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CHUYEN PE. LI THUYET SO

PHAN MO DAU

S6 hoc hay da thirc déu 1a cac chu dé thuong xuyén xuat hién trong cac dé thi hoc sinh gioi cap
quéc gia, cac ki thi khu vuc cling nhu qudc té véi cac bai toan kho téi rat kho duoc cac nudce ciing
nhu cac thay co phat trién rat nhiéu. Pa thirc 1a mang ma chira dung trong no6 cac yéu tb vé dai s,
giai tich, hinh hoc va ca cac tinh chat vé sd hoc. Chinh vi thé ta c6 thé’ xem da thirc c¢6 thé’ xem
nhu 13 cac bai toan t6 hop giira cac mang khac ctia Toan hoc ciing nhu dong vai tro lién két cac
mang d6 lai v6i nhau thanh mot thé” théng nhat. Diéu li thu 1a nhidu ménh dé khé nhat caa s6 hoc
dugc phat biéu rat don gian, ai ciing hiéu duoc ; nhiéu bai toan kho nhung c6 thé giai rat sang tao
véi nhitng kién thic sé hoc phd’ thong don gian. Khong ¢ dau nhu trong sé hoc,chung ta lai c6 thé’
lan theo dugc dau vét cua nhitng bai toan ¢ xua d&” dén duoc vai nhiing van dé méi dang con cho
doi ngudi giai - Trich tir cudn sach S6 hoc - Ba chua ciia toan hoc - Hoang Chung. Chinh vi thé su
két hop ctia 2 mang kién thirc nay s& mang tdi cho chiing ta nhiing bai toan dep nhung vé dep thi
khong bao gio 1a dé dé ching ta chinh phyc ca, n6 ludn an chaa nhimg diéu khé khin va "nguy
hiém". Trong chu dé cua bai viét nay, chung ta s& di kham pha ciing nhu chinh phyc phan nao vé

dep cua su két hop do.

I. KIEN THUC TRONG TAM

S6 chinh phwong

- S6 chinh phuong 1 binh phwong ctiia mot s6 tu nhién

- S chinh phwong N”tan cung bang 0, 1, 4, 5, 6, 9.

S6 nguyén t6 - Hop so

- Sb nguyén t6 13 sb nguyén 16n hon 1 va chi ¢6 2 u6c s6 1a 1 va chinh no.

- Cac sb6 nguyén t6 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83,
89, 97, 101, 103, 107, 109, 113, 127, 131, 137, 139, 149, 151, 157, 163, 167, 173, 179, 181, 191,
193, 197,199, ....

Néu sé nguyén a > 1 va khong chia hét cho s6 nguyén té < JE thi a nguyén to

- S6 nguyén 16n hon 1, khong phai s6 nguyén t6 goi 13 hop s6.

- Phan tich s6 tw nhién m 16n hon 1 ra thira s6 nguyén t6 mot cach duy nhat m=p,*.p,*...p,*
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- S6 cac udc nguyén duong ciam 1a d(m)=(e, +1)(a, +1)...( ¢, +1)
p1a1+l _1 p2a2+l _1 pkak+1 _1
p -1 ' p,-1 p—1

S6 nguyén t6 cung nhau — S6 nguyén — S6 hiru ti

- Tong cac ude nguyén duong cliia m 1a G(m) =

- Néu hai s nguyén a, b trong d6 c6 it nhat mot khac 0 thi UCLN d = (a, b), (a, b) = ax + by vdi X, y

nguyén, (a, b) = (a, a + b) vaBCNN m =[a,b] thi (a,b).[a,b]=ab, (m%j =1
a

- Néu (a, b) =1 thi a va b nguyén t6 cung nhau. Néu (a, b) = 1 thi (a” , bn) =1.
- Cac s6 nguyén duong a va b nguyén t6 cung nhau khi va chi khi ton tai cac s6 nguyén x va y sao
cho: ax + by = 1.
- Ham Ole ¢(m) : céc sO bé hon sd nguyén dwong m va nguyén td ciing nhau véi m.
. 1 1 1
Néu m=p,*.p,”..p " thi ¢(m)= m[l——}(l——}..[l——j
p1 pz pk

Néu m = p nguyén t6 thi ¢(p) =p-1
Néu (a, b) =1 thi ¢(ab)=¢(a).¢(b)
- S6 hitu ti c6 dang pz%,mez,n e N’

Phan nguyén — phan &

- Phan nguyén cta s6 thuc x 1a s nguyén 16n nhat khong vuot qua x, ki hiéu [x], nghia 1a
[x]<x<[x]+1

- Néu x =m + r véi m nguyén va 0 <r <1 thi [x] =m var goi la phan I¢, r = {x}.

- Néu n nguyén thi [n + x] = n + [x] v6i moi x

Chirng minh chia hét

- Phép chia s nguyén a cho sé nguyén b # 0: a = b.q + r v6i thuong q nguyén va du r nguyén thoa
0<r< |b| . Néu r = 0 thi s6 nguyén a chia hét cho s6 nguyén b= 0 (b chia hét a, a 1a boi s6 cua b, b
la wéc cia a), ki hidua i b hay bla.

- D4u hiéu chia hét cho 2 1a sb chin; cho 5 1a chit sb tan cung 0, 5; cho 4 (hodc 25) 1a hai chix sb tan
cung:4 (hoic 25); cho 8 (hodc 125) 1a ba chir sé tan cung :8 (hoidc 125); cho 3 (hoic) 9 1a tong cac
chir s6: 3 (hodc 9); cho 11 1a hiéu cua tong cac chit s6 hang tht chin véi hang tha 16§ 11.

Du va dong duw
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- Cho s6 nguyén m > 1. Néu hai s6 a, b ¢6 cung du khi chia cho m thi a dong du vé6i b theo modun
m, ki hiéu a=b (modm)
Néu a=b (modm), c=d (modm) thi

atc=b+d(modm), ac=bd(modm)

- Pinh Iy Ole: véi (a,m) = 1 thi a*™ =1(modm)
- Pinh Iy Fecma: véi p nguyén t6 thi @ =a(modp)

V6i (a, p) = 1 thi " =1(modp)
- Tap {a,,a,,...,a, } 1a hé thing du day di modulo m néu véi mei i, 0<i<m-1, ton tai duy nhét j
sao cho a; =i(modm)
- Pinh 1y phan du Trung Hoa:
Néu r va s 1a 2 s6 nguyén duong nguyén té cting nhau, a va b 1 2 s6 nguyén bét ki, thi hé 2 phuong
trinh déng du: N =a(mod r)va N=b(mod s) c6 nghiém duy nhat N theo modulo (rs).
Téng quat: Néu m;,m,,...,m, lacac sb nguyén td cung nhau ting do1 mét va a;,a,,...,a, lacac sb
nguyén, thi hé k phuong trinh dong du: X = a, (mod mi); I[=1,2 ...,k cod nghiém x nguyén duy
nhat theo modulo M =m,.m,...m, .
Chu y:
1) Néu a tan cung 0, 1, 5, 6 thi a" cling tan cung 0, 1, 5, 6 twong tng. Vi d)(lO) =4 néun=4k +r
va néu a tan ciing 3, 7 thi chir s6 tan cung cua a" 1a chir s6 tan cung ctia @', con néu a tan cung 2 thi
chir s6 tan cung ctaa" 1a chir 6 tan cung cua 6.2" .
2) Néu a tan cung la x thi a” ¢6 hai chit s6 tan cung 1a 2 chir sb tan cung cua x?° . Tim hai chit s8 tan
cung cua a" dua vé tim du trong phép chia n cho 20.
3) Hé nhi phan cia s& tu nhién k=a.2"+a,_, 2" +..+a,2+a, la k=a,a, .23, (2) Vi
a, €{0;1}, a, #0.
Tong quat, sd tu nhién s viét trong hé g — phan néu:
s=ag"+a, 0" '+..+a0+a,las=aa,,.aa, (q)
véia, €{01,..,9-1},a, #0
4) Phuong trinh Pell: Néu (a, b) 1a nghiém nguyén duong bé nhét cia phuong trinh X* —dy® =1thi

moi nghiém nguyén duong déu ¢ dang:
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) (a+bJa)n+(a—bJa)n (a+bJa)n—(a—bJa)n
(X0¥) = 2 ’ 2d

Il. CAC BAI TOAN

Bai toan 1. Chwng minh

a) 70.27"" +31.38" chia hét cho 13.

b) Néu ba sé a, a + k va a + 2k dong thoi 13 ba sb nguyén t6 phan biét I6n hon 2 thi K:6.
Hwéng dan giai

a) Ta co 27 =1mod (13) = 27" =1mod (13)

Va 38=-1mod(13) = 38" = ~1mod (13)

= 27" =13n+1(neN) va 38" =13m-1(meN)

