —2XY2—2(1+m)<:> (x+y)2=4®{x+y:i2.
(x+y) =4 (X+y) -4 Xy =7 -m xy=7-m

Khi d6é hé phuong trinh twong duwong voi:

+y=2
{X y 1a nghiém ctia phwong trinh £ —2t+7-m=0 (1)
Xy =7-m

Hoac

+y=-2
{X y 1a nghiém ctia phuong trinh £ +2t+7-m=0  (2)
Xy =7-m

Nhan xét: A 0= A (2) = m-6

Do d6 dé hé c6 dung 2 nghiém thi phuong trinh (1) va (2) ¢6 nghiém kép:

<:>A(1)=A(2)=0<:>m—6=0<:>m=6.
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C.BAITAP VAN DUNG

Bai tap 1: Giai hé phuong trinh:

X+xy+y=11 X2V + xv2 =30
a) , y Z b) 3y 3y
X“y+xy =30 X +y” =35

T 1 Xy -xy =3
Bai tap 2: Giai h¢ phuwong trinh: | | ° |
X“+Yy +2x—-2y=6
Bai tap 3: Giai hé phuong trinh.
1
—+—+Xy==

Xy 2 X* 4yt +xy =7 x-oy-2
a) b){ 4 4 2,2 C) X y
3 XT+y +xy =21
x+y=Exy

2 xy+y’ —2(x+y)=-31
Bai tap 4: Giai hé phuong trinh: {X xy+y* =2(x+y)

x+xy+y=11
1 7
N 1A . Tt otXy =4
Bai tap 5: Giai hé phuong trinh: {x 'y 2
2(x+y):3xy

Bai tap 6: Tim m d€ hé c6 nghiém

X+Yy+Xy=m x> +y>+4x+4y =10
a) b
X2y +xy? =3m-9 xy(x+4)y+4)=m
Bii tap 7- T} 4T ¢ nehitm: X+y-xy=1-m
ai tap 7: Tim m dé hé c6 nghiém: 5(x+y)—4xy=4

ne i : L. . . ., N X+y+xy=2m+1
Bai tap 8: Chitng t6 véi moi m phuong trinh sau luén c6 nghiém:

xy(x+y)=m’+m
Xéac dinh m dé hé c¢6 nghiém duy nhat.
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PHAN 3. HE PHUONG TRINH POI XUNG LOAI I

A. TOM TAT LY THUYET

f(x,y)=0
f(y,x)zO

Trong do: f(x, y) la da thirc khong d6i xting.

Hé d6i xting loai II 1a hé c6 dang;: {

Hay hé d6i xting kiéu hai la hé d6i xting gitra hai phuong trinh ctia hé, néu ta hoan
d6i vi tri ctia x va y trong phuong trinh tht nhat sé duoc phuong trinh thit hai cua
X =2y =1 (1)
y?-2x=1 (2)

duoc y* —2x =1 day chinh 1a phuong trinh (2)

hé. Vidu: { khi thay hoén déi vi tri cia x va y & phuong trinh (1) ta

B. PHUONG PHAP GIAI TOAN

f(x,y):O
f(y,x)=0

Dang toan 1. Giai hé phuwong trinh d6i xting loai II: {

Trong do f(x, y) la da thitc khong d6i xting.
PHUONG PHAP GIAI TOAN

Cidch 1:
Bwéc 1: Dat diéu kién néu cod
Buéc 2: Trle ting v€ hai phwong trinh ctia hé ta dwoc nhan te chung (x - y) nhom lai va

dua vé phuwong tich va sau d6 xét hai treong hop:

X=Yy

(x-y).-Axy)=0< |:A(X, $=0

Buoc 3: Thay vao 1 trong 2 phuwong trinh trén d€ giai ra nghiém.
Viéc trit theo v& thuong phai st diing hang dang thiic hogc lién hop néu chira can:
a’—b’>=(a+b)(a-b)
a’th’= (aib)(a2 iab+b2)

_a-b
Va-vb- g

+b

Cich 2: (Cach 2 dung khi cach giai 1 khong dung duoc).
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Cong va tri lan luot hai phuong trinh dua vé hé phuong trinh méi teong duong
gom hai phuong trinh tich (thong thuong twong duong véi 4 hé phuong trinh méi).

Do tinh d8i xting, cho nén néu (x,;y,)la nghiém ctia hé thi (y,;X, ) ciing la nghiém
cta hé. Vi vay néu hé cé nghiém duy nhat thi x, =y

*Thi du 1. Giai hé phwong trinh:

0*

2
y +2 1 3
a) ) c)
X“+2 1 3
y Xy
b) 2x=y> —4y+5 4 X’ =2x+y
2y=x>—4x+5 y =2y+x
Huéng dan gidi
yi+2
3= x° o o |X>0
a) ) Diéu kién:
X+ 2 y>0
X =—
y

20 o2
Hé phuong trinh < y=y+2 ()
y’x=x*+2 (2
Lay (1) - (2) v€ theo vé:
3xy(x-y)=y* -’

< 3xy(x—y)+ x> —y? =0
< (x—y)3xy+x+y)=0

X—y=0
=
3xy+x+y=0 (VN)
S xX=Yy
Khi d6: Hé phuong trinh = 3x° = x* +2
<3P -x*-2=0
& (x=1)3x% +2x+2)=0

X-1=0
=N
3x*+2x+2=0 (VN)
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Sx=l=>y=1

Vay hé phuong trinh c6 nghiém la: (1,1)

b) 2x=y"—4y+5 (1)
2y =x>—4x+5 (2)

Lay (1) - (2) vé€ theo vé:
x* =y’ =2x+2y=0
c>(x—y)(x+y—2)=0
[x—y=0
x+y-2=0 (VN)
Sx=y
Khi x =y Hé phuong trinh = 2x = x* —4x+5

S xP—-6x+5=0

o (x-1)fx-5)=0

x—-1=0 x=1=>y=1
S =
x=5=0 x=5=>y=5

Vay hé phuong trinh c6 nghiém la: (1,1); (5;5).

2x+1=§
A
2y +—=—
Xy

Xxz0

Diéu kién: {
y=#0

2 _
H¢ phuong trinh < 2% Y 7*=3% @)
2xy*+y=3x (2)
Lay (1) - (2) v€ theo vé:
2xy(x = y)+(x~y)=3(y - x)

< 2xy(x—y)+4(x-y)=0
o (x—y)2xy+4)=0

Swu tAim va téng hop
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Khi dé:

i) x=y
Hé phuong trinh: <> 2x® + x = 3x
< 2x°-2x=0
& 2x(x? -1)=0
{x =0 [x =0 loai
= =
1 x==
Hay (1/1)/ (-1/'1)
2i) y= -2
X
X X

Hé phuong trinh < 2X2(_—2J +X= 3(_—2J

& —AX+X=—
X

o x2=2
- x=42 =y==2
Xx=—+2 =vy=42

Hay: («/Z—«/E) (— \/E; \/E)
Vay hé phuong trinh ¢6 nghiém 1: (1,1); (-1,-1); 2:—v2) (- +/2:+2)

d){x =2x+y (1)
Y =2y+x (2

3_ 3: _ _
Trie véi cong (1) voi (2) ta duoc: & 2~ 272 HY X
X4y =2x42y+y+x
o (=) +y+*)=2(x =)= () - (r=yla* +ay+y* =1)=0
X+Yy xz_xy+y2 :2.X+y +(.X'+y) X+ x2_xy+y2_3 —0
(x+ )

Hé da cho twong duong vdi bon hé phuwong trinh:
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x+y=0 x+y=0
) hay (II) R )
x=y=0 X +xy+y —-1=0

Hay (i 1 0~ hay (1v){* F Yy 1=0
2 2
x*—xy+y>=3=0 X" =xy+y -3=0

Y

0

xX+y= 0 x=0
y=0

an <:>{x+y 0 <:>{y:—x

x*+xy+y’—1=0 X' =x>+x"-1=0

xyO

0

x—-y=0 x-y=0 y=x
(III) e 2 2 A 2 2 = 2 2 2
X" =xy+y -3=0 X" =xy+y -3=0 X" =x"+x"-3=0

= = =
x2-3=0 ¥ =3 x =443

: 2—120 + :_ =1 =—1
Wy [ X0+ ol y)2 xy @{xy
X —xy+y?=3=0  |(x+y)-3xy=3 (x+y=0

= X,y langhiém cua phuong trinh: X*> -1 =0 < X’ =1 & X =+1
x=1
y=-1
=
x=-1
y=1

Vay hé phuong trinh c6 5 nghiém: (0;0); (1;-1); (-1;1); (\/5, \/5) (— ﬁ;_ﬁ)_
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x? ++/x =2y
v +4]y =2x

*Thi du 2. Giai hé phuong trinh {
Hudng dan gidi
biéu kién: x,y 0.

Trtt hai phwong trinh ctia hé cho nhau ta thu duoc:

x’ +\/;—(y2+\/§):2(y—x)
<:>(\/;—J;)[(x/;+\/§)(x+y)+1+2(\/;+\/§)}:0

Vi (x/;+\/§)(x+y)+1+2(\/;+\/§)>0

nén phuong trinh da cho twong duong véi: x=y.

x=0
Hay x2—2x+\/;:0<:>x2+\/;=2x<:>\/;(\/;—1)(x+\/;—1):0<:> x=1
3

Vay hé c6 3 cap nghiém: (x;y) = (0;0),(1;1),{

X’ +3x—-1+2x+1=y
y3+3y—1+,/2y+1 =X

Hudng dan gidi

3—J§.3—J§j
o

2

*Thi du 3. Giai hé phuwong trinh {

biéu kién: x > —l;y >—=
2 2

D&y rang x=y = —% khong phai 1a nghiém.

Ta xét truong hop x+y #-1

Trit hai phwong trinh cta hé cho nhau ta thu duoc:
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x3+3x—1+\/2x+1—(y3+3y—1+./2y+1)=y—x

2(x—y) o
N2x+1+42y +1

S (x=y)| X" +xy+y’ [+4(x-y)+

2
V2x+1+42y +1

S (x—y)| X +xy+y’ +4+

]=0<:>x=y

Khi x =y xét phwong trinh: x* +2x-1+v2x+1=0< x> +2x++/2x+1-1=0

2x

2
N2x+1+1 N2x+1+1
Tém lai hé phuwong trinh c6 nghiém duy nhat: x=y =0
(x—l)(y2 +6)=y(x2 +1)
(y-1)(x* +6)=x(y*+1)

Huéng dan gidi

x(x* +1)+ =0<:>x{x2+1+ }:O®x=0

*Thi du 4. Giai hé phuong trinh {

2 w2 _f = 2
Ho da cho o Xy +6Xx—-y —6=yX +y
yx* +6y —x* —6=xy’ +x

Trtt v€ theo vé€ hai phuong trinh ctia hé ta duoc:
2xy(y—x)+7(x—y)+(x—y)(x+y):0<:>(x—y)(x+y—2xy+7):0

X=y
X+y—-2xy+7=0

y

+ Neéu x=y thay vao hé ta co: x2—5x+6:0<:{x_ ~
+  Néu x+y-2xy+7 =0« (1-2x)(1-2y)=15.
Mat khac khi cong hai phwong trinh ctia hé da cho ta duoc:

x> +y? —5x—5x+12:0<:>(2x—5)2 +(2y—5)2 =2.

bit a=2x-5b=2y-5

Swu tAim va téng hop TAI LIEU TOAN HOC



{a+b:0

, Ja®+b?=2 (a+b)2—2ab=2 ab=-1
Ta co: Rt =
(a+4)(b+4)=15 ab+4(a+b)=-1 a+b=-8
i ab=31
. b=0
Truong hop 1: {:Jz B <:>(x;y)=(3;2),(2;3)
a+b=-8

vO nghiém.

Truong hop 2:
FHOng 0P {ab=31

Vay nghiém ctia hé da cho la: (x; y) = (2;2),(3;3),(2;3),(3;2)

flxy)=0

glx.y)=0"

Trong d6 chi c6 mot phuong trinh d6i xting
PHUONG PHAP GIAI TOAN

Dang toan 2. Hé c6 dang {

Pua phuong trinh d6i xtiing vé dang tich, giai y theo x (hay x theo y) roi thé vao
phuong trinh con lai.

1 1
4 o2 . A \ X——= y - (1)
*Thi du 1. Giai hé phwong trinh: X y

2x°—xy—1=0 (2)
Hudng dan gidi
DK: x#0;y#0
. (1 1J
Taco: )= x—-—y)—|———|=0
X oy
& (x-yhy+(x-y)=0
& (e=yfy+1)=0

y=x
— =O =
- xX—y - y=Xx
xy+1=0

i) Khi y=x
=>Q)=2x'-x*-1=0
o xt =1

Sx=tl=y=+1
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i) Khi y=—1
X
=>02)e2x°+1-1=0
<2x* =0

< x =0 (loai)

Vay hé phuong trinh c6 hai nghiém phan biét: (1,1); (-1,-1).

1 1
X——=y——
*Thi du 2. Giai hé phuong trinh: X Yy
2y =x"+1
Hudng dan gidi
1 1
MRSt )
bat X Y
2y=x"+1 (2)
biéu kién: x = 0;y = 0.
. 1 1
Ta co: Hex-y)—|——|=0
Xy
o (x=yhy+x-y)=0
c>(x—y)(xy+1)=0
y=x
—_ :0 =
N N = 1
xy+1=0 xy=-1 y=——
X
i) Khi y=x =>2)ox’-2x+1=0
e x-Dx*—x+1)=0
_120 x=1=>y=1
S = _ _
x+x-1=0 X = li;\/gjy= li;\/g

i) Khi y=—+ = @) o’ +2041=0
X X
< x*+x+2=0  (vOnghiém)

Vay hé phuong trinh c6 ba nghiém phan biét:
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(1:1); {—1+\/§;—1+\/§J{—1—\/§;—1—\/§J

2 2 2 2

Dang toan 3. Tim gia tri ctia tham s6 m d€ hé phuwong trinh doi xtng loai II

c6 nghiém duy nhat.
PHUONG PHAP GIAI TOAN

biéu kién can: Gia st hé phuong trinh ¢6 nghiém duy nhat, tim cac gid tri ctia tham
s0, luu y dén tinh d6i xting.

biéu kién du: Vi cac gia tri m vira tim, thit lai xem hé phuong trinh ¢6 nghiém duy
nhat khong.

, NS o =Y mysm (%)
* Thi du 1. Tim m d€ hé c6 nghiém duy nhat
y=x>—-x+m
Huéng dan gidi
Diéu ki¢n cin: Nhan xét rang: néu hé cé nghiém (xO , yo) thi cting c6 nghiém (yo X, ), do do

c6 nghiém duy nhat thi x, =y,.
Khi dé: (*)<:>x0=x§—x0+m<:>x§—2x0+m=0 (3)
Do x, duy nhat nén phuong trinh (3) ¢6 nghiém duy nhat.
<:>A'(3) =0o1l-m=0cm=1.
D6 chinh la diéu kién can dé€ hé c6 nghiém duy nhat.
Diéu kién du: Véi m =1, hé c6 dang;:

{x:yz—y+1

) :>x+y=y2—y+1+x2—x+1
y=x —-x+1

= (x—l)2 +(y—1)2 =0 x=y=1
Nghiém thoa man hé va la nghiém duy nhat .
Vay, véi m = 1 hé c6 nghiém duy nhat.

* Thi du 2. Tim m d€ hé c6 nghiém duy nhat

Huéng dan gidi
Diéu ki¢n cin: Nhan xét rang: néu hé cé nghiém (xO , yo) thi cting c6 nghiém (yo X, ), do do

c6 nghiém duy nhat thi x, =y,.
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Khi do: (x0—2)2+x3=m<:>2x§—4x0+4—m=0 (3)
Do x, duy nhat nén phuong trinh (3) c6 nghiém duy nhat
<:>A'(3) =0 2m-4=0m=2.

D6 chinh 1a diéu kién can d€ hé c6 nghiém duy nhat.
Diéu kién du: Véi m = 2, hé ¢6 dang:
(x—2) +y* =2
) (2)
X +(y-2) =2
= (x-2) +y* +x +(y-2) =4 (x-1) +(y-1) =0 x=y=1
Nhan xét rang x =y = 1 théa man hé (II).
Vay hé c6 nghiém duy nhat khi m = 2.

3 — 2 7 2
* Thi du 3. Tim m dé€ hé c6 nghiém duy nhat X® =y +7X" —mx
y3 — XZ +7y2 _my

Huéng dan gidi
* DPiéu kién can:
Hé phuong trinh cé nghiém (X, y) thi cting c6 nghiém (y, X)
= Hé c¢6 nghiém duy nhat < x=y
Khi d6 hé phuong trinh: x° = x* + 7X—mx c6 nghiém duy nhat
< xF-8x +mx=0

x*-8x+m=0 (VN)

<:>x(x2—8x+m):0 N
x> =8x+m=0 6 mot nghiém kép x=0

N =16-m<0
SN =16=m=0 <Sm>16
voli
m=0

* DPijéu kién di: m > 16
Lay (1) - (2) vé theo vé:

X —y® =6(x% —y?)-m(x—y)

= x3—y3—6(x2—y2)+m(x—y):0

TAI LIEU TOAN HOC
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& (x=y)x? +xy+y>—6(x+y)+m]=0

[x-y=0
_x2+(y—6)x+y2—6y+m:0

_x=y

_x2 +(y—6)x+y2—6y+m:0
Khi dé:

i) y=x
Hé phuwong trinh < x* = x* + 7x* —mx
& xP-8x"+mx=0

& x(x2 —8x+m)=0

x=0
=N
x> —8x+m=0 (VN)

= hé c6 nghiém duy nhat (0, 0)
2i) x> +(y—6)x+y>*—6y+m=0
Ta cé: Ax=(y—6) —4(y? —6y+m)
=-3y® +12y +36—4m
Ay =36+3(36—4m)
=144-12m
=12(12-m)<0
= Ax <0 hay phuwong trinh v6 nghiém (A <0 phuong trinh cing ddu voi a)
Vay m > 16
C. BAI TAP VAN DUNG
Bai tap 1: Giai hé phuwong trinh:

X +2x=y X——=y-——
a
yP+2y=x

Bai tap 2: Giai hé phuong trinh:
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2X+Yy =—

X} =2x+y Y

a) . b)
y =2y+x 2y + X =

Bai tap 3: Giai hé phuong trinh:

2
3x =2 J;Z 2X> =y +—
a) y , b) i’
_y 2y =x+=
3y = 2 y X
? _3y+2=0
Bai tap 4: Giai hé phuong trinh: {7
y?-3x+2=0
Bai tap 5: Cho hé phuong trinh
a2
2x* =y +— 2 3 2
2) y2 b) {yz _x3—4x2+ax
2y? =x+ & Ry oAy
X

Tim a d€ hé phuong trinh c6 nghiém duy nhat

Swu tAim va téng hop
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PHAN 4. HE PHUONG TRINH CO YEU TO PANG CAP

A. TOM TAT LY THUYET

fk
+La nhitng hé c6 dang; { (%)

g“(xy)=¢,
Trong d6 f(x, y) va g(x, y) la cac da thitc back ciax vay (k= %, 1,2,3,...)va
khong chita thanh phan nho hon k.

+ Hoac cac phuong trinh ctia h¢ khi nhan hoac chia cho nhau thi tao ra
phuong trinh dang cap.

Ta thuong gdp dang hé nay ¢ cac hinh thirc nhu:

. ax’ +bxy +cy’ =d
ex’ +gxy+hy’ =k’

.\ ax’ + bxy +cy’ =dx +ey
gx? +hxy +ky? =Ix+my’

. ax’ +bxy +cy’ =d
gx’ +hx’y + kxy® +1y’ = mx+ny

B. PHUONG PHAP GIAI TOAN

Phueong phap chung dé giai hé dang nay la: Tt cac phuwong trinh cuia hé ta
nhan hojc chia cho nhau d€ tao ra phuiong trinh dang cdp bac n:

ax"+a,x" .y ..+a y"=0
Ttr d6 ta xét hai treong hop:

y =0 thay vao dé€ tim x

+ y#0 ta dit t=—" thi thu duoc phuong trinh: a t" +a t"*...+a_=0
y
+ Giai phuong trinh tim t sau d6 thé vao hé ban dau dé tim x,y

Chu y: ( Ta cling cé thé ddt y = tx)
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2x* +3xy+y* =12 (1)

*Thi du 1. Giai hé phuong trinh
' FPRTons {xz—xy+3y2—11 (2)

(Trich dé thi thir Chuyén Nguyén Hué nam 2015-2016)
Loi giai
22x* +33xy +11y* =121
HPT <

Ta thdy y = 0 khong la nghiém cua phuong trinh.

2
Chia hai vé& phwong trinh (3) cho y? ta dugc 2.[£j + 9.(£J -5=0
y y

1
o X 5 , t:— =
Ditt=2 (t>0)Khidé: 22 +9t-5=0 (2t-1)(t+5)=0c| = 2 | 2
y t=-5 X=—5y

Véi x 2% thay vao (1) ta duoc:

Véi x =-5y thay vao (1) ta duogc:

3 3 3

50y° —15y° +y? =12 & 36y’ =12 & y=4—= .
e YIREEYTEET 6 5
Vs Vs

Vay nghiém cta hé phuong trinh la:

(xy)=(12),(-1 —2){_¥"§J'L¥;_§J

2 _oy?=-1
*Thi du 2. Giai hé phuong trinh] >
2x° -y’ =2y —x

(Trich dé Chuyén Viing Tau nam 2019-2020)
Loi giai
D€y rang néu nhan chéo 2 phuong trinh ctia hé ta co: 2x° —y° = (x2 -2y? )(x ~2y)
day la phuong trinh dang c&p bac 3: Tir d6 ta c6 10 giai nhu sau:

{XZ —2y*=-1 (1)

2x° -y’ =2y-x (2)

Swu tAim va téng hop
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=2x" -y’ :(x2 —2}72)(x—2y)<:>x3 +2x%y +2xy* =5y° =0

X=y

_ 2 2)
<:>(x y)(x +3xy+5y) OC{X2+3XY+5Y2=O.

THI: x =y, thay vao phuong trinh (1) ta dwoc x=y ==1 .
3. ) 1 +2y =0
TH2: x* +3xy +5y° =O<:>(x+5yj +Zy2 —0e= Y T e x=y=0.
Tht lai, ta thdy x =y =0 khong phai la nghiém ctia hé phuong trinh da cho.
Vay hé phuong trinh c6 hai nghiém la (1; 1),(—1; —1) .

x> = (2—y)(2+y)
2x° =(x+y)(4-xy)
(Trich dé Chuyén Quang Ninh nam 2019-2020)

*Thi du 3. Giai hé phuong tr‘mh{

Loi giai

{xz(Z—y)(2+y) @{x2+y2=4 (1)

2¢ =(x+y)(8-xy) " |20 =(x+y)(d-xy)  (2)
Thé 4=x? +y? tir phuong trinh (1) vao phuong trinh (2) ta duoc:
2x° :(x+y)(x2 —xy+y2)<:>x3 =y’ ox=y.
Thay x = y vao phuong trinh (1) ta dwoc: X =2& x=+12 .
Heé phuong trinh 6 nghiém (x;y) 1a: (V2,42 );(~V2;-2).

*Thi du 4. Giai hé phuong trinh:

Xy_x_16
y 3 x*+y*=1
a) yo 3 b) d
y 9 X2y +2xy? +y¥=2
Xy —+ ==
X 2
Loi giai
B X #0
a) y 3. Diéu kién: ” . bat: y=1tx
y 9 y=0
- =2
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1 16

x> —=="—
Hé phuong trinh < t 93 *)
x> —t=—
t=0
e =20,1 =2
"3t 1619 t=0 - ~3
= S S to=-tt S = 3 =
, 9 3 2 6t°-5t+6=0
tx? ==+t 3 t="
2 t=>
2
Khi d6
i)t=_—2:>(*)<:>—gx2+g=g<:>—x2=@(loai)
3 3 2
2i)t:§:>(*)<:>§x2—§=g<:>x2:4<:>x=12
2 2 2 2
Vay (2;3) ,(-2;-3)
X} +yi=1
by * Y
X2y +2xy°* +y* =2
n y=0
x* =1
Hé phuong trinh < (VN)
= y=0Ddt x=ty
3(,3 _
Hé ph trinh < y3ﬁ3+1)=1 *) ’ &2+1)_1
e uwong tr1 =
t*+1>0
S 2 pote1 <2t +1)=t? +2t+1
R

o2 -t -2t +1l e (t-1)2t% +t-1)=0

1
t—1=0 1
202 +t—1=0 2

Khi dé:

Swu tAim va téng hop
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1 V4 34
) t=l=(Meoy =— oy="jx=—o
i) M)y 5 ©Y=7 5

1 8 2 1
2) t=— > (M oy =—cy="3;x=-13
) t=5 =)oy =geoy=7 3

2

3 3
Vay hé c6 hai nghiém: (@;ﬂj; @ %/5;%%/5 j .

, . ot n . ) 3P+ 2xy+y® =11
*Thi du 5. Tim m dé hé phuong trinh cé nghiém
X*+xy+3y? =17+m

Loi giai
= x=0
A . 3y’ =17+m g
He phuong trinh < 7 " (c6 nghiém)
y =
y? =11
17+m
@{ C 17emell="" 0 o mat6
-3
= x=0 Dbat y=tx
3x? 420’ 41757 =11
Hé phuong trinh < ( c6 nghiém)
X+’ +3°x7 =17 +m
x2(3+2t+t2):11 o
*) (c6d nghiém)
x2(1+t+3t2):17+m
Ta thay: 3+2t+t* >0 véimoit
1+t+3t? >0 véimoit
e 3+2t+t co0 nghiém
9 17+m
X'=——
1+t+3t
11 17+m

= - = 5 co6 nghiém t
3+2t+t 1+t+3t

< (M-16)t? +(23+2m)t+40+3m=0 c6 nghiém t
TH1: m = 16: Hé phuong trinh c6 nghiém

TH2: m# 16: Phuong trinh c6 nghiém.

Swu tAim va téng hop
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< A=(23+2m)* —4(m-16)40+3m)>0
< m? -10m-338<0

< 5-+/363<m<5++363 .

C. BAI TAP VAN DUNG

en 1 L XE+2xy+3y* =9
Bai tap 1: Giai hé phuong trinh:q
2X2 +2xy+y> =2

3x? +8y? +12xy = 23

Bai tdp 2: Giai hé phuong trinh: ¢
X" +y =2

(Trich dé Chuyén KHTN Ha Ngi nam 2010-2011)

Bai tap 3: Giai hé phuong trinh: X’ +y*+xy=3
xy +3x* =4

Bai tap 4: Giai hé phuong trinh:

a x? =3xy+y*=-1 b) —3xy+y’=4
3x? —xy+3y?=13 x> —4xy+y?=1

Bai tdp 5: Tim m d€ hé phuong trinh sau c6 nghiém:

x* —4xy +y’> =m
y? —3xy =4

Swu tAim va téng hop TAI LIEU TOAN HOC



PHAN 6. CAC PHUONG PHAP GIAI
HE PHUONG TRINH CHUA TRI TUYET DOI

A. PHUONG PHAP GIAI TOAN

Dang toan 1. Giai hé phuong trinh chita tri tuyét d6i bang dinh nghia va

phuong phap chia khoang.

PHUONG PHAP GIAI TOAN
Ta thuc hién theo cac budc sau:
Buéc 1. Dét diéu kién cho céc biéu thic trong hé c6 nghia.
Budc 2. St dung cac phép bién ddi bang dinh nghia hoc chia khoang dé€ bién ddi hé
Buéc 3. Két luan vé nghiém cho hé phuwong trinh.
2x+y =4

*Thi du 1. Giai hé phuong trinh:
‘X - Zy‘ =3

Huéng dan gidi
2x+y =4 y=4-2x y=4-2x y =4-2x
{\x—zy\:s&@ (x-2y) =9 [x—2(4—2x)]2:9© (5x-8) =9

y =4-2x

y=4-2x <=1 x=1y=2
5x2—16x+11—0<:> 11 ~ x—E __ 2
= 5775

11 2
Vay, hé co nghiéem (1;2) va | —,——|.
a4 ghiém (1;2) (5 5)

~2

*Thi du 2. Gidi hé phuong trinh: | Y (1)
3x+y=4

Hudng dan gidi

Cdch 1: (Str dung dinh nghia): Bién doi twong duong hé vé dang:

2-y20 y=2
—v> _
2 2 o X2y o
‘x‘+y— =S ‘X‘_ TSl o x+y=4o4 X Ly=1 x=1
3x+y=4 3x+y=4 X==-2+y 1 5 <
3x+y =4 { 2 2
_3x+y:4
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Vay, hé c6 nghiém duy nhat (1, 1).
Cdch 2: St dung phwong phdp chia khodng

Voi x>0 thi

=2 =1
(I)<:> xry IS X thoa man diéu kién x > 0.
3x+y=4 y=1

Véi x <0 thi

— X=
(I)<:> —x+y—2<:>

khong thoa man diéu kién x < 0.
3x+y=4

N| Ul N =

y =
Vay, hé c6 nghiém duy nhat (1, 1).
*Thi du 3. Giai hé phuong trinh:

2 =1 +[y-2|=1 ) 2x-y|-2ly-x/=1
lx—1]+3y =3 J2x—y|+[x-y|=10

Hudng dan gidi

x=1+|y-2/=1 (@
a)
x-1+3y=3 (2)

Tt phuong trinh (2): |X—Zq+3y=3,ta co |X—Zq:3—3y
Thé vao phwong trinh (1), ta dwoc:
3-3y+|ly-2/=1 < ly-2/-3y=-2(%

TH1:y >2=y-2>0nén|y-2/=y-2

Taco: () y—2-3y =2 < -2y =0 < y =0(loai)
TH2:y<2 =>y-2<0nénl|y-2/=2-y

Taco: ()<= 2-y-3y="2-A4y=-4sy=1

=|x-1=0ex-1=0cx=1

Vay nghiém cua hé phuong trinh la: (1;1)

2x—y|-2ly-x/=1
32x—y|+[x—y|=10
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He phu’ongtr‘mh@{| X y| |X y| {| X Y| <:>{2x y =43

32x—y|+[x—y|=10 x-y|=1 X—y==1

Vay hé da cho c¢6 bon nghiém: (2;1); (-1;-2); (4,5); (-4;-5).

o { xt-y' =1 (1)
*Thi du 4. Giai hé phuong trinh: (1)
ryl+x-yl=2 - (2)

Hudng dan gidi
Bién dai (I) vé dang:
(1)<:>(x2 +yz)<x2 —y2)=1c>(X2 +y2)(x—y)(x+y)=1
x+y>0&x-y>0 (3)
:>(X_y)(x+y)>O<:>L+y<0&x—y<0 (4)

4 _yh o 4 _ -1
V6i (3), taduoc: ()] Y SN L
X+y+x—y=2 x=1 y=0

4 _ 4 4 _ -1
Vi (4), ta dwoc: (I) = X -y =1 = y =0 & X .
—X—-y—-X+y=2 x=-1 y=0

Vay, hé c6 2 cdp nghiém (1, 0) va (-1, 0).

Dang toan 2. Giai hé phwong trinh chita tri tuyét d6i bang phwong phap

dat 4n phu.

PHUONG PHAP GIAI TOAN
Ta thuce hién theo cac budc sau:
Buéc 1. Dét diéu kién cho cac biéu thic trong hé c6 nghia.
Buéc 2. Lya chon an phu dé€ bién d6i hé ban dau vé cac hé dai sd da biét cach giai (hé
do6i xting loai I, loai 2 va hé déng cdp bac 2).

Buoc 3. Két luan vé nghiém cho hé phuwong trinh.

‘X+1‘+L:4

*Thi du 1. Giai hé phuong trinh: -1 (1)
x+1]- S
[£-y]
Huéng dan gidi
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‘x+1‘+i 4

Ta co: (I) & ‘y _1‘
\x+1\—L=1
y-1
u=‘x+1‘
Dat ve 1 , diéu kién y #0,u,v>0.
ly-1

Khi dé: urev = v = v = 1 = _
u-v=1 u-v=1 — y=

SRR

Vay hé c6 4 nghiém:

o L =1)3

‘x—y‘+‘x+y‘+‘x2—y2‘=5

2(x2 +y2)=5

(1)

*Thi du 2. Giai hé phuong trinh: {

Huéng dan gidi

Dit {u =|x-y] | dieu kien u,v > 0.
v =ty

‘XY‘+‘X+Y‘+‘X2Y2‘=5<:>{u+v+uv—5 (II)

Khi do: (I)Q{(x—y)2+(x+y)z . .

u +v- =5

PDitS=u+v, P=uv, diéu kién S,P,S* —4P > 0.

Khi do: (I1) < S+P=5 _ ] P=5-5 | P=5-5
1 .

° s*-2p=5" |$"-2(5-8)=5" |$*+25-15=0
S=-5&P=10 (1) [u+v=3
= =
S=3&P=2 uv =2

TAI LIEU TOAN HOC
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t=
Khi d6 u, v 12 nghiém cua phwong trinh: t* -3t +2 =0 < l:

Véiu=1vav=2, taduoc:

X+y=2
‘x—ﬂzl ‘X+ﬂ=2 Xy:z 13)(31 1 3 3. 1
& 3 © sxy)=|=2 S22 -5-2
x+y|=2 xy=", X+y=-2 272)(272) 2" 2)\ 2" 2

_3

LA

Véiu=2vav=1, taduoc:

I x+y=1
x-y|]=2 x+y[=1 =Ty 13)(3 1)(1 3)( 31
=N 3 © exy)=l-=> S| =2 || -5i5 |
x+y|=1 xy == x+y=-1 22)(2" 2)\2" 2)'\ 22

3

xy:—Z

Vay hé da cho c6 8 nghiém:

e G-I

Dang toan 3. Phuong phap danh gia.

PHUONG PHAP GIAI TOAN
Bang cach danh gia tinh t& dyra trén cac cac tinh chat ctia bat dang thiic, ta c6 thé
nhanh chéng chi ra dugc nghiém ctia hé.
‘x—y‘+‘x+y‘=2 (1) (I)

*Thi du 1. Giai hé phuong trinh:
xy =1 (2)

Huéng dan gidi
Bién d6i (1) vé dang:
(1) 4=(x-y) +(x+y) +2* =y*| =2(x +y? )+ 2|x* —y*[22(x* +y* ) 2 4xy = 4

2% -y*|=0
A . x=y=1
Vay hé twong duong véi X=y & .

= :—1
xy =1 =Y
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Véy hé c6 nghiém (x,y)=(1;1),(-L-1).

