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LOTI NOI PAU

Cac em hoc sinh, quy thay cd va ban doc than mén!

Cuén sach “Chinh phuc Van dung — Van dung cao Giai tich 2023” nay dugc nhém tac gia
bién soan véi muc dich gitp cac em hoc sinh khé gioi trén toan québc chinh phuc dwoc céc cau
kho trong dé thi cua Bo gi4o duyc trong cac nam gan ddy. Trong mdi cudn sach, ching tdi trinh
bay maot cach rd rang va khoa hoc, tao sy thuan lgi nhat cho cac em hoc tap va tham khao. Tat
ca cac bai tap trong sach chiing t6i déu tom tat ly thuyét va tién hanh giai chi tiét 100% dé cac

em tién lgi cho viéc On tap, so sanh dap an va tra ciu thong tin.

Dé c6 thé bién soan day du va hoan thién bo séch nay, nhém tac gia co suu tim, tham khao
mat s6 bai toan trich tir dé thi cua cac S&, trudng Chuyén trén cac nudc va mot sb thay co trén
toan qudc. Chan thanh cam on quy thay co da sang tao ra cac bai toan hay va cac phuong phap
giai todn hiéu qua nhat. Mic di nhém tac gia da tién hanh bién soan va phan bién ki ludng
nhat nhung van khdng tranh khoi sai sét. Chang tdi rit mong nhan dugc nhitng y kién phan
hoi va dong gop tir quy thay cd, cac em hoc sinh va ban doc dé cudn sach tré nén hoan thién
hon. Moi déng gop vui long lién hé¢:

e Tac gia: Phan Nhat Linh

e S6 dién thoai/Zalo: 0817.098.716

e Gmail: linh.phannhat241289@gmail.com

e Facebook: fb.com/nhatlinh.phan.1401/

Cudi cting, nhém téac gia xin gui 10i chuc sic khoe dén quy thay cd, cac em hoc sinh va quy
ban doc. Chlic quy vi c6 thé khai thac hiéu qua nhat cac kién thie khi cam trén tay cudn sach

nay!

Tran trong./

Phan Nhat Linh


mailto:linh.phannhat241289@gmail.com
https://www.facebook.com/nhatlinh.phan.1401/
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UNG DUNG PAO HAM
DE KHAO SAT VA VE DO THI HAM $O

TiNH PO'N PIEU CUA HAM SO

Y YY 10MTATLY THUYET

1. Tinh don diéu cia ham hop va ham tong
Cho ham s6 u=u(x) xéc dinh v6i x € (a;b) va u(x)e(c;d). Ham s6 f[u(x)] ciling xéc dinh voi
x & (a;b) thi ta co cac nhin xét sau day:
= Gid sir ham s6 u =u(x) ddng bién voi x € (a;b) . Khi d6, ham s6 f[u(x)] dong bién voi
xe(a;b) < f(u) dong bién v6i ue(c;d).
= Giasirham s u = u(x) nghich bién véi x € (a;b) . Khi d6,ham s f| u(x)] nghich bién voi
xe(a;b) < f(u) nghich bién v6i u e (c;d).
Bai toan: Cho do thi hogic bang bién thién ciia ham s6 y = f(x) hodc y = f'(x). Yéu cau tim khoang
don di¢u cta ham s6 dang g(x) = f| u(x)|+v(x).
Phwong phap:
= Buéc 1: Tinh dao ham ciia g(x) theo cong thirc g'(x)=u'(x).f'[ u(x)]+v(x)

u'(x) =0
= Budc 2: Giai phuong trinh ¢'(x)=0 < v (x)

=  Budc 3: Lap bang xét dau cua g’(x)

= Budc 4: Tu bang xét dau dé xét cac khoang don di€u cua ham so va cé thé mé rong tim cac
diém cuc dai, cuc ti€u cua ham so.

2. Tinh don diéu cia ham s6 chira dau gia tri tuyét doi
Dang 1: Tim khoang dong bién, nghich bién ciia ham s6 y= ‘u(x)‘ véi ham u(x) tuong minh hodc
u(x) ¢6 chira tham sd.
= Buwéc 1: Khao sat va lap bang bién thién ciia ham sb u(x)
=  Budc 2: Sir dung phép bién d6i do thi ciia ham sb ‘u(x)‘
=  Budrc 3: Tir d6 suy ra tinh don diéu cia ham sé d cho.
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Chd 38 01: Ung dung dao ham dé khdo sat va vé db thi ham sb
Dang 2: Bién luan tinh don di¢u ciia ham ) y= ‘u(x)‘ trén khoang K cho truéc

* Truong hop 1: u(x)20 < {y = Yéu ciu bai toan

y' =u(x)
u'(x) >0,VxeK

Néu ham sb ddng bién trén K thi yéu cau bai toan =
u(x) >0,VxeK

u'(x) <0,VxeK

Néu ham sb nghich bién trén K thi yéu cau bai toan =
u(x) >0,VxeK

y= —u(x)
y = —u’(x)

3. X ly tham s6 trong don diéu ham hop

* Truong hop 2: u(x)<0 < { = Yéu cau bai toan.

Bai toan: Tim m dé ham s6 y = f| u(x)| déng bién hodc nghich bién trén D
D3t t = u(x)thi ham s6 tr6 thanh y = f(¢). Khi d6 can luu y cac van dé sau:
1. Tim chinh xac mién xé4c dinh cta £ =u(x).
2. Néu t=u(x) dongbiéntrén D thi f[u(x)] va f(t) c cing tinh chét 1a ddng bién hodc nghich
bién.
3. Néu t=u(x) nghichbiéntrén D thi f|u(x)] va f(t) nguoctinh chit, nghiala f|u(x)]| dong

bién thi f(t) nghich bién va nguoc lai.

Hoic chiing ta co thé sir dung cong thirc dao ham cta ham hop (f[u(x)])' = u’(x).f’[u(x)]

e Dbi véi cac bai toan van dung va van dung cao thi khéng c6 mot cach 1am nao cé thé bao quat hét
duogc. Khi gip cac bai toan ndy, chiing ta can ap dung linh hoat cac phuong phép va kién thirc lai
v6i nhau.

e Mot s6 phuong phap thuong sir dung: dat 4n phy, bién luan va t6i wu nhét 1a phuong phap ghép truc
két hop v6i so d6 V. Trong 10i giai cac bai tap van dung, chiing ta s& thay duoc sy két hop gitra cac
phuong phép trén.
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Phan Nhét Unh Chinh phuc vén dung — van dung cao ndm 2023

NS vipu MINH HOA

CAU 1. Cho ham s6 y = f(x) c6 dao ham lién tyc trén R. Biét ham s y = f'(x) ¢6 do thi nhu hinh v&.
Goi S Ia tap hop céc gia tri nguyén m e[-10;10] dé ham s6 g(x)= f(x—m) nghich bién trén khoang
(1;3). Hoi S 6 bao nhiéu phan tir?

LAY

YAy |

@)

v

A. 8. B. 6. C.7. D. o.

& LOI GIAI
Chon C
Taco g'(x)= f'(x—m) Viy= f’(x) lién tyc trén R nén ¢'(x) = f'(x—m) ciing lién tuc trén R . Can cur
vao do thi ham s6 y = f'(x) ta thay

g'(x)<0e f'(x—m)<0 c{x—m<—1 [x<m—1 :
l<x-m<3 1+m<x<3+m
3<m-1
Ham s g(x):f(x—m) nghich bién trén khoang (1;3) = {3+m23 C{Zfé
1+m<1

Ma m 1a s nguyén thuoc doan [-10;10] néntacod S ={0;4;5;6;..;10}.
Vay S ¢ 7 phan tir.

CAU 2. Cho ham s6 y = f(x), ham s6 f'(x)=x>+bx* +cx (b,c € R) c6 d6 thi nhu hinh v& dudi day
A
’ £(%)
-1 /\ 1 X
= >
Ham s6 g(x) = f(f'(x)) dong bién trén khoang nao dudi day?
A. (2;+). B. (-;-2). C. (-1,0). D (—%%J
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Chd 38 01: Ung dung dao ham dé khdo sat va vé db thi ham sb

& LOI GIAI
Chon A

b=0

Tir d6 thi ham s6 y=f'(x)=x3+bx2+cx ta suy ra:{ , :>f’(x)=x3—x:>f”(x)=3x2—1

Ta co: g(x)=f(f'(x)):>g’(x)=f’(f’(x)).f”(x)=f’(x3—x)(?)xz—l)

_ _ 4
x}—x=0 x =+
3 1 x=0
X" —x=
Cho g'(x):O<:>f’(x3_x)(3x2_1):0<:> x3—x=—1<:> x=a (1<a<2)
X=-a
13x°-1=0 i
x=t—
ING)
Bang bién thién
1 T
r| —2¢ - -1 _ﬁ 0 ﬁ 1 i1 +00
' () - 0 + 0 — 0 + 0o - 0 -+ 0 — 0 -+

Dua vao bang bién thién = g(x) dong bién trén (a; +oo) nén ciing dong bién trén (2; +oo) .

CAU 3. Cho ham sb y = f(x) c6 dao ham f’(x) =—x*>-2x+3 véi Vx e R. SH gia tri nguyén ciia tham
s6 m thudc [—10;10] dé ham s g(x)=f(sin2x+3sinx—m)+m2 +2 dong bién trén [2{,%) la

A 5. B. 6. C. 14. D. 15.

£ LOI GIAI
Chon D

Ta co: g(x)=f(sin2x+3sinx—m)+m2+2

g'(x):(Zsinx.cosx+3cosx)f’(sin2x+35inx—m):cosx(Zsinx+3)f’(sin2x+38inx—m)
P A A .~ (275 , 2r 5

DPé ham sb g(x) dong bién trén (%,f} = (x)ZO,Vxe(?ﬂ;?ﬁj

c>Cosx(ZSinx+3)f'(sin2x+35inx—m)20 <:>f’(sin2x+35inx—m)SO,Vxe(%;%j.

, >1
Theo gia thiét: f'(x) = x> -2x+3<0 * , ta co:
x<-3

sin2x+3sinx—m21,Vxe[2§;5{j

o1
B

— e

)
|

f’(sin2 x+3sinx—m) <0,Vxe (2?”

sin?x+3sinx—m < -3,Vx e (—,?]

4

sin x+3sinx > m+1,Vx e{

w|¥

=

(1)

7

SR

sin? x+3sinx < m—3,‘v’xe(

w|¥
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Phan Nhét Unh Chinh phuc vén dung — van dung cao ndm 2023

Xét ham sb u(x)—sm x+3sinx trén {2—” 5—”} ta c0 max u(x)=3+6\/§, min u( ) , do do
3 6 27 57 4 [L’fiﬂ
376 376
g 3+6V3 | 1516V3
((HR=% 4 o 4
3
m+1<— m< —
4 4

Két hop v6i m e 7 va thude [-10;10] ta duge m e {-10,-9,..,0,7,..,10} .

Vay ¢6 15 s6 nguyén m thoa man bai toan.

CAU 4. Cho ham s6 y = f(x) c6 bang bién thién nhu hinh v&

X | —oo -1 0 1 + o

NN

Hamsd y = f (sm 2x — 4s1n2x+1 trén [0 20217[1 c6 it nhat bao nhiéu khoang déng bién?
A. 2042. B. 8084 . C. 2021. D. 2020.

£ LOI GIAI
Chon B

Ham s y =sin2x c6 chuky T =z, nén ta xét ham s6 y = f(sin2 2x—4sin2x+1) trén [0;7[]
Taco y'=f’(sin2 2x—4sin2x+1)4c052x(sin2x—2).

Ham sb dong bién < f’(sin2 2x—4sin2x+1).2c052x(sin2x—2) >0
<:>C052x.f'(sin22x—4sin2x+1)<0 (*)

Vi —1<sin2x <1= -2 <sin’2x—4sin2x+1<6.

Trwong hep 1: cos2x <0 <:>§<2x<3?”.

~1<sin?2x-4sin2x+1<0

(*)= f/(sin®2x-4sin2x+1)> 0 <
1<sin®2x—4sin2x+1<6

T 1 . r 1 .
o 2—\/§<sin2x<2—\/§<:> E_Earcsm(z_\/a)<X<E_Eafcsm(2—\/§).
-1<sin2x <0 Z<x<3—”
2 4

Truong hep 2: cos2x >0 < 2x e [o;gju[?’?” 2;rj

. 2 ) —2 <sin?2x—4sin2x+1< -1
(*):>f (sm 2x—4sm2x+1)<0<:> R
0<sin“2x—-4sin2x+1<1
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Chd 38 01: Ung dung dao ham dé khdo sat va vé db thi ham sb

1 . p/a
2—x/5<sin2x<1 Earcsm(2—x/§)<x<z

= . = , .
0<51n2x<2—\/§ O<x<5arcsin(2—\/§)

Suy raham sb y = j"(sim2 2x—4sin2x+1) trén [0;7[1 c6 4 khoang dong bién.

Vay ham sb y = f(sin2 2x—4sin 2x+1) trén [O; 20217:] c6 it nhat 8084 khoang ddng bién.

CAU 5. Cho ham sb y = f (X) lién tuc va xac dinh trén R, biét ring f'(x+1)=x’—4x+3. Ham s6

y=f (x2 +2X + 3) ddng bién trén khoang nao dudi day?

A. (~L+0). B. (-1-+2:0).
C. (—1+J§;+oo). D. (—1—&;—1+J§).
£ LOI GIAI

Chon C

Cach 1: Taco f’(x+1)=x2—4x+3<:>f’(x+1)=(x+1)2—6(x+1)+8.
Dit x+1=a taduoc f'(a)=a’>-6a+8.

a<?2

' _ 2
f(a)—a 6a+820<:>L24.

Taco y':(f(x2+2x+3))’ =(2x+2) f/(x*+2x+3).

Ham s dong bién khi (2x-+2) f'(x* +2x+3) >0
x>-1

x>-1

. 2x+22>0 x=1

Truomg hop I: {j"’(9c24—2x+3)>0<:> {

2
+2x+3>4
* * x2—1+x/5

2
+2x+3<2 & S x>2-1+4/2
X X {xé—l—\/g \/>

2x+2<0 {xg_l

Trwong hop 2: &
ruong 1op {f’(x2+2x+3)<0

2<x’+2x+3<4

o-1-2<x<-1

x<-1
=
-2 <x<-1+2

Vay ham s6 dong bién trén cac khoang (—1 + \/5; —I—oo) va (—1 —\/E;—l).

Céch 2:
=2
bat x+1=a ta duogc f'(a)=a2—6a+8.f)ao ham :f’(a)=a2—6a+8=0<:{a
a=
x=-1
x=-1
(x+1)2=0

Ta co: y':(2x+2)f'(x2+2x+3).Ch0 Y=0|x*+2x+3=2

x?+2x+3=4

x:—l—x/;
_x:—1+\/5
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Phan Nhét Unh Chinh phuc vén dung — van dung cao ndm 2023

Bang xét dau '

x | -2 -1 1442 10

f'(x) ‘ - 0 + 0 — 0 +
Vay ham $6 déng bién trén cac khoang (—1 + \/5; +oo) va (—1 —\/E;—l).

CAU 6. Cho ham s y=f (x) nghich bién trén R . Tong tat ca cac gia tri nguyén cua m dé ham s

y= f(%x”’ +(m—4)x? +9x+2021J nghich bién trén R.

A. 0. B. 136. C. 68. D. 272
£ LOI GIAI
Chon B
Ta co: y'=( mx? —2 m 4 ) { m 4)x +9x+2021j

Dé ham s6: y = f[—x +(m )x +9x+2021j nghich bién trén Rthi y'<0VxeR

<:>y'=(mx2—2(m—4)x+9).f'(%x3+(m—4)x2+9x+2021]SOVxeR
Lai co: y:f(x) nghich bién trén R suy ra f'(x)<0veR

Nén dé ham sb: y = f[% X+ (m —4)x2 +9x + 2021] nghich bién trén R thi:

m>0
mxz—Z(m—4)x+920‘v’xe]R<:> = = )
-17m+16<0 m-—=17m+16<0

m>0 m>0
(m—-4)"-9m<0

Vay me{1,2,3,..,15,16}

Tdong cac gia tri nguyén ctia m thoa man dé bai la: 1+2+3+...+15+16 =136

CAU 7. Cho ham sé y = f(x) c6 dao ham f(x) = x(x—l)2 (x2 +mx+9) v6imoi x e R . Co bao nhiéu s6

nguyén duong m dé ham sb g(x)=f(3-x) ddng bién trén khoang (3;+00)?
A. 6. B. 7. C.5. D. 8.

& LOI GIAI
Chon A

Taco g'(x)=—f/(3-x) = (x-3)(x-2)"(3-x)" +m(3-x)+9).
g(x) dong bién trén (3;+oo) PEN g’(x) >0,Vx e (3;+oo) = (3—x)2 +m(3—x)+9 >0,Vx e (3;+oo)
&t +mt+920,Vte(—0;0) (v6i t=3-x; x(3;+0) taco t e(—x;0)).

@ms—t—g,Vte(—oo;O).
t
‘e . s 09 A 9
Ta co trén (—oo;O) tacd -t va 7 deéu la cac s6 duong nén co —t—?26.

Vay m S—t—%Vt e(—oo;O) &S m<6b.
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Chd 38 01: Ung dung dao ham dé khdo sat va vé dd thi ham sb

CAU 8. Cho ham s f(x) = (x - 1)(x —2)...(x —2022) . C6 bao nhiéu gié tri nguyén cia m e [—2022; 2022]
dé phuong trinh f'(x)=(m+1) f(x) c6 2022 nghiém phan biét?

A. 2022 B. 4044 . C. 2023. D. 4045 .
& LOI GIAI
Chon B
V6i xe D =R\{1;2;..;2022}
"(x
Phu:ongtrinhdﬁtuongduong:erl:L)<:>m+1= 1 11 (*)
f(x) x-1 x=2 7 x-2022

1 1
bat ¢(x)=—+ +...+
’ g() x-1 x-2 x—2022

Tir bang bién thién cua ham s6 g(x) ta két luan dugc phuong trinh da cho c6 2022 nghiém khi va chi khi
{m +1>0 {m > -1
=

= g'(x) <0,vxeD.

m+1<0 m<-1

Vay c6 4044 gia tri nguyén cua m e [—2022; 2022] thoa man yéu cau bai toan.

CAU 9. Cho ham s6 f(x) lién tuc va c6 dao ham xé4c dinh trén R c6 d6 thi nhw hinh v&
A y

3

Ham s6 y = f(1-x~x’) nghich bién trén khoang nao dusi day?

A. (L;+50). B. (0;5). C. (-1;2). D. [_oo;lj.

o £ LOI GIAI
Cach 1: Phwong phap truyen thong

Taco: y :(3x2 —1)f’(1—x—x3)
Dé ham s6 nghich bién thi y' = (3x2 —1)f’(1—x—x3) <0

, 3 1-x-x>>1 X +x<0 x<0
<:>f(1—x—x )20@ = =
x

1-x—x3<-1 X +x-2>0

Vay ham s6 nghich bién trén khoang (1;+x)
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Phan Nhét Unh Chinh phuc vén dung — van dung cao ndm 2023

Céach 2: So d6 V
Pat u=1-x—x°

Tur so d6 V suy ra ham sé nghich bién trén (—o0;0) va (1;+%).

CAU 10. Cho ham s6 f(x)=x?+2x. C0 tat ca bao nhiéu gia tri nguyén cua tham s6 m e[ —2021;2021 |
déham s g(x)= f| f(x)—m | dong bién trén khoang (-2;1)
A. 2020. B. 2019. C. 2022. D. 2021.

& LOI GIAI
Chon A

Xét ham sé g(x):f[f(x)—m] Voi u=f(x)=x2+2x:u'=f’(x):2x+2.

bao ham g'(x)zf’(x).f'[f(x)—m}

Dé ham s6 dong bién trén khoang (—2;1) thi g'(x) = f’(x).f'[f(x)—m} >0,Vx e (—2;1).
Nhan thy, khi x e (-2;1) thi f'(x)<0.

Suy ra f'[f(x)—m]SO<:>f(x)—m£—1<:>f(x)+1£m<:>x2+2x+1£m, Vxe(—Z;l)

Suy ra: m > 1 "EEMLRRN] g oy <0001
Vay c6 2021 gia tri théa man yéu cau bai toan.
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Chd 38 01: Ung dung dao ham dé khdo sat va vé db thi ham sb

I N BAI TAP TRAC NGHIEM

Cau 1;

Céu 2:

Céu 3:

Cau 4:

x+m? -6

Goi S la tap tat ca céc gia tri nguyén cua tham s6 m dé ham s6 y = dong bién trén

khoang (—oo; —2) . Tong cac phan tir cua S a:
A 2. B. 4. C.3. D.0.

Cho ham s6 y = (x+2)(x—1)" ¢6 db thi nhu hinh v&. Hoi ménh dé ndo dudi ddy ding v6i ham

50 y=|x—1|(x2+x—2)?

't

I\

A. Ham s6 dong bién trén khoang (—oo ;—2) . B. Ham s6 nghich bién trén khoang (—oo; —1)

C. Ham s dong bién trén khoang (—2;1) . D. Ham s6 nghich bién trén khoang (—1;1) .

Cho hamsb y = f (x) c6 bang bién thién nhu sau:

1 —0 1 2 3 4 +0c
fx) + 0 - 0 - 0 — 0 +
3 2 +oc
o / \ AN ’ -
. . 1 e \ o -

Ham s y =[ f(x)] ~3[ f(x)] dong bién trén khodng nao duci day?

A. (—o;1). B. (1,2). C. (3;4). D. (2;3).

Cho ham s0 f(x) 1a ham da thirc bac bon. D6 thi ham s6 y = f(x) duoc cho bi hinh v& bén
dudi day
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Cau 5:

Cau 6:

Cau7:

Cau 8:

3.2
< \ 4 X X ~ 4 ., S e J4 2 1 4
Pat ham so6 g(x) =f(x)—z—z+x. Tap hop tat ca cac gia tri cua tham s6 m dé ham so

g(x + m) nghich bién trén khoang (3; +oo) la

A. (-;-5]. B. [-1;+x). C. (-5-1). D. (~1;+).
Cho ham s6 y = f(x) c6 bang xét dau cia dao ham nhu sau:
T |- ) 0 3 +00
f'(x) + 0 - 0 + 0 -

C6 bao nhiéu gia tri nguyén cua tham sé m théa min —20<m <20 va ham sb
y =f(x2+2x+m) dong bién trén khoang (0;1)?
A. 17 B. 15

C. 16 D. 14

Cho ham 6 y = f(x) ¢6 dao ham lién tyc trén R va f(-3)=0 va c6 bang xét dau dao ham

nhu sau:

X — -2 1 +x
7(x) + 0 - 0 -

Hoi ham s6 g(x)z

2(x+1)6 —6(x+1)2 —?)f(—x4 —4x° — 4x? —2)‘ dong bién trén khoang nao

trong cac khoang sau?

A (1;2). B. (-1,0). C. (0;1). D. (1;+e).

Cho ham s da thic y = f(x) c6 dao ham trén R . Biét d6 thi ham s6 y = f’(x) nhu hinh vé€ sau

Ham s6 g(x) =4f (x2 —1) +x* —2x% nghich bién trén khoang nio trong cac khoang sau?

A. (-2;0). B. (—;-2). C. (1,2). D. (2;+).

Cho ham s6 f(x) lién tyc trén R. Ham s6 y = f'(x) c6 do thi nhw hinh bén dusi day

A J
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Cau 9:

Céu 10:

Céu 11:

Cau 12:

Céau 13:

Ham s6 g(x) =f (x2 —3x) —2x% +6x nghich bién trén khoang nao dudi day?
A. (—=;0). B. (0;4). C. (-1,0). D. (0;1).

Cho ham s6 y = f(x) lién tyc trén R vaham s6 g(x)= f(2x—2) ¢6 dd thi nhu hinh dudi.

Y

3 92 &

—
i
[ISTRY S

C6 bao nhiéu s6 nguyén duong m dé ham sb y:‘4 f (sinx)+cos2x—m nghich bién trén
khoang (O;ZJ?

2
A 2. B. 3. C.0. D. 1.
Cho ham s§ y = f (X) lién tuc va x4c dinh trén R , biét ring f'(x+1)=x*-4x+3. Ham sb
y=f (x2 +2X+ 3) ddng bién trén khoang nao duéi day?
A. (~L+0). B. (-1-+/2;0). C.(-1+V2;4).  D.(-1-v2;-1+42).
Cho ham s6 y = f(x) lién tyc trén R va 6 do thi ham s y = f'(x) nhu hinh v&.

Y
f(x)

e

C6 tat ca bao nhiéu gia tri nguyén duong coa tham s6 m d& ham s6
g(x) = 4f(x - m) +x% —2mx +2021 dong bién trén khoang (1;2) ?
A 0. B. 3. C. 2. D. 1.

Cho ham s6 f(x) c6 dao ham f(x) = —x° +4x* + x—4 . Biét rang tap hop tit ca cac gia tri cua

tham s6 meR\(a;b) thi ham sd h(x)zf(il—mz—1] nghich bién trén (2;+oo) . Tinh
X+

S=a+b.

A. S=1. B.Sz%. C.S5=-1. D. §=0.

Cho ham sé f (x) c6 bang bién thién nhu sau:

Chinh phyc c&c bai todn VD - VDC: Tinh don diéu cla ham sb | 12



Phan Nhét Unh Chinh phuc vén dung — van dung cao ndm 2023

Céu 14:

Cau 15:

Céau 16:

Cau 17:

Cau 18:

x —o0 1 2 3 4 +m

0 - 0 +

+ 0 0+
3 +x
2
F(x) / \ 1/ \0 /

Ham sb y = [ f (x)]3 —3[ f (x)]2 dong bién trén khoang nao dudi day?
A. (-o;1). B. (1;2). C. (3;4). D. (2;3).

Cho ham s6 bac bon y = f(x). Biétham s6 y = f'(1+x) c6 do thi nhu trong hinh bén.

YA

2\

@)

C6 bao nhiéu s6 nguyén duong m sao cho ham s6 g(x) =f (—x2 +2x—-2022 + m) ddng bién trén
(0 ; 1) ?

A. 2023. B. 2021. C. 2022. D. 2024.

Cho ham s6 y=f (x) nghich bién trén R. Tong tit ca cac gia tri nguyén cua m dé ham sb
y= f(% X3+ (m —4)x2 +9x + 2021] nghich bién trén R.

A 0. B. 136. C. 68. D. 272

Choham s y = %x9 +x7 +(2m2 —3m—2)x4 +1. Tap céc gié tri nguyén cua m dé ham sé dong

bién trén R 13
A 12—l B. 211, C.J. D. {2}.
2 2

Cho ham sd y= x> —(m+1)x2 —(2m2 —3m+2)x+2m(2m—1). Biét [a;b:l 1a tap tat ca cac gia
tri thyc ctia tham s6 m dé ham sb da cho dong bién trén [2; +oo). Téng a+b bing

A L B. 3. C.o0. D

1
2 2 2
p x5 ) ,
Cho ham s6 f(x) = E—xz +(m—1)x—2007. Co bao nhiéu gia tri nguyén cia m dé ham so

v =|f(x~1)| nghich bién trén (~0;2)?
A. 2005 B. 2006. C. 2007. D. 2008

13 | Facebook téc gid: Phan Nhét Linh - SBT: 0817.098.716



Chd 38 01: Ung dung dao ham dé khdo sat va vé db thi ham sb

Cau 19:

Cau 20:

Cau 21:

Cau 22:

Céau 23:

Céau 24:

Céau 25:

Cau 26:

Cho ham s bac ba y = f(x) ¢6 dd thi 1a dudng cong nhu hinh bén dudi. C6 tat c bao nhiéu gia
mf (x)+2021
f (x) +m

tri nguyén ciia tham s m dé ham s6 y= nghich bién trén khoang (—1;1) ?

A. 88. B. 84. C. 86. D. 89.

N3-x+2
N3—x+m

C6 bao nhiéu gi4 tri nguyén ctia tham sé m thudc khoang (—10;10) dé ham s y=
ddng bién trén khoang (—6; 2)?

A 11. B. 10. C. 8. D. 7.

Co bao nhiéu gia tri nguyén m e (—10;10) dé ham s6 y= m*x* —2(4m — 1)x2 +1 dong bién trén
khoang (1;+oo)?

A. 15. B.6. C.7. D. 16.

—2 1-x—14 dé)ng bién

Goi S 1a tap cac gia tri nguyén dwong cta tham sb m dé ham sb y=
m—+1-x

trén khoang (—15;—3) .S phan tircua tap S la

A 3. B. 4. C.5. D.6.

Cho cac ham s6 f(x) =x* —x+m VA g(x) = (x2 +1)(x2 +2). Diéu kién clia tham s6 m dé ham
O y = g(f(x)) dong bién trén (2;+o) la:

A m<—4. B.m>-4. C.m<-2. D.m>-2.

Cho ham s6 y = f(x) c6 dao ham f'(x) = x(x—l)2 (x2 +mx+9) v6i moi x € R. CO bao nhiéu
s6 nguyén duong m dé ham s6 g(x)= f(3-x) dong bién trén khoang (3;+w%)?

A 6. B.7. C.5. D. 8.

Cho ham sb g(x)zf(l—x) c6 dao ham g’(x)=(3—x)2021 (2+x)2022 [x2+(m—2)x—3m+6}
v6i moi X e R. C6 bao nhiéu s6 nguyén m e (-5;5) d¢ ham s6 f(x) nghich bién trén khoang
(0;+oo)?

A 2. B. 3. C.7. D.6.

Cho ham sb f (x) =x*+2x% +1. C6 bao nhiéu gia tri nguyén ctia tham s6 m e [O ;10] dé ham
s g(x)= f(3|x—m|+m2) nghich bién trén (—0;1)?

A 11. B. 5. c. 10 D. 9.
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1x2+3x+1 khi x >0
Céu 27: Cho ham so0 f(x) = 2 c6 tat ca bao nhiéu gia tri nguyén ctua tham
5x3+2x2+3x+1 khix <0

s0 m dé ham sb g(x) = f(x2 +m)d6ng bién trén khoang (—1;1) .
A 2. B. 1. C. 4. D. 0.

x? —dx+m+2+3x? —4x

Cau 28: C6 bao nhiéu gi4 tri nguyén duong ctia m dé ham sb y = nghich
2
Ji? —4x +2
bién trén khoang (—4,'0) ?
A 4. B. 3. C. 5. D. 17.

Cau 29: Cho ham s6 y = f(x) c6 dao ham lién tyc trén R va c6 bang xét dau dao ham f'(x) nhu hinh

~

Ve
X | —0 1 2 3 +00
£'(x) | + 0 — 0 — 0 +

Biét rang f(O) = f(3) = 2,f(1) — 4, hily tim tat ca cAc gia tri cia tham s6 m sao cho bat phuong
trinh f(x)+x*—m >0 nghiém ding véi moi x (0;3).
A m<2. B. m<13. C. m<13. D.m<2.

Cau 30: Cho ham s6 f(x) c6 dao ham lién tuc trén R, £(1)=10v2, f(3)=9 va c6 bang xét ddu dao

ham nhu sau:
X | -0 0 4 -0

2 R
C6 bao nhiéu gia tri nguyén thudc (-2021;2021) ctia m dé bat phuong trinh

(x+1)2 [f?’ (x)(x+1)+f(x)} > mx(mzx2 +Xx +1) nghiém ding v6i moi x € [2;4] :
A. 2005. B. 2006. C. 2036 . D. 2035.

Cau31: Co6 bao nhiéu cip sé nguyén duong (x;y) théa min x°+6x’y-7y*+3x°> -3y =0 Vvéi
0<y<90.
Al B. 2. C. 4. D. 3.

Cau 32: Cho ham sb f(x) = x° +2mx* +3x° +4(m—1)x2 +x+2. SO gia tri nguyén cta tham s m dé
ham s6 f(x) dong bién trén R la;
A1 B. 2 C.3 D. v s6

Cau 33: Hoi co6 tit ca bao nhiéu gid tri nguyén cua tham sb me [—2022 ,'2022] dé ham sb
f(x)=|2x+m|+x* —4x nghich bién trén khoang (-2;1)?
A. 4043 B. 2028 C. 2033 D. 4045

Cau 34: Cho ham sb f (x) =x?-2x . Hoi co6 tit ca bao nhiéu giad tri nguyén cua tham sd
me [—2021;2012] dé ham s6 g(x) = f? (x)—2m.f(x) nghich bién trén [1;3] ?
A. 2010 B. 2019 C. 2011 D. 2018
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Céau 35:

Céu 36:

Céu 37:

Cau 38:

Céau 39:

Céau 40:

Hoi co tat ca bao nhidu gia tri nguyén cia tham sb me[—2023;2023] dé ham sd
g(x) = ‘xz —1‘+mx—m+1 ddng bién trén khoang (—3;2)?

A. 2022 B. 2023 C. 2019 D. 2018

Hoi c¢6 tit ci bao nhiéu gia tri nguyén cia tham sb me[—2022;2022] dé ham sd
g(x) = |x—1| +|x—5| +|x—9| —mx ddng bién trén khoang (2;6) ?

A. 2021 B. 2022 C. 2039 D. 4041

Cho ham s6  (x) va g(x) ke dinh va lién e trén ., trong d6 g(x) = £(x* ~4) | 1a ham bac

ba c6 d6 thi nhu hinh vé:

C06 bao nhiéu gia tri nguyén 4m cua tham s6 m dé ham s h(x) =f (x2 +x+ m)déng bién trén

(0;1).

A. 0. B. 1. C. 2. D. 3.
Cho ham s6 y = f(x) c6 dao ham lién tyc trén R. Ham s y = f'(x) c6 d6 thi nhu hinh v&. S6

tham s6 m nguyén thudc doan [—20; 20] dé ham s g(x) nghich bién trén khoang (—1;2)biét

g(x)=3f(—x3—3x+m)+(x3+3x—m)2(—2x3—6x+2m—6).

v=f(x

A. 23. B. 21. C.5. D. 17.

Hoi c6 tit ca bao nhiéu gid tri nguyén cia tham sb me[—2021;2021] dé ham sb
g(x):‘xe’—Bmx2 —3(m+2)x—m+1‘ dong bién trén khoang (0;3)?

A. 4041. B. 4042. C. 2021. D. 4039.

Cho ham sb y = f(x)lién tuc trén R c6 bang xét dau dao ham nhu sau:
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Céu 41:

Céau 42:

Cau 43:

Cau 44:

Céau 45:

a -0 1 2 1 4 “+00

f'(x) - 0 - 0 - 0 - 0 +

amsd y = x—1)—4x® +15x% —18x +1 ddng bién trén khoang nao dudi da
Ham s0 y =3f(2x—1)—4x° +15x* ~18x+1 dong b khoang nao duéi day

A. (3;+). B, [1%] C. (gsj D. (2%]

Cho ham s6 y=f(x) c6 dao ham f'(x)=x*(x+4)(x?+2mx+9) voi VxeR . S§ gia tri
nguyén am cita m dé ham s g(x) = f(x* +3x—4) dong bién trén (1;+0)?

Al B. 3. C.2. D. 4.

Cho ham 6 f(x)=—x* —(4—m’}x+2020 va g(x)=—x"+5x” ~2020x+2021. C6 bao nhiéu

gia tri nguyén duong ctia m dé h(x) = g[f(x)] ddng bién trén (2; +oo) .
A. 13. B. 12. C.7. D. 6.

Cho ham s6 y = f(x) lién tuc va x4c dinh trén R, biét rang f'(x+2)=x"-3x+2. Ham s0
y = f(x2 +4x+ 7) ddng bién trén khoang nao dudi day?

A (-2;-1). B. (-3;-1). C. (L+). D. (-2;0).

Cho ham s6 y = f(x) c6 dao ham lién tyc trén R va c6 d6 thi ham s6 y = f(x) nhu hinh v&.
Biét rang ham s6 f(x*~3x~1) nghich bién trén cac khoang 16n nhat (a;b);(m;n);(p;q). Gid

tri cia biéu thirc (a2 +b* +m? it p?+ q2) bang:

fx)

; iV,

A 9. B. 12. C. 14. D. 10.

Cho ham s6 y = f(x) ¢6 dao ham lién tuc trén R va c6 bang xét déu dao ham f'(x)nhu hinh v&

bén dudi. Ham s6 g(x) = f(4 —\4—x? ) dong bién trén:

() - 0 + 0 - 0 +

A. (0;1). B. (1,2). C. (-1,0). D. (-3;-1).
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Cau 46:

Cau 47:

Céau 48:

Cau 49:

Cau 50:

Cau 51;

Cho ham s6 y = f(x) ¢ dao ham lién tyc trén R va c6 bang xét ddu dao ham f'(x)nhu hinh

v& bén dudi. Ham sb g(x) = f(—l +7 +6x—x7 ) nghich bién trén:

() + 0 - 0+

A. (5;6). B. (-1;2). C.(2:3). D. (3;5).
Cho ham sb y=f (x) ¢6 dao ham lién tuc va xac dinh trén R c6 biéu thic dao ham duoc cho
boi f'(x):x(x—Z)(x+1). Hoi tham s6 thuyc m thudc khoang nao dudi ddy thi ham sd

g(x)=f(x* +m) déng bién trén khoang(1;+)?
1 1
A (0,5). B. (1;4). C. (5,1]. D. (0;1).

Cho ham s6 y = f(x) c6 dao ham lién tuc trén R va c6 do thi ham s0 y = f'(x) nhu hinh v&
bén dudi. Hoi co bao nhiéu gia tri nguyén cua tham sb thuc m thudc doan [—20; 20] dé ham sb

g(x) = f(x2 —2x—m) dong bién trén khoang (1;3) ?

E )
y
J(x)
-3 \ 5
/ o r\_/3 x
A.19. B. 23. C. 18. D. 17.

Cho ham sb y = f(x) =(m—1)x3 —3(m2 er—l)x2 +3(m—1)x—m—1 voi m 1a tham sb. Biét
rang v6i moi tham s6 m thi ham s6 ludn nghich bién trén (a;b). Gié tri 1on nhat cia biéu thirc
(b—a) bang:

NN B. 24/3. C.4. D. 46.

Cho ham sd f(x) = 3m*x* —8mx> +6x° +12(2m—1)x+1 v6i m 1a tham sb. Biét rang v&i moi
tham s& m thi ham s6 luén déng bién trén [a;b} ; vOi1 @, b 1a nhiing $6 thue. Gia tri 16n nhét cta
biéu thirc (2b - a) s& bang:

A.2. B. 2¢2. C. 5. D. V6.

Cho ham sb y = f(x)co d6 thi nhu hinh v&. Hoi c6 tit ca bao nhiéu gia tri nguyén cia tham sd

m e[ -20;2021)dé ham s6 y = SO ohich bién trén (1,4)?
f@x)+m
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A. 19. B. 21. C. 20. D. 22.
Cau52: Chohamsd f(x) c6 dao ham lién tyc trén R va c6 do thi y = f'(x) nhu hinh v& bén dudi. Hoi
¢6 bao nhiéu gia tri nguyén cta tham s6 m e [—30;30] dé ham sd g(x) = f(x2 —2x- m)nghich

bién trén(—l;z).

J'(x)

A. 0. B. 1. C. 28. D. 23.

Cau53: Hoi c6 tit ca bao nhiéu gia tri nguyén cia tham sb m e[—40;40] dé ham sb
g(x)= ‘xz —4mx+m—3| nghich bién trén khoang (-2;-1).
A.79. B. 39. C. 80. D. 40.

Cau 54: Cho ham sé y = f(x) lién tuc trén R c6 d6 thi ham s6 y = f'(x) cho nhur hinh vé.

A

Ham s6 g(x):2f(|x—1|)—x2+2x+2020 ddng bién trén khoang nao?
A. (0;1). B. (-3;1). C. (1,3). D. (-2;0).
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Céau 55:

Cau 56:

Cau 57:

Cau 58:

Cau 59:

Cho ham s0 f(x), g(x) c6 do thi nhu hinh v&. Biét hai ham s6 y = f(2x—1), y = g(ax+b) CO
cung khoang nghich bién 16n nhat. Khi d6 gia trj cia biéu thirc (4a+b)béng:

o,

Y

A. 0. B. 2. C. 4. D. 3.
Cho ham s y=f (x) ¢6 dd thi ndm trén truc hoanh va c6 dao ham trén R, bang xét diu cua

biéu thic f'(x) nhu bang dudi day.

T | —00 -9 -1 3 +00
fl(z) - o + 0 - 0 +
. f(x2 —Zx) .
Ham so y = g(x) = ———+— nghich bién trén khodng nao dudi day?
j‘(x2 —2x)+1
A. (—oo;l). B. {—2;;). C. (1,'3). D. (2;+oo).

Cho ham s6 f(x) c6 dao ham trén Rva f(1)=1. DS thi ham s6 y = f'(x) nhu hinh bén. C6
bao nhiéu s6 nguyén duong a dé ham sé y = ‘4 f (sin x) +cos2x — a‘ nghich bién trén [O;%J ?
LY

y = f'(z)

A 2. B.3. C. V6 sd. D.5.

C6 bao nhiéu gia tri thuc cua m dé ham sb y= mx’ +(m2 —3m+2)x6 +(2m3 —m? —m)x4 +m
ddng bién trén R ?

A. Vo sb. B. 1. C.2. D. 3.

Cho ham s f(x) =§m2x5 —%mx3 —(m2 —m—20)x+1 (m 1a tham s&). C6 bao nhiéu gia tri

nguyén cta tham sé m dé ham sé da cho dong bién trén R ?
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A 7. B.9. C. 8. D. 10.

Cau 60: Cho ham sd y=f(x),y=g(x) lién tyc va c6 dao ham trén R , trong d6 ham so
g(x) = (f(Z—x))' 1a ham s6 bac ba c6 d6 thi nhu hinh v& nhu duéi

¥

Hamsb y = f (x2 + 2) —x° +2x% — x+2021 nghich bién trén khoang nao sau day?
A. (—oo;—l). B. (0;1). C. (1;2). D. (2;+oo).

Cau 61: Cho hai ham sd f(x);g(x) c6 dao ham lién tuc trén R. Do thi y = f'(x2 +4x) nhu hinh vé.

Ham s6 gx)=f (x2 —4) —§x3 +2021 nghich bién trong khoang nao?

A. (0;3). B. (3;5). C. (2,3). D. (4;6)
Cau 62: Cho ham s6 y= f(x2 —2) 12 ham sd béc 4 c6 bang bién thién nhu sau.
b —0 -1 0 1 +en
7' + 0 - 0 + 0 —
fE=D S0
y \ /
£C2) \
—oD —ud

Ham s g(x) =f (x3 —-3x+ 3) dong bién trong khoang nao sau day?

A. (—;-2). B. (-2;1). C. (1 2). D. (-1 +).
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Cau 1:

Cau 2:

Cau 3:

HU'O'NG DAN GIAI CHI TIET

Chon A
~m-m*+6 _-m’-m+6

(x=m)®  (x-m)’

Tép xéc dinh: D=R\{m}.Tacé y' =

2
21 z x+m-—6
Déhamso y =

dong bién trén khoang (—o0;-2) thi

2
f’(x) >0,Vxe (—oo; —2) PN {T_nn; (__Z,‘ig; 0

-3<m<?2

{ =-2<m<?2 :>S={—2;—1;0;1}.

m=-2

Vay tong cac phan tir ciia S 12 —2+(—1)+0+1:—2.

Chon B

Dat y=f(x)=(x+2)(x—1)2
x—1)(x*+x-2) khix>1 Khix>1

Taco y=g(x):|x—1|(x2+x—2)= ( )( ) 1 ) ”.C>
(1—x)( 24 )kh1x<1 f( )kh1x<1

Vay d6 thi ham s6 y = g(x) gbm hai phan:

Khi x >1 d0 thi ham s6 y = g(x) 1a d0 thi cua ham s6 y = f(x).

Khi x <1 d6 thi ham s6 y = g(x) 1a d0 thi ciia ham s6 y = —f(x).

Chon C
Tacs y' =3[ (x)].f () =6.£(x)-f () =3 (x)-£ ()] £ (x) -2].
Ham s6 di cho dong bién < v’ >0<:>3f(x x)[f(x 2J>0.
f'(x)>0
f(x)>0hoacf( )

(x) 2>0hoacf( )—2<0

Chon f(x)=1,suyra =3.f(x).f'(x )[ (x)—2}<0
oo;l).

Truwong hop 1: Néu x <1, khi d6 ta co

Vay ham sb da cho khong dong bién trén (
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f'(x)<0
Trudng hep 2: Néu x (1;2), khi d6 ta c6 < f(x) >0 :
f(x)-2>0hoac f(x)-2<0

Chon f(x) =§ ,suyra = 3.f(x).f'(x)[f(x)—2] <0.
Vay ham sb da cho khong dong bién trén (1;2).
f’(x) <0
Trudng hep 3: Néu x e (3;4), khido taco < f(x)>0
f(x)-2<0
Suy ra = 3.f(x).f’(x)[f(x)—2} >0. Vay ham s6 da cho dong bién trén (3;4).
f’(x) >0
Truong hop 4: Néu x (2;3), khido taco < f(x)>0
f(x)—2 <0
Suy ra = 3.f(x).f'(x)[ f(x)-2]<0. Vay ham s da cho khong dong bién trén (2;3).
Két luan: Ham sb da cho ddng bién trén (3;4) .

Céu4: ChonB

. X’ , 3 1
Xet g(x):f(x)—z—z+x :>g(x)= —Zx —5x+1.
3%2 +2 -1
N o xr
—2
y = f'(z)
x=-2
Giai phuong trinh: g’(x) =0<|x=0 . Tir d6 ta biéu dién g’(x) =ax(x+2)(x—2) trong do
x=2
a<0
Bang bién thién:
T |—o0 —2 0 2 +00

g'(x) + 0 -0 4+ 0 -

g(-‘r)/\./\

Xét ham s6 y:g(x+m) co y’:g’(x+m):a(x+m)(x+m+2)(x+m—2).
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Cau 5:

Cau 6:

Ta c6 bang bién thién:

T —00 —m — 2 —m —m+ 2 +o00

g'(x+m

=AY

Dya vao bang bién thién ta thdy dé ham s6 nghich bién trén khoang (3;+) khi va chi khi

“m+2<3 o m2-1.
Chon C

Taco y'= (x2 +2x+m)’ f’(x2 +2x+m) = 2(x+1)f’(x2 +2x+m) :

Ham s y = f(x” +2x-+m) déng bién trén khoang (0;1) khi va chi khi y'>0,vx < (0;1) v
y' = 0tai hiru han diém.

Khi 6 ta o6 2(x+1) f/(x® +2x+m) 20, 9x € (0;1) & f/(2* +2x+m) 20, 9x & (0;1)

0£x2+2x+m£3,‘v’xe(0;1) {m<x2+2x<3m,Vxe(0;1)
=

x2+2x+m£—2,Vxe(0;1) x2+2x£—2—m,Vxe(0;l)

Xét ham s6 y = x? +2x, ta c6 bang bién thién

T 0 1

) 3
flx) /
0

Duya vao bang bién thién ta c6

A . 2 -m<0
Trwong hop 1: —-m<x +2x£3—m,‘v’xe(0;1)<:> 3 >3<:>O£m30<:>m=0.
-m2

Truong hep 2: x* +2x<—2-m,Vxe(0;1) < 2-m23 < m<-5.

Két hop véi —20 < m <20 suy ra —20 < m < -5 < m e {~19;-18;-17;....;-5}

Vay ¢6 16 sd nguyén —20 < m < 20 thoéa man yéu cau bai toan.

Chon B

Xeét ham s6 h(x) =2(x+1)" =6(x+1)° =3 f(~x* —4x* —4x? ~2). Khi d6 () =[n(x)).

Tacé h(x)=2(x+1)6—6(x+1)2—3f[—(x+1)4+2(x+1)2—3}.

Suy ra i'(x)=12(x+1)" ~12(x+1)- [ (x+1)" +4( x+1)}f[ (x+1)4+2(x+1)2—3]
Hay '(x)=12(x+1) (x+1)" 1 [ 12(x+1)] (x+1) -1 || ~(x41) 4241 -3 .
Hay h’(x)=12(x+1).[(x+1)2 —1}.{(x+1)2+1+f’[—(x+1)4+2(x+1)2—3}}.
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Hay h’(x):12(x+1).(x+2)x.{(x+1)2+1+ f’[—(x+1)4+2(x+1)2—3:|}.

z 4 2 2 2
Taco —(x+1) +2(x+1) —3:—[(x+1) —1} ~2<-2,Vx.

Tir bang xét diu suy ra f’[—(x+1)4 +2(x+1)2 —3} >0, Vx.

Do do, (x+1)2 +1+f’[—(x+1)4+2(x+1)2 —3} >0, Vx.

x=-1
Vay h’(x):0c>12(x+1).(x+2)x:0c> x =—2 va c6 bang bién thién:
x=0

x —00 -2 -1 0 “+o0

k' (x) - 0 +

; _ +
Foo 0 '

h(x) \_4_3f(_2)/ \_4_3ﬂ_2)/
+

J

oo

400 00

4+3f(-2) 4+3f(-2)
VAN

0 0

Tir bang bién thién c6 thé khang dinh ham s6 g(x) dong bién trén khoang (-1;0).
Cau7: ChonC
Ta co: g'(x) = 8x.f’(x2 —1)+4x3 —4x = 4x[2f’(x2 —1)+x2 —1}

x=0
Giai phuong trinh: g'(x) =0

V& dudng thang y= —g di qua cac diém (—2;1), (O;O) va (4; —2). Nghiém cua phuong trinh

f’(x) = —g 1a hoanh d¢ giao diém ctia d6 thi ham s y= f’(x) v6i duong thang y= —g .

—2 [0

-

(o]

x=-2
: X X 2<x<0
uan sat hinh vé trén, ta thay f'(x)=—-=<|x=0 va f(x)>-=-< .
: e O
X =
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, x> -1=-2 1
— x==
Khidé f/(x*-1)=-= Lolvoi-0 o .
s 1y x=+J5
X — =

Vay phuong trinh ¢'(x)=0 c6 cac nghiémdonla: x =0, x =+1, x = +/5 nén g'(x) do6i dau
qua cac nghiém nay.
Lo _ [ o , X
C6 §'(3)= 24| f (8)+4] >0 do f (x)+E >0,Vx e (-2;0)U(4;+0).
Bang xét ddu g'(x):

X -5 -1 0 1 J5

gl - o + 0o - o + 0 - o @+

Vay ham sb g(x) nghich bién trén cc khoang (_oo,- 5 ) . (-1;0) va (WE ) .
Cau8: ChonD
Taco: g'(x) = f(x* - 3x)(2x-3) ~4x+6 = (2x-3) f/(+* ~3x)-2].

Xét f/(+*~3x)-2>0

) x>4
2 x°—3x>4
<:>f(x —3x)>2<:> ) < x<-1
-3<x"-3x<0 0<x<3
Ta c6 bang xét du:
X —w0 -1 0 % 3 4 +a0
253 - - 1 - 0 I+
f(x*=3x)-2 + 0 - 0 + | + 0o - 0 +
g'(x) -0 + 0 - 0 + 0 - 0 4+
N A A, \ 3
Suy ra ham so g(x) nghich bién trén cac khoang (—oo;—l), O;E , (3;4).
Cau9: ChonB
x=0= f'(-2)=0
Taco g'(x)=2f'(2x-2)=0<|x=1= f'(0)=0
x=2=f'(2)=0
Tir do, ta c6 bang bién thién cia ham s6 y = £(x)
@ —00 —2 0 1 2 +00
£ (%) —~ 0 + 0 -~ 0 +
4o 2 +00

| A

Dit h(x) = 4f(sinx)+cost—m
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Céu 10:

Khi d6 h'(x) = 4cosx.f'(sinx)—25in2x

;TJ {Cosx,sin2x >0

(o ‘ s
Vlee(Qz - gnxeaxnzzf(gnx)<0:3h(x)<0 vxe(az}

Suy ra ham sb h(x) nghich bién trén (0;%)
’ \ J.4 . e N R T
Do d6, ham s6 y = ‘h(x)‘ nghich bién trén khoang (O;Ej

c:hﬁjzoVxebk%jcﬁ{gjzochXQ—l—m20¢33—m20¢>m£3

Két hop voi diéu kién nguyén duong cia m = m e {1; 2;3} = C0 3 gia tri cua m thoa man yéu
cau bai toan.

Chon C

Céch 1:

Taco f'(x+1)=x2—4x+3<:>f'(x+1)=(x+1)2—6(x+1)+8.
Pit x+1=a taduoc f/(a)=a"-6a+8.

as?2

f'(a)=a2—6a+820®[a24.

Taco y':(f(x2+2x+3))’ = (2x+2) /(¥ +2x+3).

Ham sb dong bién khi (2x+ Z)f’(x2 +2x+3) >0

x>-1
x2>-1
2x+22>0 ) x=1 \/_
Trwong hop 1: S x +2x+3<2 >-1++/2
ghop f'(x2+2x+3)20 < S—l—x/EQx "
x> +2x+3>4
x2—1+\/§

2x+2<0 {xg_l

f’(x2+2x+3)s0<:>

Trwong hop 2:
2<x®+2x+3<4

Vay ham sb dong bién trén cac khoang (—1+\/§; +oo) va (_1_ J2; _1).
Céach 2:
bit x+1=a ta dugc f'(a) =a*—6a+8.

f’(a)=a2—6a+8=0<:>[a Z.Ta co: y’=(2x+2)f’(x2+2x+3).
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x=-1

(x+1)" =0
x=—1—\/5'
_x:—1+«/5

x=-1
Giai phuong trinh: ¥' =0 [x* +2x+3=2 <

x2+2x+3=4

Béng xét dau y’

x | ~1-\2 -1 —1+42 o0
f'(x) ‘ - 0 4+ 0 - 0 +

Vay ham s6 ddng bién trén cac khoang (—1 +2; +oo) va (—1 — \/5;—1).

Caul1ll: ChonC
bé g(x)déng bién trén khoang (1,2) = g'(x)=0 Vxe(1;2)

czg(x):4ij—n0+2x—2mEJLVxe(LZ)c;f(x—m)z—x_ni Vxe(LZ)(ﬂ
Dat::x—m.Véixe(L2%:te(b4m2—m)

Ta co: (*)@f’(t)z— ‘v’te(l—m;Z—m)

L3
2
V& dd thi ham s6 f’(t) va h(t) = _é trén cung h¢ truc ta duoc:

Y

F(t)

_~ 1
: 4 t
—2 0 :

ol N1 L 1 (1)

\ -2<t<0
Tuw do thitaco: ' (t)>h(t) =
e £z 2

Nendd ; (1-m;2-m)=[-2;0]
a2y e(mm2om) S ) e [44e0)

—2£1—m<2—m£0<:> 2<m<3
1-m=>4 m<-3

Ma m nguyén duong = m < {2;3}. VAy c6 2 gia tri ciia m thoa man dé bai.
Céu 12: ChonD

< -
Tacs: f'(x)20 e > +42 +x-420 |
1<x<4

3 (3
(x+1)2 4 [Hl_m _1j

Ham sb h(x) nghich bién trén (2;40) < h'(x)<0,Vxe(2;+x)

Taco: h'(x)=
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o f'( : —m2—1j£0,Vxe(2;+00)<:>f'[i—mz—lJZO,Vxe(Z;Jroo)

(x+1)2. x+1 x+1
il—mz—lg—l
X+
= 3 , ,‘v’xe(2;+oo) (*)
1<—-m"-1<54
x+1
. £ cA s £ 3 A .
Ta c6 bang bién thién ctia ham so g(x) = m—m2 —1 trén (2;+o0):
X | 2 +w
-m?
g(x) \
-m*-1
~m*-121
Khi do (*) < | |-m? <4 @mzzu:{ emeR\(-11)
m__
-m* <-1

Suyraa=-1;b=1.Vay s=-1+1=0.

Céu 13: ChonC

f'(x)=0
Taco y'=3f’(x)[f2 (x)—2f(x)] Phuong trinh ' =0 < | f(x)=0 .
f(x)=2
x —x a b 1 c 2 3 4 d +x
F(x) P00+ 0 - 0 Tt
RPN .
flx) V \Al/ \! / y=0
7 &
—m
Dua vao bang bién thién, ta thiy: f’(x) =0 xe {1;2;3;4} ;
Vé6i f(x)=0< x=a<1 hodc x=4;
_x:b(a<b<1)
Véi f(x)=2<:> x=ce(1;2)
x=3
x=d>4
Ta lap duoc bang xét dau cua y':
x | o a b 1 c 2 3 - d +00
v + 0 -0 + 0 -0+ 0 -0+ 0 — 0 +
Tir bang xét du, ta thdy ham s6 dong bién trén cac khoang (—o0;a); (b51)5 (c;2); (3;4) va

(d;+oo).
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Céu 14: Chon A

x=0
Dua vao do thi ham s6 y = f'(1+x) tacod f'(1+x)=0<|x=1.
x=2
t=1
Pitt=1+x= f'(t)=0<|t=2.
t=3
t<1 1<t<2
Vay f'(t)>0 ,f'(t)<0 :
wrz0s] T risos] 2]

Ham s: g(x) = f(—* +2x-2022+m) = g'(x) = (2-2) f'(~x* +2x 2022+ m).
Ham s6 g(x):f(—x2 +2x—2022+m) dong bién trén (0;1)

& (2-22) f/(~x? +2x-2022+4m) > 0,¥x € (0;1) = f( -2 +2x 2022+ m) >0, Vx € (0;1).

—x?+2x-2022+m<1 m< x*—2x+2023
& [ +2x-2022+m>2 Vxe(0;1) < | [m> 2% —2x+2024 Vx € (0;1)
—x?+2x-2022+m<3 m<x*—2x+2025

[m <2022 f %
= . Vay c6 2023 s0.
12024 <m <2024

Céu 15: Chon B

Ta Cé:y':(mx2—2(m—4)x+9).f'(%x3+(m—4)x2+9x+2021j
Dé ham sb: y = f(%aﬁ +(m-4)x* +9x+2021j nghich bién trén R thi y'<0VxeR.

<:>y':(mxz—Z(m—4)x+9).f'(%x3+(m—4)x2+9x+2021j£0,VxelR.
Lai c6: y = £(x) nghich bién trén Rsuyra f'(x)<0VeR.
Nén dé ham sé: y = f(%x3+(m—4)x2+9x+2021j nghich bién trén R thi:

mx* —2(m—4)x+9 >0VxeR

m>0 m>0 m>0
< 2 2 2
(m-4)"-9m <0 m°—=17m+16 <0 m°-—17m+16 <0
Vay me{1,2,3,..,15,16}
Tong céc gia tri nguyén ctia m thoa man dé bai 1a: 1+2+3+...+15+16 =136

Céu 16: ChonD
Tap xac dinh: D=R.

Ham sb ddng bién trén R < y'=x (x5 +7x° +(2m2 —3m—2)) >0, VxeR.

Pidu kién can:
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Cau 17:

Cau 18:

Céau 19:

Tathdy y' = x3(x5 +7x3 +(2m2 —3m_z)) lién tuc trén R va c6 nghiém x = 0.
Dé dao ham khong doi dau trén R thi x° +7x° +(2m2 —3m—2) c6 nghiém x =0

m=2

Suy ra 2m* —3m—-2=0< 1, két hop véi diéu kién m nguyén suy ra m=2
"ET

Piéu kién di:

Thir lai, v6i m=2,taco y'=x®+7x°>0 VxeR, suy ra ham s dong bién trén R

Chon A
Tacod vxeR,y’ =3x>—2(m+1)x—2m>*+3m—2

m+1+\7m? —=7m+7

vO1i moi m

y'=0 ludn c6 2 nghiém phan biét

3
; J7m? —7ma7 Tl —Tme7
YéUCﬁubflitOén[2;+oo)clm+l+ 77;1 7m+7}nén m+1+ 77;1 7m+7£2

o NTm?=Tm+7 S5—m<:>—2£m£%. Vay a+b=—%

Chon B
Taco f'(x):x4—2x+m—1
bit g(x)=f(x-1), dé ham s6 y = ‘g(X)‘ nghich bién trén (—o0;2) thi xdy ra hai truong hop sau
Truong hop 1: Ham s6 g(x)khong &m va nghich bién trén khoang (—0;2)
g(2)=0 f(1)=0 m—2008,8>0  [m=>2008,8
= = =3 =3
g(x)<0va<2 | f(x-1)<0,va<2 | f(t)<0,vE<1 | f(t)<0, vt <1
Xét f'(£)<0,Vt<lems<—t*+2t+1=h(t),vt<1
Ta c6 bang bién thién h(t)

— 3f— 1
t © 5
h(;) + 0 -
~2,19

Tir bang bién thiéntacd me @ . Viy me @ .
Truong hop 2: Ham s6 g(x)khong duong va dong bién trén khoang (—0;2)

g(2)<0 f(1)<o0 m—2008,8<0  [m<2008,8
<~ S <~ f=

g(x)z0,vx<2 | f(x-1)20,vx<2 " |f(t)20,Vi<1 " |f()20,Vt<1
Xét f(t)20,Vt<lem2—t'+2t+1=h(t),Vt <1 m>2,19. Vay {3;4;..;2008} .
Viy c¢6 2006 gia tri nguyén ctia tham s m théa mén yéu cau bai toan.

Chon C
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Céu 20:

Cau 21:

biat ¢ = f(x).
Nhén thay ham s6 y=f(x) ddng bién trén khoang x e (-1;1) va f(x)e(-2;2),vxe(-11).

Do dé yéu cAu bai toan din dén bai toan tim m dé ham sé y = 72921 yopich bién tren

t+m
(—2;2).
2_
Pidukién: t+m =0 < t#—m . Taco: y,zm—Z()zl
(t+m)
2_ J—
A y'<0,‘v’te(—2;2) m”~-2021<0 \2021 < m < +/2021
Yéu cau bai toan < a—m>2 e Tm<o
—mﬁE(—Z;Z)
-m< -2 m=2
/2021 <m< -2
@ .
2<m<~2021

VameZ=me {—44; —43;..;-2;2; 3,-...;44} . Vay ¢6 86 gia tri nguyén cua tham s6 m thoa man.
Chon B
Dit t =+/3—x. D0 xe(-6;2) =t e(1;3).

t+2 m-—2

Khido ta co y = f(r) = voi t <(1;3) VA t = -m. Taco y'=f’(t):(t+ 3
m

Ma ham s6 t =+/3—x 1a ham s6 nghich bién trén khoang (-6;2) nén dé ham sb da cho dong

bié ham s¢ hich bién trén (1;3) 2l
ien trén (—6;2 am sO y = f(t) nghich bién trén (1,3) <
(-6:2) = y = f(t) nghi —m¢(1;3)
m-2<0 m<2
-1<m<2
Sl-m<l o m2-1< .
m< -3
-m=3 m<-3
Ma meZ va me(-10;10) = m e {-9;-8;-7;...,—4;-3;-1;0;1}.
Vay c6 10 gia tri nguyén ctia m thoa méan yéu cau bai toan.
Chon D
, q <1
Trwong hep 1: Ham s6 ¢c6 mot diém cuc tri < mz[—2(4m—1)]20c> m_4.
m=0

V6i m=0,taco y=2x2+1 dong bién trén (0;+o0) nén dong bién trén (1;++c) nén nhan m =0

~—

Truong hep 2: Ham s c6 ba diém cuc tri sao cho ba diém cuc tri d6 c6 gia tri nho hon hoic
bang 1.

y= m?x* —2(4m—1)x2 +l=>y'= 4m*x —4(4m—1)x =0

=0 x=0

& & 4m-1
m?x? = 4m—1 x* = m2
m
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bé ham s06 ¢6 3 diém cuyc tri ¢6 gia tri nhd hon bang 1.

1
m>—
4m-1>0 [4m-1>0 m> 4
Sdm-1__ S y4m-1__ <9 = mﬁz—*/g@mzu\@
5 <1 5 <1 -m +4m—1< >2+\/§
m m ——=<0 m>
m m#0

. L s . N 1
Vay dé ham s6 dong bien trén (1;+c0) thi me (—oo,z} u(2+ \/§;+OO) :

Céu 22: ChonC
bit t=+1-x. Véi xe(-15-3)=>te(2;4).
-1

Taco t'= <0;Vx €(-15;-3) nén ham sd t =~/1—x nghich bién trén khoang (-15;-3
T (-15;-3) V1-x ng g (-15;-3)
N O 2t—14 N \ 2m—14
Khi do, ham so trd thanh y:f(t) = — te(2;4) vat=zm=f (t):
m_

(m=t)

Do d6, ham s6 da cho dong bién trén khodng (~15;-3) khi va chi khi ham s6 y = £(t) nghich

m¢(2'4) m<7
bién trén (2;4) <:>f'(t)<0;Vte(2;4)<3{ ’ = m<2.
2m-14<0 [m24

Ma m 1a s nguyén duong nén m €{1;2;4;5;6} .
Viay c6 5 gia tri nguyén duong cua m théa man.
Céu 23: ChenD
Taco: f/(x)=2x-1va g(x)=(x+1)(x +2) =x* +32> +2 = g'(x) = 42" +6x.
Suy ra:
y' :[g(f(x))} :g'(f(x)).f'(x):(2x—1)(4f3 (x)+6f(x)) :(2x—1).f(x).|:4f2 (x)+6}
=y'20,Vx22< f(x)20,vx =22 (Vi 2x-1>0,Vx >2)
:>x2—x+m20,Vx22<:>mzh(x):—x2+x,Vx22

>m> h(x)=-2.Va -
xin[z?jio) ( ) Vay m>-2.

Cau 24: Chon A
Tacs g(x) = f/(3-x)=(x-3)(x-2)"((3-x)" +m(3-x)+9).
g(x) dong bién trén (3;+0) < g¢'(x)2 0,V € (3;+w0)
& (3-x) +m(3-x)+9>0,Vx e (3;4+)
S P 4mt+920,Vt €(—0;0) (v6i t=3—x; x e (3340) taCO t € (—o0;0)).

= m< —t—?,‘v’t € (—oo;O)-
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Céu 25:

Cau 26:

Tacotrén (—;0) taco —t va _2 ddulacac sb duong nén c6 +-256.
t t

Viy m S—t—?,Vt e(—oo;0)<:> m<6.

Chon C
Ham s0: g(x)= f(1-x). Pat t=1-x = x=1-t.

Khi d6: g(x)=f£(t) = &'(x)=f(t)(1-t) =—F(t)- (1)
Mit khic, g'(x) = (3-1+)" (2414 (1=t)" + (m-2)(1-1)-3m+6 .

g'(x) 2(3—1+t)2021(2+1—t)2022 l:(l_t)Z +(m_2)(1_t)—3m+6}
§'(x)

Tir (1) va (2) suy ra: = —f(¢) = (t+2)2021(3—t)2022(t2 —mt-2m+5),

(£+2)™ (3-4) (£ - mt-2m+5). ()

Vay, f'(x)= —(x+2)2021 (x—3)2022 (x2 —mx—2m+5) _
Ham s f(x) nghich bién trén khoang (0;40) < f/(x)<0 Vxe(0;+%).

DO—(x+2)2021(x—3)2022 <0 vxe (O;+oo) nén f’(x) <0 X2 —mx—-2m+520 vx e(0;+oo).

2

x“+5
Sm< 10 Vxe[0;+oo).
X245 , x> +5 .
Datg(x): .Taco: m< S m< mmg(x)ngz,
x+2 xX+2 [0;4)

Do m nguyén va m € (=5;5) nén cé m e {-4;-3;,-2;-1;0;1;2} .
Vay c6 7 s6 nguyén m thoa man yéu cau bai toan.
Chon C
Xétham sé f(x)=x*+22% +1
L oL 3
Tacod f (x)=4x +4x; f'(x)=0=x=0

Bang bién thién

X —o0 0 +on
f(x) — 0 +
+o0 b
f(x) \ /
1
, r 2 3(x—m)
Taco g'(x)=f’(3|x—m|+m2)_(3|x—m|+m2) :f(3‘x—m‘+m ) ‘x—m‘ .

x—m=0 (1)

Giai phuong trinh: g'(x) =0 < [3|x—m| +m* =0 (2)
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Truomg hop 1: Néu m=0 = phuong trinh g'(x)=0< x =0 = khong thoa man nghich
bién trén khoang (—0;1) nén truong hop nay bi loai.

Truong hop 2: Néu m>0 => phuong trinh g'(x)=0< x=m ( do phuong trinh (2) VO
nghiém)

Taco 3‘x—m‘+m2 >0Vr<l1 :>f’(3|x—m|+m2)>0 Vxe(-oo;1) Nén g'(x)<0e x<m.

= ham s6 y = g(x) nghich bién trén (—w;1) = ¢'(x) <0V x e (—w0;1)

< (—0;1) = (—o;m) = 1<m = me{1;2;3;4;5;6;7;8;9;10} . Nén c6 10 gia tri théa man.

Céu 27: Chon D

x+3 khi x>0 gyt
Taco: f(x)={ T Cho fry—0e | TV
x“+4x+3 Kkhix<O0 _ _
x=-3=>y=1
Ta c6 bang bién thién:
T - -3 -1 0 + o0
v + 0 - 0 + 0 +

+ o0

1
! / \:%/y ! —
~ o
Suy ra: g'(x) =2x.f'(x* +m)
Xét tén khoang (—1;0)
Dé ham sé dong bién trén (-1;0) thi f'(x* +m)<0
Dodé 3<x*+m<-1e —x*-3< mS—xz—l;Vxe (—1;0)
< B3<m<-2;Vxe(-10) = m={-3;-2}
Thir lai:
Voi m=-31taco: -1<x<0=0<x’<le-3<x*-3<2= f'(x*-3)<0,Vxe(-1,0)
Suy ra ham s g(x) = f(x* +m) dong bién trén khoang (—1;0) (dung)
+m=-2
Taco: -1<x<0=0<x’<le2<x?-2<-1= f'(x*-3)<0,Vx e (-1;0)
Suy ra ham s g(x) = f(x* +m) dong bién trén khoang (~1;0) (dung)
Xét tén khoang [ 0;1)
Thir lai:
Véi m=-3taco: 0<x<le0<x’<le-3<x’-3<-2= f(x*-3)<0,Vxe|0;1)
Suy ra ham s6 g(x) = f(x2 +m) nghich bién trén khoang [0;1) (khong thoa man)
Voi m=-2tach: 0<x<1e0<y? <1®—2<x2—2<—1:>f'(x2—3)S0,Vxe[O;1)
Suy ra ham s g(x) = f(x* +m) nghich bién trén khoang [0;1) (khong thoa man)
Ta thy trén [0;1) thi ham s6 g(x) nghich bién voi m =2 va m=-3.

Vay khong c6 m nguyén dé ham s dong bién trén (-1;1)
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Cau 28:

Cau 29:

Cau 30:

Chon A

Pat t=\?—dy = =22 <0 V te(—4;0)
. Vx? —4x

=> t nghich bién trén (-4;0) = t e (0;4+2).

P 43t+m+2

Khi d6 bai toan tré thanh tim m nguyén duong dé ham sé g(t)= — o ddng bién trén
+
(0;4\/5).
2 2 B
Taco g(t)zwz (¢ _fvdtvdom g Padtrd-m=0o(t+2) =

g =
t+2 (t + 2)2
Do phuong m >0 nén phuong trinh luon c6 hai nghiém phan biét x =-2+ Jm
=> Ham s6 dong bién trén (—oo; —2—\/%) va (_2 +Jm; +oo) ,

D& ham s6 g(t) dong bién trén (0;4v2) < (0;4v2) < (-2 ;40
o 2+Im<0eIn<2om<4,

Chon D
Ta c6 bang bién thién:
x —o 0 1 2 3 o0

//4\7/“

-0

Dya vao bang bién thién ta c6: f(x)>2,vx e (0;3).

Ma x* >O,Vxe(0;3) nén f(x)+x2 >2,Vxe(0;3).

Do dé: f(x)+x2>m,Vxe(O;3)<:>m§2_

Chon A

(x+1)° [(x+1)f3(x)+f(xﬂ > mx(m2x2 +x+1)
o (x+1) £2(x)+(x+1)" f(x)=(mx)’ —mx(x+1)>0

(x+1) f(x)-m ][(mz 2(x)+(

(

= )72 (x) (1) £ () s ()P (x4 ) £ () (1) ] > 0
e [ (x1) F(x) e ] (x+1)° £2(x)

(

(

x+1)f(x
x x+1)f(x).mx+(mx)2+x+1}>0

(x+1)f(x)

X

p= x+1) (x) mx >0 >m

Vi x+1)2f2(x) (x+1)f(x).mx+(mx)2+x+1>0,Vxe[2;4]

(x+1 f(x)

Xét ham sb g(x) = .

, X € [2;4]
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x(x+1)f’(x)—f(x)

g'(x)= 5 >0 Vxe(2,4)v‘| f'(x)>0,f(x)<0Vxe(24).
x

Bang bién thién cta ham s6 g(x) trén (2;4)

X 2 4

g'(x) +

g(x) > =5

15
(x+1 f(x)

Duya vao bang bién thién ta co >m dung v6i moi vxe|2,4] khi va chi khi

m<—15

Ma m e (—2021;2021) nén c6 2005 gié tri nguyén cua m théa man.

Céu 3l: ChonC
Xét x +6x°y—7y* +3x° -3y =0

o (x3)2+6x3y+9y2+3(x3+3y):(4y)2+12y o (x3+3y)2+3(x3+3y):(4y)2+3.4y.

Xétham s6 f(t) =17 +3t trén (0;-+c0).
f'(t)=2t+3>0 Vte(0;+0) => f(t) laham s0 dong bién trén (0;+00).
Vay (o’ +3y=4y o =y,
V6i 0<y <90 < 0<x’<90 < 0<x<%z4.48.
Vi x 14 sé nguyén duong nén xe{1,2,3,4}.
Vay ¢ 4 ¢ip s (x,y) 1a (1,1), (2,8), (3,27), (4,64).
Cau 32: Chon A
Pao ham: f'(x)=5x"+8mx> +9x” +8(m-1)x+120, Vxe R,
"(1)=5+8m+9+8(m—-1)x+1>0
Suy ra: ) (m-1) <:>—1Sm32—3m—ez>m={0;l}.
f(1)=5-8m+9-8(m-1)x+120 16 16
Thur lai:
V6i m=0=> f'(x)=5x"+9x” —8x+1 khong thoa mén diéu kién 16n hon hogc bing 0 véi moi
x e R nén m=0 khong thoa man.
Voi m:1:>f’(x)=5x4+8x3+9x2+1:x2(5x2+8x+9)+120, VxelR.
Suy ra m =1 théa man
Vay ¢6 1 gia tri ciia tham s m thoa man yéu cau bai toan.

Cau 33: Hoi co tat ca bao nhiéu gia tri nguyén cia tham sb m e[ —2022;2022 | dé ham s

f(x) =[2x+m|+x* ~4x nghich bién trén khoang (~2;1)?
A. 4043 B. 2028 C. 2033 D. 4045
Loi giai
Chon A
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Chia nghiém trong tri tuyét ddi 1a —% so v6i khoang (-2;1).
Trwong hep 1: —%S—Z & m24:>|2x+m| =2x+m.

Suy ra: f(x):‘2x+m‘+x2—4x:x2—2x+m:f'(x):2x—2S0,Vxe(—Z;l) nén ham sb

nghich bién trén khoang (—2;1).
Trwong hep 2: —%21@ m£—2:|2x+m| =2x—m.

Suy ra: f(x)=‘2x+m‘+x2—4x:x2—6x—m:>f’(x):2x—6SO,Vxe(—2;1) nén ham sd

nghich bién trén khoang (-2;1).

f(x) =x*—6x-m neu x e(—z;—%}
Truong hop 3: —%e(—Z;l)@me(—Z;éL): (

_ﬂ;l}
2
m
"(x)=2x-6< 2.
f(x) 2x-6<0 neuxe( 2; 2} Y <3 Vre _2;_m
2 | & Vm.

f(x):x2—2x+m neu x €

Suy ra:
m

(x)=2x-2<0 -—;1 v

f(x) x neuxe[ > } m

K&t hop véi diéu kién cia truong hop 12 m e (—2;4) thi 2 <m<1.

meZ;me[ 2022 ;2022

Két hop ca 3 truong hop —2022 < m < 2022.
Vay c6 4045 gia tri nguyén cta tham s6 m thoa mén yéu cau bai toan.

Céu 34: Chon A
Xét ham sd g(x) = fz(x)—Zm.f(x) VOi U= f(x) =¥ -2x=>u'= f’(x) =2x-2
bao ham: g'(x) = 2.f’(x).(f(x)—m)

D& ham s6 nghich bién trén [1;3] thi g'(x) =2.f'(x).(f(x)-m)<0,vx e[1;3].
Nhén thdy khi x e[1;3] thi f'(x)>0.

Suy ra f(x)—mSO = f(x)S me x* —2x < m,Vxe[l;?)]

Suy ra: m > 3 <rme 20212002

Céu 35: ChonD
Xét ham s trén khoang (-3;2)

3<m<2012.Vay co 2010 gia tri nguyén m théa man.

2 +1+mx-m+1 neu-1l<x<1
3<x<-1
1<x<2

Taco: flx)=
f() X2 —1+mx—m+1 neb{
2x+m neu-1<x<l1

Pao ham ciia ham sé: f’(x) = 3<x<-1

2x+m neu
1<x<?2

Khong xét dao ham tai x = +1
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Ham s f(x) déng bién trén khoang (—3;2) thi f'(x) >0,Vxe (—3;—1)u(1;2) u(—l;l)

~2x+m=0,Vxe(-1;1) m > 2x,Vx e(-1;1)
Suy ra:
2x+m=20,Vxe(-3;-1)u(1;2)  |m=-2x,Vxe(-3;-1)u(1;2)

Suy ra: {m > 26V e(-151) N {m 22 s g 2203] a3
m>-2x,Vx e(-3;-1)u(1;2) m>6
Viy c6 tat ca 2018 gia tri nguyén cua tham s6 m théa man.
Céu 36: Chon B
Lap bang xét ham:
X —0 1 2 5 6 9 +oo
J(x) (=3-m)x+15 | (=l—m)x+13 | (1-m)x+3 (3-m)x—-15
S(x) 3—m —1-m l—m 3—m
J(x) - + + +

DEéham s6 f(x) dong bién trén khodng (2;6) thi —1-m >0« m<-1.
Xét truong hop m = —1 thi ham sb s& ¢ gia tri khong d6i trén doan [2;5] nén khong thoa man
Vay suy ra —2022 < m < -2 = C0 2021 gia tri m nguyén thoa man.

Céu 37: ChonD

Ta co: g(x)=[f(x2—4ﬂ' =2xf'(x2—4)
Dua trén do thi ta cc’)g(x)=kx(x—1)(x+1)=kx(x2—1); k>0

oA k k :
Vlvay,f(xz—él) 2(x —1) k>0.Dat t=x*>—4,t>-4, tacof() E(t+3)'k>0
Phuong trinh dao ham: f’(t):0<:>t:—3. Bang xét dau

t —4 -3 +o0
70 - o

Ham sd h( ) (x +x+m)d0ng bién trén (0;1) khi

W(x)=(2x+1)f (x +x+m)>o Vx €(0;1) ma 2x+1>0, Vx e (0;1) nén

h'(x)>0, vx (0;1) c>f’(x +x+m)>0,Vxe(0;1)<:>x2+x+m>—3, Vxe(O;l)

c>m>—x2—x—3, Vxe(O;l)@mZ max (—xz—x—3)=—3 Vi max (—xz—x—3)=—3 tai
xe[O;l] xe[O;l]

x=0

Két luan: Co 3 gia tri nguyén 4m cta mthoa dé 1a m = —1,-2;-3.
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Cau 38:

Céau 39:

Chon A

g(x) = 3f(—x3 —3x+m)+2(—x3 —3x+m)2(—x3 —3x+m—3)
= Bf(—x3 —3x+m)+2(—x3 —3x+m)3 —6(—x3 —3x+m)2
Taco

g'(x)=-9(x* +1) f(—x* ~3x+m)-18(x* +1)(~2° —3x+m)2 +#36(x +1)(~x* ~3x+m)

Dé ham s6 nghich bién trén (-1;2)

g'(x)<0vxe(-1;2) & f(-x" ~3x+m)+2(— —3x+m)2 4" =3x+m)20vxe(-1,2)
@f’(—x3—3x+m)2—2(—x3—3x+m)2+4(—x3—3x+m)Vxe(—1;2)

Dit t=-x>-3x+m.V6i xe(-1;2) ¢0 t'=-3x"-3<0Vxe(-1;2) =t e(m—-14m+4)
Xét bat phuong trinh (1) £'(t) = -2t +4t (1)

Do thi ham s6 y = f'(¢)va y =-2t> +4t trén cung hé tryc toa do:

F 9

te(m—14,m+4)
te(m—14,m+4)
. o t<1 m+4<1 m<-3
pé (1)lu0ndung<:> t<1 SN =N
te(m—14,m+4) m-14>2 m=>16
t>2
t>2

Do m e[-20;20 | nén sb gid tri cia m & (-3+20)+1+(20-16)+1=23.
Chon A
Xét ham sb g(x)z‘f(x)‘=‘x3—3mx2—3(m+2)x—m+1‘ co f'(x):3x2—6mx—3(m+2)

Dé ham s6 dong bién trén (0;3) thi:

[f(x)20 (f(0)=0 |
{f,(x)ZO,VXE(O;C’))@ {3)(2_6mx+3(m+2)20,Vxe(0,3)
f(x)=0 £(0)<0

_{fl(x)SO/VXE(O;s) {3x2—6mx+3(m+2)30,vxe(0;3)
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Cau 40:

Céau 41;:

-m-220

2 m< =2

X
m< Vxe(0'3) {
/ ’ m< -2 <-2
PN 2x+1 - - m .
-m-2<0 mz=-2
m=1

2

X
m=
2x+1

Vxe(0;3) {

. 2021 <m<-2
Vi me[-2021;2021] =
1<m <2021
Vay c6 tat ca 4041 gia tri m thoa mén dé bai.
Chon B
Tadat: y=g(x)= f(2x—1)—4x3 +15x% —18x+1.

= /() =6f'(2x~1)~122" +30x 18 = 6| f'(2x~1)~2x +5x-3 .

x=1
2x-1=1 3
, 2x-1=2 |*7T5
Co f'(2x-1)=0e o 2.
2x—-1=3 x=2
2x—-1=4 5
xX==
L 2
z -0 1 ; 2 > 3 1 +00
2 2 '
f(z) - 0 - 0 - 0 0
f(2z—1) -0 + 0 4+ 0 0
-2z 5z -3 - 0 + 0 -
d'(x) - 0 + 0 7 - ? ?

Tir 6, ta co bang xét ddu nhu sau:

Dua vio bang xét ddu trén, ta két luéin ham sb g(x) dng bién trén khoang [1 g] .
Chen B

Taco g'(x)=(2x+3) (x> +3x-4).

Ham s6 dong bién trén (1;+o0) khi

(2043) f(x?+3x-4)20, Vx e (L+0) & f(x* +3x-4)20,¥x & (1;+ )

&« +3x—4)2(x2 +3x){(x2 +3x—4)2 +2m (x> +3x—4)+9} >0,Vx e (L+00)(1)

Dit t=x+3x-4(t>0) do x e(1;+)
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(1) = £ (¢ +4)(£ +2mt+9)2 0,9t > 0 & £ +2mt +9> 0, >0

@mZ—%(H%},W»O@ m>-3

Do m nguyén &m nén m e {—3,-—2;—1}.

Cau42: ChonD
Taco h(x):g[f(x)}:h g[ ] :0

LIl @]=0 | B (x)+10f(x)-2020=0(on)  , w2-q  [fw*-4
f'(x)=0 —4x3—(4 mz) 0 4 4

Bang bién thién:

yfm? —4
T —0o0 4 +00
h(x - 0 +
24

Ham s6 dong bién trén (2;+c0) khi va chi khi ?

Vay ¢6 6 gia tri nguyén duong m théa man.
Céu 43: Chon C

Taco: f'(x+2)=x"-3x+2=(x-1)(x-2) = f'(x) =(x-2-1)(x-2-2) = (x-3)(x—4).

Khi do: f’(x):O:{x z.Dét y=g(x)=f(x2+4x+7).

, ) 2x+4=0
Ta co: g’(x)=(ZX+4)-f'(x +4x+7):0© f’(x2+4x+7)=0

x=-2

L sara7 o3| (XF2) =0 L

P +4x+7=4 =-3
| x=-3
Bang xét dau g’(x) ;
x ‘—oo -3 —2 —1 +00

g'(x)
Dua vao bang bién thién, ta c6: ham s6 y = g(x) = f(x2 +4x+ 7) d6ng bién trén khoang (1; +oo)
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Céu 44:

Céau 45:

Chon B

Dit u:x3—3x—1:>g(x):f(u):f(x3—3x—1) :>g'(x) :(3x2—3)f’(x3—3x—1)

x=x1
x=%1 x=0
:g’(x)=0<:> ¥ -3x-1=-1< x=i\/§
X -3x-1=1 x=-1
x=2
Bang bién thién
X I 1 -1 0 1 B 2 4w
", + 1 + 0 -1 -0+ + | =
F'(u) + 0 - 0 -0 +0+0 - 0 +
2'( x) + 0 — 0 + 0 — 0+ 0 - 0 +
Vay ham sb nghich bién trén cac khoang (—\/5; —1), (0;1), (\/5;2) .
Vay gia tri cﬁabiéuthﬁ:c(az+b2+m2+n2+p2+q2)=12
Chon C
Céch 1: Tap xac dinh cta ham sb f(4—\/4—x2 ) la [—2;2]
Dao ham: g'(x): al > f’(4—\/4—x2)
4—x
Ham sb dong bién thi g’(x)ZO.Tir tap xac dinh ta co:
_ | J_CE(O;Z) i xe(O;Z)
x<(0;2) 3<d4-~4-x2<1 i Ji <1 |[xe(02)
' 2
f(4‘ - )20 4—4-x* >4 VN Va-x? >3
=1 - =
xe(—2;0) xe(—Z;O) xe(—Z;O) xe(—Z;O)
f’(4— —x2)s0 1<a-a-x?<4 1ca-a-x? | |[Va-2 <3
) 4-4-x* <3 LILVN
_{xe(O;Z)
VN
Rt <:>xe(—2;0).
xe(—Z;O
_{Vx
Céach 2: Ghép truc dé t6i uu. g(x)=f(4— —xz):f(u),u=4— 4—x2,véixe[—2;2]
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Bang bién thién kép

X -2 0

A

v

i

f[uj

Suy ra ham s6 dong bién trén khoang (-2;0).

Cau 46: ChonD
Cach 1:

Tap x4c dinh cta ham s g(x) = f(—1+\/7+6x—x2) la D= [—1;7]

Dao ham: g'(x) = %f’(—l+\/7+6x—xz)

Ham sb nghich bién: g’(x) <0

T tap xac dinh, ta c6 céac truong hop sau:

I XE(—1;3) _{XE(]_,?)) B xe(_1.3)
f’(—1+ /7+6x—x2)g0 “1<-1+N7+6x—x> <2 {m<3

3;7
< XE( ) < xe(3;7)

xe(3;7)
147 +6x—2% <-1
f’(—1+\/7+6x—x2)20 [—1:\/7::6%22 {\/7+6x—x2>3

xe(—1;3)
xSB—\/;
[x23+ﬁ
xe(3;7)
_{S—ﬁst%ﬁ

Cach 2: Str dung phuong phap ghép truc

g(x)=f(—1+\/7+6x—x2):f(u) V6i u=—-1+V7+6x—x* v xe[—2;2:|

{—1<x£3—\/;
=

3<x§3+\/; .

Béng bién thién kép
x -1 3-47 3 3447 7
. -1, 2 3 2 , 4
|
£ (u)

Vay ham s6 nghich bién trén cac khoang (—1;3 —\/;) va (3;3 + \/;) .
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Céau 47: Chon B
Xét ham s6 g(x) = f(x3 +m) c6 biéu thiic dao ham:

g'(x)= 3x2.f'(x3 +m) = 3x2.(x3 +m)(x3 +m—2)(x3 +m+1)

Béng bién thién:
z |- —Vm+1 —v/m —vm =2 T
g(x) = 0 + 0 ” 0 +
g(x)

Ham s6 dong bién trén khoang (1;+e0) thi ta phai co: Ym—-2 <1 m21e me[1+0)
Céu 48: ChonC

Xeétham s6 g(x) = f(x* ~2x-m) = g'(x) =2(x~1).f (x>~ 2x-m)

Vé6i Vxe(1;3) = x—120

DE ham s6 dong bién trén khoang(1;3) thi:

g'(x)=2(x=1).f (x* ~2x-m)20 = f'(x* ~2x—m)20
‘:’[xz_2i_m23 C{mf x2—2x-3 2 Vre(13)
B<x?-2x-ms<1 | x*-2x-1<m<x®-2x+3
Suy ra voi Vx €(1;3) ta co:
m < min(x* - 2x -3 m<d 0<m<-d
{max(xz2x1)<m<min(x22x+3)©{2<m<2:[

Do d6 ¢o 18 gia tri m nguyén thoa man.
Céau 49: ChonD

Taco f'(x):3(m—1)x2—6(m2+m—1)x+3(m—1)

Ham s6 ludn nghich bién trén (a;b) nén

£'(x)=3(m=1)x>=6(m> + m~1)x+3(m-1)<0 Vx&(a;b)

= (m=1)x*=2(m* +m—1)x+(m-1)<0 Vxe(a;b)

= ~2xm® +(x? =2 +1)m-x>+2x-1<0 Vxe(a;b)

= 2xm” —(¥ =2x+1)m+27 ~2x+12 0 Vx & (a;b)

x>0 x>0
:{A:(x—1)4—8x(x—1)2§0<:> (x—l)z(x2—10x+1)£0

=(b-a) =5+2J€—(5—2J€)=4J€

:>xe[5—2\/g;5+2\/gJ
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Cau50: Cheon C
Ham sb ludn dong bién trén [a;b} suy ra
f'(x)=12m*x® - 24mx* +12x+12(2m-1) >0 Vx €[ a;b |
< m?x® = 2mx? +x+(2m—1) >0Vxe [a;b]

& m2x3+(2—2x2)m+x—120 Vxe[a;b]

m#0
m#0 1-+/5
= 2 ) oY= PPPEaat
A=(1—x ) —x (x—1)=(x—1)(x —x—l)SO 1+\/§<:> 2
1<x< )

Suy ra 1Sasbsl+2“/g:>(2b—a) =\5.

Céu51: ChonC

Tap xéc dinh ciia ham s6 y = g(x) = S+5 & D={xeR| f(x)+#-m}
f(x)+m

Dé khoang (1;4) ¢ D — phuong trinh f(x) = —m phai khong c6 nghiém x e (1;4).

-m=4 m<—4
Suy ra: { @[ (1)

-m< -2 m=2
Dao ham: y'=¢'(x) = f'(x)-m—_Sz; Pé y rang trén ludn c6 f'(x) >0

(f(x)+m
Dé ham s6 y=g(x)= fD+5 nghich bién trén thi:
f(x)+m
<'(x)= f’(x)-m—_S2 <0 véi Vx e(1;4)
(f(x)+ m)

Suy ra: _MTS e m-5<0cm<5 (2)

(f(x) +m)
Két hop (1) va (2) va diéu kién m nguyén m e[ -20;2021).

. C6 20 gia tri nguyén cua m thoa man.

{—2031413—4 {—2031713—4
Tasuy ra: =

2<m<5 2<m<4

Cau 52: Chon A

Ta co: g'(x) = 2(x—1)f’(x2 —2x—m)

Dé ham s6 g(x) = f(x3 —3x—m) nghich bién trén(—1;2) thi

g’(x) = 2(x—1)f’(x2 —2x—m) <0,Vxe (—1;2)
"(x*> —2x-m)<0,Vx e (—1,'1)
E ) (1)

x? —2x—m)£O,Vxe(1;2)
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1)<
( ) f’(xz—Zx—m)SO,‘v’xe(l;Z)
_x2—2x—m23

5 ,‘v’xe(—l;l)
_—3Sx —2x-m<1
_1Sx2—2x—ms3

, v 1,2
_x2—2x—mﬁ—3 xe( )

f’(x2 —2x—m) >0,Vxe (—1;1)

=

_x2—2x2 m+3
,‘v’xe(—l;l)

(2)

, Vxe (1;2)

_m—3£x2—2x£m+1

m+1<x®>-2x<m+3

_x2—2xSm—3

Xét ham s6 h(x) =x’-2x= h'(x) =2x-2=0ox=1
Véi Vxe(-1;1) = h(x) =2x-2<0 = h(1) <h(x)<h(-1) & -1<h(x) < 3,Vx e (-1;1)
Véi Vxe(1;2) = H(x)=2x-2>0= h(1) <h(x) <h(2) <= -1<h(x)<0,Vx e(1;2)

Céu 53: ChonC
Xét ham sb g(x)=‘f(x)‘=‘x2—4mx+m—3‘ co f'(x)=2x—4m
(f(-1)20
{f( )> ,‘v’xe(—Z;—l)
. . o R f'(x)=2x—4m§0
Dé ham so6 nghich bién trén (1;3) thi
{f(—l)so
Vxe(-2;-1)
i f'(x):2x—4m20
(5m-220 m>=
x Vxe(-2-1)
mZE mz—% m>2 | 1sm<40
| (s5m-2<0 = = - <f1 meZ,me[-40;40] " 40 << -1’
X Vx e(-2;-1) m<
L 2 m<-1
Vay c6 80 gia tri nguyén m thoa man.
Céaub54: Chon A
VGi x>1,tac6 g(x)=2f(x—1)—(x-1)"+2021 = ¢'(x) =2 (x~1)-2(x-1).
Ham s6 dong bién < 2f'(x-1)-2(x-1)>0 < f'(x-1)>x-1 (*).
Dt £ =x—1, khi do (*)@f’(t)>t<:>[1<t<3 [2<x<4 -
<-1 x<0 (loai)
Véi x <1, tacd g(x)=2f(1-x)—(1-x) +2021 = ¢'(x) = —2f'(1-x) +2(1-x)
Ham s6 dong bién < -2f'(1-x)+2(1-x)>0< f/(1-x)<1-x (**).
Déttzl—x,khid()(**)<:>f’(t)<t<:{_1<t<l {0<x<2:{0<x<1.
t>3 x<-2 x<-2
Vay ham sb g(x) ddng bién trén cac khoang (—oo;—2),(0;1),(2;4).
Cau 55: Chon B

Xéthams6 y = f(2x—1)= (f(2x-1))' =2f'(2x—1) nghich bién khi f'(x)<0
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Céau 56:

Cau 57:

<:>(f(2x—1))'=2.f'(2x—1)<O<:>f'(2x—1)<0<:>1<2x—1<3c>1<x<2.
Xét ham s6 y:g(ax+b):>(g(ax+b))’:a.g'(ax+b) nghich bién khi xay ra hai trudng hop

a>0
a>0 7>0 x<_7b
+b<0
g'(ax+b)<0 [ax < 2_-p
= ax+b>2 o X >—
a<0 0 a
¢'(ax+b)>0 {a< ) a<0
i O<ax+b<2 b_2 b
————<x<—=
| a a

Néu a >0 thi ham s6 y = g(ax +b) nghich bién trén [—oo —b] (Z—_b ;+Ooj khong théa mén diéu
a a

kién c6 khoang nghich bién 1a (1;2).

Néu a <0 thi ham s y = g(ax +b) nghich bién trén [—b_—z,—bj
a a

Yéu cau bai toan 1a hai ham sé y = f(2x—1), y = g(ax +b) c6 cung khoang nghich bién 16n nhat

2y
nén a = = 4a+b=—4.

-b b=4

—=2

a

Chon C

[x=1
2x-2=0 Poox—— | *71
"x)=0< = Slx=-1
g() fr(xZ_Zx)zo x2—2x:—1
x=3
x“-2x=3

Ta c6 bang xét dau cia g'(x) :

L | —00 -1 1 3 +00

g'(@) - 0 + 0 -0 4
Dua vao bang xét déu ta c6 ham s y = g(x) nghich bién trén cac khoang (—oo;—l) va (1;3) .

Chon B

Dat g ‘4f s1nx)+c052x a‘:g( ) \/[4f(sinx)+c052x—a]2 :
[4cosx.f’(sinx)—25in2x][4f(sinx)+C052x—a}
. .
\/[4f(sinx)+c052x—a]
Taco 4cosx.f’(sinx)—25in2x = 4cosx[f'(sinx)—sinx] .
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Cau 58:

Cau 59:

Vo1 x e (0;%) thi cosx >0,sinx e (0;1) = f’(sinx)—sinx <0.
Ham s g(x) nghich bién trén (O;%j khi 4f(sinx) +cos2x—a>0,Vx e (O;gj

c>4f(sinx)+1—25in2xZa,VXG(O;gj.

Dit t =sinx dugc 4f(t)+1-2t* 2a,Vt €(0;1).

Xeét h(t)=4f(t)+1-26> = ' (t)=4f (t)-4t =4 f'(t)-1].

Véi t €(0;1) thi 1'(t) < 0= h(t) nghich bién trén (0;1).

Do d6 <> a<h(1)=4f(1)+1-2.1> =3. Vy c6 3 gia tri nguyén duong cta a thoa man.

Chon B

Taco: y' = 9mx® +6(m2 —3m+2)x5 +4(2m3 —m* —m)x3

- x3(9mx5 +6(m? =3m+2)x® +4(2m —m? —m))

Dé ham s6 ludn dong bién trén R thi y'>0,VxeR.

Mit khac ta thiy y'=0 c6 nghiém boi 1é x=0, do d6 d& y'>0,VxeR thi phuong trinh

Ima’ +6(m2 —3m+2)x2 +4(2m3 —m? —m) =0 c6 nghiém x =0

m=1
= 2m> —-m* -m=0< mz—%.

m=0
Thur lai:

Véi m=0 =y =12x".
Véim=1=y'=9x*>0,vxeR.

Vdimz—lzy':—2x8+§x5.
2 2 2
Vayco 1 giatricoa m.
Chon B
o 2 55 8 53 (o
Ta co: f(x)—Smx 3mx m-—m-20)x+1.

:>f’(x)=2m2x4—Smxz—m2+m+20

Dé ham sb da cho dong bién trén R thi

f’(x)ZO,VerR<:>2m2x4—8mx2—m2+m+2020,VerR.

biat t=x2,t>0taco: 2m*t> —8mt—m*+m+20>0 (*) vt >0 nén ta co cac truong hop sau:

Truong hep 1: m =0 : khi d6 bpt (*) tro thanh 20> 0. Nén m =0 théa man.

m#0 {mio {m;ﬁo
=

Truwong hop 2: = .
Bhep {A:64m2+8m4—8m3—160m2S0 m*-m-12<0  |-3<m<4
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Céu 60:

Cau 61;

m=0 m=0 m>4
Trwong hop 3: .
m< -3

= =
A = 64m® +8m* —8m® —160m> > 0 m?—-m-12>0
2t2

Khi d6: Yéu cau bai toan < phuong trinh 2m*t* —8mt—m? +m+20=0 c6 hai nghiém phan

» o 5<0
biét thoa man ¢, <t, <0 <
P>0
i<0
m m<0 m<0 <
Vom0 —mz+rn+20>0<:> _4<m<5<:>—4_m<0.
— >0 - -

2m?

Két hop didu kién ta co: —4 < m < -3
Vay dé ham s6 da cho dong bién trén R thi

-3<m<4

o -4<m<4,mel=me|{-4-3-2-1;0;1,2;3;4}.
—4<m<-3

Chon C
Ham sb g(x) 12 ham s6 bac 3 nén ¢ dang:

g(x):(f(Z—x))':a(x+4)(x—1)(x—4),a>O:>f'(2—x):—a(x+4)(x—1)(x—4)
Dit t=2-x= f'(t)=a(t-6)(t+2)(t-1)

Dao ham ctia ham s6 y = f(x2 +2)—x3 +2x% —x+2021 1a

vafov(xz+z)_3x2+4x_1:zax(xz_4)(xz+4)(x2+1)+[_3(x_1)(x_%ﬂ

Lap bang xét dau

X -0 -2 0 % 1 2 +0
2 (¥ 12) — 0+ 0 - - - 0+
3’ +4x-1 - - - 0 + 0 - -

Dya vao bang xét dau trén ta ¢6 ham s6 da cho nghich bién trén (1;2).

Chon B

Taco g'(x) =2ch’(9c2 —4L)—2x2 =2x[f’(x2 —4)—x} DPatt=x-2=x=t+2
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t=-2
(¢ +at)=t+2 t=0
Suy ra: g'(t) =2 t+2[ (£ 4t —t—2]; (t)=0< f( =
yra: g'(t)=2( )f( ) g'(t) ! f= o F=1
=3
Bang bién thién:
£ |—oo -2 0 1 3 “+oo
g*(c)|—o_o+0—0+
N A , t<0 x-2<0 x<2
Dua vao bang bién thién ta co6: < &
1<t<3 l<x-2<3 3<x<5
Céau 62: Chon C
x=-1
Taco y':2x.f'(x2—2),dl_ravélobéngbiénthiéntathéy y'=0<|x=0 dodo
x=1
W 2 x:_l \ , '
f(x —2)=O<:> vadodd f'(x)=0=x=1.
x=1
Xét g(x):f(x3—3x+3) ta co g'(x):(3x2—3)f'(x3—3x+3)
(3x2_3)20 x:il X=i‘1
g'(x)=0<:> 5 SAE <lx=1
f(-3x+3)=0 [¥'-3x+3=1 | _
Ta ¢4 bang xét dau g'(x)
h'e —00 -2 -1 1 +0
2'(x) - 0 + 0 - 0 +

Vay ham s6 dong bién trén (1; 2).
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UNG DUNG PAO HAM
DE KHAO SAT VA VE DO THI HAM $O

CU’C TRI CUA HAM SO

I YY 10MTATLY THUYET

1. Tim cwc tri cia ham hop
e Baitodn: Cho ham s6 y = f(x) c0 c4c diém cyc tri x; (Pé €6 thé cho bang ham trong minh, do
thi, bang bién thién ciia f(x) hoac f(x)) Yéu ciu chung ta tim s6 diém cuc tri cia ham sb
y= f(u) trong d6 u 1a mot ham s ddi véi x .
e Ta thyc hién phuong phép tuong tu xét s6 diém cuc tri ctia ham sd y=f (x)
= Budc 1. Tinh dao ham y'=u'.f'(u)
u'=0
f'(u)=0

* Buwéc 3.Tim s6 nghiém don va boi 1€ hodc cac diem ma y' khong xac dinh.

*  Buwdec 2. Giai phuong trinh y'=0 < |:

Céch dém nhanh s6 diém cwe tri ciia ham hop f(u)

‘ o ~ u'=0 u'=0 (1)
Pao ham y —”-f(”)_()@{f'(u)zoaluzxi (2)

e S diém cuc tri ciia ham s6 y= f(u) 1a sb nghiém don hodc bdi 1¢ cia phuong trinh (1) va (2)

S6 nghiém don hodc bdi 1¢ cia phuong trinh (1) 1a s6 diém cuec tri cua u(x) .

Suy ra: S6 diém cuc tri cua f(u) =S4 diém cuc tri cia u + SNBL{u = xi}
2. Bai toan cwec tri ham s6 chira diu tri tuyét doi
e Bai toan: Do thi ham sb y= |f(x)| ¢6 bao nhiéu diém cuc tri
, s _f(x)-f(x)
e Ap dung dinh nghia, ta co: y = ‘f(x)‘ =y'= ‘f(x)‘
flx)=0 (1)
fx)=0 (2)

e SHnghiém cua (1) chinh 13 s6 giao diém cta dd thi y = f (x) va truc hoanh y =0 . Con s6 nghiém

e Choy'=0=

cua (2) 1a sb cuc tri ctia ham sd y= f(x) , dwa vao db thi suy ra (2) Vay tong sd nghiém boi 1&

cua (1)Vé (2) chinh 12 sd cuc tri can tim.
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BN vipuy MINHHOA

CAU 1. Cho ham sb y = f(x) c6 dao ham x4c dinh va lién tuc trén R va co biéu thirc dao ham tuwong Gmg
la f'(x) = (x + 3)(x + 1)(x —1). Hoi ham s6 y = f(x2 —Zx) c6 bao nhiéu diém cyc trj?
A 2. B.5. C. 4. D. 3.

& LOI GIAI
Chon D
Cach 1: Phwong phap truyén thong

Xétham sd y = f(x* - 2x) =y’ = (2x-2).f/(x* - 2x).
[2x-2=0

x° —2x:—3(vo nghiem) x=1
Phuong trinh y'=0<| , =
x"-2x=-1 (nghiemkep) x=1£2

_x2 —2x=1

Vay ham sb ¢6 3 diém cuc tri
Cich 2: Cong thirc dém nhanh s6 diém cue tri

Xét ham s6 y:f(u):f(xz—Zx) V6i u=x"—2x

Bang bién thién ctia ham so u(x) nhu sau:

* —m | + oo
’ - 0 +
+x + o
u \ =1 /
\ / u=-1
-1
u=-3
u=1
Cong thirc ¢ém nhanh: SDCT{ f(u)} = SDCT {u}+SNBL{|u=~1{=1+2=3.
u=-3

Vay ham s6 ¢6 3 diém cuc tri.

CAU 2. Cho ham s y = f(x) c6 dao ham la f'(x)= x* +10x,Vx € R. C6 bao nhiéu gia tri nguyén cia

tham s6 m dé ham sé y = f(x4 —8x% + m) c6 dang 9 diém cuc tri?.

A.16. B.9. C.15. D. 10.
£ LOI GIAI
Chon D
Cich 1: Phuwong phap truyén thong
x=0
Taco f'(x)=x*+10x=0< .
f ( ) [x =-10

453 —16x =0

i (o tnlr (< o)l T
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

x:O x=0
< xt—8x?+m=0 =2t + 82 (1)

x*—8x* +m=-10 m+10=—x4+8x2(2)
Xét ham sb g(x) =—x*+8x*. TacoH g'(x) =—4x® +16x = g'(x) —0e|" 0

x=12
Bang bién thién:
T -0 -2 0 2 “+oo
g'(z) + 0 - 0 + 0 -

—m+10
PN Pt N

g(z) - g ~_

— __. s
e y=m _x

Ham s6 y= f(x4 —8x% + m) c6 dung 9 diém cuc tri khi (1) c6 hai nghiém hodc ba nghiém trong dé c6 1

nghiém bang 0 va (2) cO 4 nghiém phan biét. Do d6 dwa vao bang bién thién cta ham sd

g(x) =—x* +8x”ta co

O0<m+10<16 -10<m<6 . .
= < -10<m<0.VI meZ nén me{—9;—8;--~;—1,'0}.

m<0 m<0

Vay c6 10 gia tri nguyén m .
Cich 2: Cong thirc dém nhanh s6 diém cwe tri

Xét ham s6 y=f(u)=f(x4—8x2+m) v6i u=x*-8x*+m

Bang bién thién ham s6 u = x* —8x* + m nhu sau:

4 s
z | —o V3 0 Na + o0
0 0

\ u=0 Z

N e N e
\‘1”8 / \1’?3 /

- +m - +m
9 9
u=0 u=0
SDCT{f(u)} = SDCT{u}+SNBL < SNBL =9-3=6.
u=-10 u=-10
m=<0 m<0
Yéu cu bai toan <4 128 & 38 < -10<m<0
—7+m<—10<m —10<m<?
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CAU 3. Cho ham s f’(x) = (x —2)2 (x2 —4x+ 3) voi moi x € R. Co bao nhi€u gia tri nguyén duong cua

m dé ham sd y=f(x2 —10x+m+9) c6 5 diém cuc trj?

A. 18. B. 16. C.17. D. 15.
& LOI GIAI
Chon B
Cach 1: Phwong phap truyén thong
x=2
Taco f’(x) =0<|x=1, x=2 langhiém kép nén khi qua gia tri x =2 thi f’(x) khong ddi dau.
x=3

Dat g(x)=f(x2—10x+m+9) khi do6 g'(x)=f’(u).(2x—10) V6i u=x"-10x+m+9.

[2x-10=0 [x=5

NEn g'(x)=0© (x2—10x+m+9—2)220 - (x2—10x+m+9—2)2=0
X -10x+m+9=1 h(x)=x2—10x+m+8=0(1)
_x2—10x+m+9=3 _p(x)=x2—10x+m+6=0(2)

Ham s0 y = f(x2 ~10x+m +9) c6 5 diém cyc trj khi va chi khi g'(x) d6i dau 5 lan
Hay phuong trinh (1) va phuong trinh (2) phai c6 hai nghiém phan biét khac 5

A, >0 17-m>0
A, >0 19-m>0
= = om<17.
h(5)¢0 ~17+m =0

p(5)¢0 -19+m=0

Vay c6 16 gia tri nguyén duong m thdéa man.

Cach 2: Phwong phap dém nhanh s diém cwc tri

Xét ham séyzf(u)=y=f(x2 —10x+m+9) v6i u=x*—10x+m+9
X = Z(nghiem kep)

Tacd f'(x)=0<|x=1
x=3

Béng bién thién ctia u = x* —10x+m+9 nhu sau:

& — - + oo

~ -
N /

-

m—16
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

SDCT{ f(u)} = SDCT {u} +SNBL{” ] ;} o SNBL{” ) g} —5-1=4.

u=

. ) m—-16<1
Yéu cau bai toan osm-l6<lem<17.
m-16<3

Vay c6 16 gia tri nguyén duong m thdéa man.

CAU 4. Cho ham s y:f(x) c6 dao ham f’(x)=(x—2)2(x—1)(x2—2(m+1)x+m2—1) ,VxeR. CO

bao nhiéu gia tri nguyén caa m dé ham sb g(x) =f (|x|) ¢6 5 diém cuc tri?
A. 3. B. 5. C.2 D. 4.

& LOI GIAI
Chon C

Dya vao cach v& d6 thi ham s6 g(x) = f(|x

) , s0 diém cuec tri caa dd thi ham sb g(x)= f(|x|) béng s diém
cuc tri duong cua do thi ham sb y=f (x) cong thém 1.
DPé ham sb g(x)= f(|x|) c6 5 diém cyec trj thi do thi ham s6 y = f(x) c6 2 cyc trj duong.

x=1
Taco f’(x):0<:> x=2.

x? —2(m+1)x+m2 -1=0 (*)

CO x =2 langhiém bdi 2, x =1 la nghiém don.
Vay x? —2(m+1)x+m2 —1=0c6 hai nghi¢m phan biét, c6 mdt nghiém duong x #1, c6 mot nghi€ém
x<0
Trudng hep 1: C6 nghiém x =0 khi dé x* -2(m+1)x+m’* -1=0<m’ -1=0<m=1+1

x=0

X =

Véi m=1,co xz—2(m+1)x+m2—1=0<:>x2—4x=0<:>{ (T™M)

Véi m=-1,co x* —2(m+1)x+m2 ~1=0=x*=0< x=0 (Loai)

Trwong heop 2: x* —2(m+1)x+ m* —1=0c6 hai nghiém phan biét, c6 mot nghiém duong x =1, c6 mdt

nghiém am

Piéu kién twrong duong { , m~1<0 {me(—l;l)
1 -2(m+1).1+m? 120 |m=1£+3

VimeZ=>m=0
Vay c6 hai gia tri nguyén ciia m thdéa man.
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CAU 5. Cho ham s6 y = f(x) ¢6 dd thi nhu hinh v&:
A y

v

Ham s y = f(‘x2 —4x+ 2‘) c6 bao nhiéu diém cyc tri?

A. 7. B. 11. C.9. D. 15.
£ LOI GIAI
Chon A
x=a<0
, =0 (khongdoid
Taco f'(x)=0 =0 (Khong doi da)
x=2
x=b>2

Xét ham s y =f(u) =f(‘x2 —4x+2‘) vGi ‘xz —4x+2‘

Béng bién thién cta u =|x* —4x + 2‘ nhu sau:
&
u
u=a<0
SDCT{f(u)} =SDCT{u}+SNBL{|u=2  ;=3+4=7,
u=b>0

Vay ham s6 c6 7 diém cyec tri.

57 | Facebook téc gid: Phan Nhét Linh - SBT: 0817.098.716




Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

CAU 6. Cho ham s6 y = f(x) Bang bién thién ctia ham s f’(x) nhu hinh vé duéi day.

T o

KN

S6 diém cuc tri ciia ham s6 y = f x* —2x la:

A 9. B.3. C.7. D.5.

& LOI GIAI

So' dd V: Ban chit cua so d6 V trong viéc dém s6 diém cuc tri cua ham hop dya trén cong thic tinh nhanh da
duogc trinh bay ¢ céc vi du trudce.

Tir db thi, ta thiy phuong trinh f '(x) =0

Vé bang bién thién hodc dang dd thi cua u(x) =x"—-2x

+o0

Tir so dd V, cac duong thang x = Xy, X5,Xy cit dang d6 thi cua ham u(x) tai 6 diém nén phuong trinh 1 = X;
c6 6 nghiém don. Mat khac u(x) c6 mot diém cuec tri.

Véy ham s6 y= f(x2 —Zx) ¢ 7 diém cuc tri.

CAU 7. Cho ham s6 y = f(x) ¢6 dd thi nhw hinh v& dudi ddy.

A

y

0 /\

/.
VA Y

Tim 6 diém cyc tri ciia ham s6 y = > (g(x))voi g(x)=x* —4x+2V4x—x
A. 17 B. 21 C. 23 D. 19
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£ LOI GIAI
Tir ham gbc y = f* (x) khi d6 ham u = g(x).

Tim diém cyc tri ctia ham géc: y = f2 (x) =y = 2.f(x).f’(x) =0 !

Ay

/ X \/1

xX=x

Tu dd thi, phuong trinh f(x) =0 | x=x,; f'(x) =0 @[
x=1

Buérc 2: Phac hoa dd thi ham sb g(x) = x? —4x+2+4x—x* bing cach TABLE trén mdy tinh cim tay

1 1 1

0 0 0
Tlrso d6 V, ham s6 y = f> (g(x)) c6 3+4.4=19 diém cyc tri.

CAU 8. Cho ham s y = f(x) lién tyc trén R va ¢6 biéu thirc dao ham f'(x)=x> —3x* —10x . Hoi c6 tat

ca bao nhiéu gia tri nguyén duong ctia tham sé m dé ham sb g(x) = f(‘x2 —2mx+m —2‘ —3) c6 13 diém

cuc tri?
A5 B. 4 C.3 D.2
) ] & LOI GIAI
Hudng tiep can thir nhat:
x=0
Taco f'(x):x3 ~3x*-10x=0=|x=5
x=-2

bat u=‘x2—2mx+m—2‘.Xéthém 50 g(x)=f(|u|—3)=f(‘x2—2mx+m—2‘—3).

|x|—3=—2 x==1
Xét ham sé gde: h(x)=f(|x|—3):>h'(x)=(|x|)’ .f’(|x|—3>=0 |x|—3=0 Sl x=43.
x|-3=5 x =18
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

Nhén xét: h'(x) khong xéc dinh tai x =0

—-m +m-2

—m?+m-2>-8 m?>—m—-6<0 m<

N —m*+m-2<-3 m*—m-1>0 2
Yéu cau bai todn < = =

—2<m<3

Vi m nguyén duong nén m = {2;3} ,vay c6 2 gia tri nguyén duong cuia m thdéa man.
Huéng tiép cin thir hai:

Ham sb y:f(x)dat cuec tri tai cac diém x=5;x=0;x=-2.
Xétham s f(u) = (x> ~2mx-+m—2|-3) voi u=|x> ~2mx-+m-2|-3.

bat h(x) = x% —2mx +m—2, ta v& bang bién thién cua ham sb h(x) nhu sau:

X — m 40

H(x) — 0 +

() +x\ /+:::

Nhén thy —m? +m—2 <0 nén ta suy ra dugc bang bién thién cia 1 nhu sau:

—m +m-2

X |- m o0
o2 - S0
+ n=:2 7 +
= —1 /'
u=0 a, \"'s.\
u=-2 £ ~a
u ' “\\'_,’ = ~a, .
—3. =3
‘;i e
—m +m—2
u=>5
So6 diém cyc tri cua f (u) = S0 diém cuc tri cia u + SO nghiém don (bdi 1¢) cia | u =0
u=-2

Ttr bang bién thién ta thiy u ¢6 3 diém cuc tri. D& ham sb g(x) ¢6 13 cyc tri thi s6 nghiém
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u=>5
don (boi1é) cia | u =0 phai bang 10.
u=-2

Pé c6 10 nghiém bdi 1& thi cic dudng thing u =—2;u =0 phai ndm dudi m* —m—1 (néu ndm

trén thi chi cho t6i da 6 nghiém) va duong thiang u =5 phai nam trén m* —m—1.

1+x/§

m> 5
2
\ m--m-1>0< .
Yéu cau bai toan < 1_\/§ﬂ>me{2;3}.
m<——=
2

m?> —m-1<5< -2<m<3

CAU 9. Cho ham s6 y = f(x) = x* —10x> + 24x° +(4—m)x . C6 bao nhiéu gi4 tri nguyén ctia m dé ham
50 g(x) = f(|x|) c6 ding 7 diém cyc tri?
A. 25. B. 22. C. 26. D. 21.

& LOI GIAI
Ham sb g(x) = f(|x|) co dung 7 diém cuc trj khi va chi khi dd thj ham s6 f(x) c6 3 diém cuc tri c6 hoanh

do duong.
Do thi ham s f (x) c6 3 diém cuc tri c6 hoanh d6 dwong khi va chi khi phuong trinh f (x) =0co 3
nghiém duong phan biét 1a nghiém don.

f'(x)=0e 4x° —30x" +48x+4-m =0 < 4x° —30x* +48x +4 =m
bat h(x) =4x> —30x2 +48x +4

=1
Taco h'(x)=12x" —60x+48=0 < {x A
X =
x —0 0 1 4 +a0
h'(x) + + 0 - 0 +

h(x) v +
Y A _28/

Suy ra dé f’(x) =0 ¢O 3 nghiém duong phan biét khi 4 <m <26 .

Véy c6 21 gia tri nguyén cia m dé ham s6 g(x)= f (|x|) ¢6 dung 7 diém cuec tri.

CAU 10. Cho ham s6 y = f(x) co dao ham f'(x) = (x—9)(x2 —16),Vx € R. Co6 bao nhiéu gia tri nguyén

dwong ciia tham s6 m dé ham sé g(x) = f(‘x3 + 7x‘ + m) c6 it nhat 3 diém cuc tri?

A.1l6. B.9. C. 4. D. 8.

& LOI GIAI
Céach 1:

Véimoi xeR taco g(—x)= f(‘—x3 —7x‘+ m) = f(‘xg’ +7x‘ +m) =g(x), do d6 g(x) la ham s6 chn, suy

ra do thi ham s6 y = g(x) nhan Oy lam tryc doi ximg. Do d6 s6 diém cyc tri cua ham s6 g(x) bang 2a+1
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

v6i a 1a s6 diém cyc tri duong cta ham sb h(x)=f(x3+7x+m). Theobairatacé 2a+1>3 < a>1,vi
véy ta cAn tim m dé ham s h(x) co it nhit mot diém cuc tri duong.
Taco f’(x)=(x—9)(x—4)(x+4) :f’(x)=0<:>x=9,x=4_r4.
x> +8x+m=9 (1)
h’(x):(3x2 +7)f’(x3 +7x+m), h’(x):O<:> ¥ +8x+m=4 (2) .
x> +8x+m=—4 (3)
Dt u(x)=x"+7x+m,u'(x)=3x"+7>0,Vx20.

Béng bién thién

X
u'(x) +

u.(x) // +OO

m

Tir bang bién thién ta thdy (1), (2) va (3) néu c6 nghiém x>0 thi d6 14 nghiém duy nhat.
Phuong trinh /'(x)=0 c6 nghiém x >0 khi va chi khi it nhat mét trong ba phuong trinh (1), (2) (3) c6
nghiém x >0, diéu nay twong duong véi m < max{—4; 4;9} =9.

Do m nguyén duong nén m e {1; 2;...;8} , viy ¢6 9 gid tri nguyén duong cia tham sé m can tim.

x(x*+7
Cach 2: Ta co: g'(x) = f'(‘x3 +7x‘+m).ﬁ.(3x2 +7)
‘xS +7x ‘ -m
Xét hé phuong trinh: }x3 i 7x} . Ta c6 bang bién thién ham sb y = ‘xs + 7x‘
X +7x
2 |—aa 400
y - +
y [T +00
0

meZ”*

Yéu ciu bai todn < 9-m>0 < me{1;2;...;8}.
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I BA TAP TRAC NGHIEM
Caul: Cho ham sb f(x) théa man f(—S) > 0,f(2) =0 vacoddthi y= f'(x) la duong cong trong

hinh bén. Ham s6 g(x) = ‘f(x) —x* +14x% —24x + 11‘ c6 bao nhiéu diém cuc tiéu?

-3 0/1 2 z

A. 4. B.7. C.3. D. 5.
Cau2: Cho f(x) 14 da thirc bac ba, biét ham s6 y = f’(x2 -X+ 1) c6 d6 thi 1a dudng cong trong hinh v&.

4
¥y

A AV
\/

A J

Hoi ¢6 bao nhiéu gia tri nguyén cua tham sé m thudc [—10;10] dé ham s y=f (\/x2 +4 - m)

¢4 nam diém cuc tri?
A. 8. B. 9. C. 10. D. 11.

Cau 3: Cho ham sb f(x) =xt—2x% + (m —1)x2 +2x—m+2022, v&i mla tham s6. Co bao nhiéu gia tri
nguyén clia m thudc doan [-2021;2022 | dé ham sb y = ‘ f(x-2021)- 2022‘ c6 s6 diém cuyc tri

nhiéu nh4t?
A. 2021. B. 2022. C. 4040. D. 2023

Cau 4: Cho ham s y= f(x) =x° —(2m+1)x2 +(3—m)x+2. Tim tat ca cac gia tri thyc cia tham )
m & ham sb y:f(|x|) c6 3 diém cuc trj.
A m>3. B._?l<m. C. m>3. D. ——<m<3.
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

Cau5: Cho ham s f(x) c6 dao ham f’(x)=(x3—2x2)(x3—2x) v6i moi xeR . Ham sd
| £(1-2022x)| ¢6 nhiéu nhét bao nhiéu diém cyc tri?

A 12. B. 10. C.9. D. 11.

Cau6: Chohamsd y= f(x) lién tuc trén R va c6 bang xét diu f'(x) nhu sau

S6 diém cuc tri cita ham s g(x) = f(x* +2[x|-4) 12
A 2. B. 3. C.5. D. 10.
Cau7:  Cho hamsb y = f(x) 6 dao ham f'(x)=(x-2)" (x=1)(x* =2(m+1)x+m> 1), vxe R. C6
bao nhiéu gid tri nguyén cua tham s6 m dé ham s6 g(x)= f([x|) c6 5 diém cuc tri?
A 3. B.5. C.2. D. 4.
Cau8: Chohamso f(x) thoamin f(-2)< f(2)=0,do thi y = f'(x) la dwong cong trong hinh bén.

Ham s6 g(x)=|f(x) +ix4 —%xa —2x% +4x| ¢6 bao nhiéu diém cyc tiéu?

"

M

—2/ d 1\Uz

f'(z)

A. 5. B. 2. C.3. D. 4.
Cau9: Cho ham sd y=f (x) co f (—2) =0 va dao ham lién tuc trén R va c bang xét ddu nhu hinh sau
X | —ny -1 2 4y
(%) ‘ + 0 - 0 o+

Ham s6 g(x)= ‘15]‘(—x4 +2x° —2)—10x6 +30x%| ¢6 bao nhiéu diém cuc tri?
A 2 B. 3. C.5. D.7.
Cau 10: Cho ham sd y = f(x) c6 bang bién thién nhu hinh v&

x —® -2 -1 3 +o

+ 0 - 0 +

Q \/ ~a L

Tim s6 diém cyc trj ciia ham s y = g(x) = f(|x—4)+2022%".

A. 3. B. 4. C.5. D. 6.
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Céu 11:

Céu 12:

Céu 13:

Cau 14:

Céau 15;

Cho ham s f’(x):(l—x)(x2—5x+6). Hoi ¢6 bao nhiéu gid tri cia tham sb m (véi
me [0;6];2m e 7.) d& ham s6 g(x) = f(x2 —2|x—1|—2x+m) c6 ding 9 diém cuc tri?
A 5. B. 6. C.7. D. 3.
Cho ham da thirc y = f(x). Ham SO y= f'(x) co d6 thi nhu hinh v& sau:
W
VAN
C6 bao nhiéu gia tri cia m dé me [0;61, 2m e 7 déham sb g(x) = f(x2 —2|x—1|—2x+m) co
ding 9 diém cuc tri?
A 6. B.5. C.7. D. 3.
C6 bao nhiéu s nguyén m dé ham sd f (x) = %—— c6 it nhat 3 diém cuyc tri?
x“+x+1
A3 B.5 C.2 D. 4
Cho ham s bac ba y = f (x) c6 d6 thi nhu hinh vé

¥

i

-10

—_————— — =0 3
5

Tong tt ca cac gia trj nguyén clia tham s& m dé ham s6 g(x) = f(‘f2 (x)—4f(x)—m‘) co 17

diém cuyc trj 12
A. 1652 B. 1653. C. 1654. D. 1651.

Cho ham da thirc bac ba y = f(x) nhu hinh v&.
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb
C6 bao nhiéu gié tri nguyén ciia tham s6 m dé ham s6 y = f(f(x)+m) co dung 6 diém cyc tri?

A. 4. B. 5. C.3. D. 2.

Cau 16: Chohamsd y = f(x) laham dathirc, c6 f(-3)<0 vadd thihamsé y = f'(x) nhu hinh v& bén.
S6 diém cyc trj cia ham s6 g(x)= [f(x —6)]2050 la

r 3

y

A. 3. B. 2. C. 4. D. 1.

Cau 17: Chohamsd f(x) lién tuc trén R va c6 bang xét du dao ham f’(x) nhu hinh bén.

€T —00 -1 0 1 +00
f'(z) — 0 + 0 - 0 +

S6 diém cyc tri ciia ham sé g(x) = f(x2 —2x+1—|x—1|) la
A. 8. B.9. C. 10. D.7.
Cau 18: Chohamsé y = f(x) c6 do thi ham s6 y = f'(x) nhu hinh v&.

Y

—4 oo\

S6 gia tri nguyén ctia tham s6 m dé ham s6 g(x) = f(2x2 —4|x| +m —3) c6 7 diém cyc tri.
A 1. B. 2. C. 3. D. 4.
Cau 19: Cho ham s6 y = f(x) x4c dinh trén R va c6 bang bién thién nhu sau

T [—o0 -1 0 1 +00
f(x) -0 + 0 - 0 +

/(=) +m\2 /_1\_2 /
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S6 diém cuc tiéu ctia ham s g(x) = f3 (x3 + 3x)+ 2022 la
A.5. B. 2. C.3. D. 4.

CAau 20: Cho ham sb f(x) c6 dao ham f’(x) =x% —x,Vx e R. Cé bao nhiéu gia tri nguyén cua tham sb
m déhamsd y = f(x4 +3x7 +2+m) co dung 3 cuyec tri?
A. 2. B. 0. C. L D.3.

Cau21: Chohamsd f(x)=ax*+bx®+c c6 dd thi nhu hinh v& bén. Goi s6 ty nhién n1a s6 diém cyc trj
ciia ham s6 g(x) = f( f?(x)~2022m). Khi d6 véi moi mta luon ¢6 @ <n< B;a,feN. Gid

tri cia « + f bang

e
e
—_—
—_

A. 18. B. 25. C. 21. D. 15.
. . 2 , ,
Cau22: Cho ham s y = f(x) c6 dao ham y = f'(x)=(x-2) (xz—x), xeR.Goi s I tap hop tht ca

cac gia tri nguyén duong cua tham sb m dé ham s f [%xz —6x+mj ¢6 5 diém cyc tri. Tinh
tong tat ca cac phan tir ciia S .
A. 154, B. 17. C. 213. D. 153.

Cau23: Cho f(x) la ham da thic va cho ham da thic bic ba g(x)=f(x+1) thoa man
(x—=1)g'(x+3)=(x+1)g'(x+2). SO diém cyc trj cua ham s6 y = f(Zx2 —4x+5) la
Al B. 3. C. 2. D. 5.

Cau 24: Chohamsd y = f(x) 1a ham s da thirc bac bdn va c6 bang bién thién nhu hinh v&. Tim s6 diém

1

cuc tri ciia ham s g(x) =2 o [f(Zx + 1)]3 .

X —00 -1 0 1 +00
f(x) -0 + 0 - 0 +
+00 3 +00
fx) \ / \ /
-2 -2
A 7. B. 6. C.5. D. 4.
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Cau 25:

Cau 26:

Céu 27:

Cau 28:

Cau 29:

Céau 30:

. ' 2 . . o
Cho ham s0 y = f(x) c6 dao ham f (x):(x+3) (xz_x) v6i Vx e R. C6 bao nhiéu gia tri
nguyén duong cua tham sé m dé ham sb Y= f(x2 —6x+ m) ¢6 5 diém cuc tri?

A 8. B.9. C.7. D. 6.

Cho ham s y = f(x) c6 dao ham f'(x) = (X—l)z (x2 —7X+12),VX €R. C6 bao nhiéu gi4 tri
nguyén duong cua tham sé m dé ham sb g(x)= f(x3 —3x+ m) c6 dung 6 diém cyc tri?

