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Chii dé 1: PINH LY TALET TRONG TAM GIAC

Bai 1. Cho tam gidc ABC c6 trung tuyén AM. Tir mot diém E trén canh BC ta ké dudng thing Ex
song song voi AM va cét tia CA, BA lan luot tai F va G. Chimg minh: EF + EG = 2.AM.

e Tim cdch gidi.

- Pé ching minh EF + EG =2.AM , suy luan thong thuong 1a dung doan thang trén tia EF, EG
bang doan thang AM, rdi bién ddi cong trir doan thang. Chang han trong vi du ndy, qua A ké
duong thang song song voi BC, cit EF tai I. D& dang nhdn thay EI = AM, do vay chi can
chimg minh GI = IF la xong. Tuy nhién dé ching minh GI = IF béng cach ghép vao hai tam
giac bang nhau 1a khé khin, chinh vi vay chung ta ching minh ti s6 bang nhau ¢ cing miu
s6. Quan sat ky nhan thay GI va IF c6 thé dit trén mau sb 14 IE! Tir d6 van dung dinh 1y va hé

qua Ta-let dé chimg mmh H_IG la xong.
IE IE

- Ngoai cach trén, chung ta co6 thé bién doi két luin thanh tong ti sb va chimg minh

ﬂ £G _ 2 1a xong. Do d6 van dung dinh 1y Ta-1ét va bién dbi linh hoat ty 1& thirc 14 yéu

AM AM
cau tat yéu trong dang toan nay.
e Trinh bay loi gidi F
Cach 1. Gia su E thudc doan BM.
Qua A ké dudng thing song song véi BC cit EF tai
I. Ta ¢c6 AMEI Ia hinh binh hanh, suy ra EI = AM. A

Ap dung dinh 1y Ta-1ét, xét 4EFC c¢6 Al // CE,

AMyEF = L _ T4 _EM —(1)

IE AC MC G
Xét AGEB¢d Al // BE, AM // GE

IG _AG _EM
= —-(2)
IE AB BM
Tur (1) va (2), két hop véi BM = MC B E M c
Suy ra IG = IF.
Ta co: EF + EG = El + IF+EI - IG=2.E[=2.AM F

Cach 2. Gia su E thudc doan BM.
Theo hé qua dinh 1y Ta-1ét:

Xét AEFC c6 EF/aM =25 = EC (3 $
AM  CM
Xét AABM c6 EG/AM = L8 - BE (4)
" BM G

Cong vé theo vé (3) va (4) ta co:

EF EG EC BE hay EF+EG _ BC
AM AM CM BM AM BM
Suyra EF+EG=2.AM. B E M C

=2

Bai 2. Cho hinh thang ABCD (AB//CD). Trén tia d6i cua tia BA 14y diém E sao cho BE = CD.

Goi giao diém cua AC v6i DB va DE theo thir tw 13 I va K. Chtrng minh hé thuc 2—12 = £

CI
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e Tim cach giai.

; \ 5 A B
Nhéan thay rang: chung ta khong thé chirng minh E
AK AC R a . A
truc tiép “c- o do vay nén s dung ti so
trung gian. Khai thac BE = CD va AB//CD rét tu %
nhién ching ta van dung hé qua dinh ly Ta-1ét.
D C

e Trinh bay loi giai
bat AB =a, BE = CD =b. Theo hé¢ qua dinh 1y Ta-1ét
Taco: AE/CD =K _AE_ath (1)
KC CD b
Al _AB _a AI+CI a+b AC a+b
cl CD b Ccl b Cl b
AC

AK
T (1) va(2) suyra;: —=—.
(1) va (2) suy ra: 2= =

AB//CD =

Bai 3. Cho tam giac ABC co6 A=120°, AD la duong phan giac. Chung minh rang:
AL
AB AC AD
o Loi gidi
K¢ DE // AB, ta co6:

B
l/)\] =4 = 60°;;1; = 60° nén tam giac ADE déu. Suy D
ra AD = AE = DE. )
, . DE CE
Ap dung hé qua dinh ly Ta-lé&t: —=—— ha
p dung h¢ q 1 y 1B AC y /
A E c

AD_CE
AB AC’
Matkh AD AE nén A_D+A_D=2+A_E=£=
T AC AB AC AC AC AC
1 1 1
Suyra —+——=
AB AC AD

Nhdn xét. Nhitng bai toan ching minh dang thic c6 nghich ddo do dai doan thing, ban nén
bién doi va chirng minh hé thire tuong duong c6 ti s6 cua hai doan thang.

Bai 4. Mot duong thang di qua trong tAm G cua tam gidc ABC cit canh AB, AC lan luot tai M va
N. Chtrng minh rang:
M AN AM T

e Tim cdch gidi.

A
Dé tao ra ti sd ﬁA—C chung ta can van dung dinh
AM AN
1y Ta-let, ma hinh v& chwa c6 yéu té song song do
v@y ching ta can ké thém yéu t6 song song. Ké N
duong thang song song voi MN ti B va C vura khal
thac dugc yéu té trong tAm, vira tao ra dugc ti sb M 1
yéu cau.
B D c
N

o Trinh bay loi giai
Truwong hop 1. Néu MN // BC, thi 101 giai gian don
Truwong hop 2. Xét MN khong song song voi BC.
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a) Goi giao diém ciia AG va BC 1a D= BD = CD.
Ké BI// CK // MN (I,K € 4D)

Xét ABDI va ACDK c6 BD =CD; IBD = KCD; IDB = KDC nén ABDI = ACDK (g.cg)

= DI=DK.
AB Al

Ap dung dinh Iy Ta-1ét, ta c6 —=-"— (vi MG // BI

p dung y o ac M );

ﬂzA—K( GN // CK).

AN
Suy ra AB +AC=2'AD=3 (1) (vi ADzi.AG).

AM AN  AG 2
.. BM GI CN KG BM CN _GI+GK 2GD BM CN
b) Xét =— = hay =], suyra —+——=
AM  AG AN AG AM AN  AG AG AM AN

Nhan xét. Tir két qua (1), ching ta thdy rang béi G 1a trong tAm nén 24D

Vay néu G khong phai 13 trong tAm thi ta c6 bai toan sau:
- Mot dudng bt ky cat canh AB, AC va duong trung tuyén AD cua tam giac ABC lan luot
tai M, N va G. Chirng minh rang; A5 AC =2. AD.

AN AG
- Néu thay yéu tb trung tuyen bang hinh binh hanh, ta c6 bai todn sau: Cho hinh binh hanh
ABCD. Mot dudng thang bat ky cit AB, AD va AC lan luot tai M, N va G. Chimg minh

3 AB AD AC
rang: + =—.
AM AN AG
Bai 5. Mot duong théng di qua trong tdm G cua tam giac ABC cit canh AB, AC lan luot tai P, Q.
Ching minh rang: — % E
PA QA 4
e Tim cach gidi. ) ’ A
V¢ hinh xong va quan sat, ching ta nhan thay ti so
PB oc dd c6 & cau b, bai 1.4 va co két qua la
P4’ 04
Ll QC = . Do vay khai thac yéu t6 nay, két hop véi ¢
P4 04 p
bét déng thire dai sb cho 101 giai dep.
e Trinh bay loi giai B M C
Dua vao vi du 4, ta co: —+Q= 1
A0

Ap dung bat dang thirc (x+ y)2 >4xy;

Ta co: 1= (BP Af‘g) L, BPOC BPOC_1

PA 04 Y Pa 04 4
Bdi 6. Cho ABCD 4 hinh binh hanh c6 tim O. Goi M, N 1a trung diém BO; AO. Ly F trén canh
AB sao cho FM cat canh BC tai E va tia FN cat canh AD tai K. Chung minh rang:

B4  BC

a) —+——=4, b) BE+ AK > BC.
BF BE

e Tim cach gidi.
Vi phan tich va suy luan nhu cau a, bai 1.4 thi ta co:
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Tuong tu cau a, ching ta co két qua: A—D+A—B =
AK AF

va suy ra £+£+£+£ =8 dé lién két duoc
AK AF BF
BE + AK v6i nhau, ma véi suy luan trén thi BE,

AK cung nam & mau so, do d6 chiing ta lién tuéng

s€ cho D C

L 1A, 2l , .o 1
té1 bat dang thue dai s6 —+—2>
Xy .X'+y

chung ta yéu cu. Vi suy ludn do, chung ta c6 10 giai sau:
e Trinh bay loi gidi
a) Ké CI //AH // EF (vé6i I,H € BD)
Xé&tAAOH va ACOI ¢b AOH = COI (d6i dinh); OA = OB; HAO =1CO (so le trong)
= AAOH = ACOI (c.g.c)= 10 =0OH . Ap dung dinh ly Ta-1ét, ta co:
BA+BC BH+ BI  BH +BI BO+0H+BO ol ZBO iy
BF BE BM BM  BM BM BM .

b) Tuong tu ta co:
AD (AB_, AD AB AB BC o gL L )iap[ L+ L= (1)
AK AF AK AF BF BE

(Vo1 x,y>0)

Ap dung bat dang thic i+i >
Xy X+ y

Taco sl >4 4 o yp[ L L)y (2)
AF BF AF+BF AB AF BF
1

T (1) va(2)suyra: BC.| —+— |<4
(1)va @) suy ra: BC[ )<

! ! >L:>BC(L+L)> 4BC 4BC <4= AK + BE > BC.

_t— P =
AK BE AK+BE AK BE) AK+BE AK + BE

Bai 7. Cho tam gidc ABC nhon c¢6 AH 1a dudng cao. Trén AH, AB, AC lan luot lay diém D, E,
F sao cho EDC = FDB = 90°. Chtng minh rang: EF/BC.
(Thi hoc sinh gioi Toan 9, tinh Quang Ngai, nam hoc 2011-2012)
e Tim cdch gidi.
Pé chung minh EF/BC, suy ludn mot cach ty nhién
ching ta can van dung dinh 1y Ta-let dao.
Do viy can chimg minh ti 1¢ thirc A8 _AC . Nhan
AE AF~
thiy dé dinh hudng ti 1& thuc 4y ciing nhu khai thac
duoc EDC = FDB = 90° chung ta can ké BO L CD ;
CM _L DB, & co cac dudng thang song song rodi van
dung dinh ly Ta-let. Ttr 6 chung ta c6 161 giai sau:
e Trinh bay loi gidi.
KéBO L CD;CM L DB, BO va CM cit nhau tai I =D
la truc tam cua ABIC=DI 1L BC= 1, D, A théng
hang.

DE//BI = AL = A—B IC//FD = AL = AC suy ra A8 = ¢ = EF/BC
AD AE~ AD  AF AE  AF

(Pinh 1y Ta-let ddo).
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Bai 8. Cho tam gidc ABC vudng can tai A c6 BM la duong trung tuyén. LAy diém F trén canh BC
sao cho FB=2.FC.Ching minh 4F | BM .

e Tim cdch gidi. C
Nhan thdy tir FB=2.FCsuy ra: §—§=2 mang tinh chat

trong tam tam giac. Do vay néu goi G 1a trong tdm tam
gidc, AH la duong trung tuyén thi dé dang nhan dugc GF
/I AC va AH 1 BC nén G la trgc tam tam giac ABF. Do H
do6 ta co 101 giai sau:
e Trinh bay loi gidi.

Goi G la trong tam tam gidc ABC va AG kéo dai cat BC
tai H= AH la duong trung tuyén cua tam giac ABC. | |
Mait khac, AABCvuong can tai A nén AH 1 BC A M

Ta c6: 29— 2(vi G 1a trong tam); Va 2L — 5 (gia thibt)
GM FC

=>— BG _BF = FG//AC (theo dinh ly Ta-let ddo)
GM FC

= FG L 4B nén G la truc tdm AABF = BG L AFhay BM 1 AF .

Bai 9. Cho tam giac ABC. Biét ton tai diém M, N lan luot trén canh AB, BC sao cho

2. BM _ % va BNM = ANC . Chirng minh tam gidc ABC vudng.

AM
o Loi gidgi A
Cich 1. Goi P la trung diém cia AM, Q 1a giao
diém cia AN v6i CP
BM BM BN

Ta c6: —=2— = MN//CP (dinh ly Ta- 0 M
PM AM CN

let dao).

:@zmzm:AQCNcéntai Q.

Mat khac: C
PA=PM,PQ//MN = QA =0N nén Q4=0C =QON

ACAN vuong tai C = AABC vuodng tai C. A

Cidch 2. Dung D la diém d6i xing cua N qua C
= ND=CN+CD=2CN
MB BN MB BN BN
Taco: 2—=—= = M
MA CN MA 2CN DN
= MN//AD (dinh ly Ta-let dao).

A~~~

= D=N,=N, => AANDcan. Do do6 duong trung
tuyén AC ciing 1 dudng cao.
Vay AC 1 CB = AABC vudng tai C.

D C N B

Bai 10. Cho tam giac ABC c6 AD la duong trung tuyén. Goi M 1a diém tiy ¥ thuoc khoang BD.
Lay E thuoc AB va F thugc AC sao cho ME // AC; MF // AB. Goi H la giao diém MF va AD.

Puong thiang qua B song song véi EH cit MF tai K. Puong thang AK cat BC tai I. Tinh ti s6 % ?
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* Loi gidi
Qua D ké duong thing song song véi AB, cét tia Al
tai P. Ap dung dinh 1y Ta-let, cho cic doan thang
song song ta co:
IB AB AB HK

DP//AB == =22 A7 1R (),
ID DP HK DP
ME/AC = AB _AB _ BC 5y
HK BE BM
HK//DP va M/ — 2K _AH _BM 5
DP AD BD

Tir (1), (2) va (3) suy ra:
IB BC BM BC ~ 2. Vay Ezl
ID BM BD BD ID

Bai 11. Cho AABC nhon. Hinh chir nhat MNPQ thay d6i théa man M thudc canh AB, N thudc
canh AC va P, Q thudc canh BC. Goi giao diém ctia BN véi CM 1a X cua QONv6iPM1aY. Goi H
1a giao diém cua XY véi BC. Ching minh rang duong thing AH vudng goc véi BC.
e Tim cach gidi. A
Bai toan c6 nhiéu yéu td song song, do vay dé
ching minh duong thing AH vudng gbéc véi BC,
ching ta nén ching minh AH song song véi NP
hoic MQ. Véi dinh huéng 4y chung ta tim cach van M Z N\ N
dung dinh 1y Ta-let dao. Ching han néu chtrng minh X
AH song song véi NP, chung ta cin ching minh

HP _ AN . Bang cach van dung dinh 1y Ta-1ét ciing Y
HC AC

hé qua va bién ddi khéo 1éo cac day ti sb bang nhau,
chung ta s€ c6 101 giai dep.

e Trinh bay loi gidi.
Goi Z 1a giao diém cua XY véi MN vi ta giac MNPQ 14 hinh chit nhat, HP = ZM va MN // BC
nén: HP:ZM:XM:MN:AN
HC HC XC CB AC

Do d6 AH // NP (dinh ly Ta-let ddo) ma NP 1L BCnén AH L BC.
Bai 12. Cho hinh binh hanh ABCD c¢6 I; E 1a trung diém cua BC; AD. Qua diém M tiy ¥ trén AB
ké duong thang MI cit duong thing AC tai K. Puong thang KE cit CD tai N. Chting minh rang:
AD =MN.

e Loi gidi 4 M
Goi P 1a giao diém cua duong théng Ml va CD
Goi Q 1a giao diém cua duong thang KN va AB.

. E I
Nhan thay: AIBM = AICP(g.c.g) nén BM = CP.

Ta c¢O6 theo dinh 1y Ta-lét AM//CP nén D ¢ P
AM _AM KA N

= = 1
MB (;P KC M
Nhan thay AEAQ = AEDN (g.c.g) nén DN = AQ.
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Theo dinh 1y Ta-Iét, ta c6: AQ // CN nén DN _AQ _ KA )
NC NC KC
Tu (1) va (2) suy ra: AM _ DN AM DN AM DN

= = = =
NC  AM +MB DN+ NC AB DC
Suy ra AM = DN. Do d6 ADNM Ia hinh binh hanh suy ra AD = MN.

Bai 13. Cho tam giac ABC vuong tai A, duong cao AH. Goi I 1a trung diém cua AH. Dudng
vuong goc voi BC tai C cat duong thang BI tai D. Chirng minh DA = DC.

o Loi gidi q , D
Goi M la trung diém cua AC, N la giao diém cua MI va
AB. Tam gidac AHC c6 MI 1a duong trung binh nén MI
// HC, tic la MN // BC. A
Theo dinh 1y Ta-lét:
Do AH//CD nén 22 - 18y /
ID T HC N i M
Do MN // BC nén 2N _ AL _ 1M
" AH HC' -
Tacla =18 () 5 H ¢
HC

Tir (1) va (2) suy ra: % - % do d6 BN // DM (dinh Iy Ta-let dao).

Talaico: BN L AC nén DM 1 AC. Vay DM la duong trung truc cia AC, suy ra DA =DC.

Bdi I4. Cho hinh binh hanh ABCD. Trén dudng chéo AC ldy mot diém 1. Tia DI cét duong thing
AB tai M, cat duong thang BC tai N. Chung minh rang:
a) AM DM _CB b) ID’ = IM IN.
AB DN CN
e Loi gidai M
a) Ap dung hé qua dinh 1y Ta-1ét vao tam giac BMN
voi BM // CD, ta co:
MN BN N MN+ND BN + NC
ND NC ND NC B N
thirc) ¢
MD BC

1
=
) ND NC ( )
Ap dung hé qua dinh ly Ta-1ét vao tam gidc MAD
véi BN // AD

(tinh chat ti 1¢

AM DM _ CB

Tu (1) va (2) suy ra: = = .
()V()uy AB DN CN

b) Ap dung hé qua dinh 1y Ta-1ét vao tam giac ADI voi AD // NC, ta c6 j}l\)[ Ilg (3)
L A2 oa , fos ., iy . IM 1A
Ap dung hé qua dinh 1y Ta-1ét vao tam gidc DIC vé1 DC // AM, ta c6: D=1 (4)

ID IM
Tu (3) va (4) suy ra; — =— hay ID’ = IM.IN.
(3) va (4) suy N ey
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Bai 15. Cho tam giac ABC vudng tai A. V& vé phia ngoai hai tam giac ABD va ACE vudng can
tai B va E. Goi H 1a giao di€ém cua AB va CD; K 1a giao diém cua AC va BE. Chiing minh rang:
a) AH= AK b) AH’ = BH .CK .
* Loi giai E
a) BD/AC(L AB) 4
AH AC AH AC D
= = = =
BH BD AH+BH BD+AC
AH AC
= = C
AB BD+AC B

Ma BD = AB nén 4H =—24C ()
AB+ AC

AK _AB__AK _ AB __ AK __ 4B
KC CE  AK+KC BD+EC AC BD+EC

Ma CE = AC nén 4K =2A4C (5
AB+ AC

Tur (1) va (2) suy ra: AH = AK.
b) BD/AC = AR _AC (3);CE//AB =

AB//CE(L AC) =

CK _CE

Ma AC =CE, BD = AB.

. ) AH CK
Két hop voi (3) va (4) ta cO6 —=——, suyra AH’ = BH.CK.
op V6i (3) va (4) ta €6 ==, suy

Bai 16. Cho hinh vuéng ABCD, diém E thudc canh BC. Goi F la giao diém cua AE va CD, G la
giao diém cua DE va BF.
a) Goi I va K theo thir ty 14 giao diém cia AB va CG va DG. Ching minh rang IE song song
v6i BD.
b) Chirng minh rang AE vudng goc véi CG.

o Loi gidi A B 1 K
a) Ta s& chirng minh ﬁ=E Do BK // DF nén
IB  ED G
theo dinh ly Ta-1ét, ta co6: K _I1G _ 1B E
CD GC CF
IK CD
suyra —=—— (1)
IB  CF F
D (&
Ciing theo dinh ly Ta-1ét vaoi AK // DF, ta co: KE_BE_AB (2)
ED EC CF

Ta lai c6: AB = CD nén tur (1) va (2) suy ra: %:E

ED
Theo dinh 1y dao Ta-1ét ta c6: IE // BD.

b) Taco: BD 1L AC valE //BDnén IE 1 AC.
Tam gidc ACI ¢c6 CB L Al,IE 1 AC nén E 1a tryc tdm cua tam gidc ACIL. Suy ra 4E 1 CG.
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Bai17. Cho tam gidc ABC va D la mot diém tiy y trén

\ A
AC. Goi G la trong tam A4ABD . Goi E la giao diém cua
CG vaBD. Tinh £8_ <4
ED CD F
o Loi gidi
Goi F la giao diém BG vé6i AC thi AF = FD. b
Lay M thudc CG sao cho DM // BG. Py
Ta c6: CA+CD =CF + FA+CF - FD hay
CA+CD=2CF =CA=2.CF = CA=2.CF-CD C
Vi G 14 trong tim AABD nén GB =2.GF B
Vi MD/BG = EB_CA_ OB 2CF-CD _2GF 2CF
ED CD MD CD MD CD
Ma GF // MD nén G—cm—Fdo vay, tu (1) suy ra: EB_CA_ 1
MD CD ED CD

Bi{i 18. Cho hinh binh hanh ABCD,Q diém E thudc canh AB, diém F :thu(f)c canh BC. Goi I 1a giao
diém cua CE va AD, goi K 1a giao diém cua AF va DC. Ching minh rang EF song song véi IK.

N e

e Loi gidi

1

Goi O 1a giao diém cua AF va CE.

Theo dinh 1y Ta-let:

E
AE/CK = 9E 204 4 B
ocC
(0]
F
C

OK'
piycr =€ _9F
Ol 04
., OE OE OC 04 OF OF
Tach: —=— —=—"— —  =—"_,
Ol OC OI OK 04 OK
OE OF D

— =——= EF//IK (theo dinh ly Ta-let d4o).
Ol OK

K

Bai 19. Cho tam gidc ABC can tai A. Trén canh BC kéo dai vé phai C iy diém M. Mot dudng

thang A di qua M cit cac canh CA, AB lan luot tai N va P. Chiing minh rang %—g—% khong
d6i khi M va A thay ddi.
* Loi gidi A
Ké NH // AB (V61 H € BC) suy ra:
BM CM MH CM MH CM CH
BP CN NH CN CN CN CN
Mat khac NH //AB P
CH CN CH BC
>— = —=—,
BC 4AC CN AC N
vay BM _CM _ BC \y6ng dbi khi M va A thay
. BP CN AC
doi. B H C M

Bai 20. Gia st O la giao diém cua hai duong chéo AC va BD cua tir giac 16i ABCD. Goi E, F.H
lan luot la chén cac dudng vudng goc ké tr B, C va O dén AD. Ching minh rang:
AD.BE.CF < AC.BD.OH . Bang thtric xay ra khi nao?
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e Loi gidgi c

Ké AT L BD(T € BD), thi AT < A0

Nén AD.BE =BD.AT(=2.5,,) B

Suy ra AD.BE < BD.AO Q

— AD.BE < AC.BD Y (1)

AC
Mat khac, OH // CF nén 29 = 9 (5)
~CF
1 | 1
A E H F D

Tur (1) va (2) suy ra: AD.BE < AC.BD.?—[; < AD.BE.CF < AC.BD.OH.

Ding thirc xay ra khi T tring voi O hay AC vudng goc voi BD.
Bai 21. Cho tam giac ABC vuong tai A. Cac tor gidc MNPQ va AXYZ la céc hinh vudng sao cho
M e AB;Q,Pe BC; N € AC; X, Y, Z twong ung thudéc AB, BC, AC. Chirng minh MN < AX .

11. biat x; y 1a canh hinh vuong MNPQ; AXYZ; va a, b, ¢ 1a d6 dai BC, AC, AB. Ké AH 1 BC;
dat AH=h. Tir 4o suy ra: ah=b.c(=2.5,,.) va a’ =b"+c’.

o Loi gidi A
Ta co
2 2 g2 2 2 2 M N
(a+h) =a’+h’+2ah>b’+c’ +2bc = (b+c) z
=a+h>b+c X
a+h b+c 1 1 1 1
= > =—+—>—+- (1)
ah bc a h b ¢
Theo dinh 1y Ta-let, ta cé: F o m v P c

x x_MN MQ_AM MB _

@ T BC am T 4B 4B
y y_Xy zv _BY CY 13){1 Jj:y[1+1j 2)

+
b c AC AB BC BC a
Tu (1) va(2) suyra: x<y hay MN < AX .

Bai 22. Goi M la diépq bat ki trén duong trung tuyén trén duong trung tuyén AD cua tam giac
ABC. Goi P 1a giao diém cia BM va AC, goi Q la giao diém cia CM va AB. Chirng minh PQ //
BC.

* Loi giai 4
Qua A ké duong thang song song voi BC, 1an luot
cat BP va CQ kéo dai tai E va F.

Ap dung hé qua dinh 1y Ta-let, ta co:
AF _AM _AE 0 £
CD MD BD

Ma CD = BD nén AF = AE.

Ap dung hé qua dinh 1y Ta-let, ta cé:
AF _AQ AE _ AP
BC OB BC PC

49
B

Suy ra: AP _ = PQ/BC (dinh ly ddo Ta-let).
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Bai 23. Cho tam gidc ABC c6 AB<BC, duong phan giac BE va duong trung tuyén BD (E;D
thudc AC). Puong thang vudng goc véi BE qua C cat BE, BD lan luot tai F, G. Chirng minh rang
duong thang DF chia déi doan thang GE.
o Loi gidi B
Goi giao diém cua CG va AB 1a K va giao diém cua
DF va BC la M.
Ta c6 ABCK can (vi c6 BF vura 1a duong phan giac, vira
1a duong cao)= F la trung diém cta CK.
AACK c6 FK = FC, AD = CD suy ra DF la duong trung A D
binh= FD//AK . E
ABCK c6 FK = FC, FM // BK suy ra M 1a trung diém
cua BC. F

Xét tam giac DBC c6 trung tuyén DM, ta c6 GE//BC,

suyraﬁzﬁM BM = MC, do d6 OE = OF hay K
BM MC

DF chia d6i doan thing GE.

Bai 24. Cho tam gidc ABC. Ly diém O nim trong tam giac, cac tia BO va CO cit ACva AB lan
luot tai M va N. V€ hinh binh hanh BOCF. Qua N ké duong thang song song v&i BM cat AF tai E.
Chirng minh rang:

a) MONE 14 hinh binh hanh by AE _AM AN _OM.ON
AF  AB. AC OB.OC

o Loi gidi
a) Goi G 1a giao diém cua NE va AC, H 1a giao diém
CF va AB.
Theo dinh 1y Ta-let, ta co:
NE//CH = GE CF
FH

NE//BM//CH = M _ NB (z NO)

MC BH\ oC)
CF _ BN

BH
Suy ra GE _GM = ME//NC F
EN MC
= MONE la hinh binh hanh.
b) Ta c6 BM // HC va NE // HF, theo dinh 1y Ta-lét,
ta co:
AM.AN:AM AN:AB AN:AN:A_E (1) H
AB.AC AC AB AH AB AH AF
Ta c6: OM // NG; OB // CH. Theo dinh 1y Ta-1¢ét, ta c6:
OMON OM ON NG NC NG
OBOC OC OB NC HC HC
Ma NG/HC = NG _ AN
HC AH
AN _AE_ OMON _AE
AF OB.OC AF
Tir (1) va (2) suy ra diéu phai chirng minh.