= 70.27"%" +31.38'" = 70(13n +1) + 31(13m —1) = (70n + 31m)13 +39 = dpcm.
b) Ta biét rang cac s6 nguyén té Ion hon 3 c6 thé biéu dién dudi dang 6p + 1 hoic 6p + 5 (p nguyén
duong) © 9
Basb a, a + Kk, a + 2k 16n hon 3 chi c¢6 thé biéu dién trong hai dang nén theo nguyén tic Dirichlé,
nhét dinh phai c6 hai sé duoc biéu dién trong cung mot dang, chang han 6 14 6p +r va 6s +r véir la
1 hodc 5. Hiéu cua hai s6 nay bang 6s — 6p = 6 (s — p) : 6. Mat khac hiéu cua hai trong ba sb trén
hoac bang k hoic bang 2k nén k: 3, nhung k 14 s6 chin nén k: 6.
Bai toan 2. Ching minh véi moi m, ton tai s nguyén n dé:
n®—11n® —87n+m chia hét cho 191.
Huéng din giai
Pat P(x)=x°-11x* -87x+m
Giasi: P(x)=(x+ a)3 +b(mod 191)

< xC+3ax? +3a%x +al +b=x° —11x%* —87x + m(mod (191))

3a =-11(mod191) (1)
< 43a’ =-87(mod191) (2)
b=m-a’(mod191) (3)

(1) < 3a=180(mod191) <> a =90(mod191)

= 3a° = —87(mod 191) .Vay Vm e Z, ton tai s6 nguyén a, b dé:
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P(x)=(x+a’)+b(mod191)

Nhan xét: 191 1a s6 nguyén té dang 191 = 3k + 2
P(i)=P(j)(mod191)= (i +a)3 = (j+a)3(mod191)
Patu=i+a,v=j+athi u’=v’(mod191)

= u* =v*(mod191)

u¥v? =v¥*% = v'* (mod191) = v(mod191) (dinh ly Ferma) (1)
= v? =u®™Vv® = u®™**(mod191)

— u3kV2 = Usk.U3k+3 = U3k+l.u3k+2 = u3k+l.u191 = U3k+l.U(mOd191)

u¥*? = u*® = u(mod191) ()

(1) va (2) suy ra: U=Vv(mod191) =i = j(mod191)

Néu Vi, je{1,2,..,191}; i # j(mod191) thi P(i)= P(j)(mod191)
Suyratontai ne{1,2,..,191} sao cho P (n) = 191 (mod 191) tirc la:

P(n)=0(mod191).

x* -1, y'—1

1a s6 nguyén. Ching
y+1 x+1

Bai toan 3. Cho x, y 1a cac s nguyén, X # —1; y # —1sao0 cho

minh x*y* —1 chia hét chox + 1
Hwéng dan giai
Ta ching minh y* —1 chia hét cho x + 1.

x“—l_g_ y' -1

Dt == -
y+l1 Db x+1

<
d
Trong d6 a,b,c,deZ, (a,b)=1;(c,d)=1;b>0,d>0

Y ek ad + bc
Tur gia thiét, ta co

acC
nguyén, suy rad | b va b | d. Mat khac, do b'd nguyén; (a, b) =1 va (c,
d=1,nénb=d=1.
Suy ra y*—1chia hét cho x +1. Tur d6 x“y““—lzx“(y44 —1)+x4—1 chia hét cho x + 1 (do

y* —1 chia hét cho y* —1 nén no chia hét cho x + 1 va X* —1 chia hét cho x + 1).

n
Bai toan 4. V&i moi 6 tu nhién n, chiang minh rang tong »_ C5+77.2* khong chia hét cho 5.
k=0
Huéng din giai
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bat x = \/g, ding cong thire khai trién nhi thicc Newton dé bién doi:
n
(1+x)"" = A+Bx (*) voi B=Y C21.2%
k=0

)2n+1

Tuong ty: (1— X =A-BXx (**)

Nhan vé theo vé (*) va (**) ta duoc: 7°"* =8B* — A?

Mat khac, 72" =+2(mod5)
Do vay, néu B 1a bi cia 5 thi: A® =+2(mod5): vo ly.
. . 2n+1 , 1 ,
Bai todn 5. Chang minh phin nguyén cia (Jl_l + 3) thi chia hét cho 2™ va khong chia hét cho

2. 7 . A “A
2" v&i moi n 1a so6 tu nhién.

Huéng din gii
Tact: (VL4 3)" (VL -3)"" 1 e i
Ma (VE1+3)" (01) nen
{(«/1_1 t 3)2”1} = (VIL+3)" - (VI1-3) "
(Via-b=keN=a=k+b vii be(0;1) nén[a] ~k—a b)
Vsin=0; (VIT+3) —(VII-3) =6 chiahétcho 2° = 2 nhung khong chia hét cho 27 = 4.
Ma: (VI1+3) —(VI1-3) =40 néenvéin=1 thi
(L] o)
= | (VIL+3)~(VI1-3) || (VIL+3) +(VI1-3) +(VI1+3)(vi1-3)|=6.42=22327 chia

6 40 2

hét cho 2° nhung khong chia hét cho 2°.
Gia str tinh chat nay dung v6i moi sb tu nhién k < n. Ta chimg minh tinh chat nay ding véi k= n.

Trudc hét, nhan xét rang:

(m+3)(m—3)=2:(ﬂ—3)=ﬁ:(Jﬁ”):@

ThétVQY:(\ﬁfi+-3)zmd__(\ﬁ[i__g)ZWH
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[l o (- (™ (-

| (V- (VI3 (VL 3 (-]
= 40| (L) (VT3] || (AT 3) - (VT3]
=2 (VL) -(T-3)" |27 (L) (V-

Vay U\/H+3)2M} chia hét cho 2" nhung khong chia hét cho 2" .
Bai toan 6. Cho trude a va b 13 hai s6 nguyén dwong. Chitng minh rang néu sb (4ab — 1) 1a uéc sb
cua (4a2 —1)2 thia=b.

Hudéng dén giai
Gia str ton tai cap hai s6 nguyén duong (a, b) sao cho (4ab — 1) 1 udc sé cua (4612 —l)zvé a=b thi
ta s& goi cac cap s6 nhu vay 1a cap Xau va gia st (a, b) 13 cap xau c6 tong 2a + b nho nhat.

Do (4> 1) =(4b’ —(4ab)2)2 =16b* (4a” 1) =0(mod (4ab—1)) nén (b, a) ciing 1a cap xu,

vay 2a+b<2b+a suyraa<b (do a=b). Do (4a2 —1)2chia 4adu 1, con (4ab—1) chia 4a du

2
, (42°-1 , ‘ :
3, nén so % la s0 chia 4a du 3, do d6 ton tai sO nguyén duong c sao cho
a -
2
(4a°-1) ,
4ac—-1=-—_.Vay (a, ¢) cling la cap xau.
4ab-1

(422 -1)°

221 ta c6 ¢ < b, khi d6 2a + ¢ < 2a + b mau thuan véi gia thiét (a, b) 1a
a —

Tera<bva 4ac—-1=

cap xau c6 tong 2a + b nho nhat. (dpem).
Bai toan 7. Xac dinh tit ca cac cip nguyén duong (a, b) sao cho a’b+a+b chia hét cho
ab’ +b+7.
Hwéng dan giai
Xéta<bthi b>a+1, do do:
ab’+b+7>ab’+b>(a+1)(ab+1) =a’b+a+ab>a’b+a+b

Nhu vay, ta khong tim dugc (a, b) thoa didu kién bai toan trong truong hop nay.
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a’b+a+b

Xéta=b.Dat k=—
ab“+b+7

, gia s k nguyén duong

Ta co: (E+EJ(ab2+b+7)=ab2+a+ab+73+z+1>ab2+a+b
b b b b

Suyra k<%+%,néu b > 3thi (b—%j>0

Suy ra: a_l (ab2+b+7):ab2+a—a b—Z —1—Z<ab2+a<ab2+a+b
b b b b

Turdé b= 1, hojc b = 2, hojc k>%—%

, 1 1
- Néu E——<k<i+—‘[hia—1<kb<a+1néna=kb.
b b b b

Diéu nay cho ta tim dugc (a,b) = (7k*, 7k)
- Néu b = 1 thi (a + 8) chia hét (a* +a+1), suy ra (a + 8) chia hét a(a+8)—(a’ +a+1)=7a-1,

do 40, ta ciing c6 (a + 8) chia hét 7(a +8)—(7a —1) =57 . Nhung cac udc sé 1on hon 8 ciia 57 chi
¢6 19 va 57, do d6 a = 11 hodc a = 49. D& dang kiém tra rang cac cip (a, b) = (11, 1) va (a, b) = (49,
1) thoa diéu kién bai toan.

- Néu b = 2 thi (4a + 9) chia hét (2a2+a+2), do d6 suy ra (4a + 9) chia hét

a(4a+9)-2(2a°+a+2)=7a-4. Tu d6, ta cing c6 (4a + 9) chia hét

, 35 .
7(4a+9)—4(7a—4)=79. Nhung uéc s6 I6n hon 9 cua 79 chi c6 79, tir d6 a = ~ » khong phai

s6 nguyén.

Vay, cac cap (a, b) thoa diéu kién bai toan l1a: (11, 1), (49, 1) va (7k2,7k), Vv6i k 1a sd nguyén

duong.

Bai toan 8. Tim s6 tu nhién n 16n nhit sao cho 5"1a wéc s cua tich cac sé ty nhién tir 1 ¢én 1000.
Hwéng dan giai

S6 n 16n nhat phai tim 14 s6 thira s6 5 khi phan tich 1 x 2 x 3 x .... x 1000 thanh thira s nguyén td,

nghia 12 n bang téng cua sb cac boi sé cua 5, cua 5%, cua 5°, cua 5*trong day 1, 2, 3, ..., 1000.

