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LGi cam on

Luan van nay dugc hoan thanh duéi sit huéng dan tan tinh clia thay gigo
PGS.TS Nguyén Viét Hai. Toi xin bay t6 long kinh trong va biét on sau
sac dén Thay.

Trong qué trinh hoc tap va lam luan van, tt bai giang cia cac Giao su,
Pho Gido su cong tac tai Vien Toan hoc, cac Thay Co trong Dai hoc Thai
Nguyeén, tac gia da trau doi thém rat nhiéu kién thiic phuc vu cho viéc nghién
citu va cong tac ctia ban than. T day long minh, tac gia xin bay t6 long cam
on sau sic t6i cac Thay Co.

Tac gia xin chan thanh cam on Ban Giam hiéu, phong Dao tao Khoa hoc
va Quan hé qudc té, Khoa Toan - Tin truong Dai hoc Khoa hoc, Dai hoc
Thai Nguyeén da quan tam va gitp dd tac gid trong suot thoi gian hoc tap tai
truong.

To6i cling gti 161 cdm on dén Ban giam hiéu va cac dong nghiép clia toi &
truong THPT An Hai - Hai Phong da dong vién, gitp do toi rat nhiéu trong
qua trinh hoan thanh luan van nay.

Cudi cting to6i xin gti 161 cdm on t6i gia dinh da luon dong vién, giap dé
va tao diéu kién t6t nhat cho toi khi hoc tap va nghién ctu.

Tac gia

Nguyén Thi Thiy Hdng



M3& dau

Trong chuong trinh toan pho théng, hoc sinh nhiéu lan da nghe khai niem
"]6n nhéat, nhé nhat, gia tri cuc dai, gia tri cuc tieu", dé chinh la cac khai
niém lién quan dén bai toan cyc tri. Ngay khi hoc ¢ Trung hoc co sd, hoc
sinh da gip cac bai toan nhu: "Tim dién tich 16n nhat ciia tam giac, clia ti
giac" hay "xac dinh vi tri ctia dudng thing a dé dién tich tam giac ABC la
nhé nhéat",.. . Cac dai luong hinh hoc duge hoc ¢ pho thong la: Do dai, s6 do
goc, dien tich, theé tich. Lien quan dén cac dai luong hinh hoc 1a cac bai toan
tim gia tri 16n nhat, gia tri nhé nhat clia cac dai luong ma ta goi tat 1a bai
toan cuc tri hinh hoc.

Nhicu bai toan vé ciue tri hinh hoc dan dén céc cach ching minh dic sic.
Chiing c6 tac dung phat trién tu duy logic, phat huy tinh linh dong va sang
tao khi nghién citu toan. Chinh vi vay nhiéu bai toan vé cic tri hinh hoc da
dudc chon trong cac ky thi hoc sinh giéi toan toan quéc bac THCS va THPT.

Bai toan vé cuc tri hinh hoc thuong dude phéat biéu dudi cac dang sau:
Dang 1: Tim gia tri 16n nhat, hay gia tri nhé nhat clia mot dai lugng nao do;
Dang 2: X4c dinh vi trf ctia (diém, dudng thang, mat phang...) dé dai lugng
hinh hoc nao do6 dat gia tri 16n nhat hay nhé nhat. Bai toan tim cic tri chi
xuat hién khi c6 su chuyen dong ciia déi tuong hinh hoc hodc c6 dai lugng
hinh hoc bién thién.

Y nghia cua bai toan cuc tri: Bai toan cuyc tri hinh hoc thuong lién quan
dén thuc tién. Dé giai cac bai toan nay ngudi lam toan phai biét tong hop
céc kién thiic khac nhau ctia Toan hoc thuong 1 céc kién thiic vé dai s6, vé
hinh hoc, vé giai tich,... M4 rong hon cac bai toan cuc tri 14 cidc bai toan vé
t6i uu hoéa, chinh vi thé bai toan cire tri hinh hoc con c6 tinh tng dung cao

trong 1y thuyét ciing nhu trong thic hanh. D6 ciing 1a 1y do dé tac gid chon



dé tai luan van "Cuyc tri trong hinh hoc".

Pham vi ctia luan van la tim vd hé thong lai cac phuong phap giai toan
ctic tri hinh hoc bang cac cong cu toan hoc da co.

Ngoai phan md dau noi dung luan van chia lam ba chuong

Chuong 1 danh dé trinh bay Giai toan cyc tri hinh hoc bang cong cu hinh
hoc tuan tuy.

Chuong 2 de cap dén Giai toan cyc tri hinh hoc bang cong cu dai so.

Chuong 3 trinh bay cic phuong phap khac dé giai cac bai toan kho hon 1a
Phuong phap duong miic va két hgp cidc phuong phap khéc.

Khi gap mot bai toan cuyec tri ta thuong suy nghi theo mot trong cac huéng
sau:

Thit nhat: Dung phuong phap ctia hinh hoc thuan tiy dé khao sat biéu
thitc can tim cuc tri.

Thit hai: Dat mot dai luong thay doi nao doé bang bién ¢ rdi viét biéu thiic
can khao sat thanh mot ham ctia bién t. Sau d6 khao sat ham vita tim duge
bang cic phuong phap cla dai so.

Thit ba: Dung cac bat ding thic dai s6 dé danh gia biéu thic can khao
sat.

Duéi day la mot vi du sit dung ca ba huéng suy nghi trén

Vi du 0.1. Trong mdt phing toa do Oxy, viét phuong trinh duong thcfng A di
1

qua M (1;2) va cdt cac truc Ox, Oy lan ligt tai A, B khac O sao cho —— OA2 @

bé nhiat.
Giai.
O vi du nay, ta trinh bay theo ba huéng:
Huéng 1: Ha OH LA, trong tam giac vuong OAB, ta co:
1 1 1 1

>
042 T 0B T Om2 = O

(khong d&i).
Dau dang thic xay ra khi va chi khi:

H=M<<& OMLA.

1
Vay oL OB2 dat gia tri bé nhat khi dudsng thang A di qua diem M (1;2)

va ¢6 vecto la OM (1;2) .



Hinh 1:
Vay duong thang A can tim la
(x—1)4+2(y—2)=0=x+2y—5=0.

Nhan xét:
p . 1 1 1 ’ , N
- Phép bi/én doi 02 + 0B = e la chuyen bieu thic bafl dau véi hai
dai lugng bien thién OA, OB veé bieu thiic con mot dai lugng bien thién OH.

- Cach giai trén khong maé r()ng duge cho bai toan tong quat hon: xac dinh

vi tri clia dudng thing A dé — nho nhat (a > 0,6 > 0).

b
OA2 OB2 )
Huéng 2: Duong thang A di qua diém M (1;2) va khong qua goc nén né
la dudng thing c6 hé sb6 goc k v6i k £ 0, k # 2

Khidé: Aty—2=k(z—-1) e y=kr—k+2.
1 k2 +1

(k=2 ‘ s 1 _
Ta co: A(T,()) ,B(0;2 - k) va O A2 JrOB2 B (k;—2)2'

Xét ham so:

k*+1
k) = k£0,2).
f(k) (k:—22)2( #0,2)
—4k* + 6k + 4
"(k) = )
f'(k) 2
k=2
Taco f'(k) =0« —4k*> +6k+4=0< . 1 -
T2
Ta dé lap dugc bang bién thién ctia ham s6 f (k). Tt d6 suy ra

Vay f (k) nhé nhat khi va chi khi & — _%.

1 1 1
Do do6 O OB2 nho nhat khi va chi khi k = —5E3T +2y—5=0.
Huéng 3: Gia su A (m;0), B (0;n),m,n # 0.



. . .2 1 1
KhldéA:£+g:1dlquadlémM(1;2)nén—+—:1
mon

m  n
Ap dung bat déng thitc Svars ta co:

1 2\2 1 1
1=(—+—) §(12+22)(—2+—).
m n m

2
Dau ding thic xay ra khi va chi khi:

(1 2
S
m n
1 2 5
— 4+ 2 n——
S 1 s moon & 2
2 1
S
R 1 1 1 1 1
Nhwvey Gt om T2

Dau bang x4y ra khi va chi khi m = 5,n = g nghia la z + 2y — 5= 0.

Trong phan tiép theo toi sé di trinh bay chi tiét noi dung ctlia ting phuong
phap va minh hoa bing cac vi du cu thé.



Chuong 1

Giai toan cuc tri hinh hoc bang

hinh hoc thuan tay

1.1 CaAc tinh chat, dinh 1y vé so sanh cac dai luong
hinh hoc

1.1.1 Bt dang thic tam giac

Ta ¢6 cac két qua sau day xem [10]

e Trong mot tam giac, tong do dai hai canh bat ki bao gid ciing 16n hon
do dai canh con lai.

e Trong mot tam gidc, hieu do dai hai canh bat ki bao gio ciing nhé hon
do dai canh con lai.

e Trong mot tam giac, do dai mot canh bao gic cting 16n hon hiéu va nho

hon tong do dai ctia hai canh con lai
AB < AC+CB

(Dau “=” xdy ra khi va chi khi C § gitta A,B)

e Doan thing néi hai diém c6 do dai ngan nhét so véi moi duong gap khic
no6i hai diém do.

e Trong mot tam giac, d6i dién véi canh 16n hon 1a goc 16n hon.

e Trong mot tam giac, canh déi dién v6i géc 16n hon 1a canh 16n hon.



1.1.2 So sanh dudng xién - hinh chiéu va ngudgc lai

e Dudng vuong goc ngan hon moi dudng xién.

Hinh 1.1:

e Trong céc duong xien va duong vuong goc ké tit mot diem & ngoai mot
duong thang dén duong thing do thi duong vuong goc la dudng ngan nhat.

e Trong hai dudng xién ké tit mot diém ndm ngoai mot dusng thing dén
dudng thing doé:

a) Duong xién nao 16n hon thi ¢6 hinh chiéu 16n hon;

b) Duong xién nao ¢6 hinh chiéu 16n hon thi 16n hon;

c¢) Néu hai duong xién bang nhau thi hai hinh chiéu bang nhau, va ngugc

lai, néu hai hinh chiéu bang nhau thi hai duong xién bang nhau.

1.1.3 Quan hé dudng kinh va day cua dudng tron

e Trong cac day cila mot duong tron, day 16n nhat 1a duong kinh.
e Trong mot duong tron, duong kinh vudng goéc v6i mot day thi di qua

trung diém ctia day &y.

1.1.4 Lién hé gitta day va khoang cach tir tam dén day

Trong mét duong tron:

a) Hai day bang nhau thi cach déu tam.

b) Hai day cach déu tam thi bang nhau.
Trong mdt duong tron:

a) Day nao 16n hon thi day d6 gan tam hon.
b) Day nao gan tam hon thi day d6 16n hon.

Ap dung cac két qua trén vao bai toan cuc tri.



1.1.5 Quan hé gitta dién tich va chu vi cia moét hinh

e Trong cac hinh ch@ nhat c6 cing chu vi thi hinh vuéng c¢6 dién tich 16n
nhat.
e Trong cac tam gidc c6 chung day va géc déi dien khong doi, tam giac

can co dién tich 16n nhat.

Hinh 1.2:

1.2 Cac vi du

xem [10, 11]
1.2.1 Vi du st dung quan hé gitta duéng vudng goéc, dudng xién,
hinh chiéu

Vi du 1.1. Cho hinh vuong ABCD. Trén cdc canh AB,BC,CD,DA ta lay
theo thi tu cdc diém E,F,G,H sao cho AE = BF = CG = DH. Xdc dinh vi
tri ctia cdc diém E,F,G,H sao cho ti& gidc EFGH ¢6 chu vi nhd nhat.

Giai.
AHAFE = AEBF = AFCG=AGHD = HE=FEF =FG=GH
Suy ra EFGH la hinh thoi.

AHE = BEF = AHE + AEH = 90° = BEF + AEH = 90° = HEF = 90°



Hinh 1.3:

= EFGH la hinh vuong

O = AC N EG. Tt giac AECG ¢6 AE = CG,AE//CG nén la hinh binh
hanh suy ra O la trung diém ctia AC va EG, do d6 O la tam ctia ci hai hinh
vuong ABCD va EFGH.

AHOE vuong can: HE? = 20E%? = HE = OEV/2.

Chu vi EFGH = 4HE = 4/20E. Do d6 chu vi EFGH nh6 nhat = OF
nho nhat.

Ké OK1AB = OF > OK (OK khong ddi) OF = OK < F = K. Do d6
minOF = OK
Nhu vay, chu vi ti gidc EFGH nh6 nhat khi va chi khi E, F, G, H 1a trung
diém ctia cac canh AB, BC,CD, DA.

Vi du 1.2. Cho tam giac ABC c6 B la goc tu, diém D di chuyén trén canh
BC. Xdc dinh vi tri cia diém D sao cho tong khodng cdch ti B va C dén
duong thaing AD c6 gid tri lon nhat.

Giai.

Goi S la dien tich AABC khi D di chuyén trén canh BC ta co:
Sapp + Sacp = S.

Ké BELAD,CFLAD
= lappE+iapcr—s
2 %98 :

BE F=—
= +C 1D



Hinh 1.4:

Do d6 BE + CF 16n nhat < AD nhé nhat < hinh chiéu HD nho nhat

Do HD > HB (do ABD > 90°) va HD = HB < D = B.

Vay khi D = B thi tong khoang cach tit B va C' dén dudng thang AD co
gia tri 16n nhat.

1.2.2 Vi du st dung mdi quan hé giita doan thing va dudng gip
khic

Vi du 1.3. Cho hinh chi@ nhat ABCD wva diém E thuoc canh AD. Xdc dinh
vi tri cdc diém: F thuoc canh AB, G thuoc canh BC, H thuoc canh CD sao
cho ti gide EFGH c¢6 chu vi nhé nhat.

Giai.

Goi I, K, M theo thit tu la trung diém cta EF, EG, GH.

A F B
s Ve |
i e
EKC g ke |
g |
-
S e
. g ‘
D H ¢
Hinh 1.5:

s . p 1
AAEF vuong tai A va cd Al la trung tuyen = Al = §EF.
1
Tuong ty MC = §GH
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1
IK la duong trung binh cia AEFG = IK = §FG

Tuong tu KM = %EH.

Do d6: chu vi EFGH = EF+ FG+GH+ HE =2(Al+ 1K + KM + MC).

