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PHUONG TRINH HAM PA THUC

Bai toan 1. Tim tat ca cac da thiic P(x) thod man
P(a+b)=6(P(a)+P(b)) + 15a%b%(a + b) (1)
Véi moi s6 phtic a va b sao cho a2+ b2 =ab.

Titu Andreescu

Loi giai.
Cho a =b =0 vao (1) dudc P(0)=0. Do d6 P(x) = cpx™ +cp1x” 1 +...+crx véin <1,c, #0.
Gia st rang a?+ b2 = ab. Ta sé khang dinh réng véi moi % < 1, ton tai mot hang sb f sao cho
a® +b* = fr(a +b)k.
That vay f1=1. Ta c6
a?+b%=(a+b)?-2ab =(a+b)?-2a?+b?)

Suy ra: a?+ b2 = %(a +b)2. Do d6 fo = %
V61 moi & = 2. Ta lai co

frii(a+ b)Y = a* 1 4 bR+ = (aF + bF)a + b) —ab(a* 1+ b* 1) = fr(a + b)F+1 - %fk_l(a + b+l

1 ap 1A R 1 o« an . . .
Hay fri1=fr- gfk—l- Pac biét thay fs=0va fy = 9" f5. Tu day, ta dung phudng trinh sai
phan tuyén tinh dudc

(o) )
fr= +
2V3 2V3
Do d6, v6i moi & =6 thi
V3+ilF (1)k 12
6fr| <12 =12|—| =—<1(2
16/%| 273 7 57 (2)

Tu (1) c6 P(a+b) = 6(P(0L)+P(b))+g(a+b)5 (3). Can bang hé s6 (a+b)* caa (3) dudc (1-6f%)cy, =
Oviik#5,do(2)suyrac,=1v6imoik#5

Can bang hé s6 (a +b)® caa (3) dude c5 = 6f5c5 +§ suy ra c5 = 1. Do d6 dude P(x) = x® thoa
man bai toan.

Bai toan 2. Tim tt ca cac da thic P(x) véi hé s thuc thod man

P(x) N P(y) N P(2) =P(x—y)+P(y—2z)+P(z—x)
yz 2X Xy

V6i moi s6 thuc x,y,z khac 0 ma 2xyz=x+y +z.

USAMO 2019
Loi giai.
Dé thay P(x) = 0 thoa man bai toan. Bay gis xét truong hop degP =n = 1. Phuong trinh da
cho dugc viét lai
xP(x)+ yP(y)+2zP(z) =xyz[P(x —y)+ P(y —2) + P(z — x)] (1)

2 g o ~ - X .« A .9 < A +
Co dinh x>0.Chon0<z< o Bay gio, dé thoa man diéu kién gia thiet, ta chon y = i Zl.
X X2 —
Khi dé phudng trinh (1) viéet lai thanh
+ + + + +
WP+ 2 p[ZHE )|y = R (x— rre +P( YT L +Pe-x)
2¢z—1 \2xz-1 2¢z—1 2xz—1 2¢z—1
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LAy dao ham hai vé theo z dudc

222 +1 x+z (x+2)2x%2+1) [ x+z ‘

- - _P(z)+ 2P
2xz—-1)2" \2xz+1 (2xz —1)3 2xz—1 (2)+2P ()
:x(2xz2—x—22) ( _ x+z +P( xX+z )+ PG

(2xz —1)2 2xz—1 2xz—1
+ 2x2-1 _. + 222+ 1 o x+ .
P 2){ ad (x— e )— ad +1]P(—x 2 _, +P(z—x)}
2xz—-1 | (2xz—-1)2 2xz—1 (2xz —1)2 2xz—1

Bay gio cho z — 0%, ta dudc
(2x% + D[xP (~x) — P(-x)] + P(0) = —x%[P(2x) + 2P(~x)] (2)
Hai da thic 6 hai vé ctia phuong trinh trén nhan gi4 tri béing nhau tai v6 sb gia tri duong
cta x nén ching dong nhat véi nhau.
1) Néu P(x) = ax + b véi a # 0 khi d6 phuong trinh (2) dudc viét lai thanh
(2x% +1)(2ax—b)+ b = -3bx?,Yx € R
So sanh hé s6 x?® hai vé dudc a = 0, mau thuln.
2) Néu degP = 2. Khi d6 da thiic P(x) c6 dang P(x) = ax?+bx+c v6i a # 0. Thay lai vao phuong
trinh (2) va rat gon, ta dudc
4bx3 + (¢ —3a)x? +2bx =0,Vx € R
T d6 suy ra b =0 va ¢ = 3a. Do d6 P(x) = a(x? + 3),Vx € R.
3) Néu degP =n = 3. Goi ¢ 1a hé sb cao nhat ctia P(x). So sanh hé s6 x”*2 & hai vé cia phuong
trinh (2) dudgc,
2[na(-1""1 —a(-1)"]= -[2"a + 2a(-1)"]
Hay
n(—1)" = 2n-1
Tuy nhién phuong trinh nay khong c¢6 nghiém véi moi n > 3.
Vay P(x) = 0 va P(x) = a(x? + 3) v6i moi x € R thod man bai toan.
Bai toan 3. Tim tat ca cac da thic P(x) véi hé s6 thuc thoa man
(x+4y)P(z) +(y+42)P(x)+ (z + 4x)P(y) = xP(2y —2) + yP(2z —x) + zP(2x — y) (1)
V6i moi x,y,z € R thod man 3(x +y +2z) = xyz(2).

TST KHTN 2020-2021

Loi giai.
Dé théy hai b6 nghiém (x,y,2z) = (3,3,3);(-3,-3,-3) thoa (2), do d6 thay titng bd vao (1) dudc
P@3)=P(-3)=0(3).
V6i bo (x,y,z) =(0,a,—a) v6i a € R thoa man (2), thay b nay vao (1) dudc
4aP(-a)—3aP(0)—aP(a)=aP(-2a)—aP(-a),Va €R
Hay
5xP(—x) = P(x)+ P(—2x)+ 3P(0),Vx€R (4)
Dé thay P(x) = 0 thod man bai toan.
Xét degP =n =1, goi hé s6 bac n cta da thiic P(x) 1a b khac 0.
Khi d6 can bang hé s6 bac n cta (4) dugc
56(-1)" =b+b(-2)"
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Hay
5(-1)" =1+ (-2)"

Suy ra n = 2 thoad man phuong trinh trén véi moi n > 1.Ttc 13, P(x) = bx? +cx+d v6i b #0.
Két hop véi (3) suy ra P(x) = a(x2-9),Vx € R.
Thit lai P(x) = a(x® - 9), Vx € R va két hop véi diéu kién (2) suy ra thoa méan.
Vay P(x) =0 va P(x) = a(x? —9) v6i moi x € R thod man bai toan.
Bai toan 4. Tim tat ca cac da thiic P(x) hé sb thuc thoa man

(x+1DP(x-1)—(x—1)P(x)
La mot da thic hang.

Canadian MO 2013

Loi giai.

Cach 1 Goi A 1a biéu thic (x + 1)P(x — 1) — (x — 1)P(x).

Dé thAy P(x) = T v6i T 1a hing s6 thoa méan bai toan. Ta di xét P(x) khéac hang.

