SO GIAO DUC VA PAO TAO KY THI OLYMPIC TRUYEN THONG 30 THANG 4

THANH PHO HO CHI MINH LAN THU XXVI - NAM 2021
TRUONG THPT CHUYEN Ngay thi: 03/4/2021
LE HONG PHONG MON THI: TOAN — KHOI: 11
PE CHINH THUC THOI GIAN: 180 phit

Hinh thire lam bai: Tw ludn
Pé thi ¢é 01 trang
Luru y: - Thi sinh lam moi cdu trén mot to gidy riéng va ghi ré cdu s6 mdy ¢ trang 1 ciia méi
to giay lam bai
- Thi sinh khéng dwoc sir dung mdy tinh cam tay.
Cau 1. (4,0 diém) Cho a,b,c 1a cac s6 thuc duong co6 tong bang 2. Ching minh rang:

22 <@ +b2 + b+ + +a? <2+aP +b 4¢P

Cau 2. (3,0 diém) Tim tit ca cac ham s§ f : (0;+00) — (0;+00) thoa man diéu kién

Fx+ £() =xf(1+ f(Zn v6i moi x, y € (0;+0).
X

Céu 3. (4,0 diém)
a. Cho m,n 1a cac s6 nguyén duong sao cho 2m—n 1a udc duong cia n—1.
Chtng minh rang phuong trinh x™” + y*” = (x+ y)" ¢6 nghiém nguyén duong.
b. C6 bao nhiéu s nguyén duong 7 sao cho phuong trinh x** +1** = (x+ y)" ¢
nghiém nguyén duong?
Cau 4. (5,0 diém) Cho tam giac nhon khong cAn ABC ndi tiép duong tron (0). Goi 4',B',C’
1a chan duong cao ha tir cac dinh A4, B, C. Mot duong tron qua B',C’ tiép xuc véi cung
nhé BC cia (O) tai 4,. Cac diém B,,C, xac dinh tuong tu.

a. Chuing minh rang A8 = / cot B )
AC cotC

b. V& cac hinh binh hanh B ABX, C,ACY. Ching minh rang cac diém X, Y, 4,
va A4, thugc mot duong tron véi A4, la duong kinh cua (O).
c. V& cac hinh binh hanh BA4,C4,,CB,AB,, AC,BC,. Chiing minh rang duong tron

ngoai tiép tam giac A,B,C, di qua tryc tam cua tam gidc ABC.

Cau 5. (4,0 diém) B0 hai s nguyén khac khéng (x, y) duogc goi 1a “bd sb dep” néu x 1asdlé,
y la sb chin, x,y nguyén té cing nhau va x* + »* 1a s6 chinh phuong.
a. Chimg minh rang (x, y) 1a “bd s6 dep” khi va chi khi ton tai 2 s6 nguyén u,v

khac 0 va khac tinh chin 1¢, nguyén t6 cung nhau sao cho (x,y)= (u2 —v2,2uv).

b. V&i mdi “bo sb dep” (x, y) ta ¢6 thé tao ra 1 “bod sb dep” moi boi 1 trong 2 phép
bién doi: hodc doi ddu cua 1 trong 2 sé hodc cong 1 s6 nguyén & nao d6 vao ca 2 sd
sao cho (x+ k,y+ k) 12 “bd sb dep”. Chirng minh r?mg véi bat ky 2bd sb dep (x, y)
va (z,t) cho truée ta ludn 6 thé bién doi tir (x,y) thanh (z,) sau hitu han cac
bude bién doi nhu trén.
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Bai

Cho a,b,c 1a cac sb thuc duong thay doi c6 tong bang 2. Ching minh riang

22 <\a? +B2 +B +? +lct +a? <2+a +b2 +cP.

Cich 1: Xét u=(a,b), v=(b,c), w=(c,a) .

Su+v+w=(a+b+c,a+b+c)=(2;2)

Ta cod ‘ﬁ‘+‘\7‘+‘7v‘2‘;:+\7+7v‘<:>\/a2+b2 TN N YN
2
Cach 2: Ta co @ + b z@: RNy

Tuong tu cho cac sb hang con lai, ta dugc
Ja? 0 +p* + ¢+t + a Z\/E(a+b+c)=2\/§.

Do bat déng thirc d6i xtmg nén ta c6 thé gid sit @ = min{a,b,c} .
2
Taco @ +b <L vab+b* >V +b* <L+4b.
4 2
2
a’+c¢’ <%+ac+cz =a*+¢? <%+c.

b+t <Jak+ b+t
Cong veé voi ve, ta dugc

N>+ 40> + 2+ +a® <a+b+c+a’ +b> +¢

=2 +b VP 42+ +ad <24 aE +h + 2.




Bai

Tim tat ca cac ham s thuc £ : (0;+00) — (0;+00) thoa man dicu kién

Sx+f)=xf [1 +F f(ZD véi moi 86 thue x, y € (0;+0).
x

Ta co f(x+f(x))=xf(1+f(1))=cx véi moi x € (0;+0) (1) va
c=f(1+ /(D).

