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Buoi 1.

CHU PE 1+2. TINH PON PIEU VA CUC TRI CUA HAM SO

I. KIEN THUC CO BAN
A. Tinh don diéu cia ham sé

1. Pinh nghia: Cho ham s6 y = f(x) xac dinh trén K, véi K 1a mot khoang, nira khoang hoic mét

doan.

e Hamsé y = f(x)dong bién (tang) trén K néu vx,x, e K,x <x, = f (%)< f(x,).

e Hamsé y = f(x) nghich bién (giam) trén K néu vx,,x, e K, <x, = f (x)> f(x,).

2. Diéu kign can dé ham sé don di¢u: Gia st ham sé y = f (x) c6 dao ham trén khoang K.
e Néu ham sé dong bién trén khoang K thi f'(x)>0,vxeK.

e Néu ham sé nghich bién trén khoang K thi f'(x)<0,vxeK.

3. Didu Kién dii dé ham sé don di¢u: Gia st ham s6 y = f(x) c6 dao ham trén khoang K.
e Néu f'(x)>0,VxeK thi ham s6 dong bién trén khoang K.

e Néu
e Néu

= Chay.

x) =0, Vx e K thi ham s khong doi trén khoang K .

f'(x)<0,vx e K thi ham s6 nghich bién trén khoang K.
f'(

+ Néu K la mot doan hodc nira khoang thi phai bd sung gia thiét “ Ham sb y = f (x) lién tuc trén

doan hogc nira khoang d6”. Chang han: Néu ham sé y = f(x) lién tuc trén doan [a;b]va c6 dao

ham f’(x)>0,Vx e K trén khoang (a;b)thi ham s dong bién trén doan [a;b].
+ Néu f’(x)=0,vxeK (hoic f'(x)<0,vxeK)va f'(x)=0chi tai mot s diém hitu han cia K
thi ham sé ddng bién trén khoang K ( hozc nghich bién trén khoang K).

4. Ki nang co ban

4.1. Ldp bang xét ddu ciia mét biéu thirc P(x)

Buoc 1.

Buwoc 2.
Buwoc 3.

Tim nghiém cua biéu thuc P(X), hoic gié tri cua x 1am biéu thirc P(x) khong xéac dinh.
Sap xép céc gid tri cua x tim dugc theo thi tu tir nho dén 16n.
Str dung may tinh tim dau caa P(x) trén ting khoang caa bang xét dau.

4.2 . Xét tinh don digu ciia ham sé y = f(x) trén tdp xdc dinh

Bwoc 1.
Buwoc 2.

Buworc 3.

Buwoc 4.
Buwoc 5.

Tim tap xac dinh D.

Tinh dao ham y'= f'(x).

Tim nghiém cua f'(x) hoac nhirng gia tri x lam cho f’(x) khong xac dinh.
Lap bang bién thién.

Két luan.

4.3. Tim diéu kign ciia tham sé m @é ham sé y = f(x) déng bién, nghich bién trén khodng (a; b)

cho truoc.
Cho hamsé y = f(x,m) ¢ tap xac dinh D, khoang (a;b) c D:
« Ham sé nghich bién trén (a;b) < y'<0,Vx e (a;b)



+ Ham sb dong bién trén (a;b) < y'>0,Vx € (a;b)

». Chii y: Riéng ham séy = 2X By
cx+d

= Ham s6 nghich bién trén (a;b) < y'<0,Vx e (a;b)
= Ham sb dong bién trén (a;b) < y'>0,Vx e (a;b)
* Nhiéc lai mot sb kién thuc lién quan:
Cho tam thirc g(x) = ax* +bx+c (a=0)

0
a) g(x)zO,deR<:>{a>

a<0
A>0
{a<0 a<0
€) g(x)<0,VxeR <
A<LO0 A<O
w Chay: Néu gap bai toan tim m dé ham sé dong bién (hogc nghich bién) trén khoang (a;b):
v Buéc 1: Pua bt phuong trinh f'(x) >0 (hogc f'(x)<0), Vx e (a;b) vé dang g(x) > h(m) (hoic
g(x)<h(m)), Vxe(a;b).
v' Buéc 2: Lap bang bién thién cua ham s6 g(x) trén (a;b).

A<D b)g(X)>0,VX€R<:>{

d)g(X)<O,VX€R<:>{

v' Buéc 3: Tur bang bién thién va cac diéu kién thich hop ta suy ra cac gia tri can tim cua tham sé m.

B. Cuc tri ctia ham s6
1. Dinh nghia: Cho ham sé y = f (x) xac dinh va lién tuc trén khoang (a;b) (c6thé a 1a —o; b 1a +o)
va diém x, e (a;b).
o Néu ton tai s6 h>0 sao cho f(x)< f(x,)) v6i moi xe (x,—h;x,+h) va x=x, thi ta néi ham sé
f(x) dat cwe dai tai X,.
o Néu ton tai s6 h>0 saocho f(x)> f(x,) véi moi xe (X, —h;%, +h) va x= X, thi ta néi ham sé

f(x) dat cuc tiéu tai x,.

2. Diéu Kién dii dé ham sé c6 cuc triz Gia s ham s y = f(x) lién tuc trén K = (x, —h; x, + h) va c6 dao
ham trén K hoac trén K\{x,}, véi h>0.
e Néu f'(x)>0 trén khoang (X, —h;x%,) va f'(x)<0 trén (x,;X, +h) thi %, 1a mot diém cuc dai
cia hamsé f(x).
e Néu f'(x)<0 trén khoang (x,—h;x%,) va f'(x)>0 trén (x,;x,+h) thi x, 1a mot diém cuc tieu
ciia hamsé f(x).
Minh hoa bing bang bién thién
X X, —h X, X, +h X X, —h X, X, +h
f'(x) + - f'(x) - +

Fix) /fca\ f0 \f /

w Chay.



+ Néu ham sdy = f(x) dat cuc dai (cuc tiéu) tai x, thi x, dwoc goi Ia diém cwe dai (diém cuc
tiéu) cua ham sb; f(x,) dwuoc goi la gia tri cwe dai (gia tri cuc tiéu) cta ham so, ki hi¢u la
fp(fer), condiém M(x,; f(x,)) dugc goi la diém cuc dai (diém cuc tiéu) caa do thi ham so.
+ Cac diém cyc dai va cuc tiéu duoc goi chung 1a diém cuc tri. Gia tri cuc dai (gia tri cuc tiéu)
con goi la cwe dai (cuc tiéu) va duoc goi chung 1a cuc tri cua ham sd.
3. Ki nang co ban
3.1.Quy tdc tim cec tri ciia ham sé

e Quy tic 1:

Bwéc 1. Tim tap xac dinh cua ham so.

Buéc 2. Tinh f'(x). Tim céc diém tai d6 f'(x)bang 0 hogc f'(x) khong xac dinh.
Buwéc 3. Lap bang bién thién.

Buwéc 4. Tir bang bién thién suy ra cac diém cuc tri.

e Quy tic 2:

Bwéc 1. Tim tap xéac dinh cua ham so.
Bugc 2. Tinh f'(x). Giai phuong trinh f'(x)vaky hiéux, (i=1,2,3,...)la cac nghiém cua no.
Buwgc 3. Tinh £7(x) va f"(x) .
Buéc 4. Dya vao dau cua f”(x; )suy ra tinh chat cuc tri cua diem x;.
3.2. K ndang gidi nhanh cac bai toan cuc trj ham sé bgc ba y = ax®+bx?+cx+d (a#0)
Tacoy' =3ax’+2bx+c
e D6 thi ham sb ¢6 hai diém cuc tri khi phwong trinh y' =0 ¢6 hai nghiém phan biét < b —3ac >0

2
. Khi 6 dwong thing qua hai diém cuc tri do 1a : y=| 2522 |x1q-2C |
3 9a 9a
e Bim may tinh tim ra duong thang di qua hai diém cuyc tri :
ax® +bx* +ox+d —(3ax” + 2bx+c)(§+9£jx—“> Ai+B=y=Ax+B
a
5 ) R ) yl.y"
Hoac sur dung cbng thiuc y —=—— .
18a

e Khoang céch gitra hai diém cyc tri cua do thi ham sé bac ba la:

3 2
AB = /ﬂ Voi e=b 3ac
a 9a

3.3. Ky ndng gidi nhanh cac bai toan cuc tri ham triung phwong.
Cho ham so: y=ax* +bx*+c (a=#0) c6 dd thila (C).
x=0
y'=4ax’ +2bx; y'=0<| b
X g —
2a

(C)coba diém cyc tri y'=0cd 3 nghiém phan biét < —2% >0.

Khi d6 ba diém cuc trj 1a: A(0;c), B| - /—i;—A ,C /—L;—A voi A=b?—4ac
2a 4da 2a 4a
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Do dai cac doan thing: AB=AC =,| >~ 2 pcoa | 2
16a° 2a 2a

Céc két qua can ghi nhé:
e AABC vubng can < BC? = AB? + AC?

4 4 3 3
_Z_bzz( b _£j<:> b +£=0<:> b(b—+1j=0©§—+1:0

a 16a®> 2a 16a®> 2a 2al 8a a
e AABC déu < BC? = AB?
4 4 3 3
b 2—£<:> b 2+ﬁ:0<:> b b—+3 :0<:>b—+3:0
a 16a 2a 16a° 2a 2al 8a 8a
. 3
e BAC=¢ ,tach: cosa = 3+8a©ta g=—8—?
b® -8a 2 b
b? b
* Suec= 4|a| -
o . . _ . b®—8a
e Ban kinh duong tron ngoai tiep AABC la R:W
8la

4|a|F

e Ban kinh duong tron noi tiép AABC 1a r =

/ 4|a|+ 16a” - 2ab’
16a

e Phuong trinh dwong tron ngoai tlep AABC la: x* +y? (5—4_“;] y+c(%_4ﬁ)= 0
a

1. LUYEN TAP

A. Tinh don diéu cia ham sé
Bai 1: Xét su dong bién, nghich bién cua ham sé:

2X—3
1/ y=x*+8x*+5; 2/ y=
Y y 4-X
2 —
3/y=X):r—X21; 4] y=~25-x*

Bai 2: Cho ham sb y =%(m—l)x3 +mx? +3Bm-2)x (1)
Tim tat ca cAc gia tri cua tham s6 m dé ham s6 (1) dong bién trén tap xac dinh caa no.
HD giai. Tdp xdc dinh: D =R. y'=(m-1x*+2mx+3m-2.
(1) dong biéntrénR < y'20, Vx < m=>2
Bai 3: Cho ham s6 y = x* +3x* —mx—4 1)
Tim tat ca cac gia tri ciia tham s6 m dé ham sé (1) ddng bién trén khoang (-;0).
HD giai. Tdp xdc dinh: D =R. y'=3x>+6x—m.y’cO A =3(m+3).
+Néu m<-3 thi 4/'<0 = y'>0,vx = ham sé dong bién trén R = m < -3 thod YCBT.

+Néu m>-3 thi 4/>0 =PT ' =0 ¢6 2 nghi¢m phan biét x,,x, (x, <x,). Khi d6 ham sé dong bién

trén cac khodng (—oo;x,),(x,;+00).



A >0 m> -3
S>0 -2>0

Do @6 ham s6 dong bién trén khodng (-0;0) < 0<x, <x, < {P >0 < 1-m=0 (VN)
Vay: m<-3.
Bai 4: Chohamsd y=-2x*+3mx> -1 (1).
Tim céc gid tri cua m dé ham sé (1) ddng bién trong khoang (x;;x,) Véi x, —x, =1.
HD giai. y'=—6x>+6mx, y'=0< x=0vx=m.
+Néu m=0 = y'<0,vx e R = ham s¢ nghich bién trén ® = m = 0 khong thoa YCBT.

+Néu m#0, y=0,Vxe(0;m) khi m>0 hodc y'>0,Vx e (m;0) khi m<0.
Vdy ham sé d@ong bién trong khoang (x;x,) Véi x, —x, =1.

(x3x)=Om) m—-0=1 B
@‘:(Xl’x2):(m’0)vax2 x1—1<:>[0_m:1<:>m—i1
B. Cuc tri cia ham sé
Bai 1: Tim cuc tri cua cac ham sé:
1 1
1)y ==x*-4x 2)y==x*-4x*-1
)y 3 )y 2
x? —3x 2X+7
3)y= 4)y =
X+1 4x+3
X —2x+2 x+3
5) y="- "= 6) y=
x—1 x—4
Bai 2: Tim m dé ham sé:
2
1)y:X+—mX+1 dat cuc dai tai x =2
X+m
2_ -_ 2
2)y:X mx+m-1 datcuctieutaix=1
X+1
X2 +2x+m

3)y dat cuc tiéu tai x = 2

4) y =mx®+3x* +5X+m dat cyc tiéu tai x = 2
1
5) Y zgmx?’ +(M—2)x* + (2 —m)X + 2 dat cuc dai tai x = -1

Bai 3: Cho ham s6 y =2x2 = 3(m+1)x? + 6mx + m’

Tim m @& d thi ham sé ¢6 hai diém cuc tri A, B sao cho AB=+/2.
HD giai. Ta co: y' =6(x—1)(x—m). Ham sé ¢6 CP, CT < y' =0 ¢b 2 nghiém phan biét < m 1.

Khi d6 cac diém cuc tri la A(;m® +3m—1), B(m;3m?) .

AB=2 < m-12+Gm>—m>-3m+1)=2 < m=0; m=2 (thod diéu kién).
Bai 4: Cho ham sb y=x> —3(m+1)x> +9x—m, voi m 1a tham sé thuc.

Xéc dinh m dé ham sé da cho dat cuc trj tai x,,x, sao cho ‘xl —xz‘ﬁ 2.
HD giai. TacO y'=3x* —6(m+1)x+9.

+ Ham sé dat cuc dai, cuc tiéu tai x,, x, < PT y'=0 c6 hai nghiém phan bi¢t x,, x,



< PT x*-2(m+1x+3=0 c6 hai nghi¢gm phan biétla x,, x, .

m>—1+\/§

s A=m+1)*-3>0 (1)
m<—1—\/§

+ Theo dinh ly Vietta cd x, +x, =2(m+1); x,x, =3. Khi do:
2 2 2
b -3y <26 (g +x,) —dxx, <4 d(m+l) —12<4 & (m+1) <4 -3<m<I (2)

+ Tir (1) va (2) suy ragiatri cuamean tim 1a —3<m<-1-+/3 va -1+/3 <m<1.

I11. BAl TAP TRAC NGHIEM
Caul. Chohamsé y= i‘—*l . Khang dinh nao sao day 1a khang dinh dung?
—X

A. Ham s6 nghich bién trén khoang (—o0;1) U (L;+0) .
B. Ham s6 ddng bién trén khoang (—o0;1) U (L;+e0).
C. Ham s6 nghich bién trén cac khoang (-oo;1) va (L;+o0).
D. Ham s6 ddng bién trén cac khoang (—o0;1) va (L +0).
Cau2. Chohamsé y=—x*+3x?-3x+2. Khang dinh nao sau day l1a khang dinh dung?

A. Ham sé ludn nghich bién trén R .

B. Ham s nghich bién trén cac khoang (—o0;1) va (1+%).

C. Ham s6 dong bién trén khoang (—o0;1) va nghich bién trén khoang (1;+).
D. Ham s6 luén ddng bién trén R .

Cau3. Chohamsb y=—x*+4x*+10 va cac khoang sau:

M: (- —2); (1: (—v2;0); (1 (0:2);
Ham s ddng bién trén cac khoang nao?
A. Chi (I). B. (1) va (1), C. (1) va (Il). D. (1) va (I1I).

Cau4. Chohamsdy= . Khing dinh nao sau déy 13 khang dinh dtng?

-4+ 2X
A. Ham sé ludn nghich bién trén R .
B. Ham s luén nghich bién trén tirng khoang xac dinh.
C. Ham s6 dong bién trén cac khoang (—o0;2) va (2;+%).

D. Ham sé nghich bién trén cac khoang (—oo;—2) va(—2;+0).

Cau5. Hoi ham sb nao sau day ludn nghich bién trén R ?

A. h(x)=x*-4x*>+4. B. g(x) = x> +3x% +10x +1.
C. f(x):—gx5+%x3—x. D. k(x) = x> +10x—cos” X..
X2 —3Xx+5

Caub6. Hamso y= nghich bién trén cac khoang nao ?

X+1
A. (—oo0;—4)va (2;+0). B. (-4,2).



C. (—o0;-1) va (—1;+). D. (-4;-1) va (-12).

Cau7. Hamséy :gx5 —3x* +4x* -2 ddng bién trén khoang nao?

A. (~;0). B.R. C. (0,2). D. (2;+0).
Caus8. Chohamsé y=ax®+bx?+cx+d.Ham sé luén dong bién trén R khi nao?

la=b=0,c>0 fla=b=0,c>0

A. : B. .
'a>0;b*-3ac<0 | a>0;b*—3ac>0
la=b=0,c>0 [a=b=c=0

C. : D. .
a<0;b®-3ac<0 | a<0;b®>-3ac<0

Cau9. Chohamsd y=x3+3x?—9x+15. Khing dinh nao sau day 1a khang dinh sai?
A. Ham sé nghich bién trén khoang (-3;1).
B. Ham s6 dong bién trén R .
C. Ham s6 dong bién trén (-9;-5).

D. Ham sb dong bién trén khoang (5;+0).

Cau 10. Tim diéu kién dé hamsé y=ax*+bx’*+c (a=0) c6 3 diém cyc trj .

A. ab<0. B. ab>0. C.b=0. D. c=0.
Cau 11. Chohamséb y= f(x) c6 bang bién thién:
X | —o0 2 4 +00
y’ + 0 - 0 +
3 +00
y / \ /v
—o0 -2
Khang dinh nao sau day la ding?
A. Ham sb dat cuc dai tai x=2. B. Ham s6 dat cuc dai tai x =3.
C. Ham s6 dat cuc dai tai x=4 . D. Ham s dat cyc dai tai x=-2.

Cau 12. Chohamsé y=x*—3x?+2 . Khang dinh nao sau day 1a dang?
A. Ham s6 dat cuc dai tai x =2 va dat cuc tiéu tai x=0.
B. Ham s dat cuc tiéu tai x =2 va dat cuc dai x=0.
C. Ham sb dat cuc dai tai x =—2va cuc tiéu tai x=0.
D. Ham sb dat cuc dai tai x =0va cuc tiéu tai x =-2.

Cau 13. Chohamsé y =x* —2x? +3. Khang dinh nao sau day 1a dung?
A. Ham s c6 ba diém cuc tri. B. Ham s6 chi ¢ diing 2 diém cyc tri.
C. Ham sb khéng c6 cuc tri. D. Ham s6 chi c6 dung mot diém cuc tri.
Cau 14. Biét do thi hamsd y = x® —3x+1 c6 hai diém cuc tri A, B. Viét phuong trinh duong
thang AB.
A y=x-2. B. y=2x-1.
C. y=-2x+1. D. y=—x+2.



Céau 15.

Céau 16.

Cau 17.

Céau 18.

Céau 19.

Cau 20.

Cau 21.

Céau 22.

Céau 23.

Céau 24.

2
Goi M, n lan luot la gié tri cuc dal, gia tri cuc tiéu cuia ham so y :L;g. Tinh gia
X+

tri caa biéu thac M?—2n ?
A. M2-2n=8. B. M?-2n="7. C. M2-2n=0. D. M?-2n=6.

Chohamsé y = x*+17x% —24x+8 . Két luan nao sau day la ding?

A X, =1 B. X :é. C. Xp =-3. D. X, =—-12.

Cho hamsé y =3x* —6x?+1 . Két luan nao sau day la ding?
A Yoo =2 B. yop =1 C. Yop=-1 D. Yop =2.

Trong cac ham sé sau, ham sé nao dat cuc dai tai x== ?

A. y:%x4—x3+x2—3x. B. y=+v-x*+3x-2.
(142 x-1
C. y=+4x"-12x-8. D.y=——

X+2

N w

Trong cac ham sé sau, ham sé nao chi ¢ cuc dai ma khéng c6 cuc tiéu?

A. y=-10x"-5x*+7. B. y=-17x*+2x* + X +5.
_ 2
x+1 x-1

Cho ham s6 y=x®—-6x*+4x—7. Goi hoanh do 2 diém cuc tri ciia do thi ham sé la
X, X,. Tinh x +x, ?
A. X +X,=-6. B. x, +X, =-4. C. X, +X, =6. D. X +X, =4

Tinh hiéu sb giira gia tri cuc dai va gié tri cuc tiéu cia ham sé y =x*—3x*+4 .

D. 4. B. -2. C. 2. A 4.

Xac dinh ham s6 y = ax® + bx? +cx+d . Biét db thi ham sb c6 2 diém cuc tri 1a goc toa do
va diém A(-L-1) .

A y=2x>-3x". B. y=-2x>-3x.
C. y=x>+3x"+3x. D. y=x>-3x-1.
Ham s6 nao dudi day c6 cuc tri?
A y=x'+1. B. y=x>+x*+2x-1.
X+1
C. :2)(_1 . D, = .
Y y 2x-1

Tim cac gia tri cua tham sém dé dd thi ham sé: y =x* —(3m—1)x’+2m+1 c6 ba diém
cuc tri. Pong thoi ba diém cyc tri d6 cung véi diem D(7;3) ndi tiép duoc mot duong

tron.
A.m=3. B.m=1. C.m=-1. D. Khéng ton tai m.



Cau 25. Tim tat ca c4c gié tri cua tham sém dé dd thi ham sé: y = x* —2mx® +m—1 co ba diém
cuc tri . Bong thoi ba diém cyc tri d6 13 ba dinh cua mot tam giac c6 ban kinh dudng tron
ngoai tiép bang 1.

~1++/5

A. _ . B. _ . C.m=+ . D. m=1.

IV. PAP AN BAI TAP TRAC NGHIEM

1(2 (3|4 5|6|7|8|9|10(11|12|13|14|15|16|17(18|19 |20
bjA/DB|/C/ DD BIA|A|D|/A|B|A|]A| D B|B|B|D

2112223 |24 |25(26|27(28|29|30|31|32|33|34(35|36|37|38|39|40
BICIC|A|B

Budi 2.
Chi dé 3+4. GIA TRI LON NHAT, GIA TRI NHO NHAT CUA
HAM SO VA PUONG TIEM CAN CUA PO THI HAM SO

I. KIEN THUC CO BAN
A. Gia tri I6n nhat va gia tri nhé nhit cia ham sé
1. Pinh nghia: Cho ham s6 y = f (x) xac dinh trén mién D
4 S rs 2oy Lo o \ Z R X f(X)SM,VXED
e S0 M goi la gia tri lon nhat cia ham s6 y = f (x) trén D néu: .
x, € D, f(X,) =M

Ki hiéu: M :manf(x) hoac M :mgxf(x).

. e e, . 2 . P f(x)>m,vxeD
e SO m goi la gia tri nho nhat cia ham sé y = f (x) trén D néu: :
Ix, €D, f(X,)=m
Kihiéu: m= miDn f (x) hoac m= mDin f(x)

2. Ki ndng co bdan
Tim gid tri 16n nhdt, gia tri nhé nhdt cia ham sé y = f(x) lién tuc trén K (K c6 thé 1a khodng,
doan, nura khoang, ...)
2.1 Quy trinh tim gi& trj Ién nhat, gi tri nhé nhdt ciia ham sé si dung bdng bién thién
v Buwoéc 1. Tinh dao ham f'(x).
v Bwéc 2. Tim cac nghiém caa f'(x) va cac diém f'(x)trén K.
v Bwdc 3. Lap bang bién thién caa f (x) trén K.
v' Bwéc 4. Can ctr vao bang bién thién két luan min f (x), max f (x)
2.2 Quy trinh tim gi4 tri lén nhdt, gia tri nhé nhdt ciia ham sé khong si dung bdang bién
thién
% Trwong hop 1. Tap K 1a doan [a;b]
v Buéc 1. Tinh dao ham f'(x).



v’ Bwéc 2. Tim tat ca cac nghiém x, e[a;b] ctia phuong trinh f'(x)=0 va tat ca cac
diém ¢, e[a;b] 1am cho f'(x) khong xac dinh.

v Buwgc3. Tinh f(a), f(b), f(x), f(a).

v/ Bwéc 4. S0 sanh céc gia tri tinh dugc va két luan M = max f(x), m= rg;l;ibr]] f(x).