Cho x = -1 vao A dudc 2P(-1) va cho x =1 vao A dudc 2P(0). Tu (x+1)P(x—1)—(x—1)P(x) la
mot da thic hang nén P(-1) = P(0).

bat ¢ = P(-1) = P(0) va Q(x) = P(x)—c, ta ¢6 Q@(—1) = Q(0) = 0. Do d6 —1,0 la nghiém cua
Q(x). Suy ra da thic Q(x) ¢6 dang Q(x) = x(x + 1)R(x) véi moi da thiic R(x). Dan dén P(x) =
x(x+1DR(x)+c. (1)

Tt (1) dan dén biéu thic A dude viét lai thanh

(x+D(x—1DxR(x—-1)+c)—(x— D(x(x+1)R(x)+ )
La mot da thic hang.
Hay
x(x—Dx+1DRx—-1)-R(x)) +2¢

La mot da thic hang.Do d6 R(x —1)— R(x) = 0 12 mét da thiic. Do d6 R(x—1) = R(x),Vx € R.
Khi dé R(x) 1a mét da thic nhan céc gia tri nhat dinh véi cac gia tri vo han ctia x. Goi £ 1a
mot gia tri nhu vay. Khi d6 R(x) -k ¢6 v sb6 nghiém nguyén, c6 thé xay ra khi va chi khi
R(x)—k =0. Do d6 R(x) dong nhat véi hing sb k. Do d6 Q(x) = kx(x+1) véi mét hang sb . Khi
d6 P(x) = kx(x+1)+c=kx®+kx+c.

Tht lai P(x) = kx? + kx + ¢ 12 mot nghiém ctia phuong trinh trén.

Vay P(x) = T v6i moi hang sb6 T va P(x) = kx® + kx + ¢ v6i moi hang s6 £ khac 0 thoa méan bai
toan.

Cach 2

Dé théay P(x) = T v6i moi T 1a hing s6 thoa man bai toan.

Bay git ta xét degP =n v6i moi n = 1. Goi P(x) =Y  a;x’ v6i a, #0.

Do d6 phuong trinh dé bai dudc viét lai thanh

@+DY" aix-1 —(x-DYX! aix’ =C (2)

Véi C 1a hang sb. Vi C 14 hang sb v6i moi n = 1 nén hé sb cta x" phai bang 0.

Hé so x® caa ve traicua (2) laa,_1—na,+an,—an,_1+a, =(2—-n)a,.
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Do d6 (2—n)a, =0 vi a, #0 nén n =2. Tic 1a da thic P(x) c6 dang P(x) = ax? + bx + ¢ v6i moi
a,b,c 1a ba s6 thuc vaa # 0. Thay lai vao phudng trinh cta dé bai cé
(x+1)(alx—1)2+b(x—-1D+c)—(x—1)ax®>+bx+c)=C

Suy ra (b—a)x+2¢ =2C. Pong nhat hé sé suyraa=bvaC=c
Vay P(x) = T v6i moi hang s6 T va P(x) = ax? +ax + ¢ v6i moi s6 thuc a khéac 0 thod man bai
toan.
Bai toan 5. Tim tt ca cac da thic P(x) hé sb thuc thod man

P(P(a+b))—2ab(2P(a +b)—ab) = P(a®) + P(b?) = P(a? + b?) - P(v/2ab) (*)

Karthik Vedula

Loi giai.
Cho b =0 vao (*) dudc
P(P(a)) = P(a®)+P(0) = P(a?)-P(0) (1)
Cho a =0 vao (1) dudc
P(P(0))=2P(0)=0(2)
Cho b = —a vao (¥*) dudc
P(P(0)) +4a®P(0) + 2a* = 2P(a?) (3)
Bay gio, ta sé xét cac truong hdp sau
Trudng hop 1. degP = 0 hay P(x) = C véi C 1 hang sb.
Tu (1) co
P(P(0))=2P(0)=z0C=2C=0
Suy ra C =0 hay P(x) = 0 thi lai vao (¥) thay thoa.
Trudng hop 2. degP =1 hay P(x) = cx +d Vi ¢,d 1a hang sb.
Thay P(x) = cx +d vao (*) dudc
2a2b% —4ab(ca +cb +d)+c(ca+cb+d)+d = cla® +b%) +2d = c(a? —abv2 + b?)
Suy ra 2d = c(-abv/2). Tuy nhién, néu c # 0 thi vé phai nhan dudc cac gia tri bat ky, diéu
nay dan dén mau thuln.
Vay ¢ =0 mau thuin véi degP =1, suy ra truong nay loai.
Truong hop 2. degP =2 hay P(x) = cx? +dx +e véi c,d,e 12 hang s6.
Tu (1) c6
P(P(a)) = P(@®)+P(0)= c3a* + 0@®) = ca* +O(a®) = c3 = ¢ (4)
V6i moi a da 16n, ta ciing ¢6 P(a?)<a? suyrac<1. (5)
Tu (4) va (5) dude ¢ =1 hoac -1<c<0.
Bay gio, theo (*) ta co
P(a?)+P(b?) = P(a®+b%) - P(abV?2)
Suy ra
cla +b*) +d(a? +b2) +2e = c(a* + b* +2a%b?) + d(a? + b?) - c(2a%b?) - d(abV2) © 2¢ = —~d(abV'2)
Suyrad=0,e=0
Bay gio, ta c6 P(x) =cx?+e véi ce[-1,0)U{l} va e = 0. T (2), ta cb
P(P(0)) =2P(0) & ce? +e>2e o ce?>e
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Suy ra e =0 hodc ¢ >0 dan dén e=0 hodcc=1
Néu ¢ =1 thi P(x) = x% + e dan dén (3) dugdc
P(P(0)) +4a%P(0) + 2a* = 2P(a?) & (e? + &) + 4ea® + 2a* = 2a* + 2e (**)
Tuy nhién, néu e # 0 thi ton tai a da 16n thoa man vé trai(¥*)< 2e*, mau thuin. Piéu nay
dan dén e = 0 tidc 1a P(x) = cx? thay lai vao (*) dudc
c3(a+b)*+2a%b% - 4cab(a +b)? = cat + cb* o c(a + b)* +2a2b2% = c(a + b)* + 2a%b%c
Suy ra
(1-c)(—c%-c)a+b)*+2a2%b%) =0
Tt ¢ € [-1,0)U{1}, néu ¢ ndm trong khoang am thi —c2—c¢ >0 va néu ¢ = 1 thi vé trai bang 0.
Do d6, v6i moi ¢ € [-1,0) U {1} déu ¢6 nghia.
Bay gio, ta sé xét truong hop cudi
Trudng hop 4. degP = 3. Néu ta chon hé sb cao nhat ctia P(x) 1a I > 0 thi c6 a di 16n sao
cho
2P(a?) = 21a® = 2a* > P(P(0)) + 4a®P(0) + 2a*
Mau thuan. Do d6 I <0. Ta c6 (1) suy ra rang
P(a?)—P(P(a))+P(0) < 0 (*¥*)
LAy o da 16n va Am c6 nghia 1a hé sb cao nhat ctia vé phai (¥¥*) 1a &m va hé s6 c¢6 bac cao
nhét 14 bac chn (Ta biét rang néu bac 1é thi P(x) ¢6 thé dat +oo hodic —o0).
Tuy nhién, s6 hang c6 bac cao nhat cia P(a?) 1a la2@e8P (1) va sb6 hang cao nhéat cia P(P(x))
14 [degP+1y(degP) (2) Tit degP = 3 thi bac cao nhat ctia (2) 12 (degP)? va bac cao nhat cia (1)
14 2degP. Didu nay c6 nghia 1a sb hang cao nhAt ctia vé phai (¥+%) 13 —1degP+1y(degP) Pidy
nay c6 nghia la —19¢¢P+1 13 s6 Am va (degP)? 1a s6 chdn. Tuy nhién, tit / <0 cho ta degP +1
chdn ma degP chin nén suy ra mau thuan. Piéu nay dan dén degP khong dudc 16n hon 2.
Vi vay truong hdp nay loai.
Vay P(x) =0 va P(x) = cx? véi ¢ € [-1,0) U{1} thod méan yéu cau bai toan.
Bai toan 6. Tim tat ca cac ham da thiic P(x) véi hé s6 thuc thoa man: véi moi sé thuc x,y,z
phan biét ma x+ y+2z =0 thi

