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Cau 1 (2,0 diém).

; I cu thic P = - — . i x L
2) Cho bicu thitc (:r:—l Jz—1 \/zﬂ) (93:\/_—63:+\/§ Vo >0,z 1,

& g Tim cac so nguyén x dé P nhan gia tri nguyén.

b) Cho x,vy, z 1a cac s6 thie duong va thoa man diéu kien 2y + yz + zz = 12. Chiing minh ring

$\/(12+y2)(12+z2)+y\/(12+m2)(12+z2)+Z\/(12+x2)(12+y2)

12 + z? 12 4+ 92 12 + 22

= M,

Cau 2 (0,5 diem). Goi S 1a tap hop céac s6 tu nhien 6 4 chit s6. Lay ngau nhien 1 sb tir tap
S. Tinh xac suat dé s6 lay dude 1 s6 chinh phuong khong vugt qua 2022.

Cau 3 (2,0 diém).

a) Theo ké hoach mat cong nhan phai lam 54 san pham trong mot khodng thoi gian dy dinh.
Do yéu cau dot xuit, ngudi d6 phai lim 68 san pham nén mdi gid nguvi d6 da lam ting thém
3 san phﬁm vi thé cong viée hoan thanh sém hon so véi dy dinh 13 20 phitt. Hoi theo dir dinh
mdi gity ngudi d6 phai lam bao nhiéu san pham, biét ring mdi giv nguoi d6 lam duge khong

qua 12 san pham.

b) Cho phuong trinh 22 — (m — 1)z +m —3 =0 (1), (véi m 1a tham sd). Tim m dé phuong
trinh (1) ¢6 hai nghiém phan biét z,, 7, thda man x? + 235 = 51,25 + 24/2 — 2, 15.

Cau 4 (3,5 diém). Cho tam gidc nhon ABC khong can (AB < AC) noi tiép dudng tron (O),
ba duong cao AD, BE, CF (D € BC, E € AC, F € AB) cia tam giac ABC cit nhau tai H.
Goi 1, M lan lugt 1a trung diém ctia AH va BC. Duong tron ngoai tiép tam gidc AEF cit duong
tron (O) tai diém K (K khac A).

a) Chitng minh ring ti giac DM EF noi tiép.
b) Chitmg minh ring t gidc JOM K 1a hinh thang can.
¢) Chitng minh rang KF.HE = KE.HF.

d) Tiép tuyén tai A va K clia dudng tron ngoai tiép tam giac AEF cit nhau tai T. Chiing minh
rang TM, AH, EF dong quy.



Cau 5 (1,0 diém).

a) Cho céac so thic duong a, b, ¢ théa min a + b+ ¢ = 3. Chitng minh ring

< =
a+b+b+c+a+c_

ab be ac 3
5"

b) Cho céc s6 thuc dudng a, b, ¢ théa min ab + be + ca = abe. Tim gid tri 16n nhat ciia biéu
thitc 4/ S + 4/ . +4/ i
a+ be b+ ac c+ab

Cau 6 (1,0 diém).

a) Chimg minh ring v6i moi s6 nguyén n thi biéu thitc P = n(13n + 1)(2n + 1) chia hét cho
6.

b) Tim tét ca cac cip s6 nguyen (r;y) thoa man 322 + 2% + = = 2(axy + y + 2).
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Cau 1 (2,0 diém).
, 6 1 1 6y/7 — 2
R N B B )ovti 0 41
a) Cho bieu thic Py - Y - A voi x> 0,2 #

1 Z 2
x # 9 Tim cac so nguyén x dé P nhan gia tri nguyeén.

b) Cho z,y, 2 1a cac s6 thuc duong va théa man diéu kien xy + yz + zo = 12. Chiing minh rang

12 (12 2 12 (12 2 12 2)(12 2
Jazepazes) | fGerdee ) | fazede) o,
12 + 22 12 + 42 12 + 22

Lai gidi.

1
a) Véi:v>0,1:7£1,x7é§tacé

6 1 1 6/ — 2
P:(x—1_ﬁ—1_ﬁ+1)'(9x¢‘—6x+ﬁ)
_Gr—(Vr+1) - (Ve—-1) 2@Vz-1)
(Vz—1)(Vz+1) Vz.(3yx — 1)
CGr—yT-1-Vz+l 2
- WVr-De+1) Ve Byr—1)
B 6x — 2¢/1 . 2
C (Wr-D)(r+1) VoBvE 1)
23z — 1) 2

TV VEEYE )

S DWErD) T
Doz €Znéndée PeEZ & x— 1€ U(4) = {&1; £2; £4}.

