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DANG ‘ TAP HQ'P PIEM BIEU DIEN SO PHUC
AR

IYYY «iEN THGC CAN NHO

Biéu di€n hinh hoc s6 phirc

Sé phic z = a + bi (a, be ]R) duoc bidu dién boi diém M(a;b)

VA

M (a:b)

[ x

hay bdi u = (a; b) trong mat phang phtrc v6i hé toa do Ozy .

Tap hep diém biéu dién sé phic
Mot s tap hop dieém bi€u dién so phirc z thudong gap:
e ar+by+c=0=taphop diém la duong thrfmg
e 1 =0= tap hop diém la tryc tung Oy
e y=0= tiphop diém la truc hoanh Ox

. (m - a)2 + (y — b)2 < R? = tap hop diém 12 hinh tron tam I(a;b), ban kinh R

2 2
. |lma) +(y-b) =B = tap hop diém 1a duong tron c6 tam I(a;b), ban kinh
2 +y* —2ar -2y +c=0
R=+ad"+b"-c
e x>0= tap hop diém la mién bén phai truc tung
e 1y <0 = tap hop diém la mién phia dudi truc hoanh
e 1z < 0= tip hop diém la mién bén trai tryc tung
e y >0 = tap hop diém la phia trén tryc hoanh

o y=az’+bx+c= tap hop diém la duong Parabol

2 2
e = +¥ =1 =taphop diém la duong Elip
a
172 2 N
. - Y-~ 1= tap hop diém 1a duong Hyperbol

I :Y/Y  BAI TAP TRONG PE MINH HOA

Cau 35 — Pé tham khao 2023. Trén mit phing toa do, biét tap hop diém biéu dién s6 phirc Z thoa méan
|2+ 2i|=1 12 mot duong tron. TAm cuia duong tron d6 ¢6 toa do 1a.

A. (0;2). B. (-2;0). C. (0;-2). D. (2,0).

& Loi gidi
Chon C
bat z=x+yi,véi x,yeR.

Tir gid thiét |2 +2i| =1= x* +(y+2)" =1.

Do d6 tap hop diém biéu dién sb phirc z 1a duong tron tam 1(0;-2), ban kinh R=1
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Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*

IS BAITAP TUONG TU VA PHAT TRIEN

Cau 1:

Céu 2:

Céu 3:

Cau 4:

Cau 5:

Cau 6:

Cau7:

Cau 8:

Cau 9:

Cho céc s6 phirc z théa man |iz—1|= ‘1+ \/EI‘ . Biét rang tap hop cac diém biéu dién cac sé phuc
z 1a duong tron (C). Toa do tam | va ban kinh R cua duong tron (C) lan luot 12

A. 1(0;1); R=3. B. 1(0;1); R=+/3. C.1(0;-1); R=+/3. D. I(0;-1); R=3.

Cho sb phuc z thoa man |Z + 6—2i| =4 Biét rang tap hop diém trong mat phing toa do biéu
dién cac s6 phirc z 1a mot duong tron. Tim toa d tAm | va ban kinh R ctia duong tron do.

A. 1(-6;2), R=16. B. 1(6;-2), R=4.
C. 1(6;-2), R=16. D. 1(-6;2), R=4.

Trén mat phéng toa do, biét tap hop diém biéu dién céc sd phtc z thoa man |Z +1- 2i| =3 la
mot duong tron. Tam cua duong tron do6 co toa dd 1a

A. I(—1;2). B. I(—l;—2). C. |(1;2). D. I(l;—2).

Trong mit phing toa d6 Oxy, cho hai diém A(2;-1);B(-3;4) va diém M (a;b) biéu dién s
phirc z. Biét s6 phirc W=(Z+2i)(£—4) 1a s6 thyc va M nam trén trung truc ctia AB .Tong

S=a+b la
10

A S=-14. B.S=2. C.S=-2 D.S:?.

Cho sb phirc w ¢o |W| = \/§ . Mot tam gidc c6 mot dinh 1a diém biéu dién cua w va hai dinh con

lai biéu dién hai nghiém cua phuong trinh ==+ Dién tich cia tam giac d6 bang
Z+W 7z W
Al g, 33 c. 93 p. 33
4 2 4 4

Trén mat phfmg toa do, biét tap hop diém biéu dién céc sd phuc z thoa man ‘E +2- 3i‘ =4 la
mot duong tron. Tam cua duong tron do c6 toa dd la

A. I(2;3). B. I(—2;—3). C. I(—2;3). D. I(2;—3).

Trén mit phang toa d9, biét tdp hop diém bicu dién cac s6 phirc z théa man ‘z +(1+2i )2‘ =4 13
mot duong tron. Tam cua duong tron do6 co toa dd 1a

A. 1(-34). B. I(-3-4). C. 1(3-4). D. 1(3,4).

Cho Goi (C)1a tap hop diém biéu dién sb phic Z thoa man ‘z +E—4‘ +4‘z —E‘ =8. Dién tich
hinh phang duoc gidi han boi (C)la

A. 24, B. 4. C. 16. D. 8.

Trong mit phang toa do, tp hop cac diém biéu dién cho sb phirc z =X+ yi (X, ye R) thoa man
1+2|=]i-2| 1a

A. x-y=0. B. x+y-1=0. C. x-y+1=0. D. x+y=0.

2| Bién soan: Phan Nhat Linh
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Céu 10:

Cau 11;:

Cau 12:

Céu 13:

Cau 14:

Céau 15;

Céau 16:

Cau 17:

Céau 18:

Céau 19:

Goi H 13 hinh biéu dién tip hop cic sb phuc z trong mit phing toa do6 Oxy sao cho
‘22 —32‘ <5, va s6 phitc z ¢ phan thyc khong am. Tinh dién tich hinh H .

A. 2r. B. 57. C.5—7T. D.S—E.

2 4
Cho sb phic z théa man diéu kién |Z—1+ 2i|£3. Tap hop cac diém biéu dién s phuc
w=z(1+i) trong mit phang toa o (Oxy) 1a hinh phang (H) c6 dién tich bang
A. . S=9r. B.S=9. C. S=18x. D. S=18.

feos A , . ~ z-1+1 . &« A Py ST ST | ,
Xét cac sO phuc z thoa man 1a s6 thuc. Tép hop cac diém biéu dién cua s6 phuc
W = 3z 1a m¢t parabol c6 dinh

(Z+E)i+l
B. I(g%) C. I(%;—?j. D. I(g;_%)'

Cho s6 phirc W= (1+i)z+2 v6i [L+iz|=|z - 2i|. Biét rang tap hop céc diém biéu dién s6 phirc
w 1a duong thang A . Khoang cach tir diém A(L;—2) dén A bing

2

A. 0 B. 242 . C.2. D.T.

Cho phuong trinh z° —(m+1)z® +(m+1+mi)z—-1-mi =0 trongdé zeC, m la tham s6 thye.
Sb gi4 tri cua tham s6 m dé phuong trinh ¢6 3 nghiém phirc phan biét sao cho cac diém biéu
dién cua cac nghiém trén mat phéng phurc tao thanh mdt tam gidc can la

A. 0. B. 1. C.3. D. 2.

Trén mit phing toa d9, biét tap hop diém bicu dién céc s phic z thoa man |iz+1-2i|=3 1a

mot duong tron. Tam cua duong tron do c6 toa dd la

A. 1(-2-1). B. 1(-21). C. 1(21). D. 1(2-1).

Trén mat phfmg toa d0, biét tap hop diém biéu dién céc sb phuc z thoa man ‘(1+ i)Z +5-— i‘ =2

la mot duong tron. Tam ciia dudng tron do6 co toa do 1a

A. 1(23). B. 1(2-3). C. 1(-2-3). D. 1(-2;3).

Trén mat phfmg toa do, biét tap hop diém biéu dién cac sb phuc z thoa man 3 24_ +1+i|=2
-4

la mot duong tron. Tam ctia dudng tron do6 co toa do 1a

A 1(7;-1). B. I(-7;1). C. 1(-7;-1). D. 1(7;1).

Cho sb phuc z ¢6 |z-1=2 va w:(1+J§i)z+2. Tap hop cac diém biéu dién sé phic
w=(1+ Jéi)z+2 1a mot dudng tron, tim va ban kinh duong tron dé 1a

A 1(-38),R=4. B.1(3-8),R=2. C.I(V3:43),R=4. D.1(3+3), R=4
Cho s6 phic z théa man |[z—2|=2, biét ring tap hop cac diém bicu dién cua sd phic
w =(1-i)z+i 1a mot duong tron. Tinh ban kinh ctia dudng tron do.

Bién soan: Phan Nhat Linh | 3



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*

Céu 20:

Céu 21:

Cau 22:

Céu 23:

A. 2. B. 24/2. C. 2. D. 4.

Cho s6 phttc z théa man |z—1+2i|=2. Tap hop diém biéu dién s6 phirc w= 1i trong mat
—1
phing toa d6 Oxy la dudng tron co tam 1a

ME) Y o) oG

Tap hop cac diém biéu dién sé phirc z thoa man M‘ =2 1a

Z—2+3i

A. Buong tron tam | (5;-8) ban kinh 217 .
B. Duong tron tim | (-5;8) ban kinh 2417 .
C. Pudng tron tam | (5;4) ban kinh 24/5.

(

D. Pudng tron tam 1 (-5 ;4) béan kinh 24/5.

Cho z, va z, 1a hai trong cac sb phic z théa man |Z—5—3i| =5, ddng thoi |Zl—22| =8. Tap
hop cac diém biéu dién ciia s6 phirc W = z, + z, trong mit phang toa do Oxy la duong tron co
phuong trinh dang (X — a)2 +(y —b)2 =r?(r>0). Tinh gié tri cuia biéu thirc T = (a+ b) r.

A T=96. B.T=64. C.T=6. D. T=12.

Biét phuong trinh z> +mz+m?—2=0 (m la tham sd thyc) c6 hai nghiém phic Z;,Z,. Goi

A,B,C lan luot 13 diém biéu dién cac sé phuc Z;,Z, va Z, = I. C6 bao nhicu gid tri ctia tham s
M & dién tich tam giac ABC bang 1?
A 2. B. 3. C. 4. D. 6

4| Bién soan: Phan Nhat Linh
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Cau 1:

Cau 2:

Cau 3:

Cau 4:

PAP AN CHI TIET

Cho céc s6 phirc z théa man |iz—1|= ‘1+ \/EI‘ . Biét rang tap hop cac diém biéu dién cac sé phuc

z 1a duong tron (C). Toa do tam | va ban kinh R cua duong tron (C) lan luot 12

A. 1(0;1); R=3. B. 1(0;1); R=+/3. C.1(0;-1); R=+/3. D. I(0;-1); R=3.
Loi gidi

Chon C

Goi z=x+Yyi (x;yeR). Theo baira: |iz—1|= ‘l+\/§i‘ & i(x+yi)-1 :‘1+\/§i‘.

<:>|—1—y+xi|=\/§ o X +(y+1)" =3.

Tép hop céc diém biéu dién céc s6 phic z 1a duong tron (C) c6 tam 1(0;-1), ban kinh

R =4/3.

Cho s phirc z thoa mén |Z + 6—2i| =4 . Biét rang tap hop diém trong mat phang toa do biéu

dién cac s6 phirc z 1a mot duong tron. Tim toa d tm | va ban kinh R ctia duong tron do.

A. 1(-6;2), R=16. B. 1(6;-2), R=4.

C. 1(6;-2), R=16. D. 1(-6;2), R=4.
Loi giai

Chon D

Pit z=x+yi (X,yeR).
Theo dé bai ta co: [x+ yi+6-2i|=4 < |(x+6)+(y—-2)i|=4

& \(x+6) +(y—2) =4 (x+6) +(y—2)° =16.
Viy tap diém biéu dién s6 phirc z 13 duong tron tam 1(—6;2), ban kinh R=4.

Trén mat phfmg toa do, biét tap hop diém biéu dién cac sb phuc z thoa man |Z +1- 2i| =3 la
mot duong tron. Tam cua duong tron do6 co toa dd 1a
A. I(—1;2). B. I(—l;—2). C. |(1;2). D. I(l;—2).
Loi giai
Chon A
Goi z=x+Yi (véi x;y eR). Taco: [z+1-2i|=3

Sl(x+1)+(y-2)i|=3 & J(x+1)° +(y-2) =3 & (x+1) +(y-2)° =9.

Vay tap hop diém biéu dién céc s6 phirc z 1a duong tron tam 1(-12), ban kinh R =3.

Trong mit phang toa dd Oxy, cho hai diém A(2;-1);B(-3;4) va diém M (a;b) biéu dién s
phirc z . Biét s6 phic W:(z+2i)(2—4) 1a s6 thyc v4 M nam trén trung tryc ciia AB .Tong

S=a+b la
10

A . S=-14. B.S=2. C.S=-2 D.S:?.

Bién soan: Phan Nhat Linh | 5
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Cau 5:

Chon A

Ta co: ﬁ(—S;S).

Puong trung tryc cia doan thing AB di qua trung diém I(_?l,gj c6 phuong trinh
(d):x—y+2=0.

Med=M(aa+2)=z=a+(a+2)i, E=a—(a+2)i.

Khi d6 w:[a+(a+4)i][a—4—(a+2)i]
=a(a-4)-a(a+2)i+(a—-4)(a+4)i+(a+4)(a—-2)

w 14 s6 thuc khi va chi khi —a(a+2)+(a+4)(a-4)=0

o -a’-2a+a’-16=0=a=-8=b=-6=a+b=-14

Cho sb phuc w ¢o |W| = \/§ . Mot tam gidc c6 mot dinh 1a diém biéu dién cua w va hai dinh con

. x 1 1 .
lai biéu dién hai nghiém ctia phuong trinh —— =—+—_ Dién tich cta tam giac d6 bang
ZI+W 72 W
Al g 33 c. 93 p. 32
4 2 4 4
Loi giai
Chgn C
L {z;to
biéu kién:
w0
, 1 1 1 2 2
Tach ——==+—ZW=(Z+W)W+(Z+W)Z < 2> +zw+w? =0
Z+W Z W
2
p— i _|_Z_|_]_ 0= £:_£+£ = _—+£| W=12,.
w w 2 2 2 ‘

w
Luc do |z,|=|z,|=|-= J_r£ ifw=|w =3 va w+z,+2,=0.
2

Suyra w,z,z, dugc biéu dién boéibadiém A,B,C tao thanh mot tam giac déu nam trén duong

tron tam O ban kinh R =+/3.

A
R
a
B [
Tam giac ABC déu c6 dudng cao h:ER:i d6 dai canh a_i hzi.ﬁ:3
2 3§ 32
Dién tich tam giac 1a S 5. :%a.h :¥.

6| Bién soan: Phan Nhat Linh
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Cau 6: Trén mat phang toa do, biét tip hop diém biéu dién cac s6 phuc z thoa man ‘E +2- 3i‘ =4 la
mot duong tron. Tam cua duong tron do6 co6 toa do 1a
A. 1(2;3). B. 1(-2,-3). C. 1(-2;3). D. 1(2-3).
Loi giai
Chon B
Goi z=x+Yi (véi X;y € R). Suy ra sz—yi .

Tacé: [z2+2-3i|=4 < |(x+2)+(-y-3)i|=4

<:>\/(x+2)2+(y+3)2 :4<:>(x+2)2+(y+3)2:16.

Vay tap hop diém biéu dién cac s phirc z 1a dudng tron tim | (—2;—3) , bAn kinh R=4.

Cau7: Trénmit phing toa do, biét tap hop diém bidu didn cac s6 phirc 7 théa man ‘z +(1+2i )2‘ —4 1
mot duong tron. Tam cua duong tron do6 co6 toa do 1a
A 1(-34). B. I(-3-4). C. 1(3-4). D. 1(3,4).
Loi giai
Chon C
Goi z=Xx+Yyi (voi X;y e R).

Taco: [z+(1+2i)'| =4 < [2-3+4i| =4

<:>\/(x—3)2+(y+4)2 =4<:>(x—3)2+(y+4)2:16.

Vay tap hop diém biéu dién cac sé phirc z 1a dudng tron tim | (3; —4), ban kinh R=4.

Cau8: Cho Goi (C)la tap hop diém biéu dién sb phic z thoa man \z +E-4\ +4\z —E\ —8. Dién tich

hinh phing duoc gi6i han bai (C)la
A. 24. B. 4. C. 16. D. 8.
Loi giai
Chon D
Pat z=x+iy, x,yeR . Khi d6, ding thitc |z+2-4|+4|z—7|=8 < [2x—4|+4|2iy|=8
< 2|x—2|+8|y|=8 < |x—2|+4]y| =4

Ta duge do thi nhu hinh v& bén dudi:

Day 14 hinh thoi ¢6 d6 dai hai dudng chéo 14 2 ; 8 nén dién tich bang (2.8) : 2 = 8.

Bién soan: Phan Nhat Linh | 7
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Céu 9:

Céu 10:

Céu 11:

Céau 12:

Trong mit phang toa do, tap hop cac diém biéu dién cho sb phiic z = X+ i (X, ye ]R) thdéa man

1+2|=]i-2| 1a

A. x-y=0. B. x+y-1=0. C. x-y+1=0. D. x+y=0.
Loi giai

Chon D

Taco |1+z|:|i—z|c>|1+x+yi|:|i—x—yi|<:>(1+x)2+y2:x2+(y—1)2<:>x+y:0.

Goi H 13 hinh biéu dién tip hop cic sb phuc z trong mit phing toa d6 Oxy sao cho
\2z —32\ <5, va s phitc z c6 phan thuc khong am. Tinh dién tich hinh H .

A 2rx. B. 57. C.5—ﬂ. D.S—E.
2 4
Loi giai
Chgn C
Goi z=x+Yi, (x,yeR,x>0).

2 2

Ta c6 [2(x+yi)-3(x—yi)| <5 /X2 +25y% <5 X + 25 §25<:>)2(—5+yTsl.

2 2
e 1 X A L 2.2 2 XA , v A , . L
Xét ellp(E) : > +yT =1, ¢6 tap hop cac diém biéu dién sO phirc z 1la mién trong cua Elip vdi

x>0.
5

Tacd a=5,b=1, nén dién tich hinh H 1a S :%.ﬂ.a.b :? .
Cho s6 phtc z théa man dicu kién |z-1+2i|<3. Tap hop cac diém bicu dién sé phirc
w=2z(1+i) trong mit phing toa dd (Oxy) la hinh phing (H) c6 dién tich bing
A. S=9r. B.S=9. C. S=18r. D. S=18.
Loi gidi
Chon C
Taco |z—-1+2i|=3 <:>‘z(1+i)+(—1+2i)(1+i)‘=3|1+i| < |w-3+i <3J2.
Giast w=x+yi (x,yeR)=|x-3+(y+1)i|<3y2 & (x=3)" +(y+1)" <18.
Suy ratap hop cac diém biéu dién sé phic W lahinhtron (H) tam 1(3;1) vabankinh R = J18
. Khi d6 dién tich hinh tron 14 S = zR* =187.
Xét cac sd phirc z thoa méin %1@1 sd thue. Tap hop cac diém biéu dién cua sé phirc
z+z)i+1l

W = 3z 1a m¢t parabol c6 dinh

e Y Y

Loi gidi
Chon D
Goi z=a+bi(abeR).Khids 2 _ @D+ b+
(z+z)i+1 2ai+1

8| Bién soan: Phan Nhat Linh
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Céu 13:

Céau 14:

Vi %m 6 thye nén ((@—1)-+(b+1)i)(1-2ai) 1a s6 thuc hay ~2a(a—1)+(b+1)=0
z+z)i+1

Suy ra 2a’ —2a—b—-1=0(*)

Ma w=3z, goi W=X+Yi,suy ra: thay vao biéu thire (*) ta dugce

o
Il
W< w|x

2
2(% XY 0o y=2x_2x-3
3 3
on 2 x L s [ 3.9
Do do, tap hop biéu bien W1a mot parabol c6 dinh 1a | E;_E

Cho s6 phitc W= (1+i)z+2 véi [L+iz|=|z - 2i|. Biét rang tap hop cac diém bicu dién s phirc
w 1a duong thang A . Khoang cach tir diém A(L;—2) dén A bang

A. 0 B. 242 C.2. D.ﬁ.

2
Loi gidi
Chon B

Taco w:(1+i)z+2c>z:vll—__2,thayvao [1+iz| =|z - 2i ta dugc:
+i

wW—2
1+i

1+i

_‘W—Z

| _Zi‘@‘i(w—2)+1+i|:‘W—Z—Zi—2i2|
1+i

T - ‘<:>‘i(w—2)+1+i‘=|w—2i|

<~
|

i(w—2+1_lij‘=|w—2i|<:>|w—2+1—i|=|W—2i|<:>|w—1—i|=|w—2i| 1)

Goi w=x+Yi(x,yeR), tr (1) taco [x+yi—1—i|=|x+yi—2i|.
< |(x=1)+(y-1)i|=|x+(y-2)i| & (x-1) +(y-1)’ =x*+(y-2)" @ x-y+1=0.

Vay tap hop diém biéu dién s6 phirc w trén mit phing phtrc 1a duong thang A x—y+1=0.

1-(-2)+1
Khi d6 d(A,A):Mzzﬁ.
1" +(-1)
Cho phuong trinh z° —(m+1)z° +(m+1+mi)z-1-mi =0 trongdé zeC, m 1a tham s6 thyc.

S6 gia tri ciia tham s6 m dé phwong trinh c6 3 nghiém phirc phan biét sao cho cic diém biéu
din cua cac nghiém trén mit phang phirc tao thanh mot tam giac can 1a

A. 0. B.1. C.3. D. 2.
Loi giai

Chgn D

Xét phuong trinh:

z=1

Z—(m+1) 2’ +(m+1+mi)z-1-mi=0 c{ , )
2 —-mz+1+mi=0

Bién soan: Phan Nhat Linh | 9
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Cau 15:

Céau 16:

Cau 17;

z=1 z=1 Z:_l
T2t (mz-mi)=0"" [(z-i)(z+i-m)=0" E:Im i

bit A(30), B(0;1), C(m;—1) lan luot la cac diém bicu dién cdc nghiém z=1, z=i,
Z=m-i trén mit phing phirc.
Ta co: ﬁ:(—l;l), E:(m—l;—l), %:(m;—z)

AB=+2, BC=vm?+4, AC =,/(m-1)° +1.

Ba diém A, B, C tao thanh mot tam giac khi va chi khi AB va AC khong cung phuong hay

m==2.
i 2
Ac=ag | V(M1 +1=12 o g [Mm=0
Tam gidc ABC can < | BC =AB < |Vm?*+4 =42 @[mz_ rg— o m=2 .
-2m =
AC=BC | J(m-1y +1=m?+4 m=-1

Két hop vé6i diéu kién M # 2 ta duoc me {0;-1}.
Vay c¢6 hai gia tri cia m théa méan dé.
Trén mit phang toa do, biét tap hop diém biéu dién cac sd phirc z thoa man |iZ +1- 2i| =3 la
mot duong tron. Tam cua dudng tron do6 co toa dd 1a
A. |(—2;—1). B. I(—2;1). C. I(Z;l). D. I(2;—1).
Loi giai
Chon C
Goi z=Xx+Yi (voi x;y € R).

Taco: [i(z-i-2)|=3 < |il|z-i-2/=3 < |z-i-2 =3 <|(x-2)+(y-1)i|=3

e J(x-2) +(y-1) =3 (x=2)’ +(y-1) =9.
Vay tap hop diém biéu dién cic s6 phirc z 1a dudng tron tam 1(2;1), ban kinh R = 3.

Trén mit phing toa do, biét tap hop diém biéu dién cac sb phirc z thoa man |(1+i)z+5-i|=2
la mot duong tron. Tam ctia duong tron do6 co toa do 1a
A. 1(23). B. 1(2-3). C. 1(-2-3). D. 1(-2;3).
Loi giai
Chon D

Goi z=x+Yyi (v6i x;yeR). Taco: |(1+i)(z+2-3i)| =3 < [L+i|.|z+2-3i[=2

<:>|z+2—3i|:\/§<:>\/(x+2)2+(y—3)2 2 & (x+2)" +(y-3)=2.
Viy tap hop diém biéu dién céc sb phirc z 1a duong tron tam | (=2;3), ban kinh R=+/2..

Trén mat phéng toa do, biét tap hop diém biéu dién cac sb phtic z thoa man 34 +1+i|=2
—4i

la mot duong tron. Tam ciia dudng tron do6 co toa do 1a

A 1(7-1). B. I(-7;1). C. 1(-7;-1). D. 1(7;1).

10| Bién soan: Phan Nhat Linh



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Phan Nhat Linh

Céu 18:

Céu 19:

Loi giai
Chon D
Goi z=x+Yyi (voi X;y € R).
, . Z+7—1 |Z+7—i| 2 2
Ta co: +1+i|=2 < |—|= =2 X+7) +(y-1) =10
3-4i 3—4i‘ [3—4il e \(x+7)"+(y-1)

< (x+7) +(y-1)" =100.
Vay tap hop diém biéu dién cac sé phirc z 14 dudng tron tim | (—7;1) , ban kinh R=10.
Cho s6 phirc z ¢6 |z-1=2 va w= (1+ \/§i)z +2. Tap hop cac diém biéu dién sb phirc

W= (1+ J3i ) Z+2 1a mot dudng tron, tAm va ban kinh dudng tron dé 1a

A. |(—3;\@), R=4 B. |(3;—\@), R=2 C. |(\6;\@), R=4. D. |(3;\E), R=4.
Loi giai
Chon D

Taco W:(1+J§i)z+2@W:<1+\/§i)(z—1)+3+\/§i <:>W—(3+J§i):(1+J§i)(z—1).

Lay modun hai vé, ta duoe [w—(3+3i ) =[1+V3i| [ -1 =224
5 2

Biéu thirc

w— (3 ++/3i )‘ =4 ching to tap hop cac s6 phirc W 1a mot dudng tron co tam | (3; \/§)
va ban kinh R=4.
Cho s6 phtc z théa man |[z—-2|=2, biét rang tap hop cac diém bicu dién cua sd phic
W =(1—i)z+i 12 mot duong tron. Tinh ban kinh cia dudng tron do.
A.2. B. 242. C. V2. D. 4.
Loi gidi

Chon B
Céach 1: Ta dat w=a+hi
a+(b-1)i a-b+1l, a+b-1.

1-i 2 2
Theo gid thét [z—2| =2, nén ta co:

2 2
[a‘;’”—z} +[a+;"1j —4(a-b-3Y +(a+h-1)"=16

< a‘+b*+9-2ab-6a+6b+a’+b*+1+2ab-2a-2b=16
<2a’+2b*-8a+4b-6=0<=a’*+b*-4a+2b-3=0

=a+bi=(1-i)z+i=z=

Vay tap hop diém biéu dién cia W 1a duong tron ¢6 bin kinh R =2° +(-1)° —(~3) =242

Cach 2: Ta co: W:(l—i)z+i:>z:V1V—__i
—1
Ma |z—2|:2:>“’1"—__i—2‘:2@‘w1_2_+i =2 |w—2+i|=2[1-i|=2V2 (*)
| —1

Dit w = x+yi khi do (*):>(x—2)2 +(y+1)2 =(2«/§)2
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Cau 20:

Cau 21:

Cau 22:

1(2,-1), R=2+2.

bay la duong tron co tam

Cho sb phirc z théa mén |Z -1+ 2i| =2. Tap hop diém biéu dién s6 phirc w= 1i trong mat

i) ez

phing toa 46 Oxy 1a dudng tron c6 tAm 1a::

S5

Loi gidi
Chon A
Do w= = z=w(1-i).
i|=2[2-1+2 =2 [7-1-2i| =2 = jw(1-i)-1-2i[=2
142§ 1 3. 1 3.
|1— |‘ ———2<:>'\/§.W+§—E|‘—2<:> W+§—§|‘—'\/§.

Vay tap hop diém biéu dién sé phirc W 1 dudng tron tim | (—% gj

Tap hop cac diém biéu dién sb phirc z théa mén %‘ J2 1a
A. Buong tron tam | (5;-8) ban kinh 217 .
B. Puong tron tim | (-5;8) ban kinh 2417 .
C. Puong tron tam | (5;4) ban kinh 24/5.
D. Buong tron tam | (-5 ;4) ban kinh 245.
Loi giai

Chon C
Goi z=x+yi = Z=x-yi (x,yeR).

ﬂ‘:ﬁ & |z+1-2i] = V2[z7-2+3i
Z-2+3i

& |(x+1)+(y-2)i| = V2|(x-2)+(3-y)i|.
2(x—2)"+2(y-3)".
& x?+f—40x—8y+21=0cb(x—5f+(y—4f=20

& (x+1)2 +(y—2)2

Tap hop cac diém M 1 duong tron (x—5)° +(y—4)" =20 véi tam 1(5;4) ban kinh 245.

Cho z, va z, 1a hai trong cac s phic z thoa man |Z—5—3i| =5, ddng thoi |Zl—22| =8. Tap
hop céc diém biéu dién cta s phuc w = Z, + z, trong mat phing toa do Oxy la duong tron co
phuong trinh dang (x— a)2 +(y —b)2 =r?(r>0). Tinh gi4 tri cta bicu thic T = (a+ b) r.

A.T=9. B.T=64. C.T=6. D.T=12,
Loi giai

12| Bién soan: Phan Nhat Linh
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Céau 23:

Y

Goi A;B lan lugt 1 diém biéu didn cua z;;z,. Tir gia thiét [2—5-3i|=5 suy ra A;B thudc
duong tron tam | (5; 3), ban kinh 5 va |Z1 - 22| =8 suyra AB=8.
Goi M Ia trung diém cta doan AB . Khi d6 ta tinh dugc IM =3,

- , v 4R N , L+ v 4R 2 X, % , .
Mait khac, M 1a diém biéu dién cua so phirc -+—=2, | 1a diém biéu dién cua s6 phirc 5+ 3i,

Z +

thay vao ta c6 biéu thirc 722—5—3i‘ :3<:>‘(zl+22)—10—6i‘:6

Vay diém bicu dién ctia z, + z, nam trén duong tron tim J (10; 6) ; r=6.

Khidé a=10; b=6; r=6.Vay (a+b).r=96.

Biét phuong trinh 2> +mz+m?—2=0 (m la tham sd thyc) c6 hai nghiém phtc Z;,Z,. Goi

A, B,C lan luot 12 diém biéu dién céac sé phuc Z;,Z, va ;= I. C6 bao nhiéu gia tri cua tham sb
M dé dién tich tam giac ABC bang 1?
A 2. B. 3. C. 4. D. 6
Loi giai
Chon C
Taco: A=m’—4(m*-2)=-3m’ +8

Truomg hep 1: A>0&-3m°+8>0<

N 2./6
3

<m<T . Khi d6, phuong trinh c6 hai

nghiém thyc phan biét 1a Z;,Z,.

Vi A,B e Ox nén AB:|21—22|:\/(21—22)2 :\/(zl+zz)2—4zlz2 =~/-3m*+8.

Mait khac, ta c6 C(O;l) =d (C; AB) =1.

/ 2
= S asc =1AB.d(c;AB)=M=1® mzi& (n)-
2 2 3

Bién soan: Phan Nhat Linh | 13
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2\/6

m>—-

3
< —_2\/6
3

Truong hep2: A<0< -3m°+8<0< . Khi do, phuong trinh c¢6 hai nghiém phirc

m

lién hop 14 7,, =

—m+i\/m
—

Taco: AB=[z,-,|=fiy[a]| = |-3m" +§ =+3m" -8 va C(0:2).
m
Phuong trinh duong thing AB la x+%=0 nén d(C;AB):%_
A2 m? =4
Do 4o, SAABczlAB.d(C;AB)=|m|3—m_8=1<:> 4 Sm==12.
2 4 m =-Z(N)

Vay ¢6 4 gia tri thyc ciia tham s6 M thoa man dé bai.
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DANG a VIET PTPT DI QUA HAI PIEM
@

IYYY «iEN THGC CAN NHO

Dé viét mot phuong trinh dudng thang thi ta can mot diém di qua va mot vecto chi phuong cia no.

= Duong thang d di quadiém M (x,;Ys;2,) vanhan u = (a;b;c) la mot vecto chi phuong thi dudng
X =X, +at
thing d c6 phuong trinh 1a: d 13y =y, +bt, (teR)
Z=17,+ct

* Puodng thing d di qua hai diém A va B thi né nhan AB la mot vecto chi phuong.

Y BAI TAP TRONG DE MINH HOA

Cau 46 — D& tham khao 2023. Trong khong gian OXyz , cho hai diém M (L, —1—1) va N(5;5;1). Dudng
thang MN c6 phuong trinh 1a:

X=5+2t X=5+t x=1+2t Xx=1+2t
A Jy=5+3t B.<y=5+2t C y=-1+3t D.y=-1+t
Z=-1+t z=1+3t Z=-1+t z=-1+3t
£ Loi giai
Loi giai
Chon C

Tacd MN =(4;6;2)=2(2;31).
Puong thang MN qua M (L -1,-1) nhan MN = (2;3;1) lam vecto chi phuong

Xx=1+2t
Phuong trinh duong thang d 1a: {y =—1+3t.
z=-1+t

IS BAITAP TUONG TU VA PHAT TRIEN

Cau 1: Trong khéng gian Oxyz , cho hai diém E(-1;0;2) va F(2;1;,-5). Phuong trinh dudng thang EF

la
x=1+3t Xx=-1+3t X=1+t X=-1+t
A Jy=t . B.<y=t : C.qy=t : D.qy=t
1=-2-Tt z=2-Tt z=-2-3t 2=2+3t

Cau2: Trong khdng gian Oxyz , cho hai diém P(L1-1) va Q(2;3;2). Phuong trinh dudng thing PQ

la

A x—1=y—1=z+1. B. x—1=y—1=z+1.
2 3 2 1 2 3

C. x—lzy—2:z—3. D. x+2:y+3:z+2l
1 1 -1 1 2 3
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Cau 3:

Céu 4:

Céaub5:

Céau 6:

Cau7:

Céau 8:

Cau 9:

Trong khong gian Oxyz , cho hai diém M (L -1-1) va N(5;51). Duong thing MN c6

phuong trinh la:
X=5+2t X=5+t x=1+2t Xx=1+2t
A Jy=5+3t B.{y=5+2t C.iy=-1+3t D.{y=-1+t
z=-1+t z=1+3t z=-1+t z=-1+3t

Trong khong gian Oxyz , cho hai diém A(L0;—2) va B(3;-3;1). Duong thing AB c0

phuong trinh la

A.X__lzlziz_ B x—3=y+3=z—1.
2 3 3 -2 3 -3

C.x_—lzl:z;Z. D. x+3:y—3:z+1.
2 -3 3 2 -3 3

Trong khong gian Oxyz, cho ba diém diém A(4;-3;2), B(6;1,-7), C(2;8;-1). Duong thing

qua goc toa do O va trong tAm tam giac ABC c6 phuong trinh 1a
X A X z X z X z
y B y C y D y

41 3 2 1 1 "2 3 1 2 1 1
Trong khong gian Oxyz , cho tam gidc AABC c¢6 A(L0;—2), B(2;-2;1) va C(0;0;1).

Puong trung tuyén AM ¢ phuong trinh 13

X=1+t Xx=1-t X=-1+2t x=1
A Jy=-1+3t. B.qy=-t : C.qy=1+t . D.qy=-t .
z=1+t z=—-2+3t z=-1-3t z=—-2+3t

Trong khong gian véi hé truc toa do Oxyz , goi (a) 1a mit phang chta duong thing

A:X%2=yT_1=i2 va vudng goc véi mat phiang (S):x+y+2z+1=0. Khi d6 giao tuyén
cua hai mit phang («);(8) c6 phuong trinh
A.A;Lzzy_ﬂzil B.A:izzy__1=5.

1 -5 2 1 -5 2
coA-X_y+l_z-1 D A X_Yy+l_z-1

1 1 1 1 1 1

Trong khong gian voi hé toa dd Oxyz , cho diem M(5-3;2) va mit phéing
(P):x—2y+z-1=0. Tim phuong trinh dudng thang d di qua diém M va vudng goc (P).

X+5 y-3 z7+2 X-5 y+3 z7-2

A B.
1 -2 1 1 -2 -1
C. x—6:y+5:z—3. D. x+5:y+3:z—2.
1 -2 1 1 -2 1

Trong khdng gian Oxyz , cho diém A(3;1-5), hai mat phang (P):x—y+z-4=0 va
(Q):2x+y+2z+4=0. Viét phuong trinh duong thing A di qua A dong thdi A song song véi
hai mit phang (P) va (Q)

x-3 y-1 z+5 X+3 y+1 z-5

A. A: ) B. A: )
-1 -3 2 -1 -3

C.A: x—3:y—1:z+5. D A: x—3:y—1:z+5.
2 1 -3 -2 -1 3
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Cau 10: Trong khéng gian Oxyz , cho ba diém A(L-2;0),B(2;-13),C(0;-L1). Puong trung tuyén
AM cua tam gidc ABC c6 phuong trinh tham s6 12

x=1 x=1-2t X=1+t Xx=1+2t
A Jy=-2+t. B.ijy=-2 . C.iy=-2. D.iy=-2+t.
=2t 7=-2t 7=-2t 7=2t

Cau 11: Trong khong gian v6i hé toa dd Oxyz , cho duong thiang A 1a giao tuyén ciia hai mat phang
(P):Z—1:0 va (Q): X+y+2-3=0. Goi d 1a dudng thing ndm trong mit phang (P), cét

x-1 y-2 z-3

duong thang d': va vudng goc voi duong thing A . Phuong trinh cua

-1 -1
duong thang d 12
X=3+1 Xx=3-t X=3+t X=3+1
A qy=t . B.<y=t . C.qy=t . D.qy=-t
z=1+t z=1 z=1 z=1+t

Cau12: Trong khong gian Oxyz , cho diém M (—11;3) va hai duomg thing A: X;1= y;3= Zzl,

A’:XTJrl:%:iz.Phlmng trinh nao dudi day 1a phuong trinh duong thang di qua M va vudng
goc vai A va A'.

X=-1-t X=-t X=-1-t X=-1-t
A y=1+t . B.y=1+t. C.qy=1-t . D. {y=1+t

z=1+3t z=3+t z=3+t z=3+t

Cau 13: Trong khong gian véi hé toa do Oxyz , cho mit phang (P):3x+y+2=0 va duong thang

g X1y _ ZTJF?) Goi A la duong thang nam trong (P), cdt va vudng géc véi d . Phuong

1 2
trinh ndo sau ddy 1a phuong trinh tham s ctia A ?
X=-2+4t X=-3+4t X=1+4t X =-3+4t
A {y=3-5t . B.{y=5-5t . C.qy=1-5t . D.qy=7-5t .
z2=3-Tt 2=4-Tt 2=—4-Tt 2=2-Tt

Cau 14: Cho t dien ABCD c6 A(0;0;2),B(3;0;5), C(111), D(4;1;2). Phuong trinh dudng cao ké

tor D cuata dién la

A x+4:y—1:z—2. B x—4:y—1:z—2.
1 -2 -1 1 2 -1
C. x—4:y—1:z—2. D. x—4:y+1:z—2-
1 -2 -1 1 -2 -1
X=1+t
Cau 15: Trong khong gian toa do Oxyz , cho dwong thing A:sy=-t va diem A(L3;-1). Viét
z=-1+t

phuong trinh duong thang d di qua diém A, cét va vudng goc voi dudng thang A .
x—1=y—3=z+1 B x—1=y—3=z+1
2 -1 -1 1 -2 -1
Bién soan: Phan Nhat Linh | 3
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Céu 16:

Cau 17:

Céau 18:

Cau 19:

Céau 20:

Céau 21:

Céau 22:

x-1 y-3 z+1 D x-1 y-3 z+1

C. . . .
1 2 1 -1 2 -1

Trong khong gian Oxyz , cho OE =5i + 4 j — 2k, OF = j — 3k . Puong thing di qua hai diém E
va F c6 phuong trinh 1a

X =5t x=5 X =5t X = -5t
A Jy=1+3t. B.iy=4+t . C.iy=1+3t. D.<y=1+3t.
z=-3+t z=-2-3t z=-3-t z=-3+t

Trong khong gian Oxyz, cho hai diém M (L0;1) va N(3;2;—1). Puong thang MN c¢6 phuong

trinh la
X=1+2t X=1+t Xx=1-t X=1+t
A y=2t . B.iy=t . C.iy=t . D.qy=t
z=1+t z=1+t z=1+t z=1-t
Trong khoéng gian voi hé truc toa do Oxyz , cho tam giac ABC vdi

A(L-2;1),B(-2;2;1),C(1,-2;2). Puong phan giac trong clia goc A ¢ mot vécto chi phuong
u(3;a;b). Tinh a—b.
Al B. 9. C. -1. D. 9.

Trong khong gian v6i hé toa d6 Oxyz , cho hai diém A(37,0),B (3; 0;3) . Phuong trinh duong

phan giac trong cua goc AOB cua tam giac AOB la

X_y_z2 B X_Y_Z2 C
"4 5 3 '3 5 7 '

y D. X z
7 5 4

o | x
U1l N

Trong khong gian Oxyz , cho hai diém A(L2;3), B(3;4;5) va mit phing
(P):x+2y+3z-14=0. Goi A la mot duong thang thay d6i nim trong mit phang (P). Goi
H, K 1an luot 1a hinh chiéu vudng goc cia A, B trén A . Biét rang khi AH =BK thi trung

diém cia HK ludn thugc mot dudng thang d cb dinh, phuong trinh ciia duong thang d 1a

X=4+t X=4-t X=4+t X=4-t
A {y=5-2t. B.{y=5+2t. C.qy=5-2t. D. y=5+2t.
z=1 z=t z=t z=1

Trong khong gian Oxyz, cho ba diém A(2,-2,3);B(1,3,4);C(3,-1,4). Phuong trinh duong
phan giac géc BAC Ia.

A.§=y+2=z_—1. B x—1=y+6=z—1.
1 4 2 1 4 2
c x—3:y+2:z—1. D. x—2:y+2:z—3.
1 4 2 1 4 2

Trong khong gian Oxyz, cho ba diém A(-12;0), B(LL1), C(2;—3;2). Tap hop tit ca céc

diém M cach déu ba diém A, B, C 1a mot duong thang d . Phuong trinh tham sb cta duong
thang d 1a
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Xx=-8-3t Xx=-8+3t Xx=-8+3t Xx=-8+3t
A Jy=t . B.<y=t . C.cy=-t . D.Jy=t
z=15+T7t z=15-Tt z=-15-7t z=15+T7t

Cau 23: Trong khong gian v6i hé toa d6 Oxyz, cho hai diém A(3;3;1),B(0;2;1) va mit phing
(@) :X+Yy+2-7=0. DPuong thang d nim trén mit phang («) sao cho moi diém cta d céch
déu hai diém A, B c6 phuong trinh 1a

X=2t X=—t X=t Xx=t
A y=7-3t. B.<y=7-3t. C.ly=7+3t. D.{y=7-3t.
z=t 2=2t Z2=2t Z2=2t
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PAP AN CHI TIET
Cau l: Trong khéng gian Oxyz , cho hai diém E(-1;0;2) va F(2;1;,-5). Phuong trinh dudng thang EF

la

x=1+3t Xx=-1+3t x=1+t X=-1+t
A Jy=t . B.{y=t . C.iy=t . D.iy=t

7=-2-Tt 1=2-Tt z=-2-3t 72=2+3t

Loi giai

Chon B

DPuong thang EF ¢6 mdt vecto chi phuong 1a EF = (3;L-7)
Piém E(-1,0;2) € EF .
X=-1+3t
Vay duong thang EF c6 phuong trinh tham sé 1a: {y =t
z=2-7t

Cau2: Trong khdng gian Oxyz , cho hai diém P(L1-1) va Q(2;3;2). Phuong trinh dudng thang PQ

la
A x—lzy—1:z+1. B. x—1:y—1:z+1.
2 3 2 1 2 3
C. x—l:y—2:z—3. D. x+2:y+3:z+2.
1 1 -1 1 2 3
Loi gidi
Chon B

Puong thang PQ c6 mot vecto chi phuong 1a PQ = (1,2;3).
Piém P(LL-1)e PQ.
x=1 y-1 z+1
2 3
Cau3: Trong khong gian Oxyz , cho hai diém M (L -1-1) va N(5;5;1). Duong thing MN c6

Vay duong thang PQ c6 phuong trinh la:

phuong trinh la:
X=5+2t X=5+t x=1+2t X=1+2t
A y=5+3t B.{y=5+2t C.iy=-1+3t D.iy=-1+t
z=-1+t z=1+3t z=-1+t z=-1+3t
Loi giai
Chgn C

Tacd MN =(4;6;2)=2(2;31).
Puong thing MN qua M (L -1 —1) nhan MN =(2;3;1) lam vecto chi phuong c6 phuong trinh

X=1+2t
y=-1+3t.
z=-1+t

Cau4: Trong khong gian Oxyz , cho hai diém A(L0;—2) va B(3;-3;1). Duong thing AB c0

phuong trinh la
6| Bién soan: Phan Nhat Linh
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Cau 5:

Cau 6:

x-1_y_ z+2 B Xx-3 y+3 z-1
2 3 3 2 3 3
C,X__1=l=i2, D. x+3=y—3=z+1.

2 -3 3 2 -3 3

Loi giai
Chon B

Tacé AB=(2;-3,3)=—(-2,3,-3).

Duodng thing AB di qua B(3;—3;1), nhan U =(-2;3;-3) lam vecto chi phuong c6 phuong

Xx-3 y+3 z-1
-2 3 -3

trinh 1a

Trong khdng gian Oxyz , cho ba diém diém A(4;-3;2), B(6;1,-7), C(2;8;—-1). Dudng thang

qua gbc toa dd O va trong tdm tam giac ABC ¢ phuong trinh 13

R SR B.2=Y_-L c.2=1-1% D.2-L_Z,
4 1 -3 2 1 -1 2 3 -1 2 -1 -1
Loi gidi
Chon B

Goi G la trong tdm cla tam gidc ABC = G(4;2;-2).
Puong thing OG ¢6 mt véc to chi phuong 1a OG = (4,2,-2)
—u= (2;1; —1) ciing 14 mét véc to chi phuong cta dudng thang OG .

2 . X Z
Vay phuong trinh duong thang OG |a: > = % = =R

Trong khong gian Oxyz , cho tam gidc AABC c6 A(L0;—-2), B(2;-2;1) va C(0;0;1).
Puong trung tuyén AM ¢ phuong trinh 13

X=1+t x=1-t Xx=-1+2t x=1
A y=-1+3t. B.{y=-t . C.qy=1+t . D.jy=-t
z=1+t z2=-2+3t z=-1-3t z2=-2+3t
Loi giai
Chon D

Do M 1a trung diém cua BC nén M (L-11).
Taco AM =(0;-1;3).

Puong thing AM di qua A(L 0;—2), nhan AM =(0; -1 3) lam vecto chi phuong c6 phuong

x=1
trinhla<y=-t
7=-2+3t
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Cau7:

Céau 8:

Cau 9:

Trong khong gian voi h¢ truc toa do Oxyz , goi (a) 1a mit phang chira dudng thing
A:szzyT_l:iz va vudng goéc v4i mit phing (,6’) X+Yy+2z+1=0. Khi d6 giao tuyén

ciia hai mit phang (@);( ) ¢6 phuong trinh

Lo giai
Chon C
A;X%ZJT‘l:iZ di qua M (2;1,0) vac6 VTCP u=(LL-2).

(B):x+y+22+1=0 ¢6 VTPT n=(L12).

(@) diqua M (21,0) vaco VTPT [u;n |=(4,-4;0) nén chon n=(%-10).
Phuong trinh (@) (x—2)—(y-1)=0< x—-y-1=0.

Goi d 1a giao tuyén ctia hai mat phang («);( ). Ta co:

D di qua N (0;30) vaco VTCP | n;n, |=(22;-2) nén chon u=(L%-1).

Phuong trinh d : x_y+l_z :
1 1 -1

Trong khong gian voi hé toa dd Oxyz , cho diem M(5-3;2) va mit phing
(P):x—2y+z-1=0. Tim phuong trinh dudng thang d di qua diém M va vudng goc (P).

X+5 y-3 z+2 X-5 y+3 z-2

A. B.
1 -2 1 1 -2 -1
C.x—6:y+5:z—3. D.x+5:y+3:z—2.
1 -2 1 1 -2 1
Léi gidi
Chon C
X=5+t
d quadiém M (5-3;2) vavudng goc (P) nhan u=(L-2;1) lavtcp c6 dang {y=-3-2t .
z2=2+t

X-6 y+5 z-3
-2 1

Cho t=1= N(6;-53)ed =d:

Trong khdng gian Oxyz , cho diém A(3;1;-5), hai mat phang (P):x-y+z-4=0 va
(Q):2x+y+2z+4=0. Viét phuong trinh duong thing A di qua A dong thoi A song song véi
hai mat phang (P) va (Q).

Xx-3 y-1 z+5 X+3 y+1 z-5

A. A: ) B. A: )
-1 -3 2 -1 -3
C. A x—3:y—1:z+5_ D A: x—3:y—1:z+5.
2 1 -3 -2 -1 3
Loi giai
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Cau 10:

Cau 11;

Chon A

Vecto phap tuyén cia mat phang (P) 1a n, =(L-11).

Vecto phap tuyén cia mit phang (Q) 1a n, =(2;,1,1).

= % # _Tl = nj va nj khong cung phuong.

Taco: n= [njnj} =(-2,13).

Dudng thing A di qua A(3;1,-5) va nhan vecto n=(-2;13) lam vecto chi phuong.

x-3 y-1 z+5

Phuong trinh chinh tic ctia duong thing A 1a: 1 3

Trong khdng gian Oxyz , cho ba diém A(L-2;0),B(2;-13),C(0;—1L1). Duong trung tuyén
AM cua tam gidc ABC c6 phuong trinh tham s6 12

x=1 x=1-2t Xx=1+t Xx=1+2t
A Jy=-2+t. B.<y=-2 . C.iy=-2. D.Jy=-2+t.
z=2t z=-2t z=-2t z=2t
Loi giai
Chon A

C6 M 1a trung diém ciia BC = M (L-1,2).
AM = (O;l; 2) 1a mot vécto chi phuong cta dudng trung tuyén AM .
Diém A(L-2;0)e AM .

x=1
Vay duong trung tuyén AM ¢ phuong trinh tham sb 1a: {y =—2+t.

z=2t
Trong khong gian voi hé toa dd Oxyz , cho dudng thing A 13 giao tuyén cta hai mat phang
(P):Z—ZI.:O va (Q): X+y+2-3=0. Goi d 1a dudng thing ndm trong mit phang (P), cat
x-1 y-2 z-3

duong thang d': va vudng goc voi duong thiang A . Phuong trinh cua

-1 -1
duong thang d 1a
X=3+1 X=3-t X=3+t X=3+1
A qy=t . B.<y=t . C.qy=t . D.qy=-t
z=1+t z=1 z=1 z=1+t
Loi giai
Chgn C
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Céu 12:

Cau 13:

bit f, =(0;0;1) va A, =(111) 1an luot 1a vécto phap tuyén cua (P) va (Q).

Do A=(P)n(Q) nén A c6 mot vécto chi phuong G, = i, iy |=(-110).

Duong thing d ndm trong (P) va d LA nén d c6 mot vecto chi phuong la
Uy =[N, 0, ]=(-L-10).
x—lz y—-2 _ z-3

Goi d': . . val=d'nd=1=d'n(P)
z-1=0 z=1

Xéthé phuong trinh < x—1 y-2 z-3<y=0=1(3,0,1).
1 -1 -1 x=3

X=3+t
Do d6 phuong trinh duong thang d 14y =t
z=1
x-1 y+3 z-1

Trong khong gian Oxyz, cho diém M (-L13) va hai duong thing A: T =, T

A x+1_y -z . Phuong trinh nao duéi day 1a phuong trinh duong thang di qua M va vudng

1 3 =2
goc vai A va A'.
X=-1-t X=-—t X=-1-t X=-1-t
A Jy=1+t . B.<y=1+t. C.jy=1-t . D. Jy=1+t
z=1+3t Z=3+t Z=3+t z2=3+t
Loi giai
Chon D
+) VICP clia A, A’ lan luot 1a U =(3;2;1) va V =(1,3;-2) ; [U,V]=(-7;7;7)
+) Vi d vudng goc véi A va A’ nén U, =(-L11).
X=-1-t
+) d diqua M(-L1L3) nén d:qy=1+t .
z=3+t

Trong khong gian véi hé toa do Oxyz , cho mit phing (P):3x+y+2z=0 va duong thing
d: le = lz = ZT+3 Goi A 1a dudng thang nam trong ( ) cit va vudng goc v6i d . Phuong

trinh ndo sau ddy 1a phuong trinh tham s6 ctia A ?
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X=-2+4t X=-3+4t X=1+4t X=-3+4t
A {y=3-5t . B.{y=5-5t . C.qy=1-5t . D.y=7-5t .
z=3-Tt z2=4-Tt z2=—-4-Tt 2=2-Tt
Loi giai
Chon B

Do A nam trong nam trong (P) va vuong goc véi d nén A c6 vécto chi phuong la

Uy =] Moy b | = (4-5,-7)
Goi A=And thi A=(P)nd = A(L;0;-3)

X=1+4t X=-3+4t
Vay phuong trinh tham s ciia A 14 {y=0-5t hay {y=5-5t
z=-3-Tt z2=4-Tt

Cau 14: Cho tu dien ABCD c6 A(0;0;2),B(3;0;5), C(1,11), D(4;1;2). Phuong trinh dudng cao ké

tr D coata dién la

A x+4:y—1:z—2. B x—4:y—1:z—2.
1 -2 -1 1 2 -1
C. x—4=y—1=z—2l D. x—4=y+1=z—2.
1 -2 -1 1 -2 -1
Loi giai
Chon C

Taco: AB= (3,0;3), AC = (15-1)= [ﬁ A—C} =(-3,6;3)=> N(agc) = (L,-2;-1)
Goi H la hinh chiéu caa D 1én mat phang (ABC). Khi d6 duong thang DH ¢6 mét vecto chi

phuong 1a Uon = N(asc) = (L -2;-1)
x-4 y-1 7-2

Phuong trinh duong cao DH ¢6 dang:

2 1
X=1+t
Cau 15: 10. Trong khong gian toa do Oxyz, cho duong thang A:{y=-t va diém A(L3;-1). Viét
z=-1+t

phuong trinh duong thang d di qua diém A, cit va vudng goc v6i duong thang A .
x-1 y-3 z+1 x-1 y-3 z+1

A. B. .
2 -1 -1 1 —2 -1
C. x—lzy—3:z+1. D. x—lzy—3:z+1.
1 2 1 -1 2 -1
Loi giai
Chgn C
Cach 1:

Goi B 1a giao diém cua hai duong thang d va A.
Vi BeA néntoadd B(L+t; —t; —1+t). Khidé BA=(-t;t+3;-t).
buong théng A €6 mot vec to chi phuong 1a U= (1; -1 1) .
dlA=BALUSBAU=0ot=-1.
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Céu 16:

Céau 17:

Céau 18:

Suyra BA=(1;2;1).
Do d6 duong thang d di qua diém A vanhan BA lam vecto chi phuong c¢6 phuong trinh chinh
x-1 y-3 z+1
2 1
Céch 2: Suy luan nhanh

VTCP cia A I3 u, =(L-11).

tac 1a

d vudng goc véi duong thang A < J@ =0. Chi ¢6 dap an C thoa man.

Trong khong gian Oxyz , cho OE =5i + 4 j — 2k, OF = j — 3k . Puong thing di qua hai diém E
va F c6 phuong trinh 1a

X =5t X=95 X =5t X = -5t
A Jy=1+3t. B.jy=4+t . C.iy=1+3t. D.<y=1+3t.
z=-3+t z2=-2-3t z=-3-1 z=-3+t
Loi giai
Chon A

Tacé: OE =5i +4) -2k = E(5,4,-2); OF = j -3k = F (0;1,-3).
Puong thang di qua hai diém E va F c¢6 mot vecto chi phuong la FE = (5;3;1).
X =5t
Vay phuong trinh tham s6 cta duong thang di qua hai diém E va F 1a: {y=1+3t.
Z=-3+t
Trong khong gian Oxyz , cho hai diém M (L0;1) va N(3;2;—1). Puong thang MN c¢6 phuong
trinh 1a

x=1+2t X=1+t x=1-t X=1+t
A jy=2t . B.qy=t . C.iy=t . D.jy=t
z=1+t z=1+t z=1+t z=1-t
Loi gidi
Chon D

Puong thaing MN ¢6 mét vecto chi phuong 1a MN = (2,2,-2)
= U= (12;—1) ciing 1a mét vecto chi phuong cta duong thang MN .
Piém M (L0;1) e MN .

X=1+t
Vay duong thang MN c6 phwong trinh tham sb 1a: Sy =t

z=1-t
Trong khong gian voi hé truc toa dd Oxyz , cho tam giac ABC vdi
A(L-2;1),B(-2;2;1),C(1;,-2;2). Puong phan giac trong ctia goc A ¢ mot vécto chi phuong
u(3;a;b). Tinh a—b.
A 1l B. -9. C. -1 D. 9.

Loi gidi

Chon A
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Céu 19:

Cau 20:

Taco: AB(-3;4;0)= AB =5

AC(0;0;1) = AC =1.

Mot VTCPcua duong phan giac trong cia goc A la:

§=%E+LE :(—g;g;lj: 6(3;—4;—5):> a=-4;b=-5=a-b=1.

Trong khdng gian véi hé toa do Oxyz , cho hai diém A(37,0),B (3; 0;3) . Phuong trinh dudng

phan giac trong cia goc AOB cua tam giac AOB la

AX_Y_ 2 B X_Y_Z2 c.X_Y_Z D.X_Y_Z2,
4 5 3 3 5 7 6 7 5 5 7 4
Loi giai
Chon C

Tac6: OA=(17;0)= OA=5y2;0B =(3,0;3) = OB =32.

Puong phan giac trong cia gbc AOB ciia tam giac AOB ¢6 mét vécto chi phuong:

a- L OA+—~oB-| 0. 7.1
OA

0B (52'5\2'2
D@ thay 6(6; 7;5)ciing 1a mot VTCP cua duong phén giéc trong ctia goc AOB
- . X A, . Xy 2
Vay phuong trinh duong phan giac trong goc AOB : 57 %

Trong khéng gian OXyz , cho hai diém A(1;2;3), B(3;4;5) va mat phing
(P):x+2y+3z-14=0. Goi A la mdt duong thang thay d6i nam trong mit phing (P). Goi
H, K 14n lugt 14 hinh chiéu vudng goc cia A, B trén A . Biét rang khi AH = BK thi trung diém

ciia HK ludn thudc mot duong thang d ¢ dinh, phuong trinh ctia dudng thang d 1a

X=4+t X=4-t X=4+t X=4-t
A Jy=5-2t. B.{y=5+2t. C.iy=5-2t. D. y=5+2t.
z=1 z=t z=t z=1
Loi giai
B

Tathdy Ac(P),Be(P).

Goi | 1a trung diém cia HK = | e(P).

Taco ABKI =AAHI (c—g-c)= IA=1B = I ludn nam trong mit phing trung truc (Q) cua
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Céu 21:

doan AB.Dod6 | ed =(P)n(Q)-
< 12 . A 1(2:34) o ora Los - ,
Mit phang (Q) di qua trung diém ;94) cia AB va nhén EAB =(L,3;,1) lam véc-to phap

tuyén nén (Q): x+y+z-9=0.
X+y+z2-9=0
X+2y+32-14=0"
X+y-9=0 X=4
&
X+2y-14=0 y=5

Xét hé {

Chon z =0 ta dugc { .Suy ra M (4;5;0)6(1.

Mit phang (Q): x+y+z-9=0 c6 véc-to php tuyén Ny = (1;1;1) :
Mit phing (P):x+2y+3z-14=0 ¢ véc-to phap tuyén N =(1,2,3).

Puong thing d diqua M (4;5;0), nhan @ = [%, nT,} =(1-2;1) 1am véc to chi phwong nén d

X=4+t
phuong trinh tham s6 1a: {y=5-2t.
z=t
X=4+t
Vay d:<y=5-2t.
z=t

Trong khdng gian OXyz , cho ba diém A(2,-2,3);B(1,3,4);C(3,—1,4). Phuong trinh duong
phan giac géc BAC la.

A X_y+2_z-1 g X=1_y+6_z-1
1 4 2 1 4 2
c x—3=y+2=z—1l D. x—2=y+2=z—3l
1 4 2 1 4 2
Loi giai
Chon D

Gia st duong phan gidc trong cua goc BAC cit canh BC tai D .

Taco BC =(2,-4,0).
X=1+2t

Suy ra duong thing BC 1a {y=3-4t . DeBC= D(1+ 2t,3—4t,4)
z=4

AB=(-151)= AB=+27; AC =(111)= AC =+/3.

Ap dung tinh chat dudng phén giac ta c6

DB _ AB =*/§=3:>DB=3DC:»ﬁ:—3FC.
DC AC 3

Taco: DB =(-2t,4t,0); DC =(2-2t,~4 +4t,0).
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Cau 22:

2t =—6+ 6t
M=12-12t > t=> o ano(1 1
= & = D| 2,04 |=AD=| Z,21|=2(14,2).
4 2 2 2
0=0
Nén chon VTCP 13 U = (1,4;2).
X=2+t
Vay phuong trinh dudng thing AD la Y =—-2+4t.
7=3+2t

X—2 y+2 z-3

Va
> 1 4 2

Trong khdng gian OXyz , cho ba diém A(-1,2;0), B(111), C(2;—-3;2). Tép hop tat ca cac

diém M cach déu ba diém A, B, C 1a mot duong thang d . Phuong trinh tham sb ciia duong

thang d la
Xx=-8-3t X=-8+3t X=-8+3t X=-8+3t
A ly=t : B.cy=t : C.iy=-t : D.Jy=t
z=15+Tt z=15-Tt z=-15-Tt z=15+Tt
Loi giai
Chon A

Taco AB=(2-11); AC=(3-52).

Ta thay AB va AC khong cung phuong nén ba diém A, B, C khong thiang hang.

M cach déu hai diém A, B nén diém M nam trén mit trung truc cua AB.

M cach déu hai diém B, C nén diém M nim trén mat trung truc cia AC .

Do d6 tap hop tat ca cac diém M cach déu ba diém A, B, C 14 giao tuyén cua hai mat trung
truc

cua AB va AC .

Goi (P), (Q) 1an lugt 1a cac mat phang trung truc clia AB va AC .

3.1 . 1 1 .
K(O;E;EJ 1a trung diém AB; N (E;_E;lj la trung diém AC .
(P) di qua K va nhan ﬁ=(2;—1;1) lam vécto phap tuyén nén phuong trinh cua (P)
2x—(y—§j+[z—%}=0 hay 2X-y+z+1=0.
(Q) di qua N va nhén AC =(3;—5;2) lam vécto phép tuyén nén phuong trinh cua (Q)

3(x—%}—5(y+%}+2(z—1)=0 hay 3x—-5y+2z-6=0.

i 2Xx—-y+z+1=0
Taco d:
3Xx—-5y+2z-6=0
[E,A—C}:(?;;—l;—?) Nén d c6 vécto chi phuong ﬂ:(—3;1;7)
Cho ¥ =0 ta s& tim dugc x = —8, z=15 nén diém 1 (-8;0;15)ed .
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X=-8-3t
Vay d:qy=t
z=15+7t

Cau 23: Trong khong gian voi hé toa dd OXyz, cho hai diém A(3;3;1),B(0;2;1) va mit phing
() :X+Yy+2-7=0. Puong thang d nam trén mit phiang (@) sao cho moi diém ciia d céach
déu hai diém A, B c6 phuong trinh 1a

x=2t X=-—t x=t x=t
A Jy=7-3t. B.{y=7-3t. C.ly=7+3t. D.{y=7-3t.
7=t 7=2t 7=2t z=2t
Loi giai
Chon D

Vi moi diém cta d cach déu hai diém A, B nén d nam trong (P) véi (P) 1a mit phang trung

truc cua doan AB.
. « R 3 5 5 \ A - A \ A 7 A )
(P) di qua trung diém | 5;5;1 cua AB va nhan BA=(3;10) lam mdt vecto phéap tuyén co

phuong trinh 12 3X+y—-7=0.

d 1a giao tuyén cua (P) va (@) nén mot vecto chi phuong ctia d 1a u= [@; @} =(1-3;2).
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DANG a TIM TOA PO PIEM LIEN QUAN PEN MAT PHANG
— &

IYYY «iEN THGC CAN NHO

Trong khong gian Oxyz, cho mit phang (P):ax+by +cz+d =0, khi do:

e Hinh chiéu ctia | diém 1én mat phiang (P)

MH, n cung phuong

Diém H 14 hinh chiéu cua diém M trén (P):{H (P
S

e Diém dbi xtmg cta 1 diém qua mit phang (P)

Diém M’ déi xting véi diém M qua MM’ = 2MH

Y/ BAITAP TRONG DE MINH HOA

Cau 37 — Pé tham khao 2023. Trong khong gian véi hé toa 6 OXyz , cho diém A(l; 2;3) . biém d6i
xung véi A qua mit phang (OXZ) cO toa do la
A (1,-2;3) . B. (1,2,-3) . C.(-1;-2;-3) . D. (-1;2;3).

£ Loi gidi
Chon A

Toa dd hinh chiéu cua diém A(l; 2;3) trén mit phing (OXZ) la (1;0;3) . Piém ddi xtng véi

A qua mit phiang (OXZ) cd toa do l1a (1;—2;3) .
IS BAITAP TUONG TU VA PHAT TRIEN

Caul: Trong khong gian véi hé toa do Oxyz , cho diem M (2;-5;7). Diém M’ ddi xtng véi diem M

qua mit phang OXy c6 toa d 1a:

A. (2;-5;-7). B. (2;5;7). C. (-2;-5;7). D. (-2;5;7).
X=1+3t
Cau2: Trong khdng gian véi hé toa do Oxyz, cho diém M (2;-6;3) va duong thang d 1y =-2-2t.
z=t

Goi H 1a hinh chiéu vuéng goc caa M [én d . Khi d6 toa do diém H 1a:
A. H(3-2;3). B. H(4;,-41). C. H(321). D. H(-8;4;3).

Cau3: Trong khdong gian véi hé toa do Oxyz, cho mat phing (P):3x—5y+2z+8=0 va dudng thang

X=7+5t

d:qy=-7+t (teR). Tim phuong trinh dwong thang A ddi xting véi duong thang d qua mat
Z=6-5t

phing (P).
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X=-5+5t X=-17+5t X=-11+5t X =13+5t
A Ay=13+t . B.A:qy=33+t . C.A:xy=23+t . D.A:qy=-17+t
z=-2-5t Z=66-5t z=32-"5t z=-104 -5t

Cau4: Trong khong gian Oxyz, cho ba diém A(3;0;0),B(0;3;0),C(0;0;3). Phuong trinh hinh chiéu
cua dudng thang OA trén mat phang (ABC) 13

X=3-2t X =3+4t X=3+t X=1+2t
A Jy=t . B.qy=t . C..y=0 . D.qy=1+t .
z=t z=t z=0 z=1+t

Cau5: Trong khong gian voi hé toa do Oxyz, hinh chiéu vudng goc cta diém M (2;1;—1) trén truc Oz
cotoadola
A. (2;1,0). B. (0;0;-1). C. (2;0;0). D. (0;1,0).

Cau 6: Trong khong gian v6i hé toa dd Oxyz, cho diém A(-3,1;,2). Toadd diém A’ dbi xtmg voi diém
A quatruc Oy la
A. (3-1-2). B. (3,-12). C.(31%-2). D. (-3,-12).

Cau7: Trong khong gian v6i hé toa dd Oxyz, cho sau diém A(%2;3), B(2-11), C(33-3) va
A, B, C’' thoa man AA+BB+CC=0.Néu G’ Ia trong tdm tam giac A'B'C’ thi G' ¢6 toa

dola
A. [2;5;—1} B. [2;—5;1} C. (Zﬂlj D. (—2; )
3 3 33 33

Cau8: Trong khong gian véi hé toa do Oxyz, cho tam gidc ABC c6 A(0;0;1), B(-1-2;0),

wl
Wl

C(2;1-1). Toa dd chan dudng cao H hatir A xudng BC la

H(E;‘E;‘EJ- B. H(ﬁil;lj- C. H(l;l;—§j. D. H(l;E;lj.
19’ 19" 19 9 9 5

Cau9:  Trong khong gian toa do Oxyz, cho tam gidc ABC c6 A(—4;-1,2), B(3;5-10) va C(a;b;c).
Trung diém canh AC thudc truc tung, trung diém canh BC thudc mait phéng (OXZ). Téng

a+b+c bang
A. -3. B. 1. C. 7. D. 11.

Cau 10: Trong khong gian v6i hé tryc toa dd Oxyz , cho ba diém A(L-11),B(3;2-2),C(-315). Tim

2 _— — - 2 9 3 27 N
toa do diem M (x;y;z) thoa man MA—2AB =4CM . Khi d6 tong S = =+ — —— bang.
X y z
A. 6. B. -15. C. 16. D. -13.

Cau 11: Trong khéng gian véi hé truc toa @6 OXyz , cho tam giac ABC ¢6 A(—1;2;4), B(S; 0; —2) va C(1;3;7).

Goi D chan duong phan giac trong ha tr A . Tinh OD

o 2T ]
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Cau 12: Trong khéng gian véi hé truc toa dd Oxyz , cho ba diém A(-1-2;0), B(312), C(10;1) va
mit phang (P):x—2y+z+5=0. Biét D(a;b;c) ndm trén (P) sao cho hai dudng thing
BD, AC song song v&i nhau. Gi tri a+b+c¢ bang:
A. 46. B.12. C. -35. D. 26.

Cau 13: Cho mit phang (P):x+y+2z—4=0 va hai diém A(LL1),B(L10). Goi M (a;b;c)e(P) sao
cho [MB — MA| 16n nhét. Tinh 2a—b+c.
A. 1l B. 4. C.6. D. 3.

Cau 14: Trong khong gian Oxyz, cho diém A(0;3;1) vamit phang (P):2x—y+2z-4=0.Diém A’ d6i
xtng v6i A qua mit phang (P) c6 tong hoanh d¢ va tung do bang
A. 4, B.7. C.5. D. 6.

Cau 15: Trong khong gian Oxyz , cho mit phing (P):x+y-z-3=0 va diem A(2;2;-2). Goi
A'(a;b;c) 1a diém déi ximg voi A qua (P). Gid trj clia ¢ bang
Al B. -2. C.0. D. 2.

Cau 16: Trong khong gian Oxyz , cho A(1;2;-1), B(-2;1;0). Diém M (a;b;c) thudc mit phiang

J11

(P):x—2y+2z+4=0 sao cho MA=MB =—=.Khidé a+b+c bang
1 3
A.a+b+c=§. B.a+b+c=1. C.a+b+c:5. D.a+b+c=2.

Cau 17: Trong khéng gian Oxyz cho A(1;2;-1), B(-2;1;0). Diém M (a;b;c) thudc mit phang

J11

(P):x—2y+z+4=0 saocho MA:MB:T.Khidé,giétrj a+b+c bing
1 3
A.a+b+c=§. B.a+b+c=1. C.a+b+c:5. D.a+b+c=2.

Cau 18: Trong khong gian Oxyz , cho mit cau (S): (x+1)2 +(y+l)2 +(z +l)2 =9 vadiém A(2;3;-1)
. Xét cac diem M thudc (S) sao cho AM tiép xtic véi (S), M ludn thudc mit phang c6

phuong trinh 1a
A. 6x+8y+11=0. B. 3x+4y+2=0. C.3x+4y-2=0. D. 6x+8y—-11=0.

Cau 19: Trong khong gian véi hé toa do Oxyz , cho mit phang (P):2x—2y-z+7=0 va diém
A(L1-2). biém H (a;b;c) 1a hinh chiéu vudng goc cua A trén (P). Tong a+b+cbing
A. -3. B. 1. C.2. D. 3.

Cau 20: Trong khdng gian Oxyz , cho mit cau (S):(x+2)2+y2+(z+5)2:24 cit mit phing
(P):x+y+4=0 theo giao tuyén la duong tron (C).Piém M thude (C) sao cho khoang cach
tr M dén A(4;-12;1) nho nhat c6 tung do bang
A. 6. B. —4. C.0. D. 2.
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Cau 21: Trong khong gian v6i hé truc Oxyz, cho mt cau (S):(x —1)2 +(y —1)2 +(z —1)2 =12 va mat
phiang (P):x—-2y+2z+11=0. Xét diém M di dong trén (P), cac diém A,B,C phén biét di
dong trén (S) sao cho MA,MB,MC 1a céc tiép tuyén cua (S). Mt phang (ABC) di qua diém
¢b dinh nao dudi day?

A. E(0;3;,-1) B. F(%;—%;—%j C. G(0;-13) D. H@;O;Zj
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Cau 1:

Cau 2:

Cau 3:

PAP AN CHI TIET

Trong khong gian véi hé toa do Oxyz, cho diém M (2;-5;7). Diém M’ déi ximg véi diem M
qua mit phang OXxy c6 toa d 1a:
A. (2;-5;-7). B. (2;5;7). C. (-2;-5;7). D. (-2;5;7).
Loi gidi
Chon A

Do diém M'(x';y’;2’) doi xtmg diém M (X;y;z) qua mit phdng Oxy nén

X=X X'=2
y'=y <1y =-5.Vay M'(2;-5;-7).
I'=-2 '=-7
X=1+3t
Trong khong gian véi hé toa d6 Oxyz , cho diém M (2;-6;3) va duong thang d :{y=-2-2t.
z=t
Goi H 1a hinh chiéu vuéng goc caa M [én d . Khi d6 toa do diém H 1a:
A. H(1,-2;3). B. H(4;,-41). C. H(L21). D. H(-8;4;3).

Loi giai

Chon B

Goi (a)lamat phang qua M va vuéng goc véi d .

Khi d6: n, =uy =(3;-2;1)

= (a):3(x-2)-2(y+6)+(z2-3)=0<(a):3x—2y+z-21=0.

Vi H hinh chiéu vuong goc ciia M [8n d nén H =(a)nd.
X=1+3t

. . . . o ly=-2-2t

Do d6 toa do H la nghiém cua hé: Lt ot=1.
3X-2y+2z-21=0

Vay: H(4;-4;1).

Trong khéng gian véi hé toa @ Oxyz, cho mit phang (P) :3x -5y +2z+8=0 va duong thang

X=7+5t
d:<y=-7+t (teR). Tim phuong trinh dwong thang A ddi xtng véi duong thang d qua mat
z=6-5t
phang (P).
X=-5+5t X=-17+5t
A Asy=13+t . B. A:qy=33+t
z7=-2-5t 7 =665t
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Céu 4:

Cau 5:

X=-11+5t x=13+5t
C. A:qy=23+t . D. A:qy=-17+t
z2=32-5t z=-104 -5t
Loi giai
Chon A

Nhan xét: ta c6 np.ag =0. LAy M (7;-7;6)ed thay vao mat phang (P) thdy khong thoa man
nén duong thang d song song véi mat phang (P).

Goi M(7;—-7;6)ed . Goi N(x;y;z) la diém d6i xtng cia M qua mat phang (P) va | Ia
trung diém MN .

Ta c6: MN =kn, - (x=7,y+7,2-6)=k(3,-5;2)
I e(P) 3x—-5y+2z+84=0

Gidi h¢, ta co: k = -4 = M (-5;13;—2)..

X=-5+5t
Do d6: Adi qua M va nhan ﬁ(S;l;—S) lam vec to chi phuong A:qy =13+t
z=-2-5t

Trong khong gian Oxyz, cho ba diém A(3;0;0),B(0;3;0),C(0;0;3) . Phuong trinh hinh chiéu
cua duong thang OA trén mat phang (ABC) la

Xx=3-2t X=3+4t X=3+1 X=1+2t
A Jy=t . B.Jy=t . C.qy=0 . D.qy=1+t .
z=t z=t z=0 z=1+t
Loi giai
Chon A

D& thdy O.ABC 14 hinh chép déu nén hinh chiéu ciia diém O trén mp(ABC) la trong tam H
cuatam giac ABC : H (1;1;1). Vay hinh chiéu cua ciia duong thang OA trén mét phang (ABC)
1a duong thang AH .

AH di qua diém A va co vecto chi phuong 1a M(—Z;l;l) .

X=3-2t
Vay phuong trinh hinh chiéu cia duong thang OA trén mat phang (ABC) la: ¢y =t
z=t

Trong khong gian véi hé toa dd Oxyz, hinh chiéu vuéng géc cua diem M (2;1;-1) trén truc Oz
cotoado la
A. (2;1,0). B. (0;0;-1). C. (2;0;0). D. (0;1,0).

Loi giai

Chon B
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Céu 6:

Cau7:

Céau 8:

M (a; b; C) chieu len truc Oxﬁ\ M /(a; O; O)
Taco IM (a;b;c) chieu len truc Oy )M'(O;b;O).
M (a;b;c) chieu len truc Oz ,M'(O;O;C)

Trong khong gian voi hé toa dd Oxyz, cho diém A(—3;1; 2). Toa dd diém A’ dbi xtmg voi diém
A qua truc Oy la
A. (3-1-2). B. (3,-12). C. (31-2). D. (-3,-12).
Loi giai
Chon C
D@ dang tim dugc toa d¢ hinh chiéu vudng géc cia A(-3;1;2) trén truc Oy 1a H(0;1,0). Vi A’

doi xtmng v6i M qua truc Oy nén H la trung diém cua AA', suy ra A'(3,1;-2).

Trong khong gian véi hé toa do Oxyz, cho sau diem A(L2;3), B(2-L1), C(3;3;-3) va
A, B, C’ théa min A’A+B'B+C'C =0. Néu G’ 1a trong tAm tam giac A'B'C’ thi G’ ¢6 toa
do la

A. [Z;E;—l} B. [2;—5;1} C. (255) D. (—Z;E;EJ.
3 3 33 33 33

Loi giai
Chon C
Tacd AA+BB+C'C=0< AG +GA+BG' +GB+C'G'+G'C=0
<:>(A'G’+B'G'+C’G')+(@x+@+(% =0

& (GA+GB+G6C)=0

wl &

Trong khong gian v6i hé toa do Oxyz, cho tam gidc ABC cé A(0;0;1), B(-1-2;0),

Suy ra G’ cling la trong tdm cua tam giac ABC nén c6 toa do G’(Z;

C(2;L-1). Toa dd chan dudng cao H hatir A xudng BC la

19 19 19 9
C. H(l;l;—gj. D. H(l;E;l}
9 2
Loi giai
Chon A

Goi H(x;y;z). Taco m:(x;y;z—l), ?C:(3;3;—1), ﬁ:(x+1;y+2;z).

o A L BE x3+y.3+(z-1).(-1)=0 £ 14 8
Yéucaubditoan < . . S9x4+l y+2 7z >H| ——-——|
BC || BH =3 "3 T3 19 19 19
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Cau 9:

Cau 10:

Cau 11:

Cau 12;

Trong khong gian toa do Oxyz, cho tam gidc ABC c6 A(—4;-1;2), B(3;5,-10) va C(a;b;c).
Trung diém canh AC thudc truc tung, trung diém canh BC thudc mat phéng (OXZ). Téng
a+b+c bang
A. -3 B. 1. C. 7. D. 11.
Lai giai
Chon A
Goi M (0;y;0) €Oy la trung diém AC. Suy ra C(4;2y +1-2).
Goi N 1a trung diém ctia BC, suy ra Ng;y+3;—6).
Do N €(Oxz) nén y+3=0< y=-3=C(4,-5;-2).

Trong khong gian v6i hé truc toa d6 Oxyz , cho ba diém A(L-11),B(3;2,-2),C(-315). Tim

toa do diém M (x;y;z) thoa min MA—-2AB = 4CM . Khi d6 tdng S =g+§—z bang.
X y z
A. 6. B. -15. C. 16. D. -13.
Loi giai
Chon D
1-x—2.2=4(x+3) X=-3
Tacd MA-2AB=4CM ={-1-y-23=4(y-1) < y:—g.
1-z-2(-3)=4(z-5) 27
5
Khi do Sziﬁ-ﬁ—ﬁz—l&
-3 -3 27

Trong khong gian véi hé truc toa do OXyz , cho tam giac ABC co A(-1;2;4), B(3;0;,-2) va C(1,3,7).
Goi D chan duong phan giac trong ha tr A. Tinh OD

A Y27 B, Y205 c. Y201 p, Y203
3 3 3 3
Loi giai
Chon B

AB =2+/14 va AC =14 do d6 AB =2AC.Suyra DB =2DC.

Do D la chan duong phan giac trong va DB =2DC nén DB =-2DC, suy ra D[g;2;4j

Vay ODz%.

Trong khéng gian véi hé truc toa dd Oxyz , cho ba diém A(-1-2;0), B(312), C(10;1) va
mit phing (P):x—-2y+z+5=0. Biét D(a;b;c) ndm trén (P) sao cho hai dudng thing
BD, AC song song v&i nhau. Gia tri a+b+c bang:

A. 46. B. 12. C. -35. D. 26.
Loi giai
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Céu 13:

Céau 14:

Chon A

Toa do cac vecto AC =(2;2;1) va BD =(a—3;b—1c—2) vi hai dudng thing BD,AC song
a-3=2t a=3+2t

song v&i nhau nén BD=tAC < {b-1=2t <{b=1+2t.

c—-2=t c=2+t
a=19
Diém D(a;b;c) namtrén (P) néntaco 3+2t—2(1+2t)+2+t+5=0<t=8 suyra {h =17
c=10

Vay a+b+c=46.
Cho mit phang (P):x+y+2z—4=0 va hai diém A(LL1),B(LL0). Goi M (a;b;c)e(P) sao
cho [MB — MA| 16n nhat. Tinh 2a—b+c.

Al B. 4. C.6. D. 3.
Loi giai

Chon B

Taco (P):x+y+z-4=0.

Ta thiy (1+1+1-4).(1+1+0-4)=2>0. Suy ra A Bndm cing phia d6i véi mat phang (P).
Khi d6 T =|MB-MA|< AB=1= maxT =1< M = ABN(P).
Duong thing AB qua A(L11),B(L10) c¢6 véc to chi phuong 1a AB = (0;0;-1).

x=1

Suyra AB:<y=1 .
z=-t
Vi M e AB = M (0;0;—t). Mat khéic M e (P) néntaco —t—4=0<t=—4. Vay M(0;0;4).
Dodotaco a=b=0,c=4=2a-b+c=4.
Trong khong gian Oxyz, cho diém A(0;3;1) va mitphang (P):2x-y+z-4=0.Diem A" doi
xtmg véi A qua mit phing (P) c6 tong hoanh do va tung do bang
A. 4. B.7. C.5. D. 6.
Loi gii

Chon C
Goi d 1a dudng thang di qua A(0;3;1) va vudng géc véi (P):2x—y+z-4=0.

X=2t
Suyra d:{y=3—t (tlatham sb).

z=1+t

Goi | 1a giao diém cuia d va (P).
Vi led nén I(2t;3-t;1+t).

Vil e(P)nén 2.2t —(3—t)+1+t-4=0o6t-6=0=t=1,
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Suyra 1(2;2;2).
Xpa =2X =X, =22-0=4
Vi | latrung diém ciia AA' nén <y, =2y, -y, =2.2-3=1
Iy =27 —2,=22-1=3
Vay Xp +Yp =4+1=5.
Cau 15: Trong khong gian Oxyz , cho mit phing (P):x+y-2z-3=0 va diém A(2;2;-2). Goi

A'(a;b;c) 1a diém déi ximg voi A qua (P). Gid trj ctia ¢ bang

A. L. B. -2. C.0. D. 2.
Loi giai
Chon C
Goi A 1a dudng thang qua A(2;2;-2) va vudng géc voi (P):x+y-2z-3=0.
X=2+t
Khidé A:qy=2+t (teR).
z=-2-t

Goi H 1a hinh chiéu vudng goc cua A 1én (P).

Khi d6 toa do H 1a nghi€ém cua hé phuong trinh:
X+y—-z-3=0
=2+t+2+t+2+t-3=0t=-1=H(1;1;-1).
Goi A'(a;b;c) la diém doi ximg véi A qua (P).
Suy ra H la trung diém cua doan thing AA". Nén A'(0;0;0)=0.
Vay gia tri cia C bé“mg 0.
Cau 16: Trong khong gian Oxyz , cho A(1;2;-1), B(-2;1;0). Piém M (a;b;c) thuc mit phang

J11

(P):x—2y+2z+4=0 sao cho MA=MB=—"=.Khidé a+b+c bang

A.a+b+c=%. B.a+b+c=1. C.a+b+c:g. D.a+b+c=2.

Loi giai
Chon A

Vi MA=MB & (a-1)* +(b-2)* +(c+1)° = (a+2)* +(b—1)° +¢? <:>3a+b—c—%=0. (1)
Me(P):x-2y+z+4=0=>a-2b+c+4=0. (2)
Cong hai vé ctia (1) va (2) ta duge 4a—b+%=0<:>b:4a+%.

Thay vao phuong trinh (1)=c=7a+3.

10| Bién soan: Phan Nhat Linh



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Phan Nhat Linh

Cau 17:

Cau 18:

MA:gQMAZ 1 o (a-1)°+ (|o—2)2+(c+1)2=1741
2

<:>(a—1)2+(4a+§j +(7a+4)2:1741<:>a:—l.

Suyraa+b+c= a+4a+7+7a+3 12+E=—6+—3=%

2
Trong khong gian Oxyz cho A(1;2;-1), B(-2;1;0). Piém M(a;b;c) thudc mit phing

(P):x—2y+z+4=0 saocho MA:MB:%.Khid(), giatrj a+b+c bang
1 3
A.a+b+c:5. B.a+b+c=1. C.a+b+c:§. D.a+b+c=2.
Loi giai

Chon A

Trong khong gian Oxyz , cho mit cau (S): (x+1)2 +(y+1)2 +(z +1)2 =9 vadiém A(2;3;-1)

. Xét cac diém M thudc (S) sao cho AM tiép xtic véi (S), M luén thudc mat phang c6

phuong trinh 1a

A. 6x+8y+11=0. B. 3x+4y+2=0.

C. 3x+4y-2=0. D. 6x+8y-11=0.
Loi giai

Chon C

H

Mat cu (S): (x+1)° +(y +1)* +(z+1)° =9 co tam 1(-1;—1;-1) va ban kinh 1a R =3.
Taco Al =(3;4;0) = Al =4/9+16+0=5>R, do do A nim ngoai (S).
Goi H(x;y;z) la hinh chiéu cia M 1&n Al .

Laico IM?2=1IH.IA=IH =§ va AM? = AH.IA = AH =§.
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Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*

Céau 19:

Céau 20:

2

9(x-2)=16(-1-x) | 25
Do d6 9AH =16HI < {9(y-3)=16(-1-y) < =%.
9(z+1)=16(-1-2) 7—_1

Vi diém M thudc (S) sao cho AM tiép xtic véi (S) nén M luén thude mat phang di qua H
va vudng goc voi Al .

Vay phuong trinh mat phing can tim 1a 3(x —235} + 4[y —;—;j =0 3x+4y-2=0.

Cach 2:
Mit ciu (S): (x+1)° +(y+1)° +(2+1)* =9 co tam 1(~1;-1;-1) vaban kinh 1a R =3.
Tac6 IA=/9+16+0=5>R,dodé A nim ngoai (S).
Miit khac MA=+/IA2 —R? =4, do d6 M thugc mit cdu (S,) 6 tam A(2;3;—1) va ban kinh
R =4.
(S1): (x=2)" +(y-3)* +(z+1)° =16.
Vi M thudc hai mit cau (S) va (S;)nén toa do diém M thoa hé phuong trinh sau

(x +1)2 +(y+1)2 +(z +1)2 =9

(x-=2)" +(y-3)" +(z+1)° =16
Trir 2 vé twong tng ta dugc 6x+8y —11=-7 < 3x+4y-2=0.
Vay phuong trinh mat phang can tim 1a 3x+4y—-2=0.
Trong khong gian véi hé toa do Oxyz , cho mat phing (P):2x—2y—z+7=0 va diém
A(LL-2). Piém H (a;b;c) 13 hinh chiéu vudng goc ciia A trén (P). Téng a+b +cbing
A. -3. B.1. C. 2. D. 3.

Loi giai
Chon B
(P):2x 2y —2z+7=0 =mit phang (P) c6 vecto phap tuyén la: n=(2;-2;-1).
Goi d la dudng thang di qua A(LL-2) va vudng gbe véi mit phang (P) = H =d n(P)
X=1+2t

= d ¢6 phuong trinh tham sb: { y =1— 2t
z=-2-t

Xét phuong trinh: 2(1+2t)-2(1-2t)—(-2-t)+7=0 < 9%t =-9 <t =1 thay vao phuong
trinh dudng thang d ta duoc toa d6 diém H (-13-1).Suyra: a+b+c=1.

Trong khong gian Oxyz , cho mit cau (S):(x+ 2)2 +y2+(z+ 5)2 =24 cit mit phing
(P):x+y+4=0 theo giao tuyén 1a duong tron (C).Diém M thudc (C) sao cho khodng céch
tr M dén A(4;-12;1) nho nhat c6 tung d¢ bang
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Céau 21;

A -6. B. 4. C.0. D. 2.
Loi gisi

Chon B

Mit cau (S) c6 tam 1(-2;0;-5).

Goi (Q) 1a mat phang chira IA va vudng goc voi mit phang (P):x+y+4=0.

Khi d6 (Q) c6 cap vécto chi phuong 1a {ljl B él = (-6:12.-6)
U, = ey = (L1,0)

= (Q) c6 mdt vecto phap tuyén 1a ii =(-11,3).

Do do (Q):—x+y+3z+13=0.

MA nhoé nhatkhi M €(Q)= M (P)n(Q)N(S).

Toa d6 diém M 1a nghiém cua hé:

N—"

=-y-4 1
X+y+4=0 X y ()
-X+y+3z+13=0 N z:%zy—% (2)

(2 y? e (248 =24 [y o0 g2 (2es -2a (3)

Thay (1),(2) vao (3) ta dugc phuong trinh:

y=2 = M(-6;2,-7)= MA=610
y=-4=M(0;-4;-3)=> MA=46
MA nho nhat nén ta chon M (0;-4;-3).

22y? + 44y -176 =0 <

Vay tung d6 diém M can tim bang —4.

Trong khong gian véi hé truc Oxyz, cho mét cau (S):(x —1)2 +(y —ZI.)2 +(z —ZI.)2 =12 va mit
phang (P):x—-2y+2z+11=0. Xét diém M di dong trén (P), cac diém A,B,C phan biét di
dong trén (S) sao cho MA,MB,MC 1a c4c tiép tuyén ctia (S). Mit phang (ABC) di qua diém
¢6 dinh nao dudi day?
A. E(0;3;,-1) B. F(l;—l;—lj C. G(0;-1,3) D. H(§;O;2j

4" 2" 2 2

Loi giai

Chon A
Mit cdu (S) c6 tam 1(111) va ban kinh R =243

Gia st diem M (a;b;c) va A(x,y,z), ta c6 hé diéu kién:

Ae(S) (x—1)2+(y—1)2+(z—1)2 =12
IAM =90° < { Al + AM? = M 2
M e(P) a-2b+2c+11=0
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Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*
(x=1)*+(y -1’ +(z-1)" =12 )
= 12+(x—a)2 +(y—b)2 +(z —c)2 :(a—l)2 +(b—1)2 +(c—1)2 (2)
a—2b+2c+11=0(3)

Trir theo vé (1) va (2) ta duge (a—1)x+(b-1)y+(c-1)z—a-b-c-9=0.
Két hop voi (3): a—2b+2c+11=0.

Taco (a—1)x+(b-1)y+(c-1)z—a-b-c-9=a-2b+2c+11

S ax+by+cz—-x—-y—-z=0a+3b-c-2

Pong nhat hé so6 ta co

Oa=ax x=0

3b=hy y=3
=

—-c=¢cCz z=-1

—X—-y—-z=-2 —0-3+1=-2(t/m)
Vay mat phang (ABC) di qua diém c6 dinh E(0;3;-1)
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DANG a KHOANG CACH TRONG KHONG GIAN
—

IYYY «iEN THGC CAN NHO

Dang 1: Tinh khoang cach tir hinh chiéu vudng géc ciia dinh dén mét mit

Phuong phap xéac dinh khoang cach tir hinh chiéu cta dinh dén mot mét phang bén.
=  Buéc 1: Xac dinh giao tuyén d
=  Budc 2: Tir hinh chiéu vudng goc caa dinh, dung AH L.d ( H ed).
= Buéc 3: Dung Al L SH (I € SH). Khoang c4ch can tim la Al
Vé6i S 1a dinh, A 1a hinh chiéu vudng goc cua dinh trén mit déy.
Vi dy dién hinh: Cho hinh chp S.ABC ¢ SA vudng goc voi day (ABC) s
Hay xac khoang cach tir diém A dén mit bén (SBC).

Taco BC la giao tuyén cia mp (SBC) va (ABC).

Tt hinh chiéu cua dinh 1a diém A, dung AH L BCtai H . Dyng ) c
Al 1L SH tai | o
. |BC LSA
Vi = BC J_(SAH):>(SBC)J_(SAH). e
BC 1L AH

Mit phing (SBC)vuéng géc véi mit phang (SAH ) theo giao tuyén SH ¢ Al L SH
nén Al L mp(SBC)=d (A mp(SBC))=Al

Dang 2: Tinh khoang cich tir mét dém bat ky dén mét mit phing
Thuong st dung cong thure sau:

d

*
| I
| ‘
i ’

/
]
H ‘
M

d(M,mp(P)) MO

Céng thiic tinh ti 1§ khoding cach: — (Amp(P)) AO

O cong thire trén can tinh khoang céch tir diém M dén mit phang (P)

Ta c6 céc truong hop sau day:
e Giastr a va b 1a hai duong thang chéo nhau va a L b b

= Ta dyng mit phang («) chira a va vudng goc véi b tai B. B a
» Trong (o) dung BA La tai A, ta dugc d6 dai doan AB la A

khoang cach giira hai dudng thang chéo nhau a va b . ;
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Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*
e Giasir a va b 13 hai duong thang chéo nhau nhung khong vudng goc véi nhau.

Céch 1:
= Tadung mit phing () chir a va song song voi b . b___ M
= Liymotdiém M tly ytrén b dung MM 'L () tai M'. B
= Tu M’ dung b'//b cit a tai A. S b
= T A dyng AB//MM’ cit b tai B, d6 dai doan AB Ia A M
khoéang cach gitra hai duong thang chéo nhau a va b .
Céch 2:

» Tadung mit phing (o) La tai O, (&) cit b tai I .

> o
L
(0

=  Duyng hinh chiéu vuéng goc ciia b 1a b' trén ().
* Trong mit phing (), v& OH Lb', Heb". O
* Tu H dung duong thing song song v6i a cat b tai B. i H
* Tu B dyung dudng thing song song voi OH cit a tai A. |
= Po dai doan thang AB la khoang cach giita hai duong thang
chéonhau a va b .
Dang 3. Khoang cach cia dwong véi mat, mat voi mat
O dang toan nay chung ta déu quy vé dang toan 1

e Cho duong thang A va mit phang () song song v6inhau. Khi d6 khoang cach tir mot diém

batkitrén A dén mat phang () duogc goi la khoang céch gitra duong thang A va mit phang

(@)

A

L
d(A(@))=d(M,(a)) M <a.

e Cho hai mat phing (&) va () song song véi nhau, khoang cach tir mot diém bat ki trén

mit phang nay dén mit phan kia dugc goi 1a khoang cach giita hai mat phang () Va (B).

L'/
A

d((@).(8)=d(M.(£)=d(N.(a)) M (a).N ().

WY BAITAP TRONG PE MINH HOA
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Cau 38 — Pé tham khio 2023. Cho hinh chép déu S.ABCD ¢6 chiéu cao @, AC = 2a (tham khao hinh
bén). Tinh khoang cach tir diém B dén mit phang (SCD).

A.ﬁa. B. \/2a. C.&a. D. Qa.
3 3 2
e Lo gidi
Chon C

Goi 0= ACABD, H la trung diém cD. Trong (SOH ), ké O L SH .

, |CD LSO \ )
Taco { = CD L(SOH)=CD L Ol ma Ol L SH nén OI L (SCD)
CD L SH
=d(0,(ScD))=0l.
Vi O I trung diém BD nén d (B,(SCD))=d (0,(SCD)) =201 = =29
SO* +0H”

J2 243

Lai c6: AD = ACsin45°=ay2, OH =a—- :d(B,(SCD))zTBa.

. . . . 243
Vay khoang céch tir diém B den mat phang (SCD) bang Ta .

IS BAITAP TUONG TU VA PHAT TRIEN
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Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*

Céu 1:

Cau 2:

Céu 3:

Céau 4:

Céau b5:

Cau 6:

Cau 7:

Cau 8:

Cho hinh chép S.ABC c¢6 ddy ABC la tam giac vudng tai A, AB =a, AC =a+/3. Tam giac
SBC déu va nam trong mit phang vudng voi day. Tinh khoang cach d tir B dén mit phang
(SAC).

a\/@ Za@

A d=—— B.d=a C.d= : D.d
13 13

Cho hinh chop s.ABC c¢6 day la tam giac vudng can tai A, AB =2a; SA=SB = SC. Goc gilra

_aWs
s,

duong thang SA va mit phang (ABC) biang 60°. Tinh theo @ khoang cach tir diém s dén
duong thang BC la

2
A. av2. B. a+/6. C. %. D. %.

Cho hinh chép s.ABCD c¢6 didy ABCD 1a hinh vudng canh bang 1. Tam gi4c SAB déu va nim
trong mat phang vudng goc v4i day (ABCD) . Tinh khoang cach d tir A dén (SCD).

B g

A d=1. B.d=+2. C. d

Cho hinh chép s.ABCD c6 ddy ABCD la hinh vuéng canh 2a, tdim O, SA_L (ABCD),
SA=2a.Goi | latrung diém ciia SC vd M 1a trung diém cta doan AB. Tinh khoang cach tir
diém 1 dén duong thang CM .
a2 av3 a+/30 av3
A i B. —\/_ C. . D. —\/_
5 17 5 7

Cho hinh chép S.ABCD ¢6 ABCD la hinh vuéng canh &,SA vudéng gbc véi mit phang
(ABCD) va SA=a. Goi E latrung diém cta canh CD. Tinhtheo a khoang cach tir diém S
dén duong thang BE :

a5 3avb 2a+/5 a5
A &5 g, 35 c 225 p, 25

5 5 5 3

Cho hinh chép déu S.ABCD c¢6 tit ca cac canh bang a. Goi M,N 1an luot 13 trung diém cac
canh SA VA SC; P la diém trén canh SD sao cho SP = 2PD . Tinh khoang cach tir diém D
dén mit phang (MNP).

A a\/3_4. B.@. C. Za*/ﬁ. D.ﬂ.
34 34 41 16

Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng canh & . Biét SA L (ABCD) va

SA=2a.Goi O latam hinh vuéng ABCD . Tinh khoang cach tir diém O dén ScC .
av3 av?2 av2 av3
A.i. B.i. c.i. D.i.
4 3 4 3
Cho hinh chép s.ABC c6 day ABC latam giac vuong tai A, AC = av/3, ABC =60°. Goi M

2a\/§

la trung diém cua BC . Biét SA=SB=SM :T' Tinh khoang cach d tir dinh S dén

(ABC)
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Céau 9:

Cau 10:

Céu 11:

Céau 12:

Cau 13:

2aJ§

3

Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhiat v4i AD =2AB =2a. Canh bén
SA = 2a va vudng goc v6i day. Goi M, N 1an luot 1a trung diém ctia SB va SD . Tinh khoang
cach d tir S dén mit phing (AMN).

6
:%. B. d =2a. C.d=37a. D. d = a+/5.

A d=

B.d=a. C.d=2a. D. d =av3.

A. d

. . 2a
Cho hinh chop déu S.ABCD thé tich Vgagep :T’ AC = 2a (tham khao hinh bén). Tinh

khoang cach tir diém A dén mit phing (SCD).

Ve

A —a.
3

D. —a.

Cho hinh chop S.ABCD c6 day ABCD la hinh vudng canh 2a, SA L(ABCD), goc giita
duong thang SC va mit phang (ABCD) bang 60°. Khoang cach tir B dén mit phang (SCD)
bang

a6 a6 a\/6 2a+/6
NS 5. 26, c. &6 p, 226
3 4 2 3
Cho hinh chép s.ABCD c¢6 day ABCD la hinh thoi canh a. Tam giac ABC 1a tam giac déu,
hinh chiéu vuéng gdc cia dinh s 1én mat phing (ABCD) trung véi trong tam tam giac ABC .

Goéc giita duong thang SD va mit phang (ABCD) bang 30°. Tinh khoang cach tir diém B dén
mét phang (SCD) theo a

A a. B. D.

2a+/21 C a3 a/21
- . . —

Cho hinh chép d¢éu S.ABCD c6 canh day bang 2a, canh bén bang3a . Khoang cach tir diém A
dén mat phang (SCD) béng
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Cau 14: Cho khdi hop chit nhat ABCD.A'B'C'D" ¢ day la hinh vuéng, BD = 2a, goc giita hai mat
phang (A'BD) va (ABCD) bang 30°. Khoang céach tir A dén mit phang (A'BD) bang

A 2a\/1_3. 5 & c a714.

13 4

Céau 15: Cho hinh lang tru ddng ABC.A'B'C’ c6 day ABC la tam giac vudng tai B, AB=a, AA'=2a
. Tinh theo a khoang cach tir diem A dén mit phang (A'BC).

a5 283 28/ p, &3

. B. . C. . .
3 5 5 3

D.

N |

a/6

Céau 16: Cho hinh lang tru tam giac ABC.A'B'C’ c6 day la tam giac déu canh a, canh bén AA = 3

Hinh chiéu vudng goc cia A’ 1én mit phang (ABC) 1a trong tim G cua tam giac ABC . Goi

P,Q,N lanluotla trung diém cua AB,CC’ va A'G . Khoang cach tir N dén mit phang (PQC)

la

A 26 g &3 c. vt D. 2.

12 6 14 2

Cau 17: Cho hinh chop S.ABCD c¢6 day hinh vudng canh a. Mat bén SAB la tam giac vuong cén tai S
va nam trong mit phang vudng goc voi day. Goi H 1a trung diém AB. Khoang cach tir H dén mat
phang (SAC) bing

A2 B. &V<

ave c. 23
3 6 6

D. 2.
6

243

Cau 18: Cho hinh chép tam giac déu S.ABC c6 canh ddy bang a va SA= — e Tinh khoang cach tir

diém A dén mit phing (SBC)

A. @a. B. @a. C. @a. D. @a.
13 13 13 13

Cau 19: Cho hinh chép S.ABCD c¢6 day ABCD la hinh thang wvuéng tai A va D ;
AB =2a, AD = DC =a, canh bén SA=a~/2 va vudng goc vol (ABCD). Khoang cach tir diém
C dén mat phang (SBD) bang?

N a(sﬁ—zﬁ)_ o a7 W3 2247

. . cC. —. D. .
5 7 5 7

C&u 20: Cho hinh lang try ding ABCD.A'B'C'D’ c6 day la hinh thoi canh a, BAC =60°. Khoang cach
tir diém C dén mit phang (ABB'A’) bing

A. 2a. B.#. C. aV3. D. a.

Cau 21: Cho ling try ABC.A'B'C’ ¢6 ABC la tam gidc vudng can tai A. Hinh chiéu vudng goc ctia A’
1én mit day trung voi trung diém cta canh BC . Biét canh AA' = a+/3 va tao v4i mit day cua
hinh ldng tru mot géc 60°. Khoang céch tir dinh C' dén mit (A'BC) béang
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Céu 22:

Céu 23:

Céu 24:

Céau 25:

Céau 26:

Céau 27:

A 32 B.@. c. 2. D. 28
4 2 2 3

Cho ling tru tam giac déu ABC.A'B'C’' c¢6 canh day bang 4a. Goc giita hai mat phang (A'BC)
va (ABC) bang 30°. Goi M la trung diém cua canh AB. Tinh khoang cach tir diém M dén

mit phang (A'BC)?

A

A

A.#. B. 3a. C. a3, D.%a.

Cho tir dién OABC c6 ba canh OA, OB ,0C ddi mot vudng goc véi nhau. Biét khoang cach tir
diém O dén cac duong thing BC, CA, AB ln luot 1a a, av/2, a+/3. Tinh khoang cach tir
diém O dén mit phing (ABC) theo a

a\/@ 11a Za\/ﬁ

C. —. D. .

A. 2a. B. .
11 6 11

Cho hinh chép S.ABCD c6 day ABCD la hinh vudng, SA vudng goc véi day, mat bén (SCD)
hop v6i day mot goc 60°, M 1a trung diém cta BC . Biét thé tich cua khdi chép S.ABCD la

agﬁ
3

. Khoang cach tir diém M dén mit phang (SCD) la
A a3, g &3 avs. p. &8

6 2 4
Cho hinh chop S.ABC ¢6 day ABC la tam giac vudéng tai A
AB =2a, AC =a, SBA=SCA=90°, géc giita SA va mit phing (ABC) bdng 45° . Tinh
khoang cach tir diém C dén mit phang (ABC).

N g, 230, c. 230 p. 23,

2 6 2 © 6

Cho hinh chop S.ABCD c¢6 day ABCD Ia hinh thoi canh 2a, ADC = 60°, SAJ_(ABCD) va
SA=+/6a, G la trong tm tam gidc SAC . Khoang cach tir G dén (SCD) la

N p. Y22, c. 2 p. V3.
3 2 3 2
Cho hinh chép déu S.ABCD c6 diay ABCD la hinh vudng canh a, tdm O. Goi M |4 trung
-2 . , . \ £ < 2 4 \/%
diém AD, tinh khoang cach tir D dén mat phang (SBM ) biét SO = ﬁa.
A @a. B. @a. C. @a. D. @a.
5 100 5 10
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Cau 28:

Cau 29:

Céu 30:

Céu 31:

Cau 32:

Céau 33:

Céau 34:

Céau 35;:

Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng c6 chiéu cao AB=a va SA L (ABCD).
Goi M, N lan luot 1a trung diém AB va CD. Khoang cach giita duong thing MN va mat
phing (SAD) bang:

A a2 g a3
2 3

C. D. 2.
3

N | o

Cho hinh chép S.ABCD , ddy ABCD 14 hinh thang cén ¢ goc & day bang 60°. AB = 2CD = 2a
, mit phing (SAB) tao véi ddy mot géc 45°. Hinh chiéu vudng goc cua S 1én ddy triung véi

giao diém cua AC va BD. Tinh Khoang céch tir A dén mat phang (SBC).

A 36 5. 26 c. %6 226

. . D. .
6 2 3 3

Cho lang tru déu ABC.A'B'C’ ¢6 canh ddy bang a, mitphiang (A'BC) tao véi ddy mot goc 45°
, M la diém ty y thudc canh B'C’. Khodng cac tir diem M dén mit phing (A'BC) bing
A 206 5. 26 c. 23 p. 23,

2 4 2 4
Cho lang try tir giac déu ABCD.A'B'C'D’ c6 canh day bang 2a, B'D =3a . Khoang cach tir diém
C’ dén mit phang (A'BC) bang

2a5 B. ? C. % D. a\5.

A. .
)

Cho hinh 1ap phuong ABCD.EFGH canh 4a. Goi M,N lan luot 14 trung diém cia FG,GH .
Khoang cach tir D dén mit phang (CMN) bing

A.§a. B a C.fa. D.Ea.
4 3

'3 3

Cho hinh chép S.ABC c6 day ABC la tam giac déu, trong tam G , SA=12a, AB=4\/§a,
SAL(ABC). Goi M,N,P lan luot la trung diém céc canh AB,BC,CS. Khoang céch tir G
dén mit phang (MNP) béng

3a4§5 av@ﬁ 3ad€6 adTﬁ

A . B. . C. . D. .
20 10 10 20

Cho hinh liang tru dimg ABC.DEF c¢6 tit ca cic canh bang a. Goi G 14 trong tAm ctla tam gidc
AEF . Khoang cach tir A dén mit phang (GBC) bang

A.lﬁga. B.X@za. C.Eigia. D.2V5§a.
19 19 19 19

Cho hinh chép S.ABCD c¢6 day 1a hinh vudng canh bang a, SA vubng goc voi mat phang
(ABCD). Biét géc giira SC va mit phang (ABCD) bang 60°. Tinh khoang cach h tir AB

dén mit phang (SCD).

A.é%gg. B. av/2. aV42

C. a. D. .
7
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Céau 36:

Céu 37:

Cau 38:

Cau 39:

Céau 40:

Céau 41:

Cau 42:

Cau 43:

Cho hinh chép S.ABCD c6 day ABCD la hinh thang vudéng tai A va D, AB=3a,
AD =DC =a. Goi | 14 trung diém ctia AD, biét hai mt phang (SBI) va (SCI) clng vudng
gbc v6i ddy va mit phang (SBC) tao véi ddy mot goc 60°. Tinh theo a khoang cach tir trung
diém canh SD dén mit phang (SBC).
A BT g V6. c. a3 a5,

5 19 15 20

Cho hinh chép S.ABC, mit bén SBC 1a tam gidc déu va nam trong mat phang vudng goc voi

Ja

mat ddy, ASB = ASC =60°,SB =1. Biét khoang cach tir C dén mat phang (SAB) bang Ta (
a,b 1a hai s6 nguyén duong nho hon 10), tinh 2a+b.

A. 2a+b=18. B. 2a+b=15. C. 2a+b=8. D. 2a+b=12.

Cho hinh chép S.ABC c6 day la tam giac déu canh a va dinh S cach déu cac diém A, B, C.

243

Biét SA= Ta , tinh khodng cach tr A dén mit phang (SBC) bang

V13 3413 VR 2413
. TR

13

A. —a. B. ——a
13 13

D.

a.

Cho lang tru dimg ABC.A'B'C’ c6 day ABC la tam gidc vudng can tai B ,. Goc gitra canh A'B
va mit ddy 1a 60°. Tinh khoang céch tir diém A dén mat phang (A'BC).

A a«él?_ 8. a«ﬁl?_ c a\éﬁ' o a«él?

Cho hinh chép S.ABCD c¢6 day 1a hinh thang vuéng tai A v B;AB=BC =a; AD=2a; SA
vudng géc v6i mit phing (ABCD), goc gilta dudng thing SC va mit phang (ABCD) béng
45°, Goi M 1 trung diém cua canh AD . Khoang céach gitta hai duong thang SM va BD Ia:

Aaﬁ a22 Ca\/ﬁ Da\/ﬁ
' 11 C 22 o2

. B.
11

Cho hinh chép S.ABC c6 day (ABC) théa mén AB =a, AC =2a,BAC =120°; SA vubng géc
v6i mit phang (ABC) va SA=a. Goi M 1a trung diém ctia BC, tinh khoang céch gitra hai
duong thang SB va AM .

A B2 g &3 c a2, p. &¥8.
2 2 3 4
Cho hinh chép S.ABCD c6 ddy ABCD la hinh vudng canh bing a, SA L (ABCD), SA= a3
.Goi M 14 trung diém SD . Tinh khoang céch giita hai duong thang AB va CM .
2a+/3 5 a3 3a 5 a3
- .

A . C. —.
3 4

Cho hinh chdp S.ABCD déy ABCD Ia hinh vuéng tam O, canh bing 4a. Canh bén SA = 2a.
Hinh chiéu vuéng géc cua dinh S trén mat phang (ABCD) 14 trung diém H ciia doan AO.
Tinh khoang cach d giita cac duong thang SD va AB.
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Cau 44:

Cau 45:

Cau 46:

Cau 47:

Céau 48:

Cau 49:

A d=4a. B.d=2a. C.d:3aﬁ. D.d=4a@.
J11 11

Cho chép S.ABC c6 day ABC la tam giac déu canh 2a, tam gidc SAC vudng cén tai S va
nam trong mit phang vudng goc véi day. Tinh khoang cach d giita SC va AB.

A d=2Y° B.d:%. c.d:za‘?ﬁ. Za;@.

6. D.d=
6

Cho hinh lang try tam gidc ABC.A'B'C’ c6 day la tam giac déu canh bang a. Hinh chiéu cua

diém A’ trén mat phang (ABC) 1a trong tim G cua tam giac ABC va dién tich tam giac A'’AB
2

bang aZ Tinh khoang cach giita hai duong thang CC’ va AB'.

A 242a. B.#. C. av2. D.#.

Cho hinh chop S.ABCD c¢6 day ABCD lahinhvuéngtdm O, canh a.Canhbén SA vudng goc
v6i day, goc SBD=60°. Tinh theo a khoang cach giita hai duong thang AB va SO.
A B2 g V6 c a3, p, &5

2 4 3 5
Cho hinh lang try ABC.A'B'C’ ¢ tam giac ABC vuodng tai A,AB=a,AC = a\/§, AA' =2a.
Hinh chiéu vudng goc cua diém A trén mit phang (A'B'C’) tring vdi trung diém H cua doan

B'C’ (tham khao hinh v& dudi ddy). Khoang cach giita hai duong thang AA’ va BC' bang
A (&)

A.ﬁ. D.ﬁ.

5 3

Cho hinh chop tir giac S.ABCD c6 day ABCD 1a hinh vuéng canh a. Tam gidc SAB can tai
S va nam trong mat phang vudng goc vi mit phang (ABCD) . Goi M latrung diém cua CD,

tinh khoang cach giira hai duong thang AM va SC theo a.
A 36 g, 25 c. %6 p. &5
3 2 5 5
Cho hinh chop déu S.ABCD ¢6 O 1a giao diém ciia AC va BD. Goi M,E, F lan lugt 14 trung
diém cua AB, SC, SD. Biét SO = a; AB = 2a. Khoang cach giita hai dudong thing ME va CF

bang
A. Qa. B. ﬁa. C. Qa. D. ﬁa
4 6 6 4
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Cau 50:

Céu 51:

Cau 52:

Céau 53:

Cho hinh lang tru ding ABC.A'B'C’ c¢6 day la tam giac vuong va AB=BC =a, AA' = av2,
M 1a trung diém cta BC . Tinh khoang cach d cua hai dudng thing AM va B'C .

C.d=—--. D.d

A =22 B. d
2 2 3 7

Cho hinh lang try tam giac ABC.A'B'C’ ¢6 canh bén bing a+/2, day ABC Ia tam giac vudng
tai B,BC =a+/3,AB =a. Biét hinh chiéu vudng goc ctia dinh A’ 1én mit day 1a diém M thoa
man 3AM = AC . Khodng cach giita hai dudng thing AA’ va BC bang

A a~/210 B a/210 c a/714 5 a\714
C 15 ©45 Co17 - 51

Cho hinh chép S.ABC c6 day la tam gidc déu canh 2a. Hinh chiéu vudng goc cta S trén mait
phang (ABC) la diém H thudc canh AB sao cho HA=2HB. Géc giita dudng thang SC va

mit phang (ABC) bing 60°. Tinh khodng c4ch giita hai duong thing SA va BC theo a.

J@2 J@2 J@2 Ji2

A. —a. B. —a. C. —a. D. —a.
8 6 4 3

Cho hinh chdp S.ABCD c¢6 day 1a hinh vudng. SA vudng goéc voi mat phang day va SA=a.
Khoang cach gitta hai duong thang CD va SB bang a. Goi M 1a trung diém cua SB. Tinh
khoang cach gitra hai duong thang AM va SD .

V3 V3 6 4a

A. —a. B. —a. C. —a. D. —.
2 3 3 3
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Cau 1:

Cau 2:

PAP AN CHI TIET

Cho hinhchép S.ABC c6day ABC latam giac vuongtai A, AB=a, AC = a/3.Tam giac SBC
déu va nim trong mit phang vudng véi ddy. Tinh khodng cach d tir B dén mit phing (SAC).

a+/39 2a+/39 B a_\/§

A d= : B.d=a. C.d= D.d

13 13 2
Loi giai

Chon C

Goi H 1a trung diém cta BC, suyra SH L BC = SH L (ABC).
Goi K 1a trung diém AC, suy ra HK L AC.
Ké HE L SK (E e SK).

SHHK  2ay39
JsH2+HK2 13
Cho hinh chép S.ABC c6 day la tam giac vudng can tai A, AB=2a; SA=SB =SC. Goc gilta
dudng thing SAva mat phang (ABC) bang 60°. Tinh theo a khoang cach tir diém S dén duong
thang BC 1a

Khi d6 d[ B,(SAC)|=2d[H,(SAC)|=2HE =2.

A. av2. B. av/6. C. %. D. %.
Loi gidi
Chon B
S
¢ B
4>
A
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Cau 3:

Cau 4:

Tacovi SA=SB =SC nén = S nam trén dudng thang di qua tim dudng tron ngoai tiép day va
vudng goc véi day. Ma AABC vudng cantai A nén tam duong tron ngoai tiép day 1a trung diém
H ciia BC. Vay S nam trén duong thang di qua H vudng goc véi (ABC).

Ma géc giita dudng thang SA va (ABC) la 60° = SAH = 60°

AABC vudng can tai A ¢ AB =2a=> BC =2a+/2. Ma H 1a trung diém cua BC

= AH :%BC=a«/§

Xét tam giac vudng SHA ta cé: SH = AH.tan60° = a/6

Vay khoang cach tir S dén duong thang BC 12 a6 .

Cho hinh chép S.ABCD c6 d¢ay ABCD 1a hinh vudng canh bang 1. Tam giac SAB déu va nam
trong mit phang vudng goc véi day (ABCD) . Tinh khoang cach d tir A d&n (SCD).

23 Ja

A d=1. B.d=+2. C.d= . . .
3 7

Loi giai

Goi H 1a trung diém AB, suy ra SH L AB. Do d6 SH L (ABCD).
Do AH [|CD nén d[ A,(SCD)]=d[H,(SCD)].
Goi E 1atrung diém CD; K la hinh chiéu vudng goc ctia H trén SE .

SH.HE J3

JSHZ + HEZ T

Vay d[ A,(SCD)|=HK ===,

Khi d6 d[ H,(SCD)]=HK =

~[ 3
|

Cho hinh chop S.ABCD c¢6 day ABCD 1a hinh vuéng canh 2a,tdm O, SA L (ABCD) ,SA=2a

.Goi | latrung diém cua SC va M 1a trung diém ctia doan AB . Tinh khoang cach tir diém | dén
duong thang CM .

A.ﬁ. B.ﬁ. C. a‘@. D.@.
5 17 5 7
Loi gidi
Chon C
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Céau 5:

Do 10 L (ABCD) nén néu dung OK L CM (K eCM ) thi

2
Taela d(I, CM)=IK ma IK =+/01% +OK? :1/%+OK2

2
DO S0 = LOKMC = OK = 255086 __ & guoa = fg2 @ a0
2

MC J5 5 5

Cho hinh chép S.ABCD c6 ABCD 1a hinh vudng canh a,SA vudng goc v6i mit phang (ABCD)

va SA=a. Goi E 1a trung diém ctia canh CD. Tinh theo a khoang cach tir diém S dén duong
thang BE :

A &5 g 385 o 25 o, &5
5 5 5 3
Loi giai
Chon B

SA L (ABCD), trong mit phang (ABCD) néu dung AH L BE tai H thi SH L BE (dinhly 3
duong vudng goc). Tuc 1a khoang cach tir diém S dén duong thing BE bing doan SH.

. 1 1 21 X 2 5
Ta 06: S yane :EAB.FE:Ea.a:a?:EAH.BE ma BE =+/BC? + CE2 :4/a2+%:¥

a’> 2a

= AH = —=—, ma ASAH vulng tai A, nén:
BE 5 8
2
SH = SAZ 3 AH7 = Ja? ;48" _ 32 _3a\5
J5 5
Vay d(S, BE)=¥.
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Cau 6:  Cho hinh chop déu S.ABCD c¢6 tit ca cac canh bang a.Goi M, N lan lugt 1a trung diém cac canh
SA va SC; P la diém trén canh SD sao cho SP = 2PD . Tinh khoang cach tir diém D dén mit
phang (MNP) :

A 2V34 g, 27 c. 2T, p. 22,
34 34 41 16
Loi giai
Chon A
Taco Vp une L S.MNP :lﬁﬁi S.ACD -1 S.ACD
' 2 7 2 SA SC Sb ~ 12 ~

Goi O la tdm cua hinh vuéng ABCD.

2
Suy ra OAzéAC:%zsozx/SAz—AOZ :,/az—z%:¥.
1 a\/z as\/z a3\/§

. 1 1,
Khi d6 Vg acp ==.50.8qep = =t =a? = =S Vo e = e
S.ACD 3 ASCD 3 2 2 12 D.MNP 144

) 1 2
Do MN i dudng trung binh cia tam gide SAC nén MN = AC = aT

2
Tam gi4c SAD va SCD déu canh a nén PM? = PN? = SM?2 + SP? — 2SM.SP.cos60° = —122 :

Do tam giac MNP can tai P nén goi H 1a trung diém MN thi PH L MN .

MN 2 \/13a2 a? a34

Suy ra PH:\/PMZ— =

4 36 8 12
522
Viy d(D,(MNP))= 2pme _ 144 _ av34.
Swp 1 aV34 a2 34
2712 2

Cau7: Cho hinh chép S.ABCD c6 ddy ABCD la hinh vudng canh a. Biét SA_L (ABCD) va SA=2a.
Goi O latdm hinh vuéng ABCD . Tinh khoang céach tir diém O dén SC .

33 B &2 c. a2 p, &8
4 3 4 3
Loi gidi
Chon D
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o

Taco ABCD 1 hinh vudng canh a nén AC =av/?2 .

Do O la tdm cta hinh vuéng ABCD nén d(O,SC):%d(A,SC).

Trong tam gidc SAC vuéng tai A ha AH L SC.

Suy ra d(A,SC)=AH = S?'AC - 2a2.aﬁ - 283
JSAZ + AC?  W4a? +2a 3
1 a3

Cau 8: Chohinhchép S.ABC c6 day ABC latam giac vudng tai A, AC = av/3, ABC =60°. Goi M 13

. . 2a £
trung diém cua BC . Biét SA=SB=SM = ?:/§ . Tinh khoang c4ch d tirdinh S dén (ABC)
A.d:zaf. B.d=a. C.d=2a. D. d =aV3.
Loi gidi

Vi AABC vuéng tai A, M 1a trung diém cua BC va ABC =60° suy ra AABM déu.

SA=SB=SM = Zaf .Suy ra, hinh chép S.ABM déu.
Xét AABC : sin600:£:>£:@:> BC=2a= AM = AB=BM =a.
BC _ 2 BC
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Céau 9:

Céu 10:

Goi H 1a trong tim AABC nén H la chan duong cao ké tir S xudng (ABC).

2 Za\/_ a\/_

AABC déu canh a nén MH _EMN _5 T__ (v6i N 1a trung diém AB).

2 2
Xét ASHM vudng tai H : d(S,(ABC))=SH _\/m_\/(mf} _(ﬁ] _

3

Cho hinh chép S.ABCD c¢6 ddy ABCD 14 hinh chit nhat véi AD =2AB =2a. Canh bén SA=2a
va vudng goc v6i day. Goi M, N 1an luot 14 trung diém cua SB va SD. Tinh khoang cach d tir
S dén mit phang (AMN).

A.d=¥. B. d = 2a. C.d:%a. D. d = av5.

Chon A

. ‘. 1

1 a’
Vi S ==S nén VvV ==V =—.
ASMN = 7 2ASBD ASMN = VAseD =
Taco AM, AN la cac duong trung tuyén trong tam giac vuéng, MN 1a duong trung binh nén

a\5 J_

tinh duge AM =2, AN = av2, MN =2

2
Tl d6 tinh duge S,y = ﬁ Vay d[S,(AMN)]= s e _ 26 ,

AAMN 3

3
Cho hinh chép déu S.ABCD thé tich Vgapep = 2% , AC = 2a (tham khao hinh bén). Tinh khoang

cach tir diém A dén mit phang (SCD) .
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Cau 11:

Loi giai

Chon C

Goi O=ACNBD, H latrung diém CD. Trong (SOH ), ké Ol L SH .

6 CD L SO
CD L SH

Ma Ol L SH nén Ol L(SCD) =>d(0,(SCD))=0l.

= CD 1 (SOH)=CD LOI.

2
C6 AD = ACsin45°=ay2 = S 500 = (av/2) = 22°

. 2a® 1 , 2a°
Ta co: Vgppep =—— <> =.80.2a° =—— < SO =a.
a€0: Vgpapep 3 <:>3 a 3 = a
Vi O I trung diém AC nén d(A,(SCD))=2d(0,(SCD)) =20l _2500H
VSO? +OH?

2 243

Ma AD = ACsin45° = a+/2 = OH =a~~ =d(A(SCD))=="a

Cho hinh chép S.ABCD c¢6 dday ABCD la hinh vudng canh 2a, SA L (ABCD), géc gitra duong
thang SC va mit phang (ABCD) bang 60°. Khoang céch tir B dén mit phang (SCD) bang

A.%. B &6 c. &6 D. 2a\/5.

4 2 3

Chon D

Tac6 SA L (ABCD) nén (SC,(BCD))=(SC,AC) = SCA =60°.
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Céau 12;

Khi d6 AC = 2a+/2 = SA = AC.tan60° = 2a+/6 .
Ma AB//CD = AB//(SCD)=d(B,(SCD))=d(A,(SCD)).
Ké AH 1 SD = AH L (SCD)
SA.AD
SA” + AD?

2a+/2.2a 2./6

= d(B,(SCD)) = =——a.
2 2 3
(Za\/z) +(2a)
Cho hinh chdp S.ABCD cé day ABCD 1a hinh thoi canh a. Tam giac ABC 1a tam gidc déu, hinh

chiéu vudng goc cua dinh S 1én mit phang (ABCD) trung voi trong tam tam giac ABC . Goc gilra

Khi d6 d(B,(SCD))=d(A,(SCD))=AH =

dudng thang SD va mat phang (ABCD) bang 30°. Tinh khoang c4ch tir diém B dén mit phing
(SCD) theo a

A a. B. D.

2a+/21 C a3 a/21
- . . —.

Loi giai
S

Chon D
Goi O latdm hinh thoi ABCD va E la trong tdm cua tam giac ABC.
{SD N (ABCD)=D

SE L (ABCD) tii E = (SD,(ABCD)) = (SD, ED) — SDE = 30°

BD=2BO=aJ/3= DE:EBD:aﬁ
Do tam gidc ABC déu nén A 3 3
CE = 2 BO = a—3
3 3
SE 2a

Khid6 tanSDO =— = SE =—
DE 3

Vi tam gidc ABC déunén CE L AB=CE L CD ma CD L SE nén CD L (SEC)
Ké EH L SC(H eSC) khidé EH L (SCD) tai H nén d(E,(SCD))=EH

1 1 1 1 1 2421
> = 2 + > = > + 2 = EH =a
EH2 SE? EC (Zaj [ \/gj 21
za V3
3 3
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J21

Phat trién cac dang toan trong tdm THPT Quéc Gia 2023
. d(B,(SCD)) BD

Do BEN(SCD)=D nén
(5¢D) d(E,(SCD)) ED
Cau 13: Cho hinh chop déu S.ABCD c¢6 canh day bang 2a, canh bén bang3a . Khoang cach tir diém A dén

:g:d(B,(SCD))zgd(E,(SCD))za

mit phang (SCD) béng

A a4 8. o a4
3 2
Chon D

Goi O=AC N DB.
Vi S.ABCD la hinh chép déu nén SO L (ABCD)va dday ABCD la hinh vuéng.

d(A(SCD)) AC ~2=d(A(SCD))=2d(0,(SCD)),

Ta co: = =
d(0,(scp)) ocC
Tam gidc AACD vudng tai D ¢6: AC =+ AD? +CD? =2ay/2 = 0D =0C =a?2.
Tam giac ASCO vudng tai O ¢6: SO =+/SC?-0C? =aV/7.
goi  h=d(0,(SCD)) thi

Do SO,0C,OD d6i mot vuong goéc nén
1 1 1 1 8 av14
STttt == '
h= 0OS“ OD° OC 7a 4

avl4
—

Vay khoang c4ch tir A dén mit phang (SCD) bang
Cau 14: Cho khéi hop chir nhat ABCD.A'B'C'D’ ¢6 day 1a hinh vuong, BD = 2a, goc giira hai mat phing
(A' BD) va (ABCD) bang 30° . Khoang cach tir A dén mit phing (A BD) bang

2a+/13 a avl4 a
A. \/— B. —- C. \/_ D. —.
13 4 7 2
Loi giai
Chgn D
A B'
] ’.'f ! \\ \\‘\ Cl
D K i /)\H \“\\
,’I A/Ae}%) 77777777 ---» B
"f" /I :i;\:/”'
D C
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Céu 15:

Céau 16:

Goi O 1a giao diém ciia AC va BD.

Tach {BD L AO
BD L AA

Khi d6 ((A'BD),(ABCD))=(A'0,A0)=AOA=30°.

V& AH L AO tai H.

Taco BD L (AOA')= (A'BD) L (AOA).
(AOA) L (A'BD)

Khi d6 {(AOA')~(ABD)=A0 = AH L(ABD)=d(A,(ABD))=AH.
Trong (AOA'): AH L A'O

= BD 1 (AOA")= A0 L BD.

AC =BD=2a—= AO=a, AH = AO.sin AOA' =a.sin30° :%.

a

Vay d(A,(A'BD))

Cho hinh lang tru dtng ABC.A'B'C’ c6 day ABC la tam gi&c vuong tai B, AB
. Tinh theo a khoang cach tir diem A dén mit phang (A'BC).

A. ﬁ B. Za*@. C. Za‘g. D. ﬁ
3 5 5 3
Loi gidi
Chon C
A o
K
45 c

Trong tam giac ABA’ dung AK L A'B.
Do ABC latam giac vuong tai B nén BC L BA,
Lang try ding ABC.A'B'C' nén A'/A L BC, dod6 BC L (ABA') = BC L AK..

Tirdé suy ra AK L(ABC)=d(A,(ABC))=AK.
1 1 1

T R e -2
AK AB- AA

J5

AA'AB: AK

Cho hinh ldng try tam giac ABC.A'B'C’ ¢6 day la tam giac déu canh a, canhbén AA =

=a, AA'=2a
#.Hinh

chiéu vudng goc ciia A’ 1én mit phang (ABC) la trong tam G cua tam giac ABC . Goi P,Q,N

lan luot 14 trung diém ciia AB,CC’ va A'G . Khoang cach tir N dén mit phang (PQC) la
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N B, &¥3 c. 7
12 6 14
Loi giai
Chon C

Goi M 1a trung diém cia BC . Dung KG//AA

d(N,(PQC))=d(N,(PKC)).
d(N,(PKC)) NG
d(A,(PKC)) AG
e et
Dung A'G//KH ma A'G L(ABC) nén KH L (ABC).

d(M,(PKC)) MG AM 3

Taco == == =d(M,(PKC))=

d(H,(PKC)) HG AK 2

1.3

Vay d(N,(PKC))=§.2.Ed(H,(PKC)): 3

Dyng HI L PC va MJ L PC.

Ed(H,(PKC)).

D. 2.
2

ma CC'//AA" nén suy ra

=2=d(A,(PKC))=2d(M,(PKC)).

Ed(H,(PKc)).

Tac AG = 2AM =2 i_&
3 3 2 3
C6 AG AN pGE - |22 _af3
3 3
Tam gidc AGM c¢6 A'G//KH nén KH _ MK = KH = AG. =
A'G I\/IA' MA'
Tam giac MGC vuong tai M va MJ L. MC = L 5 = 5+
MJ MG
Laico i:E:Ez HI :E.
M] MG 3 6
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:d(H,(PKQ):%.

1 1 1
2 2" 2
d(H,(PKC))” HI" KH

d(N,(PKC)):gd(H,(PKC))

a7
14

Céau 17: Cho hinh chop S.ABCD c6 day hinh vuong canh a. Mat bén SAB la tam giac vuong can tai S va
niam trong mat phéng vudng goc véi day. Goi H 1a trung diém AB. Khoang cach tir H dén mat phéng

(SAC) bang
A2 B. V2. c. &3
3 6 6
Loi giai
Chon C

- -

.
N
| luiniebebilaiebeeleeb
v

B c
Tam giac SAB vudng cantai S, H 14 trung diém ciia AB nén
(SAB) L (ABCD)
Taco {(SAB) (ABCD)= AB = SH L (ABCD).
SH — (SAB),SH L AB

D. 2.
6

SH L AB.

T H dung HM L AC tai M, tr H dung HK L SM tai K. Taco

AC L HM
= AC L (SHM)= AC L HK .
AC L SH (SH L(ABCD))
, HK 1 SM . )
Khi d6 = HK L (SAC) tai K nén d(H,(SAC))=HK.
HK L AC
Tacé . Ap dung hé thirc luong trong tam giac vuéng SHM . Ta c6
BD a2
HM = —="C2
4 4
1 1 1 1 4 8 a3
s="T—5*+ 5 << s=—+—5 < HK=—.
HK? SH? HM HK? a* a 6
Vay d(H,(SAC)):a—f.

Cau 18: Cho hinh chép tam gidc déu S.ABC c6 canh day bang a va SA =

A dén mit phing (SBC)

2\3

~——=a. Tinh khoang cach tir diém
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A. @a_ B. @a_ C. @a. D. @a
13 13 13 13
Loi giai
)
A C
)
M
B

Goi M 1a trung diém BC, O 14 trong tim tam giac ABC = SO 1 (ABC)

., |OM L BC

Taco { = (SOM ) L BC

SO L BC

Trong (SOM ) ké OH L SM(H €SM) ma OH L BC do BC L (SOM )
= OH L (SBC)=>d(O,(SBC))=0H .

2,0, 23 B 1. 3

Taco AO——AM——— =—a,0M =-—A0=——a
3 3 2 3 2 6

Ap dung dinh 1y Pytago trong tam giac vuéng SAO

SO = SAZAOZ—\/(Z‘/_ j —[%a]:a

Ap dung hé thirc lugng trong tam giac vuéng SOM ¢

V3,
1 1 1 SO.OM a-sa RVER
7= gt = OH =—— ~ = =5 @
OH® SO* OM Js0? +om \/ 7 J

Taco jgsgg;:m =3=d(A(SBC))=3.d(O,(SBC))=3.0H =

3\/1_3a
13

Cau19: Cho hinh chop S.ABCD c¢6 day ABCD 1la hinh thang vuéng tai A va D ;
AB =2a, AD =DC =a, canh bén SA= a2 va vudng goc vol (ABCD) . Khoang céach tir diém
C dén mat phang (SBD) bang?

A a(5\/§—2\/§) B ﬂ a5 5 2a+/7
—_ s Bt

C—.
5

Loi giai
Chon B
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Céu 20:

S

D

, 1 V.
Taco Sypep = ESAABD = Vs ascp = Vsgep = d (C;(SBD)) = —SABCD

ASBD
(a+2a)a 2a°

R 1
Ma Vs agcp = ga\/i

2 2
2 2
SD =,Ja” +(av2) =av3;sB = \/(Za)z +(av2) =a6;BD = \Ja’ +(2a)" =a\
2 2 pQ2
Suy ra, cosBSD = SB” + 5D ~ BD = 2 = sinBSD =£.
2.5B.SD 32 3
2
Tur do, Syqap = %SB.SD.sin BSD =2 11_4 .
J2a® 2 a7
Vay d(B;(SBD))= . = .

Cho hinh lang tru dung ABCD.A'B'C'D’ ¢6 day 1a hinh thoi canh a, BAC =60°. Khoang céach tu
diém C dén mit phang (ABB'A’) bang

a3
A. 2a. B.T\/—. C. av/3. D.a.
Loi giai
B 4 a C
H :
A 60 ,
1 D
!
1
1
|
;——’ ——————————— ’C’
I/ B
A ,
D

Vi ABCD I hinh thoi va BAC =60° nén tam giac ABC 14 tam giac déu.
Goi H 1a trung diém ctia AB . Khid6 CH L AB.

_ |CH L AB
Tach = CH L (ABB'A).
CH 1 BB’
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Do d6 d(C;(ABB'A"))=CH.
N \ ., X n a3
Vi AABC la tam giac déu nén CH :T.

Cau21: Cho ling tru ABC.A'B'C’ ¢c6 ABC la tam giac vudng cin tai A . Hinh chiéu vudng goc ciia A’ 1én
mit day tring voi trung diém ctia canh BC . Biét canh AA’ = a+/3 va tao v6i mit day cia hinh ling

try mot géc 60°. Khoang cach tir dinh C' dén mat (A'BC) béng

AR D. 22
4 3
Chon B

Goi H 1a trung diém ctia canh BC. Vi AH L (ABC) nén AH la hinh chiéu cia AA’ lén mt
phing (ABC). Khi d6 goc gitta AA’ va mit phang (ABC) la goc gitta AA" va AH , hay chinh
la goc A'/AH .

Vi AH L(ABC) nén A'H L AH hay tam giac AA'H vudng tai H .

a3

Khi d6 cos A’AH :%: AH = AA’.cos A'AH :a\@.c0360°:7.
Goi H' la trung diém ctia canh B'C’.

Tam gidc A'B'C’' vudng cantai A' nén A’'H' L B'C’.

A'H L(ABC)= A'H L(AB'C')= AH LAH'".

A'H'" L B'C’
AH" L AH

AH NBC={H)
A'H,BC c (A'BC)
Vi BC||B'C’, BC = (A'BC) nén B'C'||(A'BC).

Ta o = AH' 1 (A'BC).

Suy ra d(C";(A'BC))=d(B'C";(ABC))=d(H";(ABC))=AH’= AH :a_;/E

Cau 22: Cho lang try tam gidc déu ABC.A'B'C’ c6 canh déy bang 4a. Géc giita hai mit phang (A'BC) va
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Cau 23:

(ABC) bang 30°. Goi M 1a trung diém cua canh AB. Tinh khoang cach tir diém M dén mat
phang (A'BC)?

z
L e T R c
A
B
a3 3a
A.—\/_. B. 3a. C. av/3. D. =2,
2 2
Loi giai
Chon A
A ¢
N
N\
Y
N
N H
~
s \\
rd
’ B \\
rd hY
i"l :: '____\: __________ C
h_ \
S~ N
RN
"'--,‘_\
A N
B

Goi N 1a trung diém ciia BC.

