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LOI GIGI THIEU

Nhiing bai toan phuong trinh ham ngay nay da trd nén rat pho bién déi véi cac ban
hoc sinh yéu Toan vi chiing da xudt hién thudng xuyén trong cac dé thi hoc sinh gidi
cac cap ciing nhu ki thi chon doi tuyén qudc gia, VMO hay cac ki thi khu vuc va
qudc té€ ma ta dugc biét dén. Pac biét, trong cac 16p dang phuong trinh ham, thi
dang phuong trinh ham trén cac tap rdi rac la mét mang dugc it cac hoc sinh cha y
t6i bai do kho va chua dugc ti€p xic nhiéu dong thai ngoai viéc st dung cac ki thuat
x 1y phuong trinh ham co ban chang ta con phdi st dung céac tinh chat s6 hoc rat
ddc sdc cta tap roi rac nhu la: tinh chia hét, tinh chat cla s6 nguyén t6, cla so
chinh phuong,... Trong ebook nay chang t6i s& mang t6i cho ban doc tuyén tap cac
bai toan phuong trinh ham trén tap roi rac va mét sé bai toan phuong trinh ham
khac hay va kho véi nhting 10i gidi vo cung ddc sdc nham gidp ban doc co thé co
nhiéu cach nhin khac vé mang toan nay dong thoi ciing nhu chuan bi cho céac ki

hoc sinh gidi, olympic.

Minh xin gli 16i cdm on t6i

1. Thay Huynh Kim Linh — THPT chuyén L& Quy Pon — Khanh Hoa — Da gop y
giGp bon minh vé phan noi dung.

2. Ban La Thi Bong Phuong — Dai hoc Hoa Sen — Ba gitp bon minh chinh stia ban

thdo dé hoan thién hon.

Mot |an ndia gli 16i cdm on cac ban, cac thy co da Gng ho va theo déi fanpage suét

thai gian qua. Hy vong ebook nay sé gitp ich dugc cho moi ngudi. Thank you!

Nhém tac gid
Nguyén Minh Tudn
Doan Quang Tién
Tén Ngoc Minh Quén
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Phuong trinh ham trén t4p roi rac 4

Clzuyén dd
PHUGNG TRINH HAM TREN TAP ROI RAC

Tap chi va tw /i_éu toan lzpc

Dé giai quyét cac bai toan phurong trinh ham trén tap roi rac ma co thé giai bang cac tinh

chat s hoc thi nén lvu y dén mot sd dau hiéu sau:

Néu xuat hién cac biéu thiic tuyén tinh chita liy thira, c6 thé nghi dén cac bai toan
lién quan dén cap cua phan ti, cdc phuong trinh dac biét nhw phuong trinh Pell
hay phwong trinh Pythagore,...hay dwa vé viéc xtr ly cac phuong trinh vd dinh
nghiém nguyén.

Néu ham s6 da cho la ham nhan tinh, ta thwong hay xét dén gia tri ham s0 tai cac
diém la sd nguyén t6 hodc day vd han cac s6 nguyén to.

St dung cac dang thiic va bat dang thiic s8 hoc.

Va dac biét nhét, trong mot sd bai toan, hé co s6 dém cd thé dung dé€ xay dung
nhiéu day sO co tinh chat sd hoc thu vi. Trong hé co s6 10 chung ta c6 thé rat kho
nhan ra quy luat caa day, nhung néu chon dwgc hé co sd phu hop thi bai toan c6
thé giai quyét don gian hon rat nhiéu.

Néu ¢>2,¢eN,véi g 1a co sd dém, thi moi s6 nguyén duong M déu biéu dién

duy nhat duéi dang;:

M=aa,..a, =a,8"" +a,8"" +..+a, ,g+a, v6i 1<a, <g-1,0<a,<g-1,Vi=2,n.

Co s6 dém ma hay duoc st dung trong cac bai toan phwong trinh ham trén tap roi rac la 2

va 3.

Sau day, chung toi sé dé cap dén cac bai toan phuong trinh ham ma st dung céc tinh chat

cling nhut cdc phuong phap trong s8 hoc d€ giai, nham gitip ban doc hiéu rd hon va c6 mot

cai nhin méi mé hon vé cac phuwong phap khac dé€ giai phuong trinh ham, bén canh d6

chung t6i cling sé gidi thiéu cho ban doc cac bai todn phuong trinh ham va kho trong tai

liéu nay. Nao cung bat dau nhé!
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> Bbi duding hoc sinh gidi

. DE BAI
Cau 1. Tim tat cd cdcham s6 f:N — N thoa man diéu kién sau:

3f(n)-2f(f(n))=n,vneN

Cau 2. Tim tat ca cicham s6 f:N — N thoa man diéu kién sau

(m+n)f(m2 +n*)=mf (n)+nf (m),Ym,neN (1)
Céau 3. Choham sd f:N" — N thoa man diéu kién sau:

f(n+1)> f(f(n)),VneN
Chting minh rdng f(n)=n,vneN".
Cau 4. Tim t4t cA cicham s6 f:N — N thoa man diéu kién sau:
x’ +f(y)‘f2 (x)+y,Vx,yeN (+)
Cau 5. Tim tat ca cdc ham s6 f:N* — N thda man diéu kién sau:
F(m)+ £

Cau 6. Tim tat ca cicham f:N— N thoa man ton tai s6 k€ N va s6 nguyén td p sao cho

véimoi n=k, f(n+p)=f(n) vanéu mn thi f(m+1)|f(n)+1.

(m2 +n)2 ,Vm,neN (*)

Cau 7. Cho p la sd nguyén t0 lé. Tim tat ca cic ham f:Z — 7Z thdéa man dong thoi cac
diéu kién:

i) f(m)=f(n)véi m=n(modp)

ii) f(mn)=f(m)f(n),VYmneZ

Cau 8. Tim s6 nguyén khong am 1 nho nhét sao cho ton tai ham s6 f : Z — [0,+) khac
hang s& théa man dong thoi cac didu kién:

i) f(xy)=f(x)f(y),vayel

ii) Zf(x2 +y2)—f(x)—f(y) €{0,1,..,n},Vx,yeZ

V6is6 n tim dugc, hay tim tat ca cac ham s6 thda man.

Cau 9. Giastham s f:N — R thoa man cac diéu kién sau:

1+f(n—;1j if n=2m+1
f(1)=1va f(n)= ;
1+f(5j if n=2m
Tim céc gid tri cua n sao cho f(n)=2019.

Cau 10. Tim tat ca cicham sd f:N — N thoa man cac diéu kién sau:
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v6i moi s6 nguyén duong 7.

Cau 11. Choham s6 f:Z" —Z" thoa man dong thoi cac diéu kién:
28 v6imoi n

e f(a).f(b)=f(c) v6imoi a,b,ceZ” va a* +b* =¢

e f(n)laudcctan

a) Chttng minh rang néu n 1é hodc ni4 thi f(n)=1
b) Goi A 1a tap hop gia tri c6 thé ¢6 cia f(2)+ £(2018). Tinh |A|
Cau 12. C6 ton tai ham sd f:S — S thoa méan diéu kién
f(a)f(b)= f(a2b2),Va,b €S,a#b khong, trong d6 S=N"\{1}?
CAau 13. Tim tat cad cdcham s§ f:N — N thoa man diéu kién
(n=1)" < f(n) f(f(n))<n*+n,¥neN".
Cau 14. Tim tat caham sd f:R — R thoa man dong thoi hai diéu kién sau:
i) x+f(y+f(x)=y+f(x+f(y)) véimoi x,y e R;
f(x)=f(v)
x-y
Cau 15. Tim cacham s f:N"— N thoa man £ (m)+ f (n)|(m* +n)2 ,Vm,neN

ii) Tap hop I :{

X, yeR,x# y} la mot khoang

Cau 16. Cho ham f(x,y) thoa man cac diéu kién:
e f(0,y)=y+1;f(x+1,0)=f(x,1)
o fx+Ly+1)=f(x f(x+1y))
Véi moi s6 nguyén khéng am x,y . Tim f(4,1981)?
Cau 17.Choham f:Z" - Z" théa man cac diéu kién sau:
i) f(n+1)>f(n);VneZ'
ii) f(f(n))=3nvneZ"
Hay tinh f(2003).
Cau 18. Cho f(n) la ham s6 xdc dinh v6i moi n e N va ldy gid ti khong am théa man tinh
chat:
e VnmeN :f(m+n)—f(m)-f(n) 14y gid tri 0 hodc 1
e f(2)=0va f(3)>0.
o f(9999) =3333.

Chinh phuc olympic todn| 3



> Bbi duding hoc sinh gidi

Tinh f(2000).
Cau 19. Cho f, g 1a cac ham xac dinh trén R théa méan diéu kién
fx+y)+f(x-y)=2f(x)8(y), vx,y R
Chting minh rang néu f (x) #0 va |f(x)<1,VxeR thi ‘g(yo)‘ =a>1
Cau 20. Choham sd f:R — R thoda 2 diéu kién
i) f(x)=1+x;vxeR

i) f(x+y)zf(x).f(y);vx,yeR
Chiting minh rfmg khong thé ton tai hai s6 a;beR ma f(a).f(b)<0

Cau 21. Cho f(x,y)= ‘/20203 cos2(x+y)+acos(x+y+a) véi a,aeR.

Chting minh rang min(f(x,y))2 Jr(maxf(x,y))2 > 2003.

x”+1 ,Vx#0.

Cau 22. Choham so f(x)=

Giast fy(x)=x va f, (x)= (fnl(x))VneN Vx#0.

Chttng minh VneN, Vx # 101f”( ) =1+ L

o (%) f(x+1)2"

x—1

Cau 23. Choham s§ f:N xN — N la ham s8 thoa man dong thoi cdc diéu kién sau:

b £(11)-

ii) f(m+1,n)=f(mn)+m,VYmneN

iii) f(m,n+1)=f(m,n)—n,vmneN

Tim t&t ca cac cap s6 (p,q) sao cho f(p,q)=2019.
Cau 24. Tim tat ca cacham sd f:N — N thoa man cac diéu kién sau:

i) 0< f(x)<x®,VneN

ii) f(x)—f(y) chiahétcho x—y véimoi x,yeN,x >y

Cau 25. Tim t4t ca cic ham s6 f:Q, - Q| matdp Q| ={x e QJx >0} thoa man:
o)

f(x+y)’vx’yEQ+ (1)

f(x)+f(y)+2xyf (xy) =

Cau 26. Choham f:Z" — R la mot ham s6 thoa man véi moi n>1 thi c6 mot sd nguyén

t0 p 1a wdc ctia n sao cho: f(n)+f(p):f(%J (1) va

f(32018)+f(52019)+f(72020):2017-
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Hay tinh gia tri cua biéu thire G = £(2018™)+ £(2019™" )+ f(2020*™)
Cau 27. Tim tit cd cicham s§ f:N — N thoa man:
2f° (m2 +nz):f2 (m) f(n)+ f(m)f*(n),vmneN
Cau 28. Gia st f : R — R 1a ham lién tuc va gidm sao cho véi moi x,y € R™ ta co
Flery) F(f(x)+f )+ f(y+f(x))
Ching minh rang f(f(x))=x.
Cau 29. Cho song anh f:N — N. Chttng minh rang ton tai v s8 bo (a,b,c) véi a,b,c e N
thoaman a<b<cva 2f(b)=f(a)+f(c).
Cau 30. C6 bao nhiéu ham f: N* - N* thoa man dong thoi cac diéu kién sau
a) f(1)=1
b) f(n) f(n+2)=9(f(n+1)) +1997, VneN*.
Cau 31. Tim tat cad cdcham s& f:N" — N’ sao cho.
a) f(2)=2
b) f(mn)=f(m).f(n)vSimoi mneN", UCLN (m,n)=1
o) f(m)< f(n) VmneN ,m<n,
Cau 32. Tim tat ca cdcham s8 f:Z — Z thoa man
f(m+n)+f(mn)=f(m)f(n)+1,VmneZ
Cau 33. Tim tat ca cicham s f:Z — 7Z thdéa man f(O) =2 va
f(x+f(x+2y)):f(2x)+f(2y),Vx,yeZ (1)
Cau 34. Tim tat cd ham s8 f:N—N sao cho f(f(n))+f(n)=2n+3,vneN (1)
Cau 35. Chitng minh rang ton tai duy nhat ham s f :N* — N* théa man
f(m+f(n))=n+f(m+b),vmmneN*(beZ)(i)
Cau 36. Hay xac dinh tat ca ham s f : N* — N' thoa man dang thuc:
f(n)+f(n+1)=f(n+2).f(n+3)—a (1)
Vi ala s6 tw nhién thoa man a—1 1a sd nguyén to.
Cau 37. Tim tat cd cdcham s8 f:N — N thoaman f,(n)+(a—1).f(n)=an+(t+a)k véi

fi.(n)=f(f(.-f(n))) v6i a, t las8 twnhién tiy y thoa man k(2t-1)<a-1.

|
t

Cau 38. Choham sd f:N— N thoa man:
{(f(2n+1)+f(2n)+1)(f(2n+1)—f(2n)—1)=3(1+2f(n))
f(2n)= f(n)

,neN

Chinh phuc olympic todn| 5



> Bbi duding hoc sinh gidi

Tim n sao cho f(n)<2009.

Cau 39. Tim tat ca cacham sd f:R — R thoa man:

1 1

Lt Lr )£ (0 £ (32)2
Cau 40. Cho neN(n>2) vahams6 f:Q — Q sao cho:

f(x" +y) =x"! (x)f(f(y));Vx,y eQ(*)
a) Gid st rdng f(2002)=0. Tinh f(2002).
b) Tim ham sG f.

,Vx,y,zeR.

O |-

Cau 41. Tim tat ca cicham sd f:N — N thdéa man
f(x+y2 +z3) =f(x)+f*(y)+f°(z) Vx,y,zeN
Cau 42. Chohamsg f:N — N thoa man dong thoi hai diéu kién:
a) f(ab)= f([a,b])f((a,b)) voimoi a,beN’,a#b; trong d6 [a,b], (a,b) 1an lwot la boi
chung nho nhét, wéc chung 16n nhét cua hai s6 nguyén duong a,b;
b) f(p+g+r)=f(p)+f(q)+f(r) véimoisd nguyénts p,q,r.
Tinh gid tri caa f(2013)? Ki hiéu N’ 1a tap hop tat ca cdc s nguyén duong.
Cau 43. Dat F=f:[0,1] >[0,1] va n>2. Tim gid tri nho nhat cua ¢ thoa man diéu kién
J.Olf(ﬁ/;)dx < cjolf(x)dx
Véi f eF va f laham lién tuc.

Cau 44. Tim t&t ca cdcham f:[-1,1] > R lién tuc, thoa man:

f(X)=f( zxz],we[—m]

1+x

Cau 45. Co thé ton tai hay khong mét ham sd f: R — R, lién tuc trén R va thoa man diéu
kién: V6i moi s6 thue x, tacod f(x) 1a s6 hitu ti khi va chikhi f(x+1) las6 vo ti.
Cau 46. Tim t4t ca cdcham s f:Q — Q thoa man diéu kién f(x)+ f(t)=f(y)+ f (z) voi
mois6 htruti x<y<z<t va x,y,z,t theo thx ty 1ap thanh cap s6 cong.
Cau 47. Gia st r,s € Q 1a hai sd cho trude. Tim tat ca cicham sd f:Q — Q thoa méan diéu
kién f(x+f(y))=f(x+7r)+y+s,Vx,yeQ?
Cau 48. Tim tat ca cdcham s8 f : Z — Z sao cho vdi tat ca cac sd nguyén a,b,c théa man
a+b+c=0, dang thiic sau la dung:

(F@) +(f @) +(£(e) =2 (a) £(0)+2£ (b) f () +2f (¢) f (a)
Cau 49. Tim tat ca cicham f,g:R" > R ¢6 dao ham trén R* thdéa man

F)=-8 ; gy - wreme

X X
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Cau 50. Tim tat cad cicham f :R, - R cé dao ham trén R’ thoa man
Flaw) = F(x)+ £ () v e B (1)
Cau 51. Tim tat ca cicham f:N— N thoa man
f(f(n))=n+b VneN (1)
trong d6 b 1a s6 nguyén dwong chan.
Cau 52. Tim tat ca cacham f:R" — R" thdéa man:
) f(xf (v))=yf () Yx,y <R (1)
ii) }Eﬂof(x) =0
Cau 53. Chttng minh rang ton tai song anh f:Z* — Z" sao cho
f(Bmn+m+n)=4f(m)f(n)+f(m)+f(n) Vm,neZ’
Cau 54. Tim tat ca cacham f:N— N thoa:
3F(f(f(n))+2f(f(n))+f(n)=6n, vneN
Cau 55. Tim t4t ca cacham s6 f :(0;+00) — (0;+w) thoa man diéu kién:
FUf(x))=yf (4f (x)) v,y €(0;+0) (1)
Cau 56. Chtrng minh réng ton tai duy nhat mét ham sd f xac dinh trén tap cac s6 thuc
duong, nhén gia tri thye duong va thoa man f(f(x))=6x-f(x).
Cau57. Ham s6 f :Z — 7Z thdéa man dong thoi cac diéu kién sau:
(1) £ () =n e 2 (1)
(ii): f(f(n+2)+2)=n,VnelZ (2)
(i): £(0) =1 o)
Tim gia tri £(1995), f(~2007)
Cau 58. Tim f:(0,1) > R théa man f(xyz)=xf (x)+yf (v)+2f (z) Vx,y,z€(0,1)
Cau 59. Tim tat ca cdcham f xac dinh trén N va thoa man dong thoi cac diéu kién sau:
2 (n) (k)2 (k=n) = 3F () £ (k) k2
[
Cau 60. Tim tat ca cdcham s8 f:N" — N’ thoa man dong thoi hai diéu kién sau:
{f(f(n))=n+2k,v neN keN
f(n+1)=f(n),VneN
Cau 61. Tim tat ca cicham sd f:N — N thoa man dong thoi hai diéu kién sau:
£(2013) =2016
{f(f(n))=n+4,VneN

Cau 62. Tim tat cd cAcham s8 f:N — N théa man diéu kién sau:

Chinh phuc olympic todn| 7



> Bbi duding hoc sinh gidi

f(n)+f(n+1) =f(n+1).f(n+3),VvneN (1)
Cau 63. Tim tat ca cacham f:R" — R" thdéa man:
f(x+f(y))=fx+y)+£(y)
Cau 64. Tim sd nguyén duong m nho nhat sao cho ton tai ham s6 f : N* — R\ {-1,0;1}
thoa man dong thoi cac diéu kién sau
i) £ (m) = £(2015), f (m+1) = £ (2016);

ii)f(n+m)=§EZ;;1, n=1,2,..

Cau 65. Xac dinh ham s6 f(x) lién tuc R — R" thda man dong thoi cac diéu kién:
e f(2x)=2f(x) véimoi xeR", (1)
. f(f3 (x)(ef(x) —1)) =x*(e"=1) f(x) véimoi xeR", (2)
o fle-1)=(e-1)f(1), (3)

o f(k) la s6 nguyén duong véi moi s6 nguyén duong k, (4)

Cau 66. Tim tat ca cdicham f:N — N thoa man dong thoi hai diéu kién sau:
e V6imoi cdp 4, b nguyén duong khong nguyén t6 cing nhau, ¢6 f(a).f(b)= f(ab)
e V6i moi bo 4, b nguyén duong ton tai mot tam giac khong suy bién c6 do dai ba
canhla f(a),f(b) va f(a+b-1).
Cau 67. Tim cdc ham s8 f:(1;+%) > R thoa man diéu kién:
f(x)=f(y)=(y—x)f(xy) véimoi x,y>1(1)
Cau 68. Tim tat ca cicham f:N — N’ théa man dang thtic:
f(f? (m)+2f%(n))=m*+2n*, véimoi m,neN".
Cau 69. Tim t4t ca cac s6 nguyén khéng am n sao cho ton tai mot ham f : Z —[0;+w) khac
hang thoa man dong thoi 2 diéu kién sau
D flxy)=f(x)f(y) Vxyel
ii) {2/ (x*+y*) - £ ()~ £ (v)
Cau 70. Tim tat ca cacham s6 f:N* — N* thoa man diéu kién:
Z(f(m2 +112))3 = f2(m).f(n)+ f*(n).f(m), VmneN

Cau 71. Tim tat ca cicham sd f:N — R thoa méan diéu kién:

. f(0)=c

x,yeZ} ={0;1,2;...;n}.
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Cau 72. Tim tat ca cacham s f:Z —Z thoa:
f(2a)+2f(b)=f(f(a+b))VabeR
Cau 73. C6 ton tai hay khong ham sd f:Z — Z sao cho
f(m+f(n))=f(m)-n,vmmneZ (1)
Cau 74. Choham s6 f:N — N la ham s6 thoa man cac diéu kién sau:
i) f(mn)=f(m)f(n),vmmneN
ii) (m+n) lawéccua f(m)+ f(n) véimoi m,neN
Chting minh rang ton tai mot s6 tw nhién 1é k sao cho f (n)=n",vneN.
Cau 75. Tim tat ca cdicham s§ f:N" — N’ thoa man dong thoi cdc diéu kién sau:
i) £(0)=0,f(1)=1
ii) f(0)<f(1)<f(2)<..
i) f(x*+y*)=f2(x)+f(y),Vx,yeN
Cau 76. Tim tat ca cicham sd f:N —Z thoa mam cac diéu kién sau:
i) Néu afp thi f(a)> f(b)
ii) f(ab)+ f(a’+b*)=f(a)+ f(b),Va,beN
Cau 77. Ton tai hay khong ham s& f:{1,2,..,n} - N théa man diéu kién:
i) f laham don anh
ii) f(ab)=f(a)+f(b) v6imoi a,be{1,2,..,n} va ab<n
Cau 78. Gia st Josephus c6 (n—1) nguoi ban, n nguoi nay dung thanh mot vong tron
danh s3 tlr 1 dén n theo chiéu kim dong ho, tu sat theo nguyén tic, nguoi thir nhat cam
dao dém 1 roi ty sat, nguoi thit hai dém 2 ro6i ty sat,...Qua trinh dung lai khi con mot
nguoi. Goi f(n) 1a ham s bi€u thi vi tri cia nguoi sdng sot d6. Cau hoi dat ra 13, hay tinh
Fn) 2
Cau 79. Cho hai ham s6 f,¢:N — N’ [a hai ham s6 thoa man dong thoi cdc diéu kién:
i) g la ham s6 toan anh
ii) 2f*(n)=n*+g*(n),VneZ’
Néu |f(n)-n|<2019vn, VneZ" thi f 6 v6 sS diém bat dong.
Cau 80. Tim tat ca cic ham s& ¢:N" — N thoa man diéu kién sau:
g(g(n)—n)+g(n+1)=3+n+g(n),vneN
Cau 81. Cho ba s6 thuwc a,b,¢ khong am, phéan biét sao cho ton tai ham f,g:R* - R thoa

man af (xy)+ bf[EJ =cf (x)+g(y) voi moi s6 thue duong x>y .
Yy
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> Bbi duding hoc sinh gidi

Chting minh rang ton tai ham 7:R* — R sao cho:
X
f(xy)+f[;}:2f(x)+h(y),wc >y >0
Cau 82. Tim tat cd ham s6 f:N — N thoa man:
nl+ f(m)| f(n)+ f(m!),vm,neN

Cau 83. Ton tai hay khong ham s§ f:N' — N thoa man diéu kién sau:

f(f(n))+3n:2f(n),VneN*

Cau 84. Tim tat ca cdc ham s8 ting thuc sy f:N' — N thoa man diéu kién sau:

f(n+f(n))=2f(n),vneN

Cau 85. Tim tat ca cac toan anh f:N — N sao cho véi moi m,n e N thoa man:

f(m)|f (n) = mln
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1. LOI GIAL.

Cau 1. Tim tat cd cicham sd f:N — N thoa man diéu kién sau:
3f(n)-2f(f(n))=n,vneN
Loi giai
Gia st f la ham sd thoa man diéu kién bai toan.
bat g(n)=f(n)-n,vneN.
Khi d6, thi ta duoc 2g(f (n))= 2[f(f(n))—f(n)} =f(n)-n=g(n),vneN (1)
Ap dung lién tiép (1) ta duoc
g(n)= 2g(f(n)) = 22g(f(f(n))) =.= ng(f(f(f(n)))), trong d6 c6 m dau f.
Nhu vy thi g(n) chia hét cho 2",VvmeN= g(n)=0,vneN hay f(n)=n,vneN
Thtt lai thi thay ham s6 f(n)=n,VneN thoa man yéu cau dé bai.
Vay tét ca cdc ham sd thoa man dé baila: f(n)=n,VneN.
Nhin xét. Viéc dat ham phu g(n)=f(n)-n,vneN gitp ta dua phuong trinh ham ban

dau vé dang mai dep hon. Va khi d6 ta phat hién ra thém duoc cac tinh chat cia ham méi
g(n) d€tr d6 ta 4p dung lién tiép cac tinh chat ay va két hop voi cac tinh chat s& hoc chia

hét d€ suy ra duwoc ham thoa man yéu cau dé bai.

