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NHA XUAT BAN GIAO DUC



Day la cudn sach bai tap dung cho hoc sinh hoc theo chuong
trinh Toan nang cao 16p 12.

Céc bai tap trong sach dugc sdp xép theo céc chu’dng, muc
clia Sach gido khoa Hinh hoc 12 Nang cao.

Phén 16n cac bai tap trong sach nhdm clng c& kién thirc va
ren luyén ki nang gidi toan cho hoc sinh theo muc tiéu cla
chuong trinh va SGK Hinh hoc 12 nang cao ; nhimg bai tap
nay tuong ty nhu céc bai tap trong SGK. Vi vay, hoc sinh
lam dugc cac bai tap d6 sé c6 dinh hudng dé gidi cac bai tap
trong SGK. Ngoai ra, con cé mot s§ bai tap danh cho hoc
sinh kh4, gidi.

Cuéi méi chuong cé cac bai tap tréc nghiem. Mi bai c6 bén
phuong an trd loi, trong d6 chi c6 moét phuong én ding.
Nhiém vu ctia hoc sinh la tim ra phuong an ding d6.

Cac téc giad chan thanh cdm on nhém bién tap cta Ban Toan,
Nha xudt ban Gido duc tai Ha Néi da gitp d& rit nhidu dé
hoan thién cuén sach nay.

Ha Noi, nam. 2008

Cac tac gia



KHOI DA DIEN VA THE TiCH CUA CHUNG

A- CAC KIEN THUC €O BAN VA BE BAI

§1. Khéi niém vé khéi da dién

I - CAC KIEN THUC CO BAN

1. Hinh da dién gém mot s6 hitu han da gidc phing thod man hai
diéu kién :

a) Hai da gidc hodc khong c6 diém chung, hodc c6 mot dinh chung, hoic
c6 mot canh chung.

b) Méi canh cia mét da gidc 12 canh chung ctia diing hai da giéc.

Maéi hinh da dién chia khong gian thanh hai phan : phan bén trong va phén
bén ngoai.

Hinh da dién va phan bén trong ctia n6 goi 1a khéi da dién.

2. Méi khoi da dién c6 thé phan chia dugc thanh cic khéi tit dien.

Il - DE BAI

1.

Khoi lap phuong 1a mot khéi da dién c6 6 mit 1a hinh vuéng. Hay chi ra
mot khoi da dién khong phai 1a khéi 1ap phuong ma cidc mat ctia né déu 1a
hinh vuong.

Hay ding 4 mat phang dé chia mot khéi tit dién da cho thanh 9 khéi
t dién.

Maéi 14n cua, mdy cua c6 thé cua mot hay nhiéu tdm gb theo mot mat
phang. Ngudi ta muén cua mot khai gé hinh 1ap phuong thanh 27 khéi lap
phuong bang nhau. C6 thé dung it hon 6 1an cua hay khong ?

C6 hay khong cac khoi da d1en v6i cdc mat 1a tam gidc déu va s6 mat 1a s6
chén 16n hon 2 ?



§2. Phép déi xing qua mat phéng
vé sy bang nhau cla céc khéi da dién

I - CAC KIEN THUC CO BAN

1. Phép doi hinh (treng khong gian) 1a phép bién hinh khong lam thay déi
khodng cdch gitta hai diém bt ki.

Phép doi hinh bién dudng thing thanh duong thing, bién mat phing thanh
mat phang, ... ,
Phép tinh tién, phép d6i ximg truc, phép doi xing tam 1a nhimng phép
ddi hinh.

2. Hai hinh da dién goi 1a bang nhau néu c¢6 phép doi hinh bién hinh nay
thanh hinh kia. ;

Hai tt dién bing nhau khi va chi khi cdc canh tuong tng cua ching
bang nhau. :

3. Phép doi xlng qua mdt phéng (P) 1a phép doi hinh bién méi diém M
thudc (P) thanh chinh né, bién méi diém M khong thudc (P) thanh diém M
sao cho (P) 1a mat phing trung tryc ctia doan thing MM,

Mat phang (P) duoc goi la mat phang d6i xtng clia hinh &% néu phép doi
Xtng qua mp(P) bién hinh # thanh chinh né.

Il - BE BA|

5. Tim tat ca cdc mat phing d6i xfrﬁg cua hinh tt dién déu ABCD.

6. Cho hinh tt dién déu ABCD. Chiing minh ring mat phéng trung truc ctia
AB va mat phang trung truc ctia CD chia t¢ dién ABCD thanh bén it dién
bang nhau.

7. Cho mat phang (P) va phép doi hinh f ¢6 tinh chat : f bién diém M thanh
diém M khi va chi khi M nim trén (P). Chiing t6 réng £ 12 phép d6i xung
qua mat phang (P).

8. Phép bién hinh bién mébi diém M ciia khong gian thanh chinh né goi 1a
phép dong nhat, thudng duge ki hiéu 1a e. Hoi phép dong nhat e c6 phai Ia
phép doi hinh hay khong ?

9. Cho ti dién ABCD. Chiing t6 ring phép doi hinh bién méi diém A, B, C, D
thanh chinh n6 phéi la phép déng nhat..



10.

11.

12.

13,

14.

15.

Cho hai tir dién ABCD va A'B'C'D' ¢6 céc canh tuong tng bing nhau :
AB=AB,BC=BC,CD=CD',DA=DA" DB = D'B,AC=AC. Chimng
minh rang c¢6 khong qud mot phép doi hinh bién cdc diém A,B,C, D lan
lugt thanh céc diém A, B', C', D'.

Chung minh rang phép doi hinh bién mot mat cdu thanh mot mat cau cé
cung ban kinh.

Cho hai diém phan biét A, B va phép doi hinh f bién A thanh A, bién B
thanh B. Ching minh rang f bién moi diém M nim trén dudng thing AB
thanh chinh né.

Cho tam gidc ABC va phép doi hinh f bién tam gidc ABC thanh chinh né
v6i f(A) = A, f(B) = B, f(C) = C. Chiing minh réng f bién moi diém M cla
mp(ABC) thanh chinh né, tidc 1a (M) = M.

Cho tir dién déu ABCD va phép doi hinh f bién ABCD thanh chinh no,
nghia 1a bi€n moi dinh cla tif dién thanh mot dinh cia t¢ dién. Tim tap
hop cic diém M trong khong gian sao cho M = f{iM) trong céc trudng hop
sau day : '

D f(A)=B,fB)=C.f(C)=A;

b)f(A)=B,f(B)=A,f(C)=D;

) f(A)=B,f(B)=C,f(C)=D.

Chiing minh rang :

a) Hai hinh hop chit nhat bang nhau néu céc kich thudc chia chiing bing nhau.
b) Hai hinh lap phuong bing nhau néu cdc dudng chéo cia ching.cé do
dai bang nhau.

§3. Phép vi ty vé sy déng dang
cua cdc khdi da dién. Céc khéi da dién déu

| - CAC KIEN THUC CO BAN

1. Phép vi tu tam O ti s6 k (k = 0) 13 phép bién hinh bién médi diém M
thanh diém M’ sao cho OM" = kOM .

2. Hinh &% goi 1a dong dang véi hinh &% n&u c6 mot phép vi tu bién hinh
o’ thanh hinh &% ma hinh &% bing hinh 7.



3. C6 5 loai khoi da dién déu : khéi tt dién deu, khdi 1ap phuong, khéi tdim
mat déu, khéi mudi hai mat déu, khoi hai muoi mat déu.

Il - DE BAI

16.
17.
18.

19.

20.

21.

Cho phép vi tu V tam O ti s6 k # 1 va phép vi tu V' tam O' ti s6 k'. Chiing

minh rang néu kk' = 1 thi hop thanh cha V va V' 1a mot phép tinh tién.

Cho hai dudng tron ¢6 ban kinh khéc nhau va nidm trén hai mat phang song

song. Hay chi ra nhitng phép vi tu bi€n dudng tron nay thanh dudng tron kia.

Cho hai dudng tron c6 ban kinh bing nhau ndm trén hai mit phzlmg song

song. Hay chi ra cdc phép vi tu bién dudng tron nay thanh dudng tron kia.

Cho hai hinh tt dién ABCD va A'B'C'D' c6 cac canh tuong tng song song :

AB /| A'B',AC /| A'C',AD /| A'D',CB// C'B',BD [/ BD', DC /| D'C".

Chdng minh ring hai tir dién n6i trén déng dang.

Cho hai tit dién ABCD va A'B'C'D' ¢6 cic canh tuong Gng ti lé, nghia la :
A’Bl_BVCV_CVD’__D'AV_A'C’_BYDV

AB~ BC CD DA  AC  BD
Ching minh rang hai tit dién da cho dong dang.

= k.

Khing dinh sau day ding hay sai : “Néu khéi da dién c¢6 20 mat la tam
gidc déu thi dé 1a khéi hai muoi mit déu” ?

§4. Thé tich cGa khéi da dién

| - CAC KIEN THUC CO BAN

1. Thé tich cta kh6i hop chit nhat bing tich sé ba kich thudc.

2. Thé tich clia kh6i chép bang mot phan ba tich s6 ctia dién tich mat ddy
va chiéu cao cua khoi chop.

3. Thé tich cua khéi lang tru bang tich s6 cla dién tich mat ddy va chiéu
cao cua khoi lang tru.

Il - DE BAI

22. Cho khéi hop &7 c¢6 tam [. Chitng minh ring néu mp( «)chia &% thanh

hai phdn c6 thé tich bang nhau thi (&) phéi di qua diém 1.



23.

24.

25,

26.

27.

28.

29.

30.

Cho khéi lang tru tit gidc déu ABCD.A,B,C D, c6 khoang cich giita hai
dudng théng AB va A|D bing 2 va d¢ dai duong chéo clia mat bén bang 5.
a) HaAK L A\D (K € A,D). Chiing minh ring AK = 2.

b) Tinh thé tich khdi lang tru ABCD.A,B,CD,.

béy cua khoi lang tru ding ABC.AB,C, 1a tam gidc déu. Mat phang

(A|BC) tao véi ddy mot goc 30° va tam gidc ABC c6 dién tich bang 8.
Tinh thé tich khéi lang tru.

Cho khoi lang try déng ABCD.AB,C 1Dy c6 dédy la hinh binh hanh va.

BAD = 45°. Cic duong chéo AC; va DBy 14n lugt tao v6i ddy nhing géc
45° va 60°. Hay tinh thé tich cta kh6i lang tru néu biét chiéu cao ciia né
bing 2.

Cho kh6i hop ABCD.AlBlchyl O tat ca cdc canh bang nhau va bing q,
A/AB = BAD= A/AD = a (0° < & < 90°). Hay tinh thé tich ctia khéi hop.

Cho khéi hop ABCD.A'BC'D' ¢c6 ddy 1a hinh chit nhat v6i AB = /3,
AD = /7. Hai mat bén (ABB'A") va (ADD'A") Ian luot tao v6i ddy nhiing
géc 45° va 60°. Hay tinh thé tich khoi hop néu bi€t canh bén bang 1.

Cho khdi lang tru tam gidc ABC.A;B,C; ma mit bén ABBA; ¢6 dién tich
bing 4. Khoang cich giita canh CC, vi mat (ABB,A,) bing 7.

Hay tinh thé tich khéi lang tru.

Cho khdi lang tru ABC.A\B,C, ¢6 ddy ABC 1a tam gidc vudng can véi canh
huyén AB bing /2. Cho biét mat phing (AA;B) vuéng géc v6i mat phang |
(ABC), AA| = \/-3_, g6c ATA\B nhon, géc giita mat phang (A;AC) va mat
phing (ABC) bing 60°.

Hay tinh thé tich khéi lang tru.

Lay mot mat phang vuéng géc véi canh bén cia mot khoi lang tru. Hinh

chi€u cua mat ddy cla khéi lang try trén mat phing d6 dwgc goi 1a thiét
dién thdng clia khéi lang tru.

Ching minh rang thé tich cta khéi lang tru bang tich cua dién tich thiét
dién théng v6i do dai canh bén.



31.

32.

33.

34.

35.

36.

37.

38.

39.

41.

10

Hay tinh thé tich cta khoi hop néu biét do dai canh bén bang a, dién tich
hai mat chéo lan luot 1a S, S, va goc gilta hai mat chéo bang a.

Cho khéi chép it gide déu S.ABCD ma trung doan ctia né (dudng cao cla
mot mat bén ha tir dinh hinh chép) bang 6 con géc giita hai mat bén doi
dién bing 60°. Qua CD, dung mat phéng (@) vuong géc véi mp(SAB), cit
SA, SB lan lugt tai P, va P.

Hay tinh thé tich khéi chép S.CDP,P.

Cho khéi chép tam gidc déu S.ABC c6 chiéu cao bang h va gbc ASB bing
2¢. Hay tinh thé tich khéi chép.
Khéi chép S.ABC c6 ddy ABC la tam gidc vuong can dinh C va SA L (ABC),
SC = a. Hay tim goéc giita ha1 mat phang (SCB) va (ABC) dé thé tich khai
cho6p 16n nhat.
Cho khéi chép tt gidc déu S.ABCD ma khoang cich tir dinh A dén
mp(SBC) bang 2a. Vi gid tri ndo cha géc gita mat ben va mat ddy cla
khdi chép thi thé tich clia khéi chép nhd nhat ?
Kh6i chép S.ABC c6 SA L (ABC) ; ddy 1a tam gidc ABC can tai A, do dai
trung tuyén AD bang a, canh bén SB tao v6i ddy mot géc o va tao véi maét
(SAD) géc f. Tinh thé tich khai chép.
Biét thé tich khéi hop ABCD.A'B'C'D' bing V. Tinh thé tich khéi tit dién
ACB'D'.
Cho tit dien ABCD. Goi d 1a khoang cach giita hai dwong thing AB va CD,
«la géc gitta hai dudng thang d6. Chiing minh ring

VABCD = éAB.CDd. Sln .
Cho kh6i chép S.ABCD c6 ddy 1a hinh vudng canh a, SA vuong goc véi
mit phang ddy va SA = 2a. Goi B', D' 14n luot 12 hinh chiéu ctia A trén SB
va SD. Mat phang (AB'D') cit SC tai C'. Tinh thé tich khoi chép

SABCD'.
40.

Tinh thé tich khéi tt dien ABCD c¢6 céc cip canh d6i biang nhau :
AB=CD =a,AC =BD =b, AD =BC =c.

Cho khéi lang try tam gidc déu ABC.A'B'C' c6 canh ddy bing a, chiéu cao
bang h. Tinh thé tich kh6i chop A.BC'A',



42,

43.

44.

45.

46.

47,

48.

49.

50.

Cho dudng tron duong kinh AB ndm trén mat phéng (P) va mot diém M di
dong trén dudng tron. Trén dudng thing vuong géc véi mp(P) tai A, 1dy
moét diém S. Mat phang (Q) qua A vudng goc véi SB tai K cat SM tai H.
Tim vi tri cila M dé€ thé tich khéi chop S.AHK 16n nhit. Ching minh ring

khi dé6 cung AM nho hon cung BM .
Khéi chép S.ABCD c6 day 1a hinh binh hanh. Goi B', D' 14n luot 12 trung
diém ctia SB, SD. Mat phing (AB'D')cit SC tai C'. Tim ti s6 thé tich ca
hai khéi chép S.AB'C'D' va S.ABCD.
Khéi chép S.ABCD c6 ddy 1a hinh binh hanh. Goi M, N, P l4n luot 1a trung

diém cua AB, AD va SC. Chitng minh mat phang (MNP) chia- kh6i choép
thanh hai phan c6 thé tich bang nhau.

Cho khoi chép tt gidc déu S.ABCD. Mot mat phang (@) di qua A, B va
trung diém M clia canh SC. Tinh t s6 thé tich cla hai phén khéi chép bi
phan chia bdi mat phang dé.

Cho khoi lﬁp phuong ABCD.A'B'C'D' canh a. Céc diém E va F l4n luot 1a
trung di€ém cta C'B'va C'D".

a) Dung thiét dién cua khai 1ap phuong khi cit béi mp(AEF).

b) Tinh ti s6 thé tich hai phan cta kh&i lap phuong bi chia boi mat
phang (AEF).

Cho diém M trén canh SA, diém N trén canh SB cta khéi chop tam gidc
SM 1 SN

- S.ABC sao cho —- = — = 2. Mt phang (a) qua MN va song song

MA ~ 2’ NB
v6i SC chia kh6i chép thanh hai phan. Tim ti s6 thé tich hai phan dé6.

Bon dudng thang A, A,, A;, Ay doi mot song song va khong cé ba du’ong
thang nao nam trén cling mot mit phang. Mot mat phing (P) cét chung theo thit
tutai A, B, C, D. Mot mat phang (P') cit ching theo thi tutaiA', B, C', D"
Ching minh hai khéi ti dién D'ABC va DA'B'C' c6 thé tich bing nhau.

Cho khéi lap phuong ABCD.A'B'C'D' ¢6 canh bing a. Goi K 1a trung di€ém
cia DD'. Tinh khoang cach giita CK va A'D.

Cho i dién ABCD c6 diém O nam trong tir dién va cdch déu cic mat cla
td dién mot khoang r. Goi hy, hg, hq, hp 14n luot 12 khoang cdch tir cac
diém A, B, C, D dén cdc mat d6i dién. Chitng minh ring

1 1 1 1 1

roohy +E+E+E‘

11



1.

52,

53.

54.

Ba
5S.

S6.

57.

12

Chitng minh ring tdng cdc khoang cdch tir mot diém nam trong mot hinh
lang tru déu dén cdc mat cha n6 khong phu thudce vao vi tri cta diém ndm
trong hinh lang tru do.

Cho hinh lang tru ding ABC.A'B'C' ma d4y la tam gidc vuong tai B co
AB =a, BC = b, AA' = ¢ (¢* 2 a® + b?). Mot mit phang (P) di qua A va
vuong géc véi CA'.

a) Xdc dinh thiét dién cta hinh lang tru khi cat bai mp(P).

b) Tinh dién tich thi€t dién ndi trén.

Cho hinh chép tam gidc S.ABC va M 12 mot di€ém ndm trong tam gidc ABC.
Céc dudng thang qua M song song véi SA, SB, SC lan luot cét cdc mat
(BCS), (CAS), (ABS) tai A', B', C'. Chiing minh ring :

a) Vm.Bcs _ MA';
Vsapc  SA

MA’ N MB' N MC’
SA SB SC
Hinh chép S.ABCD c6é ddy ABCD 1a hinh binh hanh. Mot mat phang (P)
cat SA, SB, SC, SD theo thit tu tai K, L, M, N.

Ching minh rang :

b)

khong déi. Tim tong d6.

a)Vs apc = Vs.aco = Vs.aep = Vssep'
by SA,SC B sD
SK SM SL SN’

On tép chuong |

tap tu luan

Cho phép doi hinh f. Biét ring c6 miot diém [ duy nhdt sao cho f bién [
thanh chinh n6, ngoai ra hgp thanh cta f véi chinh né la phép dong nhat.
Chitng minh f1a phép d6i xing tam.

Cho hinh chép cut déu c6 hai ddy 1a hai da gidc déu D, va D;. Hay chira
cdc phép vi tu bién D, thanh D, . ' '

Ngudi ta got mot khoi lap phuong bing gb dé lay khdi tdm mat déu noi
ti€p no (tic 1a khoi ¢ cac dinh 12 cdc tdm cua cdc mat khoi 1ap phuong).
Biét canh clia khdi 1ap phuong bing a, hiy tinh thé tich cta khéi tdm mat
déu dé. '



58.

59.

60.

61.

Cho dudng tron dudng kinh AB = 2R nam trong mat phéng (P) vd mot

diém M ndm trén duong tron d6 sao cho MAB = a. Trén duong thing
vuong géc véi (P) tai A, 14y diém S sao cho SA = h. Goi H va K 1an lugt 1a
hinh chi€u vuong géc ctia A trén SM va SB.

a) Chitng minh ring SB L mp(KHA).

"b) Goi [ 1a giao diém clia HK v6i (P). Hay ching minh Al 1a ti€p tuyén clia

dudng tron da cho.
¢) Cho h = 2R, o = 30°, tinh thé tich kh6i chép S.KHA.

Cac canh bén cua hinh chép O.ABC d6i mot vudng géc véi nhau va OA = a,
OB = b, OC = c¢. Tinh thé tich cua khéi lap phwong ndm trong hinh chép
ndy ma mot dinh tring v6i O va ba canh cuing xuét phdt tir O nam trén OA,
OB, OC, con dinh d6i dién v6i O thuoc mat phing (ABC). »

Trén nira dudng tron dudng kinh AB = 2R, 1dy mot diém C tuy y (C khédc
A, B). Ké CH 1 AB (H € AB), goi I 1a trung diém cha CH.

Trén nira dudng thing Ir vuéng géc v6éi mp(ABC), 1dy diém S sao cho
ASB = 90°,

1. Chitng minh rang khi C chay trén nlra dudong tron da cho thi :

a) Mat phang (SAB) c6 dinh ;

b) Diém céch déu cdc diém S, A, B, I chay trén mot dudng thang c6 dinh.
2. Cho AH = x. Tinh thé tich khéi chép S.ABC theo R va x. Tim vi tri cia C
dé thé tich d6 16n nhat. :

Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhat va canh bén SA
vudng gbc véi ddy. Mot mat phang («) di qua A, vudng géc véi canh SC
cat SB, SC, SD lan luot tai B', C', D'.

1. Chitng minh rang t¢ gidc AB'C'D' ¢6 hai géc dai dién 1a goc vuong.

2. Chitng minh ring néu S di chuyén trén dudng thang vuong géc vGi mat
phing (ABCD) tai A thi mp(AB'C'D") luén di qua mot dudng thang ¢ dinh
va cac diém A, B, B, C, C', D, D' cling cdch déu mot diém c6 dinh mot
khoang khong dai.

3. Gia sir géc giita canh SC va mat bén (SAB) bang x.

Tinh ti s6 giita thé tich clia hinh chép S.AB'C'D’ va thé tich cta hinh chép
S.ABCD theo x, biét rang AB = BC.

13



10.

11.

S6 mat phang d6i xing cla hinh t dién déu 1a

(A)4: (B) 6 ; |

©)8; | (D) 10.

Hinh o% gom ba mat phang (P), (Q) va (R), trong d6 (P) // (Q) va
(P) L'(R). Cdc mat phéng d6i xing ctia o7 1a

(A) Mat phang cach déu hai mat phing (P) va (Q) ;

(B) Mat phing (R) va mat phéng cich déu (P) va 0);

(C) Mit phéng (R) ;

(D) Ca ba dép 4n trén déu sai. ,

Thyc hién lién ti€p phép vi tu tam O ti s6 k va phép d6i xiing qua mat
phang (P), (O ¢ (P)), ta dugc phép bién hinh £ Gi sir (Q) 1a mat phang
qua O va vuong géc vdi (P). Khi d6 f bién (Q) thanh :

(A) Mat phing (Q") song song véi (Q) ;

(B) Mt phing (P) ;

.(C) Mat phang (Q) ;

(D) Mat phing (P') qua O va song song véi (P).

Trong cdc ménh dé sau day, ménh dé ndo diing ?

(A) Phép vi tu bién mat phing thanh mat phing song song véino ;

(B) Phép vi ty bién mat phang qua tam vi ty thanh chinh né :

(C) Khong c6 phép vi tur nao bién hai diém phan biét A va B lan luot thanh A va B ;
(D) Phép vi ty bién dudng thang thanh dudng thing song song véi né.

Khoi myoi hai mat déu thuoc loai :

(A) 13,5} (B) {3,6} ;

© {5,3}; : (D) {4, 4}.

Ddy ctia mot hinh hop ding 13 moét hinh thoi c6 dudng chéo nhd bang d va
géc nhon bang a. Dién tich ctia mot mat bén bang S. Thé tich cha hinh hop

- dachola
(A) dScos < . - (B) dSsinZ.
2 2
(©) %dSsina ; (D) dSsina.

15



12.

13.

14.

15.

16.

16

Cho khéi lang tru tam gidc ABC.A'B'C' ¢6 thé tich 1a V. Goi I va J lan luot
12 trung diém clia hai canh AA' va BB'. Khi d6 thé tich clia khéi da dién
ABCIJC' bang :

3. ' 4
(A) TV | (B) £V

2 | 3
© FV; D)V

Cho hinh hop ABCD.A'B'C'D' c6 ddy 1a mot hinh thoi va hai miat chéo
ACC'A!, BDD'B' déu vuong géc v6i mit phang ddy. Hai mat nay c6 dién

tich 14n lugt bing 100cm?, 105cm? va cat nhau theo mot doan thing c6
do dai 10cm. Khi d6 thé tich cta hinh hop da cho 12
(A) 225+/5¢cm’ ; (B) 425cm®;

(C) 235+y/5cm? ; (D) 525cm”.

Khéi lang try ABC.A'B'C' ¢6 ddy 1a mot tam gidc déu c'anh a, goc gitra
canh bén v mat phing ddy bing 30°. Hinh chi€u clia dinh A' trén mat
phang ddy (ABC) trung véi trung diém cta canh BC. Thé tich cua khéi
lang tru da cho la

3\/—  o® 3J—

3\/_ ) 3\/—

D) .

(A)

©)
Hinh h(f)p chit nhat ABCD.A'B'C'D' ¢6 dién tich cdc mat ABCD, ABBA',
ADD'A' 1an luot bang 20cm?, 28 cm? va 35cm?. Thé tich chia hinh hop 13
(A) 160cm’ ; (B) 120cm’ ;

(C) 130cm” ; (D) 140cm®.

Hinh hop ding ABCD.A'BC'D' ¢ ddy 1a2 mot hinh thoi v6i dién tich §;.
Hai mat chéo ACC'A’ va BDD'B' ¢6 dién tich 14n luogt bang S, va S;. Khi
d6 thé tich cta hinh hop 12

$;5,S '
(A) =572 ® —\/SISZS :



© ?,/SISZS ; (D) %,/S2S3 .

17. Cho hinh lap phuong ABCD.A'B'C'D' canh a, tam O. Khi d6 thé tich khéi
tit dién AA'B'O 12

(13 . | 03 .
S | N
© % D) 5=

18. Cho biét thé tich ctia mot hinh hop chit nhat 12 V, ddy 1a hinh vuong canh a.
Khi d6 dién tich toan phdn cta hinh hop bang ‘

(A) 2(K+a2J . (B) 4Y 02 :
a d

()] 2(12 + a] ; _ (D) 4(-% + aj.
a . \a

19. Cho mét hinh chép tam gidc ¢6 dudng cao bang 100cm va céc canh day
bang 20cm, 21cm, 29cm. Thé tich cha hinh chop dé6 béang

(A) 6000cm? ; (B) 6213 cm’;
(C) 7000 cm? : (D) 7000+/2 cm?.

20. Cho hinh chép tam gidc S.ABC v6i SA L SB,SB L SC,SC L SA,SA=a,SB=b, -
SC = c. Thé tich cta hinh chép bing

1 1

(A) §abc 5 (B) gabC s
1 2

© §abc ; (D) gabc.

21. Mot hinh chép tam gidc déu c6 canh bén bing b va chiéu cao A. Khi dé,
thé tich cha hinh chép bing

(A) g(b2 - hz)h S " (B) g(b2 - hz)h :
(©) —?(bz - hz)b : (D) %(b2 - hz)h.

2-BTHH 12-NC - A 17



28.

29.

30.

31.

243 | e

(A 5= (B) 5= ;
3 3
©“f; mﬂf:

Duong chéo cia mot hinh hop chit nhat bing d, goc giita dudng chéo va
mat ddy 1a @, géc nhon giita hai dudng chéo clia ddy bang f. Thé tich cla
hinh hop d6 bing

(A) %d3cosza sinasin g ; | (B) %d%oszasinasin,ﬁ ;

© d3sin2acosasinﬁ ; (D)‘%d3sin2acosasin,8.

Cho lang tru ti gidc déu ABCD.A'B'C'D' c6 canh ddy bang a, dudng chéo
AC' tao v6i mat bén (BCC'B') mot géc (o <a< 450). Khi d6, thé tich cta
khdi lang try bing '

(A) a3\/cot2 a+1; (B) a3\/cot2 a-1;
(©) a*Veos2a ; (D)a’tan’ @ — 1.

béy cua hinh chép S.ABCD 13 moét hinh vuong canh a. Canh bén SA vuong
g6c v6i mit phing ddy va c6 do dai bang a. Thé tich khdi tt dien SBCD
bang

3 3

a_. a .
(A) 53 B) 7

a ) a
© & (D)5~

Cho hinh chép S.ABCD cé diy 1a mot hinh vuong canh a. Canh bén SA
vuong géc véi mit phing déy, con canh bén SC tao v6i mat phing (SAB)

mot géc 30°. Thé tich ctia hinh chép dé bing

a*\3 ) a*\2 )

A == (B) <3< ;
3 ‘ 3
@“f; @“f-
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32. Cho hinh chép S.ABCD c6 ddy 12 mot hinh vuong canh a. Cdc mat phang
(SAB), (SAD) cung vuéng géc véi mat phang ddy, con canh bén SC tao véi

mat phang ddy mot géc 30°. Thé tich ciia hinh chép di cho bang

3J_ (B) 3[

3\/_ 3\/_

(D)

(A)

(o)

B - LOI GIAI - HUGNG DAN - PAP SO

§1. Khai niém vé khoi da dién
1. Lay 7 khoi 1ap phuong c6 cung kich thudc réi ghép lai v6i nhau nhu hinh 1,
ta dugc khoi da dién c6 30 mat déu 12 hinh vuong.

|
i
|
I == r-
1,71
__‘*.._J....__ -
! S P
T
i i o
! Uy F=k-F-F-,
I Vi i,
il Bl Y bt B B (OEE R I
/, ‘//I //|
—p e e — _ i
/1’ |
/ |
1
1
1
}. _____ -
4
/7
Hinh 1 ] ' Hinh 2

2. Gia sit ABCD la khéi tit dién da cho. Chia canh AB thanh ba doan thing
bdi cdc diém chia M va M', chia canh CD thanh ba doan thing bdi cic
diém N va N'. Khi dé 4 mit phing (ABN), (ABN"), (CDM), (CDM') sé&
phén chia khoi tit dién ABCD thanh 9 khéi tit dién (h.2).

20



3. Khong thé it hon 6 14n cua vi trong 27 hinh 1ap phuong dugc cua ra, cé
hinh 14p phuong “chinh’ giita” ma 6 mat clia né déu phai cua theo 6 ldn
khac nhau. :

4. Khdi ut dien déu c6 4 mat 12 tam gide déu. Ghép hai khéi tit dién déu bang
nhau (mot mat cla tit dién nay ghép vio mot mdt cua i dién kia), ta dugc
khoi da dién <% c6 6 mat 13 tam gidc déu. Ghép thém vao cHg mot
khoi tt dién déu nita, ta dugc khéi da dién /g 6 8 mit 1a c4c tam gidc
déu (h.3).

Bang céch nhu vay, ta dugc khéi da dien c6 2n mat la nhitng tam gidc déu.

e g
Hinh 3

§2. Phép doi xitng qua mat phing va su bang nhau
ciia cic khoi da dién

5. Gid sl (@) 1a mat phéng d6i xing cla t dién déu ABCD, titc 14 phép doi
xing qua mp(a), ki hiéu D,, bién tap hop {A,B,C,D} thanh chinh né. Vi
D, khong thé bién méi, dinh thanh chinh né (vi khi dé D, 1a phép dong
nhét) nén phai c6 mot dinh, ching han A, bién thanh mot dinh khic, ching
han B. Khi dé, (@) 1a mat phéng trung truc clia doan thang AB (hién nhién
(a) di qua C va D).

Nhu vay, t dien déu ABCD c6 6 mat phing d6i xing, d6 la cdc mat phang
trung tryc cia céc canh.
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6.

10.

22

Goi I 1a trung diém cta AB thi mp(/CD) 1a mat phang trung truc ctia AB
nén mat phang dé6 chia t dién déu ABCD thanh hai tt dién bing nhau : ti
dién AICD va tit dién BICD. Goi J 1a trung diém CD thi mp(JAB) 1a mat
phéng d6i xiing cua ti dién AICD nén né chia tit dién d6 thanh hai ti dién
bang nhau : t¢ dién CALJ va ti dién DAIJ. C6 nhién mp(JAB) ciing 1a mat
phéng déi xtng clia ttt dién BICD nén né chia tit dién d6 thanh hai tt dién
bing nhau : tf dién CBIJ va tit dién DBIJ.

Chi y rang phép d6i xting qua dudng théng IJ bién tt dién CAlJ thanh t&
dién DBIJ nén hai tit dién d6 bang nhau.

Tém lai ta ¢6 bon hinh t dién bang nhau : CALJ, DALJ, CBlJ, DBIJ.

(h.4) Phép doi hinh f bién moi diém M
nam trén (P) thanh chinh né. Véi diém A
A khong nidm trén (P), ta goi A' 1a anh

cia A qua f. Khi d6, néu M € (P) thi P
MA = MA'. Vay (P) 1a mit phang trung / \M /
truc cua AA', tic A' d6i xing v6i A qua o

(P). Vay f1a phép do6i xiing qua mp(P). /
Phép d6ng nhat e bién hai diém M, N A
bat ki lan luot thanh M, N. Vi
MN = MN nén e 1a phép doi hinh.

Gia st phép doi hinh f bién méi diém A, B, C, D thanh chinh né, tic 13 fA) = A,
fiB) =B, f(C) =C, f(D) = D. Ta ching minh ring f bién diém M bat ki
thanh M. That vay gia st M' = f(M) va M' khiac M. Khi d6, vi phép doi hinh
khong lam thay déi khoang cdch giita hai diém nén AM = AM', BM = BM',
CM = CM', DM = DM, suy ra bon diém A, B, C, D cing nim trén mit phing
trung truc ctia doan thang MM', diéu dé trai véi gia thiét ABCD la hinh t
dién. Vay M' tring v6i M va do d6, f 1a phép dong nhit.

Hinh 4

Gia st ¢6 hai phép doi hinh f, va f, déu bién cic di€ém A, B, C, D lan luot -
thanh cdc diém A', B', C', D'. Néu f; va f, khdc nhau thi c6 it nhat mot diém M
sao cho néu M, = fi{(M) va M, = f,(M) thi M, va M, 1a hai diém phan biét.
Khi dé, vi f| va f, déu la phép doi hinh nén A'M; = AM va A'M, = AM, vay
AM, = A'M,, twong t¢ BM, = BM,, CM, = C'M,, D'M, = D'M,, do dé
bon diém A', B', C', D' cing nim trén mat phang trung tryc cua doan thang
MM, trdi véi gia thiét A'B'C'D' 1a hinh tt dién. Vay v6i moi diém M, ta
déu ¢ f(M) = f,(M), titc 1a hai phép ddi hinh f| va f, tring nhau.



11.

12.

13.

14.

15.

Gid st (S) 12 mat cdu tam O bén kinh R va f 1a phép doi hinh bat ki. Goi
0' = f(0) va (§) la mat cau tam O' bén kinh R. Néu M € (S) va f(M) = M'
thi O'M' = OM = R nén M' e (S"). Nguoc lai, néu M' € (S") va M' = f(M)
thi OM = O'M' = R nén M < (S). Nhu vay, phép doi hinh £ bién mat c4u (S)
thanh mat cau (S') cé-cling ban kinh.

Ta c6 f(A) = A, f(B) = B. Gia skt diém M thuoc dudng théng ABvaf(M)=M.
Khi d6, M' thuoc duong thing AB vi AM = AM', BM = BM'. Suy ra M'
trung M, tic 1a f bi€n M thanh chinh né.

Vif(A) =A, f(B) =B vaf(C)=C nén f bi€n mp(ABC) thanh mp(ABC).
B&i vay, néu M thuoc mp(ABC) va (M) = M' thi M' thudéc mp(ABC) va
AM = AM', BM = BM', CM = CM'. Néu M’ va M phan biét thi ba diém A,
B, C cung thuoc dudng thing trung truc cha doan thing MM' (xét trén
mp(ABC)), trdi v6i gia thi€t ABC 1a tam gidc. Vay f(M) = M.

a) Theo gia thiét f(A) = B va f(B) = C, f(C) = A. Bai vay f(M) = M khi va
chi khi MA = MB = MC. Suy ra tap hop cdc diém M Ia truc cha duong tron
ngoai ti€p tam gidc ABC.

b) Theo gia thi€t f(A) = B, f(B) = A, f(C) = D. B&i vay f(M) = M khi va chi
khi MA = MB va MC = MD, tic la M déng thoi nam trén hai mat phing
trung tryc ctia AB va CD. Suy ra tap hop cdc diém M 1a dudng thing di qua
trung diém ctia AB va CD.

¢) Theo gia thi€t f(A) = B, f(B) = C, £(C) = D. B&i vay f(M) = M khi va chi

khi MA = MB = MC = MD. Suy ra tap hop cdc diém M gém mot diém duy
nhit 13 trong tam cua tit dién ABCD.

a) Gia s hai hinh hop

chinhdt ABCD.ABCD w 5 ¢ .

MNPQ .MNPQ' ¢6 AB = MN, N Dl |

AD=MQ, AA'= MM' (b.5). | 2Emmooe- e P
. D'

-Ta thdy rang khi d6, hai tt N 0

dién ABDA' va MNQM' c6
cdc canh tuong ing béng
nhau nén c6 phép doi hinh f M
bién A, B, D, A’ ldn luot
thanh céic diém M, N, Q, M'.

Khi d6 vi f bién tam gidc ABD thanh tam gidc MNQ nén f bién diém C
thanh diém P. Ciing tuong tu nhu thé, f bién B' thanh N', bién D' thanh Q'

Hinh 5
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va bién C' thanh P'. Vay £ bién hinh hop thit nhét thanh hinh hop thi hai,
do d6 hai hinh hop bang nhau.

b) Hién nhién dudng chéo clia hai hinh 1ap phuong bing nhau khi va chi
khi canh cha chung bing nhau, do d6 theo a), hai hinh lap phuong d6
bang nhau.

§3. Phép vi tu va su dong dang cua cac khoi da dién.
Cac khoi da dién déu

16. Véi méi diém M, ta 18y M, sao cho OM, = kOM 161 14y diém M’ sao cho

O'M'=k'O'M; thi hgp thanh cia V va V' bién diém M thanh diém M'.
Taco :

MM'= MM, + M|\M' = OM, -OM + O'M' - 0O'M,

= OM, - %OMI +k'O'M;-0'M, = (1 - %jOMl + (k' -1)0' M,

- (1 - %jo_M{ +(1-k)M0'.

Chi y rang vi kk' = 1 nénk' = %, boi vay dang thifc trén trd thanh :

MM’ = (1 -Z)(OMI + M0') = u0_0"

_1——-———4

Tir d6 suy ra hop thanh cia V va V' 1a phép tinh ti€n theo vecto V= 7 00'.

17. Goi (O ; R) va (O' ; R) la hai dudong tron nim trén hai mat phing song
‘ song, v6iR # R'. Dit k = % thi k£ # 1. Khi d6, ton tai hai diém I va I' sao
cho 10" = k10 vi I'O' = —kI'O. Dé thdy ring phép vi tu tam , ti s6 k va
phép vi tu tam I', ti s6 —k déu bién dudng tron (O ; R) thanh dudng tron
(O, R).
18. D6 la phép v1 tu ¢6 tam 12 trung diém cla doan thang n6i tam hai dudng
tron va c6 ti s6 vi tu k = — 1, d6 ciing 1a phép doi xing tam.

24



19.

20.

21.

Vi AB // A'B' nén 06 s6 k # 0 sao cho AB=kA'B'. Ta chiing minh ring
khi d6, ta ciing c6 AC = kA'C', AD =kA'D', CB=kC'B', BD = kB'D",
DC =kD'C'.
That vay, hai tam gidc ABC va A'B'C’ c6 cédc canh tuong Gng song song nén
ta phai c6 cac s6 / va m sao cho AC =IA'C' va CB=mC'B'.Khi dé :
AB=kA'B' < R—B—C"=k(m—§?)
& IA'C'-mB'C'=kA'C'-kB'C’
& (I-kA'C = (m-k)B'C

Vi hai vecto A'C' va B'C' khong cuing phuong nén déng thitc trén x4y ra
khi vachikhi [—k=m-k=0,ttc 1a I =m=k, vay AC = kA'C’ va
BC =kB'C'. |
Cédc déng thic con lai duge chitng minh twong tu.
Xét truong hop k= 1. Khid6 AB=A'B', BC = B'C',... nén

A% -FF -CC - .. |
Suy ra phép tinh tié€n theo vecto v = AA' bién tit dién ABCD thanh t dién
A'B'C'D'.
Néu k # 1 thi hai dudng thang AA' va BB' cit nhau tai mot diém O nao do6.
Khi d6, rd rang phép vi ty V tam O ti s6 % bién t&t dién ABCD thanh ta
dien AB'C'D'.
Véy trong cd hai trudng hop néi trén, hai tit dién ABCD va A'B'C'D' d6ng dang.
Goi V 1a mot phép vi tu tam O ti s6 k (O 1a diém bdt ki), A;B,C;D, 1a anh
cla tit dién ABCD qua V. Khi d6 AB, =kAB, BC, =kBC, C\D|, =kCD,
DA, = kDA, C,A = kCA, B,D, = kBD.
Vay AB, = A'B', B,C, =B'C',C,D, =C'D', DA, =D'A", C,/A, =C'A’",
BD,=B'D'.
Do d6 t dién A'B'C'D' béng t dién A;B,C,D;, suy ra hai ti& dién ABCD va
A'B'C'D' d6ng dang.
Khéing dinh d6 khong ding. Theo bai 4, ta c¢6 thé ghép 9 khéi it dieén déﬁ
bing nhau theo nhiéu cdch khdc nhau dé c6 duoc mot khsi da dién co
20 mat 1a tam gidc déu.
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§4. Thé tich ctia khéi da dién

22. Gid st & la kh6i hop c6 tam 1 va () 1a mat phang khong di qua /. Ta
phai ching minh rang (@) chia &7 thanh hai khéi da dién o, va &% c6
thé tiéh khong bing nhau.

Ta goi () 12 mat phéng di qua / va song song v6i (). Khi do, (&) chia
&% thanh hai khéi da dién <) va o#',. Vil la tam clha <# nén phép
doi xing tam / bi€n <77 thanh <#°'). Vay hai kh6i da dién <% va

'y ¢6 thé tich biang nhau va bang %, trong d6 V 1a thé tich clia <%

C6 nhién phan cha <% nidm giita hai mat phang song song () va (&) c6

thé tich khéc 0 nén thé tich cha <% va <#; khong thé bing nhau.

23, (h.6) |

a) AB // A\B, = AB /| (A,B,D) By C
= d(A,(AB,D)) = d(AB,AD). A i
Tacé AB, L (AAD,D) N
= AlBl J_ AK. t \\

{. K_\ -----JC
Mait khac AD L AK, suyra AK L (A B/D). 5
Vay AK = d(A,(ABD)) = d(AB,AD)=2. A D

b) Xét tam gidc vuong A|AD, tacé :
AK* = AK.KD.

Pat AK =x =>4=x(5-x)=>x"—5x+4=0=x=1hoacx =4.

Véix=1, AD = VAK? + KD* = 25, AA; = \JA,D? — AD? = /5.

Khi d6 Vipcp apcp, = 2045.
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24. (h.7) Gia st CK = x, & day AK la dudng cao clia tam gidc déu ABC.

25.

Tirdinh If ba dudng vuong géc, ta c6 A;K L BC. Tix d6 AKA, = 30°.

Xét tam gidc vuong A,AK, ta c6

AK = AK : cos30° = 24K

= 7_3_
2x\/§
2

ma AK =

= xv3 nén AK =2x,

AjA = AKtan30° = x\/gg =

Vﬁy VABC.AIBICI = CKAKAAI = x3\/§.

Vay Vapcapc, = 843,

(h.8)

Hinh lang try dd cho 1a hinh liang tru

diing nén cdc canh bén vuong géc véi

ddy va d¢ dai canh bén béing chiéu cao

cla hinh lang tru. Tir gia thiét'ta suy ra :
C,AC = 45°, B.DB = 60°.

Tir d6 suy ra

AC=CC,=2, BD = 2cot60° = i

3
Ap dung dinh I{ ham s6 césin ta c6 :
BD* = AB® + AD? - 2AB.AD.cos45°,
AC* =DC? + AD* - 2DC. AD cos135°.

Ay

Tir dé ta cé : BD® — AC? = ~AB.ADN2 + DC.AD.(—2) = -2J2AB.AD

:%—4——2\/—ABAD = AB.AD =

: 4
Vascp.agcp, = AB.ADsin45° AA = N

8

N

2

V2,

i

i
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26. (h.9)HaAH L AC (H € AC) (*).

Tam giac A;BD cén (do A\B = AD)
suy ra BD 1 A,0. Mat khac BD 1 AC
= BD 1 (AAO0) = BD L A/H (**).

Tir (%) va (**) = A,H 1 (ABCD).
bat AAO = ¢. Ta c6 hé thic :

a
CoOSa = COSP.COS—.

2 Hinh 9
That vay, ha A\K L AD = HK 1 AK (dinh li ba dudng vuong goc)
= COSP.COS = = AH AK _ AR _ cosa
O-COST = Aa AH T AA T T
Tir dang thiic trén ta suy ra : cosg = COSZ .Do d6
COSE_
cos’a - a ’ a
AH =asing =a |1- = \E)Sz———cosza.
cos? z cosg 2
2 2

_ . 2.
Vagep.apcp, = AB-AD.sina. AH = a”sina.

a
\/0082 - = COS2 a
COS a 2

2 .

2

3.« 2
= 2a s1n—\/cos — —COS” .
2 2

27. (h.10)Ké A'H L (ABCD) (H € (ABCD)),
HM 1L AD (M € AD),HK L AB (K € AB).
Theo dinh 1i ba dudng vuong goc, ta
cOAD L A'M,AB L AK
= AMH = 60°, AKH = 45°,
bat A'H = x. Khi d6

A'M = x : sin60° =~2—{,
NEN
2
AM = AA? — aMm? = |2 34x - HK,
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28.

29.

nhung HK = xcotd5° = x,

su rax—1f3"4x2 :>x—\/§
y = 3 =47

Vay Vapep apep = AD.AB.x = J7 ‘/5\[%\ = 3.

(h.11) Ta dung kh6i hop ABCD.AB,C,D,.

Khi d6 :
Vapc.aBc -1 ABCD.ABC.D: Al Dy
A1 B 2 <A DLy } _Bl _
Mat khac :
Vapep.asiep, = Sassa -l
= d(CC,(ABBA)). =1 ‘ B C

Hinh 11

va SABBlAl = 4
1

Vﬁy VABC.AIB]C‘ = 547 = 14.

(h.12)

Ha AK L AB (v6i K e AB) thi
AK L (ABC). Vi AAB nhon neén K
thuoc tia AB.

Ké KM L AC thi A\M L AC (dinh If ba

dudng vuong goc), do dé A MK = 60°,

Giast AK = x, taco

AK = \JA A - AK? =3 -2,
MK = AKsin KAM = V3 — x*.sin45° =

Mit khic, MK = A K.cot60° = —

29



30.

30

cha khéi lang try bing goc gilta hai

; ! 35
Vay Vasc.agc, = Sasc-AK = 5 ACCBAK = s

Cdch 1. (h.13) A
Gid st khi lang tru A A,..A,.AA)..A
¢6 thiét dién thing Ia B,B,...B,. Ta c6 thé

ldy By,B,,...,B, sao cho cdc doan thing

BiA|,ByA,,....B,A, déulénhon AA,.

Tinh tién kh6i da dién B,B,.. B, A/A,... A,

theo vectd ¥ = A/A;, ta dugc khéi da B,

dien B,B)...B,.A/A,...A,. Hai kh6i nay
rd rang c6 thé tich bang nhau (do chiing
bing nhau) va c6 phan chung 12 khéi da Hinh 13 (v6in =3)

dién AA...A,.B|B;...B,. Do do, thé tich khéi lang tru AAy..A, A A .A
bang thé tich khéi lang tru ding B,B,...B,.B|B,...B,.
Vay néu goi V 1a thé tich ctia khéi lang tru da cho thi

4 = SB,Bz...B”'BlBl = SBIBZ...B,,'AIAI

(BB, = A/A| Vi BB = A/A] = V).
Cdch 2. (h.14)
Ha AH L (AA4,..A,) thi AH bing

chiéu cao & clia khéi lang tru.

Khi d6 géc gitta mat phang chia thiét
dién thang B,B,...B, va mat phing day

duong théng A/A; va A/H. Goi géc nay

2 athi h= AH = AA cosa.

Hinh 14 (v6i n = 3)
Ta c6 thiét di¢n thang B,B,... B, 1a hinh chi€u cla da gidc diy AA,...A
tréen mp(B,B,...B, ). "Vay thé tich clia khdi lang tru 12 :

n



33.

34. (h.18) Ta c6 BC L AC nén BC L SC (dinh

32

Ta c6 EH L PP, ma PP = (o) N (SAB), () L (SAB) nén suy ra
EH 1 (SAB) = EH 1 SH. Mat khéc SH L P\P = SH L (CDPP) nén SH
la dudng cao cua hinh chép S.CDPP . Tam gidc SKE can dinh S va c6 géc

& dinh bing 60° nén né 1a tam gidc déu. Vay H 13 trung diém cia SK, suy ra

1 1 1 1
PR =3 AB=-KE ==SE=2.6=3.
Ta c6
1 1 /
= —(6 3)9—‘/: 3= 27J§.
(h.17)

Gia sir O 1a tam ctia tam gidc déu ABC.
Khi d6 SO L (ABC) va SO = h.
Goi K 1a trung diém clia AB. Pat AK = x.

Khi d6 SK = xcotg, OK = xtan30° = —=.

NE)
X2 : :
h? = Sk* - OK? = T(3cot2¢ =)
2 3K

=x = 3C0t2¢) -1 ’ Hinh 17
Taco Sypr = A——SzlLa)— 3, suyra

Vonse = LS = 203y = N3

S.ABC = 39ABC- | 3 3cot2(p—1.

I ba dudng vuong goc), suy ra goc SCA
la géc giita hai mat phing (SCB) va

(ABC).Datﬁ=x(0<x<gj.

Khi d6 : SA = asinx, AC = acosx.

Hinh 18



35.

asinx a*cos’x a

Vs aBc = ) =—6—sinx.cos2 X.

w

Xét ham s6 y(x) = sinxcos>x.

Tacd y'(x) = cos’x — 2cosx.sin’x = cosx(coszx -2+ 2cos2x) =

= cosx(3coszx -2)= 3cosx(cosx - \/%)(cosx + \/—g)

Vid<x< g nén cosx(cosx + \/gJ > 0,
14

Goi ala géc sao cho cosa = \/%,0 <a< 5

Ta c6 bang bién thién cua ham y(x) = sinx.cos?x : °

Vay Vg spc dat gid tri I6n nhdt khix = avéi 0 < a < g— va cosa = \/%

(h.19) Gia st O 1a tam cta hinh vuong
ABCD. Khi d6 SO L (ABCD). Goi EH 1a
dudng trung binh cta hinh vuéng ABCD
(E € AD, H € BC). Vi AD // BC nén
AD /[ (§BC), do d6

d(A,(SBC)) = d(E,(SBC)).