P(x)-P(y) P(x)-P(2)
x—y x—z
Loi giai.
R6 rang cac da thic hing va cac da thic bac nhat luén théa man yéu cau bai toan. Xét
truong hop degP =n>=2. Thay y=-2x+¢t va z =x—t v6i x > ¢ > 0 vao phuong trinh da cho, ta

dudc
P(x)-P(-2x+t) P(x)—Px—1)

3x—t t
Cho ¢t — 0" v6i chu y P(x) lién tuc va kha vi trén R, ta dudc

P(x)—P(—2x) =3xP'(x), Vx>0
Vi hai da thic P(x) — P(—2x) va 3xP'(x) nhan gia tri bang nhau tai moi x >0 nén ta c¢é
P(x)—P(—2x)=3xP'(x), Vxe R (1)
Goi ala # 0) 1a hé s6 cao nhét cia P(x). Khi d6 na 1a hé sb cao nhat caa P'(x). So sanh
hé sb bac n cta hai da thic  hai vé cia phuong trinh (1) ta dudc a —a(-2)" = 3na, hay
1-(-2)*=3n
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Giai phuong trinh nay véi cha y n =2, ta dudc n = 3. Suy ra P(x) c6 dang
P(x)=ax®+bx®>+cx+d

Thay vao phuong trinh (1) va rit gon, ta dude b = 0. Thi lai, P(x) = ax® + cx + d théa man

phuong trinh da cho 6 dé bai.

Vay tat ca cac da thic théa man yéu cau de bai c6 dang P(x) = ax® +cx+d véi a,c,d 1a cac

hang s6 thuc nao do.

Bai toan 7. Tim cac da thiic P,Q v6i hé s6 thuc va n nguyén duong thoa man
Px+1)Q(x")-Q(x+1)P(x™)=2021

TST Hung Yén 2021-2022

Loi giai(Thay Nguyén Song Minh).

Gia st P,Q 1a cac da thitc thod méan yéu cau bai toan. R rang thay P,Q # 0, cho nén ta gia
st degP =k va degQ =1 v6i k,l € N va ta thiy néu (P, Q) thod méan yéu cau thi véi hing sb
thuc a tuy y cling sé c6 (P,Q +aP) thoa man, ta xét cac truong hop

Trudng hop 1. Néu n = 1 ta luén c6 dang thidc dau bai dugc viét lai thanh

P(x)Q(x—1) - Q(x)P(x—1)=2021

Tu do, ta co6
Px)@Q(x+1)+Q(x—1)) = Q(x)(P(x+ 1)+ P(x—1))
Do 1€ I(P,Q) nén P(x)|P(x+1)+P(x — 1), so sanh béc va hé sb ctia bac cao nhat cho ta
P(x+1)+P(x—1)=2P(x)
Tut d6 ma ta c6 dudc P(x) = ax + b, ciing tuong tu ts cliing c6 Q(x) = cx +d véi diéu kién can
thoa man sau thi lai la ad — be = 2021.
Trudng hop 2. Néu n > 1 thi vi P,Q khong thé cuing 1a da thitc hing, néu c6 2 =1 do
kE+nl=deg(P(x+1)Q(x"))=deg(@(x+1)P(x™)+2021)=1+nk

Nhung nhu thé, thi véi cha ¥ ngay ti dau vé viéc chon a = —2—1 trong d6 aj,b; 1an luot 1a
cac hé sb bac cao nhat ca P va @ cho ta luén mau thuan. *
Tém lai, v6i n =1 thi P(x) = ax+b va Q(x) = cx +d v6i cac hing sb thuc a,b,c,d thod man
diéu kién ac - bd = 2021 1a dap tng da yéu cau ctia bai toan.
Binh Luan.
V6i bai toan trén, néu ta xét truong hop véi n = 1 ta thiy bai toan trén y tudng giong véi
mot bai toan trong cudc thi Putnam 2010,
Bai toan. Tim cac da thic P,Q véi hé s6 thuc va n nguyén duong thoa man

Px+1)Q(x)—-Q(x+1)P(x)=1
Bai toan 8. Tim tat ca cac da thic P(x) hé sb thuc thod man

[P(x)1? - 8[P(x)]? = P(x®) — 8P(—x),Vx € R(1)

TST QUANG NAM 2019-2020
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Loi giai.
Ta xét cac truong hop
Trudng hop 1. P(x) 12 hing sb, tic 1a P(x) = ¢ véi ¢ 1a hing sb.
Thay P(x) = ¢ vao (1) dude ¢® —3¢? =c¢—3c o c€{0,1,2}, thit lai thoa man.
Trudng hop 2. P(x) khac hang, tic 1a degP =n =1 va a #0 1a hé s6 bac cao nhat cta P(x).
Khi d6 ta c6 thé viét P(x) = ax”+Q(x) trong d6 Q(x) 1a da thic hé s6 thuc c6 degQ(x) =k =n-1.
Can bang hé sb ctaa bac cao nhat (bac 3n) trong (1) ta cé
ad=aoac{-1,1}
Néu a =1, ta c6 P(x) = x" + Q(x). Thay vao (1) dudc
(" + Q(x))® - 3(x" + Q(x))? = 23" + Q(x3) — 3((—x)" + Q(—x))
Suy ra
32 Q(x) + 3x™(Q(x))? + (Q(x))3 — 3x2" — 6x"Q(x) — 3(Q(x))? = Q(x®) — 3Q(~x) — 3.(-1)"x" (2)
Trong (2), néu % > 0 thi bac ctia vé trai 1a 2n +% va bac ctia vé phai 1a 2 < max {3k,n} nén can
bang bac ta phai ¢6 2n+k =h < max{3k,n}, vo Iy vi 2n+k >3k va 2n+k > n.
Do vay & =0, tic lad Q(x) = ¢ véi ¢ 12 hing s6. Thay vao (2) dudc
3tx?™ + 3t2x™ + 13 — 3x2" — 6tx" — 3% = t — 3t — 3(=1)"x"
Suy ra
3(t — D™ + 3(t%2 — 2t + (- 1)")x" + t3 — 3% + 2t = 0 (3)
Pang thic (3) dung véi moi x € R nghia la

t—1=0

t=1
t2-2t+(-1)"=0 < {

n=2m(meN")

t3-3t2+2t=0
Khi d6 ta c6 P(x) =x?™ +1 v6i m e N* va x € R, thit lai thod man.
Néu a = -1, ta ¢6 P(x) = —x" + Q(x). Thay vao (1) dudc
(—x" + Q(x))3 — 3(=x" + Q(x))? = —x3" + Q(x?) — 3(—(—x)"* + Q(—x))
Suy ra
3x2"Q(x) — 3x™(Q(x))? + (Q(x))® — 3x2" + 62" Q(x) — 3(Q(x))? = Q(x®) — 3Q(—x) + 3.(=1)"x" (4)
Trong (4), néu k >0 thi bac caa vé traila 2n+k va béac caa vé phai la A < max{3k,n} nén can
bang bac ta phai ¢6 2n+k = h < max{3k,n}, vo Iy vi 2n+k >3k va 2n+k > n.
Do vay & =0, tic lad Q(x) = ¢ véi ¢ 1a hing s6. Thay vao (4) dudc
3tx?™ — 3t%x" + 3 — 3% + 6¢x™ — 3t% = £ — 3t + 3(—1)"x"
Suy ra
3(t — D™ — 3(¢2 — 2¢ + (- 1)")x™ + 3 — 3t2 + 2¢ = 0 (5)

Péng thic (5) dung véi moi x € R nghia la

t—1=0
t=1
2-2t+(-1)"=0 <

n=2m(meN?™)
3-3t2+2t=0
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Khi d6 ta c6 P(x) = —x?™ +1v6i m e N* va x € R, thti lai thod man.
Vay ¢6 5 da thic thoa man bai toan la
P(x) = 0;P(x)= 1;P(x) = 2;P(x) =x*" +1va P(x) = —x*™ +1v6ime N* vaxeR