CN//BF =

NE//HF =
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Bai 25. Cho hinh thang ABCD c6 day 16n CD. Qua A ké duong thing song song voi BC cit
duong chéo BD tai M va cat CD tai I. Qua B ké duong thang song song v6i AD cat canh CD tai K.
Qua K ké dudng thing song song v6i BD cét BC tai P. Chirmg minh riang: MP/DC.
* Loi giai A B

T giac ABKD c6 AB // DK; BK //AD nén ABKD la

hinh binh hanh, suy ra: DK = AB (1)

T giac ABCI c6 AB // CI, Al // BC nén ABCI la

hinh binh hanh, suy ra: CI=AB (2)

Tu (1) va (2) ta c6: DK =CI = DI =KC

Ap dung dinh 1y Ta-1ét vaio A4BM véi AB // DI, ta

.. BM 4B D K I ¢
o —=—.
MD DI

BP DK BP AB
ha =

“xc "V pc ke
Ma DI =kC—AB_AB _ BM _BP 4, 46 MP //CD (dinh Iy Ta-Iét déo).
DI KC MD PC

Ap dung dinh 1y Ta-1ét vao ACBD véi KP // BD, ta c

Bai 26. Cho tam giac ABC ¢6 CM la trung tuyén. Qua diém Q trén AB v& duong thing d song
song vo1 CM. Puong thang d cat AC, BC lan lugt tai P, R. Chung minh rang néu QA.QB = QP.QR
thi tam gidc ABC vudng tai C.
o Loi gidi A
Trong tam giac BQR c6 CM//QR
M

MB .
Nén——=— (h¢ qua dinh ly Ta-let
enQR QB(cqua inh 1y Ta-let)

:CMZQ.MBZ%.MB
OB OP M
OR 04

do QA.0B=0P.OR =
(do QA0B=0POR= Zo= 20, 0
Mat khéc, trong tam giac ACM c6 PQ // CM

C
e Q4 AM Z &
oP_ CM
Vi cm =4 AM

=—.MB nén CM =——MB
P M

= CM?’ = MAMB = AM’ (vi MA = MB)

P
= CM =AM =BM. Vay AABC vudng tai C.

Bai 27. Cho tam gidc ABC c6 trong tim G. Mot diém P thudc canh BC. Cac dudng thang qua P
theo thur tu song song voi CG va BG cit AB, AC lan luot tai E va F. Goi giao diém cua BG va CG
v6i EF 1an luot 1a I, J. Ching minh rang:

a) EI=1J=1JF;

b) PG di qua trung diém cua EF.

o Loi gidi
a) Goi BM va CN la cac duong trung tuyén cua tam giac ABC. Goi giao diém ciia BG va EP 1a
H,cutaCGvaFPIaT.

Tu HI // PF, EP // CN, theo dinh 1y Ta-let, ta co: EL_EH NG _1
EF EP NC 3
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Suy ra EI =§EF A
Tuong tu ta co: FJ =§EF.

Do do: EI=IJ=FJ=§EF.

b) Tu PE // CN, theo dinh ly Ta-let, ta c6:
PH CG 2
PE CN 3
Tu PF // BM, theo dinh 1y Ta-let, ta co:
PT_BG _2_PH_PT 4o d6 TH // EF
PF BM 3 PE PF
(dinh ly Ta-let ddo).
Goi O, K 14 giao diém ctia PG v6i HT va EF. Ta ¢6 PHGT 14 hinh binh hanh = OH =OT.
HO PO OT

Theo hé qua dinh 1y Ta-1ét, ta c6: —=-—==——_ Tir 46 suy ra KE = KF, diéu phai chiung
EK PK KF

minh.
Bai 28. Cho hinh thang ABCD ( AD<CD,AB//CD) c¢b dudng chéo AC bang canh bén AD. Mot
duong thang d di qua trung diém E cta CD cit BD va BC tai M; N. Goi P; Q 1a giao diém cia AM;
AN véi CD. Chimg minh  MAD=0QAC.

N o

e Loi gidi

N

Goi I 1a giao diém cua dudng thang d va AB.
Ap dung dinh ly Ta-1ét, ta co:

AByCD — PP _DE_EC_NC_QC

AB  BI A{ NB AB
Do d6 DP = QC theo gia thiet AC = AD = AADC can
tai A A B
= ADP = ACQ = AADP = AACQ (c.g.c)
Suy ra MAD = @ M
D 0 E P C

Bai 29. Cho tam giac ABC. M 1a diém thudc BC. Chirng minh rang:

MAMB < MC.AB+MB.AC.
o Loi gidi A

Ké MN // AB (hinh v&). Ta co:

MN _MC v = 48 M€

AB  BC BC N

NA_MB _ i 40 MB

AC  BC ) BOC
Ma AM < MN+ NA (bat dang thirc tam giac),
Hay AM < AB.M—C+ AC.@

BC BC # 7 o

Vay AM.BC < MC.AB+ MB.AC.
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Bai 30. Cho tam gidc nhon ABC c6 A=45°, céc duong cao BD va CE cit nhau & H. Puong
vudng goc v4i AB tai B cit AC ¢ 1. Puong vudng goc voi AC tai C cat AB ¢ K. Goi F 1a giao
diém cua BI va CK, G 1a giao diém cta FH va EI. Chimg minh ring G 14 trong tdm cia tam giac
AIK.
o Loi gidi
Tam gidc vuong ACK co A=45 nén la tam giac
vuong can, CE la duong cao nén AE = EK, IE la
duong trung tuyén ciia AAIK.
Ta s& chimg minh IG = 2.GE (bang cach ching minh
FI=2EH).
Ta c6: FI = CF~/2 (vi ACIF vudng can),
CF = BH (vi BFCH 1a hinh binh hanh).
BH = EHA~2 (ViIABEH vuong can) nén FI = 2EH. Do
EH // FI nén theo dinh ly Ta-let, ta co:
£=£=2 suy ra IG = 2GE.
GE EH
Vay G la trong tdm cua AAIK.

K

Bai 31. Duong thfmg d di qua trong tdim G cua tam giac ABC cit canh AB tai M, canh AC tai N
AB __AC’  BC’ _

AM.BM AN.CN BP.CP

va tia CB tai P. Chung minh rang;

* Loi giai
Qua A va C ké duong thang song song Vo1
duong thing d, cit duong thing BG lan luot tai
A’vaC’.
Ap dung vi du 4, ta co:
AB | AC_ . AC BC_:
AM AN CN CP
Vi MN cit tia CB tai P nén twong ty cach chirng
minh vi du 4, ta co:
BA BA' B4 BC':> B4 BC _

BM BG BP BG _ BM BP (2)
Tu (1) va (2) suy ra:
AB AC AC BC AB BC

AM AN CN CP BM BP
AB(AM +MB) AC(AN+NC) BC(CP- BP) AB’ | AC’  BC’
+ - =9 & + - =9 (dpcm).
AM .BM AN.CN BP.CP AM .BM  AN.CN BI?.CP

Nhdn xét. Dya trén bai todn trén, chung ta giai duoc bai toan sau: Pudng thang d di qua trong
tam G cua tam gidc déu ABC, canh a, cat canh AB tai M, canh AC tai N va tia CB tai P. Ching

1 1 9

+ - =—.

AM.BM AN.CN BPCP d’

Bai 32. Cho tam giac ABC voéi diém M thudc mién trong tam giac. Goi I, J, K tht tu 1a giao diém
cua cac tia AM, BM, CM vdéi cac canh BC, CA, AB. Pudng thang qua M va song song véi BC cat
IK, 1J tai E,F. Chtiing minh: ME = MF.

minh rang:
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o Loi gidi y

Goi EF cit AB, AC tai P, Q. Theo dinh 1y Ta-Iét, ta

co:
o O . y
ME _IC
MP BC
MQ BC
MF Bl

Te (1), (2) va (3) nhian vé v6i vé ta duoc:

MP ME MQ IB IC BC

MO MP MF IC BC IB
— ME _ | hay ME = MF.
MF

B D (&

Chu dé 2. TINH CHAT PUONG PHAN GIAC CUA TAM GIAC

Bai 2.1 Cho tam gidc ABC, trung tuyén BM cit phan giac CD tai P. Ching minh ring:

PC_AC |

PD BC

o Loi gidi
Duya vao dinh y Ta-lét: £—£=1©E=£+
PD BC PD BC

CD 1a phan giac cua A4ABC nén
DA AC DA AC AB AC
kSNl (i [Pl
DB BC DB BC DB BC
Vi vay chi can ching minh: PC_ ﬁ
PD DB
Cach 1. V& DK // BM (K thudc AM ), theo dinh ly
. ., PC MC MA AB
Ta-lét, tacd: —=——=——="—.
PD MK MK DB

Cich 2.

V& DI // AC (I thudc BM),
Theo dinh ly Ta-1¢ét, ta co:
PC _MC MA _AB

PD DI DI DB

Cich 3.
V& AN // BM (N thudc tia CD) A4

Do MA=MC suyra PC=PN :Ezﬂ N
PD PD "
Mit khac Y2 -L4 o an 1 BP), )
PD DB

PN ND DA AB PC AB
Suyra —=—+l=—+l="—=""—
PD PD DB DB PD DB B C
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Cach 4.
V& AH //CD (H thudc tia BM ), 4 E
Ta c6: AAMH = ACMP(c.g.c)
Suyra PC= A= L€ A0 D M
PD PD
Mait khac, do PD // AH nén theo h¢ qua dinh 1y P
AH AB PC AB
Ta-lét, tacd: —=—=—=—. B C
PD DB PD DB
Cach 5.
Trén tia dbi cia tia MB, lay diém E sao cho A
MB = ME . Suy ra ABCE 1a hinh binh hanh.
Suyra AB// CE va AB=CE. H
Theo h¢ qua cua dinh 1y Ta-1ét, ta co: D
PC _CE _AB
PD BP DB’ P
B c

Bai 2.2 Cho A4ABC cantai 4 va A=36°. Ching minh rdng: 4B> = AB.BC + BC*
* Loi giai A
e Tim cdch gidi. Phan tich dé bai, ching ta thu duogc
B=C=72°, nhan thidy 72°=2.36° do d6 ching ta nén ké
phan giac goc B (hoac gbéc C) la suy luan ty nhién. Tur do

van dung tinh chat duong phéan gidc trong tam giac va bién
ddi linh hoat ti 18 thirc ta duoc 1oi giai hay.

e Trinh bay loi gidi.
Ké phéan giac BD cua @(D € AC), khi do B, =B, =36°
= AABDcan tai D va ABCD cantai B= AD = BC = BD.
Theo tinh chat duong phan gidc trong tam giac ABC,
BA_AD _ BA__ BC
BC CD BC AC-A4D
BC

Ma AB=AC;AD = BC nén B—A:— 2
BC BA-BC B C

< BA(BA-BC)=BC’
< BA* - BA.BC = BC* < AB* = AB.BC + BC*.

Nhan xét. Tuong tu chung ta giai dugc bay toan sau: Cho A4ABC can tai A va A=108°.
Chirng minh rang: AB* = BC* — AB.BC..

Bai 2.3 Cho tam gidc ABC co trong tdm G va [ 1a giao diém cua ba dudng phén giac trong. Biét
rang /G // BC. Chirng minh rang: 4B+ AC =2.BC.

o Loi gidi
e Tim cdch gidi. Nhan thiy dé khai thac /G // BC ching ta nén ké duong phan giac goc 4 va
trung tuyén ting v&i canh BC thi s€ van dung duoc gia thiét do.

\ A ar 1 1A , Al < ..oz Al L« i .. .2
Tt suy ludn do ching ta co két qua Do 2. Mat khéc, ti s D’ két hop véi I 1a giao diém
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ctia ba duong phan giac trong cho phép ching ta lién twdng téi kha ning van dung tinh chat
duong phan giac trong tam giac 4BD, ACD . Ttur d6 ching ta co6 101 giai sau:

e Trinh bay loi giai

A

Goi D, M lan luot la giao diém cua AI, AG véi BC.
Theo tinh chit duong phin gidc trong tam giac
ABD, ACD , ta co:
IA_AB _CA_AB+AC _AB+AC
ID BD CD BD+CD BC

G
G Bc=tA_CA )  ABYAC I

ID GM BC

Hay AB+ AC=2BC.

D M c

Nhan xét. Vi ky thuat va 16i tu duy trén, ching ta B
c6 thé gidi dugc bai todn ddo: Cho tam gidc ABC cb
trong tim G va I 1a giao diém ba duong phan giac
trong. Biét ring AB+ AC =2.BC . Chuing minh rang: IG // BC.
Bai 2.4 Cho tam giac ABC c6 ti s gitra hai canh chung dinh 4 1a 3:2. V& dudng trung tuyén 4AM
va duong phan giac AK . Tinh ti s6 dién tich ctia hai tam gidc 4KM va AKB.

e Loi gidi

AB 3

o Truwong hop 1. Xét —==.

g hop AC 2
KB-KC va KC _AC
2 KB AB
Tach: Suu _ KM _KB-KC _1( KC
KB 2KB 2 KB

Chu y rang: KM =

AKB

o Truwomg hop 2. Xét %:%.

KC-KB . KC_AC
2 KB 4B

S, KM_KC—KB_l(E_Ij

Ta co: = =
'« KB  2KB 2\ KB

_1fac 12 )1
2\ 4B 23 4

Nhén xét. Bai nay dé bo sot truong hop.

Bai 2.5 Cho tam gidc ABC c6 BE va CF 1a hai dudong phan giac cit nhau tai O. Chimg minh

rang néu OB.OC =%BE.CF thi AABC vudng tai 4.

Chu y rang KM =

A

C K M B
A

B K M C

o Tim cich gidi. V&i gia thiét OB.OC:%BE.CF va chimg minh A4BC vuéng tai A, d& dang

nhén thay tr mdi quan hé vé& d6 dai ma chimg minh tam giac vudng, tat yéu ching ta nghi t6i
dinh 1y Py-ta-go d4o. Do d6 chung ta can biéu dién 0B.OC = %BE .CF thong qua céac canh cua

tam gidc ABC . Pinh hudng cubdi cung 13 o =b* +c>.
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e Trinh bay loi gidi.

béat BC=a,AC=b,4AB=c.

Theo tinh chat dudng phén gidc, ta co:
BF_BC__BF ___BC

FA AC BF+FA BC+A4C E
BF a ac F
—= = BF = .

c a+b a+b
OF BF ¢ :>0F+OC_a+b+c:>C_F_a+b+c
OC BC a+b oC a+b ~OC  a+b

Tuong tu, ta co: BE _atbtc B ¢

OB a+c
2
Tur gia thiét 0B.0C = LpE.cr = BECE _,_, (axb+e)
2 0B.OC (a+c)(a+b)

S at+b*+c* +2ab+2ac+2bc =2a” +2ab+2ac+2bc= a* =b* +¢*
suy ra AABC vuodng tai 4.

=2

Bai 2.6 Cho tam giac ABC vudng tai 4 c¢6 G la trong tim, BM la duong phan giac. Biét rang
GM 1 AC.Chung minh rang BM vudng goc voi trung tuyén 4D .

o Loi gidi B
Cich 1. (Khong dung tinh chat duong phan giac). Got
I 1a giao diém cia BM va AD,H la trung diém

AC = DH J/ AB va DH:%AB (vi DH 1a duong trung

binh A4ABC). G
Laic6 GM // AB (cung vudng gbéc voi AC) I

= GM // DH . Ap dung h¢ qua dinh 1y ta-1ét:
Xét AADH ¢b6 = GM /| DH

GM _AG _2_ GM _2 4 M H
— —_—— — =

DH AD 3  DH 3

Xét AABI ¢c6 GM // AB= GI GM GH l

AI AB BH 3
= GI+Al_A+3 = AI:E.AG:E.E.AD: Al _4b = [ 1a trung diém cta AD.
Al 4 43 2
AABD c6 BI vua la duong phan giac, vura la duong trung tuyén, suy ra AABD céan tai B nén
BI vua la dudng cao vira 1a duong phan giac. Do d6 BM 1 AD.

Cach 2. AADH c6 GM // DH = AM _AG 2 =3AM =2.AH = AC =AM + MC
AH AD 3
hay MC=2.4AM .
Ap dung tinh chat dudng phan giac trong A4BC, ta co: i—g = AA{[—Z 2= AB= % =BD.

Vay AABD cantai B nén BI vua la phan gidc vura la duong cao.
Do d6 BM 1 AD

Bai 2.7 Cho tam gidc ABC c6 I la giao diém cuia ba dudong phéan giac. Pudng thang qua / cit cac
duong thang BC,CA, AB lan lugt tai D,E,F sao cho D,E nam cung phia doi voi diém 7. Chung
BC AC 4B

minh rang: —+—— ==
D IE IF
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o Loi gidi A
Ap dung tinh chat duong phan giac trong va ngoai
cua tam gidc, ta co:
BD BF CE _CD AF _AE
D IF'IE ID'IF IE

.. BC_BD CD_BF CE g
Tacdh: —=—-—=—7--— (1)
ID ID ID IF IE f e
Taco: AC_AECE_AF CE (g
I[E IE IE IF IE
B C D

Tir (1) va (2) cong vé véi vé, suy ra:
BC,AC_BF AF 4B
ID IE IF IF IF’
Bai 2.8 Cho tam giac A4BC, duong phan giac AD. Pit AC=b,AB=c. Chimg minh rang
2bc

AD < .
b+c

o Loi gidi
Cich 1. Qua D ké dudng thang song song véi AB, cit
AC 6 E.
Taco: Blzféljzgnén AE = DE.
Ta tinh DE theo b va c.

Do DE // AB nén theo dinh ly Ta-1ét thi A_lEi = l;_C( ).

Theo tinh chit duong phan giac be_4Ac_b

DB AB ¢

DC b . DC b
tc la: —=

an _
DC+DB b+c BC b+c
b

b+c’

=
= '
=]
o]
a

)

Tir (1) va (2) suy ra: 2 =
C

Do d6 DE =2 . Tam gibc ADE c6 AD < AE + DE = 2DE =22
b+c b+c

Cach 2. (khong dung tinh chat duong phan giac).
Qua B ké duong thing song song voi 4D, cit duong
thing AC ¢ K.

~ o~ o~ ~

Taco: K, =4,;B, = A:>K B

= AABK cantai K,nén AK = AB=c.

Do BK // AD nén theo dinh 1y Ta-1ét thi 4
AD_AC_ b _ up-t mx () 2
BK KC b+c b+c

Tam gidc ABK ¢O6 BK < AB+ AK =2c¢ (2)

Tir (1) va (2) suy ra: AD < beC

K

+c
Nhan xét. Tir két luan bai toan, suy ra:
1 _b+c 1 _1(1 1 B D c
> = >—| —+—
AD  2bc AD 2

b c)
Tuong tu nhu vay dbi véi duong phan gidc goc B va goc C, thi chung ta giai duoc bai toan
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hay va kho sau: Cho tam gidc ABC . Goi [,/,,/ 1a 40 dai duong phan gidc goc 4,B,C.

batBC=a,AC=b, AB =c.Ching minh réng: i+l+l>l+l+l.
[ I, I a b c

Bai 2.9 Cho AABC c6 AD 1a duong phén giac, I 1a giao diém cia ba dudng phan gidc va K 1a
trung diém cta 4B . Biét ring KIB =90°. Chung minh rang: 4B+ AC =3BC.

e Loi gidi

A
Trén BA liy diém E sao cho BE = BD
Ta c6: ABDE céantai B c6 BI la duong phan giac nén
BI | BE
dodo DE //KI(LBI)=»2E_PL ()
KA Al

Ap dung tinh chat duong phan gidc trong K
AABD,AACD taco : BD_ID_CD (2) 1

BA I4 CA E
Do dé BD _CD _ BC 3)

BA CA BA+CA
B D c

Tir (1) va (2) suy ra: 2L -BD _BE_ BE
KA BA BA 2KA

Hay 2KE = BE = BE =~ BK = BD =~ 4= 22 -1 (4
3 3 BA 3

Tur (3) va (4) suy ra: L:l: AB+ AC =3.BC.
BA+CA 3

Bai 2.10 Goi Al 1a duong phan gidc cua tam giac ABC;IM ,IN thu tu 1a cadc duong phan gidc cua
goc AIC va gbc AIB . Chimg minh rang: AN.BI.CM = BN.IC.AM

e Loi gidi

A

Ap dung tinh chét duong phan gidc vao cac tam gidc
ABC,ABI,AIC:
BI AB AN AI CM IC
IC AC NB BI MA AI
BI AN CM _AB Al IC_AB IC_, N v
IC NB MA AC BI Al AC BI
= BI.AN.CM = BN.IC.AM

B D C

Bai 2.11 Cho tam gidc ABC c6 chu vi bang 18cm. Puong phan giac ciia goc B cit AC tai M,
MA 1 NA 3

duong phan giac cua goc C cit 4B tai N. Biét ring: ——=—;—— == Tinh d¢ dai cic canh cua
MC 2°NC 4
tam gidc ABC.
o Loi gidi
Xét AABC c6 BC la duong phan gidc cia A4BC nén:
AM _AB _ AB _1 1

=22 — AB=—BC.
MC BC  BC 2 2

Goi CN la dudng phén gidc cia AACB, suy ra:
NB BC BC 4 4
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Ta co:
A
AB+BC+AC—18<:>%+BC+3BC—18
9 M
&2 BC=18= BC=8(cm) N

Tir d6 ta tinh dugc AB =4(cm); AC =6(cm)

B C

Bai 2.12 Cho AABC vudng can tai 4. Pudng cao AH va dudng phan gidc BE cat nhau tai /.
Chtirng minh rang: CE =2.HI

* Loi gidi B
Ta co6:
Zﬁfzﬂl\{hﬂ?\]=%(2+§)=45°+%§=45°+%6=14/E\1
Suy ra AAIE cantai A= Al = AE (1).
Ap dung tinh chat duong phan gidc cia AABH va ABAC, H
ta co:

IH BH _AB _BH

s 2
14 BA Al IH @) !
EC BC AB BC
EC_BC_ 4B _BC 3)
EA BA AE EC C
BH BC A E
Te2)va(3)suyra: —=—— 4
@vi@)suyra: SL-2E @)

Vi AABC vudng can tai v nén BC =2.BH .

Twr do két hop voi (4), suy ra EC =2.1IH .
Bai 2.13 Cho hinh chir nhat 4BCD. Goi M 14 trung diém AD,N 14 trung diém BC. Trén tia ddi
cua tia DC liy diém P, duong thing PM cit AC tai Q va cit BC tai S.Puong thing ON cit
DC tai R.Chung minh rang;

a) ANPR la tam giac can. b MO _ &
MP SP

a) Taco: CN // DM ;CN =DM va

NCD =90° nén CDMN 1 hinh chir nhat
=MN//CD B
Goi O la giao diém ctia AC va MN .
AAOM va ACON cb:

AM = CN; AMO = CNO =90°MAO = NCO o
= AAMO = ACNO(c.g.c) = MO =ON.
Ap dung hé qua dinh 1y Ta-1ét, ta co: P D ¢ R

MO _Q0 ) cpy NO_00
c’ " ocC

Suyra—gzﬂg—m a MO=NO suyra CR=CP.

MO /| CP =

ANRP c6 NC 1L PR,CR=CP nén ANRP can.
b) MN // RP nén ONM = NRP,MNP = NPR
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ma ]@:]@:Q/NA\I = MNP = NM la tia phan giac QNP .
Ta cd: NS L MN nén NS la tia phan gidc goc ngoai dinh N cia APNQ.
Ap dung tinh chat dudng phan gidc trong va ngodi cia ANPQ,

MQ _NQ SO _NO _ MO _SO

tacHd: — ; )
MP NP SP NP MP SP

Bai 2.14 Cho AABC c6 AM.BN.CP la cac duong phan gidc. Bat BC =a; AC =b; AB =c. Ching

. : S 2abc
nh rang: —27 — .
TRTRS S e (a+b)(brc)(cta)
e Loi gidgi A
Theo tinh chit duong phan giac cia AABC, ta co:
AN _AB_ AN 4B
NC BC NC+AN BC+ AB N
ﬂz ¢ = AN = be . P
b c+ta cta
Tuong tu, ta co: AP = be .
b+a
S AN.AP bc
Mait khac: =422 = = 1
O S e ABAC  (a+b)(ate) ) B M ¢
S ac
T tu: —2ME — 2
SN e (B e) ¥
 Seun ab
va = 3
S sc (a+c)(b+c) )
S S S S
Tu (1), (2) va(3) taco: ML =] —ANP _ —BMP _ _CMN
SABC SABC SABC SABC
i be B ac B ab
(a+b)(a+c) (a+b)(b+c) (a+c)(b+c)
_ (a+b)(a+c)(b+c)—bc(b+c)—ac(a+c)—ab(a+b) . Sune _ 2abc
(a+b)(a+c)(b+c) S e (a+b)(a+c)(b+c).

Bai 2.15 Cho AABC ¢6 AB=4cm;BC =6cm;CA=8cm. Goi I 1a giao diém ba duong phan giac
clia tam gidc ABC va G la trong tAm. Tinh d6 dai doan thing /G .
o Loi gidi A
Goi D,M lan luot la giao diém cua AI,AG voi
BC.
Ap dung tinh chit duong phan gidc trong tam
giac ABD, ta co:
@ _ ﬁ N BD _ AB ‘ I G
CD AC BD+CD AB+AC
BD_ 4 _ pp 0%

—_= =2cm.
6 4+8 12 B D M C
ID_BD_ID_2_1
IA AB I4 4 2
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Mait khac G 1a trong tdm AABC:%zl.
AG 2
ID_GM(_1)_ 161 DM (theo dinh Iy Ta-lét déo)
A  GA 2
= G _AG = G =231G=EDM. :>IG=£.(BM—BD)=2(3—2)=%cm.
DM  AM DM 3 3 3 3 3

Bai 2.16 Cho hinh binh hanh 4BCD(A4D < AB) cac diém M,N lan luot thudc 4B, AD sao cho
BM =DN . Goi O 1a giao diém cua BN va DM . Puong thang CO cit dudng thing 4B va AD
theo thu ty la 7 va K. Chung minh rang: CD = DK; BI = BC
o Loi gidi
Goi E 1a giao diém cua duong thang BN va CD /\
BM J/ DE nén oM _ BO A !
D OF

ma BM = DN nén @—DN

=— 1
"D (1) v 0
DN BC
==
ED CE D -
BO BC E
To(l)va(2)suyra —=—
(1) va Q) suyra = o=

= CO la duong phan giac BCD
:EK\Czﬁ(:B/CT():ACDK cantai D= CD=DK

Ta cd6 DN // BC nén

:ﬁ‘:zﬁ(zﬁ))jwa can tai B= BI = BC.