Cau 2. Tim tat ca cicham s6 f:N — N thoa man diéu kién sau
(m+n)f(m2 +n2) =mf (n)+nf (m),vm,neN (1)
Loi gidi
Gia st f 1a ham s6 thoa man diéu kién bai toan.
Ki hiéu P(u,0) 1a phép the u,0 vao (1) thi ta dugc:
P(0,n)= nf(n2) =nf(0),VneN

Do d6 f(n*)=f(0),VneN.
bit g(n)=f(n)-£(0),VneN.
Khi d9, ta thay vo (1) ta dugc (m+n)g(m2 +n2) =mg(n)+ng(m),vm,neN (2)
Hon nita, ta con ¢ g(0)=0 va g(n’)=0,vneN
Kihiéu Q(u,v) la phép thé€ m=u,n=v vao (2) thi

Q(n,n)= 2ng(2n2) =2ng(n),vneN
Do d6 ta duoc g(ZnZ) =g(n),vneN va
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> Bbi duding hoc sinh gidi

Q(an,nz) = 3n2g(5n4) =n’g(n),vneN

Tir d6 suy rag(n)= 3g(5n4),Vn eN
Tt day ta ap dung lién tuc cac tinh chat trén, thi ta d6 ta suy ra

g(n)i3",vneN,keN
Suy ra: g(n)=0,VneN hay f(n)=f(0)=const,vneN.
Thtr lai thi ta thdy ham nay thdéa méan yéu cau bai toan.
Vay tét ca cac ham sd thoa man yéu cau bai toanla f(n)= f(0)=const,VneN.
Nhin xét. Cung teong tu nhu bai toan 1 ta nhin phuong trinh ham ban dau dwdi mét ham
phu khéc, bfmg cac phép thé co ban ta phat hién ra dwgc mét s6 tinh chat so khai ban dau.
Va bang phép dat g(n)= f(n)-n,vneN ta dwoc mdt phuwong trinh ham c6 dang y chang
phuong trinh ham ban dau, nhung ta lai duoc thém cac diéu kién rang budcla g(0)=0 va
g(nz) =0,Vn e Nnén tir d6 ta da deoc thém cdc rang budc, thuan loi cho viéc giai phwong
trinh. Phép dat nay rat hay, nd vira bao toan phwong trinh ham c¢6 dang y chang ban dau
va kem theo la cac diéu kién rang budc ma phuong trinh ham ban dau khong c6. Tt ddy,
tuong tu bai toan 1, ta phat hién cac tinh ch4t cia ham g(n) va st dung lién tuc chung va

két hop cung véi cac tinh chat chia hét d€ suy ra ham sd can tim.

Cau 3. Choham s§ f:N — N thoéa man diéu kién sau:
f(n+1)> f(f(n)),VneN
Chting minh rang f(n)=n,vneN".
IMO 1977
Loi giai
Gia st f 1la ham sd thdéa méan diéu kién bai toan.
Dit d = min{ f(n),neN } , theo nguyén lij cyc han thi d ton tai va duy nhat.
Goi me N’ sao cho: f(m)=d.
Néu m>1 thi d=f(m)> f(f(m-1)), mau thuan.
Do d6 f(n) dat gia tri nho nhét duy nhét tai n=1
Lap luén twong ty thita co f(2)= min{f(n),n eN ,n> 2}
Va lap luan lai qua trinh twong tu nhu trén ta dwoc:
f()<f(2)<f(3)...<f(n)<..
Tacd f(1)21 nén f(n)2nVneN

Néu ton tai 1, € N" ma f(n,)>n, thi f(n,)2n,+1.
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Suy ra f(f(n,))= f(n, +1), mau thun

Do d6, f(n)=n,vneN’,thit lai thdy thdoa man yéu cau bai toan.

Vay tat ca cac ham s6 thoa man yéu cau bai toan la: f(n)=n,VneN .

Nhdn xét. Bay la mot bai toan phuong trinh ham trong ki thi Toan Quéc T€ - IMO nam
1977, mdt bai todn phuong trinh ham véi diéu kién rang budc 1a ¢ dang bat dang thitc, rat
la va méi. Lam ta ndy ra y twdng sit dung nguyén ly cuc han dé danh gia dé ¢ diéu vo ly

va suy ra dugc ham s6 thoa man yéu cau dé bai.

Cau 4. Tim t4t cA cicham s6 f:N — N thoa man diéu kién sau:

X+ f(y ‘f )+y,Vx,yeN (+)

Loi giai
Gia st f 1a ham s6 thoa man diéu kién bai toan.
Trong (+) tath€ x=y =1 ta dwoc 1+ f(1 ‘f (H)+1=f(1)=
Trong (+) ta thé€ x =1 ta dwoc 1+ f(y) ‘f 1)+y=1+y,VyeN =y>f(y),VyeN (1)
Trong (+) tath€ y =1 ta duoc
x*+ f(1 ‘f x)+1,Vx,yeN <x +1‘f )+1,Vx,yeN = f(x)2x,VxeN (2)

Tt (1) va (2) tasuyra f(x)=x,VxeN ,tht lai ta thdy thoa man yéu cau bai toan.
Véy tat ca cac ham s8 thoa man yéu cau bai todnla f(x)=x,VxeN'.
Nhan xét. BDay la mot bai toan phwong trinh ham trén tap roi rac, ma cho duwdi dang chia
hét. Bang cac phép thé don gian cting véi cac danh gia s& hoc khong qua kho khan, ta ¢6
thé nhanh chéng danh gia dugc bién cua ham f va dé€ tir d6 ta suy ra duwgc ham s6 thoa

man dé bai.

Cau 5. Tim tat cd cicham sd f:N — N thoa man diéu kién sau:

f? (m)+f(n)‘(m2 +n)2 ,Vm,neN (*)
IMO Shortlist 2004
Loi giai
Gia st f 1a ham sd thdéa méan diéu kién bai toan.
Trong (*) tath€ m=n=1 ta duoc:
f2(1)+f(1)‘(12 +1) =4= f(1)=1,do f(1)eN va f(1)2

Trong (*) tath€ m=1 ta dugc:

£ ()+f(n)

(12 +n)2 NmneN <:>1+f(n)‘(1+n)2,Vne N
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Trong (*) tathé n=1 ta duoc:
f? (m)+f(1)‘(m2 +1)2 ,VmeN < f? (m)+1‘(m2 +1)2 ,VmeN
Véi p la mot s6 nguyén o bat ki thi:

Trong (*) tathé€ m=1,n=p-1 ta duoc:

1+f(p-1)=p
1+ f(p-1)=p"
Truonghop 1. 1+ f (p-1)=p* = f(p-1)=p* -1

Tathé€ m=p-1,n=1 vao (*)ta duoc:

((p-1y +1)2 o (pP-1) +1

1+ Fp-1)p? :»[

((;7—1)2 +1)2

fA(p-1)+1
Ma ta lai c6 danh gid sau day:
Vi —1)2 +1>(p-1)"(p+1) > p*(p-1) = Vi —p)2 > ((;9—1)2 +1)2 , mau thuan
Do d¢, ta phai xay ra treong hop con lai.
Truong hop 2. 1+ f(p-1)=p= f(p-1)=p—1, véi moi p la s6 nguyén t&
Hay ton tai k sao cho f(k)=k.
Véi mdi k nhw thé va sé tw nhién 7 = 0 bat ki thi ta ¢é:
2
K+ f(n)|(k +n) =K +f(n)‘((p—1)2 +f(n))((p—1)2 +2n—f(n))+(f(n)—n)2

Khi ta chon k 12 mot s6 dt 16n thi ta bat budc phai cé: f(n)=n,Vne N, th lai thoa.

Vay tat ca cac ham sd thoa man yéu cau bai toan la: f(n)=n,vneN .

Nhan xét. Cling twong ti nhu ¢ bai toan 4, day la mot bai phwong trinh ham trén tap roi
rac c6 dang chia hét. Cling tuong tw 6 bai trén, ta ciing thé bang cac phép thé don gian dé
phat hién mét s tinh chat ctia dé bai. Nhung ¢ bai toan 5 nay kho hon 6 bai toan 4 rat
nhiéu, vi tir cc tinh chat ta tim duoc, ta khong thé chan dwgc khoang cia ham f dé roi
suy ra f(n)=n,vneN nhu ¢ bai toan trén duoc. Vi thé ma ta phai xét gid tri cia ham s6
f tai cac gia trj 1a s6 nguyén t& d€ xi Iy bai todn va bang mot s6 kién thic don gian vé

gidi han ta 6 thé suy ra duge f(n)=n,Vne N mot cich dé dang, tir d6 két thic bai toan.
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Cau 6. Tim tat ca cdc ham f:N — N thoa man ton tai s0 ke N va s6 nguyén to p sao
cho v6imoi n2k, f(n+p)=f(n) vanéu mn thi f(m+1)|f(n)+1.
Iran TST 2005
Loi giai

Gia st f laham s6 thoa man diéu kién bai toan.
Gia st n>k va p khong chia hét cho n—1 thikhi d6 ton tai k sao cho n—1|n+kp.
Suy ra ta duoc f(n)|f(n+kp)+1
Mit khac ta lai 6 f (1) = f (n+kp) nén f(n)|f(n)+1= f(n)|1= f(n)=1
Véi n>1 batki thi n-1|(n-1)kp=> f (n)|f ((n~1)kp)+1=2
Do d6 vo6i n>1 thitacod: f(n)e{1,2}.
Bay gio ta sé xét hai trerong hop sau:
Truong hop 1. f(n)=2,vn>k va pln—1.
Xac dinh n >k va p khong chia hét cho n—1 khi d6 ton tai m sao cho: n—1|m va pjm—1.
Suy ra f(n)|f(m)+1=3 hay f(n)=1
Ta xac dinh ham f nhuw sau:

e f(n)=2,vn=k vapn-1.

e f(n)=1,vYn>k va p khong la w6c ctia n—1.

o fli)=f(i+p) Vi<k
Truong hop 2. f(n)=1,Vn>k va pjn-1.
Trong truong hop nay f(n)=1,VYn>k vanéu gia st S= {a‘f(a) = 2} thi sé& khong ton tai
m,n €S thoa man m—1|n.
Taxac dinh ham f nhusau f(n)={1,2},VvneN.
V6i S la mot tap con vo han cia N sao cho khong ton tai m,n €S théoa man m —1|n va voi
n>1thi f(n)=2<neS; f(x)=1,v6i cac gia tri x=1 con lai va f(1) la mot s& bat ki
xéc dinh boi f(2)[f(1)+1.
Tt day ta thir lai dé bai va thiy thdéa man nén ta hoan thanh bai toan.
Nhdn xét. Day la mot bai toan phuwong trinh ham trén tap roi rac kho va diéu kién rang
budc khé 1a khé chiu. Va bang cac phép thé dé tim ra cac tinh chat ctia ham, cung véi cac
ki thuat xw ly rat kho khan, chung ta da xtr ly dwoc bai toan. Day 1a mot bai toan kho, cac

ban doc can nghién cttu va doc that ki.
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Cau 7. Cho p 1a s6 nguyén t0 lé. Tim tat ca cac ham f:7Z —7Z théa man dong thoi cac
diéu kién:
i) f(m)=f(n)véi m=n(modp)
ii) f(mn)=f(m)f(n),Ymnel
USA TST

Loi gidi
Gia st f laham s6 thoa man diéu kién bai toan.
Vé6i keZ,thitaco f(p(k+1))=f(pk) < f(p)(f (k+1)-f(k))=0
Bay gio ta sé xét hai treong hop sau
Truong hop 1. f(p)=0
Dé thay néu f(1)=0 thi f(n)=0,VneZ, mau thuan véi f(p)=0.
Xétriéng khi f(1)=1.
Véimdi x e Z va p khong chia hét cho x ta cd y e Z sao cho xy=1(modp).
Dodotacd f(x)f(y)=f(xy)=f(1)=1,Vx,yeZ
Suy ra: f(n)=+1 va p khong chia hét cho n.
Mit khac ta lai c6 f(n®)=f*(n)=1 v6i p khong chia hét cho n nén f(m)=1, néu m 1a
mot sO chinh phwong mod p va p khong chia hét cho m.
Néu khong ton tai i, véi p khong chia hét cho i sao cho f(i)=-1 thi ta cé ngay
f(n)=1,VneZ va p khong chia hét cho n.
Xét i la mdt s6 khong chinh phuwong mod p va k 1a mot s& khong chinh phuwong mod p
va p khong chia hét cho k bat ki thi ta suy ra ik la s6 chinh phuong mod p.
Mat khéc talai co f(k)=—f (i) f(k)=—f(ik)=-1
Hay

e f(x)=1, néu x la mot s chinh phuwong mod p va p khong chia hét cho x
e f(x)=-1, néu x 1a mét s6 khong chinh phwong mod p
Xét s6 x, sao cho f(x,)=-1.
Bay gio tir diéu kién ii) ta thay m=x,,n=p ta duoc:
f(p)=1f(px,)=f(p)f(x,) hay f(p)=1

Suy ra:
e f(x)=1, néu x 14 s6 chinh phuwong mod p

e f(x)=-1, néu x la mot s6 khong chinh phwong mod p

Truwong hop 2. f(p)=0 suyra f(n)=0,Vp|n.
Khi ning 1. Néu f(1)=0 thi f(n)=0,VvneZ.
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Khi ning 2. Néu f(1)=0

Gia st ton tai x, sao cho f(x,)=0 va p khong chia hét cho x,
Suyra f(nx,)=0,VneZ

Ta c6 day {x,,2x,,...,(p—1)x,} 1a mot hé thing du day dt mod p
Suy ra f(1)=0, diéu nay mau thuan.

Vay tacd f(x)=0<plx va f(x)=1, véicac gid tri x con lai.

Tt cac két qua trén day, ta thdy ¢ 4 ham s6 thoa man yéu cau bai toan:

01 n
f(n)=0,vneZ f(n)= / P|.

1if nlp

1 ifnl t hinh ph d
f(n):l,VneZ f(n): 1.1fn a mot so chin p.uong mod p

—1 if n khong la mot so chinh phuong mod p

Vay day la tat ca cac ham thdéa méan yéu cau bai toan.

Nhdn xét. Day la mot bai toan kho, véi diéu kién ham rat khoé xt ly, mot bai toan kho
trong ki thi chon doi tuyén IMO cua My, va viéc ing dung sau sic cac kién thirc S6 Hoc
tong hop trong 10i giai, nd c6 vé kha phtic tap. Mong ban doc suy nghi va doc that ki, va
mong ban doc c6 mot 10i giai khac ngan gon va hay hon cho bai toan.

Cau 8. Tim s6 nguyén khong am 7 nho nhét sao cho ton tai ham s8 f:Z —[0,+w») khac
hang s6 théa man dong thoi cac diéu kién:
i) fxy)=f(x)f(y) Vxyel
ii) 2f(x2 +y2)—f(x)—f(y) €{0,1,..,n},Vx,yeZ
V6isd n tim dugc, hay tim tdt ca cac ham s thoa man.
Loi giai
Véi n=1 xétham f dwgc xac dinh nhw sau:
f(x)= {0 4 p|.x ,vOi p la s6 nguyén t6 c6 dang 4k +3

1if xlp
Hién nhién ham s6 trén thoa man yéu cau bai toan.
Gia str v6i n =0 thi cling ton tai ham s6 f thoa man yéu cau bai toan.
Khi dé thi ta cé:

2f(x2 +y2)—f(x)—f(y):0,Vx,yeZ:>2f(x2 +y2):f(x)+f(y),Vx,y eZ (+)

T diéu kién i) ta thé x =y =0 ta duoc:

£(0)=f*(0)= f(0)=0 hode f(0)=1
Truong hop 1. f (0)=1
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Ta thé y =0 vao (+) thita dugc 2f (x*)= f(x)+ f(0)= f(x)+1,VxeZ
Ma f(x*)=f?(x),Vx €Z nén ta suy ra:
2f*(x)=2f(x*)=f(x)+1,VxeZ= f(x)=1,VxeZdo f(x)20,VxeZ
Diéu nay lai trdi véi gia thiét f khac hang s6.
Truong hop 2. £(0)=0
Ta thé y =0 vao (+) thita duoc 2f (x*)= f(x)+ f(0)=f(x),VxeZ
Ma f(x*)=f*(x),vxeZ néntasuyra 2f*(x)=2f(x*)=f(x),VxeZ

N | =

Suy ra véimdi x € Z thita phaicé f(x)=0 hodc f(x)=

Néu ton tai x, sao cho f(x,)= %

Ta thé x =y =x, vao (+) thi ta duoc:
2f(2x0)=2f(2)f(x0):2f(x§ +x§):f(x0)+f(xo)=2f(x0) (++)
Tt (+) tathay x=1,y =0 thi ta duoc: f(1)=0.
Tt (+) tathay x=1,y =1 thi ta duoc: f(2)=0.
Ttr day ta thay f(2)=0 vao (++) thi ta duoc:

f(x)=0,Vx e Z, diéu nay lai mau thuan véi f khac hing s6.

Vay tir day ta khang dinh duoc rang 7 =1 1a gia tri nhé nhat thoa man yéu cau bai toan.

Khi ta tim dugc n=1 ta sé quay lai viéc gidi quyét bdi todn dé bai.

Tim t&t ca cicham s8 f:Z — [0,+x) khéac hing s8 thoa man dong thoi cac diéu kién:
) f(xy)=f(x)f(y),Vx,yeZ
i) 2f (x* +y7) - f(x)- f(y) {0, 1},Vx,y € Z

Gia st f 1la ham sd thdéa méan diéu kién bai toan.
Ta dé dang ching minh duoc rang: £(0)=0, f(1)=1.
Trong i) ta th€ y =x thi ta duoc f(xz) =f*(x),VxeZ
Trong ii) ta thé y =0 thi ta duoc
() F(£) =272 () £ (x) 10,1} = F(x)<{0.1)
Trong i) ta thé x =y =-1 thi ta duoc
F(E)=f1)=1=f(-1)=1

Trong i) ta thé x =1,y = —x thi ta duoc:
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f(x)=f(-1)f(—x),VxeZ= f(x)=f(—x),VxeZ
Truong hop 1. Ton tai s6 nguyén t8 p sao cho f(p)=0.
Gia str cling ton tai s6 nguyén t6 q # p sao cho f(g)=0.
Trong i) ta th€ x =p,y =g thi ta dugc
2f (p*+4°)= £ (p)~ £ (9)=0= f (p* +97) =0
Do d6 véi mdi a,b e Z thi ta ludn co:
2f (@ +0°) f(p* +4%) =2f ((a" +6*)(p +07)) = 2f ((ap +bq)" +(ag ~bp)’) =0
Luu § rang. (@’ +b°)(p*+q°)=(ap+ bg) +(ag—bp)’ la ding thicc Brahmagupta -
Fibonacci noi tiéng, cling da duoc dé cap dén trong nhiéu cudn sach, mong ban doc luu y
chi tiét nay dé giai toan.
Vi 0£f(x)+f(y)£2f(x2 +y2) nén f(aq—bp)=0.
Do (p,q)=1 nén ton tai a,b € Z sao cho ag—bp =1.
Suy ra duoc 1= f(1)= f(ag—bp)=0, diéu nay la vo ly.
Vay ton tai duy nhét s6 nguyén t& p sao cho f(p)=0.
Khd ning 1. Néu p 1a s6 nguyén t6 c¢6 dang 4k+1,k €Z thi ton tai aeZ sao cho pla® +1
hay f(a*+1)=0.
Luu f rang. Két qua nay cdc ban cé thé'tham khdo trong phiin chuyén dé Thing dw binh phuong.
Mt khac, trong ii) ta thé x =1,y =a thi ta duoc:
2f (1P +a*)- f(1)- f(a)=2f(a*+1)- f (1)~ f(a) =1= f(a*+1) =1,
Diéu nay 1a mau thuan.
Vay tir ddy chi xay ra kha nang con lai.
Kha ning 2. Néu p la s6 nguyén t6 c6 dang 4k +3 thi
Tird6tacod f(x)=0< plx va f(x)=1 vdi cac gid tri x con lai.
Truong hop 2. f(p)=1 v6imoi s6 nguyén td p.
Khi do6 f(x)=1,VxeZ\{0}
Vay tt d6 c6 hai ham s6 thoa man yéu cau bai toan la:
f(x)= {0 o ¥ rong d6 p 16 mot s6 nguyén t8 bat ki c6 dang 4k+3, ke 7.
1if x/p
0if x=0
’ f(x)z{l {j-" x#0

Nhan xét. Day la mot bai toan phuwong trinh ham trén tap roi rac phai ndi la rat rat kho, sw

dung rdt nhiéu kién thiec trong S6 Hoc ciing nhw ki ndng phan doan va bién déi thuan
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thuc. S&¢ dung rat nhiéu cac mang kién thtc lién quan dén sd nguyén td, thang du binh
phuong hay cic dang thitc rat noi tiéng trong Toan hoc. Thuc sy day 1a mot bai ham lién
quan dén sd hoc tong hop, rat hay va thu vi, mong ban doc nghién cttu that ki cang va can

than bai toan nay.

Cau9.Giasthamsd f:N — R thdéa man cac diéu kién sau:

1+f[n;1

J if n=2m+1
f(1)=1va f(n)= ,
1+ f(ij if n=2m
Tim cac gia tri ciia n sao cho f(n)=2019.
Loi giai
Ttr cach xac dinh ctia ham f ta dé dang tinh duoc:
f(2)=f(3)=2f(4)=1(5)=f(6)=£(7)=3

Bay gio ta sé viét dudi dang nhi phan nhw sau:

F)=f(L)=1 £(2)=£(10,)=2; f(3)= f(11,) =2

f(4)=£(100,)=3; f(5)= f(101,)=3; f(6)= f(110, ) =3;...
Tt cach viét dudi dang nhi phan nhu trén, ta dy doan f(n) la s6 chit s trong biéu dién
nhi phan cua s6 n.
Ta sé& chting minh du dodn nay bang quy nap nhu sau.
That vay, ta thay khang dinh dung véi n=1,n=2.
Gia st khang dinh ding dén n. Ta sé& chiing minh khang dinh dting dén n+1.
Néu n las6 chdn thi n=a,4,_,..0,0, = f(n)=k+1.

Khidé thitacé n+l=a.a,,..a,1,
Tu day ta ¢6 g: (4 y..a;), = f(gj =k=f(n)= 1+f(§j =k+1,ttc 1a bang s3 chit s6

trong biéu dién nhi phan ctia s3 7.

Néu 7 1a s6 1@ thi bang cach lam tuong tu ta cling duwoc két qua twong tu.

Vay theo nguyén ly quy nap ta suy ra f(n) la s6 chit s trong biéu dién nhi phan cua n.
Ta d6 ta suy ra néu f(n)=2019 thi bi€u dién ctia n trong hé nhi phan chta dung 2019
chit s6.

Vay tir d6 ta suy ra: 2% <n <2%".

Nhdn xét. Day la mot bai toan kha hay, véi tu tuong giai la dwa vé hé nhi phan. Bang cach
bi€u thi binh thuwong thi ta khong thé tim ra dwoc tinh chat caa day, boi diéu kién nd xen
ké véi tinh chan 18, rat kho chiu va phtc tap. Ma chi béng cach dwa vé hé nhi phan ta da
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nam duoc quy ludt ctia day s6 ma tac gia da an di trong bai toan, va tir d6 ta nay ra y

twong giai va chi viéc di trién khai, cu6i cung ta thu dwoc két qua ctia bai toan.

Cau 10. Tim tit cd cicham s§ f:N — N thoa man cac diéu kién sau:

f(1)=1£(3)=
n)=f(n)

f(2n
f(4n+1)=2f(2n+1)- f(n)
£

o f v6i moi s6 nguyén duong 7.
f(4n+3)=3f(2n+1)-2f(n)

IMO 1988
Loi gidi
Gia st f la ham sd thoéa man diéu kién bai toan.
Mot s6 nguyén dwong k chi c6 thé c6 mot trong bon dang sau:
k=4n, k=4n+1, k=4n+2, k=4n+3; k,ne N

Do d¢, tir gia thiét cua bai toan, ham s6 f dwoc xac dinh mot cach duy nhat. Ta sé st
dung biéu dién co s8 2 dé tim biéu dién ctia ham sd f.
Ta c6 cac nhan xét so bo nhu sau:

f(1.)=f(1)=1=1,, f(10,)= £ (2)=1=01,

F(11,)=£(3)=3=11,, £(100, ) = f (4) =1=001,,...
Tt ddy ta thady duoc quy luat nhu sau:

Quy ludt. Biéu dién cua f (n) trong hé co s6 2 chinh la cach viét nguoc lai ctia biéu dién

ctia n trong hé co s 2 ttc la f((akakfl...alao )2) =(aya;..0,_,4, ),.

Bay gio ta sé ching minh di doan nay bang quy nap nhu sau.

Chitng minh.

Vé6i n=1,2,3,4 thi hién nhién dung, do ta da thir kiém tra & trén.

Gia st tinh chdt da dung cho véi moi k <n. Ta sé chitng minh tinh chat cling dang véi n.
Truong hop 1. Néu n =2m thi theo gia thiét ta c6 f(m)=f(n). Vi n=2m nénnéu m duogc

biéu dién trong hé co s8 2 dudi dang m=(a,a,_..a,a,), thi n=(aa,_,..0,a,0),.
Ma theo gia thiét quy nap thi ta co:
f((akak_l...a1a00)2 ) =f(n)=f(m)= f((akak_l...alao )2) =(aya,...a, 4, ), = (0aya,..a,_,a,),

Tt day, trong truong hop nay, tinh chat duoc chttng minh.

Truong hop 2. Néu n=4m+1 véi m=(aa_,..aa,), thi n=(a.a,_,..a,a,01), va

2m+1=(aa,_,...a,a,1),.

Ma theo gia thiét quy nap thi ta c6:
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f((akakfl...a1a001)2) =f(n)=f(4m+1)=2f(2m+1)- f(m)
) f((akak_l...alao )2)

gty 41, ),

—(ayay..a,_,a,),

10...0)2 +(a0al...ak_1ak0)2 —(aya,..a,_4a,),

=(10...0), +(aya,...a,_ya, ), = (10a4a,..a,_,a,),.

Tt day, trong treong hop nay, tinh chat dwgc chitng minh.

Truong hop 3. Néu n=4m+3 véi m=(aa,_,..a.a,), thi n=(a.a,_,..a,a,11), va

2m+1=(a.a,_,...aa,1),.