Talai c6: AT+ IK+ KM+ MC > AC (so sanh do dai doan thing va duong
gap khic)

Suy ra: chu vi EFGH > 2AC (khong ddi)

Chu vi EFGH nho nhat bang 2AC < A, I, K, M, C thang hang.

Nhan xét vé phuong phap giai bang cach vé trung diém cac canh FF,GH
va trung diém ctia duong chép EG, ta tinh duge chu vi clia ti gidc EFGH
bang hai lan do dai duong gap khic AIKMC, do dai duong gap khic trén
nhé nhat khi duong gap khic d6 tré thanh doan thang AC.

1.2.3 Vi du ap dung bat dang thic trong dudng tron

Vi du 1.4. Nia duong tron (O, R) duong kinh AB. M la diém di dong trén
nia duong tron. Qua M ké tiép tuyén vdi niia duong tron, goi D,C lan lugt
la hinh chiéu cia A, B trén tiép tuyén ay. Xdc dinh vi tri cia diém M dé tu
gidc ABCD c6 dién tich lon nhat.

Giai.
Ta c6: ADLDC(gt), BCLDC(gt) = AD//BC = ABCD la hinh thang ma

Hinh 1.6:

D =90° nén ABCD la hinh thang vuong
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OM LDC nén OM//AD va O 1a trung diém ctia AB nén OM la dudng trung
binh ctia hinh thang ABC'D

AD + B
= OM = ;r ¢
AD 4+ B
Do d6 Supep = “2HPC pe — onmpe

2
Vé AE1BC, ti giac ABCD la hinh ch nhat.

(@:@:EE\O:QOO):DC:EA

AEB = 90° = E thuoc dudng tron dudng kinh AB,

=AE la day cung ctia duong tron (O)

= DC < 2R (trong dudng tron duong kinh 14 day cung 16n nhat).
Do d6 Sapcp < R.2R = 2R? (khong doi).

Dau “=” xdy ra < AF la duong kinh ciia (O)

& OM_LAB < M la trung diém ciia AB.

1.2.4 Vi du tng dung dién tich tim cuc tri.

Vidu 1.5. Hay tim trong tam gidc ABC mot diém M sao cho tich cdc khodng
cach tw M dén ba canh c6 gid tri lon nhat.(Hinh 1.7)
Giai.
Goi z,y, z lan luot 1a khodng cach tit M dén ba canh BC, AC, AB; hy, hy, he
tuong tng la duong cao xuat phap tit cac dinh A, B, C.

Ta ¢6 Sapc = Supc + Suca + Syap & 1= h£+h£+hi'
a b c
Nhu vay, cac sb o h%’ hic c6 tong khong doi, do dé tich h%h%hic 16n nhat

(cting c6 nghia la z.y.z 16n nhat) khi va chi khi

Khi d6 M la trong tam tam giac cia ABC.

Nhan xét Dé giai bai toan cuc tri trong hinh hoc ngoai viéc van dung cac
kién thiic da dang, phong phi ctia hinh hoc, con thuong dan vé st dung mot
trong nhitng khing dinh sau:

- Néu tong céac dai lugng khong doi, thi tich ctia ching dat cuc dai, khi

cac dai luong bang nhau.
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Hinh 1.7:

- Néu tich cac dai lugng khong doi, thi tong dat cuc dai, khi cac dai luong

bang nhau.

Vi du 1.6. (Dé thi Olympic Toan Ba Lan) zem [12], [124-127]
Hay cdt t tam gidc cho trude thanh mot hinh chit nhat voi dién tich cuc dai.
Giai.
Xét cac kha nang dat hinh chit nhat trong tam giac.
Truong hop thit nhat:
Tat ci cac dinh ctia hinh chit nhat déu nam trén bién ciia tam giéc.
Truong hop nay chi xdy ra khi 2 dinh ctia hinh chit nhat déu nam trén
mot canh clia tam giac, 2 dinh con lai ndm trén hai canh kia clia tam giac.
Gia st trong tam giac ABC dat hinh chit nhat M NPQ véi canh M N nam
tren AB, dinh @ nam trén canh AC, dinh P thuoc BC. Khi d6 dién tich cla
hinh ch® nhat M N PQ phu thudc vao vi tri cia P, Q.
1. Q nam giita AC, titc AQ = QC (Hinh 1.8).
Khi d6 PQ la duong trung binh cua tam gidc ABC, nén cac tam giac
MPQ, MNP c6 chiéu cao MQ = NP = %CH va canh day M N = PQ = %AB

Béi vay
1 1
SunpQ = Smpq + Sunp = 5MQ.PQ + S MN.PQ
111 11 1 1 /1 1
— -2 CH-AB+--CH=~AB—~ (— H.AB) _ -
pp (AR T 550 5 (¢ S Sasc

2. @ nam gan C hon A, ttic AQ > QC (Hinh 1.9).
Gia st A, B' 1a cac diem dbi xtng véi C qua Q va P. Khi dé cac diém A’, B’
nam trén doan AQ va BP, dong thoi doan A'B’ cit cac canh MQ va NP tai

cac diem M’ va N'.
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Hinh 1.8:
C
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A I ! B
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A I M N K B
Hinh 1.9:

Khi d6 PQ la duong trung binh ctia tam giac A’B’C’ va hinh chit nhat
1
MM'N’'N c6 canh day MN = M'N' = §A/B/’

canh béen MM’ = T A’, nén:
1

2
1
Theo (161) co : SM’QPN’ = §SA’C’B’ (1.6.2)

1
Syum NN = =Stap kg < §SAA’BB’ (1.6.1)

Tit (1.6.1) va (1.6.2) c6 :
SMNPQ = SmQpPN' + Sym NN < %SA'OB' + %SAA’BB/ = %SABC’
3. Q nam gan A hon C, titc AQ < QC (Hinh 1.10)
Tuong tu nhu phan 2, A’, B’ 1a cac diém déi xting véi C qua Q va P.
Khi d6 tam gidc AA’CB’ nhan PQ lam duong trung binh, nén theo phan
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Hinh 1.10:

1
SmQpPN = §SA'CBI (1.6.3)
1
Hinh ch@ nhat MM NN’ ¢6 canh : M'N' = 50/3/ va canh bén MM’ = SA’
nén :
1 1
SMM'N'N = QSA/STB' > §SA/ABB' (1.6.4)

Tir (1.6.3) va (1.6.4) c6

1
SuMNPQ = SMQPN' — SMM'N'N = QSA’CB’ — SM'MNN
1 1 1
< =Spxcop — =Saapp = =5 )
soacs — 5SaxBE = 554BC

Truong hop thi hai: Truong hop khong phai tat ca cac dinh déu nam trén
bién ctia tam giac.

Truong hop nay ciing c6 hai khi ning can xét:

1. Hinh chit nhat c6 hai canh déi dién song song v6i mot trong cac canh
cua tam giac:

Gia st cac canh M N, PQ ctua hinh ch nhat song song véi canh AB cua
tam gidc ABC. Trong d6 canh M N nam trén dai gitta AB va PQ.

Gia st D, E la giao diém ctia duong thing M N véi cac canh AC, BC cla
tam giac.

Vi tia DQ cat doan EC, tia ED cat doan DC, nén cac tia nay cat nhau
tai mot diém (F) thuoc tam gidc DCE(Hinh 1.11)

Cac dinh M, N, P,Q ctia hinh chit nhat nam trén bién cta tam gidac DEF,
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Hinh 1.11:

nén theo truong hop thit nhat, dién tich ctia hinh chit nhat M NPQ khong
vugt qua mot nita dién tich ctia tam giac DEF. Mat khac dién tich tam giac
DEF lai nho hon dién tich ctia tam giac ABC. Béi vay dién tich hinh chit
nhat M NPQ nho hon mot nita dién tich ctia tam giac ABC.

2. Khong ¢6 canh nao ctia hinh chit nhat song song véi canh ctia tam giac.

Qua cac dinh A, B, C cta tam giac ké cac duong thang song song véi cac
canh M N cta hinh chi nhat.

Gia st dudng thang di qua dinh A cit BC tai D, cit cac canh MQ, NP
cta hinh ch@ nhat tai 7 va K (Hinh 1.12)

Hinh 1.12:

Khi do, theo (1.6.1):
1
Strkpg < §SADC (1.6.5)
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SIkNM < %SABD (1.6.6)

T (1.6.5) va (1.6.6) c6

SynpPQ = StkpQ + StkNM < %SACD + %SABD = %SABG

Két luan

Cac ching minh trén khang dinh duge ring dién tich ctia hinh chit nhat
cat ra tit hinh tam gidc khong vugt qua mot nita dién tich tam giéc.

Hinh chit nhat dat dién tich cyc dai (bang nita dién tich tam giac) khi va
chi khi né c6 hai dinh 1a trung diém ciia hai canh va hai dinh con lai ndm
trén canh thit ba ctia tam gidc. Tt d6 suy ra s6 cach cat hinh chit nhat c6
dién tich 16n nhat tit mot tam giac. Doi v6i

1. Tam gidc nhon c6 ba cach cat

2. Tam gidc vuong c6 hai cach cat

3. Tam gidc tlt ¢6 mot cach cat

Bai tap (Van dung quan hé gita duong xién va dudng vuong goc).

Bai 1.1 Trong hinh binh hanh c6é hai duong chéo bang 6cm va 8 cm, hinh
nao cé dién tich 16n nhat? Tinh dién tich 16n nhat do.

Bai 1.2 Cho doan thing AB c6 do dai 2a. Vé vé mot phia ctia AB céc tia
Azva By vuong géc véi AB. Qua trung diem M ctia AB c6 hai duong thang
thay ddi luon vuong goc véi nhau va cit Az, By theo thi tu ¢ C, D. Xéc dinh
vi trf cia diém C, D sao cho tam gidac MCD c6 dién tich nhé nhét.

Bai 1.3 Cho hinh binh hanh ABCD. Qua A vé dudng thang d khong cit
hinh binh hanh. Xac dinh vi tri clia duong thang d dé tong BB’ + CC' + DD’
c6 gia tri 16n nhat.

Bai 1.4 Cho tam gidc ABC nhon. Dyng mot tam giac ¢6 chu vi nhé nhat
noi tiép tam giac ABC, tic 13 c¢6 ba dinh nam trén ba canh clia tam gidc ay.

Bai tap (Van dung quan hé gitta doan thing va duong gap khic).

Bai 1.5 Cho tam gidc ABC nhon. Dyng mot tam giac ¢6 chu vi nhé nhat
noi tiép tam giac ABC, tic 13 c¢6 ba dinh nam trén ba canh clia tam gidc ay.

Bai 1.6 Cho tam gidc déu ABC. va trung diem M cia AB. Trudc tién
An chon mot diém N trén BC, tiép dé Binh chon mot diém P trén AC. Muc
tiéu ctia An 1 muén téng d = MN + NP + PN 16n nhat, con Binh thi muén
téng d nhé nhat. Héi ring néu ca hai déu c6 cach chon tét nhat thi N va P

14 nhitng diém nao?
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Bai 1.7 Cho hai diem A v B nam trong géc nhon zOy. Xac dinh diém
M trén tia Oz, diem N ap khic AMNB c6 do dai nhé nhat.

Bai tap (Ap dung bat ding thic trong duong tron tim cue tri).

Bai 1.8 Cho hai diém A va B nam trong nita mit phang c6 bo la duong
thing d, hai diém M, N thuoc d va do dai M, N khong doi. Xac dinh vi trf hai
diém M, N dé duong gap khic AMNB dat gia tri nhé nhat.

Bai 1.9 Cho duong tron (O, R), BC la day cung c6 dinh (BC # 2R). A la
diém chuyén dong trén cung 16n BC. Xac dinh vi tri ctia A dé chu vi tam giac
ABC 16n nhat.

Bai tap (Ung dung dién tich tim cuc tri cia dai lugng hinh hoc).

Bai 1.10 Cho diém M di chuyén trén doan thing AB. Vé cac tam giac
déu AMC va BM D vé mot phia ctia AB. Xac dinh vi tri diém M dé tong dien
tich hai tam giac déu trén 13 nhé nhat.

Bai 1.11 Cho hinh vuéng ABCD c6 canh bing 12 cm, E la trung diém
ciia CD, diém F thuoc canh BC sao cho CF = 4em . Céc diém G va H theo
thit tu di chuyén trén céc canh AB va AD sao cho GH //EF. Xac dinh vi tri
ciia diém G sao cho tit gidc EFGH c6 dién tich 16n nhat. Tinh dién tich 16n
nhat do.

1.3 CaAc tinh chat, dinh 1y vé so sanh cac dai lugng
hinh hoc trong khoéng gian

1.3.1 Cac tinh chat, dinh 1y

Ngoai cac két qua ta c¢é trong hinh hoc phing, trong khong gian ta quan
tam dén cac khai niém va cac tinh chat sau:

- Do dai duong vuong goc ha tit 1 diem dén 1 mit phang la do dai ngin
nhét (hinh chiéu nhé hon duong xién).

- Do dai doan vuong goc chung la do dai ngdn nhat giita hai duong thang.

- Vi tri tuong déi clia dudsng thang va mat phang.

- Vi tri tuong déi ctia dudng thang va mat cau.

- Vi trf tuong doi clia mit phing va mit cau.
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1.3.2 Vidu

Giai bai toan cyc tri hinh hoc lién hé gitta cac yéu t6: do dai doan vuong
goc chung 1a khoang cach ngan nhat gitta hai diém ctia hai dudng thing chéo

nhau

Vi du 1.7. Cho hinh lap phuong ABCD.A'B'C'D’ canh a. Xét cic mdt phdng
di qua BD' cit AA' ¢ M, cit CC' ¢ N. Xdc dinh vi tri cia M, N sao cho dién
tich thiét dién tao thanh cé dién tich nhé nhit.

Giai.
Hinh lap phuong ABCD.A’B'C'D’ canh a.
Mot mat phang di qua BD' cit AA’ & M, cat CC’ & N (Hinh 1.13)

________________________

M

Hinh 1.13:

Do cac mat bén doéi dién song song véi nhau, nén cac canh déi clia thiét
dién song song; mit phang di qua BD’ cat hinh hap phuong theo thiét dien
la hinh binh hanh BMD’'N.