Bai 2.17 Cho tam gidc ABC vudng tai 4. Co6 dudng cao

AH , duong trung tuyén BM va duong phan gidc CD dong
. . : BC BH

uy tai 0. Ching minh rang: —=——.

quy te g g 1C _CH

* Loi giai
Keé MI L HC vi AH 1 HC nén MI // AH .
Mit khac MA=MC nén HI =CI = 2.HI =CH .
Ap dung tinh chat dudong phan giac va dinh 1y ta-1ét, ta cé: D
BH BH BO _ BC _BC
CH 2HI 20M 2CM AC 0

A M C

Bai 2.18 Cho tam gidc ABC vuodng tai 4. Hai duong phan gidc BD va CE cit nhau & O. Biét sd
do dién tich tam giac BOC bang a. Tinh tich BD.CE theo a.

o Loi gidi
bat BC=x;CA=y,;AB=z.
Theo tinh chit duong phan gidc ctia A4ABC, ta co:
DA AB :z _ DA z yz

DC BC «x DA+DC z+x Z+X

AO 1a phan giac BAD nén
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OB AB OB AB
Z_2 - 2) 5
OD DA OB+0OD AB+DA
Twr (1) va (2) suy ra: OB __x+z \
BD x+y+:z
Tuong tu Ezﬁ—y. Tu do
CE x+y+z
OB.OC (x+y)(x+z) _OBOC _ xX'+xy+aztyz _1 "
BDCE  (x+y+z)  BDCE 2(x’+xy+yz+zx) 2 >
2
Vi y? +22 =2 nén 0B.OC _ X 2+xy+xz+yz :%
BD.CE 2(x +xy+yz+zx) - 2\
hay BD.CE=2.0BOC  (3) A D ¢
Pé y rang néu ké BH L OC, mit khac dé thay BOC = 135°, nén ABHO vudng can tai H .

Do d6 S,,. = %BH.OC = gOB.OC, suy ra OBOC =2a\2  (4)

Tir (3) va (4) suy ra: . BD.CE =4a 2

Bai 2.19 Cho tam giac ABC c¢b BAC =34CB. Céc diém D, E thudc canh BC sao cho
BAD = DAE = EAC . Goi M 1a diém thudc canh AB,MC cit AE tai L; goi K 1a giao diém ME va
AD . Ching minh rang KL // BC.

o Loi gidi 4
Trén AE liy diém N sao cho MN // BC.
T gia thiét EAC = ECA= AEAC can tai E M
= AE =EC (1)

Ciing theo gia thiét

AEB— FAC+ECA—2ECA-FAB— ABAE  j a— .
can tai B = °MAN can tai M (vi MN // BE)
= AM = NM (2)
Vay ta co LM _NM (vi MN // EC) _AM (theo (1) va (2)) _ kM (theo tinh chat duong
LC EC AE KE
phan giac)
Suy ra KL // BC (dinh ly Ta-1ét ddo)
Bai 2.20 Cho tam giac ABC voi duong trung tuyén CM . Piém D thudc doan BM sao cho
BD =2.MD . Biét rang MCD = BCD . Chirng minh rang: AACD la tam giac vuong.

* Loi giai P 4
ABCM cb CD la duong phan giac nén
B—C:£:2:>BC:2.CM
CM MD M
Trén tia di ctia tia MC lay diém P sao cho
MC=MP suyra CP=2.CM
= CP=BC = ACBP can tai C,
ma CD la phan giac nén CD 1 BP (1) B c
Mit khic: ACMA=APMB(c.g.c).
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Do d6 CAM = PBM suyra AC//BP (2)
Tu (1) va(2),tacd: CD L AC hay AACD vudng tai C.

Chii @& 3. CAC TRUONG HQP PONG DANG CUA TAM GIAC

Bai 1. Cho ttr giac 16i ABCD c¢6 BAC = CAD va ABC = ACD. Hai tia AD va BC cét nhau tai E.
Chirng minh rang 4B.DE = BC.CE .

e Tim cdch gii. B
Dé chimg minh dang thirc tich, thong thudng chung ta
bién d6i chung dudi dang ti 1€ thirc va ching minh ti 1¢
thirc ay. Vay dé chung minh 4B.DE = BC.CE chung ta c
can chirng minh AB _ E Nhéan th'ély ti s6 AB 6 thé
BC DE BC
van dung dugc tinh chat duong phan gidc va ta cé
AB _AE Do vay chiing ta can ching minh CE_AE
BC CE’ Hy ehne 8 DE CE = A4 D E
Tir d6 chung ta tim cach chimg minh ACDE ” AECA, vay chi can chimg minh ECD = BAC
la xong.

Trinh bay loi gidai
Vi BAC + CBA = ECA (goc ngoai tam giac) va ABC = ACD nén ECD = BAC

Do d6 ACDE” AECA, suy ra CE _AE (1)
DE CE

. AE AB
Trong AABE c¢6 AC la duong phan gidc suyra —=— (2
g g phén g yra BC()
CE

Tu (1) va (2) suy ra 4B _CE = AB.DE = BC.CE
BC DE

Bai 2. Cho tam giac ABC vuéng tai A ¢6 diém D nam giita A va C. Qua C dung CE vudng gbc voi

duong thang BD tai E. Chtrng minh:

a) AADE” ABDA b) AB.CE + AE.BC = AC.BE

e Tim cach gidi.

AADE va ABDA c¢6 ADE = BDC ; dé tim mot cap goc nira
bang nhau that khé khan. Do d6 chung ta tim cach ching
minh cap goc trén ti 1€ thong qua hai tam giac khac. Chang

han can ¢6 b4 _ g—]é chung ta nén chiing minh

AABD” AECD

-Pbé c}}l'mg minh AB.CE + AE.BC = AC.BE, ta c6 vé tr'fii la
mot tong nén vé phai ta can tach thanh mdt tong:
AC.BE=ACx+ AC.y vO6i x+y=BE. Do vay ta chon B c
diém F thudc BD khi d6 x = BF, y = FE va chimg minh

AB.CD = AC.BF , AD.BC = AC.FE . Tir @6 chiing ta chi can chon diém F sao cho

AABF” AACE,AAFE” AABC, laxong.

e Trinh bay 16i gidi
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a) Xét AABDva AECD ¢6 ADB = EDC; BAD = CED =90° (gt)

Do d6: AABD” AECD —> DA DE
DB DC

Xét AADE va ABDA ¢6 ADE = BDC; gz:% Do d6 AADE [ ABDA (c.g.c)

b) Cdch I. Goi M 1a giao diém AB va CE.
Xét AMBE va AMCA, tac6 M chung; MEB = MAC (= 900)

Do dé AMBE (| AMCA (g.g) = 15 _ MC
ME  MA
 MB_MC
Xét AMAE vi AMCB ¢6 22 =20 i chung AMAE " AMCB (e.g.c) = MEA=MBC

Liy F e BE sao cho AF L AE.Xét AABF va AACE co:
BAF = CAE(=90°— DAF); ABF = ACE(90° 11

Do d6: AABF LJAACE = AB _BE = AB.CE = AC.BF (1)
AC CE

Xét AAFE va AABC co:
EAF = Z?/E”(z 90°); AEF = ACB (cung phu véi hai goc bing nhau)

Do d6: AAFE [1 AABC = AE _EF = AE.BC = AC.EF (2)
AC  BC
Tur (1) va (2) cong vé véi vé ta duge: AB.CE + AE.BC = AC(BF + EF )= AC.BE
Cich 2. Goi J la diém trén canh AC sao cho A
Xét AABJ va AEBC co:
BAC - BEC(=90°); ABJ - FBC p
Do d6: AABJ 1 AEBC (g.g)
_AB_ AT 4BCE=BEAJ (3) B ¢
BE CE
Xét AABE va AJBC ¢6: ABE = JBC; AEB=JCB
Do d6: AABE 1 AJBC = AE _BE = AE.BC = BE.JC (4)
JC BC
Tur (3) va (4) cong vé v6i vé ta duoc: AB.CE + AE.BC = BE(AJ +JC) = BE.AC
Bai 3. Cho tam gidc ABC c6 4B =2cm; AC =3cm; BC =4cm. Ching minh rang
BAC = ABC +2.ACB
e Tim cach gidi. A
Vé mat suy luan, mubn chimg minh mét goc BAC
thanh tong cac géc nhu dé bai. Ta co6 hai cach suy
nght:
Céch 1: trong gbc BAC dung mdt goéc BAD hoic c
B D

DAC bang gbc ABC va ching minh phan con lai
bing 2.4CB. Tuy nhién cach nay van gip kho

khan boi con hé so 2.
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Céch 2: trong g(’)c BAC dung mot goc BAD bang goc ACB va ching minh phan con lai bang
DAC = ABC + ACB. Céch nay co tinh kha thi. That vay, ta viét BAC = ABC + ACB + ACB nén
néu lay diém D trén canh BC sao cho BAD = ACB, thi d& dang nhan thay ADC = ACB + ABC
nén chung ta chi can chimg minh tam giac ACD can tai C la xong.
Vi suy luan nhu trén, chung ta c6 hai cach trinh bay sau:
e Trinh bay loi gidai

Cich 1. Trén doan thang BC iy diém D sao cho BAD = ACB suy ra AABD” ACBA (g.g)
Suy ra @:A—B: BD _2 = BD=1cm =CD=BC-BD=3cm

BA CB 2 4
= CD = AC nén AACD can tai C, do vay DAC = ADC.
Ma ADC = ABC + BAD (tinh chét gbc ngoai tam giac).
Suy ra: BAC = BAD + DAC = ACB + ADC = ACB + ABC + BAD
Do d6 BAC = ACB+2.4CB.
Cich 2. Trén doan thang BC lay diém D sao cho BD =1cm
= CD=BC-BD=3cm = CD=AC nén AACD cantai C
Do vdy DAC=ADC (1)

BD 4B 1

Xét AABD va ACBA ¢6 ABD chung va — =—
BA CB 2

Suy ra AABD [ ACBA (c.g.c) = BAD = BCA 2)
Tu (1) va (2) ta co: BAC = BAD + DAC = ACB + ADC = ACB + ABC + BAD
Do d6 BAC = ABC +2.ACB .
Bai 4. Cho tam gidc ABC (4B = AC) ¢6 goc ¢ dinh bang 20°; canh ddy BC =a; canh bén AB =b.
Chirng minh rang a’ +b° =3ab’.
o Loi gidi
Cich 1. Dyng tia Bx & nira mit phang bd BC ¢6 chia diém
A sao cho CBx = 20°; tia Bx cat AC 6 D; ké 4H L Bx.Tam
giac ABC can tai A, ta co:
A=20°= B=C=80°= ABH = ABC — CBx = 80° - 20° = 60°
Suy ra AABH co6 ABH = 60°; AHB =90° = BH —Az—Bzg.
Ta co6: AH* = AB> — BH* (dinh ly Py-ta-go)
v
4 4
ABDC ¢6 BCD = 80°; CBD =20° = BDC = 80°

= BCDcantaiB = BD=BC=a,

Do d6 DH:BH—Bng—a.

= AH?* =p* -

BC AC

Nhan thdy: AABC” ABDC = —="—
y: (&9 D BC
2 2 2
~cp=BC _ % i ap-ac-cp=p-L
AC b b

Lo ) ;3 (b Y, )
Va 4A4D° = AH* + DH 4+E—a =b"—ab+a".
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2

2
e (b_%J =b' —ab+a’ < b* +a' -2a’b* =b* —ab’ +a’p’

= a(a3 +b3)=3azb2 < al + b =3ab’

Cach 2. A
Dung tam giac ABE déu sao cho E va C nam cung phia so A
voi AB.

Dung AACD cén tai A sao cho D; E nam cung phia véi AC
va CAD =20" = AABC = AACD = AADE (c.g.c)
Goi F va G 1a g1a0 diém cia BE v6i AD AC. Khi do

BG=EF=a. Vi ABE 60° nén CBG BAC CBE 20°
va ACBG can tai B.

— ABAC” ACBG (g.9) / E
L BC_CG 2 GG g4 '
— — = = D
AC 6B b A b )
C

2 B
Ta c6: AG:AC—CG:b—%

Ta c6: FG//CD nén theo dinh 1y Ta-lét, ta co:

2
a

. 23
GF _ 4G _ GF "} _ gy _ab'=a
CD AC a b b

ab® - a’
2

Ma BE=BG+GF+FE =b=2a+ < b =2ab’ +ab’ -a’ < a’ +b’ =3ab’
Bai 5. Cho hinh thoi ABCD ¢6 4 = 60°. Goi M Ia mot canh thugc canh AD. Duong théng CM cit
duong thang AB tai N.

a) Ching minh AB*> = DM .BN ;

b) BM cét DN tai P. Tinh goc BPD .

e Loi gidi B c
a) Tacod: AM //BC (do AD//BC),
suy ra: ANAM” ANBC = NA _NB
AM BC
hay A~ B (1 (vi BC = 4B).
AM ~ AB y

Ta cé: NA//DC (do AB//DC), M D
suy ra ANAM " ACDM = YA _ €D
" DM P
NA 4B
Hay —=—-—(2) (vi CD = 4B).
y M_AB o ) ‘
Tir (1) va (2) suy ra: Y= A48 1oy 48> = DMBN.
AB DM

_NB AB _NB BD
b) Tu = = 22 — 22 = 22
AB DM BD DM

Xét ABND va ADBM ¢ B — BD 3 NBD = BDM = 60°
BD DM

— -

Suy ra ABND (1 ADBM (c.g.c) = MBD = BND => MBD + MBN = BND + MBN = 60°
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Ma BPD = BND + MBN nén BPD = 60°
Nhdn xét. V6i ky thudt nhu trén, ban c6 thé gidi bai todn sau. Cho hinh thoi ABCD co6
A=60° v& duong thing qua C cét tia d6i cua tia BA tai M va cit tia ddi cua tia DA tai N. Goi
K la giao diém ctia DM va BN. Tinh sé do MKB .
Bai 6. Cho AABC cén tai A. Liy M tiy y thudc BC, ké MN song song vi AB (v6i N e AC ) ké
MP VP song song véi AC (v6i Pe AB). Goi O 1a giao diém cia BN va CP. Ching minh rang
suy ra: —— (2)

OMP = AMN .
A
|
M
PM PB KN PA NM

Tu (1) va (2) suy ra: AQPM " AANM (c.g.c) = OMP = AMN hay OMP = AMN (dpcm)

e Tim cach gidi.
Nhan thiy W:W:@:M

Do d6 OMP = AMN < AQPM”> AANM
Mit khac ching ta thly AQPM va AANM kho c6 thé tim
thém duoc mot cap goc nira bang nhau. Do vay chung ta
nén tim cach bién doi thém hai cap canh ké véi hai goc
O/Aﬁj; AMN ti 1€ 1a xong.

e Trinh bay loi gidi
Gia sit MB < MC . Goi Q 1a giao diém MO va AB; K 1a
giao diém CP va MN.
Vi MNAP 14 hinh binh hanh nén OPM = ANM (1)
Vi AABCcan tai A nén suy ra APBMcan tai P va
ANCM can tai N.

Do d6 PB=PM = AN vi NC = NM = AP két hop véi MN / /AP
PQ _PQ _KM _PB_ NA

Bai 7. Cho tam gidc ABC c6 4B =2 cm, AC =3 cm va BC =2,5cm. Ching minh rang B=2C.
e Tim cach gidi. A

Pé chirmg minh B=2C, ching ta ciling c¢6 hai hudng sau:

- Cach 1. Dung phan giac BD va ching to ABD =C.
- Cdch 2. T dinh C dung thém mot goc bang goc B va D
ching minh cip goc bang nhau.

Vi bai toan biét kha nhidu d6 dai doan thang nén ching ta
ching minh cip goc bang nhau bang cach ching minh hai
tam giac dong dang theo truong hop canh-goc-canh.

c
o Trinh bay 10i gidi B
Cach 1.
AB 2 3 4AC 3 AC 4B
Tacd: —=—=—, —==5 a—=—.
AD 4 27 4B 2 AB 4D
3
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Xét AABC va AADB ¢6 A4 chung, A€ jg

Do d6 AABC 1 AADB (c.g.c)
Do do: ZC\B:ZBT),Véy ABC =2.C.

Cich 2. q
Trén tia doi tia BA 1ay diém E sao cho BE = BC suy ra:

A
ABC = 2.BEC = 2.BCE | /\c
, AB 2 AC 32 AC AB
Ta co — suyra —
AC 3 AFE 2+25 "3 AE AC
Xét AABC va AACE ¢6 A chung, — AC _ 4B
AFE AC
Do d6: AABC [1 AACE (c.g.c)
E

do d6 ACE = ABC suy ra ACE =2.BCE = ACB = BCE
Hay ABC =2.ACB.

Bai 8. Cho tam gidc ABC c6 4=90° va B =20°. Cac diém E va F 1an luot nim trén cac canh AC

va AB sao cho ABE =10° va ACF =30°. Tinh CFE.

(Thi Olympic Toan quoc té Pai Loan TAIMC, nam 2012)

e Tim cach gidi.

Nhitng bai toan tinh sé do géc thuong kho,
trudc hét chung ta nén v€ hinh chinh xac,
sau do6 phan tich gid thiét dé du doan ky
thuat ké thém yéu to phu. Trong gia thict
ching ta nhan thdy ACF =30° = FC = 2.4F .

Tt B=20°= C=70°, khi d6 BCF = 40°, ching ta c6 lién tuong gi goc 40° nay véi goc 20°
va 30° & dé bai khong? Véi suy nghi 4y, chung ta 1dy diém G trén AB sao cho BCG =20° khi
do bai toan tao nén nhiing yéu t6 mai: CF la phén giac goc ACG, tam giac BCG cén tai G. Vi
hinh vé ghinh xac, chung ta hOZ‘l’n to‘éln c6 thé duy doan dugc CG song song voi FE. Tur do dinh
hudng dé ching minh dy doéan ay bang dinh 1y Ta-1ét ddo.

e Trinh bay loi gidi
Xét AABC cb 4=90° va B =20°= C =70°
AACF ¢6 4=90° va ACF =30° = FC =2.AF .

Goi D 1a trung diém ctia BC va G 1a diém trén AB sao cho GD vudng goc véi BC.

Do dé AABC® ADBG — 2P ﬁf; GCB = GBC = 20° = GCF = 20°

BG
Mit khac CG va BE lan luot 13 tia phan gidc ciia BCF va ABC nén e _ E B4 _AE

FG BG  BC EC

1 1
AF 7€ 5BC Bp B4 AE  AF  AE
Dodo: =—=%4___—=2 "7 7T 77 _
FG FG BG BG BC EC FG EC

Twr d6 ta cd: CD//EF (dinh 1y Ta-1ét ddo) = CFE = GCF = 20° .
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Bai 9. Cho tam giac ABC co 34+2B =180°. Tinh sb do cac canh cua tam giac biét s6 do Ay 1a ba
sO tu nhién lién tiép.

o Loi gidi <

Vi 34+2B=180°= A+B+C=C=2A4A+B=C> A

vd C>B = AB>BC va AB > AC

Trén AB lay diém D sao cho 4D =A4AC = D nam

gitra A va B. |
~ A f D B
. . —— 180°—4
Ta c6: AACD can tai Anén ADC =
o~ AAA/\Z(;HZA?)AAA N
Mél3A+2Bz180°:>180°—A:2(A+B):ADC=T=A+B:>CDB:18O°—ADC:C
« , AB BC )
Vay AABC " ACBD (g.g):E=E:>BC = AB.BD = AB(AB—-AC) (*)

Do AB, BC, AC la ba sb nguyén lién tiép va A4B=max{4B,BC,AC} nén 4B=BC+1 hoic
AB=BC+2.
Truwong hop 1. Néu AB=BC+1 thi AC = BC —1 thay vao (*), ta co:
BC?* -2.BC -2 =0, khong ton tai BC 1a s0 nguyén.
Truwong hop 2. Néu AB = BC +2 thi AC = BC +1 thay vao (*), ta co:
BC*-BC-2=0<(BC-2)(BC+1)=0< BC=2 (vi BC>0).
Viay BC=2; AC=3 va AB=4.
Nhdn xét. Van dung k¥ thuat trén, ban c6 thé lam duoc bai toan dao:
Cho tam gidc MNP thoa min PN’ + MP.MN — MN” = 0. Chitng minh rdng: 3.M + 2.N =180°.
Bai 10. Cho tam giac ABC nhon ¢6 hai duong cao BE va CF. K¢ FI va EJ cung vudng goc voi BC
(I; J thuge BC). Cac diém K, L lan lugt thudéc AB, AC sao cho KI//AC, LJ//AB. Chiing minh
rang ba duong thang EI, FJ va KL dong quy.
o Loi gidi A
Goi O 1a giao diém cua EI va FJ. Ta c6:
KFI = FCB =90°- ABC =90° - LJC = EJL (1)

— — E
Lai c6: IKF = ELJ (cung buvoi BAC) (2) r
Tu (1) va (2) suy ra: AKFI” ALJE (g.g) I
LEP_FL g
L] EJ o D
Xét AFOI va AJOE co:
FOI = JOE (déi dinh)
IFO = EJO (so le trong)
Do d6: AFOI 1 AJOE suy ra Fo _H 4)
oJ JE
Lai ¢6: KFO = LJO (so le trong) (5)

Tu (3), (4), (5) suy ra AKFO” ALJO (c.g.c). Do d6 FOK = JOL , ma hai goc & vi tri ddi dinh.
Suy ra K, O, L thing hang, tirc 1a FJ, EI, KL dong quy.

Bién soan: Trdn Pinh Hoang 0814000158 32



Chuyén dé boi dwéng hoc sinh gidi todn 8

Bai 11. (Dé thi HSG [6p 9) Cho hinh thang ABCD (CD > 4B) véi AB//CD va AB L BD. Hai
duong chéo AC va BD ciét nhau tai G. Trén dudng thing vudng goc voi AC tai C ldy diém E sao
cho CE = AG va doan thang GE khong cét dudng thang CD. Trén doan thing DC 1iy diém F sao
cho DF =GB.

a) Ching minh AFDG” AECG

b) Chung minh GF L EF .

o Loi gidi 4 5
a) Taco: AB//CD = BG _GD T
GC > > E
Ma AG=CE; BG=DF = DF GD. 1
CE GC
Xét AFDG va AECG c DF _GD.
CE CG D—I | - "
GDF = GCE nén AFDG” AECG (c.g.c)

b) Ta co: AFDG* AECG = G, =G, ; 22 -9
GF ~ GE
; GD _GC

Xét AGDC va AGFE c¢ . DGC = FGE (Vi G, =G, )
®Gr " GE’

Do dé: AGDC | AGFE = GFE =GDC =90". Do d6 GF 1 FE.

Bai 12. Cho tam giac nhon ABC, cac duong cao AD, BE, CF cit nhau tai H.
a) Chung minh ring: AE.AC = AF.AB;
b) Chtng minh rang: AAEF ” AABC;
¢) Chirng minh rang H 1 giao diém ba dudng phan giac trong cua ADEF .

o Loi gidi A
a) Xét AABE va AACF ¢ AEB = AFC =90°; BAC chung
Do AABE 1 AACF (g.g) E
_AB _AE | 4B AC = AF.4B
AC  AF F
b) Tir AE.AC = AF.AB = £ :111;

Xét AMEF va AABC 6 2 - AF . BIe chung
AB AC’

Do d6: AAEF” AABC (c.g.c)
¢) Chitng minh tuong tu, ta c6: AAEF” AABC = AEF = ABC
Chtrng minh tuong ty, ta duwgc: ACAB” ACDE (g.g) = ABC = CED
Tw d6 suy ra AEF = CED = EB la tia phan gidc DEF .
Chung minh tuong tu, ta c6 DA 1a tia phan giac EDF . Tt d6 suy ra diéu phai chirng minh.

Bai 13. Cho I}inh hinh hanh ABCD c6 dl}’(‘)‘ng chéo AC 16n hon DB. Goi H, K 1a hinh chiéu cua C
trén duong thang AB, AD. Ching minh rang ACHK ” ABCA.
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e Loi gidi
Xét ACBH va ACDK co:
CHB - CKD (- 90°).fBC = KBC - BCD)
CH CK

Do d6: ACBH va ACDK (g.g) > —=—— B c
CB CD

CH CK
CB 4B’
CH CK
CB 4B A D
va ABC = HCK (cung bu voi 547))
Do d6: ACHK ” ABCA (c.g.c).
Bai 14. Cho tam giac ABC, dudng phan giac CD. Chirng minh rang CD* < CA.CB.
A

Ma CD = AB nén

Xét ACHK va ABCA co:

* Loi giai
Ta ¢c6 CDB > A (tinh chat goc ngoai), do d6 trén canh
BC lay E sao cho CDE = 4.
Xét AACD va ADCE ¢6 C, =C, ; A=CDE D
AC CD

— ACD” ADCE (g.9) — =——
(gg)CD CE

= CD’ = AC.CE < AC.BC

B E Cc

Bai 15. Cho tam gidc déu ABC. Trén tia BA ldy diém E (A F
nam gitra B va E). Goi D 1a diém d6i xtng véi E qua duong
thang BC. Goi F 1a giao diém cua duong thang CD va AB.

Chtmg minh rang LI + L .
BC BD BF
o Loi gidi

Ta cé AEC = BDC va DBC = EBC = 60°

Vi DBC = ACB = 60° nén AC//BD.