Binh Luan.
Véi bai toan trén ta thiy y tuéng gibng véi bai toan trong dé thi Greece TST 2014,
Bai toan. Tim tat ca cac da thiic P(x) hé s6 thuc thod man

[P(x)1® +3[P(x)]? = P(x®) - 3P(~x),Vx € R
Bai toan 9. Tim tat ca cac da thic P(x) hé sb thuc thod man

o ()(=DIPx+i)=0

v6i moi sb thuc x.
Loi giai.
Pau tién, ta sé néu bé dé sau:
Cho ¢ 14 mét sb thuc khac khong. Néu mot trong da thic P(x) ¢6 bac cao nhat d = 1 véi hé
s6 cao nhat ag # 0, thi da thic P(x +t)— P(x) ¢6 bac d — 1 va hé s6 cao nhat dtay.
Ching minh b6 dé trén,
Bay gio, néu P(x) 1a da thic c6 degP(x) =d = 2 v6i hé s6 cao nhat ay thi

P(x+2)-2P(x+1)+P(x)=(P(x+2)-P(x+1)) - (P(x+1)—P(x))

12 mét da thic c6 bac d—2 véi hé s6 cao nhat d(d-1)ay. Néu d < 2 thi P(x+2)-2P(x+1)+P(x) =
0.
Tuong tu nhu trén, néu néu P(x) 1a da thic c6 degP(x) = d = 3 véi hé s6 cao nhat ay thi

P(x+3)-3P(x+2)+3P(x+1)-P(x)

12 mét da thiic ¢6 bac d —3 véi hé sb cao nhat d(d — 1)(d - 2)ay. Néu d < 3 thi P(x+3)—3P(x +
2)+3P(x+1)—P(x)=0.
Bay gio, gia st Q(x) 1a da thitc cb dinh c6 bac d va xét phuong trinh

P(x+1)-P(x)=Q(x)

Theo b6 dé, cho ta biét P(x) 1a mét da thic ¢6 bac d + 1 thi P(x +1)— P(x) 12 mét da thiic ¢6
bac d. Nhu vay, ta sé c6 thé tim dudc nghiém P(x) 1a da thic bac d + 1. Diéu nay xay ra khi
ta dung phuong phéap quy nap vao d. Néu Q(x) = C véi C 1a hang s6 thi P(x) = Cx (cu thé hon
12 P(x) = Cx+C'). Theo quy nap, ta c6 thé tim dudc tit ca cac da thic P(x) ¢6 bac nhd hon d.
Goi ag 1a hé sb cao nhat cta Q(x) va Q(x) = agx® + R(x) véi degQ(x) < d. Theo bé dé, ta c6 thé
viét
Po(x) = %xdﬂ

thi Po(x+1)—Po(x) = agx® +S(x) v6i moi da thiic S(x) ¢6 bac nhiéu nhéit 1a d—1. Tt R(x)-S(x)
¢6 bac nhiéu nhét 14 d - 1, nén theo quy nap cho biét rang P1(x) ¢6 bac nhiéu nhat 1a d sao
cho P(x+1)—P1(x)+R(x)— S(x). Khi d6, ta sé co6

P(x+1)—P(x)=Po(x+1)—Po(x)+ P1(x+1)— P1(x) = adxd +S(x)+R(x)—S(x) =Q(x)
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Luu ¥ rang néu ta c6 hai nghiém
P(x+1)-P(x)=Qx),T(x+1)-T(x) =Q(x)

thi P(x) - T'(x) 1a da thic tudn hoan, tic 1a da thic hing. Khi d6, hai nghiém bat ky khac
nhau béi mét hing s6. B6 dé da dudc chiing minh xong.

Vao bai toan, tit bs dé trén néu degP(x) = d > 0 va c6 hé s6 cao nhat ay thi P(x+1)-P(x) 1a
mot da thiic ¢6 bac d — 1 v6i hé sb cao nhat 14 day. Ta ki hiéu 6P = P(x + 1) — P(x).

St dung cai trén 2 1an, ta c6 dude

82P = 5(5P) = P(x +2) - 2P(x + 1)+ P(x)

Tudng tu, ta 1ap lai diéu nay cho % lan ta c6 dudc
k k k
0"P=P(x+k)— (I)P(x+k -D+...+(-1)*P(x)

Néu degP(x) = d = k véi hé s6 cao nhat ay thi da thitc 6%P ¢6 bac d —k va hé s6 cao nhat

d!

d(d - 1)(d —k+ 1)ad = mad

(va néu d <k thi 6*P =0). DPat biét, 6P = dla,.
Theo ki hiéu &, ta thiy ra bai toan trén néi rang véi moi da thitc P(x) thod man "P =0. Do
dé, tat ca cac da thic P(x) c6 degP <n —1 thod man yéu cau bai toan.
Binh luan.
Bai toan trén la trudng hop tong quat cho bai toan trong dé thi
Norwegian Mathematical Olympiad 2018 - Abel Competition,
Bai toan. Tim tat ca cac da thic P(x) v6i hé sb thuc thod méan
P(x)+3P(x+2)=3P(x+1)+P(x+3)
Véi moi s6 thuc x.
Bai toan 10. Tim da thic P(x) véi hé s6 thuc, ¢6 bac nhé hon n € N*. Sao cho ton tai n sb
thuc doi mot phan biét 14 a1,as, ...,a, thod man diéu kién véi mébi i, €{1,2,...,n} ta cé
|P(a;)—P(aj)| =nla; —ajl
Loi giai.
Cach1
Khéng mét tinh tong quat, ta sdp xép thi tu a1 <ag < ... <a,. R6 rang cac gia tri P(x;) doi
mot phan biét va néu P(x) thod mén yéu cau thi —P(x) ciing thé. Do vay, khéng mat tinh
tong quat ta gia st P(a1) < P(a,), ta ciing gia st luén
Play) = {’;iigzp(xi)
Ta ¢6 dude m =1 tit P(a,,) = P(a1), nhd cac bién doi sau day
P(a,)-P(a) =nla, —a1) = nla, —an) +nlan —ai) = |Pa,) - Pla,)| +|P(ay, — P(a)|
=P(an)+Pla1)-2P(anm)
Bay gio v6i moi s6 nguyén duong & nhé hon n +1, ta lai cé
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P(ap)—P(a1)=|P(ar)—P(a1)l =nlar —a1)
Vay da thuc f(x) = P(x) —nx— P(a1) + nai sé nhan aj,ag,...,a, lam n nghiém phan biét, ma
béc ctia né nhé hon n cho nén né phai 1a da thiic 0. Tu d6, ta thay da thic P(x) c6 dang
P(x)=nx+c,c:constvaneN"*
Tht lai va dé y 1y luan tit dau, cho ta thiy c6 ding hai da thic thod méan bai toan la
P(x)=nx+cvaP(x)=-nx+c vll c=const,ne N*
Cach 2
Xét cac diém M, ¢6 hoanh d6 12 a;, trén do thi ham sé y = 1P(x) v6in € N*. Co dinh m6i mot
chi sb &, thi tit gia thiét ta c6 ngay cac diém M; con lai sné chi thuoc mot trong hai duong
thang dj, hodc d,. Trong d6 d;, di qua M, va hé sb géc bang 1, con d;, di qua M, va hé sb géc
béng -1. D€ y réng, d;, vuéng géc véi d,.
Néu n diém nay khong thang hang, thi phai c6 3 diém khong thang hang trong n diém d6
gia stt1a A,B,C. Ta c6 ngay diéu mau thuan la tam giac ABC cé 3 géc vudng.
Vay 13, n diém M;, phai thang hang, cac diém d6 lai 1a giao diém ctia mét dudng thing véi
d6 thi mét ham da thic c6 bac bé hon n, cho nén cai d6 thi kia chinh 14 dudng thang ké qua
n diém, tc 1a ham y = 1P(ac) 12 ham bac nhat. N6 lai ¢6 d6 thi, 13 dudng thang cé hé sb géc
la -1 hoac 1, cho nén léln
lP(x) =+x+c VOl c=const,ne N*
Céch 3 "
Xét cac diém M, c¢6 hoanh d6 14 a;, trén do thi ham s6 y = %P(x) v6in e N*. C6 dinh mbi mot
chi sb %, thi tit gid thiét ta c6 ngay cac diém M; con lai sé chi thudc mot trong hai duong
thang dj, hodc d,. Trong d6 d;, di qua M, va hé sb géc bang 1, con d;, di qua M, va hé sb géc
bing —1. D€ y réng, dj, vuéng géc véi d,.
Néu n diém nay khong thang hang, thi theo dinh ly Sylvester-Galai sé c6 ding 2 diém &
trong ching (khéng mét tinh téng quat) gia st M, M, ma trén dudng thang M; M, khong
chita cac diém nao trong cac diém con lai. Nhu thé thi, hai duong ké vuong géc véi M1 M,
tuong ung tai cac diém M; va M, kia méi dudng déu chia n —2 diém con lai. Nhung ma,
hai duong nay song song véi nhau nén khong cé diém chung.
Vay 14, n diém M), phai thang hang, cic diém d6 lai 1a giao diém ctia mét duong thang véi
d6 thi mét ham da thic c6 bac bé hon n, cho nén cai d6 thi kia chinh 14 dudng thang ké qua
n diém, tc 12 ham y = 1P(ac) 12 ham bac nhat. N6 lai ¢6 d6 thi, 14 dudng thang cé hé sb géc
la -1 hoac 1, cho nén léln
%P(x) =+x+c VOl c=const,ne N*
Binh luin. Bai toan trén 1 dang tdng quat tit mot bai toan trong dé thi
Trai he Huing Vuong nam 2019,
Bai toan. Tim da thiic P(x) véi hé sb thuc, c6 bac nhé hon 2019. Sao cho ton tai n s6 thuc
d6i mot phan biét 12 a1,a9, ...,a2019 thod méan diéu kién véi méi i,/ € {1,2,...,2019} ta c6
|P(a;)—P(aj;)| =2019]a; —a;l
Bai toan 11. Tim tat ca cac da thic khac hing P(z) v6i hé sb phitc thod méan tat ca cac