Goi H 1a hinh chiéu cta M trén BD'.

Dién tich S ctia thiét dién bang 2 lan dién tich ctia tam giac M BD'.

Ta c¢6: S= MH.BD'

Vi BD' = a+/3 khong ddi. Suy ra S nhé nhat khi M H nhé nhat.

Do M thuoc AA’, H thuoc BD'. M H nhé nhat khi né 14 dudng vuong goc
chung ctia AA” va BD'.
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Khi d6 dé chiing minh ring H 1a tam ctia hinh lap phuong va M 1a trung
diém ctia AA’, N la trung diém cta CC'.
Giai bai toan cuc tri hinh khong gian thong qua bai toédn cuc tri trong

hinh hoc phang

Vi du 1.8. Chitng minh rdng canh dai nhat cia mot hinh ti dién la khodng

cdch 1on nhat gita hai diém thuoc ti dien.

Giai.

Trudc tién ta xét bai toan hinh hoc phang: “Chitng minh riang trong tam
gidc, canh dai nhat chinh 1a khodng cach 16n nhat gitta 2 diém thuoc tam
giac”.

Goi 2 diém bat ky thudc tam giac 1a M, N. Ta xét cac truong hop:

Truong hop M, N trung v6i hai dinh ciia tam gidc ta c6 ngay:

MN < max(AB, AC, BC)

Truong hgp M hodc N trung vé6i 1 dinh ctia tam giac (gia sit M trung véi
A). Khi d6 néu N thuoc AB hoic N thudc AC thi ta c6 ngay 161 giai. Néu N
thuéc BC thi tuy theo vi tri cia N ta c6 MN < AB hoac MN < AC. Do do6
MN < (AB, AC, BC) max.

Truong hgp M va N khong tring véi dinh clia tam giac. Ta dua vé truong
hop trén bang cach néi NB, ta co:

MN < maz(AB,BN,NA) < maxz(AB, BC,CA).

Bai toan trén dude chitng minh. Ta st dung két qua dé giai bai toan khong
gian.

Xét khoang cach giita M va N 1a 2 diem bat ky thuoc tt dien ABCD. Bao
gig ciing dyng dugc mot tam giac ¢6 3 canh thudoc cac mat cua tit dién va
chita M, N (chi can dung 1 m#t phang chita MN va 1 dinh clia t dién (Hinh
vé 1.14). N6i AM cat BC 6 E, ndi AN cat CD 6 F.

Theo két qua bai toan phing: MN < (AE, EF, FA).

M AE < (AB, BC,CA); EF < (BC,CD, BD); AF < (AC,CD,DA)

T do suy ra max(AE, EF,FA) < max(AB,AC,AD,BC,CD,DA).

Tic la M N khong 16n hon canh cua ti dién.



20

Hinh 1.14:

Bai tap:

Bai 1.12 Trong khong gian toa do Oxyz cho mat phang (o) : 2—y+2—1 =0
va cac diem A(1;2;—1), B(1;0;—1), C(2;1;-2). Tim diém M € (a) sao cho
MA? + MB? — MC? nhé nhat.

Bai 1.13 Trong khong gian toa do Ozyz cho mit phang (a) : © — 3y + 3z —
11 =0 va cac diém A(3; —4;5), B(3;3;—3). Tim diém M thudc mit phang (a)
sao cho [M A — M B| 16n nhat.

(HD Goi A’ 1a diém déi xitng v6i A qua (a). Taco |[MA — MB| = |MA" — MB| <
A'B)

1.4 Phuong phap bién hinh

1.4.1 Heé thdéng cac phép bién hinh phing va khong gian

Cac phép bién hinh thuong gap, cac ky hieu. Cac dinh nghia, tinh chat
chi tiét da duge trinh bay trong cac gido trinh "Hinh hoc so cap", xem [6]
1. Phép doi hinh:

- Phép tinh tién theo vecto v, ky hieu la T-y.
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- Phép ddi xting truc A, ky hiéu 1a Sa.

- Phép déi xting tam O, ky hieu 1a Zo.

- Phép quay tam O, goéc quay «, ky hicu 1a Q9

Trong khong gian c6 thém

- Déi xting qua mat phéng P, ky hieu la Sp.

- Déi xting qua dudng thing A, ky hieu 1a Sa.

2. Phép dong dang:

- Phép vi tu tam O, ti s6 k, ky hieu la V,0.

- Phép dong dang ti s6 k, ky hieu 1a H.

3. Phép nghich ddo cuc O phuong tich k, ky hieu 1a 19.

1.4.2 No6i dung phuong phap

e Dimg phép bién hinh thich hgp dé bién déi mot phan dit lieu bai toan
vao vi tri thich hop;

e Phan tich va so sanh hé thong mdi hinh thanh, tim ra méi lien he va 1oi
giai cua bai toan;

e Dua vao tinh chat ctia phép bién hinh ta di chitng minh ho#c xay dung

duoc két qua mong mudn.

1.4.3 Ap dung cac phép bién hinh trong mit phing

Vi du 1.9. St dung phép tinh tién

Hai thon nam & vi tri A, B cdch nhau mot con song (rem hai bo song la
hai duong thang song song). Nguoi ta du dinh zday mot chiéc cau MN bic qua
song(cau vuong géc vdi bo song) va lam hai doan duong AM,NB (nhu hinh
vé). Hay xac dinh vi tri chiéc cau MN sao cho AM + NB ngin nhat.

Giai.
Truosng hop 1: Coi con séng rat hep. Bai toan tré thanh: Cho hai diém
A, B nam & hai phia khac nhau so v6i duong thang . Tim vi trf M trén A dé
AM + AN nho nhat. Khi d6 M la giao diém ctia AB véi a.
Trudng hop 2: a//b
. £ s e
Nhan xét: a,b co dinh = M N ¢o dinh.

T (A) = A = A'N = AM. Ta c6 AM + BN = AN + NB = A'B
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Hinh 1.15:

Céch dung: Dung A’ = T (A). N6i A’ v6i B cat b tai N. Tt N ha duong
thing vuong goc véi a tai M. Khi d6 M N la vi trf xay cau.

Vi du 1.10. Su dung phép doi xing tam

Cho tam gidgc ABC va diém O nam trong tam gidc. Goi A'B'C’ la anh ctia
ABC ctia trong phép bién doi Zo. T la mot da gide dudce tao bdi phan chung
hai tam giac ABC va A'B'C’. Tim wvi tri cia O sao cho T co dién tich ldn
nhat.

Giai.

Hinh 1.16:

- Ta xét truong hop anh A’ ctia A trong phép bién ddi Zo ndm trong tam
giac ABC.

Truong hop nay T 1a hinh binh hanh c6 hai canh lién tiép nam trén AB
va AC va mot duong chéo AA'.

Goi M la giao diem ctia AA’ v6i canh BC va dung hinh binh hanh AK M H
c6 MK//AC va MH//AB (K € AB, H € AC).
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R6 rang T bi chtta trong hinh binh hanhAK M H, do do6:

dt (T) < dt (AKMH) (K € AB,H € AC).

Mat khac ta ching minh dugce: dt (AKMH) < dt (ABC)
dt (AHK) ~AK AH

dt (ABC) — AB AC
Do MK//AC va MH//AB, nén

pe

That vay ta co :

AK AM AH BM AK AH _

AR~ BC'AC  BCOAB T ac !
2
L a2 AK AH 1[(AK AH
at da | - b o < o[22
Theo bat dang thic AM-GM ta co6 15 A S 1 (AB + AC’)

1 1
Suy ra dt (AHK) < Zdt (ABC) & dt (AKMH) < Edt (ABC)
1 . N .2 . 2
Vay dt (T") max :§dt (ABC), khi O la trung diém cua trung tuyen AM.
- Truong hop cac dinh A’, B, ¢’ nam ngoai tam giac ABC.
Trong truong hgp dé T 1a mot luc giac ¢6 cac cip canh ddi song song va
bang nhau. Ta ki hieu Si, So, S3 1a dién tich cac tam giac nhé bi cat ra tit tam

giac ABC béi dusng thang A’B’', B'C’,C" A’

Hinh 1.17:

Ta goi P,Q la céc giao diém ctia C'A’ vi C'B’ v6i canh AB; S la dién tich
tam giac ABC.

Tac()'é— 4Q 2-&_ 5P 2.%_ PQ ’
'S \AB) 'S \AB) 'S \AB
2 2 2
B AQ BP PQ
SuyraSl+Sz+Sgs.[(E> +(E> +(E> ]

Ap dung bat déng thitc Bunhiacopxki ta dugc
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S1+ S2+ 53 >

1(4Q QP PB ‘s
o\AB  AB  AB/) 3’
AQ QP PB

AB AB AB

Vay min S; + Sy + S3 :g , khi
gidc ABC.

Ta xét dién tich cua T.

RG rang dt(T) 16n nhat khi Sy + Sz + S3 nhé nhat.

Vay max dt (T) = %S. D6i chiéu cac truong hgp da xét ta thay dien tich
ctia T 16n nhat khi O 1a trong tam tam giac ABC.

hay O la trong tam tam

Vi du 1.11. St dung phép doi zing truc.
Cho hai diém A, B nam vé mot phia cta duong thing d. Hay zdc dinh diém
M trén d sao cho AM + MB bé nhat.

Giai.

Nhan xét: A" = S;(A) = AM =AM

T M

Hinh 1.18:

Vay: AM + MB = A'M + MB = A'B

Cach dung:

Dung A’ = S, (A)

N6i A’ v6i B cat d tai M, khi d6 AM + M B nhd nhat.

Vi du 1.12. Cho duong tron (O, R) va tam gidc ABC c¢6 8 géc nhon noi tiép
trong duong tron. Goi A', B',C" lan luot la giao diém thi hai cia cdc duong
cao tam gidc ké tu A, B, C vdi duong tron. Hay xdc dinh kich thiic 8 canh tam
giac ABC dé dien tich cia mot luc gidc AB'CA'BC' l6n nhat.
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Giai.

Hinh 1.19:

Goi H 1a tryc tam tam gidc ABC, vi ABC ¢6 3 géc nhon nén H nam trong
tam giac.

RO rang anh ctia H trong cac phép doi xiing qua cac canh tam gidc 1a cac
giao diém A4’, B/, C".
Vi vay dt(AB'CA'BC") = 25 (S la dién tich tam gidc ABC).

Dién tich luc giac 16n nhat khi S 16n nhat. Bay gio ta tim kich thuée cac
canh tam gidc ABC dé S dat max.

S, . % 2 . a2 + b2 + 02

Tt cac bat dang thic. S < ——
43
dat max khi dau bang trong ca hai bat dang thitc xay ra dong thdoi (a,b,c 1a
do dai 3 canh tam giac ABC)

Tt d6 suy ra ABC la tam gidc déu ma do dai canh bang Rv/3.

va a? + b2 +c? <9R? tasuy ra S

Vi du 1.13. Su dung phép quay
Tam gidgc ABC' ¢6 BC =a,AC =b, C =a (a <120°). Tum diém M trong mit
phang sao cho MA+ MB + MC nhé nhit.

Giai.
Thure hién phép quay QgGOO M — M'; A— A, khi d6 MA = M'A’.
Vi tam gidc CM M’ déu, nen MM’ = CM.
Vay MA+ MB + MC = BM + MM + M'A’.
Dé MA+ MB + MC nhd nhat ta can tim vi tri M sao cho do dai duong
gap khiic BMM'A’ ngan nhat.
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Hinh 1.20:

R rang tam gidc A'BC ¢6 CB = a,CA’ = b, BCA = (60° + a)

A'B? = a% + % — 2abcos (600 + a)
Do dai duong gap khiic BMM’A’ ngan nhat khi M va M’ nam trén BA’.

Vi du 1.14. (Bai todan phu cia vi du phép nghich ddo) Xem [3], [339-341]
Cho diém M trong AABC va s6 thuc 0 < o < 1.
Chiing minh rang RS + R + RS > 2 (d3 + dgf + d2).

Giai.
Truée hét ta di chiing minh mot bo dé: Vz,y >0 va 0 < a < 1.
Thé thi: (x +y)* > 2271 (2% + y9)
Ching minh : Bat dang thitc can chiing minh tuong duong:

() =2 [(5) +

f)=(+D)*=22"1 (22 +1)>0
~ x

fz)=allz+ 1)t - (22)a_1] =0 z2=1.

Béivi:z>0va0<ac<l.

Ta dé lap dugce bang bién thién ctia ham s6. T d6 suy ra
= f(z)>0Vz>0val<a<l.

B6 dé dugc chiing minh.
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Ap dung

R >%+Cib:>Ra> %Jrcib a>20‘*1 bde a+ edy )"
“= g a @ =\ a a - a a

Ap dung bd da véi

p— bdc.

I

a a
Tuong tu véi hai bat ding thic nita suy ra

ez [ () (0 () (6] [ () (2)]

> 2% (dS + dff + d2)

Cdb
a’;‘ —

Daubang xdyra < f(2) =0 r=y=2= 1.

Diang thiic xay ra khi va chi khi M la tam ctia tam giac déu.
Vi du 1.15. Su dung phép nghich dao
Cho diém M trong AABC va s6 thuc —1 < a < 0.
CMR : 2% (d$ + dff +d%) > RS + R$ + RY.

Giai.

Hinh 1.21:

Goi Ay, By, Cq 1 hinh chiéu ctia M xudng cic canh BC,CA, AB.
Thure hién phép nghich dao cuc M, phuong tich don vi.

A— A Ay — A
Taco§ B— B vaq By — By

C — ' C1—>Cll
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Theo dinh nghia phép nghich dao ta co:
MAMA = 1; MB.MB' = 1; MC.MC' = 1

suy ra
MA'——1 -MB’——1 -MC'——1
 MA’  MB’ - MC
MA;.MA, =1 MBy.MBy = 1; MC,.MCy =1
suy ra
MA, = ! - MB, = ! MOy = 1
LV P V) - Y N V (o)

Ap dung bai toan phu & tren trong A4,'By'Cy’ véi cht ¥ —1 < a < 0:

ta co

(MAY) " +(MBY) “+(MCY) ™" 2270 [(MA) ™ + (MB') ™ + (MC")™*].
& 20 (MAS + MBS + MC) > MA=+MB~%+ MC~® > MA'+ M B+ MC"

« o o
N 1 . 1 n 1 >1(1)0‘+(1)a+(1>0‘
MA, MBy' Mcy 20 |\ MA MB’ MC’

& 2% (dg +df +d2) > RY + RY + RS

Dang thitc xay ra < M la tam AABC déu.