Thay x thanh x+ f(x) vao (1)
Suyra f(x+ f(x)+ f(x+ f(x)))=c(x+ f(x)) véi moi x € (0;+0) (2).

Thé (1) vao (2):  f(x+ f(x)+cx)=c(x+ f(x)) voi moi x € (0;+00).
< f((c+D)x+ f(x))=c(x+ f(x)) voi moi x € (0;+0) (3).
Mit khéc theo dé bai thi f((c+1Dx+ f(x))=(c+1)xf El +f(—1D 4).

1
c+
Tu (3) va (4), suy ra (c+ l)xf(l + f(%jj =c(x+ f(x)) voi moi
c
x € (0;+00).
Suy ra f(x)=ax véi moi x € (0;4+0). Do f:(0;+00) — (0;+0) nén

a € (0;+x).
Thir lai thay thoa man.




Bai

a) Cho m,n 1a cic s6 nguyén duong sao cho 2m—n 1a u6c nguyén duong cia
n—1. Chimg minh rang phuong trinh x> + " = (x+ )" c¢6 nghiém nguyén
duong.

n—1
a) Chon x=y=22"" cZ" thi X" +y"" =(x+y)".
Suy ra phuong trinh c6 nghiém nguyén duong.

b) C6 méy sb nguyén duong 7 sao cho phuong trinh x** + y** = (x+ y)" ¢6
nghiém nguyén duong.

304

Néu n>304, vi x,y>0 tacongay (x+ )" >x"+y" >x" +1"* nén

phuong trinh khéng c6 nghiém nguyén duong.

Néu n=1 thi x™ +)*™ =x+y c6 nghiém nguyén duong x=y=1 .
Xét 2 <n<303. Gia st phuong trinh c6 nghiém nguyén duong (x, y).
bat x=da,y=db véi (a,b)=1.

Ta duoc AL (a304 +b304) =d" (a +b)n o J3 (a304 +b304) — (a _}_b)n‘ (1)

0,5

Céch 1. Dt d'=(a™™ +b™,(a+b)")>1. Néu d' co udcnguyéntd 1¢ p thi
pa+b:>p|a a,p|b voly. Vay d' =2 keN'.
Do d’ channén a,b cung 1. Khi d6 ¢’ +5*™ =2(mod4) nén d’'=2.
% 4 p | (a+b)’ PEC A
nén

2 | 2 2
Thé vao (1): d*™ " =2"":2. Suyra d =2* véi ke N va n—1=k(304—n).
Suy ra n—1=n-304+303:(304—n) :304—n|303.
Suyra ne {303,301,203}. Céc gi tri nay déu thoa man (theo céu a).

304 304

—b™ nén p| 2" = p

Do =l=a=b=1.

2,5

Cach 2. Tir (1) suy ra a+b|d*™" (a™ +b™).

Lai c6 a+b|(a’ —b*) = a+b|d™* " (@™ -b™)

nén a +b| 247" @™

Do (a+b,a)=1 = a+b|2d™""(2)

Trwong hop 1: a,b cung Ié.

= 24" =(a+b)"r v6i rf(a+b),k21

Thé vao (1): r(a™ +b™)=2(a+b)"" (3)

Néu n=k thi r(a304 +b3°4) =2 r=1ra+b" =2 (do a, b cung 1¢)

< r=1=a=>b . Truong hop nay da xét ¢ cach 1.

Néu n>k thi(3) = r(a™ +b™):2(a+b)

Ma (@~ )i(a® b )i2(a + )

Cong vé voi vé ta duoc = ra®™ (a+D)

Ma (a3°4,a +b) =1 nén ri(a+b) (mau thuin).

Trwong hop 2: a, b khac tinh chan 1€ = a+b 1a so 1é.

Tir (2)= a+b|d™ " = d* " =(a+b) s(1 21,5} (a+D)).

Thé vao (1): s(@™™ +b™) =(a+b)"" >2=> s(a™™ +b™ )i(a+b).

Ma s(a304 —b3°4)3(a2 —-b? )E(a +b). Cong vé v6i vé ta dugc = 25a*™ (a+b)

Ma (2a*,a+b)=1nén si(a+b) (mau thuin).

2,5




Bai

Cho tam giac nhon khong can ABC ndi tiép duong tron (0). Goi A',B',C' l1a
chan duong cao ha tir cac dinh 4, B, C. Mot duong tron qua B',C’ tiép xtc voi

cung nho BC cia (O) tai 4,. Cac diém B,,C, xéc dinh tuong tu.

a) Ching minh 8 _ [0t8
AC cotC

Gia sir cac diém c6 vi tri nhu hinh v&, cac trudng hop khac chimg minh tuwong
tu.

a) Cac dudng tron (4,8'C"),(0),(BCB'C") cb cic truc dang phuong ctia
ting cap dudng tron dong quy tai tAm ding phuong P
= P4, 14 tiép tuyén chung ctia duong tron (4,B'C"),(O)

= tam giac PAB dong dang tam giac PC4

_AB_PB_P4 _ [PB
4C P4 pPC \PC’

. PB A'B
Chuy (PA’BC)=-1,tadugc ,|— =.,——==
PC

AC
Vay AB _ /cotB'
AC cotC

cotB
cotC’

b) V& cac hinh binh hanh B, ABX, C,ACY. Chimg minh 4, € (XY4,) v061 A4,
la duong kinh cua (O).

