CHUYEN PE: TINH TONG DAY SO CO QUY LUAT
A.TRONG TAM CAN DAT.
Dang 1: Tong cac s6 hang cach déu S =a +a,+a,+...+4a,

Cén tinh tong: S=a, +a, +a,+..4+a,. (1)

Véi a,—a =a,—a, =...=a,—a, , =d (cac sd hang cach déu nhau mot gid tri d)
S6 56 hang cua tong la n=(a, —a,):d +1 véi a, 1a s6 hang thir nhdt
a_ la s hgng thiz n.

Tong S=n(a +a,):2.

S6 hang thiz n cia day l1a a, =a,+(n-1)d.

Vidu 1: Tinhtong S=1+2+3+4+...+2019+2020.
Phan tich: Cac s6 hang cach déu nhau véi d =1.

Loi giai

S6 s6 hang cuia ddy la 2020—1 :1+1=2020.

Téng S= 1+2020 .2020:2 =2041210.

Bai toan tong quat: Tinh tong S =14+2+3+...4n.
S6 s6 hang ciiaddyla n—1 :1+1=n.

Téng S= n—+1n:2.

Vidu 2: Tinhtong S =1+3+45+...+2019+2021.
Phan tich: Céc s6 hang cach déu nhau voi d =2.

Loi giai

S6 s6 hang cua ddy la 2021—1 :2+1=1011.

Téng S=1+2021.1011:2=1022121.

Vidu 3: Tinhtong S =5+10+15+...4-2015+2020.
Phan tich: Céc s hang cach déu nhau véi d =5.

Loi giai

S6 s6 hang cta diy 1a 2020—5 :5+1=404.

Téng S = 5+ 2020 .404: 2 = 409050.



Vi du 4: Tinh téng S :l+g+2+g+...+$+2020.

o . \ . 1
Phan tich: Cac s6 hang cach déu nhau vai d = >

Loi giai

S6 s6 hang cua diy la 2020—1 : %4—1 =4039.

Tong S = 1+ 2020 .4039: 2 = 4081409,5 .

Vidu 5: Tinhtong S=10,11 + 11,12 + 12,13 + ...+ 98,99 + 100.
Phan tich: Cac s6 hang cach déu nhau voi d =1,01.

Loi gidi

S6 s hang ctia ddy 1a 100—10,1 :1,01+1=290.

Toéng S = 10,11+100 .90: 2 =4954,95.

Dang 2: Tong c6 dang S=1+a+a’+a’+..+a" (1)
Phwong phap

TH 1:Néu a=1thi S=n+1.

TH 2: Néu a#1 dé tinh tong S ta lam nhu sau

Bude 1: Nhan hai vé cua (1) véi sd a ta duoge
aS=a+a’+a’+a‘+..+a" (2)

Buéc 2: Lay (2) trir (1) vé theo vé ta dugc

a.n+1 _1
a-1

aS-S=a"-1=S=

Vidu 1: Tinh tong S =2+2%+2°+2* +...+ 2%,
Loi giai

Tacd 25 =22 +2°+2* +2°+..+2#

Viy 28-S=S=2"-2.

Vidu 2: Tinh tong S =1+2+22+2°+2% +...+2'°,
Loi giai

Tacd 2S5 =242 +2°4+2" +2° .. .+ 2

Viy 28-S =S=2""_1,

Vidu 3: Tinh tong S =6+62+6°+6*+...+6%.



Loi gidi
Tacd 6S=6°+6+6"+6°..+6°.
Vay 6S—S =5S =6 —-6.

10 _ g

Suyra S=

Dang 3: Tinh tong c6 dang A=1+a’+a*+a’+....+a>" (1)
Phwong phap:

Bude 1: Nhén hai vé cia dang thic v6i a? ta duoc:
a’A=a’+a*+a’+at+...+a"? (2)

Buéc 2: Lay (2)—(1) theo vé ta duoc:

aZ.A—A:(a2+a“+a6+a8+ ....... +a2“*2)—(1+a2+a4+a6+ ....... +a2“)

a2n+2 _1
a’-1

Vi du 1: Tinh tong sau: A=1+22+2°+2°+ ... +2%+2'% (1)

= A(a2 —1) =a?? 1= A=

Loi giai

Nhan vao hai vé véi 22 ta duoc:
P2A=22+2+2°4+2%+ . +2042'7 (2)
Léy (2)—(1) theo vé:

22.A—A:(22+24+26+28+ .....+21°°+21°2)—(1+22+24+26+ .....+298+21°°)

102
3A=2"%_1= A=2 !
, , 2 1 1 1 1 1
Vi du 2: Tinh tong sau: B:§+§+8_1+7_29+ +W (1)
Loi giai
DatC:1+i+i+....+m:>B:£+C
9 81 729 3 9
.. 1 1 1 1
1 1 1 1
1 1 1 1 1 1 1 1 1
:C_S_Z_C: 3—2+§+3—6+....+32m — §+§+§+....+32w
8 1 1 9(1 1 32018 _q
:>§.C=§—W:>CZ§- 3_2_32020 - g.32018



Vi du 3: Tim gié tri ciia X biét: 1452 +5* +.....+5% =

Loi gidi
Dit A=1+5*+5%+....+5> (1)

Nhan vao hai vé véi 5% ta duoc:
52A=5"+5"+5°+5%+ ...+5%7 (2)
Lay (2)—(1) theo vé :

2x+2
28 A=52 _1— A= !

24

6 _ 12 2x+2 12 .
Vile52 454, 522 1 571 5 1.5 1:>X:5.VéyXleégiétricﬁntim.

24 24 24

4

Vi dy 4: Tim gia tri cta X biét: 1+(x—1)" +(x=1)" +....+(x-1)

2020 17722 1

[(x-1)°-1]

, VOI X # 2

Loi giai

2020

Dit B=1+(x-1)" +(x-1)" +...+(x=1)"" (2).

Nhan ca hai vé ciia (1) cho (x-1)° ta dugc:

B.(x=1)" = (x=1)" +(x=1)" +(x=1)" e+ (x=1)" (2).
Léy (2)—(1) theo vé ta duoc:

B.(x=1)" =B = (x=1)"+ (x=1) +(x=1)" oot (x=1)"™ || 1 (x=2)" s+ (x=2)" ... (=)™ |

2 2022 (X —1)2022 -1
B|:(X—1) —1:|:(X—1) —1:>B:m
17222 _q (X—1)2022 1 172022 _1

Theo bai cho: B= = = = X—-1=17= x=18 ( thoa man) .

[(x-1-1] © (-1 -1 [(x-1) -1
Vay x=18.
Vi du 5: Ching minh rang: 1+5° +5* +.....+5% chia hét cho 26.
Loi giai
Phan tich: Ta nhém 2 thira s lién ké dé 1am xuét hién thira s6 26.
Ta co:



1+5% +5 +.....+5% =(1+52)+(54+56) ..... +(538+54°)

Vay 1+5°+5% +.....5° chia hét cho 26.

Vi du 6: Ching minh rang: 1+ 2% +2* +.....+2'® chia hét cho 21.

Loi gidi

Phan tich: Ta nhom 3 thira s6 lién ké dé lam xuat hién thira s6 21,

Ta co:

1+2°+2% 4.+ 2% =(1+ 2° +24)+(26 +2° +210) ..... +(296 +2% +21°°)
= (1+22 +2“)+26.(1+22 +2“)+....+296.(1+22 +24)
=21+2%21+...... +2%21

Do d6: 1+2% +2* +.....+2'® chia hét cho 21

Vi du 7: Ching minh rang: 1+3? +3* +.....+3'° chia hét cho 82.

Loi gidi

Phan tich: Ta nhom hai thira s6 cach déu dé lam xuat hién thira s6 82.

Ta co:

1+ +3 ... +39 =(1+3“)+(32 +36)+ ..... +(39° +394)+(396 +31°°)
:(1+34)+32.(1+34)+ ....... +39°.(1+34)+3%.(1+34)

Vay 1+32+3* +.....+ 3 chia hét cho 82.

Vi du 8: So sanh: 1+5° +5% +.....+5% véi
Loi giai
bit A=1+5+5%+....+5%
—=5°A=5%+5+5° 4+ ... +5%
:SZ.A—A:(52+5“+56+ ..... +542)—(1+52+54+ ..... +54°)
542 _1 542 _ 2 542 _2

< <
24 24 23
5% _2
23

=24 A=5%_1= A=

Vay 1+5°+5% +.....+5% <

7100 e 7% -2019

Vidu9: Sosanh: 1+ 7% +7* +....+
2021

Loi giai



bat A=1+72+7+....+7°
STPA=T"+T7 +7° +....+ T
ST A-A=(T 4T 470 4t T )= (L4 77+ 74 4 T)
7% -1 72019 7' -2019
48 48 2021

Dang 4: Tinh tongS =a+a’+a’ +...+a”" ", véi n>1neN;a=+1.

=48 A=T"_1= A=

Phwong phap:

S=a+a’+a’+..+a"" (1)
Buwéc 1: Nhan ca 2 vé cua (1) véi a* ta duoc :
a’s=a’+a’+..+a’" +a"™ (2)

Buwéc 2: Lay (2)—(1) ta duoc

2n+l

a
(a®-1)s=a"""-ae=s ="
a -1
2n+1
. L, a™-—a
Vay a+a’+a’+..+a" " =—;
a“ -1

Vidu 1: Tinh tong S, =2+2° +2° +...+ 2%,
Loi gii

2n+l

Ap dung cong thic a+a*+a° +...+a"* = véi n=26;a=2 tadugc :

a’-1
52 52
Sl=2+23+25+...+251=22 2_2 -2
2°-1 3
3 5 99
Vi du 2: Tinh tong 32:1+ 1 + 1 +..+ 1 .
3 3 3 3

Loi giai

2n+l

L N . 3 5 2n-1
Ap dung cong thic a+a”+a’ +..+a""" =—;

a —_
1 101 1
_(3] _5_3100_1

a 2 839"’
3

Vidu3: S, =9+999+99999+...+999...9..
—

15509

1
Vol n:50;a=§ ta duoc :




Phan tich:

+) 9=10-1;999 =10%-1;99999 =10° -1;....;999...9=10" —1.
%f_/

15s09

+) Tong trén c6 8 s6 hang.
Loi gidi

Taco: S, =9+999+99999+...+999...9 =(10+1o3 +10° +...+1015)—8
H’_/

15s09

2n+1
—a

Ap dung cong thic a+a®+a°+...+a>" ' = voi n=8;a=10 ta duoc :

a’-1

10 -10 10" -10
10° -1 99
_ 10" -10 g 10" —802 .
99 99
Dang 5: Tong ¢6 dang:  S=12+23+34+..+n(n+1).

10+10° +10° +...+10" =

Vay S,

Vi du 1: Tinh tong: A=1.2+2.3+3.4+...+98.99.

Phan tich:

Khoang cach gitra hai thira s6 trong moi s6 hang 1a 1.

bé tach moi s6 hang thanh hi¢u cia hai s6 nham triét tiéu ting cdp hai so, ta nhan moi s6 hang cia
A v6i 3 (ba lan khoang céch giira hai thira s6). Thira s6 3 nay dugc viét dudi dang (3—0) & s6
hang thir nhat, (4—1) & s hang thr hai, (5— 2) & sd hang thu ba, ..., (100—97) & s hang cudi
cung.

Loi giai:

Ta co:

3A=123+2.3.3+3.4.3+...+98.99.3

3A= 1.2.(3— 0) + 2.3.(4—1) +3.4. (5 - 2) +...+98.99. (100 —97)

3A:1.2.(3—0)+ 2.3.(4—1)+3.4.(5—2)+...+98.99.(100—97)

3A= (1.2.3+ 2.34+3.4.5+...+97.98.99 + 98.99.100) —(0.1.2+1.2.3+ 234+..+ 97.98.99)

3A=98.99.100.
Suyra: A= m?’loo =323400.

Binh luin:
Ta thdy: 3A=98.99.1001a tich ciia ba thira s6, trong d6 98.99 14 hai thira sé ciia s6 hang 16n nhat
trong tong, con thira s 100 bang 99+1(bang thira s6 16n nhit cua A cong v6i khoang cach giira

hai thira s6 ctia mdi s6 hang trong A).



Bai toan téng quat:

n(n+1)(n+2)

$=1.2+23+34+..+n(n+1)=

Vi du 2: Tinh tong: B=1.3+3.5+5.7+...+99.101.
Phén tich:

Khoang cach giira hai thira s6 trong mdi s6 hang 13 2.

Dé tach mdi s6 hang thanh hiéu cta hai $6 nham triét tiéu tung cap hai $6, ta nhan mdi sb hang cua
B véi 6 (ba lan khoang cach giira hai thira s6). Thira s 6 nay duoc viét dudi dang (5 +1) & s hang
thtr nhat, (7—1) & sb hang thir hai, (9—3) & sb hang thir ba, ..., (103—97) & s6 hang cudi cung.
Loi giai:

Ta co:

6B=13.6+35.6+5.7.6+...+99.101.6

6B :l.3.(5+l)+3.5.(7—l)+5.7.(9—3)+...+99.101.(103—97)

= (1.3.1+1.3.5+3.5.7 +5.7.9+...497.99.101+ 99.101.103) —(1.3.5+3.5.7 +..+ 97.99.101)

=3+99.101.103
=1029900.

Suyra: B= @ =171650.

Bai toan tong quat:
S=1.(1+Kk)+(1+k)(1+2k)+...+ n(n+k):2n:n(n+k) ,nkeN*,

n=1

(khoang cach giira cac thira s6 ctia mdi s6 hang 1a k)
*Nhan S véi ba lan khoang céch ta duge: 3kS = 3kn(n+k).
=1

* Phan tich timg s hang ciia tong méi dé xuét hién cac s6 hang ddi nhau:
3kn(n+k)=n(n+k)(n+2k)—(n-k)n(n+k)

Tir d6 tinh dugc tong S .

2

Dang 6: Tong cé dang: 1°+2°+3 + ...+ n

2 _ n(n + 1)(2n + 1)
6

Bai toan tong quat: Ching minh rang : 1+ 2°+ 3%+ ... +n

Loi gidi
S=124+2°+3 +4°+..+n?

S$=11+22+33+4.4+...+n.n



=1(2-1)+2.(3-1)+3.(4-1)+..+n[ (n+1)-1]
=1.2+2.3+34+...+n(n+1)—(1+2+3+4+5+ .. +n)

n(n+1)(n+2)

3
5= “(”“;(n”) ~ ”(“2+1) _ n(n+1)(nT”—1j=n(n+1) on+4-3
(n+1)(2n+1)

Ma 1.2+2.3+34+45+..+n(n+1)= (Theo dang bai truérc)

Viy =1

Do d6, ta c6 cong thirc tinh day sb:
n(n + 1)(2n + 1)
6

S=1%+2°+ 3+ ...+ n*=

Vi du 1: Tinh cé4c tong sau:

N=1+ 2°+ 3%+ 4°+ 5% +...+ 99°
A=1+4+9+16+ 25+ 36 + ... + 10000

Loi giai
Tinh N

n(n + 1)(2n + 1)
6

Ap dung bai toan tong quat S=1°+ 2°+ F+ ... + n’=

n(n+1)(2n+1) _99.(99+1)(2.99+1)
6

Tathiy n=99 nén N = = 328350

Tinh A
Tabién d6i A vé dang twong tu nhu biéu thire N ta co:
A=1+4+9+16+ 25+ 36 + ... + 10000= 12 +2° +3* + 4% +5% + 6% +...+100°

_ 100.(100+1)(2.100+1)

- —338350 (v6i n=100)

Vi du 2. Tinh téng sau:

B = —1+2°- 3"+ 4°— ... —19°+ 20%

Loi gidi

Tinh B

Ta bién ddi B vé dang quen thudc nhu biéu thirc N bang cach thém bot tong 22 + 42 +...+1007.
B=—1°+2°- 3+ 4"~ ... —19°+ 20°

B :—(12+22+32+...+202)+2(22+42+62+...+202)



20.(20+1)(2.20+1)

B=— +2.22(12+22+32+...+102)

8- —2870+8.1O'(10 +1)(2.10+1)

B =—-2870+3080 =210

Dang 7 : Tinhtong c6 dang S =1°+3” +5% +...+(2k —1)2 véi keN".
PHUONG PHAP:
Cach 1: Tasé tinh tdng S =1% +3% +52 +...+(2k -1)° dwa vao téng dang

1.2+23+34+..+(n-1)n.

Truéc hét ta xét tong A=1.2+2.3+3.4+...+(2k -1).2k
=3A=123+233+34.3+..+(2k-1).2k3
=3A=12.,(3-0)+23.(4-1)+34.(5-2)+...+(2k -1).2k.[ (2k +1) - (2k - 2)].
=3A=123-0.12+234-123+345-234+..+(2k-1).2k.(2k +1) - (2k —2).(2k —1).2k
= 3A=(2k-1).2k.(2k +1)

~(2k-1).2k.(2k +1)
- : |

=

Mit khdc A=0.1+1.2+2.3+3.4+...+(2k -1).2k.

= A=(0.1+1.2)+(2.3+34)+...+[ (2k - 2)(2k —1) +(2k —1).2k |
= A=1(0+2)+3.(2+4)+...+(2k -1).[ (2k—2) + 2k |

= A=12+3.6+...+(2k-1).(4k —2)

= A=11.2+332+..+(2k-1).(2k-1).2

= A=2[1+3 +..+(2k-1) |=25.

(2k —1).2k.(2k +1)
- .

Vay S =

A
2

Cach 2: Tasé tinh tdng S =12 +32 +52 +...+(2k -1)° dwa vao téng dang
24+4.6+...+(2k—2).2k va cong thic n*—1=(n-1).(n+1) .



Ta ching minh ¢ong thire nhu sau: n* =1=n*-n+n-1=n(n-1)+(n-1)=(n-1).(n+1)(dpcm).
Nhan thay tong S =1"+3* +5% +...+(2k —1)2 co (2k—1-1):2+1=k s6 hang, tir d¢ ta co:
§ —k =(2 1) +(3 ~1)+ (5 ~1)+ .. +| (2k-1)" -1 |

=S-k=24+46+..+(2k-2).2k.

=6.(S—k)=24.6+4.6.6+...+(2k—2).2k.6
=6.(S—k)=24.(6-0)+4.6.(8-2)+..+(2k—2).2k.[ (2k +2) - (2k - 4) ]
=6.(S—k)=2.4.6-0.24+4.6.8-24.6+...+(2k—-2).2k.(2k +2)—(2k —4).(2k - 2).2k
=6.(S—k)=(2k-2).2k.(2k +2)

:S_k:(2k—2).26k.(2k+2)

o (k=2)2k(2%+2) | (2k-2)2k(2k+2) 6k 2k[(2k—2)(2k+2)+3]
R 6 T 6 "6 6
:S:2k[2k(2k+2)6—2(2k+2)+3]:2k[4k2+4k6—4k—4+3]

2k(4k2 -1) 2k (4Kk2-2k+2k—1) 2k[(4k*-2K)+(2k-1)] 2k[2k(2k-1)+(2k-1)]
R 6 ) 6 ) 6
o (ZK-1).2k (2K +1)

6
Cach 3: Tasé tinh tdng S =12 +32 +52 +...+(2k -1)° dwa vao téng dang
1.3+35+..+(2k-1).(2k +1) vaténg dang 1+3+5+...+(2k-1).

Taco S=12+3+5% +..+(2k -1)’

=S =1.(3-2)+3.(5-2)+5.(7-2)+...+(2k -1).[ (2k +1)- 2]

=S =[1.3+35+5.7+..+(2k-1).(2k+1) |-[1.2+3.2+5.2+...+(2k -1).2 ]
=8 =[13+35+5.7+..+(2k-1).(2k +1) |- 2[1+3+5+...+(2k-1) ]

bit S, =1.3+35+5.7+..+(2k-1).(2k+1) va S, =1+3+5+...+(2k-1),

Taco: S, =1.3+35+5.7+..+(2k-1).(2k +1)



=68, =1.3.6+3.5.6+5.7.6+...+(2k—1).(2k +1).6
=65, =1.3.6+35.(7-1)+5.7.(9-3) +...+(2k -1).(2k +1).[ (2k +3) - (2k —-3) |

=65, =1.36+35.7-1.35+5.7.9-35.7+...+(2k -1).(2k +1).(2k +3)—(2k —3).(2k ~1).(2k +1)

=65, =1.3.6+(2k —1).(2k +1).(2k +3)-1.35

_ (2k—1).(2k +1).(2k +3)+3
5 .

=S

Taco: S, =1+3+5+...+(2k-1).
S6 86 hang cuatong S, la: (2k—1-1):2+1=Kk.
=S, =1+3+5+..+(2k-1)=(1+ 2k -1).k : 2=Kk?.

2k —1).(2k +1).(2k +3)+3
6

—2k>.

=S =1+3+5+..+(2k-1)" =S, 25, _

g (2k=1)(2k+1). (2K +3)+3-12k* _(2k-1).(2k+1).(2k +3)—(12k* -3)
6 6

o (k=) (k) (2 +3)-3(dk? 1) (2k—1).(2k +1).(2k+3)-3[ (4k* —2k)+(2k-1)
- 6 - 6

(2k —1).(2k +1).(2k +3) -3 2k (2k —1)+(2k —1) |
6
_(2k-1).(2k+1).(2k +3)-3(2k —1)(2k +1) _ (2k-1)(2k+1)[ (2K +3)-3] |

=S =
6 6

=S =

(2k—1).2k.(2k +1)
. .

Vay S =

Céch 4: Tasé tinh tong S =12 +3°+5? +...+(2k —1)° dwa vao téng dang 12 + 2% +3* +...+n? va

tong dang 1+2+3+...+n.

Pat A =1°+2°+3F +..+n°.

A =1(2-1)+2.(3-1)+3.(4-1)+..+n(n+1-1).

A, :[1.2+2.3+3.4+...+ n.(n+1)]—(1+2+3+...+n).

bit B, =1.2+2.3+3.4+..+n(n+1)



=3B,=123+233+343+..+n.(n+1).3

=3B, =1.2.(3-0)+23.(4-1)+34.(5-2)+..+n.(n+1).[ (n+2)—(n-1) ].
—3B,=1.23-0.1.2+2.34-1.23+345-234+..+n(n+1).(n+2)—(n-1).n.(n+1)
=3B, =n.(n+1).(n+2)

B - n.(n+1).(n+2) |
3

bat C, =1+2+3+...+n.