Dozx>0=z—1>-1=x—-1€{1;2;4} = r € {2;3;5} ( déu théa man diéu kién).

b) Tacoxy+yz+zo0 =12 < 12+ 2% = 2> + 2y + yz + 22
s+ =z(r+y)+tziz+y) & 12+22=(z+y)(z+ 2).
Tuong ty taco 12+ 9y = (y+x)(y+2), 12+ 22 = (z + 2)(2 + y).
K d6 x\/(12+y2)(12—|—22)+y\/(12+x2)(12+22)+Z\/(12—|—x2)(12+y2)
12+ 22 12 + 42 12+ 22
T/ (y+ 22 +y~/(z+2)2+2.4/(x +y)?
z(y+2) +ylz+z)+2(x+y)
2(xy +yz +zx) =212 =24,

O
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Cau 2 (0,5 diém). Goi S la tap hop cac s6 ti nhién c6 4 chit s6. LAy ngau nhieén 1 sb tit tap
S. Tinh x4c suat dé s6 lay dudc 1a s6 chinh phuong khong vugt qua 2022.

Lo giai.

Khong gian mau ctia phép thit la: Q = {1000;1001; . . .;9999}.
P ~ ) ~ 9999 — 1000

SO phan tt ctia khong gian mau: n(2) = ———  + 1 = 9000.

Goi A 1a bién c6:"Lay duge mot s6 chinh phuong khong viugt qua 2022".
A= {n?ln € N va 1000 < n? < 2022}.
Vi n? 1a s6 chinh phuong nén 322 < n? < 442

L1 e L 2 44 — 32
S0 phan tit clia bien ¢o A la: n(A) = +1=13.
) L A 13
Xéc suat cta bién co A la: P(A) = % = 5000° O

Cau 3 (2,0 diém).

a) Theo ké hoach mot cong nhan phai lam 54 san pham trong mot khoang thai gian du dinh.
Do yéu cau dot xuat, ngudi d6 phai lam 68 san pham nén mbi gid ngudi doé da lam tang them
3 san pham vi thé cong viéc hoan thanh sém hon so v6i dut dinh 1a 20 phut. Héi theo du dinh
mdi gis ngusi dé phai lam bao nhiéu san pham, biét rang mdi gio ngudi dé lam dugce khong

qué 12 san pham.

b) Cho phuong trinh 22 — (m — 1)z +m —3 =0 (1), (v6i m la tham s6). Tim m dé phuong
trinh (1) c¢6 hai nghiém phan biét z, x5 thda man 2?2 + 22 = 5x129 + 2v/2 — 2125,

Loi giai.

a) Doi 20 phit = % gio.
Goi s6 sdn pham mdi gid ngudi d6 phai lam theo ké hoach 14 x (sin pham),
diéu kien: x € N*, o < 12.
Thoi gian dy dinh nguoi dé hoan thanh cong viéc la: o (giv).
Thuc té mdi gid ngudi dé lam duge: x + 3 (san phém).x

Thoi gian thuce té ngudi d6 hoan thanh cong viéc la: 3 (gio).
T

Theo dé bai ta c6 phuong trinh:

o4 68

1
T r+3 3
<54-3-(x+3)—68-3-z=z-(xr+3)
< a2 + 45 — 486 =0

=9 (théa méan)
=
x=—bH4 (khéng thoa man) .

Vay theo ké hoach méi gid ngusi dé phai lam 9 san pham.

b) ??—(m—-1)z+m—-3=0 (1)
A=(m—1)°—4(m-3)
=m?—6m+ 13

= (m —3)*+4>0, Vm.
= Phuong trinh (1) ¢6 2 nghiém phan biét xy, 5 v6i moi m.
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) T+ xg=m—1 (2)
Ap dung dinh 1y Vi-et:

a:l-xgzm—?). (3)
Ta c6: 22 + x5 = b Ts + 2¢/2 — 2129 (4)
Dé (4) xdc dinh &2 — 2129 > 02— (m—3) >0 m < 5. (5)

(4) & (@1 4 22)% — 20120 = 5x120 + 22 — 2122

S (m—172-2(m—3)=5(m—3)+2,/2—(m—3)

em?—2m+1-2m+6=m—15+2/5—m

& m?—9m + 22 = 2y/5 —m. (6)
Ditt=v5—-—m, (t>0)=t*=5-m=m=>5—t2
(6) < (5—12)° —9(5 —12) +22 =2t

St —t2—-2t4+2=0

S t-1)72 (2+2+2)=0

e t-17[t+1)7*+1] =0

St—1=0(Vi{t+1>*+1>0,¥t>0)

<t =1 (thdéa man).
Véit=1=m=5—1>=4 (théa man (5)).
Vay m = 4.