A 1. B. 2. C.o. D. 3.

Cho ham s6 bac bon y = f(x) c6 dao ham lién tuc trén R, ham s6 y = £'(x) c6 d0 thi nhu hinh
v&. Goi S 1a tap cac gi tri nguyén cta tham s m dé ham sd y = f(‘4—2x‘+ m—6) c6 ding 3
diém cyc tiéu. Tong cac phan tir ciia S béng

Y

—1/ | 4/ x

0

A. 18. B. 11. C.2. D. 13.

Chohamsb y = f(x) c6dao ham f'(x) = x> +x-6. C6 bao nhiéu gia tri nguyén cua m dé ham
6 y = f(x3 —3x%* —9x + m) c6 dung 6 diém cyc tri.

A 7. B. 8. C.9. D. 10.

Cho ham sé da thirc bac bén = £(x) c6 bang bién thién nhu sau:

x|—o0 -1 0 1 +0co
f’(w) — 0 + 0 = 0 +

f(z) +m\2 / 3\_ 2/" e

S6 diém cuc tri cia ham s6 g(x) = (x3 —x)[f(x+1)}2 la

A.11. B. 8. C. 13. D. 10.
Cho him s6 y = f(x) 14 ham da thie va ¢ dd thi ham s6 f/(x* ~1) nhu hinh v&. Hoi ham s

f(|x—2| +‘x2 —1‘) ¢6 bao nhiéu diém cuc dai?
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Y\
! | 2
—2 [0 2
A 3. B.2. C. 4. D. 15.
Cau 31: Chohamsd y = f(x) lién tuc trén R Va c6 bang bién thién nhu sau:
X I. 2- 3 4 _!.3-
F1ix) + 0 - 0 - 0 - 0 +
3 +a0
., b
f L .
fix) /z \ ~ ¥ a.h
T
I;X( 1 \H\\"n
i 0

Him s6 y = Z[f(x)]3 —9[f(x)]2 +12f(x)+2021 c6 bao nhiéu diém cuc dai?
A 5. B. 10. cC 7. D. 9.

Cau 32: Cho ham da thic y = f(x). Him s6 y = f'(x) c6 d6 thi nhu hinh v& sau
by

9] 1\/2 3 x

C6 bao nhiéu gia tri cua m <[2;6);2m ez dé ham s6 g(x)=f(x2—2|x—1|—2x+m—1) co
dung 9 diém cyc tri?
A 3. B. 5. C 4. D. 2.

Cau 33: Cho ham sb y = £(x) xéc dinh va lién tyc trén R va c6 dao ham f'(x)=

SO y=f (x2 + 4x) ¢6 bao nhiéu diém cyc tri?

A 3. B.5. C 4. D. 2.
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Cau 34: Cho ham s0 y = f(x) x4c dinh trén R, va c¢6 d6 thi f'(x) nhu hinh v€&. Tim md€ ham so

g(x)=f(|x|(1+ /1+xi2J—m] ¢6 it nhat 3 diém cye tri.

Y
\ x
-1 0| 1 3
A m>2. B. m>0. C.m=>0. D. m>2.

Cau 35: Chohamsd y = f(x) c6daoham f'(X) = x° —4x,VxeR. C6bao nhidu gia tri nguyén ctia tham
s6 m dé ham s g(x)= f(‘xg’ +2x+sinx‘—x2 +2+ m) ¢ ding 5 diém cuc tri?
A 3 B. 6 C. 4 D. 2

Cau 36: Cho hai ham 6 g(x); f(x), trong d6 g(x) 1a ham s6 da thirc bac ba théa man g(x)= f(x+1)
Va(x-1)g'(x+3)=(x+1)g'(x+2). Co bao nhiéu gia tri nguyén cua tham s6 m d& ham sd
y= f(2x2 —4x +3—m) c6 ding ba cuc tri.
A 2. B. 1. C. 3. D. 5.

Cau37: Cho hamsé f(x)=ax* +bx’ +ox’ +dx+e,(a#0). Ham s6 f/(1-x) c6 db thi nhu hinh v& bén
dudi.

) |

2
£o1:R ., \ e x° -1 N
SO diém cuc tri cua ham so g(x)zf[ > J—xz la
x

A. 10. B. 6. C. 8. D. 4.
Cau 38: Cho y = f(x) la ham s6 bac bon c6 bang bién thién nhu sau:

X | —oo -1 0 1 +o0
V' 0 - 0 + 0 -

NG T N
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Céu 39:

Céu 40:

Cau 41:

Céau 42:

Cau 43:

Cau 44:

Céau 45;

Cau 46:

f(=x +2x)+ 2021
f(—x2 +2x)
A. 3. B. 2. C. 4. D. 5.

¢6 bao nhiéu diém cuc tri?

Ham sé y =

Cho ham s6 y = x° +(4+m)x° +(16—mz)x4 +2. Goi s 1a tap hop tit ca cac gid tri nguyén

duong ctia tham s m dé ham s6 di cho dat cuc tiéu tai x = 0. Tong cac phan tir ciia S bang
A. 6. B. 10. C.3. D. 9.

Cho ham s6 y =x° +(2+m)x® +(4—m2)x4 +4.Goi S 1atap hop cac gia tri m nguyén duong
khong vuot qua 10 dé ham sb d3 cho dat cuc dai tai x =0. Téng cac phén thcua S béng

A. 42. B. 52. C. 40. D. 50.

C6 bao nhiéu gia tri nguyén cta tham sé m dé ham sb y=2x" +(m—2)x5 —(mz —4)x4 +1 dat
cuc tiéu tai x =07

A 3. B.5. C. v6 sb. D. 4.

Cho ham s6 bac ba y = f(x) c6 bang bién thién nhu sau

r .
—00 1 3 oo

v + 0 - 0 |

12N

C6 tt ca bao nhiéu gia tri nguyén cia tham s6 m dé ham s y= f(x2 —2x+m +1) c6 3 diém

cuc tri?
A. 5. B. 2. C. 4. D. 3.

Cho ham sb y=x" —3x° —(m2 —2)x+ m? (C,,)- Biét rang d6 thi ham s cit truc hoanh tai ba

diém phan biét A, B,C(xA <xp < xc) va c6 hai diém cuc tri M, N . SO céc gia tri cia tham so

m dé MN = AC 12
A. 1. B. 2. C.o. D. 3

C6 bao nhiéu giad tri m nguyén nho hon 2022 thoa man d6 thi ham sé
y= (4+4m—m2 —mg’)x4 —2(m+1)x* +3 ¢ dung mot diém cuc dai?

A. 2023. B. 2021. C. 2. D. 2022.

Cho ham s6 y = 4x* —8mx? +3m>+2. Tim m d& d6 thi ham s6 c6 3 diém cuc tri A,B,C tao

thanh mot tam giac c6 tam duong tron ndi tiép nam trén dudng thang x+y—-2=0.

1
A 1. B. m=——. C.\2. D. 3.

Cho ham s6 y = £(x) ¢6 dao ham Ia f'(x)=(x+1)" (x2 —Zx),VxeR. C6 bao nhiéu gia tri

nguyén cua tham sé m dé ham sd y=f (‘x3 - Sx‘ + m) ¢ ding 7 diém cuc tri?
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Céau 47:

Céu 48:

Cau 49:

Céau 50:

Céau 51;

Cau 52:

A 3. B. 2. C. 1. D. Vo so.

Cho ham sd f(x) codaohamtrén R f'(x)=(x+3)(x—4). Tinh tdng cac gia tri nguyén cua
tham s& m e [-10;5] dé ham sd Y= f(‘x2 —3x+ m‘) ¢ nhiéu diém cuc tri nhat?

A. 54, B. 9. C. -52. D. —-54.

Cho ham sb y = ‘x‘”’ +(m+2)x* +mx - m2‘ v6i m 13 tham s6. C6 bao nhiéu gia tri nguyén cia m
thod mén |m -1 <5 dé ham sb da cho c6 dung 5 diém cyc trj?

A. 6. B. 3. C.5. D. 4.

Goi s latap chua tat ca cac gia tri thuc ctia tham s6 m déham s y=f (x) =|x* —2mx+1|+4x
c6 diém cuc dai véi gia tri cuc dai trong Gng nam trong khoang (3;4) va dong thoi thoa man
10m 1a s6 nguyén. Tim s6 phan tir cia tip S .

A. 6. B. 2. C.5. D. 4.

Cho ham sb bac ba y=f (x) c¢6 dd thi 1a mot duong cong nhu hinh bén dudi.

LY

-——f b

‘__‘-‘-‘-‘_-‘—-l-
|
e 0
-
B

C6 bao nhiéu gia tri nguyén ciia tham s6 m dé ham s g(x)= f(‘fz(x)—Zf(x)—m‘) ¢6 nhiéu

diém cuc trji nhat?
A. 11. B. 10. C.12. D. 13.

Cho ham s y = £(x) ¢6 dao ham f(x)=(x~1)’ [xz +(1-3m)x +2m? —Zm] vx e R.C6 bao

nhiéu gié tri cia tham s6 me[-5;5] dé ham sb g(x) = f(‘x‘ + m) c6 ti thiéu 3 cyc tri.
A. 8. B. 9. C. 10. D. 11.
Cho hamsb f (x) c6 dao ham lién tuc trén R, d6 thi ham sé y = f '(x) c6dung 4 diém chung

vo1 truc hoanh nhu hinh vé bén dudi:

A ¥

/ 2 IN_ "2 4
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C6 bao nhiéu gia trj nguyén cta tham sé m dé ham sb y= f(|x|3 - 3|x| +m+ 2021) +2022m°
co dung 11 diém cuc tri?
A 0. B. 2. C. 5. D. 1.
A : . . 2022 ( o . i
Céau 53: Chohamsoy = f(x) lién tuc trén R va co dao ham f (x) = (x—lZ) (x —ZX) . C6 bao nhiéu

gid tri nguyén cua m e (—2021;2021) dé ham sb y=f (x2 —2022x+2021m) ¢6 3 diém cuc tri

duong?
A. 4038. B. 2021. C. 2020. D. 2019.

Cau 54: Cho ham s6 y = f(x) c6 dao ham 13 f'(x) =x® +10x, Vx e R. C0 bao nhiéu gié tri nguyén cia
tham s6 m dé ham s6 y = f(x4 —8x% + m) c¢6 dung 9 diém cuc tri?

A. 16. B.9. C. 15. D. 10.
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HUONG DAN GIAI CHI TIET

Caul: ChonA
Tirdo thi ciia y = £'(x) tathy f(x) dongbiéntrén [1;2],suyra f(1)< f(2)=0.

Xétham s6 h(x)= f(x)-x* +14x* ~ 240+ 111 (x) = f'(x) - (4x° — 28x+ 24).
V& db thi ham sd y =4x> —28x +24 trén cung mat phéng toa d9, ta 1ap duogc bang bién thién caa

n(x) va g(x) =[(x)| ( n(-3)=F(-3)+128>128,n(1) = £(1)<0,h(2)=3).

x —0 X -3 x, 1 x, 2 x, +00
>0 3

") —w /, \ <0 / \Q\‘ —

| N TN N N

Vay ham s6 g(x)= ‘f(x) —x* +14x% - 24x +11‘ c6 4 diém cyc tiéu.

Cau2: ChonB
Tacod f(x) ladathicbacbanén f'(x) ladathic bic hai = f’(x2 —x+1) 1a da thirc bac 4.

Do d6 tir @ thi ham s6 y = f'(x* ~x+1) taco:

(% —x+1)=a(x+1)x(x-1)(x~2),véi a>0.

£ —x+1) =a(x* —x-2)(x* —x) =a(x* —x+1-3)(x* ~x+1-1).
Suyra f'(x)=a(x-3)(x-1),vxeR

Xét ham sb y:f(\/x2+4—m) co y'=

f'(@—m)

x“+4
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x=0 x=0
x=0

Paoham y'=0< f'(m_m)_oa Vil +d-m=1e | Vx> +4=m+1.
NP +4-m=3 NP +4=m+3

Ham s y = f(\/x2 +4 —m) c6 5 diém cuyc tri

<> y'=0 c6 5 nghiém phan biét va y' d6i dau khi x qua cc nghitm d6 <> m+1>2 < m>1

MameZ va me [—10;10] nén me {2;3;4;...,'10}
Vay c6 9 gia tri cia m théa man yéu ciu bai toan.
Cau3: Chon A
Ham s& y =|f (x—2021)-2022| ¢6 s diém cyc tri nhidu nhét 1a 7 khi va chi khi phuong trinh
f(x—2021)=2022 €6 4 nghi¢m phan biét hay phuong trinh f(x)=2022 ¢0 4 nghi¢m phan
bigt. Tacé f(x)=2022 & x* =2x° +(m—1)x* +2x-m =0
x=-1
= (x+1)(x—1)[x2 —2x+m] =0e|x=1
¥ =2x+m=0 (*)
Suyra f(x)=2022 c6 4 nghi¢ém phén bi¢t khi va chi khi (*) c0 2 nghi¢ém phan bi¢t khac —1
1-m>0
T P m<1
valticla {1°-2+m#0<
) m#-3
1"+2+m=0
Do m nguyén thudc [ —2021;2022 | nén c6 2021 gid tri théa man.
Céau4: Chon A
DPé ham s6 y = f(M) c6 3 diém cyc trj thi ham s6 y = f(x) co ding 1 cyc tri duong.
Khi d6 f'(x) = 3x* —2(2171 + 1>x +3-m=0 c6 hai nghiém phan biét trong d6 c6 1 nghiém

dwong va nghiém con lai phai bé hon hodc bang 0. Suy ra

m>3
4m2+7m—8>0<:> <~/ —N177
3-m 3-m<0

A =(2m+1)" =3(3-m)>0

XX =—— <0 Q{ 8 S m2

2=y 743177
T

3.

Cau5: ChonC
Ta co: f'(x) = (x3 —2x2)(x3 —Zx) =x3 (x—2)(x2 —2) =3 (x—2)(x—\/5)(x+ \/E) .
f'(x)=0 c6 3 nghi¢m don va I nghiém bdi 3 nén ham s6 f(x) co4 diém cuc trj.
S6 diém cuc tri ctia ham s6 ‘f(l - 2022x)‘ bang s diém cyc tri cia ham s6 ‘f(x)‘ :

Ta c6 s0 diém cuc tri cua ham so ‘ f (x)‘ bang m+n (Trong d6 m 1a s6 di€m cyc tri cia ham
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Cau 6:

Cau7:

f(x), n lasonghiém cia f(x) khong tinh nhitng nghi¢m la diém cyc tri).

Theo trén ta c6 m = 4nén s nghiém 16n nhit cua f(x) la5hay n=5
Ham s ‘ f (1 - 2022x)‘ ¢6 nhiéu nhét 9 diém cuc tri.

Chon B
Dua vao bang xét dau f'(x) ta c6 ham ) f(x) co2cyctritai x=-1va x=4.

| f 342x—4) khix>0
Xét g(x)zf(x3+2|x|_4): Ez _2z 4; khzz<0

Dao ham: g’(x - (3x2+2) (x +2x— 4;khix>0

(sz— ) ( —-2x—4 khix<0.
X¢ét phuong trinh dao ham g'(x)=0
Trwong hgp 1: x>0

W +2x—4=-1 |x*+2x-3=0
=
X +2x—4=4 x> +2x-8=0

g’(x)=0<:>(3x2 +2).f’(x3+2x—4):0<:>[
{ x=1>0

&
x=1,67>0

Véi x>0 ¢b 2 cuc tri.

Trudng hgp 2: x <0. g'(x) =0 (3x* -2).f/(x* ~2x-4) =0

[ 2_2 JCZ—\/g
3x2-2=0 =3 3

S|P -2x-4=-1c|x’-2x-3=0 xz\/%(loai)

3 - > 2x-8=
¥ -2x-4=4 |0 -20-8=0 |, g9 (loai)

- | x = 2,33 (loai)

Vo1 x <0 ¢cd 1 cuc tri.
Vay ham s6 g(x)= f(x3 +2|x|—4) ¢o 3 cuc tri.
Chon C
Nhan xét:
Ham s6 y = f(M) ¢6 s6 diém cyc tri = 2. (s6 diém cyc tri duong ctia ham sb y=f(x)) +1.
Suy ra dé ham s6 g(x) = f(‘x‘) ¢6 5 diém cyc tri thi ham s6 y = f(x) phéi co6 2 diém cuc tri
duong.
Xét f(x)=0 (x=2) (x=1)(x* =2(m+1)x+m*~1)=0
x=2(L)
Sl (2 —20m s D m? 1) 0| '
(x )(x (1) +-m ) <~ x2—2(m+1)x+m2—1=0(*)
Tir diéu kién bai toan suy ra phuong trinh (*) phai c6 hai nghiém phén bi¢t khac 1 va trai dau

hoac c6 mot nghiém béng 0 va mot nghiém duong khéc 1.
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Cau 8:

Truwdng hop 1: Hai nghiém phan biét khac 1 va trai dau.
EIE \/5 ;

& m¢1+\@; =

-1<m<1

2m+D1+m* =120 (42 —2m—-2%0
= .
-1<m<1

~1)<0 ~1<0

{m;ﬁl—\/g

biéu kién
L

Suyra m=0 (TM).
Truwong hop 2: c6 mot nghiém bang 0 va mot nghiém dwong khéc 1.
Didukién 02 —2(m+1).0+m> -1=0< m=+1.

. =0
V01m=1:>x2—4x=0<:>[x 4:>m=1(TM).
X =

V6i m=-1=x*>=0=m=-1 (Loai).
Vay c6 hai gi4 tri nguyén cua m théa yéu ciu bai toan.
Chgn C

Dat h(x) = f(x)+ i‘* %x3—2x2+4x.

)=
Taco H'(x)=f'(x)+x° —x* —4x+4 vei I (x) =0 f(x)=—x" +x” +4x-4.
) 2

bat k(x =20 +x* +dx—4 , ta s& khao st va v& do thi cua k(x)-

Tacod k'(x):—3x2+2x+4. Cho K'(x)=0< -3x” +2x+4=0<x =

1++13
-

Chu y su twong giao cua do thi ham sb k(x) va tryc hoanh, ta thay:

x=-2
k(x)=0c —x"+x” +4x-4=0<|x=1
x=2

Ttr d6 ta co6 hinh vé nhu sau:

=)

1 x
k(x)

X =—
Tir hinh v&, taco h'(x)=0<|x=1
x=2

28

Hon nita, h(-2)=f(-2)-=-<0, h(2)= f(2)+% >0. Tir d6 ta c6 bang bién thién caa ham sé

h(x) va ‘h(x)‘ nhu sau
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Céau 9:

Céau 10:

r |—oo -2 1 2 +0co
h'(x) - o + 0 - 0 +

—+00
h(z) R(1) /
\ T T
h(=2)

Vay ham sb g(x) = ‘h(x)‘ ¢6 3 diém cuc tiéu.

“+00
Oz

Chon C
Ham s6 h(x) =15f(-x* +22% ~2) - 10x° + 30x

Taco h(x)=15(—4x> +4x).f/(—x* +2x* —2) - 60x° +60x
= h’(x) = —60x(x2 —1)[f’(—x4 +2x7 —2)+x2 +1} :
2 /
Ma —x* +2x2 —2=—(x2 —1) —1<-1,VxeR nén dya vao bang xét dau cua f'(x) ta suy ra
(-t +2x* -2) 0.
Suyra f(—x*+2x” -2)+2” +1>0,vxeR.
Do d6 déu cua #'(x) cling ddu v6i u(x)=-60x(x* ~1), tic 13 doi ddu khi di qua cic diém
x=-1Lx=0;x=1.
Vay ham s6 h(x) €63 diém cuc tri.
Ta c6 h(0)=15f(~2)=0 nén do thj ham s0 y = h(x) tiép xlic Oxtai O va cit truc Ox tai 2
diém phan biét khac diém cuec tri.
Vay ham s6 y=g(x)co 5 diém cuec tri.

Chon C
L ' " -4
Taco g(x):[f(|x—4|)} :(|x—4|) f (|x—4|) :ﬁf(x—éq).
[x—4|=-2 9
'(x) khong xéc dinh tai diém x =4 ¢’ = ’(x—4‘)—0<:>‘x_4‘:_1 x=-1
¢'(x) khong xac dinh tai diém x=4; ¢'(x)=0 < f = |x—4|:3 I
|x-4/=5 x=1
Bang bién thién
-0 -1 1 4 7 9 +o0

X
g'(x)

e
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Cau 11:

Céu 12:

Do d6 ham s6 y = g(x) ¢6 5 diém cyc tri.

Chon B

Db thi ham s6 g(x) = f(x* ~2|x~1|-2x+m)= f(\x—uz ~2fx-1|+ m—l) dbi xtng qua dudng
thing x=1.

Xétham sb y = f(* —4x+m+2),x>1.

x=2
x2—4x+m+2=0(l)
y':(Zx—4)f'(x2—4x+m+2):0c> P —dx+m+2=1 <

X2 —dx+m+2=2

(x=2
X’ —dx+1=-m

2 —dx=-m

_x2 —4x—-1=-m

x?—dx+m+2=3

Ham s g(x) =f(x2 —2|x—1|—2x+m) c6 dang 9 diém cuyc tri khi va chi khi dudng thang
y=—m cit cdc d6 thi ham sd y=x? —4x—1,y = x*> —4x,y = x> —4x+1 tai 3 diém phan biét

¢O hoanh d6 16n hon 1 va khac 2 .

Ta c6 dd thi
y}\
o
_21----:
3¢
.
-5¢
\ —m>— <
Tur @6 thi, ta duoc: mz-2 = ms2 =me 0;1;1;2;2;Z .
4 <-m<-3 3<m<4 2 2 2
Chon A

Pat g(x)=h(jx-1))= f(|x—1|2 —2|x—1|+m—1)

Do db thi ham s6 y =h(|x—1|) 6 dwoc khi tinh tién dd thi ham s6 y =h(|x|) sang phai mdt don
vi nén s6 cyc tri ctia ham s6 y =h(|x—1) bing s6 cyc tri ham y = h([x]). Nhu vay, dé ham s6
8(x) €69 cuc tri thi ham s y = h(x) = f(x* ~2x+m—1)cd 4 cue tri c6 hoanh do duong.

x=1

Lai co: y'=(2x-2)fr(x2_2x+m—1). Giai phuong trinh y'—0:>[f, 2 —2x+m—1)=0 (*)

x2-2x+m-1=1 X -2x-1=1-m (1)
(*):> X2 -2x+m-1=2=|x*-2x-1=2-m (2)

x> -2x+m-1=3 x?-2x-1=3-m (3)
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

Céu 13:

Céau 14:

(Truong hop x> —2x+m—1=0 c6 nghiém boi chan nén khong 1a cuc trj).
Xétham 6 t(x)=x* —2x-1=#'(x)=2x-2

T |- 0 1 +oo Z |- 0 1 +oo
t'(x) — i 0 + t'(x) -1 0 +
+oo | +co 400 E +oo
t(x) ' . t(x) :
=1 y=1-m <1 y=2—m
\:2 \:2

D¢ ham s6 da cho ¢6 9 cyc tri thi phuong trinh (1), (2), (3) phéi c6 3 nghiém dwong phéan biét
khac 1. Khi do, ta co:

1-m=-1 m<2 0<2m<4

[ [ {6 <2m<8

2<2-m<-1 3<m<4

Do 2meZ= 2me{0;1;2;3;4;7}. Vay ¢6 6 gia tri m théa yu cau bai toan.

Chon A
2
Xét ham sb g(x)z%—E.Tacé g’(x):()@l—xzz()@x:ﬂ_
x“+x+1 3 (x2+x+1)
Bang bién thién
r [—o0 -1 1 00

Ham s6 g(x) c6 hai diém cyc tri x=-1, x=1 v6i moi m € R nén ham s f(x) =‘g(x)‘ co it

nhit 3 diém cyec tri khi va chi khi phuong trinh g(x) =0 c6 nghiém boi 1&.

ml1l m
33 _faenc
SN 33 3 <:{ =m e {-2;-1,0} (Do m nguyén)

R e
Chon A
Ta co: g'(x)z f’(x)(Zf(x)—4)(f (x)—4f(x)—m).f,( fz(x)—4f(x)—m‘)=0

£ (x) =4 (x)-n]
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Cau 15:

fx)=0(1)
2f(x)-4=0< f(x)=2(2)
fz(x)—4f(x)—m=0<:>f2(x)—4f(x)=m (3)
‘fz(x)—élf(x)—m‘:—l (voly)
fz(x)—4f(x)—m:2 <:>[f2(3c)—4f(3c)m+2(4)
fz(x)—4f(x)—m=—2 fz(x)—4f(x)=m—2(5)

D& thy (1) c6 2 nghiém don (vi ¢6 2 cyc tri) va (2) c6 3 nghiém don

‘f2(x)—4f(x)—m‘=2<:>

Viy tong s6 nghiém don cua phuong trinh (3);(4);(5) 1a 12 thi théa méan
-1;2

Dt u=u(x)=f> (x)—4f(x):>u':2f’(x)(f(x)—2):>u':o @[ii%a;b;c}}.

Céc nghiém trén duogc sr?ip thr tu tir nho dén 16n nhu sau: a<-1<b<2<c.

Bang bién thién ctia ham s6 u = f? (x)—4f(x) .

T — a -1 b 2 + o
u' — 0 + 0 - 0 + O _ 0 +
+ o + a0
U
4 -4 “4

Vay sd giao diém cua cac duong thang y=m—2;y =m;y =m+2 v6i dd thi u(x) 1a 12 diém
phan biét
{—3 <m-2<60

< ©-1<m<58=me{-1,0;1;..;57} = 5 =1652.
-3<m+2<60

Chon A

Gia sir y=f(x)=ax3+bx2+cx+d.

Vi dd thi cua ham $b yzf(x) di qua céc diém c6 toa do la (0;1),(1;3),(2;5),(3;1)
d=1 a
a+b+c+d=3 b=3

=
8a+4b+2c+d=5 c=0
27a+9b+3c+d =1 d=1

_ .3 2 ) — 242 _ X
:f(x)— x”+3x" +1 :>f(x) 3x” +6x O@[xzz
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

Céu 16:

Cau 17:

{—mﬁl
, . ) -m+2>1 -1<m<1
Ham so y:f(f(x)+m) co dung 6 diém cuyec tri <> c{

~m+2>5 |-5<m<-3
{—m <5

MameZ = me{—4;—3;—1;0}.

Vay c6 4 gia tri m nguyén thoa min yéu cau bai toan.

Chon A

Dya vao do thi ham s6 y = f'(x). Ta c6 bang bién thién ham s6 y = f(x).

T | —00 —3 1
Y + 0 — 0

f(=3)<0

fa

+00

+
+00
)

Tacs g/(+)=2050[ f(x=6)["" f (x=6) =0 E’(C__Z))j.

Duya vio bang bién thién ciia ham s6 y = f (x) , ta thay phuong trinh f (x - 6) =0 c6 mdt nghiém

don.

Mat khac f’(x—6)=0®{x_22_3<:>[x

=3
1a hai nghiém don.
x—6=1 =7

Viay ham s6 c6 3 diém cuyc tri.

Chon D
Taco g(x):f(x2—2x+1— (x—l)z]

co g’(x)=(2x—2—x—_1]f’(x2 —2x+1—|x—1|)=(x—1)[2—ﬁ}f’(x2 —2x+1—|x—1|)

-1
x=1
_x=1 x:é
[x-1=0 3 i
X== - —
|x—1|:1 % =3
2 x== x = 1(k)
Suyra g'(x)=0<| x> —2x+1-|x-1|=-1< 2 <l 0
) -
X2 2x+1-[x—1]=0 x=1" =[x 1 +1=0(vn) £e?
@ -2x+l-x-1=1  ||r-1 ~[x-1]=0 3445
X =
) x=1 —|x=1-1=0 2
=17 - L
i 2
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Céu 18:

Céu 19:

Ta c6 bang xét dau g'(x):

_ /5 1

@ —oo 1= 0 = 1 E 9 3+ V5 o
2 2 2 2

g'(x) -0 *t o o+l —0 +0 - 0o 7

Véy ham s6 g(x) c6 7 cyc tri,

Chon A
Dat h(x)=f(2x2 —4x+m—3).

Suy ra h'(x) = (43(—4).f'(2x2 —4x+m—3)
Dé g(x)co 7 diém cyc trj thi h(x) phai c6 3 diém cyc tri duong.

Taco: h'(x)=0 r-a=0 =1
. (x)— i 29(2—4x+m—3:2<:> 2x2—4x+m—5:0(*)'

h(x)c6 3 diém cyc trj duong = (*)c6 2 nghiém dwong phan biét, khéc 1.

4-2(m-5)>0
m

-5

= >0 =5<m<7.

2-4+m-5#0

Vi m nguyén nén m=6. Vay c6 1 gié tri nguyén cua tham sé m thoa méan.

Chon B
Taco g'(x) = 3(3x2 +3)f’(x3 +3x)f2 (x3 +3x).

Ta thay 3(3x2 +3)>0, VxeR, va fz(x3 +3x)20, vxeR, nén diu cua g (x) chinh Ia dau
cua f'(x3+3x).

¥ +3x=-1 x=xle(—1,'0)
f'(x3+3x)=0<:> X +3x=0 <|x=0

P+3x=1 |x=x,¢(0;1)
-1<x<0

Tir bang bién thién cia ham f(x) taco f (x)>0< L i

3

. “1<x>+3x<0 <x<0
Dod(’)f(x3+3x)>0<:> ARG ke
x"+3x>1

X > X,
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

Ta c6 bang bién thién cua ham s6 g(x)

x —00 1 0 T2 +o0
q’(;};) — 0 + 0 — 0 -
+ “+00
g(x)

Suy raham sb g(x) c6 2 diem cyc ticu.

Céu 20: Chon C
Xét ham g(x) = f(x4 +3x7 +2+m).

Co g’(x) = (4x3 +6x).f’(x4 +3x7 +2+m).

x=0 x:o

4x% +6x=0 i n s i o
S| xT+3x+2+m=0 | x " +3x"+2=-m

ho ¢'(x)=
Cho g(x) OQ{f’(x4+3x2+2+m)—0

X +3x% +2+m=1 437 +2=-m+1
Bang bién thién ctia ham h(x) =x*+3x%+2:

X —0 0 +c0
H(x) - 0 n

]1(x) +o0

A 13 K 7 ar C s -m+1>2
bé ham s6 c¢6 dung 3 cuc tri thi <5 & -2<m<-1.
-m<

Vay ¢6 1 gia tri nguyén ciia m thoéa yéu cau bai toan.
Céu 21: Chon A
Gia thiét suy ra f(x) = 4:(x2 - 1)2 :
Taco g'(x)=2f(f2(x)- zozzm).( (£ (x)- 2022m))’
=2f(£?(x)-2022m).£'( £2(x) - 2022m) 2 (x).f (x)
2
- 64(( £2(x) —2022m)2 —1) (+ —1)2 £/(£(x)-2022m).£'(x)
S6 cuc tri cua g(x)chinh I3 s6 nghiém boi 1é cua

[f'(x)O [xe{—l;O;l}

£/(£ (x)-2022m) = 0(*) 2 (x)-2022m e {-1;0,1)

D& dang 1ap duoc bang bién thién cia f 2 (x)
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Céu 22:

x | —w -1 0 1 +®

M\/\/

Do do (*) c6 toi da 12 nghiém don do d6 ham s g co t6i da 15 cuc tri va c6 t6i thiéu 3 cuc

tri. Vay o+ f=18.

Chon D
x=2

Tacod f'(x)=0<|x=0,trongd6é x =2 langhiém bdi chén nén khong phdi 1 diém cyc tri cua
x=1

ham s y:f(x).

Xét ham s6 y:g(x):f[%xz —6x+m} c6 dao ham g’(x):(x—6)f’(%x2 —6x+mj.

x=6

X %x2—6x+m=2

Giai phuong trinh dao ham ¢ ( ) 0 E

NI»—\ (o)

<01, )
2 _6x+m|=0 Ex —6x+m=0

1x2—6x+m=1
2

Nghiém cta phuong trinh %xz —6x+m =2 khong phai 1a diém cuc tri ctia ham s y= g(x) .

Dé ham sb y :g(x) c6 5 diém cuc tri thi phuong trinh %xz —6x+m=0 va %xz —6x+m=1
phai c6 4 nghiém phan biét khac 6.
Xétham s0 Ji(x) = %xz —6x €0 I'(x)=x-6. Giai phuong trinh h'(x)=0< x=6.

Béng bién thién:
X -0 6 +a0
h'(x) - 0 +

h(x) +7\ / +f
-18

S6 nghiém phuong trinh %xz —6x+m =0 bang sb giao diém cua dd thi ham sb h(x) va duong

thang y = —m
S6 nghiém phuong trinh %x2 —6x+m =1 bang s6 giao diém cta d6 thi ham sb h(x) va duong

thang y=-m+1.
Ma —m <-m+1 nén dé hai phuong trinh trén c¢6 4 nghiém phan biét khac 6 thi —m >—18
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb
& m<18.

Tap céc gia tri nguyén duong ctia m théa min yéu cau bai toan 1a S = {1;...;17} .
Tong tit cac gia tri m cuatap S 12 1+...+17 =153.
Céu 23: Chon B
Ta co: g(x) = f(x+1) = g’(x) = f'(x+1).
(x—l)g'(x+3):(x+1)g'(x+2) hay (x—l)f’(x+4):(x+1)f’(x+3).

Cho {ij :{; 8233 F(x)=a(x-3)(x—4)
y=f(2% —4x+5)=y = (4x—4).f (22" ~4x+5)
x=1
y'=0 [4x_40 = J2Cx:21—496+5=4<:> ;C;1—4x+1=0@ x:z_zﬁ
f'(2x2_4x+5):0 2x* —4x+5=3 [2x°—4x+2=0 x:2+2\/5
x=1

Vay ham s6 c6 3 cuc tri

Céu 24: ChonD
1

Taco: g(x)= 2 [f(2x + 1)]3 .

= g()=2 * M2 (00 1) w2 32 (2 +1)[ f(2x+1)

X

& g(x)= 22+ [f(2x+1)] (ﬂ—ng(2x+1)+3f'(2x+1)j =0

f2(2x+1)=0
< 2122f(2x+1)+3f’(2x+1) =0 (¥)

Do céac nghi¢ém cta phuong trinh f 2 (2x + 1) =0 la cac nghiém boi chan nén s6 diém cyc tri ciia
ham s6 g(x) 1a s0 nghiém bdi 1¢ ctia phuong trinh (*).

2In2
B

Xét phuong trinh f(2x+1)+3f’(2x+1)20.

2% 1n

2
(t)+3f(t)=0.
(t—1)5f f

bat t =2x+1 ta duoc

Tur bang bién thién ta thiy dugc phuong trinh f(t)=0 c6 4 nghiém t,,t,,t; ,t,.
= f(t)=a(t—t,)(t—t,)(t—t5)(t 1)
:>f,(t):”[(t_tz)(t_t3)(t_t4)+(t_tl)(t_ta)(t_t4)+(t_t1)(t_t2)(t_t4)+(t_t1)(t_t2)(t_t3)}

Do 4 nghiém ¢t ,t,,t;,t, khong la nghiém cua phuong trinh (*) nén:
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2%1n2 , 2°In2 _ f'(t)
H+3f (=0 +3 =0 (**
T A gy (")

e X . 2°In2 3 3 3 3
Thay f(t) va f'(t) vao (**) taco: (t_1)5+t—tl+t—t2+t—t3+t—t4 =0

6
Xét ham sd h(t)z 2 lni ;8,8 3,3 VOi t¢1,t¢ti(i:1,4).
(t-1) -t -t t-ty o f-t
— 6 — p— — J—
=n t)= 2.5.ln2+ 3 + 3 + 3 + 3 2<O,vt7&1,1‘;zttl.(izl,él).

(-1 (t=1) (t-5) (t-t)" (t-t,)

Ta c6 bang bién thién cua h(t) :

i -0 N I I3 | Ig +00

1 (1) - - - - - -
0 +00 +00 +00 +00 +00

ol ONC N N NN N

—oa —oa —oo —00 —00 0

Tir bang bién thién ta thdy phuong trinh h(t) =0 ludn c6 4 nghiém don phan biét do d6 ham sb
g(x) co6 4 diém cuec tri.
Céu 25: Chon A
xX= —3(nghiem boi chan)
Xét f’(x):0<:> x=0
x=1
Dt g(x) = f(x2 —6x + m) = g’(x) = (2x—6).f'(x2 —6x + m)

X

x? —6x+m =-3(nghiem boi chan)
x* —6x+m=0 (1)
| X*—6x+m=1(2)

Giai phuong trinh: g'(x)=0<

Ham s g(x) ¢6 5 diém cyc tri <>mdi phuong trinh (1) va (2) c¢6 hai nghiém phan biét khac 3
MameN =me {1;2;3;...;8}. Vay c6 8 gia tri m thoa man bai toan.

Céau 26: Chon B
x=1(l)
Tacd f'(x)=0=|x=3
x=4
x==1 x=%1
Cho g'(x)=(3x2—3)f'(x3—3x+m)=0<:> X -3x+m=3< x3—3x—3=—m(1).

¥ -3x+m=4 |2’ -3x—4=-m(2)
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

Ham s6 da cho ¢ diing 6 diém cyc trj khi va chi khi (1),(2) c6 tong 4 nghiém phan biét x # +1

Ta vé& d6 thi ctia hai ham s6 y= x> —3x— 3,y= x> —3x—4 trén cung mot hé toa do.

:>me{2;5}.

\ 2<-m<-1 1 <2
Tur do thi, ta co: { < [ <

—6<—m£—5<:> 5<m<6
Vay ¢ 2 s6.

Céu 27: Chon B
Ta co y = f(|4—2x|+m—6) 1a ham s chin v6i bién s6 2x—4 nén d6 thi ham s6 nhan duong
thangx =2 lam truc ddi xing.
Xét ham sb y=f[(2x—4)+m—6] (1) c6 y' =2f'(2x+m—10).

Theo dau bai y' =0 tai cac diém x, =-1;x, =1;x; =4.

9-m
Y=
2x,+m—-10=-1 "
Taco |2x,+m-10=1 =|x, = ;m (x;,x,,x51a cac nghiém don).
Xy =—0—

Suy ra ham s6 (1) ¢6 3 diém cyc trj (2 cyc ticu va 1 cyc dai vi 1a ham bac 4 c6 hg s6 a>0).
D6 thi ham sb y = f(|4 —2x| +m —6) gdm 2 phan:

Phin 1: D6 thi ham s6 (1) phia bén phai duong thang x=2.

Phan 2: Liy dbi xtmg phan 1 qua duong thing x =2

Do d6 ham s6 y = f(|4—2x|+m—6) ¢6 3 diém cuc tiéu thi ham s6 y = f[(Zx—4)+m—6] co3

. .. e . X =2
cuc tr1 x;,Xx,,X3 VOl X; <X, <X3 va thoa man
Xy >2

9—m£2

2 =5<m<7 =>me|56} =5=11.
11-m
—_—>2

2

Cau 28: Chon D
x=-3

, , 2 LA
Taco f(x)—x +x—-6 0<:>L:2
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[x=-1

x=3

x> —3x* -9x=-m-3 (1) '
x> —3x% -9x =—m+2 (2)

Taco y'=(3x* —6x-9) f/(+* - 3x> ~9x+m) =0 <

Xeét h(x) =x° —3x* - 9x; h'(x) =3x’-6x-9=0< [x 3 ta co bang bién thién
X =

X —n -1 3 +oo

H(x) + 0 - 0 +

k(x) / i —m—3

—wn \ —27

Déham s y = f(x3 ~3x? —9x+m) c6 ding 6 diém cuc tri thi

-m+225

{—27<—m—3<5 -8<m<-3
—27<—m+2<5c{24£m<29'
{—m—3§—z7

Vay ¢6 10 gia tri nguyén cta m dé ham sb y= f(x3 —3x% —9x + m) c6 dung 6 diém cuec tri.
Cau 29: Chon D

Tr gia thiét ' —ax x? —1 (a>0 =y =ax —%x +c.

- (o b=3 a 20 )
Theo bai ra , S8 _a =y =5x" —10x* + 3.
.2 ib=—2" b 3

2
g(x)=(x3—x)[f(x+1 g'(x (3x2—1)[f( 1)]2+2f'(x+1)(x3—x)f(x+1)
:g’(x):f(x+1)[(3x2—1)f )+2f (x+1)(x3—xﬂ

(9)=0e f(x+1)=0(2)
8 (352 -1) f(x +1)+ 26/ (x+1)(x* ~x)=0(3)

Giai f(x+1)=0(2).

Dua vao d6 thi phuong trinh (2) c6 4 nghiém phan biét x,,x,,x;,x, .

Giai (3x* 1) f(x+1)+2f (x+1)(x* ~x)=0(3)

Hay (3x? —1)|:5(x+1)4 ~10(x+1)’ +3}+40[(x+1) (x+1)}(x ~x)=0 (4)

Pt Ji(x) = (3x” —1)[5(x+1)4 ~10(x+1)’ +3}r40[(x+1)3 —(x+1)}(x3 ~x)
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Cau 30:

y=h(x) lién tuc trén R.

h(-3)=6878, h(-2)=-22, h(-1)=6,h(-0.5)= Z’Z?’
h(-3).h(-2)<
h(=2).h(- 1)

hE 1).1( o&)s)<o )
(

h(0)=2,h(0.5)=—12—z3 h(1)=86

-3

-2

e 17 5).h(0) <

h(0).r(0.5)<0
h(0.5).1(1) <0

y= h(x) lién tuc trén R nén y = h(x) lién tuc trén cac doan

[-3,-2],[-2-1],[-1;-0.5],[-0.5;0],[ 0;0.5],[ 0.5;1] (6).

Tir (5) va (6) phuong trinh (4) c6 it nhat 6 nghiém don
B<x5<-2,-2<x,<-1,-1<x, <-0.5,-0.5<x5 <0,0< x5 <0.5,05<x,<1.

Ma phuong trinh bac 6 c6 tdi da 6 nghiém nén (4) chi c6 6 nghiém phan biét don nén doi dau
Vay ham $6 g(x) = (x3 —x)[f(x +1)J2 ¢ 10 diém cuc tri.

Chon A
Ta thy f'(x2 —1) = a(x—2)(x +2)x% = a(x* —4x%) = a[(x2 —1)2—2(x2 -1)- 3}

lim f’(xz—l):—oo:>a<0. Suy ra f'(x):a(xz—Zx—S)

X—>+00

bat u:|x—2|+‘x2 —1‘

X +x-3,x>2 2x+1, x>2
X —x+1,1<x<2 , 2x-1, 1<x<2 L 1
Suy ra u(x)= =u'(x)= tathdy u'(x)=0 = x=—
—x?—x+3, —1<x<1 2x-1, -1<x<1 2
¥ —x+1,x<-1 2x-1,x<-1
R s 1 1 1 2 o0
2
u'(x) - + 0 - + +

13
w(x) T 4
3 1

f(}/\/\/\

Vay ham s6 da cho c6 3 diém cuc dai.
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Céu 31: Chon A
Ham s6 y:g(x):z[f x ] [ )]2+12f +2021 lién tyc trén R.

Taco y' =6.2(x).f'(x)-18f(x).f(x) +12f'(x) =67 (x )[f2(x)—3f(x)+z]
fix)=0 (1)

Giai phuong trinh dao ham: y'=0 < f(x) = (2) :
flr)=2 (3)

o
B W N =

X

. , , _ X
Ti (1),tacod f'(x)=0< .
X

x=ae (—oo;l)
x=2 (Nghieéim keflp)
x=be (3;4) '

x=ce (4;+oo)

Tir (2),tacé f(x)=1<

[x=de (a,'l)
x=ee (1;2)

Tir (3), ta c6 =2 '
r(3),taco f(x)=2< x = 3(nghiedm ketip)

(x=ue (c;+oo)

Lap bang xét déu, ta c6

x % a d 1 e 2 3 b 4 c u +%
Fix) 1+ + 0 - -0+ 0 - | - 0 4 |+ T
Sflx)-1 -0+ + 0+ 0 4+ + 0 - -0+ -
flx)=-2 - | -0 4 + 0 - - 0 - | - _ -0+
V' + 0 -0 4+0 - 04+ 0 -0 4+ 0 - 04 0- 0+

Dua vao bang bién thién, ta c6 ham s y= g(x) c6 5 diém cuc dai.

Céu 32: ChonC

2(e1)(x-11-1)

<=1

Taco: g'(x)= f’(x2—2|x—1|—2x+m—1)

x=0
gx)=0=>|x=2 ; g’(x) khong xac dinh tai x =1
f’(x2—2|x—1|—2x+m—1)20

Dua vao dd thi ham sb f’(x), ta co
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Céu 33:

Cau 34:

x2—2|x—1|—2x+m—1=1 x2—2|x—1|—2x=2—m
f(-2p=1-2x4m-1)=0 | ~2—1|-2x+m-1=2 |’ 2fx~1|-2x=3-m
X =20x-1|-2x+m-1=3 | x*-2x-1-2x=4-m

Xét ham sb h(x) =x% - 2|x - 1| —2x, ta ¢6 bang bién thién sau

x —0 0 1 2 +00
7 (x) 0+ | - o =
40 -1 400
h(x) \ / \ /
-2 -2
. 2-m>-1 <3
Ham s6 da cho ¢6 9 cuc tri < " & " =me 2;3;§;2 .
2<3-m<-1 4<m<5 2°2
Vay c6 bon gié tri ctia m .
Chon B
Bang xét ddu clia yzf'(x)
X -0 —4 0 1 +00
f'(x) - 0 + - 0 +

Dit g(x) = f(x2 +4x). Taco g'(x) = (2x+4)f’(x2 +4x).

x=-2

g(x)=0< 2x+24=0 = ;»cz+4x=—4<:{x=_2 ,
f’(x +4x):0 S x=-2+5
f'(x2 +4x) khong xéac dinh khi x2+4x=0<:>[iz(_)4.
4 <x<-2
—4<x*+4x<0 |2<x<0

IS
x? +4x>1 9C<—2—\/g

x>—2+\/§

Xét bat phuong trinh f’(x2 + 4x) >0 [

Béng xét dau ctia y = g’(x)

x —00 -2-v5 -4 -2 0 -2+v5 +00
2x + 4 - - - 0 + + +
fl(x® + 4x) + 0 - + + - 0 4
g'(x) - 0 4 - 0 + - 0 4

Do ham sb y = f (x) xac dinh va lién tuc trén R nén ham sé y = g(x) xac dinh va lién tuc trén

R, do d6 ham sd y= f(x2 + 4x) ¢6 nam diém cuc trj.

Chon B
Tap xac dinh cua g(x) :D=R\ {O} :
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A A Y A 1 SUE T A <
Nhén thay ham so g(x) = f{|x|[1+ /1+x—2]—mJ la ham so6 chan.

Xét truong hop x >0: g(x)=f(x+\/x2+1—m).

Giai phuong trinh dao ham g'(x)=f’(x+\/x2+1—m).[1+ ;C J
x°+1

Xét phuong trinh g'(x =0<:>f’(x+ x2+1—m).(1+ - ]zO *
g ! yered Y

x4Vl +l-m=-1 |x+Vx?+1=m-1 (1)
= x+\/x2+1—m:1 Rt x+\/x2+1:m+1 (2)
x+\x*+1-m=3 x+Vx?+1=m+3 (3)

D¢ ham s6 g(x)= f[|x|[1+ f1+i2]—m] c6 it nhat 3 diém cuc tri thi phuong trinh phai c6 it
X

nhit 2 nghiém duong phén biét.

Do d6 cac phuong trinh,, phai c6 it nhét 2 nghiém duong phan biét.

Xéthamsd f(t)=t+vt*+1 ¢co f'(t)=1+ !
(=T a0 f)=1s

>0, Vt>0.

Ta c6 bang bién thién:

1

Suy ra dé c6 it nhat 2 nghiém duong phan biét thi m+1>1<m>0.
Céu 35: ChonD
Taco g(x) = g(—x),‘v’x e R nén ham sb g(x) 1a ham s6 chan trén R.

Do x® +2x+sinx>0,Vx e (0;+oo) va khong tdn tai (a;b) dé g’(x) =0,Vx e (a;b) nén ham sd
g(x) co dung 5 diém cyc trj khi ham s6 h(x)= f(x3 —x? +2x+sinx+2+m) ¢ dung 2 diém
cuc tri duong.

Taco h'(x) :(3x2 —2x+2+cosx)f'( 3 x? +2x+sinx+2+m).

x=2
D& thiy 3x* —2x+2+cosx>0,VxeR va f'(x)=0<|x=0 .
x=-2

x®—x* +2x+sinx =-m

3

Suy ra h’(x)=0<:>f’(x3—x2+2x+sinx+2+m)=0<:> X% —x* +2x +sinx = —m—2

2 —x*+2x+sinx=-m—4

93 | Facebook tac gid: Phan Nhét Linh - SPT: 0817.098.716



Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

3

it u=x> —x* +2x+sinx = ' = 3x* —2x+2+cosx > 0,Vx € R, ta c6 bang bién thién
X —o0 0 +00
r
U +

Qua bang bién thién ta thiy, ham s6 h(x) c6 dung 2 diém cyc trj duong khi

{—m—2>0

Sme [—4;—2). Vay s6 gia tri nguyén can tim ciia m 14 2.
-m—-4<0

Céu 36: Chon B
Theo gia thiét thi g(x) la ham 50 bac ba thoa man g(x)=f(x+1) néntacod f(x) ciing 1a ham
s6 bac ba. Suy ra f’(x) =ax? +bx+c, do do f'(x) =0 ¢6 tdi da hai nghiém.
Mit khac g(x):f( +1)<:>g'(x):f’(x+1).
Do do (x—l)g'(x+3) =(x+1)g'(x+2) = (x—l)f’(x+4)=(x+1)f’(x+3).
Véi x=1=2f'(4)=0;x=-1=-2f(3) =0.
x=3

Suy ra f’(x)=0<:{x=4.
Taco y=f(2x2—4x+3—m) :y’=(4x—4)f’(2x2—4x+3—m).

yY=0|2x" —4x+3-m=3<|2x" —4x=m

2x* —4x+3-m=4 |2x°—4x=1+m
Ham séyzf(sz —4x+3—m) co dung ba cyec tri khi va chi khi y'=0 c6 ding 3 nghiém don
hoac bdi 1é.

Xét sy twong giao gitrta d6 thi ham s6 y = 2x?* —4x véi hai duong y=m va y =m+1 nhu sau:

1Ty
y = 222 — 4z
1
@) ‘];'/2 x
! y=m—+1
—2 & N7
Yy =m

Do d6é y'=0 c6 dung 3 nghiém don hodc boi 1¢ khi va chi khi -3 <m <-2.

Vay c6 mdt gid tri nguyén cua tham sd m thdéa man yéu cau bai toan.
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Céu 37: Chon B
2_
Ta co: g(x):f(x 1}—x2:f(1—i2J—x2.

2
X

Dao ham 8'(96):(1—%} f’(l—lzj—Zx:%f’(l—iZ)—Zx.
X X X X

Giai phuong trinh dao ham g'(x)=0<:>%f’[1— 1 szx@f’(l_ijz 1
X

R
X2

X

A p J4 s, \ J4 X
Nhan xét: SO cuc tri cia ham s6 g(x)= f { 5

] ¥ A : ha A ' 1 N gA TN A _
x0c) cua d6 thi hams6 y = f (1—x—2j va do thi ham s6 y =

0

J—xz la sb giao diém (khong tinh diém tiép

~ AA 1 1 £ 1 ~ \ 1A re A L LA £ ,
V& d6 thi ham so h(x) = — trén cung mot h¢ truc véi do thi ham s6 y = f (1—x) , ta duoc:
X

x—zzae(O;l) xz:; x—i\/;

()| =be(13) o|?=y e x-s/.
x

1 . 2 _1 1

_x_z_ce(3'+°°) _x ; x=i\/;

Vay ham sb c6 6 diém cuc tri.

Céu 38: Chon A

) x#0
-x"+2x#0
e - ) ) x#2
biéu kién f(—x + x);t = -x"+2x#a (a<-1) = velaa

—x*+2x#b (b>1) (Vx)

x#1-+1-a
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f(=+2x)+2021 091 ~2021(-2x+2) f (x> +2x)
Taco y= =l =y =
f(—x2 +2x) f(—x2 +2x) 12 (—x2 +2x)
—2021(-2x +2) f'(—x2 + 2x)
Dodé y'=0< =0
£ (—x2 +2x)
[ x=1 i x=1
(o —x? +2x=-1 leix/i
& —2021(-2x+2) f'( 2" +2x) =0 & A P
| Pe2x=1 | (x-1)=0

Vay ham sé c6 3 cuc tri.
Céau 39: Chon A
Xétham sdy =x°+(4+m)x° +(16-m” )x* +2 c6 TXP la D=R.
Taco y' = 6x" +5(4+m)x’ +4(16-m? x> = x| 6x> +5(4-+m)x-+4(16 - |.
x=0
y=0e 632 +5(4+m)x+4(16-m?) =0
Do x =0 la mot nghiém ctia phuong trinh y' =0 nén ham sb dat cuc tiéu tai x =0 khi va chi khi
y' doi dau tr (=) sang (+) khi qua diém x=0.
Pit g(x)=6x+5(4+m)x-+4(16-m?).
Truwong hep 1: x =0 la nghiém cia phuong trinh g(x)=0. Suy ra m =4 hoac m=—4.

x=0
V('yim=4,g(x)=6x2+40x=0<:> 20 -

X =
3

Khi d6 phuong trinh y' =0 ¢6 x =0 la nghiém boi 4 nén y' khong doi déu khi qua diém x =0.
Suy ra x =0 khong la diém cyc tri cia ham sé.

Vay m =4 khdng thoa man.

Véi m=—4, loai do m la s nguyén duong.

Truong hep 2: x =0 khong la nghiém cia phuong trinh g(x)=0 hay m # +4.

Taco y' = xS.g(x) ; g(O) = 4(16 - mz) .

lim g(x) >0
y' dbi ddu tir (~) sang (+) khi qua diém x =0 khi va chi khi {*7°

lim g x)>0

x—=0"

©4(16-m*)>0 -4<m<4.
Ma m 14 s6 nguyén duong nén ta c6 me{1,2,3} hay S={1,2,3}.
Vay tong céc phan tir cua tiphop S 12 1+2+3=6.
Cau 40: Chon B
Taco y' =6x° +5(2+m)x4 +4(4—rr12)x3 =x (6x2 +5(2+m)x+4—m2) :
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0w =0
7= 6x2+5(2+m)x+4—m2=0(*)'

(*) cO A=49m> +100m +4 = (49m +2)(m+2).

A>0
V6i moi m nguyén duong thi _5( 2+ m) do do ta xét cac truong hop sau:

g <0
4-m?>0

0 S0<m<?2: (*) c6 hai nghiém am phan biét x,,x, (xl <x2), ta co
m>

Trwong hop 1: {

bang xét ddu y' nhu sau:
x | —0 X X, 0 +a0

Y| - o + 0o - o0 =+

Lac nay x =01a diém cuc tiéu.

—_— 2 r
Truwong hop 2: {4 " <0<:>m>2: (*) c0 hai nghiém trai dau xl,xz(x1 <0<x2),ta co bang

m>0

xét dau y' nhu sau:

Tir day suy ra x = 01a diém cuc dai.

Truong hep 3: (*) co mot nghiém bing 0 va mot nghiém am, lic nay x =0 1a nghiém boi 4
cua dao ham nén khong phai 1a diém cuec tri.

Vay c6 ba gia tri nguyén duong ctia m thoa min yéu cau bai toan 12 3, 4, 5, 6, 7, 8, 9, 10. Tong
céc phan tir ciia S bang 52.

Cau 41l: ChonD
Tap xac dinh: D=R.

DPao ham ' =8x" +5(m—2)x4 —4(1112 —4)x3 =x [8x4 +5(m—2)x—4(m2 —4)} = xs.g(x) ,
Vi g(x) =8x" +5(m—2)x—4(m2 —4).

Taco }Ciirég(x) =¢(0)= —4(m2 —4).

Truwong hop 1: g(O) <0< —4(m2 —4) <0 me (—oo;—2)u(2;+oo).

Khi x — 07 thi y’:x3.g(x)—>0+; khi x — 0" thi y':xa.g(x)—>0_ = ' d6i diu tir duong
sang &m qua x = 0 = ham sb dat cuc dai tai x=0.

Truong hep 2: ¢(0)>0 < —4(m2 —4) >0 me(-2;2).

Khi x — 0" thi y' =x3.g(x) —07; khi x > 0" thi y' =x3.g(x) — 0" = y' d6i dau tir am sang
duong qua x =0 = ham sd dat cuc tiéu tai x=0.

Truimg hop 3: g(0) =0 ~4(m ~4)=0 < m =42

Véi m=2,taco y'=8x" =y d6i dau tir Am sang duong qua x =0 = ham s dat cuc tiéu tai
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Céau 42:

Céau 43:

x=0.

Véi m=-2,taco y' =x° (Sx7 —20x) =x* (8x6 —20) = y' khong d6i dau qua x =0 = ham s
khong dat cuc tri tai x=0.

Nhu vay ham sb dat cuc tiéu tai x =0 <> m e (—2;2] . Do m nguyén nén m e {—1;0;1;2} .

Vay c6 tat ca 4 gia tri nguyén ctia tham sd m thoa man yéu cau bai toan.

Chon C

Xét ham sb y :f(x2 —2x+m+1) co y' :(2x—2)f'(x2 —2x+m+1).

_1 x=1 x=1
yY=0s f’(xz 2ererl)_O@ ¥ -2x+m+l=-1|-2>+2x-2=m.
X -2x+m+1=3 —x*+2x+2=m

V& d0 thi hai ham s6 y = g(x)=—x*+2x-2 va y=h(x)=—x"+2x+2.

y=m

Dé ham sb y = f(x2 —2x+m+1) c6 3 diém cyc tri thi dudng thang y = m cat d6 thi hai ham
s6 trén tai hai diém phan biét khac 1 hodc 3 diém phan biét trong d6 c6 mot diém c6 hoanh do

bing x=1 < -1<m<3.Vi m nguyénnén me{-1,0,1,2}.

Chon B

Phuong trinh hoanh 6 giao diém cua (C,,) va truc Ox la: x° —3x? —(mz —Z)x +m?* =0

Q(X—l)(xz—zx_mZ):()@{le C{le

x?—2x-m?=0 x:li\/1+m2.

Suy ra (C,,)cht truc Ox tai ba diém phan biét A(l— 1+m?;0),B(1;0),C(1+ 1+m2;0) va

AC=2N1+m*

. 2 2 . A
Taco, y'=3x>—6x-m>+2, ¥ =03x" —6x-m +2=0(1), phuong trinh (1) ludn c6 2
nghiém x,,x, vé1 moi gia tri cua tham sb6 m.

Xy +x, =2

Ap dung dinh ly Vi-et ta co S
xl.xz = 3

Goi hai diém cuc trj 1a M(x;91),N (x5, )
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Cau 44:

Cau 45:

N - : \ 2( 5 2m* +2
Puong thang qua hai diém cuc tri M, N la y=—g(m +l)x+ 3

Nén ta c6 MN:\/(xz ) a1 () = \/[1+%(m2 +1)2j((x2 o v
:\/[1+%(m2+1)2j(4—§(2—m2)j z\/§(1+m2)+£(1+m2)3

Theo gia thiét MN = AC

@\/g(1+m2)+£(1+m2)3 =21+ m? @%(1+m2)+£(1+m2)3 :4(1+m2)
@%(1+m2)+£(1+m2 3=4(1+m2)@§+£(1+m2)2=4<:>(1+m2)2=%
<:>1+m2:%<:>m:i I%—l.

Chon D

Taco y:—(m—Z)(m+2)(m+l)x4—2(m-|—1)x2+3_

Truwong hop 1: m=2 = y=-6x*+3, thoa man.

Truwong hop 2: m=-2 = y=2x%+3, loai.
Truwong hop 3: m=-1 = y=3, loai.

2(m=2)(m+2)(m+1)" <0 [(m-2)(m+2)<0

Trwong hep 4: = o -l<m<2.
~(m=2)(m+2)(m+1)>0 m+1>0

2

Truong hop 5: 2(m=2)(m+2)(m+1) >0 (m-2)(m+2)>0 - e
~(m=-2)(m+2)(m+1)<0  [m+1>0

Vay m>-1.

Chon B

Tacod y=4x* —8mx? +3m”* +2 = y' =16x> —16mx

x=0

X =m ()

Giai phuong trinh ' =0 < 16x° —16mx =0 < {
D6 thi ham s6 ¢6 3 diém cyc tri A,B,C khi va chi khi phuong trinh ' =0 ¢6 3 nghiém don phan
biét, tirc 1a phuong trinh (*) c6 hai nghiém phan biét khac 0 < m > 0.

Khi d6 db thi ham s ¢6 3 diém cuc trj 14 A(O;3m2 +2), B(_JZ,-_m2 +2), c(\/Z,-_m2 +z)

Nhén xét: Tam giac ABC ludncantai A vaco Oy latruc ddi xing. Goi H 14 chan dudng cao
xuét phat tir dinh A cua tam giac ABC suy ra AH =0y va AH la dudng cao ciing 1a duong
phan gi4c trong goc A nén I 1a tim dudng tron noi tiép tam giac thi I € AH hay [ € Oy.

Vi tam gidc ABC c6 tam dudng tron ndi tiép nam trén dudng thing x+y—2=0 nén I 14 giao

diém ctia duong thang x+y—2=0 véi Oy . Suy ra toa do ciia I 1a nghiém ciia hé
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Céau 46:

x=0 x=0
< =1(0;2).
x+y—-2=0 y=2
Phuong trinh dudng thang BC:y =—m? +2.

X :y—3m2—2<:> X +y—3m2—2:

\/Z —4m? \/E 2

0

Phuong trinh dudng thing AC :
4m

= 4m\/ax+y—3m2 -2=0.
Do I la tm dudng tron ndi tiép tam gide nén d(I, AC)=d(I,BC)

2

oM 2 (m>0) <~16m° +1 :3@16m3+1:9@m:3i (théa mén).

16m° +1 2
Vay m 1

ay m=-r=.
32
Chon C
Bang bién thién ctia ham s6 £ (x):
z | —oo 0 2 +oo
f(z) + 0 - 0 +

f@)

w/\/f”

o[ -3x)(3x -3)

Céch 1: Giai truc tiép

Ta co: y:f(‘x3—3x‘+m):>y = ‘ 5 s ‘ f'(‘ 3—33€‘+m)
x° —3x
[x=0 —x:0
x:i\/§ x:i\@
Phuong trinh ¥'=0 hodc ¥’ khong xac dinh khi: — o lx=+1
f’(‘x3—3x‘+m)=0 ‘x3—3x‘+m=0
) _‘x3—3x‘+m—2

Y
I

V3

1

I
+ + <

X
<X

m

‘x3 —3x‘ =-m
‘xB —3x‘ =2-
it h(x)=x"-3x=I'(x)=3x" -3 ¢6 dao ham n'(x) =0 x=+1.

Béng bién thién cua ham sb ‘h(x)‘ ;
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y=20

z | —oo -3 -1 0 1 V3
Ll T T
K (z) T+ 0 a 0 N
1 I I
oo | 1 1
()| | * | 2 :
I | I 1
| \/ |
, \
P - =~ - e

Dua vio bang bién thién ta thiy dé ham sb 1 = f(‘xs - Sx‘ + m) ¢6 7 cuc tri thi s nghiém boi 1¢

cua phuong trinh y' =0 phai la 7.

% —o0 -3 -1 0 1 V3 400
T 1 T
H () Ly 0 . 0 i
I | I
o0 \' ; J oo
|‘ 4 : : /
|A(x)| \'/ \J 2 i y=2
| 1 I
”z ~o ’,'— =0
- A 97
’f
—00
A A L. 2-m=2
Yéu cau bai toan < 0 =m=0.
_m frd

Vay chi ¢ 1 gia tri nguyén 1a m =0 thoa man ham s y= f(‘x“” —3x‘ + m) c6 dung 7 cuc tri.

Cach 2: Ghép truc két hop v6i phuwong phap danh gia
(x3 - 3x)(3x2 — 3)

‘xB’ - 3x‘

bat u:‘x3—3x‘+m >u' =

Cho u'=0 hodc u’ khong xac dinh khi: | u==1

x —c0 -3 -1 0 1 V3 +00
u 400 m 2+m m 2+m m +o0
+p0 +o00

f(u)

Két hop voi bang bién thién clia y = £(x), ta thiy dé ham s y = £(u) ¢6 7 cyc tri thi m <2

vatrong (m;2+m) khong chira diém cuc trj nao cua f(x)-

Yéu cau bai toan < m =0.

Vay chi ¢6 1 gia tri nguyén 13 m =0 thoa man ham s6 y= f(‘xB’ —3x‘ + m) c6 dung 7 cyc tri.
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T —o0 -3 -1 0 1 V3 +00
u +oo 2 m 24m m 24 m m 2 +eo
+eo +00

flu)

Céch 3: Ghép truc két hop v6i phuong phap tinh tién d6 thi.

o u=-1
Datu:x3—3x3u':3x2—3.Cho =0 )
u=1
= —o0 3 -1 0 1 V3 +00
u o0 0 2 4 2 2 0 2 +o0
+co
flu)
+oo I +o0
F(lul)

Ham s6 y = f(‘u‘ +m) dugc tao thanh tir viéc tinh tién qua trai m don vi (m>0), 1oi 14y d6i
xung qua tryc Oy .
Ta thidy dé ham sd yzf(‘u‘Hﬂ) ¢6 7 cuc tri thi sd cuc tri duong cua f(u+m) phai 1a 3

=0<m<1.
Kéthop meZ=m=0.

Vay chi c¢6 1 gia tri nguyén 1a m =0 thoa man ham s6 y= f(‘xS —3x‘ + m) c6 dang 7 cyec tri.

Céu 47: ChonD

Tacs f’(x)z(x+3)(x—4):0<:>{ii;3.
Tinh dao ham, y' = f’(‘x2 —3x+m‘)m(2x—3).
‘x2—3x+m‘
_3 3 3

2
V=0 x°=3x+m=0 - 2 3y+m=0 - x2—3x:—m(1)

‘x2—3x+m‘=—3(VN) X2 -3x+m=4 x> =3x=4-m(2)

‘x2—3x+m‘:4 x> -3x+m=-4 x2—3x:—4—m(3)

bat g(x) =x* - 3x, khao sat ham s y= g(x), ta dugc bang bién thién nhu bén dudi.
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Cau 48:

Céau 49:

x +00 3/2 400
+co +00
\ /'—m +4
g(x) ~C — L

™~ e
\‘_2 / —m—4
4

O TN S . 1A C oy a1y -9 7
Pé ham so c¢6 nhiéu diém cuc tri nhat khi va chi khi -m—4 > e S m< e
Két hop véi diéu kién m e [—10;5] suyratap giatri m la s = {—10, -9,-8,.., —2} )
Vay téng cac gid tri nguyén ciia tham sd m bang —54 .
Chon D

\ e , . X . 3 2 2 ., .
Ham so y=‘x3+(m+2)x2+mx—m2‘ coS5di€mcuctri @Y=Xx +(m+2)x +mx—m"~ c6 hai

diém cuc trj ndm vé hai phia cta truc hoanh <> e (m + 2)x2 +mx—m* =0 (1) c6 ba nghiém

phan biét.

Taco X3+(m+2)x2+m3€—m2 =0 @(x+m)(x2+2x—m):0 = x:_m .
x*+2x-m=0(2)

bé (1) c6 ba nghiém phén biét thi (2) c6 hai nghi¢m phéan bi¢t khac —m
m+1>0 m>—1

C>{mz—3m;«r&0 Q{mio,m;t?;'

Do m nguyénva —4 <m <6 nénsuy ra me{1;2;4;5}.

Vay c¢6 4 gia tri nguyén cia m thoéa yéu cau bai toan.

Chon B

Xét phwong trinh x* —2mx+1=0 c6 A'=m*-1.

Trudng hop 1. Néu A'=m*-1<0 thitaco

Ham sd ¥ = f(x) =% = 2mx+1+4x = x> —Z(m —2)x+1 . D& thdy ham sb nay khong ton tai

diém cuc dai.

14 _1 . , . © A A <A 9 b
Trwong hgp 2. Neu A'=m? -1>0< [m < L khi d6 hai nghiém phan biét cua phuong trinh
m >

2% =2mx+1=0 lan luot 1a x, =m—\m* —1;x, =m+m* -1,

Voi {xixl thi y=f(x)=x" - 2mx+1+4x=x"-2(m-2)x+1 khong c6 diém cyc dai.
x> x,

Véi x, <x<x, thi y=f(x)==x"+2mx-1+4x =-x"+2(m+2)x-1,
Ham s nay c6 diém cuc dai 1a: x =m+2 va gia tri cuc dai la: y:f(m+2):m2+4m+3.

Suy ra diéu kién: {xl <X=m+2<x, C>{m—\/mZ—l <m+2<m+Nm* -1

f(m+2)=m2+4m+36(3;4) 3<m?+4m+3<4
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m<—5

\/E>2 _m>\/§
olmt+am+3<dol2-5<m<-2+5<2-5<m<-4.

m>+4m+3>3 < —4
_m>0

Suyra10(-2-J§)<10nz<—4o
= 42,3 <10m < —40 = 10m € {-42; 41} <= m e {-4,2;-4,1} =S .
Vay S ¢6 2 phan tu.
Céau 50: Chon A
it u= f7(x)-2f(x) = =2f'(x)( f(x)-1).
xe{a;Z}

trong 40 b<a<c<2<d.
xe{b;c;d}

Chou'=0< [
Bang bién thién cta ham sé u = f* (x)—Zf(x):

" —m b a Cc d + o0

¥ 0 + 0 0 + 0 — 0 +
+ o0 A8 1 +co
-1 -1 -1

Mat khac: g(x)zf(‘u—m‘)bg'(x) =(‘u—m‘)’ f’(‘u—m‘). Do d6 s6 diém cuc tri cia ham sb

g(x)zf‘fz (x)—Zf(x)—m‘ chinh 14 s6 nghiém nghiém bi 1é ctia hé:
u-m=0 u=m u=m

(|u—m|),:0 = xe{b;a;c;2;d}<:> xe{b;a;c;Z;d}

f’(|u—m|)=0 |u—m =2 ue{m—Z;m+2}

Ham s6 g(x) = f(|f* (x) 2/ (x)-m) ¢ nhiéu diém cyc tri nhat khi va chi khi:

{—1<m—2<15

< 1<m<13. Do m nguyén nén cd 11 gia tri cia m théa man.
-l<m+2<15

Cau51: ChonD

Ta c():f’(x):Oc{

x=1
% +(1=3m)x+2m* —2m=0(*)

Aoy =(1-3m)" ~4{20r" ~2m) = (m+1)",

g'(x) = f’(|x|+m).i

A

Trwong hop 1: m=-1.
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x=0
Phuong trinh g'(x) =0 |:

Vay nhan m =-1.

[+ m=1"

X =

=

0 x=0
& .
2 x=i\/§

Trudng hep 2: m = —1. Khi d6 (*) c6 2 nghiém phén bi€t m —1 va 2m.

(x=0

|x|+m =1
Phuong trinh g'(x) =0

|x|+m=2m

Kha nang 1: 1—m>m<:>m<5

Yéu cu bai todn = 1-m>0<=m<1.
m<l

Véy > me[ -5;5

m# -1

Kha nang 2: 1—m<m<:>m>%

Yéu cau bai toan < m > 0.
1 me[75;5]

Vay m > S —me {1,2;3;4;5}.

|x|+m:m—1

=

x=0

|x| =1-m
|x| = -1(VN)
x| =m

me {—5;—4;—3;—2;0} .

Vay ¢6 11 gia tri m thoa man yéu cau bai toan.

Céu52: ChonD

V6i mdi tham sb m thi s6 diém cuec tri ctia ham s6 y = f(‘x‘a =3l +m+ 2021)+ 2022m°

Vay= f(\xf’ =3+ m +2021) béng nhau.

p L A £ 1.3 A 3
Do @6 ta chi can tim gia tri nguyén cua tham s6 m dé ham so y = f(‘x‘ - B‘x‘ +m+ 2021)

co dung 11 diém cuc trj.

Xét x >0:Hams§ co dang y = f(x* ~3x+m+2021).

Khi d¢6 ta c6 dao ham nhu sau: ' = (3x2 - 3)f’(x3 —3x+m+ 2021).

Do nghiém cua phuong trinh x° —3x +m +2021=4 1a c4c nghiém boi bac chin cia phuong trinh
y'=0 nén ta chi cin quan tim dén cac nghiém con lai. Tuc la

3x*-3=0
y=0<

f/(x* =8x+m+2021) =0 <

x=1 (dox>0)

X2 —3x+m+2021=-1
=

¥ —3x+m+2021=1

X% —3x+m+2021=2

(x=1 (dox>0)
m+2021=—-x+3x—1
m+2021=—x> +3x+1

| m+2021=—x" +3x+2

V& d6 thi ba ham s6 y=—x®+3x—1; y=—x>+3x+1; y=-x>+3x+2 V&i x>0 trén cling

mot hé truc
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Céau 53:

y = m + 2021

y=—a°+ 3z — 1

Ham sé y = f(\xf’ =3l +m+ 2021) c6 diing 11 diém cyc trj

< Hamso y = f (x3 —3x+m+2021) c6 dung 5 diém cuc tri duong

<> Phuong trinh f'(x3 —3x+m+2021) =0 c6 dung 4 nghiém boi l¢ duong va khac 1

< Duong thang y=m+2021 cit d6 thi ba ham s6 y=-x>+3x-1; y=-x>+3x+1;

y=—x>+3x+2 tai 4 diém phan biét c6 hoanh d6 duong khéc 1
[—1 <m+2021<1 {—2022 <m<-2020
2<m+2021<3 -2019 < m <-2018
Do diéu kién m nguyén nén m = —2021.
Vay chi ¢d 1 gia tri nguyén caa m thoa man yéu cau bai toén.

Chon B
x=12
Phuong trinh f'(x)=0<«|x=0
x=2
Bang xét dau:
X —0 2 12 +0
7(x) + 0 - 0 + 0 +

Do d6 ham sb y=f(x) datcyctritai x=0va x=2.
Xét y = f(x* ~2022x+2021m) €6 y' = (2x—2022).f'(x* ~2022x +2021m).

x=1011

y'=0s x* —2022x +2021m =0 - x* —2022x = -2021m

£ (x> ~2022x+2021m) = 0 =
x?—2022x+2021m =2 | x* —2022x -2 =-2021m

Xét céic ham s6 g(x)=x" 2022 va h(x)=x"-2022x-2, v6i x > 0.

g'(x)=2x-2022; g'(x)=0< x=1011

Béng bién thién:
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Céu 54:

X 0 1011 +o0
g'(x) - 0 +
g(x) 0

_1011~/
\—mw— /

~1011% =2 < -2021m < 10112
—2021m >0

Vay ham s6 ¢6 3 diém cuec tri duong < |:

1022121 1022123
<m<

<m
< 2021 2021
m<0

Két hop voi gia thiét = m e {~2020;-2019;...;0}
Chon D

x=0

Xét f'(x)=x*+10x=0 = :
x=-10

Xét y=f(x4—8x2 +m):>y’=(4x3—16x)f'(x4—8x2+m).

4x° ~16x=0
Cho y'=0< :
Y f’(x4—8x2+m):0
, B 3 x=0
Xét phuong trinh: 4x° —16x =0 < .
x=12

4 _8x2 = —x*+8x* =m 1
Xét phuong trinh: f’(x4—8x2+m)=O c{x Sx”+m=0 <:>[ ()

x* —8x* +m=-10 —x* +8x% =m+10 (2)
Dé ham s6 y = f(x4 —8x2 +m) c6 dung 9 diém cyc tri thi phuong trinh f’(x4 —8x? +m) =0

can c¢6 6 nghiém don x =0 va X #+2.

; 4 2 x=0
Xéthamso g(¥)=-x"+8x" ¢d ¢'(x)=—x*+16x=0 <= :
8(x) g'(v) o
Ta c6 bang bién thién:
X —0 -2 0 2 +o0
g'(x) + 0 — 0 + 0 -
g

(x) /16\0/16\

Xét hai duong thang d,:y=m,d,:y=m+10 song song voi truc Ox .

—o0

Vi m+10> m (Vm e R), nén duong thang d, ndm trén dudng thang d, .
Phuong trinh (1) c6 2 nghiém va phuong trinh (2) c6 4 nghiém
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0<m+10<16 . R
< -10<m<0.VI meZ nén <:>me{—9;...;—1}.

m<0
Vi x =0 di1a cyc tri cia ham sb y:f(x4 —8x2+m) nén ta liy ca truong hop m =0.

Vay ¢6 10 gié tri nguyén ctia tham sé m thoa man.
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UNG DUNG PAO HAM
DE KHAO SAT VA VE DO THI HAM $O

CHU PE GIA TRI LON NHAT VA NHO NHAT CUA HAM SO

o ot @)
Y YWY 10MTATLY THUYET

1. Pinh nghia

e Cho ham sb xac dinh trén D

= S6 A duogc goi la gia tri 16n nhat cia ham s6 y = f(x) trén D néu:
x)<A;VxeD
f( ) , takihiéu A:maxf(x)
ElxoeD:f(xO):A xeD

= Chay: Néu f(x) < A;Vx e D thitachuathésuyra A= maxf(x)
xeD

= S a duoc goi la gia tri nho nhét ciia ham s y = f (x) trén D néu:
x)>a,VxeD
f( ) , takihiéuazminf(X)
EIerD:f(xO)=a xeD
= Chay: Néu f(x) >a;Vx e D thi ta chua thé suy ra a = minf(x)
xeD
2. Phwong phap tim gia tri 1é'n nhat, gia tri nhé nhat cia ham sd hai bién.
e Céc bai toan hai bién (Yéu cdau: tim gid tri I6n nhat, gia tri nhé nhat hodc tim tdp gid tri).
= Sirdyng phuong phap thé y =i(x) tir gid thiét vao biéu thirc P can tim cye tri, khi d6 P = f(x)
Vo1 x €[a;b] —> dua vé tim gia tri lon nhat, gia tri nho nhét ctia bai toan mot bién.
= Sir dung cac bat dang thirc co ban (c6 thé dung dé giai quyét cac bai todn mot bién)
= Bit dang thic AM — GM cho hai s thuc khong 4m
a+b>2ab < 4ab < (a+b)2 & (a—b)2 >0

»  Bit déng thirc Bunhiacopxki cho céac $b thuc a, b, ¢, d
(ax +by)2 < (az +b? )(x2 + yz). Déu “=" xay ra khi a_tb
Xy
e Mot sb bd dé co ban ding trong cac bai toan hai bién

(x+y) _(++¥)
4

" xy< va x2+xy+y22%(x+y)2
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3
. x4y = >
Y 2

3 (x+y)(x2+y2) (x-;:y)?) ny(X‘i‘y)

» Bét dang thuc Cauchy — Schwarz dang phén sb 1 + 1 > 4
X Yy x+y

3. Gia tri 16'n nhat, gia tri nhé nhat ciia ham sé chira dau gia tri tuyét doi

e Bo dé: Cho ham s6 y=f(x). Biét rang gia tri lon nhat va gia tri nho nhat bing A va a
f(x)‘=max{|A a}.

Dang 1: Tim m dé gia tri I6n nhat caa ham sb y = ‘f(x)er‘ trén D ludn nhé hon k(k € R)

max f(x) = A va min f (x) =a. Khi 6 max

7

= Buwéc 1: Tim Tezgf(x) va rizeagcf(x) , gid su Ziezgf(x)za va Tecgcf(x)zA. Khi do

max
xeD

4

f(x)‘ = max{|A +m

a+m|}.

|A+m|<k

» Buwéc 2: Tim m dé max{|A+m|;|a+m|}<k<:>
|a+m|<k

Vi DU 1: C6 bao nhiéu gia tri nguyén ctia tham s6 m dé gia tri 16n nhat ctia ham s6 f(x) = ‘xa —12x+ m‘

trén doan [1;3] khong vuot quéa 20
A. 33 B. 36 C. 34 D. 35

& LOI GIAI
=2¢(1;3)
2 =x°-12 '(x)=3x"-12= i
bat g(x) x x+m:>g(x) 3x OQ!x:—Ze(l;B)
Ta co: g(l):m—ll; g(2)=—16; g(S):m—9

Suy ra: fligr]zg(x) =m-16; r[;%;&?]cg(x) =m-9

Do do: ﬁ%ﬁc‘g(x)‘zmax{|m—9 m—16|}

4

o [m—9<20 —20<m-9<20 ~11<m<29
Tu do6 suy ra:

=
|m—16|£20 —20<m-16<20 4<m<36

Vay c6 34 gia tri nguyén ciia tham s6 m thoa man.

Dang 2: Tim m dé gia trj 16n nhét caa ham s y = |f(x)+m| trén D bing

= Buwéc 1: Tim Zng(x) va Teanf(x) , gia su rxneigf(x):a va ﬁanf(x)zA. Khi do

max
xeD

f(x)‘ = max{|A +m

a+m|}.

I |A+m|=k
|a+m|£k
{|A+m|£k

|a+m|=k

* Buwdéc2: Tim m dé
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Vi DU 2: Goi S 1a tap hop cac gié tri cia tham s& m dé gia tri 16n nhét ctia ham s6 f(x) = ‘x‘q’ -12x+ m‘

trén doan [1;3] bang 10 . Tong cac phan tir cia S bang
A. 26 B. 40 C. 10 D. 25

& LOI GIAI

x=2¢(13)

x=-2¢(1;3)

Taco: g(1)=m-11; g(2)=-16; g(3)=m—9. Suy ra: ﬁzgjlg(x) =m-16; f}gﬁcg(x) =m-9

bat g(x)=x3—12x+m:g'(x)=3x2 -12=0<

i[m 16|}

Do do: ﬁ%ﬁc‘g(x)‘ = max{|m -9

m=19
Trwong hop 1 {|m—9|=10 [ 1 19
ruong hop 1: Sqm=- < m=19.
m-16|<10 1610
jm—9|<10
. m-9|<10
Truong hop 2: |m—16|:10® {m:% S m=6.
m==6

Vay S= {19;6} nén tong cac phén tir ciia S bang 25.
Dang 3: Tim m dé gia tri I6n nhat caa ham s y = ‘f(x)+m‘ trén D dat nho nhat.

= Buwéc 1: Tim Tezgf(x) va r;zecgcf(x) , gia su rxrélng(x)=a va Ziecgcf(x)=A. Khi do

max
xeD

4

a+m|}.

f(x)‘ = max{|A +m

M2|A+m|

= Bwéc 2: batM = max{|A+m|;|a+m|} :{
M 2|a+m|

:>2M2|A+m|+|a+m|

2M2|A+m|+|—u—m|2|A—a|

|A+m|:|a+m| <:>A+m——a—m<:>m——A+a
|A+m|+|—a—m|20 N B 2

Déu bang xay ra khi {

VIDU 3: Tim m dé gia tri 16n nhat cia ham sb f(x) = ‘x3 —12x+ m‘ trén doan [1;3] dat nho nhat

% 12 50

A.m B. m=5 C.m=—=— D. m
7 3

£ LOI GIAI
Dat g(x) =x° —12x+m, d& thay 7[111137]18()() =-16; ﬁ%ﬁcg(x) =-9

A+a_ -9-16 25
2 2
Dang 4: Tim m dé gi trj nho nhat cia ham s6 y =|f(x)+m| trén D dat nhé nhét.

Taco: m=

= Buéc 1: Nhan thay, y=‘f(x)+m‘20,VxeD nén min

f(x)+m‘ >0 . D4u bang xay ra khi va
chi khi phuong trinh f(x)+m =0 c6 nghiém.

= Buwéc 2: Tim m dé phuong trinh f(x)+m=0 c6 nghiém.
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VI DU 4: C6 bao nhiéu gia tri nguyén cta tham sb m dé gia tri nho nhat ciia ham s6 f (x) = ‘x‘q’ -12x+ m‘

trén doan [1;3] dat nho nhét

A.mzé B.m=5 C.mzl—2 D.mzy
2 7 3
& LOI GIAI
Nhan thay f(x)=0,vxe[1;3] nén x]eﬂllré f(x ) 0.

DAu bang xay ra khi va chi khi phuong trinh x® —12x+m =0 c6 nghiém.
Vi x® —12x e[ -16;-9] khi x€[1;3] nén —m e[ -16;-9 | <= me[9;16].

Dang 5: Cho ham s6 y=‘f(x)+m‘. Tim m dé Enhiﬂnjy+fnqﬂ33y=h (h>0)

= Buwoéc 1: Tim ﬂ{uﬂn]f(x) va ﬂzaﬂaﬁf(x), gia su [Tzﬁn]f(x) =a va Egaﬂaﬁf(x) =A.

mlinye{ }
- Buoc2: |
maxye{ }
[a:h]
miny =a+m
Truwong hop 1: a+m>0= L8] =>h=A+a+2m.

maxy=A+m
a;f]

miny =—-a—m
Truwong hop 2: A+m<0=> d =>h=-A-a-2m
maxy =—-A-m
[@:h]
miny =0
. a+m<0 [a;p] h=A+m
Trwong hep 3: = =
A+m>0 [maaﬁy {A+m;—a—m} h=—-a-m
a;f
Vi DU 4: Cho ham s6 y:‘x4 —2x° +x% +a‘. C6 bao nhiéu s6 thuc a dé min y+maxy =107
2] [12]
A. 3 B.5 C.2 D.1
& LOI GIAI
Chon C.
Béty:‘x4—2x3+x2+a‘:|f(x)|.Xéthe‘lmsé f(x):x4—2x3+x2+a
Khi do f'(x):4x3—6x2+2x:2x(2x2—3x+1):0<:>xe{0;%;1}.
maxye{a }
= f'(x)20,vxe[L;2] va f(1)=a; f(2)=a+4.Taco Vxe[1;2] thi .
minye{a }

Xét cac truong hop:
TH1: a>20=maxy=a+4;miny=a=2a+4=10=a=3 (nhan)

TH2: a<-4=maxy=-a,miny=-a-4=-a-4-a=10=a=-7(nhan)

<0 +4=10 6
TH 3: g <:>—4<a<0:>miny=0;maxye{a+4,'—a}:> “ = = (|Oal).
a+4>0 —a=10 a=—

Chinh phyc c&c bai todn VD - VDC: Max- min cda ham sb | 112




Phan Nhét Unh Chinh phuc vén dung — van dung cao ndm 2023

I WA vipy MINH HOA

CAU 1. Cho ham s6 y = f(x) =ax® +bx® +cx+d va ham s§ y = xf (x) cung dat cyc tiéu tai X = 1 va c6

téng hoanh do giao diém cua do thi hai ham s6 bang 4 (cac nghiém boi chi tinh 1a mot). Biét gia tri 16n nhat
\ .7 . 5 A 5 \ A A 1 A \ Y .7 . 5 A
va gid tri nhé nhat ciia ham s6 y = f (x) trén doan {E ;4} lan luot 13 @ va 2a+1. Gia tri cua so thuc «

béng
—— R S D. -2
320 291 108 307

£ LOI GIAI
Chon D

Xét y=f(x)=ax3+bx2+cx+d co f'(x)=3ax2+2bx+c va f”(x):6ax+2b
Xét y=g(x)=xf(x) co g'(x)=f(x)+x.f'(x) va g”(x)=2f’(x)+x.f"(x)
Vi ca hai ham sd f(x) va g(x) cung dat cuc tiéu tai x = 1 nén ta co
f’(1)=0 3a+2b+c=0
f'(1)>0  |6a+2b>0

@ ’
g(1)=0 ~ |f(1)+1.f(1)=0
g"(1)>0  ([2f(1)+1.f(1)>0
Xét phuong trinh hoanh d§ f(x)=x.f(x) @(x—l)(ax3+bx2+cx+d):0 (4)

3a+2b+c=0 (1)
Sqa+b+c+d=0 (2)
3a+b>0 (3)

Tir (2) suy ra da thic ax® +bx? +cx+d c6 nghiém x = 1.

Khi 6 ax® +bx* +cx+d = (x—l)[axz +(a+b)x+(cz+b+c)}
x=1

Tu d6 suy ra phuong trinh (4) tuong duong voi . +(a +b)x +(a+ - c) 0 (5)

Tir (1) suy ra da thirc ax? + (a + b)x + (a +b+ c) c¢6 nghiém x = 1. Nhu vy dé tong cac nghiém cta phuong

trinh (4) bang 4 thi phuong trinh (5) phai c6 mot nghiém bang 1 va mot nghiém bang 3, nén

9a+3(a+b)+(a+b+c)=0<>13a+4b+c=0 (6)

b=-5a
\ R c=7a
Tu (1), (2), (3) va (6) ta dugc
d=-3a
a<0
x=1
Vay f(x)=ax3—5ax2+7ax—3a voi a<0,taco f'(x)=3ax2—10ax+7a, f’(x)=0<:> 7
X==
3
1 7
r |3 ! 3 !
f(x) _ 0 + 0 —
Sa BE2
Y 27
fla) \ /' \
0 9a
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32
324 AN
Vay maxf(x)z——, minf(x)=9a.Ta co 27 =
{%}4:| 27 {%;4} 99=2a+1 a= E
307

CAU 2. Goi S 1a tap chira tit ca céac gia tri thuc nguyén tham sém sao cho gié tri 16n nhat caa ham sb

‘x?’ —3x% - m‘

\/(x3 —3x? —m)2 +25

flx)=

trén doan [ 0;4 ] bang % . Téng binh phuong gia trj cua cac phan tir cua S

bang:
A. 68. B. 80. C. 100. D. 41.

& LOI GIALI
Chon B

] ‘x“” —3x? —m‘ \/(x3 —3x? —m)2
Tacé f(x)= \/ -

(x3 —3x? —m)z +25 \/(x3 —3x? —m)2 +25

2
Dat t =x° —3x® —m V6i t e[ -4—m;16—m . Khi d6 xét ham s0 g(t) = 2t
t*+25
2
Tacod g(t)= 2t <14 2 44 vei te|—4-m;16-m]
t=+25 169

(m+4)' <122 (4<m<28
(m-16)" <122 Q{—MS’”SS
Thir lai:
Voi m=4=te[-8;12]=g(t)

m
<:>4§m£8.8uyra{

44 1212 (thea)
169

142 1212 (thoa)
169

Voi m=8=te[-12;4]= g(t)

Vay S={4;8}.Suy ra 4> +8 =80

CAU 3. Cho ham sb y:f(x) co f’(x)<0 v6i VxeR . Biét rang trén doan [—1;1] , ham s
y= f(x4 —6x? —4x) dat gié tri nho nhat tai x = mcosn—” (mmnpeN; n<p; n 1a phan s6 tbi gian). Gia
p

tri m+n.p bang
A 1. B. 2. C. 47. D. 65.

& LOI GIALI
Chgn C

Taco y’:(4x3—12x—4).f’(x4—6x2—4x).
Do f'(x)<0 véi VxeR nén y'=0 < 4x° -12x-4=0<x" -3x=1 (1).

Bang bién thién cua ham s6 g(x)=x>-3x—1 trén doan [-1;1]:
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T -1 0 1
g'(z) - | -
1
\
9(z) e B

Suyrax’-3x=1ox= X, € (—1;0). bat x=2cost, te [%,2{) , phuong trinh (1) tré thanh:

8cos3t—6cost:1<:>cos3t:1<:>3t:i£+k27z<:>t=i—+—, kelZ.
2 3 9 3
. T 27w 4 57 A ' Sz
Vi te| —;=— | nén t =— . Do 36 trén doan [—1;1], Yy =0 x=2cos—.
23 9 9

Bang bién thién ctia ham sé y = f(x4 —6x° —4x) trén doan [ -1;1]:

=
T —1 2 cos il 1
9

y — 0 -

I

Do d6, trén doan [—1;1], ham sb y= f(x4 —6x° —4x) dat gia tri nho nhat tai x = ZCOS%.

Vady m=2,n=5, p=9 hay m+np=47.

CAU 4. Cho ham sb y = f(x) c6 dao ham f(x) = x™ —x véimoi s6 thuc x, ddng thoi f(O) =2020 va
z,t 12 hai s0 thyc tury ¥ théa min z >t >—1. Gid tri I6n nhat cua f(t)- f(z)bang

A 010 B. -2 c. - 1010, D. 2%
1011 1011 1011 1011
& LOI GIAI
Chon D
Taco f'(x):xzozl—x nén f(x)z‘[f'(x)dx:‘[(xzom—x)dxzixzozz—1x2+C
2022 2 '
X 1 o2 15
Ma f(0)=2020=C=2020.Suyra f(x)=——x""—-=x"+2020.
f( ) y f( ) 2022 2
, , x=0
Xét ham s6 f(x)=—x2022——x2+2020 co f'(x)zo<:>x2021—x:0<:>x(x2020—1):Oc> x=1.
2022 2
x=-1
Béng bién thién:
x —o0 -1 0 1 + o
f'(x) — 0 + 0 — 0 +
S (%) +o0 J(0) +0
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Trén [-1;+w0) d& f(t)- f(z) dat gid tri lonnhatthi f(t) dat gid tri lon nhat va f(z) dat gi tri nho nhét.

1 1
Theo gia thiét thi z>#>-1 nén min 1)=———-——+2020.
g (1+oof() f() 2022 2

Do te[-1;z) va f(z) dat GTNN tai z=1 nén fr_lﬁﬁf(t)#(o):zozo.

A g s A 3 1 1 1 1 505
Vay gla trl 16n nhat cua f(t)_f(Z) bang 2020—(M—E+2020j E—M M
CAU 5. Cho ham s f(x):ax5+bx3+cx, (u>0,b>0) thoa man f(3)=——; f(9)=81. Goi S 1a tap
hop tAt ca cac gia tri cia tham s6 m sao cho Flagj‘ ( )‘+[mli;%‘g(x)‘=86 voi
g(x)=f(1-2x)+2.f(x+4)+m. Tong ciia tat c4 cic phan tif cia S bang

A 11. B. -80. C. -148. D. -74.
£ LOI GIAI

Chon D

Ta co: f(x)=ax5 +bx +ex, (a>0,b>0) la ham sb 1é trén R va f’(x):Sax4 +3bx% +c.
Khi do: g’(x)=—2f'(1—2x)+2f’(x+4)

- —2[5:1(1—23()4 +3p(1-2x)" +cJ+2(x+4)[5a(x+4)4 +3b(x+4) +c}

~ 10a] (x+4)* —(1—2x)4}+6b[(x+4)2 —(1—2x)2}

:10a_((x+4)2+(1—2x) )((x+4)2 (1-2x) )}+6b[(x+4)2—(1—2x)2}

=10a| (x+4)" —(1-2x)’ }[((x+4) +(1- x2)+6b}

)
=30a(1+x)(5—x)[((x+4 +(1-2x) +6b} vxe[-15].
Suy ra ham s g(x) ddng bién trén doan[ -1; J nén ta co:
8(-1)<8(x)<8(5) & f(3)+2f(3)+m<g(x) < f(-9)+2f(9)+m
<:>3f(3)+m£g(x)£—f(9)+2f( )+m (Do f( )lahamsole)
<:>3f(3)+m£g(x)£f(9)+m <:>m—7£g( )Sm
>7 ) (*) thi

Trudng hep 1: Néu (m-7)(m+81)>0 < {m -8

Flag‘g ‘+mm‘g x)| =86 < m—7|+|m+81|=86

Slom+74=s6 <"~ 680 (loai do (*)).

[rrilgﬁg(x) 0
0 2: Né - s —olsms= **) thi ’
Truong hop 2: Néu (m—-7)(m+81)<0< -81<m<7 (**) thi Fllagﬁg(x) max {7 — m;m+ 81}

Khi do: Enlagj‘g( +[mll%‘g ‘ 86<:>max{7—m;m+81}=86
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{m+81:86
7-m<m+81 =5

S " ( thoa man).
7—-m=286 m=-79
m+81<7-m

Vay tong cua tat ca cac phan tir cia S bang: 5+ (—79) =-74.

CAU 6. Cho ham s6 f(x) lién tuc trén doan [ —4;4 | va c6 bang bién thién nhu hinh v& bén dudi.

x | -4 -3 -2 L 2 3 4

(%) \/\/\/

C6 tat ca bao nhiéu gia trj thuc clia m e [ —4; 4] dé ham s6 g ‘f X+ 2x)+ 3f( )‘ c6 gia trj 16n nhat

trén doan [—1,-1] bang 8?
A 11. B.9. C. 10. D. 12.

& LOI GIAI
Chon A

Pat t =x° +2x, v6i xe[-1;1] tacod #'(x)=3x* +2>0, Vxe[-1;1]. Do do, t [ -3;3].
Khi d6, xét ham s6 y = f(t)+3f(m) trén doan [ -3;3], taco

t=-2
y'=f(t); y’Oc{tl :

t=2
Taco: y(-2)=f(-2)+3f(m)=5+3f(m); (1)—f( )+3f(m):—6+3f( ) va y(2)=4+3f(m).
Nhan xét rang y(1)<y( )<y(—2) nén fnaﬁg ‘y ‘ hoac fnaﬁ(g ‘y ‘

Truwong hop 1:
[5+3f(m) =38
Néu max g ‘y ‘ thi ta phai co ( ): 1.Khidoco 5 gia tri thyc ciia m trén
[-11] |-6+3f(m) <8
doan [—4;4] thoa yéu cAu bai toan.
Truong hop 2:

@f(m):—é.Khi doco 6 giatrithuc cia m trén

[5+3f(m) <8
Néu max g ‘y ‘ thi ta phai co
[-11] ‘ 6+3f(m ‘
doan [—4;4] thoa yéu cAu bai toén.

Vay co tat ca 11 gid tri thuc cua m trén doan [ —4;4] thoa yéu cau bai toan.

CAU 7. C6 bao nhiéu sb thuc m dé gia tri nho nhat ciia ham sb y= ‘xz —2x+ m‘ +4x bang -1

A 0. B. 3. C. 2. D. 1.

& LOI GIAI
Chon D
Truong hop 1: Néu x*> —2x+m>0,VxeR oA <0< 1-m<0om>1
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Khi d6, ta co ham s6 : y = x> + 2x +m
Gia tri nho nhét ciia ham s6 bang y(—l)z m—-1=>m-1=-1< m=0 khong théa man.
Truwong hop 2: Néu x* —2x+m =0 c6 hai nghiém phan biét < A'>0< m<1

X =1-1-m

X =1+ﬂ

=

X | —o0 1-~f1—m I++fl—m +0

¥ XT=2x+m | —x +6x—m x“=2x+m

bat f(x)=x2+2x+m; g(x)=—x2+6x—m

Taco Miny=min{f(x);g(x)}=f(—1)=m—1 hoac f(l—\ll—m):4—4\/1—m.
1<1—J—_

m-1=-

1-1-m<-1 m<-3

= 9 &omed
4-afl-m=-1 " |m=-
Trwong hop 3: Néu x> —2x+m <0,vxe R, khong xay ravihé s a=1>0

Vay chi c6 m =0 thoa mén bai toan.

< m =0 thoa man.

Miny = min{f(x);g(x)} = f(—l) {

Miny = min{ f(x);g(x)} =4-41-m = {

CAU 8. Cho ham s f (x) = x* —2x—1. C6 bao nhiéu gia trj nguyén ctia tham sd m dé gia tri 16n nhét cta
ham s g ‘f 2f(x) + m‘ trén doan [—1;31 bang 8.
A 5. B. 4. C.3. D. 2.

£ LOI GIAI
Chon D
Xét bang bién thién ctia ham sb f (x) x*—2x-1

€T

fto - \ /

Nhin vao bang bién thién ctia ham s6 f(x) =x*-2x-1 tathdy x e [—1;3] = f(x) € [—2;21
bit t= f(x), te[—z-z] S
Khi d6 ham sb g ‘f 2f +m‘ tr¢ thanh g ‘t —2t+m‘

Dit u =t* —2t. Ta c6 bang bién thién:

~

Nhin vao bang bién thién ta suy ra ~1<u<8,vte[-2;2]

|

Bai toan trd thanh tim Max|u + m| . Ta co: Max|u + m| = Max{ —
-1;8] -1;8] -1;8]
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Truwong hop 1: |—1+m|>|8+m|<:>m<_—63.KhidéMax|u+m|:|—1+m|:8c>[m:9 oSm=-7.
18 [-1:8] m=—7

Truong hop 2: |—1+m|<|8+m|<:>m>—@.Khid() Max|u+m|:|m+8|:8c{m:0 om=0.
18 [-1:8] m=-16

Vay c6 hai gia tri nguyén cua tham s6 m thda man yéu cau bai toan.

CAU 9. Goi « 1a gi tri nho nhét cta ham s f(x) =x* —2mx® +(m2 +1)x2 —2mx—m? +2m . Khi tham

s6 m= m, thi o dat gia tri lon nhit bang A, - Gia tri cia biéu thie T = My + Qe bang
A 2. B.0. C. 4. D. 1.
£ LOI GIAI
Chon D
2
Ta thy f(lj=—§m2 +§m+£=1—§(m—lj Sl. Dau bang xay ra khi mzl.
2 4 4 16 2 4 2 2 2

Goi a 1 gid tri nho nhét cua f(x). Khido o < f(%} =% .
Ta chimg t6 rang ddu bang & (1) xay ra, tirc 13 ton tai m dé o = % .
2

That vay, khi mzé,tacé ham s y=x4—x3+§x —x+%

Khi d6 y' = 4x° —3x? +§x—1 va y' =0 x =%
Bang bién thién ctia ham sb nay 1a

(=R ]

y \ 1 /’

Qua béng bién thién ta thiy ham sb dat gi4 tri nho nhit bing % khi x = % .

Vay, gid tri nho nhét @ ctia f(x) dat gia tri 16n nhat a,,, = % Khi m = m, = % .

Dodé T=m,+a,,  =1.

- . —2m® - , , :
CAU 10. Cho ham sé y=#. Goi s 13 tap chira tht ca céc gid tri thuc cia tham sb m dé
x_
= —4.Tap s tuong Ung la
r[xg;aﬁ(y 21[ri;a5xy 4. lap gung
1
A. 1}, B. 2. C. (0;1). D.| ;1.
{1 (&) [2 ]
& LOI GIAI
Chon B

2 —
Tép Xac d]nh D= (_oo;l)u(l;+oo) . Ta co: y, — 2m” + m2—1 _ (Zm 1)(”; +1) .
(x—l) (x—l)
m=-1

Truwong hop 1: 1 = Ham s6 dd cho tro thanh v =1 = maxy =L, maxy =1 = maxy # 2maxy —4.
m=—

5 [2:3] [45] [2:3] [4:5]
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Trwong hop 2: —-1<m< % = ' <0 = Ham sb nghich bién trén cac khoang xéc dinh.

= Ham 50 nghich bién trén cac khoang (2;3),(4;5)
—_— 2_
maxy:y(Z)zzzm—m:—2m2—m+2
(23] 1
= 2
4-2m°-m
maxy=yl4)=———
maxy =y(4) 3
p— 2_
:>maxy=2maxy—4<:>—2m2—m+2=242m—m—4
237 " [45] 3
m=2(L)
= —6m* -3m+6=-4—4m* -2m < 2m* +m-10=0 < 5, .

Trwong hop 3: "> 2 = y'>0= Ham sd dong bién trén cac khoang xac dinh.
m< -1

—> Ham s dong bién trén cac khoang (2;3),(4;5)-

3-2m?—m
maxyzy(3)=— 2 2
[2:3] 2 3-2m —-m 5-2m° " —-m
= = maxy =2maxy -4 < = -4
5-2m*—-m  [23] [45] 2 2
maxy = y(5) =
[435] 4

<0=-3 (Vﬁ |)I/) Vﬁy khf)l’lg co glé tI'i mdé maxy = 2maxy—4 .
2 TS

CAU 11. Cho ham s6 y = f(3—2x) c6 bang bién thién nhu hinh vé

€T — 00

32 2 5
6
4
y \ /
1

— 00 — 00

C6 bao nhiéu s ty nhién mdé ham s6 g(x)= ‘2 (e —4x+3)— m‘ c6 gi4 tri 16n nhat?

A 1. B. 3. C. 4. D. 2.
£ LOI GIAI
Chon B
Dat t =3-2x, ta co:
T —wm 3/2 2 5 + o
430 0 -1 -7 —0

LN

Bang bién thién cia ham s6 y = f (t) ciing 1a bang bién thién ctia ham s6 y = f (x) :

Béng bién thién cia ham s6 y = f(x).
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i -1 0 +w

a0 -7
6 —a0
4
f(=) / \
—an | -2

Ta co: u=x* —4x+3=(x—2)2 ~1>-1=ue[-1;+0). T bang bién thién cua f(x)= f(u)e(-2;4]
=2f(u)e(-48] =>—-4-m<2f(u)-m<8-—m

Dat g(u) = ‘Zf(u)—m‘

8—m>0

|m+4|§8—m<z>m£2'

bé g(u) c6 gia tri 16n nhat thi {

Vi m 12 s ty nhién = m e {0;1;2} .

CAU 12. Cho ham s6 y = f(x) c6 do thi nhu hinh v& bén dudi vi m 1a tham s thyc.

Ay

/ N\

Goi S la tap chua tat ca cac gia tri thuc cia tham s6 m dé ham sd f (3x - m) +2f (x2 - Zx) dat gia tri l6n

nhat. Tong gié tri tt ca cic phan tir thudc tdp S bang
A 2. B.0. C.6. D. 3.

& LOI GIAI
Chon B
Nhan thdy, muxf(x)zf 3)=4£f(x)£f(3)=4 voi VxeR.

44<:>{f(3x—m)+2f(x2—2x)}£4+2.4:12.

m=3x-3
N C3x—-m=3
Déu bang xay rakhi | Sqlx=-1 :>m={—6,'6}
x°-2x=3
x=3
Vay tong gia tri tat ca cac phan tu thude tap S bang 0.

CAU 13. Goi S latap chta tat ca cac gia tri thyc cua tham s6 me [—100;100] dé ham s y= ‘x2 - 4x‘ —mx

c6 gia tri nho nhat nho hon —4 . S6 phén tir clia tap S bang
A. 191. B. 186 . C. 192. D. 187.

& LOI GIAI
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Chon A
Ta co: ‘xz —4x‘ —mx > min(‘x2 —4x‘—mx) >4 VxeReomx< ‘xz —4x‘+4 (dtng véi moi x e R).

V6i x=0=0<1 (thoa man)
Véi x =0, ta chia cac truong hop nhu sau:

x<0
x<0
mZx—élJré
mx<x®—4x+4 X
x>4 x24 m2_8
o =N 4 oim<l o -8<m<1(¥)
mx<x“—4x+4 m<x—4+—
x m<1
O<x<4 O<x<4
mx < —x +4x+4 4
m<—x+4+—
X

Lay phan bu trén R cuia diéu kién (*) ta duoc:
m<-8 mez;md-100;00] |—100<m<-9
m>1 2<m<100

Vay c6 tit ca 191 gia tri nguyén m théa man diéu kién.

bé min(‘x2 —4x‘—mx) <—4 thi {

CAU 14. Cho ham s6 f (x) = x° —3mx . Hoi c6 tit ca bao nhiéu gia tri nguyén ctia tham s m e [—20; 20]
dé ham sd f (x) tdn tai gia tri nho nhét trén [1;3) ?
A. 30. B. 29. C. 31. D. 28.

& LOI GIAI
Chon A

DPao ham f'(x) =3x% —3m
Néu m >0 thi ham sé c6 diém cyc tiéu la x =/m va f(\/a) = —2mm .

Pé ham sb f (x) =x° —3mx tOn tai gia tri nho nhat trén [1;3) thi xdy ra cac truong hop sau:

Trudng hop 1: f(l)sf(3)<:>1—3m£27—9m<:>mS%.

Trudng hop 2: f(1)>f(3)<:>1—3m>27—9m<:>m>g.

Khi d6 ham s f (x) phai c¢6 diém cyc tiéu nam trong (1;3) va gia tri cuc tiéu tuong tng phai nhé hon

hoac béng gid tri tai f (3) .

Jm e(1;3) 1<m<9

f(Nm)< £(3) = {-mﬁg 27 —9m

Suy ra: < 3<m<9.

meZ; me[ ~20;20 | »—20<m<8.

Két hop diéu kién m>§:>g<m<9

Viy c6 tat ca 29 gia tri nguyén cua tham sd m thoa man.
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IS BAI TAP TRAC NGHIEM

Cau 1:

Cau 2:

Cau 3:

Cau 4:

Cau 5:

Cho ham s f(x) c6 dao ham f’(x)=(x+1)(x—1)2 (x—Z). Gia tri nho nhit ctia ham sb
g(x)=f(x)+%x3 —x—2 trén doan [—1;2] bang

A f(z)—g. B. f(l)—%. C. f(0)-2. D. f(—1)—§.

Cho ham sb y =X+—T ( m 1a tham sb thuc). Goi m, 1a gia tri cia m thoa man miny =3.
X — 2;4

Ménh d& nao dué6i day dung?

A. my<-1. B. m, > 4. C.1<m,<3. D. 3<m,<4.

Cho ham s6 f(x)=10"+x va ham s g(x)=x3 —mx? +(m2 +1)x—2. Goi M 1a gia tri l6n

nhét cta ham sd g(x+ f (x)) trén doan [0;1] . Khi M dat gia tri nho nhét thi gia tri cua tham
sO m bang

A 2L B. 6. C. 21. D. 5.

2

Cho ham sé y = f(x) c6 dao ham trén R va ham sd y :f’(x) ¢6 d6 thi nhu hinh v&. Trén
[—2;4] , g0l x, la diém ma tai d6 ham sb g(x) = f[g +1] —ln(x2 +8x +16) dat gid tri 16n nhét.

Khi d6 x, thugc khoang nao?

SO o2

Cho ham s6 y = f(x) c6 dd thi ham s6 y = f’(x) la duong cong trong hinh vé.

R
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Gia tri nho nhét cua ham sb g(x)=f(2x+1)-4x-3 trén doan {—1;%} bang

A. £(0). B. f(-1)+1. C. f(1)-3. D. f(2)-5.
Cau6: Cho ham s6 y = f(x) c6 bang bién thién nhu hinh dudi day. Gid tri lon nhat cua ham sé

g(x) = f(4x—x2)+%x3 —3x? +8x+% trén doan [1;3] bang

X —o0 0 4 4o
v - 0 + 0 -
1o
0

)] \ / \

_4 —o0

A. 12 B.E. C.é. D.7.
3 3

Cau7: Chohamsd y=f(x) lién tyc trén R va c6 dd thj nhu hinh v&

Pt g(x) =22 —4x+ f(\/m )  Téng gid tri 16n nhét va gié trj nho nhat cita ham sé g(x)
trén [0;4] 1a
A. 102 -4. B. 1042 -1. C. 1042 . D. 8J2-4.

Cau8: Cho ham sb y = f(x) c6 dao ham y' = f'(x)=-3x" +6x . Biét f(0)=-1, gia tri 16n nhat cua

ham s g(x) :f(x2 —3x+2)+2022 trén doan [—3;%} bang

A. f(%j+2022. B. 2024. C. 2025. D. f[%}+2022.
Cau9: Cho hamsb y= f(x), d6 thi cta ham sé y = f’(x) la duong cong trong hinh bén. Gia tri nho

nhét ctia ham s6 g(x) = f(3x) +3x? —4x +1 trén doan {—%,é} bang

Chinh phyc c&c bai todn VD - VDC: Max- min cda ham sb | 124



Phan Nhét Unh Chinh phyc vén dung — v&n dung cao ndm 2023

y=Fflz)

A. £(0)+1.

Cau 10: Cho hamsd f(x)

v€ dudi day.

Gia trj nho nhat ciia ham s6 g(x) = f(2x% + x) —2x* —x trén doan [—1;%} la

1) 1 1) 1
A f(1)+1. B. fl=|-=. C. f(-3)+3. D. fl —|+=.
f(1) f(SJS -3) f( 8]8
Cau 11: Chohamsé y= f(x) c6 dd thi nhu hinh v& bén. Goi M, m lan luot 1a gia tri I6n nhét, nhé nhat
cua ham sé trén doan [-2;4]. Gia tri cia M? +m? bang

YA
6 ¥ — —

- = b2

N

A.52. B. 2. C. 40. D. 20.
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Chuong 1: Ung dung dao ham dé khdo sét va vé db thi ham sb

Cau 12: Cho ham sb y = f(x) c6 bang bién thién nhu hinh du6i day. Tim gi4 tri 16n nhat cua ham s6

g(x)=f(4x—x2)+%x3—3x2+8x+% trén doan [1;3].

X —0 0 4 o0
() - T o
+oC
i) \ __— > T
-3 -
A. 15. B. E C. Q D. 12.
3 3

Cau 13: Cho ham sé bac ba y = f(x) c6 bang bién thién cua ham s6 g(x)= f(x—1)+2 nhu sau

X
g'(x)

- 0 + 0 -
g(x) +m\ / 4 \
0 -0

Gia tri 16n nhat caa ham sb y= f(—‘\/gsinx—cosx‘+2)+200$2x+4sinx—1 la:

-0 | 3 +oc

A. 2. B. 4. C. 9. D. -2.

Cau 14: Cho ham s f (x) c6 bang bién thién trén doan [—4;4] nhu sau

z —4 -3 -1 0 2 4

0 - 0
4 \
2

/ 3 \
f(z)
/ 1

-3

- 0 + 0 -

-4

C6 bao nhiéu gi4 tri cua tham s6 me[-3;2] dé gid tri lén nhdt cha ham sd

— 3 A 1. N E
g(x)—f(‘x ‘+3|x|)+f(m) trén doan [ 1,1] bang 5
A 3. B. 4. C.2. D. V6 sb.
Cau 15: Cho ham s6 y=f(x) c6 dao ham va lién tuc trén R thoa man f(—6)=42 va bang xét dau dao
ham nhu
|
—® -2 2 +o0

S'(x) - 0 + 0 -

Gia tri nho nhdt ctia ham s6 y=f(-3x" +12x” ~15)+2x° +6x* ~48x” trén doan [-1;1] biing

A. 3. B. 0. C. L D. 2.

Cau 16: Cho cac sb thuc x,y thoa man x\/l—yz + y\/l—xz =1.Goi S 1a tap hop tat ca cac gia tri thuc
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Céau 17:

Cau 18:

Cau 19:

Céau 20:

Céau 21:

Cau 22:

Cau 23:

ctia tham s6 thuc m sao cho gia tri 16n nhit cua K = ‘Z(x + y) + m‘ bang J2 . Tich cac phan tir

ciia S bang
A —2-242. B. 2+2V2. C.2-2\2. D. 2+242.
R s % , S S| , 4 1
Cho x va y 1a céc so thyc duong thoa x +y =1 Tim gia tri nho nhat cua biéu thuc P :—+4—
X2y
A 5. B. 4. C.%. D.§.
5 5

Cho cac s6 thuc duong a,b thoa man 2(:12 +b2)+ab = (a+b)(ab+2) . Gié tri nho nhit cua biéu
3 43 2 42
thic P=4| © +2 | o[ © + | thusc khoang nao?
oo v oa?
A. (-6;-5). B. (-10;-9). C.(-11;-9). D. (-5;-4).
Cho Cho ham s y = f (x) lién tuc trén R va c6 dd thi nhu hinh v& dudi day:

)

-2 0 1 3 x
C6 bao nhiéu gia tri nguyén ctia tham sé m khong vuot qua 2022 dé bat phuong trinh
3 , o
%—Jmf(x) -1> Zfz (x) ding voi moi x € [—2;3] ?
A. 1875. B. 1872. C. 1874. D. 1873.
Cho ham sb y = g(x) théa méan 2g° (x) -6¢° (x) + 7g(x) = 3—(2x —3)\/1 —x . Tim gia tri 16n

nhit cua biéu thire P =2g(x)+x
A 6. B.O. C. 1. D. 4.

_2Vx+1+m

- Nx+1+1

dwong ctia m dé ham s6 ¢ gia tri 16n nhat trén doan [—1;8] nho hon 3. S6 phan tir ctia tap S

Cho ham s6 f(x) v6i m 1a tham s thuc. Goi S 1a tp hop cac gia tri nguyén

la:
A 1. B. 3. C.0. D. 2.
\ £ 2x+m . & . 2 . ,
Cho ham s y = . Biét miny +3maxy =10. Chon khang dinh dung
x+1 [0;2] [0;2]

A. me(1;3). B. me[3;5). C. me(5;7). D. me[7;9).

Ham s y= f(x) c6 dao ham trén doan [—4;4:', ¢ cac diém cuc tri trén khoang (—4;4) la
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Cau 24:

Cau 25:

Cau 26:

Cau 27:

Cau 28:

Céau 29:

—3;—%;0;2 va co dd thi nhu hinh vé.

Dit g(x)=f(x3+3x)+m v6i m 1a tham s6. Goi m, 14 gia tri ciia m dé max g(x)=2022,

xe[O,’l]
m, la gia tri ciia m de rflin]g(x) =2004 . Gia tri cua m, —m, bang
xe| 1,0
A. 12. B. 13. C. 11 D. 14.
\ £ xX+m . \ A PV 17 A A
Cho ham s6 y = V61 m la tham so thyc, thod man : miny +maxy =—. Ménh dé nao
x+1 [12] [1,2] 6
dudi day dang?
A. m<0. B.2<m<4. C.m>4. D.0<m<2.
Biét rang cac s6 thuc a,b thay doi sao cho ham sé f(x)=-x° +(x+a)3 +(x+b)3 luén ddng
bién trén khoang (—oo;+0). Tim gid tri nho nhat cua biéu thuc P =a” +b* —4a—4b+2.
A 2. B. 4. C. 2. D.0.
Goi S latap hop tat ca cac gia tri thyc cua tham s6 m dé gia tri 16n nhét ciia ham séyz 2x—;n‘
X+
trén doan [0;2] bang 2. Tong cac phan tir cia S bang
A. 0. B.-1. C. L D. 2.
Cho ham sb f(x)y=m~x-1 ,. Goi m;;m, la hai giad tri cia m théoa man
fgif}r]lf(x) + 1Er21;a5i<f(x) =m?* 1. Gia tri cia my +m, bang
A. 5. B. -3. C. L D. 3.
Cho ham s y = ‘x4 —4x° +4x* +4a| . C6 bao nhiéu s6 thuc a dé 1[na>]<y + r121i3ny =11
2,3
A 2. B. 3. C. 1. D. 4.
. £ x—2m A s e A . .
Cho ham s6 f(x) = T Goi S la tap hop cac gia tri m nguyén sao cho mm‘f(7smx)‘ =0
X+ T

03]

. Téng cac phan tir cia S bing
A. 10. B. 3. C.15. D. 6.
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Céu 30:

Céu 31:

Céu 32:

Céu 33:

Cau 34:

Céu 35:

Céau 36:

Céau 37;

Céau 38:

Cau 39:

Cho biét ham sb y = f(x) = ‘xz —4x-1+ m‘ c6 gid trj 16n nhat bang 3 khi x[0;3]. 86 céc gia

tri cua tham sO m thoa man la

A 2. B. 3. C. 1. D. 4.
o few?] . ‘
Cho ham so f (x) =T trén [0;3] c6 gia tri 16n nhat bang 5. Tich céc gid tri cua m bang
X+
A. -5. B. 1. C. 2. D. 3.

Tim tong céc gia tri ctia tham s& m dé gia tri 16n nhét ciia ham s y =|x® —x +6x+9 —m| trén
doan [0;11 bang 5.

A. 24. B. 10. C.14. D. 5.

C6 bao nhiéu gid tri nguyén cua tham sb m sao cho giad tri 16n nhit cia ham sb
flx)=
A. 0. B. 4. C.7. D. 8.

trén doan [0;2] luon bé hon hoac bﬁng 57

lx4 +1(m2 —2)x3 —m*x? +m
4 3

Cho ham sb f(x) = ‘x6 +x3+ m‘ —2x3 . Goi S latap tat ca céc gia tri thyc ciia tham s6 m dé gia

trj nho nhat cia ham sb f x) bang 1. Tong tat ca cac phan tir ciia S bang

A.l. B.E. C.2. D.0.
4 4
Cho ham sb f(x)=‘3x4 —4x° —12x%* +m|. Goi M Ia gia tri 16n nhat caa ham sé trén doan.
[-1;3]. Gia tri nho nhét cua M bang
A2 B. 2. c.2. D. 16.
2 2 2
Cho ham s6 f(x) =—x> +3x VA g(x) = ‘f(2+sinx)+m‘ (m 1a tham s6 thuc). Co bao nhiéu gia

tri cia m dé mﬂgxg(x)+rrgng(x)=50?
A 0. B. 1. C.2. D. 3.

Cho ham sb f (x) = ‘4x4 —ax® +1|, trong d6 a,b 1a tham s6 thuc. Biét réng gia tri 1on nhét cia

ham s6 f(x) trén doan [—1;1] bang %.Tl'nh a+b.

A, B. 4. C. % D.

N | =
N | O

Goi S 1a tap cac gia tri cia tham s6 m dé ham sb f (x) = ‘xz —4x+m—1| dat gid tri nho nhét
trén doan [—1;31 bang 4. Tong cac phén tir clia tap S bang
A 0. B.5. C. 1. D. 8.

Cho ham s f (x) = ‘4x4 —ax* +b|, trong d6 a,b 1a tham s thyc. Biét rang gi4 tri 1on nhat cta

ham s6 f(x) trén doan [—1;1] bang %.Tl'nh a+b.
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Céu 40:

Cau 41;

Céu 42:

Céu 43:

Cau 44

A. 1 B. 4. C.Z. D.

2 2

N | O

Tong cac gi tri cia tham sb m dé gia tri 16n nhét ctia ham sé y = [3x* —4x® —6mx® +12mx +m

trén doan [1;2] bang 18.

A. —E B. —§. C. 3. D. 2.
7 7
Biét rang gia tri 16n nhat ciia ham s6 y = f ‘Zx —12x? +9x + m+8|+9x (véi m la tham

s0) trén doan [0;5] bang 78. Tinh tong cac gid tri ctia tham sd m ?
A 6. B. 12. C.7. D. 8.

x? —2mx+1

2

al C6 tat ca bao nhiéu gia tri nguyén cua tham sb m e [—10;10] dé
xT—x+

Cho ham s6 y =

gia tri 16n nhat cta ham s6 16n hon hodc bang 4.
A. 14 B. 10 C.20 D. 18
Cho ham s6 y = f(x) do thi nhu hinh v&

b | =

oo\ .
3 !
!
!
!
1 ==
\/1+2m\/12m
Dat g —4/1 2 +f . Vi gia tri nao cua m thi gia tr1 nho nhat
ciia ham s6 g(x) 12 0.
A AL 1 1
A. Khong ton tai. B.0. C. 5 D. 5

Cho ham s6 f (x) =x* —2x%. Goi S 1a tap hop tat ca cac gia tri thyc ctia tham sd m sao cho gia

tri 10n nhat ctia ham s y= ‘ f (cosx + 1) + m‘ dat gia tri nho nhat. Tong cac phan tir ciia S bang

A 4. B. 7. C. —. D.6.

Chinh phyc c&c bai todn VD - VDC: Max- min cda ham sb | 130



Phan Nhét Unh Chinh phuc vén dung — van dung cao ndm 2023

Céu 45:

Cau 46:

Céau 47:

Cau 48:

Cau 49:

Cau 50:

Cau 51:

Cho ham s6 bac ba y = f(x) c6 do thi nhu hinh v& bén dui.

C6 bao nhiéu gia tri nguyén cua tham sé m thudc doan [-10;0] sao cho gia tri nho nhat cua
ham g(x) = HZf(x)+ m —4‘ + f(x)—3‘ trén doan [—1;3] I6n hon 17

A 9. B. 8. C. 10. D.6.

Téng cac gia tri ciia tham sé m sao cho gia tri 16n nhat cta ham s6 y=‘x3 —3x+m‘ trén doan
[0;2] bang 5 1a bao nhiéu?

A 6. B.0. C.8. D. 10.

max{5;9x+7y—20} <x* +y”> <2x+8
y<1

Cho cac sb thuc x,y thod man { .Goi M, m lan luot 1a

gi tri 16n nhat va gia tri nho nhét ctia biéu thirc P =x -2y . Tinh M —m

A. 1+345. B. 22 . C.1+22. D. 2+3+5.

Cho hai s6 thuc x,y thay déi va thoa man (x+y)’ +4xy >2. Gié tri nho nhét cta biéu thirc
A= 5(3(4 +yt +x2y2)—4(x2 +y2)+2 bang

A. 14. B.1—5. C.E. D. -14.

16 15
Cho cac s6 thuc khong am x, y théaman x+y=1. Gia tri [6n nhit M va gia tri nho nhat m cia
biéu thic S = (4x2 + 3y)(4y2 + 3x) +25xy lan luot 14

25 191 25 191 25

A M=— m=12. B. M=12, m=—. C. M=—,m=—. D.M=—,m=0.
2 16 2 16 2
3
Cho hai sb thuc duong x,y thoa man +1x =,/2y+1. Tinh gi4 tri 16n nhét ciia biéu thic
y+
3
S=8x-y+—.
Y 2
A 4. B.7. C.9. D. 10.

Cho céc s6 thuc x, y, z khong dong thoi bang 0 thoa man diéu kién x* + y* + 22 <3. Gia tri I6n

nhét cua biéu thirc szy—yz—zx—% la
Xy +z

A 1. B. 3. C. 669. D. -671.
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HU'O'NG DAN GIAI CHI TIET

Caul: ChonB
Taco g'(x)=f’(x)+x2—l.

Khi d():g’(x)=O<:>(x+1)(x—1)2(x—2)+x2—1=O<:>(x2—1)(x2—3x+3)=0<:>x=i1.

Do phuong trinh x* —3x+3 =0 v6 nghiém.
Bang bién thién:

X -1 1 2
g'(x) - 0 +
g(1)
Ham s6 dat gia tri nho nhét tai x =1 va gia tri nho nhat bang g(l) =f (1) —%.
Cau2: ChonB
Taco: y'=———. Véi x#1.
(x-1)
Néu -m-1>0e m<-1
= ' >0 = ham s6 di cho dong bién trén [2;4] = fnir]ly = y(Z) =m+2.
2;4
Theo gia thiét: m+2 =3 < m =1(loai).
Néu -m-1<0<m>-1
_4+m

= y' < 0= ham sb di cho nghich bién trén [2;4] = fnirju/ = y(4) =—3
2;4

Theo gia thiét: %*4:3@;71:5. Vay m, =5.
Céu3: ChonB
Dit t=x+ f(x) vi xe[0;1] = te[1;12].
Xét g(t)=# —mt> +(m* +1)t-2 wén [1,12]
= g'(t) =3t ~2mt+m +1 c6 A'=m’ ~3(m® +1)=-2m” ~3<0 Y.
= g'(t)>0Vte[1;12] =y =g(t) dong bién trén [1;12].
Vay M= max_g(t)=g(12)=12m> -144m+1738.

te 1;12]
= M dat gia tri nho nhat khi m = 144
2.12
Cau4: ChonB

. 1 .(x 2x+8 1 .,(x 2
Taco: ¢'(x)==f'|Z+1|-——————=—F'| =41 |-——.
g( ) 2f(2 J x? +8x+16 2f£2 ] x+4
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g'(x)=0<:>f'[§+1j:ﬁ (1). Pat t=§+1,(te[0;3]) ; khi do: (1) < f/(t)=

Ta c6 d6 thi biéu dién sy twong giao cua hai d6 thi la:

t+1

Y

Ve

Dua vio d6 thi ta c6 GTLN cua g(x) 1a tai g(l) hodc g(3) .

a 3 )

Ta thiy: | [Hil_ f'(t)}dt ] { f’(t)—H—Jdt e (2mle 1] F(1)) > (£() -2 1)
< 2In(a 1)—f( )—2In2+ f(1) > f(3)-4In2— f(a)+2In(a+1)

<:>f( +21n2>0 *)

Xét g (g

() ( )= () ( )+4ln2 tur (*) ta suy ra :g() g(3)>0<:>g(1)>g(3).
Vay ham s da cho dat gia tri I6n nhit tai t=1=x=0.

Céu5: ChonC

J ln x +8x+16) khi do: g(1)= f(1)-4In2 va g(3)=f(3)-8In2.

Xétham s6 g(x)= f(2x+1)-4x—3 trén doan {—1;%} taco g'(x)=2f"(2x+1)-4.

2x+1=-1 x=-1
Suyra g'(x)=0< f'(2x+1)=2<|2x+1=1 <|x=0 .

2x+1=2 1
X =

2

Ta c6 bang bién thién ctia ham s6 g(x) = f(2x + 1) —4x -3 trén doan {—1;%} nhu sau:

x | -1 0

b3 | —

g - 0 +

Vay {r_r;m}g( ) g(O)zf(l)—?).
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Cau 6:

CauT:

Chon D

Taco: g'(x)=(4-2x) f/(4x—2")+x* ~6x+8
=2(2-x) (45 =)+ (x—4)(x-2) = (2-x)| 2 (4w —2*) +4-x .
Tathy 3<dx—x? <4, Vxe[1;3] = f/(4x-2*)>0.

Hon nita, 4—x>0,Vxe|1;3].

Suy ra 2f'(4x—x*)+4-x>0. Do do, g'(x)=0 > x=2

Bang bién thién

1 3

X
r
o
&

g
¢ g(1) /

Vay r[rllgﬁ(g(x)zg(Z)zf(4)+7=0+7=7.

| D k2

2

)
\ g(3)

Chon A
bat y= f(x) = ax’ +bx* +cx+d = f’(x) =3ax® +2bx +c.