Do ABC.AB'C’ la ling try tam gidc déu nén BC L AN,AA’ va AN =2a3 . Suy ra
BC L (A'AN). Tir d6 ta cé: ((A’BC),(ABC)) = ANA=30°.

Goi H la hinh chifu cia A trén AN , do BC L(AAN) nén: AH L AN,BC
= AH L (ABC) =d(A(ABC))=AH .

Xét tam gidc AHN vudng tai H c6: AH = AN'sin ANA'=av/3. Suy ra d(A,(ABC))=a+/3.

q X 1
Mit khéc, M 1a trung diém ctia canh AB nén d(lvl,(A'BC)):f(A,(A’BC)):#.
Cho tir dién OABC c¢6 ba canh OA,0B,0C d6i mét vudng goc voi nhau. Biét khoang cach tir
diém O dén cac duong thing BC, CA, AB lan luotla a, av/'2, a+/3 . Tinh khoang cach tir diém
O dén mat phang (ABC) theo a

a+/66 c la 5 2a+/33

11 6 11
Loi giai

A. 2a. B.

Chon D
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C

N

A

Ké OM L AC (M eAC), ON L AB (N eAB), OP LBC (PeBC).
Khi détaco OP=a, OM =a+/2, ON =a/3.

Trong (OCN) ké OH L CN (H €CN) taco:

AB LON
= AB L (OCN)= AB L OH
AB 1 OC

HLAB
{O = OH L (ABC)=d(0,(ABC))=0H
OH LCN
1 1 1 .1 1

= + = + +
OH? 0OC? ON? 0A? 0B? OcC?

Ap dung hé thirc lugng trong tam giac vudng ta co:

Lai co:
1 1 .11 1 1.1 101
OM? OA? OC?  ON? 0A?> 0B? OP? 0B? o0cC?

:1+1+1_[1+1+1)
OM? ON? OP? OA? O0B? 0C?

1 1 1 1/ 1 1 1
e toaztare 5 2 T vz T Ap2
OA? 0B? 0c? 2(OM? ON? OP
21+1+ 1 _1(1+1+ij_11
OA? 0B? 0C? 2\2a%? 3a° a?) 12a°
N 12: 1122>OH:2a\/§
OH? 12a 11

2a+/33

11

Vay d(O,(ABC)) =
Cau 24: Cho hinh chép S.ABCD c¢6 day ABCD la hinh vudng, SA vudng goc véi ddy, mit bén (SCD)

, o , . 3
hop véi day mot goc 60°, M 14 trung diém ciia BC . Biét thé tich ctia khéi chop S.ABCD I a3?

. Khoang céch tir diém M dén mit phang (SCD) la

A. a3, g &8 c a3 p, &8
6 2 4
Loi gidi
Chon D
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8

A D

Goi N 1a trung diém ctia canh AD .
Goi canh hinh vuéng ABCD c6 d daila x,(x>0).

Tac6: MN ||CD = d(M;(SCD))=d(N;(SCD)).

Ké NH 1 SD,AG 1 SD = d(M;(SCD))=d(N;(SCD))=NH :%AG.

Do SA vudng géc véi (ABCD) nén goc giita mdt bén (SCD) va mat ddy la goc SDA=60°,

= tan SDA = % = SA= AD.tan60° = x+/3.
3
3 3
Xét ASAD :
L _ 1, 12=%+%:Ae=ﬁ:NH=@.
AG? AD? SA? a’ (ay3) 2 4

Cau25: Cho hinh chop S.ABC c¢6 day ABC 1la tam giac vubng tai A
AB =2a, AC =a, SBA=SCA=90°, goc giira SA va mit phang (ABC) bang 45°. Tinh khoang
cach tir diém C dén mat phang (ABC) .

Alaﬁ_ g V30 av/30.
2 6 2

b, &3
6

Chon B

Goi H 1a hinh chiéu cua S 1én (ABC).
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AB 1 SH
AB 1 SB

= AB L (SHB) = AB L HB ma AB L AC nénsuy ra HB//AC(1)

AC L SH

= AC L (SHC) = AC L HC ma AC L AB nénsuy ra HC//AB(2)
AC L SC

Mat khac {

Tir (1),(2) suy ra ABHC Ia hinh binh hanh ma A=90° nén ABHC la hinh chit nhat.
va (SA,(ABC))=SAH =45°,SH = AH =av/5.

HC //(SAB) = d(C;(SAB)) = d(H;(SAB))

Goi K 1a hinh chiéu cia H Ién SB. Ké HK L SB
Ma AB L (SHB)= AB L HK

Suy ra HK L (SAB).
Aici(sae) = Yiri(snmy) = HK-

ASHB vuéng tai H . Ta co

6
= + =—+ —.
HK? SH? HB? 5a? a’ 5a?

Vay HK =2 630..

Céau 26: Cho hinh chop S.ABCD c6 day ABCD Ila hinh thoi canh 2a, ADC = 60°, SAJ_(ABCD) va
SA=+6a, G 1a trong tAm tam giac SAC . Khoang cach tir G dén (SCD) la

RS g Y22 c Y p, Y3
3 2 3 2
Loi giai
Chon C

Goi M, I 1an luot 1a trung diém CD,SC.
Theo gia thiét ta c6 tam giac ACD déu. Suyra AM = —— = J3a.
Ké AH L SM (H eSM) thi AH J_(SCD).

Taco Gl =%AI nén d(G,(SCD)):%d(A,(SCD)):%AH
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Cau 27:

Cau 28:

A B2 a3
e

1 AMSA 1 Ba.6a +2a
3 JAM? +5A? 3 (3a%+6a® 3

\fa

Vay d(G,(SCD))=

Cho hinh chép déu S.ABCD ¢6 day ABCD 1a hinh vudng canh a, tdm O . Goi M 14 trung diém

AD, tinh khoang cach tir D dén mat phang (SBM ) biét SO = %a
A @a. B. @a. C. @a. D. @a
5 100 5 10

Chon D

Goi N 1a trung diém canh AB suy ra CN L BM . Dyng dudng thing qua O, song song véi CN
cit BM tai P va AN tai K, suyra OP L BM(1).

Tir gia thiét suy ra SO L (ABCD)=> SO L BM(2).
Tir (1),(2) suy ra d(O,(SBM ))=d(0O,SP)=0H (H 1a hinh chiéu vuéng géc ciia O Ién SP)

Hai tam giac ABPK,AMPO dong dang cho ta PO = oM _ 3
PK KB 3
OK' la duong trung binh caa AACN nén OK = Sl = \/_ = OP :zOK —E ﬁazﬁa.
2 4 5 5 10
V&5,
250.0P 270 2 0% Jio
Vay d(D,(SBM))=2d(0,(SBM ))=20H = = =——a.
VSO?+0P? (o5 V¥ (5 )} 10
~“al| +|-—a
10 10

Cho hinh chép S.ABCD c6 day ABCD la hinh vudng c6 chiéucao AB =a va SA L (ABCD) . Goi

M, N lan luot Ia trung diém AB va CD. Khoang cach giita duong thang MN va mit phang
(SAD) béng:

B— C.

D.
3

a
3"
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Loi gidi
ChonC
s
D
N
B C

MN//AD
Vi = MN//(SAD)

MN & (SAD)
= d(MN,(SAD))=d(M,(SAD))
Vi {MAL D, MA L (SAD)=>d(M,(SAD))=MA

MA L SA
Vay d(MN,(SAD)):d(M,(SAD)):MA:%:%.

Cau 29: Cho hinh chép S.ABCD , day ABCD 14 hinh thang can c6 goc & day bang 60°. AB = 2CD = 2a,,
mat phiang (SAB) tao voi day mot goc 45°. Hinh chiéu vudng goc cua S 1én day tring véi giao
diém cua AC va BD. Tinh Khoang céch tir A dén mit phing (SBC).

A.ﬁ. av6 c. &6 D. Za“@.
6 2 3 3

Chon B

Kéo dai AD va BC cit nhau tai E, lay | 1a trung diém AB. Goi H 1a hinh chiéu vudng goc
cua S lén day, k¢ HK vuong goc voi SC tai K.
Xét tam giac ABE c6 ABE = BAE =60° nén ABE la tam giac déu va H 1a truc tim
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AC L BC
=+HI L AB

1 1. J3 a3

HI =HC ==El ==2a >~ = <
3 3 2 3

ASHA=ASHB = SA=SB=SI | AB= ((SAB),(ABCD)) = SIH =45°

—SH=IH =23
3

HK 1 SC
= HK L (SBC)
HK 1 BC

. [BC L AC )
co = BC L HK , talai co
BC L SH

a3 a3
Suy ra khodng céch tir H dén (SBC) 1a HK = HZS'HC == 3 - 3 = a\e/g_
JHS? + HC a3 (a3
3 3
., A L. ., R . AH AB
Tam gidc HAB dong dang voi tam giac HCDva AB=2CD nén —=—=2
HC CD
a\/6

Vay khoang cach tir A dén (SBC) bang 3 1an khoang cach tr H dén (SBC) = —

Cau 30: Cho lang tru déu ABC.A'B'C’ c6 canh day bing a, mit phiang (A’BC) tao voi day mot goc 45°,
M 1a diém tiy ¥ thudc canh B'C’. Khoang cac tir diém M dén mit phang (A'BC) bing

p 26 g &6 c &8 o, &3
2 4 2 4
Loi giai
Chon B
A’ '
M|
N B
X
[4)
AT N

Vi ABC.A'B'C’ 14 lang tru tam giac déu nén 1a ling tru démg c6 day ABC 1a tam giac déu.
Taco B'C'[|(ABC) nén d(M,(ABC))=d(B',(ABC)).
Ma AB'n(A'BC)=0 véi O la trung diém AB'nén d(B',(A'BC))=d(A,(ABC)).
Goi H 14 hinh chiéu cia A 1én BC, | 1a hinh chiéu caa A Ién A'H , ta ching minh duoc
Al L(ABC),suyra d(A (ABC))=Al.
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Ma (ABC),(ABC))= AHA =45° nén tam gidc AAH vuong cén tai A, do d6

NH = AHN2 =38 a6
2 2
a\/6
Mit khac, Al 1a duong cao ciia tam giac A'/AH nén Al = A2H = 3 = af.

Cau 31: Cho lang try tir gidc déu ABCD.A'B'C'D’ ¢6 canh day bang 2a, B'D = 3a . Khoang cach tir diém
C' dén mit phang (A'BC) bing

A 225 B. &Y c. a6 D. av5.
5 5 5
Loi giai
Chon A
4 D
B C
1 Y
A D
Bl, - \C

Vi ABCD.A'B'C'D’ 14 lang try tir giac déu nén 1a lang try ding c6 day 1a hinh vudng canh 2a,
suy ra BD = 2a/2.

Ma B'D =3a=> B'B=+/B'D’—BD? =+9a’ —8a’ =a.

Tacéd AC'n(ABC)=0 (v6i O 1a trung diém ciia AC').

Suy ra d(C',(A'BC))=d(A,(ABC)).

Goi H 14 hinh chiéu ciia A lén A'B, ta chimg minh duoc AH L (A'BC).

Suy ra AH =d(A,(A'BC)).

Tam giac A'AB vuong tai A vacod AH 1a duong cao nén

AA"- AB a-2a 2a+/5

JANT L ABE [a? 1 (2a)f 5

AH =

Cau 32: Cho hinh 1ap phuong ABCD.EFGH canh 4a. Goi M,N lan luot 14 trung diém cia FG,GH .
Khoang céch tir D dén mit phang (CMN ) bang

A. Ea. B. 3. C. Ea. D. Ea
4 3 3 3
A B
D F C
Ef oo _(;ufr 7 F
,’f __L-;_“\“' M
H N_‘ G
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Céu 33:

Loi giai
Chon C
Trong mit phang (CDHG) goi K=CN nDG suyra K € DG,K e(CMN) (1)
D@ thiy hai tam giac AKCD va AKNG dong dang = E—E = % =2 (2) .

Tir (1) va (2) suyra d(D,(CMN))=2d(G,(CMN)).
Goi | 1a trung diém MN = GI L MN = MN L (ICG).
(ICG)N(CMN)=IC

N < (CMN) = (ICG) L (CMN)

Ngoai ra ta con co {
Trong mit phing (ICG) goi O 1a hinh chiéu vuéng goc ciia G trén IC = d(G,(CMN)) =GO
Hinh chép G.MNC c6 cac cap canh GM,GN,GC d6i mot vudng goc nén ta co:

1 _1 + 1 + L —i+i+i—i:>60—ga
GO*> GM? GN? GC* a® a® 4a° 4a° 3

Vay d(D,(CMN))=2d(G,(CMN))= ga.

Cho hinh chép S.ABC c¢6 day ABC la tam giac déu, trong tim G , SA=12a, AB =4+/3a
SA L (ABC). Goi M,N,P lan luot la trung diém c4c canh AB,BC,CS . Khoang céch tir G dén
mat phing (MNP) bang

3a410 a/10 3a4/10 5 a10

A. . B. ——. C. . .
20 10 10 20

Loi giai

Chon C

Trong mit phing (ABC) dudng thing qua A va vudng goc véi MN cit MN tai R.

Goi Q la trung diém cuia SA=> PQ song song v6i MN = Q & (MNP)

Ta ching minh dugc MN L (RAQ) = (PMN ) il (RAQ) .

Trong mit phing (RAQ) goi H 1a hinh chiéu vuéng géc ctia A trén RQ thi AH =d(A,(MNP))

Do Ae AC,Re MN ma MN song song vdi AC nén

4\@21.\@ _3a

AR:d(MN,AC):%d(B,AC):
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Xeét tam gidc RAQ vuéng tai A, duong cao AH co:

AQ.AR a.3a 3J10
AH = = N,
JAQ?+AR? [a? 1 (3a) 10
Vay d(G,(MNP)):%d(A,(MNP)): af;_o.

CAau 34: Cho hinh ling try dimg ABC.DEF c¢6 tt ca cac canh bang a. Goi G 1a trong tim cua tam giac
AEF . Khoang cach tir A dén mit phing (GBC) béng

A. @a. B. @a. C. @a. D. @a.
19 19 19 19
A C
N
B \'IH

Loi giai

Chon C

Goi M, N 1an luot 13 trung diém cua EF,BC . Hai mat phing (AGN) va (GBC) co:
(AGN)N(GBC)=GN

= {BC <(GBC), BC L AN,BC LGN = (AGN) L (GBC)
AN,GN < (AGN),AN "GN =N

Trong mp(AGN ), goi H 1a hinh chiéu vudng goc ciia A trén GN suy ra d (A,(GBC))= AH .

2
AN=a—‘f,AM= AD? + DM?2 = az{a_«@j _avr

2 2
a3
AG:EAM:E.ﬂ:ﬂ,cosGAN:ﬂziz 3
3 3 2 3 AM a7 \7
2
2 2
GN = AG2 + AN2 — 2AG.AN.COSGAN = a7 + aV3 _2_3‘/7,3@, EZ@a
3 2 3 2°\7 6
S acn =ZSA,\,IN :E.l.ﬂ.a:ﬁa2
3 32" 2 6
V3,

2.—-a
Vay d(A(GBC))=AH = Zzﬁc = \/16_9 = Zfa
a

6
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Cau 35:

Cau 36:

Cho hinh chép S.ABCD ¢ day 1a hinh vuéng canh biang a, SA vuéng goc voi mat phang
(ABCD). Biét goc gitta SC va mat phang (ABCD) bang 60°. Tinh khoang cach h tir AB dén

mit phang (SCD).

p V10 B. av2. C.a. p, &2
5 7
Loi gii
Chon D
CD 1L AD . .
i D L SA =CD L (SAD)=>(SCD) L (SAD) theo giao tuyén SD, dyng

AH 1 SD,ma AH e(SAD)=> AH 1 (SCD)
Tacé AB//(SCD) nén h=d(AB,(SCD))=d(A,(SCD))=AH
Theo dé géc gitta SC va mat phang (ABCD) bang 60° nén SCA =60°.

SA
Taco: tan60° = —— = SA=a+/6
0 AC

N 12: 12+ 12:>AH:a 42.

AH SA°  AD 7
Cho hinh chép S.ABCD c¢6 day ABCD 1a hinh thang vuong tai A va D, AB=3a,
AD =DC =a.Goi | latrungdiémcua AD ,biét hai mit phang (SBI) va (SCI) cung vudng goc
v6i ddy va mat phang (SBC) tao voi day mot goc 60°. Tinh theo a khodng cach tir trung diém
canh SD dén mit phang (SBC).

a517. 5. 26 c. 23 p. 215

19 " 15 "~ 20

A

Loi giai

Chgn D
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Céu 37:

Ké IK L BC(K eBC)=>((SBC);(ABCD))=SKI =60°

Goi M = AD ~BC.Tacé M2 _1_ mp-2
MA 3 2

Tacé AMIK déng dang véi AMBA nén suy ra +~ = ML _ a 25
BA MB 2l 15
2 a
(3a) +(2j

25 2a\/5

=IK=——3a=
15 5

Goi N 1a trung diém ctia SD .

Taco d(N,(SBC))z%d(D,(SBC))z%d(I,(SBC))
Tir | ké IH LSK suyra IH =d(1,(SBC))= IK.sin6O°=a—\é175:>d(N,(SBC))=%

Cho hinh chép S.ABC, mit bén SBC 14 tam gidc déu va nam trong mit phang vudng goc véi

Ja

mit ddy, ASB = ASC = 60°,SB =1. Biét khoang cach tir C dén mit phang (SAB) bing Ta (

a,b 12 hai s6 nguyén dwong nho hon 10), tinh 2a+b .
A. 2a+b=18. B. 2a+b=15. C. 2a+b=8. D. 2a+b=12.
Loi gidi

Chon B

Goi H 1a trung diém ctia BC suy ra SH L (ABC).
Taco d(C;(SAB))=2d(H;(SAB)).
Ké HI L AB;HK L SI suyra d(H;(SAB))=HK.

B3

Vi ASBC déu, SB =1 suy ra SH ==

Piit SA= X = AB = /SA? + SB? — 2.5A.SB.cos ASB = /X2 — x +1.

Talai co AASB = AASC = AB = AC = AH | BC = AH =+ AB%?—BH? = /xz—x+§.

Ma tam gidc SHA vuodng tai H nén SAZ:SH2+HA2<:>x2:§+x2—x+%c>x:§.
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Cau 38:

Cau 39:

Suy ra ABzﬂ;AH :ﬁ: HI = BH.AH = V42 )
2 2 AB 14
i d6 ta oo HK = SHHL 6
VSHZ+HIZ 6

N3

Suy ra d(C;(SAB)):?:a:6;b:3: 2a+b=15.

Cho hinh chép S.ABC c6 day la tam giac déu canh a va dinh S cach déu cac diém A, B, C. Biét

SA= %a , tinh khoang cach tir A dén mit phing (SBC) bing
A @a. B. @a. C. @a. D. 2\/Tga.
13 13 13 13

Loi gigi

Chon B
S
A C
H

B

Goi H 1a trung diém ctia BC va G la trong tim AABC = SG L (ABC) va AH L BC.

BC L SG
Taco: <BC L AH = BC L(SAH).
SGNAH =G

Trong (SAH ), ké AK L SH = AK L(SBC)=d(A,(SBC))=AK.

a3 . sl o, afi

Laico: AH=——, AG=——, GH
2 3 6
2 2
ASAG vudng tai G c6: SG = 'SA? — AG? _\/Lzaf] _[afJ —a
2

ASGH vuéng tai G ¢6: SH =+/SG? +GH? = /az{afj _ a*{?.

a3
Taco: AK.SH = SG.AH = AK = —2 :@a.

av39 13

6

Cho lang tru ding ABC.A'B'C’ ¢6 day ABC la tam gidc vudng can tai B ,. Goc gitra canh A'B va
mit ddy la 60°. Tinh khodng cach tir diém A dén mat phang (A'BC).

A A5 B, VIS c. a5 D. a15
2 4 5 3
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Loi giai

Chon A

60

G6c giira canh A'Bva mit day 1a A'BA bing 60°. Suy ra AA’ = AB.tan60° = av/15

Ké AH vubng goc véi A'B ta chimg minh dugc AH la khoang cach tir diém A dén mit phang
(A'BC).

AA'AB  a\15aJ5 ay15

\/AA'2+ABZZ J20a2 2

Céau 40: Cho hinh chép S.ABCD c6 day la hinh thang vuong tai A va B; AB=BC =a; AD=2a; SA

Tam gidc A’AB vubng tai A nén AH =

vudng goc voi mit phing (ABCD), goc giira duong thang SC va mat phang (ABCD) bang 45'.

Goi M 1a trung diém ctia canh AD . Khoang céch giita hai duong thang SM va BD Ia:

A a2 a22 a11 5 a1l

B. . C. ——.

11 2

Chon B

Tac6 (SC,(ABCD))=SCA=45" = SA=AC =av2

Goi K 14 trung diém cua AB, khi d6 AB song song véi (SMK).

Do d6 d(BD,SM)=d(BD,(SMK))=d(B,(SMK))=d(A,(SMK)).

Goi 1,J 1an luot 13 hinh chiéu vudng goc cia A 1én MK va SI .

Khi d6 MK L Al,MK L SA= MK L AJ. Do AJ LMK va AJ LS| nén AJ L(SMK) hay
d(A(AMK))=AJ.

Taco +—— =" S Al =

AJ2 AM? AI? SA? a® a® 2a® 2a®

1 1 1 1 1 4 1 11 av22
11

Cau 41: Cho hinh chép S.ABC c6 day (ABC) théa man AB =a, AC =2a,BAC =120°; SA vudng géc
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v6i mat phang (ABC) va SA=a.Goi M 1a trung diém ctia BC, tinh khoang céch giita hai dudng
thang SB va AM .

A a2 5 A3
2 4
Chon A

2
Taco BC? = AB? + AC?> —2AB.AC.CosBAC =7a’> = BM? = ra”

2 2 2 2
amz = 2B ;AC - B4C _3 . AB?+ AM? =BM? =AABM vudng tai A
AM 1 AB
Ta co { AM L SA = AM L (SAB). Trong mp(SAB), ké AH L SB, vdy AH 1a doan vudng
SAN AB

av2

goc chung cia AM va SB. Do aSAB vudng can dinh S nén AH =

Cau 42: Cho hinh chép S.ABCD c¢6 day ABCD Ia hinh vudng canh bang a, SA L (ABCD), SA= a/3.
Goi M 1a trung diém SD . Tinh khoang cach giira hai duong thing AB va CM .

A 2283 B. &¥3, c. 3 p. &8
3 2 4 4
Loi giai
Chon B

L
Tacé AB//CD nén AB // (SCD).

Khi d6 d(AB,CM)=d(AB,(SCD))=d(A,(SCD)).
. {CDLAD

Tach = CD L (SAD)=(SCD) L (SAD).
CD L SA
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Trong mit phang (SAD) v& AH L SD tai H .
(SAD) L(SCD)

Khi d6 {(SAD)N(SCD)=SD = AH 1(SCD)=>d(A;(SCD))=AH .
Trong(SAD): AH L SD

Taco AH__ SAAD _ aJ3a =aJ§
JsA? 1 AD? \/(a\/§)2+a2 2
Vay d(AB,CM):a—f.

Cau 43: Cho hinh chép S.ABCD day ABCD Ila hinh vuéng tim O, canh bang 4a. Canh bén SA = 2a.
Hinh chiéu vuéng goc cua dinh S trén mét phang (ABCD) 1a trung diém H ciia doan AO . Tinh
khoang cach d giita cac duong thang SD va AB.

A d=4a. B.d=2a. c g2 D. ¢ = 222
1 11
Loi gidi
Chgn B

Goi | 1a hinh chiéu cia H trén CD=HI LCD . Goi K 13 hinh chiéu cua H trén
SI = HK LSI.

CD L HI
Taco =CD L (SHI)=CD L HK .
CD L SH (SH L (ABCD))

HK LCD
Taco { Pk L (SCD)=d(H;(SCD))=HK.
HK LSl

Taco HI =§AD=3a; AC =42a= AH =+/2a.

Xét ASHA c6 SH =+/SA2 — AH2 =a+/3.
HI.SH 3

Xét ASHI ¢6 HK = =>a.
SHZ+HI? 2
Ta co AB//(SCD):d(AB;(SCD)):d(A;(SCD)):gd(H;(SCD)):gHK =2a.

Cau 44: Cho chdp S.ABC c6 day ABC la tam giac déu canh 2a, tam gidc SAC vudng can tai S va nam
trong mit phang vudng goc véi day. Tinh khoang cach d giira SC va AB .
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a\/6 a2 Cod- 2av/21 2a+/30

A d=—. B.d=—— : D.d= :

6 3 7 5
Loi giai

Chon C

Do (SAC) L (ABCD),SH L AC ( H la trung diém ciia AC)thi SH L (ABCD).

Ké CD // AB,(CD = AB), tacé d(SC,AB)=d(AB,(SCD))=d(A,(SCD))=2d(H,(SCD)).
Ké HE L DC, ma SH L DC = DC L (SHE), ké HK L SE,HK L DC(DC L (SHE)) suy ra
HK L (SCD) hay d(H,(SCD))=HK.

Ta c0 tam gidc SAC vudng céan tai S nén SH :%AC =a, HE = HC.sin60°:¥. Do do
HK = SH HE =\/Za suy ra d(SC,AB):Z—\/za.
VSH? + HE? 7

Cau 45: Cho hinh ling tru tam giac ABC.A'B'C’ c¢6 day la tam giac déu canh bang a . Hinh chiéu cua diém
A’ trén mit phang (ABC) la trong tdm G ciia tam giac ABC va dién tich tam giac A'/AB bang
2
a ,
T Tinh khoang cach gitra hai duong thang CC’ va AB'.

A 242a. B.#. C. av2. D.#.
Loi gidi
Chon D
Af
.
A c

B
Chon mit phang (AA'B'A) chira AB’ va song song véi CC’.
Khi d6 d(AB',CC")=d(CC',(AAB'B))=d(C,(AABB)).
Goi | 1a trung diém ctia AB . Vi tam giac ABC déunén Cl L AB=GI L AB.

Bién soan: Phan Nhat Linh | 43



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*

. [AGLAB
I :>ABJ_(A'GI):>ABJ_A’I.

Gl L AB

Gl=icl= a‘f

3 6

: . at 1 a? a
Vi dién tich tam giac A'AB bang " nén EA’I .AB = " < Al = 5

2
Suyra A'G=VAI12-GI? = __31 a\/_

36 6
Trong mit phang (A'Gl) ké GH L A'l (H e A'l).
GH LAl
Khi d6 suy ra GH 1 (AAB'B)=d(G,(AABB))=GH .
GH L AB (ABL(AGI))
Xét tam giac AA'GI vuong tai G cé
afoals o
GH.Al = AGGI = d(G,(AXBB))=GH = 2>l _ 6 6 _aV2
Al a 6
2
d(C,(AABB
Tatai co 2LC )):ﬂ:3:»d(c,(AA'B'B))=3.d(G,(AA'B'B))=ﬂ.
d(G,(AABB)) Gl 2
a«/_

Viy d(AB',CC')=

Céau 46: Cho hinh chép S.ABCD c6 day ABCD la hinh vudng tdm O, canh a. Canh bén SA vudng géc
v6i day, gobc SBD=60°. Tinh theo a khoéang cach giita hai duong thang AB va SO .

A.a\/z g a6 c a3 D.a\/g.
2 4 3 5

Chon D

&

Goi M,N 1lan luot 1a trung diém ctia BC,AD . Dyng AH 1 SN
Khi d6 d(AB;SO)=d(AB,(SMN))=d(A,(SMN))=AH
Do tam giac SBD ¢6 SBD=60°va SB =SDnén SBD la tam giac déu

Suy ra SD =BD = a2, do d6 SA=+SD?—AD? =a
1 1 1 a\/_

Tacd s=——+ 2<:>AH
AH SA* AN
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Cau 47: Cho hinh lang truy ABC.A'B'C’" c6 tam gidc ABC vuong tai A,AB=a,AC = a\/g, AA' =2a. Hinh
chiéu vudng géc cia diém A trén mat phang (A'B'C’) tring voi trung diém H cia doan B'C’

(tham khao hinh v& dué6i day). Khoang cach giira hai duong thang AA’ va BC' bang

A C
Al & Y’
H
p a5 B b &5
5 3
Chgn C

Ké Al L BC,AK L HI.

Do AH L (AB'C')= AH L B'C'= AH 1L BC ma Al L BC nén BC L(AHI)= BC L AK.
Vi AK L BC,AK L HI = AK L (BB'CC).

Vi AA'|| BB'= AA'||(BB'C'C) = d (AA',BC') =d(AA"(BB'C'C))=d(A,(BBCC)) = AK.
Xét tam giac ABC c6 dudng cao Al nén

t 1,1 1 1—i:>AI:@;BC: ABZ + AC? = 2a.

Al2 AB? AC? a? 3a°> 3a°

Xét tam giac A'B'C’ ¢ dudng trung tuyén AH nén A'H :%B’C':%BC =a.

Xet tam giac AA'H vudng tai H (do AH L (A'B'C')= AH L A’'H ) nén

AH =vAA2 - AH? =/4a2 —a? =3a.
Xet tam giac AHI vuodng tai A(do AH L (A'B'C')= AH L(ABC)= AH L Al ) c6 duong

cao AK
15a
nén 12= 12+ 12: 12+ 42: 52:>AK=@:>d(AA',BC')=£.
AK AH Al 3a° 3a° 3a 5 5

Cau 48: Cho hinh chop tir giac S.ABCD ¢6 day ABCD la hinh vuong canh a. Tam giac SAB can tai S
va nam trong mat phang vudng goc vi mat phang (ABCD). Goi M la trung diém ciia CD, tinh
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Cau 49:

khoang céach giita hai duong thang AM va sC theo a.
A a\/6 av5 a6 av5

Chon D

Goi H 1a trung diém ctia canh AB, do tam gi4c SAB cantai S nén SH L AB.
(SAB) L (ABCD)

Tac6 {(SAB)~(ABCD)= AB=>SH | (ABCD).
SH L AB

Trong mit phang (ABCD), xét tam giac BHC vudng tai B CO:

2
CH =+BH2+BC? = /(gj +al =¥.

Do H,M lan luot 12 trung diém cta canh AB,CD nén AM //CH .
_|AM //HC
Taco {HC < (SHC), AM ¢(SHC): AM //(SHC).
= d(AM,SC)=d(AM,(SHC))=d(A,(SHC)).
Trong mit phing (ABCD), tr A ké AK L HC, mat khac ¢6 SH L (ABCD) nén SH L AK
,dodé AK L(SHC). Vay d(A,(SHC))=AK .

AK  AH AH a5
Tacoh ~ g)nén —=—=>AK=—BC=——.
ABHC AKHA(g g) BC CH CH 5
a5

Vay d(AM,SC):d(A,(SHC)):T_

Cho hinh chép déu S.ABCD ¢6 O 1a giao diém cua AC va BD. Goi M,E, F 1an luot 13 trung
diém cua AB, SC, SD. Biét SO =a; AB =2a. Khoang cach giita hai duong thang ME va CF
bang

NEEN 5. Y0, c. 224 o, Y6,
4 6 6 4
Loi giai
Chon B
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Goi |,J lan luot 14 trung diém cua OB, OD .
C6 O la trung diém cia 1J .

C6 FJ //SO= FJ L (ABCD).

C6 AFEM la hinh binh hanh nén ME //AF = ME / /( AFC).

= d(ME,CF)=d(ME,(AFC))=d(M,(AFC))=d(1,(AFC)) =d(J,(AFC))
Trong (SBD) ké JH vudng goc véi OF tai H, dé cd JH vubng (AFC).

o FJ=E,30=£a,
2 2
1 1 1 a
= + =>JH=—
JHZ JF? J0? J6
a
vay d(ME,CF)=—
ay ( ) \/6

Cau 50: Cho hinh ling try dimg ABC.A'B'C’ c6 ddy la tam gidc vudng va AB =BC =a, AA' = a\/i, M
1a trung diém cta BC . Tinh khoang cach d cuia hai duong thang AM va B'C .

Ado22 5 g-V2 cq-28 i
2 2 3 7
Loi giai
Chon D
A
A’ &
BJ‘
B C
Al :'._—__—_: _______ 'C
N )
B B’

Tam gidc ABC vubngva AB = BC =a nén AABC chi ¢ thé vudng tai B .

_|AB L BC
Taco = AB L (BCB').
AB | BB'
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Ké MN // B'C = B'C // (AMN)
=d =d(B'C,MN)=d(B'C,(AMN))=d(C,(AMN))=d(B,(AMN)).

Vi tor dién BAMN 1a tir dién vudng nén

1 1 1 1 1 1 1 7 a7
@2 BA’ BMZ BN? @ [avV . T2 T
a (a) (aﬁ} a
2 2

Cau51: Cho hinh ling try tam giac ABC.A'B'C’ c6 canh bén bang a\/i , ddy ABC la tam gidc vudng tai
B,BC = a\/§, AB = a. Biét hinh chiéu vuong goc cua dinh A’ 1én mat day la diém M thoa man

3AM = AC . Khoang céch giita hai duong thang AA’ va BC bang

A a\/210 5 a+/210 . a714 5 a714

- 15 © 45 Co17 © 51
Loi gidi

Chon A

Dung hinh binh hanh ABCD, vi tam gidc ABC la tam giac vudng tai B nén ABCD Ia hinh chi
nhat.
Suy ra BC //AD = BC / /( AAD).

Do d6 d(BC,AA)=d(BC,(A’AD))=d(C,(A’AD)).

Ma 3AM = AC nén d(C,(A’AD))=3d (M ,(A’AD)).

Ké MH L AD = (A'MH) L (A'AD)= AH.

Ké MK L AH = MK L (A'’AD) = MK =d(M,(A'AD)).

1 2 14

Mit khac ta c6 AC = ABZ+BC2:2a:>AM:§AC=?a:>A’M: A'AZ—AM2:§.
vamH /ico =M _AM 1 vn-lcp-las-2,
CD AC 3 3 3 3

1 1 1 1 1 1 1 135 a+/210

Suy ra s=——7%+ 5 < > 5+ e T > < MK =
MK? AM?2 MH MK (a@] (a) MK? 14a 45
3 3
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Cau 52:

Cau 53:

Viy d(BC, AX) =d (C,(AAD)) =3d (M, (A'AD)) = 3MK =3 42510 - 1210 |
Cho hinh chdp S.ABC c6 d4y 14 tam giac déu canh 2a . Hinh chiéu vudng goc clia S trén mit phang

(ABC) la diém H thudc canh AB sao cho HA = 2HB . Géc giita dudng thing SC va mit phing

(ABC) bang 60°. Tinh khoang cach giita hai duong thing SA va BC theo a.

A V2, s Y22, c. Y2, p. Y22,
8 6 4 3
Loi giai
Chon C

Goi N 1a trung diém BC. Trong mat phang (ABC) dung dudng thang d gua A va song song
Véi BC.

Qua H dyng dudng thang song song véi AN cit d tai E va cat BC tai K. Khi do tir

gidc AEKN la hinh chir nhat.

Taco: BC//AE = BC//(SAE)=d(BC,SA)=d(BC,(SAE))=d(K,(SAE))

Mt khac @zﬂzlzﬁi:d(K,(SAE):ﬁd(H,(SAE)).
HA HE 2 ~KE 3 2
. [AE LSH
Taco = AE L (SHE)= (SHE) L (SAE)
AE L KE
Trong mit phang (SHE) ké HI L SE tai | . Turdo suy ra:
HI L (SAE)=d(H,(SAE))=HI :d(BC,SA)ngI.
K =LA EH - 2an-28V8 L SHHE  avaz
3 3 JSHZ+HE? 6
Vay d(SA,BC)=@.

Cho hinh chép S.ABCD c6 day la hinh vudng. SA vudng goc v6i midt phang diy va SA=a.
Khoéang cach giira hai duong thang CD va SB bang a. Goi M 1a trung diém cua SB . Tinh
khoang céch giira hai duong thang AM va SD.
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A. ﬁa. B. ﬁa. C. ﬁa. D.ﬁ.
2 3 3 3
Loi gidi
Chon B

Tacd CD//AB=CD//(SAB)=d(CD,SB)=d(CD,(SAB))=d(D,(SAB)).

Do SAL(ABCD)=>SA_L AD . Ma ABCD la hinh vubng nén:
AD 1 AB = DA 1 (SAB)= DA=d(CD,SB)=a.

Dung hinh 18p phuong ABCD.SB'C’'D’ nhu hinh vé.

Ta co:

AB'//DC'= AB'//(SC'D) = d(AM ,SD)=d(AB’,SD)=d(A,(SC'D))=d(D’,(SCD)).
Goi O=SC'"B'D'=SC’' L D'O m3 D'D L SC'=SC' L (ODD’)= (SC'D) L (OD'D)
Trong mit phiang (DOD’)ké D'H L OD tai H.Suyra D'H L (SC'D)=d(AM ,SD)=D'H

Tacd DO=2Y% DD=a=>d(AM,SD)=DH = -
Jpo?+pD 3
a3

a2 D'0.D'D a3
2
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Phan Nhat Linh

DANG

BAT PHUONG TRINH LOGARIT

o @

IYYY «iEN THGC CAN NHO

Bét phwong trinh logarit co ban

Bt phuong trinh logarit co ban c6 dang: log, x > b (hoic log, x >b,log, x <b,log, x<b)véi a>0,a=1.

Xét bt phuong trinh log, X > b.

= Truong hop a>1,tacé: log, x >b < x> a’.

= Truong hop 0<a<1,taco: log,x>b<0<x<a’,

Ta minh hoa béng dd thi nhu sau.
Véi a>1, ta co do thi sau.
y

y=log, b

(= 1)

X

e Quan sat do thi, ta thiy rang:

Véi 0<a<1,taco dd thi sau.

y =log,b
(0 =a=1)

b
(L

\
N\

= Truong hop a>1: log, X > b khi va chi khi x> a".

= Truong hop 0<a<1:log, x >b khiva chikhi 0<x<a".

Cic phwong phap giai bat phwong trinh logarit :

e Phuong phép dua vé cing co sb : log, f(x)>log, g(x) <

e Phuong phap logarit héa : log, f (x)>b=

e Phuong phap ham sb.

[Forcots

{? (>X1) >9(x)
(e
s fo0<a

Bién soan: Phan Nhat Linh | 1



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*

IR :W Y BAITAP TRONG DE MINH HOA
216 x> -16

,\ A . £ X
Cau 39 — Pé tham khao 2023. C6 bao nhiéu s6 nguyén X thoa man log, 5 <log, T

A. 193. B. 92. C. 186. D. 184.

?

& Loi gidi
Chon D
Tap xac dinh: D = (—oo;—4) U (4;+oo)_
x> —16 X2 —16

Taco: log, 343 <log, T

=N Iogﬂ.[log7 (x*-16) —3} <log, (x* —16)—3log,3
& (log,7-1).log, (x* ~16) < 3log,7 - 3log, 3

3(log, 7 —log, 3)
log,7 -1
< log, (x* ~16) < log, 21 & X* ~16 < 21° & —/0277 < x < /0277

& log, (x* -16) < & log, (x* ~16) <3(1+log, 3)

Két hop diéu kién ta ¢ X € {-96;-95;...;-5;5;...;95;96} . Vay c6 184 s6 nguyén x thoa man.

IS BAITAP TUONG TU VA PHAT TRIEN
2

. NG x? -9
Cau l: Cob baonhiéu so nguyén X théa man lo <lo ?
guy 03 105 Os 27
A. 116. B. 58. C. 117. D. 100.
2 B 2 B
Cau2:  Co bao nhiéu sé nguyén x théa man 3.|Og5w <log, X Hax=s ?
512 125
A. 490. B. 502. C. 500. D. 498.

Cau 3: Co bao nhiéu s6 nguyén x thoa méin (2X2 - 4X)[I093(X +25) —3:| <0?

A 24. B. 26. C. 25. D. V6 s6.
2 2
~ . , cn X n , o X =25 X°—-25
Cau 4: Co6 bao nhiéu s6 nguyén duong x thoa man |092J§ 300 < Iong VTR ?
A. 432. B. 434 C. 216. D. 217.

Caub5: Chohamsd y=f (X) = +%X2 —12x —e* —2022. Cho biét bat phuong trinh 4n m sau day
f [logy s (log, (2m+1))—2021] < f[ f(0)] 6 bao nhiéu nghiém nguyén?
A. 14, B. 10. C. 11. D.7.

Cau 6:  Sb nghiém nguyén ciia bat phuong trinh log, (Iogz(4X - 6)) <1lla
A. 1l B. 0. C.4. D.V

(@)
72
O~

Cau 7: Co bao nhiéu s nguyén a thoa méin 3log3(1+ Ja+ 3/5) > 2log, Ja.
2| Bién soan: Phan Nhat Linh
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Céu 8:

Céau 9:

Cau 10:

Céu 11:

Cau 12:

Cau 13:

Céau 14:

Céau 15;

Céau 16:

Céau 17:

Céau 18:

Céau 19:

A. 4096 . B. 4095 . C. 4094 . D. 4093.
C6 bao nhiéu s6 nguyén x thod min (2X2 - 4X)[|093 (x+25)-3]<0?
A. 24, B. 26. C. V0 sd. D. 25.

2 4w\2 2
M < |Og2 X 4x ?

096 27
A. 78. B. 80. C. 76. D. 82.

C6 bao nhiéu s6 nguyén x thoa man log,

C6 bao nhiéu s nguyén x thoa man bat phwong trinh sau?

(3% ~2188-3" % + 27)\/3— logs (¥ +18) <0,

A 4. B. 5. C.6. D. 7.
Bit phuong trinh (x2 —4(x —1)) log, (—x2 +4x +1) <0 c6 tong tat ca cac nghiém nguyén 147
A. 6. B. 8. C. 4. D. 10.

Co bao nhiéu s6 nguyén x thda man

2x* —5x +2 2x% —5x +2 )
0g,| ———— |+log3.log] ——— |<log(2x“ —5x+2)?
93[ 1000 j 9 9{ 57 j 9( )

A. 234. B. 230. C. 288. D. 232.
C6 bao nhiéu s6 nguyén x nho hon 2022 thoa min (Iogi x—3.log, X+ 2) 16 — (0’5)2" >0.
A. 2020. B. 2021. C. 2022. D. 2023.

_— x> -4 x* -4
C6 bao nhiéu so6 nguyén x théa man log, T <log, 1 ?

A. 68. B. 34. C. 63. D. 33.

C6 bao nhiéu s6 nguyén X théa man (\/ g1e-x —1)(Iog3 x-3)<07?

A. 6. B. 4. C.7. D. 5.
S6 nghiém nguyén ciia bat phuong trinh (SX +307% 246), [5-In(x+3)>0 la
A. 144, B. 145. C. 146. D. 147.

Tim tat ca gid tri ciia tham s m dé bat phuong trinh |Og(2x2 +3) > IOg(X2 + mx +1) co tap

nghiém la R .
A 2<m<2. B.m<2J2. C.2J2<m<2J2. D.m<2.

Bét phuong trinh [Iog(xz + X) —log(3- X)J(?)X 3¢ ) >0 ¢6 tap nghiém khong la tip con cua

tap nao trong cac tap hop sau day?
A. (—3; 7) . B. (—3; +oo). C. (—oo; —5). D. (—oo; 0).

C6 bao nhiéu sb nguyén dwong Y sao cho tng v6i mdi y c6 khéng qua 5 sé nguyén x thoa
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Cau 20:

Céu 21:

Cau 22:

Céu 23:

Cau 24:

Cau 25:

Céau 26:

Cau 27;

méan (3y—3x)(lnx—l)> 0

A. 2181. B. 2183. C. 2179. D. 2187.

C6 bao nhiéu s6 nguyén x thoa man
(fw“”)—Szb““$+4)ngH3@@—x)—1£O?

A. 94, B. 95. C. 98. D. 97.

X
Tap nghiém ciia bt phuong trinh log, (BX —1). log, (31;} 1} < 3 la
4
A. (0;1]U[2;+ ). B. (32). C. [12]. D. (—0;1]u[2;+ ).

C6 bao nhiéu s6 nguyén x thoa mén bt phuong trinh (Iogg x—log, X3+ 2)\/32 -2¥>07?

A. 3. B. 4. C. 5. D. 6.
C6 bao nhiéu s6 nguyén x thoa man (—Iogg X+5log, x + 6)«/3— logs x >07?
A. 64. B. 9. C. 65. D. 8.

Cho bao nhiéu s6 nguyén dwong m d¢é bat phwong trinh  sau

2x% —x+1

lo <—2%? +2x—m c6 nghiém
B _x1d—m e
A 1l B. 3. C. 2. 4.
S6 nghiém nguyén cia bat phuong trinh 1/2log2 X+2 1flog2 2x% -1) > X+1 la
A 5. B.6.
C6 bao nhiéu s nguyén x thoa man \J2log, (x+2) Jlog3 G —1 (x+1)( )?
A. 8. B.7. D. 5.

Co6 bao nhiéu cip sé nguyén duong (a;b) , trong d6 a,be[1;,2022] théa man

b
2a 2 S a+2° a,)
a+2”) | 2v+

A. 5. B. 9. C. 10. D. 11.

4| Bién soan: Phan Nhat Linh
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DAP AN CHI TIET
Cau1l: Co bao nhiéu sd nguyén x théa man log X -9 <log X 9 ?
' s 15 27
A. 116. B. 58. C. 117. D. 100.
Loi giai

Chon D
TXD: D= (—oo;—3) U (3; +oo).

2 2
Ta co: log, X12_59 < logs x2;9 o %(In(x2 —9)— In125) < %(In(x2 —9)— In 27)
@%(In(xz —9)—3In5)£%(ln(x2—9)—3In3)

<:>(In5—|n3)|n<x2 —16)33(In25—ln23)
= In(x2 —9)33(In5+|n3)
o x? —9<15° < —/3384 < x < /3384

Két hop diéu kién ta ¢ X € {~58,-57;...;—4;4;...;57;58} . Viy c6 184 s6 nguyén x théa man.

2 2
Cau 2: Co bao nhiéu s6 nguyén x thoa méin 3.I095w <log, X +4x=5 ?
512 125
A. 490. B. 502. C. 500. D. 498.
Loi giai
Chon D
Tap xéc dinh: D =(—o0;-5) U (L;+00).
X2 +4x—5 X2 +4x—5

Ta co: 3'|095T <log, e

< 3.logg (x* + 4x —5) —3.log; 512 < log, (x* + 4x —5) —log, 125
< 3.logg (x* + 4x —5) - log, (x* + 4x — 5) < 3.logs 512 — log,, 125
& logs (X2 + 4x - 5)[3 - log,5] < 3.log; 512 — log, 125
3.log;512 —log,125
3-log,5
3.logs 512-log, 125
o x2+4x-5<5 Fl95 o %% 4 4x—5<64000

< X? +4x—64005<0 <> —255 < x < 251
Két hop didukiéntaco x e {—254;-253;...;-6;2;...;249; 250} . Viy c6 498 sd nguyén x thoa mén.

< logg(x* +4x—5) <

Cau3: C6bao nhiéu s0 nguyén X théa man (2X2 - 4X)[Iog3 (x+25)-3]<07?
A. 24, B. 26. C. 25. D. V6 sd.
Loi giai
Chon B
Diéu kién: x > -25.
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Céu 4:

Cau 5

bat f(><)=(2x2 —4X)[|093(X+25)—3]; 2 4 =0 2 = 2% szzzxakig'
log (X +25)-3=0<> log,(x +25)=3< x+25=3" < x=2.

Bang xét ddu

x ‘—25 0 2 +00
f(’r)‘ -0 + 0o +
. -25<x<0
Tur bang xét dau, f(X)SOc:{X_Z :

Vay ¢6 26 s6 nguyén x thoa yéu cau.

2 2
C6 bao nhiéu s nguyén duong x théa man |092J§X3T425< lo SJEXT425?
A. 432. B. 434 C. 216. D. 217.
Loi giai
Chon D
Tap xac dinh: D = (—oo;—5) U (5; +oo).
- x? —25 | x? —25
Ta co: ngﬁﬂ< ngiW
1 2 1 2
& In(x*—25)-1In324) < In(x*—9)—1Inl144
|n2J§( ( ) ) |n3J§( (x-9) )
1 2 1 2
o In(x? —25)-4In2+/3) < In(x?—25)-4In32
In2\/§( ( ) ) In3\/§( ( ) )

o (lnsﬁ— In 2\/§)In(x2 —25) < 4(|n23J§— In2 2J§)
o |n(x2 —25) < 4(|n3ﬁ+ In 2J§)
o x2-25< (3&.2@)4 & 46681 < X < /46681

Két hop diéu kién ta c6 X € {~216;-215;...;—6;6;...;215; 216} .

Vi x nguyén duong nén c6 217 s6 nguyén x thoa man.
; 13 . .
Cho ham sb y = f (x)=-x>+ Ex2 —12x —e* —2022. Cho biét bat phuong trinh 4n m sau day

f [logy s (log, (2m+1))—2021] < f[ f(0)] 6 bao nhiéu nghiém nguyén?

A. 14, B. 10. C. 11 D.7.
Loi gidi
Chgn D

Didu kién: m>2. Taco: y= f(x):—x3+§x2—12x—ex—2ozz
y'=f'(x)=-3x*+13x -12 —¢* :—3(x—2)2+x—ex<0,VXGR nén ham s f(x) nghich

bién trén R .
Do d6:

f (logys (log, (2m+1)) - 2021) < f ((0)) <> logy s (log, (2m +1)) - 2021 > f (0) = -2023

6| Bién soan: Phan Nhat Linh
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Céau 6:

Cau7:

Cau 8:

< logys(log, (2m+1)) > -2 <> 0<log, (2m+1) <4 < 1<2m+1<16 <0< m<%
Vay c6 7 nghiém nguyén.
S6 nghiém nguyén ctia bat phuong trinh log, (Iogz(4X - 6)) <lla

A. 1. B. 0. C. 4. D. Vo sb.
Loi giai
Chon B
biéu kién:
x>0,x=1 X>0,x#1 x>0,x#1

4“-6>0 <4 x>log,6 <4 x>log,6 < x>log,7
log, (4 ~6)>0 4 -6>1  [x>log,7
Ta co: Iogx(logz(4x—6))£1<:>Iogz(4x—6)3x

4 -6<24-2"-6<0<2"<3< x<log,3

Két hop véi diéu kién ta c6: log, 7 < x < log, 3

Vi X € Z nén bt phuong trinh khéng c6 nghiém nguyén.

C6 bao nhiéu s nguyén a thoa man 3log3(1+ Ja+ 3/5) > 2log, Ja.

A. 4096. B. 4095. C. 4094 . D. 4093.
Loi giai

Tir gia thiét 3|ogg(1+J5+§/5) > 2log,~/a.

Pit log,+/a =3x < a=64",

Ta duoc bét phuong trinh: 3logy (1+8* +4%) > 6x < 1+8* +4* > 9",

X X X X X
=(3) (8] +(5) »2.m 13 +(3) (5]

9 9 9
X X X
= f'(x)= 1 In£+§ In§+ﬂ Ini <0, VxeR.
9 9 9 9 9 9

Vay f(x) laham s6 nghich bién trén R . Va ta lai ¢6 f (2)=1.

Tur @HSH@ Sl f(x)> f(2) & x<2.

Suy ra a < 64% = 4096 . Suy ra c6 4095 gi4 tri a nguyeén.

C6 bao nhiéu sé nguyén X thoa man (2*2 _ 4X)[Iog3 (x+25)-3]<0?

A. 24. B. 26. C. V0 so. D. 25.
Loi giai

Chon B

Ta cé: (2X2 - 4" |[1ogs (x+25)-3] <0 @(2X2 -2 |[logs (x+25) -3] <0

Bién soan: Phan Nhat Linh | 7
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X>-25 X >—25 X>=25
2X2_22X20 B XZ_ZXZO |:X22
Xx<0
o | |10g3(x+25)-3<0 | [x+25<27 < <)
X <
2 2 2 <
2X —ZXSO {X 2x<0 0<x<?2
log,(x+25)-3>0 | X+25227 K>
-25<x<0
{—25<x£0
S| x=2 = .
X=2
X=2

Vi x € Z=>¢6 26 sb nguyén thoa man yéu cau bai toén.

. , o . . (X* —4x)? x2 — 4x
Cau9: Co bao nhi én X th n log,———<lo ?
6 bao nhiéu s6 nguyén 6a man log, 2095 d, T
A. 78. B. 80. C. 76. D. 82.
Loi gidi
Chon A
Tap xé4c dinh: D = (—oo;O) U (4; +oo).
. (x? —4x)? X2 — 4x
Tacod: log,——— <o
%2006 P
< logs (x? — 4x)? —log, 4096 < log, (x? — 4x) —log, 27
= Z[Iogs(x2 —4x) - log, 64] <log, (x* — 4x) —log, 27
= Z[Iog3(x2 —4x) - 6logs, 2] <log,3.log,(x* —4x) —3log, 3
& log,(x* — 4x)[2 - log, 3] <12l0g,2 - 3log, 3
_ lan?
& log, (x? —4x) < 1210g;2—3log, 3 log, (x? — 4x) < 3(4 ~10g;3)
2—1log,3 log, 3.(2—-log, 3)

3(2 +log, 3)

2

& log, (X% —4x) < & log,(x? —4x) <3(2.log,2 +1)

< log, (X2 — 4x) < 10g,12° < X2 —4x —1728 < 0 <> 2 — 2/433 < x < 2+ 24/433

& 2-2:/433 < x < 2+2/433
Két hop diéu kién ta c6 x € {-39;-38;..;-15;...;42;43} .
Vay c6 78 s nguyén x thoa man.

Cau 10: C6 bao nhiéu s nguyén x thoa man bat phuong trinh sau?

(3% ~2188-372 27)\/3— logs (x* +18) <0.

A 4. B.5. C. 6. D. 7.
Loi gidi
Chon D
Trudng hop 1: 3—Iog3(x2 +18)=0<:> Iog3(x2 +18)=3<:> x> -9=0 x=13,
Thir lai v6i bat phuong trinh dé bai ta nhan x = +3.
8| Bién soan: Phan Nhat Linh
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Cau 11;:

Cau 12;

Trudng hop 2: 3—Iog3(x2+18)>0<:>Iogg(x2+18)<3<:> x> -9<0 -3<x<3.

Taco: (3% ~2188-32 ¢ 27)\/3— log, (¥ +18) <0

2188

2
<:>32X—2188-3X’2+27£0<:>(3X) - 3 4+27<0

@%ssx <24337<3F <P < -2<x<5.
So véi diéu kién cuia truong hop 2 tanhan —2 < x < 3.
Ma xeZ = x e {-2;,-1,0;1,2}.
Két hop véi truong hop 1 tanhan x e {-3;-2;-1,0,1;2;3} .
Vay c6 tat ca 7 s nguyén x 1a nghiém ciia bat phuong trinh.
Bét phuong trinh (x* —4(x—1))log, (—x* +4x+1) <0 ¢6 tong tat ca cac nghiém nguyén 1a?
A. 6. B. 8. C. 4. D. 10.
Loi giai
Chgn C
Taco: (x* —4(x—1))log, (—x* +4x+1) <0 < (x—2)"log, (—x* +4x+1) <0

e

X—2#0
o X#2 X#2 X#2
2 N N N .
Iogl(—x +4X+1)<0 X2 +4x+1>1 X2 +4x>0 0<x<4

e

Vi xeZ= xe{1;3} . Vay tong tat c cic nghiém nguyén bang 4

C6 bao nhiéu s6 nguyén x thoa mén
2x% —5x+ 2 2X% —5X+ 2 5
093 ———— [+log3.log| ——— | < log(2x“ —5x+2) ?
o252 s 2552 g

A. 234. B. 230. C. 288. D. 232.
Loi giai
Chon B

Tap xac dinh: D = (—oo;%j U (2;+0).

2X% —5X+ 2 2X% —5x+2 5
Taco: log,| ————  |+log3.log] ———— |<log(2x° —5x+2
o 2252, g 24572) 5.2

& log,(2x% —5x + 2) —log, 1000 + log 3[ log(2x? —5x + 2) — log 27] < log(2x* —5x + 2)
< log,(2x% —5x + 2) + log 3.log(2x* — 5x + 2) — log(2x* —5x + 2) < log;1000 + log 3.log 27
< log,(2x* —5x + 2)[1+ log? 3 - log3] < 3(log, 10 + log? 3)

3(logs 1O+Iog2 3)

3(log;10 + log® 3) s 2% _ By 42 <3 Lrlog?3-loga

1+log?3—log3
< 2x%2 —5x+2 < 27000 <> 2x> —5x — 26998 < 0

& log,(2x* —5x +2) <
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PN %(5 —3J24001) < x < %(5 +34/24001)

Két hop diéu kién ta c6 x € {-114;-113;..;;0;3;...;116;117} .

Vay ¢6 230 sé nguyén x théa mén.

Cau 13: Co bao nhiéu sé nguyén x nhé hon 2022 thoa man (Iogi x—3.log, X+ 2),/16 - (0’5)2X >0.

A. 2020. B. 2021. C. 2022. D. 2023.
Loi gidi
Chon A
2X
\ - > X>-2
bieéu kién: {16 (0’5) =0 = { < x>0
X >0 x>0

16-(0,5) =0 (1)

Taco (log? x—3.10g, x +2)4/16 —(0,5)* >0 <
( 2 ? ) (03) Iogix—S.Iogzx+220(2)

Phuong trinh (1) < (0,5)2)( =16 < 2X = -4 < X = —2 (khong théa man)

. log, x<1 X<2
Phuong trinh (2) < = .
log, x>2 X4
Két hop véi diéu kién, ta c6 cac gia tri nguyén thoa mén trong truong hop nay la
x € {12} U{4;5;6;....2021} .

Vay ¢6 2020 s6 nguyén x thoa mén dé bai.

" . . X2 —4 x> —4
Cau 14: Co6 bao nhiéu so nguyén X thoa man log, NTH <log, T ?

A. 68. B. 34. C. 63. D. 33.
Loi giai

Chon A

s 2 X< -2
bicu kién: X -4>0< .

X>2

Ta co: Iogz(x2 —4)—4I0923< Iog?,(x2 —4)—4Iog32
Iogz(x2—4)

log, 3

—log, 2
> 03 ]

<:>Iogz(x2—4)—4I0923< —4log, 2

1
< log, (x2 —4)(1— log;2) < 4{|Og

3
1+log;2

log, 2
o x2-4<6* < -10/13 < x <1013
2<x<10\/173
~104/13 < x < -2

Tir d6 suy ra c6 68 s6 nguyén X thoa man.

<:>Iogz(x2—4)<4 <:>Iogz(x2—4)<4logz6

Két hop diéu kién ta duoc: < [

10| Bién soan: Phan Nhat Linh
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Céu 15:

Cau 16:

Cau 17;

C6 bao nhiéu s6 nguyén x théa méan (\/ ge-x —1)(Iog3 x—3)<0?

A 6. B. 4. C.7. D. 5.
Loi giai
Chon B

. x?-16 _ 2_16>
Pidu kién: {2 120@{’( 1620 Lo x<4.

x>0 x>0

Trudng hep 1: Xét x =4 thoa man dé bai.
Truomg hop 2: Xét 0< x<4,taco V2" —1>0. Khi dé

( /216_x2 —1J(Iogsx_3)£0 < log;x-3<0< x<27

Két hop v6i diéu kién x € Z, 0< X <4 ta c6 trudng hop nay cac gid tri X thoa méan yéu cau bai
toanla x e {1;2;3} . Vay xe {1; 2;3;4} nén cd 4 giatri X thoa man yéu cau bai toan.

S6 nghiém nguyén cia bat phuong trinh (3X +307% 246) 5-In(x+3)>0 la

A. 144, B. 145. C. 146. D. 147.
Loi giai
Chon B
Ta co:
5-In(x+3)=0 x+3=¢e’ (ktm)

(3" +3°* ~246)\5-In(x+3) 20| [5-In(x+3)>0 | [-3<x<e®-3
3+37¥-246>0 | [37-2463"+3°20

-3<x<e’-3 [ 3<x<ef-3
-3<x<1
<4/3<3 <9l x<1 =4 5
5<x<e’-3
3% >243 X253

Vi X € Z nén ta dugc sé nghiém nguyén cua bat phuong trinh 13 145.

Tim tat ca gia tri cua tham s6 m dé bat phuong trinh Iog(2x2 +3) > Iog(x2 + mx +1) cl tap

nghiém la R .

A —2<m<2. B. m<22. C.-2J2<m<2J2. D.m<2.
Loi giai

Chon A

Ta co: Iog(2x2 +3) > Iog(x2 +mx +1)

(*)

X2 +mx+1>0 x> +mx+1>0(1)
o

2x* +3> x> +mx+1  [x*-mx+2>0(2)
Dé bit phuuong trinh Iog(2x2 +3)> Iog(x2 +mX +1) c6 tap nghiém 1a R thi hé (*) co tap
Ay =m?—-4<0
A,=m?-8<0

nghiém R <:>{ & -2<m<2.

Bién soan: Phan Nhat Linh | 11
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Céu 18:

Cau 19:

Céau 20:

Bét phuong trinh [Iog(x2 - X) —log(3- X)}(SX _3¢ ) >0 ¢6 tap nghiém khong la tip con cua

tap nao trong cac tap hop sau day?

A. (—3; 7) : B. (—3; +oo). C. (—oo; —5). D. (—oo; 0).
Loi giai
Chon C
) X<-1
Piéu kién xdc dinh: {X x>0 {x>0 @{X<_1
3-x>0 0<x<3

Truwong hop 1:
x>1

< 9| x<=3 (V0 nghiém)

|09(X2+X)—|09(3—X)>0 X2+x>3-x [x*+2x-3>0 {
SN SN
X2 —x<0

3X_3X2>O O<x<1

Trwong hop 2:

-3 1
|09(X2+X)—|09(3—X)<0 x> +x<3-x [x*+2x-3<0 e
o o o {x>1 < xe(-3,0)

X < X° X2 —x>0

33" <0 < <0
Két hop véi dicu kién ta duge x e (-3; -1).
Vay tap nghiém clia bat phuong trinh 1a S =(-3;—1). Ta thdy S khong la tap con cia tép hop
(—oo; — 5) .
C6 bao nhiéu s6 nguyén duong y sao cho tng véi mdi y cd khéng qua 5 s nguyén x thoa
man (3y—3x)(lnx—1) >0
A. 2181. B. 2183. C. 2179. D. 2187.
Loi giai
Chon D
Diéu kién xac dinh: x >0
3y-3>0 {3y > 3 {Iog33y > X {1+ log, y > X
= = =

=e<x<l+logyy
Inx-1>0 Inx>1 X>e X>e

Truwong hep 1: {

Yéu cau bai toan=>1+log, y <8 < y <3’

_ QX X log. 3y < X 1+lo <X
3y 3 <O:>{3y<3 :{ 939y :{ 9sY :>1+|093y<X<e

Truomg hop 2 {Inx—1<0 Inx<1  |[x<e X<e

Yéu cau bai toan=>1+log, y >0 < y>3!

Tir, va yéu cdu Yy nguyén duong ta co: 3 <y<3" = ¢6 2187 s6 y théa man.
C6 bao nhiéu s nguyén x thoa mén

(4log(x+3) _5.2|og(x+3) + 4)\/|ng+3()(2 _ X)—l <0?

A. 94, B. 95. C. 98. D. 97.
Loi giai

Chon A

12| Bién soan: Phan Nhat Linh
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Céau 21;

Cau 22:

biéu kién:

X>-3
X% -2
{x>—3
- -2
0<x+3#1 X <0 X#
_ < _
2 x>0 - _x>1 - Xx<0 - 2<x<-1
, T, 2y 350 Xx>1 X>3
_y)_ Xc=2x-3>
Iogx+3(x x) 120 { o ew<o1
X>-2
X>3
x> —2x-3<0
i X< -2

V&d@uk@nﬁ&hbapmxmgumm(MW“”W—sﬂw““ﬁuﬁngHJX?—Q—aso

4Iog(x+3)_5.2Iog(x+3)_i_4So 1S2|Og(x+3)§4 —2<x<97
& ) <, & x=-1 & -2<x<L97
Iogx+3(x —x)—1:o X*—=2x-3=0 x=3
-2<x<-1
Cah . 3<x<97
So véi dicu kiéntaco: {| x>3 &
-2<x<-1
—2<x<97

Céc s6 nguyén thoa min yéu cu bai toan gom: —1;3;4;5;...;97

Vay ¢6 96 s6 nguyén thoa yéu cau bai toan.

X —
Tap nghiém cua bat phuong trinh log, (3X —1).|og1 (316 1} < % la
4

A. (0;1]U[2;+ ). B. (32). C. [12]. D. (—o0;1]u[2;+ ).
Loi giai

Chon A

Diéu kién x4c dinh 3* >1< x>0

Khi d6 bat phuong trinh da cho twong duong véi

—Iog4(3x —1).[Iog4(3X —1)—Iog416J s% (1), dat t= Iog4(3X —1) (teR)

3 ) 3
o, 3 t22 |logy(3-1)=2 o 4.5 res2
(1) tr¢ thanh —t*+2t-=<0 < ) o o

1 3¥_1<2 x<1
X =
log, (3 —1) < >
Két hop diéu kién suy ra tap nghiém cua bat phuong trinh 1a (0;1] U[2;+ ).
C6 bao nhiéu s nguyén x thoa mén bat phuong trinh (Iogg X —log, X3 + 2)\/32 -2">07?
A. 3. B. 4. C.5. D. 6.
Loi giai
Chon B
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Céu 23:

Céau 24:

x>0
32-2¥=0
(Ioggx—logzx3+2)\/32—2X >0 < x>0
32-2">0
| [logs x—log,x*+220
[ x=5
i Xx=5
X=5
x>0 x>0
=4 = < |0<x<2
X<5 X<5
4<x<5
| [log3 x —3log, x+2>0 log, x <1
log, x>2

Vay c6 bon gié tri nguyén ciia x thoa man.

C6 bao nhiéu s6 nguyén x thoa man (—Iogg X+5log, x + 6)«/3— logs x >07?

A. 64. B. 9. C. 65. D. 8.
Loi giai
Chon C
(—Iog% x+5|ogzx+6),/3—logSX >0 (1)
logs x =3 x =125 X0:125 ” x =125
logs x <3 < | [logsx <3 <x<1
2 1 —<x<64
—log; x+5log, x+6>0 -1<log, x<6 E§x§64 2
Suy ra cd 65 s6 nguyén x thoa man.
Cho bao nhiéu s6 nguyén duong m dé bat phuwong trinh
2
log, EX Xt1 o iox—m c6 nghiém
4X°=X+4-m
Al B. 3. C. 2. D. 4.
Loi giai
Chon A
2
Taco log, 3x X1 o ox—m
4x°—=X+4—-m
2
< log, zx x+1 <4x2—x+4—m—3(2x2—x+1)—1
4xX°—=x+4-m

=N Iog3[3(2x2 —x+1)}+3(2x2 —x+1)< Iog3(4x2 —x+4—m)+4x2—x+4—m

Xétham f(t)=t+logst co f (t) =l+ﬁ >0 nén dong bién trén (0;+20)
n

Do do: f[3(2x2—x+1)}< f(4x2—x+4—m)<:>[3(2x2—x+1)}<4x2—x+4—m

e m<=2x2 +2x+1

Bét phuong trinh v nghiém <> m > —2x* +2x+1,VxeR

14| Bién soan: Phan Nhat Linh
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Ta co: Max(—Zx2 +2X +1) _3 =m> Max(—2x2 +2X +1) _3
2 2
Viy bét phuong trinh c6 nghiém khi m < g
Cau 25: S6 nghiém nguyén cua bat phuong trinh 1/2logz(x+ 2) - Iogz(ZX2 —1) X +1 la
A. 5. B. 6. C.7.
Loi giai
Chon B
X>-2
X>-2 ~ \/_
2
X+2>0 x/§ X>—
X>— 2
‘ 2x2-1>0 2 J2 x>1
Diéu kién: = SHx<——< )
: |ng(X+2)ZO X<——2 L 2 |:X:—1
lo (2x2—1)>0 2 x>-1
9 = X+2>1 i
) x>1
2x°-1>1
| x<-1

Taco x =—11a mot nghiém cta bat phuong trinh da cho.

Véi x 21, bt phuong trinh y/2log, (X +2) —, /Iogz(ZX2 —1) >(x+1)(x-

<:>\/Iog2(x+2)2 —\/Iogz(2x2—1)2x2—4x—5<:>\/log2(x+2)2 —\/|ng(2X2 1)2(2x —1)—<x2+

=N \/Iogz(xz +4x+4) +(x2 +4x+4) > |ng(2X2 —1) +(2x2 —1) (*)

2
Uu=Xx"+4x+4
bat { , khi d6 (*) c6 dang /log,u +u >/log,Vv +V.

v=2x*-1

log, t)

(log,t) +1= L
2|/log, t 2t.In2.,/log, t
bién trén khoang (1+o0), do d6 bpt 4/log,u +u > \flog,V +Vv < u=v.

Khi dé x? +4x+4>2x* -1 x? —4x-5<0< -1<x<5.
Két hop véi diéu kién ta 61 X=-1U1<x<5.Vi xeZ nén xe{-11,2;3;4;5} .

CAau 26: C6 bao nhiéu sé nguyén x thod man ,/2log;(x+2) Jlog3 2x° —1 (x+1)( )?

Xét ham s6 f () =4/log,t +t co f'(t) =

+1>0 nén ham sb dong

A. 8. B. 7. D.5.
LO’lglal
Chon B
X+2>1 X>—
PKXD: = <:>X21:>D:[1;+oo)
2x2 -1>1 X< —

Taco 2Iog3 x+2 ,/Iog3 2x% — (x+1)(

=N \/Iog3(x2 +4x+4) +(x2 +4X+ 4) > Iog3(2x2 —1) +(2x2 —1)

Bién soan: Phan Nhat Linh | 15
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bat f(t)=4/logst +t, vt=1= f'(t)= ! +1>0, Vt>1

tIn3 2\/@

Suy ra f(t) dong bién trén (1;+o)
Suy ra f(x2+4x+4)2 f(2x2—1)<:>x2+4x+422x2—1<:>—1£x£5
Viy c6 7 sbnguyén x thoa man.

Cau27: C6 bao nhidu cap sd nguyén duong (ab) , trong d6 a,be[1;2022] théa min
b

2a ¥ _(a+2°)
> 252 | 9
a+ 2b - 2b+l
A. 5. B. 9. C. 10. D. 11.
Loi gidi

) =5 (5) =

Chon C

Pit x=a;y =2" taco( ]
X+ Y

Xét ham f (x;y) = [ ] (
X+Yy X+Yy

Khi x=y= f(x;y)=1

X
X+ (x+ y)

y
2 _ 4xy2 o
X+Yy (x+y)

Vay, f(xy)21le f(xy)=lox=y<a=2"
Trén doan a,b e[l; 2022]:> 2® <2022 =b<11

Vay, ¢6 10 gia tri ctia b, va cd 10 gia tri cia a nén co 10 cap (a;b) thoa man.

Ty
4 X
Y j —( al J <1*=1(4xy < x> + y?)
Ty
y

G1asux>y:>f(xy)<( j (

y
Gia su x<y:>f(x;y)<[ 2x ] :
X+Yy
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DANG a TINH TiCH PHAN
—

IYYY «iEN THGC CAN NHO

Cong thirc tinh tich phan

b
j f(x)dx = F(X)|2 = F(b) - F(a).

b b
Nhan xét: Tich phan cta ham sé f tira dén b co thé ki hiéu boi j f (x)dx hay j f (t)dt. Tich phan d6 chi
a a

phu thudc vao f va cac can a, b ma khong phu thudc vao cach ghi bién sb.
Tinh chét caa tich phan
Gia st cho hai ham sb f (x) va g(x) lién tuc trén K,a,b,c laba s6 bat ky thudc K . Khi d6 ta c6:

a b a
1. If(x)dx:o 2. jf(x)dx:-jf(x)dx.
a a b
b c b b b b
3 jf(x)dx:jf(x)dm[f(x)dx 4. j[f(xﬁg(x)]dx:jf(x)dxijg(x)dx.
z a . C a a ba
5, j kf (x)dx:k.j f (x)dx. 6. Néu f(x)=0,vxe[a;b] thi: j f (x)dx > 0vx [a;b]
a a . . a
7.Néu Wxe[ab]; f(x) > g(x):jf(x)dxzjg(x)dx.

b
8.Néu wxe[ab] ma M < f(x)<Nthi M(b—a)<[f()dx<N(b-a).
a

Phwong phap tinh tich phan
1. Phwong phap doi bién
Phwong phap d6i bién sé dang 1:
Dinh ly:
= Ham x=u(t) c6 dao ham lién tuc trén [c; S]
= Hamhop f(u(t)) dugc xac dinh trén [o; B],

* u(@)=au(p)=b
b B
Khi do: | = j f (x)dx = j f (u()u'(t)dt .

Phwong phap chung
= Budc 1: Dat x=u(t)
=  Buwdc 2: Tinh vi phan hai vé& : x =u(t) = dx = u'(t)dt

x=b |t=p
=

Ddi can:
X=a =«

= Buwéc 3: Chuyén tich phan di cho sang tich phén theo bién t
Bién soan: Phan Nhat Linh | 1
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b B B
Vay: | =jf(x)dx:jf[u(t)]u'(t)dt:jg(t)dt =G(t)"j=G(,B)—G(a)

Phuong phap déi bién dang 2

Pinh Iy

Néu ham s6 u=u(x) don diéu va c6 dao ham lién tuc trén doan [a;b] sao cho
b u(b)

f (x)dx = g (u(x))u'(x)dx = g (u)du thi: 1 = j f (x)dx = j g(u)du .
a u(a)

Phwong phap chung
* Buwdée 1: Bat u=u(x) = du =u (x)dx

" .. . |x=b |u=u(b)
= Bwéc 2: D61 can:
x=a |u=u(a)
=  Buwéc 3: Chuyén tich phan da cho sang tich phén theo u
b b u(b)
Vay: | = I f (x)dx :Jg [u(x) Ju'(x)dx = I g(u)du
a a u(a)

2. Phwong phap tich phan tirng phan
Pinh Iy

» Néuu (x) va v(x) la cac ham s6 co dao ham lién tuc trén [a;b] thi:

b

j.u(x)v'(x)dx = (u(x)v(x))

a

b b ' b
a—J.v(x)u (x)dx Hay judv =uv
a

a

Z —Tvdu

a

Phwong phap chung
= Buéc 1: Viét f(x)dx dudi dang udv=uvdx bang cach chon mot phan thich hop ciia f (x)

lam u(x) va phan con lai dv =Vv'(x)dx

= Budc 2: Tinh du=u'dx va V:Idv :Iv'(x)dx

b
b
=  Budc 3: Tinh Ivu '(x)dx va uv
a
a

Céch dat u va dv trong phuong phap tich phan timg phan.

bat u theo thir tu vu tién: b b b b
“nhat Loga, nhi Da, tam J.P(x)exdx IP(X) In xdx IP(x) cos xdx _[ex cos xdx
Lwong, tir Mit” a a a a
u P(x) In x P(X) e
dv e*dx P(x)dx cos xdx cos xdx
Chay:

Nén chon u 13 phan cua f (x) ma khi ldy dao ham thi don gian, chon dv=Vv'dx 1a phan cua

f (x)dx 1a vi phdn mot ham sb da biét hodc c6 nguyén ham dé tim.
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IS BAI TAP TRONG DE MINH HOA

Cau 40 — Pé tham khio 2023. Cho ham s6 f (x) lién tyc trén R . Goi F(x),G(x) la hai nguyén ham

2
cua f(x) trén R thoaman F(4)+G(4)=4 va F(0)+G(0)=1.Khido6 J.f(ZX)dX bang
0

A. 3. B. E C.6. D. E
4 2
& Loi giai
Chon D
Taco: G(x)=F(x)+C
{F(4)+G(4):4®{2F(4)+C:4©F(4)_F(O)=§.
FO0)+G(0)=1  |2F(0)+C =1 2
Vay: i f (2x)dx :j f(x)dx=F(4)-F(0) = g

IS  BAITAP TUONG TU VA PHAT TRIEN

Céu 1:

Cau 2:

Céau 3;

Cau 4:

Cau 5:

Cho ham s6 f(X) lién tuc trén R. Goi F(x),G(x) 1 hai nguyén ham ciia f(x) trén R thoa
3

mén F (9)+G(9)=19,F (0)+G(0) =3. Khi dé tich phan | = [ f (3x)dx bing:
0

A 4. B.l. C.g. D. 2.
2 3

Cho ham s f(x) c6 dao ham la f'(x)=8x%+sinx, vYxeR va f(0)=3. Biét F(x) la mot
nguyén ham ctia ham f (x) théa manF(0)=2, khi d6 F(1) bing

A. gJrcosl. B. §—cosl. C. g—sinl. D. 2+sin1.
5 5 5 5

Cho ham s6 f(x) lién tuc trén R . Goi F(x),G(x) la hai nguyén ham cua f(x) trén R thoa
3

mén F(7)+2G(7)=8 va F(1)+2G(1)=2.Khido [ f (2x+1)dx bing
0

A 6. B. 4. C. 1. D. 3.

Cho ham s f (x) xac dinh trén R\ {0} thoa man f'(X):X—_;l, f(-1)=1va f(1)=-1.Gia
X

tri ctia biéu thie f(-2)+ f(4) bang
6In2+3 8In2+3

A. 3In2+l. B. ) C. . D. 3In2—z.
4 4 4 4

Cho ham s6 f () lién tuc trén R . Goi F(x),G(x) la hai nguyén ham cta f(x) trén R thoa

f (Inx)
2X

dx.

mén 2F (0)-G(0) =1, F(2)-2G(2)=4 va F(1)-G(1)=-1. Tinh f
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Cau 6:

Cau7:

Cau 8:

Cau 9:

Céau 10:

Cau 11:

Céau 12:

Cau 13:

A 2. B. 4. C. -6. D. -8.

Biét F(x) lamot nguyén ham ciiahamso f (x)=xsinx théaman F(z) =2z . Tinh gia tri cua
biéu thuc T =2F (0)-8F (27).

A . T=10r. B.T=4r. C.T=8r. D.T=6x.

Cho ham s6 f () lién tuc trén R . Goi F(x),G(x) la hai nguyén ham cua f(x) trén R thoa

2
mén 3F (8)+G(8)=9 va 3F (0)+G(0)=3. Khidé [ f(4x)dx bing
0

A. 3. B. % C.6. D.

| w

Cho F(x) 1a mot nguyén ham cta ham sé y = vOi VX e R\{—% +kz, ke Z}. Biét

1+sin2x

F(0)=1va F(z)=0. Tinh gia trj ctia biéu thirc P = F(_%j_p(%).
A P=2-18. B.P=0. C.P=-1. D. P=1.

Cho ham so f(x) lién tuc trén R . Goi F(x), G(x) la hai nguyén ham cta f(x) trén R thoa

1
man F(3)+G(3)=6 va F(0)+G(0)=2.Khido [ f(3x)dx bing
0
A 2. B.g. C.i. D. 4.
3 3
N Je , . y Xx+1 3. 3
Cho ham soy = f (x)xac dinh R\{0} thoa man f’(X):—z,f(—Z)zava f(2):2ln2—5
X
Tinh gia trj biéu thic f (~1)+ f (4) bang.
A 6In2—3. B. 6In2+3. C. 8In2+3l D 8In2—3.
4 4 4 4

Cho ham s6 y=f(x)  xac dinh R\{-2,2} thoa  min

£(X) = < 1(=3)+ 1(3)= f()+ f (1) 2.Tinh gid i biéu thite 1 (~4)+ 1 (0)+ £ (4)
X —

bang.

A 4. B. 1. C. 3. D. 2.

Cho ham s6 f(x) lién tuc trén R . Goi F(x), G(x) la hai nguyén ham cta f(x) trén R thoa
NG

mén F(2)+G(2)=5 va F(0)+G(0)=1. Khido | = [ xf (x?)dx bing
0

A 2. B. 4. C. 3. D. 1.

Cho hams6 f(x) lién tuc trén R . Goi F(x),G(x),H (x) labanguyén ham cua f(x) trén R

2
thoa mén F (8)+G(8)+H (8)=4 va F(0)+G(0)+ H(0)=1.Khidé [ f(4x)dx bing
0

4| Bién soan: Phan Nhat Linh
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Céu 14:

Céu 15:

Céu 16:

Cau 17:

Céau 18:

Céau 19:

Céau 20:

Céau 21:

A. 3. B. l C.6. D. §
4 2
Cho ham sb f (x) lién tuc trén R . Goi F(x), G(x), H(x) 1a ba nguyén ham cua f(x) trén

R thoa mdn F(3)+G(3)+H(3)=4 va F(0)+G(0)+H (0)=1.Khidé [ f(3x)dx bing

Al B. 3. C. D.

Wl o—e—

w| o

. . 1 o 2
Goi F(x) 1a mot nguyén ham ciia hamso f (x)=(2x— 3)2 théa F(0) = 3 Tinh gia tri ctia biéu

thire T = log, [3F (1) - 2F (2)].
AT=4, B.T=2. C. T =10. D.T=-4.
Cho ham s f(x) lién tuc trén R . Goi F(x), G(x) la hai nguyén ham ciia f (x) trén R thoa

1
mén 2F (3)-G(3)=4 va 2F (0)-G(0)=1. Khido [ f (3x)dx bng
0

Al B.%. C. 3. D.

N | w

2x—4 khi x> 4

Chohamsb f(x)=11 3

. Tich phan |2 f(2sin? x +3)sin2xdx bin
7 —x2+x khix<4 P J‘0 ( ) s

A B. 21 c. 2 D.8.
48 96 3

. 2
Cho ham s0 f(Xx) c6 dao ham lién tuc trén doan [0;2] va thoa man f(2) :16,J0 f(x)dx=4.
1
Tinh tich phan | = jo x. F/(2x)dx .

A 1=12. B.1=7. C. 1=13. D.1=20.

Cho ham s6 f (x) lién tuc trén R . Goi F(x),G(X) 1a hai nguyén ham ciia ham sé f (x) trén

T

2
R théaman F(1)+G(1)=-2 va F(-1)+G(-1)=0. Tinh I[sinx—Zsin 2x f (cost)]dx.
0

A 2. B. -2. C. 3. D. -1.

Cho ham s f(X) lién tuc trén R . Goi F(X), G(X) 1a hai nguyén ham cia f (x) trén R thoa
man F(5)+G(5)=10 va F(1)+G(1)=2.Khidé [ f (2x+1)dx bing

D. 4.

WP oce—mn

A 2. B. 2. C.
3
1 3
Cho ham s6 f(x) liéen tuc trén R va [f(x)dx=6; [f(x)dx=4 . Tinh tich phan
0 1
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Cau 22:

Céu 23:

Cau 24:

Céau 25:

Céau 26:

Céau 27:

1

| = J f(|2x-1])dx.

-1

A 1=3, B. 1=8. C.1-14. D.1=6.
2024 6064
Cho ham 6 f(x) lién twe tren R va ¢ [ f(x)dx=8, [ f(x)dx=10 . Tinh
0 0
2022
1= [ f(j2x-2020])x
—2022
A 1=18. B.1=2. C.1=9. D. 1=5.

1
Tinh tich cac gia tri ciia s6 thue m dé tich phan | = I |2X — m|dx =2.

0
A. 6. B. -3. C. 2. D. 4.

3 5
Cho ham sb y= f(x) lién tuc trén R va co If(x)dX:18, If(x)dx=3. Gia tri cua
0 0

1
I f (|4X—1|)dx bang
-1

N .2 o 05
4 4 4
Cho ham s6 f(X) lién tyc trén R, d6 thi ham s0 y = f (x) di qua diém A(L0) va nhan diém
3
1(2;2) 1am tam d6i xtng. Gia trj clia Ix(x— 2)[ f(x)+ f'(X)]dx bang
1

AL B. -2, c. 3 D,

3 3

w | ©

Cho ham s6 f () c6 dao ham lién tuc trén R thoa:

f(x)=x —3x+2ij (x) f'(x)dx, ¥x € R. Tim gia tri thuc duong cua a dé joa f (x)dx :ga

A.g. B.§. C.l. D. 2.
2 2 2
Cho ham sb f(x) nhan gia tri duong, c6 dao ham lién tuc trén [0;2]. Biét f(0)=1va
2(x3-3x2) f'(x
f(x)f(2—x):ezxz‘4x v6i moi x €[0;2]. Tinh tich phéan | :J( f )) ( )dx
X
0
A. |=—E. B. |=—g. C. |=—E. D. |=—E.
3 5 5 3

6| Bién soan: Phan Nhat Linh
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Céu 28:

Cau 29:

Céau 30:

Cau 31:

Céau 32:

Céau 33:

1
Cho ham s6 y = f (x) lién tuc trén doan [~1;1] va thoa man f (x) +2 :%j(x 1) (t)dt voi
-1

1
wxe[-1;1]. Khidé | = [ f(x)dx bing

-1

B

Al =3 =4 C.l=2 D.I=1

Cho ham s6 y = f(x) c6 dao ham khong am trén [0;1], thoa man f(x) >0 vdi moi X e [0;1]

va [fOoL [ f '(x)]z(x2 +1)2 —1+[f()]*. Néu f(0)=+/3 thi gia tri f() thuoc khoang nao

sau day?
A. 3;Z . B. 2;E . C. E;3 : D. E;2 .
2 2 2 2
. . f(x) |
Cho ham so0 f(x)>0 c6 dao ham lién tyc trén R , thoa méan (x+1)f'(x)= 5 va
X+

2
f(o):['n?zj . Giatrj f(3) bang
A. 2(4In2-In5)*.  B. %(4In2—|n5)2. C. 4(4In2-In5)°.  D. %(4In2—|n5)2.
Cho y = f(x) la ham da thirc ¢6 cac hé sé nguyén. Biét 5f (X)—(f’(x))2 =x?+x+4,VxeR
1
Tinh | f(x)dx.
0

3 11

A —. B.i. C. D. —.
2 3 6

Cho ham sb y= f(x) co dao ham trén R dong thoi thoa min dang thuc sau

o | o

3
4xf(x2)+2f(2x+1):4x5+8x3+10x2+30x+12—xf’(x),VXER Gia tri cua If(x)dx
0

bang
A. 10. B. -1. C. 27. D. 1.
Cho ham sé f(x)=x+ax*+bx+c véi a , b , c la cic sb thuc. Dat

1
. —f
g(x)=f(x)+ f'(x)+ f"(x), bict g(0)=2, g(1)=6, tinh tich phan ILX(X)dx
e
0

A 2. B.6. C. 2. D. 4.
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Céu 1:

Cau 2:

Cau 3:

PAP AN CHI TIET

Cho ham sé f(x) lién tuc trén R. Goi F(x),G(x) la hai nguyén ham cua f(x) trén R thoa
3

mén F (9)+G(9)=19,F (0)+ G (0) =3. Khi dé tich phan | = [ f (3x)dx bing:
0

A 4. B.%. C.§. D. 2.

Chon C
9 9

Tace: [ 1(x)ax=F (X)| =F(9)-F(0)

0 0

f(x)dx:G(X)lzze(Q)—G(O)

O Ly, ©

=2

'.—.‘@

f(x)dx=[F(9)+G(9)]-[F(0)+G(0)]= 16:[ X)dx =8

(=39 1% 1. 8
f(3x)ax = =[f(t)dt==.8=2.
(3x)dx [f() 38=3

o'—.m o

Cho ham s f(x) c6 dao ham la f'(x)=8x>+sinx, ¥xe R va f(0)=3. Biét F(x) la mot
nguyén ham ctia ham f (x) théa manF(0)=2, khi d6 F(1) béing

A. gJrcosl. B. g—cosl C. g—sml D. 2+sin1.
5 5 5 5
Loi giai
Chon C
Tacd f jf ISX +S|nx)dx 2x* —cosx+C.

Ma f(0)=3 nénsuyra: 3=-1+C < C=4= f(x)=2x"—cosx+4,

Ta co: F(x)zjf(x)dx=_[(2x4—cosx+4)dx=§x5—sinx+4x+c.

Ma F(0)=2 nénsuyra: C=2= F(x):§x5—sinx+4x+2.

Vay F(l):3—52—sin1.

Cho ham sé f(x) lién tuc trén R . Goi F(x),G(x) Ia hai nguyén ham cta f(x) trén R thoa
man F(7)+2G(7)=8 va F(1)+2G(1)=2.Khidoé jf(2x+1)dx bang

A. 6. B. 4. C.l.0 D. 3.

Loi giai
Chon C

8| Bién soan: Phan Nhat Linh
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Céu 4:

Cau 5:

ViF(x),G(x) la hai nguyén ham cta f(x) trén R nén ton tai hing s6 C théa man diéu kién

G(x)=F(x)+C,VxeR.

Suy ra G(7)-G(1) = F(7)- F(1).

Theo gia thict ta co:
F(7)-F(1)+2[G(7)-G(1)|=6<=3[F(7)-F(1)|=6 < F(7)-F(1)=2.

3
XetI (2x+1)d
0

bat 2x+1:t:>dx=%dt

Poican: x=0=t=1
X=3=>t=7
7

Khi d6 if(2x+1)dx:%j f(t)dt :%[FU)— F(1)]=1.

X+1

Cho ham s6 f(x) xéc dinh trén R\ {0} théa man f'(x)=—~, f(-1)=1va f(1)=-1.Gia
X
tri ctia biéu thire f(-2)+ f (4) béing
A 3In2+1, g 8In2+3 c, 8in2+3 D. 3In2— .
4 4 4 4
Léi gidi
Chon A

Co f(x)=[ f'(x)ax _J.—dx In|x|——+C

In(—x)—leC1 khi x <0
= f(x)= X

Inx—1+C2 khi x>0
X

Do f(-1)=1=In1+1+C,=1=C; =0
Do f(1)=-1=In1-14+C,=-1=C, =0

In(—x)—1 khi x <0
Nhu véy, f(x)= . X
Inx—-= khi x>0
X

1

1 1
Vay f(-2)+f(4)=| =+In2 In4—=1=3In2+-.
iy 1(2) s £(a)=[3em2)+(ma-1 |32+
Cho ham s6 f () lién tuc trén R . Goi F(x),G(x) la hai nguyén ham cta f(x) trén R thoa

(In X)dx

man 2F (0)-G(0)=1, F(2)-2G(2)=4 va F(1)-G(1)=-1. Tinh j

A. 2. B. —4. C. -6. D. -8.
Loi giai
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Chon B
Taco: G(x)=F(x)+C

2F(0)-G(0)=1  (F(0)-C=1 F0)=2
F(2)-2G(2)=4<<-F(2)-2C=4<{F(2)=-6.
F(1)-G(1)=-1 (C=1 c=1

Cau6: Biét F(x) lamot nguyén ham cuahamsé f(x)=xsinx théamén F(z) =2 . Tinh gia tri ciia
biéu thuc T =2F (0)-8F (27).
A T=10x. B.T=4r. C.T=8x. D.T=6x.
Loi gidi
Chon A

_ ju=x du = dx
bat . = .
dv =sin xdx V = —CO0S X

Theo cong thirc tinh nguyén ham ting phan ta co:

jxsinxdx:—xcosx+jcosxdx:—xcosx+sinx+C.
Theo gid thiét F(7)=27=>7z+C=27r<C=r.
Suy ra: F(x)=—-xcosx+sinx+z =T =2F(0)-8F(2z)=107.

Cau7: Chohamsd f(x) lién tuc trén R . Goi F(x),G(x) la hai nguyén ham ctia f (x) trén R thoa

2
mén 3F (8)+G(8) =9 va 3F (0)+G(0)=3. Khido [ f(4x)dx bing
0

A. 3. B. % C.6. D.

oo | W

Loi giai
Chon D
Taco: G(x)=F(x)+C

{3F(8)+G(8):9©{4F(8)+C:9

3F(0)+G(0)=3  |4F(0

~
+
O
Il
w

Vay:

‘ 1 F(8)-F(0) 3
!f(4x)dx:zlf(x)dx:T:§.

Cau8: Cho F(x) la mot nguyén ham clia ham sb y = voi VX e R\{—% +kr, ke Z}. Biét

1+sin2x

F(0)=1va F(z)=0. Tinh gi4 trj ciia biu thirc P = F [_%j_ F(%)
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Cau 9:

Céau 10:

A. P=2-.3. B. P=0. C.P=-1. D. P=1.
Loi giai

Chon D

Taco: y= 1 = 1 = 1

1+sin2x  (sinx+cosx)’  pain?[ x4 % |
4
Khi do:

| —%cot(x+%)+€l khi XE(—STﬂ+k27Z';—%+ k27rj
F(x)=[—F—= (keZ).

23in2(x +”j -icot(xﬂjwz khi x e (—L kor 3, k27rj
4 2 4 4 4

Taco
1 3
{F(0)=1 IR R
= =
F()=0 1 1,6 -0 |1t
2 2
—icot(x j+1 khi x e (——+k2 __+k2ﬂj
2 2 4
:F(x): . 3 .
——cot(x j+—kh|Xe(—£+k2 —+k27r]
2 2 4

vay: P=F[-Z o r[ 2| o[ “ Lot 3| oot/ 1 )2
12 12 2 6 2 2 6 2
Cho ham s6 f(x) lién tuc trén R . Goi F(x), G(x) la hai nguyén ham cua f(x) trén R thoa

1
mén F(3)+G(3)=6 va F(0)+G(0)=2.Khido [ f(3x)dx bing
0
4
3

A. 2 B.% C D. 4
Loi giai
Chon B
G(3)=F(3)+C
Taco: G(x)=F(x)+C=> (3)=F() :
G(0)=F(0)+C
3)+G(3)=6 [2F(3)+C=6
Khi d6 o & F(3)-F(0)=2
0)+G(0)=2 " |2F(0)+C=2
1 3
1 1 2
A% f(3x)dx==| f(x)dx==(F(3)-F(0))=—
e 100002 1 (0= 37 3)-F 0) -
N Je , . y X+1 3. 3
Cho ham so y = f (x)x4c dinh R\{0} thoa man f’(x):—z,f(—Z)ZEV& f(2):2|n2—5
X
Tinh gia trj biéu thie f (—1)+ f (4) bang.
A 6In2—3. B. 6In2+3_ C. 8In2+3. D. 8In2—3.
4 4 4 4
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Cau 11:

Loi giai
Chon C

x)=[1(x) dx—jx—”d —j(— %jdx In|x|——+C

In(x)—l+C1khix>0
= f(x)= X

In(—x)—1+C2khix<0
X
Do f(—2)=g:>|n(—(—2))—i2+cz=g:»|n2+%+czzg:>cz=1—|n2

Do f(2):2In2—§:>In(2)—1+C :2In2—§:>ln2—l+c :2In2—§:>C =In2-1
2 2 ! 2 2 1 2 1

In(x)—l+ln2—lkhix>0
Nhu vy f(x)= X

In(—x)—1+1—ln2khix<0
X

Vay ta co

f(-1)+ f(4)={In(—(—1))—_i1+1—In2}+{ln(4)—%+ln2—l}

:O+1+1—In2+2ln2—%+In2—1:2In2+§:8|n2+3

Cho ham 50 y=f(x)  xac dinh R\{-2,2} thod  man

f'(x)=— 4,f(—3)+f(3):f(—1)+f(1):2.Tinh gid tri bieu thire f(—4)+ f(0)+ f(4)
X —
bang.
A 4. B. 1. C. 3. D. 2.
Loi giai
Chon C
If I(L—inx In|x-2|-In|x+2|+C = X221 ¢
X—=2 X+2 X+2
In X;z +C, khix < -2
X+2
2—-X .
= f(x)=qIn| —= |+ C,khi-2<x<2
X+2
X — .
In| —— [+ C;khix>2
X+2
Taco
-3-2 3-2 1
f(—3):In(_3+2J+Cl:In(5)+C1;f(3) In(3+2j+C3:In(gj+C3:—ln(5)+C3
2—(-1 2-1 1
f(—l):ln( _1(+2)J+C2:In(3)+cz;f( )_In(l+2j+cz:In(§j+C2:—ln(3)+C2
Ma
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Céu 12:

Céau 13:

f(-3)+ f(3)=f(-1)+ f(1)=2<1In(5)+C, +(-In(5)+C5)=In(3)+ C, +(~In(3) + C, ) =2

C,+Cy;=2

@cl+c3=2c2=2:>{ —C,+C,+C,=3

2 =
Yéu cau bai toan

—4-2 2-0 4-2
f(-4)+ f(0)+ f(4):In(_4+2J+Cl+In(mj+C2+In(mj+c3

:In(3)+Cl+In(1)+Cz+In(%j+C3 =[In(3)=In(3)]+[C, +C, +C,]=3

Cho ham s6 f(x) lién tuc trén R . Goi F(x), G(x) la hai nguyén ham cta f(x) trén R thoa
2

mén F(2)+G(2)=5 va F(0)+G(0)=1.Khido I = [ xf (x’)dx bing
0

A. 2. B. 4. C. 3. D. 1.
Loi giai
Chon D
G(2)=F(2)+C
Taco: G(x)=F(x)+C=> (2)=F(2) .
G(0)=F(0)+C
2F(2)+C=5

)+C:1<:>F(2)—F(0)=2.

—
o

Détt=x2:>dt=2xdx:>xdx=%dt.

Péican: x=0=1t=0, x=/2=t=2.

12

Khi do: I:E_([f(t)dt:—(F(Z)—F(O)):l.
Cho hams6 f(x) lién tuc trén R . Goi F(x),G(x),H (X) labanguyén hamcua f(x) trén R

2
thoa min F (8)+G(8)+H (8)=4 va F(0)+G(0)+ H(0)=1.Khidé [ f(4x)dx bing
0

A. 3. g 1 ce 53

4 2
Loi giai

Chon B

Taco: G(x)=F(x)+C, H(x)=F(x)+C’

F(8)+G(8)+H(8)=4 [3F(8)+C+C'=4

{F(O)+G(0)+H(O)=1©{3F(o)+0+cr:1@F(S)_F(O)zl

Vay:
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2 8
If(4x)dx:%_ff(x)dx:w:£
0 0

4 4
Cau 14: Cho ham s f(x) lién tuc trén R . Goi F(x), G(x), H(x) 1 ba nguyén ham ciia f(x) trén

R thoaman F(3)+G(3)+H(3)=4 va F(0)+G(0)+H(0)=1.Khidé [ f(3x)dx bing

Al B. 3. C.§. D.

3
Loi giai

Wk ot—e—

Chon D
Tacé: F(3) H(3)— F(0)-G(0)—H(0)=3

< F(3)-F(0)+G(3)-G(0)+H(3)-H(0)=3

)
& [ f(x)dx+ [ £ (x)d+ [ F(x)ox = 3@j X)dx =1

+
®

3)+

v

+
®

1
Véy:f f(3x)dx ==

A : A 1 - 2
Cau 15: Goi F(x) 1a mét nguyén ham cuahamso f (x)=(2x— 3)2 thoa F(0) = 3 Tinh gi4 tri ctia biéu

thie T =log, [3F (1) - 2F(2)].

A T=4. B.T=2. C. T =10. D.T=-4.
Loi giai
Chon B

4
Taco: [ f(x)dx=[(2x=3) dx = [(4x? —12x+9)dx == x* —6x? +9x+C .
acoj(x)xj(x)xj(x x+)x3x X +9X+
A 1 1
Theo gia thiet: F(0) = 3~ C= 3
Suy ra: F(x)=%x3—6x2+9x+% =T =log,[ 3F (1)-2F (2)]=2.
Cau 16: Cho hamsé f(x) lién tuc trén R . Goi F(x), G(x) 1a hai nguyén ham cua f(x) trén R thoa

1
mén 2F (3)-G(3)=4 va 2F (0)-G(0)=1. Khido [ f (3x)dx bng
0

Al B.%. C. 3. D.

N | w

Loi gidi
Chon A
Taco: 2F(3)-G(3)-[2F(0)-G(0)]=3
=2[F(3)-F(0)]-[6(3)-G(0)]=3
14| Bién soan: Phan Nhat Linh
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3 3

<:>2J3.f(x)dx—J.f(x)dx:3<:>If(x)dx:3

0

1 13 13
Lai co: [ f(3x)dx =2 [ f(t)dt =2 f (x)dx.
0 30 30
1
Véy:f f(3x)dx =1.
0
2x—4 khi x> 4 .

Cau 17: Chohamsd f(x)=11

. Tich phan |2 f(2sin?x+3)sin2xdx bin
Zx3—x2+x khi x < 4 P J‘0 ( ) 8

A2 B. 2L c. 2 D. 8.
48 96 3
Loi giai
Chon B
Taco

lim f(x)= lim (2x—4)=4; lim f(x)= lim (1x3—x2+x):4;f(4)=4

x—4* x—4* X—4~ X—4~

= lim f(x)= lim f(x)=f(4)

x—4* X—4

Nén ham s6 da cho lién tuc tai x = 4
Xét | :IE f (25in2x+3)sin2xdx
0

Pat 2sin®x+3=t=sin 2xdx:%dt
Véi x=0=1t=3
x:£:>t:5
2
(Sl 1S 141 15 341
:>|_Lf(t)zdt_2j3f(t)dt_2j3(4t t+tjdt+2L(2t 4yt ="

. 2
Cau 18: Cho ham s6 f(x) c6 dao ham lién tyc trén doan [0;2] va thoa man f(2) =16,J-0 f(x)dx=4.

1
Tinh tich phan | = jo x. £/(2x)dx .
A 1=12. B.1=7. C. 1 =13. D. 1 =20.
Loi giai
Chon B
Pit t =2x = dt = 2dx. Pdican: x=0=t=0va x=1=t=2,

A _ 1 2 !
Vay | _Zjotf (t)dt.

u=t du =dt
Dit . = ,
dv=f (t)dt [v=Tf(t)

2 2
khi 6 41 =[tf (]2 —jo f (t)dt =2f(2)—'[0 f(x)dx=32-4=28=1=7.
Bién soan: Phan Nhat Linh | 15
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Cau 19:

Céau 20:

Cho ham sé f (x) lién tuc trén R . Goi F(x),G(x) 1a hai nguyén ham cta ham s f (x) trén

2
R thoa man F(1)+G(1)=-2 va F(~1)+G(~1)=0. Tih [[sinx—2sin2x f (cos2x)]dx.
0

A 2. B. -2. C. 3. D. 1.
Loi giai

{F(1)+f(1):_2 Q{ZFWC e FO-F(-1)=-1.

2F(-1)+C =0

: D
Lai co J[sin X —2sin2x f (cost)]dx = Isin Xdx — ZJsin 2x f (cos2x)dx
0 0 0
2
:1—2Jsin 2x f (cos2x)dx.
0
2 1% 17 17 1
Ma z[sianf(cost)dx:—E'([ f (cost)d(cost):—Ei[ f (u)du :E“‘lf (u)du ==3

T

2
Vay j[sin x—2sin2x f (cos2x) |dx :1—2.[—%] =2.
0

Cho ham s f(X) lién tuc trén R . Goi F(X), G(x) l1a hai nguyén ham cua f (x) trén R thoa

2
mén F (5)+G(5)=10 va F(1)+G(1)=2. Khido [ f(2x+1)dx bing
0
4
3

A 2 B.g C D. 4
3
Loi giai
Chon A
G(5)=F(5)+C
Taco: G(x)=F(x)+C= (5)=F(5)
G(l):F(1)+C

Xét tich phan: | f (2x+1)dx.

—~~
~
Oy N

De}tt:2x+1:dt:2dx:>dx:%dt.Déican: Xx=0=>t=1, x=2=1t=5.

16| Bién soan: Phan Nhat Linh
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Suy ra: | :%jf(t)dt:%(F(S)—F(l)):Z.

1 3
Cau2l: Cho ham sb f(x) lién tuc wén R va [f(x)dx=6; [f(x)dx=4 . Tinh tich phan
0 1

I :j f(|2x-1])dx.

A l=3. B.1=8. C.1=14. D.1=6.

Loi giai
Chon B

f(1-2x)dx+ | f(2x-1)dx=1,+1,

|
Y N SN

1
Taco: | =I f(|2x—]4)dx=
A

Otk ke

Tinh 1,

f (v)dv=%.[ f(x)dx=3.

Y
-

Il
N |-

Vay I =1,+1,=8.

2024 6064

Cau22: Cho ham sb f(x) lién tuc trén R va co I f(x)dx=8, I f(x)dx=10 . Tinh
0 0

2022
1= [ f(j2x-2020])x
—2022

A. 1 =18. B.1=2. C.1=9. D.I=5.

Loi giai

Chgn C
2022 1010 2022

[ f(2x-20200)dx= [ f(-2x+2020)cbx+ | f(2x—2020)c=1,+1,.

1010

-2022 -2022

1010 0 -dt l6064 1
L= | f(—2x+2020)dx:66[34f(t)[7j:5‘([ f(x)dx=>.10=5.

—2022
2022 2024 2024

l,= [ f(2x-2020)dx= | f(t)(%j:%j f(x)dx:%.8:4.

1010 0
Bién soan: Phan Nhat Linh | 17
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Dodd, | =5+4=9.

1
Cau 23: Tinh tich céc gid tri cita s6 thue m dé tich phan | = [|2x—mdx = 2.
0
A. 6. B. -3. C. 2. D. 4.
Loi gidi
Chon A
Truong hop 1. m<0= 2x-m>0vx e[0;1]
! 1
= | :J.(Zx—m)dx=(x2—mx)‘0 =1-m
0
=1-m=2< m=-1.
Truong hop 2. m>2=2x-m<0vxe[0;1]
E 1
= | :J(m—Zx)dx:(mx—xz)‘0 =m-1.
0
=>m-1=2<m=3
Truwomg hgp 3. 0<m<2

(2x—m)dx = (mx— xz)‘o2 +<x2 - mx)

7
I :I(m—2x)dx+
0

N |3 ——

(loai)

2 [m:1+\/§

=0 mil=2em-2m-2-0c
Tich cac gia tri cia mla -1.3=-3.

3 5
Cau 24: Cho ham sé y= f(x) lién tuc trén R va co If(x)dx=18, If(x)dx=3. Gia tri cua
0 0

1
I f (|4X—1|)dx bang
-1

A2 B. =. C. 21. D. =.
4
Loi giai

Chon B

f (1-4x)dx+ | f (4x—1)dx.

|
'_‘!—,4;“4

1
Taco | = [ f(|4x—1)dx=
-1

dt

+) Tinh 1, = | f (1-4x)dx: Pat t =1—4x:>dx:—z.

'l_"—.-b\lﬂ
|
—
—y
—~
—
N
o
—
Il
|
—
—y
—~
—
~
o
—

Poican: x=-1=t=5; x=%:>t=0.Khidé '1=_411

18| Bién soan: Phan Nhat Linh
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Cau 25:

Céau 26:

dt

+) Tinh 1, = | f (4x-1)dx: gt t =4x-1= dx:Z.

B P ——

3
Poi can: X =

N

0

Vay | = | f(1-4x)dx+

,L'—;b\l—‘

f(4x—1)dx =1, + I2:§+%

—t=0; x=1=t=3.Khi dé IZ:%jf(t)dt.

21

4

Cho ham s f(X) lién tuc trén R, d6 thi ham s y = f (x) di qua diém A(1,0) va nhén diém

3
1(2:2) lam tam déi ximg. Gid trj cva [x(x—2)[ f (x)+
1

A -2 B. -2 c®
3 3 3
Loi gidi
Chon B
Cach 1.

batt=4-x= dt =—-dx.

Do thi ham sé y = f(x)c6 1(2;2) 1a tim d6i xtmg nén

f '(X)] dx bing

D.

f(x)+ f(4—x):2.

w |

Nhu vay f(x)+f(4-x)=4= f'(x)-f'(4-x)=0< f'(x)=f'(4—X),VxeR,

Taco | = [x(x=2)[f (x)+ '(x)]dx

Il
P (0 P m— ) C—

(4-t)(2-t)[ f(4-t)+ f'(4-t)]dt

(t*—6t+8)[4— f(t)+ f'(t)]dt

4(t2 —6t+8)dt—

3
2.

(t2—6t+8)dt+

- C—
P ) P W

1

(H—&+@m+

t3
= (— —3t? + StJ
3

Cho ham s6 f(x) c6 dao ham lién tuc trén R thoa:

- C— 0
P e

3
16

+(t-at+a)t (t)‘1

1

2(t=2)[ f(t)+ £'(t)]dt+ [(t*—6t+8)f(t)dt

(2t—4)f (t)dt+ i(t2 —4t+4) f'(t)dt

[t -2t—a(t-2) | [f(t)+ f'(t)]dt +i2(t2 ~6t+8) '(t)dt

f(x)=x? —3X+2J-:f (x) f'(x)dx, Vx e R. Tim gi4 tri thuc duong clia a dé Joa f (x)dx =ga

Bién soan: Phan Nhat Linh | 19
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Céu 27:

A.g. B.§. C.l. D. 2.
2 2 2

Loi giai
Chon A
1
= _ ' s o3 _v2 _ ’ — _
Dit m_IOf(x)f (x)dx.Khido f(x)=x"—3x+2m,VxeR.Suyra f'(x)=2x-3.

Vay m= I:(xz —3X+ 2m)(2x —3)dx. Pat t = x* —3x+2m = dt = (2x - 3)dx.

om t2 2m 2
Do do m:—j tdteom=—— Sm=-4m+2<< m=—.
2m-2 2 5

2m-2

Vay f(x):x2—3x+g.

Taco ij(x)dx:ga@Ioa(xz—3x+ngx:ga<:>%a3_ga2 +ga:ga<:>a:%.

r

Cho ham sb f(X) nhén gia tri duong, c6 dao ham lién tuc trén [0;2]. Biét f(0)=1 va
2(x*—3x%) f'(x
f(x)f(2—x):ezx2—4x v6i moi x €[0;2]. Tinh tich phén | :J'( n )) ( )dx
X
0
_32 16 16

—E. B. I = C.l=——. D.l=——.
3 5 ) 3

Loi giai

Al =

Chgn C
Vihamsé f (x) nhéan gia tri dwong, ¢6 dao ham lién tyc trén [0;2] va f(x)f(2-x)= a2X%-ax

nénthay x=0,taco: f(0).f(2)=1ma f(0)=1 = f(2)=1.

Dat:
_y3_ay2
u=x (3); {du = (Esx2 - 6x)dx {du - (3x2 - 6x)dx
f'(x = =
dv:mdx v:ln‘f(x)‘ v=Inf(x)

2 2
Suy ra: | :(x3 —3x2)ln f (X)E —j(3x2 —6x)|n f (x)dx :—_|‘(3x2 —6x)|n f(x)dx (1)
0 0
bat x=2-t = dx=—dt.
Khi x=0—>t=2vax=2—->t=0.
0 2
Khi do, J =~[(3t*— 6t)In f (2—t)(~dt) = [ (3t* = 6t)In f (2-t)dt.
2 0
2
Vi tich phan khong phu thudc vao bién nén | =—_|.(3X2 —6X)|n f(2-x)dx (2)
0
2
Tur (1) va (2), ta cong vé theo vé, ta duge: 21 :—I(3x2 —=6x)[In f (x)+In f (2-x)Jax.
0

20| Bién soan: Phan Nhat Linh
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Hay | = —%:[(3% - 6x)(2x2 —4x)dx = —?

1
Cau 28: Cho ham sé y = f(x) lién tuc trén doan [-11] va thoa man f(x)+2:§I(x+t) f (t)dt voi

1
wxe[-1;1]. Khidé | = [ f(x)dx bing

-1

B

1 =4 C.1=2. D. I =1.
Loi giai

Al =3

Chon C
3 3 3
Ta cé: f(x)+2:5_|.l(x+t)f(t)dt<:> f(x):Ex.J.lf(t)dHEJ.ltf (t)dt -2

1 1
= f(x)=Ax+B, voi Azg.‘;f(t)dt’B:thf (t)dt—2.
Giasu f(x)=ax+b,(a,beR).
Theo gia thiét ta co:
3 3
ax+b+2:—J.(x+t)(at+b)dt,VXE[—1;1]c>ax+b+2:§_[(axt+bx+at2+bt)dt

2 3 2 !
ax+b+2:§ ﬂ+bxt+£+bL
2 3 2

< ax+b+2 :gKZbXJrZ—;j,VX e[-1;1]
-1

3
520=2 a=3b b=1

= 3 = :>f(x):3x+1.
2

=
a=b+2 a=3
' 3 3
=(_+1j_(__1j=2.
) 2 2

1

Taco: | =j f(x)dx = j(3x+1)dx=[¥+x}

] )
Cau29: Cho ham s y = f(x) c6 dao ham khong am trén [0;1], thoa man f(x)>0 véi moi x €[0;1]

va [fOO] [ f '(x)]2(><2 +1)2 =1+[f()]". Néu f(0)=+/3 thi gia tri f(L) thuoc khoang nao

sau day?
A. 3;Z . B. 2;E . C. E;3 . D. E;2 .
2 2 2 2
Loi giai
Chgn C

[FOT [f] 1
L[ (x2+1)

Taco: [0 [ 00F (3 +1) =1+ [f (0] &

1 1

(100 100 g [ L,
VPP X+ g ie[fof X L
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Céau 30:

Céau 31;

1
dx

o RICATUI

J‘ 1
o 1+ f (0] X* +1
+ Néu dat t:,/1+[f(x)]2 = dt :Lfl(x)zdx =VT =

1+[ £ (%]

1+12(1)
dt =1+ f?(1) -2

N Sy

1+tan®u

2
= 1+ f2(1)-2=2 = f(1)=\/7[—+7r+3z2,6€(§;3j.
4 16 2

Oty [N

+ Néu dat x =tanu = dx:(1+tan2u)du — VP = (1+tan2u)dx=%

: . fF)

Cho ham so f(x)>0 c6 dao ham lién tuc trén R , thoa man (X+1)f’(x)= 5 va
X +
In2 2 croe N
f(0)= > . Giatri f(3) bang
A. 2(4In2-In5)*.  B. %(4In2—|n5)2. C. 4(4In2-In5)°.  D. %(4In2—|n5)2.
Loi gidi
Chon D
Xét x €[0;3]. Taco
f(x) f'(x) 1 1
1) f'(x)= = |d
(x+1) f'(x) x+2 f(x) (x+1 )(x+2) J‘\/i I(X+1 X+2j ”
=2,/ ( n(x+1)—In(x+2)+C =2,/ f( X+1
Thay
x:O:ZJf(O):In%+C<:>2 ("'sz ——In2+C < C=2In2=2,/f( X+1+2|n2
2 2
= f(x)= (| X—+1+2|n2] :>f(3)=1(|nﬂ+2|n2j =1(4|n2—|n5)2.
4\ XxX+2 4\ 5 4

Cho y = f(x) 1a ham da thire ¢6 céc hé 6 nguyén. Biét 5 (x)—(/(x))" = x? + x+ 4,¥x e R
1
. Tinh jf(x)dx

c.2 p. 2.
6 6

Loi giai

A § B.
2

w| >

Chgn D
Theo bai rataco f(x)=ax*+bx+c= f'(x)=2ax+b

Thay vao 5f (x)—(f’(x))2 =x?+x+4,VxeR tadugc

22| Bién soan: Phan Nhat Linh
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Cau 32:

5(ax2+bx+c)—(2ax+b)2:x2+x+4

<:>(5a—4a12)x2+(5b—4ab)x+5c—b2 =x2+x+4

[ (a=1

a=1 b=1

, a:} c=1

Sa—4a” =1 4 1

& i5b-dab=14(5-4a)b=1=| |27
5¢c—b? =4 5c=h?+4 o 1

4

13

C=—

L 16

1 1
Gia thiétsuyra a=b=c=1= f(X)=x*+x+1va If(x)dx:j(x2+x+1)dx:l—(31.
0 0

Cho ham s6 y=f(x) c6 dao ham trén R ddng thoi thod man dang thic sau

3
axf (X°)+ 21 (2x+1) = 4x° +8x° +10%* +30x+12 - Xf'(X), Vx e R. Gid tri ciia [ f (x)dx
0

bang

A. 10. B. -1 C. 27. D. 1.
Loi giai

Chgn C

Taco: 4xf (x2)+ 21 (2x+1) = 4x° +8x> +10x* +30x +12 — xf '(x), Vx € R.(*)

= ]24Xf (xz)dx+ jZZf (2x +1)dx = }(4x5 +8x3 +10x? + 30x +12)dx— jl xf'(x)dx
-1 -1 -1 -1

<:>2'[f(XZ)d(x2)+jf(2x+1)d(2x+1):_?7—xf(x)|:+jf(x)dx

-1

e 2f f(x)dx+ [ f(x)dx=—~F(-1)+ [ f(x)dx = f(—l):—%+jf(x)dx (1)

Ta co: 4xf(x2)+2f (2x+1) = 4x° +8x° +10x* + 30x +12 — xf '(x), ¥x € R.
1 1 1 1

= _[4xf (xz)dx+ J.Zf (2x+1)dx = I(4x5+8x3+10x2 +30x +12)dx—j.xf’(x)dx
-1 -1 -1 -1

1

<:>2I f(xz)d(x2)+J‘ i (2x+1)d(2x+1):9—;—xf (X)|1_1+_[ f(x)dx

& 2! f(v)dv+ [ £ (h)dh :%—Xf GO, + [ £ ()

-1 -1
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@j :——f() f(—1)+J;f(x)dxc>jf(x)dx:%—f() f(-1)  (2)
m(l),(z)tacéaugcif(x)dx:%-f(l)% if( dxcj X)dx =33 f (1) =2

3
Thay x =0 vao (*) ta c6 duge f(1)=6= [ f(x)dx=27.
0

Cau33: Cho ham sé f(x)=x*+ax’+bx+c v6i a , b , ¢ 1a cac sb thuc. Dat

1
g(x)=f(x)+ f'(x)+ f"(x), biét g(0)=2, g(1)=6, tinh tich phan IL:()()dx
e

A. 2. B. 6. C. 2. D. 4.
Loi gidi
Chon A
Taco: f(x)=x}+ax’+bx+c= f'(x)=3x*+2ax+b, f"(x)=6x+2a, f"(x)=6.
Dog() f(x)+f'(x)+£"(x) (1)

(x
g'(x)= £'(x)+ £ (x)+ £(x) (2).

Tur (1) va (2) suyra g(x)=f (x)+g'(x)— f"(x)
= 6x— f(x)=9'(x)-6-g(x)+6X.

:6X—f(x) g'(x)-6-(g(x)-6x)

- 6X — f(X) _ (g'(x)—G)eX —Z(g(x)_GX)ex :(g(x)—GXJ'
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DANG a CU’C TRI CUA HAM SO

———

IYYY «iEN THGC CAN NHO

1. CUC TRI HAM SO
1.1 Pinh nghia
Gia st ham s6 f xac dinh trén tip K va X, € K. Tandi:

X, 1a diém cure tiéu ciia ham s6 f néu ton tai mot khoang (a;b) chira x, sao cho (a;b)=Kva
f(x)> f (%), ¥xe(ab)\{x,}. Khidé f(x,) duwoc goila gia tri cwe tiéu ciia ham s6 f .
X, 12 diém cwe dai ctia ham s6 f néu ton tai mot khoang (a;b) chtra x, sao cho (a;b)c K va
f(x)< f(X), ¥xe(ab)\{x}.Khidé f(x,) duwoc goila gid tri cwe dai cia ham s6 f .
biém cuc dai va diém cuc tiéu goi chung la diém cuc tri.
Gia trj cuc dai va gia tri cuc tiéu goi chung 1a cwre tri.
Piém cuc dai va diém cuc tiéu duoc goi chung l1a diém cue tri ciia ham sé6 va diém cuc trj phai la
mot diém trong tap hop K.
Gid tri cuyc dai va gié tri cuc tiéu duoc goi chung 1a gid tri cwe tri (hay cwc tri) ciia ham 0.
Néu X, 1a diém cuc tri ciia ham s6 thi diém (XO; f (X )) duogc goi 1 diém cwe tri ctia dd thi ham

so f.

Nhan xét:

Gia tri cuc dai (cuc tiéu) f (X0 ) n6i chung khong phai 14 gia tri 16n nhat (nho nhat) ctiia ham sé f
trén tap D; f (o) chi 1a gia tri 16n nhat (nho nhét) ciia ham sé f trén mot khoang (a;b) nao do
chtra X, hay noi cach khac khi x, diém cyc dai ( cuc tiéu) s& ton tai khoang (a;b) chira X, sao cho
f (Xo)1a gia trj 16n nhat (nho nhét) cia ham s6 f trén khoang (a;b).

Ham s6 f c6 thé dat cuc dai hodc cuc tiéu tai nhidu diém trén tap K. Ham s6 ¢co thé khong co

cuc tri trén mot tap cho trude.

1.2. Piéu kién can dé ham soé dat cuc tri
Pinhli 1:

Gia st ham s6 y = f (X)dat cuc tri tai diém X, . Khi d6, néu y = f (x) c6 dao ham tai diém X,

thi f'(x,)=0.

Chay:

Pao ham f'(x) c6 thé bang 0 tai diém X, nhung ham sé f khong dat cyc tri tai diém X, .
Ham s6 c6 thé dat cuc tri tai mot diém ma tai d6 ham sb khong c6 dao ham.

Ham s6 chi c6 thé dat cuc tri tai mot diém ma tai d6 dao ham ctia ham sb béng 0 hoac tai d6 ham
s6 khong c6 dao ham.

1.3. Piéu kién di dé ham sé dat cuc tri
Dinh li 2:

Gia sir ham so f dat cuc tri tai diém X,. Khi d6, néu ham s0 f c6 dao ham tai diém X, thi

f'(x,)=0.
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e Néu f'(x)>0 trén khodng (X, —h;X,) va f'(x) <0 trén khoang (Xy;X, +h) thi X, 1a mot diém

cuc dai ciia ham s f ().
e Néu f'(x)<0 trén khoang (%, —h;X,) va f'(x) >0 trén khodng (Xy;%, +h) thi X, 1a mot diém
cuc tiéu ciia ham sb f (x).
1.4. Quy tic tim cuc tri
Quy tac 1:
= Budc 1: Tim tip xac dinh. Tim f'(x).
= Budc 2: Tim cac diém X, (i=12;...) ma tai d6 dao ham ciia ham s6 bang 0 hodc ham s
lién tuc nhung khong c6 dao ham.
» Buéc 3: Lap bang bién thién hogc bang xét dau f'(x). Néu f'(x) doi dau khi di qua X,
thi ham s dat cuc tri tai X; .
Dinh li 3:
Gid sir y = f(x) c6 dao ham cap 2 trong khodng (X, —h; X, +h) véi h > 0. Khi do:
e Néu f'(%)=0, f"(X,) <0 thi ham s6 f dat cuc dai tai X,.
o Néu f'(%))=0, f"(x))>0 thi hamsb f dat cuc tiéu tai X,.
Tw dinh li trén, ta co mot quy tdc khdc dé tim cuc tri cia ham sé
Quy tic 2:
= Budc 1: Tim tip xac dinh. Tim f'(x).
= Budc 2: Tim cac nghiém x; (i=12;...) cua phuong trinh f'(x)=0.
= Bude 3: Tinh f"(x) vatinh f"(x).
v Néu f"(x)<0 thiham sd f dat cyuc dai tai diém x;.
v Néu f"(x)>0 thiham sd f dat cyc tiéu tai diém X;.
2. MOT SO DANG TOAN LIEN QUAN PEN CUC TRI HAM SO
2.1. Cuc tri ciia ham da thirc bac ba y = ax® + bx? +cx +d.
Tim diéu kién dé ham sb ¢é cwe dai, cwe tiéu théa méan hoanh dd cho trudée
Bai toan tong quat:
Chohamsé y = f(x;m)= ax® + bx? + cx +d. Tim tham sé m dé ham s c6 cuc dai, cuc tiéu tai X, X, thoa
man diéu kién K cho truéc?
Phwong phap:
e Buécl:
= Tap xac dinh: D =R.
» DPao ham: y' =3ax®+2bx+c = Ax? + Bx+C
e Budc 2: Ham sd c6 cuc tri (hay c6 hai cuec tri, hai cyuc tri phan biét hay c6 cuc dai va cuc tiéu)
< y' =0 c6 hai nghiém phan biét va y' d6i dau qua 2 nghiém dé
< phuong trinh y'=0 c6 hai nghiém phan biét

A=3a=0 az0
TS ) ) St = meD,.
Ay':B —4AC =4b° -12ac >0 b —-3ac>0

e Buwdc 3: Goi X, X, la hai nghiém cua phuong trinh y'=0.
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B 2b
X+ X =——=——

Khi do: A 3a
xx—E:i
2 A 3a

e Budc 4: Bién dbi diéu kien K vé dang tong S vatich P . Tur d6 gidi ra tim duoc m e D,.
e Budc 5: Két luan cac gia trj m théa man: m= D, N D,.
Chu y: Ham sé bac ba: y =ax® +bx* +cx+d(a=0).

Taco: y'=3ax’ +2bx+c.

Piéu kién Két lugn
b? —3ac <0 Ham s6 khong c6 cuc tri.
b?-3ac>0 Ham s6 ¢6 hai diém cyc tri.

> Diéu kién dé ham so c6 cuc tri cing dau, trdi dau.

=  Ham s6 c6 2 cuec tri trai diu
< phuong trinh y' =0 c6 hai nghiém phan biét trai dau
< AC=3ac<0«< ac<0.

= Ham sb c6 hai cye tri ciing diu
< phuong trinh y' =0 c6 hai nghiém phan biét cing dau

Ay >0
= P:xl.x2:9>0
A

= Ham sb c6 hai cye tri cing diu dwong

< phuong trinh Y’ =0 ¢6 hai nghiém dwong phéan biét

Ay,>0

= S:x1+x2:—%>0

C
P=x.X,= A >0
= Ham sb c6 hai cye tri cing ddu 4m
< phuong trinh Yy’ =0 c6 hai nghiém am phéan biét
< phuong trinh y' =0 c6 hai nghiém 4m phan biét

Ay|>0

= S:x1+x2:—%<0

P:xl.xzz%>0

> Tim dieu kién dé ham so c6 hai cuc tri X, X, théa man: {x, <X, <«
o <X <X,
* Hai cuc tr1 X;, X, thdoaman X, <a <X,

S (% —a)(X—a)<0e XX, —a(X +X%)+a” <0
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* Haicyc tri X, X, théaman X <X, <«

@{(xl—a)(xz —a)>0<:>{x1.x2 —a(%+%)+a’ >0

X + X, <2 X + X, <2

* Haicyc tri X, X, théaman a < X <X,
X —a)(X—a)>0  [x.X —a(x+X)+a’>0
1 2
_[(m@)(xe-@)>0_ [ux—a(x+x,)
X + X, > 2a X + X, > 2a

=  Phuong trinh béc 3 ¢6 3 nghiém lap thanh cip s cong
= khico6 1 nghiém lax = ;—b , ¢6 3 nghiém 1ap thanh cdp s6 nhan khi c6 1 nghiém 1a x = —g/g .
a a

2.2. Cyec trj ciia ham bac 4 trung phwong y =ax* +bx* +c, (a=0)
e Ham s c6 mot cuc tri < ab>0.
e Ham sb ¢6 ba cuc tri <> ab <0.
a>0
b>0
a<o0
b<0

e Ham s6 c6 diing mdt cuc tri va cuc tri la cuc tiéu < {

e Ham s0 c6 ding mdt cuc tri va cuc tri la cuc dai < {

a>0
b<0’

a<0
b>0"

2.3. Cyec tri ham hop y = f (u(x)) . Dao ham cua ham hop: y' = f'(u(x)) :u’(x).f’(u(x))

e Ham s0 c6 hai cuc tiéu va mot cuc dai < {

e Ham s6 c6 mdt cuc tiéu va hai cuc dai < {

e Tinh chat d6i dau cta biéu thirc: Goi & 1a mot nghiém ciia phuong trinh (x) =0, khi do:
= Néu x=q 1a nghiém bdi bac chin (x—a)’, (x—a)’,... thi ham s6 y = f (x) khong dbi du
khi di qua « .
= Néu x=a la nghiém don hogc nghiém boi 16 (x—a),(x—a)’,...thi ham sb y = f (x) déi
dau khi di qua « .
Bai toan: Cho ham sé y=f(x) (Dé c6 thé cho bang ham, do thi, bang bién thién ciia
f(x), f'(x)).Tim sb diém cuc tri ctia ham s6 y = f (u) trong d6 u 1a mot ham sb déi véi x
Ta thuc hién phuong phép tuong tu xét s diém cuc tri ciia ham s6 y = f ()
= Budc 1. Tinh dao ham y'=u".f '(u)
u'=0
*  Budc 2. Giai phuong trinh y'=0< (u)=0
=  Buwdc 3.Tim s6 nghiém don va boi 1é hodc cac diém ma y' khong xac dinh.
e Bai toan tim cuc tri ciia ham sd g (X) = ‘ f [u (X)] + h(X)‘
=  Buwéce 1. Tim cyc tri ciia ham sb V(X) =f [u (X)]+ h(X)
=  Budre 2. Sir dung phuong phap bién doi dd thi ham sb tri tuyét dbi dé tim s6 cuc tri cia ham
s6 g(x)
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2.3. Cuc tri ham s chira ddu gia tri tuyét ddi: DS thi ham sé y = ‘ f (X)‘ ¢6 bao nhiéu diém cuc tri

= Buwérc 1: Tinh dao ham ctia ham s6 y =‘ f (x)‘ =y =W.
X

f(x)=0 (1)

f'(x)=0 (2)

= Buérc 3: S6 nghiém cua phuong trinh (1) chinh 14 s6 giao diém cuia ham s y = f (x) va truc

*  Budc 2: Giai phuong trinh y'=0 <

hoanh y =0. Con s6 nghiém ctia phuong trinh (2) 1a s6 diém cuc tri cia ham s6 y = f (x),
dua vao db thi ta c6 thé suy ra (2). Vay tong s6 nghiém boi 1é ctia phuong trinh (1) va (2)
chinh 14 s6 diém cuc tri can tim.

*  Luu y: Ta co thé sir dung cong thirc dém nhanh sb diém cyc tri cia ham f (u) dé tbi wu thoi
gian trong khi giai toan tric nghiém nhu sau:

» S0 diém cyc tri cua f(u)= SO diém cyc tri cia u + SO nghiém don (bdi 1&) cua

u=au=bu=c,...

;Y  BAITAP TRONG PE MINH HOA

Cau 41 — Pé tham khao 2023. C6 bao nhiéu gia tri nguyén cta tham s6 m dé ham sé y = —x* + 6x° + mx
6 ba diém cuc tri?
A 17. B. 15. C. 3. D.7.

& Loi giai
Chon C
Taco: y =—-4x*+12x+m.
y'=0 -4x* +12x+m=0< m=4x>-12x = f (x).
Ham s c6 ba diém cuc trj khi duong thing y =m cét d6 thi ham s6 f (x)=4x> —12x tai ba
diém phan biét.
f'(x)=12x*-12=0 < x=+1

Béang bién thién
X |—-m=m -1 1 + w
Fol ¢ 0 - o =
8 +m

f(-f}_w/ \8/

Dua vao bang bién thién, ham s6 c6 ba diém cyc trj khi -8 <m <8—"% sme{-7;-6;...;7}.

Vay c6 15 gia tri nguyén ctia tham s6 m thoa man.

Bién soan: Phan Nhat Linh | 5



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*

IS BAITAP TUONG TU VA PHAT TRIEN

Céu 1:

Cau 2:

Céu 3:

Cau 4:

Céau 5:

Cau 6:

Cau7;

Cau 8:

Cau 9:

Tim tit ca cac gia tri thyc cua tham sé6 m dé ham sb y = mx* —(m +1) x* +2m—1 c6 3 diém cuc
tri.
m<-1
A -1<m<0. B. m<-1. C. m>-1. . .
m>0
Co6 bao nhiéu gia tri m nguyén nho hon 2022 théa mian dd thi ham sd
y= (4+4m -m?- me’)x4 —2(m+1)x* +3 c6 dung mdt diém cuc dai?
A. 2023. B. 2021. C.2. D. 2022.
Xéthams6 y = f (X) =x*+2mx® —(m +1) X? +2m—2. Sé gia tri nguyén cua tham sé m dé ham
s6 ¢6 cuc tiéu ma khong co6 cuc dai la
A Ll B. V6 sb. C.2. D. 3.
S6 diém cuc tri cia ham sb y = X(X2 —4)(—X2 +3X— 2) la
A 4. B. 3. C.1. D. 2.

Cho ham sb y=f(x) c6 dao ham cap 3, lién tuc trén R va thoa min

f(X).f’”(X): x(x—l)z(x+4)3 véi moi xeR . S6 diém cuc tri cua ham sb
g(x)=[f'(x)] 2 (x).f"(x) 1
A. 3. B.6. C. 1. D. 2.

Goi X, X, la cac diém cuc tri cia ham s6 y=x>—3mx®>—6x. Gia trj 1on nhat cua biéu thirc
S =(x-3)(x; -1)1a
A. T-43. B. 4. C. 43, D. 7+443.

Cho ham s f (X) c¢6 dao ham trén R va ¢ bang bién thién nhu sau:

xr | —o0 0 +0C0

f(z) +OO\ / "
-3

Ham s6 g(x)= f)Es,X) c6 bao nhiéu diém cyec trj trén khoang (0;+00)?

A. Vb sb. B. 1. C.2. D.0.

Tim m déham s6 y = x° —3mx* +(m’ +2) x—m+1 dat cyc dai tai x=1.

m=1 A

A { . B. Khong ton tai m.
m=>5

C. m=1. D. m=5.

Tim tat ca cac gia tri cia tham sé m dé ham sé y = x* —3x? +mx+1 dat cuc tiéu tai X = 2.
A m=3 B.med. C. m=-24, D. m=0.
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Céu 10:

Céu 11:

Céu 12:

Cau 13:

Cau 14:

Cho ham s f (X) =—x*+ 2(2m—1) x? —(m2 —8)X+2. Tim tat ca cac gia tri cua tham s m dé
ham sb dat gia tri cuc dai tai diém x=-1.

A . m=3. B. m=-9. C. m=1. D.m=-2.
Chohamsé y=x°+ (4 + m) X° + (16 —m? ) x*+2.Goi S 1atap hop tat ca cac gi tri nguyén duong
ctia tham s& M dé ham sb da cho dat cuc tiéu tai X =0. Tong cac phan tir ciia S bang

A. 6. B. 10. C.3. D. 9.

Cho ham s6 y =x°+(2+m)x° +(4-m’)x" +4. Goi S la tap hop cc gia tri M nguyén duong
khong vuot qua 10 dé ham s da cho dat cuc dai tai X =0 . Tong cac phan tir ciia S bang

A. 42 B. 52. C. 40. D. 50.

C6 bao nhiéu gi4 tri nguyén cta tham s6 M dé ham s6 y = x° + (m - 2) x° —(m2 - 4) x* +1 dat cuc

tiéu tai x=07?

A. 3. B.5. C. v6 6. D. 4.
Cho ham s6 y = f (X) =ax* +bx’ +c,(a,b,c € R) c6 db thi 1a dudng cong nhu hinh bén. Sé diém
cuc tri ctia ham s§ y = f? (X) bang?
vl
A. 3. B.5. D. 4.

CAau 15: Cho ham s f (X) thoa man f (—3) >0, f(2)=0 vaco ddthi y=f '(x) 1a dudng cong trong

hinh bén. Ham s6 ¢ (X) = ‘ f (X) —x* +14x% - 24x +1l‘ ¢6 bao nhiéu diém cuec tiéu?

-3 ()/1 2 T

A. 4. B.7. C.3. D. 5.
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~ 7 4 1 4 [ A .
CAu 16: Cho ham s6 da thirc bac bén y = f(X) thoa man f(o)=E ,ham s6 f'(X) c6 dd thi nhu hinh v&.

yl
2 .
_1 2 i
Jol N\ 1 [3 =
1 |
S6 diém cuc tri cia ham s6 g(X) = ‘ 18 f (1—%)— X°| 14
A. 4. B. 3. C.6. D. 7.

Cau 17: Cho f(x) Ia da thuc bac ba, biéthamsd y = f’ ( x> —X +l) ¢6 d0 thi 1a dudong cong trong hinh v&.

Hoi ¢6 bao nhiéu gia tri nguyén ctia tham s6 m thudc [—10;10] déhamso y= f (\/ X* 44— m)

¢4 nam diém cuc tri?
A. 8. B. 9. C. 10. D. 11.

Cau 18: Cho ham sé f (X) =ax" +bx* +¢ c6 b thi ctia ham s§ y = f (X) vay= f'(X) nhu hinh vé& bén

du6i. Goi A, B, C la céc diém cuc trj cua d6 thi ham s6 Y = f (X) c6 hoanh d6 lan luot 13 X;, X,, X,

I O T3 xT

Biét dién tich hinh phing gi6i han boi cac duong y = f'(X), y=0, X=X, X=X, Ia S, va dién tich
cua tam giac ABC la S . Tinh P=X.X;,v6i S;=1va S=1.

A. P=0. B. P=1. C. P=-1. D. P=2.
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Cau 19:

Céu 20:

Cau 21:

Céu 22:

Céu 23:

Céau 24:

Cau 25:

Céau 26:

Cho ham s6 f (x)=x*—2x°+(m-1)x*+2x—m+2022, v6i m1a tham s0. C6 bao nhiéu gi4 tri
nguyén ctia M thudc doan [-2021;2022] dé ham sb y :| f (X—2021)—2022| c6 sb diém cuc tri

nhiéu nhat?
A. 2021. B. 2022. C. 4040. D. 2023

Cho ham sb y = f (x)=x>—=(2m+1)x* +(3—-m)x+2. Tim tat ca cac gid tri thuc cua tham s6 m

déhamsb y=f (|X|) ¢ 3 diém cuc tri.

