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CHUYEN PE 1: HANG PANG THUC

A.CACHANG PANG THUC CO BAN

(a+b)> =a’+2ab+b*=a*—2ab+b*+4ab=(a—b)* +4ab

(a—b)>=a’—2ab+b’ =a’ +2ab+b* —4ab = (a+b)* —4ab

a’—b*=(a-Db)(a+b)

(a+b)* =a’+3a’h +3ab® +b® =a’ +b® +3ab(a+b) = a’ +b* = (a+hb)* —3ab(a+b)
(a—b)* =a®-3a’h+3ab’ —b* =a®—b*—-3ab(a+b) = a’-b* = (a—b)® +3ab(a—b)
a’—b® = (a—-b)(@*+ab+b?)

a’+b®=(a+b)(a® —ab+b?)

Bai 1:

a) Tinh A=100" -99° +98> —97° +...+ 2> -1°

N o @ ok BN

b) Tinh B=-1+2? -3 +47—.. +(-1)".n’

Loi giai

a) Ta co6:

A=100° —99° +98° —97% +...+ 2° —1* = (100 — 99)(100 + 99) +...+ (2—1)(2 +1) 2100+ +1= 201100 5454
b) Ta xét hai truong hop
- TH1: Néu n chan thi

_ (92 _1q2 2 a2 2 (o 12| _ _ _n(n+1)
B=(2"-1")+(4 3)+...+[n (n 1)}_1+2+3+4+...+(n +n=—
- TH1: Néu n 1é thi
B:<22—12)+(42—32)+...+[(n—1)2—(n—2)2}—n2:1+2+3+4+...+(n—1)—n2:—n(n2+1)

M A 1s A . n N(N+1
= Hai két qua trén c6 thé dung cong thirc: (-1) . (n+2)

Bai 2: So sanh A =19999.39999 va B = 29999°
Loi giai
Ta c6: 19999.39999 = (29999 —10000)(29999 +10000) = 29999° —10000% < 29999° = A< B
Bai 3: Rat gon cac biéu thic sau
a. A=(2+1D(2° +1)...(2% +1) +1
b. B=@+1D(3* +1)..3* +1)+1

c. C=(a+b+c)*+(a+b—-c)*-2(a+b)?
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Loi giai
a. A=(2+D(2°+1)..2* +D)+1=2-D2+D(2° +1)...2%" + D) +1=2"* —14+1=2""

3% +1
2

b. B=(3+1)(32+1)...(364+1)+1:%(3—1)(3+1)(32+1)...(364+1)+1=%(3128—1)+1:
c. Ta co:
C=(a+b+c)’+(a+b-c)*-2(a+b)>=(a+b+c)>-2(a+b+c)(a+b-c)+(a+b-c)*-2(a+b+c)(a+b-c)
2(a+b)?=(a+b+ct+a+b—c)? —2[(a+b)2 —cz}-z(am)2 — 4(a+b)? —2(a+b)? +2¢? —2(a+b) = 2¢?
Bai 4: Chtring minh rang
a. (a° +b*)(x* + y?) = (bx—ay)® +(ax+by)2
b. (@*+b* +c?)(X* + y* +7%) —(ax+by+cz)2 = (bx—ay)? + (cy —bz)? + (az — cx)?
Loi giai
a. Ta cé: VT = (@ +b*)(x* + y?) =a’x* +a’y’ +b°x* + b?y? = (bx)* + (ay)? + (ax)* + (by)®
= (bx)* — 2bx.ay + (ay)* + 2bx.ay + (ax)* + (by)* = (bx —ay)” + (ax+ by)2 (dpcm)
b. VT = (a2 +b?)(x2 + y2) + (a2 +b?) 2% + 2 (x> + Y2 + zz)-[(ax+by)2 +2(ax+by)cz+(cz)2}
=(ax+ by)2 +(bx—ay)? + (az)* + (bz)* + (cx)* + (cy)* + (cz)* — (ax+ by)2 —(cz)* —2ax.cz — 2by.cz
= (bx —ay)® +[(cy)® — 2by.cz + (bz)*]+(az)® + (cx)? — 2az.cx = (bx —ay)? + (cy —bz)? + (az — cx)?
Nhan xét: Day la bat dang thitc Bunhicopski.
Bai 5: Cho x* = y?+z%. Chitng minh rang: (5x —3y +4z)(5x—3y —42z) = (3x —5y)?
Loi giai
VT = (5x—3y)* —162° = 25x* —30xy +9y* —162°
Ma: 72 = x* —y* = VT =25x* —30xy —9y* —16(x* — y*) = 9x* —30xy + 25y* = (3x —5y)*(dpcm)
Bai 6: Cho (a+b+c+d)(a-b-c+d)=(a-b+c—-d)(@+b—-c—d).Chttng minh rﬁmg: ad =bc
Loi giai
VT=[(a+d)+(b+c)][(a+d)-(b+c)]=(a+d) —(b+c)* =a® +d*+2ad —b* —c* — 2bc
VP =[(a-d)+(c-b)][(a-d)-(c-b)]=(a-d)* — (c —b)* = (a—d)* = (c—b)* =a’ +d* —2ad —c¢® —b’* + 2bc
VT =VP = 2ad —2bc =-2ad + 2bc < 4ad = 4bc < ad =bc(dpcm)
Bai 7: Chting minh r?mg, néu:
a.a+b+c=0thi a’+a’c—abc+b’c+b*=0
b. (y=2)° +(2-X)°+(X=Yy) = (y+2-2X)* +(z+x=2y)* +(y+x-22)° thix=y =z

Loi giai
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a.Taco:
a’+b® = (a+b)(a®—ab+b?)
a+b+c=>a+b=-—c

y+z-2x=(y-X)+(z—-x)=b-c
b.bat: y-z=a;z—-x=b;x-y=c=a+b+c=0va<z+x-2y=c-a
X+y—-2z=a-b

Tl gia thiét ta c6 :
a’+b*+c’=(b-c)’+(c-a)’+(a—-h)* @ a’+b*+c? =h* —2bc+c’ +c® —2ac+a’ +a’ —2ab +b?
< a’+b’+¢? —2ab-2bc—2ca=0< 2(a® +b*+c*)—(a* +b* +c? +2ab+ 2bc +2ca) =0

X=y
2@ +b*+c’)-(a+b+c)’=0 = a’+b?’+c’ =0 a=b=c=J{y=z=>x=y=z
z=X

Bai 8: Chttng minh rang khong ton tai cac s thuc x, y, z théa man:

a. 5x* +10y* —6xy —4x—-2y+3=0 b. x> +4y*+7*-2x-6z+8y+15=0
Loi giai

a. VT =(x-3y)* +(2x-1)*+(y-1)*=>1 (dpcm)

b. VT =(x-1)*+4(y+1)°+(z-3)*+1>1 (dpcm)

Bai 9: Tim x, y thoa man

a. X2 +8y*+9=4y(x+3)

b. 9x* —8xy +8y* —28x+28=0

C. X2 +2y*+52° +1=2(xy +2yz+12)
Loi giai

a. Taco: x> +8y* +9=4y(x+3) = (x=-2y)’+(2y-3)° =0 XE{3;%}

b. Ta cé:
Ox* —8xy +8y* —28x+28 =0 < (7x° —28x+28) + (2x* —8xy +8y*) =0
X=2

& T(x=2)? +2(x—2y)? =O<:>{y_1

c. Ta co:
X2 +2y? 4522 +1=2(xy +2yz+2) <= (X= Y)Y’ +(y-22)° +(z-1)* =0 x=y=2;z=1
Bai 10: Chttng minh rang biéu thtkc sau viét dwoc duedi dang tong cac binh phuong ctia hai

biéu thire: X2 +2(x+1)° +3(x+2)" +4(x+3)’

Loi giai
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Ta c6: x* +2(x+1)" +3(x+2)" +4(x+3)’ =x2+2(x2+2x+1)+3(x2+4x+4)+4(x2+6x+9)
=10x® +40x+50 = (x+5)” +(3x+5)" = dpcm
Bai 11: Cho a=x’+x+1. Tinh theo a gia tri cia biéu thitc A= x"+2x*+5x* +4x+ 4
Loi giai
Ta co: A=x4+2x3+5x2+4x+4=(x4+x2+1)+2x3+2x2+2x+2x2+2x+3
:>A=(x2+x+1)2+2(x2+x+1)+1:> A=a’+2a+1=(a+1)’
Bai 12: Chiing minh X(Xx-a)(x+a)(x+2a)+a" la binh phuong ctia mot da thiec
Loi giai
Ta c6: A=(x2+ax)(x2+ax—2a2)+a4
Dit t=x"+ax= A=t(t-2a’)+a* =t’-2ta’ +a’ =(t—az)2 o A:(x2+ax—az)2 = dpcm
Bai 13:

2010 + b2010 + C2010 — a-1005b1005 + b1005C1005 + C1005a1005 . Tinh glé trl Cﬁa bléh

a) Cho a, b, c théa man a
thirc sau A= (a—b)20 +(b—c)" +(C—a)2010
b) Cho a,b,c,d € Z thoa man a+b =c+d. Chitng minh rang a® +b? +c? +d? ludn la tong
cua ba s chinh phuong
¢) Chttng minh rang: Néu p va q la hai s6 nguyén t6 thoa man p®-q° = p-3q+2 thi
p?+q* cing la sd nguyén t&
Loi giai
a) Ta co:
a?" + %0 4+ ¢?0 = 2'%P! 4 B¢ 4 1P o 22210 4 2070 4 2670 — 281%PM® — 201%¢° — 2¢1%a® =0
o (2" -p* )2 + (b - clm)2 o a“’os)2 =0 a ™ -p'® =p® " =" g™ < a=b=c
Vay A:(a—a)20 +(b—b)11+(c—c)2010 = A=0
b) Ta co:
a+b=c+d=a=c+d-bja’+b?+c?+d’=(c+d-b) +b?+c*+d?=(c+d) ~2(c+d)b+b?+b*+c? +d?
=(c+d)’ —2bc—2bd +b? +b? +c? +d? =(c+d)" +(b—c)’ +(b—d)’
c) Ta cé:
p°’—q°=p-39+2=4p°-4q° :4p—12q+8:>4p2—4p+1=4q2—12q+9:>(2p—1)2 :(2q—3)2
ma 2p-1>0 (pnguyéntd); 2g—3>0 (qnguyén td ). Dodo 2p-1=2q-3<q=p+1
Tacod: q=3(p=2)=q 1¢, dod6 pchdn = p=2=q=3= p’+q° =13 la s6 nguyén t&

Bai 14: [ HSG — nam 2015 |
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Cho a, b, c théa man: a* +b’+¢’°=2;a+b+c=2CMR: M = (a® +1)(b* +1)(c* +1) viét duoc
dwdi dang binh phuong ctia mot biéu thirc
Loi giai:
Cach 1:
M = (a® +1)(b* +1)(c® +1) = a’b’c* +a’b* +a’c* +b’c* +a’ + b* +c* +1(*)
Cé: a®+b*+c’=2=a+b+c=(a*+b*+c*)’=(a+b+c)’
Co:
(a+b+c)>=a*+b’+c*+2(ab+bc+ca)=4= ab+bc+ca=1= a’h’ +a’c’ +bc* + 2(ach’ + a’bc +c’ab) =1
= a’b* +a’c® +b’c® =1-2(ach® + a’bc + abc’) = M = (abc)® —2abc(a+b+c)+1+a*+b’ +c” +1
M = (abc)® —2abc(a+b+c)+(a+b+c)’ = [abc—(a+b+c)2}(dpcm)
Cach 2: Ta co:
a’+1=a’+ab+bc+ca=(a+b)(a+c);b’>+1=(a+b)(b+c);c® +1=(a+c)(c+b)= M =[(a+b)(b+c)(c+a)]’

HANG PANG THUC BAC BA
1. (a+b)® =a’+3a’b+3ab”* +b® =a’ +b’ +3ab(a+b) = a’ +b® = (a+b)* —3ab(a+b)
2. (a—b)* =a®-3a’h+3ab* —b® =a’ —b* —3ab(a+b) = a® —b® = (a—b)* + 3ab(a—h)
Bai 1: Cho x> —x=10. Tinh A=x°-3x"+4x* -3x>+2x* - x+1
Loi giai

A=x2=3x° +4x* =3 +2x* = x+1=(X* =3x° +3x* = x}) + (x* = 2x* + X)) + (xX* = x +1)
=(X* =X’ +(X* = x)* +(xX* = x)+1=1111

(2° +1)(3° +1)...(100° +1)

Bai 2: Tinh A=
(2°-1)(3° -1)....(100° -1)
Loi giai
Ta co. K +1° 1 (k+2)[(k+1)%-(k+1)+1] k+2
Tkl (k-1)(K? +k +1) k-1
Cho k chay tir 2 dén 100, ta thu duoc:
3 3 3
A LAl 1001 1 45 1011
2°-1'3°-17799°-1'100°-1 ~'1'2"" 98 '99(100% +100+1)

99.100.101  9.99.100.101 30300
'1.2.3..10101  6.99.10101 20202

Bai 3: Cho x? +y? =1. Chitng minh rang biéu thitc sau khong phu thudc vao x, y.
A=2(x"+y°)-3(x"+y*)

Loi giai
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Ta co:
A=2[(x2)3+(y2)1—3(x4+ y“)=2(x2 + yz)(x“—xzy2 +y4)—3(x4+ y4): 2x —2x2y* +2y* —3x* -3y’

1

=—(x*+ 2y  +y")=—(x*+ y2)2 = —1= dpcm
Bai 4: Cho a®-3ab®=2;b°-3a’b=-11.. Tinh a*+b’

Loi giai
Ta c6: (a°~3ab?)’ +(b*~3a’h) =27 +(~11)" = a° - 6a'b + 9a’b* +b° —6a’h* +9a‘h? = 4+121
= a’ +3a’h® +3a’h* +b° :125:>(a2 +b2)3 =5=a’+b*=5
Bai 5: Phan tich da thitc sau thanh nhan ti: A=a®+b® +¢* —3abc

Loi giai
A=a’+b®+c®-3abc = (a+b)’®—3ab(a+b)+c®—3abc
A:[(a+b)3+c3}-3ab(a+b+c):(a+b+c)3—3(a+b)c.(a+b+c)—3ab(a+b+c)
A=(a+b+c)[(a+b+c)2—3(a+b)c—3ab} —(a+b+c)(@®+b?+c?—ab—bc—ca)
Bai 6: Cho a + b + ¢ =0, Chttng minh rang: a*+b° +c¢® = 3abc

(aZ _b2)3 +(b2 _C2)3 +(C2 _a2)3

Ap dune tinh B =
pavng H (@a-b)’ +(b—-c)’ +(c—a)

Loi giai
Twr gia thiét = c=—(a+b) = a’ +b* +c® =a’ +b* - (a+b)* = -3ab(a+b) = 3abc

+) {az —b?+b*—c*+c?-a’ =0:> B— 3(3.2 —bz)(b2 —Cz)(c2 _az) :(a+b)(b+C)(C+a)

a-b+b-c+c-a=0 3(a-b)(b-c)(c-a)
N ) ~ 2 2 2 2 ’ . M 1 1 1 3
Bai 7: Cho a, b, c thoa man: (a+b+c)”° =a”+b° +¢°.Ching minh rang: —+-—+—=—
a~ b® ¢’ abc
Loi giai
Ta co:
(a+b+c)2:a2+b2+02:>ab+bc+ca:0<:>1+£+£:0:>i3+i3+i3:3.3.1.1:i
a b c as b’ ¢ abc abc
Bai 8: Cho a, b, c thoa man: l+£+£:O . Tinh A:b—g+%+a—?
a b c a- b® ¢
Loi giai
1 1 1 1 1 1 3
Diat x==;y=";72="=x+y+7=0=>x*+y’+2’=3xyz & -+ —+ > =——
' ay b c y y X a® b® ¢ abc
abc abc abc 1 1 1 3
= A= +—+ =abc(5+=5+—)=abc.—=3
a® b (a3 b* cg) abc

Bai 9: Cho x+y=a+b;x* +y® =a’+b’. Chting minh rang x*+y°® =a’+b’
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Loi giai

Ta co:
x3+y° =(x+ y)(x2+xy+ yz);x+y:a+b:>(x+y)2 :(a+b)2 S X2 +2xy+y?=a’+2ab+b’
Do x*+y?=a’+bh’ = 2xy=2ab=> xy=ab

Thay cac két qua vao ta duoc:

x*+y® =(x+ y)(x2+xy+ y2)=(a+b)(a2+ab+b2)=a3+b3 = dpcm

Bai 10: Cho a+b=m;a—b=n. Tinh ab;a®-b® theom van

Loi giai
— _ 2.2
Céchl:foa+b:m;a—b:n.:>b=m n,a:m+n:>ab:m nlm+n=m n
2 2 2 2 4
g (MY _(m=nY _(m+n)'~(m-n)’ _am’n+n’
2 2 8 4

m? —n?

Cach 2: Ta co: 4ab:(a+b)2 —(a—b)2 =m’-n*=ab=

R S N T I 2 2\ _(a_ 2 _ z_mz—nz
Lai co: a’ ~b” = (a~b)(a’ +ab+b?) = (a~b)[ (a+b)’ ~ab|=n| m ;

n(3m2 +1°)  3m’n+n’
4 4
Bai 11: Cho a® +b’ +c¢ *=m. Tinh gia tri bi€u thitc sau theo m

A=(2a+2b-c)’+(2b+2c—a)’ +(2c+2a-b)’

Loi giai

Ta co: A=(2a+2b+2c—3c) +(2b+2c+2a~-3a)" +(2c+2a+2b—3b)°
Dit x=a+b+c= A=(2x-3c)’ +(2x—3a)" +(2x-3b)" =12x* —12x(a+b+c)+9(a2 +b? +c2)
=12x* —12x* +9(a* +b’ +¢*) =9m

HANG PANG THUC: (a + b + ¢)®
Ta co:
(a+b+c)3=[(a+b)+c]3=(a+b)3+3(a+b)2c+3(a+b)c2+c3
=3(a’h +ab” +a’c +ac® + b’c +bc® + abc + abc)
=3[ (a’b+ab’)+(a’c+ac’) + (ac” +bc?) + (b’c+abc) |=3(a+b)(b+c)(c+a)+a’ +b° +¢’
= (a+b+c)’’=a’+b*+c*+3(a+b)(b+c)(c+a)
Bai 1: Cho a, b, c thda man: abc =1 . Tinh: A=(a+b+c)’-(b+c-a)’-(c+a-b)’-(a+b-c)®

Loi giai
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x=b+c-a X+y=2C
bat<y=c+a-b= y+z=2a;x+y+z=a+b+c
Z=a+b-c Z+Xx=2c
= A=(x+y+2)° - X -y’ —72° =3(x+ y)(y + 2)(z + X) =3.2¢.2b.2a = 24abc = 24
Bai 2: Phan tich thanh nhan tr
a. A=8(a+b+c)®-(2a+b-c)’-(2b+c—-a)’-(2c+a-b)’
b. B=27(a+b+c)®—(2a+3b—-2c)®—(2b+3c—-2a)* - (2c +3a—2b)*
Loi giai
2a+b—-c=x X+y=a+3b
_y2b+c-a=y=>y+z=b+3c=>x+y+z=2(a+b+c)
a. bat
2c+a-b=z Z+Xx=cC+3a
= A=(x+y+2)°-x* -y =28 =3(x+ y)(y + 2)(z + X) = 3(a+3b)(b +3c)(c +3a)
b. Ta cé:
B=27(a+b+c)’-(2a+3b—-2c)’—(2b+3c—2a)’ — (2c +3a—2b)* = 3(5a +b)(5b +¢)(5¢c + a)
Bai3: Choa,b,cthbaman:a+b+c=a*+b>+c=1

Tinh A=a"+b"+c" (nlasd tynhiénlé)

Loi giai

a+b=0
Tacéd: (a+b+c)’=1=a’+b’+c®* = 3(a+b)(b+c)(c+a)=0=|b+c=0

c+a=0
+)TH1: a+b=0=>a=-b=c=1=a"+b"+c"=1
+) Twong tw ta c6: A =1.
Bai 4: Giai cac phuong trinh sau
a. 27x* +(x—5)> +64 = (4x-1)° b. (2x* - 2x-1)* + (2x-1)° = (xX* = x+1)° + (x* + x-3)°
c. (X*=2x+2)°=x>+(xX*-1)(x-2)° d. (x* +3x+3)° + (X’ = x-1)° + (=2x" - 2x -1)° =1

a b c

Loi giai
a. Ta co:

27x° + (x—5)° + 64 = (4x —1)° <:>(3x)3+(x—5)3+64=[3x+(x—5)+4}3:>3(3x+x—5)(x—5+4)(4+3x)=0

=>Xeq—1—
4 3

b. (2x* =2x-1)%+(2x-1)°% = (x* = x+1)° + (xX* + x-3)°
< (2% =2x-1)° +(2x-1)° + (x=x* =1 = (x* +x-3)°
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a+b=2x*-2

b+c=3x—x"-2
Pat 2x* —2x-1=a;2x-1=b;x-x*-1=c= ) =a’+b*+c*=(a+b+0)’
c+a=Xx"—x-2

a+b+c=x>+x-3

a+b=0 [a+b=0 |2xX*-2=0
e 3(a+b)b+c)(c+a)=0<|b+c=0<|b+c=0<|3x-x"-2=0= xe{-11;2}
c+a=0 c+a=0 x> —x=0
c. (X =2x+2°=x*+(x*-D(x-2)°
S (X =2x+2° =x*+xX°(x=2°+(2-x)’ @ 3(x+ X* =2X)(X* =2X+2-X)(2—-x+x*) =0
< 6(x* —x)(x* -3x+2) =0 < x e {0;1;2}

2 2 2

Bai 5: Cho x+y+2z=0;xyz=0. Tinh A:X—+y_+z_
yZ Xz Xy
Loi giai
2 2 2 3 3 3
A:X—+y—+z—:x +y'+z
yZ Xz Xy Xyz

Cach1: Néu x+y+z=0=>x>+y*+2° =3xyz= A=3

Cach 2:

(X+y+2) =X+ YV + 22 +3(x+ V(Y + )2+ X) > X+ Y3+ 2P = (x+ y+2)° - 3(x+ y)(y+ 2)(z+X) > A=3
\_ﬁ/—J

=0
Bai 6: Giai cac phuong trinh sau: (X* +3x+3)° + (x* —x—1)° + (=2x* = 2x-1)° =1(*)

a b c

Loi giai
a+b=2x*+2x+2
2
— X —3X=2
()= (PO T2 g h)bro)(cra)=0= xe {221
C+a=-X"+X+2
at+b+c=1

Bai 7: Rit gon A=(Xx+y+2)° —(x+Y—2)° = (X—y+2)° — (X + y+2)°

Loi giai
X+y—-z=a

bat <x-y+z=b=a+b+c=x+y+z=> A=24xyz
X+y+zZ=cC
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HANG DANG THUC: a® + b3 + ¢3 -3abc = (@a+b+c)a2+b2+c2-—ab -bc-ca)
Nhan xét

a+b+c=0

- Néu a3+b3+c3—3abc=0:{
a=b=c

a+b+c=0
-Néu[ =a’+b*+c*-3abc=0
a=b=c

Ap dung;

Bai 1: Cho cdc s thuc a, b, ¢ khac 0 thoa man: a® +b° +c¢® —3abc. Tinh gia tri cua biéu thiic

ool

Vi: a3+b3+03—3abc:0—{

Loi giai
a+b+c=0
a=b=c
a+b b+c c+a_—C

c a b
+)Néu a=b=c=>M =Q1+1)1+D)(1+1) =8

+)Néu a+b+c=0=>M =

b
C a

3,3 _ B
Bai 2: Giai hé phuong trinh sau: X +y =6xy-8
2x+y=1
Loi giai
X+y+2=0

Ta Cé: X3+y3=6xy—8<:> X3+y3+23—3.X.y.2=0<:>{X_y_2

o X+y+2=0 X=3
+)Néu x+y+2=0= =

2x+y=1 y=-5
+)Néu x=y=2 (khoén thoa man)
Vay hé phuong trinh c6 nghiém (x; y) = (3; -5)
Bai 3: Giai phuwong trinh sau: 27(x—3) *=8(x-2)° +(x-5)°
Loi giai
27(x=3) ’=8(x=2)° +(x=5)° & (3x—-9)° + (4-2x)’+(5-%)° =0 )]
Tac: Bx=9)+(4-2X)+(5B-x)=0 (2)

X=3
Tt (1), (2) suy ra: 3(3x-9)(4-2x)(5-X)=0&<|x=2=S ={2;3;5}
x=5

Bai 4: Cho cac s6 thuc phan biét a, b, ¢ khac 0 va théa man: a+b+c=0.
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Tinh gid tri ctia bidu thirc: P:(b‘°+c‘a+a‘bJ( a , b ¢ j

a b c b-c c—-a a-b
Loi giai
Ta dat
_ _ _ _ _ 2_ _ 2 2
M:b c,c-a, a b—>M. a _,, 2 (c a, .a bj:“ a_c ca+ba-b :1+2a 14
a b c b-c b-c\l b c b-c bc bc
3 3
Tuong tw ta c6: M. b :1+2b ‘M. ¢ :1+2C
c—a abc a-b abc
3 3 3
:>P:3+2(a +b +C):3+2'abc(do:a+b+c=0)=9:>P:9
abc abc
e s AT b ¢ ., A Xy
Bai 5": Gia stt bo ba s6 ; ; la nghiém cua phuwong trinh —+-—+—=3 .
b-c a-c a-b yz X xy
y , - a b c
Chitng minh rang bo ba s6 X X cting la nghiém ctia phwong trinh do
Loi giai
Xy 7 3,3, 53 X=Yy=1
Taco: —+—+—=3X"+y' +2°-3xyz=0=
yz Xz Xy X+y+z=0

Vinghiém ctia phuong trinh 1a b ba s6 khéc 0 nén cac sd a, b, c la ba sd khac nhau va
khac 0

+) Néu:
a b c
= = =k#0=a=k(b-c);b=k(c-a);c=k(a-b)=a+b+c=0<a+b=—
b-c c-a a-b
Tue:
a _ b 8 b o arb+ai+b’=0ca=b=0=a=b=c=0 (loai)
b-c c-a b+a+b -a-b-a
+) Néu:
a b c a b ¢ b(b-a)+c(a—c) a b® —ba+ca—c?
+ + 0= + = =

b-c c-a a-b _b-c a-c b-a (c-a)a-b) _ (b—-c)® (a-b)(b—c)(c—-a)

b  c*’—cb+ab-a’ ) c _ a’-ac+bc—b’
(c-a)’ (a-b)b-c)c-a) ~ (a-b)* (a-b)(b-c)(c-a)
a b c

+ + =0
(b-c)* (c-a)® (a-b)’

a b c

oo (c-ay " (a by

Twong tu ta co:

©)

Tt (1), (2), (3) suy ra:

bat m=

m> n> p
m+n+p=0=>m’+n’+p’=3mnp=> —+—+-—=3
np mp mn

@)
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a b c

Vay bd ba s6 X : cting la nghiém ctia phwong trinh da cho.
y v (b_C)Z (C—a)2 (a_b)Z g g p g
BAI TAP TU LUYEN:
Bai 1: Tinh gia tri cua bi€u thirc
a+b+c)’ 3+b®+c®—3abc=0
a) M = % vdia, b, cla cac s6 thuc thoa man: a 0+ G —oahe
a’+b’+c a+b+c#0

b) N = (1+%j [1+ EJ(HEJ véi a, b, ¢ 1a cac s8 thuc khéc 0 théa man:
C a

a’b® +b%c® +c*a® = 3a’b?c?
1 1 1

Bai 2: Cho + + =0. Tinh gi4 tri ctia biéu thic
X+y Y4z Z+X

(y+ z)(z+x)+(x+ y)(z+x)+(y+x)(y+z)
(x+ y)2 (y+z)2 (x+ z)2

P=

Bai 3: Cho a, b, cla cdc s6 nguyén théa man a+b+c=(a—-b)(b—c)(c—a). Chiing minh

rang (a—b)’+(b—c)’ +(c—-a)’ chia hét cho 81
Bai 4: Giai cac hé phuong trinh sau
X+y+z=0

3 3 _ _
2 {x +27y° =27xy—27 b) 1 y? 422 =6

X—y=4
y X*+y+2°=6

CAC HANG PANG THUC MO RONG HAY SU DUNG
1. (a+b+c)’> =a’ +b*+c? +2ab+ 2bc + 2ca
2. (a—b+c)>=a’ +b*+c® —2ab—2bc +2ca
3. (3 +a,+a, +...+a,)’ =a’ +a’ +..+a’ +2(aa, +a,a, +....+a,,a,)
Ap dung:
Bai 1: Chiing minh rang: (2a+2b—c)® +(2b+2c—a)® + (2c +2a—b)® =9(a® +b® +c?)
Loi giai
(2a+2b—c)’ =4a®+4b? +¢? +8ab —4ac - 4bc
Ta c6: {(2b+2c—a)’ = 4b” +4c? +a® + 8bc — 4ab — 4ac
(2c+2a-b)’ =4c? + 4a® +b? +8ac —4bc — 4ab
Cong theo vé& 3 dang thiic trén ta duoc:

(2a+2b—c)”* +(2b+2c—a)* +(2c+2a—b)* =9(a’ + b* +c?)
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Bai toan duoc chitng minh.
Bai 2: Cho a, b, ¢, d thoa man: a? + b? + ¢ + d? = 1. Tinh gid tri ctia biéu thic
A=(a+b+c+d)’+(a+b-c-d)*+(a-b+c—d)*+(a—-b—-c+d)’
Loi giai
Tacod (X+Y)* +(x—y)* =2(x* + y?)
Ap dung ta duoc:
A=[(a+b)+(c+d)] +[(a+b)—(c+d)]+[(a-b)+(c~d)] +[(a—b)~(c~d)]
A=2(a+b)"+(c+d)? |+2| (a-b) +(c~d)* |=2| (a+b)"+(a=b)’ |+2[(c+d) +(c~d)’]
A=4(a’+b*)+4(c* +d*) =4
Bai 3: Phan tich cac da thitc sau thanh nhan t&
a. a’ +4b” +5¢” + 4ab +12bc + 6ac
b. a* +b* +c* +a’? +b’c® +c’a’ —2abc(a+b+c)
c. a®+3b*+4c® + 4ab +8bc +4ac
Loi giai
a. a®+4b” +5¢° + 4ab +12bc + 6ac = (a+2b+3c)* — (2¢)* = (a+2b +c)(a+2b+5c)
b. a*+b* +c* +a’® +b’c* +c*a® —2abc(a+b+c)
=(a®+b*+c”)* —(ab+bc+ca)’ =(a* +b” +c* +ab+bc+ca)(a® +b* +¢c* —ab—bc—ac)
c. a’ +3b” +4c* +4ab+8bc+4ac = (a+2b+2¢c)* —b *=(a+b+2c)(a+3b+2c)
Bai 4: Tim x, y, z thoa man
a. 5X* +5y° + 22 +8xy + 4yz + 42X+ 2Xx -2y +2=0
b. X*+y?+22° + Xy +2y2+ 22X+ X+ y+1=0
c.2x* +5y* +82° —6xy —8yz+4zx—4z+1=0
d. 5x* +11y* +287° —14xy —16yz +82x— 202 +5=0
e. 3x* +8y” +23z° + 6xy —22yz —122x-127+6=0
Loi giai
a. 5X* +5y* +2° +8xy +4yz + 42X+ 2X -2y +2=0
< (X+1)° +(y-1)*+(2x+2y+2)* =0 < (x;y; 2) = (-11,0)
b. X*+y? +22° + Xy +2yz+ 22X+ X+y+1=0

S 22X+ 2y + A + 22Xy +AYZ + 42X+ 2%+ 2y +2 =0 = (X+D)° + (Y +1D)* + (x+ Y+ 22)* =0 = (=L, -1L1)
c. 2x* +5y° +8z° —6xy —8yz+4zx—4z+1=0

& (827 =42+ +2x* +5y* +47° —6xy —8yz+47x =0 (22 -1)° + (X—y)* +(x =2y +22)* =0
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d. 5x° +11y® + 28z° —14xy —16yz +82x — 202 +5=0
5(4z° — 47 +1) +5x* +11y* +82%> —14xy —16yz +82x =0 = 5(22 - 1)* + 3(x — y)* + 2(x -2y + 22)* =0 < (L11)
e. 3x* +8y” +237° + 6xy —22yz —122x-122+6=0

& 3(x+y-22)°+5(y-2)*+6(z-1)° =0 (x;¥;2) = (L,11)
Bai 5: Chiing minh rang khong ton tai s§ thuc X, y, z théa man:
a. X* +26y*—10xy +14x—76y+59=0 b. X’ +5y° +2x—4xy-10y+14=0
Loi giai
a. Ta cO:VT = (x* —10xy + 25y?) + y* + 14X — 76y +59 = (Xx—5y)* + 2.7.(x=5y) -6y + y* + 7° +10
=(X=5Y)?+2.7.(x=5y)+ 7>+ (y=3)* +1=(x =5y +7)* +(y-3)* +1>1 (dpcm)
b. VT =(x—2y+1)* +(y—3)* + 4 > 4(dpcm)
Bai 6: Choa+b+c=0va a2+b?+c?=2. Tinh a*+b* + ¢*
Loi giai
Ta co:
(@a+b+c)*=0<a*+b*+c*+2(ab+bc+ca) =0« 2+2(ab+bc+ca)=0=ab+bc+ca=-1 (1)
Co: (a*+b*+c®)* =2 a* +b* +¢* +2(a’b* +b*c* +c?a’) =4 (2)
T (1) suy ra: a’h” +b?c* +c?a’ +2a’bc + 2ab’c + 2abc® =1 <> a’h’ +b*c* +c?a’ =1
Thay vao (2) ta duwgc: a*+b*+c*=4-2=2

1 11
\ =4z =2 @ .
Bai 7: Chiing minh rang, néu: a+b+c @ thi iz+b—12+i2=2
a+b+c=abc (2) a ¢
Loi giai
Tt (1) suy ra:
1 1 1Y NE 1 1 1 _(a+b+c
—t = =4<:>— —t+—|=4> S+ S+5+2 =
a b c a’ c b ca a® b° c abc
1 1 1 1 1
>t +t+2=4=— +— =
2 a’ b* ¢’

HANG PANG THUC MO RONG ( tiép)
1. a®+b® = (a+b)(a®*—ab +b?)
2. a°+b° =(a+b)(@*—a’v+a’b*—ab’ +b*)
3.a"+b"=(a+b)@"*-a"b+a" b’ —...—ab"* +b" )
4. a°-b° =(a-b)(a' +a’b+a’h’+ab’ +b*)
5.a"-b"=(a-b)@ " +a"b+a"%’ +...+ab" > +b"") (vdinlé)

Ap dung:
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Bai 1: Giai hé phuwong trinh sau

x=y(y'+1) X+y=2
a. 4 4 2 2 b. 4 2,,2 4 4 2 3
X+ yt+xy(x* +xy+y?)=31 X"+ XY +Y =X(X+ XYy +Y)
. X+y=2x"
T Y2 4y f= xy (2 + y2) +1

Loi giai
a. Ta co:
X=Y +y=>x-y=y = (X=y)(X*'+y' + X}y + xX°y? + xy°) =31y° & x° - y° =31y° & x° =32y° = (2y)°
y=0 x=0 (loai)
SX=2y=2y-y=y &|y=1 =|x=2 :{y:
y=-1 X=-2
b. Ta co:
XYy =Xy Hxy o X =Xy —xyP Y =X = (X Y) (X =Xy + XY —xy Yyt =2x%°
sx+y=2eoxX=yYox=y=>x=y=1
c.Tacd: X' =X’y +x°y>—xy’+y' =l 2’ =xX"+y° =>x=y=1
Bai 2: Chttng minh rang : 2° +2%:100 = 4.25
Loi giai
Ta co:
20 +2% = 2°(1+2%) = 2°[(2°)° +1] = 2°(1024° +1) = 2° (1024 +1) (1024° — 10247 +1024° —....+1) = A100
4 T
Bai 3: Chiing minh rang: Ta c6: A=20"+16"-3"-1:323vne N", n chin
Loi giai
Vin chdn, dit n =2k ( k thudc N*), ta cé: 323 =17.19
A=(20% -3%) + (16% —1) = (20— 3)(20% " + 20 %3 +...+ 3*) + (16" —D[(16°)“* +...+1] = A17(D)
a7 T

A= (20% —1)+ (16° —3%) = (20-1).(20%** % e+ ) + (162 =3)[(161) ™ +...+ (3) 1= A:19(2)

19 19

Tir (1) va (2) = AI323
Bai 4: Tim n thuoc N* d&€ A=n'* +n*+1la sd nguyén t6

Loi giai
Tacd A= —n)+(n*—n+1) =n(n® =)+ (n*+n+1) =n[(n*)* -1]+ (n* +n+1)
=n(n® =D[(*)* + (n*)* +..+1]+ (0’ +n+1) = (N’ +n+1) {n(n-1 [...]+1}in* + n+1
+)Néun>1thi A>n2+n+1suyraAlahgpso
+)Néun=1thi A=3(théaméin). Vayn=1

Bai 5: Chting minh rang s6&
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a. A=1000.09 la hgp s6 b. B =100000000991a hop sd
H.—/

100
Loi giai
a. Ta c6: A=1000......09 =10"" +10-1= (10"* +10%) — (10° =10 +1) =10°[(10°)* +1] - (10° —10+1)
%,_/

%0
=10%(10° +1)[(10°)® — (10*)* +...+1] - (10 =10 +1) =10*(10+1)(10° =10 +1) [...]-(10* =10 +1)
= Ail0° -10+1=91=7.13= A7, Al13= 13 hop s6
b. B =10000000099 = 10" +99 =100° + 99 =100° +100 —1 =100 (100° +1) — (100> ~100 +1)
= B:i100°-100+1 va B> = B:100°-100+1 nén B la hop s6.
Bai 6: Chtrng minh rang A=10"7? +11*""*:111vne N”

Loi giai
Tac6111=37.3=102+10+1
A= (117" +100%"%) — (102 —10™2) = (11™* +100°"*) —10™? (10*" —1)
= A=(...)-10"%(10° ~1)[ (10°)"* + (10°)"* +...+1]
= A=(11+100)[ 11" ~11*"%100 +...+100°" |-10"*(10° ~1)[.. ]=111{[.. ]-10™ ... ]} 1111
Bai 7: Chitng minh rang A =2903" —803" — 464" +261":1897vne N

Loi giai
Ta co:

(2903" -803"):(2903-803) = 2100=7.300 __
(464" —261") : (464 — 261) = 203 = 7.29

._ [2903" - 464":2439=271.9
AT _ = Ai271
803" —261":542 =2.271
Vay A chia hét cho 7. 271 = 1897.
Bai 8: Chttng minh rang A= (11" +122""):133¥ne N”
Loi giai

Tac6 133 =112+11+1

A= (127" 41217 112 (117 ~1) = (12+121)(12°" — 122" 1121 +... +121%") — 112 (11° ~ ) [11™ +11" % +...+1]
%/_/

133

Vay A:i133 (dpcm)
Bai 9: Cho a, b, ¢ thoa man a2+ b2+ ¢2= 1. Tinh gia tri ctia biéu thirc
A=(a+b+c)’+(-a+b+c)’+(a-b+c)*+(a+b-c)?
Loi giai
Khai trién va rtt gon ta duwoc: A=4(a®+b* +c*) =4
Bai 10: Phan tich da thitc sau thanh tich ctia 2 da thitc A=a” +3b° +4c” +4ab +8bc + 4ca
Loi giai

Ta cé: A=a”+3b%+4c? +4ab+8bc+4ca=(a+2b+2c)*—b® =(a+b+2c)(a+3b+2c)
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Bai 11: Tim x, y, z théa man
a. 5X° +2y* +72° +4xy —2yz — 47X —2x—-2y+2=0
b. 3x* +8y* +232° + 6xy —22yz —12x2 -122+6 =0
Loi giai
a. 5X° +2y* + 27 +4xy =2y — 47X —2Xx -2y +2=0 (2x+ y-2)* + (x=1)* +(y-1)* =0
b. 3x* +8y* +232° +6xy —22yz —12x2 -122+6 =0 < 3(x+ Y —22)* +5(y —2)* +6(z-1)* =0

CHUYEN PE 2: PHAN TiCH PA THUC THANH NHAN TU

A.PHUONG PHAP TACH HANG TU
Phwong phap:

- Pa thitc f(x) c6 nghiém httu ti thi c6 dang P trong do p la wéc cua hé s6 tw do, q ka wéc
q

duwong ctia hé s6 cao nhat

- Néu f(x) c6 tong cac hé s6 bang 0 thi f(x) c6 mot nhan tie 1a: x — 1

- Néu f(x) c6 tong cac hé s3 ctia cac hang tt bac chdn bang tong cac hé s6 ctia cac hang tir
bac 1é thi f(x) c6 mot nhan ti la: x + 1

f (1)

- Néu a la nghiém nguyén cua f(x) va f(1)#0; f(-1) 0= —1L_i) déu la s6 nguyén.
a-1" a+

Dé nhanh choéng loai trir nghiém la wdc ctia hé s6 tuw do.

1. D6i véi da thitc bac hai: ax? + bx + ¢

Cach 1: Tach hang t& bac nhat bx

- Tinh a.c r6i phan tich a.c ra tich ctia hai thira s6 ac = aic1 = a2c2 = .....

- Chon ra hai thtta s8 c6 tdng bang b, chang han : ac =aic1 véiai + c1=b
- Tach bx = aix + c1x

- Dung phuong phap nhém s6 hang dé€ phan tich tiép

Bai 1: Phan tich cac da thirc sau thanh nhan t&

a. 3> +8x+4 b. 3x* —8x+4 c.x*-11x+8
d. x*+5x-24 e. X>—5x+4
Loi giai

a)Taco:34=12=2.6,ma2+6=_8nén ta duoc:
3X? +8x+4=3x" +6x+2x+4=(3x+2)(x+2)
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b) Cach 1: Tach hang tt thi 2:
3x? —8x+4=3x* —6x—2x+4=3x(x-2)-2(x-2)=(x-2)(3x-2)
Céch 2: Tach hang tr tht nhat: 3x* —8x+4 = (4x2 —8x+ 4) - x> =(x-2)(3x-2)
) x> —11x+28=(x-4)(x-7) d) x* +5x—24 =(x+8)(x-3)
e) X’ —=5x+4=(x-1)(x—4)
Cach 2: Tach hang ti bac ax?
- Ta thuong lam lam xu4t hién hing dang thtrc: a* —b” =(a—-b)(a+b)
Bai 2: Phan tich da thitc sau thanh nhan it : 3x* +8x + 4
Loi giai
Ta co: 3x° +8X+4=(4x"+8x+4)—X* =(2x+2)" = %" =(x+2)(3x+2)
Céach 3: Tach hang te te do ¢
- Ta tach ¢ thanh ¢1 va c2 d€ ding phuirong phap nhém hang t&t hodc tao ra hang dang thikc
bang cach c1 nhém véi ax? con c2 nhém véi bx
Bai 3: Phan tich cac da thitic sau thanh nhan t&
a. 3x> +8x+4 b) 4x* —4x-3 ) 9x° +12x-5
Loi giai
a. 3x* +8x+16-12=(3x* —12)+(x+16) = (x+2)(3x + 2)
b. 4x* —4x—3=(4x"—4x+1)-4=(2x-1)" - 2* = (2x+1)(2x-3)
c. 9x* +12x-5= (9x2 +12x+4)—9 =(3x+2)?-3" =(3x+5)(3x—1)
2. D6i voi da thitc bic ba tré 1én ( dung phwong phap nham nghiém )
Co s& d€ phan tich: Xét da thie P, (x)=a x"+a, X" +..+ax+a,(a,...a,€ Z,n>1)
+) Néu x = a la nghiém cta P(x) thi P(a) =0
Hé Qua : Néu Pn(x) = 0 c6 nghiém nguyén thi nghiém d6 la wdc ctia ao
+) Binh ly Bezut: Néu Pn(x) = 0 c6 nghiém x = a thi Pa(Xx) = (x - ). H(X) bac -1
Bai 4: Phan tich cac da thitc sau thanh nhan ti: x* —x*-4
Loi giai
Ta nhan thay nghiém cua f(x) néu c6 thi x =+1,+2+4.Chi c¢6 £(2) = 0 nén x = 2 la nghiém
cua f(x) nén f(x) c6 mdt nhan tir la x — 2. Do d6 ta tach f(x) thanh cac nhom cé xuat hién
moOt nhan tela x -2
Cach 1: xX*-x*-4 =(x3 —2x2)+(x2 —2x)+(2x—4) = (x—2)(x2 + x+2)

Céch 2: x®—x’—4= x3—8—x2+4=(x3—8)—(x2 —4)=(x—2)(x2 +x+2)
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Bai 5: Phan tich cac da thirc sau thanh nhan ti
a. X’ +x*+4 b. x* —5x* +8x—4
Loi giai
a. Ta c6 cac wdc cua 4 la: £1;+2;+4
Nhan thdy x = -2 la nghiém ctia da thitc vay da thic ¢6 1 nhan tie la: x — (-2) =x +2

=X +2x =X +4=(x+2)(X* - x+2)
>0

Hodc: = (xX*+8)+ (xX* —4) = (x+ 2)(x* = x+2)

b. Nhan thay x = -1 la nghiém ctia da thitc nén ¢6 1 nhan tir la: x + 1
X2 —5x +8x—4 = (x> = x*) — (4x* —4X) + (4x—4) = (x=1)(x - 2)°

*) Chu y:

+ Néu f(x) ¢ tdng cac hé s bang 0 thi f(x) c6 mdt nhan tix 1a x - 1

+ Néu f(x) c6 tdng cac hé s8 clia cac hang tit bac chdn bang tong cac hé s§ ctia cac hang tir
bac 1é thi f(x) c6 mot nhan tk la x + 1

Bai 6: Phan tich cac da thitc sau thanh nhan tir

a. 2x* +7x+5 b. x*+x}—x-1 C.
x}-19x-30d. x* +4x*-7x-10 e. 2x* =5x> —5x® +5x+3
Loi giai

a. Ta c6: 2 +5="7nén da thitc c6 1 nhan tr1a x + 1. 2X* + 7x+5= (X +1)(6x +5)
b. Ta c6 tong cac hé s& bang 0 va tdng chin cling bang téng 1é nén c6 nhan ti x? -1
X' —x=1=(x" =D+ (X =x) = (X=D(x+D)(X* + x+1)
X —x=1= (X" +x3) - (x=1D) = (x=D(X+D(X* + x+1)
c. Ta ¢ x =-3 la nghiém nén cé nhan tix la x + 3
x® —19x 30 = x> +3x* —3x* —9x —10x — 30 = (X + 3)(x* —3x —10) = (x + 3)(x + 2)(x - 5)
d. Ta cé: x =-1 la nghiém cta da thitc nén cé nhan ti la: x + 1
X2 +4x*—7x-10= x>+ x* +3x* +3x—-10x-10 = (x + 1) (x — 2)(x +5)
e. Ta c6 tdng chén bang tong 1é nén c6 nhan ti: x + 1, sau d6 lai tdng chén bang tong 1é.
2x* =5x% —5x* +5x+3= (X -1 (x+D(x=3)(2x +1)
Bai 7: Phan tich da thitc thanh nhan t&: x* +6x* +11x +6
Loi giai
Bam may ta thdy da thiic c6 ba nghiém nguyén 1a -1, -2, -3, nén ta phéan tich :
X° +6%° +11x+6 = (x+1)(x+2)(x+3)

Bai 8: Phan tich da thitc thanh nhan t: a®+4a® —29a+ 24
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Loi giai
Bam may nhéan thay da thitc cd ba nghiém 1a 1,3 va -8, nén sé c6 chira cac nhan tr
(a-1),(a-3)va(a+8),
Ta c6:a’ +4a’ —29a+24 =(a’ —a’) +(5a” —5a) +(-24a + 24)
a’(a-1)+5a(a-1)-24(a-1)=(a-1)(a’ +5a—24)=(a-1)(a-3)(a+8)
Bai 9: Phan tich da thitc thanh nhan ti: x° +5x° +8x+4

Loi giai
Nhan xét : Téng cdc hé s6 ctia hang tir bac chdn b:?mg tong cac hé s6 ctia hang t bac 1é nén
da thttc c6 mot nhan tir la: x + 1
Nhu vay ta c6: x* +5x* +8x+4 =(x3 + x2)+(4x2 +4x)+(4x+4) =(x+1)(x+ 2)2
Bai 10: Phan tich da thitc thanh nhan ti: 6a‘ +7a® —37a* -8a+12

Loi giai
Nham thay da thitc c6 nghiém la x =2, hay ¢6 1 nhan tir la: x - 2
Ta co: 6a’ +7a° —37a* ~8a+12 = (6a* ~12a°) + (19a°-38a%) +(a’ — 2a) - (6a—12)
6a°(a—2)+19a° (a—2)+a(a—2)-6(a-2)=(a-2)(6a’+19a* +a—6)=
(a-2)(a+3)(2a-1)(3a+2)
Bai 11: Phan tich da thitc thanh nhan tte: x* +6x° +13x* +12x + 4

Loi giai
Théy tong cac hé sd bac chdn b?mg tong hé s6 bac 1¢, nén da thirc c6 1 nghiém béng -1
Ta c6: X' +6x° +13X° +12x+4 = (x* + %) +(5x° +5X7 ) +(8x" +8x) + (4x + 4)
= X*(x+1)+5x* (X +1) +8X(x+1) + 4(x+1) = (x+1)(x* +5x* +8x+4) = (x+1)° (x+2)’
*) Trwong hop dac biét: Pa thitc khong c6 nghiém nguyén.

Xét da thtee P,(x)=a, x"+a, X" +..+ax+a,(a,...a,€Z,n>1)
. s Pro a,:q
+) Néu Pn(x) = 0 c6 nghiém X=E[(p,q)—1]:> a,ip

Bai 12: Phan tich cac da thttc sau thanh nhéan tr
a. 3x* —7x* +17x-5 b. 9x* +15x° +43x* +22x — 40
c. 6x* +x*+19x* -31x—-30
Loi giai
a. Cac woc cta 5 la: £1;45. Nhan thdy da thitc khong c6 nghiém nguyén, ta di tim nghiém

hitu ty ctia da thtic
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{peU(—S)
=

a thay nghiém ctia da thircla X == nén c6 nhan tir x—— hay 3x -1
qeu(d) 3 3

Vay: 3x* = 7x* +17x-5=3x° - x* —=6x° + 2x+15x -5 = (3x = 1)(x* — 2x +5)
b. Ta thiy da thitc c6 1 nhan te La: x—% = 3x-2

9x* +15x% + 43x% +22x — 40 = (3x - 2)(3x> + 7x* +19x + 20)
Lai c6 nhan tir 1a: 3x + 4 = (3x—2)(3x® + 7x° +19x + 20) = (3x — 2)(3x + 4)(X* + X +5)
c. 6x* + x> +19x° —31x—30 = (2x —3)(3x + 2)(X* + X +5)
BAI TAP TU LUYEN
Bai 13: Phan tich da thitc sau thanh nhan tie: x° —2x* +3x% —4x* + 2
Loi giai
Nhan xét: Tong cac hé sd béng 0 nén da thitc cd mot nhan tr 1a: x — 1, chia da thic cho x —
1 ta duwoc: x> —2x* +3x*—4x* +2 = (x—l)(x4 —x3+2x° —2x—2)
Vi (x* = x* +2x* - 2x - 2) khong c6 nghiém nguyén ciing khong 6 nghiém hru ty nén
khong phan tich duoc nita
Vay x°—2x* +3x° —4x% +2 =(x—1)(x4 — X3+ 2% —2x—2)
Bai 14: Phan tich da thitc sau thanh nhan tte: x* +2017x* +2016x + 2017
Loi giai
Cach 1:
x* +2017x* +2016x + 2017 = (x4 +x° +1) + (2016x2 +2016X + 2016) = (x2 +X +1)(x2 —X+ 2017)

Céch 2:
x* +2017x% + 2016x + 2017 =(x4 - x)+(2017x2 +2017x+2017) =(x2 + x+1)(x2 —x+2017)

Bai 15: Phan tich da thitc sau thanh nhan ti: x* —x+2017.2018
Loi giai
Ta co: X* —x+2017.2018 = x* +2017x — 2018x + 2017.2018 = ( x + 2017) (x — 2018)
Bai 16: Phan tich da thirc thanh nhan t: x* +6x° + 7x* —6x+1
Loi giai
Nhan thay da thttc bac 4 nay khong dung duwgc may tinh
Va da thirc khong c6 hai nghiém 1a 1 va -1
Tuy nhién da thiec lai c6 hé sd can xing nhau:

Nén ta lam nhw sau:
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X' +6X°+7x° —6x+1= xz(x2 +6x+7+_—6+i2): xz(x2 +%+6(x—£j+7}
X X X X

Dt x—lzt:> x2+i2:t2+2
X X

Pa thic tré thanh : x? (t2 +2+6t+7) = x? (t2 +6t+9) =x? (t+3)2

x? —1+3x

X

2
Thay t trd lai ta dwoc : x (x—£+3] = xz(
X

J = (x* +3x-1)°

Vay x*+6x>+7x° —6x+1= (x2 +3x—1)2
Bai 17: Phan tich da thitc thanh nhan t&: x® +6x*+11x+6
Loi giai
Bam mdy ta thay da thitc c6 ba nghiém nguyén la -1, -2, -3, nén ta phan tich :
X*+6X° +11x+6 =(x+1)(x+2)(x+3)
Bai 18: Phan tich da thitc thanh nhan tt: (X+1)(X+3)(X +5)(X+ 7) +15
Loi giai
Vi dang nay, ta chi viéc 1dy s6 nho nhat nhan véi s6 16n nhat, dé tao ra nhitng s6 hang
giong nhau : (x+1)(x+7)(x+3)(x+5)+15=(x*+8x+7)(x* +8x+15)+15

Dat X* +8x=t=>(t+7)(t+15)+15=t"+22t +105+15=1t’ + 22t +120
= (t+10)(t+12) = (X* +8x+10)(X* +8x+12)=(x* +8x +10)(x+6)(x +2)
Bai 19: Phan tich da thitc thanh nhan tte: 3x® —7x* +17x -5

Loi giai
Bam may tinh cho ta c6 nghiém la x = %, nén cé nhan tirla: 3x - 1)
nén ta ¢ :3x° —7x* +17x—5=3x’ = x* —6x° + 2x +15x -5
=x*(3x—1)—2x(3x—-1)+5(3x-1)= (3x—1)(x2 —2x+5)
Bai 20: Phan tich da thitc thanh nhan tt: 2x° —5x* +8x -3

Loi giai
Bam may tinh cho ta c6 nghiém la x = %, nén cé nhan tirla : (2x - 1)
Nén ta cd: 2x° —5x* +8x—3=2x> — x> —4x* + 2x + 6x—3
=% (2x—1)-2x(2x-1)+3(2x 1) =(2x-1)(X* —2x +3)
Bai 21: Phan tich da thirc thanh nhan tir: 3x® —14x° + 4x+3

Loi giai
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Bam may tinh cho ta nghiém la: x = _?l nén céd 1 nhan tirla: (3x + 1)

Ta c6: 3x® —14x* + 4x+3=3x*+ x* —15x* =5x +9x + 3
X* (3x+1) —5x(3x+1)+3(3x+1) =(3x+1)(x* —5x+3)
Bai 22: Phan tich da thtic thanh nhan tie: x° +5x2 +8x+4
Loi giai
Bam may tinh cho ta nghiém la : x=-1 va x=-2
Nhu vay ta 6 : x> +5x* +8x+4 = (x+1)(x+ 2)2
Bai 23: Phan tich da thtic thanh nhan ti: x* +1997x% +1996x +1997
Loi giai
Ta c6: (x*+x* +1)+(1996X" +1996X +1996) = (X + X +1)(X* = x+1) +1996(X* + X +1)
= (% +x+1)(x* - x+1997)
Bai 24: Phan tich thanh nhan ti: x* +2004x> +2003x + 2004
Loi giai
= x* +2004x +2004x - x +2004 = (x* — x)+2004(x* + x+1)
= x(x" =1)+2004(x" +x+1) = x(x—1)(x* +x+1)+2004(x* + x +1)
=« +x+1)(x” = x+2004)
Bai 25: Phan tich da thtec thanh nhan tie: x? — x—2001.2002
Loi giai
Ta c6: x* =X —2001(2001+1) = x* — X+ 2001* ~ 2001 = (x* ~2001° ) - (x+2001)
(x—2011)(x+2011) - (x+2011) = (x+2011)(x - 2012)
Bai 26: Phan tich da thitc thanh nhan t&: 6a*+7a®-37a*> -8a+12
Loi giai
Nham th&y da thitc c6 nghiém 13 x =2, hay ¢6 1 nhan te 1a x - 2
Tacé: 6a*+7a’-37a" —8a+12 = (6a’ —12a°) + (19a°-38a’) +(a’ - 2a) - (6a—12)
6a°(a—2)+19a° (a—2)+a(a—2)-6(a-2)=(a-2)(6a’+19a* +a—6) =
(a-2)(a+3)(2a-1)(3a+2)
Bai 27: Phan tich da thitc thanh nhan tr: x* +6x> +13x* +12x+4
Loi giai

Thay tong cdc hé s6 bac chan bang tong hé s& bac 1é, nén da thiic c6 1 nghiém bang -1
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Tac6: x*+6x° +13X° +12x+4 = (x* +x°) +(5x° +5X7 ) +(8x" +8x) + (4x +4)

X° (x+1)+5x* (x+1)+8x(x+1)+4(x+1) =(x+l)(x3 +5x? +8x+4)

(x+1)2 (x+2)2
3. Déi véi da thitc nhiéu bién
Twong tw nhw phén tich da thiee dang: ax® +bx+c
Bai 28: Phan tich cac da thirc sau thanh nhan ti
a. 2x* —5xy +2y? b. 2x* —5xy —3y°
c. a’+2ab+b*-2a-2b+1 d. X’(y=2)+y*(z-X)+2°(x-Y)
Loi giai
a. 2x2 =5xy +2y% = (2x* —4xy) — (xy —2y?) = (x—2y)(2x— y)
b. 2x* —5xy —3y® = 2x* —2xy —3xy —3y® = (x=3y)(2Xx + Y)
c.a’+2ab+b*-2a-2b+1=(a+b)*—2(a+b)+1=(a+b-1)°
d. Ta cé:
XE(Y=2)+ Y (z2-x)+ 22 (x—y) = 22 (x= ) + X'y = X°2+ y*z2 - y*x = 2° (X = ) + Xy (x = ) = 2(x* — y*)
=(X=y)y-2)(z-X)
B. PHUONG PHAP NHOM HANG TU
— Két hop cac hang ti thich hop thanh tttng nhém.
— Ap dung lién tiép cac phuong phap dit nhan tix chung hoéc diing hang dang thic.
Bai 1: Phan tich thanh nhan t&r A=a(b® +c¢*)+b(c’ +a*) +c(a’® +b*) + 2abc
Loi giai:
A=a(b’+c?)+b(c* +a*) +c(a’ +b?) + 2abc = a(a’ + 2ab +b*) + (ab® + a’b) + (ac® + bc?)
=c(a+b)* +ab(a+b)+c’(a+b)=(a+b)(b+c)(c+a)
Bai 2: Phan tich thanh nhan t: A=a(b*+c?)+b(c* +a’)+c(a’ +b?) +3abc
Loi giai:
A= (ab®+a’b+abc) + (ac”® + a’c + abc) + (bc® +b’c + abc) = (a+ b +c)(ab +bc +ca)
Bai 3: Phéan tich thanh nhan t&: A=abc—(ab+bc+ca)+a+b+c-1
Loi giai
A= (abc—bc)—(ab-b)-(ac-c)+(a-1) =(a-1)(b-1)(c-1)
Bai 4: Phéan tich thanh nhan t&: A=8abc+4(ab+bc+ca)+2(a+b+c)+1
Loi giai
A= (8ab+4bc)+ (4ab+2b) + (4ac+ 2c) + (2a+1) = (2a+1)(2b +1)(2c +1)
Bai 5: Phan tich thanh nhan ti: A=a(b®+c®)+b(c® +a’)+c(a’ +b*)+abc(a+b+c)
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Loi giai
Ta cé: A=(a”*+b*+c?)(ab+bc+ca)

C. PHUONG PHAP DUNG HANG PANG THUC
Can nam chac cach bién d8i cac hang dang thitc sau:

1) (a+b)’ =a®+b?+2ab=(a—b) +4ab

2) (a—b)2 :a2+b2—2ab=(a+b)2—4ab

3) a’+b?=(a+b) —2ab=(a—b) +2ab

4) a’+b*=(a+b)(a’ —ab+b2)= (a+b)’ —3ab(a+b)
5 a°-b’=(a- b(a +ab+b?)=(a—b) +3ab(a-b)
6,2(a’+b*)=(a+b) +(a-h)’

7) (a+b)’ —(a-b)’ =4ab
8) a‘+b* =(a+b)(a~b)| (a+b)’ ~2ab]
2 2 2
9) a4+b4=[(a+b) —2ab] —2(ab)".
10) a3+b3+c3—3abc:(a+b+c)(a2+b2+cz—ab—bc—ca).
11) a* +a%h? +b* =(a2+ab+b2)(a2—ab+b2).
12) a4+a2+1=(a2+a+1)(a2—a+1).