Taco C, latong cia n s6 nguyén duong dau tién nén C, = n.(r12+1) .
Suy ra
n(n+1).(n+2) n(n+1) n.(n+1).(2n+4)-3n.(n+1) n.(n+1).(2n+4-3)
A1 = Bn _Cn = - = =
3 2 6 6
Viy A = n.(n+1).(2n+1) |

6
Xét A =L +22+3F +...+k°
= 4A =22 + 4 +6% +..+(2k)
= S+4A =1 +22 43 147 +..+(2k-1)" +(2k)" = A,

L SoA, —4A = 2k.(2k +1).(4k +1) 4 k.(k+1).(2k +1)

6 6
Lo (% +1).[ 2k (4k +1) -4k (k+1)] (2 +1).[ 8k? + 2k — 4K? — 4k |
6 6
e (2K +1).(4k* -2k ) _ (2k+1).2k (2k -1)
6 6
Viy 5 - (2k—1).26k.(2k +)

Vidu 1. Tinhténg S =1° +3° +5° +...4+49°,
Phan tich: Day 1a bai toan cu thé caa dang nay véi k =25.
Loi gidi

S=1°+3*+5%+...+49%,



Ta ching minh c¢ong thuc sau: n” —1=n’—-n+n-1=n(n-1)+(n-1)=(n-1)(n+1).
Ta co:

S —25=(1"-1)+(3°~1)+(5" —1)+...+(49° -1).

—=S5-25=24+4.6+...+48.50.

=6.(S-25)=2.4.6+4.6.6+...+48.50.6

= 6.(S—25)=2.4.(6—0)+4.6.(8—2)+...+48.50.(52— 46)

= 6.(8 — 25) =246-0.24+46.8-24.6+...+48.50.52-46.48.50
= 6.(S—25)=48.50.52

g5 485052

_ 48.50.52

=3 +25=20825

Vi du 2: Tinh tong 1* +3° +5° +......+99°
Loi giai

~50.99.101
3

Ap dung cong thic 6 trén véi k =50 ta duge: 12 +3* +5 +...... +99 =166650

Vi du 3: Tinh tong S =51° +53° +55% +......+99
Loi gidi
Tatinh 2 tong A=1*+3°+5° +...+99° va B=1°+3*+5° +...+ 49

Theo cong thirc thu dugc

~50.99.101

A=1+3+5"+...... +99° =166650

254951

va B=1"+3+5%+...... +49? =20825

Taco S=A-B=166650—-20825=145825

Dang 8: Tong cé dang: S=22+42+62+...+(k—1)2 (k1é va keN)

k—1)k.(k+1)
6

Bai toan tong quat: Chung minh ring : S=2+4%+6° +...+(1<—1)2 = (
Ta co: A:1.2+2.3+3.4+4.5+...+(k—2)(k—1)+(k—1).1<

3A=1.2.3+2.3.3+3.4.3+4.5.3+....+(k—2)(k—1).3+(k—1).k.3



3A=1.2.3+2.3.(4—1)+3.4.(5—2)+...+(k—1).k.[(k+1)—(k—2)]
3A=(k—1)k.(k+1)

(k=1) k. (k+1)
3

Suyra: A=
Ap dung tong A=12+23+3.4+4.5+...+(k-2)(k-1)+(k—1)k
=2(1+3)+4(3+5)+6(5+7)+...+(k—1).[ (k=2)+k |
=24+4.8+6.12+...+(k—-1).(2k-2)
=222+442+6.6.2+...+(k-1).2(k—1).2

:2[22 +47 + 6 +...+(k—1)2}

=2.5
(k=1)k.(k+1)

Suy ra: S:% ma A=

(k—1)k.(k+1)

Vay S=
1y 6

Ap dung tinh: P=1%+22+3%* +...+n?
Xét: S =22 +4% +-6 +...+(2n)’
Suy ra: %=%:12+22+32+...+n2.

Nén: P=> — n.(n+1).(2n +1).
4 6

Vi du 1: Tinh tong B = 22 + 4% + 67 +...4+100°
2 (k=1)k.(k+1)

Phan tich: Tong B ¢6 dang S =22 +4?+6°+...+(k-1) véi k=101
Loi giai

, k—1).k.(k+1

Ap dung cong thirc: S=22+42+62+...+(k—1)2=( Jk(k+1) voi k=101,

Ta duge: B = 2% + 4% + 6% +...+1007 =wzl71700.

Vi du 2: Tinh tong C =1% + 2% + 3% +...+100%.



n.(n+1).(2n+1)

Phan tich: Tong C ¢6 dang P =1 +22+3% +...+n’ = 5 v6i n=100.
Loi giai

Ap dung cong thice: P=12+22+3 +...+n? = n'(””)é(zn”) v6i N=100.

Ta dugc: C =1 + 22 + 32 +...+100% = %61201 =338350.

Dang 9: Tong c6 dang S=a,.8, + 8,.8;+ 3.8, + 3,85+ ...+ & ;. 4,

Phuwong phap giai: bat k=a,-a=a;—-a,= ....=a,—a,,

Nhaén ca hai vé voi 3k, 16i tach 3k ¢ mdi s6 hang dé tao thanh cac sb hang mai ty triét tiéu.
Vidu1: Tinhtong S=1.3 + 35 + 5 7+ ...+ 99.101

Phan tich: Vi khoang cach giira 2 thira s trong mdi s6 hang bang 2. Nhan vao hai vé cta dang
thirc v6i 3 1an khoang cach (nhan véi 6) rdi tach dé xuat hién cac s6 hang ddi nhau.

Loi giai

Ta co:

6S=13.6 + 35.6 + 57.3 + ....+ 99.101.6

= 1.3.5+1) + 3.5.(7 — 1) + 57.(9 — 3)+..+99.101.(103-97)

=13.1+135 + 357 - 135 + 579 -3.5.7..+99.101.103 + 97.99.101
=3+99.101.103

3499101103

=S =171650

Vay S =171650.

Vidu2: Tinhtong S=1.4 + 47 + 7.10+ ...+ 2017.2020

Phan tich: Vi khoang cach giira 2 thira s6 trong mdi s6 hang bang 3. Nhan vao hai vé ciia ding
thire v6i 3 1an khoang cach (nhan véi 9) roi tach dé xuat hién cac s6 hang déi nhau.

Loi giai

Ta co:

9S=1.49 + 479 + 7.10.9 + ....+ 2017.2020.9

= 1.4(7+2) + 47.(10 — 1) + 7.10.(13 — 4)+...+2017.2020.(2023 - 2014)

=147+142 + 4710 — 147 + 7.10.13 —4.7.10. ... + 2017.2020.2023 - 2014.2017.2020
=8+ 2017.2020.2023



_ 8+ 2017.2020.2023
9

=S =915821092

Vay S =915821092.

Dang 10: Tong cé dang S=1.a,a, +a,3,a, +a,3,a +...+a ,a ,a
Trongdo a,-1=a,-a,=a,—8,=..=a,—a,, =K =a, =1+(n-1k.
PHUONG PHAP GIAI

Nhan hai vé voi 4k, roi tach 4k ¢ mdi sd hang trong tong dé s6 hang trudc va sd hang sau tao

thanh nhing s ty triét tiéu nhau.

S=1la,a,+a,8,3, +a,8,a, +...+a ,a ,a,

4kS =1.8,8,.4k +8,8,3, (8; —1) +a,8,8; (a8, —a,) +...+a,,8,,2,(a,,, — 8, 5)

4kS =4k .a,a, +a,8,8,a; —8,8,, +8,8,3:8; —a,8,3,8; +...+a, ,a, a8, —a, 8 ,a, ,a,
4kS =a, ,a,,a,a,, +4Ka,a, —a,a.3,

— & o8y &8y, + 4k-a2a3 ~ 3,353, *)
4k '

S

Vi du: Tinh téng S =1.2.3+2.3.4+3.4.5+...4+98.99.100

Phan tich

Vi khoang céch giita cac s6 trong mot s6 hang 1a 1nén ta nhan 4 vao hai vé dé tinh S.
Loi giai

$=123+234+3.45+...+98.99.100

48 =12.3.4+23.4.(5-1)+3.45.(6—2) +...+98.99.100.(101— 97)
45=1.234+2345-1.234+3.456-2.3.4.5+...498.99.100.101-97.98.99.100
4S =98.99.100.101

4S =97990200

S =24497550

Vidu2: Tinhténg S =1.2.3 +2.3.4 4+ 3.4.5 +... +17.18.19.

Loi giai

Taco: 45=1234—-0 +2345—-1 +3456—-2 +...4+17.18.19 20 —16
=1.2.34+2345—-1.2.34+3456—2.3.4.5+...+17.18.19.20 — 16.17.18.19
=17.18.19.20 = 116280.

116280

Dovay S = 29070.




Vidu 3: Tinh téng S=135+357+579+...+9597.99.
Loi giai
Ta co:

85=135T7+1 +3579—-1 4579 11-3 +...495.97.99 101 —93

=13.5.7+1.35+3.5.79—-1.35.7+45.7.9.11 - 3.5.7.9 4+ ... +95.97.99.101 — 93.95.97.99
=1.3.5495.97.99.101 = 92140800 .

92140800

Dovay S = 11517600 .

Vi du 4: Tinh téng S =1234+2345+3.456+...4+19.20.21.22.
Loi giai
Ta co:

55 =12345-0 4+23456—-1 43456 7T—2 +...+19.20.21.22 23 —18

=1.2.345+23456—-1.2.3.45+3.4.5.6.7—2.3.4.5.6+...+19.20.21.22.23 —18.19.20.21.22
=19.20.21.22.23 = 4037880

Dovay § = 4037880 _ goy7576.

Vidu5: Tinhtong S = ! + ! + L +.. 4 L
1.2.3.4 2345 3.4.56 7.8.9.10

Loi giai

Taco: S = L L ! L

- + ot
1234 2345 3456 7.8.9.10

1 1 1 1 1 1 1
== — + - + ot -

3[1.2.3 234 234 345 7.8.9 8.9.10
B 1[ 1 1 ] 119

30123 89.10] 2160

Dang 11: Tong ¢6 dang A=1+2°+3 +..+n° (neN¥)

PHUONG PHAP GIAI

Phén tich cong thirc cua timg s6 hang trong tong thanh (n—1)n(n+1) dé thanh tong quen thudc:
§$=1.23+234+..+(n-1)n(n+1)

Cu thé:
n*=(n’-n)+n=n(n’-1)+n=n[n’~n+n-1]+n=n[n(n-1)+n-1]+n=(n-1)n(n+1)+n

Do dé A=1+2°+3F +..+n° =1+(1.2.3+2)+(2.34+3)+(345+4)+..+(n-1)n(n+1)+n



=(1+2+3+..+ n)+[1.2.3+ 2.34+345+..+(n-1)n(n +1)]

n(n+1)

bat B=1+2+3+...+n= 5

C=1.23+234+456+..+(n-1)n(n+1)
Khi d6 4C =1.2.3.4+2.3.4.(5-1)+3.45.(6-2)..+(n-1)n(n+1).[ (n+2)—(n-2)]

4C=[1234+2345+3456+..+(n-1)n(n+1)(n+2)]
-[1.2.34+2.345+3456+...+(n—-2).(n-1)n(n+1) | =(n-1)n(n+1)(n+2)

n-1)n(n+1)(n+2)
4

o

A BaC n(n+1)+(n—1)n(n+1)(n+2) _ n?(n+1)° |
2 4 4

nz(n+1)2

Tong quat: A=1+22+3+..+n’= vGi ne N*.

Vidu 1: Tinh tong A=1+2°+3° +...+10°

Phan tich

Ta ap dung dang toén trén voi n=10

Loi gidi

n? =(n3—n)+n=n(n2 —1)+n=n[nz—n+n—1]+n=n[n(n—1)+n—1]+n=(n—1)n(n+1)+n
Do dé A=1+2°+3+..+10° =1+(1.2.3+2)+(2.34+3)+(3.45+4)+...+(9.10.11+10)
=(1+2+3+..+10)+(1.23+2.34+3.45+..+9.10.11)

bat B=1+2+3+...+10=%'=5.11=55

C=1.2.3+234+456+..+9.10.11
Khi d6, 4C =1.2.3.4+2.3.4.(5-1) +3.4.5.(6—2) +...+9.10.11.(12—8)

4C = (1.2.3.4 +2345+3456+....+ 9.10.11.12) —(1.234+2345+3456+.... +8.9.10.11)
=9.10.11.12

£ 9.10.11.12

C =2970

A=B+C=55+2970=3025.

Vi du 2: Tinh tong A=1+2°+3*+...+100°



Phan tich

Ta &p dung dang toan trén véi n =100

Loi giai
n*=(n’-n)+n=n(n’-1)+n=n[n’~n+n-1]+n=n[n(n-1)+n-1]+n=(n-1)n(n+1)+n
Do d6 A=1+2°+3+..+100° =1+(1.2.3+2)+(2.3.4+3)+(3.45+4) +...+(99.100.101+100)

=(1+2+3+...+100)+(1.2.3+2.3.4+3.4.5+...+99.100.101)

100.101

bat B=1+2+3+...+100= =50.101=5050

C=1.2.3+2.34+456+..+99.100.101
C=1.2.3+2.3.4+3.45+..+99.100.101
4C =1.2.3.4+2.3.4.(5-1) +3.45.(6—2) +...+99.100.101.(102— 98)

4C = (1.2.3.4+ 2.345+3.45.6+...+99.100.101.102)
—(1.2.3.4+2.3.45+3.45.6+....+98.99.100.101) =99.100.101.102

~99.100.101.102
4

C =99.25.101.102 = 25497450

A= B +C =5050+ 25497450 = 25502500.

Vi du 3: Tinh tong A=2°+4°+6° +...+200°

Phén tich

Phan tich 2° =2%1%; 4*=2%2%: 6° =2%3%;...;200° = 22.100° .
Khido A=2%(1+2°+3"+..+100°)

Loi giai

Taco A=2"+4+6"+..+200° =2°.1° + 2°.2°+ 2°3° +...+ 2°100° = 2°(1+ 2° + 3 +...+100°)
Theo két qua vi du 2 thi A=2%25497450 = 203979600 .

Vi du 4: Tim s6 nguyén x, biét: (2X—2)2 =1’+2°+3+..+6°
Phan tich

Tinh gi4 tri vé phai roi thay vao tim X.

Loi giai

bit A=1+2°+3+..+6°

n®=(n°-n)+n=n(n’ —1)+n=n[nz—n+n—1]+n=n[n(n—1)+n—1]+n=(n—1)n(n+1)+n



Do do A=1+2°+3 +..+11° =1+(1.2.3+2)+(2.34+3)+(3.45+3)+..+(10.11.12+11)
A=1+2°+3°+..+10° =1+(1.2.3+2)+(2.3.4+3)+(3.45+4)+(4.5.6+5)+(5.6.7+6)

=(1+2+3+..+11)+(1.2.3+2.3.4+3.45+..+10.11.12)

1112

B=1+2+3+..+11= 66

C=123+234+456+..+10.11.12

C=123+234+345+...+10.11.12
4C=1.234+234.5-1)+3.45.(6-2)+...+10.11.12.(13-9)

4C = (1.2.3.4+ 2.345+3.456+.... +10.11.12.13) —(1.2.3.4+ 2.345+3456+...+ 9.10.11.12)
=10.11.12.13

10.11.12.13

C =4290

A=B+C =66+4290=4356

Phan tich Ara thira s6 nguyén t6 ta c6: A=223%11* nén A=66"

Theo bai toan ta co

(2x—2)" =667 = 2x—2=66 hoic 2x—2=—66

= X =34 hodc x=-32

Vay X =34; x=-32

Vi du 5: Khong tinh ra két qua hiy so sanh A=21°+2°+3*+...+99° va
B=123+23.4+...+98.99.100

Phén tich

Bién d6i biéu thirc Atheo biéu thuc B dua vao cach lam trong hudng dan ctia cac vi du 1,2,3.
Loi gidi
n’=(n*-n)+n=n(n’-1)+n=n[n’—n+n-1]+n=n[n(n-1)+n-1]+n=(n-1)n(n+1)+n
Do d6 A=1+2°+3+..+99° =1+(1.2.3+2)+(2.3.4+3)+(3.4.5+3)+...+(98.99.100+99)

=(1+2+3+..+99)+(1.2.3+2.3.4+3.4.5+...+98.99.100) > (1.2.3+2.3.4+3.4.5+...+98.99.100)

= A>B



A. Dang 13: Lién phén s6

C g \ . 20
Vidu 1: Viét két qua cac biéu thuc sau dudi dang phan s6 A= 1
2+ 1
3+——
44—
Loi gidi
Tach Az 20 3 200 20 20 20 20 1360
2+ 11 2+ 11 2+ 15 2+618 2+§ E 157
3+—1 3+Z 3+ — 68 68
Az zl 21 21
5
Vi du 2: Tinh nhanh 10101.( > + > _ 4 )
111111 222222 3.7.11.13.37_
Loi giai
Ta c6 10101. > + > _ 4
111111 222222 3.7.11.13.37
o101 > 45 4 J_ 5,5 4 1,5 7
11x10101 22x10101 11x10101) 11 22 11 11 22 22
Vidu3: Tim a,beN", biét 329 = ! :
) 1051 3 1
+
5+i
1
a+—
b
Loi gidi
Taco
329 1 1 1 1051 1 64 1
1051 T 1051 = 1 = =3+—1<:>3+—=3+—1
3+ 1 3+71 329 5+— 329 S+—+
S5+ 329 S5+ a+— a+—
a+— a+— b b
= L _ ! <:>329—5+ 1 <:>5+i—5+ L @i—ici—i
329 1 64 1 a 1 764 _ 1 764 1
5+ 1 a+E a+— +B 3 B
64 at>
b
6 1 1
—=at-—<T7+—=a+—.
b 9



Vidu 4: Tim x biét 7+ =22

Loi giai

Taco 7+ =— < =

1 —1846 —6715 -1177
@ [ —

x—3 6715 1846 1846

Vi du 5: Rat gon
Loi giai

100—(1+1+1+...+1 j (1—1)+(1—1
. 2 3 100 2
Taco =

+




1 2 3 99
e S S
_2°3 4 7100 _4
1 2 3 99
S T
2 3 4 100

III. BAI TAP

Dang 1: Tong cac sé hang cach déu

Bai 1: Tinhtong S =1+42+3+44+...4-2000.
Phan tich: Cac s6 hang cach déu nhau voi d =1.
Loi giai

S6 s6 hang ciia ddy 1a 2000—1 :1+1=2000.
Tong S = 1+ 2000 .2000: 2 = 2001000 .

Bai 2: Tinhtong S =2+44+46+...4+2020+2022.
Phan tich: Cac s6 hang cach déu nhau voi d =2.
Loi giai

S6 s0 hang ctia ddy 1a 2022 —2 :2+1=1011.
Téng S= 2+2022 .1011:2=1023132.

Bai 3: Tinhtong S =4-+14+24+...+100441014.
Phan tich: Céc s hang cach déu nhau véi d =10.
Loi giai

S6 s6 hang cua diy la 1014—4 :10+1=102.

Tong S = 4+1014 .102:2 =51918.

Bai 4: Tinh tong S :1+%+§+2+...+£31+34.

Phan tich: Céc s6 hang cach déu nhau voi d = % .
Loi giai
A A 5 ~ N 1
S0 s0 hang cia day la 34—1 :§+l:100 :
Tong S= 1434 .100:2=1750.

Dang 2: Tong c6 dang S=1+a+a’+a’+..+a"

Bai 1. Tinh tong S =1+4+4% + 4% + . + 4%,



Loi giai
Taco 4S =4+42 +43 + 4% .. + 4100

Viy 45 -S =35 =4""" -1,

1001 _4q

Suyra S =

Bai 2. Tlnhtong S= 1+;+%+%+2—£...+2—]g9+271&).
Loi giai
1 1 1 1 1

Taco 2S = 2+1+2+?+?+ +2 5 +F.

Vay 2s—szszz—1ioo

Bai 3. Tinh téng 5=%+312+3_13+314_._+3%+3%.
Loi gii

Tacod 3S = 1+:1)’+1+1 +1 1

3?3 3F g

Viy 35-5=25=1-—=

Suyra S= ;(1—i)

3100
Bai 4. Chirng minh i+ 13+ 14 +i<1.
22 22 2 2"
Loi giai
Taco 2S =%+2—12+%+...+%.
Vay 25-S = S—%—Z—ln<1

Bai 5. Ching minh S =3+3%+3° +...+3' chia hét cho 40.
Phan tich:

+) Ta thdy 3+32+3°+3" =40

0-1

+) Tbong trén co 10 +1=100 s6 hang.

Loi giai



Taco S =(3+32 +33+34)+...+(397 +3% 3% +31°1).

S =3(1+3+32 +33)+...+397 (1+3+32 +33)=(1+3+32+33)(3+..

Suyra S chia hét cho 40 vi 1+3+3*+3° =40.
Dang 3: Tinh tong c6 dang A=1+a’+a*+a°+.....+a
1 1 1 1 1 1

Bé.l 1: Tinh té)ng sau: B:1+E+?+?+§+...+F+W

Loi gidi

. 1 1 1 1 1 1
Ta co: B:§+1+?+?+§+"'+F+W
< 1 1 1 1 1
Ta co:

1 1 1 1 1 1 1
SC==+o+—+=+..+

1 1 1 1 1 1 1 1 1
C_?.C:(1+?+?+§+.“+ﬁ+ﬁj_(

102 102 102
§'C:1_%:%:CZZ 1021:§:2 1001
4 2 2 2 4 32

1

2Ty

.+397)

1

+...+—2100

1 291 32% 2%_1 32%429_1 72%_1

. 1
Do do: B =§+C =§+ 3 pl00 3 ol + 3210 3™

72n+4 _ 74

Bai 2. Chiing minh rang: 7% +7°% +....7°"% = 8

Loi giai

3.299

Pit A=7*+7°+.....7°™2 (1). Nhan ca hai vé caa (1) voi 72 ta duoc:

TPA=T+ 7 +...77" (2).
Léy (2)-(1) theo vé ta duoc:

2n+4 4
48.A=72"+4—74:>A=7 l
48
A 3 2 4 1 Xt -1 2
Bai 3. Chting minh rang; (x XX+ XOO). =X
X —_

Loi giai

Piat A= x>+ x" +x°+....x

+

1

2102

J



w02 _ 2 X2 (XlOO _1)

A.(x2 —1) =x%_x?= A=

x? -1 x? -1
Do d6 (X2 XX+ xmo). X)ioo _11 = (XZ = ) . X)ioo _11 = x? (dpcm)
. 63 -1

Bai 4. So sanh: 1+8%+8* +.....+8% vai Ik

Loi giai
bit D=1+8°+8"+.....+8%

— 82D =8%+8"+...8%
:>82.D—D:(82+84+...892)—(1+82+84+ ..... +89°)
8% -1 64%-1 . 63 -1
63 63 63
63 -1

63

Bai 5. Ching minh rang: 1+ 6 +6* +.....+6% chia hét cho 37.