“ Trwong hop 2. Tap K la khoang (a;b)
v Bwéc 1. Tinh dao ham f'(x).
v/ Bwgc 2. Tim tit ca cac nghiém x, e (a;b) cua phwong trinh f'(x) =0 va tit ca cac
diém o, € (a;b) lamcho f'(x) khong xac dinh.
v Buéc 3. Tinh A:XILr? f(x), B:XILrp f(x), f(x), f(e).
v Bwéc 4. So sénh cé4c gia tri tinh dwoc va két luan M = rg.ag( f(x), m= r(lg;ibr; f(x).

x Cha y: Néu gia tri lén nhdt (nhé nhat) 14 A hogc B thi ta két ludn khdng cé gia tri lon
nhat (nhé nhat).
B.Pwong tiém can caa dé thi ham sé
1. Pwong tiém can ngang
e Chohamsé y = f(x) xdc dinh trén mét khodng vo han (1a khodng dang (a;+x), (—w;b)
hogc (—o0;+) ). Puong thang y =y, la dwong tigm cgn ngang (hay tiém cén ngang) cua
do thi ham sé y = f(X) néu it nhat mét trong cdc diéu Kién sau diroc théa man

lim f(x) =y, lim f(x) =y,

e Nhin xét: Nhu vay dé tim tiém can ngang cua do thi ham sé ta chi can tinh gici han cua
ham sb do tai vo cuc.
2. Puwong tiém can dang
e Duongthang x = x, la dwong tigm cdn dieng (hay tiém cdn ding) cia do thi ham sé
y = f(X) néu it nhat mét trong cdc diéu kién sau dwoc théa mén
im 1) =02, im () = =, im £ (x) = =, im f(x) = +o0.

X—>Xg —>Xg X=X
Ngoai ra cin nhé cac kién thirc vé giéi han sau:
3) Quy tic tim gi¢i han vo cuc
Quy tdc tim gidi han caatich f(x).g(x): Néu lim f(x)=L =0 va lim g(x) =+ (hogc —o) thi
X—Xg X—>Xo

lim f(x)g(x) duwoc tinh theo quy tdc cho trong bang sau

lim f(x) lim g(x) lim f(x)g(x)
L>0 +00 +00
—00 —00
L<0 ~+00 —00
—0 +00

Quy tac tim gidi han cia thirong T NG tim f(x)=L=0 va limg(x) =+ (hodc —) thi

g (X) X=X

lim f(x)g(x) duwoc tinh theo quy tdc cho trong bang sau
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XILrTX10 f(x) XILrQ g(x) Dau cia g(x) fim 09
=% g(X)
0 +o0 Tuyy 0
L>0 + +00
— —00
L<O0 0 + —o0
- ~+00

(D4u ctia g(x) xét trén mot khoang K nao d6 dang tinh giGi han, voi x = x,)
ChU y: Cac quy tac trén van dung cho cac truong hop X — X", X = X, , X = +00 VA X = —0.
+) Néu X—)+OO:>X>0:>\/X72:|X|=X
+) Néu x—>—oo:>x<0:>\/F:|x|:—x
Il. LUYEN TAP
A. Gia tri lon nhét va gia tri nho nhat caa ham sé
Bai 1: Tim gia tri 16n nhat va gia tri nho nhat cua cac ham sé sau:
al y= f(x) = 32" — 2> — 7z + 1 trén doan [0;2].
bl y= f(x) = 2° — 82% 4+ 162 — 9 trén doan [1;3].
c y= f(x) = —22" + 42” + 3 trén doan [0;2].
d/ y::f(x)::2x3-6x2+-1uéndoan{—Lly

HD giai. & Tim max — min cua ham s6: y = f(x) =32 —2° — Tz +1trén [0;2].

< Ham sé da cho lién tuc va xac dinh trén doan [0;2] .
r=1€[02] (N)

& Taco: y|:fl(x>:9$2_2x_7:>y'20<2>9x2_21’—7:0<=> x:-%g{[O;Q] (L)

<> Tinh

fO)=Lf2)=-9%f(1)=-6
m%xf(a:)zlkhi r=0

[0:2]
=
min f(z) = —9 khi z = 2

[0:2]

b/ Tim max — min cua ham sb: y = f(:z:) = 12" — 82" + 162 — 9 trén [1;3].

<> Ham s da cho lién tuc va xac dinh trén doan [1; 3] .

< Taco:
r=4¢[13| (L)
y'=f'(z)=382"—162+16=y' =0 32" —162+16 =0 | 4
g;:ge[l;s] (V)
< Tinh:

11



F =07 =63 =5
13 4
[ Se) = gy Wi

min f(z) = —6 khiz =3

(1:3]

¢/ Tim max — min cua ham sé: y = f(x) = 22" 4+ 42° + 3 trén [0;2].

< Ham sé da cho lién tuc va xac dinh trén doan [0;2] .
z=0¢e[02] (N)
¢ Tacd: y'=f'(z)=-8"+8r=y' =0 —82" + 8z =0

r=1€[0;2] (N)
< Tinh:
1(0)=3:7(2) = ~13:/(1) =
maxf(x)zf) khiz =1
[0:2]
minf(:v) =—13 khiz =2
02

d/ Tim max — min cia hamsd: y = f(x) = 22* — 62° + 1 tren [~1;1].

<> Ham s6 da cho lién tuc va xac dinh trén doan [—1; 1] .
z=0€[-11] (N)

< Taco: y':f'(x>:6x2—12:B:>y':0<:)6332—1233:0(:) z:2€[_1;1] (L)

< Tinh:
f(=1) =71 (1) = =34 (0) =1
ma,xf( )zl khiz =0
Nt
minf(x)z—? khiz =-1
L]

Bai 2: Tim gia tri 16n nhit va gia tri nho nhét cua cac ham sé sau:

a/y:x+é,($>0>. b/ y= 23:_1 .
z r—z+1
2
c/ y:x—l,xG(O;Q]. d/ y:w, (1:>0>.
z 8x” +1
HD giai.  Tim max —min cua ham sé: yz:zc+é , (:c> 0)
T
* Ham s6 da cho xac dinh va lién tuc trén (0; +oo) :
f 4 z —4 \ 9
* Tacoiy'=1—-—= - ,Vxe(0;+oo):>y:0<:>x—4:0<:>x::t2.
T T

* Bang bién thién:

x:—1¢pﬂ]@y

12



\/

* Dya vao bang bién thien=- mlnf a: = 4 khi = 2 va ham s6 khong c6 gia tri 16n nhat.

(0+oo)
. . B N X 15—1
b/ Tim max — min cua ham s6: y = ————
r—z+1
* Ham s da cho xac dinh va lién tuc trénD = R .
*Ta Co: y'z%ég'zO@—xQ—l—%:O@l
(x2—x+1> o
* Bang bién thién:
T |—o0 0 2
“+00
y' — 0 + 0 -
-1
0
1

+Dya vio bing bién thicn, ta durgo: mpx y = % iz = 0Va mjny =~ ki o = 2.

\ - 2 N A ]-
¢/ Timmax—mincuahamso: y =z ——,z € (0;2]
T

«Ham s6 da cho xac dinh va lién tuc trén 0;2).

2
*Tacé:y'zl—%:x 21,‘v’$€(0;2].
x T

*Choy'=0e 2" -1=0< 2 =4+1.
* Bang bién thién:

T 1
y' - 0
3
y 5 /

* Dya vao bang bién thién: min f(z) = 0 khi z =1.

(02]
z + 1+ 927 (m>0)

d/ Tim max — min cua ham sé: y = -
8z” 41

13



<> Ham sb da cho xac dinh va lién tuc trén khoang (O, —|—oo> .

:x+\/1—|—9:c2: 92" +1—2° _ 1
8z +1 (8352 +1)(M—x J92* +1 -

< Ham sby = f(x)dat gid tri l6n nhat trén khoang 0, +o00) khi va chi khi ham sé:
g(2) = 92" +1 -z dat gia tri nho nhét trén khoang (0, +o0).

< Taco: y:f(:z:)

<>Tacég'(x):9—x_1:>g'(x>:0® 92 11 = 97 < >0 :>$:L_
Joz2 +1 7227 =1 6\/5
< Vay: ming(m):ﬁ khix:Limaxf(x):L:ﬂkhixz_l .
(0:+00) 3 6\/5 (0:++00) 2\/5 4 6\/5
3

Bai 3:
a/ Chu vi ciia mot tam giac Ié16(cm), d6 dai cia mot canh tam giac Ié6<cm>. Tim hai canh
con lai cua tam giac sao cho tam giac c6 dién tich Ion nhat.
b/ Cho Parabol (P):y = z* vadiém A(—3;0). Xac dinh diém M < (P) sao cho khoang
cach AM la ngan nhat. Tim khoang cach do.
HD gidi. a/ Goi d¢ dai canh thir nhat cua tam giac laz(cm ), canh thir hai c6 do dai lay (cm) va
canh th ba |é6(cm).
z>0,y>0 N y =10 - z; Yz € (0;10)
ChuviA=2p=z+y+6=16 p =16
<> Cong thuc tinh dién tich A theo Héréng:

S, (z) = \/p(p—a:)(p—y)(p—fs) - \/8(8—x>(8—y)<8—6) — 42 +10z —16..

<+ Taco: S, = 4. <5 _ 3“") Vz e (0;10).
J—2® +10z — 16

<> Theo dé bai ta co:

S, =0 4. ikl & =5 Yz € (0;10).

\/—x2 +10x — 16
<> Bang bién thién:

< Dya vio bang bién thién: Maxs, = 12(cm? | khi méi canh con lai
déi5(cm);(khi r=y= 5).
b/Goi M(:vo;yo> €(P)= M(xo;xf).

14



<> Khoang cach: AM = d(x) = \/(zo - 3)2 - (:z:j)2 = \/zj + 2’ 46z, +9.
<>Tacé:d'(:r:o>: 2xf+x0+3 ;d'(xo>:0<:)2:£f+xo+320(:)xo:—1.
\/xj+:cf+6:vo—|—9
<> Bang bién thién:
X —0o0 -1 “+00

d'(z,) - 0 n
+ +00

AM =d(z,) \\/g /

Dua vao bang bién thién: AM = \/gkhi diémM(—l;l) € (P) cy =1,

IL. Puong tiém can caa dé thi ham sé
1) Tim giéi han theo quy tic
Vidu 1. Tim lim (x* - 2x).

X—>—0

Giai. Taco lim (x* —2x) = lim x° (1—%] =—oo (Vi lim x® =—-w0 va lim (1—%] =1>0).
X

X—>—00 X—>—0 X—>—00 X—>—00 X
3 Ey2
Vidy2 Tim lim 222X *+1
x>0 X —X+1
5 1
3 k2 2——+—
Gidi. Taco lim 25 "X+ jim [ — X X1 i lim x= 4o0 va
x—>+0 XS —x4+1 X—>—00 1 1 X—>+00
X X
2_§+i
lim X X 1-250
X—>+00 _1+i > )
X X
Vidu 3. Tim lim2X=3.
x-1" X —
. T g 2X—=3
Giai. Taco lim(x-1) =0, x-1>0¥x>1va lim(2x-3)=-1<0. Do d6 lim =—00,
x—1" x—1" x->1" X —
Vidy 4. Tim lim 2X=3.
x-1" X —
. s o . i 2X—=3
Gidi. Taco lim(x-1) =0, x-1<0 Vx<1lva lim(2x-3)=-1<0.Do dé lim = 400,

x—1" x—1 x—>1" X —
2) Ki niing sir dung may tinh
Y twéng: Gid si can tinh lim f(x) ta ding chize nang CALC dé tinh gia tri cua f(X) tai cac gia
X—a

tri cia x ratgan a.
a) Gidi han cia ham sb tai mot diém
lim f(x) thi nhdp f(x) vatinh giatritai x=a+107".

x—a*



lim f(x) thi nhgp f(x) vatinhgiatritai x=a-10".
lim f (x) thi nhgp f(x) vatinh giatritgi x=a+10"° hogc x=a-10".

b) Gigi han cua ham sb tai vo cuc
lim f(x) thi nhgp f(x) vatinh giatri tai x =10".

lim f(x) thinhgp f(x) vatinh gidtri tgi x =-10".

2 —_—
Vi du 1. Tim gioi han |imL"l3.
x—1" X —

x?+2x-3
Xx-1

Giai. Nhap biéu thirc . Anté hop phim:| CALC || 1+10° || = | May hién sé 4.

2
Vay Iirnx +2X 3:
x—1* X—=1

4.

Vi du 2. Tim gi6i han lim 2X=3.

x—>1" X —1

Giai. Nhap biéu thirc ZX_13.An t6 hop phim:| CALC || 1+10° || = |.

Méy hién s -099999998. Vay lim 2% _13 -
x->1" X —

2 —
Vi du 3. Tim giéi han lim 2%+ 2X=3
X—>+00 X +l
2x% +2x-3

x? +1

Giai. Nhap biéu thirc . Anté hop phim:| CALC || 10™ || = |. May hién sb 2.

2 f—

o X2 4]
3) Dang toan thwong gip: Tim cac dwdng tiém can ngang va tiém can dieng cia dé thi ham sé
y=f(x).
Phuwong phap:
- Tim TXD cua ham so.
- Tim cac gidi han ciia ham sé khi x — +90, X — —0, X — Xy, X = Xy roi duea vao dinh nghia cdc
dwong tiém cdn dé két lugn.
Chay.

e Do thihamsd y = f(x) chi co thé co tiém can ngang khi TXD cta nd 1a mot khoang vo han
hay mot nira khoang vo han (nghia 1a bién x c6 thé dan toi +oo0 hoic —w).

e Do thiham sd y = f(x) chi co thé co tiém can dimg khi TXD ctia né c6 mét trong cac dang
sau (a;b),[a;b),(a;b], (a;+x), (—w;a) hoac la hop cua cac tap hgp nay va TXD khong co
mot trong céc dang sau R, [c;+x), (—w;c],[c;d].

e Dbi voi ham phan thiee y = % trong d6 P(x),Q(x) la hai da thirc cia X ta thwong dung
phuong phap sau dé tim cac dudng tiém can cua do thi ham sé.

i) Tiém can ding
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thi duong thang x = x, la tiém can ding caa dd thj ham sb.

. |P(X)=0
“{Qwa=o
i) Tiém can ngang
Néu bac cua P(x) bé hon bac cua Q(x) thi duong thang y =0 (truc hoanh) Ia tiém can

ngang cua do thi ham sé.

Néu bac cia P(x) bang bac cia Q(x) thi duong thiang y =§ la tiém can ngang cua do thi
ham s6 P(x) trong 46 A, B lan luot 12 hé sé cua s6 hang ¢ sé mii 16n nhat caa P(x) va Q(X).

Néu bac cua P(x) 16n hon bac cua Q(x) thi dd thi ham sb khéng c6 tiém can ngang.
ax+b

dd thi déu c6 hai tiém can
cx+d

Dic biét, moi ham phan thirc hitu ti bac nhat trén bac nhat y =

e I N UV
Tiém can dung x = — tiém can ngang y = —. Do thi nhan giao diém cua hai tiém can lam
Cc

oo

tam doi xung.
2x—-3

Vi du 1. Tim tiém can ding va tiém can ngang cua db thi ham sb y = T
X —

Giai. TXD: D=R\{1}. Tacé
lim y = lim y = 2 nén d6 thi nhan duong thang y = 2 1am tiém can ngang.

lim y = —o0, lim y = +o0 nén db thi nhan duong thang x =1 1am tiém can dung.
x—1" X—1"

Cha y: C6 thé cho HS &p dung ludn nhan xét ¢ phan trén dé luyén tap.

X+ 2016

Jx? —2016

Gidi. TXD: D = (—o0;—12+/14) U (124/14; +0) . Ta 6

Vi du 2. Tim tiém can ngang caa do thi ham s y =

limy=1va lim y =—1 nén d6 thi ham s6 c6 2 tiém can ngang la y =1 va y = -1.

X—>+00 X—>—00
\/§ +1

Jx-2

Vi du 3. Tim cac duong tiém can ding va tiém can ngang cua dé thi ham sé y =

Giai. TXD: D =[0;4) U (4;+o0) . Ta c6
lim y = lim y =1 nén d6 thi nhan duong thang y =1 1am tiém can ngang.

X—>+00

lim y = +o0, lim y = —0 nén db thi nhan dudng thang x = 4 1am tiém can dung.
X—4"

x—4"

111. BAI TAP TRAC NGHIEM

Caul. Goi y,;y, lan luot 1a gia tri 16n nhét, gid tri nho nhét caa ham sé y=il+iz trén
x—1 X-—
doan[3;4]. Tinh tich y,.y,.
A3 B. > c.2 p. L.
2 6 4 3
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Cau 2.

Cau 3.

Cau 4.

Caub.

Céau 6.

Cau7.

Céau 8.

Céau 9.

Cau 10.

. . ‘ R . 1 1
Tim gia tri I6n nhat cia hamso y=—+——+
X X+1 x+2

trén doan [-5;-3].

A. Gi4 tri 16n nhét bang —g. B. Gia tri 16n nhat bang %
C. Gia tri Ién nhit bang —%. D. Gia tri 16n nhét bing —1—61.
Cho ham sb y = x—~/x—1. Khing dinh nao sau day ding?

A. Ham sé c6 gia tri nho nhét bang % va khong cd gia tri 16n nhat.

B. Ham s6 ¢6 gid tri nho nhat bang % va gia tri 1on nhat bang 1.

C. Ham sb khong c6 gia tri lon nhat va gié tri nho nhat.
D. Ham s dat gia tri 16n nhét tai diém c6 hoanh d6 x =1 va gia tri 16n nhat bang 1.

Ham sb y =1+ x> ++/1- x* dat gi4 tri nh6 nhét tai diém c6 hoanh do bing bao nhiéu?
A. 0. B. +1. C. +V2. D. 2.

Tim gi4 tri 16n nhit M va gia tri nho nhat N cua ham s y =sin® x+cos” x.

A.N=-2; M =1. B.N=0;, M=2 C.N:%; M=1. D.N=0; M=1.
Tim gid tri I6n nhat caa ham s6 y =sin® x—cos” x .
A 0. B. 1. C. -1. D. Khéng ton tai.

Tim diém c6 hoanh d trén [O;%} dé ham s y =~/1+2sinx.cosx dat gié tri nho nhét .

A x= B.x:z. C. x=0 vax:z. D.x:z.
6 2 3

T
T
Tim gi4 tri 16n nhit M va gia tri nho nhat N cua ham s6 y =sin® x+cos® x..

1

A M=1 N=-1. B.M=2;N=0. C.M=—; N=-1. D.M:1;N:Z.

1
4
Tim gia tri I6n nhat caa ham sé y = x* —3x+3 trén [—1;%} :

A. maxy =5. B. maxy =3. C. maxy =4. D. maxy =6

Xe[—l;%} Xe[—l;g} Xe[—l;g} Xe[—l;g}
Ham s y=x®—2x*—7x+5 c6 gia tri nho nhét 1a m va gia tri Ion nhat 1a M trén [1;3].
Tinh tong m + M.

A.m+M:—@. B.m+M:—ﬂ
27 27
C. m+M =-10. D.m+M=—%.
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Cau 11.

Cau 12.

Céau 13.

Céau 14.

Céau 15.

Tim céc gia tri caa tham s6 m > 0 dé ham sé y =x>—3x+1 dat gi4 tri nho nhat trén
[M+1;m+2] ludn bé hon 3.

A. me(0;1). B. me(%;l).
C. me (-o;1)\{-2}. D. me(0;2).

Mot cong ti bat dong san co 50 cin ho cho thué. Biét ring néu cho thué mdi can ho véi
gia 2.000.000 ddng mot thang thi moi can ho déu co nguoi thué va ct mdi lan ting gia
cho thué, mdi cin ho thém 50.000 dong mot thang thi ¢ thém maot cin ho bi bo trong.
Cong ti di tim ra phuong an cho thué dat loi nhuan 16n nhat. Hoi thu nhap cao nhét cong
ti ¢ thé dat duoc trong mot thang 1a bao nhiéu?

A. 115.250.000. B. 101.250.000.

C. 100.000.000. D. 100.250.000.

Doanh nghiép Hong Anh can san xut mot mat hang trong dung 10 ngay va phai str dung
hai may A va B. May A lam viéc trong x ngay va cho sé tién I4i 13 x* +2x ( triéu dong ),
méy B lam viéc trong y ngay va cho sb tién l4i 1a 326y —27y? ( triéu dong ). Hoi doanh
nghiép Hong Anh can sir dung may A 1am viéc trong bao nhiéu ngay sao cho sé tién 13i la
nhiéu nhat? (Biét rang hai may A va B khong ddng thoi lam viéc, may B lam viéc khdng
qua 6 ngay).

A. 6. B. 5. C. 4. D.7.

Mot nguoi tho xay can xay mot bé chira 108 m® nuéc ¢ dang hinh hop chir nhat vai day
1a hinh vudng va khdng c6 nap. Hoi chiéu cao caa long bé bang bao nhiéu dé s vién
gach dung xay bé 1a it nhit. Biét thanh bé va day bé déu dwoc xay bing gach, do day
thanh bé va day bé 1a nhu nhau, cac vién gach cé kich thude nhu nhau va s6 vién gach
trén mot don vi dién tich 1a bang nhau.

A.9m. B. 6m. C. 3m. D. 2m.

Ky thi THPT Qudc gia nim 2016 vira két thiic, Nam dd vao trudng dai hoc kinh té quéc
dan Ha Noi. Ky | cia nam thtr nhat gan qua, ky Il siap dén. Hoan canh khong duoc tét nén
gia dinh rét lo lang vé viéc dong hoc phi cho Nam, ky I da kho khan, ky II cang khé khin
hon. Gia dinh da quyét dinh ban mot phan manh dat hinh chir nhat ¢6 chu vi 50m, Iy tién
lo cho viéc hoc ciia Nam ciing nhu tuwong lai ctia em. Manh dat con lai sau khi béan 1a mot
hinh vuéng canh bang chiéu rong caa manh dat hinh chix nhat ban dau. Tim sé tién lon
nhat ma gia dinh Nam nhén duoc khi ban dat, biét gia tién 1m? dat khi ban 1a 1500.000
VN déng.

A. 112687500VN dong. B. 114187500VN dong.
C. 115687500VN dong. D. 117187500VN dong.
Cau 16. B4 thi ham sb y = x* —2x* +5 ¢6 bao nhiéu dudng tiém can ?
A. 0. B.1. C.2. D. 3.
Cau 17. D6 thi ham sé nao sau ddy nhan dudng thang y = 2 1a mot duong tiém can ?
A. y=3—X. B. y:2x—1. C. y:_2X+1. D. y=x-2.
X—2 2—X 2—X
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3X+1

Cau 18. Tim tiém can ding cua dd thi ham sb y =

x—1

A. x=-1. B. x=1. C. x=3. D. x=-3.

A e S ad sz 2x +1
Céu 19. Tim tiém can ngang cua do thi hamso y = :

x—-1

A y=-1. B.y=1. C.y=-2. D.y=2.

