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CHU DE 1: TU GIAC

Dang 1. Tinh sé do géc ciia tir gidc
e Phwong phdp: Van dung dinh 1y tong 4 goc cia tir giac, tinh chat goc ngoai cua tam giac,
hai goc bu nhau, phu nhau
e Bai tap vin dung:
Bai 1.1 Cho tr giAc ABCD, A— B=40°. Céc tia phan giac cia géc C va goc D cit nhau tai O.
Cho biét COD =110°. Chting minh ring AB | BC .
o Tim cach gidai B
Mudn chirng minh AB | BC ta chimg minh B =90°.
D3 biét hiéu A— B nén can tinh tong A+ B.
o Loi gidi:
Xét ACOD cb COD = 180°—(52+52) = 180°—¥

(Vi ¢, =C,; D, =D,).
Xét tir gitc ABCD co: C+D :360°—(Z+1§), do d6
360°—(4+ B A+ B

COD =180°— :180°—180°+T

Vay EOT):#. Theo d& bai COD =110° nén A+ B = 220°.

Miit khac, A— B =40° nén B =(220°—40°):2=90°. Do d6 AB L BC.

Bai 1.2 Cho tir gidc ABCD ¢6 A+ B =220°. CAc tia phan gidc ngoai tai dinh C va D cét nhau tai
K. Tinh s6 do cua goc CKD.
Loi giai:
Xét ti giae ABCD ¢6: A+ B =360° —(6 4 B)

~ ~

(ﬁc+ﬁc\y=(180°—D)+(180° ~C)=360' —(6+5)

Suy ra: C/Ec+5(?y=2+l§=220°

_ CDXHCDY _ 160, Do d6 D,+C, =110°.

Xét ACKD ¢b: CKD =180°(D, +C, | =180°~110°=70°

Bai 1.3 Tt gidc ABCD co A=C. Chung minh rang cac duong phan giac cua goc B va goc D song
song voi nhau hodc trung nhau.
Loi gidi:
Xét tir giac ABCD co: B+D =360° —(;1 + 6‘) =360°—2C.

—~~

Vi B =B,, D,=D, nén B, +D, =180°—C = B, + D, + C =180°.

(1)
Xét ABCM ¢b B, +M,+C =180°. (2)
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Tu (1) va (2) suy ra D, =M, . Do d6 DN // BM .

Bai 1.4 Tu giac ABCD c6 AB = BC va hai canh AD, DC khong bang nhau. Pudng chéo DB la
duong phan giac ctia goc D. Ching minh rang cac goc dbi cua tir gidc nay bu nhau.

o Tim cach gidai

, B
Dé chung minh hai goc A va C bu nhau ta tao ra mdt goc
thir ba lam trung gian, goc ndy bang goc A chang han.
Khi dé chi con phai chirng minh géc nay bu voi goe C A
E

e Loi gidi: D

C

- Xét trwong hop AD <DC
Trén canh DC lay diém E sao cho DE = DA

A
Ta c6: AADB= AEDB (c.g.c) = AB=EB va ;1:2?\1
Mait khac, AB = BC nén BE BC. e
Vay ABEC céan = C= B
Ta co: El +E2 :180°:>A+C:180°.
Do dé: B+ D = 360°—180° = 180°.
c

- Xét trwomg hop AD > DC b
CMTT nhu trén, ta dugc: A+ C =180°; B +D =180°.
Bai 1.5 Tu giac ABCD c¢o A=1 100,]§ =100° Cac tia phan giac cta cac goc C va D cit nhau & E.
Céc duong phan gic ciia cac goc ngoai tai cac dinh C va D cit nhau ¢ F. Tinh ﬁ), CFD
Loi giai:
TG gidc ABCD ¢6 C+D=360"—A—-B =360°-110"-100° = 150"

R - AT 0
nén C, +Dy =C+D =150

B
AA %
— ~ A~ D L2 2N C
ACED c6 CED =180" -(C,+ D) =180° 75" =105".
Vi DE va DF la céac tia phan gidc cua hai goc ké bu nén
F

=75".

DE L DF. Tuong ty, CE L CF

Xét tir giac CEDF:

Co: F=360°—E—ECF - EDF =360° —105° —=90° —90° = 75°
Bai 1.6 Cho tir giac ABCD. Chtrng minh rang tong hai goc ngoai tai hai dinh A va C bang tong hai
gbc trong tai hai dinh B va D.

Loi gidi: R ~ W
Goi cac goc trong cua dinh A va C 1a A: va C; con cac goc 1 B
ngodi clia dinh A va C 1a A» va Ca.
Ta cé: A+ A, =180 (hai géc ké bu)
Ci+C, =180° (hai gbc ké bu) 1\ 2
D C

Suy ra: A> =180°— A, va C, =180° - C,

= A +C=360-A-Ci (1)
Talai c: A1+B+Ci+D=360° (téng4 gbc tir giac)
= B+D=360"-A,-C  (2).Tu(1)va(2) = B+D=A,+C>
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Bai 1.7 Chimg minh rang trong mot tir gidc, tong hai goc ngoai tai hai dinh bang tong hai goc

trong tai hai dinh con lai.
Loi gidi:
e Truwong hop hai géc ngoai tai hai dinh ké nhau
Goi a , Z)\l 1a s6 do hai goc trong; l/)\2 , l/)\z 1a s6 do hai goc

B

ngoai tai hai dinh ké nhau 1 C va D. Ta co:
C,+D, =(180°~G, ) +(180°~D,)=360°~(G + D, ). (1)

Xét tir giac ABCD c6: A+ B :3600—(61 +Bl). 2)

Tur (1) va (2) suy ra: 6; +l/)\2 =A+B.
Trwong hop hai géc ngoai tai hai dinh doi nhau (xem VDy)
Bai 1.8 Cho tir giac ABCD ¢6 AD =DC=CB; C=130°; D=110°. Tinh s do goc A, goc B.
(Olympic Toan Chau A - Thai Binh Duong 2010 )
Loi gidi P E
V& duong phan gidc cta cac gobc C va D ching cat nhau
tai E.

Xét AECD ¢6 @:1800—%:600.

AADE = ACDE (c.g.c) = AED = CED = 60°. :
ABCE = ADCE (c.g.c) = BEC = DEC = 60°.

Suy ra AEB =180° do d6 ba diém A, E, B thang hang

Viy. Do d6 ABC =360°—(65°+110°+130°) = 55°.

Bai 1.9 Cho tir giac ABCD, E la giao diém cia cac dudng thing AB va CD,F la giao diém cua
cac duong thang BC va AD. Cac tia phan gidc ciia cac goc E va F cit nhau ¢ 1. Chimg minh

rang :
a) Néu BAD =130",BCD =50° thi IE vudng goc véi IF.
b) Goc EIF bang nira tong ctia mot trong hai cip goc ddi cua tir gidc ABCD.
Loi gidi
a) Xem cach giai tong quat & cu b
b) Gia sit E va F ¢0 vi tri nhu trén hinh bén, cac tia phan giac
clia cac goc E va F cit nhau tai I Truéc hét ta ching minh
r?mg BAD +C = 2EIF.
Thay viy, goi H va K 14 giao diém cua FI v6i AB va CD
Theo tinh chit gbc ngoai ciia tam gidc ta co:
B/A\D:ﬁ1+oc, 62121 -

nén BAD+C = H, +Ki = (EIF + ) + (EIF - ) = 2EIF
Do d6 EIF = (BAD+C):2
Bai tip tw gidi

Bai 1. Cho tir gidc ABCD ¢6 B=100°,D =80° va CB=CD.

a) Néu A-C=40°, hay tinh cac goc chua biét cua tir giac.
b) Chung minh BAC = DAC.

Bai 2. Néu cach v& tir giac ABCD biét A =130°,B=80",C=70°,AB=4cm va CD =5cm
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Bai 3. Tu gidc ABCD c6 A-B=50". Cac tia phan giac cta cac goc C va D cit nhau tai I va
CID =115". Tinh c4c gbc A va B.

. - A A 4 .
Bai 4. Cho tir gidc ABCD c6 B=120", D=60"va z s Tinh cac goc con lai.
Bai 5. Tinh cc gbc trong va ngoai cua tir giac PQRS, biét: s6 do goc ngoai tai dinh R va sb do goc

P cling bing 80°, Q—S = 60°
Dang 2. So sdnh cdc d¢ dai doan théing
o Ly thuyét:
Dinh Iy vé tr gidc 16i: Néu tir gidc ABCD la tir gidc 16i khi va chi khi hai dwong chéo AC va
BD cadt nhau
e Bai tip
Bai 2.1 T giac ABCD c¢6 tong hai duong chéo bang a. Goi M 1a mot diém bat ki. Tim gia tri nho
nhat cua tong MA+ MB+ MC + MD .
e Tim cach gidai
Pé tim gié tri nho nhat ctia tong MA + MB + MC + MD ta phai
ching minh MA+ MB+ MC + MD >k (k 12 hang sd).
Ghép tong trén thanh hai nhom (MA +M C) + (MB + MD) .

Ta thay ngay c6 thé dung bat dang thirc tam gidc mo rong.

e Trinh bay loi gidi

Xét ba diém M, A, C c6 MA+MC > AC (dau “="xay rakhi M € AC).

Xét ba diém M, B, D ¢c6 MB+ MD > BD (dau ‘=" xay ra khi M € BD).

Do d6: MA+MB+MC +MD>AC+BD=a.

Vay min (MA +MB+MC+ MD) = a khi M trung véi giao diém O caa duong chéo AC va BD.

Bai 2.2 Tu giac ABCD c¢6 O la giao diém cua hai duong chéo, AB=6,0A=8, OB=4,0D=6.
Tinh d¢ dai AD.
e Loi gidi:
Ké AH L BD. Pit BH = x, AH = y. Ap dung dinh ly
Pytago vao cac tam giac vuong ABH va AOH, ta co:

x> +y> =36
(x+4) +y* =64

135

Giai hé trén ta tim dugc: x =—;y

o | W

Ap dung dinh 1y Pytago vao cac tam giac vuéng ADH, ta co:
AD?* =HD’ + AH’ =11,5° +% =166 = AD =+/166

Bai 2.3 Cho tir gisc MNPQ. Chting minh raing néu MN = NQ thi PQ <MP.
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e Loi gidi: 7

Goi O 1a giao di€m hai duong chéo MP va NQ

Taco: MN <MO + ON va PQ < PO+0Q (Bdttam giac)
suy ra MN+PQ<MP+NQ ;

ma MN =MP (gt) nén PQ < NQ

‘L

P

Bai 2.4 C6 hay khong mot tur gidc ma do dai cac canh tilé voi 1, 3,5, 10 ?
o Loi gidi:
Gia str tr giac ABCD c¢6 CD la canh dai nhat.
Ta s& chirng minh CD nho hon téng ciia ba canh con lai (1).
That vay, xét AABC ta cd: AC < AB+ BC.
Xét AADC c6: CD< AD+ AC.Do d6 CD < AD+ AB+ BC.
Ta théy néu cac canh ti 1& véi 1, 3, 5, 10 thi khong théa man
diéu kién (1) nén khong ¢ tr giac nao ma céac canh ti I¢ voi 1, 3, 5, 10.

D

Bai 2.5 T giac ABCD c¢6 hai dudng chéo vuodng goc. Biét AB=3; BC =6,6; CD = 6. Tinh d¢ dai
AD.

e Loi giai: 2

Goi O 1a giao diém cua hai duong chéo.

Xét AAOB, ACOD vudng tai O, ta c6: 6.6

AB*+CD? =04 +OB*+0C* +OD". y

Ching minh tuong tu, ta dugc: L Loh c
BC? + AD* = OB* + OC* + OD* + 04> N

Do d6: 4B* +CD? = BC* + AD*.
Suy ra: =3 4+6"=6,6+AD’ = AD* =9+36-43,56=1,44= AD=1,2

Bai 2.6 Ching minh rang trong mot tr giac tong hai dudng chéo 16n hon ntra chu vi nhung nhé
hon chu vi cua tr giac.

o Loi gidi:

Goi O 1a giao diém cta hai dudng chéo AC va BD cuia tir
giac ABCD.

Goi do dai cac canh AB, BC, CD, DA lan lugt la a, b, c, d.
Vén dung bit dang thirc tam giac ta duoc:

OA+OB>a; OC+0OD>c

Do d6 (04+0C)+(0OB+0D)>a+c

hay AC+BD>a+c. (1)
Chiing minh tuong tu, ta dugc: AC+BD >d+b. (2)

a+b+c+d

Cong timg vé ctia (1) va (2), ta duoc: 2(AC+BD)>a+b+c+d = AC+BD >
Xét cac AABC va AADC tacod: AC<a+b; AC<c+d =>2A4AC<a+b+c+d.(3)
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Tuong tu co6: 2BD<a+b+c+d. (4)
Cong timg vé clia (3) va (4) duge: 2(AC+BD)<2(a+b+c+d)= AC+BD<a+b+c+d.

Tur céc két qua trén ta dugc didu phai chimg minh.

Bai 2.7 Cho bbn diém A, B, C, D trong d6 khong co6 ba diém nao thing hang, bit ki hai diém nao
cling c6 khoang céch 16n hon 10. Chirng minh rang ton tai hai di€ém da cho c6 khoang céch 16n hon
14.

e Trudc hét ta ching minh mdt bai toan phuy:

A~ H
Cho AABC, A >90°. Chitng minh: BC* > AB’ + AC? AP 4
Gidi
V& BH 1 AC.Vi A >90° nén H nim trén tia dbi cua tia . / c
AC.

Xét AHBC va AHBA vudng tai H, ta co:
BC® = HB® + HC* =(AB> ~ HA® )+ (HA+ ACY’
= AB* —HA* + HA* + AC* +2HA.AC = AB* + AC* +2HA.AC .
Vi HA.AC >0 nén BC*> > AB* + AC* ( dau “=" xay rakhi H = 4 tuc 1a khi AABC vudng).
e Van dung két qua trén dé gidi bai toan da cho
A

Hinh b

Hinh a

Trwong hop tir giac ABCD la tir gidc 16i (h.a)

Ta co: A+B+C+D=360°.

Suy ra trong bén goc nay phai c6 mot goc 16n hon hodc bang 90°, gia sir A>90°.
Xét AABD tacd BD* > AB* + AD* > 107 +10% =200 suy ra BD >~/200, do d6 BD > 14.
Truong hop tir giac ABCD la twr gidc lom (h.b)

N&i CA, Ta co: ACD + ACB + BCD =360°.

Suy ra trong ba goc ndy phai c6 mot goc 16n hon hodc bang 120°.

Gia sit ACB>120°, do d6 ACB 1a goc tu

Xét AACB cb AB> > AC* +BC* >10° +10* =200.

Suy ra 4B >~/200 = AC >14.

Vay ludn ton tai hai diém da cho c6 khoang cach 16n hon 14.

Bai 2.8 Cho tir giac ABCD c¢6 d6 dai cac canh 1a a, b, ¢, d déu la cac sb tu nhién. Biét tong
S=a+b+c+d chia hét cho a, cho b, cho ¢, cho 4. Chirng minh rang ton tai hai canh cua t
gidc bang nhau.
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o Loi gidi
Ta chimg minh bang phuong phap phan ching.
Gia st khong c6 hai canh nao cua tir gidc bang nhau.
Tacothé giastr a<b<c<d.
Taco: a+b+c>BD+c>d.
Do d6 a+b+c+d>2d.
Tadit a+b+c+d=S thi §>2d.(*¥)
Ta c6: Sfa:>S:ma(m€N) (1)
Sib=S=nb(neN) (2)
(PeN) (3)
Sid=S=qd (qeN) (4)
T (4) va (*) = gd >2d dodo ¢>2.
Via<b<c<dnéntu(l),(2),(3),@)suyram>n>p>q>2.
Dodbé ¢g>3,p>4,n>5m>6.

Sic=S=pc

1 al b1 ¢ 1 d
Tu (1), (2),3),(4)suyra —=—; —=—; — = —; — = —.
(D, @), G), Wy suyra =0 =6 =0 =
Taco: +4opiqpisty Ly 1 atbtetd
6 5 4 3" m n p gq S

Tirdo: 22 >1, v li.
2\ 20 1 N
Vay diéu gia su 1a sai, suy ra ton tai hai canh cta tr giac bang nhau.
Bai 2.9 Cho tir gidic MNPQ. Biét chu vi tam giac MNP khong 16n hon chu vi tam gidc NPQ,
chung minh MN <NQ.
e Loi gidi:
Ta c6: Chu vi AMNP : MN + NP + MP N
Chu vi NPQ: NP +PQ+NQ M
Theo giai thiét, ta c6 MN + NP +MP < NP +PQ+ NQ
Suy ra MN + MP < PQ +NQ (1)
Theo bai 8, ta c6: MN+PQ<MP+NQ (2)
Cong cac bat dang thirc (1) va (2) theo ting vé, ta cd 0 P
2MN +PQ+MP < 2NQ+MP +PQ . Suy ra MN < NQ

Bai 2.10 So sanh d6 dai canh AB va dudng chéo AC cua tir giac ABCD biét rang chu vi tam
giac ABD nho hon hodc bang chu vi tam giac ACD.

o Loi gidi:

Ta c6: Chu vi ABD=AB+BD+ AD

Chuvi ACD=AC+CD+AD p

Theo gia thiét: AB+BD+AD < AC+CD + AD

= AB+BD<AC+CD (1)

Mit khéc ta c6: AB+CD < AC+BD (2) (két qua bai 8)

Cong (1) va (2) vé theo vé ta duoc: D c

2AB <2AC = AB<AC
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Bai 2.11 Liy trong t&r giac MNPQ mét diém O. Goi CV 1a chu vi cua t gidc. Chimg minh

CTV<OM+ON+OP+OQ< 3CV

e Loi gidi:

Ta co6 MN <OM +ON <MQ+PQ+NP
NP < ON +OP < MN + MQ + PQ
PQ<OP+0Q <MQ+MN +NP

MQ < OM +0Q < MN + NP + PQ 0

Cong cac bat dang thirc trén theo ting vé, ta c6 0 p
CV <2(0M+ON+OP+0Q)<3.CV

Vay: %<OM+ON+OP+OQ<%

<

Bai 2.12 Chimg minh t&r gidc ABCD 1a tir gidc 10i khi va chi khi hai duong chéo AC va BD cit
nhau.
o Loi gidi:
a) Cho tir gi\c ABCD 16i. Can chirng minh hai dudng chéo AC
va BD cit nhau.
Do tir gidc ABCD 151 nén B va C cing nim trén nira mit
phang bo chira AD.
Gia st DAB<DAC, khi d6 tia AB ndm giita hai tia AD va

B
A N A 1o A C
AC nén AB cdt canh DC (V0 1y). W
Vay DAB > DAC. Do d6 tia AC ndm gitra hai tia AB va AD 5

tic 1a AC cit doan thang BD q
Chung minh tuong ty, ta c6 tia BD cat doan thang AC. Vay
hai duong chéo AC va BD cat nhau.

b) Cho tir gidc ABCD c6 hai dudng chéo AC va BD cit nhau. Can chirng minh tir giac ABCD 1a
tr giac 10i.
Khi AC va BD cit nhau thi AC la tia nam trong goc DAB. Do do AB va AC trén nua mat
phang bo chita AD; AD va AC nam trén nira mat phang bo chira AB.
Chung minh tuong ty, ta c6 CA va CD cing ndm trén nira mit phiang bd chira BC, CA va
CB nam trén nira mit phang bo chira CD.
Vay A, B, C,D nam trén ntra mit phéng bo chitra bat ky duong théng nao cua tir gidc nén tur
gidc ABCD la tr giac 16i.

e Bai todn gidi biang phwong trinh t6 mau
Bai 2.13 C6 chin ngudi trong d6 bat ki ba nguoi ndo ciing ¢6 hai ngudi quen nhau. Chimg minh
rang ton tai mot nhom bon ngudi d61 mot quen nhau.
o Loi gidi
Coi moi nguoi nhu mét diém, ta cé chin diém A, B, C,...
Noi hai diém v6i nhau ta dugc mdt doan thang. Ta t6 mau xanh néu hai nguoi khong quen nhau,
ta t6 mau dé ncu hai ngudi quen nhau. Ta s€ chiing minh ton tai mot tir gidc c6 cac canh va
duong chéo cung t6 mau dé.
e Truong hop c6 mot di€m la dadu mut cia bon doan thang mau xanh AB, AC, AD, AE vé& nét
dut (hinh.a)
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Hinha > Hishb ™~

Xét AABC c6 hai doan thing AB, AC mau xanh nén doan thang BC mau do vi bat ki tam giac
nao cling c6 mot doan théng mau do6. Tuong ty cac doan théng CD, DE, EB, BD, CE ciing c6
mau d6 (v& nét lién) (hinh.b). Do d6 tr gidc BCDE c6 cac canh va duong chéo duoc t6 d6 nghia
14 tOn tai mot nhom bon ngudi d6i mét quen nhau.

e Trudng hop moi diém déu 1a diu mat cta nhiéu nhit 12 ba doan thing mau xanh. Khong thé
moi diém déu 1a dau mat cua ba doan théng mau xanh vi khi d6 sé doan th'fmg mau xanh la

9.3
“Z¢N.
Na

Nhu vay tdn tai mot diém 13 ddu mat cua nhiéu nhét 13 hai doan théng mau xanh, chéng han do
1a diém A, do d6 A 1a dau mut cta it nhat 1 sau doan thing mau do, gia sit d6 1a AB, AC, AD,
AE, AF, AG (h.1.19)

Trong sau diém B, C, D, E, F, G tdn tai ba diém 1a dinh ctia mot tam giac co ba canh cung mau
(day 12 bai toan co ban vé phuong phap t6 mau) chang han d6 13 ABCD (h.1.20).

B C B C

Hinh ¢ . Hinh d
G G F

Trong ABCD c6 mdt canh mau do (theo dé bai) nén ba canh cia ABCD cung mau d6. Khi d6
tr giac ABCD 1 tir gidc co cac canh va duong chéo duoc t6 do, nghia 13 ton tai mot nhém bdn
ngudi doi mdt quen nhau.
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CHU DE 2: HINH THANG — HINH THANG CAN

Dang 1. Bdi tdp vé hinh thang

Bai 1. Cho hinh thang ABCD (AB // CD), cac tia phan giac cua goc A, goc D cit nhau tai M thudc
canh BC. Cho biét AD = 7cm. Ching minh rang mét trong hai day cua hinh thang c¢6 do dai nho
hon 4CM

o Tim cach giai

Dé chimg minh mot canh day nao d6 nho hon 4cm ta co thé

x€t tong cua hai canh day r6i1 chimg minh tong nay nhé hon

8cm. Khi d6 ton tai mot canh day c6 do dai nhé hon

e Trinh bay loi gidai

Goi N 1a giao diém cua tia AM va tia DC

Ta co: AB// CDnén A4, =N (so le trong )

Mat khéc: 21 = 22 nén 4 =N = AADN can tai D

= DA=DN. (1) pee N

Xét AADN co l/)\1 = l/)\2 nén DM dong thoi 1a duong trung tuyén : MA = MN.
AABM = ANCM (g.c.g) = AB=CN

Taco: DC+ AB=DC+CN =DN =DA="Tcm. Vay AB+CD <8cm.
Vay mot trong hai ddy 4B,CD phai c6 d dai nho hon 4cm.