B. BAI TAP VAN DUNG

Bai tap 1. Giai hé phuwong trinh:

a){y—‘x‘:l b){x+y:2 .
2X—y=1 ‘2X—3y‘=1
Bai tap 2. Giai hé phuong trinh:
a){\x\+2\y\=3 b){‘x—y‘:my—ll"
7x+5y =2 2x—-y=1

Bai tap 3. Giai hé phuong trinh:

a){‘x‘—y+1—0 b){‘xz—thY—l'

2x—ly|-1=0 x* +ly|=1

x* +2xy -3y’ =0

pattap . GIaihe phuang triny {X\X\ +yly]=-2

Swu tAim va téng hop
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PHAN 7. CAC PHUONG PHAP GIAI
HE PHUONG TRINH BAC CAO

A.TOM TAT LY THUYET
Cac hé phuong trinh dai s6 bac cao thwong rat khé giai va khong thé néu ra

phuong phap chung dé€ giai chiing. Trong muc nay, chung ta xét mot s hé phuwong
trinh bac cao d6i xtitng hodc khong do6i xing.

Vi cac hé bac cao khac nhau chiing ta sé xem xét cac phuwong phap d€ giai chung,

bao gom:
1. Phuong phap bién ddi twong duong.
2. Phuong phap ddt an phu.
3. Phuong phap danh gia.

B. PHUONG PHAP GIAI TOAN

Dang toan 1. Giai hé d6i xténg.

PHUONG PHAP GIAI TOAN
Chuang ta da biét phwong phéap giai cac hé d6i xtiing bac 2 loai [, loai I va phuong
phap d6 ciing duoc ap dung d6i voi cac hé d6i xiing bac cao.

2 2
*Thi du 1. Gidi hé phuong trinh: {’:”Z”’ =3 (1)
X +y =17
Hué6ng dan gidi
2
X2+y2=3—xy (x+y)2=3+xy (X+y) =3+Xxy Ky =1
(I)<:> (Xz+ 2\ Z 17 4952 2 < 2 y 2 & Xy =—2 Q{ XV = —2
y) =17 +2xy (3—xy) =17 +2x"y [xy——4 y

x+y=1

Khi do, vai: { = X, y la nghiém ctia phuwong trinh:

Xy = -2
_{xlz—l
t?—-t-2=0< o 1
t=2 {x2=2
y,=-1

=-1
{X ty = X, y la nghiém ctia phuwong trinh:

Xy =-2
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t?+t-2=0<

Vay hé c6 cac nghiém (—1;2),(2; —1),(1; —2),

Chii yj: Céac hé phuong trinh bac cao thuwong 1a hé ddi xiing loai I d€ giai ching ta st dung
phap bién d6i twong dwong dé xac dinh gia tri x + y va xy, d6 chinh la cong viéc thuong

dung d6i véi hé doi xting bac 2 loai L.

*Thi du 2. Giai hé phuong trinh.

xt+yt=1 Xry =
A, by s s 5
y’ +y =1 X +y =x"+y
Giai:
L lu=x*>0
a)bat: ,
v=y° >0
u?+v?=1 u+v)y —2uv=1
Hé phuong trinh <4 . | <:>( )3
w+vi=1  |(u+v) -3uv(u+v)=1
S=u+v=>0
bit: diéu kién: S? > 4P
P=uv>0
S*-1
) \ sz 2p=1 [P
Hé phuong trinh < s _35p 1<:> 521 =
i $°-35.°—~=1
2
S -1
2 P =
= :SZ1 At ?
(s-1s?+s-2)=0 ||>""
S=-2  (loai)
P=0 uv=0
=3
S=1 u+v=1

Swu tAim va téng hop
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3 3

{x3 =1
Y =2
{x4:—2
L y, =1
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[fu=0 [(x=0
v=1 y=+=1
1

u= x=%1
v=0 y=0

Vay: Hé c6 4 nghiém (1,0), (-1;0),(0;1), (0;-1)

)T 4 x3+y3:1 x3+y3:1 x3+y3:1
) Taco: X4y =xt 4y’ X4y = +y%).1 < X4y =’ +y2).(x3 +y3)
xX*+yi=1
X +y =1 Xy =1 Xx=0
< ¥’ +y5 =x -I-xzy3 +x3y2 +y5 < xzyz(x+y):O<:> y=0
X+y=0
[(x=0
xX*+yi=1 [(x=0
y=0 {y=1
< =
{x3+y3=1 {x:l
X=-y ly=0
Xy =
Vay hé phuong trinh c6 nghiém: (1;0); (0;1).
_ 2 _y2)=3
*Thi du 3. Giai hé phuong trinh: (=)l =y') (1)
(x+y)<x2 +y2)=15
Huéng dan gidi
I)@ (x—y)z(x+y)=3 - [(x+y)2—4xy}(x+y):3 - [(x+y)2—4xy](x+y)=3 (*)
(X"‘Y)(XZ +Y2) =15 (x+y)[(x+y)2 —2xy} =15 (x+y)[2(x+y)2 —4xy} =30

Trir theo vé€ hai phuong trinh cho nhau ta dwoc:
(x+y)3 =27 < x+y=3
Thay x +y =3 vao (*) ta duoc: (9 —4xy).3 =3 xy=2.

, | x+y=3
Do do: { e b)) (21),

TAI LIEU TOAN HOC
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Dang toan 2. Giai hé phuong trinh bac cao bang phuong phép dit an phu.

PHUONG PHAP GIAI TOAN
Ta thuc hién theo cac budc sau:
Buéc 1. Dét diéu kién cho céc biéu thic trong hé c6 nghia.
Buéc 2. Lya chon an phu dé€ bién d6i hé ban dau vé cac hé dai sd da biét cach giai (hé
ddi xting loai I, hé d8i xting loai IT va hé dang cdp bac 2).
Bwoc 3. Giai hé nhan duoc.
Buoc 4. Két luan vé nghiém cho hé phuwong trinh ban dau.

(1)

2 — 6 2
*Thi dy 1. Giai hé phuong trinh: 17 * 0~ X
1+ X2y2 = 5x°
Hué6ng dan gidi

Vi x = 0 khong la nghiém cua hé, chia hai vé€ cua cac phwong trinh cho x* # 0 ta dwoc:

l+y_2—6 X[l+YJ:6
2 - X\ X
(1)< Xl X o )
—+y' =5 |[=+y| -2L=5
X e X
Détuzzzylvé V:l+ytaduqchémc’ri:
X X X
1
2 —
uv =6 u=" -5 u=2 ;+Y—3
?-2u=5 . Tlv=3T]1
voTeus v -5v-12=0 |~ ~—y=2
X
1 f = x, =1Ly =2
= —,yla nghiém ctua phuong trinh: t* -3t+2=0< = 1
X t= X2:EIY2_1

Vay, hé phuong trinh c6 hai cdp nghiém (1;2) va (% ; 1).

x' =X’y +xy? =1

Xy —=x* +xy =-1

* Thi du 2. Giai hé phuong trinh: {
Hudng dan gidi
(x2 - xy)2 =1-xy

Hé phuong trinh twong dwong voi
X’y — (x2 - xy) =-1
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2 2
Dat {u oy Thay vao hé ta co {u v nén {u 0hoéc {u .

v=x"y v-—u=-1 V= v=-3
Véi “ ta cod x Y nen | (vo nghiém) hoac y
v=0 x3y=0 X —xy:l Xx==

Lju=-2 X exy=-2
Voi taco § | (vOo nghiém).

Vay hé c6 nghiém (x,y)=(1;0),(-1,0).

(2x+ y)2 —5(4x2 —y2)+ 6(2x—y)2 =0
*Thi du 3. Giai hé phuong trinh:

2x+y+ =3
=y 2x -y
Hudng dan gidi
biéu kién: 2x #y.
u=2x+y
Dat . Khi d6 hé phwong trinh tuong dwong;:
vV=2X-Yy (V # 0)

u=2v [ 2v2—3v+1=0
3

2_ 2=
u” —-5uv+6v- =0 [ v —3v+1=0 (1) ve
= &

u=23v

g 1
u+—=3 1 3 1 u=1,v=5
v u+;— u+;=3 u+—=3
v
2x+y=2
Voi u=2,v=lthi | Y P ex=3,y=1
2x-y=1 4 2
2x+y=1 3 1
Véi u=1,v=—thn 1eoX=—,y=—.
2X—y:§ 8 4

Vay hé c6 hai nghiém (x,y) = G 1}@ ;ij.

Dang toan 3. Giai hé phuong trinh bac cao bang phuong phap danh gia.

PHUONG PHAP GIAI TOAN
Bang cach danh gia tinh t& dua trén cac tinh chat ctia bat dang thuic, ta c6 thé
nhanh choéng chi ra dugc nghiém cta hé.
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(1 + xy)(x + y) = 4xy
(1 + x2y2 )(X2 + yz) = 4X2y2

*Thi du 1. Tim cac nghiém x,y #0 caa hé sau: {

Huéng dan gidi

x+y+l+l=4 (1)
Xy
x2+y2+i2+i:4 (2)

2

Xy

Vi diéu kién: x,y # 0 ta bién ddi hé vé dang:

X 2

2
Nhan xét: 4° :(x+y+l+lj Sé{x2 +y° +i2+iJ:42.
y Xy

Vay, hé phuong trinh ¢6 nghiém khi va chi khi: x=y = 1.
Xy

I
|
I
0

Kiém tra lai, thdy x =y =1 thoa man hé.
Vay, hé c6 nghiém duy nhatx =y =1.

B. BAI TAP VAN DUNG

Bai tap 1. Giai hé phuwong trinh:
8(x* -y’ )+9(x-9)=0
Bai tap 2. Giai hé phuong trinh: { (¥ =y7)+9(x=9) =0
. o L xoy =1
Bai tap 3. Giai hé phuwong trinh:

s A e S L A
Bai tap 4. Giai hé phuwong trinh:

Bai tap 5. Giai hé phuong trinh:

2 3
X142 =12
Bai tap 6. Giai hé phuwong trinh: <\ 'y y .
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Zy(x2 —yz) = 3x

Bai tap 7. Giai hé phuwong trinh: .
x(x2 + yz) =10y

8x°y° +27 = 18y°
Bai tap 8. Gidi hé phuong trinh: | Y
4’y +6x =y’

1
2x* +x-—=1
Bai tap 9. Gidi hé phuong trinh: |~ x

yoyix-2yt =2
x3y(1+y)+x2y2 (2+y)+xy3 -30=0

Bai tap 10. Giai hé phuwong trinh:
P P & {x2y+x(1+y+y2)+y—11—0
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PHAN 8. CAC PHUONG PHAP GIAI
HE PHUONG TRINH CHUA CAN THUC

A.PHUONG PHAP GIAI TOAN

Dang toan 1. Giai hé phwong trinh chita cin thitc bang phwong phap bién
déi twong duwong.

PHUONG PHAP GIAI TOAN
Ta thuc hién theo cac budc sau:
Buéc 1. Dét diéu kién cho céc biéu thic trong hé c6 nghia.
Buéc 2. St dung cac phép thé dé€ nhan dwoc tir hé mot phuwong trinh theo an x hoacy
(d6i khi 6 thé la theo ca hai an x, y).
Budc 3. Giai phuong trinh nhan duoc bang cac phwong phap da biét ddi véi phreong
trinh chita can thtrc.

Buéc 4. Két luan vé nghiém cho hé phuwong trinh.

M+\/yjz7 (I)
JE+\/yT5=7

Hudng dan gidi

* Thi du 1. Gidi hé phuong trinh: {

Xx—2>0 X>2
DPK: =
2 y>2

x+y+5-2+2(x+5)(y-2) =49

x+y-2+5+2(x-2)(y+5) =49

o 28y -2) - 2= 2)y - )

& Xy —2X+5y—-10=xy+5x—-2y-10
S X=Y

Khi x =y Hé phuong trinh: S AX+5+4x-2=49

& X+5+X—2+2,/(x+5)x—2) =49

< 24/x% +3x—10 = 46 — 2x
< A/x2+3x-10=23-x

& x? +3x-10 = (23— x)’
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X<23 Xx<23
= =
49x =539 x=11

Két hop vdi diéu kién x =11

Vay hé phuong trinh c6 nghiém la: (11;11)

VX Ny
*Thi du 2. Giai hé phuong trinh: Ky oy =82
x + J_ 4
Huéng dan gidi
x>0

Diéu kién: {
y>0

X2 +y2 +42xy =8V2 [ {J2(x® +y?) +2\/xy =1
Hé phuong trinh @{X+y+ X 8J_<:>{ (x +y)+JX—y °

x+y+2Jx_y:16 x+y+2Jx_y:16

x+y=+2(x*+ 22 +2xy+y? =2(x7 +y°
IREEEE y@{ wy+y? =2 +y7)

\/;+\/_ 4 \/;4‘\/;:4

{x +y? —2xy = 0@{(x—y)2=0
.

=

J_+J_ 4 \/;+\/;=4

< T < T = x=4
x+\/_ 4 Jx+/x =4 x=2 y=4
Vay hé c6 nghiém (4;4)

Vx? +10x+25 =x+5
Vx?—10x+25=5-x

Hudng dan gidi

(x+5f =x+5 [Jr+3=x+5 {x+520
= f
(5—x)2 —5_« |5—x|=5—x 5-x20

* Thi du 3. Gidi hé phuong trinh: {

Vay nghiém cuta hé la doan [-5;5].

x*+xy+y’ =84
x+\/E+y=14

Huéng dan gidi

* Thi du 4. Giai hé phuong trinh: {

Tir (2) ta cd: x+y=14—4/xy
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& (ctyf =14-y f
& x2+2xy+y? =196+ xy —28/xy

S xt+xy+y’ =196—28\/E *)

=16
Thé (1) Vao (*) Ta dwoc: {xy 10 = X, ¥ la nghiém ctia phuwong trinh: X2 -10X +16 =0
X+y=
_{x =2
X=8 y=38
= =
X=2 x=8
(=2

Vay hé c6 nghiém (2, 8); (8,2).

Dang toan 2. Giai hé phuong trinh chita cin thitc bang phuong phap dat
an phu.

PHUONG PHAP GIAI TOAN

Phuong phap duoc st dung nhiéu nhat d€ giai hé chira can thie 1a viée ste dung cac
an phu. Tuy theo dang ctia hé ma lua chon phép dat an phu thich hop. Cu theé ta thuc
hién theo cac budc sau:
Buéc 1. Dét diéu kién cho cac biéu thitc trong hé c6 nghia.
Buéc 2. Lya chon an phu d€ bién d6i hé ban dau vé cac hé dai sd da biét cach giai (hé

do6i xting loai I, hé d6i xting loai IT va hé c’[éng cap bac 2).
Buéc 3. Giai hé nhan duoc.

Buéc 4. Két luan vé nghiém cho hé phwong trinh ban dau.

Xy Y + =30
*Thi du 1. Giai hé phuong trinh: 4 ¥ x
X x+yﬁ=35
Huéng dan gidi
X y+y\/§:30 Dit Uu=+/Xx>0
. ba
X x+y\/§:35 v=\/§20

\ u?v+uv? =30 uv(u+v)=30
Heé phuwong trinh <

u®+v3=35 (u+v)’ —3uv(u+v)=35

uv(u +v)=30 Uu+v=>5
= 3 =
(U+v)P =125 ~ |uv=6

= U,V la nghiém ctia phuong trinh: X2 -5X +6 =0
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u=2 X=4
X =3 v=3 y=9
= = &
X =2 u=3 Xx=9
_v:2 y=4
Vay hé c6 nghiém (4, 9); (9,4)
ﬂ + ﬂ — L +1

*Thi du 2. Giai hé phuong trinh: { y X  /xy (x>0;y>0)
X~/ XY + ny_y =78
Huéng dan gidi
X+y=7+ \/W
(Xx+yW/xy =78

Hé phuong trinh < {

5 Uu=Xx+y
at:
' v:\/x_yzo
. . u=7+v u=7+v u=7+v
Heé phuong trinh < = <9,
uv =78 v(7+v)=78 7 |[v2+7v-78=0
u=T+v u=13 x+y=13
= v=6 <~ _ <:>\/—_6
v=-13 loai = Ve
X+y=13
=
Xy = 36

= X, ¥ la nghiém cua phuong trinh: X2-13X+36=0

x=4
X =4 y=9

< o
X =9 x=9
[Ly=4

Vay hé c6 nghiém (4, 9); (9,4)

* Thi du 3. Gidi hé phuong trinh: m + \/; =4 (1)
X2 + y2 =128 (2)

Huéng dan gidi
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o~ n x+y=0 y 2 —X
Diéu kién: = & —x<y<xsuyrax20.
x-y=0 y <

- u+v=4
u+v=4 (I)
u+v=4 u+v=4 uv =32
Ta duoc: &4l uv=0 <
u?+v2 =256 |uv(uv-32)=0 u+v=4
uv =32 (II)
i uv=0
Giai (I): vo nghiém.
{ x+y =4
Giai () () |~ "7 e T s XTY
u=0&v=4 /x+y=0 x=8&y=-8
x-y =4

Vay, hé phrong trinh c6 hai cap nghiém (8, 8) va (8, - 8).

Chii yj: Trong nhiéu truong hop chwa thay su xudt hién ctia an phy, trong treong hop nay
can mot vai bién ddi phu hop

Jx+.Jy =4 (0
Jx+5 + y+5=6

Huéng dan gidi

*Thi du 4. Giai hé phuong trinh: {

biéu kién: x,y > 0.

Ta co: : (I) =

(Va5 435+ ({fy 75 +4fy ) =10 (M+&)+(JYT5+@:
(=R (502 | e ey
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+v=10
Ta dugc: {u V25 < u, v la nghiém cta phuwong trinh t* -10t+25=0<t=5
uv =

- m+&:5© x(x+5)=10-x
Jy+5+4y=5 | fy(y+5)=10-y

Vay hé phuong trinh c6 mot nghiém (x, y) = (4; 4).

Dang toan 3. Giai hé phuong trinh chita cin thitc bang phuong phap danh gia.

PHUONG PHAP GIAI TOAN
Bang phuong phép dénh gid tinh t& dua trén cac tinh chat ctia bat dang thic, ta cd thé
nhanh choéng chi ra dugc nghiém cta hé.

Vx+1 +\/§:1
\/;+,/y+1 =1

Hudng dan gidi

* Thi du 1. Gidi hé phuong trinh: {

x>0

Diéu kién: )
y=>0

\/x+1+\/§21
K+ fy+1>1

Vay hé c6 nghiém khi va chi khi x =y =0.

V6i didu kién (1) nhan xét rang: {

dy-1=1
*Thi dy 2. Giai hé phuong trinh: |+ V2
y+@x—1=1
Hudng dan gidi
x>1

Diéu kién: .
y=>1
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: +iy-1>1
Vi diéu kién (1) nhan xét rang;: XY
y+yx-12>1

Vay hé c6 nghiém khi va chi khi x =y =1.

Ix+144x+2+/x+3 =\/y—1 +\/y—2 +\/y—3

*Thi du 3. Giai hé phuwong trinh
x> +y* =10

(Trich dé HSG I6p 9 tinh Khinh Hoa ndm 2014-2015)
Hudng dan gidi
biéu kién X > -1, y > 3. Ta xét cac truong hop
Treong hop 1: X+1<y-3<y>Xx+4
Khi d6, VX +1+ VX +2 +Vx+3 < ly-1+y-2+.y-3
Suy ra hé vo nghiém
Truong hop 2: X+1>y-3 < y<x+4
Khi d6, VX +1+VXx+2 +/x+3>Jy—1+,y-2+./y-3
Suy ra hé vo nghiém
Truong hop 3: X+1=y-3< y=Xx+4

Thay vao phuong trinh thit hai ctia hé da cho, ta duoc
2x* +8x+6=0=x=-1vx=-3
So diéu kién ta duoc x =-1=y =3. Vay (X;y)=(-1 3).

B. BAI TAP VAN DUNG
Bai tap 1. Giai hé phuwong trinh:

a){\/;+\/§=1 b){x+y— Xy =7

‘X‘+‘y‘= x2+y2+xy=133'
Bai tap 2. Giai hé phuwong trinh:

N X+4y-3=4 &+\E 5
y+Vvx—-3=4 \/x+5+,/y+5 8

)
& &

Bai tap 3. Giai hé phuong trinh: {
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PHAN 9. CAC PHUONG PHAP GIAI
HE PHUONG TRINH MU

PHUONG PHAP GIAI TOAN

Dang phuong trinh chita an s6 mi ctia luy thira. Ching ta dung phép cong, phép
thé, dat an phu...

2" +2.3"Y =56

*Thi du 1. Giai hé phuong trinh.
3.2 +3 =87

Huéng dan gidi
bat 2* =u>0,3"Y =v >0 hé da cho tré thanh

u+v=29

v =27
IS
u+v=29

{u+2v:56

{x:l {x:l
= &
X+y=3 y=2

Vay hé phuong trinh c6 nghiém: (1;2).

(x4 + y)3y‘x4 =1

*Thi du 2. Giai hé phuwong trinh. \
8(x* +y)-6"7 =0

Huéng dan gidi

{(” T S )

8(x4 + y)—6x4‘y =0 (2
1) & x* +y=3""

= (@) o83 -6 )=0
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3 B-277)=0

=8-27Y =0

o 22X =8=23

o xt-y=3
4_ :3 4:
Khido: | 7 X =
X' +y=27 y=12
x =+4/15
&
y=12

Vay hé phuong trinh c6 2 nghiém: (— 415 ;12) (i/E ;12)

*Thi du 3. Gidi hé phuong trinh: {X ray=-
4 =16
Hudng dan gidi

Tt phuwong trinh th nhat ta cd: x=-2y -1
Thay vao phuong trinh thit hai ta duoc:

4—2y—1+y2 — 42

& -2y -1+y? =2

& yP-2y-3=0

y=-1 =x=1
y=3 =x=-7

Vay hé c6 hai nghiém la: (1;-1); (-7;3).

Y1 _2¢=5

*Thi du 4. Giai hé phuong trinh:
4" -6.3"+2=0

Huéng dan gidi

bat u=2%v=3"(u>0,v>0), hé phuong trinh da cho trd thanh
v—u=5
u?—-6v+2=0

Day 1a phuong trinh béac hai v6i an s6 u,v. Giai hé ta tim duoc
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x=2
y=1

Tt d6 suy ra{

Vay hé c6 nghiém la: (2;1).

B. BAI TAP VAN DUNG

XY = gy
Bai tap 1. Giai hé phuwong trinh: { , 1y
X"y =
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PHAN 10. CAC PHUONG PHAP GIAI
HE PHUONG TRINH BA AN

PHUONG PHAP GIAI TOAN

H¢ phwong trinh ba dn la mgt chii dé khé va ciing rit hay gdp trong cdc dé thi hoc sinh gioi
va vao cic trieong chuyén, 16p chon. Khong cé phwong phdp nao tong quat dé’ gidi cic bai
todn chii dé nay. Minh sé trinh bay cic vi du va loi gidi chi tiét dé’ cic ban c6 thé'rit ra cdc

kinh nghiém dé giai khi gdp cdc bai todn logi hé ba dn nay.

7~ Dang 1. H¢ hai phuong trinh ba 4n

A Thi o Xy 2 =xy +yz+zx
Thi du 1. Giai hé phuong trinh: 0 g2 s

Hudng dan gidi
x> +y*+z* =xy+yz+zx (1)
Ta cé:

X2003 + y,2003 + Z2003 — 32004 (2)

PT (1) © 2x* +2y* +22° —2xy —2yz—2zx=0
S (x-y)Y +(y-2)* +(z—x)* =0
o x=y=z
Thé vao (2) ta c6: 3x* =3""" & x* =3 < x=3
Do do x=y=z=3
Vay nghiém ctia hé da cho la: (x;y;z)=(3;3;3)

, o . x+y+z=1
*Thi du 2. Giai hé phuong trinh:

x'+yt+zt =xyz

(Trich dé thi HSG tinh Thanh Héa nam 2013-2014)
Hudng dan gidi
x+yt yt+zt N zt+xt
2 2 2

Tacod: x'+y*+z'= > X’y +y’z* +2°X°

X2y2 + yzzz yzz2 + ZZXZ Z2X2 + Xzyz
> + > + > 2 XYYZ+ yZZX + ZXXy

Xyz (x+y+z)=xyz(vix+y+z=1).
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Ddubingxayra <{ ° ~ ex=y=z=

8 XAy x+y+z=1 R
A « A 2 A \ \ 1 1 1
Vay nghiém cta hé phuong trinh la: x=§;y=§;z=§

, s L | XHy+z=2
*Thi du 3. Giadi hé phwong trinh )
2xy—-z" =4

(Trich dé HSG Lam Dong nam 2010-2011)

Hudng dan gidi
Ta cé:
X+y+z=2 [z=2-x- 2-x-y)’ =2xy—4
yre=2 17 Y o 1@=x=y) =2xy
2xy—z" =4 z°=2xy-4 z=2-X-y

2 2 _ v —
- (x=2)"+(y-2) —0<:> x=y=2
z=2-X-Yy z=-2

Vay nghiém ctia hé phuong trinh la: (x,y,z) = (2; 2; —2)

X2 +y2 +z2 =1
2

*Thi du 4. Giai hé phwong trinh s
X +y° =2xy+2yz-2zx+1=0

Hudng dan gidi
X +y*+z° =1
Hé phuong trinh viét lai )
(x—y) —22(x—y)+1:0
T phuwong trinh th nhat ta duwgc: -1<z<1. (1)
Tix phuong trinh thit (2) suy ra (x —y) ton tai khi: z* -120 < [2|21.  (2)
Két hop (1) va (2) ta c6 z ==£1.

Vi z =1, hé phuong trinh c6 dang:

X +y =0 & x=y vO nghiém.
x-y=1 y=x-1
Véi z = -1, hé phuong trinh c6 dang:

2 2
— = :0
{x +y =0 {x y

vO nghiém.
x-y=-1 y=x+1

Vay hé vo nghiém.
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~ Dang 2. Hé ba phuong trinh ba 4n

~

1+1=16
Xy
, i A \ 1 1
*Thi du 1. Giadi hé phwong trinh: { —+—==20
y z
1+£:18
Z X
Hudng dan gidi
X=#0
Diéukién:qy#0
z#0
n . ~ . A 1 1 1 1 1 1
Cong theo tirtng vé ba phuwong trinh ctia hé ta dwoc: 2 ;+;+; =54 <:>;+§+;:27

Pem phuong trinh nay, trir di tiing vé lan luot tiing phuong trinh ctia hé, ta co:

LT} =t
z 11
l=7 = x=l
X 7
y 9
A 1A \ , n 111
Vay hé phuwong trinh ¢6 nghiém: (—,—;—)
79 11
oy 8
X+y 3
*Thi dy 2. Giai hé phuong trinh: | % =12
y+z 5
XZ _ﬁ
X+z 7
Hudng dan gidi
X#-Yy
-7
Diéu kién: y#
X #—2
xyz #0

TAI LIEU TOAN HOC
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v 8 xry 3 1,18
X+y 3 xy 8 X y 8
Ta co: yz :E = y+Z=£ Ry 1+1:£
y+z 5 yz 12 y z 12
w24 xrz_ 1 117
X+z 7 Xz 24 zZ X 24
X=8
Gidi teong tu cau a), ta dugc: |y =4
Z2=06
Xy + 2 =2
* Thi du 3. Giai hé phuong trinh: < yz+x* =2
zx+y? =2
Hudng dan gidi

Te(l)va@)taco: (x-z)(x-y+2z)=0 (4)

T (2) va (3) ta co: (y - x)(x +y -z) =0 (5)
(x—z)(x—y+2z)

=0
Tir (3); (4); (5) tacd hé : (y—x)(x+y-z)=0

zx+y? =2

Dé€ giai hé trén ta giai 4 hé :

X—Z:O X—Z:O

y—-x=0 (A) x+y-z=0 (B)
zx+y’ =2 zx+y> =2
x-y+z=0 x-y+z=0

y—-x=0 (C) x+y-z=0 (D)
zx+y’ =2 zx+y’ =2

Giai 4 hé trén ta duoc 8 bo nghiém ctia hé phuong trinh :
L 1L1);(-L-1-1); (\/Z 0;\/5) ;(—ﬁ; 0;—«/5)
Wz v2;0); V2 —v20) ; (05422); (0:-v2 -2

X-y—-z=1

*Thi du 4. Tim cac s6 thuec x, y, z théaman: {y—z-x=3.

Z-X-y=5
(Trich dé Chuyén Hung Vieong Phii Tho nam 2015-2016)
Hudng dan gidi
TAI LIEU TOAN HOC
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Cong v& v6i v€ cdc phurong trinh da cho ta duwoc X+ Y + 2 =-09.
Phuong trinh dau ¢ dang 2X —(X+y+2)=1= x=—4.
Phuong trinh thit hai c6 dang 2y —(X+y+2)=3=y=-3.
Phuong trinh thit ba ¢ dang 22 —(X+y+2)=5=>z=-2.
Thtr lai thoa man. Vay X=-4,y =-3,2=-2.

Xy=X+y+1
*Thi du 5. Giai hé phuong trinh: <yz=y+z+5 (X, Y, ZeR)
IX=Z+X+2

(Trich dé vao I6p 10 Chuyén Vinh Phiic nam 2013-2014)
Huéng dan gidi
xy=x+y+1 |[(x-1)(y-1)=2
Tacod: 1yz=y+2+5<1(y-1)(z-1)=6
IX=Z7+X+2 (z-1)(x-1)=3

Nhan tteng v€ cac phuong trinh ctia hé trén ta duoc

(-)(y-1)(z-1)) =36 | IV D(2-1)=8

(x-1)(y-1)(z-1)=-6

+) Néu (x-1)(y—-1)(z-1)=6, két hop véi hé trén ta duoc
3
+) Néu (x-1)(y-1)(z-1)=-6, két hop véi hé trén ta duoc

Vay hé phuong trinh da cho c6 2 nghiém (x;y;2)=(2;3,4),(0,-1-2).

x+xy+y=1
*Thi du 6. Gidi hé phuwong trinh: {y+yz+z=4 trong d6 x,y,z>0
z+zx+x=9
Huéng dan gidi

Hé da cho tuwong dwong vdi
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(x+1)(y+1)=2
(y+1)(z+1)=5 Rt
(z+1)(x+1)=10

(x+1)(y+1)(z+1)=10
(x+1)(y+1)=2
(y+1)(z+1)=5
(z+1)(x+1)=10

[(x+1)(y +1)(z+1)] =100
(x+1)(y+1)=2
(y+1)(z+1)=5
(z+1)(x+1)=10

(Do x,y,z >0)

(z+1=5 x=1
Sax+1=2 <qy=0
y+1=1 z=4

Vay hé da cho c6 nghiém la: (x; y;z) = (1; 0;4)

*Thi du 7. Giadi hé phuwong trinh.

X+y=-3 Xy+Yyz=>5
a)IX+2=-2 b) {yz+zx=9
Xy +YyZ+2Xx=2 X+ Xy =8
(2-x)Y3x-2z)=3-z (1)
0 Y43y =x*-3x+2 (2
2 +y? =6z (3)
z<3 (4)
Huéng dan gidi
X+y=-3 @
a)Xem hé phuwong trinh: { X+ 2 =-2 (2)

Xy+yz+zx=2 (3)

Ta co:

(x=2

Jy=-5
X+y=-3 y=—X-3 —_—
X+z2=-2 SeZ=—X-2 <

X=-2

Xy+YyzZ+X2=2 x2=4

Jy=-1

| (z2=0
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Vay nghiém ctuahé da cho la:  (2;-5; -4);(-2; -1; 0).

xy+yz=5 (1
b)  Xem hé phuong trinh { yz+2x=9 (2)
ZX+xy=8 (3)

Cdng cac phuong trinh (1),(2),(3), v€ theo vé ta cé:

2(xy + yz +2x) =22
S Xy+yz+zx=11  (4)

Ttr (4) va cac phuong trinh ctia hé ta co:

o
sy=-1
Xz =6 x*=4 J
z=-3
Xy=2 xy=2 &
X=2
yz=3 yz=3
;y=1
_\Z:3

Vay nghiém ctia hé phuong trinh da cho la: (2;1;3); (-2;-1;-3).

(2-x)3x-22)=3-z ()
vy 43y =x*-3x+2 (2)
7 +y? =6z €)
z<3 (4)

T (1) tacd 3x* —2(3+2)x+32+3=0.D& ton tai X thi A’ >0
AN =72-32>0
< 2<0hodc 223 (5)
Tt (3)tacd y> =6z-2>=2(6-2)>0
<0<2<6 (6)
Két hop (4), (5), (6) ta c6:z=0; z=3.
Khi z=0=x=1y=0
z=3 =>x=2,y=-3

Vay hé c6 nghiém la: (1,0;0); (2;-3;3).
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X*(y+2z)* =(3x +x+1)y’z>
*Thi du 8. Giai hé phuong trinh {y*(z+x)* = (4y” +y +1)z°x>

22 (x+y)’ =(52° +z+ 1)x’y?

Huéng dan gidi

Néu chia hai vé& ctia mdi phwrong trinh cho x’y*z’ thi ta dwoc hé méi don gian

hon.
& Y ha 2,2 y=0
TH1. xyz=0.Néu x=0 thihé¢ < y’z :0<:>{
z=t,teR
-Twong tw v6i Y =0 va z=0 ta thu duoc cac nghiém la

(0;0;t), (0;t;0), (t;0;0), te R
-TH 2. xyz #0. Chia hai v& ctia mdi pt trong hé cho x’y*z’ ta duoc

1 1 2
+j =3+-+ 5 (1)
zy X x
2
1+1j =4+1+i2 (2).
X Z y y
1 1 2 1 1
+] =5+"— — (3)
y X zZ z

Cong vé& 3 phuong trinh ctia hé ta duwoc:
2 2

[1 1} (1 1)2 (1 1J 11

—+— | ]|+ ] | =124+

zy X z y X

11 1Y (1.1 1

<:>(++j —(++j—12:0<:>
X y z X y z

l+i2<:>2=13<:>x=i
X X 13

1 1 1

-+
X2 y2 ZZ

1
2
P
Z
1
s,

Xy
1.1
Xy
1.1, =-3(5)
Xy

- Tu’(4)va(1)taco[ l} =3+
X
- Te@va@)tacs y=2 Tu(4)va(3)tacoz—19—1

- Tuong ty, tit (5), (1), (2), (3) ta c6 x = —g, y=-1,z=-2>

- Vay hé c6 tap nghiém la

9 39 5 5
= {(t;0;0); (0;t;0); (0;0;t); | —;—;— |; | ——;-L-=|, teR
{( 0405 005353551 i3 4}}

X*+2°=9 (1)
*Thidu8. Chohé: {y’+t>=16 (2)
xt+yz>12  (3)
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Trong tap hop cac nghiém ctia hé da cho, hdy tim nghiém (X, Y,,Z,,t,) sao cho tong

X, + Yo dat gia tri 16n nhat.
Hudng dan gidi
Ap dung bét dang thiic Bunyakovsky ta co:
(xt+zy) < (x* + 22 ft2 + y?)