—=63.D=8%-1=D=

Vay 1+8°+8" +....+8% >

Loi giai

Taco:

1+6°+6" +....+6™ = (1+62)+(64 +66)+ ..... +(6198 +62°°)
=(1+6°)+6"(1+67)+...+ 6, (1+6°)
=37+6%37+.....+6.37

Vay 1+ 6% +6° +.....+ 6% chia hét cho 37

Dang 4: Tinh tongS =a+a’+a’+...+a*", v6i n>1,neN;a=+1.

Bai 1. Cho A=5+5%+5°+...+5%

a) Tinh gid tri caa A ,
b) Chang minh A chia hét cho 26.
Loi giai

2n+1 _
voi n=14;a=5 ta duoc :

A N . 3 5 on-1
a) Ap dung cong thic a+a”+a’+...+a"" = 71

529_5 B 529_5

A=5+5"+5"+..+57 ==
5--1 24

b)
A=5+5+5°+.. . +57 =(5+53)+(55+57)+...+(525+527)=5(1+52)+55 (1+52)+...+525 (1+52)



A=(1+52)(5+55+59 +...+525)=26(5+55 +5° +...+525)
Vay Achia hét cho 26.

2+22 425 4. 422 , . 16(2* -1
3133 gt rmeminh B= 9((3“—1))

Bai 2. Cho biéu thirc B = , Xx>1, xeN .

Loi giai

24204254, 4220 i_p F_1 i g 16(2*-1)

Taco B= = ) = ) )
34343443t 221 "3l_3 3 33 9(3“—1)

Bai 3. Tinh gié tri ctia biéu thic C=1+111+11111+...+111...1
%/_J

27s01
Loi giai

Taco 9C =9+999+999+...+999..9 = (10-1)+(10° ~1)+...+ (10" —1) = (10+10° +... + 10" ) - 14
999..9

27s09

oc_10°-10  , 10°-1396 . 10”1396
10° -1 99 891

Bai4.Cho D=8+8+8"+...+8>" x>1 xeN.Tim x dé 63D +8=2%,
Loi giai

82X+3 _8 B 82X+3 _8

Taco: D=8+8"+8 +..+8>! ="
8°-1 63

Do d6 63D+8=2" < 87" -8=8" -8« 8 =8" < 2x+3=17< x=7.

Bai5.Cho E=7+7°+7°+..+ 7" . Ching minh 7'® -7 chia hét cho 48 va E chia hét cho 19.
Loi giai

o7 77
721 48
Vay 7% —7 chia hét cho 48
+Taco E=7+7+ 7+, + 7 =7(1+ 72+ 74 )+ 7 (L4 72+ 74 )+ 4 77 (1477 4 7)

+Taco E= —E.48=7""-7

E :(1+ 77 +74)(7+77 + 78 +...+797)= 2451(7+77 +78 +...+7‘~’7):3.19.43(7+77 +78 +...+797)

Vay A chia hét cho 19.
Dang 5: Tong c6 dang:  S=12+23+34+...+n(n+1).
Bai 1. Tinh tong: D=1.4+4.7+7.10+...+37.40+40.43

Phan tich:

Khoang cach gita hai thira s6 trong mdi s6 hang 1a 3.



Dé tach mdi s6 hang thanh hiéu cta hai s6 nham triét tiéu tung cap hai s6, ta nhan mdi sd hang cua
D v6i 9 (ba 1an khoang céach giita hai thira s6). Thira s6 9 nay duoc viét dudi dang (7 + 2) sb
hang thir nhat, (10 —1) & sb hang thir hai, (13—4) & s6 hang thir ba, ..., (46 —37) & sb hang cudi
cung.

Loi giai:

Ta co:

9D =l.4.(7+ 2)+4.7.(10—1)+7.10.(13—4)+...+37.40.(43—34)+40.43.(46—37)

= (1.4.2 +1.4.7+4.7.10+7.10.13+... +37.40.43+40.43.46) —(1.4.7 +4.7.10+... +37.40.43)

9D =8+40.43.46 =79128.

Suyra: D :¥ =8792.

Bai tap twong tu:

Tinh tong: T =1.5+5.9+9.13+...4201.205.
Huéng dan: Nhan T véi 12.

Dép sb: T =717655.

Bai 2. Tinh tong: E =2.4+4.6+6.8+...+98.100
Phén tich:

Khoang cach gitra hai thira s trong mdi s hang 1a 2.

Dé tach mdi s6 hang thanh hiéu cta hai s6 nham triét tiéu tung cap hai s6, ta nhan moi sd hang cua
E voi 6 (ba 1an khoang cach giira hai thira s6).

Loi giai:

Ta co:

6E = 2.4.(6—0)+4.6.(8—2)+6.8.(10—4)+...+98.100.(102—96)

= (2.4.6+4.6.8+ 6.8.10+... +98.100.102) —(O.2.4+ 24.6+4.6.8+ ...+96.98.100)

=98.100.102.

Suyra: E = &:102 =166600.

Bai 3. Tinh tong: F =1.99+2.98+3.97+...+98.2+99.1

Loi giai:

Taco:

F=1.99+2.(99-1)+3.(99—-2)+...+98.(99-97)+99.(99-98)
=(1.99+2.99+3.99+...+98.99+99.99) - (1.2+2.3+...+97.98+98.99)

98.99.100

=99(1+2+3+...+99) - 3



99.100 98.99.100

=99
2 3
= 99.100.(% —%j
2 3
~99.100.101
— %

Binh luian:

Trong bai tap 3, thira s6 trong s6 hang dung trude khong duoc lap lai trong sb hang dimg sau, nén ta
khong nhan F véi ba 1an khoang cach giira hai thira s6 nita ma tach mot thira sb trong tich lam xuét
hién cac té)ng ma ta da biét cach tinh hodc d& dang tinh duoc.

Bai toan tong quat:

n(n+1)(n+2)

1n+2(n-1)+3(n-2)+..+(n-1).2+n.1=

Bai 4. Tinh tong: G =1.2+3..4+5.6+...+99.100.
Loi gidi:

. Cach 1:

Ta co:
G=12+(2+1).4+(4+1).6+...+(98+1).100
=(2.4+4.6+...4+98.100)+(2+4+6+...+100)

_98.100.102 10250
6 2

=169150.

° Céach 2:
Ta co:

G=1(3-1)+3.(5-1)+5.(7-1)+...+99.(101-1)
=(1.3+35+5.7+...4+99.101) - (1+3+5+7+...+99)

_3+99.101.103 100.50
6 2

=169150.

Bai tip tuwong tu:

Tinh tong: G, =1.4+2.5+3.6+...+99.102;

Huéng dan:

G, =1(2+2)+2.(3+2)+3.(4+2)+..+99.(100+2)
=(1.2+2.3+3.4+..499.100) + 2.(1+2+3+4+...+99)
=343200.



Dang 6: Tong ¢6 dang: 12 +22+3% + ... + n?

Bai 1. Tinh C=101" +102? +103" + ... +199° + 200
Loi giai:

Ta co:

bat:

C,=1+2°+3+... +200°

C,=1+2°+3+ ... +100°

Khi d6 ta ap dung cong thirc tong quat dé tinh C;C,
Tudo: C=C,-C,

200.201.(2.2 1
Taco: C, = 0020 ( OO+)

=2686700

©100.101.(2.100+1)

C, 338350

= C=C,-C, =2686700—-338350 = 2348350

Bai 2. Tim s6 ty nhién n biét tong cac binh phuong cac s ty nhién tir 1 dén n 12 5086.
Loi giai:

Vi tong tong cac binh phuong cac s ty nhién tir 1 dén n 1a 506 nén

P +2%+..+n° =506

n(n+1)(2n+1)

= =506

=n(n+1)(2n+1)=22.23.6

=n(n+1)

(
=n(n+1)(2n+1)=11.2.23.6

(2n+1)=11.12.23

(

=n(n+1)(2n+1)=11(11+1)(2.11+1)
=n=11

5 _12 2 2 2
Dang 7: Téng c6 dang S=1"+3"+5"+...... +(2k -1)
Bail: Tinhtong A=1-2+2°-2%+2% —. —2% 42
Loi giai :

A=1-2+22-28 424 —2% 4010



2A=2-224+2° 2% +2° 2% 4 2"

2% +1

=2A+A=2""+1= A=

Bai 2. Tim n nho nhat sao cho téng cua n s6 chinh phuong 1¢ dau tién chia hét cho 3

Loi giai :

2 _Nn(@n-1)(2n+1)

Tacd A=1"+3"+5%+...... +(2n-1) :

Ma (2n—1,2n+1)=2;(n,2n-1) =1;(n,2n+1) =1 nén trong 3 s6 N,2n—1,2n+1 chi c6 1 s chia
hét cho 3, ma mudn A chia hét cho 3 thi 1 trong 3 s6 trén phai chia hét cho 9. Dé n nho nhat thi
2n+1=9.Suyra n=4.

Viy n=4 1a sb can tim

Bai 3 : Tinh tong A=1.3+3.7+5.11+...+99.199
Loi giai :

Taco (2n—1)(4n—-1) =2(2n—-1)* +2n—1

= A=2(1* +3F +5 +...+99°) + (1+3+5+...+99)

_ 50(100—1)(100+1)
3

< A —50° =166650 — 2500 = 164150

Bai 4 : Tinh tong A=12+3.4+..+2(2n+1)(n+1)
Loi gii :

Tacod (2n+1)(2n+2)=4n’+6n+2=(2n+1)°+2n+1
= A=C+3F +..+(2n+1)°) + (1+3+...+(2n+1))

_ (n+1)(2n+1)(2n+3) +(n+
3

A 1)

_ (n+1)(4n*+8n+3+3n+3)
3

A

_(n+D)(4n+3)(n+2)
3

A

Dang 8: Tong c6 dang: S=2°+4°+6 +...+(k—1)2 (k1é va keN)
Bai 1. Tinh tong D = 6> +8* +10° +...+102

k—1)k.(k+1)

Phan tich: Sir dung cong thitc S=2° +4% +6> +...+(k~1) = ( voi k=103




Loi giai

» (k=1).k(k+1)

Ap dung cong thuc: S:22+42+62+...+(k—1) = 5 vol k=103 . Ta duogc:
S=2"+4"+6 +...+102° =M=182104.

Mit khac: S=2°+4>+6°+8 +...+102*=2>+4>+D
Suyra: D=S-2>-4"=182104 -2 —4* =182084..
Bai 2. Tinh téng E =127 +14% +...+2010°.

k—1)k.(k+1
Phan tich: Sir dung cong thirc S:22+42+62+...+(k—1)2:( )6( ).
Tinh E, =22 +4% +...+(k-1) véi k=11.
Tinh B, =2° +4>+6* +(k—1)" véi k=2010.
Khi d6: E=E, —E,.
Loi gidi

Ap dung cong thic: S=27+4%+6° +...+(k—1)2 = (k_l)'k'(k_'_l) .

6
bat E, =2°+4°+6” +...+10’ =% .
Pit E, =92 142 462 +2010% = 2010.20611.2012.
Khi d6: E=E, —E, = 2010.2011.2012  10.11.12 1355454000

6
Bai 3. Tinh tong: F=1*+2°+3*+...+101*,

n.(n+1).(2n+1)
6

Phan tich: Tong F ¢c6 dang P=1>+2>+3*+...+n’ = v6i n=101.

Loi giai

n.(n+1).(2n+1)
6

v6i n=101.

Ap dung cong thire: P=1>+2>+3*+...4n’ =

Tadugc: F=1"+2"+3"+...+101° :M:?ASSSI.

Bai 4. Tinh tong: G=1+4+9+16+25+...+10000.

Phan tich: Tong G=1+2+3"+4% +5° +...+100" .



n.(n+1).(2n+1)
6

v6l n=100.

Ap dung dang P=1"+2>+3*+...+n’ =
Loi gidi

n.(n+1).(2n+1)

. v61 n=100. Ta duogc:

Ap dung cong thirc: P=1>+2>+3>+...+n’ =

142> +3> +4%* + 5% +...+100? =M=338350.

Suyra: 1+4+9+16+25+...+10000 =338350.
Vay G=338350.

Bai 5. Tinh tong K =—1> +2> -3 +4* -5* +...—19° +20° .
Phéan tich: Tinh K, =1 +3% +5° +...+19°.

Tinh K, =22 +4> +6” +....+20°.

Tinh K=-K, +K,.

Loi giai
bat K, =1°+3°+5° +...+19’ =%.
Dat K, =2°+47+6" +...+20" :&61'22.

~19.20.21 N 20.21.22
6

=210.

Khi do: K=-K, +K, =—1"+2? =3* +4° -5 + ... —19° +20° =

Bai 6. Biét rang 1> +2° +3% +...+10° =385 . Tinh tong M =2° +4> +6” +...+20".
Loi giai

Taco: M=2>+4>+6"+...+20°.

Suy ra: 2—1\/21=1+22+32+...+102.

Ma 1* +2° +3% +...+10> =385

Nén M =385.

=
Vay M =2%385=1540.

Dang 9: Tong c6 dang S=a,.8, + a,.8;+ 3.8, + 3,85+ ...+ & ;. 4,

Bai 1. Tinhtong S=1.2 + 23 + 34 + ....+ 99.100

Phan tich: Vi khoang cach giira 2 thira s6 trong mdi s6 hang bang 1. Nhan vao hai vé ciia dang
thire véi 3 1an khoang cach (nhan véi 3) roi tach dé xuat hién cac s6 hang ddi nhau.

Loi giai



Ta co:
35=123 + 233 +343 + ...+ 99.100.3
=123 + 23.(4 — 1) + 3.4.(5 - 2)+...+99.100(101-98)

=123 -123 + 234 - 234 + 345 — ... — 98.99.100 + 99.100.101

©99.100.101
3

=S = 33.100.101 = 333300.

Vay S = 333300.

Bai toan tong quat:

Tinhtong S=1.2 + 23 + 34 + ....+(n=1).n

Taco: 35=123 + 233 + 343 + ....+(n-1n.3

=123 + 23.(4 — 1) + 34.(5 - 2)+..+(n=-Dn[(N+1) - (n-2)]

=1.2(n-1).n(n+1).3 — 123 + 234 - 234 + 345 - ... — (n=-2).(n-1).n+ (n-1).n(n+1)

=(n-1).n.(n+1)

:S:(n —1).n.(n + 1)
3

Vay: S=12 + 23 + 34 + .....+(n—1),n:w.

Bai 2. Tinhtong S=2.6 + 6.10 + 10. 14+ .....+ 46.50

Phan tich: Vi khoang cach giira 2 thira s trong mdi s6 hang bang 4. Nhan vao hai vé cua dang
thirc v6i 3 1an khoang cach (nhan véi 12) rdi tach dé xuat hién cac sé hang d6i nhau.

Loi giai

Ta co:

125 =2.6.12+6.10.12+10.14.12 + .....+ 46.50.12

= 2.6.10+2) + 6.10.(14 - 2) + 10.14.(18 - 6)+...+46.50.(54—42)

=2.6.10+2.6.2+6.10.14-2.6.10+10.14.18 —6.10.14 +....4+46.50.54 — 42.46.50
=24+46.50.54

=S

_ 24 + 462.50.54 10352

Vay S =10352.

Bai 3. Tinhtong S=4.9 + 9.14 + ..+ 44.49



Phan tich: Vi khoang cach giira 2 thira s6 trong mdi s6 hang bang 5. Nhan vao hai vé cia dang
thire véi 3 1an khoang cach (nhan véi 15) roi tach dé xuat hién cac sé hang d6i nhau.

Loi giai

Ta co:

155 =4.9.15 + 91415 + ..+ 4449.15

=4.9.(14+1)+9.14.(19-4) +...+ 44.49.(54 - 39)

=4.9.14+49.1+9.14.19-4.9.
14+....+44.49.54-39.44.49
=36+44.49.54

_ 36+44.49.54

=S =7764

Vay S=7764.

Bai4. Tinhtong S=2.4 + 46 + ...+ 4850

Phan tich: Vi khoang cach giira 2 thira s6 trong mdi s6 hang bang 2. Nhan vao hai vé cua diang
thirc v6i 3 1an khoang cach (nhan véi 6) rdi tach dé xuat hién cac s6 hang d6i nhau.

Loi giai

Ta co:

6S=246 + 466 + ....+ 48.50.6

=246 + 4.6.(8-2)+ .....+ 48.50.(52—46)

=246 + 46.8-46.2 + ...+ 48.50.52-46.48.50

=48.50.52

~ 48.50.52

=S = 20800.

Vay S= 20800.

Bai 5. Tinhtong S =1.5+5.9+....+97.101

Phan tich: Vi khoang cach giira 2 thira s6 trong mdi s6 hang bang 4. Nhan véo hai vé cua dang
thirc v6i 3 1an khoang cach (nhan véi 12) rdi tich dé xuat hién cac s6 hang ddi nhau.

Loi giai

Ta co:

125 =1.5.12+59.12+...+97.101.12

=1.5.(9+3)+5.9.(13-1) +...+97.101.105-93.97.101



=15.9+15.3+5.9.13-1.5.9+...+97.101.105-93.97.101
=97.101.105+1.5.3
=1028700

1028700

=S = 85725.

Vay S = 85725.

Dang 10: Tong cé dang S =1.a,a, +a,3,a, +a,3,a +...+a ,a ,a
Trongdo a,-1=a,-a,=a,—8,=..=a,—a,, =K =a, =1+(n-Dk.
Bai 1. Tinh tong M =1.3.5+3.5.7+7.9.11+...4+99.101.103

Phén tich: Ta ap dung dang toan trén véi a, =3 k=2

Loi giai

M =1.3.5+35.7+5.7.9+...+99.101.103

8M =1.3.5.8+3.5.7.(9—1) +5.7.9.(11-3) +...+99.101.103.(105— 97)

8M =1.3.5.8+3.5.7.9-3.5.7+5.7.9.11-3.5.7.9+...+99.101.103.105-97.99.101.103
8M =1.3.5.8-3.5.7+99.101.103.105

8M =108139200

M =13517400

Bai 2. Tinh tong N =1.4.7+4.7.10+7.10.13+...4+100.103.106

Phan tich

Ta ap dung dang toan trén voi a, =4,k =3
Khi do

a, =106

106 =1+ (n-1k

105=(n-1).3

35=n-1

n=36

Loi giai

N =14.7+4.7.10+7.10.13+...+100.103.106
12N =1.4.7.12+4.7.10.(13-1) +7.10.13.(16 —4) +...+100.103.106.(109 — 97)

12N =1.4.7.12+4.7.10.13-4.7.10+7.10.13.16 —4.7.10.13+...+100.103.106.109 - 97.100.103.106
12N =100.103.106.109+1.4.7.12—-4.7.10

12N =119006256

N =9917188

Bai 3. Tinh tong P =50.51.52+51.52.53+52.53.54 +...+98.99.100



Phan tich
Taco

P =50.51.52+52.53.54 +...+98.99.100
=(1.2.3+2.3.4+....+98.99.100) — (1.2.3+ 2.3.4 +...+ 49.50.51)

Ta tinh hai tong sau
A=1.23+23.4+...+98.99.100
B=123+234+..+49.50.51

Loi gii

+) Tinh téng
A=1.2.3+23.4+...+98.99.100.

Ap dung vi du, ta tinh duoc A= 24497550

B=123+234+..+49.50.51
Tuong tu ap dung cong thirc (*) voi k=18, =k,n=51 taco

~49.50.51.52+4.1.2.3-2.34
4.1

B =1624350

+) Tinh
P =50.51.52+52.53.54 +...+98.99.100
=(1.23+2.3.4+....4+98.99.100) — (1.2.3+2.3.4+...+49.50.51)

=A-B
= 24497550 —1624350
= 22873200

Bai 4. Tinh téng A=123+3.45+5.6.7+...+99.100.101
Phan tich

Trong bai toan nay, ta khong nhan A véi mot sb ma tach ngay mot thira sé trong mdi s6 hang lam
xuét hién day s ma ta biét cach tinh hodc d& dang tinh duoc.

Loi giai
A=1.2.3+3.45+5.6.7+...+99.100.101

A=1.3.(5-3)+3.5.(7-3)+5.7.(9—3) +...+99.101.(103-3)



A=1.35-1.3.3+3.5.7-3.55+5.7.9-5.7.3+...4+99.101.103—99.101.3
A=(1.35+3.5.7+5.7.9+..+99.101.103) - 3.(1.3+3.5+5.7 +...+ 99.101)
Tu do ta co,

M =1.35+3.5.7+7.9.11+...4+99.101.103
N=13+35+5.7+...+499.101

Ap dung bai 1, ta tinh dwoc M =13517400

Ta chi can di tinh

N=13+35+57+...+99.101

6N =1.3.6+3.5.(7-1)+5.7.(9—-3) +...+99.101.(103-97)
6N =1.3.6+3.5.7-3.5+5.7.9-3.5.7+...4+99.101.103—-97.99.101
6N =1.3.6—-3.5+99.101.103

6N =1029900

N =171650

Do d6

A=M -3.N

A=13517400-3.171650

A=13002450

Binh luan

Ta nhén thdy rang cach tinh M lanhan M véi 4k & d6 k 1a khoang cach giita 2 s6 lién tiép vi mdi
s6 hang cia M ¢6 3 thira s6, con cach tinh N ciing twong ty. Tuy nhién dé tinh N ta nhan N voi

3 1an khoang cach giita 2 s6 lién tiép vi mdi s6 hang ciia N ¢6 2 thira sd.
Bai toan tong quat

A=123+345+...+(2n-1).2n.(2n+1) (neN",n>2).

Bai tap tuwong tu

Tinh
A=123+3.45+....+49.51.53
B=27.28.29+28.29.30+.....+59.60.61.



Bai 5. Tinh téng K =1.2° +2.3% +...+99.100?
Phan tich

Trong bai toan nay, tuong ty bai 4 ta khdng nhan K véi mot s6 ma tach ngay mot thira sé trong
mdi s6 hang 1am xuat hién diy sé ma ta biét cach tinh hodc d& dang tinh duge. O bai nay ta tich
n? = n.[(n +1) —1] v6i mdi binh phuong.

Loi giai

K =1.2°+2.3"+...+98.99°
K=12.(3-1)+23.(4-1)+....+98.99.(100-1)
K=123-12+234-2.3+...498.99.100—-98.99
K=(1.23+2.3.4+...+98.99.100) - (1.2+ 2.3+...+98.99)
Twr do ta tinh

A=123+2.3.4+...+98.99.100
B=1.2+23+..+98.99

+) Tinh tong
A=1.2.3+2.3.4+...+98.99.100

Ap dung vi du , ta tinh dugc A=24497550.
+) Tinh tong B =1.2+2.3+...+98.99.