Céc boi cua 5 trong ddy 1, 2, 3, ..., 1000 14 5, 10, 15, ..., 1000 gdm 1000 : 5 = 200 s6. Trong do, cac

boi cua 5%1a 25, 50, ..., 1000 gdm 1000 : 25 = 40 s6, cac boi cua 5° 1a 125, 250, ..., 1000 gdm 1000

: 125 = 8 56, cac boi cua 5°1a 625 gdbm 1 sb.

9|Page



Do d6 s6 thira s6 5 khi phan tich 1 x 2 x 3 x ... x 1000 ra thtra $6 nguyén t6 1a 200 + 40 + 80 + 1 =
249.
Vay s6 n 16n nhat 1a 249.

Bai toan 9. Tim tat ca cac cap s6 nguyén duong m, n sao cho: 3" +5™ va 3" +5" d¢ong thoi chia hét
cho tich s6 mn.

Hudéng dén giai
Véim =1, tacan: n|3"+5< ne{l,2,4,8}. Tuy nhién, chi c6 ne{1,2} théa man diéu kien
n|3"+5". Tuong ty, véin=1tac6: me{l2}.

Ta s& ching minh rang khong con cip sé nguyén dwong m, n nao khac thoa min yéu cau bai toan.

1)

That vay, gia st m,n > 2 thoa ycbt. Dau tién, ca hai s6 m va n khong thé cung 1a s6 chin boi vi néu
m va n clng 1a s6 chan thitacé 4| mn.

Do do, 3" +5" = O(mod 4)

Tuy nhién, vi m chan nén 3" +5" = (—1)m +1= 2(mod 4) , mau thuan.

Vay, ta c6 thé coi m 1a mot s6 Ié (m > 2).

Goi p 12 udc nguyén t6 bé nhat caa m, dé thdy p ¢ {2, 3,5} 2

Dic biét, (5, p) = 1; nén ton tai s6 nguyén x dé 5x zl(mod p) :

Tu p|m|3™+5" suyra

p|x"(3"+5")=(3x)" +(5x)" = (3x)" = ~1(modp)

Vi thé, néu dat h =ord, (3x), thi h | 2m; ta cling c6: h | p — 1 (dinh Iy nho Fermat va tinh chat cia
cap),nén: h | (p—1,2m)=2 (vi p—1:2va (p— 1, m) = 1 theo cach chon (2) cua p)

pl|(3)" ~1]-| (5x)" ~1]=(3"=8")x" = p|3" ~5" véi he (1.2}

Nhung 3" —5"=-2, 3> —5° = —2*nén p = 2, méau thuin vai (2).

Do d6 (1) dung, dpem. Vay m,n € {1,2}

Bai toan 10. Chting minh rang, véi s6 nguyén duong m bat ki s& ton tai vo sd cc cap sd nguyén (X,
y) sao cho:

1) x va y nguyén t6 cing nhau

2) y chia hét x*+m

3) x chia hét y* +m
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Huéng dan giai

Gia sir (x, y) la cap s6 nguyén thoa man 1), 2), 3). Khi d6 ta c6 (X*+y*+m)ixy hay
x*+y? —kxy+m=0 (1) véi k e Z. Nguoc lai, d& thiy néu cap sb nguyén (x, y) théa man (1) voi
k nguyén nao d6 va x, y nguyén té cung nhau thi cip (x, y) do ciing théa mén 1), 2), 3). Nhu vay bai
d3 ra s& duoc ching minh néu ta chi ra duoc mot sé nguyén k sao cho c¢6 vo sé cap sb6 nguyén (x, y)
thoa man (1) va x, y nguyén té cting nhau.
Chon k =m + 2. Khi d6 (1) tr¢ thanh:

X2 +y?—(m+2)xy+m=0 (2)
Bay gio, ta s& chimg minh c6 vo sb cip s6 nguyén (x, y) thoa man (2) va x <y véi x, y nguyén td
cung nhau. That vay, xét ddy cac sd nguyén {Xn} dugc xac dinh nhu sau:

X

X, =1, X, =m+1, X, =(M+2)X,,, — X,
vn =1,2,3... Bang quy nap theo n d& dang chimg minh dugc:
i) {Xn} la day tang
i) X, va X, nguyén t6 cung nhauVn=1,2,3...
iii) Cap s6 (Xn , Xn+1) thoa man (2) Vn=1,2,3... =dpcm
Bai toan 11. Tur ddy moi s6 nguyén duong 16n hon 1, ta 1ap diy sé tang dan a,,a,,a;... gom tat ca
cac s6 khong 1a boi cua 2 va ciing khong 13 boi cua 3. Chirng minh rang a, >3nvai s6 nguyén
duong n bat ki.

Hwéng dan giai.
Trong 3n sb tir 1 d&én 3n ta chia ra timg nhom ba s6 lién tiép dang 3k + 1; 3k + 2; 3k + 3 v6i k=0, 1,
2,...,n—1
Trong ba s lién tiép d6 c6 s6 3k + k =3(k + 1) 12 boi ctia 3 va mot trong hai s6 3k + 1, 3k +2 c6 mot
s6 1a boi cua 2 nhung khong 12 boi cua 3, do d6 phai loai di 2 trong ba sb lién tiép.
Trong nhom dau tién 1, 2, 3 ¢6 ba sé déu bi loai. Vay tir 1 d&én 3(k + 1) = 3n ta can phai loai 2(n — 1)
+3=2n + 156 la chi con lai n — 1 s6. C4c s nay mang chi sé tir a, dén a, , dodo a, >3n.
Bai toan 12. Tim tat c4 cac sb
a) Ty nhién n dé cac sé: n—1; n° +n* +n®+13n° +13n +14 déu la cac s6 chinh phuong.
b) S hitu ti X sa0 cho X + X +6 1a sé chinh phwong.

Hwéng dan giai
a) Xétso: A=(n —1)(n5 +n*+n®+13n*+13n +14) = (n3 + 6)2 +n-50

Tir diéu kién ciia dé bai suy ra A 1a sd chinh phuong, vi A 1a tich cua hai $6 chinh phuong.
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Xét 0<n <2. Bang phép thir tryc tiép dé thay A 1a sé chinh phuong khi va chi khi n = 1, nhung luc

d6 n®+n*+n®+13n” +13n +14 = 43khong la s chinh phuwong.
N . .7 . Lz 2 2
Xét 3<n <50, tasuy ra A ndm giira hai sé chinh phuong lién tiép (n3 +5) vé(n3 + 6) . Vay A

khong 13 s6 chinh phwong mau thuan.

Xét néu n = 50 thi ta co A=125006" = 7°.17858°

Xét néu n > 50 suy ra A nam giira hai s6 chinh phuong lién tiép (n3 + 6)2 va (n3 + 7)2nén A khéng
1a s6 chinh phuwong mau thun.

Vay chi c6 n = 50 1a dap s cia bai toan.

2
b) Gia st X:B trong d6 p,ge Z,q>0va (p, q) = 1 thoa man (EJ +E+6:n2(neZ). Suy ra
q q

q

p’ =q(-p—6p+n’q).
Ping thirc nay cho thdy moi udc cia q déu 1 udc cua p. Nhung (p, q) = 1 nén phaicé q=1,x=pla
s6 nguyén.
Khi d6 p° +p+6=n’ <:>(2p+1)2 +23=4n’ < 23=(2n-2p-1)(2n+2p+1)
Vi 23 1a s6 nguyén t6, cic tha s6 & vé phai déu 1a cic s6 nguyén duong va
2n—-2p—-1<2n+2p+1,nén dang thic xay rakhi 2n —2p—1=1va2n+2p + 1 =23.
Giai hé phuong trinh nay ta duoc p = 5, s6 nay thoa man dé bai.
Bai toan 13. Chiing minh rang s6 A =1+19" +93"° +1993"* khong phai 1a sé chinh phuong.

Hwéng dan giai
Ta ¢o lzl(mod?:), 9= 0(mod3) nén 9° = 0(mod3), 93= O(mod3) nén 93" = O(mod 3) ;
1993 = 1(mod 3) nén 1993 = 1( mod 3) :
Vay A=2(mod3) hay A =3k + 2 (k € Z), nhung mt s6 chinh phuong khong thé c6 dang 3k + 2,
nén A khong phai 1a sd chinh phuong.
Tong quat: Co thé ching minh rang s6 A =1+9" 493" +1993° khong phai 1a sé chinh phuong voi
moi s6 nguyén duong m, n, p.
Bai toan 14. Chirng minh rang néu x, y 1a cac s6 nguyén thoa mén hé thic
2x* +x =3y’ +y (1) thix —y; 2x + 2y + 1 va 3x + 3y + 1 déu la cac s6 chinh phuong.