Bai 2. Cho tir giac ABCD. Goi M la trung diém AD,N 1a
trung diém BD, I 1a trung diém AC,K 1a trung diém BC.

a) Chirng minh MK < AB+DC .

b) Néu tir gisc ABCD 1a hinh thang day 1a AB va DC
Chirng minh NI= M

o Loi gidgi
a) Taco MI= % IK = % (tinh chat dudng trung binh cua tam giac) nén MI+IK = DC AB .

Véiba diém M, I, K ta c6 MK < MI+IK (BDT tam giac)
Vay MK < AB+CD

b) Néu tir giac ABCD 14 hinh thang, ta cd AB // CD. Suy ra M, N, I, K thang hang
Khi d6 NI =MI - MN—D—C—ﬁ—DC AB
2 2 2
Bai 3. Cho tam gidc ABC c6 BC =a, cac dudng trung tuyén BD, CE. Ly cac diém M, N trén
canh BC sao cho BM =MN =NC. Goi I 1a giao diém cua AM va BD, K la giao diém cua AN va
CE. Tinh d¢ dai IK.
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o Loi gidi:

Ta c6 : DN la duong trung binh ctia tam gidc ACM nén
DN // AM.

ABND c¢6 BM =MN, MI // ND nén I 14 trung diém cua
BD. Tuong ty K 1a trung diém cua CE.

Hinh thang BEDC ¢6 I va K 14 trung diém cua hai duong
chéo nén dé dang chimg minh dugc

IK =(BC—ED):2= (a——) 2=4
2 4

Bii 4. Cho hinh thang ABCD (4B // CD). Goi M 1a trung diém 4 B
ctia BC. Cho biét AMD =90°.
a) Chimg minh ring: AD = AB + DC.
b) DM la tia phan giac cua goc D.
o Loi gidi
a) Goi N 1a giao diém cua AM véi DC
Ta c6 AABM = ANCM (g-c-g)
Suy ra AM =MN va AB=CN. (1) b c N
AAND c6 AD la dudng cao va dong thoi 1a dudng trung
tuyén nén 1a tam giac can tai D. Suyra AD=DN=DC +CN (2)
Kéthop (1) va (1) = AD=AB + DC.
b) Do AAND cén tai D nén AD la dudng cao dong thoi 1a duong phan giac
Hay AD la phan giac cta goc D

Bai 5. Cho hinh thang 4BCD vuong tai 4 va D. Goi M la trung
diém cua 4D . Cho biét MB L MC .

Chung minh ring: BC = 4B +CD.
V& MH 1 BC . Ching minh rang tr giac MBHD 1a hinh thang.
e HD:
a) Goi E 1a giao diém ctua BM véi CD.
Chting minh AMDN = AMAB
ACBE ¢6 CM vira 1a dudng trung tuyén vira 1a duong cao nén
la tam giac can.
= CB=CE = CB=CD+DE = CB=CD+ AB (vi AB=DE).
b) Chung minh AHCD can = CM | DH = BM // DH (cung vudng goc voi CM)
= MBHD la hinh thang.

Bai 6. Cho tir giac ABCD. Cac tia phan giac cua goc 4, goc 4 B
D cit nhau tai M . Céc tia phén giac cua géc B, goc C cat

nhau tai N.Cho biét AMD =90°, chtng minh rang :
a) T gidc ABCD 1a hinh thang.

b) Chung minh NB L NC. D c
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Bai 7. Cho hinh thang 4BCD vudng tai 4 va D.
Cho biét 4D =20,4C =52 va BC =29. Tinh d6 dai
AB.

29
20 52

e HD:KéBH L DC
DS : AB =127

-
D (o

Bai 8. Cho tam giac ABC c6 trong tim G. Mot dudng thang d khéng cit cac canh cia tam giac.
Goi A’, B*, C’, G, lan luot 1a hinh chiéu cia A, B, C, G trén d.
Ching minh: AA’ + BB” + CC’ = 3GG’

o Loi gidai

Goi T 1a trung diém cua BG, T’ 1a hinh chiéu cua T trén d.

Dua theo tinh duong trung binh cta hinh thang, ta co
BB'+GG' AA'+CC'

CTT+EE' ~ 5 ' 5  AA+BB4+CC+GG'

o2 2 - 4

Suy ra 3GC'=AA'+BB'+CC'

GG'

Bai 9. Liy M, N trén doan thang AB ( M nam giita AN). Trén
cing mot nira mit phang bd AB vé& cac tam giac AMD, MEN,
NFB. Ching minh khoang cach tir trong tdim G cuia tam giac
DEF dén AB khong phu thudc vao vi tri ctia céac diém M, N
o Loi gidi
Goi D’, E’. F’ 1an luot 1a hinh chiéu cua D, E. F trén AB.
Toéng cac dudng cao DD', EE'. FF cua ba tam giac déu
ADM. MEN, NFB bang dudng cao tam gidc déu AKB
(khong d6i). Goi G 1a trong tim cua tam gidc DEF ; G’ 1a
hinh chiéu cia G trén AB. Theo bai 8, ta co

_ DD'+EE'+FF'
3
ciaMvaN

GG' khong ddi. Vay khoang cach tir G dén AB khong phu thudc vao vi tri

Dang 2. Bai tdp vé hinh thang cén

Badi 1. Mot hinh thang cin c6 dudng cao bang nira tong hai A B
day. Tinh goc tao boi hai duong chéo hinh thang.
o Loi gidi:
Xét hinh thang can ABCD (AB//CD), duong cao BH
2
vaBH =w (1) D H C  E

Qua B ké duong thang song song voi AC, cat DC ¢ E.
Ta cd BE =AC,AC=BD nén BE=BD.
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A BDE cén tai B, duong cao BH nén DH = HE = % (2)
Tacd AB=CE nén AB+CD=CE+CD=DE (3)

Tu (1),(2), (3) suy ra BH=DH =HE.

Cac giac BHD, BHE vudng can tai H nén DBE =90°.

Ta c6DB L BE,AC//BE nén DB 1L AC

Bai 2. Mot hinh thang can c6 day nho bang canh bén va goc ké véi day 16n bang 60°. Biét chicu
cao cua hinh thang can nay la a3 . Tinh chu vi cta hinh thang can.
e Tim cdach giai
Ta da bi€t hinh thang c6 hai canh bén song song thi hai canh
bén bang nhau, hai canh ddy bang nhau. Tur d6 ta v& thém
hinh phu dé tim sy lién hé gitra day 16n va ba canh con lai.
Ta vé AM //BC(M e CD). Mat khac, dé bai co cho goc 60°,
goi ¥ cho ta van dung tinh chét cia tam giac déu dé tinh do
dai moi canh theo chicu cao cta no6 .
e Trinh bay loi gidi
Ta dat AD= AB=BC =x.
V& 4AM //BC(M € CD),ta dugc AM =BC=x va MC=AB=x

AADM cén, c6 D =60°nén 1a tam giac déu, suy ra: DM = AD =x.
V& AH 1 CD thi AH 13 dudng cao cta hinh thang can, ciing 1a dudng cao ciia tam giac déu:

= AH:—ADz\/g.Vi AH = a3 nén _x\2/§ = a3 = x=2a.

Do do6 chu vi cta hinh thang can 1a : 24.5=10a.

Nhin xét: Qua mot dinh v& dudng thang song song véi mot canh bén cia hinh thang 1a mot

cach v& hinh phu dé giai bai toan vé hinh thang.
Bai 3. Cho tam giac déu 4BC, mdi canh c6 do dai bang a. Goi O 1a mot diém bat ki & trong tam
giac. Trén cac canh AB,BC,CA lan luot lay cac diem M,N,P sao cho OM // BC;ON // CA va
OP // AB . Xac dinh vi tri ctia diém O dé tam giac MNP 14 tam giac déu. Tinh chu vi ciia tam giac
déu do.

o Loi gidi

T giac MONB c6 OM // BC nén la hinh thang. Hinh thang

nay co MBN = ONB (= A/@) nén 14 hinh thang can.

Chung minh tuong tuy ta dugc cac to gidc ONCP, OMAP

cling 1a hinh thang can.

Suy ra: MN = OB; NP =0C; MP = OA .

Do d6 AMNP 1a tam giac déu < MN = NP = PM .

< OB =0C =04 < O la giao di€m cua ba dudng trung tryc

cua AABC.

Trong tam giac déu, giao diém cua ba dudng trung tryc ciing 1a giao diém cua ba dudng cao, ba

duong trung tuyen.

a

Chiéu cao / cua tam giac déu canh a dugc tinh theo cong thic: 4 = 23 .
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:OAzzh:%.aﬁza 3.D0d(’)chuvicf1a AMNP 1a: £ 3.3=a\/§.

3 3 2 3 3

Bai 4. Cho hinh thang ABCD (4B // CD),IE\C > BCD. Chtng minh rang : AC > BD.
o Loi gidi
Trén ntra mit phang bod CD ¢6 chira 4 v& tia Cx sao cho DCx = ADC.
Tia Cx cittia 4B tai E.
Khi d6 hinh thang AECD 1a hinh thang can.
— AC = DE v DAB = CEB.
Xét AABD c6 gbc DBE 1a géc ngoai nén
DBE > DAB = DBE > CED (vi 5@:5579).

Do d6 DBE > DEB = DE > BD = AC > BD. c

Bai 5. Cho goc xOy c6 s6 do 16n hon 60° nhung nho hon 180°. Trén canh Ox ldy diém 4, trén
canh Oy lay diém C. Chang minh ring: AC > M

o Loi gidi 0

» Xét trwong hop OA=0C

AAOC 1a tam giac can.

Vi 0>60° nén A4=C<60° = AC>04=0C.

0A4+0C A ¢

Do d6: 24C > 04+ 0C = AC >

> Xeét trwong hgp 04 <0C o

Trén tia Ox lay diém D, trén tia Oy lay diém B sao cho
OB =04,0D=0C.

Cac AOAB va AOCD cantai O nén:

o
OAB:ODC:%:AB//CD.

= Tu gidc 4ABCD 1a hinh thang. x y
Mit khac ODC = OCD nén ABCD 1a hinh thang can

= AC=BD.

Goi K la giao di€ém cia AC va BD.Tacd: AC=AK + KC; BD = BK + KD .

— AC + BD = (4K + BK) + (KC + KD) (1).

Vi 4K + BK > AB; KC + KD > CD (2).

nén tr (1) va(2) suyra: AC+BD > AB+CD (3).

Xét AOAB 6 O > 60° nén OAB = OBA < 60° = AB > OA.
Tuong ty CD>0C.Dodd: AB+CD >04+0C (4).

Tr(3)va(4)suyra: AC+BD >0OA+0OC hay 24C > 04+ 0OC . Do d6 AC>M.

» Xét trwong hgp 04 > OC : Chiing minh tuong ty.
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Bai 6. Tt gidc ABCD ¢b6 AC=BD,;C=D va BD L BC. Hoi
to gidc ABCD c6 phai la hinh thang can khong?
o Loi gidi
Qua A4 v& mot duong thing song song voi CD cit tia CB
tai B'. Hinh thang AB'CD c6 hai goc ¢ ddy bang nhau nén

1a hinh thang can.

- Vay néu B' tring voi B thi tr gidc ABCD 1a hinh thang can.
- Néu B' khong tring voi B,tacd: AC=B'D.
Mat khac, AC =BD nén B'D=BD.
Do d6 ADBB' cin = DB'B = DBB' =90, V6 li.
Vay B' trung v&i B va tir gidc ABCD 1a hinh thang can.
Bai toan dung hinh
Bai 1. Dung hinh thang ABCD(AB//CD) biét: AB = 2cm,CD = 5em,C = 40° D =70°.
a) Phan tich
Gia sir ta da dung dugc hinh thang ABCD thoa man dé bai. A 2 B x
V& AE//BC(E eCD)ta dugc !

AED =C=40°, EC=AB=2cm VA 100l aN!
DE =DC - EC =5-2=3cm. D 3em  E 1 €

- AADE dyng dugc ngay (g.c.g).

-Diém C théa man hai diéu kién: C ndm trén tia DEva C cach D 1a 5cm.

- Piém B thoéa mén hai diéu kién: B nam trén tia Ax//DE ( hai tia Axva DE cing nam trén
mot nira mit phang bod AD) va Bcach 4 1a 2em.

b) Cach dung

- Dung AADE sao cho DE =3cm; D= 70°; E = 40°

-Duyng tia Ax//DE (haitia Axva DE cing nam trén mot nira mit phang by AD).

- Trén tia Ax dat AB=2cm.

- Trén tia DE dat DC =5cm.

-Nbi BC ta dugc hinh thang ABCD phai dung.

¢) Chirng minh

Theo cach dung tr gidc ABCD c¢6 AB//CD nén nd 1a hinh thang.

Xét hinh thang ABCE ¢6 CE =5-3=2(cm);

AB =2cm nén AB=CE do d6 AE//BC=> BCD = AED = 40°.

Nhu vay hinh thang ABCD c6 AB =2cm; CD =5cm; D=70° va C =40°

d) Bién ludn: Bai toan c6 mot nghiém hinh.

Bai 2. Dung tam gidc ABC,biét A=70°, BC =5cm va AC— AB=2cm.
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a) Phdn tich

Gia sir ta da dung duogc tam giac ABC thoa man dé bai.
Trén tia ACta lay diém Dsao cho AD = AB.

Khi d6: DC=AC—-AD = AC - AB =2cm.

AABD can, A=70°=> ADB =55°=> BDC =125°.
-ADBC xéic dinh dugc (CD = 2em; D =125% CB=Scm)).

-Piém 4 thoa min hai diu kién: ndm trén tia CD va 4 \\\\<’ Sem
nam trén dudng trung truc cua BD. !
b) Cach dung:

Dung ADBC sao cho D =125%DC =2cm va CB = 5cm.
- Dung dudng trung tryc cia BD cit tia CD tai 4.

- Nbi 4B ta duoc AABC phai dung.

¢) Chirng minh

AABC théa min d¢ bai vi theo cach dyng, diém A4 nam trén duong trung tryc ciia BD nén
AD = AB.

Do dé : AC— AB = AC — AD = DC = 2cm; BC = 5cm va ADB =180° —125° = 55°

BAC =180° -2.55° =70".

d) Bi¢n ludn: Bai toan c6 mot nghiém hinh.

o Nhin xét: Dé bai c6 cho doan thiang 2cm nhung trén
hinh vé& chua c6 doan thang nao nhu vay. Ta da lam xuat
hién doan théng DC =2cm béng cach trén AC ta dat
AD = AB . Khi d6 DC chinh 1a hiéu AC - 4B. Ciing c6 thé
lam xuét hién doan théng 2cm béing cach trén tia 4B ta dat
AE = AC (h.2.10). Khi d6 : BE = AE — AB = AC — AB =2cm.
AAEC chn,cd 4=70"= E=(180"-70"):2=55".

ABEC xac dinh dugc. Khi d6 diém 4 théa man hai diéu
kién: 4 nam trén tia EB va A nam trén duong trung truc
cua EC.

Bai 3. Dung hinh thang ABCD (AB// CD) biét AD =2cm;BD =3cm; AC = 4em VA gbc nhon xen
giita hai dudng chéo bang 70°.
a) Phan tich:

V& BE // AC (E € tia DC), ta duogc: X
DBE =110°, BE = AC = 4cm, CE = AB = 2cm.
- ABDE dyng duoc ngay (c.g.c);

- Piém A4 thoa man hai diéu kién: 4 nam trén tia D - E
Bx// DE vacach B la 2cm.

-DPiém C théa man hai diéu kién: C nam trén tia ED va cach E 1a 2cm.

b) Cach dung:

- Dung ABDE sao cho DBE =110, BD = 3cm, BE = 4cm .
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- Dung tia Bx// DE va trén d6 dat B4 =2cm (hai tia Bx va ED cung nam trén mot nira mat
phéng bd BE).

- Tr,én tia £D dat EC =2cm.

-NO6i AD,BC ta dugc hinh thang ABCD phai dung.

¢) Chirng minh:

Tt gidc ABCD theo cach dung ¢c6 4B // CD nén la hinh thang.

Xét hinh thang ABEC c6 AB =EC =2cm nén AC// BE va AC = BE = 4cm.

DOC = DBE =110° = BOC = 70". Hinh thang ABCD theo céch dung co:

AB = 2cm, BD =3cm, AC = 4em va BOC =70,

d) Bi¢n ludn: Bai toan c6 mot nghiém hinh.

Bai 4. Dung hinh thang ABCD (AB / / CD) biét A=120°, AB = 2cm; BD = 4cm va BC =a.

e Cach dung:

- Dung AABD sao cho A=120°, 4D =2,DB =4 . A s
- Dung tia Dx // AB (haitia Dx va AB cung nam 2 4 / a
trén mot nira mit phang by 4D). . S /
- Dyng cung tron tAm B, ban kinh « cat Dx tai C D/ TTH O~ ’,//C X

- Néi BC ta dugc hinh thang ABCD phai dung.

e Bién ludn:
V& AH 1 CD thi DAH =30". Do d6 DH=%AD=1cm = AH =~2>-1> =3

- Néu a <+/3 thi duong tron (B;a) khong cit tia Dx nén bai toan khong c6 nghiém hinh.

- Néu a =+/3 thi dudong tron (B;a) c¢6 chung véi tia Dx mot diém, bai toan c6 mot nghiém
hinh.

- Néu f3<a<4 thi duong tron (B;a) cat tia Dx tai hai diém C va C', bai toan c¢6 hai
nghiém hinh.

- Néu a >4 thi duong tron (B;a) cit tia Dx tai mot diém C = D nén bai toan c6 mot nghiém
hinh.

Bai 5. Dung tt gidc ABCD bibt AB =2,5¢m;CD = 4cm; A =120";8 =100"va C = 60°.
a) Phan tich:
Gia sir ta da dung duogc tr gidc ABCD thoa mén dé bai.
Ta thiy 4B =2,5¢cm dung duoc ngay.
Trén tia BC lay diém C'. V& doan thing C'D'//CD va
C'D'=CD.Khid6 C'=C=60"va DD'//CC".
b) Cach dung:
-Dung AB=2,5cm.

- Trén cung mdt nira mat phing bo 4B dung céc tia Ax va By sao cho BAx =120°, 4By =100°.
- Trén tia By liy diém C'.
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- Dung doan thing C'D' sao cho BC'D'=60" va C'D'=4cm.
-Dung DD'= BC' (D e 4x).
-Dung DC//D'C'(C € By).

T giac ABCD 1a tr giac phdi dyng.

Bai 6. Dyng tam giac ABC vudng tai B ¢6 chu vi bang 8cm va C=m".

a) Phén tich:

Gia sir da dung duoc aABC thoa min dé bai.

Trén tia d6i cua tia BC liy diém D; trén tia ddi
cla tia CB ldy diém E sao cho BD = BA,CE =CA.
Khi d6: DE=DB+ BC+CE =BA+BC+CA=8cm.
aABD vudng cin tai B nén D =45".

Go6c ACB la gbc ngoai cua tam giac can CAE nén D
0

@:2@:@:%.

- AADE dung duoc (g.c.g).

-Piém B théa min hai diéu kién: B nam trén doan thang DE va AB 1 DE .

- Piém C théa man hai diéu kién: C nam trén doan thang DE va nam trén dudng trung truc
ciia AE (Vi C cach déu hai dau doan thang AE).

b) Cach dung:
-Dung AADE sao cho DE =8cm; D =45° va E =

0
m

2
-Dung AB L DE (B € DE).
- Dyng duong trung truc ciia AE cat DE tai C.
- Noi AC ta dugc AABC phai dung.
¢) Chirng minh :
AADB vudng tai B c6 D =45" nén la tam giac vuong can = BA=BD .
biém C nam trén duong trung tryc cia AE nén CA=CE.

m
2

AABC c¢6 AB+ BC +CA=BD+BC +CE = DE =8cm; B=90° vi ACB=2.E=2""—m".

d) Bién ludn :
- Néu m >90 thi bai toan khong c6 nghiém hinh.
- Néu 0 < m <90 thi bai toan c6 mot nghiém hinh.
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CHU PE 3: PUONG TRUNG BINH CUA TAM GIAC, CUA HINH THANG

Dang 1. Bai tip vé dwong trung binh ciia tam gidc.

Bai 1. Cho tir gidc ABCD. Goi M va N lan luot 1a trung diém cua 4B va CD. Goi G la trong

tAm cua tam gidc BCD . Chtng minh ring AG chia d6i MN .
e Tim cdch giai
Két luan cua bai toan goi ¥ cho ta dung dinh 1y dudng
thang di qua trung diém mot canh cua tam giac va song
song voi canh tht hai thi di qua trung diém cua canh th
ba. Goi H la trung diém ciia BG thi ta c6 thé ding dinh
ly duwong trung binh dé chimg minh.

e Trinh bay loi gidai
Goi O 1a giao diém ctia 4G va MN .
Goi H la trung diém cua BG .
Theo tinh chét cua trong tAm, ta c6: BH = HG =GN .
Xét AABG c6 MH la duong trung binh = MH//AG .
Xeét AHMN c6 AG//MH va NG =GH nén ON =0OM .
Vay AG chia d61 MN .
Nhin xét: V& thém trung diém cia mot doan thang 14 cach vé& hinh phy thudng dung dé van
dung dinh ly dudng trung binh cua tam giac.

Bai 2. Cho tr giac ABCD ¢6 chu vi la 4a. Goi E, F,G H lan luot la trung diém cua
AB, BC, CD, DA. Ching minh rang trong hai doan thang EG va HF c6 mot doan thang co do dai
khong 16n hon a.

e Tim cach giai

Dé chimg minh mot trong hai doan thing EG va HF c6
d6 dai khong 16n hon a, ta ching minh tong cta hai doan
nay khong 16n hon 2a. Khi d6 mot trong hai doan thing
c6 do dai khong 16n hon a.

e Trinh bay loi gidai

Goi M 1a trung diém cua BD.

, , \ \ s R AB
Xét AABD c6 HM la duong trung binh nén HM =

, , \ \ \ n CD
Xét ABDC c6 MF 1a duong trung binh nén MF = -
Xét ba diém M, H,F c6 HF < MH+MF =280

Chiing minh tuong ty, ta dugc: EG < AD+BC .

AB+CD+AD+BC 4a

2 2
Suy ra mét trong hai doan thang HF,EG c6 d6 dai khong 16n hon a.
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Nhén xét: Phuong phap vé hinh phu trong vi du nay van 1a vé& trung diém cua doan thang BD.

Ciing c6 thé vé& trung diém cua doan thang 4C thay cho trung diém cua doan thang BD.

Bai 3. Cho tir giac ABCD, dudng chéo BD 1a dwdng trung truc cia AC. Goi M,N lan luot 1a
trung diém cua AD va AB. V& ME L BC va NF LCD(E e BC,F eCD). Chimg minh ring ba

duong thing ME,NF va AC dong quy.
o Loi giai i
Goi O la giao diém cua AC va BD.
Taco: AC L BD va OA=0C.

Xét AABD c6 MN la duong trung binh
— MN//BD vd OA L MN (vi O4 L BD).
Xét AABC c6 ON la duong trung binh
= ON//BC = ON LME (vi ME 1 BC). F

Xét AACD c6 OM la duong trung binh
= OM//ICD = OM L NF (Vi NF LCD).
Xét AOMN c6 OA,ME,NF i ba dudng cao nén chung dong quy.

Bai 4. Cho tam gidc 4ABC. Trén canh AB lay diém D, trén canh AClay diém E. Goi M, N lan

luot 1a trung diém cua BE va CD. Pudng thang MN cét tia AB va AC lan luot 1a tai P va
Hoi hai diém D va E phai c6 diéu kién gi dé tam gidc APO cantai A?

* Tim cdch gidi

Goi O la trung diém cua BC.