Ap dung Ly thuyét voi

Ap dung Ly thuyét, véi k=,n=99=a, =k (v&i moi 1<k <n), ta tinh dugc

- 98.99.100+3.1.2-2.3  98.99.100
3

B =323400

Vay
K=A-B
K = 24497550 —323400



K =24174150

Bai to4n tong quat
A=12"+23+.+(n-1).n*(neN",n>2)

Bai tap twong tu

Tinh A=1.2%+2.3 +.....+49.50°

Dang 11: Tong ¢6 dang A=1+2°+3 +..+n’ (neN*)
Bai 1: Tinh tong A=1*+2°+3*+...+(2n)®

Loi giai :

A=L+2°+F +..+(2n)

A=C+2N))+ 2 +2n-1)*) +..+("* +(n+1D)>)

A=(2n+1)(1* -2n+(2n)>) +(2n+D(2* —2.2n-D) +(2n—-D?) +...+ (2n+D(n* —n(2n— (n—=1)) + (n+1)?)
A=2n+D)(1* +2° +F +..+(2n)* —[2n(1+2+3+...+N) = (L.2+2.3+...+(n—=Dn)]

A=(2n +1){n(2n +1;(4n +1) —nz(n+1)+W}

8n°+6n+1-3n*-3n+n*-1

A=n(2n+1). 3

6n? +3n

A=n(2n +1)( j:(n(Zn +1))°

Dang 13: Lién phén s6

Bai 1. Viét két qua cac biéu thirc sau dudi dang phan s6 B = 2 1

5+ 1

6+——

71+=

Loi gii

g__ 2 2 _ 2 2 _ 2 _ 2 700
5+ 11 5+ 11 5+ 18 5+3éO 5+z —1807 1807

6+—— 6+ 6+ 350 350

2,1 57 57 57



11 13 3 3 3

— 7_{_7_7
A 3 7 134 16 64 256 °
Bai 2. Tinh nhanh o o 1 1 1 +8
- 1S+ -
3 7 13 4 16 64
Loi giai
11 13 3 3 3 11 1 3(1_11_1
e S - - :
3 7 134 16 64 256 °__3 7 13 4\ 4 16 64
g+g-£ 1—1+£-£ 8 2.1+£—i —1+£a~£
3 7 13 4 16 64 3 7 13 4 16 64
Bai 3. Tim a,b,c,d e N" biét : o__ 1
43 1
at+———
b+ 1
1
C+—
d
Loi giai
1 1 1
B at 11 43 a+ 11
b+ 1 30 b+
C+— C+—
d d
a=1
B_ae B 1 :>}§: :
30 1 30 1 30 p L
b+ 1 b+ 1
C+— C+— C+ o
b=2
E: 11 §:b+ 1l:>2+i:b+ ! = i:_l
30 py 13 C+— 13 C+ 13 .1
C+
4 1 13 1 1 c=3
—=——F=>—=C+—=>34+—=C+—
13 . 174 d 4 d |d=4
d

Bai 4. Rut gon

Loi giai

1 11 1
e A
2 3 4 200

1 2 3 198 199

ot ——+.t
199 198 197 2 1



1 2 3 198 199
+..+

ot
2 3 4 200

(1 +1)+(2 +1)+(3 +1)+...+(198+1J+(199+1j—199
199 198 197 2 1

200. 1 + 1 + 1 +...+1+} -199
199 198 197 21

1 1 1 1
—+= +
_ 2 3
200. i+i+i+...+1 +1
199 198 197 2

1 1 1 1 1)~ 200
0. + + + +...
200 199 198 197 2

Bai 5. Tim nghiém cta phuong trinh sau ! 5 = 1 -~
X+ 1-
4 1
3+ 2+
6 1
5+ 3+
8 1
T+ 0 44—
9+— 5+=
11
Loi giai
1 B i
X+ 2 1- X
4 1
3+ 2+
6 1
S5+ 3+
8 1
7+ 10 44—
9+ — S5+
11
< X+ 2 =1- X S
4 1
3+ 2+
6 1
S5+ 3+
8 1
7+ 10 44 ——
9+— 5+=



9818 421x  1393x 8313
18131 972 972 18131

o 8313 972 8080236
181311393 25256483




B.BAI TOAN THUONG GAP TRONG PE HSG 6
Bai 1. (Dé thi HSG 6 huyén)
Chimg minh : Véi ke N ta ludn cé : k(k+1)(k+2)—(k—1)k(k+1)=3k(k+1).
Ap dung tinh téng :S = 1.2+2.3+3.4+...+n(n+1).
Loi gidi
Bién doi :
k(k+1)(k+2)—(k=1)k (k+1) =k (k+1)[ (k +2) (k1) | =3k (k +1)
Ap dung tinh :
3.(1.2)=1.2.3-0.1.2,
3.(2.3): 2.3.4-1.2.3.
3.(34)=3.45-234.
3n(n+1)=n(n+1)(n+2)—(n-1)n(n+1)
Cong laita co:

35 —n(n+1)(n+2)=s - (1+D1+2)

Bai 2. (Pé thi HSG 6 huyén)
ChoS =5+ 5+5+ ...+ 5
a) Tinh S
b) Chirng minh S: 126
Lo giai
a)Tacd  5S = 5"+ 5345 +.........+5°

55 -S = (52+ 53+54+.........+52°°7) _ (5 + 5%+ 5%+ 52006)

43 = 57 _5
52007 _5

b) S = (5+5%) + (5°+ 5)+(5°+ 5°) +..coco + (50 4+57%)
Bién ddi duoc S = 126.(5 + 5+ 5+ 52003)

Vi126 3 126 =S : 126
Bai 3. (Pé thi HSG 6)
Chos6:A=123456789101112....... 58 59 60.
- Sb A ¢6 bao nhiéu chir s6?
- Hay x6a di 100 chir s6 trong s6 A sao cho sd con lai 1a:

+ Nho nhat

+ L&n nhat

Loi giai

A=123456789101112...... 58 59 60.
*Tir 1 dén 9 ¢6 : 9 chit sb
Tir 10 dén 60 co: 51 . 2 = 102 chit s6.
Vay: SO A ¢6 9+ 102 =111 chir sd. (0,5d)



* Néu x6a 100 chit s6 trong sd A thi sé A con 11 chit sd. Trong sb A ¢6 6 chit s 0 nhung ¢ 5 chix
s6 0 dung trude cac chit s6 51 52 53 ... 58 59 60.

= Trong s6 nho nhat ¢6 5 chir s6 0 ding trude = s6 nho nhat 14 s6 ¢6 6 chir sb.

= S nho nhat 1a 00000123450 = 123450 (0,5d).

* Trong s& A ¢6 6 chit 6 9. Néu s6 16n nhét c6 6 chir s6 9 dimg lién nhau thi sb d6 13: 99999960

= S nay chi co 8 chit s6 khong thoa man.

= S6 16n nhat chi c6 5 chir s6 9 1ién nhau sé d6 c6 dang 99999....

= Cac chir s6 con lai 78 59 60.

Vay s6 16n nhat: 99999785860.

Bai 4. (Pé thi HSG 6)

) 1 1 1 1 . 1 1 1 1 1
Cho: A=—+ +——; B= + + + +
33.38 310 1017 17.24 2431 31.38

— 4
3.8 813 1318

283 572 (226+5.412)
. > 7 9
Tim x biet: 5 =—
8 (x—4) A
Loi giai
Taco: A= 1 + L + 1 4ot 1 _}(1 ij
77 3.8 8.13 13.18 " 33.38 5.3 38
B= 1+ 1++ ! —l(lij
©3.10 10.17 7 31.38 7\3 38
A 11 7 B 5
—_——_——_—e > —=—
B 57 5 A 7
55
~~9.2%
63 _5
2%(x—4) 7
95 =§ :>i=1:>X=15.

7(x=4) 7 x-4

Bai 5. (Pé thi HSG 6)

Chtng minh rang: A= (1999 + 19992 + 1999° +.+ 1999%°% ) : 2000.
Loi giai

A=1999(1+1999)+1999° (1+1999)+....+1999" (1+1999)

=2000(1999+1999° +...+1999'*"" ) 2000 = A:2000.

Bai 6. (Pé thi HSG 6)

B=

Tinhtysé S bibt A=+ 0 , 9 7 g T 5 3 1
B 731 7.41 10.41 1057 19.31 19.43 23.43 23.57

Loi giai

1. 4 6 9 7 11

—A= + + + =——-—

5 731 3541 5041 5057 31 57 |_ 1, 1, A5
S-A=-B=>_=2,

1, 7 5 3 11 1 1[5 2 7B 2

2

19.31 1943 2343 2357 31 57



Bai 7. (Pé thi HSG 6)
1

Cht inhring : — +—+-—+...+ <1
tng minh rang : 5+ 5+ T00?
Loi giai
1 1 1 1
Tacd 5 <——=--=
2 21 1 2
1 1 11
2 <52 5 3
3 23 2 3
1 1 1 1

< — =
100° 99.100 99 100

.1 1 1 11 11 1 1
Viy +5+...+ s<-——-+-—-t.t———

2° 3 1000 1 2 2 3 99 100
1 1 1 1 99

Sttt t—<1- = <1
2 3 100 100 100
Bai 8. (Pé thi HSG 6 huyén 2013 - 2014)

.2 3 3 3
Tlnhtong:S:3+§+?+...+?.
Loi giai
3 3 3
S=3+—-+—+..+—
+5 o Tt
1 3 3 3
S=34+=|13+=—+=5+..+—=
2[ 2 22 28]
. 3 3 3 3
Ma 3 —F'ZE —F'EEE; 4+ ...+ EF; = E;-—-Eégr
1 3
Suyra S=34+=|S——
Y 2[ 29]
3 3 3 3069
Hay 2S=6+S—— S S=6——=6——=——.
o ge UV Te 2° 512 512

Bai 9. (Pé thi HSG 6 huyén Hung Ha)

a) Tinh gid tri cGa biéu thirc:
4

A= -1 —17 1% 1%, 1
1555 4444 33333 11 13

7222 * 12221 * 244442 * 330 +%

2014

1 2 3 2 1 1 1 1 E

b Ch E:92 _______ ——,F:—+_+_++_ ,TI h =

) Cho 9 10 11~ 100" 45 50 55 500 F
Loi giai

a) Ta thay A |a tich cac lu§ thira co sb 1a —1 vdi cac s& mi tu nhién lién tiép ting dan tir 1t6i 2014 .
S6 cac thira s6 clia A la: 2014 —14-1= 2014 (thtira sb)

A= -11-11.. -1.1

A co 2014:2=1007thira sé6 —1 va 1007 thirasd 1.

Vay A=1.



B—l 555 444 33333 11 13]_1[5 4 3 1 13

= 71222 " 12001 24444 "330 " 60 21 111 112 7215 154

7
4 3 1 13 1 1 1 1 1 1 1 1 1 1
=ttt ———+ T e e Ty
27 711 1114 1415 1528 2 7 7 11 11 14 14 15 15 28
Vay le—i:E.
2 28 28
) E—gp_i_2_3 9

9 10 11 ~ 100

S6 cac sb hangcia Ala: 1+ 92—1+1 =93(sb hang)
1 2 3 92
E—lt—=|+l1— 2|+ l1—2 |+ +l1- 25 (c6 92 nhom
[ 9]+[ 10]+[ 11]+ +[ 100]( )

g 8,8, 8, .8 4t t 1, 1
9 10 11 100 9 10 11 100

. 11 1 1 1 E 1
Ma Fzg[_+5+l_1+"'+ﬁ]:>E:8:§:40'
Bai 10.(Pé thi HSG 6 huyén 2012 - 2013)
ChoS = 2+ 22+ 2°+ .. + 2%
a) Chirng minh rang S:15
b) Tim ch s6 tdn cungcta S.
c) Tinh téng S.
Loi gidi
a)S =2"+ 224+ 2°+ ...+ 2'°
Tong trén gdm 100 s6 hang duoc chia thanh 4 nhém, mbi nhém cé 4 sé hang ta co:
S= 2422422+ 2" + 224224274+ 2° .4 294 2%42%4 2
=214+2+22+2 +221+2+2°42° +..4+2"1+2+2°+72°
=2.15 + 215 + .. + 2°.15
=15 2 + 2°+ ... + 2 15 (dpcm)
b) Vi S:156=S:5 (1)
Lai co tAt ca céc s6 hang clia S déu chia hétcho 2 nén S:2  (2)
TU (1) va(2) =-S:10hay Scéchirsdtancungla 0.
)28 —S =2 2"+ 224+ 22+ .. 42 24 224 224 . 42O

S =224+ 24+ 244 . 420 tyop2y 34 4 2

hay S=2""—-2.
Bai 11.(D? thi HSG 6 huyén 2013 - 2014)
Chirng minh rang:



U S S SO SR SRS S S O
2 3 4 7199 200 101 102 7 200

Loi giai
11 1 1

a)Tacél—£+———+ 4— =
2 3 4 7 199 200

—]__‘_l_|_l_|_ +i_[1_}_1+1+ _|_i]
T3 5 77199 (2 4 6 7200

—1+1+1+1+1+l+ +i+i—2 l+1+1+ +i
2 3 4 5 6 199 200 2 4 6 200

ity gttt Lt
2 3 7199 200 2 3 7100

IS SN S
101 102 103 7 200 '

b) Ta co:

135, 99— 135...99 246...100  1.23.456...99.100
T 2.4.6.....100 12 22 23...250

1.2.3....99.100 ~51.5253...99.100 5152 53 100

T 123...4950 22.2...2 2.2.2...2 2 2 2 2
[y ) _—

50cs2 50cs2
Bai 12.(Pé thi HSG 6 huyén 2013 - 2014)
Cho S=5 + 5"+ 5°+ 5° 4+ 5° 4+ 5° ...+ 5% Ching to Schia hét cho 65 .
Loi giai
S=5 + 54+ 54+ 54 5° 4 5° . 4 5%
S =5+4+524+5°4+5* +5° 545245 +5% 4. . +5%°°645 15 15%

Vi 545°+5°+5° =780:65.Vay Schiahétcho 65.

Bai 13.(Pé thi HSG 6 huyén 2006 - 2007)
2 N P 1 2 3 4 2014
a) Cho tong gom 2014 s6 hang: S:Z+F+F+4_4+"'+W'

. 1
Chdng minh rang: S<E.

b) Tim tat ca cac sd tu nhién n, biétrang:n +S n = 2014, trong d6 S n 13 tdng cac chi? s6 cla

n.
Loi giai
. 2 3 2014
a)Taco 4S:1+Z+F+_,+W

1 1 1 1 2014
Suy ra: 38:48_8:1+Z+F+?+'"+m_m



1 1 1 1 . 1 1 1 1
:>38<1+Z+F+F+...+W . bat M:1+Z+F+F+"'+W

1 1 1 1
:>4M:4+1+Z+F+?+...+W.

1 4
42013 :>M<§'

Tacd: SM=4M-M=4—

Do ds: B<2=>S<acaal,
3 9 8 2

b) Néu nlasdcoithon 4 chirs6thin<999 va S n <27.

Suyra: n+S n <999+-27 =1026 < 2014 ( khong thda man ).
Mat khdc n<n+S n =2014 nén nla sé cé it hon 5 chit sb.
Vay nlaséco 4 chirsd, suyraS n <9.4=36. Do vay n>2014—36=1978.

Vi 1978 <n <2014nén n=19ab hodc n=20cd .
*Néun =19ab.Tacéd: 19ab+ 1+ 9 +a +b = 2014

1910+11a+2b=2014 < 11a+2b=104=2a:2

va 11a=104—2b>104—-2.9=86=8<a<10,ma a2 néna = 8.
=b=8=n=1988 (thda man).

* Néu n=20cd . Tacé: 20cd+ 2+0+c+d =2014

= 2002 +11c+2d =2014=-11c+2d =12=-c:2
Va 11c <12, nén c=0hodcc=1.

+Vdi c=0thi d=6, tacé n=2006 (thda man)
+Vd&i c=1thi 2d=1( khong théa man).

vay ne 1988;2006 .

Bai 14.  (Pé thi HSG 6 huyén)
Tinh: A=4+22+2°4+2°+...+2%

Loi giai
Taco: 2A=8+22+2% +..+2%
=2A-A=2"+8—(4+2")+(2°-2°)+...+ (27 -27)=2"

Bai 15.  (Pé thi HSG 6 huyén)
Cho: S=3"+37+3"+3°+...+3
a) Tinh S
b) Ching minh S:7
Loi giai
a) Taco 3°S=3"+3" +...+ 302 4 32
32004 _q

Suyra: 85=3"-1 =S=

b) §=(3+3+3')+3°(3 +3+3*)+..+ 3" (3 +3 +3*)



:(3°+32+34)(1+36+...+31998)
:91(1+36+...+31998)
Suyra: S:7
Bai 16.  (Pé thi HSG 6 huyén)
Chitrng minh t6ng sau chia hét cho 7.
A=2 422423424 4. +2%42%
Loi gidi
Tach: A=22+224+234+2% .. +2%9 +2%
=(21+22+23)+(24+25+26)+...+(258+259+26°)
:(21+22+23)+23(21+22+23)+...+257(21+22+23)
(21+22+23)(1+23+...+257):14.(1+23+...+257)E7

Vay A:7
Bai17.  (Dé thi HSG 6)
Chimg minh rang:

111 1 1 1 1

Q) -t <
2 4 8 16 32 64 3

1 2.3 4 99 100 3

3 32+33 34+...+399 31T<E
Loi giai

a) Dat A= 1—i+l_i+i_i=1_i2+i3_i4+i5_ie

2 4 8 16 32 64 2 2¢ 2° 2% 2° 2

1 1 1 1 1

=>2A=1-—+———+———
2 22 2% 2% 2°
1 2°-1

= 2A+A=3A= I_EZ ;

<1

= 3A<1= A<

< 1 2 3 4 99 100

:>3A:1—2—i+i—i+...+%—@

3 32 33 33 398 399

1 1 1 1 1 100

AB=B+3B= 3-L <3=B<> (2
3% 4

Tir (1)va (2) = 4A < B < % :>A<%



Bai 18.  (Pé thi HSG 6)

Chung minh :
i+i+i+ +i<1
22 23 24 2n )
Loi giai
Tac():iz< 1 = 1 —1.
n> n(n-1) n-1 n
, 1 11 11 1 1 1
Ap dung : —<1- <——— =< — .
PaUnE: S < 273 o1 n
1 1 1 1 1
= Sttt ttoy <1l-—<L
20 20 2 2 n
Bai 19. (Pé thi HSG 6)
Tinh‘[(;)ng:BZi 2,2 et 2
14 g 71 97.100
Loi giai

1 1(1 1) 2 211 2 2(1 1) 2 21 1
Tacd —=—| -—— :>—=— —— D> === === ==
1.4 3(1 4 1.4 1 4 47 34 7)710 317 10

2 —_—— —

""" 97100 3 100

2[1 11 1 1}
= B=— ———+———+———+ ..... +———

3.1 4 4 7 7 10 99 100

gz 2(l_ 1129 33
311 100) 37100 50

Bai 20.(Dé thi HSG62019-2020)
o 1 1 1 1
Tlnhtong A_§+3—2+§+ +31T
Loi giai
1
¥ 3 3% 3 3 3
1 3%
W = 3100
3100 _ 1
2 3100
Bai 21.(Dé thi HSG 6 2019-2020)

a) Tinh tong: M = E £+ 10 +....+£
56 140 260 1400

Ta cc’)3A:1+;+i+i+ +— 3A-A= (1+%+312+i+__,+ij_(1+1+1+

33 399

2A=1-

suyra A=

b)ChOS—i 3 3+3 3 . Chting minh rang : 1< S <2
10 11 12 13 14

Loi giai

1

+W

J



10 10 10 10 5) 5 5)
—+ +...+ =t ———t—
56 140 260 1400 4.7 7.10 10.13

a M=

4111 1. 1 1 1 1 1 1)\_>5
3477101013"'2528 428 14

3 3 3 3 3_3 3 3 15

5

+—
25.28

b)S=—+—+—+—+—>—+— + +— +—=>5>—=1(1)

10 11 12 13 14 15 15 15 15 15 15

3 3 3 3 3_3 3 3 3 3 15
=—t—+—+—+—>—+—+—+—+—=>5<—<

10 11 12 13 14 10 10 10 10 10 10
Tu(l)va(2)suyral<S<2

Bai 22.(Pé thi HSG 6)
Cho A=3'+3"+3+...+3%
a) Thu gon A
b) Tim x dé 2A+3 = 3
Loi giai
a) A= 31432433+ ..+ 3200
= 3A =32+3% +3% ..+ 32007
—=3A-A =3%07_3

2007
:>A:3 3

2007 _ g

b) Taco: 2. +3=3"=>

32007 .3 43 = 3X => 32007 = 3X => x = 2007
Bai 23.(Pé thi HSG 6)
ChoB=3+32+3%+ .. +3%0
Tim sb tu nhién n, biét rang 2B + 3 = 3"
Loi giai
B =3+32+3%+..+3%+3%0 (1)
3B = F+3+ . +3104+ 3100 (2)
Lay (2) trir (1) ta dugc: 2B =31 -3
Do d6: 2B + 3 = 31%
Theo dé bai 3B +3 =3". Vayn= 101
Bai 24.(Pé thi HSG 6)
Tinh
101+100+99+98+...+3+2+1
101-100+99-98+...+3-2+1

3737.43 —4343.37
2+4+6+...+100

a)C=

b) D =
Loi giai
_101+100+99+98+...+3+2+1
101-100+99—-98+...+3-2+1

a)

20
<==20



Ta cé:
*)101+(100+99+..+3+2+1)
=101 + 101.100 : 2 =101 + 5050 = 5151
*)101-100+99-98+...+3-+1
= (101-100) + (99-98) + ... +(3-2) +1=50+1 =51

50 cap

Vay C = S151 =101
51

3737.43 —4343.37

2+4+6+...+100
Ta co: 3737.43 - 4343.37 = 34.43.101 - 43.101.37 =0
VayB=0(vi2=4+6+..+100=0)
Bai 25.(Pé thi HSG 6)
27 + 4500+ 135+ 550.2
2+4+6+...14+16+18

b) B =

Tinh tong S =

Loi giai
g = 270.450+270550 _ 270(450+550) _ 270000
(2+18).9 90
2
Bai 26.(Pé thi HSG 6 huyén Hwong Son 2018 - 2019)

Cho téng gdom 2014 sb hang, s:i+422+:’3+;+ _____ +i?ifr

=3000

.Chirng minh S <%

Tim tat c4 cac s6 tw nhién n, biét ring n+S(n)= 2014, trong d6 S(n)Ia tong cac chit s ctan

Loi giai
2 3 4 2014
Ta co: 48:1+Z+F+F+ ...... +742013.