D&u “=" khi va chi khi Xt =yz hay % - ,suyra xt+yz=12
y

2 2
Taco’:lzizkka:Xz +22 =g:>k=i§
t oy t2+y? 16 4

Cong (1),(2) v€ theo vé'ta co:
x2+y?+ 22 +t? =(x+y) +(z-t) =25
& (x+y) =25-(z-t) ma (z-t)*>0
Nén (x+y)' <25 x+y<5
Vay x +y dat gi tri 16n nhat bang 5, khi t = z.

Giai hé phuong trinh nay véi z =t va x=kt(k:i%), 6 x=%;y=—;z=—;t=—.

B. BAI TAP VAN DUNG

Bai toan 1. Giai hé phuong trinh:

xy _12
X+y 5 x4+ y* =13+ x2y?
a){ Y _18 c) {X2 —y* =1+2xy
y+z 5
Xy <0
xz 36
X+z 13
X2 +y?+72 =29 y+4=3-x)
27 — +2)=9+4
b)< Xy +yz +zx=-10 d) (2 >;)(y ) y
_ 1 X*+2° =4x
X+y=- 2>0

X
Bai toan 2. Giai hé phuong trinh: < 1 N
X
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X+y+z=-2
Bai toan 3. Giai hé phuong trinh: {x* +y* +2z> =6 (z21)

X +y’+2°=-6

Bai toan 4. Tim tat ca cac bo gom ba s8 (X, y,z) thod man hé:
X+y+2>2
X* +y?=4-2xy
X’ +2°=9-2xz
y>+2° =16-2yz

Bai toan 4. Xac dinh a dé€ hé phuong trinh sau c6 nghiém duy nhat:

X +y* =z
X+y+z=a
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CAC KI THUAT GIAl
HE PHUONG TRINH

PHAN 1. KI THUAT THE TRONG GIAI HE PHUONG TRINH

A.NOI DUNG PHUONG PHAP

- Hé gom hai phuong trinh, trong d6 tir mot phwong trinh ta ¢é thé rat duoc mét an
theo dn con lai va thé vao phuong trinh kia tao ra phuwong trinh da thirc bac cao mét
an c6 thé gidi duoc. Dadi khi ta cling thuc hién phép thé hang s8 hodc thé mot bidu
thitc vao phwong trinh con lai.
DA4u hiéu nhan biét:

- Trong hai phwong trinh ctua hé cé it nhadt mét phuong trinh bac nhat cia x va y.

- Cé thé rat mot bién theo bién con lai tir mot phuwong trinh ctia hé.

B. THI DU MINH HOA
7~ Dang 1. Rat mdt an theo an con lai va thé vao phwong trinh kia ctia hé
2x+3y =5 (1)

*Thi du 1. Giai hé phuong trinh ¢ |
X" -y +2y=4 (2)

Loi giai

Ttr (1) ta cb x =2 _235’ thé vao (2) ta duoc

2
3(%) ~y*+2y-4=0

< 3(25-30y +9y*)—4y* +8y-16
= 23y% ~82y +59 =0

y=1
< (y-1)(By-59)=0<| 59
"

Véiy =1 thay vao (1) ta dugc: 2x+3=5=>x=1
Vi y=5—9 thay vao (1) ta dwoc: 2x43.2 o5 x=—ok
23 23
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23723
Nhan xét: O bai toan nay ta rit x theo y vi phuong trinh (2) ctia hé chua nhiéu an y
hon so vdi x, khi thé x theo y chiing ta sé nhe nhang hon trong viéc tinh toan.

Vay tap nghiém cta hé phuong trinh 1 {(1,-1) ; ( 51,59 J}

Xy +2x+y=14
*Thi du 2. Giai hé phuong trinh | )
X" +3x" +3x-y=1

Loi giai
 [xy+2x+y=14 x(y+2)=14-y (1)
Taco: § ) = 3
X" +3x" +3x—-y=1 (x+1) -y-2=0 (2)
V6i y=-2 thé vao (1) ta duogc: 0x = 16 (v ly)

Véi y #-2 tx (*) suy ra: x= 14_—2}7 thé vao (2) ta duoc:
+

3 3
14—y 16 - 3
+1| -y-2=0 — | =y+2 +2) =16
S R e
<:>(y+2)4=84<:>[er c{ y=o=x
y

y+2=-8 =-10=>x=-3

Véiy =1 thay vao (1) ta duoc: 2x+3=5=>x=1

23
23

Vay tap nghiém ctia h¢ phuong trinh 1 {(1;6); (~3;-10)

Véi y :g—z thay vao (1) ta duoc: 2x+3.% =box=

7~ Dang 2. Thé mét biéu thirc vao phwong trinh con lai
, N \ X' —x-y=-1
*Thi du 3. Giai hé phuong trinh: . ,
XT+XYy+X +Xy=Xx+y-2
Loi giai
x+y=x"+1

Ta co: X' —x-y=-1 o
‘ X+ Xy +x° +xy =x+y-2 Xz(x+y)+x(x+y)—(x+y)=—2

x+y=x"+1 (1)
g (x+y)(x2+x—1)=—2 (2)
Thay x+y=x’+1 thé vao (2) ta duoc:
(x2+1)(x2+x—1):—2
x4 X +xt+x-1==2

SxP+x3+x+1=0
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<:>x3(x+1)+(x+l)=0
& (x+1)(x*+1)=0

=

Véi x=-1 thé vao (1) ta duoc: -1+y=1+1<y=3
Vay nghiém ctia hé phuong trinh la (x,y) = (—1;3)
) o X2y +xPy? =2x+9
*Thi du 4. Giai hé phuong trinh |
X" +2xy =6x+6 (*)
Loi giai
4 3 2.2 2 2 —
Tac(,):{x2+2x y+Xy =2x+9 - (x +xy) =2x+9
X" +2xy =6x+6 2x* +2xy =x* +6x+6
2
(x2+xy) =2x+9 (1)
X2 +6x+6

x2+xy—T (2)

=

x> +6x+6

Thé x> +xy = vao (1) ta duoc:

2 L 6x+6)

{w} ks 9

2
2

<:>(x2+6x+6) =4(2x+9)

& X" +36x7 +36+12x7 +12x° +72x = 4(2x+9)

< xP+12x% +48x%2 +64x =0

<:>x(x3+12x2+48x+64)=0

c>x(x+4)3=0
|:X=O
=
x=-4

Vi x =0 thé vao (*) ta dwgc: 0y =6 (vd nghiém)

V6i x =—4 thé vao (*) ta duoc: 16-8y=-24+6<8y=34=y= %7 (vO nghiém)

Vay nghiém ctia hé phwong trinh la (x,y) = (—4; %J
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Nhan xét: Chung ta hoan toan c6 thé rut triee ti€p y hodc xy tir phuwong trinh (*) thé
vao phuong trinh kia ctia hé @€ chuyén vé phuong trinh bac 4 mot an x va giai bang
cach nham nghiém, nhung néu linh hoat mot chut ching ta bién do6i sau d6 méi thé
nhu cach tdi trinh bay & trén thi 10i giai s& nhe nhang vé mat tinh todn va dep mat
hon.

y?=xy+1=0 (1)

*Thi du 5. Giai hé phwong trinh
' FPRTons {x2+y2+2x+2y+1—0 (2)

Phén tich: Rt y* = xy +1thé vao phuong trinh (2) ctia hé ta dwgc phwong trinh
dwa duoc vé phuong trinh tich nén ta dung phuwong phép thé.
X2 +xy +2x+2y =0 x(x+y)+2(x+y) =0 (x+y)(x+2) =0 x+y=0
x+2=0
Loi giai
y =xy+1=0 - y =xy-1
x> +y?+2x+2y+1=0  |[xX*+xy-1+42x+2y+1=0

y?=xy-1 { y=xy-1
(

=
X* +xy +2x+2y =0 x+y)+2(x+y)=0

=xy-1
= &9 x+y=0
S [

=

%
{ xy—1
el
I

X=-2
(v+1)' =

Vay hé ¢4 nghiém duy nhét (x, y) = (—2; 1)
7~ Dang 3. Thé hing s§ tit phwong trinh nay vao phuong trinh kia

*+xy*-10y =0
*Thi du 6. Gidi hé phuong trinh: >~ 7
x“+6y° =10

(Trich dé chuyén Hiing Vuong - Phii Tho 2015-2016)
Loi giai

3 2_1 — 1
Ta co: xrxy Oy=0 ()
x> +6y* =10 2)
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Thé 10 = x* +6y” vao phuong trinh (1) ta duoc
x* +xy? —=(x*+6y°)y =0
<=>x"+xy’ =x’y -6y’ =0
<=>x’ -2x’y + X’y - 2xy” +3xy’ —6y° =0
<=>(x-2y)(x* +xy +3y*)=0
x=2y

<=>
x* +xy+3y” =0

2
11y?
+ Truong hop 1: x* +xy +3y* =0 <:>(x+%J +Ty:0:>x:y:0

Vi x =y = 0 khong théa man phuong trinh (2) nén x =y = 0 khong la nghiém cua hé.
+ Truong hop 2: x =2y thay vao phuong trinh (2) ta co:

4y +8y? =12 <=> y? =1 <=> B _ ::::;2_2

Vay hé phwong trinh ¢6 2 nghiém (x;y) €{(2;1);(-2;-1)}

Nhan xét: Viéc thé 10=x"+6y* vao (2) nham tao ra mot phuong trinh dang cap
bac 3 d6i véi x va y, tir phuong trinh dang cap nay chung ta dé dang chuyén thanh
dang tich d€ rut ra dwgc moi lién hé gitra x voiy.

Truong hop ban chwa c6 nhiéu ki nang phan tich nhan t, ban khong thé chuyén
x* +xy? —x’y =6y’ =0 thanh dang tich, ban ctia thé lam nhw sau:

- Xét y = 0 thi x = 0 thay vao hé phuwong trinh da cho ta thdy (x, y) = (0, 0) khong thoa

man hé phueong trinh.

3 2
- Xét y # 0 chia hai v& ctia phuong trinh cho y° # 0ta dwoc: (5] - (iJ +2-6=0
y y) y

Djt = =tta duoc: t*—t* +t—6 =0 déy la phuong trinh bac 3 ching ta dé dang dimng
y

may tinh dé€ bAm ra nghiém hodc tw nhdm nghiém ciing don gian hon, tir d6 dé

dang giai quyét bai toan.

X’ —8x=y’+2y

*Thi du 7. Giai hé phuong trinh: {XZ 3.3 (y2 N 1)

Loi giai
Hé phuong trinh da cho twong dwong vdi:

X -y’ =2(4x+y) [3xX° -3y’ =6(4x+y) (1)
x2—3y2=6 < X2—3y2=6 (2)
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Thay (2) vao (1) ta co:
x> -3y’ = (x2 —3y2)(4x+y) o x +xy-12xy* =0 (*)
- Xét x = 0 thi y = 0 thay vao hé phuong trinh da cho ta thady (x, y) = (0, 0) khong thoa

man hé phueong trinh.

2
- Xét x # 0 chia hai vé& ctia phrrong trinh cho x° #0ta dwoc: 1+ (X] -12 (X] =0
X

X
1
tzg x =3y
Dat Y =t, ta duoe: 1+t-12t* =0 & (1-3t)(4t+1)=0 &
X t——l x=—4y
4

Véi x =3y thay vao (2) ta duoc: 9y° -3y’ =6y’ =l y=+t1=>x=13
V6i x=—4y thay vao (2) ta duoc:

16y* -3y’ =613y’ =6 y= +\/7:>x +\/%
Vay tap nghiém ctia hé phuong trinh la { 1; 3 -1,-3 [\/: —\/:J( \/7 \/7 ]}
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PHAN 2. Ki THUAT PHAN TiCH THANH NHAN TU

A.NOI DUNG PHUONG PHAP:

Hé co dang {A(x,y) =0

B (x, y) =
Trong d6 c6 mét phuong trinh cua hé dwa dwoc vé dang tich
Chang han: A(x, y) = a(x, y).b(x, y) = 0 thong thuong A(x) la phwong trinh da thiic 2
an, hodc phuong trinh dang cdp, tim dwoc m&i quan hé cac bién trong phuong
trinh.
Ta bith 6 {A(X'Y)=0 @{ 23] o(ey)=0 { ()= V{b(’”) »

B (x, y) =0 ( ) 0 0
DA4u hiéu thwong gip:
- C6 moét phuong trinh trinh 1a phuong trinh da thirc, nhung d6i khi c6 thé 1a bac
cao chang han bac 4 hodc 6, ching ta giai xudng bang cach dat an phu (t =2 t =x°)
- Hé c6 phuwong trinh dang cap, hodc cé thé dung phép thé dé két hop 2 hé chuyén
duoc vé phuong trinh dang cap.
- Hé c6 can thikc ciing rat thuwong xuyén c6 thé chuyén vé dang tich bang cach st

dung lwong lién hop, dat an phy, hoac danh gia ham s6.

B. THI DU MINH HOA:

6x* —3xy+x=1-y (1)

*Thi du 8. Giai hé phwong trinh:
’ FPREOns { X +y? =1 (2)

(Trich dé chuyén Yén Bdi 2012-2013)
Loi giai
Bién d6i phuwong trinh (1) cuia hé ta dugc:
6x° —3xy+x=1-y
& 6x° =3xy+x+y—-1=0
& 6x° =3xy+3x-2x+y-1=0
& 3x(2x-y+1)-(2x—y+1)=0
& (3x-1)(2x-y+1)=0
[ 3x-1=0
| 2x-y+1=0

=
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Vi x :% thé vao (2) ta dwoc:

242

2
1 ) , 8
— |ty =leoy =—cy=
[3j y y 9 y

3
Vé6i y =2x+1 thé vao (2) ta dwoc:
) x=0=>y=1
X +(2x+1) =1 5x" +4x=0 = x(5x+4) =0 < 4
5 5
Vay tap nghiém ctia hé phuong trinh la {(%,%J, (%;—%J;(O;l);(—%;—%)}

Nhan xét: Doi cac hé phuong trinh c6 mot phuwong trinh c6 dang la mét tam thiec
bac 2 d6i véi 2 an nhu phuwong trinh (1) ctia hé trén viéc ching ta phai lam kiém tra
xem phuong trinh nay c6 thé chuyén vé phuong trinh tich dé€ rat mot an theo an kia
va thé vao phuong trinh con lai. Tuy nhién d6i khi viéc chuyén vé phuong trinh
tich la twong ddi kho, ta ¢6 thé mot dn 1a tham sd nhw sau:

6x> —3xy +x=1-y < 6x* —(3y-1)x+y-1=0 (1)

A(l)=(3y—1)2—4.6(y—1):9y2—6y+1—24y+24=9y2—30y+25=(3y—5)2
L _By-1)+(3y-5) y-1 _(3y-1)-(3y-5) 1
! 12 2 17 12 3

Tt day ching ta dé danh dua phuong trinh ctia hé vé dang tich. Trong treong hop
dental khong 1a s6 chinh phuwrong thi hé d6 khong giai duwoc bang cach dwa phuong
trinh d6 cta hé vé dang tich, ta nén nghi t& viéc tim lién hé gifta cac an bang
phuong trinh kia ctia hé, hodc c6 thé la phai két hop ca 2 phuong trinh ctt hé moéi
tim dwgc quan hé gitra cac an. D€ minh hoa diéu nay ta dén vi du sau:

x2+(x+3)(2x—y+5)=x+16 (1)
M(X—y+3)=\/§ (2)

(Trich dé chuyén Nam Dinh 2015-2016)

*Thi du 9. Giai hé phuong trinh: {

N 220
Phan tich: Diéu kién: x* < x2-2,y20.
y=>0
Phuong trinh (1) ctia hé c6 dang bac 2 cua x va y nén thi ta thir kiém tra xem cd
thé duwa vé dang tich hay khong.
(1) = x* +2x* —xy +5x+6x -3y +15=x+16

& 3x* —(y-10)x-3y-1=0 (*)

Taco: A, = (y—10)2 ~4.3(-3y-1)=y*-20y +100+26y +12 =y* + 6y +112
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Ta thdy dental phwong trinh (*) khong 1a sd chinh phuong nén phuong trinh (1)
cua hé khong thé dua vé dang tich d€ rat an nay theo an kia. Do d6 ta nén nghi tdi
viéc tim lién hé gitta cdc an bang phuong trinh (2) ctia hé cho du nhin chta can
twong doi phtic tap so véi phuong trinh (1).

\/E(x—y+3)=\/;

Do (2) c6 2 can, mot can chita (x +2) va va mot can chira y nén chiing sé thuong co
quan hé dac biét véi nhau, ta tach dai lugng (x — y + 3) theo ching (x +2) va y d€ tao
muon lién hé:

\/E(X—y+3)=\/§
< X+2[(x+2)—y+1]—\/§=0
<:>(x+2)\/x+2—y\/x+2+\/x+2—\/§:0
o x+2(x+2—y +(M—():
] 4
(m+()(ﬁ W)+ (2 -y )=
@(W—\/;)[ X+ .(m+\/§)+1}=0

@\/m—\/;=0(do m.(m+\/§)+l>0)

Sy=x+2

Hodc cac ban c6 thé st dung biéu thiec lién hop:
(x+2)\/x+2 —y\/x+2 +\/x+2 —\/§=0

<:>(x+2—y)x/x+2+\/:+§+if/, =

1
<:>(x+2y)[m+\/x_T+\/§J=

1
S y=x+2 {do Vx+2 +\/_—>0J
X+2 4,y

Thay y =x+2 vao (1) ta duoc:

Swu tAim va téng hop TAI LIEU TOAN HOC



x* +(x+3)(2x—y +5) =x+16
=X+ x+3)(2 (x+2) +5) x+16
& X +(x+3)2 X+
& 2x +5x-7=0
& (x-1)(2x+7)=0
x=1=y=3
< 7 :
X = 5 (loal)
Vay phuong trinh c¢6 nghiém 1a (x, y) = (1, 3)
Vi phan tich trén cac ban tur trinh bay 10i giai nhé!

Vx—1+4y-1=3

*Thi du 10. Giai hé phuwong trinh:
' P & {xy+x+y=x2—2y2 (2)

-----

biéu kién: x>1,y>1

(2)<::>xy+x+y=x2—2y2
<::>(x2 —yz)—(y2+xy)—(x+y)=0
<:>(x—y)(x+y)—y(x+y)—(x+y)=0
<:>(x+y)(x—y—y—1):0
<:>(x+y)(x—2y—1)=0
©x-2y-1=0 (dox21y>1=x+y>0)

& x=2y+1

Thay x =2y + 1 vao (1) ta duoc:
2y +1-1+y-1=3e 2y +\[y-1=3o2y+22y(y-1) +y-1=9
o 10-3y>0
=22y(y-1)=10 3y<:>{y2 52y+100=0

ys<!

= {y=50<:>y:2:>x=5

y=2

Vay hé c6 nghiém duy nhat (x, y) = (5, 2)

TAI LIEU TOAN HOC

Swu tAim va téng hop




*Thi du11. Giai hé phuong trinh: 24/x + 2\5 =3 (1)
3 +(x-y) =Xy +y’ (2)
Loi giai
x>0

Diéu kién
y=-1

Xudt phat tir phuong trinh (2) ta co:

3x' =6’y +(x—y) -y =0
x=0

& 3 (x=2y) + x(x —2y) =0 < x(x - 2y)(3x> +1):0<:{ 5
X=2y

Vi x =0 thay vao (1) ta co: 2.0+\/§=3<:> y=3cy=9

Vé6i x =2y thay vao (1) ta c6: 2.\/5+\/§=3<:>(2\/§+1)\/§=3<:> y=

9
9+44/2

18 9
Vay tap nghiém cua hé phuong trinh la (0;9), ;
yiapng P & {( )(9+4\/§ 9+4\/E]}

PHAN 3. K THUAT CONG, TRU, NHAN
HAI VE CUA HE PHUONG TRiNH

A. NOI DUNG PHUONG PHAP:

D&i véi nhidu hé phurong trinh chiing ta khong thé bat dau khai thac timg phuong
trinh cta hé ma phai két hgp ca 2 phwong trinh ctia hé méi tao ra dwoc mudi lién hé
gitta cac an. Cdc bai toan dang nay thuwong khong c6 phuong phap chung ching ta
phai linh hoat trong tirng bai toan.

B. THi DU MINH HOA

7~ Dang 1. Cong, trir dai s6 d€ dua vé cac tong binh phuong
x*+3y? -3x-1=0

2

*Thi du 12. Giai hé phuwong trinh )
X -y —x—-4y+5=0.

Swu tAm va téng hop

TAI LIEU TOAN HQOC



(Trich dé Chuyén Nam Dinh nam 2016-2017)

Loi giai
e, {xj+32723x1:0 (1)
X -y =x-4y+5=0 (2)

Cong v& v6i vé& cua (1) va (2) ta duge 2x* +2y° —4x—4y+4=0  (3)
2 2
Phuong trinh (3) trong duong véi (x - y) + (x +y- 2) =0

X=y x=1
= =
X+y=2 y=1.

Ta thdy x=y =1 théa mén (1) va (2). Hé da cho c6 duy nhat nghiém (x;y)=(11).

) o .. |xX*=Bxy+x-5y” =42
*Thi du 13. Giai hé phwong trinh s .
7Xy +6y° +42 =x

(Trich dé Chuyén Tay Ninh nam 2019-2020)
Loi gidi
Ldy (1)+(2) ta duoc (x+ y)2 =0 x=-y
Thay x =-y vao (1) ta dwoc x> +x—-42=0
Giai phueong trinh trén ta duoc x=-7;x=6
Vi x=-7 tacé y=7;Voi x=6 tacd y=-6.
Vay hé da cho ¢6 hai nghiém la (—7;7) va (6; —6).
~ Dang 2. COng, trir dai s6 d€ dwa vé phuong trinh mét 4n

) o . 2x+x"—y*=3 (1)
*Thi du 14. Giai hé phuong trinh: .
X+y'=1 (2)
Loi giai
Cong theo v€ phuong trinh (1) va (2) caa hé ta duoc:

=1
2x+2x2:4<:>x2+x—2=0<:>(x—1)(x+2)=0<:>[X
X=-2
Véi x =1 thay vao PT (2) ta duoc: 1+y*=1<y=0
Vé6i x =—2 thay vao PT (2) ta duoc: 4+y* =1(VN)

Vay c6 hé c¢6 nghiém duy nhat (x, y) = (1, 0)

Swu tAim va téng hop TAI LIEU TOAN HOC



x(y?+1)=2

*Thi du 16. Giai hé phuong trinh:
xX’y? +xy +1=3x"

Loi giai
Hé phwong trinh twong dwong véi

{xz (y2 + 1) =2 { xzy2 —2==x2 { 3X2y2 —6=-3x* (1)
=

xX’y? +xy +1=3x" X’y? +xy +1=3x" X’y? +xy +1=3x" (2)

Cong theo vé€ hai phuong trinh cta hé ta duoc:

xy =1

4x%y* +xy-5=0< (xy—1)(4xy+5)=0< 5
Xy =——

4

Vi xy =1 thay vao (1) ta duoc: -3x* =-3 < x=1t1=y==1

Véi xy = —g thay vao (1) ta duoc:
16 16 16 48 \ 48 4\ 21

Vay hé c6 4 nghiém la {(1;1),(—1;—1){\/%;—2\/%M[—\/%Z\/% D}

xy — 3y = 4x>

*Thi du 15. Giai hé phuwong trinh: | 7 )
y +2y+7 =7x" +8x

(Trich dé Chuyén Phan Bgi Chdu nam 2018-2019)
Loi giai

Hé da cho tuong dwong vdi

Swu tAim va téng hop TAI LIEU TOAN HOC



2xy — 6y =8x’ - xy — 3y = 4x>
V 42y +7=8x"-x*+8x |y’ +2y+7-2xy+6y+x>—8x=0

(x—y)2—8(x—y)+7=0 (X—Y_7)(X_y_1)=0

I X:—2+JB_YZ—5+JE

x-y=1 - 3 3
3x* +4x-3=0 2-J13 5-413
X = Yy =

{xy—Sy =4x* {xy—?ay = 4x?

3 3
=
L_5r2v22 2642422
{X—y=7 - 3 7 3
3x* +10x-21=0 X_-s-z@,y__%-z@
3 3

Vay hé phuong trinh da cho c6 4 nghiém

{_zwﬁ_m\/ﬁJ (—2-@.—5—\/6] (—5—2@.—26—2@}

3 3 3 3 3 3
~ Dang 3. Cong, trir dai s6 d€ dwa vé phuong trinh tich
x> +y*+xy+1=4 1
*Thi du 16. Giai hé phuong trinh: Y ) Y Y ( )
y(x+y) =23 +7y+2  (2)
Loi giai

Nhén 2 v€ ctia PT (1) vdi (2) roi cong v6i PT (2) theo vé ta dugc:

y(x+y)2 +2y° +2xy=15y<:>y[(x+y)2+2(x+y)—15}=0
<:>y(x+y—3)(x+y+5)=0.
y=0
< x+y-3=0
X+y+5=0

Véi y=0tacéd: x> +1=0(v6 nghiém)

V6iy =3 - x thay (1) ta duoc: x2+x—2:0<:>(x—1)(x+2)=0<:>[ =7
x=-2=>y=5

Véiy =5 -x thay (1) ta dugc: X* +9x+46 =0 (v6 nghiém)

Vay hé phuong trinh da cho c6 2 nghiém {(1; 2),(—2 ; 5)}

, o L Xy +H4x+2y =3
*Thi du 17. Giai hé phuwong trinh { |

x> +7y* —4xy +6y =13.

Swu tAim va téng hop TAI LIEU TOAN HOC



(Trich dé Chuyén Quang Nam nam 2019-2020)

Loi gidi
x> +y? +4x+2y =3
x> +7y* —4xy +6y =13
- X +4x+4+y° +2y+1=8
x* —4xy +4y* +3y* +6y +3=16

- (x+2)* +(y+1)*> =8 (1)
(x—2y)> +3(y +1)2 =16

o [0+ 27 2y +1) =16
(x—=2y)* +3(y +1)> =16
= 2(x+2)> —(x=2y)* —(y+1)> =0

& (x+2)° = (x=2y)* +(x+2)* = (y +1)* =0
< (2x=2y+2)2y +2)+(x+y+3)(x-y+1)=0
S (x-y+1D)M@Ey+4)+(x+y+3)(x-y+1)=0
& (x—-y+1)(x+5y+7)=0
@[x=y—1 (2)
x=-5y -7 (3)
Thay (2) vao (1) duoc:
(y=-1+2+(y+1)’ =8 2(y+1)’ =8 < (y+1)* =4
<:{yzl =x=0

y=-3 =>x=-4
Thay (3) vao (1) duoc:
(—5y—7+2)2+(y+1)2=8<:>26(y+1)2:8@(y+1)2:%
2 10
=—]l4+—= =>x="12-——
N NE

yz—l—i :>x:—2+£
J13 V13

Vay nghiém cua hé phuong trinh da cho la

el - ) (20 - 2]

7~ Dang 4. Cac bai toan hé phuong trinh khong miu muc gii bang cach cong, tri,
nhén theo v€ hai phwong trinh cta hé véi nhau

Swu tAim va téng hop

TAI LIEU TOAN HOC



(X* +xy+y* )X +y* =185
*Thi du 18. Giai hé phuong trinh | | N
(X" =Xy +y WX +y =65

(Trich dé HSG huyén Quang Dién nam 2016-2017)
Loi gii
Lay (1) + 2): (x® + y2 X2 + y? =125 < {/x* + y? =5 thay vao (1)= xy =12

2 2: X+y==7
Tt‘rdétacéhé:{x Ty 25@{ y

2xy = 24 X—y==1
Tt d6 ta co hé pt:

2) X+y=7 b) X+y=7 9 X+y=-7 d) X+y=-7
x—-y=1 X—y=-1 Xx—-y=1 X—y=-1
Vay hé da cho c6 nghiém: (x, y) €{(4; 3), (3; 4), (-3;-4), (-4; -3)}

x+ XY 5 (1)
. 1i 1A s X" +y
*Thi du 19. Giai hé phuong trinh 3
y_
- =0 2
Yy (2)

Loi gidi
biéu kién: x* +y* #0
Véix=0thiy=1
Véiy =0 phuong trinh (2) c6 dang > =0 (v6 Iy).
X

Xét x#0,y #0 nhéan 2 vé& ctia PT(1) véiy, nhan 2 v& PT(2) véi x ta dugc:

xy + 3y’
Xy + =3 3
At )
xy —3x
Xy — =0 4
Yoy (4)
A ~ \ 3y_3
Cong theo vé (3) va (4) ta dugc: 2xy+3=3y<:>x=2— (5)
y

Thay (5) vao (2) bién d6i dan dén
y=1=x=0 (loai dox#0)

4y4+5y2_9:0@(y2_1)(4y2+9):0©}’2:1@{ y=-1=>x=3 (TM)

Vay hé da cho c6 nghiém: (x, y) €{(0; 1), (3; -1)}

*Thi du 20. Giai hé phuong trinh

Swu tAim va téng hop TAI LIEU TOAN HOC



Loi giai

biéu kién d€ hé c6 nghiém la x >0 va y > 0 khi d6 ta co:

2 6

1-—2_ |k =2 -2 _ 2 T+7=2  (3)

y +3x y+3x  +/x - X 4y

12 12 6 6 2 24
1 ~6 = = (4
(+y+3XJ\/§ y +3x \/§ \/; Jx y+3 ()
Nhan vé€ phuong trinh (3) va (4) cuia hé ta duoc:
%—%:%©27x2—6xy—y2=O<:>(3x—y)(9x+y):0<:>y=3x(dox>0,y>0)

Thay y = 3x vao (3) ta duoc:

2 6
—+—=2<:>X=4+2\/§:> =12+6\/§
B ’

Vay he da cho ¢6 nghiém: (x,y) =(4+2v3;12+6V3)

Nhan xét: C6 nhiéu bai toan twong ty nhu vi du 20, chung c6 dac diém la 2 phuong
trinh cta hé c6 dang nita ddi xting hodc gan gidong nhau nhung sai khac vé dau.
Diém méu chét 1a dua vé sit dung hang dang thirc: (a+b)(a-b)=a’-b’

Néu tim hiéu sau vé hé phuwong trinh cac ban c6 thé giai cac hé phuwong trinh nay

bang phuwong phép s8 phtic hda. Cac ban rén luyén thém cac vi du sau:

1 78
2x[1+xz+y2J:3 (1) Xt :;2 =20 (1)
(12— |=1 (2) yr2X 15 (2)

X2+y2 X2+y2

—2)=13x2 1
*Thi du 21. Giai hé phuong trinh {Yz( Y ) ) i ( )
y +xy+2x=0 (2)
Loi giai

y(xy —2): 3x* o {y(xy —2)= 3x’

Hé phuwong trinh tvong dwong voi:
p & & & {y2+x2y+2x:0 x(xy+2)=—y2

Nhan v€ véi v€ 2 phuong trinh ctia hé ta duoc:

xy =0
xy (xy —2)(xy +2)=-3x"y* < xy(xy -1)(xy +4)=0<| xy=1
Xy =—4

TAI LIEU TOAN HOC

Swu tAm va téng hop



Véi xy=0taco: x=y=0

Véi xy =1 thay vao PT(1) cua hé ta dwoc: y(1—2) =i2<:> y= B =x= 1
y

%/5

V6i xy =- 4 thay vao PT(1) ctia hé ta dwoc: y(—4-2)= 3.@ Sy=-2=>x=2
y

Véy hé da cho c6 nghiém: (x,y)=(0;0),(2; —2),[—%;—%@)

PHAN 4. K THUAT PAT AN PHU

A. NOI DUNG PHUONG PHAP:

Phuong phép thuong xuyén duoc st dung dé giai hé phuong trinh nhat la viéc st
dung an phu. Tuy dang ctua hé ma ta c6 phép dat an phu phu hop.
DA&u hiéu thwong gip:

- Hé d6i xting loai [

- Hé c6 cac nhan tiz 1ap lai trong hai phuwong trinh ctia hé

- D61 voi cac hé chira can thitc chung ta cing nén chu y t6i viéc dat an phu
- Cac hé chita tong va hiéu (x +y), (x—y)

- D61 véi mot s6 truong hop dat an phu dé dua vé hé doi xing loai I va loai II

B. THI DU MINH HOA:
~ Dang 1. Dung a4n phu dwa vé dang bac nh4t 2 4n

2x1 N Ll _3
*Thi dy 22. Giai hé phuong trinh: | * 7"
X 3y

X LY
x+1 y+1

(Trich dé Chuyén Hoa Binh ndm 2010-2011)
Loi giai

Dieu kién: x# -1,y -1

Swu tAm va téng hop TAI LIEU TOAN HOC



X

u=

X+1 Khi d6 hé phuong trinh tro thanh:
vV=—=—
y+1
2u+v=3 2u+v=3 2u+v=3 u=2
& S S
u+3v=-1 2u+6v=-2 5v=-5 v=-1
== =2
oo lu=2 x+1 X=2X+2 T
Do do: = = = 1
v=-1 y -1 y:—y—l y=——=
y+1 2
Vay hé da cho c6 nghiém: (x,y) = (—2;—%}
5x° — 120}’ =1
*Thi du 23. Giai hé phuong trinh: y20+
3+ =11
y +1

(Trich dé Chuyén Kién Giang nam 2011-2012)

Loi giai
5X2 — 120y1 = 1 10
(1) y20+ Pitx®=u (ux0)va 2y1=v
3x2+y231:11 yor

Hé (I) tro thénh:{ u-v { u-—-2v { u {u

= = =
3u+2v=11 3u+2v=11 S5u-v=1 v=4
Véiu=l=ox*=1ex=+1

10y

Voiv=4=> 5
y +1

y:
—4 o4y -10y+4=0=
y:

N[= N

Thtt lai ta thay hé (I) ding véi x=+1; y=2 hodc y = %

Vay hé (I) c6 4 nghiém (1;2) ; (1 ; %»(—1;2) ;<-1;§>

x-2 3 _13
x-3 y+1 10
3 2y+4 11
x-3 y+1 6

*Thi du 24. Giai hé phuong trinh:

(Trich dé Chuyén Binh Dinh nam 2013-2014)

Swu tAim va téng hop TAI LIEU TOAN HOC



Loi giai

Diéu kién: x #3; y #-1

x-2 3 13 1 3 13 1 3 3
+—=— 1+ = +—=—
x=-3 y+1 10 x-3 y+1 10 x-3 y+1 10
= =
3 2y+4 11 3 ) 2 11 3 2 1

x-3 y+1 6 [x-3 ~ y+1 6 |[x-3 y+1 6

1
Dita= 1+ :b=— taduoché:
x—3 y+1
3 1 11
a+3b=— a=— =—
_ x=13
10 0 10 x=3 10 (TMDK)
1 1 117 y=-14
3a—2b=1 |p=t |—=—
c 15 |y+1 15

Vay hé pt c6 nghiém duy nhat (x;y) = (13;14)
F~Dang 2. Dung 4n phu dua vé hé ddi xing loai I

x> +y? +xy* =1+2xy

*Thi du 25. Giai hé phuong trinh: ) )
X+Xy+xy=xy +y+1.