A m>3. B._?l<m. C. m>3. D. —%<m£3.
Cho ham s6 f(x) co6 dao ham f'(X)z(Xs—ZXZ)(XS—ZX) véi moi xeR . Ham sb
‘f (1—2022X)‘ ¢6 nhiéu nhat bao nhiéu diém cuc tri?
A.12. B. 10. C.9. D. 11.
Ham sé y =‘x4 —4x2‘ ¢ bao nhiéu diém cuc tri?
A. 5. B. 6. C. 3. D. 7.
Choham s6 y = f (X) lién tuc trén R va c6 bang xét ddu f'(x) nhu sau
x |—OO —1 1 4 +oo

(=) + 0o — 0o — 0 +
S6 diém cuc tri ctia ham sb g(X): f (X3 +2|X|—4) la
A 2. B. 3. C.5. D. 10.
Tim sb diém cuc tri ctia dd thi ham sé Y = X° —8‘X‘3 +22%% — 24‘X‘ + 6\/5 .
A. 3. B.5. C. 6. D.7.
Cho ham sb y = f(x) co dao ham f'(x)=(x-2)"(x—1)(x’ =2(m+1)x+m’-1), ¥xeR.Cé
bao nhiéu gid tri nguyén cua tham sé m dé ham s6 g(x)= f (|X|) ¢6 5 diém cyc tri?
A. 3. B.5. C. 2. D. 4.
Cho ham s6 f (X) thoa man f (—2) < f (2) =0,d6 thi y= f'(X) la duong cong trong hinh bén.

Hams6 g(x)=|f (x) +%X4 —% x> —2x% + 4x| c6 bao nhiéu diém cuyc tiéu?

A.5. B. 2. C.3. D. 4.
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Cau 27:

Céu 28:

Cau 29:

Céau 30:

Céau 31:

Céau 32:

C6 bao nhiéu gia tri nguyén cua tham s6 mdé ham s6 y = —x*+3x* + M+ 2|6 5 diém cyc trj?
A. 3. B. 6. C. 4. D. 5.
Chohamsé y = f(x) c6 f(-2)=0vadao ham lién tyc trén R va c6 bang xét du nhu hinh sau
x| =~ ~1 2 +o
I T

Ham s g (x)= ‘15f (—X4 +2x% — 2) —10x° + 30X2‘ 6 bao nhiéu diém cuc trj?
A. 2. B. 3. C.5. D.7.
Cho ham da thirc y = f (x). Him s0 y = f’(x) 6 dd thi nhu hinh v& sau:

by

0 1\/2 3

C6 bao nhiéu gié trj cia M dé m [0;6], 2me Z déhamsé g(x) = f (x* —2[x=1-2x+m) co

dung 9 diém cuc tri?

A. 6. B. 5. C. 7. D. 3.

C6 bao nhiéu s6 nguyén m dé hamsd f x = %—— ¢6 it nhat 3 diém cuc tri?
X*4+x+1

A. 3 B.5 C. 2 D. 4

Choham s6 f (X) lién tuc trén R va c6 bang xét ddu dao ham f'(x) nhu hinh bén.

€T —00 —1 0 1 +00
f'(x) - 0 — 0 - 0 +

S6 diém cyc tri cia ham sé g(x) = f(x2—2x+1—|x—14) la
A. 8. B. 9. C. 10. D. 7.

Cho ham sé bacba y = f (X) ¢ dd thi nhu hinh v& sau:

.'I

Goi S la tap hop tit ca cac gié tri nguyén cua tham sé m dé ham sb y=f (x2 —4x+m) c6 3

diém cuc tri. Sé phantrcua S 14
A 4. B. 3. C. 2. D. 5.
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Cau 33: Chohamsé y = f(x) c6ddthi hamsé y = f'(x) nhu hinh v&.

Y

—4 |-\

S gi4 tri nguyén cua tham s m dé ham sé g (X) =f (2X2 —4|X| +m —3) c6 7 diém cuec tri.
Al B. 2. C. 3. D. 4.

Cau 34: Chohamsd y=f (X) = x> —mx? — x+1. Cé bao nhiéu gia tri nguyén cia M dé s6 diém cyc tri cua
dd thi ham s y = f (]x|+1) bang 5.
A. 3. B. 2. C.1. D. 0.

Cau35: Chohamsd y=f (X) xac dinh trén R va c6 bang bién thién nhu sau

S —1 0 1 +00
J(x) - 0 + 0 - 0 +

e +\2 /_1\_2 / )

S6 diém cuc tiéu cia ham s6 g(x)= f* (x3 +3x)+ 2022 la

A.5. B. 2. C.3. D. 4.

Cau 36: Cho ham s6 y = f (x) c6 dao ham y = f'(X) (X—Z)Z(XZ—X), XxeR.Goi S latip hop tit ca

’ .7 . A 5 A A1 A 1 r < A . ’ A
cac gia tri nguyén duong cua tham so m dé ham so f (E x> —6X+ mj c6 5 diém cuec tri. Tinh tong

tat ca cac phan tur cia S .

A. 154, B. 17. C. 213. D. 153.

Cau 37: Cho ham sb bac bén y = f (X) ¢4 dao ham lién tuc trén R , ham sé y = f'(X) c6 @6 thi nhu hinh
v&. Goi S 1a tap cic gia tri nguyén cua tham sé6 M dé ham s6 y = f (|4— 2X| +m —6) c6 dung 3
diém cuc tiéu. Tong cac phan tir ciia S bang

Vi

VAN 4/ 3
0

A. 18. B. 11. C.2 D. 13.
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Cau 38:

Céu 39:

Céau 40:

Céu 41;:

Choham s y = f (x) c6 dao ham f’(x)=x*+x—6.C6 bao nhiéu gia tri nguyén cia m dé ham
s6y=f (X3 —3x* —9x+ m) c6 dung 6 diém cuec tri.
A T. B. 8. C.9. D. 10.

Cho ham da thie Y = f(X). Ham s6 Yy = f'(X) c6 d6 thi nhu hinh vé sau
Ay

C6 bao nhiéu gia tri cia me[2;6);2meZ dé ham sé g(x)= f(x*—2|x-1—2x+m-1) c6
dung 9 diém cyc tri?

A. 3. B. 5. C. 4. D. 2.

Cho ham s6 y = f (x) lién tuc trén R va cé biéu thire dao ham f'(x) = x* —3x* —10x. Héi ¢ tat
ca bao nhiéu gia trj nguyén duong cia tham s6 Mdé ham s6 g(x) = f (‘X2 —2mx+m — 2‘ - 3) co
13 diém cuc tri?

A 2. B. 3. C. 4. D. 5.

Cho ham s6 f () c6 dao ham lién tyc trén R, do thi ham s6 y = f'(x) c6 ding 4 diém chung

v6i truc hoanh nhu hinh vé bén dudi:

A

1 X

[ o " TR

C6 bao nhiéu gia tri nguyén ctia tham sé m dé hamsb y = f (|X|3 —3|x|+m+ 2021) +2022m°

¢6 ding 11 diém cyc trj?
A. 0. B. 3. C. 4. D. 1.
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Cau 1:

Céu 2:

Cau 3:

PAP AN CHI TIET

Tim tit ca cac gia tri thuc cua tham sé6 M dé ham sb y = mx* —(m +1) x* +2m—1 c6 3 diém cuc

tri.

m<-1
A -1<m<0. B. m<-1. C. m>-1. .
m>0
Léi gidi
Chon D
Taco y'=4mx —2(m+1)x=2x(2mx* —m-1).
x=0 1
y=0& ()
2mx*-m-1=0 (2)

Dé ham sb dé cho c6 3 diém cuc tri thi phwong trinh (2) phai c6 hai nghiém phan biét khac 0.
2m=0

o A’=2m(m+1)>0<:{
-m-1=0

m< -1
m>0

m<-1 . 2 .
Vay { 0 thi ham s6 da cho ¢6 3 diém cuc tri.
m >

Co6 bao nhiéu gia tri M nguyén nho hon 2022 théa mian dd thi ham sd
y=(4+4m—m2—m3)x4—2(m+1)x2+3 c6 dung mot diém cyc dai?
A. 2023. B. 2021. C. 2. D. 2022.
Loi giai
Chon D
Tacé y=—(m-2)(m+2)(m+1)x* -2(m+1)x*+3.
Truong hgp 1: m=2 = y=-6x"+3, thda man.
Truwong hop 2: m=-2 = y=2x*+3, loai.
Trwong hgp 3: m=-1 = y=3, loai.
2
1)" <0 @{(m—z)(m+2)<0

< =-l<m<2.

Trwong hop 4:
&P { m+1>0

& m> 2.

(m-
(m-2
Truong hop 5: { (( 1)2>0©{(m—2)(m+2)>0

Vay m>-1.

Xét ham s6 y = f (X) =x*+2mx’ —(m +1) x> +2m—2. S gia tri nguyén cua tham s m dé ham
s6 ¢6 cuc tiéu ma khéng co6 cuc dai 1a
Al B. V6 s6. C.2. D. 3.
Loi gidi
Chon A
Taxét y=f(x)=x*+2m - (m+1)x*+2m-2

Bién soan: Phan Nhat Linh | 13
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y'=4x°+6mx* —2(m+1)x
, x=0

y=0e 2x* +3mx—m—1=0(*)

Dé ham s6 ¢6 tuc tiéu ma khong c¢6 cuc dai khi va chi khi

Truong hep 1: (*)V6 nghiém < A<0< IM* +8m+8<0omed.

Truong hep 2: (*) c6 mot nghiém x=0< m=-1.

Vay sb gid tri nguyén ctia tham sé m 13 1.

Cau4: S diém cyc tri cia ham sd y = X(X2 —4)(—X2 +3X— 2) la

A 4. B. 3. C. 1l D. 2.
Loi giai

Chon A

Cach 1:

Taco y= f(x)=x(x2—4)(—x2+3x—2):—x(x—l)(x+2)(x—2)2.
Tacod y' = —(x—l)(x+2)(x—2)2 —x(x+2)(x—2)2 —x(x—l)(x—2)2 - 2x(x-1)(x+2)(x-2)

y':—(x—Z)(x3—x2—4x+4+x3—4x+x3—3x2+2x+2x3+2x2—4x)

X=2
X—2=0
=y =—(x=2)(5x° -2x* ~10x +4) =0 < , | x=+/2
5x* —2x*-10x+4=0 )
X==
"5

Vi y' dbi ddu khi qua 4 didm x=2; x=1/2 va x= g . Vay sb diém cuyc tri cia ham s6 12 4 .
Cach 2:

Nhén xét: Ham s6 y = f (x) lién tuc trén R, lim y=+0 va do thi ham s6 y = f (x) cét truc
Ox tai 4 diém c6 hoanh d9 0,1,—2,2 trong do tai diém c6 hoanh 46 x =2 la dd thi y = f (x)
tiép xdc véi truc hoanh. Do d6, d6 thi ham sé y = f (x) ¢6 hinh dang nhu sau

AY

L B3

Tir db thi, ta thiy sb diém cuc tri cia ham sé 1a 4.

Cau5: Cho ham sb y=f(x) c6 dao ham cép 3, lien tuc tréen R va thoa man
f(X).f’"(x)zX(X—l)z(x+4)3 voi moi xeR . S6 diém cuc tri cia ham sb
g(x)=[f'(x)] —2f (x).f"(x) la

14| Bién soan: Phan Nhat Linh



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Phan Nhat Linh

A.3. B. 6. C. 1. D. 2.
Loi giai

Chon D

Xétham s6 g (x)=[ £'(x)] —2f (x).£"(x).

TXD: D=R.

Taco g'(x)=2f"(x).f"(x)—2[ £/(x)."(x)+ f (x).f"(x)]=-2f (x).f"(x)
Do d6 g'(x)=—2x.(x—1)2.(x+4)2.

Ta thdy §'(X) ddi déu khi di qua x =0, x =—4 nén ham s6 y=Y = g(X) ¢6 2 diém cyc tri.

Cau6: Goi X,X, 1a cac diém cuc trj ciia ham s6 y=x°—3mx>—6x. Gia tri 16n nhat cla biéu thirc
S =(x-3)(x; -1)1a
A. 7-43. B. 4. C. 43, D. 7+44/3.
Loi giai
Chon A
Tacd y' =3x*—6mx—6.
Dé thiy y’=01udn co hai nghiém phan biét x,X, véi moi meRva x.x, =-2.

Taco S =(xf—3)(x22—1)=xfx22—xf—3x22+3=7—xf—il—§

12 12
=7- xf+—]£7—2 X222 =7-443.
[ er-a)e

x, =312

, 12 =2
Viy maxS=7-4o1 1 X o 12
X1X2 — _2 Xl = —4 12

2

1S

Cau7: Chohamsé f (X) c¢6 dao ham trén R va ¢ bang bién thién nhu sau:

r | —00 0 +00

f() +Oo\ !
B e

Ham s6 g(x) = L;() c6 bao nhiéu diém cyec tri trén khoang (0;+00)?
X

A. Vo sb. B. 1. C.2. D. 0.
Loi gii

Chon D

Véi Vx e(0;+0):
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f/(x)x*=f(x).3x* x.f'(x)-3.f(x) h(x) .. ,
g9'(x)= () = ()3 _ x )x4 () _ )((4),v01 h(x)=xf"(x)-3f(x).
-3< f(x)<0 -3f 0
Tir bang bién thién, ta thay: (x) , Vxe(0;40) = (x)> h(x)>0.
f'(x)>0 xf'(x)>0

Do d6 g'(x)>0,Vxe(0;+%). Vay ham s6 g(X) khong c6 cuc tri trén khodng (0;+0).

Cau8: Tim m déhamsé y=x*—3mx* +(m’+2)x—m+1 dat cuc dai tai x=1.

m=1 ) )
A. . B. Khong ton tai m.
m=>5
C. m=1. D. m=5.
Loi gidi
Chon D

Tacd y'=3x* —6mx+(m*+2), y" =6x—6m.
Ham s y=x3—3mx2+(m2+2)x—m+l dat cuc dai tai x=1

m=1

y'(1)=0 3-6m+m2+2=0 [m?2—6m+5=0
= & = =< Im=5<m=5.

" 6-6m<0 1
y"(1)<0 m < m> oon

Cau 9:  Tim tat ca cac gia tri cua tham s6 m dé hamsé y = x® —3x? + mx+1 dat cyc tiéu tai X =—2.
A . m=3 B.med. C. m=-24, D. m=0.
Loi gidi
Chon B
Tacod y' =3x* —6x+m
Do ham s6 dat cuc tiéu tai x=-2 nén y'(-2)=0<32°+62+m=0<m=-24

Véi m=-24 ham s6 tré thanh y = x® —3x% —24x +1

' 2 ’ 2 X:4
y'=3x"-6x-24,y=03X"-6x-24=0& ceD’
y'=6x-6
y"(-2)=-18<0 ) ) ,
Taco q | = X =-2 la diém cuc dai cua ham so6 da cho.
y'(-2)=0
Vay med

Cau 10: Cho ham s6 f (X) =-x +2(2m—1) x? —(m2 —8)X+2. Tim tat ca cac gia tri cia tham sé6 m dé
ham sé dat gia tri cuc dai tai diém x=-1.
A. m=3. B. m=-9. C. m=1. D. m=-2.
Loi giai
Chon B
Ham s6 f(x):—x3+2(2m—1)x2—(m2—8)x+2 ch f’(x):—3x2+4(2m—1)x—(m2—8) va
f"(x)=—6x+4(2m-1).

Diéu kién can dé ham sé dat cwc tri tai diém x=-1 la f'(-1)=0
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Céu 11;

Cau 12:;

m=1
& -3-4(2m-1)-(m*-8)=0 < m’ +8m-9=0 @{ .
m=-9
Trwdng hgp 1: m=1= f"(-1)=-6(-1)+4(2.1-1)=10 = f"(~1) >0, suy ra ham s6 dat cuc
tiéu tai x =—1. Vay m =1 khong thoéa man yéu cau bai toan.
Truong hop 2: m=-9 = f"(-1)=-6(-1)+4[2(-9)-1]=-70 = f"(-1)<0, suy ra him s4
dat cuc dai tai Xx=-1.
Vay voi m=-9 thi ham sb da cho dat gia tri cuc dai tai diém x=—1.
Cho hams6 y = x° +(4+ m) x° +(16— mz)x“ +2.Goi S 1atap hop tat ca cac gia tri nguyén duong

ctia tham s6 M dé ham s6 dé cho dat cyc tiéu tai X =0. Tong cac phan tir cia S béng
A. 6. B. 10. C.3. D.o.
Loi giai
Chon A
Xétham s6y = x° +(4+m)x° +(16—m?)x* +2 c6 TXP 1a D =R.

Taco y'=6x5+5(4+m)x“+4(16—m2)x3 = x3[6x2 +5(4+m)x+4(16—m2)].
x=0
6x* +5(4+m)x+4(16-m’)=0’

y=0&
Do x=0 la mot nghiém cua phuong trinh y' =0 nén ham sé dat cyc tiéu tai x =0 khi va chi
khi y' d6i dau tir (—) sang (+) khi qua diém x=0.
Pt g(x)=6x*+5(4+m)x+4(16—-m).
Truong hgp 1: x=0 la nghiém cua phuong trinh g(x)=0.Suy ra m=4 hoac m=—4.

x=0
Véi m=4, g(x)=6x>+40x=0< 20 .

3

Khi @6 phuong trinh y’ =0 ¢6 x =0 la nghiém boi 4 nén y’ khong d6i dau khi qua diém x =0.
Suy ra x=0 khong 1a diém cuc tri caa ham so.
Vay m =4 khbng théa man.
V6i m=—4, loai do m la s nguyén dwong.
Truong hgp 2: x=0 khdng la nghiém cua phuong trinh g(x)=0 hay m# 4.

Taco y'=x>.g(x); g(O):4(16—m2).

. ) limg(x)>0
y' doi dau tir (-) sang (+) khi qua diém x =0 khi va chi khi {*>°
limg(x)>0

am
©4(16-m*)>0e -4<m<4.

Ma m 1a s6 nguyén duong nén ta cé me{1,2,3} hay S={12,3}.

Viy tong céc phan tir cua tap hop S 12 1+2+3=6.

Cho ham s6 y =x°+(2+m)x° +(4—m2)x4+4. Goi S 1a tap hop cic gia tri m nguyén duwong

khong vuot qua 10 dé ham sb da cho dat cuc dai tai Xx=0. Téng cac phén tercua S béng
A. 42, B. 52. C. 40. D. 50.
Bién soan: Phan Nhat Linh | 17
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Cau 13:

Loi giai
Chon B
Taco y'=6x"+5(2+m)x* +4(4-m’)x* = x*(6X* +5(2+m)x+4-m’).

o x*=0
=0< :
d 6x°+5(2+m)x+4-m*=0(*)
(*) c6 A=49m’ +100m+4 = (49m+2)(m+2).
A>0
V&i moi m nguyén duong thi —5(2+m) 0 do do ta xét cac truong hop sau:
Er— <
4-m’>0

0 <0<m<2: (*) ¢6 hai nghiém 4m phén biét Xi,Xz(Xl<X2),ta cod
m >

Truwong hop 1: {

bang xét ddu y' nhu sau:
x | —0 X X, 0 +a0

Y| - o + 0o - 0 =+

v

Ldc nay x =014 diém cuyc tiéu.
4-m*<0

0 m>2: (*) c6 hai nghiém trai dau Xl,Xz(X1 <0< Xz),ta co bang
m>

Trwong hop 2: {

xét dau y' nhu sau:

Tir day suy ra X = 014 diém cyc dai.

Trudomg hop 3: (*) c6 mot nghiém bing 0 va mot nghiém am, lic nay X =0 1a nghiém boi 4
cua dao ham nén khong phai la diém cuec tri.

Vay co6 ba gia tri nguyén duong cua m théa man yéu cau bai todn 1a 3,4, 5,6, 7, 8,9, 10. Tong
céc phan tir ciia S bang 52.

C6 bao nhiéu gi4 tri nguyén cia tham s m dé ham s y = x® + (m - 2) x° —(m2 — 4) x* +1 dat cuc

tiéu tai x=07?

A. 3. B.5. C. vo sb. D. 4.
Loi giai

Chon D

Tap xac dinh: D=R.

y':8x7+5(m—2)x4—4(m2—4)x3:x3[8x4+5(m—2)x—4(m2—4ﬂ:xs.g(x)
V6i g(x)=8x" +5(m—-2)x—4(m’ -4).
T . _ 2
Tacé limg(x)=g(0)= 4(m*-4).
Truong hop 1: g(0)<0<:>—4(m2—4)<0<:>me(—oo;—Z)u(Z;+oo).
Khi x — 0" thi y'=x%g(x)—>0"; khi x—>0" thi y'=x>g(x)—>0 =y’ d6i diu tir duong

sang &m qua X =0 = ham s dat cuc dai tai x=0.
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Cau 14:

Trudng hop 2: g(0)>0 < —4(m°-4)>0= me(-22).

Khi x— 0" thi y'=x%.g(x)—>0"; khi x—> 0" thi y'=xg(x)—>0" =y’ d6i déu tir 4m sang
duong qua X =0 = ham sb dat cyc tiéu tai x=0.

Trudng hop 3: g(0)=0<—4(m°-4)=0<m=+2

Véi m=2 tacd y'=8x" = y' ddi ddu tir sm sang duong qua X =0 = ham s dat cuc tiéu tai
x=0.

Véi m=-2,taco y'=x°(8x"—20x)=x"(8x°~20) = y' khong ddi dau qua X =0 = ham s
khong dat cuc tri tai Xx=0.

Nhu vdy ham s6 dat cuc tiéu tai Xx=0 < me(-2;2]. Do m nguyén nén me {-10;12}.

Vay co tat ca 4 gia tri nguyén cua tham s6 M théa man yéu cau bai toan.

Cho ham s6 y = f (x)=ax" +bx* +c,(a,b,c € R) ¢ db thi 1a dudng cong nhu hinh bén. Sé diém
cuc tri cia ham s§ y = f? (X) bang?

i
A. 3. B. 5. D. 4.

Chon B
Taco: y=f?(x)=y =2f"(x)f(x)

b
|
o

X =1X,

Phuong trinh Y’ =0 ¢6 5 nghi¢m don nén ham s6 y = f*(X) c6 5 diém cuc tri.
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Cau 15: Chohamsé f(x) théaman f(-3)>0, f(2)=0 vac6do thi y=f'(x) la duong cong trong

hinh bén. Ham s6 g (x) =|f (x)—x" +14x* - 24x+11] c6 bao nhiéu diém cyc tiéu?

Y

-3 0 / 1 2 x

A. 4. B.7. C.3. D. 5.
Loi giai
Chon A
Tir d6 thi ciia y = f'(x) ta thiy f(x) dong bién trén [L2],suyra f (1)< f(2)=0.
Xétham s6 h(x) = f (x)—x* +14x* - 24x+1Lh'(x) = f'(x)—(4x° - 28x+24).
V& d6 thi ham sd y =4x> - 28x+24 trén cung mat phéng toa do, ta lap dugc bang bién thién

ctia h(x) va g(x)=|h(x)| ( h(-3)=f(-3)+128>128,h(1)= f (1)<0,h(2)=3).

-3 0] 1 2 T

X —0 X, -3 X, 1 X, 2 x, +0
>0 3

h(x) /’ 0/ \Q\

ol | e TN T T T

Vay ham s6 g(x)=|f (x)—x* +14x* —24x+11] 6 4 diém cyc tiéu.
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, , 1 e L
Cau 16: Cho ham s6 da thirc bac bén y = f(X) thoa man f(O):E,hém s6 f'(X) 6 dd thi nhu hinh v&,

Yy

.

-2

ol o ==
2 ]

—1
I
|
1
I

la

S6 diém cuec tri cia ham s6 g(X) = ‘ 18f (1—%)— X

A 4. B. 3. C.6. D. 7.
Loi giai

Chon D

Xét ham s h(x):lsf(l-gJ-xz.Tacé: h’(x):—G.f’[l—gj—Zx.

h'(x)=0< f'(l—%jz—%@ f'(l—gj:(l—gj—l (phuong trinh c6 dang: f'(t)=t-1)

Yy

1-—=-1
3 X=06
\ X 1 £ , X X X
Dua vao do thi ta thay: f (1—§)=(1—§J—1<:> 1—§=1 < x=0
X X=—6
1-—=3
3

Tir d6 thi ham s6 y = f'(X) 1a d6 thi him da thie bac ba, co hai diém cuc tri 1a A(0;2) va

B(2;-2). Suyra: f'(x =x3—3x2+2:>f(x}:%x4—x3+2x+d_

N—"

DOf(O):!lnénd=:l.Taduqc f(x}:lx4—x3+2x+l.
2 2 4 2
Tacs: h(—6)=18f(3)—36=18[f(3)—2]:18[_—1—2j=_8_1
4 2
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63 1 81
h(0)=18f (1)-0=—"7; h(6)=18f (-1)-36=18] f 2|=18 —=-2
(0)=18¢ (1053 n(6) -1 (-1)-36-18[ 1 (-1)-2] -18[ 2] -
Bang bién thién:

T —00 —6 0 6 +-o0c
K (z) - 0+ 0o - 0 +
400 63 +00
2
M) \ 81/ \_ﬁ/
2
—+00
81 63
g(w) = [h(x)| / \ / N\ / \

Vay ham s6 @ (x)= ‘ 18f (1—2) —x?| ¢6 7 diém cuc tri.

Cau17: Cho f(x) lada thirc bic ba, biét ham sd y = f'(x* —x+1) co dd thi la dudng cong trong hinh v&.

Hoi ¢6 bao nhiéu gia tri nguyén ctia tham s6 m thudc [—10;10] déhamso y= f (\/ X2 44— m)

¢4 nam diém cuc tri?
A. 8. B. 9. C. 10. D. 11.
Loi gidi
Chon B
Taco f(x) ladathic bacbanén f'(x) lada thirc bac hai = f'(X* —x+1) la da thitc bac 4.

Do d6 tir dd thi ham s6 y = f'(x* —x+1) taco:
f(xz—x+1)=a(x+ﬁx(x—g(x—2yvéia>0.
f(xz—x+1)=a(x?—x—zxx2—x)=a(x?—x+1—3xx2—x+1—1y
Suyra f'(x)=a(x-3)(x-1),vxeR

s X Lo X '
thmna)y=f(vx2+4—m)coy::VQ?:Zf(Vx2+4—m)

Xx=0 x=0

Xx=0

Y:0C>f(J?:Z m)_oc>dﬁ+4—m:1c>Vﬁ+4:m+L
VX+4-m=3 |[Jx*+4=m+3
Ham s y = f (\/x2 +4—m) ¢6 5 diém cuc trj

< y'=0 ¢ 5 nghiém phan biét va y' d6i dau khi X qua cac nghiém do.

22| Bién soan: Phan Nhat Linh



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Phan Nhat Linh

Céu 18:

Cau 19:

oS m+l>2om>1.

Ma meZ va me[-10;10] nén me {2;3;4;...;10}

Vay c6 9 gia tri cia m thoa méin yéu cau bai toan.

Cho ham sb f (X) =ax" +bx* +C co dd thi caa ham s§ y = f (X) va y= f'(X) nhu hinh vé& bén

du6i. Goi A, B, C 1a céc diém cuc trj cia d6 thi ham s6 Y = T (X) c6 hoanh d¢ lan luot 13 X;, X,, X,

51

T @) Ty xT

Biét dién tich hinh phing gi6i han boi cac duong y = f'(X), y=0, X=X, X=X, Ia S, va dién tich
cua tam giac ABC la S. Tinh P=Xx.X;,v6i S;=1va S=1.
A P=0. B. P=1. C. P=-1. D. P=2.
Loi giai
Chon C
Taco: X, X,, X; 1a cac diém cyc tri cia ham s6 y = f (X) ,voi X, =0 va X < X;.

0
Theo gi4 thiét: S =1:If'(x)dX=1: f(0)—f(x)=1.

X

Va gia thiét: S, ,q¢ :1:%(x3—x1).[f (0)-f(x)]=1.

. )1 X, =X, =2 X, =-1 __

Cho ham s6 f (x)=x*—2x>+(m—-1)x*+2x—m+2022, v6i mla tham s6. C6 bao nhiéu gid tri
nguyén cua M thudc doan [—2021; 2022] dé ham sb y :| f (X—2021)—2022| c6 sb diém cuc tri
nhiéu nhat?
A. 2021. B. 2022. C. 4040. D. 2023
Loi giai

Chon A
Ham sb y = | f (x—2021)— 2022| ¢6 s6 diém cuyc tri nhiéu nhat 1a 7 khi va chi khi phuong trinh

f (x—2021)=2022 c6 4 nghiém phéan biét hay phuong trinh f (x)=2022 c¢6 4 nghiém phén
biét
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Céu 20:

Céu 21:

Céau 22:

Taco f(x)=2022< x*-2x°+(m-1)x* +2x-m=0
x=-1
& (x+1)(x—1)[x2 —2X+ m] =0 |x=1
x> =2x+m=0(*)
Suy ra f(x)=2022 c6 4 nghi¢m phan biét khi va chi khi (*) ¢6 2 nghi¢m phan bi¢t khac ~1
va 1l tuc la
1-m>0
P-2+m#0= {m <1 do m nguyén thudc [—2021; 2022] nén ¢6 2021 gia tri thdéa man.
+2+m=0 m#-3

Choham s6 y = f (x)=x>—(2m+1)x* +(3—m)x+2. Tim tAt ca cAc gié trj thyc cia tham sé m
déhamsd y=f (|X|) ¢ 3 diém cuc tri.
A . m=3. B._?l<m. C. m>3. D.-——<m<3.
Loi gidi
Chon A
Péhamsd y=f (|X|) c6 3 diém cuec trj thi ham s6 y = f (x) c6 ding 1 cyc tri duong.
Khi d6 f'(x)=3x*-2(2m+1)x+3-m=0 co6 hai nghiém phén biét trong d6 c6 1 nghiém
dwong va nghiém con lai phai bé hon hodc bang 0. Suy ra
m=3

4m2+7m—8>0© m<_7_— Ni77

:3_mgo >3.

XX,

Cho ham sé f(x) co dao ham f'(x)=(x*-2x*)(x’~2x) voi moi xeR . Ham sb
| f (1-2022x)| c6 nhiéu nhét bao nhiéu diém cye tri?
A 12, B. 10. C. 9. D. 11.
Loi gidi
Chon C
fr(x)=(x*-2x*)(x*—2x) = x*(x=2)(x* -2) = x3(x—2)(x—\/§)(x+\/§) .
f'(x)=0 c6 3 nghiém don va 1 nghiém bdi 3 nén ham sé f (x) c6 4 diém cuc tri.
S6 diém cuyc tri cua ham sb ‘ f (1— 2022X)‘ bang sb diém cuc tri ctia ham sd ‘ f (X)‘ )
Ta c6 sd diém cuc tri cua ham s6 ‘ f (X)‘ bang m+n (Trong d6 m 1a sé diém cuc tri cua ham
f(x), n la sé nghiém cta f (x) khong tinh nhitng nghiém 1a diém cyc tri).
Theo trén ta c6 m = 4 nén s6 nghiém 16n nhat cia f (x) A5 hay n=5.

Ham s ‘ f(1- 2022X)‘ ¢6 nhiéu nhét 9 diém cuec tri.

Ham s6 y =|x* —4x*| c6 bao nhiéu diém cyc tri?
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Céu 23:

A 5. B. 6. C. 3. D. 7.
Loi giai

Chon A

x=0

X=442

Xéthamsé y=x*—4x* co y' =4x® -8x; y’=0<:>[

Khi d6 ham sé y = x* —4x? ¢6 3 cuc tri.

xX*=0 [x=0
Mit khac phuong trinh x* —4x* =0 < N :

Ta thay phuong trinh x* —4x* =0 ¢6 2 nghiém don.
Vay sb diém cuyc tri caa ham sb da cho 1a 3+2=5.
Cho ham s6 y = f (X) lién tuc trén R va c6 bang xét dau f'(X) nhu sau

€T

f(x) + o — o — 0 +

S6 diém cuc tri ctia ham sb g(x)=f (X3 +2|X|—4) 1a

A 2. B. 3. C.5. D. 10.
Loi gidi

Chon B

Dua vio bang xét ddu f'(X) ta c6 ham sd f (X) cd2cuctritai X=—-1va x=4.

f(x®+2x— 4)kh|x>0

f(x®—2x— 4)khix<0

Xét g(x)= f(x +2|x|- ) { E
g'(x)z{(3x2+2).f'(x +2X— 4; khi x>0

(3x2—2).f’(x —2x—4)khix<0

Xét g'(x)=0
Trwong hop 1: x>0
42x—4=-1 *+2x-3=0 x=1>0
g’(x)=0<:>(3x2+2).f’(x3+2x—4)=0<:> X3+ X & X3+ X &
X*+2x—4=4 X°+2x—8=0 x=1,67>0
Vo1 x>0 ¢o6 2 cuc tri.
Trwong hep 2: x<0

2 X=—|=
3x? —2=0 =3 3
0'(X)=0 (3¢ -2).f/(x*-2x-4) =0 | x* - 2x-4=-1| X -2x-3=0< X:\anli)

X}—2x—-4=4 x*-2x-8=0 _
x =1.89 (lo%i)

| x = 2,33 (lot)
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Céu 24:

Céu 25:

Véi x<0 ¢o1 cuc tri.

Vay ham sb g(x)=f (X3 +2|X|—4) co 3 cuc tri.

o . . 3
Tim s0 diém cuec tri ctia d6 thi ham so Y = x* —8‘X‘ +22%% — 24‘X‘ + 6\/5 .

A. 3. B.5. C. 6. D. 7.
Loi gidi
Chon D
Xéthamsd f(x)=x" —8x° +22x% —24x +6+/2.
x=1
Suyra f'(x)=4x"-24x*+44x-24=0<| x=2.
Xx=3

Ta c6 bang bién thién cua ham so f (X)

7@ - + -

NSNS

Dua vao bang bien thién suy ra ham s6 ¢6 3 dieém cuyc tri duong.

. . 3 .
Suy ra s0 diém cyec tri ctia ham s6 y:x4—8\x\ —I—22X2—24‘X‘+6\/§ bang 2.3+1=7.

Cho ham s6 y = f (x) c6 dao ham f'(x)=(x-2)"(x-1)(xX’ -2(m+1)x+m’-1), ¥xcR.Co
bao nhiéu gid tri nguyén cua tham sé m dé ham s6 g(x)= f (|X|) ¢6 5 diém cyc tri?
A. 3. B. 5. C. 2. D. 4.

Loi giai
Chon C
Nhan xét: Ham sb y= f(|x|) c6 sb diém cuc tri =2.(s6 diém cyc tri dwong cia ham sb
y=f(x)) +1.

Suy ra dé ham s6 g(x)=f (|X|) c6 5 diém cyc tri thi ham s y = f (x) phai ¢6 2 diém cuc tri

duong.
Xét f’(x):0c>(x—2)2(x—1)(x2 —2(m+1)x+m’-1)=0
x=2(L)

- (e —2m+x+m? ~1) =0 x=1 |
x-D(x*-2(m+Yx+m*-1)=0<

x* —2(m+1)x+m? -1=0(*)
Tir diéu kién bai toan suy ra phuong trinh (*) phai ¢ hai nghiém phan biét khac 1 va trai ddu
hoac c6 mot nghiém béng 0 va mot nghiém duong khéc 1.
Truong hop 1: hai nghiém phén biét khac 1 va trai dau.
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Céau 26:

m¢1—\/§;

= m¢1+\/§; =

biéu kién {
-1<mx<l

?-2(m+1.1+m*-1#0 m2—2m-2=0
=N
1.(m2—1)<0 m?-1<0

{mil—\@

1<m<1

Suyra m=0 (TM).
Truwong hop 2: c6 mot nghiém bang 0 va mot nghiém dwong khéc 1.
Diéu kién 0° —2(m+1).0+m’ -1=0< m=+1.

x=0
Véi m:1:>x2—4x=0<:{x_4:>m:1(TM).

Véi m=-1= x> =0= m=-1 (Loai).
Vay c6 hai gia tri nguyén ctia m thoa yéu cau bai toan.

Cho ham s6 f (x) théa man f(-2)< f(2)=0, dd thi y = f'(x) 1a dudng cong trong hinh bén.
¢ bao nhiéu diém cuc tiéu?

(7]

Ham s6 g(X)= f(x)+%x4—%x3—2x2+4x

f'(x)

[\ 2/

—2 O 1\_/:13

A.b5. B. 2. C.3. D. 4.
Loi giai
Chon C
= 1., 1, 2
biat h(x) = f(x)+zx _§X —2X° +4x.
Taco h'(x)=f'(x)+x°=x*—4x+4.V6i h'(x)=0< f'(X)=—x*+X* +4x—4.

Dit k(x)=-x*+x*+4x—4, ta s& khao sat va v& do thi cia Kk(Xx).

Taco k'(x)=-3x*+2x+4.Cho k'(x)=0< -3x*+2x+4=0< X

_1+13
T

Chu y sy trong giao cua d6 thi ham sé k (x) va truc hoanh, ta thay
X=-2
k(x)=0 -’ +x* +4x-4=0<| x=1
X=2

Tt d6 ta c6 hinh vé€ nhu sau
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Cau 27:

ya
f'()

N/ \z
1

k(x)

X=-2

Tur hinh v&, tacé h'(x)=0<| x=1

Hon nia, h(-2)= f(-2)-5"<0,h(2)= (2)

X=2
28

$b h(x) va ‘h(x)‘ nhu sau

—00 -2 1 2 +00

W(z)

- 0 4+ 0 - 0 F

h(z)

—+o00 +o0
h(1) /
\ T T Oz
h(—2)

A ()]

NS,

Vay ham s6 g(X) = ‘h (X)‘ ¢6 3 diém cuc tiéu.

4 e SR SR
+§>0. Tir do ta co6 bang bien thién cua ham

C6 bao nhiéu gia tri nguyén cta tham s6 mdé hamsd y = ‘—XS +3x%+m+ 2‘ ¢6 5 diém cuc tri?

B. 6. C. 4. D. 5.

A. 3.

Chon A

Loi giai

Hamso y = ‘ g (x)‘ c6 so diém cuc tri bang tong so6 diém cuc tri cua g (x) va s0 nghi¢m don ctia

phuong trinh g(a:) =0.
(

Xétham sd y =g (X)=-x*+3x> +m+2.

Suy ra y'=g'(x)=—3x2+6x=0<:{
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Cau 28:

Cau 29:

Bang bién thién:

X —00 0 2 +00
y' - 0 + 0

+00 m+6
m+2 —0

Suy raham s6 y =g(x)=-x>+3x>+m+2 c6 2 diém cuc tri.

Ham s y =|-x° +3x* +M+2|c 5 diém cye tri khi —x*+3X* +M+2=0 ¢6 3 nghiém don khac

m+6>0 {m>—6

= &S -b<m<-2,
m+2<0

0 va 2.Khidé{
m< -2

Viay ¢6 3 gia tri nguyén ciia tham s6 m dé ham sé y = |—x° +3x* + m+2|co 5 diém cuyc tri.

Chohamsb y = f (x) c6 f(—2)=0va dao ham lién tuc trén R va c6 bang xét diu nhu hinh sau

x |-~ —1 2 4o

FE 0 - 0 4

Ham s g(x)= ‘15f (—X4 +2x% — 2) —10x°® +30x?| c6 bao nhiéu diém cuec tri?
A. 2. B. 3. C.5. D.7.

Loi giai
Chon C
Ham s6 h(x)=15f (—x*+2x* —2)-10x° +30x’
Taco h'(x)= 15(—4x3 + 4x). f '(—x4 +2x° — 2)— 60x° +60x
=h'(x) = —60x(x2 —1)[ f ’(—x4 +2x% — 2)+ x? +1} .
Ma —X4+2X2—2:—(X2—1)2—1£—1,VXe]R nén dya vao bang xét dau cua f'(x) ta suy ra
f'(-x*+2x* -2) 0.
Suy ra f’(—x4 +2x? —2)+ x*+1>0,VxeR.
Do d6 dau cua h'(X) cung dau voi u(X):—GOX(X2 —1) , tuc 1a d6i ddu khi di qua cac diém
Xx=-1Lx=0;x=1.
Vay ham s6 h (X) ¢ 3 diém cuc tri.
Ta cé h(O) =15f (—2) =0 nén dd thi ham sé y = h(x) tiép xac OX tai O va cét tryc OX tai 2
diém phan biét khac diém cyc tri.
Véay ham s6 y =g(x) c6 5 diém cuc tri.

Cho ham da thirc y = f (x). Him s0 y = f’(x) 6 dd thi nhu hinh v& sau:
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by

C6 bao nhiéu gia tri cia m dé me[0;6], 2meZ dé ham sb g(x)= f(x2—2|x—]4—2x+m) ch
ding 9 diém cuc tri?
A 6. B.5. C. 7. D. 3.

Loi giai
Chon A
Pat g(x)=h(x-1)=f (|x—]f—2|x—1|+m—1)
Do d6 thi ham s6 y =h(|x—1]) c6 dugc khi tinh tién d thi ham sé y =h(|x|) sang phai mot don
vi nén sb cuc tri cia ham sé y = h(|X—ZIJ) bang sb cuc tri ham y = h(|x|) Nhu vay, dé ham sb
g(x) c6 9 cuc trj thi ham sb y=h(x)= f(X2—2X+m—1) ¢6 4 cuc tri ¢6 hoanh d6 duong.
Lai c6: y'=(2x—2) f'(x* —2x+m-1).
x=1
f/(x*—2x+m-1)=0 (*)’

y=0=

X2 —2x+m-1=1 | x*-2x-1=1-m (1)
()= [ X’ —2x+m-1=2=| x*-2x-1=2-m (2)

X*=2x+m-1=3 | x*-2x-1=3-m (3)
(truong hop x* —2x+m—1=0 c6 nghiém bdi chin nén khong 13 cyc tri).
Xét ham s6 t(x)=x> —2x-1=t'(x) = 2x -2

T |- 0 1 +oo T | _c 0 1 +oc
() -1 0 + V() -1 0 +
+oc : +oo +oo | +oo
t(x) : ‘///’ t(x) :
1 y=1—m <1 y=2—m
\2 \:2

D¢ ham s6 da cho ¢6 9 cyc tri thi phuong trinh (1), (2), (3) phai c6 3 nghiém duong phén biét
khac 1. Khi do, ta co:
1-m>-1 m<2 0<2m<4
& = .
-2<2-m<-1 3<m<4 6<2m<8

Do 2meZ = 2me{0;12;3;4;7}. Vay c6 6 gia tri m thoa yéu cAu bai toan.
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Cau 30: C6 bao nhiéu s6 nguyén m déhamsd f x = %—— ¢6 it nhat 3 diém cuc tri?
X°+Xx+1
A. 3 B.5 C. 2 D. 4
Loi giai
Chon A
Xéthimsé g X =——— 1
X“+x+1 3
. 1—x?
Taco g X =0 ———=0&x==%1.
X2+ x+1
Bang bién thién
r |—oc -1 1 foC
q'(x) o 0 + 0 -
1 m
3 3
g(x) _m \ m
3 5
e Y 3
m
3

Hamsd g x cohaidiémcuctri x=—1, x=1 véimoi M€ R nénhamsb f x :‘g X‘ co it

nhat 3 diém cyc tri khi va chi khi phuong trinh g x =0 ¢ nghiém boi 1é.

]

=0
3

—-3<mx<l

e me —2:—1,0 (Do m nguyén
=0 ( guyén)

Cau3l: Chohamsé f(x) liéntuctrén R va c6 bang xét ddu dao ham f'(x) nhu hinh bén.

T —00 -1 0 1 400
f'(x) — 0 — 0 — 0 +

S6 diém cuc tri ctiaham sé g(x) = f (x2 —2x+1—|x—]4) la

A. 8. B. 9. C. 10. D. 7.
Loi giai

Chon D

Taco g(x)= f(x2—2x+1— (x—l)z)

1

co g'(x):(Zx—Z—ﬁ} f'(x2—2x+1—|x—14)=(x—1){2—mJf'(x2—2x+1—|x—1|)
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[x=1
1 x 3
y = _2
1 X=— X:E
x-1== 2 2
2 N x =1(Kk)
Suyra g'(x)=0< | X’ —2x+1-|x-1=-1<| " 2 =0
x? —2x+1-|x-1=0 x-1" ~|x-1+1=0(vn) K= D
x*—2x+1-|x-1=1 x-1" -|x-1=0 3445
X =
) x-1" -|x-1-1=0 2
] 1-+5
X=—
2

Ta c6 bang xét dau g'(x):

L]
bI| =

g'(x) -0 + 0 — 9o+l -0 +0 - 0o *

Vay ham sé g(x) c6 7 cuc tri.

Cau 32: Cho ham s6 bac ba y = f (X) ¢6 dd thi nhu hinh v& sau:

Vn G

Goi S la tap hop tat ca cac gia tri nguyén ciia tham s6 m dé ham s6 y = f (x* —4x+m) c6 3
diém cuc tri. S phantrcua S 14
A 4. B. 3. C. 2. D. 5.
Loi giai
Chon A
Taco: y' =(2x-4) f'(x*—4x+m).
X=2 X=2

S| X —4x+m=-1lc| X —4x=-m-1 (*)

X=2

y=0e f'(x2—4x+m)=0

x> —4x+m=3 X*—4x=-m+3
Hamsé y=f (x2 —4x+ m) c6 3 diém cyc tri khi va chi khi phuong trinh (*) c6 dung 3 nghiém
boi lé.

Xét ham s6: g (x)=x* —4x
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A s & 2 +00

g'(x) 0 +

7 \

Dua vao bang bién thién, ta thiy: Phuong trinh (*) c6 dang ba nghiém boi Ié
-m+3>-4
-m-1<-4

4 —m —1

& 3<m<7

= S ={3;4;5;6}

Cau 33: Chohamsé y = f(x) c6ddthi hamsé y = f'(x) nhu hinh v&.
Y

N N

86 gié tri nguyén ciia tham sé m dé hamsé g(x) = f(ZX2 —4|x|+m—3) c6 7 diém cuec tri.
A. 1l B. 2. C. 3. D. 4.
Loi gidi
Chon A
bt h(x)= f(2x2—4x+m—3).

Suy ra h'(x) :(4x—4).f’(2x2 —4x+m—3)
Dé g(x)co 7 diém cuc tri thi h(x) phai c6 3 diem cyc tri duong.

4x-4=0 x=1

Taco: h'(x)=0 .
acé: h'(x) C{2x2—4x+m—3:2© 2x* —4x+m-5=0(*)

h(x)c6 3 diém cuc tri dvong=> (*) c6 2 nghiém duong phan biét, khac 1.
-2(m-5)>0

4
= m—5>0 =5<m<7.

2-4+m-5%#0
Vi m nguyén nén m=6.Vay cd 1 gia tri nguyén caa tham sé6 m thoa méan.
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Cau 34:

Céu 35:

Chohamsé y = f (x)=x>—mx* —x+1. Cé bao nhiéu gia tri nguyén ctia m dé so diém cyc trj ctia

dd thi ham s6 y = f (]x|+1) bang 5.

A. 3. B. 2. C. 1. D. 0.
Loi giai

Chon D

Ta cé:

y=g(x)= f(|x|+1)=(|x|+1)3—m(|x|+1)2—(|x|+1)+1=|x|3+(3—m)|x|2+(2—2m)|x|+1—m
Xét ham s6: h(x) =x*+(3-m)x* +(2-2m)x+1-m. D¢ sb diém cyc trj cta dd thi ham sb
y = f(]x|+1) bang 5 thi ham s6 h(x) = x*+(3—=m)x* +(2-2m)x+1-m c6 hai diém cyc tri

duong, hay phuong trinh h'(x) =3x*+2(3-m)x+2-2m=0 c6 hai nghiém duong phén biét.
A'=(3-m) -3(2-2m)=m?+3>0

-2(3- m>3
Suy ra: (—m) >0 < { g (vo 1i).
3 m<1

2-2m
3

Vay khong c6 gia tri nao cua m théa man.

>0

Chohamsb y = f (X) xac dinh trén R va ¢ bang bién thién nhu sau

r =0 -1 0 1 +00
f(x) -0 + 0 - 0 +
+o0 ) +00
[(x) \ / \ /
—2 —2
S6 diém cuc tiéu cia ham s6 g(x)= f* (X3 +3x)+ 2022 la
A. 5. B. 2. C.3. D. 4.
Loi giai
Chon B

Taco g’(x):3(3x2+3)f'(x3+3x)f2(x3+3x).
Ta thy 3(3x*+3)>0, VxeR, va f?(x’+3x)>0, VxeR, nén diu cia g (X) chinh la déu
cia f'(x*+3x).
X*+3x=-1 | x=x¢€(-10)
f(X+3x)=0e| X’ +3x=0 <|x=0
x*+3x=1 X=X, €(0;1)
-1<x<0

Tir bang bién thién cia ham f(X) tacé f'(x)>0<:{X>l

. “1<x*+3x<0 <x<0
Do d6 f(x3+3x)>0<:{ <:{X1

x> +3x>1 X > X,

Ta c6 bang bién thién caa ham sé g(x)
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Céu 36:

x —00 1 0 T2 +0o0
q’(;};) — 0 + 0 — 0 +
+ +00
g(x)

Suy raham s6 g(X) c6 2 diém cuc tiéu.

Cho ham s y = f (x) c6 dao ham y = f'(x) (X—2)2 (X2 —X), XxeR.Goi S latap hop tat ca
cac gia tri nguyén duong ciia tham s6 m dé ham sb f (% x> —6X+ mj ¢6 5 diém cyc tri. Tinh tong

tat ca cac phan tircua S .

A. 154, B. 17. C. 213. D. 153.
Loi gidi
Chon D
X=2
Taco f'(x)=0<| x=0, trong d6 X =2 1a nghiém b¢i chén nén khong phai 1a diém cyc tri
x=1

ciahams6 y = f (x).

Xéthamsd y=g(x)= f(%x2—6x+m ; g’(x):(x—6)f’(%x2—6x+mj.
[x=6
1.,
x—6 EX —B6X+m=2
"X)=0 = )
9'(x) f’(1x2—6x+mj:0 lx2—6x+m=0
2 2
L ex+m=1
| 2

Nghiém cua phuong trinh %xz —6x+m =2 khong phai 1a diém cuyc tri cia ham s6 y = g (x).
Déham sd y = g(x) c6 5 diém cuc tri thi phuong trinh %Xz —6x+m=0 va %Xz —6x+m=1
phai c6 4 nghiém phan biét khac 6.

Xét ham sb h(x):%xz—Gx c6 h'(x)=x—-6.Cho h'(x)=0< x=6.

Bang bién thién:
X —an 6 +a0
h'(x) - 0 *

h(x) +T\ // +f
18
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S6 nghiém phuong trinh > x* —6X+m =0 bang so giao diém cuia do thi ham soh(x) va duong
thang y =-m.
S6 nghiém phuong trinh > x* —6x+m =1 bang s giao diém ctia do thi ham s6 h(x) va dudng

thang y =-m+1.
Ma —-m <-m+1 nén dé hai phuong trinh trén c6 4 nghiém phan biét khac 6 thi —-m > —18
< m<18.
Tap céc gia tri nguyén duong cia m thoa man yéu cau bai todn la S = {1...17}.
Tong tat cac gia tri m cuatdp S 1a 1+...+17 =153,

Cau 37: Cho ham sd bac bén y = f (X) c6 dao ham lién tuc trén R , ham s6 y = f'(X) ¢4 dd thi nhu hinh
v&. Goi S 1a tap cac gia tri nguyén cta tham sé M dé ham s6 y = f (|4— 2X| +m —6) c6 ding 3
diém cuec tiéu. Tong cac phan tir ciia S bang

Vi

_1/\1 a4/ x
0

A. 18. B. 11. C.2. D. 13.
Loi giai
Chon B
Taco y=f (|4—2X|+ m —6) 13 ham s6 chin v&i bién s6 2X—4 nén d6 thi ham s nhan duong
thang X = 2 1am truc d6i xtmg.
Xéthamsd y = f[(2x-4)+m-6] (1) c6 y'=2f'(2x+m-10).

Theo dau bai y' =0 tai cac diém X, =-1;x, =1;x,=4.

9-m
X1:T
2x,+m-10=-1
Taco |2x,+m-10=1 = Xzzﬂ%m (X, X,, X, 12 cac nghiém don).
2%,+m-10=4 14-m
X; = >

Suy ra ham $6 (1) ¢6 3 diém cuec tri (2 cuc tiéu va 1 cuc dai vi 1a ham bac 4 co hé s6 a>0 ).
Do thi ham sé y = f (|4— 2X| +m-— 6) gdm 2 phan:

Phén 1: D4 thi ham s6 (1) phia bén phai duong thang x=2.

Phan 2: Ly d6i xtng phan 1 qua dudng thang X =2.

Do d6 ham sd y=f (|4—2x|+m—6) ¢6 3 diém cuc tiéu thi ham s6 y = f [(2x—4)+m—6]
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. : L N D
cd 3 cuc tri X, X,, X, VO1 X <X, <X, va thoa man
X, >2
9—m32
= 2 =5<m<7=me{5;6} =S =11.
11-m
>2
2

Cau38: Chohamsé y= f(x) c6daoham f’(x)=x?+x—6.C06 bao nhiéu gia tri nguyén cia m dé ham

6 Y= f()(3—3X2—9X-|-m) c6 dung 6 diém cyc tri.

A 7. B. 8. C.9. D. 10.
Loi gidi
Chon D
X=-3
Taco f’(x):x2+x—6:0<:{ .
X=2
[x=-1
X=3

Taco yr:(3X2_6X_g)fr(x3_3xz—9X+m):0<:> X3_3X2_9X:_m_3 (1)

_x3 —-3x*—9x=-m+2 (2)

x=-1 .
Xét h(x)=x’-3x"-9x; h'(x):3x2—6x—9:0<:{ 3 , ta c6 bang bién thién
X =

X —a0 -1 3 4o

h(x) + 0 — 0 T

h(x) et 3 \ o /
—o —27

béhamsd y=f (X3 ~3x? —9x+m) ¢6 dung 6 diém cyc tri thi

-m+22>5

{—27<—m—3<5 -8<m<-3
—27<—m+2<5c{24£m<29'
{—m—3£—27

Vay ¢6 10 gid tri nguyén cia M dé hamsé y = f (X3 ~3x* -9x+ m) c6 dung 6 diém cyc tri.

Cau 39: Cho ham da thirc Y= f(X). Ham s6 ¥ = f'(X) c¢6 dd thi nhu hinh v& sau
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Cau 40:

Ay

C6 bao nhiéu gia tri cia Me[2,6);2meZ dé ham sb g(x)= f (X2—2|x—1|—2x+m—1) co

dung 9 diém cuec trj?

A. 3. B. 5. C. 4. D. 2.
Loi giai
Chgn C
. 2(x-1 -1-1
Taco: g'(x) = (x |2((|X]4 4 )f’(x2—2|x—]4—2x+m—1)
x=0
g(x)=0=|x=2 ; g’(X) khong xac dinh tai x =1

f’(x2—2|x—]4—2x+m—1):0
Dua vao dd thi ham sb f '(X) ,tacé
x*=2|x=1-2x+m-1=1 X’ =2|x=1-2x=2-m
f’(x2—2|x—]4—2x+m—l):0<:> X' =2x-1-2x+m-1=2<| x*-2|x-1-2x=3-m
X’ —2|x=1-2x+m-1=3 X’ =2|x=1-2x=4-m

2 2 < A A
Xét ham s6 h(X) =X —Z‘X—l‘— 2X, ta ¢ bang bién thién sau

X —0 0 1 2 +o0
7 (x) T
+0 -1 +o0
h(x) \ / \ /
=2 =2
. . 2-m>-1 m<3 59
Ham s6 da cho ¢6 9 cuc tri < < =>me<2;3;—,—¢.
-2<3-m<-1 4<m<5 2 2

Vay c6 bon gié tri cia M.
Cho ham s6 y = f (x) lién tuc trén R va c6 biéu thirc dao ham f'(x)= x* —3x? —10x. Hoi ¢4 tat
ca bao nhiéu gié tri nguyén duong cta tham s Mdé ham s g(x) = f (‘X2 —2mx+m-— 2‘ — 3) co

13 diém cuec tri?
A 2. B. 3. C. 4. D. 5.
Loi giai
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Chon A
Ham sb y = f (x) dat cuc tri tai cac diém x=5;x=0;x=-2.

Xét ham sd f(u)= f(‘xz—me+m—2‘—3> vGi u:‘xz—me+m—2‘—3.

Dt h(x)=x?—2mx+m -2, ta v& bang bién thién ctia ham sd h(x) nhu sau:

X — m +ao

B x) — 0 +
-'1?|:.T:l +I\ /+I

Nhan thdy -m*+mM -2 <0 nén ta suy ra duoc bang bién thién cua U nhu sau:

—m +m—2

x |- m +o0
2 H=>5 7 0
= —1 /
=0 4" \\u\
N =—: z’ N
o ' DN “a >
3 =3
ﬁ;'d. oo
—m +m—2
u=>5
S6 diém cyc tri cua f (u)=S0 diém cyc tri ciia U + S6 nghiém don (bfi 1€) ctia |u =0
u=-2

Tur bang bién thién ta thdy U c6 3 diém cuc tri. Dé ham s6 g(x) €0 13 cyc tri thi s0 nghiém

u=>5
don (boilé) ctia |u=0 phai bang 10.
u=-2

Dé ¢6 10 nghiém boi ¢ thi cac dudng thing U =—2;U =0 phai nim dusi m* —mM -1 (néu nim

trén thi chi cho t6i da 6 nghiém) va duong thang u =5 phai nam trén m’-m-1.

m>1+2\/§
. m’-m-1>0< .
Yéu cau bai toan <> 1-5 —"E—>me{2;3}.
m —_—
2
m’-m-1<5&-2<m<3

Cau 41: Cho ham sb f (x) c6 dao ham lién tuc trén R, d6 thi ham s6 y = f '(x) co6 dung 4 diém chung

vO1 truc hoanh nhu hinh v€ bén dudi:
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A v

-1 N a
/ [2) IN_ "2 4 .

. . . 3
C6 bao nhiéu gié tri nguyén cta tham s m dé ham sé Y = f (‘X‘ —3‘)(‘ +Mm+ 2021) +2022m°

co dung 11 diém cuc tri?

A. 0. B. 3. C. 4. D. 1.
Loi gidi

Chon D

~ £ ) 5 , 3
V6i mdi tham s6 m thi s diém cuc trj cia ham s6 Y = f (\x\ ~3[x|+m+ 2021) +2022m’
3 .
vay=f (\x\ —3\x\+m+2021)b5ng nhau.

A . . 4 2 , 3
Do d6 ta chi can tim gi4 tri nguyén cta tham sé m dé ham sé Y = f ‘X‘ —3‘X‘ +m+2021
¢6 ding 11 diém cyc tri.

Xét x >0 Ham sé ¢6 dang y = f (X° ~3x+m+2021).
Khi d6 ta c6 dao ham nhu sau: y' = (3x2 —3) f'(x3 —3x+m+ 2021).

Do nghiém ctia phuong trinh X° —3X+m+2021=4 14 cac nghiém boi bac chin cua phuong trinh
y'=0 nén ta chi can quan tdm dén céc nghiém con lai. Tuc la

x=1 (dox>0)
. 3x*-3=0 x® —3x+m+2021=-1
y'=0 = 5 — =
f’(x —3x+m+2021)=0 x2—3x+m+2021=1
% —3x+m+2021=2

x=1 (dox>0)
m+2021=—x*+3x-1
m+2021=—-x*+3x+1

| m+2021=—x>+3x+2

V& db thi ba ham s§ y=—x*+3x—-1; y=—x*+3x+1; y=—x*+3x+2 v4i x>0 trén clng
mot hé truc
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L}
1 r---- I
I y = 1+ 2021

y= —a’+3x —1

Hamsé y=f (‘X‘g - 3|X|+ m+2021) c6 dung 11 diém cuyc tri

< Hamsé y=f (x3 =3Xx+m+ 2021) c6 dung 5 diém cyc tri duong

< Phuong trinh f'(X° ~3x+m+2021)=0 ¢6 déing 4 nghiém bi I¢ duong va khic 1

< Puong thang y=m+2021 cit d6 thi ba ham s6 y=-x*+3x-1; y=—x+3x+1;
y =—x*+3x+2 tai 4 diém phan biét c6 hoanh d6 dwong khac 1

-1<m+2021<1 —2022 <m < -2020
A A .
2<m+2021<3 -2019 <m<-2018

Do diéu kién m nguyén nén m = —2021.
Vay chi c6 1 gia tri nguyén caa m théa man yéu cau bai toan.
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Phan Nhat Linh

CU’C TRI SO PHUC

DANG 0
BLLR O

IYYY iEN THGC CAN NHO

1. M6dun cia so phire:

o S6 phtic z=a-+bi dugc biéu dién boi diém M (a;b) trén mat phing Oxy . Do dai ciia vécto OM

duoc goi 1a médun cua so phuc z . Ki hi¢u

e Tinh chit

@ |z =+Ja? +b? =77 = |OM|
®lz.z1=1zl.lz"

®|lzl -1z <lz+z1<z| +1z

z| =|a+bi|=va®+b’

@|z>0,vzeC,lzl=0=2=0
z

Z 1

|zl _,
:m,(z #0)

® |kz| = |k||z| k <R

2 _

e Chuy: ‘22‘:‘a2—b2+2abi‘:\/(a2—b2)2+4a2b2:a2+b2:|z|2:‘2‘ 2.2.

e Mot s hru y:

® |z, + 2, <|z,| +|2,| dAu bang xay ra < 7, =kz, (
@ |z, - 2,| <|z,| +|z,| d4u bing xdy ra < 7, =kz, (
@|21+Zz|2‘|21|_|22” dau bang xay ra < z, =kz,

S |Z1 _Zz| ZHZl|—|22” diu bang xay ra < z, =kz,

® |Zl+ Zz|2 +|Zl_ Zz|2 = 2(|Zl|2 +|Zz|2)

® |2 =[]|z=[e| vzeC

2. Mot s6 quy tich nén nhé

k
k

=

<
k <0)
k>0)

Biéu thirc lién hé X,y

Quy tich diém M

ax+by+c=0 (1)
|z—a-bi|=|z—c—di| (2)

(1) Pudng thing A:ax+by+c=0
(2) Puong trung tryc doan AB véi (A(a,b),B(c,d))

(x—a)2+(y—b)2 <R? hoic
|z—a-bi|<R

Hinh tron tdm 1 (a;b), ban kinh R

r s(x—a)2+(y—b)2 <R’
hoiac
r<|z—a-bi|<R

Hinh vanh khin giéi han boi hai dudng tron déng tam
| (a;b), ban kinh lan lugt 1a r,R

y=ax’+bx+c
c

|z—a,—bji|+|z—a, -b,i|=2a

#0) | Parabol
x=ay’+by+c
2 2
(X;za) +(y;'2C) ~1(1) (1) Elip
hodic (2) Elipnéu 2a> AB,A(a,,b),B(a,,b,)

Poan AB néu2a= AB

Bién soan: Phan Nhat Linh | 1



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*

(x+a)2_(y+c)2

o7 wE =1 Hypebol

MOT SO DANG PAC BIET CANLUU Y:
Dang 1: Quy tich diém biéu dién s6 phuc 1 dudng thiang.
Tong quat 1: Cho s6 phirc Z théa méin |z—a—bi|=|z|, tim |Z|Min . Khi d6 ta co

e Qujy tichdiém M (x;y) biéu dién s6 phitc z 1 duong trung truc doan OA voi A(a;b)
2y =120l = 527+

7=+
2 2
Téng quat 2: Cho sb phtrc théa man diéu kién |Z —a—bi| = |Z —C—di|. Tim|z|min .Tacé
e Quy tich diém M(x;y) biéu dién sé phic z 1a duong trung truc doan AB voi

A(a;b),B(c;d)

2| =d(0,AB)= ‘a +b*—c —dz‘
z
. 2\/ a-— c —~ )2
Luuy: Dé bai c6 thé suy bién bai toan thanh 1 sb dang, khi d6 ta can thuc hién bién ddi dé dua
vé dang co ban.
ViDU 1:

e Cho sd phitc thoa man diéu kién |z —a—bi|=|z—c—di|. Khi 6 ta bién ddi
|2—a—bi|=|z—c—di| < |z —a-+bi| =|z —cdi.
e Cho s0 phitc thoa man diéu kién |iz—a—bi| =|z—c—di|. Khi d6 ta bién doi

— —bi| —c—di
Z+ =

liz—a—bi|=iz—c—di| <

i i < |z+b+ai|=|z+d +cil.
Dang 2: Quy tich diém biéu dién sé phuc 1a duong tron.
Tong quat: Cho s phitc Z thoa man diéu kién |z—a—bi|=R > 0(|Z ~7,|= ) Tim ||

Max ’| |M|n

e Qujy tich diém M (X;y) biéu dién s phirc z 1a dudng tron tam 1 (a;b) ban kinh R
|7|,,., =0l +R=+a*+b® +R=|z,|+R
2], =[01 =R =V +b* | = || -]

Luu y: Dé bai c6 thé cho ¢ dang khac, ta can thuc hién cac phép bién ddi dé dua vé dang co ban.
—a—bi _R

Vi du 1: Cho s6 phtic Z théa méan diéu kién |iZ —-a- bi| = (Chla hai vé cho

i) |z+b+ai|=R

Vi du 2: Cho sé phitc Z théa méan diéu kién ‘E — a—bi‘ =R< |Z —-a+ bi| = R (Léy lién hop 2 vé)
Vi du 3: Cho s phtic Z théa mén diéu kién:
—a-bi| R R

c+di |:|c+di| :4/02 +d?

(c+di)z—a-bi|=R<|z+
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z| R
7—-2L=—
Zo| |2
Dang 3: Quy tich diém biéu dién s6 phuc 1a Elip.
Téng quat 1: (Elip chinh tic). Cho s6 phtrc Z théa man diéu kién |Z — C| + |Z + C| =2a, (a > C)

Hay viét gon |2,z 7|=R < (Chia ca hai vé cholz,| )

2 2
e Quy tich diém M (x; y) biéu dién sé phire z 14 Elip: = +—Y— =1
a a —cC

|Z|Max = a
2], = Va* —¢*
Tong quat 2: (Elip khong chinh tic). Cho s6 phtrc Z théa méan diéu kién |Z - Zl| + |z - 22| =2a

Théa min 2a >z, — 7,|. Khi d6 ta thyc hién phép bién doi dé dua Elip vé dang chinh tic

Khi d& cho Elip dang khong chinh tac |2-z,|+|z-2,| = 2a,(|z, - 2,| < 2a) va z,,2, # +c, +ci
‘ o Clz—z]=2c
Tim Max, Min cua P=|Z—Z |.Dat
’ b* =a’-c?
A Z,+12 P, =a .
Neéu |z, -+—2|=0 { Max (dang chinh tac)
I:)Min:b
Z,+1 4, +1
o ———=|>a Puax = |20 ———2|+a
Neéu 2 2
2,-2,=k(2,-2,) Z,+12,
PMin Zy— -
2
2, +1 Z,+1
£ o_1 tl<a PMax:ZO_l l+a
Neéu 2 2
2,-2,=k(2,-2,)
Néu |z, —z,| =z, - 2, Z,+1,
Puin = O_T_b

IS BAI TAP TRONG PE MINH HOA

CAu 42 — Dé tham khao 2023. Xét céc s6 phie z thoa man |2 —3-4i[=2z|. Goi M va m Ian luot Ia

gid tri 16n nhit va gi4 tri nho nhét cta |z|. Gid tri cia M? +m? bang
A. 28. B. 18+ 446 . C. 14. D. 11+46.
& Loi giai

Chon C
Ap dung bat dang thirc tam giac ta co:

22| =[2* -3 4l > |2*| -[3+ 4| =2 -5 (i [22| =|2")

Déu “=" xdy rakhi z° =k (-3-4i).

Suy ra 4|z 2 (|2|-5) <z ~14[zf +25<0 = 7-26 <[z <7+2V6
=6-1<|7|<\6+1.Dodo, taco M =1++/6 va m=+6-1. Vay M? +m? =14,
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IS BAITAP TUONG TU VA PHAT TRIEN

Cau 1:

Cau 2:

Cau 3:

Cau 4:

Cau 5:

Céau 6;

Cau7:

Cau 8:

Cau 9:

Cho hai s6 phitc zva w théa mén |z| = 4,|w| = 2. Khi ‘z +W +5+12i dat gia tri 16n nhét, phan

thuc ctia z +iw bang
A2 B. . c. 2 p. 2.
13 13 13 13

Cho sb phirc z; théa man |z, -3-5i|=2 va s6 phiic z, théa man |z, +1+2i| =|z, +i|. Tinh gia
tri nho nhét ctia |z, -z, -1-2i[.

72 +4 72 -4 27-4 5 72

A . B. . C. .
2 2 2 2

Cho s phic z théa man |Z+2—2i|=‘2—2i‘ . Tim gia tri nho nhit cua biéu thirc
P =|z-2i|+|z-1-2i.
A V17 B. /34, C.3. D. 2417 .

Xét cac s6 phic z,w théa man |z|=2 va |w|=3. Khi ‘z+iv_v—5—12i‘ dat gia tri nho nhat thi

|z —w| bang:
A. —“758. B. 8. C. —“475. D. —“757.
13 13 13

Cho s6 phirc 7 thoaman |2+ 22 +5| =|(z +1+ 2i)(z+1-8i)| vasd phirc w=2-1-2i . Gia tri
nho nhat [w| bang

A. 245, B.%. c.g. D. 5.

Cho s6 phitc z théa man.|z|=1. Goi M va m lan luot 1a gi tri 16n nhat va gié tri nho nhat cua
biéu thirc P :|Z +1| +‘Z2 -z +1‘ . Gia tri chia M.m bang

A B33 g 138, c. B3, p. 38,

4 8 3 8
Xét cac s6 phic z thoa man |z—3+4i|=2. Goi M va m lan luot 12 gia tri 16n nhét va gia tri
nhé nhét cua |z|. Tong M +m bang:
A. 11. B.12. C.9. D. 10.
Xét cac s6 phic z thoa mén [z—1=2. Goi M, m lan luot 1a gia tri 16n nhat, gia tri nho nhat
ciia bieu thic P =2+ 2/+2|3~2|. Tong M +m bing.
c 45555 ) 15+5V33

3 3

A 14, B.7.

Cho sb phuc z thoa man diéu kién ‘22 + 4‘ = ‘22 + 2iz‘ . Gia tri nho nhét cua |Z + i| béng

Al B. 2. C.3. D. 4.
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Céu 10:

Cau 11;:

Cau 12:

Céu 13:

Céu 14:

Céau 15:

Céau 16:

Cau 17:

Céau 18:

Céau 19:

. A s 1A P R S 1+27 , A 1, ,
Goi a,b lan luot 1a phan thyc va phan ao cta so phirc W = 7 trong d6 z 1a so phtc thoéa
-1z

man |z —1-2i[ =245 va biéu thic |z +2|° —|z +i” dat gi4 tri Ion nhit. Tinh tong a +b.

A.a+b=E. B.a+b=E. C.a+bzﬁ. D.a+b=g.
13 13 13 13

Gia su z;;z, 1a hai trong s6 cac s phirc z thoa méin (Z - 6)(8— IE) 1a mot s6 thyc. Biét rang
|2, — 2,| =6.. Gid tri nhé nhét ciia biéu thitc |z, + 3z, bang

A. 5-421. B. 20 - 44/21. C. -5+4/73. D. 20-2+/73.

Xét cac s6 phirc z thoa man ‘22 -6 —8i‘ = 2|Z| .Goi M va m lan luot 13 gia tri 16n nhat va gia
tri nho nhét cta |z|. Gid tri cia M? +m? bang

A 12, B. 24. C. 24/94 . D. \/94.

Gia st 7,2, 1a hai trong cdc s phirc z théa man (z- 6)(8— IE) la s thuc. Biét rang

|2, — 2,| = 6. Gid tri nho nhat cua |z, + 32, bang

A. -5++73. B. 5++/21 C. 20— 2473 D. 20—44/21

Xét cac sé phirc. z . théa man diéu kién _3 _23' z +4 =1.Goi m, M 1lan luot 14 gia tri nhd nhét
— <41

va gid tri 16n nhat cua biéu thic P =|z|. Tinh S =2023-3M +2m.

A. S =2021 B. S =2017 C. $=2019 D. S =2023

Xét cac s6 phuc z, w théa méan |z|=2 va ‘i.v_v‘:l. Khi |iz+w+3—4i| dat gia tri nho nhét,
|z—w| bing

" /25 V22

B. —. C. 3. D.——.
5 5

. DR I S Lo Z+3 |, & 3 e
Goi S 1a tap hop tat ca cac so6 phtic z sao cho s phirc W= 271 c6 phan thyc bang 2. Xét cac
Z+

s0 phiic 7,2, € S thoa man 32, - 42,| = 2, gia tri 16n nhét ctia P = A —3i|2 ~|z, - 4i|2 bang
A. 16. B.8. C. 4. D. 32.
Cho hai s6 phirc z va w théa man z+2w=8+6i va |z—w| =4. Gid tri 16n nhat cia biéu thirc

|z|+|w| béng:

A 46 B. 24/26 . C. /66 . D. 3V6.

Cho z, z, lahai s6 phuc thoa man [iz —1+i| = 2 VA |z, — z,| = /2. Gia tri 16n nhét cua biéu thic
P =|z,+z, +1+2i| c6 dang a++/b . Khido a®+b co gid tri la

A. 18. B. 15. C. 19. D. 17.

Cho s6 phirc z théa méan ‘22 —2iz‘ = 2. Gia tri 16n nhit cia |Z| bang

A1l B. V3-1. C.\/3+1, D. 2.
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Cau 20:

Cau 21:

Cau 22:

Céu 23:

Cau 24:

Cau 25:

Céau 26:

Cau 27:

Cau 28:

Céau 29:

Xét cac s6 phitc z thoa man ‘22 -5 +12i‘ =3|z|. Goi M va m 1an lugt Ia gié tri 16n nhit va gia
tri nho nhat ctia |z|. Gid tri cia M? +m?® bang

5 35+ 361

> C. 35. D. 35+361.

A. 26.

Trong céc sb phirc z théoa man diéu kién |z —2—5i |=| z —3i|. Biét rang sd phirc z =X+ Vi,
(x,y € R) ¢6 mddun nho nhét. Tinh P = x* + y?.

25

A P=22, B. P=5. c.p=2 D. p=2
2 5

=
Cho s6 phtrc z théaman |z +Z|+2|z—Z|=8.Goi M, m lan lugt la gié tri 16n nhat, gia tri nho
nhit cua biéu thirc P =|z-3-3i|. Gid tri cia M +m bang

A. 10 ++/34. B. 2410 C. \/10 ++/58. D. V5 ++/58.

Xét céc s6 phirc thoa man \zz —6z+5—3i\ =4|z-3.Goi M va m lan luot la gid tri 16n nhat va
gi4 tri nho nhét ciia |Z —3| .Gi4 tri ciia biéu thirc 3M —2m bang:

A. 10. B. 13. C. 73. D. 8

Goi S 1a tap hop tit ca cac sé phirc z thoa man diéu kién 2.7 =|z+7Z|. Xét cac sb phuc

2,2, € $520 ¢ho |7, — 2,| =1. Gié tri nho nhat cia biéu thirc P = |z, —3i| +|7, + V/3i| bing
A 2. B. 1++/3. C. 243. D. 42083 .
Cho sb phirc z ¢ phan ao duong théa méan |Z| =1 va biéu thiuc P = |1+ Z| + 2|1— Z| dat gia tri

nho nhat. Gia trj cia biéu thirc Q =z + g + gi bang

35

C. 2. D. —.
5

A 0. B.

oo

Xét cac sb phic thoa man ‘22 ~8+ Gi‘ =5|z|.Goi M va m lan luot 1 gid tri 16n nhat va gié tri
nh¢ nhét cia |z|.Gia tri cta biéu thite M ? +m? bing:

A. E B. 45. C. 15. D. 10

2

Xét cac b phitc 2 thoamén |2 — 42— 46| =3[z~ 2. Goi M va m lan luot la gié trj l6n nhét
va gid tri nho nhét clia |z - 2|. Gi4 tri ciia 5M —2m béng

A. 29. B. 21. C. 26. D. 18.

Cho s6 phirc 7, thoa man |z —3+7i|+|z +2~5i| <13. Tim gié tri nho nhilt cta P =|z 5

A 3. B. 24/26 C. 4 D. Vi3.

Cho s6 phurc z théa mén |z| =1. Gi4 tri 16n nhat ciia biéu thirc P =[1+ 2|+ 2[L1— 7| béng

A. 645. B. 4.5. C. 245. D. 5.
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Cau 30: Cho hai s6 phirc 7,7’ théa mén |z+4| =3 va |2’ +1+ 2i| =|z'— 2+ 6i|. Tim gié tri nho nhat cua

lz-17].
2 B 2 c. 2 D, 2.
20 5 10 8

Cau3l: Cho sb phic z thoa man dong thoi hai didu kién: |z-3-4i|=+5 va biéu thic

P= |z + 2|2 —|Z - i|2 dat gia tri 16n nhét. Tinh gia tri ‘22 + i‘ .

A. 51. B. 5v2. C. 35. D. 24/41.
Cau 32: Cho z=x+yi théa|z—2-4i|=|z-2i| va |z| dat gi4 tri nho nhat. Tinh 3x -2y ?
A. 2. B. 3. C. 4. D. 5.

Cau 33: Xét hai sé phac z,,2, thoa mén: z, + 3z, =15-5i va [3z - z,| =510 . Gié tri I6n nhét cua biéu
thac P =|z| +|z,| bang:
A. 10. B. 2410 C. J10. D. 245.

Cau 34: Chosé phic z thoa |z—2-2i|=+17.Goi M, m lan luot 14 gié tri I6n nhét va gid tri nho nhét
cua P=|z+2-i|+2|Z-6-3i]. Tinh M +m.

A 217(\B +1). B. 417 . C. V17(V5 +1). D. 2(+/85++17).
Cau 35: Cho hai s6 phiic z;,7, théa |iz, 1| =1 va |z, +i| = 2. Gid tri nho nhat cua P =|2z,+3z,| la
A 4. B. 1. C. 3. D. 2.

Cau 36: Cho sé phirc z;;7, thoa |z, —1-2i| =1 va |z, + 2+3i| =|z, —1-i|. Gid tri nhé nhét cua |z, — 7, |

bang
2 B. 22 c. 3, D. 23,
10 10 10 10

Cau 37: Xét cic s6 phitc 2 thoa man |22 +1/=2|z|. Goi M va m lin luot I gid tri 16n nht va gid tri
nhé nhét cta |z|. Gia tri cia M? +m? béng
A. 6. B. 2V2. C. 4/2. D. 2.

Cau 38: Cho s6 phitc z thoa man diéu kign |2+ 5| =2|z|. Goi M,m lan luot la gi tri I6n nhat va nho
nhat cta |z|. Gid tri cia M +m bang:
A. 26 +1. B. 2. C. 246. D. V6 +1.

Cau 39: Cho s phirc z thoa man 4|z|=|2* ~6-8i|. Goi M,m lan luot la gia tri Ion nhat va nho nhét
ciia |z|. Gié tri cia M? +m?* bang
A. 36. B. V14 +2. C. 2414. D. 14.

Cau 40: Cho sb phirc z théa méan |z —2—4i|=|z—2i|. Goi m la gi4 tri nhé nhat cta |z + 4i|. Gi4 tri m
1a?
A. 32. B. 4V2. C. 4. D. 16.
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Cau 41;

Cau 42:

Cau 43:

Céu 44:

Céau 45:

Cau 46:

Cau 47:

Céau 48:

Cau 49:

Céau 50:

Xét cac sb phic z thoa man ‘22 —3+4i‘—2|z| =0.Goi M va m lan luot 12 gié tri I6n nhét va
gid tri nhé nhét cua |z|. Gia tri cia M? —m? bang

A. 46 B. 14. C. 146. D. 566 .

Xét céc sb phirc z thoa man ‘22 —5—12i‘ =3Jz|. Goi M va m lan luot 1a gia trj 16n nhét va gia
tri nho nhat cta |z|. Gid tri ciaa M —m béng

A. 3. B. 4. C. \/61. D. +/59.

Xét cac sb phac z=a+bi(a,beR) théa min |Z—3+2i|:\/§. Tinh P=a-b khi
|z-3-3i|+|z—7—i| dat gia tri 16n nhét.

A. 8. B. 6. C. 4. D. 10.

. N A A, x g . £, . 2z +1| . X ,
Goi M va m lan luot 1a gié tri 16n nhat va gia tri nhé nhat cua P:‘ v6i Z 1a so phirc

Z

, o L. s M

khac 0 va thda man |Z| > 2. Tinh ti sO —.
m

AM_ o g M_4 cM_5 pM_,

m m 3 m 3 m

Goi S 1a tap hop tat ca cac sO phltc Z sao cho sO phiic w= c6 phan thyc bang ry Xét

Z|-z
cac sb phiic z;, Z, € S théa min |z, —2,| =2, gid tri 16n nhét ciia P =|z, —5i|2 —|z, —5i|2 bang
A. 16. B. 20. C. 10. D. 32.

Cho sb phirc z thoamén |z -3—4i|=+/5. Goi M va m 1an luot I gid trj 16n nhét va gid trj nho
nht cua biéu thirc P =|z+ 2|2 ~|z- i|2 . Tinh mddun ctia s6 phirc w=M + mi .

A. |w|:2\/?ﬂ. B. |w|:2\/?@. C. |W|=\/12@. D. |w|:3\/1377.

Vay tong Goi S 1a tap hop céc s6 phirc z thoéa man |Z +1—2i| =9 va |Z -2+ mi| =|Z -m+ i|,
(trong d6 me R ). Goi z;,7, 1a hai s6 phitc thudc S sao cho |z, — z,| 16n nhat, khi d6 gié tri cta
|Zl+ 22| bang

A. 2:5. B.6. C.\b5. D. 18.

Cho s6 phitc z,w sao cho thoéa |z| =2,|w|=4 va (z—i)(v_v+i) 13 s6 thuan 40. Goi M va m lan
luot 1a gié tri 16n nhat va gia tri nho nhét cta biéu thie |z —w|. Khi do6 gié tri cia M +m béng
A. 2\19 . B. 14. C. 24/11. D. 4/3.

Xét hai s6 phic z,z, théoa man ‘(zl—Z—i)<2+2\/§i)‘ :‘(21—71)(\/54)‘ va

|z, +i| =]z, +1+ 2i|. Gi4 tri nh6 nhét cta |z, — z,| bang

A 7. B. 24/6 . c.%“. D. 22.

Xét céc sO phitc z,z,z, théa man |z —4-5i|=|z,-1=1 va |Z+4i|=|z-8+4i| . Tinh
M =]z, + 7,| khi biéu thirc P =|z - z,|+|z - 7,| dat gié tri nh6 nhat.

A. M =/41. B.M=6. C.M =25, D. M =213 .

8| Bién soan: Phan Nhat Linh
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Cau 1;

Cau 1:

PAP AN CHI TIET

Cho hai s6 phirc zva w théa mén |z| = 4,|w| = 2. Khi ‘z +W +5+12i dat gi tri 16n nhét, phan

thuc ctia Z +iw bang

A.@. B. —i. C.ﬂ. D.5—8.
13 13 13 13
Loi gidi
Chon C

Tacé jw|=2=>|w|=2.

Talai ¢ |2-+W +5+12i[ < |2+ w| + [5-+12i| <[z] + [w| +13.

— . z=kw
Suy ra |z +Ww+5+12i| <19. Ddu "="xay rakhi |~ _ (k,h e R;k,h>0)
z+w =h(5+12i)
— 10  24. 10 24.
k=2 W=—+—Ii W=—-——I 58
Y 13 13 13 13 _, ;. _% 58
h=r2 220,48 _20,48 3 13
13 13 13 13

\ .y 44
Vay phan thuc cta z + 1w bang TS

Cho s0 phtrc 7, théaman |z, —3-5i| = 2 va s6 phic z, théaman |z, +1+ 2i| =z, +i|. Tinh gia
tri nho nhét ctia |z, -2, —-1-2i.

N2 +4 5 72 -4 c 2\7 -4 2
2 o2 o2 2

A.

Taco |z -2, -1-2i| =|(z, —1-2i) — 2,| =|z3 - 2,|, v6i 7, =2, -1-2i.

Goi M, N 1an luot 1a diém biéu dién sé phic z z, trén mat phang toa do.
Taco |z, —3-5i|=2 < |(z,-1-2i)-2-3i|=2

Suyra M €(C) c6tam 1(2;3), ban kinh R=2.

Goi 7, =X+ Yi;(X;y € R),|z, +1+2i| =]z, +i

S X+Yy+2=0=>Nex+y+2=0.
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Taco d(l;d):g

Tir hinh v& ta ¢6 MN,;, :d(A;d):d(|;d)_R:7\2/5_2:7\/52—4.

Cau2: Cho sb phic z thoa min |Z+2—2i|:‘2—2i‘ . Tim gia tri nho nhat cua biéu thuc
P =|z-2i|+|z-1-2i.
A. 17 B. \/34. C.3. D. 24/17.
Loi giai
Goi M (x,y) la diém biéu dién s6 phitc z=x+ yi; X,y € R, i’ = -1 trén mt phang toa do.

B

A
Ta co: |z+2—2i|:‘E—Zi‘<:>(x+2)2+(y—2)2:x2+(y+2)2<:>x—2y+1:0
= M thudc duong thing d: x—2y+1=0.
Goi A(0; 2), B(L; —2) thi
P =z =21 +[z-1-2i| =[x+ (y = 2)i[ +[x =1~ (y + 2)i| = MA+ MB.

Bai toan trg vé: Tim diém M ed :x—2y+1=0 sao cho P = MA+ MB nho nhit.
Ta thay A, B thudc hai nira mit phang bo 1a dudng thing d.

— P=MA+MB > AB. Ddu “=" xay rakhi M =M'= ABnd = P, = AB =+/17.

Cau3:  Xét cac sd phic z,w thoa man [z| =2 va [w|=3. Khi |z+iw—5-12i| dat gia tri nho nhat thi

|z —w| bang:
A. —“758. B. 8. C. —“475. D. —“757.
13 13 13
Loi giai

3
0 N M 'L2 I

Goi M, N 1an luot 1 cc diém biéu dién sé phic z—5-12i va —iw.

Taco |z]=2<|(z-5-12i)+(5+12i)| =2 < Ml =2, véi | (-5-12).

10| Bién soan: Phan Nhat Linh
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Cau 2:

Cau 3:

Suy ra tap hop diém M 1a duong tron (T,) tdm 1(-5;,—-12) vaban kinh R, =2.

Lai co ‘—iv_v‘ :|—i|.‘v_v‘ =3. Suy ra tap hop diém N 13 dudng tron (T,) tm O va ban kinh
R, =3.

Ta thiy Ol =13> R, + R, = (T;) va (T,) r&i nhau.

Khi do: P =|z+iw-5-12i/ = MN.

Suy ra: MinP=0I-R —-R,=13-2-3=8 (do (T,) va (T,) roi nhau) khi

o . 55 132
oM =EOI M(——;——j —5-12i ——ﬁ—gl Z= 10+24|
1 13 13 13 13 13 13
3. 15 3) | — 15 36 RANE" 15
ON =20l N[22 -2 Siw=—— 2 W=
13 13" 13 13 13 13713
wiaf a5

Cho s6 phirc 7 thoaman |2+ 22 +5| =|(z +1+ 2i)(z+1-38i)| vasd phirc w=2-1-2i . Gia tri
nho nhét |w| bang
A. 245, B.%. c.g. D. 5.

Loi gidi

Theo gia thiét, :|(z +1+2i)(z +1—3i)|

o |(z+1+2i)(z+1-2i) =|(z+1+2i)(z +1-3i)|

|z+1+2i]=0 (1)
lz+1-2i|=]z+1-3i] (2)
=|-1-2i-1-2i|=|-2-4i|=2V5 (3).

< |z+1+2i.(|z+1-2i| - |2 +1-3i]) =0 c{

(1) < z+1+2i =0 < z=-1-2i.Khi dé,
bat z=x+vyi (x, yeR). Khi do:
(2)@\(x+1)+(y—2)i\=\(x+1)+(y—3)i\

<:>(x+1)2+(y—2)2=(x+1)2+(y—3)2<:>(y—2)2=(y—3)2<:> y=§:>z=x+§i.

2
xl —|‘=/x1 \/7 — VxeR. (4

Tur (3) Vva (4) suy ra gid tri nho nhat min|w| ==

=[w=

Cho sb phuc Z thoa min |z =1..Goi M vam lan luot 13 gia tri 16n nhat va gia tri nhd nhét

ctia biéu thirc P=|Z+]4+‘22—Z+1‘.Giétri cia M.m bang

1
A 133 5 13V8 e B b, 3B
4 8 3 8
Loi giai
Chon A
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Céu 4:

Cau 5:

bt t=|z+1 <|z]+1=2 nén t€[0;2]. VI |z] =1 nén 22=1.Do do, ta co:
P:|z+1|+‘22—z+1‘ :|z+ﬂ+‘zz—z+z.2‘ :|z+1|+‘z—1+2‘.
Ta lai c6 t =|z +]42 =(z+1)(z+1) =(z +1)(E+1) —2+z7+1.

Suyraz+z=t>-2.
Vay P=t+[t"~3/= f (1), véi t e[0;2]. D& thdy f(t) lién tuc trén doan [0;2].

t+t>—-3 khi 3<t<?2
Taco f(t)= ’ V3 :
t—t2+3 khi 0<t<+3
2t+1  khi 3<t<«?2
Do dé f'(t)= v3 ,f'(t)=0@t=l.
2t+1 khi O0<t<+/3 2

Tacé: f(0)=3, f(%}% f(V3)=3, f(2)=3.

Vay gié tri 16n nhat cua P 1a M =?; gia tri nho nhat cia P 1a m=+/3.

1343
Khi d6 M.m:Tf.

Xét cac s6 phuc Z thoa man |z —3+4i|=2. Goi M va M lan luot 1a gid tri I6n nhat va gia tri
nhé nhat cua |z|. Tong M +m bang:
A. 11, B. 12. C.o. D. 10.
Loi giai
bat z=x+yi (x,yeR).
Taco: |z—3+4i[=2 <:>(x—3)2 +(y+4)2 =4,
Tap hop diém biéu dién s6 phuc théa dé 1a duong tron tdm 1(3;-4), ban kinh R =2.

Ol = /32 +(—4)’ =5.

v I

m=[I0-R|=[5-2/=3
M=10+R=5+2=7

Khidé:{ =>M+m=7+3=10.

Xeét cac s phuc Z théa man |z—1=2. Goi M, M lan luot Ia gia tri 16n nhét, gia tri nho nhat

cua biéu thuc P:|z+2|+2‘3—2‘.Téng M +m bang.

12| Bién soan: Phan Nhat Linh
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45+ 54/55 D15+5J£
— —

A. 14. B. 7. C
Loi giai
Goi Z=X+Vi.

Taco: [2-1=2o (x-1) +y? =4 y2 =—x? +2x+3>0=-1< x<3,

P=|z+2+ 23— =|(x+2) + ¥ +2,/(3-x) + ¥ = Vox+7 + 212 4x

3 4
J6x+7  12-4x

Xét Y =B6Xx+7+2412—-4x = y' =

Coy=0cx= —3—13. Ta c6 bang bién thién sau

x| -1 1 3
33
v + 0 _
5433
9 5 |
533

Vay m=5M :T:)M +mzwl

Cau4:  Chosé phirc Z thoa man didu ki¢n |2* + 4| =|2° +2iz| . Gi tri nho nhiit ctia |z + i| bing
A. L. B. 2. C.3. D. 4.
Loi giai
bat z=x+yi,(x,yeR).
Ta co: ‘22+4‘=‘22+2i2‘<:>‘(Z—2i)(2+2i)‘:‘Z(Z+2i)‘<:> Z+2i_=0 @)
[2-2 =[] (2)

(e z=-2i=|z+i|=|-2i+i|=1.

(2) < |x+ yi—2i| =[x+ yi| = X2 +(y - 2)° :\/m

S x4yl —Ay+4=x*+y* = y=1.

Suy ra: |z +i| =[x+ yi+i|=,/x2+(y+1)2 =M2 2,VxeR.
Vay gia tri nho nhét cia |z +i bang 1 khi z=-2i.

+27

A . X \ X \ A . , £ , z
Caub5: Goi a,b 1an luot 1a phan thyc va phan do cia s6 phuc w = 1
—iz

, trong 6 Z 1a s6 phic thoa

man |2 -1~ 2i| =25 va biéu thic |2+ 2" |z +i[° dat gié trj 16n nhat. Tinh téng a+b.

A a+b=15 B.atb=12, C.atb=2, D.atb=22.
13 13 13 13

bat z=x+vyi, (x,y eR).
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Céau 6:

Ta co: ‘Z—l—Zi‘:2J§®‘(X—l)+(y—2)i‘:2\/§<:>(x_1)2+(y_2)2220_

Suy ra tap hop diém biéu dién sé phic Z 1a duong tron (C)tam 1(12), ban kinh R = 24/5 .
Dit m:|z+2|2—|z+i|2.

Ta co: m:|z+2|2—|z+i|2:[(x+2)2+yz]—[x2+(y+1)2]:4x—2y+3.

Xét A:4x-2y+3-m=0.

DPétontai Z thi (C) va A phai co diém chung < d(1;A) <R

[3—m|

J& +(=2)

Suy ra m,,, =23 khi {

= <25 |3-m<20 = -17<m< 23,

(x-1)%+(y-2)*=20 x=5
= .
4x-2y—-20=0 y=0
Vay z =5.
z+27 _5+25_ 15 _15 75,
1-iz  1-5i 1-5i 26 26
15 75 90 45

Vay a+b=—+—=—=—.
26 26 26 13

Dodé w=

Gia sir 7,2, 1a hai trong sb céc sb phirc Z thoa mén (z - 6)(8— IE) 1a mot s6 thuc. Biét rang
|2, — 2,| = 6. Gi4 trj nho nhét cia bicu thirc |z, + 3z,| bing
A. 5-+21. B. 20— 4+/21. C. -5++/73. D. 20-24/73.
Loi gidi
Chon D
Goi A, B 1a cic diém biéu dién cho z,;7
it z=a+bi=(2-6)(8-iz)=[(a—6)+bi][(8-b)-ai]
Do (z-6)(8~i2) lamot s6 thyc nén ~a.(a~6) +b(8-b)=0a’ +b”~6a-80 =0
Suy ra A,B thudc duong tron tam 1(3;4), bankinh R =5

Goi M diém thoa man 3MA+MB =0.
Goi H la trung diém clia AB

2
Tacé IH=IAZ - AH2 =52 32 =4: IM =+/IHZ + MH? = /4%@] :?,
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Cau7:

Cau 8:

Khi d6 M thudc duong trom tdm | , ban kinh R’ =

e

>
Xét biéu thitc |7, +32,| = |30A + OB| =|40M +3MA + MB| = 40M .
Taco |Zl+322|min < OM,;, =[Ol —R'|:5—?,

73
Vay |z,+32,| :4(5—%} =20-24/73.

Xét cac s6 phirc Z théa man ‘ZZ -6 —Si‘ = 2|Z| .Goi M va m lan luot 13 gia tri 16n nhat va gia

tri nho nhit cta |z|. Gid trj cia M 2 im? bang

A. 12, B. 24. C. 2494 . D. /94 .
Loi giai
Ap dung bat dang thirc tam giéc ta c6:
2|z|:‘22—6—8i‘2”22‘—|6+8i|‘:‘|z|2 —10‘ (vi ‘22‘=|z|2 ). Diu “=” xay ra khi
2 =k(-6-8i).

2
Suy ra 4|z[° 2(|z|2 —10) o 7'~ 24|2] +100< 0 = 12 - 2V11 < 7| <12+ 2V11.

:>\/1_1—1£\z\£«/1_1+1

Do d6,taco M =1+\/1_1 va m=\/1_1—1.
Vay M2 +m? =24,

Gia st 7,2, 1a hai trong cic s6 phirc Z thoa man (Z—6)(8—i2) la s6 thuc. Biét rang

|z, — z,| = 6. Gid tri nho nhét ciia |z, + 32,| bang

A. -5+4/73. B. 5++/21 C. 20— 2473 D. 20— 4421

Loi giai

Chon C

Ly

0

Dit z=x+vyi,(x,yeR). Goi A Blan luot 1a diém biéu dién cho cac s6 phuc z,z,. Suy ra
AB =z, —z,| = 4.
Ta co:
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Céau 9:

Céau 10:

(2-6)(8—iz)=(x+yi—6)(8—i(x—yi))=(x+yi-6)(8-ix-y)

=8x — X% — xy +8yi + xy — y%i —48 + 6xi + 6y

Do (z- 6)(8— iE) 1a s6 thuc nén ta duge x? + y? —6x —8y = 0. Vay tap hop cac diém biéu dién
ciia Z la duong tron tam 1(3;4) ban kinh r =5,

Xét diém M thudc doan AB thoa MA +3MB =0 < OA +30B = 40M .

Goi H la trung diém AB.

Taco HA=HB=%=3 va MAngBzg:HM =MA—HA=§.

73 :
T d6 HIZ =R?-HB%? =16, IM =vHI?+HM? :g, suy ra diém M thudc dudng tron

NiE

(C’) tam 1(3;4), ban kinh r:T'
Ta c6 |z, +32,| =|OA+ 30B| = [4OM| = 40M , do d6 |z, +3z,|nh6 nhat khi OM nho nhat.

J73

Taco6 OM,,, =OM, =|Ol —r| =5—7_
Vay |2,+32,|  =40M, =20-273.

_2_3i . X \ .y . 9 A
—7z+1=1.Goi M, M lan luot 1 gi4 tri nhd nhat

Xét cac s6 phtc . Z . thoéa man diéu kién -
—ZI

va gié trj 16n nhét cua biéu thitc P =|z|. Tinh s = 2023 -3M +2m.

A. S =2021 B. s =2017 C. S =2019 D. s = 2023
Loi gidi
Chon D
9 _ 3 -2-3i .
Tac6 —2 ?":—i nén —z+l=1lo|-iz+1=1
3-2i 3-2i
. 1 .
<:>|—||.z+—i‘:1<:>|z—(—|)|=1.

Suy ra tap hop cac s6 phac Z 1a duong tron tm 1(0;-1), ban kinh R =1.

P =|O1 -R|=[1-1=0 m=0
—

Pux =Ol +R=1+1=2 M=2

Khi do { —S =2017.

Xét cac s6 phic z, W thoa man |z|=2 V& [iw| =1. Khi fiz +w+3—4i dat gid tri nho nhit,

|z —w]| bang
A. 5. B.@. C. 3. D.@.
5 5
Loi giai
Chon A
Céach 1:

Ta c6 [iz +W+3—4i| 2[3—4i| -|iz+W 25— |iz| +|w]) 2 5-(2+1) = 2
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w=ky(3-4i) khi (k, <0)  [[w]=[iw]=1

Dau bang xay ra khi 4 i ) a
{I.Z=k2(3—4l)khl (k, <0) liz|=|z| =2

Giai h¢ trén suy ra k, =—§; ki = —1.
W——§+£i

Hay > O :>—z:_—2|(3—4i):z:—§—§i
=2 . 5 5
IZ=?(3—4I)

Khido z-w=-1-2i =|z-w|=+5.

Céach 2:

Trong mit phang OXY :

Goi M 1a diém biéu dién cua sb phiic iz = OM =2 = M thudc duong tron (C,) tam O
ban kinh R, =2.

Goi N 1a diém biéu dién cua s6 phitc W = ON =1 = N thudc dudng tron (C,) tam O ban
kinh R, =1.

Goi E(3,-4). Khido A=liz+w+3—4i| =|OM +ON +OE|.

Tathdy A dat gid trinhé nhatkhi M, N, E thinghangva OM va ON nguoc huéng véi OE

Puong thang OE c¢6 phuong trinh 14 y = _?4 X.

Toa dd giao diém ctia duong thang OE va dudng tron (C,) 1a nghi¢ém cua h¢ phuong trinh:

(6

X=—

5

-4 8

-4 y=—X -4 y=—
y=—X 3 =—X

3 = ? o y 3 o S

x> +y%= x2+(_—xj =4 25x° =36 x:—g

,-8

L 5

6 8 —— ——
Vay M (—g,gj (Vi OM ngugc huéng vai OF ).

Toa do giao diém cia duong thang OE va dudng tron (C,) la nghiém cua h¢ phuong trinh:
(.3
X==
5
4 4
_4 y=—X -4 y=—
y=—NX 3 =—X
3 = 4 2 o y 3 o 5
x2+y2: X2+(_—Xj =1 25x° = x:—E
3 5
yod
L 5
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Céu 11:

Cau 12:

34 - ——
Vay N(—g;gj (Vi ON nguoc huong voi OF ).

Dodé:w=—§+ﬂi véi.z:—§+§i<:>z=—§—§i.
5 5 5 5 5 5

Vay [2-w|=[-1-2i|=+5.

Goi S 1a tap hop tit ca cac sd phirc Z sao cho sé phirc w= Z—+i c6 phan thyc bang 2 . Xét
Z+

cac sO phuc 7,2, € S thoéa man |3z, —4z,| =2, gia tri l6n nhit coa P :|Zl—3i|2 |z, —4i|2
bang
A. 16. B. 8. C. 4. D. 32.

Loi giai
Chon C

, Z+3 (Z+3)(Z+1) |2 +4x+3-2iy
Taco: W= = = = >
z+1 (z+1)(z +1) 7" +2x+1
2
) 4X +3
—ow o6 phin thye 1a L3 g o “1es x4 y? -1
|z|” +2x+1

P =|z,—3i" ~|2, — 4i| = (2, 3i) (2, +3i) — (2, — 4i) 7, + 4 = (32, — 42, 32, — 4z, )
P= i(321—4z2 —321—422)s|i|(|321—422|+‘321—422D=4
Cho hai s6 phitc Z va W théa min z + 2w =8+ 6i Va |z—w| =4. Gia tri l6n nhét cia biéu thirc
|z| +|w| bang:
A. 46 B. 2/26. C. /66 . D. 3V6.

Loi giai
Chon C

Giasa M,N lan lugt 1a cdc diém biéu dién cho Z va w.
Suy ra OM + 20N =OF =20I, |z—w|=MN =4 Va OF =20l =10.

bat |z| =ON =%;|w| = OM =h. Dyng hinh binh hanh OMFE
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Cau 13:

Céau 14:

Céau 15;

2 2 2
a“+b _ME _ 5
Taco 2 4 —a’+2b°=88.
b2+ ME? a?
~2 _16
2 4

> _(a Y 11
2 2
(|z|+|w|) :(§+bj s(a +2b )(Z+§j:66,
Suy ra |2|+|W| <66, déu “="xay rakhi a=b :g. Vay (|z|+|w|)max = /66 .

Cho z,, 7, Ia hai s6 phirc thoa man [iz —1+i = 2 VA |2~ Z,| =v/2.. Gié tri 16n nhét cua biéu
thitc P = |z, + 2, +1+ 2i| c6 dang a++b . Khidé a’ +b c6 gia tri la

A. 18. B. 15. C. 19. D.17.
Loi giai
Chon B
Pit w=iz-1+i=|w=2. Vi W =iz —1+i; W, =iz, —=1+i thi |w|=2; |w,|=2.

Tact: |5 —1,|=v2 < [i(z - 2,)| =2|i| & [w - w,| =+2.

Mit khéc, |w, —W2|2 +|w, +W2|2 = (W — W, ) (W — Wy )+ (W + W, ) (W, + W)

= (W, _WZ)(wl_sz)+(w1 +w2)(W1+W2) = 2(W1.V71+W2.W_2) = 2(|W1|2 +|w2|2).

Do dé |w, +w|” = 2(|W1|2 +|W2|2)—|W1 —w|* = |w, + | = V14,
Taco P =z, +z, +1+ 2i| =i|.]z, + 2, + 1+ 2i| =iz, + iz, — 2+

=W +l—i+w, +1—i—2+i]=|w +w, —i .

Lai co: P =|w +w, —i| <|w +w,|+[i| & P<14 +1.

Suy ra maxP =1++/14 . Do d6 a=1, b=14.

Vay a’+b=15.

Cho s6 phirc Z thoa man |2 - 2iz| = 2. Gia tri 16n nhat ciia [¢] bing

A 1. B.J/3-1. C.J/3+1. D. 2.
Loi giai

Ap dung bat dang thirc |z| +|2,| = |2, + 2,

, ta duoc 2+|2iz|:‘z2 —2iz‘+|2iz|2‘22‘.

Suy ra ‘22‘—2|z|—2£0<:>0£|z|sl+\/§.

Vay |z| 16n nhit1a 1++/3, diu bang xay ra khi 7* - 2iz = k.2iZ(k > 0) S1= 2(1+ k)i :

Ma ‘Z‘=1+\/§, suy ra z:(1+\/§)i.

Xét céc s phirc Z thoa man |2” ~5+12i =3|z|. Goi M va m lan luot 1a gia trj 16n nhdt va gid

tri nho nhit cua |z|. Gid tri cuia M 2+ m? bang
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Céu 16:

Cau 17;

5 35+ 3./61

> C. 35. D. 35+ 3/61.

A. 26.
Loi giai

Ap dung bt dang thirc tam gic ta co:

8l2| =[2% - 5+12i[ > | 22| - [5 - 22 = | 2 23 V1 |2|=[2]").

Déu “=" xay ra khi 2? = k(5 —lZi) )

4 35—3Jﬁ< 2<35+3Jﬁ
— <<=

352 +169<0 & >

2 2 2
suy ra 912" > (|2 -13) <1

- /35—;;\/5 <le|< 35+23\/a

35+3V61 ., 35-361
— vam ==

2

Do do, ta c6 M2 = . Vay M2+m?=35.

Trong cac s6 phitc Z théa man diéu kién |2 —2-5i |5 z—3i|. Biét ring sb phuc Z=X+Yi,
(X,y € R) c6 modun nhé nhat. Tinh P = x2 + y2.

AP=2. B. P=5. o D.p=2.
2 ) 25

Loi giai
Goi Z=X+VYi,(X,yeR).
Taco: |2—-2-5iHz-3i| | (x=2)+(y-5)i|H x+ (y-23)i]

<:>\/(x—2)2+(y—5)2 =\/x2+(y—3)2 < X2 —4X+4+Yy? —10y+25=x>+y?* -6y +9
& -4x-4y+20=0< y=5-xX.

2
Do d6 |z|:\/x2+y2 :\/x2+(5—x)2 :\/2x2—10x+25:\/2(x—gj +§zﬂ_

Dau" = "xéyra<:>x:§:>y:E.Khidé z:§+§i.
2 2 2 2

2 2
Vay p:(Ej +(§j _5
2) "\2) "2

Cho sé phitc Z théaman |z +Z|+2|z—Z|=8.Goi M , M lan luot la gia tri 16n nht, gi4 tri nho

nhét ctia biéu thirc P =|z —3-3i|. Gid trj cia M +m bang

A. V10 ++/34 . B. 24/10. C. /10 ++/58.. D. \/5++/58.
Loi gidi
Chgn D

bat z=x+yi(x,y eR).

Taco |z+7|+2|z—7|=8< 2|x|+4|y|=8< x|+ 2]y| = 4.

Trong mit phang phtic, goi M 1a diém biéu dién hinh hoc cta s6 phire Z . Khi d6 tap hop diém
M la hinh binh hanh ABCD véi A(0;2), B(4;0), C(0;—2), D(—4;0).

P=|z-3-3i|=EM vo6i E(3;3).
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Céu 18:

Céau 19:

L
]
I

=21C

minP = EH :d(E,AB)=\/g v6i H 14 hinh chiéu vudng goc cia E 1én doan AB.
maxP:ED=\/%.
Vay M +m=+/5++/58.
Xét céc s6 phirc thoa man |z° — 62 +5-3i =4|z—3.Goi M VA M lan luot la gid tri 16n nhét
va gia tri nho nhit cua |z —3|.Gia tri ctia biéu thirc 3M — 2m bang:
A. 10. B. 13. C. 73. D. 8
Loi giai
Tac 4z-3 =|z-37 - 4-3i > |23 - [4+3i| <[z - 3] -5
Dau "=" xay ra c>|z—3|2 =k(4+3i)
Khi d6 ta ¢6 423> |23 -5 < |z-3' ~26]z -3 + 25<0
o1<|z2-3 <25 =1<|z2-3<5
Suyra M =5m=1.Vvay 3m —2m =13.
Goi S 1a tap hop tat ca cac sb phic Z thoa mian didu kién Z.Z=|Z+7|. Xét cac sd phuc
2,2, € $50 ChO |z, — 2, = 1. Gi tri nho nhat ciia bieu thitc P =|2, —V/3i[ +|Z, + 3| bng
A 2. B.1++/3. C. 243. D. y20-83 .
Loi giai
Chon A
Dit w=2z-+3i,w, =27 —/3i,w,=2,-+3i . Khi d6 tr gia thiét ta co |w,—w,|=1,

Pz‘zl—ﬁi‘+‘72+\/§i‘=|wl|+

7, +\/§i‘ =|W1|+‘z2 —\/§i‘ =|wy|+|w,|, va wy,w, 1a céc sb

phtre thudc tap hop cac s6 phitc W thoa min (W + \/§i).w ++/3i ={w+ J3i+ (W + \/§|) | (%)

bat w=x+YVyi(x,yeR).

x>0

{(x1)2+(y+\/§)2 =1

Khi d6 (*) <:>‘x+(y+\/§)i‘2 =[2x| < x? +(y+\/§)2 =[2X <

{(x+1)2+(y+\/§)2 =1

Xx<0
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Do d6 tap hop diém X (X;Y) biéu thi s phirc W1a hai dudng tron (C1) va (C2) 1an lugt ¢6 tAm
la | (—1; —\/5) va G(l; —\/5) , cling ¢6 béan kinh R =1 va cung tiép xuc véi truc tung tai diém

L(O;—\/§).

C2

T
I
I

c1 ! .
X 1
I
|}

SV S

Gia sat X;, X, 14 hai diém biéu dién ctia w,;w,,.

Ta ¢6 Ol =OG =2 nén cho du diém X thuéc dudng tron (C1) hay (C2) thi ta ludn c6
OX 22—-R=2-1=1do vy P =|w,|+|w,|=0X, +0X, > 2, ddu “=" xay ra chang han khi
X, tring véi diém P 14 giao ctia doan Ol véi dudng tron (C1) va X, tring véi M 14 giao clia
doan OG voi duong tron (C2). Khi d6 |w, —w,| = X, X, = PM =1 (thod man ds).

Vay MinP =2

Cau 20: Cho s6 phitc Z c6 phan 4o duong thoa méin |z =1 va biéu thirc P = 1+ z|+ 21— 2| dat gia tri

. . 3 6., .
nho nhat. Gia trj cua biéu thirc Q =|z +g+gl bang
3V5
A 0. B. S C.2. D.i.
5 5
Loi gidi

Goi z=x+yi; (x,yeR,y>0).

7| =1= X’ +y* =1= y*=1-x* = xe[-11].

Taco: P=[1+z|+21-z|= \/(1+ x)? +y? +2\/(1—x)2 +y?= \/2(1+ X) + 2\/2(1— X) .

Xétham sé f(x) = \/2(l+ X) + 2\/2(1— x); xe[-11].

Ham s lién tuc trén [-1;1] vavéi x e(-11) taco: f'(x)= ! 2

2@ J20-x)
1 2 3 _
\/2(1+x) - \/2(1_)() =0 x=—=¢e(-11).

"5
f(1)=2 f(-1)=4 f(—%jz%/g.

f'(x)=0<

= max_f(x)=2v5 khi x=-3.
xe[-11] 5

16

Vi x=—§:>y2=
5 25

=y= g (Vi sb phitc Z c6 phan ao duwong nén Yy > 0).
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Do d6, gia tri 16n nhét ciia biéu thic P = 1+ z|+2[1—¢] bang 2+/5 khi z = —g+gi :

Z+g+gi‘:‘_§+ﬂi+§+§i‘:|2i|:2.

> U=
Q 5 5 5 5

Cau 21: Xét céc s phirc thoa man |2* ~8+ 6 =5|2].Goi M va M lan luot la gid tri 1n nhit va gid tri

nho nhét cia |z|.Gid tri ctia biéu thie M? +m? bang:

A. ﬁ. B. 45. C. 15. D. 10

2
Loi giai
Ta o0 52| =[2% -8+ 6i[ > |2 ~[8 - 6il| = 2" -1
Déu " =" xay ra < |z| = k(8- 6i)

Khi d6 ta ¢ 5[2| > [2° ~10] <>||" - 45|2|* +100 <0

45-5\65 | » 45+565
o BTHNB 2 BENG
2 2
Suy ra M2 = 45+ 25\/65 e 5= S\/GS

Vay M2 +m? =45,
Cau 22: Xét cac s6 phic Z théa min ‘22 —4z—4—6i‘ =3|z-2|. Goi M va m lan luot la gia trj 16n

nhat va gia tri nho nhét cia |z—2|. Gia tri cia 5M —2m bang

A. 29. B. 21. C. 26. D. 18.
Loi giai
Taco

32-2)=|z? - 42-4-6i :‘(2—2)2 —8—6i‘2”(z—2)2‘—|8+6i|‘ :‘|z—2|2 —10‘

Dau “=" xdy ra <:>(Z—2)2 =k.(8+6i).

Khi do6 ta co

8lz-22||z-2f -19

= 9z2-2f>|z-2" 20z -2 +100 = |2 - 2|* - 29|z - 2° +100 <0
o 4<|z-2[ <25 2<|z2-2<5

Vay M =5m=2<5M -2m =21,
Cau 23: Cho sb phiic z; théa min |z—3+7i|+|z +2—5i| <13. Tim gid tri nho nhét ciia P=‘E—5i‘

A 3. B. 2426 C. 4 D. v13.
Loi gidi

Taco: |z—-3+7i|+|z+2-5i|<13

< |z +5i —3+ 2i|+|z +5i + 2-10i| <13 (1)
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Cau 24:

Céau 25:

Goi M (a;b),A(3;,-2),B(-2;10) lan  lwot 13 diém biéu dién cua s phuc
W =2+5i;2, =3-2i;z, =-2+10i
AB =(-5/12) = AB =13

Biéu thire (1) viét lai: MA+ MB < AB = MA + MB = AB

— tip hop diém M biéu dién cua sb phitc W 14 doan thing AB
. . 5 X=3-5t

Phuong trinh dudng thang AB: (t € [0;1])

y=-2+12t

Goi M (3-5t;—2+12t) e AB
OM =(3-5t;-2+12t)

OM = (3-5t) +(~2+12t)* =169t — 78t +13
3 ..
OM i, =4t ~13 (thoa)

P =|z-5i| = |z+5i[=OM . Vay Py, =4

min
Cho s6 phtrc Z thoa mén |z| =1. Gia tri 16n nhit cta biéu thuc P = 1+ z|+2[1—¢ bang

A. 645. B. 4.5. C. 245. D. 5.
Loi giai

Chgn C

Goi z=x+vyi; (x;y eR).

7| =1= \X* +y* =1= y* =1-x* = x e[-11].

Taco: P=[1+z|+3[1l-z|= \/(1+ x)? + y? +3\/(1— x)+y? = \/2(1+ X) + 2\/2(1— X) .

Xéthamsd T (x)=2(1+x) +2(/2(1-x); x [-L1].

Ham s6 lién tuc trén [-11] va véi xe(-11) tach: f'(x)= 1 2

21+ x) 20-x)
1 2 3

=0 x:—ge(—l;l).

Flx)=0e J2@+x) 2(1-x)
f(l)=2;f(—1)=4;f(—gj=2\/§:> max T (x)=26

xe[-11]

Cho hai s6 phirc Z,Z" thoa man |z+4|=3 va |z’ +1+2i|=|z'— 2+6i| . Tim gia tri nho nhat cta

|z—2z|.
A2 B. 2% c. 2 p. 2.
20 5 10 8
Loi giai
Chon C

Goi M (x;y) la diém biéu dién ciia s6 phirc Z=X+Yi, N(x’;y’) la diém biéu dién cua sé phuc
z=X+Vy1.

Tach |z+4|:3<:>|x+4+yi|:3<:>(x+4)2+y2:32.
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Vay M thudc dudng tron (C):(x+4)2 +y? =3 co thm 1(-4;0)
|2/ +1+ 21 =|2 — 2+ 61| < |(X +1) + (Y +2)i[ =[x = 2+ (y'+6)i|
o (X417 +(y'+2)° =(x=2)° +(y' +6)° ©6x -8y’ ~35=0
Vay N thuoc duong thang A:6x -8y —35=0

D& thay duong thang A khong cit.(C).va |z —2/|= MN

Ap dung bat dang thirc tam gidc, cho bo ba diém (1,M,N) ta co.

MN >IN = IM| = |IN = R| >|IN, —R| =|d (1,A) - R| =

6.(—4)—8.0-35 _3‘ 29

\6% + 8 10

Cau26: Cho sb phuc Z théa man ddng thoi hai didu kién: |2—3-4i=v5 va bidu thic
P=|z+2" ~|z-i[" dat gia i 16n nhét. Tinh gié tri |22 +i[.
A. 51, B. 5v2. C.3\5. D. 24/41.
Loi giai
Chon A
Pat Z=X+Yi (x, yeR).
Theo gia thiét: |z —3-4i| =5 < (x-3)" +(y-4)’ =5.
Mt khdc: P =(x+2)"+y? =x? —(y-1)° =4x+2y +3=4(x-3)+2(y-4)+23.
Ap dung BDT Bunhiacopski cho hai bo so: (4;2) va (x—3;y—4), ta dugc:
[4(x=3)+2(y-4)] <(4*+2)[ (x~3)° +(y-4)° | 205 =100
= 4(x—-3)+2(y—-4)<10
= P=4(x-3)+2(y—4)+23<33.
2 2 2 2
Prax =33 < (x=3)"+(y-4) ® o (x=3)"+(15-2x-4) 5<:>{ & 7=5+5i.
4x+2y+3=33 y =15-2x
Vay |22 +i =|(5+5i)° +i[=51.
Cau27: Cho Z=X+YVi thoa|z — 2 — 4i| = |z — 2i| va |z| dat gia tri nho nhét. Tinh 3X -2y ?

A. 2. B. 3. C. 4. D.5.
Loi giai

Taco: |z—-2-4i|=|z-2i| < |(x—2)+ (y - d)i| =|x+ (y - 2)i|

S X=22+(y-4)2=x>+(y-2)2 & X+y—-4=0: la duong thing d.

Céach 1.

Goi M ed la diém biéu dién cho s6 phiic Z .

Khi do: |z|=OM = | =OM .. < M=H

Z|min min
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Céau 28:

A U
\ M
i N
d r
9) N

DoOH Ld:x+y-4=0=0H:x-y+m=0.
0(0;0)0eOH=m=0=0H:x-y=0.

A x+y=4  [x=
Toadd H=d nOH thoa & =3x-2y=2.
Xx—y=0 y=2

Cach 2.
Ted:y=4-x :>|z|=\/x2+y2 :\/x2+(4—x)2 :\/2(x—2)2+82\/§:2x/§.

suyra: 7| =22 & x=2=y=2=3x-2y=2.
Cach 3. Str dung Cauchy — Schwarz, co

T (x+Yy)? 4
Ty _\/ ‘\/ 1+1 E_Zﬁ'

Dau "="khi x=y va X+y=4 & X=y=2=3Xx-2y=2.

Luwu y. Néu dé bai chi yéu cau tinh |z|,;., thin6 Ia |z|,;,, = OH = d(O;d).

Xét hai s6 phitc 2,2, thoa man: z, + 3z, =15 5i va |32, — 2,| =5v10 . Gia trj 16n nhét cua biéu
thuc P =|z)| +|z,| bang:
A. 10. B. 24/10 . C. \10. D. 245.
Loi giai
pat: 12730 JiabcdeR.
Z, =c+di

Ta cé:

2,+32, =15-5i = [(a+3c)’ + (b+3d ) = {152 + (-

@(a2+b2)+9(c+ )+6(ac+bd)=250. (1)
82, - 2, = 5410 = \/(3a—c)* + (30—d)* =510

<:>9(a +b2)+(c +d2)—6(ac+bd)=250. (2)

Cong (1) va (2) vé theo vé ta dugc: a° +b® +¢? +d* =50,
Khi do:

P=|z]+|z,] =H21|+|22” =

s\/(l2 +12)(a2 +b? +c? +d2)
=10

l.\/a2 +h? +1.\/c2 +d2‘
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Céu 29:

Céau 30:

Vay: MaxP =10.

DAu bing xay ra khi va chi khi: a®+b®=c?+d®=25 va ac+bd = 0.

Tim duoc: z; =3+ 4i;z, =4-3i thoa man.

Cho sé phic Z thoa |2—2-2i[=+17 . Goi M , m Ian luot 12 gid trj I6n nhét va gid trj nho nhat
cia P=|z+2-i|+2|7-6-3i|. TiInh M +m.

A.M+m=2J1_7(J§+1). B. M +m=4J17 .
C.M+m=J1_7(J§+1). D.M+m:2(«/g+«/l_7).
Loi giai

Pit z=a+bi (véi 8, beR).

Khi dé: [2-2-2i| =17 & (a-2)* +(b-2)" =17 = a? +b? = 4a+ 4b +9.

Suy ra P:|z+2—i|+2|7—6+3i|:\/a2+b2+4a—2b+5+2x/a2+b2—12a—6b+45
=+/8a+2b+14 +2/-8a—2b +54 .
xéthamsé f(t)=vt+14 + 254t véi t—8a+2b, t e[-14;54]

1 2
Taco f'(t)= - .
2Jt+14  2\/54-t
f'(t)=0< ! :i®5t=—2<:>t:—z.
t+14 54-t 5
Bang bién thién
t |—14 -0,4 54
f(t) 0
/2 85
FO) 717 \
217

Suy ra P, = 2/85,P,;, =217 .

Vay M +m:2(\/£+\/1_7).

Cho hai s6 phiic 7,2, théa |iz, —1| =1 Va |z, +i| = 2. Gid tri nho nhat cia P = |2z, +3z,] 1a
A 4. B. 1. C. 3. D. 2.
Loi giai
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Céau 31:

Taco: iz -1 =1< i

1 - -
21—} =lo |z, +i|=1< |22 +2i|= 2.

Goi M la diém biéu dién s6 phuc 2z, .

— Taphop M thudc duong tron tam 1(0;-2), R=2.
Taco: |7, +i|=2< |z, —i|=2 < |32, + 3i|=6.

Goi N la diém biéu dién sé phic -3z, .

— Tap hop N thudc duong tron tam 1'(0;-3), r'=6.
Suy ra: P =|2z, +3z,| = MN

= P... < MN_ .. < MN =3(=M,N,I,1" thang hang).
Cho s6 phirc z,;z, théa |z, —1—2i|=1 Va |z, +2+3i|=|z, —1—i| . Gia tri nho nhat cua
|z, — 2,| bang
N B. 2. c.33 D. 23,
10 10 10 10
Lo giai

Goi 7, = x+yi véi X,y €R khido |7, -1-2i[=1& (x-1)° +(y-2)* =1,

Suy ra tap hop biéu dién sb phiic z; 1a duong tron (C) ¢6 phuong trinh (x —1)% + (y —2)2 =1
Goi z, =a+bi voi a,beR

khi d6 |2, +2+3i| = |2, -1-i| & (a+2)* + (b +3)° = (a-1)* + (b -1)° = 6a+8b +11=0.

Suy ra tap hop biéu dién sb phuc z, 1a duong thang A c6 phuong trinh A:6x+8y+11=0.
Goi M la diém biéu dién s phirc z; va N 1a diém biéu dién sé phic z, trong mat phang phirc.
Tu do ta co|z, — z,| = NM .

Tathdy d(l,A) >R (Véi 1 va R lan luot 1 tim va ban kinh duong tron (C))

Nén NM,;, :d(I,A)—R:%—lzf—g.
23

Vay gia tri nho nhat cia |z, — z,| bang o
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Cau 32:

Céu 33:

Céau 34:

Xét cac s6 phirc Z thoa man

2° +1|=2|z|. Goi M va m lan luot la gid tri I6n nhét va gid tri
nho nhét caa |z|. Gid trj cia M 2+ m? bang
A. 6. B. 24/2. C. 442. D. 2.
Loi gii
Ap dung bt dang thirc mé dun : |Zl-|- ZZ| 2H21|—|22”. Déu bing xay ra z, =kz,,(k <0).
Ta co: 2|Z|=‘22+q2“22‘—4©—2|z|s‘22‘—1s 2|z|
V6i |2?|-1< 2]z < [2| - 2]z|-1< 0= [z <142

z|=1+42 {k—3—2\/§
=

Déu bing xay ra khi va chi khi: {| = |Z|max =1+2=M

72 =k Z=i(1+\/§)i
Véi ‘22‘—12—2|z| <:>‘22‘+2|z|—120:>|z|2—1+\/§

2| =21 {k'—3+2\/§
= =7

72 k' ZZi(\/E—l)I min:\/z_]':rn

Dau bang xdy ra khi va chi khi: {|

Vay M2 +m? =(J§—1)2 +(J§+1)2 ~ 6.

Cho s6 phtrc Z thoéa man diéu kién ‘22 + 5\ =2|z|. Goi M, M 14n lugt 1a gi4 tri 16n nhat va nho
nhat cia |z|. Gia tricua M +m bang:

A 246 +1, B.2. C. 246. D. V6 +1.
Loi gidi
Ap dung bét dang thirc |u| +|v| = |u +v]| taco:

2|z|:‘22+5‘ <:>2|z|+|—5|:‘22+5‘+|—5|2‘22+5—5‘:‘22‘:|Z|Z(V‘| ‘22‘:|z|2)
Suy ra 2|z|+52|z|2<:>—|z|2+2|z|+520<:>|z|£\/5+1.

Dau bang xay ra khi Z=i(i+ix/6).V€1y M =+/6+1

Ta co:

2|z|+‘—22‘:‘22+5‘+‘—22‘2‘22+5—22‘:|5|=5

Suy ra 2|z|+|z|225<:>|z|2+2|z|—520:>|z|2\/5—1.

Dau bang xay ra khi Z=i(—i+ix/€).Vé1y m=+6-1

Vay M +m:(\/g—1)+(\/€+1):2\/5.

Cho sé phirc Z thoa man 4|z| = ‘zz -6 —Si‘ . Goi M, M 1an luot 1 gi4 trj 16n nhat va nhé nhat
cla |z|. Gia tri cia M 2+ m? bang

A. 36. B. V14 + 2. C. 2414 . D. 14,
Loi giai
Ta co:
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Céu 35:

Céau 36:

Céau 37:;

4)z| + |6 +8i[ =|2* 6 - 8i| + |6 +8i| > |2 — 6 - 8i + 6 + 81| =|2°| =[]
& 42| +102 |7 = —|7| +4|z| +10> 0= |7| < 2+ 14

Déu bing xay ra khi z:i(2i+iJ1_4).Vay M =2++/14.
4|z|+‘—22‘:‘22—6—8i‘+‘—22‘2‘22—6—8i—22‘:|—6—8i|:10
4|7 +]2f 210 = |7 + 4|2/ -1020= |7| > V14 - 2

Déu bing xdy ra khi 2 =+(~2i+iv14). Vay m=+14-2.

Do d6 M?+m*=36.

Cho s phitc Z théaman |z — 2 — 4i| = |z — 2i|. Goi M 14 gid tri nh6 nhét cua |z + 4i| . Gia trj M

1a?

A 32, B. 42, C. 4. D. 16.
Loi giai

DPit Z=X+Vi.

Taco |z—2—4i|:|z—2i|<:>\/(x—2)2+(y—4)2 :\/x2+(y—2)2
@(x—2)2+(y—4)2:x2+(y—2)2<:>x+y—4=0
S y=4-X
Xét |2+4i° = x? +(y+4)" =x? +(8-x)* =2x* ~16x+ 64 = 2(x - 4)" +32> 32
Suy ra ‘Z+4i‘ >/32 . Déu bang xay ra khi va chikhi z=4.
Vay m=+/32 hay m* =32.
Xét cac sé phac Z thoa mén ‘22—3+ 4i‘—2|z|=0. Goi M va m lan luot 14 gia tri Ion nhét va
gié tri nho nhit cua ||. Gid tri cia M* —m? bing
A. 46 B. 14. C. 146. D. 56./6.
Loi giai
Ap dung bt dang thuc tam giéc ta co:
2|z|:‘zz—3+4i‘2”zz‘—|3—4i|‘:‘|z|2—5‘ (vi ‘22‘:|Z|2).
Déu =" xay rakhi 2° =k(-3+4i).
2
Suy ra 42" (|2 -5) < [' ~14[z + 25 <0< 7-26 <[ <7+ 26

=6-1<|z]<\6+1

Do d6, taco M =6 +1vam=+/6-1,

Vay M%-m? =446,

Xét cac s phuc Z thoamén |2° ~5-12i =3|2|. Goi M va m lan luot 14 gid tri lon nhét va gia

tri nho nhat cua |2|. Gia tri cia M —m béng

A 3. B. 4. C. /61. D. /59 .
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Loi giai
Ap dung bt dang thuc tam giéc ta co:
3l2| =|22 -5 -12i| > |2 - 5+ 12i]| = 2" ~19] (vi [2°|=|2").

Déu “ =" xay rakhi 2* =k(-5-12i).

suy ra 97" 2(|z|2 —13)2 o7’ -35) +169<0 = —35_2‘@ <|2f < _35+;Jﬁ
J_ 3 ey 1+3
Do do, taco M :\/6_];_3 va m=\/6_]é_3.Véy M-m=3.

Cau38: Xét cac sé phuc z=a+bi(a,beR) thoa min |[z-3+2i|=+/5 . Tinh P=a—b khi
|z-3-3i|+|z—7-i]| dat gia tri 16n nhét.
A. 8. B. 6. C. 4. D. 10.
Loi giai
Chon B
|2-3+2i|=\V5=]a-3+(b+2)i=6 = (a-3)° +(b+2)° =5.
Khi d6 Z nim trén dudng tron (C)tam 1(3;-2), bankinh R=+/5.
Goi A(3;3), B(7;1) . Goi I'1a trung diém cua AB = 1'(5;2).

Dt P={z-3-3i|+|2-7—i|=(a—=3)° +(b-3)* +(a=7)" +(b—1)> = MA+ MB

Suyra P=MA+MB < \/Z(MAZ +MB?)

AB? , ,
Mit khac ta co MA? + MB? =2M|’2+T. P 16n nhét khi M1’ 16n nhét

Khi M, 1, 1" thing hang. Ta c6 Il =(2;4)

Goi A la duong thang di qua I va nhan n= (2; —1) lam véc to phéap tuyén c6 phuong trinh
A:2(x-3)-Ly+2)=0y=2x-8

{a=4

—_ 2 2: b=0
Khi d6 toa do M (a;b) 14 nghiém cuah¢ | @~ +(OF27=5

b=2a-8 a=2

b=-4

=4

N {Ei24j M (2,-4) = P = MA+MB =102 ~14.143.

. a
Vay P l(’mnhétkhiM(Z;—4):>{ 4:>a—b=6.
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Cau 39:

Céu 40:

Goi M Va M Ian lwot 1a gid tr 16n nhit va gid tri nhé nhit cia P = 22;' Vi Z 1a s6 phirc
o M
khac 0 vathoa man |z| >2.Tinh ti s6 —.
m
AM_3 B M_4 cM_5 p.M_,.
m m 3 m 3 m
Loi giai
Taco po|22ti 22+l 22 )i o [+ fi] L, 1,01 3 o 5
z || 2| 2| 2] 2| 2 2
M 5
viy M _5
By =2

. . . 1 . .
Goi S 1a tap hop tat ca cac so phtic Z sao cho s6 phtrtc W=———— ¢4 phan thyc bang % . Xét

|z|-1

. A , , ~ Y A, o -2 H2
céc sO phuc z;, 2, € S théa mén |z, — z,| = 2, gid tri 16n nhat cua P=|Zl—5l| —|22—5I| bang

A. 16. B. 20. C. 10. D. 32.
Loi giai

Chon B

Céach 1:

1
Goi z=x+yi (x,yeR).Do W=|Z|—Z nén |z|—z=0.

1 _ X +Ye —x+yi
/X2+y2—X—yi (,X2+y2—x)2+y2
\/m—x 1 W—x _

nén theo gia thiét ta co: 5 :§<:> S — ;=
/x2+y2—x)+y2 X“+y —2x\/x +Y +X+Y

X2+ y? =X 1 1 BN ( 2 2 )
= - T oy —4. [\X +y —x=0
<:>2\/x2+y2(\/x2+y2—x) <:>2\/x2+y2 " Y

Suy ra tip hop cac diém biéu dién s6 phirc Z 1a duong tron tdm 13 gbe toa do O, bankinh r = 4
(bo di diém (4;0) ). Gia st hai diém A B 1an luot 1a diém biéu dién s6 phirc 7,2, thi A,B

Taco: w=

@[~

|-

thugc duong tron (O;4) nén: OA=0B =4.

VIi |z, -z, =2= AB =2. Goi 1(0;5), I0 =5, K la trung diém ctia doan thang AB thi khi d6
OK L AB, tacoé:

P=|z -5if ~|z, ~5i° = AIZ~BI? = 1A’ ~ 18" = (1A~ IB)(1A+ IB) = 2BAIK

= 2BA(10 +OK ) = 2BAI0 = 2BA10.cos(BA, 10) < 2BAI10 =20 .

Déau " =" xay rakhi 2 vecto BA, 10 cung huéng.

Vay P =|z —5i|" ~|z, - 5i|" c6 gia tri 16n nhét 1a 20.

Céch 2:

Diéu kién: |z|-z#0<|z| =z (%)
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Cau 41;

B S 1~ i

bat Z=X+Yl taco: w= = — = — + — .
=2 (lzl-2)(jd-2) (1d-2)(|2-2) (12I-2)(12-2)

‘ L .1 2| - x 1 |z|-x 1 |z] - x 1

Vi W c6 phan thyc bang — = = o ———— ==& ———=— (1).
8 (lZ-2)(d-2) 8 2z -2x2 & (z-x)id 4

Ttr diéu kién (*) suy ra: |z -x=0.Dodo: (1) < |z|=4.
Suy ra tap hop cac diém biéu dién s phirc Z 1a duong tron tim 1a gbe toa dd O, ban kinh r = 4
(bo di diém (4;0) ). Gia st hai diém A,B 1an luot 1a diém biéu dién sé phirc 7,2, thi A,B
thugc duong tron (O;4) nén: OA=0B =4.
Vi: |z, —z,|=2= AB =2. Goi 1(0;5), I0 =5, K la trung diém cua doan théng AB thi khi d6
OK 1 AB, taco:
P=|z -5if ~|z, ~5i° = AI?~BI? = 1A’ ~ 18" = (1A~ IB)(1A+ IB) = 2BAIK
= 2BA(10 + OK ) = 2BAI0 = 2BA10.cos( BA, 10) < 2BAI10 = 20.
Dau " =" xay rakhi 2 vecto BA, 10 cung hudng.
Vay P =|z —5i|" ~|z, ~5i|" c6 gi4 tri 16n nhét 1 20.
Céach 3:
Diéu kién: |zZ|-z#0<|z] =z (%)
. — 72| -7+ |z| -z 2lz| -z -z
Taco: w+w= 1 + 1_=|| ||_= - ||_ Zzi,
2=z [d-2 (|z[-2)(j2l-2) [ ~|zl(z+2)+[z [
LA s 1 - 1 1 1
c6 phan thuc bang = nén W+W=—<:>—=—(:)|Z|:4.
8 4 |z 4
Suy ra tip hop cac diém biéu dién s6 phirc Z 1a duong tron tim 13 gbe toa do O, bankinh r = 4
(bo di diém (4;0) ). Gia sir hai diém A,B 1an luot 14 diém biéu dién sb phirc 7,7, thi: A,B

Vi W=
12| -z

thudc duong tron (0;4) nén: OA=0B =4.

VIi |z, —z,|=2= AB=2. Goi 1(0;5), I0 =5, K la trung diém cua doan thang AB thi khi d6
OK L AB, ta co:

P=|z -5i ~|z,~5i" = AI?~BI? = 1A’ 8" = (1A~ IB)(1A+ IB) = 2BAIK

= 2BA(10 +OK ) = 2BAI0 = 2BA10.cos(BA, 10) < 2BAI10 =20 .

Déau " =" xay rakhi 2 vecto BA, 10 cung huéng.

Vay P =|z, —5i|" —|z, ~5i|° ¢ gié tri 16n nhét Ia 20 .
Chosé phic Z thoaman |2 -3~ 4i|=+/5.Goi M va m Iin luot 1a gi tri 16n nhét va gi4 trj nho
nhét ciia biéu thiue P = |Z + 2|2 —|Z - i|2 . Tinh mddun cta sé phitc w= M + mi .
A. [w]=2314. B.W=2/309.  c[w=v1258.  D.|w=3/137.
Loi gidi
Chgn C

Goi z=x+yi (x;yeR).
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Cau 42:

Cau 43:

Do |2-3-4i|=+/5 nen diém A biéu dién sb phirc Z thude duong tron tam 1 (3;4), bén kinh
R=+5.

Laico P=|x+yi+2] —|x+yi—if° =|x+2+ yi|2—‘x+(y—1)i‘2:
=(x+2)° +y2 - x* —(y-1)" =4x+2y +3.

Do d6 diém A thudc duong thing A: 4X+2y+3-P=0.

. . 43+24+3-P
bétontai X; y thi d(I;A)§R<:>| S:r/ = +3; |£\/§<:>|P—23|£10<:>13SP§33.
442

— M =max P =33 va m=minP=13:>|W|:\/|\/|2+m2 =4/1258 .

Vay tong Goi S 1a tap hop cac s6 phizc Z thoa mén |z+1-2i|=9 va |z—2+mi|=|z—m+il,
(trong d6 m e R ). Goi 7,7, la hai sb phirc thuoc S sao cho |z, — z,| 16n nhat, khi d6 gia tri
cua |z, + z,| bang
A. 245. B. 6. C. 5. D. 18.

Loi giai
Chon A
Giast Z=X+Vi véi X,yeR,

Tacd [z+1-2i|=9 =|x+ yi+1—2i|:9<:>\/(x+1)2+(y—2)2 =9
<:>(x+1)2+(y—2)2:81

Va|z—2+mi|=|z—m+i| =|x+yi—2+mi|=|x+yi—m+i

= J(x=2)7 +(y+m)? =J(x=m)*+ (y+1)? = (x=2)" +(y+m)" =(x=m)* + (y +1)°
= (2m-4)x+(2m—-2)y+3=0

Do d6 S 1a tap hop céc s6 phite c6 diém biéu dién 1a giao cua duong trdn (C) va duong thing
d v6i (C):(x+1)° +(y-2)" =81 va d:(2m—4)x+(2m—2)y +3=0.
(C) la duong tron tam | (-12), ban kinh R=9.
Goi A B 1an luot 1a diém biéu dién hai s phuc z,,2,. Khi d6 AB =|z, - z,|.
Do dai AB 16n nhat khi AB 1a duong kinh cia duong tron (C) = |z, —z,| = AB =18.
Taco | la trung diém ciia AB nén co
OA%? +OB? AB?
= > _ .