Ma theo gia thiét quy nap thi ta co:
f((akakfl...alaoll)z) =f(n)=f(4m+3)=3f(2m+1)-2f(m)
= f(2m+1)+2f(2m+1)-2f(m)
=(1aya,..a,_,a, ), +(1aya,..a, ,a,0), —(a,a,..a,_,a,0),
=(1a,a,...a,_4a, ), +(10...0),
=(11aya,...a,_,a,),.

Tt day, trong truong hop nay, tinh chat duoc chtiing minh.
Vay theo nguyén ly quy nap thi quy ludt cua chiing ta da duoc chitng minh.
Vay tdt ca cdcham f(n) théa man dé bai la:

f((akakfl...alao )2) =(aya,..0,_,a,),,

trong d6 n=(a,a,_,..0,a,), labiéu dién ctia s& n trong hé co s6 2.

Nhdn xét. Cling voi y twong tuong tw nhu 6 bai toan 9 la st dung hé nhi phan dé tim ra
quy luat cta day s6. Nhung ¢ bai toan 10 thi khé hon & cac bai trede rat nhiéu, do diéu
kién ctia dé bai kha nhiéu, lam ta kha hoang mang, va kh4 nhiéu truong hop can xét ctia n
nén 10i gidi c6 vé phitc tap. O bai nay, cic ban can cé mot cach nhin tdng quan d& kham
pha ra quy ludt va kiém nghiém su chinh xac cua né, va tir d6 di chitng minh phong doan
d6 bang phuong phép quy nap, bén canh d6 ciing can su bién ddi diéu luyén va that chinh

xac thi méi thu duoc két qua ctia bai toan.
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Cau 11. Choham s6 f:Z" — Z" thoa man dong thoi cac diéu kién:
e f(n)laudccaa n™® véimoin
e f(a).f(b)=f(c) véimoi a,b,ceZ’ va a> +b* =¢
a) Chttng minh rang néu n 1é hodc ni4 thi f(n)=1
b) Goi A la tap hop gia tri c6 thé ¢6 caa f(2)+ £(2018). Tinh |A|
Loi giai

5 ) 5 > 2018
a) Néu n=1(mod?2) ta chon (a,b,c):(n,n 2—1,” z-klj:f(nﬂf(ﬂ 2+1J|[a ;—1)

Ta ¢6 f(n)|n2°18:>f( )lngL 2018 (%j J ng2018( (nzz_}_l ]:1:>f(n)21

Néu n=0(mod4) ta chon (a,b,c)=(4k,4k* —1,4k> +1)= f(4k)| f

—_
S
=

~—

—_—
o~
XA

[N}
~
S}
S
»

Tac6 f(4k)1(4k)"™ = £ (4K)  ged (4K)"" (41 +1)" ) =1

b) Theo cau a, ta c6 f(z)‘zzms = f(2)e {20 2. ,22018}

£(2018) = £(1009° +1)‘(10092 1)
Véi (a,b,c)=(2018,1018080,1009° +1) ta c6

£(2018)[2018°"
= f(2018)[ged™"®(2018,1009” +1) = 2*"* = f(2018) e {2°,2",..,2*"%}
2 bz _ 2 *
Véi (a,b,c) thoa v < ()
ged(a,b,c)=1

e Né&u a,b 1&,¢ chin.
Do a* +b* =¢* & (2a)" +(2b)° =(2¢)’ nén 1= f(2c)= f(2a) f(2b).
Ma f:Z" - 7Z" nén f(2a)=f(2b)=f(2c)=1.
. {asczl(mod2)
e Neéu :
b=0(mod?2)
Khi d6: f(2c)=f(2a) f(2b)= f(2a),Va,c>1 1é thoa man (*).
Do d6 f(2c)=f(2a)(**)<=3beZ :a*+b* =c*,Va,c>1.

2018 1018080 1009% +1
27 2 2

Ta cé f(2018) thoa (**) v6ibd (a,b,c):( , J ma f(2) khéng thoa

(**) do a,c>1 nén f(2)= f(2018)
Dé dang chting minh dwoc 27 +2° #2°+2 véi (a,b) #(c,d) bang cach chia ca hai vé& cho

2° v6i a=min{a,b,c,d} nén |T|=C3y,.
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Cau 12. C6 ton tai ham sd f:S — S thoa méan diéu kién
f(a)f(b)= f(a2b2),Va,b €S,a#b khong, trong d6 S=N"\{1}?
Loi gidi

Gia st ton tai ham s thoéa méan yéu cau bai toan. Ta sé tim tinh chat ddc biét cia ham s¢ f
Xét hai biéu thiec sau f(a) f(d) f(c), f(a) f(b) f(c).
Taco f(a)f(d)f(c)=f(a’d®) f(c)=f(a'd*c*) va

Fa) F(8) ()= £ a) (8767 ) = £ (a2,
Ta sé chon ¢,d sao cho a*d'c® =a’b*c* © a*d* =b*c* < ad® =b’c (1).
Véi ¢,d thdéa man (1) thi

Flatdie?)= £ (act) > () £(d) F ()= £ (a) F(B)F ) & F(0) = F(d) (2)
Tatnhién ta can chon d # b va ¢ thda man (1) chéang han d=b*,c=ab’.
Nén ttr (2) ta duoc f(b)= f(bz),Vb €S (3).
Ttr tinh chat (3) ta c6
f(a)f(b)=f(a’V?),Va,beS,axb< f(a)f(b)=f(ab),Va,beS,axb (4)

Str dung tinh chat (3),(4) ta duoc f(16)=f(47)=f(4)=f(2°)=f(2).
Mat khac f(16)=f(2.8)=f(2) f(8).
Tt hai déng thtrc trén ta duoc f(2) f(8)=f(2) < f(8)=1 (v 1i.)

Vay khong ton tai ham s6 f thoa man yéu cau bai toan.

CAau 13. Tim tat ca cdcham sd f:N — N thoa man diéu kién

(n=1)" < f(n) f(f(n))<n’+n,VneN .

Loi giai

V6i dang toan ma gia thiét vé bat déng thirc thi viéc du doan duwoc nghiém dong vai tro
quan trong trong viéc dinh hudng 10i gidi. Viéc de doan nghiém thuwong ta thong qua viéc
tinh cac gid nhw f(1), £(2), f(3), ...
Thay n=1 vao phuong trinh ban dau ta dugc 0< f(1) f(f(1))<2= f(1)=1.
Thay n =2 vao phuong trinh ban dau ta duoc 1< f(2) f(f(2))<6.
Tl bat déang thirc nay suy ra f(2)>1,néu f(2)>3.
Ttr diéu kién ban dau ta thay n boi f(n) thu duoc

(F(n)=1) < £(f(n) (£ (f ()< f(n) +f(n),¥YneN ().
Tix (1), thay n =2 ta duoc (£(2)-1) < f(£(2)) f(F(F(2)))<f(2) +f(2)
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=4=<(£(2)-1) < (FRNS(F(F(2)= F(f(2))>2

biéu nay mau thuan véi 1< £(2) f(f(2))<6.Do dé f(2)=
Do d6 ta du doan f(n)=n,VneN". Ta sé chitng minh bang phuong phap quy nap.
Giaswe f(1)=1,f(2)=2,.., f(n—1)=n—-1.Ta chimg minh f(n)=
Vi mdi s6 nguyén dwong n, dit f(n ) m . Ta xét cac treong hop sau:

o Néums<n-1= f(n)f(f(n))=m =m*<(n-1)" vo i,

e Néu f(n)= m>n+1:>( +1)f(f ( )) f(n)f(f(n))<n*+n= f(f(n))<n

FFF@))=f(f(m)= ( ) () =(F(F)) <o
(f(n

Kéthop voi f(f(f(n))f(f(n)>(f(n)-1) tadugen® >(f(n)-1) = f(n)<n+1 vo i,
Do d6 f(n)=n.Vay f(n)zn,‘v’neN :

Cau 14. Tim tdt cda ham s6 f:R — R thdéa man dong thoi hai diéu kién sau:
i) x+f(y+f(x))=y+f(x+f(y)) véimoi x,y e R;
f(x)=f(y)

ii) Tap hop 1 :{
=Y

X, yeR, x# y} la mot khoang
Phan tich. Diéem mau chot d€ giai bai toan chinh 1a hiéu va tan dung duoc gia thiét ii).
Tap hop I 1a mot khoang 6 nghia lanéu a,bel,a<b thi [a,b] <.
Tt diéu nay ta suy ra tinh chdt quan trong ctia tdp hop I 1a néu c6 so thuc a¢ I thi hodc
la x>a,Vxel hoacla x<a,Vxel.
Khi d6 ta c6 1oi giai sau.
Déyrangnéu f(x)-f(y)=x-y thi x=y (doi)).
Doddé 1el.
Giast tel.Khidd t#1 vatontai x,y € R,x#y saocho f(x)-f(y)=t(x-y).
Vix#y nén f(y+f(x))#f(x+f(y)) va
fly+f(x)=f(x+f(y)  y-x 1

(y+f(x))—(x+f(y)) _y—x+t(x—y) 1t

4 ]‘ \ \ A 2 A . A \ \\J .~ \ 1 ~ A
Do d6 —— eI.Ma I la mot khodng nén moi phan tir x nam gitra ¢ va 13 cting thudc I

Néu t>1 thi % <0 (mau thun vi khi d6 talai c6 1< 1)

Do d6 t <1. Tuong tu ta ciing c6 %<1,tt’rclé t<0.
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Nhu vay ta da chiing minh dwoc rang néu t e thi % el vat<0.

1 N . A X
Ma khi # <0 thi — >0 nén ta ¢4 mau thuan.

Nhu vay I phaila tap r6ng marorang [ #J, Chfmg han (f(l)—f(O)) el.

Do d6 khong ton tai ham s thoa man yéu cau bai toan.

Ngodi ra ta ciing c6 thé gidi bai todn ndy nhu sau.

f(x)-f(y)
-y

Twong tw cach dau, ta co F(x,y) #1,Vx,yeR,xzy

Néu ton tai x # y sao cho F(x,y)=0 thi F(y+f(x),x+f(x))=1 (vd1y).

Do d6 F(x,y)e{0;1},Vx,y e R,x #y(*)

bat F(x,y)= véimoi x,yeR,x=2y.

Suy ra f la don anh. Do d6 véimoi x,y e R,x #y ta co
fx+ F@)=fy+f W)=y f ()= F (y+f (9) +x-y

Hay F(x+f(y).y+f(y))=F(y+f(x)y+f(y))F(xy)+1
T day, két hop v6i (*) vaii) tasuy ra F(x,y)>1,Vx,yeR,x =y
Suy ra f don diéu tang trén R.

e Néux>ythi f(x)-f(y)>x—y hay y+f(x)>x+f(y).

Suyra f(y+f(x))> f(x+f(v)), két hop véii), ta duoc x<y .
e Tuwong twnéu x <y tacling c6 mau thuan.

Vay khong ton tai ham s6 thoa man yéu cau bai toan.

Cau 15. Tim cdc ham s f:N"— N’ théa méan £ (m)+ f (n)|(m® +n)2 ,VmneN

Gia str ton tai ham f thda méan yéu cau bai toan
Tacé f(1)+f(1)4= f(1)=1
Thay m=1= 1+ f(n)|(1+n)’,¥neN

f(p-1)+1=p

Thay m=1,n=p-1(peP) =1+ f(p-1 2:{
y (PeP) =1 f(p-1)r" =) 1) 1

Néu FpeP: f(p-1)=p*-1.
Thay m=p-1n=1= f*(p-1)+1|((p-1)" +1]

Suy ra (p’ —1)2 +1‘(p2 —2;9+2)2
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Cé p*—1>p>—2p+2 nén cé mau thuan
Vay f(p-1)=p-1vpeP
2 2 2
Thay m=p-1=(p-1) +f(n)‘[(p—1) +n}
Suy ra (n+(p—1)2 )2 = O(mod(p—l)2 +f(n))
Ma (f(n)—n)2 = 0( mod (p—1)’ +f(n))
Suy ra (f (n)-n ) _O(mod(p 1) +f(n ))
Né&u f(n)#n, khidotaco (f(n)-n) = f(n)+(p-1),YpeP(*)
Ma tap cac s8 nguyén t8 1a v hannén f(n)+(p-1)" — .
Ma (f(n)—n)2 c6 dinh véi n xac dinh.
Do d6 chi can chon p nguyén t& du 16n ta c6 mau thuan (*).

Vay f(n)=n,vneN (thtlai thoa man)

Cau 16. Cho ham f(x,y) théa man cac diéu kién:
e f(0,y)=y+1;f(x+1,0)=f(x,1)

. f(x+1,y+1)=f(x,f(x+1,y))
V6i moi s6 nguyén khong am x,y . Tim f(4,1981)

Loi giai
Ta c6 f(l,n):f(O,f(l,n—l)) +f(1,n-1)
Dodé f(1,n)=n+f(1,0)=n+f(0,1)=n+2
Talaic6 f(2,n)=f(1,f(2,n-1))=f(2,n-1)+2

n
Do dé f(2,n)=2n+f(2,0)=2n+f(1,1)=2n+3
Bay gio f(3,n)=f(2,f(3,n-1))=2f(3,n-1)+3
D3t u, =2u, , va u, = f(3,0)+3=f(2,1)+3=0
Do vay u, =2"° f(3,n)=2""°-3

F4n)=f(3,f(4,n-1))=2/"17 -3
Tacé 1 f(4,0)=f(3,1)=2'-3=13
f(4,2)=2"-3

Bang qui nap ta chimg minh dwoc f(4,n)=2"% -3
Trong d6 s6 mii chtta (n+2) chitsd 2. Tir d6 £(4, 1981)=2%* -3 véis6 mi chira 1983

chir sO 2.
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Cau 17. Choham f:Z" - Z" théa man cac diéu kién sau:
iii) f(n+1)> f(n);VneZ"
iv) f(f(n))=3n,vneZ".

Hay tinh f(2003).

Loi gidi
Twr (i), (i) = £(1) < f(£(1) =32 £(1)=2
Taco f(2)=f(f(1))=31=3
f(3)=£(f(3))=32
f(23)=f(f(3))=33=3"

Suyra f(23")=3"",VneZ"; f(3")=23";VneZ"

Nénco f(3"")=f(f(23"))=23"" va f(23"")=f(f(3""))=83" =3""

Do d6 khéng dinh ding véi moin

Ta c6 (3" 1) s8 nguyén m nim gifta 3" va 2.3" va do gia thiét (i) f(n+1)> f(n) nén c6
(3"~1) s8 nguyén m nam gitta f(3") va f(2.3") suyra 0<m<3"= f(3"+m)=23"+3n.
Do gia thiét (if) suy ra f(2.3" +m)= f(f(3"+m))=3(3"+m)

Vay f(2.3"+m)=3(3"+m) véi 0<m<3"

Suy ra n=2003=2.3°+545= f(2003)=3(3° +545)=3822.

Cau 18. Cho f(n) la ham s6 xéac dinh véi moi ne N va 14y gid ti khong &m thoa man
tinh chat:

e VnmeN :f(m+n)-f(m)-f(n)ldy gia tri 0 hodc 1

e f(2)=0va f(3)>0.

e £(9999)=3333.
Tinh £(2000).

Loi giai
Vi f(m+n)—f(m)-f(n) l&y gia tri 0 hodc 1 nén ta suy ra f (m+n)> f(m)+ f (n)
= F(2)227(1) > £(1)=0= £(3)=1
Taco f(6)=>f(3)+f(3)=2
£(9)2 £(6)+£(3)23

£(9999) > £(9996) + £ (3) > 3333
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Vi gia thiét cho £(9999)=3333 nén ta c6 dau “=" & cac bat dang thirc trén xay ra, tic 1a
F(3n)=n,vn=1,2,..,3333 = f(1998) =666, f(2001) = 667
Mitkhacnéuaa,beN vaa>b= f(a)> f(b)+ f(a-b)= f(b).
= 666 < (2000) < 667 = f(2000) =666 hodc 667
Gia str £ (2000 =667) = f(4000)>1334 = £(6000)=> 1334 +667 = 2001 .
Ma f(6000)=2000, mau thun. Vy f(2000) = 666.

Cau 19. Cho f, g 1a cac ham xac dinh trén R théa méan diéu kién
flx+y)+f(x-y)=2f(x).g(y), Vx,yeR
Chting minh rang néu f(x) =0 va ‘f(x)‘ <1,VxeR thi ‘8(% )‘ =a>1

-----

Ta dung phuong phap phan chitng
Gia st lai mot diémy, e R: ‘g(yo)‘ =a>1

Ta ldy x, :f(xo);tO va xay dung day x, (k=0,1,2....) nhw sau:
B X + Yo, khi ‘f(xk +y0)‘2‘f(xk _yo)‘
k+1 —
X — Yo, Khi ‘f(xk +yo)‘ <‘f(xk _yo)‘
>‘f(xk+y0)‘+‘f(xk—yo)‘Z‘f(karyO)‘Jr‘f(xk—yo)‘
:2‘f(xk)Hg(yo)‘:2a‘f(xk)‘
>a|f (x,) voia>1k=1,2,3..

Theo gia thiét ta co 2‘ f (xm)

Nén ‘f (xk+l )

Do d¢ ta co: ‘f(xk)‘Zak ‘f(xo)‘

Nhung vi ‘f(xo) #0 va a>1 nén cé thé chon k sao cho ak‘f(xo)‘ >1 dé do ‘f(xk)‘ >1
Mau thuan véi gia thiét.
Vay [g(y)|<1,vyeR

Cau 20. Choham s6 f:R — R thoa 2 diéu kién
iii) f(x)>1+x;VxeR
iv) f(x+y)=f(x).f(y);Vx,yeR
Chting minh rang khong thé ton tai hai s6 a;beR ma f(a).f(b) <0

.....

Ta sé chiing minh f(x)>0,vxeR
That vay! V6i |x| <1 thi theo diéu kién (i) ta cd ngay f(x)>0
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Véi x| <1, trude hét ta sé ching minh bat dang thirc:

”
f(x) Z{f(%ﬂ ,VxeR,vneN(1)
Vé6i n=0 thi bat dang thitc ding!
2’(
Gia str (1) dtng v6i n—k >0 tic f(x)> { f(%ﬂ (2)

2k+1

e [1(2)] = o5 o ()| A5 e ) ctimgti =k

Theo nguyén ly quy nap todn hoc bat dang thirc (1) dung.

Bay gio chon n dii 16n d& |x|<2",x € R tity y, khi d6 21 <1:>f(ij>o

o
Do d6 {f(zx—"ﬂ >0 tic f(x)>0,vxeR

Nhu vay khong thé ton tai hai s6 ;b€ R ma f(a).f(b)<0.

Cau 21. Cho f(x,y)= ‘/20203 cos2(x+y)+acos(x+y+o) voi a,0eR.

Chting minh rang mim(f(x,y))2 Jr(maxf(x,y))2 > 2003.
Loi giai
2003

Tacs £(0, 0)+f(— —J:z .

2'2

Nén max f(x,y) = m { (0,0),f(5,5j}2 2003 (1 R) = (max £ (x,y))" >

2°2 2
. T T ) T T 2003 )
Talai co (— _j:_'/ —a.sina, (——;——j:— —— +asina
4 4 4 4 2
Nénf(ﬁ T, ( L3 Ejz_ 2003
4 4’ 4 2
T T T T 2003
S i ,y) < mi =2l === b= == (Vx,yeR
uyrammf(xy) mm{f(4 1 f( 1 4]} > (xye )
2\ _ 2003
= , >
(mm(f(x y))) >

Do d6 rnin(f(x,y))2 +(rnaxf(x,y))2 > 2003.
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2
Cau 22. Cho ham so& f(x) _ X -

Giastt f,(x)=x va f, (x)= (fnl(x))VneN Vx#0.

Chttng minh VneN,Vx#-1,0,1 fu (x ) =1+ L

.....

Diit p, (x):%[(x+1)2n #(r=1)" | va g, () =3[ (41 +(x-1)" | vy en

Put (%) = P2 (%) +; (x)
Ta co: 4q,,, (x)=2p, (x)q, (x),Vx,yeN

fo (x):xzfzpo(x),Vx;tO

1 g,(x)

_ Pra (x)

() Rk ()42 (2
iasu £ (x)=P\ o g (* _pe(x)+qi(x
G fk ( ) q. (x) fk+1( ) 5 Ps Ex; Zpk (x)qk (x)

N

Dods £, (x)=LX) e, va 0

q,(x)
Taco VneN, Vx#-1,0,1 thi co:

n+l

i (%)

f |EED) ) )T )

fra (%) [(x+1)2n +(x—1)2” }[(x+1)2m1 +(x—1)2n”}

(x+1) +(x=1)"" (x+1) +(x=1)"

o ) [ ey ey

1

(2

Cau 23. Cho ham s6 f:N xN — N 12 ham s6 thoa man dong thoi cac diéu kién sau:

b F(11)-
ii) f(m+1,n)=f(mn)+m,VYmneN
iii) f(m,n+1)=f(m,n)—n,VmneN

Tim tat ca cac cap sd (p,q) sao cho f(p,q)=2019.

-----

Ap dung diéu kién ii) ta co:

Dodn Quang Tién
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p(p-1)
2

f(p.q)=f(p-149)+(r-1)=f(p-2,9)+(p-2)+(p-1)=-..= f(Lq)+

p(p-1)
2

_a(q=1)  p(p-1)

5 =2019, 4p dung diéu kién

= f(1L,g-1)~(q-1)+ =..=f(1,1)

iii)
Twr diéu kién i) ta cd f(1,1)=4 nén tir dang thtrc trén ta suy ra:

F1,1)- 2= p=Y) , aa=Y) PP oy
2 2 2 2

- P(Pz‘l) ) q(qz—l) = 2017 & (p—q)(p+q-1)=2.2017

Vi 2017 la s6 nguyén td va (p—q) <(p+g—1) nén cd thé xay ra cac truong hop sau:
Truonghop 1. p—q=1 va p+q—1=4034 thi ttr d6 ta dugc: p =2018,9 =2017.
Truong hop 2. p—q=2 va p+q—-1=2017 thi ttr d6 ta dwoc: p =1010,9 =1008.
Vay tat ca cac cap s6 (p,q) sao cho (p,q)=2019 la: (p,q)=(2018,2017),(1010,1008).

Cau 24. Tim tat ca cacham sd f:N — N thoa man cac diéu kién sau:
i) Oéf(x)SxZ,VneN
ii) f(x)-f(y) chiahétcho x—y véimoi x,yeN,x>y
Loi giai

Ta sé phai xét hai truong hop dwdi day.
Truong hop 1. f 1a ham s hang.
Gia stt f(x)=c=const,c la hang sd thudc N.
Cho x=0 thitiri)tasuyra: 0< f(0)<0= f(0)=0. Vay f(x)=0,vxeN.
Truong hop 2. f khong la ham s6 hang.
Vi £(0)=0 nén khi cho y =0 thi tir diéu kién ii) ta dwoc: x|f(x),Vx e N\ {0}.
V6i x =1 thi tir diéu kién i) ta suy ra: f(1)=0 hodc f(1)=1.
Khd ning 1. f(1)=0.
Cho y =1 thi tir diéu kién #i) ta suy ra: (x—1)|f(x),Vx e N\ {1}.
Ma ta da co x‘f(x),Vx eN\{0} va (x,x-1)=1
Nén x(x—l)‘f(x) = x(x-1)=x>-x< f(x)

f(x)<x* | f(x)=x"-x
x|f (x) :L‘(x):xz
Ta loai truong hop f(x)=x* vi f(1)=1=0.

Mait khac ta co {
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Vay trong khd ning 1 nay chi c6 ham sd f(x)=x"—x,Vx e N thoa man yéu cau bai toan.
Khd ning 2. f(1)=1.

Khi x|f(x),vxeN\{0} va (x-1)|f(x),vxeN\({1} thitaldy k tuy y sao cho f(k)=mk,
voi m tuy y

Tt diéu kién ii) ¢ (k—l)‘(mk—l) = (k—l)‘(mk—l)—(mk—m) =m-1= (k—l)‘(m—l)

Ma tir diéu kién i) ta dwoc f(k)<k®> =>mk<k*=m<k

k-1 -1
Mit khac ta lai c6 (k=1)|(m~1)
(m-1)=0

=>k-1<m-1=>k<m

Do d6 m—-1=0 nénsuy ra: m=1 hodc m=k.

Vay tir d6 ta dugc f(x)=x,VxeN hodc f(x)=x,VxeN.
Thtt lai thi thdy cac ham s nay théa man yéu cau bai toan.
Vay tét ca cac ham s6 thdéa man dé bai la

f(x)=0,f(x)=x,f(x)=x%f(x)=x-x,VxeN.

Cau 25. Tim tat ca caicham s8 f:Q, > Q, matap Q| = {x eQ|x >O} thoa man:

_ flxy) .
f(x)+f(y)+2xyf(xy)—f(“y)/Vx,yeQ (1)
Loi giai

Ta sé giai bai todn nay thong qua ba budc sau day.
Budc 1. Ta sé chiing minh f(1)=1.
That vay, cho y =1 vao (1) vadat f(1)=a thita dwoc

f(x)+a+2xf(x)= f(x) = f(x+1)= f(x) (2)

f(x+1) (1+2x) f(x)+a
1
< as a 1 4 1 1
T d t 2 =—=—, 3 =—= = , 4 - -  (*
trddtasuyra f(2)=37=7. fG) 5 " 5+4a f0=7 5 O
4
Mit khdc, ta cho x =y =2 vao (1) thi ta duoc 2f(2)+8f(4):%:1
Ma tir (*) ta suy ra 2.1+8.;:1:>a:1:f(1):1.
4 7+5a+4a’
Ttr day ta xong buoc 1.
Budc 2. Ta sé chttng minh f(x+n)= . f(x) ,Vn=1,0 (3)
(n +2nx)f(x)+1

Ta sé dung phuong phéap quy nap dé€ chitng minh khang dinh nay.
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Ttr (2) suy ra (3) dung khi n=1. Gia st dung dén n=k.