Bai tap xem [12], [121]

Bai 1.14 St dung phép dbi xiing truc.

Cho g6c nhon :z;/O\y , diém A nam trong géc d6. Hay xac dinh diém B trén
Oz, diém C trén Oy sao cho tam gidc ABC c6 chu vi nhd nhat.

Bai 1.15 St dung phép dbi xiing truc.

Cho gbc 20y ¢b dinh va hai diém A, B nim trong goc d6. Hay tim diém M
trén Oz, diem N trén Oy sao cho téng do dai céc doan thing AM, MN,NB
ngan nhat.

Muc dich ctia chuong 1a hé théng lai cac kién thiic ctia hinh hoc lién quan
chit ché dén bai toan cuc tri trong hinh hoc, ma cht yéu 1a hinh hoc phang.
Mac dit cac kién thiic rat don gian, co ban nhu so sanh cac dai Iugng hinh hoc
v6i nhiéu cong cu hinh hoc don gidn nhung khi 4p dung vao cac bai toan cu
thé ta thu dugc phuong phap khong the thiéu dugce khi giai bai toan cuc tri
hinh hoc, d6 1a phuong phap hinh hoc thuan tiy. Ngoai ra ta ding cac phép
bién hinh dé tim cuc tri ciing rat hieu qua dudi dang bai toan dung hinh, dé

14 dung mot diem hoac mot dudsng thang.
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Chuong 2

Giai toan cuc tri hinh hoc bang

cong cu dai so

Dai s6 14 mot cong cu manh dé giai bai toan cuc tri hinh hoc. Lién quan
truc tiép dén dé tai nay 1a cac bat dang thiic dai s6. Sau d6 1a tim cuc tri clia
mot ham s6 (mot hay nhiéu bién). Dung toa do cling dudc coi 13 mot cong cu

manh ctia dai so.

2.1 BAt dang thic dai s

2.1.1 Dinh nghia bat dang thic trong dai sbé

Mot bat ding thitc 1a mot phat bieu vé quan hé thit tu gitta hai doi tuong.

. Ky hiéu a < b ¢6 nghia la a nho hon b va

. Ky hiéu a > b ¢6 nghia la a 16n hon b.

Nhitng quan hé néi trén dude goi 1a bat dang thic nghiem ngit; ngoai ra
ta con co

. Ky hiéu a < b ¢6 nghia 1 « nhé hon hodc bang b va

. Ky hiéu a > b ¢6 nghia 1a a 16n hon hosic bang b.



30

2.1.2 Cac bat dang thic cd ban hay diing

Bat ding thic AM-GM

r1+x2+ ... +xn
n

> Yxi1xo...xpn, 2 > 0.

Dau bang xay ra khi va chi khi: 2y =20 = ... = 2,

Y nghia hinh hoc khi n = 2

Trong tat cd cac hinh chi nhat c¢6 ciing chu vi, hinh vuong cé dién tich
16n nhat.

Trong tat cd cac hinh chit nhat c¢6 cing dién tich, hinh vuong c6 chu vi
nho nhat.

Bét dang thic Bunhiacopxki

(x1y1 + 2y2 + ... + xnyn)2
< (x%+x%++x%) (y%+y%+ +y%) s,y > 0 .
Dau bing xay ra khi va chi khi: 22 =22 = = In

yro Y2 B %
Bét dang thtc trung binh cong va trung binh binh phuong

(x1+$2+...+a;n)2< ?+ i+ .+ 2l

n n

Dau bang x3y ra khi va chi khi: 21 = 29 = ... = ..
Bét dang thic Minkovski
VaE+B2+ .+ d+ad+B+ B+t + bR+ + 2

> /(a1 +az+ ..+ ap)+ (b1 +ba+ oo +bp)2 + oo+ (1 + c2 + oo 4 )2 '
a;, bj,c;i > 0

Dau bang x4y ra khi va chi khi:
a1:b1: ... =ag:by .. icoa=an: by, ... .

Y nghia hinh hoc:

Trong tat cd cac duong gap khic ndi hai diém cho trude thi doan thing
noi hai diem nay c6 do dai ngin nhat.

Mot s6 bai toan bat dang thiic dai s6 hay duge chitng minh bing phuong
phap hinh hoc.

Bai toan 2.1 Chiing minh rang: véi a,b > 0 ta luon co:

a;bzx/%.
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Dau “=” xdy ra < a = b.
(Goi 1a bat dang thitc AG-MG cho hai s6 duong)

Bai toan 2.2 Cho hai s6 a,b > 0. Ta c6
2 12
Cl+b >a+b>\/%> 2
2 - 2 = - n

Dau “=" x4y ra < a = b.

Q|
S| =

Hé qua 2.1
1. Néu a + b=k (hdng s6) thi
a) Tich a.b c6 gia tri 16n nhat bang %2 khi a = b.
b) Tong a? + b? c6 gia tri nhé nhat bing %2 khi a = b.
2. Néu ab = k (hang s6) thi
a) Tong a + b c6 gia tri nhé nhat bing 2v/k khi a = b.
b) Tong a® + b? c6 gia tri nho nhat bang 2k khi a = b.
3. Néu a? + b* = k (hang sd) thi
a) Tich a.b c6 gia tri 16n nhat bang g khi a = b.
b) Téng a + b c6 gia tri 16n nhat bang v2k khi a = b.

2.1.3 NOo6i dung cta phuong phap
e Ap dung cac bat déng thic dai s vao cac dai luong hinh hoc, thudng la

cac dai luong do dai, goc, dien tich, thé tich.
e Dat cac dai lugng tuong ting ciia cac doi tuong hinh hoc thanh cac bién

wn
On

e Ap dung bat ding thitc cho méi lien he vira thiét lap.
trong bat dang thic dé rat ra két luan.

w__»

e Chu y dén dau
2.1.4 Cac vi du (hinh hoc phang va hinh hoc khong gian)
a) St dung bat dang thiic AM-GM

Vi du 2.1. Cho doan thing AB, dieém M di chuyén trén doan thang dy. Vé
cdc duong tron cé duong kinh MA va MB. Xdc dinh vi tri cia diem M dé

tong dién tich cia hai hinh tron cé gid tri nhé nhat.
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Giai.
bat MA=xz, MB =y

Hinh 2.1:

Tacox+y=AB(0<z,y < AB).
Goi S va S’ theo thit tu 1a dién tich ctia hai duong tron ¢6 duong kinh 1a
MA va MB.

2 2 2
TaC(’)S—i—S’:W(g) +7T(%) 2:7r$:y.
Bat dang thic 22 + y% > @ nén

S+ 9 > W(I+y)2 = WABZ
> S T
Dau bang dang thic xay ra khi va chi khi z =y

Do d6 min(S+ 5') = WA?B.Khi dé M la trung diém ctia AB.

Vi du 2.2. Cho diém M ndm trén doan AB. Vé vé mot phia cia AB cdc tia
Az va By vuong géc vdi AB. Qua M c6 hai duong thing thay doi luon vuong
goc vdi nhau va cat Az, By theo thit tu tai C va D. Xdc dinh vi tri clia cdc
diém C, D sao cho tam gidgc MCD c6 dién tich nhé nhat.

Giai.
1

Ta c6: Syrep = iMC.MD. Dat

MA=a,MB=0
AMC = BDM = a

a
MC = JMD = —
COSx Stno
1 ab
Smep = 3

2 cosasina
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Hinh 2.2:

Do a,b 1a hang s6 nén Sy;cp nhd nhat < 2cosasina 16n nhat.

Theo bat ding thic 2zy < 22 + 42 ta co:

2cosasina < sin?a + cos*a = 1 nén Symop > ab

Syep = ab & sina = cosa < sina = sin(9)0° —a) & a =90 — a & o = 45Y

AAMC va ABM D vudng can

Vay minSycp = ab. Khi dé cac diém C, D dugce xac dinh trén tia Az, By
sao cho AC = AM,BD = BM.

Vi du 2.3. Cho AABC diém M di dong trén canh BC. Qua M ké cic duong
thing song song vdi AC va vdi AB, ching cit AB va AC theo thit tu & D va
E. Xdc dinh vi tri cia diém M sao cho hinh binh hanh ADME c¢é dién tich
l6n nhat.

Giai.
SADME

SaBc
BK1AC,BKNMD = H.

Sapuyep =MD .HK

SABC:%AC.BK

SADME :2MD HK
SaBC AC "BK
bat MB=x, MC =y

maz. Ké

SADMEma:E <~
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Hinh 2.3:

MD  BM r HK MC Y
MD//AC ta c6 _BM _ HE _ MC _
[[AC e e = e = o7y BK - BC w4y
Theo bat dang thiic
1 S 2

5Uy2§_:> ADME _ 371/2
(x+y)* 4 Sapc  (z+vy)
Dau dang thiic xay ra khi z =y

<

N —

1 . . N - 2 2
Vay maxSapyure = §SABC khi d6 M la trung diém cua BC.

Vi du 2.4. (Thi tuyén sinh DH Hang Hdi 1995)
Cho géc tam dién vuong Ozyz. Diém N ¢o dinh ndm trong goc tam dién, mat
phang (P) qua N cit Oz, Oy,0z tai A, B,C. Goi khodng cdich tit N dén cdc
mat phang (OBC), (OCA), (OAB) la a,b,c.

a. Tinh OA,OB,O0C dé thé tich ti dien OABC dat gid tri nhd nhat.

b. Tinh OA,OB,0C dé OA+ OB + OC dat ¢id tri nhé nhat.

Giai.

Chon hé truc toa do Ozyz, tir gid thiét ta dude N(a;b;c).

Khi d6 phuong trinh mit phang (P) di qua N ¢6 dang:

(P):a(z—a)+ By —b)+v(z—c)=0(5,7>0)
Tt d6 bang cach lay giao diém ciia (P) v6i Ox, Oy, Oz ta dugc:

A(aa—i—bﬁ—i—cy;o;()) :OA:aaanB—i-cv’

(0% 0%
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Hinh 2.4:
e ) R
s 8
A <O;O;W> = 0C = W’
v v
Ta co ;
1 1 b
Voapc = =OA.OB.OC = - (aa + b6 + )
6 5 6 aBy
> 1(3W) ~ 9abc
— 6 aBy 2

(AP dung BDT AM-GM)

9ab . .
Vay MinVoapc = % dat dugc khi aa = b5 = ¢y, khi do:

ac+bB +cy  aa+aa+aa

0A= = 3a,

a Q
OB_aoz—l—b5+07_bﬁ+b§+bﬁ_3b’
Oczaa+bﬁ+07:cv+cv+cv:3c,

v g
b. Ta co

b b b
OA+0B+oC =0ty oatbitey aotbitey

(07

b v
=a+b+c+(@+%>+(ﬂ+%>+(ﬁ+@>
a ﬁ o y ﬁ v
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> a+b+c+2vVba + 2y/ac + 2v/cb = (\/6+\/13+ﬁ)2
(Ap dung BDT AM-GM)
Vay Min (OA+O0B+0C) = (Va+vb+2)” dat duge khi

%:%vﬂ:%vﬂ:%ﬁaazzbﬁQZC%.
a B a v B 7~
Khi do6
OA:M:H%+QZHZ)\/?+C\/?
o «Q «Q b c
= a+Vab + \/ac,

tuong tw OB = b+ vVba + Vbe, OC = ¢+ \/ca + Vb .

Vi du 2.5. Cho ti& dién 8 mat vuong OABC dinh O, c6 OA = a,0B =
b,0C = c¢. Goi x,y,z la khodng cdch tw mot diém M trén mat ABC dén cdc
mat OBC,0CA,OAB. Tim gid tri lon nhat cta tich T = x.y.z.

Giai.

Cho t dién vuong OABC, ¢6 OA = a,0B = b,0C = ¢, vé hinh hop chit

nhat noi tiép ¢6 1 dinh M nam trén mat ABC, cac dinh con lai ndm trén cac

mit vuong ctua t dién (Hinh 2.5).

Dat cac kich thu6e ctia hinh hop chit nhat 1a

c

Hinh 2.5:

OX =x2,0Y =y,0Z = z.
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Khi d6 z,y, z tuong ting bang khodng cach tit M dén cac mat OBC,OCA, OAB.

Ta c6 thé tich ctia hinh hop 1a V = z.y.2.

Vé CM cat AB tai K; goi I 1a hinh chiéu ctia M trén mat OAB va 1a dinh
ctia hinh hop chit nhat, ta c6 O, I, K thang hang; goi KQ = z1, KP = y; tuong
ting 1a cac doan vuong goc tit K dén OB, OA.

Khi d6 sit dung ty s6 dién tich ctia hai hinh chit nhat OXIY vd OPKQ
dong dang véi he so ty le 1a

or ZM CZ (c—=z)
OK OK CO ¢

ta dudgc :
(c— 2)2-931-341
2
Do dé thé tich ctia hinh hop chit nhat ¢ ba kich thuée: z,y, = 1a

T.Y =

(c— 22 z.m10
V=zxyz= (2.5.1)

c2

Tir d6 suy ra néu c6 dong thoi z1.y; 16n nhit va (¢ — 2)%.z 16n nhat thi vV
dat gia tri 16n nhat.
Ta c6 hai lan dién tich tam gidc OAB 1a a.b = z1.b + y1.a
. ) . p .b .
Ap dung bat dang thic AM-GM ta dugc x1.y; 16n nhat la % , khi 21 = g
b ) .2 .
va y; = 5" Khi d6 K la trung diém cua AB.

) L PO e
Ham s6 F (2) = (c — 2)>.z dat gid tri 16n nhét la: 2—"7 khi z = g

Két hop lai V trong (2.5.1) dat gi& tri 16n nhat la:
a.b.c . a b c .
V = 2—7, khi z = g,y = g,Z = g (tu‘dng tthh)
Khi d6 M la trong tam cua tam gidc ABC.
Vay v6i M 1a trong tam ctia tam giac ABC, thi T = z.y.z 16n nhat 1a
b c

€ voiz=2
A xr =, = 5,7
y=3 3

27 3
Cach giai khac
Xét he toa do truc chuan Ozyz.