Hwéng dan giai

Tur (1) taco: (X —y)(2x+2y+1) =y’ 2)
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Mat khac tir (1) ta lai co: (X —Yy)(3x+3y+1)=x" (3)
Tir (2) va (3) taco: (X —y)(2x+2y +1)(3x +3y +1) = x*y?
Suy ra (2x + 2y +1)(3x +3y +1)1a s6 chinh phwong  (4)
Pat (2x+2y+1,3x+3y+1)=d thi d la wéc cia (3x+3y+1)—(2x+2y+1)=x+y =d la
uoccua2(X +y). Trddodlaudccua (2x +2y+ 1) -2(x+y)=1nénd=1.
Tu (4) va tir (2X +2y +1,3x +3y+1) =1suy ra2x + 2y + 1 va 3x + 3y + 1 déu 1a sb chinh phuong.
Tir d6 can ctr vao (2) hodc (3) suy ra x — y ciing 1a sb chinh phuong.
Bai toan 15. Tim s ¢6 bén chir sé abcd , biét rang abd 1a sé chinh phuong va néu cong thém 72
vao abcd thi dugc mot s chinh phuong.
Huwéng dan giai
Céc chir 6 a, b, ¢, d trong d6 abcd chi co thé nhan gia tri tr 0 dén 9 va a = 0.

Néu mot s6 c6 tan cung 1a chir s6 e thi binh phuwong cta s6 d6 ¢ tan cing 1a chit sé f twong ung

trong bang sau:

e \o \1 \2 \3 \4 \5 ‘6 \7 ‘8 \9

f Jo 1 |4 |9 |6 |5 |6 |9 |4 [1

Vi abd 1a sé chinh phuong nén d chi c6 thé lay cac gia tri 0, 1, 4, 5, 6, 9; mit khac sé abcd +72 1a
s chinh phuong thi d + 2 phai ¢ tan cung 1a mét trong cac chir $60,1,4,5,6,9.

Ma d + 2 chi c¢6 thé c6 tan cing 13 2, 3, 6, 7, 8, 1 do d6 d + 2 chi c6 thé lay cac gia tri 1, 6; nghia la d
chi co thé lay cac gia tri 9, 4.

-Void=4taco ﬂ:yz va abcd+72 =abc6+70 = x2. Theo bang trén y*co6 tan cung 4 thi y
chi ¢6 thé ¢6 tan cung la 2 hoac 8 con X% ¢o tan cung 6 thi x chi co thé c6 tan cung la 4 hoac 6.

Suy ra 100 < y* <1000 nén 10 <y <31 nény chi c6 thé 1a 12, 18, 22, 28.

Néuy =12 thi y* =144 va x° =14c6+ 70 nén 1400 < X2 <1600, suy ra 37 < x < 40: khong thoa
man.

Néu y = 18 thi y* =324 va x° =32c6+70 nén 3200 < x2 <3500, suy ra 56 < x < 60: khong
thoa man.

Néuy = 22 thi y?> =484 va x* =48c6+70 nén 4800 < x> <5000, suy ra 68 < x < 72: khong
thoa man.

Néu y = 28 thi y* =784 va Xx° =78c6+70 nén 7800 < X2 <8000, suy ra 86 < x < 90: khong

thoa man.

13|Page



-V6id=9tacé ab9 = y® va abc9 + 72 = abcl+80 = x2. Theo bang trén Y c6 tan cung 9 thi y chi
6 thé co tan cung la 3 hoac 7 con X ¢ tan cung 1 thi x chi co thé c6 tan cung la 1 hoac 9.
Suy ra 100 < y* <1000 nén 10 <y <31 do d6 y chi c6 thé 1a 13, 17, 23, 27.
Néuy =13 thi y?> =169 va x> =16c1+80 nén 1600 < X <1800, suy ra 40 < x < 43.
Ta thir véi x = 41 ¢6 412 =1681thoa man, vay abcd =1609
Néuy=17thi y* =289 va x* = 28c1+80 nén 2800 < x? <3000, suy ra 52 < x < 56: khong thoa
man.
Néuy=23thi y* =529 va x? =52c1+80 nén 5200 < x? <5400, suy ra 72 < x < 75: khong thoa
man.
Néuy=77thi y* =729 va x* = 72c1+80 nén 7200 < x* < 7400, suy ra 82 < x < 87: khong thoa
man.
Bai toan chi ¢6 1 nghiém 1a abcd =1609.
Bai toan 16. S6 A = n* +4"1a s6 nguyén té hay hop s6 trong d6 n 1a sb nguyén duong.
Hwéng dan giai
Véin=1thi A =514 sd nguyén t6. Vi n > 1 xét hai truong hop
-Néunla sé chin thi n*:2 va 4":2nén A2 ma A>2 do dé A 1 hop sb.
-Néunlasb l¢, dat n =2k + 1 (k nguyén duong)
Taco A=n"+4"=n*+4%*4

:(nz+22k+l+n.2k+1)<n2+22k+1_n.2k+!)

:[(n+2")2 +22"}[(n —2")2 +22k}

R& rang mdi thira s6 cua tich déu 1a cac sb ty nhién 16n hon 2. Vay A 13 hop sd.

Bai toan 17. Cho cac s nguyén duong a, b, c,dvéia>b>c>d > 0.
Giasirac+bd=(b+d+a—c)(b+d-a+c). Ching minh ring ab + cd khong phai 14 s6 nguyén t0.
Huéng dan giai

Ping thic da cho twong duong voi

a’—ac+c* =b’ +bd+d? (1)
Xét tir gidc ABCD véi AB = a, BC = d, CD = b, AD = ¢, BAD=60°, BCD=120° thi
BD® =a® —ac+C° =b® +bd +d* mot tr gidc nhu thé rd rang tdn tai trén co s¢ c¢6 (1) 1a Dinh 1i

ham cosin. Pat ABC = a, suy ra CDA =180° — ..
Dinh 1i ham cosin trong céc tam giac ABC va ACD cho ta:
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a®+d? —2adcosa = AC? =b? +c? +2bccosa
a’+d?—b%—c?

Tu dé: 2cosa = va
ad +bc

a’+d>-b>-c® (ab+cd)(ac+hd)
ad+bc ad + bc
Vi ABCD noi tiép nén Dinh li Ptolémé cho ta:

(ACBD)’ =(ab+cd)’

AC?=a’+d*-ad

Suy ra (ac+bd)(a” —ac+c*) = (ab+cd)(ad + bc) ()

Taco(a—d)(b—c)>0,(a—b)(c—-d)>0
Tir hai bt dang thirc nay dé dang suy ra duoc:

ab+cd>ac+bd>ad+hbc (3)
Bay gi0, gia str nguoc lai rang ab + cd 1a s6 nguyén t6. Khi do, tir (3), suy ra rang ab + cd va ac + bd
nguyén t6 cting nhau. Do vay, (2) cho ta két luan ad + bc chia hét cho ac + bd, diéu nay khong thé
Xay ra vi da c6 (3). Ta c6 dpcm.

(2m)}(2n)!

1a mot sé nguyén
mini(m+n)!

Bai toan 18. V6i moi s6 nguyén duong m va n, chirng minh rang:

duong.

Huéng din giai
Dé giai bai toan, ta chi viéc chiing to rang véi moi s6 nguyén té p, sé cac thira sé p chta trong tich
(2m)!(2n)! khong nho hon sé cac thira s6 p chia trong tich m!n!(m + n)!

Nhu da biét, s6 cac thira s6 p chira trong tich (2m)!(2n)! 1a:

{2} I 21515

Con s6 cac thira s6 p chira trong tich m!n!(m + n)! bang:

s R Bl

Bt dang thac S, > S, suy ra tir bat dang thic:

2355 e

Bai toan 19. Chung minh rang véi moi ¢ap s ty nhién m, k, s6 m ¢é thé dugc biéu dién mot cach

duy nhat dudi dang:

k k-1 t i
m=C, +C, 5, +..+C, véia >a,>..>a 2t=1.
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Huéng dan giai
Trude tién ta ching minh tinh duy nhat. Gia st m duoc biéu dién nhu dé bai voi hai diy ay,...,d, va
b,,...,b,. Ta tim vi tri dau tién ma ching khac nhau, khong mét tinh téng quat, ta gia sir vi tri d6 1a k
va a, >Db,.
Licdo m<Cy +Cy? +..+Cy , <Cp ., <m ladiéu vo Ii.
pé chung minh sy ton tai, ta ap dung thuat toan sau: tim sb a, lon nhit thoa man C';k <m, sau do,
cling lam tuong tw nhu vé6i hai s6 m va k nhung thay bang hai s6 m—Cj va k — 1. Ta chi can chéc
chin riang day nhan duoc thyc sy ting, nhung didu ndy c6 duoc vi theo gia thiét: m < C?k ., vasuyra
m-C; <Ci*.
Bai toan 20. Gia sir a, b, n 14 nhitng s6 nguyén 16n hon 1. Cac s a, b 1a co sé cua hai hé dém. Cac sd
A, va B, co cung cach biéu dién X X, ;...X;X,. Trong cac hé¢ dém véi co sé a va b, ngoai ra
X,#0 vax, ,#0.Goi A, , va B, ,1acac s6 suy ra tir A, va B, sau khi x6a X, . Ching minh

. A B
rang a > b khi va chi khi A—”‘1<L‘1

n n

Hudéng dén giai

n-1 n
Theo dinh nghia, taco: A, | = Zxka", A = Z:Xkak
k=0 k=0

n-1 n
k k

B,.=D xb0" B, =>xb

k=0 k=0

Bat dang thirc trong dé bai trong duong voi:

n-1 ‘ n-1 ‘
Zxka Zxkb x a" X b"
k=0 k=0 n n
n k pC k — 3 K g K
> oxaas Yox b Y xah Y xb
k=0 k=0 k=0 k=0

xa" X ,+Xa+x,a +..+x.a"
Nén: —— > 01 - — (1)

X,b" X, +xb+X,b"+...+Xx Db
Ta chting minh rang véi gia thiét X, =0, X, = 0 thi bat dang thic (1) twong duong véi a > b.
Mudn vay, truéc hét ta chang minh ménh dé sau: néu A, B, C, D 1a 4 s duong thi cac bat dang thirc:

A C A+C C

—<—va < — tuong duong nhau.
B D B+D D

Bay gio ta dé y rang bat dang thirc a > b tuong duong véi
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hay (néu c6 X, nao bang 0, thi ta loai ti s6 twong @ng)

2 n-1 n
Xo _X@ _ X2 X, 4@ X,a
2 n-1 n
X, Xb x,b X, b X,b

Ap dung ménh dé trén nhiéu lan, thi dwoc bat dang thuc (1), tirc 1a co diéu phai ching minh,
Bai toan 21. Hay tim sb du khi chia
a) 109*° cho 14 b) S6 1776"%*" cho 2000.