13) (a+b+c)® =a’+b*+c® +2ab+2bc+2ca

Bai 1: Phan tich thanh nhan t&

a. 8—27a’h° b. x> —y*+10x—6y +16
c. a®+b*+c*-3abc d. (a+b+c)*-a*-b*-¢?
Loi giai

a. 8—27a%° = 2° —(3ab?)* = (2—3ab?)(4 + 6ab* +9a’h*)

b. X —y? +10x—6y+16=(x+5)* —(y+3)* = (X + y+8)(X—y +2)

c. Ta co:
=a3+3a2b+3ab2+b3—3a2b—3ab2+c3—3abc=(a+b)3+c3—3ab(a+b+c)=(a+b+c)[(a+b)2—(a+b)c+cz}

—3ab(a+b+c)=(a+b+c)[(a+b)2 —(a+b)c+c? —3ab}= (a+b+c)(@® +b*+c?—ab—bc—ca)
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d. =[(a+b)+c]3—a3—b3—c3=(a+b)3+3(a+b)2c+3(a+b)c2+c3—(a3+b3)—c3
=(a+b)[a’ +2ab+b”+3ac+3bc+3c” —a’ +ab—b’ |=3(ab+ac+bc+c*)=3(a+b)(b+c)(c+a)
Bai 2: Phan tich thanh nhan t
a. X +y®—3xy+1 b. 4x* +9y* —12xy +4Xx—6y +3
c. 2(a’v*+b’c® +c’a’)—(a* +b* +c*)
Loi giai
a. Ta co:
X2+ y° 4+ 3xy (X + Y) = 3xy(X+Y) = 3xy +1= (X + ¥)} +1-3xy(X + y +1) = (X + y +D)(X* = xy + y* = x— y +1)
b. Ta cd: 4x* +9y> —12xy +4Xx—6y +3
=(2X)* +(3y)? —2.2x.3y + 2(2x -3y) +1-4 = (2x—3y)* - 2> = (2x -3y -1)(2x -3y +3)
c. Ta co:
4b*c® —(a* +b* +¢* + 2b%c® — 2a’b* — 2¢?a®) = (2bc)* — (b* +c* —a*)’ = (b+c—-a)(b+c+a)(a—b+c)(a+b—c)
Bai 3: Cho biéu thiic: A=(b* +¢* ~a*) —4b%"
a) Phan tich A thanh nhan t&
b) Chttng minh réng: Néu a, b, cla d¢ dai cac canh cua 1 tam giac thi A<0
Loi giai

2

a)Taco: A=(" +c—a*) —ab%c* =(b*+ & —a*) —(2bc)’
:(b2+02—a2—2bc)(b2+02—a2+2bc):(b+c—a)(b+c+a)(b—c—a)(b—c+a)
b) Via, b, cla d¢ dai ba canh ctia 1 tam gidc nén:
b+c—a>0,b+c+a>0,b—c—a<0,b—c+a>0=>A<0
Bai 4: Phan tich da thitc thanh nhan t&: x* + 2010x? + 2009x + 2010

Loi giai
X+ X% +1+ 2009x2+2009x+2009=(x2+x+1)(x2—x+1)+2009(x2+x+1)

=(x2 + x+1)(x2 - x+2o1o)

BAI TAP VE NHA

Bai 1: Phan tich cac da thitc sau thanh nhan tr ( St dung tach hang ti)

a. X*=7x+6 b. x*+5x*+8x+4

c. X*—9x® +6x+16 d. x*-30x*+31x—30

e. X" +2010x? +2009x + 2010
Loi giai
a. X =7x+6=(x-1)(x-2)(x+3)
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b. X} +5x* +8x+4 = (X+1)(x+2)
c. X2 —9x° +6x+16 = (x+1)(x—2)(x—8)
d. x*=30x* +31x—30 = (X = 5)(x + 6)(X* —x +1)
e. X' +2010x* +2009x + 2010 = (x* — x) + 2010x* + 2010x + 2010 = (x* + X +1)(x* — x + 2010)
Bai 2: Phéan tich thanh nhan t: A=abc-2(ab+bc+ca)+4(a+b+c)-8
Loi giai
A=abc—-2(ab+bc+ca)+4(a+b+c)-8=(a—-2)(b-2)(c-2)
Bai 3: Phan tich thanh nhan t&: A= x> —2x*y + x>+ X—2xy -2y
Loi giai
A=X>=2xX2y + x>+ Xx=2xy =2y = (Xx=2Y)(X* + X +1)
Bai 4: Phan tich thanh nhéan tir: A=ab®+bc® +ca®-a’h-b’c-c’a
Loi giai
A=ab’+bc®+ca’-a’h-b’c-c’a=(a-b)(b-c)(c-a)(a+b+c)
Bai 5: Phan tich cac da thitc sau thanh nhéan ti¢ ( dung hing ding thiic )
a. X +4y° +4xy +6x+12y +5 b. x®+3x" +4
Loi giai
a. X +4y° +4xy+6X+12y+5=(X+2y+1)(x+2y+5)
b. X +3x* +4=(x"+x* +2)(x* = x*+2)
D. PHUONG PHAP THEM, BOT CUNG MOT HANG TU
- Cac da thirc khong thé sit dung cac phuwong phap nhu dat nhan tit chung, nhém hang ti
va st dung hang dang thitc ciing nhir doén nghiém,
- Trong cac thanh phan ctia da thitc c6 chita cac hang tt bac 4, ta sé thém bot d€ dua vé
héng déang thirc s6 3: a° —b* =(a—b)(a+b)
- B6i khi thém, b6t hang tir dé€ lam xuat hién nhan tir chung
1. Thém, b6t cting mot hang tit 1am xut hién hang ding thitc: a* — b2

Bai 1: Phan tich cac da thirc sau thanh nhan t&@

a. a’+4 b. 4x* +81y* c. x*+98x" +1
d. 216-125x° e. x*—64y° f. a*+3a° +4
Loi giai

a. a'+4=a"+2°+2a%2-22a*=(a’+2)* —(2a)* =(a’ —2a+2)(a* +2a+2)
b. = (2x+9y)* —(6xy)? = (2x* +9y® —6xy)(2X* + 9y* + 6xY)

C.
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x®+98x* +1=(x* +2x* +1) +96x* = (x* +1)” +16x*(x* +1) + 64x* —16x°(x*+1) + 32x*

= (x* +14+8x%)* —16X*(x* +1—2x%) = (x* +8x" +1)* — (4x* —4x)* =....

e. X —64y° =(x*)* - (8y°)?

f.a'+3a’°+4=(a°+2)°-a’=(a*-a+2)(a°+a+2)

2. Thém, b6t cing mot hang tit lam xuat hién nhén tit chung

Bai 2: Phan tich cac da thitc sau thanh nhan t&

a. X°+x'+1 b. x*+x" +1 c. X +x*+1
Loi giai

a X +X 1=+ X+ X +1- X =3 (X + X +1) - (X=D(X* + x+1) = (x> + x+1)(x* = x+1)

b. X+ X" +1=xX2+ X"+ x> =X +1= (X" + X +D[X* = (x =10 +D]=(x" + x +)(X° = x* + x> = x +1)

& XX 1= (X D)7 = (X*)? = (X = X2+ D(X* = x+D)(X* + X +1)

Bai 3: Phan tich cac da thirc sau thanh nhan t&

a. x>+ x+1 b. x> +x-1
o X' +x3+1 d. X" +x°+1
Loi giai

a X+ X+1=xX =X+ X+ Xx+1=X2(X° =D+ (X* + x+1D) = (X* + X +D)X* (X =D(x* +1) + (x> + x+1)]
b. X° +Xx=1=X" X"+ X°+ X =X} + X* = xX* +x-1=X*(X* =X +1) = X*(X* = x+1) — (X* = x +1)

=(x* = x+1)(x*-x*-1)

Hodc: xX*+Xx-1=xX"+ X" = x> +x-1=x*(x*+1) - x* + x—1= (xX* = x+ (x> - x* -1)

c) Cach 1: x* +x? +1:(x4 +2x° +1)—x2 :(x2+1)2 —x? :(x2 —x+1)(x2 +x+1)

Céch 2: x4+x2+1=x4—x3+x2+x3+1=xz(xz—x+1)+(x+1)(x2—x+1)=(x2—x+l)(x2+x+1)
Cach 3:

X+ +1=x 3+ X —(x3—1 = xz(x2 +x+1)+(x—1)(x2 +x+1)=(x2 +x+1)(x2 +x—1)

)
(

:(x2+x+1)[(x5—x“+x2 —x)+(x3—x2)+l}:(x2+x+1)(x5—x“+x2 —x+1)

d) Taco: x" +x°>+1= (x7 —x)+ x° —x2)+(x2 + x+1) = x(x3 —1)(x3 +1)+ X2 (x3 —1)+(x2 + x+1)

BAI TAP AP DUNG
Bai 4: Phan tich da thirc thanh nhan t:
a) 4x* +81 b) 64x* +y*

Loi giai
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a) Ta c6 : 4x* +81=(2x%) +9% +2.2x2.9-2.2x%.9 =(2x* +9) ~36x’

= (25 +9)" —(6%)" = (2x® +6x+9)(2x* ~6x+9)

b) Taco: 64x* +y* =(8x2) +(y?) +2.8x%y% —2.8x%.y% = (85 +y?) 16Xy
= (8x2 +y?) —(4xy) = (8x% + dxy + y?)(8x2 —4xy +y?)

Bai 5: Phan tich da thirc thanh nhan ti:
a) 4x* +y* b) 4x® +1 ox'y*+4

a)Taco: 4x‘+y*=(20¢) +(y?) =(2x2) +(y?) +22xC.y% —4xy?

= (26 +y?) —(2xy) = (26 + y? + 2xy) (26 + y? — 2xy)

b)Taco: 4x¢ +1=(2x*) +1+2.2x 1-4x* =(2x* +1) —(2x2) =(2x* +2x2 +1)(2x* —2x* +1)
) Taco: x'y* +4=(x2y?) +22 = (xy?) +22 + 2x%y2.2 — dxPy?

= (x2y? +2) —(2xy)" =(xy? —2xy +2)(x2y +2xy + 2)

Bai 6: Phan tich da thirc thanh nhan tir:

a) X*+x*+1 b) x" +x°+1

a) Tacod: X*+x* +1=x+x* +x* +1-x* = x® + 2x* +1-x*

= (x1) () =+ 2)(x - +1)

b) Ta co: X +X° +1= X" +X* + (X +X) +1- %" = x = (X" = %) +(X* = %)+ (X* + x +1)
= x(X* =1)+X* (X* =1)+ (%" +x+1) = x (3 +1) (x* =1) + x* (x* =1) +(X* + x +1)

= (3¢ +1)(x=1) (3 + x+1) +3* (x* = 1) +(%* + x+1)

= (X +x+1)(X° = x* 4% = x) + (X = X7 ) (X + x+1) + (% +x+1)

4

= (x2+x+1)(x5—x4+x2—x+x3—x2+1):(x2+x+1)(x5—x +x3—2x2—x+1)

Bai 7: Phan tich da thitc thanh nhan t:

a) X +x*+1 b) x*+x-1 c) X +x+1

a) Ta c6: X' +X* +1=(X" = x)+(x* + x+1) = x(x* =1) + (%" + x+1)
= x(x3 —1)(x3 +1)+(x2 + x+1) = x(x—l)(x2 + x+1)(x3 +1)+(x2 + x+1)

(x2 + x+1)(x5 —x*+x2 —x+1)
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b) Ta c6: X+ x—1= (%" + X7 ) +(=x* + x=1) = x* (x* +1) = (x* = x+1)

(
= x*(x+1 (x —x+1) (x —x+1) (xz—x+l)(x3+x2—1
0) Taco: X +x+1=(x" =x*)+(X* +x+1) = x*(X* =1)+(X* + x+1)
=X (x +1)(x 1)( 2+x+l) (x +x+1)=(x2+x+1)(x6—x5+x3—x2+1)

Bai 8: Phan tich da thitc thanh nhan t:
a) 64x* +y* b) 4x* +y* c) x*+324

a) Tac6: 64x* +y* =(8x2) +(y?) +2.8x2y? ~16x2y? = (8x2 + y? ) —(4xy)’
=(8x* + y* —4xy)(8x" +y* + 4xy)

b) Tacé: 4x* +y* =(2x) +(y?) =(20¢) +(y?) +2.2xC.y% ~ 4x’y?

= (2 +y?) —(2xy)" = (26 + y? —2xy) (25 + ¥ +2xy)

¢) Ta co:x* +324=(x2) +(18) =(x?) +(18)° +2.x%.18-36x’

= (x2 +18) —(6x)” = (x® +18+6x)(x +18-6x)

Bai 9: Phan tich da thitc thanh nhan t:
a) x* +64 b) 81x* +4y* Q) X' + 4y

a) Ta c6: x* +64=(x*) +82 =(x*) +8 +2.x° 8-16x’

= (X2 +8)" —(4x)" =(x® +8—4x)(x* +8+ 4x)

b) Ta c6: 81x* +4y* =(9x7) +(2y?) =(9x) +(2y?) +2.9x2.2y* - 36x%y?

(9x* +2y%)—(6xy)" = (9% +2y* —6xy)(9X* +2y* +6Xxy)

O Tacs: x'ay' = () +(2y") - o)

= (%2 +2y?) —(2xy) =(x* +2y? +2xy)(x +2y? - 2xy)
te

Bai 10: Phan tich da thirc thanh nhan
a) X'y' +4 b) 4x*y* +1 c) 4x* +81

-----

+(2 2) +2.x2.2y2 —4x2y?

a) Ta cé: x“y“+4:(x2y2)2+22 =(x2y2)2+22+2.x y2.2—4x2.y?

(x*y? +2)2 —(2xy) = (x*y? —2xy +2)(X°y* +2xy +2)
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b) Ta c6: 4x'y* +1=(2x°y?) +1=(2x%y?) +1+2.2x%y? —4x’y?
(2x%y2 +1)" —(2xy)" = (2x2y? + 1+ 2xy)(2xCy? +1-2xy)

¢) Ta co: 4x* +81=(2x%) +9? = (2x%) +9% +2.2x*.9-36x’

= (25 +9)" —(6x)" = (2x® + 9.+ 6x)(2x* +9-6%)

Bai 11: Phan tich da thitc thanh nhan ti:
a) 64x* +y* b) a* +64 c) a’ +4b?

a) Ta c6:64x* +y* =(8x2) +(y?) =(8x) +(y?) +2.8x%y ~16x°y’
= (8x*+ yz)2 —(4xy)" =(8x" +y* +4xy)(8x* + y* —4xy)

b) Tacé: a*+64=(a?) +8> =(a?) +8° +2.a%.8-16a’

= (a®+8) —(4a)’ =(a+8+4a)(a’ +8-4a)

¢) Tacé: a* +4b* =(a?) +(20?) +2.a%.20% — 4a’ b’

= (a® —2b?)" —(2ab)’ =(a? — 207 + 2ab)(a’ — 2b* ~ 2ab)

Bai 12: Phan tich da thitc thanh nhan ti:
a) x* +4 b) 4x° +1

a) Ta c6:x* +4=(x?) +2% +2x2.2-4x® = (x* +2) —(2x)" = (3 +2-2x)(x® + 2+ 2x)
b) Ta c6: 4x° +1:(2x“)2 +12+2.2x"1-4x* = (2 +1)2 —(2x2)2= (2x* +1-2x7)(2x" +1+2x°)

Bai 13: Phan tich da thitc thanh nhan t:

a) x* +x¥+1 b) a*° +a’ +1 c) x°—x*-1

a) Ta co: x* +x2 +1=x* +2.x¥% +1—x® =(x32+1)2—x32 = (X% +1+X)(x? +1-x*)

b) Tacé: a+a°+1=(a""-a)+(a’—a’)+(a’ +a+1)=a(a’-1)+a’(a*~1)+(a’ +a+1)
= a((@’)’-1)+a’(a*-1)+(a’ +a+1)=a(a’-1)(a°+2a° +1)+a’ (a’ 1) +(a’ +a+1)

= (a"+2a" +a)(a-1)(a’ +a+1)+a’(a-1)(a* +a+1)+(a’ +a+1)

= (a’ +a+1)[(a7 +2a'+a)(a-1)+(a’ —a2)+1}
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c) Ta co: x° —x* —1=(x5 —x* +x3)—(x3 +1)= x3(x2 —x+1)—(x+1)(x2 —x+1)
=(x2—x+1)(x3—x—1)

E. PHUONG PHAP DOI BIEN

1. Dang P(x) = ax*+bx2+c (a # 0)

Dat t =x? ta duwoc G(t) = at? + bt + c. Sau d6 dung phuong phap tach hang t
Bai 1: Phan tich da thitc sau thanh nhan t: x* —5x° +4

-----

Dit t=x%, ta duge: t* -5t +4=(t-1)(t-4)=(x-1)(x+1)(x-2)(x+2)

2.Dang A(x) =(x+a)(x+b)(x+c)(x+d)+e maa+b=c+d

Cach gidi: A(X) = (x+a)(Xx+b)(x+c)(x+d)+e =[x*+(a+b)x+ab][x* +(c+d)x+cd]+e
Dat t=x"+(a+b)x+ab ta co:

x*+(c+d)x+cd =t—ab+cd = G(t) =t(t—ab+cd)+e=t>+(cd —ab)t +e

Bai 2: Phan tich da thitc thanh nhan t: (a+1)(a+ 2)(a+3)(a+4)+1

-----

Ta co: (a+1)(a+4)(a+2)(a+3)+1=(a2 +5a+4)(a2 +5a+6)+1
Dit a® +5a+5=t, Khi d6 da thitc tré thanh : (t-1)(t+1)+1=t> =(a?+5a+5)

Bai 3: Phan tich da thitc thanh nhan tir: (x+2)(x+3)(x+4)(x+5)-24

-----

Tacéd: (x+2)(x+5)(x+3)(x+4)—24=(x2 +7x+10)(x2 +7x+12)—24
Pit: x?+7x+11=t, Khi d6 da thttc tré thanh
(t-1)(t+1)-24=t"-25=(t-5)(t+5) = (x* +7x+6) (X" +7x+16) = (x+1)(x+6)(x* +7x+16)

Bai 4: Phan tich da thirc thanh nhan t: (x—4)(x-5)(x - 6)(x—7) ~1680

(x—4)(x=7)(x—5)(x—6)-1689 = (x* —11x+28)(x* —11x+30)-1680
Dt x* ~11x+29=t, Khi d6 da thtic trd thanh : (t-1)(t+1)-1680=t* -1681 =t - 41)(t +41)

Bai 5: Phan tich da thitc thanh nhan ti: (x2 + 3x—4)(x2 +X -6) —24

Ta co : (x2+3x—4)(x2+x—6)—24=(x—1)(x+4)(x—2)(x+3)—24

(x=2)(x+4)(x=1)(x+3)—24=(x* + 2x-8)(x* + 2x-3) - 24
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Dat: x* +2x=t, khi d6 da thtc tro thanh : (t-8)(t—-3)-24=t*-11t =t(t-11)
Thay t tro lai ta duoc : (x2+2x)(x2+2x—11)=x(x+2)(x2+2x—11)
Bai 6: Phan tich c4c da thitc sau thanh nhén tr: x(x+4)(x+6)(x+10)+128
Loi giai
Ta co:
X(X+4)(x+6)(x+10)+128 =[ x(x+10) ][ (x+4)(x+6) ] +128 =(x* +10x)(x* +10x + 24) +128

it x* +10x+12=y = (y-12)(y+12)+128 = y* -144+128=y* -16 =(y +4)(y - 4)
= (%* +10x+8)(X* +10x+16) = (x+2)(x+8)(x* +10x+8)

Bai 7: Phan tich cac da thitc sau thanh nhan t&

a. (x=-)(x-2)(x-3)(x—4)-3 b. (X+ y)(X+2y)(x+3y)(x+4y)+y*
Loi giai

a) (X—D(x=2)(x—3)(x—4)—3=(X* —5x+4).(xX* —=5x+6) - 3=t +2t -3 =(t -1)(t +3)

t t+2

= (Xx* =5x+3)(x* =5x+7)

b) (x+ Y)(X+2y)(X+3y)(x+4y) +y* = (X* +5xy +5y°)?

Bai 8: Phan tich cac da thitc sau thanh nhan t&

a) 4(x* +15x+50)(x* +18x +72) — 3x* b) (2x-1)(x—1)(x—3)(2x+3)+9
Loi giai

a) 4(x* +15x+50)(x* +18x + 72) — 3x* = 4(X + 5)(x +10) (X + 6)(x +12) — 3%

= 4(x* +17x+60)(x* +16X + 60) — 3%

Dat t = x> +16X+60 = x> +17x+60 =t + x = 4[(t + X).1]-3x* = 4t* + 4tx — 3x* = (2t + x)* — (2x)°

= (2t — x)(2t +3x) = (2x* + 31x +120)(2x* + 25X +120) = (X +8)(2x +15)(2x* + 35x +120)

b) Ta co:

(2x =D (x -1 (x-3)(2x+3) +9 = (2x* —=3x +1)(2x* —=3x —9) + 9 =t* =10t + 9 = X(2x — 3)(2x* —3x —8)

3. Dang: (x + a)* + (x + b)*

Dt t = x+ 210 ta co:

4 4 4 4
X= —a%b:G(t)=(t—aT+b+aj +(t—aT+b+bj =(t—b_—aj +(t+b_—aj

=...=ct’ +dt’ +e (Dang1)

Bai 9: Phan tich cac da thirc sau thanh nhan t&

a. (x+3)" +(x+5)*-2 b. (x+3)* +(x+1)* -16 c. (x+3)*+(x+5)"-16
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Loi giai
a.Datt=x+4=x=t-4=({t-1)'+(t+1)*-2

=[(t—1)2 +(t+1)2}2 —2=2t" +12t* = 2t*(t* +6) = 2(x+4)2[(x+4)2 +6}

b.Dat t=x+2= (t+1)* +(t-1)*-16=2(t* +6t* = 7) = 2(y* + 6y -7)(y =t*) =...

c. (x+3)*+(x+5)*-16 = 2(x+3)(x+5)[(x+4)2 +7}

2
4. Dang P(x) =ax* +bx® +cx? +dx+e[§: (%j }(a #0)

Céch gidi: P(x) = L@ +-5) + (bx+ 3) 4 =5 a0¢ +—2) +b(x+ Ly 4 ¢]
X X a.x bx
2
bat t = x+i:>t2 =x? +2£+(Qj izz
bx b \b) x
Bai 10: Phan tich cac da thirc sau thanh nhan ti
a. P(X) = 2x* — 21x° —30x% —105x + 50 b. x* —3x°—6x2 +3x +1

c. X' +6x3+7x° —6x+1(x#0)
Loi giai

a. P(x) =2x"-21x* —30x* —105x + 50

P(x) =X’ (ZXZ —30—21x—@+2j =x? |:2(X2 +2—§)—21(x+5)—30}
X

X X X

Dat t:x+§:>t2 :x2+2—§+2.x.§:> x2+2—‘?:t2—10
X X X X
G(t) = 2(t* —=10) — 21t —30 = 2t* — 21t =50 = (t + 2)(2t — 25)
P(x) = x? {Z(HEJ_%}KHEJJF 2} = (2x* —25x +10)(2X* + 2x +5)
X X

b. x* —3x>-6x* +3x+1
2 2
ofE](3)
b -3 a
P(x) = xz(x2 —3x—6+§+i2j: X2 sz +%J—3(x—£j—6}
X X X X

Dat x-L ot =x2+i2—2:> x2+i2=t2+2 ; G)=t?+2-3t-6=t*-3t—4=(t+1)(t-4)
X X X

P(x) = xz(x—éﬂ)(x—%—@: (X* + x=1)(x* —4x-1)

c. x*+6x3+7x°-6x+1 (x#0)
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X' +6X° +7x* —6X+1= xz(x2 +6x+7—§+i2J= x? sz +%}+6(x—£j+7}
X X X X

Dat y:x—%: x2+%:y2+2:> A:xz(y2+2+6y+7):x2(y+3)2 :(xy+3x)2

[

Bai 11: Phan tich da thiec thanh nhan tir: x* +6x* —11x* + 6x +1
Loi giai
Nhan thay da thiec bac 4 nay khong dung duoc may tinh
va da thitc khong c6 hai nghiém la 1 va -1
Tuy nhién da thirc lai ¢6 hé sd can xtng nhau, nén ta lam nhu sau:

X' +6x°+7x* +6x+1= xz(x2 +6x+7+9+i2j: x"(x2 +i2+6(x+1j+7j
X X X X

Dt x+%:t:> x2+%:t2—2.£)a thitc tro thanh :
xz(t2—2+6t+7)=x2(t2+6t+5)=x2(t+1)(t+5)

Thay t tr¢ lai ta dwoc :

2 2
xz(x+l+1)(x+l+5)= xz[x +1+xj[x +1+5Xj:(x2 +x+1)(x2 +5x+1)
X X X X

Vay x*+6x° +7x° —6x+1=(x* + x+1)(x* +5x+1)

Bai 12: Phan tich da thic thanh nhan tr: x* +10x® + 26x? +10x +1

Loi giai

x* +10x3 + 26xX% +10x +1 = Xx? (xz +10x+26+£+i2) = x? (xz +i2+10(x—1j+26j
X X X X

Dit X+ =t=>x’ + = =t ~ 2 da thic trd thanh:
X X

x? (t2 —2+10t+26) = Xx? (t2 +10t +24) =X (t+4)(t+6)

Thay t trd lai ta duoc :

2 2
xz(x+£+4j(x+£+6J: xz(x +4X+1}[X +6X+1J=(x2+4x+1)(x2+6x+1)
X X X X

Vay x* +10x° +26x* +10x+1= (x2 +4x+1)(x2 +6X +1)

Bai 13: Phan tich da thic thanh nhan tie: x* —7x3 +14x® = 7x+1

Loi giai
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X —Tx +14x2 - Tx+1= xz(x2 —7x+14+_—7+i2j: xz(x2 +%—7(x+£j+l4j
X X X X

Dit X+ S =t=>x?+ = =t -2 da thuc tro thanh
X X

X* (1P —2-7t+14) = X* (t* =7t +12) = x* (t-3)(t - 4)

Thay t tr¢ lai ta dwoc :
2_ 2_
xz(x+l—3j(x+l—4J:x2(x 3X+1](X 4X+1]=(x2—3x+1).(x2—4x+1)
X X X X

Vay x* 7% +14x* = 7x+1=(X* —3x+1)(x* - 4x+1)

Bai 14: Phan tich da thic thanh nhan tie: x* + x3 —4x® + x+1

Loi giai
x“+x3—4x2+x+1:xz(x2+x—4+l+izjzx2(x2+%+(x+£j—4j
X X X X
v 1 2 1 2 ’ 2 \
Dat x+==t=>x"+— =1"-2 da thitc tr6 thanh :
X X

x? (t2 —2+t—4)= x? (t2 +t—6)= x* (t—2)(t+3)
Thay t trd lai ta duoc :

2 2
Xz[X+1—2J(X+1+3j:x2[X —2x+1j[x +3X+1)=(x—1)2.(x2+3x+1)

X X X X
Vay x* +x° —4x* +x+1= (x—l)2 (x2 +3x+1)
Bai 15: Phan tich da thirc thanh nhan ter: 4(x+5)(X+6)(x+10)(x+12)—3x’
Loi gidi

Ta cd :4(x+5)(x+12)(x+6)(x+10)-3x* = 4(x2 +17x+60)(x2 +16x+60)—3x2

x? {4(x+17+@j(x +16+@j—3}, Dat: x+@=t, Khi d6 da thitc tré thanh :
X X X

X*[4(t+17)(t+16)-3] = x* (4t* +132t +1085) = x° (2t +31) (2t +35)

= X2 (2x+@+31j(2x+@+35j =(2x2 +31x+120)(2x2 +35x+120)
X X
Bai 16: Phan tich da thitc thanh nhan tr: x* +6x° +7x% —6x+1

Loi giai

Nhan thay da thitc bac 4 nay khong dung dwgc may tinh va da thitc khong c6 hai nghiém

la 1 va -1. Tuy nhién da thttc lai ¢6 hé s0 can xttng nhau: nén ta lam nhu sau:
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X' +6X°+7x° —6x+1= xz(x2 +6x+7+_—6+i2): xz(x2 +%+6(x—£j+7}
X X X X

Dit x— = =t=>x’ + = =t? + 2Da thttc tr6 thanh -
X X

xz(tz+2+6t+7):x2(t2+6t+9)=xz(t+3)2

2 2 2
Thay t tro lai ta duoc : xz(x—1+3j =x2(ﬂ] =(x*+3x-1)°
X X

Vay x* +6x°+7x2 —6x-+1= (x? +3x-1)

BAI TAP VE NHA

Bai 1: Phan tich da thirc thanh nhan ti: (x* + x+1)(%* +x+2)-12

Dit x*+x =t khi d6 da thirc tré thanh : (t+1)(t+2)-12=t*+3t-10=(t-2)(t+5)
Thay t tro lai da thic ta duwoc (x2+x—2)(x2+x+5)=(x—1)(x+2)(x2+x+5)

Bai 2: Phan tich da thitc thanh nhan ti: (x2 _ 4)(x2 —10) ~72

-----

Dit x> —4 =t khi d6 da thitc tré thanh :
t(t—6)-72=t? —6t—72=(t—12)(t+6)=(x2 —16)(x2 +2)=(x—4)(x+4)(x2 +2)

Bai 3: Phan tich da thir thanh nhan te: (4x+1)(12x-1)(3x+2)(x+1) -4

(4x+1)(3x+2)(12x-1)(x+1)-4= (12x2 +11x + 2)(12x2 +11x—1)—4
Dt 12x* +11x =t, Khi d6 da thtc tro thanh : (t+2)(t-1)-4=t*+t-6=(t-2)(t+3)
(12x2 +11x — 2)(12x2 +11x+3)

Bai 4: Phan tich da thitc thanh nhan ti: (x2 +3x+1)(x2 +3x—3)—5

-----

Dt : x> +3x =t , Khi d6 da thttc tré thanh :
(t+1)(t-3)-5=t> —2t—8=(t+2)(t—4)=(x2 +3x+2)(x2 +3x—4)=(x+1)(x+2)(x—l)(x+4)

Bai 5: Phan tich da thirc thanh nhéan te: (x? +4x+8) +3x +14x° +24x

-----

(x? +4x+8)2 +3%(X* +4x+8)+2x*, Dit: (x*+4x+8) =y =>y* +3xy + 2x*=>(y +X)(y +2x)
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Bai 6: Phén tich da thirc thanh nhan tie: (x* +2x+7) = (X* +2x+4)(x* + 2x+3)
bat: x* +2x=t, khi d6 da thttc trd thanh :
(t+7)—(t+4)(t+3)=t+7-t* -7t -12=—t* -6t -5 =—(t +1)(t +5), thay t trd lai ta dwoc:
—(x2+2x+1)(x2+2x+5)=—(x+1)2(x2+2x+5)
Thay t tr6 lai da thic ta dwoc : (x* —11x-12)(x* ~11x+70) = (x—12) (X +1)(X* ~11x+70)
Bai 7: Phan tich da thirc thanh nhan tt’r:A:(x2+y2+zz)(x+ y+z)2+(xy+ yz+zx)2
Ta co:
(x +y +22) (x+y+2) +(xy+yz+2x)°
[(x +y +22)+2(xy+yz+zx)}(x +y +22)+(xy+yz+zx)2
Pt x> +y*+ 22 =ajxy+yz+2x=b= A:(a+b)2:(x2+y2+22+xy+yz+zx)2
Bai 8: Phan tich da thtic thanh nhan tu:
A= 2(x4 +vy* +z“)—(x2 +y° +22)2 —2(x2 +y + 22)(x+ y+ z)2 +(X+y+ z)4
Pat x*+y'+z2' =a;x* +y* +7° =b;x+ y+z=c ta duoc:
A=2a-b?-2bc® +¢* =2a—2b? +b? - 2bc? +c* =2(a-b)’ +(b—c2)2
Lai c6: a-b? =-2(X’y* +y*z2* + 2°X* );b—¢* = =2(xy + yz + 2X)
Do dé6:
A=—4(X*Yy* +y*2° + 2°X° )+ 4(xy + yz + 2x)’
= —AxPY? —4y®7* —A7°X* + 4XPY® + 4y? 7% + 477 X% +8X°yz + 8xy?Z + 8xyz?
=8xyz(x+y+1)

Bai 9: Phan tich da thirc thanh nhan tir: A=(a+b+c)’ —4(a®+b° +¢*)-12abc

-----

s 2 , m?—n?
bit a+b=m,a—-b=n=4ab=m?*-n%*a’+b (a+b)[(a—b) +ab}=m n® + 2

m® +3mn?

= A=(m+c) -4 —4c3—3c(m2 —nz):3(—ce’+mc2 —mn? +cn2)

=3(m-c)(c—n)(c+n)=3(a+b+c)(c+a-b)(c—a+h)
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3m+1 3m+2

+X

F. D6i v6i da thirc bac cao c6 dang x +1 luon ludén c6 nhan tix chung la binh

phuong thi€u cta tong hodc hiéu, nén ta thém bt d€ lam cudt hién binh phuong thiéu cta
tong hodc hiéu:
Bai 1: Phan tich da thitc thanh nhan ti: X" +x° + x* +x* + x* +1
Loi giai
Ta c6: (x7 +X°+ x*°’)+(x4 + X2 +1) = x*°‘(x4 +x° +1)+(x“ +x? +1)
= (x4 + X2 +1)(x3 +1) = (x2 + x+1)(x2 —x+1)(x+1)(x2 —x+1)
= (x2 —x+1)2 (x+1)(x2 + x+1)
Bai 2: Phan tich da thitc thanh nhan t&: X +x° +x° +...+ x> +x+1
Loi giai
Ta cé: x“+x1°+x9+...+x2+x+1:(x11+x1°+x9)+(x8+x7 +x6)+...+(x2+x+1)
=x° (x2 + x+l)+ x® (x2 + x+1)+...+(x2 + x+1)
(x2 + x+1)(x9 +x8+x3 +1) = (x+1)(x2 +1)(x4 —x? +1)(x2 - x+1)(x2 + x+1)
Bai 3: Phan tich da thitc thanh nhan t&: x® +14x* +1
Loi giai
Ta cd: x®+2x* +1+12x* = (x“ +1)2 +12x* = (x4 +1)2 + 2.(x4 +1).2x2 +4x* —4x? (x4 +1)+8x4
=(x4 +1+ 2x2)2 —(2x3 —2x)2
= (x4 +1+2x2-2x° + 2x)(x4 +1+2x% +2%° —2x)
Bai 4: Phan tich da thitc thanh nhan t&: x® +98x* +1
Loi giai
Ta cé: (x4 +1)2 + 2(x4 +1)2 8x? +64x* —16x? (x4 +1)+32x4
=(x4 +8x2 +1)2 —16x? (x4 +1—2x2) = (x“ +8x° +1)2 —(4x3 —4x)2
Bai 5: Phan tich da thitc thanh nhan t: 2x° —3x* +6x> —8x%*+3
Loi giai
Ta cd: 2x° =3x* +6x°—8x2 +3=2x" —2x* = x* + x®* +5x* —=5x* =3x* +3
=2x“(x—l)—x3(x—1)+5x2(x—1)—3(x2 —1)
=(x—1)2(x2+3)(2x+1)
G. POI VOI PA THUC PA AN
Bai 1: Phan tich da thitc thanh nhan te: x* +y? —z? +2xy-2z-1
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-----

Ta c6: x2+y2—22+2xy—22—1:(x2+2xy+ yz)—(22+22+1):(x+ y)z—(z+1)2
=(x+y+z+1)(x+y-z-1)

Bai 2: Phan tich da thitc thanh nhan tir: x> —y* +z° -2xz+2y -1

Ta cé: x> —y? +zz—2xz+2y—1:(x2—2xz+22)—(y2—2y+1)=(x—z)2—(y—1)2
(x—z+y-1)(x-z-y+1)

Bai 3: Phan tich da thitc thanh nhan tir: x® —2x* — x3y® + 2xy?

-----

- X[ -2 (2] () -2 x(a ) -2 )

Bai 4: Phan tich da thitc thanh nhan tir: x® — x* —=9x® +9x°

Ta cé: X®—x*—9x° +9x? = xz(x4—x2—9x+9)
- xz[xz(xz—1)—9(x—1)]=xz[xz(x—l)(x+1)—9(x—l)]= xz(x—l)(x3+x2—9)

Bai 5: Phén tich da thirc thanh nhan tt: (a+b+c)” +(a—b+c)’ —4b?

Ta c6: (a +b? +¢* +2ab +2bc + 2ca) +(a’ +b® +c* — 2ab — 2bc + 2ac ) - 4b?
=(2a2+2c2—2b2+4ac)=2(a2+2ac+c2—b2)=2[(a+c)2—b2} =2(a+c+b)(a+c-b)
Bai 6: Phan tich da thirc thanh nhan tt: a(b*-c?)-b(c*~a*)+c(a* ~b?)

Ta cé:ab” —ac’ —bc® +a’b+a’c-b’c=a’(b+c)+b*(a—c)-c’(a+h)

= a’(b+c)+b’[(a+b)—(b+c)|-c*(a+b) = a*(b+c)+b*(a+b)-b*(b+c)-c*(a+h)
= (b+c)(a’—b?*)+(a+b)(b*—c*)=(b+c)(a-b)(a+b)+(a+b)(b-c)(b+c)

= (a+b)(b+c)(a—b+b-c)=(a+b)(b+c)(a—c)

Bai 7: Phan tich da thiec thanh nhan tee: Xy (X+Y)+yz(y+2)+2x(X+2)+3xyz

-----

Ta o= [ Xy (X+Yy)+xyz | +[ yz(y+2)+xyz |+[ 2x(z+x)+ xyz |
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= XY (X+Y+2)+yz(X+y+2)+2X(X+y+2)=(X+y+2)(Xy+yz+12X)
Bai 8: Phan tich da thitc thanh nhan tte: Xy (X+Y)—-yz(y+2)-2x(z—X)
Ta co:= xy(x+Yy)-yz(y+z)—2x[(y+2)—(x+Y)]

= xy(x+y)-yz(y+z)-zx(y+z)+zx(x+y) =
x(x+y)(y+2)-z(y+z)(x+y)=(x+y)(y+z)(x-2)

Bai 9: Phan tich da thitc thanh nhan tee: x*(y—2z)+y*(z-x)+z"(x-Y)

-----

-----

Ta co: a’b+abc +a’c+ab’ +b?c+abc +abc +bc? +ac? —abc

= (a’+ab’ +abc)+(b*c+bc’ +abc)+a’c+ca’® = ab(a+b+c)+bc(a+b+c)+ac(a+c)
=b(a+b+c)(a+c)+ac(a+c) = (a+c)(ab+b*+bc+ac)=(a+c)(b+c)(a+h)

Bai 11: Phén tich da thtrc thanh nhan ti: (a+b+c)’—(a+b-c)’~(b+c-a)’~(c+a-b)’
Ta cé:(a+b+c)3—[(a+b—c)3+(b+c—a)3+(c+a—b)3}

X=a+b-c
y=b+c—a=>x+y+z=a+b+c
Z=Cc+a->b

- (x+y+z)3—(x3+y3+23)=x3+y3+z3+3(x+ y)(y+2z)(z+x)-x -y’ -2°
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= 3(x+y)(y+2z)(z+x)=3.2a.2b.2c = 24abc

Bai 12: Phan tich da thitc thanh nhan ti: a° (b - C) +b? (C - a) +c? (a—b)

Ta cé:a’(b—c)+b*[-(b—c)—(a-b)]+c?(a-b)

= a’(b-c)-b*(b-c)-b*(a-b)+c*(a-b) = (b-c)(a-b)(a+b)—(a-b)(b—c)(b+c)
= (b—c)(a—b)(a+b-b-c)=(a-b)(b-c)(a—c)

Bai 13: Phan tich da thitc thanh nhan t&: x(y3 - z3)+ y(z3 - x3)+ z(x3 - y3)

Ta cé:xy® —x2* + y2* -y + X’z - y’z = X’ (2-y)+ Y  (x=2)+ Z°(y—X)

=X (z=y)+ ¥V’ [~(z=y)-(y=-x) ]+ 22 (y-x)= X*(z2=y) =¥’ (z-Y) - Y’ (y-x)+ 2’ (y-¥)

(z—y)(x3—y3)+(y—x)(z3—y3) = (z—y)(x—y)(x2+xy+ y2)+(y—x)(z—y)(zz+yz+y2)

(z—y)(x—y)(x2+xy+y2—zz—yz—yz)

= (z-y)(x=y)(¥ = 2° +xy—yz)=(z-y)(x-y)(x-2)(x+y+2)

Bai 14: Phan tich da thitc thanh nhan tu: (x2 +y 4+ zz)(x+ y+ z)2 +(xy+yz+ zx)2
Ta co: (x2+y2+22)[(x2+y2+zz)+2(xy+ yz+zx)}+(xy+ yz+2x)’

Dat: x> +y*+1z° =a,xy+ yz+zx =b khi d6 da thic:

a(a+2b)+b’=a’+2ab+b* =(a+b) =(X"+y’ + 2 +xy + yz+zx)2

Bai 15: Phan tich da thic thanh nhan ti:
2(x“+y4+z4)—(x2+y2+22)2—2(x2+y2+22)(x+ y+2) +(x+y+2)’

-----

bat: x*+y'+z' =a, x> +y*+z2° =b,x+y+z=c,
Khi d6 ta c6: 2a—b? —2bc? +¢* =2a—2b* +b? —2bc? +.¢* =2(a~b?) +(b—c?),
Lai c6: a-b” =-2(X’y*+y’z2* +2°X*) va b—c* =-2(xy +yz + 2x),

Thay vao ta duoc: —4(x2y2 +yizt + 22x2)+4(xy+ yZ+ zx)2 =8xyz(X+Yy+2)

Bai 16: Phan tich da thitc thanh nhan ti: —C° (a— b) +b? (a—c)— a’ (b —C)

-----
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Taco: —¢*(a—b)+b?[(a-b)+(b—c)]-a*(b—c) =
—c*(a—b)+b*(a—b)+b*(b—c)-a*(b—c)
= (a-b)(b-c)(b+c)+(b—c)(b-a)(b+a) = (a-b)(b—c)(b+c-a-b)=(a-b)(b—c)(c-a)

Bai 17: Phan tich da thtc thanh nhan ta: (x-y)z°+(y-2)X’ +(z-x)y®

-----

Taco:2°(x-y)+x°[-(x=y)=(z=x) ]+ ¥*(z-X)

y)
—z( ) X (x=y)+y (2-%)=x*(2=x) = (x=y)(2 =x*)+(z=x)(y* - ¥°)
( 2

z +zx+x) -x)(y—x) (y +xy+x2)

=(x—y)(z—x)(z +2x+ X —yr—xy = x*) =(x=y)(z=x)(z-y)(z+y-X)

Bai 18: Phan tich da thtic thanh nhan te: ab(a+b)-bc(b+c)-ac(c-a)

Taco: ab(a+b)-bc[(a+b)+(c—a)]-ac(c—a) = ab(a+b)-bc(a+b)-bc(c-a)-ac(c-a)

= b(a+b)(a-c)-c(c-a)(b+a)=(a+b)(b+c)(a-c)

Bai 19: Phan tich da thic thanh nhan ti: (X - y) -x (1— y) +y° (l— X)

Ta c:(x—y)-x*[(x=y)+(1=x) ]+ y*(1-x) = (x=y) =X’ (x=y)=x* (1-x)+y* (1~ x)
= (x=y)(1-%*)=(1=%) (X’ = ¥*) = (x=y) (1= %) (L+x+x* )= (1= x) (x=y) (X* +xy + ¥*)
= (x—y)(l—x)(1+ X+ X —x2—xy—y2)=(x—y)(1—x)(1— y)(x+y+1)

Bai 20: Phan tich da thtic thanh nhan te: 4a’h?(2a+b)+b?c*(c—b)-4c*a*(2a+c)

Ta c6 :4a°h* (2a+b)+b*c’ [(2a+c)—(2a+b ]—40 ?(2a+c)
= 4a’*(2a+b)+b’c*(2a+c)-b’*c*(2a+b)-4c’a’(2a+c)
= b’ (2a+b)(4a*—c*)+c’(2a+c) (b’ —4a%)

b?(2a+b)(2a-c)(2a+c)-c?(2a+c)(2a-b)(2a+b)

(2a+c)(2a+b)(2ab2 —b%—2ac’ +bcz)
= (2a+c)(2a+h)(b—c)(2ab+2ac—hc)

Bai 21: Phan tich da thitc thanh nhan tie: X°(y—2z)+ Y’ (z-x)+2°(x-Y)
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Tacd:2°(x—y

+X°[=(x=y)=(z=x) |+ Y*(z—x)
= 22 (x=y)-x*(x=y)+ Yy’ (z-x)-x*(z-x)
(23—x3)+(z—x)(y3—x3)

(z—x)(22+zx+x2)+(z—x)(y—x)(y2 +xy+x2)

)
(

x—y)(z—x)(22+zx+x2—y2—xy—xz)=(x—y)(z—x)(z—y)(z+y—x)
Bai 22: Phan tich da thttc thanh nhan te: be(a+d)(b—c)-ac(b+d)(a—c)+ab(c+d)(a-b)

Ta c6 :bc(ab—ac+bd —dc)—ac(ab—bc+ad —dc)+ab(ac—bc+ad —bd)

= bc(ab—ac+hd —dc)—ac[ (ab—ac+bd —dc)+(ac—bc+ad —bd ) |+ab(ac—bc+ad —bd )
= (ab—ac+bd —dc)(bc—ac)—(ac—bc+ad —bd)(ac—ab)

= (a+d)(b—c)c(b—a)—(c+d)(a—b)a(c-b)

= (b—c)(b-a)(ac+dc—-ca—ad)=(b-c)(b-a)(c-a)d

Bai 23: Phan tich da thttc thanh nhan te: (a-X) Yy’ —(a-y)x’ +(x-y)a’
Tacd:y*(a—x)-x*[(a—x)+(x-y)]+a’(x-y)= ¥’ (a-x)-x*(a—=x) =X’ (x-y)+a’ (x-y)
= (a-x)(y*=x°)=(x=y)(x*~a%)= (x=a)(x=y)(X* +xy+y*) - (x—y)(x—a)(x* +xa+a’)
= (x=a)(x-y)(¥ +xy+y* -x* —xa-a’)= (x-a)(x—-y)(y—-a)(y+a+x)

Bai 24: Phan tich thanh nhan tt: x’y + xy” + x2° + yz° + x’z+ y’ 7+ 2xyz

Ta c6: =xy(x+y)+z2(x+y)+z(x+y)2=(x+y)(xy+z2+xz+yz) =(x+y)(y+2)(z+x)

F. PHUONG PHAP HE SO BAT PINH
- Cht1 y: Hai da thitc bang nhau khi hé s& ctia mdi lily thira twong ting trong hai da thtkc

bang nhau

- Phrong phap nay dung cho da thitc khong c6 nghiém nguyén cting khong c6 nghiém
hitu ty

Bai 1: Phan tich cac da thiic sau thanh nhan t&

a. f(x)=x*-6x>+12x*-14x+3 b. Q(x) =2x* —3x*—7x* +6x+8

c. P(x)=2x*-7x*+17x* - 20x +14 d. R(x) =4x* +4x® +5x* +2x +1

e. H(x,y)=12x* +5x-12y* +12y —10xy — 3 f.T(X,y)=2x"—7xy+6y° +9x-13y -5
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Loi giai

a. Ta nhan thdy da thirc khong c6 nghiém nguyén ciing khong c6 nghiém hiru ty
Gia st f(x)=(x*+ax+h)(x* +cx+d) =x" +(a+c)x® +(ac+b+d)x*+ (ad +bc)x + bd
a+c=-6

ac+b+d=-14

ad +bc=-14
bd =3=be{+1;+3}

Pong nhat cac hé s6 ta duoc:

a+c=-6

+)b=3=7{ac=8 =c=—4a=-2(tm)= f(x)=(x*—2x+3)(x* —4x+1)
a+3c=-14

b. Cach 1: Ta nhén thay da thitc c6 1 nhan tiela x + 1

Q(X)=2x" =3x* = 7x* +6x+8=(x+D(2x* +ax’ +bx+¢) =2x* + (a+ 2)x* + (a+b)x* + (b +c)x+¢C

a=-5
a+b=-
={b=-2=Q(X) = (Xx+1)(x—2)(2x* —x—4)
b+c=6
c=8
c=38

Cach 2: Gia st
Q(X) = (2x*+ax+b)(x* + cx+d) = 2x* + (2c + a)x* + (2d + ac + b)x* + (ad + bc)x +bd

2c+a=-3
2d +ac+b=-7 b=-2
+ac+b=-—
Doéng nhat céc hé so: ad +bo— 6 Sid=-4 =Q(X)=(2x* —x-4)(x+1)(x-2)
a=c=-1
bd =8
2b+n=-7
2C bn=17
o [P d = (25 + x+1)°
cn+bp=-20

cp=l4=c=2;p=7(tm)=b=-2;n=-3
e. Gid s

H(x,y) = (ax+by+c)(dx+ey+ f)=adx’ +(af +cd)x+bey? + (ce+bf)y+cf +(bd +ac)xy

ad =12

af +cd =5

be =-12 = H(Xy)=(-3x-2y+1)(-4x+6y—-3)
ce+bf =12

cf =-383=c=Lf=-3=a=-3d=-4b=-2;e=6

£. T(x,y)=(2x+by+c)(x+ny+p)=>n=-2,b=-3,c=-1p=5
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2

Bai 2: Phan tich da thirc thanh nhan tir: (X* +y* +xy) —x’y* - y*2* - 2°x*

(x2 +y 4 xy)2 — XY =y =X = X Y XY+ 22Xy 4+ 2%y 42Xy — Py — vzt — %X

= X 4yt 2yt 20y (X + Y )= 2 (X +Y?)

= (X2 +y?) +2xy (3 +y?) - 22 (x4 y?)
()52 )= () () = () sy )y
Bai 3: Phan tich da thirc thanh nhén tu: 81x* (22 - y*)-2° +y*

Ta c6: 81x* (22 - y*) - 22 +y* =81X* (2° - y*) - (2* - )

= (2 -y*)(81x* 1) =(z-y)(z+y)(9x* 1) (9%* +1)

= (2-y)(z+y)(3x+1)(3x-1)(9x" +1)

Bai 4: Phan tich da thitc thanh nhan ttr: x® + x* + x*y? + y* —y°

Ta co: X° +x* +x2y? +y* — y°

=X -yt xt 208y yt Xty = () —(v) (X y?) Py
= (=) (Y )+ (3 4y ) (6 v )

= (X y) (X g+ y2) (kY ) =y 32 ) (X Y2 xy) (3 ¥ )
= (X 4y 0y ) (X 4y -y ) (X -yt +1)

Bai 5: Phan tich da thitc thanh nhan tr: x* +8x+63

Ta co: x* +8x+63=(x2 +ax+b)(x2 +cx+d)
Dong nhat hé s ta co: x* +8x+63= (x* —4x+7)(X* +4x+9)
Bai 6: Phan tich da thirc thanh nhén tie: (x+1)° +(x? +x+1)

2

Ta co: (x+1)* +(X* +x+1) (x+1)" +[ x(x +1)+1:|2

(x+1)4 + X2 (x+1)2 +2X(X+1)+1 = (x+1)2 [(x+1)2 + x2}+(2x2 +2x+1)

(2x2 +2X +1)[(x+1)2 +1} = (x2 +2X+ 2)(2x2 +2x+l)
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BAI TAP VE NHA

Bai 1: Phan tich cac da thirc sau thanh nhan t&@

a. X +x>+1 b. x"+x*+1 c. x* +8x*" +15
Loi giai

a. Ta co:

X 4+ +1=xX + X+ X =X +1= X+ x+D) - (=D +D) = x°(X* + X +1) — (x =)(x* + x+1)(x* +1)

= (X" +x+D)[ X° = (x-1)(x* +1) |

b. X +x2+1=(X"=X)+ (X* +x+1) = (X* + X +1)(x° = x* + x> = x+1)

c. X' +8x*" +15=a’ +8a+15(x*" =a) = (a+3)(a+5) = (x*" +3)(x*" +5)

Bai 2: Phéan tich cac da thitc sau thanh nhan t&

a. (X +y* +2°)(x+y+2)" =3(xy+yz+12x)°

b. (x=y)*+(y—-2)*+(z—x)’

e -y +(y*+2)’ -2+

d. (@a+b)’+(+c)’’+(c+a)’-8(a+b+c)’

e. (a+b+c)l’—(a+b-c)®—-(b+c-a)’-(c+a-b)’
Loi giai

a.Tacd (X+y+2)>=x>+y* +2°+2(xy + Yz + 2X)

Pit {Xz FYHZI=A e ob)3b? —a? + 2ab 30 = (a_b)(a 3D)

Xy+yz+zx=Db
= A=(X*+y* + 27 —xy—yz - 2X)[(X* + y* + 2° + +3(xy + yz + 2X)]

b. Ta @3 biét: Néu a+b+c=0=a*+b®+c®=3abc

X—y=a
Pat {y-z=b=a+b+c=0=>B=a’+b’+c®*= B=3abc=3(x-y)(y—2z)(z-X)
7-X=¢C

c. Twong tu cau b.

¥ —y'=a
y’+2°=b =a+b+c=0=>B=a’+b’*+c®= B=3abc=3(x>-y*)(y*+2°)(-2°* - x°)
-x*-2’=c

a+b=x
d.Pat {b+c=y=x+y+z=2(@+b+c)= (x+y+2)°*=8(@@a+b+c)’ ;

c+a=z

D=xX*+y*+2° - (x+y+2)°
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Tacod: (X+y+2)° =X+ Y’ + 22 +3(x+ Y)(y+2)(z+X) = D ==-3(x+ y)(y+ 2)(z + X) =-3....

m=a+b-c
e.bat {n=b+c—-a thu:
p=c+a-b

a+b+c=m+n+p=>E=(Mm+n+p)’-m’—n’*-p>=3(m+n)(n+ p)(p+m)
= E =3.2b.2c.2a = 24abc
Bai 3: Cho x, y, z thudc Z. Chttng minh rang: S =(x+Y)(x+2y)(x+3y)(x+4y)+y* lasd
chinh phuong
Loi giai
Ta co: S = (X+ Y)(X+4y)(X+2y)(X+3y) + y* = (X* +5xy + 4y*)(X* +5xy + 6y°) + y*
S, =t(t+2y*)+y* =(t+y*)* = (x* +5xy +5y*)*(dpcm)

Bai 4: Phan tich cac da thirc sau thanh nhan t&@

a. 4x* —8x°>+3x* —8x+4 b. 2x* —15x° +35x* —30x +8

c. 2X° =3x*(X* = x+1) + (x> —=x+1)° d. 4x* —4x3 —7x* —4x+4
Loi giai

a. Ta co:

Ax* —8x% +3x* —8x+4 =4(x" +1) —8x(X* +1) + 3x* = 4(x* +1)* —8x(x* +1) —5x* = 4y* —8xy —5x°

=4y? +2xy —10xy —5x* = (2y + X)(2y —5%) = (2X* + X+ 2)(2X* =5x + 2) = (2x* + x+ 2)(x - 2)(2x -1)
b. Ta co:

2x* —15x% +35x% —30x +8 = 2(x* + 4) =15xX(X* + 2) + 35X = 2(X* + X)* =15(X* + 2) + 27x* = 2y* 15y + 27x*
=(y—3x)(2y —9x) = (X* =3x+2)(2x* —=9x +4) = (x - D)(x - 2)(x - 4)(2x 1)
c. Ta co:

2X° =3x* (X =X +1) + (X* —=x+1)° =2x° =3’y + y* = 2X* (X = ) = Y(X = Y)(X+ ¥) = (X = y)(2X* = y* = Xy)
= (X=y)(x=y)(2x+y) = (x-y)*(2x+Y)

d. Ta cd: 4x* —4x° —7x* —4x+4 = (x—2)(2x-1)(2x* +3x +2)

Bai 5: Phan tich cac da thitc sau thanh nhan t&

a. A(X) =2x* -19x* +2002x* —9779x +11670
b. B(x) =3x° —10x° + 34x* —47x% +52x* +8x — 40

Loi giai

a. Ta nhan thdy da thitc cd hainhan tirlax -2 vax-3

A(X) = (x—2)(x—3)(ax* +bx+c¢) = a=2;c=1945:b = -9 = A(X) = (x— 2)(x—3)(2x* —9x +1945)

b. Nhan thay da thitc c¢6 2 nhan ti la: x — 1 va 3x +2

B(X) = (x—=1)(3x+ 2)(x* —3x® +11x* —14x + 20) = (x=D)(3x + 2)(X* = 2X + 4)(X* =X +5)
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~ Bai 6: Phan tich cac da thirc sau thanh nhan t&

a. A=ab(a—b)+bc(b—c)+ca(c—a) b. B=(a-b)’+(b-c)’+(c—-a)’
c. C=a(b-c)’+b(c-a)’+c(a-b)® d. D=(a-b)’+(b-c)’ +(c—a)°
Loi giai

bat x=a-b;jy=b-c—>x+y=a-c

a. A=abx+bcy—ca(x+y)=ax(b-c)—-cy(a—b)=axy—cxy=xy(a-c)=(a-b)(b-c)(c-a)

b. B=xX*+y —(x+y)  =x*+y  —x* =3xy(x+y) - y* =-3xy(x+ y) =3(a-b)(b—c)(c—a)

c. Ta co:

C=ay’-b(x+y)*+cx’ =ay® —b[x3 +y2 4+ 3xy(x+ y)]+cx3 =y*(a—b)—x*(b—c)—3bxy(x+y)

= xy® = x®y = 3bxy(x+ y) = xy(y* = x*) = 3oxy(x + y) = xy(x + y)(y — x—3b) = xy(x + y)(b—c —a+b —3b)

=—xy(x+y)(a+b+c)=(a-b)(b-c)(c-a)(a+b+c)

d. Ta cé:

(X+Y)° = (X+ Y)(X+y)*" = (X+ y)(X* +2xy +Y°) *= (x+ Y)(X* +4x°y* + y* +4x°y + 4xy® + 2x°y?)

= (X+ Y)(X" +y) + (X + )XY +6x7 Y% +4xy*) = X° + ¥+ xy(x° + y2) + xy(x+ y)(4x® +6xy + 4y?)

= X° 4+ ¥° + Xy(X+ y)(5X? +5xy +5y?) = x* + y° +5xy(X + Y)(X* + Xy + y?)

>D=xX+y —(x+y)’=x+y° —[x5 + Y +5XY(X+ Y)(X2 + Xy + yz)] = 5xy(X+ Y)(X* + Xy + y?)

:5(a—b)(b—c)(c—a)[(a—b)z+(a—b)(b—c)+(b—c)2]:5(a—b)(b—c)(c—a)(a2 +b*+c? —ab-bc—ca)

Bai 7: Phan tich cac da thitc sau thanh nhan t&

a. A=a(b®-c*)+b(c®*-a’)+c(a®-b% b. B=a%(b* —c?)+b%*(c® -a%)+c*(a® —b%)
Loi giai

a.bat x=a’-b*y=p’-c*=>x+y=a’-c®*= A=ay—b(x+y)+cx=y(a-b)-x(b-c)

=(b*-c*)(a-b)-(a®*-b*)(b—c) = (b—c)(a—b)(b* +bc+c® —a’ —ab—b?)

=(b—-c)(a—b)(boc—ab+c®-a*)=(b-c)(a-b)(c—a)(a+b+c)

b.Dat x=a’-b*;y=b’-c* = x+y=a’-c’

B=a’y—b*(x+y)+c’x = y(a® -b*) —x(b® -c®) = (b* —c*)(a* -b*) - (a* —b?) (b - c?)

=(b—c)(a—b)[ (b+c)(@* +ab+b*) - (a+b)(b* +bc+c?) |

=b(a® +ab+b*—b* —bc—c?) + (a’c + abc + b°c —ab” —abc —ac?)

=h(a—c)(a+b+c)+|ac(a—c)-b*(a—c)|=(a—c)(@b+b’ +bc+ac—h’) = (a—c)(ab +bc+ca)

= B=(a-b)(b-c)(a—c)(ab+bc+ca)

Bai 8: Phan tich cac da thitc sau thanh nhan t&r

a. A=(a+b+c)*-a’-b*-c? b. B=x(x+2y)’ - y(y+2x)°
c. C=x'+(x+y)' +y’ d. D=a’+b* +¢* —2(a’h® +b’c* +c’a’)
Loi giai
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a. bat m=a+b+csuyra:
A=m’-a’—(b*+c*)=(m-a)(m®+ma+a?)—(b+c)(b* —bc+c?)
= (b+c)(m’® +ma+a’ —b® +bc—a’) = (b+c)[ (m* —b*) +(a* ~¢*) + (ma+bc) |
=(b+c)[(m-b)(m+b)+(a—c)(a+c)+(a+b)(a+c)]=(b+c)(@a+c)(m+b+a—c+a+h)
=3(b+c)(c+a)(a+hb)
b.bat m=x+y
B:x(m+y)3—y(m+x)3:x[m3+3my(m+y)+y3]—y[m3+3mx(m+x)+x3]
=m’(x—y) = xy(x* — y*) =3mxy(m+x —m—y) = (x— y)(m* — xy(x + y) — 3mxy)
=m(x—y)(m* —4xy) =m(x—y)[ (x+y)* = 4xy |=m(x—y)° = (x+ y)(x—y)’
c. bat m=x+y
C=(m-y)*+m* +y* =m* —4m’y +6m°y* —4my® + y* + m* + y* = 2(m* + 2m*y* + y*) —4my(m’ + y*) + 2m*y?
= 2(m? + y? —my)? =2[ (x+ y)* 4y~ (x+ Y)Y ] =20¢ +xy+y?)?
d.bat m=a’+b? +c?
D =(a’ +b* +¢*)* —4(a’h’ +b’c’ +c’a’) =m’ —4[ b*(a’ +¢*) +c%a’ | =m” -4 b*(m—b?) + c*a’ |
= (m—2b%)* - (2ca)® = (m—2b* —2ca)(m —2b* + 2ca) = (a® + b* + c* — 2b* — 2ca)(a® + b + ¢* — 2b® + 2ca)
=[(a-c)’-b’ ][ (a+c)*~b’ |=(a-c-b)(a-c+b)(@+c-b)(a+b+c)
Bai 9: Phan tich cac da thirc sau thanh nhan t
a. A=a(b+c—-a)’+b(c+a-b)*+c(a+b-c)*+(b+c-a)(c+a-b)(a+b—c)
b. B=(a+b+c)*—(a+b—-c)’-(b+c—a)’—(c+a-b)®
c. C=ab(a+b)+b(b+c)+ca(c+a)—a’—b*—c®—2abc
Loi giai
a.bat m=x+y+z,a+b-c=x;b+c-a=y;c+a-b=z=2a=y+z;2b=z+x;2c=x+y
2A=(y+2)X2 +(X+2)y? + (Y + X) 2% + 2xyz = Xy (X + Y) + YZ(y + 2) + 2X(Z + X) + 2Xyz

=Xy(Mm—2z)+ yz(m—x)+zx(m—Yy) +2xyz = m(xy + yz + zX) — xyz = (X + y)(y + z)(z + x) =8abc = A =4abc
b.bat a+b-c=z;b+c-a=x;c+a-b=y—>x+y+z=a+b+c

B=(x+y+2)’-x*-y*—2®=3(x+y)(y+2)(z+x)=3.2c.2a.2b = 24abc

c.bat a+b-c=z,b+c-a=x;c+a-b=y=>2a=y+2z;2b=x+2z;2c=x+Yy

Ta co:

4C =4a*(b+c—a)+4b*(c+a—b)+4c*(a+b—c)—8abc
=(Y+2)*X+(Z+X)2y+(X+ Y)Y’ z—(X+y)(y+2)(2+X)
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=Xy(X+Y)+yz(y+2)+z2x(2+ X) = (x+ y)(y + 2)(z + X) + 6xyz

= XY(X+ Y) + YZ(X+ Y) + 2X(X + Y) + 22 (X + Y) = (X + Y)(y + 2)(z + X) + 4xyz

=(X+ Y)(Xy + Yz + 27X+ 2°) = (X + Y)(Y + 2)(z + X) + 4xyz
=(X+yY)y+2)(z+X)—(x+y)(y+2)(z+X)+4xyz

=4xyz

=C=xyz=(b+c-a)(c+a-b)(a+b-c)

CAC UNG DUNG CUA PHAN TICH DA THUC THANH NHAN TU

A. Ung dung 1: Dung d& rit gon biéu thirc

Bai1: Choa+b+c=0, Rat gon A=a’+b’+c(a’+b?)-abc
Loi giai
Ta co:
A=a’+b*+c(a’+b*)—abc=a’+b*+a’c+b’*c—abc
=(a’ +a’c)+ (b® +b’c)—abc =a*(a+c)+b*(b+c)—abc
a+c=-b

= A=a’(-b)+b*(-a)—abc =—-ab(a+b+c) =0.

Vi a+b+c=0:>{
b+c=-a

B. Ung dung 2: Dung d& chitng minh

Bai 2: Cho a” +b® =1,¢* +d* =1,ac+bd =0. Chting minh rang: ab+cd =0
Loi giai

Ta co:

ab+cd =ab.1+cd.1=ab(c* +d?) +cd(a’* +b?) = abc* + abd’ + a’cd +b’cd = (abc® +a’cd) + (abd* +b*cd)

=ac(bc+ad)+bd(ad +bc) = (ad +bc)(ac+bd) =0(ac+bd =0)
Bai 3: Chttng minh rang tich ctia bdn s tu nhién lién tiép cong thém 11a 1 s6 chinh
phuong.
Loi giai
Goi 4 s6 tynhién lién tiépla:n;n+1;n+2;n+3 (nthudcN")

Theo bai ra ta co:
n(n+21)(n+2)(n+3)+1=(n* +3n)(n* +3n+2) +1= (k —1)(k +1) +1=k* = (n* +3n+1)*(dpcm)
Bai 4: Chttng minh rang s6 A=(n+1)*+n*+1 chia hét cho 1 SCP khac 1 véi moi n nguyén
duwong.