Ta c6: A(a,0,0); B(0,b,0);C(0,0,¢) (v6i z,y, 2z va a,b,c 1a cac sd duong)
Khi d6 phuong trinh doan chin clia mat phang di qua A4, B, C' ¢6 dang:

T z
a b ¢

Ap dung bét déng thic AM-GM ta duge: 13 > 33272

abe
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o=
W

Dang thiic c6 khi r_ z
a c

Wl
w| o
Wl o

b > o
Hay z.y.2 < %. Dang thitc c6 khi v6iz = -,y =-,2 =
abc a b c

Vay gia tri 16n nhat cla z.y.z 1a: — véiz = -,y = :
ay gid tri l6n nhat cla z.y.z la: o vz =g,y =5,2=3

Vi du 2.6. Trong cdc ti dién vuong (ti dién c6 8 mdt vuong zuat phdt tu
mot dinh) nam trong mot mat cau ban kinh R, tim kich thudc ti dién ngoai
tiép mat cav cé ban kinh lon nhat.

Giai.

Ta dé thay ti dién vudng can tim noi tiép trong mat cau ban kinh R cho

Hinh 2.6:

trude.
Gia st tit dién vuong OABC ¢6 cac mat vuong OAB,OBC,OC A vudng &

O va OA=a,0B=00C=c.
Tacd R= Vi T P 4 &
Thé tich tit dien OABC 1a V :éa.b.c (2.6.1)
Goi r 1a ban kinh mit cau noi tiép ti dien OABC ta c6

,
V= 3 (SoaB + Sopc + Soca + Sasc)

= % (ab+ be + ca + Va2b? + 122 + c%a?). (2.6.2)

X . 111 1 [1 1 1
T (2.6.1) va (2.6.2) suy ra: e o a2

R 1 1 1 1 1 1 1
Dodé: — = -vVaZ+ 2+ | 44—+ 4/ =+—+— .
0 " 2 a® +0c +c <a—|—b+c—|— a2+b2+c>

Ta c6: Va2 + b2+ 2 > V3.Va2.b2.c2 = /3.Va.b.c
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dang thic c6 khi: a = b = ¢

déng thic c6 khi: a = b = c.

. /1 1 1 1 1 1\2
Vi Va2 + b2 + 2. ﬁ—f-b—zﬂ‘gZ\/(a.a'f‘b.g—l—C-E) =3,

déng thic c¢6 khi :a = b= c.

2 . -1
Suyra5>_M+3hayr§ o :R(\/§ )
2’ 3.(1+V3) 3

2
déngthﬁccékhia::b:w::-JE.

V3 -

Vay ti dién vuong can tim c6 3 canh ¢ = b = ¢ = 75 chtta mat cau co

b@kmhmnmﬁuaﬁzﬁﬁglﬁ.

b) Sit dung bat dang thitc Bunhiacopzki.

Vi du 2.7. Trong khong gian toa do Oxyz, viét phuong trinh mat phang (o)
di qua diém M (2;5;3) va cdt chiéu duong clia cic truc Oz, Oy, Oz lan gt tai
cic diém A, B,C sao cho OA+ OB + OC nhé nhdt.

Giai.
Gia st A (a;0;0), B(0;0;0),C (0;0;¢) ( v6i a,b,c > 0).

Mit phang (a) c6 phuong trinh : Iy % +io1d qua M (2;5;3) nén
a c

2 5 3

ST =1(263)

Ta c6: OA+0OB+0C=a+b+c.
Ap dung béat dang thic Bunhiacopxki, ta c6

( g>+< Z>+< 5) (e + (V) + (]

> (V24 V5 +v3)
hay <§+§+%)(&+b+c) (\/_—i-\/_—i-\/_)

b
Suyral.(a+b+c)> (\/§+ V5 + \/5) ). (do(2.6.3)
Dau “ =” x4y ra khi va chi khi

V2 V5 V3 a=v2(V2+V5+V3) =2+ V10+ V6
S 5 by ¢ e b=5(VE+VE+VE) =5+ VID+ V5
pte! = V3 (VZ+5+V3) =3+ VI5 /6

C
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Vay OA + OB + OC nho nhat khi a = 2+ 10 + v6,b = 5 + /10 + /15,
c=34+V15+6

Mit phang (a) can tim la :
T

Y z
+ + =1

2+vV10+v6  5+vV10+V15 3+V15+V6

c) St dung bat dang thiic Minkovski .

Vi du 2.8. Cho hinh lap phuong ABCD A1B1C1D1 . Trén ba canh dor mot
cheé nhau cia hinh lap phuong thit tu lay 3 diém M,N,P. Xdc dinh vi tri
M, N, P dé tam giGgc MNP co:

a) Chu vi nhd nhat.

b) Dién tich nhé nhat.

Giai.

Day 1a bai toan khé mic dit noi dung bai toan rat quen thuoc. St dung
phuong phap toa do va phuong phap vécto to ra thuan lgi hon phuong phap
hinh hoc truyén thoéng .

Bai toan phu Ta c6 bat déng thic sau:
Vi + i+ 2+ el i+ 22+ ey 422 >

\/(xl tag+a3) + (g1 Fye +ys)’ + (21 + 2+ 23)
trong do cac so ;,v;, 2 € R
Chitng minh bai toan phu: Xét cac véc to
Wt = (w1,y1,21) ;0 = (22,42, 22) ; U5 = (23, Y3, 23), ta 6
Ul + ub + uf = (x1+ 22+ 23,91 + Y2 + y3, 21 + 22 + 23) .
Tu bat dang thiic
af + 3 + @) < [af| + |ad| + |
(do dai clia tong cac véc to khong vuct qua tong do dai clia cic véc to) ta
suy ra bat dang thic can chiing minh.
DAau bing xay ra khi va chi khi @ = ku{; u = mu{,k,m € RT.
Giai bai toan chinh: Khong mat tinh chat tong quét ta co thé gia thiét
canh ctia hinh 1ap phuong bing 1.
Chon hé toa do nhu hinh vé va gia st toa do cac diém M,N,P 1a M(x;1;0),
N(0;y;1), P(1;0;2) véi x,y,z thuoce [0,1].
Ta ¢6 chu vi tam giac MNP 1a

(J:\/x2+(1—y)2+1+\/y2+(1—z)2+1+\/z2+(1—x)2+1
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Ap dung bai toan phu va bat dang thiic quen thuoc a>+b2 > =(a + b)%, a,b €

R ta dugce

9 3v6
C’Z\/(x+y+z)2+(3—$—y—z)2+322115—1—9:7\/_

B
d C
|
]
5.
A -I l| _______________ :"'J-’ 2
P P s
i | =
] | -
I [ -
! ' By -7
i J——:,’ —————————————— C
i PR .
: e
it
Vd
oM
Ay D,
Hinh 2.7:

. . . . . P 3V 6 e e 2l
Do do6 chu vi tam giac MNP c6 gia tri nho nhat bang T\/_ Gia tri do dat
1 2 . p
dugc khix =y =2= 5 hay M, N, P la trung diém 3 canh d6i mot chéo nhau
cua 1ap phuong.
b) Ta c6 MN = (—z,y — 1,1);]\7?’ =(1—x,—-1,2).
Dién tich tam giac MNP theo § nghia hinh hoc cta tich véc to la

1 [——= 1
SMNp:§[MN,m} :5\/(:vy—y+1)2+(yz—z+1)2+(zx—:p—|—1)2.

Viz,y,z € [0,1] nén zyz+(1—2)(1-y)(1—2) > 0= z+y+z—(zxy+yz+zz) <1,
dau dang thitc x4y ra khi va chi khi trong 3 s6 z,y, 2 ¢c6 mot sé biang 0, mot
s6 bang 1, s6 con lai c6 thé 1a s bat ky trong [0,1].
Datt=z+y+z2—(ry+yz+zr)suyra0<t<1va
t=y(l—z)+z01-y)+z(l—2)=z2(1—2)+z(1 —y)+y(l—2).
Goi biéu thtic trong dau cin & trén 1a R, ta c6

R=(wy—y+12+(yz—2z+1)2+ (20 — 2z +1)?

=(1—y(l—2))+ (1 —2(1-9)*+1—-2(1-2)

=32+ (y(1 —2))* + (2(1 = 9))* + (2(1 — 2))?

=32t +12 - 2y(1 —2)2(1 —y) + 2(1 —y)z(1 — 2) + 2(1 — 2)y(1 — 2)].

NS . . £ ~ ]- A > ? 3 N
Luu y rang v6i moi so thuc a ta c6 a(l —a) < 7 dau bang xay ra khi va
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chi khi a = % ta dugc
y(I—2)z(1 —y) +2(1 —y)r(l - 2) + (1 - 2)y(1 — x)

1 t
< EU-0) 42—y +yd-2] =1
SuyraSMNp>3—§ t2:(1_t)<3_2t)+§2§.
2 272
Do dO SMNP \/> — Vay min SMNP = ?

Gi4 tri d6 dat dugc khi trong 3 s6 x,y,z ¢6 mot s6 bang 0, mot sd bang 1
va mot s6 bang % , n6i cach khac 2 trong 3 diém M, N, P 1a 2 dinh déi dien
ctia hinh lap phuong, diém thit ba la trung diém ctia canh khong xuat phat
tu 2 dinh kia.

Vi du 2.9. Cho tam giic ABC, tu mot diém P trén canh BC ké PN//AB cit
AC tai N, ké PM//AC cit AB tai M. Xdc dinh vi tri ciia P trén BC sao cho
MN nhé nhat.

Giai.

Hinh 2.8:

Lay mot he toa do tong quat goc A, véc to co 6 1a 1@, ac

Gia st ty s6 don (PCB) = LB =,
PC

. 2 PC
suy ra ty so don (PBC) = =5 = 11—z

Vi MP//AC nén z = (PCB) = (MAB) = AM = (1 — 2)AB;
Vi PN//AB nén suy ra 1 —x = (PBC) = (NAC) = AN = zAC.
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Tit d6 ta c6: MN = AN — AM = 2AC — (1 — 2)AB = #(AC + AB) + BA

Thay AC + AB = AD (D 1 dinh hinh binh hanh ACDB) ta c6:

2AD=AQ.Q € AD .

T do suy ra m:@—kB—fl = Lﬁ lap titc c6 MBQN la hinh binh hanh.

Do tinh chat hinh binh hanh, M N nhé nhat khi va chi khi BQ nho nhat,
tic @ 1a chan duong vuong goc ha tit B xudng AD.

Ta dyng P nhu sau:

- Dyng hinh binh hanh ABCD

- Ha Bz vuong goéc v6i AD, cat AD & Q.

- Qua Q ké Qy//AB citAC 8 N va cit BC' ¢ P. P la diém can tim.

Hinh 2.9:

Chiing minh: P la diém théa méan bai toan.

Tit P ké duong thang PM//AC can kiém tra M N 1a doan thang ngadn nhat
ting véi vi tri ciia P vita dung.

Lam nguoc lai thi ty phan tich § trén ta cé diéu phai chitng minh.

Bai tap

Bai 2.1 Trong mit phang toa do Ozy, cho M (9;4) .Viét phuong trinh
dudng thang di qua M (9;4) va cat hai tia Oz, Oy lan lugt tai A, B khac O sao
cho tam gidc OAB c6 dién tich nhé nhat.

Bai 2.2 Cho AABC vuong can c6 canh huyén BC = a. Goi D la trung
diém ctia AB. Diém E di chuyén trén canh AC. Goi H, K theo tht tu la chan
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cac duong vuong goc ké tut £, D dén BC. Tinh dién tich 16n nhat ciia hinh
thang DEK H. Khi d6 hinh thang tré thanh hinh gi?

Bai 2.3 Cho hinh lap phuong ABCD A1 B1C1D; canh a. M thudc canh
ABy, N thuoc canh BDy v6i AM = DN =z (0 < 2 < av/2). Tim z dé MN
ngan nhat.

Bai 2.4 Cho hinh chit nhat ABCDA'B'C'D’ trong d6 AA', BB', CC', DD’
la cac canh song song va AA' = a, AB = b, AD = C. Goi P la mat phang
di qua C, khong cat hinh hop nhung cit cac canh AA’, AB, AD kéo dai tai
E, F,G(tuong tng).

a b c
a5 Par fac !

b) X4c dinh vi trf ctia mit phang P sao cho t1t dien AEFG c6 thé tich nho

nhat.
(Ap dung bat déng thiic AM-GM)
Bai 2.5 Trong mit phang P cho nita dudng tron (O) dudng kinh AC, B

a) Chiing minh rang

la diém thuoc dusng tron (0). Trén nita dudng thang Azl (P) ta lay S sao
cho AS = AC. Goi H va K lan lugt 1a chan duong vuong goéc ha tir A xudng
dudng thang SB,SC.

a)Tinh do dai doan HK theo AC va BC.

b)Xéc dinh vi tri ctia B trén (O) sao cho tong dien tich hai tam gidc SAB
va, CAB 16n nhat.

2.2 Gia tri 16n nhat, nhé nhat ctia ham sb

2.2.1 Ham so va cac gia tri cuc tri cia ham so

Trong giai tich ta c¢6 dinh nghia sau:

Cho X,Y 1a hai tap hgp s6, vi du tap s6 thuc R, ham s6 f xac dinh trén
X, nhan gia tri trong Y 14 mot qui tic cho tuong ting moéi s6 = thuoc X véi
mot s6 y duy nhat thuoc Y.

Ky hiéu

f:X =Y hoac f:z— f(x) hodc y = f(x)
Véi

- Tap X goi la mién xac dinh.
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- Tap Y goi la mien gia tri.

- x goi 1a bién doc lap hay con goi 1a doi so.

- y goi 1a bién phu thuoc hay con dude goi 1a ham so.
- f(z) dugc goi la gia tri ctia hamf tai z.

Diéu kién can dé ham sé c¢é cuc tri

Dinh ly Phecma.

Néu ham kha vi f(z) c6 cie dai hosic cuc tiéu tai = = zo thi dao ham clia
no triet tieu tai zg, tic 1a f'(xg) = 0. Diéu d6 nghia la tai x ma f'(zg) # 0,
ham s6 khong dat cuc tri.