Hwéng dan giai

a) Ta co 109 Ell( mod14) nén 109°**° =11 (modl4)

Vi14=7.2nén ¢(14) =14(1—%j(1—%) =6

Theo dinh 1i Euler thi 11° = 1( mod 14)

Ma 345 = 6.57 + 3 nén 11 (mod14) =11°(mod14) =1(mod14)
Vay dula 1.
b) Ta co: 1776' =1776(mod 2000), 17767 =176 (mod 2000),

1776° = 576(mod 2000), 1776* = 976(mod 2000),

1776° =1376(mod 2000), 1776° =1776(mod 2000),

1776 =176(mod 2000), va tiép tuc nhu vay.

Ti: 1776° =17761(m0d 2000) , ta dugc 1776" =1776"° (mod 2000), véi moi n >5.

Do vay ta s& xét phan du ctia s6 mii khi chia cho 5. D& thiy 1492! chia hét cho 5 nén:

1776 =1776° =1376(mod 2000)
Cich 2: Theo dinh li Euler: ' =1(mod125), véi moi a théa man (a, 125) = 1.
Taco 16 | 1776 nén 1776"%' = O(modl6).

Xét s6 du cua 1776 khi chia cho 125, vi: (125, 1776) = 1 va 100 | 1492! Nén theo Pinh li Euler:
1776 =1(mod125)

n =1(mod125)

Bay gio, Huéng dan giai hé phuong trinh dong du
n=0(mod16)

Bang phuong phép thir chon, ta dugc nghiém duy nhat 1376
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Vay: 1776 =1376 ( mod 2000)
Bai toan 22. Tim hai chir s6 tan cung cua
a) 56 2°
. , 2000
b) Phan nguyén cta so <\/29 + \/ﬁ)
Hwéng dan giai
a) Ta tim du trong phép chia 9"°°' cho 20 = 4.5

Tacd 9% = (10 -1

)1991

=-1(mod5) = 4(mod5),

9%l — (841

)1991

=1(mod4),

Dula r,=5t+4 vsit=0,1,2 3

Véit=1thi , =9=1(mod4) nén 9** =20k +9
Dods 2° =22 =76.2° =12(mod100)

Vay hai chit sb tan cung cua 2% 1a 12.

b) it X, = (v/29 ~21) =50 21/609
X, =(v29 +/21) =50+ 2609

S, =X,"+X,", véi X;,X, 1a nghiém cia phuong trinh: X* —100X +64 =0
— S, —100S_ +64S_, =0 (1)

Taco: S, =2; S, =100 nén tir (1) suyra S, € Z véi moi ne N.
0<x,<1=0X,"<1=X,"<S, <X,"+1=S§, -1<X," <S,

Do S, € Z nén [in] =S, -1

Vay [(@+ m)} =%, =S -1

Tir (1) suyra S, =100S, , —64S,_, =36S,_,(mod100)

=6°S, ,=6'S,_, =..=6"S,(mod100) (vsi n chan)

= S}oe = 6".2(mM0d100)

200

Ma 61000 _ (65)

Vay {(\/E + \/Z)ZOOO} ¢6 hai chir s tan cing 13 51
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Bai toan 23. Hay tim phan nguyén cua

B= \/X2 + \/4X2 ++/36x* +10+3 trong d6 x 1a s6 nguyén duong.

Hudéng dan giai

Vi x nguyén duong thi: (4x +1)° <36x? +10x +3< (6x +2)’

Hay 4X +1<+36x* +10x+3 < 6X + 2

Cong 4x°*vao mdi vé cua bat ding thic trén, ta co:

(2x+1)° < 4x® +/36x* +10+3 <(2x +2)°
Hay 2x +1< \/4x2 ++/36Xx% +10x+3 < 2X + 2

Lai cong thém x? vao mdi vé cua bit ding thirc trén ta cé:
(X +1) < X2 +4x? +/36x% +10x+3 < (x +2)°

Hay x+1<\/x2+\/4x2+\/36x2+10x+3 <X+2

Vay phan nguyén cta s6 B la x + 1.
Bai toan 24. Cho diy s6 nguyén duong I¢é ting a, <a, <...<a, <... Chiing minh rang véi mdi s6
tu nhién n (n 21), giita hai sd a,+a,+..+a,, vaa +a,+..+a,+a,, bao gio cing co it nhét

n+1
mot s6 k* bang binh phwong cua sé nguyén dwong 16n hon 1.

Huéng din giai
Trong day s6 chinh phuong 2° =4, 3* =9, 4° =16,... ta chon s chinh phuong nhé nhit k®ma 16n

hon a, +a, +...+a,, nghia la:
2
(k-1)"<a,+a,+..+a, <k’

Pé ching minh k® <a, +a,+...+a, +a_,, ta sir dung tinh cht cia tdng cac s6 ¢ lién tiép dau

n+1
tién:
k? :(k—1)2+(2k—1):1+3+5+...+(2k—3)+(2k—1)
Do dé &, +a, +...+a, >1+3+5+...+(2k—-3).
Vi cac s hang trong hai vé déu 1a s 1é va ¢ vé phai chira tat ca cac s 16 tir 1 dén 2k — 3 suy ra
a,>2k-3hay a,22k-1,dodé a,,, >a, >2k-1.
Tur (k—l)2 <a,+a,+..+a, co
k®=(k-1)"+(2k-1)<a, +a,+..+a, +(2k-1)<a, +a, +..+a, +a,,
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Suy ra diéu phai chttng minh.
Bai toan 25. Ching minh rang véi moi s6 nguyén dwong n > 2 thi hai s6 1992" va 1992" +3.2"
c¢6 cung sb cac chir so.
Hwéng dan giai
Gia str 6 1992" ¢ k chir s6, tac 10 <1992" <10,
Do 1992" >1000" =10, nén k > 3n.
Gia st s 1992" +3.2" chtra it nhit k + 1 chit sb, nhu vay 1992" +3.2" >10%, suy ra
996" +3> 2“5,
Mt khac 10 >1992" nén 2% ".5% >996" . Vi vay 996" +a =2""5* trongdo 1<a <3.
Dok >3nnénk-—n>2nvavin>2nén k>4, do do 2"".5 EO(mOdlo), trong khi do
996" +a=6+a,nhungvi 1<a<3 nén 6+a EO(mOdlo).
Nghia la 996" +a = O(mod 10). D¢ 1a diéu mau thuan.
Bai toan 26. Ching minh rang khong thé biéu dién s6 1 thanh tong cac binh phuong cua nghich dao

cac so tu nhién khac nhau.

Hwéng dan giai

. D ea x g . 1 1 1
Gia st c6 the bicu sien so 1, dudi dang: 1=— +— +...+— trong do:
al a2

n

l<a; <a,<..<a,vanx2
Tur diéu kign a, > 2 va a, >k +1, ta cé:

1 1 1 1 1 1 1 1 1
l=Z+—=S+. +5 <5+ +..+ > ek ——
a; aj a: 2° 3 (n+1)° 12 23 n(n+1)

n

Vay 1 khong c6 dang trén.
Bai 27. C6 hay khong s ty nhién khac 0 vira 1a tich ctia hai s6 tu nhién lién tiép vira l1a tich ctua bdn
s6 tu nhién lién tiép.
Hwéng dan giai
Gia st ton tai s tu nhién A khac 0, thda méan dé bai.
A=n(n+1)=m(m+ 1)(m + 2)(m + 3) trong d6 m, n 12 s ty nhién khac 0.

Suyra n®+n=(m’+3m)(m*+3m-+2)

Hay n+n+1= (m2 +3m)2 + 2(m2 +3m).1+l= (m2 +3m +1)2

20|Page



Mammc&ﬂﬁynﬁ<ﬁ+n+i<(n+nﬁ

‘ 2

thén2<(m2+3nr+ﬂ <(n+1f
Diéu mau thuan trén chitng té khong ton tai s6 tu nhién théa man yéu cau dé bai.
Bai toan 28. Lap diy s6 a,,d,,d,... bang cach sau: a, =2 va véi mdi s ty nhién n > 2 thi chon s6
a, la wéc sb nguyén t6 I6n nhat coa diy sé a,a,..4,, +1. Chung minh rang trong day so trén
khong c6 s6 5.