Loi giai
Ta co:
A=[(n+1)°’F +n*+1=(n*+2n+1)*-n*+(n* +n*+1) = (n° +3n+1)(n* +n+1) + (n* +n* +1)
=(M*+3n+D(N° +n+D)+(N* +n+D(n° —n+1) = (n* + n+1)(2n° + 2n +1) = 2(n° + n+1)*(dpcm)
Bai 5: Chiing minh rang véi moi s8 nguyén x, ta c6: (x+1)(x+3)(x+5)(x+7)+15: (x+6)

TAI LIEU TOAN HOC
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Loi giai
Dung phuwong phap dat an phu ta dugc:
(X+1)(X+3)(X+5)(x+7)+15: (x+6)=(x* + 8X +10)(X + 2)(x + 6)

2 3
N e ’ . M 7. . A A « A7 ’ n n \ A A
Bai 6: Chitng minh rang v6i moi s6 nguyén n, biéu thitc: A=—+—+— la s nguyén

Loi giai

2 3 3 2
Ta cé: A=ﬂ+n_+”_=n +3n +2n=n(n+1)(n+2)Vnez
3 3 6 6

MOT SO BAI TOAN TONG HQOP PHAN TiCH
DA THUC THANH NHAN TU
Bai 1: Phan tich cac da thirc sau thanh nhan t
a. a’b’(a—b)—-c’b?*(c—b)+a’c’(c-a) b. 2bc(b +2¢) + 2ac(c — 2a) — 2ab(a + 2b) — 7abc
c. ab(b—a)—bc(b-c)—ac(c—a) d. 3bc(3b-c)—3ac(3c—a)—3ab(3a+b)+28abc
e". a(b® +c®)+b(c’ +a’)+c(a’ +b?)—2abc—a’*—-b*-c?
Loi giai
a. Ta nhan thdy néub = c thi A =0. Vay da thitcccé I nhan tirlab-c¢
a’b’*(a—b)-c’b’(c—b)+a’c*(c—a)=a’b’(a—c+c—b)—c’b*(c—b)+a’c’(c-a)
=a’h’(a—c)+a’b’*(c—b)-c’b’(c—b)+a’c*(c—a) = (c—b)b*(a—c)(a+c)+a’*(a—c)(b>-c?)
=(a—c)(c—b)[b*(a+c)-a’*(b+c) |=(a—c)(c—b)(ab* —a’b+b’c—a’c)
=(a—Db)(c-b)(a—c)(a—b)(—ab—bc—ca)
b. Nhan thady néu c = 2a thi B = 0. Vay da thttc ¢d nhan tr 1a ¢ - 2a
2bc(b + 2¢) + 2ac(c — 2a) — 2ab(a + 2b) — 7abc = 2ac(c — 2a) + 2b*c + 4bc’ — 2a’h — 4ab® — 7abc
=2ac(c—2a)+2b*(c—2a)+4bc(c—2a)+8abc—2a’h—7abc
= 2ac(c—2a)+2b*(c—2a)+4bc(c—2a)+8abc—2a’h - 7abc
=2ac(c—2a)+2b*(c—2a)+4bc(c—2a)+ab(c-2a)
=(c—2a)(2ac+20* +4bc +ab) =(c—2a)[ 2a(a+2b)+b(a+2b) |(c—2a)(a+2b)(b+2c)
c. Nhan thdy a=b nén co nhan ttra-b
ab(b—a)—bc(b—-c)—ac(c—a) =ab(b—a)—b’c+bc* —ac’ +a’c=ab(b—a)-c(b’ —a®)+c*(b-a)
=(b—a)(ab—cb-ca+c®)=(b—a)(a-c)(b—c)
d. Dy doan c = 3b, vay da thitc c6 nhan tirla 3b - ¢
3bc(3b—c)—3ac(3c—a)—3ab(3a+b)+28abc

Swu tAm va téng hop TAI LIEU TOAN HOC



bc(3b—c)-9ac® +3a’c —9a’h—3ab’ + 28abc
bc(3b-c)+9ac(3b—c)-27abc—3a’(3b—c)—3ab’ + 28abc
=3bc(3b—c)+9ac(3b—c)-3a*(3b-c)—abc(3b—c)= (3b—c)(3bc+9ac—3a2 —ab)
=(3b—-c)(3a+b)(3c-a)

e. Ta khong nhdm duoc nghiém cua da thic
a(b”>+c?)+b(c*+a*)+c(a*+b*)—2abc—a’ -b* ¢’

=a(b®+c*—2bc—a®)+b(c® +a’ —b?) +c(a® +b*—c?)

=a[ (b-c)’ —a” |+b(c’ +a’ - 2ac—b’) +¢(a’ +b* —c* + 2ab)

=a[ (b-c)’ —a2]+b[(c—a)2 —b2}+c[(a+b)2 —cz}
=a(b-c-a)(b—c+a)+b[(c—a-b)(c—a+b)+c(a+b-c)(a+b+c)]
=(a+b-c)[a(b-c-a)(c—a+b)+c(a+b+c)] :(a+b+c)[—a(c+a—b)—bc+ab—b2 +ac+bc+c2]

=(a+b-c)[-a(a+c—b)+b(a+c—b)+c(a+c—b)]|=(a+b-c)(a+c—b)(b+c-a)

Bai 2: [ HSG - BG - 30/03/2013 ]
A=2a’+7a’h+7ab?+2b* =2(a’ +b®) + 7ab(a+b) = (a+b)(2a+Db)(a+2b)
Bai 3: [ HSG - Long Bién - Ha N§i - 2015 ]
a. Phan tich: x*(x* -7)* —36x
b. Dua vao két qua hay chiing minh: A=n®(n*-7)*-36n:210vne N
Loi giai
a. X*(x* =7)* =36x = X(xX* = 7x+6)(x* = 7x=6) = X(X +1)(x + 2)(x = 3)(x = 1)(x — 2)(x +3)
b. A la tich cua 7 s6 ty nhién lién ti€p = Ai2,3,5,7 = A:210
Bai 4: [ Bac Giang 2013 |
a. x*+2013x*+2012x+2013 b. (X+Y)(y+2)(z+X)+ xyz
Loi giai
a. X' +2013x* +2012x + 2013 = (x* — X) + 2013(x* + x +1) = (x* + X +1)(x* — x + 2013)
b. = (XY + X2+ Y + Y2)(X+ 2) + Xyz = (XyZ + X°Y + X°2) + (Xyz + X2° + yz?) + (Xyz + Xy°* + zy?)
= X(XY + YZ + 2X) + 2(Xy + Yz + ZX) + Y(XY + YZ + 2X) = (X + Y + Z)(XY + YZ + 2X)
Bai 5: [ Bac Giang - 2014 ]
a. X(X+2)(x* +2x+2)+1 b. X*—2xy+y>+4x—4y-5
c. 6x° +13x* +4x-3
Loi giai

a. X(X+2)(X* +2x+2) +1= (X + 2X)[(X* + 2X) + 2] +1= (x> + 2x +1)* = (x +1)*
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b. X2 =2Xy+ y? +4x—4y -5 =(X—y)? +4(Xx—y)+4-9=(X-y+2)* -9=(X—-y+5)(x—y-1)
c. 6x°+13x* +4x -3 =6x> +6X° +7X* +7x—3x -3
=6X°(X+1) + 7X(X+1) = 3(x +1) = (x +1)(6x* + 7x—3) = (X +1)(3x —1)(2x + 3)
CONG THUC KHAI TRIEN NHI THUC NEWTON
A. Cong thic

(@a+b)"=C %a"+Ca""h+C *a"*b’ +..+C "fab"* +C "b"

| I
Trong d6: C¥=— " (k=0,1..n<k=0,n);n!=1.23..n
" kI(n=k)!

+) Quy wdc: 0'=1

[ | ! ! !
+) cf:ﬁﬂ—;:l;cn%m:? n1:11(nn;1)!: ; ”nl:(n—l)!(rr:-—n+1)!:n
+) Bang tam giac Pascal
n=2 1 2 1
n=3 1 3 3 1
n=4 1 4 6 4 1
n=5 1 5 10 10 > !
n=6 1 6 15 20 15 6
n=....

B. Bai tap ap dung

Bai 1: Phén tich thanh nhan ti: A= (a+b)® —a° —b°
Loi giai

A=a’+5a’b+10a’h* +10a’b® + 5ab* +b> —a® —b®> =5a’b +10a’b* +10a’b® + 5ab* = 5ab(a’® + 2a°b + 2ab* +b*)

=5ab[(a® + 3a’b +3ab” + b®) — (a’b + ab®)]=5ab[(a+b)* —ab(a + b)]

=5ab(a+h)[(a+b)> —ab] = 5ab(a +b)(a* + ab +b*)

Bai 2: Cho a+b+c=0. Chitng minh rang: a° +b° +c® = —5abc(ab + bc + ca)
Loi giai

Tw: a+b+c=0=c=—-(a+b)

VP =a° +b° —(a+b)° =—5ab(a+b)[(a+b)® — ab] = —5ab(—c)[(a+b)c-ab]

= —babc(ab + bc + ca) =VP(dpcm)

a’+b’+c® a®+b’+c® _a’+b’+c”

2 3 5

Bai 3: Cho a+b+c=0.Chiing minh rang:

Loi giai

Ta co:
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_ —5abc(ab+bc+ca)

VP c =-abc(ab+bc+ca) ();
a’+b*+c¢® 3abc
= =abc
3 3
2 2 2
Lai cé: (a+b+c)* =0« a”+b*+c* =-2(ab+bc+ca) :#z—(ammma)

VT =-abc(ab+bc+ca)(2).(1)(2) = VT =VP

Bii 4: CMR:(a_b)2+(b_C)2+(C_a)2 .(a—b)3+(b—c)3+(c—a)3 _(a=b)’+(b-c)’+(c-ay

2 3 5
Loi giai
Ta c: (a—b)+(b—c)+(c—a)=0
bat x=a-bjy=b-c;z=c-a=x+y+z=0
Xty +28 X4y X4y 47
2 3 5
Bai 5: Cho a,b 1a cac s6 nguyén. CMR s sau la s6 chinh phuwong A=(a+b)* +a* +b*

Ta can chitng minh:

Loi giai

A=a"+4a’h+6a’b’ +4ab’+b* +a’ +b* =a’ +b* +3a’h® + 2ab(a’® +b®) = (a* + b?)* + (ab)® + 2ab(a* + b?)

=(a®*+b” +ab)*(dpcm)
Bai 6: Giai phuwong trinh: (x+2)° +(x—2)° = 2x° +128(*)
Loi giai

Ta co:

(x+2)° =x° +6x°.2+15x".2° + 20x°.2° +15x°2* + 6x.2° + 2° = x® +12x° + 60x" +160x° + 240x° +192x + 64

(x—2)° =[x+(-2)]° = x® —12x° + 60x* —160x° + 240x*> —192x + 64
VT =2x° +120x" + 480x°+128 = (*) < 120x* +480x° =0 <> x=0
Bai 7: Cho a, b, ¢ 1a cic s6 nguyén, CMR: (a+b)" —a’ -b":7
Loi giai
(a+b)" =a’ +7a°h+21a°b® + 35a*h* + 35a°h* +21a%b® + 7ab® + b’
= (a+b)’ —a’' -b’ =7(a’b+3a°b* +5a’h’ +5a%0" +3a’b® +ab®):7  (dpcm)
Bai 8: Chting minh rang: A=16"-15n-1:225 V¥neN
Loi giai
+) N=0=16"-15.0-1=0:225=15
+) n=1= A=0:225=15
+) n=2= A=225:225=15"
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) n>3=16"=(15+1)" =C.°.1" + CL1"%.C" +15" = (L+15n + BS(225) = (16" —15n —1) = BS(225):225Vn
Bai 9: Chting minh rdng: A= (n?+1)*—~(n+1)" n® VneN’
Loi giai
+)n=1;n=2 thi théa man
+)n>3=(n*+1)"=(1+n?)"=CJ.1"+C:n* +C’.n* +..+C".n*" =1+n* + BS(n*) (1)

Lai co:

2042

@L+n)" = C:z +Crf2.n+Crf2.n2 +..C :§=1+ n® +w.n2 +BS(n%)
2 —

=1+n’+ n?[%} BS(n®) =1+BS(n°) (2)

Tt (1), (2) ta c6 diéu phai chiing minh.

CHUYEN DE 3: GIA TRI LON NHAT,
GIA TRI NHO NHAT CUA BIEU THUC

A. Gia tri 16n nhat, gia tri nhé nhat ctia mét biéu thirc

Khai niém: Néu véi moi gid tri cia bién thudc mot khoang xac dinh nao d6 ma gia tri cta
biéu thitc A ludn ludn 16n hon hodc bang (nho hon hogc bang) mot hang s6 k va ton tai
mot gid tri ciia bién dé A ¢6 gid tri bang k thi k goi la gia tri nho nhat (gia tri 16n nhat) cta
biéu thirc A ting véi cac gia tri cua biéu thirc thudc khoang xac dinh ndi trén

Xét bi€u thirc A(x)

+) Tanoi A(x) co gia tri 16n nhat 1a M, néu

A(X) <MVx vaco gia tri xo sao cho A(X,)=M (Chira1 gia trila duoc)

+) Tandi A(x) c6 gid tri nho nhat 1a m, néu

A(x) > mvx va co gid tri xo sao cho A(X,)=m (Chira 1 gia tri la duoc)

Nhu vay :

a) D€ tim gia tri nho nhét cua A, ta can :

- Chitng minh A>k véi k 1a hang s6

- Chira ddu “ =" c6 thé xay ra voi gid tri nao d6 cua bién

b) D€ tim gia tri I6n nhat ctia A, ta can :

- Chitng minh A<k véi k 1a hang s6

- Chiradau “ =" c6 thé xay ra véi gia tri nao do6 cua bién

Ky hiéu: Min A 1a gid tri nhé nhat ciia A va Max A la gia tri 16n nhat cta A
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Vi du: Sai [am

A(X) =2X* —2Xx+3=x"+(Xx-1)?+2>2= GTNN =2 ( Khong chi ra dwoc ddu =)

5.5

2
Dép 4n ding 1A : A(x)zz(x—lj #2225 GTNN =§@ x=>

2
B. Cac dang toan

1

Dang 1: Tim GTLN, GTNN cua tam thirc bac hai ax® +bx+c

Phuong phap: Ap dung hang dang thitc s6 1 va s6 2

Bai 1: Tim GTNN ctia cac biéu thiic sau

a. A(X)=x"—4x+24 b. B(x) =2x* -8x+1

Loi giai

c.C(x)=3x"+x-1

a. A(X)= x> —4x+24=(x-2)*+20>20vx=min A(X) =20 & x =2

b. B(X) =2X* -8X+1=2(X*—4x+4)-7=2(x-2)*-7>-T=minB=-7 < x =2

6
Bai 2: Tim GTLN cua cac biéu thirc sau

a. A(X) =-5x>—4x+1

c. C(x)=3x’ +x—1:3(x+—

a. A(X)=_5X2—4X+l=—5(xz+ix_1j:_5(
5 5
2
b. B(x) = -3x2 + x+1=—3[ x—= | + 313
6) 12 12

1)2 13 -13
< X

X+—

Loi giai

2)2 9
+_
5) 5

1
6

b. B(X)=-3x"+x+1

<g —2

S X=—
5

Dang 2: Tim GTLN, GTNN cua da thttc c6 bac cao hon 2

Phuong phap: Ta dua vé dang tong binh phurong

Bai 1: Tim GTNN cuia cac biéu thirc sau
a. A(X)=x*-6x*+10x* —6x+9

c. C(x) =x*—2x>+3x* —4x+2017

e. E(x)=x"—4x>+9x* - 20x + 22

g. G(X) =(x—=D(x+2)(x+3)(x+6)—2006

2— =
:>minA(x):O<:>{X 3 0<:>x=3
x—3=0

Swu tAim va téng hop

Loi giai

a. A(X) = x* —6x> +10x* —=6x+9 = (x* —6x> +9x*) + (X* =6x+9) = (x* —=3x)* + (x—3)* > 0V

b. B(x) = x* -10x° + 26x* —10x + 30
d. D(X) =x* = x> +2x+7
f. F(X) =x(x=3)(x—4)(x-7)
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x?—5x=0
=
Xx-5=0

b. B(x) = x* —10x° + 26x* —10x + 30 = (Xx* —=5x)* + (x - 5)° +525<:>{ X=5

c. C(X) = x*(X* +2) = 2x(x* + 2) + (x* + 2) + 2015 = (x* + 2)(x —1)* + 2015> 2015 &< x =1
d. D(X) =x* —2X* +1+ X* +2X+1+5= (X’ -1)° +(x+1)* +525 < x=-1

e.Tacod:
E(X) =x* —4x* +9x* —=20x +22 = (X" —4x> +4x*) + 5(X* = 4X+4) +2 = (X* = 2X)* +5(x—2)* +2>2 <= x=2
x=1
f. F(X) =x(x=3)(x=4)(x=7) = (x* = 7X)(X* = 7x+12) = y* -36 > -36 < y:0<—>[x_6
x=0
g. G(X) = (X* +5x—6)(X* +5X +6) — 2006 = (X* +5x)° — 2042 > —2042 <:>[ .
X=-
Dang 3 : Da thirc c6 tir 2 bién tr6 1én

Phuong phép: Da s8 cac biéu thite ¢6 dang F(X;y)=ax’ +by? +cxy + dx+ey +h(ab.c = 0)(1)
- Ta dwa dan c4c bién vao trong hang dang thiic (a2 *2ab+ bz) =(at b)2 nhu sau
F(xy)=mK[x; y]2 +nG [y]2 +1(2) hodac F(xy)=mK][x; y]2 +nH [x]2 +1(3)

Trong d6 G[y], H[x] la bi€u thitc bac nhat d&i véi bién, con K|[x; y]= px+ay+k cing la
biéu thirc bac nhat d6i voi ca hai bién x vay

Cu the:

Ta bién d4i (1) d€ chuyén vé dang (2) nhu sau véi a = 0;4ac—b® =0

Ta co

4a.F (x;y)=4a’x" +4abxy + 4acy’ + 4adx + 4aey + 4ah = 4a’x* + b*y* + d* + 4abxy + 4adx + 2bdy
(4ac-b*)y* +2y(2ae—bd )+4ah-d*

2
=(2ax+bY+d)2+(4aC—b2)(Y+ 2ae_bd}+4ah—d2—(2ae_de

d4ac—h? dac—h?
Vay c6 (2) vdi
1 b? - 4ac 2ae —bd d> (2ae-bd)’
m=—F(x;y)=2ax+by+d;n=— G(y)=y+———ir=h——
4a (xy) y 4a W)=y 4ac —b? 4a 4a(4ac—b2)

+)Néu a>0;4ac-b*>0=m>0,n>0=(2): F(xy)>r(*)
+)Néu a<0;4ac—b*>0=m<0,n<0=(2):F(x;y)<r(**)
+) Néu m >0, n > 0 thi ta tim dwoc gia tri nhd nhat

+) Néu m <0, n <0 thi ta tim dwgc gia tri 16n nhat

Dé thdy rang ludn ton tai (x; y) d€ c6 ddu ctia dang thitc, nhu vay ta sé tim dwoc cuc tri

cta da thwc da cho
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Trong ca hai treong hop trén:
- Néu r = 0 thi phuong trinh F(x; y) = 0 ¢ nghiém
-Néu F(x;y)=r>0 hodc F(x;y)<r<0 thikhéng c6 (x;y) nao thao man F(x; y)=0
+) Néu a>0;4ac—b* <0;r =0=(2): F(x;y) phan tich duoc tich cua hai nhan tt, gitp ta
giai duogc cac bai toan khac
Bai 1: Tim gia tri nho nhat cta
a. A=x*+2y*-2xy—-4y+5 b. B=2x"-2y*+5y° +5
Loi giai
a) Ta co A(X) = x> +2y? —2xy—4y+5=(x2 —2Xy + y2)+(y2 —4y+4)+1:(x— y)2 +(y—2)2 +1
= A>1 Vx,yeR:>":"<:>{X_yzo<:>x:y=2
y—-2=0
Vay minA=1< x=y=2
b) B:2x2—2y2+5y2+5:(x2—4xy+4y2)+(x2+2xy+y2)+y2+5=(x—2y)2+(x+y)2+525

{x—2y=0
=>x=y=0
X+y=0

Bai 2: Tim gia tri nho nhat cta
a. A(X)=2x"+y*—2xy—2x+3 b. B(X) = x>+ Xy +y*—3x—3y
c. C(X)=2x"+3y’ +4xy —8x—2y +18 d. D(X) =2x*+3y* +47° - 2(X+ y+12) +2
e. E(X)=2x* +8xy +11y* —4x -2y +6
f. F(X) =2X*+6Yy° +52° —6Xy +8yz —2XZ2 + 2y + 47 +2
g. G(X)=2x*+2y* + 2% +2xy - 2xz — 2yz - 2x — 4y
h. HX) =X*+y> —xy-x+y+1
Loi giai
a.Tacod:

A(X) =2X2 + Y2 = 2xy = 2x+3= (X" =2xy + Y ) + (X =2x+ D)+ 2= (X y)* + (x-1)* +222 = x=y =1
b. B(X) = (X* =2x+1) +(y* =2y +D)+x(y -1 - (y-1)-3=(x-D*+(y-1*+(x-1)(y-1) -3

2 2 2 2
:(x—l)z+2(x—1).%.(y—1)+(y_1) —(y_lj +(y—1)2—3:[x—1+y_1} _YmayHl e oyiaog

2 2 2 4
2 2 y_l
_ _ 1+ = =1
:{x—1+y21} +3(y41) -3>-3& X=i+ 2 O@{X_l
y-1=0 y=

c. C(X) =2x* +4xy+2y* +y? —8x—2y+18=2[(x+ y)? —2(x+ y)2+4]+(y2 +6y+9)+1
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=2(x+y—-2°+(y+3)°+121=>minA=1< y=-3;x=5

d. D(X)=2x* +3y* +42° = 2(x+ y+2)+2=2(x* = X) + (3y* - 2y) + (42> - 22) + 2

=2[X2—X+1j+3(y2—Ey+1j+[(2z)2_22+1} 2_3_3_1
4 379 4 2 3 4

2 2 2
:Z(X—l) +3(y—1j +(22_1j +EZE:>(X|Y,Z)=(£;£;1)
2 3 2) 272 2'3'%

e. E(x)=2(x2+4xy+4y2)+3y2—4x—2y+6=[2(x+2y)2 —4(x+2y)+2]+3y2+6y+4

X+2y—-1=0 {X:3
&

=2(x+2y—-1)* +3(y+1)° +121<:>{
y+1=0 y=-1

f. F(X) =2Xx*+6Yy* +52° —6Xy +8Yyz — 2xz + 2y + 47 + 2(kho)

2
F(x) = 2x? —2x(3y+z)+2(3y2 j +6y? +52* +8yz - ( y2+z) +2y+4z7+2

2
:2[x—3y+zj +§(y2+£yz+%zz)+%zz+2y+4z+2

2 2 3
2 2
=2(X_3y+zj + E(y+§zj +2(y+§zj+g +(lzz+gz+1j+1
2 2 3 3 3 3 3 3
_3y+z:0
3 3( 5 2f 1 52 2 Xt
:Z(X— y+zj+—(y+—z+—j +-(x+1D)’ 4121l y+—72+==0={y=1 = minA=1
2 2 3 3 3 3 3 _
z7+1=0 £=-
g. Taco:

G(X)=2X" +2y° + 2% +2xy —2x2 - 2yz - 2X -4y =(Xx-1)? +(y-2)° + (x+ y—2)* 5> -5 x=Ly=2z7=3
hTacd: H(X)=x*+y?—xy—X+y+1=4H(X) = (2X)* —2.2x.y + y* +3y* —4x+ 4y + 4

=(2x-y)* —2(2x—y) +3y* + 2y +3+1=(2x -y 1) + 3(y? +3y+1) (2x—y— 1)+3(y+—) +2>%
:>min4A:§<:>X=E;y:_1:>minA:_
3 3773 3
Bai 3: Tim GTLN ctia cac biéu thitc sau
a. A:—4X2_5y2+8xy+10y+12 b. _X2_y2+xy+zx+2y

Loi giai
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a. Ta co:
A=—4x* —5y°+8xy +10y +12 = —4x* +8xy —4y* — y* +10y - 25+ 37 = —4(x - y)* - (y-5)* +37 < 37

{X=5

&

y=5

b. A=—X*—y24xy+2X+2y = 4A=—4x* -4y’ + 4xy +8x +8y
A=—4x>+4x(y+2)—(y+2)* +(y+2)* —4y* +8y

2x-y-2=0 [x=2
:‘(Zx‘y‘2)2—3(y2—4y)+4=—(2><—y—2)2—3(y—2)2+16316:>As4@{ XY Q{X

y-2=0 y=2
Bai 4: Tim GTNN ctia cac biéu thitc sau
a. A=5x"+9y’-12xy + 24x — 48y + 82
b. B=3x*+3y’+z° +5xy —3yz —3xz - 2x -2y +3
Loi giai
a. A=5x>+9y’~12xy + 24X — 48y +82 = 9y> —12y(X +4) + 4(x +4)* —4(x +4)* +5x* + 24X +82

16

=[3y-2(x+4)] +(x-4)*+2>2Vx,yeR < x=4;y = 3

3 2 3( y 4y 2
b. B=|z—— — ——— Z(y-2)2+1>1
[z 2(x+y)} +4(x+3 3} +3(y )+

Bai 5: Tim GTLN ctia A= X+y+2—(X*+2y*+4z%)
Loi giai

2 2 2
_A:(X_EJ +2(y_1J +(22_1j _izi:ASl@X:l’yzi’Z:l
2 4 4 16 16 16 2 4 8

Bai 6: [ HSG - Yén Diing - Bac Giang ] .
Tim GTNN ctia A= x*+2y* +2xy +2x -4y + 2013
Loi giai
A=X242y% +2xy +2X -4y + 2013 = x> + 2x(y +1) + (y +1)* + (y —3)* +2003> 2003 <> x = —4;y =3
BAI TAP TU LUYEN
Bai 1: Tim GTNN cta: A= x> —2xy+2y> +2x-10y +17
Huéng din

A=x2—2x(y—1)+2y2—10y+17 =x2—2x(y—1)+(y—1)2+[2y2—10y+17—(y—1)2}

=(x—y+1)2+(y2—8y+16)
Bai 2: Tim min cta: B = x> —xy+y*>—2x-2y

Hudng dan
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2

4y —2y—2—y-1
}y Y=Y

2
x.y+2+y +4y+4
2 4

B:xz—x(y+2)+y2—2y={x2—2.

4B=(x-y-2) +4y’—8y—y'—4y-4
Bai 3: Tim min ctaa: C = x> +xy + y* —3x -3y

Huéng din

2 2
C=x2+x(y—3)+y2—3y={x2+2.x.y23+y iy+9}+y2—3y—m

4C=(x+y-3) +[4y*=12y-y" +6y-9]
Bai 4: Tim min ctia: D =x* —2xy +6y° —12x+2y +45
Hudng dan

D:x2—2x(y+6)+6y2+2y+45:x2—2x.(y+6)+(y+6)2+6y2+2y+45—(y2+12y+36)

=(x—y—6)2+5y2—10y+9
Bai 5: Tim min caa: E = Xx* —xy +3y? —2x—10y + 20
Huéng din

y—2+y2—4y+4 —4y+4

2
E=x2—x(y—2)+3y2—10y+20=x2—2x. +3y2—1()y+20—y

4E =(x—y+2) +(12)* ~40y +80) - (y* 4y +4) = (x—y+2) +(11y* =36+ 76)
Bai 6: Tim max ctia: F =—x*+2xy—4y” +2x+10y-3
Huéng dén
—F=x"-2xy+4y" = 2x—10y+3=x" = 2x(y+1)+4y" 10y +3
—F=x*—2x(y+1)+(y+1) +4y° —10y+3—(y+1)°
Bai 7: Tim min cta: G =(x—ay)’ +6(x—ay)+x* +16y* —8ay + 2x —8y +10
Huéng dén
G:[(x—ay)z+6(x—ay)+9}+(x2+2x+1)+16y2—8ay—8y
G=(x—ay+3) +(x+1) +16y* ~8y(a+1)+(a+1) —(a+1)
G=(x—ay+3) +(x+1) +(dy—a—-1) —(a+1) 2~(a+1)

Bai 8: Tim max ctia: H =—x*+xy—y* - 2x+4y+11

Hudng dan
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~H=x"—xy+y’ +2x—4y—11=x"—x(y-2)+y" —4y-11

2
- 2_ -2
—H:x2—2x.y22+y 1y+4+y2—4y—11—u

= —4H =(x-y+2) +4y’ —16y-44—(y* ~4y +4)

Bai 9: Tim min caa: | = x> +4xy +5y* -6y +11
Huéng din

I:(x2+4xy+4y2)+y2—6y+11

Bai 10: Tim min ctia: K = x>+ y> —xy +3x+3y + 20
Hudng dan

4K =4x* +4y° —4xy+12x+12y+80=[4x2 —4x(y—3)+(y—3)2}+[4y2 +12y+80—(y—3)2}

4K =(2x-y+3) +3y* +18y+71

Bai 11: Tim min ctia: M = x* —2xy +2y* -2y +1
Hudng dan

M:(x2—2xy+y2)+(y2—2y+1)

Bai 12: Tim min ctia: N = X - 2xy +2y* — X

Hudng dan
2 2
N =x"—x(2y+1)+2y" =x* —2x. 2y2+1 + (2y:1) +2y° _—(2y:1)

AN =(x-2y-1) +8y" —(4y> +4y+1)
Bai 13: Tim min ctia: A= x> —2Xy +3y® —2x+1997

Huéng din
A=x2—2x(y+1)+3y2+1997=x2—2x(y—1)+(y—1)2+3y2+1997—(y2+2y+1)
Bai 14: Tim min ctia: Q = X* +2y® - 2xy + 2x—10y

Hudng dan
Q=x2—2x(y—1)+2y2—lOy:x2—2x(y—1)+(y—1)2+2y2—10y—(y2—2y+1)
Bai 15: Tim min ctia: R = X% +2y° +2xy -2y

Huéng din

R=x2+2y2+2xy—2y=x2+2xy+y2+y2—2y+1—1=(x+y)2+(y—1)2—12—1
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Bai 16: Tim min ctia: A=4x*+5y* —4xy —16y +32

Huéng din
A:4x2+5y2—4xy—16y+32=(4x2—4xy+y2)+(4y2—16y+32)
Bai 17: Tim min ctia: B = x* +5y* +52° —4xy —4yz -4z +12

Hudng dan
B:(x2—4xy+4y2)+(y2—4yz+4z2)+(z2—4z+4)+8
=(x—2y)2+(y—2z)2+(z—2)2+828
Bai 18: Tim min ctia: C =5x* —12xy + 9y’ —4x+4

Hudng dan
C=(4x?=2.2x3y+9y" ) +(x —4x +4) = (2x - 3y) +(x-2) 20
Bai 19: Tim max ctia: D =—X* — y* + Xy + 2X + 2y

Huéng din

—D:x2+y2—xy—2x—2y:x2—x(y+2)+y2—2y

2
+2 2
x,y+2+(y ) Lyrogy 2 tAy+d
2 4 4

-D=x"-2

Bai 20: Tim min cta: E = Xx* +5y° —4xy+2y -3

Huéng din
E:x2—4xy+4y2+y2+2y+1—4:(x—2y)2+(y+1)2—42—4
Bai 21: Tim GTNN ctia A=a*+ab+b*-3a—-3b+3

Huéng din
Taco: 4P =a’ ~2ab+b” +3(a’ +b*)+4+2ab—4a—4b =(a—b) +3(a+b-2) 20
Bai 22: Tim min ctia: G = X" +xy +y* -3(x+Yy)+3

Huéng din
4G =4x" +4xy+4y* —12x—-12y+12

4G =4x" +4x(y-3)+(y-3) +(4y* ~12y+12)—(y* = 6y +9)

4G =(2x+y-3) +3y* ~6y+3=(2x+y-3) +3(y-1) 20
Bai 23: CMR khong c6 gid tri X, y, z thoa man: X?+4y* +7° —2x+8y—-62+15=0

Hudng dan
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(x2—2x+1)+(4y2+8y+4)+(z2—6z+9)+121
Bai 24: Tim min ctia: A=2x>+y> —2xy —2x+3
Huéng din
A:x2—2xy+y2+x2—2x+1+2:(x—y)2+(x—1)2+222
Bai 25: Tim min ctia: B = x> —2xy +2y* +2x—10y +17
Hudng dan
B=x"-2x(y-1)+(y-1) +2y* =10y +17-(y* =2y +1) =(x—y+1) +(3* -8y +16)
Bai 26: Tim min cia: D = 2x* + 2xy +5y* —8x— 22y
Huéng din
2D =4x +4xy+10y’ —16x - 44y = 4x" +4x(y—4)+10y* - 44y
2D=4x2+2.2x(y—4)+(y—4)2+10y2—44y—y2+8y—16
Bai 27: Tim min cta: E =2x* +9y® —6xy —6x—-12y + 2004
Huéng din
2F =4x” +18y” —12xy —12x — 24y + 4008

2F = 4x° —12x(y+1)+9(y+1)2 +18y —24y+4008—9(y2 +2y+1)

2F = (2x—y—1) +9)% — 42y +3999
Bai 28: Tim min ctia: F = x* —2xy+6y? —12x+12y +45

Huéng din
F=x2—2x(y+6)+(y+6)2+6y2+12y+45—(y2+12y+36)=(x—y—6)2+5y2+929
Bai 29: Tim GTNN cuia biéu thitc: a? +ab+b*—-3a—3b+3

Huéng din
P=a’+ab+b?-3a-3b+3=>4P=(a-b) +3(a+b-2)">0
Bai 30: Tim min ctia: A= X’ +6Yy° +142> —8yz + 62X — 4xy

Hudng dan
A=x"=2x(2y+3z)+6y" —147°

= A=x* ~2x(2y+32)+(2y+3z) +6)° 147 ~(4y% +12y2+92%)

= A=(x-2y-3z) +2)° ~12yz-237

Bai 31: Tim min ctia: B = x?* +2y® +32% —2xy + 2xz — 2x— 2y —82 + 2000
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Huéng din
B:xz—2x(y—z+1)+2y2+3z2—2y—81+2000

=x"=2x(y—z+1)+(y z+1) +2y* +37° 2y—2z+2000—(y2+z2+1—2yz—2z+2y)
= (x=y+2=1) +(y* +22° — 4y +2y2+1999)
=(x—y+z-1) [y ~2y(z+2)+ (z+2)2}+2z2—(z2+4z+4)+1999

=(x-y+z-1) +(y-2-2) +(c* —42+1995)

Dang 4: Tim GTLN, GTNN ctia biéu thirc c6 quan hé rang budc gitta cic bién
Phwong phap :

- D6n bién tir diéu kién roi thay vao biéu thic.

- Bién d6i biéu thirc thanh cac thanh phan c6 chita diéu kién d€ thay thé.

- St dung thém mot s8 bat dang thiec phu :

+ a+b>2Jab (DA&u=khia=b, via, bkhong am)

+ @ +b>>2ab (D&u“=" khia="b)

+a+L>2 (Dau "= khia=1)
a

Bai 1: Tim GTNN ctia cac biéu thic sau

a. A=xX’+yl+xy;x+y=1 b. B=5x"+y*;x+y=1
c. C=x"+2y*;x+2y=1 d. D=2x%+5y*4x-3y =7
Loi giai

a. A=(X+Y)(X* =xy+y?) +xy=x"+y?
Co:

1 11 1V 1.1
X+y=1=>Xx=1-y=>A=(1-y)’ +y* =2y* -2y+1=2| y*—=y2+=—-= |+1=2| y—= | +=>=
y y A-y)y +y =2y -2y (y2y44j (szzz
DA4u bang xay ra X = L. y—l
g xay > Y=
b. Co
2
x+y=1:>y=1—x:>B:5x2+(1—x)2:6x2—2x+1:6(x2—%x+%}=6(x—% +§2§<:>x=%'

c. C=x"+2y°=6y°—4y+1= minC:%<:> y=x:%
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d. Tacéd:

4X_?)z = 9D =98x* — 280X + 245 = 2(7x—10)* + 45> 45

4x—3y:7:>y:4x—3_7:>D:2x2+5(

:>minD:5<:>x:£;y:_—3
7 7

Bai 2: [ HSG - BG -2011]
Cho a+b=1. Tim GTNN ctia A=a(a’ +2b)+hb(b*—a)
Loi giai
Coéa+b=1
=b=1-a= A=a(@+2b)+b(b*-a)=a’+2ab+b’—ab=a’+b’+ab=a’+(1-a)’ +a(l-a)=2a’-2a+1

2
=2(a2—a+1j=2(a—lj Jrlzlv.a@a:b:1
2 2 2 2 2

Bai 3: [ HSG - HN - 2006 - 2007 ]
Cho céc s6 thuc x, y thoa man: x + y =2. Tim GTNN caa A= x°+y® +2xy
Loi giai
A=x2+y*+2xy = (x+Y)* =3xy(x+Yy) +2xy
Theo gia thiét
X+y=2=y=2-X=>A=2-6X(2-X)+2X(2—X) =4X* -8x+8=4(x-1)° +4>4VecR > x=y =1
Bai 4: Cho cac s6 thuc x, y thoa méan : x +y +4 = 0. Tim gia tri nho nhét cta :
A=2(x+y*)+3(x* + y*) +10xy
Loi giai
Tacd: A=2(x>+y*)+3(x* + y*) +10xy = 2(x+ y)> —6xy(X + y) +3(X + y)* — 6xy +10xy
=28xy —80=28X(—4-X)-80=-28(X* +4x+4)+32 = A=-28(x+2)°+32<N > x="2=>y=-2
Bai 5: [ HSG - HN - 1996 - 1997 ]
Cho céc s8 thuc x, y thoa man: X* +y? —xy =4. Tim GTLN, GTNN cua P = x* + y?
Loi giai
Ta co:
Xx—y=0

Xzerz_)(y=41r:>g;=>(2+y2+x2+y2_2xy:x2+y2+(x—y)2zx2+y2:>P£8<:>{2 ,
X +y —-xy=4

S X=y=22
X=y=2

Vay GTLN ctiaP=-2 &
X=y=-2
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Mat khac:

2
X:—y:—
Xx+y=0
8=2(x2+y2)—2xy=3(X2+y2)—(><—y)233(X2+yz):>PZ§<:> 2 yz < v
3 (X+y*-xy=4 -2
x——y=$
2. 2
Vay GINN ciia P= > & 373
322
NEIINC

Bai 6: Cho cac s6 thuc X, y, z thoa man: 2x+2y+z = 4. Tim GTLN cua biéu thirc
A=2Xy+ yz +zX
Loi giai
Tt gia thiét: 2x+2y+2=4=2=4-2X-2y = A=2Xy + Y(4—2Xx—2y) + X(4 - 2Xx—2Y)
=-2X* —2y? —2Xy +4X+ 4y = 2A = —4X* —4y® —4xy +8X+8Y = —4x> —4xX(y +2) - (Y —2)* + (y - 2)* —4y* +8)

2
X=—=
4 2\ 16 16 16 3 4
—(2X+y-2)-3| y -2y |[+4=—(2x+y-2)-3| y-Z| +2<2 s A< o —z7=2
(2x+y-2) (y 3yj+ (2x+y-2) (y 3j+3 3 3 , =13
=3

Bai 7: Cho cac s6 thuc x, y, z thoa man: x +y + z = 6. Tim GTLN ctia A= xy +2yz +3xz
Loi giai
Tir gia thiét
=72=6-X-y=A=xy+2(2y+3X) = xy+(6—x—y)(2y +3%) =—=3x> —2y* —4xy +18x +12y
= 3A=-9x>—6y>-12xy +54x +36Yy = -9x* —6x(2y —9) -6y *+36y = —(3x+2y —9)* —2y* +81<81

z=3

3X+2y-9=0 X=3
= AL2T& = =
y=0 y=0

Bai 8: Cho cac s6 thuee x, y thoa man: X° +2xy +7(x+Yy)+2y*+10=0. Tim gia tri nho nhat
cua: A=x+y+3
Loi giai
Tt gia thiét
X2+ 2Xy +7(X+Y)+2y* +10 = 0= 4X* +8xy + 28X+ 28y +8y* +40=0 < (2x+2y +7)* +4y* =9
= (2x+2y+7)? <9=[2x+2y+7|<3= -3<2x+2y+7<3& 5<x+y< -2 -2<A<]
+) A=l x=-2,y=0
+) A=-2< x=-5y=0
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Bai 9: Tim GTLN, GTNN cua S =ab+ 2009, vdi a, b, 1a hai s6 thuc khac 0 va

2
2a2+b—+i2=4
4 a
Loi giai
Ta co:
1
1 b? 1Y b)? a-770
4=a’+—-2+a’+——ab+ab-2= a——J +(a——j +ab+a>ab+2=ab<2=5<201l< a
a 4 a 2
a-—=0
2
a=-1Lb=-2
&
a=1lb=2
Ta lai co:
1
2 2 a-—=0
a=1b=-2
4= a—1 + a+9 —ab+2>-ab+2=ab>-2=S5>2007 & a
a 2 a=-1b=2
a+—=0
2
Vay GTNN cta S =2007 < (a,b) = (£1;,£2)
Bai 10: [ Tuyén sinh vao 10 — TH - 2009 - 2010 ]
2
Cho céc s thwe m, n, p thoa man: n*+np+ p2:1—3m . Tim GTNN, GTLN cua
A=m+n+p
Loi giai

Theo gia thiét co:
3m?
2

&2 +2np+2p* +3m* =2

n*+np+p°=1-

S mP+n®+p?+2mn+2np+2mp+m? —2mn+n® +m? —2np + p> =2
< M+n+p)+(M-n)’+(m-p)* =2
= M+n+p)P?<2=-2<m+n+p<2=—V2<m+n+p<2
m-n=0
+) A=—2 = {m-p=0 Sm=n=p=
m+n+p=—/2

ﬁ
3

m-n=0
+) A=\/§<:> m-p=0 &Sm=n=p=
m+n+p=+2

w|&
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Bai 11: Cho x, y, z 1a c4c s8 thuc théa man : X* +y® +2z° =3. Tim GTLN, GTNN
A=x+y+2z

Loi giai
T X’ +y*+2° =3 6X° +6y° +62° =18 & (X + Yy +22)* +(x—y)* +(2x—2)* +(2y - 2)* =18
= X+y+22 <18=-3J2<A<32

X-y=0
2x—2=0 X= —:ig
+ A=-32 < =TT
2y—-z=0 72
X+y+2z=0 B
+)A:&@£:x:y=%?nzdﬁ
Bai 12: Cho c4c s thuc m, n, p thoa man : 2m2+2n2+4p2+3mn44np+2np::% )

Tim GTLN, GTNN cua biéu thttc A=m+n+p
Loi giai
(1) & 4m* +4n*> +8p* +6mn+2mp +4np =3
& 3(M* +n®+ p? +2mn+2np + 2 pm) + (M* —4mp + 4p®) + (n* = 2np + p?) =3
< 3Mm+n+p)?+(M-2p)° +(n-p)* =3
=3(Mm+n+p)’<3=-1<m+n+p<l1

m-2p=0 .
+) A=-1<<n-p=0 <::>m:_—1;n:p:_T
m+n+p=-1
m-2p=0
1 1
+) A=l <in-p=0 c;m:z;n:p:Z
m+n+p=1

Bai13: Chox+y=2z=3; A=X+Yy*+2%B=Xy+Yyz+2X

a. Chttng minh A>B b. Tim GTNN cua A
c. Tim GTLN ctia B d. Tim GTNN ctia A + B
Loi giai

a. Xét A—B:%Ux—wﬁﬂx—nkﬂy—0120:>AzBc;x:y:z

b. Tacéd:

2 2 2 2 :O
W+y+zy:9¢${x+y-+z+ (Xy+yz+2x) 9o X2 YR+ 22 2(xy+ Y2+ 2X) <3O + Y2+ 22)

X2+ Y2 +2% > Xy + Yz +2X
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< 9<3A=> A>3 x=y=z2=1

CO=(X"+y?+23)+2(xy+yz+2X)>3(xy+yz+2x)=3B=B <3< x=y=z=1

A+2B=9
d.co: 107 — A+B=9-B>6<>x=y=2-1
B<3

Bai 14: Cho a,b,c €[-1;2] thoa man: a+b+c=0. Tim GTLN cta P =a”+b” +c’
Loi giai
Véi xe[-1,2], tacd: X2 -Lx<2= (X+1)(x-2) <0= X" —x-2<0< X* <X+2
Ap dung :
P=a’+b’+c*<a+2+b+2+c+2=a+b+c+6=6=(a,b,c)=(-1,-1,2)=>GTLN =6
Bai 15: Cho a,b,c €[-1;2] thoaman a+b+c=1. Tim GTLN cta P =a’ +b” +c’
Loi giai
Taco: (a+1)(b+1)(c+1)>0=abc+ab+bc+ca+a+b+c+1>0
(2-a)(2-b)(2-¢c)>0=8-4(a+b+c)+2(ab+bc+ca)—abc>0=3(ab+bc+ca)+9-3(a+b+c)>0

< 3(ab+bc+ca)>-6<ab+bc+ca>-2=P=(a+b+c)*—2(ab+bc+ca)=1-2(ab+bc+ca) <5
Dau ‘=" xay ra < (a,b,c) = (-1,0,2) = maxP=5

BAI TAP TU LUYEN
Bai 1: Tim min cta: A=3x*+y® biét 3x+y=1
Hudng dan
T 3x+y=1=>y=1-3x= A=3x2+(1—3x)2 =12x* —6x* +1
Bai 2: Tim min cua: A= xy biét 3x+y=1
Hudng dan
Tacod 3x+y=1= y=1-3x=>A=x(1-3x)=-3x"+X
Bai 3: Tim min cua: A=a®-b*—ab biét:a-b=1
Huéng din
Ta co:
a=b+1=>A=(b+1) —b*—(b+1)b =2b%+2b+1

Bai 4: Tim max cua: B=ab biét: 3a+5b =12

Hudng dan
- 12-50) -5, 12
Tir gid thiét ta c6: a= 2= thay vao B = b(TSbj - ?sz +=b

Bai 5: Tim min cta: C=x*+y° +Xy biét: x+y=1

Hudng dan
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Tt gia thiét=>y =1-x thay vao C ta dugc: C = x> +(1- x)3 +xy=2x"-2x+1
Bai 6: Tim min cta: D = x*+2y® biét: x+2y=1
Hudng dan
Tir gia thiét suy ra x =1-2y thay vao D =(1-2y)" +2y?
Bai 7: Tim min cta: E =2x* +5y° biét: 4x—3y =7
Hudng dan

Tl gia thiét suy ray = 4X—3_7 thay vao E va lam tiép

Bai 8: Cho a, b>0 va a+b=4, tim GTLN ctia P:(l—lJ(l—%j
a
Hudng dan
Tacd: P=1- l+l +L=1—a+b+izl—i+i=1—i
a ab ab ab ab ab ab
Do a,b>0=>a+b=4>2Jab = absg=2=>abs4
Khid(’):izé=>1—isl—§=l,dé’u=x:‘ayrakhi a+b:4<=>a=b=2
ab 4 ab 4 4 a=b
1Y 1Y
Bai 9: Tim min cua: F=(1+—) +(1+6) ,biét:a+b=1vaab>0
a
Huéng din
Cach 1:
2 2 2 2 2 2
Ta co: (1+aLb) +(1+aLbj =(2+Ej +(2+3) =8+4(3+E + a_+b_
a b a b b a b> a’
>8+4.2+2=18
Cach 2:
Ta co:
2 2
F= 1+%+i2 + 1+Z+i2 =242 l+l + i2+i2 =242 ath + & jf
a a b b a b a b ab ab
2 at+b’
F=2+—+——-—+ (1
ab @b’ @)
Ma a+b=1=>a’+b>=1-2ab thay vao (1) ta duoc: F:2+i+1_22?b: 212
ab a’b ab

Lai c6: a+b=122Jab =>Jab S%=>absi=>a2b2£%
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1>E

= ek =>F=2+a2b222+16=18
D&u = khi va chikhi 1470~ o oop L
a=>b 2

2

1
Bai 10: Cho x, y théa man: 2x* +?+y7 =4, im Max cua: A= x.y

Huéng din
2

2 2
Tt gia thiét ta ¢4 : 4=(x2+i2—2j+[x2+y7—xyj+xy+2=>4:(x—£j +(x—%) +Xy+2
X X

=>Xy+2<4=>xy<2

2
Bai 11: Cho hai s6 thuwec a,b # 0, théa man: 2a° +T+ o 4, Tim min, max cua:

S =ab+2017

Hudng dan

ST 1 . b 1Y bY’
Tt gia thi€ttacd: 4=| a +¥—2 +| a +7_ab +ab+2= a—g + a_E +ab+2

=>ab+2<4=>ab+2017 <2019 =>S <2019

2 2 2
Mat khéc: 4=(a2+%—2)+(a2+b7+ab]—ab+2=(a—§j +(a—gj —ab+2

=>-ab+2<4=>ab>-2=>ab+2017>2015=>S > 2015

2

Bai 12: Cho hai s6 x,y khac 0 thoa man: X + F+ y? =8, Tim min, max cua: A= xy + 2024
Huéng din

2 2 2
Tl‘rgttacé:8=x2+%+y—=>16:2x2+g+y—=(x2+g—8j+ x2+y—+xy —Xy+8
X 8 X 4 X 4

2 2
=>8:(x—iJ +(x+%) Xy +8=> Xy +8<16=>xy>-8=> A= xy + 2024 > 2016
X

e , 16 ) Y 4Y yY
Mait khac:16=| X" +— -8 |+| X" +=——Xy |+ Xy +8=| X—— | +| X—=| +Xxy—-8
X 4 X 2
=>xXy —-8<16=> Xy <8=>S = xy+ 2024 <2032
Bai 13: Cho x, y R khac 0 biét: 8X2+y2+4—12=4, Tim x, y d€ B = x.y dat min va dat max
X

Hudng dan

Swu tAim va téng hop TAI LIEU TOAN HOC



LA ay? 2 1 _ 2 1 2 2
Taco: 4=8x"+y +W_ 4x +W_2 +(4x +y —4xy)+4xy+2

2
4=(2x—2iJ +(2x—y)2+4xy+2=>4xy+2£4=> B=xy§%
X

2
Mat khéc : 4:(2x—2ij +(2x+ y)2 —4Xy+2=>-4xy+2<4=>B= xyz_?l
X

Bai 14: Cho x, y >0 thoa man: x +y =1, Tim min caa: A=(4x*+3y)(4y” +3x)+25xy
Hudng dan
Ta cod: A=16(xy)* +12x° +12y> +9xy + 25xy = 6x°y* +12(x3 + y3)+34xy
Vix+y=1nén X’ +y° =(x+ y)(xz—xy+ y2)=(x+ y)2 —3xy =1-3xy, thay vao A
A=6x"y* +12(1-3xy)+34xy, Dit xy = t khi d6: A=6t*—2t+12
Bai 15: Cho x, y la cac s0 thuc thoa man: x + y = 1 Tim min ctia biéu thuc:
C= (x2 +4y)(y2 +4x)+8xy
Huéng din
Tacod: C= (x2 +4y)(y2 +4x)+8xy =X’y +4x’ +4y’ +16xy +8xy = x°y’ +4(x3 +y3>+24xy
Do x+y=1=>x"+y’ :(x+y)3—3xy(x+y):l—3xy Thay vao C ta duoc:

C=x"y? +4(1-3xy)+24xy =27’ +12xy+4 = (x2y2 +2x7.6+ 36) ~32=(xy+ 6) ~322-32
MinC =-32 , Ddu = xay ra khi va chi khi {x+y=1:> {x=3 hodc {xz_z
xy=—6  |y=-2 y=3

Bai 16: Cho x, y la hai s6 thuwc thoa man: x + 2y =3 tim min cua: A= x> +2y°
Hudng dan

T gt ta c6: x=3-2y thay vao A=(3—2y)2+2y2 =6y°-12y+9

Bai 17: Cho x, y la hai s thuc thoa man: x* +y?—xy =4, Tim min va max caa: A= X"+ Yy’
Huéng din

Ta co : x2+y2—xy=4=>2x2+2y2—2xy=8=>(x—y)2+x2+y2=8
= x’+y><8 hay A<8

Mat khéc: 8=2x"+2y® —2xy => 2x* + 2y =8+ 2xy => 3x" + 3y’ =8+(x + y)2 >8

8
=>x*+y?>=
y 3
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8
Hay A>—
Yy A=3

Bai 18: Cho x,y thda man: x+y =2, Tim min ctia: A= X®+y®+2xy
Huéng din
Tirgttacd: y=2—x thay vao A ta dugc: A=x*+(2-x)’ +2x(2-x)
Bai 19: Cho cac s6 thuc x, y thoa man: x+y+4 =0, Tim max cua:
A=2(x¢+y*)+3(x* +y?)+10xy
Huéng din
Taco: x+y=—4,nén X°+y’ =(x+ y)3 -3xy(x+y)=-64+12xy,
x2+y? =(x+y) —2xy =16—2xy thay vao A=2(-64+12xy)+3(16—2xy)+10xy
Bai 20: Cho x, y, z € R, thoa man: 2x+2y+z =4, tim max cta: A=2Xy + Yz + zX
Hudng dan
T gia thiét = z =4-2x-2y thay vao A ta duwoc:
A=2xy+Yy(4-2x-2y)+x(4-2x-2y)=-2x>-2y> - 2xy + 4x + 4y
Bai 21: Cho x, y, z € Rthéa man: x+ y+z=6.Tim max ctia: A= xy+2yz+3zx
Hudng dan
Tl gt=> z=6—x-y thay vao A=xy+2y(6—x—y)+3x(6—x—-Yy)

Bai 22: Cho x,y € R thoa man: x* +2xy+7(x+Yy)+2y*+10=0. Tim min va max cta:
y

S=x+y+3
Hudng dan

Tt gt ta co: X2 +2Xy +7x+7y+2y* +10=0

2y+7j+(2y+7)2
2 4

2 2
+2y2+7y+10—@=0 :>(x+ y+9 v =220

= x2+2x(
4

:—23x+y+gs%=>—SSX+y£—2:—23x+y+3s1

2
Bai 23: Cho cac s6 thwe m, n, p thoa man: n>+np+ p’ =1—T. Tim min, max cua:

A=m+n+p
Hudng dan
Tt gt ta cd: 2n° +2np+2p> =2-3m° =>3m’ +2n° +2p° +2np = 2
&

=>(M’ +n’ + p* +2mn+2np + 2mp) +(2m* +n’ + p* —2mn—2mp ) =2

Swu tAim va téng hop TAI LIEU TOAN HOC



=(m+n+p) +(m-p) +(m-n)’ <2=>—2<m+n+p<2
Bai 24: Cho x, y, z la cac sO thuc thoa man: x2+y2+22 =3, Tim min, max caa:
P=x+y+2z

Hudng dan
Ta co: PZ:(X+y+22)2=X2+yz+422+2xy+4yz+4xz,néntanhén6Véo gt :
18=6x2+6y2+622=(x2+y2+422+2xy+4yz+4zx)+(5x2+5y2+222—2xy—4yz—4zx)
18=(x+y+2z)" +(x—y) +(2x-2)° +(2y—z)"=>(x+y+2z)° <18
— 18£x+y+22§\/1_8

Bai 25: Cho cdc s thuc m, n, p thoa man: 2m? +2n” +4p® +3mn+mp +2np = %,

Tim min max ca: B=m+n+p
Hudng dan
Tt gt ta o : 4m* +4n* +8p° +6mn+2mp +4np =3
=>3(m”+n”+ p’ + 2mn+2mp+2np)+(m’ +n’ +5p —4mp—2np) =3
=>3(m+n+ p)2 +(2p—m)2+(n— p)2 =3=>3(m+n+ p)2 <3=>-1<m+n+p<1
Bai 26: Cho x, y, z thoa man: x+ y+z =3, Tim min max ctia: A= Xy + yz + zX
Huéng din
T gt =>z=3-x-y thay vao A=xy+Yy(3—x—y)+X(3=x-y)=x*—y* —xy+3x+3y
Bai 27: Cho x, y, z thoa man: x + y + z =3, Tim min max ctia: B = —xy + 3yz + 4zx
Hudng dan
Tugttacd: z=3-x—y =>B=—xy+3y(3-x-y)+4x(3-x-Y)
= B =-4x" -3y’ -16xy +9y +12x
Bai 28: Cho céc s6 thuce x,y,z thoa man: 2x+3y—z =4, Tim min max cia A= —xy + yz + zx
Huéng din
Tl gt =>7 = 2x+3y — 4 thay vao A=—-xy+Yy(2x+3y—4)+x(2x+3y—4)
Bai 29: Cho cac s thuc x,y,z thoa man: 2x+3y -z =4, Tim min max cta:
B =12xy —3yz —4zx
Huéng din
Tl gttacd: z=2x+3y—4 thay vao B=12xy—3y(2x+3y—4)—-4x(2x+3y—4)

Bai 30: Cho hai s8 thuc x,y théa man: x+y=-2, tim min cta: A= 2(x3 + yg)—15xy +7
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Huéng din

T x+y=-2 taco: X*+y° =(x+ y)3—3xy(x+ y)=-8+6xy thay vao

A=2(-8+6xy)—15xy+7=-3xy—9 vay=-2-x thay vao A=-3x(-2-x)-9

Bai 31: Cho hai s6 thyc x, y thoa man: x+y =-2, Tim min cta

B=x'+y"—x*—y*+2x*y* +2xy (x* +y*) +13xy

Hudng dan

B=x“+y“—x3—y3+2x2y2+2xy(x2+y2)+13xy

Tex+y=-2,tacd: x* +y* =[(x+ y)2 —2xy}2 —2x%y? =(4—2xy)2 —2x%y?

X +y®=6xy-8, X’ +y’ =4-2xy, Thay vao b ta duoc:

B= (4—2xy)2 —2x2y? —(6xy —8)+2x*y + 2xy (4 — 2xy ) +13xy

B =—xy+24, thay y=-2-X=>B=x"+2x

Bai 32: Cho hai s6 thuc x, y thoa man: x+y =5, Tim max cua:

A=xC+Yy°=8(x* +y*)+xy+2
Hudng dan
Vi x+y=5nén X’ +y*®=125-15xy va x* +y’ =25-2xy thay vao
A=125-15xy —8(25—2xy)+ Xy +2
Bai 33: Cho hai s6 x,y thoa man: x + y =5, Tim max cta:
B=x4+y4—4(x3+y3)—20(x2+y2)—2x2y2+xy

Hudng dan

B=x4+y4—4(x3+y3)—20(x2+y2)—2x2y2+xy

Vix+y=5nén x‘+y* =(25-2xy)’ —2x%y?, X’ +y° =125-15xy, x* +y’ = 25-2xy

B=(25—2xy)2—2x2y2—4(125—15xy)—20(25—2xy)—2x2y2+xy

Bai 34: Cho hai s8 x, y thoa méan: x* +y* -7 = xy(3-2xy), Tim min max ctia: P = xy

Hudng dan

Tt gia thiét suy ra: x* +y* =3xy +2x°y* =7

3} 121 3} 121

= (Xt —2x2y? +y )+ axPy? —3xy =T => (X —y2 ) #| 2xy =2 | =2 = oxy -2 | <252
( y?+y*)+4x’y? —3xy (y)(y4j (y4j16
Bai 35: Cho cac s6 thuce x, y thoa man: 7x% +9y? +12xy —4x -6y —15=0, Tim min max cta:

A=2x+3y+5
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Huéng din

Tir gia thiét suy ra: (2x)° +(3y)" +2.2x3y —2.2x-2.3y +1+3x* =16 =>(2x+3y +1)" +3x* =16

Bai 36: Cho cac s6 thuc x,y,z thoa man: 3% +2y° +52° + 4xy — 2x2 + 2yz =5, Tim min max

cua: P=x+y
Huéng din

Tir gt ta c6: (X*+y* +2xy)+(2X° +y* +52° + 2xy —2x2 + 2yz) =5

=>(x+ y)2+(x2 +y2+22+2xy+2yz+22x)+(422—4xz+x2)=5

=>(x+y) <5=>-B<x+y<b

Bai 37: Cho cac sO X, y, z thoa man: 3x+ y+2z =1. Tim min max ctia: p= X2 +y*+17°
Hudng dan

T gttacod: y=1-3x—2z =>y*> =1+9x* +47° —6x+12xz -4z khi d6 :

P=10x*+52° +12xz - 6x—4z+1

Bai 38: Cho cac sO x, y, z thoa man: x +y +z =1, Tim max ctua: A= 2xy +3yz +4zx
Huéng din

T gt=>z=1-x-y thay vao A=2xy+3y(1-x—y)+4x(1-x-y)

Bai 39: Cho x, y €R, théa man: x + 2y =1, Tim max caa: P=x.y
Huéng din

Tt gt =>x =1-2y thay vao P =y(1-2y)

Bai 40: Cho x, y > 0, x + y =1, Tim min, max ctia: A= x> +y?

Huéng dan

Tir gt =>y =1—x thay vao A=x*+(1-x)’

Bai 41: Tim min max cta: P =x+y+z, biét: y> +2°+yz zl—gx2
Huéng din

Tie gt =>2y* +22° +2y2=2-3x" => 3" +2y* +22° +2yz =2

=>(x2 +y 4P 2xy+2yz + 22x)+(2x2 +y?+7° —2xy—22x) =2

=>(x+y+z) +(x—y) +(x-2) =2=>(x+y+2z) <2

Bai 42: Cho x*+3y° +2xy —10x-14y +18 =0, Tim min, max ctia: S = X+ y

Hudng dan

Tu gt =>x° +2x(y—5)+(y—5)2 +3y?-14y +18—-y* +10y-25=0
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=>(x+y—5)2+2(y2 —2y+1)=9:>(x+ y—5)2 <9=>_3<x+y-5<3

Bai 43: Cho a, b, c khong am thoa man: 3a + 2c =51 va c + 5b = 21.
TimmaxctaA=a+b+c
Hudng dan

Cong theo v€ gia thiét ta dugc: 3a+3c+5b=72=>3(a+b+c)=72-2b<72
Do bZO:>a+b+CS7—32:24

Bai 44: Cho a, b, c la cac s6 khong am thoa man: 2a+b =6 - 3c va 3a +4b =3c + 4.

Tim min E =2a+3b—-4c

Hudng dan
4
c<—
a=4-3c a>0
Cong theo vé ta duoc: a+b=2=> = 3 do
b=3c-2 2 b>0
CZ§

Khi d6: E=2(4-3c)+3(3c-2)-4c=2-c

Bai 45: Cho x,y,z>0,2x+7y = 2014,3x+5z =3031, Tim GTLN ctia biéu thitc A=x+y+z
Huéng din

Cong theo vé€ cua gt ta c6: 5x+5y +5z =5045-2y <5045 do y>0

nén 5(X+y+2)<5045=>x+y+z <1009

Bai 46: Cho a+b=2,Tim max cua: A= ab(a2 +b2)
Huéng din

Ta c6: a+b=2=>a’+b*=4-2ab=> A=ab(4-2ab)=-2a’h” +4ab

A=—(a’h®-2ab+1)+2<2, Max A=2

Bai 47: Cho X, y théa man: (11x+6y +2015)(x—y+3) =0, Tim min ctia: P = xy —5x + 2016
Hudng dan

Tie gt ta co: 11x+6y +2015=0 hodc x—y+3=0

~ 11x+2015
6

TH1: Tacd: 11x+6y+2015=0=>y thay vao P

TH2: ta co: x—y+3=0=>y=x+3 thay vao P
Bai 48: Cho 350 x,y,z théaman : x+y+z=3, Tim GTLN cta : B = xy + yz + zx
Huéng din

Taco: B=xy+z(X+y)=xy+[3—(x+y)](x+Y)
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(y-1) +3<3

=xy +3(x+y)—(x+y) =X~y —xy +3x+3y = —(

Bai 49: Cho X’ + xy + 3y’ =5, tim Min hodc max ctia biéu thitc: P = x> = 2xy + 2y

Huéng din

X2 =2xy +2y?
x? + Xy + 3y°

Tacd: —

Dang 5: Phwong phap déi bién s6

Phwong phap:

- Phan tich thanh cac biéu thiic twong dong dé dat an phu.

- S&t dung phuong phap nhém hop ly lam xudt hién nhan ti d€ dat an phu.
- Str dung cac hang dang thitc (a + b)2 ,(a +b+ c)2 .

Bai 1: Tim GTNN ctia biéu thitc A= (x—-1)° +(x-3)

Pit y=x-2=A=(y+1)°+(y-1)°=2y*+2>2=>minA=2< y=0=>x=2
Bai 2: Tim GTNN cta A= (x-1)(x—4)(x-5)(x—8)

A= (x-1)(x-4)(x=5)(x—8) = (x> —9x +8)(x* —9x + 20)

X
t=x*-9x+8= A:t(t+12):t2+12t:(t+6)2—362—36<:>t:6<:>x2—9x+14:0<:{

2
Bai 3: Tim GTNN ctia biu thire A=*—2X*1

A=l-—+—=1-4y+ yz(yzl):A:(y—2)2—32—3<:> y:2<:>x:1
X X X 2

Bai 4: Tim GTNN cta: A= X(X—3)(X—4)(X—7)

A:x(x—7)(x—3)(x—4):(x2—7x)<x2—7x+12), dit x> —=7x+6 =1, khi do:
A=(1-6)(1+6)=1-36>-36, dau“ =" khi s’ :O<:>x2—7x+6:O<:>[x_

Vay Min A =-36 khix=1hodcx=6
Bai 5: Tim GTNN ctia: B = (x—l)(x—3)(x2 —4x+5)

Swu tAim va téng hop
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-----

B:(x2—4x+5)(x2—4x+5),£):§1t x*—4x+4=0 .Khi do:
B:(t—l)(t+1):t2—12—1,Dé{u”=”khi P =0<=>x"—4x+4=0<=>1=2

Bai 6: Tim min cua: A=X(x+2)(x+4)(x+6)+8
A:x(x+6)(x+2)(x+4)+8:(x2+6x)(x2+6x+8)+8 ,Dat x* +6x+4=¢ .Khi do:

A:(t—4)(t+4)+8:t2—16+8:t2—82—8 ,D&u “ =" Khi dé:

x:—3+\/§

P =0<=>x*+6x+4=0<=>

x= —3—\/5
Bai 7: Tim GTNN ctia: B =(x+1)(x+2)(x+3)(x+4)

B=(x+1)(x+4)(x+2)(x+3)=<x2+5x+4)(x2+5x+6) ,Dit x2+5x+5=1,Khi do:

5+4/5
2

B:(t—l)(t+1):t2—12—1 JDAu“=“khi £ =0<=>x+5x+5=0<=>x =

Bai 8: Tim GTNN cua: A=(x2+x—6)(x2+x+2)
Dat x> +x-2=1.Khidé: A=(1-4)(1+4)=1"-162-16

~ ? : =1
Dau”=”xayrakh1:t=0<=>x2+x—2=0<=>{x 5
X =-

Bai 9: Tim GTNN cua : C =(x—1)(x+2)(x+3)(x+6)
C:(x—l)(x+6)(x+2)(x+3):(x2+5x—6)<x2+5x+6) ,bat x> +5x=¢ . Khi dé:

x=0

C:(t—6)(t+6)=t2—362—36,Dé’u”=”khit=0<=>x2+5x=0<=>[ S
oo

Bai 10: Tim GTNN ctia: D = (2x-1)(x+2)(x+3)(2x+1)

-----

D=(2x—1)(x+3)(x+2)(2x+1):(2x2 +5x—3)(2x2 +5x+2) it 2x* +5x =1, Khi d6:

2
D=(t—3)(t+2)=t2—t—6=(t—l] B, ,D4u “ = “ khi:
2) 4 4
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C:(x+1)(x+4)(x+2)(x+3)+2011 :(x2+5x+4)(x2+5x+6)+2011,£)ét XX +5x+5=1¢

V5

dn
H+

Khi dé: C=(t—1)(t+1)+2011<=>x2+5x+5=0<=>x=

2
Bai 12: Tim max ctia: E =5+(1-x)(x+2)(x+3)(x+6)

E=5—(x—1)(x+6)(x+2)(x+3):—(x2+5x—6)(x2+5x+6)+5 ,dat x> +5x=¢ .
Khi d6: E =—(1-6)(t+6)+5=—(r =36)+ 5=~ +41 <41

x=0

Dau “ =“ Khi t2=0<=>x2+5x=0<=>[ 5
x=-

Bai 13: Tim GTNN cua: M =(x—1)(x+2)(x+3)(x+6)

M=(x—1)(x+6)(x+2)(x=3)=(x2+5x—6)(x2+5x+6)  Dit x> +5x=1 .