1 1 1 1 2014
:>3S=4S_S=1+Z+F+F+ ..... +W_W
:>38<1+%+%+%+ ..... +42—1013.DatM:1+l+%+%+ ..... +%

1 1 1 1
:>4M=4+1+Z+F+F+ ..... +W
. 1 4
TaCO:3M24M—M:4—W<4:>M<§
Dodc’)3S<ﬂ:>S<ﬂ<£:l
3 9 8 2

Néu n 12 s6 ¢6 it hon 4 chit s thi n<999va S(n)<27

Suy ra n+S(n) <999+ 27 =1026 < 2014(ktm)

Mt khac n<n+S(n)=2014nén n 12 s6 co it hon 5 chit s6. Vay n 1a s6 cd 4 chit s, suy ra
S(n)<9.4=36.Do vy n>2014-36=1978



n=19ab

Vi 1978<n<2014 >
n =20cd

*Néu n=19ab.Ta co: 19ab+(1+9+a+b)=2014

<1910+11a+2b=2014 <1la+2b =104 = a:2
va 11a=104-2b>104-29=86=8<10<a,a:2=>a=8=Db=8= n=1988(tm)

*Néu n=20cd = 20cd +(2+0+c+d)=2014

= 2002+11c+2d =2014 =11c+2d =12 =¢:2

c=0=d =6,n=2006(tm)

c=1= 2d =1(ktm)

Vay ne{1988;2006}

Bai 27.(};3 thi HSG 6 huyén Giao Thity 2018-2019)

a) Tinh tong A=1.2+2.3+3.4+.....+98.99
1 1

b) Cho biéu thtc : B—i+—2+—2+ ...... +
5 6 7

Va 11C£12:{

.1 1
.Chimgtérang —<B <=
1007 glofang o 4

Loi giai
a) Taco: 3A=12.3+2.33+3.4.3+....+98.99.3
=12.3+23.(4-1)+34+.(5-2)+....+98.99.(100-97)
~12.3+234-1.23+345-234+...+98.99.10097.98.99
—98.99.100 = A =98.33.100 = 323400

11 1

1 1 1
Sttt <— +
5 6 100° 45 5.6

1111

by Ta co: B=
99100 4 5 5 6

1 1 1

B<=——<= (1

4 100 4

1 1 1 1 1 1 1 1 1 1 1 1
B:—2+—2+....+ > ——t——+..+ =t ———t .t ———

5 6 100 56 6.7 100101 5 6 6 7 100 101
g1 1 _9% 9% 1 5 1 2)

5 101 505 576 6 6

1 1 1 1 1 1

Tu (1 2) = — +—+—+.....+ —
II( )Va() 6 52 62 72 1002 4

Bai 28.(Pé thi HSG 6 huyén Tam Dwong 2017-2018)

Tim hiéu a—b, biét ring: a=1.2+2.3+3.4+....+98.99 va b=1+2° + 3 +........ +98?

Loi giai
Taco: a=12+23+3.4+....... +98.99
=1.(1+1)+2(1+2)+3(1+3) +.....+98.(1+98)
=1+1%+2+2°+3+3* +.......+ 98+ 98’
=(PP+2°+3 +.....+98 )+ (1+2+3+...+ 98)
=b+(1+2+3+....+98)

=b+(1+98).98:2=b+4851

1 1

99 100



Vay a—b=4851

Bai 29.(Pé thi HSG 6 huyén Tam Dwong 2017-2018)

Cho A=5+5%+.....+5".Tim s tu nhién n, biét ring: 4.A+5=5"
Loi giai

Tacd: 5A=5?+5+....+5%

=5A-A=(5+5+...+5%)~(5+5 +...+5%)=5"-5

= 4A+5=5"

Lai c6: 4A+5=5"=5"=5"=n=101

Bai 30.(Pé thi HSG 6 Trwong Nguyén Chich — Huyén Pong Son 2017-2018)
Tim s6 ty nhién nva chir s abiét rang: 1+2+3+....+N= aaa

Loi giai
. . n+1).n
Day s0 1,2;......;nco n sO hang :>1+2+....+n=%

Ma 1+2+3+...+n=aaa

Suy ra @ =aaa=alll=a3.37=n(n+1)=2.3.37.a

Vi tich n(n+1)chia hét cho s6 nguyén t6 37 nén n:37 hoac n+1:37
Vi sé)@ c6 3 chit s6 = n+1<74=n=37hodc n+1=37

Vé6i n=37thi Lj’s =703 (loai)

Vo6i n+1=37= g =666 (thoa man)

Vay n=6, a=6.Taco: 1+2+3+....+36 =666

Bai 31.(Dé thi HSG 6)
Cho A=5% 5% 4 5% 5%  +5°_5'452_1

a) Tinh A
b) Tim sb tu nhién Nbiét 26A+1=5"
¢) Tim s6 du trong phép chia Acho 100.

Loi giai
aQ)A=5"-5%4+5% 5 +5°-5'+5°-1
= 25A=5"(5% —5" +5% 5" 4. +5°~5'+5° 1)
=5 -5045% 5% +5°-5°+5'-5°

52
:>25A+A=552—1:>A:5 1

b) Taco: 26A+1=5"ma 26A=5"—-1nén 5 -1+1=5"=n=52
c) A=5% 5% 5% 5% | +5°—5'15%_1(c6 26 s6 hang)



=(55°—548)+(546—544)+....+(56—54)+(52—1)
:548.(52—1)+544.(52—1)+....+54.(52—1)+(52—1)

=5%244+5%24+ ... 4524424 =5%2524+5%2524+....+5%25.24+24
=6.1OO.(546+542+ ..... +52)+24

Suy ra A chia cho 100 du 24.

Bai 32.(Pé HSG)
Tim sH tu nhién X, biét:

a)l+3+5+7+9+....+(2x-1)=225
D)2 42 4 22 4 2 | 42 =27 _g
Loi giai
a) Véimoi X€Ntaco 2X—113 54 18
Dt A=1+3+5+7+9+....+(2x-1) = Ala tong cta cac s6 1¢ lién tiép tir | dén 2X~1
S6 56 hang ciia A la: (2x—1-1):2+1=Xx(s6 hang)
= A=[(2x-1)+1]x:2=x"=225=x=15
D)2% + 2 4 22 4 23 ¢ 429 =279 8
2(14242° +2° 4.+ 27%) = 2% (2 -1)

Dat M =1+2+2+2° ...+ 2%
Taduoc: 2M =242+ 28+ 42 =M =2 1
Vaytaco: 2127 -1)=2°(2"" -1)=2" =2° = x=3

Bai 33.(Pé HSG cip truong 2018 — 2019)

Hay chon két qua dung
N s 1 1 1 1
Tim xbiét rang: —+ +....+ ==
58 8.11 x.(x+3) 6
A. X=27 B. x=35 C. x=25 D.x=205
Loi giai
Chon dap an A

Bai 34.(P¢ HSG huyén Gia Vién 2018 — 2019)
2 3 4 2012 2013
A:1+§+(§j +(§j +(§] +..... +(§j B:(§j 12
Cho 2 2 \2) \2) (2 2) va \2 Tinh B—A

Loi giai
Ta co:



A= 1+§ +(§j2 +[EJ3 +(§j4 + ”"J{%TOH @
2 2 \2 2 2 2

= 3 A= §+(§)2 +[§T +(§j4 + ....+(§j2013 (2)
2 4 \2 2 2 2

LAy (2) trix (1) ta duoc:
3 (3)2013 3 1 3

2

SA-A=
2

1 3V 5 3B g
( j — DA:W-FE

32013 32013 5

PR

Vay B—A=

Bai 35.(Pé thi HSG 6 THCS Nguyén Khuyén 2018-2019)

, 1 2 3 92 1 1 1 1
Tinh: |92——————— em— || —t—+—+ .t —
9 10 11 100 |45 50 55 500
Loi giai
B= 92—1—3—i ...... _%2 : i+i+i+ ..... +i
9 10 11 100 | |45 50 55 500
(1—1)+(1—2j+ ..... +[1—92j §+§+ ..... +i
9 10 100 9 10 100 1
B= = =8:—=40
1 1 1 1 1(1 1 1 5
ettt —— B R R
45 50 55 500 519 10 100

Bai 36. (D& thi HSG 6 B&c Ninh 2018-2019)
Cho A:3.(22+1)(24+1)(28+1)(216+1)
Khéng lam phép tinh, hady rat gon biéu thire roi tim s tn ciing cta A.
Loi gii
A=3(22 +1)(24+1)(28+1)(216 +1)=(22 —1)(22+1)(24+1)(28 +1)(216 +1)
= (24 —1)(24 +1)(28 +1)(216 +1) = (28 —1)(28 +1)(216 +1) = (216 —1)(216 +1) =2%_1
Vi 2%tan clng 1a 2 nén A=2% —1tan cungla 1.

Bai 37. (P& thi HSG 6 huyén Thach Thanh 2018-2019)
1 1 1 1
+ + +o+ )
1+3 1+3+5 1+3+5+7 1+3+5+7+...+2017

Cho A=

Chtrng minh A<%
Loi gidi
1 1 1 1
+ + +ot
1+3 1+3+5 1+3+5+7 1+3+5+7+...+2017

Tacod: A=



i S 1
(1+3)2 (1+5).3 (1+7)4
2 2 2 2
2 2 2 2 1 1 1 1
— =—+—+ b ————
33 4. 1009.1009

ot —————
8 1009.2018 2.

6 2
1 1 1
H =t —F it ——————
2 (2. 4 1008.1009)

3 3

1 11 1 1
St ————
3 3 4 1008 1009)

+(1—Lj:> A<1+1:> A<§
2 4

4

Bai 38.(Pé thi HSG 6 huyén Viét Yén 2019-2020)
Cho S=1-3+3" -3 +....+3% 3%

a) Ching minh rang S 1a boi ctia —20

b) Tinh'S, tir d6 suy ra 3*“ chia cho 4 du 1

Lai giai
a) Téng S c6 100 sb hang chia thanh 25 nhém, méignhém 4 s6 hang
S=1-3+3F -3 +...+3%-3%
=(1+3+3 -3)+(3' =38 +3° —37)+.....+(3* -37 +3% -3%)
=(~20)+3",(=20) +......+3%,(—20) = Si- 20
b) S=1-3+3 —F+.....43% 3
1-3'%

38 =3-3F+3F -3 +...+3°-3P=354+5=4S =

— 30 _1:4=3%chiacho 4 du 1.

Bai 39.(Pé thi HSG 6 huyén Vii Thu 2018-2019)

Tinh gid tri cla cac biéu thirc sau:

)-1-2+3+4-5-6+7+8—....... —2013-2014+2015+ 2016

2)B:(£—1j:(£—1 : 1—1 : E—1}: ....... ; i—1 :(i—l : i—1
2 3 4 5 98 99 100

Loi gidi

DA=-1-2+3+4-5-6+7+8-9-10+.....—2013—-2014 + 2015+ 2016

=(-1-2+3+4)+(-5-6+7+8)+(-9-10+11+12)+...

+(—2013—2014+2015+2016)

Ta c6 tong A ¢ 2016 s6 hang nén cé 2016:4 =504nhém

A=4+4+4+...+4(tbng c6 504 s6 4)

A=4.504=2016



() G () G )
(-
(-2

Ta thay tich B ¢4 99 thira sé 4m nén mang dau am

_1.3.4.5.6......98.99.100 _-100 o5
2.2.3.45.....97.98.99 2.2

Bai 40.(P& thi HSG 6 huyén V& Thu 2018-2019)

1 1 1 1
Cho E= + + +ore +—
1.101 2.102 3.103 10.110
. 1 1 1 ... < E
Va F = + + +onens + .Tinhti sO —
111 212 3.13 100.110 F
Loi giai
Ta co:
1 1 1 1 (100 100 100
= ... + = ) + Foib——
1.101 2.102 10.110 100 \1.10 2.102 10.110
1 1 1 1 1 1
=— |1-—+=——+..... — -
100 101 2 102 10 110
1 1 1 1 1 1 1
=—||l+=4=F = || ==+t —
100 K 2 3 10) (101 102 110)}
1 1 1 /(10 10 10
=4 4. = | —4+—+...... +
1.11 212 100.110 10 \1.11 212 100.110
1

[

1 1 1 1 1
=—|l-—4 4.
10 1 2 12 100 110
1 11 1 1 1 1 1
=—||l+=+=4. = || ===+ +—
10 2 3 100 11 12 13 110

1 11 1 1 1 1
F=—||[1+=+=+.ccd— || —F+—+.....4 —
10 K 2 3 10) (101 102 110]}

1
:E m_l
F 1 10



Bai 41.(D2 thi HSG 6 huyén Vil Thu 2018-2019)

Cho biéu thirc D:(Z!)2 (2!)2 (2!)2 (2!)2 ﬂ

12+32+52+72+ ..... +

So sanh Dvdi 6. Biét n!=1.2.3..n(neN)

Loi gidi
Ta co:
1)? % 1?2 1?2 1)
o (20, ) @ @), @)
1 3 5 7
2 2 2 2 2
D=i—2+%+§—2+%+ ...... +2—=4+2.(—+—+—+

D<4+2. i+i+£+ ..... #
1.3 3. .

5 5
=4+2 }_£+1_1+1_l+ ..... +L_L
3 55 7

1 3 2013 2015

=442 1—L :4+2—i<6: D<6

2015 2015
Bai 42.(Pé thi HSG 6 THCS Tién Hai 2015-2016)
1+3+5+....+19

Tinh gia tri biéu thic A=
21+23+25+....+39

L gidi
Taco:
+)1+3+5+....+19=(1+19)+(3+17) +....+(9+11)
=20+20+...+20=100

+) 21423+ 25+....+39 = (21+39) +(23+27) +...+(29+31)

=60+60+...+60 =300
_100_1
300 3
Bai 43.(Pé thi HSG 6 huyén Thanh Chuong 2019-2020)
Tinh: A:i+—1 +—1 + e, +—1
49 9.14 14.19 64.69
Loi gidi
1 1 1 1 11 1 1 1
A=—y— 4+ — = |4
49 9.14 14.19 6469 5

4 9 9 14
11 1) 18
54 69) 4.69

Bai 44.(D& thi HSG 6 huyén B4 Thudc 2018 -2019)
Cho A=1-2+3-4+...4+99-100

1 1
+
64 69

J



a) Tinh A
b) A ¢6 chia hét cho 2, cho 3, cho 5 khéng ?
C) A c6 bao nhiéu udc ty nhién ? Bao nhiéu uac nguyén ?

L giai
a) A=-50

b) A:2cho5, A khong chia hét cho 3

¢) A ¢6 6 udc tu nhién va co 12 udc nguyén.

Bai 45. (D2 thi HSG 6 THCS T4n Lap 2018-2019)

a) Cho A=4+2"+2°+2"+....+2% Hsi A co chia hét cho 128khong ?

b) Cho A=3+3 +3 4+ 43 Tim 6 tu nhién N biét ring 2A+3=3"

Loi giai
a)2A—A=2":2" = Al128
b) Tim duoc n=2010
Bai 46.(Pé thi HSG 6 THCS Ha Huy Tap)
Thuc hi¢én cac phép tinh
1-2+3-4+5-6+7-8+....+2013-2014 + 2015
Loi giai

1-2+3-4+5-6+7—-8+.....4+2013-2014 + 2015
=(-1)+(-1)+(-1)+(-1)+.......+(-1)+2015
=(-1).1007 +2015=1008

Bai 47. (D2 thi HSG 6 THCS Ha Huy Tap)

. R ! 1 1
Chung minh rang: F+§+8_2 ..... (Zn)z Z
Loi gidi
1 1 1 1
5 > = F o, +——
(22)° (23)° (24) (2n)

Bai 48.(Pé thi HSG 6 2018 - 2019)
Chimg minh: Véi k e N*ta ludn c6: k(k+1)(k+2)—(k—-1)k(k+1)=3k(k+1)
Ap dung tinh tong: S =1.2+2.3+3.4+...+ n(n +1)

Loi giai



Bién doi:

k(k+1)(k+2)—(k—1)k(k+1) =k (k+1)[ (k +2)—(k-1) ] =3k (k +1)
Ap dung tinh:

3.(1.2)=1.2.3-0.1.2

3.(23)=2.34-1.23

3.(34)=3.45-234

3n(n+1)=n(n+1)(n+2)—(n-1)n(n+1)

Cong lai ta co:

n(n+1)(n+2)
3

Bai 49.(Pé thi HSG6 huyén 2019 - 2020 )

Cho A=3"+32+3+.....+3%

Thu gon A

Tim x dé 2A+3=3"

38 =n(n+1)(n+2)=S=

Loi gidi
aA)A=3"+3F+3+.. . +3° = 3A=F+3+3" ... +37

2007
=3A-A=3""_3=> A:3 3

2007

b) Ta cé: 2. +3=3 =3 -3+3=3 =3 =3 = x=2007

Bai 50.(Pé thi HSG huyén 2019 - 2020)
a) Chimng minh rang: C =2+ 2% +2° +.....+ 2% + 2'® chia hét cho 31
b) Tinh tong C. Tim X dé¢: 22" -2=C
Léi giai
a)C=2+22+2°+.... 42942
:2.(1+2+22 +23+2“)+26.(1+2+22 +23+24)+ ..... +296.(1+2+22+23+24)
=31(2+2°+....+2%)i31

b)C=2+2"+2°+...+2% +2'°
—=2C=22+23+...+2% 4210 L 21

=C+2=2""
= 2101 — 22)(—1

=2x-1=101
= Xx=51
Bai 51.(Pé thi HSG 6 huyén 2018 -2029 )
Thuc hién tinh:
a)A=1+1(1+2)+1(1+2+3)+ ..... +L.(1+2+....+2013)
2 3 2013

1-3 2-4 3-5 4-6 2011-2013 2012-2014 2013.2014
b)B= + + + +ot + —

13 24 35 46 2011.2013  2012.2014 2013.2014

Loi giai



1+2+3+....+n=

2
123 134 1 2013.2014 3 4 2014
> A=l+——+—-—+....+ . =l+—+—+....+t———
2 2 32 2013 2 2 2 2
A+£:£+E+§+ ...... +2014 1(1 2+3+.....+2014)
2 2 2 2 2 2
A= +2+3+ ..... +2014)—%:1014552
1 1 1 1 1 1 1 1
—t—t ittt —+—+.....+ - -
3 35 2011.2013 24 46 2012.2014 ) 2013 2014
Thay :
__1 11 L__ 11y 1t 11 1
2 5 3 5)777 '2011.2013 2\ 2011 2013
__l 11 i I PO S B
2 46 2la 67" '2012.2014 2\ 2012 2014
1 11 1 1 1 1 1 1 1 1
=>B=—|1-—4+—-——+...... t—————t ==+t - - -
3 5 2011 2013 2 4 2012 2014 ) 2013 2014
Bo_3
2

Bai 52.(Pé thi HSG 6 huyén 2016 - 2017 )
Cho S=5+5°+5+.......+ 5%
a) Tinh S ’
b) Chirng minh S chia hét cho 126
Loi giai
a) Ta co:
5S =5° +5° +......+ 5

2007 _
:>58—S=52°°7—5:>S=5 >

b) S:(5+54)+(52+55)+(53+56)+ ..... +(52°°3+52°°6)
Bién ddi duoc: S =126.(5+52 +5°+..... +52°°3)5126
Bai 53.(Pé thi HSG 6 huyén Viét Yén 2019-2020)

Tinh:
a)A=1+2-3-4+54+6-7-8+9+.....+ 2013+ 2014 —2015- 2016
b)B = 2.4.10+4.6.8+14.16.20

3.6.15+6.9.12+21.24.30
Loi gidi
a)A=1+2-3-4+5+6-7-8+9+....+2013+ 2014 —-2015- 2016
Tinh dugc sb s6 hang cua A 1a: (2016 —1):1+1=2016(s0 hang)
Nhom 4 s6 hang lién tiép vao 1 nhom:
A=(1+2-3—24)+(5+6—7-8)+....+(2013+ 2014 - 2015 2016)
=—4+(—4)+....+(—4)=—4.504 =-2016

c0504s0

Vay A=-2016




~2410+4.6.8+14.16.20 8.(1.25+2.3.4+7.8.10) _ 8
3.6.5+6.9.12+21.24.30 27.(1.25+2.34+7.8.10) 27

b)B

8
Vay B=—
1y 27

Bai 54.(Pé thi HSG 6 THCS Tam Hung 2019-2020)
Cho A=1-5+9-13+17—21+....Biét A=2013.Hoi A c6 bao nhiéu s6 hang? Gia trj ctia s6 hang
cubi cung 13 bao nhiéu ?

Loi giai
S6 6 hang ciia A 1a [ (2013-1):4].2+1=1007 (s6 hang)
86 hang cudi cung la: (1007 —1).4+1=4025

Bai 55.(Pé thi HSG 6 THCS Duy Ph(i 2018-2019)
o 2 2 2 2
Tinhtong: S=—+—+—+...4 ——
12 23 3.4 99.100
Loi giai
2 2 2 2 2

F—t—F ot +
2 23 34 98.99 99.100

1 1 1 1 1 j
_+_ _—

+ oot +
A4 98.99 99.100

_o 1_L)= 9 _»

100 100 50
Bai 56.(Dé thi HSG 6 huyén Thiiy Nguyén 2017-2018)
Tinhtdng S =1*+2° + 3% +......+100°

Loi giai
S=1+2(1+1)+3(2+1)+4(3+1)+....+100.(99+1)

=1+12+2+2.3+3+3.4+....499.100+100

=(1.2+2.3+...4+99.100) +(1+2+3+.....+100)

bit M =1.2+23+3.4+.....+99.100

3M =1.2.3+2.3.(4-1)+3.4.(5-2) +.....+99.100.(101- 98)

3M =99.100.101= M = 333300
= A=333300+5050 = 338350

Bai 57.(Dé thi HSG 6)
Tinh tdng S=1.2+2.3+3.4+.....+99.100

Loi giai



S$=1.2+2.3+34+....+99.100
3S=(1.2+2.3+3.4+....+99.100).3
=1.2.3+2.3.3+3.4.3+.....+99.100.3
=1.2.3+2.3.(4-1)+3.4.(5-2)+....+99.100.(101-98)
=1.2.3-1.2.3+2.3.4—2.3.4+3.45-...—98.99.100+99.100.101
Bai 58.(Pé thi HSG 6 huyén Thanh Nam 2018 - 2019)

, : N 1 1 1 1 1 1 1
Chting minh rang: —+-—+—+—+ + + Fot——< =
4 16 36 64 100 144 196 10000 2
Loi giai
1 1 1 1 1 1 1 1
=4+ —+—+ + + Forre b ——
4 16 36 64 100 144 196 10000
21 1.1 1
22 4% 6% T 1007
—1 l+i+i+ i
% 7zt 0
1 1 1 1 1 1 11 1 1
DO S+ttt —F<l-S+-—+--—t
2° 3 50 2 2 3 3 4 2499 2500
—1—L<1
2500
:>S<E(1+1)=1
4 2

Bai 59.(Pé thi HSG 6 huyén Thity Nguyén 2017-2018)
Tinh nhanh

1 1 1 1
C=—+—+—+.... —
10 15 21 120
Loi giai
2 2 2
20 30 240
1 1 1
=2.| —+—+.... —
(45 5.6 1516)
_ (1_1)2
4 16) 8

Bai 60.(Bé thi HSG 6 huyén Ba Thwéc 2018 - 2019)
Cho A=1-2+3—-4+...+499-100

a) Tinh A
b) A c6 chia hét cho 2, cho 3, cho 5 khong ?