Tir d6 thi ham s y=f(x),tacé f(0)=—1<:>d=—1,suy ra f(x):ax3 +bx® +ex—1.

f(—l):l —a+b-c=2 a=1
Ta cling c6 f(1)=—3<:> a+b+c=-2 <b=0 .
f'(1)=0 3a+2b+c=0 c=-3

Nhu vay y=f(x)=x3—3x—1.

Pat t=x?-4x+8 =>t* =x*-4x+8, xe[O; 4:'. Ta c6 bang bién thién

2 4

0

8

\4 /
Suyra4<t?<8<2<t<22.

Ham s0 g(x) thanh h(t)=1t> -8+ f(t).

8

Xet ham 6 h(t) =1 8+ f(t) tén | 2; 22 |. Ta c6: (1) =2t+ f(t) >0, ¥t e| 2242, (v
tir 46 thi cia ham s6 £(t) suyra £'(t)>0, vt e|2; 22 ).
Nhu vdy ham sb h(t)zt‘2 —8+f(t) déng bién trén [2; 2&} , Suy ra

[z;rr;i%}h(t):h(Z) =4-8+f(2)=-3= f&iﬁg(x);

max h(t) = h(Z\/E) =10v2-1 :faa}ﬁg(x)

22

Viy tong gid trj 16n nhét va gia tri nho nhit cia ham sé g(x) trén [0; 4]1a: 10v2 4.
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Cau 8:

Cau 9:

Chon C

Ham s6 yzf(x) co dao ham y’zf'(x)=—3x2+6x va f(0)=—1 nén ham so:
_ _ .3 2 ) — x=0

y=f(x)=—x"+3x>-1.Cho f'(x) Oc{xzz

Bang bién thién:

L |—oo 0 2 +00

f'(z) — 0+ o0 -

AN

J(x)

2x-3=0
Xeét: g'(x)=(2x-3).f/(¥* ~3x+2) =0 | x* ~3x+2=0 &

x*—3x+2=2 - 3

Béng bién thién ctia ham s6 y = g(x) trén doan {—3;%} la:

x -3 0

2x-3 | - | —
f1(x*=3x+2) | - 0 +

J— — | — | 2| =

g'(x) | + 0 _

glx)

Suy ra: _mafj g(x)=2(0)=f(2)+2022=2025.
,3;5

Chon C

Xét ham s6 g(x) = f(3x)+3x2 —4x+1 trén doan {—%,%}

Dao ham ¢'(x)=3f'(3x)+6x—4.Cho g'(x)=0< 3f'(3x)=—6x+4.

N 2 2 R . R 2 4
bat t =3x. Vi —=;=| nén te|-2;2 | khi d6 phuong trinh tr¢ thanh: f'(t)=—=t+—= (*).
: xe{ . 3} e[-2;2] phuong ft)==3t+35 O
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. 2 1 2
3 3 3

g'(z) - 0 -

9(= ;)
g(@) \ 2
9(5)
A . 2 1
Vay min g(x) =g[§j =f(2)—§.

3’3
Céu 10: Chon D

Vi ham s6 f(x) lién tyc trén R nén ham sO g(x)= f(2x2 +x)—2x* —x lién tuc trén {—1;%} :

Taco: g'(x)=(4x+1) f(2x> +x)(4x-+1) = (4x+1) f20> +2)-1]

] 1
4x+1=0 =7
2 .
hra1-0 2x” + x = =2(vonghiem) X=0;x=—l(nghiemkep)
Cho ¢'(x)=0< ) & | 267 + x = 0(nghiemkep) < 2
f'2x*+x)=1 ) 1
2x"+x=1 x_E,x__l
2x* +x=3 3
- x:1;x=—E
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Bang bién thién:
| -1 -1 0 1
2 4 2
f(x) |0 - 0 - 0+ 0+ 0
f(x]

Tir bang bién thién ta thay gia tri nho nhat ctia ham sb g(x) = f(2x2 +x)—2x% —x trén doan

11, 1 1) 1
L=l gl —=|=f] —=|+=.
Céu 11: Chon A

Tir d0 thi ciia ham s y = f(x) ta thdy -4<y <6 khi 2<x<4.

Do d6 Mz[igﬁc]f(x)=6 tai x=2 va mz[@fzjf(x)z—él tai x=0.

= M?+m? =62 +(-4)" =52.
Céu 12: ChonD
Taco g(x)=f(4x—x2)+%x3—3x2+8x+%
Pao ham g'(x)=(4—2x)f’(4x—x2)+x2—6x+8 =(2—x)[2f’(4x—x2)+4—x]
Vi xe[1;3:| thi 4—x>0 ; 3<4x-x><4 nén dua vao bang bién thién ta suy ra
f'(4x—x2)>0. Vay: 2f'(4x—x2)+4—x>0, Vxe[l;?)].
Bang bién thién cta ham s g(x):f(4x—x2)+%x3—3x2 +8x+% trén doan [1;3]

x 1 2 3

g + 0 =

g /g‘zl\)
g(1) g(3)

Suy ra 1[’r]1;z§>]<g(x) =g(2) = f(4)+7 =12.

Céu 13: ChonB
Béng cach doi bién ta rat duoc f(x)=g(x+1)-2.

Suy ra bang bién thién ciia ham s6 f(x) la:
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X —o0 0 2 +00
/) - - -
f(x) +0

2

Détt:‘\/gsinx—cosx‘=2 L taco 0< <1=te[0,2]=t+2e[0;2]

. T . T
sm| x —— sm| X ——

Suy ra f(—‘\/gsinx—cosx‘JrZ)=f(—t+2)£2 ,diu "=" xay ra dugc khi x=%.

Taco

2c052x+4lsinx—1=2(1—2sin2 x)+4sinx—1=—4sin2x+4sinx+1=—(Zsinx—1)2+2S2
Dau "=" xay ra dugc khi ng.

H : A n " 2 H T
Suy ra y=f(—‘\/gsmx—cosx‘+2)+2cos2x+4smx—1S4, dau "=" xay ra dugc khi ng.

Vay gié tri Ion nhat cua ham sé y :f(—‘x/gsinx—cosx‘+2)+2c052x+4sinx—1 12 4.

|
\ y = g(x)
\
|

Tir d6 thi ta c6: -7 <m <1. Vay S ={-6;-5;,4;-3;-2;-1;0}
Céu 14: Chon A
bat t:‘x3‘+3|x|.
Xét ham sb h(x) =x>+3x, Vxe [—1;1] ¢6 dao ham h’(x) =3x2+3>0, Vxe [—1;1].

Béng bién thién cua t = h(|x|)

T —1 0 1

h' + 3 +

t = hlel) \ /

Viay te [0;4] = trerf&i(]f(t) =3.

Chinh phyc c&c bai todn VD - VDC: Max- min cda ham sb | 138



Phan Nhat Uinh

Chinh phuc vén dung — van dung cao ndm 2023

Mat khac max
xe[-1;1]

o(x)- 121

te [(?A)L(]f

(1) Fm) =~

‘m=a 'ae( 4'—3)
m=>b be( )

=cee(-
mdde(O)

Vi me[-3;2] nénco tatca 3 gid tri cua m thoa yéu cau bai toan.

Céu 15: Chon D

Dit y=g(x) = f(~3x* + 1207 ~15}+2x° +6x* - 482

g(x) = (-12x7 + 24x) f/(-3x* + 1297 ~15)+ 122 + 242 ~96x
= —12x(x =2) f/(-3x* + 1267 <15 )+ 12x(x* -2} (x + 4]
= —12x(x? —2)[ f/(-3x* 41227 -15) - (2 +4)] .

Vi =3x* +12x% -15 = -3(« —2)2 ~3<-3

= f(-3x* +12x?<15) < 0= f/(-3x* + 12 ~15)(+* +4) <0
X

0
ﬁ
N

=g (x) =0 12x° - 24x=0| x

Bang bién thién:
—2 0 2
g'(x) — —

\/\/

Taco ming(x)zg(—l)zg( ) ( 6)-40=2.

Chon B
biéu kién: x,y e [—1;1].

T — oo + oo

£(x)

Céu 16:

biat x =sina ; y =sin f Vi a ﬁe{—g %}

Gia thiét= sina.cosf+cosa.sin f =1 < sin(a+ﬂ) =l a+pf =§ va a,f e {O;g}.

Khi @6 2(x+y)+m = 2(sina+c0sa)+m = Zﬁsin(aJr%JHﬂ € [2+m;2\/5+ m}

|m+2|=\/§
‘2\/E+m‘§\/§ o
Kmax:‘z(x+y)+m :max{ 2+m‘}:\/5<:> Q[m_ s
max ‘2\/5+ m‘ _ o _\/E
|m+2|£\/§
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Vay tich ctia cdc phan tir ctia S 1a (—2 —\/E)(—\/E) =2+242.

Cau 1l7: Chon A
Cach 1:

Ta co: x+y=2:>y=2—x.Vi x,y>0 nén 0<x<2.

1 4 1
4£5_xJ x 4x-5

g 4 1 5 oy 4 4
Dat f(x)=;—4x_5, xe(O,Zj, f(x)— x2+—(4x—5)2’

Khido, P=24
X

F(x)=0< (4x-5)" =2® = 1522 ~40x+25=0 @x:lvng (loai)

Bang bién thién
5
X 0 1 v
Sf(x) - 0 -
7(x) - +c0

Dua vao bang bién thién ta suy ra min f (x) =5 khi x=1.

xe| 0;—
4

—5Khix=1vay=——

Vay P, .
ay 1

Cach 2:

Ap dung bat dang thirc Schwarz (bt dang thirc cong miu sd)
2 42 N A

Cho b,,b,,...b, >0, ta co: £+HL+...+QL2( 12 ”)

. b b, by +b, +...+b,

N

Ding thirc xay ra khi l .
b, b, b

n

Véi x> 0,4y >0, ap dung bét dang thirc trén ta dugc:

2 2
5 1 2_}_1
4 1 2 2 2
P=—+—=—+ >

Cx 4y x y x+y

=5(vix+y:§)

1
2 . .2 9 1
Dang thurc xdy ra khi — =4 < x =4y hayle,yzz.
Xy

Cau 18: Chon A
Vi a,b duong nén tir gia thiét 2(a2 +b2)+ab = (a+b)(ab+2), ta chia hai vé cho ab

Z(az+b2)+ab:(a+b)(ab+2)<:>2[Z+Ej+1:(a+b)+2(l+1}
b a a b
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Ap dung bat dang thirc C6 — Si cho hai s6 duong (a+b) va 2(1+%j ;

a
(a+b)+2[1+1]zz\/(a+b).2[1+1]=2\/2[5+9+2j.
a b a b b a

Dau "=" xay ra khi (a+b)=2(1+%j.
a

Suyra 2 E+B +1>2 |2 E+9+2 . Dat t:5+k,(t>0).
b a b b

a a
(23 5
Khi dé: 26 +1>2,/2(f+2) <> 4> —4t-15>0<| 2 . Do dé, ta c6 didu kien +> 2.
<2 2
2

3 3 2 2 3 2
Mitkhac: P=a| &+ | o U |_gf[2,0) 5[2,0) | o[22 5
AP b2 42 b a b a b a
- 4(t3 —3t)—9(t2 —2) — 4% _9f% _12t +18.

Dt f(t)=4t> -9t -12t+18 = f'(t) =12t* —18t-12>0,Vt > g

Bang bién thién

2|
+
8

Tir bang bién thién tacé, Min f(t) = f(g) - —%
5

te| —;+o0
2

a a
b b
=
(a+b):2£1+lj {a
a b b
Cau 19: Chon D
Diéu kién: mf(x)ZOVi f(x)>0Vxe[—2;3]:>m20.

5 >§2x<:>m—mx+f2(x)>2x+
TaCOW—W—l_AJ:f() (x) m 4 > f*(x)+1

b 5
J’__ J—
a 2

Viy gid tri nho nhét cua biéu thic P 13 — 2> khi

2
1
.
2

~

m _f(x)> 2() 4

o - o] VO 2 SV
flx) 2 ) m ). Ao
f(x) 5 S f(x)+1
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Céu 20:

Cau 21:

iz [ £ () 41 £(x) 4 F(0)T ()
<= [ ()1 f(x) 4 fF()

L 2
\/EZmax{\/[fz(x)Jrl}f(x) +%f(x) f(x)}
o <min [ () 1]+ 307G

Jm=4+2017
_\/ESZL—Z\/E(UO ly)

2 N\ A yd
@mz(4+2\/ﬁ) ~149,96. Vi m <2022 . Nén c6 2022 —150 +1=1873.

vxe[-2;3]

Chon D
Diéu kién x4c dinh cua phuong trinh 1a x <1.

Tac6: 2g° (x)-6g% (x)+7g(x)=3-(2x~3)1-x

& 2¢%(x)-6g%(x)+6g(x)-2+g(x)-1=—(2x-2)V1-x +1-x
=2(g(x)-1) +g(x)-1=2(1-x)V1-x +41-x

& 2(g(x)-1) +g(x)-1=2(VI-x) +V1-x (1)

Xéthamsd f(t)=2¢+t. D& thdy f(t)dong bién trén R. (2)

Tu (1) va (2) suy ra g(x)-1=v1-x & g(x)=1+V1-x.

Doddo P=2+2\J1-x+x.Taco P'=

1

+1;P'=0=x=0

Vay maxP =4 < x=0.
Chon A
it +=x+1, khi d6 m6i moi x e[-1;8]=t[0;3]. Bai toan trd thanh tim m dé ham s6

2—-m

f(t) _z2tem c6 gié tri 16n nht trén doan [0 3] nho hon 3. Xét f( )
t+1 (t+1)

Trudng hop 1: f/(t)>0< m<2 (*) thi ham s6 dat gid tri 16n nhét tai t=3. Khi do
Maxf(t)=£(3)=

m<2.
Trudng hep 2: f'(t)<0<m>2 (**) thi ham s6 dat gia tri 16n nhat tai t=0. Khi d6

6+m

Theobairatacé 2™ <3 m<6 , két hop v6i diéu kién (*) suyra
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1E/Iaﬁ<f( )= f(0)=m.Theo bai ratacd m <3, két hop voi diéu kién (**) suyra 2<m<3.
0;3

Vay S={1}.
Céu 22: Chon A
Taco y' = 2_m2
(x+1)
\ Z _ m+4
Trwong hgp 1: Néu 2-m>0< m<2 thi mmy:f(O):m;maxy:f(Z):
. . 3
[0:2] [0:2]
Khi do miny+3r[naﬁ<y=10 om+m+4=10=m=3 (loai)
; 0,2
m+4

Truong hop 2: Néu 2—m <0< m > 2 thi maxyzf( ) m;miny = f( )
[0:2] [0:2] 3

mEd 0 m=2,6 (tm)

Khi d6 mlny+31tnai(y 10 < 3m+

[0:2]
Viy m=2,6<(1;3).

Céu 23: ChonD
Ta co: g’(x)=(3x2+3).f'(x3+3x)
-, o

x° +3x= (1 X ~—0,82
P 43x=—= x ~-0,42

3 .
x=0
x~0,6

Cho g'(x)=0:>f'(x3 +3x)=0 =
x°+3x=0

_x3+3x=2

xg[lgnﬁg( x)=g(0)= f(0)+m=2022 = m=2019
xrfulr})]g( x)=g(-1)= f(—4)+m=2004 = m =2005

Céu24: ChonD

= m, —m, = 2019 —2005 = 14.

1-m

(x+1)2 '

TXD: D=R\{-1}.CO ¥ =

Truong hop 1: m =1 = y =1 13 ham hang va khong thoa man yéu cau bai toan.
Truong hop 2: m =1 => Ham sb don diéu trén timg khoang xac dinh (—o0;-1), (—1;+0).

migy=v()
maxy y(Z)
= 2] = miny + max (2)+ () 2+m+1+m
rrluzrjly y(2) [12]y [1z]y Y Y 3 2
1
| mayy =yl
Theo gia thiét:

17
m1ny+maxy——<:>2+—m+1+m =% 4+2m+3+3m=17 <5m=10=cm=2.

2" (27 6 T s 2
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Cau 25:

Cau 26:

Chon A

Xéthamso f(x)=-x" +(x+a)3 +(x+b)3.

Tap xac dinh: D=R..

Tacd f'(x)=-3x> +3(x+a)2 +3(x+b)2 = 3x? +6(a+b)x+3(a2 +b2).

Ham s6 v = f(x) ddng bién trén khoang (—o0;+0) < f'(x)=0,Vx € (—0;+00).
<S> A <0< 18ab<0 <= ab<0.

Véi ab<0 tacé P=a*+b> —4a—4b+2 > a* +b* +2ab—4a—4b+2

= P>(a+b) ~4a-4b+2=P>(a+b-2) -2 P>

. b=2 =0 =2
bang thuc xay ra khi {a; 0 & {a hoac {a :
ap =

. |a=0 =2
Vay minP =-2 khi {a hodc {a :

= b=0
Chon A
< _2x-m
Dat f(x)— 1
Ta c6 ham sb y:f(x) lién tuc trén [0;2] va c6 dao ham f'(x)z (m+§2 :
x+1

Néu m =-2 thi ham s§ f(x)=2, vx=-1. Khi d6, gid trj 16n nhat ctia ham s6 y =|f(x)| trén

doan [0;21 bang 2. Do d6 m = -2 théa méin yéu ciu bai toan (*)

£(2)] =max{lm;@}-

Néu m# -2 thi M = max ‘f(x)‘zmax{‘f(O)

7

xe[O;Z] meR meR
, 5 R A vO4A L1 1A £ |m_4| A \ A 1A A
Phac thao do6 thi ham s y = |m| va do6 thi ham s6 y =——— trén cung mot hé truc toa do ta
duoc:
¥
y=|m|
_|m—4
T3
2 y=2
1 1
1 1
1 1
1 |
1 | 1
—2 0 1 2 4 m

Khi m<-2 thi 2=M =-m < m=-2 (loai).
Khi =2 <m <1 thi 2=M=4_Tm<:>m:—2 (loai).

+Khi m>1thi 2=M =m . Suy ra m =2 thoa mén yéu ciu bai toan (**).

T (*) va (* *) suyra S= {—2; 2} do d6 tong cac phan tir ciia S bang 0.
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Céu 27: Chon D

Didu kién xac dinh: x>1.Taco: f'(x)=—rr,
/ 2\x -1
. m
Trwong hgp 1: m>0taco: f'(x)= >0
/ 24x -1

Khi do @gr]lf(x) =f(2)=m ; r[rzlgff(x) = f(5)=2m

Theo gia thiét : r[%r]l f(x)+ pax f(x)=m*-1

= 3+;/E(TM)
m= 3_;/B(loai)

Tacd: m+2m=m>-1=>m?>-3m-1=0=

m

240x -1

Khi do r[rzl;ig]lf(x) = f(5)=2m ; r[g%ff(x) =f(2)=m

<0

Truwong hgp 2: m<0 tacod: f'(x)=

Theo gia thiét: r[12115r]1 flx)+ I[I;aﬁ f(x)= m* -1

3+«/E
2
3-413

m == =(TM)

(loai)

Taco: 2m+m=m?>-1=>m>-3m-1=0=

_3+413 3-413_,

Vay m, +m, =
W I T 2 2

Céu 28: Chon A
bt y=‘x4—4x3+4x2+a‘=|f(x)|.
Xét ham s6 f(x)=x4—4x3+4x2+a.
Khi d6 f'(x)=4x" —12x% +8x = 4x(x* -3x+2) =0 < x € {0;1;2}.
= f'(x)20,vxe[2;3] va f(2)=a; f(3)=a+9.

a

,a+9”
0,Ja+9}

maxy E{

Taco Vxe[2;3] thi {
a

minye{

Xét cac truong hop:
a20=maxy=a+9;miny=a=2a+9=11=a=1, nhan.

a<-9=maxy=-gminy=-a-9=-a-9-a=11=a=-10, nhan.

a+9>0

a+9=11 a=2 )
= = (loai)
—a=11 a=-11

a<0 .
{ <:>—9<a<0:>m1ny=0;maxye{a+9;—a}.

Do d6 ae{-10; 1}. Vay ton tai hai gia tri a thoa man.

145 | Facebook tac gid: Phan Nhét Linh - SPT: 0817.098.716



Chuong 1: Ung dung dao ham dé khdo sét va vé db thi ham sb

Cau 29:

Cau 30:

Céau 31:

Chon D

Pbat t =7sinx khidotacd xe {O;Z} =te [0;7]
2
Yéu cau bai toan < If(’)ll;jl‘f(t)‘ =0

t=2m ludn xac dinh trén [0;7]

Taco: f(t)= ]

Véi m= —% thi f(t)=1 =Loai m= _%

7-2m o \
. Ta xét cac truong hop sau:

,. 1o
V6i m 7 —— thi ta co: £(0)=-2m; f(7)=

Truwong hop 1: f(O)f(7) <0< —2m.7_2m

<0 0<m< Z
2
Khi do: min‘f(t)‘ =0=0<m< 7 théa yéu cau bai toan
f07] 2
Ma m nguyén nén me {0;1;2;3}

7-2m m>—
>0 2

m<0

Truwong hop 2: f(O).f(7) >0 < -2m.

Khi do: fggr]l‘f(t)‘ >0 = Khong c6 gia tri m thoa dé bai.
Do do: S = {0;1;2;3} . Vay tong cac phan tir cia S bang 6 .

Chon A
bat g(x)=x2—4x—1+m.TaCé: g’(x):2x—4;g’(x):O<:>x:2.
Taco: g(0)=-1+m; g(2)=-5+m;g(3)=—4+m suyray,  ={-5+mf;]-1+ml}.

|—5+m| > |—1+m|

{|—5 + m| > |—1 + m|
Trwong hop 1: = _3 S |lm=2 oSm=2.
ST
{|—5+ m|<|-1+m| [-5-+m] <|-L+m
Trwong hop 2: » s S lm=4 oSm=4.
SR AT

Vay c6 2 gia tri m thoa man dé bai.
Chon A

2
‘x—m _|x—m2|

Véi xe[0;3] thi f(x)=

x+1 x+1 |

Ham _x—mz dong bién trén [0'3] nén maxy= (3)_3—1712. miny = (0)——m2
T ’ [0;3]y Y 4 7 [0;3]y Y
2 2
m2 42 g2 3T
4 4 ) )
:>maxf(x)= =5<3+3m +‘5m —3‘=4O
(03] 2

Chinh phyc c&c bai todn VD - VDC: Max- min cia ham sb | 146



Phan Nhét Unh Chinh phuc vén dung — van dung cao ndm 2023

Céu 32:

Cau 33:

Céu 34:

37

)
5(tm)
=-17(I)

m

m=+5.

‘Sm —3‘ 37 -3m? < {

Chon A
f1x J .3 2 ' _ a2
Xét ham so g(x)—x -Xx +6x+9—m:>g(x)—3x -2x+6>0,Vx

|

9—m|=5 {mﬂ
m=14 om=14
|9—m|2|15—m|

|9—m|2|15—m|

o e
m= =

9 m|<[15-m] =
|9—m|£|15—m|

= I[l’(}’alﬁ(y = max{ -

Trwong hop 1: {

Trwong hop 2: {

Vay m =10;m =14 thoa min bai todn =>tdng cac gi tri cua tham sd m bang 24.
Chgn B

Xét ham sb g(x) = %x‘* +%(m2 —2)x3 —m*x* +m trén doan [0;2].

Taco g'(x) =x° +(m2 —Z)x2 —2mPx = x(x —2)(x +m? ) <0, Vxe [0;2].

Suy ra ham s g(x) nghich bién trén [0;21

bé gia tri 16n nhit cia ham s f(x) = trén doan [0;2] luén hé

lx4 +1(m2 —2)x3 —m*x? +m
4 3

. g(O) <5 m<5
hon hoac bang 5 < S

e
Chon B

Tap xac dinh: R
y:f(x):‘x6 +x° +m‘—2x3.

bat t= x® ham sb ban dAu tré thanh ham s y= g ‘t +t+m‘ 2t, teR.
Tam thurc bac hai h(t) =t? +t+m co biét thirc A=1—4m . Ta xét 2 trudng hop sau:

Truwong hop 1: A=1—4ms0<:>m2i :>h(t)=t2+t+m20, VteR.

2
Khido, y=g(t)=t>+t+m-2t=t*—t+m= -1 vmlomol vier
2 4 4

. : 1 1
min ) < ing0 =] 3| -
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Chuong 1: Ung dung dao ham dé khdo sét va vé db thi ham sb

mz1 mzl 5
Theo & min f(x)=1<1{ 2+ <! ‘4om=2
xeR 1 5 4
m——=1 m=—
4 4

Truong hop 2: A=1—4m>0<:>m<% = h(t)=t+t+m c6 2 nghiém phan biét ¢, , t,
(t <ty).
t, <t, <0

Vi 1&1+t2=—1<0:>[t1 o<t
1<VUsh

Néu t, <t, <0 thi P=tt, =m >0két hop véi m<% ta co O<m<i.

o (1) |3
Khldo.g[EJ:ZHn‘ 1<0:>rang() m‘—1<0
Néu t; <0<ty thi g(t,) =|83 +t, +m|-2t, =21, <0= ming(t)<0.
te

Suy ra trong truong hop 2 ham s y = g(t) khong thé co gia tri nho nhat bang 1 trén R.
Vay m= Z Suy ra tong cac phan tir ciia S 12 Z
Céu 35: ChonB
bit g(x)=3x" —4x* ~12x* +m trén [-1;3].
Ta co: g'(x) =12x> —12x* —24x = 12x(x2 —x —2) :

x=—1e[—1;3]
Cho g'(x)=0<:> x=Oe[—1;3]

x=2¢e[-1;3]
g(-1)=m=5; g(0)=m; g(2)=m—-32; g(3)=m+27
Thay: m—-32<m—-5<m<m+27,VmeR. Vay frllg;j:max{

}.
Truwong hop 1: |m+27|£|m—32|<:>m£§.

Khido M = |m 32|>— Vm<§:>mmM—5?9

Truwong hop 2: |m+27|2|m—32|<:>m2§.

KhidéM:|m+27|z§,sz§:>minM=§.
2 2 2
N T . 59
Vay gia tri nho nhat cua M la PR
Céu 36: Chon C

Datt—2+smxe[1 3]:>g te[l 3]:>maxg( )+mmg() 50.

[1;3] [1:3]

Xéthamsd: y=t°-3t-m=y'=3t>-320Vte[1;3].
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I[Illgi(g(t) = max{|—m—2 ; 18—m|}
}/(1) = —m—2,y(3) =18—m = ming(t) = min{|—m—2 ; 18—m|} )

[1:3]
mipa(t)=0

Trudng hop 1: Néu —-m—2>0 < m< -2 thi

mgxg(t)=|18—m|=18—m
(2] = 2 —m+18—m=50 < m=—17(t/m).
m1ng(t)=|—2—m| =-m-2
[1:3]

Truwong hop 2: Néu 18 -m <0< m > 18 thi
ming(t)=|18—m|=m—18
[1:3] :m+2+m—18=50<:>m=33(t/m)

r[rllg?g(t):|—2—m| =m+2

Truong hep 3: Néu (-m-2)(-m+18)<0 < -2<m<18 thi

r[rllgﬁ(g(t) = max{|—m =218 - m|}
mipalt)=0
Nhén xét: r[r}gi(g(t) = max{|—m -2

Vay me{-17;33}.

4

18—m|} <50, Vme[-2;18]=>med.

4

Céu 37: ChenD

Taco maxf(x)zé nén ‘4x4 —ax? +b‘s%,Vxe[—1;1].

g
f(1)s% |4‘”+b|<% ety
Khi d6 ta co: f(O)S% - |b|j% : 1® |b|;% 2b| <1
2 4ra—2bl<
f{%ﬁ% S o

Suyra |[4—a+b+b—2+a—2b|<|d—a+b|+|b|+|-2+a-2b<2
©2<[d—a+b|+[p|+|-2+a-2b|<2.

Dau "=" xay ra khi:

4—a+b:%
1 a=4
Truwong hop 1: b=§ = ) 1-
2+a-2b=1 2

Thir lai ta thay gi4 tri 16n nhat cia f (x) =

Ax* — 452 +l
2

trén doan [—1;1] bang %
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1
4—a+b:—5 1=8
\ 1 7 .
Truwong hop 2: b:—E = b:E (loat).
—2+a-2b=-1 b——l

4 _2
Viay a+b—2.
Céu 38: ChonC
Dit g(x):x2—4x+m—1.TaCé g'(x)=2x—4:g’(x)=0<:>2x—4=0<:>x=2.

Ta c6 bang bién thién caa ham sé g(x).

x |—1 2 3

m+4 m—4

Dua vao bang bién thién caa ham s6 g(x) ta co:
Truong hop 1: Néu (m+4)(m-5)<0 thi [Iflllgﬁf(x) =[rr}1§ﬁ‘g(x)‘ =0.

Truong hop 2: Néu (m+4) <0< m<—4 thi

min f(x) = minlg(x)|=m+4|=4 = [

Truong hop 3: Néu (m—-5)>0< m>5 thi
m=1 (l)

ﬂlﬁf(x)z[q}m\g(x)‘ :|m‘5| =4 {m -9 (tm)

3]
Vay S={9;-8} nén tong cdc phantircua S1a 9-8=1.
Céu 39: ChenD

Taco maxf(x)=% nén ‘4x4 —ax? +b‘£%,Vxe[—1;1].

[-2:1]
1 |4—a+b|<1 [4-a+b]<—
1 o<t o<t
Khi d6 ta co: f(o)sE =2 =2
5 1 ‘41—al+b£l [-2+a-2b|<1
(8 it

Suyra |[4—a+b+b—2+a—2b|<|[4—a+b|+[b|+|-2+a-2b]<2
©2<[d—a+b|+|p|+[-2+a-2b[<2.

Dau "=" xay ra khi:
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4—a+b=—
1 a=4
Trwong hegp 1: {b=— .
g hop 5 b:l
2+a-2b=1 2
Thir lai ta thay gi4 tri 16n nhit cua f(x):4x4—4x2+% trén doan [—1;1] béng%.
1
\ 1 7 .
Truwong hop 2: bz—E = b:E (loai).
—2+a-2b=-1 b——l

9
Vay a+b==.
ay >

Céu 40: Chon B
Xétham so f (x)=3x*—4x* —6mx* +12mx+m co6
f/(x)=12x" —12x* —12mx+12m =12(x* - x* =mx+m) =12(x-1)(x* - m)
x=1
X =m
(

Véi m<ltacod f(x) dong bién trén khodng (1;2)

Cho f'(x)=0 <12(x-1)(x*~m)=0 <:>[

max f (x)=f(2)=m+16
2] = max| f ()| = max{|m+16[;|7m-1]}.
min f (x)=f(1)=7m-1 [L2]

[12]

‘m=2(L)

| m=-34

Kiém tra m = -34 ¢6 |7.(—34)-1 =239 >18 (Loai)

Trwong hop 1. max f(x)|=|m+16/=18 <

m-2(L)
Truwong hop 2. max|f (x)=|7m-1=18
L 7
Kiém tra m=_—7 cé _—17+16 =§<18 :>m=_—17 thoa man.
7 7 7 7

Vi l<m<4 thi Vme (2] va f(Vm)=-3m’+8mym+m.

Bang bién thién:

T |1 Vm 2
f(2) - 0

F(1) - f2)
f(z) \f(\/a) /
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Chuong 1: Ung dung dao ham dé khdo sét va vé db thi ham sb
Datu:\/ﬁ(kusz), f (u)=-3u’+8u’+u?
- . 1=V (1)
Co f'(u)=—-12u’+24u’ +2u=0< 6
u=0¢(L2)

= f'(u)>0 Vue(L2)
= f (u) dong bién trén khoang (L,2) = f (u)> f(1)=6 hay f(vm)>86
Do d6 max f ()= max {7m-1m+16}

Truong hop 1. ng])<|f(x)|:m+l6:18<:>m:2

Kiémtra m=2 ¢6 7.2-1=13<18 = m =2 théa man

Truong hop 2. n[lazl]x‘f(x)‘=7m—1:18c>m:$

Kiém tra m = g co §+16 = %L >18 (Loai)

Véi m>4tacod f(x) nghich bién trén khoang (1;2).

. |m+16>20>18
Ma nén max f(x)‘¢18.
m-1>27>18 [12]

Vay me {2;_717} thi gia tri 16n nhat ctia ham sd y =|3x* —4x* —6mx® +12mx+m| trén doan

[1; 2] bang 18. Tir d6 tong cac gia tri cia M thoa man yéu cau bai toan 14 2 —g = —;.

Céau4l: ChonD
Do gia trj 16n nhat ctia ham s6 y = f(x) = ‘2x3 —12x% +9x +m + 8‘ +9x (m 1a tham s6) trén doan
[0;5] 1a 78 nén [2x° ~12x> + 9x+m+8|+9x <78 Vxe[0;5] va déu bing phai xay ra tai it
nhat mot diém
e [ox 1227 +9x+ m+8[<78-9x vxe[0;5]
78—-9x >0 dung Vx €[ 0;5]
©{9x—78£2x3 —12x* +9x+m+8<78-9x
< 2% +12x%* —86<m < -2x% +12x% —18x+70 Vx [0;5]

m=>-22
m<30

xe[O;S]

m > max (—23(3 +12x° —86)
- {

m < min (—2x3 +12x% —18x + 70)
xe[0;5:|

m=-22

. Vay tong tat ca gia tri m 12 8

}24
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x? —2mx+1

2
, , n by . -2 +1
Tacd lim ————=1do d6 ludn ton tai max{—x mx

2

} trén R thoa yéu cau bai

T X" —x+2
toan.
2_
Tatim m dé max % <4,VxeR
x“—x+2
x* —2mx+1
2 2—>—4,VxeR
x°=2mx+1 x“=x+2

Taco > <4, VxeR <

XX —x+2 2

x-=2mx+1

x2—x+2

5x* —(2m+4)x+9>0,VxeR m?+dm—-41<0 |[2-3V5<m<-2+35
= =
3% -(2m-4)x-7<0,¥xeR  |m®-4m-17<0 |2-21<m<2++21

<4,VxeR

c>2—\/i<m<—2+3\/§

x? —2mx+1

2

Khi @6 max
xX“—x+2

}24@!m£2_\/ﬁ

m>-2+35
Gia tri nguyén cua tham sd m e [—10;10] A me {—10;—9;...;—3; 5;6;...,-10} .
Céu 43: ChenD

Diéu kién xac dinh ctiia ham sb g(x) la 1—2|x| >0 —% <x< 1

2
Ta co: ‘f(x)‘ZO va —\J1-2|x| = -1
D . A 3 2 .. f(x):O _
o do: ‘f(x)‘—4/1—2|x| > —1.Dau bang xay ra khi: =x=0

1-2x =1
o [ N1+2m—1-2m |
:g(x)_f[ G ] 1

DE gi tri nh6 nhat cia ham s6 g(x) 1a 0 thi:

f(\/nzm—ﬁ—sz_l:O @J{anm—ﬁ—zm]:l

22 22

T dd thi ham sd = J1+2m —1-2m _ 1

22 2
{J1+2m +2=\1-2m  [(14+2m+2+2V2+4m =1-2m

eVl 2m-J1-2m=-2 o . = 1 1
——<m< = ——Sms—
2 2 2 2
Lrdm=—m—1 |V2HAm :_12’”_1 )
= -2m-1>0 = m<—— =>m=——.
) 2 2
——<m<= 1 1
—<m<—
2 2 > >
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Cau44: ChonC

Pit t=cosx+1, t[0;2]. Khidé y=|t* ~26 +m| véi te[0;2],

Xét f(t)=t* -2t +m voi te[0;2].

f(t)=4t -4t =

Taco f(0)=m

f()

t=0 (nhan)
O (t=1 (nhan).
t= —1(loai)

=—1+m, f(2)=8+m.

Do d6 r[r(}gﬁ(f(t):8+m, ﬁ)l;iﬁf(t)zm—l.

Suy ra r[%%ﬁ(‘f(t)‘

Tacé maxy = I[l(}%ﬁ(‘f(t)‘

_|m+8+m—1|+|m+8—m+1| |2m+7|+9
- 2 -2

_m+7]+9 9
2 2

Déu bang xay ra khi va chi khi 2m+7=0<:>m=—%.

Cau 45: ChonB

bat f(x)zt,te[—Z;Z] suy ra [IEE?]g(x)>1®g(x)>1,‘v’xe[—1;3:|

@H2t+m—4|+t—3\>1,Vte[—2;2] @[

[m>-3t+8

m<—t

_|2t+m—4|>—t+4
_|2t+m—4|<—t+2

_—t+2<m<—3t+6

|2t+m—4|+t—3>1

|2t+m—4|+t—3<—1’w e[-2:2]

20e+m—4>—-t+4
,vm[-z;z]@ 2t+m—4<t—4
F=2<2t+m—-4<—t+2

,‘v’te[—Z;Z]

m>14
,Vte[—2;2:|<:> m< =2 <:>[
4<m<O(VL)

Do me[-10;0]= m e {-10;-9;...;- 3}

Vay c6 8 gia tri nguyén cua m thoa man yéu cau bai toan.

Céu 46: Chon B

Xét ham s f(x

Truwong hep 1:

):x3—3x+m,ta co f'(x):3x2—3.Ta c6 bang bién thién ciia f(x):

x 0 1 2
S'(x) - 0 +
m 2+m
@ T 2w

2+m<0<=m<-2.Khido %ﬁyﬁ‘f(x)‘z—(—2+m)=2—m

Khi d6 2-m=5 < m=-3 (thdéa man).
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Cau 47:

. 24+m>0
Truwong hop 2: & —-2<m<0.
m<0
Khi d6 : |m 2| 2-m>2>24+m :>max‘f ‘ 2+m) 2-m

Khi d6 2—-m=5< m=-3 (loai).

. m>0
Truwong hop 3: { <0<m<2.
—-2+m<0

Khi do: |m 2| 2—-m<2<2+m :>max‘f ‘ 2+m.Khi d6 2+m=5<m=3 (loai).

Trwong hgp 4: —2+m>0<m>2. Khi d6 max‘f ‘ 2+m

2+m=5<m=3 (thoa min). Vay tong cac gia tri ctia m 12 0.
Cach khac: (Dung cong thirc tinh nhanh)
Taco Azr[%;%ﬁ(f(x)zm+2, azr[xol;izr]lf(x)z—Zer

Nén max‘f(x)‘ =

[02]

|m+2—2+m|+|m+2—(—2+m)| |2m|+4 |:m:3
=bo—=5& 3’

Chon A

Tur gi thiét ta c6 (x —1)2 +y? <9

(C‘)y

L

e
far

©), / | el /
0 st

\Ji/yﬁ 0§ L
= : "

\tf /%/
LA

Tap hop diém (x, y) thoa man yéu cau bai 1a phan dugc t6 trén hinh v& ké ca bién.
Ta thay (Cl) cat (Cs) tai hai diém phén biét trong d6 c6 diém (2,1) thoa min yéu cau

bai toan.
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Chuong 1: Ung dung dao ham dé khdo sét va vé db thi ham sb
Xét duong thang A di qua (x,y) thoa man yéu cau bai toan: x — 2y =c.

x—2y dat gia tri nho nhat khi A di qua (2,1) nén m=0.
(C2)1x2+y2=2x+8<:>(x—1)2+y2=9.
x—2y=(x-1)+(2)y+1< (1+(—2)2).9+1=3£+1.

A, :x-2y-1-35=0.A, cit (C,) tai diém thoa man bai toan.
Khidé M =3vV5+1.Vay M—m=3/5+1.
Céau 48: Chon B
Ta co, (x+y)224xy,Vx,yeR , két hop véi gia thiét (x+y)3+4xy22 suy ra

(x+y)3+(x+y)2 >2 = x+y>1.
Attt oo et

2
(x2 +y2)2 +(x2+Ty2) _4(xz+yz)+2:%(x2 +y2)2—4(x2 +y2)+2.

>

N |G

2
X+
bat t=x2+yzz%zl.Dodé, Az%t2—4t+2

N

Ta c6 bang bién thién ctia ham s6 f(t) = %5152 —4t+2 trén |:%;+00j nhu sau

g i
N 15 2 oo
7 400
f(t)
15
7
15

S 1
bang bién thién ta c6 i t)=f| = |=—.
Qua bang bién thién ta c6 min f() f{ZJ T

te| —;+©
2

14

Tt 1a, Azi_Z’déu“:” xay ra khi x:y:%.

Vay gié tri nho nhat ciia A bang % .

Cau49: ChonC

> > < <1
Do x=0,y=0 na 0<x,y .
x+y=1
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Thay y =1-x vao biéu thirc S ta dugc: S = (4x2 + 3(1—x))(4(1 —x)2 + 3x)+25x(1—x)
- (4x2 —3x+3)(4x2 —5x+4)+25x—25x2 —16x* —32x% +18x% —2x+12

Dit §=5(x)=16x" -32x° +18x* —2x+12 véi 0<x<1.
Taco S'(x)=64x> —96x +36x 2.

Xét phuong trinh
=1 (0;1)
§'(x) =0 < 641> = 963" +36x -2 =0 & (2x-1)(32* ~32x+2) =0 & | x = 2443 e(0;1)
4
X = 2_\/5 6(0;1)
I 4
Taco s(o)=12;s(1)=12,-5[1) [“J—J 1 s(‘_ﬁ}ﬂ,
2) 277 4 16
Do dé maxs(x)zs(lj:§ va min$( )=s(ﬂ]=s(2+ﬁ}ﬂ.
[0;1] 2 2 [0:1] 4 16
‘= 2-3 2443
A 25 . 1., 191 T
Vay M =— khi x=y==.Va m=— khi hodc .
2 73 16 243 23
y==— y=—70

Céau50: ChonD
Theo gia thiét y >0 nén ta co

3
4 X J2y+1 ©4x’ +x =2y +1(y+1)

y+1

= 8x% +2x =2y +1(2y+2) @(29()3+2x=(«/2y+1)3+(2y+1).

Xét f(t)=t>+t.Taco f'(t)=3t*+1>0,VteR nénhamsd f(t) dong bién trén R

Do d6 f(2x)=f(1/2y+1)<:>2x:1/2y+1 o 4x° =2y+1<:>y:2x2—%.

Do y>0 va 2x=,/2y+1 nén x>%.

Khi d6 S=8x—y+§ = 8x-2x" +2 = 2(x* ~4x+4)+10 ~10-2(x-2)" <10.

Vay maxS=10 khi x=2.
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Chuong 1: Ung dung dao ham dé khdo sét va vé db thi ham sb
Cau51: ChonD
Ta phdi ching minh x* + y* +2z° > xy —yz—zx, Vx,y,z€R.

That vay, ta c6 x* + > + 2 2xy—yz—zxc>%(x—y)2 +%(z+y)2+%(x+z)2 >0.

Khi d6 szy_yz_zx_ﬂﬁx2+y2+22_£
24,2452 2. 2. 2

Xty +z X +y 4z

2022

Dit t=x*+y* +2%, t€[0;3]. Khido, tacod P< f(t)=t-——
f'(t)=1+&222>0,Vte(o;3]:>f(t) dong bién va lién tyc trén (0;3]. Vay P < f(3)=-671.

t
Do @6 maxP =-671 khi x=y=1, z=-1hoac x=y=-1, z=1.

Chinh phyc c&c bai todn VD - VDC: Max- min cda ham sb | 158



UNG DUNG PAO HAM
DE KHAO SAT VA VE DO THI HAM $O

CHU PE PUONG TIEM CAN CUA PO THI HAM SO

oot )
Y YY 10MTATLY THUYET

1. Pinh nghia
e Pinh nghia 1: Cho ham s y=f (x) xac dinh trén mdt khoang vo han (1a khoang dang (a,- +oo) ;

(—oo;b) hoac (—oo;+oo)). Puong thang vy =Y, la duong tiém cén ngang (hay tiém cén ngang) cua
dd thi ham s6 y=f (x) néu it nhat mot trong céac diéu kién sau dugc thoa man:

lim y=y,; lim y =y,.
X—>+00 X—»—00

e Pinh nghia 2: Puong thing x = x, la duong tiém cén dimg (hay tiém cén dirng) cua d6 thi ham s6
y=f (x) néu it nhat mot trong cac diéu kién sau dugc thoa man:

lim y = +oo; lim y = +oo; lim y = —oo; lim y = —oo.
x—x3 x>y x—x3 x>y
2. Cac phwong phap giai toan nang cao
Dang 1: Tim tiém cin ciia dd thi ham s6 khong chira tham s
e D¢ tim tiém can ciia dd thi ham sé y=f (x) ta thuc hién cac budc sau:
= Buéc 1: Tim mién xac dinh cia ham s6 y = f (x)
*  Budc 2: Tim gii han cua f(x) khi x tién dén bién cia mién xac dinh.

*  Buwdc 3: Tur cac gidi han va dinh nghia tiém can suy ra phuong trinh cac duong tiém can.

f(x)

e Dic biét: Dé tim cac duong tiém can ctia dd thi ham sd y= ﬂ ta c6 thé 1am nhu sau:
g(x

=  Buwéc 1: Tim tap xac dinh D.
= Buwdc 2:

Tim tiém can ngang: Ta tinh cac giéi han: lim y; lim y va keét lun tiém can ngang
x—+00 " x—>—00

Tim tiém can dung: St dung phuong phap nhan lién hop hodc phén tinh nhan tir 4 don gian

biéu thic f( ) ve dang t6i gidn nhat c6 thé tir d6 két luén vé ti€ém can dung.

8(%)

Chay:
Néu bac cua f (x) nhé hon hoic bing bic cua g(x) thi d thi ham sd ¢6 tiém can ngang.

Néu bac ctia f (x) 16m hon béc cia thi g(x) d6 thi ham s khong c6 tiém can ngang.
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb
Dang 2: Cac bai toan tiém can cia do thi ham so chira tham so

Mot s6 loai toan thuong gap:

. A A K ogia A , ) X s 1y A ax+b .
e Loai 1: Bién luin s6 tiém can dirmg cua do thi ham s6 y = y voi c#0 .
cx+

=  PJ thi ham s6 c6 tiém can dung khi ad—be#0.

2
. ‘A A A Lon A , , TR £ ax“ +bx+c L.
e Loai 2: Bién ludn s6 tiém can dimg cua do thi ham s6 y =—— v61 a#0.
X—X
0

» Do thi ham s6 co mot tiém can ding khi g(x)zaxz +bx+c=0 khong c6 nghi¢m
x:xoag(xo);to.

» P) thi ham sd khong c6 tiém can dung khi g(x)=ax2+bx+c=0 c6 nghi¢m
x=x0<:>g(x0)=0.

X=X,

2

———2—(C) v6iaz0.
ax“ +bx+c

e Loai 3: Bién luan so tiém cén dimg cua do thi ham s6 y =

= D0 thi ham s c6 hai tiém can dimg khi g(x)=ax® +bx+c =0 c¢6 hai nghiém phéan biét

A>0
g(xo);tO'

= D6 thi ham s6 c6 mot tiém can ding khi g(x) =0 conghiém kép < A=0.

khac x, @{

= D0 thi ham s6 khong c6 tiém can dimg khi g(x)=0 v0 nghiém < A<0.

2
. ‘A ~ O A , , A 1c 1y £ ax“ +bx+c , -
e Loai 4: Bién ludn s6 tiém can dimg cua do thi ham s6 y = (C) voia#0,x #x,
(x—x;)(x—x,)

» P06 thi ham s ¢6 hai tiém can ding khi phuong trinh g(x) =ax’> +bx+c=0 khong nhan

g(xl);t()
g(xz);tO'

= D) thi ham s6 c6 mot tiém cén dimg khi phuong trinh g(x) = ax® +bx+c=0 c6 nghiém

8(x)=

=0 \ X
(Cht y hai diéu kién nay khong dong thoi xay ra).
g (x2 ) =0

* P thi ham sb khong co6 ti€ém can ding khi g(x)=ax2+bx+c=0 nhan x=x; va

g(x1)=0

g(xz)zo'

X;,X, la nghiém @{
x = x; hodc x:x2:>[

x =x, langhiém < {

)
(x

= Do thi ham s6 ¢ ti€ém cdn ngang bac cua mau so 16n hon hodc bac cia mau so va phai

e Loai 5: Bién luin so6 tiém can ngang cua do thi ham s6 y =

SN—

oqQ

ton tai cac gioi han lim y hodc lim y.
X—>+00 X—>—00
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WA vipuMINHHOA

CAU 1. Cho y = f(x) la ham b4c 4 va c6 bang bién thién nhu hinh v& sau:

z | —o -2 0 J2 + o0
’ + o - 0 + 0 -
1 1

— -3 — o0

D6 thi ham sb g(x) = Xt -2 c6 may dudng tiém can dimng?

. fz(x)+3f(x)—4 o .

A 5. B. 2. C.3. D. 4.
£ LOI GIAI

Chon D
Dat f(x)=ax4+bx3+cx2+dx+e,a;t0. Taco f’(x)=4ax3+3bx2+2cx+d.

Do thi ham sb co cac diém cuc tri: A(O;—S),B(—\/E;l),C(x/E;l) nén ta c6 hé sau:

f'(0)=0 d=0 .
f(O)——3 e=-3 b=0
f’(ﬁ):o & {8v2a+6b+22c =0 <4qc=4 . Vay f(X)=—x4+4x2_3,
f’(—\/§)=0 —82a+6b-22c=0 d=0

4a+22b+2c+2d+e=1 e=-3
f(¥2)=1

2 2
Khi d6 g(x)= X2 - ¥ 2 - L

N L ]

Do phuong trinh (x2 - 2)(x4 —4x* - 1) =0 c06 4 nghiém phan bi¢t: x = +/2;x = 42+ J5 nén dd thi ham

s0 da cho c6 bon duong tiém cén ding.

CAU 2. C6 bao nhiéu gia tri nguyén ctia tham sé a dé dd thi ham s y =+/x> +2x+3 +ax c6 tiém can
ngang.
A 1. B. 3. C.0. D. 2.

& LOI GIAI
Chon D

Ham s6 y = vVx® +2x+3 +ax c6 tap xac dinh D=R.
Xét I = lim (\/x2+2x+3+ax)= lim x( /1+2+i+a}.
X—>+00 X—>400 X x2
Ta co: lim[ /1+2+i+a]:1+a.
X—>+0 X i

Néu 1+a#0thi I =oco, khi d6 d0 thi ham s khong co tiém can ngang phia +oo .
Néu 1+a=0<a=-1, ta co:
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

2+E

= lim (\/x2+2x+3—x): lim — 2X+3  _ lim X 1.
x>+ X—>+00 X—>+0
Va2 +2x+3 +x 1.2.3 4

XXZ

Khi d6 d6 thi ham s6 nhan dudng thing y =1 la tiém can ngang.

Xét J= lim (\/x2+2x+3+ax): lim x(— /1+2+%+a}
X—>—00 X—>=0 X o x
Taco: lim (— f1+g+%+aJ=a—1.
X—>—00 X X

Néu a—1#0 thi ] =00, khi d6 d6 thi ham s6 khong c6 tiém can ngang vé phia —o.
Néu a-1=0<a=1,taco:

J = lim (\/x2+2x+3+x)= lim 2x+3 = lim X =-1.

X H‘w\/x2+2x+3—x H‘“’_\/ 2,3

1+—+— -1
X x2

Khi d6 @6 thi ham s6 nhan duong thang y = —1 1a tiém can ngang.
Vay dé d6 thi ham sd ¢6 tiém can ngang thi a=1 hodc a=-1.

CAU 3. Cho ham sb Y= ax* +bx® +cx® +dx+e V6i a,b,c,d,e 1a céc sé thuc va a =0, c6 bang bién thién

nhu sau:

z — -2 0 1 + o
y' + 0o - 0 + 0 =
-1 2
— 0 —3 — o0
\ / x2
Do thi ham so y = T 6 bao nhiéu tiém can ding?
2 (x)+3f(x)
A 4. B. 3. C.5. D. 6.
£ LOI GIAI

Chon A
Taco f7(x)+3f(x)=0< f(x) f(x)+3]=0 @[f(x) L

N S , x=x (0<x; <1)
Tur bang bién thiéntacod f(x)=0<
X=X, (x2 >1)
:>f(x) = (x—xl)(x—xz)h(x) ( trong d6 h(x) Ia ham bac hai va vo nghiém).
X=X, (x3 <—2)
Tur bang bién thién f(x)=—3<:> x=x, (x4 >1) :>f(x)+3=ax2 (x—x3)(x—x4)
x=0

x° x°

=>y= =

f2 (x)+3f(x) (x—xl)(x—xz)h(x)ax2 (x—x3)(x—x4)
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1
B a(x—xl)(x—xz)h(x)(x—x3)(x—x4) '
2
Vay d6 thi ham sé y = Y c64tiém can dung.

fz(x)+3f(x)

CAU 4. Cho ham s6 y = f(x) c6 d6 thi nhu hinh v&

A

Yy
| X
-1 9

Bict f'(x)<0, Vx<-1va f/(x)>0,Vx>1.

c 2 R R ofm B e A A3 [ £ 2021 .
Khi d6, tong so tiém can cua do thi ham s6 y = la

xf(x+1)[xf(x+1)+1]—2
A 1. B. 3. C. 4. D. 2.
& LOI GIAI

Chon D
Taco: (Jxf(x+1)[ xf (x+1)+1]-2=0(1).

bDat t=4/xf(x+1)(t20),taduqcphuongtrinh: t(t2+1):2<:>t3+t—2:0<:>t:1.
xf(x+1)=1<:>xf(x+1)—1=0.

. . N 1= _ b
bat t=x+1= x=t-1, ta dugc phuong trinh: (t 1)f(t) 1 0<:>f(t) t—1(2)'

¥

b 4 0 \/ 2 3

\

Nhan thdy d6 thi cta cac ham sé y = f (t), y =t%chi cit nhau tai 1 diém do d6 phuong trinh (2) co

nghiém duy nhit = (1) ¢6 nghiém duy nhét, suy ra do thi c¢6 1 tiém can ding.
Mit khac: lim f(x+1)=-+0=> lim 2021 =a>0
Xt X xf(x+1)[xf(x+1)+1]—2
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

lim xf(x+1)=—-c0= lim 2021

x>0 v [of (x4 1) [af (x+1) +1] -2

Do d6 duong thang y = a 14 tiém can ngang.

khong ton tai.

J-2x2 +5x-2

x® +6x* —m®x® +3(5—mz)x2 —6mx+10

CAU 5. Tap tat ca cac gia tri ciia m dé d6 thi ham s y = co

dung hai duong tiém can la S = (a;b] . Tinh T=5a+8b.
A. T=43. B. T=30. C. T=31. D. T=18.

& LOI GIAI
Chon B

Tathdy v—2x2 +5x—2 6 nghia khi —2x2+5x—220<:>2x2—5x+2£0<:>%$x$2.

Do d6, d6 thi ham s6 khdng c6 tiém can ngang.
Do thi ham s6 c6 dung hai duong tiém can khi va chi khi phuong trinh:

% +6x* —mx® +3(5-m” )x* ~6mx+10=0 (*) 6 diing hai nghiém phan bigt trén B ;2} .
Tir (*) taco (x’ +2)3+3(x2 +2) = (mx+1) +3(mx+1).
Xéthamso f(t)=t>+3t v6i teR, f/(t)=3t>+3>0,VteR, nén ham s6 dong bién

Do do f(x2+2):f(mx+1)<:>x2+2:mx+1c>m:x+1:g(x)

x
x=1
Xét ham s6 g(x):x+§ trén B;z},ta co g'(x)zl—x%;g’(x):0<:> x=—1eB;Z]
Béng bién thién ciia ham s6 g(x):
< | 1 )
g'(x) — 0 -

g(x) %\ 2/%

Tr dé ta suy ra 2<ms§,hay me(z;g]vay a:2;b:§:>T:5a+8b:10+20:30.

CAU 6. C6 bao nhiéu gié tri nguyén cia tham sb m thudc doan [—5;5] dé d6 thi ham s

y= % c6 dung mot ti€ém can dang?
x’—=3x"—-m
A. 6. B.7. C.8. D.5.

£ LOI GIAI
Chon A

x+1

D6 thi ham s6 y = c6 diing mot tiém can dung khi va chi khi phuong trinh x® —3x* —m =0

x> —3x* —m
c6 ding 1 nghiém khac —1.

Tacd x°-3x>-m=0 & m=x>-3x>.
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x=0

’ \ A _ 3 2 ' — 2 ' _
Xethamsog(x)—x 3x :>g(x) 3x 6x:g(x) OQL:z

X —o0 -1 0 2 +0

r

y + 0 - 0

. _4/0\_4/+oo
/

—o0
m>0

Tir bang bién thién suy ra { .
m<—4

Ma m la tham sb nguyén thudc doan [—5;5] suy ra me {—5;1; 2;3;4;5} .

Viy c6 6 gia tri nguyén cua tham s6 m thudc doan [—5;5} thoa man yéu cau bai toan.

x> —3x+2
(r=m)(* )

cd bao nhiéu bo s6 (m;n) dé (C) c6 dung 2 duong tiém can (néu chi xét TCH va TCN)?

CAU 7. Cho ham s6 y = ¢6 do thi (C ), v6i m va n 13 hai tham s nguyén. Hoi co tat

A. 5. B.7. C.6. D. 11.
£ LOI GIAI
Chon D
1 3 2
2 _ v .2 3 ,

Tacd lim y= lim St A S I SENR g duong thang y =0 ludn la dudng
x—>+o00 x—)iroo(x_m)(xz_nz) X—>t00 1_@ 1_ﬁ
X xz

tiém cén ngang cua (C),Vm,n eZ.Dodb (C) c6 dung 2 duong tiém can khi va chi khi (C) c6 mot duong
tiém can dung tirc 13 mau sb c6 ding 1 nghiém ma khong phai 1a nghiém cua tir s6, ham sé.
Mat khéc, y = x*—3x+2 = (x—l)(x—Z) .
(x—m)(xz—nz) (x—m)(x—n)(x+n)

(x-2)
(x—n)(x+n)'
Truong hop ndy ¢ 3 gia tri nguyén cta n théa man lan € {2;-2;0} .

(x-1)
(x—n)(x+n)'
Truong hop nay ¢6 3 gid tri nguyén cua n thoa man la n € {1,-1;0} .

(x-2)
(x—m)(x+1) '
Truong hop ndy ¢6 2 gia tri nguyén cua m théa man la m e {2;-1} .

(x-2)
(x—m)(x+2) '

Trudng hop ndy c6 2 gia tri nguyén cia m thoa man la m e {1,-2}.

Truwomg hop 1: m=1=y=

Truwomg hop2: m=2=y=

Truomg hop3: n=1=y=

Truomghop 4: n=2=y=
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

=
(x—m)(x+1) '
Truong hop nay ¢6 2 gid tri nguyén cua m théa man la m e {2;-1} .
(51
(x—m)(x+2) '
Truong hop nay ¢6 2 gid tri nguyén cua m thoa man la m e {1;-2}.
Trwong hop 7: {m *1me2 =>y= (x—l)(x—Z) ¢6 3 nghiém cta mau déu khong 1a nghiém
: n#+l,n#+2 (x—m)(x—n)(x+n) | ’

cta tir. Nén yéu cau bai toan tuong duong m=n=0.

Trwong hgp5: n=-1=y=

Trwong hgp 6: n=-2=y=

Vay c6 11 cdp (m;n) nguyén théa min dé bai.

CAU 8. Hoi c6 tit ca bao nhiéu gi4 tri nguyén cia tham sb m e [—20 ;20] dé db thi ciia ham s6

Nx+3-2
y=—>_—+

(m3 —3m+ Z)x +2021 c6 ding 1 dudng tiém can (néu chi tinh tiém can dimg va tiém

X" —-m
can ngang)?
A 2. B. 13. C. 3. D. 1.
& LOI GIAI
Chon B

x>-3

x2 #m

Diéu kién xé4c dinh {
m=1

m=-2

Jx+3-2
x? -1

Xét m3—3m+2=0<:{

Khi m=1,taco y= +2021 dé thdy dd thi ham s c6 1 dudng tiém ding x = -1 va 1 duong

tiém can ngang y = 2021, nén m =1 khong thoa man.

Nx+3-2

2

5 +2021 d6 thi ham s chi ¢6 1 dudng tiém ngang y = 2021 nén m = -2
x°+

Khi m=-2 taco y=

théa man.
m=#1

Xét m3—3m+2¢0<:>{ .
m# -2

Khido Tim | Y¥X972 4 (12 -3 42)x4201 .
- +oo, khim® -3m+2>0

Luc nay db thi ham s6 khong c6 dudng tiém can ngang.

Tur day y€u cau bai todn tuong duong véi do thi ham so c6 ding 1 dudng tiém cén dung.

X—>+0 X m

}_{-oo,khiw ~3m+2<0

hay phuong trinh x* =m c6 dung 1 nghiém trén tp [-3;+o0) (1).
Lap bang bién thién ham s6 f(x) = x? trén [—3;+ oo) .

|
o
=
+
2

2 | —oo

|
=
+

+
8

=
&
Z
=)
o

Chinh phuc céc bai todn VD - VDC: Pudng tiém cdn cda db thi ham sb | 166




Phan Nhét Unh Chinh phuc vén dung — van dung cao ndm 2023

, R >9 ,
Duya vao bang bién thién, yéu ciu (1)< 0 tir gia thiét thi m {0;10;11; ...,20}.

m=
Vay c6 tit ca 13 gia tri tham s tri nguyén m e [—20 ;201 thoa mén yéu cau bai toan.

Nhén xét: Truong hgp phuong trinh ¢6 2 nghiém trong d6 c¢6 1 nghiém trung véi nghiém x =1 trén tir da

duoc xét ¢ trén khi m =1 nén khong xét lai.
20+ V6x—x2

Va2 —8x+2m
can dung la:

A 12. B.7. C.13. D. 17.

CAU 9. Tong tt ca cac gi tri nguyén cia m dé do thi hamsé y = c6 dang hai duong tiém

& LOI GIAI
Chon B
g 6x—x2>0 0<x<6
bicu kién: Al
X2 —8x+2m>0 |x*—8x+2m>0
Khi d6, néu D 1a tap x4c dinh cia ham s6 thi D = [0;6] va

Pé d6 thi ham sb co tiém cén dung x=a thi lim y =+ (hodc lim y =+ hoac lim y=-—c hoac
x—a x—a~ x—at

lim y = —x).

x—a

Tathdy khi 0<a<6 thi lim (20 +6x—x2 ) hoac lim (20 +V6x—x2 ) s& luon 1a mot s6 duong xac dinh.

x—a x—a
lim (\/x2 —8x+2m) =0

x—at

lim_(\/xz —8x+2m)=0

X—a

Do d6 d&€ x =a 1a tiém can ding cua do thi ham so thi va ham s0 phai xac dinh

tai lan can a. Suy ra a la nghiém cua phuong trinh x* — 8x+2m=0.

Dé do thi ham s6 c6 diing 2 dudng tiém cén ding thi phai ton tai 2 gia tri a phan biét la nghiém cua phuong
trinh x? —8x +2m = 0 dong thdi ham sb da cho xac dinh tai 1an can 4.

Trude hét ta tim m dé phuong trinh x?—8x+2m=0c62 nghiém phan biét thudc [0;6]

Taco x> —8x+2m =0 2m =—x* +8x
Xét ham s6 g(x) = —x+8x; ¢'(x)=—2x+8

Béng bién thién:
z | o 4 6
g'(= + 0 -
16

9(w) ) / T

Dua vao bang bién thién ta dugc 12<2m <16 < 6<m <8

20 +V6x— x>
\/xz —-8x+12

1 tiém can ding la x =2 nén ta loai m = 6.

20+\/6x—x2
Vx? —8x+14

c6 2 tiém can dang 1a x=4—\/§vé x=4+x/5 nén ta nhan m=7.
Vay c6 duy nhat gia tri nguyén m =7 thda yéu cau bai toan.
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Vé6i m=6 ta dugcy = . Ham s6 c6 tap xac dinh D =[0;2). Khi d6 ham s chi c6 duy nhét

Véi m=7 tadugcy = . Ham s ¢6 ap xéc dinh D=[0;4—\/E)u(4+\/5;6] Khi d6 ham sb




Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

CAU 10. C6 tat ca bao nhiéu gia tri nguyén ciia m e (0 ;2021] sa0 cho d6 thi ham s

2022

X x-2 ., Va7 e
y=— c6 ding mot tiém can dung?

x*—(m-2)x+2

A. 2021. B. 2015. C. 2017. D. 2016.

& LOI GIAI
Chon C

Véi x> 2thi 222 +4x=2>0.

Xét phuong trinh x* —(m—2)x+2=0(1),vx22.Taco (1) < m= x+2+% (2)

Yéu cu bai todn < phuong trinh (2) 6 ding 1 nghiém thudc [ 2;+o0) khi va chi khi dudng thing
(d):y=m citdd thi y=g(x)=x+2 +§ tai duy nhat 1 diém trén [ 2;+w0) (*).

Taco :g’(x)zl—i2
x

Béng bién thién coa g(x)

eZ

m LA
. Suy ra m e {5;6;...,2021} . Suy ra c6 2017 so can tim.
m & (0;2021]

(*)em=5 ma{
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IS BAI TAP TRAC NGHIEM

Cau 1;

Céu 2:

Céu 3:

Cau 4:

Céau 5:

Céau 6;

2

C a1 A , £ 2 AN L a A -3x+2 , .

Goi S la tap hop céc gia tri thuc cua tham s6 m dé do thi ham s6 yz% c6 mot
mx” +4x

duong tiém can dimg va mot duong tiém cin ngang. Tong cac phan tir ciia S bang
A 4. B. 4. C. -6. D. 2.

(x—l).\/x2 +3x

x2+(m+1)x—m—2

C6 bao nhiéu gia tri nguyén cua m thude [—10 ;10] dé d thi ham s6 y=

c6 dung ba duong tiém can?
A. 19. B. 18. C.17. D. 20.

(x—l)\/x2 +3x

2

C6 bao nhiéu gia tri nguyén ciia m thudc [—10;10] dé do thi ham s y = ( 1) >
x“+(m+1)x—m-—

c6 ding ba duong ti€ém can?
A. 19. B. 18. C.17. D. 20.

1+\/—2x2 +9x -4

\/(1—m3)x3+3x2 +3x+1

C6 bao nhiéu gia tri nguyén cua tham s6 m dé dd thi ham s y=

(v6i m 1a tham sd) c6 ding mot dudng tiém can.
A 4. B.2. C. 3. D. 1.

Cho ham s6 y = f(x)lién tyc trén R; f(x)>0, VxeR va lim f(x)=3 va lim f(x)=+o.
X—>—00 X—>+00
V5 2022Jx+1 |,

f(x) x?+15
A 1. B. 4. C. 3. D. 2.

SO tiém can cua ham so h(x) =

Cho ham sb bac ba f(x)=ax +bx? +cx+d c6 d6 thi nhu hinh v&. Véi gia tri nao caa m thi

Nm—x
f2(x)=2f(x)

ham s6 g(x)= c6 5 tiém can dung?

R

A. . m>2. B. m<2. C.m<2. D.m=>2.
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Chuong 1

Cau7:

Cau 8:

Cau 9:

Céau 10:

: Umg dung dao ham dé khdo sat va vé dd thi ham sb
Cho f(x) 1a ham bac bdn va c6 bang bién thién nhu hinh v&
X —00 -2 0 2 +oo
f'(x) + 0 - 0 + 0 -
/vl
f() A,
—00 + o0
. . (x2 —4)(x -2 .
D6 thi ham s6 g(x)= ) c6 miy dudng tiém can?
x p—
A 3. B. 4. C. 1. D. 2.

Cho ham sb y=f (x) ¢6 dao ham lién tuc trén R va c6 d6 thi nhu hinh vé bén dudi. Téng )
(xz —1)(x—1)
f(x)-4f(x)

duong tiém can dung va ngang cta do thi ham sb g(x) = bang

A. 4. B. 1. C.2 D. 3.

Cho ham s6 bac ba y = f(x) ¢6 do thi nhur hinh v&,

u

ol 2N/ ¢

=

-1
Co tat ca bao nhiéu gia tri nguyén cta tham sé m dé d6 thi ham sb g(x) = L co
‘3f(x3 —3x)‘—m

8 tiém cén ding?

A 4. B. 6. C.5. D. 3.

2 2
Goi S 1a tap cac gia tri nguyén cta tham s6 M dé do thi ham s y= \/x 21731x -;2;11 m+3
x”=3x"—m

L £ Ay pin ~ , e , ‘e \ \ 2 2 ; 2 .
c6 it nhat mot ti€ém cén dung tiép xuc voi dudng tron (C ) : (x —1) + (y + 2) =9. Tinh tong cac

phan tir cha tap S .
A. 6. B. 4. C. 2. D. 5.
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Céu 11:

Céu 12:

Céau 13:

Cho ham s y = f (x) 1a ham s6 bac bon va c6 bang bién thién nhu sau

* — 2 0 V2 +90
£'(x) + 0 - 0 + 0 -
f(x) / ! \ / : \
—aD -3 —aD
3 . xt —2x2
D6 thi ham so g(x) =— c6 bao nhiéu duong ti€ém can
f (x)+2f(x)—3
A. 3. B. 4. C.5. D. 6.

Cho ham sb y= f(x) =ax® +bx® +cx + d,(a # 0) ¢ dd thi nhu hinh bén. Goi S 1a tap cac gia tri

r
A

nguyén cua m  thudoc  khoang (—2019 ; 2021) d¢ d6 thi ham 6

L )
g() (f(x)—Z)(xz—me+m+2)

S6 phan tir cia tap S 1a

c6 5 dudng tiém cén (tiém can ding hodc tiém can ngang).

A. 4036. B. 4034. C. 2017. D. 2016.

Cho ham s6 bac ba f(x)=ax’+bx* +cx+d c¢6 d0 thi nhu hinh v& bén. Hoi d6 thi ham so
(¥ -3x+2)v2x-1
o £ ()= ()]

g(x) = c6 bao nhiéu duong ti€ém can dang?
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Chuong 1: Ung dung dao ham dé khao sat va vé dd thi ham sb

Cau 14:

Céu 15:

Céu 16:

Céau 17;

Céau 18:

Cho ham sb y = f(x) lién tyc tai mo1 diém thudc R\ {—1;3} va c6 bang bién thién nhu sau

xr | = -1 1 3 5 400
y’ + + 0 - + l —
3
/ 9
| / \
0
—00 —00 OQ/ —00

e 2020 + /£ (x
Do thi ham so6 g(x): Zf(x)_fg(i)

co tong so tat ca cac duong tién can dung va duong ti¢m

can ngang la
A 4. B.5. C.6. D. 3.

Cho ham s0 bac bon c¢6 do thi nhu hinh vé bén dudi. S6 duong ti€ém can ctia do thi ham so

yz(x2—4) .(x—3).(x3+1) 5

f(f(x)-1)

;
. :
N
| |
1 I
-2 -1 O 1 2 3
A. 2. B. 3. C. 4. D. 5.

Cho ham s6 y = ¢6 do thi (C). Tim tham s6 a dé dd thj ham s c6 tiém can ngang va

x+1
Vo +1
ton tai tiép tuyén cua (C ) cach mot tiém can ngang mot khoang bang J2-1.
A a=2. B.a=3. C.a>0. D.a=1.

N T I , £ A s a1 £ x—1 ,
Tim tat ca cac gia tri thyc cua tham s6 m sao cho do thi cuia ham s6 y = 3 5 co
x”+3x +m+1

ding mat tiém can dung.

<-4 -5 <-5
"= B. | 7. C. 5<m<-1. D. |77
m>0 m>-1 m>-1

Cho 6 thyc a>0.Goi (C) 1a d0 thi ciia ham s6

2x-1 khi x <0
(\/ax2 —3x +2x)(x—3)
v=1(x)= a2
[2“4j ! Khi x>0
2x+1
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Céu 19:

Céu 20:

Céu 21:

Céau 22:

Céau 23:

Cau 24:

Biét rang cac dudng tiém can ciia (C ) déu ndm phia trén truc Ox, dién tich hinh phéng giGi han

bdi cac duong tiém can cua (C) va dudng thang y = x c6 dang S = 1@'” —n.Tinh a-m-n

A 4. B. 32. C. -8. D. 8.
C6 hai gia tri cua tham s0 m dé dd thi ham s y= mx 2x 12x +3 c6 mot tiém can ngang la
x_
y=1. Téng hai gia tri nay bang?
A. 4. B. 3. C.2. D. 1.
Cho ham s6 y :% ¢6 db thi (C). Ton tai ac R dé db thi ham s6 co dudng tiém can
ax~ +1

ngang va dudng tiém cin ngang d6 cach duong tiép tuyén cia (C ) mot khoang bang J2-1.

Gia tri cua a thudc tp nao trong cac dap an sau?

A. (3;5). B. (1;3). C. (,5). D. (0;5).
xF—xt—x® +1 Khi
. v aA ipes s £ ix>1 .
Goi (C) la do thi ham s6 y = x—1 .GQ|S={aeRIx=a

Va2 +2x+1+2x+2020 khix<1

hoic y =a la tiém can coa (C)} . Tinh tong cac phan tir cua S .

A. 2022, B. 2020. c. 35 p. 2043
2 2
X% —2x+2
. ) — neu x>2 )
Do thi ham s6 y = f(x) =1 x(x-2) ¢ tht ca bao nhiéu dudng tiém can?
V4x*> +x+1+2x neu x<2
Al B. 2. C.3. D. 4.

Cho ham s6 bac bén y = f(x)c6 dd thi nhu hinh v& duéi ddy. S6 dudng tiém can ding ciia ham

6 e (x2—4).(x2+2x) N

[f(x)] +2f(x)-3

y=f(x)

————=——2bd

A 4. B. 3. D. 2.

2 —
Tim m dé dd thi ham sé y= mx+Nx +3-1 cd 2 duong tiém can dang va 2 duong tiém can

Vx® +x
ngang tao thanh hinh chit nhat c6 dién tich bang 2.
A m=-1. B. m=0. C.m=2. D.m=1.
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Chuong 1: Ung dung dao ham dé khao sat va vé dd thi ham sb

Céu 25:

Cau 26:

Cau 27:

Céau 28:

Cau 29:

2018
h(x)—m2 —-m
y=1H'(x) c6 do thi nhu hinh v& bén dudi

Cho ham s g(x): Voi h(x):mx4+nx3+px2+qx (m,n,p,qe]R). Ham s

Y

=

—1

[N

Tim c4c gia tri m nguyén dé sd tiém can ding ctia d6 thi ham s6 y = g(x) la 2.
A. 11. B. 10. C.9. D. 20.

Cho ham s6y = f(x) c6é bang bién thién nhu hinh duéi day

T | —o0 -1 9 +00
+00
fx) / 2 \ /
-z )

Goi tap S la tap chia tat ca cac gia tri nguyén cua tham sé m e[ -10;10] dé do thi ham sd
Y= 2"—‘2 c6 dung hai duong tiém can dang. Sé phan tir ciia tap S 1a:

£ (x)=mf (x)
A. 9. B. 12. C. 13. D. 8.

x—m
2x+3

Cho ham sb y = [m;t—gj c6 do thi (C). Gia st M(x,;y,,) 1a 1 diém bét ky thugc

(C). Goi A, B lan luot la khoang céch tir M téi cac duong tiém can ngang va tiém can ding

cua (C). Biét dién tich AMAB bang 1. Khang dinh nao sau day la ding?

A me g;—E ) B. me —5;—E . C.me _E;E . D.me g,E .
2 2 2 2 2 2 2 2

2x+2
x—1

Cho ham s6 y = c6 do thi (C). Gia sir M(x,,;1,,) 1a diém thudc (C) thea man tong

khoang cach tir M t&i truc hoanh va duong tiém can dung cua (C) dat gi4 tri nho nhét. Gia trj
cua x,, +y,, bang
A. 2. B. -2. C. 1 D. -1.

Cho ham s6 y = 2mx +3

c6 dd thi (C)va I la giao diém ciia hai dwong tiém can cua (C).Gol
x_

S la tap hop tat ca cac gia tri cia tham s6 m sao cho tiép tuyén tai diem M trén d6 thi (C) cét
hai dudng tiém can tai hai diém A,B va tam gidc IABcO dién tich bang 64.Tong cac phan tir
cuatap hop Sla

A. /58 . B. 2./58 . C. —24/58. D. 0.
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Céau 30:

Céu 31:

Cau 32:

Cau 33:

Céau 34:

2 _11 ¢ dd thi (C)va I 1a giao diém cua hai duong tiém can. Gia sir
X+

Cho ham sé y=
M(xo;yo) 1a diém trén dd thi (C) c¢6 hoanh d6 dwong sao cho tiép tuyén tai M voi (C) cattiém
can dang va tiém can ngang lan luot tai hai diém A, B thoa man 1A + IB? = 40. Gia trj cua biéu
thac P =x3 +yg +x,y, bang

A. 8. B. 3. C.5. D.7.

Cho ham sé y= x—_i c6 do thi la (C) Goi I la giao diém hai dudng tiém can va M(xo;yo) la
X+

diém nam trén (C) véi x, > 0. Biét tiép tuyén cua (C) tai diém M cét tiém can ding va tiém
can ngang lan luot tai hai diém P va Q sao cho ban kinh dudng tron ni tiép tam giac IPQ 16n
nhét. Tinh tong x, +y, -

A x,+y,=0. B. x0+y0=2+2\/§. C.xy+y,=2. D. x0+y0=2\/§.
2x—1
2x -2
nam trén (C) c6 hoanh do lén hon 1. Tiép tuyén cua (C) tai diém M cét tiém can ding va tiém

Cho ham s6 y = c6 do thi1a (C). Goi I la giao diém hai dudng tiém canva M la diem

can ngang lan luot tai hai diém A va B. Hoanh d6 cta diém M thudc khoang nao sau day dé
P=IA+IB dat gia tri nho nhat?
A. (—4;1). B. (—o0;-4). C. (4;+). D. (1;4).

Cho ham sé y=2—

; c6 dd thi 12 (C). Goi I 1a giao diém ciia hai dwong tiém can va
X+

M(x,;y,) 1a mot diem thudc (C). Phuong trinh tiép tuyén cua (C) tai M cét tiém can ding
vatiém can ngang cua (C) lan luot tai hai diém A, B sao cho IA? +IB* =32. Tim toa do diem

M biét y, >0.

A. (-53). B, [2%) C. (3%) D. (~1;-1).

Cho ham sb y = 2x _11 c6 db thj (C). C6 bao nhiéu diém M thudc (C) sao cho tong khoang
x_

cach tir M dén hai duong tiém gap 2 lan tich khoang cach tir M dén hai duong tiém can cua

(€)?

A 0. B. 1. C. 4. D. 2.
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

Cau 1:

Cau 2:

Cau 3:

HUO'NG DAN GIAI CHI TIET

Chon C

2
Tacd lim ¥ odxw2 1 . Suy ra dé ham s c6 mét tiém can ngang thi m = 0 (1).

¥oto mx+4x 0m

X -3x+2 _(x-1)(x-2)

2

Laico
mx?* +4x x(mx+4)

m+4=0 [m=—4 .

Dé d6 thi ham s6 c6 mot duong tiém can ding thi m thoa man {2 10 <
m+4=

m=-2
Tir (1) va (2) suy ra dé do thi ham sb di cho c6 mot duong tiém can dimg va mot duong tiém

m _4: 2 Y N
can ngang thi { 5 Vay tong cac phan tir ciia S bang —6.
m

Chon A
) >0
biéu kién: * .
x<-3
D@ thay d6 thi ham s6 lu6n c6 2 tiém canngang y=1 va y = —
, . 2 X = ].
Xét phuong trinh x +(m+1)x—m—2=0<:> .
X=-m-2
Vi x =1 la nghiém cua tir s6 nén do thi ham s ¢ ba duong dudng tiém can khi va chi khi n6 c6
mot tiém can ding nta la x =-m—2.
-m—-22>0 <=2
Khido | N
-m-2<-3 m=>1
Vi m nguyén thudc [-10;10] nén m e {-10;-9;-8;...;-2;1;2;...;10}
Vay ¢6 19 gia tri ciia m thoa man yéu cau bai toan.
Chon B

Xét x> +3x>0<x<-3 v x>0.

/ 1 3
X 1—— X 1+— 1-—= 1., /1+=
(x ) x4+ 3 = lim X X

lim y = lim =1.
X0 Xy +(m+1)x m— 2 x—>+°°x [ +m+1 —m— 2j x—>+ool+m+1+—m2—2
x X
D6 thi ham s6 c6 tiém can ngang y =1.
[ 2 x(l j 1+é —(1—1} 1+E
. . (x—1)vVx® +3x x . x X
lim y = lim = lim = lim =-1
Xy—0" x>y +(m+1)x—m—2 x%—ooxz[1+m+1 —m— 2] x»+ool+m+1+—m2—2
X X

D6 thi ham s6 co tiém can ngang y = —1.
x=1

Xét x2+(m+1)x—m—2:Oc>{ .
x=-m-2
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Cau 4:

Cau 5;:

Cau 6:

-m-2=1 m# -3
Khi d6, d6 thi ham s6 c6 dung ba duong tiém can khi va chi khi {[-m-2<-3<{[m>1
-m-22>0 m< =2

Laico meZ va me[-10;10] nén m e[ 1,10 |u[-10;-2 |\ {-3}.
Do vay c6 18 gid tri m nguyén thoéa man yéu cau bai toan.
Chon B
2 1
—2x“+9x-42>0 Z<x<4

Diéu kién N 3 oo <92
(1—m )x +3x +3x+1>0

x +3x2 +3x+1>m’x°

<x<4 lSXS4
=

3
x+1) > mx3 x+1>mx

< x <4 nén d thi ham sé di cho khéng co tiém can ngang.
Suy ra d0 thi c6 dung mot tiém can dung khi va chi khi phwong trinh
(1 —m3)x3 +3x% +3x+1=0 (1) c6 diing mot nghiém thudc doan BA} .

Taco (1)<:>x+1=mx<:>m=x+1e E;3 , Vxe l;4 :
X 4 2

So véi diéu kién, suy ra 23 m < 3.Vay co mot gié tri nguyén m =2 thoa mén.
Chon A

Taco: y=f(x) liéntyc trén R; f(x) >0, Vxe R

Ma x* +15>0, VaeR va x+1>0 < x> -1

Suy ra tap xac dinh cua ham s6 y = h(x): D =[-1;+).

J5 2022\/x+1} B 2022x+1
+ = lim + lim ——=0.

f(x) 241 X—>+00 f(x) P |

Xét: lim [
X—>+0
Suy ra y =0 latiém can ngang. Vay ham s6 y = h(x)c6 1 duong tiém can ngang.
Chon D
\Nm-—x
FAx)-2f(x)
Biéu thuc «m—x xac dinh khi m—x>0 < x <m(1)

Xét ham s6 g(x) =

[x =x, €(-2;-1)
0 x=0
Taco: f2(x)-2f(x)=0 (2)@[f(x)_ o |x=x,e(12)
fx)=2
x=-1
x=2

Ham sb ¢6 5 tiém can dung khi phuong trinh (2) ¢6 5 nghiém thoa mén diéu kién cua (1)
Sm=2
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Cau7:

Cau 8:

Cau 9:

Chon D
Xét phurong trinh 10| *T2R)
¢t phuong trinh f(x)-1=0< v 2(52)
Do f(x) 1a ham s bac bén ¢ lim f(x)z—oo nén f(x)—lza(x+2)2(x—2)2 (a<0).
X—>+00
2-4)(x-2

Khi do, g(x)= [ 2)(x )2 S -

a(x+2) (x—2) a(x+2)
Doxlirflog(x)leir?wa(x+2) =0 va xlir?wg(x)leiﬂa(x+2) =0,nén y=0 latiém cin ngang
ctia dd thi ham sb.
Va lim g(x)= lim L« v lim g(x)= lim =+00, NéN x=-2 1a tiém

x—-2"F x—-2" a(x + 2) x—-2" x—-2" lZ(X + 2)
can ding cua dd thi ham sé.
Vay dd thi ham s6 g(x)cd 2 duong tiém cén.

Chon A
Tiém can ding:

Dua vao d6 thi ta co: f(x)zm(x—a)(x—l)z,m>0,a<—1
:>f(x)—4=m(x+1)2(x—b),m>O,b>1.

(x+1)(x—1)2 _ (x+1)(x—1)2 _ 1 .
FOOLF(R)=4] w2 (x=a)(x-1) (x+1) (x=b) m*(x=a)(x+1)(x~b)

D& thay d6 thi ham sé c6 3 tiém can dung x =a,x=-1,x=b.

Ta co: g(x) =

Tiém can ngang:
Taco: lim y= lim y=0. Do thi ham sb c6 1 tiém can ngang y =0.

X—>—00 X—>+0
Vay d6 thi ham s6 c6 4 duong tiém can.
Chon C
)=
‘3f(x3 —3x)‘ —m

6 thi ham s6 g(x ¢6 8 tiém can dimg khi phuong trinh ‘3 £ 3x)‘ -

hay ‘ £ —3x)‘ =% ¢6 ding 8 nghiém phan biét,

Pit u=x>-3x =>u'=3x>-3=>u'=0< x==1.

Tur dd thi ham sé y= f(x) ta c6 dd thi ham s c6 hai diém cuc tri la A(xl;?)),B(xz;—l) Vol
—2<x,<0<2<x,.

Béng ghép truc
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Céu 10:

Cau 11:

x —0 -1 1 +0
i —o0 x 2 x -2 x X +oo
Su)
/3 \, / 3\ Va 3 \
0 U I Vi
/ L
=0
| ¥ ( 1 {] | +0 +0

\ g 2N £\ /
N AWAWAVY=

Dua vao bang bién thién, phuong trinh ‘ f (x3 —3x)‘ :% c6 8 nghiém phan bié¢t khi va chi khi

1<%<3c>3<m<9 ma meZ=me{4,56,7,8}.

Vay c¢6 5 gia tri nguyén cia tham sé m .

Chon B

Tacod A'=m? —(Zm2 —3m+3) = —m? +3m—3<0v6i moi gi tri cia m.

Suy ra x* —2mx +2m? —3m+3>0 v&i moi gia tri cia x e R,

Goi A: x+c=01a duong thang tiép xtc véi duong tron (C) : (x —1)2 + (y + 2)2 =9.
Khoang cach tur tam [ (1 ;= 2) dén duong thang A bang ban kinh R=3.

1+c=3 {c=2
=

Suy ra d(I;A)=|1+c|=3<:{ .

14+c=-3
Vay duong thang A c6 phuong trinh x+2=0< x=-2 hodc x—4=0< x=4.

x2 —2mx+2m® —3m+3

D6 thi ham sb y = c6 it nhat mot duong tiém ding tiép xuc v6i dudong

x> —3x* —m
tron (C):(x-1) +(y+2)" =9.
Suy ra phuong trinh x°> —3x*> —m =0 ¢6 nghiém x = -2 hodc x =4 .

:{(2)33(2)2m=0®[20m—oc{m_2o.

43 -34%2 =0 16-m=0 m=16

Vay tong cac phan tir cia tip S 1a —20+16 = 4.

Chgn C

Mau ctia g(x) la mot da thire bac 8 nén lim g(x) =0 nén tiém cdn ngang cua dd thi ham sd
X—>—0
(x—>+m)

g(x) 1a duong thang y =0,
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x=—2
x=+2
Taco: f2(x)+2f(x)-3=0e ;813@ x=0 do 6

g(x)= 2 o2 = XZ(X+\/E)(X—\/E nén

f2(x)+2f(x)-3 ) xz(x+x/§)2(x—x/§)2(x—a)(x—b)

1) limg(x)zlim !

=0 x—’o(x+\/§)(x—x/z)(x—a)(x—b)

1a tiém can ding cua dd thi g(x) .

1

=1, € R nén duong thang x =0 khdng phai

2) lim g(x): lim =+ nén dudng thang x=—2 1a

x>(—2)* x>(—2)* (x+\/§)(x—\/§)(x—a)(x—b)
tiém can dung cua dd thi g(x) .

1

3)  lim g(x) = lim = —» nén duong thang x = J2 1a tiem

x>(\2)* x>(\2)* (x+\/5)(x—\/z)(x—u)(x—b)

can dimg cua db thi g(x) .

4) lim g(x)z lim L

x—at x—a" (x+\/§)(x—x/5)(x—a)(x—b)
dtmg ctia do thi g(x).

5) lim g(x)z lim L

xob* x-b" (x+\/§)(x—x/5)(x—a)(x—b)

dtmg ciia do thi g(x).

Vay dd thi ham s6 g(x) c6 5 dudng tiém can.

Céu 12: ChonC
Do thi cua ham s6 y = f(x) di qua bdn diém (-2;0),(-1,2),(1;0),(2;2) nén ta co

1
—8a+4b-2c+d=0 |75
0

—-a+b—-c+d=2 b=
= .
a+b+c+d=0 c——é
8a+4b+2c+d=2 2
d=1

Do do, f(x) = %(xz —3x+2

S~——

=%(x—1)2(x+2).

=—o0 nén dudng thing x=a la tiém can

=+00 nén dudng thang x=> 1a tiém cén
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Cau 13:

(1) 21 (+2)

;(xg’ —3x—2)(x2 —2mx+m+2)

V2(x+1)y(x-1) (x+2) ) V2[x-1Vx+2

(x—2)(x+1)2(x2 —2mx+m+2) (x—2)(x+1)(x2 —ZmX+711+2)

g(x)=

x>-2
A e ,|x#=2

Dicu kién x4c dinh cua g(x) la 1
x> —2mx+m+2#0
D@ thay d6 thi ham s6 g(x) c6 duy nhét tiém can ngang 1a y =0, cac duong thang x = 2;x = -1
13 nhitng tiém can dimg. Boi thé, dé d6 thi ham sb c6 5 dudng tiém can thi d6 thi nay phai co
thém 2 tiém can ding nira. Tuc 1a, phuong trinh x? = 2mx+m+2=0 cb hai nghiém phan biét
khac 2;1;-1 va cung 16n hon hodc b.':fmg 2.

bat h(x) = x% —2mx +m+2, diéu kién ké trén tvong dwong voi

m>2
A'>0 m* —m-2>0 {m<—1 m>2
h(2)R()h(1)#0 _ (6=3m)(3=m)(3m+3)#0 _ Jm=2m#3m=-1_ {mis
h(-2)=0 6+5m>0 . 6 <1
X, +x, >4 2m > —4 =75 e
m> -2

Vy céc gié trj nguyén ctua m e (—2019;2021) théa yéu cau bai toan 1 4;5;...;2020, ¢6 2017 gia

tri nguyén.

Chon B
B x=0
B

x =0 loai do diéu kién x> %

f(x)=0 cho nghiém x =a> %; x =2 la nghiém kép
f(x)=1 cho ba nghiém don x=Lx=b;x=c
Khi d6 ¢6 thé viét mau thanh x(x—a)(x—b)(x-1)(x—c)(x-2)".¢(x) trong d6 g(x) vd
nghiém; t& phan tich thanh (x—1)(x-2)\2x-1 .
Suy ra g(x):(x2—3x+2)\/2x_—1: J2: -1
o f2(x)-f(x)]  x(x-a)(x-b)(x=c)(x-2)(x)

Ta dé dang ki€ém tra dugc ham s6 c6 4 tiém can dung la x=a;x =b;x =c;x =2.
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Céau 14: Chon B

Y

Piéu kién xdc dinh: { f(x)>0 @{”{_1;3} = D =(~o0;a)U(b;e)\{1}.
2f(x)=f*(x)>0

Ta co:

2020+, , :
lim g(x)= lim /%) =2021 = y =2021 1a TCN ciia do thi ham s6 g(x).

P 1 2 £ (x) - £2(x)
i ) 2020+\/m

B T

2020 + \/m

=+oo=x =4 la tiém cén dung cuia dd thi ham sb g(x) :

lim+ ( ) . = +o0 =>x =b 1a tiém can dng ctia d6 thi ham s6 g(x) :
x—b —>O \/f

2020 1/ . .
lim g(x ) - f( ) —+oo:>x:1 14 ti¢m can dimg cua do thi ham so g(x).
x—>1" —>2 \/f

2020 4/ . .
lim g x) = ! f( ) =+oo=x =c la tiém can dung ctuia d6 thi ham so g(x) .
x—c” —>0+ \/f

Viay d thi ham s6 da cho c6 5 dtrong tiém can.

Cau 15: Chon B

Ta c6; f(f(x)_l):()@{f(m—l:_l {f(x

f-1=2 | f(x)=3
B x=-1(boi4) B x =-2 (kep)
f(x)—Oc{x:Z (boi4) ,f(x)—3<:>L:3 (kep)
x=2
Ta lai 06 (x - ) (x— 3)(x +1) 0o ii_ . Trong d6 x=-2 v x =2 la nghiém boi 4.
x=-1

x=3 va x =-1 la nghiém don.

Suy ra do thi ham sé di cho c6 hai duong tiém can dting 13 x = -1 va x =3.

Bac cua f(f(x) —1) =16 = lim y=0= y =0 latiém can ngang ctia d6 thi ham sb.
X—>o0

(x2 - 4)4 (x - 3)(x3 + 1)

c02TCDb valTCN.
f(f()-1)

Suy ra ham s6 y =
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Céu 16:

Céau 17:

Chon D
2 ax
Jax? 1 - (x+1). 2
2 2 g2 _
Taco: = Nax? +1 _ox +1—ax” —ax _ 1-ax

ax’ +1 (ax2+1)\/ax2+1 (ax2+1)\/ax2+1

Véi a<0 khong c6 TCN. Véi a>0 ¢6 2 TCN: y:i%
a

Tiép tuyén song song voi TCN suy ra y'=0.Suyra x, = 1 13 hoanh d9 tiép diém
a

Khi d6 tiép tuyén 1a y = y[lj = ‘/1+1 :
a a

1

Theo yéu cau bai toan, ta co 1+1 +——|=+2-1. Thir dap an chon a=1
a a

Chon D
Diéu kién xac dinh x° +3x* +m+1=0. Dat g(x) =x°+3x% +m+1.

Ttwong hop 1: g(l) =0 m=-5.

Khi do g(x)=x3+3x2—4=(x—1)(x+2)2:>y:x—_12
(x—l)(x+2)
Suy ra duong thang x =1 khong 1a TCD.
Ta co: limy= limx—_12=+oo , limy= limx—_12=+oo suy ra duong
-2t a2t (x—l)(x+ 2) 27 xo2” (x—l)(x+ 2)

thang x =2 1a TCD. Vay d6 thi ham s6 da cho c6 diing mot tiém can dting x =2
Truong hep 2: g(1)#0 < m=-5

x—1

D6 thi ctia ham sb y= c6 dung mot tiém can dung khi va chi khi phuong trinh

432 +m+1
x*+3x* +m+1=0 c6 ding mot nghiém .x#1.< m=—(x3 +3x? +1) cd ding mot nghiém
x#1

Xétham so: f(x)= —(x3 +3x7 +1)

Taco f(x)=—(3x"+6x), f(x)=0e—(3x*+6x)=0 {x - 02.
I
Béng bién thién:
A —an 2 0 + oo
¥ + 0o - 0 +

=l

N
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Chuong 1: Ung dung dao ham dé khao sat va vé dd thi ham sb _
bé phuong trinh c6 ding mot nghiém khi va chi khi duong thang y =m cat do thi ham so

, . , . |m<-=b X
Y= —(x3 +3x% + 1) tai mot diém duy nhat. Dua vao bang bién thién ta thdy , thi dd thi
m>—

, , m<-5 . c A
ham s6 c6 ding mot TCPH. Két luan: { ) la gia tri can tim.
m>—

Céu 18: Chon B

I . 3 4 . 1) 8 =
Tacod lim y= lim [1+ J = lim (1+—J =e8
X—>+00 xX—>+00 2x+1 t—>+0 t

Néu a=4 thi lim y=0 = loai a=4.

o (2x—1)(\/4x2 - 3x —Zx) 3

Néu a=4 thi lim = lim =2
X——00  X—>—m —3x(x — 3) 3

. . 2x—1
lim y = lim =400,

o0 o0 (\/4x2 -3x +2x)(x—3)

9
Vay (C) c0 hai duong tiém cin ngang la y = %;y =e8,vacod 1tiémcandiungla x=0.

9\ 9
Taco S=l §+68 e ——|=
203

Céu 19: Chon A

Khi x — 40
2 3
mx+|x| 1—g+i mx+Xx 1—z+i x{m+, I-—+—1| 44 1_g+i
2x -1 2x -1 . 2_1} , 1
X X

Tacod: lim yzmTle:l:mzl.

X—>+00

Khi x —» —o0:
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3
mx+|x| /1——+— mx — x/l——+— (m_\/l_JF] m— ’1_24_%
X x X x X x
2x -1 2_7 2_1
x x

Taco: lim yzmT_1=1:>m=3. Vay tong hai gid tri m bang 4.

X—>—00

Céu 20: Chon D
Nhén xét:
Khia=0 thi y=x+1: Ham s6 khong c6 tiém can.

(—L;L] ,khong ton lai lim y, lim vy, suy ra do
N—a —a X—>+00 xX—>—00
thi ham s6 khong ton tai tiém can ngang

Véi a>0,taco; lim ———— x+1 va lim ——— x+1 1

¥\ Jax? +1 \/_ ¥\ gx? +1
1

Nhu vay, dd thi ham s6 c6 hai tiém can ngangla y = % va Yy =——
a

7

Véi a <0, ham so0 c6 tap xac dinh D =

y,:( x+1 ]: 1-ax
\/ax2+1 (ax2+1)\/ax2+1

. % £ ria A N , 1
Ti€p tuyén song song voi ti€ém can ngang nén y (xo) =0 suyra x, =—;y,=,/1+=
a

a
X . X A . 1.2 , N 1 1
Phuong trinh ti€p tuyén cua (C ) tai diém c6 toa do 1 + —|lay=,[1+-
a’ a a

Khoang cach gitta tiém can ngang va tiép tuyén cta (C ) mot khoang bang J2 -1 nén

1 1 a=1 (tm)
Trwong hop 1. |, [1+— ——[=+2-1
ruong hop 1/ - N V2 :{a=0(ktm)

Truwong hep 2. +1+% =\/5—1.V€1y a=1
a
Céu 21: Chon B
Ta co:
2
. o=t =x 41 P TP | _ (x—l)(x +x+1)
lim y = lim = lim = lim

X—>+o0 x—>+00 x-1 xa+oo(x_1)(x2+ /x4_x3+1) x%+°°(x 1)(x At —x +1)

. x2+x+1
= lim =

1
xa+oo(x2+ /x4_x3+1) 2
lim y = lim (\/4x +2x+1 +2x+2020)— lim [ 2v+l 2020}:—%+2020

X—>—00 X—>—0 X—>—0 \/43(3 +2x+1-2x
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Cau 22:

Céau 23:

x2—\/x4—x3+1 ) X2 -1 i X +x+1

= lim lim = E
2

lim y = lim =
x—>1+y 1" x-1 x-17 (x—l)(x2+\/x4—x3+1) -1 (x2+\/x4—x3+1)
lim y = lim (\/4x2 +2x+1 +2x+2020):2022+\/;.

x—1" x—1"

Suy ra dd thi ham sé c6 tiém can ngang la y==;y= —%+2020 .

~— N|}-—\

Vay téng cac phan tir caa S la %{—%uozo =2020.
Chon C
1 2
1-2, | —+—
/ 3" 4
Taco: lim yzlim —2Vx 2 = lim 1# =0
X—>+00 X—>+00 _ x—+o| X
(x 2f (1_2J
x

= y =01a tiém can ngang cua dd thi ham s6

1+1 1

lim y = lim (\/4x2+x+1+2x): lim xt+1 = lim 2 =—

X—>—00 X—>—00 X—>—0w0 2 —00 Z
4" +x+1-2x 77 _ 4+1+i_2
X x2

1 N A A 5 A . \ A
= y =—— la tiém can ngang cta do thi ham so
4

x2—2\/x+2 ) xt—4x-8 3 +2x2 +4x+4
lim y = lim ————————= lim

2" o2t x(x—Z)2 x—>2+x(x—2) (x +2x+2 ) x—>2+ (x—2)(x2+2\/x+2)

lim (x3+2x2+4x+4)=28

Vi x—2%
lim (x(x—Z)(x2+2\/x+2))=0 va x(x—2)(x2+2\/x+2)>0, Vx>2
x—2%

Nén lim y =400 = x =2 la tiém can dung cua d6 thi ham s
x—2*

Viay dd thi ham sb trén c6 tat ca 3 duong ti¢m can
Chon A

(-4)("+22) _ xfr+2)(x-2)
[F()] +2f(x)-3 [F(x)] +2£(x)-

x=0
Xét x(x+2)2(x—2):0c> x=-2.
x=2
_xza(a<—2)
x=0
Taco: [ f(x)] +2f(x)-3=0 & ?821_3 & izg(bz) .
_x:—2
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Céu 24:

Cau 25:

Dua vao d6 thi ta thiy cac nghiém x = 0;x = +2 1a cac nghiém kép.

Vi y = £(x)1a ham bic bén nén da thite [ £(x)]" +2f(x)-3 c6 bac1a8.
x(x+2)2 (x—2)

k2 (x + 2)2 (x - 2)2 (x - a)(x - b)

Vay ham b ¢co 4tiémcandingla x=0;x=2;x=a;x=b.

Vayy = vol k>0.

Chon A
m- 242 1
2
Tap xac dinh: D:(—oo;—l)u(0;+00).Ta ¢d lim y = lim X X 1m
X—>—0 X—>—0 3 12+1
X

=m+1

"+ /1z+%—1
lim y = lim S

X—>+00 X—>40 1
\/ 1% +=
x

Suy ra dé d6 thi ham sé c6 2 duong tiém can ngang thi m+1=1-m < m=0

: _mx+Nx*+3-1 _ _ mx+Nx*+3-1 [+o khim<1
lim y = lim =+400; lim y= lim =

X—)()Jr x—>0+ f\lxz +x x—>-1" x—>-1" xZ +x —0 khl m> 1

Vay khi m #0,m #1 thi @ thi ham s c6 2 duong tiém can ngang ld y=m+1Ly=1-m va

2 duong tiém can dimg1a x =0;x =—1.Dé&2 duong tiém can ding va 2 dudng tiém can ngang
tao thanh hinh chir nhat c6 dién tich bang 2 thi 1.2|m| =2 m=+1
Doi chiéu diéu kién m=-1.

Chon B

5 3 2
Suyra h'(x)=4m(x+1)| x—= |(x—3)=4mx” —=13mx~ —2mx +15m .
v (x) =am(a1) - J(x-3)
Suy ra h(x)zmx4 —%mx3—mx2+15mx+c. Tudébaitacé C=0.
Vay h(x):m 4—gmxg’—mx2+15mx. Xét h(x)—m2—m:O<:>m:x4—§x3—x2+15x—1

x=-1

Xét ham s6 f(x):x4—§x3—x2+15x—1:>f’(x)=4x3—13x2—2x+15=0<:> x=

W oG

X =
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Céau 26:

Cau 27:

Bang bién thién

=1

a3
—=
8
e
|
]
+
OO O = e
\
=
+

o \ o N /

DPé d6 thi ham sb g(x) €O 2 duong tiém can ding <> phuong trinh h(x)—m -m=0 ¢c0 2

nghiém phan biét < phuong trinh m = x* - %x:; —x*+15x—1 ¢6 2 nghiém phan biét.

Tir bang bién thién két hop thém diéu kién m <0 ta co B <,
Do m nguyén nén me {—11;—10;...;—2}. Vay ¢6 10 s6 nguyén m thoa min yéu cau bai toan.
Chon B

Xét ham y=g(x) W VoI x>2.

Khi do f(x)-mf(x)=0 f(x;

flx
X = (a < 1)
Phuong trinh f(x) = ( -1<b< 2)

X=c (c>2,c¢n)
Vé6i x=a, x=b loai vi khdng thaa diéu kién.
Vi x=¢, lim g(x) = —o0 nén dudng x =c la mot tiém can dang caa dd thi g(x) .

X—>C

Do thi g(x) c6 hai duong tiém can ding < f(x)=m c6 mot nghiém x >2va x=c

m=-2

Dya vao bang bién thién cua y = f(x), f(x)=m comotnghiém x>2 va x#c < { 0
m #

Chon A

Véi m = —g, do thi (C) c6 dudng tiém cin dimg 1a x = ‘% va tiém cén ngang y = %

Khoang cach tr M t61 dudng tiém can dung: d, =|x,, +§ .
- 2m— 2m+3
Khoang cach tr M t61 dudng tiém can ngang: d, = Xyom 1| —2m=3 |= | | )
2y +3 2| |22y, +3)| 22y +3

Tir gia thiét, AMAB vudng tai M nén S, = %MA.MB - %dl dy=1=dd, =2

5
2m+3=8 m=s

|2m+3|
=
2m+3=-8 11
m

Do do —_
2[ 2|2x,, +3|

XM+

_2©|2m+3|:8<:{

2
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Céu 28: ChonD
A - e s n . as , N 2x,, +2
Do thi (C) c6 duong tiém can ding x=1. Taco M e (C) nen y,, = T
Xy —

Khoang cach tr M td1 duong tiém can dung: d, = |xM - 1|.

2xM+2
Xy —1 '

Khoang cach tir M 61 truc hoanh: d, = |yM| =

Téng khoang cach tir M téi tiém can dtng va truc hoanh: d = d,+d, = |x M —1| + n
Xy —

2x,, +2‘

Néu x,, >1, tact d=|xM—1|+Mzsz|xM+1| >2\22=4

|xM ‘1|
Néu -1< x, <1, taco

2x,+2 2x,+2

d=1-x,,+ :2+(—1—xM)+

1-x,, 1-x,,
1oy ) (12 ) #2042 o —142x, +2 _2+(xM+1)2

1-x,, 1-x,, 1-x,,

Dau bang xay ra khi va chi khi xy =-1L

. , 2x,, +2
Néu x,, <-1,taco d=1-x,, + M

>1—xM >2

M
Vay d>2, diu bang chi xay ra khi xy =-1, dodo M(—l;O).

Céu 29: ChonD

2mx+3 , .. o, R N N .2 ,
= cé tiém can dig x =m va tiém cén ngang y = 2m nén giao diém cua

Do thi (C): y

X—m
hai tigm can 1a I(m;2m) . Gia sit MLxO ;Mj £(C)
Xop—m
2m* +3 (x—x0)+2mx0+3.

Phuong trinh tiép tuyén A véi (C )tai Mlay=-———
(xo - m) Xo —m

meo +2m? +6

Tiép tuyén cat TCD x =m tai A[m; J , cat tiém c4n ngang tai B(2x, —m;2m)

Xy —Mm
. 4m’ +6| : , ‘
Taco IA= va IB = 2|x0 - m| . Dién tich tam giac IAB la
Xy — M
1 1(4m* +6

2lxy—m|=64 < 4m* +6=64 > m=1

V5
2

Sp=064—JAIB=64 & —
IAB 2 2

Vay §=124
y 5

Xg—Mm

=0.

2

Céu 30: ChonD
2x-1

Do thi (C): y = =
X

o tiém can dung x = -1 va tiém cén ngang y =2 nén I(—1;2) .
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Chuong 1: Ung dung dao ham dé khao sat va vé dd thi ham sb

Céu 31:

Céau 32:

. A 2x, -1
Vi M &(C) nén M(xo;ﬁ], (x5 >0)
h ‘nh i L. . I3 3 2x, -1
Phuong trinh tiép tuyén vo1 (C)tal M la y:—z(x—x0)+ :
(x5 +1) X +1
S P , B(2x, +1;2). Taco IA= ° v IB=2x,+1].
Xy +1 0 Xy +1 0
Khi d6 147 + 1B =40 < — 04 4(x, +1)" =40 %, >0
(x+1)
) x, =0(1)
1 :1 = -
o (xy+1) =10(x, +1)* +9=0 < (%0 +1) N 2(l)<:>x0:2:y0:1.
(x,+1)°=9 |¥0=2(
x, =—4(I)

Suy ra M(2;1). Gi trj cua biéu thirc P=7.

Chon A

Do thi (C ) co duong tiém dimg x = -1 va duong tiém can ngang y=1.
Giao diém hai duong tiém cén [ (—1 ;1) .

Xy —

Goi M(xo; Jj]e(C’)Véi x,>0.Taco y':( )2 .
Xo x+1

Phuong trinh tiép tuyén cua (C ) tai diém M 13 y = 5
(xo + 1)

Tiép tuyén cua (C ) tai diém M cét tiém can dirng tai diém P[—l ;

Xo
xy+1

] va cat tiém can ngang

tai diém Q(2x,+1;1). Tacd S, :%IP.IQ =1L.2|xO +1)=6.

2 |x0 +1|

S ,
28PQ _ 8 nan 1 dat gid tri 16n nhét khi va chi khi p dat gia tri nho
pop

nhat hay chu vi tam giac IPQ dat gi4 tri nho nhat.
Ma chu vi tam gidc IPQ:

C=IP+IQ+PQ =IP +IQ ++IP? + IQ? 2(2+\/§)«/1P.IQ =(2+J§)\/ﬁ

X :—1+\/§
X, —-1-3

Mait khac SAIPQ =prer=

Nén chu vi tam giac IPQ nhé nhat khi IP = IQ < ﬁ =2|x, +1] <
X0 +

Do x, >0nén x, =—1+\/§:>M(—1+\/§;1—\/§).Véy Xg+1y =0.

Chon D
Db thi (C ) c6 duong tiém dung x =1 va duong tiém can ngang y=1.

Giao diém hai duong tiém can [ (1 ;1) :
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Cau 33:

. 2x, -1 . . 2
Goi M| x,;—2 e(C)voi xy>1.Taco vy =——.
( " 2x0—2] (©) ’ (2x—2)2
Phuong trinh tiép tuyén cta (C) tai diém M la y=- 5 (x—x0)+ 2% ~1 .
(2x, -2) 2%y —2

- X £ , . ae2 Lo oea A , . X L e A .
Tiep tuyen cua (C ) tai diém M cat tiém can dang tai A[l ;—0 1] va cat tiém can ngang tai
x J—
0

diém B(2x,-1;1). Taco IA+IB=

+2(xy-1)2242

xo—1
N _2+\/§
. | 0" 9
Suy ra Min(IA +IB)=2+2 khi =2(x,-1) = .
( ) xo—l ( 0 ) } _2_\/5
)=
2

2+\/§ . 2+\/§
. Vay .

Do x,>1nén x, = 5 0 5

Chon A
Do thi (C ) c6 tiém can dung x =-3 vatiém can ngang y=1.

Giao diém cua hai duong tiém can 1(-3;1).

Ta c6 diém M(xo;yo)e(C):M(xo;zU_:;j va yl:( 43)2 , Vx #-3.
0 X+

Phuong trinh tiép tuyén ctia (C ) tai M codang y =

4 x,—1
m(x—xo)+ 0 .
0

Cho y=1 :>(x0+3)2 =4x—4x0+(x0—1)(x0+3) & x=2x,+3.

Xy —1 _x0—5

— (B-x)+

Cho x=-3 = y=
(x0+3)2

Xg+3 x,+3

-k £ , . 2:2 Lo oen A , . X, =5 L en ~
Suy ra ti€p tuyén cua (C ) tai diém M cat tiém can dung tai A{—3 ;=0 J va cat tiém can

ngang tai diém B(Zxo + 3;1) .
Tach IA2 +IB* =32 @Lz
(xo + 3)

Véi xy =-1=y, =—1. V6i x, ==5=>y, =3. Vay M(-5;3).
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Chuong 1: Ung dung dao ham dé khao sat va vé dd thi ham sb
Céu 34: Chon C

Do thi ham sb co tiém can ding d,:x=1 vatiém canngang d, :y =2.

Gia st M[xo;zxo _1JE(C) voi x, # 1.
x,—1
, 2x,—1 1
T d(M;d, )=|x,-1|; d(M;d =| 0 ~ 2=
aco: d(M;dy) =[x, ~1]; d(M;d, ) ‘xo—l ‘ o —1]
A LN, _ _ _ 1 _ _al xO:
Theo dé bai: |x0 1|+—|x0—1| 2|x0 1|'—|x0—1| 2 <:>|x0 1| 1:{9(0 _

Viy ¢6 2 diém M thoa mén dé bai.
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UNG DUNG PAO HAM
DE KHAO SAT VA VE DO THI HAM $O

CHU PE a
—— &

Y YY 10MTATLY THUYET

Bai toan: Tir bang bién thién hodc d6 thi cia ham sb y = f (x) hodc y=f ’(x) . Tim s6 giao diém hodc s6

SU TWONG GIAO CUA PO THI HAM SO

nghiém cua phuong trinh y = f [u(x)] hodc bién luén theo tham sd thoa man yéu cAu bai toan dua ra.
Day la dang toan hay va khé duoc cac SGD va céac truong Chuyén trén ca nude khai thac mot cach triét
dé. Bé giai quyét cac bai toan nay, ching ta co thé sir dung phuong phap bién luan truyén thong hoic tbi
wu hon 1a phuong phap ghép truc (hodc ghép bang bién thién). i vao timg vi du minh hoa va bai tap van
dung, chiing ta s& hinh dung va hiéu sdu hon vé dang toan nay.
Dang 1: Tim toa d¢ giao diém ciia hai do thi
Cho 2 ham s6 y = f(x) va y = g(x)c6 dd thi lan luot 1a (C) va (C') :

= Lap phuong trinh hoanh d¢ giao diém cua (C) va (C’) la f(x) = g(x) (*)

» Giai phuong trinh tim x thay vao f ( x) hoac g(x) dé suy ra y va toa do giao diém

= S nghiém ciia phuong trinh (*) 1a 56 giao diém ciia (C ) va (C’)

Dang 2: Sw twong giao ciia dd thi ham sé phan thirc bac nhét trén bac nhit

= Xét sy twong giao giita do thi (C) Y= ax +Z va duong thang d: y=kx+/
cx+
b xi—é
= Phuong trinh hoanh d giao diém cita d va (C) 1a: 22 — kx +/ & c (+)

cx+d o(x)= Ax? +Bx+C =0

Bai toan bién ludn s giao diém ciia hai dé thi
Truong hop 1: Xét A =0= Két luan vé s6 giao diém.
Trwong hgp 2: Xét A=0

= 4 cit (C) tai hai diém phan biét < g(x)=0 hai nghiém phan biét khac -
c

A=B>—4AC>0
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

» d cat (C ) tai diém duy nhét < g(x) c6 nghi¢m kép khac - hoac g(x) 6 hai nghiém phan biét
c

Agx) =0
g(_—dj =0
. A A —d c
trong do c6 mot nghiém x = — <
c A, >0
8(x)
()0
i c

= d khong cét (C) < g(x) vO nghiém hogc c6 nghiém kép bang PN
c

Bai toan lién quan deén tinh chat cac giao diém

Phan nay, ta chi xét bai toan ma co6 lién quan dén d cat (C ) tai hai diém phan biét.
*  Budc 1. Tim diéu kién dé d cét (C ) tai hai diém phan biét

A=B>—-4AC>0

& g(x) =0 c6 hai nghiém phan bi¢t khéac _—d = 4 _d 2 _d (1)
¢ g(—JzA.(—j +B.—+C=#=0
c c c
*  Budc 2. Khi d6 goi A(x;;kx, +1),B(x,;kx, + () la toa do hai giao diém
B
X+ X, =——
Vi x,x, la hai nghi¢ém cua phuong trinh g(x) =0 nén theo dinh ly Viet ta c6 c
xlxz = Z

=  Budc 3. Theo yéu cau bai toan, ta tim gia tri ciia tham sb cha y d6i chiéu voi diéu kién (1) dé chon
dap an dung.
Dang 3: Sy twong giao ciia dd thi ham so6 trung phwong
Xét sy twong giao do thi (C ) Y= ax* +bx* + c(a # 0) va truc hoanh c6 phuong trinh y =0
Phuong trinh hoanh d6 giao diém (C ) va truc hoanh 13 ax* +bx? +c = 0(1)
Bai toan lién quan dén s6 giao diém
86 giao diém ctia do thi (C) va tryc hoanh chinh la s nghiém cua phuong trinh (1).

Dit t=x>20 thi (1) thanh at® +bt+c=0(2)

A=b>—4ac>0

. (C ) cét truc hoanh tai 4 diém phan biét < (2) c6 2 nghiém dwong phén biét < t+t, = b >0
a

c
t.t,=—>0
1%2 a

= (C) ct tryc hoanh tai ding 3 diém phan biét <> (2) ¢6 1 nghiém dwong va 1 nghiém bang 0.
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. (C ) cét truc hoanh tai diing 2 diém phan biét < (2) c6 nghiém kép dwong hoic (2) ¢é hai nghiém
tréi dau.
. (C ) cét tryc hoanh tai diém duy nhit < (2) c6 nghiém kép bang 0 hoic (2) c6 mot nghiém bang 0
hodc mot nghiém am.
. (C ) khong cit tryc hoanh < (2) v6 nghiém, c6 nghiém kép 4m hodc c6 2 nghiém phan biét déu
am
= Mot s bai toan co thé thay truc hoanh thanh d: y=m hodc (P):y= mx*+n , phuong phap giai
hoan toan tuong tuy nhu trén.
Bai toan lién quan dén tinh chat giao diem
Tim diéu kién dé C):y= ax* +bx® + c(a # O) cit truc hoanh tai bén diém phan biét A,B,C,D thdéa man
diéu kién cho trudc.
= Buéc 1: Tim diéu kién dé (1) c6 4 nghiém phan biét

A=b*-4ac>0

< (2) c6 2 nghiém duong phan biét £, va t, <t +t, = b >0 (%)
a

c
tt,=—>0
12 =7

* Buwéc 2: Gid st t; >t, >0 khi d6 cac nghiém cua (1) sip xép theo thr ty ting dan la

~Jt—Jt it s xi 1y didu kién va tim gia tri cua tham sd.

= Pac biét: Khi hoanh 46 4 diém A,B,C,D 1ap thanh cép $b cong hoac AB=BC=CD khi:

\/E—\/g=2\/€<:>\/gz3\/g<:>t1=9tz
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

WA vipu MINH HOA

CAU 1. Cho ham s f(x)=x"—3x. Hoi c6 bao nhiéu gia tri nguyén ciia tham s m dé phuong trinh

f(x4 —4x2) =m c6 dung 4 nghiém thuc x ?

A. 48 B. 46 C. 49 D. 51
£ LOI GIAI
Str dung phuong phap ghép truc:
Bang bién thién cua f(u) =u’ —3u
U —0 -1 +20
S(u) + 0 - 0 +
“+o0
Sfu) / \ /
Bang bién thién ghép ham hop f = f vm u=x*—4x*
x | —= _\E 0 2 40
u' — 0 + 0 - 0 -
+o0 ! o0
. \ / ' \
—0 —4 —4
) +DC: [ S R P ~4_ - 1 > -
400
2 2
() \ / \ /
y=m o
X/
—52 =52

Pé phuong trinh f(u) =m c6 dang 4 nghiém thuc x thi -52<m<-—2—"% 5 51<m<-3
Vay c0 tt ca 49 gi tri nguyén cia tham s6 m thoa man.

2x+m

CAU 2. Cho ham s6 y = f(x)= c6 do thi (C) va duong thang d:y =x+2. Tim tat ca cac gia tri

thuc ctia tham s6 m dé (C) cét d tai hai diem phan biét trong d6 méi diém ndm ¢ mot nhanh cua d6 thi

(€)?

A. (—00;2) B. (0;+oo) C. (2;+oo) D. @

£ LOI GIAI
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Nhan thay, mdi nhanh caa d thi nam vé hai phia khac nhau cua duong tiém can dung tac x < -1 va
x>-1.

Yéu cau bai toan twong dwong phuong trinh hoanh do giao diém c6 hai nghiém phan biét thoa man

x, <-1<x,.

; . . A ax L 2X+mM x#-1
Xeét phuong trinh hoanh d giao diém: =x+2&
x+1 2x+m:(x+1)(x+2)

x#-1
Q{g(x):x2+x+2—m:0 (2)
Y&u cau bai toan < phuong trinh (2) c0 hai nghiém phan biét thoa mén x; <-1<x,
Suyra ag(-1)<0e<1.(2-m)<0=m>2.

CAU 3. Cho ham s6 y = f(x) 6 dd thi nhu hinh v& du6i day:

A

&

v

Phuong trinh f(2x~5)[ f(x)~ f(3)]-2f(x)+4=0 c6 nhiéu nhat bao nhiéu nghi¢m?

A. 3 B. 5 C. 8 D. 10
£ LOI GIAI
Taco f(2x-5)] f(x)-f(3)]-2f(x)+4=0< f(2x-5)| f(x)-2]-2f(x)+4=0
I x=5
f(x):2<:> xX=x
xX=x,
<:>[f(2x—5)—2}[f(x)—2]:0c> 2%_5=5
f(20-5)=2& | 2r-5=x, @ x =1
2x—5=x2©x=x2+5
L 2

Vay phuong trinh di cho ¢ nhiéu nﬁét la 5 nghiém

CAU 4. Cho ham sb y = f(x) = 2x +23 c6 do thj (C). Tim tat ca cac gia tri thyc ctia tham s6 m dé
x —

phuong trinh f(x)=m c6 nghiém nam trong khoang (2;3)

A. (—0;2) B. (9;+) C. (2:9) D. @
& LOI GIAI
Phuong trinh hoanh d6 giao diém: 2x+3 =m< {x 2
xX— 2x+3:m(x—2)
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o (m-2)x=2m+3 (1)
D¢ phuong trinh (1) c¢6 nghiém nam trong khoang (2;3) thi:

m—-2=%0 m#2
& =Sm>9
=2m+3€(2/3) 2<2m+3<3
m-—2 m—2

CAU 5. Goi S latap hop cac gia tri thuc cua tham s6 m dé do thi ham sé
y= x> —(3 —m)x2 +(m2 + 1)x +m? —2 cét truc hoanh tai ba diém phan biét c6 hoanh d6 thoa man diéu

kign x> +x,% +x,> =16. Tong tat c cac phan tir cua tap S la:

A -2 B. 2 c. -2 D. L2
7 7 7 7

£ LOI GIAI
Phuong trinh hoanh d6 giao diém la: x° —(3 —m)x2 +(m2 +1)x +m?-2=0 (*)
Ap dung hé thirc Viet cho phuong trinh bac ba, ta co:
xl2 + xz2 + x32 =16 & (x1 + X, + X5 )2 - 2(x1x2 + Xy X5 + x1x3) =16

m=3
2
< |3(m-1)| -2(m* +1)=16 =
7
Thir lai:
Véi m=3= x> —6x> +10x +7 = 0 = ¢6 mot nghiém phan biét (loai)
y 3 5 30, 58 89 .
Voi m=-==x"+—x"+—x——=0=c0 ba nghi¢m phan biét (théa man)
7 7 49 49

Vay S ={—§} nén tong cac phan tir cta tap S bang —g.

CAU 6. Cho ham s6 y =x* —2mx® +m+1(C). Goi S la tap hop céc gid tri cia m dé (C) cét tryc Ox
tai 4 diém phan biét c6 hoanh do x,x,,x,,x, thoa man x{ +x; +x3 +x; =20 . Tong cac phan tir cia tap

hop S la:
A -1 B. 2 C. -3 D.1

£ LOI GIAI
Phuong trinh hoanh d¢ giao diém ciia (C) va Ox 1a x* —2mx* + m+1= 0(1)
Dit t=x7:(1)= > —2mt +m+1=0(2)
bé (C ) cit truc Ox tai 4 diém phéan biét <> (2) c6 2 nghiém phén biét ¢, > ¢, >0
A=m*-m-1>0
<415=2m>0 (*)- Theo Viet: {
P=m+1>0

t,+t, =2m
t.t, =m+1

Khi d6 phuong trinh (1) ¢6 4 nghiém —\t ;—t, [l
Ta c6: gid thiét bai todn < 12+ +12 412 =20 > 2 +£2 =10 & (1, +14, ) —24,t, =10
2 2 m=2
S4dm™-2m-2=102m" -m-6=0< 3
m=—

Kéthop (*) = m =2 lagidtri can tim.
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CAU 7. Cho ham sé y= f(x) = ax* + bx? + ¢ ¢6 dd thi nhu hinh v&. Tap hop cac gia trj thuc cia m dé
duong thang d:y =—m+2 cat do thi ham s6 y = f(x) tai bon diém phan biét cach déu nhau la

A

¥

-1 o] 1
c: {Z} D. {1,2}

A (347 WL
25" 4 25
& LOI GIALI

Dua vao do thi ham sd, suyra y = f(x) =x*—2x%+1

Phuong trinh hoanh ¢ giao diém hai b thi 1a x* - 2x% +1=—m+2—=C 52 2t + m—1=0(*)

Hai db thi c6 4 giao diém khi va chi khi phuong trinh (*) ¢6 hai nghiém dwong phén biét
A'(*)>0 1-m+1>0

Suyra &t +t, >0=:2>0 c>1<m<2:>{
t,t, >0 m-1>0

Gia st t; > t,, 4 nghiém cua phuong trinh ban dau theo tha tu tir bé dén 16m s& 1a —\/t7 ; —\/t_ ; \/t7 ;\/Z

t,+t, =2
tt, =m-1

t,+t, =2 9 1

U t,=—;t, =—

Theo dé bai ta co —1/t1+1/t2 =-2Jt, >t =3t, o, =%, >t t,=m-1=71 52 5

t, =9t, tt, =m-1
9 34
>m-l=—om=—.
25 25

CAU 8. Cho ham s6: y =x° +(m+2)x—m(C) va dudng thang d:y =2x+1. S6 gia tri nguyén cua m dé
do thi (C) cat duong y =x+m tai 3 diém phan biét co tung d0 v;,y,,y, théaman A =y7 +y5 +y; <83
A. 9 B. 10 C. 11 D. 12

£ LOI GIAI
Phuong trinh hoanh d¢ giao diém ciia (C ) va duong thiang d 1a&; x® +mx—m—-1=0

(1)

D6 thi (C) cdt y=x+m tai 3 diém phan biét < (1) ¢6 3 nghiém phan biét < g(x)=0 c6 2 nghiém

@(x—l)(x2+x+1—m):0c{xz:)132%:31 .
gx)=x*+x+1-m=

A=1-4(1-m)>0 [4m—3>0
phan biét va 2 nghiém do khac 1@{ (1=m) @{ " "

2_*
g(1)%0 <y 40

3-m=#0 3

Khi d6 cho x; =1;y, =3 va x;;x, la nghiém cta phuong trinh g(x)=0

199 | Facebook tac gid: Phan Nhét Linh - SPT: 0817.098.716




Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

+x,=-1
Theo dinh I Viet ta c6: {xl *2
xl .xz =—m

Theo dé baita co: A=y2 +y; +y3 :(2x1+1)2 +(2x2 +1)2 +9:4(x12+x§)+4(x1+x2)+11

A:z]{(x1 +x,) —2x1x2:|+4(x1+x2)+11=4[1—2(1—m)]—4+11=8m+3£83<:>mSlO

Kéthopva meZ = c6 9 giatricua m.
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IS BAI TAP TRAC NGHIEM

Cau 1:

Cau 2:

Cau 3:

Cho ham sdy = f (x)lién tyc trén R va co d6 thi nhu hinh v& bén dudi. C6 bao nhiéu gia tri

nguyén cua m dé phuong trinh ‘fz (x) - f(x) - 12‘ =m cO 6 nghiém phan bi¢t?

A 3. B. 4. C.7. D. 11.

Cho ham s bac ba y = f(x)c6 d6 thi 1a dudng cong trong hinh vé& bén dudi.

S6 nghiém thyc phan biét cia phuong trinh £ (2 - f (x)) =0 la
A.3. B. 4. C.6. D. 7.
Cho ham 86 y = f(x) c6 do thi nhw hinh bén dudi.

by

=Y

S6 nghiém thyc phan biét cia phuong trinh f '( f (x) - 2) =0 la
A 2. B. 3. C.6. D.5.

201 | Facebook tac gid: Phan Nhét Linh - SPT: 0817.098.716



Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

Cau4: Chohamsé y=f(x) liéntyctrén R thoa man diéukién lim f(x)= lim f(x)=— vacodd

X—>—00 X—>+00

thi nhu hinh dudi day

Véi gia thiét, phuong trinh f(l—\/x3+x)=a cd nghiém. Gia st khi tham sé a thay ddi,
phuong trinh d4 cho ¢ nhiéu nhat m nghiém va cd it nhat » nghiém. Gia tri caa m+n bang
A. 5. B. 4. C. 3. D.6.

Caub5: Chohamsd y=f (x) c6 bang bién thién nhu hinh v& sau:

x —00 -1 2 5 00
f'(x) + 0 - 0
fx)

3
/1\1/

S6 nghiém thyc ciia phuong trinh f’<5 - 3f(x)) =0 la
A. 12. B. 8. C.9. D. 10.
Cau6: Chohamsé y= f(x) = ax* +bx* + ¢ c6 d6 thi nhur hinh v& bén.
yh
x
S6 nghiém thuc phan biét cia phuong trinh f’(2f(x) + 3) =0 la
A 7. B. 8. C.6. D.9.
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CauT:

Cau 8:

Cau 9:

Cho ham s6 bic bon y = f(x) c6 bang bién thién nhu hinh sau

r | —oo -1 0 1 + oo

!

y - 0 + 0 - 0 4

NG N

C6 bao nhiéu gi4 tri nguyén cua tham s6 me[-2022;2022] dé phuong trinh

(f2 (x)+x2 )2 —(m2 +2m+14|:)(f2 (x)+x2)+4(m+1)2 +36=0 co dung 5 nghi¢ém thyc phéan
biét?