A N A z -z . 5 A A I3 \ A A 5 A . Y A 2X +m
Cau 20. Tim tat ca cac gia tri caa tham s6 m dé cac duong tiém can cua do thi hamso y =

X+ m

tao véi 2 truc toa do mot hinh vuéng.

A m=2. B.m=-2. C. A vaB sai. D. A va B déu ding.
Cau 21. Tim tat ca céc gia tri caa tham s6 m dé khoang cach tir giao diém cua 2 duong tiém can

) . mx+2 . .
cta do thi hamso y = . tai goc toa do O bang \@
X +
A.m=+4, B.m=+2. C. AvaB sai. D. A va B déu dang.
. - 3x . . . .
Céau 22. Chohamso y = 3 . Tim tat ca cac gia tri cua tham s6 m dé tiém can ding cua do thi
X—m

ham sé nam bén tréi truc tung.

A. m<0. B. m=0. C. mtuyy. D.med.
Céu 23. Cho ham s6 y = f (x) ¢6 lim f(x)=1va lim f(x)=-1. Khang dinh nao sau day la

khang dinh dung ?
A. D6 thi ham sé da cho khéng co6 tiém can ngang.
B. B thi ham s6 di cho c6 dung mot tiém can ngang.
C. b6 thi ham sé di cho c6 hai tiém cén ngang 13 cac duong thang y=1 va y=—1.

D. B4 thi ham sb da cho c6 hai tiém can ngang 1a cac duong thing x =1 vax=—1.

Cau 24. Tim tit ca c4c gia tri thuc cua tham s6 m dé dd thi ham sé y = X4+l 6 hai duong tiém
Jmx? +1
can ngang.
A meg. B. m<O0. C. m=0. D. m>0.
a A A 2mX +m N A 5 7 -7 . 5 A A \ = A A
Céau 25. Cho ham s6 y=———. Tim tat ca céc gia tri thuc caa tham s6 m dé duong tiém can
x—-1

dung, tiém can ngang caa do thi ham sé cing véi hai truc toa do tao thanh mét hinh chir nhat c6
dién tich bang 8.

1
A.m=2. B.mzia. C. m=4. D. m=44.

IV. DAP AN BAI TAP TRAC NGHIEM

1[2[3[4[5[6|7[8[]9[10[11]12[13[14[15[16|17[18[19]20
c|c|B|/B|C|B|C|D|/A|A|A|/B|/A|C|D|A|C|D|D|D
212223 (2425|2627 |28|29|30|31|32(33(34|35|36/|37|38|39]40
A|lB|C|D|D
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Buéi 3.
CHU PE 5. PO THI CUA HAM SO

I. KIEN THUC CO BAN
1. So' @6 khao sét sw bién thién va vé dé thi ham sé
a) Tap xac dinh: Tim tap xac dinh ctia ham sé.
b) Su bién thién caa ham sd
e Tim cac giGi han tai v cuc, cac giGi han vo cuc va tiém can (néu co).
e  Xét chiéu bién thién cua ham sé:
Tinh dao ham. Tim céc diém tai d6 dao ham bang 0 hoic khong xac dinh.
Lap bang bién thién va két luan khoang ddng bién, nghich bién va cuc trji cia ham
sb.
¢) Db thi: Dya vao bang bién thién va céc yéu té xac dinh & trén dé v& d6 thi.
2. Pb thj ham sé bac ba: y =ax® +bx? +cx+d (a = 0)

e Céc dang db thi cua ham sb bac 3:

a>0 a<0

Phuong trinh

A A
6 hai nghiém

phén biét / T\ NV \

Phuong trinh / \\
y’'=0 3

c6 nghiém kép / ; !

Phuong trinh
y'=0

vo nghiém 3 : \

3. Pb thi ham sé bac bdn triang phwong: y = ax* +bx? +¢ (a = 0)
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e Céc dang db thi cia ham sb bac 4 tring phuong:

a>0 a<o
A
y'’=0c61 ty y
nghiém
(a.b>0)
0 X »
A
y'=0063 y I
nghiém
(a.b<0) 5 > X
/N x5
ol \/
R .z ax+b
4) Po thi cia ham so y = (c#0,ad —bc = 0)
cx+d
Céc dang d6 thi ham sé:
D=ad—-bc=>=0 D=ad—-—bc<0
y y
P
©
oY X X

Cha y: Can hudéng dan hoc sinh cach “doc” d6 thi dé suy ra chiéu bién thién, Iap bang bién thién
trong mdi truedng hop va chi ra cac dudng tiém can caa d thi (néu co)
5) Cac phép bién déi dé thi
Chohamsé y = f(X) ¢é do thi (C). Khi dé véise a>0,taco

+Hamsé y = f(x)+a ¢d do thi (C") bang cach tinh tién do thi (C) theo phuwong Oy 1én
trén a don vi.

+Hamso y = f(x)—a cé dé thi (C") bang céach tinh tién do thi (C) theo phwong Oy 1én
trén a don vi.
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+Hamsé y = f(x+a) cd do thi (C') bang céch tinh tién do thi (C) theo phwong OXx sang
trai a don vi.

+Ham sé y = f(x—a) co d6 thi (C") bang céch tinh tién db thi (C) theo phuong Ox sang
phai a don vi.

+Hamsé y =—f(X) ¢é dé thi (C') la doi ximg cua do thi (C) qua truc OX .

+Hamsé y = f(-X) ¢é do thi (C') la doi ximg cuia do thi (C) qua truc Oy .
£ (x) khi x>0
f (=x) khi x <0
Giir nguyén phan do thi (C) nam bén phdi truc Oy va bé phan do thi (C) nam bén trai Oy .
Ldy déi xing phdn do thi (C) nam bén phai Oy qua Oy .
£ (x) khi f (x) >0
_f(x) khi f (x) <0
Gi# nguy én phan do thi (C) nam phia trén truc OX.
Ldy doi xieng phan do thi (C) nam bén phia dwéi Ox qua Ox va bé phan do thi (C) nam duéi
Ox.
1. LUYEN TAP (KI NANG CO BAN)
Dang 1. Nhan dang do thi ham sé
Vi du 1. Pudng cong trong hinh bén 1a d thi cia ham s6 nao dudi day?

A.y:x4—2x2+2. ¥
4__

+Hamsé y = f (|x|) = { ¢ dé thi (C") suy tr d6 thi (C) bang cach:

+Hamso y =|f (x)| :{ c6 do thi (C') suy tir do thi (C) bang céch:

B. y:x3+3x+1.

C. y=—x4 +ax% + 2. 7\
D.yzx_l. __:1 i 0 ;_L X
VTV

24

Huwéng dén gidi. Day 1a dang do thi ham bac 4 tring phuong véi hé sé a> 0. Chon A.
Vi du 2. Pudng cong trong hinh bén 1a d6 thi cia mot ham sé trong bdn ham duoc liét ké & bon
phuong 4an A, B, C, D dudi day. Hoi ham s d6 1a ham sé nao?

2 K
A y=x"+2x-3.

¥

B. y:—x3+3x+1.
C. y:x4—2x2+1.
D. y:x3—3x+1.

Huwoéng ddn gidi
Ta thiy duong cong la db thi ciia ham bac ba, lim y =+ . Vay dap an 1a D.
X—>+00
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c6 @6 thi Ia hinh vé nao dudi day?

. X
Vidu3. Hamso y =

X—2
A. Hinh 1. B. Hinh 2. C. Hinh 3. D. Hinh 4.
: N L S :
¥ R R 1Y : +
ey I
2 § /0 P 12 1
i L :
:2 D 1 i/ ix i 2T
2 :
: : _4__
FaR

Huwoéng dan gidi
Do ham sb da cho 1a ham phan thtic nén loai dap 4n B va D.

x-1 ! -1
y=T— =2y =
(x-2)

S x-2
Dang 2. Dwa vaoe dd thi hoic bang bién thién chi ra sé nghiém ciia phwong trinh
Vi dy 4. Cho ham s y = f (x) xdc dinh trén R \ {0}, lién tuc trén mi khoang x4c dinh va c6

<0 nén ham sb nghich bién trén ting khoang xac dinh. Pap 4n 1a C.

bang bién thién sau:

X | —0 0 2 +00
y' -] + o0 -
y

N

Tim tap hop tat ca cac gid trj thuc caa tham sb m sao cho phuong trinh f (x) = m c6 ba nghiém

thuc phén biét.

A. [-2:4]. B.(-2,4). C.(-2:4]. D.(~o0;4].

Huwoéng dan gidi

Phuong trinh ¢6 3 nghiém khi va chi khi d6 thi ham s y = f (x) cat duong thang d 1y =m tai 3
diém phan biét. Tir bang bién thién suy ra -2 <m <4 = m e (-2;4). Chon B.

Vi dy 5. Cho ham s y = f (x) xdc dinh, lién tyc trén R va c6 bang bién thién:

X | =00 -1 0 1 +00

y' - o + 0 - | +

Y | 40 4 +00
\0 _— 5\0/

Tim tap hop tat ca cac gid trj thuc cia tham sé m sao cho phuong trinh f (x)=m c6 hai nghiém

thuc phén biét.
4 4 4
A. m=0. B.m>§. C.O<m<§. D.m =0 hoac m>§.

Huwong dén gidi
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Phuong trinh c6 2 nghiém khi va chi khi d6 thi ham sé y = f (x) cat duong thang d : y =m tai 2
2 4
diém phéan biét. Tu BBT suy ra m=0 hoac m > E Chon D.

Vi du 6. Xétham sé y = x° —3x% + 2 ¢6 dd thi (C) dugc cho & hinh bén. Tim tht ca cAc gia tri caa

tham s6 thuc m sao cho phuong trinh x> —3x% +2=m c6 2 nghiém thuc phéan biét .
A -2<m<2. y
m=-2 hoac m=2

m< -2 hoacm > 2
m < -2 hoac m > 2. /\
-1 12

CoOow

Vidu7.Chohamsé y = f (X) x4c dinh, lién tuc trén R va c6 bang bién thién :

X |-o0 -1 1 +00

y’ + 0 - 0 +

y 4 oo
_oo/ \ 0 /

Tim tat ca cac gid tri cua tham sb thuc m sao cho phuong trinh f (x) = -m + 3 ¢6 ding mot
nghiém thyc.

A. -l<m<3. B.—1<m<3. c.|m=-1 D.|Mm<-1
m>3 m>3

Huwong dén gidi
S6 nghiém ctia phuong trinh bang sb giao diém cua d6 thi ham s y = f (x) va dudng thang

y=-m+3.TaBBTtaduoc | M+3>4 | M<-1 cponp.
-m+3<0 m>3

Vidu 8. Chohamsé y = f (X) x4c dinh, lién tuc trén R va c6 bang bién thién:

X —00 0 2 +00

Yy - 0o + 0 -

+00 3
y \;1 / \oo

Tim tat ca cac gia tri ctia tham s6 thuc m sao cho phuong trinh f (x) =m -1 c6 nghiém thuc Ion
hon 2.

A. m<4, B.m<4. C. m<0. D.0O<m<4,.
Huwong dén gidi
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Nghiém cta phuong trinh f (X) =m -1 13 hoanh d6 giao diém cua do thi ham s y = f (X) va
duong thang Y =m —1. Tu BBT ta dugc M —1<3<> m< 4. Chon B.
Vidy 9. Chohamsé y = f (x) x4c dinh trén IR\ {0}, lién tyc trén mi khoang xéc dinh va c6

bang bién thién sau:

X | —o0 -1 0 2 +00
y'| o+ o - | - 0 +
y

. /—2 \ B +oo\ 2/'+oo

Tim tht ca cac gi tri cia tham sb thyc M sao cho phuong trinh f (X)=m —1 ¢6 hai nghiém thyc

phan biét .
A. [m>3. B.—1<m<3. c.-1<m<3. D.[m23.
m< -1 m<-1

Huwong ddn gidi

S6 nghiém cua phuong trinh 1a sb giao diém cua d6 thi ham sé giao diém cua do thi ham sé

m-1>2 m >3
&

. Chon A.

m-1<-2 m< -1

y = f(x) vaduong thang y =m —1. Tir BBT ta dugc [
Vi du 10. Cho hams6 Y = X3 = 3X + 2 c6 db thi duoc cho & hinh 1. D4 thi ¢ hinh 2 14 db thi cia
ham sb nao dudi day?

A y:| X3|—3|X|+2. Hinh 1. Hinh 2.

‘\
B. y=‘x3—3x+2‘. !
C. M:x3—3x+2.

D.y =\x—l\(x2 + x—2).

A

i

-

Huwong ddn gidi

Céach 1. D6 thi ¢ hinh 2 duoc v& nhu sau:

+ Gifr nguyén phan d6 thi (C) & phia trén truc hoanh Ox

+ L4y d6i xtng phan d6 thi (C) & dudi Ox qua Ox, bo di phan d6 thi (C) & dudi OXx.

+ D) thi thu dugc nam hoan toan trén Ox. Day la d6 thi ham s y = ‘x3 - 3x+ 2‘ . Chon B.

Céch 2. P thi ¢ hinh 2 nam ¢ phia trén truc hoanh = y >0 . Chon B.
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111. BAl TAP TRAC NGHIEM

Cau 1. (PE MINH HOA QUOC GIA NAM 2017)

D6 thi hinh bén 1a cua ham s6 nao?
A y=—x*+x-1.

B. y=—x*+3x+1.

C.y=x"—x*+1.

D. y=x*-3x+1.

Cau 2. b6 thi hinh bén Ia caa ham sé nao?
A. y:(x—&—l)2 (1-x).

B. y=(x+1)"(1+x).

C. y=(x+2°(2—x).
D. y=(x+1)(2+x).

Cau 3. P6 thi sau day 1a ciia ham sé nao?

-~

Cau 4. Cho ham s y = f (x) c6 bang bién thién sau:

)
—

)
A y=-—x>+1.
B. y=-x*+3x+2.
.- T
! > C.y=-x*—x+2.
g 1
D. y=—x*+2.

X | -0 -1 400
+ 0 - +
2 400
Y / \ /
—00

v
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D6 thi ndo thé hign ham sé y = f (x)?

v

Y
A B
2
: ) T
L o\ ’
DY AN
Y
C
X
1 y D
/
-4
(Pap an : A).

Chon dap an dung?

A. Ham sé co hé sé a<o.

B. Ham s6 dong bién trén cac khoang (—2;-1) va (12).

C. Ham sb khéng c6 cuc tri.

D. Hé sd tu do cua ham sb khac o.

Cau 6. D6 thi hinh bén 1a caa ham s6 nao?

A y=—x"+2x*+2.
B. y=x*-2x*+2.
C.y=x"-4x*+2.

D. y=x*—-2x*+3.

Cau 7. Pd thi sau day 1a ciia ham sé nao?

4 _ 2
1 O/ 1 ¥ A y=x"-2x*-1.

Cau 5. Cho ham s6 y=ax® +bx2 +x+d co dd thi nhu hinh bén.

v

CLLLLY ™

v

v
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B. y=—2x"+4x*-1.

C.y=-—x"+2x*-1.

D. y=—x*+2x"+1.

Cau 8. b6 thi hinh bén la caa ham sé nao? y
A. y=—x*—2x*+3.
B. y=—x*—2x*-3.
C.y=—x"+2x*+3.

D. y=x*42x*+3. -1

L 4

Cau 9. D6 thi sau day 1a ciia ham s6 nao?

—_——————)

y
A y=x"+x*+2.
B. y=x*—x*+2.
2
C.y=x"—x>+1.
v D. y=x*+x*+1.
1 1 )
0
Cau 10. Cho ham sé y = f (x) ¢6 bang bién thién nhu sau. Chon phét biéu sai?
X | —c0 -1 0 1 +00
y' -0 4+ 0 _ o+
+00 - +00
y \ / 3\ /
-4 -4
A. Ham sb dong bién trén cac khoang (—1,0) Va (L+oo). Y1
B. Ham s6 dat cuc dai tai x=0.
C. D6 thi ham sb da cho biéu dién nhu hinh bén. L
|
D. Ham s6 dd cho 1a y = x* —2x* 2. i
I -
Céu 11. Do thi sau day,la cua ham s6 nao? I
| y .
|
! A y— x+1'
! 2x+1
|
|
! 1 B. y— X—|—3.
| 2 2x+1
_______________ oo
1; Ir C = X .
*Ei y 2x +1
|
| y= X—1
l ERPTEE N

Cau 12. Cho ham s6 y = x* —6x2+9x ¢6 d6 thi nhu Hinh 1. D thi Hinh 2 1a caa ham s6 nao duéi
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day?

v

-3

Hinh 1 Hinh 2

IR
A y=-x"+6x*-9x. B.y=|x"+6[x"+9|x. C. y—|x 6x +9X|.

D.y= |x|3 —6x% +9|x].

Cau 13. Cho ham sb y=x*+3x2—2 ¢ dd thi nhu Hinh 1. D6 thi Hinh 2 13 cua ham sé nao duéi

day?

Hinh 1 Hinh 2
A. y:|x|3+3|x|2—2. B. y:|x3+3x2—2|. C. y:‘|x|3+3x2—2‘. D.y=—x*-3x>+2.

Cau 14. Cho ham sé y= f (x) lién tyc trén R va c6 d6 thi nhu hinh dudi day.

-~

(). Ham s6 nghich bién trén khoang (0;1). v

(I1). Ham sb dong bién trén khoang (—1.2).

(111). Ham s c6 ba diém cuc trj.

(IV). Ham s6 ¢6 gia tri 16n nhat bang 2. 2

S6 ménh dé dung trong cac ménh dé trén Ia: / \ .
1 o] 1 ’

A. 1. B. 2. C. 3. D. 4.

X

Cau 15. Cho ham sb y = ¢6 d6 thi nhu Hinh 1. D6 thi Hinh 2 1a ctia ham s6 nao dudi day?

2x+1
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Hinh 1 Hinh 2
A y=|—" y= i Cy=s"— y= i
' 2x+1| ' 2|x|+1 ' 2|x|+1 ' 2|x|+1

Cau 16. Cho ham sb y = ;‘; 21 ¢6 d6 thi nhu Hinh 1. B thi Hinh 2 1a caa ham s6 nao dudi day?

<

-~ | -~ |
Y |

I I

I I

I I

I I

I I

I I

| |
S 1
2| i 2| i

Hinh 1 Hinh 2
2 2
A y—_ x+2]. B.y= |x| + _[x+2 D. y:|X|+
2x—1 2|x|-1 2x—1 2x—1
Cau 16. Cho ham s§ y=x* +bx* + x +d.
ALy ALy ALy ALy

Ar— e N

(N (1) (1) (v)
Céac d6 thi nao c6 thé 1a dd thi biéu dién ham sé da cho?
A. (). B. (1) va (II). C. (I va (IVv). D. (111) va (1V).

Cau 17. Cho ham s6 y = f (x) = a +bx* + o +d .



Qa
«
«

«

P— U o —— N

N (1) (1) (V)

Trong cac ménh dé sau hdy chon ménh dé dung:

A. D6 thi (1) xay rakhi a<0 va f'(x)=0 c6 hai nghiém phan biét.

B. b6 thi (11) xay ra khi a=0 va f '(x)=0 c0 hai nghiém phan biét.

C. Db thi (111) xay ra khi a>0 va f '(x)=0 vO nghiém hoac c6 nghiém kép.
D. D6 thi (IV) xay ra khi a>0 va f'(x)=0 c6 c6 nghiém kép.

Cau 18. Cho duong cong (C) c6 phuong trinh y = f (x)=+1—x? . Tinh tién (C) sang phai 2 don vi,

ta dugc duong cong méi cé phuong trinh nao sau day?

A y=+v-x*+4x+3. B.y=y-x*+4x-3. C.y=+1-x*+2. D. y=+1-x*-2.

Cau 19. Tinh tién db thi ham s6 y= 2X ;43 sang phai 1 don vi, sau d6 1én trén 5 don vi ta duoc d6
X

thi ham sé nao dudi day?

11x Xx—5 X—3 11x +22
Yoot B.y=oiat® C Y=oxi3 > IRV
Cau 20. Bang bién thién sau day 1a caa ham sé nao
X — o0 -1 0 1 + 0
y’ - - 0

y

+ 00

0 + 0
/3
-4

~,

A y=x'-3x*-3. B. y:—%x4+3x2—3. C.y=x"-2x*-3. D. y=x*+2x*-3.

Cau 21. Bang bién thién sau ddy 1a cia ham sb nao?

X — o0 0 + o0
y : 0 +
y + o0

A y=x'-3x"+1.

T

B. y=—x"+3x"+1.

/9

C.y=x"+3x"+1.

Cau 22. Bang bién thién sau ddy 1a ctia ham sb nao?

D. y=—x*-3x*+1.

X — o0 -1 +
y’ + +
y 2

/

/
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— 00
2X+1 x-1
A. = . B. = .
y X+1 y 2X+1

_2x+1
x-1"

A.a<0,b>0,¢c>0,d<0.

_X+2

14X
Cau 23. Cho ham s6 y = ax® +bx? + cx+d c¢6 dd thi nhu hinh vé& bén. Ménh d& nao dudi day dung?

B. a<0, b<0,

c>0,d<0.
C.a>0, b<0,

c<0,d>0.
D.a<0,b>0,¢c<0, d<0.

Cau 24. Cho ham s6 y = f(x) c6 dd thi y= f'(x) cat truc Ox
tai ba diém c6 hoanh d6 a<b<c nhu hinh v&. Ménh dé nao
dudi day la dung?

A. f(c)> f(a)> f(b).

B. f(c)> f(b) > f(a).

C.f(a)> f(b)> f(c).

D. f(b) > f(a) > f(c).

VAR

Cau 25. Cho ham sé y = f () x4c dinh trén R\ {0}, lién tyc trén m3i khoang x4c dinh va co
bang bién thién sau

X | —o0 -1 0 2 +00
y'| o+ 0 | - 0 +
y -2

L7 TN

+OO\2 / +00

y=f (X) tai diém c6 tung d6 nho hon 0.
A m<O0.

B.m>0 Cc.m<0.

IV. PAP AN BAI TAP TRAC NGHIEM

1,23 |4]5

Tim tat ca cac gia tri ciia tham sb thuc M sao cho duodng thang d : y = 2m — 2 cat d6 thi ham s6

67|89 (10[11]12 13
DIC DA B|B|B

14 | 15|16 | 17

18119 (20|21 |22

BIA|B|C|B|A|C

23 |24 25| 26

D. Khdng co gia tri thuc nao cua m thoa man.
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CHU PE 6. SU TUONG GIAO GIUA CAC PO THI.
TIEP TUYEN CUA PO THI HAM SO

|. KIEN THU'C CO BAN
1) Cho hai do thi (C1): y = f(x)va (C2): y = g(x). DPé tim hoanh dé giao diém cua (C1) va (Cz2) ta
gidai phirong trinh: f(x)=g(x) (*) (goi la phwong trinh hoanh do giao diém).
S6 nghiém ciia phurong trinh (*) bang sé giao diém cia hai do thi.
Nghiém x, Ciia phwong trinh (*) chinh la hoanh dé giao diém. Thay gia tri ndy vao mét trong hai
ham sé ban ddu ta dwoc tung dé giao diém.
Piém M(x,:y,) la giao diém cua (C1) va (C2).
2) Cac dang bai tap thwong gap va phwong phap giai
Bai toan 1. Tim toa d giao diém ciia hai d6 thi ham sé
Phwong phap:
Cho 2 hams6 y=f(x),y=g(x) cé do thi lan luot 1a (C) va (C’).
+) Lap phuong trinh hoanh do giao diém ctia (C) va (C’): f(x)=g(x).
+) Giai phuong trinh tim x tir 46 suy ra y va toa do giao diém.
+) Sb nghiém cua (*) 1a s6 giao diém cuaa (C) va (C”).
Bai toan 2. Twong giao ciia dd thi ham bac ba y = ax® + bx? +cx +d (a = 0)
Phwong phap 1: Bang bién thién (phwong phap dé thi)
+) Lap phuong trinh hoanh do giao diém dang F(x,m) =0 (phuong trinh an x tham sé m)
+) Cd lap m dua phuong trinh vé dang m = f(x).
+) Lap BBT cho ham s6 y =f(x).
+) Dya vao gia thiét va BBT tir d6 suy ra m.
*) Dau hiéu: St dung phuong phéap nay khi m doc 1ap vai x.
Phuwong phap 2: Nham nghiém — tam thikc bac 2.
+) Lap phuong trinh hoanh dé giao diém F(x,m)=0
+) Nham nghiém (Khir tham s6): Gia sir x = X, 1a 1 nghiém ciia phwong trinh.