Cuc tri dia phuong
Dinh nghia

Cho U c R*latap mé va f : U — R . Ta néi rang f dat cuc dai
(cuc tieu) dia phuong tai @ € U nén c¢6 lan can V ctia (V C U) sao cho
Fx) < F(@)(f(x) > f(a) khi z € V).

Néu f(z) < f(a)(f(z) > f(a) khi x € V\a) thi ta néi f dat cyc dai (cuc
tiéu) dia phuong thyc s tai a.

Cue dai (cue tiéu) dia phuong goi chung 1a cie tri.

Gia tri 16n nhat, nhé nhat ctia ham s6 trén mot doan

Gia st ham f (x) lién tuc trén doan [a, b], gia tri 16n nhat, gia tri nho nhat
trén [a,b] c6 thé dat tai diém ma ham dat cuc dai, cuc tiéu, c6 thé dat tai hai

dau mut f (a), f (b).

Cuc tri toan thé
Dinh nghia
Trong khoang (a,b), ham f (z) dat cuc dai tai D va cuc tiéu tai C' . f () cling
dat cyc dai tai B nhung trong mot lan can nhoé hon (a,b). Diém A ciing 13
diém cyc tiéu trong mot lan can nao dé. Ta goi nhing diém D,C la nhiing
diém cuc tri toan thé trén (a,b), con cac diém kia la cuc tri dia phuong.
Cha y: Diém E tuy c6 dao ham tai d6 bing 0 nhung ham f () thi dat
gia tri cue dai hay cyc tiéu tai d6. Diéu kien f/ (z) = 0 chi 1a diéu kién can
chit khong phai 1a diéu kien da dé f (z) c6 cyc tri (Dinh ly Fecme).
Diéu kién di dé ham sb c6 cuc tri (4 dinh ly)
Dinh ly
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Néu ham s6 y = f(z) c6 dao ham trong khodng (a,b) va f’(c) = 0 tai thi ta
co:

a) Néu f/(x) < 0 véi moi z € (a;¢) va f/(x) < 0 véi moi = € (c;b) thi ham s6
f dat cuc tiéu tai diém c.

b) Néu f/(z) > 0 v6i moi z € (a;c) va f/'(z) > 0 v6i moi = € (c;b) thi ham
s6 f dat cuc dai tai diém c.
Dinh 1y

Néu ham s6 y = f(z) c6 dao ham bac hai trong lan can cia diém ¢, va
f(e)=0

a) Néu f"(z) < 0 thi ham s6 f dat cyc dai tai diem c

b) Néu f”(x) > 0 thi ham s6 f dat cuc tiéu tai diém c
Dinh ly Vaystorat

Cho f(x) la ham xac dinh trén doan [a,b] va lién tuc trén doan do. Khi do
f ¢6 gié tri cuc dai va gid tri cuc tiéu trong [a, b].
Dinh ly Bolsano

Cho ham s6 f xac dinh va lien tuc trong doan [a,b] va f(a)f(b) < 0. Khi
d6 ton tai ¢ € (a;b) sao chof(c) = 0.

2.2.2 NOoOi dung cia phuong phap:

e Dua cac dai lugng hinh hoc vé dang cdc ham sb clia bién ¢t nao do.

e Khéo sat gia tri 16n nhat, gia tri nhé nhat clia ham sé bang cong cu clia
giai tich. C6 thé xay ra truong hop la can tim cuc tri ctia ham nhiéu bién.

e T viec xac dinh gid tri 16n nhat, nhé nhat clia ham sd quay tré lai két

luan cyc tri cua dai lugng hinh hoc.

2.2.3 Cac vi du (hinh hoc phang va hinh hoc khong gian)

Vi du 2.10. Ldip phuong ABCD.A'B'C'D’" canh a. M,N,P,Q di dong trén
AB,BB',D'C", DD’ véi AM = BN = C'P = QD' =z

a) cm: M, N, P,Q dong phang. Tinh MP,NQ suy ra hinh tinh MNPQ

b) Tinh S(MNPQ). Dinh z dé S dé nhé nhat, lon nhat. Khi dién tich nho
nhat, chiing minh A'C' vuong géc (MNP).

Giai.
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a) Chi can ching minh MN//PQ va MN = PQ = /22 + (a — z)*. Suy ra
t giac M N PQ la hinh binh hanh.
Tinh duge MP = NQ = /242 + 422.

Nhu vay, ti gidc M N PQ 1a hinh binh hanh c6 hai duong chéo bang nhau
nén noé 1a hinh chit nhat. b) Dién tich hinh ch@ nhat M NPQ bang
Sunpg = MN.MQ = \/(xQ + (a — x)2) : (xQ +a?+ (a — x)2)

MN =+/MB2+ BN? = /(a — 2)* + 22
con MQ = /MD? + DQ? = \/MA? + AD? + DQ?
MQ = \/22 + a? + (a — z)?
Dén day, xét tam thic bac hai: f(z) = 22 + (a — 2)? = 222 — 2az + 22 V6i
0<z<a

Ta c6 hoanh do dinh parabol : x = —% = g € [0;q]
Lap bang bién thien tren doan [0; d]
2

Suy ra f(z) > f <g) =L Ve o

Nghia 13 ham s6 dat gia tri nhé nhat tai z = %

N . a CL2
Vg =5 (3) =5

2 2 2./3
Tt do suy ra Sy npg > g,(a2+)g :CLQ\/_

Két luan:
Dien tich hinh chit nhat dat gid tri nhé nhat khi = g
a3

Va gia tri nhé nhat dé bang Spi, = 5

T

Vidu 2.11. Cho dudng thing (d) : 7 = % - % va hai diém A (0;0;3), B (0;3;3).
Tim toa do diém M € (d) sao cho:

a) MA+ MB nhé nhat.

b) M A%+ 2M B% nhé nhit.

¢) [MA — 3MB| nhé nhdt.

d) [MA — MB| lén nhat.

Giai.
r=1
a) Chuyén phuong trinh ctia (d) sang dang tham sb (d) : { y =

z=1
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Goi toa do ctia M € (d) c6 dang M (¢;t;t) ,t € R. Ta co
P=MA+ MB

:=¢m—wz+ — 1) —t-+¢ 0—1)°+(3B—1t)+ (3 —1)?

P:\/3t2—6t+9+\/3t2—12t—|—18

P=V3(VE-2t+3+ V24t +6)

Y (e A e ey

P—\/§<\/(z€—1) (0-v2 +\/t—2 ﬁ))

Trong mét phang Oxy xét cac diem N (;0) € Oz, H (1;V2) , K (2;v?2)

Goi H' (1; —\/5) 1a diém déi xing cua diém H (1; \/5) qua truc Ox.

Taco6 P=+3(NH+NK) =V3(NH' + NK) >3H'K

Dau “=" xdy ra < H’, N, K thang hang < N = H'K N Ox.

Duong thing H'K c6 vecto chi phuong Iﬁ((l; 2v/2) nén c6 vecto phap tuyén
= (2v/2, —1).

H'K lai di qua H’ (1; —\/5) nén c6 phuong trinh tong quét

2V2(z—-1)—1(y++v2) =0&2V2r —y—3v/2=0

Toa do giao diém N clia dudng thing H'K va truc Oz la nghiém cia hé

phuong trinh

2\/§x—y—3\/§:() :17:§
RN 2
y=0 =0
_ 3
VayN(——;O).
2
Vay min P = VBH'K = v3.4/12 + (2v2)° = 3V3.
3

Dat dugc khi N (:0) = N (g;o) ei=2

Suy ra M A+ MB nho nhat bang 3v/3 khi M (;, g; ;)
Cach 2: (Dung dao ham)

Lam nhu cach 1, dén doan

P:\/§(\/(t—1)2—|—2+\/(t—2)2+2>.

Xét ham s6 f(t):\/(t—1)2+2+ \/(t—2)2+2

Ta co

ft) =

t—1 t—2

\/(t—1)2+2+ \/(t—2)2+2
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P =00 t—1 =2
ViE=1D2+2 (=22 +2
etz __ —(-2 (2.11.1)
JiE-172+2 (I t-2P +2
2 u
Xét ham s6 S m—
080 g (u) u? + 2
Ta c6
1 2
"(u) = 249 g2 ) = >0
g (u) ( u u W2 +2) u2+2 (u2+2)3

nén ham s6 g dong bién trén R.
Do dé6 tit (2.11.1) tacoé g(t —1) = g[— (¢t — 2)] @t—lz—t+2@t:g
Ta lap bang bién thién ctia ham s6 f

Tit bang bién thien suy ra min f (£) = f (g) 3

Vay min (M A + M B) = 3/3 dat dugc tai t = 37 tuc la M (§ —: —)

w

b). Lam tuong tu cau a), ta tinh duge
Q= MA® +2MB* = 3t* — 6t + 9+ 2 (3t” — 12t + 18) = 9¢* — 30t + 45

Biéu thitc nay la tam thtc bac hai v6i hé s6 a = 9 > 0 nén dat gia tri nho
nhat khi £ = ——0 = 5 Tge Ia M(5 > 5)
29 3 3'3'3 ?
Nhan xét: néu khong nhé tinh chat vé do thi bac hai thi c6 the khao sat
ham sb f (t) = 92 — 30t + 45 dé tim gia tri nhé nhat.
c¢). Theo cau a) , goi M (t;¢;t). Ta ¢ MA = (—t;—t;3 —t),
MB = (—t;3—1t;3—1t). Suy ra

MA = 2MB = (—t — 2(—t); —t —2(3 — 1);3 —t — 2(3 — 1))

— (11 — 6,1 — 3)
’MA—Q?’ \/152 (t—6)%+ (t —3)* = /312 — 18t + 45
’MA oM B| = 3(—)+18>\/E:3\/§

Dau”:”Xayra<:>t—3—0<:>t—3hayM(333)

Vay min

MA— 2?‘ = 3v/2 dat dugc tai M (3;3;3).

Nhan xét: néu khong phan tich dugc ‘]\_/—[;)1 - 2]T/[—§‘ =1/3(t— 3)2 + 18 thi
c¢6 thé khao sat ham sb f (t) = v/3t2 — 18t + 45 tim gia tri nhé nhat.
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d). Tuong tu cau a), ta tinh duge
|IMA— MB|=|V3 (V2 —2t+3— V12— 4t +6)

\/§<\/(t—1)2+2—\/(t—2)2+2)‘

Trong mat phing Ozy xét cac diém :

N (t;0) € Oz, H (1;V2) , K (2;V2)

Khi d6 [MA - MB|=+3|NH — NK|

Nhan thay H, K ndm cling phia so véi truc Oz.

Suy ra |MA— MB|=+3|NH — NK| < V3HK.

Bai toan nay vo nghiém vi KH//Ox.

Cach 2: Khao sat ham s6 nhu cach 2 6 cau a — Ham s6 khong c6 GTLN.

IMA— MB| =

Vi du 2.12. Cho mat phang (P) : x+y+ 2z —4 =0. Tim diém M € (P) sao
cho

a) MA+ MB nhé nhat, biet A(1;0;0), B(1;2;0).

b) |IMA— MB| Ién nhat, biét A(1;2;1), B(0;1;2).

c) M A%+ 2M B% nhé nhat, biet A(1;2;1), B(0;1;2).

d) MA% + 3MB? +2MC? nhé nhat, biét A(1;2;1), B(0;1;2), C(0;0;3).

e) |MA 1+ 3MB + 4MC| nhé nhét, biét A(1;2;1), B(0;1;2), C (0;0;3).

Giai.

a) Cach giai

Xét vi tri tuong déi ctia A, B so véi (P)

bat f(z;y;2) =x+y+2—4.

Thay toa do ctiia A, B vao va tinh f (xa;y4;24).f (xB;yB; 2B).

- Néu f(za;ya;24).f (xB;yB;2B) < 0 thi A, B & hai phan khong gian khac
nhau ngan cach béi (P).

- Néu f(wa;ya;24).f (xB;ys; 25) >0 thi A, B & cung phia so véi (P).

Néu A, B ¢ khac phia so v6i (P) thi véi M € (P) tuy ¥ tac6 MA+MB > AB.
Suy ra min (M A+ MB) = AB dat dugc khi M = ABN (P).

- Viét phuong trinh dudng thing AB.

- Tim giao diém M ctia AB N (P). (Giai hé phuong trinh ctia AB va (P)

- Két luan.

4+ Néu A, B & trong cuing phia so véi (P), ta lay diem A’ ddi xing véi A
qua (P).
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Khi d6 MA' = MA= MA+ MB=MA"+MB > A'B =
min (MA+ MB) = A'B dat duge khi M = A/B (P)
+ Tinh toa do A’:

- Viét phuong trinh dudng thang d qua A va (d) L (P)

- Giai he {(d); (P)} tim dugc toa do ciia H = (d) N (P) 1a hinh chiéu vuong
goc ciua A trén (P).

- H la trung diém ctia A’A. Biét toa do ctia H suy ra toa do ctia A’

+ Viét phuong trinh dudsng thing A'B.

+ Giai he {A'B; (P)} tim dugc toa do cia M = A'BnN (P).

A
A

A /
/y//yw

B

B

Hinh 2.10:

b) Lam ngugc lai ctia hai trudng hgp trén cau a.
MA— MB| < AB

Néu A, B 6 trong ciing phia so véi (P), ta lay diém A’ d6i xiing v6i A qua
(P).

Khi d6 MA' = MA = |MA— MB| = |MA' — MB| < A'B

Céch lam mdi truong hop nhu cau a. ¢) Xét diém I tuy ¥, ta co
MA? = MA? = (m+ﬁ4)2:]\7[>2+1712+2m.ﬁ1
MB2 = MEB? = (m—l—ﬁ)z — M2 +1@2 —1—2]\7[}.1?. Suy ra
MA? +2MB? = MI? + TA? + 2M1.TA +2 (JWQ L IB + 2@.]7%)

Suy ra MA2 + 2M B2 = 3M12 + [A% + 2TB2 + 20 1 (7?1 + 2f§)

Néu A, B § trong cung phia so véi (P) thi

Suy ra MA2 + 2M B2 = 3MI2 + [A% + 21 B% + 2M (171 + 2175‘)
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= ) <
Giasu IA +2[§—6><:)IA:—2I?,tacétoadécualla:
_xat+2zp 1420 1
T o1+2 33
. 14
I :yA+2yB_2+21:% .Hay[(—;—;5)
1+2 3 3 333
_zZAat2zp 1422 5
145 1+2 3 3
%
Vay, V011(3 3 3) ta co IA+2[§:6>nén

MA? +2MB? = 3M1I? + [ A? 4+ 21 B

Do I ¢6 dinh nén 1A%, I1B? khong doi.
Vay M A? 4+ 2M B? nhé nhat < MI? nhé nhat < MI nhé nhat < M 13 hinh
chiéu cua I trén (P).