Khi d6: M =(-6)(1+6)=1"-362-36 , Dau “ =" khi t=0<=>x2+5x=0<=>|:x S
x=-
Bai 14: Tim min cua: D = (x+1)(x* —4)(x+5)+2014

D:(x+1)(x+2)(x—2)(x+5)+2014:(x2+3x—10)(x2+3x+2)+2014 Dt x> +3x—4=1¢

Khi d6: D =(t—6)(t+6)+2014 =1*+1978 , Ddu “= “ xay ra khi:

t2=0<:>x2+3x—4=0<:>{
x=-4

Bai 15: Tim GTNN cua: C = x* —6x> +10x>* —6x+9

-----

-----

Dat: x+7=y=> D=(y+1)4+(y—1)4 =2y' +12y* +2>2
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Bai 17: Tim max ctia: F =2-3(x+1)" =3(x-5)"
Loi giai
Dit x-2=1=>F=2-3(r+3) -3(1-3)’

-F=3(7 +6t+9)2 +3(7 —6t+9)2 ~2=6r +3241> + 484 = 6(r* + 541° ) + 484

F=—6(r +27) +3890 <3890
Bai 18: Tim min cta: G = (x+3)" +(x-7)"
Loi gidi
Dit x-2=1=>G=(1+5)" +(1-5) = (7 +10r +25) +(r* 101 +25)

G =21* +3007% +1250 = 2(:4 +2.758 + 5625) ~10% = 2(;2 + 75)2 ~10* > -10*

Bai 19: Tim min ctia: | = x* —=6x® +11x% +12x+ 20

-----

I=x"—6x° +11x> —12x+20=x2<x2—6x+9)+2x2—12x+20

I=x*(x-3) +2(x2—6x+9)+2=x2(x—3)2 +2(x-3) 4222

Bai 20: Tim s& nguyén m 16n nhat sao cho BDT ludn dang véi moi x:
(x+1)(x+2)2(x+3)2 m

-----

VT = (x+1)(x+3)(x+2) =(x2+4x+3)(x2+4x+4) Dt x> +4x=1 , Khi do:

2
VT=(t+3)(t+4)=t2+7t+12=t2+2.t.z+£+12—£= t+z —12_—1
2 4 4 2) 4

Dang 6 : St dung bt dang thirc c6 chita dau gia tri tuyét doi

|Al=A< A>0

a. Dinh nghia:
|Al=—A< A<0

b. Tinh chat

+) VAeR=|A|20;|A> A

+) VX, y e R=|x+y|<[X|+|y| < xy>0

+) VX,yeR=|x—y|2|x|-|y| < (x-y).y=0

Bai 1: Tim GTNN ctia cac biéu thic sau
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. A=[x-3+[x-7| b. B =|x—1+|x—2|+[x-3|

@)

. C=|x=1+|x=2|+|x-3+|x—4| d. D =|x+5|+|x+2|+|x=7|+|x-§|

el

- E =X+ +[x+2|+|x+ 3|+ |x + 4|+ |x + 5| +|x + 6|

-----

[o5)

CA=|X=3+|x=7|=|x=3|+[7T-X|2|x-3+7-X|=|4 =4 = A2 4 & (x-3)(7T-X) 20 <3< x <7
b. B=|x-1+|x-2|+|x-3

Taco: B=|x-1+|x-3=|x-1+[3-x|>2(1) & (x-D)B-x)>0<=1<x<3

Ma: [x-2|20ex=2(2)=C22& x=2

c. C=|x=1+|x—2|+|x—-3+|x—4

Tacd: |[x=1+|x=3 =|x=1+[3-X/22 & 1< x<3;|x—2|+|x—4| =|x—2|+|[4-X| 22 = 2<x<4
=>C24=>minC=42<x<4

d. D =|x+5|+|x+2/+|x=7|+|x-§|

Ap dung bat déng thirc [M|>MVM eR

Ta cd: D =|x+5+|x+2|+|7—x|+[8—X|> x+5+Xx+2+7—-x+8-x=22vVxeR

X+5>0 X>-5
X+2=20 X>-2
=
7-%x>0 X<7
8-x=>0 X<8

=>mnD=22< & —2<X<7

e.Tacod:

E = |X+1+|x+2 +|x+3|+|x+ 4|+ |x+ 5| +|x+ 6] = [-x =1 + |-x = 2| +|-x = 3| +|x + 4| + |x + 5| +| x + §]
=>E>-X-1-X-2-X-3+X+4+X+5+X+6=9YVXeR=> mMNE=9< -4<x<-3

Bai 2: Cho s0 thure x. Tim GTNN ctia cac biéu thitc sau

a. A=|x+3+|x—2|+|x-5| b. B =|x—2|+|x—3+|x—4|+|x—5|+|x-6

-----

a. A=|x+3+|x—2+|x—5|=|x+3|+|x—2|+|x—5|> |x+3|+|5— x| > x+3+5-x=8VxeR

X+3>0 X>-3
Diu’'=" @{x-2=0<={x=2 <x=2

5-x>0 x<5
b. B =|x—2|+[x—3|+|x—4|+|x—5|+|x =6 =[x — 2|+ [x =3+ |x — 4| +|5 - X| +|6 — X
>|x=2|+|x=3[+|5-X|+|6—X|> x—2+x-3+5-x+6-x=6VXeR < x=4

Bai 3: Cho s0 thue x. Tim GTLN cua cac biéu thitc sau

Swu tAim va téng hop TAI LIEU TOAN HOC




a. A=|x+5/—|x-2| b. B =|x—2|-3|x-5/-|x—4|

a. A=|x+5/—|x-2|

Ap dung bat dang thirc : [x|-|y|<[x-y|vx,yeR< y(x-y)=0
A=|x+5-|x—2|<|x+5-(x-2)|=7TVxeR=>max A=7 < (X—2)(X+5-X+2) 20 < x> 2
b. B =|x—2|-3|x-5/-|x—4|

Vi

~|x-5|<0= Bs|x—2|—|x—4|s|x—2—x+4|:2<:>{X_5:0 @{X_5@x=5
(x=4)(x-2-x+4)>0 X>4

Bai 4:[ Chuyén LHP - 2003 ] Cho s0 thuc x. Tim GTNN cua

A=X-1-2VX—2 +/x+7—6/x+2

-----

Dt t=/X—2(t20) > t? =x—2= X =t? =2 = A=Jt? =2t + 1+t =6t +9 = | (t 1) +/(t —3)’

t-1>0

3 t>0<:>1£ts3<:>1$\/x—2 <3 3<x<11

:|t—1|+|3—t|2t—1+3—t:2<:>{

Bai 5: Cho s0O thue x. Tim GTNN cta cac biéu thitc sau
a. A=+/X—4+2JXx=5 +4/x-1-4/x—5(x>5)
b. B =\/x—2\/x—1 +5\/x+3—4\/x—1+\/x+8—6\/x—1(x >1)

-----

a. bat
t=+vx-5(t>0)=x=t>+5= A=\/(t+1)2 +\/(2—t)2 =t+1]+2-t|=t+1+[2-t| >t +1+2-t=3

A=32-t1>20t<2<JX-5<52<5<x<9

b. Dat t=VXx-1(t>0)= x=t" 1= A=/(t-1)? +5/(t -2)? +/(t-3)? =[t -1+ 5}t — 2| +[3—1

t-1>0
2|t—]4+|3—t|2t—1+3—t:2<:> t=2 ot=2cJx-1=2<x=5=minA=2<x=5
t1<3

Bai 6: (HSG Tinh Soc Trang nam 2014 - 2015)
Tim GTNN ctia A= |x+3|+|x—2/+2012

Ta cd A=|x+3+|x—2|+2012 =|x+3|+]2— x|+ 2012

Laico: [x+3[2x+3< x>-3

Swu tAim va téng hop TAI LIEU TOAN HOC




Ma [2-X/22-x< x<2=> A=|x+3+[2-X|+2012 > x+3+2—x+2012 = 2017
Vay MinA=2017 < -3<x<2
Bai 7: (HSG Tinh Quang Ngai nam 2015 — 2016)
Tim GTNN ctia A= |x+3|+|x—1]+|x—4|-3
Tacd A=|x+3/+|x—1+|x—4]-3=|x+3+|x-1|+|4—-x|-3
Lai o [x-1>0e x=L|x+32x+3< x> -3[4-X>4-Xx <= X<4= A>X+3+0+4-x-3=4
Vay MinA=4 < x=1
Bai 8: (Tap chi Toan hoc va tudi tré s6 420) Tim GTNN cua

A=|x—a|+|x—a,|+..+|x—a,|+2017(a, <8, <..<q,)

-----

- Trudng hop n=2k = A=|x—a|+|x—a,|+..+|x—a |+

B — X+

8y, — X+ |3y — X+ 2017
Tacé |x-a|2x-a < x2avi=1kla,, -Xx>a,, -xox<a, Vi=1k

= A2 X—8, +X—8, + .ot X— 8 + 8, — X+ 8y, — X+t 8y —X+2017 =8y, +8y,, ..+ 8y ) —
(a,+a,+...+a,)+2017 < a, <x<a,,

- Treong hop
N=2K+1= A=|X—a|+|X—a,|+.+|x—a|+|x—a..|+[ag, =X +[acs — X[+ ... +|ay — X[+ 2017

Ta co: [x—a,,|>0< x=a,,;

&, —x|2ak+l—x<:> x<a,;Vj=1k

Lai cd [x—a|>x—a < x>avi=1k; Vj=1k

a.;—Xza, - xex<a,
= A=X—-a +X—

(a,+a,+..a,)+2017 = MinB =(a,,, + 8,5 +...+ 8y, ) — (& +@, +..8,) + 2017 = x =4,

Bai 9: (HSG Tinh Yén Bai ndm 2015 — 2016) Tim GTNN cta A=|5x+3|+[2x—3-x+1

Loi giai
Tacod A=[5x+3+[2x—3|-x+1=2 x+§ +3 x+§ +[2x -3 -x+1
Mat khac 2 x+§ >0 x=_—3;3 x+§ 23(x+§)<:> xz_—3
5 5 5 5 5

Lai cé |3—2x|23—2x<:>xsg:> BZO+3(X+%}+3—2X+1:§:> MinBz?c} x=%3

BAI TAP TU LUYEN

Swu tAm va téng hop TAI LIEU TOAN HOC



Bai 1: (Chuyén Toan Quang Ngai nam 2014 - 2015)
Tim GTNN cta A=|[4x+3+[5x—7|+|2x-9|-15
Loi giai

Ta cod MinA:_—l<:>x:Z
5 5

Bai 2: Tim GTNN caa A=|x—1]+|x—2|+|x-3|+|x—4]
Loi giai
Taco MinA=4<2<x<3
Bai 3: Tim GTNN ctia A=(2x-1)° -3[2x~1/+2
Loi giai

Ta co Min.A:_—1<:> x=E hay x=—
4 4 4

Bai 4: Tim GTNN cta A=|x—1/+|x—2|+|x—3|+...+|x—1998|
Loi giai
Ta c6 Min.A =999 <> 999 < x <1000 hay x = _71
Bai 5: (Chuyén Toan Quang Ngai nam 2015 — 2016) Tim GTNN cta
A=|x\/§+2|+|x\/§—7|+|x\/ﬁ—9|
Loi giai

. 9 9 -1
Ta cé MinA=——(v11-5++/3) < x=—— hay x=—
\/11( ) V11 y 4

Bai 6: (Chuyén Toan Quang Tri nam 2015 — 2016) Tim GTNN cta
A= |x\/§—6|+|x\/§+1|+ 2x+2017
Loi giai
20182 ++/5 -2 -1 -1
vz TR
Dang 7: Dang phan thitc

Ta c6 Min.A=

A. Phan thitc ¢6 tt 1a hang s6, mau la tam thitc bac hai

Phuong phép: Biéu thirc dang nay dat gia tri nho nhat khi mau dat gid tri 16n nhat

m
A=—— =S A o (ax’ +bc+c
ax’+bc+c Anin < ( I
Bai 1: Tim GTLN hodc GTNN cuia cac biéu thitc sau
RPN T by B 2
9x° -12x+10 X"+ X+4

Swu tAim va téng hop TAI LIEU TOAN HOC



(x=0)

Loi giai
T oy? : = 12 Sl 'A\nax_ECI’XZg
9x2—12x+10 (3x—2)>+6 6 6 3
b. B=—; 2 = 2 SA:E:BW‘X:E@x:_—l
2 4
y2
c. C=—; > (x=0)
9x® —-12xy +5y
+) y=0=A=0
9 Y20 As ot iZt 5(t=i)=ﬁﬂ®t=§©)(=§y
X _1pX,5 G125y (t-2)+
y y
Bai 2: Tim GTNN hodc GTLN cta biéu thitc sau
1 2 3y°
a) y=—— b)) y=— — c) A= x#0
)Y X2+ x+1 )Y 6X—5-9x ) —25x” 4+ 20xy —5y° (x=0)
Loi giai
S 1 1
a) Ta c6 thé viét: y = =
) y X%+ X+1 ( 1)2 3
X+=| +>
2 4
2
Vi x+1 +§2§:>y££<:>x=_—1
2 4 4 3 2
A , 4 -1
Vay GTLN cua y:§ tai X:?
b) Ta co:
y= 2 = _22 ;(3X—1)2+424VX:>;2S£3_—222_—2=_—1C>X=
6x—5-9x> (3x-1)>+4 Bx-1%+4 4 (3x-1’+4 4 2
) y=0= A=0
9 yR0= As 25t 320t 5 (5t _232 1
25X 1p0X 5 U HAL=5 (B-27+
y y
Vi (5t—2)2ZO:—2S1:>AZ—3<:>t=E<:>X=—y
(5t—2)? +1 5 5

Bai 3: Tim GTLN cua biéu thitrc sau

Swu tAim va téng hop

TAI LIEU TOAN HOC




1

bhB=——
) x?—4x+11
Loi giai
a) A=— > 52 = maxA=— o x=1
X" —-2x-5 (x-1) -6 6
b) BZZ;SEQX:Z
X —4x+11 7
Bai 4: Tim min ctia: B=————
X —4x+9
Loi giai
) 2 g 1 1 1 A “ “ .
Taco: x’ —4x+9=(x-2) +525=>B=— - ——<— ,DAu “="khix=
x" —4x+9 (x—2) +5 5

Bai 5: Tim max cuaa: C=2_—3
X~ —bx+1
Loi giai
2
Tacd: x* —5x+1= x—é —22_—21=>C=2_—3££=£,dé'u “=""Kkhi x=§
2 4 4 x =5x+1 21 7 2
Bai 6: Tim min hodc max cua: D:ZL
—X“+2x-3
Loi giai
/ 2 2 2 6 6
Tacd: —x +2x—3=—<x —2x+3)=—(x—1) -2<2=>—2>—=-3
—x"+2x-3 -2
Bai 7: Tim min hoac max ctaa: K = 22
X +8
Loi giai
Tacd: x> +8>8=> 22 S%:l
x*+8 8 4
Bai 8: Tim min hoac max ctia: M =2L
X +x+1
Loi giai

2
Tacd: x> +x+1= x+l +§2§:>2LSE
2 4 4 x+x+1 3

B. Phan thirc c6 mau l1a binh phuwong ctia 1 nhj thitc
Cach 1: Tach tir thanh cdc nhém c6 nhan t& chung véi mau

Cach 2: Viét biéu thic A thanh tong cua mot s6 voi mot phan thiee khong am

Swu tAim va téng hop TAI LIEU TOAN HOC




= Ta dua vé dang: A= m+2 (220)
D \D

Bai 1: Tim GTNN ctia cac biéu thiic sau

2 2
- —X+1
X —2x+1 (x-1)
2_ 2_
(x=2) X —8x+22
ax'—x* -1 ¢ 3¢ -12x+10
e E=—" N R
(x*+1) X°—4x+5
Loi giai
2 2 2 )Y
o A:3X2 8x+6 (x¢1):2(x 2x2+1)+(x 4XJ2r4):2+(x 2)222<:>x:2
X°—2x+1 (x-1) (x-1) (x-1)
2_ 3(x*-2x+1)-2(x-1)+1
Cach khic: A= =00+6 002020+l _ 2 1
X°=2x+1 (x-1) x—1 (x—l)

Dat y:ﬁ: A:3—2y+y2:(y—1)2+222:>min A:2<:>y:1<:ﬁ:1<:> X=2

X2 —x+1 4x*—4x+4 x"+2x+1 3x°-6x+3 _ (x+1)* 3 3

=——(xz])= —= —+ —= st—2 =-1
(x=1) 4(x-1) 4(x-1) 4(x-1) 4(x-1)° 4 4

b. B

. Dit t=—* = x=2+1 khi do:
X—2 t

2
A=t{4(2+%) —6(2+%j+1:| =4(2t+1)° —6t(2t +) +t* =5(t+1)° -1>-1lot=-1=x=1

2 2 _
4 D:2X2 16x+41(XER)=2(x2 8x+22) 3=2_ 32
X —8x+22 X —8x+22 (x—4)"+6
Vi (x—4)220:>(x—4)2+626:>%s§:1
(x—4)2+6 6 2
3 1 3 3
D=2-——" >2- =" A =" (x-4’=0=x=4
(x—4)%+6 2 2 A 2 (x=4)
42 4 2 _0fy2
_4Ax : X 21=4(x +2X +21) 92(x +1)+4=4_ 29 24 4 ot+4 (t= 21 J
(x*+2) (x*+1) X“+1 (X°+1) X +1
2
E= 2t—g —ﬁ+4
4 16
2
Tacé:t£1:>2t—g£2—g=_—1:> 2t—g zi:Azi—Ez—latzl@x:O
4 4 4 4 16 16 16

Loi giai ngan gon hon

Swu tAim va téng hop TAI LIEU TOAN HOC



5x* + x2

E+1=ﬁZO:>A> -1<x=0
(x*+1)
4 2
Cachkhic: E=—X X+ 40 1o 1ox=0
(x*+1)° (x*+1)
2_
‘ F:3X2 12x+1O:3_ : 5 3 52 S3_5__2
X —4x+5 X°—4x+5 (x=2)"+1
Do (x—2)? +1>1:>—5 >-5ox=2
(x—=2)*+1
Bai 2: Tim GTLN ctia c4c biéu thitc sau
2 _y2 _
:3x2+6x+10(x¢1) b. B = >§+x 11(x¢1)
X*+2x+3 X —2x+1
2 —
c.C=———(x%-5) d. p=X 81,
X°+10x+25 X°—2x+1
Loi giai
_3x2+6x+10_3(x2+2x+3)+ 1 1
X* +2x+3 X2 +2x+3  (x+1)*+2 (x+1)°+2
. 2 2 1 1 1 7
Co: (x+D)°20=> (x+1) " +222=—S—< —:>A—3+—:—:>Amx_—<:>X=—1
(x+D)?+2" 2 2 2
b B_—x2+x—11_—x2+2x—1—x+1—11_—(x—l)z—(x—l)—ll__l_ 1 1
' X2 —2x+1 (x-1)° (x—1)? x—1 (x-1)?
1 1 1 1 1
Dit — =y= A=-1-y-11y? =—(A1ly> + y+1) =— [ 11| Y2 +2.y.—+—— |- —— + —
Y Y yy(yy){(y 22222j22211}
2 2
B Y VPR e e T VI B DOV DIV Y|
22 44 44 22 44 22
C.C=z; (x#-5) = X (X+5) 5__1 S =t —5t? (t=ij
X®+10x+25 (x+5)>  (x+5)? T X+5 (x+5)? X+5
2
A=t ot=s(tot] o ts At it s
10 20 20 20 10 x+5 10
d. D_w(x 1).Dba Stto =14
x> —2x x-1 t

2
A=t? [(n%} +4(1+%)-14} = (t+1)? +4t(t+1)-14t* =—(3t-1)° +2<2

D:2©t:%<:>x=4

7y —4xy

Bai 3: Tim GTNN, GTLN cuia A= ——————
X —=2xy+2y

Swu tAim va téng hop TAI LIEU TOAN HOC




Loi giai
biéu kién (x,y) = (0,0)
XZ—6xy+9y°>  (x-3y)?
(x=y)’+y*  (x=y)’+y’
—(y?+4xy-4x%) _ —(2x-y)’
(X=y)?+y*  (x=y)+y?
2 2
X +xX+1 ( _1); B=x —-3x+3 ( ;tl)

+) A+l= >0=>A>2-1<x=3y=0

+) A-4=

0= A4 e x=1y=2

Bai 4: Tim GTNN cua biéu thtic A=

(x+1)? S
Loi giai
2 2 _x_
A X +xt1=(x +2x+1) 2X 1+1=1_L+ ! —=1-y+y’ (y=ij
(x+1) (x+1) x+1 (x+1) o

1V 3.3 3 1
A=l y—=| +=>"=A =" oy="x=1

2_ 2_ _
+)B=X 3X-:3:(X 2X+1) 2x+1+1:1_ 1,1 IV [y:Lj
(x-1) (x-1 x=1 (x-1) x—1
B:(y—EJﬁgzg@y:i@x:B
2 4 4 2
R : X2 +y?
Bai 5: Tim GTNN cua biéu thttc A= ————
X“+2Xy+Yy
Loi giai
1 2 2
2, 2 Zl(x+y) +(x-y) w— v
SN S| ot/ E R L) S S VRN
X“+2Xy+Yy (x+y) 2 2 (x+y) 2 2
2_ —
Bai 6: Tim GTNN ctia bidu thie A= 2X 1%L ()
X°=2x+1
Loi giai
2_10x—1 2(x*-2x+1)-6(x-1)-9 2
Taco: A=2X ~10x-1_ ( ) 2( )70 _,, 6 __® 2=—( 3 +1j +3<3
X°—2x+1 (x—l) x—-1 (x—l) x-1
(3 Y 3
Vi—-| —+1| <0 WX#l>maxA=3< —+1=0< x=-2
x—=1 x-1
N S , x> —4x+1
Bai 7: Tim min hodc max cua: G:T
Loi giai
G:l—f+i2,détl=t=>G=t2—4t+1=(t—2)2—32—3
X X X

Swu tAim va téng hop TAI LIEU TOAN HOC



3x2-8x+6

Bai 8: Tim min hodc max cua: E=—;
X°=2x+1

Loi giai

Dit x—l=t=>x=t+1=>x" =" +2r+1

3(t2+2t+1)—8(t+1)+6 32 21 +1 2 1
E: 5 = 5 =3———|——2,
t t t t
Dét:l=a=>E=a2—2a+3=(a—1)2+222
t
4x* —6x+1
Bai 9: Tim min hodc max cua: F=—6-:
(2x+1)
Loi giai
-1 P2t +1
Dat 2x+1:t:>x:t7:>x2:L,khidé:

2 =2t+1-3(t=1)+1 £ _
P ( ) _! 5t+5=1_§+%,dét%=a=>F=1—5a+5a2
t t

t* t*
Bai 10: Tim min hoac max cuia: H = %
(x+10)
Loi giai
bat x+10=t:>x=t—10=>H=¢:%—¥ , dat %zaz>H=—10a2+a
t t
Bai 11: Tim min hodc max caa: | = ;2
(x+2016)
Loi giai
bat x+2016=r=>x=1r-2016=>1= t_22016 =%—20216 , Dat %=a=>l=a—2016a2
t t
B L , x> — 22X+ 2000
Bai 12: Tim min hodc max cua: D = T
Loi giai
Tacod: D=1—z+&(30 , bat l=a=>D=1—2a+2000a2
X X by
B L , x> —2x+ 2015
Bai 13: Tim min hodc max cua: E = —
2015x
Loi giai
2
x =2x+2015 2 2015
Ta c6 : 2015E = T -2 22 it L= a=> 2015E = 1- 24420154
X X X X

Swu tAim va téng hop TAI LIEU TOAN HOC




, 2 1
— a+
2015° 2015

=F=a

Bai 14: Tim min hoac max cua: F = ;2
(x+2000)
Loi giai
Dit x+2000=¢=>F = ’_22000 :Lﬂ , Dt L=a=> F =a-2000d"
t t t t
- . . . , X2 —x+1
Bai 15: Tim min hoac max cia: B=———
(x2 +2X +1)
Loi giai

B:xz—x+1

— Pat x+l=r=>x=1-1=>x>-2r+1
(x+1)

*-3t+3 3 3
:>B:—2=1——+—2,Détl=a=>B=3a2—3a+1
t r ot t
e , 2x* +4x+4
Bai 16: Tim min hodc max cta: A:T
Loi giai
A=2+i+iz,Datl=a=>A=4a2+4a+2
X X x
B L , X? —2x+2012
Bai 17: Tim min hodc max cta: B:T
Loi giai
B=1—%+&12,Détl=a=>B=2012a2—2a+1
X X x

C. Tim GTLN, GTNN cta phan thitc c6 dang khac

Cach 1: Tach t&r thanh cac nhém c6 nhan t& chung véi mau

Céch 2: Viét biéu thirc A thanh tong cia mot s6 voi mot phan thiee khong am
1. Bac ctia tit nhé hon bac cia mau

Bai 1: Tim GTNN ctia cac biéu thiic sau

a A:8x2+12 b. B=4)2(+2
X°+4 X“+2
. ¢ X+AX+8) o)
X
Loi giai

Swu tAim va téng hop TAI LIEU TOAN HOC




2 g2 2
A:8x2+12:x +8x+;16 X 4:_1+(x2+4) S 1 xed
X +4 X“+4 X“+4
2 (2 2
b. B=4§+2=(X +4x+24) (x +2):(x2+2) 1> fesx—2
X°+2 X°+2 X“+2
_ 2
C. Czw(x>0):u+18218<:>x=4
X X
Bai 2: Tim GTNN, GTLN ctia cac biéu thitc sau
a. [ HSG - Thanh Chuong - 2011] A= b B=2X*1
X“+1 X +2
¢ ¢ 4x+3 d p-Bd
X“+1 4x° +1
e. Ez#
a4x°+1
Loi giai

a. [ HSG — Thanh Chuong — 2011]

A—3 Ax _ X —Ax+4-x"-1_ (x-2) -1>2-1x-2=0=x=2

CXP+l X2 +1 X2 +1
2 2 2
9 A=324X=4X +4 24x 4x 124_(2x2+1) S4:>pmx:4©)(:_l
X“+1 X +1 X“+1 2
Cach khac:
Nhép dé nham GTLN va GTNN néu c6 :
a=32_4x=ax2+a=3—4x=>a.x2+4x+a—3=0,
x“+1
, ) a=-1
Xét A=16—4a" +12a=0=>
a=4

—1>-1,D4u =khi x=-2

_ 2
Khi d6 ta 6 : 1<=[32 4x+1j—1=x+24—x+4

x +1 x +1
— — 2_ — J—
Mat khac: K = 324x_4 +4=w+4ﬁ4,Dé’u=khix=—1
x +1 x +1 2

_2x+1  4x+2
XX +2 2(x*+2)
22X+l Ax+2 (K +Ax+ ) - (X2 +2)  (x+2)° 1.1

b. B

2

S X=-2

+) B= = = = > = =
) XX+2 2(x*+2) 2(x* +2) 2(x°+2) 2 2 Ao
_y2 _ 2 (v _1\2
+)B:22X+1: 4x2+2 _ X :ZX 1+x2+2= ()2( 1) F<lm A —lox=1
X“+2 2(x°+2) X“+2 X“+2  X°+2

CAx+3 X +AX+4-x -1 (x+2)°

c.C= =
x?+1 x*+1 x2+1

-1>-1ox=-2

TAI LIEU TOAN HOC

Swu tAim va téng hop



_ 2 _ 2 _ _1\2
+)C=4X+3— 4X° +4x —1+4xX +4: (2x-1)

+4£4<:>x=%

X2+l X2 +1 X2 +1
2 2 2
d D= 8x2+3 =(4x +8x+24) (4x +1)=—1+w2—1c>x=—1
4x° +1 4x° +1 4x° +1
2 2 2
D= 8x2+3 =16x +4 (126x 8x+1) =4_(4x2 1) s4©x:£
4x° +1 4x° +1 4x° +1 4
2 2 2
o E- A;x _ A+l A;x 1+4x=1_(2x2 1) §1c>x=£
4x° +1 4x° +1 4x° +1 2
(A2 2 2 _
D E= éix _ (4x +1)+2(4x +4x+1):_1+(2x2+1) 2—1<:>x:—1
4x° +1 4x° +1 4x° +1 2
Bai 3: [ HSG - Yén Phong — 14/04/2014 ]
Tim GTLN ctia biéu thire A= — 0D
X"+ X +Xx+1
Loi giai

3(x+1) 3

A= 3 o2 =2
X+X +Xx+1 x“+1
Bai 4: [ HSG - Yén Phong - 2016 — 2017 ]

3o x=0=>A,=3<x=0

Tim GTNN ctia cac biéu thirc sau D = %4_5680 (xeR)
X2 +
Loi giai
2 2 2
D— 2010)2(+ 2680 (xeR) = 335(26X +8) _ 335(x° + 6;(+9 X =1 _ 335(2)(+3) 335> 335 x = _3
X +1 X +1 X°+1 X +1

2

Bai 5: Tim GTNN cuta biéu thirc sau A= % (x € R*)
X
Loi giai

2 _4Y
Taco: AoX +15x+16<XER+)_(X )" 23_23

=t —>—= minA:§<:>x:4
3X 3X 3 3 3

xy2+y2(y2—x)+1

Bai 6: Tim GTLN ctia biéu thttc sau A=—— — (x,yeR)
XY +2yT+ X" +2
Loi giai
xy? +y*(y*—x)+1 4
Tacs: A= U gy vt
X2yt 42yt +x2 42 (v +1)(x*+2)
Vi y4 +1#£0 VX nén chia ca t& va mau cho y4+l ta duwoc: A= 21 >
X2 +

Vix’20 Vx=>x"+222 Vx= A= 21 sl<:>x=0;yeR

X +2

Swu tAm va téng hop TAI LIEU TOAN HOC



X2

Bai 7: Tim GTLN cta biéu thirc sau A= 7 -
X'+ X +1
Loi giai
+) Xét x=0= A=0 gia tri nay khong phai gia tri 16n nhat cia A vivéi x=0= A>0

+) Xét x =0 dat P:%: A. <P,

4 2
Taco P=X X H e b gxe s L so(Cosi)= P2241=3= P, =3 x=+1
X X X
Bai 8: Tim min hoac max cua: M = 272_12)(
X“+9
Loi giai
Nhap : a:w=>a.x2+9a=27—12x=>a.x2+12x+9a—27:0
X +9
, a=4
Co A'=36—a(9a—27)=0=>{
a=-1
27-12x axo12x-9  —(2x-3)
Khidétaco: M =| ———-4 |+4= 5 +t4=—- +4<4
X +9 x +9 x +9

2
— 2 _ x—6
Métkhéc:M:(w+lj—1:x 12“36—1:( ) 1>-1

x*+9 x*+9 *+9
Bai 9: Tim min hoac max cua: P:w
4x°+1
Loi giai
. 8x+3 ) 5
Nhap: a=——=>4ax"+a=8x+3=>4ax -8x+a-3=0
4x° +1

Co A'=16—4a(a—3) =>a=4a=-1

2
—16x2 - —(4x-1
Khido: P=| 2F2 4 +4=%+4=¥+4s4
4x"+1 4x" +1 4x" +1
8x+3 4x* +8x+4 . A(x+1)
Mat khac: P = A+l -l=—— =121
4x° +1 4x° +1 4x° +1
Bai 10: Tim min hodac max ctia: D = 2;( 1
X“+2
Loi giai
Nhap : a:226+1:>a.x2—2x+2a—1=0,Cé A'zl—a(2a—1)=0=>a:1;a:_—1
x +2 2

Swu tAim va téng hop TAI LIEU TOAN HOC




2
—x* - —(x-1
2x+1_1J+1_ S U Gt IO

Khiddé: D= . -
X +2 X +2

2x+1 1) 1 x*+4x+4 1 _ -1
Mitkhac: D=| o —4— [ =Z 7257
x*+2 2) 2 2(x2+2) 2 2
Bai 11: Tim min hodc max cta: E=2x:—1
X
Loi giai
E=—+i2,Dat—=a=>E=a2+2a
X X X
Bai 12: Tim min hoac max caa: F = 22X -1
X +2
Loi giai
4 2x_1 2 , ' b 1
Nhap: a=———=>ax"-2x+2a+1=0,c6 A =1—a(2a+1)=1—2a —a=>a=—a=-1
X +2 2
2x-1 1) 1 —adx-4 1 —(x-2) 1 _1
Khidé: F=| F—-=|+== : + = - Lo<
P42 02)2 0 2(x*+2) 2 2(xF+2) 272

2
- 2 x+1
Métkhéc:F:[zf 1+1J—1=X 2ol ()

X" +2 X7 +2 X7 +2
Bai 13: Tim min hodc max cua: G=6)2(_8
X“+1
Loi giai
. 6x — ) )
Nhap: a=——=>ax"-6x+a+8=0,co:
x +1

A'=9—a(a+8)=—a2—8a+9=0=>a=1;a=—9

2
- —x’ - —(x-3
Khidé: G=| 28 p]po =X t0x29 (2 ) vic1
x +1 x +1 x +1
6x—8 x> +6x+1 (3)C+1)2
Matkhac: G=| —+9 |-9=—F—-9=>—7—""-92-9
x +1 x +1 x +1
.. i : x° +27
Bai 14: Tim min hodc max cua: A=—; 3 >
X" =3X"+6x"-9x+9
Loi giai
Ha phép chia ta duwgc: A=x>+3x+3
.. L 7 x° +512
Bai 15: Tim min hodc max ctia: B= 218

Swu tAim va téng hop TAI LIEU TOAN HOC




Loi giai
Ha phép chia ta dwoc: B=x"—-8x>+64 = (x2 — 4)2 +48>48

4x* +16x° +56X%° +80x + 356

Bai 16: Tim min hodc max cua: G =

X2 +2X+5
Loi giai
Ha phép chia ta duoc: G=4(x2+2x+5)+22i,Dét x2+2x+5=t=>G=4t+@
X +2x+5 t

Sau do6 str dung co si la ra.

Bai 17: Tim min hodc max cta: I=;—8
3X°+2
Loi giai
Tacod: 3x* +2>2=> 28 S§:
3x°+2 2
Bai 18: Tim min hoac max ctia: B = 2;( 1
X“+2
Loi giai
, 2x+1 , -1
Nhap: a= jH_ =>ax’—2x+2a-1=0,c6 A'=1—a(2a—1)=0=>a=1;a=—
X +2 2
2x+1 —x?+2x -1 (x-1)’
Khido; B=| 5—-1|+l=—F——+1=1-"+ <1
X +2 X +2 X +2

2x+1 1} 1_xedxed 1 (x+2) 1
2 2(¥+2) 2 2(x¥+2) 2 2

Métkha,CB: 2—+— -
x+2 2

Xy +x* (Xt —y)+1

Bai 19: Tim min hodc max cua:G =———5——;
2X"+ X'y +y 42

Loi giai
2 4 2 4
+x" =x"y+1 +1 1
Tacé:G=x4y )izx); = X =—
2x +xtY +y 42 2(x4+1)+y2(x4+1) y +2
.. . . . , x* +1
Bai 20: Tim min hoac max cua: H = 5
2
(x*+1)
Loi giai
£ =2t+1+1 2 2
Diat x*+1=t=>x"=t-1=>x"=1*-2¢+1 ,khi d6 H:t—2:1_7+t_2

bat l=cz=>H=2¢12—2cz+1
t

Swu tAim va téng hop TAI LIEU TOAN HOC



B L , 2x* —16x+71
Bai 21: Tim min hodc max cua: | =————

X* —8X+ 22
Loi giai
. . 27 L 2
Ha phép chia ta duwgc: [ =2+————— , ma x —8x+22=(x—4) +6>6
X —8x+22
X2
Bai 22: Tim min hodc max ctia: P=—;
X" +1

Loi giai

Nhaép : Dat xX’=t=>a=

2

1
=at’—t+a=0=>a=+—
t°+1 2

ST ——>— ,Khong xay ra ddu ban
12 B 5

X 1} 1_x4+2x2+1_l_(x2+1)2 1 -1
2 2(x'+1) 2 2(x'+1) 202

Khi d6: P=(

| =

Métkhéc.P_(x_2_1j+1_m+1_ﬂ+1<
' ' x4l 02) 2 2(x4+1) 2 2(x4+1) 2
x*+1

Bai 23: Tim min hodac max ctia: G = 5
(x2+1)
Loi giai
Pat x*+1=t=>x*=t—-1=>x" =1 -2r+1
t*=2t+2 2 2
Khi d6 : G=—2=1—7+—2,dét1=a=>G=2a2—2a+1
t t t

- i 2(2x+1)
Bai 24: Tim min P=—5——+

X +2

Loi giai

Nhap : a:4)2€+2

=>ax’—4x+2a-2=0,¢6 A'=4—a(2a—2):0:>a:2;a:—1
x +2

2
742 _ 2(x-1
Khido: P=| 42 5| p 2N *IX22 5 (2 ) 2
X +2 X +2 X +2
2
Mitkhdc: P=| 22y | o X dHd g
x°+2 X" +2
.. L : X2 +2
Bai 25: Tim min hoac max cta: K=2—
X"+ X+2
Loi giai
Ta co: K=1—2;
X +x+2

Swu tAim va téng hop TAI LIEU TOAN HOC




Nhép: a= =ax’+ax+x+2a=0,cod: A=(a+1)2—4a.2a=02>a=

1422
X H+x+2 7
4x+1

Bai 26: Tim min hodc max cua: M =—
X“+3

Loi giai

, 4x+1 , 4
Nhéap: a= il =ax’—4x+3a-1=0,cd A'=4—a(3a—1)=0=>a=—1;a=—

2

x"+3
Bai 27: Tim min hodc max cta: P=12X—+13
X" +2X+3
Loi giai
Nhap : a=12x—+13=>a.x2+2a.x+3a—12x—13=0 ,
X +2x+3

Co A'=(a—6)2—a(3a—13)=0=>a=—4;a:§

2

? X 14 . .7 . \ ?
Bai 28: Tim GTLN cutia biéu thic: W' GTLN dé dat dwoc tai gia tri nao cuia x

+1
Loi giai
2
X 1 , 1
Ta cé :P(x) = = =X"+—=+1>3
) X' +x°+1 P(X) X
X2+ x+1
Bai 29: Tim GTNN ctia biéu thitc: M =————  (x=-1)
X" +2X+1
Loi giai
X2 +2x+1—-(x+1)+1
Taco: M =2 2+ (x+1)+ =1- ! + ! -
X°+2x+1 X+1 (x+1)

2
DétL:t,tacé:Mztz—Hl: t—l +§2§
x+1 2 4 4

3(x+1)

Bai 30: Tim gia tri 16n nhat cua biéu thiec: B = ——5——
X +x"+x+1

Loi giai
Tach: B 3(x+1) _ 3(x+1) _ 3(x+1) 3
X+t +x+l xz(x+1)+x+1 (x2+1)(x+1) x> +1
Do 2’ +150=>B = 23+1 <3, D&u biing khi va chi khi x=0
X

2. Bac cta tir bang bac ctia mau

Bai 1: Tim GTN N cua cac biéu thitc sau

Swu tAim va téng hop TAI LIEU TOAN HOC




N 2_
a. A=XZ2X435 . 0) b B=X XL

G (x-1)°
2 2
c_cz% d. D=%
+
Loi giai
2 2 _
a. A=X —2X*2 22X+3(x¢0)=3(x 22X+3) (x= f) <:>x 3:>Amn—2c>x=3
X 3X 3X 3 3 3
2 2 2 2 2
b. B=X—X+21(x¢1)=4x 4XJ2r4:x +2x+;1+3x GXJZrBZ (X+1)2+§2§<:>x:—1
(x-1) 4(x-1) 4(x-1) 4(x-1) 4x-1)° 4 4

_2(x2+2x+3)_x2+4x+4+ X*+2 1 (x+2)°

20612)  20¢+2) 20¢+2) 2 2022 KT

x? —2x+ 2016 B 2016x° —2x.2016 + 2016 B (x— 2016)2 N 2015 S 2015 -
NG 2016x> NG 2016 2016
Bai 2: Tim GTLN cua céc biéu thirc sau

d. D= X =2016

2 2
a. A= DX F2x+19 b =X T2X+3
X"+ X+7 X2 +2
Loi giai
_6x2+2x+19_2(3x2+x+7)+5_2+ 5
3P+ x+7 3P+ x+7 3+ x+7
1) 83_83 -1 5 .60 -1
M=3"+X+7=3| X+= | +—>— > xX=—= =M_ = =2+—o-=2— > X=—
[ 6) 12 12 6 Fva min = Pras 83 83 6
12
— _1\2
b. B_x +2x+3_2x X* +2x+3 2(x +2)—4—x*+2x+3 2_(x2 1) <2 x1
x?+2 x*+2 x*+2 X +2
Bai 3: Tim GTLN, GTNN cua cac biéu thitc sau
2 2
a. A:w b. B:w
X +1 X“+Xx+1
Loi giai
A A 3x° +2x+3_2(x +1) (x+1) P (x+1) 52 e xo 1
x* +1 x* +1 x* +1 x? +1
2 2 2
9 A=3x J;2x+3=4x2+4_(x 22x+1)=4 (x=1)° 1) <desxo1
X“+1 X“+1 X“+1 x* +1
_ 2 2
b. B x> —2x—2 3x (22x +2x+2)= 23x < 2esx=0
XX +x+1 X“+x+1 X“+x+1
2
Vi x#0= A=— % 2= 13 —-2
X“+x+1 1+=+>
X X

Swu tAm va téng hop TAI LIEU TOAN HOC




2
Ta lai cé: 1+1+i=§+ 1+l 2§3A2£—2=2:>1=_—1<:>x=—2
x x> 4 \2 x) 4 3 2 X
4
2
Bai 4: Tim GTLN ctia A=>% *0x+10
X" +2X+3
Loi giai
1 1 1 2 2
A=3+———=3+—— A o —— | S[(x+)*+2],, © (X+1)?+2=2x=-1
X +2x+3 (x+1)°+2 (X+1)"+2]
—1 <1<:>X-—1:>AW=Z<:>X=—1
T+ 12 2 2
2
Bai 5: Tim GTLN cita biéu thic sau A= % 70*+10 ( p)
X" +2X+3
Loi giai
2
Tacs A=X¥0XH10 5 1 3.l Ty
X" +2x+3 (x+1) +2 2 2
2(x* +x+1)
Bai 6: Tim min hodc max cua: C = ————=
X" +1
Loi giai
2 , 2 2 . 2
C=2+——,Nhdp: a=———=>ax +a-2x=0,c0 A=4-4a" =0=>a=+1
X X"+
2
Khidé: C=| = +1]-142=27204 15
x”+1 x"+1
2x 21 —(x-1)
Matkhac: C=| —-1[+1+2= > +3=—5 +3<3
x +1 x”+1 x +1
e , X +X+1
Bai 7: Tim min hodc max caa: N =——5——
X“+1
Loi giai
N=1+ , Nhap : a— =ax’-x+a=0,c6: A=1-4a"=0=>a= +l
x*+1 241 2
1 +2x+1 1 _ 1
Khidétaco: N=| ——+— ekl 11
Cil 2 x+1) 2 2
x 1 I —+2x-1 3 —(x-1) 3 3
Matkhac: N=| ——— |+l+-=——F——+-=———<+-<—
x4l 2 2(F+1) 2 2(xP+1) 272

Swu tAim va téng hop TAI LIEU TOAN HOC



o , 3x* —6x+17
Bai 8: Tim min hodc max cua: Q =———

X2 —2X+5
Loi giai
Tacé:Q=3+—2——2——— Jnafhax+5=o>4f+4z4:>2 2 2 1
X —2x+5 x*=2x+5 4 2
e : 2x% —16x+41
Bai 9: Tim min hodc max cia: R=————
X°—8x+22
Loi giai
2x* —16x+44-3 3
Tacdé: R= a 5 a =2-— )
x —8x+22 x —8x+22
Ma x2—8x+22:(x—4)2+626:>;zg§:l:> _32 2__1
(X—4) +6 6 2 (x—4) +6 2
XZ
Bai 10: Ti in hoac cta: P=———
IR RORE MBI T T “ax+ 2010
Loi giai
2x—-2010

Ha phép chia ta dwoc: P=1+— ,
x"=2x+2010

Nhap: a=—=2U0 . 24x+2010a-2x+2010=0
x"=2x+2010
Co A'=(a+1) —a(2010a+2010)=0=> a=—l;a=——
2009

Lam tuong ti nhu cac bai trén .

.. L : 2x* —6X+5
Bai 11: Tim min hodc max cua: Q =————
X —2x+1
Loi giai
7 . _2x+3 v . 7 7
Ha phép chia ta dwoc: Q=2+———— ,Ddt x—1=r ,khidétacd:
x =2x+1
3-2(t+1 2 _
Q=2+ (2 )=2t 22t+1=2—2+l2,Dét1=az>Q=a2—2a+2
t t t t t
.. L , 2x% +4x+4
Bai 12: Tim min hoac max cua: A:T
Loi giai
A=2+i+f§,9alan=>A=4ﬁ+M+2
X x X
.. S , 3X* —6x+17
Bai 13: Tim min hodc max cua: H =————
X" —3X+5

Swu tAim va téng hop TAI LIEU TOAN HOC



Loi giai
3x+2
x> =3x+5

Ha phép chia ta dwoc: H =3+

Nhap : a:23x—+2=>a.x2—3a.x—3x+5a—2:0,Cé:
x“=3x+5
+
A=9(x+1)2—4a(5a—2):—11a2+26a+9:0:>a:—13—2\/6_7,
11
.. . o i X2 —4x+1
Bai 14: Tim min hodc max caa: K=T
Loi giai
Kzl_i-"iz/détl=t=>K=t2—4t+1=(t—2)2—32—3
X X X
. . , 2x% +4%+9
Bai 15: Tim min hodc max cia: N =————
X“+2X+4
Loi giai
1

Ha phép chia ta dwoc: N =2+ , ma x2+2x+4:(x+1)2+323

X 4+2x+4

x> —2x+1999 x?
x2=3x+2  x*-3x*+2x

Bai 16: Tim min hodc max caa: Q =

Loi giai
2
x =2x+1999 2 1999
Thuee hién phép tinh ta dwgc: 0=——F5— =1-——+——,
X X x
Détl=t=>Q=1999t2—2t+1
X
. L , 2x% +4x+9
Bai 17: Tim min hodc max cia: D=————
X“+2X+4
Loi giai
D=2+2;,mé P 42x+4=(x+1) +323
X +2x+4
.. . o i X2 —2X+2
Bai 18: Tim min hodc max cia: F=———
X“+2X+2
Loi giai
F:1+2_¢
X +2x+2
7 — 2 , 2
Nhap: a=————=>ax"+2ax+4a+2a=0,cod A':(a+2) —a2a=0=>a=2+22
X +2x+2

Swu tAim va téng hop TAI LIEU TOAN HOC




2x2 —2xy +9y°
X2 +2xy +5y?

Bai 19: Tim min hoac max cua: H =
Loi giai
Véiy =0ta duwoc H=2

Véiy # 0. Chia ca tit va mau cho y* ta dugc:

2

X X
2.55-2.-49
2 2
H= }2; Y /dét£=t=>H:w=2_26t—+l
* ol " +2t+5 24245
—+2.=+5
y y
Nhap : a:_26t—+1=>at2+2at+50+6t+1:0,
" +2t+5

Co: A'z(a+3)2 —a(5a+1) =0=> az—l;az% , lam giong cac bai trén

2
NN e N . v ? X +1
Bai 20: Tim min hodc max ctia: J =———
X“=x+1
Loi giai
Tacé:]=1+2#
x —x+1
7 X 2 7 2 _1
Nhap : a=————=>ax —ax—x+a=0,co A=(a+1) —4daa=0=>a=1l,a=—
x —x+1

2

x —x+1 2

Khidé:J=1+(;
x —x+1

_1j+1=2+(ﬂ]=2_ﬂ32

2
Mt khac: J =1+ %J,l 12 x+2x4l (2
x*-x+1 3) 3 3 3(x2_x+1) 3
2_
Bai 21: Tim min hoac max cua: Q:25y—3xyz
X —3xy+4y
Loi giai
5-3.%
. 2 g \ X 2 y o -X_ _ _ 5_3t
Chia ca ttr va mau cho y° ta duoc: O =—; ydat —=t=>Q0=——"—
x x y t*=3t+4
72—3.*4-4
y y
. 5-3t ) ) )
Nhép : a=5———=>ar’ -3ar+4a+31-5=0,¢6: A=9(a-1) —4a(4a—5)=0
t"=3t+4
=>a:—1;a:2

Swu tAim va téng hop TAI LIEU TOAN HOC




X’ —4y°
3x* —4xy +5y°

Bai 22: Tim min hodc max ctia: R =

Loi giai
° 2
C e % . t-—4
Chia ca ttr va mau cho y*> ta duoc: R = 2y ,Dat —=t=>R=—
X X y 3t"—4t+5
3.5 —-4.—+5
y y
-
Nhap : a=2—:>3at2—4at+5a—t2+420,
3t —4t+5
, 4
Co A'=4a’ - (3a—-1)(5a+4)=0=>a=-la=—
11
.. SN 7 X —6x+23
Bai 23: Tim min hoac max cta: A=2—
X“—6x+10
Loi giai
x°—6x+10
y2
Bai 24: Tim min hodc max cta: B=—; 5
Ox® —12xy +5y
Loi giai
. 2 2 \ x 2 1 o X 1
Chia ca t&t va mau cho y° ta dwoc: B=—; ,bat —=t=>B=————
X X Or" —12t+5
9= —12=+5
y y
ey 7 3y’
Bai 25: Tim min hoac max ctia: D = 5 5
—25%° +20xy -5y
Loi giai
i ) 3 .. X 3
Chia ca ti*t va mau cho y~ ta duwoc: D = 5 ,bat —=t=>D= 5
X X t —25t"+20t -5
-25-,+20~-5
y y
2
Bai 26: Tim min hodc max cta: E=4X—6X2+1
(x=2)
Loi giai
4t* +10t +5 10 5
Dit x—2=t=>x>=1*+4t+4 ,khidé: E:t—2:4+7+t_2'

bat l=a=>E=5az+10a+4
t

Swu tAim va téng hop TAI LIEU TOAN HOC




B L , x> +4x-14
Bai 27: Tim min hodc max cua: F =———

x> —2x+1
Loi giai
£’ +6t-9 6 9
Dit x—1=t=>x>=t*+2t+1 ,Khidé: F:t—2:1+7_t_2
Dét1=a=>F=—9a2+6a+1
t
. L , 4x* —6%+3
Bai 28: Tim min hodc max cua: G=———
2X°=3X+2
Loi giai
Ha phép chia ta duwoc: G=2+2_—1
2x°=3x+2
r 2
Bai 29: Tim min hoac max cua: H = 3X2 2Xy+y2
OXx“ —6xy+2y
Loi giai
x° X
3—5-2.—+l1 5
Chia ca t& va mau cho y* ta duoc: szz—y, bat i:t:>H:w
X X y Or" —61+2
9—-6—+2
y y
2
-2t +1
Nhép: azstzﬁz>9at2—6at+2a—3t2+2t—1:0,
-0t +
c6: A'=(3a-1) —(9a-3)(2a-1)=0=>a=13a==
3 3
.. T : 4%% +22x+19
Bai 30: Tim min hodc max cua: | =—5———
X" +4x+4
Loi giai
6(t—2)+3
I:4+6x—+32,Dét x+2=t=>]=4+—( 2) :4+§—2
(x+2) t tot
o 1 2
Dat;=a=>1=—9a +6a+4
.. L , 9x* +30x -7
Bai 31: Tim min hodc max cua: K=——5———
9x° +6x+1
Loi giai
24x -8 _3_
K=1+"2"5 qst3xsl=r=>3x=r-1=>K=142 28y, 3 1
(3x+1) t rot

Swu tAim va téng hop TAI LIEU TOAN HOC



1

Pit —=a=>K=-11a*+3a+1
t

2 _ 2
Bai 32: Tim min hoac max cua: M = X2 oXy +2y .
2x° =10xy +7y

Loi giai
2
. \ 1
V01y=0th1M=x—2=—
2x° 2
2
%_5£+2
Véiy #0 chia ca tr va mau cho y* ta duge: M =—2 . Y ,
25 10547
y y

2
Pat Loros = L TNH2

27101+ 7

) *—5t+2 )
Nhép a=—5— = 2ar* ~10at+7a—1* +51 -2, c6: A=25(2a~1)" ~4(2a~1)(7a~2)

A:O:>a=l;a=£
2 22
2 2
Bai 33: Tim min hoac max cua: N = 22X2 S8y + 7ij
X —4xy +4y
Loi giai
x? X
22— —-58=+73
2 2 _
Chia ca tr va mau cho y* ta duoc: N = y2 Y ,Dét£=t=>N=22t2 81473
X X y t"—4t+4
— —4—+4
y y
30t—-15 30(a+2)-15
N=22+——F Déatt-2=a=>N=22+ ( 2) =22+3oaj45=22+£+£
(t—2) a a a a
bat l=b:>N=22+30b+45192
a
2
Bai 34: Tim min hoac max cta: Pzw
X“+y
Loi giai
x* x
8—+6—
~ 2 2 —
Chia ca tr va mau cho y* ta duoc: P:yz—y ,Détfzt:>P=8t2+6t=8+62t 8
X y " +1 r+1
2

y
Nhép: a = 61 -8

;e +a=6048=0,¢6 A'=9-a(a+8)=0=>a=1La=-9
"+

Swu tAim va téng hop

TAI LIEU TOAN HOC



B L , x> —3x+3
Bai 35: Tim min hodc max ctia: Q =———

X2 —2x+1
Loi giai
— +2 —
Q:H‘x—2 ,bat x—1=t=>x=t+1 Khido: 0=1+ t:_1=1—1+i2
(x—l t t ot
o1 2
Dat?=a=>Q=a —a+1
X2+ Xy + y?
Bai 36: Tim min hodc max cua: R=——7"—
X2 —Xy+Yy
Loi giai

Véiy=0thiR=1

2
X X

—+—+1
~ 2

Véiy #0. Chia ca tir va mau cho y* ta dugc: R=y2—y,
%_£+1
y oy

2
Dét£=t=>R=t2+t+1=1+ : 2t
y " —t+1 " —t+1
Nhap: a=— =>at’ —at+a-2t=0,cd A=(a+2)2—4a.a=0=>a=2;a=_—
" —t+1 3

Swu tAim va téng hop TAI LIEU TOAN HOC




CHUYEN DPE 4:

PHUONG TRINH DAI SO

- La phuwong trinh c6 dang: ax = b phu thudc vao tham s6 m

+) Néu a¢0:>x=%

b=0<0x=0 (VO0s0nghiém)
+)Néu a=0<0x=b—

b0 (PTVN)
Bai 1: Giai va bién luan sd nghiém ctia phuong trinh sau
a. (M’ -4)x=3m-6 b. 2m+1)x-2m=3x-2
c. m(x—2)=3x+1 d. (m*+2)x-—2m=x-3
Loi giai

a. (mM*-—4)x=3m-6

3m-6 3

HNéu (M’ -4) =0 m#+2=x="—=
m -4 m+2

5 0x=0 (VO sdnghiém)
, m=
+) Néu (m2—4):0<:{m =

0x=-12z (VO nghiém)
b. 2m+1)x-2m=3x-2< (2m-2)x=2m-2

2m—2_1

+)Néu 2m-2#0= x= =
2m-2

+)Néu 2m-2=0< m=-1=0x=0 (v0 s6 nghiém)
Vay néu:

+) Néu m #1 phuong trinh ¢ v s6 nghiém

+) Néu m = 1 phuwong trinh v6 nghiém

c. m(x-2)=3x+1l< (M-3)x=2m+1

2m+1
m-3

) mM-3#0m#3=Xx=

+iM-3=0< m=3=0x=7 (vO nghiém)

d. (m*+2)x—2m=x-3= (M’ +1)x=2m-3

Ta c6: m* +1) >0 Vm suy ra phuong trinh luén c6 nghiém x = 2“; _f
m* +

Bai 2: Cho phuong trinh (m* —-1)(x+2)+1=m

Swu tAim va téng hop TAI LIEU TOAN HOC



a. Tim m d€ x = 3 la nghiém ctia phwong trinh

b. Tim m d€ phuong trinh c¢6 nghiém

c. Tim m d€ phuong trinh c6 nghiém duy nhat x =3
Loi giai

a. Thay x = 3 vao phuong trinh, ta dwgc: 5(m° -1)+1=m<5m* -m-4=0<me {1;_?4}

b. (M* -D(x+2)+1l=m< (M -1)x=-2m*+m+1
Dé phuong trinh c¢6 nghiém thi xay ra 2 treong hop
+) Phuong trinh c6 nghiém duy nhat khi m?-1#0< m#+1
\ Y [N m2 _1 = 0
+) Phuwong trinh c6 v6 s6 nghiém o m=1
-2m*+m+1=0

Vay m = -1 thi phwong trinh luén c6 nghiém

m=+1
m==xl 1 4
c. bé phuong trinh ¢6 nghiém duy nhat thi { —2m? +m+1 3 &M om= _?
T |-

Vay m=—
ay 5

Bai 3: Cho phuwong trinh m(x+1) —2x=m?+m-4. Tim m sao cho
a. Phrong trinh nhan 1 la nghiém
b. Phuong trinh cé nghiém
c. Phwong trinh vo nghiém

Loi giai
a. Thay x = 1 vao phuong trinh ta duoc me {-1;2}
b. Phuong trinh ¢6 nghiém xay ra 2 treong hop la ¢6 nghiém duy nhat hodc c6 vo6 sd
nghiém m(x+1)-2x=m’+m-4< (M-2)x=m’ -4
+) Phuong trinh ¢6 nghiém duy nhatkhi m-2=0<m=2
+) Phuong trinh c6 v6 s6 nghiém < {22— 24:_00 om=2
Vay phuong trinh cé nghiém véi moi m
c. Phuong trinh v6 nghiém < {m; =0 meo

m —4%0

Bai 4: Tim ae Z d€ phuong trinh 3(x+2) =ax+4 c6 nghiém nguyén

Loi giai

Swu tAm va téng hop TAI LIEU TOAN HOC



3(x+2)=ax+4 <= (3—-a)x=-2

+)Néu 3—a=0<«<>a=3 thi phuong trinh v6 nghiém.

+)Néu 3-a#0= x= €Z <3-aeU(-2)={£L+2} < ae{l;2;4;5}

Bai 5: Gidi va bién ludn cac phuong trinh sau
a (M-2)x+3 2a—-1

2m-1 b. =a-2
X+1 X—2
o mx+1:1 d (m+1)x+m—2:m
x-1 X+3
Loi giai

a.Diéu kién: x#-1=(M-2)x+3=02m-1)(x+1) < (-m-1)x=2m-4

+) —m—1¢0<:>m¢—1:>x:2m_4
-m-1

nghiém nay phai khéc -1

2m-4 2m-4
= -1
-m-1 -m-1

+120<=2m-4-m-120< m=5

2m-4
-m-1

Vay véi m=-Lm=5= x=

V6i m =5 phuong trinh vo nghiém
+) -m-1=0< m=-1 khi d6 phuwong trinh tré thanh Ox = -5 (v6 nghiém)

b. Diéu kién xac dinh: x-2#0& X #2

261_1:a—2<:>(a—2)x:4a—5

X—2

Ha-2#20ca%2= x=4a_25 . Xét 4a_25¢2<:>4a—5¢2(a—2)<:>a¢%
a— a—

4a-5

+) a—200 < a=2 < 0x =3 (vO nghiém). Xét ¢2<—>4a—5¢2(a—2)<—>a¢%

Vay a=2a= % thi phurong trinh v6 nghiém

a# 2;a¢% suy ra phuong trinh c6 nghiém x = 4aa—_25

c. Diéu kién x =1

T(X_T:l@ MX+1=x—1& (M-1)x = -2

+) m—-1=0 < m=1 phuong trinh vd nghiém

+) m—l¢0<:>m;t1:>x:m_—i;tl@m_—fl—htO@%iO@_rrr]n__11¢0<:>m¢—1

Vay m=-1m=1 thi phuong trinh c6 nghiém x= _—21
m-—

Swu tAim va téng hop TAI LIEU TOAN HOC



Vay m=1,m=-1 phwong trinh vd nghiém
d. biéu kién x=#-3

(m+1)x+m-2

=m<e (M+D)Xx+m-2=m(Xx+3) < x=2m+2
X+3

Xét 2m+2¢—3<:>m¢_?5

Vay m= _75 phuong trinh ¢6 nghiém x =2m+2

BAI TAP VE NHA:

Bai 1: Giai va bién luan s6 nghiém ctia phuwong trinh sau

a. m(x—-m)=x+(m-2) b. m*(x+1)-1=(2-m)x
C. M*X+6=4x+3m d. m*(x=1)+m=x(3m-2)

Bai 2: Tim m d& mdi phwong trinh sau ¢6 1 nghiém
a. (x—-m)(x-1)=0 b. m(m-Dx=m*-1

Hudng dan

a. (x—m)(x—1)=0<:{X=1 =m=1

b. m(m-Dx=m’-1< m(m—1)¢0c>{:if .

