CHUYEN PE SO CHINH PHUONG

A. Kién thiic can nhé
1. Dinh nghia s6 chinh phuong.
S& chinh phuong 1a s bang binh phirong cia mot s8 nguyén.
(ttec la néu n la s6 chinh phuong thi: n=k* (ke Z))

2. M6t s tinh chat can nhé
1- S8 chinh phuong chi ¢6 thé ¢6 chit s6 tan cung bf?mg 0,1,4,5,6,9; khong thé cé chir tan
cung bf“mg 2,3,7, 8.
2- Khi phan tich ra thtra s6 nguyén t5, sO chinh phwong chi chira cac thira s6 nguyén td véi s6
mi chan.
3- S& chinh phuong chi c6 thé c6 mot trong hai dang 4n hoac 4n + 1. Khoéng c6 sd chinh
phuwong nao c6 dang 4n +2 hodac4n +3 (n € N).
4- S chinh phwong chi c6 thé c6 mét trong hai dang 3n hoac 3n + 1. Khong c6 sd chinh
phuwong nao co dang 3n+2 (n € N).
5- S& chinh phuwong tan cling bang 1, 4 hoéc 9 thi chit s6 hang chuc la chit s6 chan.

SG chinh phuwrong tan cling bang 5 thi chit s& hang chuc 1a 2.

SS chinh phuong tan cting bang 6 thi chit s6 hang chuc la chit s6 1é.
6- SO chinh phuwong chia hét cho 2 thi chia hét cho 4.

S6 chinh phuwong chia hét cho 3 thi chia hét cho 9

S6 chinh phuwong chia hét cho 5 thi chia hét cho 25

S6 chinh phuwong chia hét cho 8 thi chia hét cho 16.
7. Moi s6 chinh phwong khi chia cho 5, cho 8 chidu 1, 0, 4.
8. Gitta hai s6 chinh phwong lién ti€p khong cé s6 chinh phuwong nao.
9. Néu hai s6 nguyén lién ti€p o tich la mot s6 chinh phuong thi mot trong hai s6 dé la s 0.
10. SG cac wéc ctia mot s6 chinh phuong la s6 1é. Nguoc lai, mot s ¢d s6 cac wdc 1a so 1é thi
s0 d6 1a s6 chinh phuong.
11.Néun*<k<(n+1)*(n € Z) thi k khong la s6 chinh phuong.
12. Néu hai s8 tw nhién a va b nguyén t& cling nhau c tich 1a mot s6 chinh phwrong thi moi
sO a, b cling 1a cac s6 chinh phuong.

13. Néu a la mot s6 chinh phuong, a chia hét cho s6 nguyén t& p thi a chia hét cho p®.
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14. Néu tich hai s0 a va b la mdt s6 chinh phuwong thi cac s6 a va b c6 dang

a=mp’;b=mg’
B. CAC DANG TOAN THUONG GAP
7~ Dang 1: Chitng minh mdt s6 1a s6 chinh phwong, hoic 1a tong nhiéu sd chinh
phuong.
* Co s0 phuwong phap:

D€ chiing minh mot s6 n la s6 1a sd chinh phuong ta thuong dwa vao dinh nghia,
tirc 1a chiing minh: n=k? (k € Z)

* Vi du minh hoa:

Bai toan 1. Cho n la mot s8 tu nhién. Chiing minh rang: A=n n+1 n+2 n+3 +11asd
chinh phuong.

Hué6ng dan gidi
Ta co:

A= n*+3n n*4+3n+2 +1= n*+3n 2+2 n>+3n +1= n2+3n+12

Vi neN nén n’ +3n+1€N. Vay A 1a s8 chinh phuwong.

Bai toan 2. Cho: B=1.23+234+...+k k+1 k+2 vdiklaso ty nhién. Chitng minh
rang 4B + 1 1a s§ chinh phurrong.

Hudng dan gidi
Ta thdy biéu thitc B 1a tong cua mot biéu thirc chuing ta nghi dén viéc phai thu gon
biéu thire B trude.
Ta cé:
nn+l n+2 :%n N+l n+2[n+3 — n—l]:%[n n+1 n+2 n+3 —n-1nn+1 n+2
Ap dung:

1.23= % 1.234-01.23
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234 = % 2345-1234

3.45= % 3.456—-23.4.5

K k+1 k+2 :%k K+1 k+2 k+3 — k—1k k+1 k+2

Cong theo v& cac dang thiic trén ta duoc:
B=123+234+..+k k+1 k+2 :%k k+1 k42 k+3

=4B+1=k k+1 k+2 k+3 +1

Theovidultacd: 4B+1= K? +3k+1°

Vi k € N nén k? +3k +1€ N. Vay 4B +1 1a s§ chinh phuong.

Bai toan 3. Chiing minh rang: C =11...1+ 44...4 +1véin 1a s8 te nhién. Chitng minh rang

2n n

C 1a s6 chinh phuong.

Hué6ng dan gidi

Ta c6: C=11..100..0+11..1+44..4+1

n n n n

bat a=11..1 thi 9a=99...9. Do d6 99..9+1=10" =9a+1

n n n

C=al0"4+a+4a+1=a9a+1 +5a+1
—~C=9a’+6a+1= 3a+1"’
— C =33..34%

n-1
Vay C la mot s6 chinh phuong.
Nhan xét:

Khi bién doi mgt s6"trong do c6 nhiéu chir s6'gidng nhau thanh mot s’ chinh phwong ta nén
dat 11..1=a va nhw vdy 99..9+1=10" =9%a+1.

n n

Bai toan 4. Cho a=11...1, b=10...05. Chting minh Vab+1 la sd tu nhién.

2016 2015

Hudng dan gidi

Cach 1:
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Ta cé: b=10..05=10..0-1+6=9..9+6=9a+6.

2015 2016 2016

= ab+1=a(%a+6)+1=9a%>+6a+1=(3a+1)>

= Jab+1=,(Ba+1)?=3a+1leN.

Vay vab+1 1as6 tw nhién.

Cdch 2:
2016

Ta cé: azll...lzlo 1,b:102°16+5_

2016

2016 10201 2 +4.10%% _5.49 st )
:>ab+1=ul(lozom+5)+1:( ) _ 1077 +2 '
9 9 3

(10%° +2)

=Jab+l="——7~.

Ma (102016 + 2) :3. Do d6, Jab+1 1a s6 tw nhién.

Vay Jab+1 1as8 tu nhién.

Bai toan 5. Cho sO tw nhién a gom 60 chit sd 1, s6 ti nhién b gom 30 chit sd 2. Chiing minh

a - bla mot sO chinh phuong.

Hué6ng dan gidi
Cich 1:
60 30
Ta co: a=11...1:10 ! , b=22...2:2.10 1.
60 30 9
60 30 60 30 0 1717 2
:a_bzlo 1 270 1):10 2.10 +1= 10" -1 _(33 3] .
9 9 9 30
Cich 2:
b=22.2=211.1, a=11..1=11...1.00..0+11...1 =11...1.10%* +11...1.
30 30 60 30 30 30 30 30
Pit c=11..1. =9c+1=99..9+1=10%.
30 30

Khi dé: a=c.(9c+1)+c=9c’*+2c. b=2c.

2
=a-b=9c*+2c-2c=(3) = (33...3) :

30
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Bai toan tong quat: Cho k s tw nhién khéc 0, s6 tw nhién a gom 2k chir s6 1 va s6 tw nhién
b gom k chit s6 2. Chitng minh rang a—b 1a mot s8 chinh phuong.

n*-1

Bai toan 6. Cho ne N sao cho la tich cua hai s6 tu nhién lién ti€p. Ching minh réng

n la tong ctia hai s6 chinh phuwong lién ti€p.

Hudng din gidi

2

Gid str ta co:

=a(a+1) .

Tt d6 6 n” =3a’+3a+1 = 4n’-1=12a*+12a+3

= (2n-1)(2n+1)=3(2a+1)" .

Vi 2n+1;2n-1 la hai s6 1é lién ti€p nén ta c6 cac truong hop:

2n—-1=3p°

Truong hop 1:
Ehop {Zn +1=0q°
Khi d6 g®> =3p®+2 (VO 1i). Vay truong hop nay khong xay ra.

2n—1=p°

Truong hop 2: .
§HOP {2n+1=3q2

T do p las6lénén p=2k+1.

Tir d6 2n=(2k +1)° +1 = n=k*+(k+1)" (dpcm).

Bai toan 7. Cho k la mot s6 nguyén duong va a=3k* +3k +1
a) Chiing minh rang 2a va a’ la tdng ctia ba s§ chinh phuong.

b) Chting minh rdng néu a la mot wdc ctia mot sd nguyén duong b va b 1a mot tong gom
ba s6 chinh phuong thi b" 1a mét tong cta ba s6 chinh phuong.

Hudng dan gidi
a)Taco 2a=6k? +6k+2= 2k +1° 4+ k+1° +k?
va a® =9k* +18Kk® +15k> + 6k +1= k*+k + 2k +3k+1 + 2k’ +k =a’+al+a’.
b) Vi b:a nén dat b=ca.

Vi b 1a tdng cua ba s6 chinh phuong nén dit b=b? +bZ +bZ.
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Khi d6 b* =c?a® =c? a’+a’+a’

Dé két thic viéc chtiing minh, ta tién hanh nhu sau: cho n=2p+1 ta duoc:

b2t = P * b? £b? +b? vacho n=2p+2 taduocb” = b ‘b? a?+al +a’

'~ Dang 2: Chitng minh mét s6 khong 1a s6 chinh phuong.
* Co s0 phuwong phap:
Pé chiing minh n khong la s6 chinh phwong, tuy vao ting bai toan ta c6 thé sw
dung cac cach sau:
1) Chting minh n khong thé viét duwgc dudi dang mot binh phwong mot s6 nguyén.
2) Chang minh k?> <n < (k +1)> v6i k la s6 nguyén.
3) Chtng minhnco tan cungla?2;3;7; 8
4) Chttng minh n c6 dang 4k +2; 4k + 3
5) Chtng minh n ¢6 dang 3k + 2
6) Chitng minh n chia hét cho s6 nguyén td p ma khong chia hét cho p2.

* Vi du minh hoa:

Bai toan 1. Mot s8 tw nhién c6 tong cac chit s6 bang 2018 thi c6 thé 1a s chinh phuong

duwoc khong ? tai sao?

Hudng dan gidi
Goi s6 tw nhién ¢6 tong cac chir sd béng 2018 lan

Ta c6 : 2018 = 3m + 2 nén s6 tu nhién n chia 3 dw 2, do d6 s& n ¢6 dang 3k +2 vdi k 1a s6 tw
nhién. Mat khac mot s6 chinh phuwong trinh khong ¢é dang 3k + 2 suy ra s6 ty nhién n
khong la sd chinh phuwong.

Bai toan 2. Chiing minh rang s A=n* +2n° +2n° +2n+1 trong dén e Nvan>1
khong phai la s6 chinh phuwong.

Hudng dan gidi
Ta co:
A=n"+2n*+2n* +2n+1= n*+2n*+n* + n*+2n+1
— n*4n 4+ n+l®> nP4n Vn>1
= A> n?+n ¥n>1
Mat khac:
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n2+n+12 =n*4+2n*+2n*+n?*+2n+1
=n*+2n+2n°+2n+1 +n*=A+n*>A VYn>1

= A< n?4n+1’

Do do6 n2+n2<A< n2+n+12

Ta c6 (n?+n) va (n2+n + 1) 1a hai s ty nhién lién ti€p nén A khong thé'la s6 chinh

phuong.

Bai toan 3. Cho A=1+2+2%+2°+...+ 2%, Hoi A ¢4 1a s8 chinh phuong khong? Vi sao?

Hudng dan gidi
Tacé A=1+2+(2%+2°+2' +2°)+..+(2% + 2% + 2% 4. 2%)
=3+22.(1+2+22 +23‘)+...+23°.(1+2+22 +23)
=3+230+..+2%.30=3+(2+..+27).3.10.

Ta thay A c6 chit s§ tan cling bang 3.
Ma s8 chinh phwong khong c6 chir s6 tan cung la 3. Do d6, A khong la sd chinh phwong.

Vay A khéng 1a s6 chinh phuong.

Bai toan 4. Chting minh rang A=2012""+2013" +2014"" +2015"" khong phai la s8 chinh
phuong v6i moi s6 nguyén duong n.
(D# thi vao I6p 10 chuyeén truong DHSP TP H6 Chi Minh 2015 - 2016)

Hué6ng dan gidi
Ta co:
2012*":4: 2014*":4, ¥ne N".

2013*" =2013"" —1+1= (2013“n —1)+1 chia cho 4 dw 1.

2015" =2015" —(~1)"" +1 chia cho 4 du 1.

Do d6, A=2012""+2013" +2014"" +2015"" chia cho 4 du 2.
Ta c6: Ai2, nhung A khong chia hét cho 2%, ma 2 la sd nguyén t3. Suy ra A khong
la s6 chinh phuong.

Vay A khong 1a s6 chinh phuong.
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Bai toan 5. Cho 2 <nc N, Chitng minh rang A=n°® —n* +2n° 4-2n” khong thé 1a s§ chinh
phuong

Hudng din gidi

2

Tacé A=n®—n*+2n°+2n°=n*> n*—n*+2n+2

:nz[n2 n>—1 42 n+1]

=n*[n* n—1 n+1+2 n41]

=n?n+1° n®—2n+2
Véi 2<neN,tacdé n*—2n+2>n>—2n+1= n+1°
Van’—2n+2=n’-2n-1 <n*.Dodé n-1°<n’—2n+2<n’

Nhu vay n” —2n+2 khong phai la s6 chinh phwong nén A khong phai 1a s§ chinh
phuong.

Bai toan 6. Chiing minh rang tong binh phwong ctia hai s§ 1é bat ki khong phai 1a mot s&
chinh phuong.

Hudng dan gidi
Giast: a=2m+1, b=2n+1, véi m,neN
Tacéd: @®+b?> = 2m+1°+ 2n+1° =4 m*+m+n’+n +2=4k+2 v6i kEN.,
Khéng cé s8 chinh phuwong nao c6 dang 4k 42 vi vay a’ +b? khong phai s6 chinh
phuong.
I~ Dang 3: Diéu kién dé mot sd 1a s6 chinh phuwong.
* Co s6 phuwong phap: Chung ta thuong st dung cac phuwong phap sau:
- Phuong phap 1: St dung dinh nghia.
- Phwong phap 2: Str dung tinh chan, 1é.
- Phwong phap 3: Sit dung tinh chat chia hét va chia c6 du.
- Phuong phap 4: St dung cac tinh chat.

THCS.TOANMATH.com TAI LIEU TOAN HOC




* Vi du minh hoa:

Bai toan 1. Tim s6 nguyén n sao cho n(n + 3) 1a s6 chinh phuong.

Hudng din gidi
Dé A =n(n + 3) 1a s6 chinh phuwong thi n(n + 3) =k2 véi k 1a s6 tw nhién, do
dé:
n*+3n=k’
& 4n* +12n = 4k?
& 4n® +12n+9 =4k’ +9
& n+3° - 2k " =9
& 2n+2k+3 2n—2k+3 =9

Taco 2n+2k+3 > 2n—2k +3

Va9=91=33=(-1).(-9) = (-3).(-3)

. 2n+2k+3=9 n+k=3 n=1

Truong hop 1: & & = A=4
2n—2k+3=1 n—k=-1 k=2
2n+2k +3=3 n+k=0 n=0

Trueong hop 2 : e & * = = A=0
2n—2k+3=3 n—k=0 k=0
2n+2k +3=-1 n+k=-2 n——4

Truong hop 3 : & & = A=4
2n—2k+3=-9 n—k=-6 k=2
2n+2k +3=-3 n+k=-3 n=-3

Truong hop 4 : & = A=0
2n—2k +3=-3 n—k=-3 k=0

Vay khin=-4;-3;0; 1 thi ta ¢ A 1a s6 chinh phuong.

Bai toan 2. Tim s6 nguyén n sao cho n+1955 va n+2014 la mot sd chinh phuong.

Hudng dan gidi
Gia st N+1955=a%; n+2014=b’ véi a, be N va a<b.

