CHUYEN PE PHUONG PHAP PHAN TiCH PA THUC THANH NHAN TU

A. M6t s6 phuong phap phén tich da thitc thanh nhén ti.
I. Cac phwong phap phan tich co ban
1.1. Phwong phap dat nhan tit chung
+ Tim nhan tir chung la nhitng don thikc, da thirc c6 mdt trong tdt ca cdc hang tir.
+ Phin tich moi hang tie thanh tich ciia nhin tie chung va mot nhan tir khic.
+ Viét nhan tir chung ra ngoai ddu ngodc, viét cic nhin tie con lgi clia moi hang tir
vao trong ddu ngodc (ké' cd ddu ciia chiing).
Vi du 1. Phan tich cac da thirc sau thanh nhan tt.

28a’b” —21ab’ +14a’b =7ab(4ab—3b +2a)

2x(y—z)+5y(z—y) = 2(y—z)—5y(y—z) =(y—z)(2—5y)
X™ 4+ X" = X" (x3 +1) =x" (x+1)(x2 —x+1)
1.2. Phuong phap dung hing dang thirc
+ Diing cdc hing ding thitc ding nhé dé phin tich da thizc thanh nhin ti.
+ Cin chii y dén viéc van dung hang dang thikc.
Vi du. Phan tich cac da thirc sau thanh nhan t.

9x* —4=(3x) -2% =(3x-2)(3x +2)
8-27a’b® =2° —(3ab’ )3 = (2-3ab? )(4+6ab? + 9a’b*)

25x* —10x°y +y* = (5x2 - y)2
1.3. Phwong phap nhom nhiéu hang t& va phéi hop cdc phwong phap
+ Keét hop cdc hang tw thich hop thanh tirng nhom.
+ Ap dung lién tiép cic phirong phdp dit nhin tir chung hodc diing hang dang thikc.
Vi du 1. Phan tich cac da thitc sau thanh nhan t&
2 = 3x% +2x =3 =(2x"+2x) - (3x* +3) = 2x(x* +1)=3(x* +1) =(x* +1)(2x-3)
X 2xy +y? ~16=(x—y) —4> = (x—y-4)(x-y +4)

Vi du 2. Phan tich cac da thic sau thanh nhan t
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3x’y —6x’y —3xy”’ —baxy” — 3a’xy +3xy = 3xy (x2 —-2y-y’-2ay-a’+ 1)
- 3xy[(x2 —2x+1)—(y2 +2ay +a’ )} = 3xy|:(x—1)2 —(y+a)2}
= 3xy[(x—1)—(y+a)][(x—1)+(y+a)] :3xy(x—1—y—a)(x—1+y+a)

1.5. M6t s6 vi du minh hoa
Bai 1. Phan tich cac da thitc sau thanh nhan ta:

a) 5x°y” +20x”y —35xy” b) 40a’b’c’x+12a’b*c* —16a*b’cx

C) 3x(x—2y)+6y(2y—x) d) (b—2c)(a —b)—(a+b)(2c—b)
e Dinh huong tw duy. Quan sit cdc da thirc ta nhdn thdy cé nhin ti chung trong da thirc
thit nhdt va thiv hai. Voi hai da thirc con lai thi xudt hién cdc thiva s6’doi nhau, nhw vdy dé
c6 nhdn tir chung ta cé thé' d6i diau mot hang tiv. Do dé dé'phin tich cdc da thikc trén thanh
nhdn tie ta thwc hién cdc bwéc nhw sau.

+ Buéc 1. Tim woc chung lon nhit ciia cic hé so.

+ Budc 2. Tim cdc thira s6' chung la don thirc, da thikc trong moi hang tir ciia da
thirc.

+ Bwoc 3. Tién hanh dwa nhan tir chung bao gom woc chung I6n nhit cia hé s va
thiea s6’chung ra ngoai dau ngodc.

Loi giai

a) 5x°y* +20x%y —35xy”* = 5xy (xy +4x— 7y)
b) 40a’b’c’x+12a’b*c® —16a*b’cx = 4a’b’c (1Oc2x +3bc- 4ab2x)
C) 3X(X—2y)+6y(2y—x) =3x> —6bxy +12y” —b6xy = 3x* = 12xy +12y° = E’)(X—Zy)2

d) (b—2c)(a—b)—(a+b)(2c—b):(b—2c)(a—b+a+b):2a(b—2c)

Bai 2. Phan tich cac da thirc sau thanh nhan ta.

a) a’y* + b*x* —2abxy b) 100—(3x~y)’
c) 27x° —a’b’ d) (a+b)3 —(a—b)3
e) (7x—4)2 —(2x+1)2 f) (x—y+4)2 —(2x+3y—1)2

g) X’ =2xy+y’ —4 h) x> —y* -2yz-27*




i) 3a® —6ab+3b”* —12¢ j) x> =2xy+y®-m®+2mn-n’

k) a*-10a+25-y”* —4yz -4z’ 1) x* +3cd (2 -3cd) - 10xy — 1+25y°

m) 4b*c’ —(b2 +c*—a’ )2 n) (4x2 —3x—18)2 —(4x2 +3x)2

e Dinh huéng tw duy. Quan sit cic da thirc ta nhdn thiy cd sw xudt hién cia cdc hing
thitc ddng nhé. Mot s6' da thikc ta thdy dwoc truec tiép cdc hang ding thire, Mot s6'da thiec
con lai khi nhom cdc hang tie ta thiy 6 cdc hang ding thitc ding nhé. Do d6 ta sé sie dung
cdc hing ding thiec ding nhé dé phin tich da thiec thanh nhan ti.
Loi giai
a) a’y” +b’x* —2abxy = (ay)2 —2(ay)(bx)+(bx)2 =(ay - bx)2
b) 100—(3x~-y) =10*~(3x~y) =(10-3x+y)(10+3x~y)
c) 27x° —a’b’ = (3x)3 —(ab)3 = (3x —ab)(9x2 + 3abx +a2b2)
d) (a+b)’ —(a=b)’ =(a+b—a+b)|:(a+b)2 +(a+b)(a—b)+(a—b)2}
= 2b(a2 +2ab+b” +a”-b* +a’ —2ab+b2) = 2b(3a2 +b’ +4ab) :2b[(2a+b)2 —az}
=2b(2a+b—a)(2a+b+a)=2b(a+b)(3a+b)
e) (7x-4) —(2x+1) =(7x-4-2x-1)(7x—4+2x+1)=15(x~1)(3x~1)
f) (X—y+4) (2X+3y 1)2 (x y+4)(2x+3y )
g) X’ —2xy+y’ —4=(x- y)2 4=(x-y-2)(x-y+2)
h) x> —y*-2yz-z —xz—(y+z) :(x y— z)(x+y+z)
i) 3a® - 6ab+b* ~12¢" =3 (a=b)’ - 4c” | =3(a—b-2c) (a-b+2c)
j) x> =2xy +y* -m?+2mn-n’ :(x—y)2 —(m—n)2 =(x-y-m+n)(x-y+m-n)
k) a®~10a+25-y* —dyz—4z*> =(a-5) —(y+2z) =(a=5-y-2z)(a-5+y-22)
1) x* +3cd (2-3cd) - 10xy — 1+25y* = (x* = 10xy +25y* ) - (9c*d” ~ 6cd +1)

:(X—Sy)2 —(3Cd—1)2 :(x—5y—3cd+1)(x—5y+3cd—1)




m) 4b*c’ —(b2 +c —a2)2 :(2bc—b2 - +a2)(2bc+b2 +c’ —az)
~|a?~(b=c)' || (b+c) -a* |=(a-bc)(a+b-c)(b+c-a)(b+c+a)
n) (4% -3x~18) —(4x2 +3x)" =(4x* ~3x~18-4x ~3x)(4x> ~3x~18+4x* +3x)

= (~6x—18)(8x* —18) =—12(x+3)(4x* =9) =—12(x+3)(2x-3)(2x+3)

Bai 3. Phan tich cac da thirc sau thanh nhan ta:

a) x> -y —2x -2y b) 3x* -3y* -2(x-y)’
c) x° (x + 2y)—x—2y d) x> -2x-4y”* -4y

e) X’ —4x> —9x+36 f) x* +2x* +2x+1

g) x'+2x° —4x -4 h) x° —4x* +12x-27

i) x*—2x +2x -1 j) a®—a* +2a’ +2a’

k) x* +x° +2x +x+1 ) x* +2x% +2x* +2x +1
m) X’y +xy’ +x’z+y’z+2xyz n) x*+x* +x> +x* +x+1

e Dinh hwong tw duy. Quan sdt cdc da thirc ta nhdn thay cdc da thitc khong co sw xuadt

hién ctia nhdn tie chung va ta ciing khong thé’ste dung ngay hang thiec ddng nhé dé phin

tich. Tuy nhién néu xét theo nhom ta thdy cé nhdn tie chung hodc c6 cdc hang ding thirc

ding nho. Do vdy ta sé sw dung phwong phdp nhom hang tir dé’phdn tich cdc d thirc trén.
Loi giai

a) X’ -y’ —2x—2y=(x—y)(x+y)—2(x+y)=(x+y)(x—y—2)

b) 3x* -3y’ —2(x—y)2 =3(x—y)(x+y)—2(x—y)2

=(x—y)(3x+3y—2x+2y)=(x—y)(x+5y)

o) xX* (x+2y)—x—2y=(x+2y)(x2 —1)=(x+2y)(x—1)(x+1)

d) x> —2x—4y* -4y = (x2 —4y2)—(2x+4y)

=(x—2y)(x+2y)—2(x+2y)=(x+2y)(x—2y—2)

e) X’ =4 —9x+36 = (x> = 9x) - (4x" =36 ) =x(x* =9) - 4(x* =9) = (x=4) (x=3)(x +3)

f) x3+2x2+2x+1:(x3+1)+(2x2+2x):(x+1)(x2—x+1)+2x(x+1)




=(x+1)(x2 —x+1+x+1)=(x+1)(x2 +2)

g) x* +2x° —4x—4:(x4 —4)+(2x3—4x):(x2—2)(x2 +2)+2x(x2—2)

:(x2 —2)(x2 +2x+2):(x—\/§)(x+\/5)(x2 +2x+2)

h) x* = 4x* +12x =27 = (x* =27 ) - (4x* = 12x) = (x = 8) (X" +3x+9) - 4x(x-3)
=(x—3)(x2 +3x+9—4x)=(x—3)(x2 —x+9)

i) x*=2x7 +2x=1=(x* =1) = (2 = 2x) = (x* =1)(x* +1) - 2x(x* - 1)

=(x2 —1)(x2 +1—2x)=(x—1)(x+1)(x—1)2 =(x+1)(x—1)3

j) a®—a*+2a’+2a° =a*(a-1)(a+1)+2a’(a+1)=a’ (a+1)(a3—a2 +2)

:::12(a+1)(a3+a2—2a2 +2):a2 (a+1)[a2(a+1)—2(a+1)(a—1)}:az(a+1)2(a2—2a+2)

k)
Xt x4 2 +x 1= (x 428 1)+ (3 +x) = (3 +1) +x (33 +1) = (x2 +1) (3 +x+1)
) x* 4257 +2x + 2x+ 1= (x* +2x7 +1)+(2x° +2x)
=3 +1) +2x(x¢ +1) = (6 +1)(x +2x+1) = (x2 +1) (x+ 1)
m) X’y +xy’ +X°z+y’z+2xyz = X’y +xy° )+ (X2 + xyz) + v’z + xyz)
= xy(x+y)+xz(x+y)+yz(x+y)=(x+y)(xy + yz+2x)
n) X*+x* 13 b x T =X (x+1)+x (x+ 1)+ (x+1) = (x+1)(x* +x* +1)
Mot s6 bai tap tu luyén
Bai 1. Phén tich c4c da thiic sau thanh nhan ti:
a) 4x*> —6x b) I9x*y® +3x°y* c) x> —2x* +5x
d) 3x(x—1)+5(x~1) e) 2x* (x+1)+4(x+1) ) -3x—6xy+9xz
Bai 2. Phan tich cc da thiic sau thanh nhan tu:
a) 2x%y —4xy’ +6xy b) 4x°y* —8x%y> +2x'y

o) 9y’ -3x'y* —6x’y* +18xy" d) 7x*y? —21xy’z +7xyz—14xy



Bai 3. Phan tich cac da thirc sau thanh nhan tx:

a) x* —2x”+2x-1 b) X’y +xy+x+1

d) x*—(a+b)x+ab e) X'y +xy’ —x—y

Bai 4. Phan tich cac da thitc sau thanh nhan tu:
a) ax—2x—a’ +2a b) x> +x—ax—a
d) 2xy —ax+x’ —2ay e) X’ +ax’ +x+a

Bai 5. Phan tich cac da thirc sau thanh nhan t:

a) x> —2x—4y* -4y b) x* +2x° —4x -4

d) 3x* -3y* —2(x—y)’ e) x> —4x* —9x+36

Bai 6. Phan tich cac da thirc sau thanh nhan t:

c) ax+by+ay+bx

f) ax® +ay —bx’ —by

) 2x* +4ax+x+2a

f) Xy’ +y° +2x° +yz

o) x> +2x°y —x—2y

f) x* —y* —2x -2y

a) (x—3)(x-1)-3(x-3) b) (x—1)(2x+1)+3(x—1)(x+2)(2x+1)

c) 6x+3—(2x—-5)(2x+1) d) (x=5) +(x+5)(x=5)—(5-x)(2x+1)

e) (3x—2)(4x—3)—(2-3x)(x—-1)-2(3x-2)(x+1)

Bai 7. Phan tich cac da thirc sau thanh nhan t:

a) (a—b)(a+2b)—(b—a)(2a—b)—(a—b)(a+3b)

C) (x+y)(2x—y)+(2x—y)(3x—y)—(y—2x)
ab’c? —a’b*c?® +ab’c® —a’bc’
Bai 8. Phan tich cac da thitc sau thanh nhan t:

a) 4x> —12x+9 b) 4x* +4x+1
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d) 9x* —24xy + 16y e) XZ +2xy +4y>

g) —16a'b® —24a’b’ —9a°b*  h) 25x* —20xy +4y’

Bai 9. Phan tich cac da thirc sau thanh nhan t&:

a) (3x—1)" ~16 b) (5x—4) —49%°

d) (3x+1) —4(x-2) e) 9(2x+3) —4(x+1)

4b°c® - (b2 +c’-a’ )2

b) 5xy’ —2xyz—15y” +6z

d)

c) 1+12x+36x>
f) —x* +10x—25

i) 25x* —10x’y +y*

C) (2x + 5)2 —(x —9)2

f)



g) (ax+by)2 ~(ay +bx)2 h) (a2 +b’ —5)2 —4(ab +2)2 i)
(4x2 ~3x-18)" (4x* +3x)’

k) 9(x+y-1) —4(2x+3y +1)° 1) ~4x* +12xy —9y* +25

m) x* —2xy +y’ —4m’ +4mn—n’

Bai 10. Phan tich cac da thitc sau thanh nhan t:

a) 8x° —64 b) 1+8x°y’ c) 125x° +1

3
d) 8x° —27 e) 27x° + % f) 125x° +27y°

Bai 11. Phan tich cac da thitc sau thanh nhan t:

a) X° +6x> +12x+8 b) x*> —3x* +3x—-1 Q) 1-9x+27x* =27x°
3 3., 3 1 3 2 2 3
d) x +EX +ZX+§ e) 27x° —54x"y +36xy” —8y

Bai 12. Phan tich cac da thitc sau thanh nhan t:

a) X —4x2y2 +y2 +2xy b) x° _y6
) 25—a’+2ab—b’ d) (a+b+c)2+(a+b—c)2—4c2
HUONG DAN GIAI

Bai 1. Phan tich cdc da thirc sau thanh nhan t:

a) 4x° —6x=2x(2x~3)

b) 9x'y’ +3x’y* =3x’y’ (3 +y)

0) x*=2x* +5x = x(X* ~2x+5)

d) 3x(x—1)+5(x—-1)=(x-1)(3x+5)
e) 267 (x+1)+4(x+1)=2(x+1)(x* +2)
f) —-3x—6xy +9xz =—3x(1+2y +3z)

Bai 2. Phan tich cac da thirc sau thanh nhan t&:

a) 2x7y —4xy’ +6xy = 2xy (x -2y +3)



b) 4x’y* —8xy’ +2x'y =2x’y (xy —4y” +x° )
0) 9x’y® =3x'y’ —6x’y? +18xy* =3xy* (3xy —x* —2x° +6y?)
d) 7x’y* —21xy’z+7xyz—14xy = 4xy (xy —3yz+z-2)
Bai 3. Phén tich cac da thitc sau thanh nhan t:
a) X’ =2 +2x—1=(x—1)(}* +x+1)=2x(x=1) = (x=1)(x* =x+1)
b) X’y +xy +x+1=xy(x+1)+x+1=(x+1)(xy +1)
c) ax+by+ay+bx = (a+b)(x+y)
d) x* —(a+b)x+ab=(x-a)(x-b)
e) X'y +xy’ —x—y =xy(x+y)—(x+y)=(xy-1)(x+y)
f) ax’ +ay —bx* —by =a(x’ +y)-b(x’ +y)=(a-b)(x* +y)
Bai 4. Phén tich cac da thitc sau thanh nhan t:
a) ax—2x-a’+2a=x(a-2)-a(a-2)=(x-a)(a-2)
b) x* +x-ax—a=x(x+1)-a(x+1)=(x+1)(x-a)
c) 2x° +4ax+x+2a=2x(x+2a)+(x+2a)=(x+2a)(2x+1)
d) 2xy —ax+x* —2ay =x(2y +x)-a(2y +x)=(x—a)(x+2y)
e) X’ +ax* +x+a=x(x" +1)+a(x* +1) = (x*+1)(x+a)
f) Xy’ +y’ +28 +yz=y (X +y)+z(x +y) = (X +y)(y* +2)
Bai 5. Phén tich céc da thitc sau thanh nhan t:
a) x* —2x -4y’ —4y =(x+2y)(x-2y)-2(x+2y)=(x+2y)(x -2y -2)
b) X' +2x° —4x—4=(x* =2)(x* +2)+2x(x* —2) = (x* —2)(x* +2x+2)
) X’ +2x7y —x—2y =x(x=1)(x+1)+2y(x—-1)(x+1) = (x=1)(x+1)(x +2y)
d) 3x* -3y* ~2(x~y) =3(x~y)(x+y)-2(x~y) =(x-y)(x+5y)
~9(x—4)=(x—4)(x-3)(x+3)

e) X —4x* —9x+36=x" (x—4)

f) x* -y —2x=2y =(x—y)(x+y)-2(x+y)=(x+y)(x-y-2)



Bai 6. Phan tich cac da thirc sau thanh nhan t:

a) (x—3)(x—1)-3(x-3)=(x-3)(x-4)

b) (x—1)(2x+1)+3(x—1)(x+2)(2x+1) =(x—1)(2x+1)(3x+7)

c) 6x+3—(2x—5)(2x+1)=(2x+1)(7 -2x)

d) (x=5) +(x+5)(x=5)—(5-x)(2x+1)=(x~5)(4x~9)

e) (3x-2)(4x-3)—(2-3x)(x-1)-2(3x—2)(x+1)=3(3x-2)(x—2)
Bai 7. Phan tich céc da thtic sau thanh nhan t:

a) (a—b)(a+2b)~(b—a)(2a~b)-(a~b)(a+3b)=2(a~b)’

b) 5xy® —2xyz—15y” +62 = 5y* (xy —3) -2z (xy -3) = (xy -3)(5y” —22)

o) (x+y)(2x—y)+(2x-y)(3x-y)-(y-2x)=(2x—y)(4x+1)

d) ab’c® —a’b’c’ +ab’c’ —a’bc® =abe(b’c—abc+bc” —ac” ) =abc’ (b-a)(b—c)
Bai 8. Phan tich c4c da thtic sau thanh nhan ti:

a) 4x° ~12x+9=(2x-3)’
b) 4x* +4x+1=(2x+1)
0) 1+12x+36x* =(1+6x)’

d) 9x* —24xy +16y° =(3x—4y)’

e) XZ2+2xy+4y2 = (§+2yj2

f) - +10x-25=—(x~5)’

g) —16a'b® —24a’b° —9a°b* = -a'b* (3a+4b)’
h) 25x* —20xy +4y* = (5x - Zy)2

i) 25x* —10x’y +y* = (5x2 —y)2

Bai 9. Phan tich cac da thirc sau thanh nhan t&:

a) (3x—1)" ~16=(3x~1-4)(3x~1+4)=3(3x~5)(x+1)



b) (5x—4)2 —49x* =(5x—4—7x)(5x—4+7x)=—(3x+4)(12x—4)

o) (2x+5) —(x=9)" =[(2x+5)+(x=9) ][ (2x+5)-(x~9) ] = (3x—4)(x+14)

d) (3x+1) —4(x-2)" =[(3x+1)-2(x-2)|[(3x+1)+2(x~2) |=(x+5)(3x-3)

e) 9(2x+3) —4(x+1)" =[3(2x+3)-2(x+1)][3(2x+3)+2(x+1) ] =(4x+7)(8x+11)