Suy ra: ACF = BDC = AEC = AMEC” AACF (g.g)
AC AFE AB AE AB AE
AF  AC AF  AB AB+ AF AB+ AE
AB AE AB AB

> —=—=>—=1-—

BF BE BF BE

AB AB 1 1 1
>t —=l>—+—=—

BF BE BF BE AB

1 1

> —+—= L . Diéu phai chimg minh.
BD BF BC

at
\
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Bai 16. Cho hinh binh hanh ABCD c6 goc A tu. Tir A, v& cac duong thing vuodng goc voi BC, CD
cat CD, BC tuong tng tai E va F. BPuong thing qua A vuong géc voi BD, cat EF tai M. Chung
minh ME = MF .

o Loi gidi A B
Tu gia thiét suy ra C 1a truc tim AAEF nén
AC L EF.
Kéthop v6i BD L AM va ED 1 AF >
theo tinh chat goc cd canh tuong img vudng goc ta
co: ICD = Am; CDI = MAF ! E
, , IC _MF P
Do d6: AICD” MFA (g.g) = D (1)
» IC ME
Tuong ty AICB” AMEA(g.g) = B VA (2) M
Tir (1) va (2) két hop véi gia thiét [B=ID suy ra
ME = MF .
F

Bai 17. Cho tam giac déu ABC, goi M la trung diém cua BC. Mot goc xMy bang 60° quay quanh
di€ém M sao cho 2 canh Mx, My ludn cat canh AB va AC lan lugt tai D va E. Chiing minh:

2
a) a) BD.CE = BC

b) DM; EM lan luot 14 tia phin giac cta cac gbc BDE va CED;
¢) Chu vi tam giac ADE khong doi.

o Loi gidgi
a) Trong tam gidc BDM ta c6 l/)l\ =120°= ]T/[\1

Vi ;4\2 =60° nén ta co: ]T/[: =120°-M,
Suyra D, =M, ma B=C =60°

Do d6 ABMD” ACEM (1)
Suy ra BD _M , tr d6: BD.CE = BM.CM
BM CE
2
Vi BM =CM = %, nén ta c6: BD.CE = BC
b) Tur (1) suy ra 8D _MD ma BM =CM nén ta co: 8D _MD
CM EM BM EM

—~

Do d6 ABMD” AMED . Tu d6 suyra: D, =D, , do d6 DM la tia phan giac cua goc BDE.
Chung minh tuong tu ta c6 EM la tia phan giac cua géc CED.
¢) Goi H, I, K 1a hinh chiéu cuia M trén AB, DE, AC.
Theo tinh chat duong phan gidc, ta c6: DH = DI, El = EK = AH = AK .
Tir d6 suy ra chu vi tam giac ADE bang:
AD + DE + EA= AD + DH + EK + EA = 2AH . Vay chu vi tam giac ADE khong d6i.
Bai 18. Cho hinh vuéng ABCD. Trén canh AB lay diém M. V& BH vuéng goc voi CM. Nbi DM.
Goi HN vuong goc véi DH (N thude BC).
a) Chirng minh rang tam giac DHC ddng dang voi tam gidc NHB;
b) Chtng minh rang AM.NB = NC.MB
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o Loi gidi A M B
a) Xét ADHC va ANHB cb: DHC =z@(= 90°—5HTV);

HCD = ﬁB?:(: 90°—B/C71) a

Suy ra: ADHC | ANHB (g.g)
b) Xét AMBH va ABCH co: N

MHB = BHC (=90°); MBH = HCB(=90°~ CBH )

MB HB
Suyra AMBH” ABCH (g.g) > —=— 1 Cc
y (g.8) 2C " HC (1) D
Ma ADHC” ANHB (g.9) =2 - 18 oyva pc=cp
DC ~ HC

nén tu (1) va (2), suy ra: MB=NB = AM =CN , suy ra AM.NB = NC.MB.
Bai 19. Cho tam gidc ABC théa man A4B=2.4C va A=2.B. D
Chiing minh rang AABC la tam giac vuong.
o Loi gidi

Trén tia dbi cua tia AC 1iy diém D sao cho AD = 4B.

T do suyra DC=3.4C va BAC =2BDA nén BDC = ABC .

To dOAABC” ABDC = £=£:> BC* = DC.AC

BC C

= BC? =3.4C* = BC* + AC* =4.AC*=(2AC)’ 4

hay AB> = BC* + AC*. Vay AABC la tam giac vudng tai C.

B C

Bai 20. Cho AABC nhon c6 AH 1a dudng cao ldy diém M thudc doan BC, ké MK vudng goc vai
AB va ML vudng goc v6i AC. Pudng thang qua A vudng goc voi AM ciat MK, ML tai E va F. Tir
B ké duong thang vudng goc v6i CE cit AH tai I. Ching minh rang:

a) AAIB” AMCE

EM ML . BM Al

b) = va =—;

FM KM FM  AC
¢) AH, BF, CE déng qui.

o Loi gidi 1 r
a) Ta co: BIA = m(: 900—@) (1).

Lai c6: I4B + BAH =180°CME + EMB =180°; 4
va @:1@(:900—,@):@:@ 2 E
Tu (1) va (2) suy ra: AIAB” AMCE (g.g)

b) Xét AMAK va AMEA co:
MKA = m(: 90°),A/MTE chung

T
N
a

B

= AMAK " AMEA (g.2) = MA _MK _ va> = MEMK (3)
ME MA
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MA ML

Tuong tu: AMAL” AMFA = —=—"= MA’=MF.ML (4
g (88) = - ==+ (4)
Tu (3) va (4) suy ra: MEMK = MF.ML = EM Z\i
Taco: MB _Sun _ABMK \0oiao EM ML _ MK MF
MC S,. ACML FM MK ML ME
MB ABMF __ MB ABMC
Suy ra = = (5)
MC ACME ~MF ACME
Mat khac AAIB” AMCE, suy ra Mc _ A1 (6)
ME AB

Twr (4) va (5) suy ra: MB _ ABAI _ AL
MF  AC.AB AC

¢) Xét AMBF va AAIC 6 MB _ME s TAC = BMF
Al AC

Do d6 AMBF [1AAIC (c.g.c) = AIC = MBF
ma AIC + ICB = 90°(AI L BC)= MBF +ICB =90° hay BF vudng goc v6i CL
Tam giac IBC ¢ IH, BF, CE la dudng cao, suy ra diéu phai ching minh.

Bai 21. Cho AABC. Goi P la giao diém cua ba duong phan giac trong cua tam giac. Mot duong
thang di qua P vuong gbc véi CP, cat AC va BC lan luot tai M va N. Chirng minh rang:

2y AM _(APY by AM BN P’
BN |\ BP AC  BC  ACBC
o Loi gidi
a) Tacd: APB=180°— 4, — B, —180°—§—§
360°-A—-B 180°+C 180°+C . C
= = = =90°+—.
2 2 2
Xét ACMP co:

~

ZE:WJJYC\P =>M, =90°+§:>@:A//[T.
Xét AAPB va AAMP co:

/\/\

APB=M ; A4 = A,.Dp dé: AAPB [ AAMP (g.g)
= — AM AP = AM .AB = AP> (1)
AP A
Twong tu, ta co: AAPB” APNB (g.g) = % =% BN.AB = BP> (2)

AM  (4PY .. . .
Tu (1) va (2) suy ra: — =| — | , diéu phai chirng minh.
(1) vi () suy ra: 208 <[22 ] dibu phi ching

b) Taco: AAMP” AAPB (chung minh trén); AAPB” APNB (ching minh trén).

AAMP” APNB = AM._ MP = AM .BN = MP.PN hay AM BN = MP’
PN BN

ACMN c6 CP la phan giac, CP 1a duong cao nén ACMN can tai C
= CM =CN;MP=PN.

Xét AM .BC + BN.AC + CP* = AM.BC + BN.AC + CM* — MP*
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= AM .BC + BN.AC + CM* — AM .BN
= AM .(BC — BN )+ BN.AC + CM*

=CM.(AM +CM )+ BN.AC
=CM.AC+BN.AC = AC(CM + BN)= AC.BC

Do d6: AM.BC + BN.AC + CP*> = AC.BC..
AM BN  CP?

Suyra —+—+
AC BC ACBC

Bai 22. Cho tam gidc ABC vuong tai A (AC > 4B), duong cao AH (H e BC). Trén tia HC lay
diém D sao cho HD = HA . Pudng vudng goc v6i BC tai D cat AC tai E.
a) Chung minh ring hai tam giac BEC va ADC dong dang. Tinh d6 dai doan BE theo m = 4B.
b) Goi M la trung diém ciia doan BE. Ching minh rang hai tam giac BHM va BEC dong dang.
Tinh s6 do ciia goc AHM
GB  HD

¢) Tia AM cit BC tai G. Ching minh: — = ———~
BC AH +HC

=1, diéu phai chrng minh.

o Loi gidi

a) Xét ACDE va ACAB co:
CDE = CAB = 90°
DCE chung, u

e _ca

suy ra ACDE [1 ACAB (g.g) = =
y (g-2) CECB .

Xét AADC va ABEC co:
CD (4

ACB chung, — = —— (chtrng minh trén)
CE (B
Do d6 AADC [ ABEC (c.g.c)
Suy ra: BEC = ADC =135° (vi tam giac AHD vudng cin tai H theo gia thiét).
Nén AEB =45° do d6 tam giac ABE vuong can tai A.
Suy ra: BE = AB\2 =m 2
b) Taco ZM 1 BE 1 AD 4, A4DC 11 ABEC)
BC 2 BC 2 AC
ma AD = AHA2 (tam gidc AHD vudng can tai H)
. BM 14D 1 AH\2 BH BH (do AMBH " ACBA)

nén == == = =
BC 2 AC 2 AC  4BJ2 BE
X6t ABHM va ABEC ¢6 22— B (3 CBE chung
BC BE
Do d6 ABHM [ ABEC , suy ra BHM = BEC =135° = AHM =45°.
¢) Ta c6 AG con la phan gidc goc BAC = GB _ ﬁ
GC AC
AABCIADEC (0.g) B _ED _AH 1o pp 1) amy=H2
AC DC HD HC
GB _HD GB HD GB _ HD

=>—= = = ==
GC HC GB+GC HD+HC BC AH +HC
Bai 23. Trong tam giac ABC, cac diém D, E, F tuong ng nam trén cac canh BC, CA, AB sao cho:

— e~ — e~ -~ -

AFE = BFD, BDF =CDE , CED = AEF .
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a) Chung minh rang: BDF = BAC
b) Cho 4B=5, BC=8, CA="7.Tinh d6 dai doan BD.
o Loi gidi
a) Dt AFE = BFD = o, BDF = CDE = a,CED = AEF = 3.
Ta co: 154??+ﬂ+a):180° (*)
Goi O la giao di€m ba dudng phan giac cua tam giac

DEF. Suy ra OD, OE, OF lan luot vudng goc véi BC,
AC, AB.

— OFD + OED + ODF = 90° (1)
Tacé:O/ﬁ)+a)+@+ﬂ+O/D77+a=270° (2)
(Hva2) =>a+p+w=180° (**)
(*) va (**) = BAC =a = BDF .

b) Ching minh tuong tu cau a), ta co:
B=p,C=w=AEF” ADBF” ADEC” AABC

Suy ra

BD_BA_S pp 3B pp_3BF ap =28
BF BC 8 8 8 8

€D _CA_T _|op TCE _ |y TCE _ ) ep _ TCE

CE CB 8 8 8 8

AE _AB _5 |TAE=5AF |7(7-CE)=5(5-BF) |7CE-5BF =24
AF  AC 7

= CD-BD=3 (3)
Talaic6é: CD+BD =8 (4)
Tu(3)va(4) =>BD=25.

Bai 24. Cho ABCD 1 hinh binh hanh. Gia sit MAB = MCB. Ching minh ring MBC = MDC .

o Loi gidi A G B
Keé tr M cac dudng thing song song v&i cac canh /\%
AB, BC cit cac canh tai E, F, G, H (hinh v¢&) . M
Tacé:@:@(:ﬁ) F
Mit khac MAB = MCB do &6 AAGM > ACFM
= ﬁ = @ . D H C

CF MF
Mt khéc, AG = DH:CF = MH:MG =FB nén 24— B (1)
MH MF
Ta lai c6: DHM = ﬁ’]\\l(: B/(Y)) (2)

Tir (1) va (2) suy ra: ADHM > ABFM = MDC = MBC

Bai 25. Gia sit D 1a mdt diém ndm trong tam gidc nhon ABC sao cho ADB= ACB+90° va

AC.DB = AD.BC . Chimg minh 22<P _ /7.
AD.BC
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o Loi gidi
Vé phia ngoai AABC vé& ABCE vudng can tai C
DB = ACE (= ACB+90°)

My 42 _ BD > (vi ACBD = AD.5C)
AC D

AD BD »
jA_C:E d dO AABD AACE (CgC) (1) B 0O C
= A, = 4, = BAE = DAC

AB AE
Tu (1 ——=""dodd AABE” AADC
b= AD AC (c.8)

AB BE
=

AD
Mat khac, AABE vudng can nén BE = J2.BC
Do d6 AB.CD =2.4D.BC hay 222 _ 5.

= AB.CD = AD.BE .

E

Bai 26. Cho tam giac ABC can tai A. Tu diém M thudc canh BC v& MB L 4B; MQ 1 AC;
(PeAB;Qe AC). V& PE L PQ; QE L PQ(E;F e BC). Chimg minh rdng: BE = CF
o Loi gidi 4
Lay N trén PQ sao cho MN 1 BC .
Ta c6: PBE = PMN (cung phu véi P/M\B)
BPE = MPN (cung phu voi EPM ) P
nén APBE” APMN (g.g) 0
L BE_BP
MN  MP
Tuong tu, ta c6: CF = MN (2) B E M F c

BP
=MN.— (1
0 (M

Mat khac: ABPM > ACOM (g.g) = — BP Q (3)
MP MQ
Tu (1), (2) va (3) suy ra: BE =CF .
Bai 27. Cho tam giac ABC nhon ¢6 dudng cao BE, CF. Qua A v& cac duong thing song song voi
BE, CF lan luot cat cac duong thang CF, BE tai P va Q. Chung minh rang: PQ vudng goc voi
trung tuyén AM.
o Loi gidi 4
Goi H 1a giao diém cua BE va CF. Goi I 1a giao
diém cua AH va PQ.
Ta co: @ = A/C\P(z 90°—Z§4\C);Z§4\Q = PAC
suy ra AABQ” AACP (g.g) P ! E
AQ _AB _ AQ _ 4P
AP  AC ~ AB AC
Miat khic APHQ 1a hinh binh hanh nén

AP=HQ =42 10 , , .
AB  AC’ B M
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Ta lai c6: BAC = A/Q71(= 180°—@) suy ra AABC” AGHA (c.g.c)
— — AB BC BM

— ABC = QAH;=— === =""_(vi BC =2.BM.AH =2.41).
04 AH Al

Do d6: AABM * AQAI (c.g.c) = BAM = AQI = OAM + AQI =180° = AM 1 PO
Bai 28. Cho tam giac BAC can tai A ¢6 géc BAC =20°. Dung tam giac déu BDC sao cho D, A

cung phia so v41 BC. Dyng tam giac DEB can tai D c6 géc EDB =80° va C, E khac phia so vdi
DB. Chirng minh tam giac AEC can tai E.

o Loi gidgi A
Goi P 1a giao diém cua AB va DE; A

Q 1 giao diém cua BD va CE.
ADEC ¢6 DC = DE(= DB) va EDC = 60° +80° =140°

nén @:@:%(1800—1@):200.

Ta c6: ABD + DBC = ABC nén ABD =20°.

ABDP va AEDQ cb6 D/E\Q:lﬁ:ZO";BD:ED;E/DE chung

= ABDP = AEDQ (g.c.g) = EQ =BP; PD =DQ E
Xét ABPD va AABC co:

PDB = ABC =80"; DBA = BAC =20

80°
Do d6: ABPD” AABC (g.g) '
0
C

/

_ AB_BC _BD _ED ., AB_ED _ 4£//BD (dinh 1y
BP PD PD PD BP PD

Pa-1ét dao)

:Eﬂsz/BT)(soletrong):ﬂ?=20°:>54??:400.

Mat khac @:,@+D/§E:40°:ﬁ?:@:AACEcéntaiE.

B

Bai 29. Cho tam gidc ABC c6 A=90°. Lay diém D thudc doan thang AC sao cho CD =2.4D . Goi
E 14 diém thudc doan thang BD sao cho CED = ABC . Goi F la diém dbi xtng voi C qua A. Ching
minh rang DEF =2.4BC.

o Loi gidi
Goi K 1a diém ddi xtng véi B qua A.
Goi M la giao diém cta BD va CK.
ABCK ¢6 CA la dudng trung tuyén (4B = AK),
ma CD =2.4D nén D la trong tam tam giac
= MC=MK .
ABCK c6 AK = AB,MC = MK nén AM la duong

trung binh = AM //BC = AMB = EBC

— e~ -

AAMB va AEBC ¢6 AMB = EBC,ABM = ECB => AAMB" AEBC (g.g):>£=£

MB AM

Ta cé: AB = AK,AC = AF va BK 1 CF nén BCKF Ia hinh thoi
= BC=CK = AM =MC'.
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BF:BC:BE:BE:BFZBE

MB MB AM MC MB MC

ma EBF = CMB = AEBF * ACMB (c.g.c) = BEF = MCB

két h0’p v61 BCKEF 1a hinh thoi nén:

DEF—180° BEF—180° MCB FBC 2ABC hay DEF = 2ABC

Chii dé 4. CAC TRUONG HQP PONG DANG CUA TAM GIAC VUONG

Bai 1. Cho tam gidc nhon ABC c6 duong cao CK. Dung ra phia ngoai tam giac ABC hai tam giac

ACE va CBF tuong ung vuong goc tai E; F va thoa man ACE = EB?\; BCF = CAB. Chung minh
rang: CK> = AE.BF .
e Tim cach gidi. F

Pé ching minh CK* = AE.BF chung ta khong thé c
van dung dinh 1y Ta-1ét hay xét mdt cdp tam giac
dong dang 13 xong ngay dugc. Do viy, chung ta
suy ludn dé tao ra CK?, chung ta can ghép CK vao g
hai cip tam gidc dong dang. Mdi cip tam gidc
ddng dang d6 déu biéu thi CK dudi dang biéu thirc
(chtra AE hoidc BF). D& dang nhan thiy c6 hai cip
tam giac dong dang thoa man diéu kién trén. |

e Trinh bay loi giai
AACK vi ACBF ¢6: CKA = BFC =90°% CAK = BCF
CK BF
— AACK # ACBF (g.g) = == =21
e =r=2- 0
Tuong ty, ta cd: ABCK # ACAE (g.g) ;»%Zﬂ @)
CK CK BF AE

CA'CB  BC AC

Bai 2. Cho hinh binh hanh ABDC (AC > BD) vé CE vuong goc véi AB tai E, v& CF vuong gbc
v6i AD tai F. Chirng minh rang: AB.AE + AD.AF = AC*.

Nhan tirng vé cua (1) va (2) ta duogc: = CK’> = AE.BF .

e Tim cach gidi. E
Pé chimg minh AB.AE+AD.AF = AC?, ta co vé
trai 1a mot tong nén vé phai can tdch ra mot tong:
AB.AE + AD.EF = AC.x+AC.y véi x+y=AC. Do
vay ta chon diem H thuoc AC khi dé B

x=AH,y= HC va ching minh ¢
AB.AE = AC.AH, AD.EF = AC.CH . Tu d6 ching ta

chi can chon Eiiém H sao cho AABH # AACE 1’2‘1 o

xong. Nhan thay tam gidc ACE vuong tai E, nén tat

yéu can ké BH vudng goc voi AC. A IS '_F

e Trinh bay loi gidi
Vé BH 1 AC(H € Ac)
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Xét AABH va AACE co
ABH = AEC =90°% BAC chung.
Suy ra AABH #AACE (g.g) = 28 AL up AE— Ac.AH . (1)
AC  AE
Xét ACHB va ACAF ¢6 BCH = CAF (so le trong); CHB = CFA(=90°)

Suy ra ACHB #ACAF (g.g) i%:%éBC.AF:AC.CH (2)

Cong vé theo vé (1) va (2) ta dugc:
AB.AE +BC.AF = AC.AH + AC.CH = AB.AE + AD.AF = AC(AH +CH) = AC?.

Bai 3. Cho tam giac ABC vudng tai A. Lay mot diém M bat ky trén canh AC. Tur C v& mét duong
thang vudng gbc véi tia BM, duong thang nay cat tia BM tai D, cat tia BA tai E.
a) Chuang minh: EA.EB = ED.EC.
b) Ching minh rang khi diém M di chuyén trén canh AC thi tong BM.BD +CM.CA c¢6 gia tri
khong doi.
¢) K¢ DH L BC,(HeBC). Goi P, Q lan luot Ia trung diém cia cac doan thang BH, DH.
Chtirng minh CQ | PD.
o Loi gidi E
a) Chirng minh EA.EB = ED.EC
Xét AEBD va AECA co:
ADB = EAC =90°, BEC chung nén
AEBD #AECA (g-g)
p
Tir do suy ra EB _ED = FA.EB=ED.EC
EC EA
b) Ké MI vudng goc voi BC (1€ BC).
Ta c6: ABIM va ABDC co:

EH\\l = l?bz‘ =90°, A/H-STC chung B f P f
Do do: ABIM # ABDC (g-g) =M _BL . pvgp—pesr. (1)
BC BD
CM CI

Tir (1) va (2) cong vé véi vé, suy ra:

BM.BD + CM.CA = BC.BI + BC.CI = BC(BI +CI) = BC* (khong doi)
BH _HD _ 2HP _HD __ HP _HD

DH HC ~2HQ HC ~HQ HC

— AHPD #AHQC (c-g-c) = PDH = QCH

—

Ma HDP + DPC = 90° = HCQ + DPC = 90° = CQ L PD

¢) Xét ABHD # ADHC (g-g) =

Bai 4. Cho tam giac ABC. Léy diém E, F, P 1an luot thudc AB, AC, BC sao cho BEFP 14 hinh binh
hanh. Biét rang dién tich AAEF va CFP lan luot 13 16cm®; 25¢m?. Tinh dién tich AABC .
e Tim cach gidi.
Khi v& hinh xong, ching ta c6 hai hudng suy luén:
Vi tam giac AEF, FPC cung dong dang véi tam gidc ABC nén ching ta tim moi lién h¢ gitra
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ty s6 hai tam giac dong dang. A

Hudng thu hai, dé tinh dién tich tam giac ABC,

ching ra tim cach tinh di¢n tich hinh binh hanh.

Nhén thiy tam giac BEF va BPF c6 dién tich bang

nhau, mat khac tam giac AEF va BEF c6 chung E F
duong cao ké tir F; tam gidc BPF va CPF c6 chung

duong cao ké tir F. str dung tinh chat d6, két hop véi

dinh ly Ta-lét, chung ta c6 101 giai hay.

e Trinh bay loi gidai

Cach 1. Taco: AAEF #AABC ; AFPC # AABC nén: B P c
2
Suer _ [EF] _ NSur _ EF. SFPC :[C_P] _ NSwe _CP
S e S,. BC' S, |BC s,. BC
+
Tir @6 suy ra 22 FPC¢ Saer TN rre EF P _
" BC BC
ABC
Hay \/S,,c =Sy ++/Spe =4+5=S,,. =9 =8lem®.
Cich2.bat S, =S, ,=x cm’.
: \ 2 S
Tam giac AEF va BEF c6 chung duong cao ké tur F, suy ra: 24 = AE = 16 _ £;
S, BE ~x BE
. S
Tam gidc BPF va CPF c6 chung duong cao ké tir F, suy ra: 22 = 5P =2 = E
cp 25 CP

FPC

Ap dung dinh 1y Ta-let, ta cé: AE_AF_BP :>E:2_5:>x2 =400=x=20.
BE FC CP X X

Vay S, =16+20+20+25=81cm’.
Nhan xét.

\ 1A ) 2 2 2
T két qua \[S,,. =[S, +/Spe = Supe =(a+b) = 8, =(a+b) —a* —b* =2ab
Tir d6 ta c6 thé giai dugc bai toan sau:
Cho tam gidc ABC. Lay diém E, F, P l1an lugt thuoc AB, AC, BC sao cho BEFP Ia hinh binh
hanh. Bét S, =a’; S, =b* (VOi a;b>0).

a) Tinh dién tich hinh binh hanh BEFP. 7
b) Xac dinh vi tri diém E, F, P trén AB, AC, BC d¢ di¢n tich hinh binh hanh BEFP dai gi4 tri
16n nhat.
Bai 5. Cho tam giac ABC. Qua diém F nam trong tam giac ké MN //BC, PQ // AB, IK // AC. (
I.M € AB; NP € AC; Q.K € BC). Biét ring: S, =9cm’;S,,, =16cm’;S,, =25cm’. Tinh dién tich

AABC .

e Tim cach gidi.
Véi 16 tu duy nhu vi du trén, ching ta hoan toan nghi téi hai cach giai. Song trong vi du nay
M
s& trinh bay mot cach giai, ma ban chét cua bai toan 1a van dung két qua B—+—+— =
két hop véi ty s6 dién tich cua hai tam giac dong dang,

e Trinh bay 16i gidi
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Nhén thdy BMFQ, CNFK 1a cac hinh binh hanh.

Ta c6: AFQK # AABC; AIMF # AABC; APFN # AABC 4
Thi - Sir _MF Srox QK Spex _FN | p
\/SABC \/SABC BC \/SABC BC’ I
:>\/ MF +\/SPQK +\/SPFN :MF+QK—|—FN:1 u F N
JS BC
ABC
\/ ABC :\/ IMF +\/SPQ[( +\/SPFN =345+4=12
=S, =144cm®. 7 o - c

Nhin xét: Nhu viy, voi cac giai trén, chung ta hoan toan 1am duoc bai toan tong quat sau:
Cho tam giac ABC. Qua diém F nam trong tam giac ké MN//BC,PQ//AB;IK//AC
(1.M € AB;N,P € AC;Q.K € BC).

bat s, . =ad’;S,,, =b Seox = (a;b;c>0)

Chtng minh rang; S e = (a +b +c)2 .

Bdi 6. Cho tam gidc ABC. Qua diém F ndm trong tam giac k¢ MN // BC, PQ // AB, IK // AC
(I,M € AB, N,Pe€AC; Q,K € BC). Dat dién tich tam gidc ABC 1a S. Tim vi tri diém F dé tong

T=S, .+ Sys0r T Scnrx dat gid tri 1on nhat.
e Tim cach gidi. A

Tuong tu vi du trén, ching ta dat:

SIMF:aZ;SPFN—bZ,SFQK (ab c>0) P

Chung ta hoan toan biéu thi tong !
T=S,pt Sysor T Senrx theo a, b, c. Vay hién nhién v N
. ¢ . M

de tim gia tri 16n nhat ching ta dung cuc tri dai s6 voi

;o 1 2
cha y rang ab + bc +ca gg(a—kb—i—c) .
o Trinh bay 10i giii B 0 K ¢

bit S, =a’:S,,, =b"; S, = (a:bic>0)

Ta co: :>\/SABC :\/SW +\/SFQK +\/SPFN Hay §,,. :(a+b+c)2-

= SAPF1+SMBQF SCNFK = S (S[MF +SPFN +SFQK) =T= (a+b—|—c)2 —(612 +b° +C2)

T:2(ab+bc+ca>§%(a+b+c)2:gS
3 3
Vay T :§S khi a =b=c hay F la trong tdm cta tam giac ABC

Bai 7. Cho tAm bia hinh thang ABCD c6 ;} = B =90° AD =4cm; AB =32cm, CD = 64cm . Gép tAm
bia lai dé cho hai diém C va B tring nhau. Tinh d6 dai ctia nép gap.
e Tim cach gidi.