Khi d6 b? —a? =59<:>(b—a)(b+a):59<:>{b—a=l {azzg

= .
b+a=>59 b=30

Dé dang suy ra n=-1114.
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Bai toan 3. Tim s6 nguyén duong n dé€ cac bi€u thitc sau la s6 chinh phuwong:

a) A=n>—n+2 b) B=n>—-n+2

Hudng dan gidi

a) Véin=1thi A=n?-n+2=2khong la s6 chinh phuong
Véin=2thi A=n?>-n+2=41lasd chinh phuwong
Véin>2 thi A=n?-n+2khong la s6 chinh phwong vi

n—1°=n’—2n—1 <n’— n—2 <n’
Vay n =2 thi A la s& chinh phwong.
b)Tacdé: n°° —n= n*—-1n n*+1
Véi n = 5k thi n chia hét cho 5.
Véi n =5k £1thi n® —1chia hét cho 5
V6i n=5k +2thi n* 4+1chia hét cho 5
Do dé n° —n ludn chia hét cho 5

Nén n® —n+ 2chia cho 5 thi dw 2 nén n° —n+2 ¢ chi s6 tan cling 1a 2 hodc 7 nén
B =n° —n +2khong la s8 chinh phuong

Vay khong c6 gid tri nao ctia n théa d€ B la s6 chinh phuwong.

Bai toan 4. Tim s6 nguyén duong n nho nhat sao cho cac s6 n+1, 2n+1, 5n+1 déu la cac
s0 chinh phueong.

Hudng dan gidi
Néu n=3k+1 (keN) thi n+1=3k+2, khong la sd chinh phuong.
Néu n=3k+2 thi 2n+1=6k+5, cho cho 3 du 2 nén khong la s6 chinh phuong. Vay n:3.

2n+1 la s6 chinh phuwong 1é nén chia cho 8 du 1. Suy ra 2n:8=n:4=n+11é. Do n+1 la
s0 chinh phuwong 1é nén n+1 chia cho 8 du 1, suy ra n:8.

n chia hét cho cic sd nguyén t8 cing nhau 3 va 8 nén ni24. Véi n=24 thi n+1=25=5°,
oN+1=49=72, 5n+1=121=112.

Gi4 tri nho nhat ctia n phai tim 1a 24.

Bai toan 5. Tim s6 ti nhién n > 1 sao cho tong 1! + 2! + 3! + ... + n! 1a mdt sd chinh phuwong.
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(Dé thi HSG I6p 6 - Phong gido duc dao tao Phiic Yén - Vinh Phiic)

Hudng dan gidi
Véin=1thi 1l =1=121as6 chinh phuong
V6in =2 thi 1! + 2! = 3 khong la s6 chinh phuong
Voin=3thill+2!+3!=1+12+1.23=9=31as0 chinh phuong
Voin>4tacd 1! +21+31+4/=1+12+123+1234=33 con5l;6!; ...; n! déu tan cung boi 0
do do 1! +2! +3! + ... n! ¢6 tan cung bai chit s6 3 nén nd khong phai 1a sd chinh phueong.

Vay ¢6 2 s6 ty nhién n thoa man dé bailan=1;n=3.

Bai toan 6. Tim s0 nguyén duwong n sao cho A=(n+3)(4n2 +14n+7) l1a s6 mot chinh

phuong.
(Dé thi chon HSG Todn 9 tinh Thdi Binh)

Hudng dan gidi
Ta c6: 4n° +14n+7 =(n+3)(4n+2)+1 va n la s6 nguyén duong nén n+3 va 4n*+14n+7 la
nguyén t& cing nhau. Vi vay, d€ A 1a s6 chinh phwong thi 4n* +14n+7 van+3 phaila s8
chinh phwong.
Do neZ’ néntacd (2n+3)° <4n*+14n+7<(2n+4)".
= 4n® +14n+7=(2n+3)" = n=1. Khi d6 n + 3 = 4 1a s& chinh phuong.

Thtt lai, véi n=1, tacé A=10°.

Vay s6 nguyén duong can tim la n=1.

Bai toan 7. Tim 3<aeN sao cho a(a—-1)a(a-1)=(a—-2)aa(a-1).

Hudng dan gidi

Taco a(a—1)a(a—1)=(a—-2)aa(a-1) <= a(a—l)2 =(a—2)aa(a-1). (%)
Vi VT(¥) 1a s6 chinh phuong nén VP(*) cling la s6 chinh phuong.

Vi s8 chinh phuong chi ¢6 chit s6 tan cing thudc tap hop {0;1;4;5;6;9}
nén a co chit s6 tan cing thudc tap hop {1;2;5;6;7;0} .

Do a lachitsdnén a<9. Kéthop véi 3<aeN nén ae{5;6;7}.
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Thtr Ian lwot timg gid tri ta thu dwgc a=7 théa man 76° =5776.

Bai toan 8. Tim s6 tw nhién n sao cho 2" +9 la s6 chinh phuong.

Hudng dan gidi
Giast 2"+9=m?*, meN < (m-3)(m+3)=2".

m-3=2°%
Vi m—-3<m+3 nén ,voi a, beN va a<hbh.
m+3=2"

Taco 2°-2"=6<2°(2"*-1)=6.
Vi 2°(2"*-1)i2 ma 2°(2"*-1)/4 nén a=1. Diéunay ddn dén m=>5 va n=4.

~ Dang 4: Tim sd chinh phwong,.
* Co s6 phuwong phap: Dya vao dinh nghia vé s6 chinh phuwong A =k?, véi k la s& nguyén
va cac yéu cau cta bai toan dé€ tim ra s6 chinh phuong thoa bai toan.

* Vi du minh hoa:

Bai toan 1. Tim s8 chinh phuwong abcd biét ab—cd =1.

Hudng dan gidi
Gia str n* =abcd =100ab +cd =100(1+cd )+ cd =101cd +100, neZ.
=101.cd =n*~100=(n-10)(n+10).
Vi n<100 va 101 la s& nguyén t6 nén n+10=101.
=n=91.
Thu lai: abed =912 =8281 ¢ 82—81=1.

Vay abcd =8281.

Bai toan 2. Cho A 1a s chinh phuong gom 4 chit s8. Néu ta thém vao mdi chir s8 ctia A

mot don vi thi ta dugc sd chinh phuong B. Hay tim cac s6 A va B.

Hudng dan gidi

Goi A=abcd =k?.
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Theo dé bai ta co:

, | A=abcd =k?
Ta co:
B =abcd +1111=m?

(v6i k,me N"va 31<k <m<100, a,b,c,d =1,9).
—m?—k?=1111 < (m-K)(m+k)=1111 (%)
Nhén xét thdy tich (m — k)(m + k) >0 nén m — k va m + k 1a 2 s6 nguyén duong.
Vam -k <m+k <200 nén (*) c6 thé viét (m — k) (m + k) = 11.101

Do dé: {m—k:ll {m=56 {A=2025

= =
m+k =101 n=45 B =3136

Vay A =2025, B = 3136.

Bai toan 3. Tim mét sd chinh phwong gom 4 chit s6 sao cho chir sd cudi 1a s6 nguyén to,

can bac hai ctia s6 d6 c6 tong cac chit s6 la mot sd chinh phuong.

Hué6ng dan gidi

Goi sd phai tim la abcd véi a; b; ¢; d la cac s6 tw nhién

val<a<9,0<b,cd<9.

Ta c6 abed chinh phuong = d €{0,1,4,5,6,9}.

Vid lasénguyéntd = d=5.

D3t abcd =k2<10000 = 32 < k<100, ke N.
Do k 1a mdt s6 ¢6 hai chit s6 ma k2 ¢6 tan cling bang 5 = k tan cling bang 5
Tong cac chit s6 ctia k 1a mot s& chinh phwong = k =45 (vi k tan cing bang 5 va c6 2 chir
s0)
= abed =2025

Vay s6 phai tim 1a: 2025.

Bai toan 5. Tim sO tw nhién c6 hai chit sd biét rang hiéu cac binh phuong ctia s6 d6 va s6

viét boi hai chit s6 cta s6 d6 nhung theo th tw nguoc lai la mot s6 chinh phuong.

Hudng dan gidi
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Goi s6 phai tim 1a ab véia, b e N,1<a<90<b <9
Theo gia thiét ta co: ab - (a+by <ab = (a+b)’(a+b).Suy ra a+b la s& chinh phurong.

Khi d6 ab 1a mot lap phuong va a +b la mot s6 chinh phuong.
Vi10 < ab < 99 = ab =27 hojc ab =64

Néu ab =27 = a+b=91a s6 chinh phwrong

Néu ab =64 = a+b=10 khong la s6 chinh phuwong = loai

Vay s6 can tim 1a 27.

C.BAI TAP AP DUNG

Bai 1: Cho a;b;cla 3 s6 nguyén thdéa man diéu kién ab+bc+ca=1.
Chitng minh ring (a° +1)(b? +1)(c* +1) 1a 1 s6 chinh phuong.

n(2n-1)

Bai 2: Tim s6 nguyén duwong n sao cho la s6 chinh phuong .

(Dé TS I6p 10 THPT Chuyén Lam Son- Thanh Héa 2012-2013)
Bai 3: Tim t4t ca cc sO nguyén n sao cho A=n*+n’+n? cd gid tri 1a s6 chinh phuong.
(Dé TS l6p 10 THPT Chuyén Phan Boi Chau-Nghé An 2010-2011 )
Bai 4: Chtng minh rdng moi s6 nguyén x, y thi biéu thtrc

A= (x +y)(x + 2y)(x + 3y)(x +4y) + y* cb gia tri 1a s& chinh phuong.
Bai 5: Chting minh rang cac s6 sau day la s8 chinh phuwong:

a) A=22499...9100...09 b) B=11...155...56

n—-2 n n n-1

Bai 6: Chting minh rdang tong cc binh phuong ctia 5 s6 lién tiép khong thé 1a s chinh
phuong.

Bai 7: Cho day sO 49;4489; 444889; 44448889; ...

Day s6 trén duwoc xay dung bang cach thém s 48 vao gitta s§ ding trude nd. Chitng minh
rang tat ca cac s§ ctia ddy trén déu 1a sd chinh phuwong

Bai 8: Chung minh rang néu p la tich ctia n s8 nguyén t& dau tién thi p—1 va p+1
khong thé'1a cac s6 chinh phuwong.

Bai 9: C6 hay khong s0 tie nhién n d€ 2010 + n? la s6 chinh phuong.

Bai 10: Chiing minh rang tong cac binh phuong ctia 5 s8 tw nhién lién tiép khong thé 1a
mot s6 chinh phuong
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Bai 11: Chttng minh rang néu n 1 s tw nhién sao cho n + 1 va 2n + 1 déu 1a cac s6 chinh
phuong thi n 1a bdi s6 ciia 24.

Bai 12: Tim s& chinh phwong c6 4 chit s8 biét rang 2 chit s& dau gidng nhau, 2 chit s6 cudi
giong nhau.

Bai 13 : Tim 3 s0 1é lién ti€p ma tong binh phuwong la mot s6 ¢ 4 chir sO giong nhau.

Bai 14: Cho s nguyén duong n va cdc s6 A = 444...4 (A gom 2n chit s6 4); B = 888....8 (B
2n n
gom n chit s6 8). Chting minh rang A + 2B + 4 1 s6 chinh phuong.
(Dé vao chuyén toan Ha Nam nam 2013-2014)
Bai 15: Gia st N =1.3.5.7....2007

Chitng minh rang trong 3 sd nguyén lién tiép 2N —1, 2N, va 2N +1 khong c6 s6 nao 1a s§
chinh phuong.
Bai 16: Vi mbi sd nguyén duong N, ky hiéu S 13 téng ctia n s8 nguyén t& dau tién
(Sl =2,5,=2+3,5,=2 +3+5,....). Chting minh rang trong day s6 S,,S,,S,,...khong
ton tai hai s6 hang lién tiép déu la cac s6 chinh phuong .

(Dé vao chuyén todn sw pham Ha N§i ndm 2013-2014)
Bai 17: Cho p la mot s6 nguyén t8. Tim p dé tdng cac wéc nguyén duong ctia p* 1a mot s6
chinh phuong.

(Dé vao chuyén Hung Yén nam 2013-2014)

Bai 18: Tim tat ca sO tu nhién n sao cho n? - 14n — 256 1a 1 s6 chinh phuong.

(Dé thi HSG 16p 9 Thanh Oai ndm 2012-2013)

Bai 19: Cho cac s6 nguyén a, b, ¢ # 0 thoa man: 1 + 1 + 1.1
a b ¢ abc

Chting minh rang; (1 +a’ )(1 +b? ) (1 +c’ ) 1a s& chinh phuong

(Dé thi HSG I6p 9 trieong Trin Mai Ninh nam 2012-2013)
Bai 20: Tim s6 tw nhién n sao cho A =n’+n + 6 la s6 chinh phwong
(Dé thi HSG l6p 9 huyén Vinh Lic nam 2018-2019)
Bai 21: Tim s0 ty nhién gom bdn chit s6 abcd biét ré“mg né 1a mot sd chinh phwong, chia
hét cho 9 va d 1a mot s6 nguyén t6.
(Dé thi HSG I6p 9 qudn Ng6 Quyén ndm 2018-2019)
Bai 22: (Dé thi HSG I6p 9 huyén Ciam Giang ndm 2018-2019)
Cho S =4+ 22+ 23+ ... + 2%, Chung to S khong phai 1a s6 chinh phuong.
Bai 23: Tim x nguyén duong dé& 4x° +14x> +9x—6 1a s6 chinh phuong
(Dé thi HSG 16p 9 TP Bic Giang nim 2017-2018)
Bai 24: Tim s6 ty nhién n sao cho n”+17 1a s6 chinh phwong?
(Dé thi HSG I6p 9 huyén Kim Thanh ndm 2012-2013)
Bai 25: Tim cac s0 nguyén duong n sao cho 2" +3" +4" la s6 chinh phuong.
(D€ thi HSG I6p 9 huyén Vii Quang ndm 2018-2019)

Bai 26: Tim t4t ca cac s6 nguyén n sao cho n” +2014 1a mot s6 chinh phuong
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(Dé thi HSG I6p 9 Trwong Thanh Viin ndm 2017-2018)
Bai 27: Tim c4c s6 nguyén x sao cho x° —3x* +x+2 1a s§ chinh phuong.
(Dé thi HSG I6p 9 huyén Luc Nam ndm 2018-2019)
Bai 28: Tim s& tu nhién A biét rang trong ba ménh dé sau c¢6 hai ménh dé diing va mot
ménh dé sai:
a) A+51 la s chinh phwong.
b) Chit s6 tan cung bén phai ctia A la s 1.
¢) A-38 laso chinh phuwong.
(Dé thi HSG I6p 9 huyén Dan Phiwrong nam 2018-2019)
Bai 29: Tim cac s hitu ti n thoa man tong sau la s6 chinh phwong: n?+n+503.
Gia st ton tai s6 hitu ti N va sd nguyén dwong m dé n? +n+503=m?,
(Dé thi HSG I6p 9 huyén Vii Quang nim 2018-2019)
Bai 30: Tim cac s0 tu nhién n sao cho n—50 va n+50 déu la s chinh phuwong.
(Dé thi HSG 16p 9 huyén Thing Binh ndm 2018-2019)
Bai 31: Tim s6 tw nhién n sao cho: n + 24 va n - 65 la hai sd chinh phwong.
(Dé thi HSG 16p 9 huyén Phit Ninh ndm 2018-2019)
Bai 32: Chting minh rang: B = 4x(x + y)(x + y + z)(x + z) + y?z2 1a mot s6 chinh phuwong vdi x,
y, z la cac s6 nguyén.
(Dé thi HSG 16p 9 huyén Tién Hdi nim 2017-2018)
Bai 33: Tim ne N sao cho: n*+n®+1 1a s§ chinh phuong.
(Dé thi HSG I6p 9 huyén Thanh Oai niam 2012-2013)
Bai 34: Tim tat ca cac cap s6 tw nhién (X; y) sao cho 2(x2 +y® —3x+ Zy) -1 va
5(x2 +y° +4Ax+2y + 3) déu 1a s6 chinh phuong.
(Dé vao 10 Chuyén Nam Dinh ndm 2019-2020)
Bai 35: Chting minh rang s§ M = (n + 1)4 +n* +1 chia hét cho mdt s& chinh phuong khéac 1
vdi moi s6 n nguyén duong.
(Dé vao 10 Chuyén Binh Thudn ndm 2019-2020)
Bai 36: Cho 7 1a s8 nguyén duong théa man y12n” +1 13 s8 nguyén. Chttng minh ring

2y12n° 4+1 + 2 1a s8 chinh phuong.