O

Cau 4 (3,5 diém). Cho tam gidc nhon ABC khong can (AB < AC) noi tiép duong tron (O),
ba duong cao AD, BE, CF (D € BC, E € AC, F € AB) cia tam giac ABC' c&t nhau tai H.
Goi I, M lan lugt 1 trung diém ctia AH va BC. Dudng tron ngoai tiép tam giac AEF cit duong
tron (O) tai diem K (K khac A).

a) Chiing minh réng t gidc DM EF noi tiép.
b) Chiing minh réng tt gidc IOM K 1a hinh thang can.
¢) Ching minh rang KF.HE = KE.HF.

d) Tiép tuyén tai A vd K cta duong tron ngoai tiép tam gidc AEF cat nhau tai 7. Chiing minh
rang TM, AH, EF dong quy.

Loi giai.
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a)

AMBE can tai M = EMC = 2MBE. (1)
BFHD, BFEC la cac tit giac noi tiép nén
DFE = DFH + CFE = DBH + CBE = 2DBH. (2)

Tit (1) va (2) = DMEF la 1t giac noi tiép.

AEH = AFH = 90° = AH la duong kinh ctia duong tron ngoai tiép AAEFE.
= AKH = 90°.

Vé duong kinh AA’ ctia duong tron (O) ta co AK A = 90°.

Suy ra K, H, A’ thang hang.

Dé chitng minh BHCA’ 13 hinh binh hanh = M i trung diém cta A'H.

D@ ching minh JOM H 1a hinh binh hanh = OI || KM va OM =I1H = IK.
Nhan thay K cat IH va IH || OM = IK khong song song véi OM.

Suy ra OI KM la hinh thang can.

—

Vi AMBE can tai M = MEB = MBE
ma MBE = DAC (cuing phu véi ACB )
vi HAE = HKE (do AEHF 1 tit gidc noi tiép)

— FH ME
T — =—— maME=MF nén — = — FH-FK=FK-FH.
uong tu i MK,ma nén K FK:>

Cdch 1: (Khong Van Trung Kién, sinh vien DHSP Ha N6i, cyu hoc sinh chuyén
Toan ciia Chuyén Lao Cai).
Goi J, G lan lugt 1a giao diém ctia EF v6i AH va IM.

—— 1 —— —— L
Taco MEF = 90° — éEMF =90°— ECF = FAF, suy ra M E 1a tiep tuyen ctia duong tron
ngoai tiép tam gidac AEF. Hoan toan tuong tu, MF ciing 1 tiép tuyén ciia dudng tron do.
Suy ra IGJ = 90° = IDM, kéo theo AIJG «~ AIMD (g.g)

1J IG

Y _ _ T2 _ T2
:>IM [D@IJ.[D IGIM =1E=1H
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[H ID  IJ+JH IH+HD

T TS 17 T Im
@JH_HD_HD ©)
IJ IH IA°

Do OI 1. AK va IT 1. AK nén T, I, O thang hang. Xét hai tam giac JAT vuong tgjx_iAA VA

HDM vuéng tai D c6 TIA=HIO = MHD. Suy ra A[AT ~ AHDM. = ivin ﬁ(ﬂ

Gia sit giao diém ctia TM va AH 1a J'.

‘ : . 1T J'I

Ap dung dinh 1y Thales cho IT' || HM ta c6 - TH (8)
JI J'T

Tu (6), (7) va (8) suy ra SE = Jip Swre J=J.

Vay TM, AH, EF dong quy tai J.

Cdch 2: (Nguyén Sy Nhat, sinh vien DHSP Ha Noi, cuu hoc sinh chuyén Toan cta
Chuyén Lao Cai).

Goi P la giao diém ctia AK véi BC. Ta ¢6 LZAFK = /AHK = /ZAPD, suy ra ti giac
HKPD noi tiép. Do d6 /KFP = /KBP = /KAC = /KAFE = 180° — ZKFE. Suy ra
E, F, P thang hang.

Taco /TIK = /AHK = Z/ZDPK,tudo AKTI ~ AKPD. Saudésuyra AKPI ~ AKMT,
vay nén /PIK = /ZMTK. Ma IK 1 TK nén PI 1 MT.

Xét AIMP ¢6 EF L IM, TM 1 IP,ID 1 MP nén MT,EF, AD déng quy.