2

f) 4b°c* —(b” +c* —a’) =| 2ab—(b*+c* ~a’) || 2bc +(b* +c* ~a’ )
—|a*~(b=c) || (b+c) ~a* |=(a-bc)(a+b-c)(b+ca)(a+bc)

g) (ax+by) —(ay+bx) =[(ax+by)—(ay +bx)][ (ax+by)+(ay+bx)]

= (ax+by —ay —bx)(ax+by +ay +bx)=(a—b)(x—y)(a+b)(x+y)

h) (a2 +b?~5) ~4(ab+2) =[a>+b* ~5-2(ab+2) |[a> +b* ~5+2(ab+2)]
- (a-b) -9 (a+b) ~1|=(a-b-3)(a-b+3)(a+b-1)(a+b+1)

(4x2 ~3x~18)" ~(4x> +3x)" =—6(x+3)(8x" ~18) =12(x+3) (3~ 2x)(2x+3)

1) 4 +12xy —9y® +25=25-(2x~-3y) =(5-2x+3y)(5+2x-3y)
Bai 10. Phan tich cac da thitc sau thanh nhan ta:

a) 8x° —64 =(2x—4)(4x* +8x+16)
b) 1+8x°y’ :(1+2x2y)(1—2x2y+4x4y2)
c) 125x° +1=(5x+1)(25x> ~5x+1)

d) 8x* —27 = (2x—3)(4x* +6x+9)
3 2
e) 27 + 2L =| 3x+ L || 9% +xy +
8 3 9

f) 125x° +27y° = (5x+3y)(25x* ~15xy +9y”
Bai 11. Phan tich cac da thic sau thanh nhan t:
3 2 3
a) x> +6x"+12x+8 =(x+2)

b) X* ~3x* +3x~1=(x~-1)’



¢) 1-9x+27x* ~27x’ =(1-3x)’

e) 27x° —54x%y +36xy” —8y’ =(3x—2y)’
Bai 12. Phan tich céc da thtic sau thanh nhan t:
a) X2 —4xy? +y? +2xy = (x+y) —(2xy) = (x+y-2xy)(x+y+2xy)
b) X* —y® =(x=1)(x+1)(x* =x+1)(x* +x+1)
¢) 25—-a>+2ab—b*=25-(a~b) =(5-a+b)(5+a-b)
d) (a+b+c) +(a+b-c) —4c* =(a+b+c) +(a+b-3c)(a+b+c)

:(a+b+c)(a+b—3c+1)



CHUYEN DE PHAN TiCH PA THUC THANH NHAN TU
B. M6t s6 phwong phap ning cao
Chutng ta da biét cac phuong phap co ban d€ phan tich mot da thic thanh

nhan tr 1a dat nhan t& chung, diing hang dang thitc, nhém cac hang tt va phdi hop
cac phuong phap dd. Tuy nhién c¢é nhitng da thirc mac du rat don gian, néu chi
biét dung ba phuwong phap d6 thoéi thi khong thé phan tich thanh nhan ti duoc. Do
dé trong chuyén dé nay ching ta sé xét thém mot s6 phwong phap khac dé€ phan
tich da thtrc thanh nhan ttr .

e Phuong phap tach mot hang tt thanh nhiéu hang tt.

¢ Phuong phap thém bét cuing mot hang tu.

e Phuong phap d6i bién.

e Phuong phap dong nhat hé so.

e Phuong phap xét gia trj riéng cta cac bién.
1. Phwong phap tach hang t

1.1. P61 v6i da thitc bac hai f(x) =ax’ +bx+c cé nghié¢m.
Phuong phdp chung.

+ Buw6c 1. Tim tich ac rdi phdn tich ac ra tich ciia hai thira s6' nguyén bang moi cich
ac=a,.C, =a,C,=2a,C,=...=a,.C, =...

+ Budc 2. Chon hai thira so'trong cdc tich trén cé tong bing b, ching han ta chon

tich a.c=a,.c, véi b=a, +c,

+ Burdc 3. Tach bx =ax+cx. Tir do nhom hai s6"hang thich hop dé’phin tich tiép.

Vi du 1. Phan tich da thac f(x) =3x* +8x+4 thanh nhan tt.

+ Céch 1 (tach hang tir bac nhat bx)
Hudéng dan
+ Phin tich ac=12=34=(-3).(-4)=26=(-2).(-6) =112 =(-1).(-12)
+ Tich ciia hai thita s6'c6 tong bing b =8 la tich a.c=2.6(ac=a,c,).
+ Tich 8x =2x+6x(bx =a,x+cx)

Loi giai




3X +8x+4 = 3" +2x+6x+4 = (3% +2x) +(6x+4)
=x(3x+2)+2(3x+2)=(x+2)(3x+2)

Ngoai cich lam nhi trén ta ciing c6 thé thiee hién mot so'cdch tdch hang tir khic
+ Céch 2. Téch hang tir bac hai ax® lam xuét hién cdc nhém c6 nhan tir chung hosc
hang dang thc.
Lam xudt hign higu hai binh phirong
£(x) =(4x7 +8x+4)—x =(2x+2)" —=x* = (2x+2-x)(2x+2+x) = (x+2)(3x+2)
Téch thinh 4 hang tir r6i nhdm
£(x)=4x* =X +8x+4 = (4x" +8x)—(x* - 4)
=4x(x+2)-(x-2)(x+2)=(x+2)(3x+2)
+ Céch 3. Tach hang ti ty do ¢ lam xut hién cic nhém c6 nhan t& chung hodc héng
dang thtic.
£(x)=3x" +8x+16-12=(3x* —12) +(8x+16) =... = (x+2)(3x+2)

+ Céch 4. Tach nhidu hang tt ciing mot lac.

£(x)=(3x* +12x+12) ~ (4x+8) =3(x+2) —4(x+2) =(x+2)(3x-2)

£(x) = (% +4x+4)+(2x +4x) = (x+2) +2x(x+2) = (x+2)(3x+2)
e Nhin xét.

+ Cdc da thitc bic hai mot bién £(x)=ax" +bx+c chi phn tich dwgc thinh nhin tir

khi vi chi khi da thitc c6 nghiém.

+ Néu f(x) =ax’ +bx+c cd dang A®> +2AB+c thi ta tach nhw sau

f(x)=A?+2AB+B*~B*+c=(A+B) -(B*-c)

Vi du 2. Phan tich cdic da thitc sau thanh nhan tw

a) x> —6x+5 b) x* —x-12 c) X +8x+15

Loi giai
a) X’ —6x+5=x>—x-5x+5=x(x-1)-5(x-1)=(x-5)(x-1)

b) x* —x—12=x" +3x—4x—12=x(x+3)-4(x+3) =(x-4)(x+3)




Q) X +8x+15=x"+3x+5x+15=x(x+3)+5(x+3)=(x+5)(x +3)
1.2. P6i v6i da thifc hai bién dang f(x;y)=ax’ +bxy +cy’.

Phuong phdp chung.

+ Phuong phép 1. Xem da thitc £(x;y)=ax’ +bxy +cy® la da thitc mgt bién x. Khi do cic

hé s6'lin luot 1a a;by;cy” va ta dp dung phwrong phdp nhw v6i da thive bic hai mot biéh.

2
+ Phuong phdp 2. Viét da thirc vé dang f(x;y) =y’ la(§] +b(§]+c]. Dat t= X vi
y y y

phdn tich da thitc at® +bt+c theo phwong phip nhw vdi da thirc bic hai mgt bién.

V6i du 1. Phan tich da thtc 2x* —5xy + 2y’ thanh nhan tu.

Loi giai
+ Cach 1. Xét da thirc f(x) =2x* —5xy + 2y*. Khi d6 ta c6 a=2;b=-5y;c=2y".
Ta c6 ac =4y’ =y.dy =(-y).(-4y) =2y.2y =(-2y)(2y) = ...
Ta chon tich (—y).(—4y) Vi (—y) + (—4y) =-5y =b . Dén day ta tach hang t& nhw
sau.

2x* —5xy +2y” =2x% —xy —4xy + 2y’ = (2)(2 —xy)—(4xy—2y2)
:x(2x—y)—2y(2x—y):(x—2y)(2x—y)

2
+ Cach 2. Xét da thitc f(x;y) =2x* —5xy +2y° =y’ (Z.X——5.§+2j,

2

y y

Dit t == va ta 6 da thiec 2t2 —5t+2=2t"—t—4t+2=(2t-1)(t-2).
y

Nhur vay ta duoc £(x;y) =y (2t-1)(t-2) = y? (2.?—1}(?—2}=(2x—y)(x—2y)

e Nhan xét. Cic da thirc bic hai cé hai bién f(x,y) =ax’ +bxy +cy” chi phin tich dwgc
thanh nhén tie khi va chi khi da thite c6 nghiém khic (x;y)#(0;0).
V6i du 2. Phan tich cac da thitc sau thanh nhan ta.

a) x* +7xy +12y* b) x* —13xy +36y” ) x* —5xy — 24y’

Loi giai




a) x* +7xy +12y° =x" +3xy +4xy +12y” = x(x+3y )+ 4y (x + 3y ) = (x+4y ) (x +3y)
b) x* —13xy +36y” = x* — 4xy — 9xy + 36y” =x(x—4y)—9y(x—4y) =(x—4y)(x—9y)

c) x> —5xy — 24y’ =x" +3xy — 8xy — 24y” = x(x+ 3y ) -8y (x+3y) = (x—8y)(x+3y)

Vi du 3. Phan tich cac da thirc sau thanh nhan ta:
a) (x2+x)2—2(x2+x)—15 b) (x2+x)2+9x2+9x+14

Q) X* +2xy +y’ +2x+2y-15 d) x> +2xy +y* —x—-y-12

e Dinh huong tw duy. Cdc da thirc cho trén néu quan sat ki ta thay co dang da thirc bdc
hai mot bién, chﬁng han da thiec thir nhat 1a da thiec béc hai doi véi bién la x* +x, d thirc
thie ba la da thiec bic hai doi v6i biéh x+y . Do d6 ta c6 thé dp dung quy tic phdn tich nhw
trén dé’phan tich cdc da thiec thanh nhin ti.

Loi giai
a) (x2 +x)2 —2(x2 +x)—15 :(x2 +x—1)2 -16= (x2 +x—5)(x2 +x+4)
b) (x2 +x)2 +9x* +9x +14 :(x2 +x)2 +2(x2 +x)+7(x2 +x)+14
:(x2 +x)[(x2 +x)+2}+7[(x2 +x)+2] :(x2 +x+2)(x2 +x+7)
<)
x4+ 2xy +y? +2x+2y ~15=(x+y) +2(x+y)-15=(x+y) =3(x+y)+5(x+y)-15
=(x+y)(x+y—3)+5(x+y—3)=(x+y+5)(x+y—3)
d) x* +2xy +y’ —x—y—12=(x+y)2 —(X+y)—12=(x+y)2 +3(x+y)—4(x+y)—12
=(x+y)(x+y+3)—4(x+y+3)=(x+y—4)(x+y+3)
o Nhan xét. Trong hai y ddu cdc da thirc bdc hai sau Iin phian tich thir nhdt khong phin
tich duwgc nira vi cic da thire d6é v6 nghiém. Ta ciing ¢ thé doi bién dé qua vé da thikc bic
hai, ching han nhiw ddt t=x*+x thi da thiec thit nhat tré thanh t* —2t—15.
1.2. D67 véi da thitc bdc tix 3 tro lén
e Dinh li. Néu da thiic f(x) voi hé s6 nguyén c6 nghiém x=a thi f(a)=0.Khi d6

f(x) cO moOt nhan tirla x—a va f(x) c6 thé viét dudi dang f(x) = (x—a).q(x).




Ltic d6 tach cac s hang ctia f(x) thanh cac nhém, mdi nhém déu chira nhan

tit 1a x—a. Cling can luu y rang nghiém nguyén ctia da thixc (néu cé) phai la mot

udc cua hé sb tu do.

Vi du 1. Phan tich da thiic f(x) =%’ +x* +4 thanh nhan ta.

e Dinh huong tw duy. Da thirc f(x) c hé s6’cao nhat la 1 va nhan thdy trong cdc wéc
nguyén cua da thirc c6 -2 la mot nghigm. Nhw vdy khi phan tich da thikc f(x) thanh nhan
tir thi da thikc ¢6 chita nhan tir x+2. Do d6 ta cin tich hang tiv [dm xudt hién nhin ti
X+2. Ngoai ra nhin tir con lgi sau phép phin tich thiv nhdt cé bdc hai nén ta co thé’ siv
dung phwong phdp phan tich cho da thiec bac hai mot bién.
Loi giai
Nham thdy x =-2 1a mdt nghiém ctia f(x) nén da thtic f(x) chita nhan tor x+2, tir
do ta co cac cach tach nhw sau
+Cach 1. f(x)=x"+2 -x* +4 =(x3 +2x2)—(x2 —4)=(x+2)(x2 —x+2)
+ Cach 2. f(x):(x3 +8)+(x2 —4):(x+2)<x2 —X+2)
+ Cach 3. f(x) =(x3 +4x° +4x)—(3x2 +6x)+(2x+4) =(x+2)(x2 —x+2)
+ Cach 4. f(x)=(x3 —x +2x)+(2x2 —2x+4)=(x+2)(x2 —x+2)
o Nhdn xét. Tir dinh li trén ta c6 cic hé qua sau.
+H¢ qua 1. Néi £(x) c6 tng cic hé s0'bing 0 thi f(x) c6 mot nghiém la x =1. Tir do
f(x) c6 mot nhin trla x—1.
Ching han, da thirc f(x)=x"—5x*+8x—4 cd 1+(-5)+8+(—4)=0 nén x=1Ia

mot nghiém cua da thirc. Da thitc c6 mot nhan tiv la x—1. Ta phan tich nhw sau.

f(x) :(x3 —xz)—(4x2 —4x)+(4x—4):x2 (x—l)—4x(x—1)+4(x—1) :(x—l)(x—Z)2
+ Hé qua 2. Néu f(x) c6 tdng cic hé s6'ciia cdc lujj thiva bic chin bing tong cic hé s6'clia
cdc luij thira bic 1é thi £(x) c6 mot nghiém 1o x=—1. Tir d6 £(x) c6 mdt nhin tirla x+1.

Tir do f(x) cé mot nhan tiela x+1.




Ching han da thire £(x)=x"-5x>+3x+9 ¢d 1+3=-5+9 nén x=-1 la mjt
nghiém cua da thirc. Da thitc c6 mot nhan tir la x+1. Ta phan tich nhw sau.

f(x)=(x3+x2)—(6xz+6x)+(9x+9)=x2 (x+1)—6x(x+1)+9(x+1)=(x+1)(x—3)2

£0 thi f(1) vi f(-1)
a—1 a+1

déu la s

+ Hé qua 3. Néu f(x) co nghigm nguyén x=a va f(il)
nguyen.
Chtrng minh. Pa thitc f(x) c6 nghiém x=a nén f(x) cO mot nhan tirla x—a. Do

do f(x) c6 dang f(x)=(x—a).q(x).
e 0 £(1) .
Khi do ta co f(1)=(1—a).q(1).Do f(l) khacOnén a=1 suy ra q(l)z—. Vi f(x)

£(1) _

1a da thtic c6 hé s6 nguyén nén q(1) 1a s§ nguyén. Do d6 1 la s6 nguyén.

o -

Hoan toan tuong tw ta cé
a+1

la s6 nguyén.
Vi du. Véi da thirc f(x)=4x"—13x> +9x—18.
Cac wdc cta 18 1a +1;42;43;46;+9; 18 . D& thay f(1)=-18;f(~1)=—44 nén x =1

-18 18 -18 -18
3-1"+6-1"49-1"+18-1

khong phai la nghiém cta f (x) . Lai thay khong phai
1a s6 nguyén nén —3;+6;+9;+18 khong la nghiém cua f(x). Chi con +2 va 3 thi

kiém tra ta thay 3 la nghiém cta f(x). Do d6 ta tach céc hang tir nhu sau

f(x)=4x" —13x* +9x—18 = 4x’ —12x* —x* +3x + 6x — 18
=4x° (X—3)—X(X—3)+6(x—3)=(x—3)(4x2 —X+6)

A 2 Az _ n n-1 n-2 Y&l \
+ Hé qua 4. Néu f(x) =a x'+a_ X" +a_ X' ~+..+ax+a,(vdia_a_,,..a,a,ld
cdc s0 nguyén) cé nghiém hiru ti x :g v6i p,qeZ va (p;q)=1, thi p la uéc cia a, v q

la woc dwong cua a_.

Chiing minh. Ta thdy f(x) 6 nghiém x =2 nén n¢ c6 mot nhan t 1a (qx-p). Do
q

cac hé s8 cua f(x) déu nguyén nén f(x)cé dang



£(x)=(qx- P)(bnqan +b_,x"?+..+bx+b, )

Pong nhdt hai vé€ ta dugc qb,_, =a_;—pb, =a,. Tt d6 suy ra p la udc cua a, vaqla
udcduwong cua a, .

Vi du. Véi da thiec f(x) =3x> —7x* +17x—5 ta cd cac wdc ctia -51a + 1, £ 5. Thix truc
tiép ta thay céc s6 nay khong la nghiém ctia f(x). Nhu vay f(x) khong c6 nghiém

nghuyén. Xét cac s0 i%,ig ta thay % la nghiém cuta da thic. Do d6 da thic ¢

mot nhan tir la 3x—1. Ta phan tich nhu sau.

f(x)= (3x3 —><2)—(6x2 —2x)+(15x—5) = (3><—1)(x2 ~2x+5)

Vi du 2. Phan tich da thitc thanh nhan te f(x) =x*+6x°+13x*> +12x + 4

o Dinh huéng tu duy. Da thitc £(x) c6 hé s6'cao nhdt 1a 1 vd nhin thdy trong cdc wic
nguyén ciia da thive c6 —1 1o mot nghiém. Nhiw vy khi phan tich da thice £(x) thanh nhin
tir thi da thitc ¢6 chita nhan tie x+1. Do d6 ta cin tich hang tie Tim xudt hién nhan ti
x+1. Tuy nhén nhdn tie con lgi sau phép phin tich thit nhdt cé bic ba nén dé phan tich
dwoc tiéh ta cin nhdm duwoc thém mot nghiém nita. Nhdm tiéh cdc woc cia hé s6tw do ta
thiy —2 ciing la mot nghiém. Do vdy da thire £(x) chira thém nhin tiv x+2. Tir do ta
phén tich duwoc da thire £(x) thanh nhan tir.
Loi giai
Ta ¢6
X6 +13x7 +12x+4 = (x* +x )+ (5% + 57 )+ (8" +8x ) + (4x +4)

=x" (x+1)+5x’ (x+1)+8x(x+1)+4(x+1):(x+1)(x3+5x2+8X+4)

=(x+1)[(x3+2x2)+(3x2 +6x)+(2x+4)}=(x+1)[x2 (x+2)+3x(x+2)+2(x+2)]

= (x+1)(x+2)(x* +3x+2) = (x+1)(x+2) (x+1) (x+2) = (x+1) (x+2)’

1.3. D67 véi da thitc nhiéu bién.

Vi du . Phan tich cdc da thitc sau thanh nhan tir x* (y —z)+y* (z—x)+2* (x—y)

e Dinh hwong tw duy. Da thirc di cho cé nhiéu bién va cic hang tir lai cho dwdi dang tich,

do d6 thong thwong ta nhin cdc hang tir ra dé’ nhém cdc hang tie lam xudt hién nhin te




chung hodc st dung hing ding thirc. Tuy nhién quan sit ki cdc hang tir trén ta 4¢'y dén
phép tich hang tir z—x=(z—-y)-(y-x)=—(x-y)—(y—2), nhw vdy ta cé thé tich da
thitc tir ba hang tie thinh bon hang tir vi nhém @€' lam xudt hign nhan ti chung.
Loi giai
béy rang z-x=(z-y)-(y-x)=—(x-y)—(y—z). Vi vay ta tach hang ti thtt hai
ctia da thic da cho
X (y-z)+y* (z-x)+2* (x—y)=x* (y-2z)-y*(y -2)-y* (x—y)+2* (x-y)
=(y=2)(< =y*)=(x=y)(y* =2 =(y=2) (x=y)(x + ¥)=(x=y)(y-2)(y + 2)
=(x-y)(y-2)(x-2)

Vi du 2. Phan tich da thitc thanh nhan t& 4a’b’ (Za + b) +b’c? (c —b) —4c%a? (2a + c)

e Dinh huwong tw duy. Da thirc dd cho trén ciing c6 nhiéu bién va cdc hang tie lai cho duwi
dang tich nhung phirc tap hon. Twong tw y twéng nhw vi du trén ta 46’y dén phép tich

hang tir c—b=(2a+c)—(2a+b) dé'cé thé'tich da thirc tie ba hang tir thanh bon hang tir

va nhém lam xudt hign nhin tir chung.
Loi giai
Dé y rang c-b = (2a+c)—(2a+b). Vi vay ta tach hang tix thit hai ctia da thitc da
cho
4a’b*(2a+b)+b’c*(c-b)-4c’a*(2a+c)

=4a’b’ (2a+b)+b2c2[ (2a+c)-(2a+b) ] 4c*a*(2a+c)

=4a’b’(2a+b)+b’c*(2a+ c) b2 *(2a+b)-4c’a’(2a+c)

=b’ (2a+b)(4a2 —c2)+c2 (2a+(:)(b2 —4a2)

=b’(2a+b)(2a-c)(2a+c)-c*(2a+c)(2a-b)(2a+b)

=(2a+c)(2a+ b)(Zab2 —-b’c—2ac’ +bc? )

= (2a + C)(2a + b)(b - c)(2ab +2ac —bc)
o Nhan xét. Qua cic vi du trén ta thiy, véi mot s6 da thirc khi dp dung cdc phwong phap
phin tich co ban ma khong thé phin tich dwoc da thirc thi ta c6 thé dp dung phwong phip
tach hang tie. C nhiéu cich tich hang tir dé tao nhém, tuy nhién cin chii y la nhém dwgc
tao ra phdi cé nhan tie chung hodc hang ding thitc va sau qud trinh phin tich nhém thi phdi

hinh thanh nhan tie chung méi hodc cic hang ding thitc méi. Mot kinh nghiém khi ste dung




phuong phdp tich hang tw 1o nhim nghiém cia da thikc triede dé'cd phép phin tich dé dang
hon.
2. Phwong phap thém va bét cuing mét hang ta.