(Dé vao 10 Chuyén Bic Ninh nam 2019-2020)
Bai 37: Cho a, b, c la cac s6 nguyén duong nguyén nguyén t6 cung nhau va thoa man
1 1

-+ e 1 Chting minh rdng a + b 1a s6 chinh phuwong.
a c

(Dé vao 10 Chuyén Thai Nguyén niam 2016-2017)
Bai 38: Chiing minh rang néu a va b 1a cac s8 tw nhién 1é thi a” + b” khong phai 1a s6 chinh
phuong.
(Dé vao 10 Chuyén Hoa Binh ndm 2016-2017)
Bai 39: Tim t4t ca cdc s6 nguyén duwong n sao cho n’ + 3" 1a mot s& chinh phuong.
(Dé vao 10 Chuyén Quoc Hoc Hué ndam 2017-2018)
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Bai 40: Chiing minh ring néu s ty nhién abc 1a s§ nguyén t8 thi b? —4ac khong 1a s§
chinh phuong.
(Dé vao 10 Chuyén Binh Dinh ndm 2017-2018)
Bai 41: Tim cac s6 nguyén m sao cho m” +12 1a sd chinh phuong.
(Dé vao 10 Chuyén Phii Tho nam 2017-2018)
Bai 42: Tim tat ca cc cdp (x; y) nguyén duong sao cho x° + 8y va y° + 8x la cac s8 chinh
phuong.
(Dé vao 10 Chuyén Todn Hdi Dwong nam 2017-2018)
Bai 43: Cho biéu thitc A = (m + n)2 +3m +n v6éim, nla cac s6 nguyén duwong. Chitng minh
rang néu A 1a mot s6 chinh phuong thi n® +1 chia hét cho m.
(Dé vao 10 Chuyén TP H6 Chi Minh nam 2017-2018)
Bai 44: Cho p 1a mdt sd nguyén t6. Tim tat ca cac s6 nguyénn dé A =n' +4n”" la s6 chinh
phuong.
(Dé vao 10 Chuyén Ba Ria Viing Tau ndam 2017-2018)
Bai 45: Cho hai s6 nguyén duwong m, n théa man m+n+1la mot uwdc nguyén t6 cua
2(m2 + nz)—l. Chting minh rang mn la s chinh phuong.
(Dé vao 10 Chuyén Nghé An nam 2018-2019)
Bai 46: Tim cac gid tri nguyén ctia Xd& M = x* +(x+1)’ —2x* —2x1a s§ chinh phuong.
(Dé vao 10 Chuyén Hung Yeén ndam 2018-2019)
Bai 47: Cho sO tu nhién n>2va s6 nguyén t6 p théa man p-—1chia hét cho ndong thoi
n® —1chia hét cho p.Chting minh rang n+ pla mot s& chinh phwong.
(Dé vao 10 Chuyén Dai hoc Vinh Nghé An nam 2018-2019)
Bai 48: Tim hai s6 nguyén t& p va g, biét rang p+q va p+4q déu la cac sd chinh
phuong.
(Dé vao 10 Chuyén Quang Nam niam 2018-2019)
Bai 49: Chting minh rang néu hiéu cac lap phuong ctia 2 s6 nguyén lién tiép 1a binh
phuong ctia mét s6 ty nhién n thin la tdng 2 s chinh phuong lién tiép.
(Dé vio 10 Chuyén Bic Ninh nam 2018-2019)
Bai 50: Chiing minh rang khong ton tai s6 tu nhién n d& 2018+ n” 1a s§ chinh phuong.
(D& vio 10 Chuyén Bic Giang nim 2018-2019)
Bai 51: Cho A=m’n’ —4m—2n véi m,n la cac s6 nguyén duong. Khi n=2 timm d& A 1a
s6 chinh phuong. Khi n > 5chiing minh rang Akhdng thé'1a s6 chinh phuong.
(Dé vao 10 Chuyén Ba Ria Viing Tau nim 2018-2019)
Bai 52: Chting minh néu a;b la cic s6 nguyén thoa man hé thirc 2a* +a=3b*+b thi a—b

va 2a+2b+1 la nhiing s6 chinh phuwong.
Bai 53: Tim s8 tw nhién x d€ biéu thitc x* +2x+20 cb gia tri 1a mot s6 chinh phwong.
Bai 54. Tim cac sO nguyén X sao cho A= x(x—1)(x—7)(x—8) la mdt sd chinh phuong.

Bai 55. Cho A=11..1-88...8+1. Chting minh A la mét s chinh phuwong.

2n n

Bai 56. Tim tat ca s tu nhién x,y d&€ 2 + 5¥ 1a s8 chinh phuong.
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Bai 57. Tim ne N dé 2°+2"+2" 1a s§ chinh phuong .

Bai 58. Tim s& tu nhién n ¢4 2 chit s8 biét rang 2n+1 va 3n+1 déu la cac s8 chinh phuwong.

Bai 59. Cho cac s8: { B=11.....11 ; Chitng minh rang: A+ B+C+8 la mot s§ chinh phuwong.
%f_/

Bai 60. Tim t4t ca cic s& nguyén n sao cho n* +2n°+2n* +-n+7 1a s8 chinh phuong.
(D# thi vao 16p 10 chuyén, truong DHKHTN — DHQG Ha N¢i nam 1992)
Bai 61. Tim tat ca cac sd nguyén khong am n sao cho c6 cac s6 nguyén a, b thdéa man
n*=a+b va n’=a’+b’
(Romanian MO 2004)

Bai 62. Hay tim hai s& chinh phuong phan biét a,a,a,a, va bb,bb, biét rang
8 —-b =a,-b,=a,-b,=3a,-b,
Bai 63. C6 ton tai hay khéng 2013 s6 nguyén duong a,, @,, ..., 8y, sao cho cac s6
a’+a;, a’+a;+al, a’+a’ +..+a5,, déu la sd chinh phwong?
Bai 64. Thay cac dau * bang cac chit s8 sao cho s sau day 1a mot s6 tu nhién.
A= Yarx**

Bai 65. V6imdi neN , dit A =(10"+10""+..+10+1)(10"" +5)+1 . Chiing minh rdng A,
la s6 chinh phuong.
Bai 66. Gia st rang 2n+1 va 3n+1 1a cac s6 chinh phuong. Chting minh rang 5n+3 1a mot
hop s6.
Bai 67. C6 hay khong cac s6 x,y phéan biét thudc khoang (988;1994) sao choxy + X va
Xy +y déula cac s6 chinh phuong ?

( Thi hoc sinh gigi toan lop 9, TP.HCM nam 1994)
Bai 68. C6 ton tai hay khong mot s6 tu nhién n sao cho s6 k = Jn+ledn—11a mot sO hiru .

Bai 69. Cho day s0, a, =144, a,=1444, a =1444..44

n chuso4

Tim tat ca cac s6 tie nhién n sao cho a, la s6 chinh phuong.
Bai 70. Chttng minh rang c6 v6 s6 bd ba 3 s tu nhién (a,b,c)sao cho a,b,c nguyén t&

cing nhau va s6 n=a’h? +b’c* +c%a® 1a mot sd chinh phwong.
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Bai 71. Tim c4c s6 nguyén m va n d€ cho da thitc p(x) = x* +mx® +29%* + nx+4, x € Z la mot
sO chinh phuwong.

Bai 72.

1. Tim sO tu nhién a nho nhat, a # 0sao cho a chia hét cho 6 va 1000a la s6 chinh phuong.
2. Tim sG ty nhién b nho nhat sao cho s6 (b—1) khong chia hét cho 9, b chia hét cho tich
cua bdn s6 nguyén t6 lién ti€p va 2002.b la sd chinh phuong.

Bai 73. Cho a va b la 2 s6 tw nhién, @’ —b? cd thé 1a mot s6 chinh phwong khong?

Bai 74. Tim s6 tu nhién k =ab 6 hai chit s8 sao cho k+ab= (a+b)2

Bai 75. Tim tat ca cdc s6 nguyén n d&€ A=2017° n* +n®+n” la sd chinh phwong

(Tap chi Todn & hoc tudi tré s6'468)

Bai 76. Tim s6 nguyén duong n dé 2_ 3; la binh phwong cua mét s6 hitu ty duong tuy y.

(HSG Nam Dinh 2015 -2016)
Bai 77. Tim s6 tu nhién c6 dang abc thoa man: abc =n?—1 va cha = (n—2)2 voi neZ, n>2.
(HSG Séc Trang 2015 - 2016)
Bai 78. Tim s0 ty nhién n sao cho n+12 va n—-11 déu la s6 chinh phuong.
(HSG Sdc Tring 2016 - 2017)
Bai 79. Tim t4t ca cac s6 twe nhién n sao cho n*—14n-256 1a mot sd chinh phwong.
(HSG Qudng Nam 2014 - 2015)
Bai 80. Cho n 1a s0 tu nhién c¢6 2 chit s0. Tim n bi€t n + 4 va 2n déu la cac s6 chinh phuong.
(HSG Tra Vinh 2016 - 2017)
Bai 81. Cho n la s6 tw nhién. Hay tim tdt ca cac s60 nguyén t6 p sao cho s6
A=1010n? + 2010(n+ p)+10""" ¢4 thé viét dudi dang hiéu ctia 2 s§ chinh phuong,
(HSG Lam Dong 2016 - 2017).
Bai 82. Tim nghiém nguyén dwong x dé 3"+ 171 la s6 chinh phuong.
(HSG Lai Chdu 2015 - 2016)
Bai 83. Tim tdt ca cac s6 ty nhién x sao cho 5* +12* 1a mot s6 chinh phuong.
(HSG Bdc Giang 2015 - 2016)
Bai 84. Tim tit ca cac s6 nguyén n sao cho A la mot s6 chinh phuwong véi
A =4n*+ 22n° +37n° +12n-12.
(Chuyén Yén Bdi 2016 - 2017).
Bai 85. Tim cac s6 nguyén k d&€ k* —8k® +23k* — 26k +10 1a s& chinh phuong.
(Chuyén Hdi Dwong 2015 - 2016).
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2 2 2 2
Bai 86. Tim s0 tw nhién n (n > 1) bé nhat sao cho L+2 43 +tn la s6 chinh phuong.
n

(Tap chi todn hoc tudi tré s6'362).
Bai 87: Tim tat ca cic sO tw nhién n sao cho cd hai sO 9n+16 va 16n+9 déu la sO chinh
phuong.
Bai 88: Lay mot sO tw nhién ¢6 2 chit s6 chia cho s6 ¢6 2 chir s6 viét theo tht tu nguoc lai
thi duoc thuong 1a 4 va du 15. Néu 1ay s§ d6 trir di 9 thi duwoc mot s6 bang tong binh
phuong cua 2 chit s tao thanh s6 d6. Tim s6 tw nhién dy.
Bai 89. Viét cacso 1, 2, 3, ..., 2007 thanh day theo tht ty tuy y dugc sd A. Hoi s6
A+2008" +2009 c¢6 phai la s6 chinh phwong hay khdng? Vi sao?
(Tap chi todn hoc va tudi tré s6'377)
Bai 90. Cho cacs6 hitu ti x, y thoa man x° + y® = 2x?y?. Ching minh 1-xy la binh phuong
ctia mot sO hiru ti.
Bai 91. Cho m,n la hai s6 nguyén dwong 1é sao cho n” —1 chia hét cho [m* +1—n?]. Chitng
minh rang [m® +1—n?] 1a s3 chinh phuong.
Bai 92. Chting minh rang trong ba s6 chinh phuiong tuy y ludn ton tai hai s6 ma hiéu cta
ching chia hét cho 4.
Bai 93. Chting minh rang n® 4+-1999n +2017 (n € N) khong phai 1a s6 chinh phuong.
(HSG Tinh Quding Ngai 2017 — 2018)
Bai 94. Gia st n la s6 nguyén dwong thoa man diéu kién n® +n+31a s6 nguyén t8. Ching
minh réng n chia 3 du 1 va 7n® 4-6n+2017 khong phai s3 chinh phuong.
(Chuyén Tinh Quang Ngai 2017-2018)
Bai 95. Cho X,y la cic s6 nguyén thod man 2x* +x=3y*+y.
Ching minh x—y;2x+2y +1va 3x+3y +1 déu la cac s6 chinh phuong.
(HSG Tinh Thanh Hod 2015-2016)
Bai 96. Cho biéu thitc A= 2(1* +2°+...+2017%) . Hoi A c6 1a binh phuong ciia mot s
nguyén hay khong?
(Todn hoc tudi tho s6'120)
Bai 97. Cho a va b 1a cic sd ti nhién thoa man 2016a° +a = 2017b” +-b (1).
Chting minh rang a—b 1a mdt s& chinh phuong.
(Todn hoc tudi tho s6'120)
Bai 98. Cho X, Y,z 1a cdc s6 nguyén t6 cing nhau va thod man (x—z)(y—z) = z°. Chting

minh rang tich 2017°xyz 1a mdt s& chinh phuong.

(Todn hoc tudi tho s6'120)
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Bai 99: Xac dinh s6 dién thoai cia THCS thanh phd Thu Dau Mot, biét s6 d6 dang 82xxyy
v6i xxyy 1a s6 chinh phuong.
(HSG Binh Dwong 2016 —2017)
Bai 100: Tim tat ca cdc s6 tw nhién n sao cho C=2019" +2020 1a s6 chinh phuong.
(HSG Qudng Binh 2018 — 2019)
Bai 101: Tim s6 nguyén t§ p thoa man p’ —4p+9 1a s§ chinh phuong.
(HSG Bic Ninh 2018 - 2019)
Bai 102: Cho B=1.2.3+2.3.4+3.45+..+n(n-1)(n-2) véi neN". Chting minh ring B
khong la s& chinh phuong.
(HSG Bdc Ninh 2018 - 2019)
Bai 103: Cho s8 nguyén t5 p (p>3)va hai s8 nguyén duong a,b sao cho p*+a’=b’.
Chting minh @ chia hét cho 12 va 2(p+a+1) 1a s6 chinh phuwong.
(HSG Qudng Nam 2018 —2019)

Bai 104: Tt 625 s6 tw nhién lién tiép 1; 2; 3; ...; 625 chon ra 311 s6 sao cho khong 6 hai s6
nao cé tdng bang 625. Chitng minh rang trong 311 s6 duoc chon, bao gio ciing c6 it nhat
mot sO chinh phuong.

(HSG Hung Yén 2017 —2018)

Bai 105: Tim c4c s6 tg nhién N sao cho n® +2n+vn’ +2n+18 +9 1a s chinh phwong.
(HSG Hai Dwong 2016 —2017)
Bai 106: Tim cac s6 c6 2 chir s§ ab(a#b) sao cho s6 n=ab—ba 1a mot s chinh phuong
(HSG Hung Yén 2015 — 2016)
Bai 107: Cho a =111...1 va b=1000...05 . Chting minh réng s§ M=ab+1 la s§ chinh phuong.
%/_J H/_J

2017 cs1 2016cs0

(HSG Dik Lak 2015 —2016)

Bai 108: Chiing minh rang v6i mdi s8 nguyén n > 6 thi sd:

=1+ 2.6.10...(4n—2) la mot s6 chinh phuong
(n+5)(n+6)...(2n)

(Trich dé chuyén toan Pai hoc sw pham Ha N6i 2014 — 2015)

HUONG DAN GIAI - PAP SO

CHUONG II. CAC BAI TOAN VE SO CHINH PHUONG
Bail:
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Ta cé: @’ +1=a’+ab+bc+ca=(a+b)(a+c)

Tuong tu: b’+1=(a+b)(b+c); c*+1=(b+c)(c+a)
Do d6: (a”+1)(b* +1)(c*+1) = [(a+b)(b+c)(c+a)]2
Vay bai toan duoc chitng minh.

Bai 2:

Patn@n-1)=26q (1)

Do VP chén va (2n — 1) 1é nén n chan hay n = 2k

Do do: (1) suy ra k(4k — 1) =13q2 (2)

Nhan thay (k, 4k - 1) =1 nén:

k=u’ k =13u’
()= .V 2
4k-1=13v" |4k-1=v
Xét treong hop 1 ta co:

.2
k=u , =4k =13v’+1=12v’ + v’ +1= v’ +1i4 = v’ =3 (mod 4) (voly)
4k-1=13v

Xét trerong hop 2 ta co:
{ k =13u’

Ak 12 :>4k=v2+1(voly)
-1=v

Vay khong ton tai n thdéa man yéu cau dau bai.