Loi giai

2,2 2.2 v\ o 2u? —
Ta cé: 4 +Z >y —12+2xy PN (X Y) +xy =1
X+Xy+xy=xy +y+1 (x—y)+xy(x—y)+xy:1

Dat x — y =u, xy =v hé phuong trinh trd thanh:
{u2+vz=1 (u+v)2—2uv=1 (1)
=
u+uv+v=1 2(u+v)+2uv:2 (2)
u+v=1

Cong (1) va (2) theo vé ta duoc: (u+v)2 +2(u+v)—3 =0 @{
u+v=-3

v=1

u=1 {u=0
Vv
v=0

Véi u+v:1:>uv=0:>{
Tt d6 ta dll’OC nghlém (X, Y) = (1/ 0)/ (0/ '1)/ (1/ 1)/ (-1/ '1)

Véi u+v=-3=uv=4 Khids 9=(u+v)2 <4uv =16 (v5 Iy)

Vay hé da cho c6 4 nghiém la : (x,y)=(1;0),(0; -1), (1; 1), (-1, -1).

Swu tAim va téng hop TAI LIEU TOAN HOC



X* +y® +2x+2y =(x+2)(y+2)
*Thi du 26. Giai hé phwong trinh ( N jz ( y Jz
+ =1

y+2 X+2

(Trich dé Chuyén Phii Yén nim 2019-2020)
Loi giai
X # -2,
y # 2.
Véi diéu kién xac dinh trén, hé phuong trinh da cho tuwong dwong véi

X+y=1
y+2 x+2

EAEES B

biéu kién xac dinh cta hé phuong trinh {

Pjt a=——,b=—2—_ Khi d6, h¢ phuong trinh (2.2) tré thanh
y+2 X+2
=
a’+b*=1 (a+b)2—2ab=1
_a=0
a+b=1 b=1
= = .
b=0
X2=0 x=0
Véia=0,b=1, tacd y+ <:>{ .
Yy 4 b=2
X+2
X2:1 x=2
Véia=1b=0,tacéd Y+ @{ —c.
Y _o W=
X+2

Véy hé phuong trinh da cho c6 hai nghiém (0;2),(2;0).

11
X+—+y—-—=3

*Thi du27. Giaihéphuongtrinh ! 7 :
x2+?+y2+?:5

(Trich dé Chuyén Dai hoc Vinh nim 2018-2019)

Loi giai

Swu tAim va téng hop

TAI LIEU TOAN HOC



biéukién: x;y#0.Ta cé:

1 1
X+—+y—-—=3 X+—+y-—=3
X y S y
< I

1 1 2 2
X +—+y’+—=5 [x+lj +[y—lj =5
X y X y

1 1
bData=—+Xx; b=y-— véia’>4
X

y
Thay vao hé (I) ta co:
{a=2
2 12 b=1
a’+b 5:(a+b)2—2ab=5<:>9—2ab=5<:>ab=2:>
a+b=3 a=1
b=2

a=2

Ma a224nén{
x+l—2 x=1 (tm)
x x* —2x+1=0 B
= 1 . -0 = 1+/5
y-—=1 Y 7¥y== y=—>
y
Vay nghiém cia hé da cho 1a [1; 1+2\/3J ;(1,- 1‘2£J
~Dang 3. Dung in phu dwa vé hé ddi xing loai I1

(tm)

8

3

y
6
y

2+3x=
*Thi du 28. Giai hé phurong trinh:

x> —2=

(Trich dé Chuyén Nghé An niam 2009-2010)
Loi giai

y 2+3z=x°
:>3(x—z)=z3—x3

Dat 2, Hé d3 cho tré thanh {2+3X =z’

<:>(x—z)(x2+xz+z2+3)=0
<x=z (Vi xX*+xz+2*+3>0,Vx,2).
x=-1

Tir d6 ta ¢ phuong trinh: x* -3x-2=0< [
X =

Vay hé da cho c6 2 nghieém: (x,y)=(-1,-2), (2,1)

Swu tAim va téng hop

TAI LIEU TOAN HOC



4 —x+L o1
*Thi du 29. Giai hé phuong trinh:

y
y +y-xy =4
(Trich dé Chuyén Hdi Phong nam 2012-2013)
Loi giai
2 1
4x" —x+—=1 (1)
bat: y

Vi+y-xy’=4 (2

Néuy =0 thi (2) vo linén Yy #0 vay (2)<:>1+l—x= 42
y y

o1 |4 -x+b=1 (1"
bat —=Db ta co hé:

y 4> -b+x=1 2"
Lay (1) = (2) tacd (x-b) 2x +2b-1)=0

. , 1 NEY
*) Néu x = b ta c6 hai nghiém Y -2 | va > 2
*) Néu 2x + 2b =1 thi hé v6 nghiém

1 1
Vay hé ¢4 hai nghiém —E, -2 | va E; 2

7~ Dang 4. Dung an phu dwa vé phuong trinh mét 4n

, e X +4y=y®+16x
*Thi du 30. Giai hé phuwong trinh 5 R
1+y" =5(1+x")

(Trich dé Chuyén Ninh Binh ndm 2015-2016)

Loi giai

2

, s o JAY =Y
— Xét x =0, hé (I) tré thanh <=>y=12

—Xétx#0, dit L =t <=>y =xt. Hé (I) trd thanh
X

{x3 HAxt=xt +16x {x3(t3— 1)=dxt-16x ___ {x3(t3 —1) = 4x(t - 4)(1)
1+x%t* =5(1+x%) xX*(t* -5)=4 4=x*(t*-5)(2)

Nhan tirng vé€ cua (1) va (2), ta dwoc phuong trinh hé qua

A3 (1 —1) = 4x° (t— 4)(t? = 5)

<=>t"-1=t"—4t*-5t+20 (Do x=0)

<=>4t* +5t-21=0

Swu tAim va téng hop
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+Voit=-3, thay vao (2) dugc x?=1 & x=+1.
x =1 thiy=-3, tht lai (1,-3) la mot nghiém cua (I)
x =-1thiy =3, thit lai (-1;3) la mot nghiém cua (I)

+Véit= Z , thay vao (2) duoe x* = —% (loai)

Vay hé (I) c6 cac nghiém (0;2), (0;-2), (1;-3), (~1;3).

1 2x_x+y

*Thi du31. Giai hé phuong trinh {3x 3y 2x’+y

2(2x+\y ) =V2x+6 -y
Loi giai
biéu kién: y>0;-3<x#0.

bat \/? =tx = y =t°x’ thay vao (1) ta duoc: L+ 2x X+t

3x 332 2x2 + 22

Rut gon bién x ta dwa vé phuong trinh 4n t:
(t-2) (£ +t+1) =0 t=2e [y =2x>0.
Thay vao (2) ta duoc:

4% +8x =~/2X + 6 < 4x? +10x+24—5=2x+6+x/2x+6 +%

2 2
<:>(2x+gj =(\/2x+6 +%J .

V17 -3 13-317
:>y=T.

Giai ra ta duoc x = 1

Vay nghiém ctia hé (x; y) = {

Jﬁ—3.13—3ﬁj

4 2

~ Dang 5. Dung an phu dang tong hiéu

Swu tAim va téng hop
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6x + =13

, A . X+y
*Thi du 32. Giai hé phuong trinh: 9

(x +y)2

12(x2+xy+y2)+ =85‘

(Trich dé Chuyén Ha Tinh nam 2016-2017)

Loi giai
3
| 6x+x+y:13 3(X—y)+3(x+y)+x+y:13
Ta co: < 9
12(x2+xy+y2)+ 2=85 9(x+y)2+3(x—y)2+ 5 =85
(x+y) x+y)

0 3a+>=13-3b (1)
+y=a#
Dt {X Y77 Khiddtace: |, °

2
x-y=b 9(a+1] ~103—3b?
a

= 2b>-13b+11=0 = 1L

Xétb = % thay vao (1) ta c6 6a2+7a+6=0 (v nghiém).

110 a=3
Xét b =1, thay vao (1) ta cé a+—:?<:>3a2—10a+3:0<:> 1 -
a a=—
3
Khi{®  taco X+y=3 X:2,
b=1 x-y=1 y=1
_L X+y = x=2
Khi<{ 3 tacod Y 3o 3
S N
3
o A 3 . n 2 1
Thtt lai ta suy ra hé da cho c6 nghiém (x ; 2:1);| %=
s e o 32

x> +y’ =Xy +xy +
*Thi du33. Giai hé phuong tr‘mhz{ S
X' -y’ =

Loi giai

batu=x+y, v=x-y khi d6 hé phuong trinh tr¢ thanh:
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u’ —v? u2+2—Z—4u:0 ut—4u*+27=0

= +u u’+3v’ —4u=0 u
4 = = = 3
uv=3 3 v="
V=— u
u
2/ 5 B
(w=8) (u?+2u+3)=0 5 (y4yi3  (x2
= 3 = = =
—— v=1 x-y=1 y=1
u

Thtr lai ta suy ra hé da cho cé nghiém (x ; y)=(2; 1)

VX +2x+6=y+1

*Thi du 34. Giai hé phuong trinh:
X +xy+y> =7
Loi giai

biéu kién: y >-1.Khi d6 hé phuong trinh twong duong voi:

/x2+2x+6=y+1<:> X +2x+6=y* +2y+1 R x> =y +2(x—y)+5=0
x2+xy+y2:7 i[(x—y)2+3(x+y)1=7 (x—y)2+3(x+y)2=28

Datu=x+y, v=x-y khi d6 hé phuong trinh tré thanh:

uv+2v+5=0 u=-1 u=3
o v
3u’+v? =28 v=-5 |v=-1

,,{u:—l ,{X+y:—1 {x:—3
Voi ta co =
v

= = :1
Véi u=3 ta cod x+y=3 R X ;
v=-1 x-y=-1 y=2

Vay hé da cho c6 2 nghiém: (x,y)=(-3;2), (1,2)

PHAN 5.Ki THUAT NHAN LIEN HOP
POI VOI HE PHUONG TRINH CHUA CAN THUC

A. NOI DUNG PHUONG PHAP:

Dai v6i cac bai toan chita can thike thi ki thuat nhan lién hop 1a ki thuat khong thé
khong nhac téi, d6i hé phuong trinh ki thuat nhan lién gitp ching ta tim méi lién
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hé gitta x va y thong qua mot trong hai phuwong trinh ctia hé (thuwong la phuong
trinh chira can thitc) bang cdch chuyén né vé phuong trinh tich dang:
(ax+by+c)A(x) =0

Khi 4p dung ki thuat nhan lién hop chiang ta can khéo 1éo trong viéc xit ly phuong
trinh tich cudi cung, can dung diéu kién bai toan va danh gid dé€ chtiing minh duoc
phuong trinh A(x) = 0 vd nghiém.

B. THI DU MINH HOA:

f— 2 — — — _
*Thi du35. Giai h¢ phuong trinh: {0 7 J3y-1-yx+2y-1
X3y—4xy2+7xy—5x—y+2:0,

(Trich dé Chuyén Binh Phuwdc niam 2016-2017)

Loi giai
1 le
I b = 3
Diéu kién: 3 = .
x+2y=>1 yzg.

Xét \By =1+ fx+2y -1 =0<:>X:y:%

Thay vao (2) khong thdéa man.

X%t
Xét By -1+ fx+2y-120< ?l’
y;tg.
x=y
(1) & y(x-y)= Y= & y—x 1
\/3y—1+\/x+2y—1 y+\/3y_1+\/x+2y_1=O(VNdOYZ§j

Véi x =y, thay vao (2) ta duoc:
X' =4x’ +7x* —6x+2=0 < (x-1)’(xX* -2x+2)=0 = x=1=y=1
Vay nghiém cua hé la: (1; 1).

2x2—y2+xy—5x+y+2:\/y—2x+1—\/3—3x
X2 —y—1=\[4x+y+5—x+2y-2

*Thi du 36. Giai hé phuong tr‘mh{

(Trich dé Chuyén Hai Dwong nam 2015-2016)
Loi giai
biéu kién: y -2x+12>0,4x+y+520,x+2y-22>0,x<1

_ox+1=0 -1 [0=0
TH1 Y T T T (Khong TM hé)
3-3x=0 y=1 |-1=+10-1
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Swu tAim va téng hop

TH2.x#1,y #1 Dua pt thit nhét vé dang tich ta duoc
X+y-2
Jy —2x+1++/3-3x

(x+y-2)2x—y-1)=

1
2x+1++/3-3x

(x+y-2) \/ +y—2x+1]=0 .Doy-2x+120
y—

nén L +y-2x+1>0=>x+y-2=0

JY —2x+1++/3-3x
Thay y =2 —x vao pt thit 2 ta duwoce: x? +x—3=1/3x+7 —v/2-x
X2 +x-2=3x+7 -1+2-2-x
3x+6 2+x
V3x+7+1 2+442-x
<:>(x+2)[ 3 + L +1-x|=0

V3x+74+1 2++4/2-x
1

Do x<1 nén 3 + +1-x>0
\/3x+7+1 2+\/2—X

Vayx+2=0< x=-2=y=4 (TMDK)

o (x+2)(x-1)=

Vay nghiém ctia hé phuong trinh 1a (x, y) = (-2; 4).

2\2xy -y +2x+y=10

J3y+4 -2y +1+22x~1=3

*Thi du37. Giai hé phwong trinh {

(Trich dé HSG huyén Tryec Ninh nam 2011-2012)

Loi giai
M 1A 1
biéu kién: XZE ; y20

1) < (\/2X-1+\/§)2 =9 &< \/2X—1+\/§ =3 & \/2)(—_23_\/;(*)
Thay vao (2)
J3y+4 -2y +1-2(,[y -=2)-1=0

& (By+4-4)-(2y+1-3)-2(ly -2)=0

By+4-16 _ 2y+1-9 , y-4
By+1+4 2y+1+3 Ly +2

3. 2 2 |
By+1+4 2y+1+43 Jy+2

0

S (y - 4).
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= 3 B 2 N 2
JBy+1+4 2y +1+43 |Jy+2
Véiy=4tacox=1

3 1
—_—_— < —
J3y+1+4 2

2 2

—+
J2y+1+3 (y+2

Vay phuong trinh (3) vo nghiém

3)

V6iy 20 ta cd

Tk (*) suyray < 9suyra >%.

Két luan nghiém caa hé (x;y)=(1;4)

PHAN 6. Ki THUAT PANH GIA
TRONG GIAI HE PHUONG TRINH

A.NOI DUNG PHUONG PHAP:

DGi véi nhiéu hé phuong trinh viéc danh gia cac phuong trinh ctia hé la mau chét
d€ giai bai todan mot cach nhanh gon, trong nhiéu bai toan gan nhu la phwong phéap
duy nhat d¢€ giai hé phrong trinh. Chting ta thuong dung bat dang thikc, tinh don
diéu tang giam cha cac v€ ctia phueong trinh, diéu kién c6 nghiém cta phuwong trinh
bac 2, ndi chung ndi dén phwong phap danh gia ching can hét stic linh hoat, cang
danh gia sat va chat thi viéc giai quyét hé phuong trinh cang giam bét cac truong
hop dong thoi khong bo soat nghiém.

B. THI DU MINH HQA
F~Dang 1. Dya vao tinh dong bién, nghich bién cic vé phuong trinh caa hé

Jx+,[2012—y = /2012

V2012 - x +,Jy =+/2012

(Trich dé HSG huyén Thanh Oai nam 2012-2013)

*Thi du38. Giai hé phuwong trinh: {

Loi giai

0<x<2012

biéu kién :
0<y <2012

Ttr 2 phuong trinh cua hé ta co:
Yx 442012 -y =2012 - x +.Jy & Vx -+2012—x = [y - 2012~y

Néu x >y thi: —/2012-x >—/2012—y =>VT > VP (mau thuan)
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Tuwong ti néu x <y => VT < VP (mau thuan)

=>Xx=y
x=y (1)
Jx+42012-x =+2012  (2)

(2) & x+2012—x+2,/x(2012 - x) = 2012

& [x(2012-x) =0
< x=0vx=2012
Vay nghiém cua hé (x;y) = (0;0),(2012;2012)

Do do6: Hé <:>{

(2x—y)(X* +y?)+2x* +6x = xy + 3y (1)
B0 +y)+7 +5x% +5y +14 =4-2x x> (2)

*Thidu39. Giai hé phuwong trinh: {

(Trich dé Chuyén Dk Lik nam 2018-2019)
Loi giai
Phuong trinh (1): 2x—y)(x* +y> +x+3)=0 < 2x=Yy.
Th vao @) V3xC +6x+7 +5xC +10x+14 =4 -2x—x* (*).
Dénh gia vé tréi ctia (*): \3(x +1)? +4 +/5(x+1)> +9 2 5.
Va dénh gia v€ phai cta (*): 4-2x—x* =5—(x+1)* <5.

D&u bang xay ra khi x=-1.
Vay hé phuong trinh da cho ¢é nghiém (x;y) =(-1,-2).

o 43x 44
*Thi dy40.  Gidi hé phuong trinh: {7~ "7
x =2y —6y-2

Loi giai

y—2=—(x+1)2(x—2) (1)

Hé phuwong trinh twong dwong vi:
prHons 5 5 {x—22(y+1)2(y—2) (2)

Néu x > 2 thi x — 2 > 0 thitt phwong trinh (1) suy ra y — 2 < 0. Khi d6 vé phai phuong
trinh (2) luén khong dwong nén x -2 < 0 hay x <2 (vo ly vdi x > 2)

Twong tw véi x < 2 ta cling suy ra diéu vo ly.
Suy rax=2khidoy=2

Vay hé c6 nghiém duy nhét 1a (x, y) = (2, 2)

7~ Dang 2. Stt dung cac bat dang thitc ¢ dién dé danh gia

Swu tAm va téng hop TAI LIEU TOAN HOC



Mot s6' bt ding thitc C6 dién thuong duoc s dung nhu:
1. Bat ding thiec Cauchy (tén quéc t&'la AM — GM)

, NPT DNRUDNIDUI - A - W - T SO -}
Néu a,,a,,4a,,.....,a, lacacsothu’ckhongamthz:a1 za: D> /28,84,

Diing thitc xdy rakhi 8, =a, =8, =....=a
2. Bit diing thitc Bunhiacopxki v6i hai b6 s6 thuc bt ki (a,,8,,8,,......, 8, ) vad
(b,b,,b,,......b, ) ta c6

(a7 +8; +a +....+a2)(bf +b +bf +.....+b7 ) > (ab, + a,b, +ab, +.tab,)
Diing thic xaiy ra khi ton tai so thuec k (k # O) sao cho a, =kb, véii=1,2,3,..., n.
Mot s6 bt ding thiic phu cin nho:

1. Véia,bdwongtatacé:l+12 4
a b a+b

Diu “=" xay ra khia="b.
1

2. Voi ab=1thi >+ 5>
l1+a° 1+b° 1+ab

. V6i ab <1thi bt dang thirc d6i chidu.

Diu “=" xay rakhia=b=1.

1 4 (1)

X-ir\/x+1 B \/x+1+\/§_1
y+L:21/xy+y (2)
Jy

Loi giai

*Thidu4l. Giai hé phuong trinh:

o1 | X>-1
biéu kién:
y >0

Cong theo v€ phuong trinh (1) va (2) ta duoc:

1 1 4
1 ——t——=|=2 1)+——= (I
(x+ )+y+{m+\/§J Jy (x+ )+m+\/§ (1)
Ap dung bat dang thitc AM-GM ta c6:
(x+1)+y22 y(x+1) (dox+1>0,y>0) (3)
Mait khac véi a, b duong ta ta co:

(a+b)[§+%jzzx/£.

2 1 1 4
E—4SE+EZE (*)

D4au ”=" xay rakhia=b
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1 >

1 N S 4 (4)
ol {5 derlyy

Cong (3) va (4) ta duoc:

(x+1)+y+[\/ﬁ +%J22m+\/:++\/§ (1)

Tt (I) va (II) suy ra d€ phwong trinh c6 nghiém thix +1=y

Ap dung (*) ta duoc:

Thay x + 1 =y va phuong trinh (2) ta duoc:
y+
Jy
Vay hé c6 nghiém duy nhat (x, y) = (0, 1)
*Thidu42.  Gidi hé phuong trinh: { " 2oy ayy(12-x)=12 (1)
X' —8x-1=2\/y-2 (2)

Loi giai

yoyfy=ley =ley=1=x=0

Diéu kién: —24/3 <x<2+/3,2<y<12

/. A A, \ , 2 a2+b2
Vstothu’ca,bbatkltacoz(a—b) >0 < 5 >ab

x12-y <|x[{12-y szﬂ%
T o y+12-x
y(lZ—xﬁS%

x>0

y=12-x

Ap dung ta duoc:

= xf12-y +fy(12-x*) <12

Do d6 (1)@{

Thay y=12-x* vao (2) ta duoc:
x° —8x-1=2410-x>

<:>x3—8x—3+2(1—\/10—x2)=0

@(x—3){x2+3x+l+M]:0 (3)

1+410-x>
2(x+3
Do x>0nén x2+3x+1+L>0 dodé: x=3=>y=3
1+410-x

Vay hé c6 nghiém duy nhat (x, y) = (3, 3)
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Ix +432-x =y*-3
ix +/32-x =24 -6y

Loi giai

*Thidu43. Giai hé phuong trinh: {

Diéu kién: 0<x<32

Hé da cho tuwong dwong vdi

(x +432=x) + (@x +432-x) = y* 6y +21
Ix+432-x=y*-3

Theo bat dang thitc Bunhiacopxki ta co:

(Vx +4/32=x)2 < (P +12)(x+32-x) = 64 = x +/32-x <8
((‘/;+\4/32—x)4S[Z(\/;+\/32—X)T3256:(1/;+\4/32—x£4
Suy ra (vx +4/32-x)+(¥x +432-x) <12
Mit khéc y> —6y +21=(y-3)' +12212
Déng thikc x4y ra khi x =16 va y =3 (t/m)
Vay hé da cé nghiém la (x;y) = (16;3)

11 2
VI+2x  (f1+2y*  (1+2xy

\/x(1—2x)+\/y(1—2y) :é

Loi giai

*Thidu44. Giai hé phuong trinh:

Pidu kién: 0<x,y < % .

1
bat a=+2x,b=+2y;a,be {O;—} .
Y \2

Taco: VT = L + L <2 12+ 12.
Ji+a® J1+b? I+a” 1+b

Ta st dung b6 dé véi a,b>0 va ab<1 ta cé bat dang thiic:

1 N 1 < 2 - (a—b)z(ab—l)
1+a> 1+b*> 1+ab (1+ab)(1+a2)(1+b2)

<0 (dung).
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=VP.

Vay VI'<

2
v1+ab

Déng thtic xay ra khi x = y. Thay vao(2) ta tim duoc nghiém ctia phuong
trinh.

Nghiem ctia he (X?Y)Z( 36 ' 36 36 36

9—%_9—%} (9+\/ﬁ.9+\/%J
~ Dang 3. St dung diéu kién c6 nghiém ctia hé¢ phwong trinh

f2(x,y)=0
k
8" (x)=0
trinh bac hai hai an, ta coi mét an la tham s6 ttr phuong trinh nay ta tinh dental
va gidi hon mién gia tri cia nghiém cua an, tir d6 giai bai toan

1. He 6 dang: {V209Y) B0 day ta c6 dieu kien: Alxy)=0
C(x)=0 B(x)>0

1. Hé c6 dang: { hé phuong trinh c6 mot phirong trinh la phuong

tir d6 chung ta cd diéu kién rang budc gitta x va y.

Phuwong phap nay rat it dugc ap dung trong cac dé thi.

2 3 a2
*Thi du45.  Giai hé phwong trinh: (x=1) =-y’-3y* -3y (1)
X +2x(y-1)+y* —6y+1=0 (2)

Loi giai
Viét phwong trinh (2) ctia hé dwéi dang;:
x> +2(y-1)x+y* =6y +1=0
Ta coi day la phwong trinh bac 2 an x tham s6 y, d€ phwong trinh c6 nghiém thi:
Ny =(y=1) (v’ -6y +1)=4y>0 = y=0.
Mit khac (1) (x-1) =1-(y+1)

Doy>0nén VT =(x-1) 2021~(y+1)

Vi thé hé c6 nghiém khi x =1 va y =0, thay va hé ban dau ta thdy thoéa man.

Vay hé c6 nghiém duy nhat1a (x, y) = (1, 0).
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Swu tAm va téng hop

10x* +5y” —2xy —38x -6y +41=0 (1)
P Xy +6y =y’ +x2-1=2 (2)

Loi giai

*Thidu45. Giai hé phuong trinh:

Viét phwong trinh (1) ctia hé dwéi dang;:

10x* —2(y +19)x+5y° —6y +41=0.

Ta coi day la phuong trinh béc 2 an x tham s6 y, d€ phwong trinh c¢6 nghiém thi:
Ay =(y+19) =10(5y” 6y +41)=—49(y-1) 20 = y =1=x=2.

Thtt lai (x, y) = (2, 1) théa man hé phuwong trinh da cho

Vay hé c6 nghiém duy nhatla (x, y) = (2, 1).

x'+y?=9 (1)
*Thidu46. Giai hé phuong trinh: .,
x> +y* +xy —3x—4y+4=0 (2)
Loi giai

Viét phuong trinh (1) cta hé duwéi dang:

x> +(y—3)x+y2 —4y+4=0.

Ta coi day la phuong trinh bac 2 an x tham s6 y, d€ phwong trinh c¢6 nghiém thi:

2 7

Ay =(y-3) —4(y* —4y+4)=-3y’+10y-720 <1< y<3

Tuong tu viét phuong trinh (1) ciia hé dudi dang:

y' +(x—4)y+x* -3x+4=0.

Ta coi day la phuong trinh bac 2 an y tham s6 x, d€ phwong trinh c¢6 nghiém thi:
Ay =(x—4) —4(x* -3x+4) =-3x* +4x 20 = 0 <X <2

(x) 3
4 2
Khi d6: x* +y* < 4142 =@<9.
3 3 81
Vi vay hé da cho vo nghiém
PHAN 7. KI THUAT HE SO BAT DINH
A.NOI DUNG PHUONG PHAP:
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f(xy)=0 (1)
g(xy)=0 (2)

Taldy : a.f (x) + B.g(x) =0 (3) trong d6 a va f 1a cac hang s6 can tim d€ ta c6 thé

Phuong trinh cé dang: {

chuyén phwong trinh (3) tré vé phuwong trinh tich. Thong thwong ta 1ay a = 1 hoac 3
=1, néu bac cua f(x) cao hon g(x) thi chon a = 1. Thong thuong ta dwa phuong trinh
(3) vé cac dang sau:

Dang 1: oc(mx+ny)2 +B(mx+ny)+k =0

3

Dang 2:: (x+a)3 :(y+b)3hoéc (ax+b) (cy+d)3

Dang 3:: (x+a)4 :(y+b)4hoéc (ax+b)4 :(Cy+d)4
Nhan xét:

Cac hé phurong trinh da thitc bac hai hai an déu giai dwoc bang phuong phap hé s§
bat dinh.
Néu hé phuwong trinh da thirc bac cao nhatla 2 ta nghi t6i dang 1, néu bac cao nhat
la 3 ta nghi téi dang 2, bac cao nhdt la 4 ta nghi téi dang 3.
B. THi DU MINH HOA:

x* +2xy+2y* +3x=0 (1)
*Thidu47. Giai hé phuong trinh: s

xy+y +3y+1=0 (2)

Phan tich:

Quan sat thay phuwong trinh (1) va (2) caa hé déu cé bac cao nhat ctia x va y la bac 2
nén ta tim cach duwa phuong trinh vé dang phuong trinh bac 2 theo mx + ny. D€ lam
duoc vay ta nhan 2 vé& PT (1) v6i a, nhan 2 v& PT (2) véi B, roi cong lai theo vé voi
nhau:

oc(x2 +2xy +2y° +3x)+[3(xy+y2 +3y+1) =0

<::>[0c.x2 +(20L+[3)xy+(2a+B)y2]+3(ax+By)+B=O
= o{x2 +(2+ijy+(2+Ejy2}+3o{x+ﬁjy+ﬁ=O
o o o

Chung ta can tim « va 3 sao cho:
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o]

2
Jyz =X +2§xy+B—2y2

X’ +[2+Eny+(2+
a

=35 +(2+ijy+(2+

o

QRI™ g

N

+

I

N
|=

Pong nhat hé so ta duoc

N
+
= o

QR ™ Q|

N

Ta chon a =1, p =2 dan téi 1oi giai sau:
Loi giai.
Nhan 2 vé& ctia PT (2) v6i 2 ta dugc: 2xy +2y* +6y+2=0  (3)
Cong (1) va (3) theo vé ta duoc:
2xXy +2y° +6y +2+X° +2xy +2y° +3x =0
<:>(x2 +4xy+4y2)+3(x+2y)+2=0
& (x+2y) +3(x+2y)+2=0
& (x+2y+1)(x+2y+2)=0

x+2y+1=0
=
| X+2y+2=0

[x=-2y-1

| X=—-2y-2

V6i x =-2y —1thay vao PT(2) cua hé ta duoc:

y=1+\/5:>x:—3—2\/§

2
-y +2y+1=0&
y=1-v2=x=-3+2+2

Vi x =-2y -2 thay vao PT(2) ctia hé ta duoc:

1+\/5

= :>X=—3+\/§
Vv +y+1=0< 2\/_
y:%sz_?)_ﬁ
Vay hé c6 4 nghiém la
(x;y)=(—3—2\/5;1+\/5),(—3+2\/E,-1_\/§),[_3+\/§;1+2£]{_3_£;1_2\@]
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x*—y® =35 (1)
2x* +3y” = 4x -9y (2)

*Thidu48.  Giai hé phuong trinh: {

Phan tich: Quan sat 2 phuong trinh cua hé ta thdy khong thé dung phuong phéap
thé hay dua vé phuwong trinh ding cap dé giai hé phuong trinh. Do x, y doc l1ap véi
nhau, ta hi vong t&r 2 phuong trinh cta hé két hop véi nhau dé€ dua vé dang:

(x+a)' =(y+b)" ()

Ta thdy phuong trinh (1) 1a phwong trinh ¢é béac 3 (bac cao nhat) nén khong nhan 2
v€ clia phuong trinh (1) thém hé sd. Ta nhan 2 v€ ctia phuwong trinh (2) v6i hé s6 o
va cOng voi phuong trinh (1) duoc:

(x* —y*—35)+a(2x* +3y* —4x+9y) =0
o x* -y’ =35+ 2ax’ +3ay’ —4ox +9ay =0(3)

3

Ma: (x+a) (y+b)3 <:>x3—y3+(a3—b3)+3ax2+3a2x—3by2—3b2y:0 (4)

Pong nhat hé so (3) va (4) ta duoc:
a’-b*=35 a’-b*=-35 [|a’-b’=-35 a=-2
20=3a = 20=3a = 20=3a =4 b=3

—4o = 3a> E_-A}a a=-2 oa=-3
3a 20

Do do: (X—Z)3 = (y+ 3)3 dan t6i 10i giai sau:

Loi giai.

Nhan 2 v€ ctia phrong trinh (2) véi -3 ta duoc:
—6x* —9y* =-12x+27y  (5)

Cong (5) va (1) vé€ theo vé'ta duoc:

x> —y3 —6%? —9y2 =-12x+27y+35
<X —6x>+12x-8 =y’ +9y*> + 27y +27
= (x-2) =(y+3)

S x-2=y+3

S XxX=y+5

Thay x =y + 5 vao (1) ta duoc:
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2(y+5) +3y* =4(y +5)-9y
< 2y? +20y +50+3y* —4y —20+9y =0

<y +5y+6=0
y=-2=x=3
y=-3=>x=2

Vay hé c6 nghiém duy nhat la (x, y) = (3; -2), (2; -3)
x* —y* =240 (1)
x3—3y3:3(x2—4y2)—4(x—8y) (2)

Phan tich: Hé phwong trinh c6 bac 4, cting nhu 2 bai toan trén ta khong thé giai hé
phuong trinh bang phuwong phap thé, dang cip hay la dwa vé phuong trinh tich. Ta

*Thidu49. Giai hé phuong trinh: {

. “ 4 4
hi vong dwa phuong trinh vé dang (X + (x) = (y + [3)
Hé phwong trinh da cho twong duong vai:

x* +a=y* +a+240
X’ =3y* =3(x* —4y”)-4(x-8y)

Nhaén 2 v& phuong trinh thit 2 vdi k va cong theo vé€ vdi phuong trinh thit nhat ta

duoc:
x4+a+k(x3—3y3)=y4+a+240+1<.[3(x2—4y2)—4(x—8y)} (%)

Mat khac:
(X+OL)4 = (y+[3)4 & xt 4o + 607X +da’x + ot =xt + 4B +6B°x” + 4B x + B (* *)
[ a=d
k=4a
-3k =60’ k=-8
4k = 40’ ole= -2
a+240=p" a=16
2k = 4B p=-4
~12k = 62
32k = 4p°

Dong nhat hé so (*) va (**) ta duoc:

Loi giai.