Keé EK | SH. Dé thdy EK 1 (SBC) suy ra
EK = d(A,(SBC)) = 2a.

Ta ¢6 BC L SH, BC L OH = SHO 1a
gbc gilta mat bén (SBC) va mat phang

ddy. Dat SHO = x(O <x< gj.Khidéz

2a a a
EH=——0H =——, SO =——tanx = .
sin x sin x sin x CcoS X

3BTHH 12-NC - A 33



36.
 AB la hinh chi€u ctia SB trén mp(ABC)

34

. 1 4a>
Vay : Vs apep = §SABCD-SO s
3cosxsin“x

Tir d6 Vg 4pcp nho nhét khi va chi khi y(x) = cosx.sin’x dat gid tri I6n
nhat. Ta ¢6

y'(x) = —sin® x + 2sin xcos? X =sinx(2 cos® x — sin? X)

= sinx(2 — 3sin? X).= 3sinx(\/% - sinxj(\/% + sinx).
. T . 2 )
Vi< x< ) nensmx[\-/; + smx) >0,

Goi ala gbéc sao cho sina = \/—g O<a <g- '

.

’ 2 [ . A 9 ~ aAr . 2 .
Ta c6 bang bién thién clia hAm s6 y(x) = cosx.sin”x :

a

+ 0 -
/

ol . T .. [2
Vay Vs apcp dat gid trinhd nhét < x= avéi 0 < a < 7 vasina =,/

(h.20)
S

nén SBA = a. D& thdy BD L (SAD) nén
hinh chi€u caa SB trén mp(SAD) 1a SD
= BSD = B.

Do SAB va SDB la céc tam gidc vuong

néntacé SB = .BD ,SB = ﬂ, suy ra
sin cosa

AB* _ BD*  AB*-BD* a* Hinh 20
cos’a  sin? B cos?a —sin? B cos’a - sin® p '
asin #

= BD = ,
\/0032 a — sin? g

3-BTHH t12-NC-B



37.

38.

acos
\/ cos’ a —sin? 8

SA = SD? - AD? = asiha

\/cos2 a —sin® 8

SD = BDcotf3 =

1

Vay:  Vsapc = 35a8c-5A
’ 1 asin asina
= §.a. . 5 >
\/cos2 a — sin® p \/cos a —sin” g

a’sin a.sin f

- 3(cos2 a — sin® ,H).

(h.21) Ta co
Vacep =V =Vaapp +Vecosp + Ve.asc + Vpaco)
Ciac khéi chép A.A'BD', C.C'BD',
B'.ABC va D' ACD cé6 dién tich day
bing mot nita dién tich ddy ctua khoi
hop va déu c6 chiéu cao bang chiéu
cao cha khoi hop nén ching c6 thé
tich bing nhau va cu thé, méi khéi d6

c6 thé tich bing %V.

- 1 1
ay : p=V-4-V ==V,
Cdch 1.
Dung hinh hop AEBF.MDNC (goi la
hinh hdp ngoai tiép tt dién ABCD) (h.22).
Vi (AEBF) // (MDNC) nén chiéu cao
cta hinh hop bang khoang cach d
gitta ABva CD.
Theo bai 37 tacé :
1 1
Vapep = gvhop = §SMDNc-d

MN.CDsina.d = éAB.CD.dsin a. Hinh 22

] =

W —

35



Cdch 2. (h.23)

Dung hinh binh hanh ABCE. Khi d6 : A
Vesep = V.ecp @) E

1
Veecp = gSECD-d(B’(CDE)) 3)

Secp = %CE.CD.sin ECD B \ -
1 ) )
- EAB.CDsma (4) ¥
Hinh 23

d(B,(CDE)) = d(AB,CD) (do AB // (CDE)). (5)
Tu (1), (2), (3),(4),(S)suyra:

. (h.24)
Tacoé AB' L SB,AB' | CB(do CB 1 (SAB))
= AB' L (SBC) > AB' L SC. (1)

Tuong tw AD' L SC. (2)
Tir (1) va (2) suy ra SC L (AB'C'D")
= SC L AC'.

Do tinh d6i xiing, ta c6

VS.AB'C'D' = 2VS.AB'C"

Taco:

Vsapc _ SB SC' _ SB.SB SC'SC _

Vsape SB SC s = sc?
_SA* SA®  4d® 4a® 8

T SB® SC? sa® 62 15

1a° a 8 @& 84°
16a° '

= Vsapcp = 25



40.

41.

(h.25) Dung tit dién APQR sao cho B, C..
D lan lugt 13 trung diém cia cdc canh
OR, RP, PO.

Ta c6 AD = BC = %PQ ma D la trung
diém cha PQ nén AQ 1 AP.

Ching minh tuong ty, ta ciing c6 AQ L AR,
AR 1 AP.

Dé thay

1 11
Vasep = 7 Vapor = 75 AP-AQAR (%)

Xét cac tam giécv vudng APQ, AQR, ARP, ta c6
AP? + AQ? = 4¢%, AQ? + AR® = 4%, AR® + AP? = 4p2,

Tir d6 suy ra :

AP = \/E.V—az +b% + 2 ,AQ = \/—2—\/(12 e cz,
AR = \/_\/a +b2—c

Véy tir (*) tasuyra :

Vasep = l—éz‘\/(—az + 5% + ety = b2 + A)(d® + b - P,

(h.26) Cdch 1.

AC || AC' = AC /| (BC'A"). Goi I Ia B 4
trung diém ctia AC thi NN
d(A(BC'AY) = d(I(BC'AY). N 15
Goi I' 1a trung di€ém cla A'C' thi 16 rang He \\\ g
BI' L A'C', mat khic II' L A'C' nén RN
A'C' L (1BI). S N R )
Vay khi ta ha IH L BI' thi A'C' L IH. ¢ /*) I
Tir d6 suy ra [H L (BC'A"), tic 1a «
‘ Hinh 26

d(A(BC'A")) = IH.

37



Tacs. B __ T Ban
B \/312_+ 2 V3d? + 412
4
Lpn g L [38 5 1 5
SBC'A'—EB]'CA—-Z— T'f‘h.d-z(l 3a° + 4h”,
, | )
Vay  Vipeu = %.-}Ia\/&zz Tap - N3ah__ ‘/51‘; h
V3a® + 4h?
) ’ 1 12
Cach2.Vypea =Vganc =5 VBaacc =53 Vascasc
P S O C i < I
S TABCT T e g T T
42. (h.27)

MB 1 AM, MB 1 SA
= MB 1 (SAM) = MB 1 AH, (1)
SB L (AKH) =SB i AH. (2
Tu (1) va (2) suy ra AH L (SMB)
= AH 1 SM, AH | HK.

1

6 -
"~ ViSK c6 dinh nén : Hinh 27
2 2 ) ,  AK?
Vs ank Mmax < (AH.KH) max < (AH”.KH")max < AH? = KH? = —
(ViAH® + HK® = AK? khong déi). Vay ta chi cdn xdc dinh vi trf diém M

2
thod man diéu kien AH? = A—g—- (*)

Dat MAB = x, SA = h, AB = 2R. Ta c6

_ SA.AB*  4R*’

O SBE 4R+

AM = 2Rcosx,

2 SATAM® 4R2R? cosix

- SM? - h? + 4R? cos®x .

AK?

AH?

38 -



43.

44.

h? 1
T (*) tasuyra: cos’x =

—_— < —_
2h* +2R%) 2

Tir day ta xdc dinh dugce x, tic 1a xdc dinh duoc vi tri diém M (c6 hai vi tri
ctia diém M). '

TN

2x < % suy ra cosx < —;—'= cos45° = x>45° = BM > AM.

Tur cos
(h.28) D& thay AC', B'D' va SO (O = AC m BD) d6ng quy tai I va I 1a trung
diém cta SO. :

Ké OC" /] AC'. Dé thay SC' = C'C" = C"C.
ay %— =3 Ta co

Veape  SB SC 11 1

\Y%

Viase SB'SC 2376

Ve age 1
_, Ysapc _ 1
Vs.apep 12
Chitng minh tuong tu, ta ciing ¢6 : ~ Hinh 28
Vs.acp _ L
Vs.agcp 12
Vay Vsapcp _ Ysapc + Vsacop _ 1
" Vs.ascp Vs.aBcD 6
(h.29). Gia sit dudng thing MN cit CD va BC lan luot tai K va I.
Dé thdy : CK = %CD, Cl = %CB,

d(P,(ABC)) = %d(S,(ABC)).

Voo = %—.%Cl.CKsinIf‘T(.d(P,(ABC))

11 —;—CB.ECDsianCT).%d(S,(ABC))

32 2
9 (1 i
= T¢ §CB.CDsm BCD.d(S,(ABC))
9
= Vecix = 1gVs.aBcn- Hinh 29

39
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40

_tich V; ciing bang

V IBIEIM 111 1

Tacé: LBEM _ =~ = - = —
Viek ICIPIK 323 18

1 1 1

= Vipem = '1"§VI.CPK = '1_8_VP.CIK = §‘Z“VS.ABCD-

~ . 1 1
TUUng tu, ta cling ¢6 Vg npr = 15 Vr.cix = 35 Vs.48cD-

Vay néu goi V, 12 thé tich cha phan kh6i chép gibi han bbi mp(MNP) voi

mit phing ddy thi :

Vo =Veeixk = Vigem + Vi npF)

9 1 1
=16 — Vs aBcD (32 Vsaep + =5 3 Vs, ABCD)
9 1 1

= TEVS.ABCD 16 —Vs.aBcp = > Vs aBcD-

Vay phén con lai, tic 12 phan clia khéi chép ndm trén mp(MNP), c6 thé

1 , ;
EVS.ABCD' Do d6 Vl = V2.

(h.30) Ké MN // CD (N € SD) thi hinh thang ABMN 1a thiét dién cua khéi

chép khi cat boi mp(ABM). Ta c6
Vsang _ SN _ 1 _
Vs.aDB “SD 2 = Vs.ans =
Veaun _SM SN 11 1
Vegep SC'SD 2°2 4

1 1
= Vsaun = 7 Vs.pep = §VS.ABCD-
Vay Vs apun = Vs.ane + Vs.aun

3
=3 Vs.aBcD-

Do d6 : VS.ABMN _ g

VABMNCD 5



46.

47.

(h.31) :
a) Duong théng'EF cit A'D' tai. N, cit A'B' tai M, AN cit DD' tai P,
AM cat BB' tai Q. Vay thiét dién 1a ngii gidc APF%’Q.

b)Bat V = Vpep awcps T
V = B P

- VABCDC 'QEFP>

D

V = VAQEFP.B'A'D"

Vi = Vamans

Vs =Verpn, Vs = VQMB'E'
Dé thdy V, =V; (do tinh ddi
xing cua hinh 14p phuong),

Vi ——l—AA "AMA'N =

6
V, = -é—PD DFDN =
3
V2=V3—2V4=3g -
v v _ 3 254 47 2
h=V-h=a-=5 =170
Mt phéng (AEF) chia khéi 1ap phuong thanh hai phén 14n luot c6 thé tich
47 5, _25a V47
RV =ga. =5 Vly:i g =55

(h.32) Kéo dai MN cit AB tai 1. Ké
MD song song v6i SC (D € AC).
DI cit CB tai E. Vay tit giic
MNED la thiét dién cia khéi chép
khi cét bdi mp(a). Ta cé
Vaupr _ AM AD Al
Visce AS AC AB

2
3
16
= Vampr = 37 57 Vs.4BC

41
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42

(BI =MJI,MJ] = %AB = Bl = —31-AB,AI = %AB).

11

Vigve 1B IN IE 1
2716

VI.AMD IA IM'1I

1 ‘ 1
= Vipne = 16 VA MDI = 57 57 Vs.aBC-

\#|’—‘
l\)l»—

GOI V] = VAMD.BNE’ Vz la phﬁl’l con lal thi
15 5

Vl VA MDI — VI BNE — 27 VS ABC — 9 VS.ABC
4 V. 5
nénV, =V, — Vi = =Veup~ VA —L ==,
2 S.ABC 1 9 S.ABC V2 4
(h.33)

GoiO=ACBD,0' =AC'nBD"
Do DD' // OO' nén dé thay

d(D',(ABC)) _ DD' d(D,(A'BC')) DD’
d(0', (ABC)) ~ 00" 4(0,(A'BC)) 00"

Vay :

DD' -
VD'.ABC = wVO'.ABC

DD'
Voagc = 00’ 07 Yo.AaBC

(1

Dat h = d(BB,(ACC'A")). Tacé h = d(B,(ACC'A)) va
1

Voase = Veoac = §h'SO'AC’ (2)
1
Voasc = Ve.onc = 3hSonc (3)
Dit d = d(AA', CC') thi Spue = Sppe = ~00'd (4)

2

Soac = Saoo + Scoo = %00'(61(/4,00') +d(C,00") = —;—OO'.d ; tuong tt

|
SOA'C' = EOO d)



49.

50.

TfI (2), (3), (4) Suy ra VO'ABC = VO.A'B'C" (5) -

Tix (1) va (5) ta suy ra : Vi apc = Vp_agc-

(h.34) Goi M 1a trung diém clia BB'. D' c
Ta c6 A'M // KC nén i
d(CK,A'D) = d(CK,(A' MD)) A —it %
= d(K,(A'MD)). 1\ : N
Pit d(CK,A'D) = x. Tacé N A N
1 ///D_’ ___________ C
Vampk = Veamp = §SA'MD-X- (1) /,/
. A B
Mat khidc Vy ypx = Vi.apk
\ Hinh 34
1 1({1 1 a
= =S, px-dM.(ADK)) = =| ~a.=a |a= —-
3Supx d(M.(ADK) 3(2“2“)“ 12 @
23
T (1) va(2Qysuyra: Sy pp-X = R - 3)
Ha DI L AM = Al L AM
' ' \ 2 2a
= Al AM=AA"dM,AA)=a = Al = —
| J5
2 2 2 o 4d* 94 3a
= DI* =DA“" + Al =a" + — =— = DI = —.
. 5.5 J5
. 1 , | 1 3a a\/g 3a?
Vay SA'MD = EDIAM = -2—7-5-—2—- = T (4)

Tir (3) va (4) suy 1a x = %
(h.35) Khéi t dien ABCD dugc phan
chia thanh bon khé6i t¢ dién OBCD,
OCAD, OABD, OABC. Tu d6 dé
thay rang :

Vosep _ 7 Vocap _ nr

Vasep  Pa” Vagep - B

Hinh 35
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44

Voasp _ I Yousc _ T
Vasco  hc Vapep Mo
Suy ra : .
Vo.sco + Vo.cap + Vo.asp + Voasc _ r( r, .1t 1 )
Vasco

e g ey

:ﬁggazr(_l_+i+_1_+_1_]
Vasep

Goi hinh lang tru déu da cho 1a % Khi dé, dé thdy téng cac khoang cich
tr mot diém ndm trong S#dén hai mat ddy clia né luon bang chiéu cao A
cta A

Gia st I' 1a mot diém trong ndo d6 clia % Dung qua I mot mit phéng (P)
vuong goc véi canh bén cla S, ta dugc thiét dién thing A A,...A, cla S#
Khi dé, A A,...A, 1a mot da gidc déu bing da gidc ddy cua o (do # 1a
lang tru déu).

TuItaké duong IH, L AA,, IH, L AA,,..., IH, L A A,.

Do thiét dién thing vuong géc v6i cdc mat bén nén tir dé dé dang suy ra :
IH, IH,,..., IH, 14n lugt vudng géc v6i cdc mat bén cha hinh lang tru. Pat
IH,=h;,IHy = h,, ...,IH, = h, va a 1a 0 dai canh ddy cla lang try. Goi §
1a dién tich' m¢t mat ddy thi S ciing 1a dién tich clia A|A,...A,. Vay

S =—ah +<=ahy +..+=ah =—;—a(h1 +hy +..+h,)

Vay téng cdc khoang cach tir I dén cdc mat ciia lang tru 13 khong déi.

Téng nay bing h + —zaﬁ—



52. (h.36)

a) Trong mp(AA'C'C), dung dudng thing B

qua A vuong géc v6i CA' 14n luot ciat CA'
vaCC'tai I va M. A

Vi AC =va* +b* < ¢ nén IC < IA', do \
d6 M phai thuoc doan CC'. N
Biy gio ta tim giao diém N cta (P) va o\
BB'. Dé thdy AN 1. BC, AN L CA'

= AN L A'B. Vay dé tim N, ta ké qua A
(trong mp(A'B'BA)) dudng thing vuong

goc v6i A'B cit B'B tai N. A
Vay thi€t dién 1a tam gidc AMN.

< 1
b)Taco: Vo aun = Var.aan = Varaas = Ve aus = gabc

(do NB /| AA', MC /] AA").
Mait khéc :

Hinh 36

1 3VA'.AMN _ ‘abc

VA'.AMN. = 3SAMNA'I = SAMN = Al = 2A’I.

Xét tam gidc vuong A'AC ta ¢6 :

2 2
ATAC = AA? = ? = A = X,C = < :
\/a2 +b% + ¢?
abVa? + b + ¢?
Vay  Saun = 7 :
53. (h.37)

a) Goi N la giao diém ctia MA va BC.
Khi d6 S, A, N théng hang vi chiing
cling nam trén giao tuyén ctia hai mat
phing (SBC) va (SA, A'M).

Goi MM, va AA; la cic dudng vuéng
goc ha tir M va A xudng mp(SBC) thi :

MM, _MN _MA'
AA, AN~ SA

Hinh 37
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: M ; v
Vay Vascs _ Vuncs _ 38 MM, _ MM, MA

"~ Vsasc  Vascs lSBCS AA, A4 SA
, 3 )

b) Ching minh tuong tu nhu cau a), ta c6 :

Vucas _ MB' Vi aps _ MC'
Vsasc  SB " Vsape  SC

Vay :

MA™ MB  MC _ Vypcs + Viucas + Viass _ Vsasc
SA SB SC Vs.aBc Vs.aBc

54. (h.38)

a) Dé thdy cac tam gidc ABC, ACD,
ABD, BCD déu c6 dién tich biang nhau
va bang nira dién tich S cta hinh binh
hanh ABCD ; cic hinh chép S.ABC,
S.ACD, S.ABD, S.BCD c6 chiéu cao
bang nhau va béng chiéu cao /4 cta hinh

chép S.ABCD. Vay

_ _ - Hinh 38
Vs.ac = Vs.aco = Vs.aep = Vs.aep g
_ Vsapcp _V
2 27

b)Tacé: sk _SK SL SM Vsyy _ SK SM SN
"V T SA'SB'SC’” V. T SASCSD
2

2
= Ysxuy _ SK SL SM  SK SM SN
v " SA'SB'SC ' SA'SC'SD’
2 .

Tuong tu

Vsxuy _ SL SM SN | SL SN SK
V T SBSC'SD " SBSD'SA

2

46
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T (1) va (2) suy ra
. SK SL SM  SK SM SN SL SM SN SL SN SK

SA'SB'SC "SA'SC'SD "SB'SC'SD "SBSD SA-
SA SB SC SD

Nhan hai vé€ véi SK'SL SM' SN’ ta dugc dang thic phai ching minh.

On tép chuong |

Bai tap tu luan

55.

56.

57. (h.39) Goi do dai canh cua khéi bat dién

Véi mdi diém M bat ki khdc 1, ta goi M’ 12 4nh clia M qua f, khi d6 M va

M’ khong tring nhau. Vi hop thanh cta f v6i chinh né la phép déng nhat

nén f bién M' thanh M, vay f bién doan thang MM’ thanh doan thing M'M.

Tir d6 suy ra f bién trung diém cha doan thang MM' thanh chinh né va vi

vay, theo gia thiét, trung diém clia MM’ phéi 1a diém 1. Vay f1a phép d6i xing’

qua tam /.

Cac canh bén cua hinh chép cut déu phai déng quy tai mot diém, ta goi

1a S. Gia su mot canh bén cta hinh chép cut 1a A4, v6i A 1a dinh cha

mit ddy P, va A, 1a dinh cha mat déy D, . Khi d(), phép vi tu tam S ti s6
A,

k = g—l s€ bién D; thanh D, . (Chu y ring két qua nay ding v6i moi hinh

chép cut bat ki, khong can phai 1a hinh chép cut déu).

Trong trudng hop cidc mat ddy D; va D, 1a cdc da gidc déu c6 s6 canh la

s6 chdn, ta con c¢6 thém mot phép vi ty thit hai duoc x4c dinh nhu sau : Goi

O, va O, lan luot 13 tam cha D, va D,

va §' 12 diém sao cho S0, = —kSO, , véi
A,

k = i n - Khi d6, dé thay phép vi tu tam

1
§'ti 6 —k s& bién P, thanh D, .

déu 1a b. Khéi bét dién déu c6 thé phan
chia thanh hai khoi choép t¢ gidc déu ma
cdc canh bang b : M.FKNI va E.FKNI.
Goi MO la dudng cao cua khéi -chép
M.FKNI thi ON bing mot nira dudng
chéo ctlia day. ‘
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Tacd:

2
, 2
MO* = MN? - ON? = b? _(1,_\/_5_) b
| 2 2
2
1 1,,V2 _b\2
Vurxnt = 3 Spxni-MO = 3b°b—= = —e—
Nhu ta d3 biét, b bing mot nira dudng chéo cia mot mat ctua khoi 1ap
: 3
3
phuong ngoai ti€p. Do d6 b = gg va Vi peny = (%—g—j % = %,

Vay thé tich khéi bét dién déu 1a :

a3

V =2V pxnr = _6_'

58. (h.40)
a) Ta c6 BM L AM (vi M nam trén
duong tron  duong kinh AB) va
BM 1 SA (do SA L1 (P)), suy ra
BM 1 (SAM) = BM 1 AH.

Mait khiac AH L SM, suy ra AH 1 SB.

Theo gia thi€t, ta lai c6 AK L SB.

Vay SB L (KHA).

b) Vi SB L (KHA) nén SB 1 Al, mit
khic SA L Al nén Al 1 AB, ma Al thudc
mp(P), suy ra Al 12 ti€p tuyén cia dudng
tron da cho tai diém A.

¢)Cdch 1. Tacé:

Vekua _ SK SH _ SK.SB SH.SM _  sA*

Vegmua SB'SM ™~ sp2 " sm?  SB*.SM?
R* 2R? 1

T (AR + 4R).(4R? + AM®)  4R? + 4R%cos’a  2(1+cos®a)’
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VS.BMA. = %SBMA.SA = lAM.BM.SA = éZRcosa.2Rsina.2R

6
:2—R3—sin20:=2—R3£=L\/g
3 3 °2 3
Vay Vo s = 1 RVZ 1 RSB _ 2R3
' ' 21 +cos’a) 3 2(1 %) | 3 21

Ding h¢ thiic lugng trong tam gidc vuong, ta cé thé tinh dugc SK, AH, AK,
HK (v6i chi § rang tam gidc KHA vuong & H) theo R. Tir dé tinh dugc thé
tich khoi chép S.KHA.

59. (h.41) Gia su hinh 1ap phuong A'HB'O.GEFC' thoa min diéu kién cta bai
todn va diém E thuoc mp(ABC). Khi dé

Vo.asc = Veoas + Veosc + Ve.oca

Céc khoéi chép E.OAB, E.OBC, E.OCA
c6 chiéu cao x bing canh cua khai lap
phuong néi trén. Boi vy ta cé :

labc = lx(a—b + be + 2)
6 3702 2 2
o g G
ab + bc + ca
) 5 2p3c3
Vay : Vlap phuong = X = (ab + be + ca)3 o A Hinh 41
60. (h.42) 1. a) Do cdc tam gidc ASB va ACB

vuong nén :

SH* = AH.BH, CH* = AH. BH.

Vay SH = CH. Mat khac SI L CH va
Cl =1IH nén SC = SH.

Vay tam gidc SCH déu, suy ra SHI = 60°.
Mat khac, ta ¢6 AB 1 HI, AB 1 SH
= SHI la g6c gita hai mat phing (SAB)
va (ABC). Vay mat phéng (SAB) qua AB
c6 dinh va tao v6i mat phing c6 dinh
(ABC) mot g6c 60° nén né phai ¢4 dinh. " Hinh 42
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62.

3. Cdch 1. Do BC 1 (SAB) nén SB la hinh chiéu cta SC trén mp(SAB) va do
dé B/SZ’ =x. Tacd
V = Vs apep = %azSA (a = AB = BC),

1 1 L
Vi=Vsapcp = gSAB'C'D“SC :
Do ABCD 1a hinh vuéng nén dé dang suy ra SB' = SD' = B'D' // BD.
Tir d6 dé& thdy BD' L (SAC) =BD' L AC'= Supcp = %AC';B’D'.

Ta cé : SB = BCcotx = acotx, SC = —BQ = .a ,
sinx  sinx

J ; 2
SA = JSB? — AB? = AVCOSZX op.  SA” _ acoslx

sin x SB  sinxcosx’

SA? _acos2x SB' av2cos2x

SC' = = — , BD' = BD. ,
SC sin x SB cos? x
AC' = SA.AC = a/2cos2x.
- SC
. a>\Jeos2x , a> cos? 2x/cos 2.x V' cos®2x
Viy V=ou—+ V'= . e —
3sinx 3sinxcos” x 4 cos” x

< ! 2V. . " '
Cach 2. D& thay : ¥ = 5 e B5C'
S. .

Tu d6 dé dang suy ra két qua cdn tim. -
1. (h.44) Do H 12 tryc tam ABCD nén
BH 1 CD.

Mait khac AH L (BCD) nén AH 1 CD.
Vay CD L (ABH) = CD 1 AB.

Cung v6i gia thi€t AC L AB, ta suy ra _
AB 1 (ACD) = AB 1 AD. C

Tuong tu AC 1 AD. - Hinh 44
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2. (h.45) Tk AB = AC = AD suy ra
HB = HC = HD, tac H la tam
dudng tron ngoai ti€p tam gidc
déu BCD.
Xét tam giac vuong AHD, ta c6 :

1 1 1

= +
HI?> AH?> HD?
1 11

HD? & W
= HD = L Hinh 45
Vi —d?
g o V3 .
Do tam giac BCD déu nén DH = BC.——3——, hay BC = DHA/3. Vay
1 NE
Bai tap tric nghiém
1. (B), 2.(B), 3.(0), 4. (D), . 5.(0O), 6. (B),
7. (B), 8. (O), 9. (B), 10. (C), . 11.(A), 12.(0O),

13. (D), 14. (B), 15.(D), 16.(A), 17.(B), 18.(B),
19. (O), 20. (B), 21.(A), 22.(A), 23.(B), 24.(A),
25. (D), 26. (C), 27.(A), 28.(A), 29.(B), 30.(0),
31. (D), 32. (A).
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MAT CAU, MAT TRU, MAT NON

A - CAC KIEN THUC €6 BAN VA B BAI

§1. Mdt céu, khdi cdu

| - CAC KIEN THUC CO BAN
1. Mat cdu SO ; R) 12 tap hop {M | OM = R}. Khoi ciu S(O ; R) 1a tap hop
(M| OM<R). ’

Mat cau 1a hinh tron xoay sinh bdi mot dufmg tron khi quay quanh dudng
thang chia mot duong kinh ciia dudng tron dé.

Khoi cdu la hinh tron xoay sinh boi mot hinh tron khi quay quanh dudng
thang chita mot dudng kinh cta hinh tron do..

2. Giao cua mat cau S(O ; R) va mit phang (P) phy thu¢c vao R va khoang
cach d tir O dén (P). Gia st H 1a hinh chiéu cta O trén mp(P). Khi d6 :

— Néu d < R thi giao 12 dudng tron nim trén (P) c¢6 tam H, ban kinh
r=vR* - 4%, .

— Né&u d = R thi mp(P) tiép xiic v6i mat cdu S(O ; R) tai H.

— Néu d > R thi mp(P) khong cit mat cdu S(O ; R).

3. Giao clia mat cdu S(O ; R) va dudng thang A phu thuoc vao R va khoang
cach d tr O t6i A. Gia st H 12 hinh chiéu cta O trén A. Khi d6 :

— Néu d < R thi dudng thang A cdt mat cdu tai hai diém phan biét.

— Néu d = R thi A tiép xtie v6i mat cdu tai H. Cdc dudng thing ti€p xdc vdi
mat cau tai / nam trén ti€p dién v6i mat cau tai H.

~ Néu d > R thi A khong cat mit cau. -
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4. Ve cdc tiép tuyén clla mat cdu cling di qua mot diém A nim ngoai mat ciu :
— Céc doan thing n6i A véi céc tiép diém bang nhau.
— Tap hop céc ti€p di€m 1a mot dudng tron.

5. Hinh cdu ban kinh R ¢6 dién tich bing 4nR?, ¢6 thé tich bang gnRS.

Il - DE BAI

1.

54

Cho tit dién ABCD, biét AB = BC = AC = BD = a, AD = b, hai mat phang
(ACD) va (BCD) vudng géc véi nhau.

a) Chiing minh rang tam gidc ACD vuong.

b) Tinh dién tich mat cdu ngoai tiép tit dien ABCD.

Cho hai dudng tron (O ; R) va (O'; R) nim trén hai mat phang song song
(P) va (Q) sao cho OO' vuéng géc véi (P). Bat 00' = h. Ching minh ring
c6 mat cau di qua hai dudng tron trén, tinh dién tich mat cau doé.

. Cho tam gidc déu ABC canh a. Xét dudng thang A di qua A va vuong géc

v6i mp(ABC). Goi S la diém bat ki trén A, S khic A.

1) Khi SA = h (h cho trudc), hdy tinh dién tich va thé tich cta hinh cau
ngoai ti€p tir dién SABC. . : '

2) Goi A’ 1a diém doi xiing véi diém A qua tam mét cau néi trén. Chiing
minh rang khi S thay d6i trén A thi A’ thuoc mot dudng thang c6 dinh.

Cho hinh lang tru ding c6 chiéu cao A khong déi, ddy 1a ti gidc ABCD,
trong d6 A, B, C, D thay d6i va IAIC = IB.ID = —h2, v6i I 1a giao diém
hai dudng chéo. Hay xdc dinh gi4 tri nhd nhét cta ban kinh mat cdu ngoai
ti€p hinh lang tru do.

Cho tam gidc déu ABC canh a. Goi (P) 12 mat phing qua canh BC
va vuong goc v6i mp(ABC). Goi (¢) la dudng tron duong kinh BC
trong mp(P) va S la diém bat ki thuoc (¥). Khi S thay déi trén ('¢), ching
minh rang :

1) SA* + SB* + SC* khong di ;

2) Tam mat cdu ngoai ti€p tt dién SABC 1a diém c6 dinh (néu S khic B, C).
Cho hinh chép ti gidic déu S.ABCD cé caﬁh ddy bang a; chiéu cao SH

s a
~bang >



10.

11.

1) Ching minh rang tén tai mat cdu tam H ti€p xdc v6i tat ca cdc mat bén
cua hinh chép. Tinh ban kinh R clia mat cdu dé.

2) Goi (P) 1a mat phang song song véi mp(ABCD) va céch mp(ABCD) mot
khodng x (0 < x < R). Goi S,; 1a dién tich thiét dién tao bdi mp(P) va hinh

chép bo di phan nam trong mat cdu. Hay xdc dinh x dé S, = R,

Cho hinh chép S.ABCD, day ABCD 1a t¢ gidc c6 hai dudng chéo 'vuc‘)ng
goc vGi nhau tai H va SH 1a dudng cao cta hinh chép di cho.

1) Ching minh rang b6n tam mat cdu ngoai ti€p cdc hinh chép S.HAB,
S.HBC, S.HCD, S.HDA 1a bén dinh clia mot hinh chit nhat.
2) Goi H|, H,, H;, H, 1a hinh chi€u clia H 14n lugt trén AB, BC, CD, DA.
Ching minh rang hinh chép S.H H,H;H, c6 mit cdu ngoai ti€p. Tinh dién
tich cta thi€t dién clia mat cdu 4y khi cat boi mp(ABCD) néu biet H Hz = a,
BAC = a, BDC = .
Cho hinh chép S.ABC ¢6 SA L mp(ABC), AB = ¢, AC = b, B/AZ’= a. Goi
B, C, lan lugt 1a hinh chi€u vuong géc clia A trén SB, SC. Ching minh
rang cdc di€m A, B, C, B,, C, cing thuoc mot mit cdu va tinh ban kinh ciia
mat cau d6 theo b, ¢, a.
Ching minh rang néu tit dién ABCD ¢6 tinh chat

AB + CD = AC + BD = AD + BC
thi ¢6 mat cau ti€p xic vdi cdc canh cla tit dien ABCD.

Cho hinh chép S.ABC. Biét rang c6 mét mat cdu ban kinh r ti€p xic véi
cdc canh cua hinh chép va tam / ctia mat cdu nim trén dudng cao SH cia
hinh chép.

1) Chitng minh ring S.ABC 1a hinh chép déu.
2) Tinh dudng cao cua hinh chép biét rang IS = /3.

Cho hai tia Ax, By chéo nhau va vuong g()c vOi nhau, AB 1a duong vuong
goc chung, AB = a. Lay cdc diém C va D lan lugt thuoc Ax va By.

1) Xac dinh tam va tinh ban kfnh mat ciu ngoai ti€p tit dien ABCD theo a,
b,c,6d6 b=AC, c =BD.

2) Khi C, D thay déi trén Ax, By sao cho AC + BD = CD, ching to rang CD
luon ti€p xtc véi mat cau dudng kinh AB.
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12.

13.

14.

15.

16.

17.

18.

56

Cho hai dudng thing chéo nhau d,, dy nhan IJ la dudng vuong géc chung
(I € d,,J € dy), IJ = a. Goi (P) 1a mat phéng di qua diém I va vuong goc
V6i d,, dat o la gbc gilta d; va (P). Xét mot mat phang (Q) song song véi
(P) cdtd|, d, 1an luot tai A}, A,. Goi H 12 hinh chiéu ctia A, trén (P).

1) Ching minh rang céc diém I, J, A, A,, H, cling thuoc mot mat cdu. Chi

10 tdm cua mat cdu d6 va tinh dién tich mat cdu theo a, a va khoang cich
h gitta hai mat phang (P), (Q).

2) Chiing minh rang khi mp(Q) thay d6i thi tam mat cdu néi trén luon
thuoc mot dudng thang 6 dinh va mit cdu 4y luon di qua mot dudng tron
c6 dinh.

Cho mat cau tam O bdn kinh R va A 12 diém c6 dinh thuoc mit cdu. Ba tia

Aty, Aty, Aty thay d6i, doi mot vuong géc véi nhau va cét mat cdu tai cdc
diém B, C, D.

1) Chitng minh rang hinh hop du’ng trén ba canh AB, AC, AD c6 mot dudng
chéo c6 dinh va mp(BCD) ludn ludn di qua mot diém ¢6 dinh.

2) Chitng minh rang hinh chi€u H cua diém D trén dudng thing BC thuoc
mdt mat ciu c6 dinh.

Cho dudng tron dudng kinh AB = 2R ndm trong mit phing (P). Goi O, la
diém d6i xing v6i O qua A. Ly diém S sao cho SO, vuong géc véi (P) va
SO, = 2R. Tinh thé tich cla khéi cdu di qua dudng tron da cho va diém S.
Trong s6 cac hinh hop noi ti€p mot mat cau ban kinh R cho trude, tim hinh
hop thoa man mot trong céc tinh chat sau :

1) Thé tich hinh hop dat gid tri 16n nhat ;

2) Téng do dai cdc canh clia hinh hop dat gié tri 16n nhat.

Trong s6 cdc hinh chép tam gidc déu noi ti€p mot mat cdu ban kinh R cho
trude, hiy xdc dinh hinh chdp c6 thé tich 16n nhét. M& rong bai todn cho
hinh chép n—gidc déu.

Trong s6 cdc hinh chép tam gidc déu ngoai ti€p mot mat cdu ban kinh r
cho trudc, tim hinh chép c6 dién tich toan phin nhé nhat.

Cho hinh chop S.ABC. Biét rang ¢6 mot mét cdu tiép xidc v6i ba canh cia
tam gidc ABC tai trung di€m cua méi canh, dong thdi mat cdu d6 di qua
trung di€ém cta cdc canh bén SA, SB, SC.



19.

1) Ching minh rang S.ABC 12 hinh chép déu.

2) Tinh dién tich mat ciu, bi€t canh ddy va chiéu cao cta hinh chép lan
lugt la a va h.

Cho tam gidc ABC vuong & A, BC = 2a, ACB = 30°. Xét hai tia Bx, Cy
ciing hudng va cling vuong géc véi mp(ABC).

1) Xdc dinh vi tri diém B, trén Bx sao cho mat cdu dudng kinh BB, tiép
xuc véi Cy.
Xdc dinh diém C, trén Cy sao cho mat cdu dudng kinh AC| tiép xuc véi Bx.

2) Véi cdc diém B|; C; tim dugc & trén, hdi da dien ABCC B, c6 mat cdu
ngoai ti€p khong ? Hay tinh thé tich ctia khdi da dién d6.

§2, §3. Khdi niém vé mat trén xoay.
Mat try, hinh tru vé khéi tru

| - CAC KIEN THUC CO BAN

1. Mat tru la hinh tron xoay sinh boi dudng thang ! khi Quay quanh mot
dudng théng A song song vdi |.

Mat tru c6 truc A, ban kinh R 1a tap hop cic di€ém cach duong thing A mot
khoang R. '

2. Hinh try 12 phdn mit tru ndm giffa hai mat phing phan biét (P), (P)
vudng gbc v6i truc cua mat try, cling véi hai hinh tron giéi han bdi hai
dudng tron (¢) va (¢") 1a giao tuyén clia mat try v6i hai mat phing (P) va (P).
Hinh try 1a hinh tron xoay sinh boi bon canh clia mot hinh chit nhat khi

quay quanh mot dudng trung binh ctia hinh chit nhat dé.

Dién tich xung quanh cta hinh try bang tich s6 cta chu vi dudng tron day
va chiéu cao.

Di¢n tich toan phan cta hinh tru bang tong cla dién tich xung quanh va
dién tich hai day.

3. Khai tru 1a hinh try ciing véi phin bén trong hinh tru dé.
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Khéi tru 1a hinh tron xoay sinh béi mot hinh chit nhat (k€ ca cdc diém nim
trong nd) khi quay quanh mot dudng trung binh ciia hinh chit nhat dé.

Thé tich khéi tru bang tich s6 ciia dién tich ddy va chiéu cao.

Il - DE BAI

20.

21.

22,

23.

24.
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Mot hinh tru c¢6 dién tich xung quanh la §, dién tich day bang dién tich
mot mat cau bén kinh bang a. Hay tinh :

1) Thé tich hinh tru ;
2) Dién tich thiét dién qua truc ctia hinh tru.

Cho hinh tru cé ban kinh ddy bang R, chiéu cao 00O’ bang h, A va B
12 hai di€m thay d6i trén hai duong tron ddy sao cho AB = a khong déi

(h<a<\h* + 4R?).

1) Chiing minh géc giita hai dudng thing AB va 00" khong dai.

2) Chiing minh khoang cdch giita hai dudng thang AB va 00" khong doi.
Cho hinh tru cé ban kinh ddy bang R, thiét dién qua truc cla hinh tru 13
hinh vuéng. ‘ :

1) Tinh dién tich va thé tich hinh cdu ngoai ti€p hinh try.

2) Mot mp(P) song song véi- truc hinh try, cat ddy hinh tru theo mot day
cung c¢6 d6 dai bang ban kinh ddy hinh tru. Tinh dién tich cdc thiét dien
cta hinh try va hinh cdu ngoai tiép hinh tru khi cét boi mat phing (P).

Cho hinh chit nhat ABCD véi AB = a, BC = 2a va dudng thing A nim
trong mat phang (ABCD), A song song v6i AD va cich AD mot khoang
bang x, A khong c6 diém chung v6i hinh chit nhat ABCD.

1) Tinh thé tich cta hinh tron xoay tao nén khi quay hinh chit nhat ABCD
quanh A. ‘

2) Xdc dinh x dé thé tich néi trén gap ba 14n thé tich hinh c4u cé ban kinh
bang canh AB. ,

Cho hinh tru ¢6 ban kinh ddy bing R, truc 00’ bang . Mot mat phéng (P)
thay d6i di qua O, tao véi day hinh tru géc a cho trudc va cit hai ddy cua
hinh try di cho theo cic day AB va CD (day AB di qua 0).

1) Tinh dién tich tt gidc ABCD.



25.

26.

27.

28.

29.

2) Chitng minh rang hinh chi€u vuong géc H cta diém O' trén (P) thudc
mot dudng tron ¢b dinh.

Cho hinh lang tru luc gidc déu ABCDEF.A'B'C'D'E'F' c6 canh day béang a,
chiéu cao bang A.

1) Tinh dién tich xung quanh va thé tich hinh tru ngoai ti€p hinh lang tru.
2) Tinh dién tich toan phan va thé tich hinh tru noi ti€p hinh lang tru.

Cho hinh lang tru dimg ABCD.A'B'C'D' ¢c6 ddy ABCD 1a hinh thang can véi
day nhé AB = q, day 16n CD = 4qa, canh bén béng %‘}_ ; chiéu cao hinh ling
tru bang A.

1) Chitng minh rang cé hinh tru néi ti€p hinh lang tru da cho.

2) Tinh dién tich toan phan va thé tich cua hinh tru do.

Cho hinh try cé truc 0,0,. Mot mit phang (@) song song véi truc 0,0,
cét hinh tru theo thiét dién 12 hinh chit nhat ABCD. Goi O 12 tam cua thiét
dien dé. Tinh 0,00, biét ring bén kinh dudng tron ngoai ti€p hinh chir
nhat ABCD bang ban kinh duong tron ddy hinh tru.

Mot hinh tru c6 thiét dién qua truc 1a hinh vuong, dién tich xung quanh
bing 4n.

1) Tinh dién tich toan phdn ca hinh tru.
2) Tinh thé tich khéi tru.

3) Tinh thé tich khdi lang tru n—gidc déu noi ti€p hinh tru.

4) Tinh thé tich khoi cdu ngoai ti€p hinh tru.

5) Mot mit phang («) song song Vvéi truc hinh tru va cit hinh tru d6 theo
thi€t dién ABB,A,. Bi€t mot canh cta thiét dién la day cung cua mot dudng
tron ddy va cang mot cung 120°. Tinh dién tich thiét dién.

Xét hinh tru nodi ti€p mot mat cdu ban kinh R ma dién tich thiét dién qua
truc hinh tru 12 16n nhat. Tinh : .

1) Thé tich V va dién tich toan phan S, ctia hinh try.

2) Thé tich hinh lang tru n—gidc déu noi ti€p hinh tru va thé tich hinh ling
tru n—gidc déu ngoai tiép hinh tru.

3) Dién tich thi€t dién ctia hinh tru khi cat boéi mot mat phing song song

o ~ N " A 2 R
véi truc hinh tru va céch truc mét khoang 5
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32.

- 33.

34.

35.

36.

37.

Hay tinh x theo R va R' néu (Q) chia phin hinh n6n nam gifta (P) va day
hinh nén thanh hai phan c6 thé tich bang nhau.

Cho hinh nén o4 ¢6 bdn kinh ddy 1a R, goc giita duong sinh va ddy cha
hinh nén bang a. Mot mat phang (P) song song véi ddy hinh nén, céch
ddy hinh n6n mot khoang 4 va cat hinh nén theo dudng tron ().

1) Tinh bdn kinh dudng tron () theo R, &, a.

2) Tinh dién tl’ch va thé tich phan hinh nén nim giita ddy hinh nén o4 va
mat phing (P).

Cho tam gidc déu ABC canh a va (P) 1a mat phéng‘qua BC va vuong

géc v6i mat phang (ABC). Goi (¢ ) 14 dudng tron duong kinh BC va ndm trong
mp(P).

1) Tinh bdn kinh mat cdu di qua dudng tron (%) va diém A.
2) Xét hinh n6n ngoai ti€p mat cdu ndi trén sao cho cdc tiép diém giita
hinh nén va mat cau 1a dudng tron (%). Tinh thé tich cta khoi nén.

Cho hinh n6n ~4” c6 bdn kinh ddy R, dudng cao SO. Goi (P) l1a mat phing

vuong goc véi SO tai O sao cho SO, = %SO. Mot mit phang qua truc hinh

nén cat phan khéi nén ~/" ndm giita (P) va ddy hinh nén theo thiét dién 1a
hinh ti gidc c6 hai dudng chéo vuong goc.
Tinh thé tich phan hinh nén ~4" ndm giita mat phang (P) va mat phéng

chita ddy hinh nén ~/4

1) Tim hinh nén c6 thé tich 16n nhat noi ti€p mot mat cdu ban kinh R
cho trudc.

2) Tim hinh nén c6é thé tich nhd nhdt ngoai ti€p mat cdu bdn kinh r
cho truée.

Tim hinh nén c6 thé tich 16n nhat khi dién tich toan phan clia n6 béng dién
tich hinh tron ban kinh a cho trudc.

Cho hai diém c6 dinh A, B ¢c6 AB = a. V6i méi diém C trong khong gian
sao cho ABC la tam gidc déu, ki hiéu AA, 1a dudng cao clia AABC va d 1a
truc cha dudng tron ngoai ti€p tam gidc ABC. Trong mit phéng chita d va
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44. Trong tat cd cdc hinh nén noi tiép hinh cdu ban kinh R, tim hinh nén 6
dién tich xung quanh 16n nhat.

Vi hinh nén 4y, xét hinh tru noi ti€p hinh nén. Tim chiéu cao cia hinh tru
do, biét rang thiét dién qua tryc cta hinh try 12 hinh vuong.

On tép chuong I

Bai tap tu luan

45. Cho i dién déu ABCD, AA, 1a mot dudng cao cla tit dién. Goi / 1a trung
diém cha AA;. Mat phing (BCI) chia t& dién da cho thanh hai t dién. Tinh
ti 56 hai ban kinh cla hai mat cdu ngoai tiép hai tt dién dé.

46. Xét hinh chép tit gidc déu S.ABCD c6 canh d4y va chiéu cao thay déi. Tim

hé thitc lién h¢ giita canh ddy va chiéu cao cla hinh chép de ‘—/1— dat gia tri
2

nhé nhdt, 6 d6 V, V, 1dn luot 12 thé tich ctia c4c hinh cdu ngoai ti€p va noi
ti€p hinh chép.

47. Cho tam gidc AIB ¢6 IA = IB = 2a, AIB = 120°. Trén dudng théng A vuong
goc v6i mp(AIB) tai I, 1dy cdc diém C va D sao cho ABC la tam gidc
vuong, ABD la tam giac déu.

1) Tinh thé tich va dién tich toan phan cha t& dien ABCD.
2) Tinh dién tich mat cdu ngoai ti€p tit dien ABCD.
3) Tinh bén kinh mat cdu ndi ti€p tit dien ABCD.
48. Goi r va & 1an luet 1a ban kinh ddy va chiéu cao clia mot hinh nén. Ki hiéu
V1, V3 lan lugt 1a thé tich hinh nén va thé tich hinh cdu noi tiép hinh nén.

1) Tinh ti s6 ﬁ theo r, h.
VZ

. TN A
2) Khi r va h thay déi, tim gia tri bé nh4t cla ti s6 T/L
2

49. Cho hinh nén dinh S ¢6 ban kinh ddy R, géc & dinh 12 2@, 45° < a < 90°,

1) Tinh dién tich xung quanh va thé tich hinh nén.
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50.

Ba
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2) Tinh dién tich thiét dién do mp(P) cét hinh nén theo hai duong sinh
vuong géc v6i nhau.

3) Xét hai diém A, B thay ddi trén ddy sao cho géc gilta mp(SAB) va mit
ddy hinh nén bing £ (B < 90°). Ching minh ring dudng thing SI (I 1a
trung diém clia AB) luon thudéc mot hinh nén c6 dinh.

Mot hinh nén cé ban kinh ddy r, chiéu cao bang 3r. Tim hinh tru noéi ti€p
hinh nén va thoa man mot trong cac diéu kién sau :

1) Thé tich cha hinh tru dat gid tri 16n nhit ;

2) Dién tich xung quanh cta hinh tru dat gia tri 16n nhat.

tap trac nghiém

Hinh chép D.ABC ¢6 DA 1 mp(ABC), ddy ABC la tam gidc vuong tai B.
biat AB = ¢,BC = a,AD = b. Ban kinh mat ciu ngoai tiép hinh ch6p bang

(A) %\/az +b% + % (B) %\/az +b2+c?
(C) Va® + b + % ; (D) 2Va® + b + 2.

Cho diém A va duong thing d khong di qua A. Xét cdc mat cdu c6 tam
thudc d va di qua diém A. Trong cic ménh dé sau day, ménh dé ndo diing ?

(A) Céc mat cdu do luon di qua mot diém c6 dinh ;

(B) Céc mat cdu d6 luon di qua hai diém cd dinh ;

(C) Cac mat cdu d6 luon di qua mot dudng tron ¢6 dinh ;

(D) Ca ba ménh dé trén déu sai.

Cho bén diém A, B, C, D cling thuéc mot mat ciu va ADB = BDC = CDA = 90°.
Mot duong kinh ciia mat ciu d6 la

(A) AB;;

(B) BC ;

(C)AC,;

(D) DD', trong 46 DD' = 3DG véi G 14 trong tam tam gidc ABC.



4. Cho mait cdu (S)) ban kinh R, mit cdu (Sy) bdn kinh R, ma R, = 2R] Ti

sO dién tich clia mat cau (Sp) va mat cau (S;) bang

1
(A) 53 | |
5. Cho mat phang (P) va diém S nim ngoai (P). Goi A Ia diém c¢6 dinh thuoc
(P) sao cho SA khong vuodng géc véi (P). Mot dudng théng d thay déi, nim
trong (P) va luon di qua A. Tap hop céc hinh chiéu cla diém S trén dudng
thang d la

®2;  (©3; (D) 4.

(A) M6t mat cau ;
(B) Mot mat try ;
(C) M6t mat nén ;
(D) Mot dudng iron.

6. Cho diém A c6 dinh thuoc mat cau (). Ba dudng thing thay déi di qua A,
do6i mot vuong goc va cat mat cdu (S) tai B, C, D. Xét hinh hop chit nhat
dung trén ba canh AB,AC, AD . Trong cac ménh dé sau, ménh dé nao ding ?

(A) Hinh hop d6 c6 mot dudng chéo o dinh ;
(B) Hinh hop d6 c6 hai dudng chéo ¢6 dinh ;
(C) Hinh hop d6 c6 ba dudng chéo c6 dinh ;
(D) Hinh hop d6 khong c6 dudng chéo nao c6 dinh.