Hudéng dan giai
Ta c6 @, =2,a,=3. Gia sir véi N>3nao d6 ma cé sb 5 1a udc s6 nguyén 6 16n nhit cua sé
A=23a4a,.a,,+1 thi s A khong thé chia hét cho 2, cho 3, do d6 chi c6 thé xay ra A=5" véi
m > 2 nao do.
Tr d6 sb A-1=5"-1=(5-1)(1+5+5 +..+5"™") chia hét cho 4. Mat khic
A-1=23a,..a, , trong d6 @, voi moi i >3déula sb 1 nén A — 1 chi c6 thé chia hét cho 2: mau
thuan.
Viy A khong c¢6 uwéc sd nguyén t6 1a 5.
Bai toan 29. Vi moi s6 nguyén duong n, hiy chitng minh rang ton tai mot s6 nguyén duong k sao
cho 2k’ +2001k +3=0(mod2").

Hwéng dan giai
Téng quat hon, ta s& chung minh rang phuong trinh déng du ak® + bk + ¢ = O(mod 2”) c6 nghiém
véi moi n, & day b 1a sé Ié va a hodc ¢ 1a sb chan.
Khin=1, lay k =0néu c chin vak=1néu clasd le.

Tiép theo, gia sir phat biéu trén dung voi moi n. Néu ¢ 1a s6 chén thi theo gia thiét, phuong trinh

\ C
ddng du 2at® + bt + = 0(mod2") c6 nghiém t nao do.

£ﬁtk=2tmdum:m8—FM<+C:2(2m2+bt+§jzo(mod2“ﬁ

Néu c 14 s6 1¢ thi a 12 s6 chin, do d6 a + b + ¢ 1a sb chin; theo gia thiét ta suy ra phuong trinh dong

a+b+c

du 2at’+(2a+b)t+ =0(mod2") co nghiém t nao do. Pt k = 2t + 1 ta duoc:

m&+bk+c=2(%ﬁ4{2a+bﬁ+§i§iﬁ)

OOnodZWH)
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Nhu vay, du cho ¢ 13 s6 chin hay I¢, phat biéu trén van dang cho n + 1, va do dé, theo quy nap, nd

dang véi moi n.

n
Bai toan 30. Cho n>2 sb C,,C,,...,C, € Rthoa man 0< ZCi <n. Ching minh réng ¢ thé tim
i-1

n
duoc n s6 nguyén Ky, K,,....k, saocho Dk, =0 val-n<c, +nk; <n véimoi i=1...,n.
i=1

Huoéng dén giai
V6i moi x, ta ki hiéu | X | 1a phin nguyén cta x, va ki hiéu [ X | 1a sé nguyén bé nhét I6n hon hay
bang x.

biéu kién ¢+ nk € [1-n,n], twong duong véi

1-c

kel (c),vsil,(c)= [—_1,1_3}

n n

. . 1 . \
Moi ceR va n>2, doan nay (c6 d6 dai 2——) chra 2 s6 nguyén (c6 thé trung nhau), dé la:
n

p(c)= P_—C—l—‘ < Ll—EJ =q(c)

n n

n
Dé ching minh ton tai k; el (c,)NZ nghiém ding D k=0 thi chi can chang minh:

iznl:p(ci)sogii:q(ci).

} 1-¢ .. N 1<
Bit 8, === voi[=1,2,....nthi D4, =1—HZCi €[0,1]
i=1 i=1

Vi[a; |<a +1 nén Zn“l_ai] <Zn:ai +n<n+1. Tirdé
i=1 i=1

gfaikn hay iZ::p(q)zgjai]—n <0

Pé chiing minh ) q(c;)>0, ta dat b, —1-% khido
i1 n

b, = n—%ici >n-1vi|b,|>b 1= b, |>-1
i=1 i=1

i=1

Suy ra: iLbiJ >0 hay Zn:q(ci) >0 ta co dpem.
i1 i1
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Bai toan 31. Cho X,,X,,...,X, la cac s& thuc thoa man diéu kign: X7 +X5 +...+ X2 =1. Chung
minh rang voi mdi s6 nguyén k, vai K> 2, ludn ton tai cac s6 nguyén a;,a,,...,a, khong ddng thoi

bang 0 sao cho véimoi I=1, 2, ..., nta c6:

Jn

k" -1

Hudéng dan giai

la;| <k -1 va |ax, +a,X, +...+a,X,|<(k-1)

n 2 n
Tir bat dang thic: (ZXJ < anf va gia thiét X12 + Xg +...+ Xf] =1ta dé dang chirng minh duoc

i=1 i1
X | +[%, |+ +]x, | <N
n
Bay gio, V&i cac b, nhan gia tri nguyén thudc doan [0, k — 1], ta xét K" gia trj c6 dang: Z b.X,
i1
MOi gi4 tri d6 phai nam trong doan [0,(k -1) Jn ] Ta chia doan nay thanh K" —1 doan con c6 do
Jn
k" -1

Khi d6, theo Nguyén tic Dirichlet, phai ¢6 2 gia tri noi trén roi vao ciing mot doan con. Cu thé, néu 2

dai bang nhau la: (k - 1)

n n
giatrido1a Y b’ x;va Y b" X; thi ta phai co:
i=1 i=1

n

Z(b'i—b"i)xi

i=1

<(k-1)

suy ra dpcm.

n
D ax
i=1

Bai toan 32. Cho cac sd nguyén N> K> 0. Ta dinh nghia cac s6 c(n, k) véi k = 0,1,2,....n nhu sau:

n
k" -1

c(n, 0) = ¢(n, n) = 1 véi moi n>0: c(n+1k)=2"c(n,k)+c(n,k—1) véi moi n>k=>1. Chung
minh rang c(n, k) = ¢(n, n — k) véi moi N>k >0.
Huéng din giai
Khing dinh dang véin = 0: ¢(0, 0) = ¢(0;0-0) =1
Ta sé& ching minh trudng hop tong quat bang quy nap theo n. Gia sir ¢(m, k) = c¢(m, m — k) véi moi
n>m >k >0. Thé thi, theo hé thirc truy hdi va gia thiét quy nap, ta co:
c(n+1Lk)=2"c(nk)+c(n k-1)
c(n+Ln+1-k)=2""*c(n,n+1-k)+c(n,n—k)=2""*c(n,k-1)+c(n,k)
Dé hoan tat chizng minh, ta s& chiing minh rang:
(2" —1)c(n,k):(2”*1*" —1)c(n,k—1) (1)
Dé y rang tir gia thiét quy nap ta suy ra
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(2-1)c(n-1k)=(2"*-1)c(n-1k-1)

(2 -1)c(n-1k-1)=(2"*"-1)c(n-Lk-2)
Tirdé ta co: (2 ~1)c(n,k)—(2""* ~1)c(n,k-1)
=(2“-1)[ 2*c(n-1k)+c(n-Lk-1) |- (2" * -1)[ 2 *c(n-Lk-1)+c(n-1k-2)]
=[24(2"* ~1)c(n-1k-1)+(2“ ~1)e(n -1 k-1) ]

—(2”*1*k —1)[2“c(n —Lk-1)+c(n-1k- 2)}

(2" -2 +2“-1-2"+2")c(n -1k -1)- (2" ~1)c(n -1k -2)
=(2*-1)c(n-1k-1)-(2"*"* -1)c(n-Lk-2) =

Viy (1) ding, ta c6 diéu phai ching minh.

Bai toan 33. Giai phuong trinh

2 [x ~[x]-2=0 ) {8x;19}:16(i<1+1)

Hwéng dan giai
a) bat t = [x], t nguyén.
[X]2—[X]—2:0<:>'[2—'[—2:0<:>t:—1 hoac t =2
Do d6 [x] = -1 hoac [x] = 2.
Vay nghiém —1<x<0,2<x<3

16(x+11) _ 11t-16

b) Pat . Thé

8x+19
thi {T} =1 nén tnguyén. Tacd 16(x +1)=11tnén X =

vao phuong trinh cho thi cé

{llt —22 11t + 22
14

—-t<1

:l:t dodo 0<

. 8 22 : .
Nén EStS? . Chon so nguyént=3;4,;5;6;7

17.7.19 25 45
Vay nghiém X = —;—;—;—
16'4°6'8'16

Bai toan 34. Tim sé tu nhién n biét ring khi bo di ba chir s6 tan cung bén phai cua n6 thi dugc mot
sb mai ¢o gia tri bang In .
Hwéng dan giai
D& thay sb phai tim c6 tir 4 chit s6 tro 1én.
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Gia str sau khi bo di ba chir s6 tan cing abc cuasén ta duoc s6 x, thi n =10%x + abc . Theo d& bai

ta co:

x =31000x +abc <> x* =1000x +abc <> X(x* ~1000) =abc
Néu X >33 thi vé trai s& 16n hon hoic bang

33(1089 — 1000) = 33.89 > 2937 > abc nén x < 33.
Néu x <31 thi x* <961, nén x(x* ~1000) < 0 < abc
Do d6 x chi c6 thé nhan gia tri 32.
Véi x = 32 thi 32(1026 — 1000) = abc hay 768 = abc
Tir day ra co n =10°.32+ 768 = 32768.
S6 nay thoa man yéu cau cta dé bai nén 1a sb can tim.
Bai toan 35. Tim s6 c6 hai chir s6 sao cho sd d6 cong véi tich hai chir s6 ciia no thi bang binh
phuong cuia tong hai chir s6 cua no.