Bai 3:

Tacé A= n*+n®+n’=n*(n*+n+1)

Voin=0thiA=0 (thoa man)

V&in#0 thi A 1a s8 chinh phuong khi va chi khi n® +n+1 1a s chinh phuong.
Khi d6 n*+n+1=k (keN).=4(n*+n+1)=4k* = (2n+1)’ —4k* =-3

= (2n+1-2k)(2n+1+2k)=-3

Vi 2n+1+2k 22n+1-2k, VneZ,k e N nén

2n+1-2k =-3
2n+1+2k =1
2n+1-2k =-1
2n+1+2k =3
2n+1-2k =-3 ) .
=n=-1 (thoa man)
2n+1+2k =1
2n+1-2k =-1 .
=n=0 (loai)
2n+1+2k =3

Vay n=0;n=-1
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Bai 4:
Ta cd A = (x +y)(x + 2y)(x + 3y)(x + 4y) + y*
= (X? +5xy +4y*)(X* +5xy +6y?) +y*

DPit X°+5xy+5y*=t (teZ) th

A=(t=y)(t+y)+y* =t —y* +y* =t* = (x> +5xy +5y*)’
Vi x,y,z€Znén X’ €Z, bxyeZ, 5y°eZ =x’+5xy+5y°eZ
Vay A 1a s chinh phuong.
Bai 5:
a) Ta co:

A=22499..9100...09

n—2 n

=224.10"" 4+99...9.10""2 +10"" +9
=224.10" 4 10" *—1 .10""* +10"" 49
=224.10"" +10*" —10""* 410" 4-9
—=225.10*" —90.10" +9

= 1510" 3"
Vay A la s0 chinh phuong.
b) Taco:
B =11..155...56
:11r.'..15;11l5+1

n n

=11..1.10" +5.11..1+1

n n

10" -1 10" -1

10" +-5. +1

10> —10" 4+-5.10" —5+9
9
10" +4.10"+ 4
9
2
(10" +2
3

Do d6 B 1a s6 chinh phuong.
Bai 6:

Giasi: n—2,n—Ln;n+1Ln+2 véi 2<neN la 5 s6 tw nhién lién tiép
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Tacd: Nn—2° 4+ n—1°4+n’+ n+1°+ n+2°=5n?42

Vi n? khong thé c6 chir s8 tan cling 14 3 hodc 8 nén n’+2 /5=5 n’+2 khong la sd
chinh phuong.

Vay tong cac binh phuwong cta 5 s6 tu nhién lién tiép khong phai s6 chinh phuong.
Bai 7:

TacO 44..488..89=44..488.8+1=44..4.10" +8.11...1+1

n n-1 n n n n

10" -1 10" -1

=4, 10" +8. +1

410" -4.10"+8.10"-8+9 4.10"+4.10" +1

9 9
(210"+1
3

Tathdy 2.10" +1=200..01 (c6 n—1 chirsb 0 ) cd téng cac chir s chia hét cho 3 nén no chia hét
cho 3

2.10" +1

Suyra ( j e 7 hay céc s6 c6 dang 44...488...89 14 sb chinh phuong.

Bai 8:
Vi p la tich ctia nsd nguyén t6 dau tién
Nén p:i2 va p khong chia hét cho 4 (1)
a) Gia st p+1 la s3 chinh phuong. Dt p+1=m’(meN)
Vi p channén p+11é =m’ 1é =m 1é.
bat m=2k+1(keN).
Ta c6: m* =4k +4k+1
= p+1=4k> +4k+1
= p =4k’ +4k =4k(k+1)} 4 méu thuan véi (1)
= p+1 la s6 chinh phuong.
b) p=2-3-5--- las6 chia hét cho3 = p—1 cb dang 3k+2.

Khong c6 s6 chinh phwong nao c6 dang 3k +2
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Nén p-1 khong la s6 chinh phuong.
Vay néu p latich n s6 nguyén t6 dau tién thi p—1 va p+1 khong la s6 chinh phuong.
Bai 9:
Gia st 2010 + n?la s6 chinh phuong thi 2010 + n?=m? (me N )
Tt d6 suy ra m? - n?= 2010 < (m +n) (m —n) = 2010
Nhu vay trong 2 s8 m va n phai c6 it nhat 1 s& chan (1)
Mt khdcm +n+m-n=2m = 2 s§d m +n va m - n cung tinh chan 1é (2)
Tt (1) va(2) = m+nvam-nla2sdchin.
= (m+n) (m—n) : 4 nhung 2006 khong chia hét cho 4
= Diéu gia st sai.
Vay khong ton tai s6 tw nhién n d€ 2010 + n? 1a s6 chinh phuong.
Bai 10:
Goi 5 s0 ty nhién lién tiép d6 1a n—2,n-Ln,n+Ln+2(neN,n>2).
Ta c6: (n—2)° +(n-1)"+n?+(n+1) +(n+2)" = 5.(n”+2)
Vi n? khong thé tan cung boi 3hodc 8
Do d6 n? +2 khong thé chia hét cho 5
Suy ra: 5.(n2 +2) khong 1a s8 chinh phuong

Hay noi cach khac: A khong la s6 chinh phuong
Bai 11:
Vin+1va2n+11acacsd chinh phuong nén ddtn+1=k% 2n+1=m?(k, m e N)
Tacomlasdlé > m=2a+1 = m?=4a(a+1)+1
m® -1 _da(a+?)
2 2
= nchdn => n+11é = klé = ditk=2b+1 (véibe N) = k2=4b(b+1) + 1
= n=4b(b+1) = n:8 (1)
Ta co: k> +m2=3n+2 = 2 (mod3)
Mat khac k2 chia cho 3 du 0 hodc 1, m? chia cho 3 dw 0 hoac 1
Nén dé€ k?+ m?= 2 (mod3) thi k2 = 1 (mod3)
m? = 1 (mod3)
=> m?-k?>:3hay(2n+1)-(n+1):3=n :3 (2)
Ma(§;3)=1 (3)

Ma n= =2a(a+1)
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Tir (1), (2), 3) = n | 24
Bai 12:

Goi s6 chinh phuong phai tim la: aabb =n?véia,be N,1<a<90<b<9
Ta c6:n2= aabb =11. a0b =11.(100a +b)=11.(9a +a+b) (1)

Nhan xét thiy aabb : 11 = a+b i 11

Mal<a<90<b<9nénl <a+b<18=a+b=11

Thay a +b =11 vao (1) dwoc n?=11%9a + 1) do dé 9a + 1 1a s6 chinh phuong
Bang phép thit véia=1;2;...; 9 ta thdy chi c6 a=7 thod man = b =4

SO can tim la: 7744

Bai 13:

Goi3sdléliéntiépdola2n- 1;2n+1;2n+3 (n € N)
Tacé:A=(2n—12+(2n+1)2+(2n+3)2=12n2+ 12n + 11

Theo dé bai ta dat 12n2+12n+ 11 = aaaa =1111.avdialéval <a<9

— 12n(n+1)=11(101a—1)

= 10la-1:3=>2a-1:3
Vil<a<9nénl<2a-1<17va2a-11énén2a-1 € {3915}

= ae{2,5;8}

Vialé = a=5=n=21

3 s0 can tim la: 41; 43; 45

Bai 14:

Tach A=ddd,..4= 4440000+ 484, ..4= 4444 (10" 1) 888..5

2n n n

2
=4111...1.999..9+B=4.111...1.9.111....1+ B = (6.111....1] +B
e e e ed — —

n n n n

2 2
= §.888....8 +B=(§Bj +B
4 —/— 4

Khi d6

n

2 2 2
A+ZB+4=(§BJ +B+ZB+4=(§BJ +2.§B.2+4=(§B+2j
4 4 4 4

2 2 2
=[§.888....8+2j = (3.222....2+ ZJ =(666....68j
4 n n n-1

Ta c6 diéu phai chitng minh.

Bai 15:
a.2N—-1=2.1.3.5.7..2007 -1
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C6 2N 13 =2N -1 khong chia hét cho 3 va 2N —1=3k+2(k eN)

Suy ra 2N —1 khong 1a s6 chinh phuong.

b. 2N =2.1.3.5.7...2007

Vi N lénén N khong chia hét cho2 va 2N: 2.

Nhung 2N khong chia hét cho 4.

2N ch&nnén 2N khong la s8 chinh phuong.

c. 2N +1=213.5.7...2007 +1

2N +11é nén 2N +1 khong chia hét cho 4.

2N khong chia hét cho 4 nén 2N +1 khong chia cho 4 duw 1.
Do dé: 2N +1 khong la s& chinh phuwong.

Bai 16:

Kihiéu p,las6 nguyén to thit n. Gia st ton tai s6 ty nhién m ma

S,.,=a%S, :bz(a,b S N*)

Vis, =2;5,=10;S, =17=m>4

Tacé: p,=S-S, ,=b*-a’ =(a—b)(a+b).V‘1 P, lasd nguyéntdvab+a>1.
2

b-a=1
Nén {b+a: pm.Suyra: pm=2b—1=2\/§—l:>Sm=(me+l (1)

2 2
Dom>4nén S S(l+3+5+...+ Py + pm)+2—1—9:( pm2+1 —8<( pm2+1J

mau thuan véi (1)

Nén trong day sd Sy, Ss,...... khong ton tai hai s6 hang lién ti€p la s6 chinh phuong.
Bai 17:

Do p 1a s6 nguyén t& nén cac wéc s6 nguyén duong caa p*la: 1; p; p% p% p*
bDatS=1+p+p*+p*+p*

GiastS=n2=4n’ =4p" +4p° +4p’ +4p+4 (1) (neZ)

Ta cé: 4p* +4p° +p° <(2n)2 <4p* +p® +4+4p°+8p>+4p
<:>(2p2 + p)2 < (2n)2 < (2p2 +p+2)2
& 4n® =(2p2+p+1)2 (2)

Tir (1) va (2) suy ra p°—2p-3=0<p=3
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Thtt lai voi p = 3 thoa man. Vay sd nguyén td can tim la: p = 3.
Bai 18:
Dt n* ~14n-256=k* (ke N) & (n—7) —k* =305
< (n-k-7)(n+k-7)=305=1.305=61.5

Xét cac truong hop:do n+k-7 >n-k-7
Truong hop 1: n-k-7=1 van+k-7=305=>n=160 (nhan)
Treong hop 2:n-k-7=-305van+k-7=-1=>n=-146 (loai)
Treong hop3:n-k-7=5 van+k-7=61=>n=40 (nhan)
Treong hop4:n-k-7=-61 van+k-7=-5=>n=-26 (loai)
Vay n=40, k=28 hoacn=160, k=152

Bai 19:

1

Ta co: 1+l+—=iz>ab+bc+ca=1
a b ¢ abc

=1+a’=ab+bc+ca+a’ =a(a+b)+c(a+b)=(a+b)@+c)
=1+b’ =ab+bc+ca+b*=b(a+b)+c(a+b)=(a+b)(b+c)
=1+c” =ab+bc+ca+c’ =b(a+c)+ca+c)=(a+c)(b+c)
:>(1+a2)(1+b2)(1+02):(a+b)2(b+c)2(a+c)2 :[(a+b)(b+c)(c+a)]zV‘1 a,b,cla
cac s6 nguyén = (a+b)(b+c)(c+a)eZ

= (1+a%)(1+b*)(1+c?) 14 58 chinh phuong,

Bai 20:

- D& A 1a s6 chinh phuong thi A=n’+n+6=a%(a eN)

-Tacé:n’+n+6=a>

& 4n® +4n+24 = 4a’

< (2a) —(2n+1) =23

<(2a+2n+1).(2a-2n-1)=23

- Via, nla cac sd ty nhién nén (2a +2n +1) la s6 tw nhién va

2a+2n+1>2a-2n-1. Do do

2a+2n+1=23 4a =24 a=6
= =
4n =20

2a-2n-1=1 n=>5
-Vayn=5
Bai 21:
Ta co

+d la s6 nguyén t6 va abcd la s6 chinh phwong nén d =5.
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+abed <10000=100% = abed =(¥5) ; v6i X< {12,3,4;..:9)
+Vi abed chia hét cho 9 (X5 19= X5:3= x+5¢ {6,912} = x & {147}
Kiém tra lai ta dwoc hai so: 2015 va 5625.
Bai 22:
GoiM=2+22+23+..+2% = S5=2+M
M=2M-M=(22+23+ ... +28+29) - (2+ 22+ 2%+ ... + 2%)
M=2%-2
= §=2%= (242423 = 8,16
Vi 16 ¢c6 chir sd tan cung la 6
= S ¢6 chir s0 tan cung la 8
Nén S khong la s6 chinh phuong.
Bai 23:
Vi 4x° +14x* +9x—6 1a sO chinh phuong, nén ta ¢6 4x° +14x° +9x—6=k? v4i k eN
Ta c6 4 x° +14x° +9x—6=...=(x+2)(4x2 +6x—3)nén ta co (x+2)(4x2 +6x—3)=k2
bit (x+2,4x2 +6x—3) =d véideN"
Tacé X+2id = (x+2)(4x—2):d = 4x+6x—4:d
Talai cé 4x*+6x-3id :>(4x2 +6x—3)—(4x2 +6x—4)=1§d =d=1
Vay (x+2,4x* +6x—3)=1
ma (X+2)(4x2 +6X—3)=k2 nén ta co
x+2 va 4x* +6x—3 la s6 chinh phuwong = x+2 =a’*va 4x* +6x—3=b* vdiabe N~
Vix>0nén tacé 4x* <b? <4x? +12x+9 < (2x)° <b? <(2x+3)’
Viblénén b? =(2x+1)" < 4x% +6x—3=4x* +4x+1c> x =2
Véix =2 tacd 4x° +14x° +9x—6=100=102 1a s8 chinh phuong.
Bai 24:
k-n=1

=n=8
k+n=17

Giast: n?+17=k? (keN)va k>n = (k—n)(k+n):17<:>{

Vay véi n=8 thoa man yéu cau bai toan.
Bai 25:
bat A=2"+3"+4". Néu n=1 thi A=9 (thdéa man)
Xét n>1 hay n>2 thi 2" +4" chia hét cho 4.

Ta c6 3" chia 4 du 1 véi n chdn hodc -1 véi n 1é. Ma mot s& chinh phwong chia 4

dw 0 hodc 1 nén A phaichia 4 du 1 nén 3" phai chia 4 dw 1. Suy ra n chan.

Véi n chan: 2" chia 3 du 1, 4" chia 3 du 1, 3" chia hét cho 3.
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Do d6 A chia 3 du 2 (v6 1i, vi mét s& chinh phuong chia 3 ¢6 s6 du la 0 hoac 1).
Vay n=1.

Bai 26:

Gia stt n* +2014 =k*(k* e N)

1
& 2014 =k* —n* < 2014 = (k +n)(k —n) o

Suy ra (k +n) va (k —n) = 2k 12 s6 chdn nén (k +n) va (k - n) ciing tinh chdn 1¢
Do 2014 1 s6 chan nén (k + n) va (k —n) déu 1a s6 chan

= (k+n)(k—n):4
Khi d6 ttr (1) suy ra ta lai c6 2014:4 (diéu nay vo li)

Vay khong c6 s6 nguyén n nao dé n® +2014 1a s chinh phuong

Bai 27:
Ta c6: X°—3x° +Xx+2=(x-2)(x*—x-1)
* Xét x—2=0=x=2: thoa man yéu cau bai toan.
* Xét x* —x-1=0: Loai.
*Xét x—2=x"-x-1tacd: x=1.
*TH x#2; x#1. V6i x nguyén ta chimg minh dugc (x—1x* —x-1)=1.
Nén x*-3x*+x+2 1a s§ chinh phwong khi x-2 va x*—x-1 cling la s chinh
phuong.
Dé& x* —x—1 1a s6 chinh phwong thi x> —x—1=y* véi yeZ.
Tim dwoc x=2(loaido x#2)va x=-1. Thizlai x=-1 tacdé x> -3x*+X+2 cb gia
tri bang —1 khong phai 1a s6 chinh phirong nén = x =-1 (loai).
Vay x=2 hodc x=1 thi x*-3x*+x+2 1a s8 chinh phuong.
Bai 28:
Néu ménh dé b) dung thi A + 51 ¢6 chi s0 tan cung 1a 2 va A — 38 ¢6 chit s6 tan
cung la 3 nén ca hai s6 nay déu khong la s6 chinh phuong. Vay ménh dé b) sai va
cac ménh dé a) va c) dung.
Gia st A+51=m’;A-38=n’(m,ne N;m>n)
= m’ —n* =89 hay (m —n)(m + n) = 89
Vi89lasonguyéntdnénm+n=8 vam-n=1=>m=45van=44nén A =
1974.
Bai 29:

Gia str ton tai s6 hitu ti N va s nguyén duwong m d& n®+n+503=m’.

\ \ A1~ 2 A A . a \
Vi: n lasdhitutinén ton tai @, be Z, b#0 sao cho n:B va (a;b)=1
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2
Ta cé: n?+n+503=m? :(EJ +%+503:m2 o a’ +ab+503b% = m’b?

< a’ =-b(a+5030—-m’b’)=a’ib

Ma (a;b)=1nén b=1hay b=aeZz

Do d6: n® +n+503=m? < 4n® +4n+2012 = 4m* < 4m? —(2n+1)” = 2011
< (2m-2n-1)(2m+2n+1)=2011

Vi: (2m-2n-1)+(2m-2n-1)=4m>0.

