BAT PANG THUC
Phén 1: BAT PANG THUC CAUCHY (CO SI)

Cho céc sb thuc khong am a,b,c khi do ta co:

1. a+b>2Jab . DAu déng thirc xay ra khi va chi khi a =5.
2. a+b+c>3abc . Diu ding thic xay ra khi va chi khi a=b=c.

Céc bat dang thirc 1, 2 goi 1a bit dang thirc Cauchy cho 2 va 3 sb thuc
khong am. (Con goi 1a bat dang thirc C6 si hay bat dang thitc AM- GM)

Dé van dung tot bat ddng thirc Cauchy . Ta can nam chic nhiing két qua
sau:

114 _ 22 2y (x+y)
1) —+—> > ;2>
a b a+b Jgr+p? a b a+b

119>3ﬁ

2) l+—+—>

a b ¢ a+b+c @l +p+c?

3) a* +ab+b’° :i(aer)szl(a—b)2 Zz(a+b)2
4 4 4

2 2 1 2 3 2 1 2

4) a”—ab+b :Z(a+b) +Z(a—b) Zz(a+b)

(a+b+c)2

5) ab+bc+ca< <a’+b*+c°

2 2 2 (xt+y+z)
6) x_+y_+Z_Z(y—)
a b ¢ a+b+c

7) PN CL2))
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2P 4 4
at+b) | _(a+b)' _ . . (a+d)
2 4 8

8) 2(a* +5%) 2 (a* +57) z{(

9) Vél a’bZO thi aWH-n +bm+n Z%(am +bm) (*)

That vy BDT can ching minh trong dwong voi
(@" +b")(a" —b")(a" —b")>0 diéu nay la hién nhién dung.

(**) Tong quat ta co a ;Lb Z(a;bj

n n n—1 n—1 n
Thét vay 4p dung (*) ta c6 2 ;b z(“*b)(“ b ] ...... z(“”’j

2 2

10) Vé6i a,b,c >0 thi a"™" +b™" +c"" > %(am +b" +c")a" +b" +c") (%)

That véy ta co bat ding thirc can ching minh tuong dwong véi:

(@" =b")(a" —=b")+(B" —c")b" —c")+(c" —a")(c" —a") >0 ma didu
nay 1a hién nhién dang.

a"+b"+c" S (a+b+cjn

Téng quat ta co: . That vay ap dung (*) ta c6:

3 3 3 3 3

Ap dung bt dang thtc nay ta c6:

Q/ydr”b“ﬂ/b_” Q/Z+"b+</2n %/Z+4/Z+¥/E a+b+c
> & <n
3 <

3 3 3
11 1 1 1 1Y
TR DR
Tuong tu ta c6: 4 b3 € >4 é’ S

Dol+l+lz 0 suyraL+L+L23 3 .
a b ¢ a+b+c a b ¢

1 1

2
+ > voimoi a,b>1
a+l b+1 1++Jab '

11)
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1 S 2

1
(+a)y  (+bY (1+ab)

Tong quat: véi a,b>1 tacd

1 N 1 < 2
a+l b+1" 1++Jab

12) Véi 0<a,b<1 thi

1 2

Tong quét: Véi a,b e[0;1] ta co:

L, <
Y+a Y1+b (/1+~/ab
13) Mot sb két qua duoc suy ra tir bat dang thire C6 si.

+ (a3 +b3)(x3 +y3)(m3 +1f13)2(axm+byn)3 (*)

Ap dung BPT Cauchy ta co:
a’ x’ m’ 3axm
3 3 + 3 3 + 3 3 2
a+b x+y m+n {/(a3+b3)(x3+y3)(m3+n3)
b’ y n 3byn

a3+b3+x3+ R 3, 13\(.3, .3 3, 3
y m +n {/(a +b )(x +y )(m +n)

Cong hai bat dang thic cliing chiéu ta suy ra:
3axm+3byn

) )]

(a3 +b3)(x3 +y3)(m3 +n3) > (axm+byn)3 .

+ Hoan toan tuong tu ta cling chung minh dugc:

(a3 +b’ +c3)(x3 +y’ +z3)(m3 +n’ +p3) > (axm+byn+czp)3 .
Vi du 1: Cho céc s6 thuc khong 4m a,b, ¢ . Chimg minh ring:

a) a +b’ 2ab(a+b).
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1 1 1 1 )
— +—— +—5—— < . V61 (a,b,c>0)
a +b’+abc b’ +c +abc ¢ +a +abc abc

c) (a+b)(b+c)(c+a)28abc.

b)

d) (a+b)(b+c)(c+a)Zg(a+b+c)(ab+bc+ca).

e) Cho (a +b)(b+c)(c+a) =1. Ching minh: ab+bc+ca < % ( Trich
d@ tuyén sinh 16p 10 chuyén Toan TP Ha No6i nam 2015)
Loi giai:
a) Taco: a'+b =(a+b)(a*—ab+b’). Suyra

a +b —ab(a+b):(a+b)(az—2ab+b2)=(a+b)(a—b)2 >0 suyra
dpem.

b) Ap dung bat dang thic & cau a ta co:
a3+b3+achab(a+b)+abc:ab(a+b+c). Suy ra

3 31 < ! . Tuong tu ta co:
a +b” +abc ab(a+b+c)
! < ! ! < ! . Cong ba bit

b’ +c’ +abc _bc(a+b+c);c3+a3+abc B ca(a+b+c)

dang thire cung chiéu ra suy ra:

! + ! + ! < ! DAu bing x4y ra khi va
A +b+abc b+ +abe E+a’+abe abe Xy
chikhi a=b=c.

c) (a+b)(b+c)(c+a)28abc.

Cach 1: Ta co:
a+b22@,b+cz2\/a,c+a22 ca :>(a+b)(b+c)(c+a)28abc.

Cach2: (a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)—abe. Theo bat
dang thirc Cauchy ta co:

a+b+c>33abc,ab+bc+ca>3a’b’c* =
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(a+b+c)(ab+bc+ca)29abc. Suy ra

(a+b)(b+c)(c+a):(a+b+c)(ab+bc+ca)—abcz8abc.

Chu y: (a+b)(b+c)(c+a):(a+b+c)(ab+bc+ca)—abc 1a mot bién doi

dugc sir dung rat nhiéu trong chig minh bat déng thic:

(a+b+c)(ab+bc+ca).

O | o0

d) (a+b)(b+c)(c+a)2

Chu y rang: (a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)—abe. Ap dung

cau c ta c6 dpcm.

e) Tachuy: (a+b)(b+c)(c+a):(a+b+c)(ab+bc+ca)—abc. Suy

1+ abc
a+b+c

ra ab+bc+ca=

Theo bat dang thirc C0 si ta co:

a+b+b+c+c+a23{/(a+b)(b+c)(c+a) :3:>a+b+c2%.Mat

khac sir dung: (a+b)(b+c)(c+a)=8abc = abc < % T do6 suy ra:

[u—

1+—

ab+bc+ca= I+ abe < 8=§.Déu"=”xéyrakhivéchikhi
a+tb+c 3 4
2
azbzc:l.
2
Vidu 2:

a) Cho cac s6 thuc duong a,b,c saocho a+b+c+ab+bc+ca=6.
Chtng minh rang: a® + b +c¢* > 6. Trich dé tuyén sinh 16p 10- TP
Ha No61 2013.
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b) Cho cac sb thuc dwong a,b sao cho : l+%= 2. Chung minh:
a

0= 1 N 1
at+b* +2ab*> b +a’+2a’h
chuyén Nguyén Trai- Hai Duong 2013).
¢) Cho cac s6 thuc duong a,b sao cho a+b=2.Chung minh:

2(a® +b2)—6(ﬁ+2J+9(i2+i2j210.
b a b

a

S% Trich dé tuyén sinh 16p 10

d) Cho cac sb thuc duong a,b,c thbaman a+b+c=2.Tim gia tri

nho nhét cia P =~/2a+bc +~/2b+ac +~2¢+ab . Trich @& tuyén
sinh 16p 10- TP Ha N¢§i 2014.
e) Cho cac s6 thuc khéng 4m a,b sao cho a” +b> =4 . Tim GTLN cua
ab

P= . Trich dé tuyén sinh 16p 10- TP Ha N6i 2015.
a+b+2

Loi giai:
a) Du doan ddu bang xay rakhi a =b=c=1. Ta c6 cach giai nhu sau:

Ap dung bét dang thirc Cb si ta co:

a* +b* > 2ab,b* +c* > 2bc,c* +a* > 2ac,a’ +1>2a,b* +1>2b,c* +12> 2c.
Cong 6 bat ding thiic cuing chiéu ta suy ra

3(a2 +b’ %rcz)+322(ab+bc+ca+a+b+c)=12:>a2 +b*+¢* 23. Déu

bang xay ra khi va chikhi a=b=c=1.

b) Du doan khi a =b =1 thi bit dang thirc xay ra dau bang. Tir d6 ta co
cach ap dung BDT C6 si nhu sau:

Tacé: a* +b° >2a°h,b* +a” > 2ab”. T d6 suy ra

PO BN DR RV B B
" 2a’b+2ab®  2b*a+2a’b 2ab(a+b) 2ab(a+b) ab(a+b)'

a+b

. Do

giéthiétl+l=2:» =2=a+b=2ab suyra O< ,
a b ab (a+b)
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1 1 4
2=—4—2 =
a b a+b a+b

khi a=b=

< % Suyra Q< % Déu bang xdy ra khi va chi

¢) Ta viét lai bat dang thirc can chimg minh thanh:
(a+b)2—2ab (a+b)2 —2ab
+9

2
_ _ >
2[ (a+b)" ~2ab |-6 ~ ~ 210, Hay
8—4ab—64_iab+94 i“b—1o>0@ 2a*b? —4ab} —24ab+12a%b* +36—18ab
a a

& —2a°b’ —4a’h’ —24ab+12a’bh”> +36—18ab > 0 < 4t —10¢” +42t —36 <0
(*)voi O0<t=ab< % =1. Ta c6 (*) tuong duong véi:

2° =517 +21:-18<0 < (t-1)(2° -3¢ +18)<0. Do 2° —3(+18>0 va
t—1<0 nén (¢ l)(2t —3t+18)<0 Dau bang xay ra khi va chi khi
t=l<a=b=1.

d) \/2a+bc:\/a(a+b+c)+bc.Ap dung bat dang thic C6 si

(a+b)(a+c) S%, tuong tu ta co:

\/2b+aC—\/b a+b+c +ac<\/b+a b+c b+a—42—b+c’

J2c+ab < w. Tir d6 suy ra

P=~2a+bc+2b+ac+~2c+ab < 2a+2b+c+2b+2c+a+2c+2a+b =2(a+b+c

.Déubéngxéy ra khi a:b:c:%

ab
a+b+2

o a*+b*+2ab=(t-2) =2ab=1"~-2t+2 (a+b) =(1-2)" .Taco:

Ta viét lai P =

=.bat a+b+2=t=1t>2

2(a’+b°)2(a+b) = (a+b) <8 a+b<2V2=2<1<2J2+2.Tasé
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ab  ?-2t+2
a+b+2 t
a=b=\2=1=2J2+2 nén ta chung minh:

1 2 =2t+2 1
P< N < o (V2+1)2 = (22 +3)r+242 +2<0.
V2+1 t V2+1 (V2+1) )

Hay 72 —(ﬁ+1)t+2so@(r—zﬁ—z)(r—ﬁﬂ)go.Bétdéng thirc

Du doan dau bang xay ra khi

chung minh: P =

nay luoén dung do 2<t<2J2+2.Déu bang xay ra khi va chi khi
t=2V2+2=a=b=12.

MOT SO KY THUAT VAN DUNG BAT PANG THUC CO SI

1. Dw doin diu bang dé phan tich s6 hang va van dung bét ding
thire Co si.

Déi véi cac bai toan bat dang thie ddi xung thong thudng diu bang xay ra
khi cac bién bang nhau déy 1a co s¢ dé ta phan tich cac sé hang sao cho khi
ap dung bat dang thirc C6 si thi diu bang phai dam bao.

Ta xét cac vi du sau:

Vi du 1: Cho x, y 14 cac sb duong théa min x+ y =2 . Chimg minh

x’y? (x2 +y2) <2

(Dé thi tuyén sinh 16p 10 Chu Vin An, Ha Noi — Amsterdam 2006-2007)
Lo giai:

Ta dy doan ddu bang xay rakhi x=y=1.Khidé xy=1, x>+’ =2

Mit khac dé tan dung gia thiét x+ y =2 ta s& dua vé hing dang thirc

(x+ y)2 . Vi vay ta phan tich bai toan nhu

sau: x*y’ (x2 +y° ) = %.xy.ny(x2 + yz) . Theo bit ding thirc Cauchy thi
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(x+y)2
xy < 2 :1,2xy(x2+y2)£

) 2 2\2 n 4
e j b 4y) —4. Tirdo

suy ra xzyz(x2+y2)£2.Déubéngxéyrakhi x=y=1.

Ngoai cach lam trén ta c6 the gidi bai toan bang cach dua vé mdt bién:

t=x+y hodc t=xy vdichay: (x+y)2 >4xy, 2(x2+y2)2(x+y)2. That

vay: Dat ¢t = xy;(ery)2 =x"+y" +2xy.

2
+
=4=x"+y’+2t & x*+y* =4-2t.Do xyg(x 4y) =1=0<¢<1.Ta

can chimg minh: £*(4-2¢)<2< £ =27 +12 0 (t-1)(£ =1 -1)<0.

Bét dang thirc nay ludn dung véi moi gia tri 0<7<1.
Vidu 2:

a) Cho a,b 1a cic s6 khong am thoa man 4 +b* <2 . Chirng minh

rang:

a\/3a (a + 2b) + b\/3b (b + 2a) < 6. (Pé thi tuyén sinh 16p 10 chuyén Ngoai
Ngit PHQGHN nam 2008-2009).

b) Véiba s duong x, y,z thoa man x+ y+z =1, tim gié tri 16n nhat

X y z
X+A[x+yz +y+1/y+zx +Z+«/z+xy

sinh 16p 10 chuyén Toan TP Ha Noi 2014)

ctia biéu thirc: O = . (D& thi tuyén
Loi giai:

a) Du doan ddu bang xay rakhi a =b=1.Khi do
3a=a+2b,3b=b+2a nén ta co thé ap dung bt ding thirc Cauchy truc

tiép cho biéu thirc trong dau cin.
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xX+y

St dung bat déng thirc Cauchy dang /xy < , d& thiy

b 3b(b+2a)sb3b”+2“=2b2+ab.

a1/3a(a+2b) Sa%zhf +ab,

Cong hai bét déng thirc nay lai vé theo vé, ta duoc:

M =a,[3a(a+2b)+b3b(b+2a) <2(a’+b*)+2ab=4+2ab. Tiép tyc
str dung bat dang thire Cauchy két hop véi gia thiét, ta co:
4+2ab<4+a*>+b*>=6. Tir d6 ta c6 ngay M < 6. Dau bang xay ra
Sa=b=1.

x(w/eryZ—x) x(\/x(x+y+z)+yz—x).

X
b) Ta co: = =
) X+X+yz X+yz—x" x(x+y+z)+yz—x°

a+b

Ap dung bt dang thirc Cauchy co hai sé thuc duong Vab < ta co:

X+y+x+z xj

x( x+y)(x+z —x) x+(
( )( ) < 2 _ Xy +xz Chimg
Xy+yz+xz Xy+yz+xz 2(xy+yz+xz)

minh tuong ti r0i cong vé, ta suy ra O <1.Dang thirc xay ra khi

X=y=2=%.Vay O 16n nhét bang 1 khi x=y:2=§

Vidu 3: Cho ¢ >0 va a,b>c. Chimg minh ring

\/C(G—C)+\/C(b—0) <Jab .

Loi giai:Du doan ddu bang xay ra khi @ = b . Bit dang thic cdn ching minh
c6 the viét thanh:
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_ b— C
P= \/5. a-c +\/£. 5 € <1.su dung bat dang thirc Cauchy dang:

b a a
c a-c ¢ b-c c c ¢ c
ot —+ —+ —+]l——+—+1-—
\/ES y,tacé:PSb a ,a b _b a 4 b_1.Bai
2 2 2 2
toan duogc giai quyét hoan toan. Pang thirc xay ra khi va chi khi
_a-c
" a 11

1 N e ~ ) A ’ . N\ e , M
5 = _+Z =—. Ngoai ra ta cling c6 thé chirmg minh bai todn bang
-c a c

b
bién d6i twong duong.

Qo S|

Vi du 4: Cho x, y,z 1a cac sb thyc duwong. Chimg minh rang;

2 2 2
X A
a4 >1.

X’ +2yz Y 4+2zx 2 +2xy

Loi giai:
St dung bét dang thirc Cauchy dang: 2ab < a” +b*, dé thiy:

2 5 i 2 5 i
P=— T T 25— St 53— St 5 -1
X +2yz y 4+2zx z+2xy X +y +z Y4z 4+X I 4+Xx+y

Ding thirc xay ra khi va chi khi x=y=z.

Vidu 5: Cho x,y >0 va x+ y <1.Chtng minh ring 8(x4 +y4)+$ZS.
Giai:

Dy doan dau bang xay ra khi x=y :% . Ta danh gia x* + y* dé dua vé xy.

Theo bét déng thirc C6 si ta co: x* + y* >2x%y* suy ra 8(x4 +y4) >16x"y°.
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Suy ra 8(x4 +y° ) TN 16x°y* + 1 pe ¥ rang dau bang xay ra thi
Xy xy
16x°y* =1 nén ta phan tich nhu
1 1 1

1 , . .
sau:16x°y” +— =16x"y* + — +——+——_ Ap dung bat dang thirc Co si
Xy 4xy 4xy 2xy

1 1
a+b+c>33abc tacod: 16x°y* + —+—2>3,
4xy  4xy
2 1 5> o1 1 1
4xy£(x+y) =1=xy<—.Suyra 16x"y" + + + >3+2=5.
4 4xy 4xy 2xy

Ding thirc xay ra khi va chi khi x=y = % .

Vi du 6) Cho a,b,c 14 cac sb duong théa man a+b+c =3. Chirng minh
9a’h*c?

N 2 2 2
rang:a b+bc+ca>————.
1+2a’b°c’

Loi giai:
Bét dang thirc can ching minh duoc viét lai thanh:
(azb +bhc +cza)(2 +Lj >9

a’b*c?

1 1 1 £, a2
+ + > 9. Mat khac st dung bat dan
ab® bt ca’ ' e s

. 1 1
thirc Cauchy b6 ba sb, ta c6:a’b+a’b+— 233/a’b.a’b.— =3a,
ab ab
2 2 1 2 2 1
b’c+b’c+—5233b"ch’c.—5 =3b
bc bc

1 1
cla+cla +—2 33 cza.cza.—2 =3c
ca ca

& 2(a2b+b2c+cza)+
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Cong ba bat déng thue trén lai vé theo vé, ta duoc:

2(a2b+bzc+cza)+ 12+ 12+ 1229.Déudéngthﬁ:cxéyrakhivélhcir
ab” bc”  ca

khi a=b=c=1.

(¢ +3) (= )

(x=1)(»=1)

Vi du 7) Cho x,y >1. Chtng minh rang: >8.

Giai:

St dung bét dang thic Cauchy, ta co:

(1). Mit khac, lai dé y

oy _ 2xy
y=1 x-1 y—1x-1 /(x—l)(y—l)

rang néu str dung bat dang thirc Cauchy bo hai s6 dang vab < atb

, thi:

2+x-1_ x_ B l+y-1_y .
\/x—lz,/l.(x—l)ﬁ 5 =5,«/y—1—«/1.(y—1)ﬁ 5 —E.Nhan

hai bat drfmg thuc trén lai theo vé, ta thu

duge: ([(x-1)(y-1) <2 = 20 8 (). Tir(1)va(2)suy

4 =D
ra diéu phai chimg minh. Dau dang thirc xay ra khi va chi khi
2 2

R 4
y—-1 x-lox=y=2.

x=2,y=2

Poi v6i cac bai toan ma diu bang khong xay ra khi cac bién bang nhau.
Ta cén chii y tinh ddi xtng ciia tirng b phén , dé dy doan sau do lién
két cac dir liéu ciia bai toan dé tim ra diém roi. Tir d6 ap dung bét ding
thirc Cauchy dé thu dwoc két qua:

Ta xét cac vi du sau:
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Vidu 8: Cho x,y,z >0 théa man: xy+ yz+zx =1. Tim GTNN cua
P=x"+ y2 +22°

Giai:

Ta du doan ddu bang xay ra khi x = y = az va mong mudn bién ddi duoc :
P=x"+ y2 +2z% > k(xy + yz + zx) dé tan dung gia thiét xy+ yz+zx=1 va
dau bang xay rakhi x = y =az. Dé c6 tich x.y ta ap dung x* + y* > 2xy.
Pé taora yz ta ap dung: y2 +a’z? > 2ayz. Dé tao ra zx ta ap dung:

a’z% +x% > 2azx.