Trudce hét chung ta hiy v& va xéac dinh duong nép gip: Goi M la trung diém cua BC, qua M ké
duong thang vudng goc vai BC, cat CD tai N. Do dai nép gip can tinh chinh 13 d6 dai doan
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thang MN. E
Tir d& bai A =D =90°;

AD = 4cm; AB =32c¢m, CD = 64cm
, dé dang tinh duoc d6 dai BC
bang dinh ly Py-ta-go. Ttr do tinh M
dugc do dai CM. Do vay d¢é tinh
dugc CM trong tam giac vudéng p
CMN, chung ta chi can tinh duoc

d6 dai hai canh cua mét tam giac vuong dong dang véi tam giac vuong CMN la xong. Tu do,
chung ta c6 hai cach v€ thém duong phu:

Cich 1. Vi A=D=90° nén chi cin goi giao diém DA va CB 1a E. Sau d¢ tinh d6 dai canh
cua tam giac vudong CDE.

Cach 2. Ké BF vudng goc véi CD, khi d6 AMCN # AFCB. Bai toan ciing dugc giai.

ol ol
F N

c

o Trinh bay loi gidi
Goi M la trung diém cua BC, qua M ké duong thang vudng goc v6i BC, cit CD tai N. Do dai
nép gap can tinh chinh 1a d¢ dai doan thang MN.
Cich 1. Goi E 1a giao diém cua AD va BC; F 1a chan dudng vudng goc ké tir B t6i CD. D&
thay F 1a trung diém cua CD, tir d6:
BC* = BF* + FC* =24’ 4+ 32° =1600.. Suy ra BC =40cm = MC =20 (cm)
Ciing tir F 13 trung diém ctia CD, Suy ra B va A 1an luot 1a trung diém cua CE va DE,
Suy ra DE =2AD =48cm .
MC _MN 20 MN

Ta nhan thiy AMCN # ADCE nén == =" = MN=15cm
o DC DE 64 48
Vay do dai nép gap la 15cm.
Céch 2. Tacd AMCN # AFCB suy ra: 1€ _MN _ 20 _MN _ yin —15cm
CF  BF 32 32

Vay do dai nép gip 1a 15cm.
Bai 8. Cho tam gidc ABC can tai A. Trén AB lay diém D va trén BC ldy diém E sao cho hinh
chiéu cua DE 1én BC bang %BC. Chung minh rang duong vudng goc voi DE tai E ludn di qua mot
diém c6 dinh.

o Loi gidi. A
Goi M, H lan lugt 1a hinh chi€éu vuéng géc cua D va A

trén BC. Gid str duong thing qua E vudng goc voi DE
cat duong thang AH tai N.

Ta co: BH:%BC:>BM:HE. D
Mait khéc ta c6: HNE = MED (cung phu v&i HEN );

DME = NHE , nén AHNE # AMED
HN _HE _ 2HN _ HE _ 2HN _BM

= = =
ME DM BC DM BC DM ] u
.. BM BH 2HN BH BH.BC B M H E ¢
Mat khac = = = = HN =
DM HA BC HA 2.HA ’
Vay N la diém co dinh
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Nhan xét: Biém mau chot cua bai 1a khai thac diéu kién

“Hinh chiéu cua DE bang %BC” dé tir d6 xac dinh viéc ké thém dudng phu.

Bai 9. Cho tir gidc ABCD c6 ABD = ACD = 90°. Goi I, K th tu 14 hinh chiéu cia B, C trén canh
AD. Goi M la giao diém cua CI va BK, O la giao diém cua AC va BD. Chirng minh rang

OM | AD.
o Loi gidi,
Ké HI 1 BC tai L.
ABIH va ADBC c6 BIH=BDC=90° ma
DBC chung do 4.4. Qua O ké duong thér}g
song song voi AD, cat duong thang BI, CK lan
luot tai E, F OE L BI, OF 1 CK .
Xét ABEO va AAIB ¢b: BEO = AIB;
ABI = E(E(: 90°— 5&)
BO EO

ABEO #AAIB(g.¢)= —=—- (1
(g.2) B 1B (1)

Ching minh tuong tu, ta c6: ACFO # ADKC (g.g) = —

BO OC
AAOB # ADOC(g.g) =~ == (3
= (g.2) 5D (3)

EO OF OE IB
T 91),(2),va(3)suyra;: —=—=—=—— (4
) () (3) suy IB CK OF CK @

Ta cod: BI//CK nén E:%.(5)
CK MK
OE BO
Ta c6: ABEO # ANFO (g.g) =—=— (5
g ==y ©

BO

7

CO _OF
— @
CD  CK

— — -

Xét AAOB va ADOC c6: AOB = DOC; ABO = DCO

Tir (5) va (6) suy ra % === do d6 OM/INK (dinh 1§ Ta-1ét dio) hay OM L AD.

Bai 10. Cho AABC cb dinh c6 cac g6c B, C nhon va hinh chir nhat MNPG thay doi nhung luén co
M, N trén canh BC con P, Q lan luot trén canh AC va AB. Xac dinh vi tri cia cac diém P, Q sao

cho hinh chit nhat MNPQ ¢6 dién tich 16n nhét.
o Loi gidi,

Goi AH la duong cao cia ABC, AH cat PQ tai .

bat BA=a; AH=h; PQ=x; MQ =y
Taco: Al=h—y
Vi AAPQ # AACB nén

_ alh—
PO_ AL _x_h-y_ _a(h-y)
BC AH a h

= Synpo :xy:%(h—y)y

sj

T
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Vi a, h 14 cac hang s6 duong nén S 16n nhat khi (h— y) y 16n nhit.
2

ath , ta co: (h—y)yg

Ap dung hé thirc: ab <

2
h—y+y " a
T] T g T e S5

K ah
4
Véy gi4 tri 16n nhat cia S 13 “Th

Khi hey=y &y zg tirc P, Q Ian Iuot Ia trung diém ciia AC, AB.

Bai 11. Cho tam giac ABC vudng tai A. Hinh chit nhéat MNPQ thay d6i thoa mén M thudc canh
AB, N thudc canh AC va P, Q thudc canh BC. Goi giao di€ém cia BN voi MQ 1a K, cua CM va NQ
1a L. Chirng minh rang KAB = LAC .
o Loi gidi. A
Léy U, V theo thir ty thuoc AK, AL sao cho
EBT]:A/C\V:%C’,Tac():

BU BK M \
NA//BU = —=— (1)
NA NK

K
MN /1BC = A _BK 5y
MA NK

B 0 P C
marve =AML 3 \z/f \/
cv CL
Tu (1), (2) va (3) suy ra:

V

BU NA MA BK BK ML:>BU_BQ % MN BQ.CA BQ gﬁ
NA MA'CV NK NK CL CV NM BA CP BACP MQ BA CP
- BU_BA CA BA ;i ABMQ # ABCA; ACNP # ACBA)

CV _ CA'BACA

ay %:A—lé Vi ABU = ACV (=90°) do d6 AABU # AACV (c.g.c)

Viy KAB=LAC

vi MQ = NP)

Bai 12. Cho tam giac ABC vuéng tai A. Mot hinh vudng ndi tiép tam giac ABC véi D thugc canh
AB, E thudc AC va F, G thudc canh BC. Goi H 1a giao diém cua BE va DG, I 1a giao diém cua CD
va EF. Chirng minh rang IE = HG.

e Loi gidgi. A
Ta ¢6: ADE + EDG + BDG = 180°, m EDG = 90°
Nén ADE + BDG = 90°. D E
Mat khac, ta lai co: A/DTE—FIEEB =90°

Sy 1

nén BDG = AED . H
= ABGD # ADAE (g.g) (1)
Ching minh TT, ta c6 AEFC # ADAE (g.g) (2) B

G F C
BG EF
Tur (1) va (2) suy ra: ABGD # AEFC= —=— (3
(1) va (2) suy = O
Str dung dinh 1y Ta-1ét trong ABHG , ta co: DE//BG:>H—G:E
HD DE
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Ma DE = DG (tinh chat hinh vudng) nén HG _BG 4)
HD DG
Tuon tu, ta co: ~o—PE_EF 5y
EF FC FC
T 3), (4) va (5) ta c6: 20 —TE iy ra: —
HD IF HG+HD I[E+IF
Hay H—GZE Ma DG =EF néntaco HG=IE
DG EF

Bai 13. Cho hinh vuéng ABCD, F 1a trung diém cua AD va E 1a trung diém cua FD, Cac duong
thang BE va CF cat nhau tai G. Tinh ti s6 dién tich ctua tam gidc EFG véi dién tich hinh vuong

ABCD.
o Loi giii. B

Vi ED=EF nén S, =S, ma AF=2.EF
nén S, =25, .

Ta lai c6 AGBC # AGEF

E

S EF

.S
nén - =
EFG

2
] = Sesc = 16SEFG

Do d6 S, + S, + Spe = (14+142+16).8,,, =20.5,,, G
\ 1

Ma SEFG + SGED + SGAF + SGBC = E'SABCD 4 7 f 7 f
N 1 S 1

Vay SEFG :%’SABCD = SEFG :E

ABCD

Bai 14. Cho hinh chit nhat ABCD c6 dién tich 150cm® (nhu hinh v&). Goi E, F 1a trung diém cia

AB va BC. Goi M, N la giao diém cua DE. DF véi AC. Tinh téng dién tich phén to6 dam.

o Loi gidi. y E
Ta co: AAME # ACMD ! !
JEM AR 1 pvm—2EM
DM DC 2 M e

S L7

bat SAEM:x.TaC(’):ﬂ:%:liS@M:h. >
ADM DM 2 //

Ta co: i N

1 1
SAEM +SADM = SADE :ESABD :ZSABCD = x+2x :37’5cm2 =

= x=12,5em* = S = 25cm*.
Tuong tu, ta co: S, = 12,5¢m*; Senp = 25¢m?.

=S =S8, =S —Sey = 15—25—25=25cm’

= dién tich phan t6 dam 1a: 12,5+12,5+ 25 = 50cm’
Bai 15. Cho tam giac nhon ABC ¢6 AD, BE, CF la dudng cao cit nhau tai H.
HB.HC HCHA  HAHB _|

Chtng minh ring: =1.
AB.AC BC.BA CACB
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o Loi gidi. A

- CH CE
D@ thidy ACHE # ACAF (g.¢)= — = ——.

y (g.2) A" CF
1

HBHC ,MBCE g

Do dé: ABAC 1 S
' 5AB.CF ABC

HCHA S, HAHB S,
BCBA S,,. CACB S,.

ABC

Tuong tu ta co:

Tt do6 suy ra: u
HB.HC n HC.HA n HB.HA S, +S,,+S B D c

HBC HCA HBC __ 1

ABAC BC.BA CACB S

ABC

Bai 16. Trong hinh v€ dudi day cac tam gidc ABC va CDE co6 D
dién tich bang nhau va F 1a giao diém cia CA va DE. Biét AB

song song véi DE. AB = 9cm va EF = 6¢cm. Tinh d6 dai theo cm 4

cua DE

(Olympic Todn hoc tré quoc té Bulgaria (BICMC)

o Loi gidi.
Cich 1. V& hai hinh binh hanh DECG va ABCH, do d6 diém H
thudc doan GC. Goi K 1a giao diém ctia AH va DF. B E

Tacé:A—B:%:% va CE =2.BE. ud ¢

Vi hai tam gidc ABC va CDE c¢6 dién tich bang nhau

nén hai hinh binh hanh ABCH va DECG c6 dién tich 4 K
bang nhau.
Do d6 CH =2.HG . Suy ra: F
DE=GC=9+4,5=13,5cm va

DF =DE—EF =13,5—6="7,5cm J
Cich 2. Ké duong cao CI cua AABC, CI cit EF tai J.

, 2 B E C
Tach: —=—=—==.
I AB 9 3 ‘
Hai tam giac ABC va CDE c¢6 dién tich bang nhau nén AB.CI = DE.CJ
L AB_ T AB 2 pE—2AB=29-135m
DE CI DE 3 3 2

Suy ra: DF = DE—EF =13,5—6="17,5cm
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Bai 17. Cho hinh vudéng ABCD. Goi Q, E lan luot 13 trung
diem cua 7AB, BC. Goi M la giao diém cﬁa‘DE va CQ; goi | A : :
la giao diém cia AM va BC. Chiing minh rang AM = 4. MI.

o Loi gidi.
Ta c6 ACBQ = ADCE (c.g.c) = EC\Q — CDE
M3 CDE + CED = 90° nén BCQ + CED = 90° M _E
Do d6: EMC = 90°
Vay tam gidc vuong DCE, DMC, CME dong dang I
b¢ = bM = Mc ma DC =2.CE
CE MC ME D c

=DM =2.MC; MC =2.ME = DM = 4.ME

AM _ DM
ME

Ma EI//AD nén =4=AM =4.MI

Bai 18. Gia sir AD, BE va CF 1a cac dudng phéan giac ctia tam gidc ABC. Chimg minh rang tam
giac ABC déu khi va chi khi dién tich tam giac DEF bang % dién tich tam giac ABC.
(Tuyén sinh I6p 10, THPT chuyén, tinh Hoa Binh, ndm hoc 2013 — 2014)
o Loi gidi. A4
e Chitng minh diéu ki¢n can. Cho tam giac ABC déu, AT
BE va CF la cac duong phan giac trong cua tam giac AB(
ta can chirng minh:
D (1) _1 r £

S ise 2 4
Do tam gidc ABC déu va AD, BE, CF 1a cic dudng
phén giac ctia tam gidc nén ta co:
%:EzﬁzleDEF # AABC
AB BC AC 2 B D c
2 2

:,Sai:(ﬁj :H _1

S \AB 2) 4

e Chitrng minh diéu kién dii. Cho tam giac ABC, AD, BE va CF la cac duong phan gic cua tar

giac, théa man Soer _ l, ta can ching minh : A4ABC 1 tam giac déu.
ABC

batBC=a, AC=b; AB=c(a, b, c>0)
Vi AD la duong phan gidc BAC nén ta co:

ﬁzfz DB -_¢ 3%: ¢ = DB= ac =>DC=a-DB=a- ac__ ab
DC b DB+DC c+b a c+b c+b c+b c+b
Chung minh tuong tu, ta c6: EC = ab ; EA= be s FA= be ;FB = c«a_
a+c a+c a+b a+b
Ta co: Soer — S usc =Sarr = Sepr = Scor :l_SAEF _SBDF _SCDE — _AF-AE_BF-BD_CE-CD
BC S s Se Sie Sue AB.AC BA.BC CA.CB
bc ab ac 2abc

:1— — — =

(a+b)(a+c) (a+c)(b+c) (a+c)(b+c) (a+b)(b+c)(c+a)
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) X 2abc 1
Th a thiét ta co: =—

=0 B i h) (bro)(cva) 4
:>(a+b)(b+c)(c+a)=8abc<:>a(b—c)2+b(c—a)2+c(b—a)2=0

& a=b=c< ABC la tam giac déu.

Bai 19. Cho tam giac ABC vuéng tai A c6 AH la duong cao. Biét rang chu vi tam giac ABH, ACH
lan luot 1a 30cm, 40cm. tinh chu vi tam giac ABC.
o Loi gidi. A
Ta c6: AABH” ACAH nén ti sd chu vi bang ti sb
AH 30 AH 3 __AH HC

ddng dang, suyra: ——="——= """ =" .
& cans, suy HC 40 HC 4 3 4

Pt ATH:HTczk (k>0) = AH =3k, HC = 4k
. i -
Ap dung dinh ly Py-ta-go, ta co: B H c

AH?+ HC? = AC* = AC =5k .
Ma chu vi ACAH 1a 40 (cm) nén 3k+4k+5k=40:k=? (cm).

Suy ra AH =10 (cm), HCz? (em), AC z?(cm).

Ta c6 AABC # AHAC nén ti s6 chu vi bang ti s6 dong dang, suy ra:

50
2P 5 :£21:232PABC 25'40:50 (cm)
2PHAC HC @ 4 4

3

Bai 20. Qua diém M thudc canh BC cua tam gidc ABC ké cac dudng thing song song véi cac canh
AB va AC, ching tao thanh véi hai canh éy mot hinh binh hanh. Tim vi tri cta diém M dé hinh
binh hanh d6 c¢ dién tich 16n nhat.

(Thi hoc sinh gidi I6p 9, TP. Ho Chi Minh, nam hoc 2014 — 2015

o Loi gidi. 4
Qua diém M trén canh BC v& dudng thang song song
vo1 AB cat AC tai E, v€ duong thang song song voi1 AC

. E
cat AB tai D.
Ta c6 ADBM # AABC # AEMC
D
 Su ‘(BMT' Soue ‘(CMT
SABC BC ’ SABC BC
B F C

2 2 2 2
Ta co: @:l—sl’ﬂ—smc =1- (BMJ +(CMJ £1—l£%j +(C—Mj :l
S e Spe S BC BC 2\ BC BC) 2
2
e . g +
(4p dung bat dang thic dai s6: x* +y° > %) = S\pie S%.SABC

ABC

Vay khi M 1a trung diém cta BC thi hinh binh hanh AEMD c6 dién tich 16n nhat 1a: %.S
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Chii @& 5. PINH LY MENELAUS, PINH LY CE-VA, PINH LY VAN-OBEN

A. Kien thwe can nho

1. Dinh ly Menelaus

Menelaus sinh ra khoang nim 70 va mat khoang nam 130, nhiing gi duoc biét vé& cudc doi
ong rat it, thong qua mot s tac phim khoa hoc cua nhitng ngudi sau. Chi biét chung chung ring
ong c6 mot thoi la sinh vién truong dai hoc Alexandrie ¢6 dai, roi 1am can bo giang day cling ¢ do
va vé sau thanh nha thién vin hoc & La M. Trong hinh hoc 6ng c¢6 mét dinh 1y ndi tiéng mang tén
ong: dinh 1y Menelaus.

Dinh ly: Cho tam gidc ABC va ba diém 4',B',C' (khong tring véi cac dinh cila tam giac)
lan luot trén cac duong thang BC,CA va AB sao cho ca ba diém 4',B’,C’ déu nam trén phan kéo
dai ctia ba canh, hodc mot trong ba diém nam trén phén kéo dai mot canh va hai diém con lai nam
trén hai canh cta tam giac. Diéu kién can va du dé 4',B,C’ thang hang la: QE% =1.

A'C B'A4 C'B
o Chirng minh M A

Truwong hop 1. Néu trong ba diém 4',B',C’' c6

dung hai diém thudc canh cua tam gidc ABC,

chang han la diém B’ va C'.

e Néu 4,B,C' théng hang.

Qua 4 ké duong thing song song v6i BC
C'A_AM BC _AC
C'B AB’ BA AM’

. AB B'C C'A AM A'C A'B
Vay: . : = : =1.
A'C B4 CB AB AM A'C

A”
A’

cat B'C' tai M, ta co:

.z« AB B'C C'4
e Nguoc lai, néu —.— ——=1.
fl'C B'A C'B
Goi A"1a giao di€m cua B'C' vo1 BC.
Theo phan thun: ﬂﬁ c4_ 1. Suy ra: A8 :ﬂ.
A"C B'A C'B A"C A'C
Do B',C’ lan luot thudc canh C4, AB nén A" nam ngoai canh BC.
Vay AB _AB va A", 4' cing ndm ngoai doan BC.
A"C AC

Suyra A"=A'. Vay ba diém 4, B',C' thang hang.
Truwong hop 2. Trong ba diém A4',B',C’ khong c6 diém nao thudc canh cta tam gidc dugc
chirng minh tuong tu.
Vidu 1. Trong tam gidc ABC, goi M 1a trung diém cia canh BC, cho AB=12 va AC=16.
Diém E va F lay lan lugt trén hai canh AC va 4B sao cho AE =2A4F . Cac dudong EF va AM

cat nhau tai G. Hay tinh ti s6 EG
GF

o Loi gidi.

Kéo dai BC va FE citnhau tai H .

Ap dung Pinh 1i Menelaus vao AFBH véi 3 diém G, 4, M : G—H.A—F.@zl (1)
GF AB MH

Ap dyung Dinh li Menelaus vao AECH véi 3 diém G, 4, M :

Bién soan: Trdn Pinh Hoang 0814000158 53



Chuyén dé boi dwéng hoc sinh gidi todn 8

taco: G—H.A—E.M—Czl (2) A
GE AC MH ) )

Vi MB=MCva EA=2FA nén chia vé theo vé

cua (1) cho (2) ta duoc:

1 GE AC GE AB 12 3
————=1,hay —=2.—=2."—==. o £
2 GF AB GF AC 1 2

B M C H

Vidu 2. Cho tam giac ABC véi AB> AC. GoiPla giao diém cua dudng trung truc cia BC va
duong phan giac trong cia géc 4. Dung céc di€ém X trén AB va Y trén AC sao cho PX vudng goc

iy . . T . .. P . L e ... x BZ
vO1 AB va PY vudng gbc voi AC . Goi Z la giao diém ciia XY va BC. X4c dinh gid tri ti s6 ~c
o Loi gidi, A

Vi PAX = PAY va PXA=PYA=90° nén cic tam giac
APAX va APAY bang nhau, suy ra AX =AY va

PX =PY.
Do P nam trén trung tryc cua BC,a co PC = PB
Nhu thé, APYC va APXB la hai tam gidc vudng bang X

nhau, suyra CY =BX .

: C i c
Vi X.Y,Z thang hang, 4p dung DPinh li Menelaus ta p 7 \
AY CZ BX \
duoc: —.—.—=1.
YC ZB X4 . Y
Nhung 4X = AY va CY = BX nén dang thirc nay cho ta:
P

BZ=7C=1.Vaytisb Bz bang 1.
ZC

Vidu 3. Cho tam giac ABC vaba diém 4,,B,,C, twong ing nam trén ba canh BC,CA, 4B sao cho
cac duong thang A4, BB, cit nhau tai O.
o Loi gidi.
Gia str ba cip duong thing ABva AB,, BC va
BC,, CAva C,A lan lugt cat nhau tai ba diém
C,,4,,B,. Chimg minh rang C,, 4,, B, thang hang.

Giai. Ap dung Dinh li Menelaus vao cac tam giac
va cac diem:

AOABVA 4,B,C,, taco: 24 9B BG, ;.
04, BB, AC,

AOBCVa B,,C, 4, taco: 06 BB C4 o)
CC, 0B, B4,

AOACVA 4,C,,B,, taco: 24 €G 4By - (3
44, 0C, B,

Nhan (1), (2) va (3) vé theo vé ta duoc:
BC, C4, 4B, _,
AC, BA, CB, 4, B 4 ¢

Ap dung Pinh 1i Menelaus (phan d4o) ta suy ra diéu phai chirng minh.
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2. Dinh ly Ce-va.

Ce-va 13 k¥ su ngudi Y, nhung yéu thich Toan hoc. Ong sinh nim 1648, mat nim 1734. Thoi
thanh nién Ce-va theo hoc ¢ Pai hoc Pise roi gitip viéc cho Quan cong ving Mantoue. Cong trinh
nghién ciru cua 6ng 1a vé Co hoc va Hinh hoc. Doi sau biét dén 6ng thong qua mét dinh 1y hinh
hoc mang tén 6ng: dinh 1y Ce-va.

Dinh Iy: Cho ba diém D,E,F nam trén ba canh tuwong ing BC,CA, AB cia tam giac ABC
(khong tring v&i ba dinh cta tam giac) khi d6 ba dudng thang AD, BE,CF ddng quy khi va chi khi
DB EC FA

DC EA FB

e Chirng minh p % Y
e Xét duong thang 4D, BE,CF dong quy
Qua 4 ké duong thang song song voi BC, duong 5
thang nay cat duong thang BE,CF lan luot tai Q F

va P.

Ap dung dinh 1y Ta-1ét, ta cé:

FA _ AP EC _BC

FB BC EA AQ B D C

AP _AQ(_AM)\_ AP _CD
CD BD\ MD) A0 BD’

< 2 DB EC FA AQ BC 4P _
Tu d6 suy ra; —.—.—
DC EA'FB AP AQ BC

Nguoc lai, néu DB E E=1.

DC EA FB
Goi M 1a giao diém ciia BE va CF.Goi D' l1a giao diém ctia AM va BC.

D'B EC FA D'B DB D'B DB
Theo phan thuén, ta c6: —— —C —=l=

=
D'C EA FB DC DC D'B+DC DB+ DC
=BD'=BD=D=D".

D'B _DB
g
BC BC .
Vay AD,BE,CF dong quy.
Vi du. Cho hinh thang ABCD véi AB>CD; E 1a giao diém hai canh bén 4Dva BC; F la trung
diém 4B . .
a) Chung minh AC,BD, EF dong quy.
b) Biét dién tich hinh thang bang 1. Puong chéo hinh thang c6 thé 1iy gi tri bé nhat bang bao
nhiéu?

o Loi gidi
a) Theo Dinh 1i Céva, xét tam gidc ABE, ba dudng thang EF,BDva AC ddng quy khi va chi
hi F_AQ£ 1@2 %_1 (do FA= FB)
FB CE DA CE D

Diéu nay hlgn nhién ding do 43 /I CD.

b) Goi D,,C, lan lugt 1a hinh chi€éu cia D va C 1én 4B
Pit d, =BD,d, = AC, p, = BD,, p, = AC,,CC, = h, AB=a,CD =b.
Khong mat tinh tong quat, c6 thé gia sit d, > d,, khi d6, p, > p,.
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D@ thay p+p,2a+b.