Hé phuong trinh da cho twong dwong voi:
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x*+16=y* +256
x* =3y® =3(x* —4y*)-4(x-8y)

Nhén 2 v€ ctia phuong trinh thit 2 véi -8 roi cong theo v€ vdi phuong trinh thir nhat
ta duoc:

Vi x =y -2 thay vao (1) ta duoc:
8y’ 24y’ +32y+224=0<:>(y+2)(8y2 —40y+112)=0<:>y:—2:>X=—4
Vi x =6 —y thay vao (1) ta duoc:

y’ -9y’ +36y-44=0 (y-2)(y’ -7y +22) =0 y=2=x=4

Vay hé c6 nghiém duy nhatla (x, y) = (-4; -2), (4; 2)
BAI TAP REN LUYEN:

Caul. Giai hé phuong trinh:
P & X +2y° =x+4y (2)

{XS +y°>=9 (1)

Cytet (1)

Cau 2.  Giai hé phuong trinh: 557

47 +3x———=—y(3x+1) (2)
25

x* +3xy’* =49 (1)
Cau 3. Giai hé phuong trinh: ) )
X =Bxy+y =8y-17x (2
HUONG DAN GIAI
Caul.

Lay phuong trinh (1) trix di 3 [an phuong trinh (2) theo vé'ta dugc:
(x—l)3 :(Z—y)3 =>x=3-y (3)
Thé (3) vao (2) ta duogc:

) y=1=>x=2
y -3y+2=0=
y=2=>x=1
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Vay nghiém cua hé la: (2, 1); (1, 2)

Cau 2. Lay phuong trinh (1) nhan véi 25 va cdng theo v€ véi phurong trinh (2) nhan 50
nhom lai ta duwoc:

, 3x+y:Z
25(3x+y) +50(3x +y)-119=0 & >
3X+y=——
X y 5
7
y=g=3 2 1) (11 2
. e(xy)=|Ziz || =i
Vi, , 1 5'5)'\ 2525
x> +yt ==
y——z—3x
. 5 (vo nghiém)
Voi 5o 5
X*+y ==

Vay hé c6 2 nghiém 1a (x,y)= @%M%%} ,

Cau 3. Lay phuong trinh (1) cong v6i 3 lan phuong trinh (2) theo vé ta dugc:
x*+3x° +(3y” — 24y +51)x +3y” — 24y +49 =0

@(m)[(mf+3(y_4)2}:o@{

x=-1
x=-1,y=4
Thay x =-1 vao (1) ta dugc: —-1-3y* =—49= y* =16 = y =4
Vay hé phurong trinh ¢ nghiém 1a (x, y) = ( - 1; 4), (-1, - 4).
BAI TAP REN LUYEN TONG HOP

x(x+y)+y*—4y+1=0
Cau 1. Giai hé phuong trinh ( y) ) o .
y(x+y) —2x* -7y =2
(Trich dé HSG huyén Ha Hoa nam 2015-2016)
v’ +2xy +4=2x+5y
Cau 2. Giai hé phuong trinh .
5x* +7y—18 =+x"* +4

(Trich dé Chuyén Bic Ninh ndm 2019-2020)
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X3 .

vy’ +3y = x+5)\/x+2

(Trich dé Chuyén Da Ning nam 2019-2020)
|(x+y)2 —xy+3y-1 0

X+y=——"7— (2)

NI  l8xy+22y+12x425= 1
Cau 3. Giai hé phuong trinh

Cau 4. Giai hé phuong trinh
(Trich dé Chuyén Hung Yén ndm 2019-2020)

s e ia b L Xty =4
Cau 5. Giai he¢ phuwong trinh: ¢ | 7 | ) )
X" +y’ =4x"+4y° -12

(Trich dé Chuyén Lam Dong nam 2019-2020)

|(x y)? +4 =3y —5x+2,J(x +1)(y - 1)

Cau 6. Giai h¢ phuong trinh § 3xy -5y —6x +11 s

i +1

(Trich dé Chuyén Nam Dinh nam 2019-2020)
\/x+ y+3 J2x+3y+1

Cau 7. Giai hé phuong trinh:
X(y+1)—4(x+y)+54= 0

(Trich dé Chuyén PTNK H6 Chi Minh nam 2019-2020)

2x* =(x+2y-3)(2-x)

(Trich dé Chuyén Quang Tri nam 2019-2020)

3x y— «/y+ +3x-1=y,/3x~-y

x> +y*=5

6y =13
Cau 8. Giai hé phuong trinh:
Cau 9. Giai hé phuong trinh: {

(Trich dé Chuyén Tién Giang nam 2019-2020)
x—3y—2+\/y(x—y—1)+x =0
3Bx——2Y  _\*_14y-8,

Jy+1+1

(Trich dé Chuyén Nam Dinh ndm 2018-2019)

Cau 10. Giai hé phuong trinh

Xy —X—y =-—
Cau 11. Giai hé phuong trinh: 1 . 1 2
xX*-2x  y*-2y 3

(Trich dé Chuyén Ha Tinh nam 2018-2019)
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x+y-——-2=3
Cau 12. Giai hé phuong trinh: X 6 Y
X+y+ =-5
X+y
(Trich dé Chuyén Binh Dinh nam 2018-2019)
1 1
—2 + —2 = 1

Cau 13. Giai hé phuong trinh :

(Trich dé Chuyén Lam Son nim 2018-2019)
x> +y? +x+y=(x+1)(y+1)
A s 1A \ 2 2
Cau 14. Giai hé phuong trinh x V(v ),
x+1

y+1

(Trich dé Chuyén Hung Yeén nim 2018-2019)
Cau 15. (Trich dé Chuyén Hung Yén nam 2018-2019)

x+2y=m+3

Cho hé phuong trinh { (I) (m 1a tham sd)

2x-3y=m
a) Giai hé phuong trinh (1) khi m=1
b) Tim m dé€ hé (1) b nghiém (x; y) sao cho P= 98(X2 + y2 ) +4m dat gid tri nho nhat
(Trich dé Chuyén Hung Yén niam 2018-2019)
2 2
=5
Cau 16. Giai hé phuong trinh : {X Ty
X+y+Xxy=>5
(Trich dé Chuyén Vinh Phiic nam 2018-2019)
Cau 17. (Trich dé Chuyén Bén Tre nam 2018-2019)
o . X* +4y* =2
Giai hé phuong trinh:
(x—2y)(1—2xy) =4
(Trich dé Chuyén Bén Tre nam 2018-2019)
Py’ +3x* +6x -3y +4=0
Cau 18. Giai hé phuong trinh : X s Y s TRy
X" +y -3x=1
(Trich dé Chuyén Thdi Binh nim 2018-2019)
2 2 — 1
Cau 19. Giai hé phuong trinh: XAy +x+y=18
xy(x+1)(y+1)=72

(Trich dé Chuyén Lam Dong nam 2018-2019)
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X" =Xy =6

R
3x2 +2xy - 3y _30(x,ye )

Cau 20. Giai hé phuong trinh: {

(Trich dé Chuyén Dong Nai nam 2018-2019)
Céu 21. Gidi hé phuong trinh 1* 0 y'+y=0
2x* —y* +x+y-3= 0
(Trich dé Chuyén Quang Nam ndm 2018-2019)
3x* +xy —4x+2y =2
x+1)+y(y+1)=4
(Trich dé Chuyén Hai Dwong nam 2018-2019)
(x+3)(x-1)=(y-2)(x+3)
—5y+8 (y 2)2

(Trich dé Chuyén PTNK H6 Chi Minh ndm 2018-2019)

Cau 22. Giai hé phuong trinh {
Cau 23. Giai hé phuong trinh {

. . N . . x* =2x+2y-3=0
Cau 24. Tim nghiém nguyén cua hé phuong trinh : )
16x* —8xy* +y* -2y +4=0
(Trich dé Chuyén Tuyén Quang ndm 2018-2019)
x* +y? +3=4x

Cau 25. Giai hé phuong trinh :
xX* +12x+y’ =6x*+9

(Trich dé Chuyén Thai Nguyén nam 2018-2019)

g
{H Ky

Cau 26. Giai hé phuong trinh:
~3xy-y*=3
(Trich dé Chuyén Hdi Dwong nam 2016-2017)
2x% + -5x+y+2= O
Cau 27. Giai hé phuong trinh XXy -y’ -5ty
X +y*+x+y-4=0
(Trich dé Chuyén Qudc Hoc Hué nam 2018-2019)
2x-y-9-36+x>=0

Cau 28. Giai hé phuong trinh
v —xy+9=0
(Trich dé Chuyén Vinh Long nam 2018-2019)
. S LSRR AR ¢y
Cau 29. Giai h¢ phuong trinh: "
X +y =x"+y (2)

(Trich dé Chuyén PTNK H6 Chi Minh niam 2018-2019)
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X" =xy-x+3y-6=0
V5x -6 +4/16 -3y =2x> ~2x+y 4.

Cau 30. Giai hé phuong trinh {

(Trich dé Chuyén Bic Giang niam 2018-2019)

8x° +—:

Cau 31. Giai hé phuong trinh

|0\
~><

4_
y
(Trich dé Chuyén Quang Nam nam 2018-2019)

X+ 2y Xy +2x
Cau 32. Giai hé phuong trinh:
X+ y Xy —2

(Trich dé Chuyén Quang Nam nam 2018-2019)

x—3y— 2+\/y y—1)+x=0

Cau 33. Giai hé phuong trinh:
=x*-14y -8

1 +1
(Trich dé Chuyén Nam Dijnh nam 2018-2019)
. N . X—=2y+xy =2
Cau 34. Giai hé phuong trinh .
X’ +4y* =4

(Trich dé Chuyén Qudng Ngai nam 2018-2019)

-

6

Xy -= =
Cau 35. Giai hé phuong trinh:

Xy -

X< < |x

3

9

2
(Trich dé Chuyén Qudng Ngai nam 2018-2019)

Cau 36. Giai hé phuong trinh:

. U x> +4y* =2
Cau 37. Giai hé phuong trinh:
(x—2y)(1-2xy)=4
(Trich dé Chuyén Bén Tre nam 2018-2019)
. o x +1 =10
Cau 38. Giai hé phuong trinh :
x+y :3

(Trich dé Chuyén Binh Phwéc nim 2018-2019)
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2x* -y’ —xy+x-y=0

J2x+y—-2+2-2x=0.

(Trich dé Chuyén Nam Dinh ndm 2016-2017)

Cau 39. Giai hé phuong trinh {

=2 1
Cau 40. Giai hé phuong trinh: Xyt =2y
xy =x+1

(Trich dé Chuyén Tra Vinh nam 2018-2019)
) o . 2X2+xy y ~3y+2
Cau 41. Giai hé phuong trinh

(Trich dé Chuyén Tién Giang nam 2018-2019)

x + y =xy+3y-1
Cau 42. Giai h¢ phuwong trinh x Xay+l

1+x2

(Trich dé Chuyén Hung Yeén nim 2018-2019)

x> +4y =y® +16x

Cau 43. Giai hé phuong trinh
1+y” =5(1+x%)

(Trich dé Chuyén Ninh Binh nam 2015-2016)

e

L——=x2+xy—2y2 (1)

Cau 4. Giai hé phuong trinh | VX ¥

(Vx+3- y)(1+\/x2+3x)=3 )
(Trich dé Chuyén Binh Phwéc nim 2015-2016)
4X+1—xy y> +4 =0 (1)
Y =xy? +14+3Ux=1=xy*  (2).

(Trich dé Chuyén Binh Phuwdc nam 2017-2018)

Cau 45. Giai hé phuong trinh :

x+y+l+l+4:0
Xy

Xy+i+§+X -4=0
Xy y X

(Trich dé Chuyén Quoc Hoc Hué nam 2010-2011)

Cau 46. Giai hé phuong trinh :

) o . x* =2xy +x-2y+3=0
Cau 47. Giai h¢ phuong trinh: | |
y —=x"+2xy+2x-2=0.

(Trich dé Chuyén Phan Bgi Chiau nam 2012-2013)
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X(x+4)(4x+y)=6

X’ +8x+y=-5

Cau 48. Giai hé phuong tr‘mhz{
(Trich dé Chuyén Quang Nam nam 2015-2016)

x+y=2a+1

Cau 49. Cho hé phuong trinh: { (v6i a la tham so).

x*+y®=2a’+4a-1
1. Gidihékhi a=1.
2. Tim a d€hé da cho cd nghiém (x;y) thoa man tich x.y dat gia tri nho nhat
(Trich dé Chuyén Lam Son ndm 2011-2012)
. R . x* +xy-2y* =0
Cau 50. Giai hé phuong trinh , .
xy+3y +x=3
(Trich dé Chuyén Quding Ninh ndm 2017-2018)

(m+I)x-(m+1)y =4m

Céau 51. Cho h¢ phuong trinh { ,voi meR

X+(m-2)y=2
a. Giai hé da cho khim=-3
b. Tim diéu kién ctia m d€ phuong trinh c6 nghiém duy nhéat. Tim nghiém duy nhat
do.
(Trich dé Chuyén Gia Lai nam 2012-2013)
Cau 52. Giai hé phuong trinh : {‘X‘ " ‘y B 3‘ -
y— ‘x‘ =3
(Trich dé Chuyén Dong Nai nam 2012-2013)

(m—l)x+y:2

Cau 53. Cho h¢ phuong trinh: { (m la tham sd)

mx+y=m-+1
1. Giai hé phuong trinh khi m=2;
2. Chting minh rang véi moi gid trj ctia m thi hé phuong trinh ludn c6 nghiém duy nhat
(x;y) thoa man: 2x+y<3.
(Trich dé Chuyén Thdi Binh nim 2009-2010)
Cau 54. Giai hé phuong trinh: {X ryrz-d y
2x+2y-2xy+z" =1
(Trich dé Chuyén Phii Yén nam 2009-2010)
x*—x=x’y -y

J2(x' 1) =5y x[+fy +2=0

(Trich dé Chuyén Hai Dwong nam 2009-2010)

Cau 55. Giai hé phuong trinh: {
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x+y+z=1
Cau 56. Giai hé phuong trinh: Ox+2y—2xy+7 =1
(Trich dé Chuyén Tuyén Quang nam 2012-2013)
+y=3+
Cau 57. Giai hé phuong trinh Ty \/g
X’ +y* =18

(Trich dé Chuyén Ba Ria Viing Tau nam 2016-2017)

A A . 3x* +8y° +12xy =23
Cau 58. Giai h¢ phuong trinh: § |
X +y =2

(Trich dé Chuyén KHTN Ha N§i nam 2010-2011)

(x+Jx2+2012)(y+Jy2+2012)::2012

Cau 59. Giai hé phuong trinh
x*+z*- 4(y+z)+8 =0

(Trich dé Chuyén Hdi Dwong nam 2012-2013)
Cau 60. Giai hé phuong trinh: X +y*+xy=3
Xy +3x* =4
(Trich dé Chuyén Hdi Dwong nam 2009-2010)

o ey )
Cau 61. Giai hé phwong trinh {./x

Wx+3-YNU+Vx2+30)=3 (2)

(Trich dé Chuyén Binh Phuwéc nam 2015-2016)
(x+2y-2)(2x+y)=2x(5y-2) -2y

Céu 62. Giai hé phuwong trinh: |,
X -7y=-3

(Trich dé Chuyén Binh Phuwdéc niam 2013-2014)

—yv=2
Ciu 63. Cho hé phuong trinh: |-
3x+my=>5

a) Giai hé phwrong trinh khi m =+/2..
b) Tim gia tri cia m dé€ hé phuong trinh da cho c¢é nghiém (x; y) théa man hé thic

Il’l2

x+y=1-

m?+3

(Trich dé Chuyén Quang Ninh ndm 2008-2009)
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Vx?49+y=9
Y +9+x=9

Cau 64. Giai hé phuong trinh {

(Trich dé Chuyén Phii Yén nim 2011-2012)
2xy +x+2y=20
Cau 65. Giai hé phuong trinh 1.2 4

, 33
(Trich dé Chuyén Quang Nam ndm 2013-2014)
Cau 66. Giai hé ph thx+y13
au iai hé phuong trin
P & VX=3+,y+7 =5.
(Trich dé Chuyén Da Ning nam 2009-2010)
+2y+3=y’ +4
Cau 67. Giai hé phuong trinh Xz Z yore
x"+y =5
(Trich dé Chuyén Binh Phuwéc nam 2012-2013)
R o . x* +xy —4x=-6
Cau 68. Giai h¢ phuong trinh: | |
y +xy=-1

(Trich dé Chuyén Quang Nam ndm 2012-2013)

8

3

y
(Trich dé HSG tinh Dién Bién nam 2018-2019)

— ) =1
-x-y=-3
(Trich dé HSG tinh Nghé An nam 2018-2019)

6
X _——=
Céu 69. Giai hé phuong trinh: Y
IX——=-2
Cau 70. Giai hé phuong trinh: {

Cau 71.

—v=m+1
1) Cho (x, y) la nghiém ctia hé phwong trinh {X y=m¥ (v6im la tham sO thuec).

2x-3y=m+3
Tim m dé biéu thitc P =x> +8y dat gia tri nho nhat.

2+y2=
3

(voix, y thudc R).
X -y =-1

2) Giai hé phuong trinh {

(Trich dé HSG tinh Dong Nai nam 2018-2019)

Swu tAim va téng hop TAI LIEU TOAN HOC



x+vx?+1 =2y+1

Cau 72. Giai hé phuong trinh:
y + y +1=2x+1

(Trich dé HSG tinh Thanh Héa nam 2018-2019)
Cau 73. Giai hé phuong trinh:

(Trich dé HSG tinh Binh Phwoc nam 2018-2019)
X’ +2xy* +12y =0

Cau 74. Giai hé phuong trinh:
8y’ +x* =12

(y—-2x)(1- y X) =2x" —x
x(y-1)+3 y 2
(Trich dé HSG tinh Ninh Binh nam 2018-2019)

b
e
o
8
{ f-1 20cy-1)
i
¥
|

Cau 75. Giai hé phuong trinh:

Ciu 76. Giai hé phuong trinh: X+y

4x* +5y+ X+y-— 1+6\/7 13

(Trich dé HSG tinh Nam Dinh ndm 2018-2019)

\/ 1+\/3y+1 \/;+\/x+2y

x° 3x+2 2y° —y?

Cau 77. Giai hé phuong trinh:

(Trich dé HSG tinh Bic Ninh nim 2018-2019)

2
\/2x+1+\/2y+1 —(X_Zy)

2

Cau 78. Giai hé phuong trinh:
3x+2y)(y+1)=4
(Trich dé HSG tinh Hung Yén ndm 2017-2018)

(x+y)’ (8x +8y® +4xy—13)+5=0
Cau 79. Giai hé phuong trinh:

X+ y
(Trich dé HSG tinh Thanh Héa nam 2017-2018)
(M-1)x+y=2

(v4i M la tham s6 va X,y la an s0).
X+2y=2

Cau 80. Cho hé phuong trinh {

Tim cac gia tri M nguyén d&€ hé phuong trinh ¢6 nghiém (X, y) nguyén.
(Trich dé HSG tinh Vinh Phiic nam 2017-2018)
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A A . x> +y?—xy=2
Cau 81. Giai h¢ phuong trinh: |
X’ =x+y
(Trich dé HSG tinh Hai Dwong nim 2017-2018)

x* =2+xy’
2

Cau 82. Giai hé phwong trinh: )
y =2+X7y
(Trich dé¢ HSG tinh Thanh Héa nam 2016-2017)
x*+xy’ =xy-y’ =0
Cau 83. Giai hé phuong trinh
2 x +1 3\/_(y+1) y=0.
(Trich dé HSG tinh Nghé An niam 2016-2017)
. e . xy +2x—4y=-1
Cau 84. Giai hé phuong trinh
xX’y® +2xy® —4x+3y =2
(Trich dé HSG tinh Qudng Nam ndm 2016-2017)

1 =
Cau 85. Giai hé phuong trinh X+ (y+1) =xy+x+ 1
2x° =x+y+1

(Trich dé HSG tinh Hai Dwong nim 2016-2017)

J2x-1 5v2 —\J6x—3
Cau 86. Gidi hé phuong trinh y #V3.=5y” —Jex-
2y* (5x —17x+6) 6 —15x

(Trich dé HSG tinh Hung Yén nam 2016-2017)
+y x+1) 6

Cau 87. Giai hé phuong trinh
x 1 y + 1

(Trich d¢ HSG TP. H6 Chi Minh nam 2016-2017)
x> +4y® +3=4x

Cau 88. Giai hé phuong trinh
x* +12x+8y’ =6x* +9

(Trich dé HSG tinh Hai Dwong nim 2015-2016)
. e L |4 +1=y?—4x
Cau 89. Giai hé phuong trinh
X +xy+y =1
(Trich dé HSG tinh Ngh¢ An niam 2015-2016)
y 4(4x— y)

Cau 90. Giai hé phuong trinh
y? —5x* =

(Trich dé HSG tinh Thanh Héa nam 2015-2016)
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2x* +y® =3xy —4x+3y+2=0

Cau 91. Giai hé phuong trinh
=y +3+y—x+1=2
(Trich dé HSG tinh Hung Yén nam 2015-2016)

2x -y +xy+y—5x+2=0
Cau 92. Giai hé phuong trinh Z( RACAN AR
X +y+x+y-4=0

(Trich dé HSG tinh Phii Tho ndm 2015-2016)

-y \/—+1)+\/_ 0
x> +y-V7x* =3 =0.

Cau 93. Giai hé phuong trinh

(Trich dé HSG tinh Nam Dinh nim 2015-2016)

Cau 94. Giai hé phuwong trinh
P PREORE T (145) (1 2x)( 1+3x):(1+3y)(1+3y+2x2)

(Trich dé HSG tinh Ddc Lic ndm 2015-2016)

Cau 95. Giai hé phuwong trinh
FPRions 3x+(2x+y - )(x—y+1)=11

(Trich dé HSG tinh Vinh Long nam 2015-2016)

X+y+z=3

Cau 96. Giai hé phuong trinh =

11,11
X'y z 3
X +y*+z> =17

(Trich dé HSG TP Ha N§i nim 2015-2016)

X"+ Xy +2zx =48
Cau 97. Giai hé phuong trinh {y” +xy+yz =12

z? +zx+yz=284

(Trich dé HSG tinh Pa Ning niam 2015-2016)
~-y’-15y-14=3- (Zy —x)

Cau 99. Giai hé phuong trinh
4x° +6xy +15x+3=0

|
|
{
e
{
:
[

(Trich dé HSG tinh Hung Yén nam 2014-2015)
R et . X2 +y?+xy =2
Cau 100. Giai hé phuong trinh | =~
X +y’ =2x+4y

(Trich dé HSG tinh Nghé An niam 2014-2015)
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2 1)y +(y*-1)x=2(xy -1
Ciu 101. Giai hé phuong trinh (¢ =2y +(y* ~1)x=2(xy 1)
4x? +y2 +2x-y—-6=0
(Trich dé HSG tinh Phii Tho ndm 2014-2015)
x? + y2 = 2x2y2
(x+y)1+xy)= 4x2y2
(Trich dé HSG tinh Thanh Héa nam 2014-2015)

Cau 102. Giai hé phuong trinh {

Cau 103.

mx—2y=2

Cho hé phuong trinh { (véi m la tham so).

2x+my=>5
a) Giai hé phuong trinh khi m =10;
b) Tim m dé hé phuong trinh da cho c6 nghiém (x; y) théa man
—2015m? +14m — 8056
m’+4 '
(Trich dé HSG tinh Vinh Phiic ndm 2014-2015)

X+y—2014 =

3x* +xy —4x+2y =2
x(x+1)+y(y+1):4

(Trich dé HSG tinh Hai Dwong nim 2014-2015)

Cau 104. Giai hé phuong trinh {

mx+2y=m+1

Cau 105. Dinh én dé€ hé c6 nghiém duy nhat 1a nghié &
inh m nguyén dé hé c6 nghiém duy nhat la ng 1emnguyen{2x+my=2m_l

x° =2x+
Cau 106. Giai hé phuong trinh y
y’ =2y +x
(Trich dé HSG tinh Hai Dwrong nam 2014-2015)
4 3_ 3 — 2
Cau 107. Giai hé phuong trinh 2X y =X 2y
522 —82xy + 21y =—9

(Trich dé HSG tinh Hung Yén nam 2014-2015)

3x* +2y* —4xy +x+8y—-4=0

2

Cau 108. Giai hé phuong trinh 5
X =y +2x+y-3=0.

(Trich dé HSG tinh Phii Tho ndm 2014-2015)
Cau 109. Cho hé phuong trinh:

3X—-y=6
mx+y=n+3

Tim cac gid tri cia m va n dé:
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a) Heé c6 nghiém duy nhat

b) Hé v6 nghiém

c) Heé c6 vd sd nghiém

X+ay=1

Cau 110. Tim cac gia tri cua a d€ hé sau v nghiém:
X—3ay =2a+3

mx+4y =20 (1)

(m 1a tham s0)
x+my=10 (2)

Cau 111. Cho hé phuong trinh: {

a) Vi gia tri nao ctia m hé da cho:
b) V6 nghiém
c) Cénghiém duy nhat

d) Vo s6 nghiém

X+y =2m+1

Cau 112. Cho hé phuong trinh: { , v6i m la tham s0.

X’y +y’x=2m’>-m-1
a) Giai hé phuong trinh véi m =2.

b) Chttng minh r:?mg hé Tudn c6 nghiém vdi moi m.

(Trich dé Chuyén Phii Yén nam 2012-2013)

2x* —xy =1

Cau 113. Cho hé phuong trinh { , trong d6 M 1a tham s6 va X,y la cac

4x* +4xy -y* =m
an so.

a) Giai hé phuong trinh véi m=7.

b) Tim tat ca cac gia tri cia M dé hé phuong trinh c6 nghiém.

(Trich dé vao 16p 10 Chuyén Vinh Phiic nam 2017-2018)

Cau 114. Cho hé phuong trinh: {(:‘;(2"_3';:32 e (S)

Tim m d€ hé c6 nghiém duy nhat thoa man x +y = 2.
Céu 115. Cho hé phuong trinh: {Tﬁ;z :;1
Tim m dé phuwong trinh ¢6 nghiém duy nhat (x, y) thoa man: y = x*
2x-3y=2-a

Cau 116. Tim nghiém nguyén a d€ hé phuong trinh
x+2y=3a+1

y

C6 nghiém (x; y) sao cho T = 2 la sd nguyén.
X

(Trich dé tuyén sinh 16p 10 Chuyén Tdy Ninh ndm 2014-2015)
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'y =2xy —x’y? +2xy +3x-3=0
Cau 117. Cho hé phuong trinh | Y% ¥ TOYTXT9=0
y +x7 =y+3m

Tim cac gia tri cia m d€ hé phuong trinh ¢6 hai nghiém phan biét (x1 ;Y1) va
(xz;yZ) thoa man diéu kién (x1+y2)(x2 +y1)+3 =0.
(Trich dé thi HSG tinh Hdi Phong ndm hoc 2016-2017)

—y=2
Chu 118. Cho hé phuong trinh: 1.
3x+my =5
a) Giai hé phuong trinh khi m = V2.

b) Tim gia tri cia m d€ hé phuwong trinh da cho c6 nghiém (x; y) théa man hé

2

m
thitc x+y=1- .
Y m’+3
(Trich dé vao l16p 10 Chuyén Quang Nam ndam 2008-2009)
X2 +1+y2+xy =4y
Cau 119. Giai hé phrong trinh: y

X+y—2=

x% +1
(X*+y*)(x+y+2)=4(y+2)

Cau 120. Hé phuong trinh tuwong duong véi
X2+ y2+x(y+2)+(y+2)(y-2)=0

Swu tAim va téng hop TAI LIEU TOAN HOC



HUONG DAN GIAI

Cau 1.
Thay y =0 vao hé phuong trinh ta thdy khong thoa man.
Vi y=0 taco:
X2+1+x+ =4
X(X+y)+y —4y+1=0 X +1+y(y+x)=4y /=
& o
y(x+y)2—2x2—7y=2 y(x+y)2—2(x2+1)=7y (x+y)2—2Xz+1:7
y
2
D;;vcu:X +1,v:x+y
y
. . oo u+v=4 u=4-v v=3 u=1
He phuong trinh tro thanh:< &9, = .
vi-2u=7 vi+2v-15=0 [v=-5u=9
e Vi v=3,u=1 tacdhé phuong trinh
X +1=y X*+x-2=0 |[x=Ly=2
= =S .
X+y=3 y=3-X X=-2,y=5
e V6iv=-5, u=9 tacd hé phrong trinh
2 _ 2 . 2 _
X +1_9y<:> X +1_9y<:> X“+9x+46=0 (vé nghiém),
X+y=-5 y=-5-X y=-5-X
Vay hé phuong trinh c6 nghiém (x;y)e {(1; 2); (-2; 5)} .
Cau 2.
y* +2xy +4=2x+5y (1)
5x* +7y—18 =/x* +4 (2)
bK: x,yeR.
=1
e y2-y+2x(y-1)+4(1-y) =0 (y-1)(y+2x-4) =0 |~
(e y* -y+2x(y=1)+4(1-y) =0 (y-1)(y ) 42

V6i y =1 thay vao (2) ta duoc

X2_11

5> —11=vx'+4 < 5
24x* —110x* +117 =0

,»  55+~217 55++/217
SX =——— S Xx=/[——.

24 24
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V6i y =4-2x thay vao (2) ta duoc 5x* +28-14x-18 =vx* +4

<:>(x2+2x+2)+\/(x2+2x+2)(x2—2x+2)—6(x2 ~2x+2)=0

2 - z_
{\/x +2x+2 = 2X% —2x+2 ©x2+2X+2:4(x2—2x+2)

UxE 42X +2 = —3x% —2x+2

5.7 24247
Sy=

X =
3% —10x+6=0 < 3 3 .
5+\/; 2—2\/;
EEEREAE

Vay hé phuong trinh c6 bon nghiém la:

{ 55+\/E;1];£ 55+\/ﬁ;1]{5—\/;.2+2x/5]{5+\/§,22\/5)

24 24 37 3 3 7 3

Cau 3.
Diéu kién: x >-2;x#0
8xy +22y +12x+25 _%(1)
X
y' +3y =(x+5)Vx+2(2)

Xét pt (2) ta co:

y* +3y =(x+2)Vx+2+3x+2
@y?’—(\/E)sw(y—\/E):o

e (y-vxrz)(y +ydxr2+x+2+3)=0
oy=x+2

Thay y=+vx+2(y>0) vao (1) ta dwoc:
vy y (

Sx/x+2 +224/x+2 +12x+25 =
X

© 8(x+2)Vx+2 +12(x+2)+6x+2 +1=i3
X
3
<:>(2\/x+2 +1)3 =[lj
X
< 20x+2 +1=l
X

Tt d6 suy ra 0 < x <1 ta c6 phrong trinh trén twong duwong
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2xVx+2=1-x

= 4x? x+2

c: x+1 4x 1 =0

Sx==
4

:yz,/i+2 :% (thoa dk)

Vay hé pt c6 nghiém duy nhat (x y) (1 ;’J

Cau 4.
Dé thay y =0 khong la nghiém cta (1). Véi y #0, ta co:
X’ +y+1=4y—xy-y’

NexX+xy+y2=3y-1=
1) y+y =3y {X2+1=3y_xy_y2

2 F— — —
X -|2-y+1_Y(4 X-y) x+y-4

= = (3)
x+1  y@B-x-y) x+y-3

x+y—4
X+y-3

Tir (2) va (3) = x+y = (4)

bat x+y =a. Phuong trinh (4) tré thanh:
a-4
a-3
& @-27=0ca=2
=S>X+ty=2y=2-X

a= —a’-3aza-4<a*-4a+4=0

Thay y =2-x vao (2) duoc:

2 —
2:%@%2% =X’ —x+3 x> +x—-1=0
+X

=—1i\/3:> 535

2 Y=,

Th lai ta thay { 1+Vr 5- Vrj [—1—Jg;5t;%

5 5 j la cac nghiém ctia hé da cho.

Vay ...
Cau 5.
Bién ddi dugc phuong trinh x° +y® =4x* +4y® —12 vé dang:
(x+y)C +y° —=xy) =4x* +4y° —12 < 4(X° +y® —xy) =4x" +4y* —12
Suy ra dwoc: xy =3
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Cau 6.

Qui viéc tim x, y vé giai phwong trinh: t* —4t+3=0

Tim dwoc 2 cap nghiém: (x=1;y=3); (x=3;y=1);

(x—y)2+4=3y—5x+2\/(x+1)(y—1) (1)
3xy -5y —-6x+11
=5 (2)
VX +1
bK: x>2-1y>1

Dit Vx+1=a,y-1=b (a>0,b20)=x=a>~Ly=b*+1
Phwong trinh (1) tro thanh:
(a% —b? —2)* +4=3(b* +1)~5(a® ~1) + 2ab
< (@’ -b*-2)’ +4-3b*+5a* -8 -2ab=0
< (@ -b* -2y +4+4(a” -b*-2)+a’ +b’ -2ab=0
< (@’ -b*)’ +(a-b)* =0
< (a-b)’[(a+b)*+1]=0
& (a-b)* =0
<a=b

=Vx+1=y-T=y=x+2 3)
(2) = 3xy =5y —6x+11=5Vx’ +1 (4)
Thay (3) vao (4) duoc:

Bx(x+2) = 5(x+2)—6x +11=5Vx* +1
= 3x2 +6x—5x—10—6x+11=5yx’ +1

<3 =5x+1=5Vx>+1

&30 = x+1)=2(x+1) = 5vx+1vVx* =x+1 =0
@(3 x2—x+1+\/x+1)(\/x2—x+1—2\/x+1):0

=X —x+1-2'x+1=0
=X —x+1=4(x+1)

< xP-5x-3=0

5+/37
2

(TMDK)

5++/37 9++/37

Véi x = =>vV=
2 Y=

Vay nghiém ctia hé phuong trinh 1a

Swu tAim va téng hop
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2 72 2 72

5+\/§.9+\/§H5—\/§.9—\/§J}‘

Diéu kién: x+y+3>0 va 2x+3y+1>0.
Ttr phuong trinh thit nhat cua h§, ta cOx+y+3=2x+3y+1, tlec x=2-2y.
Tt day va cac diéu kién x+y+3>0,2x+3y+1>0, ta phai c6 5-2y>0 va 5-y >0, ttc
5
<—.
Y 2
Bay gio, thay x =2-2y vao phuong trinh thit hai ctua h¢, ta duoc:
(2-2y)(y+1)—4(2-y)+54=0 hay —2(y+4)(y-6)=0.
Do vy sg nén tir day, ta cd y=-4 (teong tng x=10). Vay hé phueong trinh da cho co6

nghiém duy nhét (x,y)=(10,-4).