Vih¢ so cua yz,zx 1a a nén tanhan a vao bat dang thire dau tién roi cong
lai theo vé ta thu
duoc

a(x2 +y2)+(y2 +a222)+(a222+x2) (a+1)(x2 +y2)+2a222

a(xy+yz+zx) < =
(xy+y ) 2 :

Hay 2a <(a+1)(x*+y?)+2a%z> . DPétaora P=x>+ > +2z°tacn co ty

1+\/§

6:(a+1):2a° =1:2=d*—a-1=0=a= ;

Tur d6 ta tim duogc: P> 12_a =J5-1.Cécem hoc sinh tu hoan thién 101
+a

giai.

Vidu9) Cho x,y,z >0 théaman: x+ y+z=3. Tim GTNN cua

P:)c2+y2+z3

Loi giai:
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Ta du doan diu bang co khi x=y=a,z=5b; va 2a+b=3. Theo bt ding
¥ +a? >2ax

thirc C6 si ta c6: { y* +a* > 2ay . Cong ba bét dang thirc cling chiéu ta
2+ +b7 >3p%2

co: x2 + % +2° +2a% +2b° > 2a(x + y) +3b%z Tuc la:

x° +y2 +20> 2cl()c+y)+3l)22—2a2 —2b°

a2
Béygi(‘ytacﬁn chon a, b sao cho 2a:3b* =11 o 2a=3b . Giai hé tim
2a+b=3
19-+/37 J37-1
duqc:x=y:a=T;z:c: p

Twr d6 ban doc ty hoan thién 101 giai:
Vi du 10) Cho cac s6 thuc duong a,b,c thda man: a’+2b% +3c% =1.

Tim GTNN cua P =24> +3b° +4¢>

Loi giai:

Du doan dau br:ing xay rakhi a=x;b=y;c=z v6&i x,y,z>0 va
x? +2y2 +3z2 =1

Taco: @ +a° +x° 23a’x; b3+b3+y3 23b2y; A te

3

34232307z, suy ra

2a° >3a’x—x

b3 +b3 + % 32y < 3b° %ybz—%y3,
3 3

CHP 42223228 237 2-2 = 4 22(3022—23). Cong ba bt

dang thirc cung chiéu suy ra: P> 3(xa2 +%yb2 +22¢? j —x° —%y3 —22°.
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Ta can chon X, Y,z dé: x:%y:2z=1:2:3 va x2+2y2+322:1.Ap dung

tinh chit diy ty s6 bang nhau ta dé dang tim duoc:
8

6 9
= ; = ;Z = —
Ja07 7 Jaor T a7

Vi du 11) Cho cac s6 thuc duong a,b,c,d thdéa man:
abc+bed +cda+dab=1. Tim GTNN ciia P=4(a’+b’ +¢*)+9d’ (Trich
d8 thi vao 16p 10 chuyén Trudng chuyén KHTN- PHQG Ha Nbi 2012)

. Hoc sinh tu hoan thi¢n 101 giai.

X

Loi giai:
Biéu thitc P cho ta du doan ddu bang xay ra khi va chi khi
a=b=c=xd,Dé giam an trong bai toan ta s& ap dung bt ding thuc C6 si

theo cach:

Khi d6 @’ +b° +¢* >3abe, b’ +¢ +x°d* >3xbed , ¢ +a® +x°d’® > 3xcad ,
a’ +b +x°d’ >3xabd

x(a3+b3+c3)23xabc

Syl +xX3d > o .

Suy ra b™+c +x'd” > 3xbed . Cong bon bat dang thirc cung chiéu ta co:
c+a’+x°d® >3xcad

a+b +x°d® >3xabd

(x+2)a3 +(x+2)b3 +(x+2)c3 +3x°d’ > 3x(abc +bed + cda+ dab) =3x .
x+2 4

0 —§<:>4x3—3x=6 .
X

Béy gid ta chon x sao cho (x+2):3x’ =4:9 &

1 1
bat x= 5[ v+ —J thay vao ta tim dugc
y

y=v6+@,y:%_@:x%(vm@%_ﬁs).Banaoctu
hoan thién 101 giai.

2. Ky thuat ghép doi xirng
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Trong nhiéu bai toan ma biéu thirc & hai vé twong ddi phtc tap, viéc chimg
minh tryc tiép tré' nén khé khan thi ta c6 thé str dung k¥ thuat ghép ddi ximg
dé bai toan tré nén don gian hon.

& cac bai toan bat ding thirc, thong thudng chiing ta hay gip hai dang sau:
Dang 1: Chimg minh X+Y+Z>A+B+C

¥ twong: Néu ta chimg minh duoc X +Y >24. Sau d6, twong tu héa dé chi
ra Y +Z>2B va Z+X >2C (nho tinh dbi xtg cua bai toan). Sau d6 cong
ba bat dang thuc trén lai theo vé rdi rat gon cho 2, ta c6 ngay diéu phai
chtirng minh.

Dang 2: Chung minh XYZ > ABC véi X,Y,Z>0

Y tuéng: Néu ta chimg minh duoc XY > 4%. Sau d6, twong tu hda dé chira
YZ > B* va ZX = C? (nho tinh chat dbi ximg ciia bai toan). Sau d6 nhan ba
bét d'fmg thuc trén lai theo vé roi léy can bac hai, ta co:

XYZ = A’B*C* =|ABC|> 4BC.

Vi du 1. Cho ba s6 duong x, y,z théa min x+ y+z =1. Chimg minh rang

\/2x2 +xy+2y° Jr\/Zy2 +yz+27° +\/222 +zx+2x° 245

(Dé thi tuyén sinh 16p 10 tinh Thai Binh ndm 2005-2006)

Giai:

Ta can mot danh gia dang : 2x” +xy +2y° > (mx + ny)2 sao cho dau bang xay

ra khi x =y . Dé co duoc danh gia nay thong thuong ta viét lai

2x7 +xy+2y° :a(x—y)2 +b(x+y)2 =(a+b)x*+2(b—a)xy+(a+b)y* .

a+b=2 a:i

Twr d6 suy ra 1= 4 . Turdota
b—a:E b_i
4
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co:

2x% +xy+2y° :%(x—y)2 +§(x+y)2 Z%(x+y)2 = 2x° +xy +2)° Z%(xﬁLy)

4
tuong tu ta c6 2 bat déng thirc va cong lai ta
co:

\/2x2 +xy+2y° +\/2yz+yz+2z2 +\/2zz+zx+2x2 Zx/g(x+y+z)=\/§

diu bang xdy rakhi x=y=z= 3 Ta cling c6 thé ching minh tryc tiép:

[252 +xp+2)° ZWQ 2x% +xy+2y° Z%(x+y)2
(ery)2
4

= 2(x+y)2 -3xy 2 %(x+y)2 = > xy (dung theo Cauchy)

Vi du 2. Cho céc s thuc duong a,b,¢ sao cho ab+bc+ca =1. Chimg
minh ring: 2abc(a+b+c)< g +a'b’ +b*c* +c*a*. (Trich dé tuyén sinh
vao 16p 10- Truong Chuyén KHTN- PHQG Ha Ngi 2014).
Loi giai:
Ap dung bét dang thirc Cauchy cho 3 s thuc dwong ta co:

472 1 2 1 2
a'b"+—abc” +—ca=a"bc

3 9

b'c? +§a2bc+éab >b’ca = %abc(a+b+c) <a'b*+b'c* +cta’ +é (1).

ctat + labzc +lbc > c*ab
3 9

Mait khac ta cling co:

abc(a +b+c) =ab.ac+bcba+ca.ch< %(ab+bc+ca)2 zé. Suy ra

gabc(a +b+c) sg (2). Cong theo vé (1) va (2) ta c6 dpem.
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Vi du 3) Cho ba s6 duong x, y,z thoa ! + ! + ! > 2. Chtrng minh
I+x 14+y 1+z

. 1
rang xyz < 3

Giai:

Tir gia thiét Pt > 2, ta suy ra:
I+x 1+y 14z

SR P +(1— : j: ALY i
I+x I+y I+z) 1+y 14z (1+y)(l+z)
1 vz
>2 .
Tlex (L y)(1+2)

Hoan toan tuong tu ta cling

, 1 zx 1 Xy
: >2 ; >2
Ty S ) () Tz () (1)

Nhan ba bt dang thic trén lai theo vé, ta thu

1
duoc: > 8xyz

(I+x)(1+y)(1+z)  (1+x)(1+y)(1+2)

|
> XYz =—.
e

I 1 1 . :
Vidu 4. Cho x,y,z>2 va —+—+—=1. Chung minh rang
X y z

(x=2)(y-2)(z-2)<1
(Dé thi tuyén sinh 16p 10 chuyén Lam Son Thanh Héa nam 2005-2006).
Loi giai:

V6i gia thiét x, y,z > 2, ta nghi dén viéc dit 4n phu dé dwa bai toan vé dang
don gian va quen thudc hon. BPat x=a+2;y=b+2;z=c+2 v6i a,b,c>0.

Bai toan quay vé chimg minh abc <1
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Véi a,b,c >0 thdéa man: ! + ! + ! =1l 4 + b + ¢ =1.
a+2 b+2 c+2 a+2 b+2 c+2

Ta co:

TS S :(1_ 1 ){LL)

c+2 a+2 b+2 \2 a+2 2 b+2

a N b > ab
2(a+2) 2(b+2) \(a+2)(b+2)

Tu:ongtu
c+2 a+2 a+2 b+2 c+2

Nhan ba bat déng thue trén lai theo vé, ta duoc:

! > abe =abc<1.

(a+2)(b+2)(c+2) (a+2)(b+2)(c+2)

Vi du 5) Cho x, y,z 1a cac sb duong. Tim gia tri nho nhét cia biéu thirc
o p—" +l ( J +1] z +l .
v+z 2)0\z+x 2){x+y 2

Giai:

(2x+y+z)+(2y+z+x)(2z+x+)
8(x+y)(y+z)(z+x)

Taco P= (1)

Theo bat dang thirc C0 si ta co:
2x+y+z:(x+y)(x+z)22 (x+y)(x+z) (2)
2y+z+x=(y+z)(y+x)22 (y+z)(x+y) 3)

2z+x+y=(z+x)(z+)22\(z+x)(z+y) )

Nhan ting vé cta (2),(3),(4) vatir (1) suyra P>1
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Dau bang trong (5) xay ra <> dong thoi c6 ddu bang trong (2),(3),(4)

X+y=x+z
Siy+z=y+xox=y=z>0Tuwdoésuyra minP=1.

Z+x=z+y

3. Ky thuat co si nguoc dau:

Vidu 1. Cho a,b,c >0 va a+b+c=3.Chung minh

N a b c 3
rang: — +— +— >—.
b>’+ab ¢ +bc a +ca 2

Giai:

Ap dung bét dang thirc Cauchy ta cé:

a I b ! b I ! I 1 (l+l). Tuong tu:

a

B+ab b a+b> b ofupr b 2da b 4
boll(la)e L1l
c+bc ¢ 4\b a+ca a 4\c

Cong ba bat drfmg thirc nay lai vé theo vé, ta duoc:

a b c 3/(1 1 1 3
5 +— +— > ——+— |-
b’+ab ¢ +bc a’+ca 4\a b c¢c) 4
Bai toan dugc quy vé ching

minh:E l+l+l —222<:>1+l+123
4 a b ¢) 4 2 a b c

@(é+aj+(%+bj+(%+cj2 3+a+b+c=6. Bat dang thirc cudi cung
hién nhién dtng vi theo bat dang thic Cauchy, ta

cé:é+a > 2,z;%+b > 2;%+c >2

Bai toan duge chig minh xong. Dang thirc xay ra khi va chi khi
a=b=c=1.
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Vidu 2) Cho a,b,c>0,a+b+c=9.Chiing minh:
3 3 3 3 3 3

a +b +b +c +c +a 59

ab+9  bc+9 ac+9

Ta ching minh
duoc

3
a+b S (a+b) ey 30(a+b)
ab+9 (a+b)’ +36 (a+b)* +36

3 3

Mat Khiic ta c6: (a+b) +36>12(a+b). Suy ra 2
ab+9

a +b’ Zi(aer)iabS%(ajtb)2 =

>a+b-3.Cong ba
bat dang thirc cuing chiéu suy ra dpem.

Vidu 3) Cho x,y,z>0 va x+ y+z=23.Tim gia tri nho nhat cta biéu thirc
X 4
= 5 4 3 + 7
I+y" 1+z° 1+x

Loi giai:
X x2 4 2
Ta c6: ——=x——2— . Theo bét ding thirc C6 si thi 1+ > >2y Suy
I+y I+y
ra 22x—ﬂ Tuong tu, ta co: yZZy—E, 222 =
I+y 2 1+z 2 1+x 2

. L 1
Cong tung ve ba bat dang thuc trén ta c6 P 2 (x+ y+ z)—E(xy+ yz+ Zx) .
Mat khéc theo bt dang thirc CO si, ta ¢6: 3(xy+ yz+zx) < (x+y+ z)z. Vi

. 3
X+y+z=3=xy+yz+zx<3.Nhu vay mlnP:5<:>x:y:z:1

4. Phwong phap dit 4n phu:

K¥ thuat dat an phu 1a mot k¥ thuat rat dac biét trong chirng minh bat drfmg
thure:

Viéc chon an phuy thich hop s& gitp bai toan tré nén don gian hon:

Mot sb ky thuat hay gip nhu sau:
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1. Khi c6 gia thiét : a+b+c = abc ta co thé bién doi thanh:

1 1 1 1 1 1
—+—+—=1dit —=x;—=y;—=z=>xy+yz+zx=1.
ab bc ca a b c

2. Khi gip gia thiét a+b+c =1 ta c6 thé viét thanh:

@E E% zéﬂgt

oo
=z=>xy+yz+zx=1.

3. Khi gip gia thiét: ab+bc+ca+abc=4. Ta co thé viét thanh:
1 1
+ +
a+2 b+2 c+2
x= ., yZ= ! =>x+y+z=1
012 hi2 " 12 Y '
4. Tir diéu hién nhién:
+

=1. Dat

X y z 1 1 1
+ + == + + =1
X+y+z x+y+z x+y+z TR TN S B

x y z

y+Z;b: z+x;C:x+y ta suy ra
X y z
1 1 1
+ +
a+l b+1 c+l1

gia thiét: abc =a+b+c+2 taco thé dit:

.Pat a=

=l abc=a+b+c+2. Tudo suy ra khi gap

a:y+z b_z+x c:x+y
X y z

+ Néu d6i (a,b,c)—)(l;%;lj tacod: abc=a+b+c+2 tuong
abc

duong v6i ab+bc +ca+2abe =1. Vi vy khi gip gia thiét

ab+bc+ca+2abc =1 taco thé dit a = al ;b= Y ;C= z .
y+z Z+X x+y
2 . co e 1 1 1 .
Mot cach tong quat: Khi gap gia thiét: + + =1 khi

k+a k+b k+c
khai trién thu gon ta co:
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I =3k +(k* =2k )(a+b+c)+(k=1)(ab+bc+ca)+abc=0. Suy
ra tdn tai cac sb x, ¥,z sao cho
1 X 1 y 1 z
k+a x+y+z k+b x+y+z k+c x+y+z
1 1

cac s thue duong a,b,c théa man: L. + =1. Thi tdn
k+a k+b k+c

. Nhu vay: Véi

tai cac sO m,n, p >0 sao cho:

QL ENED o mAREp L mAnep

m n p

+Néu a,b,c>0 va ab+bc+ca+abc =4 thita co thé dit
2 2 2

a= m;b: & ;¢ = P
n+p p+m m+n

+Néu a,b,c>0 va a+b+c+1=4abc thita co thé dit
n+ +m m+n
= p;b:p ;c= .

a
2m 2n 2p
5. Khi gap gia thiét: xyz =1. Ta co thé chon cic phép dat:
2 2 2 2 2 2
a—:x;b—:y;—zzjabc:l;a—:x;b—:y;c—:zhoac
b c a bc ac ab
azi;bzl;c:i...
y z X

6. bat: x=a+b—-c;y=b+c—a;z=c+a—->b hodc dat
x=a+b,y=b+c;z=c+a...

Vidu 1: Cho x,y,z lacac sb thuc duong va théa man diéu kién
X+ y+z=xyz. Tim gia tri 16n nhét cta biéu thirc
P= ! + ! + ! .

NI \/1+y2 NI

Loi giai:
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Tir gia thiét x+ y+2z =xyz, ta co L S Pit
Xy yz zx

a:l;b:l :l:>abc>0
X y z
s < A 5 \ a b C 2
Gia thiét tro thanh: ab+bc+ca=1 , P= + + beé

V+a* 1+ J1+¢

¥ rang: a* +1=(a+b)(a+c);b2 +l=(b+a)(b+c),02 +1=(c+a)(c+b)

Lacnay P co dang

Yeaad e

ta co: P<

c

c+a (c+b)

b+a)(b+c
\/ \/ \/ . Theo bit ding thirc Cb si,
ctaVNc+b

c 3 3
+ + + + + =— hay P<—.
2\a+b a+c b+a b+c cta c+b 2 2

K

Dau = xdy ra a:b:c:l@xzyzz:/?.vay maxP=%.Giétrilé’n

NE)

nhét dat dugc khi va chi khi x=y=2z=1/3.

Vidu 2) Cho x,y,z>0 va x+ y+z =3xyz .Ching minh:

vz N zx N Xy 51
x3(z+2y) y3(x+2z) 23(y+2x)_
Loi Giai:
. vz zx Xy . 1 1 | B
bat P=— +— +— ,dat a=—;b=—;c=—.Tu
x (Z+2y) y (x+22) z (y+2x) x y z
gia thiét ta cé a,b,c>0 va ab+bc+ca=3. Luc nay dé thdy
3 3 3
-2 b +—C _  Theo bt dang thirc C0 si ta co:
b+2c c+2a a+2b
3 3
9 (b+2c)az6a®, 20—+ (c+2a)b 26D,
b+2c c+2a
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9c’
a+2
9P+3(ab+bc+ca)> 6((12 +b* + cz) . Mit khéc ta c6 két qua quen thudc:

+(a+2b)c=6¢”. Cong timg vé ba bt dang thirc cung chiéu ta c6

a* +b*+c* > ab+bc+ca kéthop véi ab+bc+ca=3 suyra P>1. Vay
min P =1. Gia tri nho nhét dat dugc khi x=y=z=1.

Vi du 3: Cho a,b,c 1a dd dai 3 canh mot tam giac. Chung minh rr?mg:

(a+b—c)(b+c—a)(c+a—b)£abc.

Loi giai:
5 X+y+z . .,
Batx:a+b—c,y:b+c—a,z:c+a—b:>a+b+c:¢.Tu’dota
Z+ X X+ +z X 2 , A , . ,
suyra a = 5 ;b= zy;c=y2 . Bat dang thurc can ching minh c6

dang: (x+y)(y+z)(z+x)>8xyz . Dy 1a bt dang thirc quen thudc ( xem
o 1),

Vidu 4. Cho x,y,z>2 va LI Chung minh rang
X y z

(x=2)(y-2)(z-2)<1
(D¢ thi tuyén sinh 16p 10 chuyén Lam Son Thanh Héa nam 2005-2006).
Giai:

V6i gia thiét x, y,z > 2, ta nghi dén viéc dit 4n phu dé dwa bai toan vé dang

don gian va quen thudc hon.

Pit x=a+2;y=b+2;z=c+2 voi a,b,c>0. Bai toan quay vé ching

minh abc <1

Véi a,b,c >0 thoa man:
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1 1 1 1 a b c

+ + =le + + =1 .Dén day ta dit tiép
a+2 b+2 c+2 a+2 b+2 c+2

a b c ,
m= n= P = =>m+n+p=1.Taco:
a+2 b+2 c+2
i:a+2:1+£:>3:i—1:n+p:>a: 2m . Tuong tu:
m a a a m m n+p
2 2
p=—"" ;¢ = P
p+m m+n
Do d6 bat dang thirc tré
2 2 2
thanh; = =" P <l (m+n)(n+p)(p+m)=8mnp

n+p p+m m+n

St dyng bét dang thirc Cauchy, ta

co: (m+n)(n+p)(p+m) > 2%.2@.2\/% =8mnp .