A. 4043. B. 4044. C. 1 D. 0.

Cho ham sb y = f(x) c¢6 dao ham lién tuc trén R . D6 thi ham s y = f’(2x—1) nhu hinh vé.

Hoi phuong trinh f (x3 + 1) =m c6 nhiéu nhit bao nhiéu nghiém?

| )
4

A. 2 nghi¢m. B. 3 nghiém. C. 1 nghiém. D. 4 nghiém.

Cho ham s6 bc ba y = f(x). Biét ring ham s6 y = f'(1-x") c6 dé thi ddi ximg qua truc Oy,

nhu hinh vé.

'y

Vo

2 - b r r 2
it g(x)= f{x _ 1}3. Db thi ham s6 y = ¢'(x) ct truc Ox tai bao nhiéu diém?

X X

A. 5. B. 4. C.3. D.7.
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Cau 10:

Céu 11:

Cau 12:

Cho ham s6 bac bon y = f(x) c6 do thi nhu hinh v& dudi day.
Ty

x\
-1 O 1 "

Co6 bao nhiu gia tri nguyén cta tham s6 me [—2021; 2021:' dé phuong trinh
(fz (x)+x? )2 —(m2 +2m+14)(f2 (x)+x2)+4(m+1)2 +36=0 c6 diing 6 nghiém phan biét.

A. 2022. B. 4043. C. 4042. D. 2021.

Cho ham y = f(x) 1a ham da thirc bac bon. Biét rang f(0)=0, f(-3)= f@j = —% va do thi

ham s6 y = f’(x) c6 dang nhu hinh vé.

Xeét ham 6 g(x)=[4f (x)+2x°|-2m +1 véi m la tham s6 thyc. C6 tht ca bao nhiéu gia tri

nguyén m e (—50; 50) dé phuong trinh g(x) =1 c6 ding hai nghiém thuc?
A. 9%4. B. 9. C. 47. D. 48.

Cho ham s y = f(x) =ax® +bx® +cx +d c6 bang bién thién nhu sau

T —00 -1 1 +00

y + 0 — 0 +

, _K/J‘\U/H

Tim m dé phuong trinh ‘f(x—1)+2‘ =m €0 4 nghiém théa man x; <x, <x; <1<x,.

A d<m<6. B.3<m<6. C.2<mx<6. D.2<m<4.
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Cau 13: Cho ham sd bacba y = f (x) c6 bang bién thién nhu sau:

X —0 0 2 +00

r

y - 0 + 0 -

NG

S gi4 tri nguyén ctia m dé phuong trinh % =m c6 5 nghiém phan biét 1a
x)+

A. 10. B. 13. C. 12. D. 11.

Cau 14: Cho ham s6 bac ba y = f(x) c6 d6 thi nhu hinh v& bén dui:
by

/1

=y

Tim tit ca cac gia tri nguyén coa tham s6 m dé phuong trinh
f(x) f(x)+1 f(x)+2_ N o x o . N
f(x)+1+f(x)+2+f(x)+3_‘f(x) 2‘ f(x)+m (*) c6 dung 3 nghiém am va 1 nghiém

duong.
A. 5. B. 3. C.7. D. V0 sb.

Cau 15: Cho ham sb y=1f (x) lién tuc trén doan [1;3] va co bang bién thién nhu sau

T 1 2 3

v - 0 -

Goi S 1a tap hop tit ca cac gid tri nguyén cua tham s m dé phuong trinh

f(x-1)= 26% c6 nhiéu nghiém nhat trén doan | 2;4]. Tong cac phan tir cua S la
x*—6x+12

A. =297 B. -294. C. -75. D. -72.

Cau 16: Cho ham sb f(x)=(x—1)(x—2)..(x—2022). C6 bao nhiéu gi4 tri nguyén cta m thuoc doan
[—2022 ;2022] dé phuong trinh f ’(x) = (m + 1) f (x) €0 2022 nghiém phan biét?
A. 2022. B. 4044. C. 2023. D. 4045.
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Céu 17: Biét rang tap tat ca cac gia tri thuyc cua tham sO m d& phuong trinh

m(x+4)\/x2 +2=5x2+8x+24 c0 4 nghiém thuc phan bi¢t la khoang (a;b). Gia tri a+b

bang
A.g. B.§. C. 4. D.9.
3 3

Cau 18: Cho ham sb y=f (x) = x% +2022x. C6 tit ca bao nhiéu gia tri ctia tham s6 m dé phuong trinh
f(2m — sinx cos x — cos” x) + f(ZSilex - 3m) =0 c6 nghiém?
A 1. B. 3. C.2. D. 4.

Cau 19: Cho hamsb y = f(x) c6 dao ham trén [ -5;3 | va c6 bang bién thién nhu hinh v&

x -5 -3 -1 3
F(x) + 0 - 0 +
2 4
oo / \ /
i 1
3

C6 bao nhiéu gia tri nguyén cia m dé phuong trinh 3 f (—x—2) =x° -3x+2+m c6 dung 3
nghiém thudc [—5;3] ?
A 2. B. 6. C. 4. D. 8.

Cau 20: Cho ham s y= x> —6x2 +9x +m+2021 ¢ d6 thi la (Cm) cit truc hoanh tai ba diém phan biét
c6 hoanh d6 x;,x,,x,. Ménh dé nao dudi day dang?
A 1<x, <3<x,<4<x,. B.0<x <1<x,<3<x;<4.

C.l<x <x,<3<x;<4 D. x; <0<1<x,<3<x;<4.

Cau 21: Cho ham s0 y =x° +2mx” +3(m—-1)x+2 ¢6 6 thi 1a (C) va dudng thang d:y=-x+2. S la
tap cac gia tri m thoa man (d) cit (C ) tai 3 diém phan biét A(O;Z),B,C sao cho dién tich tam
giac MBC bang 22, véi M(3;1). Tinh tong binh phuong cac phan tir ciia S ?

A 4. B. 3. C.9. D. 25.

Cau 22: Chohamsd y =x° +2mx* +(3m—4)x+2 c6 do thi (C) va cho diém M(3;1). S gia tri nguyén
duong cta tham sb m dé duong thing d: y=—-x+2 cit d6 thi (C) tai ba diém phéan biét
A(0;2),B va C ddng thoi tam gidc MBC c6 dién tich 27 .

A 3. B. 2. C.1. D.0.

Cau 23: Cho ham s y=x3—2(m—1)x2+2(m2—2m)x+4m2(C) va duong thang 4 di qua diém

A(0;8) va c6 hé s6 goc bang 4. Pudng thing d cét do thi (C) tai ba diém phan biét c6 hoanh

d6 x,,x,,x;. Tim gia tri nhd nhat ctia biu thire P = x,x, +x,X; + X3X;
A. minP=1. B. minP=—+4. C. minP=-6. D. minP=0.
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Cau 24:

Céu 25:

Céau 26:

Cau 27:

Céau 28:

Gia su mz—é, abel" (a,b):l la gid tri thuyc cua tham s6 m dé duong théng
a

2x+1

d:y=-3x+m cit dd thi ham s6 y= (C) tai hai diém phan biét A, B sao cho tam giac

OAB vudng tai O (véi O 1a gbc toa do). Tinh a+2b .

A 2. B. 20. C. 11. D. 27.
Cho ham s6 y = £(x) = 2 6 bang bién thién nhu hinh v&.
cx+
X | —o 1 +00
V' + +
+00 -1
-1 —o0

Biét f (O) =1, c6 bao nhiéu gia tri nguyén ciia tham s6 m dé duong thang y = mx +1 cat do thi
ham s y=f (xZ) tai 2 diém phan biét M,N c6 hoanh d6 khac 0 sao cho trung diém cia MN

nam trén truc hoanh.
A 7. B. 8. C. 13. D. V6 sb.

2x+1
x+1

Cho ham s6 y = c6 do thi (C)va dudng thang d:y =—2x+m. Khi d cit (C)tai hai diém

A va B phan biét, goi k;,k, lan luot 1a hé s goc cua tiép tuyén cia (C ) tai A va B. Tim m

dé P=(k, )" +(k, )™ dat gid tri nh6 nhét,

A. 4. B. m=4. C. m=0. D. 2.

< A M e A b 7. p b \ A A LARs o v 3A . \ A
Biét rang v&i tham s6 m e (a;—j ,vo1 b,ce N,c >0 va — 1a phan s0 to1 gian, thi do thi ham s6

c c
y= x* —2mx? +3m+ 15,(Cm) cat duong thang y=>5 tai 4 diém phan biét ¢ hoanh d6 déu nho

hon 3. Khi d6 a+b+c bang
A. 108 . B. 115. C. 105. D. 111.

Cho ham s6 y = f(x) lién tyc trén R. D thi ham s6 y = f(1-x) dugc cho trong hinh v& ¢4
dung 3 diém cyc tri la A(-1;1), B(0;-2), C(1;3).

(R P ——
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Céu 29:

Céau 30:

Céu 31:

Céu 32:

Céau 33:

Cau 34:

C6 bao nhiéu gia tri nguyén cua tham s m dé phuong trinh f 1-x) 2x+1 +m=0 co dung
x+2 x+2

4 nghiém?

A 3. B. 4. C.2. D.5.

Cho ham s y=f(x) xdc dinh trén R , c6 f'(x):x4—3x2—4 va ham s

4
Z4x% 412

g(x)=f[32L

truc Ox tai 11 diém phan biét
A.18. B. 10. C. 16. D. 15.

+mJ, tim cac gia tri nguyén cua m e [—30;10] dé ham sd g'(x) cit

C6 bao nhiéu gia tri nguyén cia m dé dd thi ham sb y=‘x3 —3x—1‘ va d6 thi ham s
Y= ‘mx3 —6mx® +9mx —7m| cit nhau tai it nhét mot diém c6 hoanh do x, e [0;2]

A 1. B. 4. C. 2. D. 3.

Cho hai ham 5O y:f(x):(x—1)(x—2)(x—3)(x—4)(3|x|+m) ;
y =g(x)=-3x" +30x* ~101x® +120x” - 2x - 50 ¢6 dd thi lan lugt1a (C,), (C,). C6 bao nhiéu
gia tri nguyén cia tham s6 m trén doan [—2022; 2022] dé (Cl) cit (Cz) tai 5 diém phan biét?
A. 2044 . B. 2023. C. 2021. D. 2022.

X

Cho ham s6 f(x)= . Goi S 1a tap hop céc gid tri nguyén m € (-10;10) d¢ phuong trinh

5 +5
f(x3 +3max? +3n12x)+f(m3 +m+1—\3/x+1):1 c6 nghiém thudc [O;+oo). Tong cac phan tir

clia S bang
A. 46.. B. —47.. C. -44.. D. 10.

Cho ham sé f (x) = x4 2021x . Goi m, la sO 16n nhat trong cac s nguyén m thoa man
f(m=2020)+ £(2021m ~5° ) < 0. Ménh dé nao sau day diing?
A. m,e[180;191].  B.m,e(191;,204]. C. m;e(204;223). D. m,[223;234).

Cho ham s y = f (x) c6 bang bién thién nhu sau

x —n0 —1 0 1 +o

+ o - o + o -
2 2
£(x) _%/ \0/ \_%

S6 nghiém thudc doan{o;%ﬂ cua phuong trinh f(f(cosx)) =2la

A 3. B.5. C.7. D.9.
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Céau 35:

Cau 36:

Cau 37:

Cau 38:

Céau 39:

1
Cho ham sd f (x):log3x+3x —3% . Tinh tong binh phuong céc gia tri cia tham sd m dé

1

—_— |+ f(x2 —4x+ 7) =0 c6 ding 3 nghiém thuc phan biét.
4|x—m|+3

phuong trinh f [
A 14. B. 13, C. 10. D. 5.
Biét tap tAt ci cc gid tri thuc cia m dé 4|x+m|(x2 + 2mx + m? —3)+9x+1:0 c6 4 nghiém

phan biét 1a khoang (a; b) . Héi gid tri cia (b—a) nim trong khoang nao dudi day?

A. (%1} B. (0; %) C.(12). D. (2; g}

Cho ham s y= f(x) =ax® +bx? +cex+d (a,b,c,d S IR)C(') do thi nhu hinh vé

iy

Téng tat ca cac gia tri nguyén cta tham sé m dé phuong trinh f2 (x) - (m + 7)‘f(x)‘ +4m+12=0

c6 7 nghiém phan biét 1a
A -6 B. 3. C. 3. D. 6

Cho f(x) 1a ham sb bac ba c6 d6 thi nhu hinh v& sau:

I

| Qo
—
R |

C6 bao nhiéu cip sd nguyén duong (a;b) thoa man a+b <16 dé phuong trinh f(ax2 —1) = bi
X

c6 7 nghiém thyc phan biét?
A. 101. B. 9. C. 89. D. 99.

Cho ham s6 y = (x+1)(2x+1)(3x+1)(m+[2x]) va y=-12x* -22x° —x* +10x+3 ¢6 do thi
lan Iuot 12 (C,) va (C, ). C6 bao nhiéu gia tri nguyén cua tham s m trén doan [ -2020;2020 |
dé (C,) cét (C,) tai 3 diém phan biét.

A. 2020. B. 4040. C. 2021. D. 4041.
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Cau 40: Cho hai ham sé v =x(x—2)(x—3)(m— | x I), y=x*—6x>+5x* +11x -6 c6 d6 thi lan luot 1a

Céu 41:

Céau 43:

(C;), (C,). C6 bao nhiéu gia tri nguyén m thudc doan [ -2020;2020 | dé (C,) cat (C,) tai 4
diém phan biét?
A. 2021. B. 2019. C. 4041, D. 2020.
Cho ham s da thitc bac ba y = f(x) ¢6 d6 thi nhw hinh v&.
Y3

2

-._.____‘___l—‘

C6 bao nhiéu gia tri nguyén cua tham s m dé phuong trinh ‘ f (|x|)‘ = %mz - %m‘l c6 8 nghiém

phan biét?
A 9. B. 8. C. 6. D. 3.

Cho ham s6 bac bén y = f(x)co do thi 1a dudng cong trong hinh bén. S6 nghiém thyc phan biét
clia phuong trinh f(xzf(x))+ 2=0 la

AY

A. 8. B. 12. C.6. D. 9.

Cho ham s6 bac bay = f(x) c6 db thi 1a dudng cong trong hinh vé& bén. S6 nghiém thyc phan biét

cua phuong trinh f(‘\/z}—xz —‘xz —1‘D S T

2021

A 14. B. 10. C. 24. D. 12.
Chinh phyc céc bai todn VD - VDC: Sy tuong gico cla db thi ham sé | 210



Phan Nhét Unh Chinh phyc vén dung — v&n dung cao ndm 2023
Cau 44: Cho ham s6 bc bdn y = f(x) lién tuc va xac dinh trén R va ¢6 dd thi nhu hinh v& bén dudi.

Goi (C,) va (C,) lan lugt 1a d6 thi ctia ham s6 y = f”(x).f(x)—[f’(x)]2 Va y =2021%. Sé giao

diém cua (C,) va (c,) 182

va
f(z)
o \J z
Al B.O. C.2. D. 4.
; 3 ‘x2—3x‘ 2
Cau 45: Cho dd thi ham 6 y = f (i) nhu hinh v dui. Hoi phurong trinh 5 — f(+ -2x)=-2 o6
X —oX
tat ca bao nhiéu nghiém thyc?
A‘v
Jx)
2 EY T T T T
-
A 6. B. 3. C.5. D. 4.
Cau 46: Chohamsd f(x) c6 bang bién thién nhu sau
x — 0 3 7 +a0
1) -0+ 0 -0+

f(x) +°”~\0 /l\l/w,

S6 nghiém cua phuong trinh f(‘xs —6x? +9x+3‘) =0 la
A. 9. B.7. C.s. D. 6.

xol, X Xl xH2 0, y=|x+2/-x—m (m 1a tham sd thuc) c6 do
X x+1 x+2 x+3
thi 1an luot 1a (C,) va (C,). Tap hop tat ca cc gia tri cia m dé (C;) va(c,) cit nhau tai dung

CAau 47: Cho hai ham s y=

4 diém phan biét 1a
A. [—2;+oo). B. (—oo : —2) : C. (—2 : +oo) . D. (—oo;—Z] :
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HUONG DAN GIAI CHI TIET

Céaul: ChonD

Xétham so h(x)=f?(x)—f (x)-12=h'(x)=2f (x) '(x)— '(x)= f'(x)[ 2f (x)-1]

_x:l
f'(x)=0 |x=-1
h(x)=0< f'(x)[2f (x)-1]=0< f 1| x=x¢e(-2-1)
(X)_E X=X, €(0;1)
| x=%¢€(L2)
) (x> x,
f()>3 | {lxex<x
£(x) <0 j1<X<1 ~1<X<X,
Tacé: h'(x)<0< Bl RS Sx<x
f(X)<E | X, < X< X 1<x<x
f'(x)>0 x<-1
) ([x>1
Ta co6 bang bién thién:
P —o0 x1 -1 x2 1 X3 o
#'(x) -0 + 0 - 0 + 0 - 0 o+
+o0 0 +oa
f -12
5 \2/ \9/ ~ o
il il A
e £ o £ b
_________________ o ¢
49 ‘“n\ 49 -7 -2 49
KETal MRS X

Dé phuong trinh di cho c6 6 nghiém phan biét thi 0 <m <12.
Do meZ nén me{1,2,3,4,5,6,7,8,9,10,11} = c6 11 gia tri m.
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Cau 2:

Cau 3:

Cau 4:

Cau 5:

Chon D
Tir d6 thi ctia ham s6 y = f(x) ta co:
2-f(x)=a (ae(-2;-1)) |f(x)=2-a (1) (2-ae(3;4))
F2-f(0)=0 = |2-f(x)=b (be(0;1)) | f(x)=2-b(2) (2-be(1;2)).
2- f(x)=c (ce(1;2)) f(x)=2-c (3) (2—ce(0;1))
Tir d0 thi ctia ham s6 y = f(x) ta thdy phuong trinh (1),(2),(3) 1an lugt c6 dung 1, 3, 3 nghiém
va cac nghi€ém nay la phan biét.
Vay phuong trinh f(2- f(x))=0 c6 7 nghiém.
Chon C

x=1

x=-1
f(x)-2=1 @[f(x)=3
f(x)—2=—1 f(x)zl
Phuong trinh f (x) =3 c6 3 nghiém thuc phan biét.

Dua vao do thi ta suy ra f’(x) =0 {

Khi d6 f’(f(x)—z):OC{

Phuong trinh f (x) =1 c6 3 nghi¢m thyc phan biét.

Vay phuong trinh f '( f (x) - 2) =0 ¢0 6 nghiém thuc phan biét.
Chon C

f(l—m) =a (1). Biéu kién xé4c dinh: x® +x>0< x>0.

Dit t =1-~/x° + x, phuong trinh (1) thanh f(t) =a (2)
Xét ham s y =1—+x° +x trén nira khoang [0; +oo) .
, 3% +1

Y=
20x% +x

Do lim y=—o va y(0)=1nén t<1 véi moi x e[ 0;+w).

X—>+o0

<0, Vxe (0;+oo) = Ham s6 y =1-+/x° +x nghich bién trén (0;+oo).

Vé6i mdi gid tri £<1 c6 duy nhat gia tri x [ 0;+00) = s0 nghiém cta phuong trinh (1) 13 s6
nghiém f <1 cua phuong trinh (2).

Theo gia thiét, phuong trinh (1) ¢6 nghiém = phuong trinh (2) c¢6 nghiém <1 va tir d6 thi cua
ham s y=1f (x) da cho thi phuong trinh (2) c6 nhiéu nhét 2 nghiém va it nhat 1 nghiém £ <1.

Vay m+n=3.
Chgn C
x=-1
Dua vao bang bién thién ctia ham sb yzf(x).Ta co: f’(x)=0 S lx=2 .
x=5

5-3f(x)=-1 | f(x)=2
Khi do: f'(5-3f(x))=0 = |5-3f(x)=2 < | f(x)=1
5—3f(x)=5 f(x)zO
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Chuong 1: Ung dung dao ham dé khao sat va vé dd thi ham sb

x —co -1 2 5 +co
f'(x) + 0 - 0 + 0 -
f(x) ¥3, L=
1 N
/ \L]_ \ y=20
—00 —0C0

Tir bang bién thién ta thay:
Phuong trinh: f ( ) =2 ¢6 2 nghiém phan biét.

x
Phuong trinh: f(x)=1c6 3 nghiém phan biét.

Phuong trinh: f(x)=0c6 4 nghiém phan biét.

Vay phuong trinh f'(5-3f(x))=0 c6 9 nghiém phan biét.
Cau6: ChonB

Xét phuong trinh f/(2f(x)+3)=0 (*).

Dit + =2f(x)+3, tir phwong trinh (*) tacé f'(t)=0.

t=-2
Duavéodéthicﬁahémséyzf(x),tasuyra: f’(t):0c> t=0 .
t=2

Voit=22<f (x) = —; , dwa vao d6 thi ta théy phuong trinh c6 4 nghiém thuc phan biét.
Voit=0< f (x) = —% , dwa vao d6 thi ta théy phuong trinh c6 2 nghiém thuc phan biét.

Véi t=2< f(x)= —%, dura vao do thi ta thy phuong trinh ¢6 2 nghiém thuc phén biét.
Vay, s6 nghiém thyc phan biét ctia phuong trinh da cho 1a: 4+ 2 +2 =8 nghiém.
Cau7: ChgnD

a2 1)
Tir bang bién thién cua ham s cho ta co: f(x) B a(x 1) = f(x) = 3( 2 —1)2 .

f(0)=3
(£ (x)+2) (1 +2m+14)( £ (x) 22 )+ 4(m+1) +36=0 (1)
() ) ((m 1) +13)( 72 (x) 22 4 (1) +9) =0
fA(x)+x% =4

2 () ex m(marf o

=

~~

Ham s6 g(x)= f?(x)+x =9(x2 —1)4 +x* 1a ham s0 chin trén R va g(0)=9 nén dé (1) c6

dung 5 nghiém thuc phan biét thi (1) phai c6 nghiém bang 0. Suy ra: (m + 1)2 +9=9 ©&om=-1
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4
9(x* —1) +x% =4
Thay m =-1vao (I) ta dugc:

(11)

9(x2—1)4+x2 -9

ot +t=3 (2)

biat t=x%-1(*)(t = -1), thay vao (II) ta duoc:
= 1(7)(r2 1), thay vao (1) ta duoe Lt4+t—8(3)

Xétham s6 h(t) =9t +t trén [—1;+00): I'(t) =36t +1; h’(t)=0<:>t=%

+o0

-1
3136
H(t) - 0 +

ht) ] \ i /

Suy ra: (2) c6 2 nghiém phan biét t,t, >-1t,t,>-1; (3) c6 2 nghiém phan biét

t -1

[#.s]

t, =—1,t, >—1 va céc nghiém cua (2),(3) 14 khéc nhau.
Thay cac nghiém trén vao (*) ta dugc (1) c6 ding 7 nghi¢ém phan biét (khong thda man).
Cau8: ChonA
Dua vao db thi, ta suy ra
-1<x<2 -3<2x-1<3
f'2x-1)>0< =
x>2 2x-1>3
f'2x-1)<0e=x<-12x-1<-3
Khi d6, ta c6 bang bién thién

X —0 —3 3 +00
S'(x)

— 0 + 0 +
f(x) \ /’

Dit ¢t =x> +1. Tir bang bién thién, ta suy ra phuong trinh f(t) = m ¢ nhiéu nhat 2 nghiém la

t;t, VOI t <=3;t, >-3.
Phuong trinh x° +1=¢, (véi t, <-3) c6 1 nghiém.
Phuong trinh x° +1=t, (Véi t, >-3) c6 1 nghi¢m.
Vay phuong trinh f (x3 + 1) =m c¢6 nhiéu nhit 2 nghiém.
Cau9: Chon A
Do ham s6 y = f(x) 1 ham bac ba nén ham s y = f'(1-x*) phai la ham bac bon. Vi ham s6
nay c6 d6 thi d6i xting qua Oy nén hamsd y = f '(1 - xz) phai 1a ham trung phuong.
Dt h(x) =f'(1—x2) =ax* +bx* +c (a > O).
Taco h’(x) = 4ax® + 2bx .
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb
Do d6 thi y = h(x) co diém cuec tri A(2;-1) vadiqua diém B(1;1) nén ta co:

2
a=z
W(2)=0  (32a+4b=0 9
h(2)=-1e116a+4b+c=-1< b:—%.
h(l):l a+b+c=1 23
T
, 2, 16 , 23 , 1
Suy ra h(x)zf(1_ 2)= 4_3x2+3 Taco g(x)zf(l—x—2]+;,(x¢0).

2 1 2 2(1 1
(X)==fl1-= |-S==| 2 f|1-= |-1].
g'(%) x3f[ xzj 2 xz(xf( xzj ]
Phuong trinh hoanh d6 giao diém ctia d6 thi yzg'(x) va Ox |é:g'(x)=0<:>lf'(1—i]=1.
X

bt 1,‘=l ta dugc phuong trinh t‘.f’(l—t‘z)=1:f’(1—x2)=1 (inO).
X x

4 —Exz +§=1@2x4—16x2—2+23=0.

Xét phuong trinh: f’(l—x2)=1<:>§x 5 5
x x x

Ta théy ham sd F(x) =2x* —16x? —2 + 23 lén tuc trén (0;+oo).
X

Co F| L |=—67,1598; F[ 2 =ﬁ;F(1)=O;P 4 :_%;p(g)zgg_
10 4) 126 3) 324

1 3 4 . . , n IR
Suy ra F(EJ.F(ZJ<O, F(l)—O, F(EJ.F(3)<O nén phuong trinh cé 3 nghiém phan biét
X, € (0;1), x,=1,x5€ (2;+oo).
Trén (—oo;O) dé dang nhan thay F(x) =0 c6 2 nghiém phan biét x, € (—3;—2), X5 € (—2;—1) do

F(-3)=44; F(-2)= ‘%? F(-1)=18.

=Y

Twr 6 suy ra phuong trinh: f '(1—x2) 1 ¢6 5 nghiém phan biét (minh hoa do thi). Suy ra
x

phuong trinh g’(x) =0 cd 5 nghiém phan biét.
Viay dd thi ham s6 y= g’(x) cit truc Ox tai 5 diém phan biét.
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Céu 10: Chon C
bit t = f2 (x)+ x?, (t > O) ta c6 phuong trinh

= (m?+2m+14)t+4(m+1) +36=0|
t=m"+2m+10

Véi t =4 hay fz(x)+x2 =4 fz(x)=4—x2 :>f(x)=\/4—x2 (Do f(x)ZO).
Sb nghiém cua phuong trinh f (x) =4 —x%1a sb giao diém cua dudng cong y=f (x)vé nua
duong tron C (O;Z)

Dua vao d6 thi ta thdy phuong trinh c6 4 nghiém phan biét.

Véi t=m*+2m+10 hay fz(x)+x2 =mz+2m+10<:>fz(x)zmzﬂL2m+1O—x2

= f(x)=m?+2m+10-x> (Do f(x)>0).

S6 nghiém cua phuong trinh 1a s6 giao diém cua duong cong y = f (x) va ntra duong tron

C(O; m2+2m+10)

(f2 (x)+x° )2 —(m2 +2m+14)(f2 (x)+x2)+4(m+1)2 +36=0 chi c6 6 nghiém phan bi¢t thi

phuong trinh f(x)=+m?+2m+10—x? chi c6 2 nghiém phan biét.Dua vao db thi ta co diéu
kienm? +2m+10>9 < m? +2m+1>0 < m = —1. Vay c6 4042 gia tri ciia m e L—2021;2021J .

Cau 11: Chon A
Taco [4f(x)+2x*|-2m? +1=1 e [af (x)+2x*|=2m? (1)

Xét ham s6 h(x):4f(x)+2x2,ta co h’(x)=4[f’(x)—(—x)].
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb
Dya vao do thi ham s6 f(x) va duong thang y = —x.

v

x=-3

Tathdy: I/(x)=0<|x=0 va h(-3)=4f(-3)+2(-3)" =1, 1(0)=0,
x=3
"2

(ERIEROE

Do d6 ta c6 bang bién thién ham sb h(x) nhu sau

R (x) — 0 + 0 - 0 +

hix) \\\\H\ »’// \\‘\ /

Tir 6 suy ra bang bién thién ctia ham s ‘h(x)‘nhu sau

z —00 T1 -3 0 T2 +0o

(=23 33 =

W(z) - - 0 + 0 -
+oo 0
h(z) \ / \ 2 /
-1 )
9

Ih(o) \U/ \0/?\0/
29

2

R

2

Do d6 dé phuong trinh (1) c¢6 dung hai nghiém thyc thi 2m?* > 2—29 =

. , . 13<m<49
Ma m 1a s6 nguyén thudc (—50;50) nen [ 4

. Vay c6 94 s6 nguyén m thoa man.

Cau 12: Chon A
Taco f'(x)=3ax2+2bx+c.
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Céu 13:

f(-1)=0 " (3a-2b+c=0 a=1
Tir bang bién thién ctia ham s y:f(x),tacé ( ): Sa+2b+e=0 = b=0
f(-1)=4 —a+b-c+d=4 " |c=-3
()= a+b+c+d=0 d=2.

Do d6 yzf(x):x3—3x+2:>f( ) 2.

Tir bang bién thién cia ham s6 y = f(x) suy ra bang bién thién ciia ham s6 g(x)= f(x—1) nhu
Sau

Ta cling c6 g(l) = f(O) =2 va phuong trinh g(x) +2=0 c6 duy nhat mot nghiém x=a<0.

Ttr bang bién thién ctia ham sb g( ) ta suy ra bang bién thién ctia ham s6 h ‘ flx— 1 + 2‘

nhu sau

N

Do d6 phuong trinh ‘f(x - 1) + 2‘ =m €0 4 nghiém thoaman x, <x, <x, <1<x, khiva chikhi

4<m<6.

Chon D

st {2

£(0)=4 C—4 , x) 4352
R I B

—2(x—1)2 (x+2)

= h’(x =

(x+1)2
L S e 20 (F()+2)f ()
ba g(x)—mﬁg(x)— (f(x)+1)2
f(x)=1 x=a(a>2)

8'(x)=0© f(x)=—2<:> x=b(b>a)
f'(x):O x=0,x=2
g’(x) khong xéc dinh <:>f(x)=—1<:>x=ce(a;b)
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

Cau 14:

Céau 15;

X |- 0 2 a c b

0
_24\
Jy-/ -0

© cm<-24=me {-35;-34;...;-25|

g2'(x)

-12

+ = 0 + 0 +
00
5 \ /
=316
—00 9

8(x)

Phuong trinh g(x) =m c6 5 nghiém phan bi¢t

Chon B

Dit t = f(x). Tirdo thi y = f(x) ta co:

Véimdi t<1 tacoé mot x am, véimdi t>1 tacéd mot x duong.

t t+1 t+2
+ +

Phuong trinh (*) tré thanh: = |t - 2| —t+m
t+1 t+2 t+3
- t +t+1+t+2+t—v—4:nﬁﬁﬂ
t+1 t+2 t+3
. t t+1 t+2
Xeét g(t) = + +t—t=2[; TXD: D=(—00;-3)u(-3;,-2)u(-2;-1)u(-1;+0) Ta
8t) t+1 t+2 t+3 | ( ) ( ) ( ) ( )
. 1 1 1 t-2|-t+2 .
co: g'(t) = >+ >+ >+ >0,VteD vat#2.
(417 (e+2) (b+3) -2
Ta c6 bang bién thién ctia y = g(t):
t |—co -3 -2 -1 1 +00
20] B + -~ +
+o0 +00 +o0
y=m /5
g(t) 23
12
—CO —00 —00 —0o0

Yéu cau bai toan <> Phuong trinh (**) c¢6 diing 3 nghiém nho hon 1 va 1 nghiém 16n hon 1.

23
& —<m<5b
12
Vay c6 3 gia tri nguyén cua m thoa man.
Chon D
x-1)=———— o m=(x*-6x+12) f(x-1).
f( ) x* —6x+12 ( )f( )

it x—1=t va g(t)=(£ —4t+7)f(t). Véi x[2;4] thi te[1,3],
Yéu cau bai toan tré thanh tim gia tri nguyén ctia tham sé m dé phwong trinh m = g(t) ¢6 nhidu
nghiém nhat trén doan [1;3] : g’(t) = (2t —4)f(t)+ (t2 —4t +7)f'(t) .

Vi f(2)=0 nén f'(t)=(t-2)h(t),suyra
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g/(£)=(2t—4)f(t)+(* —4t+7)(t-2)n(t)= (t—2)(2f(t)+(t2 —4t+7)h(t))
Tir bang bién thién ta c6 dugc 1(t)<0,Vte[1;3] nén 2f(t)+(t2 —4¢ +7)h(t) <0,vte[1;3].

Ta c6 bang bién thién:

’
—3
g9
_2/ \12

Vay voi m e [—12; —3) thi phuong trinh di cho c6 nhiéu nhit 2 nghiém phan biét.

Téng céc phan tir cia S 1a —72.
Céu 16: Chon B
flx)=(m+1)£(x) (1)
Ta co:
f/(x)=(x=2)(x=3)...(x —2022) + (x—1)(x = 3)(x = 4)...(x ~2022) +... + (x —1)(x - 2)...(x —2021)

Nhan thay véi moi m phuong trinh (1) khong c6 nghiém trong tap {1 ;2 ;...;2022} .

Suy ra (1)<:>M=m+1c> 1 41 =m+1(2)
£(x) x-1 x-2 x—2022

L £, 1 1 1

Xét ham so: g(x)—x_1+x_2+...+x_2022
-1 -1 -1

Q'(x)= + +.+ <0,Vx¢i1;2;...;2022

) (x-1)° (x-2)°  (x-2022)° { }

r | T 1 2 2022 +oo
g'(x) - — _
H-00 +oo

—00 —00

Vay phuong trinh (1) ¢6 2022 nghiém phan bié¢t < phuong trinh (2) ¢6 2022 nghiém phan biét
< m#0. Suy ra c6 4044 gia tri nguyén cua m thudc doan [—2022 ;2022] dé phuong trinh
f'(x)=(m+1) f(x) c6 2022 nghiém phan biét.

Cau l7: ChonB

Taco: m(x+4)Vx* +2 =52 +8x+24

2
o m(x AN +2=4( 42) ¢ (xraf om=EF2 L I (s gy (r)

x+4 Va2 +2

Pat t= % p()e— 2T ()20 x =t va H(—4)=0.
\/x2+2 ) (x2+2)\/x2+2 () 2 ( )
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb
Bang bién thién:

X —en —4 1 +00
2
t'(x) + 0 -
t(x) t=t, 3
0 1
-1

Tir bang bién thién ta suy ra: f e (—1;3] \ {0} , Vé’i_ ty € (1;3) thi phuong trinh t(x) =t, cho ta hai
nghiém x va t e {3} u(—l;l] \ {0} thi phuong trinh t(x) =t, cho ta mot nghiém x.
Khi d6 phuong trinh (*) < m = %+ t=f(t) voi te(-1;3]\{0}.

2
, - t=
Ta co: f'(t):l—iz:tt24:0©t2—4:0<:>[t

Bang bién thién:

T —00 -2 -1 0

S /D//

f(®

2 3 +00

I

A\

)
N

-3

™

—od

1
).

Tir bang bién thién ta nhin thay f(¢)=m c6 nhiéu nhat hai nghiém t, ma mdi gia trj ¢ lai cho

ta nhiéu nhat hai nghiém x .Vay phuong trinh di cho c6 4 nghiém thyc thi phwong trinh

f(t): m phai c6 hai nghiém ¢, 6(1,'3) =X % m<§.

Viay me(él;%j. Suy ra a+b=2—35.

Céu 18: Chon D
Taco: y= f(—x) =—x°-2022x = —(x3 + 2022x) = —f(x) suy ra ham s6 y = f(x)1a ham 50 18.
Mait khac y' = f'(x) =3x% +2022 > 0, Vx € R hay ham s6 dong bién trén R
Luc d6 ta cd pt < f(Zm — $inx cosx —cos’ x) = —f(ZSinzx - Sm)
= f(Zm — sinx cos x — cos’ ) = f(3m - 2sin2x)
& 2m — sinx cosx —cos® x = 3m —2sin’x < 2sinx — sinx cosx —cos> x = m

= 1—cos2x—%sin2x—%(1+c052x) =m<sin2x+3cos2x=1-2m

1-10 1++/10

<m<

Phuong trinh ¢6 nghiém < 1+9> (1—2m)2 o 4m? —4m-9<0 < > >

Ta c6 4 gia tri nguyén cia m thoa man.
Cau 19: ChonD
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3
Dit t=-x-2=3f(t)=—t>—6t> =9t +m. Goi g(t):%—2t2—3t:>f(t)—g(t):%.

Taco g'(t)=—t"-4t-3=0< t:;
Dua vao bang xét dau cua y = f'(t) va y = g’(t) suy ra: f’(t)—g’(t) =0 @{iij} :
Khi d6 ta c6 bang bién thién ciia f(t) —g(t):

¢ -5 -3 -1 3

+ 0 - 0 +
2 40
F)—-g() / \ /
_B -1
3

Dua vao bang bién thién, phuong trinh c6 3 nghiém phan biét = —1< % <2=>-3<m<6.

Vay c6 8 gia tri nguyén m thoa man.
Céu 20: Chon B
Xét phuong trinh hoanh d6 giao diém giira (Cm) va truc hoanh:
2% —6x% +9x +m+2021=0 < x° —6x% +9x +2021 = —m .
(Cm) cit tryc hoanh tai 3 diém phan biét < duong thing y=-m cat d6 thi ham s
y= f(x) = x> —6x” +9x+2021 tai 3 diém phan biét.
Xét f(x)=x"—6x>+9x+2021.
Tap xac dinh: D=R.

Taco: f'(x)=3x*-12x+9.Cho f'(x)=0<

Béng bién thién
x | —x 0 X 1 X, 3 x 4 +c
i B 0 - 0 L+
| | I I I 40
, | 5/,2025 /{%D_‘Zﬁ
20217 N

—
ycbt < 2021 < —m <2025 < —2025 < m <—2021 va ta thidy cac hoanh d6 giao diém thoa
O<x; <l<x,<3<x,<4.

Cau 21: ChgonC
Phuong trinh hoanh d6 giao diém ctia (d) va do thi (C ) :

x3+2mx2+3(m—1)x+2:—x+2c>x3+2mx2+3(m—1)x+x:0
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

x=0

X2 +2mx+3m—2=0

1)

<:>x3+2mx2+(3m—2)x=0 @{

Véi x =0, ta c6 giao diém 1a A(O;Z).
(d) cat (C) tai 3 diém phan biét khi va chi khi phuong trinh (1) ¢6 2 nghiém phén biét khac 0.

2

3m—2%0 ””&5(*)

= = .
A=m?>-3m+2>0 m>2
m<1

Ta goi cac giao diém cua d va (C) lan luot 1a A(O;2),B(xB;—xB+2),C(xc;—xc+2) vGi
xp,%c 1a nghiém cta phuong trinh (1).

+ =-2
Theo dinh 1i Viet, ta co: 4 2 € "o
XpXe =3m-2

Ta c6 dién tich cuia tam gidc MBC la S, 5~ =%-BC-d(M,BC) =22,

Phuong trinh d dugc viétlaila: d:y=-x+2 < x+y-2=0.

Ma d(M,BC):d(M,d):'P’”_z'—i J2.

e 2

2§
Do d6: BC = ——AMBC =2'2*/5=4©Bc2:16.

d(M,BC) 2
Talai ¢6: BC? = (xc —x5) +(ve —vs) = (e —x5) +[(~xc +2)~ (x5 +2)] -

:(xc —xB)2 +(xB —xc)2 =2(xC —xB)2 =16<::>(xC —xB)2 =8

& (x5 +xc) —dxpxc =8 & (-2m)’ —4(3m-2)=8.

-0
o dm? -12m=0< {m , (thoa man). Vay 5={0;3} = 0" +3* =,
m =

Céu 22: ChonC
Xét phuong trinh hoanh do giao diém

X% +2mx? +(3m—4)x+2=-x+2 < x° +2mx’ +(3m-3)x =0

x=0
= Lz +2mx +(3m-3)=0
DE do thi (C) cat duong thang d tai ba diém thoa man bai toan, khi va chi khi
X% +2mx + (3m - 3) =0 co hai nghiém phan biét khac 0

{A'>0 {m2—3m+3>0
= = =
m=1

m=#1.
m#1

Goi x;;x, 1a nghiém phuong trinh 2+ 2mx+ (3m — 3) =0, theo dinh li Viet co

Xy +x, =-2m
XX, =3m—3
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Céu 23:

Cau 24:

Do B;Ced nén d(M,BC):d(M;d):M:\/E.

2
Dién tich tam gidc MBC bing 247 < BC =214 (1)
Khi d6 B(xl;—x1 +2);C(x2;—x2 +2) — BC = (x2 — X% —xz):> BC? = 2(xl —xz)2 (2)
Tur (1) va (2) taco
56=2(x1 +x2)2 ~8x,.x, & 8m* -24m-32=0 & m’*-3m-4=0m=-Lm=4.
Vay c6 1 gia tri nguyén duong ctia tham sé m thoa man bai toan.

Chon C
Puong thang d c¢6 phuong trinh 14 y = 4x +8

Phuong trinh hoanh do giao diém cua duong thing d va do thi (C) I
% =2(m=1)x* +2(m® ~2m)x+ 4m® = 4x+8 (1)
& 2% =2(m=1)2" +2(m” ~2m=2)x +4m” -8 =0

& (x+2)(x2 —2mx+2m? —4):0 = l:xz ~2mx+2m" 4 =0 (2)
x+2=0
Pé duong thang d cat d6 thi (C ) tai ba diém phén biét < (1) c6 ba nghiém phan biét
& (2) c6 hai nghiém phan biét khac -2
m#0

{4+4m+2m2—4¢0 {m;tO
= S<m#E-2 p=

AN=m?-2m*+4>0

*
) 2<m<?2 (*):
4-m*°>0
Khi d6 d cat do thi (C) tai ba diém phan biét c6 hoanh do Xy, Xy, Xy, glA ST Xy =-2, x;,X, la
. n , . . P . Xy X, =2m
hai nghiém cta phuong trinh (1) . Theo dinh ly Viet, ta c6: < ,
XX, =2m” -4
Taco P=xx, —2x, —2x; = x;X, —Z(x1 +x2) =2m* —4m—4
Xéthamsd f(m)=2m* —4m—-4 Vme(-2;2),m=0

f'(m):4m—4; f’(m):0<:>m:1.

Lap bang bién thién
x | 2 0 1 2
V' - - 0 4
12 -4 —4
y \ \ /
-4 -6

Vay gié tri nho nhét ciia P =6 khi m=1.
Chon D

Phuong trinh hoanh d¢ giao diém: 2x +11 =-3x+m, x#1.
x J—
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Cau 25:

= 32" —(m+1)x+m+1=0 (*).

Dé (C) cat d tai hai diém phan biét thi (*) phai c6 hai nghiém phan biét khéc 1. Suy ra
(m+1)" ~12(m+1)>0 @{m<_1
3.1% —(m+1).1+(m+1)#0 m>11"

Khi d@6 A(xl,'—le +m), B(x2;—3x2 +m), Voi x; va x, la nghi¢ém cua phuong trinh (*) déng

m+1
X+ X, :T
thoi thoa man
o = m+1
1%2 3

Tam gidc OAB vudng tai O nén OA.OB=0 < 10x,x, —3m(x1 +x2)+m2 =0

-10 b=10
<:>7m+10=0<:>m=7(TM):> .Vay a+2b=27.
a

Chon D

D6 thi ham sé yzf(x) cO tiém can ngang: y=—1:>£=—1:>a=—c (1)
c

D6 thi ham sb yzf(x) c6 tiém can dung: lez—g=1:>d=—c (2)
c

Ta co: f(0)=1:>2=1:>b=d (3).

T (1),(2),(3) suy ra f(x):i_i’ nén f(xz)

_1+x2
1—x2.

Phuong trinh hoanh d6 giao diém ctia 2 d6 thi ham s6 y = f (xz) va y=mx+1:

2
1+x2 =mx+1<:>(1+x2)=(mx+1)(1—x2),do x = £1 khong phai nghiém.

1-x
x=0
<:>x(mx2+2x—m)=0<:> )
g(x):mx +2x-m=0
DE 2 d6 thi cat nhau tai 2 diém phan biét M,N c6 hoanh do khac 0 thi phuong trinh g(x)=0
A">0 1+m?* >0
=
g(0)=0

Goi x,x, 1a nghiém phuong trinh g(x) =0, khi d6 topadd M,N :

¢6 2 nghiém phan bi¢t khac 0 < { Sm=#0.

-m#0

M(xl;mx1 +1), N(xz;mx2 +1) .
Goi I 1a trung diém MN thi I c6 tung do:
1 1 1 2
=— + =—(mx,+mx,+2)==|m| —— [+2|=0.
Yo Z(J/M E/N) 2( 1 2 )2{(’%] }
Vay trung diém I cia MN ludn nam trén truc hoanh véi moi tham s6 m # 0. Vay c¢6 vo sd gia
tri nguyén ciia tham s m thoéa yéu cau bai toan.
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Céu 26:

Cau 27:

Chon A

Xét phuong trinh hoanh do giao diém cua (C ) va d: 2x +11 =2x+m (1)
X+

Diéu kién x = -1
V6i didu kién x # —1 phuong trinh (1) < 2x* +(4-m)x+1-m=0 (2)
Phuong trinh (2) c6 A=m? +8>0,¥Ym e R va x = -1 khong 1a nghiém ctia phwong trinh (2) nén

d cit (C) tai hai diém A va B phan biét v&i moi s6 s6 thuc .

. 2x+1 . 1
Taco Y= =Y = >
x+1 (x + 1)
m—4
XXy =——
Goi x,x, la hai nghiém cta phuong trinh (1), theo Viet ta co . 2
—-m
Xy X, =———
1+%2 >
A A r 5 A A 5 . Y A \ 1 1
H¢ s0 goc cua ti€p tuyen cua (C ) tai A va B lanluotla k, = 5 ky = 5
(xl +1) (x2 + 1)
. ) 1 1
Taco k;, >0,k, >0; k .k, = = =4.

(x1 +1)2 .(x2 +1)2 (xl.x2 +x;+ X, +1)2

p= (k1 )2022 + (k2 )2022 >0 '(klkz )2022 _ 22023

= P dat gia tri nh6 nhat bang 2°°* khi k2 = k22 < k, =k, < (x1 +1)2 = (x2 +1)2 3)

Vi x, = x,, nén (3) c>xl+2=—(x2+2):>x1+x2=—4:>mT_4=—4<:>m=—4. Vay m=-4

thoa man dé bai.

Chon D

Ta cO phuong trinh hoanh d¢ giao diém cia dd thi (Cm) va duong thing y=5 Ia:
x* —2mx? +3m+15=5 < x* —2mx? +3m +10 :O,(l).

bat t = x2t>0 , ta dugc phuong trinh 2 —2mt +3m+10 = 0,(2).

Do thi (Cm) cét duong thing y =5 tai 4 diém phan biét khi va chi khi phuong trinh (1) c6 4
nghiém phén biét khi va chi khi phuong trinh (2) c6 hai nghiém duong phan biét khi va chi khi

, m<—2
A;O m?—3m-10>0 ||m>5
——>0<4{2m>0 Sim>0 c>m>5(*)
v 3m+10>0 10
c m>——
->0 3
a

Véi iéu kién (*) gia su phuong trinh (2) c6 hai nghiém phan biét tl,tz,(t1 <t, ) , theo dinh 1i Vi

. . |t +t, =2m s . ] n
ét ta co { 2 , khi d6 phuong trinh (1) ¢6 4 nghiém x;,x,,x;,%, (x; <x, <x3 <x,)

t,.t, =3m+10

VOl X =— tz,xzz—\/?,x3=\/?,x4=\/g.Laicé Xy <3<, <9.
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Phuong trinh (1) ¢6 ca 4 nghiém déunhd hon 3 khi va chi khi PT (2) c6 hai nghiém théa méan

t-9)(t,-9)>0 @{tl.tz ~9(t; +1t,)+81>0

(t, -
9
hehs Q{(t1—9)+(t2—9)<0 t+t,—18<0

{3m+10—9.2m+81>0 m<%

=N =N 15 m<—.
2m—-18<0 15
m<9
, a=>5
Két hop voi (*) ta duoc 5<m<%.Tadugc b=91=a+b+c=111.
c=15
Céu 28: ChonD
Pt 1t =X e x =271 i 22 khi d6 phuong trinh £ 12X ]- 2L Z0 4o thanh
xX+2 2—t x+2 x+2

f(1-t)=t-m (*).
Nhén thy voi mdi nghiém £ #2 cta phuong trinh (*) ta c6 dugc mot nghiém x. Do d6 dé

1—xj_2x+1

+m=0 co ding 4 nghiém thi phuong trinh (*) c6 ding 4
xX+2) x+2

phuong trinh f (

nghiém f#2.
Ta thay d6 thi ham s6 y =t—m 1a mot duong thang song song v&i dudng thang y =t cat truc

tung tai diém (0;-m).

Tir d6 thi ta 6 phuong trinh (*) ¢6 4 nghiém phan biét khi —2 <m <2. Mat khic m eZ nén
me {—2; —1;0;1;2} =0 5 gia tri nguyén cua tham s6 m.
Céu 29: Chon A

x=2

Ta co: f'(x):0c>(x2 +1)(x+2)(x—2):0c{x=_2.

( )z(’jzLac2+12J(ac3s;ac)f[Jil

Co: g'(x 7

X 4412
4

0

Phuong trinh hoanh d¢ giao diém cua g’(x) va truc Ox la: g’(x)
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x=0

xziZ\/E

4

(’:—4# +12](x3 —8x) )
4

IEN , Z—4x2+12 +mJ:O<:> x =12
242?412 P
f' Z—4x +12/+m |=0
_x=i2\/§
_x4 _x4
\ Z—4x2+12 +m=2 Z—4x2+12=2—m(1)
Il —ax® +12l4m |=0 = =
4 x4 2 x4 2
Z Ax* +12+m=-2 Z 4y +12=—2—m(2)
4 4

. x=22
Xét ham h(x)=%—4x2+12,cé h’(x)=x3—8x,h’(x)=0<:> x=0

x=—2\/5

Suy ra ta c6 d6 thi ham y = ‘h(x)‘ nhu hinh vé:

Dé ham sb g’(x) ct truc Ox tai 11 diém phan biét khi va chi khi phuong trinh (1),(2) co 4

nghiém
4<-2-m<12 10<m<-2 )
m=—
| |—2-m<0 o lm=-2 @{ :>me{—30;—29,'...—14;—2}
m<-14
2-m=>12 m<-14

Suy racd 18 gia tri nguyén m thoa man yéu cau bai toan.

Cau 30: Chon C
Phuong trinh hoanh d6 giao diém

‘xa —3x—1‘ = ‘mx3 —6mx* +9mx—7m‘ = ‘xa —3x—1‘ = |m”x3 —6x7 +9x—7‘ ™

Xét hai ham s6 f(x) =[x’ ~3x -1

, g(x) = ‘x3 —6x% +9x —7‘ c6 bang bién thién trén [0;2] nhu

Sau:
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T 0 1 x5 2
F(z) + 0o - 0 +

3 1
#a) / \ /
1 0

x 0 1 2
g'(z) - 0

Bang bién thién:

+
7 5
3

x° —3x—1‘

Vi g(x)>0 nén (*) o | & h(x) =|m|.

‘x3 —6x2 +9x—7‘

‘x3 —3x—1‘

Ta ¢6 ham sb h(x) = lién tuc trén doan [0;2} va h(x) >0.

‘x3 —6x2 +9x—7‘

Phuong trinh (*) c6 nghiém x, € [0;2] khi va chi khi minh(x) < |m| < maxh(x)

[0;2] [0:2]
Vi f(xl) =0nén h(x) c6 gi4 tri nho nhat1a minh(x) = h(xl) =0
[0:2]
max f(x)
Vikhi x=1taco f(x) 16n nhét va g(x) nho nhat nén maxh(x) = h(l) = & =
[0:2] [ml? (%)
0;2

Vay phuong trinh (*) ¢6 nghiém x; €[ 0;2] khi va chikhi 0<|m|<1e -1<m<1
Két luan c6 3 gia tri nguyén ciia m thoa man.
Céu 3l: ChonD
Xét phuong trinh hoanh d6 giao diém cta hai d6 thi (Cl) va (Cz) :
(x—1)(x—2)(x—3)(x—4)(3[x| +m) = -3x> +30x* ~101x" +120x* - 2x - 50 (1)
Pé db thi (Cl) cét (Cz) tai 5 diém phan biét thi phuong trinh (1) ¢6 5 nghiém phan biét.
Voi x e {1; 2; 3;4} : Khong 1a nghiém cua phuong trinh (1).
Véi x ¢ {1;2;3;4} taco:
—3x° +30x* —101x° +120x” —2x — 50
(1) Sm= —
(x—l)(x—Z)(x—3)(x—4)
< m=-3x-3|x|+ t .t
x-1 x-2 x-3 x-4
1 1 1 1
+ + +
x-1 x-2 x-3 x-4

Suy ra: h'(x)=—3—3—x ! ! ! L

M -1f (-2 (-3 (e-a)
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Céu 32:

1 1 1 .
—6— - - - khi x & (0;+90)\ {1;2;3;4}
2 2 2 2
Ta Cé' hr(x): (x_l) (x_z) (x_3) (x_4) Va h!(x)
' 1 1 1 1 :
- 5 = - — khi x € (—0;0)
(x—l) (x—Z) (x—3) (x—4)
khong xéac dinh tai x =0.
Bang bién thién:
x | —w 0 1 2 3 4 +o0
e - - - -
0 +o +@ +ao 0
h(x) \ \ \ \
—0 - —0 —a0| —o

Dura vao bang bién thién ta thdy dé phuong trinh (1) ¢6 5 nghiém phén biét thi m < 0. Do d6 c6 2022
gi4 tri nguyén ctia tham s6 m thoa man yéu cau bai toan.

Chon C
, A _5”(5”+5)+5”(5“+5)_ 25" +5(5" +5)
R e O | R e E e
25" +5(5" +5)

Taco f(u)+f(v)=1e =15’ =25 u+v=2.

57 +5(5" +5%)+25

Luc dé f(x3+3mx2+3m2x)+f(m3+m+1—%/x?)=1

& (x4 3m? 4 3m%x )+ (m o+ 1-Yv1) =2 & (2 +3ma® + 3w+ ) = Yr+1+1-m
o (xm) =Yxt1+1-me (x+m) +(x+m)=(x+1)+¥x+1

& g(xrm)=g(Yx+1) (+)

Xét g(t)= £+t = g'(t) =3t2+1>0,Vt. Do d6 (*) osm=3Yx+1-xxe [0;+oo)
1

Xétham sé h(x)=3/x+1-x,xe[0;+»). Taco h'(x)= ~1<0,Vx e[ 0;+).
3Y(x+1)’
Béng bién thién:
x 0 +00
H(x) -
1
h(x) \ 0

Vay yéu clu bai todn <> m < 1—2SIA0mE L, o {—9;—8;...;—1;0;1}.

1
Do d6 Z (X)=-44.
X=-9
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Céau 33: ChonB

Xét f(x)=x*"'+2021x. Tachang minh ham f(x)=x*""+2021x la ham I& va ting trén R.
Taco tap xac dinh D=R, Vxe D= -xeD.

f(=x) = (=)™ +2021(~x) = —(¥*?! + 2021, do d6 f(x) laham s6 l¢.

Tacod f'(x)=2021.x""+2021>0,Vxe R, nén f(x) laham s ting.

Yeu ciu bai toan f(m—-2020)+ f(2021m—5°) <0 < f(2021m-5") < —f (m-2020)

& f(2021m-5%) < f[~(m—2020)] (do tinh chat ham le).

< 2021m —5° < —(m—2020) ( do tinh dong bién cua ham s6 Vx e R ).

o 2002m <5° +2020 e m < 5+ 2020
2022
Do m, 1256 16n nhét trong cac s6 nguyén m nén m, ={%} =194 .
Céau 34: ChonD
Cach 1: Phwong phap ghép truc
[x=0
x=x
bat u=cosx e [—1;1] Vi xe {0;97”} nén u' =—sinx=0<|x=2r
x=37
| x=4r
X 0 T 2m 3T 4 9_’T
2
u=cosx| 1 0 -1 1 0 —1 0 1 0
t=flu)| 2 0

(3%

y=/1t)

1 2 1
N
0

1 o12 1012 1012 10
O/V\OW\OW\

Tir bang bién thién suy ra tong sb nghiém phuong trinh da cho 14 9.
Céch 2: Ty luén truyén thong

f(cosx)z—l
f(cosx):l
Truong hop 1: f(cosx):—l. Dat t=cosx,te[—1;1]

Tl bang bién thién ta suy ra: f(f(cos x)) =2 !

Khi d6 phuong trinh f(cosx) =-1 tr¢ thanh f(t) =-1,véi te [—1;1] :
Dy 1a phuong trinh ¢6 hoanh d¢ giao diém cua do thi ham s6 y = f(t)va duong thang y =1.

t=a<-1

= phuong trinh v6 nghiém.
t=b>1

Dua vio bang bién thién, ta co f (t) =-le {
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Céu 35:

t=me (—oo,'—l) (loai)
t=ne (—1;0)
t=pe (0;1)

t=qe (1,'+oo) (loai)

Truong hop 2: f(cosx)=1.Dit t=cosx, te[-1;1]; f(t)=1<

Véi t =ne(-1;0)
Ung v6i mdi gid tri t e (—1;0) thi phuong trinh cosx =t €0 4 nghiém phéan biét thudc {0;97”} :
Véit=pe (0;1)
Ung v6i mdi gid tri t e (0;1) thi phuong trinh cosx = ¢0 5 nghiém phan biét thudc {0;9?71 .
Hién nhién, 9 nghiém trong nhimg truong hop trén déu khac nhau.

Vay phuong trinh da cho ¢6 9 nghiém thudc doan {0;97”} .

Chon A
1

13 I3+ L 3%In3> 0, Vx>0
xIn3 X2

Taco f'(x)=

= Ham s6 y = f(x) dong bién trén (0; +) (1).

1 1
Mit khdc f| L |=log. L+3% —3% = —| log. x—3% +3% | =— f(x). khi dé
. 83x 83

f(m]+f(x2—4x+7)=O<:>—f(4|x—m|+3)+f(x2—4x+7)=0
<:>f<4|x—m|+3):f(x2 —4x+7) (2)

_ 2 B
Ti (1>,(2):4|x—m|+3=x2-4x+7©m;x§++48x 4

Ta c6 d6 thi sau:

\ Yy J,‘ y =4m

12|
h(z) = z? +4\
4

Q
H]
|

dm=4 m=1
Theo yéu cau bai toan twong duwong | 4m=8 < |m=2.Vay 1> +2%+3% =14.
4dm=12 m=3

Chinh phuc vén dung — van dung cao ndm 2023

Céau 36: Chon B

Ta co: 4|x+m|(x2+2mx+m2—3)+9x+120 <:>4|x+m|[(x+m)2 —3}+9(x+m)+1—9m=0
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o dlx+m ~12[x-+m|+9(x+m)+1=9m. Dat t =x+m.
Phuong trinh tré thanh: 4|t‘|3 —12|t| +9t+1=9m.

Xéthamsé f(¢) =4[ —12]|+9t+1, teR.

42 —3t+1, t>0 , 12t -3, t>0
f(t): 3 :f(t): 2 '
—4t° +21t+1, t<0 12t +21, t<0

1
f==—
' + ’ - ! . ' 2
£(07)= £(07)= 2£(0); £1(t)=0 G
)
Bang bién thién:
t |—o0 —g 0 % 400
f(t) - 0 + - 0 +
+00 1 +00
1) / \ /
1-7TV7T 0

Phuong trinh ¢6 4 nghiém phén biét <> phuong trinh c6 4 nghiém phan biét

< d6thihamsb y = f (t) cat duong thang vy =9m tai 4 diém phan biét

@9me(0;1)c>me 0;1 . Vay a=0;b=1:>b—azle O;1 .
9 9 9 3

Cau 37: Chen C

£(x) =4
‘f(x)‘ —m+3
Do céch ly d6 thi ham sé y = ‘ f (x)‘ tir 46 thi ham s6 y = f (x) nén ta thay phuong trinh

Phuong trinh da cho twong duong véi ‘f(x)‘z —(m+ 7)‘f(x)‘ +4m+12=0 < {

‘f(x)‘ =4 c06 3 nghiém phéan biét x;, x, =1,x;.

Ay

-1 o 2

Viay dé thoa mén bai toan thi ta phai c6 phuong trinh ‘ f (x)‘ =m+3 cobdn nghiém phan biét va

cac nghiém nay khac véi ba nghiém x,, x, =1,x; ¢ trén. Khi d6 ta phai co
O<m+3<4<-3<m<]1.

VimeZ=m=-2,m=-1,m=0.Do dé cé tong la —2+(-1)+0=-3.
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Céu 38: ChonD

, x:%\/t+1,(x>0) ft)= Ja
Pit t=ax’*-1,(t>-1) o * ==(t+1) < ‘i = b tj_l
a
x=——=+t+1,(x<0) (t)=——Y2
Ja / bt +1
\ , J Ja
V& thém do thi ciia hai ham s0 ¢(x) = ———;h(x) =—
8 bNx+1 byx+1
y
glz) f(z)
| If Sy
1
Il \\ ?’ v
9 L/,,J— , ;-,
— N
4
h{z)
(<1 £<1
Phuong trinh da cho c¢6 7 nghiém khi 3 V2b o <2b s a<2p?
h(3) > —— _ﬁ 3
2b 4

15
Néu 2p? >15:>be{3,...,15}:>ae{1,...,16—b}:>2(16—b) =91 = c6 91 cap.
b=3

b=1=a<2=a=1

Néu 2 <15 :>{ = ¢6 8 cap. Vay ¢6 99 cip sd (a;b)thoé de.

b=2=a<8=uae{l,...7}
Céu 39: ChonC
Xét phuong trinh hoanh d6 giao diém cua (C;) va (C,)
(x+1)(2x+1)(3x+1)(m+2|x]) = ~12x* - 22x" —x* +10x +3 (1)
Dé (C,) ¢t (C,) tai 3 diém phan biét thi (1) c6 3 nghiém phan biét.

Vi {—1;—% ;—%} khong phai 1a nghiém phuong trinh (1) nén

—12x* —22x% —x* +10x+3
(x+1)(2x+1)(3x+1)

Sm=-2x+ 1 + 1 + 1 —2|x|(2)
x+1 2x+1 3x+1

1 1 1

(1)em= + +
x+1 2x+1 3x+1

—2|x|=—2x+ —2|x|

(2) 13 phuwong trinh hoanh d¢ giao diém cua hai d6 thi ham sb y=m va
1 1
+ + ~2lx].
x+1 2x+1 3x+1
S6 nghiém cua phuong trinh (2) bang sb giao diém cua d6 thi ham s6
VI S S —2|| va dudng thing y =m
Y x+1 2x+1 3x+1 &g y=m-

935 | Facebook tac gid: Phan Nhét Linh - SPT: 0817.098.716

y=-2x+




Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

Xét y=-2x+ 1 + 1 _2|x|,Te}pxécdinh:D:]R\ _1;_1;_1'
x+1 2x+1 3x+1 2" 3
]/':_2_ L > 2 5~ 3 2—2£<O, Vx;«r&O,'—l,'—l;—l
(x+1)  (2x+1)7 (3x+1) 2" 3
Bang bién thién
1 1
S -1 3 2 +00
y - - - .
T +00 F00
Y 0\ \ \ \
—00 —00 —0Q —00

Phuong trinh (2) c6 3 nghiém khi m >0.

Két hop véi dé bai, ta cd m € {0;1;2;...;2020} . Vy 6 2021 s6 théa diéu kién bai toan.
Céu 40: Chon A

Phuong trinh hoanh 9 giao diém: x(x—2)(x—3)(m—Ix!)=x*-6x> +5x* +11x—6 (*).

Vi x=0, x =2, x =3 khong phai 1a nghiém cua phuong trinh (*) nén

xt—6x3 +5x* +11x -6

(*)<:>m—|x|: x(x—2)(x—3)
2 3 1 2 3 1
<:>m—|x|=x—1——————<:>m=x—1—————— |x|
x—-2 x-3 «x x-2 x-3 «x
2 3 1
2x-1-———————=khix>0
Xeétham 6 f(x)=x—1-—2———>—L|y_ x-2 x-3 x
o2 oEmd -2 o2 L ieco
x—-2 x-3 «x
2 3 1 .
2+(x_2)2+(x_3)2+x—2 khi x>0
f'(x)= . Khi f’(x)>O,Ver{0;2;3}.
2 3 1
( 2)2+( 3)2+x_2 khi x <0
x— x—

Bang bién thién cua f (x) ;

x —o0 0 2 3 +00
/(%) + + + +
+00 0 +00 +00
-1 —0o0 —00 —o0

Phuong trinh (*) c6 4 nghiém phan biét khi m > -1.
Vi m nguyén va thuc doan [-2020;2020] suy ra me{0;1;2;...;2020} nén c6 2021 gia trj

nguyén cua m thda man.
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Céau4l: ChonC
Tir d6 thi ham s6 y = f(x) ta suy ra d6 thi ham s6 y = f(|x|) nhu sau
yh

2

VA VA

Phuong trinh ‘ f (|x|)‘ = %mz - ém‘* c6 8 nghi¢m phan biét khi chi khi

0<3m2—lm4<1@0<18m2—m4<81
9 81
2 #13
m*—18m? +81>0 _ |(m*=9) >0 "
4 18 <0 = 2 = sm#0
m — m- < _
m(m 18)<0 —3x/5<m<3«/§
Vi meZ nén me{—4,'—2;—1;1,'2;4}.
Céu 42: ChonD
Céch 1:
-, x=0
X f)=0 £x)=0 (1)
X f(x)=ae(0;1)

Taco f(xzf(x))+2=0 & & f(x)=iz,a€(0;1) (2)

)

)=a
xzf(x)=be(2;3) X
P f(x)=ce(34) fx)= xiz be(2;3) (3)

f(x)zx%, ce(34) (4)

2k

Xét ham s6 g(x) = %(k >0), Taco g'(x) = -=
X X

Bang bién thién
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Chuong 1: Ung dung dao ham dé khao sat va vé dd thi ham sb

X —o0 0 +o0

g'(x) + -

+w || too

g() / \ i

0

D6 thi cia f(x) va g(x) dugc mo ta nhu sau:
y

=2

Do d6 ta co:,, va mdi phuong trinh c¢6 2 nghiém phan biét.
Suy ra phuong trinh da cho c6 9 nghiém.

Céch 2:

- x=0

¥ /=0 f(x)=0 M

= 0;1

Tacod f(xzf(x))+2:0 & ;?ESZZEEZ;) = f(x)—x%:o,ae(O;l)(Z)

P f(x)=ce(34) f(x) —% =0,be(2;3) (3)

X
£(x) —xiz =0, ce(3;4) (4)

c6 2 nghiém phan biétla x=a <0,x=>3.
Xét ham s6 g(x)=f(x)—%(k>0) co g'(x):f'(x)+2_§.Ta co:
x x

Khi x e[ a; 4] thi g(x) <0 nén cac phuong trinh, va khong c6 nghiém x e[ «; £ ].

lim g(x) =+

lim g(x) = —Lz <0 = Mbi phuong trinh, va chi c6 dung mot nghiém x e (—oo;a)
x—a (04
g'(x)<0,Vx e(—w; )

lim g(x) = +oo
X—>+00

lim g(x)=—§<0 = MBObi phuong trinh, va déu chi c6 ding moét nghiém
x—p*

g'(x)>0,Vx e(B;+x), >3
X e (,3, +oo)
Suy ra mdi phuong trinh,, va ¢ 2 nghiém phan biét.
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Vay phuong trinh da cho c6 9 nghiém.

Cach 3:

Taco f(xzf(x))+2=0 =

2 f(x)=0 (1)
Pfx)=acO;1) (2
¥ f(x)=be(2;3)  (3)

Cf)=ceB4) (4

Ta c6 c6 ba nghiém phan biét1a x=0,x=a <0,x=4>3.

Xét g(x) = xf(x) €O g'(x) = 2xf(x)+ x> f'(x)
Vo1 x e [a;ﬂ] thi ¢(x) = xzf(x) <0 nén,, khong c6 nghiém x e [a;ﬂ] .

Véi xe(—oo;a)taCéI g’(x)<0.VéVé’i xe(ﬂ;—i—oo), ﬂ>3,thi g'(X)>O néntacébéngbién

thién cua g(x)

X -0 o Jii +w0
g - 0o+
+oo +oo
&) x‘ 0 0 //’J

Do d6 cac phuong trinh,, déu c6 2 nghiém phan biét.
Vay phuong trinh da cho c6 9 nghiém phan biét.

Céu 43: Chon B

y=g(x)= f(‘ﬁ—‘xz —1‘D VGl g(x) = 1

Ta dit: t =v4-x%,Vxe[-2;2] thisuy ra yzg(t)zf(‘t—‘tz—?)

Suy ra: h(t)=t-

2021

),Vte[O;Z]
t2+t—3,te[0;x/§]
2 4 t+3,¢ e[\/E,-z} '

-

Tur d6 ta ¢6 BBT cua ham s6 h(t) nhu hinh v& bén:

{ 0 V3 2

W(t) + 0 -

| N

bat u = ‘t —‘tz - 3” thi ta cling c6 BBT cua ¢ nhu sau:
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

X -2 0 2

t 0 2 0

t— [t~ 3 -3 /3 1 /3 -3

e~ 1e - 3] 3 , ~ 3

/3 /3
0 0
3 a2
Nhin vao d6 thi y = f(x)trén ta c6 dugc = {f(x) =ax b tcx’a #0 =a= 2 >0
fM)=f(2)=0,f"1)=0 3

A 2 e A R A
Nhu vay tasuyra f(x) =§x(x—1)(x—2) . Ma ham s0 d6 co cuc tri bang —

)_ﬂ: _3+\3
9

ra f(xO = X0 =3

tai x =x, nénsuy

Nhuviy: £(3)=4, f(13)= “f[%q &

9

Tir d6, ta phac hoa duoc db thi y= f(u) Vol 1y = ‘t _‘t2 _ 3H nhu sau:

i AT /\ /
IRSFEVPVA:

4v3 4f 4f 43 4\/_
9

43 4v/3

y=f(u) 9 9

9

Dura vao hinh vé trén, ta két luan phuong trinh Q(x) = 121 c6 tat ca 10 nghiém phan biét.
Céu 44: ChonB
Do ham y = £(x) 1a ham bic bon, cét truc hoanh tai bén diém phan biét c6 hoanh d6 1an luot 1a

X <X,<¥3<x, VA limy=+ nén d6 thi ham y=f(x) ¢6 dang:

x—>to0

f(x)=a(x—xl)(x—xz)(x—xS)(x—x4).
Ta c0:
'y a(x x (=g ) (=0 )+ (=g ) (=05 ) (0= )
LA PP S N M T
Khi do: fl(x): 1 + 1 + 1 + 1 .

f(x) X=X X—X, X—X3 X—X,4

Suy ra:
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E I

(%) (x-x) (x-x%) (x-x) (v-x,)

Vx=x,i=1,..4
= y=f"(x).f(x)-[ f(x)] <0vreR.Ma y=2021" >0 VxeR.
Do d6 phuong trinh £7(x).f(x) —[f’(x)]2 =2021* v0 nghiém.

Céu 45: ChonB
.. ‘xz —3x‘ 2
Taco: 7 f(x —Zx):—Z (1)

Trudng hep 1: x° —3x>0 & x &(—0;0) U (3;+).
(1)< f(x2 —2x) =-2 (2).
S6 nghiém cua phuong trinh chinh 13 s6 giao diém cua duong thang d:y=-2va dd thi

(C):y = f(x). Dyavao hinh v&:

2 _ =
x°-2x=-1 <:>|:x 1 .(leg(—oo;())u(?)}-i-oo))

x2—2x=u, a>3

@)=

Xét @6 thi ham s6 y = x2 —2x:

x2—2x:a, a>3

Duya vao do thi trén suy ra phuong trinh x> —2x=a, a>3 ¢cO 2 nghiém phan biét x; <-1va

X, >3
Vay phuong trinh (1) ¢6 2 nghi¢m th6a man bai toan.

Truwong hep 2: ¥ -3x<0oxe (0;3) _
(1)< f(x*-2x)=2 (3).
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S6 nghiém cua phuong trinh chinh 13 s6 giao diém cua dudng thang dy:y=2 va d6 thi
(C):y = f(x). Dya vao do thi ham s6 y = f(x) da cho, suy ra:

x=-1
x=3
x?-2x=b,b<-1

_x2—2x:c,0<c<3

x*—2x=3
(3)<:> ¥} -2x=bb<-1 <

x2—2x:c, O<c<3

Dua vao d6 thi ham s6 y = x? —2x suy ra:

Khi x> —2x=b, b<-1 Vb nghiém.

Khi x? —2x =¢, 0 < c <3 ¢6 hai nghiém phan biét, chi c6 mot nghiém théa man x (0;3).
Vay phuong trinh (1) ¢6 1 nghi¢m th6a man bai toan.

Vay phuong trinh da cho c6 3 nghiém thyc.

Cau 46: ChonB
7(x) |+ -
1
/ y=0
U

‘x3—6x2+9x+3‘=0

f(‘x3—6x2 +9x+3‘)=0<:> ‘353—6x2+9x+3‘=1‘1 6(3;7)
‘x3—6x2+9x+3‘=t2 e(7;+oo)

it §(x)=x" 62" +9x+3. Tap xéc dinh D=R; g'(x)=3x"-12x+9; g'(x)z()@{x

Bang bién thién

le(x)| it T

N~ -
\/ 3
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Cau 47:

Vay phuong trinh f(‘x3 —6x? +9x+3‘) =0 ¢6 7 nghiém.

Chon D
Phuong trinh hoanh d¢ giao diém: X= L, x  x+l x+2
x x+1 x+2 x+3

Tap xéac dinh: D =R\ {-3;-2;-1;0}

=|x+2|—x—m.

Véi diéu kién trén, phuong trinh tré thanh
1 1 1 1

X x+1_x+2_x+3
1 1 1 1
P + +
x x+1 x+2 x+3

Xétham sd f(x)= 1,1 L L
x x+1 x+2 x+3

=|x+2|—x—m (*)

—4+|x+2|—x:m.

—4+|x+2|-x voi tap xéc dinh D. Tacd

1 1 1 1 xX+2
fllx)=——- - - + -1<0,vxeD.,
( ) x? (x+ 1)2 (x +2)2 (x+3)2 ‘x + 2‘
Bang bién thién
X —o0 -3 -2 -1 0 +0o0
re - - - - -
+a0 +0 +o] +o0 +0
7(x) \ \ \ \ >
—o0 —a0 oD oD

bé (C) va (G,) cit nhau tai dang 4 diém phén biét thi phuong trinh (*) c6 4 nghiém phan

biét. Tir bang bién thién suy ra tit ca cac gid tri m cantim1a m<-2.
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CHU DE a
——

UNG DUNG PAO HAM
DE KHAO SAT VA VE DO THI HAM $O

TIEP TUYEN CUA PO THI HAM SO

.Y/ 10MTATLY THUYET

Dang 1: Viét phuwong trinh tiép tuyén tai mot diém

Cho ham sb y:f(x)(C). Khi d6 phuong trinh tiép tuyén tai diém A(xo;f(xo))e(C) la
y=f(x)(x=x0)+ f(x).
Trong d6 x, duoc goi 1a hoanh d6 tiép diém: y, = f(x,) 1a tung do tiép diém va k= f'(x,) 1a hé

s& goc cua tiép tuyén. Piém A(x0 ;yo) duogc goi 1a tiép diém.

Dang 2: Viét phwong trinh tiép tuyén khi biét hé s6 géc

DE viét phuong trinh tiép tuyén cua o thi ham s6 y = £(x)(C) khi biét hé s6 goc 1a k :

X=X

X =Xg

Gidi phuong trinh k = f '(x) = = y(xl.) = Phuong trinh tiép tuyén.

ChU y: Cho 2 duong thang d, :y =k, x+b, VA d, 1y =k,x+b,

Khi d6 k,k, 1an lugt 1a hé sé géc cua cac duong thang d, va d, .

k =k,
b, #b,
= Néud, Ld, =k.k,=-1

= Néu dl//dza{

=  Duong thang d: y =kx+b tao voi truc hoanh mot goc a thi k =+tane .

Dang 3: Viét phwong trinh tiép tuyén biét tiép tuyén di qua mot diém

Céch viét phuong trinh tiép tuyén cta do thi ham sb biét tiép tuyén di qua B (a ;B )

Goi A(xo;f(xo)) € (C) .

Khi d6 phuong trinh tiép tuyén tai diém A cta (C) lay= f'(xo)(x—x0)+ f(xo)(d) :

Mat khéac d diqua B(a;ﬂ) nén g = f’(xo)(a —x0)+ f(xo) tir do giai phuong trinh tim x; .
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Dang 4: Tiép tuyén véi bai toan twong giao
e Viét phuong trinh hoanh d¢ giita do thi ham s6 y = f(x)(C) va duong thing d:y =ax+b . Goi
A(xi;axl. +b) 1a toa d6 giao diém khi do k; = f'(xl.) 1a hé sb goc cua tiép tuyén cua (C) tai diém
A.
Dang 6: Tim diéu kién dé 2 d6 thi tiép xiic véi nhau

e Cho2hamsd y=f(x) va y=g(x). D6 thi 2 ham s6 trén tiép xtc v6i nhau khi va chi khi

{f (x)=g(x)
f(x)=g'()

va nghiém cua hé phuong trinh nay chinh 14 hoanh d6 cua tiép diém.

I WA vibuMINH HOA

CAU 1. Phuong trinh tiép tuyén ctia d6 thi ham s6 y= 2xt1 (C ) tai giao diém cua (C ) véi truc tung la:
A y=-3x-1 B. y=-3x-3 C.y=-3x D. y=-3x+3
£ LOI GIAI

(x-1)

Do vay phuong trinh tiép tuyén la: y = -3x—1.

(C)nOy = A(0;-1). Laico y' = =y'(0)=-3

CAU 2. Cho ham s6 y= x>+ mx(C) . Tim gi4 tri ca tham s6 m dé khoang cach tir gbc toa do O dén tiép
tuyén tai diém c6 hoanh d6 x =1 cua (C ) bang 2 1

A m=-4 B. m=-5 C. m=-4 D m=-2
m=-1 m=-3 m=-2 m=0
& LOI GIAI

Véi x, =1=y, :1+m;f’(1):3+m . Phuong trinh tiép tuyén la: y :(m+3)(x—1)+m+1(d)

d(O;d)=M=x/§<:>(m+3)z+1=2c{m:_4.
(m+3)" +1 m==2

CAU 3. Cho ham s6 y=x*-2x-3. Viét phuong trinh tiép tuyén cta do thi ham s6 biét tiép tuyén song
song v6i duong thang y=24x-1.
A y=24x-48 B. y=24x-21 C. y=24x-45 D. y=24x-43

£ LOI GIAI
Do tiép tuyén song song v&i duong thang y = 24x—1 suy ra k, =24

Khido y' =4x’ —4x=24 < x=2=y=5.
Phuong trinh tiép tuyén 1a: y= 24(x—2)+5 =24x—-43.

CAU 4. Goi d 1a tiép tuyén c6 hé sb goc nho nhit ctia do thi ham sd y= §x3 —4x* +9x—11. Pudng

thang d xdi qua diém nao dudi day?

A. M(—S;Ej B. P(5;—3J C. N(z,-—Ej D. Q(—z;ﬁJ
3 3 3 3
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& LOI GIAI
Taco y :éx3 —4x* +9x - 11—y =2x* -8x+9,Vx e R.
Hé s6 goc clia tiép tuyén d cua do thi ham s6 tai M(x4;y0) 1a k= y’(xo) =2x; —8x,+9.
Mt khc 2x] —8x, +9 =2(x) —4x, +4)+1=2(x,-2) +12 1=k, =1.

Dau bang xay ra khi (xo —2)2 =0 x,=2=y, :—%.

Vay phuong trinh d la y+1—?’1=x—2<:>y=x—%:>l’(5,’—§}ed.

CAU 5. Cho d6 thi (C) Y= x* —3x?. C6 bao nhiéu sd nguyén b e (—10;10) dé c6 dung mot tiép tuyén
clia (C) di qua diém B(0;b)?
A. 15 B.9 C.16 D. 17

& LOI GIAI

Phuong trinh tiép tuyén cua (C) tai M(xo;xg - 3x§) co dang: y = (3xg -6x, )(x -X, ) + xg’ - 3xg
Do tiép tuyén di qua diém (O;b) =b= (3x§ - 6X, )(—xo ) + xS’ - 3x§ = —2x8 + 3x§
Pé co dung mot tiép tuyén cua (C ) di qua B (O; b) thi phuong trinh b= —2x8 + 3x§ ¢6 duy nhat mot

. =0=y=0
nghiém. Xét ham s6 y = -2x° +3x*> = y' =—6x* +6x=0 < g Y

x=1=y=1

b>1

Dua vao d thj ham sd suy ra PT c6 1 nghiém khi L 0
<

Vay be (—10;10) c6 17 gia tri nguyén ctia m thoa méan yéu cau bai toan.

CAU 6. Cho ham s6 y = f(x)=—-x° +6x> +2 ¢6 d0 thi (C) va diem M (m;2). Goi S 1a thp hop céc gia
tri thyc ciia m dé qua M c¢6 hai tiép tuyén véi do thi (C ) . Téng céc phan tir cua S la
20 13 12 16

A — B. — C. — D. —
3 2 3 3

& LOI GIAI
Goi A(a;-a’+6a> +2)e(C)
Phuong trinh tiép tuyén cua (C) tai A la: y = (—3&12 + 12a)(x—a) —a®+6a® +2
Do tiép tuyén di qua M(m;z) nén 2= (—3a2 +12a)(x—a)—a3 +6a%+2
a=0
(—Sa +12)(m—a) =’ —6a(*)
(*) & —3ma—12a+12m+3a’ = a* —6a < g(a) =-2a° +3(m+2)a—12m =0

& (—3a2 +12)(m—a) =a°-6a’ < {

Dé qua M ¢6 hai tiép tuyén v6i do thi (C) ta ¢6 2 truong hop.
g(0)=-12m=0 m=

WIN

Truomg hep 1: g(a)=0 c6 nghiém kép khac 0 Q{A 9(m+2)2 - O<:>
= - = m=6

Trudng hop 2: g(a) =0 c6 2 nghiém phan biét trong d6 1 nghiém bang 0 (v nghiém)
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2 20
Vay m=—m=6= » m=—.
dy m= > 3

CAU 7. Cho ham 86 y =x° ~12x+12 ¢6 do thi (C) va diém A(m;—4). Goi S 1a tap hop tat ca céc gié trj
thuc cua m nguyén thudc khoang (2;5) dé tir A ké duoc ba tiép tuyén véi do thi (C ) . Tong tat ca cac

phan tir nguyén cua tap S bang
A7 B.9 C.3 D.4

£ LOI GIAI
Goi M(a;a3 —12a+ 12) € (C), phuong trinh tiép tuyén tai M Ia:

y=(3a>-12)(x~a)+a’~122+12

Tiép tuyén di qua diém A(m;—4) khi —4=(3a2—12)(m—a)+a3—12a+12

& a®-12a+16+3(a-2)(a+2)(m-a)=0< (a—2)[ (a+4)(a-2)+(3a+6)(m-a)|=0
& (a-2)(-2a” +2a+3ma—6a—8+6m) =0

a=2
&
g(a):—Za2 +(3m—4)a+6m—8=0
Pé tir A ké duoc ba tiép tuyén voi dd thi (C ) khi g(a) =0 c6 2 nghiém phan biét khac 2

meZ;me(2;5)

4
2)=-8+6m—-8+6m—-8=0 m=>=
{g() " " 3 m=3;4:2m=7.

2 m<—4
A=(3m—4) +8(6m-8)>0
m#2

—x+1
7255 =1l
thi (C) tai hai diém phan biét A,B. Goi k,k, 1an lugt 1a h¢ s0 goc cua tiép tuyén voi (C) tai A va B.

CAU 8. Cho ham s6 y= (C) Chung minh rang véi moi m duong thang d: y=x+m ludn cit d6

Tim m dé tong k, +k, dat gié tri 16n nhat.

& LOI GIAI

Phuong trinh hoanh d6 giao diém la:

1 | i 1
x— —x+m<:>(x+m)(2x—1)——x+1 (Do x—E khong phai la

nghiém) < 2x* +2x—m—1= 0(*).

Tach: A'=m?+2m+2> O(Vx € R) — d ludn cit (C) tai 2 diém phén biét.

Xy +x, =-1
Goi x;,x, 1a nghiém cua phuong trinh (*) theo dinh ly Vi-€t ta co: —m—1

XX, =

1%2 5

2
- A(x, +x,) —8x;x, —4(x, +x,)+2
Khido k+x,=— L (31 +3) ~8x,3, ~4(x, 22)
(2X1_1) (2x2—1) [4X1x2—2(x1+x2)+1]

——4m? -8m—6=—4(m+1)’ —2<-2.

Do d6 k, +k, dat gid tri 16n nhat < m=-1.
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Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

CAU 9. Cho ham s6 y = ix‘* —%xz c6 d6 thi (C). C6 bao nhiéu diém A €(C) sao cho tiép tuyén cia
(C) tai A cit (C) tai hai diém phan biét M(xl;yl),N(xz;yz) (M, N khéc A) théa man

V1= Y :6(x1 _xz)?
A. 1l B.2 C.0 D.3

£ LOI GIAI
Tir gia thiét ta dwgc duong thang MN c6 mot vecto chi phuong u(1;6) :
Suy ra hé sb goc cua duong thing MN béng 6.

X, =3
Goi A(xy;y,) taco: f/(xy)=6< x5 -7xg=6<|x,=-1.
Xy =2

Ta dugc cac phuong trinh tiép tuyén tuong ing 13 y = 6x — 1%7 , Y =6x+ % Y =6x+2.

Kiém tra di€u kién cat tai 3 diém

, 1 4 75 14 75
Ta xét phuong trinh —x" ——x“ =6x+m < ¢(x)=—x"——x"—6xX=m(*).
phuong trinh —x* - g(x)=7x" -3 (*)

x=3
Khi do6 g’(x) =0 2’ -7x-6=0< | x =-1. Ta dugc bang bién thién sau:
x=-2
x —0 -2 -1 3 +o0
¥ (x) - 0 + 0 - 0 +

11
- +0
4
2

117

4
Duya vio bang bién thién suy ra m = 14—1 , m =2 thi phuong trinh (*) c6 ba nghiém.

Vay c6 hai diém A thda man yéu cau bai toan.

CAU 10. Cho ham s6 y = f(x)(C) x4c dinh trén R va théa man 2f(2 - x) + f(x + 1) = x” +2x. Tiép

tuyén cua (C ) tai diém c6 hoanh d§ x =2 di qua diém nao trong cac diém sau:

A (21) B. (1,—%] C. (2;?) D. [1;%}

& LOI GIAI
. 2f(2 1)=0 2)=-1
Thay x=0;x=1 vao d¢ bai ta c6: { f( )+f( ) @{f( )
2f(1)+f(2)=3 |f(1)=2
Pao ham 2 vé biéu thic: 2f(2—x)+f(x+1)=x2 +2x ta dugc: —2f’(2—x)+f’(x+1):2x+2(*)
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-2f'(2)+f'(1)=2 f’(2)=—§

Thay x=0;x=1 vao (*) ta dugc: { 3
—2f'(1)+f'(2)=4 £(1)= -10

3

Suy ra phuong trinh tiép tuyén tai diém c6 hoanh d6 x =2 c6 phuong trinh la:

8§ 13

y=—§(x—2)—1=_—x+—

3 3

Do d6 tiép tuyén cia (C ) tai diém c6 hoanh do x—2 di qua diém (1;2}.

BN WA BAI TAP TRAC NGHIEM

Céu 1:

Céu 2:

Cau 3;

Cau 4:

Cau 5:

Cho ham s y= x—_i 6 do thi 1a (C) va I(-1;1). Tiép tuyén A cua (C) cit hai duong tiém
X+

can cua dd thi ham sd (C ) lan luot tai A;B sao cho chu vi tam giac IAB dat gia tri nho nhat.
Khi d6 chu vi nhé nhat ctia tam giac IAB la

A 23+46 . B. 443 +26. C. 23 +2+6. D. 64/3 .

GBm+1)x—m?* +m

Cho ham s6 y = trong d6 m 1a tham s6 khac 0. Goi S la tap hop cac gié tri

X+m
thuc ctia m dé tai giao diém ctia d6 thi véi truc hoanh, tiép tuyén s& vuoéng goc véi duong thang
x+1y—2020=0. Khi d6 tong gié tri c4c phan tir thuoc S bang

6 1

A —. B. —. C. 1. D.
5 5

Ul o

Cho ham s y =2x° +3ax” +b ¢6 do thi (C). Goi A,B lan luot 14 hai diém phan biét thudc (C)
sao cho tiép tuyén cua (C ) tai A,B c6 cung hé sd goc bang 6 . Biét khoang cach tir gdc toa do
O dén duong thang AB bang 1. Gia tri nho nhét cua biéu thic 24> + (a + b)z bang

A 4. B.5. C.6. D.7.

Cho ham sb y = f(x) c6 dao ham lién tyc trén (0;+ oo) théa man f'(x—1)+

f(x—l) =3x+2

va f (1) = 6. Phuong trinh tiép tuyén ctia @6 thi ham sd y=1f (x) tai diém c6 hoanh d6 bang 3

la.
A y=-9x+7. B.y=9x-7. C.y=9+7. D.y=-"9x-7.

Cho ham s y = f(x) nhan gi trj duong va c6 dao ham lién tuc trén khoang (0;+ ), dong thoi

thoaman [ f(x)]"+3f(x)=x+3. Phuong trinh tiép tuyén ciia dd thi ham s§ y = f(x) tai diém

cOhoanh @6 x=1 la
1 4 1 6
A. y=5x+4. B.y=—x+—. C. y=-5x+9. D.y=—x+—.
y y 5575 Y y 5 75
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Chuong 1: Ung dung dao ham dé khao sat va vé dd thi ham sb

Cau 6:

Cau7:

Céu 8:

Céau 9:

Cau 10:

Cau 11;

Céau 12:

Céau 13:

Céau 14:

Goi S 1a tap hop cac gia tri cta tham s6 m sao cho parabol (P):y = 4x* +(m—2)x—3m cht dd
thi (C):y =2x>-3x% +3 tai ba diém phan biét A, B, C(3;30) ma tiép tuyén voi (C) tai A va

tai B vudng goc voi nhau. Tinh tdng cac phan ti cua S.

A -1. B. 1 C.2 D.5.

Cho ham sb y = 2 _11 c6 dd thi (C ) Diém M (a ;b) v6i a>0 sao cho khoang cach tir diém
X+

1(~1;2) t6i tip tuyén ciia (C) tai M 1a 16n nhét. Khi d6 a+b bang

A —1. B. 1. C. V3. D. 24/3.
x+2

Cho ham s y= c6 dd thi (C) C6 bao nhiéu diém M thudc truc Oy, c6 tung do la $6

x-1
nguyén 4m va thoa mén tir diém M ké duoc 2 tiép tuyén toi do thi (C) sao cho 2 tiép diém
tuong Gng nam cung mot phia cta truc Ox ?

A. 1. B. 2. C. 3. D. 4.

Cho ham s6 y = f(x)=x° =3mx® —2mx+16m—7 c6 dd thi 1a (C,,). Goi M 1a diém cb dinh
c6 tung do nguyén cua (C,, ) va A la tiép tuyén cua (C,,) tai diém M . Goi S la tap cac gia

tri ctia tham s6 m dé A tao véi hai truc toa d6 mot tam giac can. Tinh tong cac phan tir cia S .

Al B.O. c. 12 p. 11

7 7

Cho ham s6 y = x+1 s b thi (C). Goi M 14 diém nam trén d6 thi (C) sao cho tiép tuyén ctia

x
(C) tai M tao voi hai truc toa do mot tam gidc co tam duong tron ngoai tiép nam trén dudng
thang A:3x—y=0. Tinh d¢ dai doan thing OM, biét diém M c6 tung d6 duong.
A. OM =+/34 . B. OM =+/5. C.oM=7. D. OM =5.

Tiép tuyén bt ki ctia b thj ham sé = 2 -
X+

cung véi hai tiém can tao thanh mdt tam giac cé
dién tich bang

A. 35. B. 39. C. 32. D. 33.

Cho ham s6 y = £(x) xéc dinh va c6 dao ham trén R thoa man [f(8x+1)]2 +[F(1 —x)T =x.
Viét phuong trinh tiép tuyén ciia d6 thi ham sé y = f (x) tai diém c6 hoanh d6 bang 1.

A. yzlx—g. B. yz—lx—E. C. yzix—l—S. D. y:—ix+§.
21 21 21 21 21 21 21 21

Chocachamsd f£(x), g(x) c6 dao hamtrén R vathoa man f(X+3) = g(x)+x2 —10x+5 véi
moi x e R . Biét f(4)= f'(4)=>5. Tiép tuyén cua ham s y = ¢(x) tai diém c6 hoanh d6 x=1 la
A y=13x-4. B. y=-13x+4. C. y=-13x-4. D. y=13x+4.
Cho ham s6 y=f (x) c6 dao ham trén R va théa man phuong trinh
f2 (Z—X) = X—l—f3 (x),‘v’x eR. Goi (d):y=ax+b la tiép tuyén cua do thi (C) cua ham 5O
y=f(x)tai x=1.Khid6 a+0b bang
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Céu 15:

Céu 16:

Céau 17:

Cau 18:

Céau 19;:

Céau 20:

Céau 21:

A —5. B. 5. C. 1L D. 1.

Cho duong cong (C):y = %x‘* +%x3. C6 bao nhiéu dudng thang 4 tiép xuc (C) tai it nhat hai

diém?
A. 0. B. 1. C. 2. D. 3.

Cho ham s y = %xe’ —(2m+1)x? +(m? +3)x—1co d6 thi 1a. Goi S 1a tap hop tit ca cac gia tri

m sao cho tiép tuyén c6 hé s6 goc nho nhat cta song song voi duong thang y = -5x — \/g . Toéng

cac phan tir cia S 1a

Al B. 2. c.Z. D. 2.
3 3
Cho ham sb y = 3x +12 c6 do thi (C). Goi s latap hop tat ca cac gié tri thuc cua tham s6 m dé
X+
duong thang d:y =x+m cat (C) tai hai diém phan biét A, B sao cho tiép tuyén véi (C). tai
) . 1 1 .
A va B lanlugt c6 he sb goc 1a k, , k, thoa man 201(k, +k2)+k—+k—=2ozok12020.k§°2°. Téng
1 2
gia tri cua tat ca cac phan tir cua s thudc khoang nao dudi day?
A. (-10;0). B. (1;10). C. (11;20). D. (21;30).
Cho ham sb f(x) lién tyc tén R va  co dd  thi (c) - Biét
x—1 1 2 3 v o4 . e x R A . .
fl—|+2f] = :1——+—2,Vx € R\{0;1} . Khi d6 phwong trinh tiép tuyén cta d6 thi (C) tai
X X X x
x=2 la
A y=-x+1. B. y=2x-2. C.y=-2x+2. D. y=4x+4.

\ £ x+1 ca , \ A A AX 1: -4 I
Chohams6 y=——.Giase M c6é hoanhdo m,m >0 thudc do thi (C ) sao cho ti€p tuyén cua
X

(C) tai M cit tryc tung va hoanh lan luot tai 2 diém phan biét A, B sao cho S,;,, =12 trong
d6 I 1a giao diém cua 2 dudng tiém can. Khi d6 gia tri m thudc khoang nao sau day?

A. (8;25). B. (-23;2). C. (-6;9). D. (15;27).

Cho ham s6 da thire f(x) 1a ham s6 chén. Goi A 1a tiép tuyén ctia do thi ham sb y = f'(x) c6

hé s6 goc nho nhat. Khang dinh nio sau day ding?
A. A vudng gbc vdi truc tung.

B. A qua O.

C. A song song v6i duong thang y = x.

D. A song song vé&i dudng thang y=-x.

Cho db thi (C, ) ham sé y = “—’: Goi A, B lan luot 1a giao diém cta b thi (C, ) véi truc
X+

Ox va Oy. Goi k,, k, 1an lugt 1a h¢ sb goc tiép tuyén cua (C,,) tai A va B. Gia tri nho nhat

cua [k, +k,| 1a
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Chuong 1: Ung dung dao ham dé khao sat va vé dd thi ham sb

Cau 22:

Céu 23:

Cau 24:

Cau 25:

Céau 26:

Cau 27:

Cau 28:

A.l. B. 2. C.l. D. 1.

4 2

\ A X+7 o © T 1 1A Ao, , \ 2 \ i A A
Ham s6 y = ¢6 do thi, goi I 1a tdm do1 ximg cuia. Duong thang d:y =ax+0b la tiép tuyén

X —

cua, biét d ¢t 2 duong tiém can dung va ti¢ém cdn ngang cua 1an luot tai M va N sao cho AIMN
can tai I. Khi d6 b c6 gia tri bang

A b=9. B. b=13. c.|P=9 p.|?=13
b=-3 b=-7

Biét d0 thi ham sé y = f(x) c6 dang 1a mét parabol thoa mén diéu kién ' = 2\/? va f(1)=0.
Phuong trinh tiép tuyén ctia @b thi ham s y = f (x) tai diém co tung d6 bang 4 1a

A y=—-4x, y=—-4x-8. B. y=4x, y=4x-8.

C.y=-4x, y=4x-8. D. y=4x, y=—4x-8.

Cho ham sé y= f(x) lién tuc va nhan gia tri duong trén khoang (0;+oo) . Biét
f’(x) > —1;f(1) =3 va [f'(x) +1:|2 =9x? +9x.f(x). Hé s6 goc tiép tuyén tai diém c6 hoanh do
bang 4 cua db thi (C) ham sb: g(x)=f(x)+x la

A k=9. B. 81. C. k=54. D. 27.

Cho ham s y=f(x)= x> —6x% +9x+m c6 dd thi (Cm ) Biét d6 thi (Cm) cit truc hoanh tai ba

diém A,B,C c6 hoanh do lan luot 1a X1, Xy, X5 (x1 <X, < x3), dong thoi tiép tuyén tai A va C

song song voi nhau. Viét phuong trinh tiép tuyén tai B.

A y=3x-6. B. y=3x-30. C.y=-3x+6. D. y=-3x+30.

Cho ham s = 2> +11 (C), goi I 1atam ddi ximg cuia do thi (C) va M(a;b) 1a mot diém thude
X+

dd thi (C). Tiép tuyén ctia d6 thi (C) tai diém M cat hai dwong tiém can cta do thi (C) lan
luot tai hai diém A va B.Dé tam giac IAB c6 chu vi nho nhét thi tong |2a + b| gan nhét véi s6

nao sau day.
A. 0. B. 3. C. 5. D. -3

Cho ham s6 y = x—‘i c6 d6 thi (H). Goi M, N 1a 2 diém thudc (H) sao cho khoang céach tir
X+

I(-1;1) dén tiép tuyéntai M, N bang 2. Khi d6 Xy + Xy bang

A. 2 B. 2. C.0. D. 1.
Cho ham 6 f(x) = —- . Viét phuong trinh tiép tuyén véi d thi ham sb g(x)= £(f(x)) ta
x+1
diém x=3.
A.y:1x+2. B.y:1x+2. C.y:lx+2. D.y:ix+z.
8§ 8 5 5 16 16 25 25
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Cau 29: Cho ham s6 y = f(x) c6 dd thi la. Gié sir tiép tuyén ciia tai diém c6 hoanh do x =0 la duong

: i e 2x

thang y =L K40 A= ) 37 (3x) + 2f (2)
1
3

bang

-1

-1 D. —.
3

B. —. C.
2

A

[SSHINTY

Cau 30: Cho ham sb y = f(x) c6 dao ham tai x=2. Goi d;,d, 1an luot 12 tiép tuyén cia do thi ham so
y= f(x) va y = g(x) = xf(4x —6) tai x =2 .Ménh dé nao sau day 1a diéu kién cin va du d¢é hai
duong thang d, ,d, c tich hé sé goc bang 2 ?

A |f(2)]z4v2. B. -8<f(2)<8.  C.f(2)28. D. [£(2)|=8.

Cau 31: Chohamsd y= f(x) c6 dao ham lién tuc trén R, théa man f(3x)+ 3f(1 —3x) =9x% + 3x. Goi
(d) .y = ax +b 1a phuong trinh tiép tuyén ctia d6 thi ham sy = f (x) tai diém c6 hoanh d¢ bang

0. Khi d6 a+3b bang

A 1. B. 1. C.l. D. —%.

2

Cau 32: Chohamsd y=x—6x"+28 c6ddthi (C). Goi S latap hop tat ca cac gia tri nguyén cia tham
s6 m sao0 cho tir M(m;—4) ké dugc diing mét tiép tuyén toi (C). S6 cac phan tir cuatap S 1a
A 4. B. 5. C. 3. D. 2.

Cau 33: Cho ham sb y=f (x) c6 dao ham trén R . Goi d,, d, lan luot 1 tiép tuyén ctia d6 thi ham s
y=x"f(2x~1) va y = xf(2x 1) tai diém c6 hoanh do bing 1. Biét hai dudng thing d, , d, c6
hé sb goc lan luot 1a 2020 va 2021. Gid trj ciia £(1) béng:

A. 2020. B. 2021. C. 1. D. —1.

Céu 34: Chohamso Y= — \/5x c6 do thi (C). Tiep tuyen cua (C)tai diem X = —% va hai ti€p tuyén

khac tai diém A va B tao thanh tam giac déu. Biét tung d6 tai 3 tiép diém d6 déu khong am,
khi d6 tong hoanh do cia A va B thudc khoang nao sau day?
A. (1;2). B. (0;1). C. (-10). D. (-2;-1).

x—1

Cau 35: Cho ham s6 y =
x+3

¢6 dd thi (C). Trén d6 thi (C) c6 bao nhiéu cdp diém ma tiép tuyén tai

hai diém d6 song song véi nhau dong thoi khoang cach giira cap diém d6 bang 422
A 0. B. 1. C. 2. D. 3.

Cau 36: Cho ham sé y=2X+2
x+2

A(6;-4) dén tiép tuyén cia do thi (C) tai diém M gip hai lan khoang cach tir diém B(5;1)

c6 db thi (C). Trén dd thi c6 bao nhiéu diém M ma khodng cach tir

dén tiép tuyén ctia o thi (C) tai diem M ?
A 0. B. 1. C.2. D. 3.

Cau 37: Choham sb y = f(x) =ax® +bx® +cx+d c6 bang bién thién nhu hinh v&.
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]

—o0 1 5

x 00
Sf'(x) N 0 - 0 N

+0

S

40

Goi (C) 1a d6 thi cia ham sé y = f(x). Héi c6 bao nhiéu diém M thudce (C) sao cho tiép tuyén cia (C)

Cau 38:

Céau 39:

Cau 40:

tai diém M cét truc hoanh va truc tung lan luot tai A va B thoa man tam giac OAB vudng
can?
Al D. 4.

B. 2. C.3.

Cho ham s6 y = x* +2x%+5 ¢6 dd thi (5). Goi A,B,C la cac diém phan biét trén (S) c6 tiép
tuyén véi (S) tai céc diém d6 song song véi nhau. Biét A,B,C cung ndm trén mot parabol (P)
c6 dinh I(—l;yo) . Tim y,.

c. L. D

A. 4. B. 4. 1
4 4

Cho ham s6 y = f (x) va y=g(x) lién tyc trén R ¢o6 d6 thi nhu hinh vé& sau. Biét duong thang
A 14 tiép tuyén chung clia hai d6 thi ham s6 = f(x) vay=g(x) tai diém H(2;3).

\

Dao ham cua ham s6 h(x) = sin(;zf(x)g(x))+ cos[ﬂg

A. 8rx. B.o. C.4r. D. -8r.

Cho ham 86 y = £(x) c6 dao ham lién tuc trén (—o0;a).
(x—a).f’(x) khix<a

bat g(x)z{ khix>a

Biét rang ham sd y=g(x) co dao ham tai x =ae(-2;2) va tiép tuyén v6i dd thi (C) clia ham

sO y=f(\/2+x —\/Z—x) tai giao diém ctia (C) va Oy coh¢ s goc 1a ~/2 . Khi d6 m 1a gia tri

, VOl m#0.
mx

nao sau day
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Cau 41;:

Céu 42:

Cau 43:

Cau 44:

Cau 45:

Céau 46:

Cau 47:

Cau 48:

1
A V2. B. —. c. L. D. 2.

N 2
Cho ham s6 y = —x® +3x+2 ¢6 do thi la (C). Gid st diém M (a;b) thudc (C) ma tir d6 ké dugce
mot tiép tuyén dén (C). Tinh a* +b*
A. 0. B. 1. C. 4. D. 1.
C6 bao nhiéu diém M trén tryc Ox ma tir d6 ké duge 3 tiép tuyén t6i do thi ham s6 (C):
y =—x>+3x+2 sao cho co hai tiép tuyén vudng goc véi nhau
A 0. B. 1. C. 2. D. 3.
Cho ham sb y=f (x) xdc dinh va ¢6 dao ham trén R , thoa man
[F(1+x)] +2f(1+2x)-21x~3=0. Viét phuong trinh tiép tuyén cia d6 thi ham s6 y = £(x)
tai diém c6 hoanh d6 x, =1
A. y=3x+1. B. y=3x+2. C.y=3x-2. D. y=3x-1.
Cho ham s6 v = f(x) xdc dinh, c6 dao ham trén R théa méan f? (—x) = (x2 +2x+4)f(x+2)
va f(x)=0,VxeR.Phuong trinh tiép tuyén cua do thi ham s y=f(x) tai diém c6 hoanh do

x=2 la
A y=-2x+4. B.y=2x+4. C. y=2x. D.y=4x+4.

2
X N m , A e 24 A N
Cho (P):y=? va (H):yz; (m;tO). C6 bao nhiéu gia tri m de ticp tuyen cla (P)va (H)

tai giao diém ctia chung tao véi nhau 1 goc 60° 2
A 1l B. 2. C. 3. D. 4.

Cho ham s y = x® —3x? +2 ¢6 do thi (C). Biét rdng tir diém A(g ;—gj ké duoc ba tiép tuyén

dén d6 thi (C). Goi kj;k, lan luot 1a hé s6 goc cha hai tiép tuyén tai cac diém c6 hoanh do
x,;%, (# 3) trong céc tiép tuyén trén. Goi E(x;;k, ), F(x,;k,). Khi d6 d(O;EF) la

A2 B. 2. c. 3. D. 2.

5 NG 5 J5

Cho ham sd y=x"-3x>+4 cb d6 thi (C) Trén (C) c6 nhiing cap diém A, B phan biét sao
cho tiép tuyén tai cac diém d6 co cung hé sé goc k va duong thang AB ludn c6 diém chung véi
dudng tron (T):(x —1)2 +y*=2. Goi K 1a tap hop cac gid tri k nguyén thudc doan
[-2021; 2021]. Sé phén tir clia tap K a:

A. 2024 . B. 2025. C. 2019. D. 4037 .

C6 bao nhiéu tiép tuyén cua do thi ham sb y= ‘2x3 - 3x‘ vuong goc voi truc tung?

A 1. B. 4. C. 2. D. 3.
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Céu 49:

Céu 50:

Cau 51;

Céu 52:

Céau 53:

Céau 54:

Céau 55;

Céau 56:

Cho ham 6 f(x)=x"-12x+9 c6dd lathila (C,), hamsd g(x)=mv4—x> c6dd thila (cz)'
S gié tri ciia tham s& m dé db thi (C1) va (Cz) tiép xtic véi nhau 1a

A 0. B. 1. C. 2. D. 3.

2
Cho (C): y=# va (P): y=ax”+bx—8 (a;tO). Tur diém A(4,'1) ké duge 2 tiép
x_
tuyén t6i (C). Goi ky, k, 1a hé sb goc ciia 2 tiép tuyén d6. (P) cé dinh I va cit Ox tai 2 diém
M(k;;0) va N(k,;0). Tinh ban kinh duong tron ngoai tiép tam giac IMN

A2 B2 c. . p. 2.
2 13 36 4

Cho ham s6 y =x +§ax2 +b ¢6 d6 thi (C). Goi M,N lan luot 1a hai diém phan biét thudc
(C ) sao cho tiép tuyén cua (C ) tai M,N c6 cing hé sd goc bang 3. Biét khoang cach tir gbc

toa dd O dén duong thing MN bang 1. Gia tri nho nhat cia biéu thirc P =24 + (a + 2b)2 bang
A. 8. B.7. C. 4. D.5.

Cho ham so f(x):x2—4x+4m—m2. C6 bao nhiéu gia tri cua tham s6 m dé ham so

g(x) = f(f(x)) tiép xuc voi truc Ox.

A 3. B. 0. C.2. D. 1.
e . R { G I ,
Cho ham so y—f(x) xac dinh va lién tyc trén R, théa man f (x)+——4x +3x va
x
£(1)=2. Phuong trinh tiép tuyén tai diém c6 hoanh d¢ bang 2 la
A y=16x-44. B. y=16x+44. C.y=16x+20. D. y=16x-20.

Cho da thire f(x) v6ihé s6 thyc va thoa man dicu kién 2 (x)+ f(1-x)=x?,Vx e R. Biét tiép
tuyén tai diém c6 hoanh do x =1 ctia do thi ham s y=f (x) tao voi hai truc toa do mot tam

giéc. Tinh dién tich cta tam giac do?

AL B. 3. C.
6 2

D.

W |
WI[N

Cho ham sé y:il ¢6 dd thi (C). Goi A(x4;y4), B(xy;) (x4 #x,) 12 2 diém trén (C)
o

ma tiép tuyén tai A, B song song v4i nhau va AB = 22 . Tich x 4Xg bang
A 2. B. 1. C.0. D. 2.

Cho ham s6 f (x) =x+—. Cho diem M (a;b) sao cho c6 dung hai ti€p tuyén ctuia d6 thi ham so
X

y = f(x) di qua diém M , dong thoi hai tiép tuyén nay vudng goc véi nhau. Biét diém M ludn
thudc mot duong tron ¢ dinh, ban kinh cua duodng tron do la
A 1. B. /2. C. 4. D. 2.
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Cau 57;

Cau 58:

Céu 59:

Cau 60:

Céu 61:

Cau 62;

Cau 63:

Trén dudng thang d: y=2x+1 c6 bao nhiéu diém co thé ké dugc dén db thi (C ) Y= x—Jri dang
x —

mot tiép tuyén.

A. 5. B. 4. C. 3. D. V6 sb.
Cho ham s6 y = f(x) xéac dinh va c¢6 dao ham trén R va théa man 2f(2x)+f(1—2x) =12x7
VxelR. Tiép tuyén cta d6 thi ham sb y=f (x) tai diém c6 hoanh do béng 1 tao véi hai truc
Ox, Oy mot tam gidc c6 di¢n tich S bﬁng
Al B. 1. C.2. D. 2.

2 2

. Y £ ) TR A X \ e A £ . T A A
C6 bao nhiéu tiép tuyen ctia do thi ham s6 y = 1 ma tiép tuyen do tao vai hai truc toa do mot
X+

tam giac vudng can.

A 1. B.0. C. 2. D. 3.

Cho ham séy =x% +(m—1)x* =3mx+2m+1 ¢ dd thi (Cm ) , biét rang d6 thi(C,,) ludn di qua
hai diém c6 dinh A, B. C6 bao nhiéu s6 nguyén duong m thudc doan [—2020; 2020] dé (C,,) co

tiép tuyén vuodng goc véi duong thang AB?

A. 4041. B. 2021. C. 2019. D. 2020.
\ £ ax+b , ... ¢ . 22 R . £ A . 1A A g
Cho ham s0 y = 1 c6 do thi cat truc trung tai diém A(O ;1), tiép tuyeén tai A c6 hé so goc
x_
bang —3 . Khi d6 gia tri a,b thoa man diéu kién sau:
A a+b=3. B.a+b=2. C.a+b=1. D.a+b=0.

Cho ham 6 y =x°+3x* +1 ¢6 d0 thi (C) va diem A(1;m). Goi S 1a tap hop tat ca cac gié tri
nguyén cta tham s6 m dé qua A co thé ké duoc dung ba tiép tuyén toi do thi (C ) S6 phan tur

cua S la
A. 9. B.5. C.7. D. 3.

Cho ham s6 y = f(x) c6 do thi 1a dudng cong (C), biét do thi cua f’(x) nhu hinh v&
Ay

Tiép tuyén cua 6 thi (C) tai diém c6 hoanh do bang 1 cét do thi (C) tai hai diém A, B phan
biét 1an luot c6 hoanh d6 a, b. Chon khing dinh ding trong cac khing dinh sau
A a,b<3. B. a* +b*>10. C.4>2a-b>-4. D.a, b>0.
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Céu 64:

Céu 65:

Céu 66:

Cau 67:

Cho ham s y=x>—3x% cb d6 thi (C) C6 bao nhiéu sb nguyén b e (—10;10) dé co dung mét.
tiép tuyén cua (C) di qua diém B(O;b) ?

A 9. B. 2. C.17. D. 16.

Cho ham s6 y =x°+3x" +1 ¢6 do thj 1a (C) va diém A(1;m). Goi S 1a tap hop tAt ca cac gia
trj nguyén cua tham s6 m dé qua A co thé ké duoc ding ba tiép tuyén véi do thi (C ) . S6 phan
trcha S la

A. 9. B.5. C.7. D. 3.

Cho ham sé y =x° —3x c6 dd thi (C).Goi S latap hop tat ca gia tri thyc cuia k dé dudng thing
d:y=k(x+1)+2 catddthi (C) tai badiém phan biét M, N, P sao cho cac tiép tuyén ciia (C)

tai N va P vudng goc voi nhau. Biét M(-1;2), tinh tich tat ca cac phan tir cua tap S .

AL B. 2. c. L D. 1.
9 9 3

x+2

Cho ham s6 y= ¢6 do thi (C ) va diém A(O;a) . Co tat ca bao nhiéu gia tri nguyén cua a

x—-1
trong doan [—2018; 2018:| dé tir A ké duogc hai tiép tuyén dén (C ) sao cho hai tiép diém nam

vé hai phia cta truc hoanh.
A. 2019. B. 2020. C. 2017. D. 2018.
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HUO'NG DAN GIAI CHI TIET

Caul: TXBP: D=R\{-1}
TCD: x=-1; TCN: y=1.

Suy ra I(-1;1) 1a giao ctia 2 dudng tiém can cua dd thi ham sb y= i

x+1°
Me(C)= M@ =2,
a+1
, . N 3 a-2
PTTT A cuia (C) tai M la: y= 2(x—a)+—.
(a+1) a+1
A giao véi TCD tai diém A(—l;%j, A giao véi TCN tai diém B(2a+1;1).
a+
> (a-5 Y |a-5 -6
Taco: 1A=, |(-1+1) +| 21| =22 -1|=|—].
a+1 a+1 a+1

113=\/(2a+1+1)2 +(1-1)" =2[a+1].

Do tam giac IABvudng tai | nén AB =+IA? + B>
Ta c6 chu vi tam gidc IAB la

JA+IB+ AB=1IA+IB+~IA2 +IB? > 2\IAIB +\2IA.IB > 24/12 + /24 = 43 + 246 .

Cau?2: Tach: ¢y =———.
/ (x+1)2

D6 thi ham s6 (C ) c6 duong tiém cén dung 1a x = -1 va duong tiém can ngang la y=1.

Goi M(Q;Z‘Ti}(c),(ﬁ_n

Phuong trinh tiép tuyén cua (C ) tai M la:

, a-2  3x +a2—4a—2
y=y(ﬂ)(x—a)+a+1—(a+1)z (o) (4)

Goi A,Blan luot 1a giao diém cua (A) v6i duong tiém cén dirmg va tiém cén ngang cua (C ) A

-5
%J,B(chl;l),l(—l;l).

giao diém cua hai duong tiém céan. Khi do A(—l;
Phuong trinh dudng thing IA:x=-1< x+1=0= d(O,IA) =1.

Phuong trinh duong thang IB:y=1<y-1=0= d(O,IB) =1.

Vi d(O; IA) = d(O;IB) =1 nén O 14 tim dudng tron ndi tiép tam gidc IAB khi O ndm trong tam
gidc IAB va d(O; AB)=1.

) ‘a2—4a—2‘ 5 1
Ta co: d(O;AB)=1<:>d(O,A)=1<:>—=1<:>‘a —4a—2‘= 9+(a+1)

9+(a+1)4
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Cau 2:

Cau 3:

@(az —4a—2)2 =9+(a+1)" = 124° —6a> ~12a+6=0

& 6(®-1)(20-1)=0 | a=-1(1).

1

2

Véia=1= M(l;—%j,A(—l;Q),B(E’a;l) = Onim trong tam gidc IAB = O la tam duong tron
noi tiép AIAB.

Véi a= % = M(%;—lj,A(—l; —3),B(2;1) = Onam trong tam giac IAB = O la tamduong tron
noi tiép AIAB. Vay c6 hai diém thoa man yéu cau bai toan.

Diéu kién xac dinh: x = —m.

Phuong trinh hoanh dg giao diém cua dd thi v6i truc hoanh 1a:

(Bm+1=0)

== 3m+1

2
(3m+1)X—m2+m_OQ{(3m+1)x—m2+m:0 x=2 T
X #—m

xX+m x+m=#0

2

Tach: x= m
3m+1

#-m <> m# 0. Nén diéu kién x # —mludn thoa man.

2
A \ A - - R 5 A s \ \ m —m
Vay hoanh d6 giao diém cua do6 thi véi truc hoanh 1a x =

(Bm+1=0).
3m+1

2 2
Tacé y,:(3m+1)m (—m +m): 4m

(x +m)? (x +m)? .

Vi tiép tuyén cta do thi tai giao diém cta dd thi véi truc hoanh vudng goc voi duong thang
x+1y—2020=0 nén taco

2 2 2 2

y,(m m].(—l)z—l@ 4m 2=1<:>4m (3m4+1) 1
3m+1 m? —m 16m
+m
3m+1

=-1

2 3m+1=2 "
O Bmr1) —am? o | "o 1
4m> 3m+1=-2m m=——

Vay téng gia tri cac phan tir thugc S bang —g .

Tacod y'=6x> +6ax.

Do tiép tuyén cua (C) tai A,B ¢ cung hé sd goc la 6 nén x4, X la nghiém phuong trinh
Y =6=6x>+6ax=6< x> +ax—1=0.

Talaico y =(x2 +ax—1)(2x+a)+(2—a2)x+a+b. Khi d6, phwong trinh duong thang AB la

(2—a2)x—y+a+b=0.
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|a+b|

Theo gia thiét d(0; AB)=1< -
(2-a?) +1

2
=1c>(a+b)2=(2—a2) +1
< 2ab+b? =a* —5a* +5.

2
Tu ta co P=2a2+(a+b)2=3a2+2ab+b2=a4—2a2+5=(a2—1) +4>4,
Déu “=" xay ra khi 2 =+1. Vay GTNN cén tim 14 4.

Cau4: Taco f'(x—1)+f(xx_1):3x+2<:>f(x—1)+xf’(x—1)=3x2+2x.

& (2 (x=1)) =327 +2x & xf (x—1) = [ (3x? + 2x)dx e xf (x-1) =2’ +22+C (%),

Thay x =2 vao (*) tadugc: 2f(1)=12+C <2.6=12+C < C=0.

Suyra xf(x-1)=x> +x> = f(x-1) =22 +x=(x-1)" +3(x-1)+2.

= f(x)=x+3x+2 = f'(x)=2x+3= f(3)=9 va £(3)=20.

Véy phuong trinh tiép tuyén ciia do thi ham s6 y = f(x) tai diém c6 hoanh do x=3 I3
y=9(x-3)+20 < y=9x-7.

Cau5: Thay x=1 vao ding thic [ £(x)]" +3f(x)=x+3(1) ta dugc:

[F()] +3f(1)=4 o f(1)=1;£(1)=4.

Dao ham hai vé cia (1) ta duoc: 2f'(x).f(x)+3f'(x)=1(2).
Thay x=1vao(2):2f'(1) f(1)+3f'(1)=1.

Vei f(1)=1 taco: 2f’(1)+3f’(1)=1<:>f’(1)=%.

Phuong trinh tiép tuyén ctia d6 thi ham s6 y = f(x) tai diém (1;1) c6 hé sb goc k= f'(1) =% la

L.
Y=5*"5:

Cau 6:  Phuong trinh hoanh d¢ giao diém l1a: 2x> —3x% + 3 = 4x? +(m—2)x—3m
& 207 =727 + 2x—mx+3+3m =0 < (x=3)(2x* ~x-1)-m(x-3) =0

=3=1y=30
<:>(x—3)(2x2—x—1—m):0<:> g :>y2

g(x):Zx -x-1-m=0
Dé d cit (C) tai 3 diém phén biét thi phwong trinh g(x)=0 c6 2 nghiém khac 3

A=1+8(1+m)>0
g(3)=14-m=0
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Cau:

Cau 8:

X +X, =
Goi A(x,;2x] ~3x] +3) VA B(x,;2] - 3x] +3) theo Vi-ét ta co:

XXy =

m

—_

Dé tiép tuyén tai A va B cia (C) vuong goc voi nhau thi y’(x1 ).y'(xz) =-1

<:>(6x% —6x1)(6x§ —6x2)=—1<:>xlx2 (x1 —1)(x2 —1)=—%
1 ~1-m(-1- 1 1
< X%, (X2, =X — 1, +1)=_£©Tm(Tm_E+1J:_£
i+ 2mel Lk -l emimilooom= _3i\/g(t/m(*))
4 4 36 9 6

Suy ra téng cac phan tir cua S bang —1.

Goi M[x0;2— 3 ]E(C).Khi d6 tiép tuyén tai M c6 phuong trinh:
x,+1
3 2
Ary=———(x—x,)+2~- S 3(x—x5)—(x,+1) (y—2)-3(x,+1)=0.
o) @) (a1 (5-2) 300+

Khoang cach tir I(—1;2) dén A 1
n [3(~1-2x5)=3(xy +1) _

9+(x0+1)4 _\/9+(x0+1)4 \/ ? +(x0+1)2 |

(xo +1)2

6|x0 +1| ~ 6

(x+1)" =6.Khido d<+6 .

Theo bét dang thirc Co-si: % +(xy+1)" 22 =
(x0 + 1) (xo + 1)
Khoang cach dat gia tri 16n nhét bang J6 khi
9 Xy =-1+ \/5

(x, +1) xg=-1-+3

Do diém M c6 hoanh do duong nén M(—1+\/§;2—\/§). Khidé a+b=1.

2= (1 +1)" & (3 +1) =3©[

x+2 3 .
y="] c>y=1+;.G01 M(0;m) e Oy, (m<0).

Goi tiép tuyén cua (C) di qua M 1a dudng thang d:y =kx+m.

kx+m=1+ il (1)
. . X X—
Y¢éu cau cua dé bai, di€u kién 1a h¢ phuong trinh -3

2

co 2 nghiém x,, x, # 1 va thoa man {y
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3 1 1
(x)< 1er —1<0 x—1<_§
Xét didu kién {y Nl T et
y(xz <0 1+ <0 <-=
x,—1 x,—1 3
Tu va suy ra _3x2+m=1+ 3 = 3 >+ 6 +1-m=0.
(x—l) x-1 (x—l) x-1

bat Ll =t (t=0), phuong trinh tr& thanh 3t% +6t+1-m =0
x_

C T X 2 X . n , ~ 1
Bai toan tr¢ thanh tim m d€ phuong trinh ¢6 2 nghiém t,, ¢, théa man: ¢, <t, < 3

A'>0 A'">0
9-3(1-m)>0  [m>-2
1 1 2
oqafl-=[>03.f|l - |>0< ) = D& 2<m<——.
3 3 m<—= m<—3 3
_£<_1 _1<_1
2a 3

Do mnguyén &m nén m=-1.
Cau9: Tathiy diém M(xo;yo) 1a diém c6 dinh ciia (Cm) S Y= f(xo) véimoi me R
< Y =x8 —3mx§ —2mxy+16m-7, Vme R

& m(-3x] ~2x, +16)+x) ~y, -7 =0, VmeR

Xy =2
~3x5 —2x,+16 =0 -8 x, =2
= 3 = Xg == = .
Xg—Yo—7=0 3 Yo =1
Yo =% ~7

Laico y'= f'(x) =3x* —6mx—2m = f’(2) =12-14m.
Ta ¢ phuong trinh tiép tuyén A ciia (C,,) tai diém M(2;1) 12 y = f/(2)(x-2)+1
Hay y =(12—14m)x+28m—23 (A).

A tao véi hai truc toa do mot tam giac can thi A s€ song song vdoi duong théng y =x hodc

12-14m =1 =1l

y=—x < {|12-14m=-1 < E
— m=—

281m—23 %0 "

11 13 : 3 .12
Suyratdp S=<—;—/ vatong cac phantircua S la —.
y ratap {14 14} g p 7

A . 1 .2 N
Cau 10: Goi M[xo o J la diém thuoc db thi (C).
Xy —
S -3 Y £ . C 1A A o 1x , -3
Vi f (x): > nén tiép tuyén d tai M co hé s6 goc 1a k= f (xo):—z.
(x—2) (xo —2)
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. . - x,+1

Phuong trinh tiép tuyeén d la y = x—x,)+-2
(x0—2)2( )2
o= -3x N 3x, +(x0—2)(x0+1) -y -3x +x§+2x0—2.
("o_z)2 ("0_2)2 ("o_?-)2 ("0_2)2 ("0_2)2
2 2
Khido dnOx = A| 0 2% =201y oy=p| 0,0 0 =2 |
° (x-2)
0

I la tim duong tron ngoai tiép AOAB khi va chi khi I 1a trung diém AB hay

I x§+2x0—2.x§+2x0—2 .
6 2(x,-2)°

2 2 2
. . +2x,-2 +2x,-2 +2x,-2
Vi IeA nén 20 2x° S ) IO e e [(xo—Z)z—l}zo.

2(x, -2) 2(xp -2

. . X, =
Vi cac diém d khong di qua O nén x(2]+2x0—2¢0. Suy ra (x0—2)2—1=0 <:{ 0
X, =

Kéthop M c6 tung dd duong ta duge M(3;4). Vay OM =~/9+16 =5,

Cau 11: Db thi ham s6 y = X1
x+3

(C) 6 hai dudng tiém can dimg va tiém c4n ngang lan luot 1a

x=-3,y =5, giao diém cua hai duong ti€p can la (—3,'5) .
-1

A . _5x0 B
Lay M(xo'l/o)e(c)iyo _—xo 3 (xy # 3)
3\ A A 5 . acA N 5 —1
Phuong trinh ti€p tuyén cua (C) tai diem M la y = (x +3)2 -(x—x0)+ x’;0+3 (d)
0
Cho x=-3=y~= 16 ‘(_3_xo)+5x0—1: -16 +5x0—1:5x0—17
X X X X
(x0+3)2 0 +3 v +3  xy+3 0 +3
Suy ra giao diém cua (d)va TCD cua (C) la A(—B; >% ;;7J =]JA= >% ;1)7 —5‘: 3J2r3
XO xO xo
16 5x,—-1 16 16
Cho y=5=5= (x—x,)+—2— < Ax—x.)=
(x0+3)2 (x=x) Xy +3 (x0+3)2 (x=x) Xg+3

=>Xx-X;=Xx,+3<x=2x,+3

Suy ra giao diém cta (d)va TCN cia (C) 12 B(2x, +3;5) = IB =[2x, +3+3|=[2x, + 6|

Dign tich tam gidc can tim 145 = < JAIB = 2. |2x, +6|.—=—| =32.
2 2 X, +3
A ‘ 2 5 . 2 5 f(1)=0
Cau12: Tur [ f(8x+1)| +|[ f(1-x)] =x,cho x=0taco [ f(1)] +[ f(1)] =0 = F(1)=-1

Pao ham hai vé cita ta duge 2.8.f(8x +1).f(8x+1)~5[ f(1-x)] .f/(1-x)=1.
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Cho x=0 taduoe 16f(1).£/(1)-5.[ F(1)] .F(1)=1 <:>f(l).f’(l).[16—5(f(1))ﬂ:1.
Néu £(1)=0 thivo1y,dodé f(1)=-1, khi d6 tr& thanh

-f'(1).[16+5]=1< f'(1)= —%. Vay toa do tiép diém 1a A(1;-1) va hé sb goc k = —%

Phuong trinh tiép tuyén y= —%(x—l)—l SYy=—"—x——.