V6i mét s6'da thirc khong thé' st dung cdic phwong phap nhw dat nhin tir chung, siv
dung hing ding thicc, nthom hang i ciing nhie phép tich hang tie A&’ phdn tich thanh nhin
tir. Khi do ta cd thé si dung phép thém bot cung mot hang tir véi muc dich lam xudt hién
nhin tie chung hodc xudt hién cdc hing ding thikc.

2.1. Thém va bét cing mot s6 cac hang ti lam xudt hién cic hang ding thitc.

Vi du 1. Phén tich da thiic thanh nhan ti f(x)=x* +x* +1.

e Dinh huong tw duy. Da thirc f(x) dd cho trén la da thirc mgt bién va c6 hé so cao nhat

1 1, tuy nhién da thirc lai khong cé nghiém. DE'y ta thdy néu thém vao da thire £(x) mot
S 2 2

hang tie x> thi ta thay xudt hién hang diang thirc (x2 +1) va khi b6t di hang tie x> thi da

thiec c6 dang A* —B*. Ngoai ra néu ta thém bot nhan tie x° thi da thiec lgi xudt hé hing

ding thitc x° +1:(x+1)(x2 —x+1) va khi nhém cdc hang ti con lai ciia da thire thi co
nhin tir x> —=x+1. Nhw vdy ta c thé phin tich dwgc da thirc.
Loi giai
+Céach 1. x* +x° +1=(x4 +2x° +1)—x2 =(x2 +1)2 —x =(x2 —x+1)(x2 +x+1).
+ Cach 2. x* +x° +1:<x4 -x° +x2)+(x3+1):(x2 —x+1)(x2 +x+1).
o Nhdn xét. Cdc da thir x> —x+1 va x> +x+1 khong phén tich dwgc nira vi cdc da thirc

do vo nghiém.

Vi du 2. Phén tich da thiic thanh nhan tir f(x) = 4x" +81.

o Dinh hudng tu duy. Dy ring f(x)=4x" +81=(2x*) +9% vi 2.(2x).9=(6x)" nén
ta sir dung phwong phdp thém bot mot hang tir nhue trén.
Loi giai

Ta co




4x* +81=(2x" )2 +97=(2x )2 +9742.2x0.9-22x2.9=(2x +9)2 —36x°
= (2x +9)2 ~(6x)" =(2x¢ +6x+9)(2x* ~6x+9)
o Nhdn xét. Cic da thit 2x* +6x+9 via 2x* —6x+9 khong phén tich dwoc nita vi cic da

thirc do vo nghiém.

Vi du 3. Phan tich da thitc thanh nhan t&e A =64x"* +y*

e Dinh hudng tw duy. Dé'y rﬁng A=64x'+y* = (8x2 )2 + (y2 )2 vd 2.(8x2 ).y2 = (llxy)2
nén ta st dung phwong phdp thém bét mot hang tir nhw trén.
Loi giai
Ta co
64x* +y* = (8x2 )2 + (y2 )2 +2.8x%y* —2.8x°y’ = (8X2 +y’ )2 ~16x*y®
= (8X2 +y’ )2 - (4xy)2 = (8x2 +4xy +y° )(8x2 —4xy + yz)
o Nhadn xét. Cic da thir 8x* +4xy +y* va 8x* —4xy +y’ khdng phin tich dwoc nita vi
8% +dxy +y? =4x* +(2x+y) 20;8x% —dxy +y? =4x* +(2x~y) 20

Nghia la hai da thiec trén khong co nghiém nao khdc (x;y) = (0;0).

Vi du 4. Phan tich da thitc thanh nhan tt A =a’+b® +c’> —3abc

e Dijnh hudng tw duy. Da thirc A di cho trén cé ba bién va lai ¢6 bic 3 do dé ta nghi dén
st dung hang ding thitc bic ba. Tuy nhién nhin thdy rang néu sie dung phép phin tich
trwc tiép thi ta khong phin tich dwegc. Do do ta sé bién doi da thirc A vé da thir c6 chita

hang tw (a+b)3 +c°, khi d6 néu phén tich thi ta cé nhin tir a+b+c. Nhw vdy ta cin

thém vio nhom 3a’b+3ab*. DEy tiép ta thiy sau khi bét di nhom 3a’b+3ab® thi két hop
v6i 3abe thi ta ciing thidy c¢é nhin tir a+b+c. Do vdy ta sit dung phép thém bét dé phin
tich da thirc A thanh nhin tir.
Loi giai
A=a’+b’+c’-3abc=a’ +b’ +3a’b+3ab’ + ¢’ —3a’b—3ab’ - 3abc
:(a+b)3 +c’~3ab(a+b+c) :(a+b+c)[(a+b)2 —(a+b)c+c2}—3ab(a+b+c)

=(a+b+c)[(a+b)2 —(a+b)c+c2 —3ab}=(a+b+c)(a2+b2 +c2—ab—bc—ca)




2.2. Thém va bét ciing mot s6 hang tir lam xudt hién nhin tir chung.

Vi du 1. Phén tich da thtic thanh nhan tir £(x)=x" +x -1

o Dinh hudng tw duy. Da thirc £(x) dii cho trén cd bic 5 va khdng nhim dirgc nghiém, do

do ta khong thé'dw dodn dwoc nhin tir khi phan tich. Trong da thitc cung khong thdy xudt
hién cic hang dang thirc. Do vdy ta nghi dén phwong phip thém bot mot sohang tik.
+ Huong thir nhdt la ta thém bot cdc hang ik dé’ da thirc ¢6 cic hang tir co bac ddy di tie 5
dén 0, tir do tiy thudc vao so' ddu dwong va dau dm trudc cdic hang tir ma chia nhém cho
phit hop.
+ Thém bot hang tie x* dé'nhom véi x° dé’tao ra nhin tir x°> +1 va nhém vdi x—1 dé’'tao
ra nhin tir x> +x+1.
Loi giai
+Cach 1. Ta c6
X+ x=1=x"=x* +x° +x* = +x* = x* +x-1

=x (x2 —x+1)—x2 (x2 —X+1)—(x2 —x+1)= (x2 —x+1)(x3 -x’ —1)
+Cach 1. Ta co

x* +x-1 =(x5 +x2)+(—x2 +x—1)=x2 (x3 +1)—(X2 —x+1)

=x2

(x+1)(x2 —x+1)—(x2 —x+1):(x2—x+1)(x3+x2—1)

Vi du 2. Phan tich da thitc thanh nhan tt f(x) =x"+x’+1

Loi giai
Ta co

f(x)zx7+><5 +1=x"+xX" +(x* +x)+1-x* —x:(x7 —x)+(x5—x2)+(x2
x(x(’—1)+x2(x3—1)+(x2+x+1)=x(x3+1)(x3—1)+x2 (x3 —1)+(x2 +x+1)
:x(x"'+1)(x—1)(x2 +x+1)+x2 (x3 —1)+(x2+x+1)

:(x2 +x+1)(x5—x4+x2 —x)+(x3 —X2)(x2+x+1)+(x2 +x+1)

+x+1)

:(x2 +x+1)(x5—x4+x2 —X+xX —x* +1)=(x2 +x+1)(x5—x4+x3—x+l)

o Nhan xét. Cic da thiec c6 dang x>™" +x°™ +1 nhw X" +x> +1;xX" +x° +L,x® +x* +1

x* +x+1;x" +x+1;... khi phdn tich déu c6 nhan tie chung la x* +x+1.




3. Phuong phap d6i bién.

V6i moét s6 da thiee ¢ bac cao hodc c6 cdu tao phtec tap ma khi thy hién theo
cac phuong phap nhu trén gay ra nhiéu khé khan. Khi d6 thong qua phép dai biét
ta dua duoc vé da thiee 6 bac thadp hon godc don gian hon dé thuan tién cho viéc
phan tich thanh nhan ti. Sau khi phan tich thanh nhan ti d6i véi da thite méi ta

thay tro lai bién ct d€ duoc da thic voi bién ca.

Vi du 1. Phan tich da thttc thanh nhan tir A = (x2 +x+1)(x2 +x+2) ~12

e Dinh huong tw duy. Nhin thiy da thitc A di cho trén néu khai trién sé dwpc mdt da
thiee bic 4 va c6 hé s6'tw do la —10, do d6 dé’phin tich dwoc ta phai nhim dwoc it nhdt hai
nghiém phan biét hodc s dung phieong phdp hé so6'bat dinh. Thir cic woc cua hé so'tw do ta
dwoc x=1 va x=-2 nén ta sé phin tich dwoc da thirtc A. Ngoai ra dé'y dén sy ldp lai ciia
x> +x nén ta cd thé aéi bién va duea da thirc vé da thirc méi cé bic hai.

Loi giai
Pat x* +x =t khi &6 da thic A dwoc viét lai thanh

A=(t+1)(t+2)-12=*+3t-10=(t-2)(t+5)
Thay x* +x=t trd lai da thiec A ta dwgc

A:(x2 +x—2)(x2+X+5):(x—1)(x+2)(x2+x+5)

Vi du 2. Phan tich da thitc thanh nhan t&t B = (x2 +2X + 7) —(x2 +2X+ 4)(x2 +2X+ 3)

o Dinh hudng tw duy. Nhin thdy sw lip lgi ciia X* +2x nén ta cé thé' d6i bién va duwa da
thiec vé da thirc moi co bic hai.

Loi giai
bat x* +2x =t, khi &6 da thitc B duoc viét lai thanh

B=(t+7)—(t+4)(t+3)=t+7 -t -7t-12=—t*—6t-5=—(t+1)(t+5)
Thay t=x>+2x tr¢ lai da thiec B ta duoc

B=—(x2+2x+1)(x2 +2x+5)=—(x+1)2 (x2+2x+5)

Vi du 3. Phan tich da thttc sau thanh nhan t& A = x(x +4)(x + 6)(x+ 10) +128




e Dinh huong tu duy. Da thirc A di cho la da thirc bic bon, do dé dé phan tich dwoc da

thitc A thanh nhin tir ta cin nhin da thirc ra va thu gon roi nham nghiém. Tuy nhién
trong qua trinh nhdn da thiec ta nhan thay giiva hai tich x(x+10) v (x+4)(x+6) co
chung nhém x> +10. Do d6 ta sé sir dung phép déi bién dé phin tich da thike A thanh nhin
ta.

Loi giai
Ta c6 x(x+4)(x+6)(x+10)+128 =(x* +10x)(x* +10x+24)+128

bat x> +10x+12 =y, da thitc da cho ¢ dang

(y-12)(y+12)+128=y* -16 =(y +4)(y —4)
=(x2 +10x+16)(x2 +10X+8) =(x+2)(x+8)(x2 +10x+8)

o Nhdn xét. Nho phwong phdp doi bién ta dwa da thirc bic 4 d6i v6i x thanh da thirc bic 2
doi vdi y. Trong 10i gidi trén ta khong doi bién y =x" +10x ma doi bién y=x+10+12 dé
lam xudt hign hang ding thirc y* —16. Néu d6i bieny = x> +10x thi ta cé da thirc bdc hai
bién y mdi la y* +24y +128 va dé phdn tichsta siv dung phwong phdp tich hang tir nhw
sau

Dat y=x>+10x. Khi dé da thirc tré thanh
y(t+24)+128 =y’ +16y++8y+128 =y (y+16)+8(y+16)=(y+8)(y +16)

Thay t tr6 lai da thirc ta dwoc

A= +10x+8)(x* +10x+16) = (x* +10x+8)(x+2)(x+8)

Vi du 4. Phan tich da thirc thanh nhan t&¢ B = (a + 1)(a + 2)(a + 3)(a +4)+ 1

o Dinh hudng tw duy. Twong tw nhu vi dy trén ta thiy giita hai tich (a+1)(a+4) va
(a+2)(a+3) o6 chung nhém a*+5a. Do d6 ta sé sir dung phép doi bich dé phan tich da
thikc B thanh nhin ti.

Loi giai
Tacé B=(a+1)(a+4)(a+2)(a+3)+1=(a*+5a+4)(a’ +5a+6)+1

Pat t=a’ +5a+5. Khi d6 da thitc B tro thanh B=(t—1)(t+1)+1=t2




2

Thay t=a’+5a+5 ta duoc B :(a2 +5a+5)
o Nhin xét. Cic da thitc bic bon trong hai vi du cd dang tong qudt la
(x+a)(x+b)(x+c)(x+d)+e
Trong dé a+d=Db+c.

Khi dé ta siv dung phép diit dn phu t=x"+(a+d)x+k=x>+(b+c)x+k vdi kduwoc xdic

dinhli k=1(ad+be).
2

Vi du 5. Phén tich da thiic thanh nhan tir A =(3x+2)(3x—5)(x—1)(9x+10)+24x*

o Dinh huéng tw duy. Tuwong tw nhw vi du trén ta thdy giiva hai tz’ch(3x+2)(3x—5) va
(x—=1)(9x+10) cd chung nhém 9x> —10. Do d6 ta sé sir dung phép doi bién dé'phén tich
da thitc B thanh nhin ti.
Loi giai
Ta co A =(3x+2)(3x=5)(x~1)(9x+10)+24x> = (9x* +x—10)(9x* =9x—10) +24x".
Dat y=9x*> -9x-10. Khi d6 da thirc A dwoc viét lai thanh
A =y(y+10x)+24x* = y* +10xy +24y” = y* + 4xy + 6xy +24x7 = (y +4x)(y +6x)

Thay lai y=9x* —9x-10 vao da thtic ta dugc A = (9x2 —-3x —10)(9x2 —5x—10)

Vi du 6. Phén tich da thtic thanh nhan tr B=(x—18)(x+35)(x~7)(x+90)-76x’

* Dinh huong tw duy. Twong tw nhw vi du trén ta thiy giita hai tich(3x+2)(3x—5) va
(x—=1)(9x+10) cd chung nhém 9x* —10. Do d6 ta sé sir dung phép déi bién dé' phén tich
da thirc B thanh nhan tie.
Loi giai
Ta c6 B=(x—18)(x+35)(x=7)(x+90)~76x" = (x* ~17x~630)(x* ~83x—630) - 76x"
bat y = x? —=50x —630. Khi d6 da thirc A dwoc viét lai thanh
A =(y—33x)(y+33x)-76x* =y* —=1089x* —76x” = y* —1156x" =y —34x ) (y + 34x)

Thay lai y =x*—50x-630 vao da thiic ta dugc




A= (x2 —50><—630—34x)(x2 —50x—630+34x) - (x2 —84x—630)(x2 —16x—630)

e Nhdn xét. Cic da thirc bic bon trong hai vi du cé dang tong qudt la

(x+a)(x+b)(x+c)(x+d)+ex?

Trong dé ad =bc.

Khi dé ta ste dung phép dit an phu t=x> +kx+ad = x> + kx+bc v6i k dwroc xic

dinhli k=1(a+b+c+d).
2

Vi du 7. Phan tich da thitc sau thanh nhan t¢t A =x* +6x° +7x* —6x+1

o Dinh huéng tw duy. Quan sit da thirc A ta nhin thdy cdc hé s co tinh doi xirng, do do

. s LA a1 1 1 VA s
néu dwa x> ra ngoai thi thiva so"con lai I (xz +—]+6(x——j+7. Dén day ta co thé sw

x? X

dung phép doi bién y =x 1 dé’ dwa nhin tir trén vé da thirc bic hai.
X

Loi giai

Gia sit x#0. Ta viét da thiec dwdi dang

A:xz(x2+6x+7—%+%j:x2 sz +%J+6(x—lj+7}.
x> X X X

bat x—l:y thi x2+l2=y2+2.D0 do
X X

2
— 2 (2 2 2 _ 2 1 (2 %
A=x (y +2+6y+7)—x (y+3) —(xy + 3x) —{x[x XJ+3X:| (x + 3x 1)

o Nhdin xét. Ta ciing c6 thé'phin tich da thirc A thanh nhin tir nhw sau
A=x" 46X =257 +9x" —6x+1=x" +(6x> = 2x* ) +(9x* —6x+1)

=x* 42 (3x 1)+ (3x 1)’ =(x* +3x 1)

Vi du 8. Phan tich da thitc thanh nhan t& x* —7x° +14x* —7x+1

e Dijnh huong tw duy. Quan sdt da thirc A ta nhan thdy cdc hé s6 cd tinh doi xirng, do do

A pd N\ hY A7 \ . \ 1 1 A A 7 A2 ?
néu dwa x* ra ngoai thi thira so’ con lgi la x° +——7[x+—]+14. Dén day ta co thé sw

x2 X

dung phép doi bién y = x +l dé’ diea nhan tir trén vé da thikc bic hai.
X




Loi giai

Ta co x* =7x° +14x* =7x+1=x> x2—7x+14+_—7+l =x? x2+i—7 x+l +14
X X x? X

y 1 1 o b Bin fenls Ta
Dit x+—=t suy ra X’ +— =t*—2. Da thtic trén tr¢ thanh
X X

X (£ =2=7t+14) =X (£ =7t +12) =X (t-3)(t-4)

Thay t tro lai ta duoc

2_ 2_
x2[x+1—3j(x+l—4j:x2[x 3X+1J[X 4X+1]=(x2—3x+1)(x2—4x+1)
X X X X

Vay x* =7 +14¢ =7x+1=(x* =3x+1)(x* —4x+1).

o Nhdn xét. Cic da thirc bic bon trong hai vi du co dang tong qudt la

A=ax'+bx’+cx* +dx+e

Khi d6 ta bién doi va sir dung phép ddt dn phu t =x +1
X

Vi du 9. Phan tich da thiic sau thanh nhan tir A =(x-y) +(y—z) +(z-x) .

e Dinh huong tw duy. Da thitc A dd cho la da thikc bic ba va ba bién, do dé dé phin tich
diwegc da thirc A thanh nhin tir ta cin nhin da thitc ra va thu gon roi moi tién hanh phin
tich dwoc. D€'y dén cdu tao cia da thirc ta 6 thé d6i bieha=x-y;b=y—-z;c=z—X, khi
do ta dwgc thém gid thiét a+b+c=0 va cin phén tich da thirc A=a’+b’ +¢’.
Loi giai

bat a=x-y;b=y-z,c=z-x, khi d6 taco a+b+c=0 va da thitc da cho tro
thanh A=a’+b’+c’. Tx a+b+c=0 tacd

a+b :—C<:>(a+b)3 =—c’<a’+b’+c’+3a’b+3ab’ =0 <> a’ +b’ +c” =3abc

Pén day thay lai a=x—-y;b=y—-z;c=2z—-x ta duoc

A:(x—y)3 +(y—z)3 +(z—x)3 :3(x—y)(y—z)(z—x)

Vi du 10. Phan tich da thitc sau thanh nhan ti

B=8(X+y+z)3—(x+y)3 —(erz)3 —(Z+x)3




e Dinh huong tw duy. Da thitc B dd cho trén c6 bic 3 va néu khai trién cdic hang tir bdc ba
trén r6i phan tich thanh nhin tir thi khd phitc tap. Chii y dén ciu tqo cua da thiec B ta co
thé'sir dung phép d6i biéh a=x+y;b=y+z,c=x+y, khidétacé a+b+c=2(x+y+z)
va da thirc tré thanh B = (a +b+ c)3 —a’ —b®—c’. Dén ddy ta cd thé'sé dung hing ding
thiec ddng nhé dé phan tich da thirc B.