Bai toan duoc giai quyét xong. Pang thirc xay ra
Sm=n=pa=b=c=lx=y=2z=3.

Vidu 5. Cho a,b,cla cac s6 thuc duong théa man ab +bc+ca+abc =4

Chtrng minh rang: Jab +Jbe ++Jca <3,
Loi giai:

Ta co:
ab+bc+ca+abc=4<:>abc+2(ab+bc+ca)+4(a+b+c)+8=12+ab+bc+ca+4
< (a+2)(b+2)(c+2)=(a+2)(b+2)(c+2)+(c+2)(a+2)

1 1 1

Sl= + + .
a+2 b+2 c+2

b . 2m 2n 2
Suy ra ton tai cac s6 duong m,n, p sao cho:a = ,b= ,C= P
n+p p+m m+n

Thay vao bat dang thirc cin ching minh ta
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du’c_)’c:\/zm. 2n +\/ 2n .2p +\/2p.2m <3
n+p p+m p+m m+n m+n n+p

@2\/ mo_r +2\/ LA +2\/ P ™ <3, Sirdung bét
m+p n+p m+n m+p n+p m+n

dang thirc Cauchy, ta

cézzm.n§m+n2n_pgn+p’
m+p n+p m+p n+p m+n m+p m+n m+p

2 p . m < P + n

n+p m+n n+p m+n

Cong ba bét déng thirc nay lai theo vé, ta dugc:

| m " +2\/ n_o_p +2\/ p__m  mtn n¥p.mrp_;
m+p n+p m+n m+p n+p m+n m+n n+p m+p
BAT PANG THUC SCHUR

Cho x,y,z lacéc s6 thuc khong am va s6 thuc duong ¢. Khi do ta co:

X(x=y)(x=2)+y' (y-2)(y-x)+z'(z=y)(z-x)20 (*)

Day 1a bat dang thirc ¢6 kha nhiéu img dung va twong d6i chit nhiéu bai
toan Bdt chi 1a h¢ qua cua BDT nay. Viéc chimg minh (*) kha don gian:
Gia su:

xzyzz= M e (x-y) ¥ (x-2)-)y (y-x)]+2' (z-y)(z-x)20. Diéu

nay la hién nhién. Dau bang xay ra khi ca 3 so6 bang nhau hodac hai s6 bang
nhau, mét s6 bang 0.

Céc bat dang thirc suy ra tir BDT SCHUR khi 7 =1 la:

1) a’ +b’ +c’ +3abc > ab(a+b)+bc(b+c)+ca(c+a).

2) (a+b+c)3+9abc24(a+b+c)(ab+bc+ca).
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3) abc>(a+b-c)b+c—a)c+a->b).

4) a’+b*+c* + Dabe >2(ab+bc+ca).
a+b+c
5) a b c 4abc

+ + >
b+c c+a a+b (a+b)(b+c)c+a)
Cac BDT (4) (5) con goi la BDT SCHUR dang phan thtrc khi 7 =1.
Ngoai ra can chii ¥ bién dbi:
a +b+c —3abc = (a+b+c)[(a+b+c)2 —3(ab+bc+ca)} .Hoac:

a +b’ +c3—3abc:(a+b+c)[a2 +b* +c? —(ab+bc+ca)}

Ta xét cac vi du sau:

Vidu 1) Cho a,b,c 1a ba s6 thuc khong &m va a+b+c =1 . Ching minh

rang: 9abc > 4(ab+bc+ca)—1.

Loi giai:

Ap dung bét dang thirc Schur dang:

(a+b+c)3 +9abc>4(a+b+c)ab+bc+ca). Thay a+b+c=1 taco:
1+9abc > 4(ab+bc +ca). Déu dang thirc xdy ra khi va chi khi ¢6 hai sé

bang % va 1 s6 bang 0 hodc a:b:c:é

Vi du 2) Cho céc s6 thuc duong a,b,c¢ sao cho ab+bc+ca+abc<4.
Chtmg minh: @® +b” +¢* +a+b+c>2(ab+bc+ca).(Trich dé tuyén sinh
vio 16p 10- Truong Chuyén KHTN- PHQG Ha Ngi 2015).

Loi giai:
Ap dung BPT Schur dang phan sb ta co:

9abc

a’+b> +c* + > 2(ab +bc + ca) . Bé ching minh bai toan ta chi can

a+b+c
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9abc
a+b+c

ta co: a+b+c>3Jabc = (a +b+c)2 > 9(x3/abc )2 . Ta chimng minh:

chira: a+b+c>

< (a+b+ c)2 > 9gbc . Theo bat dang thuc C6 si

abc <1. That vay tir gia thiét ta co: ab+bc +ca+abc <4 ma
ab+bc+ca >33a’b’c’ . Pit t =3/abc ta suy ra:
£ 437 -4<0& (1-1)(1+2) <0 1<1.Suyra abc<1 hay

2 ’ s
(\3/ abc) > abc suy ra dpcm. Dau bang xay ra khi va chikhi a=b=c=1.

Vi du 3) Cho a,b,c 14 cac s thuc khong 4m sao cho a+b+c¢=1. Chimng

minh rang 4(a3 +b’ +c3)+15abc >1.

Loi giai:

Ta co:

a+b+c —3abc:(a—i—b-i—c)[(a+b—i—c)2 —3(ab+bc+ca)} =1—3(ab+bc+ca)

Suy ra
4(a3 +b +c3)+15abc: 27abc+4—12(ab+bc+ca)

>3[4(ab+bc+ca)—1]+4-12(ab+bc+ca)=1. Theo vi du 1 ta co:

9abc > 4(ab+bc+ca)—1 . Tix d6 suy ra:

27abc+4-12(ab+bc+ca)23[ 4(ab+bc+ca)—1]+4-12(ab+bc+ca)=1
Hay 4(a’+b° +c*)+15abc > 1. Dau dang thitc xdy ra khi va chi khi c6 hai

s6 bang % va 1 s6 bang 0 hoic a=b=c=%

Vi du 4) Cho céc s6 thuc khéng 4m a,b, ¢ . Chig minh rang:
a’+b*+c” +33 (abc)2 > (ab +bc + ca) (Trich dé tuyén sinh vao 16p 10

Truong chuyén Phan Boi Chau — Nghé An 2014)
Loi giai:

bat 3/a72=x;3/b7=y;3/c7=z
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Suyra: a* =x’;b> =y’;c* =2’ :>a:\/?;b:\/)f;c:\/zi3 va
x,y,z >0 .Bét ding thirc da cho thanh:

X +y3 +z° +3xyzz2(\/x3y3 +\/y3z3 +\/z3x3) (1)

Ap dung bt dang thtrc Schur ta suy ra:
XY+ +3xyz 2 xy(x+y)+yz(y+z)+zx(z+x)

Mat khéc theo bat dang thirc Cauchy ta c6: xy(x+y)> 2xp[xy = 24x%y*

Tuong tu ta co: yz(y + z) >2,y’z, zx(z + x) >24/2°x  Cong vé theo vé

cac bt dang thirc trén ta thu duoc:

xy(x+y)+yz(y+z)+zx(z+x)22(\/x3y3+\/y323+\/z3x3) @)

Tu(l)va2)tacd: x’ +y° +z2° +3xy222(\/x3y3 +\/y3z3 +\/Z3x3)

Hay a’+b° +c° +33 (abc)2 > (ab +bc+ca). Dang thic xdy ra khi

x=y=z hay a=b=c.

Vi du 5) Cho a,b,c 1a cac sb thuc duong cé tong bang 1.Chting minh rang

6(a3 +b’ +c3)+1 > S(a2 +b° +c2).

Loi giai:

Ta co:

a+b+c —?aabc=(a+b+c)[(a+b+c)2 —3(ab+bc+ca)} =1—3(ab+bc+ca)

suy ra
6(a’ +b"+c*)+1=6[1-3(ab+bc+ca) |+18abc+1

=1+18abc+6(a+b+c)2—18(ab+bc+ca)=
1+18abc+5(a+b+c)2 +(a+b+c)2 —18(ab+bc+ca)
:l+5(a2 +b* +cz)+18abc+(a+b+c)2 —8(ab+bc+ca)

=5(a’ +b* +¢*)+2[ 9abc +1-4(ab+bc+ca) | Theo vi du 1 ta co:
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9abc > 4(ab+bc+ca)—1=9abc+1-4(ab+bc+ca)>0 . Suy ra
6(a3 +b° +c3)+125(a2 +b° +c2).

Vi du 6) Cho a,b,c 1a cac sb thuc duong.

Chung minh rang a” +b* + ¢ +2abc +1> 2(ab+bc+ca) .

Loi giai:

Bét dang thirc can ching minh twong dwong voi:

(a+b+c)2 +2abc+1 24(ab+bc+ca)
& 2abc+12 4(ab+bc+ca)—(01+b+c)2 , Ap dung bt dang thirc Schur

A K , 9abc
dang phan so ta c6: a’ +b° +¢” +

>2(ab+bc+ca)
a+b+c

9abc
a+b+c

Hay : >4(ab+bc+ca)—(a +b+c)2 . Do d6 ta chi can chirng minh

2abc+1> Dabe hay (

—Zjabcél.
at+b+c

a+b+c

Néu S > % thi hién nhién bat dang thirc dung. Néu a+b+c¢ < %, ap dung

bat dang thirc AM-GM, ta

9-2s s’ 1 (S+S+(9—2S)]3:1 i

S E_E 3

s=a+b+c

Vidu 7) Cho a,b,c lacac s6 thuc khong am thoa man diéu kién

ab+bc+ca=1.Ching minh ring @’ +b° +¢* +6abc > a+b+c.

Loi giai:
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Ta co:

a+b +c3—3abc=(a+b+c)[a2 +b*+¢? —(ab+bc+ca)]
=(a+b+c)[a2 +b° +c2—1]. Suy ra

@' +b’+c* +6abc =9abc+(a+b+c)(a’ +b* +c” ~1). Ap dung bét ding
thirc Schur dang: (a+b+c)3 +9abc > 4(a+b+c)(ab+bc+ca). Ta suy ra:
9abc+(a—i—b+c)(a2 +b° +cz—1)24s—s3 +(a2 +b° +cz)s—s

=s(3-s*+a*+b’+c’)=5 v6i s=a+b+c.Dhu bing xdy ra khi va chi

. 1 - ’ . A LS A A 1S
khi @ =b =c=—=hoac co6 hai s6 bang 1, mot s6 bang 0.

3

BAI TAP REN LUYEN CO BAN

Cau 1) Cho —%ng%. Chimg minh ring: v3—4x +~+/1+4x >2.

Céau 2) Ching minh rz‘“mg v6i moi s6 thue khac khong x, y, ta co:

2
X

>t

=, | <,
\Y

< | =
= =<

<

Cau 3). Ching minh rang v6i moi sb thuc khac khong x, y ta co:

2 2
Sz 2.2
y X y X

Cau 4) Cho x>1,y>1. Ching minh ring x\/y—1+ yJ/x—1<xy.

<

N|

Céu 5) Cho hai s6 thuc x, y khac 0. Chting minh rang:

Ciu 6. Cho cac s6 thuc duong a,b . Ching minh bat dang thirc sau:
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a’b 2 a*+2ab
+Z>
28 +b° 3 247 +b?

Céu 7) Cho céc s thuc duong a,b. Chirng minh bt déng thirc

2 2
2ab+ a +b 2\/@_i_a+b.
a+b

Cau 8) Cho a,b,c €[-1;2] va a+b+c=0. Ching minh rang:

a) a’+b*+c*<6;
b) 2abc<a’ +b* +c* <2abc+2;

c) a’+b*+c*<8—abc.

Céu 9) Cho cac s6 thyc khong am a,b,c.
Chirng minh rang (a +b+ 0)3 >a’ +b’ +¢’ +24abe.

Cau 10) Cho a,b,ceR" thbamin a+b+c=1.

a—-bc b—-ca c— ab 3
+ +

Chimg minh rang
a+bc b+ca c+ab 2

Céu 11) Cho céc sb thuc duong a,b,c .

. 2(a’+b +¢° +bh+
Chtng minh rang ( )+ (a 5 02
abc a’+b*+c

\%

33.

Cau 12) Cho céc sb thuc a,b,c . Chimg minh rang
(a2 +b’ +cz)2 23(a3b+b3c+c3a).

Céu 13) Cho cac sé x,y,z>0 va x+y+z=1.

Chimg minh ring x+2y+z24(1-x)(1-y)(1-z).
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Ciu 14) Cho cac sd thuc duong a,b. Chimg minh:
2ab b’ 3

+ <
a’+4b* 3a’+2b° 5

Céu 15) Cho céc sb thuc duong a,b . Ching minh bat dang thic

a b 16 (1 1)
—+—+ 25 —+—|.

b*> a a+b a b
Ciu 16) Cho céc sd thuc duong a,b. Ching minh bét dang thic sau:

3a* +2ab +3b* S
a+b B

2 2(a2+b2).

Cau 17) Gia sir x, y 1a nhiing s6 thyc khong am thoa mén:

x*+y® +xy = x>+ y. Tim gié tri nho nhét cta biéu thirc:
1+/x  2+x

) 2+ \/; " 1+ \/; '

Cau 18) Cho a,b,c duong thoa man: 6a+3b+2c = abc .Tim gié tri 16n
1 N 2 N 3
Vi +1 P +4 e +9

P

nhit cia B =

Céu 19) Cho céac sd a,b,c¢ khong am. Ching minh rang
a’+b*+c* +33 (abc)2 > (ab +bc+ ca) Ping thirc xay ra khi nao?

Cau 20) Cho cac s6 thuc duong a,b sao cho ab+1<b.Tim GTNN cua

1 1
P=a+—+b"+—.
a b

HUONG DAN GIAI;

Ciu 1) Bét ding thirc can chirng minh twong dwong vi:

(V3—dx ++T+dx) 24
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S 4423 —-4x1+4x >4 < J3-4x1+4x>0.

Bit dang thtrc dugc chimg minh.

Ciu 2) Bét dang thire da cho twong duong véi:

2 2 2
x_+y_2£+l<:> £+X _22£+Z
y o x )y X y X y X

Xy

2(.2 2

- +Xxy +

<:>(£+l— ](£+1+1]20©(X ) (xz zxy > )20
y X y X

Ma 2(x2+xy+yz):x2+y2 +(x+y)2 >0,Vx,y #0 nén ta c6 diéu phai

chirng minh.
Piang thirc xay ra khi va chi khi x=y#0.

Céu 3) Bit ding thirc da cho twong duong véi:

2 2 2
L fovazy 2e2] y2za 242
y X y X y X

[LMHLL ]zo«:<x_y)2<x2_xy+y2)>o

y X y x x’y’ -

Ma 2(x2 —xy+y2) =x"+y’ +(x—y)2 >0 v6i moi s6 thuc x, y khac 0
nén ta c6 diéu phai ching minh.

Ding thirc xay ra khi va chikhi x=y 0.

Cau4)

bat a:\/x—l,bz\/y—l thi @ >0,b> 0. Bat dang thirc can chimg minh

tuong duong voi:
(a2 +1)b+(b2 +1)a < (a2 +1)b+(b2 +1)
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N (a2 +1)b+(b2 +1)—2(a2 +1)b++(a2 +1)(b2 +1)—2(b2 +1)a >0
N (a2 +1)b+(b2 +1)+(b2 +1)(a—1)2 >0.

Bét dang thirc cudi ciing ding nén ta c6 diéu phai ching minh.

Dau dang thic xay rakhi a=b=1 hay x=y=2.

Céu 5) Bit ding thirc da cho twong duong véi:

2.2 2 2 4x%v? —(x2 + 1?2 ? 4 2.2 4
B G SO P O G ) IR e G o
(x2+y2) y X (x2+y2) Xy

2 2)\? 1 1
(2 +2?) S 20 (7). x2y2_(x2+y2)2 -

4 4, 2.2
2 X + +X
2 2 y Yy >0

xzyz(x2+y2) xzyz(x2+y2)2_

Bét dang thtc cudi cung ding nén ta c6 diéu phai chirng minh.
Ping thirc xay ra khi va chi khi x=+y.
Cau 6)

¢ e . , . g 1 a*+2
Dau dang thurc xay ra voi a =b khi va chi khi: %=—;%=
2a°+b” 3 2a"+b

Ta c6 bién d6i sau:

a’b 2 a’+2ab a’b 1 _ a*+2ab
+2> =N ——> T T
2 +b° 3 2a° + b 2 +b° 3 24°+b°
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—(a—b)z(2a+b)>—(a—b)2 2 1 2a—-b S
3(2a3+b3) 24" +b’ < (a=b) [2a2+b2_3(2a3+b3)]()
& (a-b)'[3(24° +5°) (24> +b*)(2a+b) |20

& (a-b) (2a° +2b° —2a°b-2ab* ) 20 < (a+b)(a-b)" 20 (dpem).

a+b 2ab _ (a—b)2
2 a+b 2(a+b)

Cau 7) Ta co:

a2+b2_ b

a +b” +b2 _Jab - (a—b)2
“”’2 +Jab 2[,/“ ;b MJ

Do d6 bt ding thirc can chirng minh tuong dwong véi:

@ +b o ath 2ab<:>(a—b)2 1 I B
2 2 a+b 2 242 a+b
a +b +Jab

& (a-b) | 20+ 2= \2(a* +87) ~2ab |20
Vi (a —b)2 >0 nén ta chi can chimg minh:

2a+2b—,/2(a2+b2)—2\/%20 (*)
b—J2(a* +b)
“ a ’ \/2 a +b2) (a+b)
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a+b-2Jab=(Na-b) ﬁ

Do vay bat dang thirc (*) twong dwong voi:

(a—b)| — : >0

(Va+b) _\/2(a2 +b%) +(a+b)

@(a—b)zl:JZ(az+b2)+a+b—(x/;+\/g)2}20
& (a-b) | 2 +5*) ~2Vab | 20

2(a2 +b2)—4ab

o (a—bV . 2(a—b)4
( ) \/2(a2+b2)+2\/E_

>0
\/2(a2 +b2)+2\/ﬁ

0=

Bit dang thtrc nay hién nhién dung, ta c6 diéu phai chirng minh.

Ding thirc xay ra khi va chi khi a=5.
Ciu 8) Vi a,b,c €[-1;2] nén c6 mot sb bat ding thirc hién nhién ding
(a+1)(a-2)<0,(a+1)(b+1)(c+1)=0,(a—2)(b-2)(c-2)<0.

a) Do a,b,ce[-1;2] nén (a+1)(a—2)<0<=a’<a+2.
Tuong tu tasuy ra: a’ +b° +c’ <a+b+c+6=6 (do a+b+c=0).
b) Vi a,b,ce[-1;2] nén (a+1)(b+1)(c+1)>0, hay
abc+ab+bc+ca+a+b+c+1>0
< abec+ab+bc+ca+120 (do a+b+c=0) (1)

Mat khéc ciling vi a+b+c¢ =0 nén (a+b+c)2 =0, tacla

THCS.TOANMATH.com



a’+b*+¢?

ab+bc+ca=—# (2)
Tur (1) va (2) ta co:
2 2 2
abc—%ﬂzo@cﬂ +b* +¢* <24 2abe

DAu déng thure co, chéng han a=-1,b=1,c=0
Ta con phéi chimg minh o’ + b +¢* > 2abc
Khong mat tinh tong quat, gia st a >b>c

< 4 a+b+c
Tirdosuyra —1<c<

<0=lc|<1
Str dung danh gia nay, ta dugc 2abc < 2|a|.|b|.|c| < 2|a|.|b|
Suy ra @’ +b* +¢* —2abe > a® +b* +¢* —2|al.|p| = (|a| - |p])" +¢* 20
Dau déang thitc co khi a=b=c=0.

¢) Via,b,ce[-1;2] nén (a—2)(b-2)(c-2)<0, hay
abc—2(ab+bc+ca)+4(a+b+c)-8<0
< abe-2(ab+bc+ca)-8<0 (do a+b+c=0) (3)

Tu (3) va (2) tacod: abc+a’ +b° +c*—8<0< a* +b”> +c> <8—abc
DAau d'fmg thure co, ch'fmg han a=2,b=-1,c=-1.

Cau 12. Cho a,b,c€[0;2] va a+b+c=3.