X =X,

g(x)=0

+) Phan tich F(x,m)=0<(x-X,)g(x)=0< (g(x)=0 la phuong trinh bac 2 an x

tham s6 m ).

+) Dua vao y&u cau bai toan dé xir ly phuong trinh bac hai g(x)=0.

Phwong phap 3: Cuc tri

*) Nhan dang: Khi bai toan khong c6 1ap dugc m va ciing khéng nham dugc nghiém.
*) Quy tic:

+) Lap phuong trinh hoanh do giao diém F(x,m)=0(1). Xét ham s6 y = F(x,m)
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+) Bé (1) c6 dung 1 nghiém thi do thi
y=F(x,m) cat truc hoanh tai dung 1
diém. (2TH)

- Hodc ham sé luén don diéu trén R <
ham sb khéng c6 cuc tri < y'=0 hoic
vb nghiém hoac c6 nghiém kép
<A, <0

- Hoic ham sé ¢6 CP, CT va y .y, >0
(hinh vg)

qx) =x3+ x + 1

f(x) =x3-3x-3

V

+) Pé (1) co dung 3 nghiém thi do thi
y=F(x,m) céat truc hoanh tai 3 diém
phan biét < Ham sé cé cuc dai, cuc
tiéuva y,,.y, <0

|

fx)=x3-3x+1

N

AV

f(x) =-x*+3x+1

\l x

+) Pé (1) c6 dung 2 nghiém thi do thi
y=F(x,m) cét truc hoanh tai 2 diém
phan biét < Ham sé cd cuc dai, cuc
tiéuva y_.y, =0

/

|

g(x) =x3-3x+2

X

f(x) =3+ 3x + 2

°

X

Bai toan. Tim m dé do thi ham bac 3 cit truc hoanh tai 3 diém Iap thanh 1 cp sé cong

a) Dinh 17 Vi-ét

*) Cho bac 2: Cho phuong trinh ax®+bx+c=0 c6 2 nghiém XX,

b C
X1+X2 =—E,X1X2 :g

thi

*) Cho bac 3: Cho phuong trinh ax® +bx* +cx +d =0 ¢6 3 nghiém x,,X,,X, thi ta co:

b c d
X, + X, + X, = —g,xlx2 + X, X5 + XX, :g,xlxzx3 = Y

¢) Tinh chat cia cip sé cong

+) Cho 3 s6 a,b,c theo thir tr d6 1ap thanh 1 cap s6 cong thi: a+c=2b

d) Phuong phap giai toan:

ta co:

+) biéu kign can: X, = "% la 1 nghiém cua phuong trinh. Tir 6 thay vao phuong trinh dé tim m.
a

+) Piéu kién du: Thay m tim duoc vao phuong trinh va kiém tra.
Bai toan 3. Twong giao cia ham phan thic

Phwong phap
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ax+b

Cho ham sb y =
cX +d

(C) va duong thang d:y=px+q. Phuong trinh hoanh do giao diém cua

(C) va (d): ax_+(kj) = px+q < F(x,m)=0 (phuong trinh bac 2 an x tham s m).
CX +
*) Céc cau heéi thwong gap:

1. Tim m dé d cat (C) tai 2 diém phan biét <> (1) c6 2 nghiém phan biét khac —%.

2. Tim m dé d cét (C) tai 2 diém phan biét ciing thudc nhanh phai cua (C) < (1) ¢6 2 nghiém phan
biét x,,X, vathéa man :—9<x1 <X,.
c
3. Tim m dé d cat (C) tai 2 diém phan biét cung thugc nhanh trai cua (C) < (1) c6 2 nghiém phan
biét x,,x, vathéa mén x, <X, < —9.
c

4. Tim m dé d cét (C) tai 2 diém phan biét thuoc 2 nhanh cua (C) <> (1) c6 2 nghiém phan biét

b x d
X;, X, va thoa man x, < _E< X, .

5. Tim m dé d cit (C) tai 2 diém phan biét A va B thoa mén diéu kién hinh hoc cho truéc:
+) Poan thang AB =k
+) Tam giac ABC vuong.
+) Tam giac ABC co dién tich S, .
* Quy tic:
+) Tim diéu kién ton tai A, B < (1) ¢ 2 nghiém phan biét.
+) Xac dinh toa do cua A va B (cha y dinh ly Vi-ét)
+) Dua vao gia thiét xac lap phuong trinh an m. Tir d6 suy ra m.
*) Chu y: Céng thuc khoang cach:

+) A(XA;yA),B(XB;yB):AB=\/(XB—XA)2+(yB ~Ya)

M (Xq: o) |AX, + By, +C|
+ d(M,A)=
){A:AxOJrByOJrC:OZ> ( ) JA? + B2

Bai toan 4. Twong giao ciia ham bac 4 trang phwong: y = ax* + bx® +¢ (a # 0)
NGHIEM CUA PHUONG TRINH BAC 4 TRUNG PHUONG: y =ax’ +bx* +c (a=0) (1)

2

1. Nham nghiém:
- Nham nghiém: Gia sit x = X, 1a mot nghiém cua phuong trinh.
X =+X,
g(x)=0
- Dya vao gia thiét xir ly phuong trinh bac hai g(x)=0
2. An phu - tam thitc bac 2:

- bat t=x?,(t>0). Phuong trinh: at®+bt+c=0 (2).

- Khi 6 ta phan tich: f(x,m)=(x* —xg)g(x)=0c{

t,<0=t,

- Dé (1) c6 diing 1 nghiém thi (2) c6 nghiém t,,t, thoa man: L  —0
1= L=
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2 . n . , i , . t, < 0< t,
- bé (1) c6 dung 2 nghiém thi (2) cd nghi¢m t,,t, théa man:
O<t =t,
- Dé (1) c6 dung 3 nghiém thi (2) c6 nghiém t,,t, théa man: 0=t, <t,
- Dé (1) c6 diing 4 nghiém thi (2) c6 nghiém t,,t, théa man: 0<t, <t,
3. Bai toan: Tim m dé dé thi ham bac bon trang phwong (1) cit Ox tai 4 diém c6 hoanh dd
lap thanh cap sé cong.
- bt t=x*(t>0). Phuong trinh: at*+bt+c=0 (2).
- D¢ (1) cit Ox tai 4 diém phan biét thi (2) phai c6 2 nghiém duong t,,t,(t, <t,)théa man t, =9t, .

- Két hop t, =9t, voi dinh ly Vi - ét tim dwugc m.

TIEP TUYEN CUA PO THI HAM SO
Bai toan 1: Tiép tuyén tai diém M(x,;y,) thue @b thi ham sé:
Cho ham sé (C):y=f(x) vadiém M(X,;y,)e(C). Viét phuong trinh tiép tuyén véi (C) tai M.
- Tinh dao ham f'(x). Tim h¢ s6 gdc cua tiép tuyén la f'(x,)
- Phuong trinh tiép tuyén tai diém M 1a: y =f'(x, ) (X =X, )+ Y,
Bai toan 2: Tiép tuyén c6 hé sé géc k cho truwéc

- Goi (A) latiép tuyén can tim c6 hé sé goc k.

- Gia st M(X,;Y,) 12 tiép diém. Khi do X, théa man: f'(x,) =k (*) .

- Giai (*) tim x,. Suy ra y, =f(x,).

- Phuong trinh tiép tuyén can tim 1a: y =k (x—X,)+Y,
Bai toan 3: Tiép tuyén di qua diém
Cho hamsb (C):y="f(x) va diém A(a;b). Viét phuong trinh tiép tuyén véi (C) biét tiép tuyén di
qua A.
- Goi (A) la duong thang qua A va c6 hé s6 goc k. Khi dé (A):y=k(x—a)+b(*)
f(x)=k(x-a)+b (1)
f'(x)=k (2)
- Thay (2) vao (1) ta c6 phuong trinh an x. Tim X thay vao (2) tim k thay vao (*) ta c6

phuong trinh tiép tuyén can tim.
Cach khac: Goi M(x,;y,) 1atiép diém. Vi M e (C) = y, = f(x,).

PTTT cua (C) tai M codang: y=y'(X,)(X—X,)+F(X,) (1)

-Dé (A) latiép tuyén cua (C) <:>{ c6 nghiém.

Tiép tuyén di qua A(a;b) nén b =y'(x,)(a—x,)+f(x,)
Giai phuong trinh véi an x,, thay vao (1) ta dugc PTTT.
Cha y:
1. He s6 gdc cua tiép tuyen véi (C) tai diém M(X,;y,) thudc (C) 1a: k=f'(x,)
2. Cho duodng thang (d):y=kx+b
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+) (A)/1(d) =k, =k, ) (4) L (d) =Kk, =Lk, ==
d
A kd
1+k, Kk,
3. Tiép tuyén tai cac diém cuc tri cua do thi (C) co6 phuong song song hoic tring vai truc
hoanh.
4. Cho ham s6 bac 3: y =ax® +bx* +cx+d,(a#0)

+) (A, d)=o=tano = +) (A,Ox)=a =k, =*tana

+) Khi a > 0: Tiép tuyén tai tam ddi xung cua (C) c¢d hé sé goc nho nhat.
+) Khi a <0: Tiép tuyén tai tam di xtng caa (C) c6 hé sé goc 1on nhat.

II. LUYEN TAP

Vi du 1. Bién luan sé giao diém cua hai db thi ham sé sau: y = X—+i (C) vay =m—-x (d).

HD giai. Phuong trinh hoanh d6 giao diém cua (C) va (d) la:

X+1 Xx=1 2 2
—=M-X & SX+HLl=mMX—-m-X"+X <X —mx+m+1=0.
x—1 X+1=(m-x)(x-1)

Bién luan:

Néu A>0< m<2-+/2 hoic m>2++/2 thi (C) va d co hai diém chung.
Néu A=0<m=2-+/2 hoic m=2++/2 thi (C) vad cé mot diém chung.

Néu A<0< 2-+/2 <m<2++/2 thi (C)vad khéng c6 diém chung.
Chu y: Nhan manh cho HS tiy theo yéu ciu ciia bai toan dé chon phuong an thich hop vi khi d6 chi
hoi mot y trong bai.

3

Vi du 2. Tim tit ca cac gi4 tri thuc cia m dé do thi ham s6 (C): y = x° +mx+5 cat duong thang d:

y = 6X + m tai ba diém phan biét.

21 21
m<— m>—
A M B.m<2L C.ms 2L, D. 1™
4 4
m=3 m =3

HD giai. Phuong trinh hoanh d6 giao diém cua (C) va (d) la:

XS+ mMX+5=6X+m (*) < x3+(m—6)x+5—m:0<:>(x—1)(x2+x+m—5):0

x=1(2)

e, :
X“+x+m-5=0 (2)
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Do thi (C) cit dudng thang d tai ba diém phan biét < phuong trinh (*) c6 ba nghiém phan biét <
A=21-4m>0 |m<2l

phuong trinh (2) c6 hai nghiém phén biét khac 1 < ) = "4 . Chon A.
1°+1+m-5%0 m =3

Vi du 3. Cho ham sé y = x* —(3m+2)x% +3m c6 d thi (Cm). Xéc dinh tit ca cac gia tri thuc cua
tham s6 m dé (Cm) cat duong thang y = - 1 tai bn diém phan biét.

m=0 m =0

A. 1. B.m>—l. C. m<—l. D. 1.
m<—§ 3 3 m>—E

HD giai. Phuong trinh hoanh d6 giao diém:
x*—(@Bm+2)x%2 +3m=-1< x* —(Bm+2)x% +3m+1=0 (1).

Dit t = x2, t>0, phuong trinh (1) tré thanh: t2 —(3m+2)t+3m+1=0 (2).

Do thi (Cm) cat duong thang y = - 1 tai bon diém phén biét < phuong trinh (2) c6 hai nghiém

A>0 9m? >0 . m=0
duong phan bi¢t < P>0<<3m+1>0 <im>-——-< 1.Chon D.
S>0 3am+2>0

Vidu 4. Chohamsb y = X_+2 Biét d6 thi ham s da cho ludn cit dudng thang y = % X+m tai hai
X+

diém phan biét A va B. Tim gia trji ciia m sao cho d¢ dai doan thang AB nho nhat.
A m=-1. B.m=1. C.m=2. D.m=-2.
HD giai. Phuong trinh hoanh d6 giao diém cua (C) va (d) Ia:

X #—2

+ 1 o X2 +2mx+4m—6 *.
X+2 2 X+3= Ex+m (x+2)

Taco Al =m? —1(4m—6):m2—4m+6:(m—2)2+2>0,Vm. Suy ra (C) ludn cat d tai A va B
vai moi m. Goi A(Xa; Ya), B(Xg;yg)- Tacod yA:%xAer; Vg :%XB +m.

Xp +Xg =—2m

Lai cO Xa,Xg la nghi¢m cua phuong trinh (*) nén { :
YA-YB = dm-6

AB =\/(XB —XA)2 +(yB —yA)2 = \/(XB —XA)2 +%(XB —XA)2 = \/%(XB —XA)2 =

- \/%(XAZ + xB2 —2XaXg) = \/%((XA + xB)2 —4XpXg) = \/%[(—Zm)z —4(4m—6)}
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:\/5[(m—2)2+2} > J10.

Do dé, do dai doan AB nhé nhit bing v10 <> m—-2=0< m=2. Chon C.
Vi du 5. Cho ham sé y =x*—2(m+1)x% +2m+1 (C,y). Tim tAt ca cac gia tri cua tham sé m dé
(Cyy,) cit truc hoanh tai bén diém phan biét c6 hoanh do Iap thanh mot cap sé cong.

9 9
A . m=-4. B.m=4. C.meq4d——=¢. D.m=-—.

4 4
HD giai. Phuong trinh hoanh d6 giao diém cua (Cm) va truc hoanh Ia:
x*—2m+D)x% +2m+1=0 (1).

Dit t=x2, t>0, phuong trinh (1) tré thanh t2 —2(m+ 1)t +2m+1=0 (2).

D6 thi (Cppy) cat truc hoanh tai bon diém phan bigt < phuong trinh (2) ¢6 hai nghiém duong phan

m=0

A'>0 m? >0 1 m=0
bigt {P>0 <<:2m+1>0 <oim>-—< 1.
m>——
S>0 2(m+1)>0 m>_1

m=0
Vi 1 ddthi (Cpy) cat truc hoanh tai bon diém phén biét.
m>-—=

Goi ty <ty la hai nghiém ciia (2). Khi d6 (1) ¢6 bon nghiém —/t; < —/t; <y <[ty 12 hoanh do
giao diém cta (Cm) va truc hoanh. Cac hoanh do trén lap thanh cap s6 cong thi 9t =t, (3).

tl +t2 = 2(m +1) (4)

Ta cling c6 ty,t, la nghiém cua (2) nén
80 T Tz 14 TIONK @) {tl.t2:2m+1 (5)

. m+1
10t; = 2(m+1) 1775

5 & » :
o =2m+1 9(m+1j _omil(7)
)

(6)
Tu (3) = t, =9t vao (4) va (5) ta duoc: {

m=4 (tm)
Ta co (7) < 9Im? +18m +9 =50m + 25 < 9 (I).Chon B.
m=-=
4

Vi du 6. Cho ham sb y = x3 —2x? + (1—m)x+m (L). Tim tit ca cac gia tri thuc caa m dé dd thi ham
s6 (1) cat truc hoanh tai 3 diém phan biét khi c6 hoanh do X, Xy,X3 thoéa min diéu kién

x12+x§+x32<4.
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A.me —1;1 \{0}. B.me —E;l . C.me —1;1 \{0}. D.me —1;1 .
4 4 4 4
HD giai. Phuong trinh xac dinh hoanh d¢ giao diém cua db thi vai truc hoanh la:
x3—2x2 + (L-m)x+ m=0 ().

x=1

& (X=1).(x(x=1) —m) =0 < (x=1)(x? —x—m):Oc{ , .
X“=x-m=0 (2)

Dit x3 = 1. Yéu cau bai toan s& duogc thuc hién khi va chi khi (2) c6 hai nghiém phan biét X1, Xo #1
thoa min diéu kien: 12 + x,% + x,> <4 (3) .

o _ _ A=1+4m>0 |ms_1
bicu kién dé (2) c6 2 nghiém phan biét khac 1 Ia: o 4 (a).
12-1-m=0

Theo Viet ta cO: X + Xy =1, X Xo =—m nén

(3)c>(x1+x2)2—2x1x2 <3< l1l+2m<3em<l(b).
Tong hop cac diéu kién (a) va (b) ta duoc m e (-%;1) \{0}. Chon A.

Vi du 7. Cho ham sé y = x° —3x? +2. Viét phuong trinh tiép tuyén caa db thi ham sé
a) Tai diém c6 hoanh do bang — 1.
b) Tai diém c6 tung d6 bang 2.

c) Biét tiép tuyén song song véi duong thang y = 9x + 7.

d) Biét tiép tuyén vudng goc véi duong thang y = —4i5x .

HD giai. Goi M (xg;Yp) latiép diém.

a) Taco y/ =3x%—6X. Tir Xy =—1= yp =—2, Y/ (~1) =0 = phuong trinh tiép tuyén can tim Ia:
y+2=9X+1)y=9x+7.

b) Tacé y/ = 3x% —6X.

Xp=0
Choyo:2<:>x03—3x02+2:2<:>x03—3x02<:> 0 3
Xp =

Véi g =0, yo =2, y'(0) =0 = phuong trinh tiép tuyén cin tim 1x: y -2 = 0(x - 0) = y = 2.
Vi X9 =3, yo =2, y' (3) =9 = phuong trinh tiép tuyén can tim la:y — 2 = 9( x - 3) < y = 9x — 25.

¢) Goi M(Xo; Yo) 1a tiép didm. Taco y/ =3x2 —6x. Suy ra hé sé g6c ciia tiép tuyén Ia
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¥ (%) = 3% ~ 6%

X0 =-1

Do tiép tuyén song song véi dusng thing y = 9x + 7 nén y/ (x) =9 < 3x,° — 6%y =9 < [x -
0 =

Véi Xg=-1= yg=-2, y'(~1) =0 = phuong trinh tiép tuyén 1a: y + 2 = 9(x + 1) < y = 9x + 7 (1.
Véi xg=3= Yy =2, v/ (3) =9 = phuong trinh tiép tuyén 1a: y — 2 = 9( x — 3) <y = 9x — 25.

Viay phuong trinh tiép tuyén can tim la: y = 9x — 25.

d) Goi M(Xo; Yo) Ia tiép diém. Taco y/ = 3x% —6x.

He sb goc cua tiép tuyén 1a y/ (xg) =3%,% — 6Xg.

Do tiép tuyén vudng goc voi duong thang y = —4i5x nén

/ -1 2 X =9
Xg)=——=45<3%Xy" —6Xg =45 < :
y (Xo) T 0~ —6% Yo =3
45
Véi Xy =5=> Yy =52 = phuong trinh tiép tuyén can tim 1a: y — 52 = 45( x - 5) <>y = 45x — 173.

V6i Xy = -3 = Yy =—52 = phuong trinh tiép tuyén can tim la: y + 52 = 45( x + 3) <y = 45x + 83.

Vi du 8. Cho dd thi (C) cta ham sb y ZZX_—ll. Viét cac phuong trinh tiép tuyén cua (C), biét
X_

khoang cach tir diém I(1; 2) dén tiép tuyén bang /2 .

A.x+y-1=0. B.x+y-1=0va x+y-5=0.

C.x+y+1=0vax+y+5=0. D. x+y-5=0.

HD giai. Tiép tuyén cta (C) tai diém M (Xg; f (X)) € (C) c6 phuong trinh
y=f'(X)(X=X0)+ f(Xo) hay X+ (Xg—1)?y—2%y° + 2%y —1=0 (*).

Khoang cach tir diém I(1; 2) dén tiép tuyén (*) bing /2 khi va chi khi
22X
[2-2%| =2 < %y =0 hoic xg =2.
1+ (X -1)*
Suy ra cac tiép tuyén can tim 1a: x+y-1=0 va x+y—-5=0. Chon B.

2x-1
X+1
tai M véi duong thang di qua M va giao diém hai duong tiém can c6 tich hé sé gdc bang -9.
A. M(0; 3) va M(2; 5). B. M(0; 3) va M(-2; 5).
C. M(0; -3) va M(-2; 5). D. M(0; -3) va M(2; 5).

Vidu 9. Chohamsé y= (C). Tim tat ca cac diém M thudc dd thi (C) dé tiép tuyén cua (C)
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HD giai. Tacd I(-1; 2). Goi M €(C) = M(xO;Z—L):kW, _Ym-yi 3 5 -
Xp +1 XM =X (Xg+2)

Hé s6 goc cua tiép tuyén tai M: ky = y'(Xp) = 5
(XO +1)

3 -3

5 2=—9<:>Xo=0;Xo=-2.
(XO +1) (XO +1)

bet = kM 'klM =90

Suy ra ¢6 2 diém M thoa man: M(0; -3) va M(-2; 5). Chon C.
I11. BAl TAP TRAC NGHIEM

Cau 1. Cho ham sé y = x* —4x. Tim sé giao diém cua dd thi ham sé va truc OX.

A. 0. B. 2. C. 3. D. 1.
Cau 2. Tim s6 giao diém cua duong cong y = x° —2x? +2x+1 va duong thang y=1—x.
A. 0. B. 2. C.3. D. 1.

2x +14 . Tim hoanh do

Cau 3. Goi M, N 1a giao diém cua duong thang y = x+1 va duong cong y =

trung diém | caa doan thang MN.

A. —E. B. 1. C.2. D. g

2

Cau 4 (PE MINH HOA QUOC GIA NAM 2017). Biét rang duong thang y = —2x+2 cat do thi ham
SO y=x°+x+2 tai diém duy nhat; ky hidu (x,;y,) 12 toa do cta diém do. Tim vy, .

Ay, =4. B.y,=0. C.y, =2. D. y,=-1.

Cau 5. Tim tat ca c4c gia tri caa tham s6 m dé do thi ham sé y = x* —3x? +1 cat duong thang

y =m tai 3 diém phan biét.

A. -3<m«<1. B. -3<m<1. C. m>1. D. m<- 3.

Cau 6. Tim tat ca c4c gia tri cua tham s6 m dé duong thiang y =m cét dd thi ham sé y = x> —3x+2
tai 3 diém phan biét.

A. m>4, B.0<m<4. C.0<m<4. D.0<m<4.

Cau 7. Tim tat ca céc gia tri caa tham s6 m dé duong thang y =m khdng cat do thi ham sé

y=-2x"+4x*+2.