nghiém phic ctaa da thic P(z) va P(z)— 1 ¢6 modun béng 1.
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USA TSTST 2020

Loi giai.
Goi da thiic P(x) = cpx +cp_12" L +...+c1x+co = cp(x+m1)(x + ma)...(x + m,) biét m1,maq,....m,
biét cac nghiém phic ctia P(x)
Mat khéc,P(x)-1 = ¢, (x+p1)(x+p2)...(x+p,) biét p1,pa, ..., pn biét cac nghiém phic ctia P(x)-1
(1)
Bang cach lién hgp nén (1) c6,
cplx+m)x+mo)...(x+mpy)—1=cplx+p1)x+po)..(x+py)
Hay viét lai thanh
(x+mp)x+msg)...(x + my) = (x+ p1)x + pg)...x + pp)+(cp)*

SR [ el | e ¥
x+—|lx+— | |x+— | =[x+ —]|[x+—]|...lx+ —
. mi msg Mmn) p1 D2 DPn
Bay gio tu, ta sé di chiing minh ¢, =0 véi k€ {1,2,..,n—1}.

Chung minh nhu sau:
So sanh hé sb6 cua x* tit (2) ¢6

Suy ra
+(@) @

Cn—k _ Cn—k

. [I;m: Ilipi

Nhung [[;m; —I1; pi = — #0. Do d6, dan dén ¢;, = 0.
c

Do dé6 P(x) phai ¢6 danrglg P(x) = ax™ — b sao cho P(x) = ax” — (b + 1). Piéu nay yéu cau, |b| =
|6+ 1| = |a|] dé thoa man bai toan.

Bai toan 12. Tim tat ca cac da thic P(x) véi hé s6 thuc va khong ¢6 nghiém boi sao cho véi
mdi s6 phiic z thi phuong trinh zP(z) = 1 thod méan khi va chi khi P(z- 1)P(z +1) = 1.

SAFEST Olympiad 2020

Li giai.

Xét cac truong hop,

Trudng hop 1. P(x) 1a da thiic hing, tic 1a P(x) = ¢,Vc € R dan dén dau bai dugc phuong
trinh zc=1 thod méan khi vao chi khi ¢? = 0.

Néu ¢ =0 thi ¢? = 0 nhung cz = 1, ta thiy mau thun.

Néu c#0 thiz= %, diéu nay hién nhién mau thuan.

Trudng hop 2. degP =1, tiic 1a P(x) = mx + b v6i m # 0 dan dén dau bai dudc phuong trinh
mz2+bz = 1thoa man khi va chi khi (m(z—1)+b)(m(z+1)+b) = 0, vi vay hai da thic mz2+bz—-1
va m2z2 + 2bmz + (b2 — m?) tudng duong nhau, tic 1a hai da thic nay 1a béi cia nhau. Bang
cach so sanh hé s6 cao nhat, ta thidy nhan thém m vao mz2+bz—1 dude m2z2+mz —m va tu

m # 0 ta so sanh cac hé sb con lai ta dudc

bm=2bm b=0
=
-m=0b%-m? m=1

Dan dén P(z) = z, thit lai théa man.
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Truong hop 3. degP =n =2
Ta xét da thitc Q(x) = (z + 1)P(z + 1) — (z — 1)P(z — 1) (*). D& thay rang deg@ < degP
Do d6, ta sé di chiing té rang @ ciing tuong duong véi P
Chuing minh nhu sau:
Néu P(r) = 0 v6i moi s phiic r, ta cho lan ludt z=r+1 va z =r—1 vao (¥), cho ta dudc
r-1DPr-1)=1=r+1Pr+1)
va do d6 Q(r) = 0. Piéu nay ching t6 rang tat ca cac cia P ciing 1a nghiém ctia Q. Vi P khong
c6 nghiém kép va bac ctia @ khong thé 16n hon bac cia P. Do d6, ta c6 @ 1a boi cta P.
Dit P(z)=X7_ arz*. Dan dén
T an(z+ DFL - (2 — 1F+1) (+%)
Pé so sanh @ va P, ta mudn viét lai dudi dang Q(z) = Yico b2k
Pé tinh b, luu ¥ rang cac s6 hang duy nhét c¢6 trong (**) chia 2" déntit k=n—-1va k =n,
ta co
b,2"=a, 1" -2")+ an((n +1)z" —(—(n+ 1)2”)) =2(n+1a,z"
Do d6, @ = 2(n+1)P. Bay gid, ta tinh tiép b,_1,luu ¥ rang cac sb6 hang duy nhéat cé trong (%)
chiaz'ldéntuk=n-2k=n—-1vak=n,tacé

bp12" 1=a, 9" 12" VH+a, 1(nz"1=(-n)z" YH+a, (ngl)zn_l - (ngl)z”_l =2na, 12"}

Nhung néu @ = 2(n + 1)P thi ta phai ¢6 b,_1 = 2(n + Da,_1, diéu nay mau thuan. Dan dén

khong ton tai da thiic nao c6 degP =n = 2.

Vay P(z) = z l1a da thitc thoa man bai toan.

Bai toan 13. Tim tat ca cac da thitc P(x) véi hé s6 thuc thoa man
P(a+b+c)=P(a)+4P(b)+22P(c) (1)

Véi a,b,c € R sao cho (a+b)(b +c)c+a)=b3+7¢3 (2).