Chimg minh ring 3<a’ +b +¢’ =3(a-1)(b-1)(c-1)<9.
Giai:

bat a=x+1Lb=y+Lc=z+1thi x,y,ze[-L1] va x+y+z=0
Tacd P=a’+b’ +c’ —3(a-1)(b-1)(c-1)

=(x+1)3 +(y+1)3 +(z+1)3 —3xyz

:x3+y3+Z3—3xyz+3(x2+y2+z2)+3(x+y+z)+3
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Ma x+y+z=0 nén
x3+y3+Z3—3xyz:(x+y+z)(x2+y2+22—xy—yz—zx):0
Do d6 P:3(x2+y2+zz)+3

Vaytacd 0<x>+y°+2z°<2 nén 3< P<9.

Cau9)

Giai:

Ta co: (a+b+c)3 >a’+b +¢’ +3(a+b)(b+c)(c+a)

Nén bat dang thirc da cho tuong dwong véi: (a+b)(b+c)(c+a)>8abc
& ab® +ac’ +bc’ +ba’ +ca® +cb® > 6abc

& ab® —2abc +ac® +bc® —2abc +ba’ +ca’ —2abc+ch® >0
<:>a(b—c)2+b(c—a)2+c(a—b)2ZO

Vay ta c6 diéu phai ching minh.

Ding thirc xay ra khi va chikhi a=b=c.

Cau 10)

Ta co a+bc:a(a+b+c)+bc=(a+b)(a+c) nén bit dang thirc can

ching minh tuong duong véi:

a(a+b+c)—bc+b(a+b+c)—ca +c(a+b+c)—ab 3
(a+b)(a+c) (b+c)(b+a) (c+a)(c+b) 2

<::>(a2 +ab+ac—bc)(b+c)+(b2 +ba+bc—ca)(c+a)+

THCS.TOANMATH.com



(02 +ca+ca—ab)(a+b)£

N | W

(a+b)(b+c)(c+a)

& ab® +ac® +bc” +ba’ +ca® +cb® > 6abc
= a(b—c)2 +b(c—a)2 +c(a—b)2 >0

Vay bai toan dugc chung minh.

Ding thirc xay ra khi va chikhi a=b=c =§.
Cau 11)

Bit ding thirc da cho twong duong voi:

2(a3+b3+c3) 9(a+b+c)2
—_— 6+ ——5—5--2720
abc a +b" +c

2(a+b+c)(a2 +b’ +cz—ab—bc—ca) 18((12 +b* +c¢? —ab—bc—ca)

f— -

abc a’+b*+¢?

@2(a2+b2+cz—ab—bc—ca)(a+b+c— 5 92 2jZO
abc a - +b +c

e[ (a=b) +(b=c) +(c=a)' |[(a+b+c)(a® +b +c*)=9abe >0
Do (a-b) +(b-c) +(c—a) nén ta chi can ching minh
(a+b+c)(a2 +b’ +cz)—9abc20

sa+b+c —3abc+a(b2 +c2)+b(c2 +a2)+c(a2 +b2)—6abc20
Bit dang thirc ndy dang vi ta co:
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a +b +c3—3abc:(a+b+c)(a2 +b* +¢? —ab—bc—ca)

_ (a+b+c)[(a—b)2 +(b—c)2 +(c—a)2} .
5 >

Va

a(b2 +cz)+b(c2 +az)+c(a2 +b2)—6abc = a(b—c)2 +b(c—a)2 +c(a—b)2 >0
Ding thirc xay ra khi va chikhi a=b=c.

Cau 12) Giai:

Tir hang dang thic:

(a2 +b° +02)2 —3(a3b+b3c+c3a):%((Jt2 - b’ +2bc—ab—ac)2 +

+l(b2 —c? +20a—bc—ba)2 +l(02 -a’ +2ab—ca—cb)2
2 2

Suy ra ta c6 diéu phai chting minh.

Cau 13)

Do x+ y+z =1 nén bat dang thirc can chirmg minh c6 thé viét lai thanh:
(x+2y+z)(x+y+z)2 Z4(x+y)(y+z)(z+x)

Do vai tro ciia x va z trong bat dang thtrc trén 1a nhu nhau nén ta hoan toan
cothé gidsu x>z.

Ap dung bat ddng thirc Cauchy dang (a+ b)2 > 4ab, ta cd

(x+y+z)2 24x(y+z).

Str dung danh gia nay, d& thiy chimg minh s& hoan tit néu ta chi ra duoc
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x(x+2y+z)2(x+y)(z+x) < y(x—2) =0, hién nhién ding theo gia sir

xX=z.

Bai toan dugc ching minh xong.
Ding thirc xay ra khi va chi khi x=z=%;y=0.

Céu 14) Viét lai bat dang thuc thanh:

2ab b’
+ <
a’+4b* 34’ +2b*
2 2ab 1 b’ 50 2a* —10ab +8b* 3a® -3b*

S —————+—-- 20 + >
5 a*+4b* 5 3d®+2b° a’ +4b* 3a’ +2b°

W | W

o 2ab)(a=9) 3(a-b)(arh)
a +4b 3a”+2b

& (a=b)|2(a-4b)(3a” +2b*)+3(a+b)(a’ +4b*) |20
& (a-b)(9a’ -21a°b+16ab* =4b) 20 < (a—b)" (3a—2b)" 20

Ta c6 diéu phai chimg minh.Dang thirc xay ra khi va chi khi @ =b hoic
a= zb .
3

Céu 15) Vi a,b > 0 nén bat ding thirc di cho twong duong voi:

%—l+%—l+4( 4 —l—ljzo
b b a a

a-b b-a 4ab—(a+b)2
S—F—+— +4 >
b+ a (a+b)ab
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- (a—b)2 (a+b) B 4(a—b)2 >0
a’b’ (a+b)ab_

& (a-b)'[(a+b) ~4ab]2 0 (a-b)' >0,
Bét dang thirc cubi dung nén c6 diéu phai ching minh.
Dau dang thirc xay rakhi a=56>0.

Cau 16) Bai toan nay c6 chura can nén dé xuat hi¢n nhan tir chung dang

(a —b)2 ta can cha y dén phép bién doi

2(a2+b2)—(a+b)= (a-0)

\/2(a2 +b2)+(a+b)

Khi do:

3a® +2ab+3b*
a +aj’_b+ >2./2(a* +5?)

2 2
<:>3a fil:?’b ~2(a+b)>2 2(a2+b2)—2(a+b)

<:>(a—b)2 S 2((1—[))2
a+b 2(a” +b°) +(a+b)

<:>(a—b)2[ 2(a2+b2)—(a+b)—2(a+b)}20

4

@(a—b)z[ 2(a2+b2)—(a+b)}20© la=b) > ( Bt ddng
J2(a&+b*)+a+b

thirc cubi cing dung do a,b duong.Pang thirc xay ra khi va chi khi a=b.

Cau 17)

X +y +xy=x"+y’ (:)(x+y)3—3xy(x+y)+xy:(x+y)2 —2xy
bit x+y=a;xy=>b,taco:

a -3ab+3b-a* =0 d’ (a—l)—3b(a—1)=0
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<:>(a—1)(a2—3b):0<:>[a:1 {Hy:l

2 < 2

a’=3b |(x+y) =3xy

Vi (x+y)224xy;‘v’x,y;é0 suyra x=y=0 hodc x+y=1
Vé6i x=y=0 thi Pz%

£ < , , 0<x<1
Néu x hoac y khac 0,taco x+y=1=

0<y<l’

=1 =
P(min)=§<:>{y 0;P(max)=4<:>{y 10
x= x=

Vay P(min)=§ khi x=0,y=1;P(max)=4 khi x=1;y=0.

A < b . NS .
Cau 18) Dat x=a,y=§,z=§ thi x, y,z 1a cac s6 duong va

X+y+z=xyz.
1

1 1
Khi do: 4= + +
V1452 \/1+y2 N

Ta co:

1 xyz vz y z
= = < +
Jx? +1 xz(x+y+z)+xyz (x+y)(x+z) 2(x+y) 2(x+z)

Tuong tu ta co:

1 < X .z . 1 < X .y
/y2+1_2(x+y) 2(y+z)’1/22+1_2(x+z) 2(y+z)
= A< Xty + Xtz + Stz =3.Déudéngtht’rcxéyrakhivéchi

2(x+y) 2(x+z) 2(y+z) 2
khi: x=y=2z=+3=a=+3,b=23,c =33 .Vay gié tri 16n nhit cua
biéu thirc A 1a% dat dugc khi va chi khi a =~/3,6=2/3,c=3/3.
Cau19) Pat Yo =x;3p* = p;c? =2
Suyra: a* =x’;b> =y’;c* =2’ :>a=\/?;b=\/?;c=\/zi3 va x,7,z>0.
Bat dang thue da cho thanh:
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¥ +y +z +3xyzzz(\/x3y3 +\/y3z3 +\/z3x3) (1)

Vi vai trd ctia x, y,z binh dang nén c6 thé gid st x> y>2z>0

Khi dé: x(x—y)2+z(y—z)2+(z+x—y)(x—y)(y—z)20

Suy ra: x3+y3+z3+3xyzny(x+y)+yz(y+z)+zx(z+x) (2)
Ap dung bt dang thic Cb si ta co: xy(x+y)22xy\/5=2 ¥y (3)
Tuong tu ta co: yz(y+2)22{y’2  (4)

zx(z+x)2242°%"  (5). Cong vé theo vé cac bét dang thuc (3),(4),(5) ta

du.’(_)’C:xy(ery)+yz(y+z)+zx(z+x)22(\/x3y3 +\/y3z3 +\/Z3x3) (6)

Tu (2) va (6) taco: x° + 3’ +2° +3xyz > 2(\/x3y3 +\/y3z3 +\/Z3x3)
Hay a”* +b*> +c* +33 (abc)2 Z(ab+bc+ca)
Ping thirc xdy rakhi x=y=z hay a=b=c.

Céu 20) Gia thiét ta suy ra a+l£1.Ta co P:a+l+i2+b2 22\/§+22.
b b a b a

a+-—
bat z=\/%s Zb S%.Tachfmgminh: P >9. That vay ta co:

3 _op? 2t —1)(t* —4t-2 C
24 2g= +2_ )(2 )zo.Doo<zsl,daudang
t t t 2
1 b=4a
thtrc xay ra khi va chi khi t=— < 1 -
2 G+E:1

BAI TAP REN LUYEN NANG CAO

Cau 1) Cho x, y,z 1a cac s6 thyc duong thoa man diéu kién x+ y+z=1.

Tim gi4 tri 16n nhit cua biéu thae P = \/x+yz +\/y+zx +\/z+xy .

Ciu 2) Cho x, y,z 1a ba s6 thuc duwong va xyz =1.
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Tim gié tri nho nhat cta biéu thirc

1+x*+y? (l+y*+2° T 4x’
P:\/ X +y +\/ y +z +\/1+z +x '
xy vz zx

Cau3)Cho x>2,y>3,z>4. Tim gia tri 16n nhét cta biéu thire sau:

xy\/z—4+ny/x—2 +zx,\y -3
xyz
Cau 4) Cho x, y,z 1a cac s6 duong sao cho x+ y+z=1. Tim gia tri 16n

nhit cta biéu thire P = x+/xy +3/xyz .

P=

Ciu 5) Cho x,y >0 va thoa man diéu kién §+ % + % =3. Tim gia tri nho

nhit cta biéu thie P =27x* +8)°.

Cau 6) Cho x,y,z lacéac s6 thuc duong va xyz =1. Tim gia tri nho nhét

3 3 3

y z

cuia biéu thirc: P = il + + )
(I+x)(1+y) (1+z)(1+x) (I+x)(1+y)

Céu 7) Cho x, y,z 1a 3 s6 duong va thoa man diéu kién x+ y+z=3.

Tim gia tri nho nhit cua biéu thirc
3 3 3
X y z 2
= + + ——(xy+ yz+zx).
7 +8 248 £+8 o7 (Wt vzt )

Céu 8) Cho x, y,z laba s6 duong va x+ y+z=3.

x+1  y+1  z+1

Tim gia tri nho nhét ctia biéu thirc P = > > >
y +1 z74+1 x +1

Cau 9) Cho x,y,z laba s6 thuc duong thdéa man diéu kién x+ y+z=3.

y .z

Tim gia tri nho nhét ctia biéu thirc P = > =
1+z° 1+x

2

I+y
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Cau 10) Cho x, v,z laba s6 thuc duong thdéa man diéu kién x+ y+z=3.

2 2 2

y z

Tim gia tri nho nhit cua biéu thirc P = T+ T+ T
x+2y° y+2z z+2x

Céu 11) Cho x, y,z >0 théa man diéu kién x+y+z=3.

2 2 2

\ NUREN Ay o ¥4 , X z
Tim gia tri bé nhat cua bic¢u thirc P = T >+ >
x+2y y+2z° z+2x

Cau 12) Cho x,y,z laba s6 thuc duong va x+y+z=3.

Tim gia tri nho nhit cua biéu thirc P = —+ 21 + 21 .
x+1 y +1 z7+1
Cau 13) Cho x,y,zlaba sb thuc duong thoa man diéu kién xyz =8.

x—-2 y-2 z-2
+ +
x+1 y+1 z+1

Tim gia tri 16n nhét ciia biéu thuc P =

Cau 14) Cho x, y,z 1a céc s thuc dwong thoa mén diéu kién xyz =1.

\ cy , £, o . 2 , 1 1 1
Tim gia tri nhé nhat cua biéu thuc P = 7 (y+z) + ) (z+1) + = (x+y)

Céu 15) Cho x, y,z>0 va thoa man didu kién x+ y+z=1.

Tim gia tri 16n nhit cta biéu thirc P =

1+x+1+y+1+z_2 y. oz, x|
I-x 1-y 1-z

Céu 16) Cho x, y,z 1a cac s6 thuc duwong.

Tim gia tri 16n nhét cia biéu thic:

P= al + 4 +

x+(x+p)(x+2) y+(y+z)(y+x) z+ (z+x)(z+y).

z
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Céu 17) Cho x, y,z 1a ba s6 duong va xyz =1. Tim gié tri 16n nhét cia biéu
thtrc:

1 1 1

P= + +
\/xs—x2+3xy+6 \/ys—y2+3yz+6 \/zs—zz+3xy+6

(1)

Cau 18) Cho x, y,z >0 va thoa man diéu kién x+ y+z =3. Tim gi tri nho

nhit cta biéu thire
P:x/;+\/;+\/;—(xy+yz+zx).

Cau 19) Cho x,y,z lacac s6 thuc khong am va thoa man diéu kién

X +y +z=3.

Tim gia tri 16n nhét ciia biéu thic
X y z

X 42y+3 Y 42z43 22 42x+3

Cau 20) Cho x,y,z lacac s6 thuc duong va théa man diéu kién xyz =8.
Tim gia tri nho nht cua biéu thirc

2 2 3

X z

P= + J +

\/(1+x3)(1+y3) \/(1+y3)(1+z3) \/(1+z3)(1+x3)

Cau 21) Cho x,y,z lacéac s6 thuc duong..

Tim gia tri nhé nhat cua biéu thirc:

x3 3 Z3
P= 3 SR Y ERRN T
X (y+z) ¥ (z+x) z (x+y)

Céu 22) Cho x, y,z >0 va théa min diéu kién x+Y +z=1. Tim gi4 tri nho

nhat cua biéu thurc

x y z

P= + + .
1+y*+2° 1+22+x> 1+x°+)°
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Céau 23) Cho x,y,z lacac s6 thuc duong thoa man diéu kién xyz=1.
Tim gia tri 16n nhit cta biéu thirc
1 1 1

P= + + .
\/x3+2y3+6 \/y3+2z3+6 \/z3+2x3+6

Cau 24) Cho x,y,z lacac s6 thuc duong sao cho xyz=1.

Tim gi4 tri nho nhét cia biéu thic
x*(y+z) ¥ (z+x) 2 (x+y)

P= + + .
h% y+2z\/; Nz+2xdx  x x+2y\/;

Cau 25) Cho x,y,z lacac s6 thuc duong va théa man diéu kién
X+y+z=6.

X

Tim gia tri nho nhit cua biéu thic P = P S
\/y3+1 \/z3+1 \/x3+1

. s oq.a L1 1
Cau 26) Cho x,y,z la ba so6 duong va thado man dieu kién —+—+—<1.
X y z

1) Tim gia tri nho nhét ctia biéu thirc

2 2 2
X y z

P: —+ + .
X2 4837 +14xy 337 +82° +14yz 327 +8x +14zx

2) Tim gia tri nho nhat cta biéu thirc Q:\/x+y+ y+z+\/z+x'
x+1 y+1 z+1

Cau 27) Cho x, y,z 1a cac sb thuc duong sao cho x+ y+z=3. Tim gia tri

nho nhat cta biéu thic P = x>+ + 2% + xyz.

Cau 28) Cho x,y,z>0 vathéaman xyz=1.
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Tim gid tri nho nhét cta biéu thic P=(x+y)(y+z)(z+x)-2(x+y+z).
Cau 29) Cho cac s6 thuc duong a,b,c.

Chtng minh rang: ath + btc + cra <2

c+{/4(a3+b3) a+{/4(b3+c3) b+{/4(c3 +a3)

Ciu 30) Cho cac sb thuc duong a,b,c sao cho a+b+c=1. Tim GTLN cua

P:6(ab+bc+ca)+a(a—b)2 +b(b—c)2 +c(c—a)2.

LOI GIAI BAI TAP REN LUYEN
Caul)
Tir didu kién x+ y+z=1, taco x+yz:x(x+y+z)+yz:(x+y)(x+z).

Tuong tu, ta cling co

P:\/(x+y)(x+z)+\/(y+z)(y+x)+\/(z+x)(z+y)

Ap dung bt dang thtc Cb si, ta co:

S(x+y)(x+z)+(y+z)(y+x)+(z+x)(z+y)
2 2
PSZ(x+y+Z):2

hay

Nhu vay P <2.D4u bing trong xay ra khi
X+y=x+z
y+z=y+x

1
< Sx=y=z=—.Tudotacot maxP=2< x=y=z=—
Z+x=z+y 3 3

x+y+z=1

Ciu 2) Ap dung bat dang thirc C0 si, ta c6:

P e X e e
Xy vz zx
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Hay P> 3 + 3 + 4 /i . Lai theo bat dang thirc C6 si, ta co:
\j xv \yz zx
i+ i+,/1233£ .Do xyz:l,nénsuyraP23\/§.Véy
Xy yz zx /x2y222

minP=3\/§<:>x=y=z=1.

Cau 3)

Pua biéu thirc vé dang P = . Ap dung bét dang

- — -3
\/z 4+\/x 2+\/y
z y

thirc CoO si ta co:

Jx-2=—(x-2). < LI +2= al */7
«/_ _J_ N 2«/5

_ 1 s Lm3) A3
N ¥

1
Cong ting vé ba bat dang thirctrénta c6 P<—| —+—+—|. V2
= c [2 NG ] ’

1

NEAR

max P = ( j<:>x 4,y=6,z=8.

Cau 4)
Viét lai biéu thirc trén dudi dang: P=x+ % [x4y + %9&.4 .16z .

Ap dung bét dang thirc C6 si ta co:
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x+4y+x+4y+16z 4(x+y+z)

T x+y+z=1va(2
4 12 Y @

P<x+ hay P <

4 4
suy ra PSE-V@}’ maxP=§

3 3
Ciu 5) Theo bat déng thirc C5 si, ta co: %+1+123§ : ;—7+1+1z3§ :

3 3 3 3
i3 . Cong timg vé ta co: 2 SR | . A
g8 27 6 g8 27 2 3 6

3 3

Do X4+ 2+ 3 taco | T+ |22. Suyra P=27x"+8)° 2432
23 6 8 27

“4)

Dau bang trong (4) xay ra khi x=2,y =3 . Vay min P =432, gia tri nho
nhat dat duoc khi x=2,y=3.

Ciu 6) Theo bat dang thuc Cb si, ta co:

X I+x 1+y> x’ I+x1+y
>3 H
(+x)(1+y) 8 8 \/(1+x)(1+y) s 8

Jr1+x_|_1+y23_x

i Lap luan tuong tu ta co:
(1+x)(1+y) 8 8 AP gt '

3
y 1+z 1+x23y z 1+x 1+y23_z Cong

(ltz)(1+x) 8 8 ~ 4 (l+x)(+y) 8 8 4

timg vé ta co P+%Zl(x+y+z) Diu= xdyra < x=y=z=1.Lai
theo bat ding thirc C6 si, ta co: x+ y+2z>33/xyz =3 Tirdosuyra
P+ZZE:>PZ% . Dau bang trong (5) xayra < x=y=z=1 (do

xyz=1) . Nhu vay minP:%.Giétrinhénhétdatdu’()’c Sx=y=z=1.