Cau 13: Taco f(x+3)=g(x)+x2—10x+5 :>f’(x+3):g’(x)+2x—10.
tachon x=1
f'14)=¢'(1)+2.1-10 (1)=f'(4)+8=5+8=13
:{f(i))zg(lgjlz—10.1+5:{i((l)):f](c4()4r)10—5—1:9 '
Tor d6 phuong trinh tiép tuyén coa d6 thi ham sé6 y=g(x) tai x=1
13 y=g'Q).(x-1)+g(1)=13(x—1)+9=13x -4

Cau 14: Goi M(1; f(1))(C) khi d6 hoanh d¢ ciia M théa mén phuong trinh
fA(2-x)=x-1-f°(x),VxeR.

f(1)=0

f(1)=-1

Dao ham hai vé cua ta dugc —2f(2—x)f'(2—x) =1-3f2 (x).f’(x).

Thay x =1 tadugc -2£(1) /(1) =1-3f%(1).f'(1).

Nhan thdy f(1)=0 khong théa man suy ra f(1)=-1. Thay f(1)=-1 vao ta dugc

2f’(1)=1—3.f'(1)<:>5f'(1)=1<:>f’(1)=é.

Thay hoanh d6 M vao ta dugc f2 (1) =—f3 (1) = {

Viay phuong trinh tiép tuyén can tim c6 phuong trinh la y= %(x - 1) -1hay y= %x —g .

Suyraa+b=-1.
Cau 15: Hamsé y :ix‘l +%x3 c6 dao ham y'=x> +x* trén R
Do dudng thang d tiép xdc Véi (C) tai 2 diém c6 hoanh d6 a,b, & d6 a = b, nén c6 hé sé goc la

oy

k vathéa man a-b

a-b
Lay - va rat gon ca 2 vé cho a—b ta duoc

a? +b% +ab+a+b=0 hay (a+b) +(a+b)=ab
Lay + ta duoc 1(113+173+112b+ab2)+2(az+bz—1117):113+b3+az+bz
2 3
a+b) 1 2 4
Hay %—2ab(ﬂ+b)+§(a+b) —gab=0
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Céu 16:

Cau 17:

Thé vao dugc —%(H by’ ——%(CH— b)=0

Tusuyra a+b=0 hoac a+b=—§ hoac a+b=—§.
Vé6i a+b=0, kéthop véisuyraa=b=0.

Véi a+b= —% , két hop véi suy ra mau thuan.

Véi a+b:—%, két hop véi suy ra a:b:—g.
Vay khong ton tai tiép tuyén d tiép xdc (C) tai it nhat 2 diém,

Tacd y'=x*-2Q2m+1)x+m? +3

=2 = 22m+1D)x+2m+1)* —2m+1)* +m* +3

=(x—2m—-1)> =3m* —4m+2>-3m* —4m+2

Vi tiép tuyén c6 hé s6 goc nho nhét clia song song voi dudng thang y = —5x — J3

m=1
nénta co —3m* —4m+2=-5< _7 . Vay tong phan tir ctia S 1a _?4
3

TXD: D=R\{-1}.C6 y'= =

(x+1)

Goi hoanh do cia A va B lan luot 13 x;, x,.Khido x;, x, la nghi¢m cta phuong trinh:
3x+2 x2+(m—2)x+m—2=0(*)

T T=x+tme .
x+1 x#—1

Dé duong thang d cat (C) tai hai diém phan biét thi phuong trinh (*) phai ¢ hai nghiém phan

biét khac —1

@{mo @{(m_2)2_4(m_2)>0 @{m—2>4 @[m>6

(-1) +(m-2)(-1)+m-220 " |120 m-2<0 |m<2’
Khi do ta co; {xl+x2:2_m. Coky=——, ky =——— nén:
XXy =m=2 (x1 +1) (x2 +1)
1 1 1 1
k. k, = . = = =1
n X +12 X +12 XXy + X +X, +1 2 m—2+2—m+12
1 2 X TX + X,
VA k +k = 1 . 1 :(x1+x2)2—2x1x2+2(x1+x2)+2
b (x1+1)2 (x2+1)2 (x1x2+x1+x2+1)2

=(2-m)" —2(m=-2)+2(2-m)+2 =m*—8m+14,
C6 201(k, +k, )+ 1,1, 2020k k5% < 201(k, +k, ) +
kl k2 12

k, +k,

= 2020(k;k, )™
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< 201(k; +ky )+ +ky =2020 < 202(k; +k,)=2020 <>k, +k, =10 < m*—8m+14=10

m:4+2\/§(tm) ol N
m=4—2x/§(tm).vays_{4 2\/5’4 2\/5}

<:>m28m+4—0<:>[

Cau18: Pit x—_lzlcx_il

Khi do: ( j Gj 1—3+%trothanh:
f(} Zf( J 1- (ft 1)+3(tt21) f(%jJer(%J:Z_%JF%
(el

! % 2 1 1
rox :f(—j:—:f(x):xZ

1 x—1 4 3 2
fl=|+2f| — |=2-—+=

X X X x
Thir lai ta thdy f(x)=x? lién tuc trén R va thoa d&.
Vay f’(x)=2x. Khi do: f(2)=4, f'(2)=4 , nén phuong trinh tiép tuyén tai x=2 la
y=4x+4

Ta c6 hé:

Cau 19: Giastrdiém M c6é hoanh dd la m >0, vi Me(C) nén M(m,' m+1).
m

Taco: f'(m)= _—1 :
m

Tir d6 ta c6 phuong trinh tiép tuyén tai diém M c6 dang:

y=f'(m)(x—m)+f(m):y=F(x—m)+l+l.

m

Phuong trinh tiép tuyén tai M cét truc tung tai diém B(O;l + EJ .
m

Phuong trinh tiép tuyén tai M cét truc hoanh tai diém A(m2 +2m; 0) .
Mit khac ta c6 giao diém ctia 2 dwong tiém can 1(0;1).

Theo dé ta c6 S,;,; =12. Suy ra %d([,AB).AB 2o %d(l,AB).‘E‘ -12 (1).

—1+?+ - 2|m|

for ]

Va AB= (—(m2 +2m),' mntzj

‘ m m+1

Trong do d(I,AB) =

m

e [ o 2 2
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Céu 20:

Cau 21:

Céu 22:

\ 1 a7 |m+2| 2m B m=10
Thay vao (1) ta duoc 2.\/m +1.| ” |.m—12<:>|m+2|—12<:> N

Vim>0nén m=10.

n
Theo gia thiét ta co f(x) = Zaixz’ +a, trong d6 a,a; la cac hé so thuc.
i=1

Khi d6 f'(x)= anzmixzi—l, f(x)= iz:‘(zi ~1)a;x*? +2a,.
i=1 i=2
Xétham so g(x)= f'(x) c6 dd thila (C). Goi M(xy;y,) 1 tiép diém cua A va (C).
Khi d6 A c6 hé sb goc 1a f”(xo) = Zn“Zi(2i—1)aix(2)i_2 +2a, > 2a,,Vx, eR.
i=2

Dau "=" xayra < x =0.
Do d6 A tiép xtc vé6i (C) tai diém M(0; £/(0)), véi f/(0)=0. Hay A qua O.

Taco y'=2;r’12,Vx¢—2.

(x+2)
Do A la giao diém cua (C,,) vatruc Ox nén toa do diém A(—m;O).
A A 4 < A J4 , . N , 2—-m 1
H¢ s0 goc tiep tuyeén cua (C,,) tai A la k; =y (—m) = = , (m # 2).

(—m+2)2 2—m

2—-m 2—-m

(0+2)" 4
Py 1 2— 1 2_
Khi do, k1+k2|=|2_er 4m|:‘2_m|+| 4m|21
Dau dang thtrc xay ra khi L |:|_2—m <:>(2—m)2:4<:>{m20
2-m 4 m=4

Vay [k +ky|  =1.

TXD: D=IR\{2}

Taco: y'=- ~<0;VeD.Goi M,(x,;y,) 1atiép diem, suy ra a=—

(x—2) (x —2)2

N a#0
Tur gia thiét suy ra
2a+b=#1

TCN cua: yzlzN(ﬂ;lj. Tam d6i xtng cua: 1(2;1)
a

. TCD cta: x=2= M(2;2a+D)

Vi AIMN cén tai I nén ta co6: IM =IN<:>|211+19—1|=‘2—ﬂ

a
a(%ﬂj:uﬂ

a a

<:>‘11(Z+EJ‘=‘2+E

a

a a=1
= b1 b1 @[a__lzwz:—l
a[z+;j=_{z+;j =

a a
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9 : RPN x,=5
(x0—2) xo:_l

Véix, ==y, =4=d:y=—x+9=0b=9

Voia=-1=-

b=9
Véix,=-1=y, =-2=d:y=-x-3=b=-3. Vay he_3

Cau 23: Nhan théy y=0 la mét nghiém cia phuong trinh y'= 2\/; = loai vi dd thi ¢ dang 1a md
parabol.
, dy dy 2
y=2Jy=>-2=2y=>—L=di=y=x+C=y=(x+C)
dx 2\/;
Thr lai ta dugc nghiém y = (x +C )2 .
Ma f(1)=0 nén C=-1.
Taco y=f(x)=(x—1)2, y'=2(x—1)
Goi M (xo ; yo) 1 tiép diém cua tiép tuyén can tim.
N -1=2 =3
Theo d& bai, ta c6 (v, —1)* =4 < | o[
Xg—1=-2 x,=-1
Khi x, =3 phuong trinh tiép tuyén 1a y = 4(x—3)+4 =4x-8.
Khi x, = -1 phuong trinh tiép tuyén 1a y = —4(x + 1) +4 =—4x.

Cau 24: Taco: g(x):f(x)+x:>g’(x):f'(x)+1 va g(l):f(1)+1:4.
Khi do: [ £(x)+1] =922 +9x.f(x) = [¢'(x)] =9xg(x) (1)

Do f'(x)>-1 nén g'(x)=f'(x)+1>0.
Khi dé:

3

dx: 3xdx < 2 glx =2x2+C (2

(1) F e -2 c (2
Voéi x=1: 2 c>2ﬂlg1 =24+C=4=2+C=C=2.

2
Khi dé: 21/ 2x2+2©1/ x2+1<:>g —[x2+1] .

Viy, hé s6 goc cua tiép tuyén do thi (C) tai diém c6 hoanh do bang 4 : k= g'(4)="54.

X.

8

Cau 25: Tap xac dinh: D=R. y’=3x2—12x+9;y’=0c>[x

D6 thi cat truc hoanh tai ba diém phan biét khi
YegYer <0 f(1).f(3) <0 (m+4)m<0<=—-4<m<0
Vi tiép tuyén tai A va C song song v&i nhau nén
Fx)) = fl(x3) < 3x7 =12, +9=3x3 —12x, +9 < (¥, —x;)(x; + X, —4) =0 & x, +x; =4.
Vi x, +x,+x, =6 nNén x, =2.
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Vi f(2)=0nén 2+m=0 hay m=-2).
Vi f'(2) = -3 nén phuong trinh tiép tuyén tai B(2;0) 1a y=-3(x—2) hay y=-3x+6.
Cau 26: Vi I la tam ddi xtmg ctia do thi (C) nén I(-1;2).
1 1

=Y\ = )
(x+1) O (ar1)

Vi M(a;b)e(c):»M[a;Z””j.

Ta Cé y'(x) =

a+1
\ .4 £ v 4 2 2a+1
Phuong trinh ti€p tuyén tai M la duong thang A:y = 5 .(x — a) + .
(a+1) a+1
Puong thallng A cit tiém can dang tai A(—l; z—alj .
a+

Dudng thing A cét tiém c4n ngang tai B(2a+1; 2).

Suy ra IA =L,~IB:2|a+1| va chu vi tam giac IAB 1a C,;,; = [A+IB+ AB.

|a+1
Taco C,pup = IA+IB+IA% +1B? > 2JIA.IB +2IA.IB = 244 +~2.4 = 4+ 242,

a=0 {M(O;l)

Déu "="xdy ra khi va chi khi A =1B = 1=(a+1)’ <:>[

a=-2 " | M(-2;3)
Viay |2a+b|=1.
Cau 27: Goi M(xy;¥,) 1a diém thude (H). y'(xy) = ——— 5 y(xg) = 20—
(x,+1) X, +1
X . L, . X 2 xXo—1
Phuong trinh tiép tuyen cta (H) tai M la y =———(x—xy)+
(xy+1) Xy +1
2
—2x,-1
o2 Pl
(xg+1) (xg+1)
Khoang cach tir I dén tiép tuyén bang 2, tic 1a
2
-2 _1+x0—2x0—1
x, +1) x, +1)
(o +1) ot 1, o [4(xy + D) = 2[4 +(x, + 1)
4 4+1
(xp+1)
X, =N2-1
o Axy + 1) -16(x, +1)* +16 =0 < (x,+1)* =2 < | ° V2 .
x0=—\/5—1

Vay xM=\/5—1; xN=—\/§—1 =Xy Xy =-2.

Y S _(3)_6
Cau28: Co f (x)—(x+1)2 : g(3)—f(f(3))-f(zj_g.

£ £ (F()1 W)= 5 )-r (O£ ()= 3£ ()- 25
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Vay phuong trinh tiép tuyén véi do thi ham s6 g(x) tai diem x =3 Ia

1 6 1 27
=—(x-3)+= hay y=—ux+—.
y=og(x=3)r5 hay y="cx+ oo

Cau 29: Taco duge f(0)=f'(0)=1.Khido:

2x
A=lim _
0 f(x) - £(0)-3f(3x)+3£(0)+2f(2x)- £(0)
_ 2 _ ) =__1
T FE0) g ) F0) )0 19w 2
x—0 X x—0 3x ¥50 Dy

Cau30: Taco g (x)=f(4x—6)+4xf (4x-6).
Hé s6 goc cua d, la k =f' (2); cua d, la k, =f(2)+8f'(2)
Theo yéu cau bai toan ta co
ki =2 £ (2) £(2)+8f (2)|=2= 8| f (2)}2 +£(2).f (2)+2=0

Pé tontai f(2) thi [£(2)] ~6420[f(2)28

3 x di i 2 . \ 1, 0)+3f(1)=0
Cau 31: Tu dang thuc f(3x)+3f(1—3x):9x +3x,voi x=0va x=§ta co {fgl)):B;((O;:Z
3
£(0)=3
= () 41.
)--3

Lay dao ham hai vé ctia dang thirc ta duoc 3f'(3x) —9f'(1—3x) =18x+ 3(*).

3(0)-05(1)=3 _ [ £(0)-3r(1)=1 |7(0)=
3f'(1)-9£'(0)=9 ®{3f'(0)—f'(1):—3 F(1)=-

Thay x=0va x=% vao ta dugc {

Suy ra phuong trinh tiép tuyén cua do thi ham sé y=f (x) tai diém c6 hoanh d6 bang 0 la

. 5 3 5 3 s, 5 3
y=£'(0)(x—0)+£(0) <:>]/=—1(x—0)+1 <:>y=—Zx+Z.Kh1 do a+3b=—Z+3.Z=1.

Cau 32: DPuong thang d di qua diém M(m; —4) va co hé s6 goc k co phuong trinh 1a: y = k(x - m)—4
Ty M ké dugc ding mot tiép tuyén voi do thi (C) khi hé¢ phuong trinh
X —6x*+28=k(x-m)-4 (1) , .
c6 dung 1 nghiém.
3x* —12x =k (2)
Thé vao ta duoc:
x° —6x% +28 = (3x2 —12x)(x— m) 4o x°-6x7+32= (3x2 —12x)(x— m)
H¢ phuong trinh c6 ding 1 nghiém khi va chi khi phuong trinh ¢6 ding 1 nghiém.
x=4
Tacé c>(x—4)(x2—2x—8)=3x(x—4)(x—m)<:> ) .
2x* +(2-3m)x+8=0  (4)
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Céu 33:

Cau 34:

Céau 35;

Ta xét 2 truong hop:

Truong hgp 1: Phuong trinh c6 dung 1 nghiém x =4 . Khi d6
2-3m=-10

2-3m=8

2-3m=-8

2.4%+(2-3m)4+8=0
2 <~
A=(2-3m) -428=0 [

Truong hgp 2: Phuong trinh v6 nghiém hay A <0 < (2 —3m)2 -428<0 & -2<m< 1?0 .
VimeZ nén me {—1;0,'1;2;3} .

Ta c6: [xz f(2x —1)}' = 2xf(2x —1)+ 222 f'(2x - 1)

d; c6 hé s goc 1a 2020 nén 2 £(1)+2£'(1)=2020 (1)

Mit khac: [ xf(2x—1)]' = f(2x—1)+2xf'(2x 1)

d, ¢ hé sb goc la 2021nén f(1)+2f'(1)=2021 (2)

Tir (1) va (2) ta duge f(1)=-1.

Taco: y' =3x%—/3 va i’ =6x.

Vi y' L =0 va y" L =—£<0 nén x =—i 1a diém cuc dai cia ham sb da cho.
i3

. rot A A 5 + g R 1 \ \ 2 e \
Khi dé tiép tuyén cia (C ) tai diém x = —? la duong thang song song véi truc hoanh.
3
1 < A A r \ s 7 A Nt A A . R 1 &
Vi ba tiép tuyén do tao thanh tam giac déu va tiép tuyén tai diém x = ——= song song vdi truc

i3

hoanh nén hai tiép tuyén con lai tao véi tia Ox theo chiéu duong cac goéc lan luot 1a 60° va 120
. Khi d6 hé sé goc cua hai tiép tuyén d6 1an luot 13 tan60” =3 va tan120" =3 .
Gia str tiép tuyén tai A c6 hé sé goc 1a —/3 , khi do
y'(x,)=—33x,2-3=-3cx,=0.
Gia sir tiép tuyén tai B c6 hé sb goc 1a NE) , khi d6

I
y'(xB):x/§<:>3sz—x/§:x/§<:> %/\/5_

1 A 7 <A < A A A A A 2 A
Vi tung do cac tiép di€ém déu khong &m nén x; =——=. Vay x, +x; =—

%

2

5 e(-2;-1).
4 .

(x+3)2

Goi A va B 1a cip diém thoa min yéu cau bai toan.

Tép xéc dinh D=R\{-3}. y'=

Do tiép tuyén tai A va B song song v&i nhau nén
4 4 2 2
Vix,)=v'(xz) = = S (x,+3) =(xz+3) <
( A) ( B) (XA+3)2 (x3+3)2 ( A ) ( B )

X4 =Xg

X, +x;=-6
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Cau 36:

Céau 37:

+) x, =x, thi A=B

+) x,+x5=-6.

-1 -1
Goi A[xA;xA—Bj;B(xB;xB 3).
xA+ xB+

2
coam2 (o oo [xpm1 o x,-1) o 4(xp=%,)
Taco A =(x; ~x,) +(x3+3 xA+3J ~(x5 =) +LAXB+3(’CA+XB)+9

2

) 2
> [ 4(-2x,-6) } 2 | -8(x,+3) 2 64
=(—2x,-6) + =4(x,+3) +| ——=| =4(x,+3) +—
O P E i AR i e TR R
it ¢ =(x, +3)°. Do AB=4+2 nén 4t+6—f=32@t2—8t+16=0@t=4
:(xA+3)2=4<:>[xA+3:_2<:{xA:_5
X, +3=2 x,=-1
Vé6i x, =-5=y, =3= A(-5;3),B(-1;-1).
Véi x, =-1=y, =—1= A(-1;,-1),B(-5;3).
Vay ton tai mot cip diém thoa méin yéu cau bai toan.
Tép xéc dinh D=R\{-2}.Taco y' = =
(x+2)
Goi M(xo;yo) . Phuong trinh tiép tuyén tai diém M : Y= %(x—x0)+ 2% +3
(x5 +2) Xo+2

=N x—(x0 +2)2y+2x§ +6x,+6=0 (A) . Theo gia thiét ta c6: d(A,A) =2d(B,A)

6+4(x0+2)2+2x§ +6x,+6 2‘5—(x0 +2)2+2x§ +6x0+6‘
Py =

1/1+(x0+2)4 ,[1+(x0+2)4

632 +22x+28) ¥ +2x+7]
oL —p10 632 +22x, +28/=2x2 + 2, +7]
1+(x0+2)4 1+(x0+2)4
6x° +22x, +28 =2x° +4x, +14 2x% +9x,+7 =0 X =-1
P . P el 7
6x° +22x,+28=-2x" —4x,-14 4x” +13x,+21=0 Xg=—7=
0 0 0 2
y y 7 8
Véi x, =-1=y,=1. Vi x0=—§:>y0:§_

Vay ton tai hai di€ém thoa man y€u cau bai toan.

Taco y'= f'(x) =3ax* + 2bx +c.

Dua vao bang bién thién ta c6 h¢
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f'1)=0 3a+2b+c=0

1
' _ _ a=—
£(5)=0 75a+10b+¢ =0 3
=22 Slatprcrd= & b=-3

3 3 c=5
f(5)=i;‘0 125u+25b+5c+d:%40 d=-5

Khi do y:%x3 ~3x* +5x-5.Taco y'=x* —6x+5.

Vi tiép tuyén cit truc hoanh va tryc tung 1an luot tai A va B thoa min tam gidc OAB vudng can
nén tiép tuyén phai c6 hé s6 goc 1a 1 hoic -1.

x?-6x+5=1 - X = 3+\/_ 24+7\/_

2 —
x°—6x+5=-1 ‘= 3+\/_:>y——8+3\/_

Ta thiy trong 4 diém tim dugc khong c6 diém nao nam trén duong thing y=x hodac y=-xnén

Vi vay

ta nhan ca 4 diém trén.
Vay c6 4 diém M.

Cau3s: y=x"+2x"+5=y'=4x> +4x.
Gia str cac tiép tuyén tai A,B,C co cing hé s6 goc k= 4x> +4x=k (1).

Taco: x4+2x2+5=ix(4x3+4x)+x2+5=x2+ikx+5.

Do d6 ba diém A,B,C thuoc db thi ham sé y = 2 +ikx+5 (P).
Theo gia thiét thi (P) c6 dinh I(-1;y,) nén —%k:—l@k:S.
Khid6 (P):y=x>+2x+5. Vay y, =y(-1)=4.

Cau39: Taco: f(3)=2;g(3)=
Tiép tuyén tai A(3;2) cta d6 thi ham sb y = g(x) va d6 thi ham sb y = f(x) cung la duong
thang A. Vay nén f’(3) = g’(3) =2

Taco: h(x)=sin(7f(x)g(x)) +COS£%S:C))]

= I'(x) = cos(m.f(x).8(x)) (- (x).8 (x)) ‘Si“( g(( ))J [”fig)J

- e el ) 2} (9] - 50 ]V '(x)'f(x)J

= 1(3) = m.cos(4r)[2.2+22]~ nsm(”zzj (2'2_2'2J = 87.

2
Cau 40: Hamsd y= g(x) c6 dao ham tai x =a suy ra ham s lién tuc tai x=a.

Khi d6 lim g(x)= lim+g(x) o (a-a)f'(a)=ma <ma=0<a=0.
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Suy ra g( ) {f( ) khixgo,vdim¢O.Hémséy:g(x) co dao ham tai x=0.

mx khi x>0
Taco g'(O’)z lim Mz lim L(x)=f'(0);

x—0" x—=0 x—0" X
g'(0+) = lim —g(x)—g(O) = lim X = .
x—0" x—0 x—0" X

Ham s6 y = g(x) co dao ham tai x =0 suy ra m = f'(O) .
Tiép tuyén tiép xuc voi (C) tai A(O;f(O)).

Xétham s y=h(x)= f(V2+x-v2-x), taco
W(x)=(V2o7 =) (V2 r 2w = ( ! J(Jz_Jz_)

202+ x 2J2 x

Theo d¢, hé s6 goc cua tiép tuyén 1a \/E, suy ra h( ) J2 <:>T (0)2\/5 <:>f’(0)=2
Ta va ta dugc m=2.
Cau4l: Tacld y'=-3x*+3
biém Me(C):M(a;—a3+3a+2)
Goi dudng thang d di qua M hé s6 goc k co dang: y:k(x—a)—a3+3a+2
—x° +3x+2=k(x-a)-a’ +3a+2

c6 nghiém
3x* +3=k

Khi d6 d tiép xtc vé6i (C) khi va chi khi {

Suy ra —x3+3x:(—3x2 +3)(x—a)—a3+3a+2 < 2x° —3ax® +a° =0
x=a

<:>(x—a)2(2x+a)=0 (1)@{ a

X=-=

Dé tr M ké duge dung 1 tiép tiép dén (C) thi (1) c6 nghiém duy nhat a = —g < a=0 suy ra
diém M(0;2). Suy ra a* +b* =4
Cau 42: Goi diém M(a;0)e Ox . Khi d tiép tuyén (d) di qua M(a;0) & y=k(x-a).
Diéu kién tiép xic cua (d) va (C) la
{x?’ +3x+2=k(x-a)

f(x)= 322 +3=k :>—x3+3x+2=(—3x2+3)(x—a) o i’ —3x—2=(3x2—3)(x—a)

c>(x+1)(x —-x- 2) 3(x—1)(x+1)(x—a)=0
<:>(x+1)(x2—x—2)—3(x+1)[x2—(a+1)x+a}=0

<:>(x+1){x2 —x—2—3[x2—(a+1)x+a]}20 <:>(x+1)[—2x2+(3a+2)x—(3a+2)}:0
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Cau 43:

Cau 44:

x+1=0 x=-1
< —2x* +(3a+2)x—(3a+2)=0 < 2x% —(3a+2)x+(3a+2)=0(1)’

Pé (C) c6 3 tiép tuyén thi ( ) phai c6 2 nghi€ém phan bi¢t va x = 1.

A:(3a+2)2_8(3a+2)>0 <:>{A=(3a+2)(3a—6)>0<:> { a>_22

Do d6 5 a<—.
2.(-1)" =(3a+2).(-1)+(3a+2) =0 6a+6+0 3

a+-1
Vi f'(~1)=0 nén dé c6 hai tiép tuyén vudng goc véi nhau thi f'(x;).f'(x,)=-1, véi x;, x, 14
nghiém cua (1)
Taco 1= f'(xl).f’(xz) = (—3x12 +3)(—3x§ +3) = 9(9c1x2)2 —9(xf +x§)+9

o -1=9(x,x,) —9|:(x1 +x,) —2x1x2:|+9 o -1=9(x,%, ) =9(x, +x,) +18x,x, +9 (2).

3a+2
X, +x, =
Tir phuong trinh (1) 4p dung dinh 1y vi-et ta c6 3 22 Thay vao (2) ta dugc
a+
XX, =

2

2 2
—1:9.(3”;2j —9(3“2) +18.3”2+2+9 & 270428 = 0®a_—§

2
VyM—EO
27

Xét phuong trinh [ £(1+x)] +2f(1+2x)-21x-3=0.
V6i x=0= f°(1)+2f(1)-3=0< f(1)=1
Mgt khic[ f(1+x)] +2f(1+2x)-21x-3=0
=3[ f(1+x)] f/(1+x)+4f(1+2x)-21=0
=3[ F()] £(1)+4f(1)=21=7F(1)=21 = f(1)=3
Phuong trinh tiép tuyén ciia d6 thi ham s6 tai diém c6 hoanh d6 bang x,=11a
y=f(1)(x-1)+f(1) o y=3(x-1)+1 = y=3x-2.
Lay dao ham hai vé phuong trinh fz( x) (x +2x+4)f(x+2) (1) ta dugc:
2f(~x).f'(~x) = (2x+2) f(x +2) +(x2+2x+4) x+2) (2)
2
(2)=
4f 2) ( )
f(2)]=0

Thay x=0, x=-2 vao ta dugc: {

Trir vé theo vé ta dugc: f2 (0 2

(2)=
<[ £0)-£ )L (0)+ (2)]+4[ £(0)-
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[0~ /@] 0)+ f(2)+4)-0 BZE =1 (())M
Véi f(0)=f(2) suy ra: f*( [; . Vaynhan £(0)=f(2)=4.
V6i f(0)+f(2)+4=0 suyra: [-4-f(2)] =4f(2) = f(2)+4f(2)+16=0
Thay x=0, x=-2 vao (2) ta duoc:
{—Zf(o).f’(o):2f(2)+4f’(2) @{—8f’(0):8+4f’(2) @{—8]“(0)—4]"(2):8
2f(2).f'(2)=-2f(0)+4f'(0)  |-8f(2)=-8+4f'(0) -4f'(0)-8f'(2)=-8
_ {f’(0)=—2
f(2)=2

PTTT tai (2;f(2)): y=2(x-2)+4 < y=2x.

2
Cau 45: Ta c6 phuong trinh hoanh d6 giao diém: x_2 =T x=m = toa d9 giao diém A(m;l) .
m X
‘ x? o 2x m ,
Xet(P)ylz—zjylz—z Va(H)yZZ— :>y2:__2
m m X x

. fra Ao . X I X 2 1
Do d6 ta co hé so6 goc cua 2 tiep tuyén tai A la k; =—;k, =——.
m m

Vi gbc giita hai tiép tuyén bang 60° nén

kl _kz

m 8
3=\ _ 3 >m=
1+kk, =3

tan60° = m .
1— gl 7 \/ﬁ
m m

-+

Vay ¢6 4 tiép tuyén thoa man bai ra.
Cau 46: Tachd y' =3x*—6x.

Goi M(a;a® ~3a> +2| thuge db thi (C).
Phuong trinh tiép tuyén d ciia @6 thi ham s tai M 1a y = (3a2 —6a)(x—a)+ a°—3a% +2.
Do A E;—E ed & (3a2 —6a) E—a +a®-3a*+2 =—§

2 2 2 2
<:>(3a2 —6a) g—a +a° —3a” +2:0

2 2

a=23

<40’ -21a° +30a-9=0 &| :
4a° -9a+3=0(1)

Do x;;x, (;t 3) nén x,;x, la nghiém ctia phuong trinh (1) .

, x2_9x1—3 x2_9x1—3
4x.“—-9x, +3=0 1~ 1 =
Tacé{ N1 ;Cl = 94 3 = 3 49 .
k, =3x,“ —6x Xy — Xy —
1 1 1 k, =3. 1 - 6x, k, = 14
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3x, =9

Tuong tu k, =

nén E(xl;kl) , F (xz;kz) thuoc duong thing c6 phwong trinh

3x-9

o -9 9
© 3x—4y-9=0.Khi d6 d(O;EF) = ———===.
32 +(-4a) °
Cau 47: Puongtron (T): (x—1)" +y* =2 cotam 1(1;0), ban kinh R =+2.
Taco (C): y=x"-3x"+4 = y'=3x"—6x = y"=6x—6. Diem uon M(1;2).
Phuong trinh tiép tuyén tai A va B ¢6 cting hé s6 goc k < A, B doi xtmg qua M(1;2).
Phuong trinh dudng thing AB qua M c6 dang: y=a(x-1)+2.
Duong thang AB c6 diém chung vé6i dudng tron (T) < d(I; AB) <R
2

\/a2+1

Phuong trinh hoanh d6 giao diém: x° —3x* +4=a(x-1)+2 <

<~

S\/E<:>|a|21.

x=1
x?-2x-a-2 =O(*)
D¢ ton tai hai diém A, B thi phuong trinh (*) phdi c6 hai nghiém phén biét khac 1, hay:

A'=3+a>0
s a>-3.
{—3—a¢0

Goi x,x, la hai nghiém cia (*), suy ra: k:y'(xl):y'(xz):3a+6

k=9
= [ k>9
=1qk<3 & .
3<k<3

=
3

=

E—2>—3 k>-3
3

V6i k=9, tac6 2013 gia tri k nguyén thudc doan [-2021;2021].
V6i -3<k<3,taco 6 giatri k nguyén thudc doan [-2021;2021].
Vay tap K gdm 2019 phan ti.

Cau 48: bat f(x):2x3—3x:>f'(x):6x2—3:O<:>x:ir—.

Bang bién thién

x . - 1 1 .
' 2 2
f'(x) + 0 - 0 -
f(x)
— —\/5
+ \E 2 +
|/ (x)| '
0 0 0
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Tir bang bién thién ta thidy dudng thiang y =0 khong phai la tiép tuyén cua do thi ham sb

y= ‘ f (x)‘ do d6 d6 thi ham sb c6 mét tiép tuyén vudng goc voi truc Oy la tiép tuyén di qua hai

) o)

Cau 49: Hai do thi (C1) va (Cz) tiép xtc nhau khi hé sau c6 nghiém

diem cuec tri cia do thi ham so la [—

,(x € (—2;2)) :

{f(x)zg x) x° —12x+9=m\4—x*(1)

F(x)=g(x) ~ |a-12=— (2
457

x> —12x+9

\/4—x2

Thay vao ta duoc: 3x> —12 = —

Tutacd m=

X 3 -12x+9
\/4—x2 \/4—x2

& (3x2 —12)(4 —xz) =—x*+12x% —9x

< 2x* —12x% —9x+48=0.
4 4 2 2 2
Ta co 2x* —12x —9x+48=2(x —3) +9(2-x)+12>0,Vx €(-2;2) nén phuong trinh vo

nghiém.
Vay khong c6 gia tri ndo ciia tham s m dé do thi (Cl) va (Cz) tiép xtic v6i nhau.
2 —
Cau 50: Taco: y _ X odxrd :x—2+i.
x-1 x-1
2

(x-1

Tiép tuyén cuia (C) di qua diem A(41) la d:y=k(x—4)+1.

Téap xéc dinh: D=R\{1}. y'=1-

Hoanh d tiép diém cua d va (C ) la nghiém cta hé phuong trinh:

2
x—2+ﬁzk(x—4)+1

2
(x-1)

Ta co: x—2+i=k(x—4)+1 @x-z+i=k(x—1)-3k+1
x-1 x-1

k=1-

1)

@x—2+i= 1- 2 - (x—1)—3k+1 @x—2+i=x—1—i—3k+1

x—1 (x—l) x—1 x—1
@L:Z—_3k thay vao, ta co:
x—1 4

2
_ +
kzld(%) & 8-(4-12k+9k” ) =8k « 9k 4k —4 =0 @k:_z_zgm .
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Suy ra M(

2+29JE;0J’ N(z—zgm;o}

Vi M,N thudc (P) .y = ax® +bx—8 nén ta c6 phuong trinh (P) 1y =18x" —8x-8.

I 1a dinh cia (P) nén 1] 2,-80 | pny =210
9 9 9
Ta ¢c6 AIMN can tai I . Goi H la chan duong cao cua AIMN ha tir dinh I . Ta c0

80
IH=d(I,MN)=d(I,0x)=—.

(1,MN) =d(1,0x) =
Goi R 1a ban kinh duong tron ngoai tiép AIMN .

Ta cO: sin NIM = 2sin HIMcosHIM = 2.@ E = MN.IH )

IM'IM M2
2
(3%
2 2 2 9 9
opo MN _IM? _IH?+HM? _161 o gol6l
sinNIM IH IH 80 18 36

9

Cau51: Tach: y'=3x” +3ax.
Do tiép tuyén ciia (C ) tai M,N c6 cing hé s6 goc 1a 3 nén hoanh d6 M,N 1a nghiém phwong

trinh ' =3 < 3x* +3ax =3 < x* +ax-1=0.

Chia da thitc y cho da thirc x* +ax—1 dwoc phan du 1a g(x)z(l—%azjx+%a+b.
Hay y =(x2 +ax—1)(x+%a}{l—%az}wrécwb.

3
‘ o yM:xi/I+Eax§A+b
Toadd M va N déu thoa man ham s6 dé cho, nén ta co: 5
Yy = x?\] +Eax12\, +b

_ [ A2 _ l _1 2 1 . _1 2 l
Hay yM—(xM+axM 1)(xM+2a +]1 211 xM+2a+b— 1 211 xM+2a+b

1 1 1 1 1
Yy =(x%, +axN—1)(xN+Eaj+(1—§a2jxl\,+Ea+b=[l—za2]xl\,+§a+b
Khi d6 phuong trinh duong thaing MN 12 MN:(l—%azjx—y+%a+b=O.

1a+b

2
(1—1612] +1
2

T (+) taco P=24>+(a+2b)" =34 +4(ab+b2)=a4 — 24> +8=(a2 _1)2+727,

Theo gid thiét d(O; MN) =1 e abib =10t 20212, (*).

Dau "=" xdy rakhi a=+1. Vay GTNN can tim 1a 7.
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Caub52: Cach1l

Taco f(x)=0<:>(x—m)(x+m—4)=0<:>ﬁzr_m:g(x)z()@ j:(x)=m (1)
THL: m=4-me m=2

flx)=x"—dx+4=g(x)= f7(x)-4f(x)+4=[ f(x)-2]
Ox.

TH2: m#4-m < m=2 thi (1),(2) khong c6 nghiém chung

2 2 2 « K ’ ;.
=(x —4x+2) tiép xuc vadi truc

Nén g(x) tiép xtc voi Ox khi phuong trinh (1) c6 nghiém kép hoac phuong trinh (2) co
nghiém kép

(1) c6 nghiém kép = x* —4x+3m—m? =0 c6 nghiém kép ma A'=m? -3m+4>0,VmeR
nén khong théa man

(2) c6 nghiém kép = x?—4x+5m-m*-4=0 co nghiém kép, ma ta co:
A'=m?-5m+8>0,VmeR nén khong thoa min

Vay m =2 thdéa man yéu cau

Céach 2
f(x)=x"—4x+4m—m® nén f'(x)=2(x-2) va f(x)=0<:>[x;4_m.
() fis
iép xtic voi fiix))=0 ¢ i€ _f(x)=4—m ¢6 nghiém
g( )t p o1 truc Ox & f'(x).f'(f x))=0 ghiém < S ghié
_f(x =2

m=2 (f(x)=2)
o | f(2)=-m*+4m—-4=m (VN) <m=2.
f(2)=-m*+4m—-4=4-m (VN)

Vay m =2 thdéa man
Cau 53: Taco: f’(x)+m=4x2+3x<:>xf'(x)+f(x)=4x3+3x2<:>(xf(x))'=4x3+3x2.
X
Suy ra: xf(x) = J.(4x3 +3x7 )dx =x*+x*+C.
Do f(1)=2 nénvéi x=1=1.f(1)=1+1+C<=C=0.
Suy ra: xf(x):x4+x3 <:>f(x):x3+x2.

Tiép tuyén tai diém c6 hoanh d6 bang 2 c6 phwong trinh 1a:
y=f'(2)(x-2)+f(2) = y=16(x-2)+12 = y =16x-20.

Caus4: Tact: 2f(x)+f(1-x)=x",VxeR (1).

Pat t=1-x=2f(1-t)+ f(t)=(1-t)", Vi eR=2f(1-x)+ f(x) = (1-x)", VxR (2).
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2 1-x)=2x?
Tir va ta co: fl)+ f(1=x) = :>f(x):l(x2+2x—1).

2f(1—x)+f(x):(1—x)2 3
Suyra: f(1)=2; f()=5

Suy ra phuong trinh tiép tuyén v6i do thi ham sé y=f (x) tai diém c6 hoanh d6 x =1 Ia:

4 2 4 2
yzg(x—1)+§<:>y=§x—5

Tiép tuyén cit truc hoanh tai A(% ;OJ va cét truc tung tai B(O;—%j

Suy ra dién tich tam giac OAB la: S=10A.OB=1.1.—Z =1.
2 22| 3 6
A \ I X 1 A g S 1
Cau 55: Hamso y = =1+ . Tap xéc dinh: D:R\{l}.Taco: Yy =-
x-1 x-1 (x—1)2
Goi x,=m; xp=n (m=znvam,n=l) = =My =
01 X 4 1 Xp 1 Ya 1’ Y -1
s A A . st A A . 1 1
Tiép tuyén tai A song song voOi tiép tuyén tal B < — == 3
(m—l) (n—l)

m+n=2

2 2 m—-1=n-1 m=n (lo')
<:>(m—1) =(n—1) C{m—lz—wrl @[

2
AB=22 = AB> =38 <:>(m—n)2+( n —LJ -8
m—1 n-1

(m_”)z (m+rl)2 —4mn
<:>(m—n)2+ 2=8<:>(m+n)2—4mn+ -=8 (1)
[mn—(m+n)+1] [mn—(m+n)+1}
Thay m+n=2 vao (1) ta dugc: 4—4mn+imnz=8 <:>4—4mn+—_4(mn_i) -8
(1mn-1) (mn-1)

=1-mn—

— =2 <::>—(mn—1)2 —1:2(mn—1) @—[(mn)z—Zmn+1]—1:2mn—2

c>—(mn)2 +2mn-1-1=2mn-2 (:)—(mn)2 =0eomn=0=x,x,=0
Vay tich x ,x; =0.
Cau 56: Xét duong thang (A) Y= k(x—a)+b di qua M , do vy néu (A) 1a tiép tuyén ciia do thi ham

O y = f(x) thi h¢ sau c6 nghiém:
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x+l=k(x—a)+b x+l=kx—ak+b x+l=x—l—ak+b
Ji ,(x#0) < ch = 3; X
1__2:k x——=kx 1——2=k
X X x
1 —ak+b
~ =BT 1 —ak+b
X 2 —=
= » S9X 2
1_(”—“") _x |k -2(ab-2)k+b>-4=0 (1)
4
Qua M ¢6 dung hai tiép tuyén va hai tiép tuyén vudng géc v6i nhau khi va chi khi (1) c6 hai
2_
nghiém phén biét k,,k, thod man kl.k2:—1©b =-1,(a#0)<a* +b>=4.
a

Khi d6 M thudc dudng tron tim O(0;0) va c6 ban kinh bing 2.

Cau57: Goi M ed = M(a;2a+1).

Goi A(xo;yo),xo =1 1a tiép diém cua tiép tuyén d, kétr M véi (C)

Phuong trinh tiép tuyén d, :yzy'(xo)(x—x0)+y0 <:>y=_—2(x—x0)+x0 3
(xo—l) X~ 1
—4 X, +3
Vi Med, nén 2a+1=——(a—x,)+->
1 (xo—l)z( 0) Xy —1

= (2a+1)(x0 —1)2 = —4(a—x0)+(x0 +3)(x0 —1), (xo #1).

o ax;—2(a+2)x,+3a+2=0 (1)

T M ké dén (C) dung 1 tiép tuyén < (1) co dung 1 nghiém x, #1.
Trwong hop 1: a=0

(1) < X, =% .Suy ra a=0 thoéa man.

Truwong hop 2: a=0, PT c6 nghiém kép x, #1.

thoa man.

a=-1
A':(a+2)2—a(3a+2)=0 — 1
= sl o {a T
2(a+2) » s 4
2a — =1
a
Truomg hop 3: a#0, PT c6 hai nghiém phan biét trong d6 c6 mdt nghiém bang 1
A'=-24>+2a+4>0 “1<a<?2 o
= ) = <> a=1 thoa man.
a1’ -2(a+2)1+3a+2=0 [a=1
Két hop 3 trudng hop suy ra c6 4 diém M théa min yéu cau bai toan.
Cau 58: Phuong trinh tiép tuyén (d) cta dd thi ham s y = f(x) tai diém c6 hoanh do bang 1 c6 dang
y=£(1).(x-1)+£(1).
Ta can tim f(l) va f’(l) . Xét phuong trinh: 2f(2x) + f(1—2x) =12x* VxeR. (*)
Tatim £(1):
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Céu 59:

Cau 60:

Thay x =0 vao (*), ta dugc: 2£(0)+ £(1)=0. (1)
| i
Thay x = vao (*), taduge: 2£(1)+£(0)=3. (2)
Tur (1) va (2) suyra f(1)=2.
Tatim £/(1):
Pao ham hai vé cua (*), ta duoc: 4f’(2x)—2f’(1—2x) =24x VxeR. (**)
Thay x =0 vao (**), ta dugc: 4f'(0)-2f'(1)=0. (3)
Thay x=% vao (**), taduoc: 4f'(1)-2f'(0)=12. (4)
Tur (3) va (4) suyra f'(1)=4.
Nhu vy, tiép tuyén (d) c6 phuong trinh la: y=4(x-1)+2 < y=4x-2.

Goi A, B lan luot 1a giao diém cua (d) voi Ox va Oy, ta dugc A(%;OJ va B(O;—Z).

:>OA=1, OB =2.Vay SleA.Ole.
2 2 2
Taco y':f’(x): 1 5
(x+1)

Phuong trinh tiép tuyén cua (C) : y:ﬁ tai diém M(xo;yo)e(C) (xy#-1) co dang

y= f’(xo)(x—x0)+y0.
Do tiép tuyén cit Ox, Oy 1an luot tai hai diém A, B vatam giac OAB cin nén tiép tuyén vuong

1
. ——
2
e s s 2 . (xo + 1) Xo = 0
goc voi duong thang y = xhodc y =—x Suy ra = .
1 Xy =—2
—— =—1(vn)
(xo + 1)

Véi x, =0 phuong trinh tiép tuyén l1a y =x loai vi A truing O

Vé1 x, = -2 phuong trinh tiép tuyén 1a y = x +4

Viy ¢6 1 tiép tuyén thoa man ycbt.

Ham sb duoc viét lai thanh (xz —3x+2)m+x3 —x? +1-y=0.

Mot diem M(xy;y,) 1a diém c6 dinh cia @6 thi ham s thi phuong trinh
(x02 -3x, +2)m + xo3 —x02 +1-vy,=0 phai nghiém dung vé1 moi m, xdy ra khi va chi khi

2 . —

x," =3x,+2=0 :[x():l,yo_l_

X =% +1-y,=0 |[%=2Y,=5

Gia sit A(1;1),B(2;5)=> AB=(1;4) khi d6 hé s goc ciia dudng thing AB 1 k=4.

bat f(x)=x3 +(m—1)x* =3mx+2m+1.
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Céau 61:

Céau 62:

Céau 63:

Pé trén d6 thi ham sb c6 diém ma tiép tuyén tai d6 vudng goc v6i duong thang AB thi hé sé goc
tai tiép diém phai bing k' = —i. Piéu 6 xay ra khi va chi khi f'(x) = —i ¢6 nghiém.
Taco f’(x) =3x%+2(m—1)x—3m.

Phuong trinh f’(x) = —% < 322 +2(m—1)x—3m+i = 0(1) .

—7—4@}{—%4\/5.%}
2 2 )

Phuong trinh (1) co nghiém khi A'>0< me {—oo;

\Y% ~—0.03 nén cc sO nguyén duong m [ -2020;2020 | la {1;2;3;...;2020}.

s 7 +43
2
Vay ¢6 2020 sd thoa mén yéu cau bai toan.

TXD: D=R\{1}.Tacé: Y =—

ax+h nén 1=£<:>b=—1.
x—1 -1

Tiép tuyén tai A(O;l) ¢6 hé sd goc bang —3 nén

biém A(0;1) thude d6 thi ham s6 y =

y'(0)=—3<:>_a1+1=—3<:>a=4.V'$1y a+b=3.

Duong thang d di qua diém A(1;m) hé s6 goc k c6 phuong trinh 1a y =k(x—1)+m.
Duong thang 4 1a tiép tuyén cua do thi (C) khi va chi khi hé phuong trinh

a3 +l=k(x-1)+m (1)

cé nghiém x.

3x% +6x=k (2)
Thay vao ta c¢6: x° +3x? +1:(3x2 +6x)(x—1)+m<:>2x3 —6x—1=-m.
Qua diém A(1;m) ké dugce ding 3 tiép tuyén téi do thi (C) <« phuong trinh c6 ba nghiém
phan biét «<>hai dothi hams6 y = f(x)=2x>—6x—1 va y = —m catnhau tai ba diém phan biét.

Ta c6 bang bién thién caa ham sé y = 2x® —6x —1 nhu sau:

e ST~ y=-m /x
/ —~

—00

Tir bang bién thién ciia ham s0 y = f(x) suy ra

Viy ¢ tit ca 7 gia tri nguyén cta tham sb m thoa méin yéu cau bai toan.
T dd thi f'(x) suyra f/(1)=0.

Phwong trinh tiép tuyén cua do thi (C ) tai diém c6 hoanh d6 bang 1 1a:

y=F(1)(x-1)+f(1)=y=£(1).

985 | Facebook tac gid: Phan Nhét Linh - SPT: 0817.098.716



Chuong 1: Ung dung dao ham dé khdo sat va vé dd thi ham sb

Cau 64:

Cau 65;

Phuong trinh hoanh d¢ giao diém ciia tiép tuyén va dd thi (C) la: f(x)= f(1).
T dd thi f'(x) suyra f'(-1)=f'(3)=0. Ta c6 bang bién thién cia ham s6 y = f(x).

x —a0 -1 1 3 +a0

F'(x) - 0 + 0 - 0 +

f(x)

Dua vao bang bién thién ta thdy dudng thing y=f (1) cit d6 thi ham sb tai ba diém c6 hoanh

dolanluotla a, 1, b véi a<-1vab>3.Suyra b*>9 va a*> >1. Vay a* +b*> >10.
Tacld y' =3x> —6x.

Goi d 1a tiép tuyén véi (C) va (xy;y, ) 1a tiép diem.
d:y—yozy'(xo)(x—xo)<:>d:y—(xg—3x(2])=(3x§—6x0)(x—x0).

B(0;b) ed < b—x) +3x] =, (3] —6%, ) = 2x) 337 +b=0 & b =227 +3x] .(1)

bat f(x)=—2x3+3x2.Ta co f’(x)=—6x2+6x.

f'(x):0<:>[§:(1).
Béng bién thién
X —20 0 1 +00
f'[.T) - 0 + 0 -
a0

b>1

Yéu cau bai todn < phuong trinh (1) ¢6 duy nhat nghiém x, < L} 0
<

Vay ¢6 17 sb6 nguyén b e (—10 ;10) thoa yéu cau bai toan.

Phuong trinh dudng thiang A di qua A(l;m) c6 hé sd goc bang k co dang y= k(x —1)+ m.

A tiép xtic véi (C ) < hé phuong trinh sau c6 nghiém

:>—2x3+6x+1:m(*).

x3+3x2+1:k(x—1)+m
=N
3x2+6x=k

Dé 6 3 tiép tuyén voi (C ) < phuong trinh (*) c6 ba nghiém phan bi¢t.

Xétham s6 g(x)=-2x" +6x+1.
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g’(x):—6x2+6:0<:>x:il.

Béng bién thién:
X | =0 -1 1 +20
g' - 0 + 0 -

. \_3/5\40

Yéu cau dé bai khi va chi khi -3<m<5.

Suy ra 5 ={-2;-1,0;1;2;3;4} .

Vay ¢6 7 gia tri nguyén cia m .
Cau66: Tacd y' =3x>-3.
Phuong trinh hoanh d9 giao diém ctia d6 thi ham s6 (C) va duong thang (d):
x° —3x=k(x+1)+2 ox° —3x—2=k(x+1)
<:>(x+1).(x2 —x—2):k(x+1) <:>(x+1).(x2 —x—2—k)=0
x+1=0 x=-1
QLZ -x-2-k=0 QLZ —x-2-k=0(*
D¢ duong thang (d) cat dd thi (C) tai ba diém phéan biét M,N, P thi phuong trinh phai c6 2

9
A=9+4k>0 -=
nghiém phan biét x,,x, # -1 hay & k> 4
1+1-2-k=#0 k
#0
X, +x, =1

Khi do6 theo dinh 1y Viet thi:
XXy =—2-k

He 56 goc tiép tuyén tai cac diém N, P 12 y'(x,) = 3(x —1);y/(x,) = 3(x5 —1).
Dé tiép tuyén cia (C) tai N, P vuong goc voi nhau thi y'(x;).y'(x,) =-1

S 37 -1).3(x5 —1) =-1e (1,x,)° — (x4 +x5) +1= —%

<:>(2+k)2—[1—2(—2—k)]+1=—% kP +2k+%=0

34242

<k, = — thod man = k, .k, = % Vay tich cac gia tri cia k la %

3 .
(x-1)

Tiép tuyén v6i do thi (C) qua A(0;a) 1a (A):y =kx+a.

Cau 67: Taco y'=-—

x+2 =kx+a

(A) tiép xtic v6i (C) khi va chi khi h¢ phuong trinh 3 (*) c6 nghiém.
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X+2_ 5 5 +a<:>(a—1)x2—2(2+a)x+2+a=0 (**).

x-1 (x—l)

Tir hé (*) taco

Yéu ciu bai toan 1a tim a dé phuong trinh (**) cO 2 nghiém phan biét x;,x, thoa

Pex x _2+a
2 2 A
2 N¥2 g Tacs a-1 .
x, -1 x, -1 2(2+a)
S=x+x,=
a—1
azl azl azl a=1
Yéu cau bai toan twong duong { A’ > 0 <30+6>0 = {a>-2 & 2.
P+25+4 9a+6 >3
— 22T 0 <0 |a>-=
P-S+1 -3 3

Do a nguyén thudc doan [-2018;2018] nén a e{0;2;3;4;...;2018}.

Vay c6 2018 gia tri thoa yéu cau bai todn.
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HAM sO LUY THUA
HAM SO MU VA HAM SO LOGARIT

CHU PE PHU'ONG TRINH - BPT MU LOGARIT CHG’A THAM SO

o ot @)
Y YY 10MTATLY THUYET

Dé giai phuong trinh, bat phuong trinh mii logarit c6 chira tham sd, chling ta thuong st dung céc cach sau:

1. Phwong phap dwa vé cung co sd va logarit hoa
o Voia>0vaazl,tace: o’ =80 o f(x)=g(x).
e Phuong phép logarit hoa: o b o f(x) =log, b
o) =) o f(x) = g(x)loga b va log, f(x) =bs f(x) =a"
2. Phwong phap dit 4n phu két heop véi phwong phap ham sé
= Hamsd f(x) don diéu trén K = phuong trinh f(x)=0 c6 ti da mot nghiém thuoc K
» Hamso f(x) dondiéutrén K= VabeK c6 f(a)=f(b)=a=b.
* Hamsd f(x) dondiéutrén K=VabeK c6 f(a)> f(b)<a=b.
» Hamsé f(x) dondiéutrén K= VabeK c6 f(a)< f(b) = a<b.
Bwéc 1: Bién d6i bai toan dé d& dang cho viéc dit 4n phu, tim diéu kién cua x (néu c6)
Buwéc 2: Bit an phuy, tim diéu kién chan (diéu kién bién) cho an phu méi dya véao diéu Kién ban dau
cia x va yéu cau dé bai.
Buwéc 3: Ap dung phuong phap giai bang dai s6 16p 10 hoic phuong phap ham s6 dé thyc hién yéu
cau dé bai.
Co lap tham s6 m chi &p dung duoc khi tham s6 m ddng bac nhau, thuong & dang bac nhit.
e f(x;m)=0< m=g(x), khao sat sy bién thién cua ham g(x), dwa vao bang bién thién dé
tim m thoa man yéu cau dé bai.
m> h(x)

. Bé bat phuong trinh luén diing Vx e [a;b] thi 7 phai théa man
m< g(x)

. f(x;m)ZOc{

L [mZmaxh(x)
dieu kién .
m< ming(x)

m> h(x ., i . . . .
e f(xm)20e . D¢ bét phuong trinh c6 nghiém Vx [ a;b] thi m phai théa man

m Sg(x
m> minh(x)

diéu kién .
[m < maxg(x)
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Chuong 2: Ham sb 10y thiia, hdm sb mo va ham sb logarit

BN vipu MINH HOA

CAU 1. C6 bao nhiéu s nguyén x sao cho ton tai duy nhat s6 thuc y thoa man

log3(2+x+2xy—x2):10gﬁy?
A 5. B. 3. C. 4. D. 2.

& LOI GIAI
Chon B
2 2
A - 2 - 2 — = 0 *
Taco 10g3(2+x+2xy_x2)zlogﬁy<:> Y xy X+x ( )
y>0
Bai toan twong duong l1a phuong trinh (*) c6 ding mot nghiém duong vy .

Trwong hgp 1: Phuong trinh (*)cé 2 nghiém trai ddu < x* -x-2<0sxe (—1;2) .

X ‘ o A'=x+2=0 =
Trwong hgp 2: Phuong trinh (*)co nghiém y, =y, >0 < {S 2r>0 v6 nghiém.
=2x>
2
\ ) . . ‘A . x"=x-2=0
Trwong hgp 3: Phuong trinh (*)co2ngh1¢;m thoa y, =0<y, < G210 Sx=2.
=2x>

Vay x €{0;1;2} théa man dé bai.

CAU 2. C6 bao nhiéu gia tri nguyén ciia tham s6 m e (~10;100) d¢ ton tai cac s thuc dwong a,b,x,y

thoa man a=1,b#1va a®* =pY = (ab)“my

A 0. B. 100. C. 99. D. 98.
& LOI GIAI
Chon A
1
a:(t)Zx x+my
., 2 xX+my 1 ZJr*
Bataxzbyz(ab) =t = b:(t)y =t Y =t
ab)x+my_
1 —+ut+m=—
:£—+—J(x+my):1<:>—+ﬂ+f+ =1={"
2x Y 2 2x oy u=X50
m+2u +2mu =u 2u2+(2m—1)u+m=0
= =
y y

Yéu ciu cuia bai toan dugc thuc hién khi phwong trinh (¥) c6 nghiém duong

2
A>0 2m—-1) —8m =0
( ) 3-2+2
<Sip>0<m>0 <= m|0; > .
5>0 1
m

Khoéng c6 gia tri nguyén ciia m thoa man yéu cau bai toan.
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CAU 3. C6 bao nhiéu cip sé nguyén (x; y) ;Y€ [0; 20213} théa man phuong trinh

1 f 1
Iog4[x+§+ x+1]=log2(y—x)?

A. 90854 . B. 90855. C. 2021°. D. 2021% -1.

& LOI GIAI
Chon B

y—x>0

biéu kién:< x > 1

1 1
x+—+‘/x+—>0
2 4
Taco lo x+1+,/x+1 =log, (y—x)
84 > 4 &2y
1 1 ’ 1 1
<:>10g4{5+4/x+ZJ =10g2(y—x)<:>10g2{5+4/x+1]=10g2(y—x)
2
Sy-x= 1+4/x+1 Sy= 4fx+1+1
y 2 1)V 4 2

ViyeZ= x+1+leZ:>4/x+l=2m+1(meN):>x=m2+m;khidé y=(m+1)2.
4 2 4 2

Ma y e [0,-20213} = (m+1)" <2021> = 0 < m < 20212021 ~ 1~ 90854, 1.

Do do6 c6 90855 gid tri cia m, ing véi d6 cd 90855 cap (x;y) thoa méin yéu cau bai toan.

CAU 4. Tinh tong tit ca cac gia tri nguyén duong ctia m dé bat phuong trinh 23 + 2" <23 11 ¢4
nhiéu nhat 20 nghiém nguyén.
A. 171. B. 190. C. 153. D. 210.

& LOI GIAI
Chon A
Ta co:
2X+3 + 2m—x < 2m+3 + 1 P 2m+3 + 1 _ 2X+3 _ 2m—x > O

PN (2”” —1) —(2*” —1) >0 (2“3 —1)(2'”—" —1) >0

29 -1<0  [x<-3
=
2" -1<0
Bét phuong trinh ¢6 nghiém khi m < -3 (loai).
29 -1>0  [x>-3
=
2" -1>0
Bit phuong trinh c¢6 nghiém khi m > -3
Khi d6 bat phwong trinh ¢6 nghiém: -3 < x <m.
Dé bat phuong trinh c6 nhiéu nhat 20 nghiém nguyén thi -3<x <18 < m <18
DomeZ'=>me {1;2,'3;...;18}

Vay tong tt ca cac gia tri nguyén duong ctia m 1a: 1+2+3+...+18 =171.

Trwong hop 1: {
xX>m

Trwong hop 2: {
x<m
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CAU 5. Xét cac s6 thuc x,y thoamin x* +y* >1 va logxzw2 (2x +4y) > 1. Gia trj 16n nhét cua biéu
thirc P =3x+y bang
A. 5+2410. B. 5+445. C. 5+5V2. D. 10+25.

& LOI GIAI
Chon C

Tacd x> +y* >1.

Khi do logx2+y2 (2x+4y)2 1<::>10gxz+y2 (2x+4y) Zlogxzw2 (x2 +y2) o 2x+4y > xP +y?
o2 -2x+1+y —dy+4<5(x-1) +(y-2) <5,

Khido P=3x+y < P=3(x-1)+(y-2)+5< P-5=3(x-1)+(y-2)

Ap dung BDT Bunhiacopxki, ta co: [3(3( —1) +(y —2)}2 < (32 +12)[(x—1)2 +(y —2)2} =50

= (P-5) =[3(x~1)+(y-2)] s(3z+1z)[(x—1)2+(y—2)2}=50.
Vay (P-5)" <50 = -5v2 <P-5<52 = 5-5J2 <P<5+5\2
Suy ra maxP =5+542 .

32 2

Dau "=" xay ra khi va chi khi x:1+T,y:2+7.

CAU 6. C6 bao nhiéu s nguyén y sao cho ton tai x e (%,;J thoa man 2712 2% — (1 +2xy)2718x :

A. 27. B.9. C. 11. D. 12,
& LOI GIAI
Chon C
Taco: 272772 = (14.2xy)27'% (1)
1+2xy >0
1 {2712x218x+2xy —1+2xy (2)

Véi y =0, phuong trinh thanh: 2712 18% 1 _ () o 27125718 _q

X =
2

x=0
= 3 vo nghiém vi x 1.3 .
== ' 6’2
. 1 3 1 1
Khi y<0, vi =<x<=vaxy>—=nénsuyra -3<y<——
Y 6 Ty T y ¥y=73
ma y 1a s0 nguyén nén y e {-2;-1}.

o : soh. 1262208 1 Aoy . Ao (13 L
Véi y =-1, phuong trinh thanh: 27 (1-2x)=0, c6 nghiém trén e VI
2_ . 13, 1 3
x) =2712720% _(1-2y) lién tuc trén | —;= | va —l.g| =1<0.
81(%) ( ) L 62 81 6 81 5
Véi 1y = — ) Anh. 971232220 4 4oy . A oA (1.3 1
61 y = -2, phuong trinh thanh: 27 (1-4x)=0, c6 nghiém trén e VI

2,(x) = 2712x2—22x —(1—-4x)lién tuc trén {%,%} Va g, [%j.gz (%j <0.
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Khi y>1, xéttrén E;g]ta co

log,., (1+2xy)

2712929 _ (14 2x)27" 1227 ~18x = log,, (1+2xy) ~2xy <> 12x—18—
X

+2y=0.

logy (1+27)) +2y trén {1,2}
x 6 2

Taco g'(x) =12+ 20 +22) 2y s12—— 1 s10-12 50 vee| L3
x’1In27  x(1+2xy)In27 3x%1n3 In3 6 2

Xétham g(x)=12x-18-

Do d6, ham g(x) dong bién trén [% ,%} . Vi thé phuong trinh g(x)=0 c6 nghiém trén [% ,%J khi va chi

khi g(%jg(%) <0. Ap dung bt dang thirc In(1+u) <u véimoi u >0, ta co

log,, (1+6y) 6y
3)=18——22 " 7 12y >18— +2y>0.
8G) 3 Y 3n27 Y

Do d6 g(%j <0 —210g3(1+%j+2y—16 <0< 1<y<9(do y l1a s nguyén duong).

Vay ye{—2;—1;1;2;...;9} hay c6 11 gia tri y thoa dé.

CAU 7. Phuong trinh log, (cotx) =log, (cos x) c6 bao nhiéu nghiém trong khoang (O ;20227[)?
A. 2020. B. 2021. C. 1011. D. 2022.

& LOI GIAI

Chon C
U cosx >0
Diéu kién: 4 =0<cosx<1.
sinx >0

COS2 X

< 91-cos’x

cosx =4!

—of

_nt 2. ot
Dat loga(cotx)=log4(cosx)=t:{Com_?’ @{COt x=9

cosx = 4! cosx =4!

16
1-16'

t
=9' = 144" +16' -9' =0 <= 16 +(%) -1=0.

16 16) | 16
Xét ham s6 f(t):16t+(?j ~1trén R, c6 f’(t)=16*.1n16+[3j .ln?>0, VteR.

Do d6 ham s6 yzf(t) luén dong bién trén R, ma f[;]=0:t=?:>cosx=%

=x=2+k2r (keZ).

Ma xe(0;20227r):>0<%+k27z<20227r:>%1<k< 6065

= k €{0;1;2;...;1009;1010}

Vay trén khoang (O;2O227r) phuong trinh da cho c¢6 1011 nghiém.

993 | Facebook tac gid: Phan Nhét Linh - SPT: 0817.098.716




Chuong 2: Ham sb 10y thiia, hdm sb mo va ham sb logarit

CAU 8. C6 bao nhiéu s nguyén cta x sao cho ton tai s thuc y théa man
2log, (x+y+1) =log, (x2 +2x+2y2 +1)?
A 2. B. 1. C. 3. D. 4.

& LOT GIAI
Chon A
1=3' x+y+1=3
Dat 210g3(x+y+1):10g2(x2+2x+2y2+1):21L :{x+y+ { y

W22yt +1=4" |(x+1) 427 =4

Taco: 9 :[(x+1)+y]2 = [1.(x+1)+%.\/5y}2 < (1%}[(“1)2 +2y2} = %4t

1
Laico (x+1)" +2y% =4' = (x+1)’ <4' <42 =2 = xe{-2;-1;0} (do x € Z).

Néu x =0 ta c6 phuong trinh 2log, (y + 1) =log, (2y2 + 1). Ta thdy phuong trinh nay c6 nghiém y =0.
Néu x = -1 ta c6 phuong trinh

y=3
2y2 :4t

logéZ
=29 =4">t=log,2=>y=3 9 .

2log, y =log,2y* =2t = {
9

log, 2
Ta thiy phuong trinh ndy c6 nghiém y=3 ° .
Néu x = -2 ta c6 phuong trinh 2log, (y —1) =log, (2]/2 + 1) =2t
-1=3'
=7 =29 +43' +3=4(*).
27 +1=4'
Taco 4' =2y°+121=+>0=2.9">4". Suyra VT(*)>4' nén phuong trinh (*) vd nghiém.

Vay c6 2 gia tri nguyén ciia x thda man yéu cau bai toan.

CAU 9. C6 bao nhiéu gia tri nguyén cta a sao cho tng v6i mdi a, ton tai it nhat nim sd nguyén
be(~10;10) thoa man 8% ** <47 43" 4157
A 5. B. 4. C.7 D. 6.

& LOI GIAI
Chon A

b b b b b
Tach: 87+ <4t 1 3*5 (158" & 3 35—1—5£O<:>8”2—(1] l—(éj .35—15.(3 <0.

gha gt g

Pt f(b)=8" —Gjb 4% —(%)b 3° - 15.(%)b .
= £(b) = —1n£%j(%jb 4% —1n(§J(§Jb 3 —15.1n(%j(%jb = £/(b)>0,¥b € (~10;10).

Dé ton tai it nht ndm sd nguyén b e (—10;10) thi b thoa man

f(-5)<0=8" —Gj_ 4—{1—[%}_ 3° —15.(3_ <0

Dung Table-Solve suy ra c6 5 gia tri nguyén cua a.
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CAU 10. C6 bao nhiéu s6 nguyén x thod min 1/210g3 x+2 —,[10g3 D= x+1 x 5

A 8. B.7. D.5.

& LOI GIAI
Chon B

C>x21:>D=[1;+oo)

. ) x+221 x>-1
biéu kién xac dinh:

2x2_121® x<-lvx>1

Taco /210g3(x+2) ~[log; (Zx2 —1) > (x+1)(x—5)

= \/log3 (xz +4x+4) +(x2 +4x+4) >, /log, (sz —1) + (Zx2 —1)

Pt f(t)=4[log,t +t, Vt21= f/(t)= t1113 2\/13% +1>0,Vt>1
3

Suy ra f(t) dong bién trén (1;-+)
Suy ra f(x2+4x+4)2f(2x2—1)<:>x2+4x+422x2—1<:>—1£x35

Vay c6 7 sO nguyén x thoa man.

CAU 11. C6 bao nhiéu sé nguyén duong a sao cho ton tai sd thuc x thoa min phuong trinh

3lo:
20015 -0 )(x3 +2020) = 221°80*1) 4 o000,

A 9. B.5. C. 12. D. 8.

& LOT GIAI
Chon A
biéu kién xac dinh: x > -1.

3log(x+1
Tac6: 20210 )(x3 +2020) _ 218041 o000

3log(x+1
20217 (x3+2020):2021a 8l )(aBIOg(x+1)

+2020)

Xétham so f(#)=2021"(+2020)

£'(t)=2021" ( +2020)In2021+2021° > 0,V t € (~1;+)

Suy raham s6 f(t)=2021'(¢+2020) dong bién trén khoang (—1;+)

3log(x+1
Tirdo <2021 (x* +2020) = 2021° ) (a“"g("”) + 2020) o xF =gl
Diéu kién: x° >0 x>0
Khi d6 x° =28 o 3logx =3log(x+1).loga < loga = _logx
log(x+1)
Ham s6 y = _logx cotapgiatri T = (—oo;l)
log(x+1)

Pé phuong trinh c6 nghiém khi loga<l<0<a<10.
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~ , —x? . r LA 5 *A . e
CAU 12. Cho hai s6 thyc x, y théa man hé thic 22‘y = logz‘y‘ ., X . HOI ¢6 tat ca bao nhiéu gia tri

nguyén m e [—2022; 2022:' dé ton tai duy nhat mot s6 thuc x thoa man hé thirc 4]/2 =10x* + mx+1?

A. 2035. B. 2036 . C. 2034. D. 2033.
& LOI GIAI
Chon A
L x>0
biéu kién
2y[+1>1.
22‘y [+1 Inx 2yl+1 2 9

Phuong trinh di cho twong duong = =2V .ln(2|y| + 1) =2 Inx*.

227 In(2ly|+1)
Xétham f(t)=2"Int voi t>0.Taco f'(t)zzflnz.lnt+2f%>o v6i t>0 nén:
f(2|y|+1):f(x2)©2|y|+1:x2 suyra x> >1< x>1,
Hon nita 2Jy|+1= % & 4y” = (x* 1) nén
4> :10x2+mx+1<:>(x2—1)2 =102 +mx+1e 2° —12x =m.

Xét ham g(x)=x3—12x,tacé g’(x)=3x2—12; g'(x)=0<:>x=2.

Lap bang bién thién
r 1 2 +00
g'(x) — 0 +
—11 +00
g(x) \ /
—16

m=>-11

Duya vio bang bién thién, ta thdy phuong trinh 4y* =10x* + mx +1 c6 mot nghiém duy nhét khi { Iy
m=-16.

Vi m e[ -2022;2022], tacd 2035 gia tri m thoa yéu cau bai toan.
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IS BAITAP TRACNGHIEM

Céu 1:

Céu 2:

Céu 3:

Céu 4:

Cau 5:

Cau 6:

Cau 7:

Cau 8:

Cho phuong trinh ln(x2 —11x—5m) = ln(x—m) . C6 bao nhiéu gia tri nguyén cua tham s6 m

sao cho phuong trinh d3 cho c6 it nhat mot nghiém thuc?

A. V6 sb. B. 26. C. 25. D. 24.
a-2b+8>0
Goi M la gia tri nho nhat cua biéu thic g(a;b)=a” +b* véi a;b thoaman Sa+b+2>0 . Khi
20-b+4<0
me [O;M] thi téng cac nghiém cua phuong trinh
2 _ 2 o A .
log2 5 (x —2x—2+|1—m|) —log2+J§ (x 2x 3) thuoc khoang

1
A | ——=2]. B. (1,2++/3).
[2+\/§ j ( )
C. (2+\/§;2\/2+\/§). D. (2 2+\/§;+ooj.
Tim tap hop tat ca céc gié tri cia tham s6 m dé ton tai hai s thuc x,y thoamén log, y =log, x

va log, [m(x+y)} =log, (x—y)+2.
A. (O;+oo). B. [1,'+oo). C. (1;+oo). D. (0;1).

Cho tham s thuc m, biét rang phuong trinh 4 —(m+4)2*+2=0 ¢6 hai nghiém thuc x, X,
thoa man (X +2)(x,+2)=4. Giatri cia m thudc khoang nao dudi day?

A. (3;5). B. (5;+%). C. (L3). D. (—;1).

Tim cac gia tri thyc ciia tham s6 m dé phuong trinh log3 x —3log, x +2m—7 =0(*) ¢6 hai
nghiém thyc x;x, thoa man (x, +3)(x, +3)=72.

9

A.m:E. B. m=3. C. Khong ton tai. D.m=.

2

Cho phuong trinh 9% —2m.3" +3m—2=0(*) (m Ia tham s6 thuc). Biét rang tap hop tat ca cac

gia tri ciia m sao cho phuong trinh ¢6 hai nghiém trai dau 1a khoang (a;b) . Tinh 3a+4b.

A 6. B. 8. C. 11. D.5.

C6 bao nhiéu bdo s6 thyc (xy) véi x+y la s6 nguyén duong théa man
[+

log, x2+y2 =log3(x+y)

A. 8. B. 12. C.6. D. 10.
Cho x,y la hai sb thuc duong thoa man 5x+y =4. Tong tit ca gia tri nguyén cua tham sé m

2
dé phuong trinh 10g3x+2ﬂ+x2 -3x—y+m—-1=0 co nghiém la

xX+y
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Cau 9:

Céu 10:

Cau 11:

Céu 12:

Cau 13:

Céau 14:

Céau 15;

Céau 16:

A. 10. B. 5. C.9. D. 2.

Cho phuong trinh 5% +m =log(x—m) véi m la tham s6. C6 bao nhiéu gia trji nguyén cua
m & (—20;20) dé phuong trinh da cho c6 nghiém.

A. 20. B. 19. C.9. D. 21.

Cho hai s6 thuc x; y théa man:

5+4x —x? 2

logﬁ (yz +8y +16) +log, [(5—x)(1+ x)] =2log, +log, (2y+8)

Goi S la tap cac gia tri nguyén cua tham sb m dé gia tri 16n nhat cua biéu thuc

P=|x* +y? —m‘ khong vuot qua 10. Hoi S ¢d bao nhiéu tap con khac rong.
A. 16385. B. 2047 . C. 32. D. 16383.

Cho phuong trinh mIn? (x+1)—(x+2—m)ln(x+1)—x—2 =0 (1) Tap tit ca cac gié tri cua
tham s6 m dé phuong trinh (1) ¢6 hai nghiém phan biét théa man 0 <x, <2 <4< x, lakhoang
(a;+00) . Khi d6 a thuoc khoang

A. (3,7;3,8). B. (3,6;3,7). C. (3,8;3,9). D. (3,5;3,6).

C6 bao nhiéu b hai s6 nguyén (x;y) théa 1<x*+x <2020 va logx+log(x+1) +x% +x =y

+10Y
A. 8. B. 4. C.2 D. 0.

C6 bao nhiéu cip s6 nguyén (x;y) thoa mén 0<x <2020 va 2| x+In(x+1)|+x* +1=y+e"?
A 0. B.7. C. 1. D. 8.

r 2 — 2 —
Tap tat ca gia tri cia m dé phuong trinh o(x-1) log, (x2 -2x +3) = 4‘x m‘.log2 (2|x —m| +2) co

dang mot nghiém la

A. (—w;—l}u{l;+ooj. B. [1;+oo).
2 2
C. {lﬁooj. D. T.
2

X2 4x-5

Z A - Je , ~ A .. . aeX A . —log- 5 ,(erz)
C0 bao nhiéu cap so thuc (x;y) thoéa man dong thoi hai dicu kién sau: 7 =5

va 2|y—2|—|y|+y2 -y<77?

A 1. B.2. C.3. D. V6 sb.

C6 bao nhiéu gia tri nguyén ctua m sao cho bat phuong trinh sau nghiém dung véi moi x e R ?
log, (x2 +2mx + 2m* —1) <1+log, (x2 +2x+3).log3(x2 +3).

A 2. B. 3. C. 1. D. 4.
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Caul7: Biét ring trong tit ca cac cip (xy) théa man bat phuong  trinh
log, (x2 +1° +2) <2+log, (x+y—1) chi c6 duy nhat mot cap (x;y) thoa mén 3x+4y-m=0

. Khi d6 hiy tinh tong tit ca cac gia tri m tim duoc?
A. 20. B. 14. C. 46. D. 28.

CAu 18: Xeét cac sb thuc duong x,y théa man log, x+log, y <log, (x+ v ) Tim gia tri nho nhéat P_.

2 2 2
cta biéu thiac P = x +3y.
A. pmm=%. B.P_ =8, C.P. =9. D. pmin:¥.

Cau 19: Cho bat phuong trinh log, (x2 +2x+2)+1 > log, (x2 +6x+5+m). C6 tat ca bao nhiéu gia tri

nguyén cua m d¢ bat phuong trinh trén c6 tp nghiém chia khoang (1;3)?
A. 36. B. 35. C. 34. D. v0 so.

Cau20: CoO bao nhiéu bd (xy) voi x,y nguyén va 1<x,y<2020 thoa mén

(xy+2x+4y+8)log3( zyzj < (2x+3y—xy—6)log2(2x +31]?
y+ X —

A. 2017. B. 4034. C.2. D. 2017.2020.
Cau21: Cho a,b,c la céc sb thuc thoa méan diéu kién a>1,b>0,c>0 va bat phuong trinh

a"z.(b+4c)2x+3 >1 c6 tap nghiém la R. Biét rang biéu thuc P = %+%+1 dat gia tri nho nhat
Cc

tai a=m,b=n,c=p.Khidé, tong m+n+p bang

iy B. 2. c. 2 p. 2L,
16 20 3 16

Cau 22: Cho bét phuong trinh

logs, 11Jr[10g1 (\/x2 +3ax+10 +4)J.10g3a (+* +3ax+12) > 0.Gid i thuc caatham s6 a dé bat
7

phuong trinh trén c6 nghiém duy nhat thudc khoang nao sau day?
A. (2;+). B. (0;1). C. (12). D. (-1,0).
Cau 23: Trong tat ca céc cip s6 thuc (x;y) thoa man 10gx2+y2+3(2x+2y+5)21, c6 bao nhiéu gi4 tri
thyc ciia m dé ton tai duy nhat cap (x;y) sao cho x* +y” +4x+6y+13-m=0?
A 1. B. 2. C. 3. D.0

Cau 24: Goi S la tap hop tat ca cac gia tri cua tham s6 m sao cho hé phuong trinh sau ¢6 nghiém duy
nhat.

2020° (2020x2+y2 — 20202646 ) #(x=1)" +(y+3) <4

2 2
)3 o (xz +y? +2x—6y+11—m).e"1

Téng cua tat ca cac phan tir thudc tap hop S 1a
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Cau 25:

Cau 26:

Cau 27:

Cau 28:

Céau 29:

Céau 30:

Céau 31:

A. 88. B. 2410 -2. C. 2J10+2. D. 4.

C6 bao nhiéu s6 nguyén x sao cho tng véi mdi x co khdng qua 242 sb nguyén y thoa mén
log, (x2 + y) > log, (x+ y) ?

A. 55. B. 28. C. 29. D. 56.

Cho biéu thirc P =3/ 1.+ 42*¥7 )~ 2> ¥ !va bi¢u thicQ =1og,,5 5, 3y - Gid tri nho nhdt

cia y dé ton tai x thoa min dong thoi P>1 va Q>1 Ia sb Yo - Khing dinh nao sau ddy la
ding?

A. 4y, +11asé hiuty. B. y,lasovoty.

C. y,la s6 nguyén duong. D. 3y, +11a 6 tu nhién chan.

Cho bat phwong trinh (\/xz —4x+3 +1)log5 % +1(\/8x —2x* -6 +1) <0. Bit phuong trinh c6
x

bao nhiéu nghiém nguyén x e[ -2019;2019 |?
A 1. B. 2019. C. 2020. D. 2.
C6 bao nhiéu cip s6 nguyén (x;y)théa man logz(x2 +y? +4)—10g2(x+2y) <1va2x-y>0

?
A 2. B.5. C. 3. D. 4.

Cho ham s6 y = f(x) lién tyc trén R va c6 bang bién thién nhu hinh sau:

1

T —0Q -1 1 1 400

f() - 0 + 0o - 0 4

+00 3 +0o0
" \ / \ /
92 1

C6 bao nhiéu gia tri nguyén cua tham s5 m d& bit phuong trinh
2.6f(x) +(f2 (x)—l).9f(x) —3.4f(x).m > (Zmz + 2m).22f(x) nghiém dang véi moi x e R .

A. 3. B. 4. C.6. D. 5.
Tim tit ca cac gia tri coa tham s5 m d& hé bat phuong trinh
{72’”ij _72E om0 <2020 (1)
c6 nghiém

x> —(m+2)x+2m+3>0 2)
A . m>-3. B. 2<m<1. C.-1<m<2. D.m>-2.
C6 bao nhiéu s6 nguyén x sao cho ting véi moéi x c6 khdng qua 728 sb nguyén y théa man
log, (x2 +y) >log, (x+y)?
A. 116. B. 115. C. 59. D. 58.
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Céu 32:

Cau 33:

Cau 34:

Céu 35:

Céau 36:

Cau 37:

Céau 38:

Céau 39:

Céau 40:

Cau 41;

Cau 42;

4 A I3 N ~ . y _
C6 tat ca bao nhiéu cap so nguyén (x;y) thoa mén 0 < x <3456 va logs(5x+10)—y = > > a

A T. B. 4. C.5. D. 6.

C6 bao nhiéu s6 nguyén x sao cho tng véi mdi x co khdng qua 242 sb nguyén y thoa mén
log, (x2 + y) > log, (x+ y) ?

A. 28. B. 29. C. 55. D. 56.

Goi S latap hop tat ca céc gia trj thyc cua tham s6 m dé ton tai duy nhat mét cap s6 thuc (x,y)
thoa man dong thoi log , , , (4x+4y—4)>1 VA x* +y* +4x—2y-m=0. Tinh tong tat ¢
cac phan ter thudc S

A. 28. B. 25. C. 24. D. 27.

Xét c4c sb thyc x, y thoa man 2% ¥ 1 s(xz +y° —2x+2)4x. Gia tri nho nhat cia bieu thac

p==§§%€;%3 gin nhét véi s nao dudi day?

A 1. B. 2. C. 4. D. 3.

C6 bao nhiéu s6 nguyén x sao cho tng véi mdi x c6 khong qua 728 sé nguyén y théa mén
log, (x2 +y) >log, (x+y)?

A. 58. B. 116. C. 115. D. 59.

. A g A A o 1 i 3x2+4x 12x
C6 bao nhiéu s6 nguyén y sao cho ton tai x e (5;4J thoa man 27°° " = (1+xy)27'%*?
A. 14. B. 27. C. 12. D. 15.

C6 bao nhiéu cap s nguyén (x;y) théa man 2 <x <2021 va 2¢ —logz(x+2y*1) =2x—y?
A. 2020. B. 10. C.9. D. 2019.

. - a X A A . 1 ) 5 222 4+x 4x

C6 bao nhiéu s nguyén y sao cho ton tai x e [E;Sj thoa man 8% " = (1+xy).8*"?

AT B. C.6. D. 5.

C6 bao nhiéu s6 nguyén y>5 dé ton tai s6 thuc x théa man

log,s (4x +3y + 1) =log, (x2 —2x+ yz) ?

A. 3. B. 0. C. 1 D. 2.

. AL QA A X . x24+y%+1 2., .2 X A ‘A
C6 bao nhiéu so6 nguyén y dé phuong trinh 2* ™ =(x +y —2x+2)4 c6 nghiém thuc x?
A. 0. B. 3. C. 1. D. 5.

C6 bao nhiéu gia tri nguyén cua tham s6 m véi |m|<10 dé phuong trinh

2
g, () g+
3

~2(m+6)-3
A. 16. B.8. C. 10. D.9.

+m*—1=0 c6 hai nghiém phan biét x,, x, théa man x,x, >2?
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Céu 43:

Céu 44:

Cau 45:

Cau 46:

Céau 47:

Céau 48:

Céau 49:

Céau 50:

3 2 1
1+= Z24/x+1 1+——4~/x f i S ~
Cho phuong trinh 3 T _gar +(m+2).3 Y e 0. C6 nhigu gié tri nguyén

cta tham s6 m thude doan [—2020; 2021] dé phuong trinh c6 nghiém?
A. 1345. B. 2126. C. 1420. D. 1944,

Cho phuong trinh (x2 —2mx)(2x2—4x+m —2) + (x2 —dx+m- 1)(22x2_4mx —1) =0. Hoi c6 tit ca

bao nhiéu gia tri thuc cua tham sé m dé phwong trinh da cho c6 3 nghiém thyuc x?

A. 4. B.5. C.2 D. 3.

Xét cac s6 nguyén duong a,b sao cho phuong trinh 2.4* —b.2* +50 =0 ¢6 hai nghiém phan biét
x,,%, va phuong trinh 9" -b.3"+50a=0 cO hai nghiém x,,x, théa man diéu kién
X, +X, > X, +x,. Tim gia tri nho nhét cta biéu thac S =3a+4b.

A. 109. B. 51. C. 49. D. 87.

Cho hai s6 thyc duong x,y théa man log, [(x+2)(y+1)]y+l =125—(x—1)(y+1). Gia tri nho
nhat cua biéu thirc P =x+5y la
A P =125 B. P, =57. C.P. =43, D. P =25.

min min

C6 bao nhiéu cap s6 nguyén (x;y) théa mén

(4xy+7y)(2x—1)(ezxy =e4x+y+7) =[2x(2—y)+y+y]ey.
A. 6. B. 5. C.7. D. 8.
Goi S la tap hop chua tat ca cac gia tri nguyén cua tham sé m dé phuong trinh mi:
4x22"*2—(%—3J2"22x+3’+%+3:0 c6 ding 3 nghiém phan biét thuoc (0;3] S6 phan tir
cua S la
A 3. B.5. C. 4. D. V0 sb.

10

1
C6 bao nhiéu cap (x;y) thoa man 10*"Y = (x+y+1+lJ10"y vaxeN,y>0.
Xy

A 14. B.7. C. 21. D. 10.

(x+1)

2
Cho phuong trinh 3 log, (x2 +2x+ 3) —9"‘7711‘.10553 (2|x - m| + 2) =0.Goi S latap tatcacéc

giatri m dé phuong trinh c6 dung 3 nghiém thyuc phan biét. Khi d6 tong cac phan tir cua S bang
A. 3. B. -2. C.0. D. 3.
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Céu 1:

Cau 2:

HUONG DAN GIAI CHI TIET

ChonC

x?=11x-5m >0
Taco ln(x2 —11x—5m):1n(x—m) S<x-m>0

x2-1lx-5m=x—-m

x—-m>0 x>m
3.2 9.2
x°=12x=4m x°—=12x =4m (¥)
Xétham s6 y = f(x)=x” —12x trén khoang (m;+o), ta thay
f(x)=2x-12; f'(x)=0<x=6.
Phuong trinh (*) 1a phuong trinh hoanh d¢ giao diém ctia d6 thi hamsb y = f (x) va dudng thang
y=4m.
Trwong hop 1: m<6:

X m 6 +o0

v - 0 +

m*—12m +o0
—

Y \ /J’?“ =dm
—36

Phuong trinh d4 cho c6 it nhat mot nghiém thuc khi 4m > -36 < m>-9.
Két hop didu kién m <6, ta dugc 9<m<6.
Ma meZ nén me{-9;-8...5;6} c6 16 gié tri nguyén,

Trwong hop 2: m>6:

X 6 m 3

£ +

+o0
R
I ——

0 m*—12m y=4m

Phuong trinh da cho c6 it nhat mot nghiém thuc khi 4m > m? —12m

o m?—16m <0< 0<m<16. Két hop diéu kién m > 6, ta duoc 6 <m <16 .
Ma meZ nén me{7;8;...;15} c6 9 gia tri nguyén.

Vay c6 25 gia tri nguyén cua tham s6 m thoa yéu cau bai toan.

Chon B
x-2y+8=0
Xeét h¢ phuong trinh: {x+y+220
2x-y+4<0
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v

......
UTLE

—f4

V6i A ix—2y+8=0; Ay :x+y+2=0; A, :2x—y+4=0;A(-4;2); B(0;4);C(-2;0)
Mién nghiém ctia hé phuong trinh 1a phan gigi han béi AABC

= g(a;b) =a® +b* =OM? M(a;b) e AABC ; OM, ;. =OH =d(O;BC) =% >me [o;%}

t
x2—2x—2+|1—m|:(2 2+\/§)

x2—2x—3:(2+\/§)t

log, 2+J§(x2 —2x—2+|1—m|)=logz+\/§(x2 —2x—3)<:>

:>|1—m|=(2 2+\/§jt—(2+\/§)t—1

Xét f(t):(z 2+\/§)t—(2+\/§)t—1 ¢6 f(t)=0et=log |, M =1,
NG ln(Z 2+\/§j

Bang bién thién

= [1—m|= f(¢) ludn c6 nghiém duy nhat ¢,
:x2—2x—3—(2+x/§)t1 =O;A'=4+(2+\/§)t1 >0
Vay phuong trinh luén c6 2 nghiém x,,x,va x; +x, =2 ¢ (1;2+\/§).

Cau3: ChonC
O<x,y#1
Diéu kign: x>y
m>0

1 =1 x=y (loai
Taco log, y=log, x < log,y= L @{ngy <:>|: y (loai)

log.y log . y=-1 y=x"" (nhan) '

Vi y=1:>x>1:x>1 (do x>0).
x x
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Khi d6 log, [m(x+y)] = logy (x—y)+2 < log, [m(er%H = logi (x—%ijZ

< log, {m(x + lﬂ +log, (x —lj =2 < log, [m(xz - %H =2
x x X

4
@m(xZ—i]:xzam: ad <:>l:1—i4 (*).
X

x? xt -1 m

Dé ton tai hai s6 x,y thi phuong trinh (*) c6 nghiém x > 1.

Vi moi ¥>1 thi 0<1-— <1, do d6 dé thoa mén bai rathi 0<— <1< m>1. Vay m>1.

X m
Cau4: ChonD
Xét phuong trinh: 4* —(m+4)2"+2=0 (1)
Dt t=2"(t>0). Khido (1) tré thanh: t* —(m+4)t+2=0 (2)

Tacé: (1) c6 hai nghiém thuc x,,x, <>(2) c6 hai nghi¢m duong t,,t,
2
¢3{0n+4)—820

om>-4+22 (*).
m+4>0

t+t, =m+4

Theo Viet ta co
tt,=2

H :2Xl :Io X +X;
Gia st E = % gzt1.Khiclc’)tirtl.t2:2<:>21 P=2 X +X, =1,
t,=2% X, =log, t,

Do d6 (X% +2)(X, +2) =4 XX, +2(X +X,)+4 =4 XX, =—2
= log,t,.log,t, =-2 < Iogztl.logzéz—z < log, t,.(1-log, t, ) =-2
1

|0g2t1=—1 h=y=h=

9
<:>(|092T1)2—|092t1—2=0<:{|09 L2 =S :>t1+t2:5
=

Caub5: ChonA
Dit log, x =t . Phuong trinh (*) tré thanh £* -3¢ +2m -7 =0.
Diéu kién dé phuong trinh c¢6 hai nghiém la A =32 —4(2m —7) >0 37-8m>0m< %7
Theo vi-éttaco f, +t, =3 < log, x; +log, x, =3 < x,.x, =27 .
(xl +3)(x2 +3) =72= 3(3(1 +x2)+x1.x2 +9=72

‘ . =3 .
= x; +x, =12. Két hop voi xlx2:27:>{xl 9 (gid str x; <x,)
, =
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Cau 6:

Cau7:

Khi d6 tl:1;t2:2:>t1.t2:2m—7:2:>m:%.

Thir lai, thdy m =% thoa man yéu cau bai toan.

Chon A
bit 3 =t = ¢>0. Phuong trinh (*) tre thanh +* —2mt+3m-2=0.
Dé phuong trinh(*) c6 hai nghiém tréi diu < x, > 0> x, (x1 > xz)

<31>1>32 <t >1>t,>0.

{m>2
AN=m?~(3m-2)>0  [m>-3m+2>0 m<1
- t,+t, >1 - 2m>1 - m>l
(tl_l)(t2_1)<0 tltz_(t1+t2)+1<0 3m—-2-2m+1<0
tit, >0 3m-2>0
m>—
m>2
m<1
2 a—z
oMz ©§<m<1:> T 3=30+4b=6.
m<1 b=1
m>=
Chon B
] ‘x3+y3‘
bit t=log, m =10g3(x+y).
‘x3+y3‘ " |x+y”x2—xy+y2‘ N (x+y)(x2—xy+y2)_2t
x+y=3' x+y=3' x+y=3" (1)
2 2 t t
= %:[zj <1- 2xy 2 :(gj (2)
X"ty 3 X +y 3
X _
TaCé: x2+y2 >2 x2y2 = %Sl = lg%fl
x“+ys 2 2 xt4yt 2
t
Do d6 131— zxstE.Tfr(Z)suyra 13 2 gé hay —13tsln—2
X +y 2 2 3 2 11’13—11'12

Mat khac x+y:3t (la s nguyén duong nén x+y € {1; 2;3;4; 5;6}
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Cau 8:

Cau 9:

t t
[1—@} J32f 4.[1—@} J32f
2
\ ) 3 Vi —1<f< In2

p— t —
T (2 taco ™/~ (2]t "Do ( ) g (2jt I=t= In3-1n2
3-2 3-2.

3

Nén ludn ton tai x, (x=y) thoa mén yéu ciu bai toan véi x+y € {1;2;3;4;5;6}.C6 12 cap.

Chon B

X H2y+m
log, xry +x"=3x-y+m-1=0
©10g3(x2+2y+m)+x2+2y+m:10g33(x+y)+3(x+y) (1)

Vi x,y>0 nén x+y>0.Xéthamso f(t)=1log,t+t 1aham s6 dong bién trén (0;+c0).

Khi do (1)<:> X +2y+m=3x+3y < x> -3x—y+m=0 (*)

Két hop véi diéu kién 5x+y=4=y=4-5x. Vi x,y>0:>0<x<%.
Taco (*)<:>x2+2x+m—4=0<:>m=—x2—2x+4,Vxe(O;§j.

Ham s6 y = —x* —2x +4 nghich bién trén [0;%} (do -1<0) nén ;L—;L<—x2—2x+4<4.

Do vay me{2;3} la cac gia trj can tim. VAy tong tat ca cac gid tri m thoa ycbt 14 5.
Chon B

bit logs(x—m)=y =>x-m=5" <5 +m=x.

Khi d6 phuong trinh da cho trd thanh 5° + m =y . Do d9, ta c6 hé phuong trinh sau

{5x+m:y:>5"—5y=y—x<:>5"+x=5y+y *)

5/ +m=x

Xéthamso f(t)=5"+t trén R = f'(t)=5"In5+1>0 = f'(t) dong bién trén R .
Dodé(*)@f(x)=f(y)<:>x=y<:>x=10g5(x—m)©m=x—5x.

Xét ham s6 g(x):x—Sx trén R.

() 1R TaE e o) I SN U S
Co g(x)—l 5%In5; g(x)_0<:>5x—1n5<:>x—log5(1n5]—xo

1 1 1
logs| — | |=logs| — |[-—==-0,917 =
:>g£ Og5[ln5D OgS[lnSj In5 Yo

Ta c6 bang bién thién

307 | Facebook tac gid: Phan Nhét Linh - SPT: 0817.098.716



Chuong 2: Ham sb 10y thiia, hdm sb mo va ham sb logarit

Tir bang bién thién, suy ra phuong trinh da cho c6 nghiém < m < log [%J —% =-0,917.
n n

Ma m e 7.(-20;20) nénsuy ra me{-1;-2;..;-19} =c6 —1-(-19)+1=19 s6 nguyén.

Céu 10: ChonD

e -1 5
biéu kién xac dinh: SEs
y#—4

5+4x—x*

Ta co: logﬁ (yz +8y +16) +log, [(5—x)(1+ x)] =2log, +log, (2y+8)2

< log (y+4)2 +log, [(5—x)(1+x)] = 2{log3 [(5—x)(1+x)}—log3 3} +|:Iog2 4+log, (y+4)1

< 2log, (y+ 4)2 +log, [(5—x)(1+ x)} =2log, [(5 —x)(l + x)] +log, (y+ 4)2
& 2og, (44 ~logs (y+4] =2l [(5-)(1+)] 1o, [(5-5)15)] )

Xét ham sé: f(t) =2log,t—log,t trén (0;+oo)

Ta co: f'(t)— 2 1 2In2-In3
' t.In3 tIn2 tIn2.In3

() & £((r+4)" )= £((5-x)(14x)) & (y+4) = (5-2)(1+x) & (x=2) +(y+4) =9

.. |x=2+3cost
Dat: ]
y=—4+3sint

>0 = f(t) dong bién trén (0;+w).

P=

Jx2 —m‘ :‘\/(2+3cost)2 +(~4+3sint)’ —m‘ = [V29-+12cost ~24sint - m|

Taco: 29—124/5 <29+12cost —24sint <29 +12+/5
— —3+25 </29+12cost —24sint <3+2+/5

Pray =|-3+235 -]

— 3425 —m<29+12cost—24sint —m <3+25 —m =
Pray =[3+235 -1

P

m

‘—3+2\/g—m‘£10
-
o 210 = ‘3+2\/§—m‘310

O I S iasy IR S

~10<3+25-m<10 7+25 <m<13+2+5
Vi meZ = me{-2;-1;..10;11} . Do d6 s6 phan tir cia S la: 14
— S tap con khac rong cua S 1a 2™ —1=16383.

Céu 11l: Chon A
Theo d¢ ra ta chon diéu kién cia x 12 x>0=In(x+1)>0.

Truong hep 1: m=0=(1) < In(x+1)=-1(L)
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In(x+1)=-1(L) ln(x+1)_l

X+2 S 5 =

Truong hep 2: m=0=(1) < :
x+2 m

1n(x+1) =
m

x+2
x+1

1n(x+1)
xX+2
-1 1

x+1—1n(x+1) co g'(x)=(x+1)2 —m<0 Vx>0

= Ham s6 y=g(x) nghich bién trén (0;+00) = g(x)=0 c6 nhiéu nhat mot nghi¢m trén
02) (2)

Mat khac: ¢(2)g(3)= (%—hﬁ}@—lrﬂ] <0vahamso y = g(x) lién tyc trén (0;+o)

Xéthamso f(x)= v6i x>0.Taco: f'(x)=0<

~In(x+1)=0.

xX+2

Xét ham sb g(x) =

Suy ra g(x)=0c0 it nhat mot nghiém x, «(2;3) (3).

Tir (2);(3)suy ra g(x)=0c6 mot nghigm duy nhat x, €(2;3)
= f'(x)=0 c6 mot nghiém duy nhat x, €(2;3).

Bang bién thién

= 0 2 Tg 3 4 “+oo
+ + o — - —
ff
Flwo)
F 3 \ ind
4
6
o/ \ 0
Pé (1)c6 2 nghiem thoaman 0<x, <2<4<x,thi 0< <02 s & 52 6 3758
m 6 In5 In5

Cau 12: ChonD
Diéu kien: x> 0. Taco: logx+log(x+1)+ x> +x =y +10Y

& loglx(x+ D]+ x% +x = y+10Y < log(x® +x)+x* +x = log(10¥) +10Y

Xétham so: f(t)=logt+t voi t>0 f/(t)= +1>0, Vt>0

tIn10

Ham s6 dong bién trén khoang (0;+w0) = x* + x =10Y

Vi 1<x® +x <2020 nén 1<10¥ <2020 < 0 <y <1og2020 ~ 3,305
Ma y chi nhan gia tri nguyén nén vy e {0;1;2;3}.

Véiy=0 = x= 1+\/_ (loai)
Vi y=1= x= “J_ (Ioai).
Vi y=2=x= 1+\/E(Io ).
Véi y:33x=_1+T\/M (Ioai).
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Vay khong c6 bo hai so nguyén(x;y) thoa mén yéu cau bai toan.
Céu 13: ChenC
Taco 2 x+In(x+1) [+x* +1=y+e <:>1n(x+1)2 +(x+1)2 =Ine’ +¢¥ (*).
Xétham so f(t)=Int+t trén (0;+). Tacod f’(t):%+1>0 V6i moi t € (0;+).
Suy raham s f(t)=Int+t dong bién trén (0;+).
Do do (*) < (x+1)2 =/ oy =1r1(x+1)2 :
Vi x nguyén nén e’ nguyén ma ¢’ nguyén khi va chi khi y=0.
Thr lai tathay y =0 thi x=0.
Vay c6 duy nhat mot cap sé nguyén (x;y) théa man yéu cau bai toan.
Cau 14: Chon D

Co: 2(36_1)2.10552 (x2 —2x+ 3) = 4‘%"1‘.10552 (2|x - m| + 2)
= 2("71)2.10g2 ((x —1)2 + 2) = 22"“’“‘,103;2 (2|x - m| + 2) , (1)

2t
(t+2)in2 '

Xétham s g(t)=2"log, (t+2),t20.C6 g'(t)=2"In2.log, (t+2)+

D& thay, ¢'(t)>0 Vvt =0 nénhamsd g(t)=2"log,(t+2) dong bién trén [0;+x), (2)

T, 0t o1 oo (2

x?—4x+2m+1=0,x>m (3)
R
x2=2m-1,x<m (4)

. L . . AN=3-2m=0
Truong hep 1: (3) c6 nghiém kép va (4) vo nghiém < " e med.
2m—-1<0
. . , . , A'=3-2 0
Truong hep 2: (3) vo nghiém va (4) c6 nghiém kép < " e mew.
2m—-1=0
. f s AN=3-2m=0
Truong hep 3: (3) va (4) c6 nghiém kép tring nhau < " e med.
2m—-1=0

Vay khong c6 m thoa yéu cau cua dé bai.

2m=—x2+4x—1,x2m (P)

2m=x2+1,x<m (Q)

Céach khac: Ta co:
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Do thi (P) va (Q) 1a hai parabol nhu hinh v&.

¥ =

= ————— =

]
—

\®

$ 1

Theo db thi thi duong thang y = 2m ludn c6 nhiéu hon mét diém chung véi (P) va (Q) nén khéng
c6 gia tri m thoa yéu cau cua dé bai.

Cau 15: ChonB
Giai bat phuong trinh 2|y—2| —|y| +y? -y <7 (D).

Bang xét dau

¥ —a 0
y—2

= |2
==

y - 0 + +

Trwong hop 1: y <0

Bat phuong trinh (1) <:>—2(y—2)+y+y2—y£7®y2—2y—3£0<:>—1£y£3

Két hop diéu kién y <0 suyra -1<y <0 (*)

Truwong hgp 2: 0<y <2

Bt phuong trinh (1) <:>—2(y—2)—y+y2—yS7<:>y2—4y—3S0<:>2—\/;SyS2+x/;
Két hop voi didu kién 0<y <2 suyra 0<y <2 (**)

Trwong hop 3: y>2

Bt phuong trinh (1) <:>2(y—2)—y+y2 ~y<7 oy -11<0 < 11 SyS\/ﬁ

K&t hop véi didu kien y>2 suyra 2 <y <11 (**%)

Tir (%), (**), (***) suy ra tap nghiém cua bt phuong trinh (1) 1a 1<y </11.

‘ 2, 5‘ . 5 7x2—4x—5 7x2—4x—5 1
. X T#X—omlogy
aco 710g75 5 5
Laico 1<y <Vl ol<y+2<V1+2 11-2<—(y+2)<-1=5 " <571 =%
x2—4x-5 -log,5 1
2 =
NEn 7x —4x-5|-log; 5 :5—(y+2) o 5
5—(y+2) _ 1
5
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5 1 2 x=-1
- ‘x 4x 5\ log, 5 10g75©{‘x g ‘ 2N [x=5-
y+2=1 yr2=1 y=-1

Vay c6 2 cap sb thuc (x;y) thoa man dé bai la (-1;-1) va (5;-1).
Céau 16: Chon A
log, (x2 + 2mix +2m* —1) <l+log, (x2 +2x+ C‘B).log3 (x2 + 3) (*)

X2+ 2mx+2m* —1>0
biéu kién {x®> +2x+3>0 o2+ 2mx+2m*—1>0.

x2+3>0

D¢ bét phuong trinh (*) nghiém dung véi moi x e R thi truéc hét x* +2mx+2m* —1>0 phai

¢6 nghiém véi moi x € R . Piéu nay twong duong voi

{a>0 {1>0 ) {m>l
., SN, 5 <1-m" <0< (1)
AN<0 |m —(2m —1)<0 m<-1

V6i x =1 thi (*) tro thanh

log, (Zm2 - Zm) <1l+log, (2).10g3 (4) =log,12

©2m’ -2m<12em’ -m-6<0< -2<m<3(2)

T (1), (2) vado meZ nén me{-2;2;3}.

Thir lai:

Véi m =3 thi (*) tro thanh log, (x2 +6x+17) <l+log, (x2 +2x+3).10g3 (xz +3). Tuy nhién

bat phuong trinh trén khong thoa véi x = —% nén chang ta loai truong hop nay.

V6i m =2 thi (*) tro thanh log, (x2 +4x+ 7) <l+log, (xZ +2x +3).10g3 (x2 + 3) :
Bat phuong trinh trén c6 nghiém véi moi x e R vi
log, (xz +4x +7) <log, (Bx2 +9) =1+log, (x2 +3) <1+log, (x2 +2x +3).log3 (x2 +3),‘v’x eR

Tém lai m e {—2;2}.

Cau 17: ChonD
biéu kién xac dinh x+y—-1>0.

Xét phuong trinh log, (xz +y*+ 2) <2+log, (x+y-1)

<:>log2(x2 +y? +2)£10g24+10g2(x+y—1)

o x* +y? +2<4(x+y—1)(Khi d6 diéu kién xéc dinh x+y—1> 0ludn ding)
o x’+y’ —4x-4y+6<0(1)

Ciap (x,y) théa man BPT (1)thugc hinh tron c6 tam 1(2;2);R = 2

Cap (x,y) théa man PT 3x + 4y —m = 0 thuocduong thangd .
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Vi trong tat ca céc cap (x;y) thea man logz(x2 +y? +2) <2+log, (x+y-1) chi cd duy nhat

logz(x2 +y? +2)S2+10g2(x+y—1)

mot ¢ap (x;y)thoa man 3x+4y—m =0 nén hé { phai co

3x+4y-m=0
nghiém duy nhat.
Khi d6 duong thangd tiép xtic véi hinh tron cé tam 1(2;2);R = J2
3.2+42-m 14-m
=d(I,d)=R @Qzﬁ @u=ﬁ Sm-14=45J2 & m=14+52.
V3?2 42 5
Vay téng tat ca cac gi tri m tim duoc 12 14+ 542 +14-542 =28,
Céau 18: ChonC
Taco

log, x+log, y <log, (x+y2)<:>log1 (xy)slogl (x+y2)<:>xy2x+y2 < y*—xy+x<0,
2 2 2 2 2

2 2
o y? S(y—l)x:y>1. Suy ra xzy—:>P=x+3y24y =3y :f(y),trén mién (1,'+oo).

y-1 y-1
1
2 _ y==()
Tacd fv(y)=4y(—81y)2+3’f'(y)=0<:> é .Do do Pmin :f(%j:9
y_ y:—
2

Cau 19: Chon A
Bt phuong trinh di cho twong dwong log,, [7(x2 +2x+ 2)} > log, (xz +6x+5+ m)

7(x2+2x+2)>x2+6x+5+m 6x>+8x+9>m . .
= = c6 nghiém vx e(1;3). (1)

2
x? +6x+5+m>0 x2 +6x+5>-m

= 6x2 (x)=12x+8>0
Xét f(x) bx +8x+9,Vxe(1;3),taCé f,(x) xre ,Vxe(1;3).
g(x)=x*+6x+5 g'(x)=2x+6>0

& -12<m<23.

f()zm  (23>m
g(l)Z—m<:> 12> -m

Ma meZ = me{-12,-11,-10,..21,22,23} . Vay c6 36 gia trj m can tim.

Yéu cau bai toan < {

Céau 20: ChonB
Tur gia thiét két hop DKXD ciia bt phuong trinh ta c6:1 < y < 2020;4 < x < 2020;x,y € Z ,(1).

2x+1j

7. 2
Ta co: (xy+2x+4y+8)log3[y+}/2]£(2x+3y—xy—6)log2( 23

2x+31j <0 (%),

2
= (364—4)(]/4—2)105;3 (y—fzj+(x—3)(y—2)log2£

x_

2x+1 7
3 J =log, (2 +§J >0,Vx €[ 4;2020] (2).

Xét f(x)=log, (

Voi y=1 thay vao (*) ta dugc:

x_
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3(x+4)10g3(2j (x—3)log (ixj;j <0 (luén ding v <[4;2020]do (1) va (2)).

Suy ra cé 2017 b9 (x;y). V6i y =2 thay vao (*) ta thiy luén ding Vax €[ 4;2020].
Suy raco 2017 bo (x;y). V61 3<y<2020=y-2>0.

Xét g(y)=1lo =1lo log.| ——|=0,vy >3 (3).

Suy ra (*) vo nghiém ( Do (2) va (3) ). Vay c6 4034 bo (x;y).

Cau 21: ChonD
Taco
a (b+4c)" 2102+ (2x+3)log, (b+4c)>0
ot + 2log, (b + 4c).x +3log, (b + 4c) > 0(*)
(*) c6 tap nghiém Ia R khi va chi khi
log? (b+4c)—3log,(b+4c) <0< 0<log,(b+4c)<3<1<b+4c<a’.
Bang céach &p dung bat dang thirc Cauchy-Schwarz dang Engel cho céc sb thuc a,b va céc sb

2
2 p* (a+b
thuc duong x,y , ta co a—+b—2u v6i dau “=" xay ra khi va chi khi — 4 :B
X y x+y X Yy

va bat dang thac Cauchy cho 4 sé duong, ta c6

pl6n 1,1 160,14 160, 5 160, 9

> +
3 b c 3 b 4c 3 b+4c 3 g4
>16;a+@ 16a 9 24\/1651 16a 16a 9 32

. Suy ra min P =3—32

> +—
9 9 9 4

16a 9 o=

9 4 2

Déu “= xdy ra khi va chi khi {b+4c=a® = b:% .
b=2c 9

a>1,b>0,c>0 C—E

Khidd m=2,n=2,p=— VA mtntp=toso =21
2" 8" 16 2'8 16 16

Céau 22: ChonB

log,, 11+{Iog1 (\/x2 +3ax+10 +4)J.log3u (x2 +3ax+12) >0 (1)

7

x? +3ax+10>0

Diéu kién 1 .Patt=vx®+3ax+10, t>0.

O<a#-—
3

(1) < log,, 11-[log, (£ +4) ] log,, (£ +2) 20 (2).
(1) ¢6 nghiém duy nhat suy ra (2)c6 nghiém duy nhét.

Vé trai cua (2) la mot ham sé lién tuc theo bién t trén nira khoang [ 0;+ ).
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Céau 23:

Diéu kién can dé (2) c6 nghiém duy nhét 1a phuong trinh
log,, 11—[log7 (t +4)].10g3a (t2 +2) =0 (3) c6 nghiém duy nhét.
Taco (3) < 1-log, (t+4).log;, (t2 + 2) 0 < log, (t+4).logy, (t +2)

Dit f(t)=log, (t+4).log, (£ +2), t=0.

D& thay ham £ () dong bién trén nira khoang [0;+0) va f(3)=

1.

Suy ra phuong trinh (3) c6 nghiém duy nhét ¢ =3.
Tacd t=3<=Vx?+3ax+10=3 <= x> +3ax+1=0 (4)

Phuong trinh (4) ¢6 nghiém duy nhat khi vachi khi A=0<94° -4=0<a= i%.

S0 vai didu kign ta nhin = . Thir lgi véi a=> bit phuromg trnh (1) tr thanh

log, 11-log, (\/x2 +2x+10 +4).1og2 (¥ +2x+12)20 (5). Pat u=vx*+2x+10,u>3.

Khi d6 (3)<:>10g7 (u+4).10g2 (u2 +2)£10g211 (6)

Vi ham h(u)=log7(u+4).log2(u2 +2) dong bién trén nira khoang [ 3;+o0) vah(3)=log, 11
nén (6) < h(u)<h(3)=u<3.

Kéthop véi u>3 suyra u=3 < vx? +2x+10 =3 < x =-1.

Viy gid tri a thoa mén bai toan 12 a = % <(0;1).

Chon B

Ta co: logx2+y2+3(2x+2y+5)21 & 2x+2y+5>x° +y* +3

o +yt-20-2y-2<0 & (x-1) +(y-1) <4 (1).

(1) la hinh tron (C) tam I, (11), ban kinh R, =2.

Mat khac x% +y? +4x+6y +13-m=0 & (x+2) +(y+3)" =m(2).

V6i m=0, (2) < {;zj Tathdy (x;y)=(-2;-3) khong théa méan bat phuong trinh (1).

Vi m <0, khdng ton tai cap (x;y) théa man (2).

V6i m >0 thi phuong trinh (2) 1a phuong trinh dudng tron (C') tam I,(-2;-3), ban kinh

R, =~/m

Ton tai duy nhat cap s6(x;y) théa man hé (1)va (2) khi va chi khi (C) va (C’)co mét diem

chung duy nhat <> hinh tron (C) va dwong tron (C') tiép xtic ngoai véi nhau, hoac hinh tron

~R,+R, [5 Jm+2 {ng
5=\ m-2 |m=49

(C) nam trong (C') va tiép xuc trong véi nhau @[

Vay c6 2 gia tri caa m thoa man yéu cau bai toan.
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Céau24: Chon A

Tir phuong trinh 20202 (2020’f2+y2 - 20202"‘6y‘6j +(x-1)+(y+3) <4 taco

2020% V" *2 20202662 4 52 1 2 2y 16y 1+6<0
2020572 432 42 122020774 1 2x—6y—4 (1)
Xét ham sé f(t)=2020"+t,VteR co f'(t)=2020"In2020+1>0,VteR do d6 f la ham
dong bién trén R
Bt phuong trinh (1) tré thanh f(x2 +y? + 2) < f(2x-6y-4) e x* +y* +2<2x -6y —4
o (x=1) +(y+3)" <4. (%
Ta thdy mién nghiém cua bat phuong trinh (*) 12 hinh tron tam 1, (1;-3) vaban kinh R, =2,
2 2
Tt phuong trinh (L) o (x2 +y?+2x —6y+11- m).em ta co

e(x+1)2+(y_3)2_m < (x+1)2 +(y—3)2 -m+1 (2)

Xétham s g(t)=e'—t-1,vteR o §'(t)=¢'~1 do d6 ta c6 bang bién thién Ia

T N 0 400
g'(2) - 0 -
9(z)

2 0

Suy ra bt phuong trinh g(¢) <0 < ¢ =0, do d6 bat phuong trinh (2) tr& thanh

(x+1)2 +(y—3)2 -m=0 (**%)
Dé hé phuong trinh c¢6 nghiém thi phuong trinh (*¥*) ¢6 nghiém, hay m >0.
Néu m =0, phuong trinh (**) c6 nghiém (~1;3) khong thoa man (*)

Néu m >0, khi d6 tap hop diém M (x,v) biéu dién nghiém cta phuong trinh nam trén duong

tron tam 1, (~1;3), ban kinh R, =m.
Do d6 dé hé phuong trinh c6 nghiém duy nhat thi hai dudng tron nay phai tiép nhau hay
LI, =R +R, |2410=2+¥m [ —44-8J10
LI, :|R1 _R2| = ZJEZ‘Z—\/E‘ = m=44+810
Do d6 tong cac phan tir ctia m 1a 88.
Cau 25: ChonD
x+y>0
Diéu kién {x* +y>0. Khi d6
X,y el

log, (x2 + y) > log;, (x +y) e Xy glogale) o 2 4 y(x+ y)log34
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Céu 26:

Céau 27:

oxt-x> (x+y)log34 —(x+y) (1)
bat t=x+y=1t21 thi (1) duoc Vidt lai 12 1% —x > #183% _¢ (2)
V6i mdi x nguyén cho truéc ¢6 khong qué 242 s6 nguyén », thoa man bat phuong trinh (1)

Tuong duong v6i bat phuong trinh (2) ¢6 khong qua 242 nghiém .

Nhan thdy f(t) =83 _¢ ¢dng bién trén [1;-+0) Nén néu x” —x > 243'°83% —243 =781 thi s¢
c6 it nhat 243 nghiém nguyén ¢>1.

Do d6 yéu cau bai toan twong dwong voi x* —x <781 < —27,4<x <28,4.

Ma x nguyén nén x e {-27,-26,...,27,28} .

Vay c6 tat ca 28 +28 =56 s6 nguyén x thoa yéu cau bai toan.

Chon A

Taco: D=3/ +(4

y—2x+1 y—2x+1
Nhan xét: Néu y—2x+1<0 thi 3¥" > <1 va (Zj < [Ej vaynén P<1.

3 y-2x+1 y-2x+1
Néu y—2x+1>0 thi 3V > >1 va [ZJ Z(EJ vay nén P >1
Dovdy: y—2x+120<P=1 (1).
Tu (1) tacd Q21=3y2y+3-2x<2x+2y-320 (2).

—2x+1= A
Tir (1),(2) tadwoc Y7120 vay 22
2x+2y-3=0 3
Chon A
) x<1
x"—4x+32>0 >3
s x x=1
bieu kién xac dinh phuong trinh: g>0 <<x>0 <:>L_3.
) <x<3 -
8x-2x"-620

V6i x =1 thi bat phuong trinh <> log é +1<0< 0<0=>x=1 langhiém bat phuong trinh.

Véi x = 3 thi bat phuong trinh < log5§+% <0 (khéng xay ra).
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= x = 3khong la nghiém cua bat phuong trinh.
Vay bat phuong trinh ¢c6 mdt nghiém nguyén x [—2019;2019] .

Céu 28: ChenC
Ta co: log, (x2 +? +4)—10g2 (x+2y)<1 (1) < log, (x2 +y” +4) <log, (x+2y)+log, 2
<:>10g2(x2 +y? +4)£log2(2x+4y) o2+’ +4<2x+4y & (x—1)2 +(y—2)2 <1

Tap hop nhimng diém M(x;y) thoa man diéu kién (1) lahinh trontam 1(1;2) bankinh R =1

o
Tir d6 suy racod 5 ¢ap sd nguyén (x;y) théa mén diéu kién (1)la: I(l;l), (2;2), (0;2), (1;2)
va (1,3).

o
L

2 T

S N —

Trong 5 cip s (x;y) trén thi c6 3 cap s6 thoa man diéu kién 2x-y 20 1a (1;1), (1;2) va
(2:2)

Cau29: ChonB
Theo bang bién thiénta c6 f(x)>1, vxeR.

Xét  bdt  phuong  tinh 2.6/ 4 (fz (x)- 1).9f(x) —3.47) 1 > (Zmz + Zm).zzf(x)
26/ (2 (x)-1) 9" ~3.4" M > (2m® + 2m) 4/

=260 +(f2 (x)—l).9f(x) > (Zmz + 5m),4f(x)

f(x) 2f(x)
@2.(%) +(f2(x)—1),(§] > 2m* +5m.

t 2t
. . 3 2 3 2
% . . o N2 s N
Bat phuong trinh tro thanh 2.(2j -I-(t 1).(2j 22m” +5m. (*)

, 3 t 3 2t
Xét g(t):z.(zj +(t2—1).[5j ,t>1,
' 3(3 t 3 2t 3(3 2t
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Céau 30:

Cau 31:

Suy ra g(t) dong bién trén [1; + ) = g(t)=g(1)=3.

Dé bat phuong trinh (*) €6 nghiém ding véi moi +>1 thi min g(t) > 2m* +5m.

te[l; +oo)

Khi d6 3220 +5m < -3<m<—. Vi meZ nen me {(-3;-2;-1;0}.

Chon D
A LA . \ , il m2x 2 .
Diéu kién: x > —1,véi DK nay taco (1)< 7" (77 =77)+2020(x-1)<0  (¥).
x-1>0
Xét x> 1, khi d6 ta co {72x . do do 7V (7% Z72)42020(x~1) > 0 nén (*) v nghiém,
-7 >

do vay hé bat phuong trinh di cho khong thoa khi x>1.

x-1<0

Xét -1<x<1, khi do { 5 do 99 7L (72 _72) 1 2000(x=1) <0 neén (*) nghiém

dung voi moi x e[-1;1]. Do vay hé bt phuong trinh da cho c6 nghiém khi va chi khi bat
phuong trinh x? — (m +2)x +2m +3 >0 c6 nghiém x < [-1,1].

Ta €0 x* —(m+2)x+2m+320< m(x—2)<x*>-2x+3, khi xét véi vxe[-1;1] ta duoc

2_
m(x—2)£x2—2x+3<:>m2ﬂ *).
x—2
. . -2x+3 , 2_ =2-4/3
Dat ham so g(x)zx AT taco g'(x)zﬂ, §(x)=0= ' V3
x=2 (x—2)> x=2+3

tir ddy ta c6 bang bién thién cua ham s6 g(x) trén [-1;1] nhu sau

R B 2 1| +=

g'(x) + 0 -

g(x)

Tir bang bién thién ta c6 (*) ¢ nghiém véi x e [—1;1] khi va chi khi m>-2.
Vay tat ca cac gia tri m thoa man bai toan 1a m > 2.
Chon A

x+y>0

2

biéu kién : .
x“+y>0

Vi moi x e 7 tacd x* > x. Xét ham sé f(y)=log,(x+y)—log, (x2 +y).

Tap xac dinh D =(-x;+0) (do y > —x = v > —x?).
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Cau 32:

Céau 33:

11
(x+y)In3 (x2+y)ln4

f'(y)=

>0,VxeD (do x2+y2x+y>0,ln4>ln3)

= f tangtrén D.
Taco f(-x+1) :10g3(x—x+1)—10g4(x2 —x+1)£0.
C6 khong qua 728 s6 nguyén  thoaman £(y)<o
& f(=x+729)> 0 < log, 729 ~log, (¥ = x+729) >0
S x?—x+729-4°<0 < x* —x-3367 <0 < —57,5< x < 58,5
Ma x eZ nén x e {-57,-56,..,58} . Vay c6 58-(-57)+1=116 s6 nguyén x thoa.
Chon C
) 5 —x
Ta co: Iog5(5x+10)—y=T & 2logs (x+2)+1]-2y =5 -x
© x+2+2log, (x+2)=5" +2y < 5lo8s(x+2) +2log(x+2)=5"+2y (1)
Xétham s f(t)=5'+2t trén &,
Taco f/(t)=5'In5+2>0 vie R, suyrahamsd £(¢) lién tuc va ddng bién trén R .
Tir (1) taco: f(logs(x+2))=f(y), suy ra log, (x+2) = y.
Vi 0<x <3456 Nén log, 2 <log,(x+2)<log,3458 SUy ra: logs2 <y <log; 3458 .
(tirc 13 0,43 < y <5,063)
Do y lasonguyénnén y e {1;2;3;4;5} . Ung voi mdi gia tri nguyén 4 , taco mot gié tri nguyén
cua x thuge doan [0;3456].
Vay c6 5 cap s6 nguyén (x;y) thoa man yéu cau cua bai toan.
Chon D
t>1

Do x+y>0 nén x+y=1. batt=x+y, :
xel,yelZ teN

Taco log4(t+x2—x)210g3t<:>log4(t+x2—x)—log3t20 (1)
Xét ham sb f(t)=10g4(t+x2—x)—log3t,te[1;+oo)
1

) 1
f (t): (t+x2 _x)1n4 “ i3 <0, Vvt e(l;+oo)

1
(DO t+x?>—x>t>1,VYxeZ nén 0<( S—,Vt€(1;+00))

t+x° —x)
Ham s6 f(¢)nghich bién va lién tuc trén (1;+ ).

NX: V&i mdi x e Z ¢ khdng qua 242 gia tri y € Z thoa man (1) <>c0 khdng qua 242 gia tri
t e Nthéaman f(t)>0.

Suy ra f(243) <0 < log, (243 + x> ~x) < log, 243 =5 < x* ~x~781<0
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Cau 34:

1-255 1+25V5
< <x<

. D0 xeZ nén x e {-27;-26;..,26;27;28} .

2 2
Vay c6 56 gia tri x thoa man yéu cau.
Chon A

Diéu kién xac dinh 4x+4y-4>0 x+y>1
Ta co: logx2+y2+2(4x+4y—4)21<:>x2+y2+2£4x+4y—4(d0x2+y2+2>1)
x2+y2 3

+—>1
4 2

Vay nghiém cua x* + y* —4x—4y +6 <0 ludbn thoa diéu kién x4c dinh

<:>x2+y2—4x—4y+6S0c>x+y2

X +y?—4x—4y+6<0

Y&u cau bai toan < { c6 nghiém duy nhat

Xy’ +4x-2y-m=0
x2+y2—4x—4y+6£0 - (x—2)2+(y—2)2 <2

Tacéa{2 5 5 5
X"y +4x-2y-m=0 (x+2) +(y—1) =m+5

Ta co: (x+2)2+(y—1)2 =m+5 ¢6 nghiém khivachikhi m+5>0< m=>-5
Trwong hop 1: m=-5 taco
2 2
x-2) +(y-2) <2 16+1<2 A1
(x+2) +(y—1) =0 X=—5y=
Loai m=-5
Trwong hop 2: m > -5

X +y? —4x—4y+6<0

Ta c6 s6 nghiém cua { la s6 diém chung cua hinh tron

X +y? +4x-2y-m=0

(x-2)" +(y-2)" <2 vaduong tron (x+2)" +(y—1)" =m+5

Viy hé c6 nghiém duy nhit khi va chi khi hinh tron (x—2)”+(y—-2)" <2 va duong tron
(x+2)2 +(y—1)2 =m+5 chi c6 duy nhat mot diém chung <= hinh tron (x—2)2 +(y—2)2 <2
tam 1(2;2); R=2 va duong tron (x+2)° +(y—1) =m+5 tam J(-2;1);R'=/m+5 tiép
xUc ngoai véi nhau hoic tiép xtc trong va R'> R.

Truong hop 1: Hinh tron (x—z)2 +(y—2)2 <2 tam 1(2;2); R=v2 wa duong tron
(x+2)2 +(y—1)2 =m+5 tam ](—2;1); R'=m+5 tiép xdic ngoai véi nhau

S I=R+R <17 =2 +m+5 & Jm+5 =117 -2

o m+5=19-234 & m=14-2/34
Truong hgp 2: Hinh tron (x—2)2+(y—2)2s2 tam I(2;2);R:x/5 va duong tron

(x+2)2 +(y—1)2 =m+5 tam ](—2;1);R‘:\/m+5 tiép xdc trong véi nhau va R' > R
<:>R'=I]+R<:>\/m+5:\/ﬁ+x/5<:>m+5:19+2\/ﬁ<:>m:14+2\/§
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Céu 35:

Céu 36:

Viy s ={14+2{34;14-2/34]

Chon D

Ta Cé 2x2+y2+1 S(X2+y2—2x+2)4x <:>2x2+y2_2x+1_(x2+y2_2x+1)£1(>(.).
Dat t=x2+y2—2x+1=(x—1)2+y220.

Xét ham sb y:f(t):f—t:>f'(t):2tln2—1>0,suy ra f(t) dong bién.

Do do (*) = f(t)< f(1) < t<1 hay (x—1)2+y2 <1 lahinh tron cé tam 1(1;0); R=1.

Mt khac P:M@(ZP—S)x—Py+P—4:O.
2x-y+1

3P-12
Bai toan tré thanh ‘ ‘ <1 < 4P? -40P+80<0<>5-+5<P<5+4/5.
2 2
(2P-8) +P

Suy ra minP =5-+/5.
Chon B

2
biéu kién: ¥ +y>0

x+y>0
x+y=3t

2

bat t=10g3(x+y).Khi do {x +y>4t

=3t
P N R T L
x*+3 x> 4

Xétham sé g(t)=4'-3'; ¢'(t)=4'In4-3'In3 .

g'(t)=0@4f1n4—3f1n3=o@t:10g4if1_2<0_
~ in

3
Bang bién thién ctia ham s6 y = ¢(#):

; In3

O —

t |—oc T ind 0 +00
g'(t) - 0 +

Voi mdi sb nguyén x goi a 1a sé khong am thoa man x*—x>4°-3" | trong d6

x2—x>0 VxeZ.
Dya vao bang bién thién cua ham sé v = g(t), taco 4° 3" >4' -3' < a>t.
Matkhac y=3"' ~x = x<y=3"-x<3" —x.
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Céu 37:

Theo yéu cau bai toan tng voi mdi x nguyén cd khong qué 728 s nguyén y.
Do d6: 3" <728 < a<log,728

) 1-4/1+4(4"-3" 1—4/1+4(4" -3"
Khi do: x* —x>4"-3" < 4 )SxS 4 )

2 2
= x e(-57,4755; 58,4755) = x €[ -57;58 ] .

Vay 6 116 sé nguyén x théa man bai toan.

Chon A
Cach 1:

Taco 2757 = (14xy)27'2 e 277 12 Z 14 3y (1), Suy ra 142y > 0= y > .
X

1 1 -1 -1
Maxe|—;4|=>-<x<4=-3<—<— nén -3 -2;-1;0;1;2;3.....
[3 J 3 L Sg Mnyres e |

(1) 273120 1y~ 0. gt f(x) =277 " 1oy,

Pao ham: £'(x) = (6x+y—12)27° " ¥ 1n27 _y

= £"(x) = 6.1n27.27% P12 (6x 1y —12)7 27% VX102 97 5.0, Vx, y € R

Suy ra do thi ham sé f(x)= 978" +xy-12x ~1-xy lalom trén R, hay phuong trinh f(x)=0 c6

toi da 2 nghiém. D& thay x =0 la mot nghiém cua f(x)=0.