Xét AEBC c6 OM la dudng trung binh

= OM//CE va OM:%.

Xét ADBC c6 ON la duong trung binh

— ON//BD vi ON = % .

Ta co: ZT/I\1 =A/Q\P]/\/\1 =,@ (so le trong).
AAPQ can tai
Ao Q=P< N, =M, < OM=0N < CE=BD.

0.

Bai 5. Cho tam gidc ABC. Goi Bx va Cy lan lugt 1a cac dudng chira tia phan giac cua cac goc

ngoai tai dinh B va C. Goi H va K lan luot 14 hinh chiéu cia 4 trén Bx va Cy.
a) Chung minh rang t giac BCKH 1 hinh thang;
b) Tam gidc ABC phai c6 dicu kién gi d¢ hinh thang BCKH 1a hinh thang can?
o Loi gidi:
a) Goi D va E thir tu 1a giao diém cia AH va 4K ° 4
v6i dudng thang BC.

4 \ N\ \ A *r A} \ H
AABD c6 BH vua la duong phan giac, vua la

y
1 1
duong cao nén 1a tam gidc can= HA=HD. 1 1
E
c

Tuong tu, ta co: KA=KE . B
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Xét AADE c6 HK la duong trung binh nén HK//DE = HK//BC.
Do d6 tr giac BCKH 1a hinh thang.
b) Ta co: ﬁl = fi\lf(\] = a (so le trong).

—~

Hinh thang BCKH 1a hinh thang can < ;I\l = I/<\1 & B =C,
@@:ﬁ@ﬁ:@@MBCcéntai A.
Bai 6. Cho tam giac ABC, tryc tAm H . Goi O 1a giao diém ciia ba duong trung tryc. Chirng minh
rang khodng cach tr O dén BC bang nura d§ dai AH .
o Loi gidi:
Goi M va N lan luot 1a trung diém cua BC va CA.
Goi F va G lan luot 1a trung diém cta AH va BH .
Ta c6 MN la duong trung binh ciia A4ABC; FGla dudong
trung binh ciia AABH .

Suy ra MN//AB va MN:%AB, FG // AB va FG:%AB.

Do d6 MN//FG va MN = FG . D& thdy OM //AD,ON//BE .
AOMN va AHFG c¢b: MN = FG;OMN = HFG;ONM = HGF (hai goc c6 canh tuong (rng song?).
Vay AOMN = AHFG (g.c.g)= OM = HF = % .
Bai 7. Cho tam giac ABCcén tai 4, duong cao AH va duong phan giac BD. Biét ring
AH =%BD, tinh s6 do cac goc cua tam gidc ABC

e Loi gidi A
Goi M 1a trung diém cua BD thi: MD = %BD - AH . b b
AABC cantai 4,AH la duong cao nén HB=HC.

Ta c6 HM la dudng trung binh cua ABCD = HM //AC . 1 ‘,
= tlr gidc ADHM la hinh thang B H ¢

Hinh thang HMAD c6 hai duong chéo bang nhau nén 13 hinh thang can.
AADH = ADAM (c.c.c)= 4, = D, =90°~C =B,+C (Vi D,la goc ngoai cia ABDC) (1)

Tadit B=C=x thi (1)<:>90°—x=§+x<:>x:36°
Vay AABC cb B=C =36 4=108°.

Bai 8. Cho tam giac ABC vudng can tai 4. Ldy diém D & trong tam giac. V& tam giac ADE
vudng can tai 4 sao cho D va E thudc hai nira mat phang doi nhau bo AC. Goi M, N, P lan luot
1a trung diém ctia BC, CD va DE . Tinh s do cac goc cua tam gidc MNP .
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o Loi gidi

AABD va AACE co:

AB = AC;Z1 = 22 (cung phu voi goc DAC);
AD = AE.

Do d6 AABD = AACE(c.g.c)

= BD=CE va I/B\lza

Goi H va K lan luot 13 giao diém cua dudng thiang
BD v61 CE va CA.

Ta co: 1/3\1+§IZA=90°:>51+C{K7{=90°:>1?=90°.

Xét ACBD c6 MN la duong trung binh = MN//BD va MN :%BD

Xét ACED c6 NP la duong trung binh = NP//CE va NP =%CE .

Vi BD=CE nén MN = NP.

Ta c6: MNP = H =90° (hai goc c6 canh tuong ung song song).

Do d6 AMNP vudng cantai N = N=90°:M =P =45°
Bai 9. Cho hinh thang can 4BCD (A4B//CD), O la giao diém cua hai duong chéo. Goi G, E, F lan
luot 14 trung diém ciia 04, OD va BC. Cho biét COD = 60° , tinh céc gbc cua tam gidc GEF .

o Loi gidi
AADC va ABCD cb AD =BC,AC = BD, CDchung.
Do d6 AADC = ABCD(c.c.c) = ACD = BDC = ACOD cén.

Mit khac COD = 60° nén ACOD déu.

Ta c6: OE=ED nén CE la dudng trung tuyén cua tam giac
déu, do d6 CE ciing 1a duong cao.

Vay CE L BD. ,

Xét AEBC vuong tai E c6 EF la dudng trung tuyén ung voi

canh huyén nén EF = %BC .

Chtrng minh tuong tu, ta c6: GF = %BC.

Xét AAOD c6 EG la duong trung binh nén EG :%AD = EG= %BC (vi AD=BC)

Viy EF:FG:EG(:%BC):AGEFdéu —G=E=F=60°.

Bai 10. Cho tam giac ABC, géc A nhon. V& vé phia ngoai cua tam giac nay cac tam giac vudng
can ABM va CAN theo tht tu c6 canh day 1a 4B va AC. Goi O la trung diém cua BC. Ching
minh rang tam gidc OMN la tam gidc vudng can.
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o Loi gidi A

Goi D va E tht ty l1a trung diém cua 4B va AC. N
Tacd OD va OE la duong trung binh cua AABC nén M
OE//AD va OE = AD; OD//AE va OD = AE . \
BDO = BAC; CEO = BAC (d6ng vi).

Vi AMAB vudng can tai M nén MD 1 AB va

AMAD vuodng can = AD = MD. B

Tuong tu, NE L AC va ANEA vudng can = AE = NE .
AOMD va ANOE co:

MD = OE (= 4D); ODM =OEN (=90°+ BAC); 0D = NE (= 4E).

Vay AOMD = ANOE (¢.g.c)= OM =ON vi OMD = NOE .

— — — — —

Do d6 MON = MOD + DOE + NOE = MOD + BDO + OMD =180°—90° =90°.
Vay AMON vudng can.

Bai 11. Tam gidc ABC,AB< AC . Trén canh AB lay diém E, trén canh AC lay diém F sao cho
BE=CF . Goi M la trung diém ctua EF . Ching minh ring khi E va F di dong trén 4B, AC thi
trung diém M cua EF nim trén mot dudng thang c¢b dinh.
o Loi gidi
V& dudng phan giac 4D thi AD 1a mot dudng thing cd
dinh.
Goi O la trung diém cua BC thi O 1a mét diém cb dinh.
Goi P,Q lan luot 1a giao diém ciia duong thang OM véi
cac duong thang AC va 4B .
Xét AEBC c6 ON la duong trung binh

= ON//BE va ON:%BE.

Xét AECF c6 MN la duong trung binh
= MN//CF va MV:%CF.

Vi BE =CFnén ON = MN => AOMN cin = M, =0, .

Taco R=37,(=):0-0> 7 =0

~

Xét AAPQ co BAC la gdc ngoai nén BAC = P+ @
Matkhic 4, =4, nén 4, =P = OP//AD.
Viy M nam trén mot duong thing di qua O va song song v6i 4D . D6 1a mot dudng thing cb

dinh.

Bai 12. Cho doan thing 4B va n diém 0,,0,,..,0, khong nam giita 4 va B sao cho
0,A+0,A+..+0,A=0B+0,B+..+0,B=a. Chimg minh ring ton tai mot diém M sao cho
OM+OM+..+0M<a.
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o Loi gidgi

Goi M le} trung diém cia 4B va O 1a mot diém tiy y 0 1 I B
khong nam gitta 4 va B.

> Truong hop O nim trén tia ddi cua tia 4B hay tia ddi

cua tia BA 0
Ta chirng minh dugc OM = 04+ 0B (1)
» Truong hop O khong thing hang v6i 4 va B X
Goi N la trung diém cua OB, khi d6 MN la duong trung
binh ctia AOAB, MN = %. 4 ‘ Y, ‘ B

Xét AOMN , ta co: OM < MN +ON = om < 24198

(*)
Ap dung hé thirc (*) ddi véi n diém 0,,0,....,0, ta cé:

%:QM s%;...;OnMsM.

(2)

Tu (1) va (2) suy ra: OMSM.

OM <

Cong tirmg vé cac bat dang thirc trén ta dugc:
A B
OM+OM+...0m <2AYOB OZA;@B i+ ;0"
_0A4+0,4+..40,4 OB+0,B+..+0B a a
2 2 22
Nhu vay diém can tim chinh 1a trung diém M cua 4B.

=a.

Bai 13. Cho tam gidc ABC,C<B<A. Biét trung diém cia ba duong cao thing hang. Chung
minh ring tam gidc ABC vudng tai A.

o Loi gidi 4
Vi AA4',BB',CC'" la ba duong cao ciaA4BC. Goi M,N,P c’
\ -2 , . \ . . , B,
la trung di€ém cua cac duong cao d6. Goi D,E,F tht tu
9 5 \ E
la trung diém cua BC,CA va AB. Y M
Ta c6: EF,FD,DE 1a cac duong trung binh cua A4ABC N P
= EF//IBC,FD//CA,DE//AB. =
B 4' D C

Vi M 1a trung diém cta 44’ nén M e FE.

Vi N la trung diém ctia BB' nén N e FD. Vi P 1a trung diém ciia CC' nén Pe DE.

Theo dé bai ra, ba diém M,N,P thang hang nén cac diém nay chi c¢6 thé nam trén mot trong

cac canh DE,DF hoac EF cua ADEF .

> Néu ba diém M,N,P cing nam trén DE thi N tring véi D, M tring véi E, khi d6 AABC
vuodng tai C, trai véi gia thiét goc C 1a gbc nho nhat cia AABC

» Néu ba diém M,N,P cung nam trén DF thi cling 1ap luan nhu trén, AABC vuong tai B, trai
voi gia thiét B< 4.

> Vay ba diém M,N,P cing nam trén EF .

Lap luén twong ty nhu trén ta dugc A4BC vudng tai A
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Dang 2. Bai tdp vé dwong trung binh ciia hinh thang
Bai 1. Cho tam gidc ABC,BC =6cm. Trén canh AB lay diém D sao cho AD= %AB . Vé

DE//BC(E € AC). Tinh d6 dai DE.

o Tim cach gidai A
Vi AD:%DB nén ta v& trung diém F cua DB. Tt F V& /\
. . . oy 4 Df—F—\E
mot duong thang song song voi BC thi DE chinh 1a duong
trung binh ciia mot tam giac. Tur d6 sé tinh duge do dai cua P "
no.
o Trinh bay loi gidi
Goi F la trung diém cua DB.Khi d6: AD=DF =FB. B 6em ¢

V& FH//BC(H e AC).

Xét AAFH c6 DE//FH va AD = DF nén AE =FEH .
Xét hinh thang DECB c¢6 FH//BC va DF =FB nén EH = HC .
Ta dat DE =x.

Ta cd DE la duong trung binh cia AAFH = DE = %FH = FH =2x.
Tacd FH la duong trung binh cta hinh thang DECB

DE+B
:>FH=+C32X x+63x 2(em).Vay DE =2cm.

Nhin xét: Phuong phap v& hinh phu trong vi du nay 1a ngoai viéc v& trung diém cta mot doan
thang ta con thém duong thang song song véi mot canh ciia tam giac.

Bai 2. Cho hinh thang 4BCD, 4B 1a day nhé. Goi M, N, P, Q lan lugt 14 trung diém ciia 4D, BC,

BD va AC.

a) Chung minh rang bon diém M, N, P, QO thang hang;
, . \ D—AB

b) Chung minh PQ//CD va PQ=CT;
¢) Hinh thang ABCD phai co diéu kién gi d& MP = PO = ON
e Tim cach giai A B
Trong hinh v& ¢6 nhi€éu duong thang cung di qua mdt di€m
va cung song song v&i mdt duong thang nén cd thé van

dung tién dé O-clit d¢ chtimg minh thang hang. M N
e Trinh bay 1oi gidi P
a) Xét AABD cb6 MP la duong trung binh
— MP//AB = MP//CD . D c

Xét AADC c6 MQ la duong trung binh = MQ//CD .
Xét hin}l thang ABCD c6 MN 1;‘1 duong trung binh = MN//CD . i
Qua diém M c6 cac duong thang MP,MQ,MN cung song song v&i CD nén cac dudong thing
nay trung nhau, suy ra bon diém M, N, PO théng hang.

CD 4B CD- AB

b) Tacd: MN//CD nén PQ//CD PQ MQ MP_T—TZ >

c) Taco: MP= NQ—A—zB MP =PQ < A8 #
< AB=CD- AB < 2A4B = CD (day 16n gap d6i day nho).

Nhin xét: Puong trung binh MN cua hinh thang va doan thang PO nbi trung diém hai dudng
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chéo co tinh chét gidng nhau 1a cing song song vé6i hai ddy, c6 tinh chit khac nhau 1a MN
bang ntra tong hai ddy con PQ bang nura hi¢u hai day.
Bai 3. Cho hinh thang can ABCD(A4B < CD). V& AH L CD. Ching minh rang:

a) HD bzfmg doan thang ndi trung diém hai duong chéo;
b) HC bang duong trung binh cta hinh thang.

o Loi gidi 4 B
a) V& BK L CD ta duoc AH//BK va AB//HK = AB=HK . \\\ ///
AADH = ABCK = HD = KC. :><:
Ta ¢6: HD +KC =CD — HK <> 2HD = CD— AB o
o up-P=48
D -~ 0 0~
H K ¢

Theo bai 2 thi doan thang PO nbi trung diém cua hai dudng

chéo bang nira hiéu hai day. Vay HD = PQ

CD-AB _CD+ 4B
=

DPuong trung binh cia hinh thang bang nira téng hai ddy. Do d6 HC bang d6 dai dudng trung

binh cua hinh thang.

b) Tacdé: HC=CD-HD =CD -

Bii 4. Cho tam giac ABC.Goi M 1a trung diém cua AB. Trén tia d6i cua tia BC lay diém O sao
cho BO =%BC. Puong thang OM cit OC tai N . Chimg minh rang: AN =iAC.

o Loi gidi: q

Goi Dla trung di€m cua BC.

V& BE//ON,DF//ON (E,F e AC).

Ta co6: OB=BD=DC :%BC.

> Xét AABE c6 MN//BE va MA=MB nén NA=NE. (1)
> Xét hinh thang ONFD c6 BE//ON va OB=BD nén NE=EF. (2)
» Xét ACBE ¢6 DF//BE va BD=DC nén EF =FC.  (3)

Tu (1),(2),(3) suy ra: AN =NE =EF =FC, do d6 AN:%AC.

Bai 5. Cho tam giac ABC, canh BC cd dinh. V& ra ngoai tam giac nay cic tam gidc 4BM vudng
can tai B, tam gidc CAN vuong can tai C. Chirng minh rﬁng khi 4 di dong trén mot nira mat
phing bd BC thi dudng thing MN ludn di qua mot diém cb dinh.

o Loi gidgi

Goi O 1a trung diém ctia MN .

V& OF L BC; AH 1 BC; MD 1 BC va

NE 1 BC.

Ta co: OF//AH//MD//INE.

ABMD = AABH (canh huyén — géc nhon)

= MD=BH va BD=4H. (1)

Tuong tw, ACNE =AACH = NE=CH vi CE=AH.  (2)
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Tu (1) va (2) suyra BD=CE(=4H).

D@ thiy OF la dudng trung binh ctia hinh thang MDEN
— OF = MD;—NE BH—;—CH BC (khong dOI)

Tacoé: FD=FE;BD=CE = FB = FC.

VAay O nam trén dudng trung truc cia BC va cach BC mdt khoang khong d6i 1a B—2C
Do d6 O 1a mot diém c dinh.
Suy ra MN di qua mot diém c6 dinh la diém O.

Bai 6. Cho diém M nim gitra hai diém 4 va B nhung khong 1 trung diém cua doan thang AB.
Trén cung mot nra mat phang bo 4B vé cac tam giac CAM va DBM can tai C va D sao cho
C=D.Goi H va F lan luot 1a trung diém ciia 4D va BC. Ching minh ring: HF =%CD.
o Tim huong gidai
Diéu phai chimg minh 1a HF =%CD goi ¥ cho ta nghi dén
dinh li duong trung binh cua tam giac. Ta v&€ dudong trung binh
EG cua AMCD thi EG:%CD. Chi con phai chiing minh

HF = EG.
e Trinh bay Ioi gidi

Goi E 1a trung diém ciia CM ,G 1a trung diém cua DM . Khi 46 EG 1a dudng trung binh cua
AMCD = EG :%CD. (1)

ACAM va ADBM cantai C va D ma C =D nén céc goc & day cua chiing bang nhau:

CAM = CMA = DMB = DBM = CA//DM va CM //DB (vi ¢6 cac cip goc ddng vi bang nhau).
Xét ACMB c6 EF la duong trung binh = EF//MB .

Xét ADAM c6 HG la duong trung binh = HG//AM .

Suy ra: EF//HG (vi cung song song voi1 AB). Vay tr gidc EFGH 1a hinh thang.

Xét hinh thang ACDM ¢6 EH 1a doan thang noi trung diém hai duong chéo nén EH//AC.
Tuong tu, xét hinh thang CDBM co6: FG//DB.

Do d6 EHG = CAM FGH = DBM.

Mit khéc CAM = DBM (chung minh trén) nén EHG = FGH .
Vay hinh thang EFGH la hinh thang cdn = HF =EG.  (2)

Tu (1) va (2) suy ra: HF=%CD.

Bai 7. Chirng minh ring trong céac tam gidc co mot goc bang nhau, xen giita hai canh c6 tong bang
nhau thi tam gidc can c¢é chu vi nho nhat.

o Loi giai .

V& AABC cantai A. Trén canh 4B lay diém M , trén tia doi cua tia CA lay

diém N sao cho BM =CN. Nhu vdy AB+AC =AM +AN. (1)

Ta phai chirng minh chu vi AABC nhé hon chu vi AAMN .

Muon vay ta phai ching minh BC < MN .

Ta vé MD//NE//BC (D e AC,E etia doi cua tia BA).
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Hinh thang MDCB 1a hinh thang can = MB = DC, ma BM =CN
va DC=CN

Xét hinh thang can MDNE c¢6 BC//NE va DC =CN nén

MB = BE.

Vay BC la duong trung binh cta hinh thang MDNE .

V& MH L EN thi HN =BC (xem bai 3.12).

Xét AMHN vudng tai H ¢c6 HN <MN = BC<MN.  (2)

Tur (1) va (2) suy ra chu vi AABC nho hon chu vi AAMN.

Chii dé 3: HINH BINH HANH

Dang 1. Bai tip vin dung tinh chdt hinh binh hanh
Bai 1. Cho hinh binh hanh ACBD. Trén tia d6i cua tia AD ldy diém M, trén tia d6i cua tia CB lay
diém N sao cho AM = CN . Chirng minh rang ba duong thing MN, AC, BD gip nhau tai mot diém.

o Loi gidi M

Tu giac: AMCN c¢6 AM // CN va AM =CN nén la hinh

binh hanh. Suy ra hai dudng chéo MN va AC cit nhau p /\

tai trung diém O ctia AC B

Mat khac, ABCD Ia hinh binh }}émh nén hai duong chéo
BD va AC cat nhau tai trung diém O cua AC.
Vay cac duong thang MN, BD va AC cung di qua trung

diém O ctia AC. D A
Nhén xét: Hai hinh binh hanh AMCD va ABCD c6 \/
chung duong chéo AC thi cac duong chéo cia chung

ddng quy tai trung diém cia dudng chéo chung. N

Bai 2. Cho hinh binh hanh ABCD. V& ra phia ngoai cta hinh binh hanh c4c tam giac déu ABM va
AND. Chimg minh rang tam gidc CMN 1a tam giac déu.

o Loi gidi M

Ta dit: ABC =« thi ADC =a; BAD =180° —a;

MAN =360° - (60° +60° +180° —a ) = 60" +

AMAN va ACDN co:

AM:DC(:AB);M/szc/ﬁv(=6o°+a);AN=DN N B
Do d6: AMAN = ACDN (c.g.c)= MN =CN.(1) “

Ching minh tuong tu, ta dugc:
AMAN = AMBC (c.g.c) = MN = MC.(2)

T (1) va (2)suy ra: MN =CN =MC. Vay ACMN déu.

D Cc

Nhan xét: Viéc dat ABC=a 1a mot ky thuat giup ta tinh todn va so sanh goc dugc nhanh
chong, tién loi.
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Bai 3. Chting minh rang néu mot tam giac c6 hai duong trung tuyén vudng goc véi nhau thi tong
cac binh phuong cia hai dudng trung tuyén nay bang binh phuong dudng trung tuyén thir ba.

e Tim cach giai

Két luan cua bai toan goi ¥ cho ta van dung dinh ly
Py-ta-go. Mudn vay phai v& dudng phu tao ra mot tam
giac vudng co ba canh bang ba duong trung tuyén.

e Trinh bay 10i giai

Gia su tam giac ABC Ia tam gidc c6 ha duong trung
tuyén BD va CE vudng goéc v6i nhau. Ta phai ching
minh BD?+CE? = AF* (AF la dudng trung tuyén thir
ba).

Trén tia ED ldy diém K sao cho D 1a trung diém ctia
EK. TG giac AKCE c6 hai duong chéo cit nhau tai
trung diém ciia mdi dudng nén 1a hinh binh hanh.

= AK// CEvaAK =CE.

Ta ¢6: DE // BC va DE:%BC:DKHBF va DK = BF.

Vay tir giac DKFB 1a hinh binh hanh = KF //BD va KF = BD.

Mit khac, BD L CE nén AK 1 KF.

Do d6 AKAF vudng tai A= AK’ +KF* = AF*> = CE* + BD* = AF”.
Bai 4. Cho tam giac nhon ABC. V& ra phia ngoai cua tam giac nay cac tam giac ABD va tam giac
ACE vudng cin tai A. Goi M 14 trung diém ctia DE. Chirng minh ring hai dudng thing MA va BC
vuong gbéc voi nhau.

o Loi gidi

V¢ hinh binh hanh DAEF. Khi d6 AF di qua M.

Goi H 1a giao diém cua MA véi BC.

Ta co: EF = AD = AB.

AEF + DAE =180°ma BAC + DAE =180°nén AEF = BAC

AAEF = ACAB (gc.g)= 4 =C,

Ta co: 4 +4, =90° = C, + 4, =90° = H =90,

Do d6: MA L BC.

Bai 5. Cho hinh binh hanh ABCD. V¢ ra ngoai hinh binh hanh cac M
tam giac ABM vuong can tai A, tam gidc BCN vuong can tai C.
Chtng minh rang tam giac DMN vudng can.

o Loi gidi )

Ta dat ﬁ:athim:90°+a;]@:900+a. " ,—I g
ADAM va ANCD co: i

AM = CD (= AB); DAM =NCD (=90 +a); AD =CN (= BC) G- 7

Do d6 ADAM = ANCD(c.gc)= DM =DN (1) va
@:zﬁ)\c / N
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Kéo dai MA cit CD tai H. Ta co:
MA1 AB—=> MH 1 CD

Xét AMDH ¢6 DMA+ ADM + o =90° = NDC + ADM + & = 90"
Hay MDN =90 (2)
T (1) va (2) suy ra ADMN vudng can tai D

Bai 6. Cho tam giac nhon ABC c6 tryc tim H. Ching minh ring chu vi cua tam gidc ABC 16n hon

i(HA+HB+HC).
2

o Loi gidi

Vé HM ||AC(M eAB),HNllAB(NeAC).