7. Cho tam gidc déu ABC canh a. Goi (P) la mit phang qua BC va vudng goc
v6i mp(ABC). Trong mp(P), xét dudng tron (¢) duong kinh BC. Ban kinh
cliia mat cau (S) di qua (¢) va diém A bing

(A) a3 ; “J— J_ “J_

(B) —— ©) — D) —

8. Goi 0,,0,,05 lan lugt 12 tam cla cdc mit cau ngoai ti€p, noi ti€p, ti€p xtc

v6i céc canh cta moét hinh lap phuong. Trong cdc ménh dé€ sau, ménh dé
nao ding ?

(A) O, truing véi O, ; : (B) O, trung véi O; ;

(C) 05 triung véi O ; (D) 0,,0,,04 trung nhau.
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10.

11.

12.

13.

14.

15.
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Ki hiéu R;,R,,R; lan lugt 1a ban kinh cha cdc mat cdu ngoai ti€p, noi ti€p,
ti€p xtic véi cac canh ctia mot hinh 14p phuong. Khi ay :

(A) R >R, > Ry ; (B) R, >R, > R, ;

(C)R >Ry >Ry : (D) Ry >R >R, .

Cho hinh chdp ti gidc déu S.ABCD c6 cdc canh cling bing a. Bén kinh
mat cau ngoai ti€p hinh choép dé 1a

(A) av2 (B) "f (©) a3 ; (D) i
Cho hinh chép tir gidc deu S.ABCD c¢6 céc canh clng bang a. Ban kinh
mat cdu noi ti€p hinh chdp la

a2 P Lo G R
2(1 +f) 4(1+3) 2(1+3) 4(1+3)

Cho hinh lang tru tam gidc déu c¢6 cdc canh cling bang a. Dién tich mat
cau ngoai ti€p hinh lang tru la

(A)—7—F=

77ta ) 7na ) 77ta

(A)Tna’ ; (B) (©) (D)

Cho tam gidc déu ABC canh a. GQi (P) la mat phang qua BC va vuong gbc
v6i mp(ABC). Trong (P), xét dudng tron (¢') dudng kinh BC. Dién tich
mét ciu noi ti€p hinh nén ¢6 day 1a (¢), dinh 1a A bing
2 2
(A) nzi ; (B) Egi : (C) na® ; (D) 2na’.
Cho hai diém A, B c6 dinh. M 1a diém di dong trong khong gian sao cho
MAB = 30° . Trong cac ménh dé sau, ménh dé nao ding ?
(A) M thuoc mat cau ¢ dinh ;
(B) M thudc mat tru ¢6 dinh ;
(C) M thudc mat phang c6 dinh ;
(D) M thudc mét nén cd dinh.

Cho hai dudng thing song song a va b. Goi (P) va (Q) la cac mat phing
thay déi 1dn luot di qua a, b va vuong géc véi nhau. Goi ¢ 1a giao tuyén
cta (P) va (Q). Trong cac ménh dé sau, ménh dé nao diing ?

(A) ¢ thudc mat phang cé dinh ;
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16.

17.

18.

19.

20.

21.

22,

(B) ¢ thudc mat tru ¢6 dinh ;

(C) ¢ thudc mat nén c6 dinh ;

(D) Ca ba ménh dé trén déu sai.

Mot hinh tru c6 dién tich xung quanh bang 4, dién tich ddy bang dién tich
mot mat ciu ban kinh bang 1. Thé tich khai tru d6 1a

(A)4; (B)6; ) 8; (D) 10.

Mot hinh tru ¢6 ban kinh ddy bang I, thi€t dién qua truc 1a hinh vuong.
Thé tich kh6i cdu ngoai ti€p hinh tru 1a :

4n\/" : 82
=

(A) 6133 ; (B) 313 ; (© (D)

Mot hinh tru cé thiét dién qua truc la hinh vuong, dién tich xung quanh
bing 4n. Dién tich mat cdu ngoai ti€p hinh tru la

(A) 127 ; (B) 107 ; (O 8m ; (D) 6m.

Thé tich mét khéi try c6 thiét dién qua truc la hinh vuéng, dién tich xung
quanh bing 47n 1a

(A) ©; - (B2 ;- ©) 3 ; (D) 4n .

Dién tich toan phin clia mot hinh tru cé dién tich xung quanh bang 4,
thiét dién qua truc 12 hinh vuong béang

(A) 12%; (B) 10m ; (C) 8m ; (D) 6m.

Mot hinh tru ¢6 dién tich xung quanh la 4m, thiét dién qua tryc 1a hinh
vudng. Mot mat phang (@) song song Vi truc, cit hinh tru theo thiét dién
ABB'A’, biét mot canh cla thiét dién 1a mot day chia duong tron ddy hinh
tru va cang mot cung 120°. Dién tich thiét dién ABB'A’ 1a

(A) V3 ; (B) 24/3 ; ©2n2: = (D)32.

Cho tit dién déu ABCD canh bang a. Dién tich xung quanh cua hinh tru cé
day 1a dudng tron ngoai ti€p tam gidc BCD va ¢6 chiéu cao bang chiéu cao
ctia tit dién ABCD 1a

214’2 ) nazf 2/3 - a3

7 B (C) ma D) —5

(A)
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23.

24.

25.

26.

27.

28.

29.
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Cho tt dién déu ABCD canh a. Dién tich xung quanh cta hinh tru ¢6 ddy
la dudng tron noi tiép tam gidc BCD, chiéu cao bang chiéu cao cua ti dién
ABCD la
a3 na’\2 na’3 na’\2

2 3 3 2
Mot hinh tru ¢ ban kinh ddy bang R va thiét dién qua truc 13 hinh vuong.
Theé tich cha khéi lang tru ti gidc déu noi ti€p hinh tru 1a

(A) (B) (© (D)

(A) 2R ; (B) 3R> : (C) 4R® ; (D)5R>.

Thiét dién qua truc cua mot hinh nén 1a tam gidc déu canh bang 2. Mot
mat cdu c6 dién tich.bing dién tich toan phén cta hinh nén s& c¢é ban kinh Ia

(A) 243 ; (B)2; © V3 ; (D) —{3

Mot hinh hop chit nhat c6 ddy la hinh vudng canh a, canh bén hinh hop
bang 2a. Thé tich kh6i nén c6 ddy l1a dudng tron ngoai ti€p mot ddy hinh
hop va dinh 12 tam cua ddy con lai clia hinh hop bang

3 3
(A) % ; (B) % : (C) na’ ; (D) 2ma’.

Mot hinh hop chit nhat ¢6 ddy Ia hinh vuong canh a, canh bén cta hinh

hop bang 2a. Dién tich xung quanh ctia hinh nén cé ddy la duong tron noi

ti€p mot ddy hinh hop va dinh la tam cla ddy con lai ctia hinh hop la

na’ 17 ' na* 17 ) ©) 3na* _
2 b 4 b 2 b

Mot hinh nén c6 thiét dién qua truc 1a tam gidc déu. Ti s6 thé tich cla khoi

cau ngoai ti€p va khéi cau noi ti€p khoi nén la

(A)8; - B6; (C) 4 (D) 2.

Cho tir dién ABCD cé DA L mp(ABC),DB L BC,AD = AB = BC = a. Ki

hiéu V|, V,, V3 lan lugt 1a thé tich clta hinh tron xoay sinh béi tam gidc

ABD khi quay quanh AD, tam gidc ABC khi quay quanh AB, tam giac DBC khi

quay quanh BC. Trong cidc ménh dé sau, ménh d¢é nao ding ?

A Vi +V, =V;; B V+V;3=V,;

O V+W=V; D)y V=V, =V,

(A) (D) 3na” .

(B)




30. Mot hinh nén ¢6 ban kinh ddy bang R, dudng Cao4TR. Khi d6, géc & dinh

" cta hinh n6n 12 2a ma

(A) sina =

(C) tang =

W | w

B - LOI GIAI - HUGNG DAN - DAP SO

§1. Mat cau, khéi cau

1.

(h.46, h.47) .

a) Goi / 1a trung diém clia CD, do BC =BD =a
nén Bl L CD. Mat khic mp(BCD) 1 mp(ACD)
nén Bl L mp(ACD).

Xét cdc tam gidc vuong AIB va DIB c6
canh goc vuong Bl chung, BA = BD, tu
d6 Al = ID. Vay ACD la tam gidc vuong
tai A.

b) Tur ching minh trén, ta thdy tam cia
mat cau ngoai ti€p t& dién ABCD
thuoc Bl, do d6, ban kinh mat ciu phai
tim chinh la ban kinh R cta dudng tron
ngoai ti€p tam giac BCD.

Dé thdy CB® = BI.BB' = 2R.BI, tic 1a

N W

; (B) cosa =

R= <
2BI
Mt khéc
5 » CD? 5 d* bt 3d? = b
BI'=BC"— ——=da"~ =3

= Bl = %\/3612 —~ b, 0<b< a3

k)

3
; (D)cota = 3

Hinh 46

Hinh 47

7D
~
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a’ . o 4na*

Nhu vy R =—=—=== do d6 dién tich mat cdu phai tim bing ———

V3a? - b? : 3a® - b
V6i 0 < b < av3.
(h.48) Gia st R < R'. Vi OO' L (P) nén moi diém thuoc OO' cich déu cac
diém cua dudng tron (O ; R), dong thoi cach déu cic diém ctia dudng tron
(O R). v
Xét mp(R) qua OO' va cét hai mat phing
(P), (Q) theo hai giao tuyén OA, O'A',
A€ (0O:R),A € (0 ;R). Trong mp(R),
duodng trung truc cia AA' cit 00" tai J.
Khi d6, mat cau tam J, ban kinh JA di qua
ca hai duong tron (O ; R) va (O' ; R).
Goi § la dién tich mat c4u dé6 thi
S = 4nJA” = 4n(0A” + JO?) = 4n(R* + JO?).

h Hinh 48

Ké /H song song véi AO (H € O0") thi OH = 5 Tu OH + JH = JO, suy ra

h , HJ IH
5 +JH = JO. Ke AK song song v6i 00" (K € O'A") thi c6 —— K - AR , tir do
RV

-R) p2_p2
K- 2h
h R*-R* W +R*-R

Vay.10=§+ 7 = — 5

(hz +R2- R2)2
4n?

HJ =

va dién tich mat cau phai tim 1a
A
S=d4n| R* +

AR + (h2 + R R2)2

= 7. >

h”
(h.49)
1) Goi G la trong tam cuta tam gidc déu
ABC va d 1a truc cua duong tron ngoai ti€p
AABCthi G e d va d//A. Trong mp(A, d),
dudng trung truc cua SA cét d tai diém [/

thi / 1a tam cta mat cau ngoai tiép tit dién
SABC va R = IA 1a ban kinh ctia mat cau do.




2 2 '
Dé thiy GI = %SA = g,AGz a3 tirdé 74% = I’T+%‘: L (40? +302),

Vay mat cau d6 c6 dién tich 1a

S= —;E(4a2 + 3112)

va thé tich la

3

2 2 3

v=fn.[“4a + 3h j =T (\/4a2+3h2).
3 23 183

2) Khi S thay d6i trén dudng thang A thi tam / ctia mat ciu &y thay déi trén

dudng thing d. Mit khic AA' = 2A7, vay A’ thuoc dudng théng A' song
song v6i A va qua diém A, sao cho Hl = 21—46, tic 1a A' thuoc dudng
thang c6 dinh A'.

(h.50) Vi JAIC = IB.ID nén ABCD 1 ta
giac ndi ti€p dudng tron. Mat khac, hinh
lang tru di cho 1a lang tru didng nén hinh
lang tru d6 c6 mat cdu ngoai ti€p.

Kihiéu O, O' lan lugt 1a tam dudng tron
ngoai ti€p ddy ABCD va A'B'C'D' cia
hinh lang tru va goi J 12 trung diém cia
OO0’ thi J la tam mat cdu phai tim va ban
kinh cta mat cau 1a JA.

2
Mat khic JA% = JO* + AQ? = % +A0%. Hinh 50

Tir d6, ban kinh mat cdu dat gid tri nho nhat khi va chi khi ban kinh duong
tron ngoai ti€p ddy ABCD dat gid tri nho nhat.

Tac6 h’= —IAIC = —IBID = A0 — 10* = AO* = 12 + IO~

Tir d6, AO? dat gia tri nho nhat khi va chi khi /O nho nhat, diéu nay xdy ra-
khi va chi khi O =/, liic d6 AO® = #” va gid trj nhé nhat ciia ban kinh mat

h\/g

cau ngoai ti€p hinh lang tru bing JA = >
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(h.51)

1) Vi BSC =90° nen SB* + SC* = BC? = &> s
Goi H 1a trung diém cta BC thi

SH = %BC = g va AH 1 BC.

Mat khac, (P) L mp(ABC) va cat mit phing
nay theo giao tuyén BC nén AH L(P).

a2

a@ 3 _
R
2

Tir d6 SA® = SH” + AH* = -4

Vay SA*+SB* + SC* = d* + a = 24", Hinh 51

2) Vi HB = HC = HS, AH 1 mp(SBC) nén dudng thing AH 1a truc cia
duong tron ngoai tiép ASBC. Do d6, tam mit cdu ngoai tiép t¢ dién SABC
thuoc AH. Mat khdc, ABC 1a tam gidc déu nén tam mat cdu d6 chinh 1a
tam duong tron ngoai ti€p tam gidc ABC va ban kinh mat cdu bing ban
kinh dudng tron ngoai ti€p tam gidc ABC. Diéu 4y khing dinh ring mat
cau ngoai ti€p tt dién SABC la c6 dinh.

(h.52)

1) Goi I la trung diém cua BC thi HI = = SH. Goi J la trung diém

a
2
cua S/ thi HJ L SI, mat khic HJ L BC, vay HJ L mp(SBC) dong thoi

\/; (1\/—

HJ =

2
Tuong ty, ta cé khoang cach tir H t6i
cdc mat bén cua hinh chép da cho
a2
cling bang 7 Nhu vay, mat cau

a2

tam H, ban kinh R = - )

Ia mat cau

ti€p xdc véi cdc mat bén cha hinh
chép S.ABCD.

‘Hinh 52



2) Goi H, la giao diém cta (P) va SH thi HH, = x, 0 < HH| < R va thiét
dién cta hinh chép véi (P) 1a hinh vuong AB,CD,. Khi dy
2

Sascep, |77 _la- 2x)2.
2

SaBcp a a
2

N A2
Tu dO SAIBICIDI = (a 2.X) .
Ta c6 (P) cit mat cdu néu trén theo dudng tron bdn kinh r duoc tinh boi

2 L R

2 2 2 2 __a
=R — = — =
r x" hay r g 3

duoc 1a én(a2 ~ 8x%). Vay

, tt d6 dién tich hinh tron thu

Sy =(a- 2)()2 - %n(a2 - 8x2) = é [8(61 - 2x)2 - n(a2 — 8x? )]
Tacé Sy =nR* = %naz & 8(a-2x)" - na® + 8mi? = nd?
& 4[(a - 2)()2 + nxz] = na*

4a — na
8+2n

a

)

(V10<X<R=

S X = 2
B 4

(h.53a,b)

1) Goi I, 1a trung diém cua AB
va O; la tam mat cdu ngoai ti€p
hinh chép S.ABH thi 1,0, // SH va

1101 = %SH

Tuong tu nhu trén, néu L, 15, 1,

thit ty 12 trung diém cta BC, CD,

DA va 0,, O3, O4 tht tu 13 tam

cua mat cdu ngoai ti€p cdc hinh

chép S.HBC, SSHCD, S.HDA thi
1

1202 = %SH, 1303 = ESH,

1
[404 = E

cung song song véi SH. Hinh 53a

SH va 1202, [303, [404
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Dé thay 1,1, // 0,0, val,1, /] AC,
)13 /] 0,04 va Ll /| BD,
I3, /] 030, va I, /] AC,
Lg, /] 0,0, val,l, [/ BD.

Két hgp véi AC L BD, ta c6 0,0,050,
12 hinh chit nhat.

2) Dé thdy HH,H, = HBH, = HBC,
HH,H, = HAH, = HAD,

T, - ACH, = fCH,
HH3H, = HDH, = HDA. Hinh 53b

Tir d6

)

HH1H2+FITJE+@+@ = HBC + HCB+ HAD + HDA =180°.

Vay H\H,H3H, la t&¢ gidc noi ti€p dudng tron. Tt d6 hinh chép

S.HH,H3H, c6 mat cdu ngoai tiép.

Dién tich thi€t dién cha hinh cdu d6 va mat phing (ABCD) Ia dién tich

hinh tron ngoai ti€p tir gidc H,H,H;H,,.

Vi BAC = a, BDC = f8 nén HyH Hy = a+ f.Khify — 2153 _op Rl
‘ sin(a + f)

ban kinh dudng tron ngoai ti€p ti gidc

a
H tr dé = % .
H\HoH3Hy), tr d6 R = 5— EY
Vay dién tich hinh thu duoc 12

na’ _
sin(a + f)
(h.54) Goi AD la duodng kinh cla duong
tron ngoai ti€p tam gidc ABC, khi d6
CD 1 AC, mat khdc CD L SA, tr d6
CD 1 mp(SAC), vay CD L AC,. Theo

47tR2 =

gia thiét, AC; 1 SC nén AC, 1 C,D. Hinh 54



Tuong tu rih trén, ta ciing ¢6 ABD = 90°, AB,D = 90°. Vay AD la dudng
kinh ctia mat cdu di qua céc diém A, B, C, B, C.
Bé4n kinh R cia mat cdu d6 ciing 12 ban kinh dudng tron ngoai ti€p tam

gidc ABC, do do ?C = 2R, mat khéc
sin A

BC? = AB? + AC? - 2AB.AC .cosA hay BC = Jb* + c% — 2bc.cosa ,

\/b2 +¢? = 2bc.cosa
vy R=-— 2sina '
Chii . C6 thé ching minh céc diém A, B, C, By, C; cung thuéc mot mat
cdu nhu sau :
Xét céc tam gidc vuong SAB, SAC, ta c6 SA> = SB.SB,, SA® = SC.SC|, tir
d6 SB.SB, = SC.SC,, suy ra B, C, By, C; cung thuoc mot dudng tron. Nhu
vay, hinh chép A.BCC,B; véi diy BCCB, c6 dudng tron ngoai ti€p nén
hinh chép d6 c6 mat cdu ngoai tiép, tdc 1a cac diém A, B, C, Cy, B; ciing
thudc mot mit cau.
(h.55) Goi O, 1a tam dudng tron ndi
ti€p tam gidc ABC va cdc diém tiép
xic cla dudng tron d6 véi cac canh la
M, N,.P. Goi A; 1a truc cia dudng
tron nay thi A, chia tam cla cdc mat
cau tiép xic v6i ba canh AB, BC, CA.
Tuong tu, néu goi A, la truc cla
dudng tron noi ti€p tam gidc ABD thi
A, chia tam cua cdc mat cau ti€p xic
véi ba canh cla tam gidc ABD. Ki
hiéu diém ti€p xtc cla ba canh dy véi

dudng tron noi tiép AABD 1a Ny, O, R Hinh 55
(N, thudc AB).

Khi dy, vi

ANZ.AB+A2C—BC’AN1___ 1‘43+A2D—BD

ma AC + BD = AD + BC nén AN = AN, tird6 N = N.
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Suy ra AB L mp(O,NO,). Mit khic, A; L AB va cat mp(ABC) tai O, A,
vuong goéc véi AB va cat mp(ABD) tai O, nén A, A, cing ndm trong
mp(ONO,). Tixt 46 A| cét A, tai diém O, d6 12 diém cdch déu nam canh
AB, AC, BC, AD, BD cta ti dién ABCD hay
OM =ON =0OP =0Q = OR. (1)
Hoan toan tuong tu nhu trén, ta ciing-c6 A, cat As (A; 1a truc clia dudng
tron noi ti€p tam giac ACD) tai O' va -
OM=0N=0Q=0R= OS ‘ (2)
(S 1a diém ti€p xdc cla canh CD véi dudng tron noi ti€p AACD).
Tu (1), (2) ta ¢6 O, O' cing la tam ctia mit cdu di qua bén diém M, N, O,
R ma M, N, Q, R khong dong phang, vay O = O'. D6 1a tam mat ciu tiép
xtc véi sdu canh cla tit dién, ban kinh mat cau dé 1a ON.

(h.56a,b)

1) Vi céc canh cta hinh chop ti€p N
xtc véi mat cau nén
SA+BC=SB+AC=S5C + AB.
Mit khdc, tam [ cua mat cau
thuoc dudong cao SH nén dé
thdy ISA= ISB = ISC, tic Ia
HSB = HSA = HSC, tir d6 T c
SA =SB =SC. T
Vay AB = BC = CA, tit d6 S.ABC la
hinh chép déu. B
Hinh 56a

2) bat SH =h. Goi M la trung
diém clia BC thi mp(SAM) céit mat s
cau theo duong tron 16n, dudng
tron ndy tiép xic véi SA tai A,, di
qua diém M va cat AM tai M, dé&

thdy AM, = M H = HM. Al
Al AH ;
ASHA
Vi ASA| » AS nén < -S4
O LA L A MNH M
3 Vi? + AH? Hinh 56b



Tu AH = 2M H suy ra
AH® = 4MH* = 4(IM} — TH?)
' 2
= 4[)‘2 - (h - 1\/5) J

212 —( -r3)’
\/— \/h +4 (h—r\/g):l

<907 —16rh3 + 162 =0

Vay

c>lz=i (doh > 1S >r).

3
11. (h.57)
1) ViAC 1 AB, AC 1. BD nén AC L AD.
Tuong tu nhu trén, ta ¢c6 CB L BD.
Vay CD la duong kinh clha mat cdu C
ngoai tiép tu dién ABCD.
Dé thdy CD* = CA®> + AB” + BD®

2 2 2
=a +b"+ ",

CD = a* +b* + 2.

Vay tam mat cau ngoai ti€p ti dien ABCD 1a trung diém ctia CD va bén
N |
kinh mat cau bang 5 a® +b*+ 2.

2) Goi C la diém thudc tia d6i chia tia Ax sao cho AC, = BD. Goi O la trung
diém cla AB thi

tie la

AB?
4 b

2
oD* = BD? +%,

OC} = AC? +

do d6 OC, =OD.
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"dy,dytai A, A, nén A|A, // JH,. Suy ra / A

Mat khac CD = AC + BD, tr d6 CD = CC.

Vay hai tam gidc OC|C va ODC bang nhau, suy ra OA = OH (trong dé
OA, OH lan luot 1a dudng cao cla hai tam gidc d6). Diéu nay khang dinh

i3 e ~ ¢ = A P N = N N\ z A r’a
khoang cach tir O dén CD bang——2§, tic 1a mat cau duong kinh AB tiép xiic

véi CD.

(h.58) -

1) Vi(P)diqualva(P)1ld, 1J1LdynénlJ c (P).
Vi H, 1a hinh chiéu cla A; trén (P) d,
nén m = o va A\H; // d,. Do d
mp(Q) song song véi mp(P) va (Q) cit

JH,A,A, 1 hinh chit nhat.

Mat khic J/IK1 =90°, vay cdc diém I, J, JKEA=- 1=

Aj, Ay, H| cling thuoc mot mat cau, tam P i I

mit cdu 12 trung diém O cta JA,, ban

. , < 1s 1 .
kinh chla mat cau laR = EJAI- Hinh 58

2
Tacé JA? = J? + IA? = a* + h

sin? &
1 2

- a’ sin®
2sina

a+ h2.

Ny e A as i .
Dién tich mat caula § = — 5 (a2 sin’ & + hz).
sin“ o

2) Khi mat phiing (Q) thay déi thi A, luon thuoc d, ma JO = %ﬁﬂ, vay O

thuoc dudng thang d; di qua trung diém K clia IJ va d; song song véi d.
Xét mat phang (R) chta IJ va vuong géc voi ds thi (R) cat mat cdu néu trén
theo duong tron tam K, ma K 1a trung diém cta IJ nén IJ la dudng kinh



cta dudng tron. Dudng tron nay c6 dinh, tir d6 ta ¢6 mat cau di qua céc

diém I, J, A, A,, H, luén qua mot dudng tron cd dinh.

. (h.59)

1) Dé thdy cdc dinh cua hinh hop chir
nhat dung trén ba canh AB, AC, AD )
ciing thuéc mait cau da cho. Khi dy AL
tam O ctia mét cau 12 trung diém cla SR
duong chéo AA' cua hinh hop, tic 1a 1/ G AN
hinh hop néu trén cé6 mot dudng chéo o [~~~
¢6 dinh 12 AA'. ' J T oA

Mit khdac AA' cat mp(BCD) tai trong D
tam G cha tam gidac BCD va

o . Hinh 59
AG = §AA'. Vay mp(BCD) ludn luon

di qua diém c6 dinh G néi trén.

2) ViDH L BC, DA 1 mp(ABC) nén AH 1 BC.
Goi O, 1a trung diém cta BC thi 00, 1 (BCA) = 00, L AH, tix 46 AH 1 HO.
Diéu nay khing dinh diém H thuoc mat cAu dudng kinh ‘A0, mat cdu nay
c6 dinh vi A, O ¢6 dinh.

. (h.60) Goi A la tryc cua dudng tron
da cho thi A // SO,. Trong mp(SO,, A),
dudng trung tryc cua SA cat A tai 0, Ip 0,

thi O, 1a tAm mat cdu di qua dudng
tron da cho va diém S, ban kinh mat
cdu nay bang 0,A = 0,S. Xét cdc tam gidc
vuong O,AO va O,IS (6 d6 O, /] AO)),
ta co : P




15.

16.

Vay bén kinh mat cdu 1a ,|R* + %Rz

_ RJ65
4
~ R o AT A LR N 65 3
va the tich khoi cau phai tim la ﬁ\/gnR .
Truée hét, ta nhan xét ri'mg'hinh hop noi ti€p mat cdu phai 1a hinh hop

chir nhat. Tr d6, néu ki hi¢u ba kich thudc cta hinh hop d6 14 x, y, z thi
2.2 2 2
X“+y +z"=4R".

1) Thé tich khdi hop chit nhat 12 V = xyz, tir d6 V* = x*y%2%. Vay V dat gi4
. L R* | o
tri 16n nhét khi va chi khi X = y2 =7’ = = hayx=y=: =2T§, tirc hinh

hop d6 la hinh 1ap phuong véi canh bing 2—R
NE)
2) Téng do dai cdc canh ctia hinh hop 1a T =4(x + y + 2), tir d6
T*=16(x+y +2)° <163 ( +y> + 25 = 192R%. °
Nhu vay, téng do dai cdc canh clia hinh hop dat gid tri I6n nhat khi va chi

khix=y=z= 2R hay hinh hop d6 1a hinh lap phuong c6 canh bing 2—R

V3 V3

-

2

s am p_ SA
(h.61) Dé thay R = >SH

chép lan luot 1a a va h thi

, tt d6 néu ki hiéu canh ddy va chiéu cao cta hinh

2 2
a” +3h
R=—n — 1)
1 azx/g

Tu (1), (2) tacod

V3

Vsapc = 15 h6Rh - 3%

J3

= Eh.3h(2R - h)

J3
= Th.h(2R - h). Hinh 61
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Mat khéc /2 < 2R nén Vg 4. 16n nhét khi va chi khi 4.4(2R — h) 16n nhat.
Diéu nay xay ra khi va chi khi & =i31§. Khi dé

2
a_2=3h(2R—h)=4R(2R—iIEJ - 3R dcnaas

2RV6
3 3 3

2RJ6

Dé thdy trong trudng hop nay, SABC 1a ti dién déu c6 canh bing 3

® M6 rong bai todn cho hinh chép n—giic déu canh a.
o SA AT R ,
TaclingcOR = >SH’ trong d6 SA 1a mot canh bén va SH 1a dudng cao cia
a® + 4h? sin’ T 5 -
hinh chép, ti d6 R = % suyra a” =4h(2R - h)sin® = .
.27 n
8hsin -

2
Goi S 1a dién tich ddy cha hinh chép n—gidc déu canh @ thi § = ﬁj— cotg.
Khi 4y, thé tich V ciia khoi chép bing |

na2 T

V= —12—C0t-n—.h

= cotE hahsin? E.(ZR - h)
12 n n

= Zeot Zsin? & nh2R - )
3 n n

= 2ot Esin? Z hn4R - 20).
6 n n

Vay V 16n nhat khi va chi khi 4 = 13@ va tir d6

' 2
a = sian.M—R(2R —ﬁj =sin2E 32R )
n 3 3
. . 4RV2 &
ticlaa = 3 sin—

6-BTHH 12- NC - A 81
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Nhu the, trong s6 cdc hinh chop n—gidc déu noi ti€p mot mat cau ban kinh R

cho truéc thi hinh chép n—gidc déu c6 chiéu cao h = % va canh day

4Rf

sm—- c6 thé tich 16n nhat.
(h.62) Ki hiéu canh ddy cta hinh chép la
a, chiéu cao 1a 4, thé tich khéi chép 1a V,

di¢n tich toan phéan la S, thi r = —,

tic la S, = %‘i Vay S,, nho nhat khi va
chi khi V nhé nhat. Mat khdc, ciing tir he
thic S

3V A el 10
p = —, ta cO he thic lién he¢
-

gittaa, hvarla

ah
r= (1)
a+Vd® + 120 Hinh 62
(V = - 2_\/_. \/_3_ a’. j
374 7 12

Goi M 1a trung diém cta BC va dat SMH = @ (d6 1a goc gitta mp(SBC)
va mp(ABC), cling 1a géc giita mat bén va mit ddy cta hinh chép). Khi dy,

a\3

h= Ttan(p. (2)
Thay (2) vao (1), tac6 a - frlcosg + 1) , trdé thay vao (2),tacé i = rlcosp+ 1)
\/gsmqo cosp
Suy ra a’ = 121" M.
~1—-cose
vay V=2 V3 12,2 1+cosgor 1+ cosg
' 12 ‘1—cosp™ " cosg
;3 (L+cosg)’ s+
= 3 3 = 3 0<t= 1
Var cos@(l — cosp) V3 t(l-1) Vol cosg <
(1+1)°

Xét ham s6 f(r) =

-0’ 0 <t < 1, thi V nhé nhat khi va chi khi f(¢)

nhé nhat.

6-BTHH 12-NC-B
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20+ 01 = 1) = (1 + 1> = 20) _ 20— - (1-32 - 263

Tacod f'(r) =
(1 - 1)? RS
324201
21—
fH=0c1t= L . Xét bang bién thién sau

3

t 0
A0 //% - + %
flo) % —_— %

Vay f(¢) dat gi tri nho nhéat khi va chi khi ¢ = %

S| W=

. Khi d

[@N

, tic la cosp =

Q| =

h=4r, tanp= 22, tird6 a = 26 .

Vay khi'a = 2r6 , h = 4r thi dién tich toan phan cta hinh chép dat gid tri
nhoé nhat.

(h.63)

1) Goi A, B;, C; lan luot 1a trung
diém cta SA, SB, SC va A,, B,, C,
lan lugt 12 trung diém cla BC, CA,
AB. Vi AB, AC 1a hai ti€p tuyén véi
mat cdu tai B,, C, nén AB, = AC,.
Suy ra AB = AC.

Tuong tu ta c6 BA = BC.

Vay AB = AC = BC, nghia 1a ABC 1
tam gidc déu. :
Goi O la tam cua tam gidc déu ABC -
thi O ciing 1a tdm ctla tam gidc déu Hinh 63

A,B,C,. Ki hiéu O 1a giao diém cla SO va mp(A,B,C)) thi 0,1 ciing la tam
cua tam gidc déu A;B;C; (vi phép vi tu tam S, ti s6 % bién tam gidc ABC

thanh tam gidc A;B,C,). Do mp(A;B,C) song song v6i mp(ABC) nén 0,0 di
qua tam / ciia mat cdu, déng thdi 0,0 vuong géc vdi ca hai mat phing do,
tir d6 SA = SB = SC. Vay S.ABC 1a hinh chép déu.
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- 2) Dé thdy tam / cha mit cau 12 trung diém cta 0,0 va bén kinh r ctia mat

2 2
cdu bing IC,. Ta ¢6 IC? =10* + OC? = ?_6 + ‘11_2

Vay dién tich mat cu d6 bing
(hz azuj (hz azj
NSTRETY A eyt

1) @ Goi / 1a trung diém cia BB, thi mat x

(h.64)

cau duong kinh BB, tiép xdc véi Cy tai J
khi va chi khi IJ = —;—BBI. Mit khéc, dé
thady IJ = BC = 2a. Vay BB, = 4a. He
thitc nay xéc dinh vi tri diém B,.

e Goi K la trung diém cba AC, thi mat
cau dudng kinh AC, ti€p xic véi Bx khi
va chi khi khoang cédch tir diém K dén Bx

bang %ACI, tic la KK| = —;—ACI hay

BK' = %ACI, trong d6 K' 1a trung diém
cua AC.
Dé thdy AB = a, AC = a+/3, tix d6
2

B[C2=a?+ (35/_—3} = zj—z = BK'= #
Nhu vy, mat cdu dudng kinh AC, tiép xdc v6i Bx khi va chi khi AC, = a7,
tir d6 CC? = Ta* - 3a* = 44, tiic 1a CC, = 2a. He thic nay xéc dinh vi tri
diém C,. (Khi d6 J = C)).
2) e Khi BB; = 4a, CC| = 2a thi BB,C,C la hinh thang vuéng téi B, C vé6i
hai ddy c¢6 do dai khdc nhau nén BB,C,C khong c6 dudng tron ngoai tiép.
Vay da dién ABCC B, khong c6 mat cdu ngoai tiép.



e Dé thay A.BCC B, 1a hinh chép dinh A, ddy 12 BCC,B; va mp(ABC)
vuong géc véi mp(BCC,B,). Tir d6 ‘

11 ‘
Vasces, = ‘3‘-5(331 +CC)).BC.AH
(AH 1a dudng cao clia tam gidc vuéng ABC)

hay V, pcc,p = %(4(1 +2a). AB. AC = %.6a.a.a\/§ = a*\3.

§2, §3. Khai niém vé mat tron xoay.

Mat tru, hinh tru va khéi tru

20. 1) Ki hiéu ban kinh day va chiéu cao hinh try dé6 1an lugt 1a R va h. Khi d6

21.

Sq=nR* = 4na*, S,, = S = 2nRh.

’ - Mxq

Tur cac hé thitc trén, tacé R=2a va h = P Nhu vay thé tich khéi tru 1a
a

V = k% = mdd. —— = Sa.
4ma \
2) Thiét dién qua truc cta hinh tru 12 hinh chit nhat cé cic kich thuéc 1a 2R

va h. Vay dién tich thiét dién qua truc la

2Rh = 4a.i = E
4na ©
(h.65)
1) Goi AA' la mot dudng sinh ctia hinh tru /\
thi AA' = h va AA' // OO, khi &y @ = BAA’ A ?
= — = —. |

la géc gilta AB va OO' va cosa i \\ E
Diéu nay khéng dinh goc gita AB va 00’ i
khong déi. S N

2 9 N L A' X ot — P 0'
2) Goi I l1a trung diém cta A'B thi c6 »%’\_/

O'l L mp(AA'B), mat khiac OO' // mp(AA'B),

Hinh 65
vay O'l 1a khoang céch gitta AB va 00'.
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Vi O'I 1a trung tuyén cla tam gidc A'O'B ¢ ba canh 14 A'B = a - h,

a* - K

O'A’' = O'B =R nén O'I c¢6 do dai khong déi. Dé thay O'I = R? -

4

(h.66)

1) Gia st thiét dién qua truc OO'
cta hinh tru 12 hinh vuéong ABCD. Khi
dé AB = AD = 2R. Goi O, 1a trung diém
cia OO' thi mat cdu tam O, ban kinh

0B la mat cau ngoai ti€p hinh tru.

Dé thdy O,B = R~/2. Vay dién tich mat

2
ciu 12 4n(RV2)" = 8nR® va thé tich

3 A
khéi cdu la —;ln(R«/E) = §RR3\/5, Hinh 66

2) Mat phing (P) song song v6i OO' nén cét hinh tru theo thiét dién 1a
hinh chit nhat ¢6 mét canh béng AD, canh con lai theo gia thiét bing R.
Vay dién tich thi€t dién ctia hinh tru cat boi (P) 1a R.2R = 2R,

Vi (P) // OO' nén khoang cich tir tam O, ctia mat cdu ngoai tiép hinh tru
dén (P) bang khoang céch tir O' dén (P) va bing O'I (I 1a trung diém

RY 3R
ctia day cung ndi trong gia thiét). Ta cé or =R —(—) =——. Tuc 1a

2 4
R\/—

O'l = —=. Vi mp(P) céit mit cdu trén theo dudng tron nén ban kinh r cla
duong tron dugc tinh theo cong thic :

> 3R* _ 5R?
I" —OB 01 =2R _T-_T'

Vay dién tich thiét dién clia mat ciu ngoai ti€p hinh tru da cho khi cét bai

2
mp(P) 1a§ = 2.




23. (h.67)

24,

1) Ki hiéu O, O' 14n luot 12 giao diém
cla cdc dudng thang AB, CD véi A. Goi V
1a thé tich cin tim, V, 1a thé tich hinh tru
tao nén khi quay hinh chit nhat OBCO'
quanh A (v6i OA < OB) hodc hinh tao
nén khi quay hinh chit nhat OADO'
quanh A (v6i OA > OB) ; V, 1a thé tich
hinh tru tao nén khi quay hinh chit nhat
OADO' quanh A (v6i OA < OB) hoic
hinh tru tao nén khi quay hinh chit nhat
OBCO' quanh A (v6i OA > OB). Khi d6
V=V,-V,.
Tir d6, véi OA < OB thi _
V = nOB*.BC — nOA%.AD = 2an[(x + a)2 - xz] = 2a2n(2x +a)
va véi OA > OB thi

Hinh 67

V = n0A%AD - nOB>.BC = 2an| x* — (x — a)? | = 2d*n(2x - a).

2) Thé tich khéi cdu ban kinh bing AB la %nas. Theo gia thiét ta c6
4na’ = 2ma*(2x + a) (v6i OA < OB)
hoac . 4na’ =2ra’(2x - a) (véi OA > OB).

T d6 x = % (v6i OA < OB) hoiac x = —32£ (v6i OA > OB).
(h.68) B

‘ : 0
1) Goi / 1a trung diém cta CD thi O'1 L CD, @
A 1

tr d6 OI L CD. Vay a = OIO' . Voo
DE thdy AB // CD, tic 1a ABCD 1a hinh .
thang. Mat khic Of L CD nén OI L AB. \ L
Vay ABCD 1a hinh thang can. !
Dién tich S ciia ABCD dugc tinh boi.

S = %(AB + CD). Ol

Hinh 68
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thé tich kh6i tru d6 1a V, = na’h.

00'  h
sinag  sina’

0'1=00"cota= ID = JOD? — 01> =R — W2 cot? a

Tacoé: AB=2R, Ol =

— CD = 2WR? - 2ot a.

Vay § = l(2R + 2VR? - h? cot? a).l— = (R +VR? — 12 cot? a)L
2 sina sine

2) Trong mat phéng (OO'T), ké O'H L OI thi H 1a hinh chiéu cta diém O'
trén mp(P).

Xét tam gidc vuong O'TH, ta c6 O'H = O'l sina = h.cota.sina = h.cosa.
K¢ dudng cao HJ cla tam gidc vuong O'HO thi 0'J.00' = O'H*
0’H2
00’
Mait khac HJ* = O'H? - 0']* = h*.cos’a — h*.cos* a = hPcos’a sin’a.

Vay HJ c6 d¢ dai khong déi, tir d6 ta c6 diém H thudc dudng tron tam J,

= 0 = = h.cos’q, tir d6 suy ra J 12 diém c6 dinh.

- ban kinh cho trudc, trong mat phang vuéng géc véi 00" tai J.

Chii y. Ciing c6 thé thay H thuoc mit tru T c6 truc 1d 00", ban kinh diy R'
cho truéc, cu thé R' = h.cosa.sina, dong thdi H thugc mat phing vuong
géc v6i truc 00" tai diém J. Tir d6 H thuoc dudng tron 1a giao clia mit tru
T va mat phang néi trén.

(h.69) A
1) Hinh tru ngoai ti€p hinh lang tru da
cho ¢6 truc 1a 00" (0, O' 1 tam hai day
cta hinh lang tru) va dudng tron dy cua

QO
oo

by

hinh tru nay la duong tron ngoai ti€p day
cua hinh lang tru.

)_'_____.._—— —_—— -
t
R N

Dé thdy ban kinh dudng tron ddy cua |4

hinh tru ngoai ti€p bang a. Vay dién tich -1

\
/1
I
AN
N\
hA
7
7
/

/’

\\
Q
7
’
, |

i
X
)

1
I

/
P!

xung quanh ctia hinh tru dé 13 S, = 2nah,

/

T~

by
>

Hinh 69
2) Hinh tru néi ti€p hinh lang tru da cho c6 truc 1a OO0', dudng tron day
cta hinh tru nay 1a duong tron ndi ti€p ddy hinh lang tru.



26.

Dé thdy bén kinh dudng tron ddy cda hinh tru noi ti€p bing a_2\/_-3:. Vay :

dién tich toan phén cta hinh tru d6 12

S, =2n ih+2 (“/_j naﬁ(mi;-aj,

thé tich hinh tru d6 la

V, = n(a\/—) éTtazh. '

2 4
(h.70a, b)-
D S C
1) Vi hinh lang tru di cho 1a hinh lang
tru ditng nén chi cdn chiing minh ddy IO
ABCD c6 dudng tron noi tiép. [ :] "
I |
Goi I va J 14n luot 12 trung diém cta AB | ! i
va CD thi IJ L AB, IJ 1 CD. Goi O 1a trung . |
i | I
diémciallthiol=07 = Kapr 1 CD. Lo !
2 I NV ARt LS
. 17 \ , \
Ta c6 IJ = BH = N BC? — HC? (]}
Ry’
254> a 2 A B
= \/ i (2‘1 - 5) =2a. Hinh 70a
Vay Ol = OJ = a. |
D J H C
Mat khic OB* = OF* + IB® s
| =a’+ Ei = E o
- 4~ 4
0Cc? =07 +JC? LNk
gt = 5a2, A I B
Hinh 70b

tir d6 ta c6 BC* = OB* + OC*,
Ké dudng cao OK ctia tam gidc vuong OBC thi OK.BC = OB.OC, suy ra
a5 s

2
K=—~——=q.
0 54 a
2
Vay O la tam duong tron noi tiép hinh thang can ABCD.
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27.

28.

90

Vay hinh tru cé6 truc OO' (O, O' 1a tam hai duong tron ddy) va ban kinh
day bang a chinh 1a hinh tru noi ti€p hinh lang tru da cho.

2) Dién tich toan phan cta hinh tru d6 1a
S =2na® + 2nah = 2nala + h)
va thé tich hinh tru d6 12

V = na’h.

Chii y. C6 thé giai thich ABCD c6 dudng tron noi tiép béi diéu kién

AB + CD =BC + AD.
(h.71)

Vi ABCD 1a hinh chit nhat nén O la trung
diém cha AC.

Goi M 1a trung diém cha AB thi O;M L AB,
OM L AB va theo gia thiét, AO = AO,.

Hai tam gidc vuong MAO va MAO c6 MA
chung, OA = 0A nén OM = O M.
Tir d6 OO, M = 45°, do d6 00,0, = 45°.
Dé thily AO,00, can tai O, vay 0,00, = 90°.
(h.72)
1) Tt S,, = 27R.00, (R 1 bén kinh ddy)

S,y = 27R(R + 00)),

S, R 1 3
tacd L =——+1==+1==
aconq 001+ 2+

Vay S, - %.4n = 67

2) Tacé 4n =S, = 2nR.00, = 2n.R2R
=>R=1.

Thé tich khéi tru 12
V = nR%.00, = 27R’ = 2r.

Hinh 72



29,

3) Goi A{C 1a mét canh cta n—gidc déu néi ti€p ddy hinh tru thi

m = 2’1—n va dién tich ddy hinh lang tru bing

1 2 2n 2 2 n . 2mn
Sn=n.Saa0c, =N ER sm—n—-— ER — = psin—-

' .2
V,=S§,00, = nsm—nE-
4) Dudng tron I6n cla hinh c4u ngoai ti€p hinh tru 14 dudng tron ngoai tiép

thi€t dién qua truc. Vay bén kinh mat cdu 1a R = R\2 (R 1a béan kinh day
cua hinh tru). Tir d6 thé tich khéi c4u phai tim 1a

'87c\/—

(Rc)
5) Véi thiét dién ABB A, nhu hinh v&, ta c6 A,0,B, = 120°, tir d6
A,B, = 2Rsin120° = R+/3.
Vay  AB=v3.
Do d6 dién tich thi€t dién la : A|B;. AA| = J3.2=243.

(h.73) Goi O' 12 trung diém cla truc 0,0 clia

hinh try thi O' 1a taim mat cdu da cho. K{ hiéu

h va r 1an lugt 1a chiéu cao va bén kinh ddy

cua hinh try thi dién tich thiét dién qua truc 1a
Std = 2r.h.

2 2

Mt khdc R® = 0'A% = + 1’4— —=rP=R- T

Tit d6 S,y = hV4R? — k2 = JW2(4R* — h?) |

Hinh 73

Vay S,, 16n nhat khi va chi khi & = Rv/2 .

R\/_h

2’

nR3\/_
2 ’

Khidé r= /R - 11—.2R2 , titc 1a thiét dién qua truc 13 hinh vuong

HV= nrth = 2nrtr = 2n =

S,p = 2nr" + 2nrh = 3nR°.
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2) e Dé thay dién tich ddy cla hinh lang tru n—gidc déu noi tiép hinh tru la

grz sin27n- Vay thé tich hinh lang tru d6 13

2

n 2n 2n
View= 57 sm7 2r = nr¥sin== = D sin

n

nR>

2T

" .

e Xét da gidc déu n canh ngoai ti€p dudng tron ddy hinh tru thi do dai canh

ctia da gidc bang 2r tan%, tir d6 dién tich day hinh lang tru la

1 T ) T
Si.. = n=2r.tan—.r = nr- tan—-
ddy 2 n n

Vay thé tich hinh lang tru n—gidc déu ngoai ti€p hinh tru 12

30.

92

T s
an tan—.2r = 2nr3.tan— = ——tan —-
n n

J2

3) Gia st thiét dien 1a MNN M, thi MNN,M, 1a hinh chit nhat. Goi 7 12

trung diém cta MN thi

T
n

R2

Vay dién tich thiét dien MNN M, 1a

MN.NN, =2IM.h =RR\2 =R*.

(h.74) Vi hinh hop ABCD.A,B,C D,
noi ti€p hinh tru nén ABCD.A\B,C D,
1a hinh hop chit nhat, truc hinh tru la
00, (doan noi tam hai ddy cuia hinh
hop) va khoang cich tr OO, dén mat
phang (ABB,A|) bang nlta AD. T dé
AD =3a.

BD la duong kinh chGa duong tron day
hinh tru nén BD = 54, suy ra

AB? = BD? — AD? = 164°, tiic 13 AB = 4a.

4

V2.

2
Ol = —VaIM \/ ——R— g

B, ¢
[/
l:\\\ vOI
1 |
Al l: A\ T Dl
AN
[ v 3
I \
R
o O'n
Il | AN
SR
4 |
R s R e
I, ~~d \
i1,z 0\\\\\
A D
Hinh 74



Dé thdy DB,A la géc giita B,D va mat phing (ABB,A,), theo gia thiét thi
DB,A =30° tir d6 B,D = 2AD = 6a.

Vay BB} = B\D” - BD® = 36a” - 254" = 11a’, tiic 1 BB, = a/11.

" Do dé thé tich hinh hop da cho 1a

V= AB. AD. BB, = 4a.3a. a11 = 124’ V1.
Goi O' 1a trung diém clia OO, thi O' 1a tam mat c4u ngoai ti€p hinh hop
chit nhat ABCD.AB,C D, va ban kinh ciia mit ciu d6 1a R = %BID = 3a.
Tir d6 thé tich hinh c4u phai tim 12

V= % R} = %71:.27.;13 = 36ma°.

§4. Mat nén, hinh nén va kheéi nén

31.

(h.75) Goi V, 1a thé tich phan hinh nén giita dinh S va mp(P), V, 1a thé tich
phén hinh nén gitta hai mat phang (P) va (Q), V5 la thé tich phan hinh nén
gilta mat phang (Q) va ddy hinh nén di cho. Khi 4y

()
‘/1+V2_ X ’

Vi+V, +V, =(R)3 )

Vi +V, x

va Vi=V,. 3)
T (2), (3) suy ra

Vi +2V, (RT

- 4
‘/1 +V2 X ( )
Tir (1) va (4) ta c6 Hinh 75
2V, +Vy) _ R+ R - o/ R+ R3
Vi+V, 3 - 2
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94

(h.76)

1) Goi dudng cao cta hinh nén 1a SO,
mot duong sinh ctia hinh nén 1a SA thi

SAO = a.

Goi 0',A' lan luot 1a giao cia SO, SA
v6i mp(P) va H 1a hinh chiéu cua A’ trén

OA thi

AH = A'H cota = heoto

va ban kinh cla dudng tron (€) 1a
R =0'A'= OA —HA =R - hcota.

e Goi V,

V, =V =V, (V 1a thé tich hinh nén d cho)

I
cosx

[R? - (R - heota)? ]

T
cosx

h.cota(2R — hcotar) =

Hinh 76

2) o Goi S, 1a phan dién tich phai tim, S, 12 phin dién tich xung quanh

hinh nén dinh S va ddy 1a (€¢). Khi d6 S, = S — S, (S 1a dién tich xung

quanh cua hinh nén o47), titc 1a
§;=7nR.SA — R'.SA'

n(R. R - R'. R )
cosa cosa

T (2R — hcota).
na :

12 phén thé tich cén tim, V, 12 phén thé tich kh6i nén dinh S va
ddy 12 duong tron (%). Khi d6

nR*.SO - %nR'z SO

ntana(R> — R®)

3

53’1(311'2 - 3Rhcota + h*cot’a).

n(Rz.R tane — R .R'tan a)

—Tctana[R3 - (R~ hCOtOf)3]



33.

34.

(h.77a, b).

1) Goi / 1a trung diém cta BC thi
Al L BC. Do (P) 1a mat phang chita BC
va vuong géc v6i mp(ABC) nén Al L (P).

Mat cau chita dudng tron (%) va di
qua di€ém A c6 tam tring véi tam cla
dudng tron ngoai ti€p tam gidc ABC,
¢ ban kinh bang ban kinh clia duong
tron nay. Vay ban kinh mit cdu 12

_ a3

3 Hinh 77a
2) Hinh nén thoa man cdc gia thiét da '
néu ti€p xdc véi mat cau tai diém A S

va dinh S clia hinh nén thuoc dudng
thing Al. Dé thdy mp(ABC) cit mat
cau theo dudng tron 16n va cit hinh nén

theo tam gidc can c6 canh ddy di B . ¢
qua A va tam gidc can nay ngoai tiép

duong tron 16n d6. Vi tam gidc ABC

déu nén dé thay tam gidc can ndi trén A

cling déu, tlr d6 canh cla tam gidc nay Hinh 77b

bang 2a, vay dudng cao ctia hinh nén la
SA= av3. Khi 4y thé tich kh6i nén
phéi tim 12 |

_ 1 2 _ 7'5613\/5
V= gna .avN3 = 3
(h.78a, b)

Goi thi€t dién thu dugc 1a AA,B,B.
ViSO, = %SO nén

AB| = 148 = %.ZR.