L, B f(x+k)
Thi ta ¢6 f(x+k+1)_(1+2(x+k))f(x+k)+1
f(x)
_ (k2+2kx)f(x)+1 _ f(x)
[(1+2(x+k))f(x)+1J ((k+1) +2(k+1)x) £ (x)+1
(K% +2kx) f(x)+1

Tt day theo nguyén ly quy nap ta suy ra diéu phai chitng minh.
Vay khéng dinh 6 budc 2 dugc chitng minh.

e e f(1) 1 1
Vay tir do t +1)= = h =—,Vn=1,
Buoc 3. Ta sé chitng minh: f(lJznZ = 11 5, Vn=1,00 (4)

n
)
1

1 1 f(nj
That vay, trong (3) ta thay x == thi duoc f (n+—] = 1

n n 2

2 —|+1
(n + )f(nJ+
o 1 . . 1 1
Tiép theo, ta thay y == vao (1) thi duoc f(x)+f(—j+2:—1
x x
f(x+j
x
Vay f(n)+f[1j+2:;:n2+2+L
n 1 1
ed) )
n n

Ma ta c6: f(n)= lz nén suy ra: f(—j =n’.
n

Nén tir day budc 3 dwoc chitng minh hoan toan.
Thtt lai thi thdy ham s6 nay thoa man yéu cau bai toan.

A A, 2 7 \ ~ 2 ~ A A \ e 7 \ 1 *
Vay t4t ca cdc ham s6 thoa méan yéu cau bai toanla f(n)=—,VneQ..
n
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Cau 26. Cho ham f:Z" >R la mot ham s6 thdéa man véi moi n>1 thi c6 mot s
n

nguyén td p la wdc caa n sao cho: f(n)+ f(p) :f[—j (1) va
p

f (32018 ) + f (52019 ) + f (72020 ) —2017.
Hay tinh gia tri ctia biéu thirc G = £(2018™)+ £(2019° )+ f(2020*)
Dodn Quang Tién
Loi giai

Thay n=p vao (1) thi ta duoc f(p):f(l)—f(p):f(p):&

2
Thay n boi p" thita dwoc f(p")=f(p"")-f(p)
Bang phuong phép quy nap thi ta chting minh duoc.

)= )

N—"

That vay, thi (*) ddng véi n=1.
Gia st (*) ding voi n=k>1.

Ta sé chting minh (*) cling dung v6i n=k+1 hay ta co

£ = 10) -0~ 255 - L0 (2D

2 2 2

T day ta suy ra (*) ciing dung trong truong hop n=k+1.
Vay theo nguyén ly quy nap thi (*) dung v6i moi n.
Khi d6 thi ta suy ra

f(32018 ) + f(52019 ) + f (72020 ) — 2017

:>(2—2018)f(1)+(2—2019jf(1)+(2—2020jf(1):2017

2 2 2
= 2O F(1)=2017 = f(1) =2,
Tir f(1)=—§ va f(P)=%1) suy ra: f(rf)=—%-'

Khi f(p)= —% thi (1) dwoc viét lai nhu sau f(n)= f(2]+%,Vn eN (2)
p
Cho k 1a sO cac thira s6 nguyén t6 cua n, khi d6 s6 luong thira s6 nguyén t6 cuia (Ej la
p
(k—-1).
. . . 1 1-2
e V6i k=1 thitachon n=2 thitheo (2) ta dwoc: f(2)= 3 3
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e V6i k=2 thitachon n=10=25 thitheo.(2) ta duoc:

1 1 1 2-2

e V6i k=3 thitachon n=12=23.4 thitheo (2) ta duoc:

= (3] 50 o(frieS s

T d6, bang phwong phép quy nap ta suy ra dugc:
f(n)= k_Tz,Vé’i k la s8 cac thira s6 nguyén t6 cua n (**)

Ma lwuy réng 2018 =2.1009, 2019 =3.673, 2020 =2%5.101.

Do d6 suy ra: 2018*"* ¢4 4036 thira s6 nguyén t&, 2019*" c6 4038 thira s§ nguyén tg,
2020* c6 8080 thtra s6 nguyén to.

Tt day theo cong thite (**) ta suy ra duoc:

4036 -2 N 4038-2 N 8080-2 16148 '

G:f(20182018)+f(20192019)+f(20202020): 3 3 3 = 3

Vay tur day ta co két qua ctia bai toan.
Nhén xét. Mot diéu thu vi 1a khi ta thay 2017,2018,2019,2020 béng {x-1,x,x+1,x+2} thi

ta duoc két qua cta f(1)= —% khéng thay déi.

Cau 27. Tim tat ca caicham s8 f:N" — N thoa man:

2£°(m* +n*) = f2(m) f (n)+ f (m) f* (n),Vm,ne N’

Loi giai
Gia str ton tai ham f thda méan yéu cau bai toan.
Truong hop 1. Néu f 1a ham s& hang.
Técla f(n)=const=c, véi c 1a hang s& thi hién nhién théa man yéu cau bai toan.
Truong hop 2. Néu f khong la ham s§ hang.
Néu ton tai m,neN" sao cho f(m)= f(n) thitagoi a,b 1ahai s6 thoa man:
|f (@)= £(b)| =min|f (m)- f(n),¥mneN" (1)

Giasit f(a)> £(5) thita 6 2 ()< £ )f(b) ( > (b) <2 (a)
Suy ra £(0)< £ (¢ +17)< F0) = (e +6')- ()< F(0)- 0
Tur d6 thi ta suy ra|f (a)~ f(b)|= f (a)- f (b )>f(a +b2)—f(b)=\f(a2 +0°)-f(b) (2)

R4 rang thi ta thdy (2) mau thuan véi (1).
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Do d6 chico f la ham s6 hang thoa man yéu cau bai toan.

Vay tat cac ham s6 thoa man dé bai la: f(n)=const=c, v6i ¢ la hang s6.

Cau 28. Gia st f : R - R la ham lién tuc va giam sao cho véi moi x,y € R* ta co

Flery) (£ )+ F W)+ f (y+f (%))
Chttng minh rfmg f(f(x)) =x

Cho y=x taduoc: f(2x)+f(2f (x))= f(2f (x+ £ (x)))
Thay x bang f(x)ta cé f(2f(x))+f(2f(f(x)))Zf(zf(f(x)+f(f(x))))

Trir hai phwong trinh trén ta suy ra:
FRF(F()=F(2)= £ (2 (F () + £ (£ ()= £ (2F (x+ £ (2)))
Néu f(f(x))>x, v€trai ctia phuong trinh trén 4m, do do:
f(f(x)+f(f(x)))>f(x+f(x)) va f(x)+f(f(x))<x+f(x)
la diéu mau thuan.
Tuwong ty, ta cling ¢ diéu mau thuan xay ra khi f(f(x))<x

Vay f(f(x))=x, diéu phai chtng minh.

Cau 29. Cho song 4nh f:N-—N. Chting minh rang ton tai v6 s6 bd (a,b,c) voi
a,b,ceN thoaméin a<b<cva 2f(b)=f(a)+ f(c)

.....

Ta xay dung day {an} nhu sau:

Trong cdc sd tir 0, 1, 2,..,, m chon s§ 4, sao cho f(a,)> f(i) Vi=0;a,(meN)
Chon a, > a,5a0 cho f(a,)> f(i),Vi=0;a,

Chon a, >a,_, sao cho f(a,)> f(i),Vi=0;a,

Vay taco day 4, <a, <..<a, <a,, va f(al)<f(a2)<...<f(ak)<f(ak+l)
Trong d6 a, €N va f(a,)> f(j) Vj=0;a

Viflasonganhnén f(a,,,)=f(a)+p,peN’

Va3ceN d& f(c)=f(a,)+p> f(a.)

a,,, >a, ,Vi=1k

Mit khac R
f(ak+1)>f(l)/VZ:1’an+l
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p(a)=f(a.)-p

) p =2f(a,,)=f(a)+f(c)

Nén ¢ >a, , :{

Do cach xay dung, day {a { } la day v6 han nén ton tai v6 s0 bd (a,b,c)thoa diéu kién da

néu.

Cau 30. C6 bao nhiéu ham f: N* - N* thoa man dong thoi cac diéu kién sau
2 f(1)=
b) f(n) f(n+2)=9(f(n+1)) +1997, VneN*.
Loi giai

Goi D la tap hop tat ca cac ham s6 f thoa man diéu kién bai toan.
Theo gia thiét b) ta cd

o f(n)f(n+2)=(f(n+1)) +1997;

o f(n+1)f(n+3)=(f(n+2) ) +1997

(

Suyra f(n)f(n+2)—(f(n+1)) = f(n+1) f(n+3)~(f(n+2)) =1997
fm)+f(n+2) _f(n+D)+f(n43) g

- f(n+1) f(n+2)
Vi vay ta c6 f(1)+f(3):f(2)+f(4):m:f(n)+f(n+2):
' £(2) £(3) f(n+1)
o S(HF(3) _ X
Dat C—W(l) suyra f(n+2)=cf (n+1)—f(n),Vne N*(2)

Ta chting minh ¢ € N *. That vay, néu c=F véi p.geN va (p,q)=1 thitk (2) tacd
q

q(f(n)+f(n+2))=pf(n+1),vneN*
Suy ra q|f(n+1),VneN* hay qz‘f(n)f(n+2),VneN* VA NS

Vi 1997 = f (n) f (n+2)~(f (n+1)) Jiq".

Ma 1997 1a s6 nguyén tdnén q° =1 hay g=1 suyra ce N*

Goi f(2)=a,do (1)tacd ac=1+ f(3) suy ra ac—l:f(3):f(1)f(3):(f(Z))2 +1997
= ac—1=0a"+1997 < a(c—a)=1998

Ta dwoc /1998, hay f(2) 1a mot wée duong cua 1998.

Nguoc lai véi moi wdc dwong a ctia 1998 ta xay dung ham f:N* - N* nhw sau

fFM=1 f(2)=

F(n+2)=(a+b) f(n+1)- f(n),¥neN; trong d6 b=1220

a

eN*,
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Ta chtiing minh f thoa man diéu kién dé bai, nghiala feD.
That vay

F(n+1) f(n+3)=(f(n+2)) = f(n+1)((a+b) f(n+2)~ f (n+1))=(f (n+2))’
=(a+b)f(n+1) f(n+2)~(f(n+1)) ~(f(n+2))

= f(n+2)((a+b) f(n+1)=f (n+2))=(f (n+1))

(f(n+1)) ,VneN*

(

)
Suyra f(n+1)f(n+3)—(f(n+2)) = f(n+2) f(n)~(f (n+1))

=f(3)f(1)- ( 2)) =F(3)-(F(2))
T dotacd f(n)f(n+2)—(f(n+ ) )—(f(2))2
=(a+b)f(2)—f(1)—(f(2))2 =<a+b>a—1—a2
=ab—-1=1998-1=1997.
Vay ta duoc f(n)f(n+1)=(f(n+1)) +1997 hay f eD
Ta c6 tuong tmg, mdi f € D véi mot gid tri f(2)[1998 1a mot song 4nh gitta D va tap cac
uoc duong cua 1998.
Do d6 s6 phan tir cia D 1a: |D|=d(1998) =d(2.3°37) =(1+1)(3+1)(1+1) =16.

Vi vay c6 tdt ca 16 ham s6 thoa man dé bai.

Céu 31. Tim tat cad cdc ham s6 f:N" — N’ sao cho.

a) f(2)=2

b) f(mn)=f(m).f(n)vSimoi m,neN", UCLN (m,n)=1
c) f(m)<f(n) vmneN ,m<n.

.....

Chon n=1, thay vao f(mn)=f(m).f(n)= f(1)=1

Tadeyrang f(3).f(5)=f(15)< £(2)-£(9) < F(2 )-f(10)=f(2)-f(2)f(5)-

Vay f(3)<f(2).f(2)=4.Ma 2=f(2)< f(3)<4 nén f(3)=3.

Tir d6 ta tinh dwoc f(4)=4, f(5)=5,f(6)=6,f(7)=7, f(8)=8, f(9)=9, f(10)=10..

Dy doan f(n)=n véi VneN",

Giasu f (k) =k véi Vke N',10 <k <n. Ta chitng minh diéu khang dinh van con ding véi
k=n+1.

Néu k 1a s8 chén, ta xét hai treong hop sau:
o k:2°‘(2l+1);0t,leN*.
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Lacnay f(k)=f(2(20+1))=f(27) f(21+1)=27(21+1) =k .
o k=2%0eN

Lacnay f(k+2)=f(2°+2) = £(2(27 +1))= £(2) F(2*7 +1)=2(2" +1) =k+2 .

Mat khac k-1=f(k-1)< f(k)< f(k+1)< f(k+2)=k+2 .
Do dé f(k)=k, f(k+1)=k+1.

Néu k las61éthi k+1 1asd chdn, ta xét hai tredong hop sau:
o k+1=27(21+1);a,leN . Khid6 0<2°<n,0<2l+1<n .

Theo gia thiét quy nap f(k+1)=f(2*(20+1))= £(27) f(20+1)=2 (2 +1) =k +1.

Ma k-1=f(k-1)< f(k)< f(k+1)=k+1= f(k)=k.
e k+1=2%aeN .Ltcnay
f((k+1)+2):f(2“+2):f(2(2“’1+1)):f(2)f(2“’1+1):2(2“’1+1):k+3
Mat khac k-1= f(k-1)< f(k)< f(k+1)< f(k+2)< f(k+3)=k+3 .
Do dé f(k)=k, f(k+1)=k+1,f(k+2)=k+2.
Theo nguyén li quy nap f(n)=n véi VneN".

Cau 32. Tim tat ca cdcham s6 f:Z — Z thoa man

f(m+n)+f(mn)=f(m)f(n)+1,VmneZ (1)

Thay m=n=0 vao (1) taduwoc 2 £(0)=f>(0)+1= f(0)=1
Thay m=1,n=-1 vao (1)talaico f(-1)=f(1)f(-1)+1
Vay f(-1)=0.hodc f(1)=1
e Xét f(1)=1.Thay n=1 vao (1)tacd: f(m+1)+ f(m)=f(m)+1,VmeZ
Suyra f(m+1)=1,VmeZ hay f(m)=1,VmeZ.Thttlai thoa man.
e Xét f(-1)=0
Thay n=-1 vao (1)ta duoc f(m—1)+ f(-m)=1YmeZ (2)
Thay n=1 vao (1)talai duoc f(m+1)+f(m)=f(1)f(m)+1,YmeZ
Djt a = (1) thi phuong trinh trén tré thanh f(m+1)+ f(m)=af (m)+1,YmeZ (3)
+Véia=2.Néu a=1 thidan téi f(1)=1(trudong hop nay da giai ¢ trén)

Dodotaxét a=1.

Khi d (3)@f(m+1)_$:(a_l)[f(m)_zi},\mez
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B 1_bn+l

,nel.
b

Dit b=a-1 =beZ\{0,1}, f(n)

1-b" 1-b""
+

1-b 1-b
SV +b""=b+1,VmeZ (5)

Thay vao (2) ta duoc =1,VmeZ <1-b"+1-b"=1-b,VmeZ

Thay m =2 vao (5) ta dwoc b2+%=b+1<:>(b—1)2(b+1)=0<:>b=—1 (b;tl)

n+l
\ / . 1_(_ ) _ . 2 _ . g
Tt d6 suy ra f(n) - ,VYneZ,hay f(n) 0 khinlé va f(n) 1 khi n chan.
Thir lai thoa man.
+V6ia=2thi f(1)=2.
Thay n=1 vao (1)ta duoc f(m+1)=f(m)+1,VmeZ (6)
T f (1) =2 va (6) ta dung phuong phap quy nap toan hoc thi sé chiing minh duoc
f(n):n+1,VneZ.
Thit lai thdy thoa man. Vay cdc ham s6 thoa man yéu cau dé bai la

1_ _1 n+1
f(n)=1,f(n):¥,f(n)=n+1 vOi VneZ.

Cau 33. Tim tat ca cicham s6 f:Z — 7Z thdéa man f(O) =2 va

f(x+f(x+2y))=f(2x)+f(2y),‘v’x,yeZ (1)

Thay x=y=0 vao (1) taduwoc f(f(0))=2f(0)= f(2)=4

Thay x=0 va y =1 taduoc f(f(2))=2+f(2)= f(4)=6

Ta s& chimg minh bang quy nap rdng véi Vx e Z thi f(2x)=2x +2  (2)

Theo trén thi (2)dung khi x=0 .

Gia sur (2)dung t6i x=k(keZ,k>0).

Thay x=0, y=k vao (1) taduoc f(f(2k))=f(0)+f(2k)= f(2(k+1))=2(k+1)+2
Vay (2) ciing dung khi x=k+1, suy ra (2) dtng voi VxeZ,x 0.

Véi Vx e Z,x 20, thay (x,y) - (2x, —x) vao (1) ta duoc
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f(2x+£(0))= f(4x)+ f(-2x),VxeZ,x>0
= f(2(x+1))= f(2(2x))+ f(-2x),vx € Z,x 20
= 2(x+1)+2=2(2x)+2+ f(-2x),Vx e Z,x20
= f(-2x)=—2x+2,VxeZ,x>0
= f(2x)=2x+2,VxeZ,x >0
= f(2x)=2x+2,VxeZ
D6 do (1)(1)<:>f(x+f(x+2y)):2x+2y+4,Vx,yeZ (3)
Ta sé chiing minh néu x la sd nguyén 1é thi f (x) cling 1a s6 nguyén lé.
That vay, néu f(x):2k,véi keZ,thay x > x-2k (véix1é)va y=k ta dugc:
f(x=2k+f(x)) =2(x—2k)+2k+4,VxeZ,x 1¢é
= f(x)=2x—2k+4,VxeZ,x 1é
=2k=2x-2k+4,VxeZ,x 1é
Do d6 4k =2x+4, véi moi s6 nguyeén lé x.
biéu nay vo li vi 2x+4 khong phai lac nao cling chia hét cho 4.
Nhur vay néu x 1é thi f(x) 1é.
Tir d6 néu x lé thi x+2y 1, dan dén f(x+2y) 1é, do dé x+ f(x+2y) chén
Do déf(x+f(x+2y))=x=f(x+2y)+2 .
Kéthop véi (3) ta duge x+ f(x+2y)+2=2x+2y+4=> f(x+2y)=x+2y+2, Vx,yeZ,x1é
:f(x):x+2,Ver

Thir lai thoa man.

ICéu 34. Tim tat ca ham s§ f:N—N sao cho f(f(n))+f(n)=2n+3,¥neN (1)
Loi giai
Gia st ton tai ham s& f(n) théa man yéu cau bai toan.
Cho n=0,tr (1) 6 f(f(0))+f(0)=3=0<f(n)<3 (2)
Néu f(0)=0 thi f(£(0))+f(0)=0 mau thuan (2). Vay f(0)#0
Néu f(0)=2 thitlr (2) tacd
F(F0)=1= £(2)=£(F(0))=1= F(1)= £ (F(2)) =22+3~ F(2)=6
= f(6)=f(f(1))=21+3-f(1)=-1

Suy ra f(6)¢ N, loai.
Nhu vay f(0)#2.Tuong tw cing c6 f(0)#3.
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Do d6 f(0)=1.Khi do tix (2) taco
f()=f(f(0))=2=F(2)=f(f(1))=21+3-f(1)=3

Ta sé& chimg minh ham can tim 1a f(n)=n+1,¥neN bang quy nap toan hoc.

That vay. Véi n=0thi f(0)=1=0+1.

Gia stt khang dinh dtng t6i n =k, (k e N). Tcla: f(k)=k+1

Véi n=k+1tacd f(k+1)=f(f(k))=2k+3-f(k)=2k+3—(k+1)=(k+1)+1

Vay khang dinh dung véi n=k+1

Theo nguyén ly quy nap toan hoc, tacé f(n)=n+1,VneN.

Thtt lai ham tim duwoc théa man yéu cau bai toan.

Cau 35. Chitng minh rang ton tai duy nhat ham s f :N* — N* théa man
f(m+f(n))=n+f(m+b),YmneN*(beZ)(i)
Loi giai
Gia st t6n tai ham 8 f (1) thoa man yéu ciu bai todn.
Ta chitng minh f 1a don 4nh.
That vay, gia st f(n,)=f(n,),Vn,,n, eN*.
Tw (i) tacd f(m+f(n,))=f(m+f(n,))=n+f(m+b)=n,+f(m+b)=n, =n,
Vay f la don anh.
V6i VneN* tacd f(f(1)+f(n))=n+f(f(1)+b)=n+1+f(b+b)=f(b+ f(n+1))
= f(n+1)+b=f(n)+ f(1), vif Ia don anh
= f(n+1)-f(n)=f(1)-b=a,v6i a=f(1)-b.
Suyra f(n)-f(n-1)=..=f(2)-f(1)=f(1)-b=a,VneN*
Tw do: f(n)-b=na= f(n)=na+b,YneN*.
Lucnay f(m+ f(n))=n+f(m+b)= f(m+na+b)=n+(m+b)a+b
= (m+na+b)a+b=n+ma+ba+b
S>nm’=n=a"=1=a=1,vinéua=-1thi f(n)gN* khin>b.
Suy ra f(n)=n+b,YneN*(beZ).

Thtt lai ham vira tim dwgc thda mén yéu cau deé.
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Cau 36. Hay x4c dinh tat cd ham s8 f : N — N’ théa man dang thtc:

f(n)+f(n+1)=f(n+2).f(n+3)—a (1)
Vi ala so te nhién thoa man a—1 la sd nguyén to
Gia stt phuong trinh c6 nghiém.
Thay n boi (n+1) luc dé (1) trd thanh f(n+ ) f(n+2 =f(n+3)f(n+4)-

Lay (2)—(1) v&voivéta duge: f(n+2)-f(n

Thay 1 boi 1 luc nay (3) tré thanh: f(3)—f(1)= f(4)(f(5)_f(3))

Thay n boi 2 e nay (3) tro thanh: f(4)- f(2)=f(5)(f(6)—f(4))

Thay n boi 3 lacnay (3) trd thanh: f(5)— (3 ):f(6)(f(7)—f(5))
(

Thay n boi 4 lucnay (3) tro thanh: f(6)—f(4)=f(7).(f(8)-f(6))

Ttr day ta da nhan ra quy luat dédc biét cua bai toan nay doé chinh la néu thay 7 boi s6 1é thi

ta ludn biéu thi duoc: f(3)—f(1)=f(4).f(6)...f (2n).(f(2n+1)- f(2n-1)) (4)

Néu thay 7 boi cac s6 chan ta sé duoc mot dic biét khac
F(4)=£(2)=f(5) f(7)f (2n+1)(f (2n+2)~ f (2n)) (5)

e Néu f(1)> f(3) thiluc nay ta sé lay ttrc co ngay f(2n-1)< f(2n+1) lac nay sé co
vOs0s6béhon f(1) ma f(1) la1s6hitu han. Suy ravoli. Tacla f(3)> f(1) .
Tuong tu ta cling sé c6 f(4)> f(2).

e Néu f(1)< f(3) va f(2)< f(4) lacnay f(2n-1)< f(2n+1)va f(2n)< f(2n+2) .
Suyra f(3)-f(1) va f(4)—f(2) s€cd vd sd ude sé khac nhau (vo li).

Ttr d6 chung ta sé c6 3 truong hop
3)=f(1 2n+1)=f(2n-1 1
e
Thay béi 1 vao phuong trinh (1) lacnay f(1)+f(2)=f(3).f(4)-a

Truong hop 1. {

e [ f3) =) _ _
Ma lai 6 {f(4):f(2):>f(1)+f(2)—f(2).f(1)—a:>(f(l)—l)(f(2)—1)—a—1
fW=2 [ . (2kkin=2k
o f(2)=a (n)_{akhin:ZkJrl
Ma lai c6 a—1 la s6 nguyén t0 nén ta co < ,
f(1)=a _|a khin=2k
{f(2)=2 _f(")_{z khin=2k+1
Truong hop 2{;2;))2];(:;) lacnay f(1)=f(2n-1) véimoi neN" .
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f(2n +2) > f(2n)
F(4)-£(2)=(F(1)" (f(2n+2)-f (2n))

Lac nay f(4)-f(2) c6 vd s6 cac udc s6 nguyén duong ddi mot khac nhau, diéu nay

Thay vao (5) ta duoc {

khong thé xay ra nén phai co f(1)=1.
Thay 1 boi 1 vao phuong trinh (1) thi ta sé c6 dwoc f(1)+ f(2)= f(3).f (4)—a
Malaico f(2n-1)=1

1 (n=2k+1)
=01 2= 00 ey
Véi xe N
Truong hop 3. Néu {; 8 : ; ((;L)) .
1 khin=2k
Lap luan tuong tw nhu trén f(n)= y+(a+1)2(n_1) i 2k 1 trong d6 y e N'.

Cau 37. Tim tat ca cdc ham s6 f:N — N thoa man f,(n)+(a—1).f(n)=an+(t+a)k
v6i f,(n)=f(f(--f(n))) voi a, t 1a s twnhién ty y thoa man k(2t-1)<a-1.