Vay m=0;m=1 thi phuong trinh c6 1 nghiém

Bai 3: Tim m d€ phuong trinh sau v6 nghiém : (m+1)x—(x+2)=0
Hudng dan

(M+)x—(x+2)=0<=mx—-2=0

m=0

Sm=0
-2=#0

bé phuong trinh v6 nghiém thi {

Bai 4: Tim m d€ phwong trinh sau c6 vo sd nghiém : m*’x—-m=4x-2 (1)

Loi giai
, m’-4=0
D) < (m* —4)x=m-2 c6 vd sd nghiém < - oSm=2
m-2Z2=
Bai 5: V6i gia tri nao ctia m thi:
a. 2x—1=5a+4 c6 nghiém duong b. 3(x+2) =ax+4 co nghiém Ién hon -1

c. (a*-3a+2)x+3=3a c6 nghiém duy nhat

Loi giai

Swu tAim va téng hop TAI LIEU TOAN HOC



5(a+1)

a. 2Xx-1=5ha+4 < 2x=5a+5< x= >0 a>-1

b. 3(x+2)=ax+4 < (3—a)x=-2
+) 3—a =0« a=3 thay vao phuong trinh v6 nghiém

Y 3-az0oardox-—2 -2 s 1e-2 115002 00
3—a a-3 a-3 a-3

a>3
a<l

c. (8°-3a+2)x+3=3a <« (a*-3a+2)x=3a-3 c6 nghiém duy nhat

a=l

c>a2—3a+2¢0<:>{
ax2

Bai 6: Tim a d€ phuwong trinh c6 nghiém nguyén: 2x+a-3=(x+2)a
Loi giai
a+3 a-2+5 5

= _1+_
2—-a 2—-a 2—a

2x+a-3=(X+2)a=x=

bé xeZ=>

eZ:>i:kez(k;«tO):>2—a:§:>a:2—E (kez;k=0)
2—-a 2—-a k k
( Via cé thé khong nguyén )

+) Néu a nguyén :EGZ:>5§kz>k=il;k=i5

Bai 7: Cho phuong trinh: Zz_ﬂ =m+1 (1) . Tim m d€ phuwong trinh c6 nghiém duy nhat
—X

Loi giai

Diéu kién: x =2

22_3m:m+1<:>2—3m:(m+1)(2—x)<:>(m+1)x:5m
- X

5m m=-1 m=-1
) m+lz0om#-1=>x=——.Vi x#2=1{ 5m = 2

m+1 —#2 m#—

m+1 3
.. s 2x+1  x+3 . o \ A A

Bai 8: Cho phuong trinh: 5 =1 Tim m dé phuong trinh vo nghiém

X-m  X-

Loi giai

N N m
biéu kién: x#Lx#—

2XH1 _XH3 L ox+1)(x—1) = (x+3)(@2X-m) < (M-T)x=1-3m (1)
2x—m x-1
. 1-3m . m n (o \
+) TH1: m # -7 thi (1)<:>x=—7 . Vi x;tE;x;tl nén ta cé cac treong hop sau:

Swu tAim va téng hop TAI LIEU TOAN HOC



_ m=-1
123m M bm=m’ -7
m-7 2 m=2
Véi x:1<:>1_3m =l<1-3m=m-7<m=2
m_

Vay phuong trinh vo nghiém khi me {—l; 2 7}

m 3m?’-4m+3 1
+ =

Bai 9: Giai va bién luan phwong trinh sau:

Loi giai
Diéu kién x4c dinh: x #+m

m 3m?’-4m+3 1
+ =

X—m m? — x?2

X—m m? — x? X+m
m 3m’-4m+3 1

x—m_(x—m)(x+m)_x+m

S m(x+m)—3m’ +4m+3=x-m

S (M-)x=(m-1)(2m-3)

+) m-1=0m=1=0x=0

X+m

Vi x#+m= x# 1= m=1 phuong trinh nghiém dung vdi moi x = *1

Hay S ={xeR/x=+l}
Hm-120 m#1= x=2m-3 vi diéu kién x #+m
) Xzme2m-3zmem=3
H)IXE-MS2M-3#-—-mM<<m=l

Vay m#1;m=3 phuong trinh da cho c6 nghiém x=2m-3

B. BAT PHUONG TRINH BAC NHAT MOT AN

a>0<:>x2_—b

Dang tong quat: ax+b>0< ax>-b < a

a<0<:>xs_—b

a
Vi du 1: Giai cac bat phuwong trinh sau
a 4x—1+x23x—2 b. 1OX+3<1+
2 3
c. ax+b>0
Loi giai

4x -1 3x-2

1 2 1
a. +X2> S 2X——HXS2X—— D 2X 2 ——— > X > ——
2 3 2 3 2 3

Swu tAim va téng hop

1
8

6-5x
8

TAI LIEU TOAN HOC



10x+3 6—5x 5x  5x 3 3 25X 8
. <1+ S —F—<l+t————<le x<—
4 8 2 8 4 4 8 25

C. ax+b>0<ax>-b (D)

b

+)Néu a=0

+) a>0:>(1)<:>x2%ab

+) a<0:>(1)<:>x£_?b

+)Néu a=0<0x>-b
+) —b <0 thi bat phuong trinh v6 sd nghiém
+) —b >0 thi bat phuong trin vd nghiém

Vi du 2: Giai cac hé bat phuwong trinh sau

3 2x-7 3x+1 3-x x+1 2x-1
—2X+—=> - < -
* 15 331 b. 22 13 44 ;
x——<5( x-1) 3_ X w2
2 2 3
15x-2>3 L
X—e>oX+3 {2x—1>x—5
C. B . , ,
2()(_4)<3x 14 (1+2x)° <(2x-3)
Huéng din
3 2x-7 11
—2X+—> X<— 4 1
a 5 3 & 10<:>—<x<—
1 (3x-1) 4 13 10
——<bh— X>—
2 2 13
3x+1_3—x£x+1_2x—1 xgE s
b. 2 3 4 3 - 27<:>X£_
2x+1 4 22 27
3- >X+— X<—
5 3 21

*) Giai va bién luan bat phuong trinh
ax+b>0<ax>-b (1)

+)Néu a=0

+) a>0:>(1)<:>x2%ab

+) a<0:>(1)<:>xs_?b

+)Néu a=0<0x>-b

+) —b <0 thi bat phuong trinh v6 sd nghiém

Swu tAim va téng hop TAI LIEU TOAN HOC




+) —b >0 thi bat phuong trin vd nghiém

Bai 1: Giai va bién luan cac bat phuong trinh sau

a. m(x—-m)>3x-9 b. mx+6<2x+3m

c. (X+m)m+x>3x+4 d. 3(x+m)—(m+1)°®>-1-mx
Loi giai

a. m(x—-m)>3x-9< (M=-3)x>m*-9 (1)

2

+)m-3>0< m>3 thi (1)<:>x2m 3 =m+3

) mM-3<0mM<3= ()<< x<m+3
+) m-3=0<m=3= (1) < 0x>0 (v0 sO nghiém )
b. mx+6<2x+3m< (M-2)x<3m-6 (1)

3m-6

) m-2>0m>2= (1) & x< 3

) m-2<0em<2= 1)< x>3
) mM-2=0=m=2= (1) < 0x<0 vO nghiém
c. (X+mM+x>3x+4 (M=-2)x>-m*+4 (1)

-m’+4
m-2

)m-2>05m>2= ()< x> -m-2

) m-2<0m<2= Q1) <o x<—-m-2
+) m-2=0& m=2= (1) < 0x>0 suy ra phuong trinh vd nghiém
d. 3(x+m)—(Mm+1)°*>-1-mx < (M+3)x>m*+3m* (1)
) m+3>0om>-3=1) < x>m?
) m+3<0eom<-3=1) < x<m’
+) mM+3=0< m=-3= (1) < 0x >0 vd sd nghiém.
PHUONG TRINH BAC CAO
A. Phuong trinh béc cao dwa vé dang tich
1. Phueong trinh bac cao duwa vé phuwong trinh tich
- Dung phuong phap nhdm nghiém
- Dung dinh ly Bezut: Néu f(x) = 0 c6 nghiém x =a thi f(x) =(x—a).h(x)
-f(x)=ax"+a, X" +..+8,=0

peU(a)
geU(a,)

- Néu tong cac hé s6 ctia da thitc bang 1 thi cé nghiém x =1

Néu f(x) c6 nghiém hiru ty x = P {

q

Swu tAim va téng hop TAI LIEU TOAN HOC



- Néu tdng cac hé s& cua hang tir bac chan bang tdng cac hé s& ctia hang tte bac 1é thi 6
nghiém x =1

- C6 thé str dung lwge d6 Hoocne

X=2
VD: 2x* —3x* —3x* +5x-6=0< (x—2)(2x+3)(X* - x+1) =0 = -3
X=—
2
Bai 1: Giai cac phuong trinh sau
a. x’~4x+3=0 b. x> -4x+1=0 c. x*4+2x*-9x-18=0
d. 2x®-3x* +x+6=0 e. 2x*-3x*+3x-1=0 f. x*—2x*-3x-2=0
Loi giai
) x=1
a. X" -4x+3=0<= (x-1)(x-3)=0<= (=3
2 X=2++/3
b. x2—4x+1=0<:>(x—2)2—3=0<:>(x—2)2—(\/§) 0o V3
x=2-+/3
c. Ta co:
X>42x% —9x—-18=0 < (x* —3x%) + (5X” —15X) + (6x —18) =0 <= (x - 3)(x* +5x +6) =0 < x € {+3;-2}
2
d. 2x3—3x2+x+6:0<:>(x+1)(2x2—5x+6)=0<:>(x+1){(x—%j +f—:}:0c>x=—1

e. 2x°-3x* +3x-1=0 = (2x-)(X* - x+1) & x:%

f. x*=2x*-3x-2=0& (x+1)( -x* = x-2) =0 & (X +1)(x—2)(x* + x+1) =0 = x e {-1;2}
Bai 2: (HSG - Bbong Anh - 2003)
Gidi cac phwong trinh sau

a. X°-4x+3=0 b. x*-2x*>-3x+10=0

a. x2-4x—3=0<:>(2x+1)2—22:o@{x:_?’/2
X=1/2
b.x*-2x*—3x+10=0 < (Xx+2)(X* +4x-5) =0 <> x=-2
Bai 3: Giai cac phuong trinh sau
a. x*+x*+6x-8=0 b. (x=1)°+(3x+3)°* =27x* +8 c. (X+1)°(x+2)+(x-1)?*(x-2) =12
d. (x*4+5x)°=2(x* +5x) =24  e. (X" +x+1)* =3(x*+x° +1) foxP=x"+x3+ X" +x+2
Loi giai

a. Ta c6 tong cac hé s6 =0 nén cé nhan terlax -1

Swu tAim va téng hop TAI LIEU TOAN HOC



X'+ x24+6x-8=0 (X" = x%) + (x*—x?) + (2x* =2x) + (8x—-8) =0
& (x=1)(X° +x*+2x+8) =0 = (x—1)(x+2)(x* - x+4) =0 < x e {1, -2}

b. Ta co:
(x=1%+(Bx+3)*=27x*+8 <= 6x°~11x*-19x -6 =0 < (6x°~18x*) + (7x* = 21X) + (2x—6) =0
o (X=3)(6X + 7x+2) =0 & (x—3)(2X+ D(Bx+2) =0 = X€{3;_?1;_?2}

c. (X+D?(X+2)+(x-1)?*(x-2) =12 < 2x°+10x-12=0 <= (X -1)(X* + x+6) =0 = x =1
d. Ta co:
(X?+5x)*~2(x* +5X) = 24 <[ (x* +5X)* —2(x* +5x) +1|-25=0 <> (X’ +5x~1)* =5° =0
& (Xx+1)(x+4) & (x-1)(x+6) =0 = x e {-1,—4;1,-6}

e. Ta co:
(X* +x+1)° =3(x*+x* +1) & (X* +x+1)°=3(x* +x* +1) =0 <= (X* + X +1)* =3(X* + X +1)(X* —=x+1) =0
< (X +x+1)[x2 +x+1—3(x2—x+1)] =0 (X*+x+)(x-1)°=0=x=1
f. Ta co:
X=X XX x+ 2o XX =X} —x-2=0 (X°-1) - (x* + x*+x* +x+1) =0
SX-DX* + X+ X+ x+) - (X + X+ X+ x+D) =0 (x=2)(x+x* + x> +x+1) =0

X=2
c{x“+x3+x2+x+l=0(*)
(*) e X +X°)+ (x+D) +x =0 (x+D(X°+D) +x =0 (x+1)*(xX* = x+1D)+x* =0 (VN)
Bai 4: Dung cach dat an phu giai cac phuong trinh sau
a. (X°+1)°+(1-3x)° = (x* =3x+2)°(D)
b. (x*+3x—4)*+(2x* =5x+3)° = (3x* —2x-1)°
c. —x*+2x%+3=0
d. x*+8x> +15x* —4x-2=0
e. X2 +2x+2[x+1-2=0
f. (x=2)(x+2)(x* -10) =72
g. (2x-5)° - (x-2)* = (x-3)°

Loi giai

Pat a=x?+1b=1-3x khi do:

a’+b’=(a+h)’ = a’+b’=a’+3a’h+3ab* +b® < 3ab(a+b)=0

Swu tAim va téng hop TAI LIEU TOAN HOC



a=0 |X+1=0 (VN)
Sla=-be | X +1=3x-1 (¥
b=0 1

X==
3

(*)C>X2—3X+2=0<:>X€{1;2}:>X€{1;2;%}

b. (x*+3x—4)°+(2x* =5x+3)° = (3x* —2x-1)°

Dit a=x%+3x—4:b =2x* —-5x+3 khi d6:

a+b=3x*-2x-1=a*+b*=(a+b)’ = ab(a+b)=0
a=0 | xe{l-4}

< | b=0 |13/2 :>XE{—4;1;%1;2}
a=-b|1-1/3

t=-1 (loai)

= x’ =3 x=13
t=3 (tm) V3

c. bat t=x2(t20):>—t2+2t+3=0<:{
d. x*+8x}+15x* —4x-2=0 <= x"+8x> +16X*—x°—4x -2 =0 < (X* +4X)* = (x> +4x)-2=0

. , , t=-1 [x*+4x+1=0 [(x+2)?=3 |[x=-2++3
batt=x"tdx=t"t-2=0< & & &

t=2 X2+4x-2=0 |(x+2)?’=6 |x=-2+6

e. X2 4+2x+2|x+1-2=0& x*+2x+1+2|x+1-3=0< y?+2y-3=0 (y=[x+1;y=0)

oY = [x+1]=1= X
y=-3 X=-2
f. Ta co:
=16
(X=2)(x+2)(X* ~10) =72 = (y-4)(y-10) =72 (y=x*,y>0) < y2—14y—32=0<:{y_
g. bat 2x-5=a;x—-2=>b khi d¢é:
a=b
a-b=x-3=a’-b°’=(a-b)’ = 3ab(a-b)=0< a=0<:>X€{3;2;g}
b=0
B. Phwong trinh dang: (x+a)(x+b)(x+c)(x+d)=m (1) (a+d=b+c)
@) < (x+a)(x+d)(x+b)(x+c) =m < [ x* +(a+d)x+ad |[ x*+(b+c)x+bc|=m
Dat t=x’+(a+d)x= (t+ad)(t+bc)=0=>t=..= x=...
Bai 1: Giai cac phuong trinh sau
a. X(x+)(x-1)(x+2)=24 (1) b. (x+2)(x+3)(x-5)(x—6) =180

c. (x—4)(x-5)(x—6)(x—7)=1680 d. (4x+3)?(2x+1)(x+1) =75

Swu tAim va téng hop TAI LIEU TOAN HOC

= X=14



e. 2x(8x—-1)*(4x-1) =9 f. 12x+7)%(3x+2)(2x+1) =3
Loi giai
a. Ta cé:

t=
x(x+1)(x—1)(x+2):24<:>(x2+x)(x2+x—2):24<:>t(t—2):24<:>t2—2t—24:0<:>[t A

X*+x-6=0

, s O<:>Xe{2;—3}
X>+X+4=

b. (Xx+2)(x+3)(x—5)(x—6) =180 < x*-3x—14 =+14 < x € {7;3,0; -4}

c. Ta co:

(X—4)(X—5)(X—B)(x—7) =1680 < (x* —11x + 28)(x* —11x +30) = 1680 <> (y +1)(y —1) =1680 <> y = +41
+) y=41=x"-11x-12=0 < x e {1;,-12}

) y=—-41= x?-11x+70 =0 (v nghiém)

d. (4x+3)%(2x+1)(x+1) =75 < (4x+3)(4x +3)(4x + 2)(4x +4) =8.75=24.25

Dat t = (4x+3)° ta duoc:

(4x+2)(4x+4) = (4x+3)2 —1=t-1=> t(t—1) = 24.25 <> t? —t = 25? — 25 &> (t— 25)(t + 24) = 0

4x+3=5 {x=2

St=25(t>0) < (4x+3)° =25 =
4x+3=-5 X=-2

e. Nhan véi 8 ta duoc: 8x(8x—1)(8x —1)(8x—2) =72

bat 8x-1=y ta duoc:

1
X=—
(y+D)y’.(y-D=T2 oy’ (Y- D=2 y' -y -72=0= (Y*-9)(y*+8) =0 y* =9 21
Sy
f. (12x+7)2(3x+2)(2x+1) =3
Nhan hai v& véi 24 ta dwoc: (12x+7)*(2x+8)(12x +6) =72
bat 12x+7 =y ta duoc:
o
i o y*=9 K
(y-).yy(y+)=72< y" -y"-712=0< =
y'=-=8 |,_5
6
Bai 2: Giai cac phuong trinh sau
a. (X*=3x)(x*+7x+10) = 216 b. (2x* =7x+3)(2x* +x-3)+9=0
Loi giai

a. Ta co:

Swu tAim va téng hop TAI LIEU TOAN HOC



(X*=3X)(X*+7x+10) = 216 < X(X —3)(X+2)(X+5) = 216 < (X* + 2X)(x* + 2x —15) = 216
& y(y-15)-216=0 <> y2 ~15y — 216 =0 < (y - 24)(y +9) =0
{y:24 X +2x-24=0 [x=—6
= = &
y=-9 |[x*+2x+9=0 (vo nghiem) [Xx=4
b. Ta cé:
(2x* =7x+3)(2x* +x-3)+9=0 = (x-3)(2x-1)(2x+3)(x-D+9=0 = (2x* = 3x+1)(2x* —3x—-9)+9=0

t=-9 2x*—3x=0

t=-1 |2x*-3x-8=0 [...
<t(t+10)+9=0< o S

Bai 3: HSG Bac Giang 30/03/2013.
Giai phuong trinh sau: |X - 2| (X=-D(x+1)(x+2)=4

Loi giai
+) Néu x > 2 thi:
x=0 (loai)
(X=2)(X=D(X+D)(x+2) =4 = (X -D(X* -4) =4= x* —5x> =0 < | x=+/5 (tm)
x=—/5 (loai)
+) Néu x < 2 thi:

Q2-X)(X-D(X+D(x+2) =4 (x=2)(X-D(X+1)(x+2) =4 < (xX* =1)(x* —4) =4

Sx - +8=0< (xz —%} 2+£ =0 (vo nghiem)

Vay phuong trinh c6 nghiém x = J5
C. Phuwong trinh dang: (x+a)(x+b)(x+c)(x+d)=mx*> (ad = bc)
Cach 1: Dat t = (x+a)(x+b)
Vi du 1: Giai phwong trinh sau:
a. (X+2)(x+3)(x+4)(x+6) =30x* b. (Xx+2)(x+3)(x +6)(x+9) =80x>
Loi giai
a. bt t =x%4+7x+12 = x*+8x+12 =t + x ta duoc:
(D) & (t+x)t =30x° < t* +tx —30x* = 0 < (t* —5tx) + (6tx —30x*) =0

t=5 242x+12=0 hi _ 1
©(t—5X)(t+6x)=0<:{ x c{x +2x+12=0 (vo ng lem)c{x

t=—-6X x?+13x+12=0 X=-12
b. (X+2)(x+3)(x+6)(x+9) =80x" < (x* +11x+18)(x* +9x+18) =80x* < x e {-1;,-8}
Cach 2:

+) Kiém tra xem x = 0 c6 1a nghiém hay khong?

Swu tAm va téng hop TAI LIEU TOAN HOC



+) Xét x£0= pt<:>[x2 +(a+d)x+ad][x2+(b+c)x+bc}=mx2

Chia ca hai vé& cho x2 ta duoc:
x> +(a+d)x+ad x*+(b+c)x+bc

X ' X
S (t+d+a)(t+b+c)=m=t=..=>x=..

m< (x+ﬂ+a+d)(x+m+b+c)=m
X X

Vi du 2: Gidi phuwong trinh sau: 4(x+5)(X+6)(x +10)(x +12) = 3x?
Loi giai
4(X +5)(x+6)(x +10)(x +12) = 3x*

& 4(X+5)(Xx+12)(x +6)(x+10) = 3x?
< 4(x* +17x+60)(x* +10x + 60) = 3x°

Do x = 0 khong thoa man phuwong trinh nén ta chia ca hai v€ cho x?, duoc:

4(x+17 +@)(x+16+@) =3
X X

60
bat t = x+— ta duoc:
X

=31 60 -31
t=—2" [ xt—=—m
At+17)(t+16) =3 <> 412 +132t+1085=0 | 2 | X
=35 60 -35
t=—2 | =2
X 2
. 15
2x*+31x+120=0 |X€e{-8—
& < 2
2x* +35x+120=0
xef..}
D. Phuwong trinh dang: (x+a)* +(x+b)* =m
Cach giai: Dat t=x+—a;rb ta duoc:
x+a:t+a—a+b:t+a_b:t+a;
2 2
x+b=t+b-2t0_ ab_,
2
(x+a)'+(x+b)'=me (t+a)' +(t-a)' =m=t=..=>x=...
Bai 1: Giai cac phuong trinh sau
a. (x=2)"+(x—-4) ‘=16 b. (x+1*+(x+3)* =16
c. (4-x)°+(x—-2)° =32 d. (x=7)"+(x-8)*=(15-2x)"
e. (X+6)* +(x+8)* =272
Loi giai

TAI LIEU TOAN HOC

Swu tAim va téng hop



t? =1 {x:4

a.Datt=x-3taduoc: (t+1)"'+(t-1)'=16 >t*+6t°-7=0< =
t ’=—7 (loai) [X=2

b. bat t = x + 2 ta duoc:

t=1 x=-1
(t-D*+(t+D)* :16C>L 1@{

. (4-x)P+(x-2)°=32 (x-2)°-(x-4)>° =32
Daty=x-3 suyra: Xx—-2=y+1,x-4=y-1ta duoc:
(y+1)° —(y-1)° =32 < y* +5y* +10y°> +10y* +5y +1

—(y*-5y* +10y®-10y* +5y-1)-32=0< y* +2y*-3=0< y:J_rlz{

X—7=a
d.bat { x-8=b = -c=2x-15=a+b=-c ta duoc:
15-2x=c
(x=-7)*+(x-8)"'=(15-2x)' @a’+b*=c* < a*+b*-c' =0 a’ +b* - (a+h)* =0
2
<:>4ab(a2+%+b2j:0<:>4ab[(a+%bj +%b2}:0<:>ab:0

do [ a+3b|2+-Lb 2> 0 nhung khong xay ra dsu “ = “)
4 ) 16 § Fhong xay

(x=7)(x-8)=0< xe{7;8}
e. x e {-4;-10}
E. Phuong trinh dang: ax* + bx* + cx +a=0 ( phwong trinh d6i xttng )

Céch giai: ax* +bx® +cx* +bx+a =0« a(x* +1) +bx(x* +1) +cx* =0

y y 1
Patt=x*+1hodct=x+=
X

Vi du: Giai phuwong trinh sau 2x* —3x° - x*-3x+2=0
Loi giai

2x' =3x} = x* =3x+2=02(x* +1) -3x(X* +1) = x* =0 & 2(X* +1)* = 3x(x* +1) -5x* =0

Dit t=x*+1 ta duoc:

212 —3tx—5x% = 0 <> (t — X)(2t —5X) =0@P+X=0 @[XZ +x+1=0 (vonghiem) _ xe{ 1}
2t-5x=0 |[2t-5x=0

F. Phuong trinh dang: ax® + bx* + ¢x® + bx + a = 0 ( phwong trinh déi xttng )

- Nhén thay x = -1 1a nghiém ctua phuong trinh vay vé trai ciia phuong trinh c6 1 nhan te

lax+1

Sau d6 phuwong trinh quay trd vé dang E
Swu tAim va téng hop TAI LIEU TOAN HOC




Vi du: Giai cac phuong trinh sau
a. 2x° = x*—4x* —4x* —x+2=0 b. 6x° —11x* -15x*> —15x°~11x+6=0
c. X°=x"+3x°+3x* —x+1=0

Loi giai

a. 2X° = X" =4x® —4x* —x+2=0= (x+) (2x* -3x* - x* -3x+2) =0 XE{—].;Z;%}

dang E

b. Ta cé:

6x° —11x* —15x% —15x*—11x+ 6 = 0 < (6x°+6X*) — (17x*+17x%) + (2x> + 2x*) = (A7X* +17X) +6Xx+6=0

x=-1

& (x+1)(6x" —17 +2x* -17x+6) =0 | | s
6x" —17x" +2x° -17x+6=0 (*)

(*) < 6% +1)2=17(X% +1)~10x? = 0
Dit t = x? +1 ta dwoc:

2X°+x+2=0

6t2 —17tx —10x =0 < 6t + 3tx — 20X —10x2 = 0 <> (2t + X)(3t —10x) = 0 =
3x?-10x+3=0

X=3

< 3X*-9X—x+3=03x(x-3) - (x+3) =0 1:8:{—1;3;%}
X==
3

c. Ta co:
5 4 3 2 4 3 2 x=-1
X=X +3X°+3x" - x+1=0& (X+1)(X"-2X" +5x" -2x+1) =0 | | . )
X" —=2X*+5x"-2x+1=0 (*)
Giai (*):
Vi x = 0 phwong trinh v6 nghiém.
Voix #0 ta co:
1 1 1Y 1 1Y
(*)<:>(x2+—2j—2(x+—j+5:0<:>(x+—) —2(x+—j+3=0<:>(x+——1j +2=0 (VN)
X X y X X
Vay phuong trinh ¢6 tap nghiém S ={-1}

2
G. Phuong trinh dang: ax* +bx® +cx? +dx+e=0 {3 = (—J }
a

- Phreong trinh ¢ treong hop 4 la truong hop dac biét ctia phuong trinh nay
- Cach giai:
+) Dat t=x%+1

. Y d e e d
+) Xét x#0, chia ca hai v& cho x* :>ax2+bx+c+—+—2:0<:>(axz+—2)+(bx+—j+c=0
X X X X

Swu tAim va téng hop TAI LIEU TOAN HOC



bit t= x+%:>t 2= x2+r:—22+ 2m = phuong trinh bac hai =t = x
Vi du: Giai cac phwong trinh sau
a. X' —8x°+21x* - 24x+9=0 b. 2x*-21x°+74x* =105x +50 = 0
c. 2x*+3x* - 27x* +6x+8=0
d. [ HSG Nam Truc — 2015 ] x*+3x> +4x°+3x+1=0
e. 6x*+25x° +12x* - 25x+6=0
Loi giai

a. Do x = 0 khong thoa man phuong trinh nén ta chia ca hai vé cho x?, duoc:

x4—8x3+21x2—24x+9:0<:>x2—8x+21—ﬁ+%:0
X X
2
=N x2+%j—8(x+§j+21=0<:>(x+§j —8(x+§j+15:0
X X X X
_x+§—3
X x* —=3x+3=0 (vo nghiem) 5+413
= =1 S X = 5
w42 o5 X =5x+3=0
L X
b. Ta co:
. 3 ) ) t=6 x> —6Xx+5=0 5
2X =217 +74x° -105Xx+50=0 <= 2t* =21t +54 =0 9& & Xell2:5—
=5 2X* —9x+10=0 2
c. Ta cé:
2 7
2 X+—=—
4 3 2 2 2 X 2
2X ' +3X° =27X°+6X+8=0<=2| Xx+— | +3| x+— |-35=0<
X X 2
X+—=-5
X

x?+5x+2=0 2 2

{x2—7x+4=0 {71\@ —51\/1_7}
= O Xe X

d. Ta co:
1

2

x*43x% +4x*+3x+1=0 < [xz +
X

j+3(x+1j+4=0c> y>+3y+2=0
X

X+ 1 =-1 (vo nghiem)

=-1
@[y_ 2<:> )1( oS x=-1
y=- X+==-2
X

Vay phuong trinh c6 tap nghiém S ={-1}

Swu tAim va téng hop TAI LIEU TOAN HOC



e. +) Vdi x = 0 khong la nghiém ctia phuong trinh

+) V6i x # 0 chia ca hai vé& cho x? ta duogc: 6(x2 +i2j+ 25(x—£)+12 =0
X X

bat y=x—%:> x2+%:y2+2 ta duwoc:

1 -3
X——=—
6y’ +25y+24=0< 6y2+9y+16y+24=0< (2y+3)(3y+8) =0 < ’1‘ 28
X——=—
X 3
X=-2;X 1
2x2 —2=-3x Tty
S A = f:S:{—Z;E,—B;%}
3X° —3=-8x X=-3X==
3
BAI TAP VE NHA BAI
Bai 1: Giai cac phuong trinh sau
1 1 13

b. x5-3x* +6x* —7x*+6x2—-3x+1=0

a. =+ =
(x+29)  (x+30)% 36
Loi giai

a. Diéu kién: x # -29, x # -30

1 1 1’_ 1 1 2 N 2 13
(x+29)* (x+30)° 36 (x+29)° (x+30)° (x+29)(x+30) (x+29)(x+30) 36

1 1, 2 13 1 ’ 2 13
< ( - )+ =— + +1l=—+
X+29 x+30 (x+29)(x+30) 36 (x+29)(x+30) (x+29)(x+30) 36

] )
& +1| =|—
(x+29)(x+30) 6

+) L ZZ—1=£©(X+29)(X+3O)—6=O<:>X2+59X—864=O<:>XE{—27;—32}
(x+29)(x+30) 6 ~ 6

1 -13
+) =
(x+29)(x+30) 6

2 2
<:>x2+59x+870+£:0<:>(x+5—9 +870+£— 9 =0 (vo nghiem)
13 2 13 \ 2

Vay phuong trinh c6 tap nghiém S ={-27;-32}

b. x°-3x° +6x* —7x* +6x* —3x+1=0

+) x = 0 khong la nghiém ctia phuong trinh

+) Chia ca hai vé€ cua phuong trinh cho x° ta duwgc:

X3—3X2+6X—7+§—%+i3:0<:> (x3+i3)—3(x2+i2)+6(x+1)—7:0
X x* X X X X

TAI LIEU TOAN HOC

Swu tAim va téng hop



Dat t= x+£:> x? +i2:t2—2; X3 +%:(x+£j3—3x.l(x+£j=t3 —3t
X X X X X X

Thay vao phuong trinh ta duoc:
t*-3t-3(t°-2)+6t-7=0= (t-1)°=0=t=1

1 , 1) 3
Sx+-=1lex-x+1=0 < X—E +Z=0 (VN)
X

CHUYEN PE5:  DPONG NHAT THUC
A. Céc bai toan vé biéu thitc nguyén

1. (a+b+c)* =a’ +b*+c? +2(ab+bc +ca)
2.a"-b"=(a-b)@"*+a"*b+a"p*+..+b")

3. a"-b*" =(a+b)(@" " -a""*b+a* b’ —...—b*"?)

4. a"+b"=(a+b)(@" ' —-a"b+a"b’ —..+b"")

n(n-1)
2

5. Nhi thitc Newton: (a+b)"=a"+na" b+ a"h’ +...+b"

Bail:Choa+b+c=0vaa2+b?>+c2=14. Tinh A =a*+b*+¢*
Loi giai:
Tacé: a+b+c=0=(a+b+c)’=0=a’*+b*+c*+2ab+2bc+2ca=0
< 14=-2(ab+bc+ca)=>ab+bc+ca=-7 (1)
Lai cé: @’ +b*+c® =14 = a’ +b* +¢* + 2a’h* + 2a’°c® + 2b°c* =14* =169  (2)
Tt (1) suy ra:
a’b? +b’c® + c’a’ + 2ab’c + 2a’bc + 2abc® = 49 < a’b® + b?c? + c?a® + 2abc(a+b+c) = 49
= a’b* +b*c* +c’a’=49=(2):a* +b* +c* =14°-2.49=98
Bai 2: Chox+y+z=0vaxy+yz+xz=0.Tinh A=(x-1>"+y* +(z+1)**
Loi giai
T: X+Y+2=0=> X+ Yy + 22 +2(xy+ Y2+ 2X) =0=> X* +y* +72°=0=>x=y=12=0
= A=—12% 1 0P 1127 =
Bai 3 : Cho x +y +z =0, chtng minh ring
a. (X +y*+7°) =2(x"+y*+1z%) b. 5(x}+ Y + Z2)(X* + y* + 2°) =6(X° + y°* + 2°)
c. 2(x° +y° +2°) =5xyz(x* + y* + 7%)
Loi giai:

a. (XP+y +22) P =x"+y + 2 1203y + YR+ 2°%%) (D)
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X+Y+2=0=>X"+y’ +2° =2y + yz+2X) = (X* + Y* + 2°)’ = 4(xy + yz + 2x)* (2)

Tt (1), (2) suy ra:
X'yt 22Xy 4 Y2+ 25X5) = A(XPY + YOz 4 2PX% 4 2XyP 2 + 2XPyz + 2Xyz?)

=Ax°y? +y 22+ 22X+ 2(x+ Yy + 2) [FA(CY? + yP 2P+ 22XP) = X+ vt + 2t = 20y + yPz + X))
%f—/

=0
Thay vao (1), ta dwgc: (X* +y?+2°)° =2(x* + y* +z%)

b. %VT =X+ YV + 22+ XY (X + V) + X2 (X + 2) + Y 2P (Y + 2)
Tex+y+z=0suyra:
X+y:_z;x+z:_y;y+z:_x:>éVT :x5+y5+z5—xyz(xy+yz+zx) @

X2 +y? +7°

X+Y+2=0=>(X+y+2)°=0=> X"+ y? +2° =-2(Xy + yZ+IX) = Xy + YZ + IX = 5

Theo caua, tacd: X*+Yy° +2° =3xyz khix+y+z=0
X+y +22 X+y+2°
2 ' 3

Thay vao (1), ta duoc: 5(x° + y* + 22 )(X* + y* + 2*) =6(x* +y* + 2°)  (¥)

(2)

= —(Xy + yz + 2X).Xyz =

c.Tacd: x> +y°>+2° =3xyz , thay vao (*), ta duoc:

5.3xyz(X* + y* +2°) =6(X° + y° + 2°) = 5xyz(xX* + y* + 2%) = 2(x> + y* + z°) (dpcm)
Bai 4 : Chitng minh rang

a. 2(a’+b° +¢® —3abc) = (a+b+c)[ (a—b)* + (b—c)* +(c—a)’ |

b. (a+b)(b+c)(c+a)+4abc =c(a+b)’+a(b+c)*+b(c+a)?

a. VP = (a+b+c)(@*+b*+c*—ab—bc—ca)

Lt =a’+b®+c®—3abc = (a+b)* +c®—3ab(a+b)—3abc = (a+b)>+c®—3ab(a+b+c)

= (a+b+c)[(a+b)’ —(a+b)c+c® —3ab] = (a+b+c)(a® +b*+c*—ab—-bc—ca) = VT =VP
b. VT =6abc +ca’ + ac® + ab’ + a’b +bc® + b’c

VP = 6abc +ca® +ac® +ab® +a’b +bc® +b’c =VT

Bai 5: Cho a +b + ¢ =4m. Chting minh rang

a. 2ab+b” +a* —c* =16m* —8mc

a+b-c) (a+c-b) (-a+b+c) s L2 o )
b. 5 + 5 + — =a“+b°+c —4m
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Loi giai:
a. VT =(a+b)*> —c® =(4m—c)* —c* =16m* —8mc = VP

a+b-c

b. Tt a+b+c=4dm=>a+b-c=4m-2c > 2m-—c

Tuwong tu:

VT =(2m—-c)*+(2m-Db)* +(2m—-a)* =a’ +b® +c® +12m* —4m(a+b+c) =a’ +b* +c* —4m* =VP

Bai 6:
a.Cho (X+y+z)(xy+yz+zx)=xyz (¥

2019 2019 2019

+ Yy 4+ 2% = (x+ y + 7)™

Chting minh rang: X

b. Néu x + y +z:6 . Chitng minh rang: A= (X+ Y)(Y +2)(z + X) — 2xyz:6
Loi giai

a. Theo ()< (X+y+2z2)(xy+yz+2x)—xyz=0

S XY+ XY+ XYZ+ XYZ + Y2+ 22y + X2+ X2P + XYz — xyz =0

< XY(X+Y)+ yz(X+ V) + 22 (X+ Y) + x2(Xx+y) =0 = (X+ Y)(xy + yz+ 2 +x2) =0
X+y=0 X=-y

S X+yY)(y+2)(z+X)=0<=|y+z2=0|y=-2
z+x=0 Z=-X

2013 __ _,,2013 2013 2013 2013 __

y — X + y +7 2013 — 2013

Gia st: X=-y = X 798 (X +y +2) 2*® = dpcm

b. Theo cau a, ta co:

(X+y+ z)(§y+ YZ + ZX) _xyz

Vi X+y+2:6= X+y+21asdchdn = 1trong3sdx,y, z1asd chdn = 3xyz:6 = A6

X+Y)Y+2)(z+X)=(X+Yy+2)(Xy+YyZ+2X)—Xyz => A=

Bai7:Cho a’+b*+c®=a®+b°+c’' =1 .Tinh A=a%+b° +c*®
Loi giai
Tacod: a®+b*+c?=1=0<a? sl<:>|a|sl<:>—1sasl;—1sb,csl

—1Sa£1:>a2(1—a)20:>a22a3,"=“<:{:if
—1<b<1=Dp*<1=(1-b*)b*>0=b*>Db°

Déu « =» xay ra khib=0hodcb =1.

Tuwong twe: ¢*>c¢’. Ddu «=» xdy rakhic=0vac=1.

Mitkhactalaicd: @ +b?+c?=a*+b°+c’' =1=a’=a*b?*=b%c’=c’ = a,b,c
c61s8 bang 1 va2sSbang 0 = A=1

Bai 8: Tim cac sd a, b, csao cho: x* —ax® +bx—c = (x—a)(x-b)(x—c)¥xeR
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-----

Ta cé: (x—a)(x—b)(x—c)=(a+b+c)x*+(ab+bc+ac)x—abc+ x> = x> —ax* +bx—c

atb+c=a b+c=0
= ab+bc+ca=b=<{=a(b+c)+bc=b=bc=b=

{b =c=0,Va
abc=c c(l-ab)=0

a=b=-1c=1

Bai 9: Cho a, b théaman: a®* —3a®+5a—-17=0:b*-3b%>+5b+11=0.
TinhA=a+b
(@®+b*)-3(@°+b*)+5(a+b)-6=0
& (a+b)° —3ab(a+h)—3[(a+h)? —2ab]+5(a+h)—6=0
< (a+b)*—3(a+b)*+5(a+b)-6-3ab(a+b)+6ab=0

< (a+b)’-3(a+b)*+5(@+b)-6-3ab(a+b—-2)=0
< (a+b)-2(a+b)’—(a+b)*+2(a+b)+3(a+b)—6-3ab(a+b-2)=0
o (a+b)?(a+b-2)—(a+b)(a+b-2)+3(a+b-2)—3ab(a+b-2)=0

X a+b-2=0
< (a+b-2)[(at+b)’ - (a+b)+3-3ab] =0 < )
(a+b)*—(a+b)+3-3ab=0

I A=2 A=2

And 2 2 And 2 2
a°—ab+b"-a-b+3=0 2a”-2ab+2b°-2a-2b+6=0
I A=2

S < A=2

(a-b) +(a-1)" +(b-1)"+4=0 (VN)
Vay A=2.
Bai 10: Chitng minh rang A=x* —x" + x> -x*+1>0
HXét Xx21=> X' (x-D)20=> x> x X (X -)>20=>x°>2x* = A>1>0
+) 0<x<1=1-X20x°(1-x)20=21>2 X 2 X = A= +1-X*+x°—x'20=A>0
N —x'>0
Voi x<0=
—x*>0
Véi x<-1=x°(x+D)20=>x+x°>20= A>1
Véi —-1<x<0=1+x>>0=>A>0

Vay A >0 véi moi x.

BAI TAP VE NHA
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Bai 1: Tim cac s a, b, ¢, d sao cho: A(X) = x* +ax® + bx* —8x + 4 1a binh phuong ctia da

thiec B(X) = x> +cx +d

Loi giai:
2c=a
2 2 2 4 3 2 2 2 2 c*+2d =b
[B(X)]" =(x"+cx+d)  =x"+2¢cx” +(c” +2d)x° +2cdx+d° = A(X) = B°(X) < 2ed = -8
d’=4

+) d=2=>c=-2;a=-4;d =8
+)d=-2=c=2,a=4,b=0
Bai 2: Cho a®—3ab® =19;b* —3a’h =98. Tinh E =a’ +b?
Loi giai:
Ta c6: (a®—3ab®)? =19° = a° — 6a’h? +9a’h*;98% = (b* —3a’h) =h® —6b*a’ + 9a’b’
192 +982 = a° + b® +3a*b? +3a%* = (a? + b?)® = a? + b? = /9965

Bai 3: Chting minh rang: A=x" -x’+x*-x+1>0 VxeR

Loi giai
N x’(x*-1)>0
+)Véi x21= = A>1>0 VxeR
x(x}-1)>0
-x>0
+)Vo’ix<0:>{ . = A>0
-x">0

1-x>0

= A>0
x'=x? =x*(1-x°)>0

+)V(’)iOSXS1:>{

Bai todn duogc chitng minh
Bai 4: Chiing minh r;img
a.Néua+b+c>0thi a®+b*+c®*-3abc>0 (a,b,ceR)
b. a*+b*+c*+d*—4abcd >0 Va,b,c,d eR
Loi giai
a.Co: a’+b*+c®—3abc = (a+b+c)(a@® +b*+c’>—ab—bc—ca)
ma a+b+c>0 (gt); (@a—b)*>0 nén:
a’—2ab+b’>0=a’+b’>2abh.

2 2 . "2 2
Tuong tu: a”+c” >2ac; b°+c” > 2bc

—=a’+b’+c*>ab+bc+ca=a’+b*+c*—ab-bc-ca>0
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b. a*+b*+c*+d* —4abcd =a* +b* —2a%b? +c* +d* — 2c®d? + 2a’b? + 2¢*d? — 4abcd

=(a®-b*)* +(c*-d?)*+2(ab-cd)* Va,b,c,d eR

CAC DANG TOAN VE PHAN THUC PAI SO

A. Rt gon, tinh gia tri ctia bi€u thitc théa man diéu kién cho trudce

Bai 1: a. Cho a— 2b = 5. Tinh gid tri biéu thite A= 2 — 22,302
2a+5 b-5
b. Biét2a—b=7. Tinh B =222 , 3022
3a+7 2b-7
c. Biét 10a” —3b* +5ab =0;9a* —b* # 0 Tinh c =23=b Sb-a
3a—-b 3a+b
d. Cho 3a®+3b?=10ab va b >a>0. Tinh D:a—_b
a+b
x*-25 | y-=2

.Biét x* +9y°—4xy =2xy —|x—3|. Tinh E = ,
o y—Axy =2y ~|x -3 i x*—10x* +25x y*—y-2

Loi giai
a)Taco: a—2b=5=a=2b+5= A=3(2b+5)_2b+3b_(2b+5) =4b+15+b_5=2
2(2b+5)+5 b-5 4b+15 b-5

b)Tacdé:2a-b=7thib=2a-7dodo:

_5a—b+3b—2a_5a—(2a—7)+3(2a—7)—2a_3a+7+4a—21_2
3a+7 2b-7 3a+7 2(2a-7)-7 3a+7 4a-21

c) Ta co:

a-b)(3a+b)+(5b—a)(3a— a’ +15ab -
C_ (2a—-b)(3a+b)+(5b-a)(3a—-b) 3 ? +15ab —6b” M)

(3a—b)(3a+h) 9a* —b?
Tir giai thiét:
2 2 2 2 2 2
10a* - 30° + 5ab = 0 = 5ab = 3b* ~10a* = A= 2 +330_—10a) 00" _-27a +30° _ 4
9a°-b 9a°-b

d) Ta co:
Cach 1: Ta co:

b=3a

3a’ +3b® =10ab = 3a” +3b* —10ab =0 < (3a-b)(a-3b) =0 < _
a=23b (loai)
:Dza—bza—Saz—_l
a+tb a+3a 2
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2 2 2 2 2
Cach 2: DZ:(a—b)z:a2—2ab+b2:3a2+3b2—6ab:1:>A 1
(a+b)° a“+2ab+b° 3a"+3b°+6ab 4 2

a-b<0 -1
Dob>a=> =>D<0=>D=—
a+b>0 2

e) Ta co:

X—3 :O X:3 _
x2+9y2—4xy=2xy—|x—3|<:>(x—3y)2+|x—3|=0<:>{x 3y_0 <:>{ 8

N\ e 1 /4 .7 . 2. /4 - A? ’
Bai 2: Cho X+— =3. Tinh gia tri ctia cac biéu thttc sau:
X

1
X2

1

X3

1 5 1

a. A= x>+ b. B=x3+ c C=x'+= ) !
X X

Loi giai

2
a. A=x2+i2+2.x.£—2=(x+£) —2=7
X X X

3
b. B=x® +(1) =(x+£j(x2 —1+i2] =3.6=18
X X X

c. C =x4+i4=x4+i4+2.x2.i2— =(x2+i2j2—2=47
X X X X

5
d. D=x5+(£j =(x+£j[x4—x3.£+xz.iz—x.is+i4)=(x+1J(x4+i4—x2+1—i2j
X X X X X X X X X

=3.(47-7+1) =123
Cach 2: (x° +i2)(x3+i3) = X5+X+£+i5:123
X X X X

1
X

Bai 3: Cho x> —4x+1=0 . Tinh A:x5+i5 va B=x"+
X
Loi giai

Co: X2 —4x+1=0=x*+1=4x=x#0

4 1
Chia ca hai vé€ cho x ta duoc: X+—=4
X

2
Ta c6: (x+£j =x2+2+i2=16:>x2+i2=14
X X X

3
(x+£) =x3+i3+3.x.£.(x+1j=x3+i+3.4=43 = x3+i3=52

X X X X x3 X
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1 1
= —+X+F—4+X5+?
:>x5+i5=(x2+i2)(x3+i3)—4=14.52—4=724
X X X
2 2
Bai 4: Cho ————=2008. Tinh M =———— vd N=——
X*—=x+1 X"+ X +1 X" =x"+1
Loi giai

Co: X+ X2 +1=(X* = X+1)(X* + X +1);x =2008(x* = x+1) (1)

Ta co:
X
x> —x+1
= 2009x = 2008(x* +1) = 2009x + 2008x = 2008(x” + X +1)

< 4017x=2008(x* +x+1)  (2)
Lay (1).(2) duoc:

= 2008 = x = 2008(x” +1) — 2008x

2 2

401757 = 2008% (x* + 3¢ +1) (%) = — 21X _ 2008? > 4017.M = 20082 = M = 200

X"+ X +1 4017

20082

*) = x* = X'+ x*+1) =M (X" + x> +1
*) 2017 ( ) =M( )
SX =M = x> +1+2x*) = x> = M (x* = x* +1) + 2Mx°

_ 2
S 2M =M -+ = LMy g aMyN =M o N =M

X" —Xx"+1 1-2M

2 2 2
Bais:Cho X+ Y4 Z-0 @ 2424 %2 (2).Tinn A:(Ej {Ej +(£)
a b X Yy z X

c y z
Loi giai
Taco X+ Y 2o DXFAY+AZ 4\ acy+abx=0 (3)
a b c abc
T (2) ta co:

a b ¢ (a b CT (ajg (bjz (CJZ (ab ac bcj
—+—+—=2=|—+—+—| =4 |—| +|—| +| = | +2| —+—+—|=4
X y z X y z X y z Xy Xz yz
2 2 2
@(ij +(E] J{E) +2[abz+acy+bch:4 (%)
X y z Xyz

Thay (3) vao (4), ta dugc: A= (Ej + (9] + Gj —4
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2 2 2
.. - . ) a‘+b°+c
Bai 6: Biét a®+b*+c®=3abc vaa+b+c#0.Tinh A=——

(a+b+c)
Loi giai
Ta co:
a’+b®+c®—3abc=(a+b+c)@ +b’>+c*—ab—bc—ca)=a’+b’*+c*—ab-bc-ca=0
2 2 2 3 1
< ((@-b)y+(b-c)y+(c-a)y=0=a=b=c=>A=—F7==
(3a)° 3

2
Bai 7: Tinh A=2c(Y=2)

+ac(z—x)* +ab(x-vy)’ Lig ax+by+cz=0
ax? +by? + cz? ’ a+b+c=25

Loi giai

Ta co:

M =bc(y —z)* +ac(z —x)* +ab(x — y)* =by?*(a+c) + cz*(a+b) + ax*(b + c) — 2(bcyz + acxz + abxy)

Ta phaitaoranhanti:a+b+c
M =by?(a+b+c)+cz’(a+b+c)+ax*(a+b+c)—2(bcyz + acxz + abxy) —b?*y? —c®z* —a’x’
= (a+b+c)(by? +cz? + ax?) — 2(bcyz + acxz + abxy) — (b*y® + ¢*z* + a’x?)

Lai co:

(ax+by +cz) °’=0= a’x* +b’y? + ¢’z + 2(abxy + acxz + bcyz) =0 = M = (a+b +c)(by? +cz® + ax?)

= A=a+b+c=25

Bai 8: Choab.c=2, ratgon: A= a + b + 2c
ab+a+2 bc+b+1 ac+2c+2
Loi giai
a b 2C
= + +
ab+a+2 bc+b+1 ac+2c+2
a ab 2C
ab+a+2 abc+ab+a ac+2c+abc
a ab 2
= + +
ab+a+2 2+ab+a a+2+ab
_a+ab+2
a+ab+2
=1
2 2 2
Bai9:Choa+b+c=0,ratgon: A= a + b + c

a?-b?>-c® b?-c*-a’* c?-b*’-a?
Loi giai

T a+b+c=0=>a=—-(b+c)=a’=b*+c*+2bc=a*-b*—-c®=2bc

2 2 2 3 3 3
Tuong tu: bz—az—Cz=2aC;C2—a2—b2:23b:>B: a + b N C :a +b’+c *)
2bc 2ac 2ab 2abc

TAI LIEU TOAN HQOC
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Ta co:
a+b+c=0=b+c=—-a=(b+c)’=-a’=-a’=b>+c*+3bc(b+c)=b*+c*—3abc
=a’+b®+c”=3abc

a’+b’+c® 3abc 3

Do dé: B = = =—
2abc 2abc 2

Bai 10: Cho ba so a, b, c khac 0 thoa man: a+b+c¢=+/2019 ; 1+%+1:0.
a C

Tinh A=a’+b*+c?
Loi giai
Tir: a+b+c=+/2019 = (a+b+c)* =2019 = a® +b* +¢* + 2(ab +bc + ca) = 2019

Mt khéc: %%%:OQW:O:bHcmab:o (abc # 0) = A= 2019

Bai 11: [ HSG Yén Phong — 2015 |

Cho a, b, c théa man: a(b+c)’+b(c+a)’ +c(a+b)> =4abc; a* +b? " +c* =1.

1 1 1

2015 + b2015 C2015

Tinh A=

a
Loi giai
Ta co:
a(b+c)’+b(c+a)*+c(a+b)>—4abc=0
< ab® + 2abc + ac® + bc® + 2abc +ba® + ca® + 2abc + ch® —4abc =0
< ab® + 2abc +ac’® +ba’® +bc® +ca® +ch® =0
< ab® +c?)+(b+c)@*+bc)+2abc=0
< a(b’+c® +2bc) + (b +c)(@® +bc) =0
< (b+c)(ab+ac+bc+a’)=0
< (a+b)(b+c)(c+a)=0
a+bh=0 |a=-b=a* =" =0 =>M=1
Slb+c=0<|b=-—Cc=>M=1
c+a=0 c=—a=>M-=1
VayM=1v6ia=b=c=1

Bai 12: Choba so a, b, c khidc0 vathdaman:a+b+c=0.

1 1 1
Tinh A= + +
a’+b*-c®> b’+c’—-a® c?+a’-b?
Loi giai
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a’+b?—c?*=-2ab
T a+b+c=0=>a=—-(b+c)=a+b=—c=(a+b)’=c*={b*+c*—-a*=-2bc
c’+a’—b*=-2ac

1 1 1 :>A:—(a+b+c):0

Do do: A= + +
-2ab —-2bc -2ac 2abc
.. ne A , e 1101
Bai 13: Cho x, y, z d6i mot khac nhau va Tte: —+—+—=0.
X y z
TinhA:2yZ +2XZ +2xy
X“+2yZ Yy 42Xz 7°+2xy
Loi giai
Tl‘r:£+1+£=0:>w=0:>xy+yz+zx=0:>yz=—xy—xz
X y z Xyz

Co: X*42y7 = X* + Yz + (=xy — xz) = (X — y)(X - 2);
Tuong tw: ye+2xz=(y-x)(y—2); z°+2xy=(z-x)(z-Y)

Ao yz N Xz N Xy _—yz(y-2) - xz(z-x) - xy(x—y)
(x=y)(x=2) (y-x)(y-2) (Z-x)(z-Y) (x=y)(y-2)(z-x)

T s6 caa A

yz? —y?z —xz° — xz% + xy* - X’y
=2°(y=x)+z(x* = y*) + xy(y —X)
= (y =)@ +xy) +2(x = y)(X+Y)
= (x=y)| 2(x+y) - 2" =xy | = (x=y)(y-2)(z—X) = A=1
Bai 14: Tinh A:(l+§}(1+%j(l+§} X Y,2#0 X3+ vy +2° =3xyz
Loi giai
XX+ y*+2° =3xyz
<:>(x+y)3+23—3xy(x+y)—3xyz:0
<:>(x+y+z)3—32(x+y)(x+y+z)—3xy(x+y+z)=0
<:>(x+y+z)3—3(x+y+z)(xy+yz+zx)=0
<:>(x+y+z)[(x+y+z)2—3(xy+yz+zx)}:0
S(X+y+2)(XP+y +2°—xy—yz-2x)=0

X+y+z=0
=N
X*+y*+2°—xy—yz—2x=0

Swu tAim va téng hop TAI LIEU TOAN HOC



+) Truong hop: X+ y+2=0=> X+ y=-Z;X+2=-Y,Yy+Z=—X

X+Y Y+Z X+2 _ —-Xyz _
y Yy X xyz

Do do: A=

-1

+) Treong hop x>+ y* +2° —xy —yz—2x =0 ta co:

X-y=0

X=y)Y+(x-2)*+(y-2)’=0{y-z=0x=y=7=A=8

z—-x=0

BAI TAP VE NHA

Bai 1: Chobasd a, b, c khdc 0 va thoaman:a+b+c=0.

Tinh A=

a’+bhc b% +ac c?
+ +

+ab

a’—b*-c®* b*’-c*-a® c*—-a’-bh?

Loi giai

T: a+b+c=0=b+c=-a=b?>+2bc+c?’=a’=a*-b?>-c?>=2hc

Tuong tw:

2 2 2 2 2 2
b’ c?—a?=2ac;c’ —a’-b?-2abm 52 TPC PT¥ca crab_a b ¢
2bc 2ac 2ab 2bc 2ac 2ab
_a+b’+c® 3 _3abc 3_
2abc 2 2abc 2
Bai 2*: Biét a + b + ¢ = 0. Tinh gi4 tri ctia biéu thtic sau,
(a—b b—c c—aj( C a b j
A= + + + +
c a b a-b b-c a-c
Loi giai
Détha_b+b_C+C_a
c a b
2_ _ 2 _ A A
Tacd: M. c _4,.C (b bc+ac a):1+ c .(a b)(c-a b):1+c(c a—b)
a-b a-b ab a-b ab ab
clc—(a-b 2
:1+[ ( )]:1+c.2021+2c
ab ab ab
Tuong tu:
2 2 2 2 2 3 3 3
M2 —1428 .y B g 2 g (S A D g e
b-c bc a-c bc ab bc ac abc

Swu tAim va téng hop

3
+_
2
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=(a+h+c)| (a+b)*—(a+b)c+c? |+3abc
=3abc = A=3+32=9
B. Chitng minh dang thitc théa méan diéu kién ctia

1 11 1 1 1

a®+b°+c’ = (a+b)*~3ab(a+b)+c’ = (a+b)° +c* |- 3ab(-c)

bién

Bail:Cho —=+=4+==2 (1); —+—=+-—-=2 (2).Chtng minh riang: a+b+c =abc
a b ¢ @ a? b ¢ @) 8 8
Loi giai
Tt (1) suy ra:
2
(1+1+1j=4 -l+jgw£+20£+£4%£J=4
a b c a’ b? ¢ ab bc ca
:>£L+JL+JL=1C>a+b+c=1¢>a+b+c=am:
ab bc ca abc
Bai 2: Cho a,b,c#0;a+b+c#0, thda man i+1+1: !
a b ¢ a+b+c
, . N 1 1 1
Chung mlnh rang: a2019 + b2019 + C2019 = a2019 + b2019 +C2019
Loi giai
Ta co:
1 1 1 1 1 1 1 1
—+—+=—= =>—+—+—- =0
a b ¢ a+b+c a b c +b+c
a b+a+b+c—c o @+h) = 1
ab c(a+b+c) ab C(a-kb-FC)
2
<:>(a+b)ca+cb+c +ab _ (a+b)(a+c)(c+b)=
abc(a+b+c) abc(a+b+c)

< (a+b)(b+c)(c+a)=0

+)a+b=0=>a=-b=a"" =(-h)** =VT =VP

Chting minh twong tw, ta c6 diéu phai chitng minh.

a b c

a® b? c?

Bai 3: Cho + + =1 . Chttng minh rang + + =0

b+c a+c a+b
Loi giai
D€ xuat hién a2, b?, c2tanhan véia+b + c ta co:

a b c a b c
+ + =1= + + (a
b+c a+c a+b b+c a+c a+b

b+c a+c a+b

+b+c)=a+b+c

TAI LIEU TOAN HOC

Swu tAim va téng hop



2 2 C2 a2 b2 C2
= +a+ +b+ +c=a+b+c= + + =0 (dpcm)
b+c a+c a+b b+c a+c a+b
a b c .
Bai4:Choa+b+c=x+y+z=0va —+—+—=0 . Chting minh rang : ax’ +by* +cz* =0
X y z
Loi giai
Cach 1:
Taco:
a+brc=0=a=-b-cm> 2 0. Cp
X y z

:b[1—£J+c(l—1j=0:>b(x_yj+c(E)=O
y X zZ X Xy Xz
N b(x—y).z+c(z—-x).y 0

Xyz
=b(x-y)z+c(z-x)y=0 (1)

Taco:

ax” +by® +cz*® = (-b —c)x* + by® + ¢z
=b(y® —x*)+c(z” = x*) =b(y - z)(y + X) +¢(z - X)(z + X)
=b(y—x)(~2)+c(z=X)(-y)=b(Xx-Yy)z+c(x-2)y=0 (theo (1))
= ax” +by® +cz* =0
Cach2:Taco X+y+z2=0=x>=(y+2)%y *=(x+2)%2° = (x+y)?
Do dé:

ax’ +by? +cz® =a(y+2)° +b(x+ z)* +c(x+ y)°
=a(y?+2yz+2%) +b(x* +2xz + 2°) + c(X* + 2yx + y?)
=x*(b+c)+y*(a+c)+z°(a+b)+2(ayz + bxz +cxy) (*)
Tk a+b+c=0=b+c=—a;
Tuong tw: a+C=-b;a+b=-c
Co:

3+E+E:0:> ayz +bxz +cxy =0=ayz+bxz+cxy=0
X Yy z Xyz

= (*):ax?* + by’ + cz* = x*(-a) + y*(-b) + z*(-c)
= 2(ax’ +by* +cz’) =0= ax* + by’ +cz* =0
Bai 5: [ GVG- Yén Phong — 2014]

1

\ 14 n~ 2 ~ 1 1 \
Cho a, b, c 1a cac so thuc thdéa man : _+E+_:1 vaa+b+c=1.
a C

Swu tAim va téng hop TAI LIEU TOAN HOC



Chting minh rang : (a—1)(b-1)(c-1)=0

-----

Tacod: 1+1+1=1:>w=1:> bc +ac+ab =abc
a b c abc

Co:
(@-)(b-1)(c-1)=abc-ab-ac+a—-bc+b+c-1=abc—(ab+ac+bc)+(a+b+c)-1=0
xy+1 yz+1 xz+1

Bai 6: Cho .Chting minh rdng : x=y =2z hodc x’y’z*=1
y z X
Loi giai
Tt :
xy+1 vyz+1 xz+1 1 1 1 1 1 y-z. 1 1 z-x
= = SX+—=yY+—=I+—D>X-y=——-—="——y-ZI=—"-"=——
y z X y z X zZ Yy yz X zZ X
1 1 x- X — -7)(z—-X
2x=2 XY oy y 2w = U DEED gy a0ty ) -
y X Xy X“y“z
=y
(x-y)Ny-2)(z-0=0 ||y=z=x=y=2
<
x’y?z? =1 Z=X
| x*y?z% =1
.. a b c , 4y a b c
Bai 7: Cho + + =0 . Ching minh rang: >+ >+ >=0
b-c c-a a-b (b—c)* (c—a)” (a-—hb)
Loi giai
. a b c a b ¢ b’-ab+ac-c* b’-ab+ac-c?
Tir: + + =0= = + = =
b-c c—-a a-b b-c a-c b-a (a—c)(b-a) (a—b)(c—a)
2 2
o8 b oabracoC iy pan e
(b—c)* (a-b)(b—c)(c—a) b-c
2 _ 72 2 _h2
Tuong tu - b - c"—bc+ab-a 2): C - a“—ac+bc-b 3
(c-a)” (b—c)(a—c)a—h) " (a-b)" (a—b)(b-c)(c-a)
a b C
+(2)+(3): + + = 0(dpcm
O+ @+ @ = = T aspy ~ oM
4 y4 X2+y2
Bai 8: Cho x, y, a, b la nhitng s6 thyc thoa mén: — +-——=—-—"— va X2+y2=1
a b a+b
2006 y2006 2

Chting minh rang : + =
a1003 b1003 (a + b)1003

-----

Swu tAm va téng hop TAI LIEU TOAN HOC



Né&u (X_2)2013 + (y_2)2013 — ; = Xxong
a L b (a + b)2013

Tacd:

4 4 2 2 2 2\2 4 4 2 2\2

X,y _x+y _ (X +y7) @bx tay” (X +y) < (bx* +ay*)(a+b) = ab(x® + y?)?
a b a+b a+b ab a+b

& abx* +b?x* +ay* +aby* = abx* + 2abx?y? + aby* < b?x* — 2abx?y? + a’y* =0
2 2 2 2

<:>(bx2—ay2)2=0<:>bx2=ay2<:>—:y_:X +Yy _ 1

a b a+b a+b

X2 2003 yz 2003 1
—_ = — = d
@[ aj ( b j @rppe  drem

Bai 9 : [ HSG Quang Xwong — 20/04/2015]

Cho ba s6 a, b, c khac 0, thoa man: (a+b+ C)2 =a’+b%+c?.

. a’ b? c’
Chung minh rang: —; +— +— =
a+2bc b"+2ac c”+2ab
Loi giai

Tk (a+b+c)*=a’+b*+c’ tacd:
ab+bc+ca=0=bc=—(ab+ac) = a’+2bc=a’+bc—(ab+ac)=(a—b)(a-c)
Twong tw: b® +2ac = (b—c)(b—a);c’ + 2ab = (c—a)(c —b)

a’ b? c?
T+ 2bc P+ 2ac | O+ 2ab
Ao —a’(b-c)+b’(c-a)+c*(a—b) (a-b)(b-c)(c—a) _1

= A

(a—b)(b—c)(c—a) ~ (a-b)9b—c)(c—a)
2.2 2.2 2152
Bi 10: Cho S+ 2110 vei abcx0va M =S &C a0
a b c a b C

Chting minh rang: M = 3abc

Loi giai
Détizx;lzy;lzz:x+y+z=0
a b C
2.2 2.2 2182
M _be Lac +ab =a2bzcz(i3+i3+i3)=a2b202(x3+y3+23)
a b C a> b’ c

T x+y+z=0suyra:

X+y=-2=X+y)’=- =X+ Y’ +3xy(x+y)=-2" = x>+ y* + 2° = 3xyz

= M =a’b’c®.3xyz = abc? 3211 sanc
abec

Swu tAm va téng hop TAI LIEU TOAN HOC



X Z a b
Bai 11: Cho —+1+—:0 va —4+—+

a b c X

Chl'rngminhréng:ba2+ b + t(): = 4
cx’  acy’ abz

-----

Cé5+1+5:0<:>bcx+acy+abz=O;E+E+£=2=>(E+E+£)2=4
a b ¢ X y z Xy z

a’> b’ chr2 ab bc ac _4<:>a_2+b_2 ﬁ+2 abz +bex + acy _4:>a2 b?
x>yt 7 Xy Yz Xz x> y* oz’ Xyz

Chia ca hai vé cho abc = az + b -+ C _ 4
bcx®  acy®  abz

Bai 12: Cho X+ Yy =1 va Xy # 0. Chitng minh rang; ysx—l_ X3y—1+ ig);/;y; =0
Y X ex=ytay (x* -y -(x-y)
v -1 x*-1 (Y’-D(x*-1) (y-D(y*+y+D(x-D(x*+x+1)
Theo daubai: x+y=1=>x=1-y;y=1-x
_ (=) )+ Y~ (x—y) _ (x=y)(x* +y*-1)
Xy(x* +x+D)(y> +y+1) XY(X2Y? + X2y + X2+ Xy? + Xy + X+ Y +y+1)
_ (X=y)(x*+y*-1) _ =y ) (x=y)[x(x =D+ y(y-D)]
xy[x2y2+xy(x+y)+x2+y2+xy+2] xy[x2y2+(x+y)2+2] xy(x*y? +3)
_ ENXEN+HYEN] _ (x=y)(2xy) _ ~2(x~y)
xy(x*y® +3) xy(x?y*+3)  x°y*+3

Ta co:

= dpcm

RUT GON BIEU THUC

(@®+b*+c?)(a+b+c)’*+(ab+bc+ca)
(a+Db+c)*—(ab+bc+ca)

Bai 1: Rat gon A=
Ta co:

(a+b+c)’—(ab+bc+ca)=a’+b’+c*+ab+bc+ca= MS =a’+b’+c*+ab+bc+ca
TS = (a® +b® + c?)(a® + b* + ¢ + 2ab + 2bc + 2ac) + (ab + bc + ca)?