Ta c6 cac treong hop sau:

2m-2n-1=1 - m =503
2m+2n+1=2011 n=>502

2m—-2n-1=2011 m =503
=
2m+2n+1=1 n=-503

-megmml:{

- Truong hop 2: {

Vay, n=502 ; n=-503 thoa man bai toan.

Bai 30:
n-50=a’
Gia st véi a,b nguyén duong va a<b.
n+50=b’
Suy ra b’ —a* =100 < (b—a)(a+b) =225
Do b—a<a+b va chiing ¢4 ciing tinh chan, 1é nén b—a va a+b phai la cac
s6 chén.
. |b—a=2 a=24
Do do =
a+b=50 b=26
Vay n=626 thoa man yéu cau bai toan.
Bai 31:
[n+24=k?
Ta co: )
n-65=h

<k —24=h"+65
< (k—h)(k+h)=89=1.89

k+h=89 |k=45
= =
k-h=1 h=44

Vay: n=45"-24=2001
Bai 32:
Tacd: B=4x(x+y)(x +y +z)(x + z) + y?z?

B =4(x? + xy + xz)(X* + Xy + Xz + yz) + y*z?
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B =4(x*+ xy + xz)? + 4(x* + Xy + xz).yz + y*z?
B = (2x* + 2xy + 2xz + yz)?
Vix, y, z la sO nguyén nén 2x? + 2xy + 2xz + yz la s6 nguyén
= B la s6 chinh phwong
Bai 33:
:>n“+n3+1=(n2+k)2 =n*+2kn* +k? (ke N")
=n’-2kn’ =k* -1=n’(n-2k)=k*-1>0
Ma k? -1:n> = k? =1hodc n> <k?-1
Néu k’ =1=k=1=n*(n-2)=0=>n=2
Thirlai 2° +2% +1=5* (thoa man)
Khi k#1=k*>k?’-1>n*=k>n
= n—2k <0 mau thuan vdi diéu kién n*(n—2k)=k*-1>0.
Vay n=2.
Bai 34:
+ Gia st ton tai cdp s6 tw nhién (X; y) thoa man yéu cau. Khi dé a,b e N * ma
2(x*+y*-3x+2y)-1=a?
( . ) , sSuyra a2+b2=7[(x+1)2+(y+1)2]
5(X*+ Yy’ +4x+2y+3)=b
N6i cach khac phuong trinh (1): A’ + B? = 7(X2 +Y2) c6 nghiém (X YA B) voi
X, YeN*va ABeN .Tacoi (X;Y;A; B) 1a bd nghiém cua (1) thoa man diéu kién X +
Y nho nhat.
+ Tt (1) co (A2 + B? )57 . Nhan thady mot s6 chinh phuong chia cho 7 chi ¢6 thé cho s6 du
120.1.2.4 nén (A2 + 82)57 khi va chi khi A:7 va B:7, dan téi biéu diéen A=7A, B=7B,
voi A,B e N* Khido (1) tro thanh X*+Y*=7(A*+B?).
Lap luan tuong tw dan dén X =7X,)Y =7Y, véi X,Y, e N>,
Bai 35:

Ta co:
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M +)+n+1

(n
[ 2+2n+1 2}+[(n4+2n2+1)—n2]
(

n“+n+1 )(n +3n+1)+(n2+n+1)(n2—n+1)

n’ +n+ )(Zn +2n+2)

2(n +n+ 1) (*)
Vi neN’ nén (n” +n+1) las8 chinh phuong khdc 1.

Do d6, tit (*) suy ra M = (n + 1)4 +n* +1 chia hét cho mot s§ chinh phrong khéc 1 véi moi
s0 n nguyén duong (dpcm).

Bai 36:

Vi 120® 41 1a s81é nén dé \120° +1 1as6 nguyén thi 12n° +1= 2m+1 ,meN.

Suyra, m m+1 =3n’.

. N L m=3u*;m+1="1" .
Vi m;m +1 =1 nén xay ra hai truong hop ) 0 ULVEZL .
m=v;m+1=23u
Néu m =v*;m+1=3u’ thi v =3u’—1 hay ¢* la s6 chinh phwong chia 3 dw 2. Diéu
nay khong xay ra vi moi s0 chinh phwong chia 3 du la 0 hodc 1. Do d6 chi xay ra

m=3u";m+1=1".

Ta ¢6 24120 +14+2=22m+1 +2=4m+4 =4¢* 1a s6 chinh phuong (diéu phai

chiing minh)
Béi37:T1‘rl+1:1taduQC a+b:1<:>c a+b =ab << ab—ac—bc=0.
a b ¢ ab c

Terdétadwoc ab—ca—bec+c =< a—c b—c =c".

Goid= a—cb—c ,khiddtacd ¢*:d® nén cid., tir 6 dan dén a'd;bid .

Ma do a, b, c nguyén t6 cung nhau nén ta duwgc d = 1.

Do d6 wéc chung 16n nhat ctia a —c va b—c lal.Matalaicd a—c b—c =c’ nén
suy ra a —c¢ va b— ¢ 1a cac s6 chinh phuong.

bDita—c=m*b—c=n> mneN .Khiddtacod

cA=a—c b—c =m*n*=c=mn.
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Tedétacd a+b=a—c+b—c+2c=m>+n>+2mn = m+n2.
Vay a + b 1a s6 chinh phuong.

Bai38: Via, blaciacso tynhiénlénéntadit a =2m+1Lb=2n+1 mn &N .

Khidétac a® +b0" = 2m+1 + 2n+1 =4 m> +n’ +m+n +2

Ta c6 mot s6 chinh phuwong chia hét cho 2 thi phai chia hét cho 4

Ma a® + b’ chia hét cho 2 nhung khong chia hét cho 4, nén a* + b” khong phai 12 s6 chinh
phuong

Bai 39:

Goi m 1a s6 nguyén duong théa man n* + 3" = m’. Khi d6 (m - n) (m + n) =3"

Suy ra ton tai s6 tu nhién k sao cho m va x, x,

Vim-n<m+nnén k<n-k,dodéo n—-2k>1.

Néu n—2k =1 thi 2n = (m+n)—(m-n) = 3"* 3" = 3* (3" —1) = 3" (3' 1) =2.3"
Vivay n=3"=2k+1.

+Néu k=0 thi n

1.

+Neéu k=1 thi n=3.

+N&u k22 thi 3 —1=2(3"" +3" + . +3+1) > 2k (*).
Néu n-2k >1 thi k<n-k-2.Do d6 3" <32,

Suyra 2n=3"* —3* >3 -3 =3 (B _1) = 8374,
Ap dung (*), ta 6 3"*? 21+2(n—k-2)=2n-2k - 3.
Suy ra 2n > 8(2n -2k - 3) < 8k +12 > 7n.

Mit khac n > 2k +2 nén 7n > 14k + 14, mau thuan.

Vay n =1 hodac n=3.

Cach khac. Gid st n* +3" =m?® (1), véi m la s6 nguyén duwong, m > n.

Khi d6 (m—n)(m+n)=3".Suy ra m+n=3", m—-n =3, v6i p, qla cdc s6 tu nhién va p > q.

p—q __
MAD_goa yy9. B _geay D 3 Tl o s,
m-n m-—n m-n 2

Ta cd

THCS.TOANMATH.com TAI LIEU TOAN HOC




Suy ra n’ + 3" <4n® = 3" <3n* (2).
Thtt truc ti€p n=1,n =2 n =3 thdéa man (2), nhung chi ¢ n =1, n =3 thdéa man (1).
Ta chitng minh (2) khong dung vdi n > 4. That vay:
+n=4:3" >34
+Gia str 3" > 3n’ vdi n > 4.
+Suy ra 3" =3.3" >3.3n° =3(n+1° +32n° —2n-1) > 3(n+1)° vi n > 4.
Vay bai toan c6 hai nghiém n =1 hodc n = 3.
Bai 40:
Chting minh bang phan ching.
Gia str b® —4ac 1a s8 chinh phuwong m? (me N).
Xét 4a.abc = 4a(100a +10b +c) = 400a* +40ab + 4ac
= (20a+b)* — (b* —4ac) = (20a+b)* —m?* = (20a +b +m)(20a +b —m)

Tén tai mot trong hai thira s 20a+b-+m,20a+b—m chia hét cho s6 nguyén t§ abc. Diéu

nay khong xay ra vi ca hai thira s6 trén déu nhé hon abc.

Thét vay, do m<b (vi m* —b* =—4ac <0)

Nén: 20a+b—m<20a-+b-+m<100a-+10b+c =abc.

Vay néu s8 tw nhién abc 1a s8 nguyén t6 thi b? —4ac khong la s6 chinh phuong.
Bai 41:

bat m* +12 =1’ vdinlasé nguyén. Khido tacod n* -m’ =12 < (n—m)(n + m) =12.
Do m, n 1a cdc s6 nguyén va n—m;n +m 1a cdc s6 chdn nén ta c6 cac treong hop nhuw sau
+Véin-m=-6van+m=-2 tadwgc n=—4m=2.
+Véin+m=-6van-m=-2tadwoc n=—4m=-2.

+Véin+m=6van-m=2 tadeocn=4m=2.

+Véin+m=2van-m=6 tadwoc n=4m=-2.

Tht lai ta duoc cac gia tri m nguyén thoa man yéu cau bai toanla m {—2; 2} .

Bai 42:

Khong mat tinh tong quat ta c6 thé gia skt x > y.

Khi d6 ta co: x> < x*+ 8y < x*+ 8x < x* + 8x+16 = (x+4)2
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Theo yéu cau ctia dé bai x* + 8y la s6 chinh phwong nén n6 sé nhén gid tri 1a mot trong cac

sO (x+1)2 s (x+ 2)2 ; (x+3)2 . Ta xét cac truong hop cu thé nhu sau:
THI1: x> + 8y=(x+1)" =2x+1=8y. Diéu nay khong thé xay ra vi 2x+1 la s51é con 8y 1 5
chén.

TH2: x*+ 8y=(x+3)2 —=6x+9=8y. Diéu nay khong thé xay ra vi 6x+9 1a s6 1é con 8y la

s chan.

TH3: x* + 8y=(x+2)2:>4x+4=8y =x=2y-1.

Do: y?+ 8x 1a s6 chinh phuwong nén y* + 8(2y—1) = y*+ 16y —8 la s§ chinh phuong.

Véiy=1=>x=1=>Capso (x;y) = (1; 1) thdéa man yéu cau.

Xét y>2 tacod: y* + 16y -8 =(y+3)2+ (1Oy—17)>(y+3)2 va

y?+16y-8=(y+8)’ 72 <(y+8)’. Do d6 dé: y*+ 16y -8 la s§ chinh phuong thi ta phai

c6: y?+16y-8¢e {(y+7)2; (y+6); (y+5)2;(y+4)2}
y=3
X=5
y=11
x=21

Giai truc tiép cac truong hop ta duoc: (TM)

Vay caccap (x;y)=(1;1); (5;3); (3;5); (21;11); (11; 21).
Bai 43:
Do m, n la céc s8 nguyén dwong nén ta 6 (m + n)3 <(m+ n)2 +3m+n <(m+n+ 2)2 :

2

Do dé (m+n) <A <(m+n+2) . Ma A lasg chinh phuong nén ta dugc A = (m +n+1)

Do dé (m+n)2+3rn+n=(rn+n+1)2 :>3m+n=2(m+n)+1:m:n+1.
Tt d6 suy ra n3+1=(n+1)(n2—n+1)=m(n2—n+1)3m.

Bai 44:

Ta xét cac treong hop sau

+Treong hop 1. Néu p=2.khiddétacdé A=n'+4n.

~ 2
Xét n >0, khi d6 dé thady n' <n'+4n<n'+4n’+4 < n' Sn4+4n<(n2+2)
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2
Do A =n" +4n la s6 chinh phuong nén ta duwgc A =n' +4n=n" hodc A =n'+4n= (n2 + 1)

Véin*+4n=n* <n=0.

2
V6in' +4n = (n2 +1) <n'+4n=n"+2n’+1 < 2n® - 4n +1 =0, phuong trinh khong c6

nghiém nguyeén.

Xét n =-1 va n =-2, thay vao ta duwoc A khdng phai la s6 chinh phuong.

~ 2 2
Xét n < -2, khi d6 dé thdy n' —2n° +1<n' +4n <n' @(nz—l) <n4+4n<(n2)

Do d6 A =n' + 4n khong thé 1a s6 chinh phuwong.

+ Truong hop 1. Néu p > 2, khi d6 do p la s6 nguyén t6 nén p la s6 1é.
Do A la s6 chinh phuong nén ton tai s6 nguyén t d€ A =n' +4n""' = t*.
Dé thay véi n =0 thi A 1a s§ chinh phwong.

2

2
Xétn=0,khidétaco n* +4n*" =t* < 1+4n"* =(i] .
n

2
Do p 1a s6 nguyén t& 1é nén 1+ 4n*~* 1a s6 nguyén duong, do dé [%j va 4n"” 1a s6 chinh

phuong.

2
bat 4n"? = aQ{%J =D’ (a,b € Z) ta c6 phuwong trinh
n

1+a’ =b’ @(b_a)(bJra):1©[b—a=b+a=llc{b:1;a=0

b—-a=b+a=- b=-1La=0

2
Vé6i b=1a=0 tacd 4n™”° =0;(%J =1=>n=0,diéunay voly vin=0
n

2
Véi b=-La=0taco 411"_3:0;[%) —1=n=0,diéunay voly vin=0.
n

Nhu vay khi p > 2 khong ton tai s6 nguyén n dé A la sd chinh phuong.
Vay voi n =0;p =2 thi A lamot s6 chinh phuong.

Bai 45:
Gia st m#=n. Theo bai ra ta co:
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(m+n)’ —1=(m+n+1)(m+n-1)i(m+n+1)

:>2(m2+n2)—1—[(m+n)2—1}E(m+n+1)

& (2m? +2n* —m’ —2mn—n’)i(m+n+1)

& (m=n)’i{(m+n+1)
Do m+n+1 la s6 nguyén t6 = m+n+1la wdc cia m—n
Ma m—n<m-n+1do dévoly
Vay gia stt sai = m=n=>m.n=m’la sd chinh phwong
Ta c6 diéu phai chtitng minh.

Bai 46:

Ta c6: M = x* +(x+1)" —2x2 - 2x

M = x* +x% +3x% +3x +1- 2x* — 2X

M =x*+x+x*+x+1

= 4M =4x" +4x° +4x° + 4x+ 4

+) Ta cé:

(2x2+x)2 =4x* +4x° + X £4x“+4x3+x2+2x2+(x+2)2 = 4" + 4% + 4x% + 4X+ 4 =AM

Ta thay ddu " ="khong thé xay ra nén (2X2 + X)2 <4M @

+) Véi X=0=4M =4 & M =1=M la s6 chinh phuong

Vi X=1=4M =20 < M =5= M khong la s6 chinh phuong.

Vi X=2=4M =124 = M =31= M khong la s6 chinh phuong

X-1>2 Xx>3
Véi X # {0;1} 2} ta co:
Xx—-1<-2

X£_1:>(x—1)2 >4 4—(x-1)"<0

Ta co:

AM = 4Ax* + 43 + 4% + Ax + 4

=4x* +4x° +5X° +2X+1— x>+ 2x+3
:(2x2+x+1)2—(x—1)2+4
SaM<(2¢+x+1)  (2)

\ \ 2 2 2 2 2 2
Tw (1) va (2) :>(2x +1) <4M s(2x +x+1) Ma xeZ = 4M :(Zx +x+1)
X-1=2 X=3

&
X=1=-2 Xx=-1
Vay c6 3 gia tri nguyén ctia Xthda man yéu cau bai toanla x=0; x=-1;x=3
Bai 47:
n’°—1=(n-1).(n’ +n+1)ip

(p-1)in=p-12n=p=n+l

<:>(x—1)2=4<:{
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Vi p>n+1=(n-1)khong chia hét cho p
Do d6: (n—1)(n*+n+1):p < (n*+n+1)ip
bat: p—1=kn, k>1=p=kn+1l (¥
:%n2+n+ﬂxkn+nzzkn+1£n2+n+1
skn<n+nek<n+l
k(n®+n+1)-n(kn+1)i(kn+1)
:3[(k—1)n+k]¥kn+1)
k>1=(k-1)n+k>0

= (k-1)n+k>kn+1

=k>n+1
=k=n+1=p=kn+l=n*+n+l
:>n4-p=n2+2n+1=(n+1f

Vay n+ pla mot s6 chinh phuong.