E
, a+b S 1 1
T'il co‘p1 > 5 =%=Z:dlz =p’+h Z?-i-hz >2,
dau bang xay rakhi p, =p, =h.
214 C
Luc do, d, = V2 .Vay duong chéo hinh thang c6 the lay b
gia tri bé nhét 1a v/2 .
ul ul
A D, F C B

3. Dinh ly Van Oben. )
Van Oben (Van Aubel) sinh ngay 20.11.1830 tai Maastricht (Ha Lan), mat ngay 03.02.1906
tai Anlwerpen (Bi). Ong nghién ctru va day Toan cho cac 16p du bi dai hoc & Atheneum,

Maastricht (Ha Lan) va dai hoc Gent (Bi). Trong qua trinh nghién ctru, ong cong bd nhiéu tinh
chat, dinh 1y hinh hoc dic sic mang tén 6ng

Dinh Iy: Cho M 1a mot diém nam trong tam giac 4BC. Goi D,E,F thu ty 1a giao diém cua

AM ,BM ,CM véi cac canh BC,AC, AB . Khi do6 thi: AM £+ AF
MD EC FB’
e Chirng minh P A 0

Cich 1. Qua A ké duong thang song song véi BC
cat duong thang CM va BM lan lugt tai P va Q

; E
Ap dung dinh ly Ta-1ét, ta co: F
A0/BC = AL _ A9
FB  BC'
AP//BC = AE _AP
BC B D C

_AF AE _AQ+AP _PQ
FB EC BC  BC’
Mat khac PQ//BC = PO _PM _ AM tr d6 suy ra ﬂ=£+AE
BC MB MD MD FB EC i
Cich 2. Ap dung dinh 1y Menelaus cho A4BD va ba diém F,M,C thing hang ta cé:
AF BC MD _,_ AF _CD AM (1).
FB CD AM FB  BC MD i )
Ap dung dinh 1y Menelaus cho AACD va ba diém E,M,B thang hang ta co:
AE BC MD _\  AE_BD MA
EC BD AM EC BC MD
Tir (1) va (2) AF AE _AM (CD+QJZA_M

suy ra; —+—= .
FB EC MD\BC BC) MD
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B. Bai tdp van dung

Bai 1. (M6 réng Van-Oben) Cho tam gidc ABC . Trén tia d6i clia tia BA ldy diém K, trén tia d6i
cua tia C4 lay diem N. Goi E la giao diém CK va BN ; goi M la giao diém cua AE va BC.
AE _AK AN

EM KB NC'

Chtng minh ring:

o Tim cach gidi.

V6i cach suy luan nhu dinh Iy Van-Oben, ching ta
cling co6 thé chimg minh bang hai cach.

e Trinh bay loi gidi
Cich 1. Qua A4 k¢ duong thang song song voi
BC cit dudong thing BN va BK lan luot tai P
va Q.
Ap dung dinh 1y Ta-1ét, ta co:

A0BC = 2K _ A0
KB BC'

AN _AP _ AK AN _AQ+AP _PQ

AP//BC = —— +
NC BC KB NC  BC  BC
Mit khac P//BC = L2 _PE _AE o 46 suy ra: AE _AK AN
BC BE ME EM KB NC

Cich 2. Ap dung dinh 1y Menelaus cho A4BM va ba diém K, E,C thing hang ta co:
AK BC ME _1 AK CM AE

KB CM AE KB BC ME (1)

Ap dung dinh 1y Menelaus cho AACM va ba diém E,N,B thang hang, ta co:
AN BC ME_, AN _BM EA

. . =1= = .
NC BM EA NC BC ME

\ \ AK AN AE (CM BM AE
Tu (1) va (2) suy ra: —_—=— + = :
KB NC ME \ BC BC ME

Bai 2. Cho tam gidc ABC . Trén canh BC lan luot ldy diém D sao cho g_lé :%. Lay diém O trén

doan thang AD sao cho % =4.Goi E la giao cua hai duong thing AC va BO. Tinh ty s6 %

o Loi gidi, 4
Tu 8D _1 suy ra B—=3.
BD
Ap dung dinh Iy Menelaus cho AADC véi
ba diém B,0,FE thiang hang, ta co: £
AE BC OD AE |1 AE 4
Rty Pl Y [
EC BD 04 EC 4 EC 3
Nhan xét. Ngoai cidch van dung dinh ly, chung ta c6 thé ké & D c

thém dudng thang song song dé van dung dinh 1y ta-1ét.
Bai 3. (Pinh Iy Menelaus trong tit gidc) Cho ti giac ABCD . Pudng thang d cit 4B, BC,CD,DA
MA NB PC QD _
MB NC PD QA

tai M,N,P,Q.Chiung minh rﬁng
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e Tim cach gidi. N
Tuong tu nhu chiing ta chirng minh dinh 1y Menelaus
trong tam giac, chung ta c6 nhiéu cach chimg minh.
Sau day la mot cach.

e Trinh bay loi gidi ‘
Tu A4,B vé AE//BF//CD (E;Fed) A
Theo hé qua cua dinh ly Ta-1ét: M
MA _AE NB _BE QD DpP F B

MB BF NC CP’ 0A T AE

MA NB PC QD AE BE PC DP _
Suy ra: —_———

MB NC PD’ 0A " BF CP PD AE

D P C

Bai 4. Cho tam giac ABC nhon c¢6 BD;CE 1a dudng cao, H la tryc tAm. Qua H ké duong thang
HMY  BM.EM
HN DN.CN

cit canh 4B, AC tai M,N .Chtng minh rang: (

o Loi gidi.
Ap dung dinh 1y Menelaus cho B,H,D thang hang
d6i véi AAMN , ta co: HM % ﬁ:l (1)
HN DA BM i
Ap dung dinh 1y Menelaus cho C,H,E thang hang
d6i véi AAMN , ta co: HM ﬂ £:1 (2)
HN CA EM

Tu (1), (2) nhan vé ta co:
HM? DN CN AB AE

v oA casw o O B c
Mat khac AMEC ~ AADB (g.g) = ;“Cg jD AB.AE = AC.AD .
2 2
Thay vao (3) suy ra: HM2 DNEN | pay (HM ) _ BM.EM (diéu phai chirng minh).
HN® BM.EM HN ) DNCN

Bai 5. Cho tam gidc ABC vudng tai A c6 dudng cao AH, trung tuyén BM , phan gidc CD cat
nhau tai diém O. Chtng minh rang BH = AC
e Tim cach gidi.
Pé chung minh BH = AC bang cach ghép vao hai tam giac 14 khong kha thi boi khong khai
thac duoc tinh dong quy cua gia thiét. Dé khai thac duoc tinh dong quy cua gia thiét nay,
chung ta lién tudng téi dinh 1y Ce-va. Van dung dinh ly Ce-va, ching ta suy ra dugc

ﬁ b4 =1. Pi xut hién BH song chua c6 AC. Dé xuat hién AC, chung ta van dung tiép

HC DB
yéu to gia thiét CD 1a phan giac. Tir d6 chung ta suy ra dugc: BH.AC = HC.BC . Bé ¢o

BH = AC , phan cubi cung la chirng minh HC.BC = AC>.
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e Trinh bay loi gidi A
Theo dinh 1y Ce-va ta co:
BH_MC DA_
HC MA DB ) D
ma MA=MC nén BH D—A:I (1)
HC DB
Vi CD la phan giac nén b4 _A¢ (2) !
DB BC B H ¢
Tir (1) va (2) taco: 22 AC _1 gy ac=nHCBC (3)
HC BC
Nhan thdy A4BC ~ AHAC (g.g)= Zg ;g = AC’ =HC.BC (4)

Tur (3) va (4) suy ra BH.AC = AC* hay BH = AC.

Bai 6. Cho tam gidc ABC c6 diém M nim trong tam gidc cic tia AM,BM,CM cit cic canh
BC,CA,AB tuong ung tai D,E,F. Goi H la giao diém cia DF va BM . Goi K la giao di€m cua
CM va DE . Ching minh 4D,BK,CH dong quy.
e Tim cach giai. A
Dé chimg minh 4D, BK,CH dong quy, d& dang nghi t6i
viéc van dung dinh ly Ce-va ddo trong tam gidc MBC.

Dé van dung dinh 1y Ce-va, chung ta can chimg minh F

KM ﬂ C—D—l Mudn xuit hién ti sb ﬂ ﬁ C—D

KC HM BD KC ' HM ' BD
chung ta can linh hoat trong cac tam giac dé van dung
dinh Iy Menelaus hoac Ce-va.

e Trinh bay loi gidi B D C
Ap dung dinh 1y Menelaus trong tam giac AMC,; AMB

KM EC DA BH DM FA
Taco: ——.— =1; e

KC EA'DM ~ HM DA FB
KM EA DM  BH _FB DA
Suyra —=— (1)
KC EC DA’ HM FA DM
Ap dung dinh 1y Ce-va trong tam gidc ABC, ta co:

CD BF AE _, _ CD _EC F4

— =1 =—— (2)
BD FA EC BD AE BF
Tir (1) va (2) nhéan vé véi vé ta duoc:
KM BH CD_EA DM FB DA EC FA_ KM BH CD
KC HM BD EC DA FA DM AE BF ~ KC HM BD
Theo dinh 1y Ce-va ddo ta c6 AD,BK,CH dong qui.
Bai 7. Cho tam giac ABC nhon c6 AH 1a dudng cao. Ly diém O tuy y thudc doan AH (O khac
A, H ). Cac tia BO va CO cat AC; AB tuong ung tai M,N . Chiing minh rang HA la tia phan giac
cua MHN .
o Loi gidgi
Cich 1. Qua A4 ké duong thing xy song song voi BC. Goi I;K lan luot 1 giao diém cua cac
tia HN;HM v&i duong thing xy.
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Theo hé qua dinh 1y Ta-1ét, ta co:
Al AN AK _AM
BH BN CH MC’
Ap dung dinh 1y Ce-va trong tam giac AABC dbi
v6i ba duong thing déng qui AH,BM,CN ta cé:
AN BH CM _ _ Al BH CH _

— =l=———=
BN CH MA BH CH AK
:>£=1<:>AI=AK.

AK

Xét AHKI c6 HA L IK; Al = AK

= AHIK cantai H = HA la duong phan giac MEIN .

Cich 2. Xét trudng hop AABC(AC > AB).

Dung AABP can tai A c6 AHla dudong cao. AP cit

HM tai 0. Goi N' la diém ddi ximg véi O qua AH .

Vi 4,0,P thing hang suy ra 4, N’ B thing hang. Khi
. NP A oo oo—— 04 N4

dé HA la duong phan giac cia QHN' va =—=——.

OP N'B

Ap dung dinh 1y Menelaus cho AACP véi ba diém

thang hang H,Q, M ta co:

HP MC 04 _, _, HB MC N _, theo dinh 1y dao
HC MA QP HC MA N'B

ctua Ce-va thi AH,BM,CN' ddng quy.

1 A K
M
N 0
H C
A
M
N'
N 0
0
H P c

Theo gia thiét AH,BM,CN ddng quy = N = N'. Viy HA la dudng phén giac MHN
Xét truong hgp A4BC(AC < AB). Chirng minh tuong tu nhu trén.

Xét truong hop AABC(AC = AB). Chung minh tuong ty

Bai 8. Gia st O 1a diém bat ki ndm trong tam gidc ABC cac tia A40,BO,CO lan luot cit

AO.AP BO.BM CO.CN

BC,AC,AB tai M,N,P. Chimg minh ring: i

diém 0.
e Tim cach gidi.
Nhén thay phan két luan cta chung ta 1a mot tich cac ti
s0 nén chiing ta lién tudng té1 hai dinh 1y c6 thé dung la
AO.AP
OP

Menelaus hoac Ce-va. Nhan thay néu muon co

thi 29 hay 2P khong thé xuét hién duge néu van
oP oP

dung dinh 1y trén (bdi ca hai dinh Iy déu khong xuét

hién ti s6 trén). Song néu dao mau s, tirc 1a A0.4P thi

, « A f A A A A : ,
ti s % c6 thé xuat hién dugc nho van dung dinh 1y

khong phu thudc vao vi tri
ON

Menelaus trong tam giac 4AMC hodc AMB . Nhan thiy y tuong d6 kha thi. Tiép tuc biéu dién

cac ti sb E; o mot cach tuong tu, ching ta c6 mot 161 giai hay.
ON OP

e Trinh bay léi gidi.
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Ap dung dinh 1y Menelaus trong:

AAMC véiba diém B,0,N thing hang ta co: A0 BM CN _,_, 40 _BC AN (1)
OM BC NA OM BM CN

BO AN CM:BO_AC BM 2)
ON AC MB ~ON AN CM
CO BP AN CO 4B NC

Xét AACP véibadiém B,O,N thing hangtacé: —.—— "~ =l=——="""= (3)
OP BA NC OP BP AN

Tir (1),(2) va (3) ta co: 22AL BOBM COCN _ A0 BO €O p gy .cn
OP oM ON  OM ON OP

_ BC AN AC BM AB CN 4 pgyrcn = BC.AC.AB BMAPCN -y
BM CN AN CM BP AN CM .BP.NA
Mat khéc, 4p dung dinh ly Ce-va doi véi AABC c6 ba dudong thang AM,BN,CP dong quy ta
BM CN AP

b —.—.—=1 (5)

CM AN BP
Tur (4) va (5) suy ra: AC.AP BOBM COCN _ po ¢ 48.
opP oM ON

Khong phu thudce vao vi tri diém O
Bai 9. Trén ba canh BC,CA,AB cia tam giac ABC lan luot ldy ba diém H,M,N sao cho
AH,BM,CN dong quy tai G . Goi P,Q lan luot la giao diém cia HN va BM,;HM va CN . Tia AP
AQ _3 (AN AM]
OF NB  MC

e Tim cach gidi. A

ABCN véiba diém 4,0,M thang hang, ta co:

vatia 40 cat BC lan luottai E va F . Chiig minh rang: P_]ED

Dinh huéng va sy lya chon dinh 1y dé van dyung van
dé quan trong, nd quyét dinh sy thanh cong cua bai
toan. Trong bai toan nay, nhan thdy c6 nhiéu duong
dong quy, mat khac phan két luan lai xuat hién tong M
céc ti s6 nén viéc van dung dinh 1y Van-Oben 14 diéu N (

AP
chung ta nén nghi t6i. Dé xuit hién =— nén van
dung dinh ly Van-Oben trong tam gidc ABH doi voi
AE,BG va HN ddng quy. Pé xuat hién g nénvan p

dung dinh 1y Van-Oben trong tam gidc 4CH d6i véi
AF,CG va HM ddng quy. Sau d6, vi vé phai chi xuat hién ;—g+f4—j‘g, ching ta nén van dung
dinh 1y Van-Oben trong tam gidc ABC dbi voi AH,CN va BM ddng quy. Tir d6 ching ta c6
101 giai hay.
e Trinh bay loi gidi.
Ap dung dinh 1y Van-Oben cho A4BH véi AE,BG,HN dong quy tai P, ta cé:
AP AN AG
7ty (1)
PE NB GH

Ap dung dinh 1y Van-Oben cho A4CH
.. ) . . AQ _AM AG

Vo1 AF,CG,HM dong quy tai O, ta co: 2

gawy © QF MC GH ( )

AP+AQ AN AM 49 AG (3)

PE QF NB mc T GH

Tur (1) va (2) cong vé véi vé, ta dugc:
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Ap dung dinh 1y Van-Oben cho A4BC d6i véi AH,BM,CN ddng quy tai G, ta co:
AG AN AM ( )
GH NB MC

‘ , LAQ _ (AN _AM
Tu (3 — =3.
u()va()suyra o5t (

OF NB MC
Nhdn xét. Tu két luan cua bai toan, chung ta nhén thay: .

- Ap dung dinh ly Van-Oben cho A4BC doi voi AH,BM,CN dong quy tai G, ta co
AN AM  AG

NB MC " GH ) . .

ABC lan luot lay ba diém H,M,N sao cho 4H,BM,CN ddng quy tai G.Goi P,Q lan luot 1a
giao diém cia HN va BM;HM va CN. Tia AP va tia AQ cit BC lan luot tai £ va F.

Chung minh rang: —P 40 _ 3(£J
PE QF GH

- Truong hop H 1 trung diém ciia BC thi MN//BC. Ta ¢ két qua sau: % =% do do6 ta

J (Diéu phai ching minh).

do d6 chung ta gidi duoc bai toan: Trén ba canh BC,CA, AB cua tam gidc

giai dugc bai toan sau: Trén ba canh BC,CA4,AB cia tam gidc ABC lan luot liy ba diém
H,M,N sao cho AH,BM,CN dong quy tai G. Goi P,Q lan luogt 1a giao di€m cia HN va
BM:HM va CN. Tia AP va tia AQ cit BC lan luot tai £ va F. Ching minh ring:
AP 4Q (AN

PE QF NB

AN AM

- Truong hop G 1a trung diém cua 4H thi E-i__MC =1. Do d¢ ta gidi dugc bai toan sau:
Trén ba canh BC,CA,AB cia tam giac ABC lan luot liy ba diém H,M,N sao cho
AH,BM,CN dong quy tai G. Goi P,Q lan lugt 1a giao di€m cua HN va BM;HM va CN .

Tia AP vatia AQ cit BC lan lugttai £ va F.Ching minh rang: —+ 40 _
PE QF
‘. . n A A a2 \ , ~ BD CA 1
Bai 10. Cho tam gidc ABC. Trén canh BC,CA lan luot lay diém D va E thoa man D_C:_A:?
Goi O la giao diém cia AD va BE. Tinh ty b 40 va B—O
OD OF
o Loi gidi. A
‘BDCEI BDlCD AE 2
U — —suyra —=— ;===
DC EA 2 BC 3 DB ~ AC 3
Ap dung dinh ly Menelaus trong A4ADC véi ba
di€ém B,0,E thang hang, ta co:
AOBD CE_, A0 11 _, A0 _, S

OD BC EA OD 32 oD
Ap dung dinh 1y Menelaus trong ABEC véi ba
diém 4,0,D théng hang, ta co:
BO AE CD 1 BOZZ_1 BO 3 B D C

— = =l —==.
OE AC DB OE 31 OE 4

Bai 11. Cho tam gidc ABC vudng tai 4.C6 dudng cao AH , dudng trung tuyén BM va phan giac
BC BH
CD dong quy tai O. Chimg minh rang: — ==—
sS4 8 & AC CH
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o Loi gidi.

Trong tam giac ABC c6 AH,CD,BM dong quy
tai O. D
Theo dinh 1y Ce-va, ta co: ﬁ % Q = o
HC MA DB
CM . BD _BC
ma —=1va
MA AD  AC —I

(Tinh chit dudng phén giac)
BH | AC BC BH
suyra —.l.—=1=—=——-.
HC BC AC CH

Bai 12. Cho tam gidc ABC c6 duong cao AH , duong trung tuyén BM va phan giac CD dong
quy. Dat a,b,c lan lugt 1a d6 dai ba canh BC,C4, 4B . Chitng minh ring: (a +b)(a2 +b° —cz) =2a’bh.

o Loi gidi.

Ap dung dinh 1y Ce-va cho ba duong thing dong quy
AH,BM ,CD , ta co: A—D BH C—M—l ma AM =CM
BD CH AM u

. AD BH AD CH 0

nén —.—=1=>—=—-.
BD CH BD BH

Mat khac, CD la dudong phan gidc nén
AD_AC b CH b b

= = ra —=— hay a.CH =b.BH
BD BC o Yy, W ¢
Ap dung dinh 1y Py-ta-go cho tam gidc vudng, ta co:
a’* = BC* = HB* + HC?* +2.HB.HC
b* = AC* = HA* + HC?
¢’ = AB* = HA* + HB?
Tir d6: (a+b)(a’ +b* —c*)=(a+b)(2a.CH)=2a.(a.HC +b. HC)
=2a.(b.BH +b.HC) (theo (1)
=2a.ab=2d’b.

Bai 13. Cho tam gidc ABC(AB<AC), M 1a trung diém cua BC. Mot duong thing qua M va
song song v6i dudng phan gidc AD cia gbc BAC cat AC,AB lan luot & E va F. Ching minh
réng CE =BF

o Loi gidi. F

Cach 1. (khong dung Menelaus)
Ta giai vén tit nhu sau:
Tu AD//IFM va ME//AD A
Ap dung dinh 1y Ta-1ét, ta c6: E

BA_BE (yva £ (g

BD BM CM CD
Mit khac, theo tinh chat duong phan giac ta co:

22 )

BD CD 5 P c

\ \ BF CE

Tu (1),(2) va (3) suy ra: O

Do d6 BF =CE (do BM =CM).
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Cach 2. (dung Menelaus)
EA MC FB

Xét tam giac ABC vé&i ba diém F,E,M thang hang, ta co: —.—.—— =1 (4)
EC MB FA

—_

Do AEF = AFE = 24€

nén AAEF can & A.Suyra AE =AF (5)
Tur (4) va (5) suy ra BF = CE . Diéu phai chimg minh.

Bai 14. Cho tam giac 4ABC léy diém E thudc canh 4B va diém F thudc canh AC. Goi AM la
dudng trung tuyén cia tam gidc 4BC . Chung minh rang dicu kién can va du dé EF song song voi
BC 1a AM,BF va CE dong qui.

o Loi gidi.

A
xet AE BM CF _AE CF )
EB MC FA EB FA
e Néu AM,BF,CE d6ng qui thi theo dinh
, AE BM CF E F
ly Ce-va: — . ——. —=1.
EB MC FA
T (1) suy ra: AE CF ) AE _AF
EB FA EB CF
= EF//BC (dinh ly Ta-1ét ddo).
e Néu EF//BC = AE _AF . Tur (1) suy ra: B ' D ' c
BE CF

ﬂ % CF _AE CF =1= AM,BF,CE ddng qui (theo dinh ly Ce-va dao).

EB MC FA EB FA

Bai 15. Cho tam gidc ABC c6 trung tuyén 4D . Trén AD liy diém K sao cho %: 3. Hoi duong
thing BK chia tam gidc ABC theo ti s6 nao?

o Loi gidi.

A
Goi E 1a giao diém cua dudng thing
BK va AC. Ap dung dinh ly Menelaus
trong AACD @61 v6oi ba diém B,K,E thang
AK BD CE
hang, ta c6: —.—.—=1 E
KD BC EA
1 CE CE 2
S —o—==.
2 FA EA 3
Mait khdc AABE va ABCE c6 chung : : C
‘ o S _ AE _ Sup _3 B b
duong cao ké tir B, suy ra: ==

SBCE CE S BCE 2 .

Bai 16. Cho tr giac ABCD. Canh AB cit CD kéo dai tai E, canh BC cit 4D kéo dai tai /.

Puong chéo AC cat BD va EI lan luottai M, N . Ching minh rang ﬂ=M

MC NC
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o Loi gidi. M
Ap dung dinh 1y Menelaus trong AAEC vé&i ba
diém M,D, B thing hang, ta co: MA E E=1.
MC DE BA
Ap dung dinh 1y Menelaus trong A4BC véi ba
diém N,I,E thang hang, ta co: N £ E:1 !
NC IB EA
MA DC BE NA IC EB
Suyra —.— —=—.—.—
MC DE BA NC IB EA A
dodo M4 _NA IC DE AB ‘
MC NC IB DC AE
Ap dung dinh ly Menelaus trong ABECVGi ba
diém 7,D, 4 thdng hang, nén
IC AB DE
———=1 (2 D
B agpe ! ) ¢ E
MA NA
Tu (1) va (2) suyra —=——-.

Bai 17. Cho tam giac ABC. Léy K thudc canh 4B va T thudc tia ddi tia BC. Goi F la giao diém
cua TK voi AC; O la giao diém cua BF va CK . Goi E la giao di€ém cia 40 va BC. Chung minh

3 B EB
rang: —=—.
C EC
o Loi gidi. A
Ap dung dinh 1y Ce-va trong
AABC v6i1 3 duong thang dong r
quy AE,BF,CK , ta co: £B s ﬁ:1 (1)
EC FA KB %
Ap dung dinh 1y Menelaus trong A4ABC 4
v6i ba diém T,K,F thang hang, ta co:
E.E.F_Azl (2)
TB KA FC C
K B E

Tt (1) va (2) nhan vé v6i vé ta duoc: 1B _ EB.
7C EC

Bai 18. Cho tam giac 4ABC c¢6 D la diém bat ky nim ‘trong tam gidc. Lay diém M tuy ¥ thudc
AD . Goi giao diém cia BM va AC 1a E; goi giao dlem CM va AB la F.Cactia DE va CM
giao nhau tai K ; cac tia DF va BM tai H.Chtng minh ring CH; AD; BK dong quy.

e Loi gidi.

Goi BC giao véi 4D tai G.
Ap dung dinh 1y Menelaus trong AABM,AAMC ta
DA FB’ HM
DM B4 KC_
DA EC KM
Chia (1) cho (2), ta dugc: EC FA_ KC HM
EA'FB KM HB
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Vi 4G,BE,CF ddng quy :@.E.ﬁzlzz_ﬂzﬂ (4)
GC EA FB EA FB GA
. GC KC HM _GB KC HM

o= T 22 2= T 1 (didu phai ching minh)
GB KM HB GC KM HB
Bai 19. Cho tam giac nhon ABC c6 ba duong cao AD,BM,CN cét nhau tai H . Chirng minh rang;
HD+HM+HN_DB MC N_A
AD BM CN DC MA NB_

Tir (3) va (4)

o Loi gidi. A
Ap dung ti s6 dién tich hai tam giac c6

chung canh day, ta co:

HD+HM+HN:SHBC+SHCA+SHAB:1. M
AD BM CN S0 Supe S
, N,
Ap dung dinh 1y Ce-va, ta co: %M—CN—A =1.

DC’ MA' NB P
Tt d6 suy ra di€u phai ching minh.

-
B D ¢

Bai 20. Tir diém [ thudc mién trong tam gidc ABC, ké Al cit BC tai D. Qua I ké MN,PQ va
RS lan luot song song v&i BC,AB,AC (M,S thudc AB;Q,R thudc BC:N,P thudc AC) Ching

minh rang:
a) M _DB. py ML P IR
IN DC IN 1QIS
o Loi gidi.
a) Ap dung hé qua dinh 1y ta-1ét, ta co:
miyap =ML _ AL
BD AD
wyep =N _ AL
CD AD

Ml IN Ml DB
S>D—=————=—.
BD CD NI DC
b) Goi £ la giao diém cua giao diém cua duong thang
BIva AC;F la giao diém cua duong thang CIva AB
Chimg minh tuong tu cau a, ta c6: P A—Fﬂ _CE
10 BF IS AE
Ap dung dinh 1y Ce-va trong AABC d6i v6i AD,BE,CF ddng quy, ta cé:
BD CE AF _ IM IP IR

== == L —1= = — = =1. biéu phai ching minh.
CD AE BF IN 10 IS

Bai 21. Cho tam giac ABC vudng tai C c6 duong cao CK . V€ dudng phan giac CE cua tam giac
ACK . Puong thang qua B song song voi1 CE cat duong thing CK tai F. Chung minh rang
duong thang EF chia doan thing AC thanh hai phan bang nhau.
o Loi gidi.
Ta ¢6: BEC = A+ ACE = KCB + KCE = BCE
Do @6 ABCE cantai B nén BE = BC.
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Mait khiac BF//CE nén theo dinh 1y Ta-1ét, ta co:

CK EK CK+FK EK+BK CF BE . . CF BC
== = =—=—ma BC=BE nén —=— (1)

FK BK FK BK FK BK FK BK
Vi CE la duong phan gidc cua goc ACK nén:
AE_AC )
KE CK r

B AE
AABC” ACKB (g.g)= BC _AE (3)

BK CK E
Tu (2) va (3) suy ra: CF_AE (4) D

} FK ) KE K
Gia su duong thang EF cat AC tai D. Ap dung dinh
1y Mennenlaus vao tam gidc ACK bi cat tuyén DEF
cit cac canh, ta co: Q F E=1 (5)
CD KF AE c &

Tur (4) va (5) suy ra: g_g:l hay ta ¢6: AD=CD .