Cau 8.
~13-x
{x+6y 13 Y="%
2x2=(x+2y 3)( ) 2)(2:( 13 )(2 X)
y=13—x 13— x
6 y=
= N 6
2X2=2(4_X ) X:il
3
Vay nghiém (x; y) cta hé phuong trinh la: (1; 2), (—1; %j
Cau 9.
3x y— 1/y+ +3x-1=y,3x-y (1)
X2 +y* =5 )

biéu kién 3x-y =0,y >0

(1) (Bx-y -1)(Jy +1+1)({Bx-y - Jy+1+2)=0
@[W—lo )

J3x—y —Jy+1+2=0 (4)

(3) & y=3x~-1 thé vao (2), ta duoc
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) x=1l=y=2
+(3x-1) =5 10x* -6x—4=0 < 2 11

X=—— = ——

5 Y75

Loai nghiém (x;y) = [—%;—%J

. 3-y

4 IX-y+——F7=—=0 5

( ) i er2+ y+1 ( )

Tt (2), ta co: ‘y‘S\IS <3:>3—y>0:>(5) vO nghiém

Vay tap nghiém S= {(1; 2)}

Cau 10.
Diéu kién x<8;y>-1;,x-y >0.

X=3y—2+,/(x-y)(y+1) =0 (1)

Hé da cho twong duwong 38 —x — =x2-14y-8 (2)
y+1+1

Nhén xét: y=-1va y =0 khong thdéa man, do dé

() —— XYL XY 90 e Y c1ex= 2y +1. Thé vao (2) ta duoc phuong
y+ 1 y+1 y+1

trinh

4.Jy +1-3\/7 -2y +4y* ~10y-11=0

@4(@—2)—3(1/7—2y—1)+4y2—10y—6=0

@(y—s)[ 2,3 +2y+1J—0.(3)

Jy+1+2 (7-2y+1

2 242 3
Voi -1< <—th1 > 2 +1>-1
Y Jy+1+2 3+242 47 2y+1 g

2 3
= +
Jy+1+2 7-2y+1
Dod6 3)ey-3=0y=3.

+2y+1>0.

= x =7 thoa man diéu kién. Vay nghiém ctia hé la(x;y) =(7;3).
Cau 11.

xz0;x#2
Diéu kién xac dinh : y#0;y %2
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Tt phuong trinh (1) ta co: Xy-X-—y=-5¢ (x—l)(y _1) =—4

, x> =2x=a*-1
x—1=a ) 1
ab=-4

1 1 2

(O S
x> =2x y*-2y 3
a’+b*-2 2 a'+b’ -2 2
a’b’—-a’-b*+1 3 17-a*-b* 3
©3(a’+b*)-6=34-2(a’ +b’)
<:>a2+b2:8<:>(a+b)2—2ab=8
<a+b=8+2ab=8+2(-4)=0

ob=—ac2a’=8ca=+2

a=-2 x=-1
THI1: =

2
-
3

b=2 y=3

a=2 x=3
TH2: =

b=-2 y=-1

Vay nghiém cita hé da cho a (“3) va (3-1)

Cau 12.
5-45_3 (52455+6-0 S__op.8
DatS=x+y #0; P=xy#0, tacod: (2) = 6P = 4S s 7 s
S+ o=-5 P=373 S=-3;P=2

Khi d6:5=2; P = %khi va chi khi x, y 1a nghiém cta phuong trinh: t* + 2t + g =0vo

nghiém (A'=_?3SO)
S =-3; P =2 khi va chi khi x, y la nghiém ctia phuong trinh:
t?+3t+2=0<t, =-1t,=-2
Vai tro cua x, y trong hé (2) nhw nhau, do vay hé (2) c6 hai nghiém: (x=-1;y = -2), (x
=-2Zy=-1)
Cau 13.

Diéu kién xac dinh :

Swu tAim va téng hop TAI LIEU TOAN HOC



Hé da cho tuwong dwong vdi

iz+i2=1

Xy

=
\/X2_1+\/y2_1=m {x2+y22+2\/(x21)(y21)=Xy+2(2)

=)o Xy’ —2+2\/x2y2—x2 ~y*+1=xy+2

X' +y” =x"y’(1)

<::>x2y2 =xy+2<:>(xy)2—xy—2=0

xy =-1
2
xy=2 (tm) _ X +y?=1=(x+y) =-1 (ktm)
xy =-1 (tm) xy =2
x2+y2=4:>(x+y)2:8

<:>(xy—2)(xy+1):0<:>[

Xy =2
X+y=—2\/§ x:y:—\/E
=
Xy =2
| x+y:2x/§

Vay hé da cho c6 2 nghiém (x;y)théa man (\/E;\/E);(—\/E; —\/E)

Cau 14.

biéu kién: x#-1;,y # -1

4yt exty=(x+1)(y+1)  [x(x+D+y(y+1)=(x+1)(y +1) ﬁ+le=1
X 2 2 = X 2 y 2 P , ,
( J+[ ylj -1 |+ 2] =1 x V(v V4
y+ X+ y y+1 x+1
bat a= X ;b= y'.Khidéhéphuonghﬂﬂlﬁéthmﬂu
y+1 x+1
b=1-a
a+b=1 b=1-a b=1-a
= = <<la=0
a’+b*=1 |2a°-2a+1=1 |2a(a-1)=0 [a—l
T By
_ y+ _
a=0 y » x=0
b=1 x+1 y=1
= = o (tm)
a=1 X _q x=1
| [b=0 y+1 | ly=0
Y _o
L Ix+1

Swu tAim va téng hop TAI LIEU TOAN HOC



Vay nghiém cua hé phuong trinh la (x;y) =(1;0)hoac (x;y) =(0;1)

Thay gia tri m =1vao hé phuong trinh ta cé:
2y =4 =2
(e X +2y o )X
2x-3y =1 y=1
Vay véi m =1thi hé phwong trinh ¢6 nghiém (X,‘ y) = (2;1)
a) Taco 1,2 (I)ludn c6 nghiém (x;y) voi moi m

(I)<:>{2x+4y=2m+6©{x=m+3—2y

2x-3y=m 7y=m+6
x=m+3-2y X:5m7+9
At m+6 A
y= _m+6
7 y= ~

Theo dé bai ta c6: P=98(x* +y*)+4m

:>P:98.[(5m+9)2 +(m+6)2]+4m

49 49

=2(26m*+102m +117) +4m
—52m? +208m + 234
- 52(m2 +4m+4)+234—52.2

=52(m+2) +26>26
= MinP =26
Ddu “=" xay ra & m+2=0&m=-2

Vay m =-2 thoa man yéu cau bai toan

Cau 16.

Dt {uzx+y(DK:u224v)
V:Xy

u=>5-v u=5-v

u’-2v=>5 25-10v+v*-2v=5 vZ-12v+20=0
= = =
u+v=>5

v=2 &

10 423 )
= m
|:V v=2 |:x:1;y=2
= _ s =
u=5-v {u— (ktm)
A

Vay tap nghiém cta hé da cho la (1;2);(2;1)

Swu tAim va téng hop
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Cau 17.

{xz +4y* =2 @{X2 —4xy +4y’ =2(1—2xy) - (x—Zy)2 =2.(1—2xy)
(x—2y)(1-2xy)=4  |(x-2y)(1-2xy)=4 (x—2y).(1-2xy)=4

=x-2
Dat XY Khidé ta co hé phuong trinh teong dwong:
b=1-2xy

b2
{a2=2b D) {a:2
& & &
4

ab=4 a’ b=2

a.—=

2
x=2y=2  [x=2+2y x=2+2y x=1
= = = ) = 1
1-2xy=2 " |1-2(2+2y)y=2 " |4y*+4y+1=0 y=-

Vay hé phuong trinh c6 nghiém duy nhat (x;y)= (1; _71}

Cau 18.
Xy 432 +6x-3y+4=0[(x+1)° - y’]+3(x+1) -3y =0
(X+1-VI(X+1)° +(x+)y+y* +3]=0= y=x+1

0
Véi Y=X+1 thévao X' +y*—3X=1taco 2x* —x=0 < 1
2
A LA g1 A 1a 13
Vay hé c6 hai nghiém la(O;l); E'E
Cau 19.

{x2+y2+x+y=18 - (x+y)2—2xy+(x+y):18
xy(x+1)(y +1) =72 Xy(xy+x+y+1)=72

Dat x+y =a,Xxy =b ta c6 hé da cho tr6 thanh:

Swu tAim va téng hop TAI LIEU TOAN HOC



a +a-18 (1)
a’+a-2b= 18
b(a+b+1)= 72 a’+a- 18 a +a-18

2

+ 1} =72(2)

(2)<:> a’+a-— 18 a’+3a- 16 =288

e[ +2a—17)—(a+1)].[(a +2a-17)+(a+1)| =288
& (a*+2a-17) ~(a+1)" =288
<a'+4a’+4a® -68a—34a” +289-a* —2a-1=288

o a'+4a’ ~31a® ~70a +288 = 288

<:>a(a +4a’ -31a-70)=0

/—\

a(a®—5a%+9a® —45a+14a — 70):0
a(a-5)(a’+9a+14)=0

a=0=>b=-9
a=b=b=6
a=—2=b=-8
a=-7=b=12

<:>a(a—5)(a+2)(a+7):0<:>

0 ; . A y
+) Voi {a 9 ta co hai s0 x, yla nghiém ctia phuwong trinh

X=3

X?-0X-9=0<
X=-3

Vay ta duoc hai nghiém ctua hé phuong trinh (X; y) = {(3; —3) ;(—3; 3)}

X=2
X=3

=5 , . A .
+)Voi {a ta c6 hai s8 X, yla nghiém cua phuwong trinh X*> -5X+6=0 < {

Vay ta duoc hai nghiém cua hé phuong trinh {(3 2) (2 3)}

+)Voi {a i o ta c6 hai s6 x,y la nghiém ctia phuong trinh

X=2

X?+2X-8=0«<
X=—4

Vay ta dwoc hai nghiém cta hé phuwong trinh {(—4,‘ 2) ; (2 ; —4)}

Swu tAim va téng hop TAI LIEU TOAN HOC



a = _7 4 . ~ \ A ? \
ta co hai s0 x,yla nghiém ctia phrong trinh

+)Voi {

X=-3

X?+7X+12=0<
X=4

Vay ta duoc hai nghiém ctua hé phuong trinh (X; y) = {(—3; —4) ;(—4; —3)}
Vay ta hai nghiém cua hé phuong trinh
()= ) b4 (2 29
Cau 20.
Xét x =0 khong la nghiém cta hé da cho

Xét x # 0ta co phwong trinh (1) trong duong véi :

’ 6 6
X =Xy=6SX-y=—=>X——=Y
X X

Thay vao phuong trinh (2) ta duoc:

3x2+2x[x—éj—3(x—éj2=30
X X
@3x2+2x2—12—3x2+36—1%f—30=0
& 2x*—6x*-108 =0
(¥ -9)(x* +6)=0
&SxP-9=0 (Vi x*+6>0)
x=3=>y=1
<::>[x=—3:z’y=—1
Vay hé da cho c6 cdc nghiém 1a (3;1);(-3;-1)
Cau 21.
x> —x-y’+y=0< (x-y)(x+y-1)=0<> x=y hodc x+y-1=0
+Vé6i x = y thay vao pt thit hai ta duogc: x> +2x-3=0< x=1 hodc x=-3.
Suy ra duoc: (x;y)=(1;1) hodc (x;y)=(-3;-3)
+V6i x+y-1=0< y=1-x thay vao pt thit hai ta dugc:
x> +2x-3=0<x=1 hodc x=-3.
Suy ra duoc: (x;¥)=(1;0) hodc (x;y)=(-3;4)
Vay hé phuong trinh da cho ¢6 4 nghiém: (1;1),(-3;-3),(1;0),(-3;4).
Cau 22.

Swu tAim va téng hop TAI LIEU TOAN HOC



2 — =
Ta c6 hé phrong trinh XXy —dx+2y=2
x(x+1)+y(y+1)=4

- 3x2+xy—4x+2y=2c> X +x+y*+y=4 (1)

X +x+y’+y=4 2X* -y +xy—bx+y=-2 (%)
:>(*)<:>2x2+x(y—5)—(y2—y—2)=0 (**)
Coi day 1a phuong trinh bac hai dn Xva y la tham s6:

A=(y-5) +42(y* -y-2)=9y*~18y +9=9(y 1)’ > OVy

_ 5-y+3(y+1) _2+2y _y+l

X
Phwong trinh (**) c6 hai nghiém: 4 4 2
5-y-3(y-1) 8-4y
4 4

2 2
Sy +2y+1+2y+2+4y* +4y-16=0

+1 +1) y+1
+)x:YT:>(1)<:>£y—j + Xy ry =4

5y +8y—13=0

y=1:>x=1
o a3
Y=73 5

+) x=2—y:>(1)<:>(2—y)2+2—y+y2+y=4
SA4-4y+y*+2-y+y’ +y-4=0

< 2y* -4y +2=0

<y=1

=>x=2-1=1

-13 4
Vay céc nghiém ctia hé da cho la (1;1) ;[? ,-?j

/_J%\
—_—
x
+
W
N—
—_
X
|
—_
~
Il
—
~<
|
N
N—
—_
X
+
@
~—
—~
—_
N—"

x-1)yy* -5y +8 =(y-2)’ 2)
X+3=0 [x=—3

~2)]=0

(v-2)] Q[x—1=y—2 <
+) V6i x=-3 thay vao phuwong trinh (2) ta co: —44Jy’ -5y +8 = (y —2)2
(vd nghiém vi VI <0; VP >0)

+) V6i x =y —1thay vao phuong trinh (2) ta co:

—_
—
~
—_
bes
+
[68)
~
1
—_
bes
|
—
~
|

x=y-1

Swu tAim va téng hop TAI LIEU TOAN HOC



T o in (o P .|V 2T0ey=2 ()
(y—Z) y 5y+8—(y 2) @{ {—y2—5y+8=y—2 @
B)=>x=y-1=2-1=1=(xy)=(12)

y—-220 y=2 A N (A,
(4)©{y2—5y+8=y2—4y+4©{y=4 (tm):>x—4 1—3:>(x,y)—(3,4)

Vay nghiém ctia hé phuong trinh la : (X;y) = {(1;2),‘(3;4)}

Cau 24.
Ta co:
{x2—2x+2y—3=0 <:}{x2—2x+1=4—2y
16x2—8xy+y4—2y+4:0 16x2—8xy2+y4:4—2y

= x* -2x+1=16x" -8xy’ +y*

<:>(x—1)2 =(4x—yz)2

_1=4 _ 2 X =
_|x x=y' 3
x-1=y* —4x y>+1

2_
THL:x =Yt
3

4_oy2 2(y*-1

Yy 2y 41 (v*-1)
9

Sy -2y’ +1-6y° +6+18y—27=0

+2y-3=0

oyt -8y*+18y-20=0
o (y-2)(y’ +2y’ -4y +10)=0
>y=2=x=1

y2+1

TH2: x=

4 2 2
:>y +2y +1_2(y +1)
25 5
<yt +2y* +1-10y* -10+50y -75=0
<yt -8y* +50y-84=0
& (y-2)(y’+2y’ —4y+42)=0

>y=2=x=1

+2y-3=0

Vay nghiém nguyén duy nhét ctia hé da cho la (1; 2)
Cau 25.

Swu tAim va téng hop TAI LIEU TOAN HOC



Ta c6 phwong trinh (2) twong dwong voi:

X’ —6x* +12x -84y’ =16 (x-2) +y’ =1

Hé da cho tré thanh:
X2+y2+3=4x - (x—2)2+y2=1
x* +12x+y° =6x> +9 (X—2)3+y3=1

y:+2z° :1:>(y+z)2—2yz=1

bat x-2=zta co:
y3+z3 =1:>(y+z)<y2—yz+zz)=(y+z)(1—yz)=1

Dat {i Y a6 hé phuong trinh:

=yZ
_a_]. 2 2
{az—szl =" b=az_1 b=a2_1
o ) P g
—b)= -1
a(1-b)=1 a(l—a j=1 2a—a’+1=2 |a’—2a+1=0

2
b=l faz1  ([y+z-1
= y o =
a1 b=0 yz=0

y=0
x=0 z=1=>x=3

= y,z1a hai nghiém ctia phwong trinh : x*> -x =0 < [ =

x=1 y=1
z=0=>x=2

Vay hé phuong trinh c6 tap nghiém (3;0) ; (2; 1)
Cau 26.

Ta co: (1)<:>(x+\/x2+2x+2 +1)(\/y2+1+y)(w/y2+1—y)=(w/y2+1—y)
(Do Jy’+1-y =0 véimoiy)

S Xx+1+4(x+1) +1=-y+4y* +1

2 2
S x+y+1+ D) -y =0
Jox+17 +1+Jy? +1
x+1-y
< (x+y+1) 1+ =0
Jox+17 +1+y? +1
x+y+1=0
=
VXA +T+(x+1)+4y* +1-y =0 (3)

Swu tAim va téng hop TAI LIEU TOAN HOC




Do (x+1) +1>[x+1[2x+1, ¥x va {y*+1>|y| 2=y, ¥y nén (3) v nghiém.

x=1
Thay y =-x - 1 vao (2) tim dugc nghiém 4
X=—=
3
. 4 1 oA va o 1 41
Véix=1=y=-2,x= —§:>y:§.Vayhe co6 nghiém (1;-2), —5,’5 .

Cau 27.
Ta co: 2x2+xy—y2—5x+y+2=0<:>y2—(x+1)y—2x2+5x—2=0

x+1
ol y-2H RIS NPT
4

2

x+1T 9x®—18x+9 x+1T (3x=3Y)
oly- - 0|y | - -0
2

i 2 | 4 2
x+1 3x-3 x+1 3x-3
S|ly- - y— + =0
2 2 2 2

<:>(y—2x+1)(y+x_2)=0C{Y—ZX+1:0C{},=2X_1

y+x-2=0 y=2-x

= Truong hop y =2x-1, thay vao phuong trinh thit hai ctia hé ta duoc:

x=1
X +(2x-1) +x+2x-1-4=0 5" —x-4=0&| 4.
75
Truong hop nay hé da cho c6 hai nghiém: (x;y)=(1;1),(xy)= (_g;_%}

= Truong hop y =2-X, thay vao phuong trinh thit hai ctia hé ta duoc:
X +(2-x) +x+2-x-4=0 62" ~4x+2=0x=1.
Truong hop nay hé da cho c6 mot nghiém: (x; y) = (1; 1).
vayhéaachocéhmrgh@nu(xy)=(L1y(my)=(—§;-1§}
5 5
Cau 28.

2_
Diéu kién 2x-y-920, ta cd (2x=y =9 =364x"=0 (1)
v —xy+9=0 (2)

Phuong trinh (2) < (2y —x)2 =x"-36

Swu tAim va téng hop TAI LIEU TOAN HOC



Suyra(l) 1/2x—y_9+(2y_x)2=O:{2X—y—9=0

2y-x=0

X=6

=6
= {X thoa diéu kién. Vay hé phuong trinh c6 nghiém { 3
y =

y=3
Cau 29.
Lay phuong trinh (2) trit di phuong trinh (1) ta duoc:
y' -y =x’+y -1
= y“”.(y2 —1)—(y2 —1) =x
= (y2 —1).(y3 —1) =x
o (1-y*)(1-y’) =X

Mati (1) => x> =1-y°

X
Két hop vdi (1) va (*) ta duoc: {
X

Vay hé phueong trinh c6 tap nghiém S = {(—2; —3);(0;1);(1;0)}

Cau 30.
+) Diéu kién xzé,yﬁE
5 3
+) x2—xy—x+3y—6=0<:>(x—3)(x—y+2)=0 = x=3
y=x+2

+) Véi x =3 thay vao phuong trinh v/5x—6 +\/16—3y =2x* —2x+y—4, ta duoc

Swu tAim va téng hop TAI LIEU TOAN HOC




w/16—3y=y+5<:>{

2 —
y +13y+9—0<:>

y=-5

_ -13++/133

2

+) Yy =x+2 thay vao phuong trinh J5x -6 +\/16—3y =2x> -2x+y -4, ta duoc
J5x—6 ++/10-3x :2x2—x—2<:>(\/5x—6—2)+(\/10—3x—2):2x2—x—6

5(x-2)  3(x-2)
ox—6+2 10-3x+2

& —(x=2)(2x+3)=0

<:>(x—2)[ > - 3 —2x—3]:0
VOX—-6+2 10-3x+2

x=2
g P _2x-3=0

3
Vox—-6+2 ~10-3x+2

+) V6i x=2=y =4 (thoa man)

6 10 5 5 5
VI 2<x<—=5x—6+222=>—2 <27 3.
5 3 5x—6+2 2 B5x—6+2

6 10 3
2ix<— =2 _92x<0
5 3 J10-3x +2

-2x-3=0 vOnghiém

13+\/§j}

Do d6 phuong trinh > - >
Vox—-6+2 +10-3x+2
Vay hé phuong trinh ¢6 tap nghiém la {(2 4); [3
Cau 31.
27 ’
8x’+=-=18 (2x)’ +[§j =18
y

4x*  6x ‘
—+—=1 2x.E 2x+E =3
y vy y y

) {a3+b3:18 {a+b:3

bat a=2x;b=§ .Taco
y ab(a+b)=3 ab=1

Giai tim duoc 5

(a_ +J— _3- \/EJ o 5 b:3+\/§J

345 6 J_(3—\6_ 6 J
4 3.1 4 34

TAI LIEU TOAN HOC

2
Tim duwoc nghiém (x y) cua hé la [
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Cau 33.

DKXD: x+y 20.Tk phwong trinh thi nhat ta dugc:
X* +2y = Xy +2x

== x(x—2)+y(2—x) =0
== (X—Z)(x—y) =0 <:>[

j— — 2 2_ —
=>X=2=,24+y=2y-2& 2+y—(2y 2) @{4}’ y+2 0<:>y=2
y=>1
>

2592 ?
x=y:>\/g=y2—2<:>{y @{y

2y =y* -4y +4
Vay hé da cho 6 nghiém duy nhat (2;2)

y(x-y-1)+x=0 x<8
biéu kién: 18-x>0 Sqy=2-1
y+1=0 y(x—y—1)+x20

x—3y—2+\/y(x—y—1)+x:0 (1)

3B—x—— 2 _14y-8 (2)
y+1+1

Tacs: (1) & |Jy(x-y-1)+x =(x-3y-2)

S Xy -y =y +x :—(x—3y—2)
e (x—y)(y+1)=x—3y—2 *)
Dit (*) < t(x—y)+k(y +1) =x—3y -2

e tx+(k-t)y+k=x-3y-2

=M< (x—y)(y+1) :(x—y)—Z(y+1)

& (x=y)2ly =) Gy)ly e -0 ¢

HTHL: y=-1=(**) < x=-1

Khi d6 (2) & 3v8+1 e (1) -14.(-1)-8

Swu tAim va téng hop TAI LIEU TOAN HOC



Cau 34.

Cau 35.

< 33+4=7(voly)

+)TH2: Chia ca 2 v€ ctia phuong trinh (**) cho y +1ta duoc:

) X‘+§=1 (tm)
(**)c{x_}l’} -2+ X_}1’=O<:> y
- o+ _
Y Y X“Y _ 5 (ktm)
i y+1
Khi d6 ta co:

2(x-1
< 38— _M
x+1
1/—+1
2

3 / 2(X_1) 2
Dat f(x)=3 8—x——1—x +7x+1
X+

2

—x*+7x+1=0

+1

x—1
<:>x—y=y+1<:>y=T

Tacod: f(-1)=6  ;£(8)=-11++/2 = f(~1).£(8) =—66+36~/2 <0

= (3) o it nhat mot nghiém trong doan [—1;8]
7

Lai cé: £(7) =0 = x =7 1a nghiém cua (3) :yz%:3

Vay hé phuong trinh c6 nghiém (x; y) = (7; 3)

-2 =2
Hé viét lai thanh (X y)2+ o
(X—Zy) +4xy =4
a+b=2

—x=2
pat{® " Y khidétacohe |
a~+4b=4

b =xy
Giai hé phuong trinh ta dwgca=2vab=0.

.. |la=2 X—=2y=2 x=0 |x=2
Voi = = v
b=0 Xy=0 y:—l y:O

DK: x#0;y=0.

1

TAI LIEU TOAN HOC
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(2)

Gidi (2) < 6y® —6x% =5xy < (2x+3y)(3x—2y) =0.

* Néu 2x+3y=0<:>x=_3Ty.

dy,3_16

Thay vao (1) ta dwoc v.
y vao (1) YT
_ 2

= 32y =% (phwong trinh vé nghiém).

* Néu 3x—2y:0<:>x=2?y.

Thay vao (1) ta duoc y* =9 < y =13.

+V6i y=3=>x=2 (TM).

+Véi y=-3=>x=-2 (TM).

Vay hé phuong trinh c6 hai nghiém: (x;y) = (2;3);(x;y) = (—2; —3).
Cau 36.

Diéu kién xac dinh: x>-2

Phuong trinh (2) trong duong vai:

<:>(x+2)3+(x+2):y3+y
<:>(x+2—y)[x2 +4x+4+y(x+2)+y’ +1J=O

<:>(x—y+2)[(§+y+1)2+%(x+2)z+1]—0

2
<:>x—y+2_0[do(§+y+1] +%(x+2)2 +12>1 J

y=X+2
Thay vao phuong trinh (1) ta dwoc: 4y +2,/3(y +2) =3y -3y +10
Ap dung BDT Cosi ta c6

VT=22y2+2,(3(y+2) <2y +2+3+y+2=3y+7
VP =3y* -3y +10—(3y +7)=3y> 6y +3=3(y—1) 20

Swu tAim va téng hop TAI LIEU TOAN HOC



Nhu vay phuong trinh ¢6 nghiém duy nhat
oy-1=0cy=1=>x=y-2=1-2=-1(tm)

Vay hé phuong trinh c6 nghiém (x; y) = (—1; 1)

Cau 37.
x* +4y* =2 - x* +4y* =2
(x—2y)(1-2xy)=4  |(x—2y)(2-4xy)=8
x> +4y* =2
< (x—2y)(x2+4y2—4xy):8
- X* +4y* =2 - x2+4y2:2<::> 8y’ +8y+2=0
(x—2y)3=8 X=2+2y x=2+2y
_ 1
=77
x=1
Cau 38.
Ta cé:

{(Xz +1)(Y2 +1) =10 - {xz +y’ +(xy)2 +1=10

(x+y)(xy-1)=3 (x+y)(xy-1)=3

- {(x+y)2 —2xy+(xy)2 +1=10
(x+y)xy-1)=3

+ =
Dit {X Y =" thi hé phuong trinh trén:
xy—-1l=v

{uz +v* =10 {(u+v)2 —2uv=10 {(u+v)2 =16
o = =
uv =3 uv=3 uv =3

ut+v=4 11=1,V=3
u+v=4
uv=3 u=3,v=1
elu+rv=-A4e =
u+v=-4 u=-1,v=-3
uv=3
uv=3 u=-3,v=-1

Swu tAim va téng hop TAI LIEU TOAN HOC



x+y=1 x+y=1

Xy =

VN

xy—-1=3 x=2;y=1

| SR

{x+y 3 {x+y 3 izi'}}::; x=Ly=2
xy-1=1 xy =2 ’ x=1y=-2

= S|Ix=Ly=-2<

{x+y_ {x+y_ =2y =1 x=-2;y=1
xy—-1=-3 Xy =—2 =0y =3 x=0;y=3
{x+y—— {x+y_— x=-3;y=0 | x=-3,y=0

xy-1=-1 | [xy=0 B

Vay hé phuong trinh ¢6 tap nghiém S ={(1;2);(2;1);(1;-2);(-2;1);(0;3);(-3;0)}
Cau 39.
{2x2—y2—xy+x—y0 (1)
J2x+y-2+2-2x=0  (2)
Diéu kién: 2x+y >2
(1) & (x-y)(2x+y)+(x—-y)=0<= (x—y)(2x+y+1)=0
< x=y vi 2x+y+1>0 do 2x+y=2.

Thé y =x vao (2) ta duwgc v/3x—2 =2x-2

x>1
& & x=2.
{élx2 ~11x+6=0
Vi x=2 =y =2(thoa man diéu kién)
Vay hé da cho c¢é nghiém duy nhat (x;y) = (2;2).
Cau 40.

{X2+y2 =2y+1 (1)

xy =x+1 (2)

Véi x=0, phrong trinh (2) tro thanh 0=1 (vo Li).

Véi x#0, ta co:

x> +y?—2y+1=2 X +(y-1)°=2

2 py? =2y +1
{x+y y+1 - )

xy =x+1 y=1+l y—1==
X X

2
:>x2+(lj =2 x +1=2x* (dox#0)
X

&(x*-1) =0 x-1=0cx=141

Swu tAim va téng hop TAI LIEU TOAN HOC



Véi x:1:>y:1+%<:>y:2

Véi X=—1:>y=1+il<:>y=0

Vay nghiém ctia hé phuong trinh 1a (x,y) € {(1;2),(—1; 0)} .
Cau 41.
{2x2 +xy=y’-3y+2 (1)
X’ -y*=3 (2)
T (1) tacd y” —y(x + 3) +2-2x* =0 . Ta xem la phwong trinh bac hai theo bién y (x
la tham s0).
A=(x+3) —4(2-2x") =x? +6x+9-8+8x* =9x* +6x+1=(3x+1) 20.

Suy ra phuong trinh c6 2 nghiém la y = w =2x+2 va

_X+3-3x-1_
2
+Neéu y =2x+2. Thay vao phuong trinh (2) ta dwoc

—x+1.

x* —(2x+2) =3 & ~4x* ~8x~4=3 3%’ ~8x~7=0 (phuong trinh vo
nghiém).
+Néu y =—x+1. Thay vao phuong trinh (2) ta duwoc
X —(—x+1) =3 2x-1=3ex=22y=-1.
Vay tap nghiém S ={(2;-1)}.
Cau 42.

biéu kién xac dinh cta hé phuong trinh 1a x e R;y e R. Bién d6i hé phuong trinh da

cho ta duwoc

(x+y)2:xy+3y—1 (x+y)2+1=xy+3y x2+xy+y2—3y+1=0

X2+y+1l < y < y
I Y= e
x2+1+y(x+y—3):O 1+—y(x:ry—3)=0 1+y(x+37—1—2)=

PN ) y PN x“+1 PN x“+1
XTy-i= 2 x+y—-1=—7 x+y-1=—7
L+x ¥ 1+x? y 1+x?

Dit a=x+y-Lb= 1% khi d6 ta thu duoc hé phuong trinh
+ X

Swu tAim va téng hop TAI LIEU TOAN HOC



{1+b(a—2)=0©{1+a(a—2)=0<:>{a2—2a+1:0<:>a=b=1
a=b a=b a=b

bén day ta c6 hé phuong trinh

X+y—1=1 y:2_x y:2_x X:_l_z\/g,'y:\ls_+_2\/g
y < 9 ~ 9 ~
=1 y=x"+1 x" +x-1=0 _1+\/§ 5_J§

Vay phuong trinh da cho c6 cac nghiém la

(X.y):[—l—\/&sh@} (—1+\/§.5—\/§j

2 2 2 2

. X’ +4y =y’ +16x
Cau 43. ) .. (D
1+y" =5(1+x")

o Ay=y
- Xétx =0, he (I) tro thanh § 7 1 <=>y=12
y:

—Xétx#0, dit L =t <=>y =xt. Hé (I) tro thanh
X

{x3 Haxt=x"t +16x__ {x3(t3— 1)=dxt-16x__ {x3(t3 —1) = 4x(t—4)(1)
1+x°t* =5(1+x7) X*(t* -5)=4 4=x*(t*-5)(2)
Nhan tirng vé€ cua (1) va (2), ta dwoc phuong trinh hé qua

4x° (1 —1) = 4 (t —4)(t* - 5)

<=>t"-1=t"—4t>-5t+20 (Do x #0)

<=>4t* +5t-21=0

t=-3
<=>

-

+V0it=-3, thay vao (2) dugc x?=1 & x=+1.

x =1 thiy=-3, thtt lai (1,-3) la mot nghiém cua (I)
x =-1thiy =3, tht lai (-1;3) la mot nghiém cua (I)

+Voit= 7 , thay vao (2) duogc x* = _64 (loai)
4 31
Vay hé (I) c6 cac nghiém (0;2), (0;-2), (1,-3), (-1;3).
Cau 44.

Swu tAim va téng hop TAI LIEU TOAN HOC




x>0
y>0 - x>0
x+320 y>0

x> +3x>0

Diéu kién:

(1)<:>};:/;=(x—y)(x+2y)<:>(x—y)[x+2y+ ]:0©x=y

1
yx
1

yv/x

Thay y = x vao phuong trinh (2) ta duoc:

(3 139 =32 1 K4 ax =

S 1+Vx% +3x =x+3 +x & Vx+3/x —/x+3 =/x +1=0
o (Wx+1-1DEx-1)=0
Jx+3=1 [x =-2(L)
=S =S
Ix =1 x =1(tm)
Vay hé c6 nghiém duy nhat (1;1)
Cau 45.

do x+2y+ >0,Vx,y>0

x>1

biéu kién { , két hop véi phreong trinh (1), ta ¢ y > 0.

X’ =xy*+120
Tt (1), tacd
Ax+1-xy\y? +4 =0 < 4dx+1 = xy4)y? +4

& 16(x+1) =Xy (y* +4) < (y* +4y*)x* ~16x-16=0.

Giai phuong trinh theo an x ta duoc x = iz hoac x= 2_ 1 <0 (loai).
y y +

4
Véi x =— < xy” =4 thé vao phuong trinh (2), ta dugc: Vx* -3 +3Jx-1=4
y

Diéu kién x >3, ta 6
Ix?=3+3Jx-1=4
<:>(\/x2—3—1)+3(\/x—1—1)=0

X2—4: 3(X—2)

o + =
Ix?2=3+1 vx-1+1

Swu tAim va téng hop TAI LIEU TOAN HOC




<:>(x—2) X+2 + 3 =0
Vx2=3+1 +x-1+1
X+2 3

+
VX2 =3+1 vx-1+1

&x-2=0(v1 >0)=x=2.

2

= 2‘ v A A A A \ 4

Vi x=2 ta co {Y 0 Sy= J2 . Ket hop vdi diéu kién trén, hé phurong trinh c6
y >

nghiém (2;\/5).
Cau 4e6.

biéukién:x#0;y#0.

)ty

Viét lai hé :

Gidiraduwoc: u=-2;v=-2 .
Gidi ra dwoc: x=-1;y=-1. Hé da cho cé nghiém: (x;y) = (-1; -1).
Cau 47.