¢) Aco bao nhiéu udc tu nhién ? Bao nhiéu wdc nguyén ?



Loi giai
a) A=-50

b) Ai2cho5, Akhdng chia hét cho 3
¢) A ¢6 6 udc tu nhién va cod 12 udc nguyén.

Bai 61.(P& thi HSG 6 huyén Thily Nguyén 2018 - 2019)
2 2 2 2

TinhténgS=£+—+—+ ...... + +
12 23 34 98.99 99.100

Loi giai

2 2
+ +
98.99 99.100

2
1 1 1 1 j
— .t

_|_
4 98.99 99.100

1 1 1 1 1
St ————
4 98 99 99 100

Chuang minh S chia hét cho 126va chi hét cho 65.

Loi giai
C6H 5+5% +5° +5* +5° +5° =5(1+53)+52.(1+53)+53(1+53)

=5.126+5%126+5%126

= 5+5%+5° +5* +5° + 5° chia hét cho 126
S=(5+5"+5"+5'+5°+5°)+5°(5+5° +5° +5' +5° +5°)+.....+

+5* (5+5° +5°+5° +5° +5°)

Téng trén c6 2004 : 6 =334 56 hang chia hét cho 126 nén né chia hét cho 126.
Co: 5+5°+5°+5' =5+5° +5(5+5°) =130+5.130

= 5+5% +5°+ 5% chia hét cho 130

S=5+5"+5%+5*+5" (5+52 +53+54)+ ..... +52°°°.(5+52 +53+54)

Tong trén c6 2004 : 4 =501s6 hang chia hét cho 130 nén nd chia hét cho 130.
C6 S chia hét cho 130 nén chia hét cho 65

Bai 63.(Pé thi HSG 6 huyén Thiiy Nguyén )
1.Cho S=14+3+3*+3+....+3% +3%
a) Chung to S chia hét cho 4



b) Tim chir s6 tan cing cua S
3°-1

c) Ching to S =

2.Cho C =12+23+3.4+....+99.100
a) Tinh gia tri cua biéu thic C

b) Dung két qua cu a, tinh gié tri cia biéu thic D =2° +4% +6% +

Loi giai
1. Taco:

b)S = (1+3+3"+3°)+(3" +3°+3°+3' ) +...+3° +3"

Cac tong o 4 s6 hang déu chia hét cho 10, do d6 ¢6 tan cling bang 0

Mat khac 3® +3% =3*124+3%3=.....1+....1.3=....... 4
Vay S ¢6 chir s6 tan cing bang 4

0)S =1+3+F +3F+...+3%4+3%

3S =3+ +3+....+3% 439430

35-5=3"-1

3 -1
2S=3"-1=S=
2

a)C =1.2+2.3+3.4+...+99.100
3C=3.12+3.23+....+3.99.100
~(1.2.3-01.2)+(2.3.4-1.2.3) +....+(99.100.101—98.99.100)

=99.100.101
= C =99.100.101:3=36300
b)C=12+2.3+3.4+...+99.100

=(1.2+2.3)+(3.4+4.5)+......+(97.98+98.99) +99.100

=(1+3).2+(3+5).4+......+(97+99).98+99.100
=222+24.4+....+2.98.98+9900
=2(2° +4° +.....+ 96 +98%) +9900
= (2° +4% +.....+96° +98”) = C —9900 = 36300 —9900 = 26400
= 2% + 47 +.....+96% +98° =13200
Bai 64.(Dé thi HSG 6 huyén Thily Nguyén )
Thuc hi¢n cac phép tinh sau mét cach hop ly
11 1 1 1 1
Am—t—F+—+—+....—+—
2 6 12 20 2352 2450
C=4+2"+2°+..+2%

Loi giai
11 1 1 1 1
A=—t—F+—F—+. +—+—
2 6 12 20 2352 2450
1 1 1 1

:i+—+ Frrt——+———
12 23 34 48.49 49.50

+98?



11111 1 1 1 1
=l-—4+ -S4+ s Mt

2 2 3 3 4 48 49 49 50
L.

50 50

C=4+2°+2%+...42%
2C=8+22+2%+.....4 2%
2C-C=2"=Cc=2%
Bai 65.(})(‘3 thi HSG 6 huyén Thiy Nguyén )
Chu:ngmmhrang 1—1 1—i+i—i<:L
2 4 8 16 32 64 3
Loi giai
111111111111
2 4 8 16 32 64 2 2 2 2 2 2
1 1 1 1 1
=2A=1- "+ - - — 4+ ——-—
2 2% 28 2% P8

6
:>A+2A=1—2—];3:>3A= 21

S$=99.11.101:3=233.100.101

Bai 66. (D& thi HSG 6 huyén Thuy Nguyén 2019-2020)
a) Cho a,beNnéu 7a+3b:23thi 4a+5b:23, diéu nguoc lai cé dung khéng

<l=> A< (BPCM)

b) Cho S=3+3+3+....+3% 1.319%
Ching minh rang: S:26

Loi giai
a)  Vi6.(7a+3b)+(4a+5b)=46a+23b=23(2a+b):23
Do dé¢:
Néu (7a+3b):23=4a+5b:23
Néu 4a+5b:23=>7a+30:23
b)S =(3+3")+(3° +3")+.....+ (397 +3°)
=12,(1+3° +3" +....+3°):2
S =(3+3 +3°) 4.+ (30 +397 +3%)
=39,(1+.....+3* )13

Vi 26=13.2va (2,13)=1=>5:26

Bai 67. (D& thi HSG 6 huyén Thuy Nguyén 2015-2016)

Thuc hién phép tinh (tinh nhanh néu cé thé)
2 2 2 2 2

=—t—t—t+—F.t
15 35 63 99 899
C=12+23+...+499.100



2 2 21111 111128

"35 57 """2031 3 55 7 29 31 3 31 93
3C =1.2.3+2.3.(4-1)+3.4.(5-2) +....+99.100.(101- 98)

=123+234-1.23+345-2.3.4+....+99.100.101—-98.99.100

=99.100.101=C = %0101 = 333300

Bai 68. (D& thi HSG 6 huyén Thuy Nguyén 2015-2016)
1 1
st+t——<1
2011° 2012

. 1
Cht&rng minh rang ?+

1.1 1,1 1.1 1

ot <t
2011° 2012° 12 23 2011.2012
11 11 1 1 1 1 2011

—<
1 2 2 3 2011 2012 1 2012 2012
Bai 69. (P2 thi Olympic Todn 6 2017-2018)

A R AT

A_381524 195224 13 243546 13151416
4'9'16'25777"196°225 2.2'33°4.4'55 7 14.14'15.15

(1234....13.14).(3456.....15.16) 16 8

- (2.3.4.....14.15).(2.3.4 ....... 15) 152 15

Bai 70. (D& thi Olympic Toan 6 2017-2018)
3) Cho S =2010+2010% +2010° +....+ 2010%* + 2010%"

Chirng té rang S chia hét cho 2011
b) Tim két qua cla phép nhan:
B =33..33x999...9

%/_J

20chuso 20chuso
Loi giai
a) Ta cé: S =2010+2010% +2010°% + 2010 +....... +2010° +2010%
=2010(1+2010) +2010° (1+2010) +......+ 2010**.(1+2010)

=2010.2011+2010%2011+....+20107°%.2011

20chuso 20chuso 20chuso



=333.....3.10%* - 333.....3=33333....300000...0 - 333.....3 = 333.....32666.....67
M N —_—

%/_/
20chu so 20chu so 20chuso 20chuso 20chuso 20chuso 19chuso6

Bai 71. (P& thi HSG 6 huyén Birc Phd 2018-2019)

, 1 1 1 1
Tinh: A=—+—+—+....+—
10 15 21 120
Loi giai
1 1 1 1 1 1 1
A=—+— — =t — ... —t—
10 15 120 25 53 15.7 1538
1 1 1 1 1(1 1 1(1 1
=l —+— |+t —F+— == | =+ |+t = =+=
(2.5 5.3) (15.7 15.8) 5(2 3) 15 (7 8)
1 1 1 1 1 1 1
=—+—+.... —=——t+—... — =4t t=—=
6 12 56 23 34 7 2 8
_1.1.3
2 8 8

Bai 72. (P& thi HSG 6 Trudng THCS Nguyén Khuyén 2017-2018)
a) Ching minh ring: M :(2012+20122 +2012° +..... +20122°1°)52013

4 6 9 7 7 5 3 11
b) Cho A= + + + ‘B= + + +
7.31 7.41 1041 10.57 19.31 19.43 23.43 23.57

Tinh ti s6

™| >

Loi giai
a)M =2012+ 20122 +2012° +....+ 2012

- (2012 +2012? ) + (20123 +2012* ) oot (20122009 + 20122010)
=2012(1+2012)+2012° (1+2012) +.....+ 20122 (1+-2012)
= 2013.(2012 +2012° +.....+ 2012%% ) 12013 = M :2013

4 6 9 7

b)A= + + +
731 7.41 1041 10.57

Nén EA: 4 + 6 + 9 + !
5 35.31 3541 5041 5057

11 1 1 1 1 1 1 1 1 26

"31 35 35 41 41 50 50 57 31 57 1767

7 5 3 11
B= + + +
19.31 1943 2343 23.57




1 7 5 3 11
Nén —B = + + +
2 38.31 38.43 46.43 46.57

11 1 1 1 1 1 1 1 1

= —_ _ _—— _———

31 38 38 43 43 46 46 57 31 57

Bai 73. (P& thi HSG 6 Ndm 2019-2020)
Thuc hién cac phép tinh sau mét cach hop ly:

a)1.23..9-123..8-1.2.3...7.8°
b) 13-12+11+10-9+8—7—6+5-4+3+2-1

Loi giai
2)1.23..9-1.23..7.8-1.23..7.8° =1.2.3..7.8,(9-1-8) =1.2.3..7.8..x0=0
b) 13-12+11+10-9+8-7-6+5-4+3+2-1
=13—-(12-11-10+9)+(8-7—-6+5)—(4-3-2-1)=13

Bai 74. (D& thi HSG 6 Huyén Luong Tai 2015-2016)
M cé |a m6t s6 chinh phuong khéng , néu:

M =1+3+5+....+(2n-1) (véi neN,n#0)
Loi giai
M =1+3+5+..+(2n-1)(neN,n=0)
Tinh s6 56 hang: (2n—1-1):2+1=n
Tinh téng: =(2n—1+1).n:2=2n":2=n"
Vay M 13 sb chinh phuong.
Bai 75. (D& thi HSG 6 cip trudng ndm hoc 2018 - 2019)

Tinh gid tri cGa biéu thirc A:1+1+1+i+i+ ...... +i
3 6 10 15 120
Loi giai
Iaot b L i P D
2 12 23 34 1516 2 16 16 8

Bai 76.(Pé HSG Toan 6 huyén Tam Pao 2019-2020)
Cho d3y s6 6;7;9;12;16;.... Hoi s& hang thr 61 clia d3y 1a s6 nao ?

Lo giai

Ta co:



6=06

7=6+1
9=6+(1+2)
12=6+(1+2+3)
16=6+(1+2+3+4)

Do d6 s6 hang thtt 61 la: 6+(1+2+3+.....+60) =1836

Bai 77.(P& HSG Toan 6 huyén Thanh Oai)
Cho S=1-3+3? —33‘+ ....... +3%_3%
a) Chang minh rang S la boi cua —20
b) Tinh S, tir 46 suy ra 3'® chia cho 4 du 1.

Loi giai
a)S=1-3+3F-F+...+3% -3
=(1-3+8°-3")+(3' =3 +3° 37 +...+(3° -37 +3%" -3%)
=(-20)+3*(-20)+.....+3%.(-20):-20
—S:-20
b)S =1-3+3F -3 +.....+3° 3%
35=3-3+3-3"+...+39 -3

_ nl00
::>4S:1 3

S 12 mot s6 nguyén nén 1-3'C:4 =3 —1:4 = 3'® chia cho 4 du 1.
Bai 78.(Pé HSG To4n 6 huyén Tam Ky)
Cho A=5"-5%45% 5% | +5°-5'4+571
a) Tinh A
b) Tim sb tu nhién Nbiét 26A+1=5"
C) Tim sb du trong phép chia Acho 100.
Loi giai
a)A=5°-5%415% 5% 45° 54151
= 25A=5" (5 —5% +5° -5 1 +5°-5'+5 1)

:552_550+548_546+ +58_56+54_52
— 25A+A=5%_1=26A=5%_1

52 _1
26
b) Taco: 26A+1=5"ma 26A=5%—1nén 52 —1+1=5"=n=>52
c) Taco:
A=5%_5% 5% _5% . 4+5°_5%152_1(c6 26 sb hang)
:(550 —5“8)+(5“6 —5““)+....+(56 —5“)+52 ~1
:(550 —5“8)+(5“6 —5““)+....+(56 —5“)+(52 —1)
- 5“8.(52 —1)+54“.(52 —1)+ ..... +5“.(52 —1)+(52 —1)
—5%244+5%24+....+5%24+24
=5%2524+5%2524+.....+5%25.24 + 24
—5%600+52600+.......+ 52600 + 24 = 6.100.(546 4524 +52)+ 24

= A



Suy ra Achia cho 100 du 24.
Bai 79.(P& HSG Toin 6 huyén Giao Thity 2018 - 2019)
1. Tinhtong : A=1.2+2.3+3.4+....+98.99

2. Cho biéu thtrc B:iz+i2+i2+ ...... + 12
5 6° 7 100
. 1 1
Changtorang =<B <=
grorang g 4
Loi giai

1)3A=1.2.3+2.3.3+3.4.3+....+98.99.3

=12.3+23.(4-1)+3.4.(5-2)+....+98.99.(100-97)

=123+234-123+345-23.4+.....+98.99.100—-97.98.99
=98.99.100 = A=98.99.100: 3= 323400

1 1 1 1
2. B==+—+—+...... +
52 62 72 1002
1 1
>B<—+—+.... 4 —
45 56 99.100
1 1 11 1 1
B<———4+-——-+.t————
4 5 5 6 99 100
1 1 1
- — <
4 100 4()
1 1 1

1111 1 1
> +....+
5 6 6 7 100 101

B>1_i— 96 >£:£

5 101 505 576 6

1 1
Toe (1) (2) =>=<B<=
()@ =c<B<y

1
=B>—(2
- ()

Bai 80.(Pé HSG Toan 6 truong)
1) Rt gon cac biéu thirc sau:

M=3-3*+3-3"+.....+30° 3%

. 1 1 1 1 3

2) Chtngto rang; —+—+...... < —

) Ching o rang: 25+ 99’ 100° 4
Loi giai

DM =3-3+3-3"+......+3 3%

3_32017
M=F-3F+3' - +F-F"3M+M=3-F =M =
1 1 1 1 1 1 1 1 1
S+ttt ——= <+ ——+—+.+ +
2° 3 99° 100° 4 23 34 98.99 99.100




1 1111 1 1 11 1 3 1 3
e et S I e
4 2 3 3 4 99 100 4 2 100 4 100 4
1 1 1 1 3
= S+t -

—+ <
99° 100° 4
Bai 81.(P& HSG Toan 6 truong)

Cho A=1+4+4 +4 +.....+4% +4%;, B=47

Chtrng minh rang: A< %
Loi gidi

4A=4.(1+4+42+43+ ...... +498+499):4+42+43+ ...... 4% 4 41

100
AA-A=4®_1 a2t 1

100 100
Vi 4100—1<41°0:>4 1<%:>A<%

Bai 82.(Pé thi HSG To4n 6 trwong Tran Phu 2018 - 2019)
Cho M =2+22+2342% 4.4 2% 4 p%18

a) TinhM
b) Ching t6 rang M chia hét cho 3
Léi giai
a) Taco 2M =27 +2° +2° 4.+ 271+ 2%
Liy 2M =M =22 _2 yay M =229 _2
b) M =(2+2°)+(2°+2")+(2°+2°) ..o+ (27 4 27%)
M =2(1+2)+2°.(1+2)+ 2°.(1+ 2) +......+ 2"".(1+ 2)
M=3(2+2°+2°+....+2%")
Vay M:3
Bai 83.( P& thi HSG 6 Lién Chau 2018 —2019)
Choténg A=1+32+3*+3%+....+3% Tinh8A-3%%
Loi giai
BA=3(1+3°+3" +...+3%)=3+3"+3"+....+ 3"

3A+A=4A=1+3+37 +3% + ., +3%% 432007
:>12A:3.(1+3+32 +3+.. +32°°6+32°°7)
=3+3*+3+.....

12A—-4A=8A=3"% -1



:>8A_32008 :32008 _1_32008 — _1
Bai 84.(P& thi HSG 6 Huyén Vinh Tuong 2019 — 2020 )
a) Chl:rng m|nh réng: A=1+2+22+ ...... +22009£3
b) Chiing minh rang ton tai mot sé tw nhién chi duoc viét boi chit s6 2 va chit s6 0 masé  do chia
hét cho 2010
Loi giai
A)A=1+2+22+2°+....4 2%
=(1+2)+2°(1+2)+....+27%(1+2):3

b) Xét 2011s6: 2;22;222;.....;222....2 56 cubi cing c6 2011 chir sé 2. Cac sb nay khi chia cho
2010 ta dugc 2011 sé du.Ma mot s6 tu nhién bat ky khi chia cho 2010 chi ¢6 thé ¢6 s du la:
0;12;.....;2009¢6 2010 kha nang du. Do dé theo nguyén 1y Dirichle ton tai hai s trong cac s6
trén c6 cing sé du khi chia cho 2010. Hiéu cua ching c6 dang 222...2000....0chia hét cho 2010
Bai 85.(Pé thi HSG 6 huyén Vinh Twong 2019 — 2020)

Chung minh rang:

1 1 1 1Y(1 1 1 1
— =t —F it — || —+—+—+....+ =
[51 52 53 100) (1.2 34 56 99.100)

Loi giai
1 1 1 1 111111 1 1
—t—t—+...t =ttt ———
(12 34 56 99100) 1 2 3 45 6 99 100
=1+—+=+ i—2 1.1t 1
2 100 2 4 6 100
1 111 1
=l+—+—+. |+ =+=+..... +—
2 3 100 (1 2 3 50
1 1 1 1

+—+.t
51 52 53 100

1 1 1 1Y(1 1 1 1
S| =t —t+—Ft— || —F—F— .t =
(51 52 53 100) (1.2 34 56 99.100)

Bai 86.(Pé thi HSG 6 Trwomg THCS Nghi Phi 2018 — 2019 )

2 2 2 2
a)Tinhtong: S=—+ —+—+..... +
1. 2 23 3 3.4 4 99.100
b)Chitng minh rang: (3+ F+3 43+ 3100)540
Loi giai
2 2 2 2 2
AS=—+—+—+......+ +
12 23 34 98.99 99.100
1 1 1 1 1 j
=2.| —+—+—+...+ +
12 23 34 98.99 99.100
1 1 1 1 1 )
=2.| —+—+—+...+ +
12 23 34 98.99 99.100
_2. _i)zz_ﬁzﬁ
100 100 50



b) A=(3+3°+3°+3"+.....+3%)

=31+43+8 43 +..+3” 1+34+3 +3
=3.40+...+3".40 140
= (3+3+3°+3" +.....+3%)i40

Bai 87.(P& thi HSG 6 )

Cho A=£+1+1+ ,,,,, +i+i
2 3 4 308 309
308 307 306 3 2 1
B=——t—t—t.t——t——+
1 2 3 306 307 308
T|'nhA
B
Loi giai
308 307 306 3 2 1
B= + + Foret + +
1 2 3 306 307 308
= 1+@ + 1+@ oot 1+i + 1+i +1
2 3 307 308
309 309 309 309 309 309
= + + +ot + +
2 3 4 307 308 309
=3009. 1+E+1+ ...... +i+i
2 3 4 308 309
B =309A
A 1
= —=—
B 309

Bai 88.( Pé thi HSG 6 Cip Truong )

Tim Xbiét: 1+5+9+13+17 +...... + X =501501
Loi giai

Taco: 5=2+3,9=4+513=6+7;17=8+9

Do vay x=a+(a+1)(aeN)

Nén: 1+5+9+13+16+.....+X=1+2+3+4+5+6+7+.....+a+(a+1) =501501

Hay (a+1)(a+1+1):2=501501

(a+1)(a+2)=1003002 =1001.1002

= a=1000 = x =1000+(1000+1) = 2001

Bai 89. (Peé thi HSG 6 Cép Truang 2019- 2020 )

Tim x biét

X+(X+1)+(X+2)+....+(x+30) =1240

Loi giai



X+(X+1)+(X+2)+....+(x+30) =1240

= (X+X+X+...+X)+(1+2+....+30)=1240

—=31x=1240-31.15
_I75_
31

Bai 90.( HSG 6 Cap Truong 2019- 2020 )

Cho S =5+5%+5°+5 +.....+ 52 Chtirng minh S chia hét cho 126va chi hét cho 65.
Loi giai

C6 5+5% +5° +5* +5° +5° =5(1+53)+52.(1+53)+53(1+53)

=5.126+5%126 +5°126

— 5+5%2+5% +5* +5° + 5° chia hét cho 126

S :(5+52+53+54+55+56)+56(5+52+53+54+55+56)+ ..... +51998(5+52+53+54+55+56)T6n

g trén c6 2004:6 =334s6 hang chia hét cho 126 nén né chia hét cho 126.

C6: 5+52+5°+5° =5+53+5(5+53)=130+5.130

— 5+5% +5° +5* chia hét cho 130

s:5+52+53+54+54(5+52+53+54)+ ..... +52°°°.(5+52+53+54)

Tong trén c6 2004 : 4 =501s6 hang chia hét cho 130 nén né chia hét cho 130.