Ma yéu cau bai toan la cé nghiém x e (3;4], nén nghiém con lai phai thugc (5;4j . Hon ntra

1y
f(x) lién tyc trén R nénf(%j.f(4)<0.Tacé f(%}:273 3 —1—%;f(4):274y—1—4y

Y

sorr (10|71 -8 o7 1) st

Dung chtrc nang table cia may tinh dé tinh céc gia tri g(y) VoI y e {—2;—1,-0;1;2;3...}

-1 X
(nhap ham (27 EE 4-%}(274}( —1—4X) vachon start X=-2,end X =15, step la 1)

Tanhanthdy ¢(-2);¢(-1);¢(1);g(2);-;¢(12) déu nhan giatri am, tic Ia f(%].f@) <0.Nén
y €{-2;-1;1;2;3;..;12} théa yéu ciu bai toan.

Vay ye{-2;,-1;1;2;3;..;12} , hay c6 14 gid tri y

Céach 2: CASIO

Taco: 277 = (14xy) 272 < 273 ™72 14y (1) Suy ra 1+xy > 0= y > _71

Ma xe(%;4}:%<x<43—3<_—1<%, nén y>—3:>ye{—2;—1;0,-1;2,-3...}.
X

(1) P 273x2+xy—12}( _1_ xy — 0 . Dat f(x) — 273x2+xy—12X _1_xy ]
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Céau 38:

Cau 39:

1
Tacof(j 273 5 ~1- y f(4)=27% -1-4y

_1 y
1 _ =3 y 4 B
Suy ra f[gj.f(él) —{27 33 15}(27 y —1—4y)—g(y).
Dung chiic ning table cia may tinh dé tinh céc gia tri g(y) Vol y e {—2;—1;0;1; 2;3...}

-1 X
(nhap ham [27 ENE —1—%}(274’( —1—4X) va chon start X =2, end X =15, step 13 1)

1 1
7 - :O = —

Ta nhan thay g(0)=0<:>f(%].f(4)=0<:> f[3j <|* 73 nén y =0 loai vi xe(%;zlj.
fw=o  |x-s

Tanhan thiy g(-2)s¢(~1);g(1);g(2);-.5(12) déu nhan gié tri am, tic Ia f(%) £(4)<0. Ma
f(x) lién tyc trén [%;4) nén f(x)=0 ton tai it nhat mét nghiem x e(%;A}J . Tuc 1a
ye {—2;—1;1;2;3;...;12} thoa yéu cau bai toan.

Tanhén thay g(y)>0 véi y>13.

Khi y>13thi f(x)= 2732 150 Vxe (%;4) nén loaiy >13.

Vay y e{-2;,-1;1,2;3;..;12} , hay c6 14 gid tri y.

Chon B

Pit 1og2(x+2y‘1)=t:>x+2y‘1 — 2t s x =2t VL,

Phuong trinh da cho trg thanh: 2/ —¢ = 2(2t —2¥ ) —y <22V +y=22"+t

Xéthams6 f(x)=2.2%+x dong biéntrén R =y =t.

Suy ra phuong trinh log, (x + 2y71) —yox+2/ =2 o x=2V",

2<x<2021=2<2"" <2021 < 1< y—1<log, 2021 < 2 <y <log, 2021 +1.

Do yeZ nén ye{2;3;4;..;11} c6 10 gia tri nguyén cua y .

Ma x =2"" nén véi mdi sé nguyén y e {2;3;4;...;11} xdc dinh duy nhat mot gia trj nguyén x .
Vay ¢6 10 cap sé nguyén (x; y) théa man bai toan.

Chon C

Taco: 825 = (1+xy).8% < 82 4 _(14xy)=0.

Xétham sb f(x)=8 g2y ~(1+xy)

Ap dung bét dang thic a* > x(a—-1)+1 taco

£(x) _ g2 Ay —(1+xy) >7(2x2 +xy—4x)+1—(1+xy) =14x% +2x(3y -14)>0,V y 5
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Dodo y<4
Véi y<-2=xy<-1= f(x)>0 (loai)

V6i y=—1= f(x)=82 > +x-1
Tacd f(5)>0; fejw = f(x)=0 c6 nghigm xe[%;5j = y =1 thoaman

x=0

reo (TM) = y =0 thoa mén

Vi y=0=8% =84x@{

Vi y>0 co f(5)=8"" —(1+5y)>0,vVy >0
fl s =8%_%— 1+2 <0,vy={1;2;3;4} = f(x)=0 c6 nghiém x 15
2 2 7 4 7 ) v 2/
Vay y={-1;0;1;2;3;4}.
Céau 40: Chon B
4x+3y+1-15"=0

Dit log,; (4x+3y+1)=log, (x* —2x+y* )=t <
15( ) 6( ) (x—1)2+y2:6t+1
Hé c6 nghiém < dudng thang A:4x+3y+1-15" =0 va duong tron (C):(x—1)2+y2 =6'+1

c6 diém chung, véi tam 1(1;0)

5-15' f
< d(LA)<Rs % <6 +1 e 225' -10.15' -25.6' <0 < 15' —6.(%) -10<0

t t
Xét ham so f(t)=15t—6.(éj ~10. Pao ham f'(t)=15t.1n15—6.(§j In§>0,Vt

Do vay: ham s6 f(t) dong bién trén R. Khi do f(t)<0 < t<0,9341

Do (x-1)" +y =6' +1 nén [y| <V/6' +1, din dén |y| < 6. Két hop gia thiét ta suy ra y =6.
Thur lai:
V6i y =6, hé (*) tro thanh

4x+19-15" =0 o3 )
2 | 1223 | 6t _35. 205 +1089 = 46.15' +16.6' (**)
(x-1) =6' -35 4

Néu t <0 thi 15" <1,6' <1= 225" +1089 > 46.15' +16.6' .
Néu t>1=15" > 6', ta s& chung minh 225 +1089 > 62.15".

2
That vay, ta c6 225! +1089—62.15' = (15f - 31) +128>0

Dan dén 225" +1089 > 62.15" > 46.15' +16.6".
Néu 0<t<1 thi 15" <15,6' <6 = 225" +1089 > 46.15' +16.6
Vay (**) vo nghiém.

Cau 41l: ChonB
P 2, .2 x (x=1)%+y> 2 9
Taco 257 7 =[x +y? —2x+2)4" <2 =(x-1) +2+1
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Cau 42:

Céau 43:

Pt t=(x-1)"+y?20,khi d6 2 =t +1,¢20.
Xéthamsé f(t)=2"-t-1,t20.Co f’(t)=2t1n2—1=0<:>t=10g2%=fo ~0,5287.
n

f(t)>0et>t, va £(0)=f(1)=0.

Ta c6 bang bién thién

t |—o0 0 ty 1 +00
fit) -0
+00 +o0
£(#) 0 0
fto

t=0

Tir bang bién thiénsuy ra f(t)=0< L e

Véi t=0:>(x—1)2+y2=0<:>{x:1.

Véi t=1=(x-1) +y? =122 <1=>-1<y<1

Ma y nguyén nén y nhan gia tri—1 hoac 0 hoac 1

Véi mbi giatri y =—1 hodc y =0 hodac y=1 ludn c6 gid tri x thda man.
Vay c0 ba gia tri cia y thoa man.

Chon D

log, x

. logy x2 logn x 2
Didu kién x4c dinh: x>0. Dat t=3 ~ véi t>0.Taco 3 ( j=321°g2"=(3’> 5 j =12

Phuong trinh d4 cho tro thanh +2 —Z(m +6)t +m?-1=0.

Nhan thay méi gia tri £ >0 c6 mot va chi mot gia tri x > 0.
Do d6, phuong trinh da cho c¢6 hai nghiém phan biét khi va chi khi phuong trinh c6 hai nghiém

(m+6)2 —(m2 —1) >0
duong phan biét hay 2(m + 6) >0

m?>-1>0

Sme [—i;—lJu(l;jLoo).
12
Taco x,x, >2 < log, (x,x,) > 1< 3182012) 5 3 o glosanitlona s 5 g o glosa() glosa() 3
otht,>3 hay m*-1>3 o me (—oo;—z)u(2;+oo) .
£ . 9 37
Keét hop lai, ta dugc m > 2 hoac =T <m<-2.
Vi m nguyén, |m|£10 nén me{—3;3;4;5;6;7;8;9;10}.

Do d6 ¢6 9 gid tri m thoa mén yéu cau bai toan.

Chon A
biéu kién x>0.
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W2 LS 1 lay

Taco: 3 ¥ —33¢ w(m+2)3 T —m3 =g
10 Loy 1ovx
< 33[’f+2 xj —3.32["+2 xj + (m+2).3x+2[ -m=0(*).

1 1 1
pat t=x 2 g L oy
Khi d6 phuong trinh c¢6 dang: < t° — 3.4 +(m+2)t—m =0 (* *) .
Tatim m e[ -2020;2021] dé phuong trinh (**) ¢6 nghiém I6n hon hogc bang 27.
Taco: (**) < (t=1)(£ ~2t+m)=0 2 =2t +m =0 (¢ 227)

1-m>0
F=1+1-m

Viy dé phuong trinh (* *) c6 nghiém 16n hon hoic bing 27.

o (-1 =1-m @{

1-m=>0 m<1
<:>{1+m227<:>{1_m2676<:>m£—675.
Vi m e[ -2020;2021] nén c6: 2020 -675+1=1346 gid tri m.
Céu 44: Chon A
(+? —2mx)(2x2—4“m —2)+(x2 —4x+m—1)(22x2-4””‘ —1) -0
Nhan 2 vé véi 2:

(2x2 —4mx)(2x2—4x+m —2)+(x2 —4x+m—1)(22x2—4m —1) -0
bat: a=2x*—4mx, b=x*>-4x+m-1= a(2x2_4x+m —2)+b(22x2_4mx —1) =0 (*)

2b+1 _2 B 2_2u+1
B .

Néu a=0,b=0 thi

_ 2 B x=0
Suy ra: {a_o (tm) :{xZ 2mx =0 =|x=2m
x> —4x+m-1=0 (1)

x“—4x+m-1=0

Pé c6 3 nghiém thuc phan biét thi co nghiém:

7+4/65

8

x=0=>m=1; x=2m=>m= ;nghiémkép =>m =5

Cau 45: Chon A
Dit u=2" >0 thi phuong trinh tr¢ thanh a.u® —bu+50=0.
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Céau 46:

Phuong trinh c¢6 hai nghiém phan biét x,,x, twong duong phuong trinh c6 hai nghiém phan biét

b?> —200a>0

duong u,,u,, nghia la b >0 < b* >200a.
a

50
a

>0

Pit v=3* >0 thi phuong trinh tr¢ thanh v? —b.v+50a = 0. Phuong trinh c¢6 hai nghiém phan
biét x;,x, twong duong véi phuong trinh c6 hai nghiém phan biét duong v,,v,, nghia la

b? —200a > 0
b>0 < b >2004.
50a >0

Tacod x, +x, >x; +x, < log, v, +log, v, >log, u; +log, u, < log, (0304) >log, (uluz)
< log, (50a) >log, (@j < log,a+log,a>log,50—-log, 50 ~2,08.
a

Mat khac ham s f(a)=log,a+log,a (a>0) laham s tang, f(2)~1,63 va f(3)~2,58 nén
a>3. Turdé tacod b >200a>600=b>25.Vay minS =3.3+4.25=109.
Chon C

logs[ (x+2)(y+1)]"" =125-(x~1)(y +1)

& (y+1)logs[ (x+2)(y+1)|=125- (x+2)-3](y+1)

125

<:>log5[(x+2)(y+1)]=ﬁ—[(x+2)—3] <:>10g5(x+2)+10g5(y+1)=%—(x+2)+3

<:>10g5(x+2)+(x+2)=12—5—10g5(y+1)+10g553

y+1
< log (x+2)+(x+2):1£+log (y+1)_1+10g 125
5 y+1 5 5
125 1
< log, (x+2)+(x+2)=ﬁ+log5 (m}LlogS 125
125 | 125
<:>logs(x+2)+(x+2)=10g5[ﬁ]+m (*).

Dit f(t)=1logst+t. Tap xac dinh: D =(0;+). Ta co: f’(t)=ﬁ+1>O,VteD.
n

Suy ra f(t)=logst+t dong bién trén (0;+w).

125 125 125
(*)@f(X‘FZ)—f(ﬁ]@x-l‘Z—ﬁ@x_m_zl

Ta co: x>0<:>£—2>0<:>£>2<:>125>2(y+1) <:>y<g.
y+1 y+1 2

Két hop véi v >0 taco ye (O;%J. Ta c6 danh gia:

Chinh phyc céc bai todn VD - VDC: MU logarit chiia tham sé | 398



Phan Nhét Unh Chinh phyc vén dung — v&n dung cao ndm 2023

Céau 47:

Céau 48:

P=x+5y=12—5—2+5y=12—5+5(y+1)—722 12—5-5(y+1)—7=43,Vye 0,12 |,
y+1 y+1 y+1 2
Dang thac xay ra <:>£=5(y+1)<:>y=4e[0;£ = x =23
y+1 2

Vay P =43 khi (x;y)=(23;4).

Chon A

Phuong trinh <> (4x+7)(2xy - y)(e?¥ Y =7 ) = (4x+7) - (23y - y)

Dé& thay x,y € Z va y =0 khdng la nghiém ciia phuong trinh nén phuong trinh thanh

2V _ gt r 1 .Pat a=2xy—y, b=(4x+7)ta dugc e“—lzeb—l,

(ny—y) (4x+7) a b

Hamso f(t)=¢' —% dong bién trén méi khoang (—o0;0), (0;+) nén ta xcets 2 truong hop sau :

Néu a.b>0 phuong trinh e”—lzeb—lcmzb thay lai ta dugc y=4x+7=2+ 2
a b 2x -1 2x -1

do

xX,yel

Nén suy ra 9i(2x—1) do d6 2x—1e {+1;+3;+9} gia va thir lai ta duoc 6 cip (x;y).

. >1 <-1
Néu ab<0=>1""" hoac{ .
b<-1 b>1
151 e”—eh2€—1>2
Trwong hop = = € do d6 phuong trinh khong xay ra.
b<-1 1 1
= Sl <1+1=2
a b
as— A s
Tuong tu truong hop b1 cling khong xay ra do d6 c6 6 cap (x;y) thoa man de bai.
Chon C
Taco: 4% 22 [ L _glprt-2e3 T 5y’ 22 o M _glp2m2 TN 5
21 21 21 21
Pat £=2% 22 (£22)
Tz |0 1 3
. 32

Phuong trinh tré thanh: 2 -2 223 t+ﬂ+3=0(*)
21 21
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Dé phuong trinh d cho c6 dung 3 nghiém phan biét thuoc (0;31 thi ¢6 thé xay ra cac truong

hop sau:
: , U . |4as<y <32
Truong hep 1: Phuong trinh (*) c6 hai nghiém phan biét ¢, ,¢, thoa méan
2<t, <4
2
Taco: t2-2| 2 -3 t+ﬂ+3:0©ﬂ:w:f(t)
21 21 21 2t-1

Khao sat ham trén doan [2; 32] ta c6 BBT:

t |2 3 4 32
F(t)
1219/63
19/3 /
£(t) \ 43/7
6 /
43 m 19

Tir bang bién thién ta c6 diéu kién can tim 1a: — <— < —= <129 <m <133.

Do meZ = m={129;130;131;132}. VAy c6 4 gia tri nguyén ciia m théa mén diéu kién dé bai.

. . . |t =2
Truong hep 2: Phuong trinh (*) c6 hai nghiém thoa mén | .
2<t, <4
t, =2
Thay #, =2 vao phuong trinh (*)ta dugc m =133 khi d6 c6 hai nghiém 14 -
ty=—>4
3

Vay c6 tat ca 4 gia tri nguyén cua tham sé m thoa mén diéu kién dé bai.
Cau49: Chon A
10 1 10 1 10 1
— -~ — (x+y)(xy+1) — — o
0% :(X+y+l+lj.10"y < 10" =—( )z ).10"y e 10* =(1+i)1ow
X y Xy x+y
Xétham s6 f(t)=t.10" trén khoang (0;-+).

f(1)=10"+£10'In10>0, Vt>0 nénhamsd f(t)=+10" dong bién trén khoang (0;+x)

10 1
— —+1
Do d6: £.10X+y:{1+ij'10"y o 10 =1+i
x+y xy xX+y xy

c>10=(x+y)[1+ij@10—[y+lJ=x+l.

Xy Yy X
Vig+L22, vy>0nen x+2<8o 2 —8x41<0 45 <x<4+15, xeN’
Yy X

=>xeA= {1;2;3;4;5;6;7}.
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Cau 50:

A>0
V6i mdi s6 a>0 phuong trinh y+1=a@y2—ay+1=0 (*) 6 {S=a>0
4 P=1>0

= Phuong trinh ludn c6 hai nghiém y > 0. Vay cdé 14 cap (x; y) thoa man yéu cau bai toan.
Chon A
Tacs: <30 1og, [(x A1) + 2} = 3% log, (2] — m|+2)
Xétham so f(t)=23"log,(t+2) véi te[0;+x)

t
Suy ra f(t) dong bién trén [0;+).

Tacé f'(t)=3"In3.log,(t+2)+ >0Vte[0;+x)

Do do <:>f((x+1)2):f(2|x—m|)<:>(x+1)2 :2|x—m|

2x—2m=—x%-2x-1 |2m=x*+4x+1

{2x—2m:x2+2x+1 {Zm:—xz—l

SN &

Xét phuong trinh hoanh d6 giao diém caa do thi (P1) Y= —x? -1 vado thi (Pz) Y= x?+4x+1
P —1l=x"+4x+1 2 +4x+2=0x=-1=y=-2.

V& hai d6 thi (P;) va (P,) trén cling mot h¢ truc toa do Oxy ta duoc:

AY

|
[
|
i
\
o
ye

1
2m=-1 |M=75

Tir dd thi ham s6 ta duoc | 2m=-2 < | m=-1 thoa yéu cau bai toan.
2m=-3 3

m=—=
2

Tong cé4c phan tir cua S 1 —%—1—%=—3.
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HAM SO LOY THUA
HAM SO MU VA HAM SO LOGARIT

CHU PE KY NANG S’ DUNG HAM DAC TRUNG

it @
.Y/ 10MTATLY THUYET

Nhu cac ban di biét, phuwong phap sir dung ham dic trung dé giai bai toan VDC logarit thuong xuyén xuat

hién trong dé thi ctia BGD céc nam gan dy. D6i v6i dang toan vé mii va logarit thi ddy 1 mot phuong
phép toi vu nhat.

Céc em hoc sinh cAn nim viimg dinh ly: Cho ham s6 f(x) don diéu trén (a;b). Néu f(u)= f(v) va
U,0e (u;b) thi khi d6 u=0o.

Néu f(x) ddng bién trén (u;b) Va u,ve (a;b) thi f(u) > f(v) SU>v.

Néu f(x) nghich bién trén (a;b) va u,ve(a;b) thi f(u)< f(v) Su<v.

Binh luin: Khi giai toan, chiing ta s& gip nhitng bai toan cho san ham f (x) don diéu va biéu thirc ham
dac trung dé théy. Tuy nhién, & mtrc d¢ van dung va van dung cao thi chung ta phai khéo 1éo bién d6i dé
tr¢ thanh ham dac trung f(u)= f(v) hodac f(u)= f(v).

WA vipy MINH HOA

CAU 1. C6 bao nhiéu s6 nguyén a sao cho ing véi mdi a, ton tai s6 thuc b>a théoa man 4° =2° +b va
doan [a;b:l chira khong qua 5 s6 nguyén?
A. 5. B. 10. C.6. D. 11.

& LOI GIAI
Chon D

Xéthamsd f(b)=2"+b c6 f'(b)=2"In2+1>0,Vb.
Suy ra ham s f(b) =2"+b ddng bién trén R .
Phuong trinh 4° =2° +b ¢6 nghiém b>a va doan [a;b} chira khong qua 5 so nguyén khi va chi khi
2 +a<4” 4" -2"-a>0
= :
4" <2 +a+5  [4°-322"-a-5<0
MaaeZ=ae {—5;—4;...,'5} .

Vay c6 11 gid tri ciia a thda man yéu cau de bai.

CAU 2. C6 bao nhiéu sb nguyén y thudc doan [—2022;2022] sao cho ton tai xeR thod man

1233y +12.2F =2% -3y

A. 2027 . B. 2022. C. 2021. D. 2028.

£ LOT GIAI
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Chon D
Pit + =2%; +>0. Khi d6 tir gia thiét ta c6 phuong trinh

1233y +12t =1° -3y & (3y +12¢)+ 1233y + 12t =2 +12¢ (1)
Xéthamso f(t)=t>+12t; t>0 c6 f'(t)=3t>+12>0; Vt>0
= f(t) luén dong bién trén khoang (0;+x).

Khidé (1)< f(3fBy+12t) = f() = Py +12t =t = 3y =112t

bit g(t)=>-12t; t >0 c6 g'(t)=3t2—12; g'(t)=0<=> Z: (L)
Bang bién thién
t 0 2 +x
gz - 0+
0 +a0
g(1) ~~ 16 —
16

Dé ton tai x e R < (1) c6 nghiém >0 3y2-16y2-—.

Vi yeZ va ye[-2022;2022] nén y e{-5;-4;-3;...;2022} . Vay c6 2028 s6 nguyén y .

CAU 3. C6 bao nhiéu sé nguyén duong m dé phuong trinh
logﬁ (x3 —6x% +9x + 1) + x(x - 3)2 =3" +2m—1 c6 duy nhat mot nghiém thudc khoang (—2;2)
A. 4. B. 3. C. 1. D. 0.

& LOI GIAI
Chon C

Ta co: logﬁ(x3—6x2+9x+1)+x(x—3)2 =3"+2m-1
<:>210g3(x3—6x2+9x+1)+x3—6x2+9x+1=3m+2m

Dat t=10g3(x3—6x2+9x+1):>x3—6x2+9x+1=3t.Khid(')tacc')
210g3(x3—6x2+9x+1)+x3—6x2+9x+1=3m+2m<:>3t+2t=3m+2m.
Xétham s6 f(u)=3"+2u 1a ham dong bién Vu e R nénsuy ra
f(t)=f(m)<:>t=m<:>x3—6x2+9x+1=3m.

Xét ham s f(x)zace’—69c2 +9x+1 trén khoang (—2;2) co bbt:

X -2 1

f(x) + 0 -

5
49

0<3"<3 m=1
& .
3" -5 m=1log,5¢Z

Vay c6 duy nhét 1 gi tri nguyén duong ciia m thoa ycbt.

(]

Dé thoa man y&u cau bai toan thi {
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CAU 4. C6 bao nhiéu s6 nguyén dwong m dé phuong trinh 2! =log, (x+2+2m)+m c6 nghiém
b= [—1;6].
A. 30. B. 29. C. Dap an khac. D. 28.
& LOI GIAI
Chon C

Do m 14 sé nguyén duong va x e [—1;61. nén x+2+m>0.
2X+1

=10g4(x+2+2m)+m<:>2x+2+x+2=x+2+2m+log2(x+2+2m)

&2 4 x+2 = 2R o0 (x40 4 0m)

Xéthamsd f(t)=2"+t véiteR co f(t)=2"In2+1>0,VteR.

Suy ra ham s6 yzf(t) dong bién trén R .Taco
f(t)=2"+t
f(t)>0 = x+2=log, (x+2+2m) < x+2+2m=2"? < 2m=2""? —x-2
f(x+2):f(log2(x+2+2m))

Xétham so g(x)=-x-2+2"2 = ¢'(x)=-1+2""21n2>0Vxe[-1;6].

Bang bién thién

X . | 6

6

Tir bang bién thién suy ra phuong trinh ¢6 nghiém khi va chi khi 6 <2m <248 < 3<m<124.Ma m >0
va meZ nén me{3;4;..;124}.

Vay c6 122 gia tri nguyén duong ctia tham sb m thoa man phuong trinh c6 nghiém x e [—1;6].

X X
CAU 5. Cho phuong trinh log, (56 +32 J+5erl +5.3*-30x—10=0. Goi S 1a téng binh phuong tit ca
X+
cac nghiém ciia phuong trinh. Gia tri ciia S bang
A. S=1. B.S=2. C. 5=0. D. S=5.
& LOI GIAI
Chon A

Diéu kién: 6x+2>0<:>x>—% (*).

5% +3*
6x+2

Khi d6 ta co: log, { j+ 51 +5.3" ~30x-10=0

<:>10g2(5x+3x)+5(5x+3x)=10g2(6x+2)+5(6x+2) (1)
Xétham sé y = f(t)=log,t+5t,t>0.
y’:i+5>0, Vi>0 nénhémsédéngbié'nkhi t>0,

tIn2
do do (1) < f(5°+3%) = f(6x+2) = 5" +3" =6x+2(2).
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Xét ham s6 g(x)=5"+3"-6x-2 ¢6 g(1)=g(0)=0 suy ra phuong trinh g(x)=0 c6 hai nghiém
x=1,x=0.

Taco g'(x)=5"In5+3"In3-6,¢8"(x) =5 (1115)2 +3* (1113)2 >0,Vx nén g'(x)=0 co nhiéu nhat

mot nghiém, suy ra g(x) =0 c6 nhiéu nhit hai nghiém.

Viéy phuong trinh g(x)=0 c¢6 hai nghiém x=1,x=0 suyra S=1.

2 2
R_, 2 55 X =2x-m"+11
14<2x 2x 3+

CAU 6. C6 bao nhiéu gia tri nguyén m dé bat phuong trinh 2™ e nghiém
ding vo1 moi gia tri thuc cua x.
A. 6. B.9. C.7. D. 8.
& LOT GIAI
Chon C
Ta cé:

2 2
2m2—14 < 2x2—2x—3 + x°=2x-m"+11 PN 2x+m2—17 < 2x2—x—6
-3
2x

@ 2T e 17 <20 L2 6 (1)

Xét ham s6 f(t) =2'+t=y'=2"In2+1>0,Vt suy ra ham s6 f(t) ludn dong bién trén R .

+x2 2x—-m*+11

Do d6 bat phuong trinh (1) < x+m* -17 <x* —x-6 < m” <x* —2x+11 (2)

Co x* —2x+11=(x—1)2 +10>10,Vx.

Suy ra bat phuong trinh (2) dung véi moi gié tri thye ciia x khi va chi khi m® <10.
MameZ=me {i3;i2;-_|-1;0} .

Vay c¢d 7 so nguyén thoa man yéu cau bai toan

CAU 7. C6 bao nhiéu s6 nguyén a sao cho tmg v6i mdi a, ton tai it nhat bon s6 nguyén b  (-12;12) théa

X a*+b b—-a
man 4 <3""4+657
A. 4. B. 6. C.5. D.7.

& LOI GIAI
Chon D

b-a b b
Taco: 47 <307 165 47 301 _g5<0 wa” > O gy (3] L 5[] <o,
4 4P 4) 3¢ 4

e 2 (31 1Y
Xéthamso f(b)=4" —| = | .——-65.| = |, be(-12;12).
f 4

4) 3
3)(3) 1 1) (1Y
Tacd f'(b)=-In| = || = | .=——65.In| — || —| >0, Vbe(-12;12).
4)4) 3¢ 4 )\ 4
Do d6 f(b) dong bién trén (-12;12). Ta c6 bang bién thién:
b —12 —11 —10 -9 -8 12
f'(b) +
£(B)

Dé co it nhat 4 s6 nguyén be (—12;12) thoa man f(b) <0 thi f(-8)<0 < 478 <3787 4 65,
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Suyra 4" ® <65 < a? <8+log,65~11.D0 acZ nén ae{-3;-2;..;2;3}.

Vay co6 7 gia tri nguyén cua a thod man yéu cau bai toan.

CAU 8. Cho bét phuong trinh 8* + 3x.4 +(3x2 +2)2" < (m3 —1)x3 +2(m—1)x. S céc gia tri nguyén cua

tham s6 m dé bat phuong trinh trén c6 dang 5 nghiém nguyén duong phan biét Ia
A.3. B. 4. C.5. D. 6.

& LOI GIALI
Chon B

Taco 8% +3x4" +(3x” +2)2% <(m ~1)x? +2(m—-1)x
& 8" +3x4" 432727 + 2 <m’2® 2% 4 2mx-2x & (27 + x)3 +2(2% +x) < (mx) +2mx(1)

Xéthamso f(t)=t>+2t,¢6 f/(t)=3t>+2>0
X

Nén £(t) dong bién trén (—oo;-+), khi dé (1)<:>2x+x£mx<:>2—Sm—1, do x>0

X
X X _nX
Xét ham sé g(x)zz—jg’(x):m—'zxz, tacod g'(x)=0«< x=log,e=x,<1
X X
Ta c6 bang bién thién cua ham s6 g(x):
X 0 X, +o0
g'(x) - 0 +

o0

g(x) | += +
\‘g(xﬂ)/

Do f(1)=f(2)< f(5) nén dé bat phuong trinh ¢6 5 nghiém nguyén duong:

& g(5)£m—1©£<m<§
g(6)>m-1"5" '

CAU 9. C6 bao nhiéu sé nguyén y sao cho tmg v&i mdi s6 nguyén y c6 ding 6 sd nguyén x thoa man

2
g(‘y_3x+2‘+5) (x + 5) <1?
A. 16. B. 17. C. 14. D. 15.

7x2 —‘y—3x+2‘ s

& LOI GIAI
Chon A
Dé thay |y—3x+2|+525 Va x> +5>5 véimoi x;y e R.
7x7 45 ln(x2 + 5)

. <1
7W-3524+5 "In |y - 3x + 2] +5)

2
Taco: 7° _‘y‘g’“z‘.log( )(xz +5) <le

ly-3x+2}+5
& 70 (22 +5) <70 In |y -3x+2]+5) (1)

Xéthamso f(t)=7"Int trén [5;+ o).

f(t)= 7t.lnt.ln7+7t.% >0,Vt25=Hamsd f(t) dong bién trén | 5;+0).

Do 6 (1) <> f(x*+5)< f(jy—3x+2/+5) > 2 +5<|y—3x+2+5 & 2 <|y~3x+2]

y-3x+2>x° y>x®+3x-2
= = :
y-3x+2<—x° y<—x*+3x-2
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Ta vé d6 thi hai ham $6 y= x?+3x—2 va y= —x?+3x-2 trén cung mot hé tryc toa do:

-12<y<-6
ARt C oA A 1xt g y=0
Dua vao do thi vira v€ ta ¢6 yéu cau bai toan < ,
y=-
y=-3
ly=—4

Do y nguyén nén y e {-11;-10;-9;-8;-7;-6,-4;-3;-1;0;2;3;4;5;6;7} .

Vay c¢6 16 s nguyén y théa man yéu cau bai toan.

CAU 10. C6 tat ca bao nhiéu gia tri nguyén ctia y sao cho twong ng véi mdi gid tri y ludn t6n tai khong

qué 15 s6 nguyén x théa min diéu kién log o1 (x +1? ) +1og,00 (y2 +y+ 16) >log, (x - y) ?

A. 2021. B. 4042. C. 2020. D. 4041.
& LOI GIAI
Chon D
2 2
Pidukien XY >0 L1 Hy>0
x-y>0 x>y

Ta c6 bat phuong trinh log,,, (x +1° ) +10g 50 (y2 +y+ 16) ~log,(x-y)=0

Xét f(x)=10g2021(x+y2)+10g2022(y2+y+16)—log2(x—y) voi x>y, yel.
1 ~ 1 B x(1n2—1n2021)—y1n2—y2 In2021
(v+y2)m2021 (x=y)In2  (x+y?)(x-y) 202102

Taco: f'(x)=

Taco: x>y = x(In2-1n2021) < y(In2-1n2021)
Suy ra x(In2-1n2021) - yIn2-3*In2021 <~y -y In2021< 0, ¥y € Z .
Do do f'(x) <0,Vx>y,yeZ.
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Ta c6 bang bién thién cua f(x) la:

z Y y+1 y+2 y+15 y-+16 —+o00
f'(z) -
+00
=0
f(@) >
f(y +16)
\*—OO

Yéu cau bai toan < f(y+16)<0
= log2021 (y2 +y+ 16) + log2022 (y2 +y+ 16) <log,16

2
c>10g2021(y2 +y+16)+10g21021(y +y+16) <4 <:>10g2021(y2+y+16)< 4 ~ 2,00
085021 2022 1+log,,, 2021
4
<y +y+16 < 2021198202201 _2021,99 < 1 < 2020,99.
Do y €7 nén y e {-2021;-2020;..,;2020} .
Vay co tat ca 4041 gia tri nguyén y thoa yéu cau bai toan.
CAU 11. C6 bao nhiéu gié tri nguyén ctia tham sd m dé bat phuong trinh
1+log; (x2 +1) >log (m.x2 +4x+ m) nghiém dung vé1 moi x e R .
A. 1. B. 2. C.0. D. 4.

& LOI GIAI
Chon A
Diéu kién xac dinh: m.x* +4x+m>0
Ta bién d6i bat phuong trinh log, (Sx2 + 5) >log. (m.x2 +4x+ m)

Bat phuong trinh nghi¢m ding vo1 moi x € R khi va chi khi h¢ BPT sau nghiém dung véi moi x e R

5x2+52m.x2+4x+m<:> (5—m).x2—4x+5—m20 (1) *)
mx*+4x+m>0 mx*+4x+m>0 (2)
Xét m =0: hé (*) khong nghiém dung v6i moi x € R
Xét m =5: hé (*) khong nghiém dung v6i moi x € R
Xét m#=0; m#5
m<>5
5-m>0 m<5 (m>7
A <0 4—(5-= 230 m<3
H¢ (*) nghiém ding v4i moi x e R & & ( m) = S 2<m<3
m>0 m>0 m>0
A <0 4-m? <0 m< -2
|m>2

C6 1 gia tri nguyén m=3.

CAU 12. C6 bao nhiéu cip sé nguyén duong (x ; y) théa man diéu kién x<2022 va
3(9y +2y) <x+log, (x+1)3 -2?
A. 3778 B. 3776. C.2 D. 4044.

£ LOI GIAI
Chon A
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3(9y +2y) <x+log, (x+1)3 -2

< 3% +3(2y+1)<(x+1)+3log, (x+1)

& f(2y+1)< f(logy(x+1)) (1), voi f(t)<3'+3t la ham s6 dong bién trén K.
Suy ra (1) < 2y +1<log,(x+1) & 3% —1<x (2).

Do x,y nguyén duong va x <2022 nén tir (2) ta co:

32 12022 = 1<y < 0820871 y=1
2 y=2

Véi y=1:Taco 26 <x<2022. Suy ra cd 1997 cip s nguyén duong (x;y) thoa man.

~2,97 3{

Vé6i y=2:Taco 242 <x<2022. Suy ra c 1781 cép s6 nguyén duong (x;y) théa man.
Vay ¢6 3778 cip sb nguyén duong (x ;y) thoa man.

A Lz . 22 22 2y—x%42 . > A ;
CAU 13. Cho cac s0 thuc x, y thoaman 5+16.4" Y :(5+16 yj.7 Y .Goi M va m lan luot la

gia tri 16n nhat va gia tri nho nhét cia biéu thirc P =w. Tinh T=M+m.
2x+2y+5
A. T:%. B. T:%. C.T=10. D.T=15.

& LOI GIAI
Dit t =x* -2y, khi d6 gia thiét twong dwong véi

5+4"2  544*

t_ t 2—t
5+16.4 _(5+16 ).7 e
1) (4)
Xét ham s6 f(u):5[;J +(;J trén R.

u
Ham sb f lién tyc trén R c6 dao ham f’(u) = S(EJ In

u
+ é lné<0,‘v’teR
7 7 7

1
7
Suyra f (u) 1a ham s6 nghich bién trén R.

Dodé () f(t+2)=f(2t) = t+2=22t=2ox" -2y =22y =x" -2
3x% +10x +20

Khi do: P= 3
X“+2x+3
42 _ x=-5 .
Taco p'= ¥ =22 120=o@ 1 . Bang bién thién
(x2+2x+3) =73
1
r |—o0 -5 —— +00
2
Yy’ -0 + 0 -
3 7
2 3
Tir d6 suy ra M:7,m=§nén M+m=%.
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I BAI TAP TRAC NGHIEM

Cau 1;

Cau 2:

Céu 3:

Cau 4:

Cau 5:

Cau 6:

Cau7;

Cau 8:

Cau 9:

Céau 10:

Céau 11:

Céau 12:

C6 bao nhiéu gia tri nguyén (x;y) théa méin diéu kién 0 <x <2020 va 3*!

A. 2020. B. 2021. C. 2022. D. 2023.
Co bao nhiéu gia tri nguyén dwong cua tham sé m nhé hon 2018 d& phuong trinh

log, (m +m+2" ) =2x ¢6 nghiém thuc?

A. 2017. B. 2018. C. 2016. D. 2015.
C6 bao nhiéu cip s nguyén (x;y) théa man diéu kién sau 0<y<100 va

+x+1=3"+y?

x® +6xty +12x%y* —19y° +3x* —3y =07
A. 10. B. 100. C. 20. D. 21.
C6 bao nhiéu cap sd nguyén (x; y) thdéa man diéu kién X,y € [3 ;481 va

(x—2)1/y+2=1/y+1.\/x2—4x+5 (2).
B. 6.

A. 46. C. 45. D. 5.

. A 5 ~ 1 .7 . 5 A 5 + R )
Cho hai s6 thuc duong a,b thoa man 1>a>b>Z . Gia tri nhé nhat cua bi€u thirc

P=log, (b —ij ~log, /b thudc tap hop nio dudi day?
b

A. (0;1). B. 4;E ) C. E;4 . D. 1;E .
2 2 2
Cho x, y la cic sb thyc dwong théa min xy<4y-1 . Gia tri nho nhdt cua
6(2x+
= ( y)+1nx+2y la a+1Inb. Gia tri cua tich ab la
x Yy
A. 45. B. 81. C. 108 . D. 115.

C6 bao nhiéu cap sd nguyén (x;y) thoa man 1< x <2020 va x+x>-9Y =3Y.
A. 2020. B. 1010. C.6. D.7.

x,ye[5;37:|

C6 bao nhibu cip s6 nguyén (x; Y ) thda  man va

«/;=y2+2y—x+2+w/y2+2y+2

A. 32. B.5. C. 1. D. 33
C6 bao nhiéu s nguyén x sao cho ton tai s6 thuc y théa man biéu thirc sau

10g4(x+y+3)=10g5(x2 +y° +2x+4y+5)?
A 3. B.2. C. 1. D. V6 sb.

C6 bao nhiéu s6 nguyén duong x thoa man 2.2° +x +sin’ y = 205y 9
A 4. B. 3. C. 1. D. 0.

r . 4 4
C6 bao nhiéu s6 nguyén duong x thoa man log, (XTHJ +x =45 VY _gin? 2y ?
A. V0 sb. B.3. C.1. D. 2.
Cho sb thyc x, y théa min 2 oY = y—x*. Tim gié trj 16n nhit ctia biéu thirc P = x—2y.
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Céu 13:

Céu 14:

Céu 15:

Céu 16:

Céau 17:

Cau 18:

Céau 19:

Cau 20:

Cau 21:

C.P=1. D.P=1.
3 8

Cho hai s6 thuc x, y théa man 0<x,y <1 trong d6 x, y khong ddng thoi bang 0 hodc 1 va

A.le. B,P:
4

RS

log{ Xy J+(x+1)(y+1)—220. Tim gié tri nhd nhét cia P véi P =2x+y.
1-xy

A 2. B. 1. C. % D. 0.

C6 bao nhidu cip sé nguyén (x;y) thoa man didu kién dé bai 0<x<2020 va
3(9y+2y):x+10g3(x+1)3—2?
A 2. B. 4. C.5. D. 3.
Cho f (x)=2020x—2020_x . Goi m, 1a sb 16n nhat trong s6 nguyén m théa man
f(m+1)+f(i—2020J<0.

2020

A. m, =2018. B. m, =2019. C. m, =2020. D. m, =2021.

Cho hai sb thuc x, y thod min: 9x° + (2 - y\/3xy - S)x + \/3xy —5=0. Tim gi trj nho nhat ctia
P =24y +6xy+3(3x> +1)(x+y-2)

46 + 36 g 36+29%6\15 c 36-296415 o —46+36
Ty Ty Ty .
Cho «x,y 1la cac sb thuc duong thoa min bat dang thac sau day

A

log 3x+11 < 9y4 +6y3 —xzyz —2y2x (1). Biét y <1000, héi c6 bao nhiéu cdp s6 nguyén duong
y+
(x;y) thod man bat dang thirc (1).

A. 1501100. B. 1501300 . C. 1501400 . D. 1501500 .

: x4 :
Cho 2 s6 thyc x,y khong am thoa man: 2 * =log, [14 —(y =2y +1] Gia tri cua bi€u thirc

P= |1 —2(x+ y)| bang

A 3. B.5. C. 1. D. 2.
.Cho x, y14 cac s6 thuc thoa min biéu thic log, (2x +2)+x -3y =8Y(*).

Biét 0 <x <2018, s6 cap x, y nguyén thoa man dang thic (*) la

A 2. B. 3. C. 4. D. 5.
Cho abec 1a cac sb thyc théa man  biéu thic sau  day
2(2“2”’2”2 —1)+(11—1)2+(b—1)2+(c—1)2 e pe p=220TC Gy o0i s 1 tap hop
a+b+c
gdm nhitng gia tri nguyén ctia P. S6 phan tir ctia tap hop S 1a
A. Vb S6. B.5. C. 4. D. 3.
2019(x2—y+4 , ,
(Povd) _ dxry gia tri nho nhat cua bidu

Cho céc sb thuc duong x,y thoa man 2020

(x+2)

thtc P =y —2x.
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Cau 22:

Céu 23:

Cau 24:

Cau 25:

Cau 26:

Cau 27:

Cau 28:

Céau 29:

A. minP=4. B. minP=2. C. minP=1. D. minP=3.
) x x+y+2xy—2 2(1_xy) cr o ) T . 2 , N
Cho x>y >0 théa man 3""/"° =——=~_ Gia tri nho nhat cta biéu thuc P =x+5y la
x+y
A2, 8.2 c.4. p, 30845
5 45 +1

r ’ A 5 ~ A A 1 3 .7 . 5 A 5 < R )
Xét cac sO thuc a, b thoa man diéu kién 3 <b<a<1. Tim gid tri nho nhat cta biéu thirc

j+1210gb2 a-3

a

leoga(?)

A minP=13. B. minP = —. C. minP=32. D. minP=9.

5

Cho cac sb thuc x,y théoa man diéu kién sau day x>-1Ly>-3 wva

log, [ (y+3)(x+1)]+ M:lyﬂ = 0. Gi4 tri nhé nhat ctia biéu thirc sau day P =x+3y+10
x

thudc tap nao dudi day:

A [1;3). B. [3;4). C.[45). D. [5:6).

Xét cac sb thuc duong a,b,x,y thoa man 1<a<b< a® va a* =bY = %. Gia tri 16n nhét cua
biéu thirc P = x +3y thudc tap hop nao dudi day?

A [1;2). B.[2;3). C.[3;4). D.[4;5).

Cho hai s6 thyc a,b théa man log,a+log;b=1 . Gid tri 16n nhit cua biéu thuc

P= \/log3 a+ \/logz b bang.

A \/logz 3+ \/10g3 2. B. (log,3+log,2 .

2

\log,3+log, 2 .

z 2x — . . 2
Cho céc s6 thyc duong x,y thoéa mén log,, x =log,, vy =1og s % . Tinh gia tri cta bi€u thirc

1
C. E(log23+log3 2). D.

T=2,
X

3 2 5

A T=—. B.T=-=. C.T=- D.T=——.
2 3 2

WIN

Cho sb thuc 1<x<8 . Goi gia tri 16n nhat va gid tri nho nhat cua biéu thirc

log, .
Pzi—log\/—x lan lwot 1a a,b. Tinh ab.
log, x+1 2
A. ab=5. B. ab=35. C.ab=-7. D. ab=-35.

2 —
Biét x,% (% <x,) la hai nghiém cua phuong trinh log, (w]:&c—élxz va
X

2x, —x, =%((1—\/E), (a,beN). Tinh gia tri ctia biéu thicc P=a+b

A . P=-+4. B. P=6. C.P=-6. D. P=4.
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Céu 30:

Céu 31:

Céu 32:

Céu 33:

Céu 34:

Céu 35:

Céau 36:

Céau 37;

Cho phuong trinh 2log, (cotx) =1og, (cosx). Phuong trinh ¢6 bao nhiéu nghiém trén khoang

(0; 20207)

A. 2020. B. 2019. C. 1009. D. 1010.

C6 bao nhiéu gia tri nguyén cia y théa man 5* =log; (x + y) +y. Biét rang |y| <2020.
A. 2020. B. 2019. C. 1010. D. 1018.

Cho bét phuong trinh log10x +log? x +3 > m.10g100x v&i m 1a tham s6 thuc. C6 bao nhiéu gia
tri cia m nguyén duong dé bat phuong trinh c6 nghiém véi moi x thudc [1,' +oo)?
A 1. B. 3. C. vo sd. D. 2.

Cho x, y 1a céc s6 thyc thoa man log, (x+y)=log4 (x2 +y2). Tap gia tri cta biéu thuc

P=x°+ y3 chtra bao nhiéu gia tri nguyén ?
A 4. B.5. C.9. D. V0 so.

[N A A A - X \ ~ .2 , 2.2 _
C6 bao nhiéu s6 nguyén x sao cho ton tai so thuc duong y thoa mén biéu thirc 2* 7/ =2.2Y"
?

A. 1. B. 2. C. 3. D. 4.
Tim m dé phuong trinh

2 2N

(m—l)logz1 (x—2)2 +4(m—5)10g1 [%j+4m—4 =0 c6 nghiém trén {2;4]
D —

3<m<

A. —3<m£§. B.meR. C. me{l}.

CSHIRN|

Cho x y thda man 22x—y+1 +32x—y+l _52x—y+1 _ 5—2x+y+1 _2—2x+y+1 _ 3—2x+y+1 (,(.)
Tim gia tri 16n nhat cta biéu thic P =2x? —y? —2x+3y +1.

A 2. B. 2. C. 1. D. 3.
C6 bao nhiéu cip sd (x,'y) thudc doan [1 ;2020] théa man y la s6 nguyén va
x+Inx=y+e’?

A. 2021. B. 2020. C.7. D. 6.
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HU'O'NG DAN GIAI CHI TIET
Caul: Céchl: Ty luan:
Taco: 3" +x+1=3" +y
Xéthamso f(t)=3"+t= f'(t)=3"In3+1>0,Vt R = Ham s6 dong bién trén R .
Do d6 f(x+1)=f(y)<:>x+1=y:>x=y—l.
Vi 0<x <2020 < 0<y—1<2020 < 1<y <2021.
Ma yeZ nén ye{1;2;3;..;2021} . V6i ye Z=>xeZ.
Vay c6 2021 cgp s6 nguyén (x;y)thoa yéu cau bai toan.
Céch 2: Tric nghiém
Taco: 3" +x+1=3" +y = x+1=y = x =y -1 (tu duy nhanh).
Vi 0<x <2020 < 0<y—1<2020 < 1<y <2021.
Ma yeZ nén ye{1;2;3;..;2021}. Véi ye Z=>xe.
Vay c6 2021 cap s6 nguyén (x;y)thoa yéu cau bai toan.
Cau 2: Céachl: Ty luan:
Phuong trinh d3 cho tuong duong: mAm+ 2t =22 c>(m+2x)+m=22x+2x (1).

V6i Vm+2" >0; 2" >0, xét ham ddc trung f(t)=#>+t trén khoang (0;+).
Taco f'(t)=2t+1>0, Vte(0;+0). Do d6 ham f(t) dong bién trén khoang (0;+x).

Vi vay (1)<:>f(\/m+2x)=f(2x)<:>\/m+2x =2% o m=2% 2%,

Dt a=2">0. Xétham g(a)=a”—a, ta co bang bién thién:

i 0 + O

] o
gla)
\ | /
4

Phuong trinh da cho c¢6 nghiém khi va chi khi m > —i .

blt | =

Ma m 14 s6 nguyén duong nho hon 2018 nén m e {1; 2; 3;...;2017} .

Vay c6 2017 gia tri m thoa man yéu cau bai toan.
Céch 2: Trac nghiém

Ta c6 phuong trinh 10g2(m+\/m+2x)=2x<:>m+\/m+2x =22,

Ap dung ky thuat CALC: Dit 2% = y =100 = m =9900 = y* —y = 2> - 2%,

W /N N ol A Wl
M+ {M+y —y° M+{M+y —* M+ {M+y —y°
M= 9900
y =100 L—-R= 0
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bat a=2" >0.Khi do m:g(a):az—a.

W Voo i W _vor g T Vi W Jor & T Y
anZ+HhN+C GTNN wv=ax2+bx+c GTNN v=ax2+bx+c
1x2- I»x N |x= y=
1] 1
O 2 4

Nhu vay m > —i , ma m nguyén duong nho hon 2018 nén m e {1;2;3;...;2017} .
Vay ¢6 2017 gia tri m thoa man yéu cau bai toan.
Cau 3: Céach 1: Ty luan:
Ta co:
x® +6xty +12x7y* —19y° + 3x* =3y =0
o x® +6xty +12x%y? +8y° —27y° +3x* -3y =0
o+ 6x*y + 12xzy2 + 8]/3 +3x% + 6y = 27]/3 +9y
3
= (x2 +2y) +3(x2 +2y) = (3y)3 +3-3y (1)
Xétham f(t)=1>+3t.
Taco f'(t)=3t>+3>0,VteR.Dodd f(t) la ham dong bién trén R
Vi vay, (1)<:>f(x2 +2y):f(3y)<:>x2+2y:3y<:>x2 =y.
Theo dé bai, 0 <y <100 < 0<x* <100 < -10<x<10.
Vi x 12 s nguyén nén x e {-10;-9;..;9;10}. Vi mdi x xéc dinh duy nhat mot gia tri y = x>.
Vay c6 21 ¢ip (x;y) thoa mén yéu cau bai toan.
Céch 2: Tric nghiém
Ta c6 phuong trinh x° +6x*y +12x%y* ~19y° + 3x* -3y =0.
Ap dung kg thuat CALC y=0,01=x=0,1=./y = y=x>.
Theo dé bai, 0<y <100 < 0<x? <100 < -10< x < 10.
Vi x 12 s nguyén nén x e {-10;-9;..;9;10}. Vi mdi x xéc dinh duy nhat mot gia tri y = x>.
Vay c0 21 cap (x; y) thoa mén yéu cau bai toan.
Céau4: Céachl: Ty luan

Phuong trinh (1) <:>(x—2 \/(y+1)+1 =\/y+1.\/(x—2)2+1
,/y+1)+1 \/x 2) +1 ’(y+1)+1 (x—2)* +1
Jy+1 y+1 (x-2)°

Xét ham sb f(t)= /# trén khoang (0;+ o) ta c0:

fi(f)=—————<0, ¥t>0 = f(t) nghich bién trén (0;+ ).

2t2,/1+1
t

T @ o fy+1)=f[(x-2) | y+1=(x-2) @ y=(x-2)" -1
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Cau 5:

Ma x,y e[3;48] nén 3<(x—2)" ~1<48 = 4<(x-2) <49 ©2<x-2<7 > 4<x<9.

Do x 7 nén xe{4;5;6;7;8;9}, voi mdi gia tri ciia x cho ta mot gia tri ciia y thoa man dé

bai.

Vay c6 6 cap s nguyén (x;y) théa man dé bai.

Céch 2: Tric nghiém

Ta c6 phuong trinh: (x —Z)W = \/ﬁ.\/xz —4x+5.

Ap dung ki thuat CALC: Cho x =100 —y = 9603 = x> —4x +3.

Ma x,ye[3;48] nén 3<x®-4x+3<48 < 4<x<9.

Do xeZ nén xe {4,-5;6;7;8,-9} , V&i mdi gia tri x cho 1 gia tri ciia y théa méan dé bai.
Vay ¢6 6 cip s6 nguyén (x;y) thoa man dé bai.

Cach 1: Ty luan

Dt log, a = . Vi didu kién: 1>a>b>i.

Khi d6 0=logb1<logbu<logbb=1:>te(0;1)
2

Ta co: bz—b+120<:>b—lsb2:>loga bt >log, b*> = log, p-1]x2.
4 4 4 4) ¢

1
2(1-t)

1 1 1 2
1 = = .Dod6 P=1 b——|-1 b=—
ng\/_ z(logba_l) z(t—l) o do oga( 4) ogZ\f ; +

Xetham f(1) =2+

VOi te (0;1).

1
2(1-¢)

. , ) _2
. V6i t(0;1), ta co: f(t)_0<:>x_3.

(2 1
f(t)_ f2+2(1—t)2

2 1 2 1
D : i = i —_ —_— = 11 = 1 p— _ | =
0: fim 111 Efa[ﬁz(l_tﬂ o fim 10 EE?Lﬁz(l_tﬂ -

Véi te(0;1) ta co:

Lap bang bién thién ciia ham s6 £(¢) =%+

1
2(1-t)

=] Led | b

70 i
+o0 P
£ N /
\\‘

. Vay MinP =%.

Aon

b | WO

Dya vao BBT ta tim dugc Minf (t):% tai =

WIN

Cach 2: Tw duy + Casio

Van ap dung ki thudt lién quan dén diéu kién 1>a>b> i .
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Cau 6:

Nhap ca biéu thirc: P = loga(b—ﬂ—lo&z b vao may tinh.
b

Diing lénh CALC ddng thoi ca a,b véi 1>a > b >i thi nhanh lién tuc ta duoc min P :% |
Cach 1: Ty luédn

Taco xy<4y-1 <:>4y2xy+122@ :>4y22@ nén <2 X<q,
y y

6(2x+
Xét P = (2 y)+lnx+2y=12+6z+ln(£+2)
X y X y

- X 6
bat t=?,0<ts4. Suy P:f(t):12+?+1n(t+2)
6 1 f-et-12 (t-3)-21

Tacod f(t)=-— ~ =
acof() t2+t+2 tz(t+2) tz(t+2)

V6i 0<t<d thi -3<t-3<1=0<(¢t-3) <9 nén (t-3)" ~21<0,vt e(0;4].
Do do f'(t)<0 Vi Vte(0;4:|. Ham s6 f(t) nghich bién trén (0;4].

Suyra £(r)> f(#) véi Vi< (0;4] hay P> f(4) =12+ +In6 e P> +In6.

Vay P .. =%+ln6 .

X x=2
Dau bang xay ra khi va chi khi y JRPEN 1 -
xy=1 Y72

Khi do a:2—27,b:6 nén a.b=81.Chon B.

Cich 2: Tric nghiém
4y -1

Taco xy<4y-1 < x< (x,y 12 sb thuc duong nén khong do6i diu bat phuong trinh).

2.4y—1+yj 4y -1

6 +2
6(2.7C-i-y)_i_lnx-|-2yS [ Y Y

Ta lai c6 P= +In—Y . (Xem y 1a x trong
X y 4y-1 y
Yy
Casio)
o) W i TR _TH .~ Vi LG 'y
Mi.zx dx Ax—1 T x J+lnl_DAnS*A
<ln X I X 4x—1
x =y |x= 0.9 x
) L—R= 0 15. 29175947 15. 29175947
M
A=a+Inb=—+Inb

Nhu vay ta co . Trong d6 M 1a cac dap an

M=ab=a=—
b
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CauT:

Cau 8:

Key A.M = 45. Key B.M = 81. Key C.M = 108. Key D.M = 115.
A—[%+1n(x)] A—[%+ln(x)] A—[%ﬂn(x)] A—[%+1n(x)]
= 3. 183889604 |x= 6 = 8.188634398 |[x= 8. 764545978
L—R= = 0 [L-R= a  [L-R= 0

Qua d6 nhan thdy key B c6 x =b = 6(dep).
Cach 1: Ty ludn:

Taco: x+x% -9 =3Y o x+x2 =37 +(3V)2(1).

Xétham f(t)=t+*,(t>0).

Ta co: f’(t)=1+2t>0,Vt>0 :>f(t) 12 ham dong bién trén (O;+oo).
Viviy, (1)< f(x)=f(3) e x=3".

Theo gia thiét, 1< x <2020 < 1<3Y <2020 < 0 <y <log, 2020 .

Vi y nguyén nén y €{0;1;2;3;4;5;6} = x €{1;3;9;27,81;243;729} .
Vay c6 7 cap (x;y) théa man.

Cich 2: Tric nghiém

Taco: x+x*-9Y =3Y & x+x? =3y+(3y)2 < x=3".

Theo gia thiét, 1< x <2020 < 1< 3 <2020 < 0< y <log, 2020 .

Vi y nguyén nén y {0;1;2;3;4;5;6} = x €{1;3;9;27,81;243;729} .
Vay c6 7 cap (x;y) théa man.

Cach 1: Ty luan:

Jr =12 +2y—x+2+\/m<:> x+lx =1 +2y+2+\/m(2).

Xét ham s6 f(t) =t++/t trén khoéang (O;+oo) ta co:

f’(t):1+i>0, Vt>0 = f(t) dong bién trén (0;+).
t

N3

(2)<:>f(x):f(y2+2y+2)<:>x:y2+2y+2.

Do x,ye[5;37] nén 5<y?+2y+2<37 = 4<(y+1) <36 ©2<y+1<6o1<y<5
Do yeZ va ye[5;37| nén y=5.

Véigiatri y=>5 chota 1 gid tri x=37 €[ 5;37 ] thoa dé bai.

Vay c6 1 cdp s6 nguyén (x;y) thod bai toan.

Cich 2: Tric nghiém

Ap dung ki thuat CALC y=0.01— x =2.0201 =y +2y +2.

Vor O

LEECA LIE i |
=X+ + 2y x4 2+ Y= X+ H2y—x4 24y o (X Hy 2y —x 2+ v

x= 2. 0201
L—-R= 0

y =0.01

Do x,y e[5;37] nén 53y2+2y+2ﬁ37<:>4£(y+1)2£36 &2<y+1<61<y<5
Do yeZ vaye[5;37| nén y=5.
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Véigiatri y=>5 chota 1 gid tri x=37 €[ 5;37] thoa dé bai.
Vay ¢6 1 cdp s6 nguyén (x;y) thoa bai toan.

Cau9: Céach1l: Ty luan
Ta co: log4(x+y+3):10g5(x2 +y? +2x+4y+5)

e log,[(x+1)+(y+2)] =logs| (x+1)" +(y+2)? |
Dit X=x+1, Y =y+2.Khido taco: log4(X+Y)=log5(X2+Y2)
Dat t=10g4(X+Y)=10g5(X2+Y2).

, X+Y=4
Suy ra ta co hé¢ phuong trinh
X?+Y? =5

Theo bt dang thirc BunhiacopxKki ta co:
(X+Y) <2(X2+Y?) =16/ <25 = t<log,, 2.
5

1 1
logEZ ElOgEZ ElogEZ
Mat khac: X2 =5'-Y?<5'<5 5 -5 5 <X<5 5

Vi XeZ=Xe{-1,0;1].
logig2  tlogyy2
Tuongtuwtacd: -5 5 <Y<5 5
Truwong hep 1: X =0, ta c6 phuong trinh log, Y =log. Y? (1)
Y =11a nghiém cua phuong trinh (1). Do d6 X =0 thoa man
Suyra: x=y=-1.
Truwong hep 2: X =-1, ta c6 phuong trinh log, (Y —1) =log, (1 + Yz) (2) .

1
Liogye2
2 816

Xéthamsé: f(Y)=log, (Y ~1)-logs(1+Y?), Ye| 1,5

1
Llogye 2
2 816

1 2Y >0,VYe| 1,5 5

(Y—1Mn4_(1+y2yn5

Taco: f/(Y)=

1log16 2
Suy ra ham sb dong bién trén (1, 8], voi g=5 ¢

= ](\fzﬁcf(l/) = f(B)~-1,1477689 <0

= f(Y) =0 vO nghiém. Hay phuong trinh (2) v6 nghiém.
Do d6: X =-1 (loai)
Trudng hep 3: X =1,tacé log, (Y +1)=logs(1+Y?)(3).
Y =0 la nghiém cta phuong trinh (3)
Do d6 X =1 thoa.
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Chuong 2: Ham sb 10y thiia, hdm sb mo va ham sb logarit

o, . . | X=0 x=-1
Vay c6 2 giatri X €Z thoa man la: =S .
X=1 x=0

Céch 2: Dung d6 thi
Ta co: log4(x+y+3):10g5(x2 +y? +2x+4y+5)

e log,[(x+1)+(y+2)] =logs| (x+1)" +(y+2)?
bit X=x+1, Y =y+2.Khido taco: log4(X+Y):10g5(X2+Y2)
Dat 1,‘:10g4(X+Y):10g5(X2 +Y2).

X+Y =4
X*+Y? =5
Theo bt dang thirc BunhiacopxKki ta co:

(X+Y) <2(X2+Y?) =16/ <25 < t<log,, 2.
5

Suy ra ta c6 h¢ phuong trinh {

log162
0<X+Y=4"<4 5

logy2
0<X?+Y?=5'< 5

Minh hoa bang hinh vé:

Khi d6 ta co:

o . , . | X=0 x=-1
Vay c6 2 giatri X eZ théaman la S :
X x=0

Céch 3: Tric nghiém
Ta co: 10g4(x+y+3)=10g5(x2 +y? +2x+4y+5)

< log, [(x+1)+(y+2)]=log5 [(x+1)2 +(y+2)2}
it X =x+1; ¥ =y +2. Khi d6 ta co: log, (X +Y) =logs(X*+Y?)

Pit t=log, (X+Y)=logs(X* +Y?).
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Céau 10:

Cau 11:
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Suy ra ta c6 hé phuong trinh {

X+Y=4!
X% +Y? =5

X=\/5_t.cosa

Luong giac hoa: dat

Y = \/ST.sina

t
Tu d6 ta duoc: V5 .cosa ++/5' .sina =4' = cosa +sina = — =(

=t=Ilog , (cosa+sina).

,ae(O;Z;r).

J5
\/ log 4 (Coszx+sina)
Ta co: x:X—lzx/S_t.cosa—lz 5 V5 .cosa—1
Dung casio, do bang va tim dap an
o A | D)
" Pham vi bang o Frs|-0ier 2o %an|-0 524
flx)=e4 Xeos(x)-1 Bd‘éi.l:l 0 ] 24| 3a5|-0.407
- Kthic: 360 | i s
Budc 15 -1, 160225052 0

Viy ta thdy x chay trong khoang tir —1,16 dén 0,3334088261 . Vi theo dé x nguyén nén

xe{-1,0}.
Céch 1: Ty luan

2 2
Taco: 22" +x+sin” y=2%Y < 2" 4 x +1=2 y+C052y(3)-

bt f(t)=2"+t= f/(t)=2"In2+1>0,vt e R = Ham sb dong bién trén R .

Vi vay phuong trinh (3)<:>f(x+1)=f(c052y)<:>x+1=coszy:>x=—sin2y:>xSO.

Ma x nguyén duong nén khong ¢ gia tri cua x thoa yéu cau bai toan.

Céch 2: Trac nghiém

2 '
Taco: 2.2 +x+sin’y =2°%"Y <22 +x+y'=2"Y (Vi sin®y+cos’y =1).

Ap dung ki thuat CALC y'=0,01= x=-0,01=-y' = —sin’y = x <0.

W JH

2% 2% x4 y—2177

W JorH

y =0.01

2% ¥ 4t y—2177

M Jor [
2% 2% px+y—217

=
L-R=

-0.01
O

Ma x 1a sb nguyén duong. Vay khong c6 gié tri cua x thoa yéu cau bai toan.

Céach 1: Ty luan:

.4 4 » .
logz(%ﬂj+x:45m y+Cos y—sin22y<:>10g2(x+1)+x—1=43m y+cos y—SiHZZy

<:>10g2(x+1)+x+1:2

o log, (x+1)+x+1=2

<:>10g2(x+1)+x+1:2

2( sin# y+cos4 y)

2(sin4 y+cos4 y)

Z(Sin4 y+cos4 y)

—4sin? y.cos2 y+2

2
—4sin® y.cos® y + 2(sir12 y +cos’ y)

+ 2(sin4 y+cos* y) (2).

Xéthamsd f(t)=2'+t,Vt>0= f'(t)=2'In2+1>0,Vt>0.



Chuong 2: Ham sb 10y thiia, hdm sb mo va ham sb logarit
= ham s6 y = f(t) dong bién trén khoang (0;+ ).

Vivay (2) < f(10g2 (x + 1)) = f(Z(sin4 y+ cos* y)) Sx+l= 22(sin4 yreost y) .

Taco: sin*y+cos*y = 1—%sm 2]/6{; }nen 1<2(sm Y +cos y)

2(5il’14 y+cos4 y)

=2<L2 <4e2<x+1<4<1<x<3.

Ma x 1a 56 nguyén duong nén x e {1;2;3} :
Vay ¢6 3 gia tri nguyén duong ciia x thoa man dé bai.
Céch 2: Tric nghiém:
A x+1 sin4y+cos4y . 2 X /- e -
Taco: log, o Jrr= 4 —sin”“ 2y hay VT =VP (Vé trai = Ve phai).

Déi véi dang ham luong giac thi hdy khao sat:

M vyorll s 4 pﬁ Vor O ., ba Ao fon Ao fon
— A (sinx))* +(cos(2)) am vl ng % % % %
= » - 1 4 1 0 1
I(x)=4 Bdau :0 2l 15[z I
Kthuc : 360 1 I
Budc :15 1 4

Ta nhan xét: Ham luong gi4c chi dao dong tir 1 dén 4.
Suy ra: 1S10g2[x7+1j+xs4<:>1£xs3.

Ma x la s6 nguyén duong nén x e {1; 2;3} .

Vay c6 3 gié tri nguyén duong ctia x thoa man dé bai.
Céau 12: Céch 1: Ty luan:

Tach 25 —2¢ =y—x% & 2% +22 :2y+y<:>f(x2):f(y) v6i f(t)=2"+t.
Xéthamso f(t)=2"+t= f'(t)=2"In2+1>0, VteR.
Vay hams6 f(t) dong bién trén R.

Do do f(xz)zf(y)c>x2=y.

2
1 1 1 1
P=x-2y=x-2x2=-2x2+x——+-=—| 2x——— —<—.
Y 5 8 ( 2 j 88
Vay gia tri I6n nhit caa biéu thuc P = § dat dugc khi x —i y= %
Céch 2: Trac nghiém:
Nhan thiy y=x> = P__ =x-2x".
Vo [ 2 W v/l 2 Ya W~ vl 2 A
arz+hr+C GTLN y=ax2+bx+c |GTLN y=ax2+bx+c
- 252+ 1x X= y=
1 1]
4 8
Phuong trinh bac 2, bac 3 thi giai tim min — max cho nhanh nhé!
Tham chi cac ban van c6 thé do bang cau nay!
Viy gid tri 16n nhét cia bidu thic P =% dat duoc khi x = % y= %
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Cau 13: Céach 1: Ty luan:

Tir didu kien dé bai va =Y
1-xy

Khi d6 log3£f_+xyyj+(x+1)(y+1)—2=O

>0, 1-xy#0 =>x+y>0; 1-xy>0.

< log, (x+y)+(x+y)=logs(1-xy)+(1-xy) (D).

Xétham s g(t)=log,t+t, (t>0) co g'(t)=

13+1>O, vt > 0.

Suy ra g(t) laham sé dong bién trén khoang (0;+).
—X

1-x 1
Vay phuong trinh (1) x+y=1-xy=>y=—"-"=P=2x+—"—.
dy phuong trinh (1) y y=>y=T T

s A 1-
Xéthams6 f(x)= 2x+m véi xe[0;1].

-2
(x +1)2
Céch 2: Tric nghiém:
{3 cach — nhung gidi thi¢u 2 cach chinh}

Tacd f'(x)=2+ L f(x)=0e

9 _1-x

Ap dung ki thuat CALC: cho x=0.01=y = .
101 1+x

Céach 1: Tacd P= 2x+1_—x (do bang — tim min).
+Xx

Céch 2: Huéng dan bén dudi

. 1—x
T do ta co log,| —LF% |+ (x+1)| -~ +1|-2=0.
1 1-x 1+x
—x.—
1+x
Pao ham ham sé dé tim gia tri nho nhét tai y bang bao nhiéu?
[ Wyl — W W JEJLE!UBB A
e x| [ ol 2
4 ff)og, AH‘[)[ 2| x )
x 1 xxl -X =y = O
1+x L—R= O

Nhuvdy x=0=y=1=P_  =2x+y=1

Tw duy:

Theo dé tacd 0<x,y <1 --- chon tai CAc gié tri dac biét 12 cac dau bang “=".
Nhuvay x=0, y=1=P_ =2x+y=1

Hay ghi nhé gia tri min hay max déu lién quan t6i dau bang “=”

Céu 14: Céach 1: Ty luan:
Ta cé:

3(9y+2y):x+10g3(x+1)3—2<:>3(9y+2y)=x+3log3(x+1)—2
< 3% 43(2y+1)=(x+1)+3log, (x+1) (*)
Xéthamso f(t)=3"+3t.Taco: f (t)=3"In3+3>0, Vt.
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Chuong 2: Ham sb 10y thiia, hdm sb mo va ham sb logarit

Céau 15;

Suy raham sb £(t) lién tuc va dong bién trén R.
Do d6 (*)<:>f(2y+1):f(log3 (x+1))
o 2y+1=log,(x+1) & x=3""-1.

‘ X - log, 20211
Vi 0<x <2020 nén 0332%1—132020@?133/3%3#.

Do y nguyén nén y {0;1;2}.

= (x;y) €{(2;0);(26;1);(242;2)} do d6 c6 3 cdp 56 nguyén (x;y)thoa man.
Céch 2: Tric nghiém

Ap dung ki thuat CALC: Cho y =0.01— x =? ( nhung hién s6 xau)

y =9Y +2y

Tu duy doc quyén xuét hién: Dit: =3y =x -2

X = x+log, (erl)3
Ap dung ki thuit CALC: Cho y =0.01 > x =2.03=3y +2=3(9" +2y)+2

: X - log, 20211
Vi 0<x <2020 nén 0332%1—132020@713]/30%3#.

Do y nguyénnén y e {0;1;2}.

= (x;y) €{(2;0);(26;1);(242;2)} do d6 c6 3 cdp 56 nguyén (x;y)thoa mén.

Tw duy:

Ta thay dé cho d4p 4n 2-4-5-3, khé it cap thoéa man thi cac ban chi can thir lan lugt y =0 — x =2
, y=0->x=?, y=0->x="7?, ... khi gidi ra khong duoc nira, giéi han chi c6 nhiéu do cap s
nguyén. — Dé dang c6 dap an.

Cach 1: Ty luan:

Taco: f(—x)=2020"" —2020%;- f(x)=-2020" +2020*

& f(-x)=—f(x) nén f(x)lahamsd le nén f(m+1)+ f[Fn;O—ZOZOJ<O

c>f(m+1)<f(—F";O+2ozoj (*)
Xétham sb: f(x)=2020"—2020"*. Taco: f (x)= 1n2020(2020x + 2020‘*) >0,Vx.

Suy ra f(x)laham s6 dong bién trén R

2019.2020
<—.

Nén (*)@m+1<—F”;O+2ozoem o

Vay m, =2018.

Céch 2: Tric nghiém

111 C4ch kiém tra tinh chén 1é: Ta c6: f(x)=2020" —2020" .

Ap dung ki thudt CALC: Cho x=1— f(x)~2019.999505;x = -1 — f(x)~ -2019.999505 .
Suy ra: f(-1)=-£(1). Vay ham s6 trén c6 tinh chat chan — l¢.

Ta co: f(m+1)+f(ﬁ—zozoj<o c>f(m+1)<f(—ﬁ+2020j
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Ta lai cO: f(x)=2020"-2020"" la ham s6 ddng bién trén R ( do bang).

o milc— 12000 5 m< 22092020 /0y m, =2018 .
2020 2021

Céau 16: Céch 1: Tw luan:
Taco: 9x° +(2—y\/3xy—5)x+\/3xy—5 =0

< 27x° +6x—3xy\/3xy—5 +3\/3xy—5 =0

o (3x)" +2(3%)= (1/3xy—5)3 +23xy—-5 (*)
Xétham so: f(t)=t>+2t c6 f'(t)=3t>+2>0 VteR nén f(t) dong bién trén R.
>0

Do do (*) <:>f(sx)=f(w/3xy—5)<:>3x=«/3xy—5:>{;Cx>2 3uy-5

V6i x =0 khong thoa mén.

Vai x>0 thi

P =4y +6xy+3(3x +1)(x+y-2) = +° + 6xy + (957 +3) (x+y -2)
:x3+y3+6xy+(3xy—2)(x+y—2):x3+y3+3x2y+3xy2—2(x+y)+4
=(x+y)3—2(x+y)+4

2
Ma x+y:x+wz4x —>£ bat t =x+y thi t>4\/_

3x 3x 3 3
45

e A oA 4
Xéthamso g t —2t+4 voi t>——= . Khid6 ¢’ 3t2-2>0 Vt>—
(- 2 (- -

Do ds g(t)gg(‘”g} 36+296\/E.

NE) 9
Viy mmp:%_

Céch 2: Trac nghiém

Bwéc 1: Phan tich dap an va dir kién dé bai

Bu6c 2: Phan tich dang can gi va lam gi

Taco: 9x° +(2—y\/3xy—5)x+\/3xy—5 =0.Cho x giaitim y

x=0->y=9 Jc:0.4—>y:13—601 x:0.5—>y:% x:0.6—>y:%4—056 x:1—>y=%

Thay lan luot x,y VA0 P=x +1>+6xy +3(3x” +1)(x+y—2) dé kiém tra két qua

%) ~184.23 ~145.04 ’ ~132.46 ‘ ~184.23

Cau 17: Céach 1: Ty luan:

Ta c6 phuong trinh: log 3x - 11 <9y* +6y° —x*y* —2y°x
y+

xXy+y
3y +y

s 2oyt o7 20
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Céau 18:

< log(xy + ) —log(3y2 + y) < (3]/2 + }/)2 —(xy +y)?

2
= log(xy+y)+(xy+y)2 < log(3y2 +y)+(3y2 +y) &)

Xétham f(t)=logt+t* Vi t e (0;+0) co f'(t)= t1110+2t>0 V't € (0;+0) .
n

Suy ra f(t)1a ham dong bién trén ¢ € (0;+).

*) <:>f(xy+y)£f(3y2+y)<:>xy+y£3y2+y<:>x£3y.
Vi y <1000 nén ta c6 cac truong hop sau:
y=1=xe{1;2;3]

y=2=xe{1;2;3;4;5;6}

y=1000 = x € {1;2;......;3000} .

Vay sb cap nghiém thoa man diéu kién dé bai 1a: 3+6+9+...+3000 = 1501500 .
Céch 2: Trac nghiém

Ap dung ki thuat CALC: cho y=0,01 - x =0,03 =3y

:H: 1EI Math i:| o} Math ng e ‘_EI L';Ia'zl':"'t
+ £ -
IDQS[—EWI]—[EIT ) T - al wert ) )
- ] L
0.01 L-R=
bung quan tam dau hy lun xir Iy tai dau “=", suy ra x <3y .

Nhiéu ban thic mac lam sao biét X,y mMa khang dinh x < 3y, cach xac dinh dau d6 1a hay quay
tro lai phuong trinh ban dau cho x,y bat ky thi s& xét dugc x >3y hay x <3y.
Vi 1<y <1000 = 1< x <3000. Sir dung MTCT tinh tong:

1|:||:||:| = Math M
B (3R]
=l 1501500

Cach 1: Ty luan

L , ” x+1 2\/2

Ap dung bat dang thac AM-AGtaco: 2 *>2 V * =4,Vx>0 (1)

Mit khac ta co: 14— (y—2)\Jy+1=14—(y+1)\Jy +1+3Jy+1.

Dt t=\Jy+1>1. Xétham: f(t)=—t>+3t+14,t>1. f(t)=-3>+3; f(1) =0 t=1.

Bang bién thién nhu sau:

16

#@) \
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Cau 19:

Cau 20:

= f(t) <16 = log, | 14— (y-2)Jy +1 | <log, 16 =4 (2)

r N - :1
Tir (1) va (2) ta c6 déu bing xay ra khi: | x @{x o VP =[1-2(x+y)|=1.
t=\1+y =1 y=
Céch 2: Tric nghiém

1
x

i p 5 X 2\/35.7l
Ap dung bat dang thaec AM-AG ta c6: 2 EPYAE =4,Vx>0x=1.

Ta lai c0: log, [ 14— (y—2)\y+1] =4y =0. Vay: P=[1-2(x+y)[=1.

Céach 1: Ty luan

Taco log,(2x+2)+x -3y =8 < 2°°820%D 4 1og (x+1)=2% + 3y (1)
Xéthamsd f(t)=2'+tco f'(t)=2"In2+1>0,VteR.

Khi d6 (1) & f(log,(x+1)) = f(3y) < log,(x+1) =3y < x =2 —1
VGi 0<x<2018 < 1<8Y <2019 < 0<y<logg2019~3,7.

Vi yeZ=ye{0;1;2;3}. RG rang véi y nguyén thi x nguyeén.

Vay ¢6 4 cap s6 x, y nguyén théa man yéu cau bai toan.

Céch 2: Tric nghiém
bat 8/ =M — y =log, M = log,(2x +2)+x—3logga M- M

Ap dung ki thuat CALC: Cho M =100 > x=99=M-1=8" -1
VGi 0<x<2018 < 1<8Y <2019 < 0<y<logg2019~3,7.

Vi yeZ=ye{0;1;2;3}. RG rang véi y nguyén thi x nguyen.
Vay c6 4 cap s6 x, y nguyén théa méan yéu cau bai toan.

Céch 1: Ty luan

Ta c6: 2(2”2+b2+c2 —1)+(a—1)2 #(b=1) +(c—1)? =47+

e 2 g2 B2y (2 2 R hee (2a+2b+2c)
Xétham f(t)=2"+t trén R.
Talaico, f'(t)=2'In2+1>0,VteR nénhamsd f(t) dong bién trén R.

Khi d6, phuong trinh d3 cho c6 dang f(a2 +0 +c 1) = f(2a+2b+2c).

Suy ra 2a+2b+2c =a* +b* +c2+1<:>(a—1)2 +(b—1)2+(c—1)2 =2(¥)
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Chuong 2: Ham sb 10y thiia, hdm sb mo va ham sb logarit

3a+2b+ . x
ﬁ@(P—3)a+(P—2)b+(P—l)c:O( )

Trong h¢ truc toa d0 Oxyz Iéy M(a;b;c).

Talaico, P=

Theo (*) taco M thudc mat cau tam I1(1;1;1), ban kinh R=+2.

Theo (**) thi M thudc mat phang (a) c6:

Phuong trinh (P-3)x+(P-2)y+(P-1)z=0.

Ton tai b (a;b;c) khi va chi khi ton tai M ( mat cau va mit phing c6 diém chung).

Suy ra d(I,-(a)) <R

Hay Gl <\2 = (3P-6) 32.[(P—3)2 +(P-2) +(P—1)2}
\/(P—3)2+(P—2)2+(P—1)2
©3P?-12P+8<0 < 6_?/§sps 6+§J§.vay S={1;2;3}.

Céch 2: Tric nghiém
Nhan thay: Quy ddi a,b,c vé dang chung = bién thanh 1 an chung 1a a.

Ta c6: 2(2"2”’2*62 —1)+(a—1)2 +(b=1) +(c—1)* =47t

=S 2(23”2 —1)+3(a—1)2 =43 do bang tim gia tri nguyén cia P.

N Vol M

M Jor
— 322 _ «/[Pham vi bang £ | fe
f('x.)—2[2 1]+3(" Bdau :-10 2 0.5|-s.008
Kthic:10 20 1.5TooTe
Buoc :0.5 -50
0 L0
x fixd x fix)
24| 1.s5|-297.9 25 2| 4097
25 2 | menER 26|  2.5|s48980
26|  2.5|s48980 27 e B
27 22,6t 28] 2.5 1
4097 68173322

Vay chi ¢ 3 gia tri a thoa mén yéu cau dé bai.
Déi voi tai x=a=0 (vo 1i), con ddi voi x =a =4,... (s qué 16n va khdng nguyén nén loai)
Céau 21: Cé4ch 1: Ty luin

2019(x2—y+4) _ 4x + y

Tir gia thiét 2020 .

suy ra
(x+2)

2
2019‘:(x+2)2—(4x+y)} ) dx+y 20202019(x+2)

dx+y
2 < 2019(4x+y) - 2
(x+2)" 2020 (x+2)

2020

e (x+2)2 202007 — (434 ).2020° ) (1)

Xétham so f(t)=1.2020"""" véi t>0.

Taco f(t)=2020""" +2019£.2020*""*".In2020 > 0, V¢ > 0. Suy raham s6 f(¢) dong bién trén
(0;+00).

Khi ds (1) > f[(x+2)7 | = f(4x+y) & (x+2) =dx+y o y=2'+4.
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Suyra P=y—2x=x>-2x+4=(x-1) +3>3,vx>0.

Dau “=" xay ra khi va chi khi (x—l)2 =0 x=1=y=5.Vay minP=3.
Céch 2: Tric nghiém

Ta toi gian 2020 — 20 va 2019 — 19 dé may tinh c6 thé xir 1y duoc cac phép tinh.
19(x2—y+4) B 4x + y

Khi d6 gia thiét tro thanh 20 =
(x+2)

Cho x=0,01, taco
2019(0,012—y+4) _ 40,01 +y2 |
(0,01+2)

19(0,012 —x+4) 4x0,01+x

(0 01+2)2 nhu sau

Nhép vao may tinh biéu thirc 20

F] |F]
2019(0?012—:&4)_ 4x0. 03, ;012—;4)_ 4x%0. 014+x
€0.01+ (0. 01+2)°

Sau d6 sir dung 1énh SOLVE (SHIFT+CALC) dé tim nghiém x .
2019x(r6.%12—x+4)_ 4X0. 0,

(0.01+
= 4. 0001
L—-R= 0

Suy ra y =4,0001 = 4+(0,01)" =4+,

Vay P=y—2x=x*—-2x+4. St dung tinh ning giai phuong trinh bac hai clia may tinh ta tim
dugc minP =3 khi x=1.

T

=ao! =ao! T i =ao! T ry
AT ehis GTNN v=axZ+bx+c GTNN v=axZ+bx+c
1x2- 2% W= y=

Céu 22: Céach 1: Ty luan
Piéu kién: 1-xy >0.

2(1- _
—( xy)<:>x+y+2xy—2=log32 2xy
xX+y x+y

< log, (2—2xy)+(2—2xy) =log, (x+y)+(x+y) (*) .

Taco 3x+y+2xy—2 —

Xétham s6 g(t)=log,t+t,t>0=g'(t)= +1>0,vt>0.

t.In3
2—x

Khi @6 (*)<:>g(2—2xy)=g(x+y)<:>2—2xy=x+y<:>(2x+1)y=2—x<:>y= il
X

2-x  x?+1

Voi 1-xy=1-x. = >0 (dang).
4 2x+1 2x+1 (ding)
TacOd P=x+5y=x+5. 27X . bat f(x)=x+5. —* :f’(x)zl—i.
2x+1 2x+1 (2x+1)2

Khid6 f/(x)=0=(2x+1)’ 225{1{2“1:5 @{xzz

2x+1=-5 " |x=-3
Vi x>0 néntanhan x=2.
Bang bién thién :
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x 0 2 0

f'(x) B 0 i

/) ’ \ 3/

Vay minP =2 khi x=2;y=0.
Céch 2: Tric nghiém
Pécho x>y >0, chon y=0.

2(1-x
Taco 3°¥22 =M@3x—2 =3<:>x=2:>13min =x+5y=2.
x+y X

Céu 23: Céach 1: Ty luan
Chung ta ¢6 2 hudng tiép can bai toan nhu sau:
Huéng thir nhat: Dung phuong phap tiép tuyén dé tim ra hé sé bat dinh 4 trong bai toan

3x—1<ax®.

Vé6i moi xe(%;l} , do thi ham sb y=3x-1 tiép xtGc dd thi ham sé yzax3 tai diém

1
3.--1
3, 31-1_1

X, = =—Suyraa=4.
0 4 4 7 °W

Dovay 3x-1< 4x° Vx e [%;1) .

Ghi chi: Chd nay trinh bay thém dé tranh trudng hop ngudi dung tai liéu khdng hiéu vi sao
ngay tir khi vao bai ta dung ngay doan (20—1)(b+1)>0.
Do dé khi duing cach tiép can nay, ta trinh bay bai toan theo dang nhw sau:

Taco (26-1)"(b+1)>0=3b—1<45>. Tir didu kién dé bai ta suy ra log, b >1.

2
3log, b.(log, b3
Khido P> 3log,b+— > -3->5 (log, . ) tos9.
(loga b- 1) (loga b- 1)
Déu " =" xay ra khi va chi khi b=~ =g = ——.
2 32

Vay minP =9.
Huwéng thir hai: Dung bat dang thirc Cauchy.

[

< =x° = 3x-1<4x°.
27

| =

Vx 6(1;1} taco (3x-1). 1
3 2

N

Cauchy

Ap dung két qua trén, ta c6 3b—1<4b>. Tir diéu kién dé bai ta suy ra log, b>1.
12 5 3log, b.(logab—fi)2

(loga b—1)2 (loga b—l)2

1

=
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Vay minP=9.
Céch 2: Tric nghiém

Van 4p dung ki thuat lién quan dén diéu kién % <b<a<l.

3b-1

Nhap biéu thac P = loga( J+1210gi a—3 vao may tinh.

Dung lénh CALC dong thoi ca a, b véi % <b<a<1 ---tha nhanh lién tyc.

Vay minP=9.
Céau 24: Céch 1: Ty luan
Vi didu kign: x> -1,y >-3=>x+1>0,y+3>0. Taco:

log, [(y+3)(x +1) ]+ Y2V +2

x+1

0

> 10g, (y+3) +1og, (x+1)+(y+3)-— - =0

1 1
<:>10g2(y+3)+(y+3):10g2m+m (1)

Xétham sb: f(t)=log,t+t (t>0),f’(t):$+l>0,w>0.
n

Suy ra f(t) dong bién trén khoang (0;+e). Do do: (1)< y+3 = %
X

Khido: P=x+3y+10=x+3 L—?; +10:x+1+i22\/§
x+1 x+1

Diu "=" xay @P=x+1+i1©3=(x+1)2@x=J§—1,(vi x>-1).
X+

Vay minP =24/3.
Céch 2: Tric nghiém

) ) 203 -3x-2
Ap dyng ki thuat CALC: Cho x=0.01—>y = 03 _ =3« .
101 x+1
Talai ¢6: P=x+3y+10=x+3. =2 1 10.
x+1
e —3x—2 d (o =3%—2 ANSIA" O T Yo
—3x-— —3x- ns-+ —3x-
«w3x=272410)| 4k (xrax=5T2+10) x+3x X241 0
x=_ 0.7320508058
L-R= O 0. 7320508058 3. 464101615

Vay minP =24/3.

Cau2s: Taco a* =3ab o x=(1+log,b), ' ~Yab & y=(1+1og,a).

P:x+3y:%(1+logab)+1+logba :§+%logab+10; .

Dit t=log, b,do 1<a<b<a’® =1<log, b<3 :te[l;3]:>P=§+§+%.

Xét ham s6 f(t)=§+é+%,te[1;3]
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Chuong 2: Ham sb 10y thiia, hdm sb mo va ham sb logarit

Cau 26:

FO=3-Er)=0e| T
= :§ \/’:4+2\/_
=10 3'f( %) 3 [lﬂf()

Céach 1: Ty luan

Bién d6i yéu cau cua bai toan ta dwoc:

P= \/log3 a +\/log2 b= \/logz

Do te[1,3]=t=13.

8, F=1
_3 t=3"

Vay gié trj 16n nhét cua biéu thire P=x+3y la % [2;3). Chon B.

log,

a. log, b
log,3 \log,2

|

Dit log,a=t :>P_\/7+ '_10g2 \/_

log, 3

log,

a. 1-log,a
3 log,2

A <& Vi
Xétham sé: f(t)=————+,flog, 31~ c6 TXD: D=[0;1].
Jlog, 3

1

_ylog,3

= f(t)=

2Vt \Jlog,3 241-t
1 \/1082

Taco: f'(t)=0<

Bang bién thién

2Vt \[log,3 241t

=0 1- log23\/_c>t_

1 +log2

f 0 ! = 1
1+log;3
f(¢) + 0 -
JJlog,3+log,2
log loﬁ

Tir bang bién thién ta c6 gia tri I6n nhéat cua f(t)

= Gié trj 1on nhét cua biéu thirc P 1a: \flog, 3+log,2 .

Céch 2: Trac nghiém
Quy d6i dép an thanh s liéu cy thé

la: \flog,3+log,2 .

bap

A.
P~2,05

an

bap

B.
P=1,49

an

bap

C.

P=1,11

an

bap

D.
P=1,34

an

Taco: log,a+log,b=1,cho a tim b v&i a,b>1( Theo diéu kién cia biéu thic P)

a=1->b=3

a=1,25->b=2,1

a=1,5—->b=157

a=175->b=1,24
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¥T [ A
Jlog;(A) +{log,(B)

Vo B

Vo B 'y =] h '
Jlog,(AY +{log.(BY | {logs(A) +{log,(B) | {log;{A)+{log,(B)

1. 258952934 1. 485277936 1.414211315 1. 270793386

Céau 27: Céach 1: Ty luan

bat: log,, x =log,, vy =10g252xT_y =t=>x=16";y =20t;2xT_y =25'

t t 2t t
=216/ 200 =325 @2 2| =3[ 2| =3[2] +[2] -2=0 (*)
16 16 4 4

5 t
bit (—J =u (u>0)
4
Phuong trinh (*) <3P +u-2=0 (**).
2 (5) 2
Do u >0 nén khi giai phuong trinh (**)ta chi lay nghiém ”25 :(—J =3

Céch 2: Trac nghiém

t t
Ta co: T=z=20 =£§j =§.

X E 4
<. 2x—-y t P 2x—y t
bat: log16x=10g20y=10g25T=t:>x=16;y=20; =25
A
216! -20' =325 >t ~-1,8—510 , 4 ¥ _[20) _2
X 16 3
Céu 28: Céch 1: Ty luan
log o
2 19Q | —log, 128 1 -7
Sl Te— 128 _ HX= 08,1~ 08, —210g2x:—082x —2log, x.
0g,x+1 log, x+1 0g,x+1
bit t=log,x, 0<t<3.
, t-7 . , 8 , =
Tacd P=——-2t trén doan [0;3].P: 2—2,P=0<:>
t+1 (t+1) =-3.
Bang bién thién
P | + o
P \ .
! TN

00
Gia tri 16n nhét cua biéu thirc 13 b =5, gia tri nho nhat cua biéu thic 13 a=-7.
Vay ab=35.

Céch 2: Trac nghiém

log. X
82 158

Tacod P = —logﬁx,léxSS

log, x+1
Dung chirc nang khao sat ham trén may tinh CASIO.
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Chuong 2: Ham sb 10y thiia, hdm sb mo va ham sb logarit

Cau 29:

log. >
A _ 982758 B
Nhap f(x)—— log ~x.

log, x+1 2
Star: 1
End: 8
Step: 0,25
Rdi do bang
W x Pﬁ‘am@%l bang x@ fx) N % b (x>
rooeomlizs) | Baa f L { i
log,(x)+1 Kthuc:8 IR 1 Y d 2.5 "o
Budc :0.25 -7 -5
Vay ab =35.
Céach 1: Ty luan
x>0
biéu kién 1.
X #—
2
; 4x* —4x+1
Taco log, —x J = b6x—4x> < log, (4x2 —4x +1)—10g2 x = 6x —4x>

< log, (4x2 —4x+ 1) +(4x2 —4x+ 1) =log, x +(2x+1)
< log, (4x2 —4x+ 1) + (4x2 —4x+ 1) =log, (2x) +2x (*) .
Xéthams6 f(t)=log,t+t trénkhoang (0;+w).

Taco f'(t)=%+1>0,w>0 nén f(t) dong bién trén khoang (0;+).

tin2
x:ﬂ
(*) = 4x> —4x+1=2x o 42> ~6x+1=0 4\/_.
3++5
X =
4

3-+/5 345 .. . 3-3J5 3
T,xz— 4 .Kh1d02x1—x2—T—Z(1—\/§).
Vay a=1,b=5=P=a+b=6.

Céch 2: Trac nghiém

2 J—
Taco: log, {—4x dx+1

Do x; <x, nén x, =

J =6x—4x2, giai phuong trinh trén luu lan luot véo A, B.
X

W =0 5 & AM _:EA_E
1og2[74x —dxtl | (e

x= 1. 309016994 x= 0. 1909830056
L—-R= O 1. 309016994{L.-R= O 0. 1909830056

i W N 5 Yy AM _:'%‘E
- ns
logz[w —(eo

., 3 3
Ta lai co: 2x; —x, = Z(a—\/g), (a,b IS N) < 2B-A =Z(a—\/g),(a,b e N) .
Nhu vay ta c6 h¢ phuong trinh

2B—A=%(a—x/5)© M=2(”—\/5)@M=§(P—b—\/5),M=?-B—A-
P=a+b a=P-b !

SHIFT SOLVE gié tri b dugc két qua dep thi chon khoanh.
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Cau 30: Céch1: Ty luan
Piéu kién sinx >0,cosx>0.

< . |cot® x =3"
bat u=2log, (Cotx) =log, (cosx) ta co cosr oo

COS2 X

Vi cot? x = nén suy ra

1-cos“x

3" :(L)Zz@(zu)z =3”[1—(2“)2]<:>(§T +4"-1=0 (1).

1-(2")
e 4\ , 4\ 4
Xét ham s6 f(u)=(§j +4"-1=0, f(u)=(§] InZ>+4"In4>0,Vuek

Suy ra f(u) dong bién trén R nén phuong trinh f(u)=0 c6 nhiéu nhat mét nghigm. D& thay
f(—l) =0 nén phuong trinh (1) 6 nghiém duy nhat u = 1.

cosle 1 - ) ) i
Voi u=-1< Scosx=—<x=+t—+k2r,keZ . DPoi chieu diéu kién ta duoc
2 2 3
cot" x=—
3
x=£+k27z,keZ.Vi xe(O; 20207{) nén —l<k<6oﬁ.
3 6 6

Do keZ tachon ke{0,1,2,..,1009}.
Vay phuong trinh ¢6 1010 nghiém thugc khoang (0 ; 20207).

Céch 2: Tric nghiém
Gap dang lugng giac thi ching ta do bang.
Xt ly trén mot vong tron luong giac, roi nhan sé vong tron sé tim duoc dap sb.

[ W Jor™ l "Pl”]‘ Vor i _ ba ™ vor I PO
— am v1 ng = =
fxd=21os( yancas"] Bamu’ to I
Kthuc : 360 I b
Budéc 115 O

Nhu vay, mot vong tron (360°=2r) thi chi c6 mot nghiém => 1010 vong nghia 1a ¢6 1010

nghiém. Chon D.
Céau 31: Céch1: Ty luan
bidukién x+y >0. Pit logs(x+y)=t < x+y=>5

Khi do {5x:t+y<:>5t+t=5x+x
5 =x+y

Xéthamsé f(u)=5"+u=> f'(u)=5"In5+1>0 = Ham sb dong bién véi moi u e R

Taco: f(t)=f(x)=t=x.Khido: 5" =x+y < y=5"—x

bit g(x)=5"-x=g¢'(x)=5"In5-1=0 < x = -log,(In5)

§'(0)=In5-1>0
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§i‘ —00 —logs(inh) +00

g'(x) — 0 4

g(x) \

Ir; + logs(Ind)
nH

!
Dé phuong trinh c6 nghiém thi Y= % +log; (1n5) ~0,917
n

Ma |y| <2020 nén c6 dang 2020 gid tri nguyén cia y thoa man yéu cau dé bai.
Céch 2: Tric nghiém

5 =t+y

Dit logS(x+y):t<:>x+y:5t:>{ &5 +t=5"+x

5 =x+y
Ap dung k¥ thuat CALC: Cho x=0.01=t=00l=x & x+y=5" < y=5"—x.
Ta lai ¢6: |y <2020 <

5* —x‘ <2020. Bdm dao ham tim cyc tri.

Vor O LKA N vor A

M
d ¥ X X
dx(ls x|)|m |5 x| |5 x|
x= -0. 29568397

0.917018907

Dé phuong trinh c6 nghiém thi = % +log; (1n5) ~0,917
n

Ma |y| <2020 nén c6 dang 2020 gid tri nguyén cia y théa man yéu cau dé bai.
Céu 32: Céach 1: Ty luan
Tap xac dinh: D= [1;+oo)

2 2
Ta co: log10x+logZx+3Z11110g100x<::>171£loglojﬁ_log x+3 _logx+log”x+4
log100x logx+2

2
Pit t =logx, x >1=t >0, bt phwong trinh tr& thanh: m < t:—t;4,(t > O)(Z)

+
D¢ bt phuong trinh ban dau c6 nghiém Vx e[ 1;+00) thi bat phuong trinh (2) c6 nghiém
Vte [0;+oo).

2
Xét f(t):t;—t;}‘ trén [0;+oo).

) , 2 14t-2 x=-2+/6 (tm)
Trén | 0;+w) taco: f'(t)=————, f'(t)=0<
s £ ()=C R 0w O
Bang bién thién:
t 0 —24+6 Foo
f'(t) — 0 +

2 +oo

—3+2v6
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Bat phuong trinh (2) c6 nghiém trén Vx e[ 0;+) < m < min f(t) < m< —3+26
I:O;+oo)

Ma m nguyén duong nén m =1. Vay c6 1 gia tri nguyén duong théa man.

Céch 2: Tric nghiém

log10x +log” x+3
log100x

Co lap m nhanh: m < . Do bang hodc dao ham tai x.

W 7o ® Y | 0| 'y
dil logpt ‘}”‘"*E{SD log, (10x)+(logy(x
X ogm
= 2. 81506229 10815 (1002
L-R= -2.183776xu" 1. 898979486

[ 0| 'y
y 1ogm(x))2+3]
“100x) | =2

Vay m< rglin)f(t) < m<1.89. Ma m nguyén duong nén m =1.
;400
Cau 33: Céch1: Ty luan
biéu kién xX+y> 0; x> +y2 >0

x+y:3t (1)

Ta dat log3(x+y)=log4(x2 +y2)=t_Tacé {x2+y2 gt

Vi (x+y) <22 +y7) = (3') <24' > t<logy20,85.
4

;2 2 2 9t—4t
Taco x“+y =(x+y) —2xy = xy = .
t gt
Khid6 P=x+1° :(x+y)3 —3xy(x+y) =27 —3.3t.%=—%.27t +%.12t =f(t)
Xét f(t)=—1.27f+§.12f Véi t<log, 2 €O f’(t)=—1.27*.1n27+§.12f.1n12
2 2 2 2 2
t
f’(t)=o@1.27f.1n27=§.12f.1n12@ z =3.1n£<:>t=10g27 3.n12 ~1,006(L)
2 2 12 In17 2\ In27
f'(0)=1.1n27+§.1n12>0
2 2
Bang bién thién:
t —a0 log, 2
n
£'(t) *
£(1) __ f(logg zj ~ 418,
0— .

Goi T la tap gia tri coa P . Dat f[log92J:a T bang bién thién ta co
1

PeZ

Céch 2: Tric nghiém

T=(0c . - ) - .
{ ( ]:> {1;2;3;4} e T nénsuy ratap giatri caa P coO chua 4 gia tri nguyén.

=3
Ta dat 10g3(x+y)=10g4(x2 +y2)=t. Taco {i;—i]—/yz _ g
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Chuong 2: Ham sb 10y thiia, hdm sb mo va ham sb logarit

V4" cos(a) |
_ \/Z'Sin(a),(a) € (0,272')

To  do ta dwoe: VA cos(a)+ V4 sin(a)=3' = cos(a )Hm(a):?’_t{éjt

Luong giac hoa: bat

=t= logE (Cos(a) + sin(a))

= \/47 COS
10g3 COS +sm ))
y=\/4_t.sm \/ .sin(a)

Do bang dé tim dap s6 :

\/ log3 cos +sm ))
) .Cos(a)
Taco:

:>P=x3+y3

r=do 3 PR ro ba |0 o

am v1 ng * *

] [ log%(c Bdau :0 3 15| 2.508

f(x)=4x)) +L14 " ¥ Kthuc:360 d s e
Buoc :15 4.18221415

Tathdy x chay trong khoang tir 1 dén 4,18. Theo dé bai x nguyén nén x e {1;2;3;4}.
Cau 34: Céch1: Ty luan
Taco: 25 =220 2 W 2l o 22 sy xil ey —y = —x+1(*)

Hwéng 1 :
Yéu cau bai toan < tim x € Z dé phuong trinh (*) c6 nghiém y dwong.

Xéthamsd f(y)=y* -y trén (0,+w)

f(y)=2y-1, f’(y)=0®y=%-

Bang bién thién :

Duya vao bang bién thién ta c6 :

—1—\/€<x<—1+\/€

22

Phuong trinh (*) c6 nghiém y duong < —x* —x+1> —i &

Vi xeZ nén x e {-1,0}
Vay ¢6 2 s6 nguyén x dé phuong trinh (*) c6 nghiém thuc y dwong.
Huwéng 2 :
Y&u cau bai toan duoc thod
xeZ;y>0

NESECE
x+=| +ly-=| ==
2 2 2
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xeZ;y>0 xeZ;y>0
< 1 3 1V 1 3 1)
y=—+,|=—|x+= y=——,=—|x+=
2 \2 2 2 \2 2

Trwong heop 1:

xeZ;y>0 el; <x<
5 2 2
= 1 1 =
y=5+ 5‘[“5} L R ’
Y 2 2

Tachon xe {—1;0}
Trwong hep 2 :

xeZ;y>0 x <x<
. 2 2
Aad 1 |3 1y < 2 4
T o Y BN PSS SO P PR
2 \2 2)"’

khéng ton tai xeZ dé y >0

Vay c6 2 sb nguyén x dé phuong trinh (*) ¢ nghiém thuc y duong.
Céch 2: Tric nghiém

Van nhu k¥ thuat & trén — xir ly bang ddng thoi 2 gid tri x, y

2 _x+1.

2,2 2,2
Taco: 2" =22V 2" =V M o vy =y-x+l oy’ -y=—x
D0 bang ddng thoi X, y

W JE'EE LG

o)
—-x g(x)=—x’—2x+1 Phamy vi bang i e

Bdau :-10 10
Kthiac:10 i
Budc :1

(=)

f(x)=x

1
-1

==

Vay chi ¢6 hai s6 nguyén x ton tai sé thuc duong y.
Céau 35: Céch 1: Ty luan:

biat t =log, (x—2). Do xe{g;él} nén te[—l;l].
2
Ta ¢6 phuong trinh: 4(m—1)t* —4(m-5)t+4m-4=0 (1)

2
<:>(m—1)t2—(m—5)t+m—1:0<:>m(t2—t+1):t2—5t+1©m=%

2 —4(1-#
,Véi te[-1;1], taco: f'(t)= S S ( )<0, vte[-1;1]

(t2—t+1)2 (t2—t+1)2 )

t? —5t+1
2 —t+1

Xét f(t)=

Suy ra, ham sé nghich bién doan [ -1;1].
Phuong trinh (1) ¢6 nghiém khi duong thang i = m c6 diém chung véi d6 thi ham s6 v = £(#)

trén doan [—1;1] <:>f(1)£m£f(—1)<:>—3£m£§.

Céch 2: Trac nghiém
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Chuong 2: Ham sb 10y thiia, hdm sb mo va ham sb logarit

Céau 36:

bat t =log, (x—2). Do xe{g;él} nén te[—l;l].
2
Ta c6 phuong trinh: 4(m—1)t2—4(m—5)t+4m—4:0 (1)

Ap dung ki thuat CALC:
, 10g21 (x—2)—510g1(x—2)+1
Cho t:100—>m:9501:t2_5t+1: 2 2 .
9901 t°—t+1 logl(x—Z)—logl(x—2)+l
2 2

Nhap ca biéu thirc vao bang gia tri, trén doan E ;4} va kiém tra két qua dung nhat.

0| . P]f;l m_ba v ews e
- ¢ am ¥l1 ng i = % k4
tixy=ee) TOL0Ma L By 12.5 ) 33 g gl
~2))"~loggs{ | Kthuc:4 FE P o
Bude :0.1 -3 73
R 7
Vay: —3Smsg.

Céch 1: Ty luan

Phu’o’ng trinh (*) PN 22x7y+1 + 32x7y+1 +272x+y+1 + 372x+y+1 _ 572x+y+1 + 52x7y+1
Dit 2x—y = a, phuong trinh tré thanh 2(2” +2*“)+3(3” +37)= 5(5“ +5*”)
Nhan thdy néu a 1a nghiém thi —a ciing 12 nghiém nén chi can xét a>0.
Xét ham s6 f(x) =x"+x7",x >1 véi sé thyc t duong tiy ¥.

Taco f(x) = txH(l—x*Zt), dox>1nén1-x%>0

= ham s6 nay dong bién trén (1;+0).

Do d6, ta duoc bat dang thic sau: 27 +279 <37 +37* <5 +5,Va >0 va ddu dang thuc xay ra
khi a=0.

Suy ra 2(2” +2—“)+3(3“ +3—“)s5(5“ +5—“).
bang thic chi xay rakhi =0 hay 2x-y=0<2x=y.
Khid6 P=2x?—y? ~2x+3y+1=-2x> +4x+1=-2(x-1)" +3<3

Déu “="xay ra khi x=1. Vay gia tri I6n nhat cia P bang 3 khi x=1.

Céch 2: Trac nghiém
Tacd 22x—y+1 + 32x—y+l _52x—y+1 _ 5—2x+y+1 _2—2x+y+1 _ 3—2x+y+1

Ap dung ki thuat CALC: Cho y=0.01—> x=0.005<2x =y .

Khido P =2x"—y* —2x+3y+1=-2x" +4x+1
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Cau 37:

W onm T (VF ww T Va o on T B
axZneC LN y=ax2+bx+c |GTLN y=ax?+bx+c
22 4o N (= y=

1 1 3
Vay gia tri I6n nhat caa P bang 3 khi x=1.

Céach 1: Ty luan

Xéthamsd f(t)=t+e = f'(t)=1+¢' >0, VteR = f(t) dong bién trén R (1).
Talaico: x+Inx=y+e’ < f(Inx)=f(y) (2)

Tr(l)va)suyralnx=y<x=¢’.

Pé 1<x <2020 thi 1<¢? <2020 < 0<y <In2020.

Ma y nguyénva y €[1;2020] nén y {1;2;3;4;5;6;7}.

Vi méi gia tri ye{1;2;3;4;5;6;7}ta co mot gia tri x tuwong ung thudc doan [1,‘2020].
Vay ¢6 7 cp s6 (x;y) théa man.

Céch 2: Tric nghiém

Taco: x+Inx=y+e/. Pit M=Inx > x=e = eM+M=e/ +y=x=¢'.

Pé 1<x <2020 thi 1<’ <2020 & 0<y <1In2020.

Ma y nguyénva y e[1;2020] nén y e{1;2;3;4;5;6;7}.

Vi méi gia tri ye{1;2;3;4;5;6;7} ta cO mot gid tri x twong tng thudc doan [1;2020].

Vay c6 7 cap sb (x;y) thoa man.
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NGUYEN HAM - TICH PHAN
VA UNG DUNG

CHU PE CAC BAI TOAN TiCH PHAN NANG CAO

it @
.Y/ 10MTATLY THUYET

1. Phwong phap doi bién s6

b
Bai toan: Gia sir ta can tinh tich phan I = If(x)dx , trong d6 ta c6 thé phan tich f(x) = g[u(x)].u'(x) thi

ta thuc hién phép doi bién sd
= Buwéc l: bat u= u(x) =du= u’(x)dx

. {x=a—>u=u(a)
=  Buwéc 2: Doi can:
x=b—>u=u(b)
b u(b)
= Buéc 3: Khido [= [ f(x)dx
a M(ﬂ)

2. Phwong phap tich phan tirng phan

I
—
oQ
—~
N
~—
[
<

b
Bai toan: Tinh tich phan I = Ju(x).v’(x)dx

. bt {” = u(x) e {du “(x)ix

dvzv'(x v:v(x)
b b
= Khiddo [ =uv —Ivdu.
a a
b b
Cha y: Can phai lya chon u va dv hop Iy sao cho ta d& dang tim dugc v va jvdu dé tinh hon judv.

3. Tich phin cac ham s6 dac biét
e Chohamsé f(x) lién tuc trén [~a;a], khi 6 dac bist [ f(x)x = [[ f(x)+ f(~x) x

—-a 0

= Néu f(x) laham s le thi tacd [ f(x)ix=0

—a
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= Néu £(x) 1a ham s6 chan thi ta c6 j;f(x)dx=2.([f(x)dx va J‘u%dxzéz[f(x)dx voi

O<b=1.
b b
o Néu ham sb f(x) lién tuc trén [a;b:l thi J.f(x)dx =If(a+b—x)dx

T

2 2
Hé qua: Néu ham sé f(x) lién tyc trén [0;1] thi Jf(sinx)dx :Jf(cosx)dx
0 0

b
e Néuhamsd f(x) liéntuctrén [ab] va f(a+b-x)= f(x) thi [xf(x)dx =ﬂjf(x)dx

I WA ' viDu MINH HOA

CAU 1. Cho ham s6 y = f(x) c6 dao ham lién tyc trén (0;7[) thoa man f’(x) = f(x).cotx+2x.sinx :

Biét f[%j:%z.ﬁnh f[%j

2 2 2 2
A L B. L, c. 2. D. .
36 72 54 80

£ LOI GIAI
Chon B

f’(x) = f(x).cotx+2x.sinx = sinx.f’(x)—f(x).cosx +2x.5in” x

sinx.f’(x)—f(x).cosx _

5 2x

= sinx.f'(x)—f(x).cosx =2x.sin’ x &

sin“ x
EPTPN 3 3 p
:>J‘s1nx.f( ) Zf(x)'cosxdxzj‘Zx.dx@J.(f.(x)J dx—xzf[
. sin” x . . smx r
6 6 6
V4 T T
f(x)i 2 7 f(Zj f(6j 2 g2 [ﬂj 2
o —F === -t = fl = ===
sinx|, 4 36 1 1 4 36 6 72
6 2
3x ' _
CAU 2. Cho ham sb f(x) thoa man {e (4@ L= yezo v £(0)=1 . Tinh
f(x)>0
In2
I= If(x)dx.
0
A= B.[=——. c. =29 D. 1=2%L,
24 12 640 640
& LOI GIAI
Chon C

Taco €3x(4f(X)+f'(x))=2WC>ZBZXW-FEZX#\/%:%@(EZX f(x)) =lx
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Do d6 ¢,/ f(x) 1a mot nguyén ham cua elx’ tirc e/ f(x) =—elx+C

2
Thay x =0 vao ta dugc C =2. Tim dugc f(x):( 2 1 j

er €3x

In2 In2 2 In2
2 1 4 4 1 209
I:_([f(x)dx:J‘[e2x_e3xjdx:.([(84x_65x+66x}x:@'

0

CAU 3: Cho ham sb f(x) lién tuc trén doan {O;%} thdéa man 1n(x+1)+2(x+1)2f(%_xJ=

Tinh I = f( )dx.

O'—'N‘y—\

& LOI GIAI

2 x+1 In(x+1
1200 a1+ 2(x+1) f(%_xJ (1+_x) Qf(2 J 2 11_x2_2(fc++1)2)

1 1 1
2 2 21 1
jgf(l_x)dx fox j (x+

x+1

2
Tinh :J.f(%—xjdx. Dat u=%—x:>du=—dx. Ddi can: x=03u=%;x=%:u=0.

Wi-xt ' 2 6

241-sin’x ?
1 —In(x+1 _ dx
21n(x+1) . ! n(x+) Clu_x+1
Tinh I3=I >dx. Dat do = 1 d 1
02(x+1) 0= I Py
2(x+1) 2(x+1)
11 1
_, __1n<x+1>|2+j v _ 1,3 1 2-11né_(1_1]-11né+1
Po2(x+1) | ) 2(x+1) 3 2 2(x+1)] 3 2 (3 2)
1
2
Tu (*):J'f(x)dx=%——ln——%.
0
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CAU 4. Cho y = f(x) laham da thirc c6 cac hé s6 nguyén. Biét 5f ) —(f'(x))2 =x* +x+4,Vx eR.Tinh
1

jf(x)dx

0

c.2. p. 11
6

>
N | W
W
IS

£ LOI GIAI
Chon D

Theo bai ra ta co f(x):axz+bx+c:>f’(x):2ux+b
Thay vao 5f(x)—(f'(x))2 =x?+x+4,VxeR tadugc
5(ax2+bx+c)—(2ax+b)2=x2+x+4

<:>(5a—4a2)x2 +(5b—4ab)x+5c—b2 =x’+x+4

a=1

1 c=1

5a—4a° = =1 1
= 5b—dab=1=(5-4a)b=1|| 4=,
5e-b*=4  |5c=b*+4 p_1

4

13

c=—

16

1 1
Y . 2 N _ 2 _E
Gia thiétsuyra a=b=c=1= f(x)=x"+x+1 va jf(x)dx-j(x +x+1)dx_ -

0

CAU 5. Cho ham sb y=f (x) nhan gia tri duong va c6 dao ham lién tuc trén doan [0;3]. Biét réng

j"[f'(x)] i 4 . f(O)

_= _ _ s S ‘a0
f(x)+1 X 3 va 3,f(3) 8.Gia tri cua f(Z) bang bao nhiéu?
9 9 3
& LOI GIAI
ChonC
Ta co: dx =2. +1
[ m v

N

()]

Ta di tim s k € R sao cho: I dx 2kj

dx+k2jdx 0 (1).

fo+1

(1):%—4k+3k2 0 k=2,

3
3
I
03

Khi do

'—o
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Chuong 03: Nguuén hom — tich phdn va Ung dung

f'(x f'(x
@J( o 3] 0<:>—,f(3(c_)11—§:0<:> f(a(c)il %(2)

L4y nguyén ham hai vé cua (2)ta duoc:

J—%dxzjédx QZW:Z—;+C:>f(x):(§+%] -1.

2
Theo dé bai ta céf(O):B:C:4:>f(x):(§+2J -1.

Vay f( ) 55

CAU 6. Cho ham s6 f(x) c6 dao ham lién tuc trén doan [0;1], dong bién trén doan [0;1] thoa man céc

didu kien: £(0)=+2, vxe R va4. f2(x).[ f(x)] {3"2 +2"] (2+£(x)) . vxe[0;1]. Tinh

3
If’(x)dx.
A 2(\17-1). B. \/34. C.\2(1-V17).  D.2\2.
£ LOI GIAI
Chon A
Taco:4. f? (x).[f’(xﬂ2 :[3x23+2xJ [2+f2 (x)T = 2f(x).f’(x)3 = 3x2; Zx,Vxe[O;l:I.
(2+f2(x))
SV A P i O A
(2+£7(x)) (2+ £ (x))
& - 2 = X +xt +C.
2+ f3(x ) 3
Theo gid thiét £(0) =2 suyra ———=2—— =CC=-1,
2+ ()
Voi C =-1 thi ;=£+£_13_#:1+%_1 @f(l)z@.

Vay If(x)dx \/_(\/E—l)

CAU 7. Cho f(x),f(—x) lién tuc trén R va théa man 2f(x)+3f(—x)= 21 1
x°+
Biét I = [ f(x)dx == Khi d6 gia tri cua m Ia
. m
A. m=10. B. m=20. C. m=5. D. m=25.

£ LOT GIAI
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Chgn B

Ham s f(x), f(—x) lién tyc trén R va thoa man Zf(x) + 3f(—x) = 1 nén ta co:
+

2 2 i

[(2f(x)+3£(- j

-2 D

Pjt K = j(2f(x)+3f(—x))dx=2jf(x)dx+3jf(—x dx

-2 -2 -2

bit —x=t:dx——dt-f(- )=f(t), x="2=>t=2x=2=t=-2
2

Dodéjf dx—If (~dt)= jf dt_jf

2

—K-= ZIf dx+3If x)dx = 2jf dx+3jf )dx = 5jf )dx (2)

bat | = J ;x=2tana,oze(—Z Zj
x +4 22
Ta co: dx:d(2tana): Zdza :2(1+tan2a)da.
cos” a
x:—2:>oz:—%;Vc’rix:2:>oz:Z
i %2 1+tan2a) %da 1 % T
Po do ]:'[T 4tan2a+4da: [T?:Ea_”zz (3)
I i !
. 5 . [ T V1
Tu (1), (2) va (3), taco K=]:5J;f(x)dx=Z:>J;f(x)dx=E
Ma theo gia thiét, I=If(x)dx=% nén %zz—zzm:m.

-2

CAU 8. Cho ham sd f(x) lién tuc trén doan [0;1] théa man 2f(x)+3f(1—x)=\/x—x2 , Vxe[o;l] :

Tich phéan j f( jdx bang

A —=. B. _L. C.—— D. -1,
5 5 10° 10
& LOI GIAI
Chgn C
Ta co: 2f(x) ( —x)=\/x—x2 , Vxe[O;l]
2f(0)+3f(1)=0 o 1 1 1
:{ngl))”f((();:o:f(1)=f(0)=0. Nhin xét: If(l—x)dx=E[f(u)du=_([f(x)dx

:>5jf( )dx = j[zf( )+3f(1-x)]dx = J.\/:dx——:jfx

0
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Chuong 03: Nguyén ham — tich phdn va Ung dung

T

Nén jxf’(gjdx = thf’(t)Zdt=4jt d(f(t))= 4tf(t)‘:] —4jf(t)dt = 4f(1)—4.% =-3

1
CAU 9. Cho ham s6 f(x) c6 dao ham lién tuc trén doan [0;11 thoa man f(l) =0, J.[f'(x)]z dx=5 va
0

1 1
Ixf(x)dx = % Tich phan If(x)dx bang
0

AN e c. -2 p. -1,
9 4 9 4
£ LOI GIAI
Chon A
0 1
Theo gia thiét, ta co Ixf(x)dx =5

0

Dt {uzf(x) :[du—{'(x)dx.

dov = xdx o=
2
1 ¢ x? ' 1x2
Taco Ezgxf(x)dx=7f(x)o—£?.f (x)dx

W f(x)dx=-1 1ojx2.f'(x)dx =10(-1) = jZ(SxZ).f’(x)dx =-10.

Tur do, ta co j‘[f’(xﬂz dx+j‘2(5x2).f'(x)dx+j‘(5x2 )2 dx=5-10+5.

0 0

@J[f’(x)+5x2}2dx:0 & f(x)+5x* =0 f'(x)=-5x" <:>f(x)=—§x3+C

Ma f(1)=0<:>0=—§+C<:>C=§
5
Khi do: f(x)——5x2+5.
1 5 52 5¢| 10
(22,9 _|_>x o>x| _10
i !f(x)dx_g( x+3}jx ( 9 +3J 9

Chinh phyc c&c bai todn VD - VDC: Nguyén ham - tich phén va Ung dung | 378




Phan Nhét Unh Chinh phuc vén dung — van dung cao ndm 2023

CAU 10. Cho ham sb f(x) nhan gia tri duong, c6 dao ham lién tuc trén [0;2]. Biét f(0)=1 va

2 (x3 —3x2)f'(x)

f(x)f(Z—x) _ o204 e moi x E|:O;2:|. Tinh tich phén Izj f( ) dx .
x
0
A =2, B. [=—>2, c.1--2 D.1=-2,
3 5 3 5
& LOI GIAI
Chon D
Turgia thiét f(x) f(2—x)=e> ", cho x=2,taco f(2)=1
2( 3 a2\ g u=x>-3x (a2
Taco 1=I(x s (x)dx.Dat () :{du_(?’x 6x)dx.
f(x) do = f(x) dx v =1nf(x)
Khi d6, ta co
2
I= (x3 —3x2)1nf( )‘ I(3x2 —6x)1nf( dx = —3I(x2 —2x)lnf( ) =-3].
2 x(iZ—tO
J=[(¥-2e)nf(x)ax = [|(2-1)"-2(2-1) [nf(2-1)d(2-1)
0 2
Suy ra

2

2] = j[xz —2x}1nf(x)dx+_2[[x2 —Zx}lnf(Z—x)dx = I[xz —Zx}lnf(x)f(Z—x)dx

0

= j)[xz —Zx}lne”z_“dx = :[(xz —2x)(2x2 —4x)d i’i =] =% Vay I ——3]——%

2|

2

CAU 12. Cho ham sb y = f(x) xac dinh trén R va thoa man 2f’(x)+f’(—x) = "
X +x"+

Giastt f(2)=a, f(-3)=b.Tinh T = f(-2)- £(3).
A T=b-a. B.T=a+b. C.T=-a-b. D.T=a-b.

vol VxeR.

& LOI GIALI
Chon A
2le
x®+x?+1

2f’(—x)+f'(x) = |_ | hay 2f’(—x)+f’(x) = 2|x| (2)

(—x) +(—x) +1 x®+x%+1

V6i VxR, thay x boi —x vao biéu thic 2f'(x)+ f'(~x)=

( ),ta duoc

A

5 VoI VxeR.

Nhan hai vé cua (1) véi 2 sau d6 trir theo vé cho (2), ta dugc f'(x)==.
3 x°+x
2 | |
Xét tich phan I = If dx_f
-3

Poican: x=-3=u=3 vd x = 2:u-—2.
Khido
3

I= I— | u| ( du) IZ Lduzi%.#dxzjf’(x)dx.

(-u)" +1 3ub+u?+1 23 x0+x%+1

+1

—————dx.bat u=—x = du=-dx.
3 x% +x%+1
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Chuong 03: Nguyén ham — tich ph&n va Umg dung

vu—jf )dx = £(2)- f(-3 val—jf )dx = £(3)- f(-2).
Do dé: f() f(—3)=f(3)-f(—2)©f( 2)-f(3)=f(-8)-f(2)=b-a.

CAU 12. Cho ham sé y=f (x) c6 dao ham trén R dong thoi thoa man dang thic sau
3
4xf(x2)+2f(2x+1) =4x° +8x° +10x° +30x+12—xf’(x), Vx e R. Gia tri cia If(x)dx bang

A. 10. B. -1. C. 27. D. 1.

& LOI GIAI
Chon C

Taco: dxf(x*)+2f(2x+1) = 4x +82° +10x> +30x +12-xf'(x), va e R.(¥)

= }4xf(x2 Jdx + izf(zx +1)dx = _T(4x5 +8x% +10x? +30x +12)dx - Txf’(x)dx
-1 -1 -1
0

<:>2_]1f(x2)d(x2)+:|‘f(2x+1)d(2x+1)=%7—xf(x)(jl+j'f(x)dx

& zj’f(t)dt +:[f(u)du . _—37—xf(x)‘: +:Tf(x)dx

1 0

@2Tf(x)dx+.[f(x)d =——f +If ¥)dx & f(- =——+jf (1)

Taco: dxf(x*)+2f(2x+1) =4x" +8x +10x” +30x +12 - xf'(x ),VxeR.

= j'4xf(x2)dx+ jZf(2x+1)dx = j(4x5 +8x% +10x? +30x +12)dx - jxf’(x)dx
-1 -1 -1
©2jf(x2)d(x2)+ j.f(2x+1)d(2x+1)=%—ch(x)‘l_1 + j‘f(x)dx
-1 -1
<:>2If dv+jf h)dh———xf(x | +jf dx

-1

@_jf(x)d x=22 (1) jf dx<:>Jf =2 f(1)-£(-1) ()

1 3
Tir (1),(2) ta ¢ duge jf(x)dx - ?—f(1)+§—.[f(x)dx & [ f(x)dx=33-f(1)=27
1 0 0
3
Thay x =0 vao (*) ta c6 dugc f(l) =6=> If(x)dx =27.
0

CAU 13. Choham s6 f(x)=x"+ax® +bx+c v6i a, b, ¢ lacéc sd thyc. Dat g(x)= f(x)+ f/(x)+ f"(x)
1 —

,biét g(0)=2, g(1)=6, tin tich phan | fo(x)dx.

e

A 2. B.6. C. 2. D. 4.

£ LOI GIAI
Chon A

Chinh phyc c&c bai todn VD - VDC: Nguyén ham - tich phén va Ung dung | 380




Phan Nhét Unh Chinh phyc vén dung — v&n dung cao ndm 2023
Ta co: f(x) =x° +ax® +bx+c = f'(x) =3x” +2ax +b, f”(x) =6x+2a, f’”(x) =6

Do g(x)=f(x)+f"(x)+ f”( ) (1)
fi(x)+

=g8'(x)= £ (x)+ £7(%) (2)-

Tir (1) vé ()Suyfag()=f() g'(x)-f"()
=6 ()3 <> ~g(x)ox.
:>6x fx) ( ) )

e

o f(v) (3'(x)‘6)ex ~(g(x)-6x)e" [3(95)—6J
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I N BAI TAP TRAC NGHIEM

Cau 1;

Céu 2:

Céu 3:

Cau 4:

Cau 5

Cau 6:

Cau 7:

Cho ham sé y=f(x) c6 dao ham lien tuc trén R thoa mén f(1)=-1 va

1
xf(l—x3)+f'(x):x7 +x—-2,xeR. Tinh tich phan I:If(x)dx.
0

A. B. C. § D.
9

WM

9 3
Cho ham sb f(x) c6 dao ham lién tyc trén R, f'(x)- f(x)=¢* VxeR. Biét £(0)=0, tinh
£(2).

2

A. %. B. 3¢2. C. ¢2. D. 2¢2.

Cho ham s6 f(x) lién tyc trén khoang (0;+w)va théa man f(x2+4x+3):x+2 v6i moi
3

x & (0;+00) . Tich phan If(x)dx bang
0

A2 B. 2 c. 2 D.Z.
3 3 3 3

1
Cho ham s f(x) c6 dao ham lién tyc trén doan [0;11 théa mén f(l) =4, I[f’(x)]z dx=5 va
0

1 1
Ixf(x)dx:%. Khi d6 If(x)dx bang
0 0

A.E. B.i. C.E. D. —.
4 12 4

Cho ham s6 y = f(x) c6 dao ham trén (0;+o0) théa man 2xf'(x)+ f(x)=2x, Vxe(0;+),
f(1)=1. Giatrj cua biéu thuc f(4) bang

N B. 2. c. . D. 2.
6 6 6 6
Cho ham $6 £(x) lien  tuc  trén R va  théa  mén

(x3+x)f(x3)+(x2 +1)f(1—x2)=4x4 —3x% +4x% —3x,Vx e R. Khi d6 ]).f(x)dx bang
-1

A 6. B. 3. C. 3. D. 1.

Cho ham s6 f(x) lién tuc trén [0;+c0) va théa man f(x2 +4x)=—2x2—7x+1,Vxe[0;+oo).

5
Biét f(5):—8 , tinh Izjx.f’(x)dx.
0
A=--%8 B 1=-2 c.r=->2 D.1=-%2
3 3 3 3
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Cau 8:

Cau 9:

Céu 10:

Cau 11:

Cau 12:

Céau 13:

Cau 14:

1

Cho f(x) lién tuc, co dao ham trén R va thoa man f(2)=16, If(Zx)dxzz. Tich phan
0

2

Ixf’(x)dx bang

0

A. 30. B. 28. C. 36. D. 16.

Cho ham s6 f(x) c6 dao ham lién tuc trén R thoa man 2f(x)+xf'(x)=2x+1va f(1)=-3.
1

Khido [ f(x)dx bing
0

A 1. B. 2. C.5. D.

N |

Cho ham s6 f(x) lién tuc trén (0;+c). Biét lZ la mot nguyén ham cua ham s6 f(x)Inx va
X

2
1 f(y)
f(2)=1 - Tinh 1_! —dr.
AT=_". B.1=". c.r=Lt D.1=_1.
1 1 2 2

Cho ham sé y= f(x) c6 dao ham lién tuc va xac dinh trén R, déng thoi thoa méan cac diéu kién:

4 2
r_\/;f'(\/})dxzz; !xf(x)exzdx=%? £(2)=0.Giatri f(1) bing

1

8 c. L D. -2,
2 e

A -2 B. <.
3e 6

Cho ham s £(x) lién tuc trén tap s6 thyc thoa mén xf'(x) - f(x)=x>,VxeR va f(1)=2.Hay

tinh Jl.f(x)dx :
0

B. 1. C. 3. D._—5.

A
6

o | Ut

Cho ham sé f(x) thoa man x? f'(x)+(3x—1) f(x)=f'(x)+16x* -8,vx e R\ {0} va f(2)=8.
X

Khi d6 gia tri f(3)bang
20 10

A —. B. 12. C. 288. D. —.
3 3

2 4
Cho ham s6 f(x) co6 dao ham trén R thoa man f(2)=3, Ixf’(x)dx=3, I
0 1

Tinh jf(x)dx.
0

A.5. B.1. C.2 D. 3.
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Cau 15;

Céu 16:

Céau 17:

Cau 18:

Cau 19:

Céau 20:

Cau 21;

Cau 22:

Cho ham s6 f(x) lién tyc trén R va théa man I4tanx f(cos x)dx 1; I
xInx

dx=1.
Tinh tich phan I = j ) 2f(29) 5,

" X
A 1=1. B.I=2. C.1=3. D. I=4.

R £ ~ 3 . ; 3
Cho ham sé f(x) thoa man J.O x- f'(x)-e/®dx =8 va £(3)=In3. Tinh I=J.O e/@dx.

A 1=1. B. I=11. C.I1=8-In3. D. I=8+In3.