Nguyén Phiic Tho

Loi giai. Dé thiy P(x) = 0 thoa méan bai toan. Ta sé xét P(x) #0,
Ta sé chon céc s6 a,b, ¢ ¢6 dang (a,b,c) = (mx, nx, px) thoa (2).
Thay bd sb (a,b,c) = (mx, nx, px) vao (2) dude

(m+n)n+p)p+m)=nd+7p3
Dé thay cép (m,n,p)=(1,1,1) don gian va thoa (2). Nhu vay bo (a,b,¢) = (x, x,x) thoa (2).
Do d6, thay bo (a,b,c) = (x,x,x) vao (1) dudc

P(3x) =27P(x) (*)

Ta goi hé s6 tu do va hé sb bac cao nhat caa P(x) 1a ag va a, #0.
Sau d6, ta dong nhat hé s6 tu do va hé s6 bac cao nhat dudc

a,3"=27a, n=3
=
aog=27ag ap=0
Nhu vay, da thic P(x) ¢6 dang P(x) = dx® + ex? + fx, thay lai vao (¥) c6

27dx® +9ex? +3fx =27dx3 + 27ex® + 27fx
Pong nhat hé s6 suy ra e = f =0, dan dén P(x) = dx?® véi d # 0.
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Thit lai,
Pl@a+b+c)=da+b+c)®=d@®+b3+c3)+3d@+b)b+c)c+a)=d@®+b3+c3)+3d(b3 +7c3) =
d(a® +4b3 +22¢3) = P(a) + 4P(b) + 22P(c), Ta thay thoa man.
Vay P(x) =0 va P(x) = dx® v6i d # 0 thoa bai toan.
Bai toan 14. Tim tat ca céc da thiic P(x) v6i hé sb thuc thoa man véi moi tat cac s6 nguyén
duong phan biét ting cip (x,v,2,t) véi % + y? + 2% = 2t? va ged(x,y,2,t) = 1 thod man

2P(t))? +2P(xy + yz +zx) = (P(x + y +2))? (*¥)

UKRMO 2009-Grade 11

Loi giai. Pau tién, ta dé dang tim ra bd s6 (x,y,2,8) = (4,(2n —1)2,2n + 1)2,4n2 + 3) véi n
nguyén duong thod man x? + y? + 22 = 2t2 va ged(x,y,2,t) = 1. Tt bd nghiém trén, cho ta
xy+yz+zx=t2vadodé cox+y+z=2¢t Tu do, (¥) dudc viét lai thanh

2(P(1))? +2P(t%) = (P(2t))?,Vt R
Hay 2(P(x))? + 2P(x?) = (P(2x))?,Vx € R (**) Ta xét cac trudng hop:
Trudng hop 1. degP =0 tidc 1a P(x) = ¢ v6i ¢ 1a hang sb. Thay lai vao (**) cho ta dudc

2c2+2c=c2=> { c=-2
c=0

Do do, P(x) = -2 va P(x) = 0 thoa man.
Trudng hop 2. degP =1 tidc 1a P(x) =ax+b v6i a #0,b la cac hang sb. Thay lai vao (¥*) c6

2(ax +b)? +2(ax? +b) = (2ax + b)?
Suy ra

(2a2 + 2a)x? + 4abx + (2b% + 2b) = 4a%x? + 4abx + b2

Téi day, ta dong nhat hé s6 véi a # 0 dude

2a2 +2a = 4a?
2b2 +2b = b2

Suy ra bé nghiém (a,b) = (1,0);(1,2) . Do d6, P(x) = x va P(x) = x — 2 thit lai thiy thod man.
Trudng hop 3. degP =n >2. Ta dit P(x) = a,x" +a,-16" 1 +... +a1x +ao. T (**) ta so sanh

hé s6 ctia x2" c6
1

(2n.an)2 =2a, +2a% =>a, = m

Bay gio, ta s€ di ching minh a,_; =0 v6i moi 1<i <n.
Ching minh nhu sau: Véi i = 1, ta so sanh hé sb x2*~! ti (**) dudc
20,0,-1=2.2"a,.2" ta,_1
maa, #0 suy ra a,_1 =0, dung.
Theo quy nap, ta gia st duing véin =k ticlaa,_;=0véimoi 1<i<k
Bay gio, ta sé di ching minh véi k+1 tic 12 a,_;_1. Cubi cung, ta sé so sanh hé sb caa
x2P k=1 tip (¥%), Té6i day ta sé xit i nhu sau:
Néu % chén. Khi d6,vi trong khai trién cia P(x2) chi c6 cac hang ti c¢6 s6 mii chan, ta suy

ra rang 2n —k —1 = 0. Ngoai ra, trong khai trién caa (P(x))? va (P(2x))2, s6 mii cta hang t
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x2"~k=1 g8 x4c dinh véi p,q < n thod man p + g = 2n—k — 1. Néu it nhit mot trong 2 sb p,q la

>n—kva<n-1,thi hé sb apaq=0,dodé hé s6 ctia cac hang t cta x?*7 bang 0.

Do d6, ta chi c6 thé xét p,q 1a n hodc < n—k—1. Néu ca hai déu < n—-k-1, ta cé

méau thuin. Do d6, mot trong hai bang n va cai kia bang n—k — 1. Nghia 14 hé s6 cua x27*-1

trong 2(P(x))? 14 4anan_p-1.

Tudng tu,ta ciing xt Iy véi (P(2x))2, do d6 hé sb ctia x2**~1 trong (P(2x))? 1a

2.2".a, 20 kg, 1 1=22""kq q, 1. Do d6, can bang hé sb x2*~*~1 caa (**) dudc
4a,an--1=2"*a,a,_p_1.

vati2n-k>n=2vaa, #0,dan dén a,_;_1 =0. (1)

Néu £ 1é. Tudng tu véi truong hop £ chén, mac du ta nhan hai vé cho hé sb on _f_1 vVao

(**), do d6 can bang hé sb x2" %1 ctia (**) dudc ?
@2k —Dapan p-1=a9, _p_1
2
Tu le—Tk—l :n—k+k2;1 >n-kvatacbag, p_1=0 bang quy nap. Tut d6, ta ciing c6
2
an-r-1=0.(2) "
Tt (1) va (2), dan dén diéu quy nap ding. Dan dén, da thitc P(x) = # thoa man.

Vay c6 5 da thic thoa man bai toan la

n

P()=~2,P(x) = 0,P(x) = x,P(x) = x ~2,P(x) = 75—

Bai toan 15. Tim tat ca cac da thic P(x) véi hé s6 nguyén sao cho ton tai vo han cip sb

,VliVx€eR van=2.

nguyén (m,n) thoa man

P(m)+P(n)=0
Loi giai.
Khong mat tinh tong quat, xét da thic thod dé 1a P(x) = apx” +ap_1x* 1+ ...+ a1x +ag v6i
ar, >0 va b qua trudng hop % =0. Goi S 1a tap chita cac cip s6 nguyén (m,n) thoa d, vi tinh
d6i xiing 6 day ta chi xét cac cip sao cho P(x) <0 va P(x) = 0. Ngoai ra, ta c6 thé xét m #n
ma S van c6 vo s6 nghiém, dan dén P(x) =0, thod méan yéu cau.
Néu % chan thi ton tai sé thuc duong x. Do d6, |m| < xo hay m chi ¢6 hitu han sb gia tri, ma
phuong trinh P(x) = P(m) cling hitu han nghiém véi méi gia tri m ké trén, dan dén n ciing
¢6 hitu han gia tri. Tt d6 suy ra S c¢6 hitu han phan t&, vo 1y. Vi vay, & 1é va ton tai sb thuc
duong xo dé P(x) >0 v6i moi x¢ > 0.
Néu chi chita céc cip s6 nguyén dudng thi 0 < m < xonén ré rang sé gia tri m 1a hitu han,
tuong tu nhu trén dan dén vo li. Néu S chi chita céc cip s6 nguyén am thi ta ciing xét tuong
tu nhu thé. Tém lai, ton tai (mg,no) sao cho mong < 0.