3
Mat khdc AB, L A,B tai I nén
1 1
10=74B.10,= 5 4:B,. Hinh 78a
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Vay 001=R+—IS 4R.

33 Ay O, B
Dé thé'y SOI = %001 = %Ii

Terdé SO =2R.

Goi thé tich phan hinh nén phai tinh 1a
V*¥thiV* =V, -V,, trong d6 :

A o B
Hinh 78b
V; 12 thé tich cha hinh nén o#,

V, 1a thé tich hinh nén dinh S va ddy 1a thiét dién ctia o/ duoc cét bai (P).
Ta c6 thé tich phan hinh nén phai tinh 1a

VE=V, -V, = %n.OBz.SO - %nole S0,
= ln(Rz 2R - 52— ﬁj = —San3
~ 3 ' 9°3) 81

1) (h.79a) Ki hiéu ban kinh ddy hinh nén 12 x, chiéu cao hinh nén 1a y
(0<x<R,0<y<?2R). Goi S§' 1a dudong kinh cua mat cau ngoai ti€p hinh
non thi ta cé

2
x"=y(2R -y).
Goi V, 12 thé tich khéi nén thi

S
A
!
|
|
!
I
|
|
]

1 1 '
V= gmz}’ = 3‘“)’-}’(21e -y

T
= 3(4R —2y).y.y

IA

om 4R—2y+y+y3_321tR3
"6 3 81 Hinh 79a

3
81

Vay thé tich V, dat gid tri 16n nhét bang khivachikhi4R—-2y=y

2
Sy=—,tudox =—(2R—%)=§§——hayx= g—R—;/—_z—



36.

2) Xét mat phiang chia truc cta hinh
nén, mat phang nay cat hinh nén theo
tam gidc can SAB va cdt mat ciu noi tiép
hinh nén theo dudng tron ban kinh r va
hinh tron nay ndi ti€p tam gidc can SAB
(h.79b)

. Ki hiéu ban kinh ddy hinh nén 1a x, chiéu

cao hinhnénlay (x >0, y > 2r) thi

(AH + SA) r = %AB.SH

ol syt +yt)r=py o= ry
(e e y?)r =0

y=2r

Vay thé tich hinh nén ngoai ti€p mit ciu ban kinh r 13

+ 4r = 8r.

> 2\/(y - 2r).y4_r "

H
Hinh 79b

: 1 — A
TedéV, 2> 3 .87, titc 1a V, dat gié tri bé nhat khi va chi khi

trdé x=r2.

(h.80)

Ki hiéu ban kinh ddy va chiéu cao hinh
nén 1an lugt 1a x va y (x, y > 0). Khi dé,
dién tich toan phin cta hinh nén 1a

X’ +y? + .

7-BTHH 12-NC - A
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Theo gia thiét ta c6
mxyx> +y2 + i’ = na’
oxyxt+y? +8=4 i
o xyxt+y? = a* - x* (diéu kién x < a)

e y2) =a* +x* - 2a%°
2.2 4 2.2 2 614
SXy =a -2ax <x ="
y© +2a
Khi d6 thé tich khéi nén 12

1 a*t na® y

V: — T _y = . .

3 y2+2a2 3 y2+2a2
2 2
Y

Tur d6 V dat gié tri 16n nhat khi va chi khi dat gia tri nho nhat.

2 2 2 2
Tacé%=y+%22 y.2—;l—=2\/5a.

: 2
Vay V dat gia tri 16n nhét khi va chi khi y = -2§—', tic la y =a\2 , lac dé

x=2
=5
(h.81)

1) Hinh nén ngoai ti€p hinh chép
S.ABC cé dinh 1a S, day 1a duong
tron ngoai ti€p tam gidc ABC,
duong cao la SH, dudng sinh 1a SC.

Goi S, la dién tich xung quanh
cta hinh nén thi §,, = ©.HC.SC.

Ta c6 HC =“—3—3—,

a2

SC? = SH* + HC? = SH? + =
2 Hinh 81

=SI* - IH* + %— (I 1a trung di€m cla AA,).

7-BTHH 12-NC-B



Vi thudc duong tron dudng kinh AA| nén S/ =%, ngoai ra

B afi_af3
3

4 12

IH = AH — Al =2

2 2
; 2_ &j _(&j & a2
Vay SC —( ) 5 T3 ‘2,tuclaSC— 5
Va g _naf3 aﬁ_nazx/g
4 A N

Goi V 1a thé tich clia hinh nén néu trén thi

2
V=LlnHC? sH= %n%\/sﬂ - [H*

3

_Llp 3 3@ 1 o aV6
9T N16 122 97T T 6

na>\6

54
2) @ Goi J 12 trung diém ctia AB thi CJ L AB, do SH L (ABC) nén SJ 1 AB.
Vay S thuoc mat phing trung tryc clia AB. Mat khéc

SNEIRCI R

4 12 6

SI?=SH* + HI* =SI° — IH* + HJ? = (

a
T doJS =—.

0=
Vay S thuoc dudng tron () tam J, ban kinh JS nam trong mat phéng trung
truc cua AB. Di nhién dudng tron nay c6 dinh.
e Vi S ndm trén dudng tron () tam J vi AJ vudng géc v6i mit phang chita
dudng tron ndy nén AS thudc mat nén nhan (I') lam dudng tron ddy VA truc

1a AJ (dinh A). Tuong tu, BS thuoc mat nén c6 day la duong tron (I'), truc
l1a BJ (dinh B).
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- duong tron ndi ti€p tam giac ABC.

100

(h.82)
1) P4y hinh nén trong bai todn la

Puong cao hinh nén 1a SO (S 1a dinh
cta hinh chép). |
Goi I 1a diém ti€p xdc cta BC véi
dudng tron ndi ti€p AABC thi OI L BC
va SI L BC nén SIO = B. Khi dé,
chiéu cao hinh nén 1a

h =8O = Ol tanf = rtan,
d¢ dai dudng sinh hinh non la

ol r

cosfcosf
Vay dién tich xung quanh ctia hinh nén la

r TU’2

S| =mnrl=mr. =

cosf cosf

[=8I=

Thé tich hinh nén 12

V,= %nrzh = %nr?rtanﬂ = %nr3 tan 3.

2) Dé& thdy ba duong cao clia ba mat bén hinh chép S.ABC bang nhau va
cung bang SI.

Dién tich xung quanh cua hinh chép la
S, = %(AB +AC +BC)SI.
Mat khic AC = AB+3 , BC = 2AB,

SAuBc =%AB.AC = %ABZ\E,

Saspc = %(AB +AC +BC).r = %(3 ++/3).AB.r.

T d6 AB= ({3 +1)r.
Vay dién tich xung quanh cua hinh chép S.ABC la

S, = ~(3+3)AB.SI = (3+\/—)(\/§'+’1)r.cr

2 os

_B(FayL

2 cos 8



Thé tich hinh chép S.ABC 1a

5

_ b1 _ 2 N
Vy= 3 2AB.AC.SO— 5 AB”.S0, tir d6
2
Vo= (\/5 + 1) r*.rtan B

(\/?: + 1)2 > tan [ .

39. (h.83) Ki hiéu ban kinh ddy va chiéu cao
ctia hinh ndn lan luot 12 x, y (x, y > 0),
ban kinh mat cau noéi ti€p la r, dé
tinh duoc

0x|§, 0x|§|

v
Jx2 +y% +x

Vi dién tich hinh c4u bang dién tich ddy

r =

N PR . 2 2
hinh nén nén ta cd : 4" = mx~ < x = 2r,

lic d6
r= 2ry or=2. Hinh 83
\/y2 + 4% +2r 8
Goi 1J la ban kinh cua dﬁf}ng tron (¢), nho AIJO «» AHSA, ta c6
U _oJ _SHOJ _ yr 3y
SH—ASQIJ— .Thayr—8,x—2rvaoh¢thu'c

SA \/ yz 4 52
trén, ta dugc

3y
Yoo
= ——8 -3
N
16

Ki hiéu dién tich phan th& nhit cua mat xung quanh hinh nén (phan cé
chia dinh cua hinh nén) 1a S va dién tich xung quanh hinh nén 1a S, thi

S_(Ly_Ao) 4
S,y \HA) — -
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41.
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Ki hiéu dién tich phan thtt hai cia mat xung quanh hinh nén 1a S, thi

St __t 1 _4
S S 8,8 25 2
< -1 -

S S, 4

s v~ I SH  SH|
(h.84) D¢ thay R=SH - 4R

1) Dién tich toan phan cta hinh tru noi ti€p hinh ndn tinh theo r, R 1a

S,p =2t + 2nr4(R-r)y=— 6mr> + 8TRr.

= SH, =4r vAiHH, =4(R - r).

2) Vi chiéu cao hinh tru 1a HH; dugc xéc
dinh b&i HH, = 4(R — r) nén dé tinh ban
kinh ddy r va chiéu cao 4 cla hinh tru noi
ti€p hinh nén sao cho dién tich toan phan
cta hinh tru d6 dat gia tri 16n nhat, chi can
timr dé S, = 2n(-3r" + 4Rr) dat gid tri
16n nhdt (v6i r < R). Khi coi r thay ddi thi

S,y = 2m(=6r + 4R), tir d6

Sp =0 r= %R' , Hinh 84
r R
Sip
Sy |

Vay S, dat gid tri 16n nhét khi r = %R.
Y 2 4R

Lic dé h = 4(R _ER) =3

(h.85) Gi sir O 1 tim clia ddy hinh nén va

mit phang (@) di qua hai duong sinh SA, SB.

Goi I 12 trung diém cha AB thi O 1 AB

va SI L AB, tit 46 SIO = ¢. Theo gia

thiét ¢ = ISB.




Tir tam gidc vuodng SI0, ta c6 sing = S0 (1)

S1
Tir tam gidc vuong SIB, ta ciling cé tang = 3 2)
i (1) 2 (2) suy ra ts:r‘lg _ % _ 7(59_ - % Vay cosp = %

—2—SO

42. (h.86) Goi I 1a trung diém clia AB thi OI 1. AB, SI 1. AB, Ol = a. Ta cb

AO = SA cosS/AB = i}SA,
Al = SA cos SAI = -;-SA.

Al 1 Al -
— =—— . Ma ¢ — —
y Ng at khac " cos IAO

J6 _ a

= sin]A/bz—:&—:—-

_3a_afs

Tir do

Vay OA

Joo 2

Xét tam gidc SAO, ta c6 54 =4 _ “‘/g.i =a\2.
cos30° PAINE)

Tir d6 dién tich xung quanh cua hinh nén da cho la

Sy~ T.OASA =T "*2/8 a2 = na* 3.

43. (h.87) Xét mp(P) qua truc SO clia hinh
n6n thi (P) cat hinh nén theo tam gisc
can SAB, (P) cdt mat cdu ngoai tiép va
nodi ti€p hinh nén theo cic duodng tron
16n ¢6 ban kinh lan Iuot 1a R va r. Cic
dudng tron nay ngoai ti€p va noi tiép
tam gidc can SAB. Ki hiéu V,, V, 1a thé tich

ooV _(RY A4 0 B
cua cac hinh ciu da néu thi VZ— = (7) . Hink 87 ,
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Pat SAB = o va goi I 1a tam dudng tron noi tiép ASAB thi

R=—28__ B 0=l
sinASB  sin2« 2 2
Tu do R = —1_ Mit khéc tana = 50 =2, vay
r . a AO
sin 2 tan —
2
5 tan &
, 2tana 4 tan =
s1n2a=—————2— =—,2=tana=
2
a \/g -1 a.
= tanE == (do tan—z— > 0).
3
Nngvay R 3065+ v 125(5+1)  125(J5 + 2)
VT T s v, 512 6
(h.88)
e Xét mp(a) qua truc SO cua hinh nén thi S
(@) cét hinh nén theo tam gidc can SAB,
(@) cdt mat cau da cho theo dudng tron 16n
ngoai ti€p tam gidc SAB va (@) cit hinh try Iy 01 \o

da néu theo thiét dién 1a hinh vuong MNPQ
(hinh vudng noi ti€p ASAB).

Dat SAB = « thi SA = SB = 2Rsina

va OB = SBcosa = Rsin2a. Tt d6 dién tich
xung quanh cla hinh nén 1a

Sig

A N o P B
Hinh 88

= wR.sin2a.2Rsinc = 4ﬁR2sin2a¢osa = 4nR2(1 - cosza)cosa.

Dat f{r) = (1 - /)t v6i 0 < 1 = cosar < 1.

Dé thdy f(r) dat gid tri 16n nhdt khi va chi khi ¢t = 71_5 = cosa
& tana=+/2 . Khi ay g—(;=tana=\/_2-,tlicléSO=OB\/§. : (*)

Vay hinh nén cé duong cao va ban kinh ddy thoa min diéu kién (*) noi
ti€p mat cdu da cho c6 dién tich xung quanh 16n nhat.



T (l)va(2)suyrax=

Ba
45.

o Dé thé,y E (détMQ=MN=x)

SO AB
. SO-x  x S0 ~2x
Khlay 50 —E = SO X—E.X—T-
Tir d6 SO =325(2+\/§). (1)
Mat khac SO = OBtana = Rsin2 a.tano = 2Rsin’a. 2
2 4R 2 ;
4Rsin” o 3 8R _ 4R(2 _ \/5)

242 2+42 302+42) 3

Vay chiéu cao cia hinh try phai tim 13 %R(z -\2).

=]l &n tap chuong i

tap tu luan

(h.89a,b) Goi N la trung diém ctia BC va J la giao diém ctia NI vé6i AD, khi
d6 mp(BCI) chia ti dién da cho thanh hai t& dién BCDJ va ABC/J.

Dé thdy AJ = —41-AD.

Vi AA; L mp(BCD) nén moi diém
thuoc AA, cach déu B, C, D. Khi
dé6, tam O, cia mat cau ngoai tié€p
t¢ dien BCDJ 1a giao diém cla AA,
vdi duong trung tryc cua JD (xét
trong mp(AA D)).

Tuong tu nhu trén, tam O, clia mat
cdu ngoai ti€p ti dién ABCJ la
giao cua DD, véi dudng trung truc
cua AJ (xét trong mp(ADD))) (DD,

la dudng cao ké tir dinh D cua ti \
dién ABCD). | Hinh 89a

105



Goi E va F lan lugt 1a trung diém cha DJ va AJ. Xét ti gidc noi tiép
O,A|DE (hinh 89b), ta ¢6

AE.AD = AO, AA, ' A
AE.AD
= A0, = A4 .
Mat khéc
a6 a 3a Sa 02 D
Ady= == AE=J+5 =7
Tir d6 014 .
N t
A0, = Saa__ 56 Hinh 89b
a6 16
8.~%

a\/g_Sa\/g_a\/g'

3 16 48
Vay ban kinh R, ctia mat cau ngoai tiép t dién BCDJ la

va do d6 A]Ol =A1A —A01 =

2 2 2 2 2
2 2 2 s ba 3a a a 129.a
= D™= A D = = - =
Ri=0D"= A0+ AD" = v 5 = 88" 3 ~ 433
av129
' :>R1 = .
| 8v/6
T gidc O,D [ FA noi ti€p dudng tron nén
DF.DA
DD,.DO, = DF.DA = DO, = DD
Mit khic  DF = 3—"+3=Zﬁ,1)A=a,DDI= “‘/g,mdé
4 8 8 3
Ta
po. - 84 _2lav6 _ a6
27 J6 86 16
3

7a\/g 3 ax/g B 5ax/g
16 3 48
ngoai ti€p ti dién ABCJ la

Suy ra D0, =

va do d6, ban kinh R, clia mat cau
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=2
2542 .6 +(a\/§j 258 & 15347

R: = 0.A° = 0,D + DA% = 2
2 2 D+ D 182 3

= 488 3 483

tir d6 R2= ﬂ Vi _Ie_l — av129 . a\/153 _' 43

1y P ==
86 R, 86 = 8o V5l

46. (h.90) Goi x la do dai canh day, y la
chiéu cao clia hinh chép ; R, r 1an lugt 1a

ban kinh mat cau ngoai ti€p va noi ti€p

. 2 2.
hinh chép thi d& tinh dugc R = x_%vgy_’
r= ald . Vay

X+ \/ X2+ 4y2

][l )

V2 4xy?

Hinh 90

r

Tu dé % nho nhat khi va chi khi § nho nhat.
A .

Goi ¢ 1a goc giita mat bén va mat ddy cla hinh chop thi ¢ =SI/H\ (I 1a trung

diém ctia BC). Khidé y = %tanqp = 4y% = ¥’ tan’ g, tir d6

2 2
R (xz +Xta#)(x + \/xz + x2 tanzqo)

r x3tan2(p
1 1 “cos + 1
2 +tan’ )| 1 + 1+ * [ )
_ ( an (D)( cosgo] _ [ cos? (oJ cos@
2tar12go 21—cosz(p_
cosz(p
1+0052¢) 1 1+¢

= = —. Gi0<t= < 1.
2cosp(l —cosp) 2 t(1—1) Vol cose

v, 2 ,
Nhu vay, 7] nho nhét khi va chi khi f(r) = t1(1+ tt') dat gia tri nho nhat
A _

O<r<).
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47.

108

21t — £2) — (1 - 20)(1 + £%)

Tacé: f'(t)= 5
[«(1 - 1)]

20 =20 ~1+20-1> 428 2 +2-1

[t(1 - P ta-1?

f(=0cr+2t—1=0ct=-1++2 (doO<t<1)

Ta c6 bang bién thién

1
3-2V2
5 1-3+242  2({2-1 2 (5 e)

1+ tan2(p=

< tan @ = = = =

3-242 (7o) V2-1
| & tang = \/2\/5 2.

Vay hé thirc lién hé gitaxvaylay=x

\/2\/'2'+2'
2

V,
Khi d6 71 dat gid tri nho nhat.
2

e VilA =IB=2a, AIB=120°nén AB* = IA> + IB* — 2IA. IB cos AIB = 124>, tix
d6 AB =2a~/3. Do CD L mp(AIB) tai I, IA = IB nén CA = CB. K&t hop véi |

gia thiét ABC 1a tam gidc vudng, ta c6 ABC 1a tam gidc vuong tai C va

ca=cB=28 _ ..

NG
Vi ABD 1a tam gidc déu nén AD = AB =2a+/3 .
Tt d6 CI*= AC? — AI* = 6a° - 4a* = 24°, tic 12 CT =av2 ,
DI’ = AD* - AI* = 12a* — 4a* = 84°, tic 1a DI =2a2 .

¢ Hai diém C, D thudc dudng thing A vuong géc véi mp(AIB) tai diém /
nén c6 hai trudng hop xay ra.



Truong hop 1. C, D ndm vé hai phia d6i véi diém / (h. 91a).
DE thdy CD = 3a+/2 , tir d6 CD?* = 184% ; mat khac AC? + AD? = 184%, tiic 12
CD* = AC* + AD*. Nhu vay CAD = 90°. Tuong tu ta ciing ¢6 CBD = 90°,

D) Vagen =Vpas +Veus = %.%AI.BI sin AIB.(ID + IC)

= l.—l—.Za.2a.£.3a\/-2_ = a3\/g.
32 2
Goi §,, 1a dién tich toan phan ctia tit dién ABCD thi
D
Sip =Sacp +Spep + Sapc + Sagp
1 AC?  AB*\3
= 2.§CD.AI+ > + )

=3av2.2a + %.6@2 + 12a'2.§

= 6422 + 342 + 3423

=3a%(1 + V3 + 242). Hinh 91a
2) Vi CAD = CBD = 90° nén CD 1a dudng kinh ctia mit cdu ngoai tiép t

dién ABCD, tir d6 bén kinh mat cau phai tim bing 22

va dién tich mat
cdu bing 18na’.

3) Goi r la ban kinh mat cau noi tiép t& dien ABCD thi d& thdy r = 3Vapcp

2

tir d6 r = 36
3a? (1 + \/5 + 2\/5)
____ a6
1++3 + 22
* Truomg hop 2. C, D ndm vé mot phia d6i
v6i diém 7 (h.91b).
6
a’~\6
1) Vapep =Vpas =Veas = 3
Sp = 2a°\2 +3d® +34*\3
A
=a*(3+ 242 + 343). |

Hinh 91b
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2) Goi J la trung diém cla AB thi

JA=IB=JC. P

Xét dudng thang A, di qua J va vuong Kb

géc véi mp(ABC). Khi d6, moi diém

thugc A; cich déu céc diém A, B, C va A, CY Al
nam trong mp(CDJ) (do mp(CDJ) vuong

goc véi mp(ABC)). Trong mp(CDJ), -

duong trung truc cha CD cét A, tai diém O ! J
thi OA =0OB=0C = OD =R (h.91c¢).

Tac6l/=a,CJ= ay3.KeOH L IJ thi

3a\/5

Hinh 9]¢

OH=IK = > Xét cdc tam gidc ICJ va HJO, ta c¢6 sinC = sinJ hay
3a\2
W _OH . _OHJC 5 T
R A
54a  66a°

Tt dé6 OC* = CJ* +JO* = 34* +

4 4
Vay dién tich mat cau phai tim 13 66ma’.

03\[6_ a\/g

3)r= = .
) a2(3+2\/2_+3\/§) 3+3\/§+2\/§
48. (h.92) '
Goi (P) 1a mat phang di qua truc cla
hinh nén thi (P) cét hinh nén theo tam
gidc can SAB, cat mat ciu theo dudng
tron 16n, dudng tron nay nodi ti€p tam

gidc can. Khi d6, ban kinh r| ctia hinh cau !
ndi ti€p hinh nén dugc tinh boi cong thite 0
o= . rh
(= —
r+Vh 42 A H B
1) Thé tich hinh nén 12 Vi= %Tti‘zh. Hinh 92
Thé tich hinh cdu noi tiép hinh nén 13 V, = dnf( _ rh . JS
3 kr +Nr? + B
3 ,
R l(r+\/r2+h2)
Vay = - :
V2 4 rhz
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49.

n? ’ '
[ +— +1 3
v, 1 2 1(+Viex) . 0

2)7222 h2 :Z S ,O'dO—r—2—=x>0_‘
1"2 A
P 2
Xétf(x)=(1_+~u)_’f~(x)= (Vi+x+1) (x—2—2\/1+x).

4x

(\/i+_x+ 1)2

Vi —————= > 0 nén khi xét dau cha f'(x), ta chi cdn xét dau cua
4.2x*\Jx +1

4.2x2\/x +1

1

\/x+1'

Dé thdy g'(x) > 0 vi khi x > O thi ! = < 1, dong thoi g(x) = 0 & x = 8.
: X+

Vay g(x) 1a ham tang trén mién x > 0 va g(8) = 0 nén
vo1 0 <x <8thigx)<0;
VGi 8 < x < +oo thi g(x) > 0.

Bang bién thién cﬁa_ f(x)

g)=x-2-2V1+x.Tacod g'(x) = 1-

X
g
[0
fx)

o .V
Vay gid tri bé nhat cua 7] bang 2. s

2 :
(h.93a,b) \

) Tacé SM = .OM = .R
sinag  sina
SO = Rcota. ,
Dién tich xung quanh cua hinh nén 1a
. R?
S¢q = TR _R = . M
sina  sina
Thé tich kh6i nén 12

N

1 1 _
V= 3 nRz.Rcota = 3 TcR3cota. Hinh 93a

2) Gid sit (P) cit hinh nén theo thi€t dien SMN va SM L SN, khi d6 dién
tich thiét dien 1a
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50.

Ba

112

2
Sl = lSMSN = R
2 2sin’ o

3) V6i I 1a trung diém ciia AB thi SIO = 83,
OI = SO cotf3= R.cotacotfS, Vay diém I thuoc
dudng tron tam O bdn kinh Rcota.cotf
trong mat phing chita ddy hinh nén. '
Vi SI quay quanh S va dya vao duong tron
tam O, ban kinh Rcota.cotf trong mat
phing chita ddy hinh nén da cho nén S/
thudéc mot hinh nén c6 dinh véi dudng cao
SO, dudong tron ddy cua hinh ndén nay la
duong tron néu trén.
(h.94) Xét mat phang qua truc hinh nén cat
hinh n6n va hinh tru noéi ti€p hinh nén, ta
duogc tam gidc can SAB va hinh chit nhat
MNN M, n6i tiép SAB. O 46 AB = 2r, SH = 3r,
MN bang dudng kinh cua ddy hinh tru,
NN/ bang chiéu cao cua hinh tru.
Ki hiéu r| 1a ban kinh ddy hinh try, 4, 1a chiéu
cao hinh tru,tacé6 0 <r; <r,0<h;<hva
n SH, SH-h 3r-h

9

= ,trdé hy =3(r —ry). Khi do

r SH  SH 3r
1) Thé tich hinh tru la

V=3mi(r-r)= %‘rl.r](zr —2r)).

Tir d6, V dat gid tri 16n nhat khi va chi khi r; =

2) Dién tich xung quanh cua hinh tru la

S =2mr.hy = 3200, (r — r)) = 677 (r = 1))

Tir d6 S dat gid tri 16n nhat khi va chi khi r, =

tap trac nghiém ’
1. (B), 2.(C), 3.(D), 4. (D),
7.(C), 8. (D), 9.(C), 10.(B),

13. (B), 14.(D), 15.(B), 16.(A),
19. (B), 20. (D), 21.(B), 22.(A),
25.(D), 26.(A), 27.(B), 28.(A),

B
Hinh 93b
S
M,/ Hj N,
A M H N
Hinh 94
5
5
5.D), 6.(A),
11. (A), 12.(C),
17. (D), 18.(C),
23.(B), 24.(0),
29.(A), 30.(A).



PHUONG PHAP TOA B0
TRONG KHONG GIAN

A - CAC KIEN THUC €O BAN VA BE BAI

§1. Hé toa dé trong khdng gian

| - CAC KIEN THUC CO BAN

1. Hé toa dé trong khoéng gian

He¢ gom ba truc Ox, Oy, Oz d6i mot vuodng géc duoc goi 1a hé truc toa do
vuong goc trong khong gian.

Néu ta 14y ba vecto don vi i, j, k 14n lugt ndm trén Ox, Oy, Oz thi :

2 -2 2 s S

i = =k =1, ij=jk=Fki=0.
2. Toa d¢ cua vecto va cua diém
u=(x;y;z) & ﬁ=x7+yf+zl?
M=(x;y;z)<:>5]\7=x7+yf+zﬂ
NeuA = (x4, v4:24), B=(xp, yp; zp) thi AB = (Xg—Xq3Yp—Ya s Zg— Z4)-
3. Vecto bang nhau. Toa d¢ cia vecto tong, vecto hiéu

Cho Z(xl s Y1. 2, V (Xp5 5 25). Khi d6

ﬁ:\_;@xl:.Xz, y1:y2’ 21222.
Uty =025y 2,52 £2))

kii = (kx; ; ky,; kz)), ke R

mi + nv = (mx; + nx, ; my, + ny, ; mz, + nz,), myn € R.

8-BTHH 12-NC- A ' 113
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4. Hai vecto cung phuong
Hai vecto i (x;;y;52,) va ¥(xy;,;2, ) cling phuong (i # 0)

< Jdke R :V=ki,ticla

Xy = kx|

Xy X _ 2%
v, = ky; hay == =% =—=,
: : X bs) 4l
22=k21

5.Tich vé hudng cua hai vecto
Cho hai vecto u# (x; ; ¥, 5 z;), V(%3 ¥2 3 2p). Khi d6 :

iV = lil.I¥].cos(@@, %) =x1xy + vy, + 2,2,
il = Vii? = \xi +y} + 2}

AB = [ABl = J(xp — x) + (v = y4)2 + (2 — 24)°

cos(ii,v) = véiii #0, 7 %0

XXy + V1Yy + 212y
Vi # ot + 225 493+ 2
ULV oxxy+yy+212,=0.
6. Tich c6 huong cua hai vecto

Trong khong gian Oxyz cho hai vecto @ (x; ; y; ; z;), ¥ (X3 ; 5 ; z5). Tich

c6 huéng ciia hai vecto @ va v, ki hiéu 1a [#,7], duoc xdc dinh bdi

[4,7] { J

li,v] La, [@,5] L7

[i,7] = lal.I9lsin (i,7)

N4y

Y2 I

T M N

Xy M

b

Z X

Tinh chat :

i,V clng phuong o (i, 7] = 0

ii, v, w dong phing < [i,v].w = 0.

8-BTHH 12-NC -8



7. Cdc ung dung cua tich co huong :

Dién tich tam gidc : S4p. = %I[E,R]‘

Thé tich kh6i hop : Vapep apcp = [E,}E].'Aﬂ

2 .. PRPTIR lr-=-=1->

Thé tich t dién : V upep =€|[AB,AC].AD\ .

8. Mat cdu

Mat cdu tdm I(a ; b ; ¢), ban kinh R ¢6 phuong trinh
x—a)Y+@-b)P2+(z-0c) =R

Nguogc lai, phuong trinh
x2+y2+22+2dx+2by+2cz+d=0 ()

~ ~ 2 o - A AL 2 2R LN 2
la phuong trinh cia mot mat cau néu ¢6 diéu kién A+ +>d

Khi d6 I(~a ; —b ; —¢) 12 tAm ciia mit cdu va R = Va® + b2 + ¢ — d 12 bén
kinh clia mat c4u.
Néu a® + b + ¢* = d, phuong trinh (*) x4c dinh mot diém duy nhét
' I(-a;~b; ~o).
Néu A +b+ < d, khong c¢6 diém nao thod man phuong trinh (¥).

- = —

Chii y. Trong cudn sdch nay, khi néi dén céc vecto i, j,k ma khong néi gi
thém, ta hiéu d6 14n lugt 1a cdc vecto don vi trén cic truc Ox, Oy, Oz trong
hé truc toa do Oxyz.

Il — DE BAI

1.

Cho ba vecto (1 ;2;3), v(2;2;-1), w4 ; 0; —4). Tim toa do cua
vecto X, biét ;

A X=uU-7;

by X =u -V +2w ;

c) X =21 +4V —w ;
1

d) X =5u -3V —=w ;

)X =5u v >
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) 2% —3ii =W ;
g2 +7V —w +3% =0 ;

2. Cho ii =(3;2;-5). Trong cdc vecto sau day, vecto ndo cling phiong v6i i ?

| - 4 10
d=(-6:-4":1 — e
a=(-6;-4;10), b (2,3, 3),'
g =(6:4:10), d=(:-4:2).

3. Cho vecto u ¢6 diém dau 1a (1;-1;3)vadiémcusila(-2;3;3).
Trong cic vecto sau day, vecto nao cung phuong véi w7
5=—6?+8}+4%, B=4}+2%, E=?—4}+2%.
4. a)Cho i =(3;-5;6), biét toa do diém dau cta # 1a (0 ; 6 ; 2). Tim toa
do diém cudi cua i .
'b) Cho vV =(1;1; 1), biét toa do diém cudi ctia Vv 1a (2; 1 ; 4). Tim toa
do diém diu cia V.

5. Bo badiém A, B, C nao sau day thing hang ?

a)A=(1;3;1), B=(0;1;2), C=(@0;0;1);
byA=(1;1;1), B=(-4;3;1), C=(9:;5;1);
c)A=(0;-2;5), - B=(3;4:4), C=(25;2;1);
d)A=(1;-1:3), B=(0;-1;6), C=3;-1:5);
e)A=(1;2;4), B=(2;5;0), C=(0;1;5).

6. a)ChobadiémA(2;5;3),B(3:7:;4),C(x;y;6).
Tim x, y dé A, B, C thing hang.
b) Cho hai diém A(-1; 6; 6), B (3 ; -6 ; —2).
Tim di€ém M thudéc mp(Oxy) sao cho MA + MB nho nhat.

7.  Chdng minh bén diém A(1 ; -1;1),B(1;3;1),C4;3;1),D@4;-1;1)
la cdc dinh ctia mot hinh chit nhat.

Tinh d¢ dai cdc dudng chéo, xac dinh toa do clia tam hinh chit nhat do.

Tinh c6sin cua goc giita hai vecto AC va BD.
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10.

11.

12.

13.

14.

15.

a) Cho hinh hop ABCD.A'BC'D' biét A(x; ; y; ; z)), Clx3 5 y3 ; z3),
B(xy;y5:25), D'(xy;y4524). Tim toa do cdc dinh con lai.

s

b) Cho hinh hop ABCD.A'BC'D'. Biét A(1;0; 1), B2 ;1;2), D(1;-1; 1)
C'(4;5;-5). Tim toa d¢ céc dinh con lai. '

Tinh tich c6 huéng [i,7], biét

a)u=(1;2;-3),V=(4;1;2);
b)i# =3i+2j—k,V=--3j+k:
)u=(0;1;-2),v=(3:;0;-4);

<

dd=di+k,v=20—];

Tinh [#@,7]. % biét

)i =(0;3;2);V=(4;1;-3);w=(1;-2;2);
by i =4i+ -3k ;V=j+5 ;W=20-35+k:

- - - - —
—

i+j,Vv=i+j+k;w=i.

c) u

Chiing t6 bon diém sau day la bén dinh ctia mot hinh binh hanh va tinh
dién tich ctia hinh binh hanh d6 : (1;1;1),(2;3;4),(6:5; 2),(7:;7;5).

Ching t6 tdm diém sau day 13 tdm dinh ctia mot hinh hop va tinh thé tich
ctia hinh hop d6: (0;0;0),(3;0;0),(0;5;1),(3;5:1),(2;0;5),(5;0;5),
(2;5:6),(5;5:6).

a) Tim trén truc Oy diém cédch déu hai diém A(3; 1;0), B(-2;4; 1).
b) Tim trén mat phang (Oxz) diém cdch déu ba diém
A(151:51),B(-1;1;0),C3;1;-1).

Cho hai diém A2 ; -1 ;7),B(4: 5 ; -2). Pudng th.‘flng AB cit mp(Oyz) tai
diém M. Diém M chia doan thing AB theo ti s6 nao ? Tim toa do diém M.

Xét su dong phang cla ba vecto i, ¥V, W trong méi trudng hop sau :
a) u(l;-1;1),7(0;1;2), w(4;2;3);

b) i(4:3;4),V(2:-1;2),w(1;2;1);

Vil =4i+2j+5k, 7 =3i++3k, w=2i+k:

d)u(-3;1;-2),v(1;1;1),w(=2;2;1);
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16.

17.

18.

19.

20.

21.

118

a)Cho u(2;-1;1), v(m;3;-1), w(1;2; D).

Tim m dé€ ba vecto dong phang.

b)Cho i (1;2;3),V(2;1;m), w2:m; 1).

Tim m dé ba vecto trén khong déng phéng.

¢)Cho u(1;152), V(~1;3;1). Tim vecto don vi dong phang véi i, V
va tao v6i i goc 45°. '

Choba vecto W (3;7;0), V(2;3:1), w(3;-2;4).

a) Chimg minh i, ¥, w khong déng phéng.

b) Bi€u thi vecto @ (-4 ; —12 ; 3) theo ba vecto #, Vv, w.

Trong khong gian cho ba tia Ox, Oy, Oz. Chting minh rdng néu tia Ox
vuong géc vdi tia phan gidc ciia géc yOz thi xOy + x0z = 180°,

2) Cho hai vecto @(1;m ; ~1)va B(2:1:3). Timm dé & 1 &,

b) Cho hai vecto @ (1 ; logs5 ; m) va b(3 logs3;4). Timmdé a L b,

¢) Cho hai vecto a (2; \/5; 1) va b (sin5t; cos3t ; sin3t). Tim ¢t dé @ L b.

d) Cho vecto @(2+2;~1;4). Tim vecto b cung phuong véi d, biét rang
5l = 10.

e)Cho @ =(2; -1 ;0). Tim vecto b cung phuong véid , biét ring a.b =10.
a) Tim vecto don vi vudng géc véi truc Ox va vuong goc véi vecto @ (3; 6 ; 8).
b) Cho vecto d@(1; -2 ; 3). Tim toa do vecto b cung phuofng v6i vecto d
biét b tao vdi truc Oy mot géc nhon va ,b' V14 .
¢) Vecto u c$ d6 dai bang 2, tao véi vecto a(l ; 1 ; 1) géc 30°, tao véi
vecto b(1:1: 0) g6c 45°. Tim toa do cia vecto i .

d) Vecto i vuong gbc vé6i hai vecvtor a(l;1;1)va B(l ;-1 3), ﬁ tao véi
truc Oz mot goc th va il = 3. Tim toa do ctia vecto i .

Trong khong gian Oxyz cho bén diém Al ;1 ;0), BO ;2 : 1,
C(1;0;2),D1;1;1).

a) Ching minh bon diém d6 khong dong phéng. Tinh thé tich t dién ABCD.



10.

11.

12.

13.

14.

15.

a) Cho hinh hop ABCD.A'B'C'D' bi€t A(x; ; y; 5 z7), Clxz 5 y3 ; 23),
B'(xy;¥5525), D'(xy;yy;z4). Tim toa do céc dinh con lai.

b) Cho hinh hép ABCD.A'BC'D'. Biét A(1;0;1),B2;1;2),D(1;-1:1),
C'(4; 5;-5). Tim toa d¢ cic dinh con lai.

Tinh tich c6 huéng [i,7], bist

a)yu =(1;2;-3), v =(4;1;2);

<l

b)Y i =3i+2j—k, ¥ =—-3j+Fk;

)i =0;1;-2),7V=3;0;-4);

d)d=4i+k, v =2-;

Tinh [#,7]. % biét
(0;3;2);Vv=(4;1;-3);w=(1;-2;2);

4i+ -3k ;v = +5k;Ww=20-3+k;

=
1

a) i

b) i

+jyV=i+j+kw=1.

c) u

Chitng t6 bon diém sau day la bén dinh cia mét hinh binh hanh va tinh
dién tich cha hinh binh hanh d6: (1;1;1),2;3;4),(6;5;2),(7;7;5).
Ching to tdm diém sau day l1a tim dinh clia mot hinh hop va tinh thé tich
cta hinh hop d6: (0;0;0),(3;0;0),(0;5;1),(3;5;1),(2;0;5),(5;0;5),
(2:5;6),(5:556).

a) Tim trén truc Oy diém céch déu hai diém A(3; 1;0), B(-2;4; 1).
b) Tim trén mat phang (Oxz) diém c4ch déu ba diém
A(15151),B(-1;1;0),C3;1;-1).

Cho hai diém A2 ; -1 ; 7), B(4 ; 5 ; =2). Pudng thang AB cat mp(Oyz) tai
diém M. Diém M chia doan thang AB theo ti s6 nio ? Tim toa d6 diém M.

Xét sy déng phang clia ba vecto i, V¥, w trong méi truong hop sau :
a)u(l;-151),v(0;1;2), w(4;2;3);

b) (4:3:4),V(2:;-1;2), w(1:2;1);
c)ii=4?+2}+5%,V=3?+}+3%,W.= ?+%;
d)ud(-3;1;-2),v(1;1;1D,w(=2;2;1);
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16.

17.

18.

19.

20.

21.
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a)Cho u(2;-1;1), V(m;3;-1), w(l;2;1).

Tim m d€ ba vecto déng phing.

b)Cho i (1;2;3), v(2;1:m), w(2;m;1).

Tim m dé ba vecto trén khong dong phéng.

€) Cho & (1;152), ¥(~1;3;1). Tim vecto don vi dong phang véi i, v
va tao véi i goc 45°, '

Cho ba vecto i (3;7;0), ¥v(2;3; 1), w(3;-2;4).

a) Chitng minh @, V, w khong déng phing.

b) Biéu thi vecto @ (-4 ; —12 : 3) theo ba vecto i, v, w.

Trong khong gian cho ba tia Ox, Oy, Oz. Ching minh ring néu tia Ox
vuodng goc vdi tia phan gidc clia gée )TO\Z thi x/O\y + X0z = 180°,

2) Cho hai vecto @ (1;m ; ~1)va b (2:1:3). Timmdé & L &,

b) Cho hai vecto @ (1 ; logy5; m) va b(3 ; logs3 ; 4). Timm dé @ L b,

¢) Cho hai vecto d (2; \/5; 1) va B(sinSt ; cos3¢; sin3f). Tim¢tdé @ | b.

d) Cho vecto a(2\/_ ;—1;4). Tim vecto b cung phuong véi @, biét rang
3l = 10.

e)Cho @ =(2;-1;0). Tim vecto b ciing phuong véid, biét ring @.5 = 10.

a) Tim vecto don vi vuéng géc véi truc Ox va vuong goc véi vecto @ (3 ;6 ; 8).

b) Cho vecto a@(1; -2 ; 3). Tim toa do vecto b cung phuofng VOl vecto g
=14,

¢) Vecto i c¢ do dai bing 2, tao véi vecto a(l;1;1) géc 30° tao véi

biét b tao véi truc Oy mot géc nhon va

vecto b (1; 1;0) géc 45°. Tim toa do clia vecto i .
d) Vecto ii vuong géc véi hai vecto a(l;1;D)vab;-1;3), i tao véi
truc Oz mot géc th va i = 3. Tim toa do cua vecto u .

Trong khong gian Oxyz cho bén diém A(1 ; 1 ; 0), BO ; 21,
C(1;0;2),D(1;1;1).

a) Chitng minh bon diém d6 khong dong ph:flng. Tinh thé tich tit dién ABCD.



22.

23.

24,

25.

¢) Tinh dién tich cac mat cuta t& dién ABCD.

d) Tinh 46 dai cdc duong cao cia tit dién ABCD.

e) Tinh géc giita hai dudng thing AB va CD.
g) Vi€t phuong trinh mat cau ngoai tiép t dién ABCD.

_b) Tim toa d¢ trong tam cua tam gidc ABC, trong tam cua tf dién ABCD.

Trong khong gian Oxyz cho ba diém A(1 ; 0 ; 0), BO ; 0 ; 1) va

C2;1;1).

a) Ching minh A, B, C laba dinh clia mot tam giac.

b) Tinh chu vi, dién tich tam gidc ABC.

¢) Tim toa d¢ diém D dé ABCD 1a hinh binh hanh.

d) Tinh d6 dai dudng cao k4 cua tam gidc ABC ké tir A.

e) Tinh cidc goc cha tam giac ABC.

g) Xéc dinh toa do truc tam tam gidc ABC.

h) X4c dinh toa dcf)’ tam dudng tron ngoai ti€p tam gidc ABC.

Trong khong gian Oxyz cho tam gidc ABC c6
A=(1;2;=1),B=(Q2:-1;3),C=(-4,7;5).

a) Tinh d¢ dai dudng cao &, cha tam gidc ké tir dinh A.

b) Tinh d6 dai dudng phan giic trong clia tam gidc ké tir dinh B.

Ching minh céc tinh chat sau day cua tich ¢ huéng :

= 1aP o - (@5,

o [[a.5]

Cho tut dien ABCD c6A(2;1;-1),B(3;0;1),C2;-1;3)vaD thudc

truc Oy. Bi€t V4 p-p = 5. Tim toa d6 dinh D.
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26. Cho bon di€m A(2; —1;6), B(-3 ;-1 ;-4),C(5; -1 ; 0),D;2;1).

a) Ching minh ABC 1a tam gidc vuong. Tinh ban kinh dudng tron noi tiép
cla tam gi4c.

b) Tinh thé tich tt dién ABCD.

¢) Viét phuong trinh mat cdu ngoai ti€p tit dién ABCD.

27. Cho hinh Iap phuong ABCD.A'B'C'D' canh a.

a) Ching minh A'C L (AB'D").
b) Goi M la trung diém ctia AD, N 12 trung diém ctia BB'. Chimg minh A'C 1 MN.
¢) Tinh cosin cua géc giita hai vecto MN va AC".

d) Tinh VA'CMN'

28. Cho tir dién SABC c6 SC = CA = AB =ax/5, SC 1 (ABC), tam gidc ABC

vuong tai A. Céc diém M e SA, N € BC sao cho AM = CN =¢ (0 <t<2a).
a) Tinh do dai doan MN. Tim gié tri r d&& MN ngén nhat.

b) Khi doan MN ngén nhat, chitng minh MN 12 dudng vuong géc chung
cla BC va SA. ‘

29. Viét phuong trinh mat cdu :

30.
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a) C6 tam I(1 ; 0 ; —1), dudng kinh bing 8.
b) C6 dudng kinh ABv6i A=(-1;2;1),B=(0;2:3).

¢) Co tam O(0 ; 0 ; 0) va ti€p xdc v6i mat cdu (S) c6 tam (3 ; -2 ; 4), ban
kinh bang 1.

d)Cotam I(3;-2;4)vadiqua A(7;2; 1).

e) C6 tam I(2 ; —1 ; 3) va ti€p xtc véi mp(Oxy).
g) Cotam I(2 ; -1 ; 3) va ti€p xic v6i mp(Oxz).
h) C6 tam (2 ; -1 ; 3) va ti€p xtic véi mp(Oyz).

Trong cdc phuong trinh sau day, phuong trinh nao 13 phuong trinh clia mot
mat cau ? Néu la phuong trinh mat c4u, hiy tim tam va tfnh ban kinh ctia n6.

X+ + 22— 2 —6y—8z4+1=0:
D)X +y +22+ 10x+4y+22+30=0:

c)x2+y2+22—-y=0;



31.

32.

33.

34.

d)2x2+2y2+222—2x—3y+52——2=0;

&)X +y + 22— 3x+4y—82+25=0,

a) Viét phuong trinh mat cau diqua A(1;2;-4),B(1;-3;1),C(2;2;3)
va ¢4 tam ndm trén mp(Oxy).

b) Viét phuong trinh mat c4u di qua hai diém A3 ; ~1;2), B(1; 1; -2) va
c6 tam thudc truc Oz. -
c) Viét phuorng trinh mat cdu di qua boén diém A(1 ;1 ; 1), B(1;2; 1),
C(1;1;2),D(2;2;1).

Cho séu diém A(a; 0; 0),B(0; b;0),C(0;0;¢),Ad ;0:0),B0,»0),
C0;0,cYvb6iaa' =bb'=cc'20;a#a,b#b',c#cC.

a) Chiing minh ¢6 mot mat cdu di qua sdu diém néi trén.

b) Chitng minh dudng thelmg di qua goc toa d6 O va trong tam tam gidc
ABC vuong géc véi mit phang (A'B'C).

a) Tim tap hop tdm cdc mat cdu di qua diém A(a ; b ; ¢) cho trude va c6
ban kinh R khong déi.

b) Cho bon diém A(2;0;0),B(0;4;0),C(0;0;6),D?2; 45 6). Tim tap
hop cdc diém M trong khong gian sao cho

_— — S —

MA + MB + MC + MD|= 4.
¢) Cho ba di€m A(a ; 0; 0), B ; b ; 0), C(0; 0, ¢). Tim tap hgp cic diém
M trong khong gian sao cho MA* + MB? + MC? = MO? (O la goc toa do).
a) Cho phuong trinh 2+ y2 + 22_— 4mx + 4y + 2mz + m* + 4m = 0.

X4c dinh m dé né 1a phuong trinh clia mot mat cdu. Khi dé, tim m dé ban
kinh mat cdu 1a nho nhat.
b) Cho phuong trinh :

X+ y2 + 22 + 2xcosa — 2ysind—4z — (4 + sinza) =0

Xéc dinh « dé phuong trinh trén 1a phuong trinh cia mot mat céu. Kh1 do,
tim « dé ban kinh mit cdu 1a nhé nhat, 16n nhit.
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§2. Phuong trinh m&t phéng |

| - CAC KIEN THUC CO BAN

1. Vecto phdp tuyén cia mdt phdng
* Vecto 7 # 0 dugc goi 12 vecto phdp tuyén ctia mp(a) néu gid cha 7
vuong gdc véi (a), viet tatla 7 L ().

* Néu hai vecto u (x; ; y1; z1), V(x5 ¥, ; z,) khong cing phuong va gid
cua ching song song v6i mot mp(«) (hodc ndm trén ()) thi vecto

i = [i,7] =[ ]

2. Mt phang di qua diém M (x, ; y, ; z,) v6i vecto phép tuyén 7 (A ; B ; )
c6 phuong trinh téng quat 1a ~ 8

no 4,
k
Y2 I

. X N

X2 M

K

2 X

1a mot vecto phép tuyén clia mp(a).

Ax—xy)+Bly-y,)+C(z—z,)=0.

3. Méi mit phang déu cé phuong trinh téng quét dang
Ax+By+Cz+D=0 ’ (D

v6i A+ B2+ C? 20, |
Nguogc lai, méi phuong trinh ¢6 dang trén déu la phuong trinh cua mot
mat phang.
Néu mp(a) c6 phuong trinh (1) thi vecto 7 (4 ; B; C) 1a vectd phép tuyén
ctia mp(a).

‘4. Cdc truomg hop ddc biét
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Xét mat phing (a) c6 phuong trinh Ax + By + Cz + D = 0. Khi d6
e D=0<¢ () diqua goc toa do.
e (C=0,D#0< (a) songsong \'/(’)fi truc Oz.
C =D =0 < (a) chita truc Oz.
e B=(C=0,D %0« (a) song song v4i mp(Oyz).
B=C=D =0 < (a) chinh 1a mp(Oyz).
(Céc truong hop khdc suy ra tuong tu).



5.Vi tri twong doi giita hai mdt phdng
‘Cho hai mat phing (@) : Ax + By + Cz+D = 0va () : Ax + By + Cz + D' =0.

\ A B C D
(a)=(a)<:> Av - B’—C'_ Dl
Ve A_B_C D

(cat(a)<> A:B:C#A":B':C'
(Diac biet, (@) L () < AA' + BB + CC' = 0).
6. Phuong trinh mdt phdng theo doan chén
Mit phéng () khong di qua géc O, cit truc Ox tai diém (a ; 0 ; 0), cét truc
Oy tai diém (0 ; b ; 0), cit truc Oz tai diém (0 ; 0 ; ¢) c6 phuong trinh :

S A =1, abc # 0.
a b

o N

Phuong trinh nay goi 1a phuong trinh theo doan chin clia mat phéng (a).
7. Géc giita hai mdt phdng
Cho hai mat phang (@) : Ax +By+Cz+D =0
va (&):Ax+By+Cz+D'=0.
Goi ¢ 1a gbéc gilta hai mat phéng () va(a),tacod:
|AA' + BB' + CC'|

Ja? ¢ B2+ 2 A?y B2y o
8. Khodng cdch tix mot diém t6i mot mdt phdng
Cho mp(@) : Ax + By + Cz+ D =0 va diém M(x, ; y, ; Z,), khi d6
|Ax, + By, + Cz, + D|

Je+B <0

cosQ = -

dM,, (@) =

Il - DE BA

35. Cho diém M, (x,;¥452,) VO X,y,Z, # 0. Trong méi trudng hop sau, viét
phuong trinh mat phang :
a) Di qua diém M, va song song v&i mot trong cac mit phing toa do :

(Oxy), (Oyz), (Oxz).
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b) Di qua cdc hinh chiéu clia diém M, trén cdc truc toa do Ox, Oy, Ox.

c) Di qua diém M, va lan luot chia cdc truc toa do Ox, Oy, Oz.