7
t

Dat f(n)=n+k+a,. Ta sé chtng minh 4, =0 véi moi s6 tw nhién dwong n bat ki
Ttr gia thiét ta suy ra

(a-1)f(n)<an+(t+a)k= f(n)<
Véi n<2a-2-tk thi

an +(t+a—1)k :n+n+(t+a—1)k (1)
a-1 a-1 a-1

n+(t=1+a)k

n+(t-1+a)k<2a-2+ak—k =
a-1

<2+k= f(n)<n+k+2

Nhu vay v6i n<2a-2—-thk= f(n)<n+k+1

Khi d6 véi n<2a—1-2kt+k—t thi f(n)<n+k+1<2a—2kt+2k—t<2a-2—tk lucdo ta
ciing 6 f(f(£(2)))< f(f(n))+k+1<f(n)+2(k+1)

Ti€p tuc lam nhuw thé cho dén Ian th t-1 lac d6 ta sé cd
foay(m)sn+(t-1)(k+1)<2a-2-tk

Va cudi Cfmgf(t)(n):f(f(t_l) (n))Sf(t_l)(n)+k+1£n+t(k+1)
Lai co voi n<(t=1)k thi (a=1) f(n)< f,, (n)+(a=1) f(n) <n+t(k+1)+(a=1) f(n)
Ma f,, (n)=an+(t+a-1)k-(a~1) f(1) nénbat dang thirc trén cho ta
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(a-1)(n+k+a,)<an+(t+a-1)k<n+t(k+1)+97(n+2+a,) (2)

tk+n k(2t 1)
a-1  a-1

Tw (1)tacd (a—1)a, —(a—1)k<n+(t-1+a)k=a, <1(k(2t-1)<a-1)

Ma tir (2) ta co

(a-1)a, +(a-1)k+t(k+1)> (t+a-1)k = (a-1)a, >t =a, >_—tl:>a” >0
a_
T dotas€ cod a, =0.
Xét v6i n>(t-1)k . Ta sé chirng minh phan nay ctia bai todn bang phuong phép quy nap.
Gia su bai toan dung dén m <n . Khi d6

f(ffl)(n_(t_l)k):f(t—z)(”_(t_z)k):f(t3)( ~(t- 3) )— =f(n- )271
Fn) = £ (n=(=1)K) = £ (n=(=1)K) =a(n=(t =)k (£ =1+ a)k~(a=1) f (n—(1~1)8)

Theo gia thiét quy nap f(n—(t-1)k)=n—(t-2)k
Dodé f(n)=an—a(t—1)k+tk+ak—k—an+a(t—-2)k+n—(t-2)k=n+k
Vay f(n)=n+k.Thw lai thdy thoa man.

Cau 38. Chohams6 f:N— N thoa man:
{(f(2n+1)+f(2n)+1)(f(2n+1)—f(2n)—1):3(1+2f(n))

neN
f(2n)= f(n)
Tim n sao cho f(n)<2009.

Gia stt ton tai ham f thoa man dé bai
Vi 3(1+2f(n)) la s6 nguyén dwong lé f(2n+1)-f(2n)-1 lasd nguyén duong lé
= f(2n+1)= f(2n)+2> f(n)
f(2n+1)-f(2n)-1=1
(2n+1)+ f(2n)+1=3(1+2f(n))
:{f(2n+1)=f(2n)+2 3{ f(2n+1)=f(2n)+2
2(f(2n)+1)=2(3f(n)+1) ~ [f(2n)=3f(n)
Ta sé ching minh f(n)< f(n+1) (1)
Véin=1= f(1)=f(0)+2> £(0)
Giast f(n)< f(n+1) dungtéi k (ke N*)= f(0)< f(1)< f(2)<... <f (k)
e Néukchan. Dit k=2m(meN*) = f(k+1)=f(2m+1)= f(2m)+2> f(2m) = f(k)
e Néuklé. Dit k=2m+1(meN)
= f(k+1)=f(2m+2)=3f(m+1)>3f(m)+2=f(2m)+2=f(2m+1)= f (k)
Nhu vay trong moi treong hop khang dinh (2) dting

= f(2n+1)+ f(2n)+1 >2f(n)+1 :{
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Dodd f(0)=3£(0)= /(0)=0, £ (1)=2:£(2) =3/ (1) =6

F(3)=F(2)+2=8, f(13) = f(12)+2=9f(3)+2 =74, f(27) =3 f (13)+2 =224
£(53)=9f(13)+2 =668, f(107) =3 (53)+2 = 2006, £ (108) =9 f (27) = 2016
= £(107) <2009 < £(108)

Do f(n)<2009= ne{O;l;Z;...,'107}

Cau 39. Tim tat ca cicham sd f:R — R thoa man:

Loi giai
Cho x=y=z=0 thi %f(0)+%f(0)—f2(O)E%C{f(o)—%j <0 f(0)=1-
Cho x=y=2-1 thi %f(1)+%f(1)—f2(1)2%®(f(1)—%j <0 f(1)=1 .
Cho y=z=0 thi %f(o)—f(x)f(o)zé.
Do f(0)== nén f(x)é% VxeR (1)
Cho y=z=1,tacé 1f(x)+%f(x)—f(x)f(1)2%
Do f(1):% nén f(x)Z%,VxeR. (2)
Tt (1) va (2)ta duoc f(x):% VxeR
Cau 40. Cho neN(n>2) vahams6 f:Q — Q sao cho:
fa"+y)=x"F(x) f(f()); 2,y Q (%)
a) Gia st rang f(2002)#0. Tinh f(2002).
b) Tim ham s@ f.
Loi giai

a) Tir (*) ta duoc

« V6ix=0f(y)=f(f(v)) VyeQ

e V6ix=Ly=0:f(f(0))=0= £(0)=0.

¢ Vix=1yeQ:f(l+y)=f(1)+f(v) (1)
Do d¢, chttng minh bang quy nap ta dwoc f(n)=nf(1),vneN (2)
T (1) taco f(0)=f(1)+f(-1)=f(-1)=f(0)=f(1)==f(); f(x=1)= f(x)- £ (1)
Do d¢, chttng minh bang quy nap ta dwoc f(-n)=-nf(1),vneN (3)
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Tt (2),(3) taduoc f(n)=nf(1),VneZ (4)

Dat f(1)=£;peN,qu* vata dwoc VneN va n chiahét p nén nf(1)eZ.
q

Do d6 ta duoc f(f(n)) = f(n) & n[ f(1)] =nf (D) [ fF()] =f(1) =

Do d6, tir (4) ta dwoc £(2002)=1 hay f(2002)=0 (loai).
Vay f(2002)=2002.

b) Tix (*) ta dugc y:O:f(x”):xnflf(x),Vxe@ (1)
e Néu n chdn: Vx=0: f(x)= f(::),f(—x)= ]i(if_l) =—f(x)

e Néun léthitir (*) va (1) taduoe f(x"+y)=f(x")+f(y)  (2)

A=) =f ()

(_x)nfl - xn—l

Suyra f(-x")+f(x")=0= f(-x)= =—f(x).

Do dé f(—x)=f(x),VxeQ

Tt (2), chtng minh béng quy nap ta dwgc f(px”)= pf(x"),Vp eN,VxeQ
Co6 VpeN :f(—px")z—f(px”):—pf(x")

Vay f(px”)=pf(x”),‘v’peZ,Ver (3)

Tt (3) ta o v%eQ(ueZ,veN*) ta duoc f(%j:f(u'j:_lj:uv“f(;—nJ
Ma f(1):f(Z—:j=v”f(%j:>f(%j=L3)

(% 0

vay f(4]-ue L Lr)
Tacod f(1)=0 hay f(1)=1ti (4) suyra f(x)=0,VxeQ hay f(x)=x,VxeQ
Thtt lai thoa man (*).

Vay f(x)=0,vxeQ.

Cau 41. Tim tat ca cacham sd f:N — N thoéa man

f(x+y2+z3):f(x)+f2(y)+f3(z) Vx,y,zeN

bDat P(u,v,t) la phép thé x boi u, y boi v, z boi t, ta cé:
e« P(0,0,0)= £(0)=0

e P(x,1,0) :>]"‘(x+1):f(x)+f(1)2
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f(1)=0

f(1)=1

Véi f(1)=1, ta chttng minh f(x):xfz(l),VxeN

Gia st diéu phai chitng minh ding dén x =k, vk e N: f(k)=kf*(1)

P(0,y,z) =

Ta chting minh dung dén x =k +1 Vk e N, thuc vay:
f(k+1)=f(k)+ f2 (1) =kf*(1)+ £ (1) =(k+1) f* (1)

Véi f(1)=0, ta chiing minh bang quy nap f(x)=0 VxeN

Thé vao gia thiét ban dau, ta nhan dwgc hai ham thoa dé: f(x)=0 va f(x)=x VxeN.

Cau 42. Choham s§ f:N — N’ théa man dong thoi hai diéu kién:

a) f(ab)=f([a,b])f((a,b)) véi moi a,beN",a=b; trong d6 [a,b], (a,b) Tan luot 1a boi

chung nho nhéat, wéc chung 16n nhat ctia hai s6 nguyén duong a,b;

b) f(p+q+r)=f(p)+f(q)+f(r) véimoisd nguyénts p,q,r.

Tinh gid tri cia f(2013)? Ki hiéu N 1a tap hop tét ca cac sd nguyén dwong.

Loi giai

Dat f(2)=a, f(3)=b.Khi dé ta cé cac dang thirc sau:
f(7)=f(2+2+3)=2f(2)+ f(3)=2a+b
f(8)=f(2+3+3)=f(2)+2f(3)=a+2b

f(16)=f(7+7+2)=2f(7)+f(2)=2(2a+b)+a=5a+2b
£(16)= £(2) £(8) =(a+2)
Do d6 ta ¢6 5a+2b=a*+2ab (1).
Mit khac ta 6 cac dang thitc sau:
f(12)=f(2+3+7)=f(2)+ f(3)+ f(7)=3a+2b

£(12)= £ (2)£(6)=a(f(2+2+2))=3a

Suy ra 3a+2b=3a* (2).

5a+2b=a’=2ab a=2
Tt (1),(2) taco &L = f(7)=7,f(8)=8
(2 e {24727 (2= s007.59
Ta ¢ 2003 14 s6 nguyén t& nén
£(2013) = £(2003+3+7) = £(2003)+ £ (3)+ £ (7) = £(2003)+10 (3)
£(2025) = £(2003+5+17) = £(2003)+ £(5)+ £(17) (4)
F(9)=3F(3)=9=F(5+2+2) F(5)+27 (2) = F(5) =5

F(17)= F(7+7+3)=2f(7)+ f(3) =17

Két hop véi (4) ta dwoc f(2003)= f(2025)-22 (5)
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Mit khdc f(2025)= £(9.9.25)=f(9) £(9.25)=9.f (5.5.9)=9f (5) f (45)
=9f(5) f(3.15)=45£ (3) £ (15) =45 (3)(f (7+5+3))
=453(f(7)+ f(5)+ f(3))=2025

Do d6 f(2025)=2025, két hop véi (5) ta duge f(2003)=2003.

Do d6 tir dang thire (3) ta duoc f(2013)=2013.

Cau 43. Dat F= f:[0,1] —>[0,1] va n>2. Tim gia tri nho nhét cta c thoa man diéu kién

j.:f(ﬁ/;)decEf(x)dx

Véi feF va f laham lién tuc.

Loi gidi
Ta co J.Olf((l/;)dx:njoly”‘lf(y)dy:n'[:x""l (x)dxﬁnjolf(x)dx (xe[0,1]), vay c<n.
.. : o n(p+1)
Véi p>0, tachonham f(x)=x", khi d6: c> ——=
n+p
Do do: chimM:n
poe p+n

Vay c=n, lai c6 n <2 nén gid tri c cdn tim 1a 2.

Cau 44. Tim t4t ca cacham f:[-1,1] > R lién tuc, thoa man:

2x
F@)= £y ) wrela]
Loi giai
bat g(x)= " izz . Bai toan tr¢ thanh: f(x)=f(g(x)) véimoi -1<x<1.

Ta chiing minh bai toan nhé: Goi day s6 a, = g(a,_, ) . Khi d6, voi moi gid tri dwong

0<a, <1,tacéd: lima, =1

n—»o0

Chitng minh. Véimoi s6 thuc 0<a<1,tacd: a<— = a<g(a).

1+a
Lai co, véimoi 0 <a<1, tathdy 0< g(a)<1.

Vivay {a,}  laday ting nghiém ngit va cé gi6i han.

bat lima, =L . Ta co: L :g(L): 12L

n—»0 =+ Lz

=L=1

Do L>0 nén lima, =1

n—»o
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Vi f la ham lién tuc nén: 1/in01f(1+h) = f(1), ndi cach khac v6i moi ¢ >0 ludn ton tai 3
sao cho véimoi 0<h<d: |f(1-8)—f(1)/<e

D4t x <1-3, tir chttng minh trén ta cé cdc ham x, g(x), g*(x),... déu tién dén 1.
Vay ton tai s6 nguyén duong k sao cho g*(x)>1-35. Diéu nay dong nghia:
(8" (x))-F(1)|<e
Vi f(x)=f(8"(x)) nén |f(x)- f (1) <e, do € c6 thé chon gié tri v6 cling bé, ta duoc:
If(x)-f(1)[=0= f(x)=f(1) véimoi O<x<1.
Chiting minh twong tu, ta dugc f(x)=f(-1) véimoi -1<x <0
Vi f la ham lién tuc nén Igg)lf(x) =f(0)= f(1)=f(-1)=f(0)

Vay f(x)=c véiclahdng s6 batky.

Cau 45. C6 thé ton tai hay khong mot ham s6 f:R — R, lién tuc trén R va thoa man
diéu kién: V6i moi s6 thuc x, tacd f(x) 1a s6 hitu ti khi va chikhi f(x+1) las6 vo ti.
Loi giai

Gia st ton tai ham s6 lién tuc f:R — R thoa man diéu kién:

‘v’xe]R:f(x)eQ@f(x+l)e]R\Q (*)
Xét cachams6 g(x)=f(x+1)—f(x), h(x)=f(x+1)+f(x)
Khi d6 ¢ va h la nhitng ham s6 lién tuc trén R. Ta c6 ¢ va h khong thé dong thoi la
ham héng. Thuc vay, gia st g(x)=C,,h(x)=C,. Khi dé:

2f(x)=C,-C, & f(x)=C (Clahang s6)
Vithé véi aeR thi f(a)=f(a+1)=C, diéu ndy mau thuan véi (*).
Gia sit h khong la ham hang, khong mat tinh tdng quat, khi d6 ton tai x,,x,,x, #x, sao
cho h(x;)<h(x,).
Ltc nay ton tai s6 hiru ti 7 € [h(x1 ). h(x, )] :
Taco [h(x,)—r]|[h(x,)-r]<0
Lai ¢ h(x)—r la ham lién tuc v6i moi x thudéc R nén phuwong trinh h(x)-r=0 c6
nghiém, tirc la ton tai x, € R sao cho h(x,)=r,te do f(x,+1)+f(x,)=7.
Ma reQ nén f(x,+1), f(x,) hodc déng thoi hitu ti hodc dong thoi vé ti, diéu nay mau
thuan véi (*).

Vay khong ton tai ham s6 thoa dé.
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Cau 46. Tim tat ca cdc ham s6 f:Q —» Q théa man diéu kién f(x)+ f(t)=f(y)+ f(z)
véimoisd httu ti x <y <z<t va x,y,z,t theo thi tw 1ap thanh cap s6 cong.
USAJMO 2015
Loi gidi
Do x,y,z,ttheo thi tu lap thanh cap s6 cong nén x +t =y +z, két hgp vdi phuong trinh da
cho ta dugc f(x)+f(y+z—x)=f(y)+f(z) (1) véimoi x<y<z vax,y, z theo thit tu
lap thanh cdp s6 cong.
Thay x =0 vao (1) ta dwoc f(0)+ f(y+2z)=f(y)+f(z) v6imoi O<y<z.
Dat g(x)=f(x)-f(0) taduwoc g(y+z)=g(y)+g(z) VO<y<z (2)
V6i s nguyén duong n 2 3, ta sé im cach biéu dién g(n) theo g(1),g(2).
Ta c6 g(3)=g(1)+g(2),8(4)=5(3)+g(1)+g(2)+2g(1), dung quy nap ta ching minh
duge g(n)=g(2)+(n-2)g(1) (3).
L4y 2 <y <z la cac sd nguyén duong ta duoc:
8(v)=8(2)+(y-2)g(1),8(2)=8(2)+(2-2)8(1). & (y +2)=8(2)+(y +2-2)g(1),
Thay vao (2) ta duoc
8(2)+(y+2-2)g(1)=8(2)+(y-2)8(1)+8(2)+(2-2)g(1) = g(2)=2g(1). (*)
Két hop véi (3) ta duoc g(n)=ng(1)
Ta biéu dién g(nx) theo g(x),g(2x).
Bang quy nap ta dé dang chimg minh g(nx)=g(2x)+(n-2)g(x) (4).
Lay 2 <n<m la cac s6 nguyén duong, thuc hién cac thao tadc nhu (*) ta dugc
g(2x)+(m+n-2)g(x)=g(2x)+(n-2)g(x)+g(2x)+(m-2)g(x) = g(2x)=2g(x)

Két hop véi (4) ta duoc g(nx)=ng(x) (5)

A ‘s A m m m I +
Vay voi m,n nguyén duong: g(m)= ng(—j = g(—] =—g(1)=>g(x)=xg(1), véi xeQ

n n) n

Do f(x)+f(t)=f(y)+f(2)=g(x)+g(t)=g(y)+g(z) Vx<y<z<t lap thanh CSC
V6i x <0 bat ky, taxét CSC x <0<y <z ta dugc
g(x)+8(t)=8(0)+g(2)= g(x)+1g(1)=g(0)+28(1) = g (x) = g(0)+2g(1)~tg (1) =25 (1)
Vay g(x)=xg(1),VxeQ= f(x)=f(0)+x(f(1)-f(0))=ax+b véi x,a,beQ.
Tht lai ta thay thdoa man.
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Cau 47. Gia st r,s€Q 1la hai s0 cho truwdc. Tim tat ca cac ham s6 f:Q —»> Q thoa man
dieukién f(x+f(y))=f(x+r)+y+s, Vx,yeQ
Romania 2006
Loi giai
Thay x =0 vao phuwong trinh ban dau ta duoc
F(f(@)=f(r)+y+s, vyeQ (1)

Thay y boi f(y) thu duoc:
f(x+f(f(y)))=f(x+r)+f(y)+s,‘v’x,ye@
<:>f(x+f(r)+y+s)=f(x+r)+f(y)+s,Vx,ye@
<:>f(x+r+y+f(r)—r+s)=f(x+r)+f(y)+s,Vx,ye@
= f(x+y+f(r)-r+s)=f(x)+f(y)+sVx,yeQ

Dat a= f(r)—r+s thay vao phuong trinh trén ta duoc:

f(x+y+a)=f(x)+f(y)+s,Vx,yeQ(2)

Thay y =0 vao phuong trinh (2) ta dwoc: f(x+a)=f(x)+f(0)+s, VxeQ (3).

Tt (2),(3) ta duoc:
fla+y)+f(0)+s=
< f(x+y)+f(0)=f(x)+f(y), Vx,yeQ
& f(x+y)=f(0)=f(x)=-£(0)+ f(y)-f(0),Vx,ycQ

bat f(x)-f(0)=g(x),vxeQ va thay vao phuong trinh trén ta duoc

g(x+y)=g(x)+8(y), vx,yeQ (4)
Ttr (4), theo két qua vé phuong trinh ham Cauchy ta dugc g(x)=bx,Vx,beQ
Ttr cach xdc dinh ham s6 g ta dwoc f(x)=bx+ f(0)=bx+c (5)

f(x)+f(y)+s,Vx,yeQ
f(x)
(

Tt (5) thay lai vao phwong trinh ban dau ta duoc:
b(x+by+c)+c=b(x+r)+y+s+c,Vx,yeQ

S bx+b*y+bc+c=bx+y+br+s+c,Vx,yeQ

b1 b=r+s

B < (db=-1
bc+c=br+s+c

c=r-s

Vay bai toan c6 hai nghiém f(x)=x+r+s, f(x)=—x+r—-s5,VxeQ.
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Cau 48. Tim tat ca cac ham sd f:Z —7Z sao cho voi tdt ca cac sO nguyén a,b,c thoa
man a+b+c=0, dang thiic sau la ding:
(£(@)) +(£(8)) +(f(c)) =2f (a) £ (b)+2F (b) f () +2f (c) f (a)
IMO 2012

-----

Gia st ham f:Z —Z thdéa man diéu kién dé bai.
Cho a=b=c=0, taduoc f(0)=0.
Cho a=n,b=-n,c=0(neZ)tadugc f(-n)=f(n).Dat f(1)=t(teZ).
Cho a=2,b=-1,c=-1 tacd f(2)=0 hoac f(2)=4t.
o Truonghop1.f(2)=0 = f(3)=t
Tacd (f(4)) +(F(2)) +(FQ) =2f(2) f(4)+2f(2) f(4)+2f (2) f(2)= f(4) =0
Giaste f(2i)=0,f(2i+1)=t (1<i<k)
= (f(2k+2)) +(£(2k)) +(f(2)) =0= f(2k+2)=0
Taco (f(2k+3)) +(£(2K)) +(F(3)) =2 (3) f (2k+3)= f (2k+3) = f(3) =t
Vay f(2i)=0,f(2i+1)=t,VieN = f(2i)=0, f(2i+1)=t,VieZ
o Truonghop 2. f(2)=4t(teZ,t+0)
Taco (f(3)) +(f(2)) +(£ (1) =2£(1) £ (2)+2f (1) (3)+2f (2) £ (3)
Suy ra f(3)=t hodc f(3)=9¢
a) f(3)=9t, f(2)=4t, f(1)=t.Tachttng minh f(n)=n’, VneN
That vay ménh dé dung véi n=1,2,3 . Gia st ménh dé dung dén n >3
Taco (f(n+1)) +(f(n)) +(F(1)) =27 (1) f(n)+2f (1) f(n+1)+2f (n) f(n+1)
= (f(n+1)) ~2t(n*+1) f(n+1)+ £ (1> ~1) =0
= f(n+1)=t(n+1) hoac f(n+1)=t(n-1)
Giasa f(n+1)=t(n-1)" = f(n-1)
Tacs (f(n=1)) +(f(2)) +(f(n+1)) =2f(2) f(n=1)+2f (2) f (n+1)+2(f (n=1))’
=(f(2)) =2f(2)(f(n-1)+ f (n+1))
=16t*=8t2(n-1)"t =16t*=16t*(n—1)’.

bé la diéu vo ly (vi n=3).
Vay f(n)=n’,VneN = f(n)=n’t,Vnel

b) f(3)=tf(0)=0,f(1)=t f(2)=4
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(F(4)) +(F(2) +(F(2) =2£(2) F(2)+2f(2) F(4)+2f (2) f (4)
= f(4)=0 hodc f(4)=16t
Giast f(4)=16t.Taco (f(4)) +(F(3)) +(f (1)) =2£(1) f(4)+2£(3) f(4)+2f (1) f(3)

= 25617 + 212 = 32> +321* + 217 = 192t* =0 (vd ly).

Vay f(4)=0.
Tacd (£(5)) +(F(4) +(F()) =2f (1) f(5) = f() = f(V)=t,
(£(6)) +(f(4) +(f 2))2=2f(2)f = f(6)=f(2)=4t,
(FO) +(F @) +(£(3) =2f(3)F(7) = fD)=f3)=t,
(£(8)) +(F(4) +(f(4)) =0 :f( )=0

Bang phuong phap quy nap toan hoc ta chitng minh duoc

f(4i+1)=t VieN; f(4i+3)=t VieN

f(4i)=0 VieN; f(4i+2)=4t VieN

That vay gia ste f(4k)=0, f(4k+1)=t, f (4k+2)=4t, f (4k+3)=t(keN)

Ta o (f(4k+1)) +(fF(4k)) +(F(1)) =2 (1) F(4k)+2f (4k) f (4k+1)+2f (1) f (4k +1)
= f(4k+1)=f(1)

(f (4k+2)) +(F(40)) +(F(2)) =2F (2) F (4k)+2£ (4K) F (4K +2) + 2 (2) f (4k+2)
= f(4k+2)=f(2)=4t

(f (4k+3))"+(f (40)) +(£(3)) =2/ (3)f (4k)+2f (4K) f (4K +3) + 2 (3) f (4k+3)
= f(4k+3)=f(3)=t

(f (4 4)) + (£ (40)) +(£(4)) =2 (4) F(4k)+ 21 (4k) f (4k+4)+2f (4) f (4k+4)
= f(4k+4)=f(4)=0.