Loi giai
bat a=x+y;b=y+z,c=x+y.Khiddétacé a+b+c= 2(x+y+z) va da thirc tro

thanh B:(a+b+c)3—a3—b3—c3. Ta ¢

(a+b+c) —a’ b’ —c3:[(aer)+c]3—a3—b3—c3
=(a+b) +c+3c(a+b)(a+b+c)-a’~b’—c’
(
=(

a+b)3+3C(a+b)(a+b+c)—(a+b)(a2—ab+b2)
a+b)|:(a+b)2+3c(a+b+c)—(a2—ab + bz)}
3(a+b)(ab+bc+ca+ c2)=3(a+b)(b+c)(c+a)

Thay lai a=x+y;b=y+zc=x+y vao két qua trén ta duoc

B=8(x+y+z)3—(x+y)3—(y+z)3—(z+x)3 =3(x+2y+Z)(y+2z+x)(z+2x+y)

Vi du 11. Phan tich da thitc sau thanh nhan tir

C=(a+b+c)3—(a+b—c)3—(b+c—a)3—(c+a—b)3

Loi giai
Ta co C=(a+b+c)3 —[(a+b—c)3+(b+c—a)3+(c+a—b)3]
bat x=a+b-cy=b+c—a;z=c+a—b. Khi dé ta dugoc x+y+z=a+b+c.Tacod

(x+y+z)3 =(x+y)3 +3(x+y)2z+3(x+y)z2 +7z°
=x’ +3x’y +3xy” +y° +32x” + 6xyz + 3y°z + 3z°x + 3yz’
=x’+y’ +2° +(3x2y+32x2)+(3xyz+3zzx)+(3xy2 +3xyz)+(3yz2 +3yzz)
=x’+y’ +2° +(3x2 +3zx+3xy+3yz)(y+z)
=x’+y’+2° +3[x(z+x)+y(z+x)}(y+z):x3 +y +2° +3(x+y)(y+2z)(z+x)

C=(x+y+z)3—(x3+y3+23)=x3+y3+z3+3(x+y)(y+z)(z+x)—x3—y3—z3
:3(x+y)(y+z)(z+x)




Thay lai x=a+b—-c;y=b+c—a;z=c+a—b ta duoc C=24abc.

Vi du 12. Phan tich da thitc sau thanh nhan tir

D=(x2+y2+z2)(x+y+z)2+(xy+yz+zx)2

Loi giai
Ta cé (x2 +y’ +Z2)[(X2 +y° +zz)+2(xy+yz+zx)}+(xy+yz+zx)2

bat a=x*+y’ +2z°;b=xy +yz+zx. Khi d6 da thicc D duoc viét lai thanh

2

D=a(a+2b)+b2 =a’+2ab+b? =(a+b)2 =(x2+y2+zz+xy+yz+zx)

Vi du 13. Phan tich da thitc sau thanh nhan t&

4

P=2(x4+y4 +z4)—(x2 +y’ +22)2 —2(x2 +y? +z2)(x+y+z)2+(x+y+z)

Lo giai
bat a=x"+y* +z";b=x*+y* +z*;c=x+y+z.Khi d6 ta 6
P=2a—b2—2bc2+c4=2a—2b2+b2—2bc2+c:4=2(a—b2)+(b—c2)2
Lai cd a—b’ :—2(x2y2 +y’z’ +zzx2) va b—c® =-2(xy+yz+2zx).
Thay vao ta duoc P = —4(><2y2 +y’z? +z2x2)+4(xy+yz+zx)2 =8xyz(x+y+z).

o Nhdn xét. Phép d6i bién trong phin tich da thirc thanh nhdn ti gitip ta bién da thirc cd
cdu tgo phikc tap thanh da thitc cd cdu tao don gidn hon va dé siv dung cdc phwong phép
phan tich tiép theo hon.

4. Phuong phap hé sd bat dinh

Vi du 1. Phan tich da thitc sau thanh nhan t& x* —6x° +12x* —14x-3.

e Dinh huéng tw duy. Thir voi x =+1;£3 khong la nghiém cua da thirc nén da thirc
khong cé nghiém nguyén ciing khong cé nghiém hivu ty. Nhuw vdy da thirc trén phan tich
duwgc thanh nhan tir thi phai ¢6 dang
(x2 +ax+b)<x2 +cx+d): x* +(a+c)x’ +(ac+b+d)x* +(ad +bc)x+bd
=x"—6x +12x* —14x -3
Dén ddy dé’ xdc dinh hé cic hé s6'a, b, ¢, d ta dong nhit hé s6"hai vé va phwrong phip nay goi

la phwong phdp hé so'bat dinh.




Loi giai
Thtr voi x = +1;+3 khong la nghiém cta da thitc nén da thitc khong cé nghiém
nguyén cling khong c6 nghiém httu ty. Nhu vay da thitc trén phan tich dwoc thanh
nhan t& thi phai co dang
(x2 +ax+b)(x2 +cx+d): x* +(a+c)x’ +(ac+b+d)x* +(ad +bc)x+bd

=x*—6x>+12x*> —14x-3

atc=-6 a=-2
atc=-6
" . ac+b+d=12 b=2
Pong nhat cac hé so6 ta duoc =Jac=8 =
ad+bc=-14 c=-4
a+3c=-14
bd =3 d=1

Vay x* —6x +12x* —1dx+3=(x* =2x + 3)(x* —4x + 1).
o Nhin xét. Phuong phdp hé so'bat dinh thiong dp dung cho cic da thirc £(x) bdc chin

va khong nhim dwoc nghiém.

Vi du 2. Phan tich da thitc thanh nhan to¢ A =12x* +5x—12y* +12y —10xy —3

Loi giai
Chu y hé s6 tw do —3 ta nhan thay khi phéan tich da thic A thanh hai da thtc
bac hai thi hé s8 tu do twong ting ctia hai da thiee d6 Tan lugt 1a -1 va 2. Gia st da
thitc A phén tich dugc 12x° +5x — 12y’ +12y —10xy — 3 = (ax + by + 3)(cx+dy - 1).
Khi do
12x% +5x—12y* +12y —10xy -3 =acx’ +(ad + bc) xy + bdy” +(3c—a)x+(3d -b)y -3

ac=12

ad +bc=-10 a=s
Pong nhat hé s§ hai vétacs 1bd=-12 = 1:3_6

3c—a=5

3d-b=12 =2

Vay ta duogc 12x° +5x —12y” +12y —10xy —3 = (4x— 6y +3)(3x+2y - 1)
o Nhin xét. Dé gidm bot cic hé s6'cin tim trong phwong phép hé s6'bdt dinh ta cin chil y
dén hé s6' cao nhat hodc hé s’ tw do. Chiang han néu hé s6'tw do 1o —3 nhuw trén thi c6 thé

tach thanh cdp s6' =1 va 3 hodc 1 va -3, hai trwong hop nay khi phan tich cho két qua nhw




nhau. Ngoai ra dé' tim cdc hé s6'ta cin két hop gidi hé diéu kién khi dong nhat hé s6"vdi vigc

nhdm cdc gid tri ddc biét roi thay vao cho dén khi tim dwgc hét cic hé s

Vi du 3. Phan tich da thitc thanh nhan t&¢ A =12x% +5x—12y” +12y —10xy — 3.

e Dinh huéng tw duy. Da thirc di cho cd hai biét va c6 bdc hai d6i v6i moi bién va cic
hang it béc hai ditng dc ldp v6i mdi bién. Do d6 khi phén tich da thikc A thanh nhén tie thi
dwgc cic da thire bdc nhidt doi v6i moi bién. Ngoai ra dé’y dén hé s6'tw do -3 cuia da thirc A
thi ta dw dodn A phin tich dwoc vé dang (a X + by + 3)(cx +dy —1). Dé xdc dinh cdc hé s6’
ta si dung phwong phdp hé so'bit dinh.
Gia st da thirc A phan tich duoc

12x* +5x —12y* +12y —10xy — 3 = (ax+ by +3) (cx+dy 1)
Khi d6 ta duoc

12x* +5x —12y* +12y —10xy -3 =acx” +(3c—a)x+bdy” +(3d —b)y +(bc+ad ) xy -3

ac=12

bc+ad =-10 a=4
Pong nhat hé so hai vé ta duwgc {3c-a=5 = f):=3—6

bd =-12

3d-b=12 d=2

Do vay ta dugc 12x* +5x —12y” +12y —10xy — 3 = (4x — 6y + 3)(3x+2y -1)

5. Phwong phap xét gia tri riéng
Trong phiwrong phdp nay, trudc hét ta xdic dinh dang cdc nhan tw chira bién ciia da

thirc, 0i gdn cho cdc bién cdc gid tri cu thé dé xdc dinh cdc nhin tir con lgi.

Vi du 1. Phan tich da thtic sau thanh nhéan tie P=x*(y -z)+y’ (z—x)+2z* (x-y)

Loi giai
Thay x béi y thi P=y’(y-z)+y’(z-y)=0. Nhu vay P chta thira s§
(x - y) . Ta thay néu thay x boi y hodc thay y boi z hodc thay z boi x thi P =0 khong
d6i (da thtic P c6 thé hoan vi vong quanh). Do d6 néu P da chtra thita s§ (x—y) thi
do vai trd ctia cc bién x, y, z suy ra P ciing chtra thtra s§ (y—z) va (z-x). Do d¢

da thitc P c6 dang k(x—y)(y—z)(z-x). Ta thay k phai la hing s6 vi P c6 bac 3 d6i




v6i mdi bién trong x, y, z va tich (x—y)(y-z)(z-x) ciing 6 bac 3 ddi v6i mdi bién
trong x, y, z. Vi déng thirc xz(y—z)+y2 (Z—x)+z2 (x—y)=k(x—y)(y—z)(z—x)
dtng véi moi x, y, z nén ta gan cho cac bién x ,y, z cac gid tri riéng, chang han

x=2;y=1,z=0 thi duoc 4.1+1.(—2)+O:1<.1.1.(—2) suy ra k=-1.

Vay P=—(x-y)(y~7)(z-x)=(x-y)(y-7)(x~7)



MOT SO BAI AP TU LUYEN

Bai 1. Phan tich cac da thirc sau thanh nhan ta:

a) 4x° —12x-16 b) 3x*> +13x—-10 Q) 2x° —7x+3

d) 3x* —16x+5 e) 2x° —5x—12 f) 3x*> —13x+36

Bai 2. Phan tich cac da thirc sau thanh nhan ta:

a) x'=7x*+6 b) x* +2x*> -3 cx*+x*+1
d) x* —2x* +5x—4 e) X —x*+x+3 f) 2x°> —35x+75
g) 3x° —4x* +13x—4 h) 6x° +x* +x+1 i) 4 +6x° +4x+1

Bai 3. Phan tich da thitc thanh nhan t
a) X° +4x* —29x+24
) 3x° —7x* +17x-5
e) 3x° —14x> +4x+3
Bai 4. Phan tich cac da thitc thanh nhan ti

a) x* +2019x* +2018x+2019

Bai 5. Phan tich cac da thtic thanh nhan tir
a) x*+6x’+7x*—6x+1
o) (x*—4)(x*~10)-72
e) (x+2)(x+3)(x+4)(x+5)—24
g) 4(x+5)(x+6)(x+10)(x+12)-3x*

Bai 6. Phan tich cac da thirc thanh nhan t&
a) X' +x>+2x" +x+1

Q) x* +6x° +13x* +12x +4
e) x* +10x° +26x> +10x+1

g) x'+x° —4x* +x+1
Bai 7. Phan tich da thtic thanh nhan ta:
a) 4x* +81 b) 64x* +y*

d) 4x" +1 e) x'y* +4

b) x° +6x* +11x+6
d) 2x° -5x* +8x—3

f) x° +5x° +8x+4
b) x* +2004x” +2003x +2004

b) (x+1)(x+3)(x+5)(x+7)+15
d) x* +6x° —11x* +6x+1
f) (4x+1)(12x—-1)(3x+2)(x+1) -4

h) (x* +3x+1)(x* +3x—3)-5

b) 6a* +7a’ —37a> —8a+12

d) (x> +3x—4)(x* +x—6)-24

f) (x—4)(x-5)(x—6)(x~7)-1680

o) 4x* +y!

f) x* +324



Bai 9. Phan tich da thtic thanh nhan ta:

a)x" +64 b) 81x* +4y* o) 4x*y* +1

d)4x* +81 e) a’+64 f) a* +4b’
Bai 10. Phan tich da thtc thanh nhan tie

a) x* +x+1 b) x* +x7 +1 c)a’+a’+1
Bai 11. Phan tich da thitc thanh nhan tie x” +x +x* + x> +x> +1.

, (x7 +x° +x3)+(x4 +x° +1):X3 (x4 +x° +1)+(x4 +x° +1):(x4 +x° +1)<x3 +1)

faco =(x2 +x+1)(x2 —X+1)(X+1)(X2 —x+1) = (x2 —erl)2 (X+1)(x2 +x+l)

Bai 12. Phan tich da thitc thanh nhan ti x" +x" +x° +...+x* +x+1
Bai 13. Phan tich da thitc thanh nhan tie x® +14x* +1
Bai 14. Phan tich da thitc thanh nhan tir 2x° —3x* +6x° —8x* +3.
Bai 15. Phan tich da thtc thanh nhan t
a) X’ +y° —z° +2xy—2z-1 b)x* —y? +2> —2xz+2y -1
o) x*=2x* —x’y® +2xy’ d) x* —x* =9’ +9x°
Bai 16. Phan tich da thitc thanh nhan t
a) (a+b+c)2 +(a—b+c)2 —4b* b) a(b2 —cz)—b(c2 —a2)+c(a2 —bz)
Bai 17. Phan tich da thitc thanh nhan t
a) xy(x+y)+yz(y+z)+zx(x+z)+3xyz
b) xy(x+y)—yz(y+z)—zx(z—x)
o) x*(y-z)+y*(z—x)+z* (x-y)
d) x(y3 —23)+y(z3 —x3)+z(x3 —y3)
Bai 18. Phan tich da thirc thanh nhan t
a) (a+b+c)(ab+bc+ca)—abc
b) a*(b-c)+b*(c—a)+c*(a-b)
) —*(a—b)+b*(a-c)-a’*(b—c)

d) ab(a+b)—bc(b+c)—ac(c—a)



Bai 19. Phan tich da thitc thanh nhan tr

3

a) (x=y) 2 +(y—2)x" +(z-x)y
b) (x—y)-x*(1-y)+y* (1-x)
c) be(a+d)(b—c)-ac(b+d)(a—c)+ab(c+d)(a—b)
d) (a-x)y* —(a-y)x* +(x—y)a’
Bai 20. Phén tich cdc da thirc sau thanh nhan tir.
a) A=(x+y)(x’ —y*)+(y+2z)(y’ -2*)+(z+x)(2* -x*)
b) B=x*(z—y?)+y*(x—2*)+2*(y-2*)+xyz(xyz-1).
Bai 21. Phan tich cac da thiic sau thanh nhan tir.
a) a(b+c) (b—c)+b(c+a) (c—a)+c(a+tb) (a—b)
b) a(b—c) +b(c-a) +c(a-b)
c) a’b*(a-b)+b’c*(b-c)+c’a’*(c-a)
d) a(b”+c*)+b(c* +a’)+c(a® +b*)-2abc—a’ —b* —c’
a) a(b® +c*+bc)+b(c* +a’ +ca)+c(a’ +b +ab)
Bai 22. Phén tich da thuc thanh nhan tir (x* +y* +xy) —x’y? —y*2* — 2
Bai 23. Phan tich da thiic thanh nhan tir
a) 81x*(2* —y* ) -2 +y’ b) x°+x* +x2y? +y* —y°
Q) (x+1)4+(x2+x+1)2 d)(x+y) —x* -y’
Bai 24. Phan tich da thtic thanh nhan to
a) x* —6x> +12x* —14x+3 b) 12x* +5x—12y* +12y —10xy — 3

) 4x* +4x° +5x% +2x+1 d) x* +8x+63

Bai 25. Phan tich da thtc thanh nhan t
a) A:a(b3 —c3)+b(c3 —a3)+c(a3 —b3)
b) B=a’ (b2 —C2)+b3 (C2 —a2)+c3 (a2 —bz)

Bai 26. Phan tich cac da thitc sau thanh nhan t



a) B=x(x+2y) —y(y+2x)

b) C=x'+(x+y) +y*

c) D=a'+b’ +c' —2(a’b’ +b’c* +*a’)

d) A=a(b+c-a) +b(c+a-b) +c(a+b—c) +(b+c-a)(cta-b)(a+b-c)

HUONG DAN GIAI

Bai 1.
a) 4" —12x—16 =4(xX* -3x—4) = 4(x* +x - 4x—4)
=4 x(x+1)-4(x+1) | =4(x-4)(x+1)
b) 3x* +13x —10 = 3x* - 2x+15x - 10 = x(3x - 2)+5(3x - 2) = (x+5)(3x - 2)
€) 2x% =7x+3=2x" —6x-x+3=2x(x-3)-(x-3) =(2x~1)(x-30)
(x=5)(3x-1)

(2x+3)(x—4)

d) 3x* —16x+5=3x" —x—15x +5 =x(3x—1)-5(3x—1)

j) 2x% —Bx =12 =2x" —8x+3x - 12 =2x(x—4)+3(x—4)

Bai 2.

a) X' =7 + 6=x" =x*—6x" +6 =x*(x =1)-6(x* =1) = (x=1)(x+1)(x* - 6)
b) x* +2x* =3 =x" =x* +3x* =3 =x*(x" =1)+3(x* - 1)
=(x*=1)(x* +3) =(x=1)(x+1)(x* +3)

O X' +x2+1=(x +1) = = (3 —x+1) (3 +x+1)

d) x° = 2x2 +5x—4=x> —x% =x* + X +4x—4

=X (x=1)=x(x=1)+4(x=1) =(x=1)(x* = x +4)

€) X° —x2 +x+3 = +3* - 2% —2x+3x +3

=X (x+1)=2x(x+1)+3(x+1) = (x+1)(x* = 2x+3)

f) 2x° = 35x+75 = 2x° = 50x + 15X +75 = 2x (x> = 25) +15(x +5)
=2x(x=5)(x+5)+15(x+5) = (x+5)(2x* ~10x+15)

g) 3x° —4x* +13x -4 =3x" —x* = 3x* +x+12x -4



=X (3x=1)-x(3x=1)+4(3x-1) =(3x-1)(x* = x+4)

h) 6% +x* +x+1=6x" +3x* = 2x* —x+2x+1

=3x* (2x+1) = x(2x+1)+(2x+1) = (2x+1)(3x* - x+1)

i) 47 +6x7 +4x+1=4x" +2x" +4x" +2x +2x+1

= 2% (2x+1)+2x(2x+1)+(2x+1) = (2 +2x+1)(2x+1)
Bai 3.

a) Ta c6

xC 457 =29x+ 24 = (X* =7 )+ (5% —5x ) + (24 +24)
=X (x=1)+5x(x—=1)=24(x=1) = (x 1) (x* +5x 24} = (x~1) (x=3) (x+8)

b) Ta cé x* +6x° +11x+6 =(x+1)(x+2)(x+3)

c) Tacod
3x° =7x* +17x =5 =3x" —=x* —=6x* +2x +15x -5
=X (3x—1)-2x(3x~1)+5(3x~1) = (3x~1)(x* ~2x +5)
d) Ta co
2x° —5x* +8x—3=2x" — x> —4x* +2x +6x—3
=X (2x—1)—-2x(2x~1)+3(2x~1) = (2x~1)(x* =2x+3)
e) Ta co

3x% —14x? +4x+3=3x>+x*> -15x> = 5x +9x +3
=X (3x+1)=5x(3x+1)+3(3x+1) = (3x+1)(x* —5x+3)
f) Ta cd x° +5x° +8x+4=(x+1)(x+2)2
Bai 4.
a) Taco
x* +2019x2 +2018x +2019 = (x4 X +1)+(2018x2 +2018x+2018)
=(x2 +x+1)(x2 —x+1)+1996(x2 +x+1)=(x2 +x+1)(x2 —x+2019)

b) Ta co



x* +2004x? +2003x +2004 = X" +2004x* +2004x — X + 2004
=(x* =x)+2004(x* +x+1) =x(x* ~1)+2004(x* + x+1)
=x(x=1)(x* +x+1)+2004(x* +x+1) =(x* +x+1)(x* =x+2004)

Bai 5.