Co [+, +[z~ 2, =2([a* +]2,[" | = 4017 + AB?

01?2

2(OA® + 0B} =401° + AB® = 2(|z1|2 +|z2|2):40|2 + AB?

=|z,+12,] =4012 =20 = |z, + 7,/ = 26

Cho sépht’lc z,w sao cho thdoa |z| = 2,|w| =4 va (z - i)(v_v+ i) 1a sb thudn 40. Goi M va m lan
luot 1a gi tri 16n nhat va gi tri nho nhat cua biéu thire |z — w|. Khi d6 gié tri cia M +m béing

A. 2419 . B. 14. C. 211. D. 43

Loi giai
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Chon A

Céch 1: Do (z—i)(w-+i) 1as6thuénaonén(z—i)(v_v+i)=(z—i)(w—i):—|w i|” cing
Wi

14 s6 thuén o tirc ta ludn c6 duge: z—i=—ki(w—i) (keR,k=0). Tir d6 ta suy ra

z+kiw=—-K +i

|z|2 +k2|w|2 +ki(WE—\7vz)— k?+1

:>|z+kiw|2:|k+i|2:k2+1:> -
|2|* = 4,|w|* =16

:>—ki(w§—\7vz)=15k2+3

L k2 +3)’
<:>—(WE—\7vz)2 _ (15k;2+3)2 - 4wzwz—(wz+wz)2 =(15k—2+3)
27= |z|2 =4:ww = |W|2 =16

2 2
:><w£+v_vz)2 = 256—@

Khi d6 ta c6 duoc:

- 2 (15k2+3)2 3)? 3 2
(wz +wz) =256 - — ;=256 | 15k +. | <256-| 2,15k - | =76

_ _ 2 _
Suy ra voi (WZ+WZ) <76 tacod duqc—Z\/1_9SWZ+WZ <2.19.
Khi dé: |z—W|2 :|z|2+|W|2—(wE+v_vz):20—(WE+v_vz):>|z—W|2 e[20—2\/1—9;20+2\/1—9]

M =419 +1

Vay [2-w | V19 -1,119 +1] tirc =M +m=2419.
m=+19-1
2
Céch 2: Tur co: z+kiw=k+i.Bét£:x+yi, (x,yeR) v(yix2+y2=|x+yi|2=‘i _L
w w4
- - 2
Khi d ta co: z+kiw=k+i@i+ki=ﬂ@\x+(y+k)i\=‘ﬂ‘@x2+(y+k)2=k +1
w w W 16

2 2 2
:>(x2+y2)+2ky+k2=k +1<:>1+2ky+k2=k LT =15k32:;3.T1‘Id(')tasuyra:
2 2
e=toy=d L) <k Llaad| - 2 A 8

4 4 32 k 32 k 16

Khi d6 ta co: |z—w|=|w|% 4 4)(x=1)+ yi| = 4y (x 1) + y?
|z—w|2:16(§—2x 316(5—2[—@D
4 4 16

|z—w|2:16(g—2x >16
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Céau 44:

2 _ 2
& :Z W:ZSZOJFZfE\/\/?+1;2:>|zw|e[x/l_91;\/l_9+l}
z—-wl >20-2v19=(+19 -1

, {M =19 +1
tuc

=M +m=2J19.

m= J1_9 -1
Cach 3: Pat z=a+bi,w=c+di, (a,b,c,d € R) khi do ta co:
(z=i)(w+i)=(a+(b-1)i)(c—(d ~1)i) 1a s thuin do. Khi ¢ ta suy ra:
Rez((z - i)(\7v+ |)) =ac+(b—1)(d —1)=0. Goi A(a;b),B(c,d) lacac diém biéu dién sb
phic z,w v6i A B 1an luot thudc quy tich duong tron tim O, ban kinh bing 2 va 4.
Cung vé6i diém C (0;1) thi phuong trinh twong duong vai AC.BC =0 tirc ta co dugc tam

AC =(a;b-1) AB

gidc ABC vuodngtai c.Taco: { ,20i M 1a trung diém AB.Khi d6 MC ==
BC =(c;d -1) 2

AB =2MC < 2(CO +OM, ) = 2(1+ OM, ) 7
Tur do ta co: vé1 M, M, 1a cac di€ém nhu hinh
AB = 2MC > 2(~CO +OM,) = 2(~1+ OM, )
Ve trén.
2 2 2 _y2
AB <2 1+\/20A +20B? — AB <ol 1, [40-x
4 4 x <19 +1
- - TN =Y
2 2_ aAR?2 2 X >+/19 —
AB>[_1+\/20A +20B - AB X>£_1+ 40— X
4 4
M=+v19+1
Vay [2-w | V19 -1,119 +1] tirc VIS + =M +m=2419.
m=+19 -1
Xét hai sb phac z,z, théa mian ‘(zl—Z—i)(2+2\/§i)‘=‘(zl—71)(\/§—i)‘ va
|z, +i| = |2, +1+ 2i| . Gié tri nh6 nhat ca |z, — z,| bang
AT B. 26. c.%“. D. 2.
Loi giai
Chon D
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bat z, =a+bi,

Taco: |(z-2-i)(2+2V3i)| =|(z -2 )(v3-i) = 2[(z-2-i)=|(a-2)

Phan Nhat Linh

2
@2\/(a—2)2+(b—1)2 =2lb| < a*-4a+4+b”> - 2b+1=b @bz%

X2 —4X+5

2
Dit diém biéu dién s phitc z, 13 N . Ta dé thdy quy tich cia N 1a dudng thang d 1y =—X—-2.
Minh hoa trén hé truc OXy .

Dit diém biéu dién s phirc z, 1a M , vdy quy tich cia M 1 parabol Yy =

19— — AA
1
. . l

Ta thay ‘Zl_ZZ‘min < MN_i, =d(A;d)=2\/§.
CAau 45: Xét cac sb phirc 2,2;,Z, thoa man |z, —4-5i|=|z, -1 =1 Va |Z+4i|=|z—-8+4i| . Tinh
M =|z, + z,| khi bicu thitc P =|z —z,|+|z - z,| dat gié tri nho nhat.

A M =441, B. M —6. C.M=205. D. M =213 .
Loi giai

Chon D
'y
° @
N IR A
4|-mmmmmmmnas ™
I\&_c &
o2 /i
_3 e ------
o
1
Ta co:

|2, —4—5i|=1= tap hop diém A biéu dién s phirc z; 1a duong tron (C,) €6 tam 1(4;5), ban
Kinh R, =1.

|z, -1 =1= taphop diém B bicu diénsb phic z, la dudng tron (C,) c6tdm J(1,0), ban kinh
R, =1.
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bat z=a+bi (abeR).

Ta co: |7+4i|:|z—8+4i|<:>a2+(—b+4)2:(a—8)2+(b+4)2<:>a—b:4.

Suy ra tap hop diém C biéu dién s6 phirc Z nam trén dudng thing A:X-Yy=4.

Khi d6: P=|z—-z|+|z-2z,|=CA+CB.

Goi K 1a diém d6i xing cia J qua duong thing A, khi d6 ta tim duge K (4,-3), suy ra

phuong trinh duong thing 1K : x = 4.

Do dé: Ry, khi va chi khi C=1K nA; A=CIn(C,) (A& gitaCl); B=CIn(C,) (B

A(4;4) {zl =4+ 4
>

—M =z, +2,|=2V13.

O gilta CJ). Suy ra: {
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DANG a THE TiCH KHOI PA DIEN KHI BIET YEU TO KHOANG CACH
—

IYYY «iEN THGC CAN NHO

Thé tich khdi ling tru
V; =S,.h
Trong d6: S, 1a dién tich day, h 1a chiéu cao khdi lang tru.

Kién thtc vé khoang cach trong khong gian xem lai dang 4.

IR Y BAI TAP TRONG PE MINH HOA

Cau 43 — Pé tham khao 2023. Cho khéi ling tru dimg ABC.A'B'C’ c6 day ABC la tam gi4c vudng can

tai B, AB =a. Biét khoang cach tir A dén mit phang (A'BC) bang @a, thé tich khéi lang tru da cho

béng
A. £a3. B. ﬁaS. C. \2a°. D. ﬁac“.
6 2 4
& Loi giai
Chon B
AI Cf
B ”
H

K¢ AH L AB, H € A'B.

. BC LAB
| = BC L (ABB'A) = BC L AH.
BC L AA'
Z ! ! J4 ’ a-'\/6
Taco BC L AH, AH L AB= AH L (A'BC). Do d6 d (A (ABC))=AH ==
11 1 11

Xét tam giac vudng AA'B vudng tai A, taco = + = = -
| | g AH? ~AAT T ABT  AAT AH?  AB
1 9 1 1
-~ - = NA=a\2.
AA> 6a® a*® 2a’
a2
=

Vay V,ge aper = Spape AA= %a.a.a 2=
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IS BAITAP TUONG TU VA PHAT TRIEN

Céu 1:

Cau 2:

Cau 3:

Cau 4:

Cau 5;:

Cau 6:

Cau 7:

Cho hinh lang tru déu ABC.A'B'C’. Biét cosin cuia gbc giita hai mat phang (ABC') va(BCC'B')

bang % va khodng céch tir diém C dén mat phang (ABC') bang a. Thé tich cua khéi ling

tru ABC.A'B'C’ bang

3/2a° J2ad
5 .

3 3
C. 3/2a . D. 3/2a .
2 4 2

A. B.

Cho khbi lang tru dimg ABC.A'B'C’ c¢6 day ABC 1a tam giac déu canh a, goc giita mit phiang

(A'BC) vamit déy (ABC) bang 60°. Theé tich khdi lang tru da cho bing
3

A S B. ?a? C. §a3. D

.ﬂf.
4 8

Cho hinh hop chit nhat ABCDA'B'C'D’ ¢6 AB =a, AD = a+/2 . Biét khoang cach tir A’ dén mit

phing (BC'D’) bang %, thé tich khdi hop chir nhat da cho bang

A. &a3. B. @a3. C. &f. D. a%\6.
15 3 5
Cho hinh chop S.ABCD c¢6 day ABCD 1a hinh vuéng canh a va canh bén SA vudng goc voi

mit phing day. Goi E 1a trung diém cta canh CD . Biét thé tich cta khéi chép S.ABCD bang
3

%. Tinh khoang céch tir A dén mat phiang (SBE).
A2 g &2 c.2 p. &8
3 3 3 3

Cho hinh chop tam giac S.ABC ¢6 AB =1, AC = 2,BAC =120°, SA vudng goc véi mit phang
day. Biét ASBC c6 dién tich bing ~/3. Thé tich khdi chép S.ABC bang:

NG g I7. c. ¥4, p. V7.
14 12 7 24
Cho hinh chép S.ABCD c¢6 day ABCD la hinh vudng, SA vudng gbc voi mét phing day. Biét

géc gilta SC va mit phing ddy bang 60° va khoang cach tir A dén mit phing (SBC)bang
a~/6 . Thé tich khéi chép S.ABCD bing:

76, J42
—a
S

.—a3.

. @a3. D. ﬁag’.
3 3
Cho hinh chép S.ABCD c¢6 day ABCD la hinh vudng, SA vudng goc véi day, mat bén (SCD)

hop v6i day mot goc bang 60°, M 1a trung diém cua BC . Biét thé tich khdi chop S.ABCD
2

bang a’v3 . Khoang cach tir M dén mit phang (SCD) bing
A.%. B. a\/3. C.a%f. D.?.

2| Bién soan: Phan Nhat Linh



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Phan Nhat Linh

Céu 8:

Cau 9:

Cau 10:

Céu 11:

Céau 12:

Céau 13:

Cho khdi lang tru ABC.A'B'C’ c6 ddy la tam giac déu canh a. Hinh chiéu vuéng goc ciia B’
trén mit phang day trung trung diém H cua canh AB , biét goc gitra B'H va mit phang
(BCC'B’) bang 30°. Tinh thé tich V ciia khdi lang tru da cho.

3a°\3 _3a%3 a®\3

3
AV = . B.V . C.V = . D.V:a“@.
8 16 16 16

Cho khéi lang tru ABC.A'B'C’ ¢6 day la tam gidc déu canh a. Hinh chiéu vudng goc cua A’
trén mit phang day tring trong tim tam giac ABC, biét khoang cach giita AA’" va BC bang

% _Tinh thé tich V. ctia khéi ling tru da cho.
3 3 3 3
Ay _3V3 gy 23 cv -3V Dy 38
8 4 12 16

Cho hinh ling tru ABCA'B'C’, c6 day 1a tam giac ABC can tai A, BAC =120, cac canh bén
hop véi ddy géc 45°. Hinh chiéu cia A’ 1én mit phang (ABC), tring véi tim dudng tron ngoai
tiép tam giac ABC . Tinh thé tich cua khoi lang tru ABCA'B'C’, biét khoang cach tir B dén mit

phing (AA'C'C) biang g
Az p. 3. c. B p. 28,
4 3 6 3

Cho ling tru ABC.A'B'C’ ¢6 day 1a tam giac déu canh a. Hinh chiéu vudng goc cua diém A'lén
mit phang (ABC)trL‘mg v6i trong tim cia tam giac ABC . Biét khoang cach giita hai duong

thang AA’va BC bing %. Khi d6 thé tich ciia khoi lang try 1a

3 3 3 3
A.a‘/g. B.a‘/g. c.a\/g. D.a‘/g.
6 24 12 36

Cho khéi ling tru dimg ABC.A'B'C' c6 ddy ABC la tam giac c6 AB =a;AC =a+/3;BC =a.

Goi M la trung diém CC’ va khoang céch tir M dén (A'BC) bing a\/ﬁ, thé tich khoi lang
try d4 cho bang

3 3 3 3
A 23 B 3 c. B3, p. &

12 4 4 4

Cho khéi ling try ding ABC.A'B'C' c¢6 day ABC la tam giac vudéng dinh B c6
AB =2a;BC =a+2. Goi M,N lan luot 1a trung diém A'B' va A'C', P thudc canh BC sao

, thé tich khéi lang tru

cho BP = % BC . Biét khoang cach tir diém A dén (PMN) béng 2272

bang

3 3
A a%, B.af. c.%. D. a%2.
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Céu 14:

Céu 15:

Céu 16:

Cau 17:

Céau 18:

Céau 19:

Céau 20:

Cho lang tru dung ABCD.A'B'C'D' c6 day la hinh vuong, canh bén c6 do dai béng 2a. Goi
M,O lan luot 1a trung diém A'B' va A'C'. Biét khoang cach giita AM va CO bang %. Thé
tich khéi lang tru ABD.A'B'D’ bang

a3 3

A B. 2a°. C. %. D. a%/2.

Cho lang try déu ABC.A'B'C"' c6 CA' tao véi (BCC'B') mot goc 45°. Goi G la trong tam tam
gidc A'B'C’, khoang cach tir C' dén (CA'G) bing av/2. Tinh thé tich lang tru?

3
A. 9232 B. a6 . C. 3a%2. D. & f

Cho lang tru dmg ABCD.A'B'C'D’ c6 déy la hinh thoi c6 DAB =120°. Biét (AB'C'D) tao
v6i day mot goc 60° va khoang céch tir diém C dén (AB'C') bing av/3. Tinh Vgep pgicor?

32./3a°

A. 48/3a°. B. 16+/3a°. C. 7 D. 24+/3a®.

Cho khéi lang try dimg ABC.A'B'C’ ¢6 day ABC la tam gic vudng tai A, BC =a, dién tich
2

tam giac ABC bang a 3. Biét khoang cach duong thang BC va mit phing (AB'C’) bang

a—f . Thé tich khéi lang tru di cho bang:
3 3 3 3
A S g &V3 c &8 D.&.
8 24 8 4

Cho hinh ling try ding ABC.A'B'C' ¢6 day ABC la tam gidc vudng tai A, ACB =30°. Biét

géc gitta B'C va mit phang (ACC'A’) bang & théa man sine = 1 va khoéang cach giita hai

245
duong thing A'B va CC' bing a+/3. Tinh thé tich V ctia khéi ling tru ABC.A'B'C’.
3
AV =a'6. B.V=3a2\/6. C.V=a%3. D.V =2a%3.

Cho hinh chép S.ABCD c¢ day la hinh thang vuéng tai A va D, AB= AD =a,CD =2a. Hinh
chiéu cua dinh S 1én mit (ABCD) tring véi trung diém cua BD. Biét thé tich ciia khéi chop

3
S.ABCD bing —— . Khoang cach tir diém A dén mat phing (SBC) 12

V2
35 g, &5 c. 10 p, 10
2 5 5 2
Cho hinh chép S.ABCD c6 day ABCD 14 hinh chit nhat véi AB =a, BC =a+/3. Canh bén SA
vudng goc v6i ddy va dudng thing SC tao véi mét phang (SAB) mot goc 30°. Tinh thé tich V
ctia khéi chép S.ABCD theo a.

3 3 3
A.V:z‘fa . B.V:%. C.V =+/3a%. D.V:*/ia .
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Phan Nhat Linh

Céu 21:

Cau 22:

Céu 23:

Cau 24:

Céu 25:

Céau 26:

Cho khdi ling try dimg ABCD.A'B'C'D’ ¢6 day ABCD la hinh vudng c6 canh bang 2a. Biét
khoang cach tir A dén mit phang (A'BD) béng ga , thé tich khdi lang try da cho bang

A. 2a3. B. 4a°. C. a’. D. 6a°.

Cho hinh ling try dimg ABC.A'B'C’ ¢6 diay ABC la tam giac déu canh a. Khoang cach tir tAm
- . , .oa ., . .
O cua tam giac ABC dén mat phang (A'BC) bang s Thé tich khoi lang tru bang

32 5 332 332 332

C. . D.
4 8 28 16

A.

2. Cho khdi ling tru ABC.A'B'C’ c6 day la tam giac déu, hinh chiéu vudng goc cia B'1én mit
phing (ABC) tring véi trong tdm tam gidc ABC, goc giita hai mat phang (A'B'C’) va
(BCC'B')bdng 60°,. Khoang cach giita hai duong thing AA'va B'C’'bang 3a. Theé tich khéi
lang try da cho bang

8a°\/6

3
8a \/§. C. .
3 3

Cho hinh hop ding ABCD.A'B'C'D’ ¢6 day 1a hinh vudng canh a. Khoang cach tir diém A dén

A. 8a3+/3. B. D. 8a3/6 .

mit phing (A'B'CD) béing # Tinh thé tich khéi hop theo a.

3
a;/ﬂ. C.V =ad.

AV =a/3. B.V =

Cho hinh lang tru tam gidc déu ABCA'B'C’. Biét khoang cach tir diém C dén mit phang (ABC’)
. , . : ) 1
bang a, goc gitta 2 mat phang (ABC')va (BCC'B') bang « v6i cosa =3 (tham khao hinh

dudi day). Thé tich V cua khdi lang try ABCA'B'C’ bang

A’ C’

4 JE—

AN
N
b N

3a%\/15 9a°\/15 3a%./15

B. . C. . D. .
20 10 10

3
A.9a JTg.

20
Cho khéi lang tru dimg ABC.A'B'C’ ¢6 day ABC la tam gidc vudng cén tai B, AC = av2.

Biét khodng cach tir C' dén mit phang (A'BC) bing %, thé tich khdi ling tru da cho bang

3 3 3
A.a\/z. B. & c.a*/g.
2 2 6

3
D. &
6
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Cau 27:

Céu 28:

Céau 29:

Céau 30:

Céau 31;

Céau 32:

Céau 33:

Cho khéi ling tru dimg ABC.A'B'C’ c¢6 ddy ABC la tam gidc vudng tai A c6 AC = a/3 . Biét

géc gitta dudng thing BC' va mit phang (ABC) bang ¢ véi sing = @ , khoang cach tir A’

dén mit phing (ABC’) bang ? . Thé tich khéi lang tru da cho bang

a®\18 a®\18 a®\15 a’\15
6 2 2 6
Cho khéi 1ap phwong ABCD.A'B'C'D’. Goi M 14 trung diém canh BB'. Biét khoang cach tir

A. B. C.

. , y 2a ) .. .
A dén mat phang (MDA') bang 3 Theé tich khoi 14p phuong da cho bang

a’ 2a°

A —. B. —. C. 8a°. D. a°.
3 3

Cho khéi chép S.ABCD , day ABCD 1a hinh chit nhat c6 canh AB = a, dudng chéo BD = a5
, €6 SA vudng gbc v6i mit ddy. Biét khoang cach tir diém A dén mit phing (SBD) bang 2—: :
Thé tich khéi chép da cho bang

J3a° a® 2a° b, V3.

A. . B. —. c. —.
3 6 3

Cho khdi chép SABC c6 day 1a tam gidc ABC vudng tai A, AB =a, ACB =30°. Cac mit bén
tao voi ddy nhimg goc bang nhau va bang 60° . Thé tich khdi chop di cho bang

J3-1)a° J3-1)at J3-1)a°

12 4 6
Cho hinh ling try dimg ABC.A'B'C’ c¢6 day ABC la tam giac déu canh 2a. Khoang cach tir

A

A . . , . a . . .
tam O cua tam giac ABC dén mat phang (A’BC) bang 3 Theé tich khoi lang tru bang

3 3 3 3
p 3N2 g, 332 c. 32 p, 38V2.
4 8 6 2
Cho hinh 13p phuong ABCD.A'B'C'D', khoang céch tir C' dén mit phang (A'BD) béng
4a3:/§. Tinh theo a thé tich khéi lap phuong ABCD.A'B'C'D’.
A.V =8a°, B.V =33a% C.V =8/3a°. D.V =6a°.

Cho hinh ling try ABC.A'B'C’ ¢6 day la tam giac déu canh a. Hinh chiéu vudng goc cua diém
A’ 1én mit phang (ABC) tring vGi trong tim cta tam giac ABC . Biét khoang cach giita 2

duong AA’ va BC bang %. Tinh thé tich V cta khdi ling tru ABC.A'B'C’.

3 3 3 3
a\/§. B.V:af. c.vzaz*f. D.V:ag/é.
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Céu 34:

Céu 35:

Céu 36:

Cau 37:

Céau 38:

Céau 39:

Cau 40:

Cho khéi lang try dimg ABC.A'B'C’, c6 ddy ABC latam giac vudng va A'BC 1a tam giac déu.

243

Khoang c4ch tir diém C’ dén mit phing (A'BC) béng Ta. Thé tich cta khéi ling tru
ABC.A'B'C’ bang
A 2ad B. @a?’. C. 4a°. : ﬁa3.

3 27 27
Cho khéi ling try dimg ABC.A'B'C’, c6 day ABC la tam gidc vuong cantai A va AB =a.Goc
gitta duong thdng BC’' va mit phang (ACC'A’) bang 30° . Thé tich cua khdi ling tru
ABC.A'B'C’ bang

A. 1a‘°’. B. §a‘°’.
8 8

: ﬂa? D. £a3.

2 2
Cho hinh lang try dimg ABC.A'B'C’, biét day ABC la tam giac déu canh 2a. Khoang cach tir
tam dudng tron ngoai tiép O ciia tam gidc ABC dén mit phang (A'BC) béng % . Tinh thé tich

khéi lang tru ABC.A'B'C’.

32 32 332 3a%/2

A. . B. . C. . D. .
2 6 4 12

Cho hinh chép tir gide S.ABCD c6 d4y 1a hinh vudng; mit bén (SAB) la tam gidc déu va ndm
trong mat phang vudng goc voi day. Biét khoang cach tir diém B dén mit phang (SCD) béng

3*/776‘ . Tinh thé tich V ctia khéi chép S.ABCD .
3 3 3
AL B. a°. c. & D, 38
3 3 2

Cho hinh lang try dung ABC.A'B'C’, day ABC la tam giac vuong can tai A, mat bén BCC'B’
1 hinh vuéng. Biét khoang cach giita AB’ va CC’' bang a. Thé tich cua khdi ling tru
ABC.A'B'C’ bang

3 3
V2a : B. \/2a°. V2a :

C.
3 2

A

2a3

Cho hinh lang tru déu ABC.A'B'C’ ¢6 canh day bang . Pudng thang BC' tao voi mit
phing (ACC'A’) g6c « thda man cota = 2. Thé tich khdi lang try ABC.A'B'C’ bing

A gawﬁ. B. %awﬁ. C. %ae’\/l_l. D. gawﬁ.

Cho khdi 1ap phuong ABCD.A'B'C'D’ ¢6 khoang cach giita hai duong thang C'D va B'C la a
. Khi d6 thé tich khéi 1ap phuong ABCD.A'B'C'D’ la
A. 9/3a°. B. 3./3a°. C. 9a°. D. 18a°.
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Cau 1:

PAP AN CHI TIET

Cho hinh lang try déu ABC.A'B'C’. Biét cosin cia goc gitta hai mit phang (ABC') va

(BCC'B’) bang L va khodng cach tir diém C dén mit phang (ABC’) bang a. Thé tich ciia

243
khéi lang tru ABC.A'B'C’ bang
A 3\5613. 8. \@a‘?l c Bﬁaf o 3\5613.
8 2 4 2
Loi giai
Chon D

Goi 2x la d6 dai canh day cua lang tru déu ABC.A'B'C'.

Goi M 1a trung diém cia AB=CM = x/3

Tam giac ABC déu = CM L AB, ma AB LCC'= AB 1(CMC")=(C'AB) L (CMC’)
Lai c6 (ABC')n(CMC')=C'M ,ké MH LC'M,(H eC'M)

= CH L(ABC')=d(C,(ABC"))=CH =a

Tam gidc MCC’ vuong tai C,c6 CH L MC’

1 1 1 , CH.CM ax+/3
= 5 = >+ — =CC'= = .
CH®* CM*® cCC JCM2—CH2  +/3x2 a2
CB.CC’

Tam giac BCC' vuong tai C,ké CK L BC'=CK =

2X 7@(\@
L CK - V3x*-a® _ 2ax+/3
, 3% 122 -2’
4x° + 3 a2

CB? +CC"?

ABC')n(BCC'B')=BC’ d(C,(ABC’
Taco (ABC)N( ) = sin((ABC'),(BCC'B')) = (C.(ABC)) _cH
C e(BCCB) d(C,BC) CK
P 1_( 1 jz— a @E—ij—a
243 2ax+/3 12 12%° '

J12x% —a?
a6

= AABC déu canh 2a = S,,5c =a%y/3 va CC' = -
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Cau 2:

Cau 3:

3/2a°

Vay Vpge ascr = Saasc CC' = 5

Cho khéi lang tru dimg ABC.A'B'C’ c¢6 day ABC 1a tam giac déu canh a, goc giita mit phang
(A'BC) vamit day (ABC) bang 60°. Theé tich khoi lang tru da cho bang

V3 3 3V3 3
.y ;

a3
A = B. X=a%. C D. 233,
4 8

Loi giai

B
Goi M 1a trung diém cta BC.
Do tam gi4c ABC déunén BC L AM (1).

Laic6 BC L(A'’AM) (Do BC L AM va BC L AA'). Suyra BC L AM (2).

Tur (1) va (2) suy ra goc giita mit phang (A’BC) va day chinh 1 goc giita hai duong thing AM
va A'M .

Do tam gidc AA'M vudng nén goc giita hai duong thing AM va A'M chinh 1a géc A'MA hay
A'MA =60°.

Taco AA'= AM.tan60° =ga.

, 3a 2’3 33
Suy ra Vage apc = AR Syapc = T ?33-

Cho hinh hop chit nhat ABCDA'B'C'D’ ¢6 AB =a, AD = a+/2 . Biét khoang cach tir A’ dén mit

phang (BC'D’) bang % , thé tich khdi hop chit nhat da cho bang

245 6 2+/5
A. ia3. B. £a3. C. ia3. D. a%\6.
15 3 5
Loi giai
B c
|\"‘
A LN
""-..,“_' | ~ D
~q. S
H ] h."'-__ \\.\
’,'_B__ c——-L_I=3lc
Al D

Goi H 14 hinh chiéu ciia A’ trén AD’, tacla A'H L AD’ (1)
Do C'D' 1 (ADD'A’) nén C'D’ L A'H (2).
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Céu 4:

Cau 5:

Tir (1) va (2) suy ra AH L (ABC'D') hay AH L (BC'D').
Suy ra A'H chinh la khoang cach tir A" &én mit phing (BC'D’).

a\/§
’ y/ 78-2
Tach 12: 12+ 122>A,A: AHAD 3 v :\/10a
AH?  AA* AD JAD? — AH? Jzz 332 5

J10

Thé tich khdi hop chir nhdt da cho 14 Vsscp wecor = ABADAN =¥ ~aa’2 = Zf 3

Cho hinh chop S.ABCD c¢6 day ABCD 1a hinh vudng canh a va canh bén SA vudng goc voi

mit phang day. Goi E 1a trung diém cta canh CD . Biét thé tich cua khdi chop S.ABCD bang

a3

— - Tinh khoing céch tir A dén mit phang (SBE).

A 22 B. &V2 c.2 p, &8
3 3 3 3
Loi giai
Chon A

a3

, 1
Goi M 1a trung diém BC — AM L BE tai F.
Talaico SAL(ABCD) = SA L BE.

= BE L (SAF). Suy ra (SBE) L (SAF) theo giao tuyén SF . Trong (SAF ), ké AH L SF thi
AH L (SBE).

2
Tac: AABF v AAMB = - _ AB _ p_ /B _2a5
B AM ABZ4+BM? O
. . SA AF 2
Tam giac SAF co 12= 12+ 12 = AH =————==—-2a.
AH® SA® AF SA2+ AF2 3

Cho hinh chép tam gidc S.ABC c6 AB =1, AC = 2, BAC =120°, SA vudng goc v6i mit phang
day. Biét ASBC c6 dién tich bing +/3 . Thé tich khdi chép S.ABC béng:

a2 5 7 c. 24 0. 3T
14 12 7 24
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Cau 6:

S

Sarc =% AB.AC.sin120° = % 1.2.

VI SA L (ABC) = AABC la hinh chiéu vudng goc ciia ASBC 1én (ABC).

Goi ((SBC),(ABC)) =a,1ac0 Spgc = SgpcLOSQ & ? =+/3.c0sa = a =60°.

K¢ AH 1. BC,laic6 SAL BC=BC L(SAH)=BC LSH.
(SBC) (ABC)=BC
SH 1 BC :((SBC),(ABC))=(SH,AH)=SHA=a=60°.
AH 1 BC

Ap dung dinh 1y ham s cosin cho AABC tacé BC = \/A82 + AC% - 2AB.AC.C0S120° = /7 .

SABCJ AH.BC = ‘/_ L AHAT = AH _@
2 "2 7
37
Xét ASAH vuong tai A, tac6 SA= AH.tan 60°=T\/_.

1 13IIJ_

Vay Vg apc = 3 —.SASppc = 377 9 7

Cho hinh chép S.ABCD c¢6 day ABCD la hinh vudng, SA vudng goc véi mit phang day. Biét
goc gitta SC va mit phang day bang 60° va khoang cachtir A dén mit phang (SBC)béng a6
. Thé tich khi chop S.ABCD bing:

7~/6 42 742
A. T\/—a"‘. V42 3, C. T\/_a3.

B.—a D.
3

ﬁa3.
3

Loi giai

Goi SA=h, AB=x= AC = x/2.
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Cau7:

Vi AC la hinh chiéu vudng géc ciia SC 1én (ABCD)
= (SC,(ABCD)) =(SC, AC) = SCA = 60°.

Xét ASAC vudng tai A, tacoé SA=AC.tan60°=h= x+/6 (1) .
Ké AH 1 SB (2).

. [BC L AB
Ta c6 { = BC 1 (SAB)=BC L AH (3).
BC L SA

Tir (2), (3)= AH L(SBC)= d(A,(SBC))=AH =av/6.

Xét ASAB vuong tai A, duong cao AH taco t _ 1 1 1

+ j—
AH? SA? AB?  6a

r=ir e (4)
Tir(1), (4)=h=av42, x=ay7.

1 1 2 7442
Vi Voo = £ SAS 00 =+ aEZ (a4 - Tras.

Cho hinh chop s.ABCD c6 day ABCD la hinh vudng, SA vuong goc voi day, mat bén (SCD)

hop véi ddy mot goc bang 60°, M 1a trung diém cta BC. Biét thé tich khéi chop S.ABCD

a’\3

bang . Khoang cach tr M dén mit phang (SCD) bang
a3 av3 a3
A.i. B. aV3. C. ——. D.i.
6 4 2
Chon C

Goi X la do dai canh day (x>0).
Theo gi thiét, (SCD);( ABCD) = 60° = SDA = 60° = SA = DA.tan 60° = x+/3 .

1 x23 a3 an x2\3 a3
3

= Vs aep = éSA'SABCD = T ma Vs agep =

3 3

& X=a.

— SA=a+3.

Trong (ABCD), goi | la giao diém cia AM va DC = | = AM ((SCD).
d(M;(sCD)) 1M MC 1 1
— Y= =——="=d(M;(SCD))==-d(A;(SCD .
d(A;(SCD)) 1A AD 2:( (sCp)) 2 (A(5CD)) (@

Trong (SAD), ké AH 1 SD.D&thdy AH 1 (SCD)= AH =d(A;(SCD)) (2).
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12= 12+ 12:AH SA.AD zaﬁ 3).
AHZ2 SAZ  AD

Ma ASAD vudng tai A nén =
JSA? £ AD? 2

Tir (1),(2),(3)=d(M ;(SCD)):aTg’.

Cau8: Cho khéi lang tru ABC.A'B'C’ ¢ day la tam gidc déu canh a. Hinh chiéu vudng goc ciia B’
trén mat phang day trung trung diém H cua canh AB, biét goc gita B'H va mit phéng
(BCC'B') bang 30°. Tinh thé tich v cua khoi lang try da cho.

3a%./3 3a%./3 a®\3 a3

AV = . B.V = . C.V = . D.V =

8 16 ' 16 16
Loi giai

Dung HE 1 BC tai E, HF L B'E tai F.

, [BC LB
Ta co: suy ra BC L HF = HF L (B'BCC’)
BC L HE

= (B'H;(BCC'B')) = HB'F = HB'E =30°.

Tacé: HE = HBsin HBE = %sin 60° = ;f

Khido BH =& __3%2
tan30° 4

2 3
A . a’J3 3 33%3
Vay V =Vgc apcr = Spage-BH = 14 = T

Cau9: Cho khéi ling try ABC.A'B'C’ c¢6 day la tam gidc déu canh a. Hinh chiéu vudng goc ciia A’
trén mat phang day tring trong tim tam gidc ABC , biét khoang cach gitra AA’ va BC bang

av3 . .
o Tinh thé tich vV cua khoi lang tru da cho.

3 3 3 3
A.V:aﬁ. B.V:aﬁ. c.vza‘/g. D.V:a“/g.
8 4 12 16

Loi giai
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Céau 10:

Goi O la trong tdm cua tam gidc ABC va K = AO N BC.
Dung KH L AA" (H € AA').

~|BC L AK
Ta co: = BCL(AA'K):> BC 1 HK.

BC L AA
av3
Khi d6: d(AA;BC)=HK :T\/_'
Tam gidc AHK vudng tai H: AH =+ AK? - HK? =%a va tan HAK =%
. A . , AO
Tam giac A’/AO vudng tai O: tan A'AO = :
SuyraﬁzAO 0=-2
A AO 3
2 3
a a’\f3 a3
Vé V rrr:A’O-S = = .
1y VABC.A'B'C MRBC T3 T 12

Cho hinh ling tru ABCA'B'C’, ¢ day la tam gidc ABC cantai A, BAC =120, cac canh bén
hop véi day goc 45°. Hinh chiéu caa A’ 1én mat phang (ABC), trang v6i tdm dudng tron ngoai

tiép tam giac ABC . Tinh thé tich ctia khdi ling tru ABCA'B'C’, biét khoang cach tir B dén mat

7 . 21
phang (AA'C'C) bang E

AV ‘. b, 23
4 3
Chon A

Goi O la tam duong tron ngoai tiép tam giac ABC , d& thay tir gisc ABOC 14 hinh thoi canh a
Goi | latrung diém cua canh AC,v& OH 1 A'C tai H
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Céu 11:

J21

Ta cé: d(B;(AA’C'C))Zg suy ra OH :T

Vi goc gitta AA” va (ABC) bang 45°nén tam gidc A’OA vudng cén tai O
Suyra AO=AO=a

Vi tam gidc AOC déu canh a nén Ol =

a3
2

Tacélz1 1

+ =a=1
OH? OA? O0I?

B

Vay thé tich ctia khéi lang tru ABCA'B'C’ 1&: Vagepper = A0S papc :1.7 =

Cho lang try ABC.A'B'C’ ¢ ddy 1a tam giac déu canh a . Hinh chiéu vuong gbc cua diém A'lén
mit phing (ABC)trung voi trong tdm cta tam gidc ABC . Biét khoang cach giita hai dudng

, . ay3 . .
thing AA’ va BC bing Tf Khi d6 thé tich ciia khéi lang tru la

a3 a3 a3 a3

A. B. . C. D.

6 24 12 36
Loi giai

Chon C

Goi G la trong tam ciia AABC, M 1a trung diém cua BC .
— A'G L (ABC).

BC L AM

= BC L(AA'G) = BC L MN.
BC 1L AG

Trong (AA'M )dung MN L AA’, ta cO: {

a3

= d(AA,BC)=MN =— .

Goi H 12 hinh chiéu cua G l1én AA’.

av3
Tac GH N S CH_AG (2 o 2 a3
MN AM 3 3 6

Xeét tam gidc AA'G vuong tai G, ta co:
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S S SN SN SN SR S SUN! SR
GHZ GA’ GA? GA? GHZ GA’ (af3) (a3} 3 3
6 3
a’ 3§_a3\/§

Vay thé tich ctia khéi lang tru 1a: V = S 50 A'G =

4 '3 12
Cau 12: Cho khdi lang tru ding ABC.A'B'C" ¢6 ddy ABC la tam gidc c AB =a;AC =a+/3;BC =a.
. \ s R \ 5 r <\ A M a\/ﬂ Aor A+ 1w
Goi M la trung di€m CC’ va khoang cach trt M dén (A'BC) bang VIR the tich khoi lang

tru da cho bang

3 3 3 3
a3 3a a3 a
A. \/— B. —. C. \/— D. —.
12 4 4 4
Loi giai
A C
P ~ M
B' \\
K \\\
A‘
, av21
Ta co d(M;(A’BC))=%d(A;(A'BC)) nén d(A;(A BC)):T\/_.
Goi H 14 hinh chiéu cua A trén canh BC .
. |AH L BC
Ta co: = (AHA') L BC = (AHA) L (A'BC).
AA" 1 BC
av21
Dung AK L A'H = AK L (ABC). Vay d(A;(A'BC))=AK -—
2 2 2
a“+a“-3a° -1
Trong tam gidc ABC c6: C0SABC = —— =— = ABC =120°,
2.aa 2
2
Suanc L pgBCsini20r= 88 _ an o 25 _ V3
2 4 BC 2
., ~ . 1 1 1 1 1 1
Trong tam giac vuong A'AH co: = + = = - =1= AA'=1.
glamd J AK? AH? AA? ~ AA?  AK?  AH?
3
a’+/3
Vay V = AA'S, 60 :T*/_.

Cau 13: Cho khéi ling tru dimg ABC.A'B'C' c¢6 day ABC la tam gidc vudng dinh B c0
AB=a;BC=a+2. Goi M,N 1lan luot 1a trung diém A'B' vd A'C', P thudc canh BC sao
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Céau 14:

. . . . 2a4/2 . .
cho BP = % BC . Biét khoang cach tir diém A dén (PMN ) bing . thé tich khéi ling tru

bang
3 3
a2 a
A . B. \/_. C. —. D. a*\2.
3 3
Loi gidi
A C
P
M N
v
Taco MN //BC nén M,N,B,P dong phang.
d(A(PMN)) 4B a2

=2 :>d(B';(PMN)):%d(A;(PMN)):—.

d(A5(PMN))  A'M 3

., [B'M L MN
Ta co:
BB' L MN
Goi H 1a hinh chiéu cua B’ trén canh BM .
= B'H L (PMN).

= (BB'M) L MN = (BB'M) L (PMN).

av'2
=d(B;(PMN))=BH=——.
(B (PMN)) = BH =2
Ap dung hé thirc lugng trong tam giac vudéng BB'M ta co:
r 1 L —B'B-al2.
B'H

= +
B 1 M 2 BB |2
A 1

Cho lang tru ding ABCD.A'B'C'D" ¢6 day 1a hinh vudng, canh bén c6 do dai bang 2a . Goi
M,O lan lugt 1a trung diém A'B’ va A'C'.Biét khoang cich giita AM Va CO bang %.Thé
tich khéi ling truy ABD.A'B'D" bang
3 3

a a
A = B. 2a°. C. —. D. a®V2.
2 3

Loi giai
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Cau 15:

A D

Goi N, | 1an luot 13 trung diém D'C’ va B'C’.
Goi P dbiximg M qua I ,khidé AMPC la hinh binh hanh= AM//(COP).
:>d(AM;OC):d(AM;(COP)):d(M;(COP)):d(N;(COP)):2d(C’;(COP)):%
2a
d(C4(COP))=—.
= d(cs(cor)) -2

Goi K 14 hinh chiéu ctia C’ trén canh OP, goi J 14 hinh chiéu ciia C’ trén CK
= d(C"4(COP))=C'K.

. 1 1 x x? x ) ’ x\/g
Goi do dai canh day bang X .Tacod: Segp =—Sygp =—X—=—; OP=|| = | + X =——
01 d¢ : y g C'OP > NOP "9 (2] 5
x*
jC-KZZSC'OP: 2 :X\/g_
OP x5 5
2
., .1 1 1 81 1 1 a+/5
Trong tam giacCC 'K ¢0: = = + =>C'K=——.
glamg CJZ cc? CKZ™ 4’ 422 C'K? 10
Xa/5 a5 a 2 g3
:>i=i<:>X=—.VéyV:2a.E &
5 10 2 2 2

Cho lang tru déu ABC.A'B'C' €O CA' tao voi (BCC'B") motgoc 45°. Goi G la trong tdm tam

giac A'B'C', khoang cach tir C* dén (CA'G) bang a+/2.. Tinh thé tich lang try?

3
A. 9a%2 . B. a’/6 . C. 3a%2. D. af.

Loi giai
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Cau 16:

X3

Goi d0 dai canh day 13 X . Goi H 1a trung diém canh B'C’, suy ra A'H =

_ [(BCCBY) L(ABC)
Ta co: , o nén A'H L (BCC'B").
A'H 1 B'C

Vay (CA;(BCC'B'))=(CACH)=A'CH =45°,

X~+/3
Vi A'H 1 (BCC'B") nén A'H 1L CH = A'H =CH :T\/_'
2 2
Trong tam gdc CC'H c6: CC'= Si_x_zﬂ
4 4 2
Goi K 14 hinh chiéu cia C" trén CH .
— C'K L (CA'H) = d(C}(CA'H))=C'K =av2.
Ta co: 12= 12+ 12<:> 12=iz+£2<:>X=2a\/§
C'K? C'H? c'C 2a> x* x
2a+/3 2a+/3) V3
=CC'= \/_\/_ a6 . Vay V = ( ) a\/6=92°/2.

Cho lang try dimg ABCD.A'B'C'D’ ¢0 day la hinh thoi c6 DAB =120°. Biét (AB'C'D) tao

v6i ddy mot goc 60° va khoang cach tir diém C dén (AB'C") bang av/3. Tinh Vagep agcin?

324/3a°
A. 48/3a5. B. 16+/3a°. C. \é—a . D. 24+/3a%.

Loi giai
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Vé dich ddc biét 9*

Cau 17:

Wl B
N
D \
I \\ N c
] A
1 A
1 s
C e
1oAY e \ \\
N -
,;'s’sz__:___\\___l B’
R SN\ 1
D o
. y , . ‘ 3
Goi | latrung di€ém B'C’. Goi d¢ dai canh day bang x(x > 0) = A'l :T'

Tacé (AA1) L B'C = ((AB'CD);(A'B'CD'))= AIA = 60° = AA :3%‘_

Goi H 13 hinh chiéu caa A’ trén canh Al .
= A'H L (AB'C'D). Mit khac d(C;(AB'C'D))=d (A" (AB'CD)).

vay d(A%(ABCD))=AH =a43.

1 1 1 4 4 4a 3
2= 2t I a2 T oz T a2 & X
A'H AAC Al 3a° 9x° 3x 3

2 3

Trong tam gidc AA’l cé:

Viy V = 4a.(

Cho khéi lang try dimg ABC.A'B'C’ ¢6 ddy ABC la tam gidc vudng tai A, BC = a, dién tich
2

tam gi4c ABC bang . Biét khoang cach duong thang BC va mit phang (AB'C’) bang

a3

T. Thé tich khéi lang try da cho bang:

a3

3 3
B. : C. a \/§
24 8

33
A —.
8

Goi H 1a hinh chiéu cua A trén BC, H’ 14 hinh chiéu ctia H trén B'C’, K 1a hinh chiéu cua
H trén AH’.

a’\3 a3

va BC =a néntacd AH :T'

Tam giac vubng ABC c6 dién tich bang
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Céu 18:

BC 1L AH
= BC L (AHH') = BC L HK = B'C’' L HK
BC L HH'
HK L AH’ oy av3
:HKL(AB'C’):HK:d(BC,(ABC)):i.
HK L B'C’ 5
Tam gidc AHH' vudng tai H va HK 1a duong cao ctia n6 nén ta c
111 1 1 1 25 16 9 ,_ay3
= + = = - = — = =>HH =——.
HK? AH? HH? ~HH? HK? AH? 3a® 3a° 3a° 4
,_a
Vascasc = Sasc-HH' = E

Cho hinh ling try dimg ABC.A'B'C' ¢6 diy ABC la tam gidc vudng tai A, ACB=30°. Biét
, . : 1
goc gilra B'C va mat phang (ACC'A’) bang « théa man SIina = m va khoang cach gitra hai

duong thaing A'B va CC’ bang a+/3. Tinh thé tich v cuia khéi lang try ABC.A'B'C’.

3a%/6
AV =2a/6. B.V = 2\/_. C.V =a%\/3. D.V =2a%3.
Loi giai
A
B,
/4
7/
/7
’d
A’. -

Tacoé: CC'//(AA'B'B) ma A'B —(AA'B'B)
Nén d(CC';AB)=d(CC';(AABB))=C'A'=a43
AC'=a3,AB =a
a’\3
2
AB’ L (AccA)

SABC =

Géc gilta B'C va mit phang (ACC'A) 1a B'CA' =«
AB 1
BC 25

CC'=B'C2—B'C'2 =/20a% - 4a’ = 4a

sing = B'C =2a\5

Thé tich ling tru 1a V = B.h v6i h=CC'V = da=2a%3.

a’\3
2
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Cau 19: Cho hinhchdp S.ABCD c6 ddy 1a hinh thang vuéng tai A va D, AB=AD =a,CD =2a. Hinh
chiéu cua dinh S 1én mit (ABCD) trung véi trung diém cia BD. Biét thé tich cua khdi chop

3
. a i , , .
S.ABCD bang —= . Khoang cich tir diém A den mit phang (SBC) la

V2

a+/b a+/b a+v10 a
A —. B. —. cC. —. D.@.
2 5 5 2

Léi giai

n

Goi M 1a trung diém cia cD. Ta c6 ti gidc ABMD Ia hinh vudng. Goi H 1a trung diém cia
BD.Tacé H ciing la trung diém cia AM va BD L AM (1).

Vi MC:MD:MB:%):a nén ABDC vubng tai B. Do d6 BD L BC (2).

(1).,(2)= AM //BC = AM//(SBC)=> d(A,(SBC))=d(H,(SBC)).

Dung HK LSB (3)

= BC 1 (SBD)= BC L HK(4)

. |SH LBC (doSH L(ABCD))
Taco:
DB L BC (do (2))

Tur (3)va (4)suy ra: HK L (SBC)=d(A,(SBC))=d(H,(SBC))=HK

3 a+2a)a
Tacé Vs agcp :%'SABCD'SH <:>a— Z%-(T).SH < SH :a\/E

J2

Xét ASHB vudng tai H, c6 duong cao HK :

1 1 1 1 2 5 a+v10
T e T Tar a2tz oz~ HK= :
HK SH HB- 2a°~ a° 2a

Cau 20: Cho hinh chép S.ABCD c6 ddy ABCD la hinh chit nhat véi AB=a, BC =a+/3. Canh bén
SA vudng goc voi day va dudng thiang SC tao v6i mit phang (SAB) mdt goc 30°. Tinh thé
tich v ciia khdi chop S.ABCD theo a.
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Céau 21;

2./6a° 2a° J3a°

AV = . B.V="1. C.V =+/3a5%. D.V = .

3 3 3
Loi giai

Khdi chdp s.ABCD c0 dién tich day 1a: S .. = AB.BC =a?/3 .

~ (cBLAB
1891 B L sA(Vx sA L (ABCD))

= CB L (SAB) tai B.
Ma SC ~(SAB) =S nén sB la hinh chiéu vudng géc cua SC trén mit phang (SAB).

Vi CB L (SAB) nén CB L SB . Do do6 tam giac SBC vuong tai B, géc CSB la goc nhon.
=(SC,(5AB)) = (sC,3B) = CSB = 30°.

BC a3
tanCSB  tan30°

Xét tam giac SAB vudng tai A co SA:\/SB2 — AB? :\/9a2 —a%=2a\2.

. . 1 1
Vay thé tich v ciia khdi chop $.ABCD 1a: V = =S gcp SA= é.azﬁ.ZaJ_ _

Xét tam giadc SBC vubng tai B cO SB =

2./6a°
-

Cho khéi ling try dimg ABCD.A'B'C'D’ c¢6 ddy ABCD la hinh vudng c6 canh bang 2a . Biét
. , . 2 . . .

khoang cach tr A dén mat phang ( A'BD) bang % a, thé tich khoi lang tru da cho bang

A. 2a°, B. 4a°. C.a’. D. 6a°.

Loi giai

A B

D -C

Goi O latam hinh vuong ABCD.Ké AH L AO, (H € AO) ; (1)
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Cau 22:

BD L AO
{ = BD L (A'/AO)= BD L AH; (2)
BD L AA
' (1) V3 , : : V2
Tir (1) va (2), tacd AH L(ABD)=>d(A,(ABD))=AH =52
po-AC_2V2_ g
2 2
Xeét tam gidc A’AO vudng tai A, ta co
1 1 1 1 11 1 1 4 . a
2 e T am? T NAZ  AnZ AlZ 2 ;== AA=7
AH?  AA* AO®  AA* AH? AO (\/5] (2a) a 2
—a
3

~ , 2a
Vay Vageo.ascn = Sascn-AA=(2a) 5 2a°.
Cho hinh lang try dimg ABC.A'B'C’ ¢6 ddy ABC la tam giac déu canh a.Khoang cach tir tim
O clia tam giac ABC dén mat phang (A'BC) bang % . Thé tich khdi lang try bang
3a°\2 3a°\2 3a°\2 3a°\2

A. : B. : C. . D. :
4 8 28 16

Loi giai

AJ c’

Goi M 1a trung diém cta BC va H 1a hinh chiéu cia A trén A'M .
, BC L AM

Tacé = BC L(AAM)=BC L AH (1)
BC L AA

Ma AH L A'M (2)
Tur (1) va(2) AH L(ABC)=d(A(ABC))=AH.

_d(0(ABC)) MO 1 . :
Taco = =— (do tinh chat trong tam).
d(A(ABC)) MA 3

— d(A,(ABC))=3d (O,(A’BC))zg = AH =%.

. L A 1 4 4
Xét tam giac vuong A'AM 12= 12+ 12@ 2:_2__2<:>AA,:a_\@.
AH AAC  AM AA“ a° 3a 24/2
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Céu 23:

Céau 24:

a3 a’y3  3J2a°

Suy ra thé tich lang tru ABC.A'B'C’la; V = AA'S = .
y g ut AABC 2x/§ 4 16

2. Cho khéi ling try ABC.A'B'C’c6 day 13 tam gidc déu, hinh chiéu vudng goc ciia B'1én mit
phang (ABC) trung voi trong tdm tam gidc ABC , gOc gifra hai mat phang (A'B'C’) va
(BCC’B’)béng 60°,. Khoang cach giita hai duong thing AA’ va B'C'bang 3a . Thé tich khdi
lang try di cho bang

8a°\3 8a°\/6

A. 8a3+/3. B. . C. . D. 8a°/6 .

3 3
Léi giai

Goi M 1a trung diém BC, O la trong tdm tam gidc ABC , H la hinh chiéu vudng gdc caa O
lén B'M . Gia sir canh dy bang X.

Tac6 B'O L (ABC)va ((A'B'C"),(BCC'B'))=((ABC),(BCCB'))=B'MO =60°.
d(AABC’)=d(AA(BCCB))=d(A(BCCB))=3d(0,(B'C'CB))=30H =3a
= OH =a.

Trong tam gidc B'OM ¢0

OM :ﬁ
1 1 , 6
VE — 50? +OM2 , trong do X.
B'O =OM.tan60°=E
Suy ra %:iz+%:> X=4a.
a x° X

2
, , X X°4/3
Thé tich khoi ling tru V = B'O.S jgc = > ;/_ =8a%43.

Cho hinh hop ding ABCD.A'B'C'D’ ¢6 ddy 1a hinh vudng canh a . Khoang cach tir diém A dén

- < M a\/g ’ R o7 A+ 1. A
mdt phiang ( A'B'CD) bang T Tinh thé tich khoi hop theo a.

3 3

a’+/21 a’+/3

= . C.V=a’ D.V = \/_
7 3
Loi giai

AV =a3. B.V
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Vé dich ddc biét 9*

Cau 25:

A B

Goi H 14 hinh chiéu cua A 1én canh A'D.
. | AH L AD
Taco
AH 1L A'B’

a3
= AH 1 (AB'CD)= AH =7f.
Ap dung hé thirc vé canh va dudng cao trong tam giac AA'D
12= 12+ 12<:> 42: 12—|—i2:>AA’2=3a.2:>AA’=a'\/§-
AH AA“  AD 3a AA“ a
Vascoascn = AAAB.AD = a+/3.aa=2a%/3.

Cho hinh ling try tam giac déu ABCA'B'C’. Biét khoang cach tir diém C dén mit phang

(ABC’) bang a, goc gitta 2 mat phang (ABC')va (BCC'B') bang @ véi cosa :é (tham

khao hinh duéi ddy). Thé tich vV ctia khdi ling tru ABCA'B'C’ bang

A’ C’

3
D3a\/1_5

10

3
A9a\/1_5

20

B
Goi E latrung diém ciia AB, goi H la hinh chiéu vudng goc ha tir diém C 1én C'E .
Khi d6 ta c6: AB L (C'CE)= AB LCH (1) va CH LC'E (2)
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T (1), (2).=CH L(ABC')=d(C;(ABC’))=CH =a
Ké HK L BC'= BC’' L (CHK)=BC’ LCK.

= ((ABC'),(BCCB')) = CKH =a.
CH_ o _CH 32

sina=—=2C —=——a.DbitcB=x>0.Tacb
CK sina 4
1 1 1
2 2 A2 2 2
1 1 1 4 4
7 ~gz 2
CK CB CcC
q , 9a%/15
Vay thé tich khoi chop ABCA'B'C’la: V =CC'Sypgc = 2\5—.

Cau 26: Cho khbi ling tru dimg ABC.A'B'C’ ¢6 ddy ABC la tam gidc vudng can tai B, AC = a2

Biét khoang cach tir C’ dén mat phang (A'BC) bang % , thé tich khdi lang try d4 cho bang

3 3 3 3
a2 a a’y3 a
A. \/—. B. —. C. \/_ D. —.
2 2 6 6

Loi giai
A, Cl
B’ > N
H N

Do ABC latam giac vudng can tai B, AC = av2 nén AB=AC —a.
Goi | la giao diém cua AC’ va A'C,tacl
d(A(ABC)) 1A
d(C',(ABC)) IC’
Ké AH L AB, H € AB.
i BC L AB
BC L AN

=1=d(C',(ABC))=d(A,(ABC))=

a
%
}:> BC L(ABB'A’) = BC L AH .

Tacd BC L AH, AH L AB= AH L (ABC).Do dé d(A (ABC))=AH =%.

, A . . .1 1 1 1 1 1
Xét tam giac vuong AA’B vuong tal A, taco = + = = -
g J J AH? AA? AB? ~ AA%? AH? AB?
1 4 1 3 av/3
= zz—z——zz—z:A'Azi-
AA° a° a a 3
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Cau 27:

Cau 28:

Vay Vpgc apcr = Spapc - AA= 5 a-a

L a.a. 303 _3
=

Cho khdi lang try dimg ABC.A'B'C’ ¢6 ddy ABC la tam giac vudng tai A ¢ AC = a+/3 . Biét

. , . . 6
goc gilra duong thang BC’ va mat phang (ABC) bang ¢ vai Sln(p=T, khoang cach tur A’

. , . avb . o .
dén mat phang (ABC’) bang T\/_ . The tich khoi lang try da cho bang

3 3 3 3
a“v18 a“v18 a“v15 a“v15
A. \/_ B. \/_ C. \/_ D. \/_
6 2 2 6
Loi giai
B’ !
Al
H
LS
B N C
A
Ké CH vubdng goc véi AC’ tai H,tacd CH L (ABC') (Vi AB L (ACC'A’)= AB LCH ).
av6
Tacé d(A,(ABC'))=d(C,(ABC’))=CH :Tf'
., N . \ g , 1 1 1
Tam giac vuong ACC’ c0 CH la duong cao, c6 = = CC'=a+/3.

CC? CH? AC’ 3a°
Mit khac CC’ L (ABC) nén (BC',(ABC))=(BC',BC)=¢.

Vi singp:? _SC Bcr—cet Zoy7a.

BC' J6
Xét tam gi4c vubng Bcc’ c6 BC? =4/BC?-CC” = a5

1 26
Xét tam giac vuébng ABC c6 AB? =4/BC? - AC% =av/2, ¢6 Saage :EAB'AC _a >
2 3
A ) a‘y6 a°18
Viy Vage acr = CC'Syagc =av3. > T g

Cho khéi lap phuong ABCD.A'B'C'D’. Goi M 1a trung diém canh BB’ . Biét khoang cach tir

A dén mat phang (MDA) bang 2_3a . Thé tich khéi 1ap phuwong di cho bang

3 3
a 2a

A —. B. —. C. 8a°. D. a°.
3 3

Loi giai
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D' (‘!
B’

Goi d6 dai canh 1ap phuong la X (x>0). Goi | =ABNA'M, do M Ila trung diém cua BB’
va BB'// AA nén B 1a trung diém ctia Al , suyra Al = 2x.

Taco d(A,(ADM))=d(A,(ADI))=AH,véi AH LIK tai H, AD L IK tai K.

Vit dién AA'DI cb6 AA’, AD, Al d6i mot vudng goc nén AH 1 (A'DI).

Xét hai tam giac vudng AKI, A’AD c6 dudng cao lan luot 1a AH , AK , khi d6
1 1 1 1 1 1 9

AH? AK? AD? AA? AD? Al? 4x*> 4a’

A .3
Vay Vagcpapcn =2 -

= X=a.

Cau 29: Cho khéi chép S.ABCD , ddy ABCD la hinh chit nhét c6 canh AB = a, duong chéo BD = a5
,CO SA vudng gbc v6i mit day. Biét khoang cach tir diém A dén mit phang (SBD) bang 2—3? :

Thé tich khdi chop di cho bang
J/3a°

3

D. /3a°.

A

33
B. —.
6
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Céu 30:

ABCD 14 hinh chit nhat c6 AD? = BD? — AB® =5a% —a’ =4a’ = AD = 2a.
Sasco = AB.AD = a.2a =2a’.
Goi K, H lan luot 1a hinh chiéu vudng gbc caa A 1én BD va SK suy ra AH 1 (SBD).

2a
d(A,(SBD)) = AH =3

. R , AB.AD a.2a 2a
Xét tam gidc vudng ABD c6 duong cao AK ,tacod AK = =

JAB +AD? a2+da® B

Xét tam gi&c vudng SAK c¢6 duong cao AH , ta cod
1 1 1 9 5 1
- - -2 _ 2 _ - _.SA-a.
SA2 AH? AK? 4a® 4a®> a?
X 1 1 .., 2a°
Vay Vs agep = §SA'SABCD = éa.Za =

Cho khdi chop SABC c6 day 1a tam giac ABC vudngtai A, AB=a, ACB =30°. Cic mit bén
tao v6i ddy nhimg goc bang nhau va bang 60° . Thé tich khdi chop di cho bang

12

A.

Goi H 14 hinh chiéu cua S 1én day, 1,J,K 1a hinh chiéu cua S lén AC,CB,BA.

Dé dang chirng minh dugc goc gitta cic mit bén va day la cac goc SIH,SIH,SKH va cac tam
giac vuong SHI,SHJ,SHK bang nhau, nén HI = HJ = HK . Do d¢6 H 1a tim dudng tron ndi
tiép clia tam giac ABC .

Ta c6: AC = AB.tan60° = a\/§; BC =2a. Nén dién tich va ntra chu vi cia tam giac ABC lan

a’A/3. o AB+AC+BC _(3+\/§)a

luot la: S :%AB.AC =

2 2 2
. . : S (\/5—1)a
Suy ra ban kinh duong tron ngi tiép ctua tam giac ABC la: r=HK =—= o
P

, V3(v3-1)a

Puodng cao cua khéi chop SABC 1a SH = HK.tan 60° =
q , 2 /3 V3(vB-1)a (J3-1)a°

Viy thé tich khéi chop da cho 1a: V =§thBC.SH =%.a 2*/5 ( . ) :( ; )
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Céu 31:

Céau 32:

Cho hinh ling try dimg ABC.A'B'C’ c6 ddy ABC la tam giic déu canh 2a. Khoang cach tir

tm O cua tam giac ABC dén mit phang (A'BC) bang % . Thé tich khdi lang tru bang

3a%/2 332 3a%/2 3a%/2

A. . B. . C. . D. .

4 8 6 2
Loi giai

Goi M 1a trung diém cua BC va H la hinh chiéu cua A trén A'M .
5 BC L AM
BC L AA'

Ma AH L AM (2)

Tir (1) va(2) = AH L(ABC)=d(A,(ABC))=AH.
d(O,(A'BC)) _MO _1

d(A(ABC)) MA 3

= d(A,(ABC))=3d(0,(ABC))=a < AH =a.

Tac }:BCL(AA’M):BCLAH 1)

Tacd

Vi tam giac ABC 1a tam gidc déu canh 2a nén AM =a+/3
1 1 1 1 1 1 2 , a6
2 = a2 T 7 < 2=_2__2=_2:AA:i'
AH AA AM AA- a° 3a° 3a 2
a6 (2a)°\3 3a%\2

2 4 2

Xét tam giac vubng A'AM :

~ _ 1 _
Vay Vg asc = AR Spppc =

Cho hinh 1ap phuong ABCD.A'B'C'D', khodng cach tir C' dén mit phang (A'BD) bang

4af. Tinh theo a thé tich khdi lap phwong ABCD.A'B'C'D’.
A .V =8a%, B. V =3./3a°. C.V =83a°. D.V =6a°.

Léi giai
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Céu 33:

B C
I B
A
s
>~ - G/l D
o
/ ~
AT I o
/ o
[ 8L — — T
- |-
i/ - _ -
z -~ ,
A D

Goi | 1a giao diém cia AC va BD.
Trong mit phang (ACC'A’): AC’ cit A'l tai G .
Do Al song song A'C’ va Al :%AC’ nén 1G :%GA’.

Suyra G 1a trong tim tam gidc A'BD, matam gidc A'BD déu (cac canh 13 cac dudng chéo cua
nhirng hinh vudng bang nhau)
Vivay GA'=GB=GD va AA'= AB=AD, suy ra AG J_(A'BD).

Do d6 khoang cach tir C' dén mit phang (A'BD) 1a C'G.

2 —EABI=4a‘/§

Mit khac CG=—=-AC'=
3 3 3

= AB=2a.

Viy thé tich V =8a>.

Cho hinh lang tru ABC.A'B'C’ ¢6 day la tam giac déu canh a. Hinh chiéu vudng goc cta diém
A’ 1én mit phing (ABC) tring véi trong tdm cla tam giac ABC . Biét khoang céch giita 2

duong AA’ va BC bing a%/? Tinh thé tich V ctia khdi lang try ABC.A'B'C’.

a®\3 a®\3 a®\3 oy _2V3

. B.V = C.V= .
12 3 24 6

Loi giai

Goi O latrong tdm cua tam gidc ABC va K = AONBC.
Dyng KH L AA" (H € AA).
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Céu 34:

Céau 35:

., |BC L AK
Ta c6: = BC L(AAK) = BC L HK.
BC L AO
Khi do: d(AA’,BC)zHKza%f.
Tam giac AHK vudng tai H: AH =+ AK? - HK? :%a va tan HAK :%.
. . : , A'O
Tam giac A’/AO vuong tai O: tan AAO:E'
Suy ra ﬂ:ﬂ :>A’O=E.
AH AO 3
2 3
a a’3 a3
Vé V //r:A,O.S =" == .
Y Vagc.AB'C MBC T3 T, 12

Cho khdi lang tru dmg ABC.A'B'C’, c6 day ABC latam giac vudng va A'BC la tam giac déu.
Khoang cach tir diém C' dén mat phang (A'BC) bang ga. Thé tich cua khoi ling try
ABC.A'B'C’ bang

287

B. @ae’ C. 4a°. D. =Y° 4%,

A. ﬂa3. .
3 27 27

Do tam gidc A'BC 14 tam giac déu nén tam giac ABC 14 tam giac vuodng céan tai A.
Pit: AB=AC=Xx = BC=x42 = AC=AB=BC=x+2.

Ta co: d(C',(A'Bc))=d(A,(A’Bc)):¥a.
2
xv2) A3
Miit khéc: %d(A,(A’BC)).SA,BC :%AA’.SABC =S Zf a.( 2 = AA’.%XZ o AA' =2a.

AA? + AB? = AB? < 4a% + X2 =2x® < x =2a.

Vay V = Za%.(Za)z = 4a°.

Cho khbi lang try dimg ABC.A'B'C’, c6 ddy ABC 1a tam giac vudng cantai A va AB =a.G6c

gitta duong thang BC' va mit phang (ACC'A’) bang 30° . Thé tich cua khdi ling try

ABC.A'B'C’ bang
1.3

A. =ad. B. §a‘°’.
8 8

D. %a?
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Céau 36:

Loi giai

BI
/

C!
N
N

. ABLAC
Ta co: = AB L (A'C'CA).
AA 1L AB

Mit khic: A la hinh chiéu ciia B lén (AC'CA) = (BC',(AC'CA))= AC'B =30°

=tan AC'B=— AB =
C' 3
— AC' =+/3a
— AA =JAC?—AC? =322 —a? =a\2

V2

=V = AA'S ¢ =a\/§.%.a2 -

Cho hinh ling try diung ABC.A'B'C’, biét ddy ABC la tam giac déu canh 2a. Khoang cach tir
A o . . . . a .
tam dudng tron ngoai ti€p O cla tam gidc ABC dén mat phang (A'BC) bang 3 Tinh thé tich

khéi lang tru ABC.A'B'C’.
3a°\/2 3a°\2 332 5 3a°\/2
> = . . .

B.
12

A

Do tam giac ABC la tam giac déu nén O 1a trong tdm cuia tam giac ABC . Goi | 1a trung diém
ciia BC,H 1a hinh chiéu vudng goc caa A 1&én A'l, K 13 hinh chiéu vudng goc cua O [én A'l.

2 2
Dién tich day 1a SAABC—( al‘/— a’\3, Al = 2a73= 3

Taco AH L(ABC)=d(A;(ABC))=AH va OK L(ABC)=d(O;(ABC))=0K.
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Do do6 4(0i(~BC)) _oK_or 1 = d(0;(ABC))= d(A(ABC)) _AH 2o AH=-a

d(A(ABC)) AH Al 3 3 3
Xét tam giac A'Al vudng tai A ta cé:
1 1 1 1 11 11 1 2
AH® AA? AI? T AA? AHZ AIZ AA? @ (a@)z 3a®
o3 _ave

22

af 2\/_ 33[

Vay VABC.A'B’C' =AA 'SAABC = 4

Cau 37: Cho hinh chép tir gidc S.ABCD c6 ddy 1a hinh vudng; mit bén (SAB) la tam gidc déu va ndm
trong mit phing vuéng goc voi day. Biét khoang cach tir diém B dén mat phing (SCD) béng

Sﬁ a

. Tinh thé tich V ctia khéi chép S.ABCD .

3
p. 3
2

B. a.

-
3

A2
3

Taco d(B,(SCD))=d(H,(SCD))=HK véi HK LSI, I 1a trung diém cua CD.
Goi x la canh hinh vuéng ABCD véi x = AB

Ta cO phuong trinh :
1 1,1 49 1 4 T
HK?  x? ng 9.7a>  x* 3 9a?
Xi
2 )
LZ:—2<:>XZ=3a2
3X 9a

X
Suy ra X = a3V = 1 X3 \/_ 343
3 2
Cau 38: Cho hinh lang tru dtng ABC.A'B'C’, day ABC la tam giac vudéng can tai A, mit bén BCC'B’
la hinh vuong. Biét khoang cach giita AB’ va CC' bang a. Thé tich ciia khdi lang tru
ABC.A'B'C’ bang

A. Vo’ B. \2a° C V2’ . 3

) . . D. a°.
3 2
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Céau 39:

Loi giai
N
A' '
BI‘

Tam giac ABC vudngtai A = AC L AB ().

ABC.A'B'C' la lang tru dimg = AA" L (ABC)= AA' L AC (2).

Tir (1),(2), suy ra AC L(ABB'A')=>d(C,(ABB'A’))=AC.

Mit khac CC'//( ABB'A') = d(AB',CC')=d(CC',(ABB'A’))=d(C,(ABB'A’))= AC.
— AB=AC=a=BC=aJ2= AA'=BB'=a+/2.

Vay thé tich khéi lang tru ABC.A'B'C’ la

a*\2

2

, 1
Vasc.apc: = AA S ppc = a\/zzaz =

2a3

Cho hinh ling try déu ABC.A'B'C’ ¢6 canh day bang . Pudng thang BC' tao voi mat

phing (ACC'A’) goc o théa man cote = 2. Thé tich khdi lang tru ABC.A'B'C’ bing

A gawﬁ. B. %a3«/1_1. C. gawﬁ. D. §a3J1_1.
Loi giai
A H c
B

_______________ C"
Goi H 1a trung diém canh AC .
Do tam gi4c ABC déunén BH L AC va BH = Za?:/é_%:a.

Tacé: BH L AC, BH L AA' (do AA' L (ABC))suyra BH L (ACCA).

Do d6: (BC',(ACC'A'))=(BC',HC')=BCH =a.

CE = C'H =BH.cota=2a.

Xét tam giac vubng HBC': cota =
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Céu 40:

Ap dung dinh Ii Pitago trong tam giac vuéng CHC':

2
CC = JOR?CH? - |42 - 32 _ V38

9 3

Thé tich khéi lang tru:

Vise ae: = Saac CC' = =BH.ACCC' = 2. 203 V38 _1. gy
2 2 3 3 3
Cho khéi 1ap phuong ABCD.A'B'C'D’ ¢6 khoang cach giira hai duong thang C'D va B'C 12 a
. Khi d6 thé tich khdi 1ap phuong ABCD.A'B'C'D’ la
A. 9/3a°. B. 3./3a°. C. 9a°. D. 18a°.
Loi giai

B C
Goi O=ACNBD;0'=AC'nB'D;M =B'OnBD’;N = DO’ nBD’

Ta co:
B'C L (BC'D’A) = B'C 1L BD'

= BD' L (ACB') taii M
AC L (BB'D'D)= AC L BD'

= BD’ L (A'C'D) taii N
mag (B'AC)//(ACD)
Ta lai co:
B'C — (B'AC)
CDc(ACD) (=d(B'C,C'D)=d((B'AC),(ACD))=MN =a = BD'=3MN =3a
(B'AC)//(ACD)
Goi X la do¢ dai canh hinh 1a8p phuong
DD'? + BD? =BD"? < X% + (\/Ex)2 = (3a)" = x2 =38 = x = a3 = Vygep apcn = 3321
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DANG @ (NG DUNG TiCH PHAN TiNH DIEN TiCH HINH PHANG

———

IYYY «iEN THGC CAN NHO

Ung dung tich phan dé tinh di¢n tich hinh phing
Pinh 1y: Cho ham s6 y = f (x) lién tuc, khong 4m trén [a;b]. Khi d6 dién tich S ctia hinh thang cong

b
gi6i han boi d6 thi ham s6 y = f (x), truc hoanh va 2 duong thing X =a,x=bla: S :j f(x)dx.

Bai toan 1: Dién tich hinh phing gi¢i han béi d6 thi ham s y = f (x) lién tuc trén doan [a;b]
, truc hoanh va hai duong thing X =a,x =b dugc x4c dinh: S = h f (x)‘ dx.

Bai toan 2: Dién tich hinh phang giéi han boi d6 thi ham sb y = f(x),y=g(x) lién tuc trén
doan [a;b] va hai dudng thang x =a,x =b duoc xac dinh: S = T\ f(x)—g(x)[dx.

Bai todn 4:Dién tich hinh phdng gi¢i han boi 2 dd thia (C.): f(x).(Cy): o (x) la:

S= f ‘ f (X)—g(x)‘ dx , trong d6 x,x, tuong ung la nghiém nho nhat ciia phuong trinh

f(x)=9(x).

IS BAITAP TRONG DE MINH HOA

bang

Cau 44 — Pé tham khao 2023. Cho ham s6 y= f(x) c6 dao ham lién tuc trén R va thoa man
f (X)+ xf'(x) = 4x® + 4x+ 2, Vx € R . Dién tich hinh phing gi6i han boi cac duong y = f(x) va y = f'(x)

A. B.%. C.l. D

&
- 2

N | o1

& Loi giai
Chon C
Taco: f(X)+xf'(X)=4x>+4x+2 < (X) - F(X)+x.F'(X) =4x° +4x+2
x*+2x*+2x+C
X

SXFX] =4 +4x+2 S x.f(X)=x* +2x* +2x+C < f(X) =

Vido f(x) liéntuctrén R nén C=0.Dod6 f(x)=x’+2x+2=> f'(x)=3x"+2
Xét phuong trinh hoanh d6 giao diém cia y = f(x) va y = f'(x), ta co:
x=0
X +2x+2=3x"+2 | x=1.
X=2
Vay dién tich phang gidi han béi cac dudng y= f(x) va y= f'(x) la:

f , 1
S=_([|f(x)—f(x)|dx_§
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IS BAITAP TUONG TU VA PHAT TRIEN

Cau 1:

Cau 2:

Céu 3:

Cau 4:

Cau 5:

Cau 6:

Cau 7:

Cho ham s6 y = f(x) c6 dao ham lién tyc trén R c6 f(0)=0 va f'(0)=0 théa man bicu
thire 3 (x)— £/(x)(2f (x) - 2x* ~3x) =18x* — 4xf (x). Khi 6, dién tich hinh phing gioi han
boi hai d6 thi ham s§ y = f (x) va g(x)=x*.f'(x) bang

A.l. B.E. C.g. D.
2 3 5

| w

Cho ham s6 y=f(x) c6 dao ham lién tuc trén R va théa min

f (X) + xf'(x) = 4x® —8x — 4,Vx € R. Dién tich hinh phing gi6i han béi cac dudong y = f(X) va

y = f'(x) bang
A2 B. %0, c. Bt p. 2.
2 3 4 4

Biét ham s6 f (x)nhan gia tri duong va c6 dao ham lién tyc trén nira khoang (0;1], théa man

f(1)=1va2f(x)+xf'(x)= m v&imoi X e (0;1]. Khi d6 dién tich hinh phang gi6i han
X

boi céc dudng y = f(x) va y =5-4x gin gi4 tri ndo nhat sau day?
A. 0,58. B. 0,49. C.1L22. D. 0,97.

: 1 1 .
Cho ham so0 y = f (x) lién tuc trén (0;400) thoa man \/;.f '(X)———=f (X)=xa/Xx ——=. Biét
y=f(x) lién tyc trén (0;+o0) )= %) N
f (1) =-1, tinh dién tich hinh phing gi¢i han boi hai do thi ham s6 y = f (x) va y = f'(x)
5 7 11

A —. B. —. C.g. D. —
2 2 2 2

Cho ham sb y= f(x) 1a ham lién tuc c6 tich phan trén [0;2] thoa diéu kién
2

f(x*)=6x" + [ xf (x)dx. Tinh dién tich hinh phing gi6i han boi dd thi ham sb y = f (x) va
0

duong thang y = 6x —12
A. 30. B. 27. C. 24. D. 22.
Cho hamsé y=f (x) co dd thi (C) nam phia trén truc hoanh. Him s6 y = f (x) thoa man cac

NG

diéu kién (y')2 +y"y=-4va f(0)=1 f Gj = Dién tich hinh phing gi¢i han béi (C) va

truc hoanh gan nhat véi sd nao dudi day?
A. 0,98. B. 0,88. C. 0,78. D. 0,68.

Cho ham s6 f(x) lién tuc va xac dinh trén [0; 2] thoa man dong thoi cc didu kién
f’(l);t%, f(X)#20 véi Vx=1, (x=1).Tf'(X)+ f(x)=2f(x).f'(x) véi Vxe[0;2]. Dién tich

hinh phing giéi han boi cac duong y = f(x) va y = x*—1 bing

A.S:§. B.S:E. C.S=2. D. S=1.
6 6
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Cau 8:

Céau 9:

Céu 10:

Cau 11;

Cau 12;

Cau 13:

Cho ham s6 y=f(x) c6 dao ham lién tuc trén R va théa man
2xf (X) + X2 f'(x) = gxf’ +§x4 —3x% —3x% + 2x,Vx € R . Hinh phéng gi6i han boi d6 thi hai ham
sdy = f(x);y= f'(X)co dién tich bang

A 127 5 127 107 13

C— C— C. —. D. —.
40 10 5 5

Cho ham sé f(x)=x*+bx’+c(b,ceR) c6 dd thi la dudng cong (C) va duong thing

d):y=g(x) tiép xac véi (C) tai diém x, =1. Biét (d) va (C) con hai diém chung khéc ¢6
(d):y=g(x) tiep (C) 0 (d)va(C) g

X2 _
hoanh dd 1a X, %, (% <X,) va IMdX = g Tinh dién tich hinh phing gi6i han boi

X (X_1)2
duong cong (C) va duong thing (d).
A2 B. 2. c. 143 p. 2
5 5 5 5

Cho d thi ham s6 (C):y=ax’+bx* +cx+d
va (P):y=mx®+nx+p co do thi nhu hinh v&
(D6 thi (C)la nét cé dwong cong dam hon). Biét
phan hinh phing dugc giéi han boi (C)va (P)

(phan t6 dam) c6 dién tich bang 2 . Thé tich khdi : :
tron xoay tao thanh khi quay phan hinh phang | T

quanh truc hoanh ¢6 gia tri gan v&i s6 ndo nhat? /O 1 2
A. 12.53. B. 9.34. C. 10.23. D. 11.74.

Cho ham s6 y=f(x) c6 dao ham lién tuc tén R va théa man
2xf (x)+x°f'(x) =5x* +6x° +4x,vx e R Dién tich hinh phang giéi han bdi cac dudng
y=f(x)vay=f'(x) bing

A2 B. 2. c. i D,
2 3 4

N |-

Cho ham s6 y = f(x) c6 dao ham lién tuc va x4c dinh trén [0;+0) va thoa man diéu kién
2x% +[8— f'(x)|x+[ f(x)-2f'(x)+8]=0,vxe[0;+) va f(1)=0.Khidé dién tich hinh
phang giéi han boi cac dd thi y = f(x) va y=x"+8x—4 bing:

A. 43, B.%. C. 445. D.%.

Cho ham sb f(x) théa man —xf'(X)Inx+ f(x)=2x*F?(x),vxe(L+o)

f(x)>0,vxe(L+w) va f(e):i2 . Tinh dién tich S hinh phang gidi han boi dd thi
e

y=xf(x),y=0,x=e,x=¢*,

A.S:§. B.S:E. C.S= D.S:E.
2 2 4

w|~
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Cau 14:

Céu 15:

Céu 16:

Cau 17;

Céau 18:

Céau 19:

Céau 20:

Cho ham s6 f (x) c6 dao ham xac dinh, lién tyc trén khoang (—1;+ ) ddng thoi thoa man céac
didukign '(x)<0Vxe(-L+o0), f(0)=-1va[f'(x)] = f"(x), f (3)=—In4.Khi dé dién
tich gi6i han boi @b thi(C):y = f(X), truc hoanh va hai duong thing X =2,x =3 bang bao

nhiéu?
A. 8In2-In3-1. B. 8In2-3In3-1.
C.4In2-3In3-1. D. 8In2+3In3-1.

Cho ham s6 y=f (x) c¢6 dao ham lién tuc trén doan [0;1] va thoa
3_Ey2 1 , 5

F(x)+ F1(x)= 257X ) f(0)=2 va [ £ (x)dx=0. Biét dign tich hinh phing

(x2 —x+1) 0

gioi han béi dd thi (C): y = f(X), truc tung va truc hoanh ¢6 dang S =Ina—Inb véi a,b 1a

céc s6 nguyén duong. Tinh T =a® +b?.

A T=14, B. T =25. C. T=36. D. T =43.

Cho ham s0 f (X) c6 dao ham cap hai, lién tuc va nhan gia tri duong trén doan [0;1] théa méan

£1(0) =2 (X).F/(x)+ 268" () + (x +1)° £(x) = 0,¥x < [0:1], f(%) _f @ _1 Bi& tich
1

phan I[ f? (x)]dx = % (&, b 1a cac sd nguyén duong va % 12 phan s6 tdi gian). Gia tri cia a+b

bang

A. 181, B. 25. C. 10. D. 26.

Cho ham s6 y = f(x) lién tuc trén R, thoa man f'(x)- f(x)=-8+16x—4x* va f(0)=0.
Tinh thé tich khéi tron xoay khi cho hinh phang gi6i han béi do thi ham s6 y = f (x) va truc

Ox quay quanh Ox .

A2 8. 20, c.®r D. 2.
15 15 3 3

Cho ham s6 y = f (x) lién tuc trén R, théa man x.f'(x)—2f (x)=4x—8 va f(2)=0. Tinh
dién tich hinh phang gisi han bai d6 thi ham sé y = f (), truc Ox va truc Oy .

A. § B. C. Z D.

3 3

| w
~N|w

Ham s6 y= f(x) c6 dao ham lién tyc trén R va théa main

f(x)+xf'(x)+ f'(x)=4x>—6x* — 2x+4 . Tinh dién tich hinh phing gi6i han béi dd thi céc
hamsé y=f(x), y= f'(X)
A. S=8. B. S=4. C. S=8r. D. S=4r.
Cho ham sb =f(x) c6 dao ham lién tuc trén R va thoa min

f(x)=4x+3x* - xf (X), Vx € R. Dién tich hinh phing gi6i han béi céc dudong y = f(x) va
y="f (X) ¢6 két qua 1am tron dén chir s6 thap phén thir hai bang
A. 7,31, B. 7,32. C. 7,33. D. 7,34
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Cau 21:

Cau 22:

Cau 23:

Céu 24:

Céu 25:

Céau 26:

Céau 27:

Céau 28:

Cho ham sb y="f(x) co dao ham lién tuc trén [0;1] va théa man f(1)=0 ;
[f'(x)]2 +8xf (x) = x* — 2, ¥x € [0;1]. Hinh phing (H ) gi6i han bai db thi ham séy = f (x)

va truc Ox, Oy . Khdi tron xoay tao thanh khi quay hinh phang (H) quanh truc Ox c6 thé tich

bang
AL B. 2% c. 3z D. 2%
7 7 7 7

Cho ham s6 y=f(x) c6 dao ham lién tuc trén R va théa man
f(x)+xf'(x) =5x" + 6x+3,Vx € R . Gi4 tri cia dién tich hinh phing gii han boi cac duong
y=f(x) va y=f(x) thuoc khoang

A. (27;28). B. (26;27). C. (28,29). D. (29;30).

Cho ham s6 y=f(xX) c6 dao ham lién tuc trén R va théa man
cos xf'(x) —sin xf (x) = 2c0s 2x + 2sin X, Vx € R . Dién tich hinh phang gidi han boi cac duong
y=f(x), y=1f(x),x=0 va x:%béng

A 2-r. B.2+rx. C.4-r. D.4+rx.

Cho ham s6 y=f(x) c6 dao ham lién tuc trén R thoa man f(1)=4 va
f (x)=xf'(x)—2x*—3x*. Tinh dién tich hinh phing gi6i han boi y = f (x) va y = f'(x).

A. 9. B. 6. C. 18. D. 27.

f(x)

X

Cho ham s0 y = f(x) c6 dao ham lién tuc trén (0;+00) thoa man f'(x)+ =4x% +3x va

f (1)=2. Tinh dién tich hinh phing gi6i han béi y = f (x) va phuong trinh tiép tuyén cia tai
diém y = f(x) c6 hoanh do x=2.
A 20 g, 2001 c 3 0. 3

12 12 4 4
Cho ham s6 y=f(x) c6 dao ham lién tyc trén (0;+o) thod min f(1)=3 va
x(4-f'(x))=f(x)—1 véi moi x>0. Tinh dién tich hinh phing gi6i han boi y = f (x) va
trucOx , truc Oy va x=1.
A 2. B. 1. C. 3. D. 5.

Cho ham s6 y = f (x) thoa man f(X)>0,‘v’XeR; f (2)2% va f’(x)=—2x[f (x) Z,VXER .
Tinh dién tich hinh phing giéi han béi y = f(x),x=0va x=1.
2 3r

AL B. X, c. =, D. 2%
3 4 3 4

Cho ham s6 y=f(x) théa man —xf'(x)Inx+ f(x)=2x*f*(x), Vxe(L;+»), f(x)>0,

Vxe(l;+o) va f(e):iz.Dientichhinhphénggi@ihanbéﬁdé thi y=xf(x), y=0, x=e,
€

x = e’ bang
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Céu 29:

Céu 30:

Céu 31:

Cau 32:

Céau 33:

Céau 34:

Al B. 2. c.2. D,
2 3 2

NP

Cho ham s6 y=f(x) c6 dao ham lién tuc trén R va théa min h¢ thuc
2x.f (x)+x%.1'(x) = 4x® —12x* + 8x .. Tinh thé tich vat tao thanh khi quay hinh phang giéi han
b6idd thi y = f (x), truc hoanh va tryc tung quanh tryc OX.

8 87 32 327

A —. B. —. C. —. D. —.
3 3 5 5

Cho ham sb y=f (x) duong, c6 dao ham lién tuc trén [-2;1] , thoa méan hé thic
f(x)= f'(x)a/x+3 va f(1)=1. Tinh dién tich hinh phing gii han bsi do thi y = f (x), truc

hoanh va cc duong thing X =-2,x=1.

3e?-1 3e?+1 3e? +1 3e?-1

B. . C. . D.

A. :
2e? 2¢e? e? e?

Cho ham sé f(x)=2x+ax*+bx+c v6i abc la cic sé thyc. Biét ham sé
g(x)=f(x)+ f'(x)+ f"(x) cé hai gia tri cuc tri 1a —4 va 4. Dién tich hinh phang gi6i han
f(x)
g(x)+12

A. 2In3. B. In3. C. In18. D.In2.

badi cac duong y = va y =1 bang

Cho ham s y = f (x) 1a ham da thirc bac bon va cé do thi nhu hinh v&

A

AN

—4 -3 -2 =1 0 1 2 3 4

Hinh phang gi6i han boi d6 thi hai ham s y = f(x), y = f’(x) c6 dién tich bing
A B, 197, c. 2 p. B3,

40 5 10 5
Cho ham s6 y=f(x) xac dinh va lién tuc trén R\{0} thod man f(1)=3 va
f%(x)—8xf (x)— f'(x)=-16x—4 . Tinh dién tich hinh phang giéi han bdi cac duong
y = f(x), truc Ox va hai duong thang x=Lx=2.
A. In2-6. B.8-1In2. C.6-In2 . D.10-1In2.

1
Cho ham s6 f(x)=x%+ j (10u—4x) f (u)du c6 do thi (C). Khi d6 dién tich hinh phang gioi
0

han béi d6 thi ( C), tryc tung, tiép tuyén cua (C) tai diém c6 hoanh do x =2 1
A. S=108 B. S=12. C. S=180. D. S=112.
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Céau 35:

Céu 36:

Cau 37:

Céau 38:

Céau 39:

Céau 40:

Céau 41:

Cho ham sb6 y= f(x) c¢6 dao ham xac dinh trén [0;+o) va thoa man
x*=x(f'(x)=2)+(f(x)-f'(x)+1)=0, Vxe[0;+o) vaco f(0)=0.Diéntich hinh phing
g6i han boi hai dd thi y= f(x) va y=f'(x) bang

5\/_ 343

A — B. C. 1. D.

QI

w |

Cho ham s6 vy= f(X) cO dao ham lién tuc trén R va thoa man
f(x)=(x-1)f'(x)+2x*-3x*+1va f(2)=-6.Dién tich hinh phang gii han bi cc duong

y=f(x) vay=f'(x)+2 bang
A. 6. B. 8. C. 15. D. 22.

Cho ham sb y= f(x) ¢6 dao ham lién tyc trén R va théa man f(1)=6 va

xf'(x)=f(x)+3x"—3x* . Dién tich hinh phing giéi han boi cac dudng y=f(x) va

y = f'(x) béng
A 12 B. 324 c. 4 p. 223
5 5 5 10

Cho ham sb y=f(x) lién tuc trén khoang (—%,%) . Biet f(0)=1 va

f'(x)cosx+ f (x)sinx =1, VXE[—% %J Dién tich hinh phang giéi han bdi cac dudng
y=f(x), y=\/§ va truc Oy ( trong mién Xe(—%;%j)bﬁng

A ‘/E”_4. B. ‘/5”_1. C.\2-x. D.\J2-Z%

4 4

Cho ham s6 y=f(xX) c6 dao ham lién tuc trén R va théa man

f(x) + xf'(x) = 4x® - 6x?,¥x € R . Dién tich hinh phing gii han bdi cac dudng y = f(x) va

y = f'(x) bang
AL B. % c.l p. 1.
12° 4 2 6

Cho ham s6 y=f(xX) c6 dao ham lién tuc trén R va théa maén
f(x) + xf'(x) =5x* + 6x*> —4,V¥x € R . Dién tich hinh phing giéi han boi cac dudng y = f(x)
5 1 .

vay= fo '(x) bang

Al 5 22 c 10 0 2
15 15 15

w

1
Cho ham sb f (x) lién tryc trén R va théa man diéu kién f (x)= 2x3 -9+ Ixf (\/1+15X2 )dx
0

. D6 thi ham s6 y=g(x)=ax’+bx* +cx—9 cat dd thi y= f(x) tai ba diém phan biét c6
hoanh do lan luot 1a 1;2;4 . Hinh phang gi6i han béi hai duong cong f(x) va g(x) c6 dién
tich bang:

Bién soan: Phan Nhat Linh | 7
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Al =2 B. I=§. C. |:£. D. I =1
2 12

f(x)>0

trén (1,+0) théa man diéu kién
f'(x)>0

Cau 42: Cho ham sb y = f(x), c6 dao ham f(1)=1 va {

o[ £ =(x=1)%.(4F (x)=[ £/(x)T +4). Tinh dién tich S ctia hinh phing gii han boi dd
[F(x)] phang g

thi ham s y = f (x) véi cée duong X =1x =2va Ox ?
A.Szﬂ. B.Szg. C.Sz_—4. D.Sz_—g.
3 3 3 3
Cau 43: Cho ham sb y= f(x) xac dinh va c6 dao ham lién tyc trén (0;+o0) thoa man f(1)=2va
X(f'(x)—x)= f(x)-1Vx>0. Dién tich hinh phang giéi han béi cic duong y=f(X);
X =1;Xx =3 va truc hoanh bang

A.g. B.Q. C.12. D.g.

2 3 3
Cau 44: Cho ham sb y=f (x) lién tuc trén (0;+0c0) thoa man 2xf "(x)+ f (X)=4X\/;. Biét f (1)=1.
Tinh dién tich hinh phing gi6i han boi d6 thi ciia ham sé g(x)= f (x)—2xf'(x), truc hoanh,

duong thang x=1,x=4.

N B. 2. c. & p. 2.
3 5 3

=

Cau 45: Cho ham sb y= f(x) c6 f(0)=0, dao ham f'(x) lién tuc trén [-2;+c0) va théa man
(x+2) f'(x)—2f(x)=(x—2)(x+ 2)3 véimoi X €[—2;+00). Dién tich hinh phang gi6i han béi
d thi ciia ham s y = f (x) va truc hoanh bang

A 22 B. 228 c. 22 p. 2.
5 5 5 5
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Céu 1;

Cau 2:

DPAP AN CHI TIET
Cho ham s6 y = f (X) c6 dao ham lién tuc trén R c6 f (0)=0va f'(0)=0 théa man biéu thirc

3 (x)— /(x)(2f (x)—2x* —3x) =18x* —4xf (). Khi d6, dién tich hinh phing gi6i han boi hai

dd thi ham s y = f(x) va g(x)=x*.f'(x) bang
A B. <. c.z. p. 3.
2 3 5 8
Loi gidi
Chon A

Taco: 3f(x)- f’(x)(2f (x)-2x? —3x) =18x* — 4xf (X)

< 4xf (x)+3f (x) = f'(x)(2f (x)-2x° —3x)+18x2

< (4x+3) f (2x +3x) (x).f'(x)+18x°
<:>[f( (2x +3x)} [fz ]+18x

@I[f x) 2x +3x } dx:f[fz(x)},dx+jl8x2dx
(x)(2¢ +3x) = 2(x)+6x* +C—=sc =0
f2(x)—2x*f (x)+6x° —3xf (x) = 0c>f(x)(f(x)—2x2)—3x(f(x)—2x2):0

Q(f(X)_ZXZ)(“(X)—sx)=o@[f(x)=2x2

f (x)= 3« .Do f'(0)=0= f(x)=3x

Taco: f(x)=3x= f'(x)=3=g(x)=x"f'(x)=x*3=3x".

x=0

Phuong trinh hoanh d6 giao diém cua hai d6 thi la: 3x =3x* < 3x* -3x=0< { .
X =

1

I(3x—3x2)dx

0

Dién tich hinh phang giéi han béi hai d6 thi 1a: S =

1
>

Cho ham s y=f(X) c¢6 dao ham lién tuc tén R va théa min

f(X) + xf'(x) = 4x® —8x —4,V¥x € R. Dién tich hinh phing gi6i han béi cac duong y = f(x) va

= f'(X) bang
i ¥ 13t 0 10
2 3 4 4
Loi giai
Chon C

Taco: f(X)+xf'(xX)=4x3-8x—4 ,VxeR < (x) - f(X)+xf'(x)=4x>-8x—4 ,vxeR
SxfX)]=4x-8x-4 VxeR < x.f(x)=x*-4x*—4x+C ,VxeR.

Vo1 x=0=C=0.
Bién soan: Phan Nhat Linh | 9
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Cau 3:

Cau 4:

Suyra f(x)=x}—4x—4= f'(x)=3x*-4.

Xét phuong trinh hoanh d6 giao diém cua y = f(x) va y= f'(x), ta co:
x=0

x*—4x-4=3x* -4 < | x=-1. Vay dién tich phang giéi han bdi cac duong y= f(x) va
x=4

= 1100 1 8= 110~ 1= [[10 -3¢ e =222

Biét ham sb f (X) nhan gia tri duong va c¢6 dao ham lién tuc trén ntra khoang (0;1] , thoa man

f(x ,
f(1)=1va2f(x)+xf'(x)= L véi moi X e (0;1]. Khi d6 dién tich hinh phang gi6i han
X
boi cac duong y = f (X) va Yy =5-4x gin gia tri ndo nhit sau day?
A. 0,58. B. 0,49. C.122. D. 0,97.

Loi gidi
Chon B

Ta co:

2f(x)+x.f’(x):\/7

1
QFFI @ @)1+ B =
@(2x.m)' :% o ZX.W:J'ﬁdx o2 [f(x)=2Yx +C

Vi f(1)=1=21f(1)=2y1+C=C=0.

Do do 2%,/ (x) =2/x = f(x)==

Phuong trinh hoanh d¢ giao diém ctia ham s6 y = f (x) va duong thing y=5-x la

1
X —_
1:5—4x<:>—4x2+5x—1:0<:> 4.
X
1

Dién tich hinh phang gi6i han béi hai d6 thi 1a
1

S:_ﬂf(x)—g(x)‘dx:'f

1—5+4x
X

dx =0,488.

1
4

, 1 1 :
Cho ham so y = f(X) lién tyc trén (0;+o0) thoa man vX.f'(X)——=f (X)=x+VX ——=. Biét
0 ham sO Y ( ) 1en tyc tréen ( OO) Ooa man f ( ) \/; ( ) \/> \/; 1€
f (1)=—1, tinh dién tich hinh phing gi6i han boi hai do thi ham s6 y = f (x) va y = f'(x)
A B. L. c.2. p. &
2 2 2 2

Loi giai
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Chon C

Theo gia thiét ta c6: xf '(X)—f(X)=X2 -l 5 =1-—
X X
‘D(M} o I( Fpre e )
X X X
Ma f(1)=—1néntx (*) c6 (1) =1+= +C<:> -1=2+C=C=-3

N f(x)zx+l_3:> f(x)=x*-3x+1= f'(x)=2x-3
X X

x=1

Xét phuong trinh hoanh do giao diém: x* —3x+1=2x-3< x* —5x+4=0< { 4
X =

4
Dién tich hinh phang bang: S = _HX2 -5X+ 4‘dx = %
Cau5: Cho ham sb y=f(x) 1a ham lién tyc c6 tich phan trén [0;2] théa diéu kién
2
f(x*)=6x"+ J' xf (x)dx . Tinh dién tich hinh phing gi6i han bi do thi ham s6 y = f (x) va
0

duong thang y = 6x —12

A. 30. B. 27. C. 24. D. 22.
Loi giai

Chon B

Tacod f(xz):6x4+.2[ xf (x)dx. Datfxf x)dx=a.
0

Khi d6 f(x2)=6x4+a:>f(x)=6x +a.
2 2 3 ax? 2
Do d6 a:J.xf(x)dx:j.x(6x2+a)dx<:>a:(—x4+—J oS a=24+2a<a=-24.
5 5 2 2

0
Nen f(x)=6x*—24.
X=-1

Taco 6x2—24:6x—12<:>x2—x—2:O<:{ )
X =

'Zf(ex2 - 6x—12)dx =27

-1

2
Vay dién tich cin tim 3 S = Hex2 —6x —12‘ dx =
-1

Cau6: Chohamsd y=f (X) c6 @6 thi (C) nam phia trén truc hoanh. Ham s6 y = f (X) thda man cac
DY A "2 " N . 1 '\/g ‘A ’ N 2 s ) A
dicu kién (y ) +y.y=-4va f (O) =1 f 2 = ER Dién tich hinh phang gidi han bdi (C) va

truc hoanh gan nhat vai s nao dudi day?
A. 0,98. B. 0,88. C. 0,78. D. 0,68.
Loi giai

Chon A
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Cau7:

Taco (£'(x)) + £7(x).f (x)=—4 <= (f'(x).f(x)) =—4
& [(F1(x)-F (%) dx= [-4dx = £/(x).f (x) =~4x+C

<:>I f'(x).f (x)dx:j(—4x+C)dx <:>j f (x)d(f(x)):—4x?2+c.x+ B

fz(x) 2
<:>T=—2x +Cx+B e f(x)= \/—4x +2C.x+B.

Theo gid thiét f(0)=1va fGJZTS ntaco

JB =1 a1
1 C ﬁ@{ B :>f(x)=\/—4x2+2x+1 (C)
—Z+E+B:7 Cc=1

Phuong trinh hoanh d¢ giao diém cta (C) vdi truc hoanh —4x* +2x+1=0.

1-5
xlzT
_1+\/§'

& —4x2 +2Xx+1=0

l+\/_

4
Vi (C) ludn & phia trén truc hoanh nén S J. —4x% +2x+1dx ~ 0,98
7*/—

Cho ham s6 f(X) lién tuc va xac dinh trén [O, 2] thoa man ddng thoi cac diéu kién
f’(l);t%, f(X)=0 voi Vx=1, (x=1).f'(X)+ f(x)=2F(x).f'(X) véi Vx€[0;2]. Dién tich

hinh phéng gi¢i han boi cac duong y = f(x) va y =x* -1 bang

A.S=§. B.Szl. C.S=2. D. S=1.
6 6
Lai giai
Chon B

Tir gia thiét (x=1).'(x) + f(x) =21 (x).f'(x) v6i ¥x€[0;2], cho x=1, tacd

f(1)=2f(1).f'(1) < f(1)[1-2f'(1)]=0= f(1)=0.

Mat khac, Vx €[0;2], tacéd

(x=2).(X)+ f(x) =2 (x).f'(X) @[(x—l).f(x)]’:[fz(x)] = (x-1).f(x)= f2(x)+C

Thay x=1,tasuyra f?(1)+C=0<C=0.
f(x)=0

f(x)=x

Vi f(x)#0,vx#1 nén ta suy ra duge f(x)=x-1.

Do do, ta dugc (x—1).f (x)= fz(x)<:> .

Xét phuong trinh hoanh do giao diém cua y = f(x) va y=x*—-1, ta c6:

12| Bién soan: Phan Nhat Linh
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Cau 8:

Cau 9:

Xx=0

x—1:x2—1<:{ .
Xx=1

1
: \ \ 1
Vay dién tich phing gi6i han bai cac dudmg y=f(x) va y=x2—1 Ia: S = j [x* = x|dx = o
0

Cho ham sb5 y=f(X) c¢6 dao ham lién tuc tén R va théa min
3: 5 : ;
2xf (X) + X2 f(x) = > X° + > x* —3x% —3x? + 2x,Vx € R . Hinh phing gi¢i han boi d thi hai ham

sdy = f(X);y = f'(X) c6 dién tich bang

NS B. 227, c. X, p. .
40 10 5 5
Loi giai
Chon C

Ta co: 2xf(x)+x2f'(x):gx5+gx4—3x3—3x2+2x,VXER

2y 26 3. 5,94 3 2
<:>(x ) f(X)+x f(x)=5x +§x —3x7—=3x“+2x,VxeR
@[xzf(x)]':§x5+§x4—3x3—3x2+2x,VXeR

2 2

? 1 3.4 3.2

SXfT(X)==X+=xX"—=X"-X"+x°+C
4 4
= f(x):lx“+1x3—§x2—x+l+£2
4 2 4

X
Vido f(x) lién tyc trén R nén C =0.

Do d6 f(x):lx4+lx3—§x2—x+1:> f’(x):x3+§x2—§x—1.
4 2 4 2 2
Xét phuong trinh hoanh d6 giao diém f (x) = f'(X).
X = =2
X = -1
iy le Sp L0 :
4 2 4 2 x = 1
X = 4

Dién tich hinh phing gi6i han boi d6 thi hai ham s§6 y=f(X);y="f'(x) la
4
S= j| f(x) - f(x)|dx :m??(dvdt).
-2
Cho ham s6 f(x)=x*+bx’+c(b,ceR) c6 dd thi 1a duong cong (C) va dudng thing
(d):y=g(x) tiép xtc véi (C) tai diem X, =1. Biét (d) va (C) con hai diém chung khac c6

X2 _
hoanh d¢ la Xl,Xz(X1 < X2) va IMdX = f Tinh dién tich hinh phing giéi han boi

X (X_l)z 3
duong cong (C) va duong thang (d).
A2 B. 2. c. p. &2
5 5 5 5
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Cau 10:

Loi giai
Chon A
Theo gia thiét ta c6: f (x)—g(x)=(x=1)"(x=%)(X=%,) = x* +bx® —mx+n (¥)
Xo Xo

Ta co: f%dx:‘[(x—xﬁ(x—xz)dx :I(x—xl)(x—x1+x1—x2)dx

X X X

Jlocexr st B o) 2

X

X2

X

(xz—xl)3 (xz—xl)3 (X, —%)" -4

3 2 6 3
Suy ra (xz—x1)3:8<:>x2—x1:2 (1)

Mat khac theo dinh 1i viet bac 4 ctia phuong trinh (*) ta dugc:
I414+ %+ % =0 X, + X =—-2(2)

e (1(2) =1

Vay dién tich hinh phing gi¢i han béi dudng cong (C) va dudng thang (d ) la:

X, =0
X, =—2

S :j‘(x—l)z(x+2)x‘dx:§.

Cho d6 thi ham s6 (C):y=ax’+bx®+cx+d va (P):y=mx*+nx+ p c6 dd thi nhu hinh v&
(D6 thi (C)la nét c6 dwong cong ddm hon). Biét phan hinh phing duoc giéi han boi (C)va (P)

(phan t6 dam) c6 dién tich bang 2. Thé tich khéi tron xoay tao thanh khi quay phan hinh phing
quanh truc hoanh c6 gié tri gan vdi s6 nao nhat?

x
[ O 1 2 5
A. 12.53. B. 9.34. C. 10.23. D. 11.74.
Loi giai
Chon D
Turddthitaco: (P):y=g(x)=mx*+nx+p va (P) qua (3;1), (5;3), (1;2)
m_3
Im+3n+p=1 ) 3 29
—{25m+5n+p=3<in=-2 :>g(x):—x2—2x+§
m+n+p=2 _29
8
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Céu 11;

Cau 12:

Duodng cong (C):y=ax®+bx* +cx+d

Do thi ham sé y = f (x) va y = g(x)cét nhau tai diém c6 hoanh @6 x=1, x=3, x=5 suy ra

f(x)—g(x)=k(x—-1)(x—3)(x—-5)(k >0)

S =K| [(x=1)(x=3)(x=5)dx— [(x—1)(x~3)(x~5)dx |= k[ 4~ (-4)] =8k

S=2:>2:8k:>k=%

1 3, 29 x* 15, 15 1
f(X)==(x-1)(X=3)(X-5)+=X"—-2X+ —=——-—X"+—X—=
= 1 (x) =3 (x-1)(x=3)(x=5)+ Lo
2 5
L , 2 2 2 6533 2007
VayV—ﬂ'J.(f g )dij(g — £2)dx= ae0” 110 7 X 1174
Cho ham sb y= f(X) ¢c0 dao ham lién tuc trén R va thoa man
2xf (x)+x°f'(x) =5x* +6x° +4x,vxeR Dién tich hinh phing giéi han boi cic duong

y=f(x) va y=f'(x) bing

A2 B % = p. L.
2 3 4 2
Loi giai
Chon D
Ta co:

j(ZXf X)+ x> f'( )dx J.(( ) +x2f'(x))dx:j(5x4+6x2+4x)dx:x5+2x3+2x2+C
= x*f (x)=x>+2x3+2x* +C
Cho x=0 tadugec C=0= f(x)=x>+2x+2; f'(x)=3x*+2.
Xét phuong trinh hoanh d¢ giao diém ctia y = f(x) va y = f'(x):
x=0

X+ 2Xx+2=3x’+2< | x=1.
X=2

2
Vay dién tich hinh phing can tim 1a ﬂ f(x)— f(x)|dx = % .

Cho ham s y = f(x) c6 dao ham lién tyc va xc dinh trén [0;+0) va théa man diéu kién
2x% +[8—f'(x)|x+[ f(x)-2f'(x)+8]=0,vxe[0;+) va f(1)=0. Khi dé dién tich hinh
phang gidi han boi cac dd thi y = f(x) va y=x"+8x—4 bing:

A. 43, B. g. C. 45. D.

[N IFN

Loi gidi
Chon B
Taco: 2x° +(8— f'(x))x+(f(x)-2f'(x)+8)=0
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& 2x° +8x—xf'(x)+ f(x)—2f'(x) +8=0< 2x* +8x+8=xf'(x)— f (x)+2f'(x)

<:>2(x2+4x+4): f'(x)(x+2)- f(x)<:>2(x+2)2:(x+2)f’(x)—f(x)

(x+2)f’(X)—f(X)ZZC{M}Izzjwzz)ﬁc_

T (xv2)

Mat khac f (1)=0 nén C:—Z:LX2)=ZX—2<:> f(x)=(x+2)(2x—2):2x2+2x—4
X +

Phuong trinh hoanh d giao diém cua hai dd thi la: 2x? + 2x—4 = x> +8x — 4
2 ) 2 _ x=2
S 2X 4+ 2X—4=X"+8X-4 X -6x+8=0= 4’
X =
Vay dién tich hinh phang giéi han boi hai d6 thi ham s 1a:

S= jﬂ(2x2 + 2x—4) —(x2 +8x—4)‘dx =
2

j“xz —6x+8‘dx
2

_4
5

Caul3: Cho ham s6 f(x) théa man —xf'(x)Inx+ f(x)=2x*f?(x),Vxe(L+x)

f(x)>0,vxe(L+0) va f(e):i2 . Tinh dién tich S hinh phang gi6i han boi dd thi
€

y=xf(x),y=0x=e,x=¢’.

A S= B.Szg. C.S=

r\:lw
N|on

Chon A

Taco: —xf'(x)Inx+ f(x)=2x*f?(x) < —x F(x) Inx+— =2x%,Vx e (L+wx).

o) (%)

< xg'(x)Inx+g(x)=2x*Vx e (L+0) véi g(x)=

f(x)

< g'(x )Inx+g() 2x,Vx € (1,+0) :>J.g Inxdx+jg dx = J.Zxdx
X

@g(x)lnx—jgxx dx+_“gxX dx=x*+C < g(x)Inx=x*+C,Vx e (L+o).

Do f(e)=i2<:>g(e)=e2:>C=0.Suy ra g(x)Inx=x*Vxe(L+o).
e

X2 X Inx

:>9(X)=H>O,VXE(1;+OO):>y:Xf(X):WZT VX € (L+00).

e2

2 2
TacéS:je xf (x)dx _j Inx :—In X
e

e
Cau 14: Chohamsb f(X) c6 dao ham xéc dinh, lién tuc trén khoang (—1;+ ) dong thoi théa mén cac diéu
kign f'(x)<0Vxe(-L+e), f(0)=-1va [ f'(x)] = f"(x), f (3)=—In4. Khi dé dién tich

gioi han boi @6 thi(C):y = f (X), truc hoanh va hai dudng thing X = 2,X =3 béing bao nhiéu?

16| Bién soan: Phan Nhat Linh
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A. 8In2-In3-1. B. 8In2-3In3-1.
C. 4In2-3In3-1. D. 8In2+3In3-1.
Loi gii
Chon B
V6i x e(-1+0), ta co: [f’(x)]2 =f"(x) <:>—1:—LX)2 @—1:{'#]
[F(%)] f'(x)
<:>—x+C1=L<:>f’(x): L ma f'(0)=-1nén C, =-1.
f'(x) —-Xx+C

Vay f’(x):iz f(x)= 1 dx =—In|x+1]+C,

) -x-1 x—1

Mit khéc, ta c6: f (3)=—In4=—In(4)+C=-In(4)=C, =0 nén f(x)=—In(x+1).

3
Khi do: $ = [|-In(x+1)|dx= =8In2-3In3-1.
2

Js.ln(x+1)dx

2x3 —5x? +5x

Cau 15: Chohamsd y = f(x) ¢O dao ham lién tuc trén doan [0;1] va thoa f(X)+ f'(X): ( ” 1)2
X" =X+

; f(1)-f(0)=2 va jol f (x)dx = 0. Biét dién tich hinh phing gi¢i han béi do thi (C): y = f (x)

, truc tung va truc hoanh c6 dang S =Ina—Inb vai a,b 1a cac sb nguyén duong. Tinh T = a? +b?

A T=14. B. T=25. C.T=36. D. T =43.
Loi giai
Chon B

3_ 2 2x—1)(x? = x+1)—2x® + 2x +1
Tach f(x)+f’(x):2X oX +5X:( )( ) .

(xz—x+1)2 (xz—x+1)2
, 2x -1 2x% —2x -1
:>jf(x)dx+J‘f (x)dx=szi(x+1dx—jﬁdx.
2x% —2x-1

I x)dx+jf (x)dx = Id(x X+1)—I (2x—1)2 dx

2
x+1 X2 —x+1
2x-1

, d(x —x+1j
d(x“—x+1 2x —1 -
:>If(xﬁx+f(x)=j iz—x+1)_j X2_1+1 2=hﬂx2—x+1)+xffxil+c
( 2x -1 J
2x -1 '

:>:[f (x)dx = (In x —x+1) > —f(x)+Cj :

X" —=x+1 0
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Cau 16:

Cau 17:

In(x —x+1‘ =0= I dx C=0
Vi 1 nén suy ra 2x -1
2x -1 (x)=
=1-(-D=2=f(1)- f (0 2 _
) == 11 P oxol
2
Do d6:S = j 2x-1 dx:—ln(xz—x+1)‘ =Inﬂ:In4—In3.
X2 —x+1 0 3
Suyra{ i .Vay T =a’+b? =

Cho ham sé f(X) c6 dao ham cép hai, lién tuc va nhén gia tri duong trén doan [0;1] théa man
f'(x)—2f (x).f'(x)+2xf"(x)+(x +1)2 f"(x)=0,vxe[0;1], f ’(%) =f [%} =1. Biét tich

1
R a : d Lo ey
phan I[ f2 (X)de =5 ( a,b 1a cac so nguyén duong va o 12 phan s6 toi gian). Gia tri cua a+b

bang

A. 181 B. 25. C.10 D. 26
Loi giai

Chon B

<:>[(x+1)2 f’(x)} =[2f (x)+1] f'(x) = (x+1)° £/(x) = T2(x)+ f (x) +C,.
Theo gia thiét: f’(%:1‘(5j=1:>9=2+c1<:>cl=l
2 2 4 4
(xR ()= 20+ f )+ 2L ((4)50),
o)+ t(x)+ (x+D)
, f'(x)dx 1 -1 -1
Do dé = dx = = +C,
j(f(x)+l)2 I(Hl)z f(X)+; (x+1)
2
o (1) (1 1 1
Theo gia thiét: f(Ej—f(ZJ 1:>C2—O:>f(x) 1 (x+1)
2
1 ¢ ’ a=13
:x+5:>_([[f(x)] dx:ﬂ dx— :> Ly, arh=25

Cho ham s y = f(x) lién tuc trén R, thoa man f'(X)— f (X) =-8+16x—4x> va f (O) =0.
Tinh thé tich khéi tron xoay khi cho hinh phing gi6i han boi d6 thi ham s6 y = f (X) va truc OX
quay quanh Ox .

18| Bién soan: Phan Nhat Linh
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25 B. 20, c. ¥ p. 1
15 15 3 3
Loi giai
Chon B

Tir gia thiét ta c6

f'(x)— f(x)=-8+16x—4x* < f'(x)e ™~ f(x)e™ :<—8+16x—4x2).e‘x
SN ( f (x).e"‘)' = (—8+16x—4x2).e‘X = f(x)e ™= J.(—8+16x—4x2).e‘xdx
o f(x)e™= (4x2 —8x).e‘X +C

Vi f(0)=0=C=0.Tacod f(x)=4x*—-8x

Hoanh d¢ giao diém cia d6 thi ham sé y= f(x) va truc hoanh théa man phuong trinh

x=0
f(x)=0<
(9=0es| 73
Vay thé tich khéi tron xoay khi cho hinh phang gi¢i han boi do thi ham sé y = f (x) va truc Ox
2
2
quay quanh Ox 1V = 7Z'J.(4X2 —8x) dx =207
5 15

Cau 18: Cho ham s6 y = f(x) lién tuc trén R, théa man x.f'(x)—2f (x)=4x-8 va f(2)=0. Tinh
dién tich hinh phang gisi han boi do thi ham so y = f (x), truc Ox va truc Oy .

A.§. B.g. C.Z. D.§
3 8 3 7
Loi giai
Chon A
Tir gia thiét ta c6
2¢7 _ _ ! _
x.f'(x)-2f(x)=4x-8= xf'(x) 42Xf(x):4X38©[f(2X)) :4X38
X X X X

f)sz) =J4);3_8dx<:> f)fzx) =—§+X;42+C < f(X)=Cx*—4x+4
Vi f(2)=0nén C=1

Vay f(x)=x"-4x+4

Hoanh d¢ giao diém cua d6 thi ham sé y = f (X) véi truc hoanh 1 nghiém ctia phuong trinh
f(x)=0<x=2

Dién tich hinh phing gi6i han béi d thi ham s6 y = f (), truc Ox va truc Oy la

¢ 8
S :I(x2—4x+4)dx:—.
5 3
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Cau19: Ham s6 y=f(x) ¢6 dao ham lién e trén R  va théa man
f(x)+x.f'(x)+ f'(x)=4x>—6x* —2x+4. Tinh dién tich hinh phang gi6i han boi dd thi cac
ham s y = f(x), y=f'(x).
A. S=8. B.S=4. C. S=8r. D.S=4r.
Loi giai
Chon A
Taco f(x)+xf'(x)+f/(x)="f(x)+(x+1)f'(x)=[(x+1)f (x)]'
Nén f(x)+xf/(x)+ f'(x)=4x* —6x* - 2x + 4 <:>4x3—6x2—2x+4=[(x+1)f(x)]'
= (x+1) f(x)=x*-2x* - x* +4x+C (1)
Thay x=-1v0 (1) tadugc C-2=0<C=2.Suyra (x+1) f (x)=x"—2x°—x* +4x+2
= f(x)=x>-3x*+2x+2
Khidé f'(x)=3x*—6x+2.
x=0

Xét phuong trinh X* —3x% +2x+2=3x*—6x+2 <= x> —6x° +8x=0 < | x=2
x=4

=N :i‘x3 — 6x? +8x‘dx:8
0

Cau20: Cho ham s6 vy= f(X) c0 dao ham lién tuc trén R va thoa man

f (x)=4x>+3x* —xf (x), VxeR. Di¢n tich hinh phang gi¢i han boi cac duong y = f(x) va

y=f (X) ¢6 két qua 1am tron dén chit sé thap phan thtr hai bang

A. 7,31. B. 7,32. C. 7,33. D. 7,34
Loi giai

Chon C

Taco f(x)=4x3+3x" —xf (x) & f(x)+xf (x)=4x>+3x*
=N [x.f(x)]'=4x3+3x2:>x.f(x):x4+x3+c

Cho x=0 tadugec C=0 = f (x)=x>+x* va f (x)=3x*+2x.
Xét phuong trinh: f(x)= f (x)

x=0
o XCaxt=3C%+2x o xX¥-2x2-2x=0< | x=1-4/3

x=1++/3

=

1+
Dién tich hinh phang 1a: S =

—

‘x3 —2x% - 2x‘dx ~ 7,33 (dvd).

>

1-
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Cau 21:

Cau 22:

Cho ham sb y=f(x) c6 dao ham lién tyc trén [0;1] va thoa man f(1)=0 ;
[f'(x)]2 +8xf (x) = x* —2x, ¥x € [0;1]. Hinh phing (H ) gi6i han bi d thi ham s y = f (x) va

truc Ox, Oy . Khéi tron xoay tao thanh khi quay hinh phing (H ) quanh truc OX c6 thé tich bang

Az B. 2% c. 3z D. 2%
7 7 7 7
Loi giai
Chon B

Taco jxf (x)ax = f (X)d(x_;j = (X)'X_z2

0

[f'(x)]2 +8xf (x) =x* —2x, Vx [0;1] & I[ f '(X)T dx +8Ixf (x)dx = I(x“ - 2x)dx

= I[f'(x)]zdx—4jx2f'(x)dx:%4c> [f'(X)de—4jx2f'(x)dx+‘[4x4 =0

0 0

1
= j(f'(x)—2x2)2dx=0 = f'(X):szif(X)zgstrC
0

Do f(1)=0 nén C:_—2:> f(x):gxs—g
3 3 3
, , 2 5 2
Xét phuong trinh: f(X):0<:>§X —E:OQX:l.
1 2
Thé tich cta khéi tron xoay la: V =7rI(§X3—§j dx=27” ( dvtt).
0

Cho ham sb5 y=f(X) c¢6 dao ham lién tuc tén R va théa min
f(x) +xf'(x) =5x* +6x+3,¥x e R . Gia tri cua dién tich hinh phing giéi han boi cac duong
y=f(x) va y=f'(x) thuoc khoang
A. (27;28). B. (26;27). C. (28,29). D. (29;30).
Loi gidi

Chon C
Taco: f(X)+xf'(x)=5x*+6x+3 < (x)'- f(X)+x.f'(x)=5x"+6x+3
x> +3x% +3x+C

X

Vi f(x) liéntuc trén R nén C=0.Suyra f(x)=x*+3x+3= f'(x) =4x>+3

SxFX)] =5x" +6x+3 = x.f(X) =x° +3x* +3x+C < f(x) =
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Xét phuong trinh hoanh d¢ giao diém cta hai dd thi ham s6 y= f(x) va y= f'(x), ta co:

X +3x+3=4x3+3 x(x3—4x2+3):0
[x=0

x=1
<:>x(x—1)(x2—3x—3):0<:> X=3+‘/Z.

2
3-421

2

X =

Vay dién tich phang gi6i han bdi cac duong y= f(x) va y = f'(x) la:
3+\/ﬁ

S:
3—

| £(x)— £'(x)|dx ~ 28,87

N

2
Cau23: Cho ham s6 y=f(x) c6 dao ham lién tuc trén R va thoa man
cos xf'(x) —sin xf (x) = 2cos2x + 2sin X, VX € R . Dién tich hinh phing giéi han boi cac duong
y=f(x), y=f(x),x=0va x:%béng
A 2-r. B.2+rx. Ca4-r. D.4+rx.
Loi giai
Chon C
Ta cd: cosxf'(x)—sinxf (x) =2c0s2x + 2sin x,Vx e R

<> cosx- f'(x) +(cos x)'.f (X) = 2€0s2X + 2sin x

< [cosx. f(x)] =2c0s2x + 2sin X & cosx.f(x)=sin2x—2cosx+C
sin2x—2cosx+C 2sinx.cosx—2cosx+C
< f(X)= =
COS X COS X

Vido f(x) liéntyctrén R nén C=0.Do do f(x)=2cosx—2 = f'(x)=-2sinx

Vay dién tich phing gigi han boi cac duong y=f(x), y=f(x),x=0 va X:% la:

NN

S= (2cosx +2sinx —2)dx

S e IR
O N [ N

[ £ = £/(0]dx = [|2c08 X+ 2sin x—2dx =
0

=(2sinx—2cosx—2x)|? =4—-7.

o NN

Cau24: Cho ham sb y=f(x) c6 dao ham lién tuc trén R thoa man f(1)=4 va
f (x)=xf'(x)—2x*> —3x*. Tinh dién tich hinh phang gi¢i han béi y = f(x) va y = f'(x).
A 9. B. 6. C.18. D. 27.
Loi gidi

Chon C
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f(x)=xf'(x)-2x>-3x* < xf'(x)— f(x)=2x%+3x

@M:ZXﬁB;VX;«tO

@[%X)} =2x+3@j{@]dx=j(2x+3)dx=x2+3x+c

<:>Lx)=x2+3x+c
X
Vi f(1)=4 nén < 4=1°+31+C < C=0.
Dodé f(x)=x>+3x*Vx=0.
Vi f(x)lién tuc trén R nén f(x)lién tuc tai x=0= f(0)=0 = f(x)=x>+3x*VxeR.
= f'(x)=3x*+6xX.

Phuong trinh hoanh d giao diém cua y = f (x);y =

x3+3x2=3x2+6x<:>x(x2—6)=0<:> X =-+/6

NG

Spp = | [¥° —6xdx =18.
6

Cau 25: Cho ham sb y = f(x) ¢O dao ham lién tuc trén (0;+oo) thoa man f'(X)+m =4x% +3x va

X

f (1) = 2. Tinh dién tich hinh phing gi¢i han bi y = f (X) va phuong trinh tiép tuyén ca tai diém

y = f(x) cohoanh dd x =2.

200 o, 2000 .3 0. 35
12 12 4 4
Lai giai
Chon B

f’(x)+m = 4%% +3x < xf'(X) + XF (x) = 4x° + 3>
X

o[ xf (x)]' =4x3 +3x° @J[x.f (x)]'dx :_"(4x3 +3x2)dx<:> xf(x)=x*+x*+C.
Vi f(1)=2 nén 1f (1)=1+1+C < C=0.Dod6 f(x)=x>+x>.
Laico f'(x)=3x*+2x.
£(2)=16, f (2) =12.
Do d6 phuong trinh tiép tuyén cia do thi ham sb y = f(x) tai diém c6 hoanh d6 x=2 la
y=16x-20.
Phuong trinh hoanh d¢ giao diém cua f(x)=x>+x* va y =16x—20
Xx=-5

x3+x2:16x—20<:{
X=2
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Céau 26:

Cau 27:

Céau 28:

Sip = Jz.‘x?’ + X2 —16x+20‘dx =

-5

2401
12

Cho ham s6 y=f(x) c6 dao ham lién tyc trén (0;+o) thoa man f(1)=3 va
x(4—-'(x))=f(x)—1 véi moi x>0. Tinh dién tich hinh phang gii han béi y = f (X) va truc
Ox, truc Oy va x=1.

A 2. B. 1. C.3. D. 5.
Loi giai

D—
—
x
—
—~
x
N—
o
x
I
—
—_
N
x
+
-
—
o
>
x
—
—
x
~—
I
N
x
N
+
x
+
O

1
Shp = [[2x+ k= 2.
0

Cho ham sb y = f(X) thod man f(X)>0,VXeR;f(2)=% va f'(X):—ZX[f (X)T,‘V’XER.

Tinh dién tich hinh phang giéi han boi y = f (X) ,Xx=0va x=1.

A Z B. L. c. 2%, D. 3% |

3 4 3 4

Loi giai
Chon B
f'(x)=—2x[f(x)]2<:>;(x)2=2xc>_|‘ - (X)2 dx=IZxdx @i:x2+c
LF(x)] L f(x)] F(x)
Vi f(2):% nén C =1
1 1 T

Do do f = S, =||l——ldx==.
0dé f(x) X2+1suyra o jx2+1 x=7

0
Cho ham s6 y=f(x) thea man —xf'(X)Inx+ f(x)=2x*f?(x), Vxe(L;+»), f(x)>0,

Vxe(L;+00) va f(e):iz.Dientichhinhphénggi(yihanb@idé thi y=xf(x), y=0, x=¢,

e
x =e? bang
L B. 2. c.2 p. 2.
2 3 2 4
Loi giai
Chon C
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Cau 29:

Cau 30:

Taco: —xf'(x)Inx+ f(x)=2x*f?(x) < —x (%) Inx+— =2x%,Vx e(1;+ o).

o) (%)

< xg'(X)Inx+g(x)=2x%Vx e (L;+0) véi g(x)=

9(x) _

X

f(x)

< g'(x)Inx+——==2x,¥xe(1;+x) Jg Inxdx+J.g dx = IZxdx

=N g(X)Inx—jg(XX)dx+IgXX dx=x*+C < g(x)Inx=x*+C, ¥x € (L;+)
Do f(e)=i2<:>g(e)=e2<:>C=0.
e

Suy ra g(x)Inx =x?, ¥x € (L;+ )

2

= g(x)zl)rj—x>0 Vxe(l+0)= xf(x)=

X :In—X>0 Vx e (1;+ )

9(x)  x
Dién tich hinh phing gidi han bai @6 thi y = xf (x), y=0, x=e, x= e? la:

e2

en 62 1
f( —=dx= | Inxd(Inx)==In?
Ix -!x nxd(Inx) an

e

e’ 3

e 2

Cho ham s6 y=f(x) c6 dao ham lién tyc trén R va théa man hé thic
2x.f (x)+x2.f'(x) = 4x° —=12x° +8x. Tinh thé tich vat tao thanh khi quay hinh phang gi¢i han boi

dothi y=f (X) , truc hoanh va truc tung quanh truc OXx.

NS B. &% c. 2z p. 37
3 3 5 5
Léi gidi
Chon D

Ta co: 2x.f(x)+x2.f'(x):4x3—12x2+8xc>[x2.f(x)]':4x3—12x2+8x
. , , 4x° -12x* +8x)d
Lay nguyén ham hai vé ta dugc: J'[Xz.f(x)] dX:J‘( X = X) X
o X2 f(x)=x" -4 +4x* +C
Chon x=0=C=0,nén f(x)=x*—4x+4
Hoanh d¢ giao diém cta dd thi y = x? —4x+4 véi truc hoanh 1a x = 2.
7 : 2 2 ¢ s, s° 327
Nen thé tich can tim 1a: V = 7 [ (x* = 4x+4) d= 7 [ (x=2)'dx = (x-2)°| ==~
5 s 5
Cho ham sb y= f(X) duong, c6 dao ham lién tuc trén [—2;1] , théa man hé thic
f(x)=f'(x)~/x+3 va f(1)=1. Tinh dién tich hinh phang gi6i han boi do thi y = f(X), truc
hoanh va cac dudng thang X =-2,x =1.

3e’-1 B 3e? +1 c 3e?+1 5 3e?-1
7 vl = =
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Céu 31:

Loi gidi
Chon A

o '(x) _
Taco: f(x)=f'(x)/x+3 e f(x) x+3

Lay nguyén ham hai vé ta duoc: In f( I

dx < Inf(x)=24x+3+C
— (x)=2v

2x+3
Do f(1)=1nén C =-4. Vay f(x):ezm‘4:ee—4

1
1 f el

4
e72

Khi d6, dién tich hinh phang can tim la: S =

1
pit | = jezmdx.

-2

Pitt=2Jx+3<t2=4 (x+3)c>dx—t(2]It

Doicin: x=1=t=4x=-2=t=2

4 4 4 _ @2 2 _
Nén: | = j 243y — Ie tdt = (ett‘ —et‘ ):36 € :3:39 21.
) 22 2 2 2 26

Cho ham sé f(x)=2x*+ax®+bx+c véi abc la cac sé thuc. Biét ham sb
g(x)=f(x)+ f'(x)+ f"(x) cé hai gia tri cuc tri 1a —4 va 4. Dién tich hinh phang gi6i han
f(x)
g(x)+12
A. 2In3. B. In3. C. In18. D.In2.

Loi gidi

boi cac duong y = va y =1 bang

Chon D

Xéthamsé g(x)=f(x)+ f'(x)+ f"(x).

Taco g'(x)=f'(x)+ f"(x)+ f"(x)=f'(x)+ f"(x)+12

Theo gia thiét ta c6 phuong trinh g'(x)=0 c6 hai nghiém m,n

g(m): Jcp =4

Vi g(x) la ham bac ba c6 hé sé a>0 nén néu gid st m<n thi
g(n):gCT =—4

Xét phuong trinh %:1: g(x)+12—-f(x)=0
X=m
< f'(x)+ f"(x)+12=0<=9'(x)=0 < {

Dién tich hinh phang can tim 1a:

n

f(x)
ll_g(x)+12

n
dx =
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~ FE()+ (0412 | (P 9'(X) ~ td(g(x)+12) n
- -[ g(x)+12 i = ;[g(x)+12dx B -[ g(x)+12 —‘In‘g(x)+12H m
=‘In‘g(n)+12‘—In‘g(m)+12H =|In|-4+12| - In|4+12| = In%‘:lnz.

Cau32: Chohamsé y = f(x) 1a ham da thirc bac bon va c6 do thi nhu hinh v&

A

Hinh phang gi6i han boi d6 thi hai ham s y = f(x), y = f’(x) c6 dién tich bing

N8 B. 127 c. 2l p.
40 5 10 5
Léi giai
Chon B

Hémsédﬁchocédang f(X):aX4+bX3+CX2+dX+e, az0
= f'(x)=4ax® + 3bx* + 2cx +d
Tir hinh v& da cho ta thiy do thi f(x) tiép xtic véi truc hoanh tai cac diém (-2;0), (1,0) va di
qua diém (0;1) nén:
f(x):k.(x+2)2.(x—1)2 1 1
f(0)=1 4 4
Vay f(x):%x4+%x3—§x2—x+1:> f'(x)=x>+=x —gx—l

Xét phuong trinh hoanh d¢ giao diem f (x) = f'(x)

X=-2
x=-1
el te e i 0e
4" 2" T4 T2 x=1
X=4

Dién tich hinh phing gi6i han béi d6 thi hai hamsé y = f (x), y=f'(x) la

S =[] (x)= f'(x)]dx

Do f(x) khong doi ddu trén cac khoang (—2;-1), (-1;1), (1;4) nén ta co:

{709 o[- ]

4

I[f(x)— f'(x)Jdx

1

107

+ + I—ddt.
5(V)
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Cau 33:

Cau 34:

Cho ham s6 y=f(x) xdc dinh va lién tuc trén R\{0} thod man f(1)=3 va
f2(x)—8xf (x)— f'(x)=-16x>—4. Tinh dién tich hinh phang gi6i han béi cac duong y = f (X)
, truc OX va hai dudng thing X =1,x=2.
A.In2-6. B.8-In2. C.6-In2 . D.10-In2.

Loi giai
Chon C
Taco f2(x)—8xf(x)— f'(x)=-16x*—4 < f?(x)—8xf (x)+16x° = f'(x)-4

h'(x) h'(x) . 1 !
th(x)_l = J.mdx_jldx @—W—X+C :>h(x)_—x+C
:>f(x)—4x:—x+C Do f(l):3:>C=0:>f(x)—4x:—§<:> f(x):—%+4x

Dién tich hinh phang gi6i han béi cac duong y = f (), truc Ox va hai duong thing X =1;x =2

2

IaS=j.|f(x)|dx=J.

1

—l+4x dx=6-1In2.

X

1
Choham s f(x)=x%+ I(lOu —4x) f (u)du cé dod thi (C). Khi d6 dién tich hinh phang gi¢i han
0
boi dd thi (C) , truc tung, tiép tuyén cua (C) tai diém c6 hoanh do x =2 1a
A. S=108 B. S=12. C. S$=180. D. S=112.
Loi giai
Chon B

Taco f(x)=x"+ I(lOu —4x) f (u)du = x° —4xI f(u)du +10qu (u)du

1 1
Pit a:jf(u)du va b:juf (u)du. Khi d6 ham sé f () c6 dang f (x)=x® —4ax+10b.
0 0

Suy ra f(u)=u®-4au+10b

1 1 1
a:If(u)du=j(u3—4au +1Ob)du:£lu4—2au2+10buj _1 2as10.
4 4
0 0 0
1 1
:>a=Z—2a+10b<:>3a—1Ob=Z(1).
1 1
b :juf (u)du :J.u(u3 —4au +10b)du
0 0
h 1. 4 S
:I(u4—4au2+10bu)du:[—US——au3+5bu2j == __a+5b.
) 5 3 o 5 3
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Céu 35:

:bzl—ﬂa+5b<:>ﬂa—4b:£(2)
5 3 3 5)
3
a=-—
Tu (1) va (2) ta dugc: 4
1
b==
5

Suyra f(x)=x>-3x+2; f'(x)=3x*-3. Taco: f(2)=4; f'(2)=9.
Phuong trinh tiép tuyén d cua (C) tai diém c6 hoanh d§ x = 2:
y=9(x-2)+4< y=9x-14.

Phuong trinh hoanh d6 giao diém cta dd thi (C) voi tiép tuyén d la:

X} -3x+2=9x-l4 & x3—12x+16:0<:{ii;4

Dién tich hinh phang gi6i han béi (C), truc tung, tiép tuyén d la

S :ﬁx:“’ ~3x+2—-(9x~14)|dx :ﬁx3 ~12x+16dx =
0

Jz'(x?’ —12x +16)dx
0

=12.

Cho ham sb y= f(x) c6 dao ham xac dinh trén [0;+oo) va thoa man
XZ—X(f'(X)—2)+(f(X)—f ( ) ) 0, ‘v’Xe[O +oo) va co f(O)zO.Diéntichhinhphfmg
g6i han béi hai do thi y = f (x) va y = f'(x) bang

5(5 3[

A— B. — C. 1. D.

w |

Loi gidi
Chon A
Taco: x*—x(f'(x)-2)+(f(x)-f'(x)+1)=0
o X2 —xf'(x)+2x+ f(x)- f'(x)+1=0

o (x+1) 1/(x)= £ (x) = (x 1) & CFVTCI=FO) o 00400)

(x+1)°
- [ f(x

Xx+1

N—"

} =1,Vxe[0;+ )= f(X):X+C
X+1

Ma f(0)=0=C=0= f(x)=x*+x= f'(x)=2x+1

Xét f(x)=f'(x) o x’+x=2x+1lox*-x-1=0c

1+/5

Viy S j. ‘xz —x—l‘dx:
1-5

2

55
6

(&)
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Cau36: Cho ham s6 y=f(x) c6 dao ham lién te trén R va thoa

man

f(x)=(x-1)f'(x)+2x*-3x*+1va f(2)=-6. Dién tich hinh phang gi6i han boi cac dudng

y="f(x) vay=f'(x)+2 bing
A. 6. B. 8. C. 15. D. 22.
Loi giai
Chon B
Taco f(x)=(x-1)f"(x)+2x}-3x" +1e (x-1) f'(x) - f(x)=-2x>+3x* —1 (¥)
Néu x=1thi f(1)=0

Néu x#1 thi () CUFI=F) 5y

@(wj’?zx—lalxl):—x?—mc

x—-1 X—
Ma f(2)=-6=C=0.Vay f(x):(x—l)(—xz—x):—x3+x: f'(x)=-3x"+1.
X=3

Phuong trinh hoanh d¢ giao diém f (x)=f'(x)+2 < x*-3x° —x+3=0<| x=1 .

x=-1
Vay dién tich phang gi6i han boi cac duong y=f(x) va y=f'(x)+2 la:
3

S:Hx3—3x2—x+3‘dx:8.