145 P
Du’dng thang d qua I < ) va vuong goc v6i (P) nhan vecto phap tuyen

333
= (1;1;1) cia (P) lam vecto chi phuong nén cé phuong trinh
T = 1/3 +1
(d) : Yy = 4/3 +1
zZ = 5/3 +

- Toa do giao diém H ciia (d) N (P) la: H (g 194 197)

- H 1a hinh chiéu cta I trén (P).
Vay M la hinh chiéu ctia [ trén (P) nen M = H

5 14 17
Két luan: M A? +2M B? nhé nhat khi M (9 9 )

d) Lam tuong ti cau c) e) Can rat gon tong MA + 3M B + 4MC thanh mot

vecto.

Khi d6 ‘MA +3MB +4MC| = |MH
ctia H tren (P). Lam nhu cau ¢) Bang cach phan tich
MA + 3MB + 4MC = MI + TA + 3 (J\Tf+17§) +4<J\7}+1?>
— M + TA + 315 + 4IC

Dén day chi viéc tim toa do diem I sao cho IA + 3]_§ + 41‘8 = ﬁ roi lam

= MH nhé nhat < M 1a hinh chiéu

tiép theo huéng dan treén.
Chit §: TA+ 3IB + 4IC =0 < Of = (0A+3@+40?*)
Suy ra toa do cua I la
xr = E (x4 + 3zp + 42¢)
= (ya + 3y +4yc)
21 = = (24 + 3z + 42¢)

8
Bai tap :
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r4+y—2—-—1=0
2r—y—1=0
A(2:-1;1), B(1;-1;0). Tim diém M thudc duong thang A dé dien tich ctia tam
gidc AMB dat gia tri nhé nhat.

Bai 2.6 Cho duong thang A : { va hai diém

2 _|_ - - 1 - O 2
Bai 2.7 Cho duong thing A:{ /77 va hai diém
r—y+z—1=0
A(2;1;-1), B(-1;2;0).Trong cac dudng thang di qua B va cit duong thang A,
viét phuong trinh dudng thing sao cho khoang cach tit A t6i né la 16n nhat?
Bé nhat?
Bai 2.8 Cho céc duong thing
r—1 y+1 2z-1 r+2y—2+1=0
= = , Ag: .
2 1 1 T—y+z+1=0
Trong cac dudng thang di qua A(2;-1;0) va cat duong thang, viét phuong trinh

JANEE

dudng thing sao cho khoang céch giita va 16n nhat.

Bai 2.9 Trong cic mat phang di qua A(2;-1;0)va song song véi dudng
thine d - r+1 y—2 z+41
o R B
phang (zOy) mot géc nhd nhat.

, viét phuong trinh mat phang tao v6i miit

Noi dung chii yéu trong chuong nay la diing cac bat déang thic dai s6 va khao
sat ham s6 1a nhitng cong cu rat tot dé giai bai toan cuc tri. N6 dua nhiing
bai toan cyec tri kho vé dang quen thuoc, bai toan phitc tap vé bai toan don
gian. Phuong phap ding cac bat ding thiic dai s6 dé danh gia biéu thic can
khdo sat chinh 1a dang 3 trong phan md dau. Bén canh dé dang 2 cling nam

trong chuong nay dé la khao sat ham sé dé giai bai toan cuc tri.
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Chuong 3

Giai toan cuc tri hinh hoc bang

cac phuong phap khac

D@ giai bai toan cuec tri khé hon ta c6 thé ding t6i hai phuong phap khac
d6 1a: Phuong phap duong mic va phuong phap két hop cac phuong phap.

3.1 Phuong phap dudng mic

5, 6, 7]

3.1.1 Khai niém dudng mic

Dinh nghia
Cho ham diém f(M)trén mit phang va sé thuc h, cac dusng mic ctia ham f
1a tap hop cac diém M trong mit phang sao cho f(M) = A . Néu ky hiéu cac
duong muc cia f ing véi A la £ thi ta co €\ = {M|f(M) =A}.

3.1.2 Nguyén ly tiép xiic dudng miic

Gia tri 16n nhat (nhé nhit) ctia ham f c6 biéu dién 1a duong cong L chi
dat dugc tai diém ma & dé L tiép xic véi dudng mic clia f.

Ta dién ta nguyén 1y d6 nhu sau: Néu gia tri 16n nhat (nhoé nhat) cta f dat
tai diém P thuoc L va f (P) = X thi dudng cong L khong thé c6 diém chung
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v6i tap hop {M|f(M) < A}, nghia 14 L khong thé xuyén qua dudng miic, hay
L chi tiép xtc véi duong mic ¢ tai diém P.

3.1.3 Mot s6 dang dudng mic co ban

Bai toan 3.1

Cho A va B la nhiing diém c6 dinh trong mit phang va ham diém f (M) AMB.
Gia st cho ¢ la goc 0 < ¢ < m. Tim cac dudng miic £, ctua f.

Giai.

Co6 dinh mot goc ¢, theo quy tich cung chic goc ta c6 dudng miic £, clia
f 1a 2 cung ddi xtng nhau qua AB. Nhu vay cac dudng muc £, clia f la cac
cung chita goc doéi xting nhau qua AB, dyng trén AB.
Bai toan 3.2

/‘f H“\
4 A
/ \
J |
Ap {B
'. l
\ /
\ /
~ ~

Hinh 3.1:

Cho O la diém c6 dinh, ham f xac dinh béi f(M) = |OM| va r 1a mot s6

thuc duong. Tim dudng miic ¢, .
Giai.

Theo dinh nghia dudng mtc ¢, = {M|f(M) =r} = {M||OM| = r}, nhu ta
da biét tap hop nay la dudsng tron tam O ban kinh r trong mat phang hoac
mit cau tam O ban kinh r trong khong gian (m#t mitc). Nhu vay cac duong
miic /, clia f ing véi r hodc 1a cac duong tron dong tam O, hoiic 1a cac miit
cau dong tam O.

Bai toan 3.3

Cho A va B la cac diém c6 dinh trong mat phang va f (M) = MA?+MB?,

r 1a s6 thuc cho truée.
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Tim cac duong miic 4, cua f.
Giai.
Theo dinh nghia dudng mic ¢, = {M|f(M) = h} = {M|MA?>+MB?= h}.
Tu do,
+ Néu r <0, tap cac duong mtec la tap rong.

. AB+?2 . N .2
+ Neéu h > \/_, cac duong mic la cac duong tron véi tam la trung diem

2
2
ctia AB, ban kinh 1a Ry = {/h? — ATB.

Bai toan 3.4
Cho A va B la cac diém c6 dinh trong mat phang va f (M) = MA? — MB?,
r 13 s thie cho trude. Khi d6 ho dusng miic ¢, ctia f 1a nhitng duong thang

vuong goc véi AB.
Bai toan 3.5
Cho A, B thuoc E?, v6i A € R, ta ky hieu
() = {M € B2 MAMB = )\} . Tim dudng mic &5,
Giai.
Ky hiéu I la trung diém AB, ta c6 v6i moi M thudc: E?
MAME = (MI+TA)(MI+TB) = MI2 iABQ

1
Do d6, MAMB = X\ < TM? = X\ + JAB?.
) 1 )
- Néu X < _ZAB2 thi ¢\ = 0 (rong).
- Néu ) = —}LABQ thi ¢, = {I}

) 1 1
- Néu \ > _ZABQ thi ¢, 1a duong tron tam 7, ban kinh 4 /X + ZABQ. Dic

biét, ¢y la duong tron duong kinh AB.
Bai toan 3.6
Gia st a1, as, ..., o, 12 nhitng s6 thuc cho trude, Ai, Ag, ..., A, 1 n diém cd
dinh trén mat phang. véi moi M thudc E? xét ham diém f (M) = oy |MA{]? +
ao|MAs|? + ... + an|MA,? (ham vo huéng Leibniz), va v6i A € R, ky hi¢u
0y ={M € E?*|f(M) = A}. Ta di tim ¢,
Giai.

Goi O la diém c6 dinh trén mat phéng. Véi moi diém M ta cé:
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Z Oéi(T)Ai> O—l\>/[ + (Z Oéz‘) OM?
=1 =1

Truong hop 1: 3" a; # 0. Lay diém G la tam ty cy ctia he diém Ag,...,A,
i=1
(46 1a diém théa man S GA; = 0 ).

i=1

Thay O béi G ta sé c6 véi moi diém M: f(M) = £(G) + (Z ai> GM?2.

=1

n —1
» az-) (A~ £(G))

Tit do,

—1
- Néu (Z Oéi) ()\ — f(G)) < 0 thi ly = 0
=1
- Néu f(G) = A thi £, = {G}

Nhu thé véi moi: A € R M € £, & GM? (

3

o -1
- Néu <Z oz2> (A —1£(G)) > 0 thi ¢, la duong tron tam O, ban kinh R
i=1
. -1
R- \/ (Z ai) (0~ £(G))
i=1

(M) = (Z ) OM
T

a chti ¥ rang véi moi O va O’ thuoc miit phang
> aiO'A; = (00 +OA (
=1 1=1

> O’O + Z alOA E aZOA
=1 1=1
nén suy ra vécto Z a;OA; khong phu thudc viéc chon O. Nhu vay,
i=1

n
- Néu ton tai O trong mat phang ma Y a;

OA; = 0 va f(0) # A thi ¢, = 0
i=1

. o 2 N n — = . N 2
- Neéu ton tai O trong mat phang ma > «;0A; = 0 va f(O) =\ thi ¢, = E=.

=1

n

2 —>
- Néu ton tai O trong mat phang ma » | «a;0A; # ﬁ
i=1
n
truc giao v6i véc to ) 0;0A;

thi ¢, 14 duong thang
i=1
Bai toan3. 7

Cho A, B phan biét, A € R, ky hiéu ¢, = {M € E?— {B}|MA } Ta di
tim g)\.
Giai.
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A

) M
Tru6e het, ¢ = {M c E2— {B}\ } la duong trung truc cua AB. Ta

gid thiét A # 1 . Goi O 1a trung dlem clia AB,

1 — 0
a = 3IIAB||. 2 = ’—?ﬁ - (@.

Nhu vay (O, ei,e3) 1a hé toa do Dé cac vuong géc A(—a,0), B(a,0). V6i moi
A # 1, M thuoc E? — {B} ta co:
M e ly & (z+a)?+1y2 = A2[(x — a)’+y?]

2

14+ A
x4+ 9%+ 2a + r+a®=0

1— )2

2N 2 2
N $+a1+)\ +y2: 2a\ .
1— )2 1— )2

L 14 A2
Nhu vay, v6i moi A € R — {1}, ¢) la duong tron tam I, ( i ), va ban

TN
. 2a\ e P 2 X N < “n 5 L 1ot 4
kinh R = T2 Bai nay c6 thé dua ve truong hgp dac biét cua fvéi bien
.. MA
doi — =\ & MA? — \2MB? =0
ol 115

Bai toan 3.8

Cho hai duong thing m, n cit nhau va

f(M) =d(M,m)+ d(M,n). Tim duong miic cia ham f(M).
Giai.

Cho r la s6 thuc duong, ta di tim ¢, = {M € E?[f(M) =r}. Ti bai toan
quy tich cac diém M sao cho tong khoang cach tit d6 dén 2 canh ctia mot goc
bang r khong ddi, ta suy ra cac duong mic ¢, cta f la nhitng hinh chit nhat
c6 duong chéo trén cac dusng thang m,n. Hinh vé biéu dién:

Hinh 3.2:
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3.1.4 NOoOi dung cia phuong phap

e Tim dugc ham diem f(M).
e Tim dang duong miic ciia ham f (thuong 1a cdc quy tich da biét).

e Xac dinh diém tiép xtc ciia cac dudng mic véi cac duong da co.

3.1.5 Vi du ap dung.

Vi du 3.1. Trén duong thang d hay tim mot diém M ma khodng cdch ti dé

dén diém O cho trude la nhé nhat.

Giai.
Day la bai toan don gian, ta mubn giai bang nguyén tic duong miic dé minh
hoa: Goi f(M) = OM, cho r 1a mot s6 thuyc thi dudng mic cia f 1a duong
tron tam O, ban kinh r. Diém ma tai d6 f(M) dat cyc tri la tiép diém clia d

v6i dusng mitc. Trén hinh vé 1a diém H.

Hinh 3.3:

Vi du 3.2. Trén duong tron ngogi tiép tam giac ABC hay tim diém M sao
cho tong f (M) = |MAJ2 + |MB|? + |MC|? dat gid trj.
a) Nhé nhat. b) Lén nhat.

Giai.
Ap dung két qua vé cac dudng mic
0y = {M € E?[f(M) = MA?+MB?+MC? = \} cta f ta co:
f(M) = f(G) +3GM? = 3GM? + GA2+GB?+GC? (G la trong tam clia tam giac).
Nhu thé véi moi A € R: M € £ < GM? = [\ — (GA2+GB?+GC?)].
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T do,

- Néu )\ < (GA2+GB24+GC?) thi ¢y =0

- Néu A = (GA24+GB2+CC?) thi ¢\ = {G}

- Néu A > (GA24+GB2+GC?) thi ¢, 1a duong tron dong tam G, ban kinh R)
Ry = /A — (GAZ+GB2+GC2).

Ta suy ra diém tiép xic trong hay ngoai clia cac dudng tron tam G, ban kinh

R, v6i duong tron ngoai tiép tam gidc ABC sé tuong tng la diém dé f(M)
dat gia tri nhé nhat hay 16n nhét.

Khong phai bai nao ciing ap dung dugc phuong phap duong mic. Véi cac
quy tich da xac dinh duge thi cdc bai toan tim cyc tri bang duong mic cho
ta cach giai hay. Dé ching toé dieu dé, c6 thé gidi them cac bai toan sau va so
sanh v6i cach giai thong thuong
Bai tap
Bai 3.1

Cho dudng tron v va hai diem A, B trén n6. Hay tim diém M trén ~ sao
cho tam giac AM B cé:

a) Dién tich 16n nhat

b) Téng binh phuong ciia cic canh 16n nhat
c¢) Chu vi 16n nhat.