a) Ta ¢ x“+6x3+7x2—6x+1=x2(x2+6x+7+_—6+lj=x2 {x2+%+6(x—1)+7}

X X X X

< 1 A 1 C s s
Dit x—— =t nén ta duoc x* +— =t*+2. Da thitc da cho trd thanh
X X

xz(’c2 +2+6t+7)=x2(t2 +6t+9)=x2 (’c+3)2

2 2_ 2
Thay t trd lai ta dwoc - x? [x—1+3] :xz{X 1+3Xj =(x2 +3x—1)2
X X

Vay xt+6x° +7x* —6X+1:(x2 +3X—1)2
b) Ta 6 (x+1)(x+7)(x+3)(x+5)+15=(x* +8x+7)(x* +8x+15)+15

Pat x* +8x =t. Khi d6 da thitc da cho tro thanh
(t+7)(t+15)+15=t* + 22t +105+15=t* + 22t +120 = (t+10)(t +12)
=(x2 +8x+10)(x2 +8x+12) = (X2 +8x+10)(x+6)(x+2)
c) Dit x> —4 =t khi d6 da thitc da cho tré thanh

t(t=6)-72=t -6t -72=(t-12)(t+6)=(x* —16)(x* +2) = (x—4) (x+4)(x* +2)

d) Ta co X4+6X3+7X2+6X+1=X2(X2+6X+7+§+lj=xz|:X2+%+6[X+1J+7:|

X X X X

Dit x+ Lot suy ra x2+i2:t2 —2. Da thttc da cho trd thanh
X X
X (£ =2+6t+7) =X (£ +6t+5)=x* (t+1)(t+5)

Thay t trd lai ta duoc

2 2
X2 (x+1+1)(x+1+5j=x2(x +1+X](X +1+5Xj=(x2+x+1)(x2+5x+1)
X X X X

Vay x* +6x° +7x* —6x+1:(x2+x+1)<x2 +5x+1).

e) Ta e (x+2)(x+5)(x+3)(x+4)—24 = (x> +7x+10)(x* +7x+12)-24



bat x> +7x+11=t. Khi d6 da thitc da cho tré thanh
(t-1)(t+1)-24=t*-25=(t—5)(t+5)
=(x2 +7X+6)(x2 +7x+16) =(x+1)(x+6)(x2 +7x+16)

f) Ta c6 (4x+1)(3x+2)(12x—1)(x+1) -4 = (12 +11x+2)(12x* +11x~1) 4.
Pat 12x* +11x =t . Khi d6 da thtkc tré thanh

(t+2)(t-1)-4 =t +t-6=(t—-2)(t+3) =(12x* +11x—=2)(12x* +11x+3)
g) Ta c6

4(x+5)(x+12)(x+6)(x+10)=3x" = 4(x* +17x+60)(x* +16x+60 ) - 3x*

= x? {4(x+17+@](x+16+@j—3}
X X

Dt x+ 20 = t. Khi d6 da thic tro thanh
X

x*[4(t+17)(t+16) -3 | =X (4t* +132t +1085) = x* (2t +31)(2t +35)

= x> (2x+g+31J[2x+g+35j - (2x2 +31x+120)(2><2 +35x+120)

X X
h) Dit x* +3x=t. Khi d6 da thtic tré thanh
(t+1)(t-3)-5=t>—2t-8=(t+2)(t—4)
=(x2 +3x+2)(x2 +3X—4)=(X+1)(X+2)(X—1)(X+4)
Bai 6.
a) Ta c6 (x4 +x° +x2)+(x2 +x+1)=x2 (x2 +x+1)+(x2 +x+1)=(x2 +x+1)(x2 +1)
b) Ta co
6a* +7a’ —37a* ~8a+12=(6a’ —12a° ) +(19a’~38a’ )+ (a’ —2a)—(6a-12)
=6a*(a—2)+19a’(a—2)+a(a-2)-6(a-2)=(a-2)(6a’+19a* +a—6)
=(a-2)(a+3)(2a-1)(3a+2)
c) Ta co
X6 +13x7 +12x+4 = (x* +x7 )+ (5% + 57 )+ (8" +8x) + (4x +4)
=X (x+1)+5x2 (x+1)+8x(x+1)+4(x+1)
:(x+1)(x3 +5x? +8x+4:):(x+1)2 (x+2)2

d) Ta co



(3 +3x—4)(x* +x-6)-24 = (x—1)(x+4)(x—2)(x+3)-24
= (x=2)(x+4)(x—1)(x+3) 24 = (x* +2x—-8)(x* +2x~3) - 24

Dt x* +2x=t, khi d6 da thtic tro thanh (t-8)(t—3)-24 =t* - 11t =t(t-11).

Thay t tr¢ lai ta duoc (x2 +2x)(x2 +2x—11) = x(x+2)(x2 +2x—11).

2 X X

e) x* +10x° +26x* +10x+1=x> (x2+10x+26+E+ij:x2 {X2+%+1O(x—lj+26}
X X

y 1 1 LA e Tos
Dit x+—=t suy ra x* +— =t*—2. Da thitc trén tr¢ thanh
X X

X (£ =2+10t+26) =X (£ +10t +24) =x* (t+4)(t+6)

Thay t tro lai ta dwoc

2 2
x? (X+1+4)[X+1+6J=X2(X +4X+1J(X +6X+1J=(x2+4X+1)(X2+6x+1)
X X X X

Vay x* +10x° +26x* +10x+1= (" +4x+1)(x* +6x+1)

f) Ta cd (x—4)(x=7)(x—5)(x—6)—1689 = (x* ~11x+28)(x* ~11x+30) - 1680
Dat x* ~11x+29 =t. Khi d6 da thtic tré thanh

(t-1)(t+1)-1680 =t —1681=(t—41)(t+41)
Thay t tro lai da thirc ta dwoc

(x2 —11><—12)(x2 —11x+70) = (x—12)(x+1)(x2 —11x+70).

g) Ta co x* +x° —4x° +x+1:x2(x2+x—4+1+iJ:x{x2+l+[x+lJ—4}

X X x> X

Dat X+ Lot suy ra X +i2 =t*—2. Da thtic trén trd thanh
X X
X (P —2+t—4) =X (£ +t-6) =X (t-2)(t+3)

Thay t tro lai ta dwoc

2 2
X X X X

Vay xt+x® —4x? +x+1:(x—1)2 (x2+3x+1).

Bai 7.



a) Tac6 4x* +81=(2x) +9° +2.2x2.9-2.2x2.9 =(2x* +9) ~36x"
=(2x2+9) ~(6x)" =(2x* +6x+9)(2x* ~6x+9)
b) Ta 6 64x* +y* =(8x2) +(y?) +28xCy% ~2.8x%y* =(8x7 +y? ) ~16x%y?

2

=(8x2+y?) —(4xy) =(8x* +4xy +y*)(8x* —axy +y?)
O Taco dx*+y* =(2¢) +(y?) =(2) +(y?) +22x%y* ~ 4y’

= (2 +y?) —(2xy)" =(2x* +y* +2xy) (22 +y* - 2xy)
d) Taco 4x* +1=(2x*) +1+2.2x* 1-4x*

=(2xt +1) ~(2¢) =(2x* +2x¢ +1)(2x* ~2x +1)
e)Tacs x'y'+4=(xy?) +22 =(xy?) +22 +2x7y2 2~ dx’y?

=(xy?+2) —(2xy) =(x*y? ~2xy +2) Xy +2xy +2)

Bai 8.
a) Tac 64x* +y* =(8x2) +(y?) +28x%y> ~16xC.y% =(8x2 +y*) —(4xy)’

= <8x2 +y2 —4xy)(8x2 +y2 +4xy)

N

b) Taco 4x* +y* =(2¢) +(y?) =(2x) +(y?) +22x%y> ~ 4y’
=(2x2+y?) —(2xy) = (22 +y? ~2xy)(2x2 +y? +2xy)

¢ Taco x* +324=(x*) +(18)" =(x*) +(18)’ +2x°.18-36x°
=(x* +18) ~(6x)" =(x* +18+6x)(x* +18~6x)

Bai 9.

a) Tacd x* +64=(x*) +82 =(x*) +8 +2x2.8-16x’

= (x2 +8)2 —(4x)2 = (x2 +8—4x)(x2 +8+4x)

b) Ta c6 81x* +4y* =(9x¢) +(2y?) =(9x) +(2y?) +2.9x*2y> ~36x%y?



=(9x? +2y?)—(6xy ) =(9x* +2y* —6xy ) (9x* +2y” +6xy)

0 Taco dx'y* +1=(2%y?) +1=(2xy?) +1+22x%y —4x’y?

(2xy +1) (2xy)" =(2x%y* +1+2xy)(2x%y? +1-2xy)
d) Ta c6 4x* +81:(2x2) +97 =(2x° ) +9% +2.2x%.9-36x>
=(2x* +9) x)" =(2x* +9+6x)(2x* +9-6x)

e) Ta co a4+64=(a2) +82 =(a2) +82+2.a%.8-16a>

=(a? +8) —(4a)’ =(a> +8+4a)(a’ +8-4a)
f) Taco a*+4b* =(a?) +(2b%) +2a%.2b> ~4a’ b?

=(a® ~2b) —(2ab)’ =(a® ~2b* +2ab))(a> ~2b* ~ 2ab)
Bai 10.
a) Ta cd x*+x+1=(x"=x*)+(x* +x+1) =x* (X" =1)+(x* +x+1)
=3 (3 +1)(x=1) (3 +x+1)+ (3" +x+1) = (3 +x+1)(x* =" +x° =7 +1)

b) Ta cd x* +x? +1=x" +2x +1-x" = (x* +1)2 —xP = (X7 + 14X (x7 +1-x")

c) Ta co

am+a5+1:(a10—a)+(a5—a2)+(a2+a+1):a(a9—1)+a2 (a3—1)+(a2+a+1)

=a(a’~1)+a’(a’~1)+(a’+a+1)=a(a’~1)(a°+2a° +1)+a’(a’~1)+(a’ +a+1)
=(a”+2a* +a)(a-1)(a’ +a+1)+a’(a—1)(a’ +a+1)+(a’ +a+1)
=(a2+a+1)[<a +2a* +a)(a- )+(a3—a2)+1}
Bai 11. Ta 6
(37 47+ )+ (X 37 1) =3 (XF 458 +1)+ (X! 437 +1) = (x! 47 +1)(x7 +1)
= (3¢ +x+1) (3 —x+ 1) (x+1)(x2 =x+1) = (x2 =x+1) (x+1)(x* +x+1)

Bai 12. Ta c6



XM x4 x4+ X +x+1:(x“+x1°+x9)+(x8+x7+x6)+...+(x2 +x+1)
—x9(x2 +x+1)+x6(x2+x+1)+...+(x2+x+1):(x2 +x+1)(x9 +x6+x3+1)
:(x+1)(x2 +1)(x4—x2+1)(x2 —x+1)(x2 +x+1)

Bai 13. Ta ¢6

XS4 2x HT412xE = (x +1) 412x¢ = (x +1) 42, (xF41).2x +ax 4 (x* +1)+8x°

=(x* +142x ) (268 ~2x) =(x* +142x2 -2 +2x)(x* +1+2x7 +2x° - 2x)

Bai 14. Ta ¢6

2x° =3x* +6x° —8x* +3=2x" - 2x* —=x* +x* +5x° —=5x* = 3x* +3
=2x" (x=1)=x*(x=1)+5x* (x=1)=3(x* = 1) =(x=1)" (x* +3)(2x+1)

Bai 15.

a) Ta c6

X* +y? =22 +2xy -2z-1=(x*+2xy +y* ) (22 +2z+1) = (x +y) —(z+1)

=(x+y+z+1)(x+y-z-1)
b) Ta c6
Xy’ 42 =2xz 42y —1= (X" =2xz+2° )~ (y* -2y +1)
(x—zf —(y-1) =(x-z+y-1)(x—z—y+1)
c) Ta c6
X0 =2x* =7y’ +2xy° = x(x° —2x =xy? 427 ) = x| X (x* =2) -y (x* -2 |
=x(x’=y*) (¥ -2)=x(x-y)(x*=2)(x* +xy +y*)

d) Ta co
x6—x4—9x3+9x2=x2(x 9x+9)= [ (x —1) 9(x—1)}=
:xz[xz(x—l)(x+1)—9(x—1)] *(x— )(x +x* - )
Bai 16.
a) Ta co

(a2 +b?+¢? +2ab+2bc+2ca)+(a2 +b*+c? —2ab—2bc+2ac)—4:b2
:(2a2 +2c*-2b? +4ac):2(a2+2ac+c2—b2):2[(a+c)2—b2}
:2(a+c+b)(a+c—b)

b) Ta co



ab’ —ac’* -bc* +a’b+a’c—b’*c=a (b+c)+b2(a—c)—c2(a+b)
*(b+c)+b*|(a+b)- b+c] *(a+b)
(b+c)+b (a+b) (b+c) (a+b)

(b+c)( )Ea )(a+b)(b )(b+c)

(a+b)(b+c)a b+b- c) ( b)(b+c)(a—c)

Bai 17.
a) Ta co
xy (x+y)+yz(y+z)+2zx(x+z)+3xyz
:[xy(x+y)+xyz]+[yz(y+z)+xyz]+[zx(z+x)+xyz}
=xy(x+y+z)+yz(x+y+z)+zx(x+y+z)=(x+y+z)(xy +yz+2x)
b) Ta co
Xy(X+y)—yZ(y+Z)—ZX(Z_X):Xy(x+y)_yZ(y+Z)_ZX[(y+Z)—(X+y):|
:Xy(X+y)—yZ(y+Z)_ZX(y+Z)+ZX(X+y)
=x(x+y)(y+z)-z(y+z)(x+y)=(x+y)(y +z)(x-z2)

c) Ta co
xH(y-z)+y*(z-x)+z (x—y)=x4(y—z)+y4[—(y—z)—(x—y)]+z (x-y)
=x(y=2)-y*(y-2)-y* (x=y)+2" (x=y) =(y-2) (x =y*)-(e-y) (v - #')
=(y=2)(x=y) (4 y) (< 4y )= (x=y)(y=2)(y +2)(y" +7*)
:(x—y)(y—z)[(x+y)(x2+y2)—(y )(y +z )]
:(X—y)(y—z)(x3+ Xy? + X’y +y° -y’ —yz’ —y’z— z)
=(x—y)(y—z)[x3—z3+y (x- z)+y(x -z )}
=(x—y)(y—z)[(x z)(x +Xz+2 )—i—y (x- z)+y(x—z)(x+z)]
=(x-y)(y-z)(x- z)(x +xz+20 +y +xy+yz)
d) Ta co
x(y"’—z3 —i—y(z3 x3)+z(x3—ys):xy3—xz3+yz3—x3y+x3z—y3z
=X (z—y)+y3(x—z)+z3(y—x)=x3(z—y)+y3[—(z—y)—(y—x)]+23(y—x)
=X (2-y) =y (2-y) =y (y =)+ 2 (y=x) = (2-y) (x =y + (y ) (' -¥°)
=(z-y)(x-y) (X +xy +y* )+ (y -x)(z-y)(2* +yz+y?)
=(z-y)(x- y)(x +Xy+y’ -2 —yz— yz)
=(z-y)(x- y)(x — 77+ Xy - yz) (z—y)(x-y)(x-z)(x+y+z)



Bai 18.

a) Ta co
(a+b+c)(ab+bc+ca)—abc=a’b+abc+a’c+ab’ +b’c+abe +abc+bc’ +ac’ —abe
:(a2b+ab2 +abc)+(bzc+bc2 +abc)+a2c+ca2 =ab(a+b+c)+bc(a+b+c)+ac(a+c)

:b(a+b+c)(a+c)+ac(a+c):(a+c)(ab+b2 +bc+ac):(a+c)(b+c)(a+b)

b) Ta co
a’(b-c)+b*(c-a)+c*(a-b)=a’(b-c)+b*[~(b-c)-(a=b)]|+c*(a=b)
=a’(b-c)-b’*(b-c)-b*(a-b)+c*(a-b)=(b-c)(a-b)(a+b)-(a—b)(b-c)(b+c)
- (b=c)(a-b)(a+b-b-c)=(a-b)(bc)(a-c)
0) Tacé
~c*(a-b)+b*(a-c)-a’*(b-c)=-c*(a—b)+b*[(a=b)+(b-c)]|-a’(b-c)
=—¢*(a-b)+b*(a=b)+b*(b—c)-a’ (b~c)=(a-b)(b-c)(b+c)+(b-c)(b-a)(b+a)
- (a-b)(b=c)(b+c-a-b)=(a-b)(b-c)(c-a)
d) Ta co
ab(a+b)—bc(b+c
=ab(a+b)—bc(a+b)—bc(c—a)—ac(c—a)
=b(a+b)(a—c)-c(c-a)(b+a)=(a+b)(b+c)(a-c)
Bai 19.
a) Ta co
(x-y)Z’ +(y-2z)X° +(z—x)y’ =2° (x-y) +x° [ (x—y)—(z—x)]+y3(z—x)
=2 (x-y)-x*(x-y)+y’(z- )—x3(z—x)= x=y)(2° =X )+(z—x)(y* -X°)
=(x-y)(z- )(z +zx+x) )(y —x (y xy+x2)
=(x-y)(z- )(z +ZX+X —y =Xy — x):(x y)(z=x)(z-y)(z+y-x)

(x—y)-x*(1-y)+y’(1-x)=(x-y)-x’ [(x—y)+(1—x)}+y3(1—x)
=(x-y —x3(x—y)—x3(1—x)+y3(1—x):(x—y)(l—x3)—(1—x)(x3—y3)
( 1—x)(1+x+x2)—(1—x)(x—y)(x2+xy+y2)

( 1—x)(1+x+x2 -x* —xy—yz):(x—y)(l—x)(l—y)(x+y+1)



be(a+d)(b-c)-ac(b+d)(a-c)+ab(c+d)(a-b)
=be(ab—ac+bd —dc)—ac(ab—bc+ad—dc)+ab(ac—bc+ad -bd)
:bc(ab—ac+bd—dc)—ac[(ab—ac+bd—dc)+(ac—bc+ad—bd)]
+ab(ac—bc+ad—bd)
(ab—ac+bd—dc)(bc—ac)—(ac—bc+ad—bd)(ac—ab)
(a+d)(b-c)c(b-a)-(c+d)(a-b)a(c-b)

(b-c)(b-a)(ac+dc—ca—ad)=(b-c)(b-a)(c-a)d

d) Ta co
(a=x)y’~(a=y)x’+(x-y)a’ =y’ (a=x)=x*| (a=x)+(x~y) |+’ (x~y)
=y’ (a=x)=x*(a=x)=x* (x—y)+a’ (x=y) =(a=x)(y’ -x*)~(x~y)(x ~a’)
=(x—a)(x—y)(x +xy+y) (x-y)(x-a (x +xa+a )
=(x—a)(x—y)(x +Xy+y> —x* —xa - a)=(x a)(x y)(y—a)(y+a+x)

Bai 20.

(

e) Ta co B:x3(z—y2)+y3(x—22)+z3(y—z2)+xyz(xyz—1).
B:x3(z—y2)+y3(x—z2)+z3(y—x2)+xyz(xyz—1)
=xX’z-X’y’ +y’x—y’z’ +2°y - 2°x* +X*y’z’ —xyz
(y7 g )~ (5 -2y )= (Y —xy? )+ (2 -y)
2 s -3} (s -3} (s s}l
:(x2—y)(yz -z° —xy +xz):(x y)[(yz z) (xyz—xz)]
=(¢y)[Z (v =2)x(y'~2) J= (< =y) (v -2) (v -2)

a) St dung phép tach hang ttt c—a = —[(b—c)+(a—b)} ta co



(b- )( )(a+b+C)

~b)
b) St dung hang dang thitc (x+y) =x’+y +3xy(x+y)
A=a(b—c)3+b(c—a)3+c(a—b)3=a(b—c) —b[(b—c)—(a—b)T+c(a—b)3
3

—a(b-c) ~b|(b-c) +3(b-c) a_b)(c_a)+(a_b)3]+c(a_b)3
( )

=(a-b)(b-c)(c-a)(a+b+c)
¢) Stt sung phap tach hang ti c—a=—[(b—c) ( —b)] ta co
ab(a b)+bc(b c)+ca( )
=a’b’(a—b)+b’*c*(b-c)-c [( c)+(a- b)]
:(b—c)(bzc2 c’a )+(a b)(a b* -c’a )
*(b-c)(b-a)(a+b)+a’*(a-b)(b-c)(b+c)
(a b)(b )(c a)(ab+bc+ca)
d) Bién d6i va str dung hang ding thirc x* —y* =(x—y)(x+y) ta duoc.
a(b2+c:2)+b(c2+a12)+c2(a2+b2)—2abc—a3—b3—c3
:a(b—c)2+b(c+a)2+c(a—b)z—a3—b3—c3
a[(b—c)z—a2}+b[(c+a)2—bz}-c[(a—by—cz:i
:a[(b—cf—a2}+b(a+c—b)(a+c+b)+c[(a—b)2—cz}

:(a+c—b)(b+a—c)(c+b—a)

e) Ta co
a(b2 +c’ +bc)+b(c2 +a’ +ca)+c(a2 +b? +ab)
=a’b+ab” +b’c+bc’ +c’a+ca’ +3abc =(a+b+c)(ab+bc+ca)

Bai 22.