{XZ—ny+x—2y+3=0 ) @{2x2—4xy+2x—4y+6=0
v x> +2xy+2x-2=0 (2) |y’ -xX*+2xy+2x-2=0
=SxP+y? —2xy +4x—4y+4=0

<:>(x—y+2)2:0

< y=x+2. Thay vao pt (1) ta duoc

5+421
2

x> +5x+1=0< x =

Vay hé co hai nghiém (x;V) 1z
ay hé ai nghiém (Xx;y) a( 5 5 5 5

—5—@,—1—@} {—5+\/ﬁ,—1+\/ﬁ}

Cau 48.

Hé da cho tuwong dwong vdi

Swu tAim va téng hop TAI LIEU TOAN HOC



{(x2 +4x).(4x+y) =6

(x2 +4x)+(4x+y) =-5

Suy ra x* +4x va 4x +y 1a 2 nghiém ctia phuwong trinh

t=-2
tz+5x+6:0<:>(t+2)(t+3):0<:>L_ 3
Zr4x=-2 *+4x=-3
Vay hé da cho twong duong vdi X AX (I) hoac e (I1)
dx+y=-3 dx+y=-2

x=-2+y2 = y=-3-4x=5-42

Giai I):X* +4x =2 & (x+2)° =2 <
x=-2-\2=y=-3-4x=5+4/2

e TN, L2 3 x=-l=y=-2-4x=2
Gidi (II):x" +4x+3=0 <= (x+1)(x+3) <
x=-3=y=-2-4x=10

Vay heé da cho co 4 nghiém (~2++2;5-42 ), (-2-+2;5+ 442 ), (-1;2),(~3;10)

{x=1
x2-|-y2 - X+y 3<:> y
x*+y*=5 |xy=2 {x=2

y=1

Cau 49. a) Khi a =1, hé tré thanh: {

Vay véi -5

x=1 X=2
;, hé da cho c6 2 nghiém ;

y=2" |y=1

x+y=2a+1(1) .
b) <« 7, ) Tt (1) tacod:y =2a+1-x
X" +y =2a"+4a-1(2)
Thay vao (2) ta co: x*—(2a+1)x+a”+1=0(3)

Hé c6 nghiém < (3)c6 nghiém < A >0 @4a—3zo@az%

Véi a z% hé d& cho c6 nghiém. Khi d6, tit hé da cho ta c6:

xy=a’+1

“u_rr

Via> néna’+1>22.Diu xéyra@azé.
4 16 4

Vay min(xy)=—

25
16

Cau 50.

Swu tAim va téng hop
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x> +xy-2y*=0 (1)

Ta co: {

Phuong trinh (1)<:>(X2 —yz)-i-y(x—y):O <:>(x—y)(x+2y)=0,

xy+3y°+x=3 (2

ta dugc x =y hodc x = -2y
*Véix =y, tir (2) ta cd: 4x* +x-3=0, ta duoc X, =-1,x, :%.

Khi dé, x, =y, =-1,x, =y, :%.

*Véix=-2y, tr (2) tacd y*-2y-3=0, taduwgc y, =-1,y,=3
Néu y=-1=>x=2.Néu y=3=>x=-6.

Vay hé phuong trinh c6 nghiém (x; y) la: (-1; -1); (% X %) ; (2;-1); (-6; 3).

Cau 51.
a. Giai hé da cho khim=-3

—2x+2y =-12 <:>{—x+y:—6 @{x=7

Ta dugc hé phuong trinh
X—-by=2

x—=5y=2
Vay hé phuong trinh ¢6 nghiém (x;y) véi (7;1)

b. Diéu kién c6 nghiém ctia phuong trinh

m+1¢—(m+1)

1 72 & (m+1)(m-2)#—(m+1)

& (m+1)(m-2)+(m+1)#0 < (m+1)(m-1)=0

m=1

m+1=0 m# -1
m-1#0

Vay phuong trinh c¢é nghiém khi m #-1 va m #1

x—(m+1)y =4 1
Giai hé phuong trinh {(H” -(mty=dm {m¢

X+(m-2)y=2 m =1
Am X=y+ 4m X_4m—2
+Dx-(m+1)y=4 —yv = - -
(m+Dx-(m+Dy=dm _ x-y=—" PV T
X+(m=2)y=2 X+(m-2)y=2 y = —2 y = —2
m+1 m+1

4m-2 -2 j

Vay hé c6 nghiém (x; y) véi ’
ay hé c6 nghiém (x; y) v 1(m+1 m +1

Cau 52.

Swu tAim va téng hop TAI LIEU TOAN HOC



Ta y-|x=3<y-3=x|=>y-320=|y-3=y-3

‘x‘+‘y—3‘:1 ‘x‘+y—3:1 ‘x‘+y:4 2‘x‘:1 X (nhan)
y—‘x‘:3 = y—‘x‘=3 = y—‘x‘=3<:> y=‘x‘+3<:> an

Il
4+
N | =

Vay hé phuong trinh c6 2 nghiém (x; y): (lzj,[—lZJ

22) 22
A : s . X+y=2
Cau 53. 1. Khi m =2 ta c¢6 hé phuong trinh:
2x+y=3
x=1
=
X+y=2
x=1
=
y=1
Ao A o . ) X=1
Vay v6i m = 2 hé phuong trinh c6 nghiém duy nhat: { 1
y:
-1 =2
2. Ta co hé: (m )x+y
mx+y=m+1

x=m+1-2
=
mx+y=m-+1

{x=m—1
=
yz—m(m—1)+m+1

x=m-1
=
y=-m’+2m+1
Vay voi moi gid tri ctia m, hé phueong trinh ¢6 nghiém duy nhat:
x=m-1
y=-m’+2m+1
Khi do: 2x+y = -m?+4m -1

=3-(m-2)? <3 dung Vmvi(m-2)2>0

Vay voi moi gia tri cia m, hé phuwong trinh ¢6 nghiém duy nhat (x; y) thoa man 2x +
y <3.

Ta c6 hé phrong trinh :

Swu tAim va téng hop

TAI LIEU TOAN HOC



x+y+z=1 x+ty=1-z
R
2x +2y - 2xy + z°=1 2xy =7+ 2(x+y)-1

xty=1-z
=
2xy =z>-2z+1=(1-z)
< 2xy = (x +y)’
= x2+y2 =0 x=y=0=z=1.
Vay hé phuong trinh chi ¢6 1 cdp nghiém duy nhat: (x ;y ;z) = (0;0; 1).
Cau 55.
biéu kién:y >0.

(1) e (x—y)(x —1)=0@Kzl.

+/Néu x = +1 thay vao phwong trinh (2) ta c6 :\/§ -1=0e=y=1.
+/Néu x=y >0

Khid6 2) < \[2(x* +1)-4x+2=0 (3)
do 2(x4+1)22.2m:4x2 = ,/2(x4 +1) 22‘x‘=2x.

nén VT(3) > 2(x-2v/x +1) = 2(&—1)2 >0.

xt=1

Jx-1=0

DodéPt(B)@{ ox=1=y=1.

Vay hé phueong trinh c¢6 nghiém {X ;{X
y=1ly=1

Cau 56.

x+y=1-z
<
2xy =z" =2(x+y)-1

x+y=1-z
= 2 _ 2 _ 2
xy=2z"-2z+1=(1-2z2)

& 2xy = (x+y)
<SS x2+yr=0
< x=y=0;z=1
Hé pt c6 nghiém duy nhat: (x,y,z)=(0,0,1)
Cau 57.

Swu tAim va téng hop TAI LIEU TOAN HOC



biéu kién: xy >0
a=3+b
biata=x+Vy,b=xy (b>0).Tacodhé
) Vb= (620).Taco e{a2—2b2:18
Thé a=3+b vao phuong trinh con lai ta dugc: (3+ b)2 —2b* =18

<b’-6b+9=0<=b=3
X+Yy=6

Jxy =3

= {xy _yg g {y _3 (thda man diéu kién).Vay hé c6 nghiém (X; y) _ (3;3)

Do d6 (a;b) = (6;3) . Ta dwoc hé {

Ciu 58. Cong theo vé€ hai phuong trinh ctia hé ta dwgc: (2x + 3y)?=25

Ta c6 2 hé:
2x+3y =5 2x+3y =-5
X2+y2:2 X2+y2:2

Giai ra va két luan

Cau 59.

{(xh/xz #2012)(y+/y?+2012) = 2012 (1)

x*+ 7 - 4(y+z)+8=0 (2)

1) <:>(x+\/x2 +2012)(y+\/y2 +2012)(\/y2 12012 —y) - 2012(«/}72 12012 —y) (Do

\Jy>+2012 -y #0Vy )
¢4x+dﬁ+2mzpm2=mn44¢+2m2—y%:x+Jﬁ+2m2=Jf+2m2—y

& x4y =4/y? +2012 —yx* +2012
(V" +2012 -5 42012 )(fy* 2012 + Vi 2012

S x+y=
Jy? +2012 +4/x +2012

y?—x? o (x+ \/y +2012 -y +4x° +2012+x

Jy? +2012 4+ +2012 Jy? +2012 +4/x2 +2012

Jy> +2012 >y > yV
Do VY yEyvy = Jy* +2012 -y +Vx* +2012 +x >0 = y = —x
VX® +2012 > x > —xVx

Thay y =-x vao(2) = x> +z* +4x—4z+8 =0 < (x+2)* +(z-2)* =0

S X+y=

Swu tAim va téng hop TAI LIEU TOAN HOC



(x+2)*=0 [x=-2
APIECHPS A —>y=-x=2
(z-2)"=0 z=2

Vay hé cé nghiém (x;y;z)=(-2;2;2).

Cau 60.

X’ +y° +xy=3 (1)
xy+3x> =4 (2

4-3x2

T (2) > x# 0. Tedo y= , thay vao (1) ta co:

_ 2 2 _ 2
X2+(4 3x ) e

X
& 7x =23 +16=0

Gidi ra ta dwocx® =1 hodac x2=%

Tw x2:1<:>x:ilzy:il; xzzggxzigj

y=7

57
7

7

7

4ﬁ_—5ﬁ}
o

Vay hé cé nghiém (x; y) la (1; 1); (-1; -1);(

Cau 61.

y=Xx
Twe pt (1) suy ra (y—x)(x+2y+ L ij@

yx

+) V6i y =x thay vao (2) ta dwoc

(Wx+3 =x)(1+3x2 +3x) =3 < 1T+4x2 +3x =/x+3 +Vx & (Vx+3 -1)(Wx -1)=0

(nhéan hai vé pt voi Jx+3+/x) (Ta cling co thé dat t =~/x+3 —+/x 1éibinh

phuong hai v€')

x+3=1 [x=-2(L)
= =3

Ix =1 x=1=y=1

+) Vi x>0,y >0 nén x+2y+L:0 vO nghiém

y/x

Vay nghiém cua hpt la: (x; y) = (1;1).

Swu tAim va téng hop

X+2y+ L
yVx

7

(—4\/? 57

=0

TAI LIEU TOAN HOC



Cau 62.

+) Ta c6 PT(1) < 2x* + Xy +4xy +2y* —4x -2y = 10xy —4x -2y

& 2x* =5xy +2y” =0 & (2x° —4xy )+ (2y” - xy) = 0 2x(x-2y) - y(x-2y) =0

<:>(X—2y)(2x—y)=0C{X_zyzoc{x:Zy

2x-y=0 y =2x

x=2y

2

+) Treong hop 1: x =2y, két hgp véi phuong trinh (2) ta c6 hé { ; 3
X =7y=-

x

Il

N

<
f—A—\
< X
o

b
Il

«
Il

N|wk[w Np =

2

=2x
+) Truwong hop 2: y = 2x, két hop v6i phuong trinh (2) ta c6 hé {)}: 7y=-3

x:7+\/E
X=2y
y = 2x y=14+246
= olx=7+46 =
x* =14x+3=0 x =7 —~/46
x=7—\/E
y=14-246

+) Két luan: Hé phuong trinh c6 4 nghiém:
3

{x=1 X:Z {x=7+\/g {x=7—\/£

y=2' yzg’ y=14+246 |y=14-2\46
2

Cau 63.

\/Ex—y=2

a) Khim = J2 tacéhé phuong trinh
3x+ \/Ey =5

5
3x+\/§y=5 y:\/Ex—Z

{ZX—\/EyZ\/E X:2\/E+5
= =

Swu tAim va téng hop TAI LIEU TOAN HOC




2\/§+5
X =
5
5V2-6
y:

5

<

2m+5 ~ 5m-6
m?+3’ Y m’+3

b) Giai tim dwogc: x =

2 2
Thay véo hé thitc x+y=1-—""_; ta duge 2M*>,5m=6_, m
m”+3 m’+3 m’+3 m®+3

Giai tim duwoc m :é

Cau 64.

X +9=09-y)" (1)

Vi diéu kién X,y <9, hé da cho la: ) )
y +9=09-x)" (2)

Lay (1) trie (2) theo vé€'ta duoc: (x-y)(x+y-9)=0< {x =}97 .
=9-x

y
+Voix=y, thé€vao (1) ta duwoc: 18x-72=0 < x=y =4.
+V6iy =9 —x, thé vao (2) thi phwong trinh v6 nghiém.

Vay hé phuong trinh c¢6 nghiém duy nhat : (x;y)= (4;4).

Cau 65.
2xy +(x+2y)=20
Hé phuong trinh < x+2y 4 (Pkx=#0;,y#0)
Xy 3
. . . , u+2v=20
Dat u=x+2y; v=xy# 0 Hé phuong trinh c6 dang { By =4
u=4v

= {‘Vl :2 Khi d6 c6 hé phuong trinh {::; Z =8 ((;;

Rut x tie (1) thay vao (2) dugcy=1hoacy =3

K&t luan hé phuong trinh ¢ 2 nghiém (x;y) =(6;1);(2; 3)
Cau 66.

biéu kién: x>3vay>-7

Pat u=vx-3 20, v=y+7 20=>x=u?+3, y=v>-7

u+v=>5

P+vi=17 V=4
Ta c6 hé phurong trinh {u i = {u v
u+v=>5

= u, v la nghiém phuong trinh X2 -5X+4=0< X=1hodcX=4

Swu tAim va téng hop TAI LIEU TOAN HOC



= (u;v)=(;4)hoac(u;v)=4;1)
Kétluan: (x;y)=(4;9); (x;y)=(19;-6)
Cau 67.

{x2 +2y+3=y’ +4x<:>{(x—2)2 ~(y-1y :O@{(x—y—l)(x+y—3):0

X +y* =5 X2 +y?=5 X’ +y* =5
x-y-1=0 x+y-3=0
A Civi=5 v 2 2
y = X" +y =5
+THI:
x-y-1=0 [xX*-x-2=0 [x=-1 [x=2
) ) S = \%
X" +y =5 y=x-1 y=-2 |y=1
+THI:

x+y-3=0 [x*-3x+2=0 |x=1 [x=2
= =3 %
x*+y* =5 y=-x+3 y=2 |y=1
+ Keét luan: hé pt c6 nghiém (x;y) 1a: (-1;-2), (2;1), (1,2).
Cau 68.
2 —4x=-6 (1
Ta cé: X2 Xy @
y +xy=-1 (2
Néu (x;y) la nghiém ctia (2) thiy # 0.

2

Do dé: (2) & x = _yy_l 3)

Thay (3) vao (1) va bién d6i, ta duoc:
4y*+7y*+4y+1=0
< (v +1)(4y?+3y +1) =0 (thi sinh c6 thé bo qua budc nay)

sy=-1
y=-1=x=2
Vay hé c6 moét nghiém: (x; y) = (2; -1).
Cau 69.
x-2-2 )
y DK: y %0
SX—%:—Z 2)

Céng PT (1) véi PT (2) ta duoc

Swu tAim va téng hop
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s[o-B )0 a2 xs 2 da)o
y y y y  y

THI1: x= 2 thay vao phuong trinh (1) ta duoc:
y

8 b sy ey —8=0e (y-)(y+2)? =0

y y

y=1=>x=2;y=-2=>x=-1

TH2: @(XZ+2—X+i2+3]=0<:>(x2+2—x+i2]+i2+3=0
y vy y 'y y

2
=3 [x+£j +i2+3=0 (PT v6 nghiém)
y y

Vay hé PT da cho c6 nghiém (x;y) = (2;1), (-1;-2)

Cau 70.
Hé phuong trinh da cho tuong dwong véi
(x—1* +(y-3)* =1
(x—1(y-3)=(x-1)+(y-3)+1
bat a=x-1;b=y-3- Ta dwoc hé phuong trinh
a’+b?=1 C}(a+bf—2ab=1
ab=a+b+1 ab=a+b+1
bat S =a+Db;P =ab, diéukién S? > 4P . Hé trén tro thanh
{82—2P=1

S=-1__, . 1S=3 .
= { (thoa man) hoac {P _a (loai)

P=S+1 P=0

a=-1

S=-1 f(a+b=-1 |[|b=0
= =

P:O ab=0 a:o

| (b=-1

a=-1 x-=1=-1 x=0
+) = =
b=0 y-3=0 y=3

a=0 Xx-1=0 Xx=1
+) = &
b=-1 |y-3=-1 y=2

Vay hé da cho c6 hai nghiém la (0;3), (1,2)
Cau 71.

Swu tAim va téng hop TAI LIEU TOAN HOC



—-y=m+1

3) Cho (x, y) la nghiém ctia hé phuong trinh {X (vdim la tham s thuec).

2x-3y=m+3
Tim m dé biéu thitc P = x* +8y dat gia tri nho nhat.

+y’ =1
X’ -y’ =-1

4) Giai hé phuwong trinh { (voix, y thudc R).

(Trich dé HSG tinh Dong Nai nam 2018-2019)

Loi giai
4y =1 —y) +2xy =1
1) Giai: {x3+y3 & (X y)3+ Xy
Xoyt=-b [emy)’ = 3xy (x-y) = -
. {x— =S
bat
xy =P
1-5* 2
[st+2p=1 P== p-1-5
B [ st 2
I SS—&;'é =-1 [258°+35°-35+2=0
2 _ 2 _ 2
P=1_S P=1 S P=1 S
= 2 = 2 =

1—52 {x=0
P=0 —y=- =1

= = Lo X y 1<:> y
S+1 S=-1 xy =0 y=0
552 5S+2 0 (vn) x=-1

Cau 72.
Trtr theo vé€ cac phuong trinh (1) va (2) ta duoc:

(\/xz+1—\/y2+1)+3(x—y)=0c>(x_y)[ X+y +3J=0

U +1+4y? +1

X+Yy
U +14+4y2 +1
Truong hgp 1: x—y=0< x=y.Thay y=X vao (1) ta duoc phuong trinh:

e xil s {xz +1=(x+1)’

Xx>-1

+3=0 *)

< x—y=0 hoac

Giai hé ta duvoc:x=0=x=y=0.
X+Yy

+3=0.
U +144y? +1

Truong hop 2:

TAI LIEU TOAN HOC
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X+y (3\/x2+1+x)+(3 y2+1+y)
2 2 +3= 2 2 '
\/x +1+\/y +1 \/x +1+\/y +1

Ta cb: 3WXE +1+ X > 3x2 +x = 3|x|+x =2|x|+ (|x|+x)

Twong tw: 3\ y’+1+y>0
Suy ra: A>0. Truong hop 2 khong xay ra.

Xét A=

Vay hé c6 nghiém duy nhat: x=y=0.
Cach 2:
x+vQ?:i=2y+1 Cj{d§?11=2y—x+1
y+J?:E=2x+1 ,fF:E=2x—y+1
2y —-x+1>1 (1)
2x—y+1>1 (2)
X°+1=4y°* +4y+1-4xy-2x+ x> (3)
Vo +1=4x" +4x+1-4xy -2y +y*> (4)

Trtr theo vé€ cac phuong trinh (3) va (4) ta dwoc phwong trinh :
(x=y)[4(x+y)+6]=0< x=y hodc 4(x+y)+6=0:

Cong theo vé€ cac bat phuwong trinh (1) va (2) ta duoc: x+y >0, suy ra truong hop
4(x+Yy)+6=0 khong xay ra.

Trueong hop X =y , thay vao (3) ta duoc: x=y=0.
Cau 73.

Xy —2X+y="6 x(y-2)+y-2=4 (x+1)(y-2)=4
Ta co 2 2 ) , & )

(x+1)"+(y-2)"=8  |(x+1)"+(y-2)"=8 |(x+1)+(y-2)"=8
bat a=x+1b=y-2 ta cd hé phuong trinh.

N ab=4 ab=4 ab=4
= Py =
) a’+bh’ =8 (a+bf—2ab=8 (a+bf=16
ab=4 a=2 X+1=2 Xx=1
ab=4
a+b=4 b=2 y—-2=2 y=4

& & = .
ab=4 a=-2 X+1=-2 Xx=-3
a+b=-4
a+b=-4 b=-2 y—-2=-2 y=0

Nghiém ctia hé phuong trinh S ={(1;4);(-3;0)}

(*)

3. Phuong trinh hoanh d giao diém cua (d) va (P) 1a x* =2x+m-1 hay
x*=2x-m+1=0 (1)

Swu tAm va téng hop TAI LIEU TOAN HOC



(d) va (P)cdt nhau tai hai diém phan biét khi va chi khi (1) c6 hai nghiém phan
biéte= A'=1-(-m+1)>0<m>0
Do A,B thudc (P) nén y, =x’;y, = ;. Theo dé bai ta c6
ViYo = XX =12 & (%.%,) X%, -12=0 & [ZZ z :
Theo hé thirc Viet ta co : {Xl T =2
XX, =—m+1

Néu x.X, =4 thi -m+1=4= m=-3(loai).

Néu x.X, =—3 thi - m+1=-3=m=4(nhan). Viy m=4 la gid tri can tim.
Cau 74.
X} +2xy? +12y=0 (1)
8y* +x°=12 (2)
Thé (2) vao PT(1) ta duwoc x>+ X°y + 2xy> +8y° =0
Néu y =0 thittr (1) suy ra X =0 khoéng thoa man PT (2).

Gidi hé phuong trinh: {

3 2
X X X
Xét y =0 PT (3)@(—) +(—} +2.—+8=0
y y y

X 3 42
Détyzttaduqct +t°+2t+8=0

, t+2=0
e (t+2)(P-t+4)=0c | | ot=-2
t°—-t+4=0
Véit=—2=>X=-2Y, thay vao (2) duoc y' =1l y=1vy=-1

Véi y=1=x=-2

y=-1=x=2
Vay hé phuong trinh da cho ¢6 2 nghiém ( —2;1); (2; - 1) .
Cau 75.
Ta co:

{(y— 2x)(1-y-x)=2x>-x (1)
X(y-D+3x*-y=2 (2)

(1) = (y-2x)A-y)—x(y—2x)—x(2x-1) =0
S (y—2x)(1—y)—x(y—1)=O<:>(1—y)(y—x)=0<:>{

Véi y =1, thay vao (2) dugc: Yx° -1=2 < x* -1=8 < x =43,
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Véi Y = X, thay vao (2) dugc: X(X—1)+3x* =X =2 & X* = x+3x* =x -2 =0.
Ditt =x? — X, phuong trinh trd thanh:

tP+t-2=0< (t-D(t*+t+2)=0 <= .
(t=1)( ) t?+t+2=0 (3)

Phuong trinh (3) c6 A=-7<0 nén v6 nghiém.

1+/5

Do dé t=1:>x2—x:1<:>x2—x—1=0<:>x=T.

145 1445 .. 1-+5 1—
> =>y= > .V01X:T:>

Vay hé phueong trinh da cho c6 4 nghiém:

(xiy)e {(_3;1),(3;1),[1+2J§;1+ ﬁj’(l—ﬁ ;1—6]}

&

Voi X = =
2

2 2 2
Cau 76.

xy =0
Diéu kién: 1X+ Y21 (*).

x>0

2 2
x-y) -1 2(x+y-1 X+y) -1 2(x+y-1
Phuongtrinh(1)<:>( y) +4—( Y ):0@( ) _( y ):
Xy X+Yy Xy X+Y

- - Xyl x+
<:>(x+y 1)(x+y+1)_2(x+y 1):0<:>(x+y—1)( y Y):0
Xy X+Yy xy(x+y)

S X+y-1=0< y=1-x (vivéi X, y théa man dk (*) tacé X* +y> +x+y>0)
Thay Y=1-X vao phuong trinh thi¢ (2) cta hé pt ta thu duoc pt
4%% +5(1-x)-13+6x =0 < 4x* ~5x—8+6/x =0

& 4x2 - 4x+1=x-6x +9 & (2x-1)’ =(J§—3)2

@[2x—1=\/§—3 [2x+2=&

<
2x-1=3-x |4-2x=+/x

2
+) 2x+2=\/§<:>x+%+(f—%) =0 (phuong trinh v nghiém vi X>0).

X<2
4-2x20 X<2 X=17+*@ 17-4/33
+) 4-2x=x & ) e, = g ©x= :
(4-2x)"=x  [4x*-17x+16=0 8
L, 17-V33
8
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Véi x:17_8\/£:>y:\/3_:;_9

thoa man diéu kién (*).

17—@@—9]
.

8

Vay hé pt da cho c6 nghiém (x;y) la: [

Cau 77.

5 {\/ZX—y—l +\/3y+1 =\/;+w/x+2y

X’ =3x+2=2y" —y*(*)

2x-y—-120
x+2y =0
biéu kién: <y >0

yz-—

Nhan xét:

=0 N A
J2x—-y-1+Vx=0< {X . Khoéng théa man diéu kién.
y=-1

X =

(SRR N

\/3y +1+ \/x +2y=0< , Khong théa man phuong trinh (*) .

Y=—§

Do d¢, ta c6 \/2x—y—1+\/3y+1 =\/;+«/X+2y
o 2x—y-1-x+By+1-/x+2y =0

x-y-1 x-y-1

T xoy-14vx Byrlegxrzy

0

1 1
-y-1 — =0
by )[1/2x—y—1+x/; \/3y+1+\/x+2yJ

l:y:x—l
=

J2x—y—1+x = By +1+/x+2y

Véi y=x-1 thay vao phuong trinh (*) ta co

(x—D%x+2y:xx—n%4x—nzcwx—n%x—@=0<:[i_

x=1=2y=0,x=5=y=4

Véi 1/2x—y—1+\/;=\/3y+1+\/x+2y

Ta cé \/2x—y—1+\/3y+1 =\/;+,/x+2y
1/2x—y—1+\/;=\/3y+1+\/x+2y
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-1
Cong v€ vdi vé hai phuong trinh ta duoc Jx = Yy+ley= XT

Thay vao (*) ta duge (x=1F(x+2) =—(x-1)" =< (x-1)

< (x=1)*(25x+59)=0 <> x=1 do (x>0).

Vay hé c6 cac nghiém (x;y) =(1;0);(5;4).

Cach 2: Binh phuong hai v& PT th nhat

PT thir nhét < /(2x-y-1)(3y +1) = /x(x+2y)

© X —4xy +3y” —2x+4y+1=0 < (x-y-1)(x-3y-1)=0.
Cau 78.

DKXD X,y 2 —%

Tacd (3x+2y)(y+1)=4-x*

Sy +3X+2y* +2y+ X —4=0= x(x+y-1)+2y(x+y-1)+4(x+y-1)=0

< (x+2y+4)(x+y-1)=0.

Vi x,yz—% nén X+2y+4>0 vado dé phuong trinh < x+y-1=0&y=1-X

Thay vao phuong trinh dau ta duoc
4x% —4x +1
2

V2x+1++/3-2x =

Véi BPKXD —%S ng. Dat

V2x+1+43-2x =t>0=1* =4+2,/(2x+1)(3-2x)

2

_ 2 1\? 2 4 g2
:>\/—4x2+4x+3:t24:>—4x2+4x—1:(t21j —4:>4X ax+l_ U8

2 8

e \ t*—8t?
Do dé ta c6 phuwong trinh t =

e t(t-8t+8)=0ct(t-2)(t*+2t-4)=0

Vit>0nént=2 hojct=+5-1

Xét t=2 tacd V—4x? +4x+3=0(2x-3)(2x+1) =0

(5-1)

~2
Xét t=+5-1taco \/—4x2+4x+3:f<:>\/—4x2+4x+3:1—\/§<0(V6 1)
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Dai chiéu DKXD ctia hé phueong trinh ta ¢6 hé phuwong trinh ¢6 2 nghiém

Cau 79.
DKXD: x+y=0

8(x24—y2)4—4xy—+z——§—55::13
X+
Chia phwong trinh (1) cho (x+ y)* ta dwoc hé Y

2X+ =1

X+Yy

, 1 ) i )
5{(x+y) +(X+y)2}+3<x—y) ~13 5(x+y+%yj +3(x—y)? =23

=
1 1
X+y+—— |+(x-y)=1 X+y+—— |+(x-y)=1
( y X+y] (x=) ( y X+y) (x=y)
5 1 o |But+3v =23 (3)
Patu=x+y+ V=x-y(DK:|u[>2), tacohé
X+Yy u+v=1 (4)

T (4) rut U =1-v, thé vao (3) ta duoc

&f+3a—uf:23c>mﬁ—&r40:0¢>u=2ho&:u:—%

)
Trudong hop U = 2 loai vi |u] < 2.

X+y+ =2

Véi u=2=v=-1 (thoa man). Khi do ta co hé X+y
X—y=-1

Giai hé trén br?mg cach thé X=-1+Yy vao phuong trinh dau ta duoc

2y -1+ 1 -=2 y=1. Vay hé c6 nghiém duy nhat (x,y) = (0:)

Cau 80.
Tt phuong trinh thit hai ta ¢6: x =2 -2y thé vao phuong trinh tht nhdt duoc:
(m-1)(2-2y)+y=2
< (2m-3)y=2m-4(3)

Hé c6 nghiém x,y la cac sd nguyén < (3) c6 nghiém y la s6 nguyén.

2m-4
Véi me Z =2m-3#0=(3) co nghiém Yy =
2m-3
a 1
2m-3
2m-3=1
yeZ <
2m-3=-1
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m=2
=
Vay c¢6 2 gia tri M thoa man la 1; 2.
Cau 81.
Ta co:
X =x+y=2x"=2(x+ y):>2x3:(x2+y2—xy)(x+ y)
2’ =x+y’=>x’=y' = x=y
Thé vao phuong trinh X2+ Y2 —xy=2=x’=2=>x=+/2 = y=+2
Vay hé phuong trinh da cho o nghiém (x,y) = {(v2iv2):(~v2; -2
Cau 82.
x> =2+xy* (1)
y =2+xy (2

- Trie titng v€ hai phuwong trinh cta hé ta duoc;

Giai hé : {

x2—y2:xy2—x2y<:>(x—y)(xy+x+y):0<:{xzy )
Xy+x+y=0 (4)
- Thay y = x ttr (3) vao (1) ta dwoc phuong trinh :
x=-1
X2=2+x o (X+1)(X2-2x+2)=0<| x=1-+/2
x=1++/2

Vay ta duoc cac nghiém (x; y) la :

(-L-1): (1-v2:1-2); @+/2;1+2)

—X
- Tt (4) suy ra y:m (vix = -1 khong phai la nghiém ctia (4)). Thay y vao (2), ta
2 3
X —X
6 ——=2+——x '+ X -x"-4x-2=0
(x+1) X+1
S (K +2x+2) (X2 —x-1) =0 x*—x-1=0 (ViX* +2Xx+2=(x+1)*+1>0)
x=1-+/5
=
x=1++/5
51
véi x=1-5= Y=2_\/§=—3—\/§.Tadu»qc (xy)=(1-~5-3-5) 1a

nghiém cta hé.
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—~5-1

2+\/§

nghiém caa hé.
Vay hé da cho c6 5 nghiém: :

(-1-1); (1-v2;1-2); (1++/2;1++/2);(1-/5;-3-5);
(1++/5;-3++/5)
Cau 83.
X*+xy* —xy -y’ =0(1)
{2(x2+1)—3&(y+1)—y=0(2) PKix=0

X—-y=0
(1) <:>(x—y)(x+y2):0<:{x+;2:0
THI: X +Yy® =0, suy ra X =Y =0 khong thoa man ha.
TH2: x -y =0hay y =x thé vao (2) ta duoc: 2(x* +1)-3/x (x+1)
& 22 =3x/x —x =3x +2=0

& (Vx-2)(2¥x -1)(x +Vx +1) =0
IX =2 Xx=4
1

= 1<
= — X=—,
Vx 2 4

Vay hé phuong trinh c6 nghiém : (X;y) =(4;4) va (X;y)= G;%}

Cau 84.

{xy2+2x—4y:—1 C>{xy2+(2x+1):4y

*)
X2y® +2xy? —4x+3y=2 (X*y% +2xy +1)y — 2(2x +1) = -2y

vi Xx=1+/5=>y= = 3+\/g.Taduc_rc (x;y) =(1+~/5;-3++/5) 1a

-x=0

(lww 3j: khong nhat thiét bién doi dwa vé'phai cia pt thiv hai vé —2Y , ¢ the’ =3y )

2X+1=0 1

- Xét y =0 thay vao hé (*) ta dugc: & X
-2(2x+1)=0 2
X=X
Suy ra 2 1amot nghiém ctia hé.
y=0
- Xét y#0, hé phuong trinh (*) trong duong voi hé:

Swu tAim va téng hop
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Xer2x+1:4 (xy+1)+2x+1=5
2x+1 g 2x+1 ™)
x2y2+2xy+1—2( hi j:-z (xy+1)2—2( il ):-2
y y
2x+1 atb=5
Dt a=xy+1,b=———;khi d6 h¢ phwong trinh (**) tré thanh:{ , (***)
2 a“—2b=-2
a=2 |a=-4
+Giaihe (*) tim duoc: ) .
b=3 |b=9
Xy+1=2 X(2X+lj:1 x=—§
.. |a= . 3 x=1_ 2
*Vm{ tacd {2x+1 = <:>{ hoac
b= =3 2x+1 y=1 _ 2
y y= =73

3

Xy+1l=-4 x(2X+1j=—5

. |la=- 9
*Voi tacod { 2x+1 &
{b 9 ; =9 y_2x+1

(vo nghiém)

Vay hé phueong trinh da cho c6 ba nghiém:

=0 -
y y 3
Cach khac:
Xy’ +2x -4y =-1 - Xy’ +(2x+1) =4y
X2y 4+ 2xy° —4x+3y=2 | X°y’+2xy® —(4x+2)=-3y
2%y’ + (4x+2) =8
PN y ( ) y :>X2y3+Xy2—5y=0
X2y® +2xy? — (4x+2) = -3y
y=0
S ixy=1
Xy=-5
+V6i ¥y =0.Suy ra duoc (x;y) = (—%;O) .
. _ . y 3.2
+V6i Xy =1. Suy ra duoc (X;¥) = (L1) hodc (x;y) = (_E;_g) .
+V6i Xy =-95. Truong hop nay khong ton tai cap (X; ).
x——i x=1 |* -2
Vay hé phuong trinh d& cho ¢6 ba nghiém: 1 2, { .’ ;
y:
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Cau 85.
2 2 2 2 _
X2 +(y+1) =xy+x+1 (1) X2 +(y+1) —x(y+1)=1 ()
2x° =x+y+1 2x° =x+y+1

batt=y+1 tacdhé

) e X*+t* —xt=1 - x2+t2—xt=1<:> x=t=1
( 2x2=(x+t)(x2+t2—x) X =t X=t=-1

Vay nghiém cua hé phueong trinh la (X; y) = (1; O) ; (—1; —2).
Cau 86.