-1

Cau37: Cho ham sb6 y= f(X) c6 dao ham lién tyc trén R va théa man f(l):6 va

xf'(x)=f(x)+ 3x* —3x”. Dién tich hinh phing gi¢i han boi cac dudng y = f (x) vay="f'(x)

bang
a 182 5 324 o 104 b, 229
5 5) 5 10
Loi gidi
Chon B

Tir gia thiét xf'(x) = f (x)+3x* —3x® = xf'(x) - f (x)=3x" - 3x°,

2 X

Co f(0)=0, véi x#0 thi M:3x2—3:{m] =3x°-3
X

:m:x3—3x+c, ma f(1)=6 nén C =8.Dod6 f(x)=x*—3x*+8x (thoa man).

X
Xét phuong trinh f (x) = f'(x) < x* —4x° -3x* +14x-8=0

<:>(x—1)2(x+2)(x—4)=0<:>x=1 hodc x=-2 hoic x=4.

Vay dién tich hinh phang can tinh bang S = I ‘X —4x3 —3x* +14x —8|dx = 3—24
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Cau38: Cho ham s y:f(X) lién tuc trén khoang (—%,%j . Biét f(O)zl va

f'(x)cosx+ f (x)sinx =1, VXe(—%;%j. Dién tich hinh phing gi6i han boi cdc duomg

y=f(x), y=~2 vatruc Oy (trong mién Xe(—%;%j)béng

A N2r-4 g Y2r-1 C.\2-x. D.\V2-Z.
4 4 4
Loi gii
Chon A
Y
f(z) =sinz + cosx

Véi moi XE(—%;%j,ta co: f'(x)cosx+ f(x)sinx=1

<~

f(x)cosx—;‘(x)(cosx)= 12 - f(x) _ 12 :>f(x)=tanx+C.
coS” X cos” X COS X COS°X  COSX

Ma f (0)=1nén C =1. Suy ra: f(x)=sinx+cosx.
\ \ A e - X N A T T N
Phuong trinh hoanh d¢ giao diém cua y = f(X), y= x/z(trong mien Xe(—z;zj) la:
. T
SlnX+COSX=\/§<:>X=Z.

Vay dién tich hinh phing gi6i han béi cac duong y= f(x), y= V2 va tryc Oy ( trong mién

\/57[—4

3
XE(—E;Zj)béngi S:”sinx+cosx—«/§‘dx: :
2 2 0

4

Cau 39: Chohamsd y= f(X) c6 dao ham lién tuc trén R va théa man f(x)+ xf'(x) = 4x® —6x%,vxeR
. Dién tich hinh phang gidi han béi cac duong y = f(x) va y = f'(X) bang
AL B. %2 c.l. p. L.
12 4 2
Loi gidi
Chon D
Taco VxeR: f(X)+xf'(xX)=4x°—6x* < (x)'- f(X) +x.f'(x) = 4x° —6x°
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Céu 40:

Cau 41:

SxfX]=43-6x* o xf(x)=x"-2x3+C

V61 x=0=C=0.

Do d6: f(x)=x*-2x? = f'(x) =3x%—4x.

Phuong trinh hoanh d6 giao diém cua y = f(x) va y = f'(X) 1a nghiém cta phuong trinh:

x=0
X2 —2x2 =3x° —4x = x> —5x° +4x=0<| x=1.
Xx=4
Suy ra, dién tich phang gidi han boi cac dudng congy = f(x) va y = f'(x) Ia:
4 1 4
_ ' _ (3 2 3 2 _ 1 4T
S_‘([|f(x)—f (x)|dx_‘([(x —5X +4x)dx—_!(x —5X +4x)dx_12+ I

Cho ham sb y=f(X) c¢6 dao ham lién tuc trén R va théoa min

f(X) + xf'(x) =5x* + 6x* —4,¥x € R . Dién tich hinh phéng gi6i han béi cac duong y = f(x) va

y= %xf '(X) bang

— B. 272 c, 1088 p. 32
15 15 15 3
Léi giai
Chon D

Taco VxeR: f(X)+xf'(X)=5x* +6x° -4 < (X)'- f(X)+x.f'(x) =5x* +6x* -4
SxfFX)]=5x"+6x> -4 < x.f(x)=x>+2x* —4x+C

Véi x=0=C=0.

Do dd f(x)=x*+2x*—4= f'(x)=4x3+4x.

, . . . 1 .
Phuong trinh hoanh d6 giao diém cua d6 thi ham s y = f(x) va y = " xf'(x) la:

X=2

1
x4+2x2—4:—x(4x3+4x)<:>x2=4<:> .
4 X=-2
, . 1 N
Suy ra, dién tich phang gidi han boi cac duwong cong y= f(x) va y = 2 xf'(x) la:

dx = j.‘4—x2‘dx=§
)

f 1
S=_J'2‘f(x)—zxf'(x) -

1
Cho ham s f(x) lién truc trén R va thoa man dicu kién f(x)=2x>-9+ j xf (\/1+15x2 )dx :
0

D6 thi ham s6 y = g(x)=ax®+bx* +cx—9 cit dd thi y = f (X) tai ba diém phan biét co hoanh
d6 1an luot 14 1;2;4 . Hinh phang gi6i han boi hai duong cong f (X) va g (X) c6 dién tich bang:
A l=2 B. I:§. C. |:£. D. =1
2 12
Loi giai

Chon C
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it k:j.x ( 1+15¢ |d =_[—f =1—jxf X)dx <> 15k = } xf (x)dx (1).
0 1
f

Khi do f(x ) 2x* —9+k = x.f (x)=2x> —9x + kx thay vao (1), ta duoc:

1) < 15k = 2x —9x + kx ) dx < 15k = 1 x* gx2+kx2 4
2 1

=k=8= f(x)=2x*-1.
2 2

Mit khéc: g() f(x)=a(x-1)(x 2)(x—4):(ax3+bx2+cx—9)—<2x2—1).

< g(x)-f(x)=a(x-1)(x-2)(x—4)=ax’ +(b—2)x* +cx 8.
Cho x=0=-8a=-8=a=1.
Dién tich hinh phing giéi han béi hai duong cong f(X) va g(X) bang:

4

37
S = -1)(x=2)(x—4)dx =—.
Jlo 020 ahoe=
) f(x)>0 .
Cau42: Cho ham s6 y=f(x), c6 dao ham f(1)=1 va £(x)>0 trén (1,+c0) thoa man dicu kién
X)>
2[f '(X)]2 :( ( [f ] ) Tinh dién tich S cua hinh phang gii han boi d thi
ham s y = (X)V(’yi cac duong X =1;,x=2va Ox ?
A.S:ﬂ. B_S:g, C.S:_—4. D.Sz_—8.
3 3 3 3

Loi giai
Chon A

Taco Z[f'(x)]2 :(x—l)z.(4f (x)—[f’(x)]2 +4).
a2l ()] +[F )T (x-1)7 =4(x=1)°.(f (x)+1).
o[ (X)) (X -2x+3)=4(x-1)" (f (x) +1).

< f'(x). (x2 —2x+3) =2(x—-1).f(x)+1 Q%'\/:
@[ f(x)+l}lz[\/x2—2x+3+c]

Mit khactaco f(1)=1= f(x):x2—2x+2:>S:sz(x)dx=g.

"(x) _ x—-1 .
(x)+1 IX2—2x+3

Cau 43: Cho ham sb y= f(x) xac dinh va c6 dao ham lién tuc trén (0;+oo) thoa man f(l) =2va
X(f'(x)=x)=f(x)-1,Vx>0. Dién tich hinh phing giéi han béi cac dudmg y=f(x);
X =1;X =3 va tryc hoanh bang

A. % B. Q C.12. D. 2
2 3 3
Loi giai
Chon D
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Cau 44:

Cau 45:

Taco x(f'(x)—x)=f(x)-1=xf'(x)— f(x)=x*-1

N xf '(x)—f(x): x2—1:> xf '(x)—x'f(x): x? -1

X X2 G X
{m} :1—%:w:x+l+c.
X X X X
Mit khéc: f(1)=2:>C=o:>LX):x+1:> f(x)=x*+1
X X

3
Vay dién tich hinh phang can tim la ﬂ f (X)‘ dx = % .

1
Cho ham s6 y = f(X) lién tuc trén (0;+o0) théa man 2xf'(x)+ f (x)=4xJx . Biét f (1)=1.
Tinh dién tich hinh phing gi6i han boi dd thi ciia ham sé g(X) = f (x)—2xf'(X), truc hoanh, dudng
thang X =1,x=4.

Al B. 124 c. %2 p. 2
3 5 5 3
Léi gidi
Chon B

Véi X>0 taco:

2xf'(x)+ f (x)=4x\/; =N ZXf'(;(\)/;f () = 42)3/_5 <:>\/§.f'(x)+ﬁ f (x)=2x

@(\/;.f(x))’:2x:>\/§.f(x):x2+c

Véi x=1 ta c6 VLF(1)=L+C=1=1+C &C=0=Vx.f(x)=x* = f(x)=x/x

= f'(x) :g\/; Suy rag(x)=-2xx.
4

Vay dién tich S = j \—2x\/§ \ = % (Dvtt)
1

Cho ham s6 y=f(x) c6 f(0)=0, dao ham f'(x) lién tuc trén [-2;+) va théa man
(X + 2) f '(X) -2f (X) = (X — 2)(X + 2)3 véi moi X € [—2;+oo) . Dién tich hinh phing gi6i han boi

d thi ctia ham s6 y = f (X) va truc hoanh bang

A 22 B. 28 c. 24 p. 2.
5 5 5 5
Loi giai
Chon C

Xét x=-2: tirdiéu kién tacé f(-2)=0.

Xét x >—2: chia hai vé cta diéu kién cho (x+ 2)3 ta duoc
1 2

2 f (X)_ 3

(x+2) (x+2)

f(x)=x-2.
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! ! 2
Do L 5| =— 2 5 nén f(x)2 =X+2,suyra f(x) :X——2x+C hay
(x+2) (x+2) (x+2) 2

f(x):(x+2)2[x—22—2x+cj
Vi f(0)=0nén C=0,suyra f(x)=x(§—2)(x+2)2.

Két hop ca hai truong hop ta c6 f (X) = X(g - ZJ(X + 2)2 vl moi X € [—2;+oo) .

Phuong trinh f(x)=0 c6 3 nghiém x=-2, x=0 va x=4. Bén canh do f(x)<0 véi moi

xe[0;4] va f(x)>0 véimoi x e[-2;0].

0 4
Vay dién tich can tim la: S = IXEE—ZJ(XJFZ)Z dx—J‘x(g—ZJ(XJrZ)Z dx = —.
-2 0
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DANG @ PHU'ONG TRINH BAC HAI SO PHU'C
—— &

IYYY «iEN THGC CAN NHO

Xét phuong trinh bac hai az” +bz+c=0, (*) véi a=0 c6: A=b’—4ac.

. . , b
= Neéu A =0 thi (*) c6nghiém kép: z, =7, = ™
a
—b+A
2a
: . - : —bxiy[A| - ,
= Neéu A<O0 thi (*) c6 hai nghiém phtrc phan biét z,, = T Hai nghiém phtrc nay 1a 2 so6
’ a

» Néu A >0 thi (*) c6 hai nghiém thyc phén biét z,, =

phtrc lién hop cta nhau.
= Luuy

o , b . c
= Hg¢ thuc Viét van dang trong truong phttc C: 2, +2, =—— va 2,2, =—.
a a
= Can bac hai ctia s6 phitc Z =X+ yi 1a mot s6 phirc w va tim nhu sau:
bat W:f:w/x+yi =a+bi voi X, y,a,beR.

a?-b*=x

W2 =X+ vi=(a+bi) < (a?—b?)+2abi=x+yi
Y ( ) ( ) y <:>{2ab:y

Giai hé nay v6i a,beR s&timdugc a v b = w=+/z =a+bi.

IS  BAI TAP TRONG PE MINH HOA

Cau 42 — D& tham khio 2023. Trén tap hop s6 phtrc, xét phuong trinh z° —2(m+1)z+m’ =0 (m la s
thyc). C6 bao nhiéu gia tri cia m dé phuong trinh d6 c6 hai nghiém phan biét z,,z, thoa man
|2,|+|z,| =27

A Ll B. 4. C. 2. D. 3.

& Loi giai
Chon C
Tacd: A'=2m+2
Trwong hgp 1: A'<0<= m<-1.

Phuong trinh c6 hai nghiém phurc, khi do: |z,| =|z,| = \/E =~/m?.
a
> m=1
Suyra: 2dm° =2 < .
m=—1(l)
Truwong hgp 2: A’>0<& m> -1,
Vi ac=m’ >0 nén phuong trinh c6 hai nghiém phén biét z,.z, >0 hoic z,.z, <0.
m=-2(l)
Suy ra: |z|+|z,|=2 |z +2,| =2 2m+ 2| =2 < o
m=
Vay c6 2 giatri cia m thoa yéu cau bai toan.

Bién soan: Phan Nhat Linh | 1
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IS BAITAP TUONG TU VA PHAT TRIEN

Céu 1:

Cau 2:

Céu 3:

Céu 4:

Cau 5:

Cau 6:

Cau7:

Cau 8:

Cau 9:

Trén tap hop sb phirc, xét phuwong trinh z2 —(M+2)z+m? =0 ('m 1a sb thuc). C6 bao nhiéu
gia tri cia m dé phuong trinh c¢6 hai nghiém phan biét thoa nim |21|3 + |22|3 =16.

A. 3. B. 4. C. 5. D. 2.

Cho phuong trinh z° —2mz +6m—8=0. (m 13 tham s thuc). C6 bao nhiéu gia tri nguyén cta
tham s6 m dé phuong trinh c6 hai nghiém phtrc phan biét z,,z, théa man 2,2, = 2,2, ?

A 4. B. 1. C. 3. D. 2.

Trén tap hop sb phirc, xét phuong trinh z° —2(m+1)z+m?+2=0 (m la sé thyc). C6 bao
nhiéu gia tri cia m dé phuong trinh d6 c6 hai nghiém phan biét z,z, thoa min |z,| +|z,| =82
A. 1l B. 4. C. 2. D. 3.

Cho céc s6 thuc b,c sao cho phuong trinh z +bz +¢ =0 c6 hai nghiém phic z,;z, véi phan
thuc 1a s6 nguyén va thoa man |z, +3-2i| =1 va (z,—2i)(z,+2) 1a s6 thuan &o. Khi d6, b+c
bang

A. -1 B. 12. C. 4. D. -12.

Goi 7,,2,,25,2, la 4 nghiém phitc ciia phuong trinh 7% + (4 - m) 72 —4m=0. Tim tit ca cac gia
tri m dé€ |z)]+|2,| +|24| +|24| =6 .

A m=-1. B. m==£2. C. m=4+3 D. m=+1.

Trong tap sb phirc, xét phuong trinh z° —2(m—1)z+2m-2=0 (m la tham s thuc). Goi S 1a
tap hop cac gia tri nguyén cia m dé phuong trinh c6 hai nghiém phan biét Z,,2, thoa man
|| =|2,|. Tong céc phan tir cua tap S 12

A. 3. B. 1. C. 6. D. 2.

Trén tap hop céc sb phc, xét phuong trinh 2> —(a—3)z+a”+a=0 ( a la tham sé thuc). Co
bao nhiéu gia tri nguyén cia a dé phuong trinh c6 2 nghiém phtc z,z, thoa mén
A 4. B. 2. C. 3. D. 1.

Trén tap hop céc sé phirc, xét phuong trinh 22 —6z+m=0 (1) ( m la tham s6 thuc). C6 bao
nhiéu gia tri nguyén caa m thugc khoang (0;20) dé phuong trinh (1) c6 hai nghiém phén biét
z,, Z, théa man zl.z_1 = zZ.Z?

A. 10. B. 11. C.12. D. 13.

Trén tap hop sb phitc, xét phuong trinh z* —2(2m-1)z+m® =0 (m 1a s4 thyc). Khi phuong
trinh ¢6 hai nghiém phan biét z;,z, sao cho biéu thic T =|z,|* +|z,|" ~10|z,2,| dat gi4 tri nho
nhét thi gia tri m thudc khoang nao sau day?

A. (-11). B. [1;2). c. (gsj D. (2;+0).

2| Bién soan: Phan Nhat Linh
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Cau 10: Goi z,z, la cac nghiém phic cia phuong trinh z22-z+1=0 . Khi d¢
Z12021 N 23022 + 2](;21 N 2%22 béng
4 Z;
A -1. B. 22%4. C. 2022. D. 2021.

Cau 11: Goi S la tap hop cac sb thuc m dé phuong trinh z° + 3z +m? —2m =0 ¢6 mot nghiém phirc
Z, VOi |Zo| = 2. Tong tit ca cac phan tir trong S 1a

A 0. B. 6. C. -5. D. 4.
Cau 12: Trén tap hop sb phitc, xét phuong trinh 22 —2(m+2)z+2m* -3m+10=0 (m la sd thuc). Biét
rang phuong trinh trén c6 hai nghiém phan biét Z,,Z, théa man ﬁ + ﬁ = % Tim gia tri nho
41 123

nhit ctia biéu thire T =|z -z, +|2-2,| v6i 2 C.

A 0. B. +/39. C. \/231. D. \/613.

Cau 13: Trén tap hop cac sb phurc, xét phuong trinh z° —2mz+8m—12=0 ( m la tham sb thuc). Co
bao nhiéu gi4 tri nguyén cia m dé phuong trinh d6 c6 hai nghiém phén biét z, z, théa man

|z2| =z,
A. 5 B. 6. C. 3. D. 4.

Cau 14: Trén tap hop cac sb phirc, xét phuong trinh 2> —6z+m =0 (m la tham sb thuc). Goi m, 1a mot
gia tri nguyén cia m dé phuong trinh c¢6 hai nghiém phan biét z,,z, thoa man 21-2_1 = ZZ.Z.
Trong khoang (0;20) c6 bao nhiéu gia tri m,

A. 11, B. 13. C.12. D. 10.

Cau 15: Trén tap hop céc sé phuc, xét phuong trinh z? —2mz +2m? —2m =0 (' m la tham sé thyc). C6
bao nhiéu gia tri nguyén cua m e (-10;10) dé phuong trinh d6 c6 hai nghiém phan biét z,, z,
thoa man |z, - 2| =|z, - 2|?

A. 15. B. 16. C.17. D. 18.
Cau 16: Goi 2,7, 1a cac nghiém phic ciia phuwong trinh z°+6z+10=0. Gid tri biéu thirc

)1000 )1000 |

w=(2+z)  +(2+2, a
A w =2 B.w=0. C. 2°%i, D. w=-2°%,

Cau 17: Trén tap hop cac sb phirc, xét phuong trinh 2% +2mz —m+12=0 (m la tham s6 thyuc). Co bao
nhiéu gia tri nguyén ciia m dé phuong trinh d6 c6 hai nghiém phéan biét z,, z, théa man
|2,| +]zo| = V2|2~ 2|2

A 1l B. 2. C. 3. D. 4.

Cau 18: Cho céc s thyc b,¢ sao cho phuong trinh z° +bz + ¢ =0 ¢6 hai nghiém phic 7,7, thoa man
|2, —4+3i|=1 va |z, —8—6i| = 4. Ménh dé nao sau day dung?
A. 5b+c=-12. B. 5b+c=4. C.5b+c=-4. D. 5b+c=12.

Cau 19: Trong tap hop cic sb phirc, cho phuong trinh z° —2(a—-45)z +2016-80a=0 (a la tham s6
thuc). C6 tat ca bao nhiéu gia tri nguyén duong ctia a dé phuong trinh ¢ hai nghiém phan biét
2,2, sao cho |z,| =|z,|
A 7. B. 8. C. 9. D. 10.

Bién soan: Phan Nhat Linh | 3
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Cau 20:

Cau 21:

Cau 22:

Céu 23:

Céu 24:

Cau 25:

Céau 26:

Céau 27;

Céau 28:

Céau 29:

Céau 30:

Céau 31;

Céau 32:

C6 bao nhiéu sb nguyén m dé phuong trinh z2+2mz+1=0 c6 hai nghiém phuc phan biét
2,2, thdaman |z, +3| =z, +3.

Al B. 2. C. 3. D. 4.

C6 bao nhiéu gi4 tri m nguyén va m e[-2022;2022] dé phuong trinh z* —2z+1-3m=0 c6

hai nghiém phtrc théa man 21-2_1 =17,.2,.
A. 4045, B. 2021. C. 2022. D. 2023
Goi z la nghiém c6 phan 4o duong cia phwong trinh z?+z+1=0. Tinh gia tri biéu thuc

_ 52022 2021 3 1
A=z -2z '*fmz_;ﬁi+1

A 0. B.i. C.E+£i. D.Q—ﬁi.
2 2 2 2

Trén tdp hop cac sb phic, goi S 1a tdng cac gia tri thuc cia m dé phwong trinh
mz? +2(m+1)z—m+6=0 cé nghiém z, théa man |zy|=1. Tinh S .

A. 3. B. 4. C. 1. D. 2.

C6 bao nhiéu gia tri nguyén cua tham s6 m dé phuong trinh z°> —2mz+9m-8=0 c6 hai
nghiém phtrc phan biét z,, z, thoa man |z| =|z,|.

A 4. B. 5. C.6. D.7.

Trén tap hop céc s6 phre, xét phuong trinh (z—1-a)(z+1-a)=6z (a la tham sd thuc). C6

bao nhiéu gia tri cia a dé phuong trinh d6 c6 hai nghiém z;, z, théa man |21|2 + |22|2 =427
A 1l B. 2. C. 3. D. 4.

Trén tap s6 phirc, xét phuong trinh z° —4(m+1)z +4m?+2=0 (m 1a tham sd thuc). C6 bao
nhiéu gié tri ctia tham s6 m dé phuong trinh d6 c6 nghiém z, thoa mén |z,| =42

A 1l B. 3. C. 4. D. 2.

Trén tap hop cac s phirc, xét phuong trinh z° —2(m+4)z+m®-8=0 (m la tham sd thuc).
Tinh tong cac gi tri cia m dé phuong trinh d6 c6 nghiém Z, théa man |Zo| =37

A. 17 B. 6. C. 6+17. D. 6-17.

Tim téng cac gia trj cia s thuc a sao cho phuong trinh 22 +3z +a% —2a=0 c6 nghiém phirc
A. 0. B. 2. C.6. D. 4.

C6 bao nhiéu gia tri thyc ciia m dé phuong trinh: 4z2° +4(m-1)z+m*-3m=0 co hai nghi¢m
7,2, thda man |z)|+|z,| =27

Al B. 2. C. 3. D. 4.

Cho s6 phirc w va hai s6 thyc a,b. Biét z, =w+2i va z, = 2w -3 1a hai nghiém phuc cia
phuong trinh z° +az+b=0. Tinh gia tri cia T = |21| +|22| .

8. T - 4VE3. 250 2%

C.T=——- D.T
3 3

A T=2/13.

Trén tap hop s6 phte, xét phuong trinh 2 — 2az +b* — 20 =0(1) véi a,b 1a cac tham s nguyén
duong. Khi phuong trinh ¢é hai nghiém phan bi¢t z;,z, thoa mén: z, +3iz, =7 +5i thi gia tri
cua biéu thac 7a +5b bang

A. 19. B. 17. C. 32. D. 40.

Trén tap hop sd phirc, xét phuong trinh z° —2mz+m? —2m =0 (m 1a tham sb thuc). C6 bao

4| Bién soan: Phan Nhat Linh
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Cau 33:

Cau 34:

Céu 35:

Céau 36:

Cau 37:

Céau 38:

Céau 39:

Céau 40:

Céau 41:

Cau 42:

Céau 43:

nhiéu gié tri thyc ciia m dé phuong trinh c6 nghiém z, théa man |z,| =2

A. 0. B.1. C. 2. D. 3.

C6 bao nhiéu s nguyén adé phuong trinh z2 — (a — 3) z+a’+a=0 co 2 nghiém phuc 2,2,
théa man |z, + z,| =|z, — 7,| ?

A 4. B. 2. C. 1. D. 3.

Trén tap hop cac sb phirc, xét phuong trinh z° —2mz +8m—12=0 (m 14 tham s thyuc). C6 bao
nhiéu gia tri cia m dé phwong trinh ¢6 hai nghiém phan biét z,,z, thoa man |21| + |22| =47
Al B. 2. C. 3. D. 4.

C6 bao nhiéu s nguyén a dé phuongtrinh z° —(a—3)z+a*+a=0 c6 hai nghiém phic z,,7,
thoa man |z, + z,| = |z, — z,|?

Al B. 2. C. 3. D. 4.

Cho s phitc w va hai sé thuc b, c. Biétrang w+ 2 va 3w —4i 1a hai nghiém ctia phuong trinh

2022z% + bz + ¢ =0. Tinh gia tri biéu thirc P =b+c¢ bang
A. P=-4044. B. P=8088. C. P =4044. D. P=-8088.

Goi 7;,z, 1a hai nghiém phtc cia phuong trinh z22-2+2=0. Phan 4o cua sb phuc

[(n—-i)(z,-1)]"" 1a

A. —21011. B. 22022. C. _22022 . D. 21011.

Cho phuong trinh 4z* +mz? +4 =0 trong tap s6 phicc va m la tham sé thuc. Goi z,, z,, Z,, 2,
la bbén nghiém coa phuong trinh dd cho. Tim tit ca cac gia tri caa m dé
(2 +4)(2 +4)(2 +4)(2F +4)=324.

m=2 m=-2 m=1 m=-1
A. : B. : C. . D. :

m=-15 m=15 m=-35 m =35

Tong cac gia tri nguyén cua tham s6 a dé phuong trinh z” —2(a+2)z+a”+3a=0 c6 hai
nghiém phirc 7,2, thoa man |z, +7,| =|z — z,|?
A. 4. B. -3. C.3. D. 4.

Cho s6 phiic w va hai sé thuc a,b Biét raing w+i va 2w —1 1a hai nghiém caa phuong trinh
72 +az+b=0.Tinhténg S=a+b
A e c.> D. 2
9 9 9 9
Ki hiéu 7,7, 13 hai nghiém phtic ciia phuong trinh z° + z+m = 0. C6 bao nhiéu gia tri nguyén

A. 3. B. 2. C. 1. D.0.

Cho s6 phirc w va hai so thyc a, b. Biétrang w+1i va 3— 2w la hai nghiém cua phuong trinh
7 +az+b=0.Téng S=a+b bing

A. 3. B. 3. C.9. D.7.

Trén tap hop céc sb phirc, xét phuong trinh z2 —mz +m+1=0. Tinh téng cac gia tri cia m dé
phuong trinh d6 ¢6 hai nghiém phén biét z;,z, théa man z,° +2,° = 2z, +1.

A -1. B. 4. C. 3. D. 5.

Bién soan: Phan Nhat Linh | 5
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Cau 44:

Céu 45:

Cau 46:

Cau 47:

Cau 48:

Céau 49:

Céau 50:

Céu 51:

Céu 52:

Trén tap s phirc, xét phwong trinh z° —2mz +4m—-3=0 ( m 1a tham sd thuc). C6 bao nhiéu
gia tri nguyén duong cia m dé phuong trinh d6 c6 hai nghiém phan biét z;, z, théa man
|z,| +|2z,| =87

A. 0. B. 2. C.3. D. 1.

Trén tap cac sd phirc, xét phuong trinh 2z —mz+m+8=0 (m 1a tham s6 thyc). Cé bao nhiéu
gid tri nguyén cua tham soO m dé phuong trinh c6 hai nghiém z;,z, phan biét thoa man
‘zl(zf +mzz)‘ :(m2 —m—8)|22|?

A 12. B. 6. C.5. D. 11.

Trén tap hop cac s6 phuc, xét phuong trinh 22 —6z+m=0 (1) (m la tham s thuc). C6 bao
nhiéu gié tri nguyén cia m thudc khoang (0;20) dé phuong trinh (1) c6 hai nghiém phan biét

Z,, Z, thoa man 21-2_1 = Zz.Z?
A. 20. B. 11. C. 12. D. 10.

Cho phuong trinh 4z* + mz® + 4 =0 trong tap sb phirc va m 1a tham s6 thy C. Goi

2,,2,,25,2, 1a bdn nghiém cia phuong trinh di cho. Tim tit ci cic gia tri cia m dé
(zf+4)(z§+4)(z§+4)(z§+4)=324.

A. m=1 hoac m=-35.B. m=-1 hoac m=-35.
C. m=-1hodac m=35.D. m=1 hoac m=35.

Goi 2;,2,,23,Z, 1a bbn nghiém phic cua phuong trinh z*+5z2+4=0 . Téng

2022 2022 2022 2022 4 3

T =[z|7 +|z,|7" +]ze] 7 +|z,|" bang?

A. 1+ 22022 B. 2+2%%, C.142%3, D. 2+ 2%0%3,
Cho phuong trinh 2 —2(m-2)z+m?-5=0 (m la tham s6 thuc). C6 bao nhiéu gi4 tri nguyén

ctia tham s6 m dé phuong trinh ¢6 hai nghiém phtrc phan biét z,,7, thoa min |21|2 + | 22|2 <8?
A. 5. B.7. C. 2. D.1.

Biét phuong trinh z° + mz+m? —2=0 (m 1a tham sb) c6 hai nghiém phuc z,,z,. Goi A B,C

lan luot 1a diém biéu dién cua cac so phirc 2,2, Va z, =i . C6 bao nhiéu gia tri ciia tham s6 m
dé dién tich tam giac ABC bang 1?
A. 2. B. 3. C. 4. D. 1.

Trén tap hop cac sb phirc, xét phwong trinh z°2 —2z-m+2=0 (m 1a tham s6 thuc). Goi T 1
tap hop cac gia tri cia m dé phuong trinh trén c6 hai nghiém phan bié¢t dugc bi€u dién hinh hoc
boi hai diém A, B trén mit phing toa do sao cho dién tich tam giac ABC bang 242 , Vo1
C(-11). Tong cac phan tit trong T béng

A. 8. B. 4. C.9. D. -1.

1 K < C . + C 4.
Trén tap hop céc s6 phirc, cho biét phwong trinh z° — 2z + q =0 (vdi ¢,d € Z vaphan so q toi

gian) c6 hai nghiém z;,z,. Goi A,B 1an luot 1a cic diém biéu dién hinh hoc ctia z;,z, trén mat
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Cau 53:

Cau 54:

Céu 55:

Céau 56:

Céau 57:

Cau 58:

Céau 59:

Céau 60:

Cau 61;

phang Oxy . Biét tam gidc OAB déu, tinh gia tri cia P =c + 4d.

A. P=19. B. P=16. C. P=22. D. P=14.

Biét rang phuong trinh z2 + 2az +b =0 (a,b 1a cac sb thuc dwong) c6 hai nghiém phirc lién hop
2,,2,. Goi A, B,C lan luot 14 cac diém biéu dién cta s6 phitc W =2,7,,z,. Tinh gia trj ciia biéu
thirc T =b—4a biét rang ba diém A, B,C tao thanh mot tam giac vuong c6 dién tich bang 9.
A 6. B. -8. C. 9. D. 14.

Ki hiéu z, 1a nghiém phtic c6 phan thyc va phan ao déu am ctia phuong trinh z° +2z+5=0
Trén mat phang toa dd Oxy , diém M nao dudi day la diém biéu dién s6 phic w =iz, ?

A M(21). B. M(-2;-1). C. M(2-1). D. M(-12).

Trén tap hop céc sé phirc, phuong trinh z°+(a—2)z+2a-3=0 (a la tham sé thuc) c6 2
nghiém z,, z,. Goi M, N 1a diém biéu dién cua z,, Z, trén mat phéng toa do. Biét réng co 2
gia tri ciia tham s6 a dé tam giac OMN ¢6 mot goc bang 120°. Tong céac gia tri d6 bang bao
nhiéu?

A 6. B. 4. C. 4. D. -6.

Trong tap cic s phirc, cho phuong trinh z* —6z+m=0,me R(1) . Goi m, 1a mot gia tri ctia m
dé phuong trinh (1) ¢6 hai nghiém phan biét z,,z, thoa man z, Z_l =1, Z Hoi trong khoang
(0;20) co6 bao nhiéu gia tri m, e N?

A. 10. B. 12. C. 11. D. 13.

Trén tép hop céc sO phre, xét phuong trinh 2> —2(m+1)z+m+3=0 (m la tham s6 thuc). C6
bao nhiéu gi4 trj cua tham sé M dé phuong trinh c6 nghiém phtrc z, thoa méan |z, +2| =67

A. 3. B. 4. C. 1. D. 2.

Trén tap hop cac s6 phrc, xét phuong trinh 22 —2(2m-1)z+4m* -5m =0 (m la tham s thyc).
C6 bao nhiéu gia tri cua tham s6 m dé phuong trinh c¢6 nghiém z, thoda man
|2, +(1-4m)z, +4m* —-5m -3/ =102

Al B. 2. C. 4. D 3.

Trén tap hop cac sd phirc, xét phuong trinh 22 —2mz +2m? —2m=0 (m 1a tham sb thyc). C6
bao nhiéu gia tri nguyén ciia me(-10;10) d¢ phuong trinh d6 c6 hai nghiém phan biét z,, z,
théa man |z, -2|=|z,-2|?

A. 15 B. 18. C. 16. D.17.

Trong tap sb phirc, xét phuong trinh 2> —2(m-1)z+4=0 ('m la tham s6 thuc ). Goi S la tap
hop c4c gia tri nguyén cua m dé phuong trinh c6 hai nghiém phan biét z,,z, théa man |z,|=|z,|
. Tinh tong cac phan tir cia tap S

A. 3. B. 2. C.6. D. 5.

Trén tap s6 phic, xét phuong trinh z2° —2(m-4)z+m*-4m+1=0, m la thamsé thy C.

C6 bao nhiéu gia tri m dé phuong trinh d3 cho c6 hai nghiém phirc phan biét z,,z, théa diéu
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Céu 62:

Cau 63:

Cau 64:

Cau 65:

Cau 66:

Cau 67:

Céau 68:

Céau 69:

kién |z, +z, — 27,2, =|z,| .
A. 3. B. 2. C.0. D. 3.

Trén tap hop cac sb phiic, xét phuong trinh: 22 -2(m+1)z+m*-3m+5=0 (m1a tham s6

thuc). Hoi tong cac gia tri ciia m dé phuong trinh trén c6 nghiém z, théa méan ‘Z_Or -12= 5|ZO|

?

A. 9. B. 12. C. 10. D. 8.

Trén tap hop cac sd phtrc, xét phuong trinh: z° —2(m +1)Z +m®=0 (mla tham s6 thuc). Co
bao nhiéu gia tri ciia m dé phuong trinh trén c6 nghiém z, théa mén |ZO| =67

A 4. B. 3. C. 2. D. 1.

Trén tap hop céc s6 phirc, xét phuong trinh 2 —2(2m—-1)z+4m? —5m=0 (m la tham s6 thyc).

C6 bao nhiéu gid tri cua tham s6 m d€ phuong trinh c6 nghiém z, thod mén |z, +3/ =107

Al B. 2. C. 4. D. 3.

C6 bao nhiéu s6 nguyén a dé phuong trinh z° —(a-3)z+a’+a=0co6 2 nghiém phirc z,,7,

thoa man |Z1 + ZZ| = |zl - ZZ| ?

A. 4. B. 2. C. L D. 3.

Trén tap hop céc sé phuee, xét phuong trinh 2° —2mz+7m—-10=0 (m 1a tham sb thuc). C6 bao

nhiéu gid tri nguyén cia m dé phuong trinh d6 c6 hai nghiém phan biét z,,z, théa man
|z, +1-3i|=3, |z,—3+5i|=57

A 0. B. 1. C. 2. D. 3.

Trén tap hop céc sé phirc, xét phuong trinh 2° — 2(m +1)2+8m—4=0 (m la tham s thyc). C6

bao nhiéu gia tri nguyén cia m dé phuong trinh da cho c¢6 hai nghiém phan biét Z,,Z, thoa man
2} —2mz, +8m| = |z} — 2mz, +8m|?

A 4. B. 3. C. 5. D. 6.
Trén tap hop s phirc, xét phuong trinh z2 —/m+1z —%(m2 —5m-— 6) =0(m la tham s6 thuc).

C6 bao nhiéu s6 nguyén m e [-10;10] dé phuong trinh trén c¢6 hai nghiém phtic Z,Z, thoa min
|2, +2,|<|2,-2,]2

A. 11 B. 10. C.8. D.o.

Trén tap hop céac sd phuc, xét phuong trinh 2% — 2(m +1) Zz+m+3=0 (m la tham s thyc). Co
bao nhiéu gié tri cia tham s6 M dé phuong trinh c6 nghiém phirc z, théa man |z, +2|=6?

A. 3. B.1. C. 4. D. 2.
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PAP AN CHI TIET

Caul: Trén tap hop sd phirc, xét phuong trinh 22 —(M+2)z+m? =0 ( m 14 sb thuc). Co bao nhiéu

e, e, 2 R , . Cn n . n ” ~ 3 3
gid tri cia m dé phuong trinh c6 hai nghiém phan biét théa ndm |z|” +|z,|” =16.

A. 3. B. 4. C. 5. D. 2.
Loi giai

Chon A

Tacd A=-3m*+4m+4

m <
TH1L: A<0 & 3
m>2

Phuong trinh ¢6 hai nghiém phiic phan biét z,,z, thoa mén |z|=|z,|.
Khi d6 |z|° +|z, =16 = 2|z, =16 = |7,| =2 = 7,2, = 4.
Theo Vi-ét ta c6 m? =4 < m =+2. Két hop diéu kién ta dugc m=-2.

TH2: A>O<:>—§<m<4.V‘|

|zl|3 +|22|3 =|z, + 22|3 —3|zlzz|(|zl|+|zz|):|zl+ zz|3 ~32,2,(z, +2,)
=(m+2)° —3m?(m +2)= - 2m*+12m + 8
m :—1+J§

Nén —2m3 +12m+8=16 < -2m* +12m—-8=0<|m=-1-4/3
m=2

Két hop didu kién ta dugc m=2;m=—1++/3.
Vay c6 3 gia tri cia m thoa man yéu cau bai toén.

Cau2: Cho phuong trinh z* —2mz +6m—8=0. (mla tham sb thuc). C6 bao nhiéu gi4 tri nguyén cia

tham s6 m dé phuong trinh c6 hai nghiém phtrc phan biét z,,z, théa man 2,2, = 2,2, ?

A. 4. B.1. C. 3. D. 2.
Loi giai
Chon D
Tacd A'=m?>—-6m+8
m>4
TH1: A’>0<:>[
m<2

Khi d6 phuong trinh d3 cho c¢6 hai nghiém thuc phan biét 2z,,z, va

2, = 7,(loai)

2121=2222<:>Zf=25<:{ & 23+2,=0<2m=0< m=0(tm)

TH2: <0< 2<m<4
Khi d6 phuong trinh da cho c6 hai nghi¢ém phuc phan biét z;,z,

2,2, =1,7, < 7,.2, = 7,.Z; (ludn dlng)

MameZ—=>me {3} . Vay ¢6 2 gié tri nguyén ciia tham sé6 m thoa man bai toan.
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Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*

Cau 3:

Cau 4:

Trén tap hop s6 phirc, xét phuong trinh z* —2(m+1)z+m?+2=0 (m la sb thuc). C6 bao
nhiéu gié tri cia m dé phuong trinh d6 c6 hai nghiém phén biét z,z, thda man |z|+|z,| =8?

A 1l B. 4. C. 2. D. 3.
Loi giai

Chon C

Taco: A'=2m-1.

THI: A’<O<:>m<%.
Phuong trinh ¢6 hai nghiém phirc z,, =m+1+iv-2m+1 .

Ta co |2)| =|2,| , do do 2| +|2,| =8 = |z|=4

m =14 (]

o (m+1)’ -2m+1=16 > m* =14 & o
m = —/14(tm)
TH2: A’>O<:>m>%

Phuong trinh c6 hai nghiém thuc phan biét z,z,.

Taco zl+22:2(m+1)>0;2122:m2+2>0,Vm>%.Suyra: 2,>0,2,>0.

Khi d6 |z, +|z,| =8 7, + 2, =8 <= 2(m+1)=8 < m=3(tm).
Vay c6 2 gid tri cia m thoa yéu cau bai toan.
Cho cac sd thuc b,c sao cho phuong trinh z? +bz +¢ =0 c6 hai nghiém phirc Z,;Z, voi phan

thuc 1a s6 nguyén va thoa man |z, +3—-2i|=1 va (,—2i)(z,+2) 1a s6 thuan &o. Khi d6, b+c

bang

A -1, B. 12. C. 4. D. -12.
Loi giai

Chon B

Truong hep 1: Néu céc nghiém cia phuong trinh 1a céc s6 thye X;y thi
|2,+3-2i| =|(x+3)-2i| = |/(x+3)° +4 =2>1 mau thuin véi gia thiét.
Trudmg hop 2: Cac nghiém phirc cta phuong trinh khong 1 cac s6 thuc
Gidst 2, =X+Yyi=>27,=2=X-VYi.

Khi d6 |z, +3-2i| =1 (x+3)° +(y-2)"=1 (1).

Lai ¢6 (z,-2i)(z,+2) =[ x+(y-2)i | [(x+2)-Vi]
=X(x+2)+y.(y=2)+[(x+2).(y—2)—xy ]i la mot s thuan 4o.
Suyra x.(x+2)+y.(y-2)=0< x> +y*+2x-2y=0 (2).

(x+3)° +(y-2)*=1

X=-2
:>{ =>7=-2+2i; 2,=-2-2i.
X2 +y2+2x-2y=0

Giai hé gom (1) va (2): { y=2

2,+2,=-b=(-2+2i)+(-2-2i)=—4

) _ =>b+c=4+8=12.
2.7, =Cc=(-2+2i).(-2-2i)=8

Vi vay theo Viet ta co: {
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Cau 5:

Cau 6:

Cau 7:

Goi 2,,2,,25,2, 12 4 nghiém phirc ctia phuong trinh z* +(4—m)z® —4m=0. Tim tat ca cc gid

tri m dé€ |z)|+|2,| +|24| +|24| = 6.

A m=-1. B. m=+2. C. m=43 D. m=+1.
Loi giai
Chon D
2=—4 (1
Ta co: z4+(4—m)22—4m:0<:>(22+4)(22—m):0<:> : @)
22=m (2)
Taco: |2"|=|7|".
2,2, 1a nghiém ctia phuong trinh (1). Ta co: |z, =|z,| = /|-4| =2.
Z3;2, 1a nghiém cuia phuong trinh (2). Ta c6: |z5| =|z,| = |m|.

Theo dé ra ta c6:|z;| +|z,| +|2| +]2,| =6 & 2M+4=6<:>\/W=1<:>|m| =1 (thda man).
Két lugn m=+1.

Trong tap sb phirc, xét phuong trinh z° —2(m—1)z+2m-2=0 (m la tham s thuc). Goi S 1a
tap hop cac gia tri nguyén ciia m dé phwong trinh c¢6 hai nghiém phan biét z,,z, théa min
|| =|2,|. Tong céc phan tir cua tap S 12
A. 3. B. 1. C.6. D. 2.
Loi gidi
Chon B
Xét phuong trinh z° —2(m-1)z+2m-2=0, ta co:
A =[~(m-1)] -1(2m-2)=m? —4m+3.

m >3

TH1: A’>O<:>m2—4m+3>0<:{ :
m<1

Phuong trinh da cho c6 hai nghiém thuc phan biét z,, z,.
Z,+2,=2(m-1

Theo dinh Ii Vi-ettaco: <+ 2 ( ).

Theo dé bai ta cé: |z =|7,| & 2, =-2, © ,+7,=0=2(m-1)=0< m=1.

TH2: '<0<=1l<m<3

Phuong trinh Iudn c6 hai nghiém phtrc z,, z, luén thoa man |21| = |22|.

Do d6 S ={2}. Vay tong céc phan tir ciia tap S 13 1.

Trén tap hop céc sb phtc, xét phuong trinh z” —(a—3)z+a”+a=0 ( a la tham sé thuc). Co
bao nhiéu gia tri nguyén cia a dé phuong trinh c¢6 2 nghiém phuc z,z, thoa mén
A. 4. B. 2. C. 3. D. 1.

Loi giai
Chon A
Tacd A=-3a*-10a+9.
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a-3+t+JA )
a=3:yA , khi do

TH1: A >0, phuong trinh ¢6 2 nghiém z, , =

|21+22|:|zl—22|<:>|a—3|=‘\/Z‘<:>(a—3)2 :A<:>4a2+4a=0<:{a_01. (thoa man diéu

kién A>0).

a—-3+iV-A

TH2: A <0, phuong trinh ¢6 2 nghi¢ém z, , = — khi do

. a=1
|4+zﬂ:pf—QL:ﬂa—Q:MV—A%:(a—ﬁz:—AczZa?Hma—18:O¢3{ - (thoa
a
mén diéu kién A <0).
Vay c6 4 gia tri cua a thoa man yéu cau bai toan.
Vay c6 2 giatri cia m thoa yéu cau bai toén.

Cau8: Trén tap hop cac sb phirc, xét phuong trinh z° —6z+m=0 (1) ( m la tham sé thuc). C6 bao
nhiéu gia tri nguyén cua m thugc khoang (0;20) dé phuong trinh (1) c6 hai nghiém phan biét
A. 10. B. 11. C.12. D. 13.

Loi giai
Chon A
Diéu kién d¢ phuong trinh (1) ¢6 hai nghiém phan biétla: A=9-m=0< m=9.
Truong hop 1: A'>0 < m < 9. Khi d6 phuong trinh (*) ¢6 2 nghiém thyc phén biét z,,z, va
T G T NAm v .o 2_ 2 4L =1
2,=2,2,=2,.Nén 2,2, =72,7,  2,°=12," <
Vi 7, = z,, khdng thoa man yéu cau phuong trinh (1) ¢6 2 nghiém phan biét, nén loai.
Véi 2, =-12, < 7, + 2, = 0 khong thoa mén, do theo Vi-ét, taco z, +z,=6.
Truong hop 2: A'<0 < m>9. Khi d6 phuong trinh ¢6 hai nghiém phuc phéan biét z,, z, va
2,=2,,2,=12,. YU CAU 2,7, = 2,7, < 7,2, = 7,7, luén diing v6i m>9.
Vay trong khoang (0;20) ¢6 10 s6 m, thoa man yéu cau bai toan.

Cau9: Treén tap hop s6 phirc, xét phuong trinh z° —2(2m-1)z+m?=0 (m la sb thuc). Khi phuong
trinh c6 hai nghiém phan biét z;,z, sao cho biéu thiic T = |21|2 + |22|2 —10|z,z,| dat gié tri nho
nhat thi gia tri m thudc khoang nao sau day?

A. (-L1). B. [L2). C. G?’j D. (2;+).

Loi gidi
Chon C
Taco: A'=3m? —4m+1.

THI: A'<Oc>3m2—4m+1<0<:>%<m<l.
Phuong trinh c6 hai nghiém phirc z), =2m-1+ivy —3m? +4m-1.
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Taco |z =|z,|" = 2,2, = m?.

Do d6 T =|z| +|2,|° —10|2,2,| = 22,2, —10|2,2,| = —8m* > -8, ¥m € (%;1} :

Trudng hop nay khong ton tai m dé T dat gid tri nho nhét.

m>1
TH2: A'>0<3m° -4m+1>0 < 1.

m<=

3

Phuong trinh c6 hai nghiém thyuc phan biét z,z,.
Taco z, +2, =2(2m-1) > 0;z,z, = m>.
Khi do T =|z,* +|z,* —10|2,2,| = 22 + 22 —10|2,2,| = (2, + 2,)* - 22,2, - 10| 2,2,

— 4(2m-1)’ —12m? = 4m? —16m+ 4 = 4(m—-2)* 12> -12,Vme (—oo;éju(l;—l—oo) .

Vay biéu thie T dat gia tri nho nhat bang —12 khi m=2.

Cau10: Goi 7,2z, la cac nghiém phic cioa phuong trinh z°-z+1=0 . Khi do
Z12021 N 25022 + 2](;21 N 2%22 béng
4 Z;
A -1. B. 2°%4. C. 2022. D. 2021.
Loi giai
Chon A

7 —1_\/§i 3 3
S _ . .
Tacod: 22-72+1=0< 2 ma (ﬂ] :[lJ”/é'J -1

1+/3i 2 2
n=Ty

— Z12021 - (23)673.212 — (_1)673.212 - _212, Z22022 — (23)674 - (_1)674 =1

N2
L+l —(1_‘/§'J+ L 2-1-2-11
2 _[1—@

2

2021 2022 1 1 )
=L Lt T T A —1+

2

Cau11: Goi S la tap hop cac sb thuc m dé phuong trinh z° + 3z + m* —2m =0 c¢6 mdt nghiém phirc
Zy V6i |2o| = 2. Tong tat ca céc phan tir trong S 1a
A. 0. B. 6. C. -5. D. 4.
Loi giai
Cach1
TH1: z, 1a s6 thuc

|zo|=2c{

2y =2 :{m2—2m+10:0(VN)
Zy=—

m?—2m-2=0om=1++/3

TH2: z, khong phdi 1a sb thuc <:>A:9—4(m2—2m)<0c>m2—2m>% @
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Cau 12;

Vi phuong trinh z° +3z+m® —2m=0(*) ¢6 cac hé sb thuc va z, la nghiém cua (*) nén z,
cling 1 nghiém cia (*).

Theo Viet ta cd z,.Z, = m? —2m < 4 = |7, = m? — 2m (thoa (1))
om’-2m-4=0om=1+5

Viy tong cac phan tir cia S bang 4.

Cach 2:

Goi zy =a+bi(a,beR)

25| =2 a*+b*=4 (1)
2, 12 nghiém ciia phuong trinh 22 +3z+m? —2m=0 & (a+bi)’+3(a+bi)+m?—-2m=0

2_ 2 2_ —
o a?—b?+3a+m2—2m+ (2ab+30)i =0 e |2 0 F3+M—2m=0(2)
2ab +3b =0 (3)
b=0
Taco 3) < 3
a

2

V6ib=0.Td )= a’=4<a=+2.

Khi b=0,a=2, ltic d6: (2) < m*-2m+10=0 (vd nghiém)

Khi b=0,a=-2, lic d6:(2) & m* -2m-2=0 = m=1++/3
7

Véi a=—2, lie do: (1)< b? =
2 4

Do do: (2) & m? -2m-4=0m=1+5
Vay tong cac phan tir ciia S bang 4.

Trén tap hop s phirc, xét phuong trinh 2 —2(m+2)z+2m* -=3m+10=0 (m lasé thuc). Biét
rang phuong trinh trén ¢ hai nghiém phéan biét Z),Z, thdéa man ﬁ + ﬁ = % Tim gi4 tri nho
4l |2
nhat cua biéu thirc T =|z—z|+|z—7,| véi zeC.
A 0. B. /39. C. J/231. D. \/613.
Loi giai
Chon C
A'=(m+2)" - (2m® ~3m+10) = —m’ + 7m 6.
TH1: A'>0<1<m<6.

[s=2(m+2)>0
Ta co: , Vm €(1;6) nén phuong trinh ¢6 2 nghiém thyc z, >z >0.

P=2m?-3m+10>0

-1
m=—
Dodo: —+ -ttt Y s peomitim_6-0o 2 (loai).
z| |z] 4 7z 7 m=6
m<1
TH2:A'<0<:>|: )
m>6
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Céu 13:

Céau 14:

Phuong trinh c6 hai nghiém phtrc thoa: z, = Z_1 nén P=2zz, = |21|2 =|z|=|z,|= JP.

9
Dodo 4+ Lo 1 1 b eaeom?amosacos| "D,
z| |z,| 4 JP P 4 m=6

231

So véi DK nhan m:_?g.Khidé PT tré thanh: 22+52+64=0<:>z=_?51r
T =|z-2z|+|z, - 2| 2|z, - 2] =+/231. Vay minT =+/231 dat duoc tai z :_75.

Trén tap hop cac sd phirc, xét phuong trinh 22 —2mz +8m—12=0 (' m 1a tham sb thuc). Co
bao nhiéu gi4 tri nguyén cia m dé phuong trinh d6 c¢6 hai nghiém phan biét Z,, Z, thdéa man

2] =]z,

A5 B.6. C. 3. D. 4.
Loi gidi

Chon D

Taco: 22 -2mz+8m—-12=0 (*) thi A’=m’ -8m+12.

m > 6
TH1: A'>0=m?-8m+12>0 @{ . Khi d6 phuong trinh (*) ¢6 2 nghiém thyc phén

m<2
. z,=2, (KTM)
biét z;,z, va theo yéu cau bai toan: |Zl| = |22| =
2,=-2,2,+2,=0m=0 (TM)
TH2: A'<0< 2<m<6. Phuong trinh (*) khi d6 c6 2 nghiém z,, =m=i,f|A] luon thoa
man |z,|=|z,|. Nén: m e {3;4;5} .

Vay céc gia tri m théa man la: m € {0;3;4;5}.

Trén tap hop céc s6 phirc, xét phuong trinh z° — 6z +m =0 (m la tham s6 thuc). Goi m, 1a mot
gia tri nguyén ciia m dé phuong trinh ¢6 hai nghiém phan biét z,,z, thoa man 2.7, = 2,.2,.
Trong khoang (0;20) c6 bao nhiéu gia tri m,
A. 11, B. 13. C. 12. D. 10.

Loi giai
Chon D

Xét phuong trinh 22 -6z +m=0.

Taco A'=9-m.

Theo dé bai: 2,2, = 2,.2, < |7 =|2,|.

Khi A'> 0 phuong trinh c6 hai nghiém thyc phan biét, khi do:

|z)| =|2,| & z,=-7, © 2, + 2, =0 (méu thudn vi 2, + 2, =6).

Khi A'<0 phuong trinh c¢6 hai nghiém phirc phan biét 1a hai sb phirc lién hop, hay:
9-m <0< m>9. Suy ra Trong khoang (0;20) c6 10 gia tri m, .
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Cau 15;

Céau 16:

Céau 17:

Trén tap hop cac sb phirc, xét phuong trinh z° —2mz +2m? —2m =0 ( m la tham s thuc). C6
bao nhiéu gia tri nguyén cia m  (~10;10) dé phuong trinh d6 c6 hai nghiém phan biét z,, z,
thoa man |z, - 2| =|z, - 2|?
A. 15, B. 16. C.17. D. 18.
Loi giai
Taco: 2 —2mz+2m*-2m=0 (*) thi A'=-m? +2m.
Treong hop1: A'>0= -m?+2m>0<0<m< 2.
V6i 0<m < 2 phuong trinh ¢6 hai nghiém thuc z, # z,.
Khi do |z1—2|=|z2—2|<:{zl_2222_2 {Zl:ZZ(L).
2-2=—(2,-2) |z+12,=4
Suyra z;+z,=4<2m=4< m=2 (loai).
m>2
m<0

Phuong trinh (*) khi d6 ¢6 2 nghigm z,, =m£i,/-m? +2m .

Do d6 |z, — 2| =]z, — 2| (ludn ding).

Trwong hgp 2: A'<0< [

. S m>2 . .
Két hop dieu kién { 0 va me(-10;10), m nguyén suy ra m e {-9;-8;...;-1;3;4;...;9}
m <

Vay céc gi tri nguyén cua thoamén la: m e {-9;-8;...;-1;3;4;...;9} nén c6 16 gié tri nguyén cua
m € (—10;10) thoa man.

Goi 7;,z, 1a cac nghiém phtc cua phuong trinh 2 +62+10=0. Gia tri biéu thuc
1000

w=(2+z)  +(2+ 22)1000 la
A w =2 B.w=0. C. 2°%. D. w=-2°%9j
Loi giai
Chon A
. Z=-3+Ii
C6z7+62+10=0 < ..
zZ=-3-1I

Khido w=(2+2)" +(2+12,)"" = (-1+i)"" +(-1-i)™

W= [(_1+ i)zjzso . [(_1_ i)4}250 _ 4250 | 4250 _ o501

Trén tap hop céc sb phirc, xét phuong trinh 22 +2mz—-m+12=0 (m 1a tham s thuc). C6 bao
nhiéu gia tri nguyén ciia m dé phuong trinh d6 c6 hai nghiém phéan biét z,, z, théa man
|| +|2,| = V2|2, - 2,2
Al B. 2. C. 3. D. 4.

Loi giai
Chon B
Phuong trinh d cho co A'=m? +m—-12,
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Céu 18:

m< -4

Truong hop 1: A'>O<:>m2+m—12>0c{ :
m>3

Khi do, phuong trinh da cho ¢6 hai nghiém thuc z;, z, phan biét.
2
2| +[2,| = 2[2 - 2] & (|| +]2.]) = (V2|2 - 2,))

S+, +2|32,| = 2(212 +25 —22122) & (1 +12,) =222, +2|312,| = 2[(zl+ 2,)° —42122}

Do do,

& (2+12,) 622, - 2|2,2,|= 0 & 4m? —6(-m +12) - 2|-m +12| = 0 (*)
m=-6

Néu m < —4 hodc 3<m<12 thi (*)<:>4m2—8(—m+12):0<:>m2+2m—24:0<:{m_4
Néu m>12 thi (*) < 4m? —4(-m+12)=0< m?* + m-12=0 (khong théa mén).

Truong hop 2: A'<0=m?+m-12<0< -4<m<3.
Khi d6, phwong trinh d4 cho c¢6 hai nghiém phan biét z,, z, 1a hai s6 phic lién hop:

—m+iyv-m? —m+12 va -m—iv-m*-m+12.
7| +|2,| = 2|z, ~ 2| <:>2\/m2 +(—m2 —m+12) =2y-m? —m+12

< -m+12=-m?-m+12 < m=0 (thda méan).

Do do,

Vay ¢6 3 gia tri nguyén ctia tham s m thoa méin dé bai.

Cho cac s6 thuc b,c sao cho phuong trinh z° +bz +¢ =0 c6 hai nghiém phiic z;,z, théa man
|2, - 4+3i|=1 va |z, —8-6i| = 4. Ménh dé nao sau day dung?
A.5b+c=-12. B.5b+c=4. C.5b+c=-4, D. 5b+c=12.
Loi giai
Chon A
Vi 7,2, 1a hai nghiém phirc ctia phuong trinh z2 +bz+¢c=0 nén z =z,
Khi d6 ta 6 |2, ~8—6i =4 < |2, 861 = 4 < |2, ~ 8+ 6i[ = 4.
Goi M 1a diém biéu dién s6 phtic z;.
= M vira thuoc duong tron (C,) tdm 1,(4;-3), ban kinh R, =1va duong tron (C,) tam
1,(8;,-6), ban kinh R, =4 =me(C,)N(C,).

4

-8

Taco Iyl,=v4*+3* =5=R, +R, =(C,) va (C,) tiép xtic ngoai.
Do d6 c6 duy nhit 1 diém M théa mian, toa 46 diém M 14 nghiém ciia hé :
Bién soan: Phan Nhat Linh | 17
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Céu 19:

Céau 20:

Céau 21:

24
X2+ y2 —8X+ 6y +24=0 =5 24 18 24 18. .. ..
= >M| —;—— |=>7z=—-—1 la nghiém cua
X“+y*-16x+12y+84=0 | _ 18 5 5 5 5
5

24 18. :
phuong trinh 22 +bz+c=0= Z, = = + gl cling 1a nghiém cuia phwong trinh z? +bz + ¢ =0.

2, +1 ——b—48:>b——48'z z,=c=36
Apdungdinhli Viéttaco 2" 2~ "5 T 52T T

. 5b+c=-48+36=-12.
Vay

Trong tap hop céc sb phirc, cho phuong trinh z2° —2(a—45)z+2016-80a=0 (a la tham s6
thuc). Co tat ca bao nhiéu gia tri nguyén dwong cia a dé phuong trinh c6 hai nghiém phén biét
2,2, 520 cho |z;| =|z,|
A 7. B. 8. C. 9. D. 10.
Loi giai
Chon B
Taco A'=(a—45)" —(2016 —80a) =a® —10a +9
a<l

THl:.A'>0<:>a2—10a+9>0<:{ .
a>9

z,=2,(l
Phuong trinh ¢6 2 nghiém thyc phan biét, khi do: |21| =|Zz| @{ 1=22()
< 73+2,=0c2(a-45)=0<a=45.
TH2: A'<0<a’-10a+9<0<ae(L9).

Khi d6 phuong trinh ¢6 2 nghiém phtrc 7,2, 13 2 s6 phitc lién hop ctia nhau, ta ludn c6 |z, | =|z,|

Véi aeZ" = ae{2;3;4;5;6;7;8;45}. Vay c6 8 gia tri nguyén duong can tim.

C6 bao nhiéu sb nguyén m dé phuong trinh z? +2mz+1=0 co hai nghiém phirc phan biét
2,2, théaman |z, +3| =]z, + 3.
A 1l B. 2. C. 3. D. 4.
Loi giai
Chon B
V6i A'=m?-1<0 , phuong trinh z°+2mz+1=0 c6 hai nghiém phac lién hop

2, =a+bi,z, =a—bi. Khi d6 hién nhién |z, + 3= y/(a+3)’ +b? =z, +3.
Vé6i A'=m? —1>0, phuong trinh z? + 2mz +1=0 c6 hai nghiém thyc phan biét z,,z,. Ping

thire |z, +3| =|z, + 3| twong duong vé6i z; + 2z, + 6 =0, di€unay nghiala —2m+6=0 tic m=3

Tom lai cac s nguyén m cantimla m=0,m=3.

C6 bao nhiéu gid tri m nguyén va m e[-2022;2022] dé phuong trinh z° —2z+1-3m=0 c6

hai nghiém phuce théa man z,.2, = 7,.7, .

18| Bién soan: Phan Nhat Linh



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Phan Nhat Linh

Céu 22:

Céau 23:

A. 4045 . B. 2021. C. 2022. D. 2023
Loi giai

Chon D

A=4—-4(1-3m)=12m

TH1.Néu A>0<=m>0

Khi d6 phuong trinh ¢6 hai nghiém thuc z, =1—+/3m va z, =1++/3m

:>z_1:1—\/3m, 2_2:1+\/3m

Taco 2,2, = 2,2, < (1-3m) =(1+V3m) = m=0

TH2.Néu A<0 <= m<0

Khi d6 phuong trinh ¢6 hai nghiém phirc z, =1—iv-3m va z, =1+iy/-3m

= 7, =1+iV/-3m, z, =1-iJ-3m

Ma 2,2, = 2,2, < (1-iv=3m )(1+iv=8m ) = (L+iv=-3m )(1-iv=3m)

<1-3m=1-3m

Két hop hai TH suy ra m <0 thi phuong trinh lu6n c6 hai nghiém phirc théa man 21-2_1 = 22.2_2.
Ma me Z,me[-2022;2022] = m = {-2022;—2021;...;—1;0} .

Vay c6 2023 gia tri m can tim.

Goi z la nghiém c6 phan 4o dwong cia phuong trinh z2+z+1=0. Tinh gia tri biéu thuc

3 1
2022 2021
A=27"—227" + 52022~ 52021 +1.
A 0. B.i. C.E+£i. D.E—ﬁi.
2 2 2 2
Loi gii
Chon C
z=——+§i
2
°+72+1=0<
V3.
Z=—>——""i
2 2
Lay z:——+\f|,tac(). z? =—%—£I va 2° =1

Suy ra z2%% :(23) =1va 7% =

Suyra A=1-2 —E—ﬁi +3—;+1
2 2 BESVER
2 2
Suyra A=1-2 —l—ﬁi +3—;+1:§+£i.
2 2 1 43 2 2
2 2

Trén tap hop cic s6 phic, goi S 1a tong cic gia tri thuc cia m dé phuong trinh
mz® +2(m+1)z—m+6=0 cé nghiém z, théa man |zo|=1. Tinh S..
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Céau 24:

Céau 25:

A. 3. B. 4. C. 1. D. -2.
Loi giai
Chon D
Xét phuong trinh mz® +2(m+1)z-m+6=0.
TH1: m =0 = Phuong trinh da cho c6 dang 2z +6 =0 < z =-3=z| =3 khdng thda mén.
TH2: m#0.Tacé A'=(m+1)* —m(-m+6)=2m? —4m+1.

2-2
2
2+\/§

2

m<

Néu: A'>0<2m* —4m+120 < thi phuong trinh da cho c6 hai nghi¢m thyc =

m =

z, la sé thuc
N , ZO:1
Theo bai ra, ta cd |z,| =1< :
Véi z;=1,taco m+2m+2-m+6=0< m=—4 (thoa man).
Véi z;=-1,tacOo m-2m-2-m+6=0< m=2 (théamén).

2-2 242

Néu: A’<O<:>2m2—4m+1<0c>T<m< ,

, thi phuong trinh da cho c6 hai
nghiém phtrc
z, la nghiém cta phuong trinh da cho = % cling 1a nghiém cua phuong trinh da cho.

-m+6

A - .. T _-m+6 . — A
Ap dung hé thac viét, ta cd z,.z, = ma 752, = |z|" =1=> =1< m=3 (khdng

thda man)
Vay m=-4m=2=S=-2.

C6 bao nhiéu gia tri nguyén cia tham s m dé phuong trinh z° —2mz+9m—-8=0 c6 hai
nghiém phtre phan biét z;, z, théa man |21| = |22|.

A. 4. B.5. C.6. D.7.
Loi gii
Chon D
{ A'>0 {m2—9m+8>0
= Sm=0
,+2,=0 m=0

Yéu cau bai toan <

A <0 meZ
2] |<:>1< m<8—"">me{2;3;4,5,6,7}.
1 = [“2

Vay c6 tit ca 7 gid tri m can tim.
Trén tap hop cac s6 phure, xét phuong trinh (z—1-a)(z+1-a)=62z (a la tham so thuc). C6

bao nhiéu gié trj cia a dé phuong trinh d6 c6 hai nghiém z,, z, théa man |21|2 +|Zz|2 =427
A 1l B. 2. C. 3. D. 4.
Loi giai
Chon B
Taco: (z-1-a)(z+1-a)=6z< z°-2(a+3)z+a*-1=0 (1) c6 A'=6a+10.
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Cau 26:

Céau 27:

Trwong hgp 1: A'>0<a> —g . Khi d6 phuong trinh (1) c6 hai nghiém thuc z;, z,.

a=-6++38
a=-6-+/38

suyra |z +|z,[ =42 = [2(a+3)]2 —Z(a2 —1) =2 =2a%+24a-4=0< l:
Két hop vé6i didu kién nhan a = —6++/38..
Truonghop2: A'<0& a< —g . Khi d6 phuong trinh (1) c6 hai nghiém phirc z,, z, thoamén

21222.

suyra|z|* +|z,| =42 2,2+ 2,2, =82 = 77, = 21 = a2—22:0<:{ -

Két hop véi diéu kién a < —g, nhan a=—/22.
Viay c6 2 giatri cua a thoa man.
Trén tap s6 phirc, xét phuong trinh z2° —4(m+1)z+4m*+2=0 (m 1a tham sd thuc). C6 bao
nhiéu gié tri cia tham s6 m dé phuong trinh d6 c6 nghiém Z, thod man |Zo| =47
Al B. 3. C. 4. D. 2.
Lai giai
Chon B
Phuong trinh 2% —4(m+1)z+4m? +2=0 ¢6 A'=4(m+1)° —4m? —2=8m+2.

. 1 . S
Trwong hep 1: Neu A>0< m> e Phuong trinh da cho cé nghiém z, thoa man |Zo| =4,

suy ra z, =4 hoac z, =—-4.

m_4+«/f4
Néu z,=4,suyra 16 —4(m+1).4+4m* +2=0< 4m*-16m+2=0 < 2
4-\14
m= >

Néu z, =-4, suy ra 16 + 4(m+1).4+4m* + 2 =0 < 4m? +16m+34 =0 (vO nghiém).

. 1
Trwong hop 2: Neéu A<O©m<—z , phuong trinh di cho c6 hai nghiém phuac

zy=2(m+1)-iv-8m-2 va z, =2(m+1)+iyJ/-8m-2.

m:@ 0
Khi d6 |z =4 < 4(m+1)° —8m-2=16 < 4m’ =14 < 3_ .

Vay c6 3 gié tri ciia tham s6 m thoa man yéu cau bai toan.
Trén tap hop cac sd phirc, xét phuong trinh 2% — 2(m +4)z+ m?-8=0 (m la tham s thyc).

Tinh tong c4c gia tri cia m dé phuong trinh d6 6 nghiém z, thoa mén |z,|=3?

A. V17. B. 6. C. 6+/17. D. 6-17.
Loi gidi
Bién soan: Phan Nhat Linh | 21
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Céau 28:

Céau 29:

Chon D

Xét phuong trinh z° —2(m+4)z+m*-8=0 c6 A’ =8m+24.

Néu A'>0 <> 8m+24>0 < m2>-3 thi phuong trinh cé nghiém z, thoa |z,|=3 suyra z, =3

hoac z, =-3.

Véi 2, =3 taco 9-2(m+4)3+m? —-8=0=m? —6m-23=0 < m=3+4y2 (nhan).
m=3-42

Véi z,=-3 taco 9-2(m+4)(-3)+m*-8=0<m’+6m+25=0 (vo nghi¢m).

Néu A’ <0< m < -3, khi d6 phuong trinh c6 hai nghiém phirc Z,;Z, thbaman z, =z, =z_2.

Suyra|z,|=3<2,2,=92.2,=9 ©m* -8=9 = m=2/17.

Két hop vé6i didu kién m<—3 suyra m=—17 .

Vay tong cac gi tri ciia m 14 3+442+43-4J2- 17 =6-17.

Tim tong céc gia tri cta s6 thuc a sao cho phwong trinh z? +3z +a% —2a =0 ¢ nghiém phtc

Z, thoa |7y =2.

A. 0. B. 2. C.6. D. 4.

Chon D
Truong hop 7, € R . Khi d6 |z0|=2@{§° izz.
0=—
Néu z, =2 thi a® —2a+10=0 khong c6 nghié¢m thyc a.
Néu z, = -2 thi a®> —2a—2=0 ludn c6 nghiém thyc a va theo dinh 1y Vi-ét tong hai nghiém
thyc nay 1a 2 (1).
Trudng hop phuong trinh z* +3z +a* —2a =0 c6 nghiém phirc z, ¢ R thi Z, ciing 1a nghiém
phuc ctua phuong trinh.
Vi |zo| =2 nén 2,7, = |z, = 4.

a’-2a

Theo dinh ly Vi-étta c6 z,.Z, = =a’-2a=a’-2a=4<a"-2a-4=0 (*).

Phuong trinh (*) ludn c6 hai nghi¢m thyc phan biét, theo dinh ly Vi-ét ta c6 téng cac gia tri cua
s6 thuc a bing 2 (2).
Tir (1) va (2) suy ra tong céc gia tri clia s thuc a sao cho phuong trinh z° +3z+a’ -2a=0

c6 nghiém phure z, thoa |z,|=2 1a 4.

C6 bao nhiéu gia trj thuc ciia m dé phuong trinh: 4z2° +4(m-1)z+m*-3m=0 c6 hai nghi¢m
7,2, thda man |z)|+|z,| =27
A 1l B. 2. C. 3. D. 4.
Loi gisi
Chon B
Phuong trinh 4z% +4(m-1)z+m?*-3m=0 (1)
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Co: A'=4(m-1)° - 4(m* —3m) =4m+ 4
Truong hep 1: A'=0< m=-1. (1) c6 2 nghiém z, =z, =1= || +|z,| =2
Truong hep 2: A'<0 < m<-1=>(1)co 2 nghiém phuc lién hop z,, =a+bi(a,beR).

m=4
m=-1

|z, +|z,| =2 a’+b?=1 2
Ta cb: , m —3m_1
a co: m-am ey, o, mi-3m= R =
2,2, = a“+b° =

Truong hep 3: A'>0< m>-1= (1) cd 2 nghiém thuc phan biét thoa man dinh ly Viet:
Z+2,=1-m

m? —3m

2,2, =
142
4

Ma |z|+]2,| =2 < 22+ 22 +2|7.2,| =4 = (2 + 2, )’ — 22,2, + 2| 7,.2,| = 4

2
m? —3m ‘m - 3m‘
+
2 2
Vay ¢6 2 gia tri ciia m thoa min yéu cau bai toan.

=4 m=3.

& (1-m)’ -

Cau 30: Cho s6 phirc w va hai sé thyc a,b. Biét z, =w+2i va z, = 2w—3 1a hai nghiém phirc cta
phuong trinh z? +az+b=0. Tinh gia tri cia T = |21| +|22| .

2397 2485
= S

A T =2/13. B. T =413. C.T= 3

D.T

Loi giai
Chon C
; . " A N . Ju=1
VI z;,2, 1a 2 nghiém phuc cua phuong trinh da cho nén { _—

:>W:3—gi
3

2W—3=w+2i

W-2i=2w-3 [2w—4i=4w-6
= _ =
2W—-3=w+2i

ijz_@
3 3

:>21:3+gi:>|zl|: 32+(

3

g.VéyT 2\/9_7

Ma z,,z, 1a 2 nghiém phuc ctia phuong trinh trén nén |Zl| = |22| =

Cau 31: Trén tap hop s phirc, xét phuong trinh z* - 2az +hb* —20 =0(1) véi a,b la cac tham sé nguyén
duong. Khi phuong trinh c6 hai nghiém phén biét z;,z, théa mén: z, +3iz, =7 +5i thi gia tri
cua biéu thac 7a +5b bang
A. 19, B. 17. C. 32. D. 40.

Loi gidi
Chgn C
Nhén xét: Néu A’ =a® —b*+20>0
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=1

Gia thiét z, +3iz, =7 +5i 5.Suy ra 7+§:21+22 =2aeZ (Vo ly)
22:_
3

Suyra: A'=a’—b?+20<0

z:a+,”a2—b2+20‘i
z:a—ﬂl‘az—b2+20‘i

=7, +3iz, =7 +5i

Giai phuong trinh (1) ta c6 hai nghiém

zlza—,/‘az—b2+20‘i

TH1: |z, =a+ [la’ b’ + 20
oa-3 \az—b2+2o\+(3a— ‘az—b2+20‘)i=7+5i

a-3 ‘az—b2+20‘=7 a=1

‘az _p? +20\ _ =W

=
3a-f]a*~b® +20| =5

z,=a+ ‘az—b2+20‘i

TH2: |z,=a-, /\a2 ~b? +20)]

o a+3 ‘az—b2+20‘+(3a+ ‘az—b2+20‘)i ~7+5i

= 7, +3iz, =7 +5i

a+3 ‘az—b2+20‘:7 a=1 a=1 a=1 a=1
=N = ‘ T 20‘ 4<:> b?=25 < {b:5 <:>{b
2 2 3 Jla> —b%+20| = =
3a+1”a -b +20‘—5 b2 =17() b=-5(1)

Suy ra 7a+5b =232

Céach 2
Nhan xét: Néu A’=a* -b*+20>0
, h= 5
Gia thiet z, +3iz, =7+51 & . _5: Suy ra 7+§:zl+z2 =2aeZ (Vo ly)
3

Suyra; A'=a’*—-b?>+20<0
o 2, +3iz, =7 +5i 2, +3i(7 —5i +3iz,) =7 +5i z,=1+2i
Gi4 thiét ta co: . R=" ] ) = .
Z, —3iz; =7-5I z, —3iz, =7-5i Z,=1-2i

; a
Ap dung viet suy ra { = 7a+5b=32

Cau 32: Trén tap hop sb phuc, xét phuong trinh z° —2mz +m? —2m =0 (m la tham sb thuc). C6 bao
nhiéu gié tri thyc cia m dé phwong trinh c¢6 nghiém Z, théa man |ZO| =2
A 0. B.1. C. 2. D. 3.
Loi giai
Chon D
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Céu 33:

Céau 34:

Taco A'=2m
Truong hop 1: A'>0<2m>0< m>0 phuong trinh c6 hai nghiém thuc, khi do

Néu Z, = 2 1a nghiém cua phuong trinh da cho thi ta c6
22 -2m2+m’ —m=0 < m? —5m+4:o@{m=1(nha§n

m = 4(nhaan)
Néu Z, = —2 la nghiém cua phuong trinh da cho thi ta co
(-2)*> —2m.(-2) +m?> - m=0< m?+3m+4 =0 (v6 nghiém)
Truwong hop 2: A'=0< 2m =0 m =0 phuong trinh di cho 13 z° =0 < z =0 khong thoa
min diéu kién |Zo| =2 nén m =0 khong la gia tri can tim.
Trwong hgp 3: A'<0< 2m <0< m<0 khi d6 phuong trinh c6 hai nghiém phtrc 1a
Z,=m- J=2mi; 2, = M ++/—2mi . Vi hai nghiém nay 14 hai s6 phtrc lién hop, nén c6 modun bang
nhau, do d6 ta chi can xét mot trudng hop.
Gia str Zy = M+ +/=2mi khi do
m=1- \/g(nhaén)
m =1+ /5 (loaii)

Vay ¢6 3 gia tri thoa man yéu cau bai toan, Chon D

z5|=2Vm*-2m =2 m*-2m-4=0<

C6 bao nhiéu sb nguyén adé phuong trinh z* —(a—3)z+a”+a=0 c6 2 nghiém phuc 7,2,

thoa man |z, + 7,| =|z, — 2,| ?

A. 4. B. 2. C. 1. D. 3.
Léi gidi
Chon A
Tac():A:(a—3)2—4(a2+a):—3a2—10a+9
A>0 A=0 332 - >
THl:{ - 2 2@{ 3a%2-10a+9>0
|2+ 25| =2, - 2, |z, +2,|" =z, - 2, 2,.2,=0
—3a%-10a+9>0 [azo
= = .
a’+a=0 a=-1
A<0 A<0 ~3a2-10a+9<0
TH2: = _\/2—<:>
|2, + 2,| =2, - 2, |a—3|:‘|. 3a +10a—9‘ 2a%+16a-18=0
a=1
= .
a=-9

Vay c6 4 gia tri nguyén ciia a thoa yéu cau bai toan.
Trén tap hop cac sb phuc, xét phuong trinh 22 —2mz +8m—12=0 (m 1a tham s6 thyc). C6 bao
nhiéu gi tri cia m dé phuong trinh ¢6 hai nghiém phan biét z,,z, théa min |Zl| + |Zz| =47
Al B. 2. C. 3. D. 4.
Loi giai
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Chon A
Tacd A'=m? —8m+12. Xét hai truong hop:
m>6

Truong hop 1: A’>O<:>m2—8m+12>0c{ :
m<?2

2, +2,=2m

Phuong trinh ¢6 hai nghiém thuc z;,z, va .
2.2, =8m-12
Theo gia thibt: |z| +|2,| =4 & 22 + 22 +2|2,2,| =16 = (2,+ 2,)° — 22,2, + 2|2,2,| = 16

< 4m? —2(8m-12) +2|8m -12| =16 < 4m* —16m +8+2[8m 12| =0 (*)
V61 m>6 hoac ESm<2:

m=2 (KTM)

(*) < 4m* -16m +8+2(8m-12) =0 < 4m° -16 =0 < .
m=-2(KTM)

Véi m<§:
2

m=4-2J2 (TM)

(*)< 4m* -16m +8+2(-8m+12) =0 < 4m* -32m+32=0 < :
m=4+22(KTM)

Truomg hop 2: A'<0=m? -8m+12<0<2<m<6.
Phuong trinh ¢6 hai nghiém phirc 2,7, va z, = 7, = |z,| = ‘Z‘ =|z,].
Theo gid thiét |7 |+|z,| =4 © 2|z | =4 < |z| =2 (**).
Khi dé (**) <:>‘m+i\/m2 —8m +12‘ — 2 2m? —8m+8=0<> m =2 (khong thoa man).
Vay c6 mot gié tri cia m théamanla.m=4-22..
Cau 35: C6 bao nhiéu sé nguyén a dé phuong trinh z° —(a—3)z+a’+a=0 c6 hai nghi¢m phuc z,,z,

théa man |z, + z,| =z, - z,|?

Al B.2. C. 3. D 4.
Léi giai

Chon D

Taco A=[—(a-3)] -4(a®+a)=-3a-10a+9

Truong hep 1: A >0 < —3a? —1Oa+920<:>—_5_§\/1_3 sag—_5+§*/1_3(*)

Khi d6 phuong trinh da cho c¢6 hai nghiém thuc z;,z, (nghiém thuc cling 1a nghi¢m phuc co

. . Z+2,=a-3
phan a0 bang 0), thoa mén .
|z, - 2,| =‘\/A‘

Suy ra |z, + z,| =|z, - z,| <:>|a—3|:‘\/Z‘<:>(a—3)2 =A

a=0
& (a-3)° =-3a%-10a+9 <:>4a2+4a:0c{ 1déu thoa man (*).
a=-—
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Céu 36:

Céau 37:

5-213
al —

Truwong hop 2: A<0< —3a?-10a+9<0< 3 (**)
—5+2\/1_3
T

Z+2,=a-3
Khi d6 phuong trinh ¢é hai nghiém phtc z;,z,, thoa man ) .
|2 - 2| :"\/|A”

Suy ra |z, + z,| =|z, — z,| <:>|a—3|:‘i\/N‘<:>(a—3)2 =—A

a .
=N (a—3)2 =3a%+10a-9 < 2a’>+16a—-18= O<:{ déu thoa man (**).

a=-9
Vay c6 4 sb nguyén a thoa man yéu cau bai toan.
Cho s6 phirc w va hai s thyc b, ¢. Biétring w+ 2 va 3w—4i 1 hai nghiém cia phwong trinh
2022z% + bz + ¢ =0. Tinh gia tri biéu thirc P =b+c¢ bang
A. P=-4044. B. P=8088. C. P=4044. D. P =-8088.

Loi giai
Chon B
Nhan xét: Trong tap sd phuc, phuwong trinh bac hai az? +bz+c¢ =0 c6 hai nghiém phirc 2, 7,
(¢6 phdn do khac 0) th 2, =Z,.
bat w=x+vyi (x,yeR). Vib, ceR va phuong trinh 202272 +bz +¢ =0 c6 hai nghiém la
z,=W+2, 2, =3w—4i nén 2 nghiém z, z, 1 2 nghiém phirc c6 phan ao khac 0.
Do d6 2, =7, < W+2=3W—4i < X+ Yi+2=3(x+yi)—4i

X+ 2 =3X {x=1

Z,=W+2=3+I
=
y=4-3y

<:>x+2+yi:3x+(4—3y)i<:>{ :w:1+i:>{

Z,+2,= —b —b =6
12 = 20220 [b=-6.2022
Theo dinh 1y Viet: 2022 v dosuyrad 202 o — b+ =8088
c o ¢ =10.2022
2022 2022

Vay P =b+c=8088.

Goi 2,7, 1a hai nghiém phuc ciia phuong trinh z°-z+2=0 . Phan a0 cia s phuc

(i) (z,-1)]"" 1a

A. _21011. B. 22022. C. _22022. D. 21011.
Loi giai

Chon D

2, +2,=1

Taco 7,2, 1a hai nghiém ciia phuong trinh z° —z+2=0 nén { 5
21.22 =

[(2-1)(z ) [0z, -i(m+2,)+ 2] =(2-1 -1 =(1-i)"™

_ [(l— i)2 }1011 _ (_Zi)loll _ (_2)1011i1011 _ (—2)1011(i2)505i _ (—2)1011(—1)i _ it
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Cau 38:

Cau 39:

Céau 40:

Vay phan 4o cua s6 phirc [ (z,—i)(z, - i)]zozz 3 201

Cho phuong trinh 4z* +mz? +4 =0 trong tap s6 phic va m la tham sé thuc. Goi z,, z,, z5, 2,
la bén nghiém cua phuong trinh da cho. Tim tit ca cac gia tri cia m dé
(zl2 + 4)(z§ +4)(z§ +4)(z§ + 4) =324,

m=2 m=-2 m=1 m=-1
A. . B. . C. . D. .
m=-15 m=15 m=-35 m =35
Loi giai
Chon D

Dit t = z°, phuong trinh trd thanh 4t* + mt + 4 =0 c6 hai nghiém t,, t, .

Taco 4 . Do vai trd binh dang, gia strta co z7 =75 =t,, z2 =22 =t,.

tt, =1
Yéu ciu bai todn <> (t +4)° (t, + 4)° =324 < [tt, + 4(t, +1,)+16 | =324

-m+17=18 {m:—l

<:>(—m+17)2:182c{ 17 18<:> .
J— + e fi— =

Tong cc gia tri nguyén cta tham s6 a dé phuong trinh z* —2(a+2)z+a”+3a=0 c6 hai
nghiém phtc z;,z, théa man |Z1 + Zz| = |Zl - Zz| ?
A. 4. B. -3. C.3. D. 4.
Loi gidi
Chon B
7,+12,=2(a+2)

Theo dinh ly Viet ta co: )
2,.7,=a"+3a

Mit khac: |zl+22|:|zl—22|<:>‘(zl+22)2‘:‘(21—22)2‘

= (zl+22)2‘:‘(zl+22)2—42122‘<:>‘4(a+2)2‘:‘4(a+2)2—4(a2+3a)‘

(a+2°=(a+2’~(2+32) _[a?43a-0 _[a-0
) , & c{ :

(a+2) =-(a+2) +(a2+3a) a=-3

a’+5a+8=0

Viy tong cac gia tri nguyén ctia a bang —3.
Cho s6 phiac w va hai sb thuc a,b Biét raing w+i va 2w—1 I hai nghiém ciia phuong trinh

7z +az+b=0.Tinhténg S=a+b

A. 13 B. -3 C. = D. >
9 9 9 9
Lai gidi
Chon C

bit w=x+yi (x,yeR). Vi a, beR va phuong trinh z*+az+b=0 c6 hai nghiém 1a
Z)=W+i, 2, =2w-1 (z, 1a 56 phiic) nén z;;z, 1a 2 sb phic lién hop

Taco: z,=2, & W+i=2w-1& x+yi+i=2(x+yi)-1
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Céu 41:

Cau 42;

. ) X=2x-1
o x+(y+l)i=(2x-1)-2yie =S 1
y+1l=-2y y=——
3
zlzw+i:1+zi
S>w=1l--I= 32
Z,=2w-1=1-—i
2=-a a=-2
o ly+z,=-a
Theo dinh ly Viet: = 4 = 13 .
2,2, =Db 1+§=b b:E

Vay S:a+b:—g.

Ki higu z;,2, 1a hai nghiém phirc ciia phwong trinh z° +z+m=0. C6 bao nhiéu gi4 tri nguyén
A. 3. B. 2. C. 1. D. 0.
Loi giai
Chon C
Xét z°+z+m=0 (1), A=1-4m.

TH1: A<0<=1-4m<0<& m> % . Khi @6 (1) ¢6 hai nghiém phirc 13 hai s6 phirc lién hop cta

nhau.

Giasr 2,=2,=>12,=1;.
Taco: 2y.2p =M= |z =m=|zo| =Vm nén T =|z,| +|2,| = 2|z5| = 2J/m .
T=22m=2om=1,
1 o T o JatZ=-1

TH2: A20<:>1—4m20c>m£Z.Kh1 d6 (1) c6 hai nghiém thyc thoa méan
T =|z|+|2,| =T =(2.+2,)" +2|5,2,| - 2,2, =1+ 2|m| - 2m.

m<0 -1
T=2<1+2m-2m=2<2|m|-2m=1< Sm=—.

—-4m=1
Vay m=1 la gia tri nguyén théa man yéu cau bai toan.
Cho s6 phtrc W va hai s6 thyc a, b . Biét rang W+i va 3—2w 1a hai nghiém cta phuong trinh
2 +az+b=0.Tong S=a+b bang
A. -3. B. 3. C.9. D. 7.

Loi giai

Chon B
bt w=x+Yyi (x,yeR). Vi a, beR va phuong trinh z°+az+b=0 c6 hai nghiém la

Z=W+i, 2,=3-2W nén z, =2, & W+i=3-2W& X+ yi+i=3-2(x+ i)
X =3-2X {x:l

< x+(y+1)i=(3-2x)+2yi Q{y+1:2y© g1
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Céu 43:

Cau 44:

Z,=W+i=1+2i
Z,=3-2w=1-2i

o Z,+2,=-a 2=-a a=-2
Theo dinh ly Viet: = = .
2,2, =b 1+4=Db

:>W=l+i:>{

Viay S=a+b=3.
Trén tap hop céc sb phirc, xét phuong trinh z2 —mz +m+1=0. Tinh tong cac gia tri cia m dé
phuong trinh d6 ¢6 hai nghiém phan biét z,,z, thoa man z,> + z,° = 7,7, +1.
A -1. B. 4. C. 3. D. 5.
Loi giai
Chon C
Taco: A=m*—4m—-4.
Phuong trinh c6 hai nghiém phan bi¢t < A=0< me {2 —2\2;2+ 2\/5} .

Goi 7,7, la hai nghiém phan biét ciia phuong trinh.

OF

. . |z, =m+1
Theo Viet ta co:

Thay (1) vao (2) tacé: m* —3(m+1) =1< m’ —3m—4=0<:{m (tm).

Vay tong cac gid tri cia m 1a —1+4=3.

Trén tap sb phirc, xét phuong trinh 22 —2mz+4m—-3=0 (' m 1a tham sb thyc). C6 bao nhiéu
gi4 tri nguyén dwong ciia m dé phuong trinh d6 c6 hai nghiém phan biét z,, z, théa min
|| +|z,| =87
A. 0. B. 2. C.3. D. 1.

Loi giai
Chon D

Tacd A'=m? —4m+3. Phuong trinh c6 hai nghiém phén biét <> A’ » 0. Nén dé phuong trinh
do6 c6 hai nghi¢m phan biét z;, z, thoa mén |z | +|z,| =8 ta xét hai truong hop:

A'>0 m? —4m+3>0
TH1:

|21| +|Zz| _g trong truong hop nay z,, z, 1a hai nghiém thuc nén (|Zl| +|22|)2 _ e

m e (—o0;1) U (3;+00) mez* [m e (3;+0) mez* [m e (3;+x)
< 2 < 2 < 2
(z,+2,) — 222, + 2|7,2,| = 64 4m?® —2(4m—3)+2.[4m -3 =64 4m* =64
meZ*
< m=4.
A'<0 m*—4m+3<0
TH2: N —
2| +|2,| =8 ‘m+|\/—m +4m—3‘+‘m—|\/—m +4m—3‘:8
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Céu 45:

Céau 46:

, nén khoéng ton tai sb nguyén duong m trong

m e (1;3) mezt (m=2
=N
2\/m2+(—m2+4m—3):8 J5=4

truong hop nay.
Vay c6 1 gia tri nguyén duong ciia M thoa mén diéu kién bai ra.

Trén tap céc sb phirc, xét phuong trinh 22 —mz+m+8=0 (M la tham s thuc). Cé bao nhiéu

gia tri nguyén cta tham sé6 m dé phwong trinh c6 hai nghiém 7,2, phan biét thoa man
2 2

‘zl(z1 +mzz)‘ :(m —m—8)|zz|?

A. 12. B. 6. C. 5. D. 11.
Loi giai

Chon C

Tacd A=m?—4m—32 1a biét thirc cia phuong trinh.

TH1: Xét A>0=m?-4m-32>0< {2 >84 khi d6 phuong trinh c6 hai nghi¢m thuc phan
<_

biét. Ta c6 22—mz—m—8 suy ra Z +Mz,=m(z+2,)-m-8=m"-m-8 do dé

‘21(212+mzz)‘:(m2—m—8)|zz| <:>‘m2—m—8“21|=(m2—m—8)|22| *).

m?-m-8>0

Néu 7,.2, =0 thi m+8=0=> m=-8 khong théa man. Khi d6 (*)©{| = [z

hé vo nghiém.

m>-m-8>0 m?>-m-8>0
= =
m=0

L=-0
TH2: Xét A <0< -4 <m <8 khi d6 phuong trinh c6 hai nghi¢m phuc phan bi¢t va |z, =|z,|,

ta co ‘zl(zlz +m22)‘ =(m* -m-8)|z,| <:>‘m2 —m—8‘|zl| :(m2 —m—8)|22|

l+\/§

m=
sm-m-8>0c 2 . Két hop diéu kién ta dugc m e {-3;4;5;6;7} .
1-4/33
m <
2

Vay cotatcala 5 so nguyén can tim.

Trén tap hop céc s6 phuc, xét phuong trinh z° —6z+m=0 (1) (M 1a tham s6 thuc). C6 bao
nhiéu gia tri nguyén ctia M thugc khoang (0;20) dé phuong trinh (1) c6 hai nghi¢m phén biét
Z,, Z, thbamin z,.z, = 2,.2, ?
A. 20. B. 11. C.12. D. 10.
Loi gii
Chgn D
Diéu kién dé phuong trinh (1) c0 hai nghi¢m phan biétla: A=9-m=0< m=9.
Truwong hgp 11 A’> 0 < m <9. Khi d6 phwong trinh (*) ¢6 2 nghi¢m thyc phan biét z;,z, va

2,=2,, 2, =2,. Nén 2121=2222<3>2122222<:>L _
1= " £2
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Cau 47:

Céau 48:

Cau 49:

Véi z, = z,, khong thoa man yéu ciu phuong trinh (1) c6 2 nghiém phén biét, nén loai.

Véi z; =-1, & 7, + 2, = 0 khong thoa man, do theo Vi-ét, taco z, + 2, =6.

Trwong hgp 2: A’ <0 < m > 9. Khi d6 phuong trinh c6 hai nghiém phuc phén biét z,, z, va
2,=2,2,=2,. Yeucdu 2,7, = 7,2, < 7,2, = 7,7, ludn ding véi m > 9.

Vay trong khoang (0;20) c6 10 s6 m, thoa man yéu cau bai toan.

Cho phuong trinh 4z* + mz? +4 =0 trong tap sb phic va m 1a tham sb thu C. Goi
2,,2,,23,7, 1a bon nghiém cua phuong trinh di cho. Tim tit ca cac gia tri cia m dé
(2 +4)(25 +4)(2 +4) (2] +4)=324.
A. m=1 hodc m=-35. B. m=-1 hoac m=-35.
C. m=-1 hodc m=35. D. m=1 hodc m=235.

Loi giai
Chon C

pat f(z)=42"+mz* +4.
Vi phuong trinh f (z) =0 €0 4 nghiém z,,7,,2;,2, nén

f(z)=4z" +mz* +4=4(z-2,)(2-2,)(2-2,)(z-2,)
Taco: 2 +4=(z,-2i)(z +2i) :>(le+4)(z§+4)(z§+4)(z§+4):f72')_f%2')

f(2i)=4(2i)" +m(2i)’ +4=68-4m

Ma { (-2i) = 4(-20)" + m(-2i) + 4 =68 am va (2 +4)(25 +4)(25 +4)(25 +4) =324
. (68—4m)* {mz—l
Nén 324=-_"/ & _
16 m=235

Goi 2,,Z,,Z;,Z, 1a bbén nghiém phitc cia phuong trinh z*+52°+4=0 . Téng

2022 2022 2022 2022

=|z|7 +|z,| T +|za|T T +]za|” béng?
A, 1422022 B. 2+2%% C.1+2%3, D. 2+2%3,
Loi giai
Chon D

2 -

-1 -4

Tacé: 24 +572+4=0 | o’ I_.
Z==2i

2022 2022 2022

2022 .12022
=l

+Hz,| +|z |2022 +|2I|zozz +|—2i|2022 _ 04028

T =|z| +|z4

Cho phuong trinh Z° —2(M=2)Z+Mm*~5=0 (m la tham s thyc). Cé bao nhiéu gi4 tri nguyén

ctia tham s6 M dé phuong trinh ¢6 hai nghiém phtic phan biét z;,z, thoa méan |21|2 + | 22|2 <87?
A 5. B. 7. C. 2. D. 1.

Loi giai
Chon C
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Céau 50:

Céu 51:

Taco A’:(m—Z)2 —m?+5=9-4m.
Néu A'>0<9-4m>0<m <% thi phuong trinh c6 hai nghiém thuc phan biét

z,=m-2-+/9-4m va z, =m—2++/9—-4m.
Taco |z]° +|z,[ <8 > m? —8m+9<0c 4—T <m<4+4/7.

Két hop PK ta duoc: 4—ﬁ<m<%.Mé meZ NN m=2.

Néu A'<0®9—4m<0<:>m>% thi phuong trinh c6 hai nghiém phic phan biét 1

Z=m-2-i/4m—-9 Va z, =m—2+i/4m-9.

Taco |z +|z,| <8 = (m-2)* +4m-9+(m-2)" +4m-9<8 & m?* -9< 0= -3<m<3,

Vimez va m>%nén m=3.Tém lai me{2;3}.

Biét phuong trinh z° +mz+m?—2=0 (M 1a tham s8) ¢ hai nghiém phuc 2,2,. Goi A,B,C
lan luot 1a diém biéu dién cua cac s6 phirc 2,2, VA z, =i . C6 bao nhiéu gia trj ctia tham s6 m
dé dién tich tam giac ABC bang 1?

A 2. B. 3. C. 4. D. 1.

Léi gidi
£
m<-—|—
3
£
Taco A82:|zl—22|2:‘(21—22)2‘:‘(zl+zz)2—4zlzz‘:3m2—8:> AB =+/3m* -8

A3m? -8

Chon A

Dé phuong trinh ¢6 hai nghiém phirc thi A =-3m? +8<0 <

1

M S e =~d(C.AB).AB -

2

m

Lai c6 d(C,AB)=d (0, AB) =| 2122

m=2 (TM)
m=-2 (TM)

M Jam? —g =1 m2(3m2—8):16<:{
4

Vay c6 hai gid tri cia M thoa man yéu ciu bai toan.
Trén tap hop céc sd phic, xét phuong trinh 22 -27-m+2=0 (m la tham sé thuc). Goi T 13
tap hop céc gia tri cia M dé phwong trinh trén ¢ hai nghiém phan biét dugc biéu dién hinh hoc
boi hai diém A, B trén mit phfmg toa do sao cho di¢n tich tam gidc ABC bé’mg 2\/5 , VoI
C(-11). Tong cac phan tir trong T bang
A. 8. B. 4. C. 9. D. —1.

Loi gidi
Chon A
Taco: 22-22-m+2=0&(2-1)° =m-1 (1)
TH1: (1) c6 hai nghiém phic<> m-1<0< m<1.
Khi do, phuong trinh ¢6 hai nghiém phic z, =1+J1-mi; z, =1—-+/1-mi.
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Céu 52:

Cau 53:

Goi A, B lan luot 12 hai diém biéu dién cta z,; z, trén mat phang OXy ta co:
A(L-Vi-m); B(1;v1-m).

Tacé: AB=2v1-m; d(C;AB)=d(C;(x=1))=2.

Khi d6 S, e =%AB.d (C;AB)=2V1-m=2V2 =>m=-1.

TH2: (1) c6 hai nghiém thuc phan biét < m-1>0< m>1.

Khi d6, phuong trinh ¢6 hai nghiém z, =1++1-m ; z, =1—/1-m .

Goi A, B lan lugt 1a hai diém biéu dién ciia z,; z, trén mit phang OXy ta co:
A(1-v1-m;0); B(1++1-m;0).

Taco: AB= 2\/1—_m; d(C;AB)=d(C;0Ox)=1.

Khi d6 S0 =%AB.d (C;AB)=+1-m=2J2=m=9. Viy T = {-1,9} nén tong cac phan tir

trong T bang 8.

Trén tap hop cac sb phirc, cho biét phuong trinh z2 — 2z + % =0 (véi C,d € Z va phan sd %

toi gian) co hai nghiém z,,z,. Goi A B 1an lugt 1a cac diém biéu dién hinh hoc cua z;,z, trén

mat phang OXY . Biét tam gidic OAB déu, tinh gié tri cia P = ¢ + 4d.

A. P=19. B. P=16. C. P=22. D. P=14.
Loi giai
Tir gid thiét 22—22+§=0<:>(z_1)2:1_§(*)

A C \ s . A A A . . A ) N Ta:
Néu 1- q > 0 thi (*) c6 hai nghiém thuc nén khong ton tai tam gidc OAB , khong thda man bai

toan.
. . 7, =1+i /%-1
Néu 1—E<O®a>1.Khidé (*)<:>

c
z,=1-1,/—-1
2 \d
c . C R . .
Suy ra A(l;Ja—l] va E{l;— E_l nén tam gidc OAB ludn can tai O .

Goi I la  trung diém doan AB , tam gi&c OAB  déu  thi

ol MBS L me_ . c 4
2 d d 3

.y e \ n X C £. ., n N A
Theo gia thiét C,d €Z va phan s6 . il toi gian nén c=4 va d=3 . Vay
P=c+4d =4+4.3=16.
Biét ring phuong trinh z° +2az+b =0 (a,b 1a céc sé thuc duong) c6 hai nghiém phtc lién hop
2,,2,. Goi A B,Clan luot 1a cac diém biéu dién cua s6 phitc W=2,7,,z,. Tinh gi4 trj cia biéu

thirc T =b —4a biét ring ba diém A, B, C tao thanh mét tam giac vudng co dién tich bang 9.
A. 6. B. —8. C.o. D. 14.
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Cau 54:

Céau 55:

Loi gii
Chon A
Do phuong trinh z° +2az+b=0 (a,b 1a cac sb thyc duong) c6 hai nghiém phic lién hop z,,2,
nén tir gia thiét ta goi toa dd cac diém biéu dién cho cic sd phic w=2,7,7, la
A(2;0);B(x;Y);C(x;-y) voi x#2,y#0
AB = (x—2;y); AC = (x—2;—y) . Do A thudc Ox, B,C d6i xtimg qua Ox
Nén theo gia thiét suy ra ABC 1a tam gidc vudng can tai A
— AB.AC=0= (x-2)2-y2=0 (1
Mit khic S, = % AB.AC <> 9= %[(x —22+y?]@

. . X=5=y=43
Tu (1) va(2) suyra
X=-1=y=43
Véi X=5,y =13 ta tim dugc z, =5+3i;z, =5-3i ( loai do khong thoa a,b 1a cac s thuc
duong).
Véi X=-1y=13 ta tim dugc z, =—1+3i;z,=-1-3i suyra a=Lb=10=>T =6

Ki hiéu z, 1a nghiém phttc c6 phin thyc va phin 4o déu 4m cua phuong trinh 2°+22+5=0

Trén mat phfmg toa 30 OXy, diém M nao duéi day la diém biéu dién sb phtrc w=i°z,?

A. M (2;1). B. M (-2;-1). C. M(2-1). D. M(-12).
Loi gidi

Chon A
z=-1+2i

Taco 22+22+5:0<:>(z+1)2=(2i)2<:{ o
z=-1-2i

Theo gia thiét ta co z, =—1-2i.Suyra z, = —1+2i.
Trdo w=i’7, =—i(-1+2i)=2+i.Suyra W co biéu dién 1a M (2:1).

Trén tap hop céc sd phuc, phuong trinh z° +(a—2)z+2a-3=0 (@ la tham sO thyc) ¢o 2
nghiém z,, z,. Goi M, N la diém biéu dién ciia z,, z, trén mit phang toa d6. Biét rang c6 2
gia tri cua tham s6 @ dé tam gidc OMN c6 mot goc bang 120°. Tong céc gia tri d6 bang bao
nhiéu?
A 6. B. 4. C. 4. D. -6.

Loi giai
Chon A
Vi O, M, N khong thing hang nén z,, z, khong dong thoi 1a s thuc, ciing khong dong thoi
la s6 thuin a0 =>z,, 7, la hai nghiém phirc, khong phai s thyc ctia phuong trinh

2’ +(a-2)z+2a-3=0. Do do, ta phdi co A=a’-12a+16<0 <:>ae(6—2x/§; 6+2\/§).

2—a +/-a*+12a-16

Z, = - [
Khi do, ta ¢6 2 2 .
2—a +-a’+12a-16.
2, = + i
2 2

= OM =ON =|z|=|z,|=v2a-3 va MN =z, - 7,| = V-a? +12a-16..
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T ia&c  OMN 3 : MON =120 = OM” +ON* — MN® c0s120°
am l1aC can nen = ° =
g 20M ON

2
S8t 1 3 gar7=0ca=3442.
2(2a-3) 2
Suy ra téng cAc gid tri can tim cia @ bang 6 .

Cau 56: Trong tap cac s6 phirc, cho phuong trinh z2 —6z+m=0,meR(1). Goi m, 1a mot gi tri cia M
dé phuong trinh (1) c6 hai nghiém phan biét z,,z, thoa man 2,-72,=1,-7,. Hoi trong khodng
(0;20) c6 bao nhiéu gia trji m, € N?

A. 10. B. 12. C. 11. D. 13.

Loi giai
Chon A
22-6z+m=0,meR(). A'=9-m.
Dé phuong trinh (1) ¢6 hai nghiém phan biét 2,2,
Khi A'>059-m>0&m<9 khi d6 phuwong trinh ¢6 2 nghiém thyc phan biét
7,=3-9-m,z,=3+y9-m (7, #2,).
Tacld z,=2,2,=2, =2,-2,=2,-2, < 2, = 2,° = 7, + 2, = 0 < 6 = 0 khong c6 gid tri ciia M
Khi A'<0©9-m<0&m>9 khi d6 phuong trinh c6 2 nghiém phtc phan biét
z,=3-iVm-9,z, =3+ivm-9.

Zl-Z_lz z, -Z<::>|Zl|2 =|22|2 luén thoa man M>9,

m e (0;20) N e
0 N = me {10,11,12,13,14,15,16,17,18,19} . Vay c6 10 gia tri cia m.
me
Cau 57: Trén tap hop cac sb phirc, xét phuong trinh 22 — 2(m+1)z+m+3=0 (M la tham s6 thuc). Co
bao nhiéu gia tri cua tham sé M dé phuong trinh c6 nghiém phirc Z, thoa mén |z, +2|=67

A. 3. B. 4. C. 1. D. 2.
Loi giai

Chon D

Xét phuong trinh z2 —2(m+1)z+m+3=0 (1)

Taco A'=(m+1) —m—-3=m’+m-2..

p m=
Néu A'>0m’+m-2>0< [ -1 thi phwong trinh (1) c6 nghiém thyc:
m=

Vi 2, =4: thay vao (1), dugc: m = % (TM)

Vi 2, =-8: thay vao (1), duge: m = —% (TM)

Néu A'<0em +m-2<0&-2<m<1 thi phuong trinh (1) c6 nghiém phic
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Cau 58:

Z,=m+1-iym*+m-2
Z,=M+1+iym*+m-2
Khi d6 [z,+2|=6 < (m+3)" +(m*+m-2)=36 < 2m*+7m—29=0: Phuong trinh ¢ hai
nghiém phan biét.
Viy ¢ 4 gia tri cia tham s6 M dé bai toan thoa man.
Trén tap hop cac sb phtic, xét phuong trinh 72 — 2(2m-1)z+4m?*-5m=0 (Mla tham s6 thue).
C6 bao nhiéu gia tri cia tham s6 m dé phuong trinh c6 nghiém z, thoa man
‘zoz +(1-4m)z,+4m’ -5m-3/=102
A 1. B. 2. C. 4. D s.
Loi giai
Chon D
Cach1:Taco A'=m+1.
Truwong hgp 1: m+1>0< m>-1.
. . . z,=1
Khi do theo bai ra, phuong trinh da cho c6 nghiém thuc z, thod man |zO + 3| —10 < { 0 =
Z,=—
72 -2(2m-1)7+4m? -5m =0
(-13)" —2(2m—1)(~13)+4m* ~5m =0

[4m2—33m+63=o m=3 (tm)
21

o RN
4m? —47m+143=0 m:Z (tm)

Tir d6 suy ra {

Truwong hgp 2: m+1<0< m<-1.
Khi d6 phuong trinh da cho c6 hai nghiém phuc la z, va z; va thoa man |z, +3|=10

& (2,+3)(Z,+3) =100 & |z| +3(z, +Z, ) +9=100 & 4m* ~5m+3.2(2m-1)-91=0
_7+\8/1601 (im)

7 \8/1601 (kem)

Vay c6 3 gia tri cia tham s6 M thod man yéu cau bai toan.

Céch 2: Tacé 2°-2(2m—-1)z +4m? —5m:0<:>(z—2m+1)2 =m+1 (1).

< Am?+Tm-97=0<

Truong hop I: m+1>0< m> 1.

z=2m-1+/m+1
Khi do (1) < il
z=2m-1-Vm+1

Theo bai ra, phuong trinh da cho ¢6 nghiém z, thod man |z, +3|=10.

‘2m+2+\/m+1 10 |m=3 (tm)
Do d6 = 21 )
‘2m+2—\/m+1 =10 mzz (tm)

Truong hop 2: m+1<0< m<-1

Bién soan: Phan Nhat Linh | 37



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*

Céu 59:

Céau 60:

z=2m-1+i|m+1]
z= 2m—1—i4/|m +1] '

Theo bai ra, phuong trinh da cho ¢6 nghiém z, thod man |z, +3|=10.

Khi d6 (1) =

Do 6 [2m+2+iyf[m+1| =10 < 4m? +8m +4-m-1-100 < 4m’ + 7Tm~97 =0

B 7+\8/1601 (im)

f— .

7- \8/1601 (km)

Vay c06 3 gia tri cua tham s6 M thod man yéu cau bai toan.

Trén tap hop céc sb phure, xét phuong trinh 2° —2mz+2m°-2m=0 (m la tham sb thuc). C6
bao nhi€u gia tri nguyén ciia m e (-10;10) dé phuong trinh d6 c6 hai nghi€ém phan biét z,, z,
thoa mén |z, — 2| =|z, - 2|?
A. 15 B. 18. C. 16. D.17.
Léi gidi
Chon C
Taco: 22 —2mz+2m’ —2m=0 (*) thi A'=-m*+2m,
Trudng hgp 1: A’ >0 -m*+2m>0<0<m<2,

V61 0 <m < 2 phuong trinh ¢6 hai nghiém thuc z, # z,.

2,-2=2,-2 {z (L)

= :ZZ
Z1_2:_(22_2) 1+22:4.

[y

Khi d6 |zl—2|:|22—2|<:{

Suyra z,+z, =4 < 2m=4 < m=2(loai).
m>2

Truong hep 2: A'<O<:>{ .
m<0

Phuong trinh (*) khi d6 c6 2 nghiém z,, = m=i, /|—m2 +2m|.

Do d6 |z, - 2| =|z, — 2| (lu6n dung).
2 s | M>2 .
Két hop diéu kién 0 va me(-10;10), M nguyénsuy ra m e {-9;-8;...;-13;4;...;9}
m<

Vay cac gia tri nguyén cua thoa mén la: m e {-9;-8;...;—1;3;4;...;9} nén co 16 gia tri nguyén cua

m € (—10;10) thoa man.

Trong tap s6 phuc, xét phuong trinh 22 —2(m—1)z+4=0 ( M latham sé thuc ). Goi S la tap
hop c4c gia tri nguyén ctia M dé phuong trinh ¢ hai nghiém phan biét z,,z, théa man |2, =z,
. Tinh t6ng cac phan tir cua tap s
A. 3. B. 2. C. 6. D.s.

Loi gidi
Taco: A :(m—l)z —4=m°-2m-3
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Céau 61:

Cau 62:

N m<-1 . .
TH1: Neu A >0 @[ 3 thi phuong trinh c6 2 nghiém thuc, khi do:
m>

|z|=|z,| © 7z, =2, & z,+ 7, =0 2(m—1) =0 < m =1 ( khdng thoa man )
TH2: Néu A'<0 thi phuong trinh c6 2 nghiém phirc khi d6 z, va z, 1a 2 s phirc lién hop nén
2] = 2|
A<0 &M -2m-3<0 & -1<m<3=me{0;1;2}
Vay téng cac phan tir cia tp S 1a: 1+ 2 = 3.
Trén tap sd phuc, xét phuong trinh 72 — 2(m-4)z+m?-4m+1=0, M 1a tham sdthuC. Co
bao nhiéu gia tri M dé phwong trinh d4 cho c6 hai nghiém phtic phan biét z,,z, thoa diéu kién
|z, +2, - 22,2, =z, -
A. 3. B. 2. C.o. D. 3.
Loi giai
Chon C
Diéu kién dé phuong trinh ¢ hai nghiém phtic phan biét trong d6 z, 1a nghiém c6 phan 4o 4m

la: A’:(m—4)2—(m2—4m+1)<0<:>—4m+15<0©m>§.

Khi do: 2, +2,-22,2, = 2(m—4)-2(m? —4m+1) = -2m’ +10m - 10

Va 7, =-b'~i[A]=m-4-i,[-4m+15]

Taco: |2,+1, -22,2,| = || < |-2m* +10m-10| = (m—4)" + (4m-15)

o \—2m2 +10m —10\ =m?—4m+1

Vi m>? nén m2—4m+1>0,dodé:

—-2m?+10m-10=m?-4m+1 3m*-14m+11=0 |m=1m==—
=N =N
=2m?> +10m-10=-m*+4m-1 | m*-6m+9=0

*)=

m=3
e e Y CA 15 A L e, e N ” Y A .. ,
boi chiéu diéu kién m > " suy ra khong c6 gid tri nao cia M thoa diéu kién bai toan.
Trén tap hop céc sb phirc, xét phuong trinh: 2% — 2(m+1)z+m?-3m+5=0 (MIa tham 5O

thuc). Hoi tong cac gia tri cia M dé phuong trinh trén ¢6 nghiém z, théa man ‘Zr —12=5|z,|?

A 9. B.12. C. 10. D. 8.
Loi giai

Chon D

Tacd [z, ~12 =5[z,| < |2, ~5|2| 12 = 0 = (|2, - 3) || +3[2o| + 4) =0 = [2,] =3

Dat phuong trinh z2 —2(m+1)z+m?-3m+5=0 (1)CO A'=5m-4

TH1: xét A'ZO:>5m—4ZOc>ngkhidé z,eR. Taco |z,|=3 <:>{
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Céu 63:

m=1
Véi z, =3 thay vao (1) <:>m2—9m+8=0<:{ 8
m=
Véi z, =-3 thay vao (1) < M?+3m+20=0 —>pt v nghiém.
TH2:xétA'<0:>5m—4<0c>m<g.
Khi d6 phuong trinh (1) c6 hai nghiém phic z =2z, va gz, =z, thoa main
— m
|zO|:3<:>|zo|2:9<:>zo.zo:9<:>zl.22:9<:>m2—3m+5:9<:>m2—3m—4:0<:{
Voi m=-1 thay vao (1) < 2°+9=0< 2 =43 thoa man
Véi m =4 khong thoa méan diéu kién ban dau.
m=1

=8
m=-1

Vay co6 3 gia tri

Nén tong cac gia tri ca tham sb Mlas.
Trén tap hop cac s6 phirc, xét phuong trinh: 22 — 2(m+1)z+m?=0 (Mlatham s6 thuc). C6 bao

nhiéu gié tri cia M dé phwong trinh trén c6 nghiém z, théa min |2o| =67

A 4. B. 3. C. 2. D. 1.
Loi giai
Chon B
Phuong trinh z? —2(m+1)z+m? =0(*)
TH1: z, e R.
Z,=6
Taco: |z)|=6 <
Z,=—6
Véi z,=6 thay vao (*) < 36—-12(m+1)+m? =0 < m=6+2v3
m=6-23
Véi z,=-6 thay vao (*) <> 36+12(m+1)+m? =0 =>Khong cé m.

TH2: z, e C\R.
Phuong trinh z? —2(m+1)z+m? =0(*) ¢6 2 nghiém z, va 20

m=6

7 - 2
Taco: 7,20 =|z,| c>m2:36c{ 6
m=-—

(loai)

7+\/1_3
7-13
0=—5+i\/1_1

Véi m=-6 thay vao (*) < z°+102+36=0< | _ (Théa man)

Zo =—5—i\/ﬁ

z
V6i m =6 thay vao (*) < 22—14z+36:0<:{ °
z
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Céu 64:

m=6+23

.. |M=6-23
Vay co6 3 gia tri \/_ .
m=—6
Trén tap hop cac sb phirc, xét phuong trinh 2% — 2(2m-1)z+4m?-5m=0 (Mla tham s thue).
C6 bao nhiéu gia trj ctia tham s M dé phuong trinh c6 nghiém Z, thoa mén |z, +3|=107
A. 1. B. 2. C. 4. D. 3.
Loi giai
Chon D
Cach1:Taco A'=m+1.
Truong hop I: m+1>0< m>-1.

. . . =7
Khi d6 theo bai ra, phuong trinh da cho c6 nghiém thuc z, thoa man |z, +3| =1o<:>{zo 13"
Z,=—
7°-2(2m-1)7+4m’ -5m=0 4m* -33m+63=0
Tir d6 suy ra , & )
(-13)° —2(2m-1)(-13)+4m*~5m=0 | 4m’-47m+143=0
m=3 (tm)
21 :
m=— (tm
L (i)

Truong hop 2: m+1<0< m< 1.
Khi d6 phuong trinh da cho c6 hai nghiém phuc la z, va 7, va thoa man |z, +3|=10

<:>(z0 +3)(Z0 +3):100<:>|zo|2 +3(z0 +ZO)+9:100C>4m2 —5m+3.2(2m—1)—91:0
~ 7+\/81601 (tm)

7 —\8/1601 (kim)

Vay c6 3 gia tri cia tham s6 M thod man yéu cau bai toan.

Céch 2: Tacé 2°-2(2m-1)z +4m? —5m=0<:>(z—2m+1)2 =m+1 (1).

S Am?P+Tm-97=0<

Truong hop I: m+1>0< m> 1.

z=2m-1+Jm+1
z=2m-1—+/m +1'

Theo bai ra, phuong trinh da cho ¢6 nghiém z, thod man |z, +3|=10.

‘2m+2+\/m+1=10 m=3 (tm)
Do do = 271

om+2-ym+1/=10 | m="" (tm)
Truong hop 2: m+1<0< m<-1
z:2m—1+i\/m
z:2m—1—i\/m.

Theo bai ra, phuong trinh da cho c6 nghiém z, thoa man |z, +3/=10.

Khi d6 (1) =

Khi d6 (1) &
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Céu 65:

Céau 66:

Do d6 [2m+2+ifm+1| =10 < 4m* +8m+4—m—1=100 < 4m’ +7m—97 = 0

B 7+\8/1601 (im)
_7-4/1601 |
8

(ktm)

Vay c6 3 gia tri cia tham s6 M thod man yéu cau bai toan.

C6 bao nhiéu sb nguyén a dé phuong trinh 22 —(a—-3)z+a*+a=0c0 2 nghiém phuc z,,z,
thoa mén |z, +z,|=|z, — z,|?
A. 4. B. 2. C. L D. 3.
Loi giai
Chon A
Taco A=-3a’-10a+9.

TH1: A >0, phuong trinh ¢6 2 nghiém 7, = , khi d6

a—3iJK
2

=0
|zl+zz|:|zl—zz|<:>|a—3|=‘«/X‘<:>(a—3)2:A<:>4a2+4a:0c{2_ X
Théa mén diéu kién A>0.
TH2: A <0, phuong trinh ¢6 2 nghiém Z,, 2#, khi d6

. a=1
2+ 2,| =2, - 7| < [a-3 =|ivV-A| & (a-3) =-A < 22’ +16a-18=0 = { .
a=-
Thoa man diéu kién A < 0. Vay c6 4 gid tri cia @ thoa méin yéu cau bai toan.
Trén tap hop cac sb phirc, xét phuong trinh 2° —2mz+7m-10=0 (m 1a tham sé thuc). C6 bao
nhiéu gia tri nguyén ctia M dé phuong trinh d6 c6 hai nghiém phan biét z,z, théa man
|z, +1-3i|=3, |z,—3+5i|=57
A 0. B. 1. C.2. D. 3.
Loi giai
Chon B
Taco A'=m’-7m+10
) , m<2
Truwong hgp 1: A'>0< .
m>5

Khi do z, =x,z, =X, (vO1 X; X, € R) la cac nghiém thuc phan biét nén ta co:

|z, +1-3i|= /(% +1)° +3? > 3. Dau bing xdy ra khi x =-1.
|z, —3+5i|=/(x, —3)" +57 >5. Du bing xdy ra khi X, =3.

Vay phuong trinh 2° —2mz+7m-10 =0¢6 nghiém z, =—-1,z, =3khi d6 m =1 théa man.
Truong hop 2: A’ <0< 2<m<5.Kéthop mez.

z=3+2i

2=3-2i

Véi m =3ta dugc phuong trinh z° -6z +11=0<
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Céau 67:

Cau 68:

Khong théa man ‘Zl+1—3i‘=3, ‘22—3+5i‘=5nén m =3 (loai).

2:4+Jﬁ
2:4—Jﬁ'

Khong thoa mén ‘214'1—3”:3, ‘22—3+5i‘=5nén m =4 (loai).

Véi m = 4 ta dugc phuong trinh z° -8z+18=0 <

Trén tap hop céc sb phiic, xét phuong trinh 7’ - 2(m +1) 2+8m-4=0 (m1a tham s thuc). C6
bao nhiéu gia tri nguyén ctia M dé phuong trinh d cho c6 hai nghiém phan biét Z,,Z, thoa man
zf—2mq+8mkzh§—2mg+8mh
A 4. B. 3. C. 5. D. 6.
Léi gidi
Chon A
Taco A'=m’—6m+5 va |z —2mz, +8m|=|z; - 2mz, +8m|
|z -2(m+1)z,+8m—4+2z2,+4|=|z; —2(m+1)z,+8m -4+ 22, +4

&[22, +4/=22,+4 (1)

m>5

Xét A'>0< { a Khi d6 PT ¢6 2 nghiém thyc phan biét
m<

Nén (1) ©22,+4=—(22,+4) & 1,+2, =4 & 2(M+1)=—4 & M=-3 (thoa)

Xét A'<0<=1<m<5.Khido PT c6 2 nghiém phurc phan biét z,, z, lién hop ctia nhau

Nén 2z, +1, 2z, +1ciing 14 hai sb phitc lién hop cta nhau. Suy ra [22, +1/=|2z, +1] luén thoa

Vay ¢6 4 gia tri nguyén ctia tham sé m thoa méan dé bai.

Trén tap hop sb phtic, xét phuong trinh z2 —/m+1z —%(m2 —5m— 6) =0(m la tham s6 thuc).

C6 bao nhiéu sé nguyén m e [-10;10] dé phwong trinh trén c¢6 hai nghiém phtic Z;,Z, théa man

|2, +2,| <[z, - 2,| 2

A. 11. B. 10. C.8. D. 9.
Loi giai

Chon B

biéukién m+1>0<=m>-1. A=m?>—-4m-5

m=>5
Truong hop 1: A20c>m2—4m—520<:>[ <1 phuong trinh ¢6 2 nghiém thuc Z,Z,
m -

Theo dinh Iy Viet 7,2, — —%(mz ~5m-6).

7 +2,|<|7, -2 =z +2,] <l -2,| < 42.2,<0
) ) m=6
—~(m?—5m—6) <0< m’-5m-6>0<
m<-1
Do meZva me[-10;10] nén sd gia tri m thoa mén 1a (10—6)+1+1:6.
Truwong hop 2: A<O=m*-4m-5<0< -1<m<5.
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Cau 69:

Phuong trinh ¢6 2 nghiém phtrc Z4, Z,

m>6
2 2 , m?-5m-6>0
2, +2,|<|z,—2,| &)z +7,| <|z,-7,] ©m+l<|m —4m—5‘<:> , & m<-1
—-3m-4<
m°-3m-4<0 1<m<4
Do meZ,-1<m<5va me[-10;10] nén sb gidtrimthoamanla m=0,m=1,m=2,m=3.
Vay c6 10 gié tri cua m.
Trén tap hop céc s6 phirc, xét phuong trinh 2> —2(m+1)z+m+3=0 (m la tham s thuc). C6
bao nhiéu gia tri cua tham sé m dé phuong trinh c6 nghiém phtrc Z, théa man |Z0 +2| =67?
A. 3. B. 1. C. 4. D. 2.
Loi giai
Chon D
Phuong trinh z2* —2(m+1)z+m+3=0 (1) (M 1a tham s thuc).

Taco A’:(m+1)2—(m+3):m2+m—2.

. m=<—
Néu A'20<:>m2+m—220c{ 1 thi phuong trinh (1) c6 nghiém thy C. Khi d6 theo
m=

A N 2N y . ” - ZO+2=6 20:4
dau bai, nghiém z, phai théa man |z, +2|=6 <
Z

Z,+2=-6 0 =—8
11
4 -2(m+1)4+m+3=0 m=-
Do d6 suy ra , (thoa man m < -2 hodac m=>1).
(-8) -2(m+1)(-8)+m+3=0 m=——

Néu A’ <0< m?+m-2<0< —2<m<1 thi phuong trinh (1) c¢6 hai nghiém phuc phan biét
2,2, V6i 2, =7, = |1, +2|=[z,+2 =]z, +2|. Do d6 theo diéu kién dau bai, ta co
|7, +2|=|2,+2|=6 =2, +2||z,+2 =36 < |,2,+ 2(7,+7,) + 4| =36
m=5
47 (khong thoa
5

5Sm+11=36

< |M+3+4(m+1)+4=36 < [5m+11| =36 <:>L_)m+11 6"
= — m=

man diéu kién —2<m<1).

Vay véi m= 171 hodac m=— % thi phuong trinh (1) ¢6 nghiém phirc thoa méan diéu kién dau bai.
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DANG g KHOANG CACH TRONG HE TOA PO 0XYZ
— &

IYYY «iEN THGC CAN NHO

Phwrong trinh mit phing:
Mt phang (P) di qua diém A(X,;Y,;Z,) va nhan n= (a;b;c) lam mot vecto phép tuyén c6 phuong

trinh la: (P): a(x—x,)+b(y—y,)+c(z-2,)=0.

Khoéng cach tir mdt diém dén mot mit phang:

Trong khong gian Oxyz , cho mit phang («): Ax+By+Cz+D =0 va diém M, (X,;Y,;2,). Khi d6
khoang cach tir di€ém M (X,; Y,;Z,) dén mit phang () dugc tinh bang cong thirc:

_ |Ax, + By, +Cz, +D|

d| M,;
M)~ e
IS BAITAP TRONG DE MINH HOA

Cau 46 — Pé tham khio 2023. Trong khong gian Oxyz , cho diém A(0;1;2) va dudng thang

—2 y-1_z2-1 7 :
d:X2 :yz :23.Gm(P)MH@qmﬁgdnmaAvédMad.Kmmgcmth@mhﬂﬁftﬁ

dén (P) bang

11

A. 5. B. C. 1. D.E.

w|

s Lo giai
Chon C
Liy B(2L1)ed taco AB=(2;0;~1).
Taco [ AB,uy |=(2:4:4)=2(1;2;2)
Mit phing (P) diqua A vachua d suy ra n, =(12;2)
Phuong trinh mét phang (P):x+2y+2z-6=0

% +2yy +22, - 6|

e o

=1.
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IS BAITAP TUONG TU VA PHAT TRIEN

Céu 1:

Cau 2:

Céu 3:

Céau 4:

Cau 5:

Cau 6:

Cau7:

Cau 8:

Trong khéng gian véi hé toa do Oxyz cho dudng thang A 13 giao tuyén cua hai mat phing
(a):x-2y-z+1=0 va (B):2x+2y-3z-4=0. Goi (P) 1a mit phing di qua diém
M (1,-10) va chira dwong thang A. Tinh khoang céch tir diém N (12;3) dén mat phang (P).

A 4. B.E. C.E. D.7

4 5 5
Trong khéng gian Oxyz, cho mit cu (Sz) cotam 1, (2;1;5) , ban kinh bang 2 va mit cau (Sl)
c6 phuong trinh: (X— 2)2 +(y —1)2 + (Z —1)2 =16 . Mat phang (P) thay ddi va luon tiép xuc voi
2 mit cau trén. Khoang cach nho nhét tir O dén mit phang (P) bang

A . g 915 c. 9118 p, 2315,

2 2 2
Cho A(2;4;3), mit phing (&) di qua A va céch truc Ox mot khoang 16n nhat. Khoang céch tir
M (0;1;2) dén mat phang (o) bang
A Ll B. 2. C. 3. D. 4.

Trong khong gian Oxyz , cho duong thang d :i2 :yT—l :%
(P):2x-y+2z—2=0. C6 bao nhiéu diém M thudc d sao cho M cach déu gbc toa 46 O va

va mit phang

mit phang (P)?

A. 4. B. 0. C. 2. D. 1.

Trong khdng gian véi hé toa do Oxyz , goi (P) Ia mat phang chira hai diém A(L0;1),
B(-1; 2; 2) vasong song véi truc Ox . Tinh cosin ciia goc tao bai mat phang (P) va mat phang

(Q):x+2y+2z-1=0.

A —E. B. —&. C.ﬁ. D.&.
15 15 15 15

Trong khdng gian Oxyz, phuong trinh mét phang (P) di qua hai diém A(L-7;-8), B(2;-5;-9)
sao cho khoang cach tur M (7;—1; —2) dén (P) 16n nhét c6 1 vecto phap tuyén la n= (a;b;4).
Gié tri ctia tong a+b 1a

A. 2. B. -1. C. 6. D. 3.

Trong khdng gian Oxyz, cho diém M (1,-3;2). Héi c6 bao nhiéu mit phing di qua M va cét

cactructoadotaiA,B,C ma OA=0B=0C =0?
Al B. 2. C. 3. D. 4.

Trong khdng gian véi hé truc toa dd Oxyz cho mit cau (S):x*+y*+2°-2x+6y—-4z-2=0,
mat phang (a):x+4y+z-11=0. Goi (P) la mt phang vudng goc véi (e),(P) song song
v6i gid cia vecto v =(16;2) va (P) tiép xdc véi (S). Phuong trinh mat phing (P) la

A. 2X-y+272-2=0 va x-2y+z-21=0 B. x—-2y+2z+3=0va x-2y+z-21=0
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Céau 9:

Céu 10:

Cau 11:

Céau 12:

Céau 13:

Cau 14:

C.2x—y+2z+3=0va 2x—-y+2z-21=0. D. 2x-y+2z+5=0va 2x-y+2z-2=0.

Xx=1+2t
Trong khong gian voi hé truc toa do Oxyz, cho dudong thing d:{y=-3-t va diém
z=—4+3t

A(-3;6;-3). Phuong trinh mét phang (P) chtra duong thang d va c6 khoang cach tir A dén
(P) 16n nhét la

A. (P):x—4y-2z-21=0. B. (P):2x—y+3z-7=0.
C. (P):x-2y-2z+17=0. D. (P):2x+y—-4z+3=0.
A . . . 2 : X=-3 'y z-2

Trong khong gian Oxyz , cho hai duong thang cat nhau dl'T:I:—l va

Xx-2 y+1 z-3 . N , o 2 . A
d,: 3 =, - . Goi (P) la mat phang chtra hai duong thang d,,d,. Khoang cach tur
diem M (0;4;3) dén mit phang (P) bang
A. 26. B. \/26 . C.%. D.%.

X+7 y-5 z7-9

Trong khéng gian Oxyz , cho hai duong thiang d: 3 1 2 va
X y+4 z+18 e 12 . N . . \ .0 £
d 3T T4 (P) 1a mdt phang chira d va d'. Khoang cach tr M (1,0;2) dén (P)
bang
99 B 29 c ¥ D. &
16250 25\/25 25\/26 625

Trong khong gian véi h¢ toa do Oxyz, cho mat phang (P):2x—y-2z=0 va duong thang

d :X—_lzzziz. Goi A(a;0;0) 1a diem thudc truc Ox sao cho A cach déu d va (P).

1 2 2
Ménh dé nao sau day dang?
A. a<-3. B. a=-3. C.a>2. D.a>5.

Trong khong gian v&i hé truc toa do Oxyz, cho diém A(2;5;3) va duong thing

d :XT_l = % = Z—;2 . Goi (P) 1 mat phang chira duong thang d sao cho khoang cach tir A dén

(P) 16n nhat. Tinh khodng cach tir diém M (1;2;—1) dén mit phang (P).

11418 B. 3V/2 V11 D.

. . C. —.
18 18

w| b

x—2: y—6:z+2 va

Trong khong gian Oxyz , cho hai duong thang chéo nhau d,: 5 .

d,: X14 _ y;rl — Z_+22 .Goi (P) lamat phang chira d, va (P) song song véi dudng thang d,

. Khoang cach tir diém M (-1,3;2) dén (P) la
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Cau 15:

Cau 16:

Cau 17:

Cau 18:

Céau 19:

Céau 20:

A V10 g, 1410 c W0 o 14
15 15 3 J10

Trong khdng gian Oxyz, goi (P) 1a mat phang qua diem M (3;-11) va vudng goc véi duong
X—2 y+3 z-3

thang A: > . Khoang céch tir diém A(2;1;4) dén (P) bang:
A 204 p. H14. c. 2 p, &2
7 7 21 21

Trong khong gian Oxyz , cho diém A(LL2) , diém B(2;-L0) va duong thing

d :XT_l = % =Z%2. Goi (P) 1a mit phang di qua A, B va song song véi d . Khoang cach tir
diém M (3;1,-2) dén (P) bang
7 10 6 12
A —. B. —. C. —. D. —.
17 17 J29 J29
x+1 y-2 z-1

Trong khong gian Oxyz , cho diém A(L2;3) va duong thang d . Goi (P)

-1
la mat phang di qua A va chira duong thang d . Khoang cach tir diem M (-2;1;,0) dén (P)
bang

A. 3. B.%. C.1. D.1—31.

Trong khong gian Oxyz, goi (P) la mat phang di qua A(L-1-2) va chia truc Oz . Khoang
céch tir diém M (2;1,4) dén (P) bang:

p. 15

5

B. C.

w
U'IQ‘
(6)]
N | w

Trong khong gian Oxyz , goi (P) la mat phang di qua diém B(2;1,—3), dong thoi vudng goc
véi hai mat phang (Q):x+y+3z=0, (R):2x—y+z=0. Khoang cach tur diém M (-1;2;1)
dén (P) bang:

A g 192 c 1ok b, 32
2 10 6 10
O i p M X -1 y Z- 2 \ \ )

Trong khong gian Oxyz , cho duong thang d, - Eria va duong thang
d, %: yT_Z = ZTH . Goi (P) 1a mit phing chtra duong thing d, va song song véi d,. Tinh
khoang cach giita duong thang d, va mat phang (P) .
Al 5. 5. c.l. p. 15

5 5 5 5
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Céu 21:

Céu 22:

Céu 23:

Céau 24:

Céau 25:

Céau 26:

Trong khong gian Oxyz , cho duong thing d:xT—lz%:z_;Z va miat phing

(Q) :Xx—-3y+4z-1=0. Goi (P) 12 mit phing chtra duong thang d va vudng goc véi (Q)
Tinh khoang céach tir diém A(O;l; 2) dén mat phing (P) .
6 10 8 16

A —. B. . C. —. D. —.
V185 V185 185 185
X=2+4t
Trong khong gian Oxyz , cho hai dudong thing d:{y=-6t ,teR va duong thing
z=-1-8t
X=7 y-2 12 : N , C o4 2 \ \ L1
A =" 9 "1 Goi (P) 1a mit phing chtra hai duong thang d va A. Khoang cach tir
diém M (1,2;3) dén (P) bang
152 125 512 215
A —. B. —. C. —. D. ——.
\870 870 870 870
R . 2 o e B x-2 y-1 z-1 )
Trong khong gian Oxyz, cho diém A(0;1;2) va dudng thang d : > =, =3 . Goi (P)
1a mat phang di qua A va chira d . Cosin cta géc giita (P) va(Q):—x+3y—3z2+2023=0
bang
-1 1 1 13
A ——. B. ——. C. —/—. D. ——.
319 313 3419 319
x-2 y-1 z-1

Trong khong gian Oxyz , cho dudng thang d : va hai diém A(—1;2;1) va

1
B(0;-12). Goi (P) 1a mdt phang song song v&i duong thing AB va duong thang d . Viét
phuong trinh mat phing (P) biét khoang cach giira d va (P) bang ~/2 va (P) cat Ox tai
diém c6 hoanh do duong.
A. x-y-1=0. B. x—-y-3=0. C. x—z-1=0. D. x-z-3=0.
Trong khong gian Oxyz, cho hai diém A(3;-2,-3), B(-14;1) va duong thang
X+2 y-2 743

d 1 1 . Mit phang (a) di qua A, B va song song voi dudng thang d . Khoang
cach tr O dén mit phang () bang
PEAETY g, V2L c. WA p. 2L

7 21 21 7

Trong khong gian véi hé truc toa do Oxyz, cho diém A(8;-8:8). Goi M 1a diém sao cho
MA=3MO (véi O 1a gbc toa d9). Khoang cach tir diém M dén mit phang
(P):2x+2y+2+19=0 dat gi4 tri nh6 nhét 12

A. 6+33. B. 3V/3. C. 6-33. D. 6.
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Céu 27:

Céu 28:

Céu 29:

Céu 30:

Céau 31:

Céau 32:

Céau 33:

Trong khong gian vdi hé toa dd Oxyz , cho mat céu(S) : (x+1)2 +(y- 2)2 +(z —1)2 =16, diém
A(l; 0; 2). Goi mit phiang (P) qua A va cat mit cdu (S) theo thiét dién 1a hinh tron (C) co
dién tich nho nhit. Khoang cach tir M (2;-1,4) dén (P) Ia:

NS B. 2. c.2. D. 6.
3 3

Trong khong gian v6i hé toa d6 Oxyz , cho A(a;0;0), B(0;b;0), C(0;0;c) véi a, b, ¢ dwong.
Biét A, B, C di dong trén cac tia Ox, Oy, Oz sao cho a+b+c=2. Biét rang khi a, b, c thay
doi thi quy tich tm hinh ciu ngoai tiép tir dién OABC thudc mit phing (P) 6 dinh. Khoang
cach tir M (0;2023;0) t6i mit phang (P) bang

A. 2022. B, 2023 c. 202 D. 674+/3 .

NE) 3

Trong khong gian Oxyz, cho hai mit cau (S):(x—1)2+(y+1)2 +(z—2)2 =36 va
(S'):(x+1)2 +y®+2% =4. Mt phang (P) tiép xtic (S') va cat (S) theo giao tuyén la mot
dudng tron c¢6 chu vi bang 2711, Khoang cach tr M ( 2;-1; 3) dén (P) bang

AL B. 7. c.8 p. 2
3 7 9 2

. . 2 . x-2 y+1 -1
Trong khong gian véi hé toa do Oxyz , cho diém A(3;—1; 2) va duong thang d :T = y—2 = 3

Goi mit phang (&) chira d sao cho khodng céch tir A dén () 16n nhat. Tinh khodng cach tir
M (2;-3;4) dén mt phing ().