(x2 +y*+ xy)2 —x’y? —y?z? - 2°x?
=x* +y* +X°y? +2X°y? +2xy° + 2X°y = X*y? —y*z’ - 27X
:x4+y4+2x2y2+2xy(x2+y2)—22(x2+y2):(x2+y2)2+2xy(x2+y2)—z2(x2+y2)
:(x2+y2)(x2+y2+2xy—zz):(x2+y2)[(x+y2)—zz}:(x2+y2)(x+y+z)(x+y—z)
Bai 23.
a) Ta c6
8Ix' (22 —y*)-2" +y* =8Ix* (2 —y* ) - (2* —y*) =(2* - y*) (81x" ~1)
=(z=y)(2+y)(9¢ -1)(9x* +1) =(z—y)(z+y)(3x+1)(3x—1)(9x* +1)
b) Ta c6
X +xt +xy? 4yt -yt =X -yt xt +2xy? +yt =Xy
) ( ) (x +y2)2 2yz=(x3—y3)(x3+y3)+(x2erZ—xy)(x2+yZ+xy)

2

(x
(x- )(x +Xy+y ) X+y (x —xy+y2)+(x2+y2—xy)(x2+y2+xy)
o

2

x4yt +xy ) (X +y? —xy )(x* -y +1)
¢) Ta c6
(x+1) + (0 4x+1) = (x4 1) +[x(x+1) 1] =(x+1) 53 (x+1) +2x(x+1)+1
= (et 1) | (x+1)" +5 |(26¢ +2x01) = (2 4 2x+1)| (x 1) 41
= (x*+2x+2)(2x* +2x+1)
d) Ta ¢6
(x+y) =X —y® =x° +5x'y +10x’y? +10x°y° +5xy* +y° —x° —y°
=5xy (x> + 2%y +2xy” +y° ) = 5xy| (x+y) (3 —xy+y? )+ 2xy (x-+y)
=5xy (x+y)(X* +y* +xy)
Bai 24.
a) Ta c6 x* —6x +12x* —14x+3 = (x* +ax+1)(x* +bx+3)
Hoéc x4—6x3+12x2—14x+3:(x2+ax—1)(x2+bx—3)
Gia strta cé x* —6x° +12x° —14x+3 =x*+(a+b)x’ +(4+ab)x* +(3a+b)x+3

a+b=-6
Pong nhathé sd tacd {4+ab=12 <:>{
3a+b=-14



Vay x* —6x° +12x —14x+3 = (x* —4x+1)(x* —2x+3)
a) Ta c6 12x* +5x—12y* +12y —10xy -3 = (ax+by+3)(cx+dy—1)

Hay 12x* +5x—12y” +12y —10xy -3 = acx’ +(ad + bc)xy + bdy” +(3c—a)x+(3d-b)y -3

ac=12

ad+bc=-10 a=4
bong nhathésdtacé {bd=-12 = ]CD:;6 .

3c-a=5

3d-b=12 d=2

Do vay ta dugc 12x* +5x—12y” +12y —10xy -3 = (4x -6y +3)(3x +2y 1)

d) Ta c6 4x* +4x° +5x° +2x+1=(ax2 +bx+1)(cx2 +dx+1).

2
Dong nhat hé s6 hai vé ta dwge 4x* +4x° +5x% +2x+1= (2x2 X+ 1)
d) Ta c6 x4+8x+63=(x2+ax+b)(x2+cx+d).
Khai trién va dong nhat hé s6 hai vé€ ta duoc x4+8><+63:(><2—4x+7)<x2 +4x+9)
Bai 25.
a.bat x=a’-b’;y=b’-c’. Khidd tacé x+y=a’-c’. Do vay
A:ay—b(x+y)+cx=y(a—b)—x(b—c)=(b3—c3)(a—b)—(a3—b3)(b—c)

:(b—c)(a—b)(b2 +bc+c?—a? —ab—bz)
=(b—c)(a—b)(bc—ab+c2 —a2):(b—c)(a—b)(c—a)(a+b+c)

b) Dit x=a’-b*;y=b’—c*. Khi d6 ta ¢ x+y=a’—c’. Do vay

B=a3y—b3(x+y)+c3x=y(a3—b3)—x(b3—c3)

(b7 ~c)(a’ ~b7)~(a” b7 (b <)

=(b-c)(a- b)[(b+c)(a2+ab+b2)—(a+b)(b2+bc+c2)}

~(b-c)(a~b)| b(a®+ab+b* ~b>~bc—c*)+(a’c+abc+b’c—ab’ —abc-ac’) |
(a—c)(ab+b’ +bc+ac—b*)=(a-b)(b-c)(a—c)(ab+bc+ca)

Do vay ta duoc B :(a—b)(b—c)(a—c)(ab+bc+ca).
Bai 26.

a) bat m=x+y.Khi do taco



B:x(m+y)3 —y(m+x)3 :x[m3 +3my(m+y)+y3}—y[m3 +3mx(m+x)+x3]
:m?’(x—y)—xy(x2 —yz)—?>mxy(m+x—m—y)z(x—y)[m3 —xy(x+y)—3mxy}
—m(x-y)(m? ~dxy)=m(x-y)| (x+y) ~4xy |=m(x-y) =(x+y)(x-y)

b) Bat m =x+y. Khi do ta co
C=(m-y)‘+m*+y’ =m"’—4m’y +6m’y’ —4my’ +y* +m* +y*
= 2<m4 +2m’y’ +y4)—4:my(m2 +yz)+2m2y2
:2(m2 +y2 _Iny)2 :2|:(X+y)2 +y2 _(x—i—y)y:r =2(X2 -|-xy-|-yz)2
d. it m=a’+b’* +c*. Khi @6 ta cé
D :(a2 +b* +¢? )2 —4(a2b2 +b*c? +c2a2)
=m’ —4[b2 (a2 +c2)+c2az}=m2 —ﬁl[b2 (m—b2)+c2aﬂ
:(m—sz)2 —(2ca)2 =(m—2b2 —2ca)(m—2b2 +2ca)
:(a2 +b® +c”-2b° —2ca)(a2 +b? +c*-2b° +2ca)

= (a=c) -b* || (a+c)' ~b* |~ (a—c=D)(a=c+b)(a+c-b)(a+br+c)

d) Dat m=x+y+za+b-c=x;b+c-a=y;c+a-b==z.
Khi dé ta cé 2a=y+z;2b=z+x;2c=x+y. Do d6 ta duoc
2A =(y+2z)x* +(z+x)y’ +(x+y)z" +2xyz
=xy(x+y)+yz(y+z)+zx(z+x)+2xyz=(x+y)(y +z)(z+x)

Do vay ta duoc A =4abc



C. Mot s6 tng dung cta phép phén tich da thitc thanh nhin ti.

Trong cic ngi dung trén ta dwoc biét vé cic phwong phdp phan tich da thirc thanh
nhan tir. Tuy nhién mgt cdu hoi dwoc dat ra la phan tich thanh nhan tir dwoc ng dung dé’
Qidi cdc dang bai tdp todn nao. Ta co thé ké'ra mot s6 1tng dung ciia phép phin tich thanh
nhan tir nh

+ Viin dung dé'tich gid tri cdc biéu thirc.

+ Viin dung dé'tim Qid tri cua bién khi biét gid tri cuia biéu thirc.
+ Chitng minh diang thitc va bat dang thic.

+ Vin dung Qidi cic bai todn s6"hoc va t6 hop suy ludn.

+ Mot s6'dang bai tdp toan khic.

Bai 1. Thuc hién phép tinh bz‘?mg cach hop Ii.

2 112 3 3
a) A=2022 5424256352  b) B=—20 —11 o Cc=27 18 483

(36.5) +(37.5) 180

o Dinh huéng tw duy. DE'tinh gid tri ctia biéu thitc s6'trén ta sir dung hing ding thirc
ddang nho va phép phin tich da thirc thanh nhan tir.
Loi giai
a) A =202 -547+256.352 = (202 - 54) (202 + 54 ) +256.352 = 148.256 + 256.352
= 256(148 + 352) = 256.500 = 128000

43> —112 43? —1712 (43-11)(43+11) 32,54
b) B: 2 2 = 2 2 2 = 2 _ =
(365 —(27.5) 5°(36"—27%) 5°(36-27)(36+27) 25.9.63
97 +83)(972 —97.83 + 832
Q) C:M—W&%:( +83) ’ )—97.83=972—97.83+832—97.83

180 180
=97 -2.97.83+83" =(97-83) =14 =196

Bai 2. Tim cac gia tri x biét.

a) 4x* —25—-(2x—5)(2x+7)=0 b) 2x° +3x” +2x+3=0

o Dinh huéng tw duy. D&y dén vé'trdi ciia ciia ding thikc trén ta thdy cdc da thic d6 c6
thé phin tich thanh nhin tir, do d6 ta bién d6i da thirc trdi vé dang tich va s dung tinh
chit AB=0 thi A=0 hodc B=0.

Loi giai

a) Ta c6 4x” —25—(2x—5)(2x+7)=(2x—5)(2x+5)—(2x—=5)(2x+7)=—2(2x-5)..




Do d6 4x2—25—(2x—5)(2x+7):0<:>2x—5=0<:>x:§.
2
b) Ta 6 2x°+3x" +2x+3 =X (2x+3)+(2x+3) = (2x+3)(x* +1).

Do do 2X3+3X2+2X+3=0C>2X+3=0<:>X=—§.

Bai 3. Cho céc s6 thuc x, y, z théa man x* +y* +2z* =10. Tinh gid tri cua biéu thic:

P= (xy+yz+zx)2 +(x2 —yz)2 +(y2 —zx)2 Jr(Z2 —XY)Z

o Dinh huong tu duy. Dé'tinh gid tri ciia biéu thirc P ta cin bién doi biéu thirc P lam xudt
hién dang x> +y* +z°.

Loi gii
Bién ddi bi€u thie P va 4p dung x* +y* +2z*> =10 ta duoc

P= (xy+yz +zx)2 +(x2 —yz)2 +(y2 —zx)2 +(z2 —xy)2
=Xy’ +y' 2 +2°X7 + 2xzy (x+y +2)+x* +y72 4y’
+z2°x* +2* +x2y2 —2xyz(x+y+z)

:x4+y4+z4+2(x2yz+yzz2+Z2x2)=(x2+yz+z2)2 =10% =100

Bai 4. Cho céc s8 thuc a, b, c khc nhau theo timg d6i mot théa man a+b+c=3.
Tinh gié tri biéu thirc
_a*(a—bc)+b’(b-ca)+c*(c-ab)
(a=b) +(b=c) +(c-a)

o Dinh huong tw duy. Dé tinh gid tri ciia biéu thirc A ta cin bién doi biéu thitc A lam
xudt hign dang a+b+c.

Loi giai
Bién d6i biéu thirc A va st dung a+b+c=3 ta duoc

~ a’ (a—bc)+b2 (b—ca)+c2 (C—ab) ~ a’+b’ +c3—abc(a+b+c)

(a—b)2+(b—c)2+(c—a)2 (a—b)2+(b—c)2+(c—a)2
_ a’+b’+3ab(a+b)+c’ —3abc—3ab(a+b) _ (a+b)3+c3—3ab(a+b+c)
(a—b)2+(b—c)2+(c—a)2 (a—b)2+(b—c)2+(c—a)2

(a+b+c)[(a+b)2—c(a+b)+c2}—9ab 3(a2+b2+c2—ab—bc—ca)
2(a2+b2+c2—ab—bc—ca) _2(a2+b2+c2—ab—bc—ca)

_3
2




Bai 5. Cho cdc s thuc a, b, ¢ khac 0 thoa man a® +b’ + ¢ =3abc. Tinh gid tri biéu

aaltes)

thixc

o Dinh huong tu duy. Sir dung phép phin tich da thirc thanh nhin tir ta biéh doi gid thiét
vé dang (a+b+c)[(a—b)2 +(b—c)2 +(c—a)2} =0.Déy rang a+b+c=0 nén tasuy ra
dwoc a=b=c. Dén ddy thay vao biéu thirc A va tinh gid tri biéu thirc A.
Loi giai
Ta c6 a’ +b’ +c’ =3abc nén a’ +b’ +c’ —3abc=0. Ta ¢6
a’+b’+c’—3abc=a’+b’ +3ab(a+b)+c’ —3abc—3ab(a+b)
~(a+b) +c*~3ab(a+b+c)=(a+b+c) (a+b) ~c(a+b)+c? |-3ab(a+b+c)

:(a+b+c)(a2+b2+c2—ab—bc—ca):%(a+b+c)[(a—b)2+(b—c)2+(c—a)2}

Do d6 tir a’ +b® +c® —3abc =0 ta duwoc (a+b+c)[(a—b)2 +(b—c)2+(c—a)2}=0.

Hay ta dugc a+b+c=0 hodc a=b=c.
+Néu a+b+c=0thi a+b=—;b+c=—-a;c+a=-b.Khidd tacod

a(122) 1.0 1. =(a+b)(b+c)(c+a)=_1
e 2]

C a abc

+Néu a=b=c thi ta duoc A:(1+%j(1+9](1+EJ:2.2.2:8
C a

Bai 6. Cho a, b, cla cac s0 thuc khac 0 thoa man ab+bc+ca=0. Tinh gia tri caa

aaltes)

biéu thiec:

o Dinh huong tw duy. St dung phép phan tich da thirc thanh nhin tir ta bién doi gid thiét
vé dgng a’ =a’ +ab+bc+ca = (a +b)(a + C) . Ap dung twong tw ta tinh duwoc gid tri ciia
biéu thirc A.

Loi giai

Do a, b, c kh4c 0 va ab+bc+ca=0 nén a*+ab+bc+ca=a’ hay a’ :(a+b)(a+c).




Hoan toan tuong tu ta ciing «6 b* =(a+b)(b+c) va ¢ =(b+c)(c+a).

Do d6 ta duoc a’b’c® = (a+b)2 (b+c)2 (c+a)2 hay (a+b)(b+c)(c+a)=zabc.

Ta c6 A:(1+%j(1+E]£1+EJ= (a+b)(b+c)(c+a) =41,

C a abc

Bai 7. Cho céc s6 thuc x, y, z thdaman x+y+z=3 va X’ +y° :z(3xy—z2). Tinh

gia tri biéu thiic A = 673( X220 4y 200y 7200 ) 1.

e Dinh huéng tw duy. Bién d6i gid thiét ta dugc X° +y° +2° =3xyz, st dung phép phin
tich da thirc thanh nhdn tir két hop véi x+y+2z=3 ta suy ra dwoc x=y=z=1. Dén diy
ta tinh dwoc gid tri ciia biéu thirc A.

Loi giai
Tk x° +y° = z(3xy —z2) ta duoc x° +y° +2z° =3xyz. Tuong tu nhu trén va két hop
vOi x+y+z=3 taduoc x=y=z.Dovaysuyra x=y=z=1.

Thay x=y=z=1 vao biéu thirc da cho ta duwgc A =673.3+1=2020.

Bai 8. Chttng minh rang gia tri ctia cac da thitc sau day ludn khéng am véi moi gia

tri ctia bién.
a) A= (x—y)2 (z2 —22+1)—2(z—1)(x—y)2 Jr(x—y)2

0 B (1) (744 4) -2 2) ) o5y

o Dinh hudng tw duy. Quan sit cic biéu thirc A vi B ta thiy dé chirng minh A vi B
khong dm ta phan tich A vi B vé dang cic binh phwong.
Loi giai
a) Bién d6i biéu thirc A ta duoc
A=(x-y (z —Zz+1) 2(z—1)(x-y) +(x~y)
=(x=y) (z-1) - (2—1)(><—y) +(x-y)
~(x-y) [(Z_lf _2(2_1)+1}=(x_y)2(z_z)2

Do (x —y)2 >0 va (z —2)2 >0 nén A>0. Bai toan dugc chitng minh hoan tat.

b) Bién d6i biéu thirc A ta duoc




B=(x2+y?)(2 ~4z+4)-2(z-2)(x* +y* )+ +y?
=(+y?)(2-2) =2(2-2)( 4y )44y

=(x*+y? )[(2—2) —2(2—2)+1}=(x +y?)(z-3)

Do x*+y* 20 va (z- 3)2 >0 nén B>0. Bai toan dwoc chirng minh hoan tat.

Bai 9. Cho a, b, c 1a cac s6 hitu ti théa man ab+bc+ca=1. Chting minh rang

<a2 + 1)(b2 +1)(c2 +1) 1a binh phuong ctia mot s8 hiru ti.

o Dinh huéng tw duy. Do ab+bc+ca=1 nén ta dwgc a>+1=(a+b)(c+a). Ap dung
twong tye ta phin tich (a® +1)(b* +1)(c* +1) =[(a+Db)(b+c)(c+a) [ -
Loi giai
Do ab+bc+ca=1néntacd a’+1=a’+ab+bc+ca=(a+b)(c+a).
Hoan toan tuong tu ta cling ¢ b* +1=(a+b)(b+c) va ¢ +1=(c+a)(b+c).
Do vay (a*+1)(b? +1)(c*+1)=(a+b)’ (b+c)’(c+a) =[(a+b)(b+c)(c+a)] .

Vay ta c6 diéu can chitng minh.

Bai 10. Cho c4c sd dwong a, b, ¢, d thoa man a* +b* +c* +d* =4abcd . Chitng minh

rang a=b=c=d.

e Dinh hudng tu duy. D&y rang A>+B*> =0 khi A=B=0 ta biéh doi va phan tich dwoc
gid thiét vé dang (a2 -b’ )2 +(c2 -d? )2 +2(ab —cd)2 =0. Dén ddy ta cé diéu cin chirng
minh.

Loi giai
Bién doi gia thiét ta duoc

a'+b*+c*+d* =4abcd @ a* +b* +¢* +d* —4abcd =0
<at+b* —2a’b? + ¢t +d* —2c%d? +2(a2b2 —2abcd+c2d2):0

<:>(a2 —bz)2 +(C2 —dz)2 +2(ab—cd)2 =

Do (a2 —b? )2 > 0;(c2 —d? )2 > 0;(ab —Cd)2 >0. Nén tit dang thitc trén ta dwoc




2 12\
(a _b) =0 a’-b*=0 a’ =b? a=+b
(cz—d2)2:0:> >—d’=0=:c*=d* ={c=+d =a=b=c=d

(ab—cd)2:0 ab-cd=0 |ab=cd |ab=cd

Vay ta c6 diéu can chirng minh.

Bai 11. Cho cac s6 thuc x, y, z thoa man (x +y+ z)(xy+ yz+ zx) =xyz . Chttng minh

rang:

2019 2019 2019 __

X 4y 4 7 —(x+y+z)2019

o Dinh huong tw duy. Biéh d6i gia thiét vé dang (x+y)(y+z)(z+x) =0. Tir do suy ra
trong ba s6'x, y, z ¢6 hai s6'd6i nhau. Tir do ta co diéu can chirng minh.
Loi giai
Bién d6i gia thiét ta duoc
Xy +xy’ +y’z+zy’ +z°x+2zx* + 3xyz = xyz

N (xzy +xy2)+ (yzz + xyz)+(zzy+ Z2X)+<ZX2 +xyz) =0

o xy(x+y)+yz(x+y)+z* (x+y)+zx(x+y)=0

<:>(x+y)(z2 +xy+yz+zx):0<:>(x+y)(y+z)(z+x)=0
Do vay ta duoc x=—y hodc y=-z hoac z =—x.

Dé thdy khi x=—y ta dugc x* +y*" +2° =(x+y + z)zow. Céc treong hop con lai

hoan toan twong tw.

Bai 12. Cho ba s0 a, b, ¢ thoa man ab+bc+ca =2019 . Ching minh réng:

a’—bc b? —ca c*—ab
+ + =
a’+2019 b*+2019 c*+2019

o Dinh hudng tu duy. DEyj dén phép biéh doi a* +2019=a’ +ab+bc+ca=(a+b)(a+c)
ta quy dong biéu thirc P va chitng minh bai todn.