3 2
Cén 7) Theo bt diing thire C6 si, ta co: P=—— 272 Y —2V*4, X
V48 27 27 73
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3

X >9x+y—y2—6

= (1). D4u bang trong (1) xay

Y +8 27
o Pp= X +y+2_yz—2y+4
Yy +8 27 27
1 X _y+2 )
YERUR T 27 |TYE o ,
= s X = 5 4 . Lap luan tuong tu ta co:
YTE s 27

3

Yo 9y+z-2"—6

2
2 +8 27 @

3 2 .
2 2HXX 76 3y Cong timg vé (1).(2).(3) va co:

X +8 27
3 3 3 10(x+y+z)—(x>+y*+2°)-18
S IS LSS Ak L
y+8 z+8 x +8 27
Do x+y+z=3nén (4)co
E 5 3 30—[(x+y+z)2—2(xy+yz+zx)}—18
+ + >
Y +8 48 x+8 27
X’ Y’ 22 1 1
= + + ——(xy+yz+zx)>— hay P>— (5
48 248 148 y7 (Wt yztzx)2g hay P2 ()

Dau bang trong (5) xay ra <> dong thoi c6 ddu bang trong (1),(2),(3)
Sx=y=z=1

Vay minP=é<:>x:y:z=l.
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x+1 (erl)y2

Cau8) Taco: —=x+1-—5""— . Theo bit ding thirc Co si ta c6:
y +1 vy +1
Y +1>2y
+1)y°
Suy ra x2+1 Zerl—u=x+l—M . Ching minh tuong tu, ta
vy +1 2y 2
1 1
co: )/2+ > +1—yZ+Z ; Zz+ Zz+1—2x+x suy ra
z7+1 2 x +1
x+y+z—(xy+yz+zx)

P>3+

2

Do 9:(x+y+z)3 23(xy+yz+zx):xy+yz+zx£3.Véy

mnP=3&x=y=z=3.
Cau 9) Giai:

Xy 2

_ A, 2% , A L .. 2 .
i) . Theo bat dang thtrc C6 si, ta c6: 1+y~ >2y, khi

Ta co: X S=X
I+y

2 2
do xyzﬁﬂzﬂ suy ra: 22x—ﬂ Tuong tu ta co:
I+y° 2y 2 1+y 2
Y >y 2 > 72 Cong timg vé ta co
1122 7 l+x> 2 g me

2

S x=y=z=1.Do

x+y+z:3:>9:(x+y+z)2 :x2+y2+zz+2(xy+yz+zx)

:>92(xy+yz+zx)+2(xy+yz+zx):>xy+yz+zx£3 (7). Vay

minP=%<:>x=y=z=1.
Cau 10)
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2 3

2xy
3= X 3
x+2y x+2y

x+2y° =x+1’+3° 2330’ =33Yx suyra
g 2x)° 2 ? 2
al T2 X— ald :x——yi/xiz. Tuong tu, co: 4 5 Zy——zi/;z ,
x+2y 2*3x 3 y+2z 3
2

z 2 R . Z ,
>z —gxi/zz . Cong ting vé ta co:

. Theo bat dang thirc C6 si, thi

Ta co:

z242x°
PZ(x+y+z)—§(z$/y2+x%/z_2+y3/x_2),hay

2 s .
P> 3—§(zw3ly2 +x3/272+y%/x72). Theo bat dang thire ¢ si ta co:
x+xz+sz3x%/zT,y+yx+yxz3y%/)72 z+zy+zy 23237

Cong ting vé ba bat dang thirc trén ta co:

(x+y+z)+2(xy+yz+zx)23(xi/z—2+y{/x_2+zg/7) vi
9:(x+y+z)2 23(xy+yz+zx):>xy+yz+zx£3.Do x+y+z=3,suyra

3+2.323(x3/z_2+y%/x_2+zi/?):>x%/?+yi/x—2+z{/?£3:>P21

Viy minP=lx=y=z=1.

2 2

2xy

Cau 11) Taco: —
x+2y

- Ap dung bat dang thac C6 si, ta co:

7 X
x+2y

x° 2xy° 2

2 2 2 4 2
x+2y"=x+y +y° >33xy* . Suyra >x— =x——(xy)3.
y yiayiz3ot. Sy o o ()

’ 2, 2 72 200 e
Zy—— 3 > = 3 Cone t £
y+222 0 S02) z=3(2x)>. Cong theo ve

Tuong tu, ta co: 5
z+2x

2

2 2
tacod: P> (x+y+z)—§[(xy)3 +(yz)3 +(zx)3} . Theo bat dang thirc C6 si,
tach: x+xy+y>33x°y’ L y+yz+2z233y°2" z+zx+x 232X . Tu do
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suy ra 2(x+y+z)+(xy+yz+zx)23[(xy)§ +(yz)§ +(zx)§} (7) Dé

thdy dau bang trong (7) xdyra < x=y=z=1.Kéthop véi x+y+z=1,ta
2 2 2 2 2 2

c0:6+32 3[(xy)3 (32 +(zx)3} () +(p2): +(2x)s €3 . Vay

P23—§.3:P21 hay minP=1<x=y=z=1.

2

Ciu 12) Taco: —— =1-—> . Theo bét ding thiic C6 si, thi x* +1> 2x

x +1 x +1
2
- 21 ) P
x°+1 2x 2

L oor 2 Lo 2 suyrape3 XPXFE_S
YAl 27241 2 2 2

(do x+y+z=3).

Tuong tu, ta co:

Trddésuyra mnP=3<x=y=z=1.

Cau 13) Viét lai P duoi dang: P=3-3 ——+—2 1+ 1 | pat
x+1 y+1 z+1

X Y =—7"z=

Y Z X

2y v 2z

Khid6co X,Y,Z >0 (vi xyz=_8) Lic nay:
1 1 1 1 1 1

+ + = + +
x+1 y+1 z+1 gﬂ QH %-i-l
Z X

Y Z X Y? z? X’
= —+ + = 3 + 5 + 5
2X+Y 2Y+7Z 2Z+X 2XY+Y" 2YZ+7° 2ZX+ X
dung bat dang thirc Cauchy- Schwarz

Ap
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2 2
R S S (X+Y+2Z) (X+Y+2) .

x+1 y+1 z+1 2XY+Y*+2YZ+Z*+2ZX + X° (X+y+z)2

suyra P<0.Vay maxP=0& x=y=z=2.

1

1
X v
(y+z)+y(z+1)+z(x+y)

1
z*

. Ap dung bét dang thic

Caul14) Taco: P=
X

[1+1+1j (x+ 2+ 2x)
Cauchy- Schwarz P > Y 2o T sz ;- Do
2(xy+yz+zx) 2(xy+yz+zx)x yz

Xy+yz+zx

xyz=1,néntacod: P> 5

Lai theo bt dang thirc C6 si ta co: xy+ yz+2x>33/(xyz)’ =3 (do xyz=1.
3 L 3
Suy raPZE VaymlnPZEQx:y:z:l.

Céu 15) Viét lai biéu thic P dudi dang:

P:1+2x+1+2y+2z—21+£+ﬁ :2x——1——l +%}—l——l +2z| —
l1-x I-y 1-z X y z l-x =z -y x I

Do x+y+z=1,néntaco:
P:Zx( ! —1J+2y( ! —ljJrZZ( ! —lj+3
y+z z Z4+X X xX+y y

—2xy 2yz 2zx xy vz zx
= - — 3=3-2
z(v+2) x(z+x) y(xty) (z(y+z)+x(z+x)+y(x+y))
. Ap dung bét dang thirc Bunhiacopski, ta cé:
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s{ (xy = }[(ﬁz)(z”)(“y)]

zx+z) x(z+x) y(x+y)

RO rang, ta lai co: (‘ / , / f J x +y+ z Dua vao bat ding

thirc hién nhién (a+b+ c) >3(ab+bc+ca)suy ra:

Xy vz zx .
3 <2 T
(x+y+z2) L(y+2)+x(z+x)+y(x+y)}(x+y+z) U

x+y+z=1tacé:2[ a2 A R }23 suyra P<0.

z(y+z) x(z+x) y(x+y)

1
Vay maxP=O<:>x=y=z=§.

Cau 16)
Ap dung bt dang thirc Bunhiacopski, ta co:

(v ) 2)=| (V) () | (V) + (V) 2 (Ve ool

X X

x+\/(x+y)(x+z) : 2x++lyz

:>(x+y)(x+z)2(x+ yz)2. Suy ra:

. Y Y
Tuong tu, ta co: < ,
e v J(y+z)(y+x) 2y+zx

z

z+«/(z+x z+y 2z+\/7

Suy ra
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P<

X y z
+ +
2x+\/; 2y+\/; 2z+\/§
P< 1 + 1 + ! . bat
- f[ [[mwwMa

abc=1.P<Q=

2+a 2+b 2+c
_(2+4b)(2+¢)+(2+¢)(2+a)+(2+a)(2+D)
- (2+a)(2+b)(2+¢)
B 12+4(a+b+c)+(ab+bc+ca)
- 8+4(a+b+c)+2(ab+bc+ca)+abc
3 9+4(a+b+c)(ab+bc+ca)+3
- 9+4(a+b+c)(ab+bc+ca)+(ab+bc+ca)

. Theo bét dang thirc C6 si

thi: ab+bc+ca>3 (abc)2 =3 suyra P<1.Vay

maxP=1x=y=2>0.

Cau17) Tacé: x° —x* +6—(3x+3)=x" —x =3x+3=x" (" ~1)-3(x-1)
=(x—1)[(x2 +x+1)—3]=(x—1)(x4+x3+x2 —3)
:(x—l)[(x4—1)+(x3 —1)+(x2 —1)]:()c—1)2 (x3+2x2 +3x+3)

Do x>0=x"+2x"+3x>0,néntir (2)suyra x’ —x° +6>3x+3

THCS.TOANMATH.com



1 1
< .
\/xs—x2+6+3xy \/3(xy+x+1)
1 1
< ;
\/ys—y2+3xyz+6 \/3(yz+y+l)
1 1
S—
\/25—22+3xyz+6 \/3(zx+z+1)

=X -x’+6+3xy23(xy+x+1)=

Tuong tu, ta co:

SuyraP<L ! + ! + !
Bl fyzry+l Jaxazel

thirc Bunhiacopski, ta

J . Ap dung bat dang

co:

1 1 1 1 1 1
+ + (I+1+1)> + +
xy+x+1 yz+y+1 zx+z+1 \/xy+x+1 \/yz+y+1 Jax+z+1

= ! + ! + ! <3 ! + ! + !
Joy+x+l Jyz+y+l Azt z+l x+x+l yz+y+l zx+z+1
1 1 1
+ +
xy+x+1 yz+y+1 zx+z+1

= P< =1. Vay

maxP=lox=y=z=1.

(x+y+z)2—(x2+y2+zz) :9—x2—y2—22

Cau 18) Tacod: xy+ yz+zx = 5 5

Vay P co6 dang:
9—(x*+y*+2°
P=rty+z= ( 2y )

:>2P:x2+y2+9+2(\/;+ y+\/;)—9

x> +x +x = 3x
Ap dung bét ding thirc C6 si, ta co: ¥ +./y +[y >3y

22+\/;+\/;23z
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Suy ra : x2+y2+z2+2(\/;+ y+\/;)23(x+y+z)=9.\/éy

mnP=0x=y=z=1.
Cau 19)
Vi x2+122x;y2+122y;zz+122z,néntacé:

X N v N z
2(x+y+1) 2(y+z+1) 2(z+x+1)

X y z y+1 z+1 x+1
+ + =|1- +|1- +| 1-
x+y+1l y+z4+1 z4+x+1 x+y+l1 yv+z+1 z+x+1

y+1 z+1 x+1
x+y+1l y+z4+1 z4+x+1

.Ta co:

P<

:Pgi—l
2 2

y+1 N z+1 N x+1
x+y+1l y+z4+1 z+x+1

3 IL (y+1) N (z+1) n (x+1)° }Ap dung

T2 2| (yl)(x+y+l) (z+1)(y+z+1) (x+1)(z+x+1)

bat dang thirc Cauchy- Schwarz
(y+1)2 (z+1)2 (x+1)2
+ + >
(y+1)(x+y+1) (z+1)(y+z+1) (x+1)(z+x+1)
. (y+1+z+1+x+1)2
() (x+y+D)+(z+1)(y+z+1)+(x+1)(z+x+1)

. Bé y ring do:

x’+y*+z°=3,nénta
cor(y+1)(x+y+1)(z+1)(y+z+1)+(x+1)(z+x+1)

=3(x+y+z)+xy+yz+ax+x’+y° +2°+3

:%(ﬁ +y° +22+9+6x+6y+6z+2xy+2yz+2zx)=%(x+y+z+3)2.

THCS.TOANMATH.com



(y+1)2 N (z+1)2 N (x+1)2
(y+1)(x+y+1) (z+1)(y+z+1) (x+1)(z+x+1)

>2.Vay

maxP:%cnc:yZZZI.

Ciu 20) Nhan xét: Va thi 4(1+a’)<(a’+ 2)2 . That vay,

©d+da’ <at +4a’ +d o at —4a’ +4a° 20 a* (a-1)" 2 0. Ciing c6

thé chirmg minh bang bt dang thic Cauchy:

2 2 2
(1+a3):(1+a)(1—a+a2)£[1+a+12_a+a2J :(a 12) . Ap dung vao
bai toan ta co:

P 4x’ N 4y° N 4z°
Jarea)(1+07) (et )a(1e2)  Ja(1+2) (14 x7)
> 4x° 4y2 N 47 Pt

2+)2+0) (2+0)(2+7)  (2+7)(2+)
47 47 4
Khidodo x,y,z>0 va xyz=8=a,b,c>0 va abc=1.

16a 16b 16¢
(2+4a)(2+4b) i (2+4b)(2+4c) " (2+4c)(2+4a)

Suyra: P> Hay

4 a N b N c
(1+2a)(1+2b) (1+ab)(1+2¢) (1+2c)(1+2a)

a(1+2c)+b(1+2a)+c(1+2b): . a+b+c+2(ab+bc+ca)
(1+2a)(1+2b)(1+2c¢) ~ 1+2(a+b+c)+4(ab+bc+ca)+8

.Tacod: a+b+c>33abc =3 :>a+b+c+2(ab+bc+ca)29:1+8abc

P>

=P2>
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:>(1+8abc)+[2(a+b+c)+4(ab+bc+ca)}S3[(a+b+c)+2(ab+bc+ca)]

4 . 4
. SuyraPZE. V@ymlnP=§c>x=y=z=2.

Cau 21) Ta c6 nhan xét sau: véi moi x, y,z la cac so thuc duong, ta

x’ x’
3= .2 2
CH(y+z) Xy 4z
3 4
x X
= 3 3 >
X' (y+2) (x2+y2+zz)

\Y

co:

(1) . That vay, (1)

2

2

<:>x3[x4+2x2(y2+zz)+(y2+zz)2}2x7+x4(x+z)3
< 2% Jr(y2 +22)+(y2 +ZZ)2 Zx(y+z)3..Theo bat dang thirc C6 si, ta co:

2x% +2x° (y2+zz)+(y2 +zz)2 >2,[2x° (y2+zz)3 . (3). R0 rang:

2(yZ+zz)Z(y+z)2 4)

Twr (3),(4) suy ra: 2x2(y2+zz)+(y2+22)22 xz(erz)():x(ijz)3 (%)

3 2
Tuong tu (1), ta co: ; J T2 y2 = (6),
y +(Z+X) X +y +z

3 2
z z

> 7)
Z3+(x+y)3 x2+y2+22

Cong timg vé (1),(6),(7) vacd P>1 (8)
Vay minP=1x=y=2z>0.

3 2
X X

Chu ¥: Ta c6 thé chimg minh: ; + 2 ———— nhanh hon bang
CH(y+z) XAy 4z

cach ap dung bat dang thtrc Cau chy
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3 _ 2 a +2 1 2 _y+z
Va 1—\/(a+1)(a a+1) :mzaz_'_z thay a .

a
suy ra 3 . Laico (x+y) £2(x +y ) suy
y+z 2x + y+z

=,
+
—~~

y+Z X +y +Z

Cau 22) Ap dung bét dang thirc Bunhiacopski, ta co:

N
z

[x(1+y2+22)+y(1+22 +x2)+z(1+x2+y2)](l+yf+zz +1+Z§}+x2

Tr(l)vado x+y+z=1,taco:
1

" (147 427 )4y (1427 427 )+ 2 (1427 +y2)'Dat

S

= (1+y2+22)+y(1+zz+x2)+z(l+x2+y2)
(x+y+z)+xy(x+y)+yz(z+y)+zx(z+x)
1+ y(x+y)+yz(z+y)+zx(z+x)

=l+x2(y+z)+y2(z+x)+zz(x+y) . C6 thé thay rang:

|-

xz(y+z)+y2(z+x)+zz(x+y)£

4 ) 4 ., .. ; )
Tudoco: O< % = P> 3 .Vay min P = 3 Gia tri nho nhat dat dugc khi

Cau 23) Ap dung bét dang thirc Bunhiacopski ta co:
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1 N 1 N 1 <
\/x3+2y3+6 \/y3+223+6 V2 +2x° +6

1 1 1
3 3 3 + 3 3 + 3 3
X4+2y°+6 Yy 42z +6 z74+2x +6

1 1 1 . A
Hay P< |3 + + . Ap dung bat dan
Y \/ (x3+2y3+6 Y +22°+6 z3+2x3+6] b aune 8

thirc CoO si ta co:

x3+2y3+6:(x3+y3+1)+(y3+1+1)+323xy+3y+3
:>x3+2y3+623(xy+y+1)

Tuong tw, c6: y* +22° +6>3(yz+z+1),2° +2x° +6 23(zx +x+1)

1 1 1

+ + .Do xyz=1, nén dé
xy+y+1 yz4+z+1 zx+x+1

Suyra: PS\/

1 1 1 xy h%
+ + = + + =1
xy+y+1 yz+z+1 zx+x+1 xy+y+1 xp+y+1 xp+y+1

thy
suyra P<I

Vay maxP=1ox=y=z=1.

Céu 24) Theo bét ding thic C6 si, ta co: y+z>2y/yz = 2\ﬁ (do xyz=1)
X

2
Tur d6 suy ra: xz(y+z)22x2\/1=2m/;:> “(r+2) > 2xx
X y y+22\/; y y+2Z\/;

(1)

Lap luan tuong tu, co:
¥ (Z+x) 2y\/; z? (x+y) S 22\/;

> ) > . Cong timg vé
z Z+2X\/; z z+2x\/; X x+2y\/; X x+2y\/; & e
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P>2 x\/; + y\/; + Z\/; . Pat
y y+22\/; 2z +2xx x\/;+2y\/;

X=xJx;Y =y [y;Z =2z thi X,Y,Z>0 va XYZ=1.