Vi CH L AB nén CH L. HN . Vi BH 1 AC nén BH 1 HM.
Xét AHBM vuong tai Hc6 BM >HB. (1)

Xét AHCN vuong tai H co CN > HC . 2)

Xét hinh binh hanh ANHM c6

AM + AN = AM + MH > HA.. 3)

Tu (1), (2), (3) suy ra:

BM +CN + AM + AN > HB+ HC + HA

do d6 (MB+ AM)+(CN + AN) > HA+ HB+ HC

hay AB+ AC > HA+ HB+ HC.

Chung minh tuong tu, ta dugc: BC+ BA> HA+ HB+ HC
CA+CB> HA+HB+ HC.

Cong tirng vé ba bat ding thuc trén ta dugc:
2(AB+BC+CA)>3(HA+HB + HC)

Do d6 AB+BC+CA>%(HA+HB+HC).

Bai 7. Cho hinh thang cdn ABCD(AB||CD) va mot diém O & trong hinh nay. Chtrng minh rang c6
mot tir gidc ma bon canh 1an luot bﬁng OA, OB, OC, OD va bdn dinh ndm trén bdn canh cta hinh
thang can.
o Loi gidi q )
Qua O dung mot duong thang song song vdi BC cat A B
AB va CD lan luot tai E va G. Qua O dung mdt L\
duong thang song song voi CD cat AD tai H. ’ F
Qua E dyng mot duong thang song song vdi OC cat H -

BC tai F.
Khi d6 tr giac EFGH thoa man d¢ bai. D G c

That vay, cac tir gidc AEOH, HOGD la nhirng hinh thang can.
— 0A=EH;0D = HG. (1)

T giac EFCO la hinh binh hanh = OC=EF  (2)

va OE =CF . Suy ra OG = BF

Vay tir giac OBFG la hinh binh hanh = OB = GF.(3)

Ti (1), (2), (3) suy ra tir gidc EFGH théa man d¢ bai.
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Bai 8. Cho hinh binh hanh ABCD va dudng thing xy khong cit cac canh cua hinh binh hanh. Qua
cac dinh A, B, C, D v€ cac duong théng vuong goc voi xy, ct Xy lan luot tai 4',B,C',D'. Chung
minh ring AA4'+CC' = BB+ DD'.

o Loi gidi 7

Goi O 1a giao diém cua AC va BD. V& 00’ 1 xy.

Tacd: AA'||BB'||CC'|| DD’ || 00"

Xét hinh thang A4'C'C ¢c6 OA=0Cva 00'|| AA'

nén O'A'=0'C'.

Do d6 OO’ 1a dudng trung binh cua

hinh thang A4'C'C = 00’ = % hay

AA"+CC"'=200'.
Xét hinh thang DD'B'B, cling ching minh tuong tu, ta c6: BB'+ DD'=200".
Tt d6 suy ra: AA4'+CC'=BB'+ DD’

Bai 9. Cho hinh binh hanh 4BCD(A4D < AB) . V& ra ngoai hinh binh hanh tam gidc ABM cén tai B

va tam giac ADN can tai D sao cho ABM = ADN
a) Chimg minh ring CM = CN;
b) Trén AC lay mét diem O. Hay so sanh OM véi ON.
o Loi gidgi
a) Vi ABCD la hinh binh hanh nén ABC = ADC.
Ta dat ABC =m®, ABM =", khi d6
MBC =CDN =m’ +n"
AMBC va ACDN co:
MB =CD(= AB);]\?I_SY? = CDN (chirng minh trén);
BC =DN(= AD) . Vay
AMBC =ACDN(c.g.c)= CM =CN

D

b) Cac AABM va AAND 1a nhimng tam gidc cin co goc & dinh bang nhau ma AB > AD nén
AM > AN

Xét AACM va ACAN c¢6 CM = CN; CA chung va AM > AN nén ACM > ACN
Xét AOCM va AOCN c6 CM =CN; CO chung va ACM > ACN nén OM > ON

Bai 10. Cho tam gidc ABC cin tai A, AB<BC . Trén tia AB c6 diém D, trén tia CA c6 diém E sao
cho AD=DE =EC=CB . Tinh cac goc ctua tam giac ABC.

o Loi gidgi

V& hinh binh hanh BDEF thi EF = BD(1); ED = FB.

Taco: AD=CE;AB=AC = BD =EA.(2)

Tu (1) va (2) suyra EF =EA. Ta co: CEF = DAE (so le trong); DEA = DAE (hai goc ¢ day

cua tam gidc can). Suy ra CEF = DEA
ACEF = ADEA( c.g.c )= CF = AD
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T d6 suy ra: BF =CF=BC= AFBC déu. Ta dit
BAC =m", ADE =n" .

V& tia Fx la tia ddi cua tia FC. Vi CFE =DAE nén
EFx=BAC =m".

Ta c6: BFx=120° hay m’ +n° =120°. (%)

Trong ACEF ta cb ECF =D =n"; CFE = CEF = 60" +n".
Do do:
n’+(60"+n")+(60+n") =180 = 32" = 60° = n" = 20°

Tir (*) = m" =100". Suy ra ABC = ACB = 40"

Dang 2. Nhin biét hinh binh hanh

Bai 1. Chirng minh rang trong mot ti giac, doan thang néi trung diém hai dudng chéo va cac doan
thang ndi trung diém cua hai cip canh ddi dién gap nhau tai mot diém (dinh 1i Giéc-Gon, nha Toan
hoc Phéap).

o Loi gidgi ‘ 7

Goi M, N, P, Q, E. F lan luot 1a trung diém cia AB, BC,

CD, DA, AC va BD. Ta phai chiing minh MP, NQ va EF

cung di qua mot diem.

Xét AABC c6 MN la duong trung binh

— MN || AC va MNz%.

Chung minh tuong tu, ta c6:

PO|| AC va PQ—ATC

Suy ra MN || PO va MN = PQ . Do d6 tir giac MNPQ la hinh binh hanh.

Chung minh tuong tu, ta dugc tir gidc MEPF 1a hinh binh hanh.

Hai hinh binh hanh MNPQ va MEPF c¢6 chung duong chéo MP nén cac duong chéo MP, NQ
va EF ddng quy tai trung diém ctia mdi duong.

Bai 2. Cho tir giac ABCD. Goi M, N lan luot 13 trung diém

2 . B
cua ABva CD. Goi E, F, G, H lép luot 1a trung Qiém cua
NA, NB, MC, MD. Chirng minh rang ba duong thang MN, M
EF, GH dong quy. A 7N
\
HD: Ching minh tor gidc HEGF 1a hinh binh hanh tir d6 /'l N
suy ra MN, EF, GH dong quy. HA |0 G
/ /
\A\E //
D P c

Bai 3. Cho doan thing PQ va mot diém A & ngoai duong thang PQ. V& hinh hinh hanh ABCD c¢6
duong chéo BD // PO va BD = PQ . Chimg minh ring mdi dudng thang BC va CD luén di qua mot

diém c6 dinh.

Bién soan: Trdn Pinh Hoang 0814000158 33



Chuyén dé béi dwéng hoc sinh gidi todn 8

o Loi gidgi

Qua A v& duong thang xy // PO
Trén tia Ax lay diém M, trén tia Ay lay diém . M 4

N sao cho AM = AN = PQ. AN

Nhu vay cac diém M va N ¢6 dinh. / AN

Ta gidc AMBD c6 hai canh dbi dién song / N
song va bang nhau nén 13 hinh binh hanh B D
= BM // AD

Mit khéc, BC // AD nén ba diém B, M, C
thang hang (tién dé& O-clit)

Do d6 dudng thang BC di qua diém cd dinh M. o

Chung minh tuong tu, ta dugc duong thang CD di qua diém co dinh N.
Bai 4. Trong tit ca cac ttr giac voi hai dudng chéo c¢6 d6 dai m va n cho trude va goc xen giilra hai
duong chéo c6 do 16n « cho trudce hay xac dinh tr gide ¢6 chu vi nho nhat.

o Loi gidgi

Xét tir giac ABCD ¢c6 AC=m,BD=n va BOC =«

V& hinh binh hanh ADBE va v€ hinh binh hanh CAEF.

Khi d6é: EF = AC =m;CF = AE =BD =n;

EAC=BOC=a

Nhu vay hinh binh hanh CAEF hoan toéq duoc xac dinh,

do d6 hai duong chéo AF va CE khong doi.

D¢ thay tr giac BFCD 1a hinh binh hanh = BF =CD.

Chu vi tr giac ABCD la:

(AB+CD)+(BC+ AD)=(AB+BF)+(BC+BE)>AF +CE. D

A, B, C thdng hang . {AB /1CD
C, B, E thdng hang AD//BC

Vay chu vi cua tr gidc ABCD nho nhit khi va chi khi ABCD 14 hinh binh hanh.
Dang 3. Dung hinh binh hanh

Dau "="xay ra < { & ABCD 14 hinh binh hanh.

Bai 1. Cho truéc hai diém A va B thudc hai nira mit phang d6i nhau bd 1a dudng thiang d. Mot
doan thang CD c6 do dai a cho trudc nim trén duong thing d. Hiy xéac dinh vi tri cia diém C va D
dé tong AC+CD+ DB nho nhét.

o Loi gidgi

Gia st d3 xac dinh duoc vi tri cia C va Ded dé téng

AC+CD+ DB nhé nhét. V& hinh binh hanh CDBB’ (chu

¥ CD va BB’ nguoc chiéu nhau).

Khi d6 BB =CD =a (khong dbi); DB =CB'.

Diém B'cé dinh.

Ta ¢6 tong AC+CD+DB nho nhit < AC+DB nho

nhat (vi CD =a khong dbi).

< AC+CB' nhoé nhit < 4,C, B’ thang hang. B’ B

Tur d6 ta xac dinh diém Ced nhu sau:

- Qua B v& mot duong thang song song voi d, trén d6 1dy B’ sao cho BB'=a (BB’ ngugc chiéu

véi CD)

- Lay giao diém C cua B'4 vad
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-Liy Ded saocho CD=a (CD va BB' nguoc chiéu)
Khi d6 tong AC+CD+ DB nho nhat.

Bai 2. Hai diém dan cu A va B 6 hai bén mot con soéng c¢6 hai bd d va d' . Chiéu rong con séng
bang a. Hay tim dia diém bac cau sao cho quang duong tir A sang B 1a ngan nhat (cau vudng goc

v6i1 bo song).
o Loi gidi 4
Gia sir da xac dinh duoc vi tri CD ciia cau (Ced;Ded)
sao cho tong AC+CD+ DB nho nhit.
V¢ hinh binh hanh ACDA'. A’
Taco: AC=A'D,AA' =CD=a va AA" L d.

I

|

2 7 !
Khi d6 4’ 1a mot diém c dinh. 1 <
Ta c6 tong AC+CD+ DB nho nhat a
< AC+ DB nho nhat (vi CD =a khoéng do1)

d'

& A'D+ DB nho nhit < 4',D, B thang hang. D
Tur d6 ta xac dinh vi tri CD cta cAu nhu sau:

-Vé AH 1.d

- Trén tia AH 1dy 4’ sao cho A4’ =a

- L4y giao diém D cia 4'B va d'.

-V& DC Ld(Ced).

Khi d6 AC+CD+ DB nho nhat.

CHU PE 3: HINH CHU NHAT

Dang 1. Bai tdp vin dung tinh chit va dau higu nhén biét hinh chiv nhgt

Bai 1. Cho hinh chit nhat ABCD. Trén duong chéo BD ldy mot diém M . Trén tia AM lay diém
N sao cho M latrung diém cua AN.Goi E va F lan luot 1a hinh chiéu cua N trén dudong thang

BC va CD.Chung minh rang ba diém M, E,F thang hang.

e Tim cach giai A B

Xét ACAN , duong thang EF di qua trung diém ctua CN,

mudn cho EF di qua trung diém M cia AN ta can M

ching minh EF // AC. S

e Trinh bay loi gidi 0 i N
T gidc ENFC c¢6 ba gdoc vudng nén la hinh chit nhat. K

Goi O 1a giao diém cia AC va BDva K 1a giao diém D 1 1 - 2

ctia EF va CN . Theo tinh chit hinh chit nhat, ta co:
OA=0B=0C=0D;
KC=KN =KE =FE.
Xét ACAN c6 OM la duong trung binh nén OM // CN . Do d6 BD // CN.

AOCD,AKCF can, suy ra D C C2 =FZ.
Mat khac, D1 = C2 (cap goc ddng vi) nén CA‘1 = 1?2 .Suyra AC // EF .

Xét ACAN c6 dudng thang EF di qua trung diém K ctia CN va EF // AC nén EF diqua
trung diém cua AN, tic la di qua M . Vay ba diém M, E,F thang hang.

Bai 2. Cho tam gidc ABC can tai 4. T mot diém trén day BC, vé duong thang vuong goc voi
BC cit cac duong thang AC AB lan lugt tai M va N. Goi H va K lan luot 13 trung diém cua

BC va MN . Chirng minh rang t&r gidc AKDH 13 hinh chi nhat.
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o Tim cach giai N
D@ thiy tr gidc AKDH c6 hai goc vudng 1a H = D =90°
nén chi can ching minh t&r giac nay c6é mot géc vuong

nita la thanh hinh chir nhat. 4 K
o Trinh bay loi gidi , '
AABC cantai 4, AH 1a dudng trung tuyén nén cling la U
duong cao, duong phan glac \
DodoH =90° VaA A 2

B 7, D c

Ta co6: AH // DN (vi cung vudng goc voi BC)
= N= 21 (cap goc dong vi); ]Tl\l = 22 (cap gobc so le trong).
Dodé N=M, (Vi 4, =4,).
Vay AAMN cantai A ma AK 1a duong trung tuyén nén AK ciing 1a dudng cao, K =90°.
T gidc AKDH c6 K =H =D=90° nén no 14 hinh chi nhat.
Bai 3. Cho tam giac ABC vudng can tai 4. Trén canh huyén BC liy diém D. V&
DH 1 AB,DK | AC. Biét AB = a, tinh gia tri 16n nhat ctua tich DH.DK .

e Tim cach gidai C
Ta thdy DH + DK = AB (khong d61). Dya vao cac hing dang
thire ta c6 thé tim duoc mdi quan hé glua tich DH.DK véi tong

DH + DK . Mbi quan hé nay duoc biéu dién nhu sau:

Ta co:
(x—y)220<:>x2+y222xy<:>x2+y2+2xy24)g/<:>(x+y)224xy
K y D
()chy)2
@xyST x
ol y
e Trinh bay loi gidi. A H x B

T giac AHDK c¢6 ba goc vudng nén 1a hinh chir nhat.
Tam gidc HBD c6 H =90° B =45° nén la tam gidc vuong can. Ta dit: DH =x,DK =y thi
HB=x,AH=y va x+y=a.

2 2
Tacod: xy< @ = % (khong doi).

Déau "=" xay ra < x =y < D la trung diém cta BC.
2

Vay gia tri 16n nhit cua tich DH.DK 1a % khi D 14 trung diém cua BC.

Bai 4. Cho hinh thang ABCD, A=D=90°. Trén canh 4D c¢6 mot diém H ma AH < DH va
BHC =90°. Chtrng minh rang trén canh AD con mot diém K sao cho BKC =90° .

o Tim cach gidai

Gia sir da chung minh dugc BKC =90° thi ABHC va ABKC la hai tam giac vuong c6 chung
canh huyén BC nén hai dudng trung tuyén ting véi BC phai bang nhau. Do d6 can ching minh
hai duong trung tuyén nay bang nhau.

o Trinh bay loi gidi

Goi M va N lan luot 1a trung diém ctia AD va BC.Khi dé MN 14 dudng trung binh cua hinh
thang ABCD, suy ra:
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MN /| AB=> MN L AD (Vi AB L AD)

Trén canh 4D lay diém K sao cho DK = AH = MK = MH .
ANHK ¢6 NM vira la dudng cao, vira la duong trung tuyén nén
la tam giac can = KN = HN .

Xét AHBC vuodng tai H cb HN:%BC (tinh chat dudng trung

tuyén (mg v6i canh huyén). Suy ra KN = %BC (vi KN =HN).

Do d6 AKBC vuong tai K = BKC =90°.

D C

Bai 5. Cho duong thang xy. Mot diém 4 cb dinh ndm ngoai xy va mot diém B di dong trén xy.
Goi O 1a trung diém ctia 4B . Hoi diém O di dong trén duong nao?
o Loi gidi
V€ AH 1 xy,OK L xy.
Ta co6: AH la mot doan thfmg cd dinh. Xét AABH cb
OK /| AH va OA=0B nén KH = KB . a 0
Vay OK la dudng trung binh suy ra:

OK = %AH (khong dbi).

w u
Piém O cach dudng thang xy cho trudc mot khoang * a K B Y

khong doi 1a %AH nén diém O di dong trén dudng thiang a / xy va cach xy 1a ATH (duong
thang a va diém A cung ndm trén mot nira mat phang bo xy).
Bai 6. Cho tam giac ABC vuodng can tai 4, duong cao 4D . Goi M 1a mdt diém bat ki trén canh
BC.V& ME | AB,MF 1 AC . Tinh s0 do céac gbc cta tam gidc DEF .
o Loi gidgi
T giac AEMF c¢6 ba goc vudng nén la hinh chir nhat .
= AE = MF
Tam gidc FMC vuong tai F,C=45° nén la tam giac
vudng can = CF = MF . Do d6 AE =CF . F

Tam gidc ABC vudng can, AD la duong cao nén dong
thoi 1a duong trung tuyén, dudong phan gidc nén B D M c

AD =DC =%BC;E47) = FCD = 45°.

AEDA = AFDC (¢.g.c)= DE = DF v EDA=FDC

Ta c6: ADF + FDC =90° = ADF + EDA = 90° hay EDF =90°.

Do d6 ADEF vudng can = E=F= 45°;E/D7~" =90°.
Bai 7. Cho hinh binh hanh ABCD . Biét AD = %AC va BAC = %EIC. Chémg minh ring hinh binh
hanh ABCD 1a hinh chir nhat.
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o Loi gidi q
Goi O la giao diém ciia AC va BD,tacod O4=0C
Vi AD:%AC nén AD = AO

V& AH 1 OD,0OK 1 AB.

Xét AAOD can tai 4, AH la duong cao = AH cling la
duong trung tuyén, ciing 1a dudng phan giac.

Do d6 HO=HD v 4 =4, .

Vi ER’:%D,TC nén A=A -4.

AAOK = AAOH (canh huyén, gbc nhon)

:>OK:OH:%OD:>OK:%OB:>§1:3O°.

Xét AABH vuong tai H co 1?1 =30° nén HAB = 60° suy ra DAB =90°.

Hinh binh hanh 4BCD c6 mgt goc vudng nén 1a hinh chir nhat.

Bai 8. Cho hinh chit nhat ABCD, AB=8,BC =6. Piém M nim trong hinh chit nhat. Tim gia tri nho

nhit cua tong: S = MA*> + MB* + MC* + MD” .
o Loi gidi
ABCD 1a hinh chit nhat nén AC =BD =+/8" +6° =10.
Ta dat MA=x,MC=y.
Xét ba diém M, A,C ta co: MA+MC > AC
do d6 x+y>10=(x+y) 2100 hay x>+ y*+2xy>100. (1)
Mat khac, (x—y)2 >0 hay x*+y° —2xy>0. (2)
Tir (1) va (2) suy ra 2(x” +37) 2100 = x* + * > 50.

Déau "=" xayra <> M namgiita 4 va C va MA=MC < M
la trung diém cua AC.

Chtng minh tuong tu, ta dwge: MB? + MD* >50 ddu "=" xay ra < M 1a trung diém ctia BD.

Vay MA* + MC? + MB* + MD* >100.

Do d6 gia tri nho nhét ciia tong S 1a 100 khi M 1a giao diém cta hai duong chéo AC va BD.

Bai 9. Cho tam gidc ABC vudng tai 4. Goi O la mot giao diém bét ki trong tam giac. V&
OD 1 AB,OE 1 BC va OF 1 CA. Tim gia tri nho nhat cta tong: S = 0D’ + OE* + OF*

o Loi gidi
V& AH 1 BC,0K 1 AH.. A4
TG gidc ADOF va KOEH 13 hinh chit nhat nén 24k
OF = AD va OE =KH . \
Xét AAOD vudng tai D, ta c6 LoE
OD? + AD* = 04 > AK>. K 0
Do do L
2 2 2 2 2 2 2 2 B H E
OD"+OF  +0OE" =0D"+AD"+OE" > AK" +KH
2 2
S (AK+KH) _ 4H (khong déi)
2 2
Déau "=" xay ra < O nam giita 4 vd H va AK = KH < O 1a trung diém cua 4H
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2

Vay gi4 tri nho nhét cua tong S 1a AH khi O 1a trung diém cia AH .
Bai 10. Cho hinh chit nhat 4BCD, duong chéo AC =d . Trén cac canh AB,BC,CD va DA lan luot
lay cac diém M, N, P,Q. Tinh gia tri nho nht cua tong: S = MN? + NP* + PQ* + OM>

o Loi gidi

Tt giac ABCD 1a hinh chir nhéat nén

A=B=C=D=90°.

Ap dung dinh 1i Py-ta-go, ta co:

MN? =BM* + BN*; NP> =CN”* +CP?;

PQ* = DP*> + DQ*;OM* = AQ* + AM>.

Do d6: S =MN? + NP>+ PQ* +QOM*

=(AM’ + BM? )+ (BN* + CN”)+(CP* + DP*)+(DQ" + AQ)

L. +b) : .

Van dung bat dang thirc a2+b22(aT) (dau "=" xayrakhi a=5), ta dugc:

AM +BM) (BN+CNY (CP+DPY (DQ+AQ)
o (AM4BM) (BN+CN) (CP+DP) (DO+AQ)

2 2 2 2

2 2 2 2 2(AB*+BC?
_A4B _BC' CD' 4D’ _ ( ):Aszdz.

2 2 2 2 2

Vay gia tri nho nhit cua tong S 1a ¢> khi M, N, P,0 lan luot 13 trung diém cia cac canh hinh
chir nhat.

Bai 11. Cho tam giac déu ABC canh a. Trén cic canh 4B, AC lan luot léy cac diém D va E sao
cho 4D =CE . Tim gia trj nho nhét cua d6 dai DE .
o Loi gidi
Vé DH | BC,EK 1 BC va DF 1 EK

T giac DFKH ¢6 3 goc vudng nén 1a hinh chir nhat.
Suy ra DF = HK .

E
AHBD vuong tai H c6 B =60° nén )
D, =30°= BH =L BD. >
2 dF
AKCE vudng tai K c6 C =60° nén 1
Ei=30°= CK =L CE=1 4D, = =
2 2 B H K C

Ta co: DEZDF:HK:BC—(BH+KC)=BC—(%BD+%AD]=BC—%AB=%.
Vay gia tri nho nhit cua DE 1a % khi D va E lan luot 13 trung diém ctia 4B va AC.