A.0<m<4. B. m>4, C. m<0. D. m=0; m=4.
Cau 8. Tim tat ca céc gié tri caa tham sé m dé phuong trinh x° +3x? -2 =m ¢6 3 nghiém phan biét.
A. m<-2. B. m>2. C.2<m<2. D.m=-2.

Cau 9. Tim tit ca cac gia tri cia tham sé m dé phuong trinh x° |X2 - 2| =m c6 dang 6 nghiém thuc
phan biét.
A.0<m<1l. B.m > 0. C.m<1. D.m=0.
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3 _21. C6 bao nhiéu diém trén dd thi (C)sao cho tong khoang
X —

cach tir diem d6 dén 2 duong tiém can cua (C)bang 62
A.4, B. 2. C. 0. D. 6.

Céau 10. Cho duong cong (C):y =

Cau 11. Choham sé y=x* —2(M+1D)x* +m+2 c6 db thi (C). Goi (A) 14 tiép tuyén véi db thi
(C) tai diém thuoc (C) c6 hoanh d6 bang 1. Tim tat ca céc gi tri cua tham sé m dé (A) vuéng goc

; 1
véi duong thang (d):y = 2 x —2016.

A.m=-1. B.m=0. C. m=1. D.m=2.

Cau 12. Goi M la giao diém cua db thi ham s6 y = Vé6i truc Oy. Viét phuong trinh tiép

X—=2
tuyén voi do thi trén tai diém M.
3 1 3 1 3 1

3.1
A y=——x+=. B.y=—x+=. C.y=—x—=. D.y=—x—-=.
y 4 2 y 4 2 y 2 2 y 2 2

Cau 13. Tim s6 cac tiép tuyén di qua gbc toa do O cua dd thi (C):y =x* —2x°.
A.0. B.1. C.2. D.3.

. , 2x—-1 . . = , o L,
Céu 14. Cho ham so y = —1 (C). Tim hé so goc k cua tiep tuyén véi do thi (C) sao cho tiep
X —
tuyén do cét cac truc Ox, Oy lan luot tai cac diém A, B thoa man OA = 40B.

A.k:—i. B.kzi. C.k=-1. D. k=1.
4 4

Cau 15. Tim tat ca cac gia tri cua tham sé m dé duong thang y = 6x+m la tiép tuyén cua duong
cong y=x>+3x—1.
m=-—3 B m=1 m=-1 m=-1
m=1 - m=3 m=3 m=-3
3
Cau 16. Viét phuong trinh tiép tuyén cua dd thi ham sé y:%+3x2 —2 biét tiép tuyén c6 hé sb goc

k=-9.
A. y-16=-9(x-3). B. y+16=-9(x+3) C.y-16=-9(x+3). D. y=-9x-27.

Cau 17. Cho hamsd y = 2X+11 6 dd thi (C). Tim cac diém M trén db thi (C) sao cho khoang cach
X+
tir hai diém A(2;4)vaB(—4;-2)dén tiép tuyén cua (C)tai M Ia bang nhau.

AM (0;2). B. M (1;%] va M (2%)

N w

C.M (1;

j. D. M(0;1),M (-2;3) va M (1%}
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Cau 18. Tim hé s6 goc nho nhat cua céc tiép tuyén tai cac diém trén do thi ham sé y = x* —3x* +2.
A.-3. B. 3. C. 4. D. 0.

Cau 19. Tim tt ca cac gia tri cua tham sb m dé qua diém M (2; m) ké duoc ba tiép tuyén phan biét
dén 6 thi ham s y = x* —3x.

A.me(4;5). B.me(-2;3). C.me(-5-4). D.me(-5; 4).

Cau 20. Tim tat ca céc gia tri cua tham sé6 m dé duong thang d:y=mx—-2m-4 cat do thi
(C):y=x>-6x"+9x—6 tai 3 diém phan biét.

A.m>-3. B. m<1. C. m<-3. D. m>1.

Cau 21. Tim tit ca céc gia tri cua tham s6 m dé duong thiang d:y=—x+m cat do thi

(C):y= _szl tai hai diém A, B sao cho AB=22.
X+
Am=Lm=-7. B.m=1m=2. C. m=-7,m=5. D.m=Im=-1.

Cau 22. Tim tat ca cAc gia trj cia tham s6 m dé phuong trinh X* (x* =2)+3=m c6 2 nghi¢m phan
biét.
A. m<3. B. m>3. C. m>3. D.m>3hoacm=2.
Cau 23. Tim tit ca cac gia tri cua tham s6 m dé duong thang y=-x+m cat do thi ham sé

x-1 . . 4.2 ~ cal \ n ) ~
y =—— tai hai diém phan biét c6 hoanh d9 x;x, thoa man |x1 - X2| -5.

X

A.me{-3;1}. B.me{-2;-1}. C.me{0;2}. D. m=3.

Cau 24.Goi M e(C):y = 2X+11 c6 tung do bang5. Tiép tuyén cua (C) tai M cit cac truc toa do
X_

Ox, Oy lan luottai A va B. Tinhdiéntich S cuatam giac OAB.

A s=t2 B. 5= cs=18 D.s =12
6 6 6 6
A s £ 2x+1 NP 2 . L, A 2
Cau 25. Chohamso y = 1 (C) va duong thang d,, 1y =x+m. Tim gia tri cua tham s6 m dé
+
(C) cat d,, tai hai diém phan biét A, B sao cho AOAB vudng tai O.
Am=1. B.m=2, cm=2. D.m=—2,
3 3 3 3

IV. DAP AN BAI TAP TRAC NGHIEM

112 (3[4|5|6 10 11|12
c/ bB|C|IA/DBICIA|JA|C]|A
131141151617 |18 |19 |20 |21 |22 |23 |24 |25
B|B|/A|C/ D A|]C/IA|A|D|C|A|C

\‘
(00)
O
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PE LUYEN TAP TONG HQP CHUYEN DE

MA TRAN PE
(Chuyén dé ham sd)
1. Matran
Cép dd . q Van dun
o PA | Nnhanbiét | Thonghidu ——— =1 c8N9 Céng
Chu de Cap do thap | Cap do cao
. . . . . S6 cau: 4
Tinh don diéu cia ham So cau: 1 So cau: 1 So cau: 1 So cau: 1 S didm: 1.6
£ odiem: 1,
SO So diem: 0,4 | So diem: 0,4 | S6 diém: 0,4 | So diem: 0,4
(16%)
LA LA Lo S6 cau: 4
Cuc tri ciia ham sb socaurl - Secawz ) Socau:l S diém: 1,6
So diém: 0,4 | So diém: 0,8 | S6 diem: 0,4
(16%)
Y K4 oon - A A A A A A SéCéUZ?)
Gia tri lon nhat va nho Socau: 1 Socau: 1 Socau: 1 L ox
At oo A & Loz Loz Loz So diem: 1,2
nhat cia ham so S6 diém: 0,4 | Sb diém: 0,4 | S6 diém: 0,4
(12%)
e ‘. ‘. . S6 cau: 3
Dwong tiém can cua do Socau:l Socau: 1 Socau: 1 Sé dicm: 1.2
T A / g ‘ 5 / g o diem: 1,
thi ham so S6 diém: 0,4 | S6 diém: 0,4 | Sb diém: 0,4
(12%)
L p . . . S6 cau: 4
Khao sat s bien thién So cau: 1 So cau: 2 Socau: 1 Sé didm: 1.6
PR ST X p , P , p , 1 I
vavéddthihamsd | s§diém: 0,4 | S6diém: 0,8 | S6 diém: 0,4 o
(16%)
A A e e by A A A A A A Sé Céu 5
M@ét so bai toan thwong SO cau: 3 Socau: 1l Socau: 1 S didm: 2.0
- P T / ) . / . 1 . £,
gap vé db thi Sé didm: 1,2 | S6 didm: 0,4 | S6diém: 0,4 | O O°
(20%)
S cau- 1 S& caur 1 Sb cau: 2
Ung dung thuc té . o.(zau ° F?u' Sb diém: 0,8
So diém: 0,4 | So diém: 0,4
(8%)
Sb cau: 5 S6cau: 10 | Sdcau: 7 S6 cau: 3 S6 cau: 25
Tong S6 diém: 2,0 | S diém: 4,0 | S6 diém: 2,8 | S6 diém: 1,2| S6 diém: 10
( 20%) (40%) (28%) (12%) (100%)
2. Céc chuén danh gia
Chu dé Chuan danh gia

Tinh don diéu
caa ham so

I. Mikc d§ nhan biét:
- Nhé duoc diéu kién dé ham sé dong bién, nghich bién trén mot khoang.

- Biét méi lién hé gitra tinh ddng bién, nghich bién caa mot ham sé va diu cua
dao ham cap mét cua no.
- Nhan dang duoc bang bién thién cuia mot s6 ham sb don gian.
Vi du. Phat biéu nao sau day 1a dung?
A.Ham s6 y = f (x) nghich bién trén (a;b) khi va chi khi
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f'(x)<0,vx€(a;b).

B.Néu f'(x)<0,vxe(a;b) thihamsé y = f (x) nghich bién trén (a;b).
C.Hamso y = f(x) nghich bién trén (a;b) khi va chi khi
f'(x)<0,vx€(a;b).

D. Néu f'(x)<0,vx e (a;b) thi hamsé y= f(x) nghich bién trén (a;b).
I1. Mire dd thong hiéu

- Biét xét tinh d6ng bién, nghich bién ciia mot ham sé trén mot khoang dya vao
dau dao ham cap mét cuaa no.

Vi du: Chi ra khoang nghich bién caa ham s6 y= x3-3x2 -9x+m trong cac
khoang dudi day:
A. (—13). B. (—o0;—3) hodc (1;+00).
C. R. D. (—oo;—l) hoac (3;+oo).

I11. Mire d6 van dung thap

-Van dung khai niém, diéu kién ham sé ddng bién, nghich bién tim diéu kién
cua tham sb dé ham sé thuong gip don diéu trén mot khoang.

Vi du:

Hamsé y = ; nghich bién trén khoang (—oc;2) khi va chi khi:

A.m>2. B.m>1. C.m>2. D. m>1.
IV. Mire d9 van dung cao
-Van dung khai niém, diéu kién ham sb dong bién, nghich bién két hop phuong
phap ddi bién tim diéu kién cua tham s dé ham sb don diéu trén mot khoang.
tanx—2

Vi du:Tim tat ca gia tri thuc cua tham sé m sao cho ham s6 y =
tanx—m

ddng bién trén khoang [O;Z .

A m<0hoicl<m<?2. B. m<0.
C.1<m<?2. D.m>2.

Cuc tri ciia ham
i)

I. Mikc dé nhan biét:

-Nhé cac khai niém: Piém cuc dai, diém cuc tiéu, diém cuc tri cua ham sb.
-Nh¢ cac diéu kién du dé co cac diém cuc tri caa ham sé.

- Tir bang bién thién nhan dang duoc cac diém cuc tri caa ham sb, cua dd thi
ham sé.

Vi du. Cho ham s y = f (x) x4c dinh, lién tuc trén R va c6 bang bién thién

nhu sau:
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. e ]

Khing dinh nao sau day 1a khang dinh dung ?
A. Ham s6 c6 dung mot cuc tri.
B. Ham s6 ¢6 gia tri cuc tiéu bang 1.
C. Ham s6 ¢6 gia tri 16n nhat bang 0 va gia tri nho nhat bang -1.
D. Ham sé dat cuc dai tai x=0 va dat cuc tiéu tai x=1.
I1. Mire dd thdng hiéu
- Tim dugc diém cuc tri ciia ham sd, gid tri cuc tri cua ham sb va cuc tri caa dd
thi ham so.
- Tim diéu kién cua tham sé sao cho ham béc ba c¢6 hai cuc tri, khdng c6 cuc
tri.
- Tim diéu kién cua tham s sao cho ham bac bdn cé ba cuc tri, mot cuc tri.
Vi du: D6 thi cia ham sé y = x® —3x? ¢6 hai diém cuc tri la:
A. (0;0) hoac (1;-2). B. (0;0) hodac (2;4).
C. (0;0) hoac (2;-4). D. (0;0) hoac (-2;-4).
I11. Mike d6 van dung thap
Van dung khai niém, diéu kién ham sé cé cuc tri tim diéu kién caa tham sé dé
ham sb c6 cuc tri thoa man diéu kién cho trudc.
Vi du: Cho ham s6 y = 2x* —3(m+1)x* +6mx+m?®. Tim m dé d6 thi ham

s ¢6 hai diém cuc tri A,B sao cho do dai AB=~/2.

A. m=0. B. m=0 hoac m=2. C. m=1. D. m=2.

Gia tri I6n nhat
va nhé nhat caa
ham so

I. Mike d§ nhan biét:

-Nh¢ cac khai niém gid tri 16n, gi& tri nho nhat cua mot ham sb trén mot tap
hop so.

-Tir bang bién thién nhan dang duoc gia tri 16n nhat, gia tri nho nhat( néu co)
ctia ham sé trén mot tap hop so.

- T tinh chat don diéu cia ham sb trén mot doan, nhan dang duoc GTLN,
GTNN cua ham s trén doan do.

Vi du: Gia tri I6n nhat ciia ham s6 y = x* +5x+7 trén doan [—5;0] la

A 7. B. -143. C.6. D. 8
I1. Mire dd thdng hiéu
Tim duoc gié tri 16n nhat, gia tri nho nhat( néu cd) caa ham sé trén mot tap hop
SO..
2

Vi du: Tim gié tri nho nhét cia ham sé y == trén doan [2;4].
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A.miny=6. B.miny=-2. C. miny=-3. D. miny:%.

[2;4] [2;4] [2;4] [2;4]
I11. Mire d6 van dung thap
Van dung khai niém gia tri 16n, gia tri nho nhat caa mot ham sé trén mot tap
hop s6 tim gié tri cua tham sé dé ham s6 c6 GTLN, GTNN thoa man diéu kién
nao do.
Vi du: Tim céc gid tri coa tham s6 m d gia tri nho nhat caa ham sb
2

f (x):w trén doan [0;1] bang —2?
X+1
m=1 m=1 m=-1 m=-1
) ) ) ) C. . D.
m=2 m=-2 m=-2 m=2

Pwong tiém can
cua do thi ham so

I. Mikc d§ nhan biét:
-Nh¢ duoc khai ni?m duong ,tiém can dung, duong tiém can ngang, duong
tiém can xién cua do thi ham so.
- Nhan dang duoc tiém can cua db thi caa ham sb khi biét mot sé gioi han.
- Nhan biét dugc sé tiém can cua mot s6 d6 thi ham sé don gian.
Vi du: Chohamsé y= f(x) co lim (x)=2 va im f (x)=—2. Khang
dinh nao sau day la khang dinh dung ?
A. D6 thi ham sb da cho khong c6 tiém can ngang.
B. B4 thi ham sé di cho c6 diing mdt tiém can ngang.
C. b6 thi ham sé di cho c6 hai tiém cén ngang 13 cac duong thang y =2 va
y=-2
D. P4 thi ham sé da cho c6 hai tiém can ngang 1a cac duong thing x =2 va
X=-2.
I1. Miic d9 thong hiéu
Tim dugc tiém can cua d6 thi ham sé bang céch tinh céc gidi han tir d6 suy ra
sb tiém can caa do thi ham sé.
Vi du: D6 thi ham sé y = % co:
A. Tiém can dang x=—1, tiém can xién y = x.
B. Tiém can dung x =1, tiém can xién y = x.
C. Tiémcan dung x =1, tiém can xién y = —x.
D. Két qua khéc.
I11. Mite d van dung thap
Van dung khai niém tiém can cua dd thi ham s tim gia tri cua tham sb dé db
thi ham so ¢6 tiém can.
Vi du: Tim tat ca cac gia tri thuc caa tham sb m sao cho do thi cua ham sé

X—2 e
y = ———— C0 hai tiém can ngang.

mx? 42

A. Khong c6 gié tri thuc nao cua m thoa man yéu cau dé bai.
B. m<O. C. m=0. D. m>0.

Khao sat su bién

I. Mie d9 nhan biét:
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thién va vé dé thi
ham s6é

- Nhan dang duoc d6 thi cia mot s6 ham thuong gap qua mot sé dic diém dic
trung cta do thi tirng loai ham khi cho biét nhiéu loai ham.
Vi du: Do thi sau day 1a ciia ham s6 nao?
1, A y=—x*—-3x-2.
B. y=x>+3x*—2.
C.y=x"-3x"-2.
_X=2
X+1

&Y X

2

I1. Mite dd thong hiéu

Nhan dang duoc d6 thi cia mot s6 ham thuong gap qua mot s6 dau hiéu nhu
nhanh v cuc, diém trén dd thi, tinh don diéu, cuc tri, tiém can khi cho biét mot
s6 ham cung loai...

- Tr d6 thi, bién luan theo tham sb s6 nghiém cua phuong trinh.

Vi du:

Do thi sau day 1a ctia ham s6 nao?

- X+1
I 1 A = .
i Y y 2x+1
|
|
I B.y:X+3.
i 1 2x+1
.
2
““““““““ f“““““““: C.y= X )
1 e 2x+1
_ﬂ y— x—1
i ' 2x+1

I11. Mire dd van dnj g thap

Tir d6 thi cia ham sé y = f (x) tim duoc do thi cac ham chira déu tri tuyét doi

lién quan.

Vi du: Cho ham sé y = x* —6x* +9x c6 do thi nhu Hinh 1. D6 thi Hinh 2 la
cua ham s nao dudi day?
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v

v

3 -1 O| 1 3

Hinh 2
B.y= |x|3 +6|x|2 +9]X.

Hinh 1
A y=—x+6x*—9x.

C. y=|x*—6x"+9x D. y =[x —6x*+9|x.

Mot s6 bai toan
thwong gap vé do
thi

I. Mire d§ thong hiéu

- Bién luan sé nghiém cta phuong trinh bang db thi.

- Viét phuong trinh tiép tuyén caia d6 thi ham sé tai mot diém thudc d6 thi ham
$6.

- Viét phuong trinh tiép tuyén chung cua hai dudng cong tai tiép diém.

Vi du: Cho d6 thi ham s6 y = f(x) nhu hinh v&. Gid tri m d¢ phuong trinh

|f(x)|=m c6 hhi,nghiém phan biét Ia:
| _____1 ______ | A m >1
I I v
\/ C. m<-1.
1
D.m=-1.

Il. Mire dd van dung :
- Viét phuong trinh tiép tuyén cua dd thi ham s khi biét diéu kién vé hé sé goc
hoic di qua mot diém.

-Van dung kién thirc vé sy tuong giao cua hai dd thi va kién thic vé& phuong
trinh tim diéu kién cua tham sao giao diém cua hai d6 thi théa man diéu
Kién cho trudc.

Vidu 1:
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Tim tat ca cac gia tri cia tham sé6 m dé duong thang y = x—2m cét do thi ham

s6 y = X_1 tai hai diém phan biét co hoanh do duong.
X+
m< -2 3 1
A O<m<l. B. . C.l<m<-—. D.O<m<—.
m>5 2 3

Vi du 2: Tim tat ca cac gia tri cua tham s m dé duong thang d 1y =x—-m+2

TP . 2X C . a2 N R N s

cat do thi ham so y =1 tai hai diém phan biét A va B sao cho d6 dai
X_

AB ngan nhat.
A. m=-3. B. m=-1. C. m=3. D. m=1.

Ung dung thyc té

Giai quyét mot sb bai toan tng dung thuc té lién qua téi nhiéu kién thic tong

hop nhu dao ham, gia tri 16n nhat, gia tri nho nhat, dién tich, thé tich,..

Vi du ¢ mire d9 van dung thap:

Sau khi phat hién mot bénh dich, cac chuyén gia y té wéc tinh s ngudi nhiém
bénh ké tir ngdy xuat hién bénh nhan dau tién d&én ngay tht t Ia
f (t)=45t> —t* (két qua khao sat dugc trong thang 8 vira qua). Néu xem
f'(t) 1a toc d6 truyén bénh (nguoi/ngdy) tai thoi diem t. Téc do truyén
bénh s& 16n nhat vao ngay thi:
A. 12, B. 30. C. 20. D. 15.

Vi du ¢ mire d§ van dung cao:

Mot bac tho go han mudn lam maét chiée thung hinh hop chir nhat (khéng nép)

bang tén thé tich 62,5dm?. Chiéc thung nay c6 day 1a hinh vudéng canh

x(dm), chiéu cao h(dm). D¢ lam chiéc thiing, bac tho phai cit mot miéng ton

nhu hinh v&. Tim x dé béc tho sir dung it nguyén liéu nhat.

A.7(dm) PN h
B.6(dm)

C. 4(dm) "

D.5(dm) , » ‘T’
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PE LUYEN TAP TONG HQOP CHUYEN PE HAM SO

Céc cau hoi sau chi ¢é 1 phiong an tra loi dung. Hay khoanh tron vao phuong dn tra loi diing do.
Cau 1: Chohamsé y= f(x) c6 lim f(x)=1va lim f(x)=—1. Khang dinh nao sau dy la khiang
X—>+0 X—>—0

dinh dtng ?
A. D6 thi ham sé da cho khéng c6 tiém can ngang.
B. B4 thi ham sé di cho c6 diing mot tiém can ngang.
C. D6 thi ham s da cho c6 hai tiém can ngang 1a cac duong thang x =1 vax = —1.
D. P4 thi ham sb da cho c6 hai tiém can ngang 1 cac duong thang y=1vay=—1.

Cau 2: Tim duong tiém can ding va tiém can ngang cua dé thi ham sb y = ZXX _11.
A x=2y=1 B. x=Lx=2 C. x=ly=2 D. x=1y=1.
Cau 3: Tim tat ca cAc gia tri caa tham s6 m dé phuong trinh x* —4x*+m =0 ¢6 2 nghiém.
m<0 m< 0
A . m=4. B. m<O. C. . D. :
m=4 m=4
Cau 4: Tim céc khoang ddng bién cua ham sé y = X;i
X_
A R B. R\{1}. C. (—;1) va (I;+). D. (—0;1) U (1;+0).

Cau 5: Tim tat ca cac gié tri caa tham s6 m dé do thi ham s6 y = x* —2(m+1)x* + m? c6 cac diém
cuc tri tao thanh mot tam giac vuong.

A. m=+1. B. m=-1. C. m=0. D. m=1.
Cau 6: Xac dinh ham sb co6 db thi sau

I_IEIIIO“\I;I}III‘I‘Iix
1k

2x-1 2X+1 X+1 2X+1
A y= 1 B.y= 1 C.yzﬁ. D.y= il
Cau 7: Tim diém cuc dai cia ham s6 y = x> —3x* +4.
A. x=1. B. x=0. C. x=2. D. x=-2.
Cau 8: Tim tat ca céc gia tri caa tham s6 m dé ham s6 vy _Xx=m+2m nghich bién trén khoang
(—031).
A. 1<m<3. B.0<m<3. C.l<m<3. D.0<m<3.

Cau 9: Xac dinh ham sb co6 db thi sau
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A y=x>+3x"+2. B. y=x>+3x+2.

C. y=x*-3x+2. D. y=x*-3x*+2.
Cau 10: Tim gié tri nho nhit cia ham s§ y = _1 trén doan [0;1].
X+
1
A. -1 B. 0. C. 1 D. —.
2
Cau 11: Cho d6 thi (C) c6 phuong trinh y = ZXX _11. Tinh tién dd thi (C) theo vecto v=(2;1) ta
_l_
dugc d thi (C°). Tim phuong trinh cua db thi (C”).
A y:3x—6_ B. :3x—5. C. y=3X_5. D. y=3x+5_
x-1 Xx+1 x-1 x-1
Cau 12: Tim tat ca céc gia tri cua tham sb m dé duong thang (d): y=Xx+m cit dd thi (C):
y= 2XX _11 tai hai diém phan biét A, B sao cho d6 dai doan AB ngan nhat.
A m=-1 B. m=1. C. m=0. D. m=2.
Cau 13: Tim tit ca cac gia tri caa tham s6 m dé mot tiép tuyén bat ki cua do thi ham sé
= 2mX ;3 (C) tao véi hai duodng tiém can cua (C) mot tam giac co dién tich bang 10.
X_
A m=2 B. m=+1. C. m=0. D. m=42.