Khi do6 (4) co dang P>2 X + Y + 4
Y+27 Z+2X X+2Y

X? Y? 7?
+ +
XY+2ZX YZ+2XY XZ+2YZ

= P> 2( j . Ap dung bt dang thirc

(X+Y+Z2)
3(XY+YZ+ZX)

Cauchy- Schwarz ta c6: P>2

(X+Y+Z) 23(XY+YZ+2ZX) = P23 vaP=3& X =Y =Z=1. Vay

mnP=3<x=y=z=1.
Cau 25)

Ap dung bt dang thtc Cb si, ta co:

2_
N z\/(y+1)(y2—y+1)s(y+l)+(y erl):> y3+lﬁy22+2
X

2
2x , y 2y z 2z
= > tuong tu, ta co: > , >
Jy +1 y 42 er V24l 242 P+l X2
=>P2>2 2x + 2y + 22 . Dau bang trong (5) xay ra < dong thoi
V42 z7+2 x" 42

c¢6 dau bang trong < x = y =z =2. Ta s& chitng minh
2x 2y 2z

+ + >2
Y42 Z2+2 X +2

S| x— 22x +(y— 22y j+(z— 222 j£4 (do
y +2 z°+2 X +2
xy2 yZZ 2

Xxty+z=6)o —F——+— +%S4. Ap dung bat dang thirc C6 si, ta
yo+2 42 x

co: 2y* +4=y"+y* +42>33/4y" =3y3dy = ) +2Z%y\3/4y Tuong
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tu co: zz+22323 4z ,x2+22%x\/3 4z

yre 9 vz’ z

+ 3 = 4 3
Ey% 5% Ex%
ooy < D

3
ramys < BHERDE s BEEERE

.Ap dung bat dang thirc C6 si, ta co:

Sé[2(x+y+z)+2(xy+yz+zx)]

Mat khéc, ta co: ?)(xy+yz+zx)S(x+y+z)2 =>xy+yz+zx<12. T do

suyra P>2 Vay minP=2&x=y=z=2.
Cau 26)
Giai:

1)Ta c6 theo bat dang thic Cb si:

+4y)(3x+2
\/3x2+8y2+14xy:\/(x+4y)(3x+2y)£(x y)( a y):2x+3y
xZ 2
Nhu vay suy ra = = > . Tuong tu ta co:
J3x2+8y% +14xy  2x+3y

y2 5 y2
\/3y2+8z2+14yz 2y+3z

ZZ ZZ x2 2 ZZ ,

> = P> +—2 4 . Theo bat

V322 +8x2 +16zx  2z+3x 2x+3y 2y+3z 2z+3x

dang thirc Cauchy- Schwarz ta
2 2 2

co—> 4V 4 2 Zl(x+y+z).Theobétdéngthﬁ:cCésico
2x+3y 2y+3z 2z+3x 5
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1 1 1 1 1 1
ban, ta co: (x+y+z)(—+—+—j29. Do 0 <—+—+—<1, nén co:
X y z X y z

xX+y+z>9 V@yPZ% . Vay minP=%<:>x=y=z=3.
Céu 27) Do tinh binh dang giita x, y,z nén co thé gia st x>y >z
Kéthop v6i x+y+z=3suyra 0<z<1.Tacoé P=x>+y* +2z> +xyz

:(x+y+z)2 +xyz—2(xy+yz+zx) :9+xy(z—2)—22(y+x)
:9+xy(z—2)—2z(3—z) (1)

2 2
Hién nhién ta co: xys(x;yj :(3;Zj Do 0<zL1=2z-2<0, vay tu

(1) co:
P29+(z—2)(3;Zj ~22(3-z) . Taco
VP(2):9+3_2[(2—2)3_2—42}:9+3_Z|:(z—2)(3—z)—8z]
2 2 2
3—-z

=9+

> [—22—32—6}=%(z3—3z+18)=%[(22—3z+2)+16}

:%[(z—l)z(z+2)+l6i|DO 0<.XS1 nén Suyra :P24Vé.y

mnP=4<x=y=z=1.

Cau 28) Ap dung dong nhit thirc
(x+y)(y+z)(z+x) :(x+y+z)(xy+yz+zx)—xyz *)

Ta co: P:(x+y+z)(xy+yz+zx)—xyz—2(x+y+z) . Theo bét dang
thure Co sitacod: x+y+z>33/xyz =3 (do xyz=1).Lai co:
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xy+yz+zx 2 33x’y’z* =3 (do x*y°z* =1) suy ra:
P23(x+y+z)—l—2(x+y+z)

:>P2(x+y+z)—123— =2.
2)Truéce hét ta chimg minh rang (x+p)(y+2z)(z+x) = (x+1)(y+1)(z+1)

That vay, dua vao (*) suy ra:

S (x+y+z)(xy+yz+zx)—xyz>xy+yz+zx+x+y+z+1
S (x+y+z)(xy+yz+zx)-22xy+yz+zx+x+y+z+2 (do xpz=1)

<:>(x+y+z)(xy+yz+zx)2xy+yz+zx+x+y+z+3 Do
xyz=1=x+y+z23 vaxy+yz+zx=3.Tacod

X+y+z

(x+y+z)(xy+yz+zx)= (xy+yz+zx)+(x+y+z)W+
+(x+y+z)(;cy+yz+zx) suy ra

(x+y+z)(xy+yz+zx > xy + yz + zx + x + y + z +3 .Theo bét dang thirc Co

)
si ta co: Q>3i/\/((x+y)§y+2)(z+X) >3 . Vay

x+1)(y+1)(z+1)

mnQ=3<x=y=z=1.

Cau 29) Giai:

Ta co:
4(a3 +b3):a3+b3+3(a+b)(a2 —ab+bz)2a3+b3+3(a+b)azb:(a+b)3

Suy ra 43/4(a3+b3) Za+b:>c+13/4(a3 +b3) >2a+b+c.Dodo

a+b < a+b
c+{/4(a3+b3) Catb+c

, dang thirc xay ra khi va chi khi @ =5 . Tuong
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b+c b+c c+a c+a

tu cling co < + < . Suy ra
a+,3/4(c3+a3) atb+c b+43/4(c3+a3) at+b+c
a+b b+c c+a

<2

c+i4(a’ +b° +a+34 b +c +b+34 c+a
J4a'+8?) aria(b+e) bafa(e+a’)

Ding thirc xay ra khi va chikhi a=b=c.

Cau30) Taco: 0<a,b,c<1 suyra
(a—b)2 > a(a—b)2 Sa+b > 2ab+a(a—b)2. Twong tu 3 bat déng thirc

nwra ta co:

P:6(ab+bc+ca)+a(a—b)2 er(b—c)2 Jrc(c—a)2
S4(ab+bc-|—ca)+2(a2 +b° +c2) hay P <2 .Déu bang xay ra khi va chi

khi a:b=c=g.
3

BAT PANG THUC ABEL VA UNG DUNG
CONG THUC ABEL VA UNG DUNG.
1. Cong thirc tong Abel:

Giasu a,a,,...,a, va b,b,,....,b, 1ahai day so thuc. Khi d6 ta co:

ab +ab,+..+ab, =(b-b,)S, +(b,-b,)S, +...+b,S  trong do

S, =a,+a,+..+a, .

Chirng minh: That vy thay a, =S, —S, | véi k=2,3,..n taco vé trai

bang:

bsS, +b,(S,=S)+b,(S;=S,)+...+b,(S,-S,)=VP .
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Truong hop n=3 ta
co:ax+by+cz=(x-y)a+(y—z)(a+b)+z(a+b+c) day lading thic

quan trong c6 nhiéu ing dung trong gii toan.
2. Bit ding thirc Abel:

Cho hai day s6 thuc: a,,a,,....,a, va b >b,>b,>...>b .Dit
S, =a,+a,+..+a, voi ke{l1,2,3,..n} va
m=min{S,,S,,...,S,},M =max {S,,S,,...,S,} . Khi d6 ta co:

mb < A=ab +a,b, +...+ab <Mb,

Ching minh:

Taco: ab +a,b, +...+ab, =(b—-b,)S, +(b,—b,)S, +...+b,S, ma

b,—b,, 20 nén

(b, =b)m+ (b, —b)m+..+bm< A< (b —b,)M + (b, —b,)M +...+b,M hay
mb, < A< Mb, .

MOQT SO Vi DU:

Vidul: Cho x>y>z>0 thoaman: x>3,x+y>5x+y+z2>6 .Ching

minh: x> +y° +2* >14.
Loi giai:

Taco: x* +y° +2° —14=(x=3)(x+3)+(y-2)(y+1)+(z-1)(z+1) . Ap
dung cong thirc Abel ta co:
¥+ 4+ —14=(x+3-y-2)(x-3)+(y+2-z-D+(z+D)(x-3+y-2+z-1)

=(x—y+1)(x—3)+(y—z+1)(x+y—5)+(z+1)(x+y+z—6)ZO . Dau
bang xay ra khi va chikhi x=3;y=2;z=1.
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Vi du 2) Cho céc s6 thuc duong x, y,z saocho x>3,xy>6,xz>6 .

Chimg minh: x+y+z2>6 .
Loi giai:

Ta co:
X+y+z-6=3 ﬁ—1j+2 Zo1]+1| Z-1]=(3-2)| -1 +(2—1)(f+1— +
3 2 1 3 32
L 21+ 21+ 20| = 21|+ 2422 |+ 2+ 2423 Ap dung
302 1 3 32 32 1

bét déng thic Co sitacd: ~+2>2 | >0, Do 2 2535 B2 53 gy
302 6 3 2 1 V321

ra dpem. Dau bang xay ra khi va chi khi x=3,y=2,z=1.

Vidu 5: Cho x,y,z>0 saocho x<2y<3z va

x>21Lx+y>3,x+y+z>6 .Ching minh:6(xy+yz+zx)£11xyz .
Loi giai:

5 : I 1 1
Ta can chung minh: —+—+—<— .Ta co:
X y z

—t—t— =l =——F———=
6

11 (1 1 1 11111x—1+y—2+z—3
X y z x 2 y 3 z x 2y 3z

(inj(x_l)+(L_3%J(x+y_3)+3iz(x+y+z_6)zo

x 2y
Dau bang xay ra khi va chi khi x=3,y=2,z=1.

Vi du 3: Cho cac s6 thuc khong am x, y,z sao cho

x<l,x+y<5x+y+z<14 . Chimg minh: \/;+\/;+\/;§6 .

Loi giai:
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+£:[l—ljx+(l—gi(x+y)+l(x+y+z)S
3 1 2 2 3 3

11 A+ 1.1 ‘5+l.14:1+2+3.Tasuyra
1 2 2 3 3

(\/§+\/}+\/Z)2 £(1+2+3)(%+%+§j£(1+2+3)2 ~36 .

Vi du 4: Cho cac sb thuc duong a>b>1,a<3,ab<6,ab<6¢ . Ching
minh: a+b—-c<4 .

Loi giai:

Ta can ching minh: a+b+1<3+2+c¢ .

Ta co:

3+2+C=(i-f-%-l-gj-i-(b—l)(i-l-gj-l—(a—b)iz3i/6—7+(b—1)2\/z+(a—b)i
a b 1 a b a ab ab a

>3+2(b-1)+(a—b)=a+b+1. Diu bang xay ra khi va chi khi
a=3,b=2,c=1.

O0<a<b<ec,c29

Vi du 5: Cho céc s6 thuc duong a,b,¢ sao cho {a +2+2 <3
c
é+2£2
c

Chtng minh: Ja++b<e .

Loi giai:

Ta c6: a + b+\@=1(\/2+\/§+\EJ+£\/§+\/§]+(\E—2)\E
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b 9 b 9
a+—+— —+ = 9

<3 ‘; |42 u+(\E—2)\E=3,+2+\£—2=3+\E.
a>b>12¢>0

Vi du 6) Cho cac s6 thuc a,b,c sao cho {=+c<2 . Chung minh:
é+%+c£3
a

1 1 1 1

———<——

a b c 6

Loi giai:

Ta can ching minh: l+l+lﬁl+l+l . Taco:
a b 3 2 ¢

1 1({a b 1 1 1Y\b 1 1)1
= —F—4— || == || == |+ 1= |=
c a\3 2 c b a)\2 ¢ bj)c

Ap dung bt dang thirc Cauchy- Schwarz. Ta co:

1.1 12L23,l+1224 >2,taco

+—+
32 ¢ 3,2, 2 ¢ 2,
a b a b b b
—+—+lzi 2[l—l)+(1—1j:l+l+l
3 c a a a
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a<b<3<c
Vi du 7) Gia sir a,b,c 14 cac sé thuc duong théa man: {c¢>b+1

a+b>c

2ab+a+b+c(ab-1)

Tim GTNN cua Q =
(a+1)(b+1D(c+1)

(Trich d& thi vao 16p 10 Truong chuyén KHTN- PHQG Ha Noi)
Loi giai:

Ta co:
_(abc+ab+ac+a)+(abc+bc+ba+b)—(abc+ca+cb+c) a b c

= + —
(a+D)(b+1)(c+]) a+l b+1 c+1
Ta chung minh:
a+b_cZl+2_3=i©3—c+b—2+a—l20
l+a 1+b 14+c¢ 1+1 1+2 1+3 12 3(1+c¢) 3(b+1) 2(1+a)

Hay

(3—0)( L1 j+(3+c+b—2)( L1 ]
4(c+l) 3(b+1) 3(b+1) 2(a+1)

+(3-c+b-2+a-1)

> (0. Rut gon ta thu dugc:
2(1+a)

_Bbde-l) +(b+l—c)—(2a_3b_1) +(a+b-c) >
20b+1)c+1) 6(b+1)a+1) 2a+1)

(3-¢)

Diéu nay 13 hién nhién dang.
BAT PANG THUC BUNHIACOPXKI
Mot sb két qua quan trong:
Cho céc s6 thuc duong a,b,c,x,y,z.
a) a’+b*+c*>ab+bc+ca.
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b) 3(a*+b*+c?)>(a+b+c) .

) (ax+by)zé(a2+b2)(x2+y2).

d) (ax+by+cz)2g(a2+b2+c2)(x2+y2+zz)

e) 8(a+b+c)(ab+bc+ca)<9(a+b)(b+c)(c+a)

f) b’c’+a’c’+a’h’ >abc(a+b+c)

) 1 N 1 S 1
5 2 (a+c)2_a2+bc.

h) = 7Ly
b
2

Chung minh:

a) a’+b°+c’ Zab+bc+ca<:>2(a2 +b’ +cz)22(ab+bc-|-ca)<::>(a—b)2 +(b

Bit dang thtrc ndy ludn dung. Dau déng thirc xay ra khi va chikhi a=b=c.

b) Khai trién hai vé va thu gon ta quy vé céu a.

¢) Khai trién hai vé roi thu gon ta dua bat dang thirc vé dang:
(ay—bx)’ > 0. Déu ding thirc xay ra khi va chi khi <= Ly

I

d) Khai trién hai vé roi thu gon ta dua bat dang thirc vé dang:
(ay —bx)2 +(bz - cy)2 +(ex— az)2 > (. DAu dang thtc xay ra khi va chi khi
4. L =& Chc bét dang thie ¢, d con dugc goi 1a bit diang thirc
X y z
Bunhiacopxki cho 2 s, 3 sd.

e) Khai trién hai vé r6i thu gon ta dwa bét ding thirc vé dang:
(a + b)(b + c)(c +a)>8abc bat dang thirc nay ludn dang theo AM- GM
(xem chimg minh & phan Bét dang thirc C6 si).

f) Theo bt ding thirc C6 si thi: b*c® + a*c® > 2abc® Tuong tu ta cd 2
bat dang thirc nita va cong lai suy ra dpem.
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g) Theo bat ding thirc Bunhiacopxki cho 2 s6 ta co:

(a+b) :[‘H\/E'\ET <(a’ +bc)(l+§j =(a’ +bc)(bzcj suy ra

! =2 ¢ . Tuong tu ! > b
(a+b) (a2+bc)(b+c) (a+c)2 (a2+bc)(b+c)
bat dang thirc Ffmg chiéu ta suy ra fipCfn. ‘ ‘

h) Quy dong va rut gon dua bat dang thirc can chung minh veé dang:

(ay - bx)2 >0.
i) Ap dung bat dang thiic h) ta co:
SRR L0 SN C2ees

— > >
a b ¢ a+b c a+b+c

. Cong hai

Bét dang thirc nay con dugc goi 1a bat dang thirc Cauchy-Chwarz.
1. Nhirng k§ ning van dung co ban:

Vi du 1: Cho céc s6 thuc duong a,b,c sao cho a+b+c=3. Ching minh

r?mg:
a + b + ¢ >1.
a+2bc b+2ac c+2ab
Giai:
a a’ a b c a’ b* c?

=— = + + =— +— +—
a+ 2bc a +q2abc a+2bc b+2ac c+2ab a +2abc b +2abc ¢ +2al
Ap dung bat dang thuc Cauchy- Schwarz ta c6:

2 2 2 +bh+c) )
5 a +— b +— ¢ >— (az 2c) . Ta can chig
a +2abc b"+2abc ¢ +2abc a” +b°+c¢” +6abc
) (a+b+c)2
minh: >1

a’+b*+c’ +6abc
& ab+be+ca>3abe & (a+b+c)(ab+bc+ca) > 9gbc . Theo bat dang

thire Co sita c6: a+b+c>3Jabe,ab+be+ca >33 a*b*c* nhan 2 vé cac
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bat dang thirc duong ciing chiéu ta c6 dpem. Dau bang xay ra khi va chi khi
a=b=c=1.

Vi du 2: Cho céc s6 thuc duong a,b,c¢ . Chirng minh rang:

a’ b’ c’ a’+b* +c?
+ + > )
a+2b b+2c c+2a 3
Giai:
Ta co:
2
a at a b o (a2 1 h? +cz)
= >

= 3 j— > + 2 + 2 = 2
a+2b a” +2ab a +2ab b +2bc c +2ca (a+b+c)

Ta can ching
(az—i-bz—i-cz)2 >a2+b2+cz
(a+b+c)2 - 3

1a hién nhién.

minh: & a’+b> +¢” > ab+bc+ca . Diéu nay

Vi du 3: Cho céc s6 thuc duong a,b,c . Ching minh:
(¢ +2)(b*+2)(c* +2)23(a+b+c) .

Giai:

Tacé: (a+b+c) {a%/i.(b“j 2 S(a2+2){1+@} Suy ra:

2
3(a +b+c)2 < 3(a2 + 2){1+ (b +2c) . Ta can ching minh:

3(a2+2){1+@]s(a2+2)(b2+2)(c2+2) hay

2
3[1 +u} < (b2 + 2)(02 + 2). Sau khi khai trién va thu gon ta dugc:
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2 2 2 2
b e +b*c* =3bc+1>0. Pé y rang: b +c

> be nén bit dang thic tro
thanh: b’c* ~2bc+1>0 < (be—1)" 20 .
Vi du 4: Cho céc s6 thuc duong a,b,c . Ching minh:

a’ b’ c 1
(205 )2 +) (20 +&)(2b +a’) (26 +a) (2 +87)  avbre

Giai:
Ta mong mudn xuét hién luong: a+b+c

Ta co:
(2012 +bz)(2az+c2):(at2 +bz+az)(a2 +a’ +c2)2(a2 +ab+ac)2 =a’ (a+b+c)2

3
a

(2a2 +b2)(2a2 +cz) = (a+b+c)

thirc nita va cong lai thi suy ra diéu phai chimg minh.

Tt do6 suy ra: 5. Tuong tu ta co 2 bét ding

Vi du 5: Cho céac s6 thuc duong a,b,c sao cho ab+bc+ca+abc<4.
Chtmg minh: @’ +b” +¢* +a+b+c>2(ab+bc+ca). (Trich dé tuyén sinh
vao 16p 10- Truong Chuyén KHTN- DPHQG Ha Ngi 2015).
Loi giai:
Ta viét lai gia thiét bai toan thanh:
12+(ab+bc+ca)+4(a+b+c)Z8+4(a+b+c)+2(ab+bc+ca)+abc
hay (a+2)(b+2)+(b+2)(c+2)+(c+2)(a+2)=(a+2)(b+2)(c+2)
1 1
_l_
a+2 b+2 c+2
1 a+b*+¢? a+b*+¢?
= —y S -, Tuong tu ta
a+?2 (a+1+1)(a+b +c ) (a+b+c)

>1Ta co:
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1 b+c +a® 1  ata 2+b?

= . Suy ra
b+2 (a+b+c) c+2 (a+b+c)
1 1 1 a+b+c+2(a2+b2+cz)
1< + + < >
a+2 b+2 c+2 (a+b+c)

<:>a+b+c+2(a2 +b° +c2)2(a+b+c)2hay

a’+b* +c* +a+b+c22(ab+bc+ca). Dau bang xdy ra khi va chi khi
a=b=c=1.

Vi du 6) Cho céc s6 thuc duong a,b,c sao cho ab+bc+ca =1. Chimg
minh ring: 2abc(a+b+c)< §+ a‘b* +b*c* +c*a*. (Trich dé tuyén sinh
vao 16p 10- Truong Chuyén KHTN- PHQG Ha Ngi 2014).

Loi giai:

St dung bét dang thirc x* + y* + 2> > xy + yz+ zx . Ta ¢6:

a*b’ +b'c’ +c'a’ > a’bbh’c+b’cc’a+c’aa’h = abc(ab2 +bc’ +ca’ ) .

Tiép tuc sir dung bat dang thirc: Cauchy- Shwarz va gia thiét
ab+bc+ca=1taco:

a—22 (a+b+c)
1 1
c

2 e s
; ; =abc(a+b+c) . Tirdo suy ra
a b c

2
ab® +bc’ +ca’ :T+CT+
a b

a*b’ +b*c’ +c'a’ > [abc(a +b+ c)]2 . Bay gio ta s& ching minh:

[abc(a+b+c)]2—2abc(a+b+c)+§20<:>t2—6t+520c>(t—1)(t—5)20
voi t:abc(a+b+c). Mat khac ta co:

abc(a+b+c):ab.ac+bc.ba+ca.cbS%(czb+bc+ca)2 :§20<t£1.