k-2

Do % 18, v6i moi (m,n) € S thi néu dit gim,n) = ar(m* 1 —m*2n + ...+ n* 1) va h(m,n) =

ap_1mF1+n Y+ +ai(m+n)+2ao thi

0=P(m)+P(n)=(m+n)gim,n)+h(m,n)

Pat f(m,n) = g”zz ; thi [m + | = |f(m,n)|. D& thiy cic ham theo x 12 f(x,n0) va f(mo,x) déu

bi chén nén |mg+nol < ¢t1 v6i ¢ 1a s6 thuc duong. Véi mn > 0 thi nhu cdc nhan xét trén, ta
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cling ¢6 ton tai s6 thuc duong ts,t3 sao cho |m| < ts va |m| < t5. Tém lai |m +n| < max{t1,ts,ts}
hay ton tai hang sbé c € {m +n|(m,n) € S} xuat hién vé6 s6 lan.
Xét phuong trinh G(x) = P(x) + P(c — x) thi G(x) = 0 c¢6 v6 s6 nghiém, nén G(x) = 0 hay P(x) +
P(c-x)=0
Tt day dit Qx) = P(§ v x) duoc

Qx)+Q(-x)=0
T6i day, dé thiy degQ = degP =k ma k 1& nén Q(x) = bpx* + by_1x* 1+ ...+ by, dan dén

k-2

bpxt +bp_ 12" T b —bpxt + by 1P =l o 2+ —bix+bo=0

hay

k-1

b 1" T+ bo+bp1x T —bpox® 2+ ... —bix+ by = 0(*)

So sanh bac cao nhét ctia (*) ¢6 k—1=0hay & = 1. Do d6, Q(x) =x+d dan dén P(x) =x— % +d
thay vao lai dudc

x——td-x——+d=0
2 2

dan dén —% +d=0.
Vay P(x) =0 va P(x) = x thoa man bai toan .
Bai toan 16. Tim tat ca cac da thiic P(x) véi hé sb thuc sao cho

1
1 1

P(x) P(P(x))

Adapted from Oleg Mushkarov
Loi giai.
Cach 1. Pau tién, gia sit rang ca P(x) va P(P(x)) — P(x) déu khong phai 1a da thic hang. Ta
viét lai dé bai,
P(P(x))P(x)
P(P(x))—-P(x)
va thay rang
P(P(x))P(x) P(x)?

S P e

P(P(x))—P(x) P(P(x))—P(x)
Khi d6

P(x)?
P(P(x)) - P(x)
phai la mot da thic.
Néu degP(x) = d > 2 thi deg P(x)? = 2d nhung deg(P(P(x))— P(x)) = d? thi ta thiy dudc su mau
thun. Piéu nay dan dén degP(x) € {1,2}
Néu degP(x) =1 thi ta viét P(x) =ax+b v6i a #0 va a # 1 tit d6 P(P(x)) — P(x) khong phai la
da thic hing. Khi d6
P(x)? . (x+b)?
P(P(x))-P(x) (a%2-a)x+ab

v61 moi c,d.
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Viét lai thanh,
(ax+ b)2 = ((a2 —a)x+ab)cx+d)

< b
va so sanh hé so tu do ta tim dudc d = —. Do do,
a— a

a b)
x+—
a—1 a

Duang v6i moi x e R, ¢6 b =0. Do d6 P(x) = ax thoa man bai toan.
Néu degP(x) = 2 thi degP(x)? = deg(P(P(x)) — P(x)) = 4, do d6

So sanh heé s6 x2 ta tim dudgc ¢ =

(ax+b) =((a®-a)x +ab)(

P(P(x)) - P(x) = aP(x)?
v6i a 12 hing sb. Do d6, ¢6 vo han ¢ (tt ca ¢ v6i ¢ = P(x) v6i moi x) thod man P(¢) = at® +¢. Do
do,

Px)=ax®+x

thoa man.
Néu P(x) 12 hang s6, thi ta c6 mot nghiém, va néu P(P(x)) - P(x) = ¢ v6i moi ¢ 13 hang s6 thi
P(x) =x+c thoa man bai toan.
Cach 2. au tién, gia st rang ca P(x) va P(P(x)) — P(x) déu khong phai l1a da thiic hing, thi

P(x)?
P(P(x))—P(x)

ciing 14 mot da thic. Do d6, tat ca nghiém ctia P(P(x)— P(x) cling 1 nghiém cta P(x)2. Do
do, tat ca nghiém cta P(x)? phai la nghiém ctia P(x) . Goi r 1a nghiém bat ky ctia P(P(x)) thi
P(r)=0 va vi vay co

P(P(r))=P(r)=0

Do dé6, P(P(r)) = P(0) = 0. Do d6, 0 14 nghiém cta P(x), va vi vay ta viét P(x) = xS(x) v6i moi
da thite S(x). O day, P(P(x)) = P(x)S(P(x)) va do do,

Con néu P(x) 1a hang s6 tuong tu cach 1. Bai toan 17. Tim tat ca cac da thic P(x) va Q(x)
khéc hang véi hé sb thuc thoad man

P(Q(x)) = P(x)Q(x) — P(x)

Loi giai.
Goi degP(x) =m va degQ(x) = n v6i m,n = 1. Dan dén,

deg P(Q(x)) = mn,deg(P(x)Q(x)—P(x))=m+n

Do d6, ta ¢c6 mn =m+n hay (m—1)(n —1) = 1. T m,n 1a cac sb6 nguyén duong nén m =n = 2.
Tu d6, ta c6 thé viét P(x) = ax® + bx+¢ véi a #0, do d6 tix dé ta dudc

aQ(x)” + bQ(x) = P(x)Q(x) — (P(x) + c)
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tic 1a P(x)+c chia hét cho Q(x). Tt Q(x) va P(x) cung béc, nén ton tai véi moi d 1a sb thuc sao
cho P(x)+ ¢ = dQ(x). O day, ta viét lai thanh P(x) = dQ(x) — c. Thay thé diéu nay vao phuong
trinh dé bai, dudc

dQ(Q(x)) - ¢ =(dQ(x) - )Q(X) - (dQ(x) —¢)

hay
dQQ(x))—c =dQ(x)?> —(d +)Q(x) + ¢

Do d6, ta xét phuong trinh dQ(¢) = d¢2 —(d + ¢)t + 2¢ (¥), thi ta thiy phuong trinh c¢6 Q(x) 1a
mot nghiém thue. Vi Q(x) khac hing, nén ta gia st Q(x) vo s6 nghiém thuc. Do d6, phuong
trinh (¥) ¢6 v6 s6 nghiém thuc. Nhu vay,

Qx)=x% -

1+£)x+2—c
d d

T P(x) = dQ(x) — ¢, dAn dén
Px)=dx®>—(d+c)x+c

Vay P(x) =dx? —(d +c)x +c va Q(x) = x% —

2
1+ %)x + EC thoa man bai toan.
Bai toan 18. Tim tat ca cac da thiic P(x) v6i hé sb thuc thod méan

P =Px)Q(1-x)+Q(x)P(1-x)
Belarusian MO 2015

Loi giai.
Thay x — 1 —x vao phuong trinh dé bai, ta dudc

P(x%)=P(1-x)?%) =P(x-1)?)