Cau 14: Mot cdng ty sita can 1am hop sita hinh try, c6 thé tich 0,2 (Iit). Tinh ban kinh day hop dé
cdng ty ton it nguy@n liéu 1am hop nhat.

A. 3,/@ (cm). B. i/@ (dm). C. ‘3/@ (dm). D. i/@ (cm).
T T T T

Cau 15: Tim ham s6 khong c6 cyc tri trong cac ham sé cho dudi day.

X2

x—1

C. y=x>-3x*+3x+2. D. y=x*'-x*+1.
Cau 16: Cho ham s y = x* —4x® +3 ¢6 d6 thi (H1) nhu hinh v&. Tim ham sb c6 d6 thi (H2) trong
cac ham sé cho dudi day.

A y=x*-3x+2. B.y=
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PEAVINR aav;

(H1) (H2)
A.y=(x-1)*-4(x-1)*+3. B. y=x‘—4x>+2.
C. y=(x+1*—-4(x+1)>+3. D. y=x‘'—4x2+4.

Cau 17: Cho y>0;x*+x+y=6. Tim gid tri nho nhat m va gia tri 16n nhit M cua
P=4x+y—-xy+2.
A.m=6 va M =10. B.m=-10va M =6.
C. m=-6 va M =10. D. m=-10 va M =10.
Cau 18: Tim tit ca c4c gia tri cua tham s6 m thi ham s6 y = x° —3x” —(m’ —m—2)x+9 dong bién
trén khoang (-1, 0).
m<-1 m< -1
A -l<m<2. B. -1<m<2. C. . D. .
m>2 m> 2
A A\ A s ik L G XXXl A ar L
Céu 19: Viét phuong trinh tiép tuyén cua do thi ham so y = 3 7 & biet tiep tuyén do cat truc

hoanh tai A, cit truc tung tai B sao cho OB = 20A (O la géc toa do).

y=2x-3 y=2x+1 y=-2x—3 y=-2x+1
A. . B. 7. C. : D. 7.
y=2x+3 y:ZX—E y=-2Xx+3 y:—ZX—E

Cau 20: Tim tit ca cé4c gia tri cia tham sé6 m dé ham sé y = x* —2m?x* +3m+2 dat cuc tiéu tai
diém x =1.

A. m=0. B. m=+1. C.m=2. D. m=-2.
A N £ N . A ~ ” A s z \ X2 +1
Céau 21: Tim so duong tiém can cua do thi ham so y = T
X_
A. 2. B. 1. C.o. D. 3.

Cau 22: Tim tat ca céc gié tri cua tham s6 m dé duong thing (d) : y=—x+m cat do thi ham s
y = x> —3x?—9x+10 (C) tai ba diém phan biét c6 hoanh do 1ap thanh cap sb cong.

A . m=1, B. m=-1. C. m=-2. D. m=0.
Cau 23: Tim céc khoang nghich bién cia ham sé y = x* —2x* +3.

A. (—0;-1) va (0;1). B. R.

C. (—o0;=1)u(0:2). D. R\{(-L0) U (L +w)}.

Cau 24: Tir mot tim tén hinh vudng canh 15(cm) ngudi ta cat & moi goc tim tén mot hinh vudng
nhé rdi go thanh mot cai hop (hinh hop chir nhat) khong c6 nap nhu hinh v& duéi day. Tim thé tich
I6n nhét caa hop.
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A. 400(cm®). B. 300(cm®). C. 250(cm?®). D. 200(cm?).
Cau 25: Tim gia tri 16n nhit M ctia ham s y = x* —4x? +3 trén doan [0;\/5].

A. M =0. B.M=9. C.M=3. D. M =8.

------------- HET ----mmmm--
DAP AN

Céaul D Cau b6 A Céau 11 A Cau 16 A Céau 21 D
Cau 2 C Cau7 B Cau 12 B Cau 17 D Céau 22 D
Céu 3 D Céu 8 A Céu 13 B Céu 18 B Céu 23 A
Cau 4 C Cau 9 C Cau 14 D Cau 19 B Cau 24 C
Céaus C Cau 10 A Céu 15 C Céau 20 B Céu 25 D

Tén cac truong thuc hién Chuyén dé Ham sé:
1) Trwong THPT Chuyén Tuyén Quang
2) Trwong THPT Yén Hoa
3) Trwong THPT Hoa Phu




CHUYEN PE 11
HAM SO LUY THUA, HAM SO MU, HAM SO LOGARIT
Chi dé 2.1:Liiy thira, mil, logarit

A. Kién thire co ban
|. Liy thira

1. Dinh nghia liy thwa

S6 mii o Co'so a Liiy Thwa a“
a=neN aeR a* =d" =a.a.....a(nthira sé a)
a=0 az0 a“=a’=1
a=-n(neN’) az0 a”‘za”:ain
a=m(meZ,neN*) a>0 a“:a%:%/a_m(%:bcb“:a)

n
a=limr (r eQ,neN") a>0 a* =lima"
2. Tinh chat cia liiy thira
ev6imoi a>0,b>0taco:
a“a’ —a“”’ - :_;:aaﬂ (@)’ =a*; (ab)* —a“b” | (%}a :S_:

e a>1:a%>d’ ca>p; 0<a<l:d*>d’ oa<p
eVéi O0<a<btaco:
a" <b" &m>0; a”>b" =>m<0
Chay:  + Khi xét ity thia voi s6 mii 0 va so mit nguyén dam thi co so a phai khac 0
+ Khi xét liy thira voi s6 mii khong nguyén thi co so a phai duong
3. Pinh nghia va tinh chat cta cin bic n
eCinbicn(n eN*, )ciaalasébsaocho b" =a.
e néu n 1a s6 nguyén duong 1¢ thi (’/; xac dinh Va , néu n l1a s6 nguyén duong chén thi (1/; X&c
dinh Va >0
a Vaz0

e n 13 s6 nguyén duong 1¢ Nda" =a Va , nlasd nguyén duong chin ¥a" = |a| = {—a a<O

eVigi a,b>0,mneN*p,qeZtacod:



Yab =Ya b ; 'i/%z%(b>0); Jar () @>0);  WWa ="a

e Néu n 1a s6 nguyén duong 16 va a < b thi (’/; < % :
Néu n 12 s6 nguyén duong chin va 0 <a < b thi Ya<p.
Il. LOGARIT

1.Dinh nghia

eVéia>0,a=1,b>0tacd: log,b=a<=a”=b

chay: log, b cé nghia khi {Z i g,a 1
e Loogarit thap phan : lgb=logb=log,,b
n
e Loogarit ty nhién (logarit Nepe): Inb=1log,b| (VOUI e= lim(l+%) ~2,718281)
2. Tinh chat
o log,1=0; log, a=1; log, a’ =b; a“%" =p (b>0)

eChoa>0,a=1,b,¢c>0. Khido:

+Néu a> 1 thi log,b>log,c<b>c
+Néu 0<a<1thilog b>log c<b<c
3. Cac qui tic tinh logarit
Véi a>0,a=1,b,c>0,tachd:

¢ log, (bc)=log, b+log, c e log, (?j =log, b—log,c elog, b* =« log, b

4. Doi co so

Vaoi a,b,c>0va a,b=1taco:

lo
e log, c= £a¢ hay log b.log, c=log c
b log b a b a

a

1
log, a

e log b= 010gaac=ilogac(a¢0)
a

B. Ki niang co ban:



- Tim diéu kién va rat gon biéu thic
- Pua biéu thirc vé dang liy thira
- So sénh lay thtra
- Tinh gia tri biéu thuc logarit theo cac biéu thirc di cho
- Chitrng minh dang thirc
C. Bai tap luyén tap

Bai 1 Viét cac biéu thirc sau dudi dang lily thira
a) \4/x2%/; ,(x>0) b) ﬂéi/% (a,b#0) c) J 2\3/2\/5
a

Bai 2 Tim diéu kién va rit gon cac biéu thic sau

a? + b 20505 o1 1 1
403 4 0 2593 x2 —y2 x2+y2

3) 05, 05 b) 11 11
a-b a”+b" ~

xyi +x5y xyE —x2y
) V-t
Bai 3 Sosanhmvan

2) (v2)" > (\2)" b) [ljm > @

9 9

(a,b>0,a#b)

Bai 4 Tim diéu kién cua a va x biét

2 1 | -0,2
D (a3 <(a-1)3 b) (_j o
a
x+1
x _ 5/ 2 2 :i
0) 47 =10 P \/;(SJ 125

e) 0,1* > 100 f) Gj >3/0,04

Bai 5. Rut gon biéu thuc :
log ; a.log , a'?
) log, Va (a>0) p) —a &8 (0<a=1)
log, a

a

Bai 6: Tinh gia tri biéu thirc logarit theo cac biéu thirc da cho :
a) Cho log, 14=a. Tinh log,, 32 theo a.

b) Cho log,s3=a. Tinh log,s15 theo a.



a) Cho log,; 7=a ; log,5=5b.Tinh log%/— s theo a, b.
> 8
b) Cho log,,3=a; log,,5=">b.Tinh log,,1350 theo a, b.

Bai 7: Chitng minh céc biéu thire sau (vai gia thuyét céc biéu thire déu c6 nghia )

log b+lo
a) blogac _ cloga b b) logax (bx) = g, g,X

I+log, x

¢) log “;b=%(1ogca+1ogcb),véi a® +b? =Tab.

C

D. Bai tap TNKQ
Cau 1: Choa>0va a= 1. Tim ménh dé dang trong cac ménh dé sau :
A. log, x co nghia VX B. logal =ava logaa=0
C. logaxy = logax.logay D. log, x" =nlog, x (x>0,n=0)
Cau2:Choa>0va a=1,xva ylahai séduong. Tim ménh dé dung trong cac ménh dé sau :

A. logaizlog—aX B. logal: !

y log,y x log, x

C. log, (x + y) =log, x +log, y D. log, x =log, a.log, x

Cau 3: log, fa’ (a>0,a%1)bing:

a

AL B. 2 c.? D. 4
3 3 3
23/.25/_4
cau 4 : log, [uJ bang :
15/,.7
a
A. 3 B. 12 C. 2 D.2
5 5
Cau5: a*°=" (a>0,a=1,b>0)bang:
A. a’b”’ B. a’b C. a’b’ D. ab’

Cau 6 : Néu logax=%loga9—log35+log32 (a>0,a=1)thi xbang:



A 2 B3 c® D.3
5 5 5
Cau 7: Néu log,x =5log,a+4log,b (a, b>0)thi x bang :
A. a2’b* B. a'b’ C.5a+4b D.4a+5b

Cau 8:néu log, x =8log, ab> —2log, a’b (a, b >0)thi x bing:
A. a'b® B. a’b" C. a%b" D. a*b"
Céau 9: Cho log2 = a. Tinh log25 theo a?
A2+a B. 2(2 + 3a) C.2(1-a) D. 3(5- 2a)
Céu 10 : Cho log,5=a; log,5=b.Khido log,5 tinhtheo ava bla:
1 B ab

A. B.
a+b a+b

C.a+h D. a’ +b?

Cau 11 : Cho hai s6 thuc duong a va b, véi a =1. Khing dinh nao dudi day 1a khang dinh dung ?

A Iogaz(ab)zélogab. B. Iogaz(ab):%logab.
C. log , (ab)=2+2logjb. D. log z(ab):£+ilog b.
8.2 — a 2 2 a

Cau 12. Cho log2=a. Tinh log4 /3—52 theo a, ta duoc:

IN

1(.6 1 1 1
A a1, B. 4(5a-1). C. 7(6a-1). D. 3(6a-+1).

o 2log,a 2
Céu 13. Rut gon biéu thac P=3 —Iogsa .log525 (0O<a=1), ta dugc:

A P=a+4. B. P=a*>-2. C. P=a"—4. D. P=a*>+2.

2
Cau 14: Cho a 1a mot s duong, biéu thirc a’~/a viét dudi dang lug thira v6i s6 mil hitu ty 1a:
7 6 11

5
A. a® B. a¢ C. a’ D. a¢

4
Cau 15: Biéu thac a*: 3/a? viét dudi dang Iu§ thira véi sé mii hitu ty 1:

5 2 5 7

A. aé B. a3 C. a8 D. a3

Cau 16: Biéu thuc vx A/x &/x° (x > 0) viét dudi dang Iuy thira véi sé mii hitu ty 1:



7 5 5
’;

2
A. x3 B. x? C. x3 D. x°
Caul7: Trong cac phuong trinh sau day, phuong trinh nao c6 nghi¢ém?

1 1

1 1 1 1
A x°+1=0 B.Vx-4+5=0 C.x’+(x-1)s=0 D.x*-1=0
1 1\? -l
Caul8: ChoK = [Xz_yzj (1—2 Z+XJ . biéu thuc rat gon cua K 1a:
X X

A. X B. 2x C.x+1 D.x-1

Caul9: Rat gon biéu thuc: v/81a*b? , ta duoc:

A. 9a°b B. -9a%b C. 9a’ || D. Két qua khéc
Cau20: Rt gon biéu thuc: #x* (x+1)", ta duoc:
A. xH(x +1) B_.x2|x+1| C.-x* (X+1)2 D. |X(X+1)|

Cau21: Néu %(a“ +a‘°‘):1 thi gia tri cua a la:
A.3 B.2 C.1 D.0

Cau22: Cho 3“ <27. Ménh d& nao sau day la ding?
A -3<a<3 B.a>3 C.a<3 D.aeR

V2-1
Cau23: Rat gon biéu thirc a¥? [lj (a>0), ta duoc:
a

A. a B. 2a C.3a D. 4a
Cau24: Rt gon bidu thic b 525 (b > 0), ta duoc:
A.b B. b? C. b3 D. b*
~ i X x . .2 , 543 +3% .
Cau25: Cho 9* +9* =23. Khi do biéu thuc K = T O gia tri bang:
A. —2 B. l C. 3 D.2
- 2 2 2

Chuyén dé 2: HAM SO LUY THUA HAM SO MU



Chu dé 2.2: Ham so liiy thira, mii, logarit

A. Kién thic co ban
I. HAM SO LUY THUA

a) DN: Ham sb c6 dang y=x%* véi at € R

b) Tap xac dinh:
e D =Rvoi O nguyén duong
e D=R\{0} véi O nguyén am hoic bing 0
e D= (0;+wx) vsi OLkhdng nguyén

c) Dao ham

Ham sé y=x% (a.eR) c6 dao ham véi moi x > 0 va (xo‘)':axa_l

d) Tinh chét ciia ham s6 liiy thira trén khoang (0;+0)

Db thi ludn di qua diém (1; 1)

Khi o > 0 ham sé ludn ddng bién, khi a. < 0 ham sb ludn nghich Bién

Db thi ham sb khong c6 tiém can khi 0L > 0. khi O < 0 @6 thi ham s6 cd tiém can ngang 1a truc OX,

tiém can dang la truc Oy.

Il. HAM SO MU

a) DN: Ham s6 c6 dang y:ax (O<a=#l)

b) Tap xéac dinh: D = R, tap gid tri (0;+x)

¢) Pao ham: Ham s yzax (0<a#l) c6 dao ham véi moi x va

(ax)':ax Ina, Pic biét: (ex)'zex

d) Su bién thién:
Khi a > 1: Ham s6 dong bién
Khi 0 <a< 1: ham sb nghich bién

e) Do thi: do thi ham s6 6 tiém can ngang 14 truc Ox va ludn di qua cac diém (0; 1), (1; a) va nam vé
phia trén truc hoanh
f) L& kép: tién l4i cua Ki han trudc néu nguoi gui khong rat ra thi duoc tinh vao vén dé tinh 13i cho
Ki han sau.
Cong thiic tinh: Khach hang guri vao ngan hang A dong vai 1di kép r% /ki han thi sb tién khach
hang nhan duoc ca von 13n 1di sau n ki han (ne N* ) la:

S, =A(L+r)" (2)

Cha y: Tir cong thic (2) ta ¢ thé tinh duoc:



S
n=log,., (KHJ 3)

r% = n/S—A“ -1 4)

A=— (5)

111. HAM SO LOGARIT

a) DN: Ham s c6 dang y=logg x (0<a=l)
b) Tép xéc dinh: D = (0;+00), tap gid tri R
¢) Pao ham: Ham s6 y=logy X (0<a#l) c6 dao ham véi moi x > 0 va
1 . 1
logy X)'=———, Pac biét: (Inx)'==
(loga x) xIna (Inx) X
d) Su bién thién:
Khi a > 1: Ham s6 dong bién

Khi 0 <a < 1: ham sb nghich bién

e) o thi: thi ham sb c6 tiém can ding 14 truc Oy va ludn di qua cac diém (1; 0), (a; 1) va nam vé phia
phai truc tung.

B. Ki nang co ban
- Tim tap xac dinh cua ham s6 liiy thira ,ham sé logarit
- Tinh dao ham caa ham sb lity thira , ham s6 mii , ham s logarit
- Tinh tién Iai , thoi gian giti tiét kiém va ting truéng ... , 1i suat hay % ting trudng
trong bai toan lai suat
- Khao sat ham s liy thira , ham sé mii , ham s logarit
C.Bai tap luyén tap
Bai 1: Tim dao ham cia cac ham sb sau:
a, y=e* b, y=2* c, y=3"*
HD:
a,(e¥)’ = e¥.(3x)” = 3e*

b, (2%)" = 2X.In2;



¢,(37°) = 37 (In3). (1-x2)” = -2x.3"* .In3
Bai 2: Tim TXD cua cac ham sé sau:

2

ay=x3 by=x73 cy=x? dy=x"
HD:
ay=x® c6D=R (Vi @ =3 nguyén duong)

b,y=x2 c6 D=RY{0} (Vi a=-3nguyénam)
2

¢,y = x3(ahttu ti);

d,y=x"2 (o vOti) néncé D=R* = (0;+m)

Bai 3: Tim dao ham cua c&c ham sé sau:

3

a, y=x* (x>0) b,y= ¥1-x* (-1<x<1)
HD:
3 3 1
$.83% 31 3 3
+ (x4)':_x4 =Zx 4= ==
4 4 at W

—2X

+(31-x*)=[ - XZ);]’=%(1— @) (24 =
Bai 4: Tim dao ham cua c&c ham sé sau:
ay =22+ b, y:(X2—2x+2)eX
HD

ay = 222X |n2

b, y'=x"¢e
Bai 5: Chi Viét gai vao ngan hang 10 triéu dong véi 13i kép 5%/nam.
a) Tinh s6 tién ca goc 1an 14i cha Viét nhan duoc sau khi giri ngan hang 10 nam.
b) Véi s6 tién 10 triéu do, néu chi Viét guri ngan hang véi 1ai kép %% /thang thi sau 10 nim cha Viét
nhan duoc s tién ca goc Ian 1ai nhiéu hon hay it hon?

HD



a) Sb tién ca goc 1an 1ai nhan duoc sau 10 ndm véi ldi kép 5%/nim la

10
S, = 10.(1+ %j ~16, 28894627 trigu ddng.

b) Sé tién ca gbc 13n 14i nhan duoc sau 10 nam véi 13i kép %% /thang 1a

5
12x100

120
Sy = 10.(1+ J ~16,47009498 tridu dng.

I . e ¥4 5 , =X
Vay so tien nhan duogc vaéi lai suat E% /thang nhiéu hon.

Bai 6: Ban An gui tiét kiém mot s tién ban dau 1a 1000000 ddng vai 13 suat 0,58%/thang (khong ky
han). Hoi ban An phai giri bao nhiéu thang thi dwoc ca von 13n i bang hoic vuot qua 1300000 dong ?

HD
1300000

1000000
qua 1300000 dong thi ban An phai giri it nhat 12 46 thang.

Taco n= IogLOOSg( jz 45,3662737 nén dé nhan duoc sb tién ca vén 1an lai bang hoic vuot

Bai 7: Mot nguoi ¢ 58 000 000d guri tiét kiém ngan hang (theo hinh thirc 14i kép ) trong 8 thang thi
linh vé duogc 61 329 000d. Tim I3 suat hang thang?

HD l4i suat hang thang 1a r% = ¢ /M -1~0.7%
58000 000

Bai 8: Tim tap xéac dinh cua cac ham sé sau:

1
a,y=log.,(x+1); b,y=log,——; c,y=log v1-x; d,y=In1-x?):
y =logy(x+1) y @1%2)(+3 y=log g y=In(1-x%)
HD: a, D=(-1; +x) b, D=(—g;+oo) ¢, D=(—0;1) d, D=(-1;1)

Bai 9: Tinh dao ham cua cac ham sb sau:

a, y= Inv/x b, y=log2(3x? - 5)

HD:

a, (Iny/x)" = (‘/\/? % Vi (Wx)' = %)



(3x* -5)" _ 6X

2 B\ = =
b, [log2(3x* - 5)] (3x*=5).In2  (3x*-5).In2

D. Bai tap TNKQ

Cau 1: Pao ham cua hamsd y = (3x—1)¢5 la:

A 3V2(3x-1)20 B 3V2(3x-1)? coavz(x-1? Db _ 32
(3x —1)\/5_1

3
2

Cau 2: Tap xac dinh cia ham sb y=(x+3)2 -5-x la

A. D =(-3;+x). B. D=(-35). D=(-3+x)\{5}  D. D=(-35].

C.

Cau 3. Hamsd y=(4x* - 1)4 c6 tap xac dinh 1a:

b

A.R B.(0;+0)  C. R\{—

N | —
N | =

| e(3y

gin”x o

Cau 4 Ham sd nao sau day la dao ham cua ham sy =e

- . a . - -]
A. sin 2x.e®" *, B.cos2x.e®" ¥, C.sin“ x.e®" *, D.cos“x.e®" *,

~ N e 2 , N [N
Cau 5: Ham s6 y=2"** ¢6 dao ham y' la:

A. (L 2xj2'”x+xz. B. (szjz'wz In2.
X X
Inx+x2 Inx+x2
C. 2 . D. (£+ 2X]2 .
In2 X In2
Cau 6: Dao ham ctia ham sé y = e sinx la:
. [ sinx N . . N
A. y'=| —= +cosx |e¥". B. y'=(sinx +cosx)e"".
= [2& J = )

C. y':(m -coste&. D. y'=(sinx-cosx)e&.

24/x



Cau 7: Dao ham ciia ham s6 y = 27 1a:
A. 27%In2. B. (2x+3)2%**In2.  C. 2.2%%, D. 2.2*%In2,

Céau 8: Mot nguoi gui tiet kiém vaéi 1ai suat 6,8% nam va 1ai hang nam dugc nhdp vao von, hdi sau bao
nhiéu ndm nguodi d6 thu dugc gap doi so tién ban dau?

A.8 B.9 C.10 D.11

Cau 9: Mot khu ring c6 trir luong gd 4.10° mét khdi. Biét toc do sinh truong cua cac cay o khu ring
d6 13 4% mdi nam. Tim khéi luong g caa khu rimg d6 sau 5 nam.

A._4,8666.10° (m’). B. 4,0806.10° (m’). C. 4,6666.10° (m’). D. 4,6888.10° (m?).