36. Trong moi trudng hop sau, viét phuong trinh mat phang :

37.

38.

39.

124

a) Diquaba diém A(-1;2;3),B(2;-4:3),C4;5:6).
b) Di qua diém M (1 ; 3 ; —2) va vudng géc véi truc Oy.
¢) Di qua diém M (1 ; 3 ; —=2) va vuong gbéc véi dudong thing BC véi
B=(0;2;-3),C=(1;-4;1).
d) Di qua diém M (1 ; 3 ; —2) va song song v6i mat phng
‘ 2x—y+3z+4=0.
e) bi qua hai difm A3 ; 1; — 1), B(2; -1 ; 4) va vudng géc véi mat phang
2x—y+3z+4=0.
g) Di qua diém M (2 ; —1 ; 2), song song véi truc Oy va Vu.(Amg gbc v6i mit
phing 2x -y + 3z + 4 =0.
h) Di qua diém M (-2 ; 3 ; 1) va vuong géc v6i hai mat phang
(@):2x+y+2z2+5=0va (&):3x+2y+2z-3=0.

a) Bon diém A(-1;2;3),B2;-4:;3),C4:;5:;6),D3:;2:1)co thudc
cing mot mat phing khong ?

b) Tim a dé bon diém A(1;2;1),B2;a;0),C4;-2;5),D6;6;6)
thu¢c cling mot mat phang.

c¢) Cho ba diém A(1 ;1 ; 1), B(3; -1; 1), C(~1;0; 2). Piém C c6 thuoc
mit phang trung tryc ctia doan thing AB khong ?

Cho hai diém A(0 ; 0 ; —3), B(2; 0 ; —1) v mat phing
(P):3x—-8y+7z-1=0.

a) Tim toa d¢ giao diém I clia duong thing AB véi mat phang (P).

b) Tim toa do diém C ndm trén mp(P) sao cho ABC 13 tam giac déu.

Viét phuong trinh mat phéing di qua diém M (1 ; 2 ; 4), cit cdc truc toa do
Ox, Oy, Oz lan luot tai céc diém A, B, C sao cho OA = OB = OC # 0.



40.

41.

42.

43.

44.

Viét phuong trinh mat phang di qua diém M (1 ; 1 ; 1), cét céc tia Ox, Oy,
Oz tai A, B, C sao cho thé tich cta tit dién OABC cé gi4 tri nhd nhit.
Xét vi tri tuong d6i clia mdi cap mat phang cho bdi céc phuong trinh sau :
Ay x—y+2z-4=0 vdi 10x—10y+20z-40=0;
b)3x—2y-3z4+45=0va 9x-6y-92-5=0;
x+y+z—-1=0 va 2x+2y-2z+3=0;
d)x-2y+z+3=0 va 2x-y+4z-2=0;
e)x+2y—-z+5=0 va 2x+3y-7z-4=0.
a) Tim « dé hai mat phing
X — %y—z +5 =Ovéxsina+ycosa+zsin3a+‘2 =0
vudng géc v6i nhau.
b) Tim a dé vecto i (sina ; 0 ; sina cos2a) cé gid song song hodc nim
trén mat phang (P) : x +y + 2z + 6 = 0.
¢) Cho hai mat phang c6 phuong trinh :
2x—my+3z2-6+m=0va (m+3)x—2y+Sm+1)z—10=0.
Vi gié tri ndo cha m thi hai mat phang dé :
— Song song véi nhau ; o
— Trung nhau ;
— Cét nhau ; .
— Vuong géc v§i nhau ?
Viét phuong trinh mat phing trong méi trudng hop sau : |
a) bi qua. diém M (2 ; 1 ; —1) va qua giao tuyén clia hai mat phing
x=y+z—-4=0 va 3x—y+z'— 1=0.
b) Qua giao tuyén cia hai mat phang y + 2z - 4=0vax+y—-z+3 =0,
dong thdi song song v6i mat phang x + y +z -2 =0. |
¢) Qua giao tuyén cha hai mit phdng 3x —y+z-2=0vax+4y—-5=0,
dong thdi vudbng géc v6i mat phang 2x — z + 7 = 0.
Xdc dinh cdc gid tri k va m dé ba mat phing sau day cung di qua mot
dudng théng :
Sx+ky+4z+m=0
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3x-Ty+z-3=0
x=9y-2z+5=0.
45. Cho ba mit phiang (P): x+y+2z—6=0
Q) mx-2y+z+m-1=0
Ry mx+(m-1)y—-z+2m=0.

Xdc dinh gié tri m dé ba mat phang d6 doi mot vudng goc v6i nhau, tim
giao diém chung clia ca ba mat phang

46. a) Cho mat cdu c6 phuong trinh x° +-y +22—6x -2y +4z+5=0vadiém
My4 ; 3 ; 0). Viét phuong trinh mat phing ti€p xdc v6i mat cau tai
diém M,,. |
b) Viét phuong trinh mat cdu c¢6 tam I(-2 ; 1 ; 1) va tiép xiic v6i mat phing
(a) c6 phuong trinh x + 2y -2z + 5 = 0.
c¢) Cho b6n diém A(3 ; -2 ;-2),B(3;2:;0),C0O;2; 1) vaD(=1;1:2).
Viét phuong trinh mat cdu tam A, ti€p xiic v6i mat phang (BCD).

d) Viét phuomg trinh mat cau di quavba diém A(1 ; 0; 0), BO ; 1 ; 0),
C(0;0; 1) vacé tam / nam trén mat phdng x + y + z — 3 = 0. |

47. a) Viét phuong trinh mp(P) chita truc Oz va tao v6i mp(«) c6 phuong trinh
2x +y - /52 =0mot géc 60°. '

b) Viét phuong trinh mp(Q) di qua A3 ; 0 ; O) CO;0; 1) va tao v6i
mp(Oxy) géc 60°.

48. a) Tim trén Oy diém céch déu hai mat phing

(@) :x+y—-z+1=0 va (@):x—-y+z-5=0.
b) Cho ba diém A(a ; 0;0), B(O; b ; 0), C(O ; 0; ¢) v6i a, b, ¢ 12 nhitng s6
duong thay déi sao cho a” + b + ¢* = 3.
Xéc dinh a, b, ¢ dé khoang cach tlr O t6i mp(ABC) 16n nhat.

49. Cho hinh hop chit nhat ABCD.A'B'C'D' ¢c6 A0 ; 0 ; 0), B(a ; 0 ; 0),
D@ ; a ; 0), A'(0, 0, b) v6i a, b 1a nhitng s6 duong va M 12 trung diém
cua CC'. '

a) Tinh thé tich tt dién BDA'M.

b) Tim ti s6 < dé mp(A'BD) vuong goc véi mp(MBD).

S
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50. Cho hai mat phang song song c6 phuong trinh
Ax+By+Cz+D=0vaAx+By+Cz+E=0.
a) Tim khodng cdch giita hai mat phéng dé6.
b) Viét phuong trinh mat phéng song song va cach déu hai mat phing dé.
51. Cho tt dién ABCD v6i A(3;5;~1),B(7;5:3),C9;-1;5),D(5;3;-3).
Viét phuong trinh mat phang céch déu bén dinh clia t dién d6. ’
52. Trong khong gian Oxyz cho hai diém M (x| ; y; ; z1), Mx(xy; ¥ ; z,) khong
nam trén mat phang (@) : Ax+ By + Cz + D = 0.
Tim diéu kién c4n va du dé
a) Dudng thang M, M, cit (a) ;
b) Doan thing MM, cit () ;
¢) Dudng thing MM, cit () tai I sao cho M, nim giita / va M, ;
d) Pudng thing MM, cit () tai I sao cho M, nim giita  va M.
53. Cho hinh chép tit gidc déu S ABCD ¢6 canh ddy bang a va chiéu cao

bang h. Goi I 1a trung diém cta canh ben SC. Tinh khoang céch tir § dén
mat phang (ABI).

54. Cho khéi 1ap phuong ABCD.A'B'C'D' canh bang 1.
a) Tinh géc tao bdi cdc dudng thing AC' va A'B.

b) Goi M, N, P lan lugt 1a trung di€ém cua cic canh A'B', BC, DD
Chiing minh AC' vuong géc v6i mat phing (MNP).

¢) Tinh thé tich t& dién AMNP.
§3. Phuong trinh dudng théng

| - CAC KIEN THUC CO BAN

1. Budng thang di qua diém M_(x, ; y, ; z,) V6i vecto chi phuong i (a; b ; ¢) ¢6 :

: X =Xx,+at
+ Phuong trinh tham s6 1 {y = y, + bt (t € R).
2=z, +ct
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(M®i gid tri ¢ cho ta cdc gid tri tuong Ung x, y, z 12 toa do cia mot diém M
thuoc dudng thing).

+ Phuong trinh chinh téc 1a : T % =
a b c

véi diéu kién abe = 0.
2. Cho hai mit phing (&) va (a') 14n luot ¢6 phuong trinh 13 :
Ax+By+Cz+D=0vaAx+By+Cz+D =0"

vGi diéukién A:B:C# A': B': C".
Diéu kién trén chitng té hai mat phing d6 cét nhau. Goi d 13 dudng thing
giao tuyén cha ching. Puong thiang d gém nhing diém M(x;y;z) vira
thudc mat phang (a) vira thuoc mit phang («') nén toa do ctia M 12 nghiém
cua hé :

Ax-FBy+Cz+D=0

{A'x +By+(Cz+D =0.

" Khidé, u = |mn'] v6i i = (A;B; C), n' = (A" B'; C') 1a mot vecto chi
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phuong clia dudng thang d.
3. Vi trf trong doi gilta dudng thang d (di qua M, va c6 vecto chi phuong i) va

dudng thang d' (di qua M, va c6 vecto chi phuong u').

+d va d' cing nim trong mot mat phiang <> [u,u'] . MOM(‘, =0.

vd=d o [mi]=|am. | =5,

[uu'] =0
+d/ld < [

u, MOMJ # 0.

—_

L' MM, =0

Lu'] =6

+ d vad' cat nhau &

+d, d' chéonhau < [uu' |. MM, # 0.



Khi giai bai tap, néu biét phuong trinh clia hai dudng thing d, d', ta cling
c6 thé xét vi tri tuong d6i giita ching bang cdch giai hé phuong trinh dé
tim giao diém.

Néu hé phuong trinh ¢6 nghiém duy nhat thi d, d' cat nhau.
Né&u hé phuong trinh ¢6 vo s6 nghiém thid=d'.

Néu hé phuong trinh vo6 nghiém thi d, d' song song hoac chéo nhau, luc do6
cdn xét thém céac vecto chi phuong clia chiing (hai dudng thiang chéo nhau
khi hai vecto dé khac phuong).

4. Goc
+ Cho hai duong thang d, d' 1an lugt c6 vecto chi phuong i (a ; b ; ¢) va
I/_t"(a' ;b';¢"). Goc g giita hai dudng thing d6 dugc tinh theo cong thitc

—»—01

|“ laa'+ bb'+ cc|
. l V& + 0 + A a?+ b2 c?

+ Cho duong thang d c6 vecto chi phuong ;t(a ; by ¢) va mp(a) co vecto
phép tuyén 7i(A ; B; C). Goi ¢ la goc giita d va (o) thi ¢ duge tinh theo

cos@ = (0 < @<90°.

cong thirc

. bin " |Aa+ Bb + Cd|
sing = o =

Wbl Jaz s B2 s i bt Cz"

5. Khodng cdch
+ Khoang cich tir diém M, t6i dudng thing A (di qua M, va c6 vecto chi
phuong i) la:

B u}[

|l

dM, A) =

+ Khoang cé4ch gifta hai dudng thang chéo nhau A (di qua M, v6i vecto chi

phuong #) va A' (di qua M, véi vecto chi phuong u') 1a :

‘[uu]MM

- Gwl
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d(A, A) =
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- 56.

57.

58.

59.
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Viét phuong trinh tham s6 ctia dudng thang d, biét :
x+3 y=5 z-1

R T
Cx+3 y-1 z+1
byd: === = 2o

Viét phuong trinh chinh tic clia dudng thang d biét :

x=2+72t x=~1+t
a)yd:y=-1+3 b)d:,‘y=2—4t
z=-4+ 3¢ z =3+ 2t

Viét phuong trinh tham s6 hoic chinh tic clia dudng thang d, biét :
a) d 1a giao tuy€n cuia hai mat phang
(@):x=3y+z=0va (@):ix+y—-z+4=0;
b) d 1a giao tuyén clia mit phang y — 2z + 3 = 0 v6i mat phang toa do (Oyz).

Cho hai diém A(2 ; 4 ; —1) va B(5 ; 0 ; 7). Viét phuong trinh tham s6 cla
dudng thang AB, tia AB va doan thang AB.

Viét phuong trinh dudng thing trong mdi trudng hgp sau day :
a) Diqua A2 ; 0; —1) va c6 vecto chi phuong U= —i+ 3}: + 5k.
b) Di qua A(-2; 1 ; 2) va song song véi truc Oz.
c)biquaA(2;3;-1)vaB(l;2;4).
: . x=1+2¢
d) Di qua A(4 ; 3 ; 1) va song song v6i dudng thing A : 4y = -3¢
z =342t

e) Di qua A(1 ; 2 ; —1) va song song v6i dudng thang giao tuyén clia hai
mzfltphflng (@) :x+y—-z+3=0va(a):2x—-y+5z-4=0.

g) Di qua A(=2; 1 ; 0) vd vuong géc v6i mit phing (@) : x + 2y — 2z + 1 =0.
h) Pi qua A2 ; -1 ; 1) v vuong géc véi hai dudng thing 14n lugt c6 vecto
chi phuong 1a (=1 ;1;-2) vd u,(1 ;-2 ;0).

9-BTHH12-NC-B



60. Viét phuong trinh hinh chi€u vuong géc ciia dudng thang

g5 "% Y=Y _Z-%

a b ¢

trén cdc mat phang toa do.
(x=1+2¢
61. a) Viét phuong trinh hinh chi€u ctia dudng thang d : {y'= -2 + 3¢
| z=3+¢
trén méi mat phang sau : mp(Oxy), mp(Oxz), mp(Oyz), mp(a) : x+y +z—7=0.
b) Viét phuong trinh hinh chi€u vuéng géc clia dudng thing
7

X:§+3t
d: |y=-2t
z = =2t

trén mit phang (@) 1 x +2y -2z -2 =0.
62. Xét vi tri twong d6i cia mbi cap dudng thang d va d' cho bdi céc phuong trinh sau :

x—1 -7 z-=-3 , x—6 +1 z+2
a)d: = :y1 =7 913 =y—2 -1
1:2)—_2_3 d,‘i:y+8:z—4
2 -2 1’ ) 3 1’
_2:l=2+ d,_x—7:_y_—%:i_
4 -6 -8’ . -6 9 12°
x-1 y—-6 z-3 ,ox=7 y—-6 z-5
Vd:—g=="%"="3 g =g =7
x =9t
e)d:y=>5¢
z=-3+1,

d'1a giao tuyén cha hai mat phing : .
(a) :2x—3y—3z—9=0 va (@) :x-2y+z+3=0.

63. Xét vi tri twong doi gilta dudng thang d vh mat phing (a) cho bdi cdc
phuong trinh sau : : :

x=12 y-9 =z-1

a)d: -3 T ():3x+5y-z-2=0;
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64.

x+1 y-3 =z

b)d: =T T3 () :3x=3y+2z-5=0;
x=9 y-1 z-3 ) B AL
c)d: T -3 — 3 (a’).x+2y 4z+1=0;
ox=T7 y-1 z-95 L 3 s _q.
d)d: 5 ST T i (@) :3x—y+2:2-5=0;

e) d la giao tuyén clia hai mat phang :
(P):3x+5y+7z416=0va (Q):2x—y+z-6 =0,

(o) :5x—z—-4=0. '

Trong khong gian toa do Oxyz cho bon dudng thang :

' x=-1 _y-2 z x=2 y-2 oz
hi—=7-=5 . & 2 T 4 T &
Xy _z-l cx—=2 _y z-1
GiyETT T dat =3 T2 -1

65.

66.
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a) Ching minh hai dudng thang d, va d, cing nidm trén mot mat phéng.
Viét phuong trinh téng quét ctia mat phing dé.

b) Chitng minh ring tén tai mot duong thang d cat ca bon duong thang da
cho. Hay viét phuong trinh chinh tac cuia dudng thang d.

a) Tim tap hop cdc diém cach déu ba diém A(1 ; 1; 1), B(-1; 2 ; 0),
C2;-3;2).

b) Tim quy tich cdc diém M cich déu hai truc toa do Ox, Oy va di€ém
A(l;1;0).

Trong khong gian toa do Oxyz cho hai dudng thing A va A, trong d6 A la
giao tuyén clia hai mat phéng :

(@) 2x+y+1=0 va (f)ix—-y+z-1=0,
A' 12 giao tuyén cla hai mat phéang :

(a)y:3x+y—-z+3=0 va (f):2x—-y+1=0.
a) Ching minh A va A’ cit nhau.

b) Viét phuong trinh chinh tic cha cdc dudng phan gidc cia ciac géc tao
bdi Ava A |



67. Tinh khodng cdch tir diém M, t6i dudng thang d trong mdi trudng hop sau

s .x+2_y—1_z+1'
ayM(2:;3;1), d: R R

b) M,(2;3; —1), d la giao tuyén clia hai mat phang
(a):x+y-2z-1=0va(a):x+3y+2z+2=0;

c)M,(1;2;1), d:

d) My(1:0;0), d: :——=§.

68. Cho duong thang d di qua diém M(0; 0; 1), ¢6 vecto chi phuong i(1; 1; 3)
va mat phang (a) c6 phuong trinh 2x +y~z+5 =0. Chitng minh d song
song voi (). Tinh khoang cach gilta d va («). -

69. Tinh khoang céch gitta céc cap duong thang sau :

x=1+¢ x=2-3f
a)yd yy=-1-1t, dy iy =-2+3¢t
z=1 , z =73
x=1 y+3 z-4 Xx+2 y—-1 z+1
R T R hiT e T
| 5 ; xX=2-t
AT y-—<s_Z7 Sy = .
z=t

d) d, 1a giao tuyén chia hai mat phing (a) :2x +3y -4 =0 va

(a):y+z-4=0,

x=1+3¢
z =-1+ 2t

+3 y-1 z-2
21 1

70. 1. Tinh géc giita dudng thing = va méi truc toa do.
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71.

2. Tinh géc giita méi cap dudng thing sau :

x=1+2¢ x=2-t
a) \y=-1+1 y=-1+3¢
z =3+ 4, =442

x—=1 y+2 z+2
3 1 4
(@):x+2y—z+1=0va(a):2x+3z-2=0.

b)d: , d' 13 giao tuyén clia hai mat phang

Tinh géc giita dudng thing A va mat phang () trong céc truong hop sau :

x=1+2t
a)A:sy=-1+3t (@) :2x—y+2z-1=0;
z=2-1,
x+2 y-1 z-3 ‘ _ A
b) A: S e () :x+y—-2z+2=0;
‘C)A:x+3:y+1=z—3’ (@) :x+2y-z+5=0;
2 1 1
d)A:x;3:y;4=Z_+13, (@):2x+y+z—1=0.

72.

73.

74.
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a) Tim toa d6 hinh chiéu (vuong géc) ctia diém M (1 ; —1 ; 2) trén mat phang
(@) : 2x—y+22+12=0.

b) Cho bon diém A(4 ; 1 ] 4),B(3:;3;1),C(;5;5),D(1;1;1). Tim toa
d6 hinh chiéu clia D trén mat phang (ABC).

¢) Cho ba diém A(1;1;2),B(=2:1;-1),C@2;-2;-1). Tim toa do hinh

chiéu clia géc O trén mat phang (ABC).

a) Tim toa do diém d6&i xing cha M, (2 ; -3 ; 1) qua mat phéng
(@) :x+3y—z+2=0.

b) Tim toa do diém d6i xing ctia diém A(0 ; 0 ; 1) qua mat phang :
6x+3y+2:-6=0.

¢) Tim toa do diém doi xting ctia diém B(2 ; 3 ; 5) qua mat phang :
2x+3y+:z-17=0.

a) Cho hai diém A(3;1;0),B(-9;4 ;9 vamp(a) : 2x—y+z+1=0.

Tim toa do diém M trén (@) sao cho |MA — MB| dat gi4 tri 16n nhét.



75.

76.

77.

78.

b) Cho hai diém A(3;1;1),B(7;3;9) vimp(a):x+y+z+3=0.Tim
diém M tren (o) dé |MA

a) Cho ba diém A(~1;3;2),B4;0; -3), C(5; -1;4). Tim toa do hinh
chi€u H cha diém A trén dudng thang BC.

b) Cho dudng thing d : x;rz:y;z:-_% va diém M (4 ; -3 ; 2). Tim

toa do hinh chi€u H clia M trén dudng thang d.

a) Tim toa do diém dé6i xiing ctia M (2 ; -1 ; 1) qua dudng thang
x=1+2¢
d:{y=-1-1¢
z = 2t.

b) Tim toa d¢ diém d6i xing cha M (-3 ; 1 ; —1) qua dudng thang d 1a giao
tuyén ctia hai mat phang (@): 4x -3y —-13=0va (@): y-2z+5=0.

¢) Tim toa do di€ém d6i xing cha M (2 ; —1 ; 1) qua dudng thing 4 1a giao
tuyén ctia hai mat phang (@): y+z -4 = Ova(a):2x-y-z+2=0.

Viét phuong trinh dudng vuong géc chung clia cde cap dudng thing sau :
x=2 y-3 z+4 X+l y-4 z-4
Vdi= == R T
xX=2+t , x=2-2t
b)d:<y=1-¢ d:3y=3
z =21, z =1
Cho hinh lap phuwong ABCD.A'B'C'D’ ¢6 canh bang 1. Goi M, N, P lan luot

1a trung diém cta cdc canh B'B, CD va A'D'.

a) Tinh khoang céach giita cdp dudong thing A'B, B'D va c:fip duong thang
PI, AC' (I 1a tam cua ddy ABCD).

b) Tinh goc giita hai dudng thang MP va C'N.
Tinh géc gitta hai mat phang (PAI) va (DCC'D").

79. Cho hinh chép S.ABCD cé ddy ABCD la hinh vuong canh a, canh bén SA

vuong goéc véi mit phang (ABCD) va SA = 2a. Goi M, N lan 1u0t la trung
di€ém cua cdc canh SA, SD.
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80.

81.

82.

83.
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a) Tinh khoang c4ch tir dinh A t6i mat phang (BCM) va khoang cach gitta
hai duong thang SB, CN.
b) Tinh césin clia géc gilta hai mat phiang (SCD) va (SBC).
c) Tinh ti s6 thé tich giita hai phan cla hinh chép S.ABCD chia béi mat
phang (BCM). ‘
a) Cho dudng thang d 13 giao tuyén clia hai mat phang

(@) :x+y+z+1=0va(a):x=y+z-1=0

va cho hai mat phang (P|) : x+2y+2z+3=0

(P)):ix+2y+22+7=0.
Viét phuong trinh mat ciu c6 tam [ thudc d va ti€p xdc v6i ca hai mat
phang (P,) va (Py).

2 . - 1 2
b) Cho duong thang d : % = yTl == ; va hai mat phang
Pp:x+y—-2z45=0
Py :2x—y+z+2=0.
Viét phuong trinh mat cau c6 tam 7 thudc d va ti€p xic véi ca hai mat

phéng (Py) va (Py).

Cho dudng théng dy di qua diém M;(0;0;1), c6 vecto chi phuong
I;{(O; 1;0) va dudng thang d, di qua diém M,(0 ; 0 —1), c6 vecto chi
phuong E (1;0;0). Tim tap hop cic diém M nim trong mdi mat phang
toa do va cich déu d,,d, .
Trong khong gian toa do Oxyz cho mat phing

() :Ax+By+Cz+D=0,ABC =0
va diém M (x, ; Y, ; Z,) khong thudc (). Cic dudng thang qua M, 1an lugt
song song véi cic truc toa do cét () tai M, M,, M;. Tinh thé tich khoi t
dién M M M,M;.
Trong khf)ng gian toa do Oxyz cho dudng thang :

x=1+2¢
d:y=-1+t¢
z=2—1



Goi d'1a giao tuyén chia hai mat phing

() :3y—-z-T7T=0va(a"):3x+3y-2z-17=0.
a) Ching minh d, d' chéo nhau va vuong géc vé6i nhau.
b) Viét phuong trinh mat phang (P) di qua d' va vuong goéc vai d. Tim toa
do giao diém H cha d va (P). :
c) Mot mat phang (Q) thay ddi, luén song song v6i mp(Oxy), cit d, d' 14n
~luot tai M, M". Tim quy tich trung diém I cia doan MM'.

84. Trong khong gian toa do Oxyz, xét dudng thang A,, 12 giao tuyén cla hai

85.

86.

87.

matphang (@ymx+y-mz—1=0va(a)y:x—my+z—-m=0.

a) Chiing minh géc giita A, va truc Oz khong doi ; khodng céch gita A, v
Oz khong déi.

b) Tim tap hop céc giao diém M clia A, va mp(Oxy) khi m thay doi.

Trong khéong gian toa do Oxyz cho dudng thing d; di qua diém
M,(=23 ; =10 ; 0), c6 vecto chi phuong (8 ; 4 ;1) va dudng thing d, di
qua diém M,(3 ;-2 ;0), c6 vecto chi phuong u, (2 ; -2 ; 1.

a) Viét phuong trinh cdc mat phang (P,), (P,) lan luot di qua d;, d, va
song song v&i nhau.

b) Tinh khoang cach giita d, va d,.

¢) Viét phuong trinh dudng thang A song song véi Oz va cit ca dy, d,.
Trong khong gian toa do Oxyz cho A(l 1 2;-1),B(-1;1;1),C(1;0;1).
a) Chitng minh OABC 1a mot tit dién vuong dinh O.

b) Chiing minh ring ngoai diém O con c6 mot diém S duy nhét sao cho
SABC 1a tit dién vuong dinh S. Tim toa d6 cua S.

c) Mat phang (Oxy) chia tam gidc ABC thanh hai phan, tinh ti s6 dién tich
hai phan dé.

d) Tinh géc gitta mp(ABC) va mp(Oxy).
Trong khong gian toa dd Oxyz cho mat cau

(S):x° +y + 22— 10x+ 2y + 262 — 113 =0
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va hai duong thang

s | 3 [x=—7+3t

'x+ __y— _Z+ - '=__

d: i d,iy 1-2¢
. z = 8.

a) Viét phuong trinh mat phang- (P) ti€p xdc véi (S) va vudng géc véi d.

b) Viét phuong trinh mat phéng (Q) tiép xiic véi (S) va song song véica d, d'.
88. Trong khong gian toa d6 Oxyz, xét mat phang

(e,) : 3mx + 5N1 - m? y +‘4mz +20=0,me [-1;1].

a) Tinh khoang céch tir géc O t6i mat phing (a,,).

b) Ching minh réng véi moi m € [-1 ; 1], (@,,) ti€p xdc véi mot mat cau
¢0 dinh.

¢) V6i gid tri ndo ctia m, hai mit phang (a,,) va (Oxz) c4t nhau ? Khi m
thay déi, chimg minh rang cac giao tuyén dé song song.

Sl 6n tap chuong Il

Bai tap tu luan

89. Dung phuong phap hinh hoc, hay giai cdc bai todn sau :
a) Ching minh

\/5x+2+\/5y+2+\/52+2S6\/§,Vx,y,22—%, X+y+z=6.

sinx + V2 - sin’x + sinxv2 — sin®x

c¢) Tim gié4 tri I16n nhét cia ham s6

b) Chitng minh <3,Vx.

f(x)=\/x+m+\/x+n+\/m+n
voix, m, n20, x+m+n=1.

d) Tim gid tri nho nhat cta biéu thic

A=\/(x+1)2+y2+4+\/x2+(y+1)2+1,Vx,y.
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90.

91.

e) Ching minh :

\/(x—1)2 +(y—1)2 +(z+1)2 +\/()c+1)2+(y—1)2+(z—1)2 22\/5,Vx,y,z.

D4u = xay ra khi nao ?

Trong khong gian toa do Oxyz cho dudng thing d va mat phing (P) c6
phuong trinh :
x-12 y-9 z-1
4 3 17
(P):3x+5y~z-2=0.
a) Tim toa d¢ giao diém A clia dudng thing d v6i mat phing (P). Tinh géc
giita d va (P). ‘

d:

b) Viét phuong trinh mat phang (P') di qua diém M (1 ; 2 ; —1) va vuong
géc véi dudng thang d. '

c) Viét phuong trinh hinh chi€u vuong géc d' cta d trén mat phang (P).

d) Cho di€ém B(1 ; 0 ; ~1), hay tim toa d6 diém B' sao cho (P) 12 mat phing
trung truc cta doan thang BB'. :

e) Viét phuong trinh dudng thing A nidm trong mat phing (P), vuong géc
va cét duong thing d.

Trong khong gian Oxyz cho héi mait phang
(@) :2x—y+3z+1=0,
(&) x—y+z+5=0
vadiém M(1:0;5).
a) Chitng minh (@) va (') cit nhau..Tinh géc gitta (@) va ().
b) Viét phuong trinh tham s6 cua giao.tuyén A ctia () va ().

c) Goi H la hinh chiéu ciia M trén mp(«), K 1a hinh chi€u cia M trén
mp(c'). Tinh d¢ dai doan HK. '

d) Tinh khoang cdch tit diém M dén dudng thing A.
e) Viét phuong trinh dudng thang di qua M, vudng géc véi A va cit A.

g) Viét phuong trinh mit phang di qua giao tuyén cia (a), (&) va vuong
géc v6i mit phang (P) :3x—y+1=0.
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92.

Trong khong gian toa d6 Oxyz cho dudng thang :

x=3+t
A:gy=-1+2¢
z =4,

Goi A' 12 giao tuyén cta hai mit phang

(@) :x=3y+z=0va (¢):x+y—-z+4=0
vadiém M (1;1;2).
a) Xét vi trf twong d6i cuia hai dudng thang A va A'. |
b) Viét phuong trinh mét phing chita A' va song song véi A.
¢) Viét phuong trinh mat phing qua M, va vuéng géc v6i A.
d) Viét phuong trinh dudng thang qua M, cit cd A va A'.
e) Tinh khoang céch giita A va A'.

g) Viét phuong trinh dudng vudéng géc chung clia A va A’

93. Trong khong gian toa d6 Oxyz cho bon diém A(=2 ; 1 ; 2), B0 ; 4 ; 1),

9.
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x+5 y+11 z-9
3 5 -4

a) Ching minh A, B, C, D 11 bon dinh ctia mot t& dién.

b) Tinh thé tich khéi ot dién ABCD.

c) Viét phﬁdng trinh mat cau (S) ngoai tiép ti dién ABCD.

C(5;1;-5),D(-2; 8;-5) va dudng thang d :

d) Tim toa d6 cdc giao di€ém M, N cua dudng thing d v6i mat cdu ().

e) Viét phuong trinh cdc mat phéng ti€p xiic v6i mat cdu (S) tai M, N. Tinh
géc tao boi hai mat phang dé. ,
Cho hinh 1ap phuong ABCD.A'B'C'D' canh bing a. Xét hai diém M trén

AD' va N trén DB sao cho AM = DN = k (0 <k <a\/_ 2). Goi P 1a trung
diém cha B'C'.

a) Tinh cosin clia goc giita hai dudng thang AP va BC'.

b) Tinh thé tich khéi ti dién APBC'.

¢) Chitng minh MN lu6n song song véi mit phang (A'D'CB) khi k thay d6i.
d) Tim k dé doan thdng MN ngén nhat. '



9s.

e) Khi doan MN ngan nhat, ching minh rang MN 1a dudng vuong géc
chung cua AD' va DB, dong thoi MN song song véi A'C.

Trong khong gian véi hé toa do Oxyz cho sau diém A2 ; 0 ; 0) ;
A(6;0;0);B(0;3;0);B0;4;0);C0;0;3)vaC'(0;0;4).

a) Viét phuong trinh mp(ABC) va mp(A'B'C"). Tinh cosin clia géc gifta hai
mat phéang dé. '

b) Viét phuong trinh giao tuyén A cta hai mat phiang (ABC) va (A'B'CY).
Tinh khoang cédch tir géc O t6i dudng thing A.

¢) Goi G la trong tam cia tam gidc ABC, H' 1a tryc tam cla tam gidc
A'B'C'. Chiing minh ba diém O, G, H' thing hang. Xac dinh toa d¢ diém H'.

d) Goi O' 1a diém d6i xting cta O qua mat phing (ABC). Piém O’ ¢6 thuoc
mp(A'B'C") khong ?

e) Viét phuong trinh mat cdu (S) di qua bén diém A, A', B, C. Chiing minh
ring mat cdu dé6 ciing di qua B' va C'.

g) Viét phuong trinh mat phing ti€p xdc v6i mat cau (S) va song song v6i
mat phing toa do (Oxy).

Bai tap trédc nghiém

1.

Cho A(2; -1;6), B(-3; -1 , —4), C(5;-1;0),D(1;2;1). Thé tich cla
tir dién ABCD bang ’

(A) 30; (B) 40 ; (C)50; (D) 60.

ChoA(2;1;-1),B(3;0;1),C2;-1;3), diém D thuoc Oy va thé tich

cta t dien ABCD bang 5. Toa d6 cta dinh D 1a

0;-7;0) 1(0;-8;0)
(D) .

0; 8:;0); 05750,

Cho A(0;052),B3;0;5),C(1;1;0),D4;1 ;‘ 2). bo dai dudng cao

cia tit dién ABCD ha tir dinh D xu6ng mp(ABC) 1a

(A)(0;-7;0); (B)(0;8;0); (C)[

(A) V11 ; (B) -J{l; ©1; (D) 11.

ChoA(0;2;-2),B(-3;1;-1),C4;3;0) vaD(1;2; m). T“lm m dé€ bén
diém A, B, C, D d6ng phang.
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Mot hoc sinh giai nhu sau :

Buécl: AB =(<3:-1:1); AC =(4;1;2); AD=(1;0;m+2).
~3
Buoc 2 : | AB, AC | U H H ‘]_(3 10 1)

[AB.AC|.AD =3+m+2=m+5.

Bua’é3 - A, B, C,D déng phing < | AB, AC|.AD =0 <> m+5=0.

Dap s6 : m =-5.
Bai gidi trén ding hay sai ? N€u sai thi sai ¢ budc nao ?
(A) bung ; (B) Sai 6 budc 1; (C) Sai 6 budc 2 ; (D) Sai ¢ buée 3.
5. Cho hai diém M(-2 ;3 ; 1), N(5; 6 ; -2). Duong thang MN cit mp(Oxz)
tai diém A. Diém A chia doan MN theo ti s6
1
(A)2; (B)-2; © —5 ; D) 5

6. ChoA(2;0:0),B(0;2;0),C(0;0;2),D(2;2;2). Mat cdu ngoai tiép ti
dién ABCD c6 bén kinh la
3 2

(A)3; (B) V3 ; © = (D) 5

7. Cho hinh lap phuong ABCD.A'B'C'D’, goi M, N lan luot 12 trung diém canh
- AD va BB'. Césin ctia goc giilta hai duong thang MN va AC' 1a

(A) @ ; (B) —? . ©x: (D) —{—3

8. Cho vecto i#(1;1;—2) vav¥(1;0;m). Tim m dé gbc giita hai vecto i, V c6 s
do bing 45°.
Mot hoc sinh giai nhu sau :

1—2m

Buéc 1 : cos(ii,V) =
Jolm? <1

. 1-2
Budc 2 : Goc giita i, ¥ bing 45° suy ra ————==—
: J6m? +1 V2

o 1-2m=Y3ym? + 1. *)
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10.

11.

12.

13.

14.

Bude 3 : Phuong trinh (*) < (1 = 2m)> = 3(m + 1)
m=2 —\/g
m=2+ \/6_

<:>m2—4m-—2=0:>

Bai gidi ding hay sai ? Néu sai thi sai & bude nao ? ‘
(A) Ding ; (B) Sai &bude 1; (C) Sai busc2; (D) Sai & bude 3.

Cho A(1;1; 3),'B(—1 ;35 2), C(-1;2; 3). Khoang céch tir goc toa do O
t6i mp(ABC) bang

W B3 oL D) 3.

Trong khong gian Oxyz cho diém G(1 ; 1 ; 1), mat phang qua G va vudng
goc v6i dudng thang OG cé phuong trinh 1a

A)x+y+z-3=0; B)x+y+z=0;
OCOyx-y+z=0; D)yx+y-z-3=0.

Cho hai mat phing (@) : 3x =2y +2z+7=0va (f) : Sx -4y + 3z + 1 = 0.

Phuong trinh mat phéng qua géc toa do O, dong thoi vudng géc véi ca (@)

va (B Ia

(A)2x+y-2:+1=0: | (B)2x+y-2:=0:

O 2x-y-22=0; . D)2x-y+2z=0.

Phuong trinh mp(P) chia truc Oy va diém M (1 ;-1; 1) 1a
A)x+z=0; B)x-y=0; Ox-z=0; D)x+y=0.

Cho mat clu (S) : x> +y* + 22— 2x ~ 4y — 62 -2 =0
va mit phing (@) : 4x + 3y — 12z + 10 = 0,

Miit phéng ti€p xic véi (S) va song song v6i (&) c6 phuong trinh 1a

(A)4x+3y-122+78=0: (B)4x+3y-122-26=0;
0 4x+3y—-12z-78=0 D) 4x +3y-12z+78=0
4x+3y-12z+26 =0; 4x +3y—-12z-26 = 0.

Cho hai mat phang ‘
(a):mzx—y+(m2—2)z+2=0vé([)’):2x+m2y—‘22+ 1=0.

() vuodng goc véi (B) khi

A lm=2;  ®B)lmi=1; ©lml=v2; (D)Iml=+3.
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15.

16.

17.
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Trong khong gian Oxyz cho hinh 1ap phuong ABCD.A'B’C 'D' v6i A0 ; 05 0),
B(1;0:0),D0;1;0),A0;0;1).GoiMvaN lan lugt 12 trung diém
clia cdc canh AB va CD. Tinh khoang céch gilta hai dudng thang A'C
va MN.

Mot hoc sinh giai nhu sau :

Buéc 1 - Xacdinh A'C =(1;1;-1); MN =(0;1;0).

Suy ra [:4_"(—,” I\—/I—ﬁ] =(1;0;1).

Buoc 2 : Mat phang (@) chita A'C va song song v6i MN 1a mat phing qua
A'(0;0; 1) vacovectophaptuyén i (1;0; )= () :x+z-1=0.

1
—2—+0—1

1
JZeo? 112 22
Bai giai ding hay sai ? Néu sai thi sai 6 budc nao ?
(A)bing; (B)Saigbuscl; (C)Saidbudc2; (D) Said budc 3.

Butc 3 : d(A'C, MN) = d(M, (@)=

x=1-t¢
-2 y+2 z-3

2 -1 1

Cho hai dudng thang d, : al sdy: {y =1+ 2tvadiém

z=~1+1
A(1 ;2 ; 3). Puong thing A di qua A, vuong goc vdi d, va.cit d, c6 phuong
trinh 1a :

x-1 y-2 z-3 x-1 y-2 z-3

1 - —3 - _5 » (B) - - ’
x-1 y-2 z-3 x-1 y-2 z-3

1 3 T 5 > S I 5

ChoA (0;0;1),B(-1;-2;0),C(2;1;-1). buong thang A di qua trong
tam G cua tam gidc ABC va vuong goc véi mp(ABC) c¢6 phuong trinh la

(A)

©

x=%—5t x:%+5t

A |y =24 B) |y = -2 -4t
3 3
z =3t z = 3t



18

19.

20.

21.

22,

x=%+51 x=%—5t
© y=—l+4t (D) y:—l—4t
3 3
z =3t z =3t
. . x-3 y-3 =z : . s
.Choduongthangd:-——l———:T=§,mp(a):x+y—z+3=0vadlem

A(l ; 2 ; =1). Duong thang A qua A cat d va song song v6i mp(a ) c6
phuong trinh la

x—-1 y-2 z+1 x-1 y-2 z+1
A ——="F—=—7": B) =" =7

x-=1 y-2 z+1 | x—-1 y-2 z+1
O =3 =" O =="5"=7

Cho mat phang (P) : 3x + 4y + 5z + 8 = 0 va dudng thing d 1a giao tuyén
clia hai mat phang (@) : x -2y + 1 =0va (f) : x -2z -3 =0. Goi ¢la géc
gitta dudng thang d va mp(P). Khi dé

(A) p=30°; B) p=45°; (C) p=60°; (D) ¢ =90°.

Cho A(5;1;3),B-5;1;-1),C(1;-3;0),D3;-6;2). Toa do cua
diém A' d6i xing véi A qua mp(BCD) 1a

A)(-1:7:5: B®A:7:5; ©1:;-7:5; D U;-T;-5).
ChoAB;0:;0),B0;-6;0),C0O;0;6)vamp(e)x+y+z-4=0.

- Toa do hinh chi€u vudng gbéc cua trong tam tam giac ABC trén mp(«) 1a

(A2 -153)5 B)E25153)5 (OGE2:-153); D)Q2:-15-3).

Cho dudng thang d : xo1_y#l_z-2

. Hinh chi€u vuong gbc cua d

trén mat phéang toa do (Ozxy) la 1 1
x=0 x=1+2¢
(A) yy=-1-1¢ (B){y=—1+t
z=0 z=0 .
x=-14+2t x=-1+2t
(O y=1+¢ D) yy=-1+1¢
z=0 [Z=O.
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-8 + 4t
5-2¢t vadi€ém A(3;-2; 5). Toa do hinh chiéu
t

23. Cho dudng théng d :

> IS P
1

I

cua diém A trén d 1a
A)@E;-1;3); B)-4;1;-3); (O @;-1;-3); (D)(-4;-1;3).

-2 y+1 z+43 cx=1 y-1 z+1

Va dz .

24. Cho hai dudng thing d, : =

] 2 2 1 2 2
Khoang céch giita d, va d, bang
42 4 43
(A) 42 ; (B) == ; ©) % ; (D) —~
3 3 2
x=2+t x=2-2t
25. Cho hai dudng thang d, : <y =1—1¢ vad,: {y =3
z =2t z =1

Mat phang cdch déu hai dudng thing d,, d, c6 phuong trinh 13

A)x+5y+2z+12=0; (B)x+5y—2z+12=0;
(COx-5y+2z-12=0; D) x+5y+2z-12=0.
xX=5+2t x=9-2¢
26. Cho hai dudng thingd, : {y=1-t vad,:{y=t
z=5~1 z==-2+t

Mat phéng chia ca d, va d, c6 phuong trinh 1a

(A)3x-5y+:z-25=0; B)3x+5y+z-25=0;
(C)3x-5y-2z+25=0; (D)3x+y+z—25=‘0.
27. Cho duong thang d : —x—z_—l=y_—_33=§ va mp(P) :'x—2y+22— 1=0.

Mit phing chita d va vuong géc v6i mp(P) c6 phuong trinh 12
(A)2x-2y+z-8=0; B)2x-2y+z+8=0;
O 2x+2y+z-8=0; D)2x+2y-z-8=0.
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28. Cho hai diém A(1 ; 4 ; 2), B(~1 ; 2 ; 4) va dudng thang A : i‘_‘—ll =2 Jlr 2 _ -é-
Piém M € A ma MA® + MB* nho nhit c6 toa do 1a
(A)(-1;0:;4); B)O;-1;4); (©O(1;0:4); (D) (1;0;-4).
29. Cho hai diém A(3;3;1),B0;2; 1) vamp(P): x+y+z—7=0. Dudng
thing d nam trén mp(P) sao cho moi diém cla d cach déu hai diém A, B c6
phuong trinh Ia

xX=t x =t
(A)y<y=T7-3t B)<y=7+73t¢

z =2t z =2t

X =-—t x =2t
(C)sy=7-3t D) sy=7-3¢

z =2t z =1

x=7 y-3 z-9
1 2 -1

Phuong trinh dudng vuong géc.chung ctia dy va d, 1a

x-7 y-3 z-9

30. Cho hai dudng thang d| : vad, : = =

(A) x—3=y—1_z—1 )

(B)

-1 2 -4 2 1 4
x—7_y—3_-z—9" x-7 y-3 z-9

O === =7 D) ===
I x =1
31.Chohaidu6ngth§1ngd1:x_3=y—6=Z_ vady:qy=—t

-2 2 1
z=2.

Duodng thing di qua diém A0 ; 1 ; 1), vudng goéc v6i d; va cit d, cb
phuong trinh 1a

y—l_z—l.

X _ x o _y-1 :
(&) 7="7 T (B) ~ = ;

x=1_y _z-1, y-1_ z-1

-1 -3 4 -3 4

32. Cho léng'tru tam gidc déu ABC.A'B'C' canh day bang a va AB' L BC'. Tinh
thé tich khéi lang tru.

(©)

(D) = =
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Mot hoc sinh giai nhu sau :
Bugc 1 : Chon hé tryc toa do nhu hinh 95. Khi d6

A=(g-;0';oj;3=[0;—“*/§-

2 k)
a ‘ O
C_(—E’O’O]’C_(Z’O’hj

OJ;B'z[O;#;hJ;

(h 1a chiéu cao ciia lang tru), suy ra c z B
E:[—%;#;h}, ‘\\
AT s
v a a\/§ . \\
-4t o
’ ] 1] 0 1
Buoc 2 : AB' 1L BC S
o 2 342 \x
= AB'BC' =0= = -+ p* =0
4 4 Hinh 95
aN?2
= h= 5
2 7 3
, a3 a\/2‘ a \/g
BUGe 3+ Vigny oy = Bh = o= ==

Bai giai ding hay sai ? Néu sai thi sai & budc nao ?

(A) diing ; (B) Sai & buéc 1 ; (C) Sai & bude 2 ; (D) Sai & bude 3.

B - LOI GIAI - HUGNG DAN - BAP SO

§1. Hé toa dé trong khong gian

1.
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a) X =(1-2;2-2;3+1)=(-1;0;4).
b) X =(-1+8;0+0;4-8)=(7;0;-4.

) ¥ =(2+8-4;4+8-0;6-4+4)=(6;12;6).

d)X=05-6-2;10-6+0;15+3+2)=(-3

;45 20).



e)22=32+;:}=%;+%$.
r(Zeriae0 2o2)o(1iasd
TR ) “\2°732)

3% = 2m-v+w=(-2-2+4;-4-2+0;-6+1-4)
=23¥X=0;-6;-9= X% =(0;—2;—?\)).

dvab cung phuong véi i .

Taco il =(-3;4:2),d=(-6;8:4),b=(0;4:2),c=(1;-4;2).

Chi ¢6 vecto @ cung phuong véi vecto i .

a) Goi toa do diém cuéila (x;y ; z). Tacd

(x=0;y-6;z-2)=(3,-5,6)

x—0=3 x=3
= y—6=-5=3y=1
z—2=6 z=28.
Pdp s6:(3;1;8).

b) (150 3).

a) CA=(1:3:0), CB=(0;1:1).

1= k0
Cdch I : A, B, C thing hang <> 3k dé CA = k.CB < 3k dé {3 = k.1
0=kl

biéu nay khong xay ra.
Vay A, B, C khong thang hang.

3

Cach2: |CA,CB] = [1 0

1

1
0

0.
1,

3 =(3:;-1:1)%0
90 1 - ) )

= A, B, C khong thing hang.

b) CA=(10;-4;0), CB=(5;-2;0)= CA = 2CB = A, B, C thing hang.
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Cich khdc : [ CA,CB ]

= A, B, C thang hang.
¢) Khong thing hang.

d) CA=(-2:0:0), CB = (=3:0: 1) = A, B, C khong thing hang.

e) Khong thing hang.
a) A, B, C thing hang < AC = kAB

x—-2=k x=5
S3y-5=2k o qy=11
3=k k = 3.

Vay v6i x = 5,y = 11 thi A,B,C thang hang.

b) Viz, =6,z5=-2=1z,.25<0= A, B 6hai phia cia mp(Oxy).
Vay MA + MB nho nhat khi A, B, M thang hang hay

mﬁ cung phuong < [m,;\—é = 0.
Taco AB = (4312 -8).

Gia st M(x;y; 0) e mp(O)éy) thi AM = (x+1;y—6;-6).

— - —6 x+1 x+1 y-6
[ aM.AB] =
4 -12
=(-8y—24;8x—16;—12x—4y+12).
, -8y -24=0
—_— - x=2
Taco: |[AM,AB] =0 < {8x—16 =0 :{ \
Jy =3

—-12x-4y+12=0
Vay MA + MB ngan nhat khi M = (2; -3 ; 0).
Ta'cé AB = DC = (0; 4 ; 0), vay ABCD 1a hinh binh hanh.
Lai ¢c6 ZEE =0 = BAD =90°. Vay ABCD 1a hinh chif nhat.

Vi AC = (3 ;4 ; 0) nén do dai dudng chéo cta hinh chit nhat la

~lacl=BD=5.

-4 0 |0 10 10 -4
; ; =0:0;00=0
-2 00 5] |5 2

—



Tam O cla hinh chit nhat 13 trung diém cta dudng chéo AC nén

5
o-(30141).

cos(AC,BD) = \/9_‘\1/9_ il
B c
(h.96) a) Pat O =AC~BD,0'=A'C' "BD'. f o
PP I < D B < P L« | .
Taco.O—( Ty Ty j, A : : D
! 1
. } \
0,=(x2+x4 Yo + Y4 22+z4]. i i
2 2 2 ILBi_____: ______ :: Cv
., LN by
Thx AA'=00', CC'=00’, /) :,\L;\’
BB'=00', DD' = 00' N/
suy ra: Hinh 96

2 ’ 2 ’

C,:(X2+X4”XI+X3.y2+y4 y1+}/3 22+Z4_Zl+23
2 -9 2 b

B

1 ] |l '
2 ’ 2 ’

D=[x1+x3—xé+x"t.yl+y3 Yo+ s zl+43—22+z4]
2 ’ 7 ’

b) Tacé AC = AB+ AD.DatC=(x;y;z),tacd

x=-1=2-D+1-1 x=2
y-0=(0-0+(-1-0) = y=0=C=(2;0;2).
z-1=Q-1DH+1-1) z=2

Mit khdc AA'=CC' = A'=(3;5; -6)
BB =CC' =B =(4:6;-5)
DD ' =CC' =D'=(3;4;-6).
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10.

11.