Do d6, da thiic P(x2) 1a da thic tudn hoan, tic 1a P(x) = ¢ véi ¢ 1a hing s6. Dan dén dé bai
dudc viét lai thanh,
c=cQ(1l—x)+cQ(x)
2 2 N 1
Néu ¢ =0, thi thod man. Con néu c # 0 thi Q(x)+Q(1—-x)=1. O day, thay x — x + o ta dudc

Le)-Leel-e)- 2=

O day, ta dat R(o) = Q(% iz % la da thitc 16. Do d6,

1 1 9
Q(§+x)—§—xS(x )

o= e 2)s{(e- )
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Bai toan 19. Tim tat ca cac da thic P(x) va Q(x) v6i hé sb thuc thod méan
P(Q(x) = P(x)*"

Loi giai.
Pé giai quyét bai toan trén, ta can phai st dung dé bé dé sau:

d

Long-run Behavior Lemma. Cho P(x) = agx% +ag_12% "1 +...+ao 12 mot da thic véi hé sb

thue, va xac dinh béi a = ¢ag] va b= Zd‘l thi
ad

Jim (\d/IP(x)I —alx+ b|) -0

x|—o00

Chitng minh bé dé.
Vi ta ¢6 thé thay P(x) — —P(x) néu can. Khong mat tinh téng quat, ta cé thé gia st ag >0
va pha di gia tri tuyét d6i. Sau d6 ta co,

P(x)—agx?® ag-1x%"1+ .. +a
d

VP(x)- {agx = =
YP(x)a-1+ ..+ \d/az_lxd‘l YP(x)a-1+ ..+ \d/az_lxd‘l

Do do,
d-1
_ + ...+ _
lim (\d/P(x - \d/_adx): lim — dd-1% a0 __Qd-1
e —o0 e[ —o00 VP14 + \d/az_lxd‘l d{ az_l
Viét lai thanh,

Lm0 VPG) - alx +5)) =0

Piéu phai chitng minh. Vao lai bai toan, néu (P(x), Q(x)) 12 mét nghiém thi (—P(x), Q(x)) ciing
12 mét nghiém. Do d6, khong méat tinh téng quat, gia st rang P(x) c¢6 tit ca cac hé s6 duong.
Pit degP(x) = d va c6 thé viét

d

Px)=agx®+aq_12% 1+ ... +ag

v6iag #0. T {/P(Q(x)) = /P(x)2017, 4p dung bd dé vita chiing minh trén, ta dudc

. aq-1 ag-1\*"
xll»%lo(w Qx) + das|” ¢ a3017(x+?w) ) =0
. Do do,
a1 . /30T ag_1\ 20"
Q(x)+m—i ay (x+m)
Pat B =22 va A = {/a2016, ta c6 thé viét didu nay lai thanh

ad

Qx)=A(x+B)*" -B
Thay Q(x) vao lai phuong trinh dau bai, ta dudc
P(A(x +B)2017 _B) — P(x)2017
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Khi d6, P(Ax?°1" - B) = P(x — B)?*!7. Cho R(X) = P(x - B) = agx? +asx® +.... Khi d6 R(Ax?017) =
R(x)?°17, Ta xét hé s6 ctia s6 hang thi hai khéac khong, ta thiy s6 hang thi hai ctia R(Ax2017)
va R(x)?"17 1an lugt 12 a,x2017* va ¢2016q,%20164+s Tit 46, ta thay dudc mau thuln véi su ton

tai cia s. Khi d6, R(x) = agx?. Vay P(x) = ag(x+B)? va Q(x) = A(x+B)**1"—-B v6iay #0,B = ‘;‘;‘;
vaA=+ W .
Bai toan 20. Tim tat ca cac da thiic P(x) véi hé sb6 thuc thod méan
P(x-1P(x+1)>Px)?-1
v6i moi x € R.
Nikolai Nikolov

Loi giai
Néu P(x) = ¢ v6i ¢ 1a hang s6 thi phuong trinh dé bai tréd thanh ¢ > ¢ -1, diéu nay luén
ding. Do d6, véi moi ¢ 1a hang sb sao cho P(x) = ¢ déu thoa man. Ta viét lai dé bai,

Px)?-Px-1DPkx+1)<1

Néu degP(x) = d > 0 va gia st hé s6 cao nhat ctia P(x) 1 ag # 0 thi deg(P(x)2—P(x—1)P(x+1)) =
2d —2 va hé sb cao nhét 1a da?.
Néu d = 2 thi P(x)2—P(x—1)P(x + 1) sé 12 mét da thitc khéc hang véi cac hé sé6 duong. Do d6,
bat dang thic trén sé mau thuan véi moi x di 16n.
Néu d =1 thi P(x)2~P(x—1)P(x+1) = a2 12 da thiic hing va bat dang thic dugc viét lai thanh
a? < 1. Do d6, v6i moi da thuc P(x) =ax+ b v6i moi a € (—1,1) thoa man bai toan.
Bai Tap.
Bai toan 1. Tim tt ca da thic P(x) véi hé s6 phiic thoa man

P(a)+P(b)=2P(a+b)

Véi a va b 1a cac s6 phiic sao cho a? + b2 +5ab =0.

Titu Andreescu
Bai toan 2. Tim tat ca cac da thic P(x) v6i hé s6 thuc thoa man
P P(y* P23 1 1 1 1 1 1
() P Pl ):zP(——— +xP(——— +yP(———)
3x3 292 2 x3  y2 y2 oz z x3
V6i moi s6 thuc x,y,z khac 0 ma x3y?z =x + 2y + 3z.
An danh AZOT1

Bai toan 3. Tim tat ca cac da thic P(x) hé s6 thuc thoad man
P(v3x)+P(vV3y)+P(V3z)=P(x—y)+P(y—2)+ P(z — x)
Véi moi x, y,z 1a ba sb thuc sao cho x+y+2z =0.

Costa Rican MO 2008

Bai toan 4. Tim tat ca cac da thic P(x) hé s6 thuc thod méan
P(x+P(x)) = x?P(x),Vx € R
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Canadian MO Qualification Repechage 2021
Bai toan 5. Tim tat ca cac da thiic a(x), b(x), c(x),d(x) v6i hé s6 thuc sao thod man dong thoi

cac phuong trinh

b(x)e(x) +a(x)d(x)=0
a(x)e(x)+(1—x2)b)d(x)=x+1
South African MO 2021

Bai toan 6. Cho m # 0 14 s6 nguyén. Tim tat ca cac da thic P(x) hé sé thuc thod man
(x® —ma?+ DP(x+ 1)+ (x2 + ma® + DP(x — 1) = 2(x3 — ma? + 1)P(x)

v6i moi s6 thuc x.
IMO Shorlist 2013

Bai toan 7. Tim tat ca cac da thic P(x) hé sb thuc thod man

ly? — P(x)| < 2|x|
1x2 — P(x)| < 2|y

v6i moi s6 thuc «x,y
IMO Shorlist 2014

Bai toan 8. Tim tat ca cac da thic P(x) hé sb thuc sao cho néu
Px)+P(y)+P(z)=0
v6i moi s6 thuc x,y,z thi x+y+2z =0.
Bai toan 9. Tim tat ca cac da thic P(x) hé s6 thuc sao cho véi moi s6 thuc x thi c6 bat dang
thuc sau
xP(x)P(1-x)+x%+100=0

Czech-Slovakia MO 1995
Bai toan 9. Tim tat ca cac da thic P(x) va Q(x) khac hing véi hé sb thuc thod mén
PQ(x)*) = P(x)Q(x)*

Bai toan 10. V6i moi m = 2 va m nguyén. Tim tat ca cac da thic P(x) sao cho néu a”+b™ =1
thi P(a) +P(b)=1.
Bai toan 11. Tim tat ca cac da thitc P(x) véi hé s6 thuc thod man

P(xy+yz+2zx)=P(xy)+P(yz)+ P(zx) + 2P(x)P(y)P(2)

vax+y+z=xyz véimoix,y,z€R

21 2021



Tai liéu tham khao

[1] Titu Andreescu, Navid Safaei, Alessandro Ventullo, 117 Polynomial Problems from

the Awesome Math Summer Program

[2] Titu Andreescu, Navid Safaei, Alessandro Ventullo, Awesome Polynomials for Mathe-

matics Competitions
[3] Titu Andreescu, Gabriel Dospinescu, Problems From the Book

[4] Titu Andreescu, Iurie Boreico, Oleg Mushkarov, and Nikolai Nikolov, Topics in Func-
tional Equations — 3rd Edition

22