= (a® +b? +¢?)(MS + ab + bc + ca) + (ab + bc + ca)®
= (a®+b*+c?).MS + (a® +b? + c*)(ab + bc + ca) + (ab + bc + ca)®

Swu tAm va téng hop TAI LIEU TOAN HOC



= (a®+b*+c?).MS + (ab+ac + bc)(a” +b® + c* + ab + bc + ca)
=MS.(a® +b® +c’+ab+bc +ca)
= MS?
2
MS MS

Bai 2: Rat gon cac bi€u thic sau

MS

2 2 2
X" —yz —IX 1" =X
a. A= .,y + Y

14 Y2 g 2N XY
X y z
a(a+b)+a(a+c) b(b+c)+b(b+a) c(c+a)+c(c+b)
b B=_2a=b a-c . _b-c b-a ., _c-a c—b
: 2 2 2
L b T -ay @by
(a—b)(a-c) (b—c)(b-a) (c—a)(c—h)
Loi giai
a) Ta co:
X -yz N y® — X . 7% = xy _x(xz—yz)+y(yz—yz)+z(22—xy)_x3+y3+z3—3xyz
14 Y2 X g XY X4y +2 X+Yy+2 X+Yy+2 X+Yy+2
X y 4
2 2 2
A:(x+y+z)(x +y +2 _Xy_yz_zx):x2+y2+zz—xy—yz—zx
X+Yy+1z
a(a+b)+a(a+c) b(b+c)+b(b+a) c(c+a)+c(c+b)
b) Dit B, = a—-b az—c B, = b—c bz—a B, =-C-a cz—b
L (b-o 1. (c-a 1. (@=b7
(a—-b)(a-c) (b-c)(b-a) (c—a)(c—b)
Tk sO
o _ a(a+b)(a—c)+a(a+c)(a-b) _a[a’+ab-ac-bc+a’-ab+ac-bc| a(2a’ - 2hc)
' (a=b)(a-c) (a—b)(a-c) (a=b)(a-c)
2 2 2 2 2
Miu s§ B, =1+ (b—c) :(a—b)(a—c)+(b—c) _a +b°+c—ab-bc-ca
(a—b)(a-c) (a—-b)(a-c) (a—-b)(a-c)
Ao 2a’ — 2abc
' a’+b?+c’-ab-bc—ca
3 3
Tuong tur: = B, = 2b® — 2abc B, 2¢° —2abc

A +b’+c’—ab—bc—ca ° a’+b’+c’—ab—bc—ca
3, 13, ~3
B 2(a” +b” +¢” —3abc)

- =2(a+b+c
a?+b’+c’—ab-bc-ca (@+bc)

Swu tAm va téng hop TAI LIEU TOAN HOC




(a+2b)* —(a—2b)* 3a’+7a’h®+4b*
(2a+b)* —(2a—b)® 4a*+7a’? +3b*

-----

Bai 3: Rat gon A=

(a+2b)° - (a—2b)’ =[(a+2b) - (a—2b)][ (a+2b)’ + (a+2b)(a—2b) + (a—2b) |
K =4b(a® + 4ab + 4b* + a® — 4b® + a® — 4ab + 4b*) = 4b(3a* + 4b?)
+) (2a+b)® - (2a—Db)® = 2b(12a% + b?)
+) 3a‘ + 7a’b® + 4b* = (a®+b?)(3a* + 4b%);4a* + 7a’h® +3b* = (a* +b?*)(4a’ +30*) = A=2
Bai 4: Thirc hién phép tinh sau
a+b-2c b+c-2a c+a-2b

A= 3 + 3 + 3
(a-b) +(c—a)(c—b) (b-c) +(a—b)(a—c) (c—a) +(b—a)(b—c)
a’-b* a’*+ab+b?* b*-c® b*+bc+c? c*-a® c’+ca+a’

Loi giai
Dit A = a+b-2c
1 (a=h)® (c-a)(c-b)
3 3 T2 2
a’-b a‘+ab+b
(a—b)® (c—a)(c—b) (a—b)*+(c—a)(c-h) (a+b—-2c)(@*+ab+b?)
MS: A = + = _
A a’-p® a’+ab+b? a?+ab+b? = A a?+b’+c’—ab—bc—ca
(b+c—2a)(b*+bc+c?) (c+a—2b)(c*+ca+a®)
T twe: = ; =
wong t: £, a’+b*+c*—ab—-bc-ca A a’+b?*+c*—ab—hc-ca
T sO claa

A=[(a—c)+(b—c)](a*+ab+b*)+[(b—a)+(c—a)](b* +bc+c*) +[(c—b) + (a—b)](c’ +ca+a®)
= (a—c)(a’ +ab+b*)+(b—c)(@® +ab+b*)+(b—a)(b® +bc+c?)+(c—a)(b® +bc+c?)
+(c-a)(c*+ca+a’)+(a—b)(c’ +ca+a’)
=(a-c)(@’+ab+b*-b*—bc—-c*)+(b-c)(@*+ab+b’>-c*-ca—a)

+(b—a)(b® +bc+c®—c®—ca—a’)
=(a-c)(a-c)(a+b+c)+(b-c)(b-c)(a+b+c)+(b-a)b-a)(a+b+c)

=(a+b+c)[(a—c)’ +(b-c)*+(c-a)’ ]

_(a+b+0)2.(a’+ b +¢? —ab—bc—ca) = A=:A—SS=2(a+b+c)
MS

Bai 5: Cho a, b, c 1a ba s8 phan biét. Chttng minh rang gi tri ctia biéu thitc sau khong phu

thudc vao gid tri x :

Swu tAm va téng hop TAI LIEU TOAN HOC




S :(x—a)(x—b)+(x—b)(x—c)+(x—c)(x—a)
* (c-a)(c—-b) (a-b)(a-c) (b-c)b-a)
Loi giai
_x*—(a+b)x+ab x*—(b+c)x+bc  x*—(a+c)x+ac
* T (c-a)(c-b) (a—b)(a-c) (b-c)(b-a)

{ 1 1 1 }
S, =X + +
(c-a)(c-b) (a-b)(a-c) (b-c)(b-a)

o —(@a+b) ~ (b+c)  (a+0)
(c—a)(c—b) (a-b)(a-c) (b-c)(b-a)
+ ab + be + ac =S =AXx*+Bx+C
(c-a)(c-b) (a-b)a-c) (b-c)b-a) ~ *
5 A= 1 N 1 N 1 _a-b+b-c+c-a
(c-a)(c-b) (a-b)a-c) (b-c)b-a) (a-b)a—c)(b-c)
9 B= -(@+b) ~ b+c  at+c
“(c-a)(c=b) (a-b)a—c) (b-c)(b-a)
s -C ab bc ac

X

= + +
(c—a)(c-b) (a-b)(a-c) (b-c)(b-a)

Bai 6: Cho a, b, ¢ d6i mot khéc nhau. Chiing minh rang gid tri cac biéu thiic sau khdng phu
thudécvaoa, b, c

a’+2a+3 b%+2b+3 c’+2c+3

a. S = + + =S, +2S,+3S,
(a-b)(a-c) (b-c)b-a) (c-a)(c-b)
s, = a’ . b? . c? _a’(c-b)+b’(a-c)+c*(b-a)
" (a-b)(b-c) (b—c)b-a) (c—-a)c—h) (a—b)(b—c)(c-a) B
9, = 1 N 1 N 1 _C-b+a-c+b-a
° (a-b)a-c) (b-c)b-a) (c-a)c-b) (a-b)b-c)c-a)
1S, = a N b N C _a(c—b)+b(a—c)+c(b—a)_0:>S_1
' (a-b)b-c) (b-c)b-a) (c-a)ic—b)  (a-b)b-c)c-a) B

_ a’—hc . b® —ca . c’—ab .
(@-b)(@a-c) (b-c)(b-a) (c-a)(c-h)

A=0

Swu tAm va téng hop
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C. Chitng minh phén sé t6i gian
- C6 hai cach co ban chttng minh tir s§ va mau s6 ¢6 UCLN bang 1
+) Cach 1: Gid st d = (a,b), sau d6 chirad =1
+) Gidisrd £ 1 (d >2)
- Goi p la wdc nguyén t6 cua d
-Chirarangp=1(Voly)
-Kétluand =1

Bai 1: Chiing minh rang phan s

la phéan s6 t6i gian Vne N
on+2

Loi giai
Giai st (3n+1,5n+2) =d(d € N") suy ra:
{3n+1§d {5(3n+1)3d {15n+53d
= =

) ) o =>ld=d=1
5n+2:d  |3(5n+2)'d  |15n+6:d

n n 1 \ e ~ A .2
Vay phan so Sn+ la phan s6 toi gian Vne N

on+2
Bai 2: Chttng minh rang phan s L2n+1 la phan s6 t6i gian Vne N
Loi giai
Goi (12n+1,30n+2) =d(d e N*) = {zf;:lzddj dile {ggi:ilz)) dd — 1id

S c 2N+l Lo e
Bai 3: Chttng minh rang phan so 1 la phan s6 toi gian Vne N

2n?
Loi giai
Goi (2n+1,2n* -1) =d(d € N")ta cé:
. X 2n+2:d .
ni2n+1)—(2n°-1):d = n+1d = S =>lid=>d=1
2n+1:d
Bai 4: Chitng minh ring phan s6 M la phan sO toi gidn Vne N
: g gp n*+3n% +1 P g
Loi giai

Goi (n*+2n,n*+3n*+1)=d(d e N")ta co:
{n3+2n5d {n(n3+2n)§d
-

_ = n(n*+2n)—(n*+3n°+1)id
n*+3n*+1:d

n*+3n?+1:d

= (-n*-1):d = n® +1:d

Swu tAim va téng hop
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=ld=d=1

. n(n®+1)+n:d . n*id n*+3n%:d
Taco: n°+2n= =nd= =

n?+1:d 3n%:d n*+3n?+d
n®+2n?-1

Bai 5: Cho A= 3 >
n°+2n°+2n+1

a. Rat gon A
b. Chting minh rang néu n e Z thi gia tri im dwoc & cau a 1a phan s6 t&i gian
Loi giai
A n®+2n*-1 _ (n+D(n* +n-1) _ n“+n-1
n*+2n*+2n+1 (n+1)(n*+n+1) n’+n+l

L , . n*+n-1d ,
b.Goi (N“+n-1L,n"+n+1l)=d(deN )= - =>-2d=d=L4d=2
n’+n+1:d
Laico: n*+n+l=nn+D)+1(le)=>d#2=d=1
2

2
Bai 6: Cho phan s3 A= +2
n+

(ne N). Cé bao nhiéu s6 tw nhién nhé hon 2009 sao cho

phan sd A chua t6i gian
Loi giai
n*+4 n*-25+29 29

—n-5+—"

A -
n+5 n+5 n+5

Dé A 1a phén s6 chua t6i gian thi 1a phén s chua t6i gian = n+5:29 = n =29k -5

n+5

5 2014

Tacé:0£29k—5£2009:>2—9£k£ =1<k<69

Vay c6 69 gia tri
D. Cac bai toan vé bi€u thitc hiru ty
Cac budc rat gon biéu thire hivu ty
- Tim diéu kién xac dinh: Phan tich t&r va mau thanh nhan t, cho tit ca cadc nhan ti khac 0
- Phan tich tr va mau thanh nhan t r6i chia ca tr vd mau cho nhan tix chung
x* —5x* +4
x* —10x* +9
a.Rut gon A b. Timx d€ A=0
c. Tim gia tri cia A khi [2x -1/ =7

Bai 1: Cho biéu thirc A=

Loi giai

a. DKXD: x* -10x* +9#20 = (X* -1)(x* -9 #0 < x # L, x = +3
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x4 (X=D(X+HD)(X+2)(x—2) | (x—2)(x+2)
X 1062 +9 (X=D(X+D(x=3)(x+3)  (x—3)(x+3)

2

b.A=0e X2 pox=1
X" =9
12
Xx=4 (tm A=—
¢ [ox-1=7= (tm=A=73

x=-3 (loai)

x* + x* - 2x

Bai 2: Cho biéu thitc A= :
X|x+2|—x*+4

a.Rat gon A b. Tim x nguyén d€ A co gia tri nguyén
c. Tim gia tri chia A khix=6
Loi giai
a.Néux +2>0taco:
XX -2X  X(x- D(x+2) _ x(x~1)
X(X+2) — X +4 2(x+2) 2

X>-2=|Xx+2|=x+2= A=

3 2 _
Néu x+2<0 X<-2= [x+2/=—(x+2) = A= X X 22X -
—X(X+2)-x"+4 2

Néu X =-2=> A khong x4c dinh
( -1) -

b. D€ A nguyén thi hoac 7 o gid tri nguyén

x(x-1):2
X>-2

X(x—1)
) 2

o gia tri nguyén < {

Ta co: X(X—1):2VXx > -2

— X:2
+) 7)( o gia tri nguyén <:>{X 2<:>X=2k(keZ,k<—1)

Ta cb: x(x—1):2vx > -2

X2 — X

C.X=6=>X>-2= A= =15

Bai 3 : [ HSG - Yén Phong — 2015]

2 2
Chobiéhthl’rcAz( B A 2]7‘2’”2’ (x#0,y #0,x=—Y)
X-xy xy-yt) Xy

a.Rat gon A
b. Tinh gid tri ctia A khi x >y >0 va thoa man : 2x* +2y® =5xy

Loi giai
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A A —(X+Y)
X—y

b. Ta co
2x—y=0 (loai
2X% +2y? =5xy < (2x* = xy) + (2y° —4xy) =0 = (2x-y)(x-2y) =0 = y (loal)
Xx=2y=0 (tm)
Thay x =2y vao A, ta duoc: A:M=—3
2y -y
2
Bai 4: Cho A= 33(’(:2) + 23’( —2X—10 : 25 3 __3
2(X°+ X +x+1) 2(x*=x"+x-1) | | xX*+1 2(x+1) 2(x-1)
a. Rat gon A

b. Tinh gia tri cia A khi [2x-1] =1
c. Timx dé€ A>0
d. Tim x d€ A nhan gia tri nguyén duong
Loi giai
a.Tach: X +X°+Xx+1=(X+D(X*+2);x* = x>+ x—=1=(x-)(x* +1)

2 — p—
M:(X+2)4(X 2)_N:2(x+f)(x 2):>A:M:N:—XJr2 (x=£Lx = £2)
2(x" -1) X" =1 2

x=1 (loai)

b. |2x—u:1:{
x=0 (tm)=A=1

X> -2

c A>0x+2>0&
X#+LXx =12

d. A nguyén duong;:
X+2

eZ<:>(X+2)52<:>X+2:2k(keZ;k¢0;k¢2)<:>X=2k—2:2(k—1)(keZ*;k¢2)
Bai 5: [ HSG - Long Bién — 2014 ]

X+2 2 _3 2-4x 3x+1-X
3x  x+1 7 x+1 3x

Cho A=(
a. Rat gon A
b. Tinh gié tri ctia A khi 2014 —|2x -1 = 2013
c. TimxdéA<0
d. Tim cac gia tri nguyén ctia x d€ A c6 gia tri la sd nguyén
Loi giai

a. bPKXD: x¢—1;x¢o;x¢%:> A:XT_l
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X=1=A=0

b. 2014—|2x—u:2013:{ 0 (loai)
X= |

x<1

c. AkO=x-1<0«< 1
x;tO,x;t—l,x;tE

d. A c6 gia tringuyén = (x—1):3=x=3k+1 (ke Z)

BIEU THU'C CO TINH QUY LUAT
Bai 1: Tinh
3 5 2n+1
a. =+ =+t ——————
@37 @3 " [n(n+1)]

1 1 1
b. (1_?)(1_3_2)"'(1_F)
Loi giai
a. Ta co:
2n+1  2n+1 1 1 1 1 1 1 1 1 n(n+1)

= = = A= + +...+ — =
[n(n+D] n°(+D? n® (n+D)7 2222 ¥ 0t (4]’ (n+D)’

b.Tacs: 1-— =MD+ _ 5 :{(2—1)(2+1)M(3—1)(3+1)}{(n+1)(n—1)}

2 2

n n 2° 3 n
132435 (n- 1)(n+1) 1.3.2.4.35...(n— 1)(n+1) 1.23..(n-1) 3.4.5..(n+1)
22732 42 n’ 22.32.4%.... ©2.34.(n=1).n"234...(n-Dn
_1n+1 n+l
n 2 2n
Bai 2: Cho A:%+%+...+£+i;8 1+l+1+ +i. Tinh A. B
1 2 98 99 2 3 4 100
Loi giai
A+99= (— 1)+(—+1)+ +(—+1)+(—+1) 100+ 100 ...+@+@
98 99
_100+100(—+ +—):>A 1+100(—+ +—) 100(i 1+ +—):>A B =100
2 3 100
Bai 3: Cho A=1+1+1+...+i;8= 1 + ! + L +...+L+L.TinhA:B
1 3 5 99 1.99 3.97 5.95 97.3 99.1

Loi giai
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99+1 97+3 5495 97+3 99+1 1 1 1 1 1 1 1 1
+ + +..+ + =l+—+—+—+—+—+..
199 973 595 97.3 991 9 3 97 5 95 97 3 99

100.B =

:(1+1+1+...+i)+(i+i+...+1+1):A+A=2A:>A:B:50
1 3 5 99" 99 097 31
Béi4:Ch1’rngminhr5ng:i+—+i+...+ 1 _ 1 + L +...+i
1.2 34 56 (2n-1).2n n+1 n+2 2n
Loi giai
VT=1—£+£—1+1—£+...+ ! —i:(1+1+£+...+L)—(1+1+1+...+i)
2 3 4 5 6 2n-1 2n 1 3 5 2n-1" 2 4 6 2n
:(1+£+1+...+L+i)—2(1+£+1+...+i):(1+1+...+i)—(1+1+1+...+1)
1 2 3 2n—-1 2n 2 4 6 2n” 1 2 2n 2 3 n
=L+i+...+i:>VT=VP
N+l n+2 2n
Bai 5:
. Ly 1 2 3 n .
a. Chting minh rang;: ?+?+?+...+F< 2vneN
b. S :%+%+%+...+%<EVneZ+
3 3F 3 3" 4
Loi giai
2.\/T:1+g+%+...+ n1:2+%+...+ nl
2 2 2" 2 2"
ST VT =VT=l4ip 2yl 1 D, 0
2 2° 2 2" 2" 2"
Trong do:
A=1+11+i2+...+i_1:2A:2+1+£+...+ 1_2:>2A—A:A:2— 1_1
2 2 2" 2 2" 2"
1 n «
>Vl =2-—7F-—<2 VneN
2" 2"
b) Ta co:
38=1+%+%+i3+...+ ?_1:>28=1+i1+i2+....+ nl_1—1n:>28:81—1n
3 3F 3 3 3 3 3 3 3
Sl=1+in+i2+3—13+...+%:>381=3+1+%+3i2+...+3n—1_2:>281=3—%:>81=%—%
3 1 n 3
S=———"—- <— (dpcm
4 437 23" 4 (dpem)
. I I I I I .
Bai 6: Chttng minh rang;: 1'%'+ 2'::'+ 3':L+...+ n(n+1)! _ (n+2)'—2 vneN
2 2 2 2" 2"
Loi giai
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Cach 1: Chitng minh bing quy nap toan hoc

. . 1.2! 3!
+) Véin=1, taco: VT :7:1;VP:E—2:1:>VT =VP

| | | I !
+) Gid sir dting véin =k, ticla: toty 23t 34 kD (KD 5 vkent
2 2 2 2 2
Ta sé chttng minh ding véin=k +1, titcla:
1.2t 23! 3.4! k(k+D! (k+D(k+2)! (k+3)! N
21 + 22 + 23 Tt 2k + 2k+1 = 2k+l -2 vkeN ( )
That vay :
! |
VT(**):(k+k2).—2+(k+1)5k1+2).:2(kk+12)—2+(k+1)k(l§+2)
2 2" 2 2°"
(k+2)1(k+3) (k+3)!
= 2k+l = 2k+l - 2 :VP (**)
Cach 2: Xét s0 hang tong quat
k(k+1)! (k+2-2)(k+D)! (k+2)-2(k+D)! (k+2)! (k+1)!
2k = 2k = 2k = 2k - 2k—1
Ap dung cho k chay tir 1 dén n, ta duwoc :
I 21 41 31 51 41 I I 121 I
VT:E—&+i 1+i—i+ +(n+2)._(n+1).:(n+2)._&:_(n+2)._2:VP (dpcm)

21 20 22 - 21 23 22 2n 2n—1 2n 20 2n

CHUYEN PE 6: BAT DPANG THUC
I. Cac kién thttc co ban
1. Dinh nghia: Ta goi hé thiic dang a >b (a <b;a>b;a<b) la mot bat dang thirc
{A >B< A-B2>0
A<B< A-B<0
2. Cac tinh chat
a>b

a. Bic cau: =a>c
b>c

b. Cong hai v& ctia bat dang thitc véi cing mot s6: a>b=>a+c>b+c
Héqual:a>b=a-c>b-c
c. Cong, trir tlng v& ctia bat dang thiic cing chidu duoc bdt cung chiéu véi bdt da cho

a>b

d } =a+c>b+d (luuy:khong co tinh chat trir vé€ vdi veE)
c>

d. Nhan ca hai v€ caa bddt véi cing mot s6
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a>b=-a<-b
a>b;c>0=ac>hc . E>E (c>0)
Heé qua:
a>bc<0=ac<bhc a>b=
a_b
—<— (c<0)
c C
\ \ ~ 2 SA a>b
e. Trir titng vé ctia bdt nguwoc chiéu: {C<d:>a—c>b—d

f. Nhan tirng v& hai bat dang thiic cing chiéu ma hai vé khong am:
a>b>0;c>d>0=ac>hd

g. Nang lén liiy thita bac nguyén duong hai vé ctia bat dang thic:
a>b>0=a">b" a>b=a">b" (nlé)
|a|>|b| < a" >b" (n chén)

h. L4y can

a>b>0neN = Ya>b

Hé qua: a,b>0c6 a>b<a*>b*ab>0=>a>b« a’>b’

i. Ldy nghich dao hai vé€ va d6i chiéu bdt néu hai v€ cung ddu

Véi a>b>0:>0<1<%

a
a>b,ab>0:>1<E
a b

IL. Cac hing dang thitc
1. a*>0;-a %<0 2. |a|]<0<a=0
3.|a|=a<=a>=0 4. la+b|=|al+[b| < ab>0

I1I. Cac b6 dé hay st dung

2
1. a? +b? > 2ab 2. (a—;bj >ab < (a+b)?>4ab  (AM-GM)
3.1 1. % Gbs>0) £ 2259 @p>0)
a b a+b b a

5. (a° +b*)(x* + y*) > (ax+by)*>  (bu—nhi—a—cop — ski)

IV. Cac dang toan

Dang 1: Dung dinh nghia va cac phép bién déi twong dwong
- b€ chiing minh: A>B ta xét A — B va ching minh A-B2>0
Bai 1: Cho ba s6 a, b, ¢ bat ky, chitng minh bat dang thtic sau:
a’+b’+c*>ab+bc+ca (1)
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Loi giai
() & 2a° +2b® +2¢* > 2ab + 2bc + 2ca <> (a—b)* +(b—c)’ + (c—a)* > 0 (ludn ding)
Ddu “=" xayra <>a=b=c
Bai 2: Cho ba s6 a, b, ¢ bat ky, chting minh rang: (ab+ bc +ca)? > 3abc(a +b +c)(1)
Loi giai
(1) < a’h® +b’c?+c?a’ —a’bc —ab’c—abc® >0
& a’h® +b’c*+c’a® —a’bc —ab’c —abc® >0
& (a’b’—2ab’c+b’c’) +(b’c® — 2abe” +c’a’ )+ (a’c’ —2a’bc +a’h’ ) 2 0
< (ab—bc)? + (bc—ca)® + (ca—ba)* >0
B4t dang thitc cudi cling dting cdc phép bién d6i 1a twong dwong nén bai toan duoc ching
minh.
Ddu “ =" xay ra < ab=bc;bc=ca;ca=ab<a=b=c

Bai 3: Chiing minh rang: a?+b?+c’+d’+e?>a(b+c+d+e) Va,b,c,d,ecR

Loi giai
Ta cé:
a’+b*+c*+d°+e’>ab+c+d+e)
2 2 2 2
<:>a——ab+b2+a——ac+c2+a——ad+d2+a7—ae+e220
a V (a Y (a Y (a )
| —-b| +|=-c| +|=-d | +|=—e| 20
2 2 2 2
Bat dang thitc cudi cing dung cac phép bién ddi la twong dwong nén bai toan dwoc
chtrng minh.

Dau “=" xay ra khi: b=c=d :%

Bai 4: Cho ba s6 a, b, ¢ théa man: 0<a<b<c.Ching minh rang: %+9+£S—+—+%
c a a ¢

Loi giai
Xét hiéu:
a b c b ac
b ¢c a a c b
=i(azc+ ab® +bc® —b*c—ba® —ac?)
abc

=$[(a2c—b2c)+(b2a—a2b)+(czb—ac2)]

TAI LIEU TOAN HOC
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zﬁ[c(a—b)(mb)—ab(a—b)—cz(a—b)]

—i[(a—b)(ac+bc—ab—cz)]

~abc
:i[(a—b)(c(a—cﬁb(c—a))}
=$(a—b)(a—c)(c—b)so (do:0<a<b<c)

Vay bat déng thiic dwoc chiing minh.

Bai 5: Chting minh rang: bi+£+ib22(£+%+1j voia, b, c>0
C ac a a C

Loi giai
Xét hiéu:

i+£+i22(1+1+£)
bc ac ab a b c

<:>i+£+i—2( b + ac + ab jZO

bc ac ab abc abc abc
< a’+b*+c?—2bc—2ca-2ab >0
< (a+b-c)*>0
B4t dang thitc cudi cling dling cc phép bién d6i 1a twong dwong nén bai toan duoc
chttng minh.
D4au “=" xay ra khi: a+b=c
Bai 6: Chttng minh rang néu a+b>2 thi a* +b° <a‘+b*
Loi giai
Xét hiéu: a*+b* —a’-b*=a(a-D)+b’(b-D=a’(a-D)-(a-D+(@a-0)+b*b-1)—-(b-1)+(b-1)

=(a-)@-1)+b-D®*-1)+a+b-2=(a-1)°@° +a+D)+(O-1)°{O* +b+D)+a+b-2>0+0+0=0
Vay bat ding thikc dwoc chiing minh. Ddu “=" xay rakhia=b =1.
Bai 7: Chtrng minh rang néu Va,b,c ta ludn cé: a*+b* +c* > abc(a+b+c)

Loi giai
Xét hiéu:
a‘+b*+c* —abc(a+b+c)=a* +b*+c* —a’bc—b*ac—c’ab = %(Za4 +2b* +2¢* — 2a’bc — 2b%*ac — 2c*ab)
= %[(a“ —2a’b? +b*)+2a’w* + (a* - 2a’c?* +c*) + 2a’c” + (b* — 2b’c® +¢*) + 2b*c® —a’bc —b*ac - czab]

:%[(az —b?)* +(a° —c*)° + (b* —¢)* + (a%h® +b°c’ — 2ab’c) + (b°c’ + c*a’ — 2abc?) + (a’h’ + c*a’ — 2a’hc) |

:%[(a2 —b®)? + (b* —c®)? +(c* —a?)* + (ab—bc)? + (bc —ca)® + (ab—ac)2] >0 Va,b,c

Swu tAm va téng hop TAI LIEU TOAN HOC



Bat dang thiic cudi cing dting nén bai toan dugc chiing minh.

Dang 2: Dung cac phép bién d6i twong duwong

- Ta bién d6i cac bat dang thiic can chiing minh tuong duong véi BDT ding hodc BDT da
dwoc chitng minh la ding

-Néu A<B& C<D, v6iC<D ludn dung

Bai 1: Cho a, b, ¢, d, e la cac s6 thuc, Chtiing minh rr?mg:

2
a. a2+b72ab b. a’+b*+1>ab+a+b
2 2 2 2
c. a’+4b% +4c? > 4ab—4ac +8bc d. a +2 +e Z(a+g+cj
Loi giai

2 2
a. a2+72 ab < a2+%—ab20© 4a* +b* > 4ab < (2a-b)’ >0 (dung)

b. a® +b’+1>ab+a+b < 2@’ +b*+1)>2(ab+a+b) = (a-b)*+(a-1)*+(b-1)°>0<a=b=1

c. a’ +4b® + 4c¢® > 4ab—4ac +8bc < (a® —4ab +4b*) + 4¢® + (4ac—bc) >0

& (a-2b)* +2(a-2b).2c+(20)* 20 < (a-2b+2¢)* 20 (lysn dting)

d.

a®+b?+c? >(a+b+c
3 B 3

2
) o 3(@*+b*+¢?)>(a+b+c)’ =a® +b” +¢” +2ab+2bc + 2ca

2 2 2

< (a-b)*+(b-c)*+(c-a)">0 (lu6n diing)

Bai 2: Cho ba so a,b,ceR théaman: abc=1va a+b+c >1+%+1
a c

a. Chitng minh rang: (a—1)(b—1)(c—1) >0

b. Chting minh rang ludn ton tai 1 trong ba s6 a, b, cnhé hon 1

Loi giai
a. Ta co:
(@-)(b-(c-1)>0
< abc-ab-bc-ca+a+b+c>0

< abc+(a+b+c)—(ab+bc+ca)>0
<l+(a+b+c)—(ab+bc+ca)>0 (1)

va a+b+c>1+%+1<:>a+b+c>m<:>a+b+c>ab+bc+ca (2)
a C

abc
Tte (1), (2) ta c6 diéu phai chiing minh.
b. Gia str ton tai ca ba s8 a, b, c 16n hon 1< abc >1 ( mau thuan véi gia thiét )

Vay ludn ton tai 1 s6 nho hon 1.
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Bai 3: Chting minh bat dang thtec sau: (a* +b™)(@® +b?) > (a° +b%)(a* +b*) (1)
Loi giai
D) < (@°+b®)(@a*+b*)-(a® +b®)(a' +b") >0 <= a? +a*b’ +a’h° +b*? -a? —a’h—-a’h®’ -b™? >0
< (aP°b® —a’h") + (a’h™ —a'h®) > 0 < a’v?*(a* —b?) —a’h®(a’ —b?) > 0 = (a’ —b?)%*a’b’(a’ + a’b* +b*) >0

Bai 4: Chtmg minh ring: 1<——+—2 4+ % 2 (ab,c>0)
a+b b+c c+a
Loi giai
Taco: a+b<a+b+c> 1 > 1 = a > a
a+b a+b+c a+b a+b+c
Tuong tu: b > b ; c . ¢ . Vay a_, b LN ™
b+c a+b+c a+c a+h+c a+b b+c c+a

a a+c b a+b ¢ c+b
< ; < ; <
a+b a+b+c b+c a+b+c c+a a+b+c

Laicé: a<a+b=

A N s A A, M 7 a b C
Cong vé vdi vé ba bat dang thitc ta duoc: + + <2 (*
a+b b+c c+a

Do d¢6 bai todn duwgc chitng minh.
Bai 5: [ Vao 10, PHSP TPHCM nam 2007 - 2008 ].

Cho a, b, ¢ > 0. Chizng minh rang: a’h® +b’c? +c*a® > a’h® +b’c* +c’a’

Loi giai

a’b® +b’c® +c’a’ > a’b’® +bc® +c’a’ < a’v®* —a’h’® +b’c’ —c*a’ +c’a’ —b’c® > 0
& a’h’(a-b)+c’(b*-a’)+c’(a* ~b*) > 0 < (a—b)| a’h’ —c*(b* +ab+a’) +¢c’(a+h) |> 0
(a-b)(b—-c)(c—a)(ab+bc+ca)>0 (luon dung)
Bai 6: [ Vao 10 Thanh Hoa, nam 2007 - 2008 1.
a_ 5(a’+1) L1

Chting minh rang véi a > 0 thi:

a’+1 2a 2
Loi giai
2 2
2a +5(a +1)ZE<:> 2a _1+5(a +1)_520
a +1 2a 2 a“+1 2 2a
_ _1)\2 2 _ _1\2 _1)\2
(a2 1) +5a 1Oa+520<:> (a2 1) +5(a 1) 50
2(a% +1) 2a 2(a’+1)  2a
2_
olaop(2-t jzo@i(a—l)2 EC ) P
2 a a“+1 2 a(a2+1)
B 2
L (a—;j +4a2+1j
o =(a-1) >0
2( ) a(a’+1)
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Bat dang thiic cudi dang véi moi a > 0 nén bai toan duoc chitng minh.
Ddu “=" xay rakhia=0

Bai 7: [ HSG - 1994 - 1995 ]

2 2

; . X rs .~ , X y Xy
Chttng minh rang vdi moi so thue X,y #0 ta cd —2+7+4 > 3(§+;j @
Loi giai
2 2 2
ot Lva-g 2L oo 203 ] g X L)- (X0 sz
y© x y X y X y x) \y x
202 2
@(u_zj(u_l}zo@ WOy 4y
y X y x X’y
)2 (y2 2 C\)2(0y2 2
o 2x=y) )((>2<y2 XY+Y) 5 g X2Y) (2>)<(2y22xy+2y )50

- (x—y)z(xz;zz (=9 5 ¢
B4t dang thitc cudi cling ludn ding cac phép bién ddi la twong duong nén bai todn duwoc
chttngminh.
Dau “=" xay rakhi x =y.
Bai 8: [ Chuyén An Giang nam 2010 - 2011 ]

Choa>4,b>4 . Chting minh rang: a’+b”+ab>6(a+b)

Loi giai

Do az4,b>4=a-4>0b-4>0
Dit x=a-4 (x>0); y=b-4(y>0)ta cd: (1) & (X+4)* +(y+4)* +(x+4)(y +4) 2 6(x+y+8)

& XP+y?+xy+6(x+y)=0
2 3 2
<:>(x+%j +%+6(x+ y)=0

B4t dang thitc dting v6i moi x, y > 0 do d6 bai todn dugc chiing minh
Dédu “=" xay rakhix=y=0hay a=b=4.
Bai 9: [ Vao 10 chuyén KHTN, PHQGHN, nam 2000 — 2001 ]
o , o 4x°y* X
Cho hai s6 thiee x, y # 0. Chttng minh rang: ———5+—
(X“+y)" y" X
Loi giai

Ta co:
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2 2 22 (2 22 4 4 ny2,,2
x_zy_2 0<:>4xy (X*+y9) xX'+y 2xy20

+—=-22>
(X2+y2)2 XZyZ
+(X2_y2)2>0<:>(xz_yz)2 1 _ 1 >0
(X2+y2)2 X2y2 - ) X2y2 (X2+y2)2 -

(x* +y)* = x%y* >0 (X - y2)2 X' +y +x%y°

X2y2(X2 + y2)2 X2y2(X2 + y2)2 -

o (XZ _ y2)2.

Bat dang thitc cudi cting ding cac phép bién ddi la twong dwong nén bai toan duwgc ching
minh.

Ddu “=" xay ra khi x=+y

2 2
Bai 10: Cho céc s6 thuc a,b. Chitng minh rang: 22 +, f a Zb > \Jab +_a;'b @)

a+b
Loi giai
a2+b2_ab
Ta co: aJZrb_aZab:;?;bt)j); angz _Jab = 22 : _ 2(c’:l—:))2
+ + /anerr@ 2{/a;b+@}
(1)<:>(a_b)2 ! 1 20<:>(a—b)2[2a+2b— 2(a2+b2)—2\/%}20
2 a’+b? a+b
| g e
o 2a+2b—2(@2+b?) -24/ab>0 (¥
. .__(a-b?® | Y —(a-b)’
Tacé: a+b—2ab =(Va-vb)?=—=—2 _: a+b—,f2(a’+b°) =
acé: arb-2ab=(Va-b) (Va++b)? o @+ J2(@*+b*) +(a+b)
1 1
* —b)? - >0 —b)?| {/2(a% +b? b— b)* [>0
(*) < (a-b) Lﬁﬂ/g)z \/2(a2+b2)+(a+b)]> & (a-h) [\/ (@>+b?) +a+b—(Va++b) }>

o (a—b)z[«/Z(az +b?) —2\/5} >0 (a—b)z.\/%;f/z_b >0

- 2(a—b)*
J2(@% +b?) +2ab

B4t dang thitc cudi cling dting nén bai todn dugc ching minh.

>0

Dau “=" xay rakhi a =Db.
Dang 3: Bt dang thitc dang nghich dao ( C6 si cong mau )
1,1, 4 9 1,1,1,_ 9

a b a+b a B+E_a+b+c

TAI LIEU TOAN HOC
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=a,=..=4a, Vaa,...,a, >0

n

Bai 1: Cho a, b, ¢ > 0. Chtmgmmhrang 1+1+1> 3 + 3 3
a b c a+2b b+2c c+2a

Loi giai
9
+b+c

Ap dung bat dang thiic dang: %+ 1 + ( ty chtirng minh bdt)

1>
c a
1.1,.°9
a a

b
9_111>9_1Jr >
C c+2a

a b b a+2b’b ¢ ¢ b+2c’

Cong vé cac bat dang thirc trén ta duoc: 1,1,1,.3 3 3

> + +
a b ¢ a+2b b+2c c+2a

Vay bai todn duoc chitng minh.

Dau “=" xay rakhia=b=c.

Bai 2: Cho a, b, ¢ > 0. Chiing minh rang; 4(

2 3 4) 5 6 7
+ + <—+—+—
a+b c+a b+c) a b c
Loi giai
Ap dung bat dang thikc dang: L4 11, 8 <2(1 1}
X+y X Yy b a b a+b a b
Tuong tu: i<1+l 3i<3[1 1), isi 1 4i<4(1 1)
c+a € a a+c c a bcbc b+c b ¢
Cong vé ba bat ding thiic trén ta duoc:
4( 2 + 3 + 4 j<é+§+Z
a+b c+a b+c/) a b c
Bat dang thitc dwoc chitng minh. D&u “=” xay rakhia=b=c
a b c

Bai 3: Cho a, b, ¢ > 0. Chitng minh rang;

NG
a+4b+4c b+4c+4a c+4a+4b 3
Loi giai
1) < 3a N 3b N 3c
a+4b+4c b+4c+4a c+4a+4b

= 3—a+1 + L+l + L+l >4
a+4b+4c b+4c+4a a+4a+4b

< 4(a+b+c) ! + ! + ! >4
a+4b+4c b+4c+4a c+4a+4b

1 1 1 1
+ + >
a+4b+4c b+4c+4a c+4a+4b a+b+c

Ap dung bat dang thiic: 1,150
X Yy z X+y+z

)

Swu tAm va téng hop TAI LIEU TOAN HOC




9

Ta dwoc: VT (2) > = . (dpecm

' @) 9(a+b+c) a+b+c (dpem)
Bai 4: Choa, b, ¢ >0 thoaman: a+b+c=3. Tim GTLN cta A= a + b + ¢

1+2a 1+2b 1+2c
Loi giai
Cach 1: 2A= 2a + 20 + 2 =1- 1 +1- 1 +1— 1 -3_B
1+2a 1+2b 1+2c 1+2a 1+2b 1+2c
1 1 1 9
1+2a 1+2b 1+2c 3+2(a+b+c)

2A=3-B<2=A<lea=b=c
Cach 2: Ap dung bat dang thirc:

9 1 11
<—+—+-
X+y+z X y z

Tuwong tu: L E E
+2b°9 9’

Cong ba vé ctia bat dang thiic ta duoc: A<

Bai 5: Cho a, b, ¢ > 0. Chitng minh rang

Ap dung bat dang thirc:

VT =ab 1

l+a+a

<8,z

9 1 1 2 a
= <|1l+— =
1+2a 9 a 1+2a 9 9

<1+1+1
1l a a

c
1+2c

c 2
<—4+=
9 9
a+b+c g—1<:>a bec

ab bc ca a+b+c
a+b+2c b+c+2a c+a+2b 4

Loi giai
<1,
X

L
X+y Yy

: +
(@a+c)+(b+c)

" bra)+(cra)

Slab(i+ij+

L +ca 1
+ (c+b)+(a+h)

1 1 1 1 1 1
~bc| —+— |+=ca| —+—
4 (b+a c+aj 4 (c+b a+b)

a+b+c

a+b b+c

Bai 6: Choa,b,c>0thoaman:a+b+c=1. Tim GTNN: A=

1 a+b+c_1 1
abc abc

ab bc

1(bc+ca ab+bc
_= + +

ab+bcj_

a+c 4

1 N 1
abc a®+b?+c?

Loi giai
1 < 9 1 1 1 S 9

ca ab+bc+ca a’+b’+c?> ab+bc+ca ab+bc+ca (a+b+c)’

7

Lai c6: 3(ab+bc+ca) <(a+b+c)’ :1:;23:—221

Cong theo v& ba bat dang thirc: A+

ab+bc+ca ab+bc+ca

9 9
>
ab+ch+ca ab+bc+ca

+30:A230<:>a=b=c=%

TAI LIEU TOAN HQOC
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BAI TAP VAN DUNG:

Bai1:Choa,b,c>0. Chungmmhrang l+1+1> 4 + 4 + 4
a b ¢ a+b+2c b+c+2a c+a+2b

Loi giai
: 4 < 1 + 1
(a+c)(b+c) a+c b+c
1 1 4 1 1
< + : < +
b+c+2a b+a c+a c+a+2b c+b a+b

Ta cod

Tuong tu:

a+b+2c b+c+2a c+a+2b a+b b+c c+a

., 1 1(1 1 1 1(1 1 1 11 1
Laicé: ——<—| —+—|; —— <Dl 4D /<D =42
a+c 4(a cj b+c 4(b cj a+b 4(a bj

Cong theo vé ta duoc:

Cong theo vé ta duoc: 4 + 4 + 4 SZ( ! + ! + ! J (1)

Cong theo vé ta duoc: 1 + 1 + 1 s£(£+1+3) (2)

a+b b+c c+a 2\a b c
Tt (1) va (2) nén:
1 1 1 4 4 4
4> + +
a b ¢ a+b+2c b+c+2a c+a+2b

“_rr

Vay bai toan duogc chtiing minh , Ddu “=” xay rakhia=b=c

Bai 2: Cho a, b, ¢ >0 . Chttng minh rang: 1+%+129( 1 2z |3 j
a

c a+2b b+2c c+2a
Loi giai
Ta co:
9 1 1 1 9 1 1 1 9 2 2 2
<44 <44z ) <—4+—-4=
a+b+b a b c b+c+c b ¢ ¢ b+c+c b ¢ ¢
9 1+1+i 3. 9 £§+§+§
a+c+Cc Cc a a c+a+a c a a

Cong v& v6i v& cac bat dang thikc ta duoc dpem

Bai 3: Cho a, b, ¢ >0 . Chiing minh rang; 2 b ¢ l @
2a+5h+5c 2bi5c+5a 2c+5a+5b 4
Loi giai
(1) 3VT >3 J &3V +3>%
That vay:
1 1 1 9 _45 15

:>3.VT+3=(5a+5b+50)( JzS(a+b+c).

+ + _
2a+5b+5¢c 2b+5c+5a 2c+5a+5b 12(a+b+c) 12 4

“u_rr

Bai toan duwgc chitng minh. Dau “=" xay rakhia=b=c.
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Dang 4: Dung cac bat dang thitc phu
Cac bat dang thitc phu thuong st dung:

X2+ y? > 2xy X2+y222|xy|22xy
(X+Yy)> >4xy; (x+Yy)* <2(x*+y?) %+222

a
X*+y® 2 xy(x+y) (x+ Y)(y +2)(z + X) = 8xyz

Bai 1: Cho hai s6 a va b théa man: a + b = 1. Chting minh rang: a® +b® 2%

Loi giai
Ta cb: a® +b® =(a+b)(@a®*—ab+b*)=a’ —ab+b?

Tu: a+b=1=a*+2ab+b*=1, (a-b)’>0<a*-2ab+b’°>0

:>2a2+2b221<:>a2+b22% )
. a’+b’
Lai cd: a® —2ab+b*>0=a’+b*>>2ab=ab < (2)
Tt (1), (2) ta co: ab<lo _ab> o atipr_ap>i 11
4 4 2 4 4

“_rr

Vay bai toan duoc chitng minh. Dau “=" xay ra khi a =b.

Bai 2: Cho a + b > 1. Chting minh rang: a* +b* >%
Loi giai
Tk a+b>1= (a+b)*>1<a’+2ab+b°>1 (a-b)’>0<a’+b*—-2ab>0
=a’ +b? 2%:(a2+b2)2 2%<:>a“+b“+2a2b2 2% 1)
Co ti€p: (@°-b’)*>0=a*+b*-2a’*>0  (2)
Cong theo vé€ cua (1) va (2) ta duoc: 2(a4+b4)2%:>a4+b4 2%

“_rr

Vay bai toan duoc chitng minh. Ddu “=" xay rakhia=b

2 2 2
Bai 3: Chiing minh rang: %+b—+c—>£+g+ﬂ

c® a’ b a ¢
Loi giai
Ta cd: (x—y)*20= x*+y *>2xy
Dau “=" xay rakhix =y
. a® b* _ab _.a b* ¢ b a’? c? b
Apdung: £ +2 522222 b 5o0. 2 ,% 507
p'gbzcz bc ¢ ¢* a a b? a2 C
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o NT > 2(E+E+E):>VT >VP
c a b

“u_rr

Vay bai toan duoc chtitng minh. Dau
Bai 4: Cho a, b, ¢, d, >0 va abcd = 1. Chttng minh réng:
a’+b*+c*+d*+a(b+c)+b(c+d)+d(c+a) =10

xay rakhia=b

Loi giai
Ta cé: a’+b? > 2ab; c’+d?>2cd = a’ +b*+c* +d* > 2(ab+cd)

Tir: abod =1=> ab=—ac=—~ :ad =+ :bc =~ :bd =~ :cd =~ :ad =~
cd bd bc ad ac ab bc

2
Cé: 2(ad +bc):2(ab+ij22.2.:4 do:(a—b+i 20<:>ab+i22
ab 1 ab ab

Vay a’+b*+c’+d *>4
Lai co: ab+ac+bc+bd +cd +ad =(ad +bc)+ (ac+bd) + (bc + ad)

~ (ab+ 1)+ (ac+ 1)+ (be + 1) = 6= VT 210
ab ac bc

M) ) 22
Bai 5: Cho x,y,z>0. Chttng minh réng: (X+y)(y+2)(z+x)=>8xyz @
Loi giai
Ta co:
D) < (x+Yy)’(y+2)*(z2+Xx)* > 64x°y?z°
Lai co:
(X+Y)? > 4xy;(y+12)° > 4yz;(z2+X)* > 4xz

= (X+Y)*(y+2)*(z+X)* > 64x%y*z*

“__rr

Vay bai toan duwoc chitng minh. Dau

Bai 6: Cho a,b,c > 0;abc =1. Chting minh rang: (a+1)(b+1)(c+1)>8

xay rakhia=b

Loi giai
Ta co:
(a+1)* > 4a;(b+1)* > 4b;(c+1)* 2 4c = [(a+ (b +1)(c +1)]2 > (8abc)? = (a+1)(b+1)(c+1) >8abc

“u_rr

Vay bai toan duoc chtitng minh. Ddu “=" xay rakhia=b =c.
Bai 7: Cho a,b,c,d > 0;abcd =1. Chttn minh rang: a®+b*+c¢?+d*+ab+cd > 6
Loi giai

Co: a® +b*+c”+d* +ab+cd > 2ab+2cd +ab+cd = 3(ab +cd)

Lai c6: 3(ab+cd) = B(ab +%J >3.2=6
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“_rr

Vay bai toan duoc chitng minh. Dau “=" xay rakhia=b=c=d.

Bai 8: Cho x+y+2=1. Chttng minh rang:

a. x2+y2+222% b. xy+yz+zxs%
Loi giai

a.Taco: (x—y)* >0 VX,y= x> +y 2> 2xy.

Tuong tu: y* +2° >2yz; X* +2° > 2xz

Cong theo vé ta duoc:

2(X°+y +2°)22(xy+yz+2X) = 3(X° + Y +2°) 2 X +y* + 20 +2(Xy + yz + 2X)
=3( 4y +2) 2 (x+y+2) =1 X +y*+7° 2%

“u_rr

Vay bai toan duoc chitng minh. Ddu “=" xay rakhix =y = z.

b. Theo chitng minh trén:
2X2+2yP 4272 2 2(XY + Y2+ 2X) = XP + Y2+ 27 > XY + YT+ 2X

= (X+ y+)° 2 3(Xy + yz+2X) & 1> 3(Xy + Yz + 2X)

:>xy+yz+zxs%

“_rr

Vay bai toan duoc chitng minh. Dau “=" xay ra khix =y = z.
Bai 9: Cho a,b,c>0 thoa man: a+b+c=1. Chiing minh rang: a+b+2c>4(1-a)(1-b)(1-c)
Loi giai
Ta co: (X+Y) *>4xy < 4xy < (x+Y)°
Ap dung ta duoc:
0<a,b,c<l=1-c>0=4(1-a)l-b)<(@-a+1-h)*=(1+c)* =>VP<(1+c)’(Ll-c)=(1-c*)1+c)<l+c

Ma:1l=a+b+c=>VP<a+b+2c & a 2
c=0
Bai 10: Cho a,b,c >0 thoa man: abc =1. Chitng minh re‘“mg:

1 1 1

3 3 =3 3 +3 3 Sl
a+b°+1 b°+c’+1 c’+a’+1

Loi giai
Tacod: X*+y 2 xy(x+y) < (X+y)(x=y)’=0 Vx,y>0
Ap dung ta co:
1 abc C

a’+b’+1>ab(a+b)+abc=ab(a+b+c)=>———>—=< = =
a’+b’+1 ab(a+b+c) ab(a+b+c) a+b+c
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a 1 b
< ; <
b®+c®+1 a+b+c cd+al+1 a+b+c

Tuwong tu:

Cong vé cac bat dang thitc trén ta dugc didu phai chiing minh.
Ddu “=" xay rakhia=b=1.
1 1 S 3

Bai 11: Cho a,b,c >1. Chiing minh rang; st ——2>
1+a® 1+b® 1+c® 1+abc

Loi giai
Ching minh:
1 1 2
1+ x° =1+y2 Z1+xy
S 2+ X2+ YA+ xy) =21+ X)L+ y?)
S 22Xy +xy(X2 + y2) 2 X2+ y* +2x°y°

X,y >0;xy >1

< (x=y)’(xy=1)>0 (do:xy=1)
1 2 2 1 1 2 1 1 2
> : > - >

: > > + > : + >
1+a®> 1+b®> 1+ab 1+abc 1+b* 1+c® 1+abc 1+c? 1+a® 1l+abc

Ap dung: ;

Cong vé cac bat dang thitc thikc ta dwoc didu phai chitng minh.

2 2 2
Bai 12: Cho x,y,z>0;x+y+z=1. Tim GTNN: A:X (y+z)+y (2+x) :Z (x+Y)
yz X Xy

Loi giai

Dé chting minh: a®+b®>(a+b)ab  Vva,b>0
That vAy <> (a+b)(@’~ab+b?)—(a+b)ab> 0« (a+b)(a=b)>>0 Vva,b>0

Hodc: a® +b*—ab>ab Va,b< (a+b)(a’—ab+b*) >ab(a+b) < a’+b’®>ab(a+b)

2 2 3 3

Apdung: -+ =X Y Sxiy vk y>0;
y X Xy
y2 2 2 X2

Twong ty: —+—2>y+2,—+—2=X+2
z X z

Cong v& ba bat dang thiic ta dwoc: A>2(x+y+20=2— min A:2<—>x:y:z:%

Bai 13: Cho x,V,2>0;x? + y2 + 22 =1. Tim GTNN: A=Y 4 Y2, X
z Xy

Loi giai
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Ma: a’+bh?>2ab

2,2 2,2 2,2 2,2 2,2 2,2

L Xy
Ap dung: = + " >2y%; 2 + v >27%; = + v > 2x?
2.,2 2,2 2,2 2,2 2,2 2,2
Cong theo vé ta duoc: Z(Xg +y§ +X§ JZZ(X2+y2+zz):2:> z, +y§ +X§ >1
z X y z X y

Ve

Do dé: A223<:>x=y=z:?:>minA=\@

DANG 5: PHUONG PHAP PHAN CHUNG
- Mudn chiing minh bat dang thicc A> B dung, ta gid st A> B 1a sai, tiic 1a A < B 1a dung
- Sau d6 chitng minh A <Bla sai = A>B la dung
Bai 1: Cho a* +b? <2. Chttng minh rang: a+b <2
Loi giai
Gia stt a+b > 2, binh phuwong hai v€ ta dugc: (a+b)* >4« a’+2ab+b*>4 (1)
Mat khdc ta lai ¢6: a®+b* > 2ab = 2(a’ +b?) > (a+b)?
Theo giai thiét: 2(a® +b*) <4 = (a+b) ?<4

Diéu nay mau thuan véi (1) nén suy ra a+b <2
2
Bai 2: V6i moi s0 thuyc a, b, ¢ hdy chimg to: aT+ b?+c *>b(a—c)+c(a-b).
Loi giai
a’ a’
Gia str: T+b2+c ’< b(a—c)+c(a—b)<:>7+b2+c2 —ab+bc—-ac+bc<0

2
<:>a7+b2+cz—ab—ac+2bc<0

2
@(E—b—c) <0
2
a2

Vay diéu gia st la sai suy ra: 7+b2+c ’>b(a—c)+c(a—b)

Bai 3: Cho a’+b® =2. Chttng minh rang: a+b<2.
Loi giai

Giasra+b>2. Ta co:
(a+b)’>8«< a’+b’+3ab(a+b)>8 < 3ab(a+b)>6

< ab(a+b)>2 < ab(a+b)>a’+b’
< 0> (a+b)(@®>—ab+b?)—ab(a+b) = 0> (a+b)(a—b)’

Bat dang thirc cudi cung sai nén a+b < 2.
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~ Bai 4: Cho cac s6 thuc a,b,c € (0;2). Chting minh ring c6 it nhét 1 trong ba bat ding thic
sau lasaia(2-b)>1b(2-c)>1c(2-a)>1
Loi giai
Gia str ca ba bat dang thtkc trén déu dting, nhan chting véi nhau theo vé, ta duoc:
a(2-b)b(2-c)c(2-a)>1<a(2—a)b(2-b).c(2-c)>1
Mit khac, do a€(0;2) nénava 2—-a>0=0<a.(2-a)=1-(a-1)°<1
Tuong tu: 0<b.(2-b)<10<c(2-c)<1
Do d6: a(2—a)b(2—b).c(2-c) <1 ( mau thuan ). Vay ta c6 bai toan duoc chiing minh.
Bai 5: [ Chuyén Thai Binh: nam 2007 — 2008 ]
Cho cac s8 thuc a, b, ¢ thoa man a” +b’+ab+bc+ca < 0. Chitng minh rang: a®+b? < c?
Loi giai
Gia st a’*+b*>c?, khi do:
a’+b’+2(ab+bc+ca)+a’ +b*>a*+b*+c* +2(ab+bc+ca) < 2(a” +b* +ab+bc+ca) > (a+b+c)
Két hop vdi gia thiét: 0> 2(a” +b” +ab+bc+ca) > (a+b+c)* = (a+b+c)’ <0 ( mau thuan )
Bai 6: [ Chuyén Lam Son Thanh Héa: nam 2007 - 2008 ]
Cho céc so thuec a, b, ¢ thoaman: a+b+c>0;ab+bc+ca>0;abc >0
Chitng minh rang ca ba s a, b, ¢ déu duong
Loi giai
Gia st ba s a, b, ¢ 6 1 s6 khong dwong. Khong mat tinh tong quat, ta gia si: a<0
Malaicéd: abc>0=a#0=a<0
Laicé: a+b+c>0=b+c>0=a(b+c)<0
Tt gia thiét thi hai: ab + bc+ca> 0, ta cd: a(b+c)+bc>0=bc>0
Vi thé abc < 0 ( mau thuan ).
Vay bai toan duoc chitng minh.
Bai 7: Cho ba s6 a, b, ¢ d6i mot khac nhau. Chiing minh rang: Ton tai mot trong cac s& 9ab,
9bc, 9ca nhé hon (a+b+c)?
Loi giai
Gia stt: 9ab > (a+b+c)*;9bc > (a+b+c)*;9ca>(a+b+c)’
= 3(a+b+c)* <9(ab+bc+ca) < (a+b+c)” <3(ab+bc+ca)
a’+b’+c*<ab+bc+ca< (a-b)*+(b-c)*+(c—a)’<0 (1)
Theo d4au bai: a, b, c d6i mot khac nhau nén: (a—b)* +(b—-c)*+(c—a) >>0 (2)
Tt (1), (2) ta thdy mau thuan nén bai toan duoc chirng minh.

Bai 8: [ Chuyén HCM nam 2006 -2007 ] .
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Cho hai s8 dwong x, y théa man: x>+y *= x—y . Chting minh rang: x*+y* <1
Loi giai

Do x, y duongnén x,y>0 ma x’+y°’=x-y nénx>y
Gidstr: x> +y*>1
S+ SXHY)x-Y) o X+ Y <X+ Xy -y -y oxy’ -y -2y >0 y(xy —x* =2y*) >0 (¥)
& y[x(y—x)—Zyz}ZO do x>y=y-x<0

<0
Do d6 (*) khong thé xay ra x* +y* <1

Bai 9: Cho cdp s6 (x; y) thoa man cac diéu kién sau: {jz ii zil(y <1 ((;))
Chtmg minh rang: |x|<2;|y|<2
Loi giai
Ta di chttng minh: |x|< 2
Gia st |¥|>2, khidé -2<x<?2
) X>2,0)=y<l-x<-1=xy<-2
) X<-2,@Q)=y=>-1-x>1=xy<-2
Do dénéu [X|>2=> xy <-2.Ma x+y<1=> X+y+xy <-1 (mau thuan véi 2)
Suy ra: |X| <2
Ta di chitng minh |y| <2 (twong tuw chitng minh |X| <2)
Bai 10: [ Olympic Toan Ireland nam 1997 ]
Cho a,b,c>0;a+b+c>abc . Chiing minh rang: a’+b”+c® > abc
Loi giai
+) Néu 1 trong ba s8 bang 0 thi bat dang thizc dwoc chiing minh
Taxét:a,b,c>0
Gia stt nguoc lai: a® +b” +c? <abc = abc >a*+b*+c’ >a’ = a<hc
Tuong teeta cé: b<ac;c<ab=a+b+c<ab+bc+ca (1)
Lai c4: a° +b*+c®>ab+bc+ca=abc>a’+b’+c*>ab+bc+ca= abc>ab+bc+ca (2)
Tt (1), (2) suy ra: abc > a+b+c¢ ( mau thuan véi gia thiét ) nén diéu gia st 1 sai.
Bai 11: Cho a, b, c 1a c4c s8 thue duwong théa man a+b+c > abc. Ching minh rang c6 it
6 2 3 6 2 3 6

A, . A~ ’ A, 2 ’ , 2 3
nhat hai trong s6 cac bat dang thic sau dung: —+—+—>6; —+—+—26;, —+—+—2>6
a b c b ¢ a c a

Loi giai
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Ta co: a+b+czabc<:>i+i+izl (do:abc >0)
bc ca ab

Dét 1: X,l
a

1
=y;==7=X,Y,2>0; Xy+yz+xz>1

c
Ta phai chitng minh ¢ it nhat hai trong ba bat dang thiic sau ding:
2X+3y+62>6; 2y+3z+6x>6; 2x+3z+6y=>6
Gia str ¢6 it nhat 2 trong 3 bat dang thitc sau la sai, chang han:
2X+3y+6z<6; 2y+3zZ+6x<6

Cong vé& hai bat dang thiic: 8x+5y+9z <12

1-yz

Tt gia thiét: xy+yz+zx21= x(y+2)21-yz= x>
y+2

Do d6: 12 >8.2°Y2 1 5y 497 < 12(y + 2) > 8(1— yz) + (5y +92)(y + 2)
y+12

< 5y*+6yz+92° 12y -127+8<0< y* +2y(32-2)+92° —127+4+4y* -8y +4 <0
< (Yy+32-2)°+4(y-1%<0
Bat dang thitc cudi cting vo ly nén bai toan duoc chitng minh.
Bai 12: Cho bon s6 a, b, ¢, d thoa man diéu kién: ac > 2(b+d). Chitng minh rang cé it nhat
mot trong cac bdt sau 1a sai: a* < 4b;c® < 4d
Loi giai
Gia st hai bdt trén déu dung a’ +c¢” <4(b+d) (1)
Theo gia thiét: ac>2(b+d) < 2ac>4(b+d) (2)
Tix (1) va (2) suy ra: a°+¢ <2ac < (a—c)’ <0

Bat dang thirc cudi cung v ly nén bai toan dwoc chirng minh.

CHUYEN PE 7: DA THUC
Bai 1: TINH CHIA HET CUA PA THUC

A. Cac kién thirc cin nhé

Gia str f(x) va g(x) 1a cac da thikc va bac cta f(x) 16n hon hoéc bang bac ctia g(x). Khi &6
ludn ton tai duy nhat cac da thirc q(x) va r(x), théa man:

£x) = 8(x) - 40 + r(x)

Trong do: Bac ctia r(x) nho hon bac ctaa g(x)

Néu r(x) = 0 thi ta noi f(x) chia hét cho g(x)

Xét phép chia da thirc f(x) cho da thic bac nhdt x — a

f(x)=(x-a).q(x)+r.Chox=a = f(a)=r
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- Két luan: Phan duw trong phép chia da thitc f(x) cho x — a 1a mot s& bang f(a)
- Néu f(a) = 0 hay x = a la nghiém cua da thirc f(x) thi f(x) chia hét cho x —a
- Pinh ly Bo Du:
S6 du trong phép chia da thitc f(x) cho nhi thikc x — a bang gia tri ctia f(x) tai x =a

= f(x)i(x-a)< f(a)=0
Vi du: Khong dét tinh chia, hay xét xem da thirc A = x3 — 9x? + 6x + 16 ¢6 chia hét cho x + 1;
x —3 hay khong?