A BC otC CA [cotd __ AB BC CA
Tuong tu céu a) ta dugc = , = = . . =1.
B, A cot4 CB cotB  AC BA CB

sin(B/A\Al) sin(@) sin(ACCl)
Y S T S
sin(4,4C) sin(B,B4) sin(C,CB)
Theo dinh Iy Ceva sin ta cé A4, BB,,CC, dong quy tai T .

=




Goi X' 1a trung diém AX . Do AB XB la hinh binh hanh nén X' 1a trung
diém BB, . Suy ra OX'T=90" .
Goi Y',T" la trung diém AY, A4, . Ching minh tuong tu, ta dugc
OT'T=0Y'T =90°
Suy ra X,Y"T' thuoc duong tron duong kinh OT . Suyra Oe(X'Y'T").
Xétphép vitytim 4 tisd2: X' X

Y'>Y

T'— 4

O A4,
Do X.Y'.T'0 déng viennén X,Y, A4, 4, déng vién.
Viy 4, € (X74).

¢) V& cac hinh binh hanh BA4,C4,,CB AB,, AC,BC,. Chimg minh (4,B,C,) di
qua tryc tdm cua tam giac 4BC.

Do CY = AC, (C,ACY 1a hinh binh hanh) va AC, = C,B ( AC,BC, 14 hinh binh
hanh) nén CY = led? nén C, d6i xtmg Y qua trung diém BC.
Tuong ty B, d6i ximg X qua trung diém BC.
Do tryc tam H cta tam giac ABC dbi xtmg 4, qua trung diém BC.
Goi I 1a trung diém BC. Xét phép d6i xtng tam I.

Y= C,

X B,

A= A4

A, —H
Theo caub ta co X,Y, 4,, 4, dong vién nén H, 4,,B,,C, dong vién
Vay He (4,B8,C,).




B6 hai s6 nguyén khac khong (x, y) duoc goi 1a “bd sb dep” néu x 1asd 1é, y

Bai 4
5 | 1asb chin, x,y nguyén t6 cing nhau va x>+ y* 13 s6 chinh phuong.
a) Chung minh ring (x, y) 1a “bd s6 dep” khi va chi khi ton tai 2 s6 nguyén
u,v khic 0 va khac tinh chin 1¢, nguyén t6 cing nhau sao cho | 15
(x,y) = (u2 —v?, 2uv).
Nhan xét néu cip (x,y) lacap s6 dep thi ton tai s6 nguyén duong z sao cho
X2 +y2 — Z2
Coz1asdléva nguyén t6 cling nhau véix vay (do (x,y) =1). Gia st 0,5
x,y>0, x laso1é va y=2¢ 1aso chan.
Tacd x° +4t° =z < 47 =(z—x)(z +X)
Ta c6 z—x, z+ x 12 hai s6 cting chin suy ra ton tai hai s6 nguyén m, n sao cho
Z4+x=2m,z—x=2n va mn=t".

{z =m+n 0.5

= .
X=m-n

Do (z, x) =1 nén (m, n) = 1.
Ma m.n=1¢> nén ton tai hai s6 nguyén u, v nguyén t6 cing nhau sao cho
m=u’, n=v’ vauv=t. 0.5
Vay x=u’—Vv’,y=2uv .
b) Véi mdi “bd s6 dep” (x,») ta c6 thé tao ra 1 “b s6 dep” méi béi 1 trong 2
phép bién ddi: hodc ddi dau cua 1 trong 2 s6 hodc cong 1 sd nguyén & nao do
vao ca 2 s6 sao cho (x +k,y+ k) 1a “b6 s6 dep”. Chung minh rang véi bat ky 2,5
2 b0 sb dep (x, y) va (z,t) cho trude ta ludn c6 thé bién doi tir (x, y) thanh
(z,t) sau hitu han cic buéc bién d6i nhu trén.
Ta thuc hién bién doi:
Budc 1: Bién ddi (x,y) thanh (x,,y,) véi x,,»,>0 .
Bude 2: Véibd (x,,,) ¢ trén, ta cé hai s u,v twong img (u >v ) théa man
X, =t =V >0,y,=2uv .
Néu u # 2v thi ta bién ddi bﬁng cach cong vao 2 sb Xy,Y, mot s6 —duv+4V, 5 s

ta duge u’ —v’ —4uv+4° =2v—u)’ —v* , 2uv—4uv+4v* =2v(2v—u) . Khi
dé ta da bién ddi bo (u” —v*;2uv) thanh ((2v—u)’ —v*,2v(2v—u)) .

Taco u> |2v - u| . Suy ra qua trinh trén phai két thiic sau mot sd phép bién
doi. Khidotacd u=2v. Vi (u,v)=1= 2v,v)=l=v=1u=2.

Do vay moi “bd sb dep” c6 thé bién doi vé (3,4) va nguoc lai, dpem.