Cau 5 (1,0 diém).
a) Cho céc s6 thuc duong a, b, ¢ théa man a + b + ¢ = 3. Chiing minh rang

ab be ac
+ +
a+b b+c a+c

3
< -
-2

b) Cho cac sb thuc duong a, b, c théa man ab + be + ca = abe. Tim gia tri 16n nhat ctia biéu

thic a +14/ b +4/ ¢
V a + be b+ ac c+ab

Loi giai.
a) Cach 1: Ap dung bat ding thiic C6 - si ta c6 +b>2Vab= ab < ab
: un n - sl Coa a — < —
N ab <\/ab<a+b
a+b— 2 T 4 ;
C +c ac a-+c
Tuwong tu ta co: < <
He M co b+c~ 4 'a4+c~ 4
S a n be n ac <a+b b+c+a+c at+b+c 3
uy ra — _—
YU T bte ate— 4 A 1 2 2

Dau "=" xay ra khi vi chi khia =b=c = 1.

Céach 2: Ap dung bat ding thitc Cauchy -Schwarz dang engel ta c6:
N S <1b<1+1>_1< b
a b a+b a+b_4a a b —4a
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& 1 ac 1
Tuong tu ta co: < =(b 5 -
ng ty aa)b+c_yﬂ-+dv oS zﬁa+@
S ab N be N ac 1< S a+b+c 3
uy ra < —(a c+c+a _— = _.
Y a+b b+c a+c 4 2 2

Dau "=" x4y ra khi v chi khia =b=c = 1.

a? b? c?
b) Cach 1: Taco P =
) Céc & o a2+abc+ bz—kabc+ c2 + abe
b

a C

= + +
Va2 + ab+ be + ca \/b2—gab+bc—|—ca V2 + ab+ be + ca
a

IVCEDICED " \/(b+a)1(b+c) j \/(c—I—a)( ;b)

Ap dung bat ding thitc Co - si ta c6

_l’_
a+b a+c

+b)(a+c
1 1 1 1 1
<a+b)<a+c>§§<a+b+a+c);‘¢<a—a+c§§< a+c) 1)
. 1 b b
Fione it ta o (b+a)(b+c)§§(b+a+b+c> (2)
1 c c
V(c+a) (e b)§§<c+a+c—|—b)' (3)

Tu (1), (2) va (3) taco P

S

IN

< a a b b c c)
-+ - + -+ -
a+b a+c¢c b+a b+c c+a c+b
(a+b b+c c+a>
- -
a+b b+c c+a
(14+1+1)=

2

Il
w

Vay maXP:;khia:b

1 1 1
Cach 2: Tﬁab+bc+ca:abc:>—+g+—:1.
a c

(

8
I

Dit{y== (z>0,y>0,2>0)=a+y+2z=1.

Yz 1
Taco\/ \/ \/ :\/ <5
a+bc yz+m yz +x a:+y+z) (x+y)(x+2) ~ 2

Tuong tu ta co:

QIH@I»—‘@I»—n

il
_|_
r+y xT+=z

<)
b—i—ca 2 \xr+vy y+z
1
2

Vera<s(G+1)
c+ab_ T+ 2z y+z

1( Y x x Yy ) 3

=P < - + + =—.

-2 :1:—|—y T+ z x—l—y y+z x+z y+=z 2
Y z

:c—l—y Tr+z
x z
) = 1
Dau "=" x4y ra khi va chi khi x‘;y yzzéx:y:z:g.
x—l—z:y—l—z
(zty+z=1
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11 1 1
ﬁa:z:z;ﬁa:bzcz?’
VaymaXPzikhia:b:c:S

Cau 6 (1,0 diém).

a) Chitng minh ring véi moi s6 nguyén n thi biéu thitc P = n(13n + 1)(2n + 1) chia hét cho

6.

b) Tim tat ca cic cip s6 nguyéen (z;y) théa man 3z* + 2y> + x = 2(xy +y + 2).

Lai gidi.

a) Néu n chdn = n:2.
Néu n 1& = 13n + 1:2.
Suy ra P:2 v6i Vn € Z.
Néun =0 (mod 3) = P:3.
Néun =1 (mod 3) = 2n+1=0 (mod 3).
Néun =2 (mod 3) = 13n+1 =0 (mod 3).
Suy ra P:3 v6i Vn € Z.

Ma 2 va 3 nguyén t6 cting nhau nén P:6 véi Vn € Z.

b) 322 +2y? +x = 2(xy +y + 2)
S22 =2+ 1)y+ 32+ —4=0.

Ta coi phuong trinh (1) 13 phuong trinh bac 2 an y, z 14 tham sé.

Taco A= (x+ 1) =232 +x — 4) = =5z +9.

Dé phuong trinh (1) ¢6 nghiem thi A’ >0 < —522+9> 0 < 2% <

=1
=

ot ©

:)32:().

Do x € Z nén x € {—1;0; 1}, thay vao phuong trinh (1) ta duge cac nghiém nguyén (z;y)

la (—=1;1), (=1; =1),(0;2), (0; =1), (1;2), (1;0).
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