A L. g Y42 c. . D. 2.
Ja1 6 J42 13
Trong khdng gian véi hé toa do Oxyz , viét phuong trinh mét phang (P) chua diém M (1,3;-2)
. . ) . OA OB O0OC _, ,
, cat cac tia Ox, Oy, Oz lan Iugt tai A, B, C sao cho T=7=T . Tinh khoang céch tir
diem O dén mit phang («).
A B2 g, 212, c. V2 p, W21
21 3 21 21
X=2+3t
Trong khong gian Oxyz cho diém A(L;-2;1) va duong thang d c6 phuong trinh <y =-1+t.
z=-1-t
Goi (P) 1a mat phang di qua A(L;—2;1) va chta d . Khoang cach tir M (-1;0;4) dén (P) bang
A 330 g, 230 c. p. 4
5 5 J30 /30

Trong khong gian Oxyz, cho mit phiang (P) song song va cach mat phing
(Q): x+2y+2z—-3=0 mdt khoang bang 1 va (P) khong qua gdc toa d6 O. Phuong trinh cta

6| Bién soan: Phan Nhat Linh



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Phan Nhat Linh

Cau 34:

Céau 35:

Céau 36:

Céau 37:

Céau 38:

Céau 39:

Cau 40:

mit phang (P) 1a
A. x+2y+2z-6=0 B. x+2y+2z+1=0
C. x+2y+2z=0 D. x+2y+2z+3=0

Trong khong gian v&i hé toa do Oxyz , cho diém A(2;1;1); B(—1;0;3) va mit phang

(P) :X+2y+2-5=0. Mot mit phiang (Q) di qua hai diém A, B va vudng goc vi mat phang

(P) c6 dang ax+by+cz—2=0. Khang dinh ndo sau day la ding?

A. a’+b’+c*=3. B. a’+b’+c*=13. C.a’+b’+c*=5. D.a*+b*+c’=10.

Trong khéng gian Oxyz, cho diém A(2;-1;3), mit phing (P):4x—y+2z-10=0 va dudng

X—2 _ y+1 _ z-2
2 -1

A 13 trung diém cua doan MN. Biét u= (a;b;—4) la mdt vec to chi phuong cua A. Gia tri ctia

thang d : . Puong thing A cit (P) vad lan luot tai hai diém M, N sao cho

a+b bang

A. -1. B. 6. C. 1. D. 6.
-2 y+1 z-1

1 -1
(P):x+y-2z-3=0. Goi (Q) la mit phing chira dudng thang d va vudng géc véi (P).
Khoang céch tir diém M (3;1;,-2) dén (Q) bang

A 2. B.ﬁ. C. 2. D. /8.

2

Trong khéng gian Oxyz , cho dudong thing d: X va mit phang

X—2 y+1 z-2

Trong khong gian Oxyz , cho duong thang d : .Goi (P) 1a mt phang chtra

-1
duong thang d va song song véi truc OX . Khoang céch tir diém M (1-1,0) dén (P) bang
A N2, B. /2. c. ¥2. p. V2.
2 2

R . 2 . NP B x-1 y+2 z-3 .
Trong khdng gian Oxyz , cho diém A(1;3;2) va duong thang d : == .Goi (P)
la mat phang di qua A vachta d . Khoang céch tir diém M (0;-2;5) dén (P) bang
A B 5. 203 c B p. 2.

11 3 195 195

Trong khang gian Oxyz, cho mat cau (S):(x+1)" +(y—2)" +(z—3)° =8 va diém A(1;3;2).
Mit phang (P) di qua A vacit (S) theo giao tuyén la duong tron c6 ban kinh nho nhét. Biét
(P) co dang ax+by+cz+6=0. Tinh a+b+c.

A. 4. B. 2. C. 4. D. 6.

Trong khong gian voi hé toa dd Oxyz, cho hai mit phang (P):x+y+z-3=0,
(Q):x—y+2z-1=0. Viét phuong trinh mit phang (R) vudng goc véi ca (P) va (Q) sao cho
khoang cach tir diém O dén mit phang (R) bing J2.
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X-2+2=0 X—-2+4=0 X-y+2=0 X—-y+4=0
A. . B. . C. . D. .
X—z-2=0 X—z-4=0 X—y—-2=0 X—y—-4=0
Cau 41: Trong khong gian v6i hé toa do OXyz, cho cac diém A(1;1;3), B(—l; 3;2),C(—1; 2;3). Tinh
khoang cach tir diém M (1,—2;4) dén mat phang ABC .

A. /15. B. 3v2. c.%. D. 2./5.

Xx-=1 y+1 z+2
2 2 1
(P):x+2y+2z-7=0.Goi | lagiaodiémcua d va (P).Biét IM =9, khoang c4ch tir diém

M thudc d dén (P) bang
A 15, B. 3V2. C.8. D. 245.
Cau43: Trong khong gian Oxyz, mit phang (P) di qua A(0;12) va chia dudong thing
x=2 y-1 z-
(A). = =

Cau 42: Trong khéng gian Oxyz , cho duong thing d: va mit phing

. Gia tri m thudc khoang nao dudi day sao cho khoang cach tir diém

2 2 -m
M (5;-13) dén mat phang (P) 16n nhat?
A. (L2). B. (0;1). C. (-2;-1). D. (-1,0).

CAau 44: Trong khong gian voi hé toa do Oxyz, cho ba diém A(-1;1;1); B(11;15;4); C(3;9;-2) va

X=-4+43t
duong thang d :{y=-3+2t. Mt phang (P) chita dudng thang d vadiém A.Diém M thude
z2=-2+2t

mit phing (P) sao cho biéu thirc S = MB2?+MC? dat gi4 tri nho nhat. Tinh khoang cach tir
diém M dén mat phang (Q):2x+y+2z-3=0.
A 9. B. 10. C.8. D. 11.

X =t
x+1 y-4 -3

4 -3

Cau 45: Trong khong gian Oxyz , cho hai duong thang d :<y=-8+4t va A:
z=-3+3t

. Goi

(P) 13 mat phing chtra hai dudng thang d va A. Khoang cach tir diém M (0;2;1) dén (P)

bang
2 2 1 1
A —. B. —. C. —. D. —.
217 271 217 V271
Cau 46: Trong khong gian Oxyz , cho diém A(—1;2;3) va duong thang d :%2 :y%z :? Goi (P)

12 mat phing chtra dudng thang d sao cho khoang cach tir A dén (P) 16n nhét. Piém nao dudi
day thudc (P)?
A. A(2;-2;4). B. D(2;2;4). C. B(2;2;-4). D. C(-2;2;4).
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Cau 47:

Céu 48:

Céu 49:

Céau 50:

Cau 51;:

Cau 52;

Trong khong gian Oxyz, cho mit phing () di qua hai diém A(L0;0), B(0;2;0) va tao véi

mit phang (Oyz) mét goc bang 30° . Khoang céch tir diém O dén mit phing () la

1 NE) 2

A —. B. 2. C. — D.—.

2 2 J3

Trong khong gian véi h¢ truc toa do Oxyz , cho hai diém M (0;8;2), N (9;—7;23) va mit ciu
(S):(x=5)"+(y+3)*+(2-7)" =72. Mat phang (P):x+by+cz+d =0 di qua diém M va
tiép xtic v6i mit cdu (S) sao cho khoang cach tir N dén mit phing (P) 16n nhét. Khi d6 tong
b-c+d c6 gia tri bang

A b+c+d=2. B.b+c+d=-1. C.b+c+d=-5. D.b+c+d=4.

. x-1 Z+2 .
Trong khong gian v6i hé toa do Oxyz, cho duong thiang d :T = % = 1 va mat phang

(P):x—-2y+z=0. Dudng thing d cét (P) tai diém A. Biét raing M (&;b;c) thudc dudng

thing d c6 hoanh do 4m ddng thoi AM =+/6 . Tinh S=2a+3b+c.
A. S =-10. B. S =10. C. S=-12. D. S =12,

Trong khdng gian Oxyz , cho diém M (2;-1;1)vadiém A(1;2;3).Goi () 1a mat phing di qua

diém M va chura tryc Oy . Khoang cach tir diém A dén mit phing (a) bang

A 5. B.5. C. —8‘/5. D. —5*@.
5 3
X=3-t
Trong khéng gian Oxyz , cho hai dudng thing d : XT_1=yL22=§; d:dy=-1+2t va diém
- z=1-2t

M (5;0;-1). Goi (&) 1a mit phing chira hai duong thdng d va d’. Khoang cach tir diem M
dén mit phang (a) bang

A N2 g V34 c 212 D 232

2 34 S 10 10
Trong khong gian Oxyz , cho diém A(2;-1L-2) va dudng thang (d) c6 phuong trinh
x-1 y-1 z-1

. Goi (P) la mat phang di qua diém A, song song véi duong thang (d) va

1 -1
khoang cach tir d toi mat phang (P) 13 16n nhét. Viét phuong trinh mét phang (P).
A. x+2y—-3z-10=0. B. x-2y+3z-10=0.
C. x-2y+3z+10=0. D. x—2y-3z-10=0.
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Cau 1:

Cau 2:

DAP AN CHI TIET
Trong khdng gian véi hé toa do Oxyz cho duong thang A 1a giao tuyén cua hai mat phang
(a):x-2y-z+1=0 va (B):2x+2y-3z-4=0 . Goi (P) 1a mit phing di qua diém
M (1,-10) va chira dwong thang A. Tinh khoang céch tir diém N (12;3) dén mat phang (P).

A 4. B.E. C.g. D.7

4 5 5
Loi giai
ChonC

(a) cOLVTPTlan, =(L-2-1), (B) c6 LVTPT la n , =(2:2;-3).

Ta c6: A la giao tuyén cia hai mat phang () va (B) nén A c6 1 VTCP

o[- (6x0).

= A(110).

Goi A(X,;Y,;0) 1a I diém thugc A, ta c6: {XA‘ZVA”:O @,{Xﬁl

2X,+2y,—4=0 y,=1
Vi (P) la mat phang di qua diém M va chira duong thang A nén (P) nhan u, =(8;1;6) va
AM = (0;-2;0) 22 VTCP, suy ra n, =| u,, AM |=(12;0,-16) = 4(3,0,-4).

Phuong trinh mét phang (P) di qua M (4-10) vaco VTPT Np) = (3;0;—4) la:

[31-43-3 12

(P):3x—4z-3=0 :d(N;(P))
3 1(-4)° O
Trong khdng gian OXyz, cho mit cau (S,) cotam 1,(2;15), ban kinh bang 2 va mat cau (S))

c6 phuong trinh: (x—z)2 +(y—1)2 +(z —1)2 =16 . Mt phang (P)thay doi va ludn tiép xtic véi

2 mit cau trén. Khoang cach nho nhét tir O dén mit phang (P) bang

A. /15. B. 9_\/1_5. C. 9+\/l_5. D. M.
2 2 2
Loi gidi
Chon B

Mit cau (S;)cotam 1,(2;1,1), ban kinh béng
4. Goi M,N lan luot 1a tiép diém ctua mat
phing (P) vd mit cau (S,), (S,) ta co
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Cau 3:

Cau 4:

:>V(':2) ((SZ)) = (Sl) :V(I,Z)(IZ) = ( |1) =1 (2;1;9)

Gid st (LILLMN)A(P)=MN , (LLMN)~(P)=MN , (LILMN)A(S,)=(1,,4) ,
(LILMN)N(S,)=(1,,2). V61 (1,,4)1a duong tron, (1,,2)la dudng tron.
Xét tam giac 1,IM vuodng tai M, 11, =4, I,M =2. Goi H 1a hinh chiéu vudng goc ctia O 1én

(P)
sinl,IM = I|2|M =%:> 1,IM =30

2
Tam giac 11,0 c6 Ol =+/86, 11, =8,01, =/6 .

2 2 2
(”1) +(OI) _(Oll) - 9 = 1,10 #13°57'9,9"

20111, /86

— HIO =30° - 1,10 ~16°250"

cos 1,10 =

Xét tam giac OIH vuodng tai H. Taco OH =O0l.sin OIH ~ 2,5635083.

9-415
2

~ 2,5635083.

Cho A(2;4;3), mit phing () di qua Ava cach truc Ox mot khoang 16n nhit. Khoang céch
tr M (0;12) dén mit phang («) bang
A 1. B. 2. C. 3. D. 4.
Léi gidi
Chon C
Goi A'la hinh chiéu vudng goc caa A trén truc Ox = A'(2;0;0).
Pé khoang céch tir truc Ox dén (o) 1a 1n nhét thi N, = A'A=(0;4;3)
Suy ra phuong trinh mat phéng(a) la: 4(y—4)+3(z-3)=0<>4y+32-25=0

_|4.1+2.3-25

N4+ 3

Suy ra d(M,(a)) =3. Trong khong gian OXyz , cho duong thing

d :LzzyT_l:% va mit phing (P):2X—y+22-2=0. C6 bao nhiéu diém M thudc d sao
cho M cach déu gbc toa d6 O va mat phang (P)?
A. 4. B. o. C. 2. D. 1.
Loi giai
Chon D

VI M ed= M (-2t;1+t;t).

M cach déu gbc toa d6 O va mit phang (P) nén

oM =d(M;(P)):>\/6t2+2t+1:#:>5t2=0:>t=0.

Vay c6 1 diém M thoa yéu cau bai toan.
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Cau 5:

Cau 6:

Cau7:

Trong khong gian véi hé toa do OXyz, goi (P) la mat phang chia hai diém A(10;1),
B(~1 2;2) vasong song véi truc Ox . Tinh cosin cia goc tao bai mat phang (P) va mat phang

(Q):x+2y+2z-1=0.

N S c. 1% p. 25,
15 15 15 15
Lai giai
Chon D

Tacé: AB=(-2,2;1) vamat phing (Q) c6 mot vecto php tuyén N =522).
Vi (P) lamit phang chira hai diém A(L0;1), B(-1 2;2) vasong song véi truc Ox nén co co
vecto phap tuyén la F(P) = [ﬁ, 1] = (0;1; - 2) .
Suy ra goc tao boi mt phang (P) va mat phang (Q):
_2-4_25
35 15 °

Trong khong gian Oxyz, phwong trinh mat phang (P) di qua hai diém A(L-7;-8), B(2;-5-9)

Ny "N

cos((P).(Q)) ==

n

@@

sao cho khoang cach tr M (7;-1;-2) dén (P) lén nhit ¢6 1 vecto phap tuyén 1a n = (a;b;4).

Gia tri ciia tong a+b 1a
A 2. B. -1. C. 6. D. 3.
Loi giai
Chon D
Goi H va K lan luot 13 hinh chiéu vuéng goc cia M 1én AB va (P)=d(M;(P))=MK
Tacd AMHK vudng tai M = MK < MH
:>d(|\/|;(P))maX & MK=MH &< K=H

Khi d6 MH L (P)= MH 1a 1 VTPT cua (P).

Taco AB :(1}2;—1)3 Phuong trinh duong thang AB:
x=1 y+7 z+8
1 2 -1

— MH =(t—6;2t—6;—t—6) L AB

—1.(t-6)+2.(2t—6)-1.(-t-6) =0

o b6t-12=0<t=2= MH = (-4;-2;-8) =—2(2;1;4)

—a=2b=1=a+b=3.

= H(t+12t-7,-t-8)

Trong khéng gian OXyz , cho diém M (1, —3;2). Hoi c6 bao nhiéu mat phang di qua M va cit
cactructoadd taiA,B,C ma OA=0OB=0C =07
A 1. B. 2. C. 3. D. 4.
Loi giai
Chon C
Goi A(a;0;0), B(0;b;0), C(0;0;c). Tird6 tacé OA=|a|, OB =|b|, OC =|c|
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Phan Nhat Linh

Céau 8:

Cau 9:

Mit phang qua cac diém A,B,C c6 phuong trinh theo doan chén: XY, 2 (P).

a b c
. ~.. 1 3 2 .
Vi M e(P) nén E_E+E:1'VI OA=0B=0C = |a|=|b|=|c|
Tur d6 ta c6 hé phuong trinh
£_§+g:1
a b c
a=b=c
1 3 2 1 3 2
—-S4==1 [|=-2+==1
1 3 2 13,20 |ab'e a b c b e 4
=242 (@b a=b a=b=-c a=h=-C=-
a b ¢ <lla=1b| = Ao b = L3 2 <la=-b=c=6 .
[al=lol=[c] |jp=q =-2+2-1 |a=-b=—c=2
b=c a b c
{b:—c a=-b=c
13,2,
a b c
la=-b=-c

Viy ¢6 3 mat phang thoa man.
Trong khong gian véi hé truc toa do OXyz cho mat cau (S):x? +y? + 22 —2x+6y—4z-2=0,
mét phang («):x+4y+z-11=0. Goi (P) la mit phang vudng goc véi («),(P) song song
vai gié cua vecto V=(16;2) va (P) tiép xtic véi (S). Phuong trinh m3t phing (P) I

A 2X-y+27-2=0 va x-2y+2-21=0

C.2x—-y+2z+3=0va 2x—-y+2z-21=0.
Loi giai

B. X—-2y+22+3=0 va x-2y+z-21=0
D. 2x—y+2z+5=0va 2x-y+2z-2=0.

Chon C

(S) cothm 1(1—3;2) vabéan kinh R=4. Véc to phap tuyén cua () la n, =(L41).
Suy ra VTPT ciia (P) Ia n, =| n,,v | =(2-12).

Do d6 (P) codang: 2x—y+2z+d =0.

Mat khac (P) tiép xdc véi (S) nén d(1,(P))=4

|2+3+4+d| d=-21
Hay - =4 = .
2% +(~1)F + 22 d=3
X=1+2t
Trong khong gian v&i hé truc toa d6 Oxyz, cho dudng thing d:{y=-3-t va diém
z=—4+3t

A(-3;6;-3). Phuong trinh mat phang (P) chitra duong thang d va c6 khoang cach tir A dén

(P) 16n nhat 1a
A. (P):x—4y-2z-21=0. B. (P):2x—y+3z-7=0.
C. (P):x-2y-2z+17=0. D. (P):2x+y—-4z+3=0.

Bién soan: Phan Nhat Linh | 13



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*

Céau 10:

Loi giai

[/

Ta goi H 1a hinh chiéu vuong goc ctia A 1&n (P).Ké HI Ld tai | = Al Ld.
Khi dé d(A,(P))=AH <d(A,d)=Al.Ma Al khong doi. Vay khoang cich tir A dén (P) Ia
16n nhat khi chi khi Al L(P) tai I .

Chon A

Duong thang d di qua diém M (1-3;-4)va co VTCP a, =(2;,-13).

Goi I (1+2t;-3-t; —4+3t)ed .

Al =(2t+4;-t-9; 3t-1)

Tir Al La, < 14t+14=0<t=-1. Vay Al =(2,-8,—4)=2(L,—4;-2)

= (P) co6mdt VIPT la n=(L,-4;-2)

Phuong trinh mat phang (P) di qua diém M (L,-3;-4) va c vec to phap tuyén n=(1,-4;-2).
= (P):x-4y-2z-21=0

Trong khong gian Oxyz , cho hai duong thang cat nhau dl:_xl3z%=_z—12 va

Xx=2 y+1 z-3
32
diém M (0;4;3) dén mat phang (P) bang

d, . Goi (P) 1a mit phang chira hai duong thang d,,d,. Khoang cach tir

c 19/26 5 35./26 |

A. 26. B. v26. : .
V2 26 26

Lo gidi
Chon B
Puong thing d, di qua diém A(3;0;2) va c6 vecto chi phuong u, =(1;1;-1).
DPuong thang d, co6 vecto chi phuong ui = (3; 2 ;1) )
(P) chira hai duong thang cit nhau d,,d, = (P) di qua diém A(3;0;2) va ¢ vecto phap

tuyén ﬁ:[ut;@] =(3;-4;-1). Vay phuong trinh mat phing (P) la:

3(x—3)-4(y-0)-(z-2)=0<3x-4y—-z-7=0.
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Cau 11;:

Céau 12:

Céau 13:

0-16-3-7]

d(M,(P))z\/32+(_4)z+(_1)2 =26

X+7 y-5 z-9
3 -1 4

va

Trong khéng gian Oxyz , cho hai duong thing d:

d ':gzyLlA': 2218. (P) 1a mat phang chira d va d'. Khoang cach tir M (10;2) dén (P)
bang
99 B. 29 c ¥ D. &
16250 25\/25 25\/26 625
Loi gidi
ChonC

d ¢6 VTCP u=(3;-14) vadiqua A(-7;5,9),

d' co VTCP u'=(3;,-14) va di qua B(0;—4;-18).

Tur dé ta cd6 AB = (7;-9;-27), U cung phuong véi ' va [u; AB] =0

Suy ra d song song d'. (P) 1a mat phing chira d va d' nén (P) di qua A(-7;5;9) va co
VTPT n= [l] E} =(63;109;-20) . Do d6 ta c6 phwong trinh mat phang (P) :

63(x+7) +109(y—5) —20(z—9) =0 < 63x+109y —20z+76=0.

_ |63.1+109.0-20.2+76] 99

Khodng cach tir M (10;2) dén (P): d(M;(P))= =
63 +109° +(-20° 2526

Trong khong gian véi h¢ toa do Oxyz, cho mat phang (P):2x—y-2z=0 va duong thang

d :XT_lzgzizz. Goi A(a;0;0) 1a diem thudc truc Ox sao cho A cach déu d va (P).
Ménh dé ndo sau day dang?
A.a<-3. B. a=-3. C.a>2. D. a>5.
Loi giai
Chon C

Puong thang d di qua M (1,0;-2) vaco mot VTCP 1a G, =(12;2).
Tacod MA=(a-10;2), suyra [Ud,mJ:(4;2a—4;—2a+2).

Theo dé bai ta co:
[0, ]

23]
d(Ad)=d(A(P =
(Ad) ( ())<:> | | 4+1+4
2 2
@\/16+(2a—4) +(2+2)  [eal
V1+4+4 Ja+1+4

Vay A(3,0;0).

Trong khong gian voi hé truc toa dd Oxyz, cho diém A(2;53) va dudng thing
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d :XT_l = % = Z—;2 .Goi (P) 1a mit phang chtra duong thang d sao cho khoang cach tir A dén
(P) 16n nhat. Tinh khoang cach tir diém M (1,2;-1) dén mit phing (P).
A @ B. 3v/2. C. @ p. 4.
18 18 3
Loi gidi
Chon A
A

_;l-l d

H

Goi H 1a hinh chiéu ciia A trén d ; K 1a hinh chiéu cta A trén (P).
Taco d(A(P))=AK< AH (Khong doi)

= GTLN cua d(d,(P)) la AH

= d(A,(P)) I6nnhatkhi K=H .

Goi H(1+2t;t;2+2t)ed, suyra AH =(2t-Lt-5;2t-1).

Vi AH Lu, < AHU, =0 2(2t-1)+t-5+2(2t-1)=0<t=1.
Nén H(3;1;,4), (P) qua H va vudng goc v6i AH .
=(P):x-4y+2-3=0

1118

Vay o(w (7)) =12

x—2: y—6:z+2 va

Cau 14: Trong khong gian Oxyz , cho hai duong thang chéo nhau d,: 5 1

X=4 y+1 z+2

d, ] 3 > .Goi (P) lamgt phang chira d, va (P) song song véi dudng thang d,
. Khoang céch tir diem M (-13;2) dén (P) la
A TVI0 g, 1410, c. V1o, b, 4
15 15 3 J10
Loi giai
Chon A

Puong thing d, di qua A(2;6;-2) va c6 mét véc to chi phuong u, =(2;-2;1).
Puang thing d, c6 mét véc to chi phuong u, =(1;3;-2).
Goi n 1a mdt véc to phap tuyén ciia mét phang (P). Do mét phang (P) chua d, va (P) song

song véi dudng thang d, nén n= [uj@] =(15;8).
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Céu 15:

Céu 16:

Cau 17;

Phuong trinh mat phang (P) di qua A(2;6;-2) va c6 mot véc to phap tuyén n=(15;8) Ia
X+5y+82-16=0.

Xy +5Y +82,, 16/ 7410
MO e

Trong khong gian Oxyz , goi (P) 1a mat phang qua diém M (3;-11) va vudng goc véi dudng

X—2 y+3 z-3

thang A: > . Khoang céch tir diém A(2;1;4) dén (P) bang:
A 204 g, W4, c. A2 o 2L
7 7 21 21
Loi giai
Chon A

Do (P)LA nénn, =u, =(3-21)

(°)
(P) qua M (3;—11) nén phuong trinh (P) la:
3(x—3)-2(y+1)+1(z-1)=0 < 3x—2y+2z-12=0.

|6-2+4-12 2412

N9+4+1 7

Trong khong gian Oxyz , cho diem A(L12) , diém B(2;-10) va duong thing

Khoing cach tir diem A(2;1,4) dén (P) la: d(M,(P))

d :XT_l = % = 2%2 Goi (P) la mt phang di qua A, B va song song véi d . Khoang cach tir
diém M (3;1;,-2) dén (P) bang
7 10 6 12
A —. B. —. C. —. D. —.
17 17 J29 J29
Loi giai
Chon D

Tac AB=(1-2,-2).

Pudng thing d c6 vecto chi phuong u =(12;1).

Do (P) 1a mit phang di qua A(L1;2),B(2;,-10) va song song véi d

Suy ra mit phing (P) ¢6 vecto phép tuyén la n= [ﬁ, G] =(2,-3;4).

Vay (P):2x-3y+4z-7=0.

23-3.1+4.(-2)-7 12

\/22+(—3)2+42 V29

Khoang cach tir diém M (3;1;,-2) dén (P) bang:

x+1:y—2:z—1 Goi (P)
-1 3

la mat phang di qua A va chtra duong thang d . Khoang cach tir diém M (-2;1;0) dén (P)

Trong khdng gian Oxyz , cho diem A(1;2;3) va duong thang d

bang
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Céau 18:

Céau 19:

A. 3. B. L. C.1. p. 1.

N 3
Loi giai
Chon B
x+1 y-2 z-1
==
B(-12;1) va c6 mot vecto chi phuong U= (2,-1,3).

Tir phuong trinh duwong thang d : , ta thdy duong thang d di qua diém

Ta c6: AB =(-2;0;-2).
Suy ra, mat phang (P) di qua A(%2;3) nhan n=[u, AB |=(-2,2,2) lam vecto phép tuyén.
Phuong trinh mdt phang (P) la: x—y-z+4=0.
[2-1+4 1

3B
Trong khong gian Oxyz, goi (P) la mat phang di qua A(L-1-2) va chia truc Oz . Khoang
cach tir diém M (2;1;4) dén (P) bang:

32

A_

Khoang cach tir diém M (-2;1,0) dén (P) la: d(M,(P))=

5 15

z

-oo
ks
O
r\J_|oo

Lai giai
Chon A
M3t phing (P) di qua A(l; -1 —2) nhan ﬁ=[R,(ﬁ\} =(1;1;0) lam vecto phap tuyén. Phuong
trinh mat phang (P) la: x+y=0.
24 _3v2
V2o 2

Trong khong gian Oxyz , goi (P) la mat phang di qua diém B(2;1,-3), dong thoi vudng goc

Khoang cach tir diém M (2;1,4) dén (P) la: d(M,(P))=

véi hai mat phang (Q):x+y+3z=0, (R):2x-y+z=0. Khoang cach tir diém M (-1 2;1)
dén (P) bang:

A.ﬁ. B.%. C.%. D. i
2 10 6 10
Lai gidi
Chon B

Mat phang (Q):x+y+3z=0, (R):2x—y+z=0 lan luot c6 cac vecto phap tuyén Ia
n=(L13) va n,=(2,-11).

Vi (P) vudng goc véi hai mat phang (Q), (R) nén (P) c6 vecto phip tuyén la
F:[E,WZ}:(4;5;—3).

Ta lai c6 (P) di qua diem B(2,5,-3) nén (P):4(x-2)+5(y-1)-3(z+3)=0
< 4x+5y-32-22=0.
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Céu 20:

Céu 21:

Cau 22:

|-4+10-3-22] 192

J16+25+9 10

Khoing cach tr diem M (-12;1) dén (P) la: d(M,(P))

Trong khoéng gian Oxyz , cho duong thing d, :XT_l = % = 2;22 va duong thang
d, :gz yT_Z = Z—;rl . Goi (P) 12 mat phang chira duong thang d, va song song véi d,. Tinh
khoang cach gifra duong thang d, va mat phang (P).
Al 5. 5. c.l. o 15,
5 5 5 5
Loi gidi
Chon D

Taco d, di qua M, (10;2) vacé vtep us(212); d, di qua M, (0;2;-1) vacé vtcp Uz (L12)
Vi (P) la mit phing chta duong thang d, va song song véi d, nén wvtpt
Ne) = [ﬁl;@} =(0;-2;1).

Do (P) chtra d, nén diém M, €(P). Khi d6 phuong trinh (P):-2y+2z-2=0.

4-1-2
Vi d, song song véi (P) nén d(dz,(P)):d(Mz,(p))J — |:7\5/§.
»\’ +
Trong khong gian Oxyz , cho dudng thing d:—Xz_lz%:—zgz va miat phing

(Q):x—3y+4z-1=0. Goi (P) la mit phang chira duong thing d va vudng goc voi (Q).
Tinh khoang cach tir diém A(O;l; 2) dén mit phang (P) .

2 B. 20 c. > D. X
/185 185 185 185
Loi gii
Chon D

Taco d diqua M(1;,0;2) vaco vtcp u(2,12); va (Q) ¢ vtpt N =(L-3,4)

Vi (P) la mat phing chira duong thang d va vudng goc Véi (Q) nén wvtpt
Ne) =| Uin) | = (10,6;-7).

Do (P) chira d nén diém M e(P).Khi do phuong trinh (P):lOX—Gy—7Z+4:O.

_|-6-14+4 16
J100+36+49 /185

Khi do d(A,(P))

X=2+4t

Trong khdng gian Oxyz , cho hai duong thing d:{y=-6t ,teR va dudng thing
z=-1-8t

X=-7 y-2 2z , el 42 , e 2 . \ R

A =" 9 "1 Goi (P) 1a mit phing chtra hai duong thang d va A. Khoang cach tir
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Céu 23:

Céau 24:

diém M (1,23) dén (P) bang

A 152 5 125 c 512 5 215

870 870 870 870
Loi giai

Chon B

Puong thing d di qua diém A(2;0;-1) va c6 vecto chi phuong a = (4;-6;-8) ; duong thang
A di qua diém B(7;2;0) va co vecto chi phuong b =(-6;9;12).

, 4 -6 -8 - =
TacO —=—=—suyra a,b cu huong.
—6 9 12 y Cungp ng
Mat khéc ta thay A(2;0;-1)gA.
Vay d//A.

Lay diém C(6;,-6;-9)ed .

Khi d6 ta c6 BC =(-1-8;,-9);BA=(-5,-2;,-1)

= n=| BABC |=(10;,-44,-38) =2(5,-22;-19).

Mt phang (P) di qua A(Z; 0; —1) ¢6 vecto phap tuyén n= (5; —22;—19) ¢6 phuong trinh 1a :
5x—-22y—-19z-29=0.

 [5.1-22.2-19.3-29] 125

5+ (-22) +(—19)F  VBTO'

Vay d(M.(P))

x-2 y-1 z-1
2 -3
1a mat phang di qua A va chira d . Cosin cua géc gilta (P) va(Q):—x+3y—3z2+2023=0

Trong khong gian Oxyz, cho diém A(0;12) va duong thang d : . Goi (P)

bang
-1 1 1 13
A ——. B. —. C. ——. D. —.
319 313 319 319
Loi giai
Chon C

Lay B(2L1)ed taco AB=(2;0;-1).

Taco | AB,U, |=(24,4)=2(1;2;2)

Mit phing (P) diqua A vachua d suyra n, =(12;2).

Goi a1 goc giiia (P) va (Q)

In..ng| I
nel{ne| Vi+4+441ro+9 3419

Taco cosa = ‘cos(np;nQ)‘ =

1
Viy cosa =——=—.

319

Trong khéng gian Oxyz , cho dudng thing d : x-2_y-1_z-1

1
B(0;-12). Goi (P) 1a mit phing song song véi duong thing AB va duong thang d . Viét

va hai diém A(-12;1) va
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Cau 25:

Céau 26:

phuong trinh mit phang (P) biét khoang cach gitra d va (P) bang /2 va (P) cit Ox tai
diém c6 hoanh d duong.
A. x—-y-1=0. B. x—y-3=0. C. x-z-1=0. D. x-z-3=0.
Léi gidi
Chon D
Taco d diqua M(211) vacé vicp u(212)
Vi (P) 12 mat phing song song véi dudng thing AB va dudng thang d nén vtpt

Ne) =| AB;U |=(~7;0;7). Chon Nip) = (L,0;-1).
Phuong trinh (P):x—z+D =0 (vi (P) cit Ox tai diém c6 hoanh do duong nén D <0),
1+ D|
7
[1+D| =1

heo gia thiét, ta co =2ol+D|=2< D = D=-3.
! J2 D=-3

Vi d song song véi (P) nén d(d,(P))=d(M,(P)):

Vay phuong trinh (P):x-z-3=0.

Trong khong gian Oxyz, cho hai diém A(L-2,-3), B(-L4;1) va duong thang
X+2 y-2 743

d . 1 . Mit phang (@) diqua A B va song song vé6i dudng thang d . Khoang
cach tr O dén mit phang (a) bang
A 2L g, 321 c. A2 p. Y2t
7 21 21 7
Loi giai
Chon D

Tach ﬁz(—2;6;4),\/ect0 chi phuong cua duong thang d 12 0=(1;-12).

Mit phing (a) di qua A B va song song v&i duong thang d c6 mot vecto phap tuyén
N=(16;8;-4)=4(4;2;-1).

Mit phang (&) c6 phuong trinh 1a 4(x-1)+2(y+2)—(z+3)=0< 4x+2y-z-3=0.

4 A

Khi d6 d(O,(a))=\/42+22+(_1)2 =

Trong khong gian véi hé truc toa do Oxyz, cho diém A(8;-8:8). Goi M 1a diém sao cho
MA=3MO (véi O 1a gbc toa dd). Khoang cach tr diém M dén mit phang
(P):2x+2y+2+19=0 dat gi4 tri nh6 nhét 1a
A 6+33. B. 343. C. 6-33. D. 6.
Loi giai
Chon C
Goi M (x;y;z).Khido MA=3MO
<3(x—8)2+(y+8)2+(z—8)2 :9(x2+y2+22)<3 X+ Y2+ 25 +2X-2y+22-24=0
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Suy ra tap hop cac diem M thoa MA=3MO la mit cau (S) tam 1(-LL-1) va ban kinh

R =34/3.

Vi d(1,(P))=6>R nén (P) khong cit (S).

Do d6 khoang cach tir diém M dén mat phang (P) dat gia tri nho nhét la
dpn =d (1,(P))-R=6-33.

Cau 27: Trong khong gian v6i hé toa d Oxyz , cho mit céu(S) : (X+1)2 +(y- 2)2 +(z —1)2 =16, diém
A(l; 0; 2). Goi mit phiang (P) qua A va cit mit cau (S) theo thiét dién 1a hinh tron (C) co
dién tich nhé nhat. Khoang cach tir M (2;-1,4) dén (P) la:

AL B. 2. c.2 D. 6.
3 3
Loi giai
Chon C

Mat cau (S) cétam 1(=1;2;1), ban kinh R=4.
Taco IA=3<R = A nim trong mit cau (S).

Do d6 mat phing (P) qua A luén cit mat cau (S) theo thiét dién 1 hinh tron (C) c6 ban
kinh r=vR*-1H? .

Taludnco IA> IH = R2—IH? >JR?—1A2 = r >R — IA? .

Di¢n tich cua hinh tron (C) nhé nhét khi ban kinh r nhé nhat, tac 1a r =VR? - IA* < H = A

Khi d6 1AL (P)=mit phang (P) nhan |_A'=(2;—2;1) lam mot VTPT.

= phuong trinh mt phang (P): 2(x-1)-2y+(z-2)=0<2x-2y+2-4=0.
_|A+2+4-4 )

Vay khoang cach tir M dén mét phing (P)1a d (M (P)) 3

Céu 28: Trong khong gian voi hé toa dd Oxyz, cho A(a;0;0), B(0;b;0), C(0;0;c) véi a, b, ¢ duong.
Biét A, B, C di dong trén cac tia Ox, Oy, Oz sao cho a+b+c=2. Biét rang khi a, b, ¢ thay
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Céau 29:

doi thi quy tich tm hinh ciu ngoai tiép tir dién OABC thudc mit phing (P) 6 dinh. Khoang
cach tir M (0;2023;0) t6i mit phing (P) bang

A 2022, B, 2023 c. 2021 D. 67443 .

3 3
Loi gidi
Chon D
Goi (o) 1a mit phang trung truc ctiia doan OA.
= (a) di qua diém D(%;O;O] va c6 VTPT OA=(a;0;0)=a(%0,0) = (a):x—==0.
Goi () 1a mit phang trung truc cta doan OB .
= (B) di qua diém E(O;%;OJ vaco VTPT @:(O;b;o):b(o;l;o) =(B): y—%:O_

Goi () 1a mat phang trung tryc ciia doan OC .

= (y) di qua diém F(O;O;%} vaco VTPT @:(O;O;c):c(O;O;l) :(7):2—%:0_

Goi | 1a tim mat cau ngoai tiép tr dién OABC = | =(a)m(ﬂ)m(7/):> I( ;g; j

N | o
N o

Theo gia thiét, a+b+c:2<:>%+%+%=1: le(P):x+y+z=L1.

Vay, d(m,(P))= 2B _2022_ 70 3

3B
Trong khong gian Oxyz, cho hai mat ciu (S):(x-1)"+(y+1)’+(z-2)"=36 va
(S"):(x+1)" +y? + 2% =4. Mt phing (P) tiép xuc (S') va cit (S) theo giao tuyén 1a mot
dudng tron c¢6 chu vi bang 2711, Khoang céch tir M (2;-1;3) dén (P) bang

AR B. 7. c.t p. 2.
3 7 9 2
Loi giai
Loigii
Chon A

Mat cau(S) c6 tam 1(1-1;2), ban kinh R=6, mat cau(S’) c6 tam 1'(-1;0;0), ban kinh
R'=2

Vi I =3<R—R'=4 nénmit cau (S") ndm trong mat cau (S).

Mit phing (P) tiép xdc (') =d(1",(P))=R'=2; (P) cit (S) theo giao tuyén 1a mét duong
tron c6 chu vi bang 2zv11 nén d(1,(P))=R?—r? =5.

Nhan théy d(1,(P))—d(1',(P))=11 nén tiép diém H cua (P) va (S') ciing la tam dudng
tron giao cia (P) va (S).Khido, (P) lamat phing di qua H, nhan 11" =(~2;1,-2) lam vecto

phap tuyén.
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7

X, =——

3

Ta c6: m=§W© Yy =

Phuong trinh mat phang (P): —2(x+—}+(y——j—2(z +gj:0 & 2x—y+27+8=0.

A . . 2 . X-2 1 z-1

Céau 30: Trong khong gian v6i hé toa do Oxyz, cho diém A(3;-1;2) va duong thang :T :yiz =
Goi mit phang (a) chita d sao cho khodng cach tir A dén () 16n nhét. Tinh khoang cach tir
M (2;-3;4) dén mat phang (a).

A . g Y42 c. . D. 2.
Ja1 6 J42 13
Loi giai
Chon C
Goi H la hinh chifu cia A d&n d . Khi d6 H(2+t;-1-2t;1+3t)
= AH =(-1+1t;-2t;-1+3t)
Do AH Ld = -1+t+4t—-3+9t=0 C>t=§.Khid() M:(—g;—;;—%j.

Mt phang («) chia d sao cho khoang cach tr A dén (a) I6n nhatkhi AH L(«).
Do d6 (e) co vecto phap tuyén 1a n=(5;4;1).

Suy ra phuong trinh mat phang («):5(x—2)+4(y+1)+(z-1)=0<5x+4y+z-7=0.

. 5
Vay khoang cachte M dén (P) 1a d(M,(P))=—.
Cau 31: Trong khdng gian véi hé toa do Oxyz , Viét phuong trinh mit phang (P) chtadiém M (1,3;-2)
. i . _ OA OB OC _, ,
, cat cac tia Ox, Oy, Oz lan Iugt tai A, B, C sao cho T:7:T . Tinh khoang céch tur
diém O dén mit phang («).
A B2 g 212 c. V2L p, V21
21 3 21 21
Loi giai
Phuong trinh mat chin cat tia Ox tai A(a;0;0), cit tia Oy tai B(0;b;0), cit tia Oz tai
X z
C(0;0;c) cé dangla (P): 5+%+E=1 (véi a>0,b>0,c>0).
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Cau 32:

Céau 33:

. OA OB OC a b c a:E
Theo dé: —=—=—"-—=—=—= 2 .
2 4 1 2 4
c=2b
. 5 N . ., 1 3 =2 4
Vi M (13;-2) nam trén mat phang (P) nén ta co: B+B+%:1 <:>B=l<:> b=4.
2
Khidé a=2, c=8.
Vay phuong trinh mit phing (P) 1a: §+%+§:1<:>4x+2y+z—8:0.
. -8 821
Viy 4(0)(a)) = — o =52,
J&+(2) +(1)
X=2+3t
Trong khong gian Oxyz cho diém A(L;—2;1) va duong thang d c6 phuong trinh <y =—-1+t.
z=-1-t
Goi (P) la mat phang di qua A(;—2;1) vachta d . Khoang cach tr M (=1;0;4) dén (P) bang
A 330 g, 230 c. 16 p. ¥
5 5 J30 /30
Lo giai

Chon A

Ldy B(2-L-1)ed . Ta c¢6 AB=(LL-2), mot VICP cua d l1a u(3L-1) . Ta cb
[ AB.u|=(-5;-2). (P) lamat phang di qua A(L;~2;1) vachira d nénmot VTPT ca (P) la:
n = (1;—5;—2). Phuong trinh mét phang (P) la:

1(x-1)-5(y+2)-2(z—-1)=0< x—-5y—2z-9=0.

 [-1-50-24-9 18 330
JE+(-5)7+(-2)2 N30 5

d(M.(P))

Trong khong gian Oxyz, cho mat phang (P) song song va cach mit phang
(Q):x+2y+2z-3=0 mot khoang bang 1 va (P) khong qua gdc toa d6 O. Phuong trinh cta
mit phang (P) 1a

A X+2y+27-6=0 B. X+2y+2z+1=0

C. X+2y+2z=0 D. X+2y+2z+3=0
Loi giai

Chon A

Mzt phang (P) song song véi mit phing (Q):X+2y+2z-3=0 nén phwong trinh mp
(P):x+2y+2z+d =0. A(3,0,0)¢(Q).
Mat phing (P) cach mat phing ~ (Q):x+2y+2z-3=0 mot khoang bing 1

Bdl e +3|=3@{d =0

d(A(P))=1le————ro— .
= d(A(P)=te 1°+2°+2° d=0
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Cau 34:

Céu 35:

Céau 36:

Vi (P) khéng qua gdc topadd Onén d =0 = d = 6.
Véy pt mit phing (P) : X+2y+22-6=0.

Trong khong gian véi hé toa d6 OXyz , cho diém A(2;1,1);B(-10;3) va mat phéng

(P):x+2y+2z—5=0. Mot mit phang (Q) di qua hai diém A,B va vuong géc véi mét phang

(P) 6 dang ax+by+cz—2=0. Khing dinh nao sau day 1a diing?

A. a>+b*+¢% =3. B.a’+b’+c*=13. cC.a’+b’+c’*=5. D.a*+b’+c*=10.
Loi giai

Chon A

Mit phang (P) c6 vecto phap tuyén n=(1;2;1), AB=(-3-12).

Vi (Q) vudng géc voicla (P) nén n, Ln.

Mgt khic (Q) diqua A VA B nén n 1 AB. Tacé: | n, AB |=(5,-5;5)

Mp(Q) nhan n: :%[ﬁ,ﬁ} =(L-11) lam vecto phap tuyén.

Vay phuong trinh mit phang (Q):Ux-2)-Wy-1)+L(z—-1) =0, hay (Q):x—y+z-2=0

Vay @’ +b*+¢° =3.

Trong khéng gian Oxyz, cho diém A(2;-13), mat phang (P):4x—y+2z-10=0 va dudng

X—2 y+1 z2-2
2 -1
A 1a trung diém ctia doan MN. Biét y = (a;b;—4) la mot vec to chi phuong cua A . Gia tri cia

thang d : . Duong thing A ¢t (P) va d lan luot tai hai diém M, N sao cho

a-+b bang

A -1 B. 6. C. 1. D. -6.
Loi giai

Chon B

Vi N 1a giao diém cia A va d nén N (2+2t;-1+2t;2—t).
Xy =2.X, —Xy =22t

Ala trung diém ciia doan MN = Jy, =2y, —y, =-1-2t = M (2-2t;~1-2t;4 +t)
v =22,—2y =4+t

Vi M e (P) nén ta c6 phuong trinh:

(P):4(2-2t)—(~ 1—2t)+4+t—10=0<:>—5t=—3<:>t=g
16 1 7 6638 -
= N| —;=;—=|. Khi d6, dudng thang A c6 mot VTCP la NA=|-=;—=:Z |=u =(3;3;—4)
5'5'5 5 5’5
Suy ra a=3 Va b=6
. Va =
y b3 ayar

Xx-=2 y+1 z-1
-1
(P):x+y—-z-3=0. Goi (Q) la mat phiang chira dudng thing d va vudng goc véi (P)-

Trong khong gian OXyz , cho duong thing d: va mat phang

Khoang cach tir diém M (31,-2) dén (Q) béng
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Cau 37:

Céau 38:

—/2
A 2. B.T\/_. C. 2. D. 8.
Loi giai
Chon A
Ta thiy duong thing d c6 véc to chi phuong u, = (—-11). Mat phing (P)co véc to phap

tuyénf = (LL-1) . Vi mit phang (Q) chtra dudng thang d va vudng goc véi (P)nén mat

phing (Q) c6 mdt véc to phap tuyén la: n = [ud, ] (0;2;2). Vay mit phang (Q) di qua

diém A(2;-11), c6 VTPT Ny =(0;2;2) c6 phuong trinh la: 2y +22 =0 Khoang cich tir

: : : 2-4 2
diém M (3;1;,—2) dén bang: d(M;(Q))=—=—.
Trong khong gian OXyz , cho duomg thang d : X—2 “11 - 212. Goi (P) l1a mat phing
chtra duwong thang d va song song véi truc Ox . Khoang cach tir diém M (,-10) dén (P) bang
2 2
A2, B. 2. c.£. D.—£.
2 2
Loi giai

Chon A
Ta thay dudng thang d c6 véc to chi phuong u, = (L-11). Mat phang (P) chra duong thang

d va song song véi truc Ox =>n, :[Iﬂ =(0;1,1). Vay mit phing (P) di qua diém

A(2;-1,2), co VTPT N, 2(0;1;1) c6 phuong trinh 1a: Y+2Z-1=0. Khoang cach tir diém

M (L -10) dén (P) bang: d(M;(P))=%=\/§.

Trong khong gian OXyz , cho diém A(L3;2) va dwong thing d: x1—1: y+22 = 2;3. Goi
(P) 12 mat phéng di qua A va chira d . Khoang cach tir diém M (0,-2;5) dén (P) bang
3 23 29
A.ﬂ. B.&. C. ——. D. ———.
11 3 195 /195
Loi giai
Chon C

Lay B(1;-2;3)ed taco AB=(0;-5;1).
Taco [ AB,u; | =(13;-1;-5)
M3t phing (P) di qua A vacha d suyra N, =(13,-1-5).

Phuong trinh mat phang (P) 13x-y-52=0
[13x,, yM -5z,,|

\/132 +(-5) «/195 '

Vay d
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Céu 39:

Cau 40:

Cau 41;

Trong khong gian OXyz, cho mat cu (S):(x+1) +(y—2) +(z-3) =8 va diém A(1;3;2).
Mit phang (P) di qua A va cat (S) theo giao tuyén la duong tron ¢6 ban kinh nho nhat. Biét
(P) co dang ax+by+cz+6=0.Tinh a+b+c.
A. 4. B. 2. C. 4. D. —6.

Loi giai
Chon C
Mit cdu (S) ¢6 tim 1(~1;2;3), ban kinh R =22
Taco 1A=(2;1;-1); Al = J6 <R, suy ra diém A nim trong mat ciu ()
Goi H la hinh chiéu vudng gdc cia I trén mit phang (P), khi d6 mét phang (P) di qua A va
cit (s) theo giao tuyén 1a dudng tron 6 ban kinh r=+R? —1H?, do d6 I nho nhét khi va chi

khi 1H 16n nhat.
Mat khac ta ludn c6 IH < 1A, dau bang xay ra khi va chi khi H tring véi A, hay (P) L IA.

Mit phang (P) cO VTPT 1A= (2;1;—-1)vaqua A(1;3;2) c6 phuong trinh
2(x-1)+(y-3)-1(z-2)=0<=2x+y—-2—-3=0<>-4x—-2y+22+6=0

Vay a+b+c=-4.

Trong khong gian véi hé toa dd Oxyz, cho hai mat phang (P):x+y+z-3=0,
(Q):x—y+2z-1=0. Viét phuong trinh mat phang (R) vudng goc véi ca (P) va (Q) sao cho
khoang céch tir diém O dén mit phing (R) bing /2.

A [x—z+2:0. B [x—z+4:0. [x—y+2:0- > {x—y+4=0.
Xx—2z-2=0 X—2-4=0 X—y—-2=0 X—y—4=0
Loi giai
Chon A

Hai m3t phing (P),(Q) c6 vectophap tuyén 1an luot 1a: n, (L1;1),n, (L-11).

Vi mit phing (R) vudng géc véi ca hai mdt phang (P) va (Q)nén mit phang (R) c6 mot
vecto phap tuyén 13

n=[n,n, |=(20-2)

Hay mit phang (R)c6 mot vecto phép tuyén la n (1,0;-1). Suy ra phuong trinh mit phang (R)
c6 dang: Xx—z+D =0.

Mit khac, ta ¢6: d(O,(R))=\/§<:>H=\/§<:>|D|=2<:{

V2

Vay c6 hai mit phang thda yéu cau bai toén la: (R,): x—2+2=0, (R,): x—z-2=0.

D=2
D=-2

Trong khong gian véi hé toa do Oxyz, cho céc diém A(11;3),B(-13;2),C(-12;3). Tinh
khoang cach tir diém M (1,-2;4) dén mit phang ABC .

A. /15. B. 3v2. c.%. D. 2./5.
Loi giai
Chon C
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Cau 42:

Céu 43:

Taco: AB=(-2;2,-1), AC =(-2,1,0).
Vecto phap tuyén ciia mat phang (ABC): ﬁ:ﬁ/\ﬁz(l;Z;Z).
Phuong trinh mit phang (ABC): 1(x—1)+2(y-1)+2(z-3)=0< x+2y+2z-9=0.
1-4+8-9 4
d(M,(ABC —_ =
(M.(A8C) - :

NI +2242°
Trong khong gian Oxyz , cho duong thing d: x-1_ y2+1: 2+2
(P):x+2y+2z-7=0.Goi | 1a giao diém cua d va (P).Biét IM =9, khoang céach tir diém

M thudc d dén (P) bang

va mit phang

A. /15 B. 3J2. C.8. D. 2.5.
Loi giai
Chon C

Tir gia thiét suy ra duong thing d c6 véc to chi phuong la U = (2;2;1), mat phang (P)c6 véc
to phép tuyén 1a n= (L,22).

Goi a la goc giita d va (P) =sina = = :g

33

d(M,(P
Mésinazwzd(M,(P)):&
IM
Trong khong gian Oxyz, miat phang (P) di qua A(0;L2) va chia duong thing
x-2 y-1 z-1
(A):——="5"=

. Gia tri m thudc khoang nao dudi ddy sao cho khoang cach tir diém

2 2 -m
M (5;-1;3) dén mit phing (P) 16n nhat?
A. (1,2). B. (0;1). C. (-2;-1). D. (-10).
Loi gidi
Chon D
( ) diqua B(2;1;1) vaco vtcp U(2;2;,—m).

(21
AB(2,0;-1), | AB,U |=(2;2m-2,4)=2(Lm-1,2)
)

Mit phang (P) diqua A vanhan fi(1;m—12) 1am vtpt nén c6 phuong trinh:
X+(m-1)y+2z-3-m=0
9—2m|
d(M;(P))=
M) o on s
§ 9—2m|
bat f(m)=—F—————m—
(m) Jm? —2m+6
m_9
, _2
= f'(m)= 14m” —57m—27 S, VOi m;tg, f'(m)=0< 2
j9—2m|(vm? ~2m-+6) 2 m:‘?3
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Céu 44:

Bang bién thién

— 3 Q +ao
m -z bl
7 2
f'(m) - R
345 0
7(m) : /
| = / > H\—\n
Vay max f ( ):$ tai m=—
Trong khong gian véi hé toa do Oxyz, cho ba diém A(—l;l;l); B(11;15;4); C(3;9;—2) va
X=-4+3t
duong thing d :{y =-3+2t. Mit phang (P) chura duong thang d vadiém A.Piém M thudc
1=-2+2t

mit phang (P) sao cho biéu thic S = MB* + MC? dat gié tri nh¢ nhat. Tinh khoang céch tir
diém M dén mat phfmg (Q):2X+y+22—3=0.

A 9. B. 10. C.8. D. 11.
Loi giai
Chon B
Puong thang d di qua diém E(—4;—3;—2) va ¢ mot vector chi phuong 62(3;2;2).
:ﬁ:(—B;—4;—3):>[ﬁ,ﬁ]:U_4 _3;_3 _3;_3 _4D:(—2;—3;6).
2 2|2 3|3 2

Mit phing (P) chira duong thing d va diém A nén c6 mot vector phap tuyén n=(2;3;-6).
— Phuong trinh mit phang (P) 1&: 2(x+1)+3(y—-1)-6(y—-1)=0 hay 2x+3y-6z+5=0.
Goi | 1a trung diém BC = 1(7;12;1).

— 2 ——2 —  —\2 —  —\2
Taco: S=MB?+MC?=MB +MC :(M|+|B) +(M|+|C) =
=2MI* +18°+1C" + MI.(IB+1C)=2IM?+ 1B+ 1C? > 2[d (1;(P)) ] + 1B +1C? = const .
Diu "=" xdy ra<> M 1a hinh chiéu ctia | trén mit phang (P)

Khi d6 duong thang IM di qua diém 1(7;12;1) va c6 mdt vector chi phuong n=(2;3;-6).

X=7+2t
= Phuong trinh duong thang IM 1a: {y =12+3t,.
z=1-6t
X=T7+2t t=-1
Do M =IM N(P) nén toa d6 diém M théa man hé: y=la+3t, x=5
z=1-6t y=9
2X+3y—-6z+5=0 z2=17

=M (5;9;7).
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Céu 45:

Céau 46:

25+9+27-3
= =10.

vay d(Mi(Q) 22 +12+2°

X=-t
x+1 y-4 z7-3

4 -3

Trong khong gian Oxyz , cho hai duong thang d 3y =-8+4t va A:
z2=-3+3t

. Goi

(P) 13 mat phang chira hai duong thang d va A. Khoang cach tir diém M (0;2;1) dén (P)

bang
2 2 1 1
A —. B. =—. C. —. D. —.
217 \N271 217 271
Loi gidi
Chon A

Puong thing d di qua diém A(0;-8;-3) va ¢6 vecto chi phuong Uy =(~1;4;3)

Pudng thing A di qua diém B(~14;3) va c6 vecto chi phuong U, = (1 —4;-3)

Taco AB=(-1126)=| AB,u, |=(12-3;8)

Mt phing (P) di qua diém A(0;-8;-3) va c6 vecto phap tuyén n, =(12;-3;8) c6 phuong
trinh 12x-3y+8z=0

_[120-32+81 2
J122 432 +8 217

vay d(M:(P))

Trong khong gian Oxyz , cho diém A(-1;2;3) va dudng thing d :%2 2%2 :E. Goi (P)

12 mat phing chtra dudng thang d sao cho khoang cach tir A dén (P) 16n nhét. Piém nao dudi
day thuge (P)?
A. A(2;-2;4). B. D(2;2;4). C. B(2;2;-4). D. C(-2;2;4).
Loi giai
Chon A

S

Goi K 14 hinh chiéu ciia A trén dudng thang d .

Tacé Ked = K(-2+3t;-2+2t;t) = AK =(3t—-1;2t—4;t-3).
Mot vecto chi phuong ctia dudng thang d 12 q:(3;2;1).
Taco AK Lu, < AKU, =0 < 3(3t-1)+2(2t-4)+1(t-3)=0 =t =1
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Vi t=1,tacé K(1;0;1) va AK =(2;-2;-2); AK =24/3.
Goi H 14 hinh chiéu cia A 1én mt phang (P).
Tacé AH < AK = d (A (P)) < 2v3 = maxd (A, (P))=2V3.
Dau “=" xay ra khi H = K. Khi d6 AK L (P).
Mat phéng (P) diqua K (1;0;1) va ¢6 mdt vecto phap tuyén @ - AK = (2;—2;—2) )
Do d6 phuong trinh mat phang (P) la: 2(x-1)-2y-2(z-1)=0< x-y-z=0.
Thay toa do cac diém trong cac phwong an vao phuong trinh mat phang (P) ta thiy c6 diém
A(Z;—2;4) thoa man.
Cau 47: Trong khong gian Oxyz, cho mit phang («) di qua hai diém A(L0;0), B(0;2;0) va tao véi

mit phang (Oyz) mét goc bing 30°. Khoang cach tir diém O dén mit phing () la

A.l. B. 2. C.ﬁ D.i.
2 2 NE)
Loi giai
Chon C
Gia sir mit phang (a)cét Oz tai C(0;0;c).
\ < 2 Xy z
Phuong trinh mét phang (a) 1 + 2 +—=1
c

Mit phing (@) cé mot vecto phép tuyén 1a n = (l; % ; 1}
C

Mit phing (Oyz) c6 mot vecto phap tuyén 1 n, =(1,0;0)
Mit phing (@) tao v6i mit phang (Oyz) mét goc bing 30° nén ta co

J3 1 J3 2c] 3 o123

0)\_ e\ V2 _N° N9
cos(30 )—‘cos(nl,nz)‘ > = 1+£11+12 > @m =
c

Vi c=2\/§:>(a):§+z+i:1<:> 2J3x+By+2-243=0

2 23

Vi C=—2\/§:>(a):%+%—i=lc> 2J3x+8y—z-23=0

243
_2\/§

Khoang céch tir diém O dén mit phang («)1a: d (O;(a)) = =

J12+3+1 2

CAau 48: Trong khong gian véi hé truc toa dd Oxyz, cho hai diém M (0;8;2),N(9;-7;23) va mit cau

&

(S):(x=5)*+(y+3)" +(z—7)* =72. Mit phing (P):x+by+cz+d =0 di qua diém M va
tiép xtic v6i mit cau (S) sao cho khoang cach tir N dén mit phing (P) 16n nhét. Khi d6 tong

b-c+d co gia tri bang
A . b+c+d=2. B.b+c+d=-1. C.b+c+d=-5. D.b+c+d=4.
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Céau 49:

Céau 50:

Loi giai
Chon C
Vi M e(P) nén 8b+2c+d=0<d=-8b—2c=(P):x+by+cz-8b—2c=0

Do (P) tiép xtic v6i mat cau (S)nén

d(l;(P))zRawz&/E

V1+b*+c?
.. 9-15b+21¢| |(-11b+5c+5)+4(—b+4c+1)
Taco: d(N;(P :| =
(N:(P)) \V1+b® +c? V1+b? +c?
(~11b+5¢+5)| [4(-b+4c+1)| [4(~b+4c+1)
=d(N;(P))< + 62+~ — A
( ( )) J1+b? 4 ¢? J1+b? 42 J1+b? +c?
12+42+12)(b2+c2+12)
56ﬁ+4‘/( =182
V1+b%+c?
(-11b+5c+5).(-b+4c+1)>0
Vay d(N;(P)) =18J2 khiyb ¢ 1 sbh=-1c=4,

14 1
Tirdayco b=-1Lc=4,d=0=>b-c+d=-5.

y Z+2
1

. x-1 .
Trong khong gian v&i hé toa do Oxyz, cho duong thang d :T === 1 va mat phang

(P):x—2y+z=0. Dudng thang d cét (P) tai diém A. Biét rang M (a;b;c) thuoc duong

thang d c6 hoanh d6 am dong thoi AM =6 .Tinh S=2a+3b+c.
A. S =-10. B. S =10. C.S=-12. D. S=12.
Loi giai
Chon C
Taco Aed = A(2t+Lt;—t-2). Laico Ae(P)=>t=-1= A(-L-1-1).
Véi M ed = M (2m+1m;—-m-2)
A 2 2 2 m=-2
Theo & AM =+/6 < (2m+2)" +(m+1)" +(-m-1) =6@{m_0 .

m=-2=M (—3; —2;0) (chon).
m=0=M (1;0;—2) (loai).
S=2a+3b+c= 2.(—3)+3.(—2)+0:—12.

Trong khong gian Oxyz , cho diém M (2;-1;1)vadiém A(1;2;3). Goi (@) 1a mat phang di qua
diém M va chura tryc Oy . Khoang cach tir diém A dén mit phang (a) bang

A 5. B. 5. c 85 5V3

D. —.
5 3

Loi gidi
Chon A
Tacd OM =(2;-1;1) va va vecto donvi j=(0;1;0).
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Cau 51;

Cau 52;

Khi do | OM, j | =(-1;0;2).
Mit phing (@) di qua diém M va chira truc Oy nén c6 mot vécto phap tuyén 1a n=(-1;0;2).

Suy ra phuong trinh ctia (a)la: —x+2z =0.

X=3-t
Trong khong gian Oxyz , cho hai dudng thing d : XT_1=yL22=§; d:qy=-1+2t va diém
- z=1-2t

M (5;0;-1). Goi (&) la mat phéng chira hai dudng thang d va d’. Khoang cach tir diém M

dén mit phang (Ot) bang

A N2 g V34 c 22 D 232
2 34 10 10
Loi giai
Chon A

Ta thiy d va d' 1a hai duong thing song song va M,(1;-2;0)ed , M,(3;-1;1)ed’,
u= (1; -2; 2) la mot vécto chi phuong ctia chung.

C6 [MM,,u|=(4;-3;-5).

Mit phang (o) chura hai duong thang d va d’ nén c6 mot vécto phap tuyén 1a ﬁ:(4;—3;—5)
, do d6 n6 co6 phuong trinh: 4x—-3y—-5z2-10=0.

[45-3.0+5-10] 32

52 2

Trong khong gian Oxyz , cho diém A(2;-1L-2) va dudng thang (d) c6 phuong trinh

Vay d(M,(a))

-1 -1 z-1 . . . . 2 ) , .
X—o_y—2_ 272 Goi (P) la mit phang di qua diém A, song song véi duong thang (d) va

1 -1

khoang cach tir d t6i mat phang (P) 13 16n nhét. Viét phuong trinh mét phang (P).
A. x+2y—-3z-10=0. B. x-2y+3z-10=0.

C. x-2y+3z+10=0. D. x—2y-3z-10=0.

Loi gidi
Chgn D
H
L7

<]

Goi H la hinh chiéu ciia A 1én duong thang d . Tasuy ra H (L1;1).
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Goi (P) la mat phing di qua diém A va (P) song song véi duong thang d . Goi K Ia hinh

chiéu cia H 1én mat phang (P). Do d // (P) néntaco d(d,(P))=d(H,(P))=HK.
Ta ludn c6 bat dang thic HK < HA. Nhu vay khoang cach tir (d) dén (P) 16n nhat bang AH

Khi d6 (P) nhan M=(—1;2;3) lam mét vecto phap tuyén.
Do (P) di qua A(2;—1-2) nén ta c6 phuong trinh cua (P)la: x—2y—-3z-10=0.
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DANG @ TiM CAP SO NGUYEN LIEN QUAN PEN BPT LOGARIT
ﬁ/

IYYY «iEN THGC CAN NHO

Pinh nghia: Bit phuong trinh Idgarit Ia bit phwong trinh ¢6 chira an s6 trong biéu thirc dudi dau lgarit.
BAt phuong trinh 16garit co ban: cho a,b >0,a#1
Bat phuong trinh 16garit co ban ¢ dang:
log, f (x)>b;log, f(x)=>b;log, f(x)<b;log, f(x)<b
Phuwong phap giai phwong trinh va bt phwong trinh 16garit

e Dua vé cung co so

A’ | g(X >0
= N 1th
du a> 1|09af(x)>|0gag(x)®{f(x)>g(x)
- NéuO<a<lIthi log, f(X)>'°9a9(X)®{f (fx()x<zsx)
e Ditanphy
e Mi hda

e Phuong phap ham sb va danh gia

Bién soan: Phan Nhat Linh | 1
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WY BAI TAP TRONG PE MINH HOA

Cau 47 — Dé tham khao 2023. C6 bao nhiéu cap sd nguyén (x;y) thoa man:
log, (x2 RN x)+ log, (x* + yz) <log, x +log, (x2 +y?+24x)?
A. 89. E 48. C. 90. D. 49.

e Lo gidi
Chon B
Diéu kién: x>0.
Ta cé: log, (X* +y? +x)+log, (x* +y?) < log, x+log, (x* +y* +24x)

& log, (X% +y? +x)—log; x <log, (X* + y* +24x)—log, (X* + y*)

2 2 2 2 2 2
@Iog3(x+—iﬂ(jslogz(wJ<:>Iog3(1+x J)r(y jslog{ﬂ 24x j

X +y X2 +y?
X2 +y° 24x
< log, +1|-log,|1+—— [<0.
X x> +y
XZ

2
bat: t= Yy (t > 0), bat phuong trinh tro thanh: log, (1+t) —log, (1+ %j <0 (2).
X

1 24

+ >0,vVt>0.
1+t)In3 (t2+24t)ln2

Xét ham s f(t):log3(1+t)—logz(1+%j co f'(t)=

Suy ra ham sb dong bién trén khoang (0;+).
Taco f(8)=1log,(1+8)—log, (1+ %J =0

2 2

X

Trddosuyra: () = ft)< f(8) =t<8«< <8< (x—4)*+y*<16.

+y
X
Pém cac cap gia tri nguyén cua (X;Y)

Tacod: (x—4)*<16<0<x<8,ma x>0 nén 0<x<8.
Voi x=1,x=7=y={£2;£1,0} nén c6 10 cap.

Voi x=2,x=6=y={%3;£2;+1;0} nén c6 14 cap.

V61 x=3,x=5=y={£3;£2;£1;,0} nén co 14 cap.

V6i x=4=y={+4;+3;+2;+1;0} nén c6 9 cap.

V61 x=8=y=0 co6 1 cap.

Vay c6 48 cap gia tri nguyén (x;y) thoa man dé bai.

2| Bién soan: Phan Nhat Linh



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Phan Nhat Linh

IS BAITAP TUONG TU VA PHAT TRIEN

Cau 1:

Cau 2:

Cau 3:

Céu 4:

Cau 5:

Céau 6;

Cau7;

Céau 8:

Cau 9:

Céau 10:

Co6 bao nhiéu bo (X;y) voi X,y nguyén va 1< x,y <2023 théa mén:

2y 2x+1
Xy +2x+4y+8)lo <(2x+3y—xy—-6)lo ?
(xy y+8) gg(yﬂ] (2x+3y—xy-6) gz(x_3j

A. 4040. B. 2023. C. 4046 . D. 2020.
C6 bao nhiéu cap sé nguyén duong (X;y) thoa

3(8 + 4y) +2026 < —x? + 2024 + log, [(x —2023)%(1— x)3]
A. 2021. B. 2003. C. 4042. D. 4024 .
C6 bao nhiéu cap sb nguyén (x;y) théa man

Iogs(x2 +y2 + x)+ Iog3(x2 + y2) <logs x + Iogg(x2 +y? +8x)?

A. 12, B. 13. C. 24. D. 30.
C6 bao nhiéu cap s6 nguyén duong (x; y) thoa man diéu kién x 13 sé nguyén td; y <4320 va
2(2.8X +9x) <y-11+3log, (y+1)*?
A. 6340. B. 2024. C. 7286. D. 8022.

C6 bao nhiéu s6 nguyén X € [—2022; 2022] dé ing véi mdi x c6 tdi thiéu 64 sénguyén y thoa

mén log,x* +y > log, (X + y)?

A. 3992. B. 3994. C. 3990. D. 3989.

Gia su (X; y) la cip sb6 nguyén thoa min doéng thoi 8<x<2022 va
2 —log, (X + 2y_1) = 2x -y . Tong cac gia tri cia y bang

A. 60. B. 63. C. 2022. D. 49.

Cé bao nhiéu cdp sO nguyén duong (X;y) théa man diéu kién y<2023 va
3(9" +2x) <y +logy (y +1)° ~ 27

A. 10. B. 2023. C. 3776. D. 3780.

C6 tit ca bao nhiéu gid tri nguyén cia tham s6 m dé bat phuong trinh
log, (x2 +2X + 2) +1>log, (X* +6x+5+ m) c6 tap nghiém chira khoang (1,3)?

A. 36. B. 35. C. 34. D. V0 $6

C6 bao nhiéu sd nguyén y sao cho ing véi mdi sd nguyén y c6 ding 6 sd nguyén x thoa man
720 g (X +5) <17

A. 16. B.17. C. 14. D. 15.

Co tat ca bao nhiéu gia tri nguyén cia Y sao cho twong tmg véi mdi gid tri Y ludn ton tai khong
qué 15 sb nguyén x théa mén diéu kién Iogml(x + y2) + Iogzozz(y2 +y +16) > log, (x—y)?
A. 2021. B. 4042. C. 2020. D. 4041.

Bién soan: Phan Nhat Linh | 3
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Céu 11:

Cau 12:

Cau 13:

Céu 14:

Cau 15:

Cau 16:

Cau 17:

Céau 18:

Céau 19:

Céau 20:

Cau 21:

Céau 22:

C6 bao nhiéu cip sd nguyén (X,y) thoa man log 5 X+Yy :
X2+ Y2 + Xy +

A T. B.6. C.5. D. 9.

=Xx(x=3)+y(y—3)+xy.

C6 bao nhiéu cip sb nguyén (X;y) thoa man 0<y <2020 va 3 +3x—6=9y +log, y*?
A. 6. B. 7. C.5. D. 9.
C6 bao nhiéu cip s nguyén (x;y)théa man

Iogz(x2 +y2+ 2x)+ Iog3(x2 + y2) <log, X + Iog3(x2 +y? +16x)
A 2. B. 3. C. 4. D. 5.
Co tat ca bao nhiéu cdp s6 nguyén duong (X;y) véi y <20 théa man

10950, §—::]L_ <y*+2y° —xy? -2y*x

A. 200. B. 380. C. 210. D. 420.
Co tat ca bao nhiéu gia tri nguyén cia y sao cho twong tng véi mdi y ludn ton tai khdng quéa

63 s6 nguyén x thoa man diéu kién: 10g,4,0(X + Y*) + 10900, (Y + Y+ 64) > log, (X — y).
A. 301. B. 302. C. 602. D. 2.

C6 bao nhiéu cdp s6 nguyén duong (X;y)véi x <2020 théa man log, (x—1)+2x—2y =1+4’
A. 2020. B. 1010. C.6. D. 5.

C6 bao nhiéu bo s6 nguyén (x;y)va 1<x,y <2020 théa méan

(xy+2x+4y+8)|og3( zyzj (2x+3y—xy — 6)Iogz(2X+lj
y+

A. 2017. B. 2. C. 2020. D. 4034.

X

logs y
C6 bao nhiéu cdp s6 nguyén (X;y) théa x €[0;3] va (%j +6X+1> (%j +log, (3y3) ?

A. 819. B. 817. C. 816. D. 88.
C6 bao nhiéu bd (x;y) véi X,y nguyén va 1< x,y <2020 théa man
2y 2x+1
Xy +2x+4y+8)lo 2X+3y—xy—6)lo
(xy y+8) 93(y+2] ( y— Xy —6) gz(x j
A. 2017. B. 4034. C. 2. D. 2017.2020.

Co bao nhiéu cap sé nguyén duong (x;y) théa man diéu kien x<2023 va
3(9” +2y)+2 < x+logy(x+1)*?

A. 3778. B. 3780. C. 2. D. 3776.
C6 bao nhiéu cdp so6 nguyén (x;y) théa man

x+y X%+ y? Iog(Hy)

A. 250. B. 251. C. 133. D. 221.
C6 bao nhiéu cdp sé nguyén (x;y) thoa man X Y < g2y [(X +y+1)(3—x—y)+2(xy —1)]
A. 4. B. 5. C.8. D. 9.
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Cau23: C6 bao nhidu cip sO thuc (x;y) théa man dong thoi hai diéu kién sau:
3X2+y2‘2.log2(x—y):%(1+logz(1—xy)) va 2(x3+ y3)—3xy2§.

A 2. B. 4. C.6. D. 0.

Cau 24: Co bao nhiéu cdp s6 nguyén (x;y) théoa min

X2 —8x +4y?

Iog3(x2 +4y® + x)+ Iogz(x2 +4y2)+ <log; X+ Iogz(x2 +4y? + 24x)

A. 24, B. 25. C. 22. D. 48.
Cau 25: C6 bao nhiéu cip s6 nguyén (x;y) thoa min 0< x <2023 va log,(3x +3) + x =2y +9¥?
A. 2023. B. 5. C. 2022. D. 4.
Cau 26: Goi S la tap hop cac sO nguyén X thoa man

Iog§(2x)

log, y + 6log, x —log5 x +1> 2 +log, x* —4yx®. C6 bao nhiéu gia tri nguyén ciia y dé

tap hop S c6 nhiéu nhat 32 phan tir?
A. 18. B. 36. C. 38. D. 19.

CAu 27: C6 bao nhiéu cdp s6 nguyén (X ; y) théa man
Iogz(x2 +y? +18x)— Iog5(x2 +y? +4x) > Iogz(x2 + yz)— logg 2x +1.
A. 10. B. 20. C. 27. D. 28

Cau 28: C6 bao nhiéu b (x;y) véi X,y nguyénva 1< x,y <2020 thoéa mén

2y 2x+1
Xy +2x+4y+8)lo <(2x+3y—xy—6)lo ?
(xy y+8) gs(wzj ( y— Xy —6) 92( 3]
A. 2017. B. 4034 . C.2 D. 2017 x 2020

Cau 29: Cé bao nhiéu sd nguyén duong y sao cho ton tai s6 thuc x (1;6) théa man
4(x-1)e* = y(e" +Xy —2x2 —3)?
A. 18. B. 15. C. 16. D. 17.
Cau 30: C6 bao nhiéu cdp s6 nguyén (x;y) théaman x+y>0;-4<x<4 va

log, il 2y)

A. 11 B. 10 C.12. D. 13.

—_~
>

+ X2 +2y? +3xy —4x -4y <07?

Cau 31: C6 bao nhiéu sé nguyén x sao cho ing véi mdi sd nguyén x co dung 5 sd nguyén y théa man
y?~[x-2y]
3 slogy2+3(|x—2y|+3)?
A. 10. B. 12. C.9. D. 11.

CAau 32: ¢ bao nhiéu cp s6 nguyén duong (X;y) théa man x <2023 va

3(9” +2y) < x+logy(x+1)° - 22
A. 3778. B. 3780. C.2. D. 4046

Bién soan: Phan Nhat Linh | 5
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Cau 33:

Céu 34:

Céu 35:

Cau 36:

Céu 37:

Céau 38:

Céu 39:

Céau 40:

Céau 41:

Cau 42;

Cau 43:

Céau 44:

C6 bao  nhieu s6  nguyén  ye(-2023;2023) d&  phuong  trinh
e*+eY =In(x+1)—In(x+y+1) c6 nghiém thuc duy nhat?

A. 2023. B. 4044 . C. 2022. D. 2024 .

C6 bao nhiéu cap sd (x;y) thudc doan [1;100]théa man y 1a s6 nguyén va x +log, x =y + 2"
?

A. 100. B. 99. C. 7. D. 6.

C6 bao nhitu cip s6 nguyén (x;y) théa man —20<x<20,1<y<20

33 1 5x1+10=3" " 4+ 5y2?
A. 13. B. 6. C. 4. D. 20.
Goi S la tp hop diém M (x;y) véi X,y 1a céc sb nguyén théa man 8< x <3000 va
log, (x—2)+3x=y+ 9(3y+2 +1) . C6 bao nhidu ttr giac 1ap duoc tir cac diém thudc tap S ?
A. 15, B. 6. C. 3091. D. 360.
C6 bao nhiéu cap sd nguyén (x;y) thoa man
Iog3(x2 +y? +3x)+ Iogz(x2 + yZ) <logs x + Iogz(x2 +y? +18x)?

A. 29. B. 28. C. 48. D. 49.
C6 bao nhiéu cap sd nguyén duong (x;y) thoa min

Iogg(x2 + y+3x) + Iogz(x2 + y) <log, x + Iogz(x2 +y +18x)?
A. 42, B. 36. C. 35. D. 41.
Cé bao nhiéu cdp s nguyén (X;y) théa man

Iog3(x2 +y2+ x)+ Iogz(x2 + y2) <logax + Iogz(x2 +y2 + 2x)?
A. 4. B. 5. C. 6. D. 7.
C6 bao nhiéu cap sb nguyén duong (x;y) théa man x* +y® <16 va

Iog3(x2 +y+ x) + Iogz(x2 + y) <logs X + Iogz(x2 +y+ 24x)?
A. 12. B. 9. C. 8. D. 13.

X+1
3y+1
. Biét y <1000, hoi c6 bao nhiéu cip sb nguyén duong (x;y) théa man bat ding thirc (1).
A. 1501100. B. 1501300. C. 1501400. D. 1501500.

Cho x,y la cac sb thyc dwong thoa man bat ding thirc log <9y* + 6y — x?y? —2y?x (1)

C6 bao nhiéu cap sd nguyén (x;y) thoa man
Iog3(4x2 +4y® + x)+ Iogz(x2 + y2) <logs x + Iogz(x2 +y2 + 6x)?
A. 12, B. 5. C. 4. D. 13.
Cé bao nhiéu cdp s nguyén (X; y)théa man
Iog3(2x2 +2y% + 5x) + Iogs(x2 + y2) <logs x + Iog5(20x2 +20y? +10x)

A 2. B. 3. C. 4. D. 5.
C6 bao nhiéu cap s6 nguyén (x;y) théa man

Iogz(x2 + y2)+ Iog5(x2 + y2) <log,(x+y)+ Iogs(x2 +y? +96x +96y)?
A. 3. B. 26. C. 24. D. 10.
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Céu 1;

Cau 2:

PAP AN CHI TIET

Co6 bao nhiéu bd (X;y) voi X,y nguyénva 1<x,y <2023 thoa mén:

2y 2x+1
Xy +2x+4y+8)lo <(2x+3y—xy—-6)lo ?
(xy y+8) gg(yﬂ] (2x+3y—xy-6) gz(x_3j

A. 4040. B. 2023. C. 4046 . D. 2020.
Loi giai
Chgn A

x,yeN":x,y<2023

Piéu kién < 2x +1 2
X+ >0 y >0 x>3,y>0

x-3  y+2

x,yeN":x,y<2023
Q{

BPT cho c6 dang (x_3)(y_z)mgz(i;‘+1j+(x+4)(y+z)|og{y‘§+1jgo (*).
X— y+

TH1: Xét y=1 thi (*) thanh —(x—3)|ogz(—x+:+1J+3(x+4)|0g3§£0, rd rang BPT nay
X_
nghiém dang vi moi x >3 Vi
X+4 2
—(x-3)<0, |092(X—3+1j>|092(0+1)=01 3(x+4)>0, |093§<0-

Nhu véy truong hop nay cho ta dung 2020 bd (x;y)=(x;1) voi 4<x<2023,xeN.

TH2: Xét y=2 thi (*) thanh 4(x+4)log;1<0, BPT nay ciing luén dung véi moi X ma
4<x<2023,xeN.

Truong hop nay cho ta 2020 cdp (x;y) nita.

TH3: Xét y >2,x>3 thi VT (*)>0 nén (*) khong xay ra.

Vay c6 dang 4040 b s6 (x;y) théa man yéu cau bai toan.

C6 bao nhiéu cap sé nguyén duong (X;y) thoa
3(81” +4y)+2026 < X + 2024x + log, [(x —2023)3(1— x)3]
A. 2021. B. 2003. C. 4042 D. 4024
Loi giai
Chon D
Diéu kién: (x—2023)*(1—x)* >0 < (x—2023)(1-x) >0 <1< x < 2023
Ma X eZ = 2 < x < 2022
3(81Y +4y)+ 2026 < —x + 2024+ logs | (x - 2023)(1- %)* |
< 3.3" +3.4y +3< —x* + 2024x — 2023 + 3log, [ (x — 2023)(1 - X)]
< 3 +3(4y +1) < (x—2023)(1- X) + 3log, [ (x — 2023)(1 - X)]
& 394 3(4y +1) < 352N 3109, [(x - 2023)(1- X)] (%)
Xéthamsd f(t)=3"+3t,teR
Tacd f'(t)=3'In3+3>0 VteR

Suyra f(t)=3"+3t teR dong bién trén R
Bién soan: Phan Nhat Linh | 7
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Khi do: (*) < f(4y +1) < f[log,s(x —2023)(1-x)] < 4y +1<log;[(x —2023)(1-x)] (1)
Taco:
(x — 2023)(L— X) 1022121, Vx e (L;2023)
= log, [(x— 2023)(1 - X)] < log, 1022121 ~12,59 (2)
T (1) va(2)suyra 4y +1<12,59 = y<289, yeZ" = ye{l,2}
Taco: (1) & (x—2023)(1—x) > 3" < —x? + 2024x — 2023 -3"* >0
Véi y=1: —X? +2024x — 2266 >0 <112 < x < 2022,8 = 2 < X < 2022 ¢6 2021 gia tri X
Véi y=2: —X? +2024x — 21706 > 0 < 10,78 < X < 2013,2 =11 < x < 2013 ¢6 2003 giatri X
Vay c6 2021+ 2003 = 4024 cap (X; y) thoa yéu cAu bai toan
Cau3: Co bao nhiéu cip sb nguyén (X;y) théoa min
Iogs(x2 +y2+ x)+ Iog3(x2 + y2) <logs x + Iogg(x2 +y? +8x)?
A 12. B. 13. C. 24. D. 30.
Loi giai
Chon A
Diéu kién: x> 0.

Iog;5(x2 +y2+ x)+ Iog?,(x2 + y2) <logs x + Iog3(x2 +y? +8x) (1)

X2 +y% +x X2 + y% +8x

< logs <logy—————

X X2 +y

2 2 2 2 2 2
Dattzm%m:mgs[x +y +1} (t>0) =X+ g

X X X
(1) &t<log;| 1+8.5—— | <3 <1+ 8 (t>0).
X2 +y 5' -1

t t t
©5t+7215t—3t©(1J +(1J +(ij ~-1>0.
3 5 15
t t t
Xet f(t):(lj (Ej (ij 1
3 5 15
1Y 1Y) 1Y
Céo f'(t):—[—j .In2—.(—j InS—(—) IN15<0 véi Vt>0.
3 5 15

Vay ham so f (t) nghich bién trén khoang (0;+ ).

2 2
X% +y% +x
XYy #X_

()< f(t)>f(1) = 0<t<1l < 0<logg 1.

X2+ y? +x
X

ol< <5 xP+y?—ax<0e (x-2) +y2 <4,

Tép hop céc diém M (X;y) c6 toa do théa man (1) 1a phan nim trong dudng tron tam | (2;0)

ban kinh bang 2 bao gdm ca dudng tron, trir diém O(0;0) do x> 0.
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2

-2

Ttr hinh v& ta c6 12 cip s6 nguyén thoa man dé bai.
Cau4: Cé bao nhiéu cip so nguyén duong (x;y) thoa man diéu kién x 12 s nguyén t6; y <4320 va
2(2.8"+9x) <y -11+3log, (y +1)*2

A. 6340. B. 2024. C. 7286. D. 8022.
Loi giai:

Chgn A

Do x;y nguyén duong, nén ta co

2(2.8X +9x) <y-11+3log,(y +1)2 < 4.8 +18x<y-11+log,(y +l)6

& 252 118x+12< y+1+log, (y+1)° = 22 £ 6(3x+2) < (y+1)+6log, (y +1). (1)
Xéthamsd f(t)=2"+6t co f'(t)=2"In2+6>0, VteR.

Suy raham s f (t)=2"+6t dong bién trén R .

Do d6 (1)< f(3x+2)< f(log,(y+1)) < 3x+2<log,(y+1) < 2% -1<y.

< log, 43212

Vi y <4320 nén 22 —1<4320 < x ~3,359.

Theo dé bai,do x 1a s0 nguyén t6 suy ra x e {2;3}.
Véi x =2 c6 255 <y <4320 suy raco 4066 cip so (x;y) théa man.
Véi x=3 ¢6 2047 <y <4320 suy raco 2274 cip s6 (x;y) théa man.

Vay c6 tat ca 6340 cdp sb (x;y) thoa man dé bai.

Cau5:  Cébaonhiéu sd nguyén x € [-2022;2022] dé mg véi mdi x c6 téi thicu 64 sdnguyén y thoa

mén log,x* +y > log, (X + y)?
A. 3992. B. 3994. C. 3990. D. 3989.
Loi giai
Chon A
Jxt+y>0
Piéu kién: {x*+y>0 < {
X+y>0

x*+y>0
X+y>0

bitk=x+yeZ".
Xéthamsd f(y)=logs/x*+y —log,(x+y)>0.
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1 1

2(x4+y)|n3_(x+ y)In2

Xét ham sé g(k) = f(k—x)=Iog3(\/x4+k—x)—logzk, ke,

Do ham s6 f nghich bién nén ham sé g ciing nghich bién.

Suyra f'(y)= <0 = f(y) nghich bién.

Gia str K, 1a nghiém cua phwong trinh g(k)=0.
1<k <k,

Suy ra =k, <64.
{keZ+ °

Nén g(64)20<:>Iogg(\/x4+64—x)2I09264
= x* — X + 64 > 3109264 :>x4—x+642(3'°g264)2:{)(226’99

X <-26,99
Véi 26,99 < x < 2022 ta c6 1996 s6 nguyén x
Véi —2022 < x < 26,99 ta c6 1996 s nguyén x
Viy c6 3992 sd nguyén X.
Cau6: Gia st (x;y) la cip s6 nguyén théa man ddng thoi 8<x<2022 va
2) - Ing(X+ 2y_l) = 2x—y. Tong céc gia tri clia y bang
A. 60. B. 63. C. 2022. D. 49.
Léi gidi
Chon D
Taco: 2¥ - Iogz(x+ 2y‘1) =2X—-y <22V +y+1=2x+2" + Iogz(2x+2y)
2" 1 log, 27 = 2x+2Y +log, (2x+ 2" ) (*)
Xét ham s f(t)=t+log,(t), t>0 la ham s6 dong bién trén (0;+0) nén
(*) o2 =2x+2) o x=2""
Taco: 8<x<2022=8<2V"1<2022 <4< y<log,2024 = 4 < y<10
Suy ray €{4;5;6;7;8;9;10} .
Cau7: C6 bao nhiéu cip sé nguyén duong (x;y) thoa man didu kién y<2023 va
3(9" +2x) < y+logs(y+1)° -22
A. 10. B. 2023. C. 3776. D. 3780.
Loi giai
Chon D
Taco 3(9X - 2x) <y+ Iog3(y+1)3 —-2<3.9"+6x<y+3log;(y+1)-2
< 3 +3(2x+1) < (y+1)+3log, (y +1). (¥)
Xéthamsé f(t)=3"+3t co f'(t)=3.In3+3>0, Vt.
Suy ra ham s6 f (t)= 3' +3t ddng bién trén R .
Do d6 (*) < f(2x+1)< f(logs(y+1)) < 2x+1<logs(y+1) < 3** —1<y.

10| Bién soan: Phan Nhat Linh



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Phan Nhat Linh

Cau 8:

Cau 9:

Vi y <2023 nén 32 —1<2023 < x <

< log, 2224—1 ~2.96.

Véi gia thiét x nguyén duong suy ra X e {1;2}.
Véi x=1c6 26 <y <2023 suy raco 1998 cap sé (X;y) théa man.
Véi x=2 c6 242 <y <2023 suy raco 1782 cdp sé (x;y) théa man.
Vay c6 tat ca 3780 cdp sb (X;y) thoa man dé bai.
C6 tit ca bao nhiéu gid tri nguyén cia tham s6 m dé bit phuong trinh
log, (x2 +2X+ 2) +1> log, (x2 +6X+5+ m) co tap nghiém chira khoang (1,3)?
SO

A. 36. B. 35. C. 34. D.vo
Loi gidi
Chgn A

Ta co: Iog7(x2 +2x+2)+1> Iog7(x2 +6x+5+m)

& Iog{?(x2 +2x+2)} > Iog7(x2 +6X+5+ m)

7(x2+2x+2)>x2+6x+5+m 6x2+8X+9>m
N N .
X2 +6X+5>-m

X2 +6X+5+m>0
f’(x)=12x+8>0

| F(x)=6%"+8x+9
Xét Vx e(13).
9'(x)=2x+6>0

,Vxe(13),taco
g(x)=x*+6x+5

o 6x2+8x+9>m .
Yéu cau bai toan < c6 nghiém vx e (1;3)
X2 +6X+5>-m

< -12<m<23.

@{f(l)zm C>{232m

g(1)=-m  [12>-m
Ma meZ = me{-12,-11,-10,...21,22,23} . Vay c6 36 gia tri m can tim.

Co bao nhiéu s6 nguyén Yy sao cho tng v4i moi so nguyén Yy c6 ding 6 s6 nguyén x thoa man

7X27‘y73x+2‘-|09(\y73x+2\+5)(X2 +5) <17

A. 16. B.17. C.14. D. 15.
Loi giai

Chon A

Dé thdy |y —3x+2|+525 va X*+525 véimoi x;yeR.
745 In(x2+5)

. <1
7V=+25 " In(|y —3x + 2 +5)

2
Taco: 7¥ “y‘3x+2‘.log( )(xz +5) <le

ly—3x+2|+5

=3 7X2+5‘.In(x2 +5) < 7‘y_3x+2‘+5.ln(|y—3x+ 2|+5) (1)
Xéthamsé f(t)=7"Int trén [5;+ ).

f'(t)=7"Int.In7 + 7‘.% >0,vt>5=Hamsé f(t) dong bién trén [5;+ ).

Bién soan: Phan Nhat Linh | 11



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*
Do dé (1) < f(x2+5)£ f(ly-3x+2+5) e x*+5<|y—3x+2+5 < x* <|y—3x+2|

y—3x+ 2> x y > x%+3x—2
o o .
y—3x+2<—x? y<—x*+3x-2

Ta v& d6 thi hai ham s6 y = X2 +3x—2 va y = —x? +3x—2 trén cung mot hé truc toa do:

. \ =0

Dua vao do6 thi vira v€ ta c6 yéu cau bai toan < y L
y=-

y=-3

Ly =4

Do y nguyénnén y e {-11;-10;-9;-8;-7;—-6;—-4;-3;-1;0;2;3;4;5;6;7} .
Vay c6 16 s6 nguyén y thoa man yéu cau bai toan.

Cau 10: (6 tat ca bao nhiéu gia tri nguyén ciia y sao cho twong ing v&i mdi gia tri y ludn ton tai khong
qua 15 s6 nguyén x thoa man diéu kién |0g2021(x + y2) + |0§12022(y2 +y +16) >log,(x—y)?

A. 2021, B. 4042 C. 2020. D. 4041.
Loi gidi
Chon D
2 2
Pidu kién {“y >0 @{X ty>0

X-y>0 X>y

Ta c6 bét phuong trinh Iogml(x + y2)+ Iogzozz(y2 +y +16) ~log,(x-y)=0

Xét f(x):I092021(x+ y2)+logzozz(y2+y+16)—|ogz(x—y) v6i X>Yy, yeZ.
1 1 x(In2-1n2021)- yIn2 - y®In 2021

Taco: f'(x)= — =
() (x+y2)ln2021 (x—y)In2 (x+ yz).(x—y).ln2021.ln2

Taco: x>y=>x(In2-1In2021) < y(In2-1n2021)
Suy ra x(In2-1In2021) - yIn2 - y?In2021 < (—y2 - y)ln 2021<0,Vy e 7Z.

12| Bién soan: Phan Nhat Linh



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Phan Nhat Linh

Cau 11:

Dodo f'(x)<0,Vx>y,yeZ.

Ta c6 bang bién thién cua f(x) la:

z Y y+1 y+2 y+16 y+16 +00
f'(=) -
+00
=0
f(a) :
f(y +16)
—

Yéu cau bai toan < f(y+16)<0

1005001 (y? + Y +16) +10g 005  y° + y +16 ) < log, 16

<o 2+y+16
92021()’ y |0g20212022

(
)
)+ Iogml(y + y+16)
)1

<o 21 y+16)< ~ 2,00
92021(y y |092022 2021

4
< Y2+ y+16< 202111092022 2021 2021 99 < y < 2020,99 .

Do y €Z nén y e {-2021;-2020;...; 2020} .
Vay c6 tat ca 4041 gia tri nguyén y thoa yéu cau bai toan.

X+Yy
Co6 bao nhiéu ca sb nguyén (x théa man lo =X(x=-3)+ —3)+xy.
p s6 nguyén (X, y) 9Ty sy 12 (x=3)+y(y—3)+xy
A. 7. B. 6. C.5. D. 9.
Loi giai
Chgn C
Diéu kién — 2+y >0< X+Yy>0.
X“+Y +Xxy+2
X+Yy
lo =X(X—-3)+ -3)+Xx
gJ§x2+y2+xy+2 ( JHy(y=3)+x

< 2log, (x + y)—2|og3(x2+y2+xy+2):x2+y2+xy—3x—3y
< 2log, (X + y)+2—2|og3(x2+y2+xy+2):x2+y2+xy+2—3x—3y

= 2Iog3(3x+3y)+(3x+3y)=2Iog3(x2 +y? +xy+2)+x2 FY XY +2

Xét ham déc trung f (t) =2logst +t, t € (0;+), ta co f'(t)=ﬁ+l>0,we(0;+oo).
Suy raham f(t) ddng bién trén khoang (0;+).

Phuong trinh < f (3x+3y) = f(xz+yz+xy+2)<:>x2+y2+xy+2:3x+3y

< X2 +(y-3)x+y?—3y+2=0.

Piéu kién ctia y dé phuong trinh co nghiém la (y -3)° - 4(y> -3y +2)>0

Bién soan: Phan Nhat Linh | 13



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*

3-23 3+23

<y<

< -3y? +6y+1>0 <
y-+6y 3 3

Do yeZnén ye{0;1,2}.

x=1
Vi y =0, ta dugc x2—3x+2:0<:{ 5"

X =
Xx=0
(x=-2 loai
_ o ai)

Véi y =1, ta duoc x2+2x:0c{

Véi y =2, ta dugc x2+x:0c{ii01.
Vay ¢6 5 cap s6 thoa méan dé bai.
Cau 12: €6 bao nhiéu cip s6 nguyén (X;y) thoa man 0<y <2020 va 3" +3x—6=9y +log, y*?
A. 6. B. 7. C. 5. D. 9.
Loi giai
Chon B
Taco: 3* +3x—6=9y+log, y® < 3* +3x—6=9y +3log, y
&3P+ x-2=3y+logyy < 3" +x-1=3y+log,(3y)
&34 x-1=3"8E) 4 1og, (3y) (¥).
Xéthamsé f(t)=3"+t.Taco: f'(t)=1+3.In3>0, vt.
Suy ra ham s f (t) lién tuc va dong bién trén R .
Do dé (*) & f(x-1)= f(logs(3y)) < x—1=log,(3y) < x—2=log; y < y =32,
Vi y €(0;2020) nén 372 <2020 <> x—2 < 10932020 < X < 2+ log; 2020
Do Xx;y € Z nén x €{2;3;4;5,6;7;8} .
Ung voi mdi gi tri nguyén ctia x chota 1 gia tri nguyén ctia y .

Vay ¢6 7 cip s nguyén (X; y) thoa man yéu cau bai toan.
Cau 13: Cé bao nhiéu cip sd nguyén (x;y)théa man

Iogz(x2 +y2+ 2x)+ Iog3(x2 + y2) <log, X + Iogg(x2 +y? +16x)

A 2. B. 3. C. 4. D.5.
Loi gidi
Chon C
2 2
Pidu kien: 41X TV >0
x>0

Taco: Iogz(x2 +y2 + 2x)+ Iog3(x2 + y2) <log, X + Iog3(x2 +y? +16x)

=N Iogz(x2 +yi+ 2x)— log, X + Iogs(x2 + yz)— Iog3<x2 +y? +16x) <0
2 2 2 2
- .OQZ(M]HOQ{&]SO "
X

X2 +y? +16x

14| Bién soan: Phan Nhat Linh



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Phan Nhat Linh

Céau 14:

X2+ y?
2y’ o
< log, +2 |+log;| —=5—— (<0 (I
X
2 2
patt=2"Y (t>0)

Bat phuong trinh (1) tré thanh log, (t +2)+ log, (t t16j <0
+

Goi f(t)=log,(t+2)+ Iog{ﬁj voit>0

1 . 16
(t+2)In2  t(t+16)In3

Do d6 ham so y = f (t) dong bién trén (0;+o0).

Taco f'(t)= >0 Vt>0

Mt khac f(2) =0 nén Iogz(t+2)+log3( j30<:>t£2

t+16

2 2

X" +y

Suy ra <2 xP+y?-2x<0e (x-1)° +y?<1.

Ta c6 céc truong hop sau xdy ra doi voi cdp sb nguyén (X;y):

THL: x=1=y’<1=ye{-10;1)

TH2: x=2=y?<0=y=0

Vay c6 4 cap sd nguyén (x; y) thoa man diéu kién bai toan 1a (-1),(30),(32),(2;0).
Cé tat ca bao nhiéu cip s6 nguyén duong (X;y) v6i y <20 théa man

X+1
109,050 —— < y* +2y° — x?y* - 2y%x.
y+1

A. 200. B. 380. C. 210. D. 420.
Loi giai
Chon C
2
X+1 1 y2(x+1
|0g2022— < y4 + 2y3 _ X2y2 _ 2y2X = _IOQZOZZ% < yz(yz + 2y— XZ —ZX)
y+1 2 y2(y+1)

1 1
<:>§Iog2022 y2(x+1)2—zlog2022 yz(y+1)2Syz(erl)Z—yZ(x+1)2
1 2 2 2 2 1 2 2 )
<:>§I092022y (x+1)"+y*(y+1) S§|ngozzy (y+1)" +y“(x+1)" (2).
Xét ham sb f(t)=%|092022t+t:> f'(t):m+l>0. Suy ra ham s dong bién trén
khoing (0;+0). Khi 6 (1) & f (y(x+1)) < F(y? (y+1)) e x<y.

LxyezZt
Vi ye nén c6 céc truong hop sau
x<y<20
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Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*
y=20=x= {1,2,3,...,20}

y=19=x={123,...,19}

y=2=x={12}
y=1=x={1}
Vay cap $6 tu nhién théa man la: 1+2+3+...+19+20=210
Cau 15: Co tat ca bao nhiéu gia tri nguyén cua y sao cho twong tng véi mdi y lubn ton tai khong qua
63 s6 nguyén x théa man diéu kién
10G 5020 (X + Y?) + 10505, (¥ + Y+ 64) = log, (x — ).
A. 301. B. 302. C. 602. D. 2.
Loi giai
Chgn C
100 5050 (X + Y?) + 1005, (Y* + y+64) > log, (X — )
< 1095050 (X + y?) + |092021(y2 +y+64)-log,(x-y)=0 (D).
Dt f(X) =10g.500 (X + Y2) + 10,05, (Y2 + y+64) —log,(x— y), (coi y 14 tham sd).
X+y?>0
N . o X >—y?
bicu kién xac dinh ctia f(X) 1a: {y*+y+64>0< .

Xx—y>0 x>y

Do x, y nguyén, x>y > -y, ton tai khong qua 63 s6 nguyén x nén x e[y +1y+64].
Xétham so f(x) trén [y +1y + 64]

Taco f'(x)= > - ! <0, Vx>y+1.
(x+ y )lnzozo (x—y)In4
Béng bién thién
x v+l v+64
/(%) -

e

Dua vao bang bién thién ta thay yéu cu bai toan tro thanh
f(y +64) <0< 109,000y + Y +64) +10g,0,,(y* + y +64) < log,, 64

f(y+64)

& 1005050 (Y2 + Y + 64)(10g 50 2021 +1) < 3
3
& y2 +y+64—2021'°92020 20215 ) — 301,76 < y < 300,76

Ma y nguyén nén y e {-301,-300,...,299,300} . Vay c6 602 gia tri ciia y thoa man.

CAau 16: C6 bao nhiéu cip s6 nguyén duong (X;y) véi X <2020 théa man log, (x—1)+2x -2y =1+4"
A. 2020. B. 1010. C.6. D. 5.
Loi gidi
Chon D
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Theo dé bai: log, (x—1)+2x—2y =1+4Y < log, 2(x 1)+ 2(x—1) =2y + 2%
Dit t =log, 2(x—1) = 2(x-1) = 2'

Taco: 2'+t=2" +2y (). Xéthamsd: f(t)=2"+t

Co: f't)=2"In2+1>0 VteR = f(t)ddng bién trén R

1)< f(t)=f2y) =t=2y < log,2(x—1) =2y

S2(x-1)=2" & x=22"141

Ma x<2020= 221 +1<2020 = y < %(1+ log, 2019).

ViyeZ" = ye{l;234,5}.

Vay c6 5 cap ) nguyén duong théa man ycbt.

Cau 17:  C6 bao nhiéu bo s6 nguyén (x;y)va 1<x,y <2020 théa méan

(xy+2x+4y+8)|og3[ zyzj£(2x+3y—xy—6)log2(zx+lJ

y+ -

A. 2017. B. 2. C. 2020. D. 4034 .
Loi giai

Chon D

X,y e N*:x,y <2020

Diéu kién { 2x +1 0 2y

{x,ye N*:x,y <2020
>0, '
X—3 y+2

>0 x>3,y>0

BPT cho c6 dang: (Xy+2X+4y+8)|Ogs( ZyZJ_(2X+3y_Xy_6)|092(2X+3lj5O
Y+

-2 X+4
<:>(x+4)(y+2)Iog3[h+1j+(x—3)(y_2)|ogz(x__3+1)SO (*)
Xét y =1 thi (*) tr¢ thanh: 3(X+4)Iog3§—(x_3)|ogz[i§'+1JS0

X_

BPT nghiém dung voi VX >3 Vi X+4>0, |093§ <0

x—3>o,|ogz(ig+1j> log, (0+1)=0
X_

Vay truong hop nay cho ta 2017 bd (x,y)=(x;1) véi 4< x<2020,xe N
X6t y =2 thi (*) tro thanh: 4(x+4)log,1<0
BPT nghi¢ém dung véi Vx ma 4 <x<2020,xe N
Trudng hop nay cho ta 2017 bd (X, y) nita.
Xét y > 2,x>3thi VT (*) > 0nén khong xay ra.
Vay c6 4034 b sb (X, y)thoa man yéu ciu bai todn
x

logz y
Cau 18: C6 bao nhiéu cdp s6 nguyén (x;y) théa x €[0;3] va (Ej +6X+1> (%) + Iog3(3y3) ?

A. 819, B. 817. C. 816. D. 88.
Bién soan: Phan Nhat Linh | 17



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*

Cau 19:

Loi giai
Chon C

Diéu kién: y>0.

(1 logsz y 1 X . 1 logz y 1 X
Taco (Ej +6x+1>(zj +Iogg<3y )@(Ej +6X+1>(Z] +1+3log, y

1 logs y 1 X 1 logs y 1 2X
@[Ej —3I0g3y>(zj - 6X @(Ej —3Iog3y>(zj -3.2x (1)

Xét ham s f(x)z@t-st 6 f’(t):GJtln%—?mO, VieR.
= f (t) 1a ham s6 nghich bién trén R .

Do do (1) < logyy <2x < y <3 < y<9* (2).

Vi xnguyén va thudc doan [0;3]nén co cac trudng hop sau

THL: x=0:Tir (2) = 0<y<9° =1 (loai)

TH2: x=1:Tir (2)=0<y<9 =9 (Co 8 gid tri y)

TH3: x=2:Tlr (2)=>0<y<9*=81(C680 gid tri y)

TH4: x=3:Tr (2)=>0<y<9*=729 (C6 728 gia tri y)

Vay 6 816 cip sb nguyén (x;y)thda dé bai.

C6 bao nhiéu bd (X;y) v6i X,y nguyén va 1< x,y <2020 théa mén

(xy+2x+4y+8)|ogg( Zyzj£(2x+3y—xy—6)logz(zx+31J?
y+

A. 2017. B. 4034. C. 2. D. 2017 % 2020.
Loi giai
Chon B

x,yeN":x,y <2020

Didukién {2x+1 _ 2y
>0 x>3,y>0

X-3  y+2

x,y e N":x,y <2020
=
>0 {

BPT cho c6 dang (x—3)(y—2)|ogz(i:+1)+(x+4)(y+2)Iog3(y;§+1J£0 (*).
X — y+
, . . X+4 2 . . o
Xét y =1 thi (*) thanh —(X—3)|ng(—3 +1J+3(X+4)|0g3§ <0, rd rang BPT nay nghiém
X_

ding véi moi x >3 vi —(x-3)<0, Iogz(i:+lj>logz(0+l)zo, 3(x+4)>0, I093§<0
X_

Nhu vy trudng hop nay cho ta dang 2017 bd (x;y)=(x;1) voi 4<x<2020,xeN.

Xét y=2 thi (*) thanh 4(x+4)log;1<0, BPT nay ciing luon ding v6i moi x ma
4<x<2020,xeN.

Trudng hop nay cho ta 2017 cép (X;y) nita.
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Céu 20:

Céau 21:

V6i y >2,x>3 thi VT (*) >0 nén (*) khong xay ra.

Vay c6 ding 4034 b s6 (x;y) théa man yéu cau bai toan.
Co bao nhiéu cap s6 nguyén duong (x;y) théa man diéu kien x<2023 va

3(9” +2y)+2 < x+logy(x+1)°?

A. 3778. B. 3780. C. 2. D. 3776.
Léi gidi

Chon B

Taco 3(9y+2y)+2£x+log3(x+l)3<:>3.9y+6y+2£x+3log3(x+1)

&3 +3(2y +1) < (x+1)+3logs (x+1). (*)

Xéthamsé f(t)=3"+3tco f'(t)=3.In3+3>0, Vt.

Suy rahamsé f (t)=3"+3t dong bién trén R .

Do d6 (*) < f(2y+1)< f(logs(x+1)) < 2y +1<logy(x+1) < 3** —1<x.

< log; 2024 -1
2

Vi x <2023 nén 32" -1<2023 < y ~2,96.

Vi gia thiét y nguyén duong suy ra y e {1;2}.

Véi y=1c6 26 < x <2023 suy rac6 1998 cap so (x;y) thoa man.
Véi y=2 co 242 < x <2023 suy racd 1782 cap sé (x;y) thoa man.
Vay c6 tat ca 3780 cap sb (x;y) théa man dé bai.

C6 bao nhiéu cap sd nguyén (X;y) thoa man

6y+8 > 2 157 +12y 1
log,|1- —="— |-log.(x* + <log.| ——*-2|-—
92[ x2+y2j 95( y ) 95( ] Iog(

2 2
X“+y x2+y2)2
A. 250. B. 251. C. 133. D. 221.
Loi gidi
Chon B
0<x*+y?#1
Pidu kién xdc dinh: | 229 <1
X2 +y
15Z+122y L,
X2 +y
6y +8 157 +12 1
Iog{l—%)—logs(xz+y2)slog5£2—2y—2J——
X“+y X“+y Iog(x2+y2)2

X +Yy X°+y

= Iogz(x2 +y? —6y—8) < Iog5(157 —2x? = 2y? +12y)
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Céau 22:

Pit t =x? + y? -6y, didu kién: 8<t< % . Bat phuong trinh trén trg thanh:

log, (t —8) <logs (157 — 2t) < log, (t —8) —log; (157 — 2t) < 0 (1).
bat g(t)=1log,(t-8)—logs (157 - 2t)

| 2
ot)= (t-8)n2 ' (1572t
Ma g(t)< g(16) (Do g(16)=0)

>OVte(8;Ej nén g(t) dong bién trén .27 |
)In5 2 2

Suyra: 8<t<16 < 8<x’+y?—6y <16 <17 <(x-3) +y? <25

Tacd: y?<25=-5<y<5,
V6i y=45=x-3=0= X=3 nén cd 2 cap.
1<x-3<3 {4<x£6

Vi y=+4=1<(x-3)°<9= =
-3<x-3<-1 |0<x<?2

= x € {0;1,5;6} nén co 8 cap.

= xe{-10;6;7}

2M2<x-3<4  [242+43<x<7
Voi y=+3=8<(x-3) <16= V2 < RS
4<x-3<-24/2 |[-1<x<3-2V2

nén co 8 cdp.

Véi y=42=13< (X—3)2 <21 ma (X—S)2 1a s6 chinh phuong nén (X—3)2 =16 & K i 71
suy ra co 4 cap.

V6i y=+1=16 <(x —3)2 <24 ma (x —3)2 1a s6 chinh phuong nén s& khong ton tai x thoa
man.

Vi y=0=17<(x —3)2 <25 ma (x —3)2 la s6 chinh phuong nén nén

2 x=8 Lo
(x-3) :25<:>{X ) suy ra c6 2 cap.

Vay ¢6 24 cap gia tri nguyén (X;y) thoa mén dé bai.

C6 bao nhiéu cap sé nguyén (x;y) thoaman e 7 < [(x+y+1)(3-x—y)+2(xy-1)]

?

A. 4. B. 5. C.8. D.o.
Loi giai

Chon D

exz+y2 < e2x+2y [(X+ y +1)(3_ X — y)+ 2(xy —l)}

@ex2+y2,2(x+y) SZ(XJF y)—(x2 i y2)+1

o X Y 2y) +|:X2 +y*—2(x+ y)] <1

Dt t=x*+y® —2(x+y) (t=-2 ), bit phuong trinh trén tr thanh €' +t <1,
Xéthamsd f(t)=e'+t co f'(t)=e'+1>0,vt>-2.
Suy ra ham s6 dong bién trén [-2;+ ).

2

Dod6 f(t)<l=f(0)et<0e x2+y?—2(x+y)<0& (x-1)+(y-1)*<2.
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1=
Truong hop 1: (x—1)° +(y-1)° =0@{X (())@x: y=1.

Truong hop 2: (x—1)° +(y-1)° =1

~1=+1 =2;y=0
Truong hop 3: (x—1)2+(y—1)2:2c>{x e X=ay="

Vay ¢6 9 cdp s6 nguyén (X;y) thoa man yéu cau bai toan.
Cau23: C6 bao nhidu cip sO thuc (x;y) théa man dong thoi hai didu kign sau:
1 . 13
3“2 og, (x—y)= E(1+ log, (1-xy)) va 2(x3 + y3) —3xy > >

A 2. B. 4. C.6. D. 0.
Loi giai

Chon A

Diéu kién: x> y;xy <1.

Tir gia thiét thir nhét ta co: 37 2.log, (x— y)° = log, (2 — 2xy)
= 3"2*y2‘2.logz(x2 +y?-2+2- 2xy) =log, (2-2xy).

Néu x* +y? >2=VT >log,(2-2xy)=VP.

Néu x* +y? <2=VT <log, (2-2xy)=VP.

Tir d6 suy ra: x> +y* =2,
2 (x+y)* -2
Khi d6 (x+y) :2+2xy<:>xy:#. Do xy <1 nén x+ye(-2;2).

Xét gia thiét thir hai, dat P = 2(x3 + y3)—3xy =2(x+y)’ —6xy(x+y)-3xy.

2_
Pit a=x+Yy, P:2a3—3a(a2—2)—3¥: f(a).

13

Lap BBT cho f(a) taduoc P= f(a)< f(1) 5

Ma & gia thiét thir hai Pz% suy ra Pz%,khidé X+y=1.

Vay s céc cap sb thue (x;y) théa man dé 1a s giao diém cuia dudng tron va duong thing.
Vi khoang cach tir tAm dudng tron dén duong thang nhé hon ban kinh nén ching c¢é hai diém
chung, hay c6 2 cip sb thuc (X; y) thoa man d¢é bai.

Cau 24: Co bao nhiéu cip sb nguyén (x;y) thoa man

X2 —8x +4y?

Iog3(x2 +4y% + x)+ Iogz(x2 +4y2)+ <log; X+ Iogz(x2 +4y® + 24x)
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Céau 25:

A. 24 . B. 25. C.22. D. 48.
Loi giai

Chon A

biéu kién: x>0.

X2 —8x +4y?

Ta co: Iogg(x2 +4y® + x)+ Iogz(x2 +4y2)+ <log, X+ Iogz(x2 +4y? + 24x)

2 2

+4y

= Iogs(x2 +4y® + x)— log, X + X < Iogz(x2 +4y? + 24x)— Iogz(x2 +4y2)+8

< log,

2 2 2 2 2 2
X +4y +x]+x +4y <10 Z(X +24y +224ler8
X X X“+4y

2 2 2 2
& log, 1. X +X4y ]er +4y slog2[1+LX2]+8

2 2 2 2
< log ﬂ-l—l —log, |1+ 24x +X 4y <8.
3 X 2T X2+ ay?

X2 +4y?

bat: t= (t > 0), bat phuong trinh tr& thanh: log,(1+t) - log, [1+ %j +t<8 (1).

Xéthamsb f(t)=t+ Iog3(1+t)—logz[l+ %j co

1 24
L+t)In3 (t2+24t)|n2

f'(t)=1+ >0,Vt>0.

Suy ra ham s dong bién trén khoang (0;+0).
Taco f(8)=8+log;(1+8)—log, (1+ %j =8

X2 +4y?

Trdosuyra: ()<= f()< (@) =t<8< <8< (x—4)? +4y*<16.

Dém cac cap gid tri nguyén cua (X;y)
Tachd: 4y? <16 < 2<y<2
Voi y=2,y=-2= X=4 nén co 2 cap.
Voi y=1y=-1= x={12;3;4;5;6; 7} nén co 14 cap.
Voi y=0=x={12;3;....;8} nén co 8 cap.
Vay ¢6 24 cap gia tri nguyén (X;y) thoa mén dé bai.
C6 bao nhiéu cap s6 nguyén (x;y) théa min 0 < x <2023 va log,(3x +3) + x =2y +9Y?
A. 2023. B. 5. C. 2022. D. 4.
Loi gidi
Chon D
Taco: logs(3x+3)+x=2y+9" < 1+logy (x+1)+x=2y+9” (1)
Dit t=logy(x+1). Suyra: x+1=3" < x=3"-1.Khido: (1) < t+3 =2y +3? (2)
Xéthamsé: f(u)=u+3".Taco: f'(u)=1+3"In3>0,vueR
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= Ham s6 f(u) dong bién trén R .

Do d6: T (2)= f(t)= f(2y) & t=2y & logy(x+1)=2y < x+1=3" < x+1=9’
Vi: 0<x<2023 nén 1< x+1<2024 < 1<9’ <2024 <0<y <log, 2024 ~ 3,46

Do yeZ nén ye{0;1,2;3}, v6i mdi gia tri y chota 1 gia tri X thod man.

Vay ¢6 4 cdp s6 nguyén (x;y) thoa yéu cau bai toan.

Céau 26: Goi S la tap hop cac sO nguyén X thoa man

Iog§(2x)

log, y + 6log, x —log x +1> 2 +log, x> —4yx®. C6 bao nhiéu gia tri nguyén ciia y dé

tap hop S c¢6 nhiéu nhat 32 phan tir?

A. 18. B. 36. C. 38. D. 19.
Loi giai
Chon D
Chon D
Diéu kién: x>0 va y>0.
Bat phuong trinh d4 cho tuwong duong véi: log, ( yx° ) —log5 x+1> 2'095(2)() +2log, x — 4yx°

4yx° + Iogz(yx )+1> 292(29) log; x + 2log,, X

<:>4yx6+logz( )+2>2'°92(2X) (Iog§x+2Iog2x+1)

2x)

< 4yx® +log, ( )> 2/095(2) +(log, x +1)* <= 4yx® + Iogz(4yx6) > 2% log3 (2x)

< 4yx® +Iogz(4yx6)22'°92(2X) +|og22I0g§(2X) - f<4yx6)z f(zlogihj (1).
Trong do f(t)=t+log,t, t>0.

Taco f'(t) :1+tli2 >0 v6i t>0 nénhamsd f(t) dong bién trén (0;+o).
n

Mg§2x

Khi d6: (1) < 4yx® >2 < 2+log, y +6log, x > log3 2x

< 2+log, y+6|ogzx2(log2x+1)2 < log, y >log5 x —4log, x —1=g(x).

2 4 2
Taco X)=——Io —_= log, x—2
9'(x) xIn2 09, X xIln2 xln2( 92 )

g'(x)=0<log,x=2< x=4.

X 0 1 4 33

g - 0o - o -

B 1 £(33)
g(x) -
“‘HHhh‘h‘~hhﬁ“‘ﬁh“““-hhi;—5’,///’/H#

Pétap S c6 nhiéunhat 32 phan tir thi log, y < g(33) <0<y <29® = 0<y<19.

Vay c6 19 gia tri nguyén ciia y thoa min yéu ciu bai toan.

CAau 27: C6 bao nhiéu cdp s6 nguyén (X ; y) théa man
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Cau 28:

Iogz(x2 +y? +18x)— Iog5(x2 +y? +4x) > Iogz(x2 + yz)— logg 2x +1.
A. 10. B. 20. C.27. D. 28
Loi giai
Chon D
Diéu kién x>0

Taco Iogz(x2 +y? +18x)— Iogs(x2 +y2 + 4x) > Iogz(x2 + yz)— logs 2x +1

= Iogz(x2 +y? +18x)— Iogz(x2 + yz)—[logs(x2 +yi+ 4x)— logs ZXJ >1

2
<:>|ngx +2y +218x_I 5x +y +4x21
X“+y 2X
2 2
<:>Iogz[1+ 18 zj—lo 5(2+ J ]21
y
x% +y? : 9
bat 5 =t >0, bat phuong trinh trd thanh |ng(1+ ;]— |Og5(2+t) >1 (2).
X

9 1
(?+9t)in2 (2+t)In5

Xéthamsé f(t)= Iogz(lJr%)—logS(ZH) co f'(t)=— <0Vvt>0
= f (t) 1a ham nghich bién trén (0 ; +o0) (2).

Ma f (3)=1 nén tir (1) va (2)taco f (t)> f (3) >t <3,

24 y2
2X

< s , X
Tt d6 ta co

<3 x?+yl-6x<0e (x-3) +y2<9.

Suy ra (x—3)2£9<:>—3£x—3£3<:>03x£6. Ma x>0 nén 0<x<6; X,yeZ:

Néu x=1 hogc x=5 thi ye{+l +2; 0}: truong hop ndy c6 10 cdp sO nguyén (X ; y) thoa
man.

Néu x =2 hodc x=4 thi ye{+l; +2; 0}: trudng hop nay c6 10 cdp sé nguyén (X ; y) thoa
man.

Néu x=3 thi ye{+l, +2; +3; 0}: trudng hop nay c6 7 cip s nguyén (X ; y) thoa man.
Néu x =6 thi y=0: truong hgp ndy c6 1 cdp sO nguyén (X ; y) théa man.

Vay c6 tit ca 28 cip sb6 nguyén (X ; y) thoa man yéu cau cua dé bai.

C6 bao nhiéu bd (X;y) v6i X,y nguyén va 1< x,y <2020 théa mén

(xy+2x+4y+8)|og3( Zyzjs(2x+3y—xy—6)|ogz(zx+31j?
y+

A. 2017. B. 4034. C.2 D. 2017 x 2020
Loi gidi
Chon B

x,y e N :x,y <2020

biéu kién { 2x +1 2
* >0 y >0 x>3,y>0

x-3  y+2

x,y e N :x,y <2020 {
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Céau 29:

BPT da cho c6 dang (x—3)(y—2)|og2(i§+1j+(x+4)(y+2)|og3(y‘i+1jso ),
X— y+

Do y >0, y nguyén duong nén:

Xét y=1 thi thanh —(x—3)|ogz(i:+1j+3(x+4)log3§sO, ré rang BPT nay nghiém
X_

diing véi moi x >3 vi —(x—3) <0, |og2(ig+1)>|ogz(0+1)=o, 3(x+4)>0, I093§<0
X_

Nhu vy truong hop nay cho ta dung 2017 bd (x;y)=(x;1) voi 4<x<2020,xeN.

Xét y=2 thi thanh 4(x+4)log;1<0 , BPT nay cing luén dung véi moi x ma
4<x<2020,xeN.

Truong hop nay cho ta 2017 cap (x;y) nia.

V6i y>2,x>3 thi VT (*) >0 nén khong xay ra.

Vay c6 diing 4034 b s6 (x;y) thoa man yéu cau bai toan.

C6 bao nhiéu s6 nguyén duong y sao cho ton tai s thuc x € (1;6) théa man
4(x-1)e* = y(eX +xy — 2x? —3)?
A. 18. B. 15. C. 16. D. 17.
Lo giai
Chgn C
Taco 4(x-1)e* = y(ex + Xy — 2x° —3) < 4(x-1)e* - y(ex + Xy — 2x° —3) =0(*).

Xét ham sb f(x):4(x—1)e"—y(eX +xy—2x2—3) trén (1,6).
f’(x):4ex+4(x—1)e"—y(e"+y—4x) :4xex—yex+y(4x—y):(4x—y)(ex+y).
f’(x):0<:>(4x—y)(ex+y):0c>x:%(do e*+y>0, VyeN*).

Truong hop 1: %sla y<4

Bang bién thién ctia ham so f (x) trén (16):

f(1)=-y(e+y-5); f(6):20e6—y(e6+6y—75):—6y2+(75—e6)y+20e6.
Taco f(6)>O©—6y2+<75—e6)y+20e6>Oc>—72,1< y<18,4.
Suy ra Vy e N*,y <4, thi f(6)>0.
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Do d6 phuong trinh (*) cé nghiémx e (1,6) < f(1)<0<=e+y-5>0< y>5-e~23.
Cung diéu kién y <4 va y nguyén duong, ta cé y €{3;4} thoa man yéu cau bai toan.

Truong hop 2: %26@ y>24.

Bang bién thién cua ham s6 f (x) trén (16):

X 1 6

(L
() \
7(6)

Vé6i y>24 taludnco f(1)=-y(e+y—5)<0 nénkhdng ton tai x e (16) théa man (*).

Truong hop 3: 1<%<6<:>4<y<24.

Bang bién thién cua ham sé f (x) trén (16):

x 1 Y 6
4
S'(x) - 0 +
f(1) f(6)
(%) N Ny
3)

V6i ye(4;24) taludnco f(1)=-y(e+y—5)<0 nén phuong trinh (*) c6 nghiém x e (1;6)
< f(6)>0<=-721<y<18,4.

Cung diéu kién y €(4;24) va y nguyén duong ta cé y € {5;6;...;18} .

Do d6, tap C4c gié tri nguyén duong cuia y théa man yéu cau bai toan la: {3:4;....;18} .

Vay c6 16 gia tri nguyén duong ctia y thoa man yéu cau bai toan.

Cau 30: C6 bao nhiéu cip sé nguyén (x;y) thoaman x+y>0,-4<x<4va

(x+2y)

log, 7 + X% +2y% +3xy —4x—4y<07?

A. 11 B. 10 C.12. D. 13.
L oigiai

Chon C

biéu kién: x+2y>0

Do x+ Yy >0 nén log, +x2+2y? +3xy—x—y<0

(x+2y)
4
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Cau 31:

(x+y)(x+2y)
4(x+y)

= Iogs(x2 +3xy + 2y2)+ x*+2y® +3xy <log, 4(x+Yy)+4(x+Yy) 1)

< log, +x2+2y? +3xy—4x—-4y <0

Xétham sé f (t)=logst+t,t>0,taco f '(t):ﬁ+1>OVt e (0;+o0)nén ham s f (t) dong
n

bién trén (0;+).

Do d6(1) < f (x2 +2y? +3xy) < fla(x+y) ] x?+2y? +3xy <4(x+Y)

< (x+Y)(x+2y—4)<0< x+2y—-4<0 (vi x+y>0).

=
X+y>0
e Lo | X+2y >0 ‘ o N
Bicu dien mien nghiém cua hé , tim dugc 12 cap so nguyén théa man.
X+2y—-4<0
—4<x<4

Cé bao nhiéu Sé)l’l uyén X sao cho Un o1 1’Il61 sén uyén X co dung 5 Sé)l’l uyén thoa man
guy gV guy g guy
2
y -2yl o —2v|+3)?
3 < Iogy2+3(|x 2y| 3) .

A. 10. B.12. C.9. D. 11.
Loi giai
Chon D

2
2 |x-2y| 3y 3 |n(|X—ZY|+3)
st = S 2

3In(y2+3) <3 ?1In(|x-2y|+3). Xétham s6 f (t)=3'Int voi t>3.

t
f'(t)=3 Int.Int+3T >0,Vt>3= ham sé dong trén [3;+oo).

Ta co: f(y2+3)s f(|x—2y|+3) < y?* +3<|x—2y|+3 < y* <|x -2y

x2y?+2y=g,(y)
< 2
X<2y-y*=0,(y)
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Cau 32:

Céau 33:

3<x<8

Tathay | x=0 thi s& co dung 5 gid tri nguyén caa y véi mdi gia tri nguyén cia x .

—-8<x<-3
Vay c6 tat ca 11 gié tri.
c6 bao nhitu cdp sé nguyén duong (X;y) théa man x<2023
3(9” +2y) < x+logy(x+1)° - 272

A. 3778. B. 3780. C.2. D. 4046.
Loi gidi

Chon B

3(9” +2y) < X+ logs (x+1)° — 2 > 3™ +3(2y +1) < x+ 1+ logy (x +1)°.

Xéthamsd f(t)=3"+3t,VteR.
Taco f'(t)=3'In3+3>0,Vte Rnénhamsé f(t) luon dong bién VteR.

Khi d6 f(2y+1)< f (logy(x+1)) <> 2y +1<log, (x+1) < ys—lo%(x;l)_l_

Vi x<2023 nén y <

mgiv‘z#_lzz,%g

Vi y nguyén duong nén y e {1;2}.
Véi y=1=x>3"*"-1=26.C6 1998 cap sb nguyén duong (x;y) théa man.
Véi y=2=>x2>3"" -1=242. C6 1782 cip sd nguyén duong (X;y) théa man.

Vay ¢6 3780 cip s6 nguyén duong (X;y) thoa man.

Co bao nhiéu 5O nguyén y €(—2023;2023) d¢  phuong

e* +e*Y =In(x+1)—In(x+y+1) c6 nghiém thuc duy nhit?

A. 2023. B. 4044. C. 2022. D. 2024 .
Loi gidi

Chon C

Nhéan xét: e“+e*™”¥ > 0= In(x+1)>In(x+y+1)= x+1>x+y+1=y<0
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Cau 34:

Céau 35;

A g . X+1>0
biéu kién xac dinh cua phuong trinh la: S X>-1-vy.
X+y+1>0
Tu: e*+e*Y =In(x+1)-In(x+y+1) = e*+e*”Y —In(x+1)+In(x+y+1)=0.
bat f(x)=e"+e*"Y —In(x+1)+In(x+y+1),vy <0,vx>-1-y.
Ta co

1 1 y
f'(x)=e*+e"Y - =X+ - 0,Vy<0,vVx>-1-vy.
(%) i x+1+x+y+1 i (x+1)(x+y+1)> YR y

Suy ra f(x) luén dong bién trén khoang (—1-y;+) véi y<0.

Co lim f(X):+oo; lim +f(X):—oo.

X=+0 x—>—(1+y)
Nén f(x)=0 ludn c6 nghiém duy nhat véi moi sb nguyén y <0.

Vay ¢6 2022 s6 nguyén y théa man.

C6 bao nhiéu cdp s6 (x;y) thudc doan [1;100] théa man y 1a s6 nguyén va x+log, x =y + 2"

?

A. 100. B. 99. C.7. D. 6.
Loi giai

Chon D

Xéthamso f(t)=t+2'= f'(t)=1+2'In2>0,vte R.
Taco f(log,x)=f(y)=log,x=y=x=2".
Pé 1< x<100 thi 1<2Y <100=0< y <log,100 ~ 6,64
Do y nguyénva y €[1;100] nén y e{1;2;3;4;5;6} .
Vi méi gia tri cia Y thi chi c6 mdt gia tri cia x thoa man 1< x <100 nén c6 6 cap ) (X; y)
thoa man.
C6 bao nhiéu cdp sb nguyén (x;y) théa man -20<x<20,1<y<20
33 4 5y +10=3""*1 4+ 5y2?
A. 13. B. 6. C. 4. D. 20.
Loi giai
Chgn C
3434 5x+10=3" 1 452 & 30 1 5(x+3) =3" 4 5(y? +1).
Xéthamsé f(t)=3"+5t= f'(t)=3'In3+5>0,vteR.
Tacéf(x+3):f(y2+ﬂ:>x+3=y2+1:>x=y2—2.
Vi —20<Xx<20=>-20<y?-2<20=-18<y?<22—= 22 <y<+/22.
Do y nguyénva 1<y<20 nén ye{l1;2;3;4}.
M&i gia tri ciia Y chi tng voi mot gid tri cia X voi —20 < x <20 nén cb 4 cip sd (X; y) thoa

man.
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Cau 36:

Cau 37:

Goi S la tp hop diém M (x;y) véi X,y 1a cc sb nguyén théa man 8< x <3000 va
|og3(x—2)+3x=y+9(3y+2+1).co bao nhiéu t& giac 1ap duge tir cac diém thude tap S ?
A. 15. B. 6. C. 3091. D. 360.
Loi giai
Chon A
logy (x—2)+3x =y +9(3"" +1) < logy (X~ 2) +1+3x—6 = y + 4 +3'**
< 109,y (3x—6)+3x—6=y+4+3""* |
Xéthamsé f(t)=3+t= f'(t)=3'In3+1>0,vteR.
Taco f(logy(3x—6))=f(y+4)=logs(3x—6)=y+4=y=—4+log;(3x—6).
Do 8 < x <3000 nén —4+log;18 <y <—4+1og;(8994) = y € {-1;0;1;2;3;4}.

Vi x=3Y"% va 8< x <3000 nén mdi gia tri ciia y c6 mot gia tri ciia X nén c6 6 diém thudc S

Do céc diém nay nim trén d6 thi ham s0 y = —4 + log, (3x — 6) nén khong c6 4 diém nao thing
hang.
Vay co Cé’ =15 tlr gidc dugc tao thanh tu cac diém thuoc S .
C6 bao nhiéu cap sd nguyén (x;y) thoa man

Iogg(x2 +y? +3x)+ Iogz(x2 + yz) <log, x + Iogz<x2 +y? +18x)?
A. 29. B. 28. C. 48. D. 49.

Loi giai

Chon B
Diéu kién: x>0.

Iog3(x2 +y? +3x)+ Iogz(x2 + yZ) <logs x + Iogz(x2 +y? +18x) (1)

X%+ y% +3x X2+ y? +18x
< log,————<log, —5—>—.
X X2 +y
2 2 2 2 2 2
Dattzlog?,wzlog{x Y +3]>1:>X Y _3-3,
X X X
X
1) < t<log,|1+18. 2" <1+ (t>0).
@ st 187 o 220 2 10)

t t t 1) AR
<3 +15>26 -3.2 3. 3 +15. 5 + > -1>0.

t t t
Xét f(t)zs.(lj +15.£1j +£1j —1voi t>1.

3 6 2

t t t
. e 1 1 1 ..

Co f'(t)=—| = |.In2-15| = | In6-3.| = | INn3<0 v&i Vt>1.

2 6 3

f (t) nghich bién trén khodng (1;+ ).

Vay ham so

2 2
(e F(1)2f(2) ol<t<2 ol<log, XY *¥ o,
X
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Céau 38:

X2+ y? +3x
X
Tép hop céc diém M (X;y) co toa do thoa man (1) 1a phan ndm trong dudng tron tam 1 (3;0)

= 3< 39<:>x2+y2—6x£0<:>(x—3)2+y2£9.

ban kinh bing 3 bao gdm ca dudng tron, trir diém O (0 ; 0) do x>0.

3

Ttr hinh vé ta c6 28 cip s6 nguyén thoa man dé bai.
C6 bao nhiéu cap sd nguyén duong (X;y) thoa min
Iog3(x2 + y+3x) + Iogz(x2 + y) <log, x + Iogz(x2 +y +18x)?

A. 42. B. 36. C. 35. D. 41.
Loi gidi

Chgn C

Iogg<x2 + y+3x)+ Iogz<x2 + yz) <log, X + Iogz(x2 + y+18x) (1).

2 2
<:>|093X+—y+3xg|0 Zw.
X“+y
2 2 2

Dattzlog3x+—y+3leog3[x +y+3J>1:>X Y _3 3

X X
(1) & t<log,|1+18.— i (t>0)

x> +y 3 -

t t : 1 t 1 t 1 t
<3 +15>26 -3.2° < 3. 3 +15. 5 + 2 -1>0.

t t t
Xét f(t)zs.(lj +15.(1J +(1j 1véits .
3 6 2
1Y) 1Y 1Y
Cé f,(t):—(ij |n2—15(€j |n6—3(§] |n3<0 volr Vi >1.

Vay ham s6 f (t) nghich bién trén khodng (1;+ ).

X2 +y +3x
2T

(e f(t)>f(2) 1<t<2 <1<log, <2.

2
X°+y+3Xx
PR
X

=3 <9 3x< x>+ y<bXxe X2 <y<—x*+6X.
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Céau 39:

Tép hop cac diém M (X;y) 6 toadd thoa man (1) 1a phan nam trong parabol (P):y =—x* + 6x

va truc hoanh (khéng tinh céc diém trén truc hoanh).

\
\

Ttr hinh v& ta ¢ 35 cip s6 nguyén thoa man dé bai.
C6 bao nhiéu cap sé nguyén (x;y) théa man

Iog3(x2 +y? 4 x)+ Iogz(x2 + y2) <log,x + Iogz(x2 +y2+ 2x)?

A. 4. B. 5. C. 6. D. 7.
Loi giai
Chon A
2 2 2 2
Ta c6 bat phuong trinh <:>I093X Y +Xslog2w
X +y
X2+ y2+x
Pit log,————— =t=x*+ y* + x=x.3"
2 2 2 2 t
Khi d6 biit phuong trinh < log, Y+ 2X 5 o X HY # 2K, o0 [ X3 HX, o
X“+y X“+y X.3 —X
t t t t
3t+1 ‘o3 +122'(3' - 1)@3t+1+2t26t©(1j +(1j +(1j >1(1).
3 - 2 6 3
"1
Xét ham s6 f(t (—j gj +(—J 12 ham s6 nghich bién trén R .
Bt phuong trinh (1) < f(t)> f (1) & t<1.
gy ‘ X2+ Y%+ X 2,2 2 .2
Khi d6 ta c6 log, <1= X5+ Yy +x<3x e (x-1)" +y° <1

>

Taco (x—1)° <le0<x<2
Voi x=0=y=1
Véi x=1=y==41
Vé6i x=1=y=0

Vay ¢6 4 cip s6 nguyén (X; y) thoa man diéu kién bai toan.

Cau 40: C6 bao nhiéu cip sb nguyén duong (X;y) théa man x> + y> <16 va

Iog3(x2 +y+ x) + Iogz(x2 + y) <log, X + Iogz(x2 +y+ 24x)?

A 12, B.9. C. 8. D. 13.
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Céau 41:

Loi giai
Chon C
Iog3<x2 +y+ x) + Iogz(x2 + y) <log, X + Iogz(x2 +y+ 24x) (1)

x2+y+x< X2 + Y + 24X

< log, 21y

log,

X2+ Y+ X

Dit t =log, X +y+x=x3,

t t
(1) ots |og2% o2's 33t+_213,(t >0).

t t t
<3 +23>6'-2t @(lj +23.[1j +(1j >1,
2 6 3

t t t
Xeét f(t)=(1j +23.(1j +ﬁ 1vei >0,
2 6 3

1) 1) 1)
Cé f’(t):—(—j .In2—23.(—j InG—(—J IN3<0 véi Vt>0.

2 6 3
Vay ham s6 f (t) nghich bién trén khodng (0;+ ).

X2+ Y +X -

()= f(1)2f(2) ©0<t<2 < 0<log,————<2.
X

X2 +y+X
X

<1< <9 y<—x%+8x.

Tép hop cac diém M (X;y) co toa o thda man d 1a phan nam trong parabol (P):y =—x’ +8x
va duong tron (C) tam gdc toa d9, ban kinh R =4 va tryc hoanh (khong tinh cac diém trén truc
hoanh).

Tir hinh v& ta c6 8 cip sd nguyén thoa man dé bai.

X+1

Cho x,y la cac sb thuc dwong thoa man bit ding thirc log 3y i1 <9y* + 6y — x?y? —2y?x (1)

. Biét y <1000, héi c6 bao nhiéu cdp sb nguyén dwong (x;y) thoa man bat ding thirc (1).

A. 1501100. B. 1501300. C. 1501400. D. 1501500.
Loi giai
Chon D
Taco
log x+l 9y* +6y°% —x?y? —2y?x < log xy2+ Y < (9y4 +6Yy° + yz)—(xzy2 +2Xy.y + y2)
3y+1 3y“+y

= Iog(xy +y)- |Og(3y2 + y) < (3y2 + y)2 _(xy + y)z
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2
<:>Iog(xy+y)+(xy+y)2glog(3y2+y)+<3y2+y) (*)
Xétham f(t)=logt +t véi t € (0;+0)

f'(t)= “nllo +2t>0Vte(0;+). Suyra f(t) 1a ham dong bién trén t € (0;+w).

(*)e f(xy+y)< f(3y2+y> S Xy +y<3y’+ye x<3y.

Vi y <2020 nén ta c6 cac truong hop sau

y=1=xe{1;,2;3}

y=2=xe{1,23;4;5;6}

y =1000= x € {1;2;.......;3000}

Vay s6 cip nghiém théa man diéu kién d& bai la: 3+ 6+ 9 +...+3000 =1501500.
Cau 42: Co bao nhiéu cdp s6 nguyén (X;y) théoa min

Iog3(4x2 +4y? + x)+ Iogz(x2 + yZ) <logs X + Iogz(x2 +y2 + 6x)?