Dang 2. Tinh chit dwong trung tuyén ciia tam gidc vuong
Bai 1. Cho tam gidc ABC vudng tai 4. Trén canh huyén BC lay mot diém M. V@
MD 1 AB,ME 1 AC va AH 1 BC. Tinh s0 do cua goc DHE.

o Loi gidi

Tk gidc ADME c6 ba goc vuong nén 1a hinh chit nhat nén 4M = DE.

Goi O la giao diém ciia AM va DE , ta co:
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OA=0M =0D =OE.
Xét AAHM vuong tai H , ta co: HOzéAM
:HO:%DE. D4~

Xét AHDE ¢6 HO la duong trung tuyén tng véi canh

DE ma HOzéDE nén AHDE vuodng tai
H = DHE =90°.

Bai 2. Cho tam gidc ABC vudng tai A, dudng cao AH, duong trung tuyén AD. V&
HE 1 AB,HF 1 AC.Goi M va N lan luot 13 trung diém cta HB va HC .
a) Ching minh rang EM // FN // AD;
b) Tam gidc ABC phai c6 thém diéu kién gi thi ba dudng thang EM,FN.AD 1a ba duong thang
song song cach déu.
o Loi gidi
a) Tk gidc AFHE c0 ba goc vudng nén la hinh chit nhat
= 04 =0F =0OH =OE.
Xét AABC vudng tai A c6 AD la dudng trung tuyén
nén AD=DB=DC.

~

ADAC cin = A4 =C.

Mit khéc, C = 22 (cung phu voi B );
1/4; = El (hai goc ¢ day cua tam giac can)
Suy ra :4\1 = }/E\l .
Goi K la giao diém ctia 4D va EF .
Xét AAEF vudngtai 4 cd E,+F =90°= 4 +F =90°= K =90°.
Do d6: AD 1 EF, (1)
Taco: AOEM = AOHM (c.cc)= OEM = OHM =90°= EM L EF. (2)
Chung minh tuong tu, ta dugc: FN L EF. 3)
Tu (1), (2), (3) suyra: EM // FN // AD (vi cung vudng goc vo1 EF).
b) Ba duong thang EM,FN va 4D la ba duong thang song song cach déu
& KF=KE < K=0<< AD = AH < AABC vuldng can.
Bai 3. Cho tam gidc 4BC vuong tai A(A4B < AC), dudng cao AH . Trén canh AC ldy diém D sao

cho AD=4B. Goi M la trung diém ciia BD. Ching minh rang tia HM la tia phan giac ciia goc
AHC.

o Loi gidi
V& DE 1 BC,DF | 4H. A
AHAB va AFDA ¢6: H =F =90°; AB = AD:; \
HAB =FDA (cung phu véi FAD). \

D
Do d6 AHAB = AFDA (canh huyén-goc nhon) Fs
= AH = FD. (1) M~~~ h
T gidc FDEH c6 ba goc vuong nén la hinh chit nhat B H E c
— HE = FD. 2)

T (1) va (2) suy ra: AH = HE.
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Tacd AM = EM :%BD.
AAHM = AEHM (c.c.c) = AHM = EHM.
Do do6 tia HM 1a tia phan giac cua goc AHC
Bii 4. Cho hinh chit nhat 4BCD, AB=15,BC =8. Trén cic canh AB,BC,CD,DA lan luot ldy cac
diém E,F,G,H . Tinh gia tri nho nhét cia chu vi t giac EFGH .
o Loi gidi
Goi M,N,P 1an luot 1a trung diém cua HE,HF va FG 4 E B
Theo tinh chat dl}’(‘)’ng trung binh cua tam giac, tinh chat .
duong trung tuyen irng véi canh huyén cua tam giac -
vudng, ta co: <
EF =2MN;FG =2CP;GH =2NP; HE =2AM. H N <2~
Do dé6 chu vi cta hinh tor gidc EFGH 1a: 3
EF + FG +GH + HE =2(AM + MN + NP+ PC). b G
Xét cac diém 4,M,N,P,C, ta co:
AM+MN+ NP+ PC > AC (khong d6i).
AC2:ABZ+BC2:152+82:289:>AC:17.’ .
Vay chu vi cta tir gidc EFGH >2.17=34 (dau "=" xdy ra < M,N,P nam trén AC theo thi tu
d6 < EF // AC //HQ va HE // BD /| FG).
Do d6 gia tri nhd nhat cta chu vi tor giac EFGH 1a 34.

Dang 3. Puwong thing song song véi mét dwong thing cho truée
Bai 1. Cho goc xOy c6 sb do bang 30°. Diém 4 cb dinh trén tia Ox sao cho 04 =2cm. Ly diém
B bat ki trén tia Oy . Trén tia ddi cua tia B4 ldy diém C sao cho BC =2BA. Hoi khi diém B di
dong trén tia Oy thi diém C di dong trén dudng nao?
o Loi gidi
Goi M la trung diém cua BC.
V& AH 1 Oy,MD 1 Oy va CE 1 Oy.
Xét AAOH vudng tai H, co O =30° nén

AH = %OA =lcm.

AMDB = AAHB = MD = AH =1cm.

Xét ABCE, d& thdy MD 1a duong trung binh nén
CE =2MD =2cm. M
Piém C cach Oy mot khoang 13 2em nén C di dong trén
duodng thang a / Oy vacach Oy 1a 2cm .

Bai 2. Cho goc xOy c6 sb do bang 45°. Piém A cb dinh trén tia Ox sao cho 04 =3v2cm. Liy
diém B batki trén tia Oy. Goi G 1a trong tAm cla tam gidc OAB . Hoi khi diém B di dong trén tia
Oy thi diém G di dong trén dudng nao?

o Loi gidi ﬂ

Goi M la trung diém ctia OB .

Khi d6 Ge AM va AG=2GM .

Goi N la trung diém cua AG, ta dugc AN = NG =GM .

V& A4D,NE,GF cung vuong goc voi Oy .

Ba duong thiang AD, NE va GF 1a ba duong thiang song song cach déu nén
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DE =EF =FM.
Tadat FG=x thi EN =2x va Y
EN:@.DO 6 A

N
25 =X AD . 4p 23k,

G a
Xét ADOA vudng can tai D= OA’ =2DA>. B y
o0 D E F M B

2
Do d6 2DA4* = (3\/5) = DA=3(cm)= FG =1cm.
Piém G cach Oy mot khoang khong ddi 13 lem nén diém G di dong trén dudng thang a // Oy
vacach Oy 1a lem.

Bai 3. Cho tam giac ABC cantai A. Trén cac canh 4B va AC lan luot léy cac diém M va N sao
cho AM =CN . Goi O la trung diém cua MN . Héi dieém O di dong trén duong nao?
o Loi gidi

V& ND J/ AB(D € BC). 4

Ta co l/)\l =B (cdp goc dong vi) ma B=C
Nén 51 =C = ANDC can. Do d6 ND = NC
Mat khac, AM = NC nén ND = AM .

Suy ra tir gidc ANDM 1a hinh binh hanh, trung diém O cua o
MN ciing 1a trung di€ém O cia AD.

Ta c6 diém 4 va BC c¢0O dinh, theo vi du 5, thi diém O di

dong trén duong thang a // BC va cach BC mot khoang AH B S C

(AH 1a dudng cao cua A4ABC).

Bai 4. Bén trong hinh chir nhat kich thudc 3x6 cho 10 diém. Chung minh réng ton tai hai diém
trong s6 10 diém do6 co khoang cach nho hon 2,3.
o Loi gidi
Chia hinh chir nhat c6 kich thudc 3x6 thanh 9 hinh chir
nhat nhé c6 kich thuéc 1x2. C6 10 diém nim trong 9
phan nén ton tai hai diém chang han 4 va B thudc cing
mot phan. A .
Dé thdy 4B < d6 dai duong chéo cia mdi hinh chit nhat

nho, tac 14 AB<~1> +2° =+/5<2,3

°
=

Bai 5. Bén trong hinh chit nhat c6 kich thuéc 3x6 cho 8 diém. Ching minh rang ton tai hai trong
s0 8 diém do6 c6 khoang cach nhd hon 2,3.

o Loi gidi

Chia hinh chit nhat c6 kich thuéc 3x6 thanh 7 phan nhu
hinh 5.24. C6 8 diém nim trong 7 phan nén ton tai hai
diém chang han 4 va B thudc cing mot phan.

D@ thly AB<+1*+2°> =5<2,3
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CHU DE 6: HINH THOI VA HINH VUONG

Dang 1. Bai tdp vin dung tinh chit va dau higu nhén biét hinh thoi

Bai 1. Cho hinh thoi ABCD, 6 dai mdi canh 13 13cm. Goi O 1a giao diém cua hai duong chéo. V&
OH 1 AD . Biét OH = 6¢m , tinh ti s0 ctia hai duong chéo BD va AC.

N, e .

e Loi gidi B
Vé BK 1 AD.

Xét ABKD c6 OH || BK (vicung vudng goc voi AD)
va OB=0D nén KH = HD.

A c
Vay OH la dudng trung binh cia ABKD 0
Suy ra OH:%BK,do d6 BK =12cm. K
H
Xét AABK vudng tai K, c6 D

AK? = AB*> —BK* =13* —12° =25 = AK =5cm
do d6 KD =8cm.
Xét ABKD vudng tai Kcd BD* = BK* + KD* =12% +8> =208.
2
Xét AAOH vudng tai Hcod 04> =OH* + AH> =6 +9*> =117 :{ATCJ =117= AC* = 468.

BD' _208_4_ BD 2

AC* 468 9 ~AC 3

Bai 2. Cho tam gidc ABC can tai A, hai duong cao BE va CF cét nhau tai H.Duong thing AH
cat EF tai D, cat BC tai G. Goit M va N lan lugt 1a hinh chiéu cia G trén AB va AC. Ching
minh rang tir gidc DNGM 1a hinh thoi.

Do do:

o Loi gidi A
AABE = AACF (c.h, gnh)= AE = AF va BE =CF.

Vi H 1a truc tim cta aABC nén AH la duong cao, dong thoi
1a duong trung tuyén, tir 46 GB = GC va DE = DF.

Xét AEBC c¢6 GN||BE (cung vudng gbéc véi AC) va
GB =GC nén NE = NC.

Chtrng minh tuong tu, ta dugc: MF = MB. M, H N
Dung dinh 1y duong trung binh cta tam giac ta chiung minh
dugc DM ||GN va DM =GN nén to gidc DNGM 1a hinh binh
hanh.

Mt khic, DM = DN (cing biing % ctia hai canh bing nhau) nén DNGM 1 hinh thoi.

Bai 3. Mot hinh thoi c6 gbc nhon bang 30°. Khoang cach tir giao diém cua hai duong chéo dén
moi canh bang /. Tinh d§ dai moi canh cua hinh thoi.
e Loi gigi: Gia st ABCD 14 hinh thoi, 4 =30°. Hai dudng chéo cit nhau tai O.

V& OH 1 AD, BK | AD thi OH || BK va OH la dudng trung binh cia tam giac
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BKD:OHz%BK. (1) P

Tir (1) va (2) suy ra: = OH:%AB do d6 AB = 40H = 4.

Bai 4. Cho hinh thoi ABCD, chu vi bang 8cm . Tim gia tri 16n nhat cta tich hai duong chéo.
o Loi gidi

Goi O 1a giao diém cuia hai duong chéo. ’

Ta dat O4=x,0B=y thi AC =2x,BD =2y.

Tacd: AB=8:4=2cm va x* +y* =4.

2 2

X +y

Tir bat dang thire x* + y® > 2xy suy ra xy <

/—I
=22,
2

Do d6: AC.BD =2x.2y =4xy <8. D

Vay gi tri 16n nhit cta tich AC.BD 1a 8(cm®) khi x =y

< AC =BD < ABCD la hinh vuong.
Bai 5. Cho hinh thoi 4BCD, 4=40°. Goi M 1a trung diém ctia 4B. V& DH L CM . Tinh sé do
cua goc MHB.

o Loi gidgi

Goi N 1a trung diém cia CD. M T

Tacd AM ||CN va AM = CN nén tr giac AMCN la

hinh binh hanh = AN ||CM . A ¢
Mat khac, DH 1. CM nén DH 1 AN tai K. N

Xét AHCD c6 KN ||CH va NC = ND nén D

KH =KD .

AHAD C6 AK vira la duong cao vira 1a duong trung tuyén nén AHAD cin = AH = AD.
Mat khac, AB = AD nén AH = AB = AABH can.

Suy ra ADH = AHD va ABH = AHB.

Xét ti gidc ABHD ¢6 ADH + DHA+ BHA+ ABH = 360" — 4

— 2(DHA + BHA) = 360" — 40° = 2 BHD = 320° = BHD =160".

Mit khéc, DHM =90° nén MHB =160" —90° = 70° .
Bai 6. Cho hinh thoi ABCD. Trén nira mat phfmg bd BD c6 chtra diém C, v& hinh binh hanh
BDEF c6 DE = DC. Ching minh rang C la tryc tAm cta tam giac AEF .

o Loi gidi

Tacd AC L DB ma DB|| EF nén AC 1L EF . (1)

V& diém M sao cho D l1a trung diém cia EM .

Xét ACEM c6 CD 1a duong trung tuyén ma CD = %EM nén ACEM vudngtai C = CM L CE
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Ta giac MDFB c6 hai canh ddi song song va
bang nhau nén 13 hinh binh hanh.

— DB va MF cit nhau tai trung diém cta mdi
duong.

Mait khac, O la trung diém cua DB nén O la
trung diém ctia MF .

Tk giac AMCF c¢6 04=0C,0M =OF nén la
hinh binh hanh = CM || AF

— CE L AF . )

Xét AAEFc6 AC va EC la hai dudng cao cit nhau tai C nén C 1a truc tim.

Nhdn xét: Néu v& hinh binh hanh DBEF vé phia diém A4 thi két luan cua bai toan van ding.
Bai 7. Cho hinh binh hanh ABCD, hai dudng chéo cit nhau tai 0. Goi E,F,G,H lan luot 1a giao
diém cac duong phéan giac ciia tam gidc 4OB, BOC,COD via DOA. Ching minh ti gidc EFGH 1a
hinh thoi.

o Loigidgi

Tacdo OF L OH,0G L OH (hai tia phan giac cua hai

goc ké bu)
= E,0,G thang hang.
Chung minh tuong ty, ta duge H,0,F thang hang.

Tacé AB| CD = BAC = ACD
— EAO = ACG (mdt nira ctia hai goc bang nhau)
AAOE = ACOG (g.c.g) = OE =0G .
Chung minh tuong tu, ta dugc OF = OH .
T& gidc EFGH c6 hai dudng chéo cit nhau tai trung diém ctia mdi dudng nén 1a hinh binh
hanh. Hinh binh hanh c6 hai dudng chéo vuéng goc nén 1a hinh thoi.
Dang 2. Bai tdp vin dung tinh chit va dau higu nhén biét hinh vuéng
Bai 1. Cho hinh vudng 4BCD. Liy diém M trén duong chéo AC. V& ME L AD, MF 1 CD va

MH 1 EF. Chung minh rang khi diém M di dong trén AC thi duong thang MH ludn di qua mot
diém co dinh.

e Tim cach gidi 4 B

V& hinh chinh xé4c ta thiy duong thing MH di qua mot diém ,
¢6 dinh 1a diém B . Vi thé ta s& chimg minh ba diém H,M,B J

— /

thang hang bang cach ching minh ZT/[\1 =M,. /

o Loi gidi 1 2
Goi N 1a giao diém ctia dudng thing EM va BC.
Khi d6 BN = AE; AE = ME (vi AAEM vudng can) suy ra H
BN = ME . D 7 c

Chung minh tuong tu, ta dugc: MN = MF .
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N6i MB ta dugc: ABMN = AEFM (c.g.c).
Suy ra l?l = E\l do do M\l = A//f\z . Tir d6 ba diém H,M,B thang hang.
Vay duong thang MH 1udn di qua mot diém cd dinh 1 diém B.

Bai 2. Cho hinh vuéng 4ABCD canh a. Trén canh BC léy diém M, trén canh CD léy diém N sao
cho chu vi cac tam gidc CMN bang 2a. Ching minh rang goc MAN c6 s6 do khong doi.

o Tim cach gidi

A B
V& hinh chinh x4c ta ludn thiy MAN =45°. Vi vy ta v& 1
hinh phy tao ra géc 90° rdi ching minh MAN béng nira u
gbc vuong do.
o Loi gidi
Trén tia d6i cta tia DC 14y diém E sao cho DE = BM .
aBAM =aDAE (c.g.c)suy ra AM = AE va BAM = DAE . D v c

Ta c6: BAM + DAM =90".

— DAE + DAM =90° hay EAM =90°.

Theo d& bai, CM + CN + MN =2a ma CM +CN + MB + ND =2a nén MN = MB + ND hay
MN = DE+ ND = EN .

aMAN =aEAN (c.c.c) = MAN + EAN = # =45 Vay, goc MAN c6 sd do khong doi.

Bai 3. Cho hinh vuéng ABCD . Trén cac canh 4B,BC,CD lan luot léy cac diém M,N,P sao cho
AM =BN =CP.Qua N v& mot duong thang vudng goc véi MP cat AD tai Q. Ching minh rang
tor gidc MNPQ 1a hinh vuong.

o Tim cach gidi

Tir gia thiét ta nghi dén viéc chimg minh cac tam giac bang
nhau dé suy ra bon canh cua ti giac MNPQ bz"mg nhau, ta duogc
tor giac nay la hinh thoi. Sau d6 ching minh hai dudng chéo
bang nhau dé duoc hinh vudng.

e Trinh bay loi gidi

V& ME 1. CD, NF 1 AD.

Goi O 1a giao diém cia ME va NF .

Tacd: AB=BC=CD=DA ma AM = BN =CP nén BM =CN = DP.

D@ thiy tir gidc AMOF 14 hinh vudng.

AEMP va AFNQ co:

E=F=90"; ME = NF (bang canh hinh vudng);

EMP = 1@ (hai géc c6 canh tuong irng vudng goc)

AEMB = AFNQ (g.c.g) = MP=NQ va EP=FQ.

Ta cd: DE = AM = AF = DP = AQ dodé DQ=CP.

Céc tam giac BNM,CPN,DQP va AMQ bang nhau suy ra MN = NP = PQ = OM .
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Do d6 tir giac MNPQ 14 hinh thoi. Hinh thoi nay c¢é hai dudong chéo bang nhau nén 14 hinh
vuong.

Bai 4. Cho hinh vuéng ABCD. Trén canh BC lay cac diém E va F sao cho BE = EF = FC . Trén
canh AD lay diém G sao cho 4G = %AD . Tinh tong; AEG + AFG + ACG

o Loi gidi p 2
Céc tor gidc ABEG, AEFG, AFCG 1a hinh binh hanh nén: 1
2
AB|| EG, AE || GF, AF || CG g 3 i~
Suyra E, = 4;:F, = 4,:C, = 4, 2
P F
Do d6: E +F,+C, = A + A, + A, = BAC =45". 3
D C

Bai 5. Cho hinh vuéng ABCD . Trén dudng chéo AC iy mot diém M . V& ME L AD, MF L CD.
Chirng minh rang ba duong thing AF,CE va BM dong quy.
o Tim cach gidi
Mudn ching minh AF,CE va BM dong quy ta ching minh 4 B
chung 14 cac duong thing chira duong cao cia ABEF ' /
o Loi gidi \ /
Tu gidc MEDF ¢6 ba goc vudng nén 1a hinh chir nhét I;\ ,
= ME = DF; MF = DE \ /
aADC vudng can = CAD = ACD = 45°. ESS NS N
Do d6 AAEM vaACFM vuodng can = AE = ME = AE = DF Y
CF = MF = DE = CF . R
AABE = ADAF (c.g.c) = B, = A = H = 90" D c

(H 1a giao diém ctia BE va CF).

Chung minh tuong tu, ta dugc CE L BF .

Goi N la giao diém cua EM voi BC; K la giao diém cua BM voi EF .

Taco MF =MN (vi M nim trén tia phan giac cua goc C).

ME = BN(= AE)

AMFE = ANMB (g.c.g)= MFE = NMB

Ta c6: NMB+ FMK =90°(vi NMF =90°) = MFE + FMK =90° = K =90° = BM | EF
Viy ba duong thang AF,CE va BM la ba duong cao cia ABEF nén chung dong quy.

Bai 6. Cho tam giac ABC vudng tai 4, duong cao 4AH . V& ra phia ngoai tam gidc nay cac hinh
vudng ABDE va ACFG . Chting minh rang:

a) Ba duong thing AH,DE va FG ddng quy;

b) Ba duong thang AH,BF va CD dong quy.

o Loi gidi

a) Goi K 1a giao diém cua hai dudng thing DE va FG .
T gidc AGKE c¢6 ba goc vudng nén 1a hinh chir nhat.
Goi O 1a giao diém cua AH va EG .

AAEG = AABC(c.g.c) = E}\l = a .
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Ta lai c6: a = ,/4\1 (cung phu véi @);
Va 4,=4,=G =4,.

Do d6 AOAG can = OG =04

Cmtt, ta dugc OF =04 = OG =OE 7

Xét hinh chit nhat AGKE c6 O la trung di€m cua
duong chéo EG nén dudong chéo AK phai di qua
O hay duong thépg AH diqua K.

Vay ba duong thang AH,DE,FG dong quy.

b) ABCF va AKAC cé:

BC = KA (cung bang EG); BCF = KAC

(Vi 90° +C, =90° + 4, ); CF = AC

Do d6 ABCF = AKAC = F = C;

Goi M la giao diém cua BF va KC.

Taco C,+C, =90° = F, +C, =90° = M =90°. Vay BF 1 KC

Ching minh tuong tu, ta du:qqc CD 1 KB .

Xét AKBC c6 cac duong thang AH,BF,CD chuira ba dudong cao nén ching dong quy.

Bai 7. Cho hinh vuéng 4BCD. Trén tia d6i cia tia B4 lay diém E. Trén tia ddi cua tia CB liy
diém F sao cho AE =CF . Goi O la trung diém cua EF . V& diém M sao cho O la trung diém cua
DM . Chung minh rang to gidc DEMF 1a hinh vudng.

N e

o Loigidi A B E

AADE = ACDF (c.g.c) = DE = DF va ADE = CDF .
Ta ¢c6 ADE + CDF = 90"

— CDF +CDE =90 hay EDF =90°. D 9
T gidc DEMF c6 hai dudng chéo cit nhau tai trung diém
ctia mdi dudng nén 1a hinh binh hanh. Hinh binh hanh nay
¢6 hai canh ké bang nhau nén 13 hinh thoi. Hinh thoi nay

¢6 EDF =90° nén la hinh vudng.

F

Bai 8. Cho tam giac 4BC ,;1 =45, V& ba duong cao AD,BE,CF cit nhau tai 7. Goi M, N, PO
lan luot 1a trung diém cta 4B, AC,HB va HC . Chimg minh rang t&r gidc MNPQ la hinh vudng.

N e

e Loi gidgi

~ A

AFAC vubng tai F, A=45" nén la tam gidc vudng can
= AF = FC
AAFH va ACFB ¢6: = AFH = CFB =90"; AF = FC;
FAH = FCB (hai géc c6 canh tuong tng vuong gbc) M N
Do d6 AAFH = ACFB(g.c.g) = AH = BC E
Van dung dinh li duong trung binh ctia tam giac ta chirng minh F "
dugc MNPQ 1a hinh binh hanh. 0 p

, 1 1 -
Ta co: MO =—AH;MN =—BC

€= 2 B D ¢
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ma AH = BC nén MQ = MN

Hinh binh hanh MNPQ c¢6 hai canh ké bang nhau nén 13 hinh thoi.