Loi giai
D&y rang a’+2019 =a’ +ab+bc+ca=(a+b)(a+c).

a’—bc a’—bc

PO 40 5019 " (arb)(aro)

. Ap dung hoan toan teong tu ta duoc




_ a’ —bc . b* —ca s c’—ab _ a’—bc . b* —ca s ¢’ —ab
a®+2019 b*+2019 c*+2019 (a+b)(c+a) (b+c)(a+b) (c+a)(b+c)
_(a2—bc)(b+c)+(b2—ca)(c+a)+(c2—ab)(a+b)

(a+b)(b+c)(c+a)
_a’b+a’c-b’c-bc’ +b*c+b’a—c’a—ca’ +c’a+c’b-a’b—ab’ _

- (a+D)(brc)(cra) 0

Vay bai toan dugc chirng minh hoan tat.

Bai 13. Cho a, b 1a cac s6 nguyén. Ching minh rang A = ab(a2 ~b? )(a2 +b2) chia

hét cho 30.

o Dinh hwong tw duy. Bai todn cho trén la mgt bai todn s6 hoc. Dé chitng minh A chia hét
cho 30 ta do chitng minh A chia hét cho 5 va 6. D'y phén tich biéu thirc A ta dwoc
ab(a2 —b2)<a2 +b2) :<a2 +b2)[ab(a—l)(a+1)—ab(b—1)(b+1)]
Nhw vdy ta thdy A chia hét cho 6. Do d6 ta cin chitng minh A chia hét cho 5. Dé'yj rang
Mot s6 chinh phiwrong khi chia cho 5 ¢6 cic s6'dw 1a 0, 1, 4. Do d6 ta xét s6"dw ctia a va b khi
chia cho 5 dé chitng minh A chia hét cho 5.
Loi giai
Bién d6i biéu thic A ta c6
A :ab(az —bz)(a2 +b2): (a2 +b2)[ab(a2 —1)—ab(b2 —1)}

=(a2 +b2)[ab(a—1)(a+1)—ab(b—1)(b+1)]
e V6i moi s6 nguyén a vab thi ab(a—1)(a+1) va ab(b—1)(b+1) ludn chia hét cho
6.
e D& chtrng minh ab(a2 -b’ )(a2 + bz) chia hét cho 30 ta can chitng minh dwoc
ab(a2 -b’ )(a2 + b2) chia hét cho 5. Xét cac treong hop sau:
+ Treong hop 1. Néu trong hai s6 nguyén a va b c6 mét s6 chia hét cho 5, khi dé
ab(a”~b)(a’ +b’) chia hét cho 5.
+ Treong hop 2. Néu a va b ¢d cung sO du khi chia cho 5 thi ta dwoc a—b chia hét

cho 5 nén ab(a2 —bz)(az +b2) chia hét cho 5.




+ Treong hop 3. Néu a va b ¢4 sd dw khic nhau khi chia cho 5 thi ta dugc a® +b’

chia hét cho 5. Tr d6 ta suy ra duoc ab(a2 -b’ )(a2 + bz) chia hét cho 5.
Nhu vay trong moi truong hop ta déu c6 ab(a2 ~b’ )(a2 + bz) chia hét cho 5.

Do 5 va 6 nguyén td cung nhau nén ttr cac két qua trén ta suy ra A chia hét cho 30.

Bai 14. Chting minh biéu thitc S =n’ (n+2)" +(n+1)(n? ~5n+1)-2n -1 chia hét

cho 120 véi n 1a sO nguyén.

o Dinh huong tw duy.. Dé chirng minh S chia hét cho120 ta do chitng minh A chia hét cho
3, 5 va 8. D&y phin tich biéu thirc A ta diegc
Loi giai
Dé thay 120=3.5.8 va (3;5) = (5;8) = (3;8) =1 nén ta di cht'ng minh S chia hét cho
3,5, 8. Mit khac khai trién S ta dwgc S=n’ +5n* +5n° —5n* —6n.
e Bién doi biéu thirc S ta dwoc
S=n’+5n*+5n’-5n*-6n=n’-n’+6n° +5(n4 —nz)—6n
=n? (n—l)n(n+1)+6n3 +5n(n—1)n(n+l)—6n
Do (n —1)n(n + 1)53 nén ta suy ra dugc S chia hét cho 3.

e Tacé S=n’+5n*+5n°-5n’-6n=n’ —r1+5(n4 +n’ —-n? —n). Mat khéc lai c6

n5—n=n(n 1)(n+1)(n +1) (n—l)(n+1)(n2—4+5)
( 1)(n+1)( )+5n(n—1)(n+1)
:(n Z)n 1) (n+1)(n+2)+5n(n—1)(n+1)

Tir d6 suy ra n° —ni5 nén S chia hét cho 5.

e Tacé S=n’+5n*+5n°~5n’ —6n =4n’ (n+1)+n(n+1)(n*+n-6)

+Néu n=2k(k e Z) thi ta dwoc S=32k’ +80k* +40k’ -8k 12k (k +1), Ttr d6 suy
ra S chia hét cho 8.

+Néu n=2k+1(keZ) thi ta dwoc S=4n*(n+1)+n(n+1)(n’ +n-6)

Ta co 4n’(n+1)=8(2k+1)’(k+1) chia hét cho 8.

Lai c6 n(n+1)(n’+n-6)=(2k+1)(2k+2)(8k* +12k* + 8k —4):8.




Do d6 S chia hét cho 8.

Tt cac két qua trén suy ra S chia hét cho 120 v6i moi s6 nguyén n.

Bai 15. Cho a va b la cac s6 nguyén sao cho ton tai hai s6 nguyén lién tiép c va d
théa man diéu kién a—b=a’c—b’d. Chting minh rang |a—b| 1a mot s chinh

phuong.

e Dinh huong tw duy. Bién doi gia thiét cua bai todn ta dirgc
a-b=a’c-b’d<a-b=a’c-b’ (C+1)<:>a—b:c(a2 —b2)—b2
<a-b=c(a-b)(a+b)-b’* = (a—b)[c(a+b)+1] =b’
Dé chirng minh ‘a —b‘ la s0’ chinh phwong ta cin chitng minh dwoc hai s6"a—b va
c(a+b)+1 nguyeén té cung nhau.
Loi giai
Do c va d 1a hai s0 nguyén lién ti€p nén ta c6 d =c+1. Tt d6 ta duoc
a-b=a’c-bd<a-b=a’c-b’*(c+1)<a-b=c(a’-b*)-b
<a-b=c(a-b)(a+b)-b’ <:>(a—b)[c(a+b)+1]:b2
Goi d 1a wéc chung 16n nhat cia a—b va c(a+b)+1

a—b:d

Khi d6 ta c6 {c(a+b)+1fd

, nén ta duoc (a—b).[c(a+b)+1}fd2

Do do tt (a—b)[c(a+b)+1}=b2 ta suy ra duoc b*:d*> =bid
Ma ta c6 a—b:d nén suy ra dwgc a:d. Do d6 a+b:d

Két hop voi c(a+b)+1§d ta suy ra dwgc 1:d nén d=1.

Tir d6 ta c6 (a—b,c(a+b)+1)=1.Do d6 [a—b| 1a mdt s§ chinh phuong.

Bai 16. Cho a, b, c la cac sd nguyén khac khong va a # ¢ thoéa man diéu kién

2 2
a_a+b , . 3 A 1N A N
—=———. Chting minh rdng a*+b* +¢* khong phai la s nguyén t3.
c c+b

 Dinh huong tw duy. Bién doi gia thiét cua bai todn ta dirgc

%: ajiEj @a(c2+b2)=c(a2+b2)c>(a—c)(b2—aC)=0
c




Dé chitng minh a® +b” +¢* la khong thé’la s6' nguyén t6'ta cin chitng minh dwgc
a’ +b” +c” khong thé c6 hai w6cla 1 va chinh né.hai s6'a—b vi c(a+b)+1 nguyén
t6’cting nhau.

Loi giai

<:>a(c2+b2)=c(a2+b2)<:>(a—c)(b2—ac)=0.
Do a khéc ¢ nén ta dugc b* —ac=0 hay b* =ac. Ttr d6 ta duoc
a’+b’+c? =a’+ac+c’ =a’+2ac+c’ —ac=(a+c)2 ~b*=(a—b+c)(a+b+c)
Do a, b, ¢ 1a cac s6 nguyén va a khic c nén suy ra a’> +b* +c” > 0. Do d6 néu
a’+b” +c” lamot s6 nguyén td thi ¢ bdn treong hop sau xdy ra.
e Truong hgp 1. Véi a—b+c=1va a+b+c=a’+b*+c’
Khi d6 ta duwgc a+c=b+1 nén suy ra a’ +b* +c*> =2a+2c-1
Tw d6 ta suy ra (a—l)2 +(c—1)2 +b* =0 nén a=c=1, diéu nay tréi vdi gia thiét a va
¢ khac nhau.
o Truong hop 2. V6i a+b+c=1va a-b+c=a’+b’ +c’.
Khi d6 ta duwgc a+c—1=-b nénsuy ra a’ +b”* +c* =2a+2c-1
Tw d6 ta suy ra (a—l)2 +(c—1)2 +b* =0 hay a=c=1, diéu nay trai vdi gia thiét a va
¢ khac nhau.
e Trudng hop 3. Véi a—b+c=-1va —(a+b+c)=a’+b’* +c’
Khi d6 ta dwgc a+c=b-1nénsuyra a’+b’*+c*=-2a—2c-1
Tt 46 ta suy ra (a+1)2 +(C+1)2 +b* =0 hay a=c=-1, diéu nay tréi vdi gia thiét a
va ¢ khac nhau.
e Truong hop 4. Véi a+b+c=-1va —(a—b+c)=a’+b’+’
Khi d6 ta duoc a+c=-b-1 nénsuyra a’+b*+c> =-2a—2c-1
Tt d6 ta suy ra (a+1)2 +(c+1)2 +b®>=0 hay a=c=-1, diéu nay trai vdi gia thiét a

va ¢ khac nhau.



Nhu vay néu néu a® +b” + ¢ 1a mot sd nguyén t6 thi tat ca cac truong hop déu

mau thuan véi gia thiét a #c. Do d6 a® +b” +c* khdng thé 1a mot s8 nguyén td.

Bai 17. Cho cdc sd nguyén duwong a, b, ¢, d thoa man a”> +b* +ab=c’+d* +cd.

Chitng minh rang a+b+c+d 1a hop s6.

Loi giai
Tacé a’ +b* +ab=c*+d’ +cd & (a+b) —ab=(c+d) —cd.
Hay ta duoc (a+b)z—(c+d)2 :ab—cd<:>(a+b+c+d)(a+b—c—d):ab—cd.

Dé chiing minh a+b+c+d 1a hop sd ta sit dung phuwong phap phan ching.

That vay, gia st a+b+c+d la s6 nguyén t6. Dat a+b+c+d=p.

Khi do p(a+b—c—d):ab—cd nén ta suy ra duoc (ab—cd)fp

Do d6 ta duoc (ab—cd)+c(a+b+c+d)fp hay ab+c(a+b+c)§p<:>(a+c)(b+c)§p.
Mit khac do p la s6 nguyén td va a,b,c,d >0 nén O<c+a,c+b<p.

Tt d6 ta dwoc (c+a,p):(b+c,p):1, diéu nay lam cho (a+c)(b+c)§p mau thuan.

Do d6 diéu gia st trén la sai hay a+b+c+d la hop so.

L1 L L M&itan xba di hai s6 bat ki x,
1237 2016
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Bai 18. Nguoi ta viét 1én bang day sd

y trén bang thi lai viét thém sd x+y+xy . Sau mét s [an thuc hién nhw vay thi trén

bang con lai mot s6. Tim s6 con lai d6.

Loi giai

Thuee hién cong moi s trén bang véi 1 ta dugc day so 1+ 1;l + 1;1 +1; ,L +1.
1 2 3 2016

Dit x+y+xy =m, khi d6 ta dwgc m+1=(x+1)(y+1). Nhu vay sau m&i Ian x6a di
hai s& x+1 va y+1 cta day thi lai thay béi s6 (x+1)(y+1). Do d¢ ltc dau ta c6
day s x;y;a;b;c;... va sau khi x6a di hai s6 x va y ta duoc day s6 m;a;b;c....
Cht y rdng (x+1)(y+1)(a+1)(b+1)(c+1)..=(m+1)(a+1)(b+1)(c+1)....

Nhw vay sau mdi [an xda thi tich trén khong thay d6i.

Goi k 1a s6 cudi cung trén bang sau khi xo6a thi ta dugc




k+1= 1+1 1+1 1+1 L+1 =2017
1 2 3 2016

Do d6 ta dwgc k=2016 hay s6 cudi cung con lai trén bang la 2016.

o Nhdn xét. Ta phdt hi¢n ra tinh chdt bt biéh nho diang thirc

Xy+X+y+1= (x + 1)(y + 1) . Nhw vdy néu gitr nguyén dﬁng thitc nay va thay doi day sé’
trén thi ta tim dwoc bai todn méi hodc thay doi ding thiec trén ta ciing duwoc bai todn moi.
Ngueoi ta viét 1én bang diy s6' 1;2;3;...;2016 . Moi lin xda di hai s6'bat ki x, y trén bing thi
lai viét thém s6’ x+y + Xy . Sau mgt s6'lan thiwc hign nhw vdy thi trén bang con lai mot so.
Tim s6 con lai do.

o Nguoi ta viét 1én bang day so 10107 ; 10207 ; 103?7 e ;?)2; . M&i Iin x6a di hai s6'bat ki x,

y trén bang thi lai viét thém s6” 2xy —x—y+1. Sau mgt s6'lin thiwc hién nhw vdy thi trén
bang con lai mot so. Tim s6 con lgi do.
MOT SO BAI TAP TU LUYEN

Bai . Tinh gia tri ctia biéu thirc sau A = = 1)(x2 :;1)6(;3_'_1)()(8 A 1) voi x=2020

(
Ta cé x16—1=(x—1)(x+1 (x +1)( )(x8+1) nén ta duoc

_ X _1 :(X—l)(X+1)(X2+1)(X4+1)<X8+1)
(x+1)(x2 +1)(x4 +1)(x8 +1) (x+1)(x2 +1)<x4 +1)(X8 +1)

Do d6 vdi x=2020 ta dwoc A=2019

=x-1

Bai . Cho (x+3y) —6(x+3y) +12(x+3y)=-19. Tim gia tri cta biéu thirc x+3y

Bién d6i gia thi€t ctia bai toan ta duoc
(x+3y)3—6(x+3y)z+12(X+3y)—8=—27c>(x+3y—2)3 =(—3)3

Do d6 x+3y—-2=-3 hay x+3y=—

Bai.Cho a’ +b*+c” =a’ +b’ +¢’ =1.Tinh gid tri cia S=a’ +b™"” + ™.

Tacéd a’+b*+c*=a’+b’+c’ =1 nén a;b;ce[—l;l].

Do d6 a3+b3+c3—(a2+b2+c2):a2(a—1)+b2(b—1)+c2(c—1)£0.

Suy ra a’+b’ +c’ <1 nén a, b, c chi nhdn mdt trong hai gia tri 1a 0 hodc 1.



Do d6 b*"” =b?;c*™ =c?. Két hgp vdi gia thiét ta dwoc S=a” +b™? +c™" =1.

Bai. Cho a, b, ¢ Ia cc s§ khéc 0 thoa man -+ % +1-0. Ching minh ring:
a C

+ + = 3abc

=z, khidé thi x+y+z=0.Tacé

2 2 2.2 21.2
bc +C;’l +ab :a2b2C2(%+%+%j:azb2C2-(X3+y3+ZS)
a C a C

Tt x+y+2z=0 hay x+y=-z nén ta duoc

X4y’ +3xy (x+y)=(—2) @ X’ +y’ =3xyz=-2" <X +y’+2’ =3xyz

Vay + - + =3abc.

Bai . Cho a, b, c 1a cdc s6 khéac 0 thoa man a’b’ +b’c’ +c’a® =3a’b’c’. Tinh gid tri

biéu thitc P :(1+3J(1+E](1+Sj.
b C a

Dat ab=x;bc=y;ca=z ta duoc.
Bién d6i x° +y° +z° =3xyz ta dugc x+y+z=0 hodc x=y=z.

+V6i x+y+2z=0 ta duoc ab+bc+ca=0. Tt d6 bién d6i biéu thirc P ta duoc

P=(1+%j(1+EJ[1+EJ= (a+b)(b+c)(c+a) (ab+bc)(cb+ca)(ac+ab) .

c a abc B ( abc)z

+ Vi x=y =z ta duwoc ab=bc=ca hay a=b=c. Ttt d6 bién biéu thitc P ta duwoc

S U Ui

Bai . Cho cdc s x, y, zthda x+y+z=1va xX’+y’ +z° =1.
Tinh gid trj ctia biéu thitc A =x"" +y*" +2°".

Tkt x+y+z=1 ta dugc (x+y+z)3 =1.Kéthop véi x°’ +y° +2° =1 ta duoc



(x+y+z)3—(x3+y3+z3)=0<:)(x+y+z)3—XS—y3—z3 =0
x+y+z)3—z3—(x3+y3):0

<
<:>(x+y+z—z)[(x+y+z)2+(X+y+Z)Z+Z2}—(X+Y)(X2_Xy+y2):0
@(x+y)(x2+y2+z2+2xy+2yz+2xz+xz+yz+22+Z2—X2+XY_Y2)=0
< (

x+y)(3z2 +3xy+3yz+3xz)=0 < 3(x+y)(y+z)(x+2)=0
Do d6 trong ba s x, y, z ¢6 hai s6 d6i nhau va mot s6 béng 1. Ttr d6 ta dwoc A=1.
Bai . V6i gia tri nao ctia ava b thi da thtic (x—a)(x—10)+1 phan tich thanh tich
cua mot da thic bac nhat co hé s6 nguyeén.
Gia st (x—a)(x—10)+1 = (x—m)(x—n) véi m va n la cac s6 nguyén.
Khi d6 khai trién ta duoc x* —(a +10)x+10a +1=x> —(m +n)x+mn.

A Y A ~ . ~ m+n:a+10 /4 ? A ~ /4
Pong nhat hé s6 hai vé ta duoc . Do d6 khir hé sO ata cod
mn=10a+1

mn =10(m+n-10)+1< mn-10m-10n+100=1< m(n-10)-10(n-10) =1

Vim van la cac s6 nguyén ta cd { hoac 10=—1 "
n-10=-

m-10=1 m-10=-1
n-10=1

Dbén day ta dugc a=8 hodc a=12 thoéa man yéu cau bai toan.

N e \ I3 A A A J4 2 ~ 1 ]. 1 ’
Bai . Cho a, b, cla cac s6 doi mot khac nhau thoaman a+—=b+—=c+—=x.Tinh
C a

gia tri cta biéu thiee P =x.abc.

Ie 1 1 A - 7 - \ -
Tacd a+—=b+—- nén a—b:u.Tucmgtuta 6 b-c="2vac-a=2 b
C bc ac ab

b-c c—-a a-b
. . =
bc ac ab

Do d6 ta duoc (a—b)(b—c)(c—a) = (abc)2 =1l abc=41.

+Neéu abc=1 thi ta ¢ P =x. Khi d¢6 gia thiét tro thanh a+ac=b+ba=c+cb=x.

{x3 =(a+ac)(b+ba)(c+cb)=abc(a+1)(b+1)(c+1)=(a+1)(b+1)(c+1)
a+b+c+ab+ac+cb=3x

x> =abc+ab+ac+bc+1+a+b+c=ab+ac+bc+a+b+c+2
a+b+c+ab+ac+cb=23x



Do vay x’ =3x+2 < x e {—1;2}. Dé thay khi x=2 thisuy ra a=b=c=1. Tr]ongf
hop nay loai do a, b, ¢ d6i mot khac nhau. Ttr d6 ta dugc x =—1 nén ta tinh duwoc
P=-1

+ Néu abc=-1, bién doi hoan toan tuong tw a—ac=b—ba=c—cb=x. Do do6

@{x3 :(a—ac)(b—ba)(c—cb):abc(a—l)(b—l)(c—l):(a—l)(b—l)(c—l)

a+b+c—ac—ba—-cb=3x

x> =abc—ab—ac—bc—1+a+b+c=—-ab—ac—bc+a+b+c-2
a+b+c—ac—ba—-cb=3x

Ttr d6 ta duoe x* =3x -2 < x &{1;-2}. Dé thdy khi x=-2 thisuyra a=b=c=-1.
Tr]ongf hop nay loai do a, b, ¢ d6i mot khac nhau. Ttr d6 ta dwoc x =1 nén ta tinh
duoc P=-1

Vay gid tricaaPla P=-1.