Suy ra f(4i)=0,f(4i+1)=t,f(4i+2)=4t,f(4i+3)=t(teZt=0)VieZ

Nguoc lai, gia scham f:Z —Z thoaman f(2i)=0, f(2i+1)=t(teZ) véimoi i Z

Gia st a,b,ceZ,a+b+c=0.Suy ra trong 3 s8 a,b,c c6 it nhat mot s6 chén

+) Néu a,b,c cing chdn thi f(a)=f(b)=f(c)=0

= (F(a)) +(F(0)) +(F(c)) =2f (a) £ (b)+2f (b) f (c) +2f (c) f (a)
+)Néu a chan vab,clé thi f(a)=0, f(b)=f(c)=t
= (f(@)) +(F (b)) +(f(c)) =2¢
2(f(a)f(b)+f(a)f(c)+ f(D)f(c))=2¢"
= (F@)" +(£(0)) +(F(c)) =2 (a) F(B)+2£ (b) f (c)+2f (c) f (a)

a
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Twong t néu b chan a,c 1é hodc ¢ chan a,b 1é thi ta cling co:
(F(@) +(F(0) +(F(c)) =2f (a) £ (b) +2f (b) £ (c) +2f (c) f (a)
Vay ham f:Z —Z sao cho f(2i)=0,f(2i+1)=t(teZ) v6i moi ieZ théa man diéu
kién dé bai.
e Xéthamss f:Z—7 thoaman f(n)=n’t(teZ,t+0)Vnel
Gida s a,b,ceZ thoaman a+b+c=0
Tacod f(a)=a’t, f(b)=b", f(c)=ct
Suy ra (f(a))2 +(f(b))2 +(f(c))2 = (a4 +b* +c4)t2
Co a+b+c=0=a’+b>+c?> =-2ab—2bc—2ca
= a' +b" +c* +2a°b? + 2b°c* +2a°c® = 4a’b® + 4b°c® + 4a’c® +8abc (a+b+c)
= a* +b* +c* =2a°b" +2b°c* +2a°c°
= (f(a))2 +(f(b))2 +(f(c))2 =2a’b*t* +2b°c*t? +2a°c*
3£ (a) F(8)+2£(0) £ (€)+ 2/ (0) (0
Vay ham f:Z —7Z sao cho f(n)=n’t(teZ,t#0)VneZ thoéa man dé bai.
e Xétham f:Z —7Z thdéa man

F(ai+1)=t, f(4i+2)=4t, f(4i+3)=t, f(4i)=0 (teZ,t%0) VieZ
Gia st a,b,ceZ saocho a+b+c=0
+Néu a=4i(ieZ)=b+c=0(mod4)
+ Néu b,c déu chia hét cho 4 thi f(a)=f(b)=f(c)=0

= (f (@) +(F(B)) +(£()) =2F(a) £ (£) +2£ (b) £ (¢)+2f (€) f (a)(=0)
+N&u b=2(mod4) va c=2(mod4) thi f(a)=0,f(b)=4t, f(c)=4t
= (f(a)) +(f (b)) +(f(c)) =328
2f(a) f(0)+2£ (b) f(c)+2f (c) f(a) =328

= (f(@)) +(£(0)) +(f(e) =2f (a) £ (b)+2f (b) f (¢) +2f (¢) f (a)

+Néu b=1(mod4) va c=3(mod4) thi f(b)=t, f(c)=t
= (f(a)) +(F(0)) +(f(c)) =2
2f(a) f(b)+2f (b) f(c)+2f (c) f (a) =2¢*

= (F(a)) +(£(8)" +(f(c)) =2 (a) £ (b)+2f (b) f () +2f (c) f ()

+Néu a=1(mod4), b=0(mod4) va c¢=3(mod4), tuong tw nhu trén ta ciing co:
(F(@) +(F ) +(£()) =2f(a) £ (0)+2£ (8) f () +2£ (¢) f (a)

+Néu a=1(mod4), b=3(mod4) va c=0(mod4), tuong tw nhu trén ta cting co:
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(F(@) +(£(8) +(f () =2f (a) £ (b)+2f (b) f (c) +2f () f (a)
+Né&u a=1(mod4), b=2(mod4) va c=1(mod4)
= f(a)=t, f(b)=4t, f(c)=t =(f@) +(fB)) +(f(c)) =18¢
2f(a) f(b)+2f(b) f(c)+2f(c)f(a)=8t"+8t* +2t* =18t
= (F(@) +(£(0)) +(f(e)) =2f (a) £ () +2£ (b) £ (c)+2f (¢) f (a)
+Né&u a=1(mod4), b=1(mod4) va c=2(mod4), tuong tu nhu trén ta ciing cé:
(f(@) +(F0)) +(£()) =2 (a)f () +2£ () f () + 2 (c) f (a)
+Né&u a=2(mod4), b=0(mod4) va c=2(mod4) hodc a=2(mod4), b=1(mod 4) va
c=1(mod4); hodc a=3(mod4), b=0(mod4) va c=1(mod 4)hosc a=3(mod4),
b=1(mod4) va c=0(mod 4), twong tu nhw trén ta cling cd:
(F(@) +(F0)) +(£()) =2 (@)f () +2£ () f () + 2 (¢) f (a)
+Néu a=3(mod4), b=3(mod4), c=2(mod4)thi f(a)=f(b)=t, f(c)=4t
= (f(a)) +(F(0)) +(f(c) =18¢; 2f (a) f(b)+2f (b) f () +2f (c) f (a) = 18¢°
= (£(a)) +(f () +(£(0)) =2 (a) £ (b)+2f () () +2f () f (a)
Vay tat ca cacham f:Z — Z thoa man dé bai la:
FiZ—7: f(2i)=0,f(2i+1)=t (te Z)VieZ
fZ—>Z: f(n)=n’t(teZ,t=0)Vnel
FiZ>Z: f(4i)=0, f(4i+1) =1, f(4i+2) =4t f(4i+3)=t(te Lt 20) Vic L.

Cdch 2.
Thay a=b=c=0 vao phuong trinh ban dau ta duoc:

FQOY + £(0) + £(0)" =2£(0) £(0)+2£(0) £ (0)+2£ (0) £ (0)= 3£ (0)" =6£(0) = £(0)=0

Thay b=-a,c=0 vao phuong trinh ban dau ta duoc:
F(a)+ f(=a)"+ £ (0)" =2f (a) f (~a)+2f (~a) £ (0)+2£ (0) f (a)
= f(a) + f(-a) =2f(a) f(-a)= f(a) =2f () f(-a) + f (-a) =0= f(a)=f(-a)
Ta c6 thé viét lai phwong trinh ban dau dudi dang:

F(e) =2f(e)(f(a)+ £ (b))+(f(a)- £ (b)) =0

)= f() = f(asp) 2@ F D)2 x/(f(ﬂ);f(b)) ~4(f ()£ (0)

= f(a+b)=f(a)+f(b)+2{f(a) f ()
Néu f(5)=0: £(a+b)= f(a)= f((a)mod (1)
Truong hop 1. f(1)=0= f(x)=0vx.
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Truomg hop 2. £(1)%0, taco f(2)= F(1)+ F(1)£2/F(1) f(1) = f(2)=0 or f(2)=4F(1)

Ta xét hai truong hop nho:
Trwong hop 2.1: f(1)#0,f(2)=0= f(x)=f(xmod2)= f(x)=f(1) néu x léva f(x)=0

néu x chan.

Truong hop 2.2: f(1)=0,f(2)=4f(1)= f(3)=f(2)+ f(1)* Ji
= f(3)=5f(1)x4f(1)= f(3)= (1)
© Néu f(1)=0,f(2)=4f(1), f(3)=f(1):
= f(4)=f(1)+f(3)£2Jf(1)f(3) va f(4)=f £2Jf(
= f(4)=f(1) hodcOva f(4)=16f(1 )hoacO
(4)=0 f(x)=f(xmod4).

¢ Néu £(1)20,£(2)=47(1), £(3)-9F (1):
= f(4)= (1+3) f(1)+£(3)£2f(1)f(8) =16f(1) hode 4 f(1)
va f(4)=f (2)+2,/f(2) =16 (1) hodc 0.= f(4)=16f(1)
e Néu xs4,kh1do f( )= F(1)x?
Dung quy nap, ta chttng minh: f(x)= f(1)x’vx
e Néu.r<m, khidé f(x)=f(1)x?Vx, dting véi mot s gid tri m.
Gia st diéu phai chung minh ding véi m=k:
= f(k+1)=f (1)£2,f (k) f(1) = f(1)(k+1)" hodc f(1)(k-1)
Va f(k+1)= f(k-1)+f(2 +2W £(1)(k+1)* hodc f(1)(k-3)’
fk+1)=F(1)(k+1)".

Vay diéu phai chitng minh dung véi m=k+1.
Viné van ding véi m = 4, theo quy nap toan hoc ta c6 thé két luan f(x)= f(1)x*Vx.

Cau 49. Tim tat ca cacham f,g:R" > R ¢6 dao ham trén R* thdéa man

.....
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Tuwong tu ta cd [M}':O,Vx>0 = f(x)—g(x)=bx,vx>0 Vx>0 (2)

T (1),(2):>f(x):1(ﬂ+bx} g(x):l(ﬂ—bxj,Vx>O,a,beR
2\ x 2\ x
Cau 50. Tim tit ca cicham f :R, - R cé dao ham trén R’ thoa man

flxy)=f(x)+f(y)Vx,y R (1)

Loi giai

L&y dao ham hai vé& (1) Tan luot theo bién x,y ta c6

uf (xy) = f(x)Vx,y e R,

xf'(xy) = f'(y)Vx,y R,

=x.f'(x)=y.f'(y) Vx,yeR,
=S x.f'(x)=a VxeR, = f(x)=alnx+b VxeR]
Thlai = b=0.
Vay f(x)=alnx VxeR).
Cau 51. Tim tat ca cicham f:N— N thoa man
f(f(n))=n+b VneN (1)
trong d6 b 1a s6 nguyén dwong chan.
Loi giai
Gia st f thoa man dé bai. Dé thdy f don 4nh
Trong (1) thay n boi f(n) ta dugc f[f(f(n))}=f(n)+b
Suyra f(n+b)=f(n)+b VneN
Vay néu m=qb+r,0<r<b-1 thi f(m)=f(qb+r)=f((q-1)b+r)+b=f(r)+qb
Bay gio ta chi can xdc dinh ham f tréntap A={0,1,2,..,b—-1}.
Xét xe A, ddt f(x)=y thi f(y)=x+b
Giastr y=qgb+r thi f(y)=f(r)+qb suyra x+b=f(r)+qb=gb<x+b<2b nén g=0
hoac g=1.
Do dénéu xe A thi
i) f(x)=r+breA, f(r)=x
ii) f(x)=r,reA, f(r)=x+b
f(gb+r)=gb+f(r)

Véay ham f dugc xac dinh nhw sau 1§ f(a;)=b,

1

f(b)=a,+b

véi {a,} A {b} = A.
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Cau 52. Tim tat ca cacham f:R"™ — R" thoa man:

i) f(xf (v))=uf (x) Vx,y e R (1)
i) Tim f(x)=0

IMO 1983
Loi gidi
The x=1 taduoc f(f(v))=yf(1)
Néu f(a)=f(b), thi af (1)=f(f(a))=f(f(b))=bf(1)=a=b vi f(1) tién téi s6 nguyén
duwong. Vi vay ham f don anh.
Thé€ x =y ta duoc f (xf (x)) = xf((x))
Vay xf (x) la diém b4t dong ctia ham f.
Khi d6, thay y=1 thu duocf(xf(1))=f(x)= f(1)=1 vi x khdc 0 nén 1 Ia di€m bat
dong ctia ham f. Ta chting minh 1 la diém bat dong duy nhat ctia ham f.
Gia st ton tai a,b 1a di€m bat dong cta f,tacod f(a)=a va f(b)=b.
Khi d6, thé x =a,y =b vao (i) ta duoc f(ab)= f(af (b))=bf (a)=ab

Suy ra ab cling la diém bat dong cua f.

Thé'x:%,y:a thu duoc 1=f(1):f[%.aJ:f[l.f(a)j:af[%jjf(%J:%

a
A 1 \ * A7 ) A 2
Vay — la diém bat dong caa f.
a
Néu f(a)=a véi a>1,khidé f(a") la diém bat dong cta f, mau thuén (i)

Néu f(a)=a v6i 0<a<1,khidé f(lnj = lﬂ la diém bat dong ctia f, mau thuan (ii)
a') a

KR |

Tir cac két qua trén ta thu duoc diém bat dong duy nhatla 1, suy ra xf (x)=1< f(a)=

Cau 53. Chitng minh rang ton tai song anh f:Z* — Z* sao cho
f(Bmn+m+n)=4f(m)f(n)+f(m)+ f(n) Vm,neZ*
IMO Shortlist 1996
Loi giai
Xéthamg:3Z' +1—4Z" +1 théoaman: g(x)= 4f(xT_1]+1 thi ta cd g la song anh va
g((3m+1)(3n+1))=g(3m+1)g(Bn+1) Vm,neZ" .
That vay g((3m+1)(3n+1))=g(3(3mn+m+n)+1)=4f(3mn+m+n)+1

=4(4f (m) f(n)+f(m)+f(n))+1=(4f (m)+1)(4f (n)+1)=g(3m+1)g(3n+1)
Vay véimoi x,y €3Z" +1, tacd g(xy)=g(x).g(v)
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, “ A . s ar s e 44 Sx+1)-1 .~
Nhuw thé, ta chi can chi ra mét song anh g la du, vi khi d6 f(x)= % thoa man

deé bai.
Xét P,, P, la tap cac sO nguyén t0 dang 3k+1,3k+2 tuwong tng va Q,,Q, la tap cac s6
nguyén t6 dang 4k +1,4k+3 twong tng, ta xét song anh h: P, UP, > Q, UQ,
Sao cho h(P)=Q,,h(P,)=Q, vaxacdinh g nhw sau:
- g(1)=1
o nguyén td thi g(n)=]]h(p)

RO rang song anh ¢ nhw vay thdéa man dé bai.

Cau 54. Tim tat ca cacham f:N— N thoa:
3F(f(f(n)))+2f(f(n))+f(n)=6n, VneN
Loi giai
Dat a, = f(n)= £ (f(-(f(n)))) (&p k Lan).
Ta lap dwoc day 3a, +2a, , +4a, , =6a, ; véimoin
Xét tap S={a,,a,,a,,..} viday la tap cac s6 nguyén duong nén sé toén tai mot phan tix 6
gid tri nho nhat. Dat j la s6 sao cho a; la gia tri nho nhat trong tap S .
Ta c6 bat dang thiic 3a, +2a,_, +a,_, =6a,_, > 6a,
Déang thitc xay rakhi a, =a, , =a, , =a S
Lai 6 khi dat k = j+3 thi dang thitc xay ra, vay ta c6 A, =0, =0;,=0,5,.
Tinh tién gid trj ta thu duoc a, =a; véimoi k> j.

3,420,

+a
. “L, ta thu duwoc a, = g,

Thuc hién tuong tw cho tinh tién 1ui, luu y rfang a, =

voimoi k<j.Vay g, =a; véimoi k20.

Tt chttng minh trén dan dén a4, =4, hay f(n)=n ,vneN.

Cau 55. Tim t4t ca cacham s6 f :(0;+00) — (0;+00) thoa man diéu kién:
F(f(x)=yf (yf (x)) va,y €(0;400) (1)
Loi giai
f(u
flo

N—"

Véimoi te(0;+0), ta chon tuy y mét x, cd dinh va u= f(x,), v=tf(x,) thi t=

~~—

Ta thay trong (1) y boi

ta céf(f(x))=Lf[f(x)J

1
f(v) f) \ f(v)
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). )
Hay f[ f(y)]—f@/).f(f( ) (@)

Trong (1), thay y boi 1

()

1 = x e|\U;+0
Py @ duoe FF () = F(1) vee(0) (3

)
T (2),(3 >suyraf{ %] 2

( x
(£ )
Dods f [f(v)J / ()f(u)
(

Do vay, f(t)=f(1 ) Vte(0;+0).

Thtr lai, ham can tim 1a f(x)= 2 yxe (0;40) & d6 a>0 la hing s6.
X
Cau 56. Ching minh r@“mg ton tai duy nhat mot ham s6 f xdac dinh trén tap cac so thuc
duong, nhén gia tri thyre duong va thoa man f(f(x))=6x- f(x).
Putnam 1988
Loi giai
Véi mbi s§ thue duong x, ¢8 dinh, ta xdy dung day {f,}  nhuw sau:
fi=%p, fo= f(xO)’fn+1 = f(fn (xo))-
Khi do, tir ddng thiic ¢ gia thiét ta suy ra day {f,}  thoa man phuong trinh truy hoi
fn+2 :6fn _fn+1’
-6f, =0.
Dén day, giai phuwong trinh dic trung cua day {f,}

Hay n+2 +

n+1

ta duwoc hai nghiém la 2 va -3.

n>1"

Do d6, f,=a-2"+b-(-3)", trong d6, cac hang s8 a, b tim duoc phu thudc vao f,, f, .

Tuy nhién, néu b= 0, thi ton tai nda lén sao cho f, <0 (ta ¢ thé thdy duoc dé dang bé“mg

cach chon n chan du 16n néu b <0, va chon n 1é du lénnéu b>0).

Do vay, b=0.Thanhra f, =a-2"

Suy ra f(f(x,))=a.2°, f(x,)=a2?, thay hai gi4 tri ndy vao déng thirc
f(f(xo)) = 6x, _f(xo)

Ta dugc 2a=x,. Dan dén f(x,)=2x,

Va vi diéu nay dung véi moi x,duong nén f(x)=2x,vx>0.
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Cau 57. Ham s6 f :Z — 7Z thoa man dong thoi cac diéu kién sau:
(i): f(f(n))=n,Vnel (1)
(ii): f(f(n+2)+2)=n,YneZ (2
(iii): f(0) =1 (3)
Tim gia tri f(1995), f(—2007)
Olympic Ukraine 1995

Loi giai
Caing nhan xét va ly luan nhu cac vi du trudc, ta dua dén f(n) phai c6 dang: f(n)=an+b
Khi d6 diéu kién (i) tro thanh:a’n+ab+b=n,VneZ

" A a’ =1 a=1 [a=-1
Dong nhat cac hé so, ta duoc & v
ab+b=0 b=0 |b=0

=1
Vi {Z 0 ta duoc f(n)=n. Treong hop nay loai vi khéng théa man (ii)

Véi {a = ta duoc f(n)=-n+b
b=0

Tt diéu kién (iii) cho n=0 ta dwgc b=1

Vay f(n)=-n+1(4)

Hién nhién ham s nay thoa man diéu kién bai toan.

Ta phai chiing minh f(n)=-n+1 la ham duy nhét thoa man diéu kién bai toan

Thét vay gia st ton tai ham g(n) khéc f(n) cling thoa man diéu kién bai toan.

T (iii) suy ra f(0)=g(0)=1

T (iii) suyra f(1)=g(1)=0

Str dung diéu kién (i),(ii) tanhan duoc g(g(n))=g(g(n+2)+2) VneZ

Dno dé g(g(g(n))):g(g(g((n+2)+2))) VnelZ

Hay g(n)=g(n+2)+2 VneZ

Gia stt 1, 1a s6 tw nhién bé nhat lam cho f(n,) = g(n,)(5)

Do f(n) cing théa man (4) nén ta c6
§(ny=2)=g(ny)+2=f(ny)+2=f(n,-2)
< g(ny-2)=f(n,-2)

Mau thuan véi diéu kién no 1a s8 tw nhién bé nhét thoa man (5)

Vay f(n)=g(n), vnen

Chting minh twong ty ta cling dugc f(n)=g(n) v6éi moi n nguyén am.
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Vay f(n)=1-n langhiém duy nhat.
Tir d6 tinh duoc f(1995), f(-2007).

Cau 58. Tim f:(0,1) >R thoa man:
f(xyz)=xf (x)+yf (y)+2f (z) Vx,y,2¢(0,1)
Loi gidi
Chon x =y =z ta duoc f(xg) =3xf (x)
Thay x,y,z boi x* ta duoc f(x6) =3x’f (xz)
Mt khac f(x°)=f(xx®x®)=xf (x)+2°f (27 )+ 2°f (2°)
Hay 3x” f (x*) =xf (x)+2°f (x*)+3x*f (x)

3% +1

:>2x2f(x2):xf(x)+3x4f(x):>f(x2) f(x),vxeR
Thay x boi x° ta duge f(x°)= 3x9+1f(x3),VxeR =32 f(x7) = 3x92+13xf(x),VxeR

3x* +1 _3x7+1

= 3x° 5 f(x) 5 3xf (x),VxeR= f(x)=0,Vx#0

Vay f(x)=0 véimoi x€(0;1).

Cau 59. Tim tat ca cacham f xdc dinh trén N va théa man dong thoi cac diéu kién sau:
2 () (k+) -2 (k=) =3 () £ (), 2
[
Loi giai
Cho k=n=0=2f2(0)-2f(0)=3£2(0) < f(0)=0v f(0)=-2
Néu f(0)=0 chon n=0 ta dugc:—2f(k)=0 dodd f(k)=0 v6imoik
Chon k=1 ta duoc f(1)=0 mau thuan véi gia thiét.
Vay f(0)=-2
Chon n=1 ta dwoc phwong trinh 21 (1) f (k+1)-2f(k-1)=3f(1) f (k), vk
o 2f (k+1)-2f(k-1)=3f(k), vk
Dat x, = f(k)ta ¢6 phuong trinh sai phan 2x,,, —3x, —2x, , =0

Phuong trinh ddc trung la 202 —3%—220@%:2AX:—%

Vay f(n)=c,2"+c, (—%) :
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Ta tim c,,c, ti diéu kién f(0)=-2,f(1)=1.
Dé tim duoc ¢, =0,c, =2
Vay f(n):—Z(—%jn.
Cau 60. Tim tat ca cdicham s§ f:N" — N thoa man dong thoi hai diéu kién sau:
{f(f(n)):n+2k,‘v’neN*,keN*
f(n+1)=f(n),VneN
Loi giai
Gia stt co ham f thoa man cac diéu kién (1),(2).
Ta chiing minh ham f la mot don anh.
That vay, véimoi m,neN va m#n,néucd f(m)= f(n) thido (1)suy ra
f(f(m)=f(f(n)em+2k=n+2k<m=n (vdly)
Suy ra f la don anh. Do (2) = f(n+1)> f(n) véimoi neN" suy ra
f(n+1)=f(n)+1 véimoi neN’
= f(f(n+1))2 f(f(n)+1)21+ f(f(n)) véimoi neN’
= f(f(n+1))21+f(f(n)) véimoi ne N’
on+l1+2k=1+n+2k véimoi ne N’
< f(f(n+1))=f(f(n)+1) véimoi ne N’
< f(n+1)=f(n)+1 véimoi ne N (do f la don anh)
= f(n)=f(n-1)+1véimoi n>2; neN
Truy héi ta duoc
f(n)=n-1+f(1) véimoi ne N’
= f(f(n))=f(n-1+f(1))=n-2+2f(1) véimoi ne N’
o n+2k=n-2+2f(1) véimoi ne N’
< f(1)=k+1 véimoi neN’
Suyra f(n)=n-1+k+1véimoi neN < f(n)=n+k véimoi ne N’
Thielai f(n)=n+k véimoi neN thoa man cic diéu kién (1),(2)

Vay cdcham f can tim thdaman débaila f(n)=n+k véineN .
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Cau 61. Tim tat ca cdicham s6 f:N — N thoa man dong thoi hai diéu kién sau:
{ £(2013) =2016
f(f(n))=n+4,vneN
Loi giai
Gia stt co ham f thoa man cac diéu kién (1),(2).
Tt diéu kién (1) ta dé dang chiing minh duoc f 1a mot don anh.
Tt (1) tasuyra f(f(f(n))):f(n+4) véimoi neN
= f(n)+4=f(n+4) véimoi neN (3)
V6i n=4k+r véi keN;re{0,1,2,3}
Twe (3) tasuyra f(4k+r)+4=4k+f(r) véimoi ke N

e Tinh f(1).

e Tinh f(0).Tacé f(f(0))=4=f(1)= f(0)=1 (do f la don &nh)

e Tinh f(2)va f(3).Giast f(2)=4m+r véi meN va re{0,1,2,3}
Do (1) matacd f(f(2))=6=2+4< f(f(2))=f(4m+r)=4m+f(r)=
Maf(r)20=m=0 hodc m=1
+Véi m=0,thi f(r)=6va f(f(2))=f(r)< f(2)=
+V6im=1,thi f(r)=2va f(2)=4+r

F(r)=6

Truong hop 1. Xét m=0
ruong hop 1. Xet m :{f(2)=r(re{0,1,2,3})

+ Vi r=0 thi {?Eg;ig vo 1y do £(0)=
+V6ir=1 thi {j{cgzi volydo f(1)=
+V6i r=2 thi {jﬁg;zg voly
+V6i r=2 thi {fEZ;:g vo ly

Vay khi m=0 taco f(0)=1;f(1)

flr)=2

(2)=r+4(
+V6ir=0 thi f(0)=2vo6lydo f(0)=1
+V6ir=1thi f(1)=2 volydo f(1)=4

2;f(2)=3;f(3)=6

Truong hop 2. Xét m=1 =
81ep { re{0,1,2,3})
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o 1 F(2)=2

+er_2thl{f(2):6 vo ly

e | F(2)=7 ,

+er_2thl{f(3)=2 vo ly
)

Vay khim=1tacd f(0)=1;f(1)=4;f(2)=7;f(3)=2

Suy ra f(n) =

Th lai: f(n) théa man dong thoi cac diéu kién (1) va (2) nén f(n)la cdc ham can tim.