Huoéng dan giai

Goi s6 phai tim 1a Xy (x, y 1 céc sb tw nhién tir 0 dén 9 va X #0).
Taco 1Ox+y+xy=(x+y)2 hay 10X + Y = X* + Xy + Yy*
Néu y = 0 thi ta c6 x = 0, trai gia thiét nén y khac 0.

Bién ddi thanh y* +y(x—1)=x(10—Xx), ta cé:

2
y? sﬂlO—x)s(%j =25nén y<5

Thay lan luot y bang 1, 2, 3, 4, 5 vao x(10 — X — y) = y(y — 1) va phén tich vé trai thanh tich hai sé
mdi s6 nhé hon 10.
Voiy=1thix(9-%x)=0,suyrax=9
Véiy =2 thi x(8 — x) =2 = 1.2, khong c6 x thda min
Voiy=3thix(7—x)=6=1.6=2.3,suyrax=1hoacx =6.
V6iy =4 thi x(6 —x) =12 =2.6 = 3.4, khong c6 x thoa man
Véiy =S5 thi x(5§ — x) =20 =4.5, khong c6 x théa man.
Vay c6 ba s6 phai tim 1 91, 63, 13 thoa méan dé bai.
Bai toan 36. Tim hai s6 ty nhién, mot s6 c6 hai chit s6 sao cho khi viét sé nay tiép sau sé kia thi
dugc mot sé gom bén chir s chia hét cho tich cua hai s6 ban dau.
Hwéng dan giai

Goi cic s6 ¢ hai chir s6 phai tim 13 x va y trong d6 10 < X,y <100.
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Theo dé bai ta co: 100x + y = kxy (k nguyén duong) hay y = kxy — 100x

Do kxy —100x:X nén y:X, dit y = mx (m nguyén duong).

Khi d6 ta lai c6 100X + mx = kmx? suy ra 100 = m(kx — 1) suy ra m 1a w6c s cua 100. Vix, y 1a
cac s ¢6 hai chit s6 nén m chi 1a s§ c6 mot chit s6, do do m = 1; 2; 4; 5.

100 100 5 . .
Mat khac kx —1==—— hay kx = =——+1 dong thoi x 1a so ¢6 hai chit so.
m m

Néum =1 thi T +1=101 khong chia hét cho mot s6 ¢6 hai chir 6 x nao: loai

. 100 . o
Néu m = 5 thi ?+1= 21,tacox=21khidoy=m.x=5.21=1051as0 co ba chir so: loai

Néu m = 2 thi kx = 51, do d6 néu k = 1 thi y = mx c6 nhiéu hon 2 chir s§, néu k =3 ta c6 x=17; y =

34.

Vay m = 4 thi kx = 26, do d6 néu k = 1 thi y = mx c¢6 nhiéu hon hai chit $6, néuk =2 ta c6 x=13; y =

52. Thtr lai dting.

Bai toan 37. Tim nim sd thuc duong sao cho mdi s6 bang binh phuong cua tong bén sb con lai.
Hwéng dan giai

Sap thir ty 5 s6 phai tim 1a: 0< X, <X, <Xy <X, <X,

Theo dé bai: X, = (X, +X; + X, + x5)2

Va ciing c6 cac dang thic twong tu d6i Vi X,, X5, X, Xs

Pt S=X, +X, + X, + X, + X5 thi X, =(S—X,)’

Tuong tw X, =(S—X,)"; X, = (S—x3)2 (%, =(S—%,) ;% = (S—x5)2

Tacd thi X, =(S—%,)" >(S=%,)" >(S=%,) 2 (S—x,)" 2(S—xs) =Xs

SUY ra: X, = X, = X5 = X, = X; = X (vi déu bing x > 0) khi d6 S = 5x, do d6 x = (4x)” hay x(16x -

1)=0.

1 A ’ r A 1 A o A A B A \ l

Vi x >0 nén chi c6 nghiém X = 6 Vay ndm so can tim déu la 6

Bai toan 38. Tim tt ca cac s6 nguyén duong sao cho tong cua chiing bang 1994 con tich cua chung

I6n nhat.
Huéng dan giai

Ta can chon n s6 nguyén duong n (n> 1) ma a, +a, +...+a, =1994 dé tich ctia chiing 16n nhét.

Khong c6 s6 nio trong cac sd da chon bang 1.
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That vay gia sir a, =1, néun =2 va 1 + 1993 = 1994 thi ta thay bang 2 + 1992 = 1994 ¢6 2.1992 >
1.1993, néu n > 2 trong tich a +a,+..+a khi ta thay b=a,+1 thi tong cic sb
b+a,+...+a, =1994, con tich moi la:
bxa,X..xa, =(a, +1)Xa,Xa,;X...Xa, =a; Xa,Xa;X...Xa, +a8,X8;X...Xa,
>a,Xa, X8, X...Xa,

Néu céac s6 da chon c6 sb 2 thi ciing chi c6 khong qua hai sé bang 2. That vay, gia st c¢6 ba s6 2 thi
2.2.2 < 3.3, ta thay thé ba s6 2 bai hai s 3 s& c6 tich méi 16n hon.
Khéng c6 sb ndo trong cic sd da chon 16n hon 4. Néu tréi lai, gia st @, >5 thi thay a, bang hai s6 2
va a,—2 ,khidé 2(a, —1) > a, va tich méi s& I6n hon tich ban dau.
Vay tich 16n nhét chi gom toan s 2 va 3 trong d6 khong c6 qua hai sb 2, nghia 1a tich 16n nhit bang
2 3664
Bai 39. Tim gia tri nho nhat caa f (X, y) = ‘7X2 +13xy — 7y?| trong d6 x, y nhén gi4 tri nguyén va
khong dong thoi bang 0.

Huwéng dan giai
Ki hiéu CP 1a tap cac sd chinh phuong.
xét f(x,y)=0<g(x,y)=7x*+13xy —7y* =0. Coi g(x, y) la tam thirc bac 2 déi véi x, co
A=365y*. Do 365#CP nén A=CPVyeZ y=0=9(xy)=0,vx,yeZy=0. Ma
g(x,0)=0<x=0,nén g(x,y)=0Vx,yeZ x*+y*#0.

Do d6 f(x,y)=0,VX,yeZ x*+y?#0.Suyra véi a=f(X,Y,) lagidtricintimae N .

Yo

o ° X X
Xét a chdn thi phai c6 X,,Y,chén. Khi d6 ?O,?e Z va f(_o Yo

D) j=%< a, trai voi dinh nghia
clia a. Nhu vay, a 1a s le. D& thiy f(1, 2) =5. Suy ra a<5. Vay a € {1,3,5}.

- Néua =1 thi g(Xq,Y,)=11< 7x¢ +13X,y, — 7Y, F1=0= A =365y; 28 CP (*). Mt
khac, 365Yy; + 28 khac +3(mod5) mau thuin véi (*) (do b*khic +3(mod5) Vb e Z)

- Néu a = 3 thi:

(X0, Yo) = ‘(x0 -Y, )2 +y? +(6x§ +15X,Y, —9y§) =0(mod3)

= (X, —Y,) +Y2=0(mod3)
= X, —Y, =Y, =0(mod3) = x, =y, =0(mod3)
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= f(X,,Y,)=0(mod9), mau thudn véi f(X,,y,)=3
Vay: a=min f(x, y) = 5.
Bai toan 40. Chiing minh rang néu tam giac ABC c6 ban kinh duong tron noi tiép bang 1 va do dai
cac dudng cao déu 1a cac sb nguyén thi tam giac ABC 1a tam giac déu.