A. 12, B. 5. C. 4. D. 13.
Loi giai

Chgn C

Piéu kién: x> 0.

Iogg(4x2 +4y% + x)+ Iogz(x2 + y2) <log, X + Iogz(x2 +y? +6x) (1)

4x2 +4y® +x X% +y% + 6x
< logy—————<log, —5———
X X +y
4 2 4 2 4 2 4 2 X2 2
Dattzmggw:.ogg[uﬂ c0ma XYy g
X X X

1) < t<log,|1+6. &2 <1+——,(t>0).
00,1462 | o2 10 2

X" +y

1)} 1Y 1Y)
<3 +23>6'-2t ©£_j +[—] +23.(—) ~1>0.
2 3 6

t t t
Xet f(t)z(lj +23.(1j {1} 1véitso.
2 6 3
1) 1Y) 1Y)
Cé f'(t):—(ﬂ .|n2—23.(6j In6—(§J IN3<0 véi Vt>0.

Vay ham sé f (t) nghich bién trén khoang (0;+ ).
2 2
() F(t)2 (2) ©0<t<2 = 0<log, XY +X 5
X

=1«

2 2 4x2 +4y? > 0(Id
A +4y +X +X£9<:>{ XAy >0 )<:>(x—1)2+y2£1.

X 4x% + 4y? <8x
Téap hop cac diém M (X;y) ¢6 toa do théa man (1)1a phan ndm trong duong tron tam 1(1;0)

ban kinh bang 1 bao gdm ca dudng tron, trir di€ém O(0;0) do x> 0.
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2

i
N

-1

Tt hinh vé€ ta ¢6 4 c@p so0 nguyén thoa man dé bai.

Cau 43: Cé bao nhiéu cp sd nguyén (x;y)théa man

Iog3(2x2 +2y? +5x)+ Iogs(x2 + y2) <log, x + Iog5(20x2 +20y? +10x)

A 2. B. 3. C. 4.
Loi gidi
Chgn C
2 2
Pidu kign: 41X TV >0
x>0

D. 5.

Ta co: Iog3(2x2 +2y? +5x) + Iogs(x2 + yz) <log, X + I095<20x2 +20y? +10x)

= IogB(ZX2 +2y? +5x)— log,; x + Iog5(x2 + yz)— Iog5(20x2 +20y? +10x) <0

2x% +2y% +5x X2+ y?
<o +1lo <0 (@
% X j gs[20x2 +20y? +10x W
, 2 X2+y2
< log, X Y +5}+Iog3 — <0 (1)
X 20X Y 110
X
2 2
patt=2"Y (t>0)
X

Bt phuong trinh (1) tré thanh log, (2t +5)+ |0g5(

Goi f(t):logs(2t+5)+log5( jso voi t>0

20t +10
2 . 10
(2t+5)In2 (20t +10)In5

Taco f'(t) = >0 Vt>0

Do d6 ham s6 y = f (t) ddng bién trén (0;+0).

Mit khac f(2) =0 nén log,(2t+5)+1o
atkhac f(2) 9;(2t+5) 95(20t+10
X2 +y?

<2 xP+y?-2x<0e (x-1)° +y?<1.
X

Suy ra

Ta c6 céc truong hop sau xay ra dbi véi cdp sé nguyén (X;y):

t <
20t +10

j30<:>t$2
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THL: x=1=y’ <1=ye{-10;1)

TH2: x=2=y?<0=y=0

Vay ¢6 4 cdp s6 nguyén (x; y) thoa man diéu kién bai toan 1a(1-1),(10),(11),(2;0).
Cau 44: Cé bao nhiéu cap sé nguyén (x;y) théa man

Iogz(x2 + y2)+ Iogs(x2 + y2) <log,(x+y)+ IogS(x2 +y? + 96X +96y)?

A. 3. B. 26. C. 24. D. 10.
Loi gidi
Chon C
S X+y>0
biéu kién xac dinh: .
X,yeZ
2,2 2,2
Bétphuongtrinh@logzx Y <o 5X Y ;96)2(+96y.(*)
X+Y X“+y
X2 +y?
bit t =log, o X +y?=(x+y)2".
X+Y
. X+Y)2' +96(x + t t
Bat phuong trinh (*)@tslogs( y) ( y)(:)télogSZ +t96<:>5téﬂ

2t

(x+y)2'
t t
<10'<2'+96 <= 1 +96 1 >1.
5 10

Xét f(u) =(éju +96(%)u ;f(u)= (%}u In(%}r%(%ju In(%) <0(Vu>0)

2 2

X +y
Ty

<2

< f(t)2f(2)e0<t<2<0<log,

=l

2 2 2 2(vx e D
X+ s4@{x+y<x FYAED) oy <

X+y X2 +y? <4x+4y

_ [ X=x-2 X=X+2

Dit & (XY X;Y eZ)
Y=y-2 y=Y+2

i ds {(x—2)2+(y—2)2£8®{X2+Y2s8

X+y>0 X+Y >4

(x-2)+(y-2)°<8 _ [X*+Y?<8_ [X e{-2-1-012]
X+Y >-4 Y €{-2,-1,-0;1;2}

{X e{—Z} @{XE{O}

4
Y e{-1,-0;1,2} y €{1,2;3;4} -

{x e{-10,12} - {x €{12;3,4

X+y>0

cap 5O nguyén (xy)

20 cip sb én (X:y).
Y e{-2,-1,-0;1,2} y €{0;1,2;3;4} = 20 c3p so nguyeén (X;y)
Vay 24 cip sb nguyén (x;y) thoa diéu kién bai toan.
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DANG g TiNH KHOANG CACH LIEN QUAN PEN MAT NON
— @

IYYY «iEN THGC CAN NHO

Quay A vudng SOM quanh truc SO, ta dugc mat non nhu hinh bén véi: {

Chu vi day:

Dién tich day: (S, = 71’

h=S0
r=0M

Thé tich: [V ==h.S, = %h.;zrz

Dién tich xung quanh: |S, = 7Tl

e Thiét dién qua dinh cta hinh nén: mit phang (P) di qua dinh

ctia hinh nén va cit mat nén theo 2 duong sinh =>Thiét dién
cling la tam giac can SAB.

e Khoang céach tir tim cta day O dén thiét dién:

d(0;(SAB)) = OK = OK =

e Goc giita SO va thiét dién SAB:

(SO;(SAB)) = SOH = tan SOH :%

e Goc gilra (SAB) va day:

(SAB;(OAB)) = SHO = tan SHO = %
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IR :W /Y BAITAP TRONG DE MINH HOA

00z

Cau 48 — Pé tham khao 2023. Cho khéi non ¢ dinh S, chiéu cao bang 8 va thé tich bang 8 .Goi A

va B 1 hai diém thudc dudng tron day sao cho AB =12, khoang céch tir tim ctia duong tron day dén mit
phang (SAB) bang

24 5
A 8V2. B. —. C. 4J2. D. —.
¥ 3) VE 24

& Loi giai

ChonC

Goi O, R lan luot 12 tAm va ban kinh day cta khéi non, K, H 1an luot 14 hinh chiéu ciia O Ién
AB, SK . Khi d6 khoang cach tir tim ctia dudng tron ddy dén mat phang (SAB)bdng OH .

8007
1 v 33
Tacé: V =-7R*h=R? =" = ~100= R =10
3 z.h 7.8

2
Trong tam giac vudng OBK c6: OK =+/OB? —-BK? =, [R? —(%j =+/10° -6° =8.

1 1 1 1 2
OHZ  SO? ' OK? 8_2+8_2:8_ZZ>OH:4\/§'

Trong tam giac vuéng SOK c0:
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IS BAITAP TUONG TU VA PHAT TRIEN

Céu 1:

Céu 2:

Céu 3:

Céu 4:

Cau 5:

Cau 6:

Cau7:

Cau 8:

Cho hinh non tron xoay c6 chiéu cao h =20, ban kinh day r = 25. Cit hinh nén da cho bai mot
mit phang di qua dinh caa hinh nén va khoang cach tir tAm cia day hinh nén dén mat phang nay
bang 12. Dién tich thiét dién thu dwoc bang

A. 500. B. 400. C. 300. D. 406.

Cho hinh nén c6 duong cao h =5a va ban kinh day r =12a. Goi (a) 1a mit phang di qua dinh
ctia hinh ndn va cit duong tron day theo day cung c6 do dai 10a . Tinh dién tich thiét dién tao
boi mit phing (a) va hinh non da cho.

2
A. 69a2. B. 12042 C. 60a2. p, 1192

2

Cho hinh nén dinh S , déy la hinh tron tam O, ban kinh R =5. Mt phang («) qua S, cat hinh
n6n theo thiét dién 1a tam gidc SAB c6 dién tich bang 1242 . Mat phang (a) tao v6i day hinh

non goc 45°; tam giac OAB nhon. Thé tich V ctia khéi ndn tao nén tir hinh nén di cho bang

A.V =100~ . B.V =257 C.Vz%. D.V =75x.

Cho hinh nén ¢6 chiéu cao h =20, ban kinh day r = 25. Mot thiét dién di qua dinh cta hinh nén
¢6 khoang cach tir tam ctia day dén mit phang chua thiét dién 12 12. Tinh dién tich S cua thiét
dién do.

A. S =500. B. S =400. C. $=300. D. S =406

Cho hinh nén dinh S, d4y Ia hinh tron tdm O . Thiét dién qua truc ctia hinh nén la tam giac c6
mot goc bang 120°, thiét dién qua dinh S cit mit phing day theo day cung AB = 4a va la mot
tam giac vuong. Dién tich xung quanh cua hinh nén bang

A. 7+/3a2. B. 78+/3a2. C. 72+/3a%. D. 74+/3a?.

Cho khéi nén (N) ¢6 chiéu cao h=20cm, ban kinh ddy r =25cm. Goi () 1a mit phang di
qua dinh cua (N) va cach tdm cuia mat day 12 cm. Khi do (a) cit (N) theo mot thiét dién c6
dién tich la

A. S =300cm>. B. S =500 cm?. C. S =406 cm?. D. S =400 cm?.

Cho hinh nén dinhS, A va B 13 hai diém thuoc dudng tron day sao cho khoang cach tir O dén

a3

mit phang (SAB)bang = va SAO =30°,SAB = 60°. P9 dai dudng sinh ctia hinh nén theo a

bang

A. a2. B. a/3. C. 2a+/3. D. a\/5.

Cho khdi nén xoay dinh S ¢6 thé tich bang 967 . Mot mat phang (a) di qua dinh hinh nén va
cit hinh nén theo mot thiét dién 1a tam giac déu c6 canh bfmg 10. Khoang cach tir tam ctia duong
tron ddy dén mit phang (o) c6 the bang két qua nao dudi day?
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Cau 9:

Cau 10:

Céau 11:

Cau 12:

Céau 13:

Céau 14:

Céau 15;

1200~

Cho khéi nén c6 dinh S, chiéu cao bang 12 va thé tich bang .Goi A va B 1 hai diém

thudc dudng tron day sao cho AB =12, khoang cach tir tim ctia dudng tron day dén mit phang
(SAB) bing

NRLED p Y13 ¢ 23 p. 2413,
24 13 13 13

Cho hinh non dinh S c¢6 déy la hinh tron tam O, ban kinh R . Duyng hai duong sinh SA va SB ,

biét AB chén trén duong tron ddy mot cung c6 sb do bang 60°, khoang cach tir tim O dén mit
phang (SAB) bang %.Duc‘mg cao h cua hinh nén bang

R LY

4 2

A. h C. h=ay3. D. h=a2.

Cho hinh nén dinh S c¢6 day 1a hinh tron tim O . Dung hai duong sinh SA va SB , biét tam giac
SAB vuéng va c6 dién tich bang 4a’. Géc tao boi gitra truc SO va mat phing (SAB) bang 30°
. Puodng cao h cia hinh non bang

Adhzgzg. B.hzggg. C. h=ay3. D. h=a\2.
Cit hinh n6n dinh | béi mot mat phrfmg di qua truc hinh nén ta dugc mot tam gidc vuong can
c¢6 canh huyén bang 2J2a; BC 1a day cung ciia duong tron day hinh nén sao cho mat phang

(IBC) tao v6i mat phang chira ddy hinh nén mot goc 60°. Tinh theo a dién tich S cta tam

giac IBC.
2
A.S=§a2. B.S:%az. C.S:%. D.S:%az.

Cho hinh nén dinh S, dudng tron day tim O va goc & dinh bang 120°. Mot mat phang di qua
S cat hinh non theo thiét dién 1a tam giac SAB . Biét khoang cach giita hai duong thing AB va
SO bang 3, dién tich xung quanh ciia hinh nén da cho bang 187+/3 . Tinh dién tich tam giac
SAB.

A. 21 B. 27. C.12. D. 18.

Cho hinh nén dinh S , dudong cao SO, A va B 14 hai diém thudc duong tron day sao cho khoang

cach tir O dén (SAB) bang a—f va SAO =30°,SAB =60°. D¢ dai dudng sinh ctia hinh nén

theo a bang
A a2, B. av/3. C. 2a+/3. D. a\/5.
Cho hinh nén dinh S, dudong cao SO, A va B 1a hai diém thudc dudng tron ddy sao cho

B3

khoang cach tir O dén (SAB) bing aT va SAO =30°,SAB =60°. B9 dai duong sinh cua

hinh nén theo a bang

A.aJE B.aJ§ C.2aJ§ D.an
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Cau 16:

Cau 17:

Céu 18:

Céu 19:

Céu 20:

Céau 21;

Céau 22:

Céau 23:

Cho hinh nén c6 chiéu cao bang 2J3. Mit phing di qua dinh cua hinh nén, cét hinh nén theo
thiét dién 1a tam giac déu sao cho goc hop boi mit phang thiét dién va miat day cia hinh nén co
s6 do bang 60°. Thé tich ctia khdi non dwogc gidi han boi hinh nén di cho bang
4/39 7 1043 7

3

3

A. 104r. B.

C. 10437 . D.

Cho hinh nén dinh S, duong cao SO . Goi A, B 13 hai diém thudc dudng tron ddy cta hinh nén
sao cho khoang cach tir O dén AB bing a va SAO =30°, SAB =60°. B¢ dai dudng sinh ( coa

hinh nén béng
A (=a. B. (=a2. C. (=a+3. D.(=2a.

Cho hinh chép tam giac déu S.ABC c6 canh ddy bang 2a, khoang cach tir tim O clia dudng tron

Y S T £ Ay <o 1A 1y @ X o , Ae g SRR .
ngoai tip cua ddy ABC dén mot mat bén la r Thé tich cua khoi non ngoai ti€p hinh chop

S.ABC bing
3 3 3 3
A 4ra ' B. 4ra . C. 4ra . D. 2ra
3 9 27 3

Cho khdi nén dinh S, ban kinh ddy bing 3+/3 va c6 goc ¢ dinh bing 120°. Goi A va B 14 hai
diém thudc dudng tron ddy sao cho tam giac SAB 13 tam giac vudng, khoang cach tir tim dudng
tron day dén mat phiang (SAB) bing

A 3. B. 2. C. /3. D. >

2 72
Cho hinh nén ¢ thiét dién qua truc l1a mot tam giac vudng. Mot mit phang di qua dinh caa hinh
n6n va tao véi hinh nén mot thiét dién 1a tam giac co dién tich bing 3+/2 . Bit mat phing d6 tao
véi truc caa hinh nén mot géc 30°. Thé tich cua hinh nén di cho 1a
87 1672'\/§ 97rx/§

AV =—. B.V=9r. C.V= . D.V = .
3 3 4

Cho hinh nén (N)) c6 chiéu cao bang 6a. Cat (N) bdéi mot mit phang di qua dinh va cach tim
cua ddy mot khoang bing 3a ta duoc thiét dién c6 dién tich bang 12+/11a2. Thé tich cua khéi
n6n duoc gidi han boi hinh nén da cho bang

A. 36+/5ma°. B. 270na’. C. 90na’. D. 12/5ma°.

Cho hinh nén dinh S c6 day 1a duong tron tim O, ban kinh R = 2a . Trén dudng tron day lay 2
diém A, B sao cho tam giac OAB vudng. Biét dién tich tam gidc SAB bing 4a?+/2, thé tich
khoi nén da cho bang

4rai14 ras 14 B 2ra’\14 ra 14

AYV=——. B.V = . C.Vv . D.V = .
3 3 3 6

Cho khéi nén (N) ¢6 dinh S, chiéu cao bang 10, day 1a duong tron tim O. Goi A,B Ia hai
diém thudc duong tron day sao cho hinh chép S.OAB c6 thé tich bang 40 . Biét khoang céch tir

20:/29

29

. @. B. 5007 . C. 2507 . D. %.
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Cau 24:

Cau 25:

Céau 26:

Céau 27:

Céau 28:

Céau 29:

Cho khdinén (N) cé dinh S, chiéu cao bang 5, day 1a duong tron tim O . Thiét dién chira SO
ctia khéi n()n(N) 13 tam giac vudng can. Goi A,B 1 hai diém thudc duong tron day sao cho
dién tich ctia tam gidc OAB béng 12. Biét 6 dai doan AB < 7. Tinh khoang cach tir O dén mit
phing (SAB).

12 20:/41 20~/29 5 1534

A —. B. . C. . .
5 41 29 34

Mot hinh nén ¢6 chiéu cao h = 4; d6 dai duong sinh | =5. Mot mit phang di qua dinh cta nén

va cit duong tron ddy theo mot ddy cung c6 do dai bang 25 Khoang cach tir tim cta day dén

mit phing d6 bang
A.?. B. 242. c.g. D.?.

Cho tam giac ABC vudng can tai A ¢ AB=10~/2 (cm). Hinh chit nhat MNPQ ¢6 P,Q lan
luot thudc canh AB,AC va M, N thudc canh BC . Quay hinh chir nhat MNPQ (va mién trong
cua no) quanh truc ddi xtng cda tam giac ABC dugc mot khdi tron xoay. Tinh d¢ dai doan PQ

dé thé tich khéi tron xoay 16n nhat.

M N

A. PQ=5cm. B. PQ=10cm. C. PQ:Z—; cm. D. PQz%O cm.

Cho hinh nén c6 goc & dinh bang 120° va chiéu cao bang 3. Goi (S) 1a mit cau di qua dinh va
chira dudng tron dédy cta hinh nén da cho. Dién tich cta (S)béng:

A. 1087x. B. 144r. C. %r. D. 48~x.

Cho hinh nén (N) co dinh la S, tim dwdng tron day 1a O va géc ¢ dinh bang 120°. Mot mit
phdng qua S cét hinh non (N) theo thiét dién Ia tam gidc vudng SAB . Biét rang khoang cach
giita hai duong thang AB va SO bing 4. Tinh thé tich ciia hinh nén (N)?

A.V =36rx. B.V =48~x. C.V=64r. D.V =16r.

Cho hinh nén ¢6 dinh S, truc SO, béan kinh R, chiéu cao h. Day cung AB thudc dudng tron

R 5
day va cach O mot khoang — nhu hinh vé. Ky hiéu S, S, lan luot 1a dién tich xung quanh cta
2

hinh nén va dién tich tam gidc SAB. Biét S 10—”, ménh dé nao sau day dung?
S, 33
A h=(v2-1JR.. B. h=1R. c.h-o g D.h=@R..
3 2\2 8
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Céu 30:

Cau 31:

Cau 32:

Cau 33:

Céu 34:

Céau 35;

Céau 36:

Cau 37;

Hinh nén (N) dinh S, c6 tdm cia duong tron ddy 1a O, goc & dinh 120°. Mot mét phang qua
dinh S cat hinh nén (N) theo thiét dién Ia tam giac vudng SAB . Biét rang khoang cach giita
hai duong thang AB va SO bang 3. Tinh dién tich xung quanh S, caa hinh nén (N).

A. S, =273x B. S, =18V37. C. S,q=937. D. S,y =36+37.

Cho khoi nén (S). Cat khéi non boi mit phang (P) di qua dinh va tao v6i day goc 30° thiét
dién thu dugc 1a tam gidc déu canh c6 do dai la 1. Thé tich khdi nén (S) 1a

A 133 1373 1373

. B. . C. . D. 13743 .
192 192 64 48

Cho hinh nén c6 chiéu cao h=20cm, ban kinh day r = 25cm . Mot thiét dién di qua dinh cta

hinh ndn c¢6 khoang cach tir tim d4y dén mit phing chira thiét dién 1a 12cm . Tinh dién tich cua
thiét dién do.

A. S =500cm?, B. S =300cm’, C. S=406cm?, D. S =400cm?.

Cho khdinén co dinh S, O 14 tam dudng tron day, ban kinh day bang 3 va dién tich xung quanh
1a 637 . Goi A B 14 hai diém thuoc dudng tron day sao cho ASAB c6 dién tich 1a 3 va AB
khong 1a dudng kinh. Khodng cach tir O dén mét phang (SAB) la

A. 2. B. /3. C. 5. D. V6.

Cho hinh nén c6 duong cao h =40cm, ban kinh day r =50cm . Mot mit phang (P) di qua dinh
cua hinh nén, c6 khoang cach tir tm cta ddy hinh nén dén mit phang (P) bang 24cm. Tinh
dién tich thiét dién cua hinh nén khi cit béi mit phang (P).

A. S =2000(cm2). B. S :800(cm2). C.S =1200(cm2). D. S :1600(cm2).

Cho hinh nén c6 chiéu cao va ban kinh déy déu bing 6 . Mat phang (P) qua dinh hinh nén va
cdt ddy theo day cung c6 d¢ dai bang 6 . Khoang cach tir tim ddy t6i mét phing (P) bang.

A.g. B. V/21. C. 24/3. D.G—‘/ﬁ.

7

Cho hinh chép déu S.ABC c6 canh AB =a va mit bén tao v4i mit day mot goc 60°. Mot mat

cau tim O ngoai tiép hinh chép néi trén. Tinh khoang cach tir diém O dén mat phang (SAB) .
7a 7a 13a

A 2 B 2 c. 2 D. =2
24 6 4 24

Cho hinh nén dinh S ¢6 chidu cao bang ~/11 . Mot mit phing di qua dinh hinh nén va cét hinh
nén theo mot thiét dién 1a tam gidc déu SAB c6 dién tich bang 94/3. Tinh khoang céch tur tam
cta duong tron déy dén mét phing (SAB).

A.g. B.@. C. V/33.

O
LIES
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Cau 38:

Céu 39:

Cau 40:

Cau 41;:

Cau 42:

Céau 43:

Céau 44:

Cau 45;

Cho hinh nén ¢6 chiéu cao SO =12, ban kinh ddy R = 24. Cét khéi non béi mot mit phing (c)
di qua dinh S va hop v6i SO mét goc bang 60° . Tinh khoang cach tir tAm cia duong tron day
dén mit phang («).

A 53, B. 12/3. C. 643. D. 12.

Cho mét hinh nén c6 chiéu cao h=a va chu vi dudng tron day bang 4ra . Mit phing (P) di
qua S cit dudong tron day tai A va B sao cho AB = 2/3a. Tinh khoang cach d tir tim cua
duong tron day dén (P).

A. d

Cho hinh nén dinh S c6 day 1a duong tron tdim O . Thiét dién qua truc hinh nén 1a mot tam giac
can ¢6 dién tich a*. Goi A, B 1a hai diém bat ki trén dudng tron (O) sao cho thé tich khdi chop

3
% : a . : .
S.OAB 16n nhat va bang Th Dién tich xung quanh cta hinh n6n dé bang bao nhiéu?

2 2 2 2
a;/f?l B s :ﬁa\/ﬁ. c s :na\/ﬁ. 5 s _ﬁa\/177.

A Sy = xq ) Xq 5 I

Cho khéi nén dinh S, ban kinh day r =10 va va duong sinh 1 =+/117 . Goi A, Bva M laba
diém thudc dudng tron day sao cho AB =12. Gia tri 16n nhat cia khoang cach giira hai duong
thang AB va SM bang

340 1700
A. V117 . B. —. C. 9. D. —.
13 117

Cho hinh nén dinh S, dudng cao SO . Goi A, B 1a hai diém thugc dudng tron day ciia hinh nén

sao cho khoang cach tir O dén AB la a va SAO =30°, SAB =60°. Ban kinh day bang
A. a\6. g &3 c. ave. D. aV3.
2 2

Cho khéi nén (N) ¢6 ban kinh ddy r = 4a va chiéu cao 16n hon ban kinh day. Mt phing (P)
di qua dinh nén va tao v6i ddy nén mot géc 60° cit khéi nén (N) theo thiét dién 1a mot tam gidc
c6 dién tich bang 8+/3a2. Thé tich cua khéi nén (N) bang
A. 64za’. B. 967a’ C. 32za°. D. 1927a’
Cit hinh nén dinh S boéi mot miat phang khong di qua truc hinh nén ta duge mot tam giac vuong
can c6 canh huyén bang av/2; AB la day cung ctia duong tron day hinh nén sao cho mit phang
(SAB) tao v6i mit phing chira day hinh nén mét géc 60°. Tinh theo a khoang cach tir tim O
ciia dudng tron ddy dén mat phang (SAB).
A -2 B g2V c.d=2. D.4=2Y2.

8 3 3 6
Cho khéi non dinh S, c6 dudng kinh déy bang 8. Goi A va B 1a hai diém thu¢c dudng tron
day sao cho khoang céch tir tam O cua duong tron day dén mat ph'flng (SAB) béng \/6 . Dién
tich hinh chiéu ctia tam giac SAB 1én mit phang day bang 8 . Tinh goc tao boi mit phang (SAB)
va mat phang day cta hinh nén.
A. 60°. B. 45°. C. 30°. D. 15°.
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Céu 46:

Céau 47:

Céu 48:

Céau 49:

Céau 50:

Cho khéi non c6 dinh S, chidu cao bang 6 va thé tich bang 507 . Goi A va B 1a hai diém thudc
duong tron day sao cho AB =8, khoang cach tir tim ctia dudng tron day dén mat phiang (SAB)
bang

c. 56 &

D. —.

A. 645, B. 3. = ;

Cho hinh nén c6 chiéu cao bing 2a, biét rang khi cét hinh nén da cho béi mit phing (P) di
qua dinh cua hinh nén va tao v6i mat day ctia hinh nén mét géc 30°, thiét dién thu duoc 13 mot
tam giac vudng. Dién tich toan phan cta hinh nén di cho bang

A 4(414+7)7a®.  B.4(214+7)7a’. C.8J14za’. D. 8(2v14 +7)7a”.

Cho hinh nén c6 dinh S, chiéu cao bang 3a.Goi A va B 13 hai diém thudc duong tron day sao
cho dién tich tam giac SAB bang 9a?, khoang céach tir tim ctia duong tron day dén mat phang
(SAB) bang a. Tinh thé tich ctia khdi nén dugc gisi han boi hinh non da cho.

2197a° B 737a° c 737a° 5 737a°

A. .
8 4 24 8

Cho hinh nén dinh S c6 ban kinh déy bang 4 va dién tich xung quanh hinh nén bing 16+/27 .
Mit phang (P) di qua S cdt dudng tron day tai A,B va AB = 44/3 . Khoang c4ch tir tim ctia
dudng tron ddy dén (P) bing

B.ﬁ. c.%. D. 5.

5

A 2.

Cho hinh nén c6 chidu cao h = 6 va thé tich khdi non bang 507 . Mot thiét dién di qua dinh ciia
\ A 5 , A - M ’ - A [N \ 6 5 7 ‘A ’
hinh n6n c6 khoang cach tur tam ctua day dén mat phang chura thiét di¢n la ? . Tinh dién tich

cua thiét dién d6?
A. 24.f5. B. 1245. C. 9. D. 6+/5.
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Céu 1:

Céau 2;

PAP AN CHI TIET

Cho hinh non tron xoay c6 chiéu cao h = 20, ban kinh day r = 25. Cit hinh nén d3 cho bai mot
mit phiang di qua dinh caa hinh nén va khoang céch tir tim cua day hinh non dén mat phang nay
bang 12. Dién tich thiét dién thu duoc bang

A. 500. B. 400. C. 300. D. 406.

Loi giai

Chon A

Gia sir thiét dién thoa dé bai 1a tam giac SAB , chiéu cao SO = 20, ban kinh day OA = 25.
Goi | la trung diém cua AB, trong mit phang (SOI) ké OH L SI tai H.

Taco AB_LOI va AB L SO=> AB L (SOI)=OH L AB.Laic6 OH L SI = OH L (SAB).
Do d6 khoang céch tir tdm cua day dén thiét dién 1a OH =12,

Xét tam giac vubng SOl vudng tai O co

0;2 - séz +oll2 jollz zoiﬂ _3(1)2 =$_%=2i2530| =15

va SI =+/O12 + 502 =+/15% + 20% = 25

Xt tam gidc vuong OIA vuong tai | c6 I1A=+OA? —0I? =252 ~15? = 20 = AB = 40

Vay dién tich thiét dién S,upc = % ABSI = %40.25 =500.

Cho hinh n6n c6 dudong cao h =5a va ban kinh day r =12a. Goi (a) 1a m3t phang di qua dinh
cta hinh nén va cit duong tron day theo day cung c6 do dai 10a . Tinh di¢n tich thiét dién tao
béi mét phang (er) va hinh nén da cho.

2
A. 69a°. B. 120a. C. 60a?. p, 192"

2

Chgn C

Goi S 1a dinh cta hinh nén va O 1a tdm cta dudng tron day.

10| Bién soan: Phan Nhat Linh
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Céu 3:

Cau 4:

Gia st mit phang () cat hinh non theo mot thiét dién 1a tam giac SAB cantai S .

Theo gia thiét ta c6: SO =5a, OA=0B =12a va AB=10a.
Goi M 1a trung diém coa AB suy ra MA=MB = % =5a va OM L AB.

Xét tam gidc OMA vudng tai M c6: OM? = OA? — MA? =144a” — 25a° =119a°.
Xét tam gidc SOM vuéng tai O c6: SM =~/SO? + OM2 =+/25a% +119a2 =12a.

Tam gidc SAB cantai S, c6 SM la dudng trung tuyén nén dong thoi 1a duong cao.

Vay dién tich cta thiét dién: Sgug = %SM AB = %.12a.10a =60a?.

Cho hinh nén dinh S, day 13 hinh tron tim O, ban kinh R =5. Mit phing (a) qua s, cat hinh
non theo thiét dién 1a tam gisc SAB ¢6 dién tich bing 12+/2 . Mt phéng (a) tao voi day hinh

non goc 45°; tam gidc OAB nhon. Thé tich V cua khdi nén tao nén tir hinh nén dé cho bang
1007
—

A.V =1007 . B.V =257 C.V= D.V =75x.

Loi giai

Chon C

Dit AB = 2x. Do tam gi4c OAB nhon nén AB? < OA? +OB? = 4x? <50 = X (o;ij :

V2

Goi H 1a trung diém cia AB.Khi d6: AB 1 SO,AB L OH = AB L (SOH)

= ((«),(0AB)) = SHO = 45° = SO =OH =+/0A? = AH? =+/25- X

SH :OHx/_=4/2(25—x2).
Do d6: Seug :%AB.SH =X /2(25—x2) =124/2 = x* —25x% +144 =0 @{

—S0=+25-%2 =4. Viy V :%ﬁRZ.SO=¥.
Cho hinh nén ¢6 chiéu cao h =20, ban kinh ddy r = 25. Mot thiét dién di qua dinh cta hinh nén

c¢6 khoang cach tir tAm ciia ddy dén mat phang chira thiét dién 1a 12. Tinh dién tich S cua thiét

x =3 (tm)
x =4 (ktm)

dién do.

A. S=500. B. S =400. C. S=300. D. S =406
Loi giai

Chon A
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Gia str hinh nén dinh S, tim day O va c6 thiét dién qua dinh thoa man yéu ciu bai toan 1a
ASAB (hinh v&).

Tacd SO la dudong cao cia hinh noén. Goi | 1a trung diém ciia AB = Ol L AB.
Goi H 1a hinh chiéu ctia O 1én SI = OH L SI .

Ta chimg minh dugc OH L (SAB) = OH =12.

) L 1 1 1 1 1 1 1 1 1

Xeét tam giac vuong SOI cd = + = = — - - =,
J g OH? 0S? 01?2 0I?> O0OH? 0S? 122 20* 225

= 01%2=225=0l =15.

Xt tam gidc vudng SOI ¢6 Sl =y/OS2 + 012 =202 +152 =25,

Xét tam gidc vuong OIA c6 IA=OA? 012 =+/252 152 =20 = AB = 40.
. 1 1
Tacd S=S,pc = > ABSI = 5'40'25 =500.
Cau5: Cho hinh nén dinh S, day 1a hinh tron tim O . Thiét dién qua truc ctia hinh nén la tam giac c6
mot goc bang 120°, thiét dién qua dinh S cit mat phing day theo day cung AB = 4a va la mot

tam giac vudng. Dién tich xung quanh ctia hinh nén bang
A. 72'\/58.2 . B. 7r8x/§a2. C. 7r2x/§a2 . D. 7z4x/§a2 .
Loi giai

Chon D

Ta c6 tam gidc SAB vudng cantai S, AB =4a nén SB =2a/2.

Mait khac tam giac SDC can tai S va cé goc CSD =120° nén CSO =60°.

Xét tam gi&c vudng SOC c6 sinCSO = % & 0C =SC.sinCSO = OC = a6 .
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Cau 6:

Cau7:

Véy dién tich xung quanh cua hinh nén 1a S, = zrl = ra6.2ay2 = 47a?+/3.
Cho khéi nén (N) c6 chiéu cao h=20cm, ban kinh ddy r = 25cm. Goi («) 1a mit phang di

qua dinh ctia (N) va cach tdm cuia mat day 12 cm. Khi d6 (@) cat (N) theo mot thiét dién ¢6

dién tich la
A. S =300cm?. B. S =500 cm?. C. S =406 cm?. D. S =400 cm?.
Loi giai

Chon B

Goi S,0 lan lugt 1a dinh va tim dudng tron ddy cua khéi nén (N).
Ta c6 mit phang () qua dinh ctia (N) cdt dudng tron ddy tm O tai 2 diém A,B.
Vay mit phang () cit khdi non theo mot thiét dién 14 ASAB .

= AB L (SOI)=> AB LOH.

Ol L AB
Ké Ol L AB, OH LSI.Tacb
O.lLAB

co
SI LOH

Ap dung hé thirc lugng cho ASOI vuéng tai O c6 duong cao OH

12: 12+ 12:>o|: 1 ___ Y _isem.
OHZ 012 SO

\/1_1 Jl_l
OH? SO? 122 20°

Xét AAOI vudng tai | c6: IAZ+ 012 = AO? = IA=+/AO? —OI2 =+/25% ~15% = 20 cm.

AB L OH
Ta { O _ on L (SAB)=d[O,(SAB)|=0H =12cm.

Xét ASOI vuéng tai O c6: SO? + 102 = SI% = S| =/SO? + 102 =~/20% +15% = 25 cm.

Vay Seas :%SI AB =SI.IA=25.20 =500 cm?

Cho hinh nén dinh S, A va B 14 hai diém thudc duong tron day sao cho khoang cach tir O dén

mit phang (SAB)béng % va SAO =30°,SAB =60°. P9 dai dudng sinh ciia hinh non theo

a bang

A. av2. B. a/3. C. 2a+/3. D. a5.
Loi giai

Chon A
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Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*

Cau 8:

Goi H 1a trung diém cua AB, K 1a hinh chiéu cua O 1&n SH .
Vi tam gidc OAB cantai O = OH L AB.

Ma AB L SO. vay ABJ_(SO|):>OK 1 AB.
Mt khéc, theo cach v& OK L SH. nén OK L (SAB).

_aVs
s,

Vay d(O;(SAB))=0K

Theo gia thiét SAO =30° = SO = SAsin30° = %SA .

B

Ma SAB =60° = ASAB déu=> SH = 7sA.

3 1 1

Xét tam giac vudng SOH vuéng tai O: OH? = SH? — SO? :ZSAZ —ZSAZ :ESAZ.
— OH =gSA ma OK.SH = SO.OH @a—;.gsm%%g%: SA=av2.

Cho khdi nén xoay dinh S ¢6 thé tich bang 967 . Mot mit phing («) di qua dinh hinh nén va
cit hinh non theo mot thiét dién 1a tam giac déu c6 canh bang 10. Khoang cach tir tim cua dudng

tron ddy dén mit phang (a) c6 thé bang két qua ndo dudi day?

A 8. B. ——. cC. —. D. —.

Chon B

Goi thiét dién mat phing (a) cit hinh non 1a tam giac SAB . Do d6, ASAB déu c6 canh
AB =10

14| Bién soan: Phan Nhat Linh
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Cau 9:

Goi O,R,h 1an luot 1a tAm, ban kinh cta duong tron day va chiéu cao cta khdi non, | ,H lan
luot 12 hinh chiéu cia O Ién AB, Sl . Khi d6 khoang cach tir tim cua dudng tron day dén mat
phang (SAB)bang OH .

3V 3967 _ 288

zh  zh h

Taco: V :%ﬁRz.h =967 = R? =

Xét tam gidc vuong SOA c6: SO? + OA? = SA? < h? + R? =100 < h? +%:100
h=8
, h=8
< h®-100h+288=0<>| h=-2.(2++/13) <0(L) &
h=2.(/13-2)
h=2.(13-2)

(hiR)=(8:6)
g (h;R) = (2.(\/1_3—2);4\/2+\/1_3)

TH1: (h;R)=(8;6)

2 2
Xét tam giac vuong OIA co: IOZ:OAZ—IA2=62—(%] =62—(%j =11
Trong tam giac vuéng SIO co: ! 5= 12 + 12 =i2+i=ﬁz>o|_| =@_
OH® SO° Ol 8 11 704 15

TH2: (h:R)= (2.(@— 2):42 + JTs)

Xét tam giac vudng OIA cé:
AB 10)?
102 = OA? — | A2 :16.(2+\/1_3)—[7j :16.(2+\/1_3)—(?] —7+16+3

Trong tam giac vuéng SIO co:

1 _ 1 1 1 ol one 1
OH? SO’ Ol? (2.(@_2))2 7+16v3 \/ 11
68+8v13 7+1643

00z

Cho khéi nén c6 dinh S, chiéu cao bang 12 va thé tich bang . Goi A va B 1a hai diém

thuoc duong tron day sao cho AB =12, khoang cich tir tim ciia duong tron dy dén mit phang
(SAB) bang

NRES B V13 ¢ 213 p. 213
24 13 13 13
Loi gidi
Chon C
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Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*

Cau 10:

Céau 11:

12007

Ta cb %E.OAZ.IZZ — OA%? =100 = OA=10.

Goi | 1a trung diém cia AB = Ol L AB. Ol =+/OA? —IA? =8.

2 2
Ké OH LS| tai H = OH L (SAB)=>d(O;(SAB))=OH :\/W: 24413
Ol +50? 13

Cho hinh non dinh S c6 day 1a hinh tron tdm O, ban kinh R . Dung hai duong sinh SA va SB,

biét AB chin trén duong tron day mot cung co sd do bang 60°, khoang cach tir tim O dén mat

, . R \
phang (SAB) bang > Puong cao h cta hinh ndn bang

R B n-RS

n > C. h=a+3. D. h=av2.

A. h
Loi giai

Chon A

Theo gia thiét ta c6 tam giac OAB déu canh R.

R+3
-

Goi E 1a trung diém AB, suy ra OE L AB va OE =

Goi H 1a hinh chiéu cia O trén SE, suy ra OH L SE .

AB L SO

. | AB LOE
Taco{ :ABL(SOE):ABLOH.

Tir d6 suy ra OH L (SAB) nén d[O,(SAB)|=0OH =§.

1 1 8 R/6
2= 7T g7~ agy S0 = .
SO° OH OE® 3R 4
Cho hinh nén dinh S c6 day 1a hinh tron tim O . Dyng hai dudng sinh SA va SB , biét tam giac
SAB vudng va c6 dién tich bang 4a*. Goc tao béi giita truc SO va mit phang (SAB) bang 30°

Trong tam gidc vubng SOE , ta cd

. Puong cao h cia hinh non bang

A.hz%. B.h:#. C. h=aJ3. D. h=ay2.
Loi gidi
Chon C

16| Bién soan: Phan Nhat Linh



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Phan Nhat Linh

Cau 12:

Theo gia thiét ta c6 tam giac SAB vudng cantai S .
. \ L2 SE 1 AB . 1
Goi E Iatrung diém AB, suy ra va SE=—AB.
OE L AB 2

Taco S,eug :%AB.SE = 4a? @%AB.%AB —4a® = AB=4a=SE =2a.

Goi H 1a hinh chiéu cua O trén SE, suy ra OH L SE .
. [AB LOE
Tac — AB L (SOE)=> AB L OH.
AB L SO
Tir d6 suy ra OH L (SAB) nén 30° = (SO, (SAB)) = (SO, SH ) = OSH = OSE.

Trong tam giac vubng SOE , tacd SO = SE.cosOSE = av/3.

Cit hinh n6n dinh | béi mot mat phrfmg di qua truc hinh nén ta dugc mot tam giac vudng can
c¢6 canh huyén bang 2J2a; BC la day cung ciia duong tron day hinh nén sao cho mat phang
(IBC) tao véi mit phang chita ddy hinh nén mot géc 60°. Tinh theo a dién tich S cia tam

giac IBC.
2
A.S:Qaz. B.S:&az. c.s=2. D.S:Maz.
3 3 3 3
Loi gidi
Chon D

Cit hinh non dinh | bai mot mit phiang di qua truc hinh non ta dugc mot tam giac vudng can
c6 canh huyén bing 2+/2a nén ban kinh cua hinh nén 1a r =0OB =0OC =a+/2 , duong sinh
| = IB=IC = 2a va duong cao h =10 =+/IB2 —OB? =+/4a? —2a® = av/2.

Goi H la trung diém BC, khi d6 goc hop béi mat phang (1BC) va mat phang chira duong tron

0 26 W3
=

=27 avaBC=2CH =2IC?-IH? =

day la IHO =60°. Suy ra IH =—
sin60° 3
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Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*

Cau 13:

Céau 14:

1 12\@a4\@a:4ﬁa2'

Dién tich tam giac IBC la: Sjgc ==1H.BC ==. :
2 2 3 3 3

Cho hinh nén dinh S, dudng tron day tam O va géc & dinh béng 120°. Mot mat phéng di qua
S cit hinh non theo thiét dién 1a tam giac SAB. Biét khoang cach gitra hai duong théng AB va
SO bang 3, dién tich xung quanh cta hinh nén di cho bang 187+/3 . Tinh dién tich tam giac
SAB.
A. 21. B. 27. C. 12. D. 18.

Loi giai
Chon D

S

/

Goi H la trung diém AB, ASAB cén tai S(SA=SB=1) nén OH L AB.
Ma SO vudng gdc véi day = SO L OH
= OH 1a doan vudng goc chung cua ABva SO nén d(SO,AB)=0H =3.

Goi ban kinh cta duong tron ddy hinhnénla r = r =0B.

Vi goc dinh hinh nén bang 120° = OSB = 60° = sinOSB = %
e __.r 23
sin60° /3 3
2

; 2r3 22123
-

Di¢n tich xung quanh cua hinh non S,, =71l =7 3

2
Theo gid thiét S, = 2’”3 ¥ =187\V3 =1’ =27=r=33.

2
Xét AOHB vudng tai H : HB? =OB? —OH?2 =r? - 32 :(3\/5) ~3F =18

2r\3 B
3

— HB=3J2 = AB=6+2.Taco: SB = 6.

= ASAB vuong cén tai S(SA=SB,SA’ + SB® =72 = AB?)

Vay dién tich tam gidc SABbing S,gug = %SA.SB = %.6.6 =18.

Cho hinh nén dinh S , dudng cao SO, A va B 14 hai diém thudc duong tron day sao cho khoang

V3

cach tir O dén (SAB) bing aT va SAO =30°,SAB =60°. B¢ dai duong sinh ciia hinh non

theo a bang

A. a2 . B. av/3. C. 2a+/3. D. a\/5.
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Cau 15:

Loi giai
Chon A

Goi K 14 trung diém ciia AB tacd OK L AB vi tam giac OAB can tai O
Ma SO L AB nén AB L(SOK) = (SOK).L(SAB) ma =>(SOK)N(SAB)=SK nén tir O
dyng OH L SK thi OH L (SAB)=>OH =d(O,(SAB))

Xét tam gidc SAO ta co: sinSAO = 2—2 = SO = SA

2

Xét tam gidc SAB ta cO: sin SAB :Ss—i: SK =SA—J§
1 1 1 1 1
2 - 2t e T o ? 2t on?
OH OK“ OS SK“-S0° SO
SN S, . L N TN
OH SA® 3S5A° SA" SA" SA SA° a
4 4 4

Xét tam gidc SOK ta co:

Cho hinh nén dinh S, duong cao SO, A va B 1a hai diém thuoc dudng tron day sao cho

a3

khoang cach tir O dén (SAB) béing = va SAO =30°SAB =60°. DP9 dai duong sinh cua

hinh nén theo a bang

A. a2 B. a3 C. 2a\3 D. a5
Loi giai
Chon A

A
Goi K 1a trung diém ciia AB tac6 OK L AB vi tam giac OAB can tai O
Ma SO L AB nén AB L (SOK) = (SOK) L (SAB) = (SOK)n(SAB)=SK nén tir O dung
OH L SK thi OH L (SAB)= OH =d(0O,(SAB))

SO SA

Xét tam giac SAO ta co: SinSAO=—=S0=—
SA 2
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Céu 16:

Céau 17:

Xét tam gidc SAB ta cd: sinSAB = S—K = SK = SA_\@
SA 2
) ., .1 1 1 1 1
Xét tam giac SOK ta co: = + = +
J OH? OK? 0S? SK?-S0? SO0?
- 12= 12+ 21 > = 42+ 22 =N 62:%:>SA:2a2:>SA:a«/§
OH SA- 3SA° SA- SA- SA SA° a

4 4 4
Cho hinh nén ¢ chiéu cao bang 23 . Mt phang di qua dinh ctia hinh non, cat hinh nén theo
thiét dién 1a tam giac déu sao cho goc hop boi mit phing thiét dién va mit day cua hinh nén c6
s6 do bang 60°. Thé tich cua khdi non duoc gidi han béi hinh ndn da cho bang
5 4/39 10437
T 3

A. 1047, C. 1043 7. D.

Loi giai

Chon D

Mit phang qua dinh ctia hinh nén va cat hinh nén theo thiét dién 14 tam giac déu SAB
Goi H 14 trung diém ciia AB tacé SH L ABva OH L AB. Do d6 goc hop boi boi miat phing
thiét dién va mat day cta hinh nén 1a goc SHO = 60°
Theo d& bai ta c6: h =50 =2+/3.
SO SO

Xét tam giac SHO vuéng tai O c6 cosSHO = —— = SH = =43.
SH c0s60°
ma SH = M (do tam giac SAB 1a tam giac déu)= AB = ZST: =8

— SA=SB=AB=8.
ASOA vudng tai O taco: SA? = OA? + SO? = OA? = SA® - S0% =52.
r’ =0A% =52.

1 522\/—_104\f7z

V= gﬂ'r (don vi thé tich).

Cho hinh nén dinh S , dudng cao SO . Goi A, B 1 hai diém thudc duong tron day ctia hinh nén
sao cho khoang cach tir O dén AB bang a va SAO =30°, SAB =60°. P dai dudong sinh ( cia

hinh nén bang

A (=a. B. (=av/2. C. (=a\3. D. (=2a.
Loi giai

Chon B
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Céu 18:

Goi | 1a trung diém AB,suyra Ol L AB, SI L AB va Ol =a.
. A ) A

Trong tam giac vudng SOA, ta ¢ OA = SA.cos SAO = #
. A . SA

Trong tam giac vudng SIA, taco IA=SA.cosSAB = -

Trong tam gi4c vuéng OIA, tacd OA? =01% + IA? & %SA2 =a’ +%SA2 — SA=avV?2.

Cho hinh chép tam giac déu S.ABC c6 canh ddy bang 2a, khoang cach tir tAm O ctia duong tron

e A 5 4 A A - A \ a A o7 5 A I3 EY S 1 I3
ngoai tip cua ddy ABC dén mot mat bén la r Thé tich ctua khoi non ngoai tiep hinh chop

S.ABC bang
3 3 3 3
A dra . B. dra . C. dra . D. 2ra ‘
3 9 27 3

Loi giai

Chon B
B

Goi E la trung diém ctia BC, dung OH L SE tai H .

Chimg minh duge OH L (SBC) nén suy ra OH =d[ O,(SBC) ] =% .

Trong tam gidc déu ABC , ta c6 OF = - AE 1223 _aV8 |, 5p_2,p 283

3 3 2 3 3 3

1 1 1 1 1 1

) 1
Trong tam giac vudng SOE | ta cé = + = = — =—=S0=a.
g g J OH? OE? SO? SO? OH? OE? a2

2
3
Vay thé tich khéi noén V = %EOAZ.SO = %ﬂ'[ Zafj a= 47;& (dvtt).
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Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*
CAu 19: Cho khéi nén dinh S, béan kinh day bang 33 va ¢6 goc & dinh bing 120°. Goi A va B 1a hai
diém thudc dudng tron day sao cho tam gidc SAB la tam gidc vudng, khoang cach tir tim duong

tron day dén mit phing (SAB) bang
A. 3. B. 2. C. 3. D. >
2 V2
Loi giai
Chon D
Goi O Ia tam cua duong tron ddy va CD la duong kinh vudng gbéc véi day cung AB .
Tacé OA=0B=0C =OD =R =343.

Do khéi nén c6 goc ¢ dinh bang 120° nén OSD = 60°..

33

tanOSD =O—D<:>tan60°=—® SO = 3\/50 =3
Tam giac vubng SOD co: 50 Sﬁ tar1/6_0
sinOSD:@QSinGOC’:ﬁ@SD: 3 3 =
SD SD sin60°

= Khdi ndn c6 chiéu cao h =3 va dudong sinh | =6.

Do tam gidc SAB vuéng cantai S, cO SA=SB=1=6 nén AB=SAY2 =62

Goi M 1a giao diém ciia AB va CD ta c6 M 1la trung diém cia AB (tinh chat duong kinh
vudng goc voi diy cung thi di qua trung diém cua day cung do).

AB:¥:3\/§_

Suy ra MA:MB:7

Tam gi4c vuéng MOA ¢6 OM =y OA? — AM? =\/(3J§)2 —(3\/5)2 =3.

K¢ OH vuong goc voi SM tai H ta co:
OH 1 SM

150 — OH L (SAB).
1 OM

AB
OH J_AB(dO{AB = AB 1 (SOM) = AB 1L OH

Suy ra d(O,(SAB))=0OH . Tam gidc SOM vuédng tai O c¢6 OH la duong cao Ung v6i canh

1 1 1 1 1 1 3
5= 2+ 2<:> 2:—2+—2<:>OH:—.
H? 0S? OM OH? 3 3 J2

huyén SM nén ta co:
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Céau 20: Cho hinh non c6 thiet dién qua truc la mot tam giac vudng. Mot mat phang di qua dinh caa hinh
n6n va tao véi hinh nén mot thiét dien 1a tam giac c6 dién tich bang 3+/2 . Biét mt phing do tao
véi truc caia hinh nén mot géc 30° . Thé tich cta hinh nén di cho 1a

AvV-% B.V =9r. C.V=16”‘/§. D.Vzgm/z.

3 4

Loi gidi

Chon D

Goi thiét dién qua truc ctia hinh nén 1a ASAB , mit phing qua dinh hinh nén 1a (SCD)
SO N (SCD)={S}.Goi E la trung diém ctia CD.

AOCD can taiOnén OE L CD. V& OH L SE (l)

., CDL1LOE

Ta c6: }:>CDJ_(SOE) ma OH < (SOE) nén CD LOH (2)
CD 1 SO

Tir (1) va (2) suyra OH L (SCD)=>(SO,(SCD))=0SH = OSE =30’
Goi SO =x.
ASOE vuéng tai O:OE =SO-tan30" = xtan30° = X—f

cos30 =50 gg X _ 23
cos30° 3
ASAB vuong tai Snén SO=0B =0D = x

2
ED =OD2—OE2 = x2—£$] _x/6

3

2x\/5
3

Taco: Sep = ~SE-CD > 3y2 = 203x 26 2 9, 32

2 3 3 2 2

2
v, =%7z-082-30:%z-(3“2/§J -3*5:9“/5”.

2 4

CD=2ED =
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Cau 21:

Céau 22:

Cho hinh nén (N) c6 chiéu cao bang 6a. Cat (N) boi mot mat phang di qua dinh va cach tim
ctia day mot khoang bang 3a ta duogc thiét dién c6 dién tich bang 12+/11a%. Thé tich cua khdi
n6én duoc giéi han bai hinh nén da cho bang
A. 36+/5ma°. B. 270ma’. C. 90ma®, D. 12+/5ma®,

Loi giai
Chon C

A B
I

+
Gia sir mt phang (P) di qua dinh ctia hinh nén cdt hinh nén theo thiét dién la tam gisc SBC.
BC L Ol
BC L SO
Ké OH 1 SI (HeSl), ma OH L BC (vi BC L (SOI) va OH < (SOI))
suy ra OH L (SBC).

Theo gia thiét c6: SO =6a, Sgge =12+11a” va d(O;(SBC))=0H =3a.

1 1 1

OHZ sO? ' OI2

Goi | 1a trung diém cua BC . Ta c6 { = BC L (SOI).

Trong ASOI vudng tai O c0: — 0l =2/3a

SI =+/SO? +0I2 = 4+/3a.
2Sesc BC

Ta co: SSBC:%SI.BC :BC:T:N@a :|C=7=@a.

Trong AOIC vuéng tai | ¢6: OC =+/O1% +1C% =36a=R.
7 , 1
Vay thé tich cua khdi nén di cho 1a V = §n;.so.oc2 =90ma®.

Cho hinh nén dinh S c¢6 day la dudng tron tim O, ban kinh R = 2a . Trén dudng tron day lay 2
diém A, B sao cho tam giac OAB vudng. Biét dién tich tam giac SAB bing 4a~/2 , thé tich
khdi non da cho bang
3 3 3 3
ayodmaia o N 21 maie
3 3 3 6
Loi giai

Chon A
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Céu 23:

Ké OH L AB, (H € AB) = H la trung diém AB va SH L AB.

AB =+/OA? + OB? =2a+/2

Do tam gidc OAB vudng =

OH = % =a2
2
Taco Sy = ~SH.AB = SH = Zasee _ 242 2 _ 4
2 AB 2a+/2
Xét ASOH vudng tai O c6: SO =~/SH? —OH2 =+/16a — 2a2 =a14

3
Viy thé tich ciia khéi nén da cho 12 V = %ﬂRZ.SO = %;z(za)2 a14 = @ .

Cho khdi nén (N) c6 dinh S, chiéu cao bang 10, ddy la dudng tron tim O. Goi A, B Ia hai
diém thudc duong tron day sao cho hinh chop S.OAB c6 thé tich bang 40 . Biét khoang cach tir

O dén mit phang (SAB) bang 20;/? . Tinh thé tich khdi nén (N).
A 207 B. 5007 . C. 2507 . p, 2007

3 3

Loi giai
Chon A
S
A
Tt dé bai ta c6: SO =10. Goi | 14 trung diém cua AB = Ol L AB
Ma SO L AB = AB L (SOI)
Trong mit phing (SOI) dung OH L SI. Do AB L (SOl)= AB L OH
, : \ 20~/2

= OH 1 (SAB) = khoang cach tir O dén mat phang (SAB) la OH = 0;/9_9
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Céu 24:

1 1 29 1 1
2 o2 T2 < - T2
OH® SO“ Ol 400 100 Ol

Thé tich ctia khdi chép S.OAB: Vg gpp = %SO.SOAB = %.S0.0I AB = %.10.4.AB = ? AB

Ta co: -0l =4

Ma Vg o =40 = AB =6

2
Ban kinh cua dudng tron day R = OA= \/0| 2 +% = J42 +% =5

1 1 2507

Thé tich ciia khdi nén (N): V = §SO.7Z.R2 = §.10.;;.52 =
Cho khéinén (N) c6 dinh S, chiéu cao bang 5, ddy 1a duong tron tam O . Thiét dién chita SO
ctia khéi n(')n(N) 1a tam giac vudng can. Goi A,B 1a hai diém thudc duong tron day sao cho

dién tich cua tam giac OAB béng 12. Biét do dai doan AB < 7. Tinh khoang cach tir O dén mat
phang (SAB).

A2 g, 2041 c. 2029 p, 15V34
5 41 29 34
Loi giai
Chon B

Xét thiét dién chira SO cuia khoi nén(N) Ia tam giac vudng can SCD nhu hinh vé.

S

R O R

Ta c6 chiéu cao SO =5, tam giac SCD vudng can nén = SO = % = R=h=5.
Goi | 1a trung diém caua AB, do tam gidc OAB cantai O = Ol L AB

. . U 1
Xét tam giac OAB : Theo dé bai ta c6 Sgpg =12 < EOI .AB =12 < OI.AB = 24(*)

Do AIOA vuong tai |

AB?

= 01?+ Al =0A° < 01% + 25(**)

. Ol =4 Ol =3 Ol =4
Tu (*) va (**) = hodc .Do AB<7 =

Xét hinh nén (N)
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Céu 25:

S

Tac6: Ol L AB ma SO L AB = AB L (SOl)

Trong mit phang (SOl ) dung OH L SI

Do AB L (SOI)=> AB L OH

= OH L (SAB) = khoang céch tir O dén mit phing (SAB) la OH

Taco:
12: 12+ 12© 12=i+i=£:OH=20m:>d(o,(SAB))=20m.
OH? SO’ OI* ~OH? 25 16 400 41

Mot hinh nén c6 chiéu cao h =4; do dai dudng sinh | =5. Mot mit phang di qua dinh cta nén
va cat duong tron ddy theo mot ddy cung c6 do dai bang 25. Khoang cach tir tim ctia day dén
mit phang d6 bang

A.?. B. 24/2. c 2 V5

. D. —.
5 4

Chon A

Goi mit phing (P) di qua dinh nén S va cit duong tron ddy theo day cung AB = 2+/5 .
Tur hinh V€, ta co6:

Ban kinh duong tron day ctia hinh non: r = \/I2 —h? = \/52 —4? =3,

1a=2B _ /5. o1 =+JoAZ - a2 =1/32—(J§)2 -2,
1 1

2

Do do, ta co: 1 L ! —+—==

5
OH? 0OI? S0%? 22 4% 16
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4f

d(O;(P))=0OH =2

Céu 26: Cho tam gidc ABC vubng can tai A cO AB =102 (cm) . Hinh chit nhat MNPQ ¢6 P,Q lan
luot thudc canh AB,AC va M,N thudc canh BC . Quay hinh chir nhat MNPQ (va mién trong
clia n6) quanh truc ddi ximg ctia tam giac ABC dugc mot khdi tron xoay. Tinh do dai doan PQ

dé thé tich khéi tron xoay 16n nhét.

Q P
i M N €
A. PQ=5cm. B. PQ=10cm. C. PQ_Z—?:J cm. D. PQ:%O cm.
Loi giai
Chon D
A
o P
B M I N o

Tam giac ABC vudng cantai A.Goi | 1a trung dimBC = | 14 trung diém MN .
C6 AB =10+/2 (cm) = BC = 20(cm) = BI = Al =10(cm).
Pt PQ =2x (0<x<10)=> BM =BI — IM =10—x.

MQ _BM MO = Al.BM _10(10-x)
Al Bl BI 10

Goi R labankinhcuatru = R=MIl =x
=Vp = 7R% = 1x° (10— X) = (x> +10x%)..

Do MQ//IA= =10—X.

Xét f(X)=7Z'(—X3+1OX2) voi 0< x<10.

x=0
Khi do: f’(x):zz(—3x2+20x):> f'(x)=0< - 20.
)

Bang bién thién
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Cau 27:

Céau 28:

]
X 0 20 10
3
S(x) |0 + 0 -
£(x) 4000
27
4000 . 20 40
Vay max f(x)=—— khi x=—=PQ=—(cm).
2y xe(0;10) ( ) 27 3 Q 3( )

Cho hinh nén c6 goc & dinh bang 120° va chiéu cao bang 3. Goi (S) 1a mit cau di qua dinh va

chira dudng tron dédy cta hinh nén da cho. Dién tich cta (S)béng:

A. 1087 . B. 144r . C. 96r. D. 48x.
Loi giai

Chon B

Goi S 1a dinh hinh nén va goi | 14 tdm mat cau.

Goi duong kinh dudng tron dy cua hinh non 1a AB, H 1a trung diém cua AB.
SH

cos60

=6=2SH .

o

Taco: ASH :%ASB=GO°, AS =

Al = AS 5
Vi o Nén AAIS la tam gidc deu. Suy ra Al =R=2SH =6.
ASI =60

Viy S5 =47R* = 47.6" =1447 .

Cho hinh nén (N) co dinh la S, tim dwdng tron day 1a O va géc ¢ dinh bang 120°. Mot mit
phing qua S cét hinh non (N) theo thiét dién Ia tam gidc vudng SAB . Biét rang khoang cach
giita hai duong thang AB va SO bang 4. Tinh thé tich ciia hinh non (N)?
A.V =36rx. B.V =48x. C.V =64r. D.V =16rx.

Loi giai
Chon C

Bién soan: Phan Nhat Linh | 29



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*

Céau 29:

Vi g6c ¢ dinh bing 120° nén ta c6 ASO = 60°.
Goi H la trung diém cua AB, khi d6 OH 1a dudng vudng goc chung cua hai dudng thing SO
va SO . Nhu vay d(SO,AB)=0H =4.
OA 2R 2R
— == l===.
sin60° /3 J3
Xét tam giac OHB vudng tai H c6 HB =~+/OB2 —OH?2 =+/R? —16 = AB = 2HB = 2J/R* —16..
Tam gidc SAB vubng can tai S néntaco

Xét tam gidc SOAvudng tai Oco SA=

AB =12 < 24/R? -1 =2—2.J§@3(R2—16)=2R2@R2=48@R=4J§:>|:8.

7

Suyra h=+1>-R? :,/82—(4«/5)2 =4,

, 2
Vay thé tich caa hinh non 1a V = %;;th - %;;.(4\/5) A=64r .

Cho hinh noén ¢é dinh S, truc SO, ban kinh R, chiéu cao h. Day cung AB thudc dudng tron

R A A NPT ,
day va cach O mdt khodng — nhu hinh vé. Ky hi¢u S;, S, 1an luot la dién tich xung quanh cta
2

hinh nén va dién tich tam giac SAB. Biét % = 10—\/75, ménh dé nao sau day dang?
2
A h=(v2-1)R.. B.h=1R. chog p.h-¥p
3 242 8
Loi giai

Chon D
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Céau 30:

s ; . R
Goi | 1a trung diém cia AB . Taco Ol L AB tai | :>d(O;AB):OI :E

Pudng sinh ctia hinh nén ¢ = SB = SA=+/R? + h?,
Khi d6 S, = 7R( = 7R/R? + h?.
Ap dung dinh 1y Pytago ta dugc

2
SI =+/SO? + 012 :Jh%% va IA=+/0A2 —0I2 :RTﬁ:ABZR\/é

2
Khi do S, =%AB.SI =%R\/§. h? +RT'

Theo ¢ 2L = 197 3/3.7RvVR% +h? =107.

S, 33

Hinh nén (N) dinh S, c6 tdm cuia duong tron ddy 1a O, goc & dinh 120°. Mot mét phang qua

2
RV3 h2+R—:>h=—R\/1_1.
2 4 8

dinh S cat hinh nén (N) theo thiét dién 1a tam giac vudng SAB. Biét rang khoang cach giita

hai duong thang AB va SO béng 3. Tinh dién tich xung quanh S, ciia hinh nén (N).
A. S,, =273 B. S,, =18V37. C. S,q =93r. D. S,y =36+37.

Loi giai

Chon B

Goi H 1a trung diém cia AB = OH L AB tai H
Ma OH L SO tai O = OH 1a khoang cach gitra AB va SO

Theo bai ra ta c6 tam giac SAB vudng can tai S va OH =3; va BSO =60°.

Goi r la ban kinh duong tron day cua hinh nén thi duong sinh | =SB = — r =l= 2r :
sin60° J3
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Suy ra BH =%AB=% SA? 4 SB? =%SB\/_=%.

2
Xét tam giac OBH vuong tai H , tacé OB? = BH? + OH? <:>9+%:r2<:>r:3\/§.

Dién tich xung quanh S, cua hinh nén (N)la Syq=7rl= 7z.3\/§.% ~1874/3.

J3
Cau 31: Cho khdi nén (S). Cat khbi non béi mat phang (P) di qua dinh va tao v6i day goc 30° thiét

dién thu dugc 1a tam gidc déu canh c6 do dai la 1. Thé tich khdinén (S) 1a

N 133 5 13743 | c 13743 | o 1373 |
192 192 64 48
Loi gidi
Chon B

S

Khéi nén c6 dinh S, day 1 hinh tron tam O, thiét dién 1a tam giac SMN déu canh c6 do dai
bang 1. Tir O ké Ol vudng goc véi MN tai | tacd SIO =30°.

Ve

Tam giac SMN déu canh c6 d6 dai bang 1, dudng cao SI = -

ol :Sl.c0330°=§; h=SO=SIl.sin30°=—; R=
4 4 2

Lo 302

4

1 con 1 [\/Tsjzﬁzlszzﬁ
3 .

V==x
3 4 192

Cau 32: Cho hinh nén c6 chiéu cao h=20cm, ban kinh day r = 25cm . Mot thiét dién di qua dinh cia
hinh nén c¢6 khoang cach tir tim déy dén mit phang chira thiét dién 1a 12cm . Tinh dién tich ciia
thiét dién do.

A. S =500cm?. B. S =300cm?, C. S =406cm>. D. S =400cm?.
Loi gidi
Chon A
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Cau 33:

B

Goi O,S lan luot 12 tAm cua mit day va dinh cua hinh non. A, B 1a giao diém cua thiét dién di
qua dinh va dudng tron day.
Ké Ol L AB; OK L SI khi d6 ta co:
SO=h=20cm;OK =d =12cm.
Xét tam giac SOI vuong tai O, ta co:
1 > = 12 + 12 = Ol =15cm = IB =20cm = AB =40cm.
OK® OlI“ SO
Ap dung dinh 1y Pytago trong tam giac vudng cho tam giac SOl = SI =25 cm .

Spsac = %.SI .AB =500cm?,

Cho khdinén co dinh S, O 14 tam dudng tron day, ban kinh day bang 3 va dién tich xung quanh
1a 6+/37. Goi A B 1a hai diém thuoc dudng tron day sao cho ASAB c¢6 dién tich 1a 3 va AB
khong la dudng kinh. Khodng cach tir O dén mét phang (SAB) la

A 2. B. /3. C. 5. D. V6.

Loi giai

Chon A

Taco 7Rl =637 =1 =23.

ASB =120°

2 ASB = 60°

AB =+/21? — 212 cos ASB =6
— J = AB =23

AB = /212 — 212 cos ASB = 23

. ) AB?
Goi H Ia hinh chiéu cua O 1én doan AB taco OH = R? —T :\/6
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Tacd h=+/12-R? =3

Taco L ~ 1L~ d(0(sB)) =2

[d(0:(saB))] h° OH

Cau 34: Cho hinh nén c6 duong cao h=40cm, ban kinh ddy r =50cm. Mot mit phang (P) di qua dinh

Céau 35;

cuia hinh nén, c¢é khoang cach tir tim cta déy hinh nén dén mit phang (P) bang 24cm. Tinh

dién tich thiét dién cua hinh nén khi cit béi mit phang (P).

A. S =2000(cm2). B. S :800(cm2). C.S =1200(cm2). D. S :1600(cm2).

Loi giai

Chon C

Goi S la dinh cua hinh nén, | 1la tam cta duong tron day hinh non.

Mit phang (P) di qua dinh va cat mit mit day tai hai diem A,B sao cho
d(1,(P))=24cm.

Goi J latrung diém cua AB.Ké IH L SI, HeSJ.

: {AB Y ABL(S31) = (3AB) L (S1)

AB LSl
(SAB) L (S13)

C6 < (SAB)N(SIJ)=S] =d(1,(SAB))=IH =24.
IH LSJ

Xeét tam gidc S1J vuodng tai |, duong cao IH , tacd
1 1.1 1 1 1
IH? SIZ 132 1% 40% 247
— J1 =30. Suy raBJ =+/IB? — 132 = /502 —30% = 40 = AB = 80.

Mit khac: SJ =+/40° +30% =50.
VAy Syeas = %SJ.AB = %50.80 = 2000(cm?).

Cho hinh nén c6 chiéu cao va ban kinh déy déu bang 6 . Mit phing (P) qua dinh hinh non va

cdt dy theo day cung c6 d¢ dai bang 6 . Khoang cach tir tim ddy t6i mét phang (P) bang.

A.g. B. V/21. C. 24/3. D.GT‘E.
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Cau 36:

Loi giai

Chon D

(P) quadinh S cét day theo day cung AB = AB=6 = OA=0B=AB =6 = AOAB déu.
OH 1 AB

Goi H 14 trung diém AB = :
' ¢ {OH =33
Ké Ol L SH.

OH L AB
Do

SO L AB

AB L (SOH)

Ol = (SOH)

. (Ol LAB
Taco

Ol L SH

Xét ASOH vuong tai O c6 duong cao Ol

1 1 1 1 17 , 108 621

= = + = +—=—==0I =0l =——.
Ol OH? S0? (3V3)> 62 108 7 7

— AB L (SOH).
— AB L OlI.

= Ol L (SAB) =d(0O,(P))=d(0,(SAB))=0lI.

Cho hinh chép déu S.ABC c6 canh AB =a va mit bén tao v&i mit day mot goc 60°. Mot mat
cau tim O ngoai tiép hinh chép néi trén. Tinh khoang cach tir diém O dén mat phang (SAB) .

T B. 12 c.2. p. 132,
24 6 4 24
Loi giai
Chon A

Goi G 1a trong tdm tam giac ABC, H,M 1an luot 1 trung diém AB,SC .
Do hinh chép S.ABC déunén SG L (ABC). Suy ra SG L AB.
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Céu 37:

Ma HG L AB. Do d6 AB L (SHG)= AB L SH.
Khi d6, goc gifra mt phiang (SAB) va mit phing (ABC) la SHG = SHG =60°.

a3

Xeét tam gidc SHG vuong tai G ¢6: SG = HG.tan SHG = T.tan 60°=—

2 2
a a
2 2 2 —+—
Ta c6: ASOM - ASCG (g.g)= -2 =M 503 56 +CCT_4 3 72
sC SG 2SG  25G ,a 12
2
Trong mit phang (SHG) v& OK L SH tai K.
Ta li 6 ASOK = ASHG(g.g) = o =29 o 0k = 3216 _ 78 hiqp6 = 12,
HG SH SH 12 24
OK L SH
Do = OK L (SAB) =d(O,(SAB))=0K = a
OK L AB 24

Cho hinh nén dinh S c6 chiéu cao bang J11. Mot mat phang di qua dinh hinh nén va cat hinh
n6n theo mot thiét dién 1a tam giac déu SAB c6 dién tich bang 93 . Tinh khoang cach tur tam
cua duong tron déy dén mét phing (SAB).

A.@. B.@. C. \/33. D. 2.
9 9 9
Loi giai
Chon B

Theo gid thiét tam gidc SAB déu, S,as =9+/3 va SO =+/11.
AB
Sueas = W3 */_ — 9.3 < AB=6.ASAB déu = SA=AB=6.

[ 2
Xét ASOA vudng tai O, theo dinh Iy Pytago ta c6: R = OA=+/SA” —SO? = ,[6° — (\/ﬁ) =5.

Goi K la trung diém cua AB, H 1a hinh chiéu cua O 1én SK . Khi d6 d(O,(SAB))=OH

2
Trong tam giac vuéng OBK c6: OK =+/OB? — BK? = /RZ —(%} =52-32=4.

Trong tam giac vudng SOK cé: 12: 12+ 12: 1 2+%=E:OH:@,
OH® SO OK (\/1_1) 4° 176 9
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Cau 38:

Céau 39:

Cho hinh nén ¢6 chiéu cao SO =12, ban kinh ddy R = 24. Cét khéi non béi mot mit phing (c)

di qua dinh S va hop v6i SO mét goc bang 60° . Tinh khoang cach tir tAm cia duong tron day

dén mit phang («).

A. 53. B. 12+/3. C. 6+/3. D.12.
Loi giai

Chon C

Goi M, N lan luot 1 giao diém ciia mat phang (a) va duong tron day, H,K 1an luot 1 hinh

v R . _ [MN LOH
chiéucta O Ién MN va SH . Taco = MN L OK.
MN 1 SO

Mit khac SH L OK nén OK L (SMN).
Khi d¢6 (SO,(a))=(S0,SK)=(SO,SH)=0SH =60° va OK =d(0,(a)).
Trong tam giac vudng SOH tacé OH = SO.tan OSH =12.tan 60° =123 = SH =24.

SO.OH :12.12J§ 643,
SH 24

Trong tam giac vuéng SOH c6: OK =

Cho mot hinh nén cé chiéu cao h=a va chu vi duong tron ddy bang 47a . Mit phang (P) di

qua S cat duong tron day tai A va B sao cho AB = 2/3a. Tinh khoang cach d tu tdm cua
duong tron day dén (P).

B.d=a. C.d=——. D.d

_5a

A. d

2 2 5
Loi giai

Chon A

C6 (P)=(SAB).

Chu vi dudng tron ddy bang 4za < 2zr =4ra < r=2a
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Céu 40:

Céau 41:

Taco SO=a=h,0A=0B=r=2a,AB = 2aJ§, goi K 1a hinh chiéu ciia O 1én AB suyra K
1a trung diém AB, goi H 1 hinh chiéu ciia O Ién SK suy ra d(O;(SAB))=0H .

Ta tinh dugc OK =vOA? —KA? =a suy ra SOK la tam giac vuéng can tai O, suy ra H la

trung diém ciia SK_ nén OH =S7K:¥.

Cho hinh nén dinh S ¢6 day 1a duong tron tim O . Thiét dién qua truc hinh nén 13 mot tam giac

can c6 dién tich a*. Goi A, B la hai diém bat ki trén dudng tron (O) sao cho thé tich khdi chép

3
S.OAB 16n nhat va bang i—z . Dién tich xung quanh cua hinh nén d6 bang bao nhiéu?

2 2
A s - N B. Sy = Xq:”ajl_?.

Xq 2 Xq D. S

Chon D

\ \ , 1
Goi chicu cao va ban kinh day cta hinh nén lan lugt 1a h,r. Taco > h.2r =a% < hr =a?.

Taco Vg opg = %SO.SOAB = %SO%OA.OB.sin AOB < %hrz :

3
Suy ra L i@ o er=8oho2a.
6 12 2

Do d6 do dai duong sinh ctia hinh nén 1a 1 =vh? +r? =

a17 ral17
> .

. Vay S, =nrl = 2

Cho khdi non dinh S, ban kinh day r =10 va va duong sinh | =+/117 . Goi A, Bva M laba
diém thudc dudng tron day sao cho AB =12 . Gia tri 16n nhét cta khoang cach giira hai duong
thaing AB va SM bing

340 1700
A. V117 . B. —. C.9. D.—.
13 117
Loi gidi
Chon C
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Cau 42;

s

P

Ta ¢6 chidu cao h=+117-100 =17 .

Khong mat tong quat ta cb dinh AB, diém M di dong

Goi O la tam day, | 1a trung diém AB, P va L 14 giao diém gitta 10 voi dudng tron day sao
cho O nam giita | va P.

Qua M ké duong thing song song voi AB cit 10 tai K.

Khoang cach giira hai duong thang AB va SM bang khoang cach tir diém | dén dudng thang
SK

Xét tam giac ASPI , khi M thay di thi K thay d6 trén doan PL

S

o~ 4 e 0 =7/
P K 0 1

Khoéang cach tir | dén SK 1a IH (v6i H 1a hinh chiéu cua | trén SK).
Néu goc PSI nhon thi IH 16n nhat khi K tring véi P
Néu goc PSI ti hodc vudng thi IH 16n nhat khi SK vuong géc v6i SI khi d6 H tring véi S

Taco I0=~r2—1A2 =8, OP=r=10, SO=h=+17, IP =18, SP =117

2 2 _pr2
Suy ra, SI =102 +S02 =/64+17 =9, cos(PSl):SP FSIP=PIT 148 6 nen géc

2SP.SI 16117

PSI tu.
Vay khoang cach giita hai duong thang AB va SM bang SI =9
Cho hinh nén dinh S, dudong cao SO . Goi A,B 1a hai diém thudc duong tron day cua hinh non

sao cho khoang cach tir O dén AB la a va SAO =30°, SAB =60°. Ban kinh day bang

A. a6 . B.?. c.#. D. av/3.

Loi giai
Chgn C
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Cau 43:

A
Goi | 1a trung diém cua AB , ta c6: Ol L AB,SI L AB,Ol =a.

AO = SA.cos SAO = SA.cos30° = ﬁSA Al 1
Ngoai ra: 2 S0
o 1 A 3
Al = SA.cos SAl = SA.cos60 :ESA
Ma ﬂ:cosIAO:cosIAO:i:sinIAO:E:Q:i
AO J3 3 OA OA
Vay 0A=3_a=_a\/€_
J6 2

Cho khdi nén (N) ¢6 ban kinh ddy r = 4a va chiéu cao 16n hon ban kinh day. Mt phing (P)
di qua dinh ndn va tao véi ddy non mot goc 60° cat khdi non (N) theo thiét dién 1a mot tam giac
c6 dién tich bang 8+/3a?. Thé tich cua khéi nén (N) bang

A. 64ra’. B. 967a’ C. 32za°. D. 192za®

Loi giai

Chon C

Goi thiét dién cua mat phang (P) va khoi nén (N) 1a ASAB ( hinh v& ), dudng cao SO =h,
mét day cia hinh (N) la (Q)
V& OH L AB tai H thi H ciing 13 trung diém cta AB
OH L AB=SH 1 AB
Taco: 1SH < (P),OH <(Q) =((P),(Q))=SHO = 60°

(P)n(Q)=AB
2
Taco: OH = >0 5 =@:AH —OA? —OH? :Jleaz—h— va SH = —2 == 23
tan 60 3 3 sin60 3
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Céu 44:

Céau 45;

h=6a
(h>0)
a

h=23

2 2
Spqpn = %SH AH = S*E’a = 4332 & %% 16a’ —% =432 & {

h>r=h=6a=V :%ﬂ(4a)2.6a=32za2.

Cit hinh nén dinh S boi mot miat phang khong di qua truc hinh nén ta dugc mot tam giac vudng
cén c6 canh huyén bang av2; AB la day cung cua duong tron day hinh nén sao cho mit phang
(SAB) tao v6i mit phing chira ddy hinh nén mot géc 60°. Tinh theo a khoang cach tir tam O
ciia dudng tron ddy dén mat phang (SAB).

_av6 _ave

| ©

_avz

A. d B.d C.d= D.d

8 3 3 6
Loi giai

Chon A

Goi O, R 1an luot 12 tAm va ban kinh day cta khéi non, K, H 1an luot 14 hinh chiéu ciia O 1én
AB, SK . Khi d6 khoang cach tir tim ctia dudng tron ddy dén mat phang (SAB)bing OH .

, ; : AB a2
Ta co: SK trung tuyén trong tam giac vuong can SAB = SK = > = T\/_

NG

Xét tam giac vubng SOK : SO =sin60°.SK = T; OK =¢0s60°.SK =

ol

oH__ SOOK 6

Jso?iok? 8
Cho khéi nén dinh S, c6 dudng kinh day bang 8. Goi A va B 1a hai diém thudc duong tron
ddy sao cho khoang cach tir tim O cua dudng tron ddy dén mit phing (SAB) béang J6 . Dién
tich hinh chiéu ctia tam giac SAB 1én mit phang ddy bang 8. Tinh goc tao béi mit phing (SAB)

va mat phang day cta hinh nén.

A. 60°. B. 45°. C. 30°. D. 15°.
Loi giai

Chon A
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Ké OH L AB tai H =d (O, AB)=0H . Tact: OA:OB:§:4.

Mt khac: Syopg =8 < %.OA.OB.sin AOB =8 <> sin AOB =1= AOB =90°.

AB 4J_ o3

= AOAB vudng cén tai O = OH =d (O, AB) = =

d(O.(sAB)) V6 3
d(0,AB) 22 2

Mt khac, sin((SAB),(OAB)) _

= ((5AB),(0AB)) = 60°.

Cau 46: Cho khdinon c6 dinh S, chiéu cao bang 6 va thé tich bang 507 . Goi A va B 1a hai diém thudc
dudng tron day sao cho AB =8, khoang céach tir tim cua duong tron ddy dén mit phang (SAB)

bang
A 6:5. B. 3. c.ﬂ. D.ﬁ.
5 6
Loi giai
Chon C

Goi O, R 1an luot 1a tim va ban kinh day cua khdi nén.
Goi K, H 1an luot 14 hinh chiéu caa O 1én AB, SK .

AB L OK
AB 1 SO

OH J_SK}
1

}: AB 1 (SOK).Suyra AB LOH .

OH L AB
3V  3.507x

7z.h .6

=25=R=5.

Tacév—gﬂRZh — R? =

42| Bién soan: Phan Nhat Linh
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Cau 47:

Céau 48:

2
Trong tam gi4c vudng OBK c6 OK =+/0B? —BK? = fRZ —(%j =52~ 4% =3,

1 1 1 1 5 645
s=—t—5=5+t5=>=>0H=—-—.
OH2 sSO? OK? 62 3* 36 5

Trong tam gidc vuéng SOK c6

Cho hinh nén c6 chiéu cao bing 2a, biét rang khi cét hinh nén da cho béi mit phing (P) di

qua dinh cua hinh nén va tao véi mat day cua hinh nén mét goc 30°, thiét dién thu duge 1a mot

tam giac vudng. Dién tich toan phan cta hinh nén di cho bang
A 4(414+7)7a®.  B.4(214+7)7a’. C.8J14na’. D. 8(2v14 +7)7a’.

Loi giai

Chon B

Gia sir thiét dién thu duoc 1a tam giac vudng SAB .
Goi | la trung diém cua AB, ta c6 géc giita (P) va mit day ctia hinh nén la goc SI0 =30°.

Xét ASOI vuong tai O, cO sin30° =£:>SI = _SO 5 :§=4a.
Sl sin30® 1
2

012 =SI° —S0? = (4a)’ —(2a)’ =12a%> = Ol =2a+3 .
Xét ASAB vudng cantai S, taco Sl :%AB — AB=8a.Suyra IB=4a.
SA? + SB? = AB? = 25B? = (8a)’ = SB = 4av/2..

2
Xét ABIO vuéng tai |, taco OB =+/OI% + 1B =\/(2a\/§) +(4a)” =2aV7 .
Dién tich toan phan ctia hinh nén da cho bang
2
Sp =t +71° = 7237 402 + 7(2a\7) = 4(2414 + )72’

Cho hinh nén c6 dinh S, chiéu cao bang 3a.Goi A va B 1a hai diém thudc duong tron day sao
cho dién tich tam giac SAB bang 9a?, khoang cach tir tim cua dudng tron ddy dén mit phing
(SAB) béng a. Tinh thé tich ctia khdi nén dugc gi¢i han béi hinh nén da cho.

3 3 3 3
A 219ra . B. 73ra . C. 737a . D 73ra .
8 4 24 8
Loi giai
Chon D
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Goi O, R 1an luot 14 tAm va ban kinh day cua khdi non.
Goi K, H lan luot 13 hinh chiéu caa O 1én AB, SK.

AB L OK
AB L SO

OH L SK
OH 1L AB

}:> AB 1 (SOK).Suyra AB LOH .

} = OH L (SAB). Suy ra khoang cach tir tim O dén mit phiang (SAB) bang OH .
1 1
2 " om2 T A2
OH SO° OK
1 1 1 _1 1 _8 . %2

Trong tam giac vudng SOK c6

:} = — = — :—:} =
OK? OH? s0? a2 (3a)2 9a’ 4
2 2
SK2:802+OK2:(3a)2+[3a;/§J =818a :SKzgaf.

Tam giac can SAB c6

1 2.5 2.9a%
S.can = —SK.AB = AB = £24%AB _ —4a 2 .
ASAB 2 SK 9a\/§

4

Suyra BK = 2a/2 .

2
2
Trong tam giéc vuéng OBK c6 OB =+/OK? + BK? _\/(36‘;/5} +(2a\/§) _ a\/i46 _

. . . 1 1
Theé tich khoi nén bang V = gﬂ'rzh = —7[{

3

2
a+/146 737a’
3a=
4 8

Cau 49: Cho hinh nén dinh S c6 ban kinh day bang 4 va dién tich xung quanh hinh nén bang 16~/27 .
Mit phing (P) di qua S cit duong tron day tai A,B va AB = 4/3 . Khodng cach tir thm cua
dudng tron ddy dén (P) bing

45 25 D. 5.

A 2. B. —. cC. —.
5 5

Chon B
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Céau 50:

Taco: S, =xrl —16V27 = 1=442.

Mat khac 12 =h® +r% nén h=+I1?-r? =4,

Goi | 1a trung diém canh AB, suyra Ol L AB.

Do SO vudng goc véi mit phang chira duong tron tim O nén SO L AB.
Khi d6 AB L (SOI).

Trong tam gidc SOI , dung OH L SI.

Do AB L (SOl),nén AB L OH , tir d6 suy ra OH L (SAB).

Vay d(0,(P))=d(0,(SAB))=0H .

2
Xét tam giac vuong 10A: Ol =+/OA? — Al? :,/42—(2«/5) =2.

1 1 1 1 1 5 NG
s=——t—5=5t+t5=—=>0H=—r.
OH? 0I? 0s?2 22 4% 16 5

Trong tam giac vuéng OIS :

Cho hinh nén ¢6 chiéu cao h = 6 va thé tich khbi non bang 50z . Mot thiét dién di qua dinh cta

’ 2 e . 6 5 .
hinh n6n c6 khoang cach tir tam ctia ddy dén mat phang chua thiét dién 1a ra Tinh dién tich

cua thiét dién d6?
A. 2445, B. 1245. C.9. D. 65.
Loi giai

Chon B

Goi hinh ndn da cho c6 dinh 1a S va tdm cia day 1a O ; thiét dién qua dinh 1a tam giac SAB.

Tac()V=%7rr2h:507r:>r2=25:>r=5.
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Dung Ol L AB,suy ra AB L (SOl).

Trong tam giac SOl , dung OH 1 SI.
Do AB L (SOI), nén AB_LOH ,tird6 suy ra OH L (SAB).

65

Vay d(0,(P))=d(0,(SAB))=0H, suy ra OH :?5.

1 1 1 1 1 1 1

Trong tam giac vuéng OIS : = + = = — =
J J g OH? 0OI?> 0S? 0I> OH? 0S? 9

= 0l =3.
Khi d6 Sl =+/SO? + 012 =+/62 +3% =345 .

Xét tam giac vudng 1AO: Al =+OA?2 —0I2 =+/25-9=4= AB=8.

Vay dién tich tam gidc SAB la: %.AB.SI = %.8.3\/5 =125
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DANG @ CU’C TRI TRONG KHONG GIAN OXYZ
——

Y YWY «iiN THGC CAN NHO

Dang 1: Tim diém M thuge (P) sao cho u=aMA+bMB +cMC c6 ‘ﬁ‘ dat min.

Phwong phap giai:

Xl=axA+be+cxc
a+b+c

e Timdiém | thoa min hé thirc alB+bIB+cIC = 0 toa do diém | Ia: {y, = YatPe +CYe
a+b+c

2 = az, +bz, +cz;
a+b+c

e Phantich ﬁ:am+bW+cM—C:(a+b+c)W+(aﬁ+b@+cE):(a+b+c)W

< M 1a hinh chiéu vudng goc cta | 1én (P).

min

e Khido |u|=[a+b+c[MI =

e Viét phuong trinh duong thang IM diqua | va vuong goc véi (P) = u,, = Ny
e Khido M =(P)n(IM).
Dang 2: Tim diém M thudc (P) sao cho T =aMA’ +bMB? +cMC? dat max hogc min.
Phwong phap giai:
e Timdiém | théa man hé thirc alA+blIB+cIC =0
o, —2  ——2 2 — 2 — 2 — 2
e Phantich T=aMA +bMB +cMC™ =a(MI +1A) +b(MI +1B) +c(MI +IC)
= (a+b+c)MI? +2W(aﬁ+b@+cﬁ)+alA2 +bIB? +cIC?
=(a+b+c)MI*+alA’> +bIB* +cIC?.
e Néu a+b+c>0 thi T dat min; a+b+c <0 thi T dit max.
e Khidé T :;T. < Ml . — M lahinh chiéu vudng goc ctia | Ién (P).
Dang 3: Tim diém M thugc (P) sao cho (MA+MB)_ hodic [MA—MB|
Phwong phap giai:
e Kiém tra vi tri twong ddi cta cac diém A va B so véi mit phang (P).
e Néu A va B cung phia (P) thi bai toan (MA+MB) _phdi ldy dbi xtmg A qua (P) khi do
MA+MB = MA'+ MB > A'B diu bang xay ra <> A',M,B thang hang hay M = AB (P) .
e Baitoantim [MA-MB| , tacé [MA-MB|<AB= M lagiao diém tryc tiép ciia duong thing
AB va (P).
e Néu A va B khac phia (P) thi bai toén|MA— MB|max phai 1dy dbi ximg A qua (P) bai toan tim
(MA+MB) =M la giao diém truc tiép ciia dudng thang AB va (P).
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Dang 4: Bai toan 1ap phuong trinh mit phing, dudng thang cé yéu t6 cuc tri
Phwong phap dai sé:
e Goi véc to phap tuyén hodc véc to chi phuong cua mit phiang (hodc duong thing) can lap 1a
(a;b;c), (@°+b*+c?) >0
e Thiét l4p mot phuong trinh quy an (a theo b,c hodc nguoc lai) tir mot dir kién vé mit phang chira
duong, song song hoic vudng goc. Gia st phuong trinh thu gon 4n 13 a = f (b;c) .
e Thiét 1ap phuong trinh khoang cach ma dé bai yéu cau, thaya = f (b;c) vao ta dugc mot phuong
trinh hai 4n b;c.

e Xét ham khoang cach d = g(b;c)

Néu c=0 thi b=0—d =d,luu lai gia tri khoang cach d, nay.
Néu C¢O:>d=g(9j:g(t);t=9
C C

e Khao sat ham g (t)ta thu duoc két qua.

cha y:
, , , Ax, +By,+Cz,+D
e Cong thirc khoang cach tir mét diém dén mot mat phang d (A; (P)) = | j/ - Yo - 0 - |
A"+B°+C
ny 9 [u:am]
» Cong thirc khoang cach tir mot diém dén mot duong thang d (A;A) = ﬁ ;M thudc A.
UA

[ MM,

gty |

e Cong thirc khodng cach giita hai duong thang d (A;A, )=

Phwong phap hinh hoc:
Bai toan 1: Ldp phuong trinh mat phcfng (P) chita duong thcfng d sao cho khoang cach tw M dén (P)
16n nhat, véi M la diém khéng thudc d.
Phwong phap gidi:
Puong thing d xac dinh di qua diém A va ¢6 véc to chi phuong 14 u, .

Ké MH L (P);MK Ld = MH =d(M;(P))va diém K Ul

¢b dinh.

Taco d(M;(P))=MH <MK

S d MK . Khi d¢é 4<(P) —]-

uy ra = :

Y12 e (P L (M) AN\
) K

Goi () 1a mat phang chira M va d ta co: P ¢

n. Lu, e
L ]
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Khi d6 (P) di qua A va c6 véc to phap tuyén la: @ = [u: [E, mﬂ

Bai toan 2: Ldp phirong trinh dwong thang d nam trong mdt phang (P) , di qua diém A sao cho khodng
cdch tir diém M dén d 16m nhat, nhé nhat?

Phwong phap giai:

M

Ké MK Ld;MK L (P)= MK =d(M;d)va diém H c6 dinh.

Ké MK Ld;MH L (P);= MK =d(M;d)=d va diém H ¢6 dinh.

Tacd: MH <MK <MA< MH <d <MA.

Taco MK <MA=d(M;d) =MA=K=A

Khi d6 duong thang d nam trong (P), di qua A va vudng goc véi duong thang AM , suy ra d c6 mot
véc to chi phuong la E:[@m}

Mit khac, lai c6 MK >MH =d(M;d) =MH < H =K.

Khi d6 duong thing d niam trong (P) , di qua A va di qua hinh chiéu H cua M. Suy ra
d =(P)n(MHA). Trong do n(MHA)=[@;m]

Khi d6 dudng thang d c¢6 mot véc to chi phuong 1a uj = [@, [nj,, mﬂ

(Chu y: Trong trudng hop d_. thi d chinh 13 hinh chiéu vuong goc cia MA trén mat phang (P)).
Bai toan 3: Ldp phwong trinh dwong thang d nam trong mdt phang (P), di qua diém A cho truée sao
cho khodng cdch giita d va d’lém nhdt, véi d’ la dwong thang cho triede va cat (P).
Phwong phap giai:
d
4’

Goi | =d’n(P), qua A dung duong thing d”|d’=d'||(Q), vdi (Q) la mit phang chira d va d”.
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Khi d6 d(d;d")=d(d";(Q))=d(1;(Q))

Ké IH L(Q);IK Ld"=IH =d(1;(Q))va diém K cb dinh.

Tacé H<IK=d(1;(Q)) =IK < H =K. Khidduong thang d nam trong (P), di qua A va vudng
goc v6i duong thing IK, suy ra d 6 mot véc to chi phuong 1 u, = [@ R}

Goi A’ 1a hinh chiéu vudng géc ctia A Ién d”, suy ra AA'|| IK , khi do u, = [@ ﬁ}

Vay duong thing d can 1ap di qua diém A va c6 véc to chi phuong 1a Q = [@; AA ]
Bai toan 4: Ldp phwong trinh dwong thang d di qua diém A cho trude, d cat diva khoang cdch giita d
va dz [6m nhat
Phwong phap giai:
Goi (P) 12 mit phang di qua A va chira d , suy ra d nam trong (P). Khi d6 quy vé bai toan 3!
Dang 5: Bai toan tim diém M thudc duong thing ¢6 yéu té cuc tri
Phwong phap giai:
Tham s6 hoa diém M theo phuong trinh dudng thing.
Bién d6i gia thiét vé dang y = f (t) va tim gié tri 16n nhat, nho nhat cia ham sd y = f (t).
Chuy:
-b -A

Tam thirc bac hai: y:aX2+bx+c(a;t0) co dinh I(—,—].
2a 4a

Bét dang thurc véc to: Cho 2 véc to u =(a;b) va v=(c;d) tacé: ‘ﬁ‘+‘\7‘ > ‘l] +\7‘

Khi d6 v/a2 +b? ++/c? +d? 2\/(a+c)2+(b+d)2 dau bang xay ra @%:g.

Dang 6: Bai toan cyc trj lién quan dén goc
Phwong phdp dai sé
e  Goi véc to phap tuyén hodc véc to chi phuong ciia mit phang (hodc duong thing) can 1ap la (a;b;c)
trong d6 a®+b”+c*>0.
e Thiét 1ap mot phuong trinh quy 4n (a theo b,c hodc nguoc lai) tir mot dit kién vé mit phang chira

duong, song song hoic vudng goc. Gia st phuong trinh thu gon an 1a a =f (b; c).

e Thiét 1ap phuong trinh vé goc, thay a =f (b; C). vao ta duoc mot phuong trinh hai 4n b,c.

Chay:
L ea C 4 2 . o ‘E@‘
e Goc gilta hai dudng thang Cos(dl,dz):‘cos(ul,uz) ==
o]
e Goc gitra hai mat phang COS((P)l;(PZ)) = ‘COS(H{;H_;) = ‘thni“
n,|.In,
e Goc giira duong thang va mit phang sin (d; (P)) = ‘Cos(n—P; E) _ “ET‘JL‘
Ne|.|U,
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e Ta biét rang ham sin ¢ dong bién khi 0 < ¢ <90°, nguoc lai ham cos ¢ nghich bién .

o Vay khi ham xét max, min la ham sin thi goc lon wng voi ham max, goc nho vng voi ham nho. Con
khi ham xét max, min 1& ham cosin thi nguwoc lai, dé bai yéu cau tim géc I6n thi ham phai dat min,
goc nho thi ham dat max.

Phwong phap hinh hoc
Bai toan 1: Ldp phuong trinh mét phang (Q) chira A sao cho mdt phang (Q) tao véi mdt phing (P)
cho truée mét gée nhé nhat (hodc tao véi dwong thang d cho trude mét géc 1én nhat)

Phwong phap giai:

Truong hop 1: ((P);(Q))

min

Goi A=AN(P);d =(P)n(Q)véi (Q) a mit phang (1AK) trong hinh v&.

Liy 1 €A=> A/l cb dinh, dung IH Ld = ((P);(Q)}=IKH =,

Do 1A> IK :sin¢=:ﬂ>ﬂ:¢mmkhi K=Aticla A Ld e AL(P)=ng=uu, ]

K 1A
_ . [1ALd Ald — = —
Mt khac dc(P)<:> dC(P):ud:[uA,n(P)}

Suy ra ((P),(Q)) nho nhit < A L giao tuyén d cua (P)va (Q) & n. = [E;[E;@ﬂ
Truong hop 2: ((Q);d)max = % = [Q,[Q1EH
(P:(@) =0 =[us[using ]

min

((@0:9),, e =[uluec ]

Tong két:
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Bai toan 2: Viét phirong trinh dwong thang d' qua A nam trong(P) sao cho goc giita 2 dwong thang d

va d’ nhé nhdt (hodc tao voi mdtphcfng (Q) cho trudc mot goc lon nhcft)
Phwong phap giai:
Trwong heop 1: (d;d')

min

Qua A dung duong thang A||d , trén Aldy diém I, ha IH L(P)= A I,H ¢0 dinh, diém K thay doi
(d;d’)z(A;d’)z IAK = o

Ma sina:%z% (Do IK>IH)suyra «,,, < H=Khay d"qua A vaH.

Khi d6 d'1a hinh chiéu vudng géc cua A trén (P).
Tac6: ('), <6 =[] <[ im0 ]

Truwong hop 2: (d;(Q)) QE:[@[@E}}

max

Tong két:
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IR :W /Y BAITAP TRONG DE MINH HOA

Cau 49 — D& tham khio 2023. Trong khong gian Oxyz, cho A(0;0;10), B(3;4;6). Xétcac diém M thay
dbi sao cho tam giac OAM khéng cd goc ti va co6 dién tich bang 15. Gia tri nhé nhat cua d6 dai doan thing
MB thudc khoang nao dudi day?

A. (4;5). B. (3;4). C. (2;3). D. (6;7).

& Loi giai
Chon B
Taco: Som :%OA.d (M;0A)=15=d (M;0A)=3.
Suy ra: M di dong trén mit tru, ban kinh bang 3, truc 1a OA.
D FE

, = 2= HA=1
Xét diém D nhu hinh vé, {HAHO HD 9:{

HA+HO =10 HO=9
Vi AMO <90 nén gidi han cia M la hai mat tru vai truc AH va FO.

Az
10:A
T3
-m T T
(o S,

ot
oy

3

[}
1
1
[}
:
1
[o
|
1
I
1
1
1
1
|
:
1¢
]
1
I
:
'

O
Vi hinh chiéu cia B cach H gin hon nén BM,, =+/22+3? =/13.
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IS BAITAP TUONG TU VA PHAT TRIEN

Cau 1;

Céu 2:

Cau 3:

Cau 4:

Cau 5:

Céau 6:

Cau7:

X=1+2t
Trong khdng gian Oxyz cho dudng thing A:<y =1+t va mitphing (P):x+2y+z-6=0.
z=-t

Mat cdu (S) c6tdm | thugc A (1 c6 hoanh d6 am) tiép xtic v6i mit phing (P) tai A. Diém
N (a;b;c) la diém thay doi trén (S ), khi khoang cach ON 16n nhét thi gié tri cia T =a+b—c
14 bao nhiéu, biét ring dién tich tam giac 1AM bing 3+/3 (M la giao diém ctia duong thing A
va mit phang (P)).

A. 2+243. B. —2—24/3. C. —2+24/3. D. -2++/3.

Trong khong gian Oxyz, cho mit phang (P):2x+y—-2z+5=0 va diém A(12;-3). Pudng
thing d di qua A va co véc to chi phuong U =(3;4;—4) cit (P) tai B. Diém M thay ddi trén
(P) sao cho M luén nhin doan AB dudi mot goe 90°. Do dai doan MB 16n nhét biang

A. .
12

N | o

Trong khong gian Oxyz , cho diém C(0;0;4), M (-1;-10). Mit phing (o) di quadiém C va

. . o a N2 - C . £
tao voi truc Oz mdt goc ¢ thoa man tang = T Gia su n(a;b;c) la mot vecto phap tuyén
cua (a). Khi khoang cach tir M dén () 16n nhat, gia tri biéu thirc % bang

A ——. B.E. C.5. D. -10.
2 2

Trong khong gian Oxyz, cho A(0;0;5),B(4;-3;7). Xét diem M thay doi sao cho tam gidc
OMA khéng ¢ goc tii va c6 dién tich bang 10. Gié tri nho nhét ciia do dai MB 1
A. 5. B. 5. C.1. D. 4.

Trong khdng gian Oxyz , cho mit cau (S):(x—2)2+(y+1)2+22=9 va hai diém
A(-2;3;2),B(-10;3). Goi M la diém thudc mit cau (S). Tinh gié tri nhé nhét cia biéu thic
MA + 2MB.

A. J11. B. 6. C. J41. D. J31.

Trong khong gian v&i hé truc toa dd Oxyz, cho hai diém A(-1;4;1),B(3;-2;0) va duong thang
x-m_y+1 z+m?
1 2

gbc cua A, B 1én A sao cho thé tich khoi tir dién ABMN nho nhat. Khi d6 gia tri cia bicu thirc
T =a+Db+c thudc khoang nao dudi day?

A. (-3-1). B. (-11). C. (-4-2). D. (0;2).

A

, v6i m 1a tham sb. Goi M (a;b;c), N 1an luot 1a hinh chiéu vuéng

Trong khong gian Oxyz cho hai diém A(0;-12), B(2;54) va mit phing
(P):2x—2y+2z+3=0.Goi M (a;b;c) la diém théa man biéu thirc MA® + MB? =40

8| Bién soan: Phan Nhat Linh
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Cau 8:

Céau 9:

Céau 10:

Cau 11:

Céau 12:

Cau 13:

Céau 14:

va khoang cach tir M dén (P) nho nhat. Khi 6 T =a’ +b® +c” bang

A. 25. B. 21. C. 19. D. 5.

Trong khong gian voi hé toa d6 Oxyz cho mit phing () ¢6 phuong trinh X —2y+2z-5=0
va hai diém A(4;-5;2) va B(1;,—1;3). Goi A 1a dudng thing di qua A va song song véi () va
thda man diéu kién sao cho khoang cach tir B dén A 1a nho nhét. Puong thang A di qua diém
nao sau day?

A. M(2,-2;-3). B. N(6;-7;-1). C. P(2;3,-5). D. Q(6;-7;1).

Trong khong gian vai hé toa dd Oxyz , cho cac diém A(-3,0;1),B(-2;0;0), C (—g;l;lj . Diém

M thoa man % = AB . Thé tich 16n nhét cua khdi t& dién O.MAC 14 bao nhiéu?

B.E. C.g. D.l—l.
3 3 6

A.

w|

Trong khong gian Oxyz, cho ba diém B(2;5,0), C(4;7;0) va E(LL3). Goi (Q) la mat
phing di qua E va vudng géc véi mit phang (Oxy), A 1a giao tuyén cia (Q) va (Oxy),
T=2d (B,(Q))+d (C,(Q)). Khi T dat gia tri 16n nhat, A di qua diém nao trong cac diém
sau day?

A. M (-12;6;0). B. P(12;-4;0). C. Q(15;4;0). D. N(15,-4;0).
Trong khong gian véi hé toa do Oxyz, cho a=(1-2;0) vahai diém A(-—4;7;3), B(4;4;5). Hai
diém M,N thay déi thuoc mat phing (Oxy) sao cho MN cing huéng a va MN =55. Gia
tri 16n nhét cia |[AM — BN|

A 62, B. \77. C. /82 -5. D. \/98 - 3.

Trong khong gian véi hé toa d6 Oxyz , cho mit cau (S) tam 1(1;2;3), ban kinh R =3 va duong
x—1 _y +1 _Z- 3

thing A: N . Mit phing (P) chira A va cit mit cau (S) theo thiét dién 1a
dudng tron (C) c6 chu vi nhd nhét. Khoang cach tir goc toa do O dén mat phang (P) béng
AL 5. Y6 c 2 p. 4

Trong khdng gian Oxyz, cho diém A(0;0;8), B(6;8;7). Xét cac diém M thay doi sao cho tam

giac OAM 1ludn vudng tai M va c6 dién tich bing 8+/3. Gia tri 16n nhét cua d6 dai doan thing
MB thudc khoang nao sau day?
A. (12,13). B. (13,14). C. (14;15). D. (15;16).

Trong khong gian Oxyz , cho mit cau (S):(x +1)2 +(y—9)2 +2z°=18 va hai diém
A(8;0;0),B(4;4;0) . Piém M (a;b;c) bat ki thudc mit cau (S) sao cho MA+3MB dat gia tri
nho nhét. Tinh gia tri biéu thitc 2a+3b+c

A. 22. B. 28. C. 12 D. 8.

Bién soan: Phan Nhat Linh | 9



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*

Cau 15;

Cau 16:

Céu 17:

Cau 18:

Céau 19:

Céau 20:

Cau 21:

Trong khdng gian Oxyz, cho 3 diém A(-8;11),B(2:1;3)vaC(6;4;0). Mot diém M (a;b;c) di
dong trong khong gian sao cho MAMC = MAMB + 34 va |MA—MB| dat gi4 tri 16n. Tinh gia

tri biéu thirc a+ 2b—5c
A. 11 B. —11 C.12 D. -6

Trong khong gian Oxyz, cho hai diém A(0;0;10) va B(3;4;6). Xét cac diém M thay doi sao

cho tam gidc OAM ¢6 OMA ti va c6 dién tich bang 15. Gié tri nho nhét ciia do dai doan thang
MB thudc khoang nao dudi day?
A. (0;2). B. (2;4). C. (35). D. (13).

Trong khdng gian Oxyz , cho mit cdu (S): (x—1)%+(y+1)? +z° =4 va hai diém A(-LL1),
B(2;-2;1) . Piém M di chuyén trén mat cau (S). Gia tri 16n nhat cua | 2MA —3MB | dat duoc
la

A. 65, B. /67 . C. V69 D. /61.

Trong khong gian véi hé truc toa do Oxyz cho mit cau (S) cotam 1(L-13),bankinh R. AB

1a mot dudng kinh cua (S); mdt phang (P) qua | vatao véi AB mot goc 60°. Hai diém M, N

thay doi trén (P)sao cho MN = - Bict rang biéu thirc T =3AM ? +4BN? ¢6 gi4 tri nho nhét

. 159 _ .
bing - Viét phuong trinh mét cau (S).

A. (x+1)2+(y—1)2+(z+3)2 =4, B. (x—l)2+(y+1)2+(z—3)2 =9.
C. (x—1)° +(y+1)° +(z-3) =4. D. (x_1)2+(y+1)2+(z_3)2:%.

Trong khong gian Oxyz , cho hai diém A(4;0;0) va B(8;0;6). Xét cic diem M thay doi sao

cho khoang cach tir A dén dudng thang OM bang 2 va dién tich tam giac OAM khéng 16n
hon 6 . Gi4 tri nho nhit ciia do dai doan thang MB thudc khoang nao dudi day?

A. (%5} B. [4%} C. (£4j D. (5;7).

Trong khong gian Oxyz, cho tr dién ABCD, A(1;2;3),B(2;-1;1), C(4;-3;5), D(1;,-2;3). Xét
cac diém M thay ddi trén mat cau (S):x*+y?+2z°=9. Gia tri 16n nhit clia biéu thirc
T = MA? + MB? + MC? + MD? thudc khoang nao dudi day?

A. (200;210). B. (190;200). C. (180;190). D. (170;180).

Trong khong gian Oxyz ,cho mat cau (S): x* + y% + 2> —2x+2z—2=0 va cac diém A(0;1;1)
, B(-1-2;-3), C(L0;-3). Piém D thudc mit cau (S). Thé tich tir dién ABCD 1én nhat

thudc khoang nao dudi day?
A (45). B. (25). C. (6:7). D. (5;6).
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Céu 22:

Cau 23:

Céu 24:

Céu 25:

Céau 26:

Céau 27:

Céau 28:

Céau 29:

Trong khong gian Oxyz, cho hai diém A(l; —2;2] va 5(4;2;2) Tim hoanh d6 diém M trén

mit phing (Oxy) sao cho ABM = 45° va tam giac MAB c6 dién tich nho nhat?

A.E. B. 1. C.E. D. 2.

2 2
Cho cac diém A(3;2;1), B(0;11). Pat P =‘2W—3W§ , trong d6 M 1a mot diém chay trén
mit phang (Oxy). Tim tung d6 cia M khi P dat gi4 tri nho nhét?

A. -6. B. -1. C.0. D. 1.
X=2-2t X=5+3s
Trong khong gian Oxyz , cho A(LL1) va hai dudng thing d, :{y =1 ,dyqy=1 . Goi
z=-2+t Z2=3-5

B, C la cic diém lan lugt di dong trén d;, d,. Tinh gia tri nho nhat cia biéu thic
P=AB+BC+CA.

A. 2429 B. v29. C. /30. D. 24/30.
Trong khong gian véi hé toa do Oxyz, cho mat phang (P):x—y+z+7=0, duong thing
d :%:lz:% va mat cau (S):(X—l)2 +y? +(Z—2)2 =5. Goi A, B 14 hai diém trén mat cau

(S) va AB=4; A, B'la hai diém nam trén mit phang (P) sao cho AA’, BB' ciing song song
v6i duong thang d.Gia trj 16n nhat cua tong AA'+ BB’ gan nhét véi gia tri nao sau day

A. 13. B. 11. C.12. D. 14.

Trong khéng gian Oxyz , cho hai diém A(-5;4;-1) va B(3;4;5). Xét cac diém M va N thay
d6i sao cho tam giac ABM c¢6 dién tich bang 40 va tam gidc ABN vudng tai N . Gid tri nho
nhat cia do dai doan thang MN thudc khoang nao dudi day?

A. (2:4). B. (3;5). C. (46). D. (5;7).

Trong khéng gian Oxyz, cho hai diém A(-5;4;-1) va B(3;4;5). Xét cac diém M va N thay
d6i sao cho tam gidc ABM c6 dién tich bang 15, g6c AMB >90° va tam giac ABN vudng tai
N . Gié tr1 16n nhat cua d0 dai doan thang MN thudc khoang nao dudi day?

A. (13,15). B. (811). C. (46). D. (10;12).

Trong khong gian v&i hé toa do Oxyz , cho hai diém A(-10;0) va B(1;2;3). Goi (P) la mat
phing chtra giao tuyén cua hai mit cau (Sl) X2+ y2+722-2x+2y—-62+7=0 va
(S,):x*+y*+2°+2y—62+7=0.Xéthai diém M, N 14 hai diém bat ki thuge (P) sao cho
MN =1. Gia tri nh6 nhét cia AM + BN bang

A. {18+ 213 B. /18— 2413 . C. 18- 213. D. 18+ 2413.

Trong khong gian voi hé toa dd OXyz cho diém A(-2;2;-2)va diém B(3;-3;3). Diém M thay
MA 2

d6i trong khong gian thoa man B3 biém N(a;b;c) thudoc mit phang

(P):—x+2y—2z+6=0sa0 cho MN nho nht. Tinhtong T =a+b+c.
Bién soan: Phan Nhat Linh | 11
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Céau 30:

Céu 31:

Céu 32:

Céu 33:

Céau 34:

Céau 35;:

Céau 36:

A 6. B. -2. C.12. D. -6.

Trong khong gian véi hé toa do Oxyz , cho diem A(L,2-3) va mit phing
(P):2x+2y—2z+9=0.Duong thing d di qua Ava cé vecto chi phuong U = (3;4;-4) cit (P)
tai B. Diém M thay doi trong (P)sao cho M luén nhin doan AB duéi goc 90°. Khi d¢ dai
MB 16n nhét, dudng thing MB di qua diém nao trong cic diém sau?

A. K(3,0;15). B. J(-3,2,7). C. H(-2,-1,3). D. 1(-1-2;3).

Trong khong gian v6i hé toa dd Oxyz , cho céc diém A(a;0;0),B(0;b;0),C(0;0;c) véi

. . 3V10 L . .2
a>4,b>5,>6 vamit cau (S) cé ban kinh bang ngoai tiép tir dién OABC . Khi tong

OA+ OB +OC dat gia tri nho nhat thi a+b+c="?

A a+b+c=16 B.a+b+c=15 C.a+b+c=17 D.a+b+c=14
Trong khong gian Oxyz , cho mit cau (S):x* +y? +2° —2x—4y +62-13=0. Lay diém M
trong khong gian sao cho tir M ké dugc ba tiép tuyén MA, MB, MC dén mit cau (S) thoa

méin AMB =60°, BMC =90°, CMA=120° (A, B, C la cé4c tiép diém). Khi d6 doan thing
OM c¢6 d6 nho nhét bang

A. 14 -33. B. —/14 +64/3. C. V14 -6. D. 6-+14 .

Trong khong gian véi hé toa do Oxyz , cho mat cau (S): x* +(y—3)?+z2 =4 va hai diém
A(4;3;3), B(2;1;0).Goi (P) 1amatphang diqua A tiép xuc voi (S). Goi khoang cach 16n nhét
va nho nhat tr B dén (P) 1an lugt 1a m va n. Khi d6 T =m+n nam trong khoang nao dudi
day?

A (L2). B. (3,4). C. (ogj D. (29

Cho diém A(2;3,5) : hai mit cau
(S):x2+y2+22=9, (S,):(x=1)* +(y—2)" +(z+3)° =16 vadiém M di dong thuc ca hai

mat cau. Goi m,n 1a gia tri 16n nhat va gia tri nho nhat cia AM . Tinh gia trj cta biéu thirc

T =m? +n?
N o 1 o, 102 o, 211
4 2 7 28

Trong khong gian Oxyz , cho céc diém A(0;0;1), B(0;0;4), C(22:1), E(4,0,0), F(3L6)
. Xétdiém M thay doi sao cho MA:%MB va MA = MC . Gia tri 16n nhat cia ME + MF bang
A 4W3+43. B. 4y/3++6 . C. 42442, D. 46 +6 .

Trong khong gian Oxyz , xét mit phang (ABC), c6 A(4;-3;7);B(-13;-12);C(-10;3;0). Lay

A 1a mot duong thang bat ki vuong géc véi (ABC) goi | =A(ABC) théaman | thude mién
trong AABC . Liy M € A;M # 1, goi E,F,K lan lugt 1a hinh chiéu vudng goc cia M 1én cac
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Céu 37:

Cau 38:

Cau 39:

Céau 40:

Cau 41;

Cau 42:

duong thing BC,CA, AB . Hé thirc nio ctia diém M 14 ding dé biéu thic P = \EHWHR\ dat

gié tri 16n nhat.

A TV = 2(IE + 1A+ 18). B. Wi = 2( W iC + 1A .
3 3 2
C. MI =%(MA+MB + MC). D. M =(IC + 21A+ IB).
3 3
Xx=1+t
Trong khdng gian Oxyz , cho dudng thang A:{y=2-2t vamitphang (P):2x-y-2z-1=0
z=-1-t

. Mit phing (Q) chtra dudng thing A va tao voi (P) mdt géc nhé nhat cit mat cau
(S):(x=1)* +(y -1)° +(2-2)" =12 theo dudng tron ¢6 ban kinh bing

g, 2415 c. 4 p. &

3 NE) 3

Cho A(L:L-3), B(6;2;2), C(~1,0;-2). Toa d diém M e (Oxy) sao cho [MA +2MB +3MC|

AL
6

dat gia tri nho nhat la:

A. M §;E;O . B. M §;—E;O . C. M —§;—§; . D.M —§;§;O .
36 3 6 3 6 36

Trong khong gian voi hé toa do Oxyz, goi (P) 1a mat phang di qua hai diém A(L-7;-8),
B(2;-5;—9) sao cho khoang cach tir diém M (7,-1,-2) dén (P) dat gia tri 16n nhét. Biét (P)
c6 mot vécto phép tuyén la i = (a;b;4), khi d6 gié tri ciia tong a+b 1a

A. -1, B. 3. C.6. D. 2.

Trong khong gian Oxyz , cho mit cau (S):(x—1)2+(y+2)2+(z—3)2 =25 va cac diém
A(L0;0), B(-10;1), C(-L2;3).Piém M (X,;Yo:Z,) thoa d =3MA? + 2MB? - MC? dat gid
tri nho nhat. Gia trj ctia T = 4x, — 3y, — 2z, bang

A 2. B. 3. C. 8. D. 4.

Trong khong gian v&i hé toa do Oxyz , cho diém A( 11, 2) va mit cau
(S):x*+y?+2° —2x+4y—-62-2=0. Mit phang (P)qua diém A va cit mit cau (S) theo
duong tron (C) c6 ban kinh nho nhat. Mt phiang (P)c6 phuong trinh 1a

A. (P):3x-z-1=0. B. (P):3y-z+1=0.
C.(P):2x+y-z-1=0. D. (P):3y—-z-1=0.

Trong khong gian Oxyz, cho tam gidc ABC c6 A(L0;-1), B(1;,2;1), C(2;,-1-1). Goi M 1a
diém thay déi thudc mat ciu tim B, ban kinh R =+/2. Gi4 tri nho nhét cia MA+2MC 1a

A. 214, B. 6/2. C. /38. D. 44/2.
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Cau 43:

Céu 44:

Cau 45:

Céau 46:

Cau 47:

Cau 48:

Céau 49:

x=1
Trong khéng gian Oxyz cho mét phing (P):y—1=0, dudng thdng d :{y=2-t va hai diém
z=1
A(-1-3:11), B(%;o;sj. Hai diém M , N thudc mat phiang (P) sao cho d(M,d)=2 va
NA = 2NB . Tim gi4 tri nh6 nhat ciia doan MN .
2 2
A. MN;, =1. B. MN,;, =~/2. C. MN_. =§. D. MNyy = .
X=5
Trong khong gian Oxyz, cho hai diém A(4;-2;4), B(-2;6;4) va duong thing d :{y =—-1. Goi
z=t

M 1a diém di dong thudc mit phiang (Oxy) sao cho AMB =90° va N 1a diém di dong thuge d.
Tim gi4 tri nho nhat cia MN.

A2 B. 8. C. \73. D. 5V3.

Trong khong gian Oxyz, cho hai diém A(L2;-2), B(2;4;,-3). Piém M di dong trén mat
phing (Oxy) sao cho MA, MB luén tao v6i (Oxy) cac géc phu nhau. Gid tri 16n nhét ciia d¢
dai doan thang OM thudc khoang nao dudi day?

A. (4;5). B. (3;4). C. (2;3). D. (6;7).

Trong khdng gian Oxyz, cho A(0;0;1),B(0;0;9),Q(3;4;6). Xét cac diem M thay doi sao cho

tam giac ABM vudng tai M va c6 dién tich 16n nhat. Gia tri nho nhat cta d6 dai doan thang
MQ thudc khoang nao dudi day?

A. (45). B. (3:4). C. (23). D. (1;2).
Trong khong gian v6i hé toa d6 (Oxyz), cho hai diém A(2;-1-3), B(0;1,—-2) va mat phang

(P):2x+y—-2z-4=0.Piém M thudc mit phang (P) sao cho AMB 16n nhat thi gi4 tri clia

sin AMB bang
- B. -2, c. 2 D. 2.
13 13 13 13

Trong khdng gian Oxyz, cho hai diém S(7;8;6) va P(-5;,—4;0). Xét khdi chép tir gide déu
S.ABCD ndi tiép trong mat cau duong kinh SP. Khi khdi chop S.ABCD c6 thé tich 16n nhét
thi mit phang ABCD c6 phuong trinh 2x+by +cz+d =0. Gia tri b+c+d bang

A. 3. B. 5. C. -3. D. -5.

x-1 y-2 z-3

2 3
2 2 2 4 4 .2 N . 4 B

(x+3)"+(y+4)"+(z+5)" =729. Cho bietdiem A(-2;-2;-7),diém B thudc giao tuyen cua

Trong khéng gian Oxyz cho duong thing d: vd mit ciu (S) :

mit cdu (S) va mit phing (P):2x+3y+4z-107 =0.Khidiém M di dong trén duong thing
d gia tri nho nhat cta biéu thic MA+ MB bang

A. 5430 B. 27 C. 529 D. /742
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Cau 50:

Cau 51;

Céu 52:

Trong khong gian véi hé toa do Oxyz , cho diém A(L2-3) va mit phing
(P):2x+2y—2z+9=0. Pudng thang d di qua A va c6 vecto chi phuong U =(3;4;-4) cit
(P) tai B.Diém M thay di trong (P) saocho M lu6n nhin doan AB dudi géc 90°. Khi do

dai MB 16n nhit, duong thing MB di qua diém nao trong cac diém sau?

A. H(-2,-13). B. 1(-1-2;3). C. K(3,0;15). D. J(-3,2,7).
Trong khéng gian Oxyz , cho hai diém A(L;—3;—4) va B(-2;1;1). Vi M 1a diém trén duong
thallng d :XT_l = % = Z—T', xét N 12 mot diém di dong trén mat cAu c6 tim M véi ban kinh

bang 2. Gi4 tri nho nhét cua biéu thire P = AM + BN thudc khoang nao trong cac khoang dudi
day?

A (13). B. (35). C. (5:7). D. (7;9)

Trong khong gian véi hé truc Oxyz , cho mat cau (S):x*+y®+2z*=1 va hai diém
A(3;0;0);B(~L110). Goi M la diém thuoc mat cau (S). Tinh gia tri nho nhat cua biéu thirc
MA+3MB .

A. 2434 . B. V26 C.6 D.5
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Vé dich ddc biét 9*

Cau 1:

PAP AN CHI TIET

X=1+2t

Trong khong gian Oxyz cho dudng thing A:{y=1+t va mit phang (P):x+2y+z-6=0.

z=—t

Mit cau (S) c6 tam | thudc A (I c6 hoanh d6 4m) tiép xuc v&i mit phang (P) tai A. Piém
p phang

N (a;b;c) 1a diém thay doi trén (S ), khi khoang cach ON 16n nhét thi gi tri cia T =a+b—c la

bao nhiéu, biét rang dién tich tam giac 1AM bing 33 (M 1a giao diém ctia duong thang A va mat

phfmg (P) ).

A 2+23. B. —2-23. C. —2+23. D.
Loi giai

Chon B

S

.

Ap dung cong thirc tinh géc gitra duong thing A va mat phiang (P) ta co:
0. | 2.1+1.2+(-1).1)

~af] \/22+12 1)> V12 + 22 12

sin(A,(P)

1 .
=—.Suyragoc IMA=

—2+\@.

30"

Goi R l1a ban kinh mat cau (S),taco: IA=R. Tam giac IAM vudng tai A co:

IMA=30" = AM = R+/3. Dién tich: S5, =33 < % IAAM =33 < R=

l e A=Giast (2t +L1+t;-t), t<_?1.

IR G @{
WEY=Re o™

Phuong trinh mat ciu (S):(x+1)* +y? +(z-1)* =6.
Khoang cich ON 16n nhat = N € Ol n(S).
X =t

Puong thang Ol ¢6 phuong trinh: {y=0 .
z=t

Tham s6 t tmg véi giao diém ctia Ol va (S) 1a nghiém cua phuong trinh:

t—1+\/—
t=1-3

(-t+1)°+0% +(t-1)° =6 (t-1)’ =3

16| Bién soan: Phan Nhat Linh
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Suy ra duong thing Ol cit (S) tai hai diém x(—1—J§;0;1+J§);Y(—1+J§;0;1—J§)
= J(-2-B) (18] = f2(a+245)
= (L) (1-B) = 24245

Do OX >OY néndiém N thoa min bai toan khi N trung diém X .

a:—l—\@
N(—l—\@;o;1+\/§):> b=0 —a+b-c=-2-23.
c=1++3

Cau2: Trong khong gian Oxyz, cho mit phing (P):2x+y-2z+5=0 va diém A(L2;-3). Duong

thang d di qua A va co véc to chi phuong 62(3;4;—4) cat (P) tai B. Diém M thay doi trén
(P) sao cho M ludn nhin doan AB dudi mot goc 90°. Do dai doan MB 16n nhét bang

A.E. B.S—\/ﬂ. C.%. D. i
2 6 12
Loi giai
Chon D
X=1+3t
Phuong trinh duong thang d 14y =2+4t nén toa do diém B théa man hé:
z=-3-4t
X=1+3t
y=2+4t = 2(1+3t)+(2+4t) - 2(-3 - 4t) + 5 = O<:>t——§:>B( 3. f;lj.
z=-3-4t 6 2" 33

2X+Yy—-22+5=0
Do M nhin doan AB dudi mot géc 90° nén M thude mit cdu (S) cé duong kinh

5\/7

AB="——-Lai do M e(P)nén M thudc dudng tron giao tuyén giita mdt cau (S) va mit

phang ( P) :
Do MB 1a mot diy cung ctia duong tron nay nén MB 16n nhat khi n6 1a duong kinh cta duong

tron giao tuyén giita mit cau (S) va mat phang (P). Goi | (——;% —gj 1a trung diém AB thi

| 1a tim mdt cau (S) va d ( I ;(P)) = g . Khi d6 ban kinh duong tron giao tuyén la:

rJ(gy_dq.;(p))J(sl_ﬂ_(gf% Viy Moy, =21 =25
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Cau 3:

Cau 4:

Trong khong gian Oxyz , cho diém C(0;0;4), M (-1;-10). Mt phang («) di qua diém C va
tao vdi truc Oz mot goc ¢ thoa man tang = e Gia su n(a;b;c) la mdt vecto phéap tuyén cua

. 5 y <\ A r A .7 1t A 7 ac M
(a) . Khi khoang cach tir M dén (&) 16n nht, gi4 tri bicu thic 07 bing

A. —E. B.E. C.5. D. -10.
2 2
Loi giai
Chon B

Goi K 1a hinh chiéu vudng géc ctia O trén (&), N =(Oxy)NCK .
Ta c6 ON =52, suy ra N thudc dudng tron (T) c6 tdm O, ban kinh r =52 nam trong
mp(Oxy). ((«) chira mot dudng sinh duy nhét cta hinh nén dinh C, truc CO va géc & dinh 1a

29)
Goi H,E 1an luot 1a hinh chiéu vudng géc cia M trén () va CN .

Suy ra: d(M,(ar))=MH <ME =CM.sinMCN .
Do d6 d(M,(a)) 16n nhat khi sinMCN  16n nhét.

Vi M nam trén mp(Oxy) va ndm bén trong dudng tron (T) nén s6 do goc MCN 16n nhét khi

\/_ 5x/_7zA

M,O,N thang hang va O nam giita M,N . Khi d6 MCN —arCtanT+arCtan—<E nén

sinMCN 16n nhat khi M,0,N thang hang va O nam giira M, N .

Mit khéc trong mp(Oxy) thi M nim trén dudng phan gidc clia goc X'Oy’, suy ra N(5;5;0).

Ciing trong mp(Oxy) goi d 1a dudng phan giac cta goc XOy' = ug =(1;~1;0) 1a vecto chi

phuong ctia d va d L (MCN). D2 thdy ug L OK va n cing phuong véi OK , do d6 n vudng
ac 5

goc véi Ug va CN, tirdé taco n=|u,CN |=(4;4;10) = = 7=

Trong khong gian Oxyz, cho A(0;0;5),B(4;-3;7). Xétdiem M thay doi sao cho tam gidc OMA

khong ¢ goc ti va co dién tich bang 10. Gia tri nho nhét cia d6 dai MB 1a
A5 B. 5. C. 1. D. 4.
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Céau 5:

Loi gidi

Chon A

Goi M (x;y;2)

Tacod Soya =10=d(M,0A)=4= x> +y* =16

OA? =25:0M? = x? + y? + 22 =16 + 2%;MA? = x* + y2 + (2 -5)’
Do cho tam gidc OMA khéng c6 goc tu nén

OA2 1 OM2>MA2  |25+16+2%>16+(z2-5)°

OA? + MA? >OM? = {25+16 + (2 —5)° 16+ 22 = 0<2<5
MA?+OM?>0A® |16+ (z-5) +16+122 > 25

Taco MB? = (x—4)° +(y+3)* +(z-7)

Do x*+y2 =16 = (x—4)" +(y+3)* >1

0<2<5=-7<7-7<-2=(2-7) 24

Nén MB?>1+4=5= minMB =+/5.

Trong khong gian Oxyz , cho mit cau (S):(x—2)2+(y+1)2+22:9 va hai diém

A(-2;3;2),B(-10;3). Goi M 1a diém thudc mat cau (S). Tinh gi tri nho nhét cua biéu thirc
MA +2MB.

A. J11. B. 6. C. J41. D. V/31.
Loi giai
Chon C

Mt cau (S):(x—2)2+(y+1)2+z2 =9 c6tam 1(2;-10), ban kinh R =3.

Taco 1A= 4% +(-4) +(-2)" =6=2R.
Goi E(0;L1) 1a trung diém ctia IA= E €(S). Goi F(l; O;%J 1a trung diém cua IE .

. . 5 L IF 1 IM A
Xét tam giac IMF va 1AM co W:E:K va MIA chung nén AIMF ~ AIAM .

Do do E:E:>AM =2MF .
AM 2

Tacd MA+2MB = 2MF + 2MB > 2BF = +/41.
Déu bang xay rakhi M = BF n(S).
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Cau 6:

Cau7;

Vay gid tri nho nhét cua biéu thic MA+2MB 13 V/41.

Trong khong gian véi hé truc toa dd Oxyz, cho hai diém A(-1;4;1),B(3;-2;0) va duong thang

x-m_ y+1 z+m’
1 =2

cia A,B 1én A sao cho thé tich khdi t& dién ABMN nhé nhit. Khi d6 gia tri cua biéu thuc

T =a+Db+c thudc khoang nao dudi day?

A. (-3-1). B. (-11). C. (-4,-2). D. (0;2).

Loi giai

A: ,v6i m 1a tham sb. Goi M (a;b;c), N 1an luot 1a hinh chiéu vuéng goc

Chon C
Mat phang (P) qua diém A vudng goc Ala x—2y+2z+8=0.

Mit phang (Q) qua B vudng goc véi A 1a x—2y+z—-7=0.
8-l _
NN
Puong thing A qua diém | (m;—1;,—m?) va c¢6 vécto chi phuong U = (1;,-2;1).
Puong thing AB qua diém A(=14;1) c¢6 vécto chi phuong AB = (4;-6;-1).

Do d6 MN =d((P),(Q)) =

Go6c gifta hai duong thang A va AB 12 cosa = ‘u AB‘ B i ﬂ
a] |AB| IJ_ NoT 106
Khoang céach gitra hai duong thang AB va MN la
N [G.A8]Al |om? -8m+19] [2(m-2)" +11 n
B [a.78] - V3 Je3 a3
Do d6 V g _éAB MN.d.sine >~ %\/ﬁ ji 1?616 ig

Dau "=" xay rakhi m=2.
X-2 y+1 z+4
2 1
Puong thing A c6 vécto chi phuong G = (L;,-2;1). Vi M la hinh chiéu caa A 1én A nén

AM U = O:M&?_E) SuyraT =a+b+c=-3.

Khi d6 phuong trinh duong thang A :

Trong khong gian Oxyz cho hai diém A(0;-12), B(2,54) va mit phing
(P):2x—2y+2+3=0.Goi M (a;b;c) la diém thoa méan biéu thic MA? + MB? =40
va khoang cach tir M dén (P) nho nhat. Khi ¢6 T =a’ +b® +c” bang
A. 25. B. 21. C. 19. D. 5.
Loi gidi
Chon B
Goi | latrung diém AB=> 1(1,2;3), AB =211
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Cau 8:

MA2+M|32=4o@(W+ﬁ)Z+(W+@)Z:4o

2
©2MI2+%:4O©MI=3

Do d6 M thudc mat cau (S) cau cd tam 1(1;,2;3),R =3,

21-22+3+3 , , \
d(1.(P))= | +3+3 _4 R suy ra mat phang (P) cat mat cau (S)theo mot duong

\/22 +(-2)* +22

tron.
Goi M (a;b;c) 1a diém trén mat cau(S) sao cho khoang cach tir M dén (P) nho nhat.

Khi d6, M thugc dudng thang A diqua M va vudng goc véi (P)

x=1+2t
Ta c6 phuong trinh tham s6 cia dudng thang A:Jy=2-2t
z=3+t
X=1+2t
y=2-2t
Toa doM la nghiém cua hé:
z=3+t

(x=1)"+(y-2)° +(z-3)* =9
=(2t)° +(-2t)" + (1)’ =9=>9t? =9t =+1
23-2.0+4+3
_| +4+3 10
J2+(-2p 1 3

v =1 M) o) -

Vi t=1= M (3,0;4)= d (M;(P))

Vay M (-L54;2) =T =a’+b?+c* = 21.

Trong khong gian v6i hé toa 6 OXyz cho mit phing (o) c6 phuong trinh X —2y+22-5=0 va
hai diém A(4;-5;2) va B(;-13). Goi A la dudng thang di qua A va song song v6i (a) va thda
mén diéu kién sao cho khoang cach tir B dén A 1a nho nhat. Puong thing A di qua diém nao sau
day?
A. M(2;,-2;-3). B. N(6;-7;-1). C. P(2;3,-5). D. Q(6;-7:1).
Loi giai
Chon B
Goi (P) 1a mit phang di qua A va song song voi (o).
Phuong trinh ctia (P):x—2y+2z-18=0
Suy ra A nam trong mit phang (P)
Goi | va H 1an luot 1a hinh chiéu vudng géc caa B trén (P) va A
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R

A

(P)

Tam giac BIH vuong tai | = BH > Bl = d(B,A) >d(B,(P))
Suyra d(B,A);, =d(B,(P)) hay A la duong thang di qua hai diém A va | (diém H tring véi
diém ).
Bl vudng goc v6i (P) nén dudng thing Bl nhan n, = (1,-2;2) 1a mot VTCP.

X=1+t
Phuong trinh tham s cta duong thang Bl 1a: {y=-1-2t (teR).

z2=3+2t
Piém | 1a giao diém cua duong thang Bl va mit phang (P) néntoado | thoa man hé phuong
X=1+t
y=-1-2t
z=3+2t
X—2y+2z-18=0
Ta c6 duong thing A ¢6 mot VTCP 1a u = (2,—2;-3) va di qua diém | (2,-3;5)

trinh: = 1(2,-35) = Al =(-2,2;3).

X-2 y+3 z-5
-2 -3
Thay toa d¢ cac diém M,N,P,Q vao phuong trinh chinh tic ctia duong thang A ta thy toa do

Phuong trinh chinh tic cia A 12

diém N thoa man. Vay duong thang A di qua diém N .

Cau9: Trong khong gian véi hé toa do Oxyz , cho cac diém A(-3;0;1),B(-2;0;0), C(—g;l;lj. Diém

M thoa min % = AB . Thé tich 16n nhét cta khéi t&r dién O.MAC 14 bao nhiéu?

Al B. 2. = p. 1.
3 3 3 6
Lo gidi
Chon D
Goi M (a;b;c). Taco:
%: AB @%zﬁ@ MA? =2.MB & (a+3)° + (b)° +(c~1)° =2[ (a+2)" + (b)* +(c)’|

¢>a2+b2+02+2a+20—2:0<:(a+1f+b2+(c+ﬂz=4

Vay M thude mit cau (S) 6 tam 1(-1;,0;-1) vaban kinh R=2.

22| Bién soan: Phan Nhat Linh



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Phan Nhat Linh

Céau 10:

Mit phang (a)=(OAC) di qua céc diém O(0;0;0), A(=3;0;1), C(—g;l;lj nén c¢6 phuong
trinh la ():—2x+3y—-6z=0.
Vi d (I ;(OAC)) = g <R=2nén (OAC) cdt mit ciu (S) theo giao tuyén la mot duong tron.

Taco: Vg yac =V oac = %.d (M;(0AC)).Syonc = é.d (M;(OAC)). Thé tich 1én nhét ciia khoi

16n nhét.

tir dién O.MAC dat duge khi d(M;(OAC))=d(M;(«)) :M

Dit P =|-2a+3b—6c|.Ap dung bt dang thic trj tuyét dbi |x + y| <|x|+|y| va Bunhiacopxki:
P =|-2a+3b—6c|=|-2(a+1)+30-6(c+1)]|+8/<|-2(a+1)+3b—6(c+1)+8

s\/(—Z)2 +3 +(—6)2.\/(a+1)2 +b?+(c+1)° +8=7.4+8=22.

~11
(a+1)* +b% +(c+1)° =4 a=—

Dau bang xay ra khi: a_+].=9=c_+l o b:E
2 3 -6 7
8[-2(a+1)+3b-6(c+1)[>0 |, _-19

7

. 11
Vay: Vo mac = re
Trong khong gian Oxyz, cho ba diém B(2;5,0), C(4;7;0) va E(LL3). Goi (Q) la mat
phing di qua E va vudng géc véi mit phiang (Oxy), A 1a giao tuyén ciia (Q) va (Oxy),
T=2d (B,(Q))+d (C,(Q)). Khi T dat gia tri 1on nhat, A di qua diém nao trong cac diém
sau day?
A. M (-126;0). B. P(12,-4;0). C. Q(15:4,0). D. N(15,-4;0).

Loi gidi

Chon D

E(1;153)

Ox_}: \ B'

Ta thdy B, C cing thuoc midt phang (Oxy). Goi A Ia hinh chiéu vudng goc cua E trén
(Oxy) = A(1,1,0).

Vi (Q)L(Oxy) nén AeA vaT=2d(B,(Q))+d(C,(Q)) =2d(B,A)+d(C,A).

Tréntia AB lay diem B' di xtng véi A qua B, suy ra B'(3;9;0) va d(B', A)=2d(B, A).
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Cau 11:

Do d6: T =2d(B,(Q))+d(C,(Q))=d(B",A)+d(C,A).