Ching minh M =90° suy ra MNPQ 13 hinh vudng.
Bai 9. Cho hinh binh hanh 4BCD. V€ ra phia ngoai cua hinh binh hanh cac hinh vudéng c6 mot
canh 1a canh cta hinh binh hanh. Goi E,F,G,H lan lugt 1a tdm (tic 1a giao diém cua hai duong
chéo) cta cac hinh vudng vé& trén cic canh AB,BC,CD vaDA. Ching minh rang: EG = HF va
EG L HF .

o Loi gidi

Ta dat B = a(a <90°)

Khi do EBF = GCF =90° +a E
AEFB = AGFC (c.g.c) = EF = GF va EFB = GFC..

Ta ¢6 CFE + EFB = 90" H\”"A \\\B
= CFE + GFC = 90" hay EFG = 90" o/ N
Ching minh tuong tu, ta dugc FG = GH = HE D N 7

Tu gidc EFGH c¢6 bon canh bang nhau nén 1a hinh thoi. N\

Hinh thoi ndy ¢6 EFG =90° nén la hinh vudng, suy ra G

EG=HF va.EG 1L HF .

Bai 10. Mot ban ¢d hinh vudng c6 kich thude 6x6. Co thé dung 9 manh gd hinh chir nhat co kich
thudc 1x4 dé ghép kin ban co dugc khong?

e Loigidgi

T6 mau ban cd nhu hinh v&. Lic nay trén ban co cd 20 6

den va 16 0 tring.
Mdi manh gd 1x4 khi dat 1én ban cd che 1ap duoc 2 6 den
va 2 6 tring.

Do d6 9 manh gb 1x4 chi che 14p dugc 18 6 den.

Nhu vdy v6i moi cach dat 9 manh gb 1én ban cd bao gio
cling con thira hai 6 den khong duogc che 14p.
Vay khong thé ding 9 méanh gb 1x 4 dé lap kin ban co.

Bai 11. M6t hinh chir nhét c6 kich thude 3x 6 . Hay chia hinh chit nhat nay thanh nhiéu phan (hinh
tam gidc, tt giac) dé ghép lai thanh mot hinh vudng (sd phan duoc chia ra cang it cang tdt).

s X

b)
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CHU PE 7: POI XUNG TRUC - POI XUNG TAM

Dang 1. Bai tdp vin dung doi xieng truc
Bai 1. Cho tam giac ABD. V& diém C dbi xung voi A qua BD. V& cac dudng phén giac ngoai tai
cac dinh A, B, C, D cua tr gidc ABCD chiing cat nhau tao thanh tir gidc EFGH.

a) Xac dinh dang cua tr giac EFQH;

b) Ching minh rang BD la truc d6i xting cua tr giac EFGH.

o Loi gidi H
a) Vi C ddi xtmg voi A qua BD nén A4BD d6i xting véi  E 1
ACBD qua BD.

Do d6 AABD=ACBD, suy ra: B, =B,;D, =D, ; BA=BC va R ! N
DA=DC. 2 L%
Ta c6 BD va BE la cac tia phan gidc trong va ngoai tai dinh
B nén BD 1 BE.

Chung minh tuong tu, ta dugc: BD L DH . ¢
Suy ra EF // HG = Tt gidc EFGH la hinh thang.

Ta co l/)\3 = l/): (cing phu v6i hai goc bang nhau).

A = 61 (mdt nira cta hai goc bang nhau).

Suy ra H=G

Hinh thang EFGH c6 hai goc ké mot day bang nhau

nén la hinh thang cén.

b) AADH = ACDG(g.c.g)= DH = DG .

Chung minh tuong tu, ta dugc: BE = BF .

DPuong thing BD di qua trung diém hai d4y cta hinh thang cin nén 1a truc ddi ximg cta hinh

thang can EFGH.
Bdi 2. Cho tam gic nhon ABC. Goi D 1a diém ndm giita B va C. V& cac diém M va N doi ximg
voi D lan luot qua AB va AC. ’ q

a) Ching minh rang goc MAN lu6n c6 s6 do khong do;

b) Xaéc dinh vi tri cia D dé MN c6 dd dai ngan nhat.

o Loi gidi 4

a) Cac doan thang AM va AN dbi xing voi AD lan luot

qua AB va AC nén:

AM = AD; AN = AD; 4, = A,; 4, = 4, .

Ta co: N

— —— —— —~ —~ —_— 2 M ‘

MAN = MAD + NAD =2( 4, + 4, )= 2BAC (khong dbi). .

B D (o

b) Xét AAMN c6 AM = AN (cung bang AD) nén la tam
gidc can. Tam gic can nay cd gbc MAN khéng ddi nén canh ddy MN ngén nhat
< canh bén AM ngdn nhit < AD ngin nhét (vi AM = 4D)

& AD 1 BC <D 1a hinh chiéu cua A trén BC.

Bién soan: Trdn Pinh Hoang 0814000158 50



Chuyén dé béi dwong hoc sinh gidi todn 8

Bai 3. Cho tam giac nhon ABC. Goi D, E, F lan luot la cé}c diém ndm trén cac canh BC, CA, AB.
Xéc dinh vi tri cia D, E, F dé chu vi tam gidc DEF nh¢ nhat.
o Loi gidi
V& diém M ddi ximg v6i D qua AB va vé diém N d6i
xtung voi D qua AC. Khi d60 MF = DF;EN = ED.
Chu vi ADEF = DF + FE+ED = MF + FE + EN
Chu vi ADEF nhé nhét khi d6 dai dudng gip khuc
MFEN ngin nhat. Mubn vy bén diém M, F, E, N phai
thang hang theo thu tu do.
Do d6 ta phai tim diém D trén BC sao cho MN nhé
nhat.
Theo két qua bai 2, & MN nho nhat thi D 13 hinh chiéu
ctia A trén BC. Khi @6 E va F 1an luot 1a giao diém cua
MN véi AC va AB
Ta chung minh véi cach xac dinh D, E, F nhu vay thi
chu vi ADEF nho nhit.
That vy, khi AD 1 BCthi chu vi ADEF bang MN va
MN nho nhat. (1)
Khi D, E, F ¢ nhitng vi tri khac thi chu vi ADEF bang
d6 dai duong gap khuc MFEN do d6 16n hon MN (2)
Chii y: Ta c6 nhan xét diém E 1a chan duong cao vé tir dinh B, diém F 1a chan duong cao vé& tir
dinh C cta A4ABC.
That vay, xét ADEF c6 cac dudng BF va CE lan luot 1a cac dudng phéan giac ngoai tai dinh F va

E. Hai dudng thing nay cét nhau tai A nén tia DA 1a tia phan gidc cua goc EDF.

Ta co: DC L DA nén DC la tia phan giac ngoai tai dinh D cua ADEF .

Mat khac, EC la duong phan gidc ngoai tai dinh E.

Piém C 14 giao diém cua hai duong phan giac ngoai nén FC 1a duong phan giac trong. Két hop

v6i FB 1a duong phan giac, suy ra FC L FBhay CF 1 AB.

Chung minh tuong tu, ta dugc BE L AC.

Nhu vay ba diém D, E, F ¢6 thé xac dinh boi chan cta ba duodng cao cua tam giac.
Bii 4. Cho hai diém A, B cung thuéc mdt nira mit phang bo xy. Hay tim trén xy hai diém C va D
sao cho CD =a cho trude va chu vi tir gidc ABCD la nhé nhat.

o Loi gidi A

Gia sir da dung dugc hai diém C va D e xysao cho CD=ava

chu vi tr giac ABCD nho nhat. M B

V& hinh binh hanh BMDC (diém M & phia gan A). a /

a

Khi d6 BM =CD=a va DM =BC
V& diém N d6i xting v6i diém M qua xy, diém N 1a mot diém D\ c

¢d dinh vd DN =DM .
Ta c6 AB+ BC+CD+ DA nhé nhat
& BC+DAnho nhét (vi AB va CD khong d6i)

N
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< DM + DA nho nhit < DN + DA nho nhit < D niam giita A va N.
Tur d6 ta xac dinh diém D nhu sau:
- Qua B v& mot dudng thing song song voi xy va trén d6 lay diém M sao cho BM = a (diém M
& phia gan A);
- V& diém N d6i xting véi M qua xy;
- L4y giao diém D cua AN véi xy;
- Lay diém C e xysao cho DC =MB =a (DC va MB cing chiéu).
Khi d6 tong AB+ BC + CD + DA nho nhét.
Bai 5. Cho tam giac ABC, duong phan giac AD va mot diém M ¢ trong tam giac. V& cac diém
N, P, A'd61 xting v61 M lan lugt qua AB, AC va AD.
a) Chung minh rang NvaP d6i xtmg qua A4’
b) Goi B',C’'la cac diem doi xting véi M lan lugt qua cac duong phan giac cua goc B, goc C.
Chtng minh rang ba dudng thing A4', BB',CC' ddng quy.
o Loi gidi
a) » AN dbi ximg voi AM qua AB
— AN = AM va NAB=MAB. (1)
e AP dbi xtmg v6i AM qua AC
— AP =AM va MAC = PAC. (2)
e A44' d6i xtmg v6i AM qua AD nén MAD = A AD.
Mit khic, BAD = CADnén MAB=CAA  (3)
Tu (1) va (3) suy ra NAB = MAB = CAA'. 0

— — e — -

Tacd AAP=AAC+ PAC = MAB+ MAC = BAC .
Chiing minh tuong tu, ta dugc: A'AN = BAC , suy ra: AAP= A AN .
AANPcan tai A c6 AA'la duong phan gidc nén A4’ cling 1a duong trung truc cua NP =N va

P d6i xtng qua A4’ .
b) Goi Q 1a diém d6i xtng ctia M qua BC.
Chtirng minh tuong ty nhu trén ta dugc BB'la dudng trung tryc cua NQ va CC’' 1a duong
trung truc cua PQ.
Vay AA',BB',CC' la ba duong trung tryc cia ANPQ nén chung dong quy.

M Chp tor giac ABpD va mot diém M nam giita A va B. Chimg minh rang MC + MDnho hon
0 16n nhat trong hai tong AC+ AD; BC+BD .

o Loi gidi

Trwéc hét ta chirng minh bai toan phu:

Cho tam gidc ABC, diém M ¢ trong tam giac (hodc & trén

mot canh nhung khong trung vdi cac dinh ctia tam giac). D

Chtng minh ring MB+MC < AB+ AC (h.7.15).

That vay, xé A4ABD, ta c¢6 BD<AB+AD hay

MB+MD < AB+ AD. (1)

Xét AMCD ¢6 MC < DC+MD. 2) B Ha c
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Cong ting vé cua (1) va (2) ta duoc:
MB+MD+MC < AB+ AD + DC + MD = MB+ MC < AB+ AC

Bét dang thirc trén van dung néu diém M nam trén mot canh
nhung khong trung véi1 dinh cia tam giac. B
Bay gio ta van dung két qua trén dé giai bai toan da cho. N 4’

V& diém E ddi xtmg v6i D qua duong thing AB (h.7.16).
Khi d6 AE = AD;ME =MD va BE = BD.

Vi diém M nam gilta A va B nén hodc diém M nam trong

ABEC hodc diém M nam trong AAEC hodc diém M nim D H.b ¢
trén canh EC.
Tacb [ME+MC <AE+ AC y {MD+MC< AD+AC.

ME +MC < BE +BC MD+MC < BD+BC

Do d6 MD+MC <max{AD+ AC;BD+BC}| .
Dang 2. Bai tip vin dung déi xirng tém
Bdi 1. Cho hinh thang ABCD (AB // CD). Trén déy AB lay diem K tiy y. V& diém E dbi ximg v6i
K qua trung diém M cua AD. V& diém F d6i xtmg v6i K qua trung diém N cua BC. Ching minh
rang EF c6 d¢ dai khong doi.

e Tim cach giai
Ta thdy: EF = ED+ DC + CF ma CD khong ddi nén
mudn ching minh EF khong doi ta can chimg minh
ED + CF khong dbi.
e Trinh bay loi gidi
DE va AK déi ximg nhau qua Mnén DE=AKva £ D 9 F
DE // AK do d6 DE // AB.
Mait khac, DC // AB suy ra ba diém E, D, C théngqhémg. q
Ching minh tuong tu, ta dugc: BK = CF va badiém D, C, F thépg hang.
Tacd EF =ED+DC+CF =AK+DC+BK =AB+CD (khong doi). 7 N
Nh@n xét: Khi diém K di dong trén ca duong thang AB thi d¢ dai cua doan thang EF van
khong doi.
Bai 2. Cho tam gidc ABC vudng tai A (AB < AC), diém D thudc canh huyén BC. V& diém M va
diém N d6i xung voi D lan luot qua AB va AC. Chtrng minh rang:
a) Mva N doi xing qua A; q ) , ’
b) Xac dinh vi tri cua diem D @€ MN ngan nhat, dai nhat.
o Tim cach gidai

Muén chimg minh hai diém M va N ddi xing qua M

A, ta chting minh AM = AN va MAN =180°.

e Trinh bay loi gidi

a) AM doi xung voi AD qua AB nén AM = AD va
4,=4,.(1)

AN dbi xtmg v&i AD qua ACnén AN =ADVA 4,=4,.  (2)
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Tu (1) va (2) suy ra:
AM = AN V& MAN =2(4, + 4, )=2BAC =2.90° = 180°.
Viy ba diém M, A, N thing hang.
Tir d6 suy ra M va N doi xung qua A va MN =24D .
b) V€ AH 1L BC,tacd AD> AH ,do d6 MN >2A4H .
Véay MN ngan nhat la bang 244 khi D=H (h.7.7).
Dua vao quan h¢ gitra duong xién va hinh chiéu ta c6 4D < ACsuyra MN =24AD <2AC.
Do d6 MN dai nhat 1a bang 24C khi D= C (h.7.8).
M

H.b

Bai 3. Cho tam giac ABC va O la mot diém tuy y trong tam giac. Goi D, E, F lan luot 13 trung
diém cua BC, CA, AB. Goi 4',B’,C'lan lugt 1a cac diém doi xting voi O qua D, E, F. Ching minh
rang ba duong thang 44, BB',CC'ddng quy.

o Loi gidi

Ta c6 AC' va BO dbi xtrng nhau qua F nén AC'=BO va

AC'// BO. (1)

BO va CA'ddi xirg nhau qua D nén BO=C4' va

BO //CA’

T (1) va (2) suy ra: AC'=CA'va AC'//CA’, do do tu

giac ACA'C' 1a hinh binh hanh.

Ching minh tuong tu ta dugc tr gidc 4BA'B’ 1a hinh

binh hanh. Hai hinh binh hanh ACA'C'va ABA'B'cé

chung duong chéo 44’ nén cac duong chéo 44',BB',CC’

ddng quy.
Bai 4. Cho tam giac ABC. V& diém D ddi xtng véi A qua diém B. V& diém E dbi xtang v6i B qua
C. Vé diém F doi xtimg vé1 C qua A. Chirng minh rang tam gidc ABC va tam giac DEF c6 cung
mot trong tam.
o Loi gidgi ) ’
V¢ duong trung tuyén AM cua tam giac ABC va duong trung tuyén DN cua tam giac DEF.
Goi G 1a giao diém cua hai duodng trung tuyén nay. Goi H va K lan luot 1a trung diém cua GA
va GD.

Xét AFCE c6 AN la duong trung binh = AN // CE va AN = %CE do d6 AN // BM va
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AN = BM , dan t6i ANMB 1a hinh binh hanh
 MN // AB va MN:%AD.

Mait khac, HK 1a duong trung binh cuia AGAD nén

HK // AD va HK=%AD.

Tu d6 MN // HK va MN = HK .

Suy ra MNHK 1a hinh binh hanh, hai dudong chéo
HM va NK cit nhau tai G nén G 1a trung diém cua
moi duong.

Do d6 GM =GH = HA = G la trong tam ctia A4ABC.
GN =GK = KD = G la trong tam cua ADEF .

Vay AABCva ADEF c6 cung mot trong tam.

Bai 5. Cho mét hinh vudng gdm 4x46 vudbng. Trong mdi 6 yiét mot trong cac sb 1,2,3,4. Ching
minh rang ton tai‘ mot hinh binh hanh ¢6 dinh 1a tdm cua bon 6 vuong sao cho tong hai s6 ¢ hai
dinh doi dién 1a bang nhau.

o Loi gidi )
Hinh vudng c6 4x4=1606 vudng, chia thanh 8 cdp doi ximg nhau ,
qua tdm hinh vudng. Xét cac cip hai sd ¢ hai 6 ddi xng qua tim 4 L
do. =
Téng hai s6 cia mdi cdp nho nhat1a 1+1=2, 16n nhat 1a 4+4=8. .
C6 7tong (1a2,3,4,5,6,7,8) macod 8 cip sd nén phai c6 hai cap | 3~
c6 tong bang nhau. -
Vi tri ctia 4 s6 trong hai cip nay 1a dinh cia mot hinh binh hanh

phai tim (truong hop dic biét: 4 s ndy nam trong 4 6 ¢6 tim thang hang, ta ndi hinh binh hanh
“suy bién” thanh doan thang).

Chii dé 8. HINH PHU PE GIAI TOAN TRONG CHUONG TU GIAC

A. Kién thirc cin nho
Nhiéu bai todn trong chwong tir gidc can phdi vé hinh phy thi méi gidi dwoe. Vé hinh phu dé
tao thém sy lién két giita gia thiét va két ludn tir d6 dé tim ra cdch gidi. Mot sé cach vé hinh
phu thuong dung trong chuwong nay la:
1. Néu dé bai c6 hinh thang thi tir mot dinh cé thé vé thém mét dwong thang:
+ song song voi mot canh bén;
+ song song voi mot duong chéo;
+ vuong goc voi day.
2. Khi vé nhu vay, mot doan thcfng da dvwoc doi song song voi chinh no tuw vi tri nay dén mot vi
tri khac thugn loi hon trong viéc lién két véi cac yéu 16 khdc, tir dé giai duoc bai toan.
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3. Vé thém hinh binh hanh dé chimg minh hai dwong thdang song song, chimg minh quan hé vé
dé dai, chimg minh ba dwong thang dong quy, ba diém thang hang, tinh sé do goc....

4. Vé thém trung diém ciia doan thang dé vin dung dinh 1y dwong trung binh cia tam gidc,
ciia hinh thang, dinh 1y dwong trung tuyén img véi canh huyén ciia tam gidc vuong. Ciing c6
thé vé thém dwong thang song song dé tao ra dwong trung binh cia tam gidc, hinh thang.

5. Ding dinh Iy dwong trung binh cé thé chimg minh cdc quan hé song song, thang hang, cdc
quan hé vé do dai,...

6. Vé diém doi xirng véi mot diem cho trwde qua mot dwong thang hodc qua mét diém. Nho
cdch vé nay ta ciing co thé doi mét doan thcfng, mot goc tw vi tri nay sang vi tri khac thudn

loi cho viéc chirng minh.

B. Bai tap vian dung

L. Vé thém dwong thing song song hodc vuéng géc
Bai 1.1 Chtng minh ring trong mot hinh thang tong hai canh bén 16n hon hiéu hai canh day.

o Tim cach gidai

Xét hinh thang ABCD (AB // CD), ta phai chiing minh
AD + BC > CD — AB. Piéu phai ching minh rat gan véi
bat dang thirc tam gidc. Piéu nay goi y cho ta v& hinh
phu dé c6 AD + BC la tong cac d6 dai hai canh ctia mot
tam giac.

o Trinh bay loi gidai
V& BM //AD(M € CD) ta dugc DM = AB VaBM = AD .

Xét ABMC c6 BM + BC > MC = AD + BC > DC—DM hay AD+ BC >CD- AB(dpcm).
Truong hop hai canh bén song song thi hai day bang nhau, bai toan hién nhién ding.

Bai 1.2 Cho hinh thang ABCD (4B // CD), hai dudng chéo vuong gbdc vdi nhau.
Biét 4B = 5cm, CD = 12cm va AC = 15cm. Tinh d6 dai BD.

o Tim cach gidi A 5 B

Ba doan thing 4B, AC va CD da biét do dai

nhung ba doan thang nay khong phai ba canh

cua mot tam gidc nén khong tién stir dung. Ta sé&

doi song song duong chéo AC dén vi tri BE thi

tam giac BDE vudng tai B biét do dai hai canh, D 5 C E
dé dang tinh duoc do dai canh tha ba BD.

o Trinh bay loi gidi

V& BE//AC(E etia DC). Khi d6: BE = AC = 15¢m; CE = AB = 5cm.

Tacd: BE L BD (vi AC L BD).

Xét ABDE vudng tai B ¢c6 BD =+/17* —=15°=8 (cm).
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Bai 1.3 Cho hinh thang c6 hai day khong bang nhau. Ching minh rang tong hai goc ké day 1on
nho hon tong hai goc ké day nho.

o Loi gidi 4 B

Xét hinh thang ABCD ¢6 AB//CDva AB < CD. Ta phai 1

chung minh: A+B>C+D.

V& AM //BC(M e CD)khido B=M,va C=4,.

Ta co: 4> :4\1 = 5,1\71 >D (tinh chat gbc ngoai cia AADM) 1

~ -~ ~ o~ A~ D
= B>D.DodoA+B>C+D

Bai 1.4 Cho hinh thang ABCD (4B // CD),BDLCD . B
Cho biét AB + CD = BD = a. Tinh d6 dai AC.
o Loi gidi

V@BE//AC, EeCD . Tadugc CE=ABva BE=AC.

Ta c6: AB+CD=CE+CD=DE.
Vi AB+CD=a nénDE =a.

Tam gidc BDE vudng can= BE = a2 = AC=a\2.

Bai 1.5 Cho hinh thang can ABCD (AB // CD), dudng cao bang 4 va tong hai day bang 24. Tinh
gbc xen gitra hai duong chéo.

o Loi gidi

Qua B v& BE//AC(eG dudng thing CD), ta dugc

BE =ACva CE = A4B.

Do d6 DE=DC+CE=DC+ AB=2h. o

Ta c6: BD = AC (hai duong chéo cua hinh thang can)

ma BE=ACnénBD =BE.

ABDE can tai B, BH la duong cao nén ciing la dudng H C E

trung tuyén, suy raDH = HE =h;BH =h. Do d6 céc

tam giac HBD, HBE vudng can
— D, = E =45° = ABDE vudng tai B = COD = EBD =90°.

Bai 1.6 Ching minh rang trong mot hinh thang thi tong cc binh phwong cta hai dudng chéo bang
téng cac binh phuwong cua hai canh bén cong voi hai lan tich cia hai canh day.

e Loi gidi
« Truong hop hinh thang c6 hai goc ké mot day cung tu, hai goc ké day kia ciing nhon
V& 4H 1 CD,BK 1. CD thi HK = AB

Ta c6: AC* — HC? = AD*> - DH (= AHZ); BD? — KD? = BC* - KC? =(= BKZ)

Cong timg vé hai dang thirc trén ta dugc:
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(4C* —HC*)+(BD* —~KD*)=(AD’ + BC*)- DH* - CK’

= AC* + BD* =( 4D’ + BC* ) +(CH* ~CK*)+(DK’ - DH”)
= AD* + BC* +(CH — CK)(CH + CK) + (DK — DH)(DK + DH)
= AD? + BC* + HK(CH + CK)+ HK (DK + DH )

A B
= AD* + BC* + HK(CH +CK + DK + DH) S
= AD* + BC* + HK(CD + CD) S
= AD* + BC* +24B-CD
* Trudng hop mdi day c6 mot goc tu (hodc mot goc 7 T
vuong), mdt géc nhon: Ciing chirng minh tuong tu. at H H BN
D H K c

Bai 1.7 Hinh thang ABCD ¢6 4=D =90° Biét AB = 3cm; BC=2+2 cm va CD = 5cm. Chiing
minh rang B=3C.