Bai 3.2

Trong hinh thang ABCD(AB//CD) tim diém M sao cho tong khoang cach
tit d6 dén cac canh hinh thang 13
a) Nho nhat.

b) Lén nhat.
Xét bai toan trong truong hop goc C vuong hodc tam giac ABC deu.
Bai 3.3

Trong géc Opg cho mot tap hop Q . Tim diém X thuoc tap hop Q sao cho
tong khodng cach tit d6 dén canh ctia goc Opq 1a nhd nhat.
Xét cac truong hop dic biet: Q 1a mot diém; Q 1a mot doan thing:; Q 1a mot
da giac; Q la mot hinh tron.
Bai 3.4

Trong mit phang cho duong thang d va 2 diém A, B § cing mot phia clia
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d. Hay tim trén d mot diem M sao cho tit M nhin dugc doan thang AB duéi
mot goc 16n nhat.
Bai 3.5

Hay tim tam gidac ABC c6 goc A 16n nhat theo dudng cao cho trude ha ti
A va trung tuyén cho truéc xuat phat tiu B.
Bai 3.6

Trén dudng tron ngoai tiép tam gidc ABC hay tim diéem M sao cho tong
h (M) = |[MAJ? + 2|MBJ|? — 3]MC|? dat gia tri
a) Nho nhat.
b) Lén nhat.

3.2 Két hop cac phuong phap.

[11]

3.2.1 Két hgp phuong phap hinh hoc thuan tiy va phuong phap

toa do.

Bai toan xuat phat:
Chiuing ta xét bai todn tong quat: Cho hai diém A, B va duong thang d. Tim
diém M trén d sao cho MA + M B nhé nhat.
C6 thé xay ra cac truong hop sau
Trudng hop 1: Dudng thang AB va dudng thang d dong phang.
C6 hai kha nang
a) A, B nam khéc phia d6i véi d (Hinh 3.4). V6i 3 diém M, A, B ta luon co:
MA + MB > AB nén khi AB c¢6 dinh, MA +MB nhé nhat néu va chi néu
M, A, B thang hang. Suy ra M = ABNd.
b) A, B nam vé cung phia doi véi d. (Hinh 3.5).

Ta dyng A’ 1a diém déi xting véi A qua d. Vi MA + MB = MA’ + MB > A’B
nén M A+ M B nhé nhat khi va chi khi M, A’, B thang hang. Suy ra M = A’BNd.
Nhu vay truong hop 1, bai toan da cho la bai toan phang va ta da giai
tron ven bang phuong phap Hinh hoc thuan tay (dudi dang bai toan dung
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A
d M
M
B
Hinh 3.4:
2=
A
%\ / /
\\\\“ rd //
d \\ ;“\\/
/}"
/ M
v
/
Hinh 3.5:

hinh, stt dung phuong phap "3 diém" va phép ddi xting truc).
Trudng hop sau day sé 14 bai toan trong khong gian 3 chiéu.
Trudng hop 2: Dudng thang AB va d khong dong phang.

Hinh 3.6:

Ta dung phuong phap toa do chuyen ve bai toan tim gié tri nhé nhat cla
mot ham s6. Trong khong gian xét hé toa do Oxyz, c6 thé chon O la diem A

con diém don vi la B. Nhu vay A(0;0;0), B(1;0;0). Gia stt dudng thing d cé
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phuong trinh
T—T _Y—Y% _Z—%
) a b ,oc
Diem M thudc duong thang d ta coi M c6 toa do phu thudce ¢:
M(zg + ta; yo + tb; 2o + tc).
Nhu thé, MA = MO = \/(:co +ta)? + (yo + th)* + (20 + tc)?
(a? + b2 + )2 + 2 [zoa + yob + zoc] t + z0% + yo? + 202
(at + /3)2 +2

MB = \/(:co — 1+ta)? + (yo + tb)* + (20 + tc)?

I
<

[
<

(a2 + b2 + )12 + 2 [(z0 — 1)a+ yob + 20¢] t + (20 — 1)* + yo? + 202

~

(at + A)? + 62,

Do d6, MA + MB = \/(at+ﬁ)2—|—72+ \/(at+>\)2+52
(Cht y rdng mot tam thic bac hai khong am at? + bt + ¢ luon viét dugc

duéi dang (at + 8)2 ++2).
Diat v = (at + B;7); U = (—at — ;9). Khi do ta co
FO = [@+ [T 2 [T+ 7] = /(8- N+ (3 +6)
ot+p
—at—X ¢
, 70 > 0, tur do ta tim dudc toa do cua M.

Dau biang xay ra khi va chi khi
i)
a0 +7)
Tiép theo ta gidi Bai toan xuat phat minh hoa cho cach xit 1y trén.

Trong khong gian véi hé toa do Ozyz, cho hai diem A(1;1;0), B(3; —1;4) va

1 —1 2 e
leL =Y . :Z;— . Tim diém M trén

> 0 tuong duong véi ¢t =

dudng théng d c6 phuong trinh: d :
d sao cho M A + M B nho nhat.

Hinh 3.7:

Vi M thuoc d nén M(—1+t;1 —¢;—24 2¢t) . Suy ra
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MA = \/(t — 2% 4 (=) + (2t —2)* = V612 — 12{ + 8
MB = \/6t2 — 36t + 56
Bai toan tré thanh tim GTNN ctia ham sb

F(t) = /62 — 12t + 8 + /62 — 36t + 56

Ta viét £(t) = \/ (V6 — v6)" + 2+ 1/ (VBt — 3V6)" +2

Dat ¥ = (V6t — V6;v2), ¥ = (—V6t + 3v6; V2).

Khi dé ta cé f(t) = |d|+|V| > |4 + V]

Suy ra f(t) > \/(2\/5)2 + (2\/5)2 =42

Dau bang xay ra khi vi chi khi hai vecto @ va ¥ cting huéng hay
Vo= Ve V2
—V6t +3V6 V2

Tuong duong véi ¢ = 2, thay vao toa do ciia M 6 trén thi M(1;—1;2).

Chu y Trong cach giai trén ta sit dung bat dang thic hinh hoc, cach giai
nay thuce hien duge do hé s6 ctia hai biéu thiic duéi cian bing nhau.

Nhan xét

Cho A(za;ya;24), B (zp;yp; 25) v mit phang (a):
Bai toan 3.9 Tim M € (a) sao cho MA + MB nhé nhat

a/) Néu A va B khac phia so vé6i (a) thi M = ABN (a).

b) Néu A va B cuing phia so v6i (a) thi M = AB' N (a). (B’ 1a diém d6i
xitng ctia B qua mit phang () )
Bai toan 3.10 Tim N € (a) sao cho [NA — NB| 16n nhat

a) Néu A va B khac phia so véi (a) thi N = AB'N(a). (B’ 1a diém d6i xiing
clia B qua mat phang (a) )

b) Néu A va B cung phia so véi (a) thi N = AB N (a).

Bai tap

Bai 3.7 Cho duomg thing d: T = /-~ = 21 va hai diém

A(0;1;2), B(—1;2;3).

Tim M thuodc d sao cho

a) MA24+MB? nho nhat

b) MA + MB nhé nhat

¢) |2MA — MB| nhé nhit

d) [2MA + MB| nhé nhét.
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Bai 3.8 Tim M, N € (a) sao cho MA + MB nhé nhat vdi
a) A(1;1;2),B(2;1;-3),(a) : 2 +y—32—5=0

b) A(=T7;4;4),B(—6;2;3),(a): 3z —y—22+19=0

c) A(1;0;2),B(2;-1;3), () :z—2y+2—4=0

d) A(1;1;0),B(0;-1;1),(a) :x — 2y +2 —4=0.

3.2.2 Giai bai toan cuc tri két hop phuong phap hinh hoc thuan
tiy va phuong phap dai s6.

Bai toan
Cho mot tam bia hinh vuong canh a. Cat theo cac canh ciia hinh vuong 4
tam gidc can bang nhau; gap len ghép lai thanh mot hinh chép tit giac deéu.
Tim kich thuée hinh chép dé né c6 thé tich 16n nhét.
Giai.
Gia stt hinh chép ti gide déu S.ABCD duyng duge, c6 canh day 1a z. Trai cac
mat bén trén mit phang ctia ddy, ta c6 hinh khai trién ctia hinh chép nhu

hinh vé (cac dinh ctia hinh vuong trung véi dinh ctia hinh chép).

g
8

3

Hinh 3.8:

~ N e e e ” a\/§ - . s
Bay gio ta xét vdéi gia tri nao cua x (0 <z < T)’ sé thoa man yéu cau
clia deé bai?

Goi V la thé tich ctia hinh chép S.ABCD, c6 duong cao la SH ta co:
V =2 S—H
3
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Goi M la trung diém ctia AB, trong tam giac vuong SMH c6:
SH? = SM? — HM?

L 2
D& thay SM =22 Lo gm =2,
2 2 2
~ 12 a2 ax 2
Vay Vi=soy\f 5 - =
- 1 2a3\/§ 9
Datt:x/(aﬁ/Q)taduocV:§x. T VTt (0<t<1).

V dat gia tri 16n nhat khi t2../1 — ¢ dat gia tri 16n nhat. Chuyén ¢2 vao trong
2 2 ;T 2
can thic va ap dung bat dang thitc AM-GM cho 4 so 1 va 80 1 —t, ta tim

4
ducc t = —.

ot

2 .x . . . p
Suy ra z = ga\/?, thod méan cac dieu kién da dat V dat gia tri 16n nhat.

2 X .
Vay hinh chép c6 canh day la = = ga\/§ théa man yéu cau cua bai.

3.2.3 Giai bai toan cuc tri két hop giita phép dbi xiing truc va
phuong phap toa do.

Bai toan
Trong mit phang Oxy cho d: x4 2y — 4 = 0, cac diém A (1;4), B (6;4).
a) Chiing minh rang : A vA B ndm vé 1 phia ciia d. Tim A’ ddi xting véi A
qua d.
b) Tim M € d sao cho M A + M B nhé nhat.
¢) Tim M € d sao cho |[M A — M B| nhé nhat.

Giai.

a) tatp = (1+8—4)(6+8—4) =510 =50 > 0 = A va B ndm vé mot
phia cta d.
Ap dung cach tim diém d6i xing A’
+ AA'1d
+ Trung diém I ctia AA’ thuoc d
Giai hé phuong trinh duge A’ (—1;0).
b) Ta c6 MA+MB = MA"+ MB > A'B = /65.
Vay gia tri nhé nhat ctia MA+ MB 1a /65 dat tai M = A’/BNd.
Viét phuong trinh A’B, Giai hé suy ra M (%, %)
¢) Taco [MA— MB| > AB =5 Vay gia tri nhd nhat ctia [MA - M B
tai N = ABNd, N (—4;4).

la 5 dat




67

Cha y: Trong khi gidi bai toan tim cuyc tri hinh hoc, viéc 4p dung phan mén
hinh hoc dong dé doan nhan c6 ¥ nghia truc quan vé hiéu qua. Chang han ta

xét phan mén GSP trong bai toan cuc tri.

* Dy doan nhd mo hinh dong (GSP)
Bai toan

Cho diém M di dong trén duong tron tam O, duong kinh AB. Ha MH L AB,
tréen MH' lay diém N sao cho HN = %HM. Xac dinh vi tri ctia diém M trén
duong tron dé ON ldn nhat, nhé nhat.
Giai.

Tit d6 suy ra vi trf can tim ctia M bang cach xac dinh toa do diém M. (Trung

Hinh 3.9:

diém cung AB)

Sau khi dung phan mém GSP sé du doan dudc vi tri ctia diem M dé ON 16n
nhat 1a khi M = A hodc M = B

Vi trf clia diém M dé ON nhé nhét 1a M 1a trung diém ctia cung AB.

Ta diing phuong phép toa do dé tim quy tich ciia diem N nhu sau : Gia st
0 (0;0),A(—R;0),B(0;R),R = ATB Goi M (zpr,ynr),vi M thudc dudng tron
tam O, ban kinh R, 22 + y? = R?.

Goi toa do N 1a (ax: yy). Do HN = %HM nen ta 6

xM:xN§yM:§yN-



68

Thay toa do cia M vao phuong trinh duong tron ta duge

2 2 2, TN Yx
? .ZUQ y2
Quy tich cia diem N la 1 elip v6i phuong trinh — + =1

R2 22
(5)

Trong chuong trinh THCS va THPT dé giai bai toan quy tich (tim cuec tri)

chiing ta thuong phai di mo mam dé tim dugc quy tich tit d6 ching ta méi

tim dugc cach gidi. V6i phan meén GSP viéc tim quy tich ciia bai toan da trd

nén don gian hon rat nhidu. N6 gitp cho ching ta c6 thé tim quy tich mot

cach chinh xac dong thoi ho trg rat tét trong qua trinh gidng day clia gido

vién. Trén day la mot vi du.
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Két luan

Bai toan cuyc tri hinh hoc 1a mot bai toan khé (dwong nhién la hay),
viec dura ra cach gidi bai toan nay la viéc lam can thiét va phai duge cap nhat
b6 xung thuong xuyéen. Luan van nay da lam duge cac két qua sau:

1. Trinh bay dudc ba phuong phap co ban dé ngudi lam toan lua chon khi
diing trude mot bai toan ciyc tri hinh hoc: Phuong phap hinh hoc thuan tuy,
phuong phap dai s6, phuong phap bién hinh.

2. Hée thong va suu tam lai dugce cac bai tap ap dung va trinh bay chi tiét cac
phuong phéap trén dé giai bai toan cuc tri hinh hoc dén két qua cudi cling.

3. Su két hop cac phuong phéap gidi va dic biet phuong phap duong mic 1a
nhiing suy nghi manh dan clia téc gid dé giai cac bai tap cuc tri ¢ mic khé
hon.

Huéng nghién citu tiép theo ctia luan vin 1a c6 thé ma rong thém vao céc van
dé : Bat dang thic hinh hoc, ap dung phuong phap vecto dé giai bai toan

hinh hoc vA mot bai toan rong hon dé 1a bai toan t6i vu trong toan hoc.
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