C6 S chia hét cho 130 nén chia hét cho 65

=X 25

Bai 91.( Pé thi HSG 6 Cap Truong 2019- 2020)
Tim sb tu nhién X, biét:
a)X+(X+1)+(Xx+2)+....+(x+2010) = 2029099
P)2+4+6+8+.....+2x =210

Loi giai
a)X+(X+1)+(x+2)+....+(x+2010) = 2029099
= 2011x+1+2+.....4+ 2010 = 2029099

= 2011x+ M =2029099

— 2011x = 2029099 - 22102011

:2011=4

= X= (2029099 —&22011)

b)2+4+6+8+.....+42x =210

X(x+1)

= 2(14+2+3+..+X)=210=2. =210

= x(x+1)=210=14.15

=x=14



Bai 92.( Pé thi HSG 6 Cap Truwong 2018- 2019)
Khéng quy dong hay tinh hop Iy cac tong sau

-1 -1 -1 -1 -1 -1
AA=—+—+—+—+—+—

20 30 42 56 72 90

5 4 3 1 13

b)B=—+ + + +

21 111 112 215 154

Loi giai

-1 -1 -1 -1 1 1 1 1
AA=—+—+—+.F—=—| —F+—+—+..... —

20 30 42 90 5 56 6.7 9.10

11111 1 1 1 1 3
=—|=-—=F+=——=F=F.t= == = |=——

4 5 5 6 7 9 10 4 10 20

4 3 1 13
b)B=—+ + + +
21 111 112 215 154

5 4 3 1 13 1 1 13
=7.| —+ + + + =7|=——|=—
(2.7 7.11 11.14 14.15 15.28) (2 28) 4

Bai 93.(Dé thi HSG 6 2018-2019)

1 2 3 n 11 ) , 1
Cho A=¥+§+§+ ..... +5n+1 - +?(HGN).Chu’ngmmh A<E
Loi giai
XetSA:%+5—2+ ....... 51n+ ...... %:
4A:5A—A:(%+%w- ....... %- ...... %%j
1 2 3 n 11
ety T te Tt
1 1 1 1 1 11
4A:—+5—2+—3+ ...... +5_n+ F—ST
4A:B—1—:?_L B:%+5i2+5i3+ ...... +5in+ +5—}1
:>SB:1+1+%+13+ ..... + 1_1+ ..... +%
5 5 5 5" 5
:>4B:SB—B=(1+1+—2+—3+ ..... +5nl1 ..... +5%0j
1 1 1
— 1+—+5—2+§+ ..... +5n_1 ..... +¥
1 5% -1
:>4B:1—¥:>B:4—511

511 11 5%-49

SARS ST T T 450



Bai 94.(Pé thi HSG 6 2017-2018)
Chtrng minh rang:

1111111

d) S-S

2 48 16 32 64 3

1.2 3 4 99 100 3

3 3 3 3 @ w1
Loi giai

5 111 1 1 1 1 1 1 1 1 1
abit A== -+ -—-—F ———=— -+ —— -

24816326422223’242526

opa-p tyt t 11

272 TR P
1 2°-1

= 2A+ A:3A:1—§— % <1

=3A<1=> A<%

y 1 2 3 4 99 100
b)Dat Azg_?+§_3_4+ ..... +@_31T
=3A= 1—2—%+%—%+ ...... +£—@

3 ¥ 3 3
=4A= 1—%+3—12—3—13+ ...... +i—i—@
:>4A<1—%+3—12—3—13+ ...... +i—i 1)

Dét le_%+3_]-2_3_];+ ..... +i—i:>3B:2+1_i+ + 1
4B=B+3B= 3—3i<3:>B< (2)

Tu (1) va (2) :>4A<B<§:>A<i
4 16

Bai 95.(Pé thi HSG 6 huyén Viét Yén 2019-2020)

R » 1 1 1 1 119
Tim Xbiét: + + +..... + X=
(1.2.3.4 2345 3456 7.8.9.10) 720
Loi gii
Ta co:
1 1 1 1
+ + +..... +
1234 2345 3456 7.8.9.10
1 1 1 1 1 1 1
=—. — + — + .t —
3 (1.2.3 234 234 345 7.8.9 8.9.10)

36 720) 3720

1(1 1) 1119
6 720

1

3% 3% 3 ¢ g7 3%



o 1119 119

Néntrdésuyra: —.—X=——=X
3 720 720

Vay X=3.

Bai 96.(Dé thi HSG 6 THCS Hong Dwong 2019-2020)

,, 1), 1), 1 1 L
Tinh gia tri bicu thac P=|1-=||1-=||1-— || 1-— |...|1—
inh gia tr] bicu thuc ( 3)( 6]( 10)( 15) ( 190)

Loi giai
2591 189 . 23344556 1920
P=——=— ... ——, ta tim quy luat cac mau: X X X X —_—
361015190 2’222
Thay vao P ta dugc:
5_222592142 2189 14 253647 1821
233445 56 " 19.20 2.3'3.4°45'56 7719.20

 1234..18(456.7.21) 1 21 7

 2.345..19.(3456...20) 19" 3 19

Bai 97.(Pé thi HSG 6 THCS My Hung 2018-2019)
Cho S =5+5%+5%+5% +.....+ 529
Chtrng minh S chia hét cho 126 va chi hét cho 65.
Loi giai
C6 5+52+5° +5* +5° +5° =5(1+53)+52.(1+53)+53(1+53)
=5.126+5%126 +5%126
— 5+52 +5° +5* + 5° + 5% chia hét cho 126
s=(5+52+53+54+55+56)+56(5+52+53+54+55+56)+ ..... +
51998 (5+52 +58 454455 +56)
Téng trén c6 2004 : 6 = 33456 hang chia hét cho 126 nén n6 chia hét cho 126.
Co: 5+52+53+54=5+53+5(5+53)=130+5.130
= 5+52 +5° + 5% chia hét cho 130
S =545 +5% 4 5% 5 (5+52 +53+54)+ ..... +52°°°.(5+52 +53+54)
Téng trén c6 2004 : 4 =501s6 hang chia hét cho 130 nén no chia hét cho 130.
Co6 S chia hét cho 130 nén chia hét cho 65

Bai 98.(D& thi HSG 6 THCS My Hung 2018-2019)
Tim s0 ty nhién X, biét:

a) X+(x+1)+(x+2)+....+(x+2010) = 2029099

b) 2+4+6+8+.....+2x=210

Loi giai
a) = 2011x+1+2+.....4+2010 = 2029099

= 2011x+ &2%11 =2029099

= 2011x = 2029099 - 212201

:2011=4

= X= (2029099 —M]



x(x+1)

b) = 2(1+2+3+..4+%)=210=>2, =210

= X(x+1)=210=14.15
=x=14
Bai 99.(Dé thi HSG 6)

Cho C=3+3"+3+3"+.....+ 3. Chitng td C chia hét cho 40
Loi gii
C=(3+32+33+34)+ ....... +(397+398+399+3100)
=3(1+3+3°+3°) +......+ 3" (1+3+3°+3°)

:40.(3+35 434 +397)540
Bai 100. (Deé thi HSG 6)

Cho 10 s6 tu nhién bat ky: a,a,,.....,,.Chirng minh rang thé nao cling c6 mét s6 hodc mét tong
mot sb cac sé lién tiép nhau trong diy déu chia hét cho 10.

Loi giai
Lap d3y s6
pit B, =4,
B,=a +3a,
B,=a +a,+a,

Néu ton tai B, (i =1,2,3....10)nao d6 chia hét cho 10 thi bai toan dugc chirng minh
Néu khong ton tai B, nao chia hét cho 10 ta lam nhu sau:

Ta dem B, chia cho 10 s& duoc 10 s6 du (cac s6 du € {1,2,3,...,9} ). Theo nguyén tac Dirichle, phai
c6 it nhat 2 s6 du bang nhau. Cac sé B, — B, chia hét cho 10(m > n)

Bai 101. (Deé thi HSG 6)
Tinh nhanh
R & 3? 3
A A= —+—+ + ... +
1.4 4.7 710 97.100

7
2 2 2 2 2 2
b e e T
20 30 42 56 72 90

+ :3. ceee
1.4 4.7 7.10 97.100 1.4 4.7 7.10 97.100



1 1.1 1 11 99 297
=3 o= — =3 = =2

1 4 4 7 97 100) 100 100
b) Tacd
B—3+£+£+3+£+2—2.L+L+L+_+_+L
20 30 42 56 72 90 45 56 6.7 7.8 89 9.10
1 1 1 1 1 1 1 1 1 1 3
=2|-—=4=—=+-=— —t-———|=2|—=|==
4 5 5 6 8 9 9 10 4 10 10
Bai 102. (D& thi HSG 6 THCS Hong Linh 2017-2018)
, 2 1 1 1 1
Tlnhtong.A:§+§+§+ ...... +W
Loi giai
, 1 1 1 1 1
TaCO3A—A:[1—+—§+§—{— ..... +@]—[§+§+ ..... +W
1 3100_1
Bai 103. (Dé thi HSG 6)
Tinh:
5 5 5
= —
11.16 16.21 61.66
1 1 1 1 1 1
B=—4+-+—++—+—+—
2 6 12 20 30 42
1 1 1 1
C=—+—H+. . . +——+.. .+ —
1.2 23 1980.1990 2006.2007
Loi giai
1 1 1 1 1 1 1 1 5
=t — =t === — = —
11 16 16 21 61 66 11 66 66
1 1 1 1 1 1 6
B=1—-=-4+=-—=+... T P
2 2 3 6 7 7T 7
1 1 1 1 1 1 1 1 2006
cC=1-—~—+--——4t——— 4t —————=1-———=—
2 2 3 1989 1990 2006 2007 2007 2007
Bai 104. (Pé thi HSG 6)

Chitng minh rang:
1 1 1 1 1 1 1

Q) — =4 ——t——— <
71T 6 2 s
nl 2 .3 4 99 100 _ 3
)§_§ §_3_4 ...... +399_3100<E

Lo giai



11 1 1 1 1 1

1 1 1 1 1

+= +—
22 2% 2t 2

<1=>3A<1:>A<%

100

100
399
100
3100
@)
1 1 1 1
3B=2+—-——=+ y—g%

a)Dft A= — = f- =
2 4 8 16 32 064 2
1 1 1 1 1
=2A=1-—"4+———+———
2 22 28 2t P
6_
S A=—34—1-L_2 "1
26 6
. 1 2 3 4 99
b)DatA=§—§ §—3—4+ ..... 399
2 3 3 3 99
:314:1—5—? ?_§+ ...... F
1 1 1 1 1
:>4A:1—§+—2—§ ...... +§—@——
1 1 1 1 1
=>4A<1—§+§—§+ ...... +3Ts_399
1 1 1 1 1
DtB_1—§+3__§+ ..... 398—399
1 3
4B=B+3B=3—-—<3=B<-(2)
3% 4
. . 3 3
Tu(1)va(2):>4A<B<Z:>A<E.

Bai 105.
1 1 1 1

a) Cho A=1—2+22 7 42+ .....

b) Cho B=2"+2*+2°+

1
502

0. = <—=1
2° 1.2 2
1 1

:1+}—l+
1 2

NN

b) B=2"+2"+2°+

Taco: B=2'+22+2%+...42%

:(21 +22)+(23 +24)+....+(229 +23°) =2.(1+2)+2°.(1+2)+

=3,(2+2°+...+2%)=Bi3 (1)
Taco: B=2"+2"+2°+....+2%
:(21+22+23)+(24+25+26)+
:2.(1+2+22)+24.(1+2+22)+

(D¢ thi HSG 6 huyén Nga Son 2018-2019)
.Chtirng minh: A<?2

+2%.Chirng minh rang B chia hét cho 21.
Loi gidi

2111

[ERN
.|H
[ERN

+(228 +2% +23°)
...+228.(l+2+22)




=7.(2+2'+..+2") = Bi7 (2

Ma 3va 7 13 hai sb nguyén t6 cting nhau. Két hop voi (1) va (2) suy ra :
B:3.7hay Bi21

Bai 106. (Dé thi HSG 6 cép truwong 2018-2019)

Cho A=1+4+4 +4 +....+4% +4%° B=4%

Chung minh rang: A< %

Loi giai
AA=4.(144+4°+ 8 +4" 1 47 14%)
=4+42 4+ 4 4%+ A 4 4% L 4

100
=S 4A-A=4P-1= A=4 !

4100 _ 1 4100
< —
3

Vi 4% -1<4%° =

B
Vay A<—
y 3

Bai 107. (Dé thi HSG toan 6 cip truong 2018-2019)
Cho S=1+3+3+3+....+3% +3%

a) Chimng t6 S chia hét cho 4

b) Tim chif s6 tan cing cua S

50
¢) Chungto S = 5 -1

Loi giai
a) Ta co:
S :(1+3)+(32 +33)+ ..... +(348 +349):4+32.(3+1)+ ..... +3%(1+3)
=4.(1+32+ ...... +348)E4
b)S :(1+3+32 +33)+(34 +3+3° +37)+ ..... +(344 +3%43% +3“7)+348 +3%
Céc tong 4 s6 hang déu chia hét cho 10, do d6 tan cing bang 0
Mit khac: 3% +3% =3"?+3%3=...1+...1.3=...4

Vay S c6 tan cing bang 4
0)S=1+3+3F +..+3°+3° =35 =3+F +F +..+3° +3%

50
.35-§-3% _1=5-> %
Bai 108. (Dé thi HSG 6 huyén Hoang Hoa 2018-2019)
Chimg minh ring: A=75.(4°"+4%" + ...+ 4 +5) chia hét cho 4™

Loi giai
M =478 4 420 4 | 442 45=420 4 420 4 |+ 471441

2019
4M—|\/|:42019—1:>|\/|:4 !

= A=75.(4"-1):3+25=25(4"" -1)+25
— 25-42019 _ 25+ 25 — 25'42019 242019



Bai 109. (Dé thi HSG 6 huyén Hoang Hoa 2018-2019)

. s 1 2 3 4 99 100 3
Ching minh rang A=§—3—2+§—3—4 ...... BF—W<E
Loi giai
1 2 3 4 99 100 2 3 4 99 100
A:§—3—2+§—3—4+ ...... +F_31W:>3A:1_§+§_§+ ...... +3E—3W
1 1 1 1 1 100
:>4A=1—§+3—2—3—3+ ..... +3ﬁ_3ﬁ_3lw
1 1 1 1 1
:>4A<1—§+3—2—§+ ..... +3E_¥ (1)
4B:B+SB:3—%<3:>B<§ (2)
3 4
3 3
Tu (@),(2)=>4A<B<—-—= A<—
4 16
B:1—£+i—%+ ..... +%—%
bat: 3 3 3 3* 3
1 1 1 1 1
:3B:2+§—3—2+¥+ ....... +3?_3E
Bai 110. (Dé thi HSG 6 huyén Tam Dwong 2018-2019)

Cho A=2012%% 4 2%25 B =2012%*
a) Chitng t& rang khi biéu dién A, B dudi dang céc sé tu nhién thi sé chit sb ciia Ava sé chit sb cla
B |2 bang nhau
b) Ky hiéu S(n) la tdng céac chit s6 cla sb ty nhién N
Tim nsao cho S, = n’>—-2013n+6
L gidi

a) Gia st s B =2012%"khi biéu dién dudi dang sb tu nhién cd nchi sb, ta co:
1000%°" < 2012%"* <10" =10" >10%* = n > 6036
Gia str khi s6 A=2012%" 4222 pjéu dién dudi dang sb tu nhién thi sé A cé nhiéu hon n chi s, tic
1a A it nhat cd n+1chit sd, suy ra:

2012712 4 22012 > 10" = 2012%" <10" < 2012712 4 22012
— 27012 10067 < 22012 Q2012 BN < 22012.(10062012 +1) , do n>6036

= 1006 < 2% 5" <1006 +1

= 2" 5" =1006%" +1.Diéu nay 1a vo Iy vi 1006™% +113 s6 &, con 2" 25" 13 s6 chan
Do d6 s6 chit s6 cia A khdng nhiéu hon sé chit sb clia B=> dfcm

b) Gia st khi biéu dién sb tu nhién n dudi dang s thap phan, ta cé:

n=a 10" +a_,.10"" +...+a.10+4a,(vdi a la cac chitsb, i=0,1,2,...,m;m e N)

n>a +a, , +..+a+a,

=>n=> S(n)

=n*-2013n+6<n

= n®+6<2014n

:>n+§£2014:>n<2014 @
n

Ma S(n) >0=n"-2013n+6>0



:>n2+622013n:n+§22013:>n22013 (2)
n

T (1) va (2) suy ra n=2013
Thirvéi n=2013ta co :

S zos) = 2013° —2013.2013+6 = 6 (thda mén)

Vay sb tu nhién ncan tim 13 2013.

Bai 111. (D& thi HSG 6 huyén Thach Thanh 2018-2019)
cho A= L 1 1 1

+ + +.ot )
1+3 1+3+5 1+3+5+7 1+3+5+7+...+2017
Chi&rng minh A<%

Loi giai
, 1 1 1 1
Taco: A= + + +ot+
1+3 1+3+5 1+4+3+5+7 1+3+5+7+...+2017
3 1 N 1 N 1 1
- (1+3).2 (1+5).3 (1+7).4 """ (1+ 2017).1009
2 2 2 2
2 2 2 2 1 1 1 1
= — ... —:— —+—+....+—
24 36 48 1009.2018 2.2 3.3 44 1009.1009
1

6
1
+| —+—+......
2 (2. 4 1008 1009)

3 3

1 11

S-S+ +———
3 3 4 1008 1009)

+(1—L :>A<1+1:>A<§
2 1009 4 2 4

Bai 112. (D& thi HSG 6 huyén Giao Thly 2018-2019)
a) Tinh tong : A=1.2+2.3+3.4+...+98.99

1,11 1
2 B= Sttt + 5
b) Cho biéu thtic 5° 6% 7 100
1 1
Chungtorang —=<B< =
g 95 2
Loi giai

2)3A=12.3+2.33+3.4.3+....+98.99.3
=12.3+23.(4-1)+34.(5-2)+....+98.99.(100-97)

=123+234-1.23+345-23.4+.....4+98.99.100—97.98.99 = 98.99.100
= A=98.99.100:3=323400

Foet
45 5.6 99.100



B<——=+=—=+..... +——

4 5 5 6 99 100
<l_i<l()

4 100 4

1 1 1
>—4+—+....+

56 6.7 100.101

1 111 1 1
B>~——+———+... +———

5 6 6 7 100 101
s 1 1 % 9% 11,

5 101 505 576 6 6

1 1
Tu (1) (2) :>€< B<Z
Bai 113. (P& thi HSG 6 huyén Giao Thiy 2018-2019)
Cho A=1+4+4°+4%+.....+4% +4%;, B=4"
Chung minh rang: A< %
Loi giai
AA=4 (14448 + 8+ + 4% +47) =418 4+ 8 4 447 147

00
4A—A=41°°—1:>A=4 1

4100 _ 1 4100 B

Vi 4% 1< 4% = <—:>A<§

Bai 114. (D2 thi HSG 6 truding Trdn Phi 2018-2019)

Cho M =2+422 423 +2% ... .4 2° 4 2%8
a) Tinh M
b) Chung t6 rang M chia hét cho 3

Loi giai
a) Tacod 2M =27 +2° + 2% ...+ 2708 1 2201
Lidy 2M —M =22 _2 Viay M =2%° _2
b)

M =(2+2°)+(2°+2")+(2°+2° ) 4..ooo+ (277 +27%)
M =2(1+2)+ 2% (14 2) + 221+ 2) + ..o+ 227, (14:2)
M=3(2+2°+2°+....+2°)

Vay Mi3

Bai 115. (D& thi HSG 6 huyén Vinh Twong 2019-2020)
Chtng minh rang: A=1+2+2%+......+2%%°:3



A=1+2+22+2°+..+2°% =(1+2)+ 22 (1+2)+

Bai 116.

A=2%+4% +6°
2A=2.(22+42

+.....+98?
o +962+982)

=2.22+244+...+2.98.98=(1+3).2+(3+5).4+....+

Loi giai

=12+23+34+4.5+....+97.98+98.99

6A=3.12+3.23+....
=123-01.2+234-

.+3.98.99

1.2.3+.....4+98.99.100—-97.98.99

=98.99.100 = A =98.99.100: 6 =167100

..... +27%%(1+2):3

( Pé thi HSG 6 huyén Nga Son 2016-2017)
Khong st dung mady tinh hay tinh gia tri cda biéu thirc: A=22+4% +6%+

(97+99).98

Bai 117. ( Pé thi HSG 6 huyén Nga Son 2016-2017)
1 1 1 3 4
Choténg S=—+—+......+—.Ching minh =<S<—
31 32 60 ) 5)
Loi giai
1 1 1 1 1 1 1 1 1
N)S=| =+ —F.t— |+ = F—F it — || ==+ —
31 32 40 41 42 50 51 52 60
(1 1 1j (1 1 1j (1 1 1)
=S< — +— |+ ==+ = || ==+ —
30 30 30 40 40 40 50 50 50
S<E+E+E:> <ﬂ<§:> i(1)
30 40 50 60 60 5
1 1 1 1 1 1 1 1 1
NS> —+—+.t— [+ = —F it — [+ —F+—F+ . —
40 40 40 50 50 50 60 60 60
—g>20,10 10 . 37,36 - (2
40 50 60 60 60
T (1) va (2) suy ra diéu phai chirng minh
Bai 118. ( Pé thi HSG 6 huyén Vinh Ljc 2017-2018)
2 3 4 2016 2017
Cho tong T—21 > 23 ........ s — = S - Sosanh Tvéi 3
Loi giai
2 3 4 2016 2017
:—1+—2+—3 ...... W W
2 2° 2 2 2
3 4 2016 2017
2T:2+ l+? ...... W‘i‘w
3 2 4 3 2016 2015 2017 2016 2017
2T_T:2+§_§+?_?+ DWI4 92U | o5 2015 52016
1 1 1 2017
T:2+§+?+ ...... W_W
5 1 1 1 1 1 1
BtN:—1+?+ ...... +22015:2N 1+2—+2—+ ...... +W
2N-N=1- 22015:>N<1
Nén T<2+1- 2017:3—2017:>T<3

22016

22016

+98?



Bai 119. (D& thi HSG 6 huyén 2018-2019)

1) Cho téng gom 2014 s6 hang: S:1+—+—+—+ ...... + =

s 1
Chirng minh rang S < 5

2) Tim tat ca cac s6 tu nhién n, biét rang n +S(n) = 2014, trong d6 S(n) 1a tong céc chit s6 cua
n.