Loi giai

Ta c6: f(-1) = 0 suy ra A chia hét cho B
£(3) =-20 # 0 nén A khong chia hét cho C
-Chuay:
+) Néu f(x) c6 tong cac hé s8 bang 0 thi chia hét cho x - 1
+) Néu f(x) c6 tong cdc hé s8 cta hang tix bac chan b?mg tong cac hé sd ctia cac hang tr bac
1é thi chia hét cho x +1
+) a» — b" chia hét choa-Db (a # -b)
+) a”+b" (n1é) chiahét choa+b (a # -b)
+)a"-b"=(a-b)@ " +a"*h+a"’p*+...+ab"*+b" ")
+)a"+b"=(a+b)(@" " -a"*b+a"’b’ —...—ab"* +b" ")
B. Bai tap va cac dang toan
Dang 1: Chtitng minh mot da thirc chia hét cho mot da thirc (Xét cac da thitc mot bién)
Cach 1: Phan tich da thitc bi chia thanh nhan tit c6 mo6t thira s6 1a da thixc chia

f(x):g(x)
f(x):h(x)

Neéu f(x)=g(x).h(x) = {
Bai 1: Chiing minh réng
a. f(x)=8x"-9x®+1:g(x) = (x-1)?
b. f(X)=x®+x®P+..+x+Lg(xX)=x"+x*+x*+x+1
c. FO)=x"+x"+Lg(x)=x"+x"+1
d. T(X)=xC+x2+Lg(x)=x*+x*+1
e. f(xX)=x"-10x+9;9(x) = (x—-1)?
Loi giai:
a. Ta co:
f(x)=8x"-9x*+1=8x"-8-9x*+9
=8(x* =) -9(x®* =) =8(x-D(X® + X" +...4+D) - 9(Xx=D(X" +x* + x* +...+1)
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=(x-D@Bx*-x"—....—x-1)
Céch 1: Ta 6 8x® —x" —....—x-1 cd tong cdc hé s6 = 0 = i(x-1) = f(x)}(x-1)?
Cach 2: Ta co:
f(x)=8x"-9x* +1=(x-D)(Bx* - x" —.....—x-1)
=(x-1)(8x* —8x" +7x" —7x° +....+ x-1)
=(X=1)°Bx" +7x° +...+2x+1):(x-1)?
b. Ta cé:

FX) =X+ x4 X+ 1= (X + o+ XD) + (X X+ X+ D) = (X + D)X+ X L+ X D) g(x)
Cach 2: Ta c6

(x=1).f(x) =x"° -1=[(x*)* -1]:(x* -1) = (x-1).g(x) = f(X):g(x)
c. Tacod
f(X)=x"+x" +1=(x")? +2x" +1-x*" = (X" +1)* = (x*")? = (x*" + X" +1)(x*" = x*" +1)
Lai cé: x* + X" +1=(x*" = x"+)(x*" + X"+ = f (X):g(x)
d.Ditt=x*= f{t)=t>+t+Lg(t) =t>+t+1
Tacod: f(t)=t° -t +t> +t+1=t*(* D)+ (t* +t+1) = (* +t+)(t* -t* +1) = f(x):g(x)
e.Ta co:
f(x) = (x°~1) - (10x—10) = (X -D)(X* + x* + ...+ x+1-10) = (X =D[(X° =1) +...+ (x - 1)]
=(x-1)*(x* +2x" +...+8x+9) = f(x):g(X)

Céch 2: Bién d6i da thitc bi chia thanh mét tdng cac da thitc chia hét cho da thixc chia

9(x):q(x)
Néu {(x) = g(x) + h(x) + k(x), ma < h(x):q(x) = f(x):q(x)
k(x):q(x)

Bai 2: Chiing minh réng
a. FT(X)=xP+x°+1:g(x) =x° +x +1
b. f(X)=x*+x7 -x*1g(x)=x*—x+1
c. FO)=xP+x¥+. . +x"+Lg(X)=x"+x*+...+x+1
d. f(X)=x""+x"""?+1Lg(x)=x*+x+1 vneN
e. T(X)=x"""+x"?+Lg(x)=x*-x+1  VvmneN
Loi giai
a. f(x)=x0+x%+1=(x* = x*) + (x* + x° +1)
Lai co: x* —x% =x*(x* =1) = x°[(x"°)* 1] = x*° (X" =)(x® + x° +1) = f(x):g(X)

b. Ta cé:
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f() =X +x7 —x? =X —x+x7 +1-x2+x-1
=X X+ X7 +1- (X2 = x+1) = x(xX*® 1)+ (X7 +1) - g(x)

= X[(x*°)? =11+ (x*)° +1- g(x) = x(x** =D (x* +1) + (x*)°’ +1-g(x) = F(X):g(X)

X9 =34 x4

c. Ta cé: (x=1).g(x) =x" -1
FO)=x®+xB+. +x+1=(xP =X+ (x®=-8) +...(x" = x) +xX° +x® + ...+ x+1
=x°(X* =D+ x*(x* =D +...+ x(x*° =D+ g(x)

=x°[(x")° =1+ X*[(x"*)® —1] +...+ X(x*° =D + g(x) = T (X):g(x)

X101 x0-1 X0

d.Tacd f(x)=x>""+x>"+1=(x*"—x)+ (x> =x*) + (X* + x+1)
XM x = x(" =1) = x[(X)" 1] x° =1= (X =D(X* + x+1)

XM x? = XA (X" 1) = xP[(xC)" 1] x% 1= (x =) (X* + x+1)

= f(x):9(x)

e. Ta co:

f(X) = x4 x4 1= X0 x e xPM X x4+ 1= X [(XO)™ 2+ X [(X°)" 2]+ (X* + X2 +1)
— N

X861 X1

X 1= 1= -D(X*+1); X" + X* +1=(X* + x+D(X* = x+1) = f(X):g(x)

X2—x+1 X2 —x+1

Céch 3: St dung cac phép bién ddi twong duwong
Mudn chting minh f(x) chia hét cho g(x) ta di chttng minh

{f(x)+g(x)5g(x)
FO)—-9(x):g(x)

Bai 3: Chting minh rang f(x) = x® + x® +...+ X" +1:g(x) = x* + X* +..+ x +1

= f(x):9(x)

Loi giai
Tacod: f(X)=g(x) =x®(x* =) +x*(x¥ =1) +...+ x(x'° -1)
%/_J

X0 X101 X0

Ma X -1=(x-D(* +x*+ X +..+x+D) = f(X)—g(x):g(x)

Lai c6: g(x):g(x) = f(x):g(x)

Cach 4: Chitng t6 rang moi nghiém cta da thitc chia déu 1a nghiém cta da thitc bi chia
- Cach nay ap dung véi nhitng bai toan ma da thtic chia dé tim dugc nghiém

Bai 4: Chtrng minh rang

a. [f(X)= (x> +x=D"° + (x* =x+1)" =2]:g(x) = x* = x

b. f(X)=(x+D>" —x*"-2x-Lg(X) = x(x+1)(2x+1) VneN
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c. f(X)=(x=2)""+(x-3)""-1:g(x)=x*-5x+6 VneN’
d. f(x)=x>=x=x"*:ig(x)=x*—x+1
Loi giai

X
a. g(X):0<::>X2—X:O<:{X_2 , Vay g(x) c6 hai nghiémlax=0;x=2

f1)=0;f(0)=0= f(x):(x-1); f(x):x , max vax-1khong chira nhan t& chung.
Vay [f (x) = (¢ +x-1)" +(x* =x+1)"* =2]:g(x) = X* = x

b. g(x)=0< XE{O;—].;_?]}; f(0)=0; f(-1)=0; f (_71)=0=> f(x):9(x)

c. g() =0 xe{23}; f(2)=F(3)=0= f(x)ig(x)
d.Tacd: f(X)=x"—x"=x"* =x® = x+1- (X’ +1) - (x** =x)

X =x+1x0 x4+l @ +1=[(C)P +IEC+D I —x+1 () X —x=x(x*" ~1)i(x*+1)

Tt (1), (2), (3) ta co f(x) chia hét cho g(x).

CHUYEN DE 3: DA THUC
Bai 2: PHAN DU TRONG PHEP CHIA DA THUC
A. Tim du cua phép chia da thitc ma khong thuc hién phép chia
1. Cach 1: Tach da thitc bi chia thanh tong cic da thitc chia hét cho da thirc chia va con du
Bai 1: Tim du trong phép chia
a. f()=x"+xX+x*+Lg(x)=x*-1
b. f(X)=x"+x*+x*+x;9(X)=x*-1
c. T(X)=x"g(x)=x*+1
d. f(X)=x%g(x)=x*+1
e. T(X)=xC+x®+. . +x+Lg(X)=x>+x+1
fFO)=xC+xP+. +x°+Lg(X)=x"—x+1
g. F(X)=xP+x"+..+x+Lg(x) = (Xx+1)(x* +1)
h. f(X)=x"+x"+..+x+Lg(x)=x*—x-1
Loi giai:
a. T(X)=(x"=x)+(2x> =2x*) + (3x* =3x) + (3x+1) = X (x> =1) + 2x>(x* =1) + 3x(x* =) + 3x +1
Vay da thitc du la: 3x +1
b. f(X)=(X*" =x)+(x* = x)+ (x* = x) + 4x = x[(X*)"® =1]+ x[(x*)* =1]+ x(x* 1) + 4x , dw 14 : 4x
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c. FX)=x"=x"-x)+x=x[(x*")*-1]+x , Vay dwla:x
%/_J

X1=ix2 41

d. f(X)=x¥=(x®+x)—x=x[(x*)*+1]-x , Vay dwla:-x
ﬁ_/
X241

e. FO)=XC+x¥ +. +Xx+1=(X"C+x® +x®) +...(X+D) = (X + X +D)(XP +x® + ...+ X))+ x+1

du

{(XP+x+1)
f.Ta co:
FO)=xC+x0+..+x%+1
=(XP )+ (X =D+ (X =x)+ (X +X)+ (X =D+ (X = x)+ (X +x)+ (X 1) +
(X = x*)+ (X +x) +3x* —4x+4
= x[(¢)® +2+[(x°)"° =10+ x*[(x°)° =11+ X[(°)* +2] +....+ 3(x* = x+1) —(x—1)

Hr_/
du

g. g(x) c6 101 s6 hang, nhém 4 sd hang 1 nhém, dula: 1
h. Ta cé:
fFX)=x"+x"+...+x+1

= (X7 4+ 2) + (¢ +1) + (x° =x*) + (X" =3)+ (X +2) + (0 +x*) + (X + %) + (* + ) =x =1

Bai 2: Tim s0 du trong phép chia

f(x)=(x+2)(x+4)(x+6)(x+8)+2008; g(x)=x*+10x+21
Loi giai:

Ta co:

f (%) =(x+2)(x+4)(x+6)(x+8)+2008=(x* +10x+16)(x* +10x + 24)+ 2008

pat (=X +10x+21  (t#-3t=-7)= P(t) =t* -2t +1993
: du

2. Cach 2: Xét gia tri riéng ( phép chia d0)
Bai 3: Tim s6 du ctia f(x) cho g(x), biét rang
a. f(X)=x"+xX+x*+Lg(x)=x"-1 b. f(X)=x°+x3+.x+Lg(X)=x*—x-2
c. f(X)=(X+21)(x+3)(x+5)(x+7)+1999; g(x) = x* +8x+12
Loi giai

a. Goi thwong phép chia la q(x) va du la: ax + b, ta co:
X +xX°+x3+1=(x*-1).q(x) +ax+b  Vx
Vi déng thitc ding v6i moi x nén ta chon x =1 va x =-1, duoc:
{x=1:>4=a+b {a:?)

X=-1=-2=-a+b

b.Tacd: g(x)=x"—x-2=(x+1)(x-2)
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Thuec hién phép chia f(x) cho g(x) ta duogc:
f(X) =(x+D(x—-2).q(x) +ax+b
Xx=-1l=1l=-a+b a =682
Cho

= = du:682x+ 683
X=2=2047=2a+b b =683

c. Cach 1:

f(X) = (X+D(X+7)(X+3)(Xx+5)+1999 = x* +16x> + 86X +176xX + 2014 = (X + 2)(X + 6).q(X) + ax+b
X=-2=1984=b-2a {a:O

= = du:1984
X=-6=1984=b-6a b =1984

Cho {
Cach 2: Dat t=x>+8x+7= f(t) =t(t+8)+1999 = (t* + 8t +15) +1984 = (t + 3)(t +5) + 1984
du

Bai 4: Tim da thttc f(x) biét rang :
a. f(x) chia cho x — 3 thi du 7, chia cho x — 2 thi du 5, chia cho (x-2)(x-3) thi dugc thuwong la
3x va con duw.
b. f(x) chia cho x — 2 thi du 5, chia cho x — 3 thi du 7, chia cho (x-2)(x-3) thi dugc thuwong la
x2 -1 va con duw.
c. f(x) chia cho x + 3 thi dw -5, chia cho x — 2 thi dw 5, chia cho x? + x - 6 thi dugc thuong la
x2+2 va con du.
Loi giai

a.Ta co:

f(x)=(x=3).9(x)+7 @;

f(X)=(x—-2).h(x)+5 (2);

f(x)=(x—2)(x-3)+ax+th (3)

Chox=2 {(2): f2)=5
)= f(2)=2a+b

Chox=2 {(2): r®)=7
(3)= f(3)=3a+b

Tt (*) va (*)suy raza=2vab=1suyra f(x)=(x-2)(x—3)+2x+1

=2a+b=5 (%)

—3a+b=7  (*)

b. f(x)=—-x"+5x>-5%x*-5x+6
c. F(X)=(x*+x-6)(x*+2)+ax+b=(x+3)(x-2)(x*+2)+ax+b
Chox=2,3
= f(2)=2a+b=5f(-3)=-3a+b=-5=a=2b=1= f(x)=x"+x* —4x* +4x-11
Bai 5: Gia st da thirc f(x) chia x — 2 dw 11, chia x2— x + 1 du 3x + 2. Tim phan duw khi chi f(x)
cho g(x) =x%—-3x2+ 3x -2

Loi giai
g(x)=x>-3x?+3x-2=(x-2)(x*=x+1);
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Thuc hién phép chia f(x) cho g(x) ta dwoc: f(x)=(x-2)(x* —x+1)+ax’ +bx+c
F()=(x-2)h(x)+11 Chox=2 = f(2)=da+2b+c=11 ()

Mat khac:

f(X)=(x=2)(xX* =x+1D)+a(x’*—x+1) +(a+b)x+c—a=(x-2+a)(x* - x+D)+(a+b)x+c—a
du=3x+2

c-a=2 (2
= .

a+b=3 (3
Tt (1), 2) va (3) suy ra (a, b, c)=(1; 2; 3) . Do d6 phan du la x* + 2x + 3
Bai 6: Gia st f(x) chia cho x +2 du 4 va chia cho x? + 1 dw 2x + 3. Tim phan du trong phép
chia f(x) cho (x +2)(x*>+1).

Loi giai
Ta co:
f(X)=(x+2)(x* +1) +ax® +bx+c
) f(=2)=4=4a—2b+c=4()
+) f(X)=(x+2)(x* +1) +a(x’ +1)+bx+c—a:>{b: 22) =(a,b,c)=(1,2,4) = du:x*+2x+4
% lc-a=3(3
Do d6 phan dw la x> +2x + 4
BAI TAP VE NHA
Bai 1: Chtrng minh rang
a. X242 "™ +1i(x-1)*VneN b. (x+1)*"? +(x-1)*""*:x* +1Vne N

Bai 2: Chitng minh da thttc

a. F(X)=x®+x* +. X +x+1g(X) = X"+ x* +..+ X" +x+1

b. f(X)=x*+xZ+. . +X°+x+1g(X)=x* +x® + ..+ x>+ x+1

Bai 3: Chiing minh rang f(x) = x** + x® +...+ x+1:g(x) = (x +1)(x* +1)

Bai 4: Chiing minh rang f(x) = x* + x® + x2 + x* +1:g(x) = x* + * + x* + x+1
Loi giai

Bai 1: x*"2 +2.x*" +1=(x*"" +1)?

Lai cé: x*" +11(x+1) = (X*"" +1)*: (x +1)*

Bai 2: Ta cd (x—1).f(x) = x® -1=[(x*)* -1]:(x* -1) = (x-1).9(x) = f(X):q(X)

Bai3: f(X)=(X°+.X)+.. .+ +D) =+ .+ DX +xZ +x® + x* +2): (x+D(x* +1)

Bai 4: f(X)=x"(x* =D+ x*(x® =)+ x*(x*° =)+ x(x* =) + g (x)

= x"([(°)* =+ X°[(x°)° — 1+ x*[(x*)* =1+ x(x* ~1) + g(x)
%r—’

x°-1 xX°-1 x°-1 xXo-1
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Bai 5: Chting minh rang f(x) = x* +x° +1:g(x) = x* +x* +1
Loi giai
Datt=x"= f(t)=t* +t' +Lg(t) =t* +t+1
ft)=(—t)+ (" —t)+t> +t+1=t[(t})* =1 +t[(t*)* 1]+ (t*+t +1):t° +t+1
Bai 6: Tim s6 a dé da thitc f(x)=x"" —ax® +3x+2:x+2
Loi giai
Tacd f(X)ix+2< f(-2)=0<1024—4a—6+2=0< a=255.

CHUYEN PE 3: DA THUC
Bai 3:
DUNG PHUONG PHAP XET GIA TRI RIENG PE TiM HE SO CUA MOT PA THUC
A. Kién thitc cin nhé
Gia str f(x) va g(x) 1a cac da thikc va bac cta f(x) 16n hon hoéc bang bac ctia g(x). Khi &6
ludn ton tai duy nhat cac da thirc q(x) va r(x), théa man:
f(x) = g(x) . q(x) + r(x)
Trong do: Bac ctia r(x) nho hon bac ctaa g(x)
Néu r(x) = 0 thi ta ndi f(x) chia hét cho g(x)
Xét phép chia da thirc f(x) cho da thic bac nhdt x — a
f(x)=(x-a).q(x)+r.Chox=a = f(a)=r
- Két luan: Phan du trong phép chia da thirc f(x) cho x — a 1a mot s6 bang f(a)
- Néu f(a) = 0 hay x = a la nghiém cua da thirc f(x) thi f(x) chia hét cho x —a
- Pinh ly Bo Du:
S6 du trong phép chia da thitc f(x) cho nhi thikc x — a bang gia tri ctia f(x) tai x =a
= f(x)i(x-a)< f(a)=0
Bai 1: X4c dinh cac héng sO a, b, c sao cho
a. f(x)=ax’+bx* +5x-50:g(x) = (x+5)(x-2)
b. f(x)=x"*+ax?+bx+c chia cho x —2 thi du 9, chia cho x> -1 thi du 2x - 1
c. f(x)=2x*+3x>+5x* +ax+b:g(x) = x> +2x+3
d. f(x)=ax®+bx’+ci(x+2) vachiax?—1duwx+5.
e. f(X)=x>+ax’+bx+c chia hét cho x —2 va chia x> —a dw 2x
Loi giai

a. Goi q(x) la thwong cua phép chia f(x) cho g(x)
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Ta c&: ax® +bx® +5x—50 = (X +5)(x - 2).q(X)
Xét cac gia tri riéng x =-5; x =2, ta duoc:
{x:—5:>—12a+25b:75:>{a:1
X=2=8a+4b=40 b=8

b. f(x)=(x*-1.q(x)+2x-1
Cho {x=1:>a+b+c:0 )]

x=-l=a-b+c=-4 (2
Mat khac: f(x) chiachox-2duw9 = f(2)=9=4a+2b+c=-7 (3)
T (1), (2) va (3) = (a,b,c) =(-3,2,2)
c. Tacod: f(xX)=(x+D)(x+2).g(x) =>a=-1b=3
d.Tacd f(X)=(x+2).p(x)=> f(-2)=0<= -8a+4b+c=0 (1)

f()=a+b+c=6 (2)

f(x) =(x—l)(x+1)-Q(X)+X+5:>{f(_1):—a+b+C=4 ©}

D(2)(3) = (a,b,c)=(11,4)

e. (a,b,c) =(_Tlo;1;%j

Bai 2: Pa thirc P(x) ¢ bac 4, cd hé sd bac cao nhat la 1. Biét P(1) =0, P(3) = 0; P(5) = 0. Tinh
Q=P(-2) + 7.P(6)

Loi giai
Ta c6 P(x) chia hét cho x — 1: x - 3 ; x — 5 va bac cta P(x) la 4 nén P(x) c6 dang;:
P(x)=(x-1)(x-2)(x-3)(x—a)
P(-2)+7p(6) = (-3)(-5)(-7)(-2+a) + 7.5.3.1(a + 6) = —105(a— 2) +105(a + 6) = 840
Bai 3: [GVG Tinh - Bac Ninh : 09/12/2016 |
Tim da thirc f(x), biét f(x) chia cho x — 2 dw 5, f(x) chia cho x — 3 dw 7, chia cho (9x-2)(x-3)
duoc thuong la x> — 1 va da thirc du bac nhat ddi voi x.

Loi giai
Goi du trong phép chia f(x) cho (x-2)(x-3) laax+b
Ta c6: f(x)=(x-2)(x=3)(x* —1) +ax+b
Theo bai ra ta co: { : g)) : ? z ;::E:? = {2:12
Bai 4: Tim f(x), biét f(x) chia cho x — 1 va x — 3 déu du 2 va f(x) chia cho x2 - 4x + 3 duoc
thwong la x + 1 va con du.

Loi giai
f(x) chiachox-1duw2 = f(x)=(x-1).9(x)+2(1)
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f(x) chia cho x =3 dw 2 = f(x) = (x=3).h(x) + 2(2)
f(x) chia cho x2—4x + 3 dwoc x + 1 va du = f(X) = (x> —4x+3)(x +1) + ax+b(3)
Tt (1), chox=1 = a+b=2(4)
Tir (2)(3) cho x =3 = 3a+b =—2(5)
Tt (4)(5) a=0;b=2= f(x)=(x*—4x+3)(x-1)+2
Bai 4: DAT PHEP CHIA DE TIM HE SO
Bai 1: Tim a, b sao cho f(x) = x* —x’y — x*y? +axy® + by : g(x) = x* — 2xy + 3y?
Loi giai
Dt phép chia f(x)=g(x).(x* +xy—2y?)+(a-7)xy’ + (b +6)y*

D& phép chia hét thi du phai bing 0 = {a =0 {a =
b+6=0  |b=-6
Bai 2: Véi gia tri nao cua a, b thi da thic ax* + bx® + 1 chia hét cho (x -1)2
Loi giai
Ta c6: ax* +bx® +1=(x—-1)*[ax* + (b + 2a)x + 3a+ 2b] + (b — 2a+ 6a + 4b).x +1-3a—2b
D& phép chia hét thi du phai bing 0 = {_b -2avbardb=0 {a =3
~1-3a-2b=0 b=—4
Bai 3: Tim cc s a, b sao cho : 3x° —3x*y + 4x°y +3x°y* —axy’ —by®:3x®> — 2xy* + y°
Loi giai
Thuec hién phép chia ta dugc thuong: x2 — xy + y2 va du: -(a-5)xy* — (b+2)y°
P& phép chia hét thi du phai bing 0 < {_(a %) =0 {a =>
b+2=0 b=-2
Bai 4": Tim cac sO a, b, ¢ sao cho: 4x* +81'ax? +bx+c
Loi giai
Ta cd: 4x* +3" = (2x* +3%)* = (6x)* = (2x* —6x +9)(2X* +6X +9)
ax®+bx+c=k(2x* -6x+9) (k=0)

Chia hét cho ax® +bx+c <
ax’ +bx+c=h(2x* +6x+9) (h=0)

a b ¢
@{a=2k;b=—6k;0=9k EZ—_6=§¢O (29
a=2mb=6hic=0h 1a_b_c_, g
2 6 9

Bai 5: Tim c4c s6 nguyén a, b sao cho f(x)=x*-4x® +ax+big(x) = x* —3x+4

Loi giai
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a=4

f(x)=g(x).<x2—1>+<a—3)x+b+4:{b—_4

CHUYEN PFE 8: HINH HOC
A. Kién thtc

1. Tam giac
A -A+B+C=180( Tong 3 gdc trong 1 tam gidc )
- AB+ AC > BC (Bt dang thic tam giéc)
- AB-AC < BC (Bat dang thiic tam giéc)
B c
C
B
1
A D
2. T giac

a. Dinh nghia: T gidc ABCD 1a hinh gdom 4 doan thang AB, BC, CD, DA trong d6 bat ky 2
doan thang nao cling khdng cling nam trén 1 duong thang

b. Tt giac 16i: La t& gidc ludn nam trong 1 ntra mét phang cd bo 1a duong thang chira bat
ky canh nao cta tt giac

c. Chu y: Khi néi dén t¢ gidc ma khong cha thich gi them, ta hiéu d6 1a t& giac 16

3. Tong cac goc ctia 1 t giac

- Dinh ly: Tong cc goc cau mot ti gidc bang 3600 = A+B+C +D =360

- Chu y: D€ bon goc cho truede thoa man la bén goc cua mot ti gide khi bon gdc d6 co tong
bang 360°

- Bt dang thiic duong gap khuc: AB + BC + CD > DA

- M6 rong: Tong bon goc ngoai & bon dinh cia mot tik giac

bang 360°. A

4. Goc ngoai cua ti gidc: Goc ké bu véi 1 goc trong cua ti

giac goi la gdc ngoai cua ti giac B b

-Taco éllé goc ngoai tai dinh B. AN
B. Bai tap
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Bai 1: Cho tit gidc ABCD c6: BAD = BCD =90°, phan giac trong ctia géc ABC cit AD tai E.
phan gidc trong ctia géc ADC cat BC tai F. Chttng minh BE // DF

Loi giai

+) ABC + ADC =180° = o+ =90°(1)

+) Xét tam gidc ABE, c6: a +E, =90°(2)

+) Tt (1), (2)suy ra £ = E,va hai géc nay o vi tri dong vi nén BE //DF

Bai 2: Cho ttr gidc ABCD co: ABC + BAD =180°. Phan giac trong ctia cac goc BCD va CDA
cat nhau tai E, biét rang CD =2 DE . Chttng minh rang :

B

ADC = 2BCD

Loi gidi :

+)Ta cé: A+B=180° = C + D =180° = C, + D, =90° = DEC =90°
+)GoiM1étrungdié’mc1’1aCD:>EM:MC:MD:% o e

— ADEM déu D, =60° = C, =30° = D = 2C(dpcm)
Bai 3: Cho ttr gidc ABCD , co: BAD +2BCD =180°, DA=DC . chttng minh rang BD 1a phan
giac ABC
Loi giai:
+) Trén tia d6i ctia tia AB 1ay di€ém E sao cho AE =BC

B,=E(
+) ABCD = AEAD(cgc) =+ * () = ABED cantaiD
DB =DE

= E =B,(2

T (1)(2) = B ,= B, (dpcm)

Bai 4: Cho ttr gidc ABCD c6 BD la phan giac cua goc ABC,
AD=CD, AB <BC . Chitng minh réng : BAD + BCD =180°

Loi giai )
+) Trén canh BC 1dy di€m E sao cho BE = BA
A=EQ
+) ABED = ABAD(cgc) =< (AD=ED=ED=CD = AECDcan tai .| : b
ED = DA

D

=E,=C,(2). Te (1)) A+C ,=E +E,=180°
B:

1
Bai 5: Cho t& gidc ABCD cé: A:B:C:D=5:8:13:10
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a. Tinh cac goc cua ti giac ABCD

b. AB cit CD tai E, AD cat BC tai F. Phan giac
géc AED va goc AFB cit nhau tai O, phan giac
g6c AFB cat CD va AB tai M va N. Chiing

minh rang O 1a trung diém ctia MN

Loi giai
a. A=50°,B =80°,C =130°, D =100° c
b.
AED =180° — A— D =30°; AFB =180° — A— B =50°
EMN =180° — F, — B, = 75°; ENM =180° - 75° -30° = 7 - g

= AEMN can = O la trung diém ciia MN
Bai 6: Cho tit giac ABCD c6 B+ D =180°, AC la phan
giac cua goc A.
Chttng minh rang: CB = CD
Loi giai
Dung tam gidc ACE can tai C = CA=CE
B, + D =180° .

Theo gt: 4 = | =D, =8,
B, + B, =180°

N N

Co: {Ai:EI:Hél:AZ
A=A

>

= C,=C, = ACEB = ACAD(g.c.g) = CB=CD

1

HINH THANG, HINH THANG CAN

ACEB va ACAD co: {

SHe=
Il Il
v

A. HINH THANG
A B B C A B
D ¢ C A[a D DZ &C
H1. HINH THANG H2. THANG VUONG H3. THANG CAN
1. Pinh nghia: Hinh thang la t gidc c6 hai canh d6i song song.

ABCDIla¢
AB//CD

+) AB: day nho +) CD: day lon +) AD, BC: canh bén

OABCD La hinh thang ( day AB,CD ) < {
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Nhan xét
- N&u mot hinh thang c6 hai canh bén song song thi hai canh bén bang nhau

- Né&u mot hinh thang ¢ hai canh ddy bang nhau thi hai canh bén song song va bang nhau
Duwa vao nhan xét ta co

A Hinh thang ABCD ( AB // CD), co:
> »B
+) AD//BC = AD =BC; AB=CD
+) AB=CD = AD//BC;AD =BC
D C

2. Hinh thang vuong la hinh thang c6 1 goc vuong

B. HINH THANG CAN
A B B C A B

1. DinhAghia c A0 D DZ XC

H1. HINH THANG H2. THANG VUONG H3. THANG CAN

Hinh thang can 14 hinh thang c6 hai géc ké 1 day bang nhau
{ABCD (14 hinh thang )
ABCD la hinh thang can (ddy AB,CD )&~ - A A
C=D hoac A=B

2. Tinh chat: Trong hinh thang can
- Hai canh bén bang nhau
- Hai duong chéo bang nhau
3. Dau hiéu nhéan biét
- Hinh thang c6 2 géc ké 1 ddy bang nhau 1a hinh thang can
- Hinh thang c6 hai duong chéo bang nhau la hinh thang can
4. Chti y: Hinh thang c6 hai canh bén bang nhau chua chéac da 1a hinh thang can ( Hinh
binh hanh )
C. BAITAP AP DUNG

Bai 1: Cho tam gidc ABC va duong thang d di

qua trong tam G ctia tam gidc ABC va cét cac

doan AB, AC. Chting minh rang tong khoang
cach tit B va C t6i d bang khoang cach tir A téi d
Loi giai

Ta co tit giac BEFC la hinh thang ( BE // CF )
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Goi N 1a trung diém cua EF, M la trung diém cta BC

_ BE+CF {BE+CF =2MN (1)

= MN =
2 MN Ld

+) Lay P thudc tia d6i cia MG sao cho MP = MG = GP =GA

1

, A MN ==PK
+) Lay K thuoc d sao cho NG =NK = 2
PK LD

AADG = APKG(ch— gn) = PK = DA = MN :%AD(Z) — AD =BE +CF

Bai 2: Cho tam gidc ABC c6 trong tam G va duong thang d ndm ngoai tam gidc. Goi D, E,
F, H l4an luot 1a hinh chiéu cta A, B, C, D 1én duong thang d. Chting minh rang: AD + BE +
CF =3GH

A Loi giai
+) Goi M 1a trung diém ctia BC
+) P 1a trung diém ctia AG
+) K 1a hinh chiéu ciia M 1én d
Ta c6 : BE + CF =2MK
AD + GH =2PQ; MK +PQ =2GH
2(MK+PQ)=4GH; BE+AD +CF =
3GH (dpcm)
Bai 3: Cho hinh thang ABCD ( AB // CD ), trong d6 CD =BC + AD. Hai duwong phan giac
ctia hai goc A va B cat nhau tai K. Chting minh rang C, D, K thang hang.

Loi giai

Trén CD lay diém E sao cho CE = CB

— AD = DE = ACBE cin tai C = E, =B

Mit khac E, = B, (slt) = B, = B,

AADE cintaiD = A =E, ma

=SE,=A,It)=> A=A,
= EA EB la phan gidc cua AB= giao diém ctia hai dwong phan gidc géc A va B cit nhau
tai E thudoc BC = E =K = D,K,C thing hang.
Bai 4: Cho hinh thang can ABCD ( AB // CD ) c6 duong chéo BD vudng goc vdi canh bén
BC va dong thoi DB la tia phan gidc ctia ADC
a. Tinh cac goéc ctia hinh thang can ABCD
b. Biét BC = 6cm, tinh chu vi va dién tich ctia hinh thang can ABCD
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Loi giai
a) ADBC(B =90°) c6

BCD = 2BDC = ADC = BCD = 60°; DAB = CBA =120°
b) Tinh dwgc DC =2.BC P ,5n=30cm

Ha duong cao BK, ta ¢6 BK = 3V3m=S ABCD = 27~/3(cm?)

Bai 5: Cho tam gidc déu ABC. Tt 1 di€m M nam bén trong tam giac ta vé cac tia gdc M
song song v6i BC cat AB 6 D, song song véi AC cat BC tai E, song song véi AB cat AC tai
F. Chting minh rdng chu vi tam giac DEF bang tong cdc khoang cach tir M dén ba dinh ctia
tam gidc.

Loi giai

Chu vi tam giac ABC la : DE + DF + EF

Khoang cach tit M dén 3 dinh la : MA + MB + MC

Ta can chiing minh : DE + DF + EF = MA + MB + MC

+) Ta ¢4 hinh thang BDME la hinh thang can (MD// BE, B=E=C=60") = DE = MB
Chiing minh twong tu ta ¢6 : DF= MA, EF = MC
= DE + DF + EF = MA + MB + MC ( dpcm)

Bai 6: Cho tam giac ABC can tai A, diém I thudc duwong cao AH, BI giao véi AC tai D, CI
giao véi AB tai E

a. Chting minh rang: AD = AE b. Xac dinh dang cua tt giac BEDC
¢. Xac dinh I sao cho: BE = ED =DC
Loi giai
a. Ta co:
E AAIC = AAIB(c.9.c) = C, = B, = AACE = AABD(g.c.g) = AE = AD

b. AADE,AACB can tai A c6 chung goc A

A A A A 0_ A DE//BC
:>ADE=AED=ACB=ABC=180 A:>{

~ .~ = dpcm
C=8B P

C H B

>
Il
O»
N
>
A
Il
o>
N

c. DE//BC =B, =D, . D§BE=ED = ABED can tai E :{ SN

o>
N
Il
O
N
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A

Chttng minh tuwong tu: (31 =C,
Vay CE va BD la giao diém cua géc Cva B

Vay I la giao di€ém ctia 3 dwong phan giac ctia tam giac ABC.

Bai 7: Cho hinh thang ABCD ( AB // CD) tia phéan giac goc C di qua trung diém M cua AD.
CMR:

a) BMC =90° b) BC = AB+CD
Loi giai
a) Gia sit MC cat AB tai E

Khi d6 ACMD = AEMA(g.C.g):> CM =EM; AD = AE

A~ ~ ~

Xét ABEC c6: E=C, =C,=>ABEC can

Ma BM la duong trung tuyén

E 2
=>BM la duwong cao
Vay BM LEC
b) ViABEC can nén EB=BC=>BC=EA + AB=DC + AB N

D
Bai 8: Cho hinh thang ABCD ( AB // CD), c6 C=60°, DB Ia phan giac cua goc D, Biét chu

vi ctia hinh thang 1a 20cm, Tinh mdi canh ctia hinh thang

Loi giai
bat BC=a, ta co ngay: AD= AB=BC=a
Ma: C =60° = D, =30° = DBC =90°
Xét ABDC c6 D, =30°,C =60° = DC =2a
Ma Chu vi hinh thang la 20 cm nén ta co:

ata+ta+2a=20=>a=4
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PUONG TRUNG BINH CUA TAM GIAC, HINH THANG
A. DPUONG TRUNG BINH CUA TAM GIAC

VAN M/? N

B C D C

H4.PUONG TRUNG BINH TAM GIAC H5. PUONG TRUNG BINH HINH THANG

1. Dinh nghia: Puong trung binh ctia tam giac 1a doan thang ndi trung diém hai canh caa
tam gidc.

2. Cac dinh ly

a. Dinh Iy 1: Puong thing di qua trung diém mot canh ctia tam giac va song song véi canh
thit hai thi di qua trung diém cta canh thi ba

AABC,AM =MB,MN/BC = AN =NC

b. Dinh ly 2: Dudng trung binh cta tam giac thi song song véi canh thi ba va bang ntra

canh dy: MN //BC; MN :%BC

B. PUONG TRUNG BINH CUA HINH THANG

A A B

VAN N
/ /

C D C

H4.DUONG TRUNG BINH TAM GIAC H5. PUONG TRUNG BINH HINH THANG
1. Dinh nghia: Puong trung binh cta hinh thang 1a doan thang néi trung diém hai canh
bén ctia hinh thang
2. Cac dinh ly
a. Dinh Iy 1: Puong thing di qua trung diém 1 canh bén ctia hinh thang va song song véi
hai day thi di qua trung diém cua canh bén thi hai
Néu EA =ED va EF // AB // CD thi FB = FC
b. Dinh ly 2: Dudng trung binh cta hinh thang song song véi hai day va bang ntra tong
hai day
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1
Ta c6: EF // AB // CD va EF:E(AB +CD)

3. Mo rong
- Trong hinh thang c6 hai canh bén khong song song, doan thang néi trung diém ctia hai

dudng chéo thi song song véi hai ddy va bang mot ntra hiéu hai day

A B

D

C
Ta cé: MN//AB/ICD va MN = SP—AB

C. BAI TAP VAN DUNG
Bai 1: Cho t gidc ABCD. Goi E, K, F Ian lwot 1a trung diém ctia AD, BC, AC
a. Chting minh EK // CD, FK // AB

b. So sanh EF va %(AB +CD)

c. Tim diéu kién cta t& gidc ABCD dé 3 diém E, F, K thang hang, chiing minh
EF = % (AB+CD)

Loi giai

b. Xét AEFK ,cé:

EF < EK+KF:%CD +%AB :%(AB +CD)

c. D&E, F, K thang hang, khi d6 EF dong thoi song song
voi AB, CD. Tttc la t¢ giac ABCD la hinh thang ( AB //
CD)

= EF =Z(AB+CD)

Bai 2: Tinh d9 dai duwong trung binh ciia mot hinh thang can biét rang cac duong chéo cta
nd vudng goc va chiéu cao = 10cm
Loi giai

+) AABC = ABAD(cce) = A =B, = D, =C,

+) AC LBD= A =B, =C, =D, =45°
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= AIAB, AICD vudng can tai I

= MI :%;NI =CTD:> MI + NI =AB+CD= duwong trung binh ctia tam giac = 10cm.

Bai 3: Cho tam gidc ABC c6 AB =c, BC=a, AC =b. Qua A ké duong thang song song v&i
BC cit tia phan gidc goc B va C tai D va E. Tt A ké AP vudng gbc véi BD; AQ vuong goc
v6i CE. PQ Tan lwot cit EB, CD tai M, N. Tinh MN, PQ theo a, b, ¢

Loi giai

E A D

F H C

+) E = él = éz (slt) = AEAC can tai A = AE = AC; AQ L EC = AQ la duong cao, phan giac,
trung triee, duong trung tuyén = QE =QC
+) Twong tw AABD can tai A va BP = PD
+) AABH c6 BP la phan gidc va duong cao = AABH can tai B = P la trung diém ctia AH
Tuwong tu: Q la trung diém cua AF = PQ = % FH
+) MQ//BC = M la trung diém cua BE ; +) N la trung diém ctua BE
+) MN :%(ED+ BC) =%(EA+ AD+BC) =%(AC + AB+BC)
1 1 1 1 1 1
PQ :EHF :E(FC - HC) :E(AC - HC) :E(AC —(BC = BH)) ZE(AC— BC+ BA) ZE(b_a‘FC)

Bai 4: Cho hinh thang ABCD ( AB // CD), Goi E la giao diém ctia AD va BC, Goi M, N, P, Q
[an luot 1a trung diém ctia AE, BE, AC, BD. CMR: MNPQ 1a hinh thang

Loi giai

Dé dang chitng minh dwgc MN // AB

- Goi R 1a trung diém cua AD khi d6 ta c6: RQ // AB
RP //DC// AB

Nén RP // AB => R, Q, P thang hang =>PQ // AB

Vay MNPQ la hinh thang
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Bai 5: Cho tam giac ABC vudng tai A, Vé AH vudng goc voi BC tai H, Goi M, N Ian luot la
trung diém ctia cac doan thang AH CH, CMR :
MN vudng goéc voi AB va BM vuong goc véi AN A
Loi giai
ViMN la duong trung binh
=>MN // ACma AC L AB
=>MN | AB=>M la trwc tam caia A ABN
AABN c6 M la trpc tam = BM 1L AN

! "
B H N

Bai 6: Cho doan thang AB va trung diém O ctia né, trén cting 1 nira mat phang c6 bo AB,
vé hai tia Ax va By vudng goc vdi AB, Mot gée vudng dinh O cat Ax tai C, cat By tai D
a) AC+BD=CD b) CO la tia phan giac cta
ACD

Loi giai
a) Goi I la trung diém ctia CD
AC //BD => Ol la trung binh ctia hinh thang ABCD

C
0l Z@ —>AC+BD =20l

Lai c6 A COD vuoéng => Ol la duong trung tuyén
=>Q0I=CI=ID=>20I=1C+ID=CD A0 # o # B

€

b) Ta cd A OCD vudng tai O c6 OI 1a duong trung tuyén nén OI = IC

—~

—>= AIOC can tail = C, =0,
Ma: O, =C, Nén = C, =C, Vay OC la tia phén giac gbc ACD
Bai 7: Cho tt giac ABCD c6 AD =BC, dwong thang di qua trung diém M va N ctia cac
canh AB va CD cit AD va BC Ian luot & E va F, CMR : AEM = MFB

Loi giai
Goi I 1a trung diém cua BD

Ta c6: MI, NI [an lugt la duong trung binh = Ml = % = % =IN = AIMN can

—~M-=E (dong vi)
vaN=F ('so le trong) F
Vv E<F I \
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Bai 8: Cho tam giac ABC, AM la duong trung tuyén, vé duong thang (d) di qua trung
diém I ctia AM cit cac canh AB, AC, Goi A’, B, C’ Tan lwot 13 hinh chiéu cta A, B, C trén
duong thang (d). CMR: AA'= BBwCcC
Loi giai A

Goi H, K Tan luot la giao cua (d) vdi AB va AC
LAy N 1a hinh chiéu ctia M trén duong thang (d)
=>A AA’T=AMNI ( canh huyén - géc nhon)
=>AA’=MN
Hinh thang BB’C’'C c6 MN la duong trung binh nén:
BB'+CC'

2 B

MN = AA'=

M
Bai 9: Cho tam gidc ABC c6 3 gdéc nhon, cac duong cao BD va CE, goi I va K theo thit tw la
hinh chiéu ctia B va C trén duong thang ED, CMR: IE = DK

Loi giai
Goi M la trung diém cua BC, ké MN L ED
Tt gie BIKC 1a hinh thang => NI = NK (1)

ABEC vudng c6 EM =% BC

A BDC vuong c6 DM =% BC=>EM =DM

=>AEDM can c6 MN duong cao va la trung tuyén
=>NE =ND (2)
Tt (1) va (2) =>1E=DK

B t M t C

Bai 10: Cho tam giac ABC c6 G la trong tam, duong thang (d) khong cét cac canh ctia tam
giac ABC, Goi A’, B, C’, G’ Ian luot la hinh chiéu cta A, B, C, G trén duong théng (d).

CMR: GG '= AA+B§ +CC
A
Loi giai
Goi M 1a trung diém cua AC, va D d6i xiing v6i G qua M, D
M’ 1a hinh chiéu ctia M trén (d), Khi d6 ta c6 : M
GM =DM = BC G
2

=> G la trung diém ctaa BD B , , c
=> GG’ la duong trung binh cua hinh thang BB'D’'D d

¢ o
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=>MM'’ la duong trung binh ctia hinh thang GG'D’'D

Nén: GG'=@ (1)
— AA;CC MM DD;GG

=>DD’+ GG = AA’+CC"'=>DD’ = AA" + CC’' - GG
Thay (1) vao ta dwoc: 2GG"=BB’ + AA’ + CC’ - GG’
=>3GG = AA’ + BB’ + CC' == bPCM
Bai 11: Cho tam gidc ABC c6 trong tdm G (G nam bén trong tam gidc), Vé duong thing
(d) di qua G, cat AB, AC, Goi A’, B/, C’ 1a hinh chiéu ctia A, B, C trén (d), khi d6 AA’, BB,
CC’ c6 mdi quan hé gi?
Loi giai A
Goi I trén AG sao cho Al =1G
Ké MM’ 1 (d)
Khi d6 ta co:
AGII" = AGMM'’ (canh huyén = géc nhon)

=[I'=MM mall' = %AA’ =>AA’=2. MM’

Hinh thang BB’C’C c6 MM’ la duong trung binh
Nén ta c6: 2. MM’ = BB’ + CC’
Nén ta c6: AA”=BB’ + CC’
Bai 12: Cho tam giac ABC, Goi D la trung diém canh AB, trén BC 1ay cac diém E, F sao cho
BE = EF = FC, trén tia d6i cua tia BA lay diém G sao cho BG =BD
CMR: AF, CD, GE dong quy
Loi giai A
Goi I la giao diém ctia CD va GE
=> E la trong tam ctia ADGC =>DI=1C
ADEC c¢ IF la dwong trung binh nén IF // DE
Lai cd: DE la duong trung binh A ABF =>DE // AF
Khi d6 A, I, F thang hang hay AF ¢6 di qua I - . H

Bai 13: Cho tam giac ABC c6 BC = a, cac duong trung t%yé’n BD, CE, lay cac diem M, N
trén cac canh BC sao cho BM = MN = NC, goi I 1a giao diém cua AM va BD, K 1a giao diém
cta AN va CE. Tinh IK
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Loi giai A
ViDN la duong trung binh cita A ACM =>DN // AM

BM = MN

ABDN co:
AM / /DN

=>1la trung diém cua BD

Chttng minh twong tu => E D
K Ia trung diém cua EC
Kéo dai IK cat AB va AC Ian luot tai G va H G H

Khi d6 A BED c6 GI di qua trung diém I ctia BD M‘ KN
va // ED nén GE = GB , : .

ACED c6 KH di qua trung diém K cuaa EC va // ED
Nén HD =HC

Khi d6 ta cé: Gl =£ED=£a, KH =1ED=1a
2 4 2 4

Con 2GH —a+—a=2_gH =2
2" 2 2
NénIK=GH-GI-HK="2 15 15_28
4 4" 4" 3
a
vay Ik =2

Bai 14: Cho hinh thang ABCD 6 A=B=1v,BC = 2AB = 2AD, Goi M 1a 1 diém nim trén
ddy nho AD, ké Mx vudng goc véi BM va Mx cat CD tai N. CMR: MB = MN

Loi giai
Keé DK //AB, chitng minh ABDC vudng tai D

= ADC =90° +45° =135°
Goi H 1a trung diém cua BN,
Chiing minh MH L BN vi ABMN vuéng

MH :%BN,DH :%BN =>MH = DH

HMD = HDM ma HDM = ABH = DMN + MBH (1)

Va HMD = HMN + DMN )

Tix (1) va (2) =MBH = HMN

Ma: MBH +MNH =90° => HMN +MNH =90°

Bai 15: Cho tam gidc ABC nhon, truc tam H, M la trung diém cua BC, qua H ké duong
thang vudng géc véi HM, cit AB, AC theo thit tu tai E va F
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a) Trén Tia d6i tia HC, 1y diém D sao cho HD = HC, CMR E la truc tam cta tam giac DBH
b) CMR: HE = HF
Loi giai
a) Ta c6 MH la duong trung binh ABCD
=>MH// BD
Ma EF // MH =>EF L BD
Ta lai c6: BA_LDH =>ABDH c6 E la tric tam
b) Goi G la giao diém ctia DE va BH

A
D
=>K la giao diém BH va AC
=>ADHG = ACHK ( canh huyén - gbc nhon) K
—>HG=HK =>AHE = AHKF (c. g. ¢) => HE = HF F
G
- & .
B T

Bai 16: Cho hinh thang ABCD (AB // CD), Goi E va F theo tht ty 14 trung diém cua BD va
AC, vé dudng thang di qua E va vudng goc véi AD va duong thang qua F vudng goc voi
BC, cdt nhau tai I, CMR: IC = ID

Loi giai

Goi N 1a trung diém ctia DC
=>FN la duong trung binh cia AADC

FN //AD
=> =PELFN=>EI LFN
PE L AD

Chitng minh twong tu:

FQ L EN =>FI L EN =>I1la truc tam
=>IN L EF, ma EF /DC=>IN 1 DC
AIDC ¢6 IN vira trung tuyén vira duong cao
=>AIDC can=>1D =1IC
Bai 17: Cho hinh thang ABCD, (AB<CD), Goi M, N, P Ian luot la trung diém ctia AB, BD,
AC, duong thang vuong goc véi MN tai N va duong thang vudng goc véi MP tai P cat
nhau tai E, CMR: EC =ED

Loi giai
Goi Q la trung diém caa CD

MN la dudng trung binh => MN :%AD, MN //AD
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PQ la duong trung binh = PQ = % AD,PQ//AD

Bai 18: Cho 3 diém A, B, C theo th tw ndm trén duong théng d, (AB>BC), Trén cung 1
ntra mat ph:?mg bo la duong thr?mg d, vé cac AADB,ABEC déu, GoiM, N, P, Q, I theo thit
tw 1a Trung diém ctia cac doan thang BD, AE, BE, CD, DE
a) CMR: 3 diém I, M, N thang hang b) CMR: 3 diém I, Q, P thing hang
c) CMR: MNPQ la thinh thang can d) NQ = % DE

Loi giai
a) Dé thdy AD // BE
IN la duong trung binh AADE =>IN // AD
IM 1a duong trung binh ADBE =>IM // BE // AD
=>3 diém I, M, N thang hang
b) Chiing minh tuong twe

c) Trong A AEB c6 NP la duwong trung binh
=> NP // (d)
Twong te MQ // (d) =>MQ // NP

—~ A~

N=A ~ -~
=>:>{ ' A1:>N=A=6O°,

N, =A,
, . . /D\l = /B\l ~DN 0 0 0 0
Chttng minh teong tetacd: ¢ ° _=>QPN =180"-60" -60" =60
P,=8B,

d) Vi MNPQ thang can => NQ = MP, Ma MP la duwong trung binh ABED nén:

MP:%DE:> NQ=MP=%DE

Bai 19: Cho AABC déu, Trén tia d6i cta tian AB, 18y D, trén tia d6i cua tia AC l1ay diém E
sao cho AD=AE, Goi M, N, P, Q theo thtt tu la cac trung diém cua BE, AD, AC, AB, CMR:
a) Tt giac BCDE la hinh thang can b) T giac CNEQ la hinh
thang

c) AMNP la tam giac déu

Swu tAm va téng hop TAI LIEU TOAN HOC



Loi giai

a) AAED déu=>D=60°=B=>ED//BC

Lai c6 2 dudong chéo bang nhau => 1a hinh thang can
b) AABC déu=>CQLAD

AAED déu=>EN 1 AD =>CQ // EN =>la hinh thang

c) Ta co: NP la duwong trung binh => NP = % DC

Xét ABEP ¢6 P =90°, MP la duong trung tuyén
>mp=1ige-1lpc

2 2
Xét AENB c6 N =90° va MN la dudng trung tuyén

=>MN =£BE=1DC
2 2

Vay ANMP c6 3 canh bang nhau nén la tam giac déu
Bai 20: Cho t& gidc ABCD, Goi P, Q theo thttu ty la trung diém ctia AD va BC

a) CMR: pQ < AB+CD
b) Ttk gidc ABCD 13 hinh thang khi va chi khi PQ = 22+ CP
b) Ta chtmg minh ABCD la hinh thang => PQ = w
That vay : AADC ¢4 pR la dwong trung binh A o
— PrR=1DC (1) p

2 R
RQ la duong trung binh A ABC %

1 D C
= RQ = AB @)

AB+CD

Cong theo vé (1) va (2) ta duoc: PQ+RQ = 5

Nguoc lai : PQ = AB;ZCD =>PQ=PR+RQ = 3di#m P, Q R thing hang,

Ma: PQ//DC vaRQ // AB=>AB // CD => ABCD la hinh thang
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POI XUNG TRUC, DOI XUNG TAM

A.LY THUYET

1. PBinh nghia:

- Hai diém A va A’ duoc goi la ddi xting véi nhau qua dwong thang d, néu d 1a duong
trung truc ctia doan théng AA’. (H1)

- Hai diém A va A’ duoc goi 1a d6i xtiing véi nhau qua diém O, néu O la trung di€ém cta
AA’.(H2)

(d)

H1 H2
2. Tinh chat:
-. Moi diém nam trén duong thang (d) déu cach déu hai dau muat A va A’
3. Quy wdc:
-. Di€m nam trén truc d6i xtng (d) thi diém d6i xting véiné qua (d) 1a chinh no.
- Biém d6i xting v6i diém O qua tam O chinh la diém O.
B. Bai tap
Bai 1: Cho AABC c6 A=60°, cic duwong phan gidc BD va CE cét nhau tai I, qua E ké
duong thang vudng goc véi BD cat BC 6 F, CMR:
a, E va F d6i xiing nhau qua BD b, IF 1a phan gi4c BIC
¢, D va F d6i xiing nhau qua IC

Loi giai

a) AEBF can tai B, BD la tia phan gidc goc B,
nén BD la duong trung tryec EF.
Vay E, F d6i xting v6i nhau qua BD
b) Tinh BIC =120° nén I, =60°, 1, =60°, I, =60°,
vay IF 1a tia phan gi4c BIC
¢) AIDC =AIFC (g.c.g) => IF =ID, CF= CD

Do d6: CI la dwong trung triec ciia DF

Vay D, F d6i xting v6i nhau qua CI

Bai 2: Cho A ABC nhon, trong d6 A= 60°, Ly D la di€m bat ki trén BC, goi E, F Ian luot 1a
diém d6i xtiing ctia D qua canh AB, AC. EF cit AB, AC Ian lwot tai M, N
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a, CMR: AE=AF va Tinh EAF b, CMR: AD la tia phan gi4c ADMN

Loi giai A
a) Ta c6: D va E d6i xttng véi nhau qua AB
F
nén AB la dwong trung truc ctia ED => AE = AD
Tuwong tw AD = AF
khi d6 AE=AF, Ta c6: —0 - 2"@3 E
DAF =2.DAM
B D C

—>EAF :2(m+ D/Aﬁ)=2.3=1zo°

b) Do ddi xting nén ta co:
AEM = ADM
AFN = ADN
Vay AD la phan gi4c géc MDN

Bai 3: Cho t giac ABCD, c6 cac dwong chéo AC va BD cét nhau tai O, AD vuong goc AC,

va A AEF can tai A nén AEM = AFN => ADM = ADN

BD vudng gdc véi CB, Goi E 1a giao diém ctia AD va BC, d 1a dwong thang di qua cac
trung diém ctia EO va CD
a) CMR: A va B d&i xting nhau qua duong thang d
b) Tt giac ABCD sé nhu thé nao néu D trung EO

Loi giai
a, Ta co: Goi I, K Tan luot la trung diém cua OE va BC
A AOE vuodng tai A c6 Al la trung tuyén
Nén AI=IE=I0 (1)

ABOE vudng tai B c6 Bl la duong trung tuyén
NénBI=EI=10 (2)
T (1) va (2) ta c6: IA =1B

D

Tuong tt AADC vuong tai A c6 AK la duong trung tuyén
=> AK = DK = CK

ABDC c6 BK la duong trung tuyén ctia tam giac vudng
nén BK =KD =KC

Nén KA = KB hay K nam trén duong trung triec AB

Vay IK la trung treec ctia AB hay A va B d6i céing vdi nhau qua (d)

b, Ta thay EO la duong thang chita dwong cao ctia AEDC

Néu d trung v6i EO thi d vira la duwong trung triec AB va CD nén ABCD la hinh thang can
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Bai 4: Cho A ABC, ké cac dwong cao BD va CJ, Goi H 1a tryc tdm cua A, E la trung diém

cta AH, D 1a trung diém ctia BC, Chttng minh rang: I va J d8i xting véi nhau qua ED

Loi giai A
ABIC vuong tai I c6 ID la trung tuyén tng véi canh huyén BC
|
=D = BC E
2
J

Chiing minh twong tu: JD = % =>|D=JD

Chiing minh twong tu: JE = EI

=>ED la duong trung truc ctaa IJ B t
=>[J d6i xttng nhau qua ED

Bai 5: Cho A ABC, ké duong cao AH, Goi D va E theo thit tw 1a cac diém d6i xting véi H
qua AB va AC, duong thang DE cit AB, AC Ian luot tai M, N

a) CMR: ADAE can b) CMR: HA 1a phan gidc MHN
¢) CME : 3 duong thang BN, CM, AH thing hang

d) CMR : BN, CM la cac duong cao cia A ABC

Loi giai

b, Do Tinh chat d6i xting ta => AB la phan giac DMH
Al L HM

Ké => Al = AJ (1)
AJ L DM

AC 13 phan gidc ENH, A

Ké AK 1 HN=> AK= AJ ) ! K
Tir (1) va (2) ta cé: Al = AK
Vay A cach déu 2 canh géc MHN )

=> HA 1a phan giac géc MHN

¢, Chitng minh tuong tuw ta cling co:

CM la tia phan giac HMN B
BN la tia phan giac goc MNH

Trong AMHN cac duong phan giac trong HA, MC, NB cung dong quy tai 1 diém

d, AB la phan gi4c géc DMH

MC 1a phan giac géc MHN , ma 2 géc DMH,MHN K& bit => MC L AB => MC la dudng cao
A ABC

Chttng minh twong ti BN la dueong cao cua A ABC
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Bai 6: Cho hinh thang vudéng ABCD, (AB//CD). Goi E, F theo tht ty 1a cac diém d6i xing
ctia B va diém A qua duong thang DC, G, H theo thtt tu 1a cdc diém d6i xting ctia C va E
qua AD

a, CMR: D la trung diém caa BH b, CMR: AH // BE, CH // BG

Loi giai

a, Goi I la giao BE va DC, do tinh chat d6i xting ta c6:
BI=1E, Ma DF = AD va AD =BI =>DF =BI
Ta cling c6: DI = HF G 1

Hai tam giac vudng ABID va ADFH bang nhau

cho ta DB =DH (1) 1
H

Va B, =D, =>D,+D,+D, =D, + B, +90° =90° +90° =180°

=>H, B, D thang hang 2)

Tt (1) va (2) = D la trung diém BH

b, Dé dang chirng minh dwgc AADH =AFDB => R = I/:\1 => AH //BF

D& chiing minh dugc ABDG = AHDC =>C, =G, => CH //GB
HINH BINH HANH

A.LY THUYET
g 1. Dinhnghia: Hinh binh hanh Ia ti¢ gidc c6 cac cap canh

A
ddi song song
OABCD la hinh hinh hanh < OABCD
A MR T A 1CD, AD// BC
D C

H1
- Chu y: Hinh binh hanh 1a hinh thang dac biét cé hai canh bén song song
2. Tinh chat: Trong hinh binh hanh
- Tinh chat vé canh: Céc canh d6i bang nhau

- Tinh chat vé géc: Cac géc d8i bang nhau

- Tinh chat vé duong chéo: Hai duong chéo cit nhau tai trung diém ctia mdi duong
3. D4u hiéu nhan biét

- Tte gidc c6 cac canh d6i song song la hinh binh hanh

- Tt giac c6 cac canh d6i bang nhau 1a hinh binh hanh

- Tt gidc c6 hai canh d6i vita song song vita bang nhau la hinh binh hanh

- Tt giac c6 cac gbc d6i bang nhau 1a hinh binh hanh
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- Tt gic c6 hai duong chéo cat nhau tai trung diém ctia mdi dudng 1a hinh binh hanh

4. M6 rong
- Hai hinh binh hanh c6 mo6t dwong chéo chung thi cac duong chéo ctia ching dong quy

tai trung di€ém cua dwong chéo chung.

B. BAI TAP

Bai 1: Cho t& gidc ABCD. Goi E, F lan luot la trung diém cua AB, CD. Goi M, N, P, Q Tan
luot 1a trung diém caa AF, CE, BF, DE. CMR: Tt gidc MNPQ la hinh binh hanh

Loi giai

Ta c6 : QF, NF la dwong trung binh ctia tam giac DEC

N QF //EC (QF /INE
NF //DE’ |QE /I NF

= O0QFNE la hinh binh hanh = QN, FE

Cat nhau tai trung diém ctia moi duong

Goi I la trung diém cua EF = | la trung diém cta QN
Chttng minh twong ty: Tt gidc MEPF la hinh binh hanh

= | la trung di€ém cia MP = dpcm

Bai 2: Cho tt gidc ABCD va diém I thugc mién trong t gidc. Goi M, N, P, Q lan lwot 1a cac
diém d6i xtiing vdi I qua trung diém cua cac canh AB, BC, CD, DA. CMR: MNPQ 1a hinh
binh hanh

Loi giai
MN // FE;MN = 2FE;PQ//GH;PQ =2GH;HG// AC

HG=%AC;FE//AC;FE:%AC
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Bai 3: Cho tam giac ABC va mét diém I thudc mién trong cta tam giac. Goi M, N, P lan
luot la trung diém cua BC, CA, AB. Goi D, E, F lan luot la cac diém d6i xiing voil qua M,
N, P. Chiing minh rdng cic duong thang AD, BE, CF dong quy

Loi giai

+) T giac FAIB la hinh binh hanh ( hai
duong chéo cat nhau tai trung diém
ctia mdi duong )

= FA/l =BI()

+) Tt giac BICD la hinh binh hanh

— Bl // =CD(2)

Tir (1)(2) = FA//=CD(l) = OFACD la
hinh binh hanh = AD,CF cit nhau tai

trung diém ctia moi duong (3)
Tuwong tw: ABDE la hinh binh hanh

= AD, BE cat nhau tai trung diém caa

moi duong (4)

Tt (3), (4) ta c6 diéu phai chiing minh

Bai 4: Cho AABC, Ola 1 diém thudc mién trong tam gidc. D, E, F la trung diém cua AD,
BC, CA.L, M, N Ilan luot 1a trung diém cta
OA, OB, OC. CMR: EL, FM, DN dong quy
Loi giai

+) DMEN la hinh binh hanh, do:

DF = MN :%BC

DF//MN//BC

= DN,FM cat nhau tai trung diém ctia mdi

duong

MLFE : hbh
DLNE : hbh

Tuwong tu: {

Bai 5: Cho hinh binh hanh ABCD, ADC =75°. O la giao diém hai duong chéo. Tir D ha
DE, DF I4n luot vudng goc v6i AB va BC (E € AB, F e AC). Tinh FOE
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Loi giai

+) Goi O la giao diém cua AC va 3 . 1 B
BD ’
Vay O la trung diém caa AC, BD -

ABC = ADC =75"

Xét tam giac vudng DEB, c6: § -

po-ob-0B-P ¢ 8
2

+) EOD =B, +E, = 2B, (GocngoaiA)

+) :
FO:%BD:OB:OD—> B, =F, - FOD =28,
Tuong ty: FOE = EOD + FOD = 2(B, +B,) = 2ABC =150°
Bai 6: Cho AABC, c¢6 cic trung tuyén AD, BE, CF. Biét rang BE | CF . CMR:
AD? = BE? + CF?
St dung phwong phap dich chuyén tirc thoi
Loi giai
2 Dung hinh binh hanh BEMC
MC = BE
=
MC //BE — MC L CF(BE L CF)
ME //BC
E =
= M FE //CB(duongTBA)
Vay M, E, F thang hang
4) FE=ZBC
2
B D c
1 3
FM = ME +FE =BC+-BC=-BC ()
AD =3GD ;
Mt Khéc: 1, =AP=28C ()

ABGC :GD ZEBC

. . ~ MF = AD - MF? = AD? ) , ,
Tt (1) va (2) ta co: = AD = FC*” + BE“(dpcm)
Pytago: FM? = FC* + MC?
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Bai 7: Cho hinh binh hanh ABCD. Vé phia trong hinh binh hanh dung cac tia Ax, By, Cz,
Dt Ian luot tao véi AB, BC, CD, DA céc géc bang nhau va bang oc. Céc tia nay cat nhau tao
thanh t& gidc MNPQ. Chitng minh rang: AC, BD, MP, NQ déng quy

Loi giai

+) Di chitng minh t gidc MNPQ la hinh binh hanh
A,=Cy,
A=C,

Tuong ty: B, =D, = MQ//NP (2) = OMNPQ: hinhbinhhanh

}:éZ:AZ:MN//PQ 1)

+) Thém: AMCP la hinh binh hanh

AM =CP
AADM = ACBP(gcg) = = HBH = dpcm
AM //CP

Bai 8: Cho tt gidc ABCD, E la trung diém cua AD, F la trung diém ctaa BC. G 1a dinh cua
hinh binh hanh CADG va H la dinh ctia hinh binh hanh CABH
a. Chttng minh BD // GH b. HD = 2EF
Loi giai
a. Co DG // BH va DG = BH nén tit giac BDGH la hinh binh hanh — BD = GH (dpcm)

b. Goi I 1a trung diém ctia BD, ] la trung diém caa BH — JI = % DH (1)
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1 El =JF
JE==CH ;=
2 El//JF

AB =CH

= OEIJF : hinhbinhhanh

— JI = FE(2) = HD = 2FE{(

G

Bai 9: Cho tam giac ABC. Goi A’ d6i xting véi A qua C, B’ d6i xting vdi B qua A, C’ ddi
xung voi C qua B. Goi BM la trung tuyén ctia tam giac ABC, B'M’ 1a trung tuyén ctia tam
giac A'B'C’
a. Chiing minh ttt giac ABM'M 1la hinh binh hanh
b. G la giao diém ctia BM va B'M’. Chttng minh rang G la trong tam tam gidc ABC va
A'B'C

Loi giai

a. BM '://%A'C — BM '://%AC =AM — 0ABMM ': hinhbinhhanh

b. Goilla trung diém ctaa B'G, J la trung diém cua BG

Suy ra IJ la duong trung binh cta tam giac GBB’

JI /I AB

JI =AB — JI /[ = MM '— JIMM ': hinhbinhhanh

GM'=GIl =IB'
=

GM =GJ=JB

=Jl //=%BB':>{

Suy ra G la trung diém caa IM’ ; MJ :>{ CTR AABC,AA'B'C’
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A

Bai 10": Cho tam gidc déu ABC, mot dwong thang song song véi BC cit AB, AC tai D va E.
Goi G la trong tam cua tam giac ADE, I la trung diém cua CD. Tinh s6 do cac goc tam gidc
GIB

Loi giai
+) Qua C ké duwong thang song song véi BD cat ED tai K
+) OCBDK 13 hinh binh hanh. Nén KB cit CD tai I

+) GD =GE
+) GDK =GDB =150°

) KC = KE \
+) AKEC déu = KC — DB = KE =BD — AGEK = AGDB(cgc) - GK =GB — AGBK : cén

Suy ra GI 1a trung tuyén, duong cao
— Gl L BK — GIB =90 KGB = EDG =120°(AAED : deu, G : trongtam)

— GBK = GKB =30°(AGKB : cantaiG) = IGB = 60°
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c B
Bai 11": Cho tam giac ABC, H la truc tam, I la giao di€ém cac duong trung truc, K la diém
d6i xting véi H qua trung diém BC. CMR: K d6i xting véi A qua I
Loi giai
M 1a trung diém ctia BC va HK
= OBHCK La hinh binh hanh

BH //CK
= ;BH LAC ->CK L AC
CH/IBK

{BK IICH

Goi I’ 1a trung diém ctia AK

— I'N la duong trung binh ctia
tam giac ACK
= I'N//CK'I'N L AC

K

Goi P la trung diém cua AB = | 'P la duwong trung binh ctia tam gidc ABK
=I1'P//BK > 1'P L AB

_ I'N :trungtruc: AC o .