Bai 22. Cho tam gidc ABC. Goi I la trung diém cua canh BC. Liy M thudc tia ddi cua tia CA .
Tia MI cat duong thang 4B tai N . Trén tia doi cua tia BC lay diém E, tia EN cattia AC tai P.
Tia PI cat duong thang 4B tai Q. Goi F la giao di€ém cia QM va IC . Ching minh J/E = IF .

o Loi gidi. A
Ap dung dinh 1y Menelaus trong AABC véi ba diém
M,N,I thang hang, ta c6:
IB MC NA MC NA
———=l2— —=1 (1)
IC MA NB MA NB i P
Ap dung dinh 1y Menelaus trong A4ABCvéi ba diém

, N
0, P,I thang hang, ta co: c
£ P_A 9B _ =1= P_A@ =1 (2) E B[ ' F
IB PC 04 PC 04
M

Ap dung dinh ly Menelaus trong A4BCVGi ba diém
N, E, P thang hang, ta c6:
EB PC NA

ZIC 1 (3)

EC PA NB
Ap dung dinh 1y Menelaus trong A4BC véi ba diém
0,M,F thang hang, ta co:

EC 08 MA_

FB QA MC
T (1) va (2) suyra: MC NA_OB PA 45 46 P_CN_AZQKA

‘MA NB 04 PC PA NB QA MC

EB PC NA _FC QB MA
EC PA NB FB QA MC
FC EB FC EB _FC

Tur d6 suy ra: ﬁz—: = =>— = BE=FC=IE=IF.
EC FB EB+EC FB+FC BC BC

Tir (3) va (4) suy ra:

Bién soan: Trdn Pinh Hoang 0814000158 67



Chuyén dé boi dwéng hoc sinh gidi todn 8

Bai 23. Cho hinh binh hanh ABCD. Trén canh AB lay diém K. Qua K ké duong thing song song
Vo1 AD. Trén duong thang do lay diém L bén trong hinh binh hanh, trén canh 4D lay diém M
sao cho AM = KL . Chung minh rang ba duong thang CL,DK va BM dong quy.

e Loi gidi. A K B
Goi N 1a giao diém cua hai dudng thing BM va

CL. Tk giac MLKA 1a hinh binh hanh. Gia st N
duong thang ML cat canh BC tai P. Khi do, ta

c6: LP=KP;,MD=CP. Ta s& ching minh L P
D,N,K thang hang.

Ap dung dinh Iy Mennenlaus vao tam giac BMP  p c
bi cat boi cat tuyén CLN cat cac canh, ta cé:
BN ML PC_1 BN AK MD

——=1= —

NM LP CB NM KB AD

Suy ra ba diém K,N,D thang hang (theo dinh 1y Menelaus ddo vao AABM )
Viy ba duong thing CL,DK va BM ddng quy.

Bai 24. Cho AABC khong can c6 CD la duong phan giac. 4
Lay diém O thudc duong thing CD (O khiac C va D). Goi
M, N lan luot 1a giao diém cua duong thing 40,BO v6i BC
va AC. Goi P la giao diém cua duong thang MN va 4B.
Chirng minh ring CD vudng goc véi CP.
o Loi gidi.
Ap dung dinh 1y Ce-va vao tam gidc ABC, ta cé:
CN 4D BM _, )
NA DB MC
Ap dung dinh 1y Menelaus vao tam giac
ABC véiba diém N,M,P théng hang, ta co:
N AP BM | ()
NA PB MC
CN AD BM CN AP BM

Tu (1) va el el el
u()va()suyraNA DB MC NA PB MC P

AD AP

S22 )
DB PB

Tur gia thiet CD 1a duong phan gidc cia AABC

>— 4D _ A _—= AP _c4 = CP la duong phangidc ngoai cua tam giac ABC.
DB CB PB CD

T dosuyra CD L CP.
Bai 25. Cho tam gidc ABC c6 diém O nam trong tam giac. Cac dudng thang 40, BO,CO cit cac

canh BC,CA, AB lan luot tai D,E,F. Qua O ké dudng théng song song véi BC, cit DF,DE lan
luot tai M va N .Chéng minh rang: OM =ON .
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o Loi gidi.
Qua A4 ké duong thang xy song song véi BC cit
DM ,DN lan luot tai H va I.
Theo h¢ qua dinh 1y Ta-1¢ét, ta c6: P ‘»
AH _AF = Al _AE o
BD BF (D EC NZARN

Ap dung dinh 1y Ce-va trong tam giac
ABC v6i1 ba duong AD, BE,CF dong quy tai O,
.. AF BD CE | AH BD CD 1 AH

t _— — = _—— = —:1

" BF CD EA BD CD Al Al c
hay AH = Al
MN//HI theo hé qua dinh 1y Ta-lét, ta co: OM _DO _ON .Ma AH = AI nén OM = ON
AH DA Al

Bai 26. Cho tam gidc ABC c6 diém M nam trong tam giac. Goi D,E,F tht tu 1 giao diém cua
duong thing AM,BM,CM vé&i cac canh BC,AC,AB. Ching minh ring trong cac ti sb
AM BM CM
MD" ME’ MF
(Thi vé dich Todn Quéc té, IMO )
o Loi gidi.
Ké ba duong trung tuyén AI,BK,CP cua tam giac
ABC c6 trong tdm G chia tam giac thanh 6 tam giac
BGI,BGP,CGK,AGK,AGP, CGI. Do d6 diém M
nam trong mot trong 6 tam giac do6 ké ca trén canh.
Giai st M nam trong hodc trén canh cia AAGK .

Theo dinh 1y Van-Oben, ta co:

AM _AF AE _AF AE

MD FB EC PB KC
Mit khéc BM BF+BD BF+BD

ME  FA DC PA IC
Dau bang xay ra khi M tring véi G . Suy ra diéu phai ching minh.

Bai 27. Cho tam gidc ABC, trén ba canh BC,CA, AB lan luot léy ba diém A4',B,C’' sao cho
AA',BB',CC' ddng quy tai K. Goi M,N lan luot 12 giao diém ctia A4'C' va BB'; A'B' va CC'. Tia
AM | tia AN lan lugt cit BC tai E,F . Chung minh réng:

a) EN,FM,AA' ddng quy tai I

b) IAKA =3.14'KA.

c6 it nhit mot ti s6 khong 16n hon 2 va it nhat mét ti sé khong nhé hon 2.

o Loi gidi.
a) Ap dung dinh 1y Menelaus cho tam gidc ABE véi 3 diém thang hang 4',M,C’,
, AM EA" BC' AM C'A A'B
taco: ————=1=> = .
~ T ME AB CA ME BC' EA o
Ap dung dinh ly Menelaus cho tam gidc 4FC voi 3 diém thang hang 4',N,B’,
., FN AB' CA'_1 FN AF BC

a L — =] =5 — .
NA B'C AF NA CA' AB'
tAM EA' FN _(C'A A'BY EA'(A'F B'C)_C'4 AB BC
BC' EA' ) AF\ CA'" AB') BC' CA' AB'

ME A'F NA
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(Do AA',BB',CC’' ddng quy tai K - dinh Iy Ce-va)
Ciing theo dinh 1y Ce-va ta ¢6 44", EN va FM dong
quy tai 7.

b) Ap dung dinh Iy Van-Oben cho tam giac
ABA'; ACA'; AEF , ta cO:

AM  AK AC' ¢
=t (1)

ME KA C'B

AN 4K AB'

NF KA BC (2)
AM AN Al
= (9
ME NF IA

B

AK AC" AB' Al
Th 1),(2) vao (3) tad D2 =—
ay (1).(2) vio (3) ta duoe: 2,45 AC AT,
AC' 4B _ AK
C'B BC KA
Thay vao (4), ta duoc: 3.%:}4—1:3.IA'.AK =KA'. Al .

!

Ap dung dinh 1y Van- Oben cho tam gidc 4BC, ta cé:

PHAN II. TONG HQP VA MO RONG

I Kién thirc mé rong

1. Mt 56 hé thire trong tam gidc vudng suy tiv cdc tam gidc dong dang
a) H¢ thuc 1
Cho tam gidc ABC vudng tai 4 c6 duong cao AH .

Khi d6: A4B* = BH.BC; (H
AC* =CH.CB. ?2)
b) H¢ thirc 2

Cho tam giac ABCvuong tai 4 c6 duong cao 4H .Khi d6é: A4H? =BH.HC.
II. Mt 56 vi du

Vidu 4. Gia st H latryc tam cia tam giac nhon 4ABC. Trén doan HBva HC léy hai diém M,
N sao cho cac goc AMC va ANB déu vuong. Chimg minh rang AN = AM .

o Loi gidi.
Vi tam giac ANB vuong tai N voi duong cao NF nén
AN’ = AF.AB (D
Do tam gidc AMC vudng tai M vdi duong cao ME nén
AM? = AE.AC 2
Céc tam gidc AEBva AFC d6ng dang cho ta
AE AF
—=—"— = AE.AC = AF .AB (3)
AB AC

Tu (1), (2) va(3)tasuyra AM = AN .

B C

2. Ap dung Dinh li Thales va tam gidc dong dang trong viéc tinh dién tich va chirng minh cdc
hé thiec hinh hoc

Bién soan: Trdn Pinh Hoang 0814000158 70



Chuyén dé boi dwéng hoc sinh gidi todn 8

Vi du 5. Cho hinh vudéng ABCD; M 1a trung diém ctia 4B ;N 1a trung diém cua BC; AN va CM
cat nhau tai O. Tinh ti s dién tich cua tir giac AOCD va dién tich cua ABCD.

e Loi gidi. D c
Goi s 1a dién tich hinh vudng. Vi O 1a giao diém hai trung tuyén

cua tam giac 4BC nén Ola trong tdm tam giac ABC, suy ra BO
di qua trung di€ém cia AC vado do qua D.

N
Theo dinh li Thales: ta co : O—H=£ 9
NB AB T
Ma 4B =2NBnén AH =20H =2HB. Suy ra HB:lAB. Ta co:
3 A M H B
1 . \ 1 11 S
S o5 ==-S 50 (chung ddy 4B, duong cao OH =—BC)=—.—.s=—.
3 3 32 6
Tuong tu: S, = 2 Vay: S e ZS_[%j_(%j :23—S Do d6 ti s6 can tinh la %

Vidu 6. Qua diém O bat ki trong tam gidc 4BC, dung cac dudng thang DE, FK, MN lan luot
song song v&6i AB, AC, BCsaocho F, M &trén AB; E, K 6 trén BC va N, D ¢ trén AC.
AF BE CN

Ching minh rang: “—+ 2=+ ——=1.
AB BC (A
o Loi gidi. A
Taco S= S 8¢ =Saso +Spco +Scao
(1) F
Goi 7/, J, H lan luot 1a hinh chiéu cua O 1én cac D
canh BC, CA, AB.Khi d6, (1) tuong duong vdi H J
28 =0I.BC+0OJ.CA+OH.AB M N
(2) 0

Mit khac, tam gidc MOF ddng dang voi tam giac
BCA (do c6 hai cap canh song song va cap canh con
lai nam trén cung mot duong thang) nén ti sd hai
duong cao bang ti s6 ddng dang; ngoai ra, MOEB 1a g E I K C
hinh binh hanh nén OM = BE . Do do, goi CC, la

1

OH .AB
duong cao ké tr C cia tam giac ABC, ta co on _oM _BE Suy 2—=£ 3)
CC, BC BC 1CC 4p BC
.

Tuong tu, goi BB, va A4, tuong tng la cac duong cao ké tr B va 4 cua tam giac 4BC, ta

1 1
—OI.BC —0J.CA
cling c6 2 - N 4 12—:A_F

1 CA AB )
~ 44,.BC ~BB,.CA
2 2
Cong vé theo vé cua (3), (4), (5) va dé ¥ (2), suy ra diéu phai chimg minh.
3. Tam gidc dong dang va moi lién hé véi cdc bién doi dai so
Vidu 7. Trung diém canh 4B cua hinh chit nhat 4BCD 1a F. Goi P 1a diém nam trén duong
phan giac cua goc C. Ha PQ L BC(Q e BC).Chiing minh rang néu: PF 1 DQ thi 4P=BC.
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o Loi gldl D 2b C
Goi R la diém trén duong thing ABsao cho \

PR 1 AB, ki hiéu a, b, x lan luot 1a d6 dai cac doan Y
thang CB, BF , COQ.

\
1
Gia st PF vudng goc DQ, khi d6 tam giac DCQ P =0 14
dong dang v6i tam gidc PRF . /,
— !
Suy ra Q:E,ha},,i:b * k
CD RP 2b a-x Rb K
do d6 ax—x* =2b*> —2bx. A F-______-— B
b

Bién dbi hé thuc trén ta duge: (2b—x)’ +(a-x) —a*=0
Do d6, AP* = AR* + RP* = (2b-x)’ +(a—x)’ = a* = BC?, suy ra AP = BC
Chu y. Dung céc hé thire trén, dé dang ching minh duoc diéu ngugc lai ciing dung, voi diéu
kién P# F.
Vidu 8. Tam giac vuong ABC c6 cac canh goc vudng AC =b, AB =c va d dai duong phan gidc

NG

AD =d .Chung minh: %Jrl:—.
C

d
o Loi gidi. c
Ha DE 1 4B.
Tam gidc AED vudng cantai E, D

do d6: d = AD = AE-2 .
Dit EA=ED=x thi d =x+/2.
ViDE // AC nén theo dinh li Thales ta co:

DE BE X ¢c—Xx Xx+c—x c bc
AC BA b ¢ b+c b+c b+c A E B
Tﬁdétacé:d:x\/_—l;f\/_:bd+dc beN2.
T 1 1 2
Chia c4 hai vé ctua dang thure trén cho dbc >0 ta dugc: —+—=7.
c

Vidu9. Trong tat ca cac hinh chit nhat noi tiép tam gidc cho trudce, tim hinh chir nhat c6 di¢n tich
16n nhét.
o Loi gidi. A

Gia su hinh tam giac cho trudc c6 canh BC =a khong
d6i va duong cao AD = h khong dbi.
Goi céc canh cua hinh chit nhat & MN = y, MO = x, thi
AD'=AD-DD=h-x. 0 D’ P
Dién tich hinh chir nhat MNPQ 1a S = xy.
Dé thdy AAQP” AABC (g.g)cho ti 1&:
PQ AD y h—x

,hay 2 = =2L(h-x).
B¢ ap W T =) 5 -

Do d6: S =7(h—x) =%(—x2 +hx) , hay
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2 2 2 2 2 2
s=2 —x2+2ﬁ.x—h—+h— . xz—xh+h— +h— =2 —(x—ﬁj +h— Sa—h.
h 2 4 4 h 4 4 h 2 4 4

Vay dién tich hinh chi¥ nhit 16n nhAt bing “Th khi x= g .

Két lugn: Trong tat ca cac hinh chit nhat noi tiép AABC cho trudc thi hinh ¢6 mdt canh béng

ntra dudng cao tam giac (g), canh kia bang nira canh day tam giac (y =%(k—ﬁj =§), thi

2
hinh chit nhat d6 c6 dién tich 16n nhét.

Vidu 10.Cho tam giac can ABC c¢60 goc BAC=20°,
AB = AC = b,BC = a. Chlitng minh rang o’ + b’ =3ab’.
o Loi gidi.
Lay diém E trén canh AC sao cho goc ABE = 60°.
Dung 4D | BE, suyra BD =%AB =%b . Taco
AE® = ED* + AD*, AB* = BD* + AD*, do d6
AB* = BD* + EA* - DE”. *)
Tam giac ABC dong dang véi tam gidc BCE (hai tam giac
can c6 goc ¢ dinh bang 20° va goc day bang 80°) nén

2
E=£,V2‘1 BE = BC =a nén suy ra CE=%.
BC 4B b

Thay vao (*) ta duoc:
2 2 2 2 4 2
bzzb—+ p-L —(é—aj zb—+b2+a—2—2a2—b——a2+ab
4 b 2 4 b 4

&b =b'+a* -3a’h* +ab’ < a’ +b’ =3ab’ (dpcm).

Vidu 11.Cho a,b,c va a',b',c" 1a cac d0 dai céc canh tuong Ung cua hai tam gidc ABC va
AB'C'. Chimg minh ring diéu kién can va du dé hai tam gidc nay dong dang la:

Naa' +~bb" +~cc’ = \/(a +b+c)(a'+b'+c').
o Loi gidi.
Ca hai vé ding thire da cho déu duong, do d6 ding thirc dd cho tuwong dwong véi binh phuong
hai vé: aa'+bb' +cc' + 2\ ad'bb’ + 2\Jaa'cc' +2/bb'cc’ = (a+b+c)(d +b'+').

Bién d6i, dang thirc trén tuong dwong véi: (\/E—\/%)z +(\/E—\/%)2 +(\/@—\/ﬁ)2 =0

Nab'—~la'b =0 ab' =a'b
& ac —Va'c=0sac'=adc &
Nbc' —~/b'c =0 bc'=b'c

| &

= 3, < AABC dong dang voi AAB'C'.
C

!

0
Q\lQ
Il

S

oo o je oo

ST PR

4. Tam gidc dong dang va bai todn quy tich
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Vidu 12. Cho t gidc ABCD.Piém M di dong trén duong chéo BD.Qua M V& duong thang song

song BCcit ABG E. Qua M v& duong thing song song CD cit AD & F. V& hinh binh hanh
MEKF . Tim tap hop céac diém K.

o Loi gidi,

@) Phan thugn: V& BP /| CD(P e AD), vé& CQ // BC(Q <€ 4B). P, Q cbdinh. ABDQ c6
EM // OD nén theo Dinh 1i Thales ta c6: QF _ % .

MF DM

DB
MF = EK (& gidc MEKF 14 hinh binh hanh).
Do do. 2E _ EK

ABPD c6 MF // PB n

OB BP’
Xét AQEK Vi AQBP ¢6 QEK = QBP(EK // BP),

OF _EK

OB BP’

Vay AQEK dong dang v6i AQPB , suy ra
@7{:@, dod6 P, K, O thang hang. Vay K
thudc duong thang c¢b dinh PQ.

b) Gioi han:
*Khi M=Bthi E=B,F=P taco K=P.
*Khi M=D thi E=Q,F=Dtaco K=Q.

C
Vay X di dong trén doan thang PQ.
c) Pﬁfin t?do.‘ ) v
Lay diém K bat ki trén doan thang PQ.
V& KE // CD(E € AB), EM // BC(M € BD), MF // CD(F € AD).
Ta s€ chirmg minh tir gidc MEKF 1a hinh binh hanh.
Tacd KE // CD, MF // CD, suy ra KE // MF . (1)
ABDQ cb EM // OD nén theo Pinh i Thales ta co: QF _ % (2)
ABPD c¢6 MF // BP (vi MF // CD,BP /| CD = MF // BP) nén %z% 3)
OK QE
AQBP ¢6 KE /| BP (Vi KE // CD,BP // CD = KE // BP) , do 46 =— oF 05 4)

Tir (2), (3) v (4) ta ¢6 g’; gi . Theo Dinh i Thales dao, KF // 0D . Ma EM // OD nén

KF /| EM . Két hop véi (1), ta cé6 MEKF 1a hinh binh hanh.

Vi du 13. Cho tir giac 10i ABCD. Tim trong tt giac d6 tap hop cac diém O sao cho dién tich céc tir
gidc OBCD va OBAD bang nhau.

o Loi gidi.
a) Phén thugn: Qua O ké cac dudng thing (d) song song véi BD; (d) cit 4B, AD lan luot tai

B,,D,. Goi h, 1a khoang cich tir 4 dén B,D,;h, 1a khoang cich giita hai duong thang song
song B,D, vi BD; h. 1akhoang cach tir C dén BD.
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AABD c¢6 BD, // BD, suy ra: ﬂzh—“
BD  h,+h,

SOBAD=1 BlDl(ha+h0)=1

Sosco BD(h +h,)

h, h,+h,
= . =
h,+h, h +h,
Do do, B,D, di qua trung diém cua AC. Vay O thudc
duong thiang d song song véi BD va di qua trung diém

M cua AC.

l=h,=h +h,

b) Gidi han: Piém O nam trong t gidc ABCD nén M chuyén dong trén doan thang BD,.

¢) Phan dio: Lay diém D bét ki thudc duong thang B.D,, Goi h, 1a khoang cach tir 4 dén B.D,;
h. 1a khoang cach tr C dén BD; h, 1a khoang cach giita hai duong thang song song BDva
BD,. M latrung diém ACnén h,=h +h,_.

BD, (h,+h
Taco: BDL_ N (B.D, // BD), Sopw _ 21 (A, 1) - M hh =1= S50 = Sopcp-
BD  h,+h, Sosco  BD(h,+h)) h,+h, h +h,
d) Két lugn: Tap hop cac diém O 1a doan thing B,D, song song vo1 BD va di qua trung diém
cua AC.

BAI TAP TONG HQP

Bai 1. Cho tam giac can ABC dinh 4, O la trung diém BC.Hai diém M, N chay trén hai canh
BA,CA thoa man BM .CN = OB* = OC* .Chltng minh ba tam gidc MON,MBO,OCN dong dang.
o Loi gidi, A
BM OB __BM OC

Tir gia thiét ta c6: — =— < =
OB CN OB CN

(do OB =0C). Két hop v6i hai goc day bang nhau ctia tam
giac can, d& dang suy ra AMBO ddng dang AOCN . Suy ra

OM _ON _ OM _0OC

OB NC ~ON NC’
Miit khéc, d& dang chimg minh MON =C. Do d6 AOCN ddng
dang véi AMON , suy ra diéu phai ching minh.

B 0 (&

Bai 2. Cho tam giac can ABC(AB=AC), c6 gbc BAC bang o . Goi D va E theo thi ty 1a trung

diém cac canh AB va AC. Trén tia dbi cua tia DE, ldy mot diém M tuy y khong tring voi D.
Trén tia doi

cua tia ED, lay mot diém N sao cho goc MAN béng 90°+%a . Hai duong thang MB va NCcit
nhau tai P. Tinh goc BPC.
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o Loi gidi.

Mait khac, trong tam giac AMD ta c6

A4 +M, =D, =w=90°—%.

Tu (1) va (2) suy ra

M, =4, (3)

Vi tam giac ABC can va DE 1a dudng trung binh nén

MDA = AEN. B ¢

Két hop diéu nay véi (3), hai tam gidc MDA va AEN
d6ng dang, tir 46 MD _AE = MD _ E,
DA EN DB EN
suy ra hai tam gidc MDB va CEN dong dang (c6 hai goc
D va E bang nhau xen gilra hai cdp canh tuong tng ti [¢).
T do: ]/V\2 = MBD, suy ra ]\//[\2+]/\7\2 = BMD+ MBD =180°-D;.
Mait khéc, trong tam gidc MNP ta lai c6
A/l\z +]/V\2 =180°— MPN. Vi vay, BPC =Z\7I-'7V=l/)\l = 90°—%.

Bai 3. Ching minh rang trong mot tur giac bat ki, cac doan thang ndi dinh tir giac voi trong tim
tam giac tao bdi ba dinh con lai dong quy.
o Loi gidi.
Goi 4,,B,,C,,D, 1an lugt 14 trong tAm cac tam giac
BCD, CDA, DAB, ACB. Cac duong thang B4,, 4B,
cung di qua trung diém I ciia CD va ta ¢

1B A _1_ 4 pius,
A IB 3

AB _1_, 04 OB 1
AB 3 04 OB 3
Vay BB, cat A4, tai O, diém chia A4, theotil¢ 3:1.
Tuwong tu, CC, va DD, ciing cit A4, tai diém chia

AA, theotilé 3:1, suyra diéu phai chtng minh.

Bai 4. Pudng cao cia mot hinh thang can bang 4 va dién tich bang 4. Hoi goc tao boi hai dudng
chéo cuia n6 bang bao nhiéu?
o Loi gidi, D N C
Theo dé bai: MN =h. Theo tinh chit hinh thang can; hai
duong chéo bang nhau, cat nhau tao thanh hai tam gidc
can AOB va COD. Qua O ké MN vudng gbéc véi hai

day,theo tinh chat hinh binh hanh thi MN 1a truc ddi xtng
cua hinh thang can nén M, N la trung di€ém ctia AB va CD.

Ta co: S=%(AB+CD)MN. Thay S =h*va MN =h, tacd A M B

n :%(AB+CD)h<:>h:%AB+%CD<:> h=AM + ND.

0M_0N_0M+0N_1
AM DN AM+DN

Tir d6, két hop voi hai tam giac OMA va OND dong dang, cho ta:
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Suy ra AM = MO va DN = NO , nghia 1a cac tam gidc MAO va DON la cé4c tam giac vudng can.
Tur d6 ta c6 cac duong chéo vudng goc voi nhau.

Bai 5. Mot hinh chit nhat duoc goi 1a ndi tiép mot tam giac khi hinh chir nhat c6 mot canh trung
vo1 mot canh cia tam gidc, hai dinh con lai cua hinh chir nhat thudc hai canh kia cua tam giac. Tim
diéu kién ctia tam gidc d¢ hai hinh chir nhat néi tiép tam giac c6 chu vi bang nhau.
o Loi gidi, A
Trudc hét, ta dung hinh chir nhat PQRS noi tiép
AABC RS cit dudng cao AH tai D.
Qua D ké DK//AC. Qua K ké KL//BCva ta dung duoc
hinh chit nhat KLMN nhu hinh v&. Q
Ta s& tim diéu kién dé hai hinh chir nhat nay c6 chu vi
bang nhau.
Gia str hai hinh chit nhat ndy c¢6 chu vi bang nhau, ta phai H
c6 SP+RS =KN +KL (1) B P N H M 0 c

Nhung KLRD la hinh binh hanh (theo cach duyng) nén KL =DR=RS-SD.
Tacd KN =KI+INva SP=IN. Thay ching vao (1),tacé IN+RS=KI+IN+RS—-SD,
hay KI =SD . Mit khéc, d& thdy ASKD ~ABAC(g - g)cho ti 1&:
BC _AH , nén phai c6 BC = AH . D6 chinh 1a diéu kién can tim.
SD KI
(Pdo lai, néu BC = 4H, di nguoc lai li luan trén, ta cling dé dang chirmg minh dugc rﬁng hai
hinh chit nhat noi tiép noi trén c¢6 chu vi bang nhau).
Tom lai, dé hai hinh chit nhat noi tiép tam giac c6 chu vi bang nhau, ta phai c6 mot duong cao
bang canh day tuong tng.