Bai 23. Cho ba s0 a, b, ¢ thoa cac diéu kién a—b=7;b—c=3. Tinh gia tri ctia biéu

a’+b’*+c*—ab—bc—ca

thirc P = —
a-—c —2ab+2bc

Nhin vao t s6 ctia P ta c6 bién d6i quen thudc

(a—b)2 +(b—C)2 +(c—a)2
2

a’+b*+c?—ab—bc—ca=

Ttr day phai bién doi gia thiét d€ xuat hién thém c—a.
Taco c—-a =—(b—c)—(a—b)=—3—7=—10.
Dat T 14t cta ctia P ta dwoc T = 79. Dt M 1a mAu cua P, khi d6 M cling co thé
phan tich thanh tich dwoc thanh
M= (a—c)(a+c—2b):(a—c)(a—b+c—b):40

Vay ta duoc P :E .
40

Bai 26. Cho cac sO a, b, ¢ khac 0 va khac nhau d6i mot théa man a® +b® + ¢ =3abc.

ab? bc? ca’
2 2 2+ 2 2 2+ 2 2 2
a+b°"—-c© b°+c"—-a° c +a"-b

Tinh gid tri cta biéu thiec P =

Do a’+b’ +¢’ =3abc ta suy ra duoc (a+b+c)(a2+b2+cz—ab—bc—ca):0.



Do a’+b*+c*—ab—bc—ca>0 vdi a, b, c d6i mdt khdc nhau nén a+b+c=0.

Khi d6 ab’ _ ab’ _ ab? _ b? _ b? _b
a’+b*-c? a2+(b—c)(b+c) a2+(b—c)(—a) a+c-b -b-b -2

bc? c . ca a X h 22 A
Tuong t¢ ————— =— va ———— =—. COng theo vé cac dang thirc trén ta
b +c -a" -2 c+a -b° -2

ab? bc? ca’ b ¢ a 1
duoc P= + + =—+—+—=——(a+b+c)=0.
i a’+b*—-c* b*+c?-a® F+at-b* 2 2 =2 2( )

Bai . Cho a, b, ¢ d6i mét khac nhau thoa man ab+bc+ca=1. Tinh gia tri biéu thic:

(a+b)2 (b+c)2 (c+a)2

VAT ) )1 e)

(a2 +2bc—1)(b2 +2ca—1)(c2 +2ab—1)
(a—b)2 (b—c)2 (c—a)2

a) Tacd 1+a’ =ab+bc+ca+a’=(a+b)(a+c)

Tuong tu ta c6 1+b* =(a+b)(b+c) va 1+c* =(b+c)(c+a).

2 2

=1.

o dé =(a+b)2(b+c)2(C+a)2=(a+b) (b+c) (C+a)2
oA AT ) (1w )(1+¢) (avb) (brc) (coa)

b) Ta cé a* +2bc—1=a’+2bc—ab-bc-ca=(a-b)(a-c).
Tuwong ty b° +2ca—1:(b—c)(b—a) va ¢’ +2ab—1:(c—a)(c—b).

Do dé B — (a2 +2b(:—1)(b2 +2ca—1)(c2 +2ab—1) _ (a—b)z( )z(c—a)z .

(a—b)2 (b—c)2 (C—a)2 (a—b)2 (b—c)z(c—a)2

Bai . Cho c4c s8 thuc x, y, z thoa man cac diéu kién x+y+z=2, x* +y> +z> =18 va

o
I
0

1 1 1
+ + .
xy+z—-1 yz+x-1 zx+y-1

xyz =-1. Tinh gid tri ca S=

Ta cod Xy+z—1=xy—x—y+1=(x—1)(y—1)

Tuong tu yz+x—1=(y-1)(z-1) va zx+y-1=(z-1)(x-1). Suy ra ta duoc



- 1 N 1 1 _ X+y+z-3

G-) -1 (z0x-1) (x-)(y-1)(z1)

-1 1

- xyz—(xy+yz+zx)+(x+y+z)—1 - Xy +yz+zx

Ta co (x+y+z)2 =x’+y’ +2° +2(xy+yz+zx) nén xy+yz+zx=-7
Suy ra ta duwoc S = —;.
Bai . Cho cac s0 thuc x, y, z d6i mot khac nhau thoa man cac diéu kién
x’ =3x-1; y3 =3y-1; z’=3z-1
Chting minh rang x> +y” +2z”> =6.
Te x* =3x-1;y° =3y-1;2z° =3z-1 ta dugc

X3—Y3:3(X—Y) X +xy+y’ =3
y -2'=3(y-z) &y’ +yz+22=3

2’ —x’ =3(z-x) Z2+zx+x =3
Do d6 ta dugc x> -z +xy —yz=0< (x—y)(x+y+2)=0 < x+y+2=0.

Cong theo vé& cac dang thikc trén ta duoc 2(x2+y2+zz)+(xy+yz+zx):9.
Ha E 2 2 2 1 2 L2 2 2
y ta duoc z(x +y’+2z )+2(x+y+z) =9 doddé X’ +y* +7° =6.

Bai . Cho c4c s8 duwong a,b,c thoa man ab+bc+ca=1. Chttng minh rang

a-b b-c c-a
+ +
1+¢® 1+a* 1+b?

Tac6 1+a’ =ab+bc+ca+a’ =(a+b)(a+c). Hoan toan tuong tu ta 6

1+b* =ab+bc+ca+b? =(b+a)(b+c) va 1+c* =ab+bc+ca+c? =(C+a)(c+b)



a-b a-b a+c—b-c 1 1

1+c? _(c+a)(c+b)_(c+a)(c+b):c+b_c+a

Suv ra b-c _ b-c _ b+a-a-c _ 11
y 1+a’ (a+b)(a+c) (a+b)(a+c) a+c a+b
c—a c—a c+b-a-b 1 1

1+b? _(b+c)(b+a) _(b+c)(b+a) “b+a bic

, a-b b-c c-a 1 1 1 1 1 1
Do do ta duoc >+ S+ 5= - + - + - =0.
1+¢® 1+a° 1+b° c+b c+a a+c a+b b+a b+c

Bai . Choba s0 a, b, ¢ thoa man c? +2(ab—bc—ac)=0,b¢c va a+b=#=c. Chting

2a’—2ac+c® a-c
2b%-2bc+c®> b-c’

minh rang

Ta c6 ¢* +2(ab—bc—ac)=0 nén ta duoc
a’ =a’+c’ +2(ab—bc-ac)=(a* ~2ac+c”)+2(ab—b)
=(a—c) +2b(a-c)=(a~c)(a—c+2b)
Tir d6 suy ra
2a”—2ac+c’ =(a’ -2ac+c’)+a’ =(a—c) +a’
=(a—c) +(a-c)(a—c+2b)=2(a~c)(a+b-c)

Tuong tu ta c6 2b* —2bc+c” =2(b-c)(a+b—c).

Do dé 2a® —2ac+c’ :2(a—c)
2b* —2bc +c? Z(b—c)

(a+b—c) _a-
(a+b—c) b-

c
c

Bai . Cho cdc s8 thuc a, b, x, y thdaman x+y=a+b va x* +y” =a’ +b’. Ching
minh réng x" +y" =a" +b" véin la mot s6 nguyén duong.

Tacod x> +y* =a’ +b*> & (x—a)(x+a)+(y—-b)(y +b)=0.

Ma x—a=Db—y thay vao trén ta duoc (b—y)(x+a—b—y):0.

+Néu b—y =0 thi ta dugc b=y . Do dé ti gia thiét ctia bai toan ta duwoc a=x.
Nhu vay ta duwoc x" +y* =a" +b’

+Néu x+a-b-y=0<x-y=b-a<2x=2b<x=b dodd y=a.Do vay ta

dwoc x" +y" =a" +b".



Bai . Cho x, y, z 1a cac s6 thuc dwong théa man 2x° +iy3 —Xyz = _2_27 7% Tinh gia
6 3 2 2020

tri ctia biéu thite N=| 1 _OXtoy—~sz
6x -3y +2z

3

; & (6x)3 +(3y)3 + (22)3 =108xyz.

Ta c6 2x° +iy3 —Xyz =
Dt a=6x;b=3y;c=2z. Khi d¢ gia thiét tré thanh a’ +b’ +c” =3abc.

Bién doi gia thiét ta duoc (a +b+c)[(a —b)2 +(b—c)2 +(C—a)2} =0.

Do x, y, z la cac s duong nén a, b, c cling la cac s6 duwong, suy ra a+b+c>0. Do
d6 tir dang thirc trén ta duoc (a—b)2 +(b—c)2 +(c—a)2 =0 nén a=b=c. Nhu vay

ta duwoc 6x =3y =2z. Do d6 suy ra

6x+3y-22) 22+22-22 )"
Nz|p OXtHoy—2z\ [, 2z+2z-22) 4
6x -3y +2z 27—-27+2z

Bai . Cho cac s0 thuc x, y, z khac 0 théa man x khacy va
x(y2 —xz)(l—yz) = y(x2 —yz)(l—xz)

Chting minh rang l+l+l:X+y+Z.
X y z

Bién d6i gia thiét ctia bai toan ta dugc
(x2 —yz)y(l—xz) = x(l— yz)(y2 - xz)
o Xy =X yz—y’z+xy’z’ =xy’ —xX’z-x"yz’
o Xy=xXyz—y’z+xy’z’ -xy’ +xX’z+xy’z-x"yz’ =0
<:>xy(x—y)—xyz(yz+y2 —xz—x2)+z(x2 —y2):0
<:>(x—y)[xy—xyz(x+y+z)+xz+yz}:0

Do x khac y nén suy ra xy+xz+yz—xyz(x+y+z):0.

Hay xy +xz+yz= xyz(x+y+z) . Lai do x, y, z khac 0 nén ta dwoc

1 1 1
Xy +XZ+Yyz=Xyz(X+y+z) Xty +z=—+=+=
Xy z

Vay bai toan dugc chirtng minh.

Bai . Chirng minh véi moi s6 nguyén n thi n® —n chia hét cho 6.



Tacé n’—n=n(n’~1)=(n-1)n(n+1). Biéu thiic la tich ctia 3 s§ nguyén lién tiép
nén suy ra (n’-n):6.
Bai . Chting minh rang n® —n* —n”+1 chia hét cho 128 véi n 1a s3 1é.
Tac6 n°-n‘-n’+l=n‘(n’~1)-(n>~1)=(n?~1)(n* ~1)=(n>~1) (n’+1)
Vinla s6 1é nén dat ton tai s6 nguyén k d€ n=2k+1. Khi d6 ta ¢
(n*-1) = [(2k+ 1) —1}2 = (4 +4K)" =4k (k+1)]
2,

Ta c6 k(k+1) chia hét cho2nén nén | 4k(k+1)] i64.

Mt khac n® +1=(2k+1) +1=4k* +4k+2 =2(2k? + 2k +1) chia hét cho 2.

Do d6 ta duge n® —n*—n® +1=(n”~1) (n® +1):128.

Bai 34. Chit s6 hang don vi trong hé thap phan cia s6 M=a”+ab+b” (vdi a, b la
cac sd ty nhién khac 0) 1a 0.
a) Chtrng minh M chia hét cho 20.

b) Tim ch s6 hang chuc cia M.

Loi giai
a) Vi chtr s0 tan cung ctia M 1a 0 nén M chia hét cho 5. Xét cac treong hop sau
+Caavabdéulasdlénén a® va b> déu lasd1é, suy ra M la s6 1¢, truong hop nay
khong xdy ra
+ Mot trong hai s6 a va b ¢ mot s8 chan va mot s6 1¢, khdong mat tinh tong quat ta
gia str a 1a s&'1¢, b 1a s& chdn. Khi d6 a® 1a s8¢ va b? 1a s6 chdn nén M 1a s6 1¢,
treong hop nay cling khong xay ra.
Do d6 ca hai s6 a va b déu la s8 chan. Khi d6 M chia hét cho 4, tir d6 suy ra M chia
hét cho 20
b) Tac6 (a’+ab+b*)(a—b)=a’—b’i5 nén (a’~b’)(a’ +b°):5
Laicé a®—a” =a? (a —1)(a+1)(a2 +1)§5 . Tuong tw ta c6 b° —b*:5.

Do d6 ta dugc a> —b*:5, tir d6 ta duoc ab(a—b)fS nén ta co




ab(a—b)(a—b)§5<:>ab(a2—2ab+b2)§5
Suy ra abM:5. Ttr d6 suy ra ab.3ab:5 nén ab:5
Tac6 M=a’+ab+b’i5 suy ra bM =ab(a+b)+b’:5. Ma ab(a+b):5 nén b’:5 hay
b:5
Suy ra a*=M-b(a+b):5 nén a’i5 hay a5 nén M:25.
Lai c6 4 va 25 la hai s6 nguyén t0 cuing nhau nén M:100 hay chit s6 hang chuc ctia

M1a 0.

Bai 83. Cho p, q 14 hai s6 nguyén 6 16n hon 5. Chting minh rang p* +2019q* chia
hét cho 20.
Trich dé TS 16p 10 truong THPT Chuyén Thanh pho Ha Néi ndm hoc 2018 — 2019

Loi giai
+Loi gidi 1. Ta 6 p* +2019q* =p* —q* +2020q*. Do d6 dén ching minh
p* +2019q* chia hét cho 20 ta can chiing minh p* —q* chia hét cho 20. D&y rang ta
6 20=4.5 va (4,5)=1 nén ta di chitng minh p*—q* chia hét cho 4 va 5.
° Tac p*~1=(p-1)(p+1)(p’+1) va q*~1=(q-1)(q+1)(q*+1). Dop Do p vaq
1a céc s8 nguyén t& 16n hon 5 nén p va q la cac s6 nguyén t lé nén (p-1)(p+1) va
(q—1)(q+1) ciing chia hét cho 4. Diéu nay dan dén p*-1 va q* -1 cling chia hét
cho 4.
Dén déy ta suy ra dwoc p* —q* =(p* —1)—(q* ~1) chia hét cho 4.
o Ta c6
p'—1=(p-1)(p+1)(p*+1)=(p-2)(p-1)(p+1)(p+2)+5(p—1)(p+1)(p* +1).
Déy ring (p-2)(p-1)p(p+1)(p+2) chia hét cho 5. Ma do p la s6 nguyén t5 16n
hon 5 nén khéng chia hét cho 5, do vay ta c6 (p—2)(p-1)(p+1)(p+2) chia hét cho
5. Ttr day suy ra p* —1 chia hét cho 5. Lap luan hoan toan twong tw ta cling c6

q" —1 chia hét cho 5. Dén day ta suy ra p* —q* chia hét cho 5.

Két hop cac két qua trén ta c6 diéu phai chitng minh.




Bai 88. Cho hai s6 nguyén duwong m, n thoa man m+n+1 la mot wc nguyén t&
clia 2<m2 +n’ ) —1. Chttng minh rang m.n 1a mot s chinh phwong.

Trich dé TS 16p 10 truongTH PT Chuyén Phan Béi Chiau Nghé An ndam hoc 2018 —
2019

Loi giai

Gia st m va n la hai s6 nguyén dwong khac nhau. Khi d6 ta ¢

(m+n)2 —1=(m+n—1)(m+n+1)f(m+n+1)
Ma theo gia thiét ta c6 Z(m2 +n’ ) —1 chia hét cho m+n+1
Do d6 ta cé Z(m2 +nz)—1—[(m+n)2 —1}E(m+n+1). Do d6 ta duoc
(m—n)zf(m+n+1).
Lai do m+n+1 la mdt s6 nguyén t6 nén tir trén ta suy ra duoc |m —n|§(m +n+1).
Khéng mat tinh tong quat ta gia st m >n, khi d6 tacé m—ni(m+n+1).
Tt d6 suy ra m—n>m+n+1<2n+1<0, diéu nay vo li vi n 1a s6 nguyén duong.

Do vay diéu gia stt m va n khac nhau la sai nén suy ra m=n. Tt d6 ta <6 man=m"

la mot s6 chinh phuwong.

5 5

e v _ N _ A5, 45 5
Bai 94. Dat N=a, +a, +a, +...+a,,, +a,,, va M=a] +a, +a; +...+a,,, +a,,,

trong

do a;;a,;a,;...;a,, la cac so nguyén duong. Chitng minh rang néu N chia hét

cho 30 thi M chia hét cho 30.
Trich dé TS 16p 10 truongTHPT Chuyén Tinh Hai Duong nim hoc 2018 - 2019

Loi giai

Vi a la sO tw nhién ta co

=a(a—1)(a+1)<a2 —4)+5a(a—1)(a+1)
)(a+1)(

a-2 (a+2)+5a(a—1)(a+1)
Dé'y rang (a—2)(a—1)a(a+1)(a+2) va (a—l)a(a+1) chia hét cho 2, 3 va 5. Ma ta

6 2, 3, 5 nguyén td v6i nhau theo tirng déi mot nén ta cd




(a—2)(a—1)a(a+1)(a+2) va 5(a—1)a(a+1) chia hét cho 30. Do véy a’ —a chia

hét cho 30. Ta cé

5 5
2017 + a2018

_ (A5 _ 5 5 5
=(a}—a,)+(a;—a, )+ (a3 —a, )+ .+ (a5 — 25 )

M-N-= (af +a§ +a§ +...+a )—(a1 +a,ta, +..ta,,, +a2018)
Ap dung cach chitng minh nhw trén ta c6
(ai3 —al);(ag —az);(ag —as);...;(ai018 —azms) cung chia hét cho 30. Do vay M—N chia
hét cho 30. Ma ta ¢6 N chia hét cho 30 nén suy ra M chia hét cho 30.
Bai . Cho biéu thtic A =2a’b” +2b’c” +2a’c* —a* —b* —c*. Chttng minh rang néu a,
b, cla do dai cac canh cia mot tam gidc tam gidc thi A nhan gid tri duong.
Ta cé
A =2a’b* +2b%c* +2a’c® —a* -b* —c* =4a’b’ —(2azb2 —2b’c* —2a’c* +a* +b* + c4)
= —[(b2 +c? —az)2 —4b2c2} = —[(b2 +c? —az)—ZbC}[(b2 +c? —a2)+2bc}
—| (b=c)’~a? || (b+c) ~a” |=~(b-c-a)(b-c+a)(b+c-a)(b+c-a)
=(b+c-a)(c+a-b)(a+b-c)(a+b+c)
Via, b, cla d6 dai ba canh ctia tam gidcnén a+b—-c>0;b+c—-a>0;c—a+b>0.
Do vay A nhan gia tri duong.
Bai 18. Trén bang cho 2014 s6 ty nhién tir 1 dén 2014. Thye hién lién tiép phép bién
d6i sau: Moi Tan xo4 di hai s6 bat ky a, b c6 trén bang roi viét thém s6 a+b —%ab
vao bang. Khi trén bang chi con lai dung mot s6 thi ding lai. Tim s6 con lai do.
Loi giai
Trong qua trinh bién doi, gia st trén bang c6 day sd a,; a,; ...; a,_
Ta xét biéu thitc sau P = ‘(a1 ~2)(a,-2)...(a, —2)‘ . Ta chting minh su mdi [an xda
thi gia tri bi€u thic P giam di hai lan.

Gia str ta x6a di hai s8 a va b khi d¢ tich P mét di thira s§ (a—2)(b-2) nhung

‘ (a-2)(b-2)|
2

khi thay bang a+b—%ab thi tich P c6 thém thtra s0 a+b—%ab—2 =




giam di mot ntra nén P giam di mot niza. Khi xa di hai s8 va thay bang mot s6 nén
sau mdi [an xda trén bang gidm di mot sd.

Ma trén bang c6 2014 s& nén sau 2013 Tan xda thi P giam di 2*°" lan.

Khi d6 ta c6 gid trj P=|(1-2)(2-2)...(2014-2)[=0

Gia str sO con lai trén bang la x khi d6 ta cd P = ‘X—Z‘ =0 hay x=2.

Vay s0 cudi cung trén bang la 2.

Bai 3. Nguoi ta viét trén bang day cac sO ty nhién lién tiép tir 1 dén 100. Thyc hién
tro choi nhu sau: Tién hanh xda hai s6 a, b bat ki trong day so trén va viét lai mot s&
1a a® +b’. Thyc hién tro choi nhu trén cho dén khi trén bang con lai mot s6. Hoi s6
con lai trén bang co thé la 9876543212016 khong.

Bai 3. V6i day sO tu nhién tir 1 dén 100 ta co6 tong

(100+1).100

1+2+3+...+100 = =5050

Tién hanh xda hai s6 a, b bat ki trong day sd trén va viét lai mot sd la a’® +b°. Khi
dé tong day so trén bang tang mot dai lwgng (a3 +b’ ) ~(a+Db).

Ta thdy 1+2+3+...4100=5050 chia 3 c6 s6 dw la 1.

Lai thdy (a3 +b3)—(a+b) =(a-1)a(a+1)+(b-1)b(b+1).

Do d6 dai legng ting 1én ludn chia hét cho 3. Nhu vay sau mdi [an tién hanh tro
choi thi tong day s6 trén bang ludn chia cho 3 ¢6 s dw la 1. Ma ta lai c6

9876543212016 chia hét cho 3. Do d6 sau mot sO [an tién hanh tro choi thi trén bang
khong thé con lai s6 9876543212016.