Bai 48:
p+g=a’
Theo dé ta c6 p+4q=b2,suyrab2—a2=3q<:>(b—a)(b+a)=3q
abe N
Tkt q las6 nguyén td va a+b>2 nén ta cd cac truong hop sau:
b-a=1 N ,
+TH 1: suyra b=a+1va 2a+1=3q, suyra q lé.
b+a=3q

Taviét q=2k+1 (keN")
Khi d6 2a=3q—-1=6k+2 hay a=3k+1va p=a’-q=9k?+4k=k(%k+4)
Do p nguyéntdnén k=1 va p=13,q=3.

b-a=3 .
+TH 2: , suyra b=a+3 va q=2a+3
b+a=q
Laico p=a® —q=a2—2a—3=(a+1)(a—3). Do p nguyéntdnén a=4 va p=5q=11.
b-a=
+TH 3: qvé b>a>1.
b+a=3

Suyra b=2 va a=1khidé q=1 khong phai s6 nguyén té.
Két luan: (p;q) = (5;11), (13;3).
Trinh bay cdch khdc:
p+q=a’
Theo dé ta ¢4 { p+4q=hb?.
abeN”
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Suy ra b®—a® =3q < (b-a)(b+a)=3q.
Vi p, q la cadc sd nguyén t6 nén a>2, b>4. Do d6 ta c6 cac treong hop sau:
b-a=1
+TH 1: { .Khidé b=a+1va 2a+1=3q.Suyra q lé.
b+a=3q
Taviét q=2k+1 (keN")
Khi d6 2a=3q-1=6k+2 hay a=3k+1va p=a®—q=9k*+4k =k(% +4)
Do p nguyéntdnén k=1.Suyra p=13, q=3.
b-a=3
+TH2:{ .Khidoé b=a+3 vag=2a+3
b+a=q
Lai co p:az—q:az—za—3:(a+lﬂa—3)
Do p nguyéntdnén a=4.Suyra p=>5, q=11.
Vay p=13, q=3 hoac p=5, q=11.
Bai 49:
Goi 2 s8 tu nhién lién tiép do la a,a+1(an), theo dé bai ta co:
(a+1)3—a.3:n2¢:>a3+3a2+3a+1—a3:nzc:>3a2+3a+1=n2 *)
a=0=>n=1=0°+1"=a=0 (tm)

+)Xét TH: —1< a < Ota cé:
a=-1=n=1=0"+1=a=-1 (tm)

+)Xét TH: E Z ?1:> (2a)” <3a® +3a+1<(2a+1)’
Vay ta cd n la tdng cta hai s6 chinh phwong lién tiép .

Bai 50:

Gia str 2018+n” 1a s8 chinh phwong thi 2018+n* =m* (meN’")

Suy ra 2018 =m*-n* < 2018=(m-n)(m+n)

Nhu vay trong hai s6 m—n va m+n phai cd it nhat mot s6 chén (1)

Ma (m—n)+(m+n)=2m nén suy ra hai s& m—n va m+n cung tinh chdn 1é (2)

Ttr (1) va (2) suy ra hai s§ m—n va m+n 1a hai s6 chdn

= (m-n)(m+n) chia hét cho 4

Ma 2018 khong chia hét cho 4 nén diéu gia st la sai.

Vay khong ton tai sO tu nhién n dé 2018+ n® 1a sé chinh phuong.

Bai 51:

Khi n=2ta cé:

A=4m? —4m—4=(2m-1)’ —5=4k?
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< (2m-2k-1)(2m+2k -1)=5

2m—-2k -1=1 m=2
TH1: = (tm)
2m+2k -1=5

2m-2k -1=-1 m=-1
TH2: o (ktm)
2m+2k -1=-5 1

2m—-2k -1=5 m=2
TH3: o (tm)
2m+2k -1=1

2m—-2k -1=-5 m=-1
TH4: = (ktm)
2m+2k -1=-1

Vay m=2

Véi n>5m=1=A=n’-2n-4=(n-1)"-5<(n-1)°
A=n?-2n-4=(n-2)°+2n-8>(n-2)" (Do n>5)

=(n- 2)2 <A<(n —1)2 Do d6 Akhong thé la s chinh phwong
Khi m> 2ta cé:

A=m’n*—-4m-2n

A=(mn-1)" +2mn—4m-2n-1
A=(mn-1)"+2(n-2)(m-1)-5

= Az(mn—1)2+2(n—2)—5(do m>2=m-1>1)

= A>(mn-1)° (Do n>5=2(n-2)-5>1)

Laicd: A=m*n®—4m—-2n< (mn)2

= (mn —1)2 <A< (mn)z. Do vay Akhong thé la s6 chinh phuong
Bai 52:

Tk 2a2+a=3b>+b tacd a>bva

<> 2(a%b?) +a-b=>b?

o(@-b)2a+t2b+1)=b2 (%)

bat (a-b; 2a+2b +1)=d

=(a-b):d;(2a+2b+1):dvab:d

= {2a+2b +1 -2(a-b)} : d = (4b+1) : d ma b: d

—1:dhayd-=1.

Vay a-b va 2a +2b +1 nguyén t6 cung nhau, két hop véi (*) ta co:

a-bva4a+4b +1 déu la s6 chinh phuong.
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Bai 53: Gid st X’ +2x+20=a’(aeN,a>4).<a’—(x+1)" =19
< (a-x-1)(a+x+1)=19.

a—-x-1=1
Vi (a—x—1)<(a+x+1) va19=1.19 nén .Do dé x=8.
a+x+1=19

Thtt lai véi x =8, ta cd X* +2x+20=8"+2.8+20=10° thda man.
Bai 54. Ta co: A= (x2—-8x)(x2 - 8x +7).

Datx?-8x=ythiA=y(y +7)=y2+7y

Gia st y>+ 7y =m? (m thudc N)

=>4y? + 28y + 49 - 4m? =49

=> 2y +7 +2m)(2y +7 - 2m) =49=49.1=(-1).(-49) = 7.7 = (-7).(-7).
Ta thdy 2y +7 +2m > 2y + 7 - 2m nén ta c6 4 truong hop:

2y+7+2m=49
Truong hop 1: yror ,dodd y=9.
2y+7-2m=1

Suy ra xe{-1,9}.

. 2y+7+2m=-1 ,
Truong hop 2: ,dodé y=-16.
2y +7-2m=-49
Suy ra x=4.
. 2y+7+2m=7 ,
Truong hop 3: ,dodé y=0.
2y+7-2m=7
Suy ra Xe{0;8}.
2y+7+2m=~7
Treong hop 4: yri ,dodo y=-7.
2y+7-2m=-7

Suyra xe{L7}.
Vay xe{-1,0;1;4;7;8,9}.
Bai 55.

A=11..100...0+11...1-88...8+1.

n n n n

bat a=11..1 thi 92=99...9. Do d6 99..9+1=10" =9a+1.

n n n

Tac6o A=al0"+a-8a+l=a(%9a+1)+a—8a+1
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= A=9a’-6a+1=(3a-1)".

= A=33..32%.

n-1
Vay A la mot s6 chinh phuong.
Bai 56.
Gia sit 2" +5Y =k’ (k thudc N)
Néu x =0 thi 1 + 5’ = k? do d6 k chn => k2 chia hét cho 4 nhung 1+5” chia 4 du 2.
Vay x khéc 0, tir 2 +5” = k2 => k 1¢é va k khong chia hét cho 5. Xét hai truong hop.
+) Vi thi 2x +1=k?>=(2n+1)? (vik lé nén k=2n+LneN).
=2"=4n(n+1) = n=1.Khi d6 x=3; y =0 (thoa man)
Thut lai: 2 +5' =2°+5° =9 1a s6 chinh phuong.
+) V6i y =0 va k khong chia hét cho 5 = k* =+1(mod5)
Tk 2 +5 =k* = 2* =+1(mod5) = xchan
Dat x=2x (x eN), taco
5 =(k+2%)(k—-2")

k+2%=5"% . o "
vOi Y, +Y,=Y VOi Yy, >Y,, y1, y21a cac sO ty nhién.

- k—-2%=5"
=247 =5 (5" ) =52 =1=y,=0.
=y, =Y. Khidé 2" =5"-1.
Néuy=2t(teN) thi 241 =5%_1-25'_-1:3,vdly
Vay y 1&, khi d6 2" =5 —1=4(5"" +5"% +...+5+1).
Néu y>1thi 5" +57+.+11é (vd ly).
Néu y=1=x =1khidé x=2;y=1.
Thtt lai 2*+5¥ = 2% +5' =9 1a s6 chinh phuong
Vay x=2;y=1hoacx=3,y=0.
Bai 57.
-Véi ne {0;1,2;....;8} , bang cach thtt khong c6 gia tri n thoa man dé bai.
-V6i n>9, dat 2°+24+42"=t" , taco t*=2°(1+2°+2"%)=2°(9+2"")

= 9+2"* 1a s6 chinh phuong
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-D5t 9+2"8 =Kk? (ke N™ k >3)

Khi do: (k+3)—(k-3)=2"(2""-1)
©23=2(2""-1)

2 =2 a=3
= = .
2**-1=3 |b=1

Do dé n-8=3+1<n=12.

Thr lai 2° + 2" + 2% =80°.

Do dé: 27 = (k—3)(k+3) e 1< 7372
K

(v6ia>Db).

Vay sO tw nhién can tim la n = 12.

Bai 58.

Taco 10<n<99 nén 21<2n+1<199.

Tim s6 chinh phuong 1é trong khoang trén ta duwoc 25; 49; 81; 121; 169.

Twong ting véi s6 n bz‘?mg 12; 24; 40; 60; 84.

S6 3n+1 bz‘?mg 37;73;121; 181; 253. Chi ¢6 121 la s6 chinh phuong.

Vay n=40.

Bai 59.

Ta co: <

Nén: A+B+C+8=

A=

C=6.

10°" -1

B 10m+1 _1

10" -1

10" -1 10™" —1 10" -1
+ +6.

+8

9 9

9

107" —1+10"" —1+6.10" =6+ 72

9

(10'")2 +16.10" +64

9

2
10" +8
3 .

Bai 60. Vi n* +2n° 42n’ +-n+7 1a s§ chinh phuong nén:

n*+2n*+2n*+n+7=m?, meN.

Ta co:
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m2:(n2+n)2+n2+n+7>(n2+n)2:>m>|n2+n|:>m2|n2+n|+1
:>m2|n2+n+1|:>m22(n2+n+1)2.

Khi d6

n4+2n3+2n2+n+72(n2+n+1)2c>n2+n—6s0<:>—3§n32.

Vi neZ nén ne{-3,-2;,-1,0;12}.

Thi Ian luot ting gia tri ta thu duwoc n=2 thoa man yéu cau bai toan.

Bai 61. Ap dung bat ding thitc quen thudc 2(a2 +b2) > (a+b)2 ta c6 dwgc 2n° >n* hay
n<2.

e V6i n=0, tachon a=b=0.
e V6in=] tachon a=1, b=0.
e V6in=2 tachon a=b=2.

Vay cac gid tri ctia n can timla 0; 1; 2.

Bai 62. Dit aa,a,a, =a’ va bbhbb, =b* véi a, beN.

Gia stt rang a,a,a,a, >bb,bh,. Khi dé 32<b<a<100 va
a,3,a,3, >bb,b.b, =a’—b* =(a+b)(a—b)=1111c =11.101c (do viéc dit
C=a1_b1=a2_b2 :as_ba :a4_b4)-

Do 11; 101 la cac s6 nguyén t6 va a+b <200, a—b <100 nén ta c6 hé phwong trinh

a+b=101 [a=(101+11c):2
-
a-b=11c b=(101-11c):2

Vi b>32 nén c<3. Két hop vdi a+b =101 (s6 1é) nén ¢ 1, nghia la c=1 hodc c=3.

—- « x .., |a=56 [a=67
Diéu nay dan dén ;

b=45" |b=34'

Do d6 cac cdp sO chinh phuwong phai tim la: 3136 va 2025; 4489 va 1156.
Trong truong hop a+b=11c thi ¢=1 (bi loai).

Bai 63.

Xudt phét tir dong nhat thirc (2a+1)" +(2a”+ 2a)2 =(2a%+ 2a+1)2 ;

Tachon a=1va a =3=2a+1, a, =4=2a*+2a, ta dugc:
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a’ +a’ =(2a’ +2a+1) =5~

Chon a,=2(a” +a) +2(a’+a)=12 ta cb:

a’ +a?+a’ =(2(a2+a)+1)2+(2(a2+a)2+2(a2+a))2
=(2(a2 +a) +2(a’ +a)+1)2 132

Ct nhw vay ta chon duoc 2013 s thdéa man.
Bai 64.

Ta c6: A=§fawss = AS = gwwxs

A® 6 chir s6 tan cung bén tréi 1a 4
—10000 < A° <100000

=100< A’ <317

=4<A<T

A 1a mot sO te nhién = A=5 hodc A=6
Véi A=5= A° =15625, khong thoa

Véi A=6= A° = 46656

Vay s6 phai tim la: A=$/46656 .

Bai 65.

A, duoc viét lai nhu sau: A =111..1(10""+5)+1 ( n+1 chit s§ 1). Dat t=111..1 ( n chit s&
1). Suy ra 9t+1=10"" = A=t(9t+1+5)+1=9t*+6t+1=(3t+1)" . Vay A 12 mdts§ chinh
phuong.

Bai 66.

Gia st 2n+1=a’va 3n+1=b’ v6i a,be N* . Khi d6 5n+3=4(2n+1)—(3n+1)=4a*-b’
=(2a—b)(2a+b).

Do a’ =1(mod2) nén a*=1(mod 4) . Suy ra n=0(mod2) va b=1(mod 2) . Do d6 2a—b>1
va 2a+b>1.Vay 5n+3 1a hop .

Bai 67.

Gid sz ton tai y>x>1saocho xy+x=m’ ,xy+y=n véi mneN* . Vi y>x nén
Xy+x>x2= m?>x? = m>x = m2x+1.Tacd: y-x=n*-m? > (m+1)’-m* =
y—x>(x+1)"—x* = y>3x+1.Lucndy y & (988,1994) . Vay khong ton tai cic s8 x,y
phén biét thudc khoang (988;1994) sao cho Xy+X va Xy+Yy déu la cac s chinh phuong.
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Bai 68.
Gia st ton tai N € N*sao cho ta cdvn+1++n—1=k1a mot sd hitu ti

it
mzl(k_gj

2 k
Ta suy ra (n+1)va (n—1) 1a hai s6 chinh phuong.

—=Jn+l—-+n-— =EDO dé ta co

n+1=p’
véi p,qeN*
n-1=q?

=P -q7=2(*)
( p+ q)vé ( p— q) cling tinh chét chdn 1é
(*)=(p+a)va (p—q) lahai sd tw nhién chan.
=(p+q)(p—q):4=2i4 voli.
Do d6 khong c6 so ty nhiénn thoa yéu cau cta bai toan.
Bai 69.
Ta co:
* @, =14 khong phai la s6 chinh phuong.
*a,=144=12"
* g, =1444 = 382
Ta hay xéta, la mot s6 chinh phuong
a =k?, ke N*
a, tan cung la 4444.
SG du ctia phép chiaa, cho 16 bang s& du ctia phép chia 4444 cho 16.
=a, =16g+12
=k?=16q+12 (*)
Suy ra: k:2 va k:4.
=k=2(2t+1)=4t+2
= k? =16t” +16t + 4 =16h+4 mau thuan (*).
Ta suy ra: a, véi n>4khong phai la s6 chinh phwong.
Bai 70.
Chon 3 s6 ty nhién a,b,c nguyén td cung nhau va thda tinh chat.
a=b+c
Tacs n=a’h’+b’c’ +c%a’ =(b+c)’(b*+c*)+b*c?
=b* +¢* +3b%c? +2b% +2bc® = (b+c+hbc)’.
Do d6 n la moét sO chinh phueong.
C6 v s6 bd ba 8 tw nhién nguyén t3 cing nhau ma mot trong 3 s bang tong hai s8 kia.
TD: (2,3,5) =1va5=2+3.
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—=n=6"+15"+10° =19°.
Bai 71.
p(x)1a mot da thirc bac 4 va hé s6 cia x*1a 1 nén p(x) chi c6 thé 1a binh phuwong ding cia
mot tam thirc bac 2 ¢6 dang: a(X) = X* + px+(q
Do d6, ta cd: X' +mx’+29x* +nx+4=(x* + px+q)2
=x' +2px3+(p2 +2q)x2 +2pax+q°

q° =4 q=2

2pq=n p=15

=
p2+2q:29 m=+10

2p=m n=+20
Vay (m, n) = (10, 20) , (—10, —20).
Bai 72.