0: — 1 =1"> K d6i xttng vdi A qua L.

|'P L AB— |'P:trungtruc: AB

Bai 12": Cho AABC, vé phia ngoai tam giac vé cac tam gidc déu ABD, ACE. Goi [, M, N lan
luot la trung diém cua DE, AB, AC. CMR: AIMN déu
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A

‘Z‘V\

C
B

Loi giai
Dung phuong phap phong to tam giac IMN
2 S &) \ \ Ay \ FE = AD = BD
Goi F la diém d6i xiing v6i A qua I = 0ADFE la hinh binh hanh = {DF  AE—CE

. N . BF = FC
+) ADF = AEF — D, = E, (= 60° — ADF) = AFEC = BDF (cgc) = £ g

1 1
+)BFC =360° — F, - BFD — DFE =360° — DBF — BFD — DFE =360° — (180° - BDF ) — (180° — ADF)
= BDF + ADF = ADB =60° = ABFC déu

+) Ml :%BF;NI :%FC;MN :%BC:MI = NI = MN = AMNI déu

Bai 13: Cho HBH ABCD, Goi E, F lan luwot 1a trung diém cua AD, BC, duong chéo AC cit

BE, DF Ian luot tai P va Q, goi R la trung diém cua doan thrfmg BP, CMR:

a) AP=PQ=QC b) Tt giac ARQE la hinh binh hanh
Loi giai

a, Trong ABDC c6 CO va DF 1a hai duong trung tuyén

nén Q la trong tam \.
:OQ:%QC=%OC E '(

Twong tw A ABD c6 P la trong tam ) &
R

A B
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~op=2ap=1a0
2" 3

Tw (1) va (2) ta cd AP=QC
Talai co:

PQ=AC-AP-QC = AC —(2AP)= AC—%AO: AC—%:%AC - AP

Vay AP=PQ=QC

b, ViP la trong tam AABD nén EP = % PB =PR

Tt giac ARQE c6 hai duong chéo cat nhau tia trung diém mdi deong nén la HBH

Bai 14: Cho HBH ABCD c6 A=120°, Tia phan gidc goc D di qua trung diém I ctia AB, Ké
AH vuoéng goc véi DC, CMR:

a) AB=2AD b) DI =2AH c) AC vudng goc AD
Loi giai
. a H C
a) ADAI can dinh A Lid y —
> AD = Al= = AD = Al = = AB M e
2 4 -

b)Ké AH 1 DC, AM 1 DI
—>AADM = AADH=>AH=DM=% DI A | ! | B
¢, AADC 6 D=60° =>CD =2.AD => AADC vudng tai A

BD

Bai 15: Cho HBH ABCD, 1ay hai diém E, F trén BD sao cho BE = DF < —

a) CMR: AECF 1a HBH
b) Goi K la giao diém ctia CE va AB, I 1a trung diém ctia AK, xac dinh vi tri diém E sao cho
Al=1IK=KB

Loi giai

a) Xét A ABE va A CDF ta co:
AB=CD, B, =D, vaBE=CF

=>A ABE=ACDF (c. g.c) => AE=CF
Chiing minh twong te AF = CE

=> AECF la hinh binh hanh
b) Ta co:
OA=0C BK =IK
=>0I //CK, khi do: = E la trung diém OB
Al =KI KE//10
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Bai 16: Cho tam giac ABC, trén tia d6i cta tia BC, 18y diém D, trén tia d6i cta tia CB lay
diém E sao cho BD=BC=CE, Qua D k¢ dudng thang // v6i AB cat AC & H, qua E ké duong
thr?mg /] véi AC cit AB &k, ching cit nhau o 1
a) Tt giac BHKC la hinh gi? b) Tia IA cit BC tai M, CMR :
MB=MC
c) Tim diéu kién ctia A ABC d¢€ tt giac DHKE 1a hinh thang can

Loi giai
a, Tt giac BHKC la hinh binh hanh vi
c6 2 dudng chéo BK va HC cat nhau tai trung diém
ctia mbi duong
b, Tt gidc AHIK ciing la hinh binh hanh
nén AK//IH va AK=1H
AB//IH va AB=1H

=> ABHI la hinh binh hanh

=>]A // HB => AM la duong trung binh cua L HBC
=>BM =MC

¢, Tt gidc DHKE la hinh thang vi HK // DE,

déla hinh thang can = D=E

Hay B=C = AABC cin tai A

Bai 17: Cho hinh thang vuéng ABCD (A =D =90°), c6 CD=2AB, goi H la hinh chiéu ctia

D trén AC, M 1a trung diém cua HC, Chitng minh rang; BMD =90°

Loi giai A B
Goi N la trung diém caa HD, ta ¢6: MN la duong trung binh
= MN = DC,MN //DC
2 H
Ma: AB//DC,AleDC
2 o M
nén AB // MN va AB = MN => ABMN Ia hinh binh hanh N
=> AN // BM
D

A ADM ¢6 DH 1L AM, MN L AD, AN L DM

Khi d6 BMD = 90°

Bai 18: Cho hinh thang vudng ABCD, A= D =90°, CD = 2AB = 2AD, Goi H 14 hinh chiéu
cua D Ién AC. Goi M, P, Q lan luwot la trung diém ctia CD, HC va HD
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a) CMR: Tt giac ABMD Ia hinh vu6ng va tam giac BDC la tam giac vuong can
b) CMR: DMPQ 1a hinh binh hanh
c) CMR: AQ vuodng goc véi DP
Loi giai
a) Chig minh t gidc ABMD 6 4 canh bing nhau, A B

lai co A=90° nén ABMD la hinh vuong
ABCD c6 MB = MC = MD nén la tam gidc vudng,

lai c6 BDC = 45"
Do d6: ABDC la tam gidc vuong can ¢ B

b) Tt gidc DMPQ Ia hinh binh hanh vi c6 PQ// DM D M
vaPQ=DM

¢) Chttng minh Q la triec tam cua A ADP

Bai 19: Cho tam gidc ABC c6 goc A tu, AC > AB, H 1a chan duong cao ha tit A, vé phia
trong goc BAC, dung D va E sao cho AD vuodng géc voi AB, AD = AB, AE vuong goc voi
AC va AE = AC, M la trung diém DE. CMR: A, H, M thang hang

Loi giai A
Dung hinh binh hanh DAEF = M la trung diém A
= AE=DF N
Ma AELAC=>DF1AC B

— e~~~ -

Ma: DAE + ADF =180° => BAC = ADF
AADF =AABC (c.g.c) = B=DAF va C=F
Goi FD cit BC tai I, cit AC tai N va AF cit BC tai H’

/'\_/\ 2
P ||i_NIC(d ):m.\,::ﬁzgo‘),

C=F

Hay AF | BCtai H = A, F, H thang hang = A, H, M thang hang
Bai 20: Cho HBH ABCD c6 AB va BD cat nhau tai O, Goi (d) 1a dwong thang di qua A va
khong cit doan BD, goi BB’, CC’, DD’ 1a khoang cach tir B, C, D dén duong thr?mg (d), (B,
C’, D’ ndm trén (d) ). CMR: BB’ + DD’ = CC’

Loi giai
Ve OO L(d) (O e(d))
Khi dé ta c6: BB'D’D la hinh thang

c6 OO’ la duong trung binh nén:
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2.00’=BB’ + DD’ (1)
Tuong te AACC’ c6 OO’ la duong trung binh nén: B’
200" =CC () B

Tix (1) va (2) = BB’ + DD’ = CC’

Bai 21: Cho HBH ABCD va duong thang (d) nam bén ngoai HBH, Goi A’, B’, C/, D’ lan
luot 1a hinh chidu ctia A, B, C, D trén (d). Chitng minh: AA’+ CC’ = BB’ + DD’
Loi giai A B

Vi ABCD la hinh binh hanh
Nén hai duong chéo cat nhau tai trung diém mdi duong Y

Goi O la giao cta hai dwong chéo AC va BD

O’ 1a hinh chiéu ctia O xudng (d) D C
Khi d6 ta c6: OO’ 1a duong trung binh cua d ¢ r
hinh thang AA’C’C nén: 200’ = AA” + CC’ (1) A b’ g % %

Twong tu OO’ 1a dwong trung binh cua hinh thang DD'B’B

Nén: 2.00’ = DD’ + BB’ (2)

Tir (1) va (2) = AA’ +CC’ =BB’ + DD’

Vay HM L BN =>ABMN c6 MH vtra la duong cao

vira la trung tuyén nén MB = MN

Bai 22: Cho A ABC c6 ba goc nhon (AB<AC), goi H 1a tryc tam, O la giao diém cta 3
duong trung triee ctia tam gide, D la diém d06i xting ctia A qua O

a) CMR: Tt giac BHCD la HBH A

b) Goi M la trung diém cua BC, CMR : AH =2.MO
Loi giai
a) Tirt AO= OC = OD
= Chting minh ACD =90°, H
ta c6: DC L AC, BH L AC (H la trec tam cua A ABC)
= BH // DC °
Chttng minh tueong tw ta cling c6: CH// DB 5 l__“M ,
Vay BHCD la Hinh binh hanh
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b, M la trung diém cua BC

=M la trung diém cua HD

Ma O la trung di€ém ctia AD

= OM la duong trung binh cia A AHD

= OM =%AH = AH=20M

Bai 23: Cho HBH ABCD, Cac duong cao AE va AF, biét AC = 25cm, EF = 24cm, Tinh
khoang cach tir A dén tryc tdam H ctia A AEF

Loi giai A N 5
Ké CN vuong goc voi AB,
Tt giac EHFC c6 EH // CF, HF // FC
nén EHFC la hinh binh hanh = AN =HF (= EC) € 2
Tt gidc ANFH c6 AN = HF, AN // HF
nén la hinh binh hanh = AH + NF, AH// NF 5 GE /

Lai c6 AH L EF nén NF LEF

AEFN vuodng tai F c6 EF =24cm, NE = AC =25cm nén

NF?=NE®-EF?=25"-24>=49=>NF =7 => AH =7cm

Bai 24: Cho tam giac ABC déu, mot duong thang // véi BC cat AB, ACé D va E, Goi D la

trong tam cua tam gidc ADE, I 1a trung diém cua CD, Tinh s do cac goc ciia tam giac GIB
Loi giai A

Qua C vé duong thang song song véi BD, cit DE tai K

Ta c6: BDKC 1a hinh binh hanh => B, I, K thang hang

Chttrng minh AGDB= A GEK (c.g.c)

D& AGBK can tai G c6 BGK =120°,
do d6 cac goc cia AGBI lan lugt 1a 90°,60°,30°

B
Bai 25: Cho AABC, D trén AB, E trén AC sao cho BD = CE, Goi M, N la trung diém cﬁz
BC, DE, Vé cac hinh binh hanh BDNI va CENK
a) CMR: I, M, K thang hang
b) MN cit AC tai Q, cit BA tai P, CMR: A APQ can
Loi giai

Bl //DN
a, T giac BDNI la hinh binh hanh = {B N = Bl //DE

Swu tAm va téng hop TAI LIEU TOAN HOC



KC//NE
T giac NECK la hinh binh hanh = {KC _NE = KC//DE

Tt d6 ta c6 KC // DE va BI =KC

=> T giac BICK la hinh binh hanh

c6 M 1a trung diém ctia BC

=>M di qua trung diém IK => I, K, M thang hang

b, Ta c6: NI =DB, NK = CE ma BD = CE => NI = NK
=>ANIK can tai N

—~

Ma MN la duong trung tuyén => NM la phan giac = I/\l\l =N,

Lai c6: NK// QC = N\Z :(/Q\Z(d‘éng vi)
vaNI//BD = N, =P (dong vi)

—Q,=P=>Q,=Q, (d6idinh) = P=Q, . Vay AAPQ can tai A

ON TAP HINH CHU NHAT
A. Tom tat Iy thuyét
A B 1. Binh nghia: Hinh chi nhat la t& gidc ¢6 bon goéc
vuong
H1 0OABCD
OABCD la hinh chitnhat €13~ ~ -~ =«
A=B=C=D

D C
- Nhan xét: Hinh ch@ nhat cting la 1 hinh binh hanh, 1 hinh thang can
2. Tinh chat: Hinh chi® nhét c6 tat ca cac tinh chat ctia hinh binh hanh va hinh thang can
- Tinh chat vé canh: Céc canh ddi bang nhau, song song véi nhau
- Tinh chat vé goc: Bon géc bang nhau
- Tinh chat vé duong chéo: Hai duong chéo bang nhau va ct nhau tai trung diém ctia mi
duong
3. D4Au hiéu nhan biét
- T giac cd ba gdéc vudng la hinh chit nhat
- Hinh thang can c6 1 gdéc vuong la hinh chit nhat
- Hinh binh hanh c6 1 géc vuong la hinh chit nhat
- Hinh binh hanh c6 hai duong chéo bang nhau 1a hinh chi nhat

4. Ung dung vao tam gidc vuong
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- Trong tam giac vudng, duong trung tuyén tng véi canh

. 1
M huyén bang ntta canh huyén, ta c6: BM = 3 AC

- Néu mét tam giac ¢6 duong trung tuyén tng véi 1 canh

B C
bang ntra canh ay thi tam giac d6 la tam giac vuong;:

BM = % AC = AABC vuédng

B. Bai tap
Bai 1: Cho hinh ch@ nhat ABCD. Goi H 1la hinh chiéu ctia B 1én AC. Trén tia d6i cuia tia BM
14y diém E sao cho BE = AC. Chitng minh ring: ADE = 45°
- Loigidi
+) Ta ¢c6 ABCD la hinh ch nhat
— AC =BD = BE —» ABED

A

CantaiB - D, =E
M3t khac OC = 0D — OCD =0DC

A +) ADE = EDB +BDC = ZOBH + = BOH ( gbc ngodi
5 5 gocng

tam gidc) = %.900 = 45°

Bai 2: Cho hinh ch@ nhat ABCD. Trén cac doan AB, BC, CD, DA lan luot 1ay cac diém M,
N, P, Q. Chting minh rang: MN + NP +PQ+QM >2AC

Loi giai

A M B
Goi E, F, I lan luot la trung diém cua MQ, NP,
ON

E . N Vi AAQN,ACPN Ila cac tam gidc vuong
o T~ MQ = 2AE; NP = 2CF
- F 1 1 =VT =2(AE+El +FI +FC)>2AC
\ IE == MN;FI == PQ
5 c 2 2

Bai 3: Cho hinh ch nhat ABCD va diém E thudc doan BD, goi F 1a diém d6i xtiing vdi A
qua E. Goi H, K Ian lwot 1a hinh chiéu cua F 1én BC, CD. CMR: E, H, K théng hang
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Loi giai
Ta c6 HKCF la hinh chit nhat

— HK,FC cat nhau tai trung

- diém cua moi duong

| — El la duong trung binh
ACFA — EI I/ AC(1)

D M C K +) Goi M 1a trung diém ctia
DK nén EM la duong trung

binh hinh thang ADKF

— EM //FK = EM L CD = ADEK cantaiE = D, =K, =C, = EK//AC (2)

E, I, K :thanghang

HelK

Bai 4: Cho hinh ch nhat ABCD. Goi H 1a hinh chiéu cua A 1én BD, goi M, N lan luot la

trung diém cta HD, BC. CMR: AM L MN

Tt (1)(2) suy ra: { = E,H,K thang hang

A Loi giai
= B .
| Goi e la trung diém cua AH nén ME la duong
= ole trung binh cta
N AAHD:>ME//AD;ME:%AD:%BC:BN = O0BEMN
H
M La hinh binh hanh — BE // MN (1)
D C
ME //AD
+ = ME L AB
AD L AB

AAMB c6 E la truc tam = BE L. AM  (2) = AM L MN (dpcm)

Bai 5: Cho hinh chit nhat ABCD. Qua diém E thudc doan AC ké duong thang song song
v6i BD né cdt AD, CD & M va N. Dung hinh chi* nhat NDMF. Chitng minh E la trung

diém cua BF

Loi giai
A P 5 TSP A
+) A =R =B, =D, =C, = AAEP
— 1 can tai E = AE = EP
. +) Tuong tu:
AE=EM = EM =MP
+) BPND la hinh binh hanh
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ND = PB PBMF : hinhbinhhanh
= =

ND = FM EM =MP
Vay E la trung diém cta BF
Bai 6: Cho hinh cht nhat ABCD c¢6 AB > AD. Ldy diém E thudc doan AD, cac diem I, K
thudc doan CD sao cho DI = CK = AE. Puong thang qua K va vudng géc véi EK cit doan
BC tai M. Chitng minh rang: IM L IE

Loi giai

+) Goi N, H 1a trung diém cta EM, CD
? N 91 v = NH la duwong trng binh hinh thang
3 &

o140

EDCM — NH L CD

HD =HC

DI +IH =HK +KC = HI = HK — ANIK
DI =KC

- X : Can tai N
NI = NK

= 1 :NK:ENM:NI:ENM
NK=§EM 2 2

= AEIM vuong tail = EI L MI
Bai 7: Cho hinh cht nhat ABCD, ké BH L AC, goi M la trung diém cua AH, K la trung
diém cta CD. Chting minh rang: BM 1 MK

L\. * 2 e
A . o1 gidi

Qua M ké duong thang vuong goc véi BC, cat
BH tai I
M Ta cé: MI// AB//CD

M 1a trung diém ctia AH nén MI 1a duong
H trung binh cta
D K C 1 MI //CK
Ml =—AB
AABH = 2
IH=1B

= 1 = OMICK
MI =CK =§CD

la hinh binh hanh = MK //CI (1)
Trong AMBC co I 1a triec tam = Cl L MB(2) = BM L MK

Bai 8: Cho hinh ch nhat ABCD, M 1a diém bat ky nam trong hinh ch nhat, vé ME 1 AB
taiE, MF 1L ADtai F, CK L AM tai K. Chttng minh r.’?mg :
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a) ME? + MF? = MA?

a) T gidc AEMF la hinh chi nhat

= MA=EF = ME’ + MF? =EF’* = AM?
b) Goi G 1a giao diém cua EM va CD,
H la giao diém ctia FM va BC

=> Tt gidc DFMG, GMHC, EBHM la hinh chi nhat,

Do vay MC? = MH? + MG?
MB? = ME? + MH ?
MD? = MG” + MF?*=>DPCM

b) MA? + MC? = MB? + MD?

¢) BKD =90°

Loi giai A E

c) Goi O la giao cua 2 duong chéo AC va BD

AC BD _

=>KO=T—T—> BK L DK => BKD =90°

Bai 9: Cho H la hinh chi€u cua B trén duwong chéo AC cia HCN ABCD, M va K theo thi tie

la trung diém ctia AH va CD

a) Goil va O theo thtt ti 1a trung di€m ctia AB va IC. CMR: MO = % IC

b) Tinh s6 do BMK?

Bai 10: Cho A ABC vudng can tai A
c6 AH la duong cao, Goi M 1a 1 diém
bat ky trén canh BC, I va K 1a hinh
chiéu vuong goéc cua M trén AB, AC,
CMR: ATHK vudng can

Loi giai

Chttng minh AIMK la hinh chi nhat
Vi A ABC vudng can tai A

A , I , B

Loi giai
Ta co: BIKC la Hinh chit nhat nén O Ia trung
diém cua IC va BK

Xét AIMC vudng, Ta c6: MO= % DC

b, AMBK c6 MD = %IC=%BK, Nén BMK = 90°
) 1 1 .
AMBK ¢ MD:EIC=EBK:>BMK:90

A

=%

TAI LIEU TOAN HQOC

Swu tAm va téng hop



=> AK=1IM =BI
ma BH = HA => HBI = HAK = 45°
=>ABHI= AAHK (c. g. ¢
=>[H =HK
Ma H,+H,=90° => H, + H, = 90°
Bai 11: Cho A ABC vuodng tai A (AC > AB), duwong cao AH, trén HC lay HD = HA, duong
1 BCtaiD cit ACtaiE
a) CMR: AE = AB b) M 1a TD cua BE, Tinh
AHM

Loi giai
a, Chiing minh AE = AB
Ké EF L AH => t& gidc HDEF la hinh chit nhat
=>— AHBA = AFAE(gcg) = AB = AE

A

A A BE

b, AABE vudng can tai A = AM = >
A A BE
ABDE vudng can tai D = MD =— E
2 F 1@
T d6 ta c6: AM =MD
M

Xét AAHM = ADHM (cgc) = H, = H, = 45° B fH Dii

Bai 12: Cho A ABC can tai A, tir 1 diém D bat

ky trén day BC, vé duong thang vudng géc véi BC cat cac duong thang AB, AC O E vaF,
Vé cac HCN BDEH, CDFK, Goi [, J Ian lwot 1a tam cac HCN BDEH va CDFK, M la trung
diém cuia AD

a) CMR: Trung diém HK 1a 1 diém c6 dinh khong phu thudc vao vi tri caa D trén BC

b) CMR: 3 diém I, ], M thang hang va 3 duong thang AD, HJ, KI dong quy

H E Loi giai

a) Ta co: /B\1=E)\1 ma
B,=C,=>D,=C,=>ID//AC
Chttng minh tueong tw ta ¢6: JD // AB
N Khi @6 AIDJ Ia hinh binh hanh => AJ // ID, A] =
“““ ToNF S K ID
M => Chting minh AHIJ 14 hinh binh hanh
% >/ AHval = AHvAT] // AK va I = AK
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Khi d6 3 diém A, H, K thang hang

va A la trung diém cua HK

b) T gidc AIDJ la hinh binh hanh

=>M la trung di€m cua AD,

thi M nam trén duong chéo cia HBH

Bai 13: Cho HCN ABCD va E 1a diém nam trén duong chéo AC, trén tia d8i ctia tia EB ldy

F sao cho EF = BE, Goi M, N 12 hinh chiéu ctia F trén 2 duong thang AD, DC. CMR:

a) DF // AC va MN // BD b) 3 diém E, M, N thang hang
Loi giai

a, Dé thay OF la duong trung binh cia A BDF

A B =>DF // OE =>DF // AC

) — A =D, (Pongvi)

=>AOAD can 3@26\2:6\1

o) =>AIDM cén = D, = M,

= D, =M, (ddng vi)=>MN // DB

1 C b, Ilatrung diém DF =>IE la trung binh
=>1IE // DB ma MN // BD
1 ) Vay M, N, E thang hang
M F
Bai 14: Cho hinh ch@ nhat ABCD, diém P thudc dwong chéo BD ( P khac B va D), Goi M la

diém d6i xting ctia C qua P

a) Ching minh AM song song véi BD

b) Goi E, F Ian luot la hinh chiéu cua M trén AD va AB. Ching minh ba diém E, F, P
thang hang

¢) Chting minh ti s6 d dai hai doan théng MF va FA khong phu thudc vao vi tri ctia P

Loi giai
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a) Ta co: O 1a trung diém ctia AC (ABCD la hinh chit nhét)
P la trung diém caia CM ( Vi M d6i xting véi C qua P)
Nén Op la duong trung binh cia A ACM, do dé: OP // AM => AM // BD

b) Vi OP la duong trunh binh cuia A ACM nén OP//AM va OP =% AM

Do do6: OP // Al va OP = Al => t&& giac AIPO la hinh binh hanh =>PI // AC (1)

Ké ME // AB cit AC tai K, ta c6: KAE = EAM (: 1?071)

Nén AE la phan gidc KAM, mét khac: AE L KM => AAKM can
E la trung diém cua KM,
do dé EI la duong trung binh cia A AMK => EI // OA =>EI// AC (2)
Ta lai cé: E, I, F thang hang (3)
Tt (1), (2) va (3) ta c6: E, F, P thing hang,.
Bai 15: Cho A ABC vudng tai A, duong cao AH, trung tuyén AM, Goi D va E theo thit ty
la chan duong vudng goc ké tir H dén AB, AC ,CMR:
a, AH = DE b, HAB = MAC ¢, AM L DE
d, DI // EK, véilla trung diém cua HB, K la trung diém cua HC
Loi giai
a) Tt gidc ADHE c6 3 g6c vuong nén la HCN => AH = DE
b) AABC vuong tai A, C6 AM la duong trung tuyén => AM = MB = MC

N B
=>A AMC can tai M =>MAC =C I
Mit khéc HAB =C, D "
Vi cung phu véi Im=>%:m<=6) M
K
~ o~ )
c) Chting minh AM L DE, Ta c6: A +E, =90°, ta c6:
3
E,+A=E,+A =E,+E, =90° 5 N
A E

d, Ta c6: AHEC ¢6 EK =KH =KC =>A EKC can tai K

=>EK // AM =>KE 1 DE. Chttng minh teong ty=>DI L DE => DI //EK

Bai 16: Cho A ABC déu c6 canh bang 4cm, M va N la cac diém lan lwot chuyén dong trén
hai canh BC va AC sao cho BM=CN

a) Tinh dién tich A ABC

b) Xac dinh vi tri cia M, va N dé d6 dai MN nho nhat . Tim d6 dai nho nhat d6?
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Loi giai

av3 =ﬂ=2\/§ cm

2 2

a) Tinh duoc d¢ dai duong cao: h=

Suy ra dién tich: §,,. = %a.h = %4.2\/5 = 4\/§(cm2)

b) Goi P va Q la chan duong vudng goc
ké tit M va N xuéng AB

~ 1
Ta co: A ANQ vudng 6 Q, cé: A= 60° => AQ = EAN
S s . 4 1
Tuwong tw d6i véi AMPB c6: PB = EBM

Cong theo vé&'ta dugc: AQ+PB = %AN+%BM = %(AN+NC) = %AC

Ké mMH 1 ON . Tt gidc MPQH Ia hinh chit nhat

Ta cé: MN > MH = PQ = AB—(AQ + BP) =AB—%AC=%AB
. N 1

Nhu vay khi M, N di chuyén ta luon co: MN > EAB

1 - . C , .
Va MN = EAB , Khi M, N Ian luot 1a trung diém cua BC va AC
Suy ra vi tri cia M,N can xac dinh Ian luot la trung diém BC va AC,
Khi d6 d6 dai nho nhat cia MN la : MN = %AB =2cm

Bai 17: Cho A ABC nhon, Tryc tam H, giao diém ctia cac dwong trung truc 1a O, Goi P, Q,

N theo thit tu 1a trung diém ctia cic doan thang AB, AH, AC

a) CMR: OPQN la HBH b) AABC can co diéu kién gi d€ OPQN la HCN
Loi giai

a) Goi O la giao cua 3 dwong trung triec nén OP L AB,ON L AC

Trong A AHC, QN la duong trung binh nén QN // HC

Va PO // HC ( cung vudng goc véi AB)

Chitng minh twong tu ta c6: OPQN la hinh binh hanh
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b) Tt giac BCON Ia hinh chit nhat c6 2
duwong chéo la NC va BQ => NC =BQ =>

1 1
MP==NC==B
2 ;9

Xét AMQB c6 MP la duong trung tuyén

nén MP = %BQ

Nén AMBQ vudng tai M =>MB 1 MQ

HINH THOI

A. Tém tat 1y thuyét

1. Dinh nghia: Hinh thoi 1a t giac c6 bdn canh bang
nhau

0ABCD
AB=BC=CD=DA

B
A <> C 0ABCD la hinh thoi < {

2. Tinh chat: Hinh thoi cé tat ca cac tinh chat cta hinh
binh hanh

D

- Tinh chat vé canh:

+) C6 bdn canh bang nhau +) Cac canh d0i song song

- Tinh chat vé géc: Cac géc ddi bang nhau

- Tinh chét vé duong chéo:

+) Hai duong chéo cit nhau tai trung diém ctia mdi duong

+) Hai duong chéo vuong goc véi nhau

+)Hai duong chéo la cac duwong phan gidc cta cac goc ¢ dinh ctia hinh thoi
3. D4u hiéu nhan biét

- Tt giac c6 bon canh bang nhau 1a hinh thoi

- Hinh hinh hanh ¢6 hai canh ké bang nhau 1a hinh thoi

- Hinh binh hanh c6 hai duong chéo vuong goc véi nhau la hinh thoi

- Hinh binh hanh c¢6é mét duong chéo la dwong phan giac ciia mot goc ¢ dinh 1a hinh thoi
4.Chuy:

- Hinh thoi ¢6 1 tam d6i xting 1a giao diém cua hai duong chéo
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- Hinh thoi c6 hai truc d6i xtng 1a cac duong chéo ctia hinh thoi
B. Bai tap
Bai 1: Cho hinh thoi ABCD va diém E nam ngoai hinh thoi va khong nam trén duong
thdng CD sao cho CD = CE. Dung hinh binh hanh ACEF. Chttng minh rang B 1a tryec tam
ADEF
Loi giai
Vi ABCD la hinh thoi - CB =CD
. |BDLAC
o {AC /I FE

> BD L FE(1)

Lay K d6i xting voi E qua C
= AEBK vuong tai B

( dudng trung tuyén bang ntra canh
huyén )

+) C6 OKCFA 1a hinh binh hanh (
CK/l,=FE)

= CA,FK cat nhau tai trung diém
ctia mdi duong

= BD,FK cat nhau tai trung diém ctia mdi duong

BK //DF

— OBFDK 14 hinh hinh hanh = (2)
EB L BK

Tt (1), (2) suy raB la truc tam AEDF
Bai 2: Cho tam giac ABC c6 AB < AC, phén giac trong AD. L4y cac diém M, N Ian luot
thudc cac doan AB, AC sao cho BM = CN. Goi
P, Q Ian luot la rung diém cua MC, MB. Chuiing
minh rang AD 1 PQ
Loi giai
Goi E, F Ian luot la trung diém caa MN, BC
= EQ,QF, FP,PE la dwong trung binh cta cac
ABMN,ABNC,ABMC,AMNC = EQ =FP = % BM;
EP=FQ :%NC = OEPFQ: lahinhthoi = FE :la phan giac

ctia QEP = FEQ = FEP :%PEQ (1) = FE L PQ

+) Goi k 1a giao diém cua FE va AB
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Vi EQ//AB=BKF =FEQ (2)
ma: QEP=BAC  (3) ( goc ¢b canh twong ting song song )

Tiz (1), 2), (3) suy ra BKF :%BAC =BAD — FK //AD = AD 1 PQ

Bai 3: Cho hinh thoi ABCD c6 A=60°. Duong thing MN cit AB & M, c&t BC & N. Biét BM
+NB c6 d6 dai bang 1 canh ctia hinh thoi. Chttng minh rdng AMND déu

Loi giai
B
N +) AABD déu (1)
M BM + BN = AB
+) — BN = AM
A C AB = BM +MA
21/ +) AAMD = ABND (c.g.c)= DM =DN (2)
D

A A

D, =D, A a _
.. = D, +D, =60° (3) = AMND : deu
D, +D, =60°

Bai 4: Cho hinh binh hanh ABCD c6 AB =2AD, D =70° , vé BH vudng goc véi AD,

H e AD. Goi M, N theo tht ty 1a trung diém ctia CD va AB

a) CMR: ANMD la hinh thoi b) Tinh HMC
Loi giai

b) Ta co:

M,=D=70°, Tinh M,

Ta co: I\//I\2 = ﬁ\l ( So le trong)

Xét AHAN cén tai N=>H, + H, = A=70°

=>H, =35° => M, =35°, Vay HMC =35 +70° =105’

Bai 5: Cho A ABC nhon, vé cac dwong cao AD va BE, Tia[;)hén giac Ax cfiar DAC cit BE \(:é
BC Ian luot & M va N, Tia phan giéc By ctia EBC cit AD va AC Ian luot tai P va Q. CMR:
a) AN LBQ b) T giac MPNQ la hinh
thoi

Loi giai
a) Ta co: EBC = DAC ( cung phu goc C)
= A=A=B=8,
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AEBQ vudng = B, + BQE =90° = A, + BQE =90°

— AOQ =90° = AN L BQ

b) AAPQ c6 AO vira la duong phan giac vira la duong
cao

=> AQO la duong trung truc

=>MP = MQ, NP = NQ

ABMN c6 BO vtra la dwong phan giac vira la dwong cao

=>la duong trung triec ( dpcem)
Bai 6: Cho A ABC déu, duwong cao AD, M la diém nam giita B va D, goi N 1a Trung diém
cua AM, vé ME vudng goc AB tai E, MF vuong goc AC tai F. CMR: DENF la hinh thoi

Loi giai

Ta cé: MN = EN = DF=FN (:%AM) A

— END = ENM + MND = 2.EAM + 2MAD = 2.DAE = 60° )

= D/I\E = m — I\WI\E)

— DNF = 2.MAC — 2.MAD = 2.DAC = 60° N

E

=>ANED déu, ANDF déu y

Vay DENF 1a hinh thoi

E
B M D C

Bai 7: Cho tam giac déu ABC, truc tam H, ké duong cao AD, mét dieém M thudc canh BC,
tir M ké ME vudng goc voi AB va MF vudng goc voi AC, Goi I la trung diém cua AM,
CMR:

a) DEIF Ia hinh thoi A
b) Puong thang HM di qua tam d6i xting ctia hinh thoi DEIF
Loi giai
a) A ADM vudng cé DI =%AM K
Tuong ty: El :%AM — DI = El = AEID cn '
o F
El = Al => AAIE can c6 |, =2A H
S N

Tuong tu: |, =2.A, =>EID=1,+1, =60°

G
> AEID déu => ET= ED = IP E
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Chting minh twong tu: IF =FD =1D
=> T giac EIFD la hinh thoi

b) Goi O la giao diém ctia hai dwong chéo

cta hinh thoi DEIF va N la trung diém AH,

Ta co:

AAMH c¢ IN la dwong trung binh =>IN // MH,

AIDN c6 OH la duong trung binh => OH // IN

Nhu vay O, H, M thang hang => MH di qua giao diém O ctia ID va EF

Bai 8: Cho AABC, trén tia AB ta ldy 1 diém D, trén tia AC 1ay 1 di€ém E sao cho BD=CE,
Goi M, N, P, Q lan luot la trung diém cua BC, CD, DE, EB

a) CMR: MNPQ la hinh thoi
b) CMR: cac duong chéo cua hinh thoi MNPQ song song vdi cac phan giac trong va ngoai
cua goc A

Loi giai

b, Vi MNPQ 1a hinh thoi, MP va NQ la hai duong chéo

= MP 1L NQ

Goi I, J Ia luot 1a giao NQ véi AB va AC

=>PQ//AD=>IA1=(/Q\1(soletrong) : ’
Tuong tu: N\l = (/51 =>AlAJ can tai A
=>Phan giac Ax la duwong cao I
= Ax LI, MaMP LI
=> Ax // MP P
Dé dang chiing minh dugc NQ // Ay. P X
Bai 9: Cho hinh thoi ABCD, trén tia ddi cua tia BA, ta 1ay diém M, trén tia ddi cua tia CB
1dy N, trén tia d6i tia DC 14y P, trén tia ddi tia AD 1ay Q sao cho BM = CN =DP = AQ
a, CMR: MNPQ la hinh binh hanh
b, CMR : MNPQ la hinh thoi va ABCD c6 cung tam d6i xtng
¢, Hinh thoi ABCD phai c6 DK gi d¢ MNPQ la hinh vuong
Loi giai
a) AAQM = ANCP = QM = PN
AMBN = APDQ = QP = MN
b) AOBM = AODN = O, =0,

= POM = POB +0, = POB +0, = BOD =180°
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=>P, O, M thang hang

Chttng minh twong tw ta c6: Q, O, N thang
hang

=>HBH MNPQ c6 tam O

¢, Dé MNPQ la hinh thoi thi Hinh binh hanh
MNPQ

¢6 hai canh ké bang nhau: QM= QD. That
vay:

A QAM= AMBN =>

MBN = QAM =>QAM = BAD,

Ma QAM = BAD va QAM + BAD =180° => BAD = 90°
Bai 9: Cho HBH ABCD, cac dwong chéo cdt nhau 6 O, goi E, F, G, H theo tht tu la giao
diém cta cac duong phan giac caa cac AOAB, AOBC, AOCD, AOAD
Chting minh rang: EFGH 1a hinh thoi
Loi giai

Vi OH, OF la hai tia phan giac cta cac goc doi dinh

nén H, O, F thang hang

Tuong tu ta ¢6: G, O, E thang hang

Lai c6 OH L OG

( Hai tia phan giac ctia hai goc ké bu)

Xét AOAE =AOCG (c.g.c) =>OG =OE A
Chtrng minh twong ty : OH= OF

=> EFGH la hinh binh hanh

c6 hai duong chéo vudng goc véi nhau
=>la hinh thoi

HINH VUONG
A. Tém tat ly thuyét

1. Binh nghia: Hinh vudng la tt gidc ¢6 bon goc vudng va bon

A B .
canh bang nhau
A=B=C=D
OABCD Ia hinh vu6éng <
AB =BC =CD = DA
2. Nhan xét : Ttr dinh nghia hinh vudng ta suy ra
D C

- Hinh vudng 14 hinh chi* nhat cé bon canh bang nhau
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- Hinh vudng la hinh thoi c6 4 goc vuong

= Hinh vudng vtra la hinh chi nhat vira la hinh thoi

3. Tinh chat: Hinh vudng cé tat ca cac tinh chat cta hinh binh thoi va hinh ch nhat
- Tinh chat vé canh:

+) C6 bon canh bang nhau

+) Cac canh d6i song song

- Tinh chat vé géc: Bon géc bang nhau

- Tinh chéat vé duong chéo:

+) Hai duong chéo bang nhau

+) Hai duong chéo cat nhau tai trung diém ctia mdi duong

+) Hai duong chéo vuong goc véi nhau

+) Hai duong chéo la cac duong phan gidc cuia cac goc ¢ dinh cua hinh thoi

3. D4au hiéu nhan biét

- Hinh chit nhat c6 hai canh k& bang nhau 1a hinh vudng

- Hinh chit nhat c6 hai duong chéo vuon goc voi nhau la hinh vudng

- Hinh chi® nhat c¢é 1 duong chéo la duong phan gidc cia mot goc la hinh vuong

- Hinh thoi ¢cé mét géc vuong la hinh vudng

- Hinh thoi c6 hai duwong chéo bang nhau 1a hinh vuong

4. Nhan xét: Mot t giac vira la hinh chi® nhat vira la hinh thoi thi t giac do6 la hinh vuong
5. Tinh chat d6i xting ctia hinh vuéng

- Hinh vuong ¢6 1 tam d6i xting la giao di€m ctia hai duong chéo

- Hinh vuoéng c6 bon chuc d6i xting;:

+) 2 dwong chéo cta hinh vuong

+) 2 dwong thang ndi trung diém cac canh d6i dién ctia hinh vudng

B. Bai tap va cac dang toan

Bai 1: [ HSG - Ha Ni — 2009 ]

Cho hinh vuéng ABCD va 1 diém E bt ky nam gitra hai diém A va B. Trén tia d&i cua tia
CB lay diém F sao cho CF = AE

a. Tinh EDF

b. Goi G la diém d6i xting v6i D qua trung diém I ctia EF. Tt giac DEGF la hinh gi? Vi sao?
c. Chitng minh ba duong thang AC, DG, EF dong quy tai 1 diém

Loi giai
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a. Ta co:
EDF = EDC +CDF = EDC + EDA=90° (CDF = EDA)
b. Xét ODEGF cé: El =IF, DI = IG = ODEGF 13

hinh binh hanh, lai c6 D =90° = ODEGF la
hinh chit nhat ma
AADE =CDF = ED = FD = ODEGF 1la hinh
vudng ( ddu hiéu nhan biét)

c c. Ta ¢6 EF giao DG tai , ta di chtitng minh I

thudc dwong triec cia AC

1
: Co: IB=1D = 5 EF =1 thudc duong trung truec

cua BD = | € AC ( AC la dwong trung truc cua BD)

Bai 2: Cho hinh vuéng ABCD. Trén tia d6i ctua tia CB 1ay diém M, trén tia d6i ctia tia DC
14y diém N sao cho BM = DN. V& hinh binh hanh AFMN. Chttng minh rang

a. AABM = AADN b. T gidc AMEFN la hinh
vuong

c.Ké FH L BM,FK L CN, chitng minh rang : ACF =90°

d. B, D, O thang hang ( O la trung diém caa FA)

Loi giai
. F
a. Ta co
AABM = AADN (cgc) = AM = AN = DAN = BAM
L b. Hinh binh hanh AMEN, c6: AM = AN
v L = OAMFN
NS 9 \ 13 hinh thoi. Lai 6
D7/ T Tl
c — 5N MAN =MAD + DAN = MAD + MAB =90° = 0AMFN
1a hinh vudng
c. ACF = ACD + DCF = 45" + DCF
5 Ta di chting minh DCF =45° = 0CHFK la
B A hinh vuéng
Co:

M, +M, =90° = N, +M, =90°, N, + N, =90° = M, = N, = AMHF = ANKF (ch—gn) = FH = FK
— OCHFK 1 hinh vuéng DCF =45° = ACF =90° (dpcm)

d. Ta di chttng minh 3 diém B, D, O nam trén duong trung triec ctia AC
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~ Ta cé: ABCD la hinh vudéng = B, D nam trén duong trung triec ciia AC

y

" O la trung diém cua AF = O la trung diém cuia MN = OA=0M

1 Y
Lai c6 OC=0M = 5 AC = OM =0C = OA=0C = O nam trén duong trung truc cia AC

= B,D,0 thang hang.

Bai 3: Cho doan théng AB va diém M thudc doan théng dé. Vé vé mot phia cua AB cac
hinh vuong AMCD, BMEF

a. Chttng minh AE | BC

b. Goi H 1a giao diém caa AE va BC. Chting minh ba diém D, H, F thang hang

c. Chitng minh duwong thang DF ludn di qua mét diém cd dinh khi M di chuyén trén doan

thang c8 dinh AB
Loi giai
< F a. CéMD //BE (hai géc dong vi bing
' nhau )
. AL ma: MD L AC = AC L BE. Lai c6
C o EC L AB = C Ila truc tam tam giac ABE
5 = AE 1L BC
A M Kk 5

b. Goi O va O’ Ian lugt l1a tam caa hai hinh vudéng AMCD va BMEF
Tam giac vudng AHC c6 OH la duong trung tuyén ting v6i canh huyén AC

= OH =1AC=£DM
2 2

— ADMH (H =90°) = DH L MH ()

Chttng minh trong tw, ta dwoc HF L MH(2) = D,H,F thing hang.

c. Goi I la giao diém ctia AC va DF

Chttng minh dwoc OI 1a duong trung binh cua tam gidac DMF, hay I 1a trung di€m DF
Ké IK vudng goc AB (K thudéc AB ) = K la trung di€m ctaa AB, vay K ¢d dinh

1 1
Mit khac 1K = E(AD +BF) =§AB (Khéng d6i )= | ¢8 dinh. Vay DE luén di qua I c&

dinh.
Bai 4: Cho hinh vuoéng ABCD va diém M thudc doan BC. Lay diém N thudc doan CD sao
cho MAN =45’ Chting minh rang: BM + DN = MN
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Loi giai

Trén tia d6i cua tia DC 1ay diém E sao cho : DE

45° =BM

2 o——0 ~ ~

Ta c6: AABM = AADE(cgc) — AM = AE; A = A
M
MAE = MAD + DAE = MAD + BAM =90° — EAN =90°
AEAN = AMAN (cgc) — EN = MN <> DN + BM = MN
?
E * D N c

Bai 5: Cho hinh vuéng ABCD va diém M thu¢c doan BD. Goi E, F lan luot 1a hinh chiéu
ctia M 1én AB, AD. Chitng minh rang: BF, DE, CM

dong quy. A c
Loi giai

+) Ta c6: OFAEM 1a hinh chit nhat
+) Ta c6: AFDM vuodng can tai F = AE=FM =FD K
AD =DC

ib }: AEAD = AFDC(cgc) = EAD = FCD = EDA+ EDZ =90°

— CF L DE(1)

Tuwong tu: BF LCE (2)
+) Goi K 1a giao diém cta CM va EF
KMF = MCD (dvi) = MAD = AFE =FEM = KFM + KMF = KFM + FEM =90° = CM L FE (3)

AAFK can

doi xung hinh vuong

Ay F B
Tt (1), (2) va (3) suy ra ba duong cao trong ACEF :
Bai 6: Cho hinh vudng ABCD, E la diém bat ky trén AB. K
Phan gidc goc CDE cat BC tai K. Chiing minh rang: CK +
EA =DE
Loi gidi 1,
+) Trén tia d6i cua tia CK 1ay diém F sao cho CF = AE 3 C
=CK+EA=CK+CF =FK N T°
+) AAED = ACFD (c.g.c) = DE = DF; D, = D, .
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+) Xét ADKF c6: DFK = DEA=90° - D; FDK = D, + D,

DFK =180° - DEK — FDK =180° —(90° - D,) - (D, + D,) = 90° + D, - D, - D,

=90°-D, =D, +D, =D, + D, = FDK = DKF = ADKF can tai F

— DF = KF = DE = CK + FC = DE = AE +CK = DE

Bai 7: Cho hinh vuéng ABCD. Goi E, F lan luot la trung diém cua AB, BC. M la giao diém
cta CE va DF. Chting minh rang : AM = AB

Loi giai

+) E=F >F=C,=90° >CE LFD

E
? 1
A { ) B

+) Goi N la trung diém cua CD
+) OAECN la hinh binh hanh
M +) AMCD vudéng — MN =ND
! Co6: AN L DM — Chtng minh : AM = AD = AB

D N C

Bai 8: Cho hinh vuéng ABCD. Goi M, N 1a trung diém cta AB, AD. BN va CM cat nhau
tai P. Chting minh rang: DP = AB

A N . Loi giai ) )

2 +) ABAN = ACBM (c.g.c); ABN = BCN

P —C,+B, =90° = BPC =90°
> +) Kéo dai BN cit CD tai E
ABAN = AEDN(c.g.c) = AB=DE = D Ia

1 trung di€ém ctia EC

+) Xét ACPE vuong tai P

—PD= % EC =CD = AB(dpcm)

Bai 9: Cho AABC. Vé phia ngoai

oo

tam gidc dung cac hinh vuong

Q
ABDE, ACFG. Chting minh rang |
duong cao AH cua AABC di qua E/
g P

trung diém cua EG

Loi giai
Goi P, Q 1a hinh chiéu ctia E, G 1én
AH
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AE = AB
EPA = AHB = 90° = AEAP = AAHB = PE = AH (1)
EAP = ABH (phu : BAH)

Tuwong tw: AGQA=ACHA(ch.gn) = GQ =AH (2)=GQ=EP

EP=GQ
Xét AEPI,AGQI c6: I, =1, — AEPI = AGQI(g.c.g) = El = 1G
P=Q=90°

Bai 10: Cho AABC, M la trung diém ctia BC. Vé phia ngoai tam gidc dung cac hinh vuéng
ABDE, ACFG. Goi P, Q Ian luot la tdm cta cac hinh vuéng dé. CMR: AMPQ vudng can

Loi giai

MP//EC [MQ//BG

+) PM va QM la duong trung binh ctia cac AEBC,ABGC = 1_ 1
MP :EEC MQ :EBG

EC =BG

+) AAEC = AABG(c.g.c) =1 . R
AEC = ABG

Xét AIHB c6: I, +B+H =180°

{ MQ

MP L
= EC LBG= = AMPQ vudng
MP =MQ

>

>

N

90° = H =90°

=>L+B=I1,+E

:|1
=E

o>

can.

Bai 11: Cho AABC, vé phia ngoai tam giac dung cac hinh vuéng ABGH, ACEF, BCI]J. Goi
0,,0,,0, Ian lwgt tdm cac hinh vudéng, M 1a trung diém ctia BC, D la trung diém caa HF.
CMR:

a. AOMO, vudng can b. 0DO,MO, la hinh vudng
c. HF =2AM d. AD L BC;AM 1 HF
e. 0,0, = AQ,

Loi giai

Xét ta giac FAB va tam giac CAH c¢:
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FA= AC;

AB = AH;

FAB =90° + A= CAH

— AFAB = ACAH (cgc) = FB = CH = AHJ, = I,BJ,

Ma: AHJ, +AJH =90° = 1,BJ, +BJ,1, =90° = FB L CH

+) O,M 1a duong trung binh

AFCB = O,M //FB;0,M =%BF ’

+) OM la duong trung binh 0
1 OM LO,M

AHBC =0OM //HC;0,M =-HC = =
2 oM =0O,M

vuong can.
b. +) O,D 1a duodng trung binh N

AFHC = 0,D//BF;0,D :%BF

X J1

+) O,D la duong trung binh
AFBH = 0O,D//HC;0,D :%HC =0M =0,M =0,D=0,D = ¢DO,MO,

1a hinh thoi, M =90° = 1a hinh vudng N
c. Tk gidc ABAC la hinh binh hanh
= BA = AC; ABA =180° —-BAC = BA = FA;
ABA =180° - BAC = FAH = BA= AH
+) AABA = AFAH = AA = HF < 2AM = FH

d.Ha CC, L AM =C,
AM cét FH tai Di: AHAF = ABAA (c.g.c) = HFA = AAB = CAA (slt)
Ma: CAA + FAD, =90° = D,FA+ D,AF =90° = D, =90° = AM L FH
Bai 12: Cho hinh vudéng ABCD, cac diém E, F [an lugt trén cac canh BC, CD sao cho
EAF =45°, trén tia d6i ctia tia DC lay diém M sao cho DM = BE. CMR:
a) AABE = AADM , MAF = 45°
b) Chu vu tam giac CEF bang 1 nita chu vi t gidc ABCD
Loi giai
a, AABE = AADN (2 canh gbc vudng)
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=>A=A,
—>MAE = 90° => MAF =90° —45° = 45"
b, AAEF = AAMF (c.g.c)

= EF = MF, EF = MD + DF = BE + DF
Chu vi ACEF = CE + EF + CF

= CK +BE + DF + CF =BC + CD

45

1 . . 7
= 5 chu vi ABCD M ' D“ F c

Bai 13: Cho tam gidc ABC vuong tai A, ké duong cao AH va trung tuyén AM, duong phan
gidc goc A, cat duwong trung truc BC tai D, Tt D ké DE vudng gdc v6i BA va DF vudng géc
voi AC
a) CMR: AD la phan giac HAM b) 3 diém E, M, F thang hang
c) Tam giac BDC la tam giac vuong can

Loi giai
a) Ta co: (/3\1 = 70; ( cung phu goc B)
Ma AM= %BC=> AM=MC=>A,=C,=> A=A, A =

=> AD Ia tia phan gidc

b) AH//DM=>D, = A, ,

ma A, = A, => D, = A, => AADM cén

=> AM=MD

Chiing minh Tt giac AEDF la hinh vudng
=>EA =ED=>FA=FD

Ta ¢6: M, E, F déu ndm trén duwong trung truc cia AD

=> Thang hang

¢, ABED= ACFD=>D, =D,

8DC - BDF + D, ~ BDF + D, = EDF —90°

=>ABDC vudng can

Bai 14: Cho tam giac ABC vuodng tai A, va AB<AC, ké duong cao AH, trong nira mat
phang c6 chua A bo BC vé hinh vudng AHDE

a) CMR: D nam trén HC

b) Goi F 1a giao ctia DE va AC, duong thiang qua F va // véi AB cat duong thang qua B va
/] v6i AC tai G, CMR: ABGEF la hinh vuong
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c) CMR: AG, BF, HE dong quy d) DEHG la hinh
thang
Loi giai
a) AC>AB=B>C
Ma: B =HAC => HAC >C =>HC > AH => AH = HD => HC > HD => D nim giita H,C
b, Ta co:
A+A =90° A +A =90"=>A=A
két hop véi AE= AH =>A AEF = AAHB => AB= AF
Tt giac ABGF la hin binh hanh c6 1 géc vuong =>HCN c6 AB = AF => 1a hinh vuong

c) Goi M 1a giao diém BF, AG, A E
3
Khi d6 ABDF C(’)DM=%BF 1]\2

Tuwong te AM= %BF

=>M nam trén dwong trung triec AD

Ta lai co: AE= ED, HA=HD

=>E, H cling nam trén dudng trung truec

ctia AD hay H, M, E thing hang

Bai 15: Cho hinh vudng ABCD va 1 diém E bt ky nam gitta 2 diém A v&B, trén tia ddi ctia
tia CB 14y 1 diém F sao cho CF =AE

a) Tinh EDF

b) Goi G la diém d06i xting véi D qua trung di€ém I cua EF, t& giac DEGF la hinh gi?

¢) CMR: AC, DG, EF dong quy

a) AAED = ACFD (c.g.c)

->EDF = ADC = 90"

b) Tt giac DEGF c6 I 1a trung di€ém cta EF (gt)
I1a trung diém ctia DG

Do d6: DEGF la hinh binh hanh

lai c6: EDF =90°=> La hinh chit nht, lai c6 tiép DE = DF

=>La hinh vuong
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Bai 16: Cho hinh vuéng ABCD, M la diém bat ki trén canh BC, trong ntta mp bo AB chita
C dung hinh vuéng AMHN, Qua M dung duong thr?mg d song song vdi AB, d cit AH O E,
Cat DC ¢ F. Chitng minh rang;

a):BM=ND b) N, D, C thang hang c¢) EMEN la hinh gi?

d) Chting minh DF + BM = FM va chu vi A MFC khong d6i khi M thay d6i trén BC

i /im gidi R .
a) T giac ABCD la hinh vuéng => A, + MAD = 90° (1) !
Vi AMHN I hinh vudng d ? -
—> A, + MAD=90° (2) s M
Tir (1) va (2) tac6: A = A, 1
Tacéd: A AND=A AMB (c.g.c) AN
=B =D, =90°,BM = ND L2

N D F C

b, ABCD la hinh vudéng
=D, =90" => D, + D, = NDC = 180" ,
Nén N, D, C thang hang :
¢, Goi O 1a giao diém cuia hai duwong chéo AH va MN
cta hinh vuong AMHN
=> O la tam d6i xtng cta hinh vudng AMHN
=> AH la duong trung triec cua doan MN, ma E, F ¢ AH
— EN = EM va FM = FN 3)
=>0, =0, => EM = NF (4)
Tir (3) va (4) = EM = NE = NF = FM => MENF la hinh thoi )

d, Tt (5) suy ra FM =FN =FD + DN, ma DN = MB (cmt) => MF = DF + BM

Goi chu vi cia A MCF la P va canh hinh vuong ABCD la a

Taco: P=MC+CF+MF =MC +CF + BM + DF , Vi( MF = DF + MB)

=(MC +MB)+(CF+FD)=BC+CD=a+a=2a

Hinh vuoéng ABCD cho trudc => a khong d6i => P khong doi

Bai 17: Cho hinh vuoéng ABCD, Goi E la 1 diém bat ky trén canh BC ( E khac B va C), Qua
A ké Ax vudng goc véi AE, Ax cat CD tai F, trung tuyén Al ctia A AEF cat CD 6 K, duong
thang ké qua E, song song v&i AB cat A1 o G

a) Chitng minh AE=AF va t& gidc EGFK la hinh thoi

b) Chiing minh A AKF dong dang v6i A CAF va AF’ = FK.FC
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c) Khi E thay d6i trén BC, chitng minh chu vi ctia A EKC khong d6i

Loi giai

a) Xét A ABE vuong tai B va A ADF vuong tai D co: ) ’
AB=AD, G E
BAE = CAF =>A ABE = A ADF
=> AE = AF Vi AE = AF va Al la duong trung tuyén
A AEF => AI L EF !
Hai AIEG vudng tail va A IFK vuong taiI co: W
IE=IF, IEG = IFK, - P K ¢
Nén AIEG=AIFK=>EG=FK X
T giac EGFK c¢6 hai canh d6i EG va FK song song va
bang nhau nén 14 hinh binh hanh.
Hinh binh hanh EGFK c6 hai duong chéo GK va EF
vuong gdéc nén la hinh thoi
b) Xét A AKF va A CAF cé: AFK =CFA
KAF = ACF = 45° => AAKF ~ ACAF(g.g) => 2—12 - % <=> AF? = FK.FC

c) Theo cau a ta co: A ABE =A ADF nén EB=FD, Ttt giac EGFK Ia hinh thoi nén EK= KF
Do d6 chu vi AEKCl1a: C,,. = EK + KC +CE = CF + CE = CD + DF + CE = 2CD ( Khong d6i)

Bai 18: Cho hinh vuéng ABCD canh a, trén AB 1ldy AM = 2—:, trén BC 1dy BN sao cho
2
3
a) CMR: AN vuong géc DM
b) GoiI va J lan lwgt 1a trung diém ctia NM, DN va K la giao AN va DN, Tinh IK, KJ va IJ

BN

Loi giai

a, Ta chting minh AABN=ADAM=>D,=A, Ma: D,+M, =90° =>A + M, =90° => K =90°

la® 43’ a A M B
b, Tacé: MN =,/ +22 -2 /5 1 1
9 9 3

1 a
KI==MN =245
2 6 '

a\/l_O a\/E

Tuong tetacd: DN = 3 =>KJ:E

a tong hop A OA O




Twong ty DM :%\/E:> N :%x/ﬁ

Bai 19: Cho hinh vuéng ABCD, Tu diém M tuy y trén duwong chéo BD, ké ME, MF Ian luot
vuong goc voi AB va AD, CMR:

a, CF=DE, CF L DE b, CM =EF, OM 1 EF
¢, CM, BF, DE dong quy d, Xac dinh M dé dién tich AEMF 16n nhat
Loi giai A E B

a) BD la duong chéo cua hinh vuong ABCD
=>BD la phan giac géc D

=> ADB =45’ => ADFM can tai F=> DF = FM = AE
ACDF =ADAE (c.g.c)=>CF=DEva C, =D,

Ma C, +F,=90° = D, + F, =90° => FOD = 90° L ‘;\:\ 1 X
b, AM = EF, BD la duong trung truc cia AC 0

=>MA = MC =>MC =EF N |
Kéo dai FM cit BC tai N => Ttz gidc BEMN 1a hinh vuéng, p — c
=>MN = ME

=>AEMF = AMNC(c. g. ¢) =M, = MEF,

Ma M, +M, =90° = MEF + M, =90°

=>EHM =90°=> DPCM

c) AEFC c6 CH L EF => CM trung CH la duwong cao tng vdi canh EF

Lai c6 ED L CF tai O => ED la duong cao ttng vdi canh CF

Chiing minh twong tu cau a => CE L BF => BF 1a dwong cao tng véi canh CE

—> 3 dudng CM, BF, DE dong quy
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CAC BAI TAP TONG HOP VE TU GIAC DAC BIET
Bai 1: Cho AABC, vé ra phia ngoai tam giac dung cac hinh vuéong BCDE, ACIG va hinh

binh hanh BEQK, CDPE. Chttng minh rang AAPQ vudng can

G

Bai 2: [ HSG: 14/04/2014 ]

Loi giai
AABC = ACFP(c.g.c): AC =CF;BC = PF =CD;
C,=F,(bi: DCF)=CP=AB; A, =C,

AC =BQ
Twong tu: AABC = ABKQ(c.g.c) = Al 5
=b

AABQ = AACP(cgc) = AQ = AP = AAPQ
Cantai A

Ta co:

QAP = QAB + BAC + CAP = APC + FCP + CAP
=180°-90° =90° ( Téng ba gdc tam giac )

= AAPQ vuodng can

Cho hinh thang ABCD vudng tai A va D, biét CD =2AB =2AD va BC = a2 .GoiEla

trung diém ctia CD

a. OABED la hinh gi? Vi sao

b. Tinh S,z theo a

c. Goi I 1a trung diém ctia BC, H 1a chan duong vudng goc ké tir D xudng AC. Tinh HDI

Loi giai

a. Hinh chit nhat c6 hai canh ké bang nhau nén 1a hinh vuéng

D E

C

b. ABEC vudng can vudng can
= AB=AD =3a;CD =2g;
_(AB+CD).AD (a+2a)a 3a’

S

HDI = HDB + BDI
Cy R . Ta di chitng minh :
HDB + HDA = 90°

BDI = ADH = ACD (phu:HDC) < ABDI ~ ADCA(cgc)
vi: L1 AD .5 590 = . HDI =45°
BD 2 DC

Bai 3: [ HSG - Yén Diing - Bic Giang — 2014 |

Cho AABC. Goilla 1 diém di chuyén trén canh BC. Qua I ké duong thang song song voi
canh AC cit AB tai M. Qua I ké dwong thang song song véi AB cat AC tai N
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| 4

~ a.Goi Ola trung diém ctia AL. CMR: M, O, N thang hang

b. Ké MH, NK, AD vudng goc v6i BC lan luot tai H, K, D.
Chting minh rang MH + NK = AD
c. Tim vi tri cia diém I dé MN // BC
Loi giai
a AM //NI

a. AN/ /M }:> HBH = MN N Al tai
trung diém ctia moéi dwong — M,0, N
thang hang

b. Ke OE L BC ta di chttng minh
MHKN la hinh thang vudng

Ta cé: O la trung diém cua MN, ma :
b hq & k ¢ OE//MH//NK = OE la dudng trung
binh hinh thang vuéng

MNHK = MH + NK =20E (1)

+) Xét AADI = OE la duong trng binh AADI = AD =20E(2) = MH + NK = AD  (dpcm)
c.Taco: MN//BC < MN la duong trung binh AABC, lai c6 O la trung di€m cua Al

ma : MI// AC, M la trung di€ém ctia AB = | phai la trung di€ém cua BC

Bai 4: Cho hinh vuéng ABCD, M 1a diém trén canh BC. Trong ntta mgt phang bo AB chita
diém C dung hinh vudng AMHN. Qua M dung duwong thiang d song song véi AB, d cét
AHOE, cat DC O F

a. Chttng minh r?mg: BM =ND b.N, D, C théng hang c. FMNE la
hinh gi?
d. DF + BM = EM va chu vi AMFC khong d6i khi M thay d6i vi tri trén BC
Loi giai
A : 5 a. AAND=AAMB(c.g.c)= B =D, =90";BM = ND
b. NDC =180° = N,D,C théng hang
2 = - v ¢ Taco:MN la duong trung treec cuia AH
E,F e AH :{EN Z_E'\:l : AEOM = AFON (ch—gn) = FN = EM
> 1 o] Vay 4 canh bang nhau nén 1a hinh thoi.
d. FM =FN =ND+DF =BM + FD
e +) Pyyc =MC +CF + FM =MC +CF +BM + DF
D C
F
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= (MC + MB) + (CF + DF) = 2AB ( khong ddi )
Bai 5: Cho hinh vuéng ABCD c6 d¢ dai canh la a. Goi M va N theo thit tu la hai diém trén
canh BC va CD sao cho MAN =45, Trén tia di cta tia DC 14y diém K sao cho DK = BM
a. Chiing minh AADK = AABM b. Chitng minh AN 12 tia phan gidc KAM
c. Tinh chu vi ACMN theo a
d. BD cit AM va AN Ian luot tai E va F. Chttng minh re‘”mg ba doan BE, FE, FD lap thanh
ba canh ctia 1 tam gidc vuong

Loi giai
i 5 a AADK =AABM(c-g-c)

\J b. AADK = AABM — A = A
KAM = A +A +A +A =A +A +A+A =90°
KAN =90° - NAM = 45° = KAN = MAN = 45°(dpcm)
c. Py =MN +NC+CM =CM +CN + KN
- . (AANK = AAMN) =CM +CN + KD + DN =2a
d. Goi H la chan duwong vuong goc ké tir A
dén MN
K D N C AAND:AAMH(ch—gn):w&z:A3

= AFAD = AFAH (c.g.c)

= FH = FD; AHF = ADF = 45’

AAEH = AAEB(c.g.c) = EH = EB; AHE = ABE = 45°

Ta c6: EHF = EHA+ FHA =90° = vuéng tai H
Vay BE, DF, FE lap thanh ba canh ciia mgt tam gidc vuong

Swu tAm va téng hop TAI LIEU TOAN HOC



Swu tAm va tdng hop TAI LIEU TOAN HOC