12.
13.
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a) [4,v] = S R =(7:10;9)
e 2 Al ) T
b)u =3;2;-1,vV=(-1;-3;1
=[] 2 - 1 3] B2 1:-2:-7)
wvi= ; ; =(=1:-2;-7.
=3 1 -1 =3
1 =2 -2 o o 1
c s_. = ’ s =_4;_6;—3-
did=4;0;1),¥y=2;-1;0)
L. (lo 1 P 4 |4 o
= [i,7] = ; ; =(1;2;-4).
-1 0’0 2|2 -1
a) [#,v] = M P R I =(-11;-8; 12)
’ L =373 474 1 o

(=11).1 + (=8)(-2) + 12.2 = 29.
80.
1

)
=1
|24
ST
1

TagoiA(1;1;1),B(2;3;4);C(7;7;5);D(6;5;2).
Khi d6 AB = DC = (1;2; 3). Vay ABCD la hinh binh hanh.
Suy ra SABCD = H:A_B',E_‘

TacéTB=(1;2;3),X5=(5;4;1)

(23 B |
— [AB,AD | =
4 1701 55

.

b b

2 =10 14; -6)
4 - » ’

' = Supen = V(=100 + 142 + (=6)? = /332 = 2433,
Vigp = 75.

a) Diém cdn tim c6 toa d6 (0 ; y ; 0).

e 1
Tu gia thiét tinh duoc y = gl

Ddp 56 (0;%;0).



b) Diém M can tim thuéc mp(Oxz)nén M = (x ; 0 ; 2).
Tir gia thiét, ta c6 hé phuong trinh

=D +O0-1D*+-1D2=(x+D>+(0-1)%+ 22
=D +O0-1D>+E-D>=x-32+0-1%+z+ D%

S5 T ya (5.4, 7
G1a1h¢,taduqox—6,z— 6-VayM—(6 ;0 6]'

14. Dudng thang AB cat mp(Oyz) taiM =M =(0; y; z)

= MA =Q2;-1-y,7-2), MB =@4;5-y,;-2-2).
1

2= k4 k=2

Tt MA = kMB, tacéhe {—1—y = k(S—y) = |y = -7

T—z=k(-2-2) z = 16.

15. a) Khong dong phang.
b) Déng phang.
¢) Pong phéng.

d) Khong dong phang.

-1 1'.1 2

-1 m

b

3 -1

16. a) [ii,V] :(

=(-2;m+2;m+6).

[i£,7]W =2+2m+4+m+6=3m+8.

w]| oo

i, Vv, w dong phing & [i,V]#W =0=3m+8=0m=-
b)m=#1lvam=#9,

c) Goi vecto phai tim la w (x; y ; z).

w| =x2+y2+22=1

V2 x+y+2z 2

- oy o_ V<& ATYT ez Ne
cos(ii,w) = cos45° = > = N 5

Theo gia thiét

LS x+y+2z= 43
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Mat khdc i, v, w dong phang nén w = kii +1V
x=k-1
=sy=k+31 =>5x+3y-4z=0.
z=2k+1

Vay ta c¢6 hé phuong trinh :

Pyt +t =1 33
x=52——2—
x+y+22=\/§ =

Sx+3y-4z=0 y=¥_7z
— 15022 - 1003z + 49 =0

_losV2)y3 (V23 (5725

co MENZIN3 O SFTV2ING
30 = 6 Y= 30

Két ludn : C6 hai vecto thod man yéu cau cua bai todn :

((1+\/§)\/§ ) (5—7\/5)\/5 _ (10+x/§)\/§j
6 ’ 30 ’ 30 ’
((l—ﬁ)«@ (54723 (10—@)«/5)
6 " - 30 ’ 30 )

17. a) [i,7] = UZ ?‘ ; ’? 3' ; E ZU =(7;-3;-5)

= [@,7].W =21 +6-20=7=0.
Vay i, v, w khong déng phéang. |

b) @ = mii + nv + kw

3m+2n+3k=-4 m=-5
S<Tm+3n-2k=-12 & <sn=7
n+4k =73 k=-1.

Vay d = =5 + 7V —w.
18. Trén Ox, Oy, Oz l4n luot 14y ba diém A, B, C sao cho :
OA=0B=0C=1. ’

154



Khi d6 vecto u = OB + OC la vecto chi phuong cua tia phan gidc trong
cua goéc yOz. Tu gia thi€t ta suy ra :

OAii =0
e 0A.(0B +0C) =0
& OA.OB + OAOC =0
& OA.OB.cos X0y + OA.OC.cos x0z =0
= 008;0\57 +cosx0z =0

= X0y + xOz = 180°.

19. ) albo ab=0c2+m-3=0om=1.
b)a Lb < 3+logsS. logs3+4m=0<4+4m=0=>m=-1.

T kn . _ 2%
C)t__ﬂJrT hoac t = 3 +In,k, | e Z.

d) b = (442:~2;8) hoac b = (—442 ;2 ; —8).
e) Vi b cling phuong véi @ nén b = (2k ; —k ; 0).
Tacod ab=10=4k+k=10 = k=2.
Vay vecto phai timla b = (4; -2; 0).
20. a) Gia st ¥ (x; y ; z) 1a vecto don vi phai tim. T gia thiét ta c6 hé :
il =1 2 2

X +y2+z =1

-

ui =0 &4x=0

ud=0 3x+6y+8:=0

4 3 4 3
<:>x-0,y——§,z—§hoacx—O,y—g,z———S—-
. “,4.3(.4.3j
Cohalvectouvdltoadola(o, 5’5)’\0’5’ 5)
b) Gia st b (x; y ; z) 1a vecto phai tim. Tir gia thiét ta c6 he

b = ka x=k

- y = -2k

= /14

|_é'__ \/_Q z =3k

b.j>0 2

X +y2+22:l4,y>0.
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Viy=-2k>0nénk<0.

2 2 2 _
Ta 6 k* +4k° + 9k —14:](:_1.
k<0
Vay b =(~1;2;-3).
C)ﬁ_(z V2 2442 jh - (2+\/§.2—\/5_1]
h 2 2 IR A
d) Gia st ¥ = (x; y ; z) la vecto phai tim. T gia thi€t ctua bai todn,
taco hé: :
ud=0 xX+y+z=0
ub =0 xX—-y+3z=0
=
lidl = 3 2 +yr+22=9
;%<0 z < 0.

Tir hai phuong trinh diu cha hé rit ra x = -2z, y = z, th€ vao phuong trinh
tht ba clia he, ta c6 : 6z°= 9.

Viz<0nénz=~\/§,suy,rax=2\/§,y=—\/—§—.
Vecto u phai tim 1 ( \/7 \/7 \/7 ]

21. a)ﬁ=(—l;1;l), AC =(0;-1;2), AD=(0;O;1).

Ta c6 : [E,ZE AD =1+#0 = AB,AC,AD khong déng phing. Do d6
bon diém A, B, C, D khong dong phang va

Vascp = %\[E,R]E1 =—

b) Goi G la trong tam ctia tam gidc ABC thiG = (%— 1 1].

Goi G' 12 trong tam cdia td dién ABCD thi G' = G- 1 1).

¢) Sapc = %‘[;\ER]‘ = %\/ll :

1 1P

+ +
2 0

2
—12|
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T 1 2P 2 o o -1P

Sacp = %‘[AC’AD]‘ - %\/’o oo Tl ool T %
. o 1 1 o o of

e
. I S 1 TR | A

Spcp = %‘[BC,BD]IZ % oo Tl il Th o4l T g

d) Tur cong thigc tinh thé tich khdi td dien V = %Bh (B la dién tich day, & la
£1%
chiéu cao tuong ung) ta suy ra h = 5

Vay néu goi hy, hg, he, hp 1an lugt 1a chi€u cao ha tirdinh A, B, C, D thita c6:

1 1
eV gL e V76
A Seco 3 B B Sacp 1 ’
2 2
1 1
A P A
“Swp 2 270 P7 Saue 14 14
2 2

e) Vi E =(-1;1;0D, C_D' =(0;1;-1)nén ZE@ = (0, suy ra goc

giita AB va CD bing 90°.

g) Goi I(x ; y ; z) l1a tam mat cau ngoai ti€p t& dién ABCD. Khi d6, ta c6
IA? = IB? -1 +(y=-12+22=xr+( =22+ -1
IA=1C7 o {(x-1D?+O-D*+22 =(x -1 +y* +(z-2)
1A? = ID? G-D2+0-D2+22 ==+ -D*+(z -1

I

3

XZ—E

—2x+2y+2z=3 :

& 1-2y+4z=3 e P=-3
2Z:1 Z_l.
=3
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Vay tam clia mit cdu ngoai tiép ti dién ABCD 1a | (—%;~ 5,%) va bén

kinh clia mat cau d6 1a

=[G (] -2
B A 2 2) 27
Do d6, phuong trinh mat cau ngoai tiép tit dién ABCD la
(o) o] (4] -3
2 ) 2) T4
22. a)Tacé CA =(-1;-1;-1), EE:(—2-—1-0)

— -1 =1 }-1 .
CA,CB] = it (-1:2;-1)#0
-1 oo I

— CA, CB khong cing phuong hay A, B, C khong thing hang, tic
A, B, C 12 ba dinh cia mdt tam giac.

b) Chu vi tam gidc ABC bing AB + BC + CA = N2 + V5 + /3.

Susc = 2[CA.CB] = 30 + 22 + (-2 -
c)GiésuD=(x;y;z),taco:AB=(—1;0;1),DC=(2—x;1—y;1—z).
2—-x=-1

Tt gidic ABCD 13 hinh binh hinh < AB = DC < 11—y =0 =D=(3;1;0).
1-z=1
d) Goi h, 1a dudng cao cla tam gidc ABC ké tit dinh A, ta c6 :

hy - 284c _ N6 _ N30

BC Js5 5

e) CosA = ABAC o A =90° (tam gidc ABC vuong tai A).
aBl.|acl
BA.BC 2 10
cosB = —; = =

BAllBcl V10 3

CACB 3 15
cosC =— = =

icallcBl V15 5
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g) Tam gidc ABC vuodng tat A nén truc tam H truing A. Vay H=(1;0; 0).
Ta c6 thé 1am cach khdc nhu sau :

Goi H(x ; y ; z) la truc tam cua tam giac ABC, ta c¢6 hé

AHBC =0 AH.BC =0
BH.AC =0 & {BHAC =0

AB,AC,AH déng phang [-A—E,ZE]E = 0.
Tacé: AH=(x—1;y;z2), BC=(2:;1:0), BH =(x;y;z~1),
AB =(-1;0;1), AC=(1;1:1)
— [AB,AC| =(-1;2:-1),[AB,AC | AH =1-x+2y-z.
Vay ta c6 hé phuong trinh :
2x-2+y=0 2x+y =2 x=1

xX+y+z-1=0 ©<3x+y+z=1 ©5y=0=>H=(1,;0;0).
l-x+2y-2z=0 x=2y+z=1 z=0

h) Tam gidc ABC vuodng tai A nén tam / cia duong tron ngoai ti€p tam giac

1a trunbg diém ctia canh huyén BC. Do d6 [ =(1 : % : 1) -

Ta c6 thé 1am cach khac nhu sau :

Goi I(x ; y ; z) 1a tam dudng tron ngoai tiép AABC. Ta cé hé

Al = BI AI* = BI®
Al = CI o SAI* = CI?
AB,AC, Al déng phing [ER Al =0

2 2

(x.—l)2+y2+z :x2+y2+(z—1)
SIG-D*+y?+22 ==+ -1D>+(z-1)?

l-x+2y-2z=0

x=1
= yz%:]=(l;%;l).
z=1
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23. a)Taco AB =(1;-3:4), AC=(=5;5;6), BC=(-6:8;2)
— [AB,AC] = (=38 ;- 26 ; - 10).

Vay Sypc = %\/382 + 262 + 102 = /555,

b= 284pc 24555 555
AT BC T J104 26
b) Goi D 1a chan dudng phan gidc ké tit B, gia st D = (x;y ; 2).

Taco DA _BA_ N2 1
DC ~ BC  Jio4 2

Vi D nam giita A, C (phan gidc trong) nén DA = —%R hay

2
.X:—'é—‘
20-x)=x+4 .
CD=2DA & {22-y»=y-7 & |y=73
2(-1-2z)y=z-5 A
VéyD=(—%;l3l;lj :>-BD=———2‘/37‘I.

24. Giasttd =(x;;y1521), b= (X335 2, € = (X353 23)

a) [ab] = L J

= (125 = YaZ1 5 Z1Xp — ZpX1 5 XYy — X))

N =

Yo I3

Z1 X1 1% Y1

X2 Y2

b

b

22 .x2

=— (Yoz) — Y1225 Z2oX] — Z1 X2 5 XY — X1Y2)

R

= — l:l_?',; .

b) Tir cau'a) ta c6[d,a] = ~[d@,d], suy ra [d@,@] = O.

Y2 D2

N 7

) Lol X2 Y2

X1 N

b

b

9 X1
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- z X X
) k[-a,b k ;k ! , 1; R
X Y2 N
,kzl kxy) kxy ky,
, I XX N

kab

Tuong tu : k[a,b] = [a,kB].

d) [E,Z +b

|3 Z3 %3 X3 %3 ¥ J
VA Aol t qrx gt vty
_|PP3 %3 + Y3 23;23 X373 xs;x3 Y3 + X300
non P2 2EAm M |2 Xof |X n 2 N
_ |13 23 3 X313 )’3]+[)’3 31 123 %3] 1% Y3'
no o4 21 X ,x1 N Y2 2 ’ X , X N
= [c.a]+[c].
e) 2[13,2 = X Y2 %2 + ¥ 2R + 7 2 N
Y3 Z3 3 X3 X3 Y3
= x, n 4 v, 2 K Tz 1N
Y2 2 Zn X2 X2 N
= [a b|.c.

o v =lal B = GaY =l 6 = 1ol B cos?a

= |2|2|B|2 (1- cosza) = IZl |b| sina

- [a5] =vr @aaya = (a5))

25. Giasu D =(0; y; 0) thuoc truc Oy. Tacé :

11-BTHH

AB =(1;-1;2), AD=(=2;y-1;1), AC =(0;-2;4)
= [4B,AC] = (0;-4;-2)
= [AB,AC].AD = —-4(y - 1)—2= -4y +2.

12-NC-A
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Theo gid thiét V  pcp = 5 < %|~4y +2[=5

Sy +2/=30=>y=-17,y=8.
Vay c6 hai diéthrén truc Oy : (0;-7;0)va(0;8;0).
26. a)Tacé BA =(5;0;10), CA =(~3;0:6), CB = (-8: 0 ; —4).

Do CA.CB =24 — 24 = 0 nén ABC 1a tam gidc vuong tai C.

Sipc = %CA.CB = %.3\/5.4\/3 = 30.

Talai c6 p = %(AB+BC+CA)= %(5\/§+3\/§+4\/§) = 64/5.

' S 30
Mait khac S = p.r, su rar=—=—=\/§.
' P S P 6Js
0 10| [10 51.

b)Tacé[EZ,%}:UO il s >

8

3

0
=(0;60;0),
OU ( )
BD=(4:3;5)
== o= 1
= Vapcep = g[BA»BC]-BD' = €|0.4 +60.3 + 0.5 = 30.

¢) Goi I(x ; y ; z) 1a tam mat-ciu ngoai tiép t& dién ABCD.

Tir diéu kienJA? = IB?, JA® = IC?, IA® = ID?, ta c6 hée phuong trinh

( 1

X =-=
—10x-20z+15=0 123
6x—-12z+15=0 :>‘y=~?
-2x+6y-10z+35=0 s =1

1 13

Vaymatcfiucéntimcétaml(—§;~?;lj va ban kinh 12
. 2 2
R=IC=\/(5+lj +(—1+9j + (0 -1y
2 3
_ [2r om0 | 55
V4 "9 TN 36
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27.

Do d6, phuong trinh mat ciu ngoai ti€p ti dién ABCD la

N2 2
(x+%—) +(y+§) +(z—1)2=1525

36
Thiét 1ap hé truc toa d6 nhu hinh vé z
(h.97). Ta cé » A D
A(0;0;0); A'0;0;a); Cla;a;a); VAN
Ba;0;0); D'0;a:a); Ba:05a); p/ L e
C(a;a;0). i \\
a)Tacé:R=(a;a;—a), \ E \\
N _— N ~-h":::.....l\....____>
AB =(a;0;a), AD' =(0;a;a), 4 MY\ | /DY
TR 0 TR / A
= A'C.AB fO, A'C.AD' =0 B C
= A'C L AB', A'C L AD' x
Hinh 97
= A'C L mp(AB'D"). v
R . 4. v _[ _a.a
b)TalalcoN(a,O,z),M(O,2,0):>MN (a, 2,2j
T T~ 2 612 612 .
= MN.AC=a" -5 - 5-=0=MN LAC.
C)E=(a;a;a)nén '
2 612 a2
R, MN AT a ——+—=
mtm)- ST %
MN|.|AC'
3%. 3a?
1 1] 1 1
)V pemy = g|[A N.aM).Ac|.
e a - a
5AN=|a;0;-=|, AM=|0;=; —al.
Tacd (a,O, 2), M (,’2’ a)
a ) )
- 0 —_— a a 0 2 )
= [aAN,aM] = 2,77 9, 4 =("_,a2;£‘_’_j
ﬁ B _a 0 0 _2_ 4 2
2 ¢ |
IRV | Cp Bl P i
ACMN= g4 "% T2 76l 4178

163



28. a) Ta chon hé truc Oxyz sao cho g6c toa do O tring A, tia Ox chita AC, tia
Oy chita AB va tia Oz cuing huéng véi tia CS (h.98). Khi d6, ta c6 :

A0:0:0), B(0;av2;0), c(av2;0:0), $(av2 ;0;a42),

V4

Hinh 98

M(ﬁ;o{ﬁi—a—j ;N[ad’—ﬁ;f—@;o)

2 2 2

2 2

= MN = \/2(a2 “2ar+ %) + -’-2— +.52— = 32 - dat + 24°

2 2
_ \/3(,_2_0) L2 a6

3 3 3

2a

3 thoa man diéu kién 0 < 1 < 2a.

Dau = xay ra khi ¢t =

Vay MN ngén nhat bing # khi ¢ = %"

b) Khi MN ngan nhat thi :

— (a 2'a\/_2___a\/§j:>{—]\—4—ﬁ.§4=0

MN = o
33 3 MN.BC =0

= MN la dudng vudng gbéc chung cua SA va BC.
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29,

30.

31'

a) (x— 12 +y* + (z + 1)* = 16.

5

2
b) (x+%j +(y—2)2+(z—2)2:Z.‘

)2+ + 22 =30 + 2429
d)x-372++2)°%+ (-4 =41
e)(x=2+ O+ 1)+ (z-3)7%=0.
G- +o+ 1)’ +z-3"=1.
h(x-2°%+G+ 1)+ (z-3)7%=4.
a) Tam I(1 ; 3 ; 4), ban kinh R = 5.

b) Phuong trinh da cho khong 1a phuong trinh mat cdu, né bidu thi mot
diém (-5 ;-2 ;-1).

) TamI(O ¥ o),ban kinhR= 2.
1 3. 5 ) 3f
d)TamI(2 b7 —4) ban ki hR————.

e) Khong 1a phuong trinh mét cau.
a) Goi 7/ 1a tdm mat cdu. Vil € mp(Oxy) nénl = (x;y, 0). Theo gia thiét,
tacé Al = BI* = cr, suy ra

=12+ (=22 +0+47 =x-D>+(y+3)%+(0-1)>

=12+ (=27 +0+47? =(x-2%+(y-2) +(0-23)>

=-2
:>{x =1=(-2;1;0).
y=1

Ban kinh clia mat cdu la

R= Al = (-2 -1 + (1- 2)® + 4> = 2.
Vay phuong trinh mat cdu 1a :
(x+2)% + (- 1)+ %= 26.
b) Goi/lataim matcdu,/ € Oznén/=(0;0; 2).
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Theo gi4 thiét AI* = BI*, ta c6 phuong trinh |
3+ 124 z-22 =)+ (1) + @ +2)°
=8z=8=z=1

Vay I=(0;0; 1) va Al = J11.

Phuong trinh mat ciu can tim la

P4y (- D =11

¢) Phuong trinh mat cau (S) can tim ¢6 dang

x2+y2+22—2ax—2by—2cz+d=0.

Tacd AeS)=2a+2b+2c—-d=3,

Be(S)<2a+4b+2c—-d=6,
Cel®)=2a+2b+4c—-d=6,
De®) <oda+db+2c—-d=09.

2 a=s.

T désuyraa= 3

2
Vay phuong trinh mat cau (S) 1a
4y +2—3x-3y-3z+6=0.

—3-,b=%,c=

32. Trudc hét, ta xdc dinh tam va tinh ban kinh clia mat ciu di qua bon diém A,
A" B, C. GoiI(x; y ; z) 12 tAm cila mat cdu d6, ta c6 JA® = JA” = IB* = IC?

(x—a)2+yz+z2 =(x—a')2+yz+z2

= ()c—a)2+y?‘+zz=x2+(y—b)2+z2
2

(x—a)2+y2+z =xz+yz+(z—c)2

2 2

2ax+a° =-2adx+d

o {-2ax +a* = -2by + b2

—2ax+a2 = 2cz+ c?
___>x_a+a':> _b2+aa'vﬁz_'cz+aa'
AT YE T -T2

a+a b*+aa' 2+ aa')

Vay [l = ; ; - .
a4 ( 2 2b 2
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33,

Goi R 1a ban kinh mit c4u, ta c6

' N2 2 2
Rzlezz(a;a) +(aa b] +(c +aaj

N\ 2 2
MatkhéC[B'zz(%j +(b + aa' b') +(C +aa]

z(an;a) +[b aaj +[c +aaj (Vi ad' = bb')

=IB* =R

Tuong tu Ic?=1c*=R%

Vay B', C' cling thudc mat cau néi trén.

b) Goi G 1a trong tam AABC, ta c6 OG = (—;ﬁ ; —133 : %j

Dé ching minh OG 1 mp(A'B'C"), ta chi cin ching minh

OG.AB =0
OGAC =0

—_——

Vi AB =(-a';b';0), AC =(-a';0;¢)

nén bﬁﬁ: = ——C—lg— bb +0=0,
373
O0G.AC' = “;‘ +0+ T = 0 (dpcm).

a) La mat cdu (x — a)” + (- b)2 +(z-c)* =R~

b) Goi G 1a trong tam t& dién ABCD thiG = (1;2; 3).

Tac6 MA + MB + MC + MD = 4MG nén
|M+M§+W+FB|=4<:>4|W’:4<:>MG=1.
Vay tap hop cic diém M(x ; y ; z) thoa man diéu kién dé bai 12 mat cdu c6 -
phuong trinh : '
2 2 2
x-D"+0-2)"+(z-3) =1.
a® +b* + ¢?

c)Lématce‘iuxz+y2+zz—ax—by—cz+—-2——-——— =0.
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34. a)Tacba=-2m,b=2,c=m,d= m* + 4m.
Phuong trinh di cho 12 phuong trinh clia mot mét cdu khi

bt —d=omP e mP-mP—4m>0

oCm-1)+3>0Vm

Vay f)huorng trinh da cho 1a phuong trinh mat cau véi moi m. Ban kinh mat
cdu la

R={J2m-1?+32.3 :Rmin=\/§khivm=%.

b)Tacé:a=cosa, b=—-sina,c=-2,d=—(4 + sinza)

2_ d= cosza+ sin2a+4 + 4 + sinza

:>a2+b2+c
=9 +sin‘a>0 (Va).

Phuong trinh da cho 1a phuong trinh mat cau véi moi a.

Khi d6 R =9 + sin’« .

Vio<sina <1 nén3SR£'\/ﬁ.
Vay R, ;.. =3 khi a=kn, (k € Z),

min

R =+/10 khi a=g+zn(l‘ez).

§2. Phuong trinh mat ph%ng

35. a) Mt phang qua M (x, ; ¥, ; z,) va song song v6i mp(Oxy) ¢ vecto phap
tuyén la 75 (0;0; 1) nén c6 phuong trinh 1a z — z, = 0.
Phuong trinh mit phang qua M (x, ; y, ; z,) va song song v6i mp(Oxz) 1a :
Yy =Y=0
Phuong trinh m.at phéng qua M (x, ; y, ; z,) va song song v6i mp(Oyz) 1a :
x—x,=0.
b) Goi M, M,, M5 lan lugt 1a hinh chi€u cta diém M, trén cac truc Ox,
Oy, 0z.Khid6:M;=(x,;0;0),M;=(0;y,;0),M;3=(0;0; z,).
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36.

Vay phuong trinh mat phang (M, M,M>) 1a :
SR AT
xo yo ZO

c) Goi (P,) 1a mat phang chta diém M, va truc Ox. Khi d6 vecto phap
tuyén cia no la

z X,

ol.
s

_gz[m;]{;o )

Vay (P,) c6 phuong trinh la z,y - y,z = 0.

x() yO
1 O

(o)

0 1

J=(0;ZO;-yo)

Tuong ty, phuong trinh mét phing chia diém M, va truc Oy la

zoX — Xz =0,

phuong trinh mat phang chita diém M, va truc Oz 1a
Yox =Xy =0.

a) Cdch 1 : Mat phang cin tim c6 vecto phdp tuyén 1a :

i = AB,AC].
AB=3;-6;0), AC=(5;3;3)=>n= ; ;

: 3 33 515 3
=(-18;-9; 39),

Hién nhién é—ﬁ = (-6 ; =3 ; 13) ciing 12 vecto phdp tuyén clia mat phing
cdn tim. Vay mat phang cén tim di qua diém A(-1 ; 2 ; 3) v6i vecto phép
tuyén (-6 ; -3 ; 13) nén c6 phuong trinh :
—6(x + 1) = 3(y = 2) + 13(z — 3) = 0 hay —6x — 3y + 13z — 39 = 0.
Cdch 2 : Mit phang cén tim c6 phuong trinh dang
Ax+By+Cz+D =0, }

Vi ba diém A, B, C ndm trén mat phang d6 nén toa do cla ching phai thoa
man phuong trinh mét phing va ta c6 hé :

~A+2B+3C+D=0

2A-4B+3C+D =0

4A+5B+6C + D = 0.
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-3A+6B =0
= 3
2A+9B+3C =0 B =—--—C.
13
Suyra:A=2B=—%C,D=A—ZB—3C=—3C.

170

Ta c6 thé chon C = 13, khi d6 A = -6, B= -3, D = -39 va phuong trinh
mit phang cdn tim 13

—6x -3y +13z-39=0.
b) Mat phing qua M, = (1 ; 3 ; —2), vudng goc véi truc Oy nén né song
song vOi mp(Oxz). Vay phuong trinh cia né 13 y = 3 (xem bai 35a).
Ta c6 thé gidi cdch khic nhu sau :
Mat phing cdn tim c6 vecto phap tuyén 7i = ; =(0;1;0)néncd phirohg trinh :
Ox-D+10-3)+0(z+2)=0<y-3=0.
¢) Vecto phép tuyén cha mit phiang cén tim 12 n=BC = (1;-6;4), vay
phuong trinh ctia n6 1a
Ix-1)-6(y—-3)+4(z+2)=0hayx— 6y +4z+25=0.
d) Mat phéng cén tim song song v6i mat phing 2x — y + 3z + 4 = 0 nén
phuong trinh c6 dang 2x ~y + 3z 4+ D =0v6i D # 4. Vi M (1 ; 3 ; -2)
thudc mat phing d6nén 2.1 -3 +3(-2)+D=0=D =7.
Phuong trinh mat phang can tim 13 : 2x —y + 3z + 7 = 0.
Ta ciing c6 thé giai bang cach khéc nhu sau ; Vi mat phing cin tim song
song v6i mat phdng 2x~y + 3z +4 = 0 nén né c6 mot vecto phap tuyén
1a 7 =(2;-1;3). Vay phuong trinh chané [a -
20-D-10-3)+3z+2)=0=2x-y+3z+7=0.
e) Vecto phép tuyén # clia.mit phang cin tim vudng géc véi hai vecto
AB = (-1;-2;5va n = 2;-1;3 (n_" la vecto phdp tuyén cua mat
phing 2x —y + 3z + 4 =0).



37.

-2 5

Vaytaldy n = [:4?, ;'} = [_1 3

5 -1 -1 -2
; ; =(-1;13;5).
3 2112 -1

Do d6 phuong trinh cua né 1a :
-1x-3)+13(y-1)+5@z+1)=0hayx - 13y -5z+5=0.
g) Vecto phap tuyén clia mat phang 2x —y +3z+4 =013 n = (2;-1;3).

Vecto phdp tuyén n clia mat phang cdn tim 12 :

. l:-:—"} 1 ol o1l 1 (3:0:-2)
=|jn'|= ; ; =(3;0;-2).
! 1B 2
Vay phuong trinh ctia n6 1a
3x-2z-2=0.

h) Mit phang (@) va (&) cé vecto phdp tuyén lan luot 1a E =(2;1;2),
=(3;2;1).
Mat phang cdn tim vuéng géc v6i () va (') nén cé vectd phdp tuyén 1a

fi=[@n—af]:(l 2012 22 1

2 11 33 2
Vay phuong trinh mat phéng can tim 12
“3x+2)+4(y-3)+1(z-1)=0 hay 3x-4y-z+19=0.

* 2

j=(—3;4;1)-

a) Cdch 1 : Tacé AB = (3;-6;0), AC=(5;3;3), AD=(4;0;-2)

— [AB,AC |.AD = (~18).4 + (-9).0 + 39.(~2) = —150 % 0.

Vay A, B, C, D khong thuoc cling mot mat phang.

Cich2:

Ta c6 phuong trinh mp(ABC) 1a —6x — 3y + 132 -39=0.

Thay toa do cta diém D(3 ; 2 ; 1) vio phuong trinh mat phang dé, ta du'ofc
—-6.3-32+13.1-39=-50=%0.

Diéu d6 chimg t6 D ¢ mp(ABC) hay bon diém A, B, C, D khong dong phang.

78
b)a= —-
)a 5
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38.

39,

172

¢) Goi I 1a trung diém ctia doan thing ABthi/=(2;0; 1). Tacé AB =(2;-2;0).
Vay phuong trinh mat phéng trung tryc ctia doan thing AB 13
20-2)-2(0-0)=0=2x-2y—-4=0hayx-y-2=0,
Thay toa d6 clia diém C(-1 ; 0 ; 2) vao phuong trinh mat phéng dé, ta ¢6 ;
-1-0-2=-3=%0.
Vay diém C khong thugc mit phing trung tryc chia doan AB.

2) Gidsit /= (x;y;2). Khidé AB = (2;0;2), Al=(x:y:z+3).
Viﬁ—ivéﬁcﬁng phuong nén c6 mot s6 k sao cho Al =k AB hay
x =2k ‘ 0
y=0 = Y=
x—-z-3=0.
z+3=2k
Maitkhac,I € (P)nén3x -8y +7z—-1=0. Vaytacé hé :
=0 IR 11 4
x—z-3=0 - =>4y =0 :I=(?;O;—§).
3x-8y+7z-1=0
Z=—§'

b) Ta c6 AB =2+/2. Gia sit C'= (x;y; z);

CA=22 [*+y*+(@z+3)? =8
Taphdicé (CB =242 & J(x-2% +y2 + (2 +1)* = 8
|c e 3x-8y+7z-1=0

Jx2+y2+(z+3)2=8
Sx+z+1=0
3x-8y+7z-1=0.

Giai hé bing phuong phép th€, ta c6 hai nghiém va do d6 c6 hai diém C :

2 o 22 )
C(2, 29 3)7 C( 3’ 37 3-

Mit phang cdn tim di qua diém M (1 ; 2 ; 4) ¢6 phuong triph :
ax-1)+by—-2)+c(z-4)=0 (D)

hay ax + by + cz = a + 2b + 4c v6i a + 2b + 4c¢ # 0 (theo gia thiét).



40.

T d6, ta xdc dinh dugc toa d6 cdc giao diém A, B, C 1a :

A=(£¢+_22+_4c;0;0); B-_-(();a_""z_b_f_fc_;o),
a . b
= (010,082 2%)

Vi OA = OB = OC nén OA* = OB* = 0C?, do d6 ta cé :
(@+2b+4c)?  (a+2b+4c)*  (a+2b+4c)
a? b? c?
hay a?=b*=c% Co nhitng trudng hop sau xay ra :

+ Né€u q, b, ¢ cing d4u thi a = b = ¢ va phuong trinh (1) trd thanh
x+y+z-7=0.

+ Néu a, b ciing ddu va khéac ddu véi ¢ thi a = b = —c. Phuong trinh (1) trd thanh
x+y—-z+1=0.

+Néu g, ¢ cing ddu va khdc ddu véi b thia=c = b Phuong trinh (1) trd thanh
xX—y+z-3=0.

+ Néu b, ¢ cling d4u va khac déu véi a thi —a = b = ¢. Phuong trinh (1) tr& thanh
-x+y+z-5=0.

GlasuA—(a 0,0,B=(0;5;0),C=(0;0;c)véia, b,c>0va(P)la

mat phing phai tim. Phwong trinh ctia (P) 13

Xy z

ZI—+E+—C_‘ = 1.

ViM, € (P) nén —1—+l+1=1.
a b ¢

Thé tich cha t dién OABC 13 : Vpapc = —é—abc.

Theo b4t dang thic Co-si :

1 1 1 3
l=—+—-+-2 >2
a+b+c Tore < abc 7
27 9 . 2 .
:>V0ABC_—6—=5,daubangxayrakhla=b=c=3.

Vay Vyspc nho nhat bang % khi a = b = ¢ = 3, khi d6 phuong trinh mat

phing (P)1a x+y+z-3=0.
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41.

42,

43.

174

a) Hai mat phang tring nhau.
b) Hai mat phing song song.
¢), d), e) : Hai mat phang cat nhau.

a=—T2£+kn
a) a—1+mn‘ k,m,ne Z
12 P EE A
a =24 nn
LT 12
a =kn
b) k,leZ.
a=+Z+n -
3 ,
C o 1a 2 m 3 -6+m
¢) Hai mat phang song song v6i nhau < pran Rl Ml # =T (%)
2 m . )
7 +3m-4=0
Ta cé m+3 2 & s " S m=1.
m__ 3 5m> +m—-6=0
2 Sm+1
Nhung véi m =1 ta cé 75 = £ va 223 _ L e 1a dieu kien (*) khong

2 2 -10 2
thoa man. Vay khong c6 gid tri ndo ciia m dé hai mat phing song song.
Tit d6 suy ra : hai mat phing trung nhau <& m =1 ;

hai mat phéng cit nhau < m = 1.

Hai mat phang vuong géc véi nhau khi : 2(m + 3) + m2 +3(5m + 1) =0

9

1 +90=0 = ——.

< 19m+9 &S m 9

a) Goi M(x ; y ; z) 1a diém thudc giao tuyén A cua hai mat phé’ng, khi dé6
toa do cua M 1a nghiém cua hé :

xX—y+z=4
{3x -y+z =1.
Day 1a hé ba 4n ¢6 hai phuong trinh. Ta tim hai nghiém nao d6 cia hé.
3
Choz=0,tacod {x—y=4 = T2
: 3x-y=1 11
y= R



311
Vay M (__. _n ) € A.
W20 =230

3
: +z=4 r="3
Choy=0,tacé rrz = 2

3x+z=1 1_1

o 3 11
Vay Mz(_z;(); _2_) € A.
Mat phéng phéi tim chinh 12 mat phing di qua M,, M, M,.
Viét phuong trinh mét phing qua ba diém trén, ta c6 két qua :
' 15x -7y +7z - 16 = 0.
b) Cdch I : Ta thiy hé phuong trinh
y+2z-4=0
X+y—-z+43=0
X+y+z-2=0
c6 mot nghiém duy nhat (-%—, -1; %)
biéu nay c6 nghia 1a giao tuyén clia hai mat phang
y+2z2-4=0 va x+y-z+3=0
cat mat phang x + y +z — 2 = 0. |
Vay khong t6n tai mat phang thoa min yéu cdu bai todn.
Cdch 2 : Ta tim hai diém thugc giao tuyén clia hai mat phang.
Cho z =0, ta dugc M| =(-7;4;0). Choy=0, ta dugc M, =(~1;0; 2).
Goi (&) 1a mat phéng song song véi mat phing x + y + z — 2 = 0 thi (@)
co dang :
x+y+z+D=0,D=-2.
Ta xdc dinh D dé M, M, € (a). D 1a nghiém clia hé :
-7+4+D=0
{—l +2+D=0.
Hé vo nghiém. Vay khong ton tai mét phang thoa man yéu cdu bai todn.
¢) Ta tim hai diém M/, M, thuoc giao tuyén ctia hai mat phing.
Goi n' = (2; 0; —1) 1a vecto phdp tuyén clia mat phang 2x —z + 7 = 0.
Khi d6 mat phang cén tim 13 mat phing di qua M, va c6 vecto phép tuyén
i= [ MM, .
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Sau céc tinh todn, ta c6 k&t qua : Mat phang cén tim ¢6 phuong trinh :
x=22y+2z+21=0.

44, Dé ba mat phing da cho cung di qua mot dudng thang, diéu kién can va du
12 mat phang Sx + ky + 4z + m = 0 phdi chia hai diém phan biét clia dudng
thang A v6i A 1a giao tuyén cia hai mat phéng con lai.

Ta tim hai diém ndo dé cta A.

1 .
3x+z=3 r==
Choy=0,tac6{ -~ ° =1 7 :>M1(1 0: 18)&1&.
x—2z=-5 Z_§ 70T
7
| L3
x-7y=3 |* 1o
Choz =0, tacé e = 10:>M2(31 9 OJEA.
x—9y=-5 9 10° 10’
y=ﬁ

Thay toa do diém M, M, vio phuong trinh mat phing 5x + ky + 4z + m = 0,
ta dugc hé

5 72
—7—+—7—+m=0

=>k=-5 m=-11.
155 9%

10 +ﬁ+ =0
45. Vecto phap tuyén ciia ba mat phing (P), (Q), (R) l4n luot 1a :
np=(Li151), ny=(m; =25 1),ng=(m;m—1;-1).
Ba mit phing doi mot vuong géc khi va chi khi :
m-2+1=0 m=1
m+m-1-1=0 < <:im=1 S m=1.
m*—2m+2-1=0 m-1%*=0

Goi I(x ; y ; z) 12 giao diém chung cua ca ba mat phang Toa do diém I 1a
nghiém cua hé :

xX+y+z-6=0
x—=2y+z=0 =I=(;2;3).
x—-z+2=0
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46. a) D@ thdy diém M (4 ; 3 ; 0) thuoc mat cdu va diém /(3 ; 1 ; =2) 1 tam
mat cau. Do d6, mit phing ti€p xdc véi mat cdu tai diém M, 12 mat phang
di qua M, v6i vecto phap tuyén M , n6 c6 phuong trinh :
l.x-4)+2(y-3)+2(z-0)=0hayx+2y +2z-10=0.
b) Ban kinh R clia mit cdu phai tim bing khoang céch tir tam /(-2 ; 1 ; 1)
|-2+2-2+75
Jird+a

t6i mat phang (o) nén R = 1.

Vay phuong tinh mat cdu 1a (x + 2> + 3 = 1> + z - > = 1.

¢)Tacé BC =(-3;0; 1), BD=(-4;-1;2)= | BC,BD] =(1;2;3).

Vay phuong trinh mat phang (BCD) 1a :
1.x-3)+2(y-2)+3(z-0)=0hayx+2y+3z-7=0.

Goi R 1a ban kinh mat ciu phai tim, ta cé

R = d(A, (BCD)) = 13+ 2(-2) + 3(-2) - 7| _Jia.
Vi+4+49

Vay phuong trinh mat cdu 1a :
=3P+ +2)°+(@z+2)° =14
d) Phuong trinh mat ciu (S) phai tim c6 dang
x2+y2+22—2ax—2by—2cz+d=0.
Ta cé Ae®)=>1-2a+d=0;
Be(S)=>1-2b+d=0,
Ce®)=>1-2c+d=0.

Péng thoi tam I(a ; b ; ¢) ctia mit cdu thuéc mat phéng x +y +2z-3=0
néna+b+c-3=0.

1—2a+d=0
1-2b+d=0

Giai he +d a=b=c=d=1.
"11-2c+d =0

a+b+c-3=0

Vay phuong trinh mat céu la
x2+y2+22—2x—2y—22+ 1=0.
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47. a) Mit phang (P) chita Oz nén cé dang Ax +By=0= n =(A; B;0).

Tacod n = 2;1; - \/—) . Theo gia thiét ctia bai todn :
(24
_— |24 + B 1
COS(I’! N/ ) = _ = cos60° = =
os i) JA2+ B2 Ja+1+5 2

< 224 + B = V104 A% + B2
< 6A% + 16AB - 6B = 0.
Liy B =1ta c6

647+ 164 —6=0= |13
A = -3
Vay c6 hai mat phéng (P) :
lx+y=0; -3x+y=0.

3
b) Mat phang (Q) di qua A, C va tao v6i mp(Oxy) géc 60° nén (Q) cét Oy
tai di€m B(0 ; b ; 0) khdc g6c O = b#0.
Khi d6 phuong trinh ctia mat phing (Q) 1a :

2+ 42 = lhaybr+3y+3bz-3b=0
37570
=1, =(b33;3b).

Mit phing (Oxy) c6 vecto phéap tuyén 1a k (0;0; 1). Theo gia thiét, ta c6

‘cos(@,%) = cos60° < 35] = 1

| o2 +9rop? 2
' & |6bl = V106? + 9<:>b2—22c> =
Vay ¢6 hai mat phing (Q) :
x—\/%y+3z——3=0,
x+x/%y+32—_3=0.
48. ayM e Oy=<>M=(0;y,;0). Vay:

«T__

|yo +1 |_yo - 5' .

| .
,dM, =
5 M@=
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dM ; (o) =



Tacé dM, (@) = dM, (&) = |y, + 1] =y, + 5] © y,=-3.

Vay diém phai tim 12 M(0 ; =3 ; 0).
b) Phuong trinh mat phang (ABC) 1a

= d(0 ; (ABC)) = -1 :
\/1 1 1

_+_
at b ¢

Theo bat dang thitc Co-si, ta ¢ Lz + ——1—2— + —12- > 33/—2-—12—2
a- b° ¢ abc

N 2 3
vaid=aq +b2+c223 azbzcz,

Suy ra: —
42

Tir d6 suy ra : d(O ; (ABC)) <
\/_

Dé’uzxéyrakhia2=b2=c :lhaya=b=c=1.

Vay d(O ; (ABC)) 16n nhat bang 7_- khia=b=c=1.
49. (h.99) a) Tir gia thi€ttacé6 C=(a;a; 0), .
C'=(a;a;b):>M=(a;a;’2).' ‘ | '
2 A D'
—— ]§\\~
Tacé BD =(—a;a;0); B ,'i e, o
b . ,,': \\ \\\\\\ .
=\%a:5 ) BA'=(-a;0;b) AN
I’ | AN S
[ \ \\\
— [ BD,BM (“b .9 —az). ;! oM
2 2 ,’ 1 \ \\
{ 2, ! /}f‘___ S _D_§
Vay Vapaw = =|LBD.BM | BA| =42} T
6 4 Bz~ o
A Hinh 99

b) Mat phing (A'BD) c6 vecto phép tuyén
» }—’l; = [Eﬁﬂ] =(ab; ab; a2).
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50.

51.

180

Mat phang (MBD) c6 vecto phdp tuyén

w, - [BD.BM ] - (%-%._az).

272
Vi vay (MBD) L (ABD) < n.n, =0
= it +a2b2 -a =0
2 2 -
c>a2b2=a4<:>a2=b2<:>a=.b<;>%=1.

(doa>0,b>0) ,
a) Gia st A # 0, khi d6 mat phing thi nhat cit truc Ox tai diém M,

M, = (—%;O;Oj. Khoang cdch tir M, t6i mat phang thit hai chinh la

khoang céch d giita hai mat phang.

D
{—A.X+E IE - D

Ja2+ B+ c? A2+ B4t
b) Mat phing (a) song song véi hai mat phiang da cho c6 phuong trinh
Ax+By+Cz+F=0(F=D,F=#E). -
Dé (@) cach déu c4 hai mat phang di cho thi :
F-pl  IF-El
a2+ B2+ AR+ B+t
< |F-Dl=|F-El & F-D=+F-E).

Vay d =

ViD#E, néntaphdic6 F-D=-F+E=F= D—;——E—.Vayphuongtrinh

mat phéng () 1a :

D+ E - 0.

Ax+By+Cz +

Mot mit phang muén cich déu hai diém M, N thi hodc né di qua trung
diém ctia MN hoic n6 song song véi MN. Vi vay, dé mit phang (&) cdch
déu bon dinh A, B, C, D ctia hinh tt dién thi :

— Hoac mat phing (a) di qua trung diém cha ba canh cing xudt phat tir
mot dinh clia tit dién. C6 bon mit phang nhu vay. ,

— Hoac mp(«) chita hai dudong trung binh cua ti dién. C6 ba mat phéng.
nhu vay.



52.

Tém lai, ta c6 bdy mat phéng thod mén yéu cdu cia dé bai 1a
x-z-6=0;, x+y-10=0; x+2y-z-8=0; 2x+y-z-14=0;
X=y—-z-2=0; 2x+y+z-16=0; 5x+y-2z-28=0.
a) Dudng thing MM, cit (a) khi va chi khi m khong vuéng géc véi
fi(A;B; C) (7 1avecto phdp tuyén cha (), tic 1a:
MM,.7i #0 < A(xy — x)) + B(yy — y,) + Clzo — 2) % 0

- & Ax + By, +Czy + D #Ax, + By, + Cz, + D.

b) Poan thing M M, cit (@) khi va chi khi c6 mot diém / thudc (a) va
chia doan thang MM, theo mot ti s6 k < 0. Goi (x, ; ¥, ; z,) 12 toa do cla

diém I, ta c6 :

x; — kx v — ky 7 — kz
Xo= ST Yo ST T P = Tt
vaAx,+By,+Cz,+ D=0
xl"ka) ()ﬁ“ 2] (Zl—kzz) —
:>A(—~——1_k + B % +‘C T=r +D =0
& (Ax; + By, + Cz; + D) = k(Ax, + By, + Cz, + D). ™

Vi k < 0 nén diéu kién trén tuong duong véi diéu kién
(Ax; + By, + Cz; + D)(Ax, + By, + Cz, + D) < 0. 7
¢) M, ndm giita / va M, < I chia doan MM, theo ti s6.k ma 0 < k < 1.
Ta vén c6 diéu kién (*), nhung vi 0 < k < 1 nén diéu kién d6 tuong duong
v6i diéu kién :
Axy + By, +Czy + D

d) Tuong tu nhu trén, ta cé diéu kién :

Axy + By, +Czy + D

0< Ax; + By, +Cz; + D

<1.

Chui y : Tir két qua trén ta suy ra két luan sau :

Hai diém M (x, ; y; ; z;) VA Mx(x, ; ¥, ; z,) ndm cling mét phia d6i v6i mat
phéng (@) : Ax + By + Cz + D = 0 khi va chi khi
(Ax| + By; + Cz| + D)(Ax, + By, + Cz; + D) > 0.

181



53. (h.100) Ta chon hé truc toa do Oxyz sao cho goc toa d6 1a tam O cuha ddy,
tia Ox chita OA, tia Oy chita OB, tia Oz chita OS.

Khidé:A:(“‘/— -0 o)

V2 |

B=(0,T,Oj,

c=(—-"—[— 0; oj
=(0:0; h).

RO rang giao diém M cla
SO va Al chinh la trong tam
tam gidc SAC nén

M =(O;O;ﬁ).
. 3 Hinh 100
Mait phing (ABI) ciing chinh 1a mat phing (ABM). Vay mp(ABI) c6 phuong
trinh 1a :
X
— =1
ﬁ
2 3 |
Do d6, khoang cich tir S t6i mat phéng (ABI) 1 :
5 .
— -1
h
3 2 2ah
d= = =2d= ——.
1 2+ 1 2+12 \/12+_25+_95 Va4h? + 94>
a\/_2_ a\/i ﬁ a a h
2 2 3 z
54. (h.101) a) Ta chon hé truc Oxyz sao - Al D
cho gbc O 14 dinh A' clia hinh lap ‘ '.':\N
phuong, tia Ox chia A'B', tia Oy chia Bf—#—r=<(C
A'D'va tia Oz chita A'A. Khidé - . \:} P
1/ 1-
A'=(050:0),B=(1;0;0) SR
— (-1 - —(0-0- :/L.,'é/_:______ D'
D'=0;1;0,A=0;0;1) M/k”/ Y
C=(1'1'1)B=(1'0'1) B .
0;1;1),C'=(; . X
= ), ( 0 " Hinh 101
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§3.

55.

56.

AC'=(1;1;-1), AB=(1:0:1)
= AC'A'B=0=AC' L AB.

s m=lL.o- UL P P
b) Ta cs M_(z,o,o),zv_(l, 2,1),19_(0,1, 2).

W:(%; %; 1) = MN.AC' =0 = MN L AC".

MP = (—%; 1; %) = MP.AC =0 = MP 1 AC'.
Vay AC' 1 mp(MNP).

cj Taco : MZ = (—%;0;1),

N —
N

N —
| =

W,W = N M ’ = (—_'_

Jrmd
I
I
!
i
.

21 12 2l [2

1

= Vamne = E[W’W]'m4_= é’g‘ _3

6

Phuong trinh duéng thing

x=-3+2¢
a)d:3y=5-3t
z=1-4t

x=-3+2¢

b d:{y=1+1¢

z=-1+ 3t
x=2+2t
X
a)iy=-1+3 &
z=—4+3

-2 y+1 z+4
-3 73

x+1_y—2_z—3.

b) 1 ~4 2




57. a) Cdch 1. Diém M(x; y; z) € d khi toa d6 cua M 1a nghiém ctia h¢
x=3y+z=0
{x+y—z+4‘=0.
x+z=73t {x=—2+t
=

(*)

z=2+2t

baty=ttaco
xX—z=-4-t

Vay phuong trinh tham s6 cia d 1a :

x==-2+t

y=t

z=2+2t
Cdch 2. Ta tim mot diém thuoc duong thing d bang cich cho y = 0 trong
he (%).

) x+z=0 x=-2
Ta c6é hé =
x—z=-4 z=2.