Cho ham s y = f(x) c6 dao ham lién tyc trén R thoa man f(x)+f[§—xj =sinx.cosx, VOi

moi xeR va f(0)=0.Giatri ciatich phan |x.f'(x)dx bing

O | 3

1

A -1 B. c. . D. ——.
4 4

1
4 4
Cho ham s6 y = f(x)lién tyc trén tap R va thoa man f(x)+x*f(x)=f(3-x)+x*f(3-x).
4 4
Biét Ix.f(x)dx =2. Tinh tich phén If(x)dx
1

B.

w | Ut

C. é D.
3

N w
S

A.

|

Cho cac ham s6 f(x) va g(x) lién tuc, c6 dao ham trén R thoa man f'(0).f'(2)=0 va

2
g(x).f'(x)=x(x—-2)e*. Tinh I =J.f(x).g'(x)dx.
0
A l=-+4. B. I=e-2. C.I1=4. D.I=2-e.
Cho ham s6 y=f(x) lién tyc, c6 dao ham va duong trén khoang (0;+o0) théa man

f(x)=3xf>(x) =4xf'(x), f(1)=1.Khid6 f(4) bang

AL B.2. c.l D. 4.
2 4
Cho ham s6 y = £(x) lién tuc trén doan [2;2] va 2£(x)+3f(~x ):% vxe[-2,2].
X%+

Tinh I = j.f(x)dx

A 1==L, B.I=-". c.i1=-=Z. D.1=2.
10 10 20 20

Cho ham sb y= f(x) xac dinh va c¢6 dao ham lién tuc trén doan [1;2] : f(x) #-1,Vxe [1;2] .

Biét f/(x)[ £(x)+ 2] =[f(x)+1] (x=1) va f(1)=-2. Tinh 1= "xf (x)dx.
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Cau 23:

Cau 24:

Cau 25:

Céau 26:

Cau 27;

Céau 28:

Céau 29:

AL B. 3. C.1. D. -2,

2 2 2
Cho ham s f(x) lién tyc va dong bién trén doan [1;4] , f(1)=0 va

w2 (x) =[ £(x) ] v e[1,4] Dt 1= f(x)dx. Ménh dé ndo dusi day diing?
A 1<I<4. B. 4<I<8. C.8<I<12. D.12<I<16.

Cho ham s6 f(x) c6 dao ham lién tyc trén doan [1;2] va théa man f(l):—% va
£+ xf () = (2% +x%) £2(x), ¥x e[1;2]. G trj cia tich phan szf(x)dx biing

A Int. B. In> . C. In3. D. 0.
3 1

Cho ham sé y = f(x) lién tuc trén R va thoa man sinx. f(cosx) + cosx. f(sinx) = sinx —sin® x

1
V6i moi x e R . Tinh tich phan I = j F(x)dx .
0

A.l. B. 1. C.l. D.%.
6 3 3
Cho ham so f(x) va g(x) thoaman 4f(1)=g(1) va:
( x1)2 g(x)+2020x = (x+1)f’(x)
X+

3
=g (x)+ f(x) 20217

. ‘ X x+1
vx e R|{~1; 0} Tinh 1= ! [m o122 f(x)}dx.

A T=1. B.I=1. C.1=2. D.1=2.
2 2

Gia sir ham s6 f(x) lién tyc va lun duong trén doan [0;3] thoa man f(x).f(3—x)=1. Tinh

3
tich phén I:j#dx?
21+ f(x)
A.I=E. B.Izé. C.I=1 D. I=3.
3 2
% 16 £(Jx
Cho ham s6 f(x) lién tuc trén R va thoa méan Icotx.f(sinz x)dle, _[f( )dx=3. Tich
X
T 1
4

1
4x . .
phénjf( )dx=%, biet a,be 7 va (a,b):l.Tinh gia tri bieu thuc P=a+b.
1
8

A. P=8. B. P=7. C. P=3. D. P=9.

Cho ham s f(x) c6 dao ham va lién tuc trén R thoa man f'(x)+xf(x) =2xe™ va f(0)=-2.

Tinh I :jxf(x)dx.
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Céu 30:

Cau 31:

Céu 32:

Céu 33:

Cau 34:

Cau 35:

Céau 36:

A 1=21 B.I=1"¢ c.1=—"°_. D.1=—%_.
e e 1-e e—1
Cho f(x) la ham s6 lién tyc trén doan [0;2021]. Gia sir rang véi moi x €[0;2021], ta c6

2021

5 . dx
£(x)>0va f(x)f(2021-x)=1. Tinh I = ! et
A2 B. 220, C. 2021, D. 4042.

Cho ham sé f(x) lién tuc trén R thoa man diéu kien: f(0)=2v2,f(x)>0,vxeR va

J.1/1+f
A L1 5. 114 c. 11 p, 1411
30 30 30 30

_[2x+1)dx Tinh tich phan jf (x)dx.

Cho ham s f(x) co dao ham lién tuc trén khoang (4;+o) va thoa min dang thic

(x3 — 617 +9x) .
Vi moi xe(4;+). Giatri £(5) cua bang

f(x)+(x* =7x+12) f'(x) =
x?+9

A. f(5)=v34-5.  B. f(5)=2v34+10. C. f(5)=2v/34-10.  D. f(5)=+/34+5.

Cho ham sb f(x) thoa man [f'(x)]2 +f(x).f”(x)=6x2 +2 vdimoi xeR va f(O) =0. Tinh
fQ).
A 1. B. +V3. C. 1. D. 3.

Cho ham sé y = f(x) lién tyc trén R va théa man f(x)+ f(-x)=2021x*"" +3x* -4, VxR,

2
Tinh tich phan 1= [ f(x)dx
-2

A, 272021 B. 0. C. 22020 D. 222,

Cho ham s6 f(x) c6 dao ham trén [0;+) thoa man f(0)=1, f(x)>0,Vxe[0;+x) va
1 N 1

f(x) 2f(x)+1

A l=

1
=1,Vxe[0;+0). Tinh I = J-f(x)dx

c.1=1. D.1=2.
3 5

B. I=

gl w
W]

Cho ham sé f(x) nhan gia tri dwong, c6 dao ham lién tyc trén [0;2]. Biét f(0)=1 va

f(x)f(2-x)=e 245 i moi x [ 0;2]. Tinh tich phan I = J( v )f (x)dx
f(x) |

AT=-2 B.[=-2 c.1=-22 D. 1=
3 5 3 5
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Céu 37:

Cau 38:

Céu 39:

Cau 40:

Céau 41;

Cau 42;

Cau 43:

Cho ham sb f(x) lién tuc va nhan gid tri duong trén R , thoa man f(o):e2 va
2sin2x[f(x)+ecoszx.[f(x)}+f’(x)=O,VxER. Khi do f(%[] thuoc khoang
A (1;2). B. (2;3). C. (3:4). D. (0;1).

Cho ham s y = f(x) lién tuc va thoa man f(x+2x~1)=2x~3, véi moi xR . Tinh tich

phan I = If(x)dx.

1 B. 1= c.r=2. D.1=_".
2 > 3 3

A l=
Cho ham sb f(x) xéac dinh va lién tyc trén doan [0;1] thoa man 6x.f(x2)+ 5f(1—x) =1-x7
1
Tinh If(x)dx
0

B. -~ C. D. =

A. -z .
8 32 16

N

Cho ham s6 = f(x) 1a ham da thirc bac bon va dat cyc trj tai diem x =—2. Tiép tuyén tai giao

diém cia do thi ham sé y= f(x) V6i truc tung 1a duong thang d c6 phuong trinh

In3

3x+y-2021=0. Tich phan I = Hx—n £(e” —3)J.e"dx bing
0

A. -1+3In3. B. -7+3In3. C. 7-3In3. D. -3+3In3.

Cho ham s6 y = f(x) c6 dao ham lién tyc trén R théa man

(=R L

f(x)+f(%—x}=sin2x, véimoi xeR va f(0)=0. Giatrj cua tich phan I = | x.f'(x)dx
bang
A =T B. L. c. X D. -1,

2 2 2 2

Choham séy = f(x)co daoham trén R théaman f(1)=1va f(2x) —xf(xz) =5x—2x° ~1 véi

2
moi x € R Tinh tich phan I :Ixf'(x)dx.
1
A =3 B. I=-1 C.1=2 D. I=5.
Cho ham s6 y= f(x) lién  tuc  trén  doan [0;4] thoa ~ man:
4
2f (4-x)=3f(x)=—x" —6x+16 Vx e [0;4]. Tinh I = [x.f(x)dx.
0

AZ B. 128. c. 1 p. 2.

3 3 3
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Cau44: Cho ham sé f(x) c6 dao ham lién tyc trén (0;+o) thoa man f(1)=3 va

Cau 45:

Cau 46:

Céau 47:

Cau 48:

Céau 49:

Céau 50:

2
x(6-f(x))= f(x)+2 voi x>0. Gid tri tich phan [ f(x)dx bang
1

A. %+ln2. B. 3-2In2. C. §+2ln2. D. %—21n2.

1

Cho ham s6 f(x) ¢6 f(0)=-1 va f’(x):x(6+12x+e‘x),VxeR. Khi déff(x)dx bang.
0

A. 3e. B. 3e". C.4-3¢7". D. -3¢,

Cho ham s6 f(x) c6 dao ham lién tuc trén R , théa man f(0)=3 va

f(x)+ f(2—x)=x*—2x+2,Vx e R . Tich phan [sin2x.f'(2sinx)dx bang

O ==V [N

A. —é. B.%. C._—lo. D. —g.
3 3 3 3

Cho ham s6 y = f(x) lién tuc trén khoang (0;+w). Biét f(1)=1 va f(x)=xf'(x)+Inx
;Vxe(0;+oo) gia tri cua f(e) béng:

A 2. B.e. c.l D. 1
e
1 1 3
Cho y = f(x) la ham sb chin va lién tyc trén & Biét [ f(x)dx =2 [ f(x)dx=3. Khi do, gi
0 1
3
tri J‘de bang
520 +1
A. 10. B. 12. C.9. D. 13.

Cho ham s6 y=f(x) c6 dao ham va lién tyc trén doan [0;1] , thoa man
1

[f'(x)]z =4{2x2 +1—f(x)} v&i moi x thudc doan [0;1] va f(l):2. Tinh Ix.f(x).dx
0

A. D.

w | Ut

B. 3. C.
1

U1l w
[SSHNTN

Cho ham s y=f(x) lién tyc trén doan [0;21 thoa man: f'(x)zf'(Z—x) Vai Vxe[O;Z].

Biét rang f(0)=2003, f(2)=2021. Tinh tich phan I = | sinx.f(2cosx)dx.

O N | N

A. -2012. B. 4024 . C. —4024 D. 2012.
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HUONG DAN GIAI CHI TIET

Cau 1: Céch 1: Phwong phap tw luan:
Tu xf(l—x3)+f'(x):x7 +x-2,xeR suyra xzf(l—x“%)ﬂcf’(x):x8+x2 -2x,xeR

Do d6 Ixzf(l—x“” )dx+J-xf'(x)dx = ~[(x8 +x° —Zx)dx.

0
Piat +=1-x> tacd dt = -3x>dx do d6 ta duoc

j)-xzf(l—x3)dx = —%jjf(t)dt = %If(t)dt = %i'f(x)dx ,

Vay ta co Ixzf(l—x3 )dx+jxf’(x)dx = j(x8 +x7 —2x)dx

0

=3l (’*i“f’“f (e=3 &3 Jf xﬁx*[xf Jf x)de b

0

2 5 4 -2 h 2
<:>?I[f(x)dx=—§—[f(1)—0.f(0)]=§ cgf(x)dh?.vay 1=£f(x)dx=—§.
Cach 2: Phwong phap chon ham dai dién
Tir dang thirc xf(l—x3)+f’(x) =x" +x-2,xeR suy ra chon dat ham s6 f(x) Ia ham sé bac
2 dang f(x)=ax? +bx+c Véi a,b,ceR. Taco xf(l—x3)+f'(x)=x7+x—2.

Do do x[a(l—xS)z +b(1—x3)+c}+2ax+b:x7+x—2

@x[axé —(2a+b)x3+(a+b+c)}+2ax+b=x7 +x-2
a=1

a=1
2a+b=0
c>ax7—(2a+b)x4+(3a+b+c)x+b=x7+x—2<:> 4 S<b=-2.
3a+b+c=1 0
CcC =

b=-2
1
) -2
Do vay f(x)=x*-2x thoaman f(1)=-1,trdétacod I = If I(x —Zx)dx:?.
0
Cau2: Tugiathiéttaco

=x+C..

Fe)e () £(x) :1©[M]' L)

e* e’

Tir £(0)=0,thay vaotacod C=0.Vay f(x)=xe*. Vay f(2)=2¢>.
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Cau 3:

Cau 4:

Cau 5:

Cau 6:

Ta co: f(x2 +4x+3)=x+2=«/(x+2)2 =\/(x2 +4x+3)+1

3 3 3
Suyra f(x)=+x+1.Do d6 If(x)dx =I\/x+1dx=§(x+l)§ 3
0 0 0

Taco j.xf(x)dx =§ =3= jf(x)d(xz) = (xzf(x))‘ —j.xzd<f(x)) = 4—Jl.x2f’(x)dx

= [x2f'(x)dx = 1:>j ) dx - 1ojxf dx+25j 4dx=5-10.1+25.2=0

1

(f’(x)—SxZ )2 dx = j((f’(X))z —1Ox2f’(x)+25x4jdx -0

0

=

O Ly O ey

5x°

= f'(x)=5x" :f(x)=?+C ma f(l):4:C=g.Vay {f(x)dx_£[7+§ X

Xét phuong trinh 2xf’(x)+f(x): 2x, Vi y = f(x) co dao ham trén (O;+oo) nén lién tuc trén
khoang nay.

Jx

Chia c hai vé cho 2+/x , ta dugc \/;-f'(x)+

o )= =[]

LAy tich phan tir 1 t6i 4 ca hai vé ta dugc -‘-(If ) dx = J.\fdx

= (sl (2 |

1

:»2f(4)—f(1):E:>f(4)=%(134 1):%7 (Vi f(1)=1).

Vay f(4)=%7.
Ta co: (x3+x)f(x3)+(x2 +1)f(1—x2):4x4—3x3’+4x2 -3x
3

& (0 + 1) f()+ (2 1) £ (157 ) = (x> +1) (42” - 3x)
e xf(x)+ f(1-27) =42 -3x & 2 (2 )42 f(1-27 ) =42 =327,

:>j.x2f(x3)dx+:(|).xf(l—x2)dx=_]).(4x3—3x2)dx=—2. (1)
Xet j.xzf(x?’)dx:l:(‘lf(x3)d(x3):%:[f(x)dx
Xeét [xf(1-2")d ——Tf(l—f)d(l—ﬁ):ljf(x)dx

-1 -1
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Do d6 (1) Qéi f(x)dx+%j‘ fx)dx=-2 (2).

Ta lai co j'xzf(x3)dx+j‘xf(1—x2)dx = j(4x3 —3x2)dx =0
0 0 0
1

= 1i)ale)-L

0

= — ©

f(l—xz)d(l—x2)=0 @%j‘f(x)der%j.f(x)dx:O@j.f(x)dxzo
(3). Tr (2)va (3)suy ra :Tf(x)dx =—6.

Cau7: Ta c()f(x2 +4x) =2 -7x+1e (2x+4)f(x2 +4x) = (—2x2 —7x+1)(2x+4).
LAy tich phan can chay tir 0 — 1 hai Vé ta duoc:

52

j(2x+4)f(x2 +4x)dx = j(-zxz _7x+1)(2x+4)dx =3

0 0
t=x> +4x:>dt:(2x+4)dx

1
Xét [(2x+4) f(x* +4x)dx . Dat
€ _([( X+ )f(x - x) reue {x=0—>t=0,x=1—>1‘=5

Khi do ta c6 ;[(2X+4)f(x2 +4x)dx = if(t)dt :J:'f(x)dx = —%.

Xeét = Ix.f'(x)dx = xf(x)‘z —If(x)dx =—40—(—%j = _@.
0

0

Caus: Taco [f(2x)dr=2 %jf(zx)d(zx) =2 [ f(x)dx=4.
0 0 0

. [ ) o lu=x du =dx
Xet I :}[xf (x)dx Dat {dvzf'(x)dxj{vzf(x)'
:>I=Ixf'(x)dxzxf(x)‘i—If(x)dx=2f(2)—4=32—4=28.Vay Ixf’(x)dx=28.
0 0 0

Cau9: Taco 2f(x)+xf’(x):2x+1<:>f(x)+f(x)+xf’(x):2x+1.

Suy ra j.f(x)dx+j.[f(x)+xf'(x)]dx = j.(2x+1)dx .

:>j‘f(x)dx+j‘[x.f(x)]'dx:2 :jf(x)dx :2—xf(x)‘; :2—(—3):5.
u:f(x) {duzf'(x)dx

do = L dx
X

Cau 10: bat {
v=Inx
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Cau 11:

Cau 12:

Céu 13:

Cau 14:

le

Khi do, i%x)dx:(f (x)inz)] If Jinaxde = £ (x)nx)f -1
1

2)In2- f(1)In1)-

2
Ma f(z)zﬁ va In1=0 nén j.fix
1

2
Vay Izjfix)dx:
1

NI

- [ e

:>1=—ef(1)—jf(x/;).exdx (1)

1

4

Mt khac: 1= jzxf e* dx = jf( )e d( )= jf(ﬁ)e*dt:jf(\/})excixﬂ (2)

1

Tir (1) va (2), suy ra 1=—ef(1)-1=> (1) = —%

Theo gia thiét: xf'(x)— f(x)=x>,Vx <R .Suyra xf'L;f(x):l :{M] _q
X X
=X+cC.

NG
X

hay f(x)=x*+cx,ma f(1)=2 nén c=1.

1 1
1
Va x)dx = | (2 + x)dx =(—x3 +
y !f( M ! 3
Tur dé bai ta co

x? f'(x)+(3x—1) f(x) = f'(x)+16x* -8 < (x> —1) f'(x)+(3x—1) f(x)=16x*-8
X X

o (27 —x) f'(x) +(B3x* =1) f(x) = 16x° —8x <= [(x3 —x) f(x)}' =16x° —8x.

LAy nguyén ham hai vé ta co: (x° —x) f(x) = 4x* —4x* +c.
= 6f(2)=48+c < c=0.Vay f(3)=12.

Tacod

2 2

ixf’(x)dx = j‘(xf(x))’ dx —If(x)dx = xf(x)‘i —jf(x)dx = 2.f(2)—jf(x)dx =6 —jf(x)dx

0 0
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Theo gia thiét jxf’(x)dx =3< 6—If(x)dx =3< If(x)dx =3.
0

Pit fodr = di = dy.

2\x

Pdican x=1=t=1; x=4=1t=2.

Theo gia thiét 2 =Tf(\f) dx = Zj‘f(t)dt < if(t)dt =1= if(x)dx =1.

1

2

Taco jf(x)dx - if(x)dx—jf(x)dx —3-1=2.

1

T

Cau 15: Xét Il:Iftanx.f(coszx)dx:l,détt=coszx.Khid(') x=0:>t=1,x=%:>t=%;
tanxdx = Snx.cosx 4 _—1 dt Do vay I, = jf Suyraj (1) =2] =2.
cos® x 2t !
o (ln x)
Xét 12:'[ 7 dx,dat t=In*x.Khidd x=e=t=Lx=e’>=t=4;
e xlnx
4 f(t 4 fl(t
dx =lﬁ .Dov 2=1j mdt.Suyraj i)dt=212=2.
xInx 2t 291 ¢ 1t
2 f(2x
Xétlzjlf( )dx,détt:Zx.Khid() x=i:t=%,x=2:>t—4 %Z% Do vay
= x
4 f(t 1f(t 4 f(t
1=, il )dt=I1f( )dt+J' FO g _24n-a.
-t =t 1t
2 2
u=x du=dx 3 3 3
Cau 16: Pit = khi d6 j x- fi(x)ef@dx = x- e/ O - j e/Mdx
do = f'(x)e’®dx ~ |o=e/® 0 o Jo

3 3
=8=3-¢/0 [ ¢/Odr= [ /Mdr =3¢ -8-9-8=1.
0 0
A ) . 5 g . A e T
Cau 17: Taco: f(O):O va f(x)+f(5—xj=smx.cosx nen f(0)+f[5j=0 @f[—j=0.

s
2 _
0

(=R L

Taco: [ = Ex f’(x)dx = de[f(x)] =[xf(x)]

Mat khac, ta co:

f(x)dx. Suyra: I=— f(x)dx
0
f(x)+f(§—xj =sinx.cosx = Jff(x)dx+jgf[g—xjdx :L)Zsinx.cosxdx :%
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Suy ra: .[02 f(x)dx—jgf(a—dex = % = Iozf(x)dx = i Vay [ = —I[f(x)dx = —i.

Cau18: Taco f(x)+x*f(x)=f(3-x)+x*f(3-x)
<:>f(x)+xzf(x)—f(3—x)—x2f(3—x)=0
<:>(1+x2)f(x)—(1+x2)f(3—x)=O<:>(1+x2)(f(x)—f(3—x))=0

C{sz:O (vn)
f(x)—f(3—x):0

Cach 1: Sir dung cbng thuc giai nhanh:

:>f(3—x)=f(x).

Cho ham sb f(x) lién tuc trén [a'b:l va thoa man diéu kién f(x :f(a+b—x) ,Vxe[a;b] . Thi

)
.. y _a+b 2.2 4
ta co: jx.f(x) If dx Do do: jf x)dx— 1.1 3

Céch 2: Doi bién tryc tiép

bat t=3-x=>dt=-dx vax=-1=t=4;x=4=t=-1.

Khi do: 2= j (x)dx I( ) (3 t)dt:j(?)—x).f(?,—x)dx:j‘(S—x).f(x)dx.

-1

Suyra: 4= I (x)dx+_“( ) dx 3J.f dx:J.f %

Cau19: Pt h(x)=g(x).f'(x)=x(x—2)e".

Taco 1(0)= (O)f( ) 0 maf( )#0 nén g(0)=0.

bat u=x(x—2), dv=e"dx taco du=(2x—2)dx,chon v=e".
Khi do
2

Ix(x—Z)exdx = x(x—Z

2

)ex z —_2[(2x—2)exdx = —J(Zx—Z)d(ex)

0
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2 2
2+Iexd(2x—2)=—2e2 —2+2J'e"dx —2e?—242¢"| = 4.
0 0

=—(2x—2)ex . .

2
Suyra I= —Ix(x—Z)exdx =4,
0

Cau 20: Taco f(x)—3xf3 (x):4xf’(x)<:>f2 (x)—4xf’(x)f(x)=3xf4 (x)

1
() -2V (x) £ () |
24x zéxq\/; _3 xx@\/;:xx+ *
P 2 [ﬂ(x)J et = G mebe ©
Thaylevao(*),tacéf%(l):HC:C:O
*@izx X = x:i: :1
(*) 20 Jx = f(x) - f(4)=5.

1
+4

Cau21: Tac6 2f(x)+3f(-x)=——, wre[-2;2], suy ra 2 f(x)dx+3[ f(-x)dx=[

(D).

Xt 3 f(~xkix. Dit t = —x = dt = —dv. Taco 3| f(~x)ir =3[ £(r)(~dt)=3 [ F(x)dr @)

-2

2 2 2 2
Thay (2) vao (1), ta dugc SJ;f(x)dx = J;x2—1+4dx =1I= J;f(x)dx = %Z%dx.

x“+4
x=—2:>t=—Z
bat x=2tant:dx:2(1+tan2t)dt. Doi can: 4
x:2:>t:Z
4
Khi d 1 4 1 > _ 4 T
id6I1=2 J' - 2(1+tan t)dt_ dt=2
5 _£4tan t+4 0_-2 20
Cau 22: Tac6: f’(x)[f(x)+2]2 =[f(x)+1]4(x—1)2 & f’(x)[f(x)+42] —(x-1)",
[f(x)+1]
J.f(x)[f(x)+42] dx—j X 1) dx (1)
[f(x)+1}
Xét I:jf’(x)[f(x):Z] dx : dat t=f(x)+1 khi do:
[f(x)+1]
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2
I ;Mdt@ ;(1+z+ijdt:_1_i_L+c.

tt S S t o 3
* 111 e s
Thay vao (1) ta dugc: P 3t3+C_ 3 X +x
1 1 1 ©
Hay — - - +C=—-x"+x
FEL [f(x)1] o[f(x)+1] 3
- . 1 1 1 ° 0,
Vi f(1)=—2nén C=0,suyra — - - =——-x"+x.
1) flx)+1 [f(x)+1]2 3[f(x)+1]3 3
. 1 1
Dbong nhat hai vé, suy ra O =x < f(x)=-1 e
[ 1) 5
Khi do: 1= | ( 1—;j:‘!‘(—x—1)dx:__

Céu 23: Taco:
v 23f (x) = /()] = 12 ()] =[ £()]

x| 1+2f(x) ] = f(x) (Vi f(x) ddng bién)< 1];;]()( ) =x,vxe[1;4]

Nguyén ham hai vé, ta duoc: 1+2f(x) = %x X+c

3 1 2 1 [3 3
Vi f(1)=0:>c=§.8uyra«/1+2f(x)=§x x+§:>f(x): 5

s 4(3’“/;;} 1 1403
Vay I=[ f(x)dx=] =55 =15:5(8).

2

Cau 24: Tir gia thiét, ta o6 f(x)+xf'(x) =(22° +%) () % 2x+1
x X

:{ 1 }:—2x—1:>L:J‘(—2x—1)dx:>L:—x2—x+C.
xf (x) xf (x) xf (x)

1 1
f)=-5=C=0=x®=-"0

:>j xf(x)dx = j 4161 —jz SR x—lnx—+12
1 x(x+1) AT X

Cau 25: Taco sinx—sin’x= sinx(l—sin2 x) —sinx.cos’ x .
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Do do, tir gia thiét ta duoc

sin x.cos? xdx

- f(cosx)d(cosx)+ f(sinx)d(sinx):

O N [N
O V| N
ce—wlx

1 0
cos’ xd(cosx) = ZJf(t)dt = —Jtzdt
0 1

O N | N

|
—
—
—_—~
—
N—
&
+
—
~~
—_
—
N
&
Il

1
<:>2I:It2dt:1<:>1:1.
) 3 6
L g(x)+2020x = (x-+1) f(x) L g(x) -2 p(x) = 2020
cauze: | (¥+1) o (x+1) *
3 x 1
%g’(x)+f(x):2021x2 mg (x)+x_2f(x):2021

L4y vé cong vé hai phuong trinh trén ta dugc:

[(le)z ; (x)+ﬁ8'(x)}(x—”f’(x)—%f(x)j-1

A . x x+1
Do 4f(1)=g(1) néntacd C+1=0«<C=-1.Suyra mg(x)__f(x):x_l'

Do dé: Iz.ﬂﬁg(x)—x?” f(x)}dx=i(x—1)dx=£§—x}

1

Cau 27. bat t=3-x=dt=-dx.

3 3 3
Thay vao ta duoc [ :J ! dx :I ! dt :J-;dx.
21+ f(x) T 41+f(3-t)  J1+f(3-x)

o fB=)=f(x)
R ![(Hf(x))(ﬂf(w))

[0;3].Suyra f(3-x)=f(x), trén doan [0;3].

}x, do ham sé f(x) lién tuc va luon duong trén doan

3
Ma f(x).f(3-x)=1= f(x)=1. Vay 1=I%dx=§.
0
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T

2
Cau28: Bt I, = | cotx.f(sin’x)dx=1.
4
bat t= sin?x = dt =2sinx.cosxdx = 2sin? x.cot xdx = 2t.cotxdx .
1 V4

Déi can: x—£:>t——
4 2’

Poicanix=1=t=1x=16=>t=4.

I = 1]’6 (j_)dx _jf 2tdt _2jf - jf(4x)d(4x) =2jf(4x)dx.

1

1
Suy ra Jf(4x) dx = ;
x

| =

1
1 4 1
Khi 6, tacé:jf(4x)dx=jf(4x)dx+jmdx =2+§=%:>a:7,b:2.
X
1
s

8
Vay P=a+b=9.

Céau 29: Taco f'(x)+xf(x)= 20 o f'(x).e7 +xf(x).e7 2T e? o f(x).e7 =2xe 2

N‘R,\,
=

= f(x).e

2 x2

Khi d6 tacé f(x).e? =—2e 2 +C.

V6i x =0 ta dugc f(0).’ =—2e"+C < f(0)=—2+C ma f(0)=—2=C=0.

Suyra f(x)e ? =2 [ ’ J & f()=-2¢7

Khido6 taco: I = jxf(x)dx = —ij.e_xzdx = je_x d(—xz) —e
0 0

Chinh phyc c&c bai todn VD - VDC: Nguyén ham - tich phén va Ung dung | 398



Phan Nhét Unh Chinh phuc vén dung — van dung cao ndm 2023

2021 2021
2021
Cau 30: Taco: I= J dx = il ) X
. 1 £(2021-x)+1
+—F——= 0
f(2021-x)
Djt: 2021—x =t thi dx=-d¢. Khi x=0 thi #=2021, khi x=2021 thi t=0.

0 2021
Ta duoc: I:—j%dt I f(x) d

flx)+1
2021 2021 ( ) 2021

!Wdﬂ ! e )+1 '([dx 2021. Vay: [ =

Do d6: 21 = 2021

Cau 31: Tinh j dx tadat 1+ £2(x) =t =1+ f2(x) = £ = 2 (x) f(x)dx = 2¢dt .
1l1+f
:f(x)f'(x)dx:tdt

)-f'(x ) tdt .
Thayvaotaduocj. J. jdt t+C= 1+f ( )
«/1+f

Do do 1+f2(x)+C=x2+x;f(0)=2ﬁ:>,/1+(2\/5)2+C=o@C=—3.
Taco 1+ f*(x)-3=x"+x= 1+f2(x)=x2+x+3<:>f2(x):(x2+x+3)2—1.

Suy ra jfz(x)dx = j‘[(xz +x+3)2 ~1]dx = j‘(x‘* +x% +9+2x%+ 6x%+ 6x - 1)dx
1 1

2 5 4 3 7
=I(x4+2x3+7x2+6x+8)dx= x—+x—+7i+3x2+8x =£.
] 5 2 3 1 30

2
1411
Vay [ fAde== .
q 30

Cau 32: Taco

(x —6x2+9x)
f(x)+(x2—7x+12)f’(x): ,_x2+9
= e ()= = 0+ (0= 2
X+ ( 3) x x“+9
x—4 ' X x—4 x 5 .\
S[Eh ) - = 2R - [ e ()

Vihamsé f(x) c6 dao ham lién tuc véi moi x (4;+) vathsaman (*) véixe(4;+o) nén

tathay x =4 vao (*) ta dugc C =-5.
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8uyra%.f(x)=\/x2+9—5 :%f() V34 -5= f(5) =234 -10.
Cau 33: Taco: [f'(x)]z + f(x).f"(x) =627 +2

= [f(x)f’(x)]' =6x*+2 & f(x)f'(x) = I(6x2 +2)dx =2x>+2x+C

Ma £(0)=0 nénthay x=0 tadugc: C=0.Suyra f(x).f'(x)=2x"+2x.

1 1
Lay tich phan 2 vé ta dugc: If(x).f’(x)dx = I(2x3 + 2x)dx
0 0

fzz(") J e P)=3= (1) =45,

Cau 34: Tugiai thiét f(x)+ f(—x)=2021x*" +3x* —4,Vx e R.
Ly tich phan hai vé tr -2 dén 2 ta duoc:

j[f (x)+ f(—x) dx = i(zomxmo +3x° -4)dx
& Tf(x)dx+if(—x)dx ( 2021 , 3 4x)‘2 ©I+If dx _n2022.

Xét | = If dx bat t =—x taco df =—dx.

Doi can: x=—2=t=2;, x=2=t=-2,

Do do | = _Jg—f(t)dt = Jz.f(t)dt =T f(x)dx=1.

Vé.y 21 — 22022 = I — 22021 )
Cau 35:

Tacé: f(lx) a1 Y () =200 £ ()£

o 2f'(x)+1=2f(x) f'(x) = 2f(x)+x= f>(x)+C

Vi £(0)=1nén C=1.Do d6 2f(x)+x=f2(x)+1<:>[f(x)_1]2 _x
:f(x)=\/;+1 Vi f(x)>0,Vxe[0;+oo).

Vay I:j‘f(x)dx:j‘(\/;+1)dx:§.

Cau 36: Cach 1:
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Céau 37:;

(3 3x )f(x)

f(x) dx

Tirgia thiét f(x) f(2—x) = *,cho x=2,taco f(2)=1.Taco I= j

u=x>—-3x>

s :
at dv=%dx: v=Inf(x)

— 2 —_
du =(3+” - 6x)dx (do f(x)>0,vx<[0;2]).

Khi do, ta co

I= (x3 —3x2)1nf(x)‘z —‘?(3x2 —6x)lnf(x)dx = —3j(x2 —Zx)lnf(x)dx =-3].

]=j-(x2 ~2x}In f(x)dx

Piat x=2-t =>dx=-dt; dbican: x=2=t=0;x=0=>t=2

J= T[ *o2(2- t}lnf(Z—t)d(Z—t)

:H2 X —2(2 x)}lan X 2 x [xz—Zx]lnf2 x)

o'—.N

Suyra 2] = j[xz —2x}lnf(x)dx+_2[[x2 —Zx}lnf(Z—x)dx = _Z[[xz —Zx}lnf(x)f(Z—x)dx

2

:E[xZ —Zx}lne“z_“dx: !(xz —2x)(2x2 —4x)dx =% == 12 Vay I=-3] ——%

/4 X 2— —X A z R
Céach 2: Tu gia thiét ta co f(x)f(Z—x):ez"z"‘" = o2 2 227) nan ta 6 thé chon

f(x) — ex272x .

; :j(xf‘) _:;Ei))f'(x) e i(x3 —3x? )6,5223:x2)ex22x o j‘(xa N ) (zx z)dx . _%

2sin2x[f(x) +e05%% f(x)} + f'(x) =0 < 2sin2x.f(x) +25sin2x.e"%* f(x)+f'(x)=0 (1)

Do ham s6 f(x) lién tyc va nhan gid tri dwong trén R nén chia hai vé phuong trinh (1)cho

x) ta duoC sin2x.,/f(x)+sin x.ec"szx+m= .
2,[f(x) ta duoc sin2x.[f(x)+sin2 e 0 (2)
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—lc032x

Nhan  hai vé cua phwong trinh  (2) V6 e 2 ta  duoc:

—1COS2X lC052x lcos2x

. _1cos2x f’(X) . { _lc052x J' .
sin2x.e 2 flx)+—F—=e 2 =—sin2x.e? e ? f(x) | =—sin2x.e?
Vf(x) 2f(x) ()

—1c0s2x lcost —1c052x lcost
Se 2 £(x) :J‘[—sirlzx.e2 ]dx e 2 f(x)=e2 " +C (3).

1 1 1 1
Trong dang thirc (3) cho x =0 ta dugcC e 2 f(0)=e2+C<:>e 2Je? =e2+C=C=0.

1 1
(B e ) =™ o Flx)e o f(x) -

4r

2 cos=2

:f(z—ﬁj:e 5 21 0367¢(001).
3 e

Cau38: bit x=t>+2t—-1,tacod dx=(3t2+2)dt.

Poicanix=-1tP+2t-1=-1 2 +2t=0<=1t=0.

=2 +2t-1=21+2t-3=0<t=1.
Liic d6 ta cé I = jf(x)dx=jf(t3+2t—1).(3t2 +2)dt:j'(2t—3).(3t2+2)dt
0

-1 0

11

: 3¢t 1
:j(6t3—9t2+4t—6)dt: 2L 33 02 6t =,
2 0 2

0 =
Cau 39:
Taco 6x.f(x2)+5f(1—x): 1-x°

& 3.j2x.f(x2)dx+5j‘f(l—x)dx = j.\ll—xzdx < 3A+5B= j.ﬁdx(*)
0 0 0 0

1
A=J.2x.f(x2)deajt t=x>=dt=2xdx; x=0=>t=0;x=1=t=1.
0

1

A:J‘f(t)dt:j‘f(x)dx.

0 0

1
B=[f(1-x)x. Dt t=1-x=dt =—dx;x=0=t=1,x=1=¢=0.
0

B:j‘f(t)dt:j.f(x)dx.
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Do do (*) = 3j‘f(x)dx+5j.f(x)dx = j‘\/ﬁdx = ij(x)dx =j. 1-x*dx.

bat x=sint:>dx=costdt,te{—%;%};x=0:>t=0,x=1:>t=§.

T

1 % 2 Vs
24 2 _ 1+ cos2t :l 1. S_Z
:>.([ 1-x dx-}[w/l sin“t .costdt -([Tdt 2.(t+zsm2tjé R
i T
Vay ‘([f(x)dxzﬁ
In3 In3 In3
Cau40: Taco I= Hx—1+ f"(ex—3ﬂ.exdx= [ (x-1)edes [ fr(er-3)e*dx.
0 0 0
Ap dung cbng thtc tich phan ting phan ta co
In3 In3 In3 In3
I, = I(x—l).exdx=(x—1).ex0 — I e"dx=3(—1+ln3)+1—e’“O =—4+3In3.
0

0

In3
Xét I, = [ (" ~3)edx. Pat t=e* ~3=>dt=e* dx. Doi cn: x=0=t=-2.
0

0
x=In3=t=0.Suyra I, = J‘f”(t).dt=f'(t)‘?2 =f'(0)- f'(-2).

-2
Vi y = f(x) 1a ham da thirc bac bén va dat cyc trj tai diem x =—2 nén f'(-2)=0.
Giao diém ctia d6 thi ham sé v = f(x) Vai truc tung c6 hoanh d§ x=0.
Phuong trinh ctia duong thang d ¢6 dang 3x +y —2021 =01y = —3x +2021.
d latiép tuyén tai giao diém cia do thi ham s6 y = f(x) véi truc tung = £'(0)=-3.
=1,=-3-0=-3.Vay [ =1+, =-7+3In3.

Cau 41: Theo gia thiét: £(0)=0 va f(x)+f[%—xj:sin2x nén f(o)+f(%j:o :f(%]:o.

Taco:I=

x.f’(x)dx = de[f(x)] = [xf(x)]g —'z[f(x)dx = —If(x)dx.

oe—w[a

Mit khac: f(x)+f(%—x} =sin2x = Jozf(x)dx+j(ff(%—xjdx = jfsin2xdx.

2 =1 va Iozf(g—xjdx=.[5f(x)dx (bat tzg—x).

0

T
. (5 . cos2x
Ta co: I 2gin2xdx =—
0
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Céu 42:

Céau 43:

R 1 Vi E ,
nenjf( x=—. Vay I = _(!.xf
L4y tich phan hai vé véi can dudi bang 0, can trén bang 1 cua ding thic
1 1
f(2x)—xf(x2) = 5x—2x° ~1 ta dugc: jf(Zx)dx—Ixf(xz)dx =1. (1)
0 0

bat t:2x:>dt=2dx<:>dx=%;

1 2 2
Sican x=0=f=0, x=1=f= _1 _1
BolCanx-O:t—O,x—1:>t—2:!f(Zx)dx—z_([f(t)dt 2_([f(x)dx
Befltt=x2:>dt:2xdx<:>xdx:%;d6icanx=0:t=0,x:1:t=1.

= Ixf(xz)dx = %j;f(x)dx

1

Thay vao (1) ta duoc If(x)dx—jf(x)dx =2= If(x)dx =2.

0

Dong thoi thay x =1 vao biéu thuc f(2x)—xf(x2): 5x-2x>-1taco f(2)=3
=X du=dx 2 2
Xét I = Ixf dx dat {dv =f’(x)dx z{v:f(x) =>1I= xf(x) h —If(x)dx =3.

1

Ta co: 2}f(4—x)dx—3jf(x)dx = z"(—xz —6x+16)dx = —%.

batt=4-x,cOdx=-dt; x=0=>t=4;x=4=1t=0.

Khi d6 2}f(4—x)dx = —2Tf(t)dt = Zj.f(t)dt = 2Tf(x)dx.

Suy ra 2 f(4~x)dx =3 f(x)dx = [ f(x)dx =~ Tirdo jf
0 0 0

Tir gia thiét ta co 2x.f(4 —x)—3x.f(x) =—x> —6x* +16x Vx € [0;4]
4 4 4
Suy ra ZIx.f(4 —x)dx —3Jx.f(x)dx = I(—x3 —6x7 + 16x)dx =-64 (1).
0

Patt=4-x,c6 dx=-dt; x=0=>t=4;x=4=1t=0.
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Khi d6 2] x.f(4—x)dx ==2[(4=t).f(t)dt =8[ f(£)dt—2[t.f(t)dt = %—21
0 0

Thé vao (1) ta co: 1?—51——64 I= %4.

Cau 44: Taco x(6—f'(x))=f(x)+2 <:>f(x)+x.f’(x):6x—2 @(x.f(x))l =6x-2.
Suy ra x.f(x)=I(6x—2)dx=3x2—2x+C.

Thay x =1 vao ta dugc: 1.f(1)=1+C=3=1+C=C=2.

Do do: x.f(x)=3x2—2x+2:>f(x)=3x—2+2.
x

2

[ £(x)dx =j(3x 2+2}j :(%—2x+21nxJi

1

Cau 45: bat {M:f(x):{du:f’(x)dx
(4

:§+21n2.
2

dv=dx =x-1

Khldojf ) =(x-1) f(x)], -

O'—;b—l

1

(x)dx=£(0)- J.x(x—l)(6+12x+efx)dx=3eil.
0

Cau 46: Thay x =0 taduoc f(0)+ f(2)=2= f(2)=2-f(0)=2-3=-1.

2 2
Ta co: j F(x)dx = j F(2-x)dx
0 0

2 2 2
 hA thion AR pa 8 4
Tur hé thire deé ra: ‘(‘)-[f(x)+f(2—x)]dx :J‘(x2 —2x+2)dx :§:>E[f(x)dx:§.

Taco:

O =NV | Yy

sin2x.f’(25inx)dx=%j.t.f( ——{tf If } [ )—%}:-%

Cau47: Tacé: f(x)=xf'(x)+Inx & -Inx=f'(x)x - f(x).(x) = — = ) s

[ e [ 10 ar 21 2

X

Cau48: Taco: y=f(x) lahamso chinvaliéntyctrén R = f(-x)= f(x),vxeR.
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0
Xét [ = L)ldx bat t=—x = dx=-dt, doICan x=-3=t=3; x=0=1t=0.
2% +

== f_( ! - Jf(t)dt='[2tf(t)dt jzxf( i
32f+1 ol 92+l g 2%+1
2t

J.27‘+1 I2"+1Cl +IzX+1 I2’(4E1dx+ff If(x)dx'

=J‘f(x)dx+j.f(x)dx=3+9=12.
0 1
Cau49: Theo gia thiéttace [ £'(x)] =4[26* +1- f(x)|= [ £(x)] +4f(x) =82 +4 (*).

Lay tich phan hai vé cua bi¢u thic (*) ta duoc

0

[0 0o s d“{xf( )\éjx-f'(X)'de_%

()] dx“‘jx-f'(x)-d“% =0 I[f'(x)]2 dx—4jx.f‘(x).dx +i4x2dx 0

Cau50: Tacod f'(x)=f'(2-x)= f(x)=—f(2-x)+C=C=f(0)+ f(2)=4024.

Do do f(x)+ f(2—x)=4042.

I[f(x)+f(2—x)]dx = j.4042dx — 8084

Tacé . . = [ £(x)dx =4024.
f'(x)=f'(2—x)zjf(x)dx=jf(2—x)dx 0

T

Khi d6 I:—%Tf(Zcosx)d(Zcosx):—%'Z[f(t)dt:%J.f(t)dt:2012.
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Mot s6 bat dang thae thudong dung trong bai toan cuc tri sé phirc

_zl =0

e Cho cac s phirc z,,z, thitaco: |z;|+|z,| 2|z, +z,|. Dang thuc xay ra khi VKR k202 — ke
| 41 ’ R =V, 24y =Ry

_Z1 =0

e Chocacsd phic z,,z, thitaco: |z, +2,| > ||z,| |z, | . Bang thic xay ra khi L0k R k20,2, ~ ke,

e Bit ding thirc Cauchy — Schwars: Cho cac s6 thuc a,b,x,y thita c6 ax +by < \/(aZ + bz)(x2 + yz) . Pang

thirc xay ra khi ay = bx .

WA vipy MINH HOA

CAU 1. Trén tap hop cac s phirc, xét phuong trinh z* - (El - 3)Z +a>+a=0 (a 1a tham sd thuc). C6 bao
nhiéu gi tri nguyén ctia @ dé phuong trinh c6 2 nghiém phtic z,, z, théa min |21+ 25| =21 -2, ?
A 2. B. 4. C. 3. D. 1.

& LOI GIAI
Chon B

Taco A=(a—3)2 —4(a2 +a):—3a2 -10a+9.

5-2J13 5+2413
3 3

<a<

Trwong hgp 1: A>20&

Z,+z2,=a-3
Theo Viet { r2 :‘zl—zz‘:\/(zl+zz)2—4zl.zz :\/—3a2—10a+9 .

.Khido6 z,, z, 1a 2 nghiém thyc

_ 2
Zi.Zy =4 +a

Tur @6 ta cod

2, +2,| = |2, ~ 2,| < a3 = V-3 ~10a+9 = (a-3)’ =—3a2—10a+9<:>4a2+4a=0<:>{a Ol(TM)
peo

—5+2\/E
a>——"=

3
5-2413
i

Truong hop 2: A<0 <
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J— 1 2 —
Khi d6 z, , == 3i”3; P09 2, =iV3a +100-9 = |z, — 2, =\3a2 + 1009 .
|2, +2,| = |z, 2, = |a-3| =322 +10a—9 = (a—3)" =3a% +10a-9

a=1

<:>a2+8a—9:0©[
a=-9

(™)

Vay c6 4 gia tri cua a thoa man yéu cau dé bai.

CAU 2. Biét phuong trinh z> +mz+m*>-2=0 (mla tham s thuc) c6 hai nghiém phic z,,z, . Goi
A,B,C 1an luot 1a diém biéu dién cac sb phiic z,,z, VA z, =i. C6 bao nhiéu gi4 tri clia tham sd m dé

dién tich tam giac ABC bang 1?
A 2. B. 3. C. 4. D. 6

£ LOI GIAI
Chon C

Ta co: A:m2—4(m2 —2)=—3m2 +8

26 2[

Truong hop 1: A>0& —3m*+8>0 <:>— —— . Khi d6, phuong trinh cé hai nghi¢ém thyc
phan biétla z,,z, .

Vi A,BeOx nén AB:‘zl—zz‘:\/(zl—zz)z :\/(zl+zz)2—4,21:/:2 =-3m*+8 .

Mit khéc, ta ¢6 C(0;1) = d(C; AB) =1.

= Suapc =%AB.d(C;AB) =—“‘3”"22+8 -le —+i (n).
Truong hop 2: A<0 <= -3m*+8<0< 3 Khi do, phuong trinh c¢6 hai nghiém phurc lién hop
m< _2;/8

—-m+1i |A|
la Zyy=—F—

Taco: AB= ‘zl—zz‘—‘(‘ 4[ 3m +8 \3m? 8vac

Phuong trinh duong thang AB 1a x+—_0 nén d(C AB)

1 ‘\/3m m2 =4

Do do, SAABC:EAB.d(C;AB) ‘ , 4 om=+2,

Vay c6 4 gia tri thyc cua tham s6 m thoa man dé bai.

CAU 3. Trong tap s phirc, xét phuong trinh 7 —Z(m—l)z +2m—2=0 (m 1a tham s6 thuc). Goi S la
tap hop céac gia tri nguyén ciia m dé phuong trinh ¢ hai nghiém phan biét z,,2, thoa man |zl| = |Zz| . Tong

cac phan tir cia tap S la
A. 3. B. 1. C.6. D. 2.

£ LOI GIAI
Chon B
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Xét phuong trinh z° —2(m—1)z+2m—2 =0, taco: A’ :[—(m—l)]z ~1.(2m-2)=m" —4m+3.
Truong hgp 1: A'>0 om?—4m+3>0 o m>3.
m<1
Phuong trinh da cho ¢6 hai nghiém thyc phén biét z, z,.

S ] zl+22:2(m—1)
Theo dinh li Vi-et ta co:
242, =2m—2
Theo dé bai ta ¢0: |z, | =|z,| =z, =—2, © 2, +2, =0 = 2(m~1)=0 & m=1,
Truong hop 2: A'<0 < 1<m<3
Phuong trinh ludn ¢6 hai nghiém phtrc z;, z, ludn thoa man |z,| =|z,|.

Do do s={2}.Vay téng cac phan tir cua tip s 1a 1.

CAU 4. Trén tap céac sb phirc, xét phuong trinh 22 —mz+m+8=0 (m 1a tham s thyc). C6 bao nhiéu gia

tri nguyén cua tham s6 m dé phuong trinh c6 hai nghiém 2z,,z, phan biét théa man
2 2

‘zl(z1 +mzz)‘=( —m—8)|zz|?

A 12. B. 6. C.5. D. 11.

& LOI GIALI
Chon C

Taco A=m?*—4m—32 1a biét thie cua phuong trinh.

, 8 . . . n A
Truomng hop 1: Xét A>0< m? -4m-32>0< {m g 4 khi d6 phuong trinh cé hai nghiém thyc phan
m<—

biét. Tacod z? =mz, —m—8 suy ra z; +mz, =m(zl+zz)—m—8:m2—m—8 do do:
‘zl(zf+mzz)‘:( 2—m—8)|zz| <:>‘m2—m—8“zl|:(m2—m—8)|z2| ().

m? —m—-8>0

Néu z,.z, =0 thi m+8=0= m=-8 khong théa man. Khi do (*)©{| | | |
2=z,

hé v6 nghiém.

m*—-m-8>0 |m?>-m—-8>0
< <
m=0

=77
Trudng hop 2: Xét A <0 < —4 <m <8 khi d6 phuong trinh c6 hai nghi¢ém phirc phén biét va |z| =|z,|,

ta co ‘zl(zlz+mzz)‘:( 2—771—8)|zz| <:>‘m2—m—8“zl|=(m2—m—8)|zz|

1+\/§
m=
2

S m-m-820s 2__ . Kéthop dicu kién ta duoc m < {-3;4;5;6;7}.
< 1-+/33
2

Vay co tatcala 5 s nguyén can tim.

CAU 5. Trén tap hop céc s phirc, Xét phuong trinh z> —6z+m =0 (1) (m latham s6 thuc). C6 bao nhiéu

gia tri nguyén cua m thudc khodng (0;20) dé phuong trinh (1) c6 hai nghiém phén biét z, z, thoa man

— ?
2121 =2Zp.25 !

A. 20. B. 11. C. 12. D. 10.

£ LOI GIAI
Chon D
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bieu kién d€ phuong trinh (1) c6 hai nghiém phan biétla: A=9-m=#0< m=9.

Trwong hep 11 A’ >0 <> m < 9. Khi d6 phuong trinh (*) €6 2 nghiém thyc phan bi¢t z,,z, va z, = z,
3=z NBN ziz =22 o 27 =2 Q[: Zizzz

Véi z, = z,, khong thod man yéu cau phuong trinh (1) ¢6 2 nghiém phan biét, nén loai.

Véi z, = -z, < z; +z, =0 khong théa man, do theo Vi-€t, ta co z, +z, =6.

Truwong hop 2: A’ <0 < m > 9. Khi d6 phuong trinh c6 hai nghi¢ém phuc phan biét z,, z, va

Z, =2y, 2, =2,. YU CAU z,z, =2,2, <> 2,2, = 2,2, ludn ding véi m >9.

Vay trong khoang (0;20) ¢6 10 s 2, thoa man yéu cau bai toan.

CAU 6. Cho s phitc z théa man ‘Z -5+ 7i‘ =197 . Gi4 tri 16n nhét cua |z —Al— 7z'| s |z —6+ 21i| thudc tap
hop nao sau day?

A. (20;J19_7). B. [30;40]. C. [J19_7;2 394] D. (2@;40).

& LOI GIAI
Chon B

Goi M(x;y) la diém biéu dién s6 phitc z.Suyra, M e (C) : (3(—5)2 +(y+7)2 =197 cotam 1(5;-7)
Goi A(4;7),B(6;-21). Tathdy A,Be(C)
Mat khac, AB=2+197 =2R = AB la duong kinh cua duong tron (C).
Me(C): MA® + MB? = AB* =788
2
Taco: (MA+MB) < z(MA2 +MB2): 2.788 =1576 — MA + MB < /1576 = 2/394

Taco: |z-4-7i|+|z-6+21i|= MA+ MB < 24/394

Vay gia tri 16n nhét ciia |z—4-7i|+|z -6+ 21| bang 2+/394 ~ 39,69.
Dau " =" xay ra khi MA = MB

CAU 6. Xét cac s6 phirc z va w thoa man |2| =|w|=1, ‘Z-i-w‘ =2 . Gia tri nhé nhat cia biéu thirc
P =|zw +2i(z +w) — 4| bang

A. ¥ B. 1+Z\/§ C.5-242 D. 5
& LOI GIAI
Chon A
Tacd [z+w|=V2 =2=[z+w =(z+w)(z+w) =[] +[wf +z0+z0
S zw+zw=0 = zw 1a s6 thuan ao. Hay z%=ki, ke R. Do do, z:ﬁ.
w

Mat khac,

:\/k2+1:\/5 =k==1.

Viy z =+ Do vai tro binh déng ciia z va w nén ta chi cAn xét truong hop z = = .
w w

z+w‘=\/§ :>‘£+w =2 :>‘ki+w;‘=«/5‘z_u‘ S‘ki+1‘=\/5 (do |w|=‘z_u‘=1)
w

Khi d6
P:‘iwz+(2i—2)w—4‘:‘w2+(2+2i)w+4i‘:‘(w+1+i)z+2i .
Pit u=w+1l+iDw=u-1-i=lwl=lu—1—il=1 va zy=—1-1.
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, 2 2 h 4 _ _\2 2
Taco P2:‘u2+21‘ :‘u2+zg‘ :(u2+z§)(u2+zo2):|ul4 "“Zo‘ +(u-zo+zo-u) —Z‘M.ZO‘

— 2
—ul* —4lyl +4+(u.zo+zo-ﬂ) )

_ 2 —
Ma (u+zo)(u+zo):‘u+zo‘ =1 s u-zy+zy-m=1-1ul |z =—1ul -1,
2
2 177,99 _ 5 3\2
SuyraP2:|u|4—4|u|2+4+(|u|2+1) —2lul* 21ulP +5=2{luP —=| +Z>Z=p>=—= J—
2 2 2 2

CAU 8. Xét hai s6 phic z,,z, thod man |z, +2z,|=2 VA |2z, -3z, -7i|=4. Gi4 tri 1on nht cta biéu
thic P =|z, —2i|+|z, +1| 12

A.%. B. 24/3. C. 44/3. D.?.

& LOI GIAI
Chon A
bat w, =z, -2i; w, =z, +i. Suy ra z; =w, +2i; z, =w, —i.

Khi d6 |z, +2z,| =2 <:>‘w1 +2i+2(w2 —i)‘:Z o w, +2w,| =2 < |w, +2w2|2 =4

& (1,420, ) (0, +20,) = 4 & (a0, + 200, (10, + 20, ) = 4 = [, + 4o, + 200, 0, + 20,0, = 4
o 3fw, [ +12[w,[* + 6w, w, +6w,w, =12 (1).

Tuong tu: |2z, 3z, 71| =4 < [2(w; +2i)=3(w, —1)~7{| =4 = 20, - 3w, | - 4

o 2w, -3w,| =16 = 4fw,|" +9|w,|" 6w, w, ~6w,w, =16 (2).

Tu (1) va (2) suy ra |w1|2 +3|w2|2 =4.

1 2
Do d6: P =|w, |+|w,| _1"wl‘+\/§"w2"ﬁ<\/(|w1|2+3|w2|2){12+(%j J _ 4%:¥_
1

=

. . 43
Vay gia tri 16n nhat cia P bang T\/_ khi ‘wl‘ =+3

CAU 9. Xét cac s6 phitc z va w théa méan (3—i)|z| =2 +1-i.Tim gia tri nho nhét cia T :|w+i|

w—1
o2 o i

A 2. B. L.
2 )

& LOI GIAI
Chon D

=(3-i)l7-(1-i) <=

w-1 w—

:(3|z|—1)+(1—|z|)i, dat |z|=u>0.

Khi d6 :(3a—1)+(1—a)i:‘L‘:\/loof—8a+2
w-1 w-1
7| a 1 1
Suy rajw—1|{= = = - <
o1 V1022 ~8a+2  \104* —8a+2 \/10 8,2
a a

-
N
I/
Q=
|
N
~
N
+
N
==
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Mat khac: T=‘w+i‘=‘w—1+1+i‘s‘w—1‘+\f=++ﬁg&
V102% —8a+2 2
DAu “=> xay ra khi z:i;w:ﬁ
2 2

Luu ¥: O day st dung BDT |z +w| < |z|+|w|. Déu “=" xay ra khi z = kw(k>0)

CAU 10. Xét cac s6 phic z,w théa méin |2|=2 va |w|=1.Khi [i

bang
A 3. B. 5. c.g. D.%.
& LOI GIAI
Taco iz|=|z|=2.
Hiz|—|w”£|iz+ZU| (1)@1s|iz+w|s3(3). Diu"="6& (1) xdy ra khi va chi khi w=k.(iz),k<0; dau
|iz+w|£|iz|+|w| (2)
"=" & (2) xay rakhi va chi khi w=h.(iz),h>0.
Ta lai co |iz+w—3+4i>|iz+w|-|-3+4i| < |z+w-3+4i|>|iz+w|-5] . Ta (3) suy ra
pol
2
|iz+w|=3 l:—§
iz+w-3+4il>2.Diu "=" xayra < w=h.(iz),h>0 S 58 6
iz+w=1(-3+4i),l<0 |*=757F
3 4
w=——=i
5

Viy Minliz+w—3+4i =2 va |z+w|=

CAU 11. Xét cac s6 phiac z ,w théa maniz =l wl=1. Khi | z— 2w —3—4i| dat gia tri I6n nhat thi |z —w!|
bang
A. 55 B. 8. C.3 D. 2.

£ LOI GIAI
Chon D
Giast z=a+bi,w=c+di,ab,c,deR.
a>+b* =1

lz=elwl=1=
2 +d*=1

|z-2w-3-4i |=|a—2c—3+(b—2d—4)i|:\/(a—Zc—3)2+(b—2d—4)2

|z—2w—3—4i|=\/(a—2c—3) (b-2d4-4)" <a®+b? + /4c +d2 +3? +4% =8,

a? +b? =102 +d* = a? +b* =12 +d* =1 azé,b=§
Dau“="xayrakhi {5 _oc 3 a -2¢ -3 = 3 5
b 24 - _:__:__ c=—,d=—
2d -4 b -2d -4 5 5
8
Dodo lz—wl= \/a c b d — g
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CAU 12. X¢ét tat ca cac s6 phitc z thoa méan |z—3i+4|=1. Gia tri nho nhét cua ‘zz +7 —241" nam trong

khoang nao?
A. (0;1009). B. (1009;2018). C. (2018;4036). D. (4036;+x).

£ LOI GIAI
Chon B

Taco 1=|z=3i+4/> || [3i—4| = || -5 = -1<|z|-5<1= 4 <[¢| <6.
bit 2, =4—3i:>‘zo‘=5,202 =7-24i.

2 ) N2 —2) _ |4 4 — —\2 5 2
:(z +z, ) z +z, —‘z‘ +‘zo‘ +zz,+z,2) - ‘z.zo‘

Taco A= ‘zz +7—241"2

_ -2 2
—‘Z +z,

. - — — - 2 2
Ma (z+zo)(z+zo):1:>z.zo +zo.z:1—‘z‘ —‘zo‘

Zp

2
Suy ra A:|z|4+|zo|4+(1_|z|2_ zj 2z, [P = 2l ~2ff +1201.

Ham s6 y = 2¢* —2¢% +1201 ddng bién trén [4;6] nén A>2.4" -2.4” +1201=1681.
=4

Dau bang xay ra khi va chi khi )
z+4-3i]=1

. Do do ‘zz +7 —241" nim trong khodng (1009;2018) .

CAU 13. Gia sir z,,Z, la hai trong cac s6 phitc z théa man (z—6)(8—i;) 1a s6 thyc. Biét rang

|z, —z,| =6 Gia tri nho nhét cua |z, +3z,| bang

A. -5+/73 . B. 5++/21 C. 20-2+/73 D. 20—4+/21
& LOI GIAI
Chon C

bit z=x+yi,(x,yeR). Goi A,B lan luot 1a diém biéu dién cho cac s6 phuc z,,z, .

Suyra AB=|z; —z,|=4.

Ta co:

(2—6)(8—1';)=(x+yi—6)(8—i(x—yi))=(x+yi—6)(8—ix—y)

= 8x — x%i — xy + 8yi + xy — y*i — 48 + 6xi + 6y

Do (z- 6)(8 - ig) 14 s6 thuc nén ta duge x* + y* —6x —8y =0 . Vay tap hop cac diém biéu dién caa z 1a
duong tron tim 1(3;4) ban kinh r =5,

Xét diém M thudc doan ABthoa MA +3MB=0 < OA+30B=40M .
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Goi H la trung diém AB.

Taco HA:HB=%:3 va MA=%AB=%:>HM=MA—HA=%.

[ gz N73 ,
Tu d6 HI* =R*-HB* =16, IM =vVHI* + HM? =g, suy ra diém M thudc duong tron (C') tam

73

1(3;4), bankinh r :T'
Tac6 [z, +32,|=|OA +30B| = [40M| = 40M., do d6 |z, + 3z,|nho nhét khi OM nho nhéit.

Tacé OM,;, =OM, =|0I 1| =5—@. Viy |z,+32,|  =40M, =20-2473.

CAU 14. Xét cac sb phirc z, w thoaman |z|=2 va iw|=1. Khi |iz +w + 3 —4i| dat gia tri nho nhét,
g

|z —w] bang
A. 5. B.g. C.3. D.@.
& LOI GIAI
Chon A
Céach 1:
Taco liz+w+3— 41‘>‘3 41‘—‘zz+w‘>5 ‘zz‘+‘w‘ 2+1
. [w=k(3-4) ki (k, <0)  |[u]= 1w‘
Dau bang xay ra khi < ,
1.z=k2(3—41) khi k <O ‘12‘ ‘z‘
we 3.4
Giai h¢ trén suy ra k2:_2; klz—l.Hay 5 5 = 7= _21(3_4i):>Z:_§__1
5 5 _2(3 41) 5 5
5

Khi d6 z—w=-1-2i =|z-w|=

Céch 2: 7

Trong mat phang Oxy :

Goi M la diém bieu dién cua s6 phirc iz =OM =2 => M thudc dudng tron (C,) tim O bén kinh
R, =2.

Goi N la diém biéu dién ciia s6 phtc w = ON =1 => N thudc dudng tron (C,) tam o ban kinh
R, =1.

Goi E(3;—4). Khi d6 A =|iz+w+3-4il =‘W+OW+@‘.

Tathdy A dat gia tri nho nhétkhi M, N, E thing hang va OM va ON nguoc huéng véi OF

Puodng thang OE ¢6 phuong trinh 13 y= _—34x.

Toa d9 giao diém ctia duong thing OE va dudng tron (C,) la nghiém cua h¢ phuong trinh:
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6
X :g
4 y="tx -8
—_ = — _4 - _°
773 = 2 =73 o 5
x2+y2= x2+[—xj =4 25x% =36 x:_g
8
y= 5
R 6 8] nx Ars . AT
Vay M —g;g (Vi OM ngugc hudng voi OF ).
Toa d6 giao diém cia duong thing OE va dudng tron (C,) 1a nghiém cua h¢ phwong trinh:
[ 3
X Zg
4 4
-4 Yy=—x - ==
y=—7x 3 =— Y75

Vay N[—%;%j (Vi ON nguoc hudng vai OE ).

Do do: w=—§+éi va i.z=—§+§i<:>z:—§—§i.Véy ‘Z—W‘=‘—1—2i‘=\/g.
5 5 5 5 5 5

CAU 15. Xét cac s6 phiic z,w thoa man |z+2+2i|=1 Va |w—1+2i|=|w-3i|. Khi |z—w|+|w-3+3i
dat gia tri nho nhét. Tinh |z +2u|.

A. 213 B.7. C. 24/5. D. 61 .

& LOI GIAI
Chon D
Gia str diém biéu dién cua z,w lan luotla M, F.
Do |z+2+2i=1nén M nam trén duong tron (C) tam 1(-2;-2), bankinh R=1.
Goi A(1;-2),B(0;3) . Do |w—1+2i| :|w—3i| nén F nam trén duong thang d:x+y+1=0 1a duong
trung tryc cia doan th:fmg AB.
Goi C(3;-3). Khid6 |z —w|+|w—3+3i| = MF + FC . Tadi tim gié tri nho nhat clia tong hai doan thang nay.

F

C

Gia sir (C’) 1a duong tron doi ximg véi (C) qua duong thang 4 . Suy ra (C’) ¢6 tam 1'(3;3), ban kinh
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R’ =R=1.Khi d6 tmg véi m6i M e (C) ludn ton tai M’ <(C’) sao cho MF = M'F .

Suy ra |z —w|+|w—3+3i| = MF + FC = M'F + FC dat gié tri nho nhéat khi I',M’,F,C thang hang,
Khi d6 F 1a giao diém cta 4 va I'C vOi I'C:x=3.Suy ra F(3;-2).

Twong (mg ta cd6 M 1a giao diém cua duong thing IF va dudng tron (C), M nam giira 1,F.
Suy ra M(-1;-2).

Do d6 |z —w|+|w -3+ 3i| dat gié tri nho nhat khi z=-1-2i,w=3-2i.

Suy ra =+ 2w =5-6i = |z+2w| =61

CAU 16. Goi s 1a tap hop tét ca cac s6 phirc z sao cho sb phirc w = % c6 phan thuc bang 2 . Xét cac
z+

e , \ ~ -y o« 1y A > .12 .12 S
s0 phitc z,z, € S thda man |3z, —4z,| =2, gid tri 16n nhat cua P = |z1 —3z| —|z2 —4z| bang

A. 16. B. 8. C. 4. D. 32.
& LOI GIAI
Chon C
T ch: 243 (Z+3)(Z+1) |z|2+4x+3—2iy
W= = _ =
z+1 (Z+1)(Z+1) |z|2+2x+1
‘z‘2+4x+3
3wcéph§nthucle‘12—22@‘2‘2:1<:>x2+y2:1
‘z‘ +2x+1

P =z, =31 [z, 4 =(2,-31) (2, +3i) - (2, - 4i)(z, + 4| =i(32, ~ 42, 32, ~ 42,

pP= i(321 —4z, -3z, —422) < |i|(|3z1 —422|+‘3z1 —422‘) =4

CAU 17. Cho z,, z, 14 hai s6 phirc thoa man |iz—1+i =2 VA |z, —2,| =2 . Gi trj 16n nhét cia biéu thc
P =|z, +z, +1+2i c6 dang a++/b.Khi d6 a® +b c6 gid tr Ia
A. 18. B. 15. C. 19. D. 17.

& LOI GIAI
Chon B
bat wziz—1+i:>|w|=2.V('7i wy =iz, —1+1; w, =iz, —1+i thi |w1|:2; |w2|:2.
Ta c6: ‘Zl—Zz‘=\/5<:>‘i(zl—zz)‘=\/5‘i‘©‘wl—wz‘:\/z.

Mit kha 2 ?
at khac, wl—w2| +|w1+w2| —(wl—wz)(wl—w2)+(w1+w2)(wl+w2)

=(w1 —wz)(w_1_w_2)+(w1 +w2)(w_l+u72) = Z(wl.w_lerZ.uZ) = 2(‘w1‘2 +‘w2‘2) .

Do do ‘w1+w2‘2 :2(‘w1‘2+‘w2‘2)—‘w1—w2‘2 :>‘w1+w2‘:x/ﬁ.

Ta co P =|z) +z, +1+2i| =|i|.|z; + 2, + 1+ 2i| =|iz; + iz, —2+i
=|w, +1—i+w, +1—i—2+i|=|w; +w, —i.

Lai co: P=‘w1+w2—i‘s‘wl+w2‘+‘i‘<:>Psx/ﬁ+1.

Suy ra maxP =1++/14 . Do d6 a=1,b=14.

Vay a® +b=15.
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CAU 18. Cho s6 phitc z thoa man |z+2|+2|z—Z|=8. Goi M, m lan luot 1a gia tri lon nhat, gid tri nho
nhat cta biéu thuc p = |z -3- 3z'| . Gia tri cia M +m bang

A 10434, B. 2410 C. 10+ 58 D. J5+58.

£ LOI GIAI
Chon D
bit z=x+yi(x,y eR).
Taco |z+z|+2]z—-z|=8 < 2|x|+4|y| =8 < |x]|+2|y| = 4.
Trong mit phing phiic, goi M 1a diém biéu dién hinh hoc cta s6 phic z . Khi d6 tap hop diém M la
hinh binh hanh ABCD véi A(0;2), B(4;0), C(0;-2), D(—4;0).
P =|z-3-3i|=EM Vi E(3;3).

E
y
Al2
H
D x
4 (@] 4
—27C

minP = EH :d(E,AB) = \/g v6i H 14 hinh chiéu vudng goc ctia E 1én doan AB.
maxP=ED=\/§.V3y M+m=\/§ \/%

CAU 19. Cho sb phic z = x+yi, (x,yeR) thoa man |z+2—2|+3|z—2+4i|s6 va |z—1—i|£|z+3+i|.
Goi M, m la gia tri 16n nhét va nho nhit ciia bicu thie P=2x+3y+5. Khi 46 M +m bang
A ﬁ . 17. 13 D. 2
5 5 5 5

Chon D

Goi z=x+yi; x;yeR.

Xet |z+z-2|+3z—z+4i|<6 < |x—1|+[3y+6/<3. (1)

Tap hop nhiing diém biéu dién z=x+yi; x;y€R. thoa man (1) la mién trong (tinh ca bién) cua hinh

thoi ABCD v6i A(-2;-2); B(1;-1); C(4;-2); D(1;-3) tao boi 4 duong thang [x—1|+ |3y +6| <3.

Taco: |z—1-i|<|z+3+i| < 2x+y+220

Tap hop nhiing diém bi€u dién z thdéa man (2) la nira mat phang chira diém O ( ké ca bo duong thang

2x+y+2=0).

Suy ra tp hop nhitng diém biéu dién z=x+yi; x;y€R. théaman (1)va (2) la mién trong (tinh c4 bién)
-2 -10 2 -14

clia ngil gidc EBCDF v6i E(7;TJ; B(1;-1); C(4;-2); D(1;-3); F[E’?}
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Biéu thic P=2x+3y+5 s& dat gia tri 16n nhit va nho nhat trén mién trong (tinh ca bién) cia ngii giac

EBCDF khi (x;y) 1a toa do ciia mot trong cic dinh E(%z;gj; B(1;,-1); C(4;-2); D(1-3);

p[2,514)
5 5

Ta co:
(%7) E[—_z_—_m} B(L-1) [ C(4-2) | D(L3) F[g_—_m]
777 545
P 1 4 7 i) -13
7
SuyraM=7;m=—?:>M+m=%.

CAU 20. Cho céic 56 phifc z,w thoa man |z =2, [w—3+2 =1 khi d6 |z> ~2zw 4] dat gid trj 16n nhdt
bang
A. 16. B. 24. C. 4+413. D. 20.

& LOI GIAI

Chon B

Goi M(x;y) 1a diém biéu dién cua s6 phitc z = x +iy(x,y e R), E 1a diém biéu dién cia s6 phirc w. Tir
gia thiét suy ra M thudc duong tron tim 0(0;0), ban kinh R; =2; E thudc duong tron tam I(3;-2),
ban kinh R, =1,
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Ta co: P:‘zz—zzw—él‘: :/;2—2zw—|z|2 :‘22—ZZw—z.;‘:|z|.‘z—2w—£‘

:2.‘2—2w—;‘:2.|2y—2w|=4|y—w|=4KEZHN = P>4(HI+R,)< P=>24

Trong d6 K(0;y), 2<y <2, H(0;2),N la giao diém cua duong tron (I) vadudng thang IH x > 3.

CAU 21. Xét cic 6 phitc z théa man |z+32i|+|z~3+i|=35. Goi M , m lan luot Ia gi4 tri 16n nhét
va gia tri nho nhét cua biéu thic p = |z+2|+|z—1-3i|]. Tim M, m.

A.M=\/E+\/g;m:3x/5. B.M=\/%+2\/§;m:\/§.
C.M=\/%+2\/§;m=3\/5. D.M=ﬁ+\/§;m:\/§.
£ LOI GIAI

Chon C

|
|
I
l w
3 2 -1 0 1\;
S M,

Goi M la diém biéu dién s6 phirc z, F,(-3;2), F,(3;-1), A(-2;0) va B(1;3).

2 3 x
I
F,

Taco |z+3-2il+[z—3+1|=3V5 va EF, =3\5 = MF, + ME, = F,F; .
Do d6 tap hop cac diem M 1a doan thang F/F, .

Duya vao hinh Vg, ta thay:

M=P_ =M,A+M,B=26+25.

m=P,_ =MA+MB=AB=32.

Vay M=\/%+2«/§; m:3x/5.

CAU 22. Cho z, VA z, 1 hai trong s6 cac s6 phic z théa min % 1a s6 thuan 4o va |z, -2, =8.
z+4+3i
Tim gi4 tri 16n nht cua biéu thie T = |z, +2, +3-3i|
A. 5+342. B. 3+342. C. 6+32. D. 4+342.

& LOI GIAI
Chon C
Goi s6 phiuc z=x+yi . DK: x = -4 va iy #-3.

z-4-3i x—4+(y-3)i x*-16+y* -9 . —6x+8y

Ta co: = = > > > S
z+4+3i  x+4+(y+3)i (x+4) +(y+3)" (x+4) +(y+3)
: 2 2
Déﬂléséthuﬁnéoc X Ay -2 =0 x> +y*-25=0

z+4+3i (x+4)2+(y+3)2
Suy ra diém biéu dién s phtic z; Va z, thugc duong tron tim O(0;0), ban kinh R =5.
Goi z, =x; +y;. c6 diémbiéu dién A(x,;v,); 2, =X, +,.i 6 diém biéu dién B(x,;y,) Va z3 =3-3i
¢6 diém bicu dién C(3;-3).
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Ta co: ‘21 —zz‘:8<:>\/(x1—x2)2 +(yl—y2)2 =8« AB=8.
Xét T:|z1 +2z, +3—3i|:‘O—A+(ﬁ+&‘

Goi H la trung diém AB = AH =4 VA OH L AB=OH =3.

Suyra: T =‘07+@+ﬁ‘ =‘2.0TI+&‘ < ‘ZOTI.‘-F‘&" =2.0H+0C

—T<6+32.Diu "=" xay ra khi OH cung hudng oC.

CAU 23. Cho hai sé phitc z,,z, théa man |z, —z, ~1-i| =242 va |z, | +|z, ~6 - 61/ =3v2 . Gia trj I6n

nhét cua biéu thic P =3z, —z, —5-i| bang

A. 2410 . B. 410 . C. 245. D. 44/5.
& LOI GIAI
Chon D
Y
I 1
B i
===~ K
e |
1p--~--- =D |
1 0 ./: : x
: e 2 3 5
g¥ -1

Taco |z, —(z, ~1-i)| =22, [z,| +|(z, ~1-1)-5-5] =312
Pat A(z,~1-1),B(z,),C(5:5)= 0C =52
Khi d6 gia thiét trong dwong AB = 23/2,0B+ AC =342

Suy ra OC =OB+BA + AC < B, A thugc doan OC va BA,0C cung hudng.
Taco P =3z, (2, ~1-i)-6-2i|=[30B-OA~20D| véi D(3;1).

Goi 3IB~IA=0=>I thudc doan HK voi H(-1;-1),K(22)

= P=[201-20D|=2DI . Do 6 Py, =2DH =445,
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CAU 24. Cho hai s6 phirc z,w phan biét thoa man [z| = feo| =4 Va (z—i)(w+i) 14 56 thye. Gid trj nho nhét
cua |z —w| bang

A. 8. B. 24/3. C. 2./15. D. 24/14 .

& LOI GIAI
Chon C
Céch 1: Du tién ta dit dnnhu sauzy” - ' thikhi d6 ta cO:|a+i|+[p+i|= 4
=w—1i

——
fayy

(z—i)(;ﬂ')=(a+bi—i)(c—di+i)=(ac+bd—b—d+1)+(a—c—ad+bc)i

Ma do (z—i)(z?;ﬂ') 1a s6 thyc nén suy ra a—c—ad+bc=0<:>z=%. Goi A,B lan luot la diém bicu
C —

dién sb phirc z,w va diém C(0;1)

Tir d6 ta suy ra voi hé thire trén ta c6 duge A,C,B thing hang. Khi d6 ta c6 hinh v& nhu sau:
Y

A(=) Ay

W|may

o C(1;0) T

B(w)

By

Tasuyra|z—w| =AB,, =2V4>-1* =2.15.

Céch 2: Sir dung cach thuan dai s6
Ta co:

(z—i)(hi):(z—i)(_w—ﬁ):(z—i)(w-i)eR:z—i:k(w—i)@(k—l)i:kw—z (k#1)
Suy ra: |k—1|2 =|kw—z|2 2(|kw|—|z|)2 =16(|k|—1)2 .Mavi k=1 nénsuyra k <0

Do d6 (k=1)" =[lw—z[ =Kkfu| +[zf" ~k(zw+ z7w0) & ~k(zw + zw) = -15(k +1) - 2k
Tiép theo, ta nhan théy: ~15(k+1)" =15k ~30k-15<0 & —15(k2 + 1)—2k <28k nén suy
ra —k(zw+ zw) < 28k < ~(zw+zw) > 28 (k<0).

Tir 06 ta c6 duge: |20 =32~ (zw0+20) 232+ 28 =60 & [z— | > 2415,

CAU 25. Cho céc sb phtic #,v thoa man lu| =|0|=5 va i(u —1)(0 —1) 14 56 thyre. Tong gia tri nho nhét va
gia tri 16n nhat cuia biéu thirc |u+7| bang
A 14. B. 12. C. 16. D. 18.

& LOT GIAI
Chon A
Cach 1: Dau tién, ta goi A(a,;a, ), B(b;;b,) lan lugt 1a diém bicu dién cua u,v khi do ta co:
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u—1=(a; —1)++ayi
i(0-1)=b, +(b,-1)i

Piéu nay ddn dén MA L MB véi M (1;0). Tlr d6 ta c6 hinh v& nhu sau:

y C

. Thé nén i(u—l)(le) 1a s6 thyc chi khi (a, —1)(b, ~1)+ab, =0

E

Dyng hinh chit nhdt MACE khi d6 dugc |u-+o|=|(u+(v~1))+1|=|0A+OB+OM|=|0C +OM|

Dung cac diém A',B,H,H' va hinh chit nhat CDEF nhu hinh trén
Tac6 O cach déu CD va EF ; O cach déu DF va EC nén O latdm CDEF

Do do OC =V/AH?+ BK? = [(0A? ~OH?)+(OB* —~OK?) =204’ ~OM? =7
Tir va ciing véi [OM|=1 ta duge 6=0C —OM <|u-+v| =|OC +OM|<OC +OM =8

Thir lai ta thiy ddu bang c6 xay ra nén ta suy ra tong gia tri nho nhat va 16n nhét caa biéu thirc
lu+v| 1214

Céch 2: Taco: i(u —1)(\/71) eR=i(u —1)(\/71)=i(u —1)(\/71)
@i(u—l)(\_/—l):i(u—l)(\/Tl)=—i(ﬁ—1)(v—l)c>U\_/+ﬂv—u—\_/—t_1—v+2:0
<:>(u+v)(ﬁ+\_/)—u2—v2—(u+v)—(ﬁ+\_/)+2=0
<:>(u+v)(ﬁ+\_/)—(u+v)—(l]+\_/)+1:u2+v2—1<:>((u+v)—1)((a+\_/)—l):49

&lu+v-1 =49 lu+v-1=7. Pat z=u+v khi do ta c6 |z—1|=7 tirc s6 phirc Z nim trén dudng
tron c6 tdm 1(1;0) va ban kinh R=7

|z| =|OI-R|=R-0I=7-1=6

2| =[Ol +R|=R+0l =7+1=8

Suy ra biéu thitc can tim min va max d6 1a |z| véi {
Thir lai ta thdy d4u bang ¢ xay ra nén ta suy ra tong gia tri nho nhat va I6n nhat cta biéu thirc |u + V| la
14
. .. o T X — _u-1 2 0. % A,
Cach 3: Khi i (u-1)(v—1) la sd thyc thi (u—1)(v—1)=—1|v—14 la 58 thudn do.
V_
Khi d6 u-1=-ki(v-1) (ke R,k #0) < u+kiv= ki+1<:;>|u+kiv|2 =|ki+1=k*+1

<:>|u|2+k2|v|2+ki<va_\_/u):k2 +1<:>24(k2+1)+ki(Va—\_/U)=Oc>—(va_\_/u)2 :576(k2k+1j2

k?+1 k?+1

2 2
— dvuw —(v6+\7u)2 _ 576( j o (vﬁ+\7u)2 - 2500—576[ j < 2500-576.4 =196

Chinh phyc c&c bai todn VD - VDC: S6 phc | 422



Phan Nhét Unh Chinh phuc vén dung — van dung cao ndm 2023

Suy ra: —14 <vu+w <14 = |u+v[]* =|u[* + V[ +(vﬁ+\_/u):50+(vﬁ+\_/u)e[50—14;50+14]

= |u +V| € [6;8] suy ra tong gia tri nho nhat va 16n nhét ciia biéu thirc |u + V| la 14.

CAU 26. Goi S 1a tap tit ca sb phirc z thoa min |Z -1- i| =1va T 1atap tat ca cac sb phuc w thoa man
lw—2+i|=2. Xét s6 thuc a va s6 phirc Usao cho ton tai cac s6 phic 7,2, € Sva W, W, €T théa man
(u-2z)(u—z,)=(u—w,)(u—w,)=a+2022. Gia tri nho nhat cta |u+2—i| bang

3 4

E. C.—=

A. B.

p. &
15 7

ol

& LOI GIAI
Chon C

Do (u-z)(u-z,),(u—w)(u-w,) la céc s thuc nén e ciing 1a céc s6 thuc.

u—2z, U—Ww,
Goi M (u),A(z,),B,(2,),A(2,),B,(W,) 1a céc diém biéu dién sb phirc thudc tap S,T sao cho théa méan
dé bai. Cling vdi, ta suy ra 2 bo ba diém thang hang lan lugt 1a M, A, B, vaM, A, B, . Tir d6 ta c6 hinh vé&

nhu sau:

B

E Q

\ A7

o

My I

Az

By

Goi P,Q lan luot 1a giao diém cta hai dudng tron nhu hinh trén.

Piém M (u) phai thoa ddng thoi hai bo thang hang lan lugt 1a M, A, B, va M, A, B, nén suy ra phuong
tich ctia hai bd nay cua lan luot hai duong tron phai bang nhau ttc tir diém M phai vé& duoc 2 tiép tuyén
t6i duong tron (1,;1) voi tiép diém 1a X,Y va 2 tiép tuyén téi duong tron (1,;2)véi tiép diém1a Z,T sao
cho MX = MY =MZ = MT . Tir d6 ta suy ra M s& thuoc dudng thang PQ tirc truc ddng phuong cua hai
duong tron nhu hinh.

(x=1)" +(y-1)° =1

(x=2)° +(y+1] =4

Thuyec hién phép trir theo vé cua hai phuong trinh dudng tron trén ta suy ra phuong trinh duong thang PQ
c6 dang la (PQ):x—-2y=0.

Nhu vy tap hop diém M (u) s& nim trén dudng thang (PQ). Cung véi diém E(-2;1), ta suyra gié tri nho

Ta c6 hai duong tron (Il;l) va ( l,; 2) 1an lugt c6 phuong trinh la:

nhit cta biéu thirc [u+2—i| chinh 14 gid tri nho nhét ciia doan ME véi
4 ., .
ME > M,E =d (E;(PQ))=— . Déu bing xdy rakhi M = M,.

NG

Ghi chi: dbi véi cac trudng hop ma hai duong tron cia s6 phirc z,w khong cit nhau hodc tiép xuc nhau
thi quy tich diém M (u) ciing dugce xéc dinh.
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CAU 27. Xét cac sd phuc z,2,,z, théa man |21—4—5i|=|zz—1|=1 va |E+4i|:|z—8+4i|. Tinh

M =z, +z,| khi bicu thitc P=|z—z,|+|z—z,| dat gid tri nho nhat.

A. M=+/41. B. M=6. C. M=245. D. M=213.
& LOI GIAI
Chon D
i
o)
S IR
4|-mmmmmmm el n

_3 ---------
A

Ta co: |z1 —4—5i| =1= tap hop diémf‘l biéu dién sé phuc z; la dudng tron (C,) €O tam 1(4;5), ban
kinh R, =1.

|z, —1|=1= tap hop diém B bicu dién s6 phirc z, 1a dudng tron (C,) ¢6 tm J(1;0), bankinh R, =1.
bat z=a+0bi (a,be]R).

Taco: |z +4i=|z-8+4i| = a® +(-b+4) = (a-8) +(b+4)" o a-b=4.

Suy ra tap hop diém C biéu dién s phitc z nam trén duong thang A:x—y =4,

Khido: p :|z—zl|+|z—zz| =CA+CB.

Goi K 1a diém d6i xing ciia | qua duong thang A, khi d6 ta tim duoc K (4;-3), suy ra phuong trinh
duong thang IK:x=4.

Do d6: P, khi va chi khi C=IKnA; A=CIn(C,) (A & gilta CI); B=CJn(C,) ( B ¢ giita C]).
A(4:4) {zl =4+ 4i

B(2;0)

Suy ra: { —>M=|zl+z2|=2\/ﬁ.

Z,=2

CAU 28. Cho céc s6 phitc zva w thoa man |z —4|=1 VA |iw—2|=1. Khi |z+2w| dat gid tri nho nhat,

|iz + w)| bang

A. 245. B. 442 -3. C. V6. D. 44/2 +3.
& LOI GIAI
ChonC o ,
Goi A 1a diém biéu dién s6 phuc z va Bla diém biéu dién s6 phirc —2w .
Ta co:

|z—4|=1= A thudc duong tron (C) c6 tam 1(4;0), bankinh R=1.
iw-2|=1<|-w-2i|=1< |-2w-4i|=2= B thujc duong tron (C’) co6 tdm 1'(0;4), ban kinh R'=2.
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Lai co: |z +2uw| =‘Z—(—ZW)‘=AB VA II'= 442 > R+ R’ =3 = Hai duong tron (C,) va (C,) khong cé
diém chung = AB_. khi diém A c6 tung d6 duong va diém B c6 hoanh d¢ duong, véi A 1a giao diém
clia (C,) va dwong thang II’, B la giao diém cia (C,) va dudng thang 11"

:A(&ﬁjmzﬁﬂi.

2 2 2 2

B(VZ:4-3) = 20=v2 (4—ﬁ)i:>w:—%—4_\/§i

2
Vay ‘iz+w‘=\/g.
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IS BAI TAP TRAC NGHIEM

Céu 1:

Céu 2:

Céu 3:

Céu 4:

Céau5:

Cau 6:

Cau7;

Céau 8:

Cau 9:

Cho sb phitc z=a+bi , z»0 thoéa min 1-i 45 66 thuc va |z—3i|—|z—3—2i|:2. Dit
z

T =a* +b*. Ménh d nao sau day dang?
A. Te(48). B. T<(8;9). C. Te(11;14). D. T (17;20).

Xét hai s6 phic z;,z, théa man |z,|=1|z,|=2 va ‘Zl—zz‘zx/g. Gia trj 16n nhit cta

32, +2z, —5i| bang
A.S—Jﬁ. B.5+\/ﬁ. C. —5+2\/§. D.5+2\/§.

Cho hai s6 phtc z,w thdoaman | z1=2, lw—-3+2il=1.Gidtri l6n nhét cua ‘zz — 2wz — 4‘ bé“lng

A. 1642 . B. 18V2. C.8. D. 24.
Xét cac s6 phirc z,w thoa man |z—2w|=4Va [3z+w|=5. Khi |5z — 3w +i| dat gi4 trj nho nhat,

hay tinh gid tri |z —w +1].

Tim céc s6 phic z thda mén |z—(1—i)| = ‘;+(2+i)‘vé |z +2—i|dat gid tri nho nhat.

A.zz—l. B. z=

1 1 1
2 2"

C.z=—-1. D. z==—1.
2 2

C6 bao nhiéu s6 phitc z thoa man hiéu binh phuong phan thyc va phan 4o bang %Vé

(\/gz—|z|)i=\/5(|z|—l)—z+i.

Al B. 2. C. 4. D. 3.

Cho hai s6 phirc z;,z, $a0 cho |z,|=2, |z, ~6i=3. Tim gi4 trj nho nhét cia bicu thic

P =3|z;. —4|+2|z, —9—6i]+ 6|z, — 2, |?

A. 8. B. 36. C.10. D. 24.

, z-1-2i|<1

Cho s0 phirc z thoa man: .

|z —1+2i| > |z +3-2i

Goi S 1a dién tich phan mit phang chira cac diém biéu dién cua sé phuc z. Tinh s .

A S—r. B.S=2x. c.s==Z. D.s=Z,
2 4

Cho sé phitc z thoa man ‘Z -2+ 51" =25 Biét rang sd phirc w = (2— i2021)(; —31‘) +2021 c6
tap hop cac diém bicu dién thudc dwong tron (C). Tinh ban kinh cua (C).
A. 207 . B. 100~ . C. 220r. D. 36x.
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Cau 10:

Cau 11:

Céu 12:

Cau 13:

Céu 14:

Céau 15:

Céau 16:

Cau 17:

Céau 18:

|z, -2, -9-12i|=3

.Goi M , m lan luogt 14 gia tri 16n nhat,
|z, —3-20i| =7 -z,

Cho hai s6 phiic z,; z, théa min: {

nho nhét ciia biéu thitc P =|z, + 2z, +12-15i . Tinh M? —m?.

A. 450. B. 675. C. 451. D. 225.

Goi z,,z, 1a hai trong s6 cac sb phirc thoa min |z—1+2i|=5 Vva |z, —z,|=8. Biét tap hop diém
biéu dién s6 phirc w = z, +z, la mot duong tron. Tinh ban kinh dudng tron do.

A 3. B. 5. C.8. D.6.

Biét s phirc z théa man 2|z—i| < ‘2—2—31" va z-z c6 phan 4o khong 4m. Phan mit phing

chira cac diém biéu dién cho s6 phitc z c6 dién tich la

. D.—.
12 6

. z—2+1 . g x .
Xét cac sO phitc z thoa man -——=—— 1a s0 thyc. Tap hop cic diém bi€u dién cta s6 phirc 2z
(z+z)z+2
la parabol c6 toa d6 dinh I(a;b). Tinh S=a+5?
A 0. B. —1. C. 2. D. -3.

‘1—221‘:‘zl—z1+1‘

Cho s6 phirc z;,z, théa man . V6i z, =a+bi(abeR) thi bicu thuc

‘22‘2‘22—5+5i‘
P =|z, —z,| dat gi4 trj nho nhat. Khi d6 gia trj ciia 24+ 3b la

A. 2a+3b=0. B. 2a+3b=1. C. 2a+3v=3. D. 2a+3b=2.

Goi z,,2,,25,2z, la 4 nghiém phic cua phuong trinh z* +(4—m)22 —4m =0 Tim tat ca cac
gid tri m d@ |z, |+ |z, | +|z;| +]z4] = 6 -

A m=-1. B. m=+2. C.m=43 D. m=+1.

Cho phuong trinh Zs—(M-I-l)ZZ +(m+1+mi)z—l—mi:0 trong d6 z e C, m 1a tham s thyc.

Sb gi4 tri ciia tham sb m dé phuong trinh c6 3 nghiém phtic phan biét sao cho cac diém biéu
dién cua cac nghiém trén mit phang phirc tao thanh mot tam giac céan 1a
A. 0. B.1. C.3. D. 2.

Trong mit phang toa @6 Oxy , cho ba diém A(1;1), B(-1;2), C(3;-1) lan luot 1a diém biéu dién
s6 phuc z,z,,z; . Tim md dun cia sb phirc z thoa man ‘Z +46 —401" =929 va

P= 3|z—zl|2 +5|z —zz|2 —7|z —23|2 dat gia tri nhd nhét.

A |{=+129. B. |2|=229. C. |2 =3v929. D. |2| =929 .

. 1 . 1 . )
Cho s0 phirc z thoa man 23+—3 <2 va M =max|z+—|. Khang dinh nao sau day dung?
z z
A —1<M<2. B.2<M<§. C.1<M<§. D. M®+M? + M <3.
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Céu 19:

Cau 20:

Cau 21:

Cau 22:

Céu 23:

Céu 24:

Cau 25:

Cau 26:

Cau 27:

C6 bao nhiéu gid tri nguyén cua m(m=0) d€ ton tai duy nhat s0 phirc z thda man
z+1-2i=2

|z—2—2i|=|m|

‘Z—Zm—(mz+m—2)i‘=‘z—2m+2+(m2+m+2)i‘

A 0. B. 2. C. 3. D. 1.

Chon hai s6 phuc trong cac so6 phirc ¢6 phan thuc va phan do 1a cac s6 nguyén théa man diéu

kién |z -2 -4 < 5‘1—\/§i‘—|z—2+4i|. Xéc sudt dé trong hai s6 chon dugc c6 it nhit mot sb

phirc ¢6 phan thyc 16n hon 2 13

27 B. 2% c.l. D. 2.
110 55 2 3
‘ . : 22 —2z+4 . . :
Cho s0 phirc z khong phai 1a s6 thuc va - 1a s0 thyc. Co6 bao nhi€u s6 phic z thoa
z°+2z+4
méan ‘z+z_:‘+‘z—;‘=‘zz‘
A 0. B. 2. C. 4. D. 8.

Co tat ca bao nhiéu s nguyén duong m dé co tat ca bon s phitc z thoa man dong thoi hai diéu

kién: |z| = m va 3‘z+;‘+4‘z—£‘:20?

A. 1. B. 2. C. 4. D. 3.
Cho hai sb phirc 4,0 thoa min jul =[¢] =10 va [Bu — 40| = 50 Tiph M :|4u+3v|.
A. 30. B. 40. C. 50. D. 60.

, 801 z; Va z, lan lugt 1a cac so phirc c6 médun nho

Trong cac s phtrc z thoa man ‘zz + 1‘ = 2|z
nhat va 16n nhat. Khi d6 modun cua s6 phirc w = z; +z, ¢6 gia tri nho nhat bang

A. ‘w‘:Z\/E. B. |w|=2. C. ‘w‘:\/i D. ‘w‘=1+\5.

r - . . - 2 Y 7
Xét cac s0 phuc z=a+bi(a,beR) thoa man 4(2—2)—151:z(z+z—1) Va [2z-1+i| dat gia
tri nho nhat. Tinh P=a+b
19 19

A . P=0. B. P=—. C.p=—. D. P=2.
4 8

Xét sé phite z thoa 2|z—1|+3[z—i|>2v2 . Ménh d& nao dusi day diing
A 2<l<2. B. |2|>2. C. |4<=. D. Lelg<2.
2 2 2 2
A 4A LA , . . 2 2 \ J
Trén tap hop céc s6 phurc, xét phuong trinh Z —2(m—l)z+m —-5m=0 (m 1a tham so thuc).
Goi s la tap hop cac gia tri nguyén m dé& phuong trinh d6 co nghiém z, théa man
3, . \ .
‘ZO‘ = 3‘20‘ +2. Tong cac phan tir cia tap S la

A. 8. B.9. C. 4. D.7.
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Cau 28:

Céu 29:

Céau 30:

Céu 31:

Cau 32:

Cau 33:

Cau 34:

Cau 35:

Cau 36:

Cau 37:

Cau 38:

Trong tap s phitc, cho phuong trinh 2z° + Z(m —1)2 +m* -3m-2=0, me R Co bao nhiu gia
tri nguyén cua m trong doan [ 0;2021 | dé phuong trinh c6 2 nghiém phan biét z,;2, thoa man
21| ==

A. 2016. B. 202 C. 202 D. 2017.

Cho hai s6 phirc z,, z, thoa |iz, 1| =1 va ‘g—#—i‘ =2. Khi biéu thirc P =|2z, +3z,| dat gid tri
nho nhat thi |z, —2z,| bang

A 4. B. 1. C. 3. D. 2.

Xét cac sd phuc z, w théa man |z| =2, |iw—2+5i| =1. Khi ‘zz —wz—4‘ dat gia tri nho nhét

thi |z|+ |w| bang

A. 2145, B. 2(1+J§). C.1++/5. D. 2J5-2.
Xét cac s6 phuc z, w thoa man 1z1=1 Va lwl=2. Khi |z +ito—6—8i| dat gia tri nho nhat,
|z—w| bing
2 V221
A.g. B. ——. C. 5. D. 3.

Trén tap hop cac sé phirc, xét Phuong trinh z° —Z(m +1)z +m* =0 (m 1atham sé thuc). C6 bao
nhiéu gia tri ciia m dé phuong trinh d6 c6 nghiém z, théa man |z0| =77
A 2. B. 4. C. 1. D. 3.

, oA K N RoA i, A1 .~ R 3
C6 bao nhiéu s6 nguyén m dé ton tai 2 sO phtitc z thodman |z —m+il=lz—-1+2mil Va |z I=§

A. 5. B. 3. C. 4. D. 6.

C6 bao nhiéu s6 phirc z c6 phan thyc va phin 4o déu la cic sd nguyén thoa man dong thoi
|z+i|+|z—3i|=|z+4i|+|z—6i| va |z|£10?

A 12. B. 2. C. 10. D. 5.

H 4 9 ~ \ A2 . e
Cho hai s6 phuc z, ; z, thoa man |z|=24 Va zj +(z, +1-2i) =z;z, +(1-2i)z, . Biét
|z) —z, —1+2i|=a V6i a lamot s6 nguyén duong. Hoi a c6 bao nhiéu wdc s6 nguyén?
A. 8. B. 12. C. 20. D. 16.
Cho hai sb phtic z,w thoa méin |z+2w| =3, [2z+3w|=5 Va |z +3w|=4. Tinh gia tri cua biéu

thirc P:z.5+;.w.
A. 1. B. 2. C. 3. D. 4.

Cho hai s6 phiic z,, z, théa min ‘Zl‘ :‘Zz‘ =\/§ va ‘Zl —Zz‘ =2\/§. Khi d6 |z, +z,| bang
A s, B. 24/39. C.12. D. 24/3.

+iz

Biét tap hop cac diém biéu dién cia s6 phic w = 3 trong mit phang toa d6 Oxy 1a mot

duong thang. Khi d6 mé dun ciia z bang?
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Cau 39:

Cau 40:

Cau 41:

Céu 42:

Cau 43:

Cau 44

Céau 45:

Céu 46:

Cau 47:

A 1. C. 3. D. V2.

5 2.
2

1+iz
1+z

Trong mat phang toa do Oxy , tap hop cac diém biéu dién s6 phic w = la mot duong tron

c6 ban kinh bang 2. Modul cia z thudc tap nao dudi day

A {%2} B. {%ﬁ} C. (V2:2). D. {%%}

Cho sb phtc z théa man (z +3- z)(; +1+ 31') 1a mot s6 thyc. Biét rang tap hop tat ca cac diém
biéu dién cua z 1a mot dudng thing. Khoang cach tir ge toa dd dén duong thang d6 bang

A 42 B.O. C.242. D. 3V2.

Cho s6 phic z theaman (z—2+ i)(Z -2 —i) =25. Biét tap hop cac diém M biéu dién sé phirc
w=2z-2+3i I3 duong tron tam 1(a;b) vabankinh ¢ . Giatricua a+b+c biang

A. 20. B. 10. C. 18. D.17.

Goi (C) la duong cong trong mat phang Oxy biéu dién cac s6 phirc z thoa man

- -2 , ) .
z.z+ ‘z - z‘ =1 va H la hinh phang giéi han boi (C). Dién tich ctia hinh phdng H béang

2 T
A —=. B. /5. C. 272+/5. D. ——.

% 75

C6 bao nhiéu sb thuc duong m dé ton tai duy nhat mot sd thue z thoa man |z—1—i| <2 va
|z +2+3i|=m?

A 2. B. 1. C. 3. D.o.

1+iz

Trong mit phang toa do Oxy , s phirc c6 tap hop cac diém biéu dién 1a mot duong thang.

Moédun cia z bang
Al B. 2. C. 4. D. 2.
Cho s6 phiic z théa man |z - 2| — 4. Biét rang trong mit phang toa do Oxy, tap hop cac diém

biéu dién s6 phitc w =2z —1— 3i 1a mot duong tron. Tim toa do tim I va tinh ban kinh R cua
duong tron do.

A.1(3;-3),R=64.  B.I(-3;3),R=8. C.I(3-3),R=8. D. I(3;—3),R=2\/E.
Cho sé phtic z thoaman (z_z+i)(£—z—i):25.Biéttap hop cac diém M biéu didn sé phiic

w=2z-2+3i 14 duong tron tam 1(a;b) vabankinh ¢ . Gia tri cua a+b+ching

A. 20. B. 10. C. 18. D. 17.

Goi z,z, 1a hai nghiém phirc cia phuong trinh 2 —62+73=0. Gia tri cua bidu thuc
2 2 M

z +z, —‘zl‘.‘zz‘ bang

A. -213. B. —110. C. -37. D. —183.
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Céu 48:

Cau 49:

Cau 50:

Céau 51:

Céau 52:

Cau 53:

Cau 54:

Cau 55:

Cau 56:

Cho céc sb thuc b,c sao cho phuong trinh z> +bz+c =0 ¢6 hai nghiém phuc z,;z, théa man
|z, —3+3i| =2 va (2, +2i)(z,—2) 1250 thudn do0. Khi d6 b+ c bing:

A —1. B. 12. C. 4. D. -12.

Gia su z,,z, la hai trong cac s6 phirc z théa man (z—6)(8+2) 1a s6 thuc. Biét ring
|z, — z,| = 4. Gid tri nho nhit cta |z, + 3z,| bing

A. 5-+/21 B. 20—4+21 C. 20—4+/22 D. 5-422

Gia st z,,z, 1a 2 trong cac sé phitc z théa min |z+1+i[=2 Va |z|+|z,| =]z, —z,| . Khi
pP= |z1 - 222| dat gia tri nhd nhét thi sb phtrc z; ¢6 tich phﬁn thue, phﬁn ao béng

A 0 B. % c. 2 D _3

8 2
Xét hai 6 phirc z,,z, thoa Man |z, —z,|=5 VA |z, +6—8i| |z, +6—8i| =|z,| +|z,| . Khi d6

|z, +22, —3i| cOgiatrj Ion nhat bang

A. % B. 13. C. V157 . D. 3/34.

Xét cac sb6 phiic z;w thoa man |z—2|2 +|z—2i|2 =6 Va [w—3-2i|=|w+3+6i|. Khi |z-w| dat
gié tri nho nhét, hdy tinh |z].

1
A 1++2 . B. V2 1. c.%. D. .

5

Cho sé phitc z théa méan ‘z+;‘+‘z —2‘ —6.Goi M va m lan luot la gia tri 16n nhét va gia trj
nho nhit ciia P = |z—2-3i|. Gid tri cia M +m bang.

A.2+2\/ﬁ. B. \/5+\/3_4 C. \/§+2\/ﬁ. D.2+\/3_4.

Cho s6 phitc z théa man |z—2i<|z—4i| V& |z~3-3i/=1. Gid tri 16n nhét cta biéu thic
P:|z—2| la

A. 13 +1. B. V13. C. V10 +1. D. +/10.

Cho cac s6 phic z=x+yi (x,yeR,~4<y<15)va wthéa [w—-4-3i=2. Céc sd phuc
z,z%,2° lan lugt co cac diém biéu dién trén mit phang toa do tao thanh mot tam gidc vudng.
Gol m = min|z—w ,M = max|z—w| . Khi d6 m+ M? biang

A. 224 . B. 226. C. 227. D. 225.

Xét hai s6 phtic z, w théa méin |z—1-2i|=|z—2+i| va |w—2+3i|:|w—4—i|.Giétrinhénhét
cla |z+3—i+|w+3—i|+|z—w| bang %\/@ v6i a,b, ¢ 1a cac sb nguyén td. Tinh gid trj cua

a+b+c.

A 22. B. 24. C. 26. D. 25.
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Cau 57;

Cau 58:

Cau 59:

Céu 60:

Céau 61:

Cau 62:

Céau 63:

Cau 64:

Z

Cho s6 phirc z thoa man +1-4 =1 sao cho |z -3 -8i| dat gid trj 16n nhét tai z, = x; +iy,

3-4i

va dat gia tri nho nhat tai z, =x, +iy, . Gia tri cua x; +x, +v,y, bang

A. 44. B. 55. C. 25. D. 46.

Xét ba s phtic z,z,,z, thoa man |z—i|=|z+1|, ‘zl —3\/§‘=\/§ va ‘Zz —4\/31" —2./5. Gia tri
nhé nhét cua ‘\/gz—zl‘+‘x/§z—z2‘ bﬁng

A. 45, B. 10/5 . C. 75. D. 245.

Xét céc s phiic z théa man ‘z+;+2‘+‘z—;‘=6.GQi M, m 1an luot 1a gia tri 16n nhat, gia tri

nho nhat cua bicu thire P = |z-3-2i|. Khi d6 M +m bang

> D. \/%—i-\/g

V6i céc 86 phic zy, z,, z, =iz, thay doi thoa méan |z, | =|z,|=5 thi gid tri lon nhat cua
. , b 0 , \ 7 A A \ A a A
m}Rn|tz2 +(1-t)z, —z;| c6 dang HT , & d6 a, bla cac sb nguyén duong, c la s6 nguyén tb.
te c

Giatricia a+b+c la
A. 15. B. 12. C.13. D. 14.

Xeét céc s6 phic z, w thoa man |z|=2, |iw—2+5i=1. Gia tri nho nhat cua ‘zz —wz—4‘ bang

A 4. B. 2(@—3). C.8. D. 2(@—5).

Vi hai s6 phitc z,, z, thay doi thoa man |z, +1-2i|=|z, —5+2i| VA |z, +3~2i|=2. Gi tri nho

nhat cua biéu thic P =z, +3+i+|z, —z,| bing

A. 5\5-2. B. V10 +2. C. 3J10-2. D. /85 -2.
, lz—=1—-1; <1 __. L , "
Cho hai so6 phuc z, w thoa man max{z N l|} . Tim gia tri nho nhat cua biéu thac
|w+1+2i|£|w—2—i|
P=|z—w|.
A V2 1. B. 24/2 1. C.o. D%.
z-1-2i<1 .
Cho z e C thoa man . _ - Gidtri S=min|z|+max|z| bang:
z-1-2i|<2
A. 35 -1. B.J5+2. C. 24/5+1. D. V2 ++/5-1
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HUO'NG DAN GIAI CHI TIET

Caul: Vi 127 1a 6 thuc voi z = a+bi nén ton tai sb thuc k (k = 0) sao cho:

z
- . . . a=k
z:k(l—z)<:>a—bz=k—k1 @{_b:_k:azb (1).

|2 - 3i| |z -3 -2i| =2 <:>\/a2+(b—3)2 —\/(a—3)2+(b—2)2 =2 (2).
Thé (1) Vao (2) ta dugc:

(B (0-3) —|(b-3)" + (s-2)" =2 e b+ (0-3) =24y/(b-3)" +(b-2)"

& 26" —6b+9=4+2b" ~100+13+442b" ~10b+13 & 4b—-8=442b" ~10b+13
= =22 PN b2 b>2 b3 5
(b-2)" = (26 -100+13) 7 |17 ~b+9=0 T |p=3 TP 77T

—=T=32+32=18,

Cau 2:

M

2 1! N T

Gia st M,N,K lan luot 1 cdc diém biéu dién z,,z,,z, = 5i.
Theo gia thiét ta co M e (C,) tam O(0;0) vabankinh r, =1.

N <(C,) tim 0(0;0) va ban kinh r, =2 va MN =|z, ~z,| =3
Dt T=[3z, + 2, - 5i| =[30M + ON - OK|

Goi I 13 diém thoa man 3IM+IN =0 < IN =-3IM = IN =3IM,I € MN

. . 2 2 2 \/52 19 J19
Taco AOMN vudngtai M ,suyra OI- =OM* +IM* =1+|— | =—=0I=—-.

4 | 14 4
J19

Suyra I thugc duong tron (C;) tam O ban kinh 73 = e
Khi d6 T =[3z, + z, - 5i| =[30M + ON — OK| =[401 - OK| =|OE - OK| = KE
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Cau 3:

Cau 4:

Véi OE =401 suyra E thuge duong tron (C, ) tam 0(0,0) bén kinh 7, =+/19.

suyra T, =KE_ =KO+r,=5++19.

I,

Gia su {Z = a+bi ) ,(a,b,c,d S R)
wW=c+di

Theo bai ra ta co: IzI=2:>|a+bi|=2<:>\/112+b2 2o a2+ b =4,

Do d6 tap hop cac diém biéu dién s6 phirc z 1a duong tron tam 1 1(0;0), bankinh R, =2.

lw-3+2il=1=|c+di-3+2i]=1|(c-3)+(d+2)i| =1 (c-3) +(d+2) =

Do d6 tap hop cac diém biéu dién s6 phitc w 1a dudng tron tam 1 ( 2), ban kinh R,
bat T = ‘zz —2wz—4‘ ,taco: T= ‘zz —ZZUZ-ZE‘

=|z”z—;—2w‘ — 2|a+bi—a+bi—2w| = 4[bi— w|.

Goi A(0;b) 1a diém biéu dién s6 phirc bi; N 1a diém biéu dién s6 phic w.

Khi d6 T = 4[bi - w| = 4|OA-ON| = 4AN = T, = 4AN,,,,

Do a®> +b* =4=-2<b<2.Suyratap hop A la doan PQ v&i P(0;-2), Q(0;2).
Duya vao hinh vé ta thy AN . = A=0Q

AN_. =QI,+R,=5+1=6.Vay T, =4AN__ =4.6=24.

max

N
N
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bat w, =2z-4w,w, =-3z-w.
Goi M,N,P(0;1)lan lugt 1a cac diém biéu dién w,,w,,i.

|w1|=2|z—2w| =8

Theo gia thiét ta co { nén tap hop cac diém M biéu dién w; la duong tron

| =|-32 |-
tam O, ban kinh R, =8, tap hop cac diém N biéu dién w, la dudng tron tim O, ban kinh
R, =5.

Ta cod
A= 52—3w+i|=|w1—wz+i|=‘O—M—O—N+O—P‘=‘W+O—P‘Z‘m‘—‘ﬁ‘28—5—lz2.

NM N opP @M(O;_S)’N(O;_5)®{wl=2z—4w:—8ic> 7

Dau "="xdyra < , )
: e {NMmin w, =-3z-w=-51 17i

<:>|z—w+1|:

7

7

6i 17i 1‘ V170

V170

Vay khi A= |52—3w+i| dat gia tri nho nhat thi ‘Z—w+1‘ = -

Céu 5:
Goi z=x+yi(x,yeR); |[z—(1- 1)|—‘z+(2+1)‘
<:>(x—1)2+(y+1) (x+2) +(1- ) < 6x-4y+3=0(d)
Gid st M(x;y) biéu dién s6 phiic z, M e d. A(-2;1) biéu dién s6 phirc z,=—-2+i
MA nhé nhat < M 1a hinh chiéu vudng goc cia A Ién 4.

@{4(—2—x)+6(1—y)20©{ dx+6y=—2 {xl

A Ao 1
2 . Vay so phuc z=—-——=
6x—4y+3=0 6x—4y+3=0 y=0 2

Caub6: Taco (\/§Z—|z|)i=\/5(|z|—l)—z+i <:>z(l+\/§i)=\/§(|z|—1)+(|z|+l)i
2| \/z(\z\ 1) (1)

it |z|=t, + = 0, phuong trinh tré thanh: 2t = \/Z(t 1) +(t+1)°

o a2 =2(t-1) +(t+1)" &2 +2t-3=0 c{t:l =t=1.

Goi z=x+yi,véi x,yeR.

Taco ‘Z‘ =1e x> +y* =1, két hop gia thiét ta c6 hé phuong trinh
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Cau7:

=331

2 2

xzig z=§—%i
= =

L1 V3 1

y=x—- z=——""+—1

2 2 2

31,

Z=———=i

L 2 2

Thr lai ta thay chi c6 s6 phuc z = 73 + %i thoa méan de.

Viy c6 1 sb phirc thoa man yéu cau bai toan.

GOl z, =x, +yji,z, =x, +Y,i (xl,x2 JY1.Y, €R ) va hai diém M(xl;yl),N(xz;yz) trong
mit phang phic 1an luot bicu dién s6 phirc z, VA z,.

Taco [z,|=2& 2] +y] =4 va |z, -6 =3 = |x, + (v, - 6)i| =3 x3 + (1, -6) =9.

Ta xét cac biéu thurc

3|2y —4] = 3|, — 4+ yi =3y(x, —4) + 47 =3{x2 + 2 ~8x, +16

=3\/x12 4y} -8x,+16+3(x] +y7 )~ 12 = 6 —2x, + 1+

—6(x,~1) +12 =6MA, véi diém A(l-O).

2|z, ~9-6i]=2[x, -9 +(y 2\/ (2, =9) + (1, ~6)" =23 +13 ~18x, ~12y, +177

- 2\/x§ +12-18%, ~12y, +177+8[x§ +(v, —6)2}—72 = 623 —2x, +1+y2 ~12y, +36

- 6\/(x2 _1)2 +(, —6)2 =6NB, véi diém B(1;6).

6‘21—zz‘=6\/(x1—x2)2+(yl—y2)2 —6MN va AB=(0;6)= AB=6.
Lic d6 P =3|z;. —4|+2|z, —9-6i|+6|z; —z,| =6 AM + 6NB+ 6 MN
=6(AM +MN +NB)>6AB=36. Vay P, =36 . Dau "=" xay ra khi A,M,N,B thing

hang.

()

N
W
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Cau 8:

Cau 9:

Cau 10:

Gia sur z=x+yi (x,yeR).

Khi d6 |z-1-2{| <1< |(x=1)+(y-2)i <1

e (x-1] +(y-2) <1 (x-1] +(y-2) <1

Va |- 14212 24+ 3-2 e (11 + (g2 2y(x43) +(y-2)°

c;>(x—1)2 +(y+2)2 2(x+3)2 +(y—2)2 Sy>x+1.

Goi (T) la nira mat phing ¢6 bo 1a duong thang d:y =x+1, khong chira gbc toa dd 0(0;0).
Khi d6 tap hop céc diém biéu dién sb phirc z théa mén dé 1a nira hinh tron (C) tam 1(1;2), ban
kinh R=1 va thudc (T).

YA
/0 T

Vi dudng thang 4 di qua tdm 1 (1;2) ctia hinh tron (C) nén di¢n tich can tim 1a mot nira dién

tich hinh tron (c). Do d6 5=

Pat w =x+yi (x,y e R).

Ta co: ‘z—2+5i‘=2\/g = \m\:zﬁ :‘2—2—51“:2«/3-

Ma w=(2-?")(z-3i)+2021 = (2-i)(z—2~5i +2i+2)+2021

e w=(2-i)(z-2-5i)+(2-7)(2i +2)+2021 < w2027 ~2i =(2-i)(z-2-5i).
Suy ra: |w—2027—2i|:‘(Z—i)(;—Z—Si)‘ & |w-2027 - 21| =2~ i}z 2 5

& |w-2027 - 21| =525 = |w - 2027 2= 10 < (x=2027) +(y—2)° = 100.

Suy ra tap hop diém biéu dién w thugc dudng tron (C) c6 tam 1(2027;2) va ban kinh R =10.
Vay ban kinh cua (C) la R=10.

bat w=z, -9-12:.
S |zl—zz—9'—12i|:3 _ |w—zz|='3
|2, =3-20i|=7—|z,|  ||w+6-8i|+|z,|=7.
AB=3

Goi A , B la diém biéu dién cia w , z, = v6i  M(-6;8)
AM+0OB=7
— AB+ AM+OB=10=0OM = A, B nam trén doan OM
OA=xOM .
=i . . V6ix,ye[01]
OB =yOM
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Céu 11:

voi x, y e[0;1].

w =—6x + 8xi
e i
z, =—6y +8yi

Khi d6 P =|z, +2z, +12—-15i = |w + 2z, +21-3i|

2

:\/(—6x—12y+21)2+(8x+16y—3)2 :\/[—6(x+2y)+21]2+[8(x+2y)—3] :
bit t=x+2y (0<t<3).

P = (-6t +21)" +(8t-3)" =100 300t + 450

Khéo sat ham sd f(t) =100t — 300t +450 trén doan [0;3] ta dugc I[I(’)l%i(f(t) = f(O) =450 va
minf(t):f(§j=225 = | P = M=VE0.

[0:3] 2 P. =m=15

Vay M? —m? =225.

Goi A, B 1an luot 1a diém biéu dién s6 phirc z,,z, .
Do z,,z, thoa man |z—1+2i|=5 nén A,B thugc dudng tron tim 1(1;-2), bankinh R=5.

Ma |z, —z,|=8 suy ra AB=8.

Goi E la trung diém cua AB.Tacd IE= \/IA2 ~EA* = \/52 42 =3
Nhu vay khi A, B thay doi trén (C) va théa man AB=8 thi E thay doi trén duong tron (C,)
tdam I bankinh R, =IE=3.
Goi F 1a diém bidu dién sé phitc w. Taco w=z, +z, = OF =OA+OB=20E
Suyra F laanhctia E quaphépvity V tdm O tisd k=2.
Do d6 khi E chay trén duong tron (C;) thi F s& chay trén duong tron (Cl’) 1a dnh cua (C))
quaphép vitu V tdm O tisd k = 2.
Goi I' va Rj lan luot 1 tm va ban kinh ctia dudng tron (C}).
or'=201 |[I'(2;-4
Taco { , :>{ ,( )
R =2R, R =6
Vay tap hop diém F biéu dién sé phic w 1a dudng tron c6 ban kinh bang 6.
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Cau 12: Goi z=x+yi(x;yeR).

Ta c6: 2|z—i|s‘z—2—3i‘%32\/x2+(y—1)25\/(2y—3)2 <:4[x2+(y—1)2}s(iy—3)2

S dx +4y” -8y +4<4y’ ~12y+9 4y <A’ +5 o y<—x° +Z (1).

S6 phtc z —z = 2yi €0 phan a0 khong 4m < y=0 (2) .

Tu (1) va (2) tasuyra phan mat phang chira cac diém biéu dién cho sé phtrc z 1a hinh phéing
gi61 han badi Parabol (P) Yy =—x7 +Z va truc hoanh.

s ¥

5
3

Phuong trinh hoanh d6 giao diém cua (P) va truc hoanh la X +i=0ox=1%

4
5 N5
. 2 3 2
Goi S la dién tich can tim :>S:2.I (—x2+§jdx:2. _x_+§x :ﬂ.
0 4 3 4 . 6

A . _ . 24i x=2+(y+1)i |x-2+4(y+1)i|(1-xi

_ x—2+x(y+1)+[—x(x—2)+y+1]i
2(1+x2)

z—=1+i . ) 1, .,
= sdthuce —x(x-2)+y+1=0 o y=x>-2x-12y=—4x" -22x-2.
(z+z)1+1 2
S6 phitc 2z ¢6 diém bicu dién M (2x;2y)

=> quy tich cdc diém M 1a parabol c6 phuong trinh y= %xz —2x-2.

Tap hop cac diém biéu dién cta sb phitc 2z 1a parabol c6 toa do dinh 1 (2;-4)
=S5=2+(-4)=-2.

Cau 14: bat z, = x+yi,(x,y e R).
Goi M,N lan lugt 1a diém biéu dién hinh hoc ciia hai sé phic z,,z, .
Taco M(x;y),N(a;b) va
‘1—221‘:‘21—Z+i‘ (2x—1)2+4y2=(2y+1)2 {y:xz—x
= .
|2, |=|z, =5+5i a?+b* =(a=5) +(b+5)’
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Khi d6 bai toan tr¢ thanh tim M trén parabol (P):y=x2—x va N trén dudng thang

d:y=x-5sa0cho P=|z —z,|=MN datgiatrinho nhit.

3 v

Khi d6 M 1a diém trén parabol (P) sao cho tiép tuyén véi parabol tai M c6 hé sb géc bang 1.
Tacd y'(1)=1o2x-1=1<x=1.

Suy ra M(1;0).

Khi d6 diém N 14 hinh chiéu vudng goc caa diém M 1én duong thang d:y=x-5.

Duong thang MN qua M va vudng goc véi duong thang (d).

Tacé MN:y=-x+1.
N = MN ~d néntoa do diém N theahe | ¥ =¥ 72 o1 ¥=3
y=-x+1 y=-2

Khi d6 N(3;-2) hay z, =3-2i.
Vay 2a+3b=23+3.(-2)=0.

5 o 4 22 =—4 (1)
Cau 15: Taco: z +(4—m)zz—4m=0<:>(22+4)(zz—m)=0<:> ) (2)
zi=m
Ta co: ‘z”‘ =",
z,;2, la nghiém cua phuong trinh (1). Ta c6: |Z1| = |zz| = |—4| =2,
z3;2, 1a nghiém cua phuong trinh (2). Ta co: |z3| = |z4| = |m| .

Theo dé ra ta cé:|zl|+|zz|+|z3|+|z4|=6<:>2\/M+4=6<:> \/W=1<:>|m|=1.
Két luan m =+1.

Cau 16: Xét phuong trinh:

z=1

2

2 —(m+1)2* +(m+1+mi)z—1-mi =0 c{
z-—mz+1+mi=0

z=1 z=1 Zil
< zz—iz—(mz—mi)zoc> (z—i)(z+i—m):0<:> i;:fn—i
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Céau 17:

Cau 18:

bat A(l,-O), B(O,-l), C(m,'—l) lan luot 14 cac diém biéu dién cac nghiém z=1, z=i, z=m—i

trén mit phang phuec. Ta co: AB= (—1;1), AC= (m —1;—1) , BC= (m;—Z)

AB=+2, BC=\lm* +4, AC=q(m-1) +1.

Ba diém A, B, C tao thanh mot tam giac khi va chi khi AB va AC khong cung phuong hay

m#2.
2
ac—ag | Nm=1) +1=12 m=0

2
- A [ . -2m=0
Tam glac ABC can < | BC=AB < m* +4 =+2 c{m " S|lm=2 .

2m=2
ac=pc | LT o ra

Két hop voi diéu kién m =2 ta dugc me {0;-1} .

m=-1

Vay ¢6 hai gid tri cia m thoa man dé.
Goi M(x;y) la diém biéu dién s6 phitc z trong mit phang toa do Oxy . Khi do,
|2 +46 - 40i| = /929 < (x+46)" +(y—40)" = 929.
Tap hop diém M nam trén dudng tron (C) tam H(-46;40) ban kinh R =+929.
P=3z-z[ +5]z-z,| ~7|z—z,[" = P=3MA? + 5MB? ~7MC>
Goi I 1a diém théa man: 3IA +5IB—7IC =0
@3(07—&)%((73—51)—7(&—51):6
& Ol =30A+50B-70C = Toa dd diém 1(-23;20)

2 ) D — 2 — —\2 — 2
Khi do: P=3MA” +5MB -7MC = 3(1A—1M) +5(IB—1M) —7(IC—IM)
= IM? —2%(3@ + 5@—7E)+ 31A2 +5IB% —71C? = IM? + 31A% + 5IB> —7IC? .

Do d6, P dat gia tri nho nhat khi IM dat gia tri nho nhat.
Nhén thay 1 (—23;20) thudc duong tron (C) suy ra IM dat gia tri nho nhatkhi M tring I .

Suy ra z=-23+20i . Véy‘z‘ =+/929 .
3 3
Taco: (z+1j =z3+%+3(z+lj©z3+%=[z+lj —3(z+1]
z z z z z z
3 3
(z+1] —3(z+1j<:>(z+1j —3(z+1J
z z z z

3, 1|
0 +—|=

z

= <2

3 3
Mat khac, (z+lj —3(z+1jz(z+lj —3z+l
z z z z
1 1 1
= (z+—} ~3|z+=|<2 (*).Didt t=|z+=|, (£20)
z Z z
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z+l <2

Bét phuong trinh (*) tr¢ thanh: £ -3t-2<0< (t‘—2)(t+1)2 <0et<L2=>
z

— M =2.Dau bang xay rakhi z=1 hodc z=-1.

lz+1-2i]=2 (1)
Cau 19: Pathé (*)4|z—2-2i =|m| (2)
‘Z—Zm—(mz+m—2)i‘=‘z—2m+2+(m2+m+2)i‘ (3)

Goi M (x;y) la diém bicu dién cho sb phitc z théa yéu cau.

Tu (1) tacd M thude duong tron (C,) tam 1,(-1;2), bankinh R=2.

Tu (2) tacd M thudc duong tron (Cz) tam 12(2;2), ban kinh R =|m| voi m #0.
it A(2m;m® +m-2), B(2m=2;-m” —m-2).

Taco (3) < MA=MB nén tp hop M la duong trung tryc d cua doan AB.
Pudng trung tryc d cd mot vecto phap tuyén 1a AB = (—2;—2m2 —Zm) hay n' = (1;m2 + m) va
di qua trung diém I(2m—-1;-2) cua AB

= d c¢o6 phuong trinh la x+(m2 +m)y+2m2 +1=0.

Tén tai duy nhat s6 phitc z thoa mén hé (*)

< ton tai duy nhat M 1a diém chung cta (C,), (C,) V& d

& (q) tiép xuc (C,)vaad la tiép tuyén chung cua (C)s (Cy)

AY

, I,I, =R, +R 3=2 _
(Cl)tiépxﬁC(czwﬂ” 1 [ +m| [m +1

= o (4)
Ll =|R ~Ry| " |3=[2~|m| " |[m==5
Quan sat d6 thi ta thay () tiép xtic (C,) tai E(1;2) hodc F(-3;2) va 1,1, //Ox nén
d 1a tiép tuyén chung cua (Cl) va (Cz) tai E(1;2) hoac F(—3;2)

_{d//Oy {m2+m=0

2
Eed o 1+2m~+1=0 (vn)@ m=0m=-1
{d//oy m?® +m=0 m=+l
Fed 3+2m? +1=0

sm=-1 (5)
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Cau 20:

Céau 21:

Tw (4) va (5) tanhan duge m = -1 thoa yéu cau dé bai.

Vay c6 mdt gia tri nguyén cua m.

Gia str s6 phirc thoa man yéu cau bai toan c6 dang z=x+yi,xe R,y € R. Ta co:

|2~ 2 - 4i] < 5[1-V3i| [z -2+ 4i] < |z~ 2~ 4] + |z~ 2+ 4i[ <10

S lz—(2+4i)[+|z—(2-4i) <10

Goi M(x,y) la diém biéu dién cho sb phic zva F(2;4),F(2;-4) lan luot biéu dién cho cac
s6 phie 2+4;2 -4 . Khi d6 ta co: |z —(2+4i)|+|z-(2-4i)| <10 & MF, + MF, <10

Do d6 tap hop diém biéu dién s6 phirc z 1a mot hinh Elip nhan F,(2;4),F, (2;-4) a céc tiéu
diém, tiéu cu FE, =2c =8, truc 16n c6 d6 dai 1a 24 =10 va tryc bé c6 d¢ dai la 2o =6 . Nhu

hinh v€ sau:

M (x,y) thudc hinh elip néi trén va x € Z, € 7 nén c6 45 diém thoa man. Cu thé nhu sau:

X —1:;5 0;4 1:3 2
v 0 0,£1,£2,+3 0,£1;,+2,£3;,+4 | 0;+1,£2,£3;+4;+5

Goi Q 1a khong gian miu ctia phép thir chon hai sd phuc trong cic s6 phtic ¢o phan thuc va

phan 4o 1a cac sd nguyén thoa mén diéu kién |z—2-4i|< 5‘1—\/51" —|z—2+4i| . Ta co
_ 2

n(Q) =Cys5.

Goi A la bién cb: “Trong hai $6 chon duoc it nhét mot sb phuc co phén thue 16n hon 2”.

A 14 bién cé: “Trong hai s6 chon khong c6 sé phtic ¢6 phan thuc 16n hon 2”. Ta c6 n(Z) = C§8

-G 21 21 34
Suy ra P(A)=—2=—.VayP(A)=1——=—.
Cpz 9 55 55
2 -2 - 2
, z°—-2z+4 — z —2z+4 z--2z+4
Tacod w:—eR©w=w©_2 — == .
z°+2z+4 7z +2z+4 z°+2z+4

@4(2—2)(4—2.;):0c>z.;:4.
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Céu 22:

Cau 23:

|Z|2 =4 (1) Goi z=x+yi(x,yeR). Khido (1)<:>X2 +y2 :4(2).
Ma ‘z+;‘+‘z—;‘ :‘22‘ < 2|+ 2Jy| =4 < |x+|y|=2(3). Tir (2),(3) ta c6 hé phuong trinh

{lxl+ly|;2 = (rsg) e (052 052 (2O)(20) i z e |22

x2+y =4 z=-2i

Goi M la diém biéu dién s phirc z = x + yi(x,y € R).