. Tim cdch giai ” 4 3 B

Neéu doi song song doan thang 4D t6i vi tri BH thi dugc T

ABHC vudng tai H. Ta d& dang tinh dugc HC = HB, do d6 22

tinh duoc goc C, goc B.

e Trinh bay 1oi gidi D?\\ ; —c
V& BH LCD (H eCD) thi BH /| AD, do d6 DH = AB = e

3cmsuyra: HC=5-3 =2 (cm).
Xét ABHC vuong tai H, ap dung dinh ly Py-ta-go, ta c6:

2
HB =~BC> - HC* = (2\/5) ~22 =2 (cm).
Vay AHBC vudng can = C =45° do d6 ABC =135°suy ra ABC =3C.

II. Vé thém hinh binh hanh
Bai 2.1 Cho tt giac ABCD, hai dudng chéo cét nhau tai O. Cho biét A0B =60° va AC = BD = a.
Chtng minh rang AB+CD >a.
e Tim cach gidi
Tir diéu phai chimg minh ta thiy can van dung bat déng
thirc tam giac. Do d6 can vé& hinh phu dé tao ra mot tam
giac ¢ hai canh lan luot béng AB, CD va canh thir ba
bang duong chéo AC.
Néu v& thém hinh binh hanh ABEC thi cac yéu cau trén
duoc thoa man.
e Trinh bay loi gidi
V& hinh binh hanh 4BEC, ta duwoc BE // AC
suy ra DBE = AOB = 60"
BE =A4AC=a; AB= CE.
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Tam giac BDE 13 tam giac déu= DE =a .
Xét ba diém C, D, E ta c6: CE+CD > DE hay AB+CD>a (dau “=" xay ra khi diém C nam
gitta D va E hay DC // AB. Khi d6 tu gidc ABCD 1a hinh thang can).
Bai 2.2 Cho tam giac ABC. Dung ra ngoai tam giac ndy cac tam giac déu ABD, BCE, CAF. Chung
minh ring trong tim cua tam giac DEF trung v6i trong tAm cua tam giac ABC.

o Loi gidi
Veé hinh binh hanh DAFH.
Goi N 1a giao diém cua hai dudong chéo DF va AH, M
1a giao diém cta EH va BC. SN
Ta c6 NA=NH, ND = NF. b
— e e —— A
Ta dat DAH = AFH =« thi BDH = HFC = a +60° .
DAF =180° = a;
— —_—  —  — G
BAC =360° — BAD — CAF — DAF B

=360 —60° — 60° —(180° —a) — a +60°

ABDH va AHFC c6: BD = HF (=AD), BDH = HFC
(chtrng minh trén); DH = FC(= AF).

Do d6 ABDH = AHFC (c.g.c)

= HB=HC. (1)Ching minh tuong ty, ta dugc
ABAC = AHFC (c.g.c)

= BC=HC. (2)

Tu (1) va (2) suy ra HB=HC = BC .

Ta gidc BHCE c6 cac cip canh dbi bang nhau (cung bang BC) nén 1a hinh binh hanh
= MB=MCva MH = ME .

« Xét AAEH c6 AM va AN 1a hai duong trung tuyén nén giao diém G cua chung 13 trong tim

:>EG:§EN va AG=§AM .
« Xét AABC cb AM 13 dudng trung tuyén ma AG = %AM nén G la trong tam cua A4BC.

« Xét AEDF c6 EN la duong trung tuyén ma EG = %EN nén G la trong tam cua AEDF.

Vay A4ABC va AEDF c6 cung trong tam G.
Bai 2.3 Cho tam giac déu ABC. Trén canh BC lay diém M. Qua M v& mét dudng thing vudng goc
vO1 AB cat AB tai H, cat duong thang vudng goc voi AC vé tr C tai diém K. Goi N 1a trung diém
cua BM. Chirng minh rang tam gidc ANK c6 s0 do cac goc ti 1€ véi 1, 2, 3.

o Loi gidi

AHBM vudng tai H c6 ABC =60° nén: HMB =30°

ACAK vudng tai C co ACB = 60° nén: KCM =30°
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Suy ra: KMC = KCM (cing ndm 171%)
Do d6 AKMC can = KC =KM. .
V¢ hinh binh hanh BKMD = BD //KM va BD = KM .
Do d6 BD L AB(ViKM 1 AB)va BD = KC (vi cung
bing KM).
AABD = AACK (c.gc)= A4 = A,vaAD = AK .
Tam giac ADK cén, AN 1a dudng trung tuyén nén 1a
duong cao, duong phan giac
— AN 1 DK, AHK =90°

Ta c6 A, +BAK = BAC = 60° = 4, + BAK = 60°

hay DAK =60° = NAK =60° :2 =30°
Do d6 AKN =90° —30° = 60°
Xét AANK c6 NAK : NKA: ANK =30°:60° :90° =1:2:3

III. Vé thém trung diém - Tao dwong trung binh
Bai 4.1 Cho hinh chit nhat ABCD. V& AH L BD. Goi K va M lan luot 13 trung diém cua BH va
CD. Tinh sb do cta goc AKM.

o Tim cach gidi 7 q A | N | B
Bai toan c6 cho hai trung diém K va M nhung chua thé N L/ '
van dung truc tiép dugc. N 0.
Ta v& thém trung diém N cta 4B dé van dung dinh ly - K
duong trung binh cta hinh chir nhat, duong trung binh R e
7 AN

cua tam giac. s ,H \ ,

D ' M ' C

e Trinh bay loi gidgi
Goi N 1a trung diém cira AB thi MN 1a duong trung binh ctia hinh chit nhat ABCD = MN //AD .
Mat khéac, AN // DM nén t gidc ANMD 1a hinh

binh hanh. Hinh binh hanh nay c6 D =90° nén 14 hinh chit nhat. Suy ra hai duong chéo AM va
DN cit nhau tai trung diém O cta mdi dudng:

04 = OM = ON = OD.

Xét AABH c6 NK la duong trung binh nén NK//AH = NK L BD (vi AH 1 BD). Do d6 AKDN
vuong tai K.

Xét AKDN c6 KO 1a dudng trung tuyén tmg voi canh huyén nén KO = %DN

3KO=%AM=OA=OM

Vay AKAM vudng tai K = AKM =90°
Bai 4.2 Cho hinh thang ABCD(4B// CD), 2:90”,AB=%CD. Vé DH 1 AC. Goi K la trung

diém ciia HC. Tinh s6 do ctia goc BKD.

Bién soan: Trdn Pinh Hoang 0814000158 60



Chuyén dé béi dwong hoc sinh gidi todn 8

o Loi gidi
Goi M la trung didm cua CD. ~ Y
Xét AHCD ¢6 KM 1a duong hung binh nén KM //HD Ny
dod6 KM 1 AC(ViHD L AC). SN
/k\~“‘~|-\ K
. /7 0 AN

Tt gidc ADMB c6 AB//MD Vi AB =DM (z%CDj S

L’ AN
nén ABMD 1la hinh binh hanh. D M C

Hinh binh hanh nay c6 4=90°nén 12 hinh chi¥ nhat.
Suy ra AM =BDva OA=0OM =0OB=0D.

Xét AKAM vudng tai K c6 KO 1a dudng trung tuyén nén KO = %AM = %BD .
Xét AKBD c6 KO 1a dudng trung tuyén ma KO = %BD nén AKBD vuodng tai K, do do6 BKD =90°

Bii 4.3 Cho hinh vudéng ABCD, hai dudng chéo cit nhau tai O. Goi M va N lan luot 1a trung diém
ctia O4 va CD. Ching minh rang tam gidc MNB vudng can.

o Loi gidi

Goi E 13 trung diém coa OB thi ME 1a duong trung binh cta B
AAOB = ME |/ AB VéMEz%AB. M Yt
Do d6 ME//NC va ME = NC . oN/

Ta giac MECN la hinh binh hanh = CE//MN vaCE = MN . Y
Ta c¢6: ME L BCtai F (viAB L BC),BO L AC (tinh chat dudng v \C

chéo hinh vuong).
Xét AMBC c6 E 1a tryc tdim nén CE 1| MBdo do MN 1 MB. (1)

AMAB va AEBC ¢6: AB=BC; MAB = EBC =45°; MA=EB (vi OA = OB)
Vay AMAB = AEBC (c.g.c)=> MB=EC = MB=MN (2)
Tu (1) va (2) suy ra AMNB vuodng can.

Bii 4.4 Cho tam giac ABC can tai 4, dudng phan giac BM. Tir M v& mot dudng thing vudng goc
v6i BM cit dudng thiang BC tai D. Chimg minh rang: BD =2CM .
o Loi gidgi
Goi E 1a giao diém cua duong thing DM véi AB. Tam giac
BDE ¢6 BM vira 1a duong phan gidc vira la duong cao nén la
tam gidc can, do d6 BD = BE vaMD = ME .
Goi N 1a trung diém ctia BE thi MN la duong trung binh ciia
AEBD = MN //BD

3]/\4\121/;2,d0d(') ]\/legl(zgz)
= ANBM can = BN = MN.

T giac BCMN la hinh thang can= BN = CM
= MN =CM
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Xét AMBE vudng tai M ¢6 MN 1a dudng trung tuyén nén MN = %BE.
= BE=2MN = BD =2CM

Bai 4.5 Cho ti gidc ABCD,CAD = CBD =90°. Goi E va F 1n luot 13 hinh chiéu cua C va D trén
duong thang 4B. Ching minh rang AF = BE.
o Loi gidi
Ta c6: CE//DF (cung vuong goc voi AB). T giac
FECD 1a hinh thang.
Goi M, N lan luot 1a trung diém cia EF va CD, MN
la duong trung binh cua hinh thang CEFD. Do d6
MN//CE = MN L EF.

Tacd: AN =BN = %CD (tinh chat dudng trung tuyén
cua tam giac vuong) = ANABcan
Mit khac, NM la dudng cao nén ciing 1a dudng trung tuyén = MA = MB dan t6i AF = BE.

Bai 4.6 Cho tam giac ABC vudng can tai A. Trén cic canh AB va AC lan luot 1y cac diém M va D
sa0 cho AM = AD. Tir A va M vé& cac dudng thang vudng goc v6i BD chung cat BC lan luot tai E

va F. Chirng minh rang: AE = BD+MF
o Loi gidi
Trén tia di cua tia 4B 14y diém N sao cho: AN = AM . B
AACN = A4BD (c.g.c)= CN =BDva ACN = ABD ma
CAE = ABD (cung phu véi BAE ) F
nén ACN =CAE = AE//CN M
Do d6 MF //CN (vi cung song song voi AE). E
Xét hinh thang MFCN c6 AE//CNva AM = AN nén T
EF =EC. A I c
MF +CN _ MF +BD D
Suy ra AE = =
2 2 T
N

Bai 4.7 Cho ti giac ABCD. Goi A', B', C', D' lan luot 1a trong tdm cuia cac tam gidc BCD, CDA,
DAB, ABC. Chuing minh rﬁng:

a) Cac duong thing 44", BB, CC', DD’ cung di qua mot diém;

b) Diém nay chia A4, BB', CC', DD' theo cung mot ti $.
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N e

o Loi gidi
a) Goi M, N, P, O, E, F lan luot 13 trung diém cua
AB, BC, CD, DA, AC va BD. Theo dinh 1y Giéc-
g6n (bai 4.8) thi ba duong thing MP, NO, EF ddng
quy tai diém O 1a trung diém cua mdi doan thing
do.

Goi giao diém ctia A0 v6i DN 13 G. VEQH // AG .
Xét ANOH ta duge NG=GH

Xét AADG ta duwoc GH = HD

Vay NG =GH = HD = HG =%DN. (1)

Vi 4'1a trong tdm cua ABCD nén A'e DN va NA'= %DN (2)

Tu (1) va(2) suyra G=A4'do dd AA4'di qua O.

Chtrng minh twong tu, cac dudng thang BB’, CC', DD’ déu di qua O.

Suy ra AA', BB', CC', DD' ddng quy tai O.

b) Ta co: OA':lQHmél QH:lAA'nén 0A'=1AA'. Suy ra: 0A'=10A hay %zl
2 2 4 3 04 3

OB' OC' OD' 1

Chung minh tuong tu, ta dugc = = =—.
OB 0OC 0D 3

Bai 4.8 Cho tam giac ABC va mot diém O niam trong tam gidc sao cho ABO=A4CO. V&
OH 1 AB,OK L AC .Chung minh rang dudng trung truc ciia HK di qua mot diém cb dinh.

N e .

o Loi gidi
Goi E, F, M lan luot 13 trung diém cua OB, OC, BC.
Theo tinh chat duong trung tuyén tng véi canh huyén
cua tam giac vuong ta co:

EH=EBzEO=%O&FK=FC=FO=%OC

Theo tinh chit dudng trung binh cua tam gidc ta co tir
gidc OFME la hinh binh hanh = OEM = OFM (1)

Mit khic, HEO =24B0;KFO =2A4CO

ma ABO = ACOnén HEO = KFO . (2)

Tur (1) va (2) suy ra: HEM = MFK .

AHEM va AMFK cb: HE = MF (:%OB]; HEM = MFK (chtmg minh trén); EM = FK(=0C)
Do d6 AHEM = AMFK (c.g.c) = MH = MK (3)

Goi N 1a trung diém cua OA4, ta co: NH = NK(z %OAJ. (4)

Bién soan: Trdn Pinh Hoang 0814000158 63



Chuyén dé béi dwéng hoc sinh gidi todn 8

T (3) va (4) suy ra MN la duong trung truc cua HK.
Viy dudng trung truc cua HK di qua diém ¢ dinh M 14 trung diém cua BC.
IV. Vé thém hinh déi xirng
Bai 4.1 Cho hai diém 4 va B thudc cting mdt nira mit phang bo 1a dudng thiang d. Tim trén d mot
diém M sao cho hai tia MA, MB tao v6i dudng thing d hai goc nhon bing nhau.
o Tim cach giai
Gia str da tim dugc diém M ed sao cho Mi=M,.
V& diém A’ d6i xtmg v6i 4 qua d thi M =M suy
ra M> :]\7[3(c1‘1ng bang ]\7[1). Do d6 ba diém 4', M, B
thang hang.
o Trinh bay loi gidi

- V& diém A’ d6i xtng v6i A qua d;
- V& doan thiang A'B cét duong thang d tai M;
- V& doan théng MA ta duoc Mi=M,.

That vay, do 4’ dbi xung vo1 4 qua d nén Mi=M;.
Mit khic, M» = M. (d6i dinh) nén M, = M.

Bai 4.2 Cho gboc xOy ¢6 sb do bang 60°va mot diém A4 & trong goc d6 sao cho A cach Ox 13 2cm
va cach Oy l1a lem.

a) Tim mot diém B trén Ox va mot diém C trén Oy sao cho chu vi tam giac ABC nho nhat;

b) Tinh d6 dai nhé nhat cia chu vi tam giac 4BC.

o Loi gidgi

a) V& diém M dbi xtmg A4 qua Ox.

V& diém N dbi xtmg 4 qua Oy. Hai diém M va N 1a hai

diém c6 dinh.

Poan théng MN cit Ox tai B, cét Oy tai C. Khi d6 chu vi

AABC 1a nhé nhét.

That vay, vi M ddi xtmg vo1 A qua Ox nén AB = MB.

Vi N d6i xting véi 4 qua Oy nén CN = CA.

Chu vi AABC = AB+BC+CA=MB+BC+CN = MN.

Do d6 chu vi AAMN nhé nhat 13 biang MN.

b) VEMH 1 AN, ta co: MAH =0 = 60° (hai gbéc cd canh
twong tmg vuong goc) = AMH =30°.
Xét AAMH vuong tai H, AMH =30°nén AH = %AM = %.4 =2 cm.

Xét AHMN vuong tai H, ta co:

MN® = MH* + HN* = MH* +(HA+ AN)" = MH* + HA* + AN* + 2HA.AN

:(MH2 +HA2)+AN2 +2HAAN = AM? + AN* +2HAAN =4* +2° +22.2 :28:>MN:\/ﬁ =53
Vay dg dai nho nhat cta chu vi AABC1a 5,3 cm.
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CHU PE 8: TOAN QUY TICH

A. Kién thirc can nhé

1. Dinh nghia: Quy tich ciia nhitng diém c6 tinh chat T nao dé la tdp hop tat ca nhitng diém c6
tinh chat T do.

2. Cdc quy tich co bdn

- Quy tich cdc diém cach déu hai dau ciia mot doan thang c¢é dinh la dwong trung truc ciia
doan thang dé. (1).

- Quy tich cdc diém nam bén trong mét géc va cach déu hai canh cia goc la tia phin gide cia
goc do. (2).
- Quy tich cdc diém cach mot duong thang c6 dinh mét khoang bang h khong doi la hai dwong
thang song song véi dirong thang dé va cach duong thang dé mot khoang bang h. (3)
- Quy tich nhitng diém cach mét diém O c6 dinh mét khoang R khéng doi la dwong tron tam O,
ban kinh R. (4).

3. Cdch gidi bai todn tim quy tich cdc diém cé chung tinh chit T nao dé

a) Phan thudn: Chitng minh rang néu diém M cé tinh chdt T thi diém M thudc mét hinh H nao
do.

b) Phan ddo: Chirng minh rang néu diém M thudc hinh H thi diém M c6 tinh chat T.

¢) Két lugn: Quy tich cia diém M la hinh H.

d) Mét s6 luu ¥ khi gidi bai todn tim quy tich.

a) Tim hiéu dé bai

- Cdn xét xem:

- Yéu t6 nao ¢ dinh ( vi trong cdc quy tich co ban déu cé néi dén yéu té co dinh nhuw diém,

doan thang, goc, ....).

Yéu t6 ndo khong doi ( thuwong la khodng cach khong doi, géc cé sé do khdng doi, ...);

- Quan hé nao khong doi (vi du diém cach déu hai dau doan thcfng, cach déu hai canh ciia mét
goc,...);

- Yéu t6 nao chuyén déng ( diém nao cé vi tri thay doi, lién quan dén diém phai tim quy tich
nhie thé nao?).

b) Du dodn quy tich.

- V& nhdp vai vi tri ciia diém can tim quy tich ( thuwong la vé ba vi tri).

- Néu ba diém nay thang hang thi ta dw dodn quy tich la dwong thang ( dwong thing song
song, duong trung truc, tia phdn gidc, ...).

- Néu ba diém khéng thang hang thi quy tich c¢é thé la dwong tron.

¢) Gioi han quy tich
C6 nhiéu bai todn quy tich can tim chi la motphdn ciia hinh H, phan con lai khéng théa man
diéu kién cua bai todn, ta phdi logi trir phan nay. Lam nhw vdy goi la tim gidi han ciia quy
tich.Viéc tim gidi han cia quy tich thwong lam sau phan thudn, trude phan ddo.

B. Bai tdp ap dung
L. Quy tich la dwong thing song song
Bai 2.1 Cho tam giac ABC va D 1a mot diém di dong trén canh BC. Vé DE//AB, DF//AC
(E €AC,Fe AB) . Goi M 1a trung diém cua EF. Tim quy tich cta diém M.
* Loi gidi
a) Phén thuan
Tu giac AEDF c6 DE//AF, DF//AE nén 1a hinh binh hanh. q
Suy ra AD va EF cat nhau tai trung diém cua moéi duong. Vay trung diém M cua EF ciling 1a
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trung diém ctia AD.
Vé MK 1 BC, AH L BC. A

Do AH c6 dinh nén AH c6 d6 dai khong dbi.
Xét AAHD c6 MK la dudng trung binh, MK = %AH F
(khong déi). Piém M céch duong thing BC c¢b dinh  *-—7 o Q—--E --*
mot khoang %AH khong ddi nén diém M nam trén
, 1 ul mi
duong thang xy//BC va cach BC mdot khoang EAH . B H K D c

(xy nam trén nira mat phang bd BC ¢o chira A).
Gidi hagn: Khi diém D di dong t6i diém B thi diém M di dong t6i trung diém P cia AB. Khi
diém D di dong toi diém C thi diém M di dong t6i trung diém Q cta AC. Vay M chi nam trén
duong trung binh PQ cua tam gidc ABC.
b) Phan dio
Lay diém M bat ki trén doan thang PQ. V& tia AM cat BC tai D. V& DE // AB, DF // AC
(E €AC,Fe AB) . Ta phai chirng minh M 1a trung diém cua EF.
That vay, xét tam giac ABC ¢6 PQ // BC va PA =PB nén MA = MD.
T giac AEDF 14 hinh binh hanh nén hai duong chéo cét nhau tai trung diém ctia mdi duong.
Do M 12 trung diém ctia AD nén M la trung diém ciia EF.
¢) Két lugn
Vay quy tich cta diém M 14 dudng trung binh PQ ciia tam giac ABC.
Nhén xét: Diém M 1 trung diém cua EF. Day 1a tinh chdt ban dau cia diém M, chua phai
tinh chdt co ban theo cac quy tich (1), (2), (3), (4). D6 d6 chua thé van dung dé tra 1oi diém M
nam trén hinh nao.
Ta d4 giai quyét van dé nay bang cach bién ddi tinh chét ban dau cua diém M lan luot nhu sau
M 14 trung diém cta EF ( tinh chét ban dau)
= M la trung diém ctia AD ( tinh chat T°)

= M céch duong thang BC cb dinh mot khoang khong ddi bang ATH ( ddy moi 1a tinh chét
co ban cia diém M)

— M nm trén dudng thing xy // BC va cich BC mot khoang ATH.

Nhu véy ta phai ch}lyén tinh chat ban dau cta diém M qua cac tinh chét trung gian dén inh
chat co ban cua diém M rd6i theo cac quy tich co ban trd 161 diém M nam trén hinh nao.

Bdi 2.2 Cho goc vudng xOy va mot diém A ¢6 dinh trén tia Ox sao cho OA = a. Piém B di dong
trén tia Oy. V& vao trong géc vuong nay tam giac ABC vuodng can tai A. Tim quy tich cua diém C.

o Loi gidi
a) Phan thuén
V& CH 1 Ox tadugc CA‘l = :4\1 (cung phu véi Xz ).
AHAC = AOBA ( canh huyén, gbc nhon) = CH =0A=a.
Piém C cach duong thang Ox mot khoang bang a nén C nam trén duong thang d//Ox va
cach Ox mot khoang a cho trudce.
Gidi han: Néu B trung v6i O thi C tring véi C, (C ed va CALOA). Néu B ra xa vo clng

thi diém C cling ra xa vo cung.
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Vay diém C nam trén tia C,t cua duong thang d

y
b) Phan dao
Lay diém C bat ki trén tai Ct. V& doan thang AC.
Tr A vé AB L AC(B€Oy). Ta phai ching minh tam B
giac ABC vudng can tai A.
A A o~ d G C ¢
That vay, v&€ CH 1 Ox. -\ -13
AHAC va AOBA ¢o:
H =0=90%HC = 0A = a;C, = A, (cing phu véi A4,). P — O—

D6 d6 AHAC = AOBA (g.c.g) AC = AB.
Vay AABC vudng tai A.

¢) Két luan: Vay quy tich cua diém C 12 tia C,t//0x va cach Ox mot khoang bang a.