Vay diém M (-2 ; 0 ; 2) thu¢c dudng thang d.
Vecto chi phuong clia dudng thang d 12

#(—31 1 1p —3U
U = ; ; =(2:2:4).
1 -1 -1 g 1
Vay phuong trinh tham s6 clia d 14 :
x=-24+2t
y =2t
z =2+4t¢
x=0
byd: {y=-3+2¢
z =1

58. Gia sit M 1a mot diém bat ki. Khi d6 :
M thuoc duong thing AB & AM = iAB,t R
M thubc tia AB < AM = tAB, t € [0,0);
M thuoc doan thing AB < AM = tAB,t e [0,1].
Tir d6 suy ra phuong trinh tham s6 ctia dudng théng AB la

x=2+73t
y=4-4¢ teR;
z=-—1+8¢ (
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phuong trinh tham s6 cta tia AB 1a

x=2+3
y=4-4¢ t € [0,00) ;
z=-1+ 8¢

phuong trinh tham s6 clia doan théng AB 1a

x=2+73t
y=4-4¢ te[O,l].‘
z=-1+8t
x=2-t ) .
' 3 x-2 _y_z+
. a)sy=3t = T =3 5
z=-1+5¢
x=-2
b) <y=1
z=2+1
x=2+t ) ] .
B x-2 y-3 _z+
c)3y=3+t < =T =5
z=-1-5¢
x=4+2t 4 3 .
= _ X~ :y— :Z.—
diy=3-3 & 5 3 >
z=1+2t

e) Vecto chi phuong clia dudng thang cdn tim 12 :

I 4 TS 6 T T R
U= ; ; =@4;-7;-3).
-1 51|15 212 -1
x=1+4t
Vay phuong trinh dudng thing 1a Sy = 2 — 7t
z=-1-3¢

g) Vecto chi phuong clia dudng thang 12 i = E; =(1;2;-2).

x=-2+t
Vay phuong trinh 1a: {y =1+ 2¢
z = =2t
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60.

61.

186

h) Vecto chi phwong ciia dudng thing cén tim 12
- [‘Zuﬂ _ ﬂl =202 -1 }-1 1
-2 0110 1|1 -2
x =2 -4t
Vay phuong trinh chané 1a: <y = —1 - 2¢

9 b

D =(-4;-2;1).

z=1+1¢

Ta c6 thé viét phuong trinh dudng thing 4 du6i dang

Jx=x,+at
y=y,+bt
Z =z, %t

Méi diém M(x;y;z)ed c6 hinh chi€u trén mp(Oxy) 13 diém
M'(x;y;0)€d' v6i d' 1a hinh chi€u clia d trén mp(Oxy). -

Vay d' c6 phuong trinh tham s6 1a

X=X, +at
y=y, +bt
z=0.

Tuong tu, ta c6 phuong trinh hinh chiéu cla d trén mp(Oxz), mp(Oyz) 1an
luot 1a :

X =x, +at x=0
y=0 ; y=y, +bt
z =1z, +ct z =2z, +ct

a) Phuong trinh hinh chi€u vuong géc ctia dudng thing d trén mat phéng
toa do (Oxy) la

x=1+2¢
ly=—2+3
lz=0.
* Phuong trinh hinh chi€u vuong géc ctia dudng thing d trén mp(Oxz) 1a
x=1+2¢
y=0
z=3+1



* Phuong trinh hinh chi€u vuéng géc clia dudng thang d trén mp(Oyz) 12

x=0
y=-2+43t

z=3+1t

* Hinh chi€u vuéng géc ctia dudng thing d trén mp(a) 12 giao tuyén cla
mat phing (@) v6i mat phiang (), trong d6 () 1a mat phing chia dudng
théng d va vuong géc véi ().

Vecto chi. phuong cua d 1a u_C; =(2; 3; 1), vecto phdp tuyén cua (o) l1a

—

n,=(1;1;1). Vay vecto phap tuyén cua (f) la:

o
g Lida A | TS U O I R

Diém M (1 ; -2 ; 3) thuoc d va ciing thuoc (P, do d6 phuong trinh mit
phang (A 12 2(x — 1) — 1(y + 2) — 1(z - 3) = 0 hay

2x—y—.z— 1=0.
Vay hinh chi€u cua d trén mp(a) 12 giao tuyén cha hai mat phing (@) va
(D) c6 phuong trinh lan lugt lax+y +z~-7=0va2x—y-z—-1=0.
Suy ra phuong trinh tham s6 ctia n6 1a

x=3

3
< -I—%—t
Y=3
z=1

b) Goi () 1a mat phing chita duémg thing d va vuéng géc véi (&) thi
P :2x+y+2:-7=0.
Khi d6 hinh chi€u cua du'(mg thing d trén mp(a) 1a giao tuyén cua
mp(a) :x+2y-2z-2=0vamp(f):2x+y+2z-7=0.
Tir d6 suy ra phuong trinh dudng thang d 1a
x—-4 y+1 z

2 -2 -1’
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62.

63.

64.

188

a) Dudng thing d di qua M (1 ; 7 ; 3) va c6 vecto chi phuong # (2 ; 1 ; 4).

Dudng thing d' di qua M,, (6; —1; —2) vac6 vecto chi phuong w(3;-2; 1.

Tacé MM, =(5;-8;-5), [Z,J‘] =(9;10;-7)%0,

suy ra[;t,u_"} .MM =0.Vay d vad' cit nhau.

b) d, d' chéo nhau.

c) d, d' song song.

d) d, d' song song.

e) d, d' trung nhau.

a) Dudng théng d di qua diém M (12 ;9 ; 1) va c6 vecto chi phuong & (4 ;3 ; 1).
Mit phéng (&) c6 vecto phdp tuyén 7 = (3; 5 ; —1).

Vi i.i =26 # 0 nén d cit (o).

b) d song song véi (a).

¢) d nam trong ().

d) d cat (a).

e) d cét (). ‘

a) Dudng thing d) diqua diém M (1 ; 2 ; 0) vA c6 vecto chi phuong LTl’ (1;2;-2).
Pudng thing d, di qua diém M,(2 ; 2 ; 0) va ¢6 vecto chi phuong u, (2 ; 4 ; —4),

Rérang u, = 2u; nénd,, d, cing ndm trén mot mat phang, ta goi 1a mp(a).

Ta c6 vecto phdp tuyén clia mp(a) la };; = [;l,Mle] =(0;-2;-2).
Vay phuong trinh mit phing (@) 1a : 0(x — 1) — 2(y — 2) — 2(z - 0) = 0 hay
(@):y+z-2=0.

b) Goi A la giao diém cua dudng thing d; va mp(a). Toa do clia A thoa
man hé '

x =2t

y=! ==
z=1+1¢ 2
y+z-2=90



| 1 3)
S A=1;=;=|.
Goi B 1a giao diém cla dudng thang d, va mp(«r). Tuong ty nhu trén, ta
c6B=(4;2;0). |

. . . — 3
Duodng thang AB nam trong (@) cat ca d; va dy. Mat khic AB = (3; % ;—5)
khong cung phuong véi LTI (1;2;-2). Do dé AB cit ca d, va d,. Vay AB
chinh 12 dudng thing d can tim.
x—4 y-2 z

di——="71 =
65. a) Diém M(x ; y ; z) cach déu ba diém A, B, C khi va chi khi
MA? = MB?
MA? = MC?

o {(x—l)z -1+ -1 =+ 1P+ (=2 + 2P
-2 +G-1D+@-D =x-2%+ G+ +(E-2)7°
{—4x+2y—2z—2=0 - {2x—y+z+1=0 )
2x—-8y+2z-14=0 x—4y+z-7=0 (2)

Vay tap hop diém M(x; y; z)- 1a dudng thing giao tuyén clia hai mit phang

14n luot c6 phwong trinh (1) va (2). Pudng thang d6 c6 phuong trinh 1

x=-8-3¢
y=t
z=15+7¢

N6 chinh 1a truc cua dudng tron ngoai ti€p tam gidc ABC.

b) Xét diém M(x ; y ; z). Khi d6 khoang céch d, tir M t6i truc Ox 1a

I[OM 1_=

khoang cdch d,, tit M t6i truc Oyla

d ——|[5M:’ﬂ! =vx?+ 22,
i

¥

Mt khdc MA =+/(x — 1)? + (y - 1) + 22

189



66.

190

Vay M 1a mot diém clia quy tich khi

{y vz =242 - {xz = y2‘ ¢}

Y=l ey e 22 (A2 40 +2=0. )

- Tu (1) suy rax =y hoac x = —y.

Khi x = y, phuong trinh (2) c6 dang : x> —4x +2=0 = x =2 + /2.
Trong trudng hop nay, quy tich M 1a nhitng diém (x; y; z) ma :

x=2+42 x=2-42
y=2+V2 (3 wva jy=2-2 @
z=1 . z =1,

Khi x = -y, phuong trinh (2) tr& thanh : x*+2=0. Didu nay khong xay ra.
Vdy quy tich can tim 12 hai dudng théng c6 phuong trinh (3) va (4).

a) Gidi hé gébm phuong trinh cdc mat phang xdc dinh A va A, ta c6 mot
nghiém duy nhat :

x=-1
2
<y=O
=2
L2
R S Ar A% g 1 3
Vay A va A’ cat nhau tai di€ém I(_E ; 05 —2—)

b) Ta chon mot diém thuodc A, c6 thé lay A = (0; —1; 0) € A.
Chon mot diém thuoc A', c6 thé lday B=(0;1:4) € A'.

» 7 * R ~ - _A'
Khi do, vecto chi phuong don vicha A 12 ¢ = —I:,—,
'IAI
’ 2 . ‘ 9 BN - I—B,
vecto chi phuong don vicia A'1a e, = H
IB

wn ER)




67.

—_—

Ta c6 e +e,, e —e, la cic vecto chi phuong cha ciap dudng phan giic
cla cadc goc tao bai A va A'.

Vay phuong trinh chinh tic cua cap dudng phan giic 1a :

A+ ;-3
2 _ Y _ 2
1 N 1 —2+ 2 _—3+ 5
Jia 30 V14 3o Vie V3o
va
r+s ;-3
2 _ Y _ 2
1 -2 2 -3 5

J—J_J—J_J_J_

a) Dudng thang d di qua diém M(=2 ; 1 ; —1) va ¢6 vecto chi phuong 7 (1; 2 ; —2).
Tacé MM =(~4;-2;-2)= [i,M,M | =(-8 ;10 6)

IY,W]_\/(—S)2+102+62_m_l()\/i
- ==

= d(M,, d) = ‘[

—_

il JI2 +22 4+ (-2)?
b) Ta xac dinh dugc mot vecto chi phuong ctiad 1 i = (4;-2; 1).
Mat phing (a) di qua M (2;3;-1) vavudng gbéc véi d cod phubfng trinh
4x-2)-2(y-3)+1z+1)=0
hay 4x-2y+z-1=0.
Goi H la giao diém clia d va (). Toa d6 diém H 13 nghiém cta hé :
4x-2y+z-1=0
X+ 2z-1=0 = H= (3 i—ij
= 14" 14 14)
X+3y+2z+2=0

Khi dé |
2 . 2 2
3 5 8
d(M""”“M"”‘\/(z“ﬁ) (3+Hj +(_1+17)
2870 \/gg
142 V4
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V9022

26
V2

2

) dM,, d) =

d) dM,, d) =

68. Vecto chi phuong clia dudng thang d 1a @ = (1 ; 1 ; 3), vecto phdp tuyén
champ(e)lan =(2;1;-1).

69.

192

Vi7zi.i =0nén i L i.Déthay M ¢ (o). Do d6 d // (o).
Khoang cich tir M t6i (o) biang khoang cach giita d va (@) nén

iy S 4246

J2i2er V63
a)‘ Duodng thing d; di qua diém M (1 ; -1 ; 1) va c6 vecto chi phuong

# =(1;-1;0). Duong thing d, di qua diém M, (2;—2; 0) va c6 vecto

chi phuong &' = (=1;1; 1). Vi MM, = (1;-1; -1) = —&' nén hai
dudng thang d6 cét nhau, do d6 khoang cich giita ching bing 0.

b) Hai dudng thang song song.

Khoang céich giita ching bﬁng khoang c4ch tr mot diém thudc dudng
thing nay t6i dudng thing kia.

¢) Cdch 1. Pudng thang d, di qua M (1 ; 2 ; 3) va c6 vecto chi phuong
w(1;2;3). |

Pudng thang d, di qua M(', (2 ; —1; 0) va cé vecto chi phuong g (-1;1;1).

Khoang céch giita d; va d, la

[ ),

‘ ul,uz]

V36

13

d(d,, dy) =

Cdch 2. Goi (@) 1a mat phang chia d, va song song véi d;. Khi dé, () di

qua M(', (2; —1; 0) va c6 vecto phdp tuyén 7 = [ul,Z] =(-1;-4;3).

Phuong trinh cha mp(@) la: x +4y —3z+2=0.



1+42-33+2 26
V1416 +9 13

Vay d(d,, d,) = d(M,, (@) =

d) d(dy, dy) =13 .

70. 1. cosin cha goc giita dudng thing va cédc truc Ox, Oy, Oz lan luot 14 :

6 V6 V6
3'76°6°
2. Goi ¢ 12 géc giita hai dudng thang di cho
a) cosg = —3£ ;o b) cosp = 3 :
. 14 J7726
71. Goi ¢ 1a goc gilta dudng thing A va mat phing (o)
a)sin(p=;; b)sin(p=[7—;
W4 3
c) p=30°; d) ¢ = 30°.

72. a) Phuong trinh ctia dudng thang di qua diém M (1 ; -1 ; 2) va vuong géc
v6i mat phang () 12 :

x=1+2¢
y=-1-1t
z=2+2t

Goi M, (x ; y; z) 1a hinh chi€u cia M, trén mp(c). Toa do cha M, thoa

man hé :
x=1+2¢
=-1-1¢
) =
z=2+2t 9
2x—y+2z+12=0

' 29 10 20
Vay Mo—(“?’?“g‘)-

b)ﬁ=(—1;2;—3),}TC=(—3;4;1):>[KE,R}:(M;IO;Z).

Ldy mot vecto phdp tuyén chia mp (ABC) l1a # = (7 ; 5 ; 1), ta c6 phuong
trinh cha mat phang (ABC) : 7x + 5y +z — 37 = 0.

13-BTHH 12-NC - A , 193



73.

194

Dudng théng di qua D va vuéng g6c v61 mp(ABC) c6 phuong trinh :
x=1+7¢
y=1+5¢t
z=1+4+1¢
Toa do hinh chiéu D' ctia D trén mp(ABC) thod mén hé
x=14+7t
y=1+5¢
z=1+t¢
Tx+5y+z-37=0.

, (81 13 33
Suy ra D —(25, 5 ,25).

o (5777 -%)
317 " 34)

a) Trudce hét, ta xac dinh hinh chi€u vuong géc H cua M trén (). Goi d la
dudng thing qua M, va vudng géc vdi (a), ta c6

xX=2+t
d:y=-3+3t
z=1-1
Toa do diém H(x ; y ; z) thod madn hé :
xX=2+t
y=-3+3¢ 28 15 5
z=1—-1t :Hz(—l;_—i- —l_lj

x+3y-z+2=0
Goi M' 1a diém d6i xting cia M, qua mat phing (a) thi H 1a trung diém
cua M M néntacé:

(X +2 28
2 11
w=3__15 v_(éi.é_._L)
s = =M= 1)
sz+1__5_
2 11
. (48.24 65
b)A’= (29"49’49)'
. (12 18 34
B = (7 T 7)

13-BTHH 12-NC - B



74. (h.102)
a) Theo chi § & bai tap 52, ta nhan thdy hai di€ém A, B & khdc phia d6i véi mat
phang (6).
Goi A' 1a diém d6i xing cla diém A qua miat phing (@), ta c6 :
IMA — MB| = |MA'- MB| < A'B (khong d6i).

Dau "=" x4y ra khi A' ndm giita hai B

diém B, M hay M 1a giao diém cla

dudng thang A'B véi mp(a). A

Vay bai todn duoc giai theo trinh tu sau : —<

* Xdc dinh diém A' d6i xing vé6i diém A K H! /
qua mp(a), lam nhu bai 73, ta c6 '
A'=(-1;3;-2). A

* Tim giao diém M cla dudng thing Hinh 102
A'B v6i mp(a).
x=-1+8t¢

Duong thing A'B c6 phuong trinh: <y =3 — ¢

z=-2-11t
Toa do diém M(x ; y ; z) thod man heé :
x=-1+8¢
y=3-t¢
=>t=1=>M=(T7;2;-13).
z=-=2—-11¢

2x—y+z+1=0
Vay |[MA — MB| 16n nhat khi M = (7 ; 2 ; —13).
b) Goi I 1a trung diém cla doan AB= I = (5; 2 ; 5).
Tacé MA + MB = 2MI = |MA + MB| = 2um1.
Vay |MA + MB| nhé nhat < MI nho nhat véi I c6 dinh va M € (o) & M
14 hinh chi€u vuéng géc cta I trén mp(a).
Toa d6 cha M(x ; y ; z) 1a nghiém cta heé :

x=5+1¢

y=2+t ' :
=>t=-5=>M=(0;-3;0).

z=5+1¢

X+y+z+3=0
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75.

76.

Két ludn : |MA + MB| nho nhét (= 2MI =104/3) khi M = (0; -3 ; 0).

a) Taco BC = (1; —1; 7). Phuong trinh dudng thang BC la

x=4+1
y=-1
z=-3+T7t

Phuong trinh mp(@) di qua A va vuong géc vé6i BC la :

Clx+ D) -1(p-3)+7(z-2)=0hayx—y+7z—-10=0.
Goi H 1a hinh chi€u cla diém A trén dudng thing BC thi toa d¢ cua
H(x;y;z) thoa man hé : o

x=4+t

y = —t (231 27 36)
H=|222 2. |

2= -3+ 7t = 51 351°51

x—y+7z-10=0
b)H=(1;0;-1). _
a) Phuong trinh mat phing qua diém M,(2 ; -1 ; 1) va vuong géc vo6i
duong thang d da cho la
2x-2)+ (-D(y+ D+ 2(z - D=0&2x-y+2z-7=0.
Goi H(x ; y ; z) 1a giao diém cta dudng théng d v6i mat phang trén, ta c6 :

17 13 8
H-(?‘?@)-

Goi M, (x;y;z) la diém d6i xing véi di€m M, qua dudng théng d thi H 1a

trung diém ctia doan thang M M, . Do dé

x+2 17
2 9
y-1_ 13
2T 9
z+1 8
Lz "9

R . 16 17 7
Vay M, = (?‘?5)-
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71.

b) Ta x4c dinh dugc vecto chi phuong cua d 1a LTJ =34, 2)..
Khi d6 phuong trinh mat phéng qua M, Vé vuﬁhg géc véidla:
() :3x+4y+2z+7=0. ,
Goi H(x ; y ; z) 1a giao diém cua d va (a), taco6 H=(1; -3 ; 1).
Goi M, (x;y; z)la diém d6i xing clia M, qua d, ta c6 M, =(5;-7;3).

¢) Ta xac dinh vecto chi phuong cua d :
— ( 11 ’ 1 0 40 1
u, = 5 ;

-1 -1 -1 22 -1
Goi () 12 mat phang qua M, va vuong géc véi d, khi d6 (@) c6 phuong trinh :
y—z+2=0.

Ij=(0;2;—2).

Goi H 1a giao diém cia d v6i mp(a), toa do clia H(x ; y ; z) 1a nghiém
cua hé :

y+z—-4=0
2x—y—-z+2=0=>H=(1;1;3).
y-z+2=0

Tir d6, diém M; dsi xing v6i M, qua d la Mé, =(0;3;5).
a) Cdch 1 :Tacé uy =(2;3;-5), ug=@3;-2;-1).
Khi do6 vi [Z,uj} = (=13 ; =13 ; —13) nén dudng vuodng géc chung A ¢o
mot vecto chi phuongla  =(1;1;1).
Goi (o) la mat phéng chita d va A thi (@) di qua M, (2 ; 3 ; —4) va c6 vecto
phap tuyén ﬁ; = [Zt;,;] =(8;-7;-1).
Phuong trinh cha mp(a) 1a: 8(x-2) - 7(y-3)-1(z+4) =0
< 8x-Ty—z+1 =0.
Goi (B Ia mat phéng chita d' va A thi () di qua diém M, (-1;4;4) vacé
vectd phép tuyén E; = [;Z}= (1;4;-5).
Phuong trinh champ(® 1a: 1(x+ 1) +4(y—4) - 5(z-4)=0

S x+4y-52+5=0.
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Vay dudng vudng goc chung A clia d va d' 1a giao tuyén cha hai mit phang
() va (B). N6 c6 phuong trinh tham s6 1a :

x=t
y=t
z=1+1¢t

Cdch2 :DiémM e dcétoadolaM = (2 +2t; 3 + 3t ; —4 — 50),
diém N ed' c6toaddlaAN=(-1+31;4-2¢;4—-1¢)

= MN =(=3+3f=2¢;1-21~3t;8—1+50.

MN 1a dudng vuong géc chung cia d va d' khi va chi khi

MNuy =0
MN.uy =0

- 2(-3+3t"-20)+3(1-2t'-3)-5@8-t'+5t)=0
3-3+3t'-20)-2(1-2t"-3) - 18 —t'+5t) =0

5t'—- 38t =43 t'=1
= IS
14¢'- 5t = 19 t =-1.
SuyraM=0;0;1),N=(2;2;3)= MN =(2;2;2).

Vay phuong trinh chinh tic ctia dudng vuong goc chung A 13

X _y _‘z—l
1 1 1 ,
x-2 y-3 z T
b) — 5 7 ”A P
78. a) Ta chon hé truc Oxyz sao cho goc /IE
toa do 1a A, tia Ox chta AB, tia Oy BT (o)
chia AD va tia Oz chita AA' (h.103). ,/ S
Khi d6 p | DT v
o ; MY+ 1~~<_Ip
A=(0:0:0),B=(1:0;0) S |0,
‘ N
D=0;1;0),A=0;0;1) /// ey N
C=(1;1;0,B=(1;0;1) }é A
C'=(1;1;1),D'=0;1;1). x

Hinh 103
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Suyra-A—'_E:(l;O;—l)
BD=(-1;1;-1)

- [ﬁ,ﬂ)’]:(l;z;l)_
Laicém=(l;0;0)néh‘
[aB.5p] a8 _ 1

[a8.8D] 6

11 — 1
- (535,0) = IP - (_590’1)9
AC' =(1:1;1), AP = (0;%;1).

[7.ac).a8| _Via
[ 7P, AC']

o X
~b)Tacét M= (1,0,5),N— (E,I,Oj

— P 1Y) == (1.,
SMP——(—I,E,EJ,NC —(2,0,1)'

— MP.NC' =0 = MP L NC.

d(A'B,BD) =

Talaic6: P = (0;%;1),1

Suy ra d(PI, AC") =

Mat phang (PAI) c6 vecto phép tuyén : 7 = Dﬁ,ﬁ} = (—%;%; ——%)

Mat phang (DCC'D") c6 vecto phdp tuyén la AD = 0;1;0).
Goi ¢ 1a géc giita hai mit phing trén thi
lnHAD| 3

79. Chon hé truc Oxyz sao cho goc O 1a
diém A, tia Ox chita AB, tia Oy chia
AD va tia Oz chita SA (h.104). Khi d6

A=(0;0;0),B=(a;0;0),
C=(a;a;0,0=(0;a;0),
=(0;0;2a),M=(0;0;a),

N=(O;g;a). /
Hinh 104
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a) BC=(0;a;0),
W:(-—a;O;a)

. [5C.0 ] - ( g';

0 O

a —a

0 a
—a 0

?

]z(aZ;O;az).

Do d6, mat phing (BCM) c6 mot vecto phdp tuyén 1a (1 ; 0 ; 1), suy ra
phuong trinh mat phing (BCM) 1a :

lx-a)+1z-0)=0=x+z—-a=0.

Vay khoéng céch tir A dén mp(BCM) 1a

d(A, (BCM)) = —l_—c—ll———— = —.

VI2 412 V2

Ta lai cé : 1—9—§=(—a;0;2a), CT\fz(—a;—%;a), S_C: =(a;a;-2a).

—a 0 2
; = (az;— az;a—j
a - 2

= [E‘—S:’C_A;:IS_C: = 613 - 03 - a3 = —Cl3.

0 2a
— 2a -a
Suy ra | BS,CN | = :

a )

a a —a

SIS

Vay khodng céch giita hai dudng thang SB va CN la

i[ﬁﬁ]’sﬁ" 3 3
d(SB,CNy=-— = 1 | :%:%".
CEI R
a +a + T 2

b) Vi [E,S_Dj = (O;Zaz;az) nén mp(SCD) c6 vecto phap tuyén 7 =(0;2; 1).
Vi [EE,EE} = (2a2 ;O;az) nén mp(SBC) c6 vecto phdp tuyén n' = (2 ;0;1).

Goi ¢ 1a géc giita hai mat phing (SCD) va (SBC), ta c6

nn' -1 1

Al] V35S

cosQ = ‘
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80.

1 2
C) VS.ABCD = §-a2.2a = §a3.

Vi M 1a trung diém ctia SA suy ra d(S, (BCM)) = d(A, (BCM)) = 4

V2

Hinh chép S.ABCD bi mp(BCM) chia thanh hai phan, trong d6 ¢6 mot phan
14 hinh ch6ép S.BCNM. Hinh chép nay c6 dudng cao bang d(S, (BCM)) = 4

V2
2
va ddy 1a hinh thang BCNM c6 dién tich bang %(a + fl—) a2 = 3\/%1 :

2
1 3v24° a
Suyra: Vspeny=3-—5— 7§=2=

Vay ti s6 thé tich gifta hai phan cta hinh chép S.ABCD chia béi mp(BCM) 1a :

a3

4
288 &

3 4
a) Ta nhan thay mp(P ) /] mp(P,).

3
-

Goi A 1a giao diém cha dudng thang d v6i mp(P,). Toa do (x; y ; z) cua A
(x+y+z+1=0

langhiémciahé :qx—-y+z-1=0 .SuyraA=(1;-1;-1).
xX+2y+2z+3=0

Goi B 1a giao diém ctia dudng thang d véi mp(P;). Toa do (x ; y; z) cua B.
(x+y+z+1=0

langhiém ciahé :<x—-y+z-1=0 .SuyraB=(5;-1;-5).

X+2y+2z+7=0
Tam I cha mat cdu phai tim 12 trung diém cta doan thiang AB.
Do d67=(3;-1;-3). Ban kinh ctia mat ciu phai tim la
- 3-2-6+3 2
R=d(l, ()= 222 T2 _ =,

NG 3

Vay phuong trinh mat cau can tim 1a :

=3P+ G+ 1+ +3) = o

\©
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81.

202

b).Goi I(a ; b ; ¢) 1a tam ctia mit cau cin tim, do / € d nén

a_b-1_ c+l {a—2b+2=0

2771 2 a-c-1=0.
Vi mit cdu (S) ti€p xic v6i ca mp(P;) va mp(P,) nén :
dl, (P))=4d(, (Py) =R
la+b-2c+5 [2a-b+c+2 {a—2b+3c=3
foun = < o

\/E - JE 3a-c=-7.

Két hop véi diéu kién trén ta c6 :

[(a=-2b+2=0

ame-1=0  =h=[3igigR- 32}'
a—-2b+3¢-3=0

a-2b+2=0

a-c-1=0 = hL=(&-L-HR =
_3a—c+7:0 \/g

Vay c6 hai mat cdu c6 tam nim trén d va tiép xic v6i (B ),(P, ), ching c6
phuong trinh 1a

CRRCHE
3 3 3)  27°
50

(x+4° +(y+ 1D + (z + 5)? =3

Véi diém M (x;y;z) batki, ta tinh dugc cdc khoang céch tir M t6i d; vad, 1a .

=@ -D2+x%, hy= A+ +yP

M céch déu d, va d, khi va chi khi

hy=hy e Yz =12 + 2% =z + D? +
x2—22=y2+22
2 2
SxT -y =4z
Xét cac truong hgp sau :

4+ M € mp(Oxy), khi d6 z = 0 suy ra X - y2 =0.
Vay quy tich diém M 14 cap dudng thing y = + x nam trong mét phang z = 0.



+ M e mp(Oyz), titc 1a x = 0. Quy tich diém M 1a dudng parabol y2 = —4z
nim trong mat phang x = 0.

+ M € mp(Oxz), tiic lay = 0. Quy tich diém M 1a duong parabol X =4z
ndm trong mit phing y = 0.

82. Goi d; la dudng thang qua M, (x, ; y, ; z,) va song song véi truc Ox thi d;
c6 vecto chi phuong 1a (1 ; 0 ; 0). Ta c6 phuong trinh cla d, 1a

x=x0+t
diiyy =Y,
Z=ZO.

Goi M, 1a giao diém ca d; v6i mp(c). Toa do (x;y;z) cta M, thod man he

X=X, +t
Y=Y
z =2,

Ax+By+Cz+ D=0

Ax, + B +D
:>M1=(xo— o ¥ y°A+CZ° 3 Yo s j
= MM, = le + By, + Cz, +D|

A |

Tuong ty, goi d, 1a dudng thang di qua M, va song song v6i Oy, d, cét (a)
tai M, thi

MoMz— |Ax +ByOB+ Cz, +D#

Goi d 1a duong thﬁng di qua M, va song song véi Oz, d, ct (o) tai M5 thi

_|Ax + By, + Cz, + D|
C I

Dé thady M M|, M M,, M M5 d6i mot vudng géc, do dé

MM,

1 |Ax, + By, + Cz, +D|
VM MMM, = gMoMl-MoMz-MoM3 = 6.|A. BCI
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83. a) Puong thang d' 12 giao tuyén cua hai mat phang c6 vecto phéap tuyén la
n=0;3;-1)va r? =(3;3;-2)nénd' c6 mot vecto chi phuong la :

— = o
ud,=—§[n,n}=(1,l,3).

Vecto chi phuong it; cuadla u_(; =@2;1;-1).
Vi ;;.u:. =0nénd L d.
Ta dé& ching minh d va d' khong c6 diém chung (hé phuong trinh lap ra tur
phuong trinh hai dudng thdng ndy vo nghiém). Vay ching chéo nhau.
b) Ta 14y mot diém A nao d6 thuoc d'. Chang hanchoy=0thiz=-7,x=1,
tacé A(1;0;—7) e d. Vid L d' nén mat phiang di qua A va vuong géc véi
d s& di qua d': Vay phuong trinh mat phang (P) 1a :
26-1D)+(y=-0)-(=+7)=0
o 2x+y—-z-9=0.

Toa d6 giao diém H(x ; y ; z) clia d va (P) thoa mén h¢

x=1+2¢

y=-1+1 5 ‘ (1321)
= — H: —_— == .

o | =t=3= 3°3°3

2x+y—-2z-9=0
¢) Mat phing (Q) song song v6i mp(Oxy) nén c6 phuong trinh
z=m (m=#0).

Toa do giao diém M(x ; y ; z) cuia d va (Q) thoa man h¢

x=1+2¢

y=-1+1¢
=>M=05-2m;1-m;m).

z=2-t

z=m

Toa do giao diém M'(x ; y ; z) cha d' va (Q) thod man he :
3y—z-7=0
3x+3y—2z—17=0:>M'=(

z=m

10+m_7+m'mj
3 7 3 )
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84.

Goi I 13 trung diém ctia MM' thi [ = (25 —S5m.5-m, ]

3 m
Vay quy tich ctia 7 12 dudng thang c6 phuong trinh tham s6
‘= 25 - 5m
6
S3-m
y= 3
z=m

b6 di diém (%,

W |

;0] (dng v6i m = 0).’

a) A, la giao tuyén cia hai mat phing véi cic vectd phdp tuyén la
nT(m ;15 —m) vég(l; —m1). Vay A,, c¢6 vecto chi phuong 1a

—

u

g [Z@}: (1 -m?;—2m ;-1 -mb.

Truc Oz ¢6 vectd chi phuong k= ©0:0;1).
Vay néu goi ¢,, 1a géc gilta hai dudrg thang A,, va Oz thi
cos @, = ok = Lem’
|L{m’.|kl \ﬂl—mz)2 + 4m? +(1+m2)2

Suy ra @,, = 45° (khong doi).

1
= ﬁ
Piém M(x; y; z) thuoc A, khi toa do clia M 1a nghiém ctia hé
mx+y-mz—1=0
{x——my+z—m=0. )
Khir z tir hé phuong trinh (*), ta duge phuong trinh
2mx + (1 — mz)y —1-m*=0 (khong chia z).
Pay 1a phuong trinh clia mat phing (a,) chita A, va song song véi truc Oz.
Do d6, khoang cich giita A,, va Oz bang khoang céch tur géc 00 ; 0;0)
thuoc Oz t6i mp(a,,). Vay khoang cdch d6 bang :
-1 - |

 Jam? (=Y

d, = 1 (khong déi).
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85.

206

b) Toa d¢ giao diém M cla A,, va mp(Oxy) 12 nghiém cla hé :

mx+y=1
X-my=m
z=0.
Binh phuong hai v€ clia hai phuong trinh ddu ciia hé réi cong lai, ta suy ra
x* + y2 =1
z =0.

Vay tap hgp cdc diém M la dubhg tron tam O, bén kinh béng 1 trong mat
phing toa do (Oxy).

a) Dudng théng d, c6 vecto chi phuong 13 u, = (8 ;4 1).

Pudng thing d, c6 vecto chi phuong 12 u, = (2; -2 ; 1).

Vi [ZZ] =(65-6:-24) nén 7 = (1 ; ~1 ; —4) Ia mot vecto phap tuyén
cha (P,) va (P,). |
Mt phéng (P;) di qua M,(-23 ; =10 ; 0) nén c6 phuong trinh :
x+23) -+ 10)‘—4z=0 hay x-y-4z+13=0.
Mat phing (P,) di qua M,(3 ; =2 ; 0) nén c6 phuong trinh :
 @-3)-(+2-42=0 hay x—y-4dz-5=0.
b) Khoang céch 4 giita d| va d, bang khoang cich tir diém M bat ki thuoc

(P)) 161 (P,). LAy M =(0;1;3),tacé h = F1-12-5 _ 18 =32,

JE+2+42 V18
¢) Goi (&) 1a mit phing di qua d; va song song véi Oz, (&) c6 phuong trinh :
x-2y+3=0 (vin,=|u, £D.
Tuong ty, mat phing (B) di qua d, va song song vé6i 0z ¢6 phuong trinh :

X+y-1=0 (vi@{@/?}).



86.

Dé thdy giao tuyén cta hai mat phéng (@) va (f) chinh 12 dudng thing A
cin tim. N6 c6 phuong trinh 1a

1

X =

<
It
—
M L“)I'h wI !

™~
Il

a)Tacé OA =(1;2;-1), OB=(-1;1;1),0C =(1;0; 1)
= OA.OB =0, OB.OC =0, OC.0A =0
= 0A L OB, OB L'0OC, OC L OA.

b) Gid st S(x ; y ; z) 1a diém thod man diéu kién ddu bai. Tacé :
SA=(1-x;2-y;-1-2),
SB=(-1-x;1-y;1-2),
E=(1—x;—y; 1-2).

(S4SB=0 [x2+y2+:2-3y=0

Tacd: 1SBSC =0 < {x* +y> +22 —y—-22=0

SC.SA =0 x2+y2+z2—2x——2y=0

(y:z x=0
¢:><x2+y2+22—3y=0‘: 2
Yy =2x x—3

. 2 o4 (2 4 4y 0 ., Lo
Kh1x-§ thiy=z= 3,S—- (3 P 3j la diém duy nhat khic O sao
cho tit dién SABC 1a tir dién vuong.

¢) Goi M, N l4n luot 1a trung diém ctia cdc doan AB, AC,tac6 M = (0 ; % ; O),

N=(;1;0),suy raM, N déu thuéc mp(Oxy). Nhu vay mp(Oxy) cit tam
gidc ABC theo dudng trung binh MN, do d6 chia tam gidc ABC thanh hai
phéan : tam gidc AMN va hinh thang MNCB. RG rang 1a ti s6 dién tich hai -
phandélal:3. -
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87.

208

d)Tacé AB =(-2;-1;2), AC=(0;-2;2).
Vi [4B,AC] = (2:4:4) nén mp(ABC) 6 vecto phip tuyén lan(1;2:2).
mp(Oxy) c6 vectd phédp tuyén la k= 0;0;1).
Goi ¢ 1a goc hgp béi mp(ABC) va mp(Oxy) thi :
Ikl 2 2

I R v rwik)

a) Ta ¢6 vecto chi phuong ciia dudng thing d 12 ii = (2; -3 ; 2).

Mat phang (P) vuong goc véi d, do d6 c6 dang :

(P):2x—-3y+2z+D =0. ,
Mat cdu (S) c6 tam I = (5 ; 1 ; —13) va ban kinh R = +/308, vi vay (P) ti€p
xtc vdi (S) khi va chi khi d(/, (P)) = <308

- 10 + 3 - 26 + D _ 308
J4+9+4

& |D-13=+/17.308 = D = 13 + J/5236.

Tém lai, c6 hai mp(P) thod méan yéu cdu dau bai la
2x -3y +2z+ 13+ V5236 =0.
b) Vecto chi phuong ctadla u =(2;-3; 2).

Vecto chi phuong cua d' 1a u=3;-2;0).
Mait phing (Q) cén tim c6 vecto phap tuyén 7 = D,u_"] =(4;6;)5).
Vi vay phuong trinh cia mp(Q) c6 dang : 4x + 6y + 5z + D = 0.
bé (Q) ti€p xiuc voi (S); diéu kién 1a : '
. (0)) = 308 o 20 -6 — 65+ D _ J308

J16 + 36 + 25
D =-103
o |D =51 = 23716 =154 =
| | L) = 205.

Vay c6 hai mat phang (Q) cén tim :
4x + 6y +5z-103 =0,
4x + 6y + 52 + 205 = 0.



88. ) d(0, (o)) = 20 -0

Jom? + 2501 — m?) + 16m V25

b) Tit cau a) suy ra rang : khi m thay déi, cic mat phang (dm) luon tiép xic
v6i mit cdu ¢6 dinh tam O va ban kinh bang 4.

c) Mat phang (a,,) ¢ vecto phdp tuyén n= (Bm ; N1-m?; 4m), vi vay
(a,,) cat mp(Oxz) (c6 vecto phdp tuyén ; =(0; 1; 0)) khi va chi khi m # 0.

Khi d6, giao tuyén A, ciua mp(e,) va mp(Oxz) 1a giao tuyén cua hai
mat phang :

3mx + SVl -m? y+4mz +20=0 vay=0.

Do d6, vecto chi phuong ‘cﬁa A, la

1 0
U=

Vim=#0 nénu = (4 ; 0; -3) 1a mot vecto chi phuong cua A,,.

0 1

.F Ok

dm  3m

J=(4m . 0 ;—3;71).

1-m?>  4m 3m 5Vl - m?

Do ' khong phu thudc vao m nén cic giao tuyén A, song song véi nhau
khi m thay déi.

On tap chuong Ill

Bai tap tu luan

89. a) Xéthaivecto: i =(1;1;1)va \7=(\/5x+2‘; \[5y+2; J5z +2).

Tacé [i| =3, | =5(x+y+2)+6 =6,
@5 =\5x+2 + 5y +2 +5z + 2.

Ap dung bt ding thirc |L‘i_.\7| < |HH17| suy ra dpcm .

b) Xét hai vecto : i = (sinx;l; 2—sin2x) va v = (1;\/2—sin2x ; Sin Xx).

Tu |L'4'\7| < |17||\7‘ suy ra dpcm.
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¢) Xét hai vecto : ﬁ:(\/x+m;\/x+n;\/m+n) vav =(1;1;1).
Ta co |17| =2, \7| =3 suyra f(x) =iy < li[”\_f| = /6.

D#u bing xay ra khi #, ¥ cling huéng, nghia la

’ » 1
Kéthgpvéi x+m+n=1 suyrax=m=n=§

[a—

Vay f(x). dat gid tri 16n nhét bing V6 khi x =m =n =

3
HPat i =x+1;y;2),V=(x;~-y-1;1D,tacé i +V =(1;-1,3).
Ap dung bét déng thic |d@ + V| < |@| + |V -

, ta suy ra

A:\/(x+1)2+y2+4+\/x2+(y+1)2+12\[1—1.

D4u bang xay ra khi i,V cling huéng, nghia la

1
X=—-=
x+1= Y 2. 0o 3
A -X -y—-1 1 2
T3
A N . 1 2
Vay A dat gia tri nho nhat bang J11 khi x = Y=y

e) Trong khong gian Oxyz, ta 14y cdc diém A(1 ; 1; 1), B(-1;1; 1) va
M(x: y: z). Khidé AB =22 va

MA = \(x—1) +(y—1) +(z+1)° ,MB=(x+1) + (y— 1) +(z=1)" .
Tir bat ding thitc MA + MB > AB , tasuyra
Ja- 1P (-1 +(z+ 1) +yf(x 1P+ (y -1 + (2 - 1) 2 242,

Dfu = xiy ra khi M nim giita hai diém A, B hayAM = tAB,0 <t <1.
nghia la ,

x—-1=-2¢ x=1-2t
y-1=0 oiy=1 0<t<l.
z+1=2¢ z=-1+2¢

210 » ‘  14BTHH12-NC-B



90. a) Dudng thing d di qua diém (12; 9 ; 1) va c6 vecto chi phuong u, (43 ; 1).

Mit phéng (P) c6 vecto phap tuyén n =3:5;-1).

Viugn, =43 +3.5+ 1(-1) =26 % 0 nén d cit (P).

Goi A 1a giao diém clia d v6i (P), toa d6 diém A(x ; y ; z) thod man hé

x =12+ 4+

=9+ 3¢
Y | = 3= A=(0:0:-2).
z=1+1¢

3x+5y-z-2=0

Goi a 12 géc giita dudng thing d va mat phing (P), ta c6 :

\udn 26 JEE

ol ]~ V2535 S

b) Mat ph?mg (P") vuong géc v6i d nén c6 vecto phdp tuyén la vecto chi

phuong cua d. Do d6, (P') ¢6 phuong trinh :
4x-1)+3(y-2)+1(z+1)=0hayd4x+3y+z-9=0.

¢) Hinh chi€u d' clia d trén mp(P) 1a giao tuyén ctia mp(P) va mp(Q), véi
(Q) di qua d va vudng gbc véi (P). Nhu vay, (Q) c6 vecto phép tuyén la :

— = — 3 4 14 3
nQ:[%J@}= s ; =(-8;7:1D).

—1H—1 3’ s
Phuong trinh t6ng quit cia mp(Q) la
8(x—12)+7(y-9)+11(z=1)=0 hay 8x— 7y~ 11z —22 =0.
Vay hinh chiéu d' ctia d trén mp(P) 14 giao tuyén cia hai mat phang :
3x+5y-2z-2=0va8x-T7y-11z-22 =0.

sina =

Pudng thang d' c6 phuong trinh tham s6 12

x =62t
y = -25¢
z =2+ 61

d) (P) 1a mat phang trung truc clia BB' khi va chi khi BB' L (P) va giao
diém clia BB' v6i (P) 1a trung diém clia doan thing BB'.
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Ta c6 phuong trinh dudng thang BB' 1a

x=1+73t
y =5t
z=-1-1

Goi H 12 giao diém cua BB' véi (P) thi toa do (x ; y ; z) cia H thod méin hé :

x=1+3t
y =5t 2 (29 2 33j
t=——= H=|—;-=; —== |
f— -y . THiET3ET 35° 70 35
3x+5y-z-2=0
H 1a trung diém ctia BB' nén
23
XB'=2XH—XB='3'—5‘
4 (23 4 31
DRl At (35 7 35)'
31

\ZB'=2’ZH_ZB= “‘§'5—

e) Dudng thing A phdi tim nim trong mp(P), déng thdi nam trong mat

phang (R) di qua A(0; 0 ; —2) va vuong goc voi d.

Mat phang (R) c6 vecto phép tuyén n =(4;3; 1) nén c6 phuong trinh
4x+3y+z+2=0.

Vay A la giao tuyén clia hai mat phing 3x+5y—z—2=0 va 4x+3y+z+2=0,

suy ra A ¢6 phuong trinh tham s6 12

x =8t
y =1t

z=-2-11¢

—
A

a) Vi @ =2 ;-1;3), E: =(1;-1;1)nén E va n, khong cung
phuong, do d6 hai mat phang («) va (') cat nhau.
Goi ¢ 1a goc gitta hai mat phang dé, ta c6 :

angl  Ra+EnEn+3l] 6 243

’EHE‘ \/4+1+9.\/1+1+1 x/—\/— \/—

cos Q=




b) M(x; y; z) thudc A khi va chi khi toa do ctia M thoa man hé phuong trinh :

2x—y+3z+1=0
xX—y+z+5=0.

batz=1ttacod
i

{2x—y=—1—3t {x=4—2t
=
xX—-y=-5-t y=9-t

Vay phuong trinh tham s& ctia dudng thing A 1a

x=4-2¢
y=9-1¢
z =1

¢) Vi H 1a giao diém clia dudng thang di qua M, vuong géc véi (a) va (a)
nén toa do (x ; y ; z) cia H thoa mén hé :

x=1+2¢

y = —t 9 (11 9 8)
=Dt=—=—=>H=|—-—; =, = |.

z=5+73¢ 7 7777

2x—y+3z+1=0 .

Vi K 1a giao diém clia dudng thang di qua M, vuong géc véi (a') va (a')

nén toa do (x; y ; z) clia K thoa man hé :

x=1+1t
y=-t 11 _(_&11_4)
z=5+¢ ==z =k={3:5:3)

xX-y+z+5=0

2 2 2
o rs o1 11 9 4 8
Vay”"'\/(‘§+7) *(? 7) 13 7)

BB
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d) A 1a dudong thing di qua M (4 ; 9 ; 0) va c6 vecto chi phuong
;Z:(#Z;— 1;1). '

Tacd M\M =(-3;-9;5),suyra
[W“} I R P P P O T
Ay | = ; ; =(-4;-7;-15).
oA -1 1’1 =

2 -1
[Mpiug] _ Jea? P+ 152 ias

Jer vt r 3

e) Goi (f) 1a mat phfmg_ di qua M va vuong géc v6i A. Phuong trinh cua (f) 1a
-2x-1)—-1(y-0)+1(z-5)=0hay2x+y—-z+3=0.

Vay d(M, A) =

—

Up

Goi J(x ; y; z) 1a giao diém clia dudng thang A v6i mat phang (f3). Toa do
clia J thoa mén hé

x=4 -2 ;
y:9_t :I—E:J—(_§£E)
. 3 U333

2x+y-z+3=0

MJ chinh la dudng thiang qua M, vudng géc va cat dudng thang A ; nb c6
phuong trinh chinh tic 1a

x-1 'y z-35
1 -17 5

g) Goi (R) 1a mat phang qua A (giao tuyén clia (a) va (a')) va vuong gbéc véi

mp(P) : 3x — y + 1 = 0. Mat phang (P) CO vecto phdp tuyén n =3;-1;0).

Khi d6 (R) di qua diém M, = (4 ; 9 ; 0) va c6 vecto phap tuyén

Vay phuong trinh cia mp(R) 1a
x-4)+3(y-9+5(z-0)=0 hay x+3y+5z-31=0.

-1

1]—(1 3:5).

Ve
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92. a) Dudng thing A di qua N, (3 ; -1 ; 4) va c6 vecto chi phuong #(1;2;0).

Duong thing A' di qua N, (-2 ; 0 ; 2) va c6 vecto chi phuong

— (3 1l 1
u' = : B
1 -1’1 1

j=(2;2;4).

I
Mmoo

_

Ta co P,LT'J =(8;-4;-2), NN, =(-5;1;-2),suyra

—_—

[Z,ﬂ.NoN;, = 8(=5) + (=4).1 — 2(=2) = —40 = 0.

Vay A va A’ chéo nhau.
b) Goi (P) 1a mat phang chl’m A' va song song véi A, khi d6 (P) di qua diém
N(') (-2;0;2) e A' vaco vecto phap tpyé’n ; = %[;,;‘] =4;-2;-1).
Vay phuong trinh mp(P) 1a: '

4x+2)-2(y-0)-1(z-2)=0 hay 4x-2y-z+10=0.
c) Géi (Q) 1a mat phéng qua M (1 ; 1 ; 2) va vudng géc véi A. Khi dé, (Q)
nhan vecto U= (152 0) lam vecto phép tuyén. Vay (Q) c6 phuong trinh :

Ix-1)+2(y—-1)=0 hay x+2y-3=0.

d) Goi d 1a dudng thang qua M, cit ca A va A'. Khi d6, d 1a giao tuyén cla
hai mat phang (B = (M, A) va (') = (M, A").

0°'0?

Mit phéng (B di qua M_(1;1;2) va c6 vecto phép tuyén @ = [M N, ﬂ .

TacoMN -2;2), u—(l 2;0),suyra

N

Vay phuong trinh mp(f) 1a :
4(x-1D)+200-1D)+6(z—-2)=0 hay 2x+y+3z-5=0.

5 j:(—4;2;6).

0" 0’

Ma'jt phang (8 di qua M (1;1;2) va c6 vecto phap tuyén @ = [M N ,u }

_

Tacé MN, =(=3;-1:;0), u' =(2;2;4),suyra
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0 -3
4 2

-3 -1
2 2

k4

[M N, “'j] -0
U | = >
o 2 4

Ta chon mét vecto phap tuyén khac cha (f) la (1 ; -3 ; 1), tir d6 (F') c6
phuong trinh 1a : ‘

Ix-1)-3(y—-1)+1(z-2)=0 hay x-3y+z=0.
Dé thay rang dudng thing d 1a giao tuyén clia hai mat phang

D =(-4;12;-4).

2x+y+3z-5=0 vax-3y+z=0

tho4 man bai toan. Do d6, phuong trinh tham s6 clia d 12

x=-3+2¢t
y=-1+t¢t
z =1

Dé thay d catca A va A'.

[ﬁ,;'}.NON(;

[u,u']

g) Goi dudong vuong gbéc chung cha A va A' 1a 8. Khi d6, vecto chi phuong

20

==

e)dA,A) =

cla §1a L_t; =%[;,17'} =(4;-2;-1).

Goi (f;) la mp(A, o) thi (f;) di qua N, va cé vecto phdp tuyén

n = [;,Ij{;} = (—2‘; 1;— 10). Vay phuong trinh cla (4)) 1a

“2(x—3)+ 1(y 1) =10(z —4) = 0 hay 2x — y + 10z — 47 = 0.

Goi (f,) la mp(A', &) thi (B,) di qua N, va c6 vecto phip tuyén

I

P [J’m = (6;18;— 12). Vay () c6 phuong trinh 12

(By) :x+3y-2z+6=0.
Do dé, dudng vuong géc chung Scha A va A’ 1a giao tuyén ctia hai mat phang :

2x—y+10z-47=0va x+3y—-2z+6 =0.



93.

23
Sy
X 7

Phuong trinh tham s6 cia 51a ¢y = ——3— + 2t

z=4+1.

a) Tacé AB =(2:;3;-1), AC =(7;0;-7),suy ra

— 3 1l }-1 22 3

[4B,ac | - ; = (-21;7;-21).
o -71I'l<7 7'hh o

Lai c6 AD = (0;7; ~7) nén [E,ZE].E = 49 +147 % 0.

2

Do d6 A, B, C, D 1a c4ac dinh cua mét tir dién.

[ —=7——| 196 98
B) Vapcp = g“:AB,AC].AD’ ===

¢) Goi I(x ;y ;z) 1a tam clhia mat cdu ngoai ti€p t dién, ta c6 :

IA? = IB?
IA? = IC?
IA? = ID?.

Trdéosuyra x=-2,y=1z=-5.VaylI=(-2;1;-5)vaR=IA="7.