Loi giai
1)4S=1+§+4—32+ ..... +%
:>3S=4S—S:1+%+%+ ..... +42_%13_%
=3 <Lttt DatM =142+ 4 +ﬁ
=>4l\/|:4+1+%+4i2+ ..... +42—1012

2013

:>3M:4M—M:4—4L<4:M<g

:>38<ﬂ:>8<ﬂ<ﬁ:1
3 9 8 2
2) Néu Nnla sd co it hon 4 chir s6 thi n<999va S(n) <27
Suy ra n+S(n) <999+ 27 =1026 < 2014(ktm)
Mit khac n <n+S(n)=2014nén n 13 s6 co it hon 5 chir s6. VAy n 1a sb tu nhién c6 4 chit sb, suy ra

S(n)<9.4=36. Do vdy, n>2014—36=1978

R n=19ab
Vi 1978 <n <2014 =
n = 20cd
*Néu n=19ab.Tac6:19ab+(1+9+a+b)=2014

<1910+11a+2b=2014 < 1la+2b =104 =a:2
Val1lla=104-2b>104-29=86=8<10<a,a:2=>a=8=b=8
= n =1988(tm)

*Néu n =20cd. Ta c6: 20cd +(2+0+c+d) = 2014

= 2002+11c+2d =2014 =11lc+2d=12=¢c:2
c=0=d=6=n=2006(tm)

¢ =1=> 2d =1(ktm)

Viy n e {1988;2006)

Bai 120. (D2 thi HSG 6 huyén Hau Loc 2017-2018)

Thyc hién phép tinh: A= 1+i l+i 1+i 1+;
1.3 24 3.5 2017.2019

Loi giai

A= (1+ij(l+ ij(1+ ij(l+;j
1.3 2.4 35 2017.2019

4 9 16 2018* 2.2 3.3 44 2018.2018

Va 1lc£12:>{

1324 3. 2017.2019 1.3'24°35 2017.2019



~234...2018.234.....2018 2018.2 4036
123.....2017.3.45......2019  1.2019 2019

Bai 121. (D& thi HSG 6 huyén 2018-2019)
Thuc hién tinh:
a)A=1+1(1+2)+1(1+2+3)+ ..... +i.(1+2+....+2013)
2 3 2013
b)B = 1- 3 2— 4 3- 5 4-— 6+ +2011—2013+2012—2014_2013.2014
13 2.4 35 46  2011.2013 2012.2014 2013.2014
Loi giai
n(n+1)
a)Taco1+2+3+....+n= 5
123 134 1 2013.2014 3 4 2014
=>A=l+—.—+—.—+..... =l+—4+—+..... ——
2°2 32 2013 2 2 2
A+l:l+z § ...... % 1(1+2+3+ ..... +2014)
2 2 2 2 2
1 1
A= —(1+2+3+ ..... +2014)——=1014552
2 2

b)B=-2 i+i+ +;+i+i+ ..... + ! I
2013 2014

1.3 35 77 20112013 24 46 2012.2014
B PO o PSS ) B S
113 21 3)'35 2\3 5)777772011.2013 2\2011 2013

L1111y 11/ 1y, 1 11 1
24 2\2 4)'46 24 6) 777720122014 22012 2014

Thay

111 1 1 11 1 1 1 1
=B=—|1- 44— ———+ -4+ — — —
3 3 5 2011 2013 2 4 2012 2014 ) 2013 2014
B__3
2
Bai 122. (P& thi HSG 6 huyén Cam Thily 2017-2018)
1 1 1 1 8
Cho S=—+—+—+..+— . Ching minh S<—
22 3 4 9 9
Loi gidi
s L1, 1.1 1

_?+3_2+F+'"+?
Taco



1 1 1 1 11
:>S<_+_+_+'"+_:i_5+

11,
12 23 34 789 2 3

. 8
Vay S<§
Bai 123. (D& thi HSG 6 huyén Cdm Thiy 2017-2018)

Tim s6 ty nhién n va chit s6 a biét ring: 1+2+3+..+n —aaa

Loi giai
1+2+3+..+n=aaa=(1+n)n:2=11la=n(n+1)=2337.a
Ma 37 12 s6 nguyén to
*néun>37suyra N>37.2=74 khid6 n+1<3a<39=27=n<26 vd ly
Nén n<37 suyrachi xayran=37 hoacn+ 1 =37

+) Véin=37 :>37.38=2.3.37.a:>38:6.a:>a=3—:¢ N (loai)
+)Véin+1=37 =36.37=2.3.37a=36=6.a=a=6 €N thoa man
Vayn=36,a=6
Bai 124. (D& thi HSG 6)
Tinh: A =4+2°+2°+2% +..+2%
L gidi:
2A = 8+28+2°+2° +.. 427,
= 2A-A = 2% 48-(4+2°)+(2°-2°)+..(2°-2") = 2"

Bai 125. (D& thi HSG 6)
Cho:S=3"+32+3"+3° +...+3%2

a) Tinh S
b) Chitng minh S : 7.
LOi giai:
a) Taco S= 3 +3+3*+3°+...+3%
FS= F+3'+3°+3F +..+3 (0,50
32004 _1
Suyra: 85= 3 -1=>S= (0,5d)



b) S = (3 +3+3")+3° (37 +37+3")+..+3% (3 + 37 +3")
= (3°+32+34)(1+36+...+31998)

= 91(1+3° +..+3°") (0,75d) suyra: S i 7 (0,25d)

Bai 126. (P& thi HSG 6)

ChoA=3+32+3+3* ... + 3190 chigng minh A chia hét cho 120
Lo gidi:

Ta nhom 1am 25 nhém, mdi nhoém 4 sé hang nhu sau:

A= (3+32+ 3%+ 3%+ + (397+3%+3%9+310)

=3 (L+3+343F)+....... +397(1+3+32+3%) 0,5 &

Talai thay: 1 + 3 + 32+33 =40

Nén A=40. (3+3°+3%+......... +397) 0,5
=403 (0 +3*+38+......... +3%) 0,54
=120. (3°+3*+3%+......... +3%)

Diéu nay chimg to6 A:120 (dpcm) 0,5d
Bai 127. (P& thi HSG6)
Cho A=7+7%+ 75+ ..+ 71 Chtng minh ring A chia hét cho 35
Loi gidi:
A=T7+73+75+  + 7199 = (7 + 73) + (75 + 77) _— + (71997 +71999)
A=71+7H+7PA+7)+ ...+ 71+ 77
A=750+7°50+7°50+.. + 719950

— A Chia hét cho 5 (1)
A=T+TB+T7P+  +T799=7(70+ 72+ 7%+ |+ 719%)

— A Chia hét cho 7 (2)
Ma UCLN(5,7) = 1 = A Chia hét cho 35.
Bai 128. (D& thi HSG 6)

Cho m=1+1+1+ ........... +L véim, n 1 s tu nhién
n 2 3 1998
Loi giai:

m 11 1 . £ , X NAn A s s % .
—=1+=4+=+. +——. Tu 1 dén 1998 c6 1998 s6 Nén vé phai c6 1998 s6 hang ta ghép
n 2 3 1998
thanh 999 cap nhu sau:
m 1 1 1 1 1 1 1
—=l+— |+ = —— || = — [+ rrren +| —+—
n 1998 2 1997 3 1996 999 1000

1999 1999 1999 1999
= A+ + o +—

1.1998 2.1997 3.1996 999.1000

Quy ddng tat ca 999 phan s nay ta duoc:
m 19994, +1999.a, +1999.8, +.......4+1999.25, +1999.855 +1999.84
n 1.2.3.456.7.8.9. . ciciiiieiiimii et 1996.19978.1998

Voéiar,az,as, .. , Q998 , Aggo € N




m_1999.(a +a, +a; +........ F 8gg; + Aggg + Aggg)
n 1230, 1996.1997.1998

Vi 1999 1a s6 nguyén t6. Nén sau khi rat gon, dua vé dang phén s toi gian thi tir sé van con thira sb
1999. Vay m Chia hét cho 1999.

Bai 129. (D& thi HSG 6 huyén PAm Ha truwong Quang Lei 2007-2008)
Tinh cac tong sau bang phuwong phap hop 1y nhit:
1 1 1 1
=t —t—+.+—
12 23 34 49.50
2 2 2 2
=—t—t—t..—
35 57 79 37.39
Loi giai
Ta co:
1 1 1 1
=t —t— . +—
12 23 34 49.50
111111 1 1
A== -t +———
122 3 4 4 49 50
1.1 49
1 50 50
Ta con co:
2 2 2 2
B=—+—+—+..+—
35 57 79 37.39
111111 1 1
B==—=+=-Z4+=—+.+———
3 55 7 79 37 39
211 12 4
3 39 39 13
Bai 130. (D¢ thi HSG 6 huyén Pam Ha truwong Quing Lei 2007-2008)
Tim neN biét: 1+3+5+...+(2n-1)=225.
Loi giai

1+2n-1).n 2n*
= =N
2 2

Ta cé: 1+3+5+...+(2n—1)=(

suy ra n* =225
Vay n=15
Bai 131. (D& thi HSG 6)
Tinh gia tri cac biéu thirc sau:
16 14 7 7 1
= + + + + .
1531 3145 4552 52.65 13.70

Loi giai
16 14 7 7 1

= + + + +
15.31 3145 4552 52.65 13.70
1 1 1 1 1 1 1 1 5

T15 31 31 45 45 52 52 65 65.70
11 1 1 1 1 1 1 1 1

15 31 31 45 45 52 52 65 65 70
1 1 _14-3 _11

15 70 1514 210




Bai 132. (Dé thi HSG 6 huyén Ngoc Lac trudnmg Cao Thinh 2006-2007)
Tinh gia tri ctia biéu thirc :
a) A=1+(-2)+3+(-2)+...+2003+(—2004)+ 2005
b) B=1-7+13-19+25-31+...(B ¢ 2005 s6 hang)
Loi gidi
a) A=1+(—2+3)+(-3+4)+...+(—2002+2003)+(—2004 + 2005)
=1+1+1+....+14+1+1( c6 1002 s hang)
=1003
b) B=1-7+13-19+25-31+...(B c6 2005 sb hang)
=1+C

Tacon c: C =(—7+13)+(-19+25)+(-31+37)+....(C ¢6 1002 cap)
=6+6+6+....

=6012
Vay B=6013
Bai 133. (D¢ thi HSG 6 Phong GD-DPT Tam Duwong 2018-2019)
Cho A= 1—l+1—1+ ..... - L B = L + 1 +..... +i.
2 3 4 2012’ 1007 1008 2012

2013
Tinh (éj
B

Loi gidi
Tacd: A= 1—1+1—£+.-.—L
2 3 4 2012
1 11 1 1 11 1
=l+=+=+—+. . F— 2| =+ =F .+ —
2 3 4 2012 (2 4 6 2012)
1 1 1 1 1 11 1
=14+ +=+=+.... +——(1+ F+=+—+..... +—
2 3 4 2012 2 3 4 1006

1 1 1

=t —— .=
1007 1008 2012

2013
Suy ra: gzlz(gj =19 =1

AN
Vay | — =1
(2]

Bai 134. (Peé thi HSG cép truong)
Chuang minh rang:

1111111

V2748 5 % 643
bl 2 3 4 99 100 3
3T ETTE
Loi giai
a)DétA—l—l 11 1 1 1 1 1 1 1 1

___+___
248163264222 22 20 22 2°



1 1 1 1 1

SRR Tt T
6_
:»2A+A=3A=1—i6=2—61<1
2 2

=3A<1l=> A<%

1 2 3 4 99 100
b)£)tA—3 32+3—3—3—4 ..... 3 gw
2 3 3 3 99 100
= 3A= 1—5—3—24-3—3—3—44- ...... +3E_3F
1 1 1 1 1 100
:>4A=l—§+3—2—3—3 BE—BE—gLOO
1 1 1 1 1
=4A<1l-—+ 2—3—3 ...... 398_?)? ()
1 1 1 1 1
DtB=1——+ 2 3—3 ..... F—sgg
1 1 1 1
=3B = 2+§—3—2+ +3?—3§
4B=B+3B= 3—3i<3:>B< (2)
3 3
Tr(l)va(2) >4A<B<—-—=>A<—
4 16

Bai 135. (Pé thi HSG cip truong)
Tinhtong S =1.2+2.3+3.4+.....+99.100

Loi giai
S=12+23+3.4+.....+99.100
3S=(12+2.3+34+....+99.100).3
=1.2.3+2.3.3+3.4.3+....+99.100.3
=1.2.3+2.3.(4-1)+3.4.(5-2)+....+99.100.(101—98)
=1.2.3-12.3+2.34-23.4+3.45-....—98.99.100+ 99.100.101
$=99.11.101:3=33.100.101
Bai 136. (Pé thi HSG cép truong)

1 1 1 1 1 7
Ching to raing — + — + —+ .o+ —+ — > —
41 42 43 79 80 12

Loi giai

1 .1 A X
Ta thay — dén — c0 40 phan so
41 80

1 1 1 1 1 1
Vay —+—+—+...... —+—=+—
41 42 43 78 79 80



1 1 1 1 1 1 1 1
=l —+—4t—+— [+ —F—+ .t —+—| (@)
41 42 59 60 61 62 79 80

(1 1 1 1 1 1 1 1

Taco | —+—+.ct—+— |+| =+ —=+..+—+—
(60 60 60 GOJ (80 80 80 80)

20 20 1 1 7
60 80 3 4 12
1 1 1 1 1 1 _ 7

Tur (1),(2),(3):>4—1+E+4—3+ ...... +7_8+7_9+%>E

Bai 137. (Pé thi HSG cip truong)
6 6

Tl'nhténgS:i+—+—+ ...... +
25 58 811 29.32

Loi giai

©)

vachingto S <1

Tacd S=2. i+i+ ..... +i
25 538 29.32

1 111 1 1 1 1 30
=2|=—=+=———F.t———|=2| = —— |=—<1
[2 5 5 8 29 32) (2 32) 32

Vay S<1
Bai 138. (Pé thi HSG cip truong)
Cho 10 s6 tu nhién bat ky: a,a,,.....,&,.Ching minh rang thé nao ciing c6 mot s6 hoac mot tong

mot s6 céc so lién tiép nhau trong ddy déu chia hét cho 10.
, Loi giai

Lap day so

Dit B =3,

B,=a +a,

B,=a +a,+a,

Néu ton tai B, (i =1,2,3....10) nao d¢ chia hét cho 10 thi bai toan duoc ching minh

Néu khong ton tai B, nao chia hét cho 10 ta 1am nhu sau:

Ta dem B, chia cho 10 s& dugc 10 s6 du (cac s6 du €{1,2,3,...,9}). Theo nguyén tic Dirichle, phai
c6 it nhét 2 s du bang nhau. Cac sé B, — B, chia hét ch10(m > n) (dpem)

Bai 139. (Pé thi HSG cip truong)
Tim s6 ty nhién nva chit s abiét ring: 1+ 2+3+......+n=aaa
Loi giai



Ma theo baitacod: 1+ 2+3+....+n=aaa

1
Suyra (n+ )n

~—/ =aaa=alll=a337=n(n+1)=2337a

Vi tich n(n+1)chia hét cho s6 nguyén t6 37 nén nhoac n-+1chia hét cho 37

- (n+D)n L n=37
Vi so c63chtrsonén n+1<74 =
2 n+1=37
V6i n=37thi 37—238 = 703(ktm)
Voi n+1=37= g = 666(tm)
Vay n=36,a=6=1+2+3+.....+ 36 = 666
Bai 140. (Pé thi HSG cép truong)
Cho S=1+1+£+ ..... +i+i+ivé P=i+£+i+
2 3 4 48 49 50 49 48 47
Loi giai
_1,.2.3 48, 4
49 48 47 2 1

+§+£.Héytinh S
2 1 P

50 50 50 50 50 50 50
= —4+—+.t— |[Hl=—t—+—+ .+ —
49 48 2 50 49 48 2
=50. i+i+....+1 :E:i
50 49 2 P 50
Bai 141. (Pé thi HSG cip truong)
Cho M =i2+i2+i2 ..... + L >+ L 5. Chitng minh M <1
2° 3 4 2009° 2010
Loi giai
Taco:
1 1 1 1
M<—+—+...+ +
12 23 2008.2009 2009.2010
1111 1 1 1 1

< e - + -
12 2 3 2008 2009 2009 2010

M <1—i:> M <1
2010



Bai 142. (Pé thi HSG cap truong Bic Nghia)

Tinh M :i+i+
57 79 911

1 2 3
—t—+—

b Cho A= 99 98" 97

3

9 10 11

1,11

1)_356 84
61) 2305 305
1 2 3 99

—+—+ —
99 98 97 1

NIw NDIlw NDlw

L

D) A 99

1 1 1
JE— + N N
45 50 55

Loi giai

1
""" 100
T sd

(245}

(100 100 100

(100 j 99
+| —-1|+—
2 1

+1(2)0j (1+1+1+...

100 100 _ 100 100
2 100

1)
+_
2

99 98 97
100 100 100
=—+—
99 98 97
_100. 1 l 1
100 99 98

1 1
.
(100 99

9 10 11

1 1 1
N + N -
45 50 55

9 10 11 100

+1)+@
1

500



LT )

=0+40. i+i+i+ ...... +i
45 50 55 500
40(415+510+515 ...... +5$0j
Vay B= T 1 1 1 =40 (2
—t—t—F.nt—
45 50 55 500
A _100

Tir (1) va 2) = o =7, = 250%

Bai 143. (Pé thi HSG huyén Viét Yén)

2 3 4 2012 2013
Cho A—l+3+(3J +(§j +(§j + . +(§j va B:(E] 2
2 2 \2 2 2 2 2

Loi giai
Ta co:

A:l+§+(§jz +(§j3 +(§j4 + e +(§jzm 1)
2 2 \2 2 2 2
3a-3, (ﬁf + (é)s + (§T Fot (§j2013 )
2 4 \2 2 2 2

=
Lay (2) trir (1) ta duoc:
2013

Sa_A- Ej 313
2 2 4 2 2

2013 2013
1A= 3 +§:>A:%+1
2 2 4 2 2

2013 2013
Viyg_a e 3% 5

92014 52012 +§
Bai 144. (P& thi HSG huyén Quynh Luu)
Cho biéu thirc : M =5+5%+5° +......+5%. Chung to rang:
a) M chia hét cho 6
b) M khong phai 1a s6 chinh phuong.

Loi gidi

a)M =5+5°+5°+.....+5%
:(5+52)+(53 +5“)+....+(579 +58°)

=(5+52)+52.(5+52)+ ...... +5".(5+5°)



:30.(1+52+ ..... +578)530
b) Tathdy : M =5+5°+5° +.....+5% chia hét cho 5 (1)

Mit khac, do 5% +5° +.....+ 5% chia hét cho 5°
Suyra M =5+52+5%+......+5% khdng chia hét cho 25 (2)

Tur (1) va (2) suy ra M khong 1a sb chinh phuong.

Bai 145. (D¢ thi HSG 6 quin Ba Pinh 1990-1991)
Cho A= 4 + 0 + J + !
317 7.42 1041 10.57

7 5 3 11
B= + + +
19.31 19.43 23.43 2357

. A

Loi gidi
4 6 9 7 1( 4 6 j 1 ( 9 7 j 50 80 130
+ +— |+ +

317 741 1041 1057 7\31 41) 1041 57) 3141 4157 3157

7 5 3 11 1(7 5 13 11 24 28 52
= + + + =—| —t+— |+—| —=+— |= + =
19.31 1943 2343 2357 19\31 43) 23\43 57) 3143 4357 3157
. A 130
Vay o =7
B 52
Bai 146. (Dé thi HSG 6 truomg THCS Lé Ngoc Han 1997-1998)
L 1 1 1 1
Tinh tong: A= + + 4ot —
1234 2345 3456 27.28.29.30
4 4 4 4
B=—+ + +...+
58 811 11.14 305.308
Loi giai:
Taco: !
n(n+1)(n+2)(n+3)
B 3
3n(n+)(n+2)(n+3)
B 3+n-n
3n(n+1)(n+2)(n+3)
_1f n+3 ~ n
3| n(n+D(n+2)(n+3) n(n+1)(n+2)(n+3)
| S 1
3[n(h+1)(n+2) (n+)(n+2)(n+3)
Nén:A:l+l+l+ ............... +;
1234 2345 3456 27.28.29.30



_1[ 1 1 } 1 4059 451
32

3/1.23 28.29.30 8.29.30 8120
B_ﬁ(;_;ji[;_ij ( j (1 1 j 4303 _ 101
35 8) 3ls 11) 7 305 ' 308 5 308) 35.308 385
Viy AtB- 451 101 _ 28390
8120 ' 385 89320
Bai 147. (D& thi HSG 6_ Qudn Hai ba Trung 1996 - 1997)

2 2 2
11.16'16.21'21.26"

Cho day phén sb dugc viét theo qui luat:

a) Tim phan s thir 45 cua day sb nay.
b) Tinh tong ciia 45 phan s6 nay.
Loi gidi:
2
231.236

a) Phan s6 thtr 45 ctia day s6 1a

b) Tong cuia 45 phan s6 nay 14 :

g(5+5++ 5 2(&_&&_& 1_1)_45
5(11.16 1621 =~ 231.236) 5 1298

...t
11 16 16 21 231 236
Bai 148. (Pé thi HSG 6)

Y 2 2 2 2 2
a) Tinh tong: S=—+—+—+...... + +
1.2 23 34 98.99 99.100

b) Chiing minh ring: (3+3”+3°+3" +...+3):40
Loi giai:

2 2 2

—+ + +

12 23 34 98.99 99.100

1 1 1 1 1
=2 —+—+—+...... + +
12 23 34 98.99 99.100

1 1 1 1 1
— S+ =
4 98 99 99 100

3
(1 1j:2g 99 _, 49

100 50 50
b) 3+37 +3°+3* +...+3%
=(3+32+33+34)+(35+36+37+38)+...+(397+398+399+31°°)
=(3+32+33+3“)+34(3+32+33+34)+...+3%(3+32+33+34)
—120.3° +3%120+...+3%.120
=120.(3°+34+...+3%)240

Bai 149. (Pé thi HSG 6)
Mot diy sb cong ¢ 45 sb hang. Biét s6 hang & chinh gitra 1a 50. Hay xac dinh ddy sb cong.



Loi giai:

Trudce s6 hang chinh giita ¢6 22 s6 hang , sau s6 hang chinh giita c¢6 22 s6 hang.
* Néu cong sai d =1thi u = 50 — 22=28

Diy s6 d6 1a 28, 29, 30,...50,...71, 72.
* Néu cong sai d =2thi u, =50-22.2=6

U, =50+222=94
Diy s6 d6 14 6, 8, 10,...50,...92, 94.
D@ thay cong sai d khong thé 16n hon 2.