Nhan xét:

Néu A diqua A vacatdoan B'C tai M thi d(B',A)+d(C,A)<B'M +CM =B'C, déu "="
xay rakhi A 1L B'C (1).

S
<
>

Bf
Néu A khéng cit doan B'C thi d(B'A)+d(C,A)=2d(l,A)<2IA, véi IG;S;OJ la trung

diém doan B'C, dau "=" xay rakhi A L IA (2).
A

Bf
AB'AC 54

AB'AC /68445

Mat khac: xét tam giac AB'C c6 cosB'AC = >0. Suy ra B'AC nhon

nén 21A>B'C (3).

Tu (1), (2) va (3) suy ra: MaxT =2IA= 2—‘2221 =+/221, khi A di qua A(L10) va vudng géc

v6i duong thang IA. Khi d6 A c¢6 mot vecto chi phuong 1a Q = %[NEJ = (7;—;;0).

x:1+75t 15
=A: y=1—§t.Vé’i t=2=1y=-4=N(15,-4;0)eA.
720 z=0

Trong khong gian vdi hé toa do Oxyz, cho a= (l; —2;0) va hai diém A(—4;7;3), B(4; 4;5). Hai
diém M,N thay d6i thudc mit phing (Oxy) sao cho MN cung hudng a va MN =5.5. Gia tri
16n nhat ciia |[AM — BN|

A 62 B. \/77. C. /82-5. D. \/98 -3.
Loi gidi
Chon A
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Cau 12:

Tathiy A va B nim cung phia d6i véi mat phang (Oxy).

Dung hinh binh hanh AMNA'. Khi d6 ta c6 AA'= MN = (k;-2k;0) véi k > 0.

Tir gia thiét MN =55 =k =5. Suy ra AA'=(5,-10;0) = A'(1,-3;3).

Khi d6 |[AM —BN|=|A'N —BN|< A'B.

Suy ra Max|AM —BN|= AB =+/62. Ddu "=" xayra N = | 1a giao diém cia A'B v6i mit
phang (Oxy).

Vay gia tri 16n nhit cua |AM — BN| bang J62.

Trong khong gian véi hé toa do OXyz , cho mit cau (S) tam 1 (1; 2;3), ban kinh R =3 va duong

. x-1 +1 z-3 . . \ .
thang A: _Y 1= 1 .Mit phang (P) chira A va cat mitcau (S) theo thiét dién la duong
tron (C) c¢6 chu vi nho nhat. Khoang cach tir gbc toa 6 O dén mat phang (P) bang
A S g Y6 c % b 4
V13 3 J13 17
Loi giai
Chon B

Goi A 13 hinh chiéu vudng goc ciia | 18n A. Suyra Ac A va A(Ll+t-1-t;3+1).
1A= (t;—3-t;t). Pudng thing (A) ¢6 1 VTCP la u, = (L-11).

Do IALu, = IAu, =0 t+3+t+t=0<t=-1 Suyra A(0;0;2).

Nhén xét: d(1,A)= IA=/6 <R=3suyra A nim trong mit cAu (S).

Goi H 1a hinh chiéu cua | I&n (P) thi H 1a tim cua duong tron (C).

Duong tron (C) c6 ban kinh r = \/m
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Céu 13:

Céau 14:

Chu vi dudng tron (C) nho nhat khi ban kinh r nhé nhat tic IH 16n nhét.
Ma IH <IA= IH, . = IA. Dau dang thirc xdy rakhi H = A.
Khi d6 (P) 1a mit phdng qua A va vudng goc voi IA.

Phuong trinh cia mét phing (P):x+2y+z-2=0.Suyra d(o,(F>))=—“36
V6

Vay d(0,(P))=—.

ay d(0,(P)) =

Trong khéng gian Oxyz, cho diém A(0;0;8), B(6;8;7). Xét cac diém M thay ddi sao cho tam

giac OAM 1udn vudng tai M va co dién tich bang 8\/§ . Gia tri 10n nhat ctua d6 dai doan thang

MB thudc khoang nao sau day?
A. (12;13). B. (13;14). C. (14;15). D. (15;16).

Loi giai

Chgn C

Tam giac OAM ludn vudng tai M nén M thudc mit cau duong kinh OA, ban kinh R =4.

., ) : 1
Tam giéc OAM c6 dién tich bing 83 =83 = > Ao OA < Ay 0p) = 23 =M thujc
mat tru ban kinh r = 2\/§ va truc la OA.

Tir hai gia thiét trén ta thdy M thudc hai dudng tron day 14 giao tuyén ctia mit tru va mit cau.
Goi | 1a tam mat cau, H,K 1an luot 1a hai tAm cua ddy hinh try nhu hinh vé.

Taco: IK=vR?-r?=2=0K =2.

Xét mat phang (P) di qua dudng tron (K;r) khi d6 phuong trinh (P):z-2=0.
Goi N Ia hinh chiéu ciia B Ién (P) = N(6:8;2).

Tacd: BN =5, NK =10.

Lai c6: BM =VBN?+ MN? < /BN +(NK +1)° = BM =\/52+(10+2\/§)2 ~14,36.

Trong khong gian Oxyz , cho miat cau (S):(x+1)2 +(y—9)2 +2°=18 va hai diém
A(8;0;0),B(4;4;0) . Biém M (a;b;c) bét ki thudc mat cau (S) sao cho MA +3MB dat gia tri nhd
nhat. Tinh gia trj biéu thic 2a+3b+c
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Céau 15;

A. 22. B. 28. C. 12. D. 8.
Loi giai
Chon A
Mit cau (S) 6 tam 1(~1,9;0) va ban kinh R =32
Taco: IA=942 >R; IB=52 >R nén A,B nim ngoai mit cau (S) va IA=3R
. . R , . ., X P
Trén doan IA lay diém C sao cho IC ZE' Xét hai tam gidc AICM va AIMA c6: | chung;

IC M 1 MC IM 1

— =— =2 nén AICM ddng dang v6i AIMA. Suyra — = — === MA=3MC

IM 1A 3 MA 1A 3

MA + 3MB = 3MC +3MB = 3(MC + MB) > 3BC

Dau " =" xay ra khi va chi khi M 1a giao diém ctia doan BC va mit cau (S).
9=9(x+1) x=0

Goi C(x;y;z),tacod IA=91C ={-9=9(y-9) = {y=8;

0=9(z-0) z=0

X=4+t
BC = (—4;4;0) . Phuong trinh duong thing BC:{y =4t
z=0
Toa dd giao diém cua M 1a nghiém hé phuong trinh:
X=4+t,y=4-1,2=0 X=4+t;y=4-t;2=0
{(x+1)2+(y—9)2+22=18C>{t=—2vt=—8 '
Suy ra M (2;6;0) hoac M (—4;12;0)
Vi M thudc doan BC nén M(2;6;0).
Trong khong gian Oxyz , cho 3 diém A(-8;1;1), B(2;1;3)vaC(6;4;0). Mot diém M (a;b;c) di dong
trong khong gian sao cho MAMC = MAMB +34 va |MA - MB| dat gi4 trj 16n. Tinh gi4 tri biéu
thac a + 2b —5¢
A 1l B. -11 C.12 D. -6
Loi giai
Chon B
Goi M (a;b;c), MA=(-8-a;1-b;1-c),BC = (2;3;-3)
Tacé: MAMC = MAMB +34 < MA.(MC — MB) =34 < MABC =34
< 4(-8-a)+3(l-b)-3(1-c)=34<= —-4a-3b+3c-66=0
Suyra M e (P):-4x-3y+32-66=0
Ta thiy diém A, B nam vé cung phia di voi mat phang (P)
Taco: |MA— MB| < AB suyra |MA— MB| dat gi tri 16n nhat bang AB khi M, A, B thang hang va
M nam ngoai doan thang AB hay M 1 giao diém cua duong thang AB va mit phang (P)
X=2+5t
Phuong trinh duong thang AB:{y =1
Z=3+t
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Toa d6 diém M 1a nghiém hé¢ phuong trinh:

X=2+5t X=2+5t x=-18

y=1 y=1 y=1
= =

z=3+t z=3+t z=-1

4x-3y+32-66=0 |-4(2+5t)-3.1+3(3+1)-66=0 |t=-4
Vay M (-18;1;,-1)

Cau 16: Trong khong gian Oxyz, cho hai diém A(0;0;10) va B(3;4;6). Xét cac diém M thay doi sao cho
tam giac OAM c6 OMA tu va c6 dién tich bang 15. Gia tri nho nhit ciia d6 dai doan thing MB
thudc khoang nao dudi day?

A. (0;2). B. (2;4). C.(35). D. (13).
Loi giai
Chon D
Goi M (x;y;z), suy ra OA=(0;0;10) va OM =(x;y;z), din dén [EAO—M} = (-10y;10x;0).

Suy ra, Spay :15<:>%11100(x2 + yz) =15 x> +y? =0,

Do tam gidc OAM tu tai M nén
OA-OM >0 7>0
AO-AM >0 < 4{7<10
MO-MA<0 x> +y?—2(10-2)<0

=1<z2<9.

0<z<10
722 -10z+9<0

Khi d6: MB? =(x—3)2 +(y—4)2 +(z—6)2 =—(6x+8y)+2"-122+70

Cauchy-Schwarz

> —\/(62+82)(x2+y2)+22—122+70:22—122+4O:(z—6)2+424
25%° o [,_9
X2 +y?=9 9 5
Ding thirc xay ra khi va chi khi £=§=§ = y=ﬂx = y:E
y 8 4 3 5
z=6 2=6 z=6.

Suy ra, min MB = 2.

Cau 17: Trong khong gian Oxyz , cho mit cdu (S):(x-1)° +(y +1)?> + 2> =4 va hai diém A(-LL1),
B(2;-2;1) . Piém M di chuyén trén mit cau (S). Gia tri 16n nhit cua | 2MA —3MB | dat duoc 1a

A. /65, B. \/67. C. /69 . D. \/61.
Loi giai
Chon B
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Céau 18:

M
Mit cau (S) c6 tam 1(1;—1;0), ban kinh R=2.

Taco IA=(-221)= IA=3>R, suyra A nim ngoai (S) va %:g

Lai c6 IB = &-3)=1B =J3<R, suy ra B nam trong (S).

Lay diém E < IA sao cho IEzg-R:%.
. . X - L4 JE M2 . .
Xét hai tam gidc IEM va tam giac IMA,tacd | chung va WZKZE'DO do, hai tam giac
s . A EM 2 3 o
IEM vatam giac IMA dong dang. Suy ra, ngz AM ZEEM . Khi do,

P =[3EM —3MB|=3|EM — MB| <3EB.
Dang thirc xay ra khi va chi khi M =M, hoic M =M,, tic 1a M, E, B thang hang, suy ra
max P =3EB. Goi E(a;b;c).

Suyra E 1;—l;f —EB= E;_Eé :>EB:\/6>7,
9 99 9 99

Vay max P =3EB =+/67.
Trong khong gian véi hé truc toa do OXyz cho mit cau (S) cotam 1(L-13), bankinh R. AB Ia

mdt duong kinh cua (S) : mat phang (P) qua | vatao véi AB mot goc 60°. Hai diém M, N thay

7 R .. o o
ddi trén (P)sao cho MN = -+ Biét ring bicu thie T = 3AM ? +4BN? co gia tri nho nhat bang

?.Viétphuomg trinh mét cau (S).
2 2 2 2 2 2
A (x+1)" +(y-1)"+(z+3) =4. B. (x=1)"+(y+1)"+(z-3)" =9.
C. (x—1) +(y+1)* +(z-3)* =4. D. (x_1)2+(y+1)2+(z_3)2:%.
Loi gidi
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Céau 19:

Chon C

Goi H,K lan lugt 14 hinh chiéu cia A,B xudng mit phang (IMN).

R/3

Goc gita AB vsi (IMN) la AlH =BIK =60° , khi do AH=BK=—2 ;

IH:IK:S:HKzR.

T :3AM2+4BN2:3(AH2+HM2)+4(BK2+KNZ):3AH2+4BK2+3HM2+4KN2

_ 21R?

+3HM? + 4KN?2.

Theo bat dang thirc Cauchy — Schwarz ta cé:
2
(%+%)(3HM2+4KN2)2(HM +KN)® = (HM + MN + KN —MN)ZZ(HK—MN)ZzRT

2
= (BHM 2 L 4KN 2) > 3% ,dau "=" xayrakhi H,M,N,K theo thi ty d6 cting nam trén cliing
mot dudng thang.
21R* 3R® 159R? . 159R® 159
+ = nhuvay T ;. =——=—
7 28 28
Phuong trinh mt cau la: (x —1)2 +(y +1)2 +(z- 3)2 =4.

< R?=4.

SuyraT >

Trong khong gian Oxyz, cho hai diém A(4;0;0) va B(8;0;6). Xét cac diém M thay déi sao cho
khoang cach tir A dén dudng thing OM bing 2 va dién tich tam giac OAM khong 16n hon 6 .
Gi4 tri nho nhat cta d6 dai doan thing MB thudc khoang nao dudi day?

ABs) e efle e
3 3 2
Loi giai
Chon B
B
(N) M 6
. 3
_______________ 3 99__‘3,, _ x
) A K H
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d(AOM) 1

Ta co sin MOA = === MOA=30°.
OA 2

Lai ¢6 Syon :%.OM.d(A,OM)S 6=0M <6.

Suy ra quy tich diém M 13 mat xung quanh cia hai hinh nén ¢6 dinh O, tryc OA, goc & dinh
hinh nén la 2.30° = 60° va dudng sinh bang 6 .

Dé MB nho nhét thi diém M phai nam vi tri nhu trén hinh v&.

Goi hinh chiéu cia B, M trén truc ox lan luotla H, K.

Taco OK = OM.cos30° = 6.c0s30° = 3+/3, MK =OM.sin30° = 6.5in30° =3

Mt khac H (8;0;0) nén OH =8,BH =6.Suy ra MB,, :\/(8—3J§)2+(6—3)2 ~4,1.

Cau 20: Trong khong gian OXyz, cho tr dién ABCD, A(12;3),B(2;-11),C(4;-3;5), D(};,-2;3) . Xet
cac diém M thay ddi trén mit cdu (S):Xz + y2+22 =9 . Gi4 tri 16n nhit cua biéu thuc
T = MA? + MB? + MC? + MD? thugc khoang nao dudi day?

A. (200;210). B. (190;200). C. (180;190). D. (170;180).
Loi giai

Chon A

Mt cau (S)co tam 0(0;0;0), ban kinh R =3.

Goi | latrong tdm tr dién ABCD, ta cd IA+1B+IC+1D=0 suy ra 1(2;-13)

T = MA2 + MB2 + MC2 + MD? = MA” + MB’ + MC" + MD"

= (MT +1A)"+(MT + 1) +(MI + 1C) + (M + D)

= 4MI? + 2MI (1A+ 1B+ IC + ID ) + IA? + 1B +1C* + ID?

=4MI? + 1A% + IB? + IC? + ID* dat GTLN khi d dai doan thing IM 16n nhét

max IM =0l + R =14 +3

Vay maxT =4(0l +R)’ +1A2 + IB? + 1C? + ID? =120+ 2414 .

Cau 21: Trong khong gian OXyZ cho mat cdu (S):X* +y* +2° = 2X+22-2=0 va cic diém A(0;1;1),
B(-1,-2;-3), C(L0;-3). Piém D thudc mit cau (S). Thé tich t& dién ABCD 16n nhét thudc
khoang nao dudi day?

A. (4,5). B. (2;5). C.(67). D. (5;6).
Loi giai

Chon D
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M,

Ci

M,

Céch 1:Tacd (S):(x—l)2 +y? +(z +1)2 =4,

Ta co: {2(8: ((1,1_1’3_4)4) =| AB,AC | =(8;-8;4).
v e(g) o | (D YRR () =4
Goi Dxiyiz)<(5) {ﬁ_(x;y—l;z—l) '

Ta co: Vugep = %‘[EA—C}E‘ = %|8x—8y +4z+4|= §|2x— 2y +z+1.

Taco:

(2x-2y+2-1) =[2.(x-1) -2y +1(z+1)] (22422 +27)| (x=1)° +y* + (z+1)° | =

= 6<2X-2y+2-1<6© -4<2X-2y+2+1<8 =[x 2y+z+1|<8:>VABCD_136
x—-1 _y _z 1>o

Suy ra: Gid tri Ién nhét cta V,gep bang %@ 2 -2 1 :DG;‘%%)'
(x=1)"+y? +(z+1)" =

Céch 2:

Mit cau (S): (x—1)2+y2+(z +1)2 =4 cotam 1(1,0-1) ban kinh R=2.

AB=(-1,-3-4) S

- ( ):[AB,Ac}z(s;—sm):»sABC :1‘[AB,AC]:E 82 182+ 4% =6.

AC =(L-1-4) 2 2

Mit phang (ABC):2x—2y+z+1=0.
21-20-1+1 2
P2 22 3
thiét dién 1a mot duong tron.

Ta lai 6: Vgep = %.SABC d(D;(ABC))=2.d(D;(ABC)).

Ta co: d(1;(ABC)) = <R=2= mjt cau (S) cit mat phang (ABC) theo

Do d6: Vpgep 16N nhit < d(D;(ABC)) I6n nhat.

Ma d(D;(ABC))max = R+d(|;(ABC))=2+§=g. Do d6: maxV ygcp =%

, 5 5 .
Cau 22: Trong khong gian OXyz, cho hai diém A(l; —Z;EJ va 8(4;2;5} Tim hoanh do diém M trén

mit phiang (OXy) sao cho ABM = 45° va tam giadc MAB c6 dién tich nh6 nhét?
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Céau 23:

A.E. B. 1. C.E. D. 2.
2 2
Loi giai
Chon A

D@ thiy duong thing AB song song véi mit phang (Oxy).

Do hai diém A,B c¢b dinh nén AMAB c6 dién tich nho nhat < khoang céch tir M dén duong
thang AB nho nhit < M thudc dudng thang A 1a hinh chiéu cua duong thing AB trén mit
phang (Oxy).
Goi A’ 2 hinh chiéu ctia A trén mét phang (Oxy) = A'(1,—2;0)
DPuong thang A di qua diém A’ va song song véi dudng thang AB nén c6 phuong trinh la:
x=1+3t
A:qy=-2+4t;do M €A néngoi M (1+3t;—2+4t;0)
z=0
= BM :(3t—3;4t—4;—gj; BA=(-3,-4,0).
Tac6: COSABM =cos(w;ﬁ): -3(3t-3)-4(4t-4)  -25(t-1)
2 2 25 2 25
5.\/(3t -3)" +(4t-4) +? 5.\/25(t -1) +Z

Nén ABM = 45° khi va chi khi

-25(t-1) 1 2 2 25
== 50(t-1)" =25(t-1)" + = (t<1)
5.\/25(t ~1) + 24 V2 *

=t= % . Vay hoanh d6 cia diém M bang g :

Cho cac diém A(3;2;1), B(0;11) . pat P = ‘ZW\— 3MBY|, trong 46 M 1a mot diém chay trén mit

phang (OXY). Tim tung d6 cia M khi P dat gi4 tri nh6 nhét?
A. —6. B. —-1. C.o. D. 1.
Loi gisi
Chon B
Goi 1(x,;y,:2z ) la diém thoa man 2IA-31B=0.
2(3—x%,)=3(0-x,) X, =—6
Khi do, 21A=3IB =122~ y,)=3(1-V,) &1y, =1 1(-6;-1;1).
21-2,)=3(1-z,) |z =1
Taco, P =|2MA —3ME| =\2(m+m)_3(m+@)\ = [2MI —3mI| =[MI| =M1 .
Do d6, P dat gia tri nho nhat khi va chi khi MI nho nhat hay M 1a hinh chiéu vudng géc cua
I 1&n mat phang (OXy). Vay M (-6;-1;0).
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x=2-2t Xx=5+3s
Cau 24: Trong khéng gian OXyz , cho A(L11) va hai duong thing d,jy=1 ,d,dy=1 . Goi
zZ=-2+t z=3-5

Céau 25:

B, C la cic diém lan luot di dong trén d,, d,. Tinh gid tri nho nhdt cia biéu thic
P =AB+ BC +CA.

A. 2429 B. v29. C. 30. D. 24/30.
Léi giai
Chon A

Tur gia thiét suy ra hai duong thang d,, d, cting nim trong mit phang (a):y=1va Ae(a)-
d, c6 mot véc to chi phuong G, =(-2;0;1); d, c6 mét véc to chi phuong G, =(3;0;-1).

Do [U;,U,]=(0;1,0) 0 nén d, cat d,.

Goi A, A, lan luot 1a diém ddi ximg ctia A qua d; va d,.
Goi (B) lamat phang qua A va vudng goc véi d, = (B):—2x+z+1=0.
Goi | =(B)nd,, thitoa do cta I la nghiém cta h¢
X=2-2t
y=1 = 1(0;L-1) = A (~L1;-3).
z=-2+t
-2X+2+1=0
Goi (5)la mat phang qua A va vudng goc véi d, =(6):3x—-z-2=0.

X=5+3s
Goi J =(5)d,, thitoa do cia J 1a nghiém cua hé: Z:;—s = J(254) = A,(317)
3x-2-2=0
Tac: P=AB+BC+CA=AB+BC+CA,>AA
=P dat GTNN khi P=AA, = P, = AA, = 2/29.

Vay gia tri nho nhét ciia P 12 2429 .
Trong khéng gian v&i hé toa do OXYyZ, cho mit phang (P):x—y+z+7=0, duong thang
d

:%:_:% va mit cau (S)Z(X—l)2 +y? +(Z—2)2 =5. Goi A B 1a hai diém trén mit cau
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(S) va AB =4; A, B'1a hai diém ndm trén mit phang (P) sao cho AA', BB' cing song song véi

duodng thing d.Gi4 tri 16n nhét cia tong AA'+BB' gin nhét véi gia tri ndo sau day
A. 13. B. 11. C.12. D. 14.
Loi giai

Chon D

Mgt cu (S) ¢ tam 1(1;0;2) vabankinh R=+/5.

1043

Khi d6 khoang cach: d(l;(P)):T> R nén (P) va mit cau (S) khong giao nhau.
Goi M 1a trung diém cia AB, M’ 14 trung diém ctia A'B’ thi:
AA’+BB’=2MM'=2._L.
sin(MM';(P))
2
Khi d6 MH, = ,[R? - Af +d(|;(P))=\/5—4+10;/§ - 3”?)0@.
Taco sin(MM’;(P)):sin(d;(P)):¥.
3+104/3 A
e AN L R 3 60+ 643
A% AA' +BB =2. = ~14,08.
9

Cau 26: Trong khong gian OXYyZ , cho hai diém A(-5;4;-1) va B(3;4;5).Xétcacdiém M va N thay dbi
sao cho tam giac ABM c6 dién tich bang 40 vatam giac ABN vudng tai N . Gia tri nho nhét ciia
d6 dai doan thang MN thudc khoang nao dudi day?

A. (2;4). B. (3:5). C. (46). D. (5;7).
Loi giai
Chon A
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Céau 27:

Taco AB=(8,0,6)= AB=10.

Goi | 14 hinh chiéu vudng goc cia M xudng dudng thing AB, SUY ra S,yup = % MI.AB =40

< Ml :%®MI =8 nén M thudc mit try (D)co truc AB va ban kinh R =8.

Do tam gi4c ABN vudng tai N nén N thudc mit ciu (S) duong kinh AB, tam O, ban kinh
R'=5.

Goi (P) la mat phang qua O va vudng goc véi AB.

Tacd MN + NO > MO > HO = HK + KO = MN > HK = HO - KO = 3.

Suy ra MN nho nhét bang 3 khi M thudc giao ctia mit tru (D) v6i mat phing (P), N thude

giao ctia mit cau (S) véi mit phang (P) sao cho M,N,O thang hang va N nam giira M,0.

Trong khdng gian Oxyz , cho hai diém A(-5;4;-1) va B(3;4;5). Xét cac diém M va N thay doi
sao cho tam giac ABM c¢¢ dién tich bang 15, géc AMB >90° va tam giac ABN vudngtai N . Gia
tri 16n nhat cua d6 dai doan théng MN thudc khoang nao dudi day?

A. (13;15). B. (811). C. (46). D. (10;12).

Loi giai

Chon B

Tacé AB =(8;0;6)=> AB=10.

Do tam giac ABN vuédng tai N nén N thudc mit cdu (S) dudng kinh AB, tdm O, ban kinh
R =5,
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. « K 4 2 1
Got | 1a hinh chiéu vuong goéc cua M xudng duong thang AB, suy ra S g = > MI.AB =15

< Ml :%Q Ml =3 nén M thudc mit try (D)c6 truc AB vabéan kinh R’ =

Do géc AMB >90°nén M thudc phan mit tru (D) giao v6i mat cAu (S) hoac phan mit tru
(D) ndm trong mit cau (S).

Taco MN <2R =10.

Suy ra MN 16n nhét bang 10 khi M thudc giao ctiia mit try (D) voi mit phing (P), N thude

mit cau (S) sao cho M,N,O thing hang va O nam giira M, N .

Cau 28: Trong khong gian voi hé toa do Oxyz, cho hai diém A(-10;0) va B(12;3). Goi (P) 1a mit
phing chia giao tuyén cua hai mit cau (S;): X2+ y2+2°-2x+2y-6z+7=0 va
(S,):x*+y®+2°+2y-62+7=0. Xét hai diém M, N 1a hai diém bat ki thuéc (P) sao cho
MN =1. Gia tri nho nhat cia AM + BN biang

A. \18+213. B. v18-2413. C.18-213. D. 18+ 2413
Loi giai

Chon B
Mit phang (P) 1a giao tuyén cta hai mit cau (S;) va (S,) nén ta c6 hé:

X2 +y*+2° - 2x+2y-62+7=0

Ty ATt TR ox—0=(P)=(0y2).

X2+ y24+22+2y—6z+7=0

Goi C(0;0;0) va D(0;2;3) lan luot 1a hinh chiéu cia A va B [én (Oyz). Khi d6 AC =1,

BD =1, CD=+13.

1/

A

Taco: AM +BN =+/AC? +CM? +y/BD? + DN? = ,(AC +BD)’ +(CM + DN )’

Miit khéac: CM + DN + MN >CD = CM + DN >CD - MN =+/13 -1,

Suy ra AM + BN >\/4+ CM+DN ,/4+ =418 - 213

Vay AM + BN dat gia tri nho nhat bang /18 — 2\/_3 dau "=" xay ra khi C,M,N,D thang
hang.

Bién soan: Phan Nhat Linh | 37



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*

Cau 29:

Céau 30:

Trong khong gian véi hé toa @ Oxyz cho diém A(-2;2;-2)va diém B(3;-3;3). Diém M thay dbi

trong khong gian thda man % = % .Piém N (a;b;C) thudc mat phang (P) —X+2y-22+6=0

sao cho MN nho nhit. Tinh tong T =a+b+c.
A 6. B. -2. C.12. D. -6.
Loi giai

Chon B

Goi M (x;y;2).

, MA 2 2 2 2 2 2 A - R N
Ta co W=§<:>9MA =4MB <:>(X+6) +(y—6) +(Z+6) =108 . Vay diém M thudc
mt cau tam | (=6;6;-6)ban kinh R = 6+/3
Vay MN nho nhat khi M,N thudc duong thing di qua tim | va vudng géc véi mét phing (P).

Goi (d)l1a duong thing di qua tam | va vudng gbe véi mit phiang (P).

X=-6-t
Khi do (d): y=6+2t . Toadddiém N 1a nghiém ctia hé phuong trinh
Z=-6-2t
X=—06-t X=-06-t X=-2
y=6+2t y=6+2t y=-2
& = .
z1=—-6-2t Z=-6-2t z2=2
—X+2y—-2z+6=0 6+t+12+4t+12+4t+6=0 =4

= N(-2-2;2).Dod6 T=-2-2+2=-2.

Trong khong gian véi hé toa do Oxyz , cho diém A(l; 2; —3) va mat phé'ing (P) 2X+2y—-2+9=0
. Puong thang d di qua Ava co vecto chi phuong G = (3; 4; —4) cit (P) tai B. Piém M thay dbi
trong (P)sao cho M luén nhin doan AB dudi goc 90°. Khi dd dai MB 16n nhat, dudng thing MB
di qua diém nao trong cic diém sau?
A. K(3,0;15). B. J(-3,2,7). C. H(-2-1,3). D. 1(-1-2;3).

Loi gidi
Chon D
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Céau 31;

Duong thang d di qua A(1;2;-3)va c6 vecto chi phuong U = (3;4;-4) c6 phuong trinh 1a
X=1+3t
y=2+4t .
z=-3-4t
Taco: MB* = AB” —MA? . Do d6 (MB) __ khi va chi khi (MA) .
Goi E 1a hinh chiéu cua Alén (P). Taco: AM > AE.
Ding thirc xay ra khi va chikhi M = E .
Khido (AM) = AEva MB qua B nhan BE lim vecto chi phuong.
Taco: Bednén B(1+3t;2+4t;—3—-4t)ma Be(P)suyra
2(1+3t)+2(2+4t)-(-3-4t)+9=0t=-1= B(-2,-21).
Puong thang AE qua A(1;2;—3) , nhan Np = (2;2;—1) lam vecto chi phuong c6 phuong trinh la
X=1+2t
y=2+2t.
z=-3-t
Suy ra E(1+2t;2+2t;-3-t).
Mat khac, E e (P)nén 2(1+2t)+2(2+2t)—(-3-t)+9=0t=-2= E(-3;-2;-1).

Do d6 dudng thang. MB . qua B(—2;—2;l) , €0 vecto chi phuong BE = (—l;O;—Z)nén c6 phuong

Xx=-2-t
trinhla y=-2
z=1-2t

Thir cac dap an thdy diém 1(-1—2;3) thoa
Trong khong gian véi hé toa do Oxyz , cho céc diem A(a;0;0),B(0;b;0),C(0;0;c) véi

\ . 310 . .
a>4,b>5,c>6 va mit cau (S) c6 ban kinh bang ngoai ti€p tir dién OABC . Khi tong

OA+ OB +OC dat gia tri nho nhat thi a+b+c=?

A . a+b+c=16 B.a+b+c=15 C.a+b+c=17 D.a+b+c=14
Loi giai

Chon A

Taco: a>+b?+c2 =90 va a>4,b>5c>6.Khido: 4<a<+29;:5<b<+/38.

Tacé: OA+OB+0OC =a+b+c=a+b++v90—-a>-b? = f (ab).
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Céu 32:

a f b? .
Xét f'(a)=1- ——=0< a=,/45—— . Lap bang bién thién ta duoc:
@) V90— a2 —b? 2
minf(a,b):min{f(4);f(@)}:min{b+4+\/74—b2;b+\/ﬁ+x/61—b2_}
Dé co:

b+4+74-b? <b++29 +61-b* Wbe[54/38 |=min f (a,b) =b+4+74-b* = f (b)

b

\74-b?
min f (a,b) = f(5)=16.
Do d6 gié tri nho nhit cia OA+OB+0OC 1416 khi a=4,b=5,c=7.

Do f'(h)=1- =0 <> b=+/37 nén lap bang bién thién ta duoc

Trong khong gian Oxyz , cho mat cau (S):x*+y® +2° —2x—4y+62-13=0. Lay diém M
trong khong gian sao cho tir M ké duoc ba tiép tuyén MA, MB, MC dén mait cau (S) théa man

AMB =60°, BMC =90°, CMA=120° (A, B, C la cac tiép diém). Khi d6 doan thang OM c6
d6 nho nhét bang

A. 14 -3.3. B. —\14 + 64/3. C. V14 -6. D. 6-+14.
Loi giai
Chon D

Vi MA, MB, MC Ila 3 tiép tuyén nén ta dit MA=MB = MC =x.
AMAB c6 MA=MB, AMB =60° nén AMAB 14 tam giac déu, suy ra AB=MA=MB =x.
Ap dung dinh li Py-ta-go cho aMBC ta c6 BC = vMB? + MC? = /2x2 = x/2.

Ap dung dinh 1i ham s8 cos cho sMCA: CA =+MA? + MC? — 2MAMC.c0s120° = x+/3 .
Nhan thdy AB? + BC? = x? + 2x? =3x® = AC?, suy ra aABC vuéng tai B.
Goi | 1a tam duong tron ngoai tiecp aABC = | 1a trung diém cua AC.
Vi MA=MB = MC nén MI 1a truc duong tron ngoai tiép cia a ABC .
Do dé M; [; E thang hang.
Mit cdu (S) c6 tm E(12;-3) bankinhR =33 =EC

EC
sin60°
Taco OE =+/14

Suy ra ME = = 6. Vay M thuoc mit cu (S') c6 tim E(L2;-3) ban kinhR'=6.
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Cau 33:

Céau 34:

Vay MinOM =|OE - R{=6-+/14.

Trong khong gian véi hé toa do Oxyz , cho mit cau (S):x?+(y—3)%+2z°=4 va hai diém
A(4;3;3), B(2;1;0). Goi (P) 1a mat phing di qua A tiép xtic voi (S). Goi khoang cach 16n nhit
va nho nhat tr B dén (P) lan luotla m va n.Khidé T =m+n nidm trong khoang nao dudi day?

A. (L2). B. (3;4). C. (o;lj. D. (z;zj.
2 2

Loi giai
Chon B
Mt cau (S) c6 tam 1(0;3:0), R = 2.
Taco Al =5, AB =+/17.
C6 thé coi nhur tap hop tat ca cac duong thing AM véi M 14 tiép diém ctia mat phang (P) voi
mit cau (S) 1a mot mat non tron xoay (N) c6 dinh nén 1a diém A va truc nén 1a duong thang
Al

G6c ¢ dinhnon 1a 2, c6 sina:%:E:cosa:g.

Khoang cach tir B dén mit phang (P) ciing chinh 1a khoang cach tir B dén cac dudng sinh ciia
non (N).
ABAI 7

Ta di tinh goc COSBAl =———=——=BAl > «.
AB.AIl 5

Suy ra khoang céch nho nhét tir B dén (P) 1a n=d(B,(P)) . =0.Khid6 Be(P).
Goi S lagdc tao béi AB va Al . Khoang cach I6n nhat tir B dén (P) la
m=d(B,(P)) _ =ABsin(a+p)

9

=17 (sina.cos B+ cos B.sina ) =17 2*/5‘/ﬁ+\/1—72 _2Nri4+34
( p+cosf.sina) = v -

Vay m+n=3)5.

Cho diém A(2;3;5), hai mit cdu (S,):x2 +y?+22 =9, (S,):(x-1)° +(y—-2)" +(2+3)* =16
va diém M di dong thudc ca hai mat cau. Goi m,n 1a gia tri 16n nhét va gia tri nho nhit cia AM |
Tinh gia tri ctia bidu thirc T =m? +n?.

341 151 1028 2411

A —. B. — C. — D.—.
4 2 7 28

Loi giai
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Céau 35:

Chon A

Mit cau (S,) c6tdm O, ban kinh R, =3; mat cau (S,) cd tam 1(12;-3), ban kinh R, =4.
Ta 6 |R, —R,| <Ol =14 <R, + R, = hai mit cu cit nhau theo mot duong tron, ki higu 1
dudng tron (C) c6tam H , ban kinh r.

Phuong trinh mét phang chita dudng tron (C) 1a: (P):2x+4y -6z-7=0

Ban kinh duong tron (C) bang r = \/Rlz -d?*(0,(P)) = %

Goi A’ 1a hinh chiéu ctia A trén mit phang (P).
Tacé HA' 1a hinh chiéu cia OA trén mit phing (P).
Mit phing (P) c6 vecto phap tuyén n=(12;,-3), OA=(2;3;5)

. — -\ /133 69
sin(OA,(P)) = ‘cos(OA, n)‘ = = cos(OA,(P)) = =
— HA' = OA.cos(OA,(P)) = —“1238 >
Suy ra A’ niam ngoai duong tron (C).
Khi d6 gié tri 16n nhat cia AM bang m=HA+r = 1238 + 1430
Gié tri nho nhét cia AM bing m = HA'—r = —“1238__“430, Tomien2=34

Trong khong gian Oxyz , cho cac diém A(0;0;1), B(0;0;4), C(2;2;1), E(4:0;0), F(3;1;\/5).
Xét diém M thay dbi sao cho MA:%MB va MA = MC . Gi4 tri 16n nhit cia ME + MF bang
A. 43++/3 . B. 44/3++/6 . C. 42+42. D. 4y/6++/6 .
Loi giai
Chon A
Goi M (x;y;z). Khi do gia thiét trong duong véi:
MA=2MA  |X+y7 + (2= 4)° =4(x+ y?+ (2-1))

=

{MAz MC

X2+ y2 +(2-1)" = (x=2)" +(y-2)° +(z2-1)°

{x2+y2+22:4 {YZZ_X {y:Z—x
=N o . &

X+y-2=0 7 =+4x—2x%

Suy ra:

ME + MF :\/(x—4)2+y2+z2 +\/(X_3)2+(y_1)2+(2—\/§)2
=\/x2+y2+22—8x+16+\/x2+y2+zz—6x—2y—2\@z+16

= 20— 8x +1/20 - 6x— 2y — 267 = 208X + /20— 6x — 2(2 - X) - 2/62
— J20-8x + /16 — 6x — 2/67
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[0:2]

< g(x)=+/20-8x +\/16—4x+2,/6(4x—2x2) <maxg(x)= g(l—§j=4\/3+\/§.

Cau 36: Trong khong gian Oxyz , xét mit phang (ABC), c6 A(4;-3;7);B(-13;-12);C(-10;3;0). Lay
A 13 mdt duong thing bt ki vudng goc véi (ABC) goi | =A m(ABC) thoa man | thudc mién
trong AABC. Liy M € A;M # 1, goi E,F,K 1an luot 1 hinh chiéu vuéng goc cia M 1én cac
duong thang BC,CA, AB . Hé thirc nao cua diém M 13 dung dé biéu thiac P =‘EH¢HR‘ dat gia

tri 16n nhét.

AV =Z(IE +TA+B). B. Mi = 2| MB-+MC +Z1A|.
3 3 2
C. MI = %(MA+MB + MC). D. M =(IC + 21A+ IB).
3 3
Loi giai
Chon C
Ta co:

Do d6 4p dung bat dang thirc Co-si

véi bd 3 56 BC.IE, AC.IF,AB.IK . Ta c6: BC.AC.AB.IE.IF.IK =(BC.IE).(AC.IF).(AB.IK) <

8S e

Si(BC.IE+AC.IF+AB.IK)3:88E’\BC:>IE.IF.IK£ .
27 BC.AC.AB

DAu “=" xay ra khi va chi khi BC.IE = AC.IF = AB.IK < S5 =S,ca = Siag
Khi d6 | 1a trong tam tam giac ABC.
Vay (P = \EHW:’HR\) khi | 1a trong tam tam gisc ABC .

max

X=1+t
Cau 37: Trong khong gian Oxyz , cho duong thing A:{y =2-2t va mit phang (P):2x—y—-2z-1=0.
z=-1-t

Mit phing (Q) chia duong thing A va tao véi (P) mot goéc nhoé nhat cit mit cau
(S):(x=1)* +(y-1)° +(2-2)" =12 theo dudng tron c6 béan kinh bing

64

A D. —.
3

1 4
- S 5

Chon B
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Cau 38:

Goi A=A (P);d =(P)n(Q)
Lay 1 e A= Al codinh, ke IH L(P);HK Ld = ((P);(P))=IKH.

Do IA> IK = sin IKH _%>% = IKHmin khi K = A tirc 1a 1A Ld = ng = uy,Uq |

Trong d6 U, =(L-2-1);uy =| u,,ns | =(3,0:3) =3(1,0:2)

Suy ra ng = Uy, Uy |=-2(LL-1), mit khic (Q) chira dudng thing A nén (Q) di qua diém
(L,2-1).

Dodo (Q):x+y-z-4=0.

1(312)
R=23

1+1-2-4

d(l, =0 - - -
(@)=
Ban kinh duong tron giao tuyén rz\/IMZ—dZ(I,(Q))_ /12-%:%

Mat cau (s):{

Cho A(LL-3),B(6;2;2),C(~L0;-2). Toa do diém M e(Oxy) sao cho ‘m+ 2m+3m‘

dat gi4 tri nho nhat la:

A. M[S 50). B. M[E —E Oj C.l\/l(—§ —§ O) D.M(—ﬁ;E;Oj.
36 3 6 3 6 36

Loi giai
Chon A
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_ Xp+2Xg +3Xc

°
1+2+3 3
El

Goi IA+2IB+3IC =0 suy ra y,:yA+2yB+3yC: nén 1 2;
1+2+3 3

oo
oo

, _Ia+225+37;
| = =

1+2+3
Taco P =|MA+2MB +3MC| =‘6W+(ﬁ+2@+3ﬁ)‘ =|6MI|=6MI .

6
°
6

Dé P dat gid tri nhd nhat thi M1 min, suy ra M 1a hinh chiéu cua | trén (Oxy). Do dé toa do
diém can tim 1a M [5;5;0)
36
Céau 39: Trong khong gian v6i hé toa do Oxyz , goi (P) 12 mat phing di qua hai diém A(l; —7;—8),
B(2;—5; —9) sao cho khoang céach tir diém M (7;—1; —2) dén (P) dat gia tri 16n nhat. Biét (P) co
mot vécto phap tuyén 1a fi = (a; b; 4) , khi @6 gié tri cia tong a+b Ia

A. -1. B. 3. C.6. D. 2.
Loi giai

s

Goi H, K 1an lugt 1a hinh chiéu cia M trén (P) va duong thang AB .

Chon B

Phuong trinh dudng thang AB, nhan VTCP la AB(L2;-1)

Xx=1+t
y=-7+2t (teR)
z=-8-t

KeAB= K(1+t;—7+2t;-8-t) = MK(t—6;,—6+2t;~6 —t)
Do MK.AB=0t-6+2(-6+2t)+t+6=0<t=2
Taco: K(3,-3,-10) va d(M,(P))=MH <MK .

Dau bing xay ra khi H =K, khi d6 MH =(-4;-2,-8)=-2(2,1,4), mit phang (P) nhan
fi =(2;1;4) 1am vecto phép tuyén.
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Vay a+b=3.

CAau 40: Trong khdng gian Oxyz , cho mat cau (S):(x—1)2+(y+2)2+(z

—3)2 =25 va cac diém

A(10;0), B(-L0;1), C(-12;3). Diém M (Xo;¥g;Z,) thoa d =3MA® + 2MB* — MC? dat gia

tri nho nhat. Gia trj cia T = 4%, — 3y, — 2, bang

A 2. B. 3. C. 8.
Loi giai

Chon D

Mit cau (S) cotam 1(L—2;3) vaban kinh R =5,

Goi diém E thoa man 3EA+2EB - EC =0. Khi d6 E[l-—l-—l]

2" 2" 4)

Taco d = 3MA? + 2MB? — MC2 = 3MA’ + 2MB- — MC~
N —\2 — . ——\2 — ——\2
:3(ME+EA) +2(ME+EB) —(ME+EC)

D. 4.

— AME? + ZW(3§A+ 2EB —E—C)+3EA2 +2EB? — EC2 = 4ME? + 3EA? + 2EB% — EC2.

d dat gia tri nho nhat khi va chi khi ME dat gia tri nho nhét.

7209
4

Taco IE = <R.Do d6 diém E ndm trong mit cdu (S).

~ 20-+/209
—
M 1a giao diém cua duong thang 1E va mat cau (S).

X=1-2t

Khi d6 ME,, =R—IE

Phuong trinh dudng thang IE: {y=-2+6t. Goi M (1-2t;—2+6t;3-13t).

z=3-13t

Vi M e(S)néntacd (1-2t-1)° +(-2+6t+2)* +(3-13t-3)° =25 >t =+ 2509.
SuyraM( 0 ., 65]M( 10 30_ 65]

\/ \/209’ 209 ) J209" \/20 \/209 '
Ma ME.. \/ 10 30

do d6 nhan M[
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Cau 41;

Céu 42:

Trong khong gian v6i hé toa do Oxyz , cho diém A(L1;2) va mit cau
(S):x*+y?+2° —2x+4y—62-2=0. Mjt phing (P) qua diém A va cit mat cu (S) theo
dudng tron (C) c6 ban kinh nhé nhét. Mt phang (P)c6 phuong trinh la

A. (P):3x-z-1=0. B. (P):3y-z+1=0.

C.(P):2x+y-z-1=0. D. (P):3y—-z-1=0.
Loi giai

Chon D

Mit cau (S) 6 tam 1(1;-2;3) vaban kinh R=4.

Taco: 1A=(0;3,-1)= IA=+10 <R suy ra A nim trong mit ciu (S)

.Goi H 1a hinh chiéu vudng géc ctia | 1én mét phang (P), khi d6 ban kinh ciia dudng tron (C)
la: 1= [R? ~d?(1,(P)) =v/R?~IH?.

Dién tich dudng tron (C) nhé nhatkhi IH 16n nhat. Ma IH <A nén IH 16n nhatkhi H = A

Vay mit phing (P) di qua diém A(112) va nhan vecto 1A =(0;3;~1) lam vecto phap tuyén.
(P):0(x-1)+3(y-1)-1(z-2)=0 <3y-z-1=0.

Trong khéng gian Oxyz, cho tam giac ABC ¢4 A(L;0;-1), B(12;1), C(2,-1-1). Goi M ladiém
thay ddi thudc mit cdu tim B, ban kinh R = /2. Gi4 tri nhé nhét cia MA+ 2MC 1a

A. 214, B. 6+/2. C. /38. D. 44/2.
Loi gidi
Chon C

AB =(0;2;2),AC = (L -10)= AB = 2\/2, AC =+/2,CAB =120°.

AB =2R,AC = R,CAB =120°.
Goi E=BAN(B) va D la trung diém BE.
Xét tam gidc BDM va tam giac MAB c0:
BD MB 1
MB  AB 2= Tamgidc BDM ddng dang véi tam giac BMA.
B chung

j%:%=2: MA = 2MD = MA+2MC =2(MD + MC) > 2CD
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Céu 43:

Céau 44:

Ap dung dinh 1i c6 — sin vao tam giac CAD ta co:

9 , 19 /38
2

CD? = CA? + AD? — 2.CA.AD.c0s120° = 2+2+3—? —=CD=

Vay MA+2MC >+/38. Ddu "=" xay rakhi: M =CD n(B).

x=1
Trong khong gian Oxyz cho mit phang (P):y—1=0, dudng thing d :{y=2-t va hai diém
z=1
A(-1-311), B(%;o;sj. Hai diem M , N thudc mit phang (P) sao cho d(M,d)=2 va
NA = 2NB . Tim gié tri nho nht cia doan MN .
2
A. MN;, =1. B. MN,,, =~/2. C. MN_. =%. D. MNyy = .
3
v o2
24
Loi giai
Chon A

Goi I =dn(P)=1(L2-t1)
le(P)=>2-t-1=0=t=1= I(111)

Tacé d L(P)=M thudc dudng tron tim |(LL1),R,

[EEN

N(xy;z)= m(—l— X;—-3—-y;11- z);@(—— X;—Y;8— zj

N

NA=2NB & (1+x)* +(3+y)* +(11-2)* = 4{(%4)2 +y?+(8- 2)2]

<32 +3y? +322 - 6x—-6y—-422+126=0
o X +y 472 -2x-2y-147+42=0
Vay NeS(J(LL7);R,=3) va J e(P):y=1
Nén N thudc duong tron tdm J(L17);R, =3
Taco W=6>R +R,=>MN_. =lJ-R —-R, =1
X=5
Trong khong gian Oxyz, cho hai diém A(4;-2;4), B(~2;6;4) va dudng thing d :{y =-1. Goi M
z=t
1a diém di dong thudc mt phang (Oxy) sao cho AMB =90° va N 1a diém di dong thude d. Tim
gi4 tri nho nhat cia MN.
A.2 B. 8. C. J73. D. 5.3.
Loi giai
Chon A
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d

™

M (©)

AMB =90° nén M thudc mit ciu duong kinh AB, c6 tm | (L2;4);R= % =5. Mit khac M

1a diém di dong thudc mit phang (Oxy) nén M thudc duong tron (C) 1a giao ciia mat cAu voi
mit phang (Oxy). Pudng tron ndy c6 tdm H(12;0) 1a hinh chiéu cta | trén(Oxy). ban kinh
r=vR>-IH? =3,
X=5
Goi K la giao diém ctia mat phing (Oxy)va duong thing d : 4y =-1.suyra K(5,-10),HK =5
z=1

Nhan thiy d L (Oxy) tai K.Goi E =HK n(Oxy), E ndm gitta HK,
Tacé VM e(C),N ed: MN > MK > KE. Vay EK la gi4 tri nho nhat cia MN.
Laico HE=r=3= KE =2.

Cau 45: Trong khong gian Oxyz , cho hai diém A(12;-2), B(2;4;,-3).Diém M di dong trén mit phing
(Oxy) sao cho MA, MB 1uén tao vé6i (Oxy) cac goc phu nhau. Gid tri 16n nhit cia d6 dai doan
thaing OM thudc khoang nao dudi day?

A. (4;5). B. (3;4). c. (23). D. (6;7).
Loi giai
Chon D
A
p
B
'H
M
K

Goi H,K lan lugt 1a hinh chiéu vudng géc cia A, B trén mit phang (Oxy). Khi do:
H(52;0), K(24;0); AH =d(A,(Oxy))=1-21=2; BK =d(B,(Oxy))=I-3=3.
Vi MA, MB tao v6i (Oxy) cac goc phu nhau nén AMAH ~ ABMK .
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Cau 46:

MA_ MH _AH
MB BK MK
Gia st M (X;y;2), ta co:

Suy ra = MH.MK = AH.BK =6.

6=MH.MK > MH.MK = (1-x).(2=X)+ (2= y)(4 - y) + —(2).(-2).

o xP+y? 472 -3x-6y+4<0.

Ding thirc xay ra khi va chi khi hai vecto MH, MK cung hudng.

Do d6, M luén thugc hinh tron (C) la giao tuyén cua khdi clu

(S):x*+y?+2° —3x—6y+4<0 vamit phang (Oxy).

YA
M
e
3f------- o
— x
0132 a
2

29

Hinh tron (C) c6 tam IG;S;O) |a trung diém cia HK va ban kinh R ==

Do O nam ngoai (C) va bon diém O, H, I, K thang hang nén gia tri 16n nhat cua d¢ dai doan

thang OM la maxOM =0l +R :@ ~6,045.
Trong khong gian Oxyz, cho A(0;0;1),B(0;0;9),Q(3;4;6). Xét cac diém M thay ddi sao cho
tam gidc ABM vudng tai M va c6 dién tich 16n nhét. Gia tri nho nhat cua do dai doan thé'ing MQ
thudc khoang nao dudi day?
A. (45). B. (3;4). C. (2:3). D. (12).
Loi giai
Chon D
Goi | 1a trung diém AB = 1(0;0;5).
AB=(0;0;8), AB =8.
Goi (S) 1a mit chu duong kinh AB, tacé (S):x*+y*+(z-5)" =16.
Goi (P) 1a mat phang trung truc cta doan (S) AB=(P):z-5=0.
x?+y?+(z2-5)" =16

, duong tron (C) €6 ban kinh bang 4.
7-5=0

Goi dudng tron (C) =(S)ﬂ(P)={

Tam gidc ABC vudng tai M va c6 dién tich 16n nhit = M €(C).
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Goi T 14 hinh chiéu cua Q trén (P)=T(3;4;5).
Tacé QT =d(Q,(P))=1, IT =5 nén T ndm ngoai (C).

Lai c6 MQ =/QT2+TM? =\/1+QT?, nén MQ nho nhét khi TM nho nhét.
Tac6 TM nho nhatkhi I,M,T thing hang theo thir tw d6, khi d6 TM =TI —IM =5-4=1.
Vay MQ nho nhét bang /2 .

Vay minV = —— O‘/_ & 1K =55

Cau 47: Trong khong gian véi hé toa do (Oxyz), cho hai diém A(2;-1-3), B(0;1;,—2) va mit phang

(P):2x+y-2z-4=0.Piém M thudc mit phang (P) sao cho AMB 16n nhét thi gié trj cia

sin AMB bing
> B. 2. c. 2 D. —.
13 13 13 13
Loi giai
Chon A
B I A
'-_—____—_—_/T —————————— -
,/r o
Wy
«M

P

Tacd AB=(-2;2,-1),AB=3 va np =(2,1,-2) nén AB.n=-4+2+2=0 hay AB||(P).

Goi | 1a trung diém cua AB = | (1; o;—g). Xét mit cau (S) dudng kinh AB.

2x1—0—2x(—5]—4‘
2

J2? + 12 4 (-2)

Nén mit cau (S) s& cit mit phang (P) theo mot dudng tron c6 tdm H 1a hinh chiéu cua | trén

f

AB_3

Do d(1,(P))= S5

=§=1<
3

s N AB? |,
mat phang (P) va béan kinh r = e —d

Xét diem M bat ky thudc mit phang (P) ndm ngoai duong tron tdm H ban kinh r = —
Goi M '1a giao diém cua IM va mit cau (S), khi d6 AMB < AM 'B=90".

Vay M thudc mit phang (P) nam trong dudng tron tam H ban kinh r = ? :
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2 2 AR2 2
Taco cot AMB = MA“ T MB™—AB”. a2 w2 —ami2 + 2B
4'SAMB
2
2MI2—£
= cot AMB =
SAMB
Do d(M,AB)zHI:>SAMBZSAHB:%.l.B:g,MIZZlezl va cot AMB < 0.
9
, : \ =5 5 5
Nén ¢ AMB 16nnhatthi M =H va cot AMB=—% =——=sinAMB=-——.
a3 12 13
2

Cau 48: Trong khong gian Oxyz, cho hai diém S(7;8;6) va P(-5;-4;0). Xét khéi chop tur gidc déu
S.ABCD ndi tiép trong mit cau duong kinh SP. Khi khdi chép S.ABCD c¢6 thé tich 16n nhat thi
mit phang ABCD c6 phuong trinh 2X +by +cz+d =0. Gia tri b+c+d bang
A. 3. B. 5. C. 3. D. -5.

Loi giai

Chon A

Mit cdu duong kinh SP c6 tm 1(1;2;3) va ban kinh R=9.
Xét hinh chop tir giac déu S.ABCD c6 day ABCD la hinh vuéng tim H , canh a

(0<a39J§).

Ta chi can xét truong hgp SH > SI.

Taco

2
A< AC V2 e =4/81—a?

2 2

2
Mit khéc ta lai c6 SH = SI + IH :9+1/81—a?.
2 2
2?9+ [81-2 | =302+ 2a?,[81- 2.
2 3 2

Pit a?=t,do 0<a<9/2 nén 0<t<162.

Xéthamso f (t):3t+%t(,/81—%} voi 0<t<162.
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Céau 49:

24 —
Taco f'( 3243
1_f
Suy ra
f’(t)zO < 3+ 324 -3t :O 36,/81—5 3t-324
1_f
t>108
81——:—— 2o14t=0 ot=144.
81——= ——
j t=144
Ta c6 bang bién thién
t 0 144 162
f(7) + 0 —
576 |

I

Tir bang bién thién ta c6 V,,, =576 khi t =144 hay a=12.

a’ b
Khi d6 HI = 81—?:3.Suy ra SH =§S|.

Do S(7;8,6) va 1(L2;3)nén SI =(-6;-6;-3) suy ra H(-10;2).

Mit phang (ABCD) qua H (—10;2) va nhan fi =(2;2;1) 1a vécto phdp tuyén nén c6 phuong
trinh: 2x+2y+z=0.Vay b+c+d =3.

-1 y-2 z-3
2 3 4
(x+3)° +(y+4)" +(z+5)" =729. Cho biét diém A(-2;-2;-7), diém B thudc giao tuyén ciia

. . : X ‘
Trong khong gian Oxyz cho dudng thang d: va mdt cdu (S) :

mit cu (S) va mat phang (P):2x+3y +4z—-107 =0.Khidiém M di dong trén dudng thing d
gi4 tri nho nhat cta biéu thic MA + MB bing

A. 5430 B. 27 C. 529 D. \/742
Loi giai
Chon A
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Céau 50:

Mat cau (S) c6 tam 1(-3;—4;-5) va ban kinh R =27.
Pudng thing d c6 1 véc-to chi phuong 1a u=(2;3;4)=d L (P).

Goi K 1a giao diém cta mit phing (P) va duong thing d . Vi 1 ed nén K 1a tam ciia dudng
tron giao tuyén va KB L d .

Taco IA=(L2-2)= 1A=3va IAu=0=IALd.
[2(-3)+3.(-4)+4(-5)-107]

—529 va KB=+R?*—IK? =2
J2? 43 4 42

Ta tinh dwoc IK =d(1,(P))

Do M di dong trén duong thing d (truc cta dudng tron giao tuyén) va B thudc duong tron
giao tuyén nén biéu thirc MA + MB nho nhat khi va chikhi M = ABNd .

Khi d6, ta ¢6 ME_TA S + MK = IK =529 .,
MK KB 2

Suy ra MI =329, MK =229 .
Tacod AM =+/1A% + M1? =330 = BM :%AM =2./30.

Vay gi4 tri nho nhit cia MA+MB 13 AM + BM = 34/30 + 24/30 =54/30.
Trong khong gian vdi hé toa do Oxyz , cho diém A(l; 2; —3) va mat phé'ing (P) 2X+2y—-2+9=0
. Puong thang d diqua A vacé vecto chi phuwong U = (3; 4; —4) cit (P) tai B.Diém M thay dbi
trong (P) sao cho M luén nhin doan AB duéi goc 90°. Khi do dai MB 16n nhét, duong thing
MB di qua diém nao trong cac diém sau?
A. H(-2-13). B. 1(-1-2;3). C. K(3,0;15). D. J(-3,2,7).

Loi gidi
Chon B
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Céau 51;

Duong thang d di qua A(L2;-3) va c6 vecto chi phuong U = (3;4;-4) c6 phuong trinh 1a

Xx=1+3t
y=2+4t .
z=-3-4t
Taco: MB* = AB? —MA? . Do d6 (MB)__ khi va chi khi (MA) _ .
Goi E 1a hinh chiéu cia A 1én (P). Taco: AM > AE.
Ding thirc xay ra khi va chikhi M =E .
Khido (AM) .= AE va MB qua B nhan BE lam vecto chi phuong.
Taco: Bed nén B(1+3t;2+4t;—3—4t) ma Be(P) suy ra:
2(1+3t)+2(2+4t)—(-3-4t)+9=0t=-1= B(-2-21).
Puong thing AE qua A(1;2;—3) , nhan Np = (2; 2;—1) lam vecto chi phuong c6 phuong trinh 1a
X=1+2t
y=2+2t.
z=-3-t
Suy ra E(1+2t;2+2t;-3—t).
Mt khéc, E € (P) nén 2(1+2t)+2(2+2t)—(-3-1)+9=0=t=-2 = E(-3-2;-1).

Do d6 duong thang. MB . qua B(—2;—2;l) , €6 vecto chi phuong BE = (—1; 0; —2) nén c6 phuong

X=-2-t1
trinhla qy=-2
z=1-2t

Thir cdc dap an thiy diém 1(-1-2;3) thoa.

Trong khdng gian Oxyz , cho hai diém A(L;-3;—4) va B(-2;1;1) . V6i M 1a diém trén duong

. Xx—-1 z+1 . 5 .
thang d : o = % = 1 xét N 1a mot dieém di dong trén mat cau c6 tim M véi ban kinh bang
2. Gia tri nho nhét cua biéu thitc P = AM + BN thudc khoang nao trong cic khoang dudi day?

A. (1;3). B. (3;5). C. (5;7). D. (7;9)

Loi giai
Chon C
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Céu 52:

Vé6i mdi diém M di dong trén duong thang d , do N 1a mot diém di dong trén mit cau c6 tam
M véi ban kinh bang 2 nén BN nho nhat khi BN =|BM —R|=|BM —2|.

Do d6, bai toan dua vé viéc tim M sao cho P = AM +|BM — 2| dat gia tri nho nhat.

Do M ed nén M(@+t;2t;-1-t) véiteR.

Khi d6: AM =t + (2t +3)2 + (3—t)? =/6t? + 6t +18,

BM =\/(t+3)2 +(2t—1)% + (-2 -1)? —\J6t2 + 6t +14 .

Khi d6 P = /6t? +6t+18+‘\/6t2 +6t+14—2‘ — 612+ 6t +18 + /62 + 6t+14 -2 (Vi Vte R,

J6t2 + 6t +14 —2‘ —J6t2+6t+14 —2).

Xét ham s& f (t) = \/6t2 + 6t +18 +v/6t% + 6t +14 —2, Vi t e R.
6t+3 6t+3
+
J6t2 + 6t +18 /6t2 +6t+14

thi 6t2 +6t+14 >4 nén v/6t> +6t+14 —2>0, do d6

Taco f'(t) = :O<:>6t+3:0<:>t:—%.

A 1 \ < R . A 5 Y A \ 7 12 < A = R A Y
Qua do, ta thay ngay t = 3 la diém cuc tri duy nhat cia ham so va d6 la diém cuc tiéu nén ham

J66 +5v2 -4
> tal t =

s6 f(t) dat gia tri nho nhat bang

Trong khong gian voi hé truc Oxyz , cho mat cau (S):x*+y?+2z°=1 va hai diém
A(3;0;0);B(-L10). Goi M 1a diém thudc mat cau (S). Tinh gia tri nhé nhét cta biéu thic
MA + 3MB..

A. 2434 . B. V26 C.6 D.5
Loi giai
Chon D

Goi M(x;y;z) la diém can tim.

Taco: M e(S)=x*+y*+2°-1=0.

MA=\/(X—3)2+y2+22;MB=\/(X+1)2+(y—1)2+22 .

Suy ra: MA+3MB :\/(x—3)2 +y2+2° +3\/(x +1) +(y-1)" + 22

:\/(x—3)2 +y?+7° +8(x2 +y? +22)—8+3\/(x+1)2 +(y-1)° +2°

2
=3\/(x—%] +y? 422 +3(x+1)" +(y—1) + 22 =3(MC + MB) > 38C voi c@;o;o}. (Dé
thdy diém B nam ngodi mdt cdu, con diém C nam trong mdt cau).
Vay gi4 tri nho nhat cua biéu thac MA +3MB bang 5 khi

{'V' =BCA(s) M(3—8«/€_4+6\/€.0J.

CM =kCB (k >0) ’

25 25
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DANG @ TINH PON PIEU HAM SO CHUA GIA TRI TUYE POI
ﬁ/

IYYY iEN THGC CAN NHO

e Hamsd y=|f(x)| ddngbiéntrén [a;+o0) khi va chi khi

Ay yA /
O
ol a T \
{y'(a)zo, Vxe[a;Jroo) {y <0 Vxe[a +oo
y(a)ZO ' y( )<O '

e Hamsd yz‘f(x ‘ dong bién trén (; B) khi va chi khi

vh ,
YA yf(m), |
e
0| a 8@ y= /() i
. {y’(a)ZO, Vxe(a;ﬁ) . {y’(a)so, Vxe(a;ﬂ)
y(a)=0 | y(@)<0 '

e CAc dang dong bién y = ‘f(x)‘ trén (—oo;a] ,[a;ﬂ} ta thuc hién tuong tu.

e Ham sé hoi nghich bién lam nguoc lai.
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IS BAI TAP TRONG PE MINH HOA

Cau 50 — P& tham khao 2023. C6 bao nhiéu gid tri nguyén cla tham sé ae(-10;+o0) dé ham sé

y =[x’ +(a+2)x+9-a’| dong bién trén khoang (0;1)?

A. 12 B. 11. C. 6. D. 5.

& Loi giai
Chon B
Xét f(x)=x’+(a+2)x+9-a’co f'(x)=3x*+a+2
Dé y=|f ()| dong bién trén khoang (0;1)

f'(x)>0,vxe(0;1)

Trudng hep 1:
ruong hep {f(o)zo

3x2 2>0,Vxe(0:1 a> Max(-3x?-2 > _
= xoras Xe( )<:> (031)( )<:>{a 2 :>ae[—2;3]
9-a"20 9-a>0 <as<
a={-2,-1,0,1,2;3;} — 6giatri
Trubme hop 2 f'(x)< vxe(0;1)
o ;
OB S £ (0) <0
. <-5
3x*+a+2<0,vxe(0;1) a<Min —3X2—2) a
o , o (©:1) <{la>3 =a<-5

Két hop véi diéu kién bai toan a = {-9;-8,-7;-6,-5} — 5 gi tri

Vay c6 11 gia tri thoa man.

IS BAITAP TUONG TU VA PHAT TRIEN

Cau 1:

Cau 2;

Cau 3:

Cau 4:

Hoi co tit ca bao nhidu gia tri nguyén cua tham s6 ae[—lo;lO] dé ham sd
f(x) =|x® -3ax® ~3(a+2)x—a-+1] déng bién trén khoang (0;2)?

A.19. B.12. C.2 D. 1.

Cé bao nhiéu gié tri nguyén ciia m sao cho ham s6 f (x)= ‘XE’ —3x% +mx +10‘ ddng bién trén
(-11)?

A. 3. B. 4. C.5. D. 6.

Goi S l1a sb gid tri nguyén cia m thuoc khoang (-20;20) d& ham sb
(%) =|2x* —4(m+4)x® + 3m*x” + 48| dong bién trén (0;2). S6 phan tir ctia tap S I

A. 16. B. 32. C. 8. D. 4.

Cé tit ca bao nhiéu gid tri nguyén cua tham s6 m trong doan [-10;10] dé ham sb
y= ‘x3 +mx% —2mx +m —3‘ nghich bién trén (-o0;1).

A. 0. B.1. C.11. D. 10.
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Céaubs:

Céau 6:

Cau7:

Céau 8:

Céau 9:

Céau 10:

Cau 11;

Céau 12:

Cau 13:

Cho ham s f(x) = —%Xg +%(2m +3)x? —(m2 +3m)x+§ . Co6 bao nhi€u gia tri nguyén cua

tham s6 m thudc [-9;9] dé ham sb nghich bién trén khoang (1;2) ?
A. 3. B. 2. C. 16. D. 9.

Goi S 1a tap hop cac gia tri nguyén cia m sao cho ham sb vy :‘—XA' +mx® +2m?x? + m—l‘

dong bién trén (1;+00). Tong tat ca cac phan tir cia S 12
A. -1. B. 2. C.0. D. 2.

C6 bao nhiéu s0 nguyén m thudc khoang (—4;4) dé ham s6 y = §X3 —x% +mx +J.‘ dong bién

trén (1;+oo)?

A 5. B. 4. C. 3. D. 6.

Goi S = [a ;+o0) 1a tap tat ca cac gid tri ciia tham sd m dé ham sdy = ‘X3 —3x% +mx+3m +1‘
dong bién trén khoang (—2; +o0). Khi d6 a bang

A. -3. B. 19. C. 3. D. -2.

X?—2X+2m+2

CO bao nhiéu s6 nguyén cta tham s6 m dé ham s6 y = ‘ dong bién trén

x-1
[3; +oo)?
A 4. B. 5. C. V6 sb. D. 6.
N n A, . c e \ £ m2 -2m-1| ., X
Biét rang tap hop tat ca cac gid tri cia m sao cho ham s6 y = x+1+—1 dong bién
X+
trén (2;+0) la [a;b].Tinh ab.
A. -10. B. 9. C. 2. D. 7.

ﬁ+x+2m—ﬂ
x-1 ‘

C¢ tat ca bao nhi€u gia tri nguyén cua tham s6 m dé ham s6 y = dong bién

trén khoang (3;+0)?
A T. B.5. C.4. D. V6 s.
Cho ham sb y = ‘\/2 —X+X+2 +%X —J.‘ . C6 bao nhiéu gia tri mnguyén dé ham s nghich

bién trén (0;1)
A. 4 B. 2. C. 3. D.5.

Cho ham sb f(x):‘\/x2+2x+2—x+m

cac gia tri nguyén clia m trén doan [-2019;2019] dé ham sé f(x) dong bién trén khoang

, trong d6 m la tham sb thuc. Goi S 1a tap hop tat ca

(=1 +00). S6 phén tir ctia tap S Ia
A. 2018. B. 2017. C. 20109. D. 4039.
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Cau 14:

Céu 15:

Céu 16:

Céu 17:

Cau 18:

Céu 19:

Céau 20:

Céau 21:

Céau 22:

Céau 23:

Céau 24:

C6 bao nhiéu gié tri nguyén ciia m thudc [-5;5]dé ham s6 y =|cos® x —3m*cos x| nghich bién

trén (0;2].
2
A 1l B. 11. C.5. D. 6

C6 bao nhiéu gia trj nguyén dwong cia m dé y={9* +3* —-m +1‘ dong bién trén doan [0;1].
A 1. B. 4. C. 3. D.6.

C6 bao nhiéu gia tri m nguyén duong va nhé hon 2020 dé ham s6 y =|4* —m.2*" + m+ 2\ dong
bién trén khoang (0;1) ?

A. 2018. B. 2019. C. 2. D. 3.

2x+2 x+1

Cho ham s y=|e ! +3e*" —2m+5| (1). C6 bao nhiéu gié tri nguyén duong ctia tham sé m

d¢ ham s6 nghich bién trén khoang (2;4)?

A. 234, B. V6 sb. C. 40. D. Khéng ton tai m.
Tim tat ca cac gia tri ciia m dé ham s y = (8" +3.2"" —m+ 2‘ ddng bién trén {—%,%j .
A.msg. B.m>§. C.m<§. D.ng.

8 8 8 8

C6 bao nhi€u gid tri nguyén thudc khoang (—100;100) cia tham s6 m dé ham sd
y =|In3x—4x” + m| dong bién trén doan [1;62] ?

A. 101. B. 102. C. 103. D. 100.

Cé bao nhiéu s6 nguyén m thudc (—2020;2020) d& ham so y:‘m(xz +2x—m)—2mx2 _4
luén dong bién trén (0;10).

A. 4038. B. 2020. C. 2017. D. 2017.

C6 bao nhiéu s6 nguyén cia tham sd m trong doan [—3;3] dé ham s6 y :‘ln(x3 +mx+2)‘

dong bién trén nira khoang [ 1;3)?

A 7. B. 4. C.6. D.5.

Cho ham sb Y= ‘1r1(x2 —mx—m)—l‘. C6 bao nhiéu gia tri nguyén thudc khoang (—10;10) cua
tham s6 m dé ham sb dong bién trén khoang (—%;1j ?

A. 10. B. 6. C.o. D.5.

C6 bao nhiéu gia trj nguyén cta tham s m e [-10;10] dé ham s6 y = ‘log3 (x3 +x° —mx+1)‘

dong bién trén [ 1;+00) .
A. 13, B. 12. C. 11. D. 10.

Tong cac gia tri nguyén cia m trén [—10;10] dé ham sb y = g(x) =‘In(x2 + X+ m)+ X‘ dong

bién trén (—1; 3) 13
A. 50. B. 100. C. 52. D. 105.

4| Bién soan: Phan Nhat Linh
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Cau 25: Cho hamsé y = f(x) c6 dd thi ham s y = f’(x) nhu hinh v&.

L ,1.

b 6

Co6 tat ca bao nhiéu gié tri nguyén cua tham s6 m €[0;23] dé ham séy :‘ f(x)-2m*x+m —1‘

dong bién trén khoang (—3;0) ? Biét ring toa d¢ diém cyc tiéu cia ham s y = f (x) la (-3;5)
?
Al B. 22. C. 3. D. 20.

Cau 26: Chohamsé y = f’(x) c6 do thi nhu hinh v&.

AV

y=r(x)

Biétrang f(1)=1.Hoi co tat ca bao nhiéu gia tri nguyén clia tham s6 m €[-2023;2023] d¢ ham
s6 y=[4f (Inx) - In® x+1 - 2m| nghich bién trén khoang (Le).
A. 2023. B. 2014. C. 2026 . D. 4042.

Cau 27: Chohamsé f(X) c6 dao ham lién tyc trén R va c6 d6 thi ham s6 y = f'(x) nhu hinh v&.

AV

Hoéi c6 tat ca bao nhidu gid tri nguyén ciia tham s6 me[-23;23] d& ham s
y =|2f (2= %)~ mx® + 2(3m+1) -+ m| nghich bién trén khoang (1;3)?

A. 43. B. 41. C.2 D. 1.
Bién soan: Phan Nhat Linh | 5
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Cau 28:

Céu 29:

Céau 30:

Céau 31;

Cho ham s6 y = f(x) lién tuc va luon duong trén R c6 do thi ham s6 y = f'(x) nhu hinh v&.

)
I'@)

P N

Hoi c6 tit ca bao nhiéu gia tri nguyén dwong cua tham sb 0<m<20 dé ham s
y = |4f (|x—m])+x* - 2mx + 2023 déng bién trén khoang (1;2)?
A 2. B. 3. C. 4. D. 1.
Chohamsd y = f(x) codaoham f'(x)=-x*—2x+3 voi ¥x € R.S6 gié tri nguyén cua tham
s6 m thuge [-10,20] dé ham s6 g(x)= f (|sin”x+3sinx—m|)+m’+2 déng bién trén
[27[ 57[) s

—— | la

3 6
A. 5. B. 6. C.14. D. 11.

Cho ham s6 y = f (x) xéc dinh trén R va c6 d6 thi ham s dao ham y = f'(X) nhu sau:
~ T

— 2

. \o 1/\/\§ x

v
0

.
r g

Ham sé ho ham sé @ (X) =2f (|X —1|) +x2 - 2x— 2|X —1| + 2023 nghich bién trén khoang nao
dudi day?

A. (-0;-1). B. 1,2). C. (-13). D. (3;4x).

Cho ham s6 y = f(x) c6 dao ham lién tyc trén R va f(-3)=0 va c6 bang xét dau dao ham

nhu sau:

X —aon -2 1 40

—

f(x) + 0 - 0 +

Hoi ham s g(x)= ‘Z(X +1)6 —6(x +1)2 —3f (—X4 —4x3 —4x2 - 2)‘ d6ng bién trén khoang nao
trong cac khoang sau?
A. (1,2). B. (-1,0). C. (0;1). D. (L+0).

6| Bién soan: Phan Nhat Linh
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Cau 32: Cho ham s6 y = f(x) lién tuc trén R va ham s6 g(x)= f(2x—2) c6 dd thi nhu hinh duéi

Cau 33:

Céau 34:

day:

Q

—
SRV EEE

(3]

. N A A 5 ’ A A 5 A A \ A - 2
Goi S 1a tap tat ca cac sO nguyén cua tham so a dé ham so y = ‘4f (sinx)+cos2x—(a+1) ‘

nghich bién trén khoang (0;%) . Tong céc phan tir ciia tap S I
A 2. B. -3. C.0. D. -1.

Cho ham s6 bac bén y = f(x) ¢6 f(5)>8 va f(1)=0. Biét ham s6 y = f’(x) c6 dd thi nhu

hinh vé bén.

nghich bién trén khoang nao dudi day?

2
Ham s6 g(x):‘f(l—gj—%

A. (-8,-4) B. (4;+») C. (2,4) D. (-10;-8)

Cho ham s6 y = f'(x) 1a ham s6 bac ba c6 do thi nhu hinh v& duéi day. Goi S 1a tap tat ca cac
s6 tu nhién khong qua 100 ctia m sao cho ham sé g(x) = f (|m-2x|)+x* —mx nghich bién

trén khoang (0;1) . SO phan tir clia tip S bang:

v

N
AR
-2 [e] | -

A. 95, B. 96. C. 100. D. 99.
Bién soan: Phan Nhat Linh | 7
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Cau 35: Cho d6 thi ham s6 y = f (5—2x) nhu hinh v& dudi déy:
1y
f(5 —2z)

b = - -

C6 bao nhiéu gia tri nguyén ciia tham s6 m e[-23;23] dé hamsb y = f (‘XS —-3X+ m‘ +m? —1)

dong bién trén khoang (0;1) ?
A. 23. B. 22. C. 21. D. 20.

Cau 36: Chohamsé y= f(x) lién tuc trén R va c6 dd thi nhu hinh v& dudi day:

Ay

L J

-1 O 1

C6 bao nhiéu gi tri nguyén ctia tham s6 m e [0; 23] dé ham s6 g (X) =f (‘X2 - ZX‘ + m) + 2023

dong bién trén khodng (2;+00)?
A. 23. B. 20. C. 21. D. 22.

8| Bién soan: Phan Nhat Linh
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Cau 1:

Céu 2:

DAP AN CHI TIET
Hoi c6 tit cd bao nhiéu gid tri nguyén cua tham s6 ae[-10;10] dé ham so
(%) =|x* —3ax® - 3(a+2)x—a-+1| dong bién trén khoang (0;2)?
A 19. B.12. C.2. D.1.

Loi giai

Chon A
Xétham sé g(x)=x*—3ax*-3(a+2)x—-a+1
DPao ham g’(x)=3x2—6ax—3(a+2):3(x2—2ax—a—2)

D¢ ham s6 dong bién trén khodng (0;2) thi ta c6 hai trudng hop sau:

L [1(0)20 ‘a”fO a<i |
g hop '{f’(x)20® L X RN aS—Z’VXG(O’Z)
2X+1
Truong h 2.{f(0)§0© a+jfo<:>{a>l VX (0'2)
gaop = f'(x)<0 azgxli ax1 oL

as<-2 aeZ;ae[-10;10] -10<a<-2
a>1 "l1<a<10

Vay c6 tit ca 19 gia tri nguyén ctia tham sé6 m thoa mén yéu cau dé bai.

Ttr hai truong hop, yéu cau bai toan < {

Cé bao nhiéu gié tri nguyén cia m sao cho ham s6 f (x)= ‘X3 —3x? +mx+10| dong bién trén

(-11)?

A. 3. B. 4. C.5. D. 6.
Loi giai

Chon B

Xéthamsé f(x)= ‘x3 —3x% + mx+10‘ c6 dao ham f'(x)=3x*—6x+m.
Ham sé f(x)= ‘ f (X)‘ dong bién trén khoang (—11) thi bang bién thién ciia ham s6 y = f ()

trén khoang (—1;1) phai c6 dang nhu sau:

X -1 1
f'(x) +
£(x) _

f(-1)=0

X -1 1

f(x) —
f(-1)<0

f(x) \

Trudng hgp 1: Ham sé f(x) dong bién trén khoang (-1;1) va khdng am trén (-11) tirc 1a

Bién soan: Phan Nhat Linh | 9
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Céu 3:

x e (-11) Vxe(-11)

m > 6x —3x° = g(x)

{f(—l)zo

6-m>0<m<6
IS
f'(x)=0

Xétham g(x)=6x—3x* trén khoang (-1,1) taco g'(x)=6-6x,9'(x)>0 Vxe(-L1).

Bang bién thién

X -1 1
g'(x) +
3
g(v) -
-9
s m<6
Do d6 gid tri m thoa man truong hop nay la {m >3 <3<m<6

Trwdng hep 2: Ham s6 f (x) nghich bién trén khoang (—11) va khong duong trén (—11) tirc

1a { f-1)<0 vx(-11) < {

f'(x)<0’

6-m<0

< 3 x e (-11).

. m>6
Sur dung bang bién thién ham g(x) bén trén ta dugc: { g ® med.
m

Két hop véi dicu kién m nguyén ta duge két qua m e {3,4,5,6}.
Vay c6 4 gia tri cia m thoa man yéu cau bai toan.
Goi S l1a sb gid tri nguyén cia m thuoc khoang (-20;20) d& ham sb
(%) =|2x* —4(m+4)x® + 3m*x” + 48| dong bién trén (0;2). S6 phan tir cta tap S I
A. 16, B. 32. C. 8. D. 4.
Loi gidi
Chon B
Bt f(x)=[2x* ~4(m+4)x>+3m°x® + 48| vi h(0) =48>0 nén ham s f(x) dong bién trén
khoang (0;2) khi va chi khi h(x) dong bién trén khoang (0;2) hay h'(x)>0,vx e(0;2)
< 8x* —12(m+4)x* +6m°x > 0,vx € (0;2)
< g(x)=4x*—6(m+4)x+3m’ >0,Vx e (0;2). Xdy ra 2 trudng hop sau:
Truong hop 1: 9(X) =4x* —6(m+4)x+3m* 20,vxeR
m<12-83
m>12+83

Trudng hop 2: g(x) c6 hai nghiém x, <X, <0 hodc g(x) c6 hai nghiém 2<x <X,

N A’s0©—3(—48—24m+m2)30<:>

A'>0 A'>0
< 419(0)>0 hodc <g(2)=>0.
§<O E>2
2 2

10| Bién soan: Phan Nhat Linh
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Céu 4:

Taco
A'>0 —3(—48—24m+m2)>0 12-8J3<m<12+83
g(0)20 & {m?>0 & 1m?>0 <:>12—8\/§<m<—g.
S 3m+4 4
Z <0 <0 m<-——
2 4 3
12-83<m<12+83
2
A0 —3(—48—24m+m )>o m26+2\/£
3
9(2)>0 <<{3m?-12m-32>0 SN
(2) 6—2+/33
S 5 3m+4>2 m<—————
_>
2 4 3
m>—
@%Sm<12+8\/§.

Két hop véi diéu kién m nguyén thudc khoang (—20;20)
= me{-19;-18;.....;-2} U {6,7;8;......;19} .

Cé tat ca bao nhiéu gid tri nguyén cua tham s6 m trong doan [-10;10] dé ham so
y= ‘XS +mx? —2mx +m— 3‘ nghich bién trén (—0;1).
A 0. B. 1. C. 11. D. 10.
Loi giai
Chon C
Xéthamsé f(x)=x>+mx*—2mx+m-3
Trudong hep 1: f (x) =0 c nghiém X, € (—o0;1) thi ham s6 y =|f ()| khong thé nghich bién
trén khoang (—o0;1).
Trudng hop 2: f (x)=0 khong c6 nghiém X, € (—o0;1). Taco: f'(x)=3x>+2mx—2m
£/(%). F (%)
V0

Ham sd nghich bién trén khoang (—o0;1). khi va chi khi y' <0 véi VX e (—0;1)

f'(x).f(x)<0 f 0
= (010 () < , Vxe(—o0;1) (Vi lim f(x)=—o0)

f(x)=0 f'(x)=0 X—>—0
< f'(x)20;vxe(—o;1) (Vi f(1)=-2<0)

Khi d6 y=‘x3+mx2—2mx+m—3‘=|f(x)|= f2(x) nén y'=

 Vx e (I;+o0) @{

& 2m(x —1) > -3x%;Vx e (—o0;1)

_3x%? a2
< 3 ; VX € (—0;1) & m< min 3x .
2(x-1) (=] 2(x-1
_y2 1
LalCO —=—X—1+—=1—X+——2
X — 1-x 1-x

Bién soan: Phan Nhat Linh | 11
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Do 1- x>0, ap dung BDT Cosi: 1—X+i—222. (1—X).i—2=0
1-x 1-x

Déau "=" xay rakhi x=0.

meZ

me[-10:10] nén me{-10;-9;...;0} .

Suy ra m e (—;0], do {
Vay c6 tit ca 11 gia tri nguyén thoa man yéu cau bai toan.

Cau’5: Cho ham sé f(x) :‘—%ﬁ +%(2m +3)x? —(m2 +3m)x+§ . C6 bao nhiéu gia tri nguyén cua

tham s m thudc [-9;9] dé ham s nghich bién trén khoang (1;2) ?

A.3. B. 2. C. 16. D.o.
Loi giai
Chon B
Xét ham s6 g(x) = —EX3 +1(2m +3)x? —(m2 +3m)x+@
3 2 2020

= g'(x) =—x? + (2m +3)x —(m2 + 3m)
Pé f(x) nghich bién trén khoang (1;2) ta xét hai truong hop sau:
Truong hop 1: g(x) nghich bién va khéng am trén khoang (1;2) .

2 2 )
g(x)<0,vxeL2) | +(2m+3)x~(m? +3m) <0, vxe (1:2)

9(2)20 ~22%+=.(2m+3).27 - (m* +3m).2+ = >0
3 2 3

x<m, Vxe($2) <

—2m?-2m+4>0 -2<m<l1

Truong hop 2: g(x) dong bién va khong dwong trén khoang (1;2) .

x>m+3,Vxe(L2) m<-2
PN m>2 < m=-2.

2 2 .
g'(x) = 0,x e (1:2) —X“+(2m+3)x —(m +3m) >0,vxe(12)
~

9(2)<0 ——.23+—.(2m+3).22—(m2+3m).2+—£0
3 2 3
-1<mg<1
m<x<m+3,Vxe(l2)
) <<im>1 < m=1.
-2m°--2m+4<0
m< -2

Cau6: Goi S la tap hop cac gia tri nguyén ciia m sao cho ham s§ y=|-x* + mx® + 2m?x? + m—l‘
dong bién trén (1;+o0). Tong tat ca cac phan tir cia S 13
A -1 B. 2. C.0. D. 2.
Loi giai
Chon A
Goi g(x) =—x* +mx®+2m*x® + m-1.

g'(x) = —4x3 + 3mx® + 4m?x = x(—4x2 +3mx + 4m2) = —4x(x -

3-473 (x 3 73
8 8
12| Bién soan: Phan Nhat Linh
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Cau7;

Goi azs_ﬁm,b:3+\/773m,b—a:@m.
8 8 8
Néum>0thib>a,néu m<Othib<a.
Ta cd lim g'(x) =—oo nén khong xdy ra trudng hop ham sé g(x) dong bién trén khoang

X—>+0
(&; +0)
Dé thoa man yéu cau dé bai thi phai c6 g(x) nghich bién trén (L;+w) va g(1) <0.

—1—\£<m<—1+\£ o
2 2 '

g(x) nghich bién trén (L;+0) < g'(x) <0,Vx € (L;+©) (2).

g)<0=2m?+2m-2<0<

Néu m=0:g'(x) =—4x>. Didu kién (1) va (2) déu thoa man, do d6 gia tri m =0 thoa méan yéu
cu dé bai.
~1+5

2

Néu 0<m<

(3): Dau g'(x) trén truc sé nhu sau:

-4 — 4 —

i1 (] b

3+4/73 —3++/73
8 8

Dé thoa man diéu kién (2) thi b= m<lems<———= (4). Két hop (3) va (4) co:

~1+5

2

_1-.5
2

O<m<

Néu <m<0 (5): Dau g'(x) trén tryc sd nhu sau:

.
=

h 0 a

3-473 —3-473
8

m<lems S-¥78 (6). Két hop (5) va (6) co:

Dé thoa min didu kién (2) thi a = -

-3-473
8

<mx<0.

, suy ra cac gia tri

SIERIpE

A r s 7 . 5 5 ~ A A A o1 _3
Vay céac gia tri cia m thoa man yéu cau dé bai la 3 <

nguyén cia M thoa man yéu cau dé baila m=-1,m=0,dodo S =-1.

C6 bao nhiéu sb nguyén m thudc khoang (—4;4) dé ham s6 y =

1 ‘ .
§x3 — X% +mx +4 ddng bién

trén (1;,+0)?

A 5. B. 4. C. 3. D.6.
Loi giai

Chon A

, 1 ,
Xét ham sé: f(x)=§x3—x2+mx+1:> f'(x)=x*>-2x+m.Taco: A'=1-m

Truong hop 1: A'’<0<1-m<0< m>1.Suyra f'(x)>0,Vxe(1;+x).

Bién soan: Phan Nhat Linh | 13
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Céau 8:

m>1 m=>1 m=>1

Viy yéu cau bai toan < =
f(1)=0 5+mzo mz—5

1 = 1< m>1.

Két hop v6i diéu kién me Z;m e (-4;4) ta dugc me {—3;—2;-10;1} . Ta c6 5 gi tri ctia m

thod man yéu cau bai toan.

Truong hop 2: A'>0< m<1.Suyra f'(x)=0 co 2 nghiém phan biét X,,X, (X, < X,)

Ta c6 bang bién thién:

x —0 x X

+ao

_:L'I

+ 0 - 0 +
Y /f[-fﬁ\l \ / +ao
- flx)

m<1
1 £11)> 0 m<1
m < '
v b b o W20 Jr@so
Vay yéu cau bai todn < (X, <X, <1< 9 g =

o
—=-1<0 1-1<0
f(1)=>0

f(1)=0

f()>0

Vay tat ca c6 5 gia tri cia m thoa man yéu cau bai toan.

m=J

Goi S = [a ;+o0) 1a tap tat ca cac gia tri ciia tham s m dé ham sby =|x® —3x% +mx+3m +1‘

dong bién trén khoang (—2; +o0). Khi d6 a bang
A -3. B. 19. C. 3.
Loi giai
Chon B
bat f(x)=x>-3x*+mx+3m+1= f'(x)=3x"-6x+m.
Truimg hop 1: {f’(X)ZO,VXE(—2;+OO).
i f(-2)=0
{f'(X)ZO,VXE(—Z;+OO)<:>{3X2—6x+m20,VXE(—2;+oo)
f(-2)>0 m>19

< m219.

> —3x%+6
m Xe?jzaz)-foo)( ' X) mz3
m>19

m>19

f'(x)<0,Vxe(-2;+x)
Truwong hep 1: .

f(-2)<0
f'(x)SO,VXE(—2;4r<><>)<:> 3x* —6x+M<0,Vxe(-2;+x)
f(-2)<0 m-19<0
m< min (—3x2+6x)
(—2;+00)
m<19

14| Bién soan: Phan Nhat Linh
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Vi lim (—3x2 +6x) =—o0 => ham sb y=-3x?+6X khong ¢ gid tri nhd nhat. Vi vy TH2

X—>+00

khong c6 gia tri m thoa méan. Vay tp cic gid tri m cantimla S = [19 ;+oo).

X o2x+2m+2) o
‘ dong bién trén

Cau9: Co bao nhiéu sé nguyén cta tham sé6 m dé ham sd y=

x—1
[3;+0)7?
A 4. B. 5. C. Vo sb. D. 6.
Loi giai
Chon A

X2-2X+2m+2 , ., X2 —2x—2m
- 6 fi(x)= X=X 2m

Tép xdc dinh: D=R\{1}. Xétham s f (x) 1 (x1)°

ido y=|f(x)|=4+12%(x)= ':f'(x),f(x)
Khidé y=[f (x)|=f*(x) =y 100

Ham s6 dong bién trén [3;+%0) < y'>0,Vx € [3;+ )

@{f’(x).f (X)ZO,vXe[3;+oo)<:>{f(x)>o VX €[3;+0) (vi lim f(x)=+o0)

f(x)=0 f'(x)=0 X—>-+00
X% —2X+2m+ 2
x—1
X% —2x—2m
(x-1)°

>0

X2 —2X+2m+2>0

VX €[3;+ )
x> —2x-2m=>0

VX €[3;+ ) @{
>0

2m+2 > max (—x? + 2x
2m+2> X%+ 2x >[3;+w)< ) (ams2>3
= ,VXG[3;+oo)<:>
2m < x% — 2x 2m < min(x2—2x) 2m<3
[3;+oo)
5
m>——
o 2 VimeZ=me{-2-101}.
m<—
2
Vay ¢6 4 gia tri nguyén ctia tham sé m thoa man yéu cau bai toan.
~ N n £, . c e \ £ m2 -2m-1| ., X
Céau 10: Biet rang tap hop tat ca cac gia tri cia m sao cho ham so y = x+1+—1 dong bién
X+
trén (2;+) la [a;b].Tinh ab.
A. -10. B. 9. C. 2. D. -7.
Loi giai
Chon A
) m? -2m-1 . m? —2m-1
Xéthamso f(x)=x+1+————.Tac f'(x)=1-——F—
x+1 (x+1)
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:‘f(x)‘z\/fT(X) nén y.=1"(>;+.(1‘()><)

Ham sb dong bién trén (2;+00) khi va chi khi ¥’ >0 véi Vx € (2;+0)

m? —-2m-1
X+1

Khido y=|x+1+

m?2 -2m-10<0

f' N > f/
<:>{ (:)(X)(;()O ON’XE(ZH—OO)@{f((:(());g,‘v’Xe(Z;+oo) (vi Xl_imwf(x):%o )
2
X+1+m_—2rn_1>0 , ,
X+1 m*—2m-1>—(x+1)
<~ 2 VX e(240) & ) VX € (2;+0)
p_mi-2m-1_, m? —2m—-1<(x+1)
(x+1)2
m? —2m—1> max ~(x+1)°|=-9 -
o (2,+oo)[ } @{m M+820 e

m? —2m-1< min (x+1)2 =9

(2;+oo)

2
A r AL s A e A 4 X 1 £ X+ X+2m-3| £
Cau 11: (o tat ca bao nhiéu gia tri nguyén cua tham s6 m dé ham s6 y = 1 ‘ dong bién
X —_

trén khoang (3;+0)?

A 7. B. 5. C. 4. D. V6 sd.
Loi giai
Chon A
2 _ 2 _
it 1:(X):x +X+2m 3:>f’(x)=x 2X+2-2m

Xx-1

(x-1y
Khido y=|f(x)|=yf?(x)=>y'=
Ham sO dong  bién  trén  khoang (3;+ ) khi y'>0,Vx € (3;+»)

—'(X)zO,VXe(3;+oo) @{f’(x).f (X)ZO,VXE(3;+oo)

f
m f(x)=0

f(x)ZO
f'(x)=0,Vxe(3;+),do lim f(x)=+0 < f(3)=0
x) >0, ; , =
<1 f(x) X—>+00 f'(x)>0,Vx e (3;+x)
f(x)=0
9+2m 9
>0 m>——
= 2 o 2
X* = 2X+2-2m=>0,Vx € (3;+ ) X* —2x+222m,Vx € (3;+ o)

16| Bién soan: Phan Nhat Linh
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Céu 12:

Cau 13:

9
9 m>—=
mz>—— 2

= 2 R 5 & —
X* —2X+222m,Vx  (3;+ ) mgz

Sm<

N | ©
N | o1

Tacé meZ nén me{-4,-3,-2,-1,0;1,2} .

Cho ham s0 y=|v2—-X++X+2 +EX —4 . Co6 bao nhiéu gia tri mnguyén dé ham sd nghich

bién trén (0:1)

A. 4 B. 2. C. 3. D.5.
Loi giai

Chon A

bat f(x)= \/_X+M+—x 1.Tacd f'(x)=- ! L

2J2 X 2J2 +Xx 2
Do ham sb lién tuc tai x = 0;x =1 nén dé ham s nghich bién trén (0;1) ta xét 2 truong hop sau:

Trwong hop 1:
m 1 1
f'(x)<0,vxe(0;1 —< - ,Vxe|0:1
{f(l)>0 [ ]<:> 2 2J2-x 2J2+x [0:4]
(@)= f@=0
m 1 1
—< - vx e[0;1] m< { 1 }
— < min
ol2 22-x 2J2+x 12 ol | 242-x 242+ x] e —2J3<m<0
m
—/3 mZ—ZJ_
Truwong hop 2:
m 1 1
f'(x)>0,vxe(0;1 —2> - ,Vxe|0;1
{f(l)<0 [ ]<:> 2J2-x 242+« [0:1]
(1)< f@<0
%2 \/1 —\/1 ,VXE[O;].] %>m%{ ! ! }
- 2402-x 22+« - xelod] | 242 —x 242+ X
T3 23
2 2
m>1—i
& J3 3 (v6 nghiém). Do m nguyén nén m nhan cac gia tri sau —3;,—2;-1,0
ms-2\/_

Cho hamsé f(X)= ‘ X2+ 2X + , trong &6 m 14 tham sd thuc. Goi S 14 tap hop tit ca

cac gia tri nguyén clia m trén doan [-2019;2019] dé ham sé f(x) ddng bién trén khoang
(=1 +00). S6 phén tir ctia tap S Ia
A. 2018. B. 2017. C. 2019. D. 4039.
Loi giai
Chon A
Bién soan: Phan Nhat Linh | 17
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Cau 14:

Xét ham sb g(x)=\/X2+2X+2—X+m trén khoang (—1;+oo).

Taco, g _ox+1 x+l— G +2X+2<O,Vx>—1

x/x +2X+2 VX2 +2X+2
(DO x+1-+x?+2x+2 =(x+1)—/(x+1)* +1<0,vx > -1)

Véay ham sb g (x) nghich bién trén khoang (—1;+ ).

Suy ra, ham s f ()= ‘g ‘ dong bién trén khoang (—1;+ ) < g(x)<0,vx >-1(1)

Do ham sb g (x) lién tuc trén [—1;+ o) vanghich bién trén khoang (=1;+00)nén ham s6 g (x)

nghich bién trén [-1;+x).

Viy (1) [nlwax)g(x) <0< g(-1)=m+2<0 & m<-2.Vay S={-2019;-2018;...;— 2}
—1;+0

C6 bao nhiéu gia tri nguyén ciia m thudc [-5;5] dé ham s6 y = ‘Cos3 X —3m?cos X‘ nghich bién

trén [O;ZJ .
2

Al

I

11. C.5. D. 6
Loi giai
Chon B

bit t=cosx, Vi xe (O;%j =t e(0;1). Vi t =cos x1a ham s6 nghich bién trén [0;%) nén

Yéu cau bai toan trd thanh im m nguyén thudc [—5; 5] dé hamsb y = ‘t3 - 3m2t‘ dong bién trén
(0;1). Xét f(t)=t>-3m’t*;te(0;1); f'(t)=3t>—-3m’.
Trudng hgp 1: Néu m=0= f'(t)>0;vt € (0;1)= f (t)ludn dong bién trén (0;1).
Ma f(0)=0=y=|f(t)/ludn dong bién trén (0;+e0)= y =|f (t)| ddng bién trén (0;1).
Do d6 m =0 thoa mén bai toan (1).
- -m3
Truomg hgp2: m#0= f'(t):OQ{:ZTm; f(t)=0<[t=0
t=m/3
Véi m>0, taco BBT sau:

i 0 T m Vﬁ

() - 0 +

2
&) ; / \ .

T bang bién thién, suy ra ham s6 y =| f (t)| dong bién trén (0;m).

Yéu ciu bai toan twong duong (0;1)=(0;m) & m=>1(2).

Véi m <0, ta c6 bang bién thién sau:

18| Bién soan: Phan Nhat Linh
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Céu 15:

Cau 16:

t 0 —1 —ms/ﬁ

Tir bang bién thién suy ra ham s y =| f (t)| dong bién trén (0;—m).
Yéu cau bai toan tuong duong (0;1) = (0;—m) < m<-1(3).

Twr (1);(2);(3) vay c6 11 gid tri nguyén ciia m thoa man bai toan.

C6 bao nhiéu gia tri nguyén dwong cia m dé y=[9"+3*—m +1‘ dong bién trén doan [0;1].
NES B. 4. C. 3. D. 6.

Loi gidi
Chon C
bat 3 =t=1te[L3] vixe[0;1].
2.(t2 +t—m+1)’.(t2 +t—m+1)
2.‘t2 +t—m+1‘

:y:‘t2+t—m+q:J<t2+t—m+l)2 =y =

(2t+1).(t2 +t—m+1)

Dé ham sb dé)ng bién trén doan t e [1; 3] thiy' = n
‘t +t—-m+ 1‘

>0 Vte[1;3]

V6i moi gid tri cia t €[1;3] thi 2t+1>0nén
Déy' >0Vte[L3] thit? +t-m+1>0 Vte[L3] = m-1<t®+t=g(t) Vte[L3]

=>m-1< r[Tlar]] g(t)=2=m<3. Vay c6 3 gi4 tri nguyén {1;2;3} théa man yéu cau bai toan.

C6 bao nhiéu gia tri m nguyén duong va nhé hon 2020 d&é ham s y =

bién trén khoang (0;1) ?
A. 2018. B. 2019. C. 2. D. 3.

4 -m2"* +m+ 2 dong

Loi giai
Chon A
Xétham s f(x) =4"—m.2*" + m+2 (1) trén khoang (0;1) . Pat t =2*, te (1,2).
Ham s (1) tré thanh h(t) =t? —2mt +m+2 trén khoang (1;2) . Suy ra h'(t) = 2t — 2m.
f (x) floang biean trean (0;1)

{ f(0)>0

f (x) nghoch biean trean (0;1)
{ f(0)<0

Taco y= | f (X)| ddng bién trén khoang (0;1) < *).

Vi ham sé t = 2* ddng bién trén (0;1).
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{h(t) floang biean trean (1;2) {Zt -2m>0Vte(2)

3-m=>0 3-m=>0

Do d96, (*) < o =
h(t) nghoch biean trean (1;2) 2t—-2m <0Vt e (12)
3-m<0 3-m<0

m<1
{ms3
m=2
{m23

Cau 17: Cho ham sé y =

m<1 .
= { 53 Vay c6 2018 s0 nguyén duong nho hon 2020 thoa ycbt.
m >

2x+2 x+1
e 1 +3ex1 —2m+5

(1). C6 bao nhiéu gia tri nguyén duong ciia tham sé m

dé ham s6 nghich bién trén khoang (2;4)?
A. 234, B. V6 sb. C. 40. D. Khong ton tai m.
Loi gidi

Chon C

x e T A
Pat t=ex1, ta co t'=ex—1.(—j —ex1, ~<0Vxe(23)=>t e(ez;e3), ddng thoi x
x-1 (x-1)

va t s& nguoc chiéu bién thién.

/ 2
Khi d6 ham sb tro thanh y = ‘tz +3t—2m +5\ = \/(tz +3t-2m+5) (2)

2(t? +3t—2m+5).(2t+3) (t?+3t—2m+5).(2t+3)
Taco: y'= = :

2\/(t2 +3t—2m +5)2 \/(tz +3t—2m +5)2

Ham s (1) nghich bién trén khoang (2;3) < ham s6 (2) dong bién trén khoang (e2 : e3)
2(t> +3t—2m+5).(2t+3
=N ( )( - )20Vte(ez;e3)<:>t2+3t—2m+5>0Vte(ez;e3)
2\/(t2+3t—2m+5)

t> +3t+5
m<———

2
4 2 6 4 4 2
2t;?’>0 Vte(ez;e3):>Lze+5< g(t)<L2e+5:>mse+3++5.

Véi diéu kién m 1a sb nguyén duong ta tim dugc 40 gia tri cia m.

=g(t) Vte(ez;e3).

Co g'(t) =

8 3.2 —m + 2‘ dong bién trén {—%,%J :

Cau 18: Tim tit ca cac gia tri ciia m dé ham s6 y =

A.msg. B.m>§. C.m<§. D.ng.
8 8 - 8 8

Loi giai

Chon C
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Pat 2% =t wi X€|:—%;gj suy ra tanx>-1 nén tz%. Khi d6 ta c6 ham sb:
:‘t3+3t—m+2‘ (1).
2 1.3 J X 2A <A A T v £ e 2} Y A 1
bé ham s6 ban dau dong bien trén —Z;E thi ham s6 (1) phai dong bién trén E;+oo .
Xéthamsd f(t)=t>+3t-m+2.Taco: f'(t)=3t>+3>0,Vt.
t
Khi d6 y=|f(t)=y/f?(t) nén y'= \/(A)
| £ 3A £ ~ 1 . 5 s 1
Ham s6 dong bién trén §;+oo khi va chikhi y'>0,Vte E;+oo .
1 3 1
< f(t)=0,Vte §;+oo St +3t-m+2>0,Vte E;+oo
3 1
Sm<tT+3t+2, Ve E,+oo (%)

Xéthamsé: g(t)=t>+3t+2,vt EI:%H-OO)

g'(t)=3t*>+3>0, Vt. Vay ham s6 g(t) luén dong bién trén R nén g(t)> g(%j

29
8’

Tur (*) suy ra: m<g@j
Cau 19: Co6 bao nhiéu gia tri nguyén thudc khoang (—100;100) ciia tham s6 m dé ham sd
y= ‘Ian —4x* + m‘ dong bién trén doan [1;e2] ?
A. 101. B. 102. C. 103. D. 100.
Léi gidi
Chon B
y =|In3x—4x* + m|. Didukign x >0. Xét ham s6 g(x)=In3x—4x* +m trén [L¢’ |.

=g'(x)= % —8x = 1_3)(2 <0,Vxe [1;e2] = g(x) nghich bién trén [1;e2] .
x |1 e
g'(x) - 0
In3—4+m

e | T

In3—4e* +2+m

— hamsd y = ‘g(x)‘ = ‘In 3x—4x% + m‘ ddng bién trén doan [l;ezJ

< IN3-4+m<0<= m<4-In3.

Ma m nguyén thudc khoang (—100;100) nén m e {-99;-98;...;-1,0;1;2} .
Vay ¢6 102 gia tri m nguyén thoa man yéu cau bai toan.
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Céu 20:

Céau 21;

C6 bao nhiéu sé nguyén m thudc (~2020;2020) dé ham sé y:‘ln(xz +2x—m)-2mx? —q
ludn dong bién trén (0;10).
A. 4038. B. 2020. C. 2017, D. 2017.
Loi giai
Chon C
Taxétham s§ f(x)=In(x*+2x—m)—2mx* ~1 trén (0;10).
Diéu kién ham s6 c6 nghia la X* +2x —m> 0,¥x € (0;10) < x* + 2x > m,Vx € (0;10) (1)
Talai c6 X* +2x=X(X+2) >0 véi moi x €(0;10) nén diéu kién (1) chota m<0 (2)

22X—+2—4mx do m<0 va xe(0;10) nén 22X+2
X5 +2X—m X5 +2X—m

suy ra f’(x) >0 ham s6 dong bién trén (0;10).

Dao ham f'(x)= >0;-4mx >0

Tir d6 dé ham 58y =|In(x® +2x—m) - 2mx® ~1 =|f (x) dng bién trén (0;10)didu kién da Ia
f(x)=0 véimoi x €(0;10) (3).

Trudmg hep 1: m=0 khido f(x)=In(x"+2x)-1co lim f(x)=—o khong thoa man (3)

x—0*
Trudng hep 2: Xét m<0, do ham s6 f(x) dong bién nén ta chi can f(0)=0
<In(-m)-120e-m>eom<—e.

-2020<m< —e

7 S Mme {—2019;—2018; —2017;....;—3} c6 2017 gia tri m thoa
me

Tu d6 ta duoc: {
man bai toan.
C6 bao nhiéu s6 nguyén cua tham s6 m trong doan [—3;3] dé ham sd y =‘ln(x3 +mx+2)‘

déng bién trén nira khoang [1; 3)?

A. 7. B. 4. C.6. D.5.
Loi giai

Chon C

Diéu kién xac dinh: x>+ mx+2>0.

. 3x%+m

Xétham sd f(x)=In(x®+mx+2).Tacd: f'(X)= —— .

éthamso f(x) ( + +) (x) NI
[f(x)20

,Vxell:3) (1

{f’(X)Z E[ )()

Ham s6 dong bién trén nira khoang [1;3) <

Truwong hep 1:
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In(x3+mx+2)20 X +mx+2>1
D=y 32am Vxe[L3) < {3x*+m=0 ,Vxe[L3)
x3+mx+220 X +mx+2>0
,» 1 m > max —x2—1 =-2
m>-x2-= s X
o x,Vxe[L3) < ‘ oS m>-2.
m> —3x2 m > max(—3x2) =-3
[13)
Trwong hop 2:
In(x3+mx+2)£0 x> +mx+2<1
()1 320m Vxe[L3)=3x* +m<0 ,vxe[L3)
x3+mx+2S0 X2 +mx+2>0
mS—Xz—1 m<_§
X 3
oim<-3x* | vxe[L3) e m<-27 =med.
2
m>-x2-= m>max(—x2—zj:—3
X [1;3) X

Ttr hai trudong hop suy ra m>—2. Vi chi ldy me [-3;3] nén me{-2;-1,0;1; 2; 3}.
Cau 22: Cho ham s y= ‘hn(x2 —mx — m)—l‘ . Co6 bao nhi€u gia tri nguyén thudc khoang (—10;10) cua
tham s6 m dé ham s6 dong bién trén khoang (—% ;1) ?

A. 10. B. 6. C.0.

Loi giai

1O
a1

Chon D
bat f(x)= In(x2 —mx—m)—l.

x2—mx—m>0,VXe(—%;1J

L , 1
Ham s6 dong bién trén khoang (_E ;1) =
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3 G . X2 1 1
bat g(x)=——.Khido, m<——,Vxe _E;l < g(x)>m, Vxe _5;1 .

X+1 X+1
x:Oe(—iﬂj
2

X=-2¢ (—l;lj
2

1 1
Taco: g(x)=x-1+— =g'(x)=1- ;1 9'(x)=0<

N . 1
Béng bién thién cua ham so y = g(X) trén khoang (—E;lj.

1
z|-— 0 1

-

g'x) - 0 +

:
gx) | 2 \\ /
0

T bang bién thién ciia ham s6 y =g(X) suy ra g(x)>mVXE(—%;1j & m<g(0)=0.

b |

2X—m
Taco: f'(x)=——m.
(x) X2 —mx—m
m<0
1 m<0 m<-1
()= q2x2m, ¥xe| -=1| & qm<-1 & 1 m
2 1 1 In 7 2)°0
lim f > Inf=—=m|-1>0
1* (X) 0 (4 2 j
X—>—=
2
m<-1 m<-1
—4e
<391 m = 1-4e &M< .
———2¢€ < 2
4 2 2
m<0
L m<0
(2)<:> ZXSm‘v’Xe(—E;lj SSam>2 suy ra khong ton tai m.
1 m
lim f < In| =—— |-1<0
Fx)=0 (4 zj
X—>—=

e R A A cr o ) NI
Vay m< . Ma m nguyén, -10<m<10 nén c6 5 gia tri m théa man bai toan

Cau 23: C6 bao nhiéu gi4 tri nguyén cta tham s6 m [ -10;10] d¢ ham sb y = ‘log3 (x3 +x° —mx+1)‘
ddng bién trén [1; +oo) .
A 13, B. 12. C.11. D. 10.

Loi giai
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Céau 24:

Chon A
3x2+2x—-m
(x3 +x? —mx+1)|n3'

_{f(x)zo

f'(x)=0

Dit f(x):log3(x3+x2—mx+1) nén f'(x)=

Ham s dong bién trén y=‘f(x)‘ dong bién trén [1+0) < f(x)<0 VX € [1+0).
X)<
{f'(x)so
Trwong hop 1:
I0g3(x3+x2—mx+1)20
f(x)>0
() VX e[L+o) < X+ x5 —mx+1>0 VX € [L+0).
f'(x)=0 )
3X“+2X—-m=>0
X2 —mx+1>1 m < x2 + X
= ,‘v’Xe[l;+oo)c> ,‘v’Xe[l;+oo).
3x2 +2x>m m < 3x? + 2x
(2
mé[gr;lloz\)(x +x) { <5
& & &S m<2.
m < min(3x2+2x) ms<5
[l;+oo)
Truong hop 2:
Iog3(x3+x2—mx+1)£0
f(x)<O0
(%) X e[L+o) < x3+ x5 —mx+1>0 VX €[L+40).
f'(x)<0

3x2+2x-m<0

2
<
X axi-mx+1<1 X“+Xx=m

S+ X% —mx+1>0,Vx e [L+0) < x2+x+1>m,VXe[1;+oo).
X

2
3X“+2X<m 32 4+ 2x<m
Tacod: m> x° +X, VX e[ +00) < mz[rlr?%(xz +X)’ (+).

Vi lim (x2 + x) = +00 nén khong ton tai m thoa méan (*). Do d6 trudng hop 2 khong ton tai gia
X—>+00

tri ndo cia m théa man yéu cau bai toan.

meZ

nén co 13 gia tri cia m thoa
me [—10;10]

Suy ra m < 2 théa min yéu cau bai toan. Mit khac {
man yéu cau bai toan.
Tong cac gia tri nguyén cia m trén [—10;10] dé ham s y =g(x) = ‘In(x2 + X+ m)+ X‘ dong
bién trén (-13) la
A. 50. B. 100. C.52. D. 105.

Loi giai
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Chon C
Xét ham s f (x)= In(x2 + X+ m) +X trén khoang (-1,3).

Diéu kién xéc dinh 1a: x* +x+m >0 v&imoi x e (-13).

2
Khi d6 f'(x): 22x+1 +1:x 423x+m+1'
X“+X+m X“+X+m

X2 +X+m>0
x> +3x+m+1>0 (1)

’ ‘ , In(x2+x+m)+x20
Ham so g(x) dong bién trén (-1,3) < voi moi x e (-1;3).
X2 +X+m>0

x> +3x+m+1<0  (2)

In(x2+x+m)+x<0
X2 +Xx+m>0
Xét h¢ bat phuong trinh (1): { X*+3x+m+1>0 dang véi moi x e (-13).
In(x2+x+m)+x20
Taco: X*+Xx+m>0, Vxe(-13) o m>-x*—x, Vxe(-13).

Khéo sat tinh bién thién ciia ham s6 y =—x* —x trén khoang (-1;3) tasuy ra

Véi m>max(—x2—x)<:>m>E
(-13) 4

Laico x*+3x+m+1>0, ¥xe(-L3) < m>-x*-3x-1, Vxe(-13).

Khao sat tinh bién thién ctia ham s6 y = —x* —3x -1 trén khoang (-1;3) ta suy ra:

m > max(—x2 —3x—1) om>1
[-1,3]

Ngoai ra In(x2 +X+m)+XZO,VXE(—1;3)<:> m>-x*—x+e*,vxe(-13).
Dt k(x)=-x*—x+e™*, k'(x)=-e*-2x-1<0,vx e (-13).

Dodé m=-x*—x+e*,vxe(-L3) o m=e.

Vay (1) twong duong m=>e.

Vi hé bt phuong trinh (2) ta ciing 1am tuwong tw nhu trén thi duge

1
X2+ X+m>0 m>Z
x> +3x+m+1<0 Vxe(-L3) e m<-19 omed.
In(x2+x+m)+x<0 In(x2+x+m)+x<0

Vay ham s6 y = g(x) = ‘m(x? X+ m)+ x‘ dong bién trén (—1;3)khi va chi khi m>e, ma m
1 s6 nguyén thuge [-10;10] nén m e {3;4;5;6;7;8;9;10} .

Do d6 tong cac gia tri nguyén cia m thoa mén la 52.
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Cau 25: Cho hamsé y = f(x) c6 dd thi ham s y = f’(x) nhu hinh v&.
L ,1.

b 6

Co6 tat ca bao nhiéu gié tri nguyén cua tham s6 m €[0;23] dé ham séy :‘ f(x)-2m*x+m —1‘

dong bién trén khoang (—3;0) ? Biét ring toa d¢ diém cyc tiéu cia ham s y = f (x) la (-3;5)

?

A 1l B. 22. C. 3. D. 20.
Loi giai

Chon A

pat g(x)=f(x)-2m*x +m-1¢c6 g'(x)= f'(x)-2m?.

Do ham s0 y == f (x) c6 diém cyc tieu 1a (—3;5) néntacéd f(-3)=5.

Déham s6 y =|g(x)| dong bién trén khoang (-3;0) thi xay ra hai trudmg hop sau:
g'(x)>0 @{f’(x)Zmzzo
g(-3)20 | f(-3)+6m?+m-1>0

{Zm2 < f'(x) {Zm2 <0
PN N

6m?>+m+4>0 6m?>+m+4>0

Truong hop 1: { VX e (—3;0)

< m=0

g'(x)<0 f'(x)-2m*<0 2m* > f'(x)
Truwong hop 2: = ) =
g(-3)<0 | f(-3)+6m*’+m-1<0 |6m?+m+4<0
Do 6m?+m+4>0, Ym nén trurong hop 2 khong théa man.
Két hop diéu kién me Z va me[0;23] suy ra me {0} .
Vay c6 1 gia tri nguyén ctia tham sé6 m thoa man yéu cau bai toan.
Cau 26: Chohamsé y = f'(x) c6 dd thi nhu hinh v&.

AV

y=r(x)
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Biétrang f(1)=1.Hoi co tat ca bao nhiéu gia tri nguyén ctia tham s6 m €[-2023;2023] d¢ ham
s6 y= ‘4f (InX)—In?x +1- 2m| nghich bién trén khoang (Le).
A. 2023. B. 2014 . C. 2026. D. 4042.
Loi giai
Chon C
Xétham sé g(x)=4f(Inx)—In*x+1-2m véi x>0.

Tacd g’(x)=4f’(|nx).§—2ln x.%; 9'(x)=0< f'(In x)=|n7x.£)ef1ttzlnx taco f'(t)=

N | —

AV

y=r(x)

Dua vao d6 thi phuong trinh f '(t) :% cobanghiém lan lugtlat=b<-1, t=0vat=a>1.

X 1 .
Suy ra g'(x)=0 c6 ba nghiém lan luot 1a x=e’<Z;x=1va x=e®>e.
e

Bang bién thién ctia ham s6 y = g(x).

x 0 & 1 e e’ +m

g'(x)

meZ; me -2023; 2023

Yeucauba1t0anc>g =4-2m>0&< m<2 »>—2023<m<2.

Suy ra c6 tit ca 2026 gia tri nguyén ciia tham s m thoa man.

Cau 27: Chohamsé f(X) c6 dao ham lién tuc trén R va c6 b thi ham s6 y = f'(x) nhu hinh v&.
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Ay

Hoéi c6 tit ca bao nhidu gia tri nguyén cia tham s6 me[-23;23] & ham sb

= ‘2 f(2—x)- mx? + 2(3m+1)x+ m‘ nghich bién trén khoang (1,3)?

A. 43. B. 41. C.2 D. 1.
Loi giai

Chon D

Xét ham sb g(x):Zf(2—x)—mx2+2(3m+1)x+m

Taco: g'(x)=-2f'(2—x)—2mx+2(3m+1)=2[ - f )—mx+3m-+1].

Khi do: g (3) = 2f (-1)—9m+2(3m+1).3+m =10m+8.
batt=2-x=te(-11)
Péhamsd y = ‘g (X)‘ nghich bién trén khoang (1;3) thi xdy ra hai truong hop sau:

"(3)>0 —f'(2-x)- 3 1>0,V 1;3
Trlr(‘)’ngh()’pl:{g() <:>{ ( X) mxem Xe( )

9(3)<0  [10m+8<0
m(2—-x)+m+1> f'(2-x), Vxe(L3)
= 4
m<——
5

m(-1)+m+1>1

c>2m+122<:>m2£
m(-1)+m+1>2 2

Xét phuong trinh mt+m+1> f'(t),Vte(-L1)= {

Tur d6 suy ra (Vo ly).
’(3)30@{—f’(2—x)—mx+3m+1£ 0,vxe(13)
0

10m+8=>0
m(2-x)+m+1< f'(2-x), vxe(L3)
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Céu 28:

Céau 29:

: . , m(-1)+m+1<1 1
Xét phuong trinh mt+m+1< f'(t),Vte(-L1)= oSm<=
2m+1<2 2
1
m<= - . .
Tur d6 suy ra 2 meZime] 25:23] ——<m<==me{0}.
5 2
m>—=
5

Vay c6 mot gia tri nguyén cua tham sé m théa man yéu cau bai toan.
Cho ham s6 y = f (x) lién tuc va ludn duong trén R c6 d6 thi ham sé y = f'(x) nhu hinh v&.
y

J(x)

=

Hoi c6 tit ca bao nhiéu gia tri nguyén duong ctia tham s6 0<m<20 d& ham sd
y= ‘4f (|x—m|)+x? — 2mx + 2023 dong bién trén khoang (1;2) ?
A 2. B. 3. C. 4. D. 1.
Loi giai
Chon C
Xét ham sb g(x):4f(|x—m|)+x2—2mx+2023=4f(|x—m|)+(x—m)2—m2+2023.
Dao ham: g'(x):(x—m)(4f(|X—m|)+2|x—m|)
Theo gid thiét f(x)>0,vxeR va me[0;20) suyra g(x)>0,vxeR (*)
Déham s6 y =|g(x)| dong bién trén (1;2) thi g(x).g'(x)20,Vx e (L2)

Mit khac g(x)>0= g'(x)zOQ(x—m)(M (|x—m|)+2|x—m|)20,Vxe(l;z)

X-m2>0 X—m=>0 [(m<1 xe(t:2)

Af (Jx—m[)+2x—m[=0 Af (Jx—m[)+2x—m[>0 x—m|> 4 meo
=N N =N

X-m<0 X-m<0 m>2 5 em<s

4f(|x—m|)+2|x—m|s0 4f(|x—m|)+2|x—m|§0 I |x—m|s4: T

Vay c6 4 gia tri nguyén cua tham sé m thoa man yéu cu bai toan.
Chohamsd y = f(x) codaoham f'(x)=-x*—2x+3 vdi ¥x € R. S gié tri nguyén cua tham
s6 m thuoc [-10;10] dé ham sé g(x)=f (‘Sin2 X +3sin X — m‘)+ m? +2 dong bién trén

(27[ 5%) A
—:— 1 la
3 6

A. 5. B. 6. C. 14.
Loi giai

11.

1O
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Chon D

Taco: g(x)= f(‘sin2x+35inx—m‘)+m2+2.

bat t=sinx véi x e 2—7[5—7[ thite lﬁ
3 6 2 2

Xét ham s6 g(t)= f(‘t2 +3t—m‘)+m2 +2. Dé ham s6 g(x) dong bién trén (%,%) thi

7_3+J€J

ham sé g(t) phai nghich bién trén (%,?j Pit u=t?+3t véi ue [Z, n

7_3+\/5J

Xét ham s6 h(u) =f (|u - m|) +m? + 2 nghich bién trén (Z, 1

f'(lu—m|)(u—m
Pao ham: h'(u)z ( |)( )SO,‘V’UG Z;3+\/6
lu—m| 4" 4
f'(u—m)(u-—
Véi u>m,taco (u—m)(u m)£O<:>f’(u—m)£O,vUe Z;3JM/g
(u—m) 4’ 4
3+643 15+ 6+/3
u-m<-3 us<m-3 4 <m-3 m2 4
u-m=>1 u>m+1 7 3 3
< = S Iime+ls— S<im<= S ms—
m<z m<z 4 4 4
4 4 m< m</
4 4
f'(m—u)(m-u)
Véi u<m, taco: (u-m) v [Z;3+\/g]
>3+\/€ 4 4
4
7
f 0 g UM "
"(m—-u)> <m-u<
o ( ) - - m>3+\/6© m>3+\/6 VU e Z_3+\/E
_3+\/€ m23+4\/6 - 4 4 ! 4’ 4
4 u<m+3
3+4\/_Sm+3

=khi u<m thi khong c6 gia tri nao cia m thoa man.
Do m e Z,m e[-10;10] nén suy ra -10 <m <0 = m e{-10;-9;...;0}

Vay c6 tat ca 11 gia tri nguyén ctia tham s6 m théa méan yéu cau bai toan.

Cau 30: Chohamsé y = f(x) x4c dinh trén R va c6 d0 thi ham sb dao ham y = f'(x) nhu sau:
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Ay

— 2

Ham sé ho ham sd g(x) =2f (|X—1|)+ x2 —2X—2|X—1| + 2023 nghich bién trén khoang nao

dudi day?

A (~0;-1). B. (12). C. (-1D). D. (3;+).
Loi giai

Chon B

Taco g(x)=2f (|x—1)+x*—2x-2|x 1|+ 2023

o g(x):Zf( (x—1)2)+x2 —2x—2,/(x~1)* +2023

=g'(x)=2 X_l[f’(

[x~4

bat t=|x-1 véi t >0, ta dugc phuong trinh f'(t)=—-t+1 (1)

x—]J)+|x—l|—1], Vx=1leg'(x)=0<e f'(|x=1)=—|x-1+1

Phuong trinh (1) 1a phuong trinh hoanh d¢ giao diém ctia d6 thi ham s6 y = f'(t) va duong
thang y =—-t+1.

v

x=0

= X - _1 =

Vit=0nén f'(t)=—t+l< t = x-4 o x=2
X=4

Bang bién thién
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Céu 31:

T |—o0 —2 0 1 2 -'1 +00
J(@)

/\/\/\

Duya vao bang bién thién ta c¢6 ham sb nghich bién trén (12)

Cho ham s6 y = f (x) c6 dao ham lién tuc trén R va f(-3)=0 va c6 bang xét dau dao ham

nhu sau:

X —aon -2 1 40

f(x) + 0 - 0 +
Hoi ham sb g ‘2 X+1 —6(X+l) —3f( x* —4x3 - 4x? )‘ ddng bién trén khoang nao
trong céac khoang sau?
A. (1,2). B. (-10). C. (0;1). D. (L;+0).
Loi giai

Chon B

Xét ham s6 h(x)=2(x+1)° =6(x+1)° ~3f (—x* ~4x* —4x* 2. Khi d6 g(x)=|h(x)|.
Taco h(x)=2(x+1)" ~6(x+1)* ~3f| ~(x+1)" +2(x+1) -3].

Suy ra h'(x)=12(x +1)5

( ~12(x+12) -3 ~4(x+1) + 4(x+1) | 1| ~(x+2)" +2(x+1)° -3].

(%)= 12(x+1)[(x 1) 1] +12(x+1)| (x+1)° -1 | '] =(x+1)" +2(x+1)* -3,

Hay (x) =12(x+ 1) (x+1)° }{ (x+1)7 +1+ f’[—(x+1)4+2(x+1)2—3}}.
() =12(x+2).(x+ 2)x{ (41 +1+ 1] =(x+1)° + 20+ 1)° -3}

Taco _(x+1)“+2(x+1)2_3:_[(x+1)2_1f_zg_2, VX.

Tir bang xét ddu suy ra /) ~(x+1)° +2(x+1)" 3|20, vx.

Do do, (x+1)2 +1+ f’[—(x+1)4 +2(x+1)2 —3} >0, VX.

x=-1
Vay h'(x)=0<12(x+1).(x+2)x=0<| x=-2 va c6 bang bién thién:
x=0
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T -0 -2 -1 0 +oo
h'(x) - 0 + 0 - 0 +
+oo 0 —+ g
h(z) / /
\‘ —4—3f(—2) \ —4—3f(-2)
o 4+ 3f(—2) 44 3f(—2)
g(x) \ / \ / \ /

Tir bang bién thién c6 thé khing dinh ham s6 g dong bién trén khoang

Cau 32: Cho ham sé y= f(x) lién tuc trén R va ham s6 g(x)= f (2x—2) c6 d6 thi nhu hinh dudi

day:

L

]

[a—y
[WISY EEEEES

3

Goi S 1a tap tat ca cac sd nguyén ctia tham sé a dé ham sb y = ‘4f (sinx)+cos2x —(a+1)2‘

nghich bién trén khoang (0;%) . Tong céc phan tir ciia tap S Ia:

A 2.

Chon B

B. -3. C.0. D. -1.

Taco g'(x)=2f'(2x-2)=0<|x=1= f'(0)=

0
x=2=f'(2)=0
(

Tir d6, ta c6 bang bién thién clia ham s6 y = f ()
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T —00 -2 0 1 2 +0o

f [ m'] — 0 + 0 — 0 +

o \ s '\1\

bat h(x)=4f (sinx)+cos2x—(a +1)2
Khi d6 h'(x)=4cosx.f '(sin x)—2sin 2x

T cosx,sin2x >0
Voi xe| 0,—= |=+< . .
( ZJ {S|nXG(O;1):>f'(S|nx)<0

0

= h'(x)<0,Vxe (0;%)
Suy ra ham s6 h(x) nghich bién trén (O;%J
Do d6, ham sb y = ‘h(x)‘ nghich bién trén khoang [0;%)

<:>h(x)zOVXE(O;gJQh(%)20<:>4f(1)—1—(a+1)220<:>3—(a+1)2 >0

— —2,73<a<0,73—* L sae{-2;-10}.
Vay ¢6 3 gia tri cia m thoa man yéu cau bai toan.
Cau 33: Cho ham sb bac bén y = f(x) c6 f(5)>8 va f(1)=0. Biétham s6 y = f'(x) c6 do thi nhu

hinh vé bén.
AV

2
Ham sb ¢ (X) = ‘ f (1— gj — XE nghich bién trén khoang nao dudi day?

A. (_8;_4) B. (4;+00) C. (2;4) D. (—10;—8)
Loi gidi
Chon D
2
Xét ham s h(x) = f(l—fj_x_
2) 8

Ta cé h’(x)=—% f '(1—%)—2:09—%@ '[1—2)%}:0 3)
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Céau 34:

Pitl-~=t=>=1-t
2 2

t=-1 X=-4
Khidé B) < f'(t)-(t-1)=0<|t=1 =|x=0
t=3 x=4
X=a
Taco h(0)=f(1)-0=f(1)=0;suyra h(x)=0< | x=0
x=Db(a<0<b)
Ta c6 bang bién thién cta ham s 13
T -—x a —4 0 4 b +w
y' - 0o + 0 - 0 +

+ 0 + o
h(x) \ )/ \ /
h(—4 h(4)
+ oo (— g(4) + oo
s\ / \ / N/
0 0 0

8) (-8)°
Taco h(-8)= f(l__?j_T: f(5)-8>0,vi f(5)>8,suyra -8<a.

Tir d6 ta c6 ham s nghich bién trén (—10;-8).

Cho ham s6 y = f'(x) 1a ham s6 bac ba c6 dd thi nhu hinh v& dudi day. Goi S 1a tap tat ¢4 cac

sO tu nhién khong qua 100 cia m sao cho ham s6 g(X)= f (|m —2X|) + x? = mx nghich bién

trén khoang (0;1) . S6 phan tir ctia tap S béng:
A v

)
4 X

A. 95. B. 96. C. 100. D. 99.
Loi giai
Chon B
Cach 1:
. 2(2x-m) _, 2f'(]2x—m|
Taco: g'(x)= |(2X_m|)f(2x—m|)+(2x—m):(2x—m){ |2(x—m| ) ]

2f’(|2x—m|)+|2x—m| =0 (*)
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bat t =|2x—m| thi phuong trinh (*) tro thanh 2f'(t)+t=0< f'(t)= —%

t=-—2 |[|2x—m|=-2(vo nghiem)
K¢ duong thing yz—% v6idd thi f'(x) taduge [t=0 < |[|2x—m|=0 (nghiem kep).

t=4 m
X=—+2

2x-m|=4 < 2

m
X=—-2

2

Bang bién thién ctia g(x) nhu sau:

-
=

"
=

1
X |—w .
i

A

Nhan xét: khi X —+oo thi (2x—m)>0 va [2x—m|— +o nén f(t)+t>0=g'(x)>0.

UQ-H
-:-\'- \
=1 =]

Dé ham s6 g (x) nghich bién trén (O;l) thi

m m
01)e| —o0;——2 m_
( )6[ i j 1<m<=-2 56
= “l-2<m=0
(0;1) e m;m+2 Meo<1<™yn -
22 2 2
Két hop véi diéu kién me N va m <100 nén suy ra m € {0;6;7;8;...;100} .

Vay c6 tit ca 96 gia tri ctia tham s& m thoa méan yéu cau bai toan.
Cach 2:

(2x-m)[ 2f"(

Im—2x|

Dé ham s6 g(x) nghich bién trén khoang (0;1) thi g'(x)<0,Vx e (0;1)

)+|m—2x|].

Taco: g(x)=f(jm-2x)+x>—mx= g'(x)=

m
Trwong hgp 1: m-2x>0< x<—

Taco g'(x)=—[2f'(m-2x)+(m-2x)] <0< 2f'(m-2x)+(m-2x)20
{—2£m—2x§1 [m—132x§m+2
<:>f'(m—2x)2—<m_2x)© m-2x=4 o JLm—4=2x ,Vx e (0;1)
2 m m
—2>1 —2>1
2 2
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m-1<0
=0<m<1 0<m<1l
=

m+22>2
m>6 < m=6.
m-42>2
m>2
m>2

m
Trwong hop 2: m—2x<0<:>x>5

Taco g'(x)=2f'(2x—-m)+(2x-m)<0 < f'(2X—m)S—M,VXE(O;1)
2X—m< =2 m-22>2x <0
S0 2x— M4 e m<2x<m+4 < { B ,Vx € (0;1)
m+42>2
m<0 m<0

m<0

m=>4
S 2<m<0<e-2<m<0

m<0

T hai trudng hop va diéu kién me N va m <100 nén suy ra m  {0;6;7;8;...;100} .
Vay co tit ca 96 gia tri cia tham sé m thoa man yéu cau bai toan.
Cau 35: Cho d6 thi ham s y = f (5-2x) nhu hinh v& dudi day:
Yl
f(5 —2x)

b = - -

————ﬁw
3
~

C6 bao nhiéu gia tri nguyén ciia tham s m e [—23; 23] dé ham sb y = f (‘X3 —3X+ m‘ +m? —1)

dong bién trén khodng (0;1) ?

A. 23. B. 22. C. 21. D. 20.
Loi giai
Chon B
Bang bién thién ciia ham sé y = f (x) dugc v& lai nhu sau:
x — o -1 9 + o
yf
(3x — 3x+—m 3

g(x)= (V —$H4ﬂ+m ):>g()

‘ —3x+m‘ .f( 3x+my+m Q
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Nhin xét: |x*~3x+m[+m’ 1> -1 vxeR va (3x* -3) =3(x* ~1) < 0,vx e (0;1).
Ham sb y = g(x) dong bién trén khoang (0;1) khi va chi khi g’(x)=0,Vx € (0;1)
<:>(x3—3x+m).f’( x°

—3x+m‘+m2 —l)SO,VXE(O;l)

I X =3x+m|+m?-1e[-19] [[-1<x*-3x+m+m?-1<9
x*=3x+m>0 x®—3x>-m
= o , , ,VXe(O;l)
X" ~3x+m|+m?-1>9 —(x*=3x+m)+m*-1>9
x}—3x+m<0 | X =3x<-m
, [ [-mP-m< -2
—m*-m<x*-3x<10-m ,
. 10-m? >0
X > —
= =|l-m<-2
m* —m-102 x* — 3x )
, m —-m-10>0
x> —=3Xx<-m “m>0
m=>1
m< -2
— 10£mSJ1_0 ZSmS\/TO
o m>2 o| g Ja = EE s me {-23,-22;...5-3, 2,3}
m <
mSl—\/ﬂ 2
2
m21+\/ﬂ
2
i m<0

Vay c6 tit ca 23 gia tri ctia tham s6 m théa méan yéu cau bai toan.
Cau 36: Chohamsé y = f(x) lién tuc trén R va cé d6 thi nhu hinh v& dudi day:

Ay

L

-1 ©O 1

C6 bao nhidu gid tri nguyén cta tham s§ m €[0;23] dé ham s6 g(x) = f (|x* - 2x|+m)+ 2023
dong bién trén khoang (2;+00)?
A. 23. B. 20. C. 21. D. 22,
Loi gii:
Bién soan: Phan Nhat Linh | 39



Phat trién cac dang toan trong tdm THPT Quéc Gia 2023 Vé dich dac biét 9*
Chon A

Bé ham s6 g(x) = f (|x* — 2x|+m) + 2023 ddng bién trén khoang (2;+c0) thi

(2x-2)(x* - 2x) f,(

x2—2x‘+m)20, Vx &(2;+ )

g'(x)=

‘x2—2x‘
— 2_
Ma (2x ‘Xzz)ﬁxzx‘ 2 >0,Vxe(2;+0)= f’(‘x2—2x‘+m)20, VX € (2;+ )

Tir d6 thi, ham s6 y = f (x) dong bién trén [-1,0] va [L+ o).
‘x2—2x‘+m21 ‘x2—2x‘21—m
, VX e (2;+0).

Suy ra
{ —1—m£‘x2—2x‘£—m

—1£‘x2—2x‘+m£0

Nhan xét: Ta thy [x* - 2X|20,VX € (2+0) = 021-m < m2 1" 11 <m <23,

Vay c6 tat ca 23 gia tri nguyén ciia tham s6 m thoa man yéu cau bai toan.
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TAI LIEU TONG ON VA LUYEN DE NAM 2023
CHINH PHUC 9+ TOAN DANH CHO GIAO VIEN

Bién soan: Phan Nhat Linh - Gido vién chuyén tai liéu va luyén thi 10, 11, 12

B6 30 dé thuc chién chat lugng chuan kién thuc, rén ki ndng va ! !

tu duy gidi toan i ba phat hanh
Gidi dé minh hoa va 10 dé thi bam sat cau triuc tU dé minh hoa ! 4 phat hanh
v@i nhirng bai toan phat trién siéu hay va chat lugng H Da phat han ;
16 dang toan VD-VDC dugc phat trién tir cau 35 06n cau 50 || . . . |
trong dé tham khao .| Daphathanh |
05 dé chong sai ngu va co phan tich cac hudng sai [dm thuong :
98p cua hoc sinh. .1 01/05-15-05

tiéng (co chon loc)

Giai chi tiét mét s6 dé thi thi siéu hay cua cac truding va Sd ndi |

05 dé veé dich dac biét 9+ c6 muc dé kho han dé minh hoa va
bam st c3c hudng c6 thé ra cua céc cdu VD-VDC

a1
'
i
1
1
1
i
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Nhiéu cau hoi dugc

sang tac mdi bdi GV.

Phan Nhat Linh siéu
hay

NOI DUNG CHI TIET TAI LIEU TONG ON VA LUYEN PE

TAI LIEU M1 NHAT NAM
2023

NEWS

Tac gid co rat nhiéu
tai liéu hay,chat
lugng dugc nhiéu
gido vién va hoc

sinh yéu mén

%g"{ TAILIEU 01: Bao gom 30 dé thwrc chién chat hwong chudn kién thirc va rén ki ning rat phu
hop cho viéc tiép can dé thi trong giai doan bat dau luyén dé caa hoc sinh.

-( TAI LIEU 02: Bao gom 10 dé c6 ciu triic bam sat 100% dé minh hoa ctia B niam 2023, ¢6
mirc Ao kho hom dé minh hoa véi nhivng ciu héi tw duy cao va sang tao.

g-( TAI LIEU 03: Bao gom 15 dang toan dworc phat trién tir cau 35 dén cau 50 trong dé minh
hoa, bam sat, chuan mwc va tinh té.

e_( TAI LIEU 04: Bao gom 05 dé chong sai ngu va phan tich nhirng 16i sai lam ma hoc sinh hay

gap phai, tir d6 gitip hoc sinh rat kinh nghiém khi giai deé.

{('-{ TAI LIEU 05: Giai chi tiét mét s6 dé ctia cac trirong va So néi tiéng trén ca nuérc, ¢6 chon loc
tinh t€ nhirng dé phu hop va sat véri dé minh hoa.

e

cau hoéi dwgrc bién soan chi tiét va ti mi va nhirng cau hoi trong tim, tring ti.
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Thay/co can mua file word thi inbox facebook/Zalo: 0817.098.716

TAI LIEU 06: Bao gom 05 dé vé dich diic biét 9+ 1a nhiimg dé 1am & giai doan mrérc rit, cac
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