Do d6, mat cdu (S) ngoai ti€p tit dién ABCD c6 phuong trinh :

S): (x+2)2+ (y— D2+ (z +5)* =49
x=-5+73¢

~ d) Dang tham s6 clia dudng thang d 1a: {y = —11+ 5¢

v 1z=9-41
Toa d6 (x ; y ; z) cha giao diém clia d va (S) thoa man hé :
x=-54+3¢
y=-11+5¢
z=9-4¢

(x+2)2+(y—1)2+(z+v5)2 =49
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218

= (3t = 3)% + (5t — 12)% + (<4t + 14)* = 49
or-5+6=0 l:t=2

t=3.
Khizr=2thix=1;y=-1;z=1,tadugc diém M(1; -1; 1).
Khir=3thix=4;y=4;z=-3, ta duoc diém N(4 ; 4 ; -3).
Vay d cat (S) tai hai diém M(1 ;-1 ; 1) va N4 ; 4 ; =3).
e) Goi (P) 1a mat phang tiép xic v6i mat céu (S) tai M. Khi d6, (P) di qua
diém M(1;-1; 1) vacé vecto phép tuyén n =M = (3;-2;6).
Vay phuong trinh ctia (P) 1a: 3(x — 1) = 2(y + 1) + 6(z — 1) = 0 hay

| 3x-2y+6z—-11=0.
Goi (Q) 1a mat phang ti€p xic véi (S) tai N. Khi d6, mp(Q) di qua diém
N(4;4;-3) vacé vecto phdp tuyén ;1—;= IN =(6;3;2).
Vay phuong trinh cfia (Q) 1 : 6(x — 4) + 3(y — 4) + 2(z + 3) = 0 hay
6x+3y+2z-30=0.

Goi ¢ 1a goc gitra hai mat phang (P) va (Q), ta ¢6

’np Mgl - 18-6+12 24
COS —_
V= ’ H T J0+14:36361914 49

Ta chon hé toa do Oxyz c6 goc 1a dinh A, tia Ox chu’a AB, tia Oy chita AD
va tia Oz chita AA' (h.105). Khi d6 :

A=0;0;0) A'=0;0;a)

B=(a;0;0) B=(;0;a) . p
: ' )
D=(0:a;0) D'=(0;a;a) L p
. Bl 1 ’/ C'
C=(@;a;0 C(C=(a;a;a , ! oL
A
. : M,/ \\
a v N S
P= (a;—;a) h X N 'R
2 ’// \ \\\D
7O BN E S A
, —— a /4 ,’,’N
ayTaco AP=|a; = ; al, e ,
2 BY_--
C
C'=(0:a;a). | * Hinh 105



Goi «a 12 géc giita hai dudng thang AP va BC', ta ¢6 :

2
a
0+—2—+a2
cos @ = ——::>a 45°,
2 J—
2,4 2 2
a +-—4—+a a +a

AD AD a al a a la a 2
S[AP’AB]= 2 ;0 ; 2 =[0;a2,——2—]
0 0 a4 0
e 33
= [AP,AB|AC' =0+a>-L =L
2 2
A 11— — — 1 a3 a3
Vay Vppe = €|[AP,AB AC = ) =13

c) Mait phing (A'D'CB) song song véi truc Oy nén ¢6 phuong trinh :
px+qz+n=0 (n¢0,p2+q2.>0).
Vi mat phing nay di qua A', B, C nén ta xdc dinh dugc p = g va n = —pa.

Cho p = 1, ta dugc phuong trinh mp(A'D'CB) 1a x + z — a = 0. Vecto phéap
tuyén clia mat phang nay 1a 7 =(1; 0 1).
Tir gia thi€t M € AD', N € DB ; AM = DN = k, ta tinh dugc :

M=(0;—%; %jzv u‘_ : aC— k,OJ.
Suy ra MN = (j_ : a‘/:/— 2k —%}

Tacé MN.n = 1.i+o{-“£2-‘—2’ij+1.(—ij =0= MN Ln

V2 V2 V2

R6 rang N ¢ mp(A'D'CB). Suy ra M N song song v6i mp(A'D'CB).
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o] (552 (5]

=3k% - 2a2 k + a*

2 5 2 2
=3Hk—'a\/5j +f‘9—}z3"—=“—.

3 9 "3
) |
MN? nhé nhit bing % khi k = # (thoa man diéu kién 0 < k < av2).
Vay MN ngan nhat bang a_\3/§ khi k = %.
e) Khi MN ngén nhat thi k=¥. Khi d6 MN = (% ; % ; %")

Talaic6 AD' =(0;a;a), DB =(a;~a:0)nén MN.AD' = 0,MN.DB = 0.
Vay MN la dudong vuong gbc chung cia AD' va DB.

Mat khéc AC = (a;a;—-a)= 3MN , ching t W,Xg cung phuong.
Do N ¢ A'Cnén MN [/ A'C.

a) Mat phang (ABC) c6 phuong trinh theo doan chén 1a % + % +Z =1neén

W

c6 phuong trinh téng quat ,
‘ 3x+2y+2z-6=0.
Mait phéng nay c6 vecto phdp tuyén la 7 = (3;2;2).

Mit phing (A'B'C') c6 phuong trinh theo doan chén 1a Z % +— =1nén

z
6 4
c6 phuong trinh téng quat

2x+3y+3z-12=0.
Mat phéng nay c6 vecto phdp tuyén la 7' = (2; 3 ; 3).
Goi ¢ 1a géc giita hai mat phang dé, ta c6
nnl l6+6+6l 18
A7l V1722 Brs
b) Goi A 1a giao tuyén cua (ABC) va (A'B'C'). Diém M(x; y;z) e A nén
toa do cua M 1a nghiém cua hé : |
3x+2y+2z-6=0
{2x+3y+3z—]2=0.

cos @ =




24

Cho z = 0, ta tinh dugc x = —g,y = 5
A R ’ ' 6 24 A ~ 2 9 N
Vay diém [/ "3 5 0 ] thudc A va vecto chi phuong cua A la
—_ 1 1.
uy =g mn]=0:-1; 1.

\[my

V‘15[.=(—g;—2§l 0) ol, uA (24 6 6jnén

o AT

V12 412 5

¢) Goi G 1a trong tam tam gidc ABC, ta c6 G = (% ;1 1). Vecto phap

Goi d 12 khodng cach tit O t6i A, tacd : d =

Llllo\

tuyén ciia mp(AB'C') 1a n' = (2 ; 3 ; 3) = 30G. Vay dudng thing OG
vudng géc véi mp(A'B'C").

Mat khac, t&¢ dién OA'B'C' vudng tai O nén truc tam H' cla tam gidc
A'B'C'1a hinh chiéu vudng géc cta O trén mp(A'B'C"). Do d6, O, G, H'
thang hang.

Dé x4c dinh toa do cta H', ta gidi hé

x =2t
y= _S (2,18, 1)
Y DA TR ST TR TY S

2x+3y+3z-12=0

d) Goi H 1a hinh chiéu vuodng géc clia O trén mp(ABC). Toa d6 cua H thoa
man hé

x =3t
y =2t _ 6 _(18.12.12)
z=2t :”‘173H‘ 17 > 17> 17)

3x+2y+2z-6=0
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Goi O' 1a diém d6i xting ctia O qua mp(ABC). Vi H 12 trung diém cla 00
L (36 24 24

nén O ‘(17’17 ’17) .

Thay toa do ctia O' vao phuong trinh mp(A'B'C"), ta thdy khong thod man,

vay O' khong thudc mp(A'B'C").

¢) Gia sit (S) c6 phuong trinh x* + y* + 2% + 2ax + 2by + 2cz + d = 0,

ViA,A',B,C € (S)néntacéhé:

4+4a+d=0 a=-4
36+12a+d=0 7
=>{b=c=—-%
9+6b+d =0 2
9+6c+d=0 d=12.

Vay (S) c6 phuong trinh : 2+ y2 +2° - 8x— 7y -7z + 12 =0.

(S)cétémK=(4;—’-27—;%j V5R=—12—14.

Toa do B', C' cling thoa man (S) nén mat céu (S) ciing di qua B', C".

g) Goi (@) 1a mat phéng song song véi (Oxy) c6 phuong trinh z + D = 0
(D # 0). Khi d6 («) ti€p xidc véi (S) khi va chi khi d(K, (a)) =R

7 V114 7 114
— = =——+
= ‘2 + D\ 5 =D >
Vay c6 hai mat phing ti€p xdc mat cdu (S) va song song v6i mp(Oxy) la :
,_ 1, N
27 2 7

tap tric nghiém

1. (A), 2. (O, 3. (B), 4. (0), 5. (D), 6. (B),
7. (A), 8. (D), 9. (B), 10. (A), 11.(B), 12. (O),
13. (D), 14. (A), 15.(A), 16.(A), 17.(B), 18.(0O),
19. (C), = 20.(D), 21.(A), 22.(B), 23.(A), 24.(B),
25. (D), 26. (B), 27.(C), 28.(A), 29.(A), 30.(B)..
31. (D), 32. (D).



ON TAP cUGI NAM

A. BE BAI

C6 hay khong mot khoi da dién gobm mot s6 1&€ mat ma méi mit cé6 mot so
1é canh ?

Cho hai dudng thang chéo nhau a, b va hai dudng thing chéo nhau a', b'.
Biét ring :

i) Khoang céach giita a va b bang khoang céch giita a' va b'.

ii) G6c hgp bdi a va b bang gbc hop bsi a' va b'.

Chiing minh ring c6 phép doi hinh bién a thanh a', bién b thanh b'.

Xét hinh lang tru tam gidc déu véi chiéu cao h, noi ti€p mot mat ciu ban
kinh R (h < 2R) (titc sdu dinh cta hinh lang tru ndm trén mat cdu do).

a) Tinh canh day cta hinh lang tru.

b) Tinh thé tich ctia khdi lang tru.

¢) Tinh h theo R dé m&i mat bén clia hinh lang tru 13 hinh vuong.

Cho tam gidc can ABC, AB = AC. Mot diém M thay déi trén dudng thing
vuong goc v6i mat phing (ABC) tai A (M khong triing v6i diém A).

a) Tim quy tich trong tdm G va truc tam H cla tam gidc MBC.

b) Goi O la tryc tam cua tam gidc ABC, hiy xdc dinh vi tri clia dlém M dé
thé tich khéi tr dien OHBC dat gi4 tri 16n nhét.

Cho khéi lang tru tam gidc déu ABC A'B'C' c6 chiéu cao bing & va hai
dudng théng AB' va BC' vudng gbéc véi nhau.

a) Goi M' 1a trung diém ctia A'B'. Chitng minh ring AB' 1 BM'.

b) Tinh d¢ dai doan thing A'B' theo h.

c) Tinh thé tich khdi lang tru di cho.

Cho hinh chép S.ABCD cé ddy la hinh vuong canh a, canh SA = g va

vuong géc véi mat phdng ddy. Mot mat phing di qua CD cit cdc canh SA,
SB 14n luct tai M, N. Dat AM = x.

a) T gidc MNCD 1a hinh gi ? Tinh dién tich t& gidc MNCD theo a, x.

223



~ 2. Tinh thé tich ctia khéi cdu ngoai ti€p hinh chép S.ABC biét SC = 3a

10.

11.

224

b) Xdc dinh gia tri clia x d€ thé tich cuia hinh chép S.MNCD biang —g— lan

thé tich hinh chép S.ABCD.

Trong khong gian cho cdc diém A, B, C lan lugt thuoc cdc tia Ox, Oy, Oz
vuong géc v4i nhau timg doi mot sao cho OA = a (a > 0), OB = a\/i,
OC =c¢ (¢ > 0). Goi D la dinh d6i dién v6i O cla hinh chit nhat AOBD va
M la trung diém cua doan BC. (P) la mat phing di qua AM va cit mat
phang (OCD) theo mot dudng théng vuong géc v6i dudng thing AM.

a) Goi E la giao diém cua (P) véi dudng thang OC, tinh d6 dai doan thing OE.

b) Tinh ti s6 thé tich cha hai khéi da dién dugc tao thanh khi cat khoi chép
C.AOBD b&i mat phang (P).

¢) Tinh khoang cach tir diém C dén mat phang (P).

Cho hinh chép S.ABC c6 diy ABC la tam gidc can, AB = AC =
mp(SBC) L mp(ABC) vaSA=SB=a,

1. Chitng minh rang SBC 1a tam gidc vuong.

2

Cho hinh chép S.ABC. Biét ring cic diém A, B, C va cic trung diém A', B', C'
ctia cdc canh SA, SB, SC cung thudc mot mat cau bén kinh R.

1. Chitng minh ring tim mat cdu ngoai ti€p hinh chép S.ABC thuoc duong
cao SH cua hinh choép.

2. Cho gbc giita dudng thing SC vi mat phing (ABC) bang 60°, ching
minh ring H 13 tAm ctia mat cdu di qua sdu diém A,B,C,A',B',C".

Khi d6, hay tinh dién tich mat cau ngoai ti€p hinh chép S.ABC.

Cho tam gidc ABC vuong & A, AB=c,AC =b. Trén duong thang d vuong
gbc v6i mp(ABC) tai A, 18y diém S bat ki, S # A. Goi By, C 14n luot 1a hinh
chiéu cta A trén SB, SC.

1. Xdc dinh tam clia mat ciu di qua c4c diém A, B, C, B;, C, va tinh ban
kinh ctia mat cdu dé.

2. Cho SA = h, tinh ti s6 thé tich cua hai ti dién SAB,C, va SABC.

Cho hinh tru c6é ban kinh ddy bing R, truc 1a O0'. Goi MN la day cung
thay ddi ctia dudng tron tam O sao cho MN = R. Ki hiéu N' 1a hinh chiéu



chia N trén mat phang chita dudng tron tam O'. Goi I va J 14n lugt 12 trung
diém ctia O0' va MN'.
1. Chitng minh rang 1J 1a dudng vuong géc chung cia O0' va MN', va do
dai 1J khong dai.
2. Ching minh rang mp(MNN’) lu6n ti€p xic véi mot mat tru ‘T ¢6 dinh
(tic giao cua ching 1a mot duong sinh ctia T).

12. Cho hinh nén tron xoay dinh S, ddy 13 dudng tron tam O. Goi A 1a diém c6
dinh va M 12 diém thay déi cling thuoéc dudng tron ddy hinh nén. Dat

AOM = a. Goi f1a gbc giita mp(SAM) va mit phang chita day hinh nén ;
khoéng cach tir O dén mp(SAM) bing a.

1. Tinh thé tich khéi nén da cho theo a, «, B.
2. X4c dinh diém M dé tam gidc SAM c6 dién tich 16n nhat.

3. Chitng minh ring hinh chi€u H cta diém O trén mp(SAM) thudc mot
duong tron ¢6 dinh.

13. Trong khong gian Oxyz cho b6n diém A(1;0:;2),B(1;1;0),C0;0;1
vaD(1;1;1).

. Chiing minh A, B, C, D 1a bon dinh cia mét khéi tit dién.
. Tinh thé tich khdi tt dién ABCD.
. Viét phuong trinh dudng cao cua ti dién ABCD ha tit dinh D.

1
2
3
4. Viét phuong trinh, mat cau (S) ngoai ti€p tt dién ABCD.
5. Viét phuong trinh mat phang tiép xtc vdi mat cdu (S) tai dinh A.
6. X4c dinh toa do clia diém A' d6i xiing véi dlem A qua mp(BCD)
7. Tinh khoédng c4ch giita hai dudng thang AC va BD.
14. Trong khong gian Oxyz cho mp(P) : x + 2y — z + 5 = 0 v dudng thing

x+1
2

1. Tim toa do giao diém A clia d va (P).

d:

=y+1l=z-3.

2. Tinh géc «a giita dudng thang d va mp(P).
3. Viét phuong trinh mp(Q) chita dudng thang d va vuong géc véi mp(P).
4. Viét phuong trinh hinh chi€u vuéng goc d' cua d trén mp(P).
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5. Viét phuong trinh dudng thing nam trong mp(P) chita A va vuong géc
v6i dudng thang d.

6. Viét phuong trinh mat ciu c6 tam / nam trén dudng thang d, ti€p xic véi
mp(P) va co ban kinh R = \/r6_.
7. Vi€t phuong trinh mp(R) chita dudng thang d va tao v6i mp(P) mot goc
nho nhét.
15. Trong khong gian Oxyz cho hai diém A(3 ;3 ; 1), B(0; 2 ; 1) v mat phang
P):x+y+z-7=0. /
1. Viét phuong trinh dudng thang AB.
2. Viét phuong trinh hinh chi€u vuong géc ctia AB trén mp(P).

3. Viét phuong trinh dudng thang d nim trong mp(P) ma moi diém cuta d
cdch déu hai diém A, B.

4. Viét phuong trinh dudng vuong géc chung cua AB va d.
5. Tim diém K thugc dudng thang AB (K # B) sao cho
d(K.(P))=d(B.(P)).
6. Tim di¢m C trén duong thang d sao cho dién tich tam gidc ABC nho nhat.
16. Trong khong gian Oxyz cho hai dudng thang

— o z—1
d'l:.\':'v 2=Z 4véd2:x;8=y—6= _10-

-1 2
1. Chiing minh hai dudng thing d, va d, chéo nhau.

2. Viét phuong trinh mat phéng chiia d, va song song vdi d,.

3. Tinh khoang cdch giita hai duong thing d; va d,.

4. Viét phuong trinh dudng thang d song song vdi truc Ox, cat d, tai M, cat
d, tai N. Tim toa do cac diém M, N. |

5. Goi AB la dudng vuong goc chung cua d; va d, (A € d|, B € d,). -Hay
viét phuong irinh mat cau dudng kinh AB.

17. Trong khong gian Oxy:z cho ¢ dién OABC véi A(a ; 0; 0), B(O 5 b5 0),
CO:0:;¢),a b, ¢c>0.

1. Ching minh tam gidc ABC c6 ba gbc déu nhon.

2. Xdc dinh tam va tinh ban kinh mit cdu ngoai tiép tt dién OABC.
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3. Ké OH 1L mp(ABC), H € mp(ABC). Tim toa d6 diém H theo a, b, c.
4. Xéc dinh toa d¢ diém O’ doi xtng vé6i diém O qua mp(ABC).

5. Ki h]éu S= SABC’ Sl = SOAB’ Sz = SOBC’ 53 = SOCA‘

Chitng minh $* = S} + S + 57

6. Goi M, N, P lan luot la trung diém AB. BC, CA. Chitng minh rang :

mp(OMN) L mp(OMP) < 32— + biz = i .
a” c”

7. Chimg minh rang v6i moi diém P trén mp(ABC), ta déu c6 :

AP?  BP? (CP* HP?
st st ——= = ~+ 2.
AO* BO* CO* HO*

B - LOI GIAI - HUGNG DAN - DAP SO

Gia sir ton tai mot khoi da dién ~%'gém k mat va ¢ canh thoa mén yéu cdu
‘cla bai todn. Goi ¢; 1a s6 canh clia mat thif nhat, ¢, 1a s6 canh clia mat thi
hai, ..., ¢; 12 s6 canh clia mat thit k. Theo gid thiet thi k,c|,c5,...,c; 12
..nhimg s6 1. Vi mdi canh thuoc ding hai mat nén ta c6 :
ey +ate =2c.

Diéu nay 1a vo 1i vi v€ trdi cla ding thic trén [a mot s6 1é, con v& phai 1a mot
s0 chin. Vay khong ¢6 khai da dién nao thod man yéu cdu clia bai todn.
(h.106) Goi PQ la duong vuong
gbéc chung cua a va b, trong do
P e a, Q € b Goi P'Q' la duong
vuong goc chung cua «' va b',
trong d6 P' € a', Q' € b'. Theo gia
thigt PO = P'Q".

Goi ¢ 1a dudng thing di qua P va
song song vdi b, ¢' 1a dudng thang
di qua P’ va song song véi b'. Theo
gia thiét, goc gilta a va ¢ bang goc Hinh 106
gitta a’ va ¢".
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‘ V= SAgc.h =
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Ldy lan lugt trén a va ¢ céc diém A, C sao cho PA = PC = PQ, 16i ldy lan
luot trén a' va ¢ cdc diém A', C' sao cho P'A' = P'C''= P'Q' va gbc APC
bing géc A P'C'. Tir d6, dé thdy hai t dien PQAC va P'Q'A'C’ c6 cdc
canh tuong ing bang nhau.

Vay c6 mot phép doi hinh f bién ti dien PQAC thanh tit di¢n P'Q'A'C". Khi .
d6, 7 bién hai dudong thang a, b 1an lugt thanh hai dudng thang a' va b'.
(h.107).

a) Goi O 1a tam clia mat cdu ngoai ti€p hinh lang try, 7 1a hinh chi€u cla O
trén mat phang (ABC). Khi d6 tac6 : OA=0B=0C =R, 0l = %h . Tam giac

N
OAI vuong tai I nén AI* = 0A - OF = R* - h?.

IA 12 ban kinh dudng tron ngoai ti€p tam
giac déu ABC nén

2
AB = IA\3 = 3(1%2—%)

Vay canh ddy cla hinh lang try bang

1
— B3GR - 1?).
2V )

b) Thé tich clia kh6i lang tru ABC.A'B'C' 1a :

AB2\3 33
4

3 4R? — 12y, Hinh 107
16

¢) Mbi mat bén ciia hinh lang tru 12 hinh vuong khi va chi khi AB = h, tic

% 3(4R2-h)) =h < h= \/gR (dé ¥ ring \/g< 2).

a) Néu goi E 1a trung diém cua BC (h.108a) thi trong tam G cua tam gidc
MBC xéc dinh bdi EG = %W Tir d6, khi M vach dudng thing A vuong

goc v6i mp(ABC) tai A (M # A) thi G vach duong thang A’ vuong goéc véi
mp(ABC) tai trong tam D cla tam gidc ABC (trir diém D).



Do AB = AC nén cdc tam gidc vuong MAB, MAC bing nhau, vay ME va AE
cung vudng géc véi BC. Tur d6 truc tdm H cla tam gidc MBC thuoc ME
(h.108b).

a) | b)
Hinh 108
Trong mat phang (AME), dudng thing vuong géc v6i ME tai truc tam H
cta tam gidc MBC cét AE tai O thi do BC L (AEM) nén BC L OH, tix d6
OH 1 (MBC).
Ta c6 BM 1 CH ma BM L OH nén BM 1 (OHC), do d6 OC L BM, nhung
OC 1 AM nén OC L (ABM). Vay OC 1 AB. '

Diém O thudc dudng cao OC .va dudng cao AE clia tam gidc ABC nén O 13
tryc tam clia tam gidc ABC.

Nhu vay, khi M € A (M = A) thi H 1a truc tam cdia tam gidc MBC khi va
chi khi H 1a hinh chi€u cua tryc tam O cla tam gidc ABC trén ME.

Vay quy tich cta H 1a dudng tron dudng kinh OFE (b6 hai diém O, E) trong
mit phang trung truc cia BC.

b) (h.108b).

Vousc = 2Vousk =§SOHE .BE (vi (OHE) 1a mat phing trung truc ciia BC)

nén VOHBC 16n nhat khi va Chi khi SOHE 16n nhét.
Tam gidc vuong OHE c6 canh huyén OE c¢& dinh nén c6 dién tich 16n nhat
khi va chi khi tam gidc d6 vuong can, ttc HEO = 45° hay AM = AE.

Vay c6 hai vi tri clia M trén A d€ V oy pc dat cuc dai, d6 1 cdc diém M sao
cho AM = AE.
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(h.109)
a)TacoC'M' LAB,C'M' L AA'= C'M' 1L (ABB'A") = C'M' L AB'.

‘Mt khdc, theo gia thi€t BC' L AB', suy ra AB" L mp(BC'M").

230

Do d6 AB' L. BM'.
b) Tir két qua cha cau a), ta dé dang suy A' C
ra ABB'M' «» AB'A'A ’

_ A'B _ A'A
BB' B'M’
— A'B.B'M' = A'A.BB'

_ Lapgeop? AN
2

— AB = h/2. - 5
5,5
) Vasc.apc =Sapc . AA' = (h\/—) —h=

(h.110). a) Do AB//CD, AB < (SAB), CD < (MNCD) nén hai mit phang
(SAB) va (MNCD) cét nhau theo giao tuyén MN song song v6i AB va CD.

Mat khdc CD L (SAD) = CD 1 DM.
Vay MNCD la hinh thang vuong.

Hinh 109

Vi MN//AB nén ta c6 M == _S_Aﬁ
AB SA
Vay MN = AB.SM :a.SM M —a—x.
SA a

Suncop = %(MN+CD).DM
= —;—(a—x+a)\/a2 +x?
1 .
= —2-(2a—)c)\/a2 +x2. Hinh 110

1 1 , 1
b) Vs apcp = ESABCD .SA:§a3 = Vsacp =Vs.ace = ‘6—613-

Vs.munep = Vs.mune +Vsmep -



Mat khac

Vswen _ SM SC SN [a—sz _ Vowew _ l[a_,xT
a

VS' ACB SA SC SB VS.ABC[) 2

V?MCD SM SC SD SM Cl—X 3 VS.MCD a—x
Vsaco SA'SC'SD SA  a Vsagep  2a

d

2
Vs mnen _ Vs men +Vsmen _ Vs men + Vs mco _ l(a—xj n a—x

VS.AB('[) VS.ABCI) VS.ABCD VS.ABCD 2

Tirdé taco S:MNCD. _ 2 & 9x? —27qx+14a2 =0

VS.ABCD 9
X = %a (loai vi theo gia thiét x < a)
<
v =24
=3a

(h.111).

a) Cdch 1. Gia st I 1a giao diém ctia OD
va AB, F 1a giao diém cba mp(P) véi
CD. Xhi d6 dé thiy ba dudng théng EF,
AM va CI dong quy tai trong tam G cua
tam giac ABC.

Dat OE=k.OC.

Tir gia thiét GA L GE, ta c6 GA.GE=0.

Hinh 111

Mat khic GA.GE = (0OA - OG).(OF - 0G)

[52{—%(52+53’+0?)}.{i<.55—%(57&#5&#%)}

1 —2

= —lOA +10A +—1-OB +10C ——kOC
3 9 9 9 3

(vi OA.OB = 0B.OC =0C.0A=0)

—la2 +la2 +—2-a2 —klc2 —écz (MiOA=a, OB=aJ2,0C= c).
3 9 9 9 3

Vay OE = L¢|

Vay CTA’~67;’:O<:>-]—(}2—£(‘2:0 <:>k=_1_ :
9 3 3 3
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Cdch 2. Chon hé toa do Dé-cac vuong géc Oxyz nhu hinh 111 thi
A=(a;0;0),B=(0;ay2;0), D=(a;a2;0),C=(0;0;0),

M = (O —2—2 %J Sir dung gia thié€t cua bai toan, ta lap dugc phuong trinh
clia mat phang (P) 1a

C\/E(x —-a)—cy+ 3ax/§z =0.

Giao diém cua (P) v6itruc Oz 1a E= (O ;05 %j, suy ra OF =§.

b) Vi ﬁz%&:, giao tuyé'n EF cta (P) v6i (OCD) song song véi OD nén
DF =§l_)~é .Tacé

Veasr _CE CF 2

Veaop CO'CD 3

C

Vewmer _CM CE CF _1
Vegop CB CO'CD 2

2.4
39’

4,21 1 o o Veaemr _1
Vay VC.AEMF 2(_+_)_VC.AOBD Z_VC.AOBD , tu d6 ———— . =_.,

9 9)2 3 Vaemropo 2
¢) Cdch 1. Tt gidc 16i AEMF c6 cdc dudng chéo AM, EF vuong géc nén c6
dién tich :

S'AEMF - —;'AMEF

= .:IE\/AO2 +0J? + IM? %OD (/ 1 trung diém ctia OB)

=; 2+—+— \/ 2+2az——a\/6az+c2

2
Vay khoang céach tir C dén mp(P) la
-
3V 2ac
d(C , (P)) = C.AEMF __ 3 _

Saemr \/— e 12 3\/6a2+02



Cdch 2. St dung cdch 2 cua cau a), ta tinh dugc khoang céch tir diém
C(0; 0 ; ¢) dén mp(P) c6 phuong trinh cv2(x—a)~cy+3av2z=0 1a

|—a0x/§ + 3aC\/§| _ 2ac\6

d(C,(P))=

(h.112a)

1. Goi / 1a trung diém cta BC, ta c6 Al L BC.
Do (SBC) L (ABC) nén Al 1 mp(SBC), suy
ra ASAI vuéng tai 1.

Céc tam gidc vudng SAI, BAI c6 IA chung,
AB = AS, do @6 IB = IS, mat khac IB = IC,
suy ra tam gidc SBC vuong & S.

2. ViIB=IC =1S va Al 1 (SBC) nén tam O
cla mat cau ngoai ti€p hinh chép S.ABC
thugoc dudng thang Al, suy ra O 13 tam
dudng tron ngoai ti€p tam gidc can ABC va
ban kinh R cla mat cdu ngoai ti€p S.ABC
~cling la ban kinh dudng tron ngoai ti€p tam
gidc ABC. '
Goi J 12 giao diém thit hai ctia Al (h.112b)
va dudng tron ngoai ti€p tam giac ABC thi

AJ = 2R va AB? = ALLAJ hay a* = AI2R

a2

= R=qar ()

Mt khic

BC? = SB? + SC*? =a2+%: 134*
174

va Al = aB2 - Bt = 2 - BC _ o 132

Thay (2) vao (1) tacé R = —=-

&l\)

16-BTHH 12-NC - A

_3a ay3

T 16 4

V202 42 +18a2 _3\/cz+6a2 .

Hinh 112a

J

Hinh 112b

= Al = 22, (2)
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q s o 4 8a° 3
Vay thé tich khoi cau ngoai ti€p hinh chép S.ABC la §n.8;‘ﬁ = 32na

33 93

(h.113)

1. Vi A, B, A, B' cung thuoc mot mat
ciu va A'B'//AB nén ABB'A' 1a hinh thang
can, tir d6 SA = SB. Lap luan tuong tu ta
c6 SB =SC.

Vay SA = SB = SC.

Suy ra dudong cao SH cua hinh chép
S.ABC chinh 13 truc cta tam gidc ABC.
Do d6, tim ctia mat cdu ngoai ti€p hinh
chop S.ABC thudc SH. Hinh 113

2. Ta s€ chitng minh H chinh 1a .tam cua mat cdu di qua cdc diém A, B, C,

A', B, C'. That vay, do SH L mp(ABC) nén SCH = 60°, tir d6 HC = %SC,

mat khdc C'S = C'C nén HC' = %SC.

Tir chitng minh trén ta c6 HA = HB = HC = HC' = HA' = HB', tic H 13 tam
ciamatcaudiquaA,B,C, A, B, C. |

Goi G 1a trung diém cha C'C thi HG 1 SC. K& C'H' song song véi GH
(H'eSH) thi H'S = H'C, tr d6 H' la tam mat ciu ngoai ti€p hinh chép
S.ABC va H'S 1a ban kinh mat c4u ngoai ti€p S.ABC.

Tacé H'S? = H'C'*+ SC'?, mat khic

we =216, He - BB 02 5C _ g
3 2 2
2
L .2_ZR\/§] 2 _RE o 4R
TFudo H'S —(3. > + R =3 +R =3

A s A N . . 167R?
Vay dién tich mat cu ngoai ti€p hinh chép S.ABC 1a .
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10.

11.

(h.114)

1. Tac6 AC L mp(SAB) nén AC | SB,
tir d6 SB L B,C titc 1a BB,C = 90°.
Tuong tu ta ciing c6 BETC =90°.
Vay tam mat cdu di qua B, C, A,
B,, C, 1a trung diém O cia BC.

Tacod AO = %BC,

BC? = AB? + AC? = b* + (2.

2 2
Tir d6 bén kinh mit cdu bing ~2—¢
2 Hinh 114
2. Tacd
Viasc, SA SB, SC, SB.SB SC.SC _SA* SA® _ K

Viwe SA SB'SC SB® T SC*  SBSCT (n+c?)(hP+b?)
Vay ti s6 thé tich cua hai tit dién SAB,C, va SABC biang

h4
(h2 4 bz)(hi + c2) '

(h.115)

1. Hai tam gidc vuong OO'N' va O'OM
¢6 O0' chung va O'N' = OM nén ching
bing nhau, tir d6 IM = IN'. Mat khic
JM =JN'nén IJ L MN".

Ciing dé thdy cdc tam giac OMN' va
O'N'M béang nhau, tir 46 OJ = O'J ; mat
khiac I0 =10"'nén 1J L OO'.

Vay IJ la duong vuodng géc chung cha
00' va MN'. Hinh 115

R3
2

va lJ = OK, tic 1a do dai IJ

Goi K 1a trung diém clia MN thi OK =
khong déi. |
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RV3

2.Tu lJ = — va JI L OO’ suy ra diém J thudc mit tru c6 truc 1a OO’ va

bin kinh mat tru bang RT\/E Mat khic tr IJ L MN', IJ L OO’ suy ra

I J_mp(MNN’), tic 1a mp(MNN') ti€p xic v6i mat tru ¢6 dinh c6 truc

R\3

1a O0', ban kinh —

12. (h.116)

1. Goi I 1a trung diém clia AM thi OI L AM va SI L AM, tit dé SIO = .
Goi H 12 hinh chiéu ctia O trén SI thi OH 1 mp(SAM), tix 46 OH = a.

Taco or = OH _ @

sinf  sinf’
OM = Ol _ a

cos < sin ff cos a
2 2

?_ tan p= a
sin 8’ "~ cosfB’
Tir d6 thé tich khéi nén da cho la

1'[613

SO = Ol tan B =

V =

3COS2 %Sil’lz ﬂCOSﬂ Hinh 116
2.Ta cb Syguy = —;—SA.SMsinXST/I - %SAz sin ASM.

Vi SA khong d6i nén Sagy,, 16n nhat < sin ASM 16n nhat.

- Dé thdy ASB > ASM (B 1a diém d6i xtng ciia A qua 0). Vay c6 hai

236

truong hop :

a) 0 < ASB < 90°. Khi d6 sin ASM < sin ASB, tir d6 sin ASM 16n nhét khi
va chi khi M trung véi B.

b) 90° < ASB < 180°. Khi d6 sin ASM 16n nhit khi va chi khi ASM = 90°,
Vay c6 hai vi tr ciia M trén dudng tron ddy hinh nén dé dién tich tam giac
SAM 16n nhit, d6 12 hai diém M sao cho ASM = 90°.



13.

3. Vi OH L mp(SAM) nén OH 1 SA. Vay H thudc mp(P) di qua O va
vuong géc véi SA tai K. Ta c6 (P) 1a mat phang c6 dinh, ngoai ra
OHK = 90°, tirc 1a H thuoc dudng tron dudng kinh OK trong mat phang (P)
néu trén, tit nhién duong tron nay co dinh.
1.CA=(1;0:;1),CB=(1;1;-1),CD =(1;1;0)

— [CA.CB] =(-1:2:1) =[CA.CB]CD =120

= A, B, C, D khong déng phang hay A, B, C, D 1a bén dinh clia mot khéi
tt dién.

2. Vapep = %‘[EZ @]CT)‘ = 'é‘

3. Vecto chi phuong clia dudng cao tit dién ha tir dinh D c6 thé 14y 1a vecto
phdp tuyén cia mp(ABC) hay vecto [EZ, EE’] =(-1;2;1).
-1 y-1 z-1

Vay dudng cao d6 c6 phuong trinh chinh tic la al =3 7

4. Phuong trinh mat ciu (§) ngoai tiép tit dién ABCD c6 dang
x? +y2 + 22 —2ax —2by—2cz+d =0.
Do A, B, C, D thudc (S) nén ta c6 hé phuong trinh
2a+4c-d-5=0

2a+2b-d—2=0

2c—-d-1=0

2a+2b+2¢c-d-3=0.
Gihetacs a3 po L 1 4l
Glalhctaco.a—z,b— 2,C—2,d—0.

Vay phuong trinh mat céu (S) 1a
x2+y2+22—3x+y—z=0.

1.1j Ji1

va ban kinh R = =

z A hY 3 .
Suy ra (S) c6 tam la I(—z—, )

5. Mait phing tiép xuc vdi mat cau (S) tai A c6 vecto phap tuyén la

— (1 1 3} 1
AI—(E,——z—,—Ej—i(l,—l,—%.

Vay phuong trinh mat phang céan tim 1a
x-D-(-0-3z-2)=0
S x-y-3z+5=0.
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6. Ta viét phwong trinh mp(BCD), d6 12 mat phang di qua C(0; 0; 1) va c6
vecto phdp tuyén 7 = [@, E‘B:[ =(1;~-1;0).

Vay mp(BCD) ¢6 phuong trinh : x —y = 0.
DPudng thang qua A va vudng géc véi mp(BCD) c6 phuong trinh 12

x=1+t¢
y=-t
z =2.

Goi K 1a giao diém cia dudng thing nay véi mp(BCD), toa do cia K 1a
nghiém cta hé

x=1+1¢
y =t _(1.1. )
<z=2 :>K—2,2,2.
x=y=0

Vi A'la diém d6i xing v6i A qua mp(BCD) nén ta c6
Yar “'_}’A =2y =>A'=(0;1;2).

Zp+zy =22p
7. Dé dang nhan thdy BD song song v6i mp(xOz) ma mp(xOz) chita AC nén
d(AC,BD)=d(B,(x0z)) = 1.
x=-14+2t
14. 1. Phuong trinh tham s6 cllad : <y = ~1 +¢

z=3+1
Toa d¢ giao diém A cua dudng thang d v6i mp(P) thod man hé :
x=-1+2t
y=~1+1 1 (1 -2 10)
f=2 > A=|-2; =, 2
s =341 =i=3= 3°3°73

xX+2y-z+5=0
2. Goi a la goc gilta dudng thang d v mp(P). d c6 vecto chi phuong
@(2 ;1;1), (P) c6 vecto phép tuyén E(l :2;—1) nén

—_— ——

Mdnp —
sing = ‘ H 2+2-1 =—1—::>a=30°.

NCICINT) J2+22 e 2
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3. Vi (Q) 1a mat phang chda d va vuong gbc v6i mp(P) nén mp(Q) chira
diém (=1 ; —1; 3) e d va c6 vecto phip-tuyén la
[ng.np | =(=3:3:3)

Suy ra phuong trinh mp(Q)1a: x—y-z+3=0.
4. d chinh 1a duong thing giao tuyén clia hai mat phang (P) va (Q). Vi
vay, diém (x ,; y ; z) € d' khi va chi khi_(x;y;z) thoa man hé

x+2y—-z+5=0

x—-y-z+3=0,

hay d' c¢6 phuong trinh tham s6 12 :

y=-d iy
3

5. 2

y="3

1z =t

L4

5. Goi A 1a duong thang nam trong mp(P), di qua diém A(—% ; — —i— ; %)

va vuong goc véi dudng thang d. Khi d6, A c6 vecto chi phuong

i= %[ﬁ;ﬁ;] — (=1 :1: 1) nén A c6 phuong trinh chinh téc Ia

W]

X + _ +%_Z—~_
1 VT3 T i3

6.Vilednénl=(-1+2t;-1 +t;§+t).
Mait céu tam / tiép xdc véi mp(P) va c6 bén kinh R = J6 khi va chi khi
d(I,(P))=\/g hay
|-1+2t-2+2t=3—-1t+5 _
Ji2 422 + (1)

v 7 11 4 16
3t-1=6 =3 12(?’3’?)
4
3

o Bt-1=6 = = =
3t-1=-6 .

W
Py
Il
|
—_
w
|
co
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Vay c6 hai mat cau thoa man yéu cdu datra la :

2 2 2
(1 4 16)
“ﬂ(’“?) *(y‘a) *(z‘?) =6,
2 2 2
.13 8 _A)
(52)'(”3) +(y+3) +(Z 3) =0

7. Cach I. Ta tim hai diém phan biét thuoc dudng thing d.
Cho ¢t =0, tadugc M(—-1;-1;3) ed, t=1,tadugec N(1 ;04 ed.
Gia sir mat phang (R) can tim c6 phuong trinh Ax + By + Cz + D = 0 véi
A*+ B>+ C? 0.
ViM, N € mp(R) nén
{—A—B+3C+D:o - {C:—(2A+B)
A+4C+D =0 D =7A+ 4B.
Do d6 ng = (A; B;~2A - B).
Tacé np = (1:2;- 1),
Goi ¢ la géc giita hai mat phang (R) va (P) (0° < ¢ < 90°) thi :
A+2B+2A+B 3 A + B] .
JoJA?+ B2+ A+ B? V6 547 108”1 4aB

cos@ =

Truong hop A+B =0, ta céd ¢=90° 1a géc 16n nhit trong cdc géc c6 thé
¢ gitra hai mat phiang (P) va (R), loai.
Truong hop A+ B =0, tacd

2
COSQP = —= (A+B) SN I

R I
Vo \2(a+B) +347 V6 A Y NeV2oo2v
< 2\ avs |

suy ra ¢ >30°.
Ddu = xdy rakhi A=0.Khid6 B=0 (vinéu B=0 thi C=0, vo 10).
Tachon B=1thi C=-(2A+B)=-1,D=TA+4B=4.
Vay mp(R) chita dudng thing d va tao v6i mp(P) mot géc nho nhat
(bang 30°) c6 phuong trinh la :

y—z+4=0,.



15.

Cdch 2. (h.117) Xét mat phing (Q)
thay déi di qua dudng thing d, cit
mp(P) theo giao tuyén A'. Vi
A=dN(P)nén AeA’'.

Lay mot diém K c¢6 dinh trén d
(K # A). Goi H 1a hinh chiéu cta K
trén mp(P), I 1a hinh chi€u cta H trén

A' thi HI va KI cung vuong goc véi A’
nén KIH 1a géc gitta mp(P) va mp(Q). Hinh 117

Ta c6 tanKIH = % ma KH khong déi khi (Q) thay déi va HI < HA nén

KIH nhd nhit < tanK/H nho nhat <> HI 16n nhit < [ trung A hay

A" L d tai A, tic 1a A' trung A (A ndi & cau 5).

Vay mp(R) chita dudng thang d va tao véi mp(P) mot géc nhé nhit khi va

chi khi mp(R) chita d va A (A nam trén (P), di qua A va vuodng géc véi d) .

Ta ¢6 [Z, Z] =(0:-3:3) nén (R) c6 vecto phap tuyén la (0; 1; -1).
1 210

Vimp(R) di qua A(—g;—g,?) nén c6 phuong trinh 12

y+%—(2—l—qj=0 hay y-z+4 =0.

1. Dudng théng AB di qua A(3 ; 3 ; 1), c6 vecto chi phuong AB = (=3;—1;0)
nén c6 phuong trinh :

x=3-3
y=3-1
z=1.

2. Ta nhan thdy A € mp(P) nén hinh chi€u vuong géc clia AB trén mp(P) 1a
duong thang AH, trong d6 H 12 hinh chiéu ctia diém B trén mp(P).

Puong thang BH qua B(0 ; 2 ; 1) va vudng géc véi mp(P) nén c6 phuong trinh

x =1t
y=2+t
z=1+1¢,
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X =t

R . =2+t
do d6 toa do (x;y;z) cua diém H thod mén hé : Y )
z=1+¢
x+y+z-T7=0.
4 4 10 7
iai he t== = H=|=;—= ;.|
Giai hé ta duoc 3 = (3 ,’ 3 3)
Phuong trinh duong thing AH 1a
x =345t
y=3-t¢
z=1-41.

3. Dudng thing d ndm trong mp(P), déng thdi nim trong mat phing trung

truc () ciia doan AB. Goi [ 1a trung diém AB ,tacé [ = (% ; g ; 1). ,
Mat phing (n) di qua I va c6 vectd phap tuyén la BA = (3:;1;0) néncod
phuong trmh

(m) : 3x+y—7=0.
Vay d la giao tuyén clia hai mat phing (P) va (). Do d6 d c6 phuong trinh :

X =t
y=7-3¢
z =2t

4. Vi AB L mp(n) va d = mp(n) nén néu trong mp(n), ké dudng thang IM
vuéng géc vdi d (M € d) thi IM chinh 1a dudng vuong géc chung ctia AB va d.

TacéM:(t;7—3t;2r):>1ﬂ=(t—% g 3t ; 21‘—1).

Duong thing d ¢6 vecto chi phuong 1a i, = (1 ; ~3 ; 2).
— 17— (4 1220

1MLd<:>IM.ud—0<:>t——l—Z.:>IM—(TZ 7 14)

Vay dudng vuong goc chung clia AB va d 1a duong thang qua [ va c6 vecto

chi phuong %IM =(-1; 3; 5), dudng thang d6 c6 phu’ong trmh

x=2_y
J 2

5
y—§+3f
z=14+5¢



16.

5.Cdch 1. K e AB=>K=(3B-3t;3-1;1).
I3 - 3t+3—t+1—7| o+2+1-7
NG NG

t=1

d(K(P)) = d(B, (P)) <

=4 ell=1< {

V6it=1,K=(0;2; 1) nén K = B (loai).

Véit=\—1, K=®6;4;1.

Vay K(6 ; 4 ; 1) 1a diém phai tim.

Cdch 2. Vi Ae(P) nén d(K,(P))=d(B,(P)) khi va chi khi A 1a trung
diém cha KB. Tt d6 suyra K = (6; 4 ; 1). '

6. V6i C € dthi Syp- = %AB.CI, AB khong d6i nén S, nhd nhat khi va

chi khi /C nh6 nhat, titc C 1a hinh chiéu cua [ trén d.
ViCednéenC=(t;7-3t;2f),suyra E=(r—%,7—3t-—%,2t~lj.

Ta c6 1cLd@E.Z=0@:—%—3(7—3z—§]+2(2r—1)=0<:>t:%.

17 -47 34

1A 14j (chinh 14 diém M & cau 4).

Vay diém C can tim 12 C = (

1. Dudng thing d; di qua diém M,(0 ; 2 ; —4) va c6 vecto chi phuong
L_t;(l ; —1; 2). Pudng thang d, di qua diém M5(-8 ; 6 ; 10) va co vecto
chi phuong @(2_ ;1 =1). |

Tacé [ uy, 1, | = (~1:5;3), MM, = (-8:4;14) = | uj,uy | MM, =70 # 0
= d,, d, chéo nhau.

2. Goi (@) la mat phing chia d, va song song vé6i d;. Khi d6 mp(a) qua
diém M(8 ; 6 ; 10) va c6 vecto phdp tuyén 7 = | u,uy | = (-1 5 ; 3)
>(a): x-5y-32+68=0.

3. d(dy, dy) = d(M (@) = 0-10+12+68 _ 70 _ 25

J1+25+9 J35
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4. Viét lai phuong trinh dudng thang d,, d, duéi dang tham s6. Tir d6 :
MednenM=(t;2-1;-4+21),
Nedynén N=(-8+2t"; 6+1'; lO—t')
= MN = (-8+2t'—t ; d+t'+1; 14— 1'-20).

Duong thang MN s& 1a dudng thang d phai tim khi MN // Ox hay hai vecto
MN va i(1;0; 0) cing phuong, nghia Ia

t'+t=-4 t=18
=
t'+ 2t =14 t'=-22.
Vay M = (18 ; —16 ; 32) va dudng thang d phai tim c6 phwong trinh
tham sé :

x=18+1¢
d:qy=-16
z = 32.

5. Aed =>A=(;2-1t;-4+2p),
Bedy=B=(-8+2;6+1;10-1)

= AB=(-8+2t'—t;d+r+t;14-1—21).
ZEJ_;; & 6t+1 =16,
Xéi@ &1+ 61 = 26.

6t+1t' =16 t=2 A=(2;0;0)
Giai h¢ =

—
t+61'=26  |t'=4 " |B=(0:10;6).
Suy ra mat cdu dudng kinh AB c6 tam 1=(1;5;3), ban kinh bing ~/35.
Phuong trinh cia n6 12 :

=% +(y =57 +(z-3)* =35.
1. Tacé AB* = a* + b2, BC? = b* + c2,CA%* = ¢* + &*
= AB? + BC? = CA® = 2b*> > 0 = AB® + BC? > CA* = B nhon.

Tuong tu, ta suy ra cdc goéc A, C nhon.



2. Mit cau ngoai ti€p t& dién OABC c6 tam I[g;g; ), ban kinh

R = 1\/a2+b2+c2.

2

<
2

3. Phuong trinh mp(ABC) : g + % + % = 1.

Puong thing d di qua goc toa do O va vudng goc véi mp(ABC) c6 phuong
trinh 1a

1
X =—t
d
e
>
1
z=—f
C

Suy ra toa d6 giao diém H cla dudng thang d v6i mp(ABC) la
ab’c* . ba*c? ) ca’b? j

H = ( E 3 b
a*b? + b2 + P a*h* + b2c? + Ea®  ab* + b2t + a*

4. Vi H 13 trung diém cha OQ’ nén 00" = 20H , suyra

0 - ( 2ab*c? - 2ba’*c? ' 2ca’b? j
a*b* + b2 + 2a? T atb? b3t + dP ’ a*b* + b*c? + *d?
1
5. Tacd: Sl = SOAB = %‘ab, Sz = SOBC = —;—b()’ S3 :SOCA :Eca
= S+ 87+ 87 = %(azbz + b2 + c*a?).
1 1

Mét khéc, VOABC = gabc = ESABCOH’

abc
\/b2c2+cza2+a2b2
ol 200 1T o 0
—_— < =—8§"OH
nen36abc 9 0
s 1

= §? = Z(azbz + b2c? + c*a*) = St + 55 + S7 (dpem).

ma OH = d(0,(ABC)) =
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6. M 1a trung diém ctia AB nén M:(ﬁ ; b : 0) :>0M=(g : b : 0).
S\2 72 272
N . 2 9 N b C 2 b C
N 1a trung diém cta BC nén N = 0;5;5 :>0N=0;5;5.

P 1a trung diém clia CA nén Pz(—;— ;0 ; £):>0P=(—g— ; 0 5).

2 2
Céc mat phang (OMN) va (OMP) c6 céc vecto phap tuyén lan luot 1
bc —ac ab
noMN) = [oM,0N] = [4 R )

bc ac ab
Pomp) = LOM,OP (4 ’"T;_T)'

Do d6 mp(OMN) L mp(OMP) < niomny-meomp) = 0

2,2 2 2.2 1 1
o a’b* = b2t + de & — = -+ — (dpcm)
R
7. P(X,¥0:2,) € Mp(ABC) & 22 4 Yo Zo _

a b ¢
AP2=(x0—a)2+y§+z§=x§+yg+z§_2xo+l=0P2_2xo+
AO? a’ a? .a a* a

2 2 ' 2 2
2
Tuong ty, 20 = 9P~ 2%, CP SO %,
Bo* p* b co® ¢ c
Suy ra
AP* BP* CP? of 1 1 1 Xy Yo z
AO BO Cco b c a b c
2 2 2 2
=0P2bc +§c;2+ab :
b°c
Ji& HP? + OH?
==t =1
OH OH
2
=HP + 2 (dpcm).
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