Hudéng dén giai
Goi x, y, z la cac duong cao theo thur tu twong (rng vai cac canh a, b, ¢ cia AABC (X, y, z nguyén
duong).
Do duong tron ngoal tiép tam giac c6 ban kinh béng I,nénzvy,z déu 16n hon 2. That vay, ta co: 2S
=ax+by=cz=a+b+cnén:
x:a+Tb+C:1+%>l+g:2 (vib+c>a)

Tuongtyy>2vaz>2

MétkhéchL;l:Lvél:L
X a+b+c y a+b+c z a+b+c
Dod(’):£+1+1:1

X Yy z
Giast X >y >z khidb E+£+1£§ suy ra §21
Xy z 2 z
Vay z<3,maz>2nénz=3
Véiz =3 thi 1+£=E, suy ra 123 suyray<3may>2nény=3,trdocox=3dodox=y
X y 3 y 3
=z=3.
Két hop véiax =by=cz,tacoéa=b=c.
Vay tam gidc ABC la tam giac déu.
Bai toan 41. Cic canh caa mot tam gidc c6 sé do 1a +/377;+/80 va /153 . Ching minh ring co thé
dat tam giac nay trong moét hinh chir nhat co s6 do d6 dai cac canh 1a cac sd nguyén sao cho hai dinh
clia tam giac trung voi hai diém dau va diém cudi cia mot duong chéo va khoang cach tir dinh thi
ba, cua tam gidc t6i cac canh cta hinh chir nhat 1a mot sé nguyén. Khi dé hiy chang to rang sb do
dién tich cua tam giac ciing 1a s6 nguyén.
Huwéng dan giai

Du hinh chit nhat ¢6 chiéu dai AB = CD = 16, chiéu

|
rong AD = BC = 11.
Trén AB dat diém P sao cho AP = 4 V377
J80
M C
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Trén BC dat diém N sao cho CN =3
Tir cac diém P va N trén AB va BC ké dudng vudng goc voi AB va BC chiing cit nhau tai M. Trén
hinh v€ ta c6 PB = MN = 12;
BM =MP = 8.
Trong tam giac vuong MPA theo dinh li Pitago thi:
MA? = AP? + MP? =16 + 64 =80 = AM =+/80
Trong tam giac vuong MNC, theo dinh li Pitago ta co6
MC? = MN? + NC* =12° +3* =144 +9=153= I\/IC:\/@
Va tam giac vudng ABC, ta co:
AC? = AB* +BC* =16 +11° =256 +121=377 = AC = \/\?ﬁ
Nhu vay tam gidc MAC c6 cac canh bang V377 va /80 va /153 c6 hai dinh trung v6i hai dau
mat cua duong chéo AC, con khoang cach tir dinh M dén dén cac canh AB va BC lan luot bang 8 va
12 1a cac s6 nguyén, nén chinh 1a tam giac phai tim.
Ta ¢6 Spyuc =Saseo —Sase —Sanm — Sckm —Spuwx =11.16-8.11-3.4—-3.6-4.4 =42 (don vi
dién tich) nén 1a sé nguyén.
Bai toan 42. Cho x la mét sb thyc. Ching minh néu phan Ié {x} = {Xz} = {x2013} thi x 1a sb
nguyeén.
Huéng din giai

X2 —[ij va {X2013} — x2013 _I:X2013]

Taco {x} =x - [x], {x°}
Theo d bai phan l¢ {x} ={x2} = {x2°13} thi X* =x+a va x*®* =x+Db
Voi a=|x* |-[x] va b=]x**|-[x] 1a cac s6 nguyén.

Vi x> =x+anén X*-x-a=0=>A=1+4a>0=a>0

Xéta=0thi X’ —X=0<>X=0 hayx =1 déu 13 s6 nguyén.

Xéta>0thi a>1, tachang minh quy nap, khi do ton tai 2 s6 nguyén ¢, >1 va d_ >0 sao cho
x"=c,x+d,,vn>3

That vay véi n = 3: X =x+a=x"=x"+ax=Xx+a+ax=(1+a)x+a khi d6 chon 2 sb
nguyén C, =1+a>1vad,=a>0.

Gia st khang dinh ding v6i n=k>3: ton tai 2 s6 nguyén ¢, >1 va d, >0 sao cho

k _
X" =c, . X+d,.
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Khi d6 x“* =c x*+d,x=c, (x+a)+dx=(c,+d,)x+cka=c,a

Tachon c,,, =C, +d,; d,,, =C,.a thi thoa man.

2013

Ap dung véi n = 2013 thi ton tai 2 s6 nguyén C,y, >1 va d,y,, > 0sa0 cho X* = ¢ X + 0,5

Ma X =X +b nén C,p 3 X+, =X+b

b-d
Do dé X =——223 ¢ Q
02013_1

Suy ra x 14 nghiém hitu ti caa phuong trinh X*> —X —a =0 nén x 13 s nguyén: dpcm

I11. BAI LUYEN TAP
Bai tap 43. Chiing minh rang, véi bat ki s6 ty nhién n > 1, hodc 1a ton tai mot liy thira ctia 10 ma khi
viét trong hé co sd 2 nd s& c6 n chir s, hodc 1a ton tai mot liy thira caa 10 ma khi viét trong hé co sd
5no s& c6 n chir $6, nhung khong ton tai ca hai dang do.

Huéng dan
Chung minh qui nap: Néu a, = 2" thi 10 ¢ n chit s6 khi viét trong hé co s6 5. Néu a, =5" thi 2"
¢6 n chir s khi viét trong hé co s6 2.
Bai tap 44. Cho f(0), f(1) 14 nhitng s6 nguyén, f(0) = f(1) =0 va
f(n+2)=4"*f(n+1)-16""f(n)+ n2" ,n=0,1,2 ... Ching t6 ring cac s6 f(1989), f(1990),
f(1991) chia hét cho 13.

Huéng din

15n—32+(15n +1)16 ™"
15°

Xét f(n)= 2”zg(n) thi g(n)=

(15n +2)(15n -32).16™2(n - 2)’

Tirdi f(n)= e

Bai tap 45. Cho tam thic f (X) =ax® +bx +¢ véi céc hé s6 nguyén.
a) Chirng minh rang véi a, b, ¢ bat ki thi biét s& A cua tam thuc trén khong thé bang 1994 va ciing
khong bang 1995.
b) Khi tam thirc ¢6 cac hé s6 nguyén thay doi, hiy tim biét s6 A nguyén duong nho nhat ma khong 1a
s6 chinh phuong.
Huéng dan
a) Dung phan chiing
b) Két qua A=5.

Bai tap 46. C6 bao nhiéu bo s6 nguyén duong (a; b; ¢) sao cho:
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[a; b] = 1000 va [b; c] = [c; a] = 2000
Huéng dan
S6 1000 va 2000 déu c6 dang 2™.5" nén a, b, ¢ ciing c6 dang do.
Két qua 70 bo.
Bai tap 47. Ton tai hay khong cap s thuc (x, y) sao cho cac sé x =y, X° + y2, X3 + y3 déu nguyén
nhung X* + y4 khong nguyén?

Huéng dan

. N 1
Két qua ton tai voi X +y = 2, Xy:E'

Bai tap 48. C6 ton tai cac sd nguyén x, y, z thoa man:
(X +2010)" +(x+2012)" = (x+y +2z +2008)(y +Z — x + 2014).
Huwdéng din
Bién ddi
(X+2010)" +(x+2012)" = (x+y +2z +2008)(y +2 —x + 2014)
& (x+2010)" +(x+2011)" +(x+2012)" = (y +z-3)’

& 3x? +12066x + 2010% + 2011° +2012% = (y +z - 3)’

Két qua khong ton tai.

. /3 f4 /2013
Bai tap 49. Tim pha éncuad S=+/2 + 3(— + 4 — +...+20L
ai tap 1m phan nguyen cu \/_ 5 3 2012

Huéng dan

. . . fk+l 1 1
Dung bat dang thiuc AM — GM dé chirng minh <l+—+—
k k k+1

Két qua [S] = 2012.

Bai tap 50. Cho mot sb nguyén khong am a, b sao cho ab >¢?, vdi ¢ 1a sé nguyén. Chig minh ton
n n n

tai MOt 6 1 va cac s6 nguyén X;,X,,..., Xy, Yi, YooY, thoa Y X2 =a; >y =b va ) Xy, =c.
i=1 i=1 i=1

Huéng dan
Xétbo (a, b, c)voi a>b va ¢>0.Co 2 truong hop c<b va a>c¢>b. Trong truong hop sau thi
ching minh qui nap theo a + b.

Bai tap 51. Chirng minh véi moi s6 nguyén dwong n thi co:

[«/ﬁ]+[§/ﬁ]++[£/ﬁ] =[log,n]+[log,n]+...+[log, n]
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Huéng dan
Ta c6 [‘(/ﬁ]—l:x thi X >2 va x“<n
Vacé [log, n]-1=y thi y>2va m’ <n
Bai tip 52. Cho a va b 1a hai sb nguyén duong sao cho ab + 1 cua hét a® +b*. Chang minh:

a’ +b?

13 mot s6 chinh phuong.
ab+1

Huwdéng din
Dung phan ching va dwa vé phuong trinh bac 2 a® —kba+b*—k=0. Lap dwoc diy vo han va
nghiém ty nhién (&;,b;) ma tong a, +b; giam dan.
Bai tap 53. Vi s6 nguyén duong n bat ki, goi ‘c(n) 1a s6 cac woc sé duwong (ké ca 1 va chinh no)
cua sb ay. Hiy xéac dinh tit ca cac s6 nguyén duong m sao cho véi s6 nay ton tai mot sé nguyén
t(n?)
t(n)

duong n dé =m.

Huwdéng din
Két qua m 1a s I¢

. . . 1 1
Bai tap 54. Ki hiéu S 1a tap hop tat ca cac s6 nguyén to p sao cho — ¢6 chu ki co s¢ 3r: — =0,
p P

8,8,..85a,8,..8,... trong d6 r = r(p); voéi moi pPeS va moi s6 nguyén k>1 ta dinh nghia:

f(k,p)=a,+a,,, +2

ker(p) T Qrar(p)
a) Chang minh rang S vo han

b) Tim gia tri I6n nhat cua (k, p) voi k>1va peS.
Huéng din

a) Goi s 1a mot s6 nguyén t6 va N, =10% +10° +1 thi N, = 3(mod 9)

S

b) Két qua f(2, 7) = 19.
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