Bai 2.3 Cho doan thing AB va mét diém C nam giira A va B. Trén cung mot nira mat phing bo
AB vé€ cac tam gidc DAC va EBC vudng can tai D va E. Goi M 1a trung diém cta DE. Tim quy

tich cua diém M khi diém C di dong giita A va B.

o Loi gidi 0
a) Phin thuin
Goi O 1a giao diém cua hai tia AD va BE. e
Nhu vay O 1a mot didm cb dinh. 20N A y
Xét AAOB c6 A= B=45° nén AOB=90°. N3
Tt giac OECD c6 ba goc vudng nén 1a hinh chir
nhat. A '_H '_K c B

Hai dudng chéo DE va OC cat nhau tai trung diém
cua moi duong nén trung diem M cua DE cling la
trung diém cua OC.

V& OH 1. AB, MK 1 AB thi MK la duong trung binh cia AOHC, suy ra MK = %OH .

DPiém M cach dudng thing AB cho truéc mot khoang 1a % nén diém M nim trén dudng

thang xy//AB va cach AB la %

Gidi han: Khi diém C di dong dan toi A thi diém M dén toi trung diém P cia OA. Khi diém
C di dong dan toi B thi diém M dan téi trung diém Q cua OB. Vay diém M chi di dong trén
duong trung binh PQ cia AOAB (trir hai diém P va Q).

b) Phan dao

Lay diém M bat ki trén doan thang PQ (M khong trung véi P, Q). V& tia OM cit AB tai C. V&
CD L OA, CE 1 OB . Ta phai chitng minh cic ADAC, AEBC vudng can va M 1a trung diém
cua DE.

That vay, xét AOAB c6 OP = PA, PQ//AB nén MO = MC.

Xét ADAC vudng tai D cd A =45° nén la tam gidc vudng can tai D.

Tuong ty, AEBC vuoOng can tai E.

T giac OECD c6 ba goc vudng nén 1a hinh chit nhat. Do d6 hai dudng chéo cét nhau tai
trung diém ctia mdi dudng.

Mit khac, M 14 trung diém cta OC nén M ciing 1 trung diém cua DE.
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¢) Két ludn
Viy quy tich cua diém M la duong trung binh PQ cua tam giac OAB trir hai diém P va Q.

Bai 2.4 Cho tam giac ABC can tai A. Mot diém D di dong trén day BC. Puong thing ‘vudng goc
v6i BC v& tir D cit cac dudng thing AB va AC lan luot tai E va F. Goi M 1a trung diém cua EF.
Tim quy tich cia diém M.

o Loi gidi F
a) Phan thuan
V& AH L BC thi AH//DE va A =A, (tinh chét clia
tam gidc can).

Ta co: El = Xl (cap goc so le trong); 1?1 =A, (cap goc

dong vi). |
Vi ;1::;&: nén a:}A«“l.Suyra AAEF can. i
Ta c6: ME = MF = AM L EF . |
T gidc AHDM c6 ba goc vudng nén 1a hinh chir nhat |
— MD = AH (khong dbi). i
Diém M cach duong thing BC cho trudc mot khoang
bing AH nén diém M nam trén dudng thing xy // BC va cach BC mot khoang bang AH.

] 1
B D H C

Gidi han: Khi diém D trung v6i B thi E trung v6i B va diém F trung voi F (F nam trén tia
CA va AF, = AC). Khi d6 diém M tring v6i M, (M, 14 giao diém cta xy v6i BE,). Tuong tu,
khi diém D trung véi C thi diém M trung voi M, . Vay M chi nam trén doan thing M M, cua
duong thang xy.
b) Phan dao
Lay diém M bat ki trén doan thiang M M,. Qua M v& mot dudng thing vudng goc véi BC
cat BC, AB, AC lan lugt tai D, E, F. Ta phai chimg minh M 1a trung diém cta EF,
That vay, tr giac AHDM c6 hai cdp canh doi song song nén 1a hinh binh hanh. Hinh binh
hanh nay c6 H =90° nén 14 hinh chit nhat, suy ra M=90°.
Ta co: E:E}A’::A\z ma XI:A: nén El:}?l.Dodé AAEF can.
Vi AM la duong cao nén ciing 1a dudng trung tuyén = ME = MF .
¢) Két luan
Viy quy tich cia diém M 1a doan thing MM, cua duong thang xy / BC va cach BC mot
khoang AH.
II. Quy tich la dwong trung trwe va dwong thing vuong géc

Bai 3.1 Cho goc vuong xOy, giiém A cb dinh trén tia Ox, diém B di dong trén tia Oy. V& hinh chir
nhat AOBC. Goi M la giao di€m cua hai duong chéo AB va OC. Tim quy tich diém M.
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* Loi gidi y ¢
a) Phan thudn

M la giao diém hai dudng chéo ctia hinh chit nhat nén MO =
MA.
DPiém M cach déu hai dau cua doan théng OA c6dinhnén M B =
nam trén duong trung truc cia OA. AN -
Gidi han: Khi diém B tién dan toi diém O thi diém C tién
dan dén diém A. Khi d6 diém M tién dan dén M, la trung -
diém cua OA. Khi diém B ra xa v tan thi diém M ciing ra xa e N
vo tan. Vay M nam trén tia M,t thugc duong trung truyc cua ) M, py .

OA, tia ndy nam trong goc xOy, trir diém M, .
b) Phan dio ,
Lay diém M bat ki trén tia M t. V€ tia AM cat tia Oy tai B. V€ hinh chitr nhat AOBC. Ta phai
ching minh M 14 giao diém cua hai dudng chéo.
That vay, xét AAOB c6 M t//OB ( vi cung vudng goc voi OA).
Mat khac, MO =M A nén MA= MB. Viy M la trung diém ciia AB
= M ciing Ia trung diém cia OC (vi AOBC la hinh chit nhat).
c) Két lugn 7 ‘
Vay quy tich cua diém M 1a tia Mt thudc duong trung tryc ciia OA, tia nay nam trong goc
xOy, trir diém M, .
Bai 3.2 Cho goc vudng xOy va mot diém A ¢ trong goc do. Mot goc vudng dinh A quay quanh A,
mot canh cat Ox tai B, canh kia cat Oy tai C. Goi M la trung diém cua BC. Tim quy tich cta diém
M.
o Loi gidi

a) Phan thuin Y
V& cac doan thang MO, MA ta duoc: By \
M0:MA:%BC. B \\\
N
Piém M cach déu hai ddu cua doan théng OA cb dinh nén M, 1 \\
diém M nam trén duong trung truc ciia OA. N\ M\ A
Gi6i hagn: Khi diém C di dong t6i diém O thi diém B di
dong t6i B, (AB, L A0), khi d6 diém M di dongtéi M, la || A\
trung diém cta OB,. 0 C M, G *

Khi B di dong dén téi O thi diém C di dong t6i C,(AC, L AO), khi d6 diém M di dong tSi
M, la trung diém cia OC,. Vay diém M chi di dong trén doan thang MM,.

b) Phan dio
Lay diém M bat ki trén doan thang M M,. Trén tia Ox lay diém B (B=0) sao cho
MB = MA . Tia BM cit Oy tai diém C. Ta phai ching minh AABC vudng tai A va M 1a trung
diém cua BC. ‘
That vay, ta c6: MB=MA ma MO=MA (vi M nam trén duong trung tryc cua OA) nén
MB=MO. (1) = AMOB cin = B, =0, .
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Xét AOBC vudng tai O c6 B, +BCO =90° = 0, + BCO = 90°

= MOC = MCO (vi cling phy vé&i 0,) = AMOC cin = MO = MC . (2)
Tu (1) va (2) suy ra MB = MC . Vay M la trung diém ciia BC.

X6t AABC ¢ MA = MB = MC nén MA — %BC — AABC vubng tai A.
¢) Két luén: Quy tich cia diém M 1a doan thing M M, thudc dudng trung truc ciia OA.

Bai 3.3 Cho hinh chit nhat ABCD. Goi M 1a mét diém & trong hinh chir nhat hodc trén cac canh
cua no

1) Chung minh rang MA>+MC? = MB’4MD’;

2) Tim quy tich cta diém M néu MA+ MC = MB + MD .

o Loi gidi A : B
1) Chitng minh MA® + MC? = MB> + MD>. (1) »
Qua M v& duong thing vudng goc véi hai cip canh doi Gr-mm 2 NG "
ctia hinh chir nhat r6i dung dinh 1y Py-ta-go dé ching |
minh. |
2) Tim quy tich cua diém M '
A n D F C
a) Phan thuin
Ta coé: MA+MC =MB+MD (2) A E B
2 2 NN d
Suy ra (MA+MC) =(MB+ MD) e ,
= MA? +MC? +2MA.MC = MB* + MD* +2MB.MD G oM =
= 2MA.MC =2MB.MD (3)
Tu (1) va (3) ta co: /,/’/ AN
= MA> +MC* —2MA.MC = MB* + MD* —2MB.MD D I c

= (MA—MC)’ =(MB— MDY

Suy ra MA—MC = MB—MD (4) hoac MA—MC = MD — MB (5)
MA+ MC =MB+ MD
MA—MC=MB—-MD

Do d6: 2MA =2MB = MA = MB.

Vay diém M nam trén dudng trung truc cua AB.

MA+ MC = MB+ MD
MA—MC=MD—-MB

Do d6: 2MA =2MD = MA = MD

Vay diém M nam trén dudng trung tryc cua AD.

o Tu (2) va (4) ta co: {

. Tir (2) va (5) ta co; {

Gioi han: ViM nam trong hinh chir nhat hodc trén céc canh cia né nén M nam trén hai doan
thang EF va GH ndi trung diém hai cap canh ddi dién cua hinh chir nhat.
b) Phan dao
Lay diém M bét ki trén doan thang GH.
Khi d6 MA = MD; MB= MC .
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VAy MA+MC = MB+ MD . Néu M € EF ta ciing c6 két qua trén.
¢) Két luén: Quy tich ciia diém M 1a hai doan thiang EF va GH ndi cac trung diém cua hai cip
canh ddi dién cua hinh chir nhat.
Bai 3.4 Chﬁo tam giac déu ABC. Trén nira mat phang bd BC ¢6 chta A Ve tia’ Bx 1 BC va trén do
lay mét diém D. V& tam giac déu CDM (M va B thudc hai nira mat phang d6i nhau bo' CD). Tim
quy tich cua diém M khi D di dong trén tia Bx.

o Loi gidgi

a) Phin thuan * My
AMAC va ADBC ¢6: MC = DC; a :CA‘2 (vi cung cong
v6i ACD cho 60°); CA=CB. » A
Vay AMAC = ADBC (c.g.c)
— MAC = DBC = 90°. Suy ra MA L AC tai A.
Do d6 diém M nam trén mot dudng thing di qua A va
vudng goc voi AC. .
Gi6i han: Khi diém D tring voi B thi diém M tring voéi . 2 c

A. Khi diém D ra xa vo cing thi diém M ciing ra xa v
cung. Vay diém M chi nam trén tia Ay.

b) Phén dao
Lay diém M bat ki trén tia Ay. V& doan thang MC. Trén tia Bx lay diém D sao cho CD = CM.
Ta phai chimg minh AMCD déu.
That viy, AMAC va ADBC co: A= B=90%CM = CD; CA=CB.
Do d6 AMAC = ADBC (canh huyén, canh goc vudng).

Suy ra a:@:@:ﬁzw.
AMCD can ¢ MCD = 60° nén 1a tam giac déu.
¢) Két luén.
Quy tich ctia diém M 1a tia Ay 1 AC (tia Ay nam trén nira mat phang bo AC khong chira B).

II1. Quy tich la tia phan gidac

Bii 3.1 Cho goc vudng xOy. Piém A ¢6 dinh trén tia Ox sao cho OA = 2cm. Piém B di dong trén
tia Oy. V& tam giac ABM vuong can tai M trong d6 M va O thudc hai nira mat phang do6i nhau bo
AB. Tim quy tich cua diém M.

o Loi gidi y
a) Phan thudn
V& MH 1 Ox, MK 1 Oy ta duge HMK =90°. s
T P ., , D
Mat khidc, AMB=90° nén HMK = KMB (hai goc co -
canh tuong Ung vudng goc cung nhon). 4
AHMA = AKMB ( canh huyén, géc nhon). AN
Suy ra MH MK . 2 4
Piém M nim trong goc xOy va cach déu hai canh coa 1
goc d6 nén diém M nam trén tia phan giac Ot clia goc 0 I;l P

xOy.
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Gidi han: Khi diém B trung véi diém O thi diém M trung vé6i diém M, (M, nam trén tia Ot
va OM, = 2 cm).
Khi diém B ra xa v6 cing thi diém M ra xa v6 cing. Vdy M nam trén tia M.
b) Phan dio
Lay diém M bat ki trén tia M,r. Tk M v€ mgt duong thang vuong goc voi MA cit tia Oy tai
B. Ta phai chiing minh AABM vudng can tai M.
That vy, v& MH 1 Ox, MK L Oy tacd MH = MK va HMK =90°
— HMA = KMB (hai géc c6 canh tuong tng vuong gbéc cung nhon).
Do d6 AHMA = AKMB (g.c.g) = MA= MB.
AABM vudng tai M c6 MA = MB nén la tam gidc vudng can.
¢) Két lu@n: Vay quy tich cia diém M la tia M,r ndm trén tia phan gidc cua goc xOy.
Bai 3.2 Cho hinh vuéng ABCD. Trén tia d6i cua tia AD lay diém E di dong. Trén tia dbi cua tia
BS lay diém F di dong sao cho DE = BF. V& hinh binh hanh ECFM. Héi diém M di dong trén
dudng nao?
* Loi gidi x
Ta c6: ADCE = ABCF (c.g.c) = CE=CF va a = Ez .

Ta ¢6: C, + BCE =90° = C, + BCE = 90°. par

Hinh binh hanh ECFM ¢6 CE =CF va ECF =90° nén |
ECFM Ia hinh vuong = ME = MF . E” v

V& MH 1| AB, MK 1 AD ta dugc MHK = 90°. N \

Mat khac, EMF =90° nén HMF = KME (hai goc co \ -7
canh tuong ung vudng goc cung nhon). K e
Suy ra AHMF = AKME (canh huyén, goc nhon) 1. -7
- MH = MK . P ¢

DPiém M nim trong gbc vudng EAB va cach déu hai canh cua géc ndy nén M nim trén tia

phén gidc Ax cua goc EAB.
Luwu y: Bai toan khong hoi quy tich ciia diém M, ma chi héi diém M nam trén duong nao do
d6 trong 101 giai chi trinh bay ndi dung cua phan thuén.

Bai 3.3 Cho ta gidc ABC vudng tai A. Doi D va E lan luot 1a céc diém, di dong trén hai canh AB
va BC sao cho BD = BE. Tur E v& mét duong thang vudng goc voi DE cat AC tai F. Goi M 1a trung
di€m cia DF. Tim quy tich cua diem M.

o Loi gidi

a) Phén thuin
Xét AEDF vuong tai E c6 EM la dudng trung tuyén nén EM = %DF =DM .
ABDM = ABEM (c.g.c) = B, =B,.

Vay diém M nam trén tia phan giac Bx ctia goc B.
Gidi han:
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« Khi diém D trung v6i A thi diém M tring véi diém M, (M, 1 giao diém cua tia Bx v6i AC)
« Khi diém D trung v6i B thi diém M trang véi diém M, (M, 1a trung diém ctia BM,).

b) Phan dio
Lay diém M bét ki trén doan thang M M, .
Lay diém D trén canh AB sao cho MD = MA. (1)
Lay diém E trén canh BC sao cho BE = BD.
Tia DM cét canh AC tai F.
Ta phai chimg minh M 1a trung diém cia DF va
EF | DE
That vay, ABMD = ABME (c.g.c) = MD = ME . (2)
AMAD cin = D, = A . A

B

Ta co: 51+1?1:90°; ;1\14—;\;:90° ma 1/)\1:;{1 nén E:g = MF =MA (3)
Tu (1), (2), (3) suy ra: MD = ME = MF .
Vay M 1a trung diém ctia DF va ADEF vudng tai E = EF | DE .
¢) Két luén: Vay quy tich cua diém M 1a doan thing M M, cua tia phin gidc cua goc B.

Bai 3.4 Cho goc xOy c6 s6 do bang 60°. Mt hinh thoi ABCD c6 canh bing a, B=60°, dinh B di
dong trén tia Ox, dinh D di dong trén tia Oy, hai diém A va O thudc hai nira mat phang doi nhau
bo BD. Tim quy tich cua diem A.
e Loi giai
a) Phan thuén
V& AH 1 Ox, AK L Oy. Khi d6
HAK =180°— 60° = 120°
Mit khac, BAD = 180° —60° = 120°
Nén FAK = BAD = A = 4.
AHAB = AKAD (canh huyén, goc nhon)
= AH = AK
Diém A nam trong goc xOy va cach déu hai canh ciia goc

xOy nén A nam trén tia phan giac Or cia goc xOy.
Gidi hgn: Khi diém B tring véi O hodc khi D trung v6i O thi diém A tring véi A, (A, € Ot va cach
O mot khoang OA, = a). Khi AB 1 Ox thi AD L Oy, diém A tring véi A, (A, € Ot va cach O mot
khoang OA, = 2a).

b) Phén dao
Lay diém A bét ki trén doan thing A A,. V& AH L Ox, AK L Oy thi AH = AK (tinh chét tia phan
giac). Trén doan thang HO ldy diém B, trén tia Ky 1ay diém D sao cho AD = AB = a. V& hinh binh

hanh ABCD, ta phai ching minh ABCD 14 hinh thoi canh a, IAS =60°.
That vay, hinh binh hanh ABCD c6 AB = AD = a nén d6 1a hinh thoi canh a.

AHAB = AKAD (canh huyén, canh goc vudng) = ;41\ = Xz
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— BAD = HAK —180°— 60° = 120° . Do d6 B = 180° —120° = 60°.
¢) Két ludn: Vay quy tich cta diém A 13 doan thing A /A, thudc tia phan giac Ot cta goc xOy.

1V. Quy tich la dwong tron

Bai 4.1 Cho hinh binh hanh ABCD, canh AB ¢6 dinh, BC = 2cm. Tim quy tich giao diém O cia
hai duong chéo.

N, e

o Loi gidgi
a) Phan thuan i /_\
Goi M la trung diém cua AB. A M B

Do AB c6 dinh nén M la diém c6 dinh.

O 1a giao diém hai dudng chéo cua hinh binh hanh

= 0A=0C. 0
Vay OM la duong trung binh cia AABC

= O0OM :%BC =lcm.

Piém O cach diém M cb dinh mét khoang 1 cm nén diém O nam trén duong tron tam M, banh
kinh 1 cm.
Gidi han: Viba diém O, A, B khong thang hang nén diém O nam trén dudng tron tim M, ban
kinh lem trir giao diém ctia dudng tron nay voi dudng thang AB.

b) Phan dao
Lay diém O bat ki trén duong tron tim M, ban kinh 1cm thi OM = lcm
V& diém C d6i xtmg voi A qua O, x& diém D dbi xtmg v6i B qua O. Ta phai ching minh t
giac ABCD la hinh binh hanh va BC = 2cm.
That vy, tt giac ABCD c6 hai duong chéo cit nhau tai trung diém cua mdi dudng nén 14 hinh
binh hanh.

OM la duong trung binh cua tam giac ABC nén = OM = %BC = BC=2.1=2cm.

¢) Két ludn
Quy tich cua diém O la duong tron tam M ban kinh 1cm trir giao diém cua dudng tron nay véi
duong thang AB.

Bai 4.2 Cho hinh vuéng ABCD canh 4cm. Tia Dx nam gitra hai tia DA va DC. V& tia phan giac
cua géc ADx cat AB tai E, tia phan gidc cua goc CDx cat BC tai F. Tia Dx cat EF tai M. Hoi khi
tia Dx quay quanh D ttr vi tri DA dén vi tri DC thi diém M di dong trén duong nao?

N, e

o Loi gidi N4

- E B
Tacé: D,=D,,D,=D,
=D, +D, =D, +D, =90°:2=45° e
Trén tia d6i ciia tia AB lay diém N sao cho AN = CF . M
AADN = ACDF (c.g.c)
= DN=DF va D, =D,. |4/, F

—~ 2~ 2
Do d6 D, + D, =D, + D, =45°. 1

D C

Suy ra ]VD\E:ITDTE?:45°.
ANDE = AFDE (c.g.c) = NED = FED
Do d6 ADAE = ADME (c.g.c) = DM = DA =4cm.
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Piém M cach diém D cho trudc mot khoang khong doi 1a 4cm nén diém M nam trén duong tron tam
D, ban kinh 4cm.

Bii 4.3 Cho gbc vudng xOy. Mot doan thing AB = 2a khong ddi, c6 A € Ox va b€ Oy. Tim quy
tich trung diém M cia AB.

o Loi gidi x
a) Phan thuin
~ < r 1 r A A
Vé doan thang OM ta c6: OM = EAB =a (tinh chat !
trung tuyén cua tam giac vuong). A
Piém M céch diém O cho trudc mot khoang a cho trudc M, !
nén M nam trén dudng tron tim O, ban kinh a. M
Gioi han: .
. Khi diém B di dong t6i O thi A t6i diém A €Ox va 2 :
H My B B ¥

OA, =2a. Khi d6 diém M di dong t6i M, 14 trung diém
cua OA,.
- Khi diém A di dong t6i O thi B t6i diém B, € Oy va OB, = 2a . Khi d6 diém M di dong toi
M, la trung diém cia OB,.
Vay M nam trén cung M M, cua duong tron tdm O, ban kinh a.
b) Phén dao
Lay diém M bat ki trén cung MM,.
Trén tia Ox ldy diém A sao cho MA = MO (1)
Tia AM cat tia Oy tai B. Ta phai chiing minh M 1a trung diém ctia AB va AB = 2a.
That vdy, vi MA = MO nén AMOA nén = A =0, .
Xét AAOB vudng tai O cb A + B, =90° = O, + B, = 90°
= 52 = 1?2 (cung phu voi 51)
Do d6 AMOB can MB=MO. (2)
Tu (1), va (2) suy ra: MA=MB=MO =a.Do d6: AB=2a

¢) Két luan: Quy tich cua diém M 1a cung MM, cua dudng tron tim O, ban kinh a

Bai 4.4 Cho hinh binh hanh ABCD canh CD ¢6 dinh, AC = 2cm. Tim quy tich cta dinh B.

* Loi giai A
a) Phan thuin

Goi O 1a diém ddi xtmg voi D qua C thi

O 1a mot diém cd dinh.

T giac ABOC c¢6 AB // OC; AB = OC
(vi cing bang CD) nén ABOC 14 hinh
binh hanh = OB = AC =2cm.
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Chuyén dé béi dwong hoc sinh gidi todn 8

Piém B céch diém O cd dinh mot khoang
2cm nén diém B nam trén duong tron tim O ban kinh 2cm.
Gidi han: Vi B, C, D khong thing hang nén B nidm trén dudng tron tim O, ban kinh 2 cm trir
giao diém ctia duong tron ndy véi dudng thang CD.

b) Phén dao
Lay diém B bat ki trén duong tron tam O ban kinh 2cm (trir cc giao diém cua dudng tron nay
v6i duong thang CD). Suy ra OB = 2cm. V& hinh binh hanh ABCD. Ta phai ching minh hinh
binh hanh c6 AC =2cm.
That viy, AB//CD vi AB=CD = AB//CO va AB=CO.
Do do tir giac ABOC 1a hinh binh hanh, suy ra AC = OB = 2cm.

¢) Két ludn: Vay quy tich cia diém B 1a duong tron tim O ban kinh 2cm.
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