Cau 62. Tim tat ca cdicham s& f:N — N thoa man diéu kién sau:
f(n)+f(n+1) =f(n+1).f(n+3),VneN (1)
Loi giai
Gia st c6 ham f thoa man cac diéu kién (1).
Talap day (a,) véimdi neN ta dit a, = f(n) khidd (1) tré thanh
a,+a,,=0a,.a,.,neN (2)
Thay n — n+2 trong phuong trinh (2) ta dwoc a,,, +a,,, =4,,,4,,5,VneN (3)

Trie ting vé€ cua (2),(3) ta dwoc a,,, —a, =a,,;(a,,5—4a,,),VneN.

n~ “n+3

Thay 7 lan luwot boi 0,1,2,3,...... ta co

Suy ra a, —a, = a,a,0;.....a,,, (a,,, —a,) ,YneN. (4)

Ta chimg minh rang a,,, =a, ,VneN < f(n+4=)f(n),VneN. (5)
Hay f la ham tudn hoan véi chu ky 4.
That vay. Gia st ton tai s6 n, e N'ma a, ,, #a, ;n>n,

ny+4

Do a,eN v6i VneN nén |a, ,—4a, |21 suyra

|a, —a,| = aya,a;....a, , (an0+4 —a, ) > 0,0,0;.....4,
Do a,+a,,=a,,a,, v6i VneN, nén voi 4 s0 lién ti€p 4, ,,a, ,a, ,,,4, ., phai co it nhat
mot sO 1on hon 1.
Do d6 khi n — +w thi a;a,45.....a, ., =+ suy ra

an0+4 - ano — +0 (V6 1},7)
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Suy ra a,—a,=0<a,,—a,=0 v6i VneN < f(n+4)=f(n) v6i r€{0,1,2,3} trong d6 f
la ham tuan hoan chu ky 4.
Ham f duoc xac dinh khi ta tinh dwoc f(0)=a,; f(1)=a,; f(2)=a,; f(3)=a, boi vi tir
(2) taco {ao +a, =a.a, - {ao +a,=a,a,
a,+a, =a,a,=0a,a, |4y, =a,+a,
(ay-1)(a, -1)=aya, —(a, +a,)+1
(a,-1)(a,-1)=aa, —(a, +a,)+1
Suy ra (a,—1)(a,-1)+(a, -1)(a,-1)=2 (6)

Mat khac {

Do d6 co6 cac kha nang xay ra.
(510—1)(512—1)=0<:> a,=2 va, =3:> a,=1 va,=5

(a,-1)(a,-1)=2 (a4,=3 va,=2

Suy ra( £(0)3£ (1); £(2); £(3) = (aitsamian) {(12:5:3),(1:3:5:2),(5:2:1:3), (5:3:1,2)}

Ta tim dwgc 4 ham can tim v6i f(n) véi f(n) xac dinh boi

f(0),n=0(mod 4)

Kha ning 1.{

a,=1va,=5

fn)=

déu thoa ma diéu kién 1.
(a,-1)(a,-1)=1
(a,-1)(a,-1)=0
Suyra f(n)=2 véimoi neN
(a,-1)(a,-1)=2
(a,-1)(a,-1)=0
Lap luan tewong ti nhu kha nang 1 ta dwoc

(F(0):£(1); £(2): £(3)) =(aia 0,50, € [(2:13:5), (3:2,2:5), (2:5:3:1), (3:5:2:1))
Ta dugc 4 ham f(n)can tim va ca 4 ham déu thoa man diéu kién (1).

Véi f(n) xac dinh boi (7).

Kha nang 2. { Say=a,=a,=a,=2(ay;a,;a,;a,)=(2;2;2;2)

Kha ndng 3. {

Véay c6 9 ham f thoa man la nghiém ctia phuong trinh (1).

Cau 63. Tim tat ca cacham f:R" —» R" thoa man:

Flx+f(y)=f(x+y)+f(v)
L4 gidi

Ta d€'y rang: f(a+f(b)+f(c)):fa+f(b)+c+f(c):f(a+b+c)+f(b)+f(c)
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Th&'y boi y + f(z) ta duoc:
Fla+fy+f(2)=f(x+fly+2)+f(2) = f(x+y+22)+ f(y+2)+ f(2)

Va f(x+y+f(z))+f(y+f(z))=f(x+y+z)+f(z)+f(y+z)+f(z)

Thu duoc: f(x+y+2z)=f(x+y+z)+ f(z) véimoi x,y,2>0

Véi gia tri ctia y, ta chon x sao cho x =y, f(y), tr dé tacd két qua f(f (v))=2f(v)

Thé y =x vao phuong trinh ban dau f(x+ f(x))= f(2x)+ f(x)

D&nhan thly f(x)#x, vivay: f(x)+ f(f(x))=F(20)+ f(x), f(f (x))=f (2x)

Theo phuong trinh ham Cauchy, ta dwoc f(x)=2x véimoi x e R".

Cau 64. Tim s6 nguyén duong m nhoé nhat sao cho ton tai ham s6 f : N* — R\ {-1,0;1}
thoa man dong thoi cac diéu kién sau
i) f(m) = £(2015), f (m+1) = £(2016);

ii)f@m):%, n=1,2,..

-----

Ta c6 f(n+2m):—L:f(n+4m):f(n),VneN*

f(n)

V6im=1,ta c6 f(n+4)=f(n)= f(n+4k)=f(n),vk,neN

, 1 , _f(n)—l HeN'
Tacéd f(n+2)= f(n)’f( +1)—f(n)+1,‘v’ N

£(1)= £(2015) = £ (4.503+3) = f(3)=—ﬁ

V6im=2,tacod f(n+8)=f(n)= f(n+8k)=f(n),vnkeN

:vo ly.

vA f(n+4):-i,-f(n+z):f(”) ! vnen

f(n) f(n)+1’
Ta co f(2):f(2015):f(251.8+7):f(7):—%;
f(3):f(2016):f(251.8+8):f(8):—ﬁ
= 12)-f(1)- TS = (1) -

Piéu mau thuan trén dan dén m > 3.

Vi m =3, taxay dung dugc vd s ham f thoa yéu cau bai toan nhu sau
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1+a

Cho a <&\ (-1:0:1], dat f(1)=a(2) =% (3)=~Lva f(n+3)= fEZ;:,Vnﬁ

Khi d6, chting minh quy nap thi ham s6 x4c dinh trén N'va f(n)eR\{-1;0;1},Vne N’

'\'ﬁ

Hon nita theo chitng minh trén f(n+6)= —ﬁ, f(n+12k)= f(n),vn,keN
Khi d6 £(2015) = £(167.12+11) = £ (11) = _f(15) - i; 8 --1-53)

f(2016)=f(167.12+12)=f(12)=—f(6) - 1—f(3; e

Vay ham s6 théa man yéu cau bai toan.

Cau 65. Xac dinh ham s6 f (x) lién tuc R" — R" thoa man dong thoi cac diéu kién:

e f(2 ):2f()véimoixeR+,(l)

f( 1))=x2(ex—1)f(x) véimoi xR’ (2)
« fle- 1) ( Df(1), (3)
e f(k) las6 nguyén duong véi moi s6 nguyén duong k, (4)

Véia, beR' va f(a)=f(b),suyra f(a)(e'" ~1)= £ (b)(e'*~1). Do a6
AP @ =)= (£ @)

Hay a* (¢ - ) (a)= bz(e ~1)f(b). Vi f(a)=f(b)>0 néntasuy ra az(e”—l):bz(eb—l).

Xét ham s& fi(x)=x" (' —1) trén R", ta 6 h'(x)=2x(e' —1)+x" >0 v6imoi xeR" .
Do d6 ham s8 /1(x)=x"(e' —1) dong bién trén R".

Do dé tir a* (¢' ~1)=b* (e ~1), tasuy ra /1(a)=h(b) hay a=b.

Vay f(x) la don anh. Kéthop véi f(x) lién tuc tasuy ra f(x) la ham don diéu thuce suy.
Mt khéc, theo gia thiét f(2)=2f(1)> f(1) nén tasuy ra f(x) la ham ting thuc sy trén
tap R".

Tir (2) tacho x=1 thi £(f7(1)(e/" =1))=(e-1)£(1).

Két hop voi (3) tasuy ra f(f3 (1)(ef(1) —1)) =f(e-1).

Vi f(x) la ham tang thuc su trén R nén tasuy ra f*(1)(eV~1)=e-1.

Xétham s8 g(x)=x"(e"~1) trén R, ta c6 g'(x)=3x"(e" ~1)+x°¢* >0 véimoi xeR" .

Do d6 ham s8 g(x)=x"(e* 1) dong bién trén R".
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Do do twr f3(1)(ef(1)—1)=e—1,ta suy ra g(f(1))=g(1) hay f(1)=
Vi f(2x)=2f(x) véimoi xeR" va f(1)=1 nén theo quy nap ta c6 f(2”)=2” v6i moi
sO te nhién n.

Véi moi sO te nhién #, ta cd
2" = f(2")< f(2"+1) < f(2"+2) <. < f(2" 42" -1)< f(2") =2"
Vi dieu kién (4) nén f(2"+1), f(2"+2),..., f(2"+2" ~1) déu la cac s§ nguyén duong.
Dodétasuyra f(2'+1)=2"+1, (2" +2)=2"+2,..., f(2"+2" -1)=2"+2"-1.
Vay f(n)=n voi moi sé nguyén duwong n.

Tk f(2x)=2f(x) véimoi xe R". Ta suy ra f(Z”x):2”f(x) véimoi xeR".

Cho véi moi x = % voi moi m,n 1a s8 nguyén duong ta suy ra f (m) = 2”f(;:}

Do dé m= 2”f(2—nij hayf[z—mnj = ;ﬂ—n moi s6 nguyén duong m,n.
Véimdi x e R* ity y cho truede déu ton tai day s6 {g,}, g, c6 dang 2_mn hoi tu dén x .

Vi f(x) laham lién tuc nén x:%(i_rqu :%(i_r){.}f(qk):f(lki_r,qu):f(x)

Thtt lai ta thdy ham s6 f(x)=x thoa man moi diéu kién cua bai ra.

Cau 66. Tim tat ca cicham f:N — N thoa man dong thoi hai diéu kién sau:
e V6imoi cap g, b nguyén duong khong nguyén t6 cung nhau, cd
f(a)-f(b)=f(ab)
e Véi moi b a, b nguyén duong ton tai mot tam giac khong suy bién c6 d6 dai ba
canhla f(a),f(b) va f(a+b-1) .
Loi giai
f(a)+ £(0)> f(a+b-1);
Tir diéu kién (2), véi moi bd a, b nguyén duong, ta c6 < f(a)+ f(a+b—-1)> f(b);
fla+b-1)+f(b)> f(a);

Néu a=b=2: f(4)=f(2);2f(2)> £ (3).
Néu a=3;b=2:1(2)+f(3)> f

(
Tac6 F(2f = £(4)< £(2)+ F(3)< F(2)+21(2) =3/ (2) = F(2) =T or F(2)=2.
Néu f(2)=1.Do 2f(2)> f(1)= f
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Quy nap chiing minh f(n)=1 véi moi n nguyén duong.

Cho a=n,b=2:f(n+1)< f(n)+f(2)=2= f(n+1)=1.

Néu f(2)=2 , bang quy nap ching minh duoc f(2")=f(2).f(2"")=...= f(2) =2,

Do f(4)-f(2)<f(3)<2f(2)=f(3)=

Quy nap chitng minh f(n) =n,Vn=2

Cho a=n-1,b=2:f(n)<f(n-1)+f(2)=n+1= f(n)<n.
L&y r la s6 nguyén 16n nhat sao cho 2" khong vueot qua .
Néu 2" =n thi theo chting minh trén cé f(n)=

Néun=2"+s vdi 1<s<2".

Véia=n=2"+s;b=2"-s+1.Ta co
f(2=s+1)=2"=s+1= f(n)+ (2 —s+1)> f(2 +5+2 —s+1-1)
F(n)> f(27)=f(20=s+1)=2""=(2' =s+1)=2"+s-1=n-1= f(n)2n
Vay f(n)=n,Vn=2.
Do f(1)<2f(2)=4 nén f(1) bang 1,2 hoic 3.
Vay f(n)=1 v6i moi n nguyén dwong hodc f (n)=n,vn>2; f(1)e{1;2;3}.

Cau 67. Tim cic ham s6 f:(1;+%0) —> R thoa man diéu kién:

f(x)=f(y)=(y-x)f(xy) véimoi x,y >1(1)

Loi giai

V6imoi t>1, thay (x;y)=(t2),(t;4) va (2t;2) vao (1) ta duoc:
F(1)-F(2)=(2-1) £ (21
P~ FA)=(4-0 F(4) = F(4)+(t-3)£(2) =t(26-5) F(40),v1>1 (2)
F(26)- £(2)=(2-20) (41

Liy t=2= f(4)=/(2)

Thay vao (2)ta duoc (t—gjf(Z) =t(2t-5) f(4t)

Do d6 v6i moi t>1,t¢§:>f(4t):%

T (1)taco f(t)=f(4)+(4—t)f(4t)=2ft(2) voi t>1,t¢§.

Véi t:g,tfr (1) thay x:;y=2 ta co:
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1(3)=r@-250)= LR 2B =22 v
2

Dit c=2f(2)= f(x)=— véi x> 1.
X

Tht lai thoa man diéu kién (1).

Vay ham s8 can tim 1a f (x) = <

x
Cau 68. Tim tat ca cacham f:N" — N thoa man dang thtc:
f(fz(m)+2f2(n)):m2+2n2,vc’yimoi mmneN.

Néu m,,m, e N sao cho f(m,)
:>f(f2(ml)+2f2(n)):f(fz(m2)+2f2(n)):>mf+2n2 =m; +2n°,

Suy ra m, =m, hay f la don anh.

T ds f(m) +2f(n)' = f(p) +2f(q) < m? +2n* = p* +24% (1)

D€ thdy v6imoi ne N ,n>3 taco (n+2)2+2(n—1)2 :(71—2)2+2(n+1)2 (2)

I
=
3

Chii . Diéu nay van ding néu ta nhan ca 2 vé& véi cing mot thira sd
bit f(1)=a= f(3a2)= 3. Theo (1) suy ra:

F(5a?) +2f (a?) = f(3a%) +2f(3a%) =3f(3a2) =27
Vi phuong trinh x*+2y* =27 chi ¢4 nghiém nguyén duong la (x; y)=(3,3)hodc (5,1)
néntacé f(a*)=1,f(50")=5.
Ciing tir (1) taco 2f (4a?) —2f(2a%) = f(5a*) — f(a*) =24.
Vi phuong trinh x* —y? =12 chi c6 nghiém nguyén dwong 1a (x,y)1a (4,2) nén

f(4a2)=4,f(2a2):2

Tie (1)ta co f((k+4)a®) =2f((k+3)a®) —2f ((k+1)a*) + f(ka*), suy ra tir khai trién
(2)
Vi vay theo céc két qua trén va phép quy nap ta suy ra f(ka’)=k, véi moi k la s§ nguyén
duong. Do d6 f(a’)=a=f(1) ma f donéanhnén a*=1=a=1

Vay f(n)=n véi moin nguyén duong. Thit lai thoa man bai toan.

Chinh phuc olympic todn| 73



> Bbi duding hoc sinh gidi

Cau 69. Tim t4t ca cac s6 nguyén khong &m n sao cho ton tai mot ham f:7Z — [0;+x)
khéc hang thoa man dong thoi 2 diéu kién sau

D) fxy)=f(x)f (), Vxy el

ii) {Zf(x2 +v*)-f(x)-f(y)x.ye Z} ={0;1,2;..;n}.

Loi giai
V6i aeZ bat ki, bang cach thay x =y =a*; ke N vao i) duoc
2f ()| £(2)f(a) ~1]€{0;1;2;.5m} (1)
o Né&u £(2)=0 thi 2f(a) €{0;1;2;..;n} = f(a)=0
e Néu f(2)>0 thitathdy f(a)=0 hodc f(a)=1.
That vay, néu f(a)>1 thi bing cach cho k —+o, ta thay 2f (a)' | f(2) f(a) ~1]—>+e.
Nén (1) khong thé xay ra, connéu 0< f(a)<1 thivéi k dalon ta c6
2f(a)'] £(2) f(a) ~1]<0
Nén (1) ciing khong thé xay ra.
Thanh tht, ta da chiing minh dwoc v6éi moi a thi f(a)=0 hodc f(a)=1.
Tird6 suy ra | 2f (x* +y)- £ (x)- £ (y) | {0; 1,2} v,y eZ (2)
Do d6, n<2.
Néu n=0, thi Zf(xz+y2):f(x)+f(y);Vx,yeZ.
Vi f khéc hdng nén ton tai x, € Z sao cho f(x,)#0.
Kni d6 f(x,)= £ () £(1) = £ (1)=1.
Do f khac hang nén ton tai x, € Z sao cho f(x,)=1.
Tiei), tacod f(0)=f(x,) - f(0)= f(0)=0
Bay gio, st dung (2) ta dwoc 2=2f(1°+0%)= f(1)+ f(0)=1.
Piéu v6 li nay ching to 11 =0 khong théa man.
0if x=0
1if x#0

Thda man dé bai. Do d6 n =1 thda man dé bai.

e Néu n=1 thi ham so f(x):{

e Néu n=2thi ta thdy khong thé ton tai 2 s8 p,q € Z;(p,q) =1 sao cho f(p2 +q2) =0.

That vay, néu trai lai, thi Vx,y €Z ta co

0=f(p2+q2)f(x2+y2):f((l72 +q2)(x2+y2)=f((xp+yq)2+(xq—]/]9)2)
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Kéthop voi (2) suy ra f(xp+yq)=f(xp—yq)=0. Thé€ nhung, do (p,q) =1 nén ton tai
x,yeZ &€ xp+yq=1. Dodd 1= f(xp+yq)=
Diéu v6 li nay chung to f(x2 +y2) =1L, Vx,yeZ;(x,y)=1

Bay gio, ta xét ham s& f(x)= , trong d6 p,q la 2 s6 nguyén td phan biét co

dang 4k+3. Ta sé ching minh ham f(x) xay dung nhu trén thoa man 2 diéu kién:

i) fxy)=f(x)f(y), vxyeZ
ii) {Zf(x2 +y2)—f(x)—f(y) x,yeZ} ={0;1;2;..;n}.

e Kiém tra diéu kién i)

Néu {Z:xy thi hién nhién f(xy)=0=f(x)f(y).

Néw {m thi f(xy)=1=F(x) f(v)

e Kiém tra diéu kién ii)
Vi f(x) {0;1} nén {2f (¥ +*) = £ (x)= £ (v)
2f (1+p)- F(1)-f(p)=1
Dé thay 12f(p" +4°)~ f(p)- f(4) =2 mén {2f(x"+3)= £ (x)- £ (v)
2£(0)- £(0)-£(0) =0

Vay n=1,n=2 latat ca cac gia tri thoa man dé bai.

x,y € 2} <{0;1;2}

X,y EZ} :{0;1;2}

Cau 70. Tim tat ca cacham s6 f:N* - N* thoa man diéu kién:

Z(f(m2 +nz))3 = f2(m).f (n)+ f*(n).f (m), Vm,neN

Gia str ton tai ham s8 f thoa man cac yéu cau cta dé bai.
Néu f(n)=c, véi ¢ 1a hing s thi hién nhién théa man diéu kién ctia bai toan.
Néu ton tai m,ne N sao cho f(m)# f(n) thita goi a,b la 2 sd théa man

| (a)— £ (b)|=min|f (m)- f(n),mneN (1)
Gidsir £(a)> £(b). Ta c6 27 (b)< £*(a).f ( ) ( ) (0)<2f(a) .
Vay f(b)< f(a*+b*)< f(a)= f(a*+b*)-f - f(v).
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T |f(a)- £ (b)]= f(a)- £ (b) > f(a* +*)= £ (0) =|f (a* +07) - ()] (2)
R4 rang (2) mau thuan véi (1).

Do dé f (n) =¢, v0i c la hdang s6 la tat ca cac ham can tim.

Cau 71. Tim tat ca cacham sd f:N — R thoa man diéu kién:

e f(0)=c
e f(n+1)= \/,f_(;)(;)l,VneN*(l)
Loi giai
f(”)+i f(n)+tanE f(0)+tanE
Tir (1) taco f(n+1)=——L - 6 & f(1)-—— 6
1—ﬁf(n) 1—f(n)tang 1—f(0)tang

Do d6 ta ddt f(0)=c=tana thi f(l)ztan(ong

f(2)= =

T T T
f(1).|.tang tan(oc+6j+tan6 o
= — - n:tan a+?

1-f(1)tan— 1- = =

f(1) an- 1 tan(oc+6)tan6

Ta chimg minh quy nap cdng thc f (1) = tan((x +%j,n eN (2)
That vay, voi n=0,1,2 cong thitc (2) ding.

Giasu f(n)= tan(oc-i—%j

f(”)“ang tan(oc+n6nj+tann

Tacd f(n+1)= —= 6 ztan((x+(n+1)ﬁj
1—f(n)tang 1—tan(a+76cjtang 6

Hay (2) dung véi n+1.
Nghiém cua bai toanla f(n)= tan(ong,n eN.

Cau 72. Tim tat ca cacham s6 f:Z — Z thoa:

f(2a)+2f(b)=f(f(a+b))Va,beR
International Mathematical Olympiad 2019
Loi giai — Trdan Bd Dat
Lan lwgt thay a=0,b=0 ta duoc:
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F(0)+2f(b)=f(f(b)), f(2a)+2f(0)=f(f(a)), véi a,be
Do d6 f(2a)=2f(a)-f(0), véimoi aeZ
Thay vao phuong trinh d@ bai ta dugc 2f (a)+2f (b)- f(0)= f(f (a+b))
Cho a=0,b=a+b trong phuong trinh trén ta duoc: f(0)+2f(a+b)=f(f(a+b))
Do d6: f(a)+f(b)=f(a+b)+ f(0)
Dat g(x)=f(x)-f(0) suyra g(a)+g(b)=g(a+b)=g(x)=cx hay f(x)=cx+dvxeZ.
Thay vao phuong trinh ban dau va can bang hé s6 cho a+b ta thu dwoc: ¢ =d =0 hodc
c=2.
Vay f=0 hodc f(x)=2x+d.

Cau 73. C6 ton tai hay khdong ham sd f:Z — Z sao cho
f(m+f(n))=f(m)-n,vmneZ (1)
Loi giai
Gia st ton tai ham f thoa man dé bai.
Twr (1) cho m=0 tacd f(f(n))=f(0)-n (2).
Vé6i n,,n,eZ ma f(n,)=f(n,) thi f(f(n,))=rf(f(n,))
T (2)suy ra f(0)—n, = f(0)—n,, dodd n, =n, nén f la don anh.
Cho n=0 ti (1)tacd f(m+f(0))=f(m)<m+f(0)=m
Twr d6 ta duoce f(0)=0 thay vao (2)c f(f(n))=-n,vneZ (3).
Twr (1) thay m bang f(m) va 4p dung (3)ta duoc f(f(m))+ f(n)=-m-n.
Xét m,n,p,q la cac sO nguyén sao cho m+n=p+q, khi dé
f(f(m)+ f(n)=—m=n=—p=q=f(f(p)+f(q))
Theo chting minh trén f 1a don énh, nén suy ra f(m)+ f(n)=f(q)+ f (p)
Do @6 véimoi neZ ta cod
f(n+D)+f(n=-1)=f(n)+f(n)= f(n+1)-f(n)=f(n)-f(n-1)
= f(n+1)=f(n)=f(n)-f(n-1)=..= £(2)=(1)= f (1)~ £ (0)
Nén {f(n)} la mot cap s cong véi sd hang dau la U, = f(0)=0 va cong sai d = f(1) suy
ra f(n)=U,, =U, +nd=nd,vn>0.

Ta xét v6ihaisG n>0,m>0 sao cho m+nd >0 thay vao (1) duoc
f(m+f(n))=f(m+nd):f(m)—n@f(m+nd):md—nc>(m+nd)d:md—n

Ttr d6 6 d*> = -1, diéu nay vo ly do vay khong ton tai ham f thoa man yéu cau cta dé bai.
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Cau 74. Choham s6 f:N — N la ham s6 thoa man cac diéu kién sau:
i) f(mn)=f(m)f(n),vmmneN
ii) (m+n) lawdccua f(m)+ f(n) véimoi m,neN
Chting minh rang ton tai mot s6 tw nhién 1& k sao cho f (n)=n",vneN.
India National Olympiad 2018
Loi giai
Goi P(x,y) la phép thé m=x,n=y vao diéu kién i)
va Q(x,y) la phép thé m=x,n =y vao diéu kién ii)
Thé P(1,1) thita duoc f(1.1)= (1) f(1)= f(1)=1 vi feN
Thé Q(2,2) thi ta duoc:
(2+2)(£(2)+£(2)) =2/ ()= £(2)=2'q kel (2,9)-1

g suy ra p la mot sd

Gia st ta xét véi g>1 thi ton tai mot s6 nguyén t& p sao cho p
nguyén to 1é.
Tir f(2)=2",keN,(2,9)=1 nén ta suy ra: p|f(2).

Th& P(z,pT_lj thi ta duoc f(z.[PT_ljj= F(p-1)=£(2) f(pT_lJ
Tir p|f(2) nén ta suy ra: p|f(p—1).
Thé Q(1,p—1) thi ta duoc:
L+(p-D|f()+ f(p-D) = p|f(1)+ f(p-1) & p[i+ f(p-1)=p)
Piéu nay 1a hoan toan v6 1y, do d6 ta phai c6 g=1= f(2)=2"
Thé& Q(2,1) thi ta duoc:
2+1|f(2)+ f(1) =32 +1=2"+1=0(mod3) < (1) +1=0(mod 3) = k phai la s5 lé.

Tt diéu kién i) thi ta dwoc:
f(22.2)=f(2) f(2)..f(2)=2"2"..2° ,trong d6 m lan s& 2

= f(2")=(2")" =2
Tir day, ta thé Q(n,2") thi ta duoc:
n+2"|f (n)+ f(2") > n+2"|f (n)+ 2" (1)
Ma ta biét réng: (x+y)|(x* +y") khi k las§le.
Tir 46 ta suy ra:

n+2" | +(2") (2)

Tt (1) va (2) thi ta duoc:
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n+2" ‘(f(n)+2k’”)—(nk +2"),YmeN=n+2"

f(n)-n*,vmeN (3)
Khi d6, voi m la mot s§ ty nhién du 16n thi (3) xay ra khi:
f(n)=n",vneN,k lasd tu nhién lé.

Vay tir day ta suy ra duoc diéu phai chitng minh.