Céau 10: Tap xéac dinh cua hamsé y = log, (2x2 —X —3) la:

(22 (3

Caull: Tap xac dinh cia ham s y = In—— X

X“ —3X
A. (0;1) U (3;+00) B. (—o0;1) U(3;+0)
C. (-%;0)U(13) D. (0;1)

Cau 12. Dao ham cua ham s6 y =(x* + x)In(x* +1) I&:
Ay :(3x2 +1)ln(x2 +1)+2x2. B. y' :(3x2 4—1)1r1(x2 +1)—2x2.
C.y =(3x2 +1)1r1(x2 +1)+2x. D. y' =(3x2 +1)ln(x2 +1)—2x.

Cau 13: Pao ham caa ham sé y =10g3(1+\/;) la:

A y':; B y'—;
Y A+40)In3 T Jx@ 403
C.y'=——o D. y’ !

2JxIn3’ T 2(Wx+0)n3



Cau 14: Him séy = ¥/2x* —x+1 c6 dao ham f(0) la:

A. 1 B. L C.2 D. 4
3 3
Cau 15: Cho ham sé y = ¥2x —x* . Pao ham f’(x) cd tap xac dinh la:

A.R B.(0:2)  C.(-0:0) U (2; +o0) D. R\{0: 2}
Cau 16: Him s6y = Ya+bx’® c6 dao ham Ia:

2 2
Ay = _bx B.y = L S y’ = 3bx*Ja+bx’ D.y = 3bx

33a+bx’ (a +bx3)2 23/a+bx’

Cau 17: Cho f(x) = x*3/x” . Pao ham (1) bing:

A.é B.§ C.2 D.4

8 - 3

Cau18: Cho f(x) = }| X _? . Pao ham £(0) bang:
X+

1
A. 1 B, — c. 2 D. 4
B

Caul9: Trong cac ham s sau ddy, ham s6 nao dong bién trén cac khoang no xac dinh?

3

Ay=x* By=x* C.y=x* D.y=x
Cau20: Cho hamsé y = (x +2)72 . Hé thuc gitra y va y” khong phu thudc vao x la:

Ay +2y=0 B.y” -6y2=0 C.2y"-3y=0 D. (y")2-4y =0
Cau21: Cho ham séy = x™. Tim ménh dé sai trong cAc ménh dé sau:

A. D6 thi ham s6 c6 mot truc ddi xang.

B. D6 thi ham s6 di qua diém (1; 1)

C. Db thi ham s6 c6 hai dudng tiém can

D. D6 thi ham sé ¢6 mot tam ddi xtng

Cau 22: Trén db thj (C) cua ham sé y = x2 lay diém Mo c¢6 hoanh d6 xo = 1. Tiép tuyén cua (C) tai
diém Mo c6 phuong trinh 1a:



Ay=—x+1B.y= X—g+1 Cy=nx—-n+l1 D.y=—gx+§+1

T
2

|

“ 2 . \
Cau23: Trén db thi cia ham séy = x2 1y diém Mo c6 hoanh do xo = 27 . Tip tuyén cua (C) tai diém
Mo c6 hé sb g6c bang:

A.m+?2 B. 2n C.2n-1 D.3

Cau 24: Trong céac hinh sau hinh nao 1a dang d6 thi cia ham s y=a*,a>1

T.*
D iy (I1D) (Iv)
Cau 25: Cho db thj hai ham sb y =a* va y =log, X nhu hinh by
vé: Nhan xét nao dang? y=a"
A a>1b>1 B.a>10<b<1 *

C.0<a<10<b<1 D.0<a<1b>1 /

2 -10 1 2 x
1
y=logpx




Chi dé 2.3: Phwong trinh mii , bit phwong trinh mii
A. KIEN THU'C CO BAN

1. Mét s6 tinh chat d6i véi ham sé mii.

a) Luy thira:

* Cac cong thirc can nhé:

* Quy tac so sanh:
+Véia>1thia">a"<m>n
+Véi0<a<lthia">a"<m<n

b) Can bacn

@) =@")" =a"
S—X:(Ej , a*b*=(ab)' a§:{/§;a§:{/a

2. Phwong trinh mii co ban:

La phuong trinh dang: a* =b (*) vdia, bchotru6cval<a=1
+ b<0: (*) VN
+ b>0: a"*=b< x=log, b (0<a=l va b>0)

Minh hoa bang db thi

Phuong trinh @*=b (a> 0, a# 1)

b>0 C6 nghiém duy nhat x = logab




b<0 V0 nghiém

B. Ki NANG CO BAN

I. Phwong trinh mii

1. Phuwong phap dwa vé cing co so

2. Phuong phap dung 4n phu.

Khi str dung phuong phap nay ta nén thuc hién theo cac budc sau:
B1: Dua pt, bpt vé dang an phu quen thugc.
B2: Pit an phu thich hop va tim diéu kién cho 4n phu.
B3: Giai pt, bpt v6i an phu mai va tim nghiém thoa diéu kién.
B4: Thay gia tri t tim duoc vao = giai PT, bpt mil co ban
B5: Két luan.

Sau day 12 mot sb dau hiéu.

Loai 1: Cac s6 hang trong pt, bpt c6 thé biéu dién qua a'® = aitt=a'®
Hay gap mot sb dang sau:

+Dang1: Aa’'®+Ba'®@+C=0 = bac2ant

+Dang 2: Aa*"W+Ba’®+Ca'™+D=0 = bac3ant.

+Dang 3: Aa*'®+Ba*™+C=0 = tring phuong an't.

Luu ¥: Trong loai ndy ta con gap mot s6 bai ma sau khi dit an phu ta thu dugc mot phuong trinh, Bpt
van chta x ta goi do 1a cac bai toan dat an phu khong hoan toan.

Loai 2: Phwong trinh ding cip bac n ddi véi a' ™ va b’
Hay gap mot sb dang sau:
+Dang 1: Aa’'™ +B.(ab)' ¥ +Ch*'™¥ =0

— Chia 2 vé cho a?'™

= loai 1(dang 1)
+Dang 2: Aa®'™ +B.(a2h)"™ +C(ab?)"™ + DB ™ =0

3f(x)

= Chia2 vé cho a = loai 1(dang 2)

Tong quét: Vi dang nay ta s& chia ca 2 vé caa Pt cho a™ ™ hodc b™ ™ vai n 1a sé tu nhién 16n nhat c6
trong pt Sau khi chia ta s& dua dugc pt vé loai 1.

Loai 3: Trong phwong trinh ¢6 chita 2 co' s6 nghich dio



+Dang1: Aa'™+B.b"™4+C=0 wvdiab=1

+Dang 2: Aa'™ +B.b"™+Cc'™ =0 , voiab=c?

V6i dang 1 ta dat anphut=a'™ = b'™=1/t; con vai dang 2 ta chia ca 2 vé cua pt cho ¢'® dé dua
ve dang 1.

3. Phuong phap logarit hoa

Poi khi ta khong thé giai mot PT, BPT mii bang cach dua vé cing mét co sé hay dung an phu duoc,
khi d6 ta thé lay logarit hai vé theo cting mét so sé thich hop ndo @6 = PT, BPT mii co ban (phwong
phap nay goi la logarit hoa)

Dau hiéu nhan biét: PT loai nay thuong c¢d dang a'™.b*™ c"™ =d ( néi chung 1a trong phuong trinh
c6 chira nhiéu co s khac nhau va sé mii ciing khac nhau) = khi d6 ta c6 thé lay logarit 2 vé theo co sb
a (hoac b, hoac c).

I1. Bit phwong trinh mii

1. Bat phwong trinh mii co ban

Xét bat phuong trinh a* > b
-Néu b<0, tap nghiém cua bat PTIAR via* >0 >b,Vx e R
-Néub >0 thi BPT tuong duong véi a* > a'™%"

Néu a > 1 thi nghiém ciia bat PT 1a x > logab

Néu 0 <a < 1 thi nghiém cua bat PT 12 x < logab

2. Giai bat phwong trinh biang phwong phap dwa vé ciing mat co s6

3. Giai bat phwong trinh mii bang phwong phap dit an phu
C. Bai tap luyén tap

1. Phuwong phap dwa vé cing co sb

Vi du: Giai cac phuong trinh sau:

1) 9-x :28 2) 2x2—3x+2 _ 2
3) 3% =3 4) 2% =8
LG
1) Pt -x=8<x=-8
x=0
2)PT<:>x2—3x+2:x+2<:>x2—4x:0<:{ 4
X =



X
3)PT c>—2—x2:3x<:>x2+3x+2=0<:{

4Pt =27 =2 = x=-3

2x2+3x—2 _

N

Vi du: Giai cac phuong trinh sau :

x=0
X=-3

1

HD: 2°32_2 032 92 (o2 3y 9 _ 9 2 +3x=0c>[

Vay phuong trinh c6 nghi¢gm: x=0,x=-3

X% -3x+1
Vi du: Giai cac phuong trinh sau : (%) =3

x=1
X=2

x2-3x+1
HD: (%) =3 303D 3 (%2 —3x+1) =1 < x2—3x+2:0<:>[

Vay phuong trinh ¢6 nghiém: x=1,x=2

Vi du: Giai phuong trinh sau : 2 4+ 2% =36

X

HD: 2 +29%2=36< 22" +27 =36

822 3602236402 =160 2" =2 o x=4

2. Dung 4n phu.
Vi du: Giai cac phuong trinh
1)9"-4.3°+3=0
2) 9"-3.6"+24"=0
3) 5-6+5"=0
LG
1) 99 -43+3=0 < 3> -43+3=0

bit t =3*véi t>0 ta duoc phuong trinh: t* —4t+3=0 < {

Vi t=1 ta cé x=0

Vi t=3 ta cd x=1



) ) ) 3 2X 3 X
2) 9°—3.6"+24" =0 < > -3 > +2=0

t=1

batt= (gj >0 ta dugc phuong trinh: t?-3t+2=0< L _

Vi t=1taco @J =1 x=0
y  (3Y
Véi t=2 ta co (Ej =2 x=log, 2
2

Vi du: Giai cac phwong trinh sau:  37® —4.3*° +27=0

HD: 3°3"-4.3°3"+27=0 < 6561.(3' )2 —972.3°427=0 (%)

L
Dit t =3 > 0 Phuong trinh (*) < 6561t —972t + 27 =0 < 91
t=—
27
& 1 X -2
Vi t=§c>3 =3 "o Xx=-2
L 1 X -3
Vi t=—=3F =3"<=x=-3
27
Vay phuong trinh c6 nghi¢m: x=-2,x=-3
Vi du: Giai cac phuong trinh sau: 25 -25-15=0
HD: 25"-25 -15=0&(5°) ~25"~15=0 (%)
5 ) . ) t=5
bat t =5" > 0 Phuong trinh (*) < t°-2t-15=0< )
t =-3 (loai)

V6 t=55=5cox=1
Vay phuong trinh ¢6 nghiém: x =1
Vi du: Giai cac phuong trinh sau : 3% -3 =24

HD: 3*2-3 =24 93" —3%—24 =059.(3 )2 —24.3°-9=0 (*)



t=3
Pitt=3>0 Pt (*) =9’ -24t-9=0< 1

t= 3 (‘loai)
Vo t=33=3<x=1
Vay phuong trinh c¢6 nghiém: x=1
3. Phuwong phap logarit hoa
Vi du: Giai cac phuong trinh sau:
1)3"=2 2) 283" =1
LG

1) Pt < log, 3" =log, 2 < x =log, 2
2)log, (2"3") =log,1<> log, 2* +log, 3" =0 <> x+x.log, 3=0

< X(1+109,3)=0<= x=0
4. Bat phwong trinh
Bai 1: Giai cac bat phuong trinh sau:

a) 21 <5 b) 0,3?>7

\ = .

Loi gidi:
a) Taco: 2 <5« x-1<log,5< x<1+log,5.

- Bat phuong trinh d4 cho c6 tap nghiém la: S = (—oo;1+ log, 5)

b) Tacé: 0,3*>7 < x+2<log,,7 < x<-2+log,,7

- Bat phuong trinh da cho c6 tap nghiém 1a: S = (—oo; —2+log,, 7).

Bai 2: Gidi bat phuong trinh : 2X73%* > 4%

Loi giai:
Ta co:
A S L o I S 920D y2 13y 45 2(x—1) o X+ X-2>0 < Xe (-2;1)

Bét phuong trinh da cho c6 tap nghiém 1a: S =(-2;1)

Bai 3: Giai bat phuong trinh: 27 <%

\ = -

Loi giai:



Taco 277 < % &SP 3T o 3(1-2X) < -1 —bx<4< x> %
< e y a s 2
Bat phuong trinh da cho c6 tap nghiém la: S = (5, +ooj

X 2-X
Bai 4: Giai bat phuong trinh: (\/5)2 >%

Loi giai:
L R X 16
Ta co: (\@)2>5 <:>34>32X‘4<:>Z>2x—4<:>x>8x—16<:>x<7

Bat phuong trinh di cho c6 tap nghiém la: S = [—w?j

Bai 5: Giai bat phuong trinh: (\/§+ 2)“ > (\/—_ 2)x2+3

Loi giai:

Ta co: (\/§+2)(\/§_2):1©\/§_2:\/§l+2:(\/§+2)1

Khi 6 (V5 + 2)#1 > (5 - 2)X2+3 (V5 + 2)#1 > (V5 + 2)“ e x-12x2-3

Bai 6: Giai bat phuong trinh: 5* +5°* < 26
Loi giai:
A X 2-X X 25 X 2 X
-Tacod: 5°+5°* <26 <5 +?—26<0<:>(5) ~26.5°+25<0

-Pit t=5">0. biéu kién: t > 0.
-Taco: t?—26t+25<0 < 1<t<25
-Khidd: 1<5° <255 <5 <52 <0< x<?2

- Vy bat phuong trinh c6 tap nghiém la: S =(0;2)

Bai 7: Giai bat phuong trinh: 371 -10.3* +3<0
Loi giai:
- Ta co: 3% _10.3*+3<0 @»3.(:’;*)2 ~10.3+3<0 (1)

-bat t=3">0.Diéu kién: t > 0.



-Taco: 3t2—10t+330c>%st33 @%ssx <3e31<F < = -1<x<1
- V4y bat phuong trinh ¢6 tap nghiém la: S =[-1;1]

Bai 8: Giai bat phuong trinh: 5.4* +2.25* ~7.10* >0 (1)

Loi giai:
-Tac6:5.4*+225°-7.10">0 (1)

X 2 X
Chia hai vé ciia (1) da cho 4* >0 ta duoc: (1) < 5”'{@] } —7.@) 20 ()

- Pat t:@j >0. biéukién: t>0.

O<t<1

- Khi d6 (2) c6 dang2t”’ -7t +5>0 & (5
>_
2

-Véi O0<t<ltaco: (gj <l x<0.

- Véi t>Etac(): (Ej >§<:> Xx>1.
2 2) 2
- Vay bét phuong trinh (1) ¢6 tap nghiém: S = (—o0;0) U (L;+o0)

* Bai tap tw luyén
Bai 1: Giai cac phuong trinh:
1) 2% =2

2) 2XZ—3X+2 — 2X+2

3) 3—2—X2 :33X
4) 2% =8
5) 3> =9

6) 2% =32

7) 3)(2 -3X —

|



8)9* —4.3+3=0

9) 9*-3.6"+2.4"=0

10) 5*-6+5" =0

11) 25* 6.5 +5=0

12) 36" —3.30" +2.25* =0
13) 6.5 5" -1=0

14) 22 =3

15) 3x+1 = 5x-2

16) 3x—3 - 5x2—7x+12

17) 2)(—2 — 5X2—5X+6

18) 5X.8X7_1 =500

19) 52+ 1. 7x+1 = B2 4 7

Bai 2: Giai cac bat phuong trinh:
1) 27> 28

2) 24732 gxe2

3) 3% >3

4) 27" >8

5) 322 >9

6) 2% > 32

7) 3¢ s 1
9

8)9* —4.3*+3>0

9) 9" 3.6 +2.4" >0

10) 5 —6+5"" >0

11) 25* ~6.5" +5>0

12) 36" —3.30" +2.25" > 0
13) 6.5 -5 ~1>0



D. BAl TAP TRAC NGHIEM KHACH QUAN

CAu 1: Phuong trinh 4*? =16 c6 nghiém la:

A x= C.3 D.5

Mlw

B.x=

w| b

Cau 2: Tap nghiém ciia phuong trinh: 2X % = % la:

A O B. {2; 4} C. {0;1} D. {-2; 2}

CAu 3: Phuong trinh 4**** =8 ¢6 nghiém Ia:

6

Al 4
:

C. — D.2
5

B.

w|nN

NG
8

CAu 4: Phuong trinh 0,125.4>° :( ] c6 nghiém 1a:

A3 B.4 C.5 D.6
CAu 5: Phuong trinh: 2%+ 2%+ 2% =3 —3** 1 3% ¢4 nghiém la:
A2 B.3 C.4 D.5
CAu 6: Phuong trinh: 27*° + 27 =17 ¢6 nghiém Ia:
A. -3 B. 2 C.3 D.5
CAu 7: Tap nghiém cta phuong trinh: 5" +5%* = 26 la:
A. {2; 4} B. {3; 5} C. {1; 3} D.®
Cau 8: Phuong trinh: 3* +4* =5* ¢6 nghiém la:
Al B.2 C.3 D.4
Cau 9: Phuong trinh: 9 +6* =2.4* ¢6 nghiém la:
A.3 B.2 C.1 D.0
Cau 10: Phuong trinh: 2 =—x+6 c6 nghiém la:
Al B.2 C.3 D.4
Cau 11: Xac dinh m dé phuong trinh: 4* —2m.2* +m—2 =0 c6 hai nghiém phan biét? Pap an la:
A.m<2 B.-2<m<2 C.m>2 D. meR



1

—_— 4
Cau 12: Tap nghiém cua bét phuong trinh: [%j“ < (%) la:

A. (0;1) B. (1; %j C.(2+)  D.(—x;0)

XZ

oy 8
Cau 13: Bat phuong trinh: (v/2) ~ <22 c6 tap nghiém Ia;
A. (2;5) B.[-21]  C.[-L3]  D.Kétquakhac

3j\/ﬂ

Cau 14: Bit phuong trinh: (Z > (Zj cé tap nghiém la:

A [12] B.[-2;2] C.(0;1) D. ®
Cau 15: Bat phuong trinh: 4* < 2" +3 ¢4 tap nghiém la:
A. (1,3) B. (2;4) C. (log, 3;5) D. (-;log, 3)
Cau 16: Bit phuong trinh: 9 —3* -6 <0 c6 tap nghiém Ia:
A. (L+wo)  B.(-o1)  C.(-L1) D. Két qua khac
Cau 17: Bat phuong trinh: 2% > 3% ¢6 tap nghiém Ia:
A (-0;0) B.(L+x) C.(01) D. (-11)
Cau 18: Nghiém cua bat phuong trinh 9°* -36.3*°+3<0 Ia:

A. 1<x<3 B.1<x<2 C. x>1

— 4
Caul19: T4ap nghiém cua bat phwong trinh: (%j“ < (%} la:

A (0,1) g(l;%j C.(24®)  D.(=c;0)

Cau20: Bit phuong trinh: (V2) e (\/5)3 c6 tap nghiém la:
A (25) B.[-21 C.[-L3] D.(15)

3 J2—x
Cau21: Bat phuong trinh: (Z)

> (Zj cé tap nghiém la:
A. [12] B.[-»;2]  C.(0;1) D. ®

CAau22: Bét phuong trinh: 4* < 2" +3 ¢4 tap nghiém la:

D. x<3



A. (13) B. (2;4) C. (log, 3;5) D. (-o;log, 3)
CAau23: Bét phuong trinh: 9* —3*—6 <0 c6 tap nghiém la:

A. (L+o) B.(-o01) C.(-11) D. (2;5)
Cau 24: Bit phuong trinh: 2% > 3% ¢6 tap nghiém 1a:

A. (—0;0)  B. (1;+x) C. (0;1) D. (-1;1)
CAu 25: Nghiém cua bat phuong trdnh 9% —36.3° +3<0 Ia:;

A . 1<x<3 B.1<x<2 C. x>1 D. x<3

Chii dé 2.4: Phwong trinh ldgarit , bat phwong trinh logarit
A. KIEN THU'C CO BAN
I. phwong trinh logarit

1. Phwong trinh logarit co ban:

PT logax =b (a>0, a=1) ludn c6 nghiém duy nhit x = a® v&i moi b

2.cach giai mot sé6 phwong trinh loogarit don giian :

a. Dua vé cung co so:

1. log, f(x)=log, g(x) < f(x)=9(x) 2. log, f(x)=b < f(x)=a"

Luu y rang véi cac PT, BPT logarit ta cdn phdi dét diéu kién dé cac biéu thirc logaf(x) c6 nghia la

f(x) > 0.

b. it an phu

Véi cac PT, BPT ma c6 thé biéu dién theo biéu thirc logaf(x) thi ta c6 thé str dung phép dat an phut =
logaf(x).