Suy ra dpecm. Dau déng thic xay ra khi va chikhi a=b=c=

5-

THCS.TOANMATH.com



Vi du 7: Cho céc s6 thuc duong a,b,c . Ching minh:

1 1 1 at+b+c
2 + 2 + 2 -
a +ab+bc b +bc+ca ¢ +ca+ab ab+bc+ca
Loi giai:
Ta mudn 1am xuét hién: ab+bc+ca

1 c¢* +ab+bc c¢* +ab+bc

Ta co: = <
aco a* +ab+bc (a2+ab+bc)(cz+ab+bc) (ac+ab+bc)

5. Tuong

tu v6i 2 s0 hang con lai ta co:

1 < c’+ab+bc (a+b+c)2
a’+ab+bc (ac+ab+bc)2 (ac+ab+bc)2

Vi du 8: Cho céc s6 thuc duong a,b,c . Ching minh:

ab N be N ca < a’+b*+¢*
a’+bc+ca b*+ca+ab ¢ +ab+bc  ab+bc+ca

Giai:

Ta muon lam xuat hién: ab + bc+ca

a* +bc+ca (a2+bc+ca)(b2+bc+ca) B (ab+bc+ca)2

ab ab(b® +bc + ca) < ab(b® +bc + ca)

ab(b® +bc+ca) be(c® +ca+ab) ca(a® +ab+bc)
(ab+bc+ca)2 (ab+bc+ca)2 (ab+bc+ca)2 .

Ta chi can ching minh:

Tu dé suy ra: VT <

ab(b® + bc + ca) +be(c® + ca+ ab) + ca(a® + ab +bc) < (a2 +b’ +cz)(ab+bc+ca)

2 2 2

o d’b+be+cla>abe(a+b+c) @a—+—+%2a+b+c.Nhu’ng bét
C a

dang thirc nay 1a hién nhién dung theo bat dang thirc Cauchy- Shwarz
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Vi du 9: Cho céc s6 thuc duong a,b,¢ sao cho a+b+c=1. Chirng minh

N a b C
rang: ————+——— t=— <1
a+b"+c b’+c"+a c’+a +b

Giai:

Ta muon lam xuat hién a+b+c.

1 1
al —+1+c¢ al —+1+c¢ Lias
3 Zz = ¢ 1 <4 == a9 < Tirdé suy
a+bre (a3+b2+c)(+l+cj (a+b+c)
a
a b c l+a+ca 1+b+ab 1+c+bc
ra: — > +— > +— 3 < + +
a+b"+c b’+c"+a c’+a +b 9 9 9

l+a+ca 1+b+ab 1+c+bc
9 " 9 "

<l ab+be+ca<3.

Ta can chiing minh:

2
(a+b+c) _3

Nhung diéu nay 1a hién nhién ding do: ab +bc +ca <
Vi du 10: Cho cac sb thyc duong a,b, ¢ sao cho abc =1. Chirng minh rang:
1 1 1
-+ -+ -<1
l+a+b~ l1+b+c” l+c+a

Giai:

Tadit a=x,b=y’,c=2’,xyz=1. Bit dang thirc cdn chimg minh trd

1 1 1
thanh: — — ——<1.
I+x+y° 1+y +z° 1+z +x
Ta co:
4 1 4 1
Z tx+— zZ +xt+— 4, 2 2.2
1 B y < Y.z +xyz+z'x

2

a4y _(1+x3+y6)[z4+x+;2]_(x2+y2+22)2 (x2+y2+22)
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Ta can ching minh:

2(24 +x2yz+zzx2) < (x2 +y° +z2)2 S XY+ Y+ 2 xpz(x+ y+2).
Diéu nay 1a hién nhién dung theo bat ding thitc a” +b* +¢* > ab+bc +ca
Vi du 11: Cho cac sb thuc duong a,b,c . Chimg minh rang;

1 1 1 1
3 3 + 3 3 + 3 3 S :
a +b’+abc b +c’+abc ¢ +a +abc abc

Do bat dang thirc thudn nhét nén ta chuan hoa: abc =1. Bét ding thirc can
1 1

chirmg minh tré thanh: + + <1.
8 ac+b+1 P+ +1 C+a’+1
Ta co:
1 1 2 1 1 2
—+—+c —+—+c 5
1 _ a b <\a b _bctca+c ¢
3 3 - = 2 2
a +b +1 (a3+b3+1)(1+1+c2j (a+b+c)  (a+b+c) a+b+c
a

Tuong tu v6i 2 s6 hang con lai va cong ba bat dang thic cung chiéu suy ra
dpcm.

Vi du 12) Vi ba s6 dwong x, y,z thoa man x+ y+z =1, tim gié tri 16n

X y z
+ +
X++X+yz yH+y+zx z+Jz+xy

tuyén sinh vao 16p 10 chuyén Toan TP Ha Noi — 2014)

nhat cta biéu thuc: O = (Trich d&

Loi giai:

Ta co: \[x+yz = \/x(x+y+z)+yz = \/(x+y)(x+z) . Chii ¥ rang: Theo

bat dang thirc Bunhiacopxki thi:

(x+y)(x+z2)2 (\/;\/;+\/;\/;)2 = W > xnfy +VzA/x .
: \E

Tur d6 suy ra: al = . Tuong tu

XX+ yz Sx+x/;(\/;+x/§) Vx+4fy++z
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N
vyt x+y vz zez ey x+fy +4z

dang thirc cing chiéu ta suy ra Q <1. Dau dang thirc xay ra khi va chi khi

ta co: Cong 3 bat

X=y=z=—

3

Vi du 13) Cho cac s6 thuc khong am a,b,c sao cho a>0,b+c¢>0 va
3 3 3
a’+b’ +¢* =1. Chimg minh: — a 2+b +2c >.2.
b"—bc+c a

Lo giai:
Ta co:

a’ bt (a2 +b* +¢’ )2 1

a(b2 —bc+c2)+a2b+azc = a(b2 —bc+c2)+a2b+azc B a[b2 —bc+c2+a(b+c)]

Theo bat dang thirc Cauchy ta co:
b 2
a + (b + c) N
2
1 1
a[b2 —bc+c? +a(b+c)] B

a(b+c)$

a’ +(b+c)2
2

a|b* —bc+c* +

2 2 Al , L
= a(a2 TS +3c2) = a(3—2a2) . Bay gio ta chirng minh :

2 >\V2 < a(3-24") <2 24 +\/_+£>3a Theo bat ding

a(3—2a2)
A

thirc Cauchy cho 3 s6 ta co: 2a° + — +—~— > 3a . D4u bang xay ra khi va

NG

chikhi a=b= 7,0 =0. Ta ciing c6 thé chimg minh:
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a(3—2a2)sﬁ@2a3—3a+ﬁzo@(2a—ﬁ)2(a+i]zo.Bétdéng
2
thirc nay luon dung.

Vi du 14) Cho cac sb thuc x, y sao cho x*y* +2y+1=0. Tim GTNN,

GTLN cua P = (Trich d& tuyén sinh vao 16p 10 chuyén Trudng

3 y+1
chuyén — KHTN- DPHQG Ha Néi 2015).

Loi giai:
Tir gia thiét tasuyra y#0.

2
x2y2+2y+1=0:>x2+L2+£:1<:>x2+[l+1) =1. bat a:l+1. Ta
y oy y y

duoc x> +a’ =1. Ta co:
x x
1 a+2
Yy

Bunhiacopxki ta co: (x—Pa)2 < (1 +P? )(x2 + az) =1+a’.Suyra

B yei v, 2 3

P=

= 2P =x—-Pa= 4P* =(x~ Pa) . Theo bét ding thuc
3+

AP’ <1+ P’ <3P <l - ‘6 <P< X=—jy=—=>P=—",
3 3 2 3 3
x=¥;y=—§:>P=—\/_ yGTLNcuaPla? GTNN cia P 1a
el
3

2. KY¥ thuat tach ghép
Dé giai quyét nhiing bai toan dang nay ngudi giai can linh hoat trong viée

tach cac nhom sd hang sao cho dam bao déu bang va tao ra cac bat diang
thirc phu quen thudc.
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, L 1 (1 1
Ta can chu y céc bat dang thire quen thude sau: < —(— + —j va

a+b 4
at+b+c 9 b c

Vi du 1: Cho céc s6 thue duong a,b,c¢ . Ching minh:

bc ca ab a+b+c
+ + <

2a+b+c 2b+c+a 2c+a+b 4
Giai:
Ta co: ! :l 4 gl( I + 1 j

2a+b+c 4 (a+b)+(a+c) 4\a+b a+c
Tur d6 suy ra: zb—cslz be + be :l(a+b+c)

2a+b+c 4 a+b a+c 4

Vi du 2: Cho céc s6 thue duong a,b, ¢ . Ching minh:

(b+c) N (c+a) N (a+b)’ <3
b>+c*+a(b+c) c*+a*+b(c+a) a’+b +c(a+b)

Giai:
Ta co:

(b+c) B (b+c) < b’ N c? b L_C
b*+c* +alb+c) bb+a)+c(c+a) bb+a) c(c+a) b+a c+a

2
: (127+c) < ( b L_C j:3
b +c +a(b+c) b+a c+a

Tur d6 suy ra 2.

Vi du 3: Cho céc sb thuc duong a,b,c sao cho a+b+c=3.Ching minh

rang:

1 1 1 < 1

+ + S —.
40> +b*+ ¢ AbP +ct+ad AP +adt+br 2

Giai:
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Ta co:

9 (a—i-b+c)2 - a’ b* ¢’

= < + +
4a> +b* +c* 287+ (@’ +b)+(a*+c°) 240 (@’ +b°) (a’+CP)

Suy ra 2. a2+ al + ¢’ _2
T S i+ 28 (@A) ()| 2
Vi du 4: Cho cic s6 thuc a,b,c¢ sao cho a® +b* +¢* =1.Ching minh rang:

bc ca ab 3
ot ot Sy
a+1 b°+1 ¢ +1 4

Giai:
be ca ab 1 (b+c)2 (c+a)2 (a+b)2
Tacdt: —+—F—+—F—<—|~—F—"+-— T
a+1 b°+1 ¢ +1 4| a +1 b”+1 c +1
Mat khac ta co:
h+c) b+c) : ?
( c) = ( C) < b R . Tir do suy ra

a+at+b+ct (a2 +bz)+(a2 +cz) (a2+b2) (a2+cz)

(b + 6)2 b? c?

2 a’+1 SZ!(aerbz)—k(az+cz)

} =3. Suy ra diéu phai ching minh.

Vidu5:
Cho céc sb thue duong a,b,c¢ . Chimg minh ring:

1

b+c c+a a+b <1

N .1
a’+bc b*+ac c*+ab a b c
Giai:
Ta co:
b+c (b+C)2 (b+C)2 b? c?

a’ +bc - (a2+bc)(b+c) B c(a2 +b2)+b(a2+cz) = c(az+b2)+b(a2 +cz)
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. Twrddsuyra:

b+c b ¢’ b a’ 1
Zaz +bc Sz!c(a2 +b2)+b(a2 +cz)]z!c(a2 +b2)+ c(a2 +b2)]z;

Chu ¥: Néu ta thay (a,b,c)—> (l,%,lj thi thu duoc bat dang thirc méi la:
a b c
2 2 2
a (b+c) +b (c+a) L (a+b)

> > > <a+b+c
a” +bc b +ca ¢ +ab

2
a 2(b+c) :b+c_bcz(b+c)

thi thu dwoc bit ding thirc moi:
a +bc a +bc

Néu phén tich:

be(b+c) ca(c+a) ab(a+b)
+ +
a’+bc b’ +ca c*+ab
va kho.

> a+b+c.Day la cac bit dang thic dep

Vi du 6: Cho cic s6 thyc dwong a,b,¢ . Chimg minh ring:

a’ b’ c?
5 +— +— >1
a +2bc b +2ac c¢“+2ab
Giai: Ta co:
a’ b? c? (a+b+c)2

2 + 2 + 2 2 2 2 2 -
a +2bc b°+2ac ¢ +2ab a" +2bc+b +2ac+c” +2ab

Thay (a,b,c) > (l%,lj ta thu duoc két qua:
abc

bc ca ab
~+ ~+ ~21
bc+2a- ca+2b° ab+2c

< P P bc 2612 A A, 22 , A LA LA .
Mat khac ta co: s=1-— nén bat dang thure trén c6 thé viét lai
bc+2a 2a” +bc

thanh:
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2 2 2
2a + 2b + 20 <1 . Thay (a,b,c)%(l,l’lj ta lai thu
2a”+bc 2b"+ac 2c” +ab a' b’ c
duoc:
bc ca ab

5 +— +— <1
a +2bc b +2ac c¢“+2ab

Nhimng bat dang thirc ndy ¢ tmg dung rat quan trong.

Vi du 7: Cho cic s6 thyc duong a,b,¢ . Chimg minh ring:

a’ b’ c? 1
+ + <—
(2a+b)2a+c) 2b+c)2b+a) (2c+a)2c+b) 3

Giai:
Ta co

a’ 3 a 1 (2a+a)2 1 4a’
Qa+b)2a+c) 2a(a+b+c)+2a*+bc 92a(a+b+c)+2a’ +bc 9| 2a(a+b+

Tir d6 suy ra:

a’ 1 4q’ a’ 1 2a a’
<= +— =— +—
(2a+b)2a+c) 9 \2a(a+b+c) 2a +bc) 9 |a+b+c 2a +bc
. Ap dung két qua ctia VD 6 ta suy ra diéu phai chtirng minh.

Vi du 8: Cho céc sb thuc duong a,b,c sao cho ab+bc+ca=3.Ching

minh rang;

21 + 21 + 21 Zé

a+l b°+1 c+1 2
Giai:

a2 , 5
Taco: ——=1-— nén bat dang thtrc twvong duong voi
a +1 a +1

a’ b’ c’ 3

—+t—>—+—5—<—.

a+1l b°+1 c+1 2
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a’ b’ c’ 1 ,
S—F—+t5—+t <—.Taco:
3a+3 3b"+3 3c+3 2
4q* B 44* B (a+a)2 < a’ N a’
3a°+3 3a’+ab+bc+ca a(a+b+c)+2a’+bc a(a+b+c) 2a’ +bc
2

(a+b+c) 2a*+bc

Tuong tu véi 2 s0 hang con lai ta co:

a’ 1 a a’ 1
<— + <—
3a°+3 4 a+b+c 2a*+bc 2

2
a
> <1
2a” +bc

O day ta da st dung két qua: ¥

Vi du 9: Cho céc sb thuc duong a,b,c. Chiing minh:

2 2 2
a b c 1
<

+ +
5 +(b+c)* 5b*+(c+a)’ 5c*+(a+b) 3

Giai:
Ta co:

94’ B 9a° B (a+2a)2
5a° +(b+c)* (& +b’+c*)+22a’ +be) (&’ +b +c*)+2(2a’ +b)

2 2 2 2
a 4a a 2a

: (a2 +b° +c2)+2(2a2 +bc) B (a2 +b° +c2)+ 2a° +bc

2 2 2
a 1 a 2a 1
Trddésuyra: 2——————<—>° + <=
Y 5> +(b+c) 9 L12+b2+c2 2a2+bc} 3

Vi du 10: Cho céc sb thuc duong a,b,c thoaman: a+b+c=1. Ching
ab bc ca

minh: + + Sl
3ab+2b+c 3bc+2c+a 3ca+2a+b 4

Giai:
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Ta co:
3ab+2b+c=3ab+2b+c(a+b+c)=(ab+bc+ca)+(c* +2ab)+2b

(1+1+2)° o] 1 1

Tt d6 ta co: < +— +—
(ab+bc+ca)+(c2+2ab)+2b ab+bc+ca c”+2ab 2b

Nhu vay:

ab 1 [ ab ab ab} 1 { ab ab a
— < — +— +—|=— +— +—
3ab+2b+c 16| ab+bc+ca ¢ +2ab 2b 16| ab+bc+ca c +2ab 2

Tur d6 suy ra: Za—szi[ ab + 2(1b +ﬂ}gl_
3ab+2b+c 16| ab+bc+ca c +2ab 2 4

3. K§ thuat thém bét.

Vi du 1: Cho céc s6 thuc duong a,b,¢ sao cho a® +b* +¢* =3. Chimg

minh rang:

1 1 1

+ + >3
2—-a 2-b 2-c

Phén tich: Néu ta ap dung truc tiép bat dang thirc:
2 2 2 2
y z (x +y+ Z) . 1A .y £ X11L
— +—+—2>-~———"— thi phan sau s€ bi nguoc dau. P¢ khac phuc ta
a b ¢ a+b+c

thém b6t nhu sau:

1 1-2m+ma
-mMm=—
2—a 2—a

Xét ta chon m sao cho 1-2m+ma >0 va

s 9 A A A \ \ 2 3A 1
1-2m+ma chi con don gian mot sO6 hang. Pi¢u nay lam ta nghi dén m = 3

Tt do6 ta co cach chirng minh nhu sau:

1 1 1 1 1 1.3 a b c
—_—— > —

> + -
2—a 2 2-b 2 2-c 2 2 2—-a 2-b 2-c

>3
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a’ b? ¢’
2+ 2+
2a—a° 2b-b" 2c¢c-c

2 (x+y+z) (a+b+c)
—2>—"———taco: VT >
C A+B+C 2(a+b+c)—(a2+b2+cz)

=23 Ap dung bat dang thirc:

0

2 2
LA
A B

(a+b+c)2 (a+b+c)2
23— >
2(a+b+c)—(a2+b2+cz) 2(a+b+c)-3

Ta can ching minh:
2 2
< (a+b+c) —6(a+b+c)+920 <= (a+b+c-3) 20

Vi du 2: Cho céc s6 thuc duong a,b,c¢ sao cho ab+bc+ca=3. Ching
1 1 1

minh ring: + + <1
8 a+2 b*+2 *+2
Phan tich:
2
—2m— . 1 )
Xét: 21 —-m= 12’?—”%1 ta nghi dén chon m =—. Khi do ta co:
a +2 a +2 2

<

——+ —— < + + >1
a+2 2 b*+2 2 F+2 2 2 d*+2 BP+2 42

1 1 1 1 1 1 1 a’ b’ c’
+

x>y oz (x+y+z)2

Ap dung bt dang thuc: 7 +E+ —2> ta co:

C A+B+C
: 2 2 +bh+c) .
za + 2b + zc 2 2(a 5 i) . Ta can chung minh:
a+2 b°"+2 ¢ +2 a +b +c +6
(a+b+c)2 (aerJrc)2 o
> 0 2 2 RS >1. Nhung day 1a mot
a - +b"+c"+6 a +b +c +2(ab+bc+ca)

dang thirc. Suy ra diéu phai chirng minh.

Ngoai ra ta c6 thé giai bang cach khac nhu sau:
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2 2
1 1+(b+c) 1+(b+c) .
- = 2 =< 2 - . Tr d6 cong céc bat dang thure
a’+2 ) (b+c) (a+b+c)
(a +2) 1+ 5

cung chiéu ta suy ra diéu phai ching minh:

Chu y: Voi céc gia thiét a,b,c 1a d6 dai ba canh mot tam giac ta can chu y

bién doi dé st dung diéu kién: a+b—-c>0,b+c—a>0,c+a—-b>0

Vidu 3: Cho a,b,c 1a dd dai ba canh mot tam giac. Ching minh rﬁng:

a b c 51

3a—b+c 3b-c+a 3c—a+b

Phan tich:
Ta viét lai: _ 9 = a—m@3a-b+c) . Ta chon m=l khi do:
3a-b+c 3a-b+c 4
a 1 a+b-c

— = =~ Tirdo tacd bat dang thic can chirmg minh
3a-b+c 4 4Ba-b+c)

duoc viét lai thanh:
a 1 b 1 c 1.1
-+ —_——t >
3a—b+c 4 3b-c+a 4 3c—a+b 4 4
a+b—c b+c—a c+a-b
+ + >1.
3a—b+c 3b-c+a 3c—a+b

Ta co

a+b—c+b+c—a+a+c—b) (a+b+c)2 _1
Y(a+b-c)(3a-b+c) C@*+b +cF +2(ab+be+ca)

2

yrs!