Theo bai ra ta c6 h¢ phuong trinh:

{W . {y {3\x\+4\y\—w< )

3‘x+yi+x—yi‘+4‘x+yi—x+yi‘:20 6\x\+8\y\=20 X2 +y’ =m’(2 )
Tap hop cac diém M théa man (1) la hinh thoi ABCD véi A[ J [O,Sj

{20)eo ) |

Tap hop cac diém M thoa man (2) 1a duong tron (C) tam O(0;0),R=m (m>0).
i

C6 dung 4 s6 phitc thoa man dé khi va chi khi (C) ¢6 dung 4 diém chung véi cac canh hinh thoi.
Trudng hep 1: (C) la duong tron ndi tiép hinh thoi.

Khid6 tacoé R=d(O,AB) < m=2.

Trudmg hep 2: (C) nam giira hai dudng tron: duong tron duong kinh BD va duong tron dudng
kinh AC . Khi d6 ta co %<R<%©%<m<%. Do m nguyén duong nén m = 3.

Vay c6 tat ca 2 s6 nguyén thoa man.

Taco |z|2 -2z .bat T = |3u —4v| .

Khi do T2 = (3u—40)(3u—40) = Ol +16Jef ~12(uv+ vu).

Tuong tu ta c6 M? =(4u+ 30)(4L_¢+ 31_1) = 16‘u‘2 +9‘v‘2 +12(uz_z + v;t)

Chinh phyc cc bai todn VD - VDC: S6 phuc | 444



Phan Nhét Unh Chinh phuc vén dung — van dung cao ndm 2023

Do dé M2 +T2 = 25(|u|2 +|v|2) ~ 5000.
Suy ra M? =5000-T?2 = 5000 —50% = 2500 .
Viay M =50.
Cau24: Goi z=x+yi (x;yeR)
2
Taco ‘zz +1‘:2|z| <:>‘x2 —y? +1+2xyi‘ =2|x +yi| <:>(x2 —y? +1) +4x%y? :4(x2 +y2)
2| 2)? 2,.2 4.2 ¥4y’ -1=2y
o xt vyt 2x%y? 227 —6y2 +1=0 <:>(x +y ) —2(x +y )+1—4y = x2+y2—1:—2y
P +y?—2y-1=0
x2+y2+2y—1=0.
Khi d6 diém biéu dién sb phitc z thudc duong tron (C):x2 +(y—1)2 =2 cotam 1(0;1) vaban
kinh R =+/2 hodc (C'):x%+(y+1)° =2 c6 tam 1(0;-1) va ban kinh R' =2
Vi A(O;1+\/E), B(O;l—\/E), A’(O;—l—\/z), B’(O;—1+\/5) thudc cac duong tron nhu hinh

Ve
v

e
=

Suy ra max‘z‘=1+\/§ =z :J_r(ﬁu)i va min‘z‘zﬁ—l =z, :i(ﬁ_1)i.
Vay ‘Zl +ZZ‘ =2\/5 hodc |z, +z,| =2 nén gié tri nho nhat cua lw|=2.
Cau 25: 4(z—£)—15i=i(z+£—1)2 o 4(a+bi-a+bi)-15i=i(a+bi+a-bi-1).

& 8bi—15i =i(2a-1) < 8b—15=(22-1)’ véi 8b—1520<:>b2%.

Taco [22-1+1=a+ 2bi~1+1]=|(2a-1)+ (2b+1)] = (20 -1 +(2b+1)’

8h—15+4b% +4b+1 =42 +12b-14
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Xét g(b)=4b> +12b-14 c6 g'(b)=8b+1z>o,vzaz§ nén ham s6 g(b)=4b> +12b-14 Iuon

; 4 1 /
dong bién trén —5;+oo :>g(b) > ¢ 15 =ﬁ:>|22—1+i| > 361 _ N36l
8 8 16 16 4

. V361 . A
:>|Zz—1+i| c6 GTNN bang 7 khi b:% ma 8b—15=(2u—1)2 nén azé.
Viy pasp 1,15 19
2 8 8

Cau 26: Xét cac diem A(1;0), B(0;1) V& M(x;y) véi M 1a diém bicu dién sb phic z trong mat
phing phic. Ta c6:

2143z 1| =2y(x-1)" + 4 +3¥* + (y -1 =2MA+3MB.
Taco: 2MA+3MB=2(MA+MB)+MB2>2y2 + MB> 242,
Suy ra 2|z -1|+3Jz—i> 22 Déu " =" xay ra khi va chi khi M thudc doan AB VA MB =0
< M=B< M(0;1). Khido |z]=1.
Cau 27:
Do |z0|:‘%‘ nén ‘20‘3 :3‘%‘+2©‘zo‘3—3‘20‘—2:0c>‘zo‘:2
A =(m-1)7?-m*+5m=3m+1.
Truong hop 1: Néu A'>0 < 3m+1>0< m> —% , phuong trinh ¢6 2 nghiém thyc

Khi d6 |z0|=2®z0=iz.

Thay z, =2 vao phuong trinh ta dugC: m* -9m+8=0< [ - g (TM) :
n =
A 3 . 2 m= 0
Thay z, =—2 vao phuong trinh ta duocC: m” —-m=0< X (TM) .
m =

Truong hep 2: Néu A'<0 < 3m+1<0<m <—%, phuong trinh ¢6 2 nghi¢m phuc z,, z,

54441

2

2
zl‘z‘zz‘zthidé 2,2, :‘zl‘ =m*-5m=4cm=

thoa mén z, =z,
Vays={0;1;8}. Suy ratongla 9.

Cau 28: Phuong trinh c6 2 nghiém phan biét

5
Trwong hep 1: A>0<:>—m2+4m+5>0<:>{m< 1
m>—

Phuong trinh da cho ¢6 2 nghi¢m thuc phan biét z,, z, .
o ) zl+zz=—(m—1)
Theo dinh li Vi-ét ta co:
2.2y = m* —3m-2

Theodé bai ta co: |Z1|:|Zz|<:>z1 =-z, &2Z1+2, =0 :>—(m—1):0<:>m=1
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5
Trwong hgp 2: A<0 < {m g
m<-1
Phuong trinh lu6n ¢6 2 nghi¢m phuc z;, z, lubn théa mén |z,|=|z,|.

Vay c6 2017 gia tri m théa man.

Céu 29:
.t . 1 .
Taco: |izy -1| =1 |z, —-| =1 |z +i| =1 < |22, +2i| =2
1
Goi M la diém biéu dién s6 phirc 2z; = Tap hop M thudc duong tron tim 1(0;-2), R=2
Taco: |z, +i|=2 < |z, —i| =2 <|-3z, +3i| =6, Goi N 14 diém biéu dién s6 phiic 3z,
= Tap hop N thudc duong tron tdm I'(0;-3), R'=6.SuUy ra: P =2z, +3z,|= MN
=P o MN__ < MN,LIthang hang (M nam giita N va I ) MN =3 Vva IM=-2II",
M 1a trung diém cta NI'. Tir d6 ta tinh duoc M(0;0), N(0;3) .
= 2z, =0,-3z, =3i . Khi d¢, z, -2z, =2i. Vay |z, —2z,| = 2.
Céu 30:

Ay

N,
N

—2+51

Ta co: iw—2+5i|:1<:>|i|.w+ :1c>|w+5+2i|:1.

i
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Ta co: Tz‘z2 —wz—4‘ = |22 —wz—|z|2

=‘zz—wz—z.2‘=|z|.|z—w—2|=2|z—w—2|.

bat z=a+bi,(a,beR),SUy A z—2 =2bi . Vi |z]=2= 2<Db<2.

Goi A, B 1an luot 14 diém biéu dién cua w, 2bi nén:

A thudc duong tron tm 1(-5;-2); R=1, B thudc tryc Oy va 4<x,<4

=T =2AB>2MN =2.4=8.Dau "=" xay ra khi va chi khi
A=M(~4-2)=w=-4-2i=|w|=2V5 vad B=N(0;-2) = 2bi= 2i=b=-1=z=a—i
Slef=2=? +1=4= =32 a=13 = z=13-i= | =2 Vay [f|+]w|=2+2V5.

2 75| 5629

13 13 13

|zl+z2|=

Cau 31: Ap dung bét ding thirc md-dun ta co
|z +iw — 6 - 8i| 2 |6 + 8i| - |z + itv| 2 10— |z| - |iw| = 7.
z+iw =k(6+8i)
Ping thic xay ra khi va chi khi ton tai cac sé thuc k=0 va m >0 sao choz = miw
|z| =1; w| =2

- o 1 o
Vi z=mzw:>|z|=|m|-|w|:>m=§:>zw=22.

Véi z+iﬁ;=k(6+8i)©3z=k(6+8i):3|z|=10|k|:k=3.
10

Suy ra z=§+éi va @z%z=—2i2=§+éi.
5 5 i 5 5

V29

Vay khi |z + i@ — 6 — 8| dat gid trj nho nhét thi |z— | ==
Céu 32: Tach: A'=2m+1
Trwong hgp 1: A'>0< m 2_?1

Khi d6 phuong trinh da cho c6 nghi¢m thuc z, thoa man |z,| =7 < {zo - 77
Zy =—

m=7+\/ﬁ(n)
m:7—x/ﬁ(n)

Véi z, =7 thay vao phuong trinh ta c6 49 —14(m +1) +m* =0 [

V6i z, =7 thay vao phuong trinh ta c6 49+ 14(m +1) +m* = O(VN)

Trwong hgp 2: A'<0< m< _?1 . Khi d6 phuong trinh ¢6 2 nghi¢m phuc la z, va %
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Céu 33:

Céu 34:

m =7(l)

|zo|2=49<:>z0,%=49<:>m2:49<:> m:—7(n)

Vay c6 3 gia tri cua m thoa mén yéu cau dé bai.
Chon A
Dit z =a+bi (a,beR). Theo gia thiét ta c6
(a=m)+(b+1)i|=|(a=1)+(b+2m)i
|a+ bil 3
2
(a=m) +(b+1) =(a=1) +(b+2m)"  |(2m=2)a+(4m-2)b-3m* =0 (1)
< 9 V12,29
2t =2 a*+b =7 (2)
Phuong trinh (1) 1a phwong trinh duong thang, phuong trinh (2) 1a phuong trinh duong tron

tam o ban kinh R:;

Dé ton tai s6 phudc z thoa man dé bai thi dudng thang co6 phuong trinh (1) phai cit duong tron
c6 phuong trinh (2)

o
<

Nghiala d(O,(1))<R «

N |

\/(Zm —2)" +(4m-2)’

o m? < \/(m—l)2 +(2m—1)2 o mt<5m?-6m+2 S (m—l)z(m2 +2m—2) <0
<:>—1—\/§SmS—1+\/§.Vi me7 nén me{—Z;—l;O,‘l;Z}

Chon A

Xét M(z),A(0;-1),B(0;3),C(0;4),D(0;6) = |z +i|+|z — 3i| = |z + 4i| +|z — 6]

< MA+MB=MC+MD.

Theo bat dang thic tam gidc c¢6: MC+MD=>=CD=10 . Do d6 dit
MA +MB=MC +MD =2ay(a, 25).

Khi d6 M cung thudc hai elip (E,),(E,) c6 cung do dai truc 16n 2a, va tdm cua hai elip nay
M(0;1+ay)

tring nhau tai diém 1(0;1) 1a trung diém. Do d6 M =(E,)n(E,)= M(0;1-a,)

M;(0:1 4+ agp)

AM>(0:1 — ag)
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Truong hgp 1: Neu M(0;1+4a,)=|z|<10 < [1+a,|<10 < 5<a, <9 . Truong hop ndy c6 5
diém.
Truong hop 2: Néu M(0;1-ay)=>|z[|<10 < [1-ay| <10 < 5<a, <11. Truong hop nay c6 7
diém.
Vay co tat ca la 12 so6 phure thoa man.

Céu 35: ChonD

Dit z, =2, +1-2i, 1806 2% +(z, +1-2i)" =22, +(1-2i)z,
2
z z
& 224 (zy +1-2i) =2, (2, +1-2i) & 22 42,2 = 2,2, @(—3] -=3+41=0
Z

Z
A 1iJ§i© 1++/3i

y4
z, 2 2

Z-

1,33,

2 2

1- =24 =24,

1++/3i 1++/3i
2 2

Khi d6 a=‘zl—zz—1+21‘=‘zl—z3‘=zl— z =‘zl‘

Do a =23 nén sb woc nguyén cua a 1a 2.(3+1)(1+1)=16.
Céu 36: Chon B
Tac z+2u0|=3 < [z+2u] =9 & (z+2w)(z+2w) =9 <o +2P+4w[ =9(1).
Tuong tu:
22+ 3u| =5 <[22+ 31| =25 & (22+3w)(22+3w) =25 < 4fzf +6P+9|w[ =25(2)

|z+3w| =4 <::>|z+3w|2 =16 <:>(z+3w)(z_:+3a)=16 <:>|z|2 +3P+9|w|2 =16(3)
Giai h¢ phuong (1),(2),(3) ta duge P=2.
Céu 37: ChonC
Goi A va B lan luogt la diém biéu dién ciia z, va z, trén mit phiang toa do. Khi do:

OA=0B=+/39 vda AB=2/3.

, 2
A
Nhén xét: AOAB cantai O . Khi do: |zl +22| =20C =2,|0A? _(TBJ =2439-3=12 véi C

1a trung diém canh AB.
Céu 38: Chon A
3+iz
1+z

Taco: w=

Sw+rw.z=3+1iz <:>(w—i)z =3-w <:>|w—i|.|z| =|3—w| .
Néu |z| =k =1 thi tp hop biéu dién s6 phirc w 1a duong tron Apollonius.
Néu |z|=1 thi tp hop bicu dién s6 phitc w 1a dudng thang.
Vay |z|=1 thoa de.

Céu 39: ChonB
Dat w =x +iy; |z| — q; diéu kién: z = -1

Tu wzlﬂz <:>(w—i)z=1—w<:>z:1_u? <:>|z|=‘1_—w

21?4y

1+z w—1i w—i X% +(y—1)>°
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2x 2a%y

> -1 a*-1
Theo gia thiét quy tich w 1a duong tron ban kinh bang 2, ta c6

1 Y a* ’ a=+2
[ j +[ J -1=2 < 44*-10/*+4=0= 1 dapanB

2 2
a- -1 a- -1 a=
N2

+1=0

oS+t +

Céu 40: ChonC
bat z=x+yi véi x, yeR
Ta co:
(z+3—i)(£+1+3i):[(x+3)+(y—1)i][(x+1)+(—y+3)i]
:(x+3)(x+1)—(—y+3)(y—1)+[(x+3)(—y+3)+(x+1)(y—1)]i
Vi (z+3—i)(;+1+3i) 1a mot s6 thuc nén
(x+3)(-y+3)+(x+1)(y-1)=0=>2x-2y+8=0 & x-y+4=0
Do d6 tap hop tit ca cac diém biéu dién cia z 1a duong thingA:x—y+4=0
Khoang cach tir gbc toa do dén duong thang A Ia:

d(0,4)= % =242
1% +(-1)

Céu4l: ChonD
Goi diém M (x;y) 1a diém biéu dién s6 phac w = x +yi, (x,y € R).

:>x+yi=2;—2+3i<:>;=x—+2+y7_3i.
Khido (z—2+i)(z-2-i) = X2 Y75 gy | XE2, 073 5
2 2 2 2

=i[ﬂ2—(y—3)i—4+2i][x+2+(y—3)i—4—2i]

—[x-2(y-5)i][x-24(y-5)i]= | (x-2 ~(y-5) | =5 | (x-2)" + (v-5)"|.
Tir gia thiét, suy ra ﬂ(x—z)2 +(y—5)2] =25 (x—2) +(y—5) =100.

=> tap hop céc diem M (x;y)bicu dién sé phuc w =2z-2+3i la duong tron tam 1(2;5) va
ban kinh ¢=10.
V&Y a+b+c=2+5+10=17.

Céu 42: ChonD
bat z=x+yi;x,yeR.
Taco z.;+‘z—;‘2 =1 (x+yi)(x—yi)+rryi-(x-yi)| =1

2 2
<:>x2+y2+4y2:1<:>x2+5y2:1<:>xT+yT:1
5
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Céu 43:

Cau 44:

Cau 45:

Cau 46:

Do d6 tap hop diém biéu dién s6 phirc z laelipcd a=1; b=

-

: Vs
Suy ra dién tich hinh phang H 1a S=7ab= E :

Chon A
Dat z =x+yi (x,yeR)

Taco [z-1-i|<2 o x+yi-1-i <2 |(x-1)+(y-1)i| <2

o (x-17 +(y-1) <2 (-1 +(y-1f <4 ()
—=> Tép hop sb phtrc can tim 13 hinh tron tdm I(L1),R, =2

Mit khac ‘z+2+3i‘:m<:>‘(x+2)+(y+3)i‘:m

o (xr2f +(y+3) mmes (142 +(y43) =m? (2
—=> Tap hop s6 phirc can tim 1a dudng tron tim J(-2;-3),R, =m

Do d6 dé ton tai duy nhét sé phtic z thoa man va khi

=R +Ry| |[m+2|=V13 |m=-2+13
= =
J=[R,~Ry| ||m-2|= m=2£+13
Vim>0nén m=+/13+2.

Chgn C

1+iz
4+z
bt |z|=r(r20),w =x+yi(x,y € R). Khi d6

r\/xz +(y—1)2 = \/(1—4x)2 +16y* < r? (x2 +(y—1)2) = (1—4x)2 +16y>

& (16-77)22 +(16 -7 )y? ~8x+ 22y +1-r? = 0(¥)

Tacod w=

<:>w(4+z)=1+iz<:>z(w—i)=1—4w :>|z||w—1|:|1—4w|.

Vi tap hop céc diém biéu dién s6 phitc w 1a mot dudng thang nén (+) phai la phuong trinh bac
nhét d6i vai X y=16-1r*=0=>r=4.

Chon C

Goi w=x+ yi,(x,y e IR).

Taco: w=2z-1-3i < w-3+3i=2(z-2)=|w-3+3i=2|z-2|< [w-3+3i|=8.

<:>\/x 3) +(y+3)" =8 (x-3) +(y+3)" =64=1(3;-3),R=8. Vay 1(3,-3),R=8..

Chon D
Goi diém M (x;y) 1a diem biéu dién s6 phac w = x+yi, (x,y € R).
= x+yi=2z-2+3i > z= x+2+yT_3i.

Khi d6 (z-2+i)(z-2-i)= (";2—%31'— +ij(x7+2+y;3i—2—i]
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:i[x+2—(y—3)1'—4+2i][x+2+(y—3)i—4—2i]

—[x-2-(y-5)i][x-2+(y-5)i]= 4| (x-2 ~(y-5) | =5 | (x-2)" + (v-5)"|.
Tir gia thiét, suy ra ﬂ(x-z)2 +(y—5)2] =25 (x—2) +(y—5) =100.

=> tap hop cac diém M (x;y)biéu din s phuc w = 2z-2+3i 1a duong tron tam 1(2;5) va
ban kinh ¢=10.Vay a+b+c=2+5+10=17.

Céu 47: ChonD
Do z,, z, 14 hai nghiém phirc cta phuong trinh z> —6z+73=0.

Suy ra {

At2 =6 146
Z,.2, =73
212 +z22 —|zl|.|zz| = (z1 +2, )2 —2z,.z, —|zl|.|zz|
=(z,+2,) ~22,.2, ~|z,.2,| = 36 - 2.73 - [73| = ~183
Céu 48: Chon C
Truong hop 1: Néu cac nghiém ciia phuong trinh 1a cac s6 thuc x;1 thi

‘Zl —3+3i‘ :‘(x—3)+3i‘ = 1/(x—3)2 +9 > \/E mau thuin véi gia thiét.

Truong hop 2: Cac nghiém phirc ctia phuong trinh khong 13 cac sb thuce, khi d6 véi

Zy =X+Yi =z, :Z=x—yi.

Khi d6 gia thiét modun twong duong véi |z, ~3+3i|=+2 & (x=3)" +(y+3)" =2 (1). va
(zl +2i)(22 —2) = [x+(y+2)i].[(x—2)—yi] = x.(x—2)+y.(y+2)+[(x—2).(y+2)—xy].i la
mot s6 thudn 4o khi va chi khi phan thyc bang 0 tirc
x.(x—2)+y.(y+2):0<:>x2+y2—2x+2y:O (2)

e abmm (1) v (. JFT3) () =2 [x=2
Gidi h¢ gom (1) va (2): 9" I P
x“+y -2x+2y=0 y=

=z, =2-21; z, =2+21.
z 4z, =—b=(2-2i)+(2+2i)=4

=—4+8=4,
7.2, =c=(2-2i).(2+2i)=8 RAARE

Vi vay theo Vi-et ta cé: {

Cau49: ChonC
it
z=x+yi=(z-6)(8+zi)=(x—6+yi)(8—y—xi)=(x—6)(8—y)+xy+(-x(x—6)+y(8-y))i
1a mot so6 thuce khi va chi khi phan 4o bang 0 tuc:
—x(x-6)+y(8-y) =022 +1? —6x-8y =0 (x-3) +(y—-4)" =25 |z—3-4i|=5.

1| =[] = 5

Dit an phu cho don gian: u=z-3-4i
at an phu cho don gidn: y=2z-3 4z:{|zl_Zz|:‘(ul+3+4i)_(u2+3+4i)‘=|ul—uz|:4
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Khi do |z, +32,| :‘(”1 +3+4i)+3(u, +3+4i)‘ = ‘”1 +3u, +4(3+4i)‘

Goi A(u),B(u,) khi do Ju,|=[04] =5,

u2|=‘@‘:5 va
-y :‘QZ_@z‘zaz+@2_207.@=25+25_m.@:16@&@:17.
Vi viy
iy +310,* =|OA +30B| = OA” +90B +60A.0B =25+9.25+6.17 =352 = |, + 3u| =422
Dung bét déng thirc modun [a +b| > |a| - |b] cO:
oty + 310, +4(3+47)| 2 [4(3 +40)| ~ |, +3u, =20-44/22.
Cau 50: Chon D
Taco: [z+1+i|=2 < [z—(-1-i)|=2= M(z) thugc duong tron c6 tim 1(~1;-1),R =2

Va goi A(z,),B(z,) = |z1|+|z5| =|z1 — 25| & OA+OB = AB < O thudc doan AB

-

<1 D2 2 ([ \2 —»2_—P—2 _ ) )
Khi dé P? =|z; -2z, :(OA—ZOB) =0A" +40B -4.0A.0B =0A’ +40B* + 40A.0B.
Miit khac OA.OB =(HA+OH )(HB-OH)=(HA+OH)(HA-OH) = HA* -OH"

:HAZ—(OIZ —IHZ):(HAZ +IH2)—012 —JA2_O*=R?>-0I*=4-2=2

Do d6: P2 = 0A% +40B* +8> 2OA2 40B* +8 =16

OA? = 40B? {OA =2 {|z1| =2
f— f—

Dau bang xay ra khi va chi khi
OA.OB=2 OB=1 |Zz|:1

| 2 2_ __
bt zl=x+yi(x,yeR):>{‘Zl+1+l‘_2©{(x+1) +(y+1) _4©{x+y 1

‘21‘:2 iyt =4 Wyt =4

2 (2,2 2
Suy ra xy:(x+y) (x Y ):( 1) 4:_§
2 2 2

Chon dép an D

Céu51: ChonC
Goi A(~6;8),M(z,),N(z,), theo gi thiét |z, —z,|=5 < MN =5 va

|22 +6—81|—|z1 +6—81|= |zl|+|zz|<::>|zl|+|zz|=|z2 +6—81|—|—z1 +—6+81|£|zl—zz|=5 ma
|zl|+|zz| 2|zl—zz| =5 nen
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|z, +6—8i| |z, + 6—8i| =|z,| +|z,| =|z; — z,| =5 <> AN~ AM = MN =OM +ON =5

Nhu vady A,M,O,N phai la bén diém thang hang va c6 vi tri nhu hinh v&

y

2
Khi do:|z, +2z, - 3i| = \/(x—3+2x)2 +(—§x+4—§x—3] = \/(3x—3)2 +(—4x+1)"

=25x% ~26x+10 < r[na3>]<\/25x2 —26x+10 =157 .
0;
Céu52: ChonD
Goi z=x+yi v6i X;y € R va M 1a diém biéu dién sb phiic z .
z-2i" =6 = (x-2) +y? +22 +(y-2) =6 = (x—-1)" +(y-1) =1.
Suyra M thudc dudng tron (C) tam 1(1;1) ban kinh R=1.

Taco |z—2|2 +

Goi w=a+bi v6i 1,b€R va N 1a diém biéu dién sb phic w .

2 2 2 2
Tac o321 -+ 3461 < (a-3) +(6-2)" = (a+3] +(6+6)" 30+ 405 0.
Suy ra N thudc duong thang A:3x+4y+8=0.
Goi 4 diqua I vavudng goc v6i duong thang A:3x+4y+8=0,suyra d:4x-3y-1=0.

Goi H:dmA:H[—%;—gj =IH=3.
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Cau 53:

Cau 54:

. . , — 1= 21
Goi K la giao di€ém cua doan IH va (C). Taco 1H=3;1K=1=1 =§IH:>K(E;EJ.

Mat khac, ta ¢6 |z —w|= MN .
Vi M thay d6i thuéc duong tron (C) va N thay d6i thudc duong thing A nén suy ra
MN > KH .

Do do ‘z—w‘ _=HK=2 khi M=K,N=H,suyra M E;1 )
min 5 5

Vay || =0M =

-

Chon C
bit z=a+bi= z=a-bi . Khi d6 ta co:

‘z+;‘+‘z—;‘:6<:>|a+bi+a—bi|+|a+bi—a+bi|:6c>2|a|+2|b|:6<:>|a|+|b|:3.

P:\z—2—3i\:\/(a—2)2+(b—3)2 .
Goi I(a;b) 1a diém biéu dién cta sé phic z va A(2;3).Ta can tim max va min cia IA .

Vé6i I 1a diém thudc canh cta hinh vudng c¢6 4 dinh 1a (-3;0), (3;0), (0;-3) va (0;3).

y

Dua vao hinh vé€, ta nhan théy

2+3-3
IA, ;. =d(A,MQ), phuong trinh MQ:x+y-3=0 nén IAmin=| ’ |=\/§=m.

mi \/E

A = AP =(2-0)" +(3+3) =210 =M.
Do d6 M+m=~2+2410.
Chon B

Pit u=z-2<z=u+2
,{|z—2i|g|z—4i| {|u+2—2i|£|u+2—4i|
Taco &

Su=x+yi;x,yek
z-3-3i|=1 u-1-3i]=1 P VOLUEXTYLLY €

y<3
= {(x—1)2 H(y-3) =1
—=> tap hop cac diém M bicu dién s6 phirc u chinh la giao giita nita duong tron tam 1(1;3),
ban kinh R =1 véi la duong thang y =3 thi P,
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_
o

=N\

8y

0

Dua vao hinh vé, ta ¢ M(2;3),P = \/E

max

Céau55: ChonC
Goi diém biéu dién cia w 1a K thi tir lw—4-3i|=2 ta co K thuc duong tron tim J(4;3),

ban kinh R=2.
Goi A(x;y), B, C lan lugt 14 diém biéu dién cia z,z*,z°, khi d6 |z —w|= AK .

Taco ABZ‘ZZ—Z‘=|Z||Z—1|, AC=‘Z3—Z‘=|2”22—1‘, BC=‘ZB—ZZ‘=‘Z‘2‘Z—1‘

AB? + AC? = BC?
Tir d& ta c6 tam gisc ABC vudng nén | AB*+BC? = AC? va || 0,
AC? + BC? = AB?

#1

z

Trudng hop 1: B> + AC* = BC? <:>1+|z+1|2 =|.z|2 <:>1+(x+1)2+y2 =+t ox=-1.
Do —4<y <15 nén A thudc doan DE voi D(-1;,-4),E(-1;15).
Khi d6 M; = maxAK = JE+R =15, m; =min AK =d(J,DE)-R=3.

16

E \'Q

12

D ra;p
Trudng hop 2: AB® + BC? = AC? <:>1+|z|2 =|z+1|2 o1+x7 +17 =(x+1)2+y2 &x=0.
Do -4 <y <15 nén A thudc doan PQ voi P(0;,-4),0Q(0;15).

Khi d6 M, - max AK = JQ+R=4/10+2, m, = min AK = d(],PQ)=2.

Truong hop 3: AC? +BC? = AB? <:>|z+1|2 +|z|2 =1 <:>(x+1)2 +y2 P =1
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Cau 56:

Cau 57:

2
1 1
<:>[JC+Ej +y2 :Z' Suy ra A thudc duong tron tim I[—%;OJ, ban kinh R, =% va bo cac
diém (-1;0),(0;0)

3\/ﬁ+5
2 )

313 -5
=

Khi d6 M, =maxAK=I[+R+R; = m, =min AK=I-R-R, =

Vay m= min{ml,mz,m3} = min{3;2;£§_5} =2

M= max{M1~;M2;M3} = max{lS;x/E+2;£§+5} =15,

Suy ra m+M? =227
Ch( y: Néu vé& duoc chinh xac hinh v& thi c6 thé suy ra ngay M = JE =15, m = d(I,PQ)-R=2.

Chon B
Goi z=x+iy, (x,ye]R), w=a+bi,(a,beR); M, N lan luot 13 cac diém biéu dién cua cac sd
phic z,w. Khidd, MeA:x-3y=0;Ned:x+2y-1=0 vi

|z—1-2i]=|z-2+i]<x-3y=0va

w—2+3i|=|w—4—i|<:>a+2b—1:O.

Taco T=|z+3—i|+|w+3—i|+|z—w|= AM + AN + MN V6i A(-3;1).
Goi A'=D,(A)=(-1,8-2,6) va A"=D,(A)=(-2,2;2,6), thi

T=AM+AN+MN=A'M+A"N+MN>A'A" =§\/170 =§\/2><5><17 =§\/abc .

Vidy a+b+c=2+5+17=24.

Chgn D

M, M,
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z

Taco +1-i|=1<|z-1-7i|=5. Didu ndy c6 nghia tap hop cac diém biéu dién cho cac

3—-4i

s6 thirc z = x+iy 1a dudng tron (C)Z(x—1)2+(]/—7)2 =25 c6tam 1(1;7) vaban kinh R=5.
P =|z-3-8i|= MA la khoang cach giita M va A(3;8). Taco Al =5va ﬁ:(Z;l).

Taco |z-1-7i|-|-2-i| < P<|z-1-7i]+|-2-i| < 5-5 <P<5+15.

M =(C) oM, (1-245;7-5)

P =MA=5+V5=M,I+IA
max 1 +\/— 1 + @{AMl(\/g_Fl)A[

M, (C)
AM, =(\/§—1)E{@ M

Vay x; +x, +yyy, =(1-245+1+245 ) +(7-+5)(7+5 ) =2+ 44 = 46.

(1+2\/§;7+\/§)

P, =AM, 5—\/EIM2—IA<:>{

Céu58: Chon A
Goi M, M,,M, lin luot 14 diém bidu dién céc s6 phire V52,2, va z, .
:|z+1|<:>‘x/§z—x/§i‘:‘«/§z+x/§‘<:>MA:MB Vol A(O;\/g) va B(—\/g;o).

< Med voi d 1a dudng trung truc ciia AB.

V5 5

d qua I[——;7] 1a trung diém AB va nhan ﬁ:(_ﬁ;_ﬁ) lam VTPT=d:x+y=0.

Taco |z—i

2
‘zl —3«/5‘ =5 = M, e(C,) véi (C,) 1a dudng tron tam 11(3\/3;0), ban kinh R, =+/5.
|2, — 4451 =25 = M, € (C, ) v6i (C, ) 1a dudng tron tam 1,(0;4+/5 ), ban kinh R, = 2\5.

Khi o T:‘«/gz—zl‘+‘\/§z—zz‘=MM1+MM2.

d

Lay dbi xtng M, qua 4, tadugc M'1 e(C'l) voi (C1) la duong tron tdm 1'1(0;—3\/5), ban kinh

R =+5.
Khi 46 MM, + MM, > M,M, >|I,], - R, ~ R, | = 4/5.

Déu “=" xay ra khi va chi khi M = O(O;O),M2 (O;Zx/g),M1 (2\/5;0) .
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Céu 59:

Céu 60:

Hay z=0,z, = 2/5i,2, =245 .

Chon A
Gia Sit z =x+yi,(x,y eR) khi d6 ta c6 z+2z=2x va z—z =2y do d6 tir gia thiét bai toan ta

duoc ‘z+z+2‘+

z—;‘:6<:>|2x+2|+|2y|:6<:>|x+1|+|y|:3.
 an , 1 X . ) x>-1,y=0 _ x<-1,y<0 ) x>-1,y<0 .
Tur day ta c6 bon trudng hop sau (I)'{x+y:2 (H).{xw:_4 (IH).{ o, va

x<-1,y=0

L Hinh biéu dién cua (I) 1a doan AB, cua (II) 1a doan CD, cua (117) la
x—y=-

)|

doan BC vacua (Iv) ladoan AD.Véi ABCD la hinh vu6ng nhu hinh ve.

bat M(3;2) khid6 P =|z—3-2i|=MN Vvéi N la diém thudc canh ciia hinh vuéng ABCD.
Duyng duong thang di qua M va vudng goc véi AB cat AB tai E vacat CD tai F.Tir hinh v&

ta c6 maxP+minP = ME+ MD =d(M, AB)+ MD = —~+/53

2
_ 2\/§+3\/E
—

Hay M+m

Chon B

Tap hop cac diém biéu dién sb phic z,,z,,z, la dudng tron tim O ban kinh R =5.

Goi cac diém biéu dién so phuc z,, z,, z; lanlugtla A, B, C.

Tacd AOBC latam giac vudng can tai O va ‘23 —Zz‘ =BC=5V2.
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Céau 61:

S6 phtrc tz, +(1-t)z, dugc biéu dién boi diém M thudc duong thang BC.

Do o, ta c6 |1z, +(1-)z, — z,| =|OM - 04| = AM.

Goi H 1a hinh chiéu cia A 1én BC tacd AM > AH.

:>rnm|tz2 +(1- t)zs—zl|—m1nAM AH.

ED:R+OD:5+i

2

Khi d6 max{m}Rn‘tz2 +(1-1)z, —zl‘} = max{AH} =
te
Vaytaco a=5b=5,c=2.

Chon C

i |

-2+51

Ta co: |iw—2+5i =

—|=le|w+5+2i=1
1
Taco: T= ‘z —wz— 4‘

Z —wz — |Z| ‘Z —wz — ZZ‘ |Z| |Z z— ZU| 2|Z

bat z—a+bi.Suyra: z—z =2bi.Vi|z|=2 nén —4<2b<4.
Goi A, B lan luot 1 diém biéu dién cua w va 2bi . Suy ra:

+ A thugc duong tron (C) c6 tam 1(-5;-2), bankinh R=1.
+ B thugc truc Oy va -4 <x, <4.

Tu (*)suyra: T=2AB>2MN =2-4=8

Déu “=" xay ra khi va chi khi A=M(-4;-2)= w=-4-2i V&

~u| (%)

B=N(0;—2)=2bi=—2i=b=—1=z=a-i =a’+1=4=a=+y3 = z=+J3-i.

Vay ‘zz —wz—4‘ c6 gia tri nho nhat bang 8 .
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Cau 62: Chon D

biat z, = x; +y,i v61 x;,y, 1a cac so thyec.

Tir [z, +1- 21 =|z, ~ 5+2i] suy ra \/(xl +1) 4y, -2) =\/(x1 -5) + (3, +2)°

< 3x, -2y, -6=0.

Tap hop cac diém M biéu dién cho sb phirc z, trén mat phang phirc 1a duong thing
d:3x-2y-6=0.

Doz, +3-2i|=2nén tap hop cdc diém N biéu dién cho s6 phic z, 1a dudong tron (C) tam
1(-3;2), ban kinh R=2.

Ta can tim gia trj nho nhat cta biéu thirc P = |z, +3+i|+|z; —z,| = AM + MN trong d6 diém
A(-3;-1).

Goi A’ l1a diém dbi xtmg véi diém A qua dudng thiang 4 , ta im duogc A'(3;-5).

CO P=AM+MN = AM+MN 2A'N2AN,=AT-IN,=AT-R véi N, 1a mot trong

hai giao diém ciia AT v6i dudng tron (C), N, ¢ gitta I va A". Khi do, M, la giao diém cua

Al va d .
Vay biéu thirc P = AM + MN dat gia tri nho nhit bing A'I - R va bing /85 2.
Cach 2:

P =|zy + 3+ 4|z — 2| = |7 + 34| +[zy +3-2i (2, +3-2i).
P 2|z, +3+i|+|z; +3-2i|—|z, + 3-2i.
P 2|z, +3+i|+|z, +3—2i|]-2.

Dit z, = x; +y,i v61 x;,y, 1a cac so thyec.

Tl |z, +1-2i| =|z, —5+2i| suy ra \/(x1 +1)2 +(n —2)2 =\/(x1 —5)2 +(n +2)2
< 3x; -2y, -6=0.

Pz\/(x1+3)2 +y, +1)° +\/(x1+3)2 Hy-2) -2.

Thay v, = 3x12_6 ta co PZ\/%lez+13+\/%3xlz—9xl+34—2
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2
P> @xl ERRUER (1_9j 5
2 J3 2 J13
2
ps (Y13, 9 BB ( ]_zz@_z
2 Jﬁ 2
J13
9 19
— /852 =2 ~
85 NANER leJE@"z_”:M(*)
X3 yy-2 57 %
270 _hT2 6 32
X, +3 Yy, -
3y, -2 _
Tu suy ra: %Z%—=t>0 :>x2+3=3t;y2—2=?7t.
2
Cé \/(x2+3)2+(y2—2)2:2<:> 9t +49 2©t—f do ¢ >0.
L 2541285 170-14485
2 85 85

Céu 63: Chon A
Goi M, N lan luot 1a diém biéu dién cua z,w trén mat phéng phtrc.

bat z=a+bi va w=x+Yyi VOi a,b,z,y € R.
P +b* <1

st (a=1f +(b-1) <1

Do d6 M nam trong mién giao cia hinh tron tim O(0;0), ban kinh 1 va hinh tron tam I(1;1),
ban kinh 1.
Tacod [w+1+2i<|w-2-i| o (x+1) +(y+2) <(x-2) +(y-1)° ©x+y<0.

Tacd max{ z

Do d6 N nam trong ntra mit phang bo 13 dudng thang y =—x vachira diém (—1,-—1) .

Goi T la giao diém cua 1O va dudng tron tam I , ban kinh 1.
Tathdy IM <IT <IO<IN.

Theo bét ding thitc tam gidc |z ~w|=MN 2 IN~IM 210~IT=+2-1,
Ping thirc xay rakhi M tring T', N tring O.
Vay min‘z—w‘ =\2-1.
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Cau 64: Chon A

Goi M 1a diém biéu dién s6 phtic z=x+yi trén mit phang phirc.

z-1-2il<1 x-1) +(y-2)" <1
Ta co: {| | = ( )2 (v )2

[2-1-2i]<2 | (x—2) 4 (y-4) <4
Do d6 M thudc phan chung cta hai hinh tron (1,;1) va (1,;2), v6i I, (1;2) va I,(2;4).
Phuong trinh dudng thang 1,1, 1a y =2x.
Duya vio hinh V& ta thiy |z| 16n nhét khi M =Q va |¢| nho nhdt khi M = P, trongd6 P; Q lan
luot 13 giao diém cta dudng thang ¥ = 2X véi cac dudng tron (I,;2) va (1,;1) sao cho P; Q
nam gitra I, va I,.

D@ thay P(z— -

Vay S= min‘z‘ +max‘z‘ =0P+0Q = 3V5-1.
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CHU DE CAC BAI TOAN XAC SUAT NANG CAO

o ot @Y
Y YY 10MTATLY THUYET

1. Xac suit cua bién c6 (dinh nghia c6 dién)

e Gia st phép thir T ¢6 khong gian mau Q 13 mot tap hiru han va cac két qua cta T 13 ddng kha nang.
Néu A 1a mot bién c6 lién quan v6i phép ther T va Q 4 1a mot tap hop cac két qua thun loi cho A

_[9a]_n(4).
o n(Q)

thi x4c suét caa A 12 mot sd, ki hiéu 1a P(A) , dugc xac dinh bdi cong thure: P(A)

e Tiur dinh nghia co dién vé xac suit ta c6 cac budc dé tinh xac suat ciia mot bién ¢ nhu sau:

Buée 1: Xac dinh khong gian mau Q roi tinh s6 phan tir cia Q , tic 1a dém s6 két qua co thé
cua phép thu T.

Buwéc 2: Xac dinh tip con A mé ta bién cb A rdi tinh sd phan tir cua A, tirc 1a dém sb két qua
thuan loai cho A.

Budre 3: Lay két qua ctia bude 2 chia cho budc 1.

e Nhin xét: Viéc tinh s két qua co thé (budc 1) thuong dé dang hon nhiéu so voi viée tinh s6 két
qua thuan loi cho A (budc 1). Dé giai quyét tot cac bai toan xac suit ta cAn ndm chéc phan t6 hop
trudce.

e Chu y 1:

Tir dinh nghia, suy ra 0< P(A)<1,P(Q)=1,P(2)=0.

Céc ki hiéu n(Q) ; n(A) duogc hiéu trong duong véi |Q ;|Q A| 1a 56 phan tir ctia khong gian mau
va cua tap hop thuén lgi cho bién c¢6 A.
2. Cac quy tac tinh x4c suat
e Quy tic cong (ap dung cho cic bién cb xung khac)
Néu hai bién ¢6 A, B xung khéc nhau thi P(A U B) = P(A)+ P(B) .
Néu cac bién ¢d A, A,,A,,...A, xung khic nhau thi:
P(AjUA,U..UA )=P(A)+P(A,)+..+P(A,).
e Quy tic nhin (ap dung cho céc bién cb doc 1ap)
Néu A va B 1a hai bién c6 doc lap thi P(AB)=P(A).P(B)

Néuconbiéncd A, A, A;,...A, ladoc lap thi P(AA,A;..A, )=P(A,).P(A,)..P(A,).
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e Chly2:
Néu A va B doc lap thi Ava B doc lap, Bva A doc lap, B va A doc lap.
Do 6 néu A va B ddc Iap thi ta con co cac dang thirc: P(AB)=P(A).P(B)

p(48) )

P( ): P(A). B)
3. Xac suat cta bién co doi
e XAc suit clia bién c6 A ctia bién c6 A duoc tinh boi P(Z) =1- P(A) .

I WA ' viDy MINH HOA

oo}
Il
)
= |
\._/
=)
—_
oo

o~}
)

(

CAU 1. Xép ngau nhién 7 hoc sinh nir va 5 hoc sinh nam vao 12 ghé thanh mot hang ngang. Tinh xéc
suat dé khong co6 bat ky hai hoc sinh nam nao ngoi canh nhau
7 B 1 7 7

99 132 264 11880

£ LOI GIAI
Chon A
Xép 12 hoc sinh vao 12 ghé ¢6 12! céch xép ta ¢6 s0 phén tir ciia khong gian mau 1a 12! = n(Q) =12!

Goi A labién cd “Xép 7 hoc sinh nit va 5 hoc sinh nam vao 12 ghé khong c6 bat ki hai hoc sinh nam nao
ngdi canh nhau”
Xé&p 7 hoc sinh nit ¢6 7!cach xép
Xép 5 hoc sinh nam vao 8 vi tri gdm 2 vi tri dau cudi va 6 vi tri gita cac hoc sinh nit
Chon 5 vitri ttr 8 vitrila 8C5
—S6 cach xép 5nam la 8C5.5!
n(A) 718C55! 7

=n(A)=71.8C55!=p(A)= Q) 1w

CAU 2. C6 3 quyén sach Van hoc khac nhau, 4 quyén, sach Toan hoc khac nhau va 7 quyén sach Tiéng
anh khac nhau dugc x€p 1én mot ké ngang. Tinh xéac suat dé hai cudn sach cung mon khong & canh nhau.
5 B 19 C 19 D 19

8008 12012 1202 1012

£ LOI GIAI
Chon B
Xép 7 quyén sach Tleng anh thanh mot hang ngang c¢6 7! cach xép.
Khi d6 c6 6 khoang trong giita 7 quyén sach trén.
Xay ra hai truong hop sau:
Truwong hop 1: Giita mdi khoang trong xép dung 1 quyén sach Van hoic Toan.
Chon 6 quyén sach Vin hodc Toén xép vao 6 khoang trdng thi c6 Ag cach.
Xép quyén sach con lai vao mot trong hai du ciia hang sach da xép thi co 2 cach.
Vay truong hop nay co 7!. A6 2 céch.
Trwong hep 2: C6 ding mét khoang tréng xép 1 quyén Vin va 1 quyén Toan canh nhau, nhiing khoang
tréng con lai xep dung mét quyén Van hogc Toan.
Chon mot quyén Van va mdt quyén Toan thi cé 3.4 cach.
Xep hai quyén sach dé chon theo mot thir tu nao do thi c6 2 cach.
Xep hai quyén sach trén vao mot trong 6 khodang tréng thi c6 6 cach.
Xép 5 quyén sach con lai vao 5 khoang tréng con lai thi c6 5! cach.
Vay truong hop nay co 7!.3.4.2.6.5! cach.

Suy ra s cach xép thoa man dé bai la: 71.A%.2 +71.3.4.2.6.5! cach.
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7LAS2+71.34265! 19

X4c sut can tim 1a: P = = .
14! 12012

QAU 3. Goi T latap hop gdm cac sré tu nhién c¢6 7 chir sfS d6i mot khac nhau. Lé),r tr T ngau nhién mot
s0. Tinh xac suat dé€ lay dugc mdt s6 chan chira cac chit s0 2, 3, 4 sao cho chir s6 2 dung trudc chir sO
3 vachir so 3 dung trudce chir so 4 .
65 g 40 c. 2 D 20
1944 1701 1512 1701

& LOI GIAI
Chon A

Goi s6 ¢c6 7 chir sd d61 mot khac nhau la a, a:m, a, #0.

S6 phan tir cta khong gian mau 1a n(Q) = 9.AS = 544320.

Goi A 1a bién so can tinh xac suat.

Taco a, € {0;4,‘6;8}.

Truwong hop 1: a, =0

Xép cacchitsd 2, 3, 4 vaosd a co Cg’ cach, xép 3 chir s6 con lai cia s6 a co Ag cach.

Vay truong hop 1 ¢6 C2.A2 =2400 sb.

Truwong hop 2: a, =4

Néu a; =2 thico 5 cach xép chit s6 3, cac chit s6 con lai c6 A;1 cach.

Néu a; #2 thi a; c6 6 cach chon (al ¢ {0;2;3;4}), xép cac chit s6 2, 3 ¢b Cé cach, cac chir sb con lai
co AJ cach.

Vay truong hop 2 €6 5.A% +6.C2.A7 = 11400 sb.

Truong hop 3: a, € {6;8}

a, €O 2 cach chon.

Néu a, =2 thico Cg cach xép cac chir sd 3, 4, cac chir s6 con lai co Ag’ cach.

Néu a; #2 thi a; ¢6 5 cach chon (al ¢{0;2;3;4;a7}), xép cac chit s 2, 3, 4 ¢6 Cg’ cach, cac chit sd
con lai co A; cach.

Vay truomg hop 3 ¢0 2(C2.A2 +5.C2.A2 ) = 4400 5.

n(A) _ 18200 _ 65

Do d6 n(A) = 2400 +11400 + 4400 = 18200 . Vay P(A) = - .
n(Q) 544320 1944

CAU 4. Thay gi4o ¢6 30 cau hoi trac nghiém khach quan. Trong d6 c6 12 cau héi muc nhan biét, 8 cau hoi
muc thong hiéu, 6 cau hoi mirc van dung va 4 cau hoi muc van dung cao. Thﬁy gido mubn tao dé kiém tra
15 phut gém 10 cau hoi duge chon tir 30 cau hoi néi trén. Tinh x4c suat dé hoc sinh chon duge mot dé kiém
tra c6 di bédn muc d6 véi 4 cAu nhan biét va khong qua 2 cau van dung cao.

6561720 B 4 6 D 88

" 30045015 " 60697 " 60697 " 667

& LOI GIAI
Chon A

Taco: n(Q)=Cj) =30045015

Goi A 1a bién ¢ chon duoc (‘ié thoa yéu cau. Khi d6 xay ra cac kha nang sau:
Trwong hop 1: Chon dugc dé c6 mot cau van dung cao, s6 cach chon l1a
C.Cy(CH.Ch+CA.C2 +C3.C +CL.C ) = 3841200

Truwong hop 2: Chon dugc dé c6 hai cau van dung cao, s6 cach chon 1a.

467 | Facebook tac gid: Phan Nhét Linh - SBT: 0817.098.716




Chuong 5: T8 hop — xAc subt

Cly Ch.(C3.Co+C3.C2 +C{.C2 | = 2720520

n(A) 6561720
n(Q) 30045015

Suy ra n(A)= 3841200 +2720520 = 6561720 . Vay P(A)=

CAUS. Goi S 1a tap hop céc s6 tu nhién ¢ 5 chir sd duoc léy tir cac chir s 1;2;3;4;5 , trong do chir $6
3 ¢6 mit dung ba lan, cac chir sé con lai c6 mit khong qua 1 1an. Liy ngiu nhién 1 sb tir tap S . Xéc sut
deé so0 lay duoc chia hét cho 3 1a

A2 B. L. c. L D. L.
3 2 6 3

£ LOI GIAI
Chon A

Goi sb can tim ¢ dang: W.

Chon 3 vi tri dé dit 3 chix s6 3 vao: ¢6 Cg’ cach.

2 vi tri con lai dugc 14y tir 4 chir s6 con lai: ¢6 Ai cach.

Nén ta c6 s phan tir khong gian mau: n(Q) = Cg.Ai =120.

Dé s6 do chia hét cho 3 thi (a4, +a, +ay +a, +a5):3

Do chit s6 3 xuat hién 3 14n nén ta c6 4 truong hop cho 2 chir s6 con lai 1a (1;5);(2;4);(1;2);(4;5) . Mbi
truong hop c6: C2.2!=20 cach.

204 2

Vay x4c suét can tim la: P="—"—=2
120 3

CAU 6. Tir 12 hoc sinh gém 5 hoc sinh gioi, 4 hoc sinh kha va 3 hoc sinh trung binh. Gido vién mudn
thanh 1ap 4 nhom lam 4 bai tap 16n khac nhau, mdi nhém 3 hoc sinh. Xac suat dé nhém nao ciing c6 hoc
sinh giéi va hoc sinh kha bang
5 B. 20 c.—> . p. L.
385 385 770 6160

& LOI GIAI
Chon B

Taco: n(Q)=C;,.C5.Co.C5

Goi A la bién ¢b tur 12 hoc sinh lap 4 nhoém khac nhau, mdi nhém 3 hoc sinh va nhom nao cling c6 hoc
sinh gidi va hoc sinh kha

Tamb ta n(A) nhu sau:

S6 cach chia 4 hoc sinh kha cho 4 nhém, c6 4! cach.

S6 céch chia 5 hoc sinh gioi cho 4 nhém, ¢6 C§.4.3! cach (vi 5 hoc sinh gioi ma chi c6 4 nhdm nén sé
c6 mot nhdm cb 2 hoc sinh gidi. Vi vay ta chon 2 hoc sinh gioi trong 5 hoc sinh gioi va chon 1 nhém
trong 4 nhém cho 2 hoc sinh gioi vira chon. Con lai 3 hoc sinh gioi sap xép vao 3 nhém con lai).

Bay gio dd c6 mot nhoém da 4 hoc sinh. Thé thi 3 hoc sinh trung binh cho vao 3 nhém con lai, cé 3!

céch. Ta co: n(A)=4!xC2.4.3!x3! = P(A)= "Eg; = %
n

CAU 7. Mot nhém 10 hoc sinh gdm 6 nam trong d6 c6 Quang va 4 nir trong d6 6 Huyén dugc xép ngau
nhién vao 10 ghé trén mot hang ngang dé du 18 so ket nam hoc. Xéc suat dé xép duoc gitra 2 ban nir gan
nhau c¢6 dung 2 ban nam, dong thoi Quang khong ngdi canh Huyén 1a

109 1 1 D 109

30240 280 " 5040 " 60480

£ LOI GIAI
Chon B
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Tacoé: n(Q)=10!.

Gia str cac ghé duoc danh sé tir 1 dén 10.

Dé ¢ cach xép sao cho giita 2 ban nir c6 diing 2 ban nam thi cac ban nit phai ngdi & cac ghé

danhsb 1, 4,7, 10. C6 tht ca sd cach xép chd ngéi loai nay la: 6!.4! céch.

Ta tinh s6 cach sip xép chd ngdi sao cho Huyén va Quang ngdi canh nhau

Néu Huyén ngdi & ghé 1 hodc 10 thi c6 1 cach xép chd ngdi cho Quang. Néu Huyén ngdi ¢ ghé 4 hoic
7 thi co 2 cach xep chd ng01 cho Quang.

Do do, so cach X€p chd ng01 cho Quang va Huyén ngdi lién nhau 1a 2 + 2.2=6.

Suy ra, s6 cach xép chd ngdi cho 10 ngudi sao cho Quang va Huyén ngdi lién nhau la

6.31.5!.

Goi A la bién cb “Giita 2 ban nit gin nhau c6 ding 2 ban nam, dong thoi Quang khong ngdi canh
Huyén”.

n( A s
( )—12960— 1 . Vay xac suat can tim la L

n(A)=41.6!-6.31.5!=12960 = P(A) = n(Q) 100 280 280

C%U 8. Ban chi dao phong cl}éngNdigh Covid-19 cuas6 Y té tinh X c6 9 ngudi, trong d6 c6 4 bac si. Chia
ngau nhién Ban d6 thanh ba t6, moi t6 3 nguoi dé di kiém tra cong tac phong dich ¢ cac dia phuong. Trong
moi to, chon ngau nhién
L B. - c i D. L.
42 14 7 21

& LOI GIAI
Chon D

Chon 3 ngudi vao nhom A va cd mét to trusng: C;.3 cach.
Chon 3 ngudi vao nhom B va cd mot to truong: C2.3 céch.
3 ngudi con lai vao nhdm C va c6 mot to truong: C§.3 cach.
Ta c6 s6 phén tir cua khong gian mau la: n(Q)=Cy.3.C;.3.C;.3 = 45360.
Goi M 14 bién c6 théa man bai toan.
Chon nhom c6 2 béac st ma c6 1 6 trudng 1a bac si: C3.CL.2 cach.
Chon nhom c6 1 bac si va bac si 14 to truong co: C; .Ci cach.
1 bac si con lai va 2 ngudi con lai vao nhom c6 1 cach.
Chon mét trong 3 nhém A, B,C ¢6 2 béc sicé Cj cach.
2160 1

= n(M)=C},C3.2.C,.C;.C; =2160 = P(M) = 15360 " 21"

CAU9.GoiAla tap hop tat ca cac s6 tu nhién c6 5 chir s6. Chon ngﬁu nhién mot s tir tap A, tinh xac sudt
dé chon duoc mot s6 chia hét cho 11 va chir s6 hang don vi bang 6 .
409 B 459 c 817 1

© 45000 © 45000 90000 100

& LOI GIAI
Chon A ,
Sé cac s6 tw nhién co 5 chit s6 1a 99999 —10000 +1 = 90000
Gia sir s6 tu nhién c6 5 chit s6 chia hét cho 11 va chit s hang don vi bang 6 1a: abcd6
Ta c6 abcd6 =10.abcd +6 =11.abcd —abcd +6 chia hét cho 11 khi va chi khi abed —6 chia hét cho 11,

bit abcd —6=11h <> abcd =6+11h . Khi d6 ta dugc: abcd =11h+6=1000<11h+6 <9999

4 . . ,
< 9191 <h< 9323 < 1e{91, 92,..., 908} suy ra s6 cach chonra h sao cho s6 abcd6 chia hét cho 11 va

1286 409
90000 45000 °

chir s hang don vi bang 6 1a 818 Vay xéc suat can tim la:
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IS BAI TAP TRAC NGHIEM

Céu 1:

Céu 2:

Cau 3:

Cau 4:

Cau 5:

Céau 6;

Cau7:

Céau 8:

Cau 9:

Céau 10:

C6 6 hoc sinh gdm 1 hoc sinh 16p 10, 2 hoc sinh 16p 11 va 3 hoc sinh 16p 12 . Xép ngau nhién
6 hoc sinh d6 thanh mot hang ngang. Xac suat dé hoc sinh 16p 10 dimg xen k& giita 2 hoc sinh

16p 12 bang
L B. 2. c. i D. >
10 5 5 10

Tir 30 céu hoi tric nghiém gdm 15 cau d&, 9 cau trung binh va 6 cau kho nguoi ta chon ra 10 ciu
dé 1am @& kiém tra sao cho phai c6 du ca 3 loai d&, trung binh va khé. S6 dé kiém tra co6 thé 1ap
duoc la:

A. 27730143 . B. 27731043 . C. 27737049. D. 27730749.

Chon ngau nhién mot s tir tap hop X gdm cac sb tu nhién bé hon 10'° va co tong céac chir sb
béng 2. Tinh xéc suét dé sé duge chon chia hét cho 2000.
INES B. 12, c. 16, D. 3.
5 55 45 5
Giai bong chuyén VTV Cup c6 16 d6i tham gia, trong d6 c6 12 d6i nudc ngoai va 4 doi Viét
Nam. Ban t6 chtc cho bdc tham ngiu nhién dé chia thanh bén bang dau A, B, C, D mdi bang c6
4 d6i. Tinh x4c suat dé 4 d6i Viét Nam nam & 4 bang dau khac nhau.
EX 5.5 ¢ 2 . &
455 1365 1365 455
C6 26 tam thé duoc danh s6 tir 1 dén 26. Rut ngiu nhién cung mot luc 3 tim thé. Tinh x4c suat
sao cho bat ki hai trong ba tim thé 1iy ra d6 co hai s6 tuong tng ludn hon kém nhau it nhat 2
don vi.
$ 5 7. ¢ 1. . 25
25 52 2600 325
Chon ngau nhién 3 s tu nhién tir 101 dén 200 . Tinh x&c suat dé 3 s6 dugc chon lap thanh mot
cap sb cong.
L 5 2 2 oL
66 100 33 33
Tir cac s6 0,1,2,..,8 ¢6 thé lap duoc bao nhiéu sé tu nhién ¢6 5 chit sé d6i mot khac nhau ma
c6 3 chirsé chin, 2 s 1é va hai s62,3 khong dong thoi co mit.
A. 4392. B. 6336. C. 1944. D. 4350.
Cho da gidc déu (H) c¢6 20 dinh, chon ngau nhién 4 dinh cua (H). Tinh xé4c suat dé 4 dinh duoc

chon tao thanh mot tir giac ma khang c6 canh nao la canh cua (H).

2 4 4 41
STS B.%. c.9—2;’. D.SE.
Tutap A={1,2,3,4,56,7,8,9} cbthé lap duoc bao nhiéu s ty nhién c6 4 chir s6 abed sao cho
a<b<c<d.
A. 495, B. 309. C. 1534. D. 876.

C6 2021 hop qua duoc danh s tir 1 dén 2021. LAy ngau nhién 8 hop dé tang 3 ngudi. Tinh xac
suit dé cac s ghi trén hop ldy ra d6 khong nhitng c6 ca sé chia hét cho 8 ma con cé ca sb chia
hét cho 3.

3

A 3 B. =0,83. C.=0,38. D. =0,63.

Chinh phyc céc bai todn VD - VDC: CAc bai todn xéc subt ndng cao | 470



Phan Nhét Unh Chinh phuc vén dung — van dung cao ndm 2023

Céu 11:

Cau 12:

Céu 13:

Céu 14:

Cau 15:

Céau 16:

Cau 17:

Céau 18:

Céau 19:

Céau 20:

Td tién VN duoc goi 1a may mén néu ménh gia va sé-ri thoa mén diéu kién:
1. To bac c6 m¢nh gia 10000 VND
2.2 chir cai in hoa khong trung nhau
3. Tong 4 chit s6 dau bang tong 4 chir sb cudi.
Hoi ¢6 bao nhiéu td tién may mén ?
A. 313041850 . B. 3130419500 C. 313419500. D. 313041950.
Cho da giac 30 dinh noi tiép duong tron, goi S 1a tap hop cac dudng thang di qua 2 trong s 30
dinh da cho. Chon hai dudng thang bat ki tir tap S . Tinh xéac suit dé chon duoc hai dudng thing
ma giao diém cua chung nam bén trong dudng tron.
L. B. 2. c. 2. D. =

25 5 14 31
Goi S 1a tap hop céac s6 tu nhién gém 4 chit s6 d6i mot khac nhau duoc 1ap nén tr cac chir $6
0; 1; 2; 3; 4; 5. Chon ngau nhién mot s tir tap S . Xéc sudt dé s6 duge chon co chira it nhat mot
trong hai chir s6 1 hodc 2 bang
Al 5 L 2 0.7
3 15 50 50
Chotap A={1,2,3,4,5,6,7,8,9} . C6 th¢ lap duoc bao nhiéu so ty nhién ¢6 9 chit s6 phan biét
sao cho céc chir sé 1,2,3,4,5 xuat hién theo thir tu giam dan tur trai qua phai va chit s6 9 luén
dung truge chir s6 1?
A. 2250. B. 2520. C. 420. D. 3024.
Cho mgt bang hinh chit nhat kich thudc 10x9 gém 90 6 vuong don vi. Chon ngﬁu nhién mot
hinh chit nhat duoc tao bai cac 6 vudng don vi ciia bang. Xac sut dé hinh dugc chon 14 hinh
vuong la
At 5 2 ¢ 3 0.2,
5 15 10 3
Thﬁy gido yéu cau 3 ban An, Binh, Lam 1an luot 1én bang viét ngau nhién maot s6 ¢o 2 chit sb
ma chi dung cac chix s6 0;1;8;9 . Tinh xé4c suét téng 3 sd ba ban viét 1a mot s chia hét cho 3
A.l. B.l. C.i. D.%

3 9 27 9
C6 6 hoc sinh nam va 3 hoc sinh nir duoc xép chd ngdi ngau nhién vao mot day gom 9 ghé.
Xac suat ¢é mdi hoc sinh nir dugc xép ngdi xen giita hai hoc sinh nam 1
A 11,9%. B. 58,33%. C. 60,71%. D. 6,94% .
C6 200 céi keo, chia cho 5 ngudi sao cho ai cling c6 keo. Xac suit dé mdi nguoi c6 it nhat 10
keo gan ding véi dap an nao sau day?
A. 0,711. B. 0,277 . C. 0,432. D. 0,355.
Ban An chon ngu nhién 3 s6 phan biét trong tap hop {1,2,3,4,5,6,7,8,9} va sip xép chling theo
ther tw giam dan dé tao thanh mot sé gébm ba chit s6. Ban Binh chon ngau nhién 3 s6 phan biét
trong tap hop {1,2,3,4,5,6,7,8} va sap xép chling theo thir ty giam dan dé tao thanh mot s gom

ba chit s8. Tim Xxac suat sao cho sé cua An lén hon sb cua Binh.
A Y B. 7. c. 2. D. ¥
72 56 3 72
Cho da giac déu 2020 dinh noi tiép dudng tron (C). Chon ngdu nhién dong thdi 3 dinh trong

2020 tao thanh 1 tam giac va chon ngiu nhién dong thoi4 dinh trong
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Cau 21:

Cau 22:

Céu 23:

Céu 24:

Céau 25:

Céau 26:

Céau 27:

Céau 28:

Céau 29:

Céau 30:

2020 dinh tao thanh 1 tir gidc. Goi x la xdc suat chon dugc tam gidc vudng can, y la xac suat

chon dugc hinh chit nhat. Tinh ti s6 hd .
y

A X _2017 c x_1009 D X_2020

y 1009 y 2017 y 2021
Goi S la tap cac sb ty nhién c6 9 chit sb doi mot khac nhau. Lay ngau nhién mot sb tir tap S .
Tinh xéc suat dé liy duoc s6 co6 mit dong thoi bdn chit sd 4;5;6;7 va bdn chir sb d6 doi mot
khong ké nhau.
A2 B 82 c. 17 D 85
63 1134 252 1134

Sb tap con c6 ba phan tir cia tap {21 ;22 ;...;22020} sao cho ba phan ttr d6 c6 thé xép thanh mot

B. £ =2017.

<

cap s6 nhan ting bang

A. 1017072 B. 2039190. C. 1018081. D. 1019090 .

C6 bao nhiéu xau ki tw d0 dai 2021 ma mdi ky ty thudc tap hop {1;2;3}, trong do6 s6 ky tur 1

xuét hién chin 14n?

32021 _q | 5 32021 | ¢ |
2 2

Nguoi ta ding 100 s6 nguyén duong dau tién dé danh sd cho 100 tdm thé (mdi thé danh mot

s6). Chon ngau nhién bdn thé trong 100 thé dé. Xac suat dé chon dugc bdn thé sao cho tich cta

céc sO ghi trén bon thé chia hét cho 9 gan nhét v6i két qua nao sau day?

A. 0,536. B. 0,464. C. 0,489. D. 0,511.

C6 bao nhiéu sb ty nhién c¢6 6 chir sé ma chit s6 tan cung 1a chir s 1 dong thoi sé d6 chia hét

cho 9?

A. 10000. B. 9999 . C. 100000. D. 99999 .

Mot bang vudng gdbm 100x100 6 vudéng. Chon ngdu nhién mét 6 hinh chir nhat. Tinh xac suat

dé 6 duoc chon 13 hinh vudng (trong két qua l1ay 4 chit s6 & phan thap phan)

A. 0,0134. B. 0,0133. C. 0,0136. D. 0,0132

Cho tap hop X ={1;2;3;4;...;100} hdi c6 bao nhiéu cach lay ra 7 s6 bat ki khac nhau sao cho hi¢u

A. C. 3%021 _1, D. 32921 41,

cua 2 s6 bat ki trong 7 s6 d6 c6 trj tuyét d6i khong nho hon 4?
A. Ch, B. Cly C. Cly =97 D. CJ;
C6 30 qua cau dugc danh sb tir 1 dén 30. Ban Minh chon ngau nhién ra 10 qua cau. Tinh xac
suat dé trong 10 qua cau lay ra c6 5 qua cau mang so chan, 5 qua cau mang so 1€ trong do co
ding mot qua cau mang s6 chan va mot qua cau mang so 1€ chia hét cho 3.

5040 B 3500 C 1001 D 5031

95381 95381 3335 95381
Goi S latap cac sb tu nhién co 4 chit s6 khac nhau. Chon ngau nhién mot s6 tir S . Xac suét dé
chon dugc sb ¢o 4 chir sb viét theo thir ty ting dan va khong co hai s6 nao lién tiép nhau la:

L 5.2 c 3 0 5

36 3 63 1512

Cho tap hop A ={1;2;3;4;5;6;7} . Goi B la tap hop céc s ty nhién gom 4 chit s6 khac nhau
duoc 1ap tir A . Chon thir tu 2 s6 thudc tap B. Tinh xac suat dé 2 sé duoc chon c6 dung mot
s co mat chirsd 5.
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Céu 31:

Cau 32:

Cau 33:

Céu 34:

Céau 35:

Céau 36:

Céau 37:

Céau 38:

Céau 39:

Céau 40:

140 o 250 c. 450 0. 720

5873 5873 5873 5873
Xé&p ngau nhién 5 hoc sinh 16p Toan, 2 hoc sinh Iép Van va 2 hoc sinh 16p Hoa vao 9 ghé
quanh mét ban tron (mdi hoc sinh ngdi dung mot ghé). Tinh xac suat dé 5 hoc sinh 16p Toan
ngdi canh nhau.

. B. . c. 2. D. L.

126 126 14 14
Mot bai tric nghiém c6 10 cau hoi, mdi cau hoi c6 4 phuong an lya chon trong d6 c6 mot dap an
dung. Gia str mdi cu tra 101 ding duoc 5 diém va mdi cau tra 10 sai bi trir 2 diém. Mot hoc sinh
khong hoc bai nén danh hii hoa mét cau tra 16i. Xac suat dé hoc sinh nay nhan diém duéi 11a
A. 0,7759 . B. 0,5256. C. 0,5652. D. 0,7959.
Trong hop ¢6 m bong d6 va n bong xanh d6i mot khac nhau. Ta lay 1an lugt ra ngoai ngau nhién
khong hoan lai mot 1an mot qua bong. Xac suat dé 1an cubi ldy dugc bong mau do 13

m n 1 m!

m+n B. m+n c. (m+n—1)!' ' (m+n)!'

A.

B6 méa ASCII 1a bang ma dung mot ddy gom 8 ki hiéu 13 0 hodc 1 d& ma hoa cho mot ki tu. Lay
ngau nhién 1 day 8 ki hiéu trong bang ma nay. Xéac suat dé diy ldy ra c6 nhiéu nhét 6 ki hiéu 1a
lla
= . 212 2 0 27
256 256 256 256
it 5 quan co 1én mot ban co vua, mdi 6 vuong trén ban co chi chira nhiéu nhat mot quan co.
Xéc suat dé khong hang, khéng cot ndo c¢6 nhiéu hon mét quan co la:
. 7 - B. 560. C. 35. D 280.
17019 5763 1891 5763
Tur cac dinh cua mdt da giac déu 20 canh chon 4 dinh bat ki dé tao thanh mét tur giac 16i. Xac
suat dé tir giac duoc chon 1a mot hinh thang ma khong phai 13 hinh chit nhat 1a
NES g 2L c B =
19 323 323 323
Cho mét da gidc déu 45 dinh. LAy ngiu nhién 3 dinh cta da giac d6. Tinh xac sut dé 3 dinh lay
dugc tao thanh mot tam giac cAn ma khong phai 1a tam giac déu.
Ap S 5.2 cr-S pp3
496 43 496 43
Chotap A= {0;1; 2;...9} .Tutap A léy 1s6 tu nhién gém co 7 chit sb doi mot khac nhau. Tinh
xéac sudt dé sb 1ay dugc tao thanh 1a sd chén trong d6 cac sé 3;4;5 ding lién v6i nhau va 7;9
dung lién vi nhau.
: 23 : B. 17 : C. 23 . D. 23 :
9720 6840 4860 3240
Chotap hop S={1,2,3,4,5,6}. Haiban A, B mdi ngudi chon ngau nhién mot tap con cua S. Xac

suit dé tap con ma A va B chon duoc c6 dung 3 phan tir chung 1a:
) o 15 c 45 o, 183
1024 1024 2048 2048
Cho E la tap cac s6 tu nhién gém bon chit sé d6i mot khac nhau duge lap tur tap
X={0,1,2,3,4,5, 6,7, 8).Chonngiunhién mot s tir tap E. Tinh xé4c suat dé s duoc chon
chia hét cho 3.

473 | Facebook tac gid: Phan Nhét Linh - SBT: 0817.098.716



Chuong 5: T8 hop — xAc subt

Céu 41:

Cau 42:

Céu 43:

Céu 44:

Cau 45:

Cau 46:

Cau 47:

Cau 48:

Cau 49:

Céau 50:

A 2. B. . c. 7
28 56 112

Goi S 1a tap hop cac s6 tu nhién ¢6 nam chit sé chia hét cho 5. Chon ngﬁu nhién mot sb tur tap S.

X4c sudt dé sd duoc chon chia hét cho 3 1a.

NS B, D02 c. L p, 5667

3 5712 3 20000

Xép 32 chiéc ghé gibng nhau vao 3 phong khac nhau dugc danh sé LILIII tir trude sao cho

D.

NN

phong I c6 it nhit 11 chiéc ghé,phong II ¢6 it nhat 7 chiéc ghé va phong III c6 it nhat 5 chiéc
ghé. C6 bao nhiéu cach thyc hién?

A. 54. B. 56. C.57. D. 55.

C6 50 tAm thé duoc danh sb tir 1 dén 50. Chon ngﬁu nhién ra 10 tim thé. X4c suit dé c6 5 tAim
thé mang s6 18, 5 tam thé mang s6 chén, trong d6 c6 dung 2 tim thé mang sb chia hét cho 5 gan
nhit voi két qua nao trong cac két qua sau day?

A. 0,09. B. 0,07. C. 0,18. D. 0,5.
Cam hét 6 bong hoa gidng nhau va 3 lo khac nhau. Tinh xac suat dé c6 lo chira 3 bong hoa.
A.é. B.l. C.i. D.1—5.

8 2 14 28

Cho tap hop A= {0; 1;2;3;4;5; 6; 7,8}. Goi S 1a tap hop cac sb tu nhién c6 6 chit sb do6i

mot khac nhau duoc 1ap thanh tir cac chit s6 cua tip A . Chon ngiu nhién mot sb tir S, tinh xac
xuét dé sé duge chon 1a mot s6 chin va chit s6 dtrmng & vi tri thtr ba [udn chia hét cho 5.
25 5 211 ¢ 27, . 25
1792 1792 1792 1792
Co hai chié chdp, modi hop chira 7 vién bi xanh, 8 vién bi do. Léy ng'?lu nhién hai vién bi tir hop
thir nhéat bo sang hop thir hai, sau d6 14y ngau nhién ¢ hop thi hai 5 vién bi. Tinh x4c xuét dé 1ay
dugc 5 vién bi ¢ hop thir hai ¢6 du hai mau.
A 4 . B. 231232 _ C. 633269 . D 11 .
5 435323 649740 13
Cho da giac 16i ¢6 14 dinh. Goi X 1a tdp hop cac tam giac c6 ba dinh 14 ba dinh cta da giac da
cho. Chon ngau nhién trong X mot tam giac. Tinh xac suat dé tam giac duoc chon khong c6
canh nao la canh cua da gidc da cho.
A ll 5 15 ¢ 0 S
26 26 13 13
Goi S latap hop cac udc sé nguyén duong ciia s6 34034175 . Lay ngau nhién hai phan tir thugc
S . Tinh x&c suat lay duoc hai phan tir 14 hai s6 khong chia hét cho 7 .
. -l crl. bl
195 267 276 159
Tir cac chir s6 0,1,2,3,4,5, hiy 1ap s6 c6 10 chir s6. Tinh xac suat dé s6 d6 co sd 3 1ap lai hai

lan, sb 4 1ap lai ba lan, s6 5 lap lai hai 14n va cac chit s6 khac c6 mat ding mot lan.
L B. . c. > D. 7.
1296 2592 2592 2592
Goi T 1a tap hop gdm cac sb tu nhién c6 7 chir sé d6i mot khac nhau. Ly tir T ngau nhién mot
s6. Tinh xac suét dé léy duoc mot sé chin chira cac chit s6 2, 3, 4 sao cho chit sd 2 ding
trude chir sb 3 va chir s6 3 dung trude chit sd 4.
ﬂ B_ﬂ_ C_i_ D_5_O_
1944 1701 1512 1701
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HU'ONG DAN GIAI CHI TIET
Caul: Xépngiunhién 6 hoc sinh thanh mot hang ngang nén n(Q) =6!.
Goi A 1a bién cb: “Xép ngdu nhién 6 hoc sinh thanh mét hang ngang sao cho hoc sinh 16p 10
ding xen k€& gitta 2 hoc sinh 16p 127
Xép 1 hoc sinh 16p 10 vao dau tién thi co 1 cach.
Ly 2 hoc sinh 16p 12 va xép dumg 2 bén hoc sinh 16p 10 thi c6 C2.2 céach.
Nhom 3 hoc sinh trén thanh mot nhom, Xép nhom nay va 3 hoc sinh con lai thanh mét hang
ngang thi co 4! cach.
Suyra: n(A)=C3.2.4!=144.
n(A) 1
Vay P(A)=——==—.
i ( ) n(Q) 5
Cau2: S dé kiém tra c6 10 cau tiy ¥ tir 30 cau hoi trac nghiém la: Cég
S6 dé kiém tra c6 10 cau chi toan cau dé tir 30 cau héi tric nghiém 1a: Cjy

Khoéng c6 dé kieém tra cé 10 cdu ma toan cau trung binh va khd, vi s0 lugng cac cau nay bé hon
10

Sb dé kiém tra 10 cau chi c6 hai loai cau dé va trung binh la: C;Z - C%g (phai trir truong hop chi

¢6 10 cau dé da dém ¢ trén)

Sb dé kiém tra 10 cau chi c6 hai loai cau d& va kho 1a: C;(l) - Cllg (phai trir truomg hop chi ¢6 10
cau dé da dém o trén)

S6 dé kiem tra 10 cau chi ¢6 hai loai cau trung binh va kho la: C]J |

S6 dé kiém tra 10 cau héi du ca 3 loai d&, kho, va trung binh la:

Cau3: S6 10" gémco 1 chitsd 1 va 10 chir s6 0 nén tap hop X gdm céc sd ty nhién c¢6 khong qua 10
chir so.
Ta c6 thé xem mdi s6 thudc tap X 1a mot day s6 gom 10 chir s6 a,a,4,...4;, (céc chit s6 a; €0
thé bang 0).
Vi tong cac chir s6 bang 2 nén ta c6 hai trudng hop.
Truong hop 1: Mbi s6 1a mot diy s6 gom 2 chit s6 1 va 8 chit s6 0.
Truong hop 2: Mbi s6 1a mot day s6 gdm 1 chir s6 2 va 9 chir s6 0.
Khi d6 ta c6 n(Q)=Cj, +Cj, =55.
Goi A 1a bién ¢b “sd duoc chon chia hét cho 20007
Sb d6 thudc trudng hop 1 co tit ca: Cg =15.

S6 d6 thude truong hop 2 c6 tat ca: Ch =7 .

Do do n(4)=15+7 =22. Xie suit la p(A) == 1 =2

Cau 4:  So cach chia 16 doi thanh 4 bang mdi bang c6 4 ddi mot cach ngiu nhién 1a
n(Q) = Cjy.Cy,.C4.Cy =63063000.
Goi bién ¢b A: ” 4 doi Viét Nam nam & 4 bang d4u khac nhau.”
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Cau 5:

Cau 6:

Cau7:

Coé 4! cach chia 4 doi Viét Nam vao 4 bang, moi bang c6 1 doi.
12 d6i con lai chia déu cho 4 bang sé& co Cf’2 .Cg .Cg .Cg cach.
Do d6 n(A)=41C;,.Cy.C;.C5 =8870400
8870400 64
63063000 455
Dé bat ki 2 trong 3 tAm thé 1dy ra d6 ¢ 2 sb twong tmg ludn hon kém nhau it nhat 2 don vi thi
phai rat dugc 3 thé sao cho trong d6 khong c6 2 thé nao 13 2 sb tu nhién lién tiép.

Vay P(A)

S6 phan tir cia khong gian mau ( s6 cach rat 3 theé bat ki trong 26 thé): C§’6

DPém sb cach rit 3 thé ma trong 3 thé d6 co dang 2 sb ty nhién lién tiép:

Chon céc b 2 s6 tw nhién lién tiép: (1;2),(2;3),...,(25;26).

Néu chon 2 thé (1;2)va (25;26) thico 2 cach, thé con lai khong dugc 1a 3 hodc 24. Viy ¢ trudng
hop ndy ¢ tat ca 2(26-3) =46 cach.

Néu chon 2 thé 1 (2;3),...,(24;25) thi c6 23 céch, theé con lai c6 26 -4 =22 cach. Vay & truong
hgp nay c6 23.22 =506 céch.

Vay tong so céach rat 3 thé ma trong 3 thé d6 c6 dung 2 so tu nhién lién ti€p: 46 + 506 = 552
cach.

Dém s6 cach rat 3 thé ma 3 the do 1a 3 s6 ty nhién lién tiép:

La céc bd s6 (1;2;3),(2;3;4),...,(24;25;26). Vay trudng hop niy c6 24 cach.

Do d6 tong s6 cach rat 3 thé dé bat ki 2 trong 3 tAm thé 14y ra d6 c6 2 sé twong tng luén hon
kém nhau it nhét 2 don vi la: Cj, —552—24 = 2024 céch.

2024 253

X4c xudt can tim: =_—,
Cg . 325

S6 phén tir cia khong gian mau 1a n(Q)=C;, .

Goi a,b,c 123 s6 theo thir ty 1ap thanh cip sb cong. Khi d6 a+c =2b, dovay a,c cung tinh chin
hozc Ié. (Khi chon hai s6 a va ¢ khac nhau cuing chin hoic cing Ié trong céc s6 tir 101 dén 200
thi ludn ton tai s6 b trong cac s6 tir 101 dén 200 ma a,b,c theo thir ty lap thanh cap sé cong).
Goi A la bién c6: “3 S6 duogc chon 1 cac s6 tu nhién tir 101 d&én 200 lap thanh cap s6 cong”.
Taco: n(A)=CZ +C3, (vico 50 sb chidn va 50 s6 I¢é tr 101 dén 200).

MA) 26, 1

Vay xac suat can tinh la: P(A)= = .
n(Q)  Cjy, 66

Truong hop 1: abede ké ca s6 0 dung dau va co 3 sé chan, 2 sb Ié
Chon 3 sé chan trong 5 s6 chdn 0;2;4;6;8 c6 C2 cach
Chon 2 sb létrong 4 s6 1¢ 1;3;5;7 c6 C2cach

Xép 586 trén vao 5 vi tri co: 5!céach

Truong hop 2: Obcde macd 3 sé chin, 2 sb lé

Chon 2 sé chin trong 4 s6 chan 0;2;4;6;8 €0 C2 cach
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Chon 2 sb létrong 4 sé 1€ 1;3;5;7 ¢6 C2cach
Xép 4 sb trén vao 4 vi tri co: 4!céch

Vay thl vath2 c6: C3.C2.5!-C2.C2.41=6336 (56)

Truong hop 3: abede ké ca s6 0 dimg dau ma cd 3 s6 chian, 2 s6 Ié va hai s 2,3 dong thoi
cO mat

Chon 2 sb chintrong 4 sb chin 0;4;6;8 c6 C2 cach
Chon 1 sé l¢ trong 3 s6 1 1;5;7 ¢4 Ccach

Xép 556 trén vao 5 vij tri c6: 5! céach

Truwong hop 4: Obcde macd 3 sé chdn, 2 sb 1é va hai s 2,3 ddng thoi c6 mat
Chon 1 s6 chdn trong 3 sb chdn 4;6;8 c6 C. cach

Chon 1 sé I¢ trong 3 s6 1é 1;5;7 ¢4 Ccach

Xép 4 s6 trén vao 4 vi tri co: 41céach

Vay th3 va thd ta c6: c2.Cl.51-CL.Cl.41=1944 (S0)

Vay két qua bai toan: 6336 —1944 = 4392 .

Cau 8:

S6 phan tir cita khong gian méu: n(Q)=Cy, = 4845,
Goi bién co E “ Tir gic tao thanh khong c6 canh nao 1a canh ciia (H)”.

Goi tir gidc ma khong ¢6 canh nao la canh cua (H)la ABCD.
Chon A c¢6 20 céch.
Ta danh sé thi tu cac dinh cua da giac déu (H)nhu’ hinh v& (tir 1 dén 19, sau khi dd chon A).

Goi b,c,d lan luot 1a s6 thir tu cua B,C,D. Ta co:
b>2,dé ABladuong chéo (Bkhong ké A).
b+1<c,dé BCla duong chéo (C khong ké B).
c+1<d,dé CD1a duong chéo (D khdng ké C).
d <18, dé DAla duong chéo (A khdng ké D).
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Cau 9:

Céu 10:

Cau 11:

=2<b<c-1<d-2<16.

C6 C; cach chon b,c,d, suy raco 20.C;s t gidc ABCD, tuy nhién mdi tt gidc dugce xac dinh

) , . , o 20.C3
nhu vy d duoc tinh 4 lan, do d6 s6 két qua thuan lgi cho bién ¢o E la: n(E) = T“’ =5.Cjs

n(E) 5C5 455
n(Q) 4845 969’

Vay xac suat can tim la: P(E)=

Ta danh sb th tu cac dinh cua da giac déu (H )nhu hinh v& (tir 1 dén 19, sau khi da chon A).
a<b a<b+1

Taco a<b<c<de{b<co<b<c+lol<a<b+l<c+2<d+3<12
c<d c<d+1

C6 Cj, cachchonbd a,b+1,c+2,d+3

Mbi bo d6 tng voi 1 bo a,b, ¢, d thoamin a<b<c<d

Vay c6 Cj, =495 so thoa méan bai ra

Hop c6 s6 chia hét cho 8 c6 dang 8n,(n e N),

=1<8n<2021=>ne{1,2,..,252} viy c6 252 hop c6 sb chia hét 8.

Hop c6 s6 chia hét cho 3 ¢ dang 3m,(meN), =1<3m<2021=me{1,2,..,673} Vvay c6 673

hop ¢6 sé chia hét 3.

Trong d6 s& ¢6 hdp mang s6 chia hét cho 8 va 3 ¢é dang 24p,(p e N),

= 1<24p<2021=pe{1,2,..,84} viy c6 84 hop co sb chia het 24.

S6 hop mang sé khong chia hét cho ca 3 va 8 1a 1180 hop.

Goi X labién cé “ Trong 8 hop dugc chon thi ¢d s6 chia hét cho 8 thi khdng cé sb chia hét cho
3 hoic c6 sb chia hét cho 3 thi khong c6 s6 chia hét cho 3 hoic khong c6 sb chia hét cho ca 8 1an
3 rdi sau d6 dem chia cho 3 nguoi 13”

e A i o > _ (8 8 8 3
S phan tir cua X la n(X)= (C168+1180 +Csgo.1180 _Cnso)As

S6 cach chon 8 hop dé chia 3 nguoi 4 : n(Q) = C§021.A§’

Xac suat bién c6 thoa ma yéu cau bai toén la: P(X)=1-P(X)=1- n(X) =0,63

n(Q)

Gia str ddy s6 may man c6 dang: abcd(9 —e)(9 —f)(9 —g)(9 —h)

Taco a+b+c+d=36—(e+ f+g+h)

Sa+brcrd+re+ f+g+h=36 (*).

Ta can tim s6 nghiém tu nhién cua (*) , theo nguyén Iy bu trir sé nghiém cua (*) la:
n=CJCh, —CsChy +C3CJ, —C3CI, = 4816030 (nghiém).

Vay s6 tién may man la T = 26.25.n = 3130419500 ( t& tién)
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Céu 12:

Céu 13:

Cau 14:

Céau 15:

Céau 16:

S6 phan tir ciia tap S 1a: n(S)=C5, =435.
S phan tir ctia khong gian mau la: n(Q) = Ci35 .
Goi A 1a bién ¢ “hai duong thang duoc chon ma giao diém ciia chung nim bén trong dudng
tron”.
Dé hai duong thang dugc chon c6 giao diém nam bén trong dudng tron thi hai dudng thang dé
13 hai dudng chéo ciia mot tir giac c6 4 dinh 13 4 dinh trong 30 dinh cua da giac da cho. Vay sb
cach chon hai dudng thang ma cé giao diém nam bén trong duong tron la:
n(A)=Cs,.

5 Csp 9

Cis5 31

Ta ¢6 s phan tir cua tap S 1a: 5.A2 =300.
— S6 phan tir cia khong gian mau la n(Q) =300.
Goi A 1a bién cb: “ SO duoc chon tir tap S c6 chua it nhat mot trong hai chir s6 1 hodc 2.
— A labién cb: “ SH duoc chon tir tap S khong cd mat ca hai chir s61va2”.
Sb cac s6 tu nhién gom 4 chit sé doi mot khac nhau dugc 1ap nén tir cac chir s6 0; 3; 4; 5 la:

3.31=18. Do d6 n(Z)=18.

. - ”(Z) 18 47
Vay P(A)_l—P(A)_l—n(Q) _1—300 =50

Gol a,a,a5a,a-a,a,a5a, la so can tim.
Chon 3 vitrivaxép 3 s6 6,7,8 vao: AJ cach.

Chon vi tri cho chit s6 9 (trir vi tri con lai & cudi): 5 cach.
Xép 5 s6 1,2,3,4,5 theo thir tw giam dan vao 5 vj tri con lai: 1 cach.

Vay c6 AJ.5.1=2520 s théa yéu cau bai toan.

Gia str hinh chit nhat tao thanh tir 11 duong thing song song a,,a,,...,4;; va 10 duong thang
b,,b,,....b,, vudng goc véi 11 dudng thang da cho.

MGi hinh chit nhat tao thanh tir viéc chon hai dudng thang trong 11 duong thang ay,0,,...,0., Va
hai duong thang trong 10 duong thang by,by,... by, .

Do d6 s6 hinh chit nhat 1a C% xC2, =2475 hinh.

S6 hinh vudng c6 canh bang x 1a (11—x)(10 —x) , V01 1<x <9,

330 2
2475 15°

9
Do d6 s6 hinh vuong 12 Z(ll - x)(lO - x) =330. Vay x4c suit can tim la
x=1
Goi M 1a tap hop céac s6 ¢0 hai chix sé duoc 1ap tir cac chir s6 0;1;8;9
= n(M)=34=12

Goi A lan luot 1a tap hop cac s6 chia hétcho 3 tirtap M = A= {18;81;90;99}
Goi Blan luot 1a tap hop cac s6 chia hét cho 3 du 1 tir tap M = B= {19;10;91;88}

Goi Clan luot 1a tap hop cac s chia hét cho 3 du 2 tir tap M = C ={11;80;89;98}
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Cau 17:

Cau 18:

Céau 19:

Phép thir ba ban An, Binh, Lam lan luot Ién bang viét ngau nhién mot s6 c6 2 chir s6 ma chi

dung cac chit s6 0;1;8;9 c6 khong gian mau: n(Q) =128
Goi E 1a bién ¢ « téng 3 sb ba ban viét 1a mot s chia hét cho 3 «

Téng 3 sb ba ban viét 1a mot s6 chia hét cho 3 khi ba s6 thuoc mét trong 3 tap hop A,B,C
hodc mdi s thude mot tap trong 3 tdp A,B,C = n(E) =433+4%3!

_43+4%°31 1

Xac suat tong 3 sb ba ban viét 1a mot sd chia hét cho 3 : P(E ) .
12

S6 cach xép chd ngdi cho 9 hoc sinh vao 9 ghé la: n(Q) =9!
Goi A 1a bién cb: “ Mdi hoc sinh nit dugc Xép ngé)i xen gitra hai hoc sinh nam”
Xép tht ty 6 hoc sinh nam ¢6 6! céach

Xép thir tw 3 hoc sinh nir vao giita cac hoc sinh nam c6 Ag cach= n(A) = 6!.A§

3
X4c sudt bién cd A la: P(A) = ngg; = 6!91?5 = % =11,9%.
n !

Khong gian mau: Xép 200 cai keo thanh mot hang ngang. 200 cai keo tao ra 199 khoang trong
¢ gilra.

Dit vao 4 vach ngin s& chia sb keo thanh 5 phan sao cho phan nao ciing ¢ keo. Do d6 s6 phan
tir cia khong gian mau 1a: n(Q) =Ciog

Goi A 1a bién c¢b “mdi ngudi co it nhat 10 keo.”

Chia trudc cho mdi ngudi 9 keo, con lai 155 cai. Bai toan dua vé chia 155 keo cho 5 ngudi sao
cho ai cting c6 keo.

Xép 155 cai keo thanh mot hang ngang. 155 cai keo tao ra 154 khoang tréng & giita.

Dit vao 4 vach ngan sé chia sd keo thanh 5 phan sao cho phan nao ciing ¢6 keo. Do d6 sb két

qua thuan loi cua bién ¢ A 1a: n(A) = Cf54 .

4
X4c sudt cua bién ¢d A 1a: P(A) = M = % ~ 0,355
”(Q) Clo
Xét hai truong hop
Truwong hop 1: An chon duoc s 9.

Trong truong hop nay so cua An chac chan 16m hon s6 ctua Binh.

o fom Co 1
Xac suat An chon duoc s0 9 1a —3 ==
G
Truong hop 2. An khong chon dugc s6 9.
_ s Co2
Xac suat dé An khong chon dugc so 9 la C—g =3

9
Trong trudng hop ndy An chon sé ciing tip v6i Binh nén xéac suat An chon duoc sb 16n hon ciing
béng xéac suét Binh chon duoc sb 16n hon.

Ta tinh x4c suit dé 2 ban chon dugc cung $6:

Sé cach chon cua hai ban la: CJ.C3

S6 cach dé An chon duoc ba sb bat ky 1a C2; Ung vai mdi cach chon caa An thi Binh chi ¢6
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Céu 20:

Céau 21;

mot cach chon dé gidng An nén sé cach hai ngudi chon dugc sb giong nhau la C3

. . c3 ! .
Viy, xac suat dé 2 ban chon dugc cung so 1a 8 — 3— = — nén xac suat d€ An chon dugc
cg _cg 8.7.6 56
-1
sb 16n hon la; —20 = E Do d6 x4c suit trong trudng hop nay 1a EE = E
2 112 3 112 168
Viy, xéc suét can tim 1a 1 + E = £
3 168 56

Da gi4c déu 2020 dinh ndi tiép dwong tron (C) ¢6 1010 dudng kinh.
Chon 3 dinh trong 2020 dinh ciia da giac déu tao thanh 1 tam giac c6 Ci?’ozo céach

Pé chon duoc 1 tam giac vuong can, ta chon nhu sau:

Chon 1 duong kinh trong 1010 duong kinh c¢6 1010 cach

1 duong kinh chia dudng tron (C ) thanh 2 ntra duong tron, mdi nira duong tron c6 1009 dinh
cua da gidc déu (trir 2 dinh thudc duong kinh). Ta chon 1 dinh ndm chinh giita 1 nira duong
tron vai 1 duong kinh da chon tao thanh 1 tam giac vudng can. Tur d6 ta ¢ 2 cach chon 1 dinh
nam chinh giita 2 nira duong tron.

Do d6 s6 tam giac vudng can tao thanh 1a: 1010.2 = 2020

2020

3
2020

Chon 4 dinh trong 2020 dinh ctia da gidc déu tao thanh 1 tir gidc c6 Cyyy, Cach

Xéc suat chon tam gidc vudng can la: x =

Dé chon dugc 1 hinh chit nhat, ta chon 2 dudng kinh trong 1010 dudng kinh co Clzo10 cach

2
(:1010
4
2020

Khi d6 xéac suit chon hinh chir nhat la: y=

x 2020 Cpyo 4 2017 2017

o 3 A4 : -
Y Copy Coppo 1009 4 1009

Vay

Lap s6 tu nhién c6 9 chit s6 d6i mot khac nhau.Goi s6 can lap 14 a,a,...a, .

Chit s6 a, c6 9 cach chon. C6 AS cach chon cac chit s6 con lai.

Vay lap dugc 9.A§ s6 tynhién ¢ 9 chit s6 d6i mot khac nhau.

Lap s tu nhién ¢6 9 chir s6 d6i mot khac nhau c¢6 mit dong thoi bon chir s6 4;5;6;7 va bon
chir s6 d6 d6i mot khong ké nhau.

Truwomg hep 1: Ly 5 chit s trong 6 chitsb 0,1,2,3,8,9¢6 C. céach.

Xép 5 chit s6 trén thanh mot hang ngang c¢6 5! cach.

Taco 6 khoang trong tir cach xép trén nén co Aé cach xép chir s6 4;5;6;7 . Vay c6 CS.S!A;L s0.
Truong hop 2: Chirs6 0 dung dau.

Liy 4 chit sd trong 5 chitsb 1,2,3,8,9¢6 Cs cach.

Xép 4 chir s6 trén thanh mot hang ngang (sau chir s 0) c6 4! cach.

Taco 5 khoang tréng tir cach xép trén nén c6 Ag cach xép chir sd 4;5;6;7 . Vay c6 C;‘j .4!.A§

4
A

SO.
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Céu 22:

Céau 23:

244800 _ 85
9.A5 1134

Tacd C2.5!Af —C2.41. A} = 244800 . Vay x4c suat can tim 13

Céach1

Goi {2“;2%26} la mot tap con thoa man bai toan. Ta cé:

2°<2"<2° = a<b<c ab,ce{l;2;..;2020}

27;2%:2° 1ap thanh cAp sb nhan ting < a;b;c 1ap thanh cip sb cong ting <> a+c=2b

Théy rang a+c=2b thinéu a=ctacod bsékhacca a va c.
NGi cach khéc, ycbt <> l4y duoc hai sé a4,¢ cung tinh chén, 1é.

Vay 6 Cyo +Cipo = 1019090 tap con théa man bai toan.

Cach 2
C4c tap con c6 ba phan tir thoa man bai todn gdm céc tap:

{21;22;23},{21;23,-25},...,{21;21010;22019} — ¢6 1009 tap
422,204,004 | 122,21011.520001 _ 06 1009 tap

7]
2

= |
B ,{23,210”;22019} —c6 1008 tap
|

. { ;21012,22001 . 06 1008 tap

{22017;22018;22019} —¢6 1 tap

{22018;22019;22020} —¢6 1 tap

=0 2(1+2+3+...+1009)=1019090 tap con thoa mé&n bai toan.

Céach 1:

Xét bai toan tong quét : Co bao nhiéu xau ki tw ¢6 d6 dai n ma mdi ki tu thude tap hop {1,2;3}
trong do s6 ki tu 1 xuét hién chan lan.

Giai

Ky hiéu M, la tap hop tat ca cac xau c6 n ki tu duge 1ap tur cac s6 thude tap {1 ;2 ;3} .

A, ,B, 1a tap hop tAt ca cac xAu c6 n ki ty dwgc 1ap tir cac s6 thude tap {1;2;3} theo thir ty

chira mot s chin céc chit s6 1, mot sb 1é cac chir b 1.
X 4 A . \ 1 3"
Déthay A, ,B, roinhauva M, = A UB, :>|Aﬂ|=|Bn|:E|Mn|=?'

Léy 1 ph?m trcua M, , bodilkitu cudi ta duoc mot phﬁn tr cua M, , ngugc lai léy 1 phén tr
x cua M,
Néu x e A, thi c6 hai cich dé thém vao chit s cubi dé dugc phan tir cia A,
Néu x € B, thi ¢6 1 cach dé thém vao chit s6 cudi dé tao ra 1 phan tir ctia A,
. _ _ _ n
Suy ra: |A, ;| =2|A,|+[B,|=]A,[+[|A]+[B,|]=|A,|+3

Tu’|A|—

A, |+3"

n+1|_
A =243 443" = 31, 3

=2+3'+3%
2 2

Khi do: |A,|=
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32021 _q

Xét bai toan cu thé véi n =2021 ta co: |A2021| = >

Cach 2:
Truomg hop 1: 056 1 c6 Coy)y 27

Truong hop 2: 256 1 ¢6 Ca,, 27"

Truong hep 1010: 2020 s6 1 ¢ Caoat 2.

2021 2021
., 2+1 +(2-1 32021 4 q
Vay co: Cg(m 2202 +C§O21.22019 +.. +C§8§? = ( ) 2( ) = T

Cau 24: Taco n(Q)=Cyy, -
Xét 1<n=3k<100,neN =ke {1,2,...,33}, nén trong 100 sb nguyén duong dau tién c6 33
s6 chia hét cho 3.
Goi A la tap hop cic sO nguyén duong bé hon 100 va chia hét cho 9
= A={9,18,27,36,45,54,63,72,81,90,99} = n(A)=11.
Goi B la tap hop céac s6 nguyén duong bé hon 100 chia hét cho 3 nhung khong chia hét cho 9
= n(B)=33-11=22.
Goi C 1a tap hop cac s6 nguyén duong bé hon 100 va khong chia hét cho 3
= n(C)=100-33=67.
Goi M 1a bién cd: “chon dugc bdn thé sao cho tich ctia cac s6 ghi trén bon thé chia hét cho 9 ”
— M la bién cb: chon duoc bdn thé sao cho tich ciia cac sb ghi trén bon thé khong chia hét cho
9 . Pé tich 4 s khong chia hét cho 9 xay ra hai trudng hop sau.
Truong hgp 1: 4 s6 thude tap C, c6 C;, ( cach)
Truong hop 2: 3 sb thudc tap C, 1 sb thude tap B ¢6 Cj,.C2, ( cach)

Cau 25: Céch 1: Dé thay 100071 14 s6 tw nhién nho nhat c6 6 chir s6 ma chit s6 tan cing 1a chir s6 1 dong
thoi s6 d6 chia hét cho 9.
D@ thdy 999981 1a s6 tu nhién 16n nhét ¢ 6 chit sé ma chir s tan cung la chit s6 1 dong thoi s6
d6 chia hét cho 9.
Do ctr cach ding 90 s6 lai c6 1 s tu nhién c6 6 chit s6 ma chir s tan cung la chir s6 1 va déng
thoi s6 d6 chia hét cho 9 nén s6 sé tu nhién thoa man yéu cau bai toan 1a
999981 -100071

90

C4ch 2: Pt s6 thoa man yéu cau bai toan 1a abedel = A1=9.B9 = 9.(10B+9)
Do 100000 < 9.B9 = 9(10B+9) < 999999 < %’019 <B< 111(1)02
Tir &6 B nhan cac gia tri nguyén lién tiép tir 1111 dén 11110 hay c6 10000 s6 théa man yéu cau.

4,1 -3 3
Cor + Ezz Cor — P(M)=1-P(M)=1- Cer + ?z Loz

100 C100

+1=10000 sb.

Nén P(M)= ~0,536.

Cau 26: Gia s bang vuong gom 100x100 6 vudng duge xac dinh boi cac duong thang x=0, x =1,
x=2,..,x=100 vay=0, y=1, y=2, ..., y=100 trong hé truc toa do Oxy .
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Cau 27:

Céau 28:

Céau 29:

Moi hinh chir nhat dugc tao bdi 2 duong thang khac nhau x =4, x=b(0<4a,b<100) va hai
dudng thang khac nhauy =c, y=d (0<c,d <100) nén cd C,,.CZ, hinh chit nhat.

Suy ra khong gian mau c6 sb phan tir 14 n(Q) = C1201 -C1201 :

Goi A 14 bién cb “6 duoc chon 13 hinh vudng .

Xét cac truong hop sau:

Truong hop 1: 6 duge chon co kich thude 1x1: ¢6 100.100 = 100% hinh vudng.

Trudng hop 2: 6 duge chon co kich thude 2x2 : mdi 6 duoc tao thanh boi 2 dudng thiang khac
nhau x =a,x=b(0<a<b<100) va hai dudng thang khac nhauy =c, y=d (0<c<d <100)
sa0 cho b—a=d-c=2 = ¢6 99.99 =992 hinh vuéng.

Tuong tu:

Truong hop 3: 6 dugc chon c6 kich thude 3x3: cd 98.98 =98> hinh vudng.

Truong hop 100: 6 duoc chon c6 kich thude 100x100 : ¢6 1.1 =12 hinh vuéng.
Suy ra khong gian thuan loi cho bién ¢ A c6 sb phan tir 1a

n(Q,)=100>+99* +98> +..+1° = 100'(100+16)(2'100+1) = 338350 .
Vay xdc suat can tim 1a P(A) = n(24) _ 338350 _ 67 ~0,0133.

”(Q) ) Cizm-cizm 5050
Céc sé duoc chon ra ludn xép duoc theo thi ty ting dan
Gia sir 7 s6 duoc chon 1a A, <a, <ay <a, <as <a, <a,.Theo gia thiét vi hiéu cua hai sb bat ki
khong nhé hon 4 nén 1<a, <a,-3<a;-6<a,-9<a;-12<a,-15<a, -18<82.

bat x, =a;x,=a,-3;xy=0ay,-6;x, =a, -9;x; =a; —12;x, =a, —15;x, =a, —18 trong do
1<x <x, <xy<x, <x5<x,<x, <82,

Vay bai toan tro thanh chon ra 7 sb bat ki trong 82 sb phan biét: CZ,

Khong gian mau: Cy)

Tir 1 dén 30 6 15 s6 chin va 15 s6 1¢.

Tir 1 dén 30 ¢6 5 s6 chin va 5 s6 1¢ chia hét cho 3: {3;6;9;12;15;18;21;24;27;30}

GoiAla bién cb thoa man bai toan.

Lay 1 qua ciu chia hét cho 3 va 1a s6 chin: Cé

Lay 1 qua ciu chia hét cho 3 va 1a s6 1¢é: Cé

L4y 4 qua cdu mang s6 chin va khong chia hét cho 3: Cfo

Lay 4 qua cau mang sd 1¢ va khong chia hét cho 3: Cfo

S6 két qua thuan loi ctia bién ¢6 A: CL.C1.C},.C,

) Ci.CL.Cl,.Cly 3500
Vay P(4)= clo 95381
30

Ta ¢6 s0 cac sO tu nhién c6 4 chit so khac nhau la:
_ 3 _
1S|=9.A5 =n(Q).
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Goi A la bién c6 chon dugc s6 thoa man yéu cau bai toan.

Goi s can tim co dang: abcd trong d6 1<a<b-1<c-2<d-3<6. Vi¢c chon 4 chir )
a,b,c,d thoa man yéu cAu bai toan tuong ung voi vi¢e chon 4 chir $6 a,b— 1,c—-2,d-3 theo thtr

tu tang dan tir chit s6 1 dén 6, twong tng ta c6 Cg cach.

n(4) ¢ 5
n(Q) 9.4 1512

Suy ra n(A)=Cg. Vay P(A)=

Cau 30: Chon 4 s6 khac nhau va xép co thir tu tir tap hop c6 7 chit s6, cO A2 =840 sb.
Do dé s6 phan tir ciia khong gian mau n(Q) = 840.839 =704760 .
Goi bién ¢ C: “ Hai sé dugc chon ¢ diing mot $6 ¢ mit chir s6 5 .
Trong cac sb thudc tap B c6 4!C3 =480 sb ludn co mat chir sb 5 .
Trong tap B c6 Af =360 s6 khong cd mat chit s6 5.
Khi d6 s6 phan tir cia bién c6 C [ n(C) = 2!Cjg,.CLy, = 345600 .

345600 2880

704760 5873

Cau 31: Khdng gian mau la n(Q)=(9-1)!=8!=40320.
Goi A labién cd “5 hoc sinh 16p Toan ngdi canh nhau”.
Sap xép thtr thy 5 hoc sinh 16p Toan: ¢6 5! =120 céach.
Sap xép vong tron 5 phan tir gom 4 hoc sinh con lai va nhém 5 hoc sinh 16p Toan ( coi nhu 1
phan tir): c6 4! =24 cach.
Do d6 n(A)=120.24=2880.

Vay P(C)

n(A) 2880 1

n(Q) 40320 14

Vay xac suat dé 5 hoc sinh I6p Toan ngoi canh nhau la: P(A) =

Cau 32: Ta co xac suat dé hoc sinh tra 16i cau ding 13 i va x4c sudt tra 10 cau sai 1a % .
Goi x 1a s6 cau tra 1oi dang, khi d6 sé cau tra 1oi sai la 10— x.
86 diém hoc sinh nay dat dugc 1a 5x—2(10-x)=7x-20
Nén hoc sinh nay nhan diém dudi 1 khi 7x-20<1 < x<3
Ma x nguyén nén x nhan cac gia tri 0;1;2
Goi Ai (i=0;1;2) labién cd " Hoc sinh trd 16i dang i cau".
A 1abién c6 "Hoc sinh nhan diém duéi 1"
Suyra A=A, WA UA, va P(A)=P(A))+P(A)+P(A,)

1Y (30 2 (1Y (30
Ma P(Ai):Clo.(Zj '[Zj nén P(A):izzo“cm.(zj '(Z] = 0,5256.
Cau 33: Coi viéc bdc 1an luot cling gidng nhu 1dy mot luc m+n—1 qua sau d6 14y ndt qua bong cubdi
cung.
Khong gian mau 1a n,, = (m + n)! .

A: “lan cudi lay dugc bong mau do”
Boc qua bong do ¢ lan cudi: m cach.
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Boc m +n—1quéa bong dau tién: (m+n—1)! céch.
Vay ¢b m(m+n—1)! cach.
m(m+n—1)! m

- K. 2A 1A K 14 . T
Do dé x4c suat dé lan cuoi lay dugc bong do 1a —4 = = :
ey (m + n)! m+n

Cau 34: S6 cach chon 1 déy 8 ki hiéu trong bang m la: n(Q)=2%.
Goi A 1a bién ¢ “ 14y ra c6 nhiéu nhit 6 ki hiéu la 1 .
— A 1a bién cb “liy ra c6 hon 6 ki hiéu 1a 17
n(A)=Ci.Cl+C8=9
n(A) L9 247

Xac suat dé day lay ra co nhiéu nhét 6 ki hiéu 1 1a: P=1— —— =
n(<) 256 256

Céau 35: Ban co vua cod 8.8 =64 6 vuong.
Goi A 1a bién cb: “Khong hang, khong cot nao c6 nhiéu hon mot quan cd”
Cach 1:
Chon mot 6 cho quéan ¢d dau tién c¢6 64 cach, mot 6 cho quan tht 2 ¢6 63 cach,...
n(Q) = 64.63.62.61.60
Chon 1 6 cho quan cd dau tién c6 64 cach, khi d6 né s& nam ¢ 1 hang va mot cot, quan co tiép
theo s& con 7.7 =49 6 con lai ¢6 thé dat vao,...Ck tiép tuc nhu vay.
Do d6 n(A)=64.49.36.25.16

P(A): 64.49.36.25.16 _ 280 .
64.63.62.61.60 5763

Cach 2:
Chon 5 6 trong 64 6 dé dit 5 quan ¢o. n(Q)=Cg,
Chon 5 hang trong 8 hang dé dat moi quan co vao mot hang, cé Cg cach. Cong vi¢c con lai la
xép 5 quén cd sao cho khong c6 cot nao ¢6 nhiéu hon mét quan cd, néu coi 5 hang 1a 1 hang thi
cong viéc tré thanh xép c6 thir ty 5 quéan cd vao 8 vi tri, co Ag cach.
C3.A

Do d6: n(A)=C;.A; = P(A)=—"% = 250

Cg . 5763
Cau 36: S6 phan tir ciia khong gian miu la C;, = 4845,

Az

As

S6 hinh thang cin c6 truc dbi xtmg di qua cac dinh cua da giac 1a 10C§ .
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Cau 37:

Céau 38:

Ay

Ar As

As
S6 hinh thang cin c6 truc ddi ximg khong di qua dinh cua da giac 1a 10C120 .
Cu 2 truc dbi xung qua dinh cta da giac thi xdc dinh mdt hinh chit nhat, do vay s6 hinh chit nhat
duogc tao thanh 1a Cj .
Khi hai truc ddi xung cua da giac vudng gdoc voi nhau thi ta chi xac dinh dugc mot hinh chit nhat.
Khi d6 s6 hinh thang cAn ma khong phai 14 hinh chit nhat 1a 10C; +10C;, —2C7, =720
720 48

4845 323
Goi O 1a tam dbi xtng cua da giac déu. Xét mot dinh A bét ki ciia da giac déu do.

Vay xdc suat can tinh la

Khi d6 ¢6 22 cap dinh ddi ximg v&i nhau qua dudng thang OA. Hay ¢6 22 tam giac can nhan A
lam dinh.
Nhu vay voi mdi dinh cia da gidc déu c6 22 tam giac can (ké ca déu) nhan n6 1am dinh cta tam

e A A s 7 A r 3 N g0 5 7 \ 45
giac can. SO tam gidc déu c6 3 dinh 1a dinh cua da giac la: i 15.
Chu y rang moi tam giac déu thi déu 14 tam giac can tai 3 dinh. Nén trong s6 cAc tam giac can da
dém thi sb tam giac déu dugc dém 3 lan.

Vay sb tam giac can ma khong déu nhan céc dinh cta da giac lam dinh la:

4522 -3.15=945

S6 tam giac dugc tao thanh tir cac dinh cta da gidc déu la: Ci’5 =14190

Vay xac suét 1ay duoc 3 dinh tao thanh mot tam giac cdn ma khong phai tam giac déu la:
_ 63
=196

S6 phan tir cia khong gian mﬁun(Q) = 9.Ag

Truong hop 1: abedef4 (s6 tan cing la sé 4 ké casd 0 dung dau)

Xép 2 s6 3,5 vao 2 vi tri e, f €6 2! cach. Chon 2 s6 trong 5 86 0;1;2;6;8 ¢6 C; cach
Xép 3 “nhém” gém 1 nhom c62 sd 7,9 va2 s trong 5 sb 0;1;2;6;8ta co: 2!.3! cach
Vay ¢6: C2.21.31.2 =240 (s6)

Truong hop 2: Obcdef 4

Xép 286 3,5 vao 2 vi tri e, f cO 2! cach. Chon 1 s$b trong 4 $6 1;2:6;8 cO 4 cach
Xép 2 “nhém” gém 1 nhém ¢62sd 7,9 val sd trong 4 sd 1;2;6;8ta cod: 21.2! cach
Vay c6: C}.21.21.2=32 (sd)

Trwong hop 3: m,g IS {0;2;6;8}: c6 4 cach

Hoan vi 3 s 3,4,5 c6 3! cach. Hoan vi 2 s6 7,9 c6 2! cach

Chon 1 s6 trong 4 s6 c6 4 cach. Xép 3 “nhém “ trén ¢ 3! céach
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Céu 39:

Céau 40:

Céau 41:

Vay c6 4.21.31.31.4=1152 (sd)

Truong hop 4: Obcdefg, g <{2;6;8}: ¢6 3 céch

Hoan vi 3 s 3,4,5 ¢6 3! cach. Hoan vi 2 s6 7,9 ¢ 2! céch
Xép 2 nhom trén c6 2! cach. Vay co: 3.31.21.21=72 ()
1288 23

Véy n(A)=240-32+1152-72=1288. Vay p(A)= o8 =570

ViScod6 phﬁn t nén sd tap con cua S la 2° = 64. Mdi ban A va B ¢6 64 cach chon tap con, do
vay sb phan tir ciia khong gian mau 13 642,

Ta tim s cach chon tap con thoa man yéu cau.

Vi tap con ciia A va B chon dugc c6 chung 3 phan tir nén céc tip con nay phai cé it nhat 3 phan
tu.

Gia sir tip con cua A va B gdbm x;y(x,y > 3) phan tir, khi d6:

Aco C§ cach chon tap con, ltic ndy S con (6-x) phan tir.

Chon ra 3 phan tir goi 12 a, b, ¢ ¢d trong tap con gom x phan tir caa A ( dé 1am 3 phan ti chung
Véi tap con ma B chon) c6 C2 céach;

Luc nay tap con ma B chon da c6 3 phén tor chung véitap conciia Alaa, b, c ta can chon thém

( Y- 3) phan tir khac trong (6 - x) phan tir con lai sau khi A dé chon tap con, ¢ Cg:f cach.
Vay c6 tat ca CJC2CY 2 cach.

‘ >3 3<x<6
Ta c6 didu kién: {x’y o { X

y-3<6-x |[3<y<9-x

Khi @6 s cach chon tap con thoa man diéu kién cua bai toan Ia:

6 5 4 3
D CoC3Cy P+ CaCiCyP+ ) Co.C.Cy ™+ Co.Co.CY ™ =160+240+120+20 =540

y=3 y=3 y=3 y=3
X4c sudt can tinh béng @ = ﬁ
642 1024

S6 phan tir cia khong gian mau 13 |Q| =8.8.7.6 =2688.
bat A={0, 3, 6}, B={1, 4, 7}, C={2, 5, 8}.
Goi x 1a mot thudc tap E va x chia hét cho 3.
Truwong hop 1: x c6 hai chit s6 thudc tdp B, hai chit s0 thudc tap C. SO céc sO la
C3.C3.4!=216.
Trwong hop 2: x c6 mot chiv s6 thudc tap A, ba chir s6 con lai cung thudc tdp B hodc cung
thudc tap C. S cac sb 1a 2(3.4!-3!)=132.
Trwong hep 3: x c6 hai chir s6 thudc tap A, mot chir s6 thudc tap B va mot chir s6 thudc tap
C. Sé céc sd x 1a 3.3.C3.4!-3.3.2.3! = 540.
Goi M 1a bién ¢b “S6 dugc chon chia hét cho 3. Xac suit xay ra bién & M la
216+132+540 37

2688 112

Gid str sO c6 nam chir s c6 dang abcde .

P(M) =

Vi chia hét cho 5 nén e c6 hai cach chon 1a chit s6 0 va 5
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Céu 42:

Cau 43:

a ¢6 chin cach chon vi a#0

cac vi tri b,c,d mdi vi tri c6 mudi cach chon

Suy s6 phén tir tap S 1a 2.9.10> =18000 phén tir = n(£2)=18000 .

S6 c6 nam chit s6 bé nhat chia hét cho 5 1a 10000 va 16n nhat 1a 99995.

Goi B 1a bién cb: “mot s ldy tir tip S va chia hét cho 3, khi d6 s6 duogc 1ay nay phai chia hét
cho 15. (vi vira chia hét cho 3, vira chia hét cho 5 va cac s6 3 va 5 déu 1a sé nguyén t).

S6 c¢6 nam chir s6 bé nhét chia hét cho 15 1a 10005 va 16n nhat 1a 99990.

Vi chi hét cho 15 nén cac sd trong tdp B ndy co thé xem nhu mét cdp sd cong véi

99990 —10005

u; =10005, u, =99990,d =15 ,=n +1=6000

_n(B) _ 6000 1
n(Q) 18000 3°
Goi x,y,z 1an lugt 1a s6 ghé cho vao phong LILIII

Hay = n(B)=6000. Vay = P,

x+y+z=232 (x=10)+(y—6)+(z—4) =12

a=x-10>1
, lx>11 x-10>1 5
Taco = .bat<b=y-621
y=7 y—-6x1
c=z-42>1
z2>5 z—42>1
L o la+tb+c=12
Tt d6 ta co:
ab,c>1

Day chinh 13 bai toan chia 12 keo cho 3 dura tré sao cho mdi dira c6 it nhat 1 cai keo,nén s cach
chiala: C3,%, =CZ =55
Chon ngiu nhién 10 tim thé trong 50 tim thé nén n(Q) = C;g .
Tir 1 dén 50 ¢6 25 sb chin va 25 s6 1&.
Pit
X ={5;15;25;35; 45|
Y = {10;20;30;40;50}
Goi A: “Chon 10 tdm thé c6 5 tim thé mang s 1¢, 5 tAm thé mang s6 chan, trong d6 c6 dung 2
tam thé mang so chia hét cho 5.
Trwong hep 1: 2 tam thé chia hét cho 5 mang so 1€.
Lay 2 tAm thé mang sb thuoc X c6 CZ céach.
Liy 3 thm thé mang s6 1& tir 20 s6 1é con lai (khong thuoe X ) ¢6 C;, céch.
Lay 5 tAm thé mang s6 chan tir 20 sé chin (khong thudc Y') co C5, céach.
Suy ra s6 két qua thuan loi cho bién ¢ A 1a: C § .CSO .Cgo :
Truwong hop 2: 2 tdm thé chia hét cho 5 mang sb chan.
Tuong tu nhu truong hop 1, suy ra s6 két qua thuan loi cho bién c¢d A Ia: C; .C;O .Cg’o .
Truwong hop 3: 2 tim thé chia hét cho 5 gdm 1 thé mang s6 1é va 1 thé mang s chin.
Liy 1 tAm thé mang s6 thudc X va 1 tm thé mang s6 thudc Y c6 CiCj cach.
Liy 4 tdm thé mang s 1é tir 20 s6 1& con lai (khong thuoe X ) ¢6 Cj, .

Lay 4 tAm thé mang s6 chin tir 20 s6 chén con lai (khong thude Y') ¢6 C;LO .
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Cau 44:

Céau 45:

Céau 46:

Suy ra s6 két qua thuan loi cho bién cb A Ia: Cé .Cé .C;LO .C;LO .
Khi d6: n(A)=2.C3.C5,.Cy +C5.C5.C50.Cag
n(A) _2.C2.C5.C+CiCLC3.Chy
n(Q) Cso

Goi x,y,z lan luot 13 sb bong hoa cdm vao ba lo khac nhau, khi dé X+y+z=6 hay

Vay P(A)= ~0,09.

(x +1) +(y +1) + (z + 1) =9. Do d6 ta c6 thé xem bai toan nhu 14 chia 9 cay keo cho 3 hoc sinh
khac nhau cac em déu phai c6 keo. Do d6 sb phan tir khong gian mau 1a n(Q) = C; =28

Goi A 1a bién ¢ “c6 lo cim ba bong hoa”. Dé tinh sé phan tir cia A ta c6 hai trudng hop
Truwong hop 1: S6 bong hoa cim & cac lo 13 3; 3; 0

S6 cach cam hoa la CL =3

Truwong hop 2: S6 bong hoa cim & cac lo 14 3; 2; 1

S6 cach cdm hoa 1 3!=6. Suy ra n(A) =9

n(A) 93

n(Q) 24 8

X4c suat bién cd A 1a p(A) =

Goi sb can tim cua tap S co dang a,a,a,a,asd, . Khi do

S4 cach chon chit s6 @; ¢6 8 cach chonvi g, = 0.

S6 cach chon thir ty cho a,; a,; a,; as; a, trong tap A\ a, ¢6 Ag cach.

Do d6 tap § c6 8.A3 =53760 phan tir.

Khong gian mau 1a chon ngau nhién 1 sétirtap S.

Suy ra s6 phan tir cia khong gian mau 13 n(Q) = Cé3760 =53760.

Goi X 1a bién c¢d " S6 duge chon 1a modt sb chin va chit s6 dtimg ¢ vi tri thir ba ludn chia hét
cho5".Suyra a, e {0;5} . Ta ¢ cac truong hop thuan lgi cho bién ¢ X nhu sau:

Truwong hop 1. V6i a3 =0 : chir s6 A, = {2,4,6,8} c6 4 cach chon, @; c6 7 cach chon, ba

chir s6 con lai co Ag cach chon. Do d6 trong tuong hop nay c6 4.7. Ag’ s0.

a,=5 _, .
Trwong hep 2. Vi { 3 0 : Bon chit s6 con lai c6 A;l cach chon. Do do6 trong tuong hop nay

a, =
co A s6.
. |53 = ~ % p , . , ~ A s
Truwong hep 3. Voi { 3 0 : chir s6 a, co 4 cach chon, @, c6 6 cach chon, ba chit so con
a, #
6

lai co Ag’ cach chon. Do do trong tuong hop nay co 4.6.Ag s6.
Suy ra s6 phan tir cia bién ¢6 X 1a n(X) =4.7.A4.° + A,* +4.6.A,> =6450.

_n(X) 6450 215
n(Q) 53760 1792

Khong gian mau ctia phép thir 1a n(Q) = C125 .C157 = 649740

Vay xé4c sudt can tinh P(X )

Goi bien co A «lay dugc 5 vién & hop thir hai ¢6 du hai mau”.

Trudng hgp 1: Ly duoc & hop thir nhat 2 vién xanh s& ¢6 CZ cach liy. Khi d6 hop thi hai sé
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¢6 9 vién xanh va 8 vién d6 nén c6 C>, —Cj —C; céch lay hai vién di hai mau.

= C7.(C}, —C5 —C5 ) = 131313 (céch)

Truong hop 2: TH2: Lay duge & hop thi nhit 2 vién d6 s& c6 C7 cach lay. Khi d6 hop thir hai
s& ¢6 7 vién xanh va 10 vién do nén c6 C3, —C3 —C3, cach lay hai vién du hai mau.

= C3.(CF, €3 ~CF, | = 165620 (céch)

Truong hop 3: TH3: Lay dugc & hop tht nhit 1 vién xanh va 1 vién d6 s& c6 C}.Cy cich lay.
Khi d6 hop thir hai s& c¢6 8 vién xanh va 9 vién d6 nén c6 C2, —C; —C céch liy hai vién du hai
mﬁu.

= C;.C3.(C, - C3 —C5 ) = 336336 (céch)

633269
649740

Cau 47: S6 phan tir ciia khong gian miu: n(Q) = C3, =364.

Do d6 n(A)=633269. Vay P(A)

Goi A 1a bién cb: “Tam giac dugc chon trong X khong c6 canh nao 1a canh cua da giac”
Suy ra A labién cb: “Tam giac dugc chon trong X c6 it nhat mot canh 1a canh cia da giac”
Truong hop 1: Néu tam giac dugc chon c6 2 canh 1 2 canh cua da giac thi c6 14 tam giac thoa
man.
Trwong hop 1: Néu tam giac dugce chon c6 ding mot canh 1a canh cua da giac thi c6 14.10=140
tam giac théa man.
Do d6 n(A)=14+140 =154 . Suy ra sd phan tir ciia bién cd A 1a: n(A) = n(Q)—n(A) =210.
Vay p(A)ZMZE_
nQ) 26

Cau 48: Tach 34034175 =7°3*5%. Mdi udc nguyén duong cua sé 34034175 1a mot sé co dang 7°.37.5F

, trong d6 i €{0;1;2;3;4;5}, j€{0;1;2;3;4}, k< {0;1;2}.

S6 uée nguyén duong bang sé bo (i;j;k) dugc chon tir 3 tap trén. Suy raso cach chon b (i; j; k)

tir 3 tap trén 14 6.5.3 = 90(cach) nén s6 phan tir cia S 1a 90.

C6 C3, cach chon ngau nhién hai phan tir thugcs .

M®i uéc nguyén duong khong chia hét cho 7 cua sb 34034175 1a mot sb 6 dang 7°.3/.5F

Suy ra sb cac udc cua 34034175 khong chia hét cho 7 trong tap s 14 5.3 = 15.

Do d6 c6 C;, cach lay hai phan tir thugc S ma khong chia hét cho 7.

CL 7

Suy ra xc suat lay dugc hai s6 khong chia hét cho 7 trong S [ P =—1> = 2
90

Cau 49: Goi s6 10 chit s6 c6 dang a,a,a,a,a:0,a,a,a,a,,
Sb phan tir khong gian mau n(Q) =5.6" =50388480 (s6).

Céach 1: Goi A: “S6 d6 c6 s 3 lap lai hai 1an, s 4 13p lai ba 1an, s6 5 1ap lai hai 1an va cac chir

10! 9! z
= - =136080 (s0).
213120101110 2131211011

RGN n(A) 136080 7
Xac suat can tim la: p(A) = ﬂEQ; = 50388480 = 595"

s6 khac co mat ding mot lan.” n(A)
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Cau 50:

Céach 2: Goi A: “ S0 d6 ¢o6 so 3 lap lai hai lan, so 4 1ap lai ba lan, s6 5 1ap lai hai 1an va cac chit
s6 khac c6 mat ding mat lan.”
Truwong hgp 1: a4, =3

S6 cach xép s6 3 con lai la C; . Sé cach xép s6 4 1a Cg’ . Sd cach xépsd 5 1a C;
S6 cach xép cac s6 con lai : 3!. CO: C; .CS.C?.E}! cach xép.

Trwong hop 2: a, =4

S6 cach xép hai s6 4 con lai 1a C2. Sé cach xép s6 3 1a C2. S6 cach xép s6 5 1a C2
S6 cach xép cac s6 con lai : 3!CH : Cg .C; .C§.3! cach xép.

Truwong hgp 3:: 4, =5

S6 cach xép sb 5 con lai la C; . Sé cach xép s6 3 1a C§ . Sd cach xépsd 4 1a Cg’
S6 cach xép cac s6 con lai : 3! Co: C; .C§.C63.3! céch xép.

Truwonghop 4: @ a, ¢ {3;4;5} . a, ¢6 2 cach chon.

S6 cach xép s6 3 con lai la Cg . Sd cach xép s6 4 1a C; . Sd cach xépsd 5 1a Cé
S6 cach xép céc s6 con lai : 3! CO: Cy.C5.C2.3! cach xép.
n(A)=Cy.C5.C5.34+C;5.C7.C5 314+ Cy.C5.Co .31+ Cy.C .C5 .31 = 136080 (s0).

A A n(A) 136080 7
Xac suat can tim la: p(A) = nEQ; = 50338430 = Toh

Cach 1:

Goi s6¢c67 chﬁ:sédf)im(}tkhécnhaulé a, azm, a, #0.

S6 phan tir ciia khong gian mau 1 n(Q) = 9.AS =544320. Goi A 14 bién sb can tinh xéc suat.
Taco a, € {0;4;6;8}.

Truwong hop 1: a2, =0

Xép cac chitsd 2, 3, 4 vaosd a c6 C. cich, xép 3 chir s6 con lai cia sb a co A> cach.
Vay truong hop 1: cé CS.Ag = 2400 s0.

Truwong hop 2: a, =4

Néu a; =2 thico 5 cach xép chir s6 3, cac chit sé con lai c¢6 A;1 cach.

Néu a; #2 thi a; c¢6 6 cach chon (”1 ¢ {0;2;3;4}), Xép céc chitsd 2, 3¢ Cg cach, cac chir sd
con lai c6 A7 cach. Vay truong hop 2 ¢6 5.A7 +6.C2.A> =11400 sb.

Truong hep 3: a, {6;8}. a, €0 2 cach chon.

Néu a, =2 thico C; cach xép cac chir sb 3, 4, cac chit sb con lai co Ag’ cach.

Néu a; #2 thi a; ¢6 5 cach chon (al ¢ {0;2;3;4;117}), xép cacchitsd 2, 3, 4 ¢co Cg cach, cac
chir s6 con lai co A§ cach. Vay truong hop 3 co 2(C§.A63 + 5.C§’ A?) = 4400 sb.

Do do n(A)=2400+11400 + 4400 =18200.

n(A) 18200 65
n(Q) 544320 1944

Vay P(A) =
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