1
biéu kién: x 2 5 Phuong trinh thit hai twong duong voi

2y* (5x-2)(x-3) =3(2-5x) < (5x—2)[ 2y* (x-3)+3]| =0 < Xz%
(x=3)+3=0

V6i 2y* (x—3)+3=0 ta duoc y* = 32 =y’ —1/ 3 , khi d6 thé vao phuong
—2x

trinh thit nhat ta duoc | / A2x-1++/3 = 5, /— —V6x—-3 hay
—2x

Vox—3 +,/3(6-2x) =513 - (6x—3)(6-2x)
Vi phuong trinh trén ta nhan thdy cé cac hudng xw ly nhw sau
+ Huodng 1. Dat an phu a =vV6x -3 > 0;b = 1/3(6 - 2x) > 0. Khi d6 ta dwoc hé phuong
trinh

2 2 _

a“+b° =15 a2+b2:15 3(a+b)2=45+6ab
b & =

a+b=5\/§—T \/§(a+b)+ab:15 \/§(a+b):15—ab

Tir hé trén ta dugc 45+ 6ab =(15-ab) < (ab) ~36ab+180=0.

Chu y la ab >0 nén tir phuong trinh trén ta duoc ab=6 va ab=30.

Vi ab=30 ta duge a+b=-5v3, loai

Véi ab=6 ta duoc a+b=33 suy ra a=2v3;b=+3 hosc a=3;b=23.

Tir a=2v3;b=4/3 ta duoc V6x-3-2V3 :>x:E
B6-2x)=+3 " 2

J6x-3 =43
T1‘1’a:2x/§;b:\/§ ta dwoc X =>x=1

3(6-2x) =23

Dbay la hé phuong trinh d6i xting nén ta co6 thé giai duwgc hé trén.
Swu tAm va téng hop TAI LIEU TOAN HOC




+ Hudng 2. Nhan thdy phuong trinh c6 mét nghiém x =1 nén ta sit dung dai luwong
lién hop

Jox =3 +,/3(6-2x) =5v3 - (6x3)(6-2x)
& Jox—3 -3 +[3(6-2x) ~23 =243 —\-12x* +42x - 18
- 6x—6 N 6 —6X _ 12x* —42x + 30
Vox-3+43  [3(6-2x)+2v3 243 ++/-12x* +42x 18

1 1 2x-5
Vox-3++3  [3(6-2x)+2v3 243 ++-12x +42x 18
1 1 2x—5

x/6x—3+\/§_\/3(6—2x)+2\/§_2\/§+\/—12x2+42x—18 -

Phuong trinh trén dwoc viét lai thanh.
1 1 2x—-5

0

< (6x—6)

Xét phurong trinh 0.

- - ~0
V2x =141 6-2x+2 2++/-4x*+14x—6
- Jo-2x+2-yax-1-1 5-2x .
(\/2x—1+1)(\/2x—1+1) 2 +/-4x? +14x—6
Jo-2x-1+2-y2x-1 5-2x i

<:>(\/2x—1+1)(\/2x—1+1) 2 —4x? +14x—6
5-2x N 5-2x

J6-2x +1 2+\/ﬁ4r 5-2x _0

(\/2x—1+1)(\/2x—1+1) 2 4—4x2 +14x—6

=

1 1
\/6—2x+1+2+\/2x—1 1 5

< (5-2 + =0 x==
(5-2x) (\/2x—1+1)(\/2x—1+1) 2 +4/—4x? +14x -6 72

Tte cac két qua trén ta tim duwgc nghiém ctia hé phuong trinh la
3 V3| (5 5
i¥)=| L L=~ L 240 ]| 2B
() [ 2 > 17813

Ca hai phuong trinh déu c6 hang tr xy nén ta sé tim cach triét tiéu, lac nay bai toan

Cau 87.

6 thé giai duoc. Hé phuong trinh da cho twong dwong véi

2Xy—x+y=6 [2xy—x+y=6
{Xy X+y @{xy X+y

2
=3y-3x=2=>y=—+X
Xy—y+x=2 2xy -2y +2x=4 3

The' y = % +x vao phuong trinh tht nhat ta dwoc x° +§x —% =0=>xe {—2; %}
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Vay hé phueong trinh c6 hai nghiém la (x; y) = (—2;_?4},(2 ; 2]

Cau 88.
o . x> +4y° +3=4x (1)
Giai h¢ phuong trinh: | | . ) .
X*+12x+8y° =6x"+9 (2)
Ta c6: (1) < 9=12x-3x* -12y?, thé vao phuong trinh (2) va thu gon ta duoc:
X2 +8y° =3(x* —4y?) & (x+2y) (X2 —=2xy +4y* —=3x+6Yy) =0
X+2y=0
X2 —2xy + 4y’ —3x+6y=0
) THIL: x+2y=0<y= %X , thé vao phuong trinh (1) ta duoc

2x* +3=4x < 2x* ~4x+3=0, phuong trinh v6 nghiém.
*) TH2: x> —2xy +4y? —3x+6Yy =0, trir v& theo v& ctia phrong nay véi phuwong trinh
(1) ta dwoc:

X=3
—2Xy —3X+6y—-3=-4x <= 2xy—-x-6y+3=0<= (x-3)2y-)=0<= 1
2
+ Néu x =3 thay vao phuong trinh (1) ta duoc: 4y2=0 < y =0, cap (x;y) = (3;0)
thoa man phwong trinh (2).

+Néu y :%, thay vao phuong trinh (1) ta dwoc: (x - 2)2=0 < x =2, cap (x;y) =

(2;%) thoa man phuong trinh (2).

Vay nghiém cua hé da cho la (x; y) = (3;0) va (x;y) = (2; 1).
R o LB +1=yt—4Ax
Cau 89. Giai h¢ phuong trinh | | s
X +xy+y =1
28(Trich dé HSG tinh Ngh¢ An niam 2015-2016)
Loi giai
2x+1)* = y? =12x+1
(2x+1) =y - {y

Hé phwong trinh <
P & { X2+ xy+y>=1

X2+ xy+y’ =1

o [y=2x+1 y=2x+1
Xéthe: <7, , , 5
XHxy+y =1 [ X*+x(2x+1)+(2x+1) =1
y=2x+1 ‘ S
= — x=0 T
R 2x+1 s IX=0 o hodc
7x*+5x=0 5 y=1 B
X=—— y=-7
7 7
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y=-2x-1 {Y=—2X—1

Xét hé:
) e{ X2 —x(2x+1)+(2x+1)" =1

XC+xy+y?=1

y=-2x-1
y=-2x-1 x=0 . x=-1
S A <4 x=0 S hoac
3x“+3x=0 1 1 1

5 3

Vay hé phueong trinh da cho c6 nghiém (x;y) la: (0;1), (—7 ; —7), 0;-1), (-1,1)

Cau 90.
Thay (2) vao (1) ta duoc
-y = (y2 —5y2)(4x— y) < 21x° -5x*y —4xy* =0

< x(7Tx-4y)(3x+y)=0=|x==y

- Véi x=0thay vao (2) ta duwoc y==2

- Véi x= ; y thay vao (2) ta duoc —% y? =4 phuong trinh v6 nghiém

-Véi x= —%thay vao (2) ta dugc y* =9 < y =43

Vay hé phuong trinh da cho c6 nghiém

(xy)=(0:2);(0;-2);(-13);(L-3)
Cau 91.

{ZXZ +y?=3xy—4x+3y+2=0 (1)

X —y+3+Jy—x+1=2 (2)

(1)< y?*-3(x-1)y+2x* —4x+2=0

X*—y+3>0

Diéu kién
y—-x+1>0

y=x-1

Tinh A=(x-1) = (1
in (x ):>()<:>[y=2x_2

Véi y =Xx-1 thay vao (2) ta duoc

VX —-x+4=2= X" -x=0= X Y (tm)
x=1 | x=0(tm)

Véi y =2x~-2 thay vao (2) ta duoc

X2 =2x+5+/x-1=2 & (x-1)" +4 +/x-1=2

Ta c6 w/(x—1)2+4+\/x—122

TAI LIEU TOAN HOC
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Dau “=" xay ra < x=1=y=0(tm)
Vay hé phuong trinh ¢6 cdc nghiém (x;y)=(0;-1);(1;0)
Cau 92.

Xét hé phuong trinh {)2()2(24._;2/ 2:;(?’;‘_)’4* :5)(()+ 2=0 212))
PT () < 2X° —y? +xy+y-5x+2=0< y> —(x+1)y - 2x* +5x-2=0
Taco A'=(x+1)F - 4(— 2x* +5x - 2)=9x* ~18x + 9 = 9(x 1)’

y_x+1—3(x—1)
Khi d6 PT (1) < 2
X+1+3(x—1)
y=——F——"=
2
y=—X+2
=
y=2x-1
Vé6i y=—x+2, thay vao PT (2) ta duoc 2x° —4x+2=0<x=1=y=1
x=1
Véi y =2x-1, thay vao PT (2) ta duwoc 5x° -x-4=0< L4
5
4 13
* X:1:> :1 * X=——= —_
) y ) e Y="¢

Vay nghiém cua hé phuwong trinh la (1;1) va (— g;—%j

Cau 93.
Diéu kién x>21,yeR
yz—y(x/ﬁ+1)+\/E=0<:> y2—y—x/x_—1(y—1)=0<:>(y—1)(y— x—1):0
y=1
g
Véi Y =1, thay vao (2) ta dugc

X2+1-7x*=3=0 X2 +1=A7X* -3 < x* +2x* +1=7x*-3

P x*=1 [x=1 -
S X -5X"+4=0< = (do diéu kién cuaa x)
X2:4 X:2

Véi y =+/x—1, thay vao (2) ta duoc X +Xx-1-v7x*-3=0
& (x-4)+( x—l—l)—(\/7x2—3—5):0

X—2 7(x—2)(x+2)=0

< (x=2)(x+2)+

Sx—1+1  J7x*—3+5
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X=2
1 7(x+2)
Vx=1+1 7x*-3+5

Véi X=2 suy ra y:1.

X+2+ =0

7(x+2) (X+2)(1_ 7 j+ 1
J—+1 J7x2—345 J7x2-345) Jx-1+1
\/7x— 2 1

\/7x 315 Jx_1+1

Taco X+2+

NI 2
Véi X21thi V7x2-3-2>0=(x+2

( )\/7x —3+5
\/7x2—3—2Jr 1 >0

V7x? =345 x-1+1

Vay hé phuong trinh ¢4 cac nghiém (1,1),(2;1).

Suy ra (X+2)

Cau 94.
Ttr phuwong trinh th nhat cua hé ta duoc x =5y —20. Thé vao phwong trinh thit hai

ta duoc

(5y-19)(10y ~39)(15y ~59) = (1+3y)| 1+3y +2(5y~20)'|
< 750y° —8725y” + 33830y — 34719 =150y° — 1141y’ + 2006y +801
& 600y° ~7584y” — 31824y — 44520 = 0 < (y - 5)(75y* ~573y +1113) =0
Dé thay phuong trinh 75y —573y +1113=0 vd nghiém
Do d6 ttt phwong trinh trén ta dugc y—-5=0<>y =5 nén x=5.
Véy hé phuong trinh c6 nghiém duy nhat la (5;5).
Cach khac: Khi thuc hién phép thé x =5y —20 vao phuong trinh thit hai thi ta duoc

phuong trinh mot an, tuy nhién phuong trinh khé phan tich. Do dé ta c6 thé tim
cach phan tich phwong trinh thit hai thanh tich.

(1+x)(1+2x)(1+3x) = (1+3y)(1+3y +2x)
& (2¢ +3x+1)(3x+1) =(1+3y)(1+3y +2x*)
& (3x+1) +2x% (3x+1) =(1+3y) +2x*(3y +1)

x-y=0

<:>3(x—y)[2+3(x+y)+2x2]:0<:> 2+3(x+y)+2X2 ~0

bén day ta két hop véi phuong trinh thit nhat d€ tim nghiém.
Trong hai cach trén thi cdch thue hién phép thé& dé thdy hon nhung cach phan
tich phuwong trinh thit hai thanh tich cho 10i gidi don gian hon.
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Cau 95.
bét a=2x+y-1,b=x-y+1. Khi d6 hé phuong trinh viét duoc lai thanh

a’+b? =26 a’ +b? +2ab—2ab =26 (a+b)2—2[11—(a+b)]=26
= =
a+b+ab=11 ab=11—(a+b) abzll—(a+b)

(a+b) +2(a+b)-48=0 [a+b:—8;ab:19
e f—
ab=11-(a+b) atb=6;ab=5

b=-8
+V6i {a "7~ h¢ vonghiém do (a+b)’ <dab.

ab=19
.. lat+b=6 a=1b=5
+ Véi = .
ab = a=5b=1

2 -1=1 =2
oKhiazl;b=5tacé{ xTy @{X )
y=-

x-y+1=5
2x+y-1=5 {x:z

o Khi a=5b=1 taco
x-y+1=1

y=2
Vay phuong trinh da cho c6 cac nghiém la (2;-2),(2;2).
Chu y- Khi hai phuwong trinh ctia hé déu khong the phén tich dwoc thanh tich thi ta
nhan mot trong hai phuong trinh véi mot s6 k roi cong theo vé hai phuong trinh thi
dugc mdt phuong trinh bac hai. Ta can tim hang s8 k & phuong trinh phan tich
duwoc thanh tich. Chéng han ta viét lai hé phwong trinh nhw

5x° +2y” +2xy —2x—4y =24 5x% +2y” +2xy —2x -4y —-24=0

3x+(2x+y-1)(x—y+1)=11 "~ |2x* —y* —xy +4x+2y —xy —12=0

Khi d6 ta thady néu nhan phuong trinh thi hai v6i k=2 r6i cong hai phuong
trinh thi ta thu dwoc phuong trinh 9x* +6x—48 =0.
Cau 96.
1 1 1 1 1 1 1

T x+y+z=3 va —+—+—=—= taduwgc —+—+—= . Khi d6 ta duoc
x 'y z 3 X y z X+ty+z

1 :0<:>x+y+ X+y

~0
X+y+2z xy z(x+y+z)

1 1 1

J— _+__

Xy z
<:>(x+y)(xy+zx+yz+z2)=0<:>(x+y)(y+z)(z+x):0
+ Xét truong hop x+y =0, khi dé tlt x+y+z=3 ta duwgc z=3.
Clng tit x+y =0 ta dugc x=-y.Thévao x* +y* +z* =17 ta dugc
2x* =8 = x =42,

Tt d6 ta duoc hai bd sO (x;y;z) thdéa man la (2;—2;3),(—2;2;3).
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+ Giai cac truong hop y+z=0 va z+x=0 ta duoc cac bd sd 1a hoan vi cua hai b

sO trén.
Vay cac bd s6 (x; y;z) can tim la

(2,-2;3),(-2:23),(2:3;-2),(-2:3;2),(3;2-2),(3;-2;2) -

Cau 97.
x* +Xy +zx =48 X(X+y+Z)=48
Bién d6i twong duong phuong trinh ta dugc <y’ +xy +yz=12 < y(x+y+z)=12
72’ +zx+yz =84 z(x+y+z)=84

Mt khac cong theo v€ cac phuong trinh cta hé ta dwoc

(x+y+z)2 =144 & x+y+z=%12.

+V6i x+y+2z=-12, thé vao phuong trinh trén ta duoc (x;y;z)=(-4;-1-7).
+V6i x+y+2z=12, thé vao phuong trinh trén ta duoc (x; y;z) = (4; 1;7) .

Thtt vao hé phuong trinh da cho ta duwoc cac nghiém ctuia h¢ la

(x; y,'z) = (4,' 1,'7),(—4; -1; —7).

X —y*-15y-14=3-(2y*-x) (1)

Cau 99. Ta co:
4%° +6xy +15x+3=0 (2)

O phuong trinh (1) ta cé:
x° —y*~15y -14=3.(2y* - x)
<X +3x=y*+15y+6y° +14
S X +3x=y*+6y° +12y +8+3y+6
= x2+3x=(y+2)3+3-(y+2)
s x=y+2 (%)

T (2) va (*) ta c6 hé phuong trinh:
X=Yy+2 - X—-2=y
4x° +6xy +15x+3=0  |4x°+6x-(x—2)+15x+3=0

X—-2=Y X—-2=Yy
g 3 2 < 3 2
4x° +6X°+3x+3=0 8X° +12x° +6X+6=0

L 1-%5
(2x+1)’ =5 T2
<~ <~
X—2=y 5-35
Y=

_1_3 _r_3
Vay hé phuong trinh c6 nghiém la ( 1 2\/§ ; > \/EJ

2
Cau 100.
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24 y2 - X2 +y?—xy=2-2x
X Hy =2 & y 2y , $ = (x+y)(2-2xy)=2x+4y
X4y =2x+dy  |(x+y)(X*+ Y —xy)=2x+4y

y=0
SXy+xyi+y=0 y(xX2+xy+1)=0=
yrmyy " y+1) {x2+xy+1=0

Véi y=0=> x =42
V6i X2 +xy+1=0= X +xy = -1= y? =/3= y =+4/3 = x* +/3x+1=0 phuong trinh

vO nghiém

Vay hé phuong trinh da cho c6 nghiém (x;y) = (v2:0);(~V2;0)

Cau 101.
(x2 —1)y+ (y2 —1)x =2(xy —1); (1)
AX* +y? +2x-y-6=0;(2)
Xy +xy? —(x+y)-2xy - =0 (x+Y)(xy - -2(xy-1) =0

y=2-

te PT (1) taco:
S X+y-2)(xy-) =0 =1

thay vao PT (2) giai ra c6 5 nghiém
(xy) e {(1;1); (- 0,5;2);(‘/§2+1;J§+1J;(_‘/§ Ly [J (?4 é’]}

Cau 102.
Vi x =y =0 1a nghiém ctia hé phrong trinh
Nhén thady néu x =0 thi y #0 va nguoc lai
Xétx #0;y #0hé phuong trinh twong duong voi

iz+i2:2 iz+i2:2 1)
X y P X y

Ghar D=4 |EiheddH) @
Xy Xy Xy Ay

Thay (1) vao (2) ta duoc (£+£)3 =8
Xy

14_1:2

= S =>x=y=1
~ -1
xy
Vay hé c6é nghiém (x;y)1a (0;0) ;(1;1)

Cau 103.

TAI LIEU TOAN HOC
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15

X==
10x-2y =2 10x-2y =2
a) Khi m=10 hé phuong trinh c¢6 dang =f g J = 52
2x+10y =5 10x+50y =25 23
Y=
52
A . 1A . . A ~ 15 23
Vay khi m=10thi hé phuong trinh c6 nghiém duy nhat (x;y) = (5—2,5—2 j
MX — 2 _ mx—2
. ({mx-2y=2 y= = 2
b) Ta co: 5 _s 2 & 5
X+my= 2Xx+my =5 2x+mmX2_ =5
y_mX—2 X=2mz+10
PN 2 o m +;-
M’ +4)x=2m+10 y=mX2_
o 2m+10
T m2
Vay hé phuong trinh da cho luén c6 nghiém duy nhat r:1nx +24
T2

— 2 _
Thay vao hé thite X+ y - 2014 = —20rom” +14m 8056

m’ + 4
2 2
Ta duoc 2014m 2+7m 8050 _ —2015m sz14m 8056<:>m2—7m+6=0
m” +4 m* +4

m=1
<:>(m—1)(m—6)=0<:{m:6
D0i chiéu vdi diéu kién dé bai ta dwoc m=1,m=6.
Cau 104.
X2+ Xy —4x+2y=2
{x(x+1)+y(y+1)=4
3P+ Xy —4x+2y—-2=0 [2x*+xy—Yy’—-5x+y+2=0
Q{x2+y2+x+y—4:0 <:>{x2+y2+x+y—4=0
Ta c6:2X* +Xy—y> -5x+y+2=0<(y+x-2)(y-2x+1)=0
< y=2-Xx hoac y=2x-1
Véi y=2-x thay vao (2) ta duwgc: x2-2x+1=0suy rax=1
Ta dugc nghiém (1;1)
y=2x-1 thayv;‘ao(2)tadu’qc:5x2—x—4=0,suyrax=1;x=%4

—4 13

Ta dwgc nghiém (1;1) va (??

)

Swu tAim va téng hop
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Vay hé c6 nghiém (1;1) va (‘?4;‘?13)

R mx+2y=m+1 2mx+4y =2m+2
Cau 105. =

2x+my=2m-1  |2mx+m’y=2m’-m

o (m?-4)y =2m*-3m-2=(m-2)(2m +1)
2x+my =2m-1

D€ hé c6 nghiém duy nhat thi m>-4 #0hay m # £2

Vay véim # + 2 hé phuong trinh ¢6 nghiém duy nhat

_(m—2)(2m+1)_2m+1_2 3

m? —4 m+2  m+2
m-1 3
X = =1-
m+2 m+2

D€ x, y 1a nhiing s6 nguyén thim +2 € U(3) = {1;—1;3;—3}
Vayym+2=+1 +3=>m=-1;-3;1;-5
Cau 106.
Tirhé ta cd X°(2y+x) = Y (2x+y) < (X% - yz)(2xy+x2 + y2) =0

X=y

X=-y

*Véix =y ta tim dugc (x;y)=(0; 0);(\/5;\/5);(—\/5;—\/5)
* Véix =-y tatim duoc (x; y) = (0; 0); (L, -1);(-11)

& (x+ y)S(X—y)=0©{

Vay hé phuong trinh c6 nghiém
(;¥) = (0; 0); V3;+/3);(—v/3;=V3);(~L1);(L-1)
Cau 107.
Giai he {4x3—y3 =X+2y @
52x% —82xy + 21y’ =-9 (2)
Nhan v€ trai cua (1) véi v€ phai ctia (2) va nhan vé phai ctia (1) v6i v€ trai cua (2)
ta co:
(-9)(4x% — y*) = (x+2y)(52x* —82xy + 21y?)
< (-9)(4x% —y?) — (x+2y)(52x° —82xy + 21y*) =0
< 8x¥+2x%y —13xy* +3y* =0
o (8x —8xy?) +(2x°y —2xy?*) - (3y* +3y°x) =0
& 8X(XP —y?)+2xy(x—y) -3y*(x—y) =0
o (X=Yy)(8x*+10xy —3y*)=0
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Bién d6i nhan dwgc phuong trinh: (x— y)(4x— y)(2x+3y) =0
Véi x=y tim duoc (x;y)=(0;0) (thkt vao hé khong théa man)
(6Y)=@D; (-1-1) (the vao hé thdy thoa man)
Véi y =4x tim duoc (x;y) = (0;0) ( tht vao hé khong thoa man)
Vi y = ‘?2 x tim dugc (X; y) = (0,0) ( thir vio hé khong théa man)
Vay hé c6é nghiém (x;y) = (11); (-L-1)
Cau 108.
Nhan ca hai v€ cta (2) v6i 2 ta ¢d hé phuong trinh
{3x2 +2y2 —4xy+x+8y—4=0(1)
2x* —2y* +4x+2y-6=0 (2
Lay (1) trie (2) theo v€ véi vé ta co
(x2 —4xy+4y2)—3(x—2y)+2=0<:> (x—2y)2 -3(x—-2y)+2=0
< (x—2y-1)(x-2y—-2)=0< x=2y+1 hodc X=2y+2.
+) V6i X =2y +1, thé vao (2) varat gontacod y(y+3)=0< y =0 hodc y =-3.
Suyra X=1,y=0 hodc x=-5y=-3.

+) V6i X =2y +2, thé vao (2) va rat gon ta c6 3y* +13y +5=0 < y:w
hoac y:w

—7++~/109 -13++109 | | -7 —+/109 -13-+/109
Suyra X= 3 Y= 5 hoac XzT,sz.

Vay hé c¢6 4 nghiém x=1,y=0; x=-5y=-3;
—7++/109 -13++/109 -7 —-+/109 -13-+/109
X= Y= ;X = Y= :
3 6 3 6
Cau 109. Tt cdc phuong trinh:

3X—-y=6tacd y=3x-6 (di)
mXx+y=n+3tacd y=—mx+n+3 (d2)
a) Heé phuong trinh da cho c¢6 nghiém duy nhat khi va chi khi: (d1) cat (d2)

<= 3#-m
& m#=-3

b) Hé phuong trinh da cho v6 nghiém khi va chi khi: : (d1) // (d2)

om=-3vantuyy
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c) Heé da cho c6 v s6 nghiém khi va chi khi: : (d1) trung (d2)

m=-3 m=-3
= =
n+3=-6 n=-9

Cau 110.

X—3ay =2a+3

Hé phuong trinh v6 nghiém < {

X+ay=1 - x=1-ay
a(l-ay)-3ay =2a+3

x=1-ay
~ala+3)y=a+3

a(@a+3)=0
a+3=0

< a=0

Cau 111.

x =10

Cach 1. Véim =0 hé c6 nghiém duy nhat: { 5
y =
-m
LV
y=—X (a)

Véim #0 hé phuwong trinh twong dwong voi: L 10

m m

y= (b)

Dé thay (a) va (b) 1a hai duong thang trong hé toa dd Oxy, s8 nghiém ctia hé 1a s&
giao diém cta hai duong thang (a) va (b).
a) Hé phuong trinh da cho v nghiém khi (a) va (b) song song ttrc la:

_m___1

4 mm-
5

10
#—
m

Vay m = - 2 thi hé da cho v6 nghiém.
b) Hé da cho c6 nghiém duy nhat khi va chi khi (a) va (b) cit nhau ttic la:
L -1 S m#E2
4 m

c) Hé da cho ¢6 v6 s6 nghiém khi va chi khi (a) va (b) trung nhau ttc la:

—-m _-1
4 1(r)n osm=2
5=
m

Vay khi m =2 hé da cho c¢6 v sd nghiém.

Cach 2. tit PT(2) suy ra: x = 10 — my thay vao (1) ta duoc:
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y(4-m?)=20-10m  (3)

Ta c6 s6 nghiém cta hé da cho chinh 1a s6 nghiém cua Phwong trinh (3)

20-10m =0 #2

a) He da cho v6 nghiém khi: - N7 e m==2

4-m~ =0 m =12
Vay vdim = - 2 thi hé da cho v6 nghiém.
b) Hé c¢6 nghiém duy nhat khi: 4-m? 20 < m = +2

20-10m =0
c) Hé da cho v6 s6 nghiém khi: { 4 ;n 0 Sm=2
—m° =

Cau 112. Giai hé phwong trinh voi m =2
Véim =2, hé phuong trinh la:
y - X+y 5 - X+y=5 ‘
X’y +y’x=5  |xy(x+y)=5 xy =1
Do d9, x, y la nghiém ctia phuwong trinh X2-5X +1=0

5+4/21 « 5-4/21

Giai ra ra dwoc X, =

2 S
. e [54321 5421 ) (5421 54421
Vay hpt c6 hai nghiém: s T, T .

b) Chttng minh rang hé luén c6 nghiém véi moi m

—om+1
Hé da cho vietlai la: {* Y m
xy(x+y)=(2m+1)(m-1)
—0 R
(1) N&u m = thi hé tro thanh: <Y exty=0a] " .
2 xy(x+y)=0 y =—-X

Hé ¢6 v s6 nghiém.

+y=2m+1
(2) N&u m £~ thi hé tro thanh: 10~ ™
2 xy =m-1

Nén x,y 1a nghiém phuong trinh: X* —(2m+1)X+m-1=0 (*).
P/t (*) c6 A=(2m+1)* —4(m -1)=4m’ +5 >0, Vm nén luén cé nghiém.
Vay hé phuong trinh luén c6 nghiém véi moi m.

Cau 113. Giai hé phuong trinh véi m=7.

2 2X2—1
7. 4 2X _Xy:1 :y A 2 ~
Voéim=7ta co: {4 2, 4 ) 7@ X (do x=0 khong thoa man).
XERYTY S 4 rdxy -y =7
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2
2 2
4 1 ax X 1—(2X 1} =7
X X

< 4xt +4x2(2x2 —1)—(2x2 —1)2 =7x% & 8x* —7X2 —1:0<:>(x2 —1)(x2 +%J=o

oxl=lox=11.

Véi x=1=>y=1.

Véi x =-1=y =-1. Vay hé phuong trinh c6 hai nghiém (x;y)=(-1-1),(1;1).
b) Tim tat ca cac gid tri cua m d€ hé phuong trinh ¢6 nghiém.

Ta c6 x=0 khong thoa man suy ra x #0.

Rat y tie PT tht nhét r6i thé vao PT thit hai ta co:

2 2 1\?
AX% +4x 2X 1—(2)( 1} =m
X X

He c6 nghiém > 4x* +4x (2x* ~1)—(2x* ~1)° = mx’ 6 nghiém khéc 0.

< 8x* —mx? —1=0c6 nghiém khéc 0. Dt t = x*,t > 0. Thay vao phuwong trinh trén ta
dugc 8t* ~mt—1=0 (1). Nhu vay yéu cau bai toan < (1) cé nghiém dwong.

Dé thdy phuong trinh (1) ludn c6 2 nghiém trai ddu do ac<0 suy ra (1) luén c6

mot nghiém duong. Do d6 véi moi s6 thue M hé phwong trinh ludén c6 nghiém.

Cau 114.

Budc 1. Tim diéu kién dé€ hé da cho c6 nghiém duy nhat.

Tt (2) suy ra: x=m - (m - 1)y. Thé vao x =m - (m - 1)y vao (1) ta duoc:
(Mm-1)(m-(m-1)y)=3m-1< y(m’-2m)=m’-4m+3 (3)

Hé phuong trinh ¢6 nghiém duy nhat khi va chi khi (3) ¢6 nghiém duy nhat tic la:

) m=0
m -2m=#0<& *)
m # 2
Budc 2. Tim m théa méan diéu kién x +y = 2.
3m -2
X =
Véi dieu kiénm #0 vam # 2 hé da cho c6 nghiém duy nhat la: m2
m J—
y=—7—""

Sm-2 M=2 e dm-4=2mom=2 (%)

Vi diéu kién x +y =2 ta co:
m m

Tt (*) va (**) suy ra khong ton tai m thoa man yéu cau bai toan.

Cau 115.
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mx-m-x=-1 = x(m-1)=m-1(¥)

T phuong trinh thit 2 suy ra: y = - m — x . Thé vao phuwong trinh tht nhat ta duoc:

Hé c6 nghiém duy nhét phuong trinh (*) phai c¢6 nghiém duy nhat ticlam # 1.

-1
Khi do, hé c6 nghiém duy nhat 1a { X
y=-m-1
Tachy= x> ©-m-1=1eom=-2

Vay m = - 2 1a gia tri can tim.

Cau 116.
2x-3y=2- =a+l
Ta co: xy 2 hé da cho c6 nghiém (x, y) voi X
x+2y=3a+1 y=a
MaT=-Y- 2 71
x a+l1 a+1

+1=1 =0
Vi anguyén, d€ T nguyén thi diéu kién la {a . hay {a

a+l=- a=-2
Cau 117.
Ta cé:
{x3y2 —2x°y = x’y? +2xy +3x-3=0 (1)
y>+x*7 =y +3m (2)

Ta cd (1) & xX°y” —x’y* =2x°y +2xy +3x -3 =0
< (X —1)(x2y2 - 2xy+3) =0

x=1
= {(xy—l)z +2=0 (Voly)
Thay x = 1 vao phuong trinh (2) ta dugc y> —y-3m+1=0 (3)
D€ phuong trinh (3) ¢ hai nghiém phan biét thi:
A:1+4(3m—1)>0<:>12m—3>0<:>m>%
Theo d@é bai: (x,+y,)(x, +y,)+3=04+y, +y,+y,y, =0 (4)
do x, =x, =1.

Véi m >% theo hé thttc Vi-ét cho phuong trinh (3) ta co :

YI+YZ:1 th \ ‘. _ _ » ~
ay vao (4) ta co: 5+1-3m =0 < m =2 (thda man)

Y.y, =1-3m

TAI LIEU TOAN HOC
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Két luan: m = 2.

Cau 118.

\/Ex—y:2

a) Khim = J2 tacéhé phuong trinh
3x+ \/Ey =5

I~ 242 +5
{2x—V2y-2V2 x=2 2+5 X=
= =

5
5 &
3X+\/§y:5 Y=\/§x—2 y=5\/55_6
b) Giai tim dugc: x= 22+, _ om0
m-+3 m-+3
2 _ 2
Thay vao hé thirc x+y:1—1;“_; ta duoc 21121+5+5n21 6_1_ Izn
m-+3 m- +3 m°+3 m?+3

Giai tim dwoc m :g

Cau 119. Ta thay y = 0 khong la nghiém ctia hé phuong trinh da cho,

ta xét cac gid tri y =0, chia hai v€ ctia PT thtt nhat cho y =0 ta duoc

2
X +1+x+y:4
x+y-2=—Y
y X2 +1
. x?+1 1A .
bat u= ,V=X+Y tacédhé phuong trinh
u+v=4 v=4-u u=1
= =
u(v-2)=1 u(d-u-2)=1 v=3
2
Vi u=1t . X +1:1 *
oi
yog @Oy Y *)
X+y=3

Giai hé PT (*) ta dugc hai nghiém (-2; 5) , (1; 2)
Vay hé PT ban dau c6 hai nghiém (-2; 5), (1; 2)
Cau 120.

+ Véiy = -2 thi hé phuong trinh v6 nghiém

+V6i y = -2, chia hai v€ ctia hai phuong trinh cho y + 2 ta ¢6
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Ty

y+2(x+y+2)=4
2 2
X+; +X+y-2=0
y+
2 2
Daa=x'+y,b=x+y+2
y+2

a+tb=4 |a+b=4 a=2
Khi d6 ta c6 hé phuong trinh {ag_ L e { {

2 2
Dodé § y+2 <90, =
X“+x-2=0

X+y+2=2

Két hop vdi diéu kién thi hé phuong trinh ¢6 hai nghiém (x; y): (1; -1), (-2; 2)
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