Doi véi cdc bat dang thire dang f(a)+ f(b)+ f(c)< M . Ta thuong thém

bét vao mét s6 m dé tir 6 c6 dang binh phirong.
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Vi du 4: Cho céc s6 thuc duong a,b,¢ sao cho abe =1.Chimg minh ring:

1 1 1
5 +— +— <3.
a —a+l b"=b+1 ¢ —c+1

Phan tich:

2
Ta ldy %_mzl m—ma” +ma

" 5 " dé 1—m —ma* + ma phan tich
a —a+ a —a+

duoc thanh: (xa + y)® thi 1—m—ma® +ma =0 c6 nghiém kép. Hay
A=m’+4m(1-m)=0< m(4-3m)=0<m %. Ta viét lai bat dang

4 1 4 1 4
Syt xSl hay
a—-a+1l 3 b"-b+1 3 c¢"—c+1 3
2a-1° (2b-1" (2c-1)
2_ + 2_ + 2_

a —a+l b"=-b+1 ¢ —c+1

thirc thanh:

>3. Ap dung bat dang thuc:

2 2 2 2
x_+y_+z_zm
A B C A+B+C

[2(a+b+c)-3]
(a2+b2+c2)—(a+b+c)+3

ta thu duoc:

. Ta can chung minh:

VT =

[2(a+b+c)-3] 23[(a2 +B +c2)—(a+b+c)+3] hay

(a+b+c)2+6(ab+bc+ca)29(a+b+c)

Ta c6: (ab+bc+ca)’ =a’b* +b’c’ +c*a’ +2abc(a+b+c)
> a’be+b’ca+cab+2abc(a+b+c)=3abc(a+b+c)=3(a+b+c). Taquy
bai toan vé chimg minh: (a+b+c) +6,3(a+b+c)>9(a+b+c). Pat

t=\[3(a+b+c) =t>3.Taco bat ding thire tré thanh:
4

%+6t23t2 S 11 =270 +541 20 (£ 271 +54) = 1(1=3)(1+6) 2 0.

Diéu nay 13 hién nhién. D4u bang xay ra khi va chikhi a=b=c=1.
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Cho céc sb thuc duong a,b,c¢ sao cho a® +b* +¢* =3. Ching minh ring:

a b c 1
<

2 + 2 + 2 - .
a +2b+3 b°+2¢c+3 ¢ +2a+3 2

Mot sb cach thém b6t khong mau muec:

Vi du 5: Cho céac s6 thuc duong a,b,c saocho a+b+c=1.

2 2 2
Chung minh: N b £ < !
3a+1 3b+1 3c+1 18(ab+bc+ca)
Giai:
2 2
Tach: —2— = l 3 = 1 a— j . Vi véy ta quy bai toan vé chimg
3a+1 3 3a+1 3 3a+1
minh: b ¢ ! >1

- + +
3a+1 3b+1 3c+1 6(ab+bc+ca)

Ta cb: z a > (Cl+b+c)2 3 1
" T3a+1 a(3a+1)+b(3b+1)+c(3c+1) B 3(a2 +b? +c2)+1

1 1 S 4 1

+ >
3(a2+b2+c2)+1 6(ab +bc +ca) 3(a+b+c)2 +1

Suyra VT >

Vi du 6: Cho céc sd thuc duong a,b,c¢ sao cho a+b+c=1.Ching minh:

5 b ¢ a 21+a+1+b+l—i-c
l-a 1-b 1-c

a b c
Giai:

l+a 2a A1 K, a2 . .
Do —= +1 nén ta viét lai bat dang thuc thanh:

l-a b+c
b ¢ a a b c 3 ., a a ab n N
—F—+—2 + + +—.Laico: —— = nén ta sé
a b ¢ b+c c+a a+b 2 ¢ b+c c(b+c)
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ab > i Ap dung bt dang thic Cauchy Shwarz ta co:

chimg minh: Y, >
8 cb+c) 2

5 ab _y a’b’ 2(ab+bc+ca)2
c(b+c) abc(b+c) 2abc(a+b+c)

(ab+bc+ca)2
2abc(a +b+c)

Ta can ching minh: > % nhung day la bai toan quen thudc.

Vi du 7: Cho céc s6 thuc duong a,b,c¢ sao cho ab+bc+ca =1.Ching

minh: a+b+c+ ab + be + ca 23\/5
b+c c+a a+b 2

Giai:

A A g N b a’ A1 A
Nhéin 2 vé v6i a+b+c vachay: (a+b+c)=ab+ . Ta viét bat

b+c b+c
dang thirc can ching minh thanh:
2 2 2
(a+b+c)2+1+ ab be , ca 23\/§(a+b+c)
b+c c+a a+b
a’b b’c cta (ab+bc+ca)2 1

Ta co: > =

b+c c+a a+b‘zmb+cy+dc+ayhna+b)_(a+b+cf_1'

1 33

Cubi cung ta chirng minh: (a+b+c)2 +1+ — 2 (a+b+c).
(a+b+c) -1 2

Nhung %(a +b+c)< %[(a +b+c)2 +3} nén ta quy vé:

1

a+b+c) +l4——
( ) (a+b+c)2—1

> i[(a +b+ c)2 +3} . Danh cho hoc sinh.

4). PHUONG PHAP DAT AN PHU.

Tuy theo bai toan ta co thé chon mot trong cac cach dat an phu sau:
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1). (a,b,c)—> l,
a
2). (a,b,c)—>

3). (a,b,c)—) @ E @]

a b’ ¢
2 2 2
4). (a,b,c)—> kL & kLJ

9 9
bc  ac  ab

kbc kca kab
5) (a,b,c)—) 7,b—2,c—2j
Vi du 1: Cho céc s6 thuc duong x, y,z sao cho xyz =1. Ching minh rang:

1 1 1
> +— +— >1.
x+x+1 y +y+1 z7+z+1

Phin tich: Néu ap dung tryuc tiép bat dang thuc:
X v 22 (X+v+z)
—_—t—t—>—

> thi bt dang thurc tiép theo bi nguoc dau.
A B C A+B+C

Dé khong bi nguoc dau ta thay (x,y,z) > (b—f,Z—?,a—?] hi bat dang thirc
a c
can chimg minh tré thanh:
at b* c*

4 2 22+4 2 22+4 2 2221(*)
a +a'bc+b’cc b*+bac+acc ¢ +cab+a'b

. (L o2 X2 7 72 (X+v+z)
Bay gio 4p dung bat dang thuc: —+—+—2= (—) ta co:
A B C A+B+C
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(a2 +b* +¢* )2

a' +a*bc+b*c* +b* +brac+a’c’ +ct +cfab+a’h

VT > . Ta can chimg

2
minh:
(a2 +b*+¢? )2
at+a’*bc+b*c® +b* +b*ac+a’c* +ct +ctab+a’h
o b +a’c* +a’b? > abe(a+b+c). Nhung day 1a két qua quen thudc.

_>1

Vi du 2: Cho céc s6 thuc duong x, y,z sao cho xyz =1. Ching minh rang:

1 1 1 1
> —

(x+1)(x+2) (y+1)(y+2) (z+1)(z+2) 2’

Phan tich:

bc ac ab | ;. .. 3 . s
bat x=—;y= =—- bat dang thirc can chirng minh tr¢ thanh:

2 ’
a b

4
)y oa ba)( 50 > % Ap dung bét dang thic:
a’ +bc)(a’ +be

Yy z (X+Y+Z)2 ,
_t—t—>-——~taco:
A B C A+B+C

Z(a2 +b* +c2)2
T>
Y(2a* + bc)(a® +bc)
2%(a® +6* +¢*) 2 3(2a* +be)(a’ +be)

. Ta can ching minh:

& a’b? +b’c? +c*a’ > abe(a+b+c). Pay 1a két qua quen thudc.

Vi du 3: Cho 3 s thuc duong x, y,z . Chirng minh rang:
\/2x +\/2y +\/22 <3
x+y \\y+z Vz+x

Giai:
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bat x= % y= 2; =5 Bit dang thirc can chimg minh tré thanh:
c a
a’ \/ b’ \/ c’
+ + — . Ap dung bit dang thirc
\/a2+bc b* +ac c+ab f P 8 8

Bunhiacopxki ta co:

a’ b’ c? 2 a a(a+b)a+c)
ZL\/a2+bc+\/b2+ac+\/cz+abJ S(z(a+b)(a+c)j(z a’ +bc j

Mat khac ta co: 8(a+b+c)(ab+bc+ca)£9(a+b)(b+c)(c+a). Mat

a B 2(ab+bc+ca)
(a+b)a+c) - (a+b)b+c)c+a) 4a+b+c)

khéc ta co: 2,

. Ta quy bai

a(a+b)a+c)

toan vé ching minh: Y, 5
a +bc

<2(a+b+c). Mat khéc ta co:

ala+b)a+c) a*(b+c)
2 =at—

a +bc a +bc

Zazz(b+c)

a +bc

. Ta quy bai toan vé chirng minh:
<a+b+c

KY THUAT POI XUNG HOA.

Vi du 1: Cho céc s6 thuc duong a,b,c . Ching minh:

\/a+b \/b+c \/c+a

Giai:
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2
Ta co: 1/2a a+c L 1/2(1 a+c) } <
Va+

a+b (a+c (a+b)(a+c)

a b c
2(a+b+0){2'(a+b)(a+c)+(b+c)(b+a)+(c+a)(c+b)}
3 8(a+b+c)(ab+bc+ca)

(a+b)(b+c)(c+a)

Bay gid ta can chimg minh:
8(a+b+c)(ab+bc+ca)
(a +b)(b+c)(c+ a)

Nhung day 1a két qua quen thudc:

S9<:>8(a+b+c)(ab+bc+ca)S9(a+b)(b+c)(c+a)

Vi du 2: Cho céc s6 thue duong a,b,c . Ching minh:

\/ a \/ b \/ c 3
+ + <=
a+b+2c b+c+2a c+a+2b 2

Giai:
Ta co:
a+2b+c) 5 a(a+2b+c) ’
= <
\/a+b+2c Jla+b+2c)(a+2b+c) J(a+b+2c)(a+2b+c)
4 >+3Xab
I:Za(a+2b+c):| z 1 _ (Za + Za )(Za)
(a+b+20)(a+2b+c) (a+b+20)(a+2b+c)(b+2a+c)
‘ , 4(Xa’+3%ab)(Za) 9
Ta can chung minh: < —. Sau khi khai

(a+b+2c)(a+2b+c)(b+2a+c) 4

trién va thu gon thi duoc: 2(a3 +b’ +c ) >ab(a+b)+bc(b+c)+ca(c+a).
bay la bai toan quen thudc.

Vi du 3: Cho céc s6 thuc duong a,b,c¢ sao cho a+b+c=1

THCS.TOANMATH.com



ab bc ca < Q
2

7 inh: + + <
Chimg minh: \/ab+bc x/bc+ca \/ca+ab

Giai:

S(a+b ]{2

a+c)(a+b) (a+b)(b+c)(c+a)

Ta co: ab Zb ) suy ra
Nab+bc Va+c a+c)(a+b)

Z a+b a’b (Za)[2a2b2+achaJ
(a+c) a+b

Ta cin ching minh:
Z(Za)[zazbz+abcza] 1
< — 4 272
(a+b)(b+c)(c+a) <2c> (Za)[Zab +acha}

<(a+b+c)(a+b)(b+c)(c+a).Khai trién va thu gon ta quy veé:
ab(a2 +b2)+bc(b2+cz)+ca(c +a ) ( b’ +bc? +cza2). Nhung bat

dang thirc nay 1a hién nhién dung theo BPT ¢6 si:
BAI TAP REN LUYEN.

Cho céc s thuc duong a,b,c . Ching minh rang:

a b c a+b+c
1) 2 2+ 2 2+ 2 22
b +bc+c® ¢ +cat+a ¢ +ca+ta ab+bc+ca
a b c a+b+c
2) + >

az+ab+bz+bz+bc+c2 > +ca+a® at+b*+ct
3)  (a’+3)(p*+3)(* +3)24(a+b+c+1)

3 3 3
4) ab2+ bc2 cazzabc(a+b+c)
1+ab” 1+bc™ 1+ca 1+ abc
a’ b* c?
5) >+ >+ >=1v6iat+b+c=3
a+2b° b+2¢” c+2a
6) ab + be +— 1(a+b+c)

a+3b+2¢ b+3¢c+2a c+3a+2b 6
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ab’ bc? ca’ < a+b+c

7 + + <

) a’+2b*+c* b +2ct+at P +2a0 + b 4

8) 12 + 12 + ——21v6ia+tb+c=3.
2ab”+1 2bc"+1 2ca” +1

gp  2atb 3btc 3¢Hd. 4 Vi abic 1ado dai3 canh tam gide
2a+c¢ 2b+a 2c+b

10) 109D ¢ TR S iy be 12 do dai 3

b+c c+a a+b a +b +c 2

canh tam giac

ab bc ca
11 + + — biét b,c >0 sao cho khon
) \/a2 +b* \/b2 +c? \/02 +a’ f o= 8

6 2 s6 nao dong thoi bang 0 va a® +b* +c¢* = 2(ab+bc +ca) .

12) a . b ¢ <1 biét a,b,c>0 sao cho
\/4a+3bc \/4b+3ca \/4c+3ab
khong c6 2 sb nao dong thoi bang 0 va a+b+c=2.
HUONG DAN GIAI BAI TAP
) — a - b - c > a+b+c
b*+bc+c” ¢ +cat+a ¢ +ca+a ab+bc+ca
; a a’
Ta co: = - Suy ra

b*+bc+c*  ab’+abc+ac
2 2
a+b+c
2 - 2 2 2 g 2 ) 2
ab” +abc+ac® ab”+ac” +bc” +ba” +3abe

(a+b+c)2 . a+b+c

Ta can ching minh: 5 > 5 5 >
ab” +ac”+bc” +ba” +3abc  ab+bc+ca

= (ab +bc + ca)(a +b+ c) >ab® +ac® +bc’ +ba’ +3abc (Nhung day 1a
hing dang thirc)

2) Tacéd: ab+bc+ca<a’+b>+c’
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b c a+b+c
+

Suy ra >
b*+bc+c* F+ca+a’ FHca+al at+bP+cf

R e ) R e

2
T d6 suy ra 4(a+b+c+l)2 S4(a2 +3){1+M . Ta chiing minh:

3 3+(b+c+1)2}£3(b2+3)(

4(a’ +3){1+M} <(a +3)(b* +3)(c" +3) > 4

Bét dang thtc ndy twong duong véi:

43+ (b+c+1) |<3(5*+3)(¢* +3) © 4[4+ b7 + +2be+2b+2¢ | <97 +9¢7 +3

& 5(b* +¢*)+3b°c? —8(b+¢)~8bc+132 0. Ta viét lai bit dang thirc trén

thanh: 5(b”+c”)-2bc-8(b+c)+8+3(bc—1)" 20.

Ta cd b* +c¢* > 2bc, Z(b2 +cz)2(b+c)2 :>4(b2 +cz)22(b+c)2.Nén
5(1)2+02)—2bc—8(b+c)+8+3(bc—l)2 >2(b+c)’ —8(b+c)+8+2bc—2bc+3(bc—
=2(b+c—2) +3(bc—1)* > 0. Déu bing xay ra khi va chi khi a=b=c=1

a’b b’c c’a abc(a+b+c)
2 + 2 + 2 2
l+ab® 1+bc” 1+ca 1+abc

4)
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3 472 2
Ta co: ab __ abe Suy ra
Cl+ab®  abc’ +a*bict

2
a’b a‘bic? (a2bc+b2ac+c2ab)
1+ ab* abc® +a’b’c*  abc? +a*b’c? +bea’ + b c’a’ + cab® + ¢t a’h?
2
a’b*c? (a +b+ c)

abc® + a*b’c* + bea® + b*a’ + cab® + a’h?

Ta ching minh:
a’b’c’ (cl+b+c)2 S abc(a+b+c)
abc® + a*b’c* + bea®* +b*a’ +cab® + Fa’ht 1+ abc

(1 + abc) abc(a+b+c)>abc® +a’b’c® +bea” +b’c’a’ +cab® +c’a’h’ . Day

1a dang thirc.DAu bang xay ra khi va chi khi a=b=c.

2 4
a a

5) -

a+2b*  a*+2a°h*

2 _ at (a2+b2+02)2
a+2b> T d+2ad0 YaP+234%D
(az+bz+cz)2

3 2221
Ya +2>ab

Suy ra 2, . Ta chirng minh:

2 2 2\2
(a +b tc 4 4 4 3 3 3

5 s>2l<a +b +c" 2a +b’ +c
Ya +2>a’h

Hay

Ta can chung minh: a* +b* +¢* > a* +b* +¢* v6i a+b+c=3. Ta chimg

minh:
3(a4+b4+c4)2(a3+b3+c3)(a+b+c)<::>2(a4+b4+c4)2ab<az+bz)+bc(bz+c2
Dé ¥ rang:
2(a4+b4):(a2+b2)2:(a2+b2)(a2+b2)22ab(a2+b2)<:>a4+b42ab(a2+b2)

. Cong ba bit dang thirc cting chiéu ta suy ra diéu phai ching minh:

6) Ta co:
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1 1 1( 1 1 1) ab 1( ab
= <— + +— = <— +
a+3b+2c (a+c)+(b+c)+2b 9\a+b b+c 2b a+3b+2c 9\a+b
Tuong tu ta c6 2 bat déng thirc nira va cong lai thi thu dugc:

ab bc ca l(ab ab 1 bc bc 1 C
+ + <— + +—a+ +—b+—
a+3b+2¢c b+3c+2a c+3a+2b 9\a+c b+c 2 b+a c+a 2 C-
ab + be 4« Sl(a+b+c)
a+3b+2¢c b+3c+2a c+3a+2b 6
ab’ bc? ca’ a+b+c
7) Taco + + <
) at+2b*+c* b +2ct+at A +2a7+b 4
ab> bl (a+b) | _b[ & ¥
a+2b*+c* Al aP+bP+bP+ct | 4l P+ b+t
Suy ra

b a’ b* c b* ¢’ a a’ ¢’ a+b+c
V<~ =+ 53— |t 3+t 7 |t 7 =+t=7 =|~
4\ a”+b- b +c 4\ b°+c° ¢ +a 4\ a”+b- c" +a 4

1 1 1
—+ —+ 5 >1
2ab”+1 2bc”+1 2ca” +1

2
, c
Ta co:

= suy ra
2ab* +1 2ab*c* +c* 4

VT > (a+b+c)2

At + b+t +2a°b e+ 2aPbet + 2ab’

2
(a+b+c) >1 b b > 2b2 Zb 2 b2 2
— P — s~ 21<ab+bec+caza’b’c+abe” +abc
a +b +c +2abc+2abc” +2ab’c

. Ta chung minh:

< ab+be+ca>abe(a+b+c) < abe <1. Theo bét ding thire C6 si ta co:

3=a+b+c>3abc =3 = abc <1 la diéu phai ching minh.

THCS.TOANMATH.com



3a+b e a(3-2m)+b—mc
2a+c 2a+c

9) Ta xét:

3a+b_1_ a+b-c

Chon m =1 dé xuét hién:
2a+c¢ 2a+c¢

Khi d6 ta c6: Bat dang thirc can ching minh c6 dang:
a+b—-c b+c—a c+a->b
+ >1
2a+c 2b+a 2c+b

(a+b—c+b+c—a+c+a—b)2 (a+b+c)2
Suyra VT > = > =1.DPpcm
2(a+b-c)2a+c) (a+b+c)

10) Ta viét lai bat dang thtrc thanh:

a 1 b 1 c >1 ab+bc+ca

- N ot 72
b+c c+a a+b 2 a +b +c

b+c—a+a+c—b+a+b—c S (a+b+c)2
b+c c+a a+b _2(a2+b2+02)

) 4(a+b+c)2 (a+b+c)2
Taco VT > =
Z(b+c—a)(b+c) 2(a2+b2+(:2)

ab _ab\Na’ +b> _ \[2ab

11) Ta co: = > .
) a’+b* a’+b’ a’+b*

3 2ab 2bc 2ca
Ta quy bai toan vé chirng minh: + + >1.Ha
quy S a’+b* b+t C+d’ y

2 2 2
(a+b) +(b+c) +(c+a2 > 4 Thit vy ta cb:

a+b> b+t P +a
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s 4(a+b+c)2 ~ 4(a+b+c)2
B 2(a2+b2+cz) N (a2 +b* +cz)+2ab+2bc+2ca

ra khi va chi khi a =b,c =0 va cac hoan vi.

=4 . Dau bang xay

12) Ta co: Vng(a+b+c)(4 a3b +4b b3 +4 C3 bj
a+ C + 5ca C +3a

=2 I b +—° . Ta chimg minh:
4da+3bc 4b+3ca 4c+3ab

a b c < l

+ + <
da+3bc 4b+3ca 4c+3ab 2

1 a 1 b 1 c
@__
4

+—— +—— Zl
4a+3bc 4 4b+3ca 4 4dc+3ab 4

bc ca ab 1
= + + = —.
da+3bc 4b+3ca 4c+3ab 3

Ta co:

VT > (ab+bc+ca)2 B (ab+bc+ca)2
- 3(612b2 +b’c* +cfa’ +4abc) 3(612172 +b'c* +cta’ +2abc(a+b+c))

1
3
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