Tac6:ai:6 a-0<a=6kkeN
Suy ra : 1000a = 6000k = 20°.15k
1000a 1a s8 chinh phuwong khi va chi khi k =15p?, pe N
=a=90p*, peN’
Do d6 s6 tu nhién a nho nhét phai tim la : a =90
2. Tacd: 2002=2.7.11.13
2002.b 1a s8 chinh phuwong nén ta 6 :b=2002k* k e N”
b chia hét cho bdn s6 nguyén t6 lién ti€p ma b da chita ba thira s6 nguyén td lién tiép 1a 7,
11 va 13 nén thira s6 nguyén t5 thit twe 1a 5 hodc 17, b nho nhat nén ta chon thira s6 nguyén
to thi 5.
=b=2002.25t*,te N’
* Néu t* =1=>b =50050 = b —1=50049:9 khong thoéa man yéu cau.
*Néu t* =4 =>b=200200 = b—1=200199 : 9 thoa man.
Vay s0 b phai tim 1a b =200200.
Bai 73.

Ta cé: a° —b* = (a—b)(a+b)

Giasx a>0
Mudn cho a* —b? la mot s§ chinh phuong, ta chi can chon
d(u®+v?)
a-+b=du’ T
a—b=dv’u v b— d(u®—v?)
2
Trong dé hodc d chdn hodc U va v cung tinh chat chdn, 1é (u > V)
Luc do ta co: a’—b*=c’ «a’ =b*+c?

Cac nghiém ctia phwong trinh la:
a=d(u®+v?),b=2duv,c =d(Uu*—v?)
Vay a* —b? ¢4 thé 1a mot s6 chinh phuwong.
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Bai 74.
Tacé k=ab=10a+b nén k+ab=(a+b)’ <10a+b+ab=a?+b? +2ab < b*+ab—b=10a-a’
<b’+(a-1)b=2a(10-a)

Ma a(10—-a)<25 do do6 b*+(a—1)b<25«<b* <25 (vi (a—-1)b>0)
=b=0;2;3;4;5. Ta xét ting trueong hop va két luan.

Vay s0 k can tim 1a: 91; 13; 63.

Bai 75.

Chuyén vé dang A=2017% n*+n°®+n®> =2017°n*> n* +n+1

Dé A chinh phuong thi n? +n+1 chinh phuong.

Giatri n thbamanla n=—-1hoac n=0

Bai 76.

Gia st n—37 = [E]Z véi p,q lahai s6 nguyén duong va p,q =1.Taco
n—37=k.g*,n+43=k.g* véi k 1a s6 nguyén duong

=k p-q p+q =80=2°5.1

Truong hop 1: Trong hai s8 p,q c6 mdt chix s6 chdn, mot s61é = p+q va p—q déu lé.

pP+g=>5 p=3
T 1 =ip—Q0g=1<i9g=2=n=101
k=16 k=16

Truong hop 2: Cahais6 p,q déulé. Dat p=2a—1 q=2b—1 véi a,b 1a cac sd nguyén
duong

Tk 1=k a—b a+b-1=20=2%51

Tacé a+b—1>a—b va a+b—1a—b khac tinh chin lé.

Xét cac cap s0 a—bja+b—1 lanluwot 1,2, 1;4,1;20, 2;5, 4;5, 5;20 .
Tinh a,b=>p,q.k ta duoc n bing 38,47,55,82,199,398

Vay n bang 38,47,55,82,199,398

Bai 77.

Ta c6: abc =100a+10b+c=n’—1;
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cha=100c+10b+a=n’>—4n+4=99 a—c =4n—5=4n—5:99 *
Mat khéc: 100 <n” —1<999 =101 <n” <1000

=11<n<3l(doneZ) **

Tk * va ** =4n—5=99=n=26. Vay abc = 675

Bai 78.

Gia str: n+12=a* n-11=b” (a, b eN; a>b) = a*-b*=(n+12)— (n-11)=23

a-b=1 a=12
H a—b)(a+b)=1.23. Giai hé ph trinh: Do:a-b b
ay ( )(a+b) idi hé phuong tri {a+b=23( 0:a-b<a+ ):{b=1l
.. |la=12
Véi =n=132
b=11
Véy n=132.
Bai 79.

Dit: n® —14n-256=k* (keN) = (n—7)" —k?=305 =(n—7+k)(n—7—k)=305

Ma: 305 = 1.305 = (- 305)(- 1) =5.61 = (- 61)(- 5) va (n—7—k) < (n—7+k) nén xét cac

. n-7-k=1 y n—7-k=-305 5 n-7-k=5 5
truong  hop: hoac hoac hoac
n—7+k =305 n-7+k=-1 n—-7+k=61
n—-7-k=-61
n-7+k=-5

n=160 n=-146 n=40 n=-26
= hoac hoac hoac
k =152 k =152

. n=40 _ |n=40
Vi n, keN= y

n=160 n=160

Bai 80.

Vi: nlas6 ¢ 2 chir s6 nén 9<n <100 =18 < 2n <200

Ma: 2n 1a s8 chinh phuong chan nén 2n={36;64;100; 144;196} =>n={18;32;50; 72;98}
=n+4={22,36;54; 76,102} chi thdy n+4=36 la s chinh phuwong = n=32

Véy n=32.

Bai 81.

Gia st A=1010n? + 2010(n+ p)+10"°" =a?-b? (a,beN)
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Do: A chdn nén a’—b* =(a—b)(a+b) ciing chan (a—b); (a+b)clung tinh chan Ié.

—a’—b* =(a-b)(a+b): 4 tiép tuc ta c6: B=1010n*+ 2010(n+p): 4

T B=1010n"+ 2010(n+ p) +2(n*+n+p)i2 =(n’+n+p)=n(n+1)+p:2

Ma: n(n+1):2=p:i2=p=2

V6i p=2=A=4k=(k+1)"—(k+1)" (keZ")

Bai 82.

Pit: 3+ 171=y2.

Cich 1: Viét phuong trinh da cho vé dang 9.(3* +19)=y* (x> 2). D& y € Z thi diéu kién
can va du la 3%+ 19 = 7* (z € Z") 1a s8 chinh phuong.

+) Néu x—2=2k+1 la s 1¢ thi 3" +19 =(3%* +1)+18=4.B+18 2 nhung khong chia hét
cho 4 nén khong thé la s chinh phuong.

+) Néu x—2=2k 1as6 chan thi 3%+ 19 =z <3%* + 19 =zz<:>(z+3")(z—3k)=19

3= z =10 =
Vi191a sd nguyén td nén z-3" < z+3 nén {Z 3=l {3k o {Z 10

S
z+3=19 k=2
Vay x =6.
Ciich 2: +) Néu x=2k+1(keZ")thi VT =13 + 3 = VT =1.3+3=6(mod3) (v nghiém) vi VP
1a 58 chinh phuong. Do d6: x =2k (keZ") thi d€'y ring 3* > y—-3>0.
Ma: y—3+y+3“=2y:2 nén 2 sd trén cung tinh chan 1é.
Mat khéac: 171 = (y—3k)(y+3k)=1.171=3.57=9.19. Xét timg truong hop cu thé ta c6 két
qua x =6.
Cich 3: Ta c6: 3 =1,3(mod8); y* = 0,1,4(mod8). Ma: 3"+ 171=y? = 3" =1(mod8). Do d¢: x
c6 dang 2k (keN).
Phuong trinh tré thanh A= (3" )2 +171=y? véik =0, 1, 2 thi phuong trinh v6 nghiém nén
néu phuong trinh ¢6 nghiém thi nghiém do6 phai > 3. Do d6 theo nguyén ly kep duoc ta

6 [(3k ) +3}2 >a>(3).
Khi do: A=[(3" )2+3}2 holic A=[(3k )Zz}2

Giai tiing treong hop ra ta dwoc k=3 = x=6 =y =30. Vay x=6.
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Cich 4: Vi: 3 13,171:3 =y i3. Daty =3k (keZ' k1),
Khi d6: 3*+171=9K?. Vi: 171:9; 9k” i 9 = 3 1 9 =x=2h (heN")
Khi dé: 9" +19=k? < k?—(3") =19 & (k+3"%)(k-3"*)=19.

D&y rang: 0< k—3"" <k+3"" va k—3""+k+3""=2k : 2 nén hai s nay cting tinh chén Ié.

Mit khéc: (k+3"")(k-3"")=1.19 :{k —x=6.Vay x=6.

-3"1= k=10
h-1 _ =
k+3"™ =19

h=3
Bai 83.

Gia st 5 +12*=y?. Nhan xét x = 1 khong thda man phuong trinh. Khi d6 x> 2. Tw
phuong trinh ta thay y lé.

Vi: 12¥ 18, y?:8 du 1 v6iy lé nén 5'=1(mod8) suy ra x chdn.
Dit: x =2k (keN") ta c6 phuong trinh: 5% =(y—12*)(y+12").

y+12k :52k—m

Do 5 la s6 nguyén t6 nén ton tai meN, m <k sao cho { Lok _&
y-12°=5"

Suy ra 2.12=5"(5**"-1). Do 2, 12 déu nguyén t§ cling nhau v6i 5 ma: 2.12¢ { 5" nén m
=0 vata duocy = 12" +1,
Thay vao phuong trinh ta duge: 2.12° =25¢—1(*) hay k > 2 thi:
25 —1>24 = 212" >2.12" (Loai)
Véik =1 (TM) = x=2,y =13. Vay phuong trinh c6 nghiém tu nhién x = 2.
Bai 84.
Tacé: A=(n+2)"(4n* +6n-3).

n=3
THL: A=0=| 3+ o1

4

TH2: A# 0 va A lasS chinh phuong = (4n® +6n-3) 1a s6 chinh phuong.

& 4n? +6n-3=k? (keN) <(4n+3)° —(2k)’ =21 (4n+3+2k)(4n+3-2k)=21.

: neZz
Ta thay: {k ’ nén 4n+3+2k va 4n+3-2k la cac wdc cua 21.
€

neZz 4n+3-2k =1 k=5
+) 4n+3-2K <4n+3+2k vdi {k © y Do d6 ta co: { " {
€

=
4n+3+2k =21 n=2

THCS.TOANMATH.com TAI LIEU TOAN HOC




hoac: hoac = -7 hoac
4n+3+2k =-1 n=—

2

an+3-2k =3 k=
=
IN+3+2k=7 n=

{4n+3—2k=—21 k=5

N~ =

an+3-2k=-7 (k=1
fe—
4n+3+2k =-3 n=-2
Vay n=+2 la gia tri cin tim.
Bai 85.
Dit: M =k* —8k® +23k* - 26k +10 ta co: M = (k" —2k® +1) -8k (k* — 2k +1)+9k* 18k +9
=M =(k—1)2((k—3)2+1). M la s§ chinh phuong khi va chi khi: (k-1)’=0 hodc
(k—3)" +1 1a 58 chinh phuong.

TH1: (k-1)°=0 &k =1
TH2: (k—3)" +1 1a 6 chinh phwong
Dit: (k—3)" +1=m?(m e Z) om’ —(k-3)’ =1<(m—k+3)(m+k-3)=1

m-k+3=1
m+k-3=1 |:m:1,k:3

Vii mkeZ =>m-k+3eZ, m+k—-3eZ nén: = =
{m—k+3:—1 m=-1k=3

k=3.

m+k-3=-1

k=1
Vay [k 3 thi k* —8k®+23k? — 26k +10 1a s6 chinh phwong.

Bai 8e6.
422 4+F +4n® (n+1)(2n+1)

Ta co: - = 6 Gia s (n+1)(2n+1)=6k* (keN") (1)

Do (2n+1) lé nén (n+1) chdn =n 1é. D4t n=2m+1 (meN*)

Thay vao (1) ta c6: (m+1)(4m+3)=3k*. Do: (m+1, 4m+3)=1, 4m+3 khong la s6 chinh
m+1=a’

4 33? (abeN";ab=k) Tir d6 ta cé: 4a”—3b” =1
m+3=

phuong nén ta co: {

<(2a-1)(2a+1) = 3b*. Ta lai ¢6 (2a+1, 2a—1)=1 nén c6 2 kha nang:

2

2a-1= . o . |
) {2 . Z} (ai,bleN ) nén ta suy ra b’ =3a’+2 (V0 ly vi s6 chinh phwong chia 3 chi dw
a+l=

0 hoac 1).
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2&—123.22 * A 2 2 2 \ A . A,
(1) 0a 4 1o b2 (aﬁ, b,eN ) nén ta suy ra 3b, —a, =2 suy ra a, 1é va khong chia hét cho 3.
a+1=3b;

Dé thay a,=5=>n=337 la s6 nguyén duong bé nhat thoa man bai toan.

2 2 2 2
Khi dg: .12 +3n+-..+n :(n+1)£52n+1):(337+1)(62.337+1):1952

Bai 87:
Ta c6: n =0 thoa man bai toan.
Xét n > 0, nfu ca 2 s0 9n+16 va 16n+9 déu la sO chinh phuwong thi so
A, =(9n+16)(16n+9) =(12n)" +(9° +16°)n+12” ciing la s§ chinh phuong.
, 2 2 (o ) ), | A =(12n+13)°
Mit khac: (12n+12)° < (12n)° +(9° +167 )n+12* <(12n+15)" nén ta cé: ,
A, =(12n+14)

n=1
Ttr d6 thay vao giai ra duoc:
n=>52
Vay ¢6 3 gid tri ctia n thoa man: n={0,1,52}
Bai 88:
o 1. JaD=4ba+15 (1)
Goi s6 phai tim 1a: ab (a,beN,1<a,b<9) tacéhé: {__
ab—-9=a’+b’(2)
Tt (1) ta thay néu b>2=>4ba+15>4.21+15= ab >99 = ab =99=a=b =9(KTM)

Vay b =1 thay b=1vao (2) ta dwoc: al-9=a>+1* =10a+1-9=a’+1 <a’>-10a+9=0

[a=1
=
a=9

Véia=1 =a=b(KTM)

Véia=9 =ab=91 (TM 91= 4.19+15)

Vay s6 phai tim 1a 91.

Bai 89.

Goi la tong cac chir sd cua s thi s va t, c6 cung sd du khi chia cho 9, nghia la s=t_ +9a

vdi a 1a so tu nhién. Do d6 s0 A dwoc viét boie 1, 2, 3, ..., 2007 nén

ty =t +.. by =1+2+..+2007-9k =B—-9% (keN") (1)

Ta c6 tong 9 s6 tu nhién lién tiép 1a a+(a+1)+(a+2)+..+(a+8)=9(a+4):9 nén tdng cua

2007 =9.223s0 tw nhién lién tiép cling chia hét cho 9, nghia la
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B=1+2+3+..42007=% (heN") (2)
Tir (1) va(2)taco t, =9(h—k)=A=9m (meN")

Ma ta c6 (u+1)(9v+1)=9(9uv+u+v)+1 véi u,veN’

2007

Khi d6 C =2008"" +2009 = (9.223+1)"" +9.223+2=9n+3 (neN") (4)

T (3) va (4)suy rasd A+C=9(m+n)+3 (5). Néu A+Cla s chinh phurong ma chia hét
cho s8 nguyén t& 3 thi né phai chia hét cho 9, nhung diéu nay mau thuan véi (5). Vay
A+C khong la s6 chinh phuong.

Bai 90.
V6i x=0 hodc y=0 ta cd 1-xy =1° (dpcm)
Véi x#0,y=0,%,yeQ, ta cod cac cach sau:
Cach 1: Binh phuong hai vé& dang thtic (1) ta duoc:
XlO + le +2X5y5 — 4X4y4 = X10 + y10 _2X5y5 — 4X4y4 _4X5y5

5 05\
(x5 - y5)2 =4x'y* (1-xy) =>1-xy = Xy (dpcm)

2X2y2

Céch 2: Binh phuong hai lan (1) x* + y* +2x°y® =4x*y*
X0 4 le _ 2x4y4 (2—xy) — x04 yzo +2X10y10 _ 4X8y8 (4_4Xy+ x2y2)

= X20 + y20 + 2X10 y10 — 16X8 y8 _16X9 y9 + 4X10 le

= X +y® - 2x°y* =16x°y’ (1-xy) = (X* - y*° )2 = (4x*y* )2 (1-xy)

x10 _ 0 2
1-xy= dpcm
Xy (4)( v J (dpem)
X5 y5 y2
Cach 3: Chia ca hai v& ctia (1) cho x* ta dwoc =+ =2
X' X X
5 2 6 3
:>x+y—4=2y—2:>xy+y—4=2y—2 (nhan ca hai vé'véi y)
X X X X
6 3 3
é%—Z%—l—l:l—xyi[%—1}21—Xy(dpcm)
3 3 6 6 6 6
Coich4:(1):>%+%:2:>%+%+2xy:4:>%+%—2xy:4—4xy
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Xy

3 2
2 2

3

2
:>[X— y] =4(1—xy)=1-—xy = y X

g 2
Cdch 5: Dat x=ky thay vao (1) va bién doi dong nhat.