Cau 75. Tim tat cd cicham s8 f:N — N thoa man dong thoi cdc diéu kién sau:
i) £(0)=0,f(1)=1
ii) f(0)<f(1)=<f(2)=.
iii) f(x +y*)=f2(x)+ f*(y),Vx,yeN’
Baltic MO
Loi giai

Ta cé:

f(2)=F(12+22) = f2(1)+ f2(1)=2, f(5)= f(1*+2%) = f* (1) + f*(2) =5, f(x,) =7,
Odayx,=1,x,,,=x2+1,VneN
Hién nhién thi ta co: limyx, =+

Tir déy suy ranéu f(m)=f(m+1) thi:

F((m+1)+12)= £ (m+ 1)+ f2 (1) =14 £ (m+1) =1+ £ (m) = f (m” +1)

= f(m* +k)=f(m* +1),Vk=1,2m+2
Quy nap 1én thi ta c6 ton tai vo han s6 m sao cho f(m2 + k) = f(m2 + 1),Vk =1,2m+2
Ta chon m du1én sao cho ton tai n d€ a,,a,,, € [mz +1,m° +2m+ 2]
Khidé thi a,=a
Ttr d6 thi hién nhién ta cé: f(n)=n,Vne N, thit lai thi thdy thoa man.

diéu nay hoan toan v6 ly nén suy ra f la ham s6 tang thuc sw.

n+1
Vay tét ca cac ham s& thoa man yéu cau bai toanla f(n)=n,VneN .

Cau 76. Tim tat ca cicham sd f:N —Z thoa mam cac diéu kién sau:
i) Néu alb thi f(a)=f(b)
ii) f(ab)+ f(a*+b*)=f(a)+f(b),VabeN
Mathlinks Contest
Loi giai
Trudc hét, ta c6 mot nhdn xét nho sau day.
Néu f(x) la mot nghiém ham thi f(x)+c ciing la m6t nghiém ham théa man yéu cau bai

toan.
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Do d6 ta c6 thé gia st rang f(1)=0. Chu y rang ttr 1|n thi f(n)<0,vneN.
Ta sé giai bai todan nay théng qua cdc budc sau diy.
e Budc1. Tw f(1.1)+f(1+1)=f(1)+ f(1) suyra f(2)=f(1) hodc f(2)=
e Budc 2. Goi n 1a s6 nguyén sao cho —1 la sd chinh phwong modulo n. Do d6 ton tai
s6 a théa man: a* =-1+kn.

Suy ra:

f(1)=0
0.

f(a)+f(a* +1)=f(a)+ f(1) & f(a® +1)= f (kn)
Nhung f(n)2 f(kn)=f(a*+1) va f(n)< f(1) nén f(n)=f(1)

Do d6 néu ton tai u sao cho u* =-1(modn) thi f(n)=0.

e Budc 3. Tir bude 2 dé thdy f(p)=0 véimoi p la s8 nguyén td va p=1(mod4).
e Bubc4.Giastr f(a)=f(b)=0 va f(ab)< f(a)=f(b)=0 thi f(a’+b*)>0,v01y.
Do dénéu f(a)=f(b)=0 thi f(ab)=0.
e Budc 5. Goi a,b la hai s& nguyén thoa man (a,b)=1,khi d6 goi p la mot wdc cua
a’ +b” thita cé: a’> +b* =0(modp).
Ma ta c6 mot bé dé quen thudc sau. Néu p la mot s6 nguyén t6 c6 dang 4k +3 thi v6i moi
b6 s6 a,b théa mdn p‘az +b? thi ta sé cd pla va plb.
Vi (a,b)=1 nénnéu pla’ +b” thi p chicé dang 4k+1.
Tt budce 4 thi ta co:
a* +b* 1a tich ctia cc s6 nguyén t& p; thoaman f(p;)=0 nén f(a2 +b2) =0.
Matlr f(ab)+ f(a*+b*)= f(a)+f(b),Va,beN tacd (a,b)=1= f(ab)=f(a)+ f(b).
e Budc 6. Cho a=bc vao phuong trinh da cho thi ta duoc:
F(%e)+ £(0* (2 +1)) = £ (be) + £ ()
Nhung do f(b >f(b2 c +1)) va f(bc)= f(b’c)

")

Do d6 thi ta co: f(bc)= ( 2c)
(

(
)=f(2*):

Thé c=b vao (*) thi duge: f(b%)=f(b°).

Thé c=1 vao (*) thi dwoc: f(b

Tt day, bang phép quy nap thi ta du’ocf(bk) =f(b),vk>1
e Budc 7. St dung budc 5 va bude 6 thi ta co:

(H p ) Zf p;) 0 day p, la cac s6 nguyén t&
Xétham s6 f(x) xac dinh boi:

"f(1)=0,£(2)=

80 | Tap chi va tu liéu todn hoc

EU TOAN HOC

A TU LIE

TAP CHI VAT

Ve




’

CHINH PHUC OLYMPIC TOAN

Phuong trinh ham trén t4p roi rac 4

*f(p)=0 véi cac s6 nguyén t6 p sao cho p=1(mod4) va p=2.
*f(p)=a,<0 véi moi s6 nguyén t& p con lai, & day a, la cac s6 nguyén khong duong.
*f(Hpi"" ) => f(p;) 6 day p, 1a cdc s6 nguyén t3.
Ta c6 thé chiing minh f(x) thoa man cac diéu kién:
Hién nhién néu alb thi f(a)= f(b).
FQL) F(141)= F(1)+£(1) =0
f(a1)+f(a*+1)=f(a)+ f(1)
Ta c6 moi wdc nguyén t p ctia 4’ +1 déu thoa man p=1(mod4).
Vi hai s6 nguyén a,b>1 bat ki, ta goi:
p; 1a cac wdc nguyén t6 cua a khong chia hét cho b.
g, 1a cdc wéc nguyén td cua b khong chia hét cho a.
r, la cac wéc nguyén td ctia a va b.
fla)=22f(p)+2.f(n)
f(b)=2f(a:)+ 2 f(n)
fab)=2f(p.)+ 2 f(a:)+ 2 f(n)

5 2
fla?+6%) =20 f (r)+ 2 f (s,),0 dy s, la cac ude nguyén t5 ciia A:[ : J {( bb)] |
a,

Nhung tuong tw budc 5 ta co:

Cac wdc nguyén to ciia A 14 cac s6 nguyén t6 thoa man s, =1(mod 4) vado dé f(A)=0.
Suy ra f(a2+b2)=2f(ri)
Hay tacé f(ab)+ f(a*+b*)=f(a)+ f(b),Va,beN

Va ta c6 nghiém ctia phwong trinh ham la:

Cho M la mét s6 nguyén, ham f dwoc xac dinh nhw sau:

“F(1)=-M

*f(p)=M v6imoisd nguyén t& p thdéa man p=1(mod4).

(
*f(p)=M+a, véimoi sd nguyén t& p con lai, 6 day a, la cic s6 nguyén khong duong.

*f HP?i)=M+Z(f(pi)—M) & day p, 1a cac s6 nguyén to.
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Cau 77. Ton tai hay khong ham s& f:{1,2,..,n} - N thoa man diéu kién:
i) f 12 ham don 4nh
ii) f(ab)=f(a)+ f(b) v6imoi a,be{1,2,..,n} va ab<n
Loi gidi
Ta c6 thé chi ra ham s6 f nhw sau:

Ki hiéu c4c s8 nguyén t& bé hon hodc bang n theo thit tu tang dan 1a: p,,p,, ..., p,-
k

Khi donéu a=][p" o, eN,o, <n+1thi f(p,)=(n+1), Zoc n+1)
i=1

Ta sé chttng minh ham s6 nay thoa man yéu cau bai toan.

k k
That vay, véi a= pr‘ va b= pr" c6 it nhat mot gid tri a; va B, khac nhau.

i=1 i=1
Thi f Za n+1) va f(b ZB n+1)

Hién nhién ta chi c6 thé biéu thi f(a), f(b) mdt cach duy nhat sang hé co s6 (n+1) va vi
the f(a)= f(b).
k k
Mt khéc ta 6 f (ab) = (1_[;9‘“B j Z o +B;) f(p)=D 0 f (p)+D.B.f (p:)=f (a)+ £ (b)
i=1 i=1 i=1

Hay ta c6: f(ab)= f(a)+ f(b), dung theo gia thiét dé bai.

Vay tir d6 ham s xay dung nhu trén thoa man yéu cau bai toan.

Cau 78. Gia st Josephus c6 (n—1) nguoi ban, n nguoi nay ding thanh mét vong tron
danh s6 tir 1 dén n theo chidu kim dong ho, tw sat theo nguyén tac, ngudi thit nhat cam
dao dém 1 roi ty sat, nguwoi thit hai dém 2 ro6i tw sat,...Qua trinh ding lai khi con mot

nguoi. Goi f(n) la ham s6 biéu thi vi tri cia nguoi séng sot d6. Cau hoi dit ra 1a, hay

tinh f(n) ?
Bai todn cé Josephus

Loi giai
Ta sé xét hai kha nang cta 7 1a chén va lé.
Khé ning 1. Khi s& n 1a s8 chdn, tic 7 =2k. Sau vong 1 thi con ngudi & vi tri 16. S& nguoi
nay danh lai thanh 1,2,..., k.
Néu lugt trede nguroi dé ¢ sd 2i—1 thi sau d6 mang sd i. Nguoi song sot ¢d so ci la
f(2k) sau mang s6 méila f(k). Vay tie day ta c6 f(2k)=2f(k)-
Kha ning 2. Khi s8 n 1a s6 18, tec 1a n=2k+1. Sau vong 1 ta ngam hiéu rang c6 2k +2
nguoi bang cach tinh trung nguodi thit 1 thanh 2k +2, con lai nhitng nguodi s6 3,5,..., 2k +1
ddnhsolaila 1,2,...,k.
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Néu luot trede nguoi d6 cd s6 2i+1 thi sau d6 mang sd i. Nguoi song sot c6 s6 ci la
f(2k+1) sau mang s6 méila f(k). Vay tie day tacd f(2k+1)=2f(k)+1
Nhu vay thi f(1)=1, f(2k)=2f(k)-1, f(2k+1)=2f(k)+1
Ta chitng minh bang quy nap rdang.
Néu bi€u dién trong co s8 2 cta n la: n=(a,a4,_,..4,),,8,=1,v8i i =k va a,€{0,1}
Thi f(n)=(a,,..a,a,),. That vay:
V6i n=1 thi ta thdy hién nhién dung.
Gia st voi moi k <n thi ménh dé ding. Ta sé xét hai treong hop sau day:
Truong hop 1. Néu n 1a s8 chén, dit n =2m.
Khi d6 néu nhw: m =(b,b, ,..b,), thi 2m=(b,b, ,..b,0),
Va f(2m)=2f(m)-1=2(b,,2" +..+b,2+1)-1=(b,_,..,01),
Vay trong truong hop 1 thi ménh dé dung.
Truong hop 2. Néu n laso lé, dat n=2m+1.
Khi d6 néu nhu: m=(bb,_,..b;), thi 2m+1=(bb,_,..b;1),
Va f(2m+1)=2f(m)+1=2(b, ;2" +..+b,2+1)+1= (b, ,..b,11),
Vay trong truong hop 2 thi ménh dé dung.
Tt d6, theo nguyén ly quy nap thi ménh dé ban dau dung va tit d6 ta suy ra diéu phai
chiing minh.

Cau 79. Cho hai ham s6 f,¢:N — N [a hai ham s6 thoa man dong thoi cdc diéu kién:
i) g la ham s6 toan anh
ii) 2f*(n)=n"+g*(n),VnelZ"
Néu ‘f(n)—n‘ <2019\n,YneZ" thi f 6 vb s6 diém bat dong.
Loi giai
Diéu tién ta c6 dinh lyj Dirichlet vé s6 nguyén t3 thi day sd (p;) v6i p; 1a cdc s6 nguyén to
co dang 8k +3 la mot day vo han.

Ttr d6 véi moi n, theo cong thitc ctia ki hiéu Legendre ta co:

Str dung diéu kién ) thi ta im dwoc day (x,)”, sao cho g(x,)=p,, VneZ".
Tacd 2f*(x,)=x:+p2 =2f*(x,)=x;(modp,)

Vi [ijz—l nén suy ra: {Pn f(n)
P P

xn
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\, . . ~ 4 xn = anpn
Suy ra ton tai hai day s6 nguyén dwong (a,) va (b, ) sao cho {
( ) ( ) f (xn ) = bnpn

Tt diéu kién i) thi ta dwoc 2b7 =a’ +1

Cudi cung, st dung gia thiét: ‘ f(n) —n‘ <2019/n, Vn € Z* thi ta c6:

ZM 1‘ 1| = lim N2 \/_:>l1ma =1

2019
R

n

X X—>0 X—>0

n l

Suy ra ton tai N, sao cho a,=b,=1,Vn=>N,
Vay te d6 f(p,)=p,, Vn=N,.
Va tr day ta suy ra diéu phai chitng minh.

Cau 80. Tim tat ca cic ham s§ ¢:N" — N thoa man diéu kién sau:
g(g(n)—n)+g(n+1)=3+n+g(n),vneN
Dodn Quang Tién
Loi giai

bt g(n)=f(n)+n,VneN thithay vao phuong trinh ham ban dau ta duoc:

f(f(n))+ f(n)+ f(n+1)+(n+1)=3+n+f(n)+n,VneN

= f(f(n))+f(n+1):n+2,Vn eN" (1)
Tk day, ta da chuyén bai toan ban dau thanh mdt bai toan khac c6 vé gon dep hon rat
nhiéu.
Thay n=1 vao (1) thita duocf(f(1))+f(2)=3

Twr d6 ta suy ra: f(2)<2 va f(f(1))<2. T d6 ta xét hai trudng hop sau:

)
(
Truong hop 1. f(2)=1va f(f(1))=2

Bay gio tadat f(1)=k= f(k)=2

Thay n=2 vao (1) thita duocf(f( )+ f(3)=
Tir day suy ra f(3) =4~ f(1)=4-

Tt f(3)=1 nénsuy ra: k<3.
Néu k=1 thitaco: 2= f(f(1))=f (k)

Néu k=2 thitaciing c&: 2= f(f(1))=f(k)=f(2)=1, diéu nay ciing mau thuan.

Néu k=3 thitacd: 2=f(f(1))=f(k)=f(3)=4-k=4-3=1,diéu nay ciing mau thuan.

f (k)= f(1)=1, diéu nay cfing mau thuan.

Vay tom lai khong cé gia tri nao cua k
Truong hop 2. f(2)=2 va f(f(1))=1.
Thay n=2 vao (1) thitaduocf(f(2))+f(3)=

Tt d6 thi ta dé thay f(3)=2 va ta tinh todn dwoc cac gid tri sau:

thoa man nén truong hop 1 khong xay ra.
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f(4)=5-f(f(3))=5-f(2)=3
f(5)=6-f(f(4))=6-f(3)=4
f(6)=7-f(f(5)=7-f(4)=4

Tt ddy ta dwe doan dwoc rang, ham s f (n) duoc xac dinh nhw sau:

1+\/§
2

f(n)=|on|-n+1,vneN trongdd a=
Bay gio ta sé chitng minh rdng, ham s6 nay 1a ham s& thoa méan (1) d€ roi tir d6 suy ra
cong thitc cia ham g(n) va tir d6 ta hoan t4t bai toan.

Ma trudc tién, d€ ching minh nhan dinh d6, ta can phai c6 hai bé’ dé sau:

B6dé 1. Véimdisé ne N thita co La(LomJ—n+1)J: Z+1

Chiing minh
Trudc hét ta co La(tanJ—nJrl)J<a(om—n+1)=oc+0m(a—1)=n+oc<n+2

Va | a(lon|-n+1)|[>a(an-1-n+1)-1=an(a-1)-1=n-1

1++/5 _—1+\/§
2

Do luu ¥ rang: Q:T:a—l

nén suy ra: a(a-1)=1.

Vay tir d6 ta thay bé dé 1 duoc chirmg minh.

|an |+2if Loc('_omj—n+1)J =n

B6 dé 2. V6imdisd neN thitacd Loc(n+1)J{L | ,
an |+1 otherwise

Chitng minh
Hién nhién thi ta c6 | a(n+1) | bang | an |+1 hodc [ an |+2
Gia st | a(n+1)|=[ an |+1 thitir d6 ta co:
[o(Lan |-n+1) |=| o (1+1)a]-n)|> a((n+1)a-T-n)-1=a(n+1)(a-1)-1=n
Vanhu trén thi ta c6 | a(| an]-n+1) |<a(an-n+1)=a+an(a-1)=n+o<n+2
Tur d6 thi ta suy ra duoc: | o om [-n+1)|=n+1.
Gia st | o(n+1)]=[ an |+2 thitir d6 ta co:
La(|_om_|—n+l)J:Loc(L(rHl)aJ—n—l)J<oc((n+1)oc—n—1):n+1
Tt &6 thi theo b6'dé 1 thi ta thu dwoc: | o[ an]-n+1) |=n.
Vay tir d6 thi b6’ dé 2 dwoc chiing minh.

Quay tro lai v6i viéc giai bai todn
Ta sé stt dung phuwong phap quy nap dé chirng minh két qua ban dau.
Véi n=1 thi f(1)=|ol|-1+1=1.
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Véi n=2 thi f(2)=|a.2]|-2+1=2.
Gia sit két qua ding voi 1< j <. St dung (1) thi ta co:
f(n+1)=n+2—f(f(n))=n+2—f(L0mJ—n+1)=n+2—L(LomJ—n+1)J+(LomJ—n+1)—1
Matlr |on |-n+1<2n-n+1=n+1tacé f(n+1)=[an]+2-|a( an]-n+1)|
Gia st n thoa man: La(LanJ —n+1)J =n thitirdé tacéd: | a(n+1)|=|an]+2
Va do dé ta suy ra duoc f(n+1)=|a(n+1)|-n
Néu n khdng thoa man La(LanJ -n+ 1)J =n thi tic 1a chi co thé xay ra:
|o(lan]-n+1)|=n+1.
Va theo b6’ dé 2 thi ta duoc: | a(n+1) =] on |+1
Va tir d6 ta suy ra duoc:
f(n+1)=LomJ+2—L0c(LomJ—n+1)J=LomJ+2—(n+1)=LomJ+1—n=l_oc(n+1)J—n
Vay tir d6 theo nguyén ly quy nap thi ménh dé (1) dwoc chiing minh hoan toan.
Tir day suy ra tat ca cdc ham s6 thoa man (1) 1a

1+J§

f(n)=|on|-n+1,vneN trongdd a= >

Hay tir day ta suy ra dwoc ham g(7) ma ching ta can tim la:

1+J§

g(n)=f(n)+n=|an|-n+1+n=|on|+1,vneN trong do6 o= 5

Cau 81. Cho ba s0 thuwc a,b,c khong am, phan biét sao cho ton tai ham f,g:R" >R
thoa man af (xy)+ bf(i} =cf (x)+g(y) voi moi s6 thuc duong x>y .
Chttng minh rang ton tai ham /: R* — R sao cho:

f(xy)+f($} =2f(x)+h(y),vx>y>0

Iran TST 2019

.....

Dit P(x,y) 1a phép thé cho phuong trinh: af (xy)+bf [Ej =cf (x)+g(v)
y
Truong hop 1: Néu a+b—c #0:

Ta ¢6 P(x,l):f(x)zﬁ 1a hang s8, vay: f(xy)+f[§j=2f(x)

a+b—c

Suy ra h(y)=0Vy, thoa man.
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Truong hop 2: Néu a+b—c=0:
Ta c6 a(f(xy)—f(x))+l{f(§j—f(x)]= g(y) va dit phép thé'la Q(x,y)

Lay Q(1,¥)-Q(x,y) ta duoc
1

u<f(xy>—f(x)—f(y>+f<1>)+b{f[;J—ﬂx)—f(—}f(l)]:o )

y

Thé y — 10 (1) ta duoc:
Yy

c{f(fj—f(X)—ij+f(1)J+b(f(xy)—f(x)—f(y)+f(1))=0

Y
Do a#b, a+b=c#0=a>-b*>#0, vi vay:

fxy)=f(x)+f(y)-f(1),Vx,y>0
) e s[ s o

Cong hai phuong trinh véi nhau f (xy) +f(§j = 2f(x)+f(y)+f(§} -2f(1)

Vayh(y)=f(y)+ f( J 2f(1)Vy , thoa man.

Cau 82. Tim tat caham sd f:N — N thoa man:
nl+ f(m)| f (n)i+ f (m!),vm,neN
BMO Shortlist 2018

Dit phép thé P(m,n) cho phuong trinh ban dau
P(L,1)= 1+ f(1)] f(1)+ f(1)! = f(1)+1|f(1)-1, tir day hién nhién f(1)=
P(1,n)=n+1f(n)+1= f(n)!2n!= f(n)2n

Goi p las6 nguyén td tly y, tacé P(1,p—1)=(p-1)+1|f(p-1)+1.

Theo dinh ly Wilson trong s& hoc ta duocp|(p-1)+1 , suy ra p| f(p—1)+1

Luuy rdng néu f(p-1)>p-1 thi f(p—1)! latich caaitnhét p thira s6 nguyén dwong va
1a mot s6 chia hét cho p, do d6 f(p-1)+1=1(modp)- mau thuan chting minh trén.

Vay f(p-1)<p-1,laicé f(n)2n nén f(p-1)=p-1 véimoi s6nguyén top.

Laic6 P(m,p-1)= (p—1)4+ f (m)| f (m!)+(p-1)!= (p—1)%+ f (m))|| f (m!) - f (m)]

Chinh phuc olympic todn| 87



> Bbi dudng hoc sinh gidi

Véi gia tri m batky, ta chon p du lén d€ thu duoc: f(m!)= f(m)!, st dung két qua nay ta
dwoc: nl+ f(m '|f )+ f (m)! twong duong n'+ f(m '||f n'|
Thay m=p—-1 véi p dulén vao phuong trinh trén ra duoc f(n)!=n! véimoi n.

Vay f(n)=n laham s6 can tim.

Cau 83. Ton tai hay khong ham s§ f:N° — N thoa man diéu kién sau:

f(f(n))+3n=2f(n),VneN
Loi gidi
Gia st ton tai ham s6 f thoa man yéu cau bai toan.
Véimodi i e N ta xay dung day s6 nhu sau (a,)”, sao cho: a, =i, a,,, = f(a,)

Khi d6 thita ¢6 a,,, = f(a,)=f(f(a,,))=2f(a,,)-3a,, =2a,-3a,,

Haytaco a,,,+4a,,+3a,=0,vn>1

Do a, >0,¥n>1 nén dang thitc khong thé xay ra.

Nén tir d6 ta két luan rang khong ton tai ham s8 f thoa man yéu cau bai toan.

Cau 84. Tim tat ca cdc ham s8 ting thuc sy f:N* — N thoa man diéu kién sau:
f(n+f(n))=2f(n),vneN
Loi giai
Do f la ham sd tang thuc sy nén ta co:
f(n+1)> f(n)+1 hay f(n+1)-n-1= f(n)-
Suy ra: f(n)—n laham s6 tang.
Mat khéc ta dat a, =1, a,,, =a, + f (a,)
T d6 tasuy ra a,<a, <.. va f(a,.,)=2f(a,)
Do d6 f(a,.)-a,.,=f(a,)-a, VneN
Suy ra c6 vo han bd s& (m,n) sao cho: f(m)-m=f(n)-
Suy ra f(n)-n=c, véi c 1a hing sd.

Vay tat ca cac ham s6 thoa man yéu cau bai toan la: f(n)=n+c,Vne N ,c lahang sb.

Cau 85. Tim tat ca cac toan anh f:N —> N sao cho véi moi m,n e N thoa man:
m)‘ f(n)emn
Loi giai
Kihiéu P < N la tap tat ca cac so nguyén to.

k

k
Xétdonanh g:P— P thindu n=][py thi f(n)=]]g(p;)"

i=1 i=1
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Ki hiéu t(n) la s6 wéc nguyén duong cua n.
Ma ta c6 nhan xét sau: t(n) = f(t(n)) do f la toan anh.
Vi mdi s nguyén t8 p thi f(p) chi cé ding hai wéc nguyén t3 nén né ciing la s6 nguyén
to.
Xac dinh ham g nhu trén thi tir d6 ta c6: f(p)=g(p) nén ta sé ching minh g la song anh.
That vay, do f la toan &nh nén g la toan anh nén g la song anh.
Tiép theo, ta sé ching minh f ( pk) = g(p)k véi k 1a sd nguyén duong bang quy nap
Ta thay rang, véi k=1 thi hién nhién dung.
Gia st ménh dé dung véi k-1.
Ta co f(pk) chia hét cho 1,g(p), g(p)2 feres g(p)k_1 va ngoai ra khong chia hét cho sd
nguyén duong nao khéc.
Do do r(f(pk)):r(pk)=k+1.
Néu k>1 khi f(p") cé thém mot wée nguyén t& nita thi t( f(p'))= 2k >k+1,vo ly.
Tird6 f(p") 1aliy thira cia g(p) vané cd k+1 wdcnén f(p*)= g(p)'
Gia sit n la mot s6 nguyén duong, p 1a mot sd nguyén t6 khong chia hét cho .
Bay gid ta sé di ching minh f(n) f(p")=f(np"),VkeZ
Tir (n,p")=1 nén ta c6: t(n)t(p*)=1(np")
Mit khac g(p)'[f(np*) va g(p) f (n)
Do vay moi u6c ctia f(n) va g(p)" chia hét cho f(npk) va moi uéc caa g(p)* va f(n) la
wéc cua f(np").
Lai c6 r(f(n)f(pk)) =1(np")= r(f(npk))
Néu f(np") c6 wéc khac véi cac ude ctia f(n) va g(p)" thi
(f(n)f(p"))><(F(np")), voly.
Vay tir do ta c6 két qua f (np*) = £ (1) g (p)" = f () f (")
Tl cac nhan xét trén ta c6 ham f dwoc xay dung nhuw trén la duy nhat.

Vay tét ca cac ham sd thoa man yéu cau bai toan 1a cac ham nhuw trén.
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