Bai 6. Cho tam giac ABC . Tim tip hop cac diém M sao cho S _ a (a>0, a cho trudc)

MAC
* Loi gidi. A
e Phdn thugn: Goi D 1a giao diém AM va BC.
VEBH 1L AM ,CK L AM(H,K € AM), ta co

DB _BH

K "

ﬁ,mé SMi:a,dodé:

BH//ICK =

Mat khac SMAB =

CK
MAC MAC
B D C
DB_,_ DB __ a_ \Q/
DC DB+DC a+1 K
ha y% -2 o pB= —BC suy ra D ch dinh. Vay M thudc duong thang cb dinh AD.
BC a+1 a+l

e Gidi han: Suaw =a (a+#0) nén suy ra M khong nam trén cac duong thing AB, AC, do 6 M

MAC

khéng tring A. Vay M chuyén dong trén duong thing c¢b dinh AD (trir diém A).
e Phan dio: Liy diém M bat ki thudc dudng thing AD (trir A).
BH DB _
" DC

V& BH | AB,CK 1 AD,v61 H,K € AD,ta c6: BH//CK =
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Do do Sws _BH _

Sue CK

e Két luan: Tap hop cac diém M la dudng thing AD (trir diém A) (v6i DB = LIBC,D e BC).
a+

Bai 7. Cho tam giac ABC. Cac diém M,N, P lan luot thudc cac canh BC,CA, AB sao cho
1

BM =§BC, CN=%CA,AP— 3 AB.Goi A',B',C'1a cac giao diém cua BN va CP, CP va AM , AM

va BN twong tng. Tinh ti s6 dién tich cta cac tam giac A'B'C’' va ABC.

o Loi gidi,

Qua A, ké duong thang song song véi BC, dudng thing

nay cat CP ¢ D.

Khids AZ_AD _34D 3 AP_3 . A% 3
B'M MCVZBC 2 PB 4 ) AM 4
Qua N, ké duong thang song song BC, cat AM tai Q, ta c6

MC'_BM _ 3BC _3 .. MC'_3
C'0 ON 32MC 4 MO 4’
MC' 1
suy ra —=—. 2 B
yra - = (2)
B'C' 3

Tur (1) va (2) ta dugc o7 dodé AB'=B'C'. Tuong tu,tacd CA'=A'B'.

Twrdosuyra S, . :ESA,B,M _31 =

31 _314 !
4 4727 4277

Sy =—
CAM ABC *
2

Bai 8. Cho tam giac ABC vudng & A4, c6 gbc B=20°; vé phan giac trong BI , vé goc ACH =30°

vé phia trong tam giéc (H € 4B). Tinh géc CHI .

o Loi gidi.

V& phén gidc CK ciia goc HCB.ta c6: L -1 BC
HK 2 BK
V& KM vuong goc voi BC tai M, vi tam giac KCB can tai K nén
BC =2BM . Do ABMK dong dang ABAC (hai tam giac vudng co
g6c nhon chung) nén suy ra AH_BM _AB (1)

' Y™ HK T BK  BC
Lai do BI 1a phan gidc ctia goc ABC nén A ﬁ (2)
IC  BC
Tir (1) va (2) ta c6: A = AL ok /110 = CHI = HCK = 20° M
HK IC

Vay CHI = 20"
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Bai 9. Cho hinh vudng 4BCD tam O, diém M di dong trén dudng chéo AC. V& hinh chir nhat
MOBE . DE cat MB tai I.Chung minh 7 luén nam trén mot duong thang co dinh.

o Loi gidi. E
Vé IH L BD(K € BD).Tac6 ME =0B, OB=%BD, k
A 1

BD B
suy ra —=2.

ME
Xét AIBD cb6 ME//BD nén » "o
BI BD _ BI BI 2 Bl 2
IM ME ~ IM BI+IM 2+1 BM 3 G
AOBM ¢6 IH//OM (vi IH L BD,OM 1 BD suy ra IH//OM ) I,
nén — B _ Bl = BH =EOB.

OB BM 3

Ma %03 khong ddi, duomg thing AC cb dinh. Vay T thude D c

duong thang song song voi AC va cach AC mot khoang bang %03

Bai 10. Cho hinh binh hanh ABCD. Qua 4 v& mdt dudng thing sao cho dudng thiang nay cat
duong chéo BD & P vacit DC,BC lan luot M, N .
a) Chung minh: ﬂ AP _ =1 (*)
AM AN
b) C6 hay khong hé thire (*) khi duong thang v& qua 4 cét cac tia CD,CB, DB lan luot
OM,N,P ? Visao?

o Loi gidi. 4 .
a) ViDB//4B nén AL _ BE
BD ,
Tu AD//BN , suy ra AP = E
AN BD’
Cong tu vé ciia (1) va (2) ta co: D 7 c

AP AP __ BP+DP
AM AN BD

=1.

b) Trwong hop thir nhét: Diém B nam giita D va P.
Ta cb: DBA<CBA nén ABP > ABN , suy ra N nam
gitra A va P. N

Khi d6 AP > AN nén :;1]1\3[>1: AP+ AP >1.

i 4N AM
*Truwong hop thir hai: Piéem D nam gitta B va P.

Tuong tu ta c6: AP > AM suy ra £+£>1
AM AN

Tom lai, khong c6 hé thirc (*) khi duong thang v& qua A cit tia CD, CB, DB ¢ M, N,
Bai 11.

1) Cho tam gisc ABC ¢6. 34+2B =180°. Chimng minh rang: BC> = AB(AB— AC).

2) Bict rang s0 do do dai cac canh cia tam giac 1a ba so tu nhién lién ti€p, hay tim do dai cac
canh cua tam giac.
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o Loi gidi, c
1) Theo gia thiét, 34 +2B =180°ma
;1+ZA3+(A?=180°,nén 321+21§=:4+1§+6,d0 do
6:22+1§,suyra C>A4, C>B,Vithé,trong
tam gidc ABC tac6 4B > AC, 4B > BC. ,
Trén canh AB ta ldy diém D sao cho AD = AC. 4 b B
Tam giac ACD céan tai dinh A nén ADC = ACD = 180°~ . Taco:
CDB =180°— ADC =180°— 20— 4 =180°—B+C=180°—W=180°—(2+1§)=,@.

VAay AABC ddng dang véi ACBD (g—g), nén %z% suy ra CB* = AB.DB, nhung

BD=AB-AD=AB—-AC,do d6: BC* = AB(A4AB—-AC). (1)

2) Vi s do do dai cac canh cia tam giac ABC la ba s6 tu nhién lién tiép, nén di nhién chung la
ba sd nguyén duong lién tiép. Hon nita, do goc C 16n nhat nén AB 1a canh c6 d6 dai 16n nhat
trong tam giac, suy ra rang AB—BC =1 hodc AB—BC =2.

eNéu AB=BC=1thi AB=BC+1,cdn AC=BC-1, tir d6 (1) cho ta:
BC? =2BC +2 < BC(BC-2)=2, d& thdy phuong trinh nay khong c6 nghi¢m nguyén.

eNéu AB-BC =2 thi AB=BC+2 ,cOn AC=BC+1 , tir do, thay vao (1) ta dugc:
BC*=BC+2< BC?~BC-2=0 < (BC+1)(BC-2)=0,

Nhung BC+1>0 néntasuyra BC-2=0, tucla BC=2.

Vay d6 dai cac canh ctua tam giac ABC la BC=2,4C=3,4AB=4.

Bai 12. Cho hinh thang c6 hai canh bén khong song song nhau. Hay dung hai duong thing song
song hai ddy sao cho doan thang nam giita hai canh bén cia mdi duong thang nay dugc chia lam
ba phan bang nhau bgi hai duong chéo cua hinh thang (khdng can chirng minh rdang chi c¢é hai
dwong thang dung diege théa man tinh chat do).

o Loi gidi.
Xet hinh thang ABCD c¢6 day 16n AB, day nho CD.
Goi E la giao diém AD va BC ; F 1a giao di€m cua hai
duong chéo AC, BD. Qua F, v& duong song song hai
day, cat hai canh bén AD, BC lan lugt tai A’ va B'. Ta
c6 S(AFD)=S(ABD)-S(AFB)

= S(4BC)~S(AFB)=S(BFC).
Twr do, ki hiéu m l1a duong cao hinh thang ABCD ta

c6: S(AFD)= %m.A’F,S(BFC) = %m.FB’,

A G B
suy ra A'F = FB'. Tiép theo, gia st G 1a giao diém EF va AB, tir Pinh li Thales, suy ra G la
trung diém AB.

Goi P, Q lan luot 1a giao diém ctia DG va CG vdi cac duong chéo AC va BD.

AP AG GB BQ

PC DC DC QD

Do d6, néu goi S, T lan luot 1a giao diém cua duong thfmg PQ véi AD, BC, thi Dinh 1i Thales

Ta co
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. SP _ AG _ PO
PO GB QT
Tt phan tich trén, cac ban d& dang suy ra cach dyng ST, duong thing ndy thoa mén tinh chit
de bai.

Bai 13. Cho tam giac ABC, M la diém nam trong tam giac. Goi MI, MK, ML lan luot 1a khoang

cach tir M dén cic canh BC,CA, AB. Chung minh réng néu MI, MK, ML 13 ba canh ciia mot tam

gi4c thi nam trong tam giac DEF .

cho t =1 hay SP=PQ=0T.

o Loi gidi. A

Gia st AD, BE, CF la ba duong phan giac ctuia

tam giac ABC. P

Ta khang dinh rang néu M e EF thi co I e

MI = MK + ML. M

That vay, vé EP 1 AB,EQ 1 BC. Ta co F

EP=EQ.FQ cit BE tai J. AEFQ ¢ MJ//EQ

(MJ LBC,EQ 1 BC)suy ra MJ = ﬁ
EQ EF

Tuong tu: ML -ME b6 46 my=mi. B
EP EF

R D 0
Lap luén tuong tu, ta cling c6 MK =JI.Vay MI =MJ +JI = MK + ML.
Tir khing dinh trén, ta suy ra:
Néu MI < MK + ML thi M nam trong t(r giac BFEC.
Tuong tu: Néu MK < MI + ML thi M nam trong tt giac ACDF.
Néu ML < MI + MK thi M nam trong t(r giac AEDB.
MI < MK + ML
Do d6 néu ML, MK, ML 14 ba canh ctia mot tam giac thi { MK < MI + ML
ML < MI + MK
Vay M nam trong tam giac DEF.

Bai 14. Cho tam giac ABC. Goi Cx,Cyla céc tia trén nira mat phang bd AC c6 chtra diém B sao
cho tia Cx nam giira hai tia CB,Cy va Cx // AB. Mot dudng thang bat ki qua B cit Cx,CytaiD,E .
Goi F 1a giao diém 4D voi BC . Ching minh ring duong thing EF ludn di qua mot diém cb
dinh.
o Loi gidi,
Goi I, K 1an luot 1a giao diém cua dudng thing EF va
AB, Cx. Hai tam giac IFA va KFD d6ng dang, FKC
va FIB dong dang, tir 6
KD FK KC KD I4
= = = =—. (D
A FI IB KC IB
Goi J 1a giao diém cua dudng thing CE va duong
thang AB. Hién nhién A nam gitta B va J va J 1a diém
¢ dinh. Pinh i Thales cho ta:
KC EK KD KD IB
—=——=—s—=—. (2)
J IE IB KC U
Tu (1) va (2) ta duge IB* = 14.1J, do d6
(JB=JIY =(JI —JA).JI J
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= JB* ~2JBJI+JI* = JI* ~ JAJI = JB(JB~JI)=JI(JB~JA)=> JB.IB = JI.BA
BA IB__BA 14
_ B4 _

TRy TR (@& (1) va (2).

Vay diém I ¢6 dinh, do A, B, J ¢ dinh.

Bai 15. Cho tam gidc ABC. Xét diém M sao cho tir gidc 4ABMC c¢6 AM.BC = AB.CM + AC.BM .
Ching minh BAM = BCM .

o Loi gidi, B
V¢ tia Mx trong goc BMC sao cho CMx = AMB ,v& Cy sao
cho A75y = BAM ,Mx cit Cy tai 1. x
X6t ABAM = AICM ¢6 BAM = ICM,BMA = IMC . Do d6
ABAM ddng dang AICM ,
SuyraA—B:ﬂ:BM AB.CM = AM.IC.
IcC CM M A c
Xét ABMI va AAMC , ta co:
BMI = 4MC(BMA=IMC); M _AM
. MI CM
Do d6 ABMI dong dang AAMC suy ra
BL_BM _ 4cBM = am.BI. M
AC AM

Ta co AB.CM + AC.BM = AM .IC + AM .BI,suy ra AM .BC :AM(IC+B1) hay BC =IC+ BI,
suy ra B, I, C thang hang. Do d6 BAM = BCM

Bai 16. Cho 3 diém P ,O,R lan lwgt ndm trén cac canh BC,CA, AB twong ung cua tam giac ABC
sao cho — PB _CQ ﬁ=1.Cé1c diém X,Y twong Gng nam trén RP va PO sao cho
BC AC AB 3
Px_or 1 . Chtrng minh rang XY // BC.
PR QP 3

e Loigiai.

A
Goi U, V tuong mg 13 cac diém nam trén AB va AC sao
cho BU:§BA,CV:§CA. R
Nhu thé, ta c6 UV//BC . Bé chirng minh XY//BC, ta s€
chirng minh X,Y nam trén UV. 0
BU BU BA 23 PX 7 {‘/Y %

Ta co ——=l=— , do d6 UX//BP.
BR BA BR 92 3 PR’
—3=

CV _CV C4 2
CQ cAco 97 3 PO’
Vay X, Y nam trén UV, ta c6 diéu phai chimg minh.

2_PY B ’ c

Tuong tu: ,suyra YV//PC.

Bai 17, Trong tam giac ABC, cac diém U va V chia canh BC thanh 3 phan bang nhau; W va X
chia canh AC thanh 3 phan bang nhau; Yva Zchia canh 4B thanh 3 phan bang nhau. AU va
BX catnhau tai R, BW va CZ catnhautai P, AV va CY catnhautai Q.

Chirng minh rang cac canh ciia tam gidc POR song song voi cac canh ciia tam gidc ABC.
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o Loi gidi.
Dé dang chimg minh: W _AZ _AW 2
BC AB AC 3
W ZP PW 2
Suyra =—="—=—+ =2,
BC PC PC 3

b

Tuong tu nhu vay ta dugc AR _ z, or :Z.

RB 3 0C 3
Tur d6, st dung Dinh 1i Thales dao dé di dén diéu phai
ching minh.

Bai 18. CI}O hinh Vl}éng ABCD, I 1a diém gli dong né;n trén canhﬁ AB . Tia DI cét tia CB tai E.
DPuong thang CI cat AE tai M . Puong thang DE cat duong thang BM tai S. Chirng minh ta
ludn c6 DSB =90°.
o Loi gidi, E
Trén :tia d6i cua tia AB léyN sao cho AN = BE . AE cit NC,
DN lan Iuot tai K, L. DE cat NC tai H.
Xét ABEAVA AAND,ta c6: BE = AN, ABE = DAN (=90°) M
va AB = AD. S,
Do d6 ABEA=AAND (c.g.c), suy ra BAE = ADN .
Ta c6: BAE = LAN =180° —90° = 90° B
= ADL+LAD =90° = ALD =90° = AL | DN
Tuong tu: ABCN =ACDE nén CN L DE.
AEDN c6 EL va NH 14 hai duong cao, suy ra K 1a tryc tdm
AEDN. Do d6 DK L NE. ACEN c6 NB va EH Ia hai duong

cao, suy ra I 1a truc tam ACEN, do d6 CI L NE.
Hon niva: DK | NE,CI 1 NE = DK//CI,

AEKD ¢6 IM/IDK = 2L - EM.
ED EK D C

EI _EB.

AEDC 6 1B/IDC = LL _EB. £pxeco EM _EB[_ EI
ED EC

=== —j — BM//CK;
EK EC

ED
BM //CK, DE 1L CK = BM L DE. Vay DSB =90°.

Bai 19. Trén hinh v& bén, hinh vudéng PQRS ndi tiép trong tam gidc ABC. Ching minh ring
AB >30R . Khi nao dau dang thic xay ra?
o Loi gidi. c
Céch 1. Vi A=CPS =RSB,B=CSP=0PA va
AQP =C = SRB =90° nén 2 tam giac ABC, SRB P §
ddng dang nhau.
Cho A0 =1 va x=PQ=PS=0R=RS,taco:
Q:Q:l:i:}BR:xz
RS BR x BR
AB=BR+QR+AQ=x"+x+1.
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Bét ddng thitc 4B >30R ding vi n6 tuong duong véi x> +x+1>3x < (x —1)2 >0.
Pang thirc xay ra khi OR = 40 =1, khi d6, tam giac ABC vudng can.

AQ AQ AC RB RB BC

OR PQ BC'QR RS AC

Ap dung bat dang thirc Cauchy cho 2 s6 duong (a +b>2Jab ) ta duogc:

AC BC /AC BC
AB=0QR+AQ+RB =0Q0R|1+—+— |20R| 1+2,|—.— |=30R,
o 9 o ( BC ACj Q ( BC ACJ 0

D4u béang x4y ra khi ;—g = % < AC =BC. Khi d6 , tam giac ABC vudng can.

Cdch 2. Tt céc ti 18 dong dang ta co:

Bai 20. Trong tam giac ABC, nhu hinh bén, cac doan PQ, RS, TU tuong ung song song vdi cac
canh 4B, BC, CA ; ching giao nhau tai X,Y,Z. Hay xac dinh di¢n tich tam gidc 4BC néu mdi
mat trong cac canh PQ, RS va TU chia tam giac ABC thanh hai phan c6 dién tich bang nhau va néu
dién tich tam gidc XYZ bang 1. Hay viét dap sb cua ban dudi dang a+b+/2, voi a,b1a cac sb
nguyén duong.
o Loi gidi. c
Pit AB=x. Vi PQ chia tam giac ABC thanh 2 phan
A e 13 . (POY 1 T
c6 dién tich bang nhau nén | —= | =—,
AB 2
suy ra PQ = &
2 P
Vi céc tam gidc PCQ, UTB va ASR dong dang nhau, X Y\
hon nira, lai c6 cung dién tich, nén ching bang nhau.
2x—x2 A U R B
2 b

T d6: PX =Y0 =

x\/§_4x—2xx/§ B 3x3/2 —4x

2 2 2

XY =

Hai tam giac XYZ va ABC dong dang nén:

dt(XYZ) :(XYT

di(ABC) \ 4B

3W2-4) 17-1242
2 2
2

17-122

Bai 21. Cho hinh thang can ABCD cé day 16n BC. Gia st duong cao AH thoa man AH? = AD.BC.
2AD.BC

BC+ AD

Ma dt(XYZ)=1 nén ta c6: di(ABC)= =34+ 242.

Goi P 1a hinh chiéu ciia # 1én 4B . Chimg minh rang: 4B =CD = %(AD +BC), AP =

o Loi gidi. A D
Tt Dinh 1i Pythagore ta c6 AB* = BH* + CH?, (D

va do ABCD la hinh thang can nén2BH = BC—AD. (2)
Gia thiét cho ta: 4H> = AD.BC.

(BC—4DY’
— i

4 ) B H c
Thay (4) va (3) vao (1), bién doi va cuoi cung ta co:

T (2) ta duwgc: BH® =
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(BC+4DY’ BC+ 4D

Tur céc tam giac dong dang ta cé: AP _AH < AH? = AP.AB.  (5)
AH AB

2AD.BC
BC+AD’
Bai 22. Cho hinh thang ABCD ¢6 AB//CDva AD=a; DC=b; A va B la hai diém c6 dinh. AC
cit BD tai O. C va D di dong .
a) Chimg minh rang O cach mot diém cb dinh mot doan khong doi.
b) Chirng minh ring O cich mot diém cb dinh mot doan khong doi.

Két hop (3) va (5) ta suy ra: AP =

o Loi gidi. D b c
a) Trén tia AB léy diém E sao cho AE =b= E cb dinh, 0

Ta gidc AECD c6 AE//DC,AE = DC(=b)nén la hinh

binh hanh, tr 36, EC = AD =a, Do d6 C thudc duong

tron tam E ban kinh a.

b) V& OF//CE (F thuoc AB) vi AD//ECnén OF//AD.

Dat AB=c,AOABcO6 AB//CD,suy ra o - =
04 4B ¢ 04 c 04 ¢ I E T
- = = =——= . ‘
OC DC b 0A+0C c+b  AC b+c
MCE 6 OF//CEnén 2L 204 _OF  ip - % oF - % _ Foé dinh,

AE AE CE b+c b+c
Bai 23. Tu giac 16i ABCDco BC // AD . Goi M ,P,0 lan luot 1a trung diém cac canh CD, MAva
MB . Céac duodng théng DP va CQ gap nhau tai N . Ching minh réng N khong nam ngoai tam
giac ABM .
o Loi gidi, B C
Goi L 1a trung diém AB. Néu 4D =BC, ta ¢c6 N tring
L, tdc N nam trén canh cua tam giac ABM. Do do, c6
thé gid st 4D > BC. Goi X, Y tuong ung la dinh thu
t cua 2 hinh binh hanh MDAX va MCBY. Khi do, Y =~ X% M
nam gitta L va M, va L nam gitta X va M. Chu y rang
N nam trén cac duong thang DX va CY, hai duong

nay tuong ing cit AB tai H va K. P
Hai tam giac HAD va HLX dong dang nén ta co: y D
HL:HX = HA: HD.
HL HA LA KB KB KL
Tuong ty, KL:LY =KB:BC,tu d6 suy ra:— = <—=—, dodé HL< HK.

LX AD AD AD BC LY’

Diéu nay chimg t6 N khong nim ngodai tam gidc ABM.
Bai 24. Cho ABC la tam gidc nhon. Puong phan giac cia ACB cit AB tai diém L. Goi M,N
twrong Gng 1a chan cac dudng vudng goéc ha tir L xudng ACva BC. Gia sit P 1a giao diém cia
AN va BM . Ching minh rang CP 1 4B.

o Loi gidi.

Goi (d) 1a duong thing qua C song song voi AB. Cho F va E 1an luot 1a cac giao diém cua AN

va BM véi (d). Ki hiéu D 1a giao diém cua CP va AB.
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, AD PD BD AD CF
Taco —=—= —=

=—— suyra ==,
CF PC CE BD CE
Mit khac, 2AM _ 4B _ cpy - AMCE
CM CE 1B
va BN _AB oy BNCE
CN CF 1B
Ma CM = CN nén M _CF
BN CE

Do dé, AL _AM AM _ BN

=——,suyra —=—.
BD ) BN AD BD
Ngoaira, néu CH 1 AB(H € AB) thi
AALM ddng dang AAHC , suy ra
AL  AM ~ . BL BN
——=——_.Tuong ty, ta cing c60 —=——.
AC AH BC BH
Vi CL la phan gidc nén j—é = ﬁ Tur do, ta

BC
AM BN z 9 .
duoc —— = —.Két hop dang thuc (1) ta co6 hai
T op dang (1)

(1

diém D, H triung nhau va do d6 CP L 4B.

F

Bai 25. Cho tir giac 16i ABCD c6 hai dudng chéo cit nhau tai mot diém K. Goi 7 13 trung diém
ctia doan thang ndi hai trung diém cac duong chéo; goi O 1a diém ddi xtng ciia X qua 7. Chimg
minh rang bon doan thang ndi O véi trung diém cac canh tr gic thi chia tir gidc thanh 4 da giac
c6 dién tich bang nhau.

o Loi gidi,

GoiM, N, P, Q lan lugt la cac trung diétp cua AB,
BC, CA, AD; E VéNF lép lyot 1a trung diém hai duong
chéo AC va BD. D¢ thay OE//BD//QM , suy ra

Sy00 = Syrp Va do do

SAMOQ = SAMQ + SMEQ = SAMEQ = SAME + SAEQ'

My S _ AMAE _1 Spo _ AEAQ _ 1

S, ABAC 4°S,, ACAD 4

" 1 1
nen SAMOQ = SAME + SAEQ = Z(SABC + SACD) = ZSABCD'

Tuong tu ta cling ¢0 Sy, = Scpon = Spoor = iSABCD , diéu phai chimg minh.

Bai 26. Goi M 1a diém bt ki trong tam gidc ABC. Qua M ké cac duong thang AM,BM,CM cit
AM BM CM

cac canh tuong tng tai cac diém 4, B,,C,. Chirng minh rang: + +
AM BM CM

>6.

o Loi gidi.
Goi dién tich,céc tam giac MAB, MBC, MCA lanlugtlaa, b, c; 4, A" tuong tng la hinh chiéu
cua A, M xuong canh BC.
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Vi MA"//AA"'nén

A
L
A4 A4 a+bre L MABC 4y
MA" MA, b v ge M4 .
2 1 By
Tir do, AM:AAI—MA1:a+c:£+£
MA, MA, b b b
BM a b CM b c
Tuongty,tacé ——=—+—,——=—+—.
BM ¢ CM a a B 4, C

Nhu vay 422800 %
AM BM CM b c b a c

AM  BM CMggbc
a

Bai 27. Cho hai duong thang ¢6 dinh ava b, hai duo’ng thang di dong ¢, d sao cho ching ludn
song song voi nhau va theo thur tu qua hai dlem A,B nam trén a,C 1a giao diém cua c¢va b,D la

gia diém ctia d va b. Qua giao diém M cua 4D va BC dung dudng thang song song véi ¢, cit a
6 E vab ¢ F.Chingtd M thudc mdt duong thang c6 dinh.

o Loi gidi.
Xét hai truong hop: a cat b va a//b.

Trwong hop 1. a citb tai L.

Do AC//BD nén %:E A€ _I4 khong dbi.

EB BD IB

aME MA EzﬁnensuyraME MF .

BD AD CD BD
Viy M la trung diém cua EF.
V& MM' L b,EE' Lb,(M',E' €b), ta co

MM'//IEE',MM' = %EE’.

1 A .. I C/ F/M' e /D b

Do d6 MM’ :EEE'; EE' khong doi.

Viy M thudc dudng thing song song voi duong thing b va cach b mot khoang bang nira
khoang cach tir E dén b.

Truong hop 2. a//b.

T& giac ABCD 1a hinh binh hanh. M 1a giao diém
hai duong chéo AD va BC, suy ra M 1a trung diém
ctia AD va BC. AABC ¢b ME//AC, M la trung diém
BC, do d6 E 1a trung diém AB, suy ra E ¢6 dinh. Ta

cO0: ME =MF = (:%AC).

Tuong ty nhu truong hop (1), ta c6 M thugc duong
thing song song voi duong thing b va cach b mot
khoang bang nira khoang cach tir trung diém E cia
AB dénb.
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