Ta cd (ky)® +y° = 2(ky)*y*

Hay k°y® +y° =2k?y?.y?*. Hay k°y° +y® =2k*y*. Hay y*[(k’y+Yy)—2k?*]=0.
Véi x=0,y=0,xy€Q tacd: (K°y+y)—2k*=0.

Ha y——2k2 va X—k—2k2 _ A
Y e K+l k41

Lucnay ta co: 1—xy =1

2k? 2k (K°+1)7—4k®  (k—1° _lk—l

5
LS. S _ _ binh ph :
CHL+L (k4D° (k1P k+1] i pruong cua

mot sd hitu ty.
Bai 91. * Néu m=n thi ta c6 ngay dpcm.

m-+n=2x
N 2y (X, ye N*;x>0;y=0)

*Néu m khac n:Dét{
m—n=

m=x+y

vatt Xx+y>0;x—y>0 suyra x>|y|
n=x—y

Khi d6 {

Do n’ —1i|m’ +1—n*|=m?*:|m’ +1—n*|= m* =k(m* +1—n%) (1), kEN.
Tacod (1) < (x+Yy)? =k(4xy +1) < x2 —2(2k —)xy +(y* —k) =0 (*)
Phuong trinh (*) c6 mot nghiém la X nén c6 mot nghiém ntta la X, .

X+ X =2(2k—-1)

) eN
X% =y —k

Ta co: {

-Néu x, >0 thi (x;y) la cdp nghiém thoa man (*), suy ra x, >|y|

Khi d6 y* —k = xx, >| y*|=k <0=0<x+x = 2(2k —1) <0, mau thuan.
-Néu x, <0 thi xx, =y’ —k<0=k>y* =k>0=4xy+1>0=y>0
Tacd: k=x" —2(2k —1)x,y +y* = x> +2(2k —=1) | x, |y + Y.

Suyra k>2(2k+1)| x|y >2(2k —1) >k, mau thuan.

2

Vay x,=0.Khidé k=y? va mT —m? +1—n? la 8 chinh phuong.

Do d6 |m* +1—n?| 1a s8 chinh phuong (dpcm).
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Bai 92. +) Vi mot s8 nguyén bat ky phai 1a s8 chdn hoic 1a s6 1é. Do d6 theo nguyén ly
Dirichlet trong 3 s6 nguyén bat ky ludn chon ra dwgc 2 s8 c6 cing tinh chan Ié.

+) Ap dung ta c6 trong 3 s& chinh phuiong bat ky ludn chon ta dwoc hai s§ c6 cling tinh
chan 1. Goi 2 s8 chinh phwong dwoc chon ra d6 1a a® va b?.

Khi d6 ta c6: a% —b? = (a—b)(a+b).

+) Vi @® va b® ciing tinh chdn 1é nén a,b cling cing tinh chdn 1é. Do d6 a—b 1a s6 chan
cling 1a s6 chdn a*> —b’ = (a—b)(a+b):4 (dpcm).

Bai 93.

Ta c6 n® +1999n+2017 =n® —n +2000n +-2015+2 (n€ N)

Ta thdy: n® +1999n +2017 = n® —n +2000n + 2015 + 2

— n(h—1)(n+1)("—2)(N+2) +-5n(n —1)(n+2) +2000n +2015+2 (n € N) chia 5 du 2.
Ta nhan xét rang khong c6 s§ chinh phuong nao chia 5 du 2.

Vay n°+1999n +2017 (n€ N) khong phai 1a s6 chinh phuong.

Bai 94.

Vi n la s& nguyén duwong nén n’ +n+3>3.

Goi r 1a sd du khi chia n cho 3,r €{0;1;2}.

Néu r =0 hogc r =2 thi n’ 4-n+3:3. Mau thuan véi gia thiét n’ +n+-3 1a s6 nguyén td.
Do d6 r=1 hay n chia 3 dw 1. Khi d6 7n® +6n+2017 chia 3 du 2.

Ma mot s6 chinh phuwong c6 sd du khi chia cho 3 la 0 hoac 1.

Nén 7n’ +6n+2017 khong phai s chinh phwong,.

Bai 95.

Tir: 2x* +x=3y*+y (1)

=2 =2y* +x—y =y’ = (X—y)(2x+2y+1) =y* (2)

Mt khéc tir (1) ta c6: 3x* —3y* +x—y =X hay (Xx—y)(3x+3y+1) = x*

= (X—Y)?(2x+2y +1)(3x +3y +1) = X’y* = (2x +2y +1)(3x+ 3y +1) la s8 chinh phwong (3).
Goi (2x+2y +13x+3y +1) =d =(2x+2y +1) :d;(3x +3y +1) :d

= (Bx+3y+1)—(2x+2y +1) =(x+y):d

=2(x+Y):d =2x+2y+1)—2(x+y)=1id nén d =1

s (2X 42y +13x+3y +1) =1 (4)

Tt (3) va (4) = 2x+2y +1 va 3x+3y +1 déu la sO chinh phuwong.

THCS.TOANMATH.com TAI LIEU TOAN HOC




Lai c6 ttr (2) = (Xx—Y)(2x+2y +1) 1a s6 chinh phuong suy ra x—y ciing la s6 chinh
phuong. Vay 2x* +x=3y’ +y thi x—y;2x+2y +1 va 3x+3y +1 déu la cac sd chinh
phuong.

Bai 96. Dit B= (1 +2° +...4+2017°) = (2* + 4 +...4- 2016*) + (¥ + 3 +...+ 2017°)

Ta thay s0 cac s6 hang cta B las61é1a (2017 —1):2+1=1009. Do d6 B lasd1é. Suy ra A
chia hét cho 2 va khong chia hét cho 4. Vay A khong phai la s6 chinh phuong.

Bai 97.
Néu a <b thi vétrai cta (1) nho hon vé phai nén chi xét a>b. Véi a=b thi tie (1) suy ra
a=b=c=0,1lac dé a—b =0 la sd chinh phwong (*).

V6i a>b, bién doi (1) vé dang:
b* =2016(a* —b*) + (a—b) = b* = (a —b)(2016a + 2016b +1) (2)
bat d =(a;b) thicé a=md,b=nd;(m;n)=L,m—n=t>0
Gia st (t;n)=u=-n:u,t:u=m:u=-u=1nghiala (t;u)=1
Thay b=nd,a—b—td vao (2) cé:
n*d =t(2016dt +4032dn +1) = n’d = 2016dt* + 4032dnt +t (3).

T (3) ta c6: n’dit,(t,n) =1=d:t. Mt khac d =t. Lac dé a—b=td =d” 1a s& chinh
phuong (**). Tw (*) va (**) c6 diéu phai chiing minh. Vay a—b 1a mét s6 chinh phuong.

Bai 98.
Trudc hét ta chitng minh rang (x—z);(y —z) nguyén t6 cung nhau. Gia stt d = (x—z;y —z)
tacod: x—zid;y—zid = (x—2)(y—1z)id?

T gia thiét suy ra z?:d* = zid . Khi dé x va y chia hétcho d.
Vi (x,y)=1=-d =1. Vay (x—1z);(y—z) cung la s6 chinh phuong.
Pat k> =x—z;m*=y—z (ke N*)

Tacéd: (x—z)(y—2z)=2"=k’'m* =z =km

Khi dé x+y=k?+m?+2km= (k +m)?. Mt khac ttr (x—2z)(y—2z) =2’ suy ra
Xy =2(x+y) = xyz = 2°(k +m)’ =[2(m+k)?| 1a s8 chinh phuong.

Vay 2017°xyz =[2017z(k +m)?| la s& chinh phuong.
Bai 99:

Ta c6 xxyy =11.x0y . Ma ta thay rang 11 1a s8 nguyén t& va xxyy 1a mot s chinh phuwong
nén suy ra X0yi11=> 99X + X + yi11=> X+ y:11.

Theo diéu kién dé bai ta co:
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0<X+y<18<x+y=11= x0y =99x +11=> xxyy =121(9x +1).

Tt d6 suy ra 9x+1 la s6 chinh phuong suy ra x=7 (0<x<10) = y=4
Vay so dién thoai do la 827744.
Bai 100:

Véi moi sO tu nhién a thi a® khi chia cho 8 chi cé cac sé dwla 0; 1; 4.

S6 2019 chia 8 dw 3; 2020 chia 8 du 4.

Suy ra 2019" =3" (mod 8)

-Né&u n chin thi n=2k ke N = 2019"=3*=1(mod 8)
— C=5(mod 8)
= C khéng thé'la s6 chinh phuong.
-Néu n lé thi n=2k+LkeN = 2019" =3*"=3.3% =3 (mod 8)
= C=7(mod 8)
= C khoéng thé'la s6 chinh phuong.
KL: Khong ton tai N thda yéu cau bai toan.

Bai 101:
Dit p’ —4p+9=t3(teN)
Bién doi thanh p(p® —4)=(t-3)(t+3) (1)=p!(t-3)vpl(t+3)
Truwong hop 1: Néu plt-3
bat t-3=pk(keN)
Khi do6 thay vao (1) ta co:
p(p2 —4) = pk(pk +6) < p> —pk® =6k -4 =0
Coi day la phwong trinh bac hai an p diéu kién can d€ ton tai nghiém ctia phuwong
trinh la:
A=K*+4(6k+4)=Kk*+24k+16 la mot s§ chinh phurong.
Mit khic véi k>3 ta d& chimg minh duoc (k) <k* +24k+16 <(k* +4)’
Suy ra cac treong hop:

2
k' +24k+16 = (k> +1) <2k’ —24k-15=0 (loai)
K +24k+16= (K2 +2) < K ~6k-3=0 (loai)

2 (1.2 2 2 _ .
K? +24k+16 = (K’ +3) < 6k*~24k—=7=0 (loai)

Do d6 phai c6k <3. Tht tryc tiép duoc k=3 thda man.
Tk dotaco t=36,p=11.

Luu y: HS c6 thé lam nhu sau khi thay vao 1
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p(p® —4)=pk(t+3) < k(t+3)=p’ —4 = p” =kt +3k+4

Mt khéc ta ¢ (t—3)* =p’k> =t —6t+9 =k*(kt + 3k +4)

&t —t(6+K’)+9-3K —4k* =0

Coi day la phuong trinh bac hai an n diéu kién can d€ ton tai nghiém cua phuong
trinh la:

A=(6+K) —4(9-3K> ~4k?) =K® +24K° +16k> =K (k* +24k +16) 1a mot s8 chinh
phuong. Muén vay thi k* +24k+16 phaila mot s6 chinh phuong.

Sau d6 cach lam giong nhuw trén.

Trieong hop 2: Néu plt+3

Dat t+3=pk(k e N)

Khi d6 thay vao (1) ta cé: p(p2 —4) = pk(pk—6) < p*> —pk® +6k -4 =0

Coi day la phuong trinh bac hai an p diéu kién can d€ ton tai nghiém cua phuong
trinh la: A=k* —4(6k—4)=k*-24k+16 1a mot s§ chinh phuong.

Mgt khéc v6i k>3 ta dé& chiing minh duoc (K —4)2 <k’ -24k+16 < (K’ )2 Suy ra

cac treong hop:
2

k*-24k+16=(k* ~1)" < 2k* ~24k+15=0 (loai)
K' 24k +16=(k* ~2) = k> ~6k+3=0 (loai)

2
k? ~24k+16=(k* =3} < 6k* —24k+7 =0 (loai)
Do d6 phai ¢ k<3 Tht truece ti€p duwoc k=3 thoa man.
Tt d6 suy ra t=3;18 tuong tng p=2;7.
Vay tap tat ca gia tri p can tim la {2;7;11}
Bai 102:
Ta 6 4B=1.2.3.4+2.3.4.(5-1)+345.(6-2)+...+n.(n-1).(n-2).[ (n+3)—(n-1) |
=n.(n+1).(n+2).(n+3)=n*+6n’+11n’ +6n <n’+6n° +11n* +6n+1= (n2 +3n +1)2
Mat khac
n*+6n°+11n”+6n>n*+6n°+9n° = (n’ +3n)2 :>(n2 +3n)2 <4B< (n2 +3n +1)2
Do d6 B khong phai la s6 chinh phuwong.
Bai 103:
Tacd: p°+a’=b’ < p°=(b-a)(b+a).

Cacudccuap?lal, pvap?; khong xay ra truong hopb+a=b-a=p
Do do6 chi xay ra truong hopb+a=p*vab-a=1.
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p°+1 p° -1

Khidd b= va a=

suy ra2a=(p-1)(p +1).

Tieplésuyra p+1, p-11ahaisd chin lién ti€p = (p ~1)(p + 1) chia hét cho 8.

Suy ra 2achiahétcho8 (1)

Tt p nguyén td 16n hon 3 nén p khong chia hét cho 3. Do dé p c6 dang 3k+1 hoac 3k+2.
Suy ra mot trong hai s6 p + 1; p —1 chia hét cho 3 . Suy ra 24 chia hétcho3  (2)

Tte (1) va (2) suy ra 2a chia hét cho 24 hay a chia hét cho 12 (dpcm).

Xét 2(p+a+l) =2£p+%+1} =2p+p2+1=(p+1)2 la s8 chinh phuong.

Bai 104:

Ta phéan chia 625 s0 ty nhién da cho thanh 311 nhém nhu sau :
Cécnhém n,,n,,...,Ny, mdi nhém gdm 2 s8 hang (k,625-k) tirc la mdi nhém ¢6 hai
s6 hang c6 tong bang 625 sao cho k =49,k = 225
Nhém 311 gém 5 s6 chinh phuwong {49, 225,400,576;625}
Néu trong 311 sd duogc chon khong cd sd nao thudc nhém ny;,, nhw vay 311 sd nay
thudc 310 nhom con lai thi theo nguyén tac Dirichlet phai c6 it nhdt mot trong hai s§
thudc ciing mot nhém. Hai s8 nay ¢ tong bang 625. Mau thuan véi gia thiét. Vay
chéc chan trong 311 s8 duoc chon phai c6 it nhat mot s6 thudc nhém n,y, . SS nay la
s0 chinh phuong.

Bai 105:
Do n* +2n++/n* +2n +18 + 914 s8 chinh phuong nén \/n® +2n +18 14 s8 tw nhién.

bat Vn®+2n+18=k (keN)
<n’+2n+18=k* < (k+n+1)(k—-n-1)=17
Do k,n déulaso tgnhiénnén K+n+1>k—-n-1

kK+n+1=17 k=9
Xét{k 11 c;{n_7:>n2+2n+vn2+2n+18+9:81:92@m)

Vay N=7thoa man yéu cau bai todn
Bai 106:
Taco ab-ba=k* (keN)=9(a-b)=k?
Do d6 a—b la mot s6 chinh phuong
a-b=1
Talaico a-b<9,azb=|a-b=4
a-b=9
Véi a—b=1=a=b+1= ¢4 9 s6 thoa man: 10; 21; 32; 43; 54; 65; 76; 87; 98
Véi a—b=4=a=b+4=cd 6 s6 thdéa man: 40; 51; 62; 73; 84; 95.
Véi a—b=9=a=b+9=¢4 1 s6 thdéa man: 90
Vay c6 tat ca 16 s6 thoa man: 10; 21; 32; 43; 54; 65; 76; 87,98; 40; 51; 62; 73; 84; 95; 90.
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Bai 107:

Chit ¥ dén bign @51 111..1= 1% 1 ¢ di phan tich cédc s8 a va b vé céc lily thira cia

nscl

102017 _ 1
10. Tacd a=111...1=—— va b=1000...05=1000...0+5=10" +5.

2017scl 2016¢cs0 2017cs0
Khi d6 ta dwoc
2
2017 102017 +4.102017 _5 2017 2
M=ab+1=u.(10“+5)+1=( ) =02
9 9 3
2017 2
bén day ta chi can chi ra duoc —5 N ta ta ¢ diéu phai chitng minh.
10%7 +2

Tuy nhién —5 ¢ N hién nhién dung do 10*7 +2:3. Vay M =ab+1 la sd chinh

phuong.
e Chu y. Véi dang toan chitng minh s6 chinh phwong nhu trén ta cht y dén phép
bién doi:

9=10"-1;99=10%-1;999 =10’ —1;...;% =10" -1

ncs9

Bai 108.

a —1+ 2".(1.35.....(2n-1).(n _4)!1+ 2".(n+4)! 14 2".1.2.3..n(n+1)(n+2)(n+3)(n+4)!
(2n)! 2.4.6..2n 2"1.2.3.4..n
=1+(n+)(n+2)(n+3)(n+4)

a, =(n*+5n+5)°
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