Ngoai viéc dit diéu kién dé biéu thirc logaf(x) co nghia 1a f(x) > 0, chiing ta can phai chu y dén dic
diém cua PT, BPT dang xét ( chita cin, c6 an & mau) khi do ta phai dat diéu kién cho céc PT, BPT ¢6
nghia.

c. Mii hda

Poi khi ta khong thé giai mot PT, BPT logarit bang cach dwa vé cling mot co sé hay dung 4n phu
dugc, khi d6 ta thé dat x = a' = PT, BPT co ban (phwong phéap nay goi 1a mii hoa)

DAu hiéu nhan biét: PT loai nay thuong chira nhiéu co sé khac nhau




11. Bit phwong trinh logarit

1. Bit phwong trinh ldgarit co ban

Xét bt phuong trinh logax > b : - Néua > 1 thi log, x >b < x> a"

-NéuO0<a<1thi log,x>b< 0<x<a’

2.cach giai mot s6 bit phwong trinh loogarit don gian :

a. Pua vé cing co so:
b. Pit 4n phu
c. Mii hoa
C. BAI TAP LUYEN TAP

1. Pwa vé cung co so:

Vi du: Giai cac phuong trinh sau:

a. log,;(2x+1)=log,5 (*)
1
bk: 2x+1>0<:>x>—§

(*) = 2x+1=5< x =2 (t/m dk)

b. log,(x+3) =log,(2x* —x-1) (*)

X>-3
X+3>0 X>1 x>1
: , P P 1
2X°—=x-1>0 1 —3<X<—=
X<—— 2

2

-1
t/m dk
, ¢ )

X
Khi @6 PT (*) <:>x+3:2x2—x—1<:>2x2—2x—4:0<:>xz—x—2:0<:{

c. log,(x-1) =2 (*)
bk: x-1>0< x>1
Khi @6 PT (*) & x-1=3" < x =10 (t/m dk)

d. log(x—1)—log(2x-11) =log2 (*)
{x—1>0 x>1

= 11 S X>—
2x-11>0 x>? 2



X1 jog2 o X7 oo x122(2x-11) e 3x =21
2x—11 2x—11

Véi diéu kién trén thi PT (*) < log

& x=7 (t/m dk).
e. log,(x-5)+log,(x+2)=3 (*)

X=5>0 X>5
Dbk: = = X>5
X+2>0 X>—=2

Véi diéu kién trén thi PT m(*) < log,(x-5)(x+2) =3

X
< (x=5)(x+2)=2° <:>x2—3x—18:0<:>[x_ 3

So sénh voi diéu kién ta thay PT da cho chi c6 mot nghiém 1a x =6

2. Pit 4n phu

Vi du: Giai cac phuong trinh sau:
a. logZ x+2log, x-3=0
Véi didu kién x>0 dat t =log, x ta dugc PT t?+2t-3=0 < t=1 hoic t=-3
+t=1taco log,x=1< x=3
. 1
+t=-3tacd log,x=-3< x=—
27

b. 4log, x+1log, 3=3 (*)

Voidk: O<x#1 (*) < 2Iogsx+iz3
log, x

—
Il

bat t=log, x va t #0 Ta dugc PT: 2t+%:3<:>2t2—3t+1:0<:>

N|— B

+t=1taco log, x=1< x=3 (t/m dk)
1 . 1
+=-tac Iog3x:5©x=\/§ (tm dk)

Vay BPT d cho ¢ hai nhghiém lax =3 va x=+/3

VD: Giai phuong trinh sau: L + 2 =1
5+I093x 1+I093x




Giai
DK : x >0, logsx #5, logsx #-1

bat t = logsx, (BK:t #5,t #-1) Ta dugc phuong trinh : 51-i-t+12+t:1® t2-5t+6=0

t =2, t = 3 (thoa PK)

Vay logsx = 2, logsx = 3 Phuong trinh da cho ¢6 nghiém : X1 =9, x2 = 27
Vi du: Giai cdc phuong trinh sau : log x +2log, Jx-2=0

HD: log?x+2log,x-2=0 (1)

biéu kién: x >0 Phuong trinh (1) < log3 x+log, x—2=0

3 2 2 t=1 log, x=1
bat t=log, x taco log; x+1og, x-2=0< t"+t-2=0< =

=
t=-2 log, x=-2

Vay phuong trinh c6 nghiém X =2, X =%

Vi du: Giai cac phuong trinh sau : 1+log,(x—1) =log, , 4

HD: 1+log,(x-1)=log, ,4 (2)

S Xx-1>0 X>1
bieu ki¢n: = *)
Xx—1#1 X#2
Phuong trinh (1) <> 1+ log, (x—1) =— 924 _ 14109, (x-1) = — 2
|ng(X—1) |OQZ(X—1)

& [log, (x—1)] +log,(x-1) -2=0(2)

t=1

Dit t =log,(x—1) phuong trinh (2) < t*+t-2=0< L __o

log, (x—1) =1 X-1=2 X=3
< 1< 5 tmdk (*)
log,(x-1)=-2 x—lzz

Vay phuong trinh ¢6 nghiém x =3, x :%

3. Mi héoa

Vi du Giai cac phuong trinh sau:

NG V)



a. log,(x+2)=2

bk: x+2>0 x>-2 (*)

Vi dk (*) thi PT da cho twong duong voi PT x+2=4< x=2 (t/m dk (*))
b. In(x+3)=-1++/3

bk: x+3>0< x>-3 (%)

Véi dk (*) mii héa 2 vé cua PT da cho ta dugc PT " = ® o x+3=e" < x=e® -3 (t/m)
c. log,(x-5)+log,(x+2)=3

Xx-5>0 X>5
bk: S < x>5 (%)
X+2>0 X 2

Véi dk (*) thi PT da cho tuwong duong vai PT

X="6
log,(x—5)(x+2) =3 < (X—5)(x+2) =2° < x* -3x-18=0 @{X_ 3
Két hop vai dk (*) ta thay PT da cho chi c6 mot nghiém duy nhat 14 x =6
VD: Giai phuong trinh sau: log2(5 - 2%) =2 - x
Giai. PK : 5-2*>0.

+ Phuong trinh di cho twong duong. 5 — 2% = ;ix 2% 52X +4=0.

Dit t = 2%, DK: t > 0.Phuong trinh tro thanh:t? -5t + 4 = 0.
phuong trinh c6 nghiém :t=1,t=4,
Vay 2* =1, 2" = 4, nén phuong trinh da cho c6 nghiém : x =0, x = 2.

* B4t phwong trinh l6garit co ban

1. Giai BPT co ban:
Bai 1. Giai cac BPT

a) log,(x-2)>3 b)log, (x* +7x) > -3
2
Bai giai:
a) log,(x-2)>3<x-2>2" < x>10

bat phwong trinh c6 tap nghiém: S = (10;+<0)



b)
1 -3
Iogl(x2+7x)>—3c>0<x2+7x<(5j S0<x*+7x-8<0= xe(-81)
2

bét phuong trinh c6 tap nghiém: S =(-8;1)

2. Giai BPT PP dwa vé cung co s6:

Bai 1: Giai bat phuong trinh sau: log,(x +5) +log, (3—x) >0

2

Loi giai:
X+5>0

- biéu kién: o -5<x<3
3-x>0

- Khi d6:log, (x+5) +log, (3—x) 20 < log,(x+5)—log,(3—x) >0

2

< log,(x+5)>10g,(3—X) < x+523-x<=x=>-1

- Két hop véi diéu kién, bat phuong trinh c6 tap nghiém: S =[-1;3)

Bai 2: Giai bt phuong trinh: logys(x+1) <log,(2-x)

Loi giai:

= -1<x<?2

o X+1>0 Xx>-1
- biéu kién:

2-x>0 X<2
- Khi do: log,(x+1) <log,(2—-x) < —log,(x+1)<log,(2-Xx)

& log,(2—x)+log,(x+1) 20 < log, [ (2—x)(x+1) |20 & (2-x)(x+1) =1

c>—x2+x+120<:>1_\/g £xsl+\/g
2 2
- Két hop voi diéu kién, bat phuong trinh c6 nghiém 1a: S = {—1_2\@ ; 1+2\ﬂ

Bai 3: Giai bat phuong trinh: log, (x + 2) +log, (x — 2) < log, (4x +1)

\ =

Loi giai:



X+2>0 X>=2

-Piéu kién: {4x+1>0< K>t x>2

Xx—2>0 K> 2

- Khi d6: log. (x+2)+log,(x—2) < log.(4x+1)
& log, [ (x+2)(x—2) | <log,(4x +1) < log, (x* —4) < log, (4x +1)
S X —4<4x+le X -4x-5<0= -1<x<5

Két hop véi diéu kién, bat phuong trinh ¢é nghiém la: S =(2;5)

3. Giai BPT bing PP dit an phu:

Bai 1: Giai bat phuong trinh: log?; X +log, X <2
Loi giai:
- Piéu kien: x>0
-bat: t=logys x

-Khido: t?+t<2eot?+1-2<0< -2<t<1

x<(05)° x<4

-Voi —2<t<ltaco: -2<log,; x<l<
’ x>0,5 X2

2
A ;. « A = A A \ ~ , A = A By 1
- Két hop véi diéu kién, bat phuong trinh da cho c6 tap nghiém la: S = [E 4}

Bai 2: Giai bat phuong trinh: log® x —13log X + 36 > 0
Loi giai:
- bidu kién: x>0
-bat: t=1logx
s o t<4
-Khido: t°-13t+36>0 <
t>9
-Véit<4taco:logx <4 < x<10*
-Véit>9taco:logx >9 < x>10°

- Két hop véi didu kién bat phuong trinh c6 tap nghiém 1a: S = (0;104)U(109;+oo)



Bai 3:Giai bt phuong trinh:
2

a) Iog§4x+logz%>8 ; V6iPK : x>0

2
taco: logs 4x+log, % >8<=>(log, 4 +log, x)° +log, x* —log, 2° > 8

bit t =log, x BPT trg thanh : (2+t)2+2t—3>8©t2+6t—7>0

t<-7 [log,x<-7 [x<27
<=> = f—
t>1 log, x>1 X>2

Két hop véi dk : x >0 ta cd nghiém cta BPT dé cho 1a : (O; 27’ ) U(2;+0)
Bai 4: Giai cac bat phuong trinh :

a) 2.log, (4x—3)+ log, (2x+3)<2 (1)

3

V6i DK : x>% thi (1) <=> Iog3(4x—3)2+Iog3,l(2x+3)£2

2
<=> log, (4x-3)" ~log, (2x+3)< 2 = I0g3@'2);;+33) <2<=> (42);;+3<

<=> (4x—3)2 <9(2x+3) < 8x* —21x-9<0<=> —gs X<3

Két hop voi PK : X >% ta dugc nghiém cua BPT : %s X<3

X® + X
b) lo lo <0 (2
) 90,7( 9~ 4j )
X% + X 0 X2 + X X% + X
(2) < log, >(0,7)" < log, >le > 6
X+4 X+4 X+4

X2+ x—6x—24
= >0
X+4 X+4

x> —5x—24 {—4<x<—3
e T s 0e
X>8

D. BAl TAP TRAC NGHIEM KHACH QUAN
Cau 1: Phuong trinh: logx+log(x—9) =1 c6 nghiém la:
A.7 B.8 C.9 D. 10

Cau 2: Phuong trinh: Ig(54—x°) = 3lgx c6 nghiem la:



A. 1 B.2 C.3 D.4

Cau 3: Phuong trinh: In x+In(3x—2) =0 c6 miy nghiém?
A.0 B.1 C.2 D.3

Cau 4: Phuong trinh: In(x+1)+In(x+3)=In(x+7)
A.0 B.1 C.2 D. 3

Céau 5: Phuong trinh: log, x+log, x+log, x =11 ¢ nghiém la:
A. 24 B. 36 C.45 D. 64

Céau 6: Phuong trinh: log, x+3log, 2 =4 c0 tap nghi¢m la:
A {28  B. {43  C {416 D o

Cau 7: Phuong trinh: Ig(x2 —6x+7) =Ig(x—3) c6 tap nghiém la:

A. {5} B. {3; 4} C. {4; 8} D. ®
A . 1 2 Lo R
Cau 8: Phuong trinh: + =1 co tap nghiém la:
4-Ilgx 2+Igx
A. {10; 100} B. {1, 20} C. {% 10} D. ®
C&u 9: Phuong trinh: x>"*9* =1000 c0 tap nghiém Ia:
A. {10; 100} B. {10; 20} C. {% 1000} D. ®

Céu 10: Phuong trinh: log, x+log, x =3 ¢0 tap nghi¢m la:
A {4 B. {3} C.{25 D@
Céu 11: Phuong trinh: log, X =-x+6 c0 tap nghi¢m la:

A. {3} B. {4} C.{25) D.®
Céu 12: Nghigm ctia phuong trinh : log ; (3x-11)=4 la:

A.x=5 B.x:E C.x:E X 20
3 3 3

Cau 13: Phuong trinh log; x—5log, x+4 =0 c6 2 nghiém x,, X, .Khi d6 :
A XX, =22 B. x.x, =16 C. x.x, =36 D. x.x,=32



Cau 14. Phuong trinh log, (3" —1) = 2x+log, 2 ¢6 hai nghiém X, X, . Khi d6 tong S =27* + 27" Ia;

3

A. S =180. B. S=45. C. S=09. D.1
Cau 15. Gia tri cia m dé phuong trinh log? x —log, x* +3=m c6 nghiém
xe[L8] la:
A.3<m<E6 B.2<m<3 C.6<mxg<9 D.2<m<6
Céu 16. Phuong trinh sau log, (x —5) +log, (x + 2) = 3¢06 nghi¢m Ia:
A. X=6. B. x=3. C. x=6,x=1. D. x=8.
Cau 17. Cho phuong trinh log,(—x* —2x—m+5) =2 d phuong trinh c6 2 nghiém thyc phan biét trai
dau thi diéu kién cia m la:
Am>1. B.m>2. C. m<l1. D.m<?2.
Cau 18. Nghiém cua phuong trinh log, (x+1) = 2. la:
A. x=5. B. x=8. C. x=T. D. x=10.
Cau 19. Nghiém cuia bt phuong trinh log, (3 ~2) <0 la:
A x>1 B. x<1 C.0<x<1 D. log,2<x<1

Cau 20. Tap nghi¢m S cuia bat phuong trinh log, (X* —5x+7)>0 la:

2

A S =(—w;2). B. $=(23).
C. S=(3;+x). D. S =(—;2)U(3;+w).
Cau 21: Tap nghiém S cua bét phuong trinh log, (3x—5)>log, (x+1)1a:
5 5
A S =(§;+oo]. B. S =(—w;3). C.S :[E;S]. D.S =(§;3).
3 5 3

Cau 22 . Phuong trinh log, (3"*' —1) =2z +log, 2 c6 hai nghiém =, z,. Khi do tong
5

S =27" +27" la:
A. S = 180. B. S = 45. C.S=0. D.1
Cau 23. Tap nghiém S cua bat phuong trinh log, <x2 —5r + 7) >0 la:

2



A. S =(—00;2). B. S =(23).

C. § = (3;+00). D. § = (—00;2)U(3;+00).

Cau 24. Gia tri cia m dé phuong trinh log? x —log, x* +3=m ¢6 nghiém

T € |1;8] I

A3<m<6 B.2<m<3 C.oe6<m<9 D.2<m<6

Cau 25. Nghi¢m cua bét phuong trinh log, (3 ~2) <0 Ia:

A x>1 B. x<1 C.0<x<l1 D. log,2<x<1

Céu 26: Phuong trinh sau log, (x —5) + log, (X + 2) = 3¢d nghiém la:

A. X=6. B. x=3. C. x=6,x=1. D. x=8.

Cau 27. Cho phuong trinh log,(-x? —2x—m+5)=2 d¢ phuong trinh ¢6 2 nghiém thuc phan biét trai
dau thi diéu kién cua m 1a:

A.m>1. B.m>2. C. m<1. D.m<2.

Cau 28. Nghiém cta phurong trinh log, (x +1) = 2. 1a:

A. x=5. B. x=8. C. x=T1. D. x=10.

KIEM TRA 45 PHUT

I. MUC TIEU KIEM TRA

1. Kién thirc: Kiém tra kién thuc vé luy thira, logarit, ham sé mii, ham sé logarits, ham sé luy thira,
phuong trinh bat PT mii va logarit

2. Ki nang: Kiém tra ki nang: Tim tap xac dinh cua ham sé logarit, DK xac dinh cua lily thira, ky
nang tinh dao ham cua HS mii va HS logarit. k§ nang giai PT, bat PT mii va logarit

3. Thdi dg: Nghiém tlc trong kiém tra
1. HINH THUC KIEM TRA
- Hinh thtrc: Triac nghiém khéch quan

- Hoc sinh lam bai trén lop



I11. MA TRAN PE KIEM TRA
MA TRAN NHAN THUC

Chii dé hoiac mach Tam quan trong Trong sé Tfing piém
Kién thire, kI niing (Mtrc co bantrong | (Muc d@qnhan thac diém theq thang
tam cuia KTKN) cua Chuan KTKN) diém 10
Lay thura 15 2 30 1
Ham sé Luy thira 1
logarit 2
Ham s logarit 20 3 60 1
Ham sé mi 15 2 30 1
Phuong trinh ma 25 3 75 1
Phuong trinh logarit 1
Bat PT mil 25 3 75 1
Bat phuong trinh logarit 1
Tong 100 270 10
MA TRAN PE KIEM TRA
Chu dé\ Mirc dd 1 2 3 4 Tong
Luy thua Caul Caull Céau 21,25 4
Ham s6 Luy thira Cau 2 Cau 16,17 3
logarit Cau4 Caul2 2
Ham s6 logarit Cau 3,57 |Caul3 Cau22 5
Ham s6 mii Caul4, 15 2
Phuong trinh ma Céau6 Céul9,18 Cau23 |4
Phuong trinh logarit Cau 8 Cauz24 |2
Bat PT mii Caul0 1
Bat phuong trinh logarit | Cau9 Cau 20 2




Tong 10 | 10 3 2 25

BANG MO TA TIEU CHIi LUA CHON CAU HOI, BAI TAP
Cau 1.Tinh chat liy thura
Cau 2: Tim tap xac dinh caa va ham s liy thira
Cau 3: Tinh chat cua ha s6 mii va HS logarit
Cau 4: tinh gia tri logarit
Cau 5 .Tinh dao ham cua mét tich : Ham séy= Inx va y=x
Cau 6: Giai PT ma bang PP dat an phu
Cau 7: Tap xac dinh caa ham sé logarit
Cau 8 .Giai Pt logarit : PP dua vé cung co sb
Cau 9. Giai BPT logarit cung co sd va ¢6 co s6 0<a<l
Cau 10. Quan hé gitra ham sé mii va logarit
Cau 11. Pao ham cta ham sb can thirc
Cau 12.Biéu dién logarit theo mot logarit khac
Cau 13.Tim TXD cua ham sé logarit
Caul4 . So sanh 2 logarit va 2 luy thua
Cau 15. DK c6 nghia cua biéu thirc gom cé chira cin thic va iy thua
Cau 16. So sanh 2 logarti
Cau 17.Tinh dong bién nghich bién cua ham s6 Iy thura
Cau 18. Giai PT mi dang céap
Cau 19.Giai PT mi bang logarit hoa 2 vé
Cau 20. Giai bat PT logarit phbi hop 2 co sb a<1 va 0<a<1
Cau 21.Bai toan thuc té vé Pt mi
Cau 22. Két hop dao ham cta ham sé va giai PT
Cau 23. Tim DK cua tham sé m d& PT cé mii c6 nghiém trong (a;b)
Cau 24.Tim DK cua tham sé m dé PT c¢ logarit c6 nghiém trong (a;b)
Cau 25.Tim diéu kién c6 nghia cua biéu thirc phdi hop gitra ¢ bac chin va Iy thua

IV. PE KIEM TRA




Cau 1. Cho a 1a mét sb thuc duong. Rt gon bidu thac a®?" a2t két qua Ia:
A. a B. a° C. a D.1

Cau 2. Tap x4c dinh ciaham s6 y =(2- x)J5 la:

A.D=R\{2}B.D=(2+w0) C. D=(-x;2) D. D=R

Cau 3: Choa>0;a=1.Timménh & dung trong cic ménh dé sau:

A. Tap xéac dinh cuia ham s y = a* 1a khoang (0;+o0)

B. Tap gia tri cia ham s6 y =log, x la tap R

C. Tap xac dinh ciaham sé y=1log, x 1atap

D. Tap gia tri ciaham s y =a*latap

Cau 4: Gia tri cua log , a(0<a=1) bing

A3 E.l C.-3 D.—l

3 3
Cau 5: Pao ham cua ham sé y=x.Inx la:
A.l B.Inx C.1 D. Inx+1

X
Cau 6: S6 nghiém cua phuong trinh 3*-31%=2 la:
A.0 B.1 C.2. D.3.
Cau 7: Tap xac dinh caa ham sé y=log(1-2x+x?) la:
A.D=R B. D = (0;+0) C. D = (L;+w) D.D=R\{1}
Céu 8:Tap nghiém phuong trinh log, X+ log, (x+1) =1 la
_14+ _

A. S={1} B. S={1:-2} C. s:{ 1;‘/5} D. s:{ 1;‘6}
Cau 9: Tap nghiém cua bat phuong trinh log, , (x +1) > log,,(3— X) la:
A.S = (L3) B. S=(-1;1) C. S=(L+) D. S=(- ;1))

Cau 10:P6 thi ham s y =3*va y =log, x nhan duong thang nao sau day lam truc d6i xang:
A.y=0 B. x=0 C.y=x D. y=-x

Cau 11: Pao ham cia ham sé y =/x*+8 1a:



3x? , 3x® , 3x° , 3x?

A Y'=—e—— B.y=——— Cy'= D y=——
55/(Xs+8)6 23x°+8 5% +8 55(x3+8)4
Cau 12:Néu log,, 6 =a va log,, 7 =b thi:
a a a b

A.log, 7=—— B.log, 7=—-— C.log, 7=— D.log, 7=—-—

9: -1 2051 9207 =092 07 7
Cau 13: Tap xac dinh cia ham sé y = Iog3210—_x la

X®—3x+2

A. D =(1;+0) B. D=(—0;10) C.D=(-o;1)u(2;10) D. D =(2;10)
o8 4 1 2

Céu 14: Néu a* >a® va Iogb§< Iogb§ thi:

A.a>1; b>1 B. O<a<l; b>1 C.a>1;0<b<1 D.0O<a<l;0<b<1

Cau 15: B6 thi hamsé y = (%} vay = 5% nhan dudng thang nao sau day lam truc d6i xing:

Ay=0 B.x=0 C.y=x D.y=-x

Cau 16: V6i 0 <a<1vab > 1, bat dang thic nao sau day ding

A.Iogab>loga% B.log,b>—-log, b Q.Iogab<loga% D. Iogabsloga%
Cau 17: Ham s nao sau day chi dong bién trén khoang (0;+0)?

1 9 X—6 6
A y=x* B. y=x C.y=—— D.y=x

X

Cau 18: Tap nghiém cua 12.9% - 35.6*+ 18.4*=01a
A. S={1;2} B. S={1;-2} C.S={-1;-2} D.S={-1;2}
Cau 19: S6 nghiém cua phuong trinh 32¢ =1 Ia
A.0 B.1 C.2 D.3

Cau 20: Tap nghiém cua bat phuong trinh log, log, x < 2 la
3

A. S= (i 1) B.S= (_ oo;éj U (L+0) C. S=(L+) D. S=(1;81)



Cau 21:Dén s tinh A nam 2014 1a khoang 15 triéu ngudi voi mirc d6 ting hang nam 1a 1,3%/nim. Hoi
néu véi mirc d6 ting nhu vay thi vao ndm nao dan sé tinh A khoang 20 triéu nguoi:

A. Nam 2034-2035 B. Nam 2036-2037

C. Nam 2037-2038 D. Nam 2039-2040

Cau 22:Cho ham s f(x) = x2.In¥/x . Phuong trinh f *(x) = x ¢6 tat c& nghiém thuoc khoang:
A.(0;1) B. (1;2) C.(2;3 D. Mot khoang khac

Cau 23: Gia tri cia m dé phwong trinh 4" — 2 4 3=m c6 dang 2 nghiém la:

A.m2>2 B.m>-2 C.m>-2 D.m>3, m=2

Cau 24: Bé phuong trinh: |Ogi X—4logE X+3-m=0 c6 nghiém thuoc khoang (1; +o0) thi gia tri cia
m la: 3 3

A.m>3 Bm>-1 C.m>-1 D.m<3

1
Cau 25: Diéu kién co nghia cia f(x)=(x*-3x+2)2 +Vx+1 la

-1<x<l1 -1<x<«1 -1<x<l1
A. B. C. D. x>2

X#2 X>2 X>2



CHUYEN DPE 3
NGUYEN HAM - TICH PHAN - UNG DUNG
CHU PE 1: NGUYEN HAM - TICH PHAN
A. KIEN THUC CO BAN:
1. Nguyén ham
+ Pinh nghia : j f(x)dx = F(X)+C < F'(x) = f(x)

+ Tinh chit: 1/ j f(x)dx = f(x)+C
2/ [ kf (x)dx =k j f (x)dx
3/ j [f (X) + g (x)]dx :j f (x)dx £ j g(x)dx

+ Bang nguyén ham

Idx:x+C J'axdx: 2 +C(a>0,a=1)
Ina
a+l
Ix“dx=X +C I 12 dx =tanx+C
a+l COS“X
I%=In|x|+c _[ ——dx=—cotx+C
X SIn”™ X
fedx=e+cC fodx=c
jcosxdx:sinx+C J'sinxdx:—cosx+C
2. Tich phéan:
. .~ . b
+ Dinhnghta: | [ (x)dx = F(x)[2 = F(b) - F (a)
+ Tinh chét :
a b b b
1/] f(x)dx =0; 4/j[f (x)ig(x)]dx:j f(x)dxijg(x)dx
b a b c b
2/]kf(x)dx:-jf(x)dx 5/jf(x)dx:jf(x)dx+]f(x)dx (a<c<b)
a b a E c

3/ j.kf (x)dx = ki f (x)dx

3. Cac phuong phap tim nguyén ham, tinh tich phan.

Dang 1 : Tim nguyén ham, tinh tich phan bang dinh nghia.

Dang 2 : Xéc dinh nguyén ham, tinh tich phan bing phuong phap ddi bién sd.

Dang 3 : Xac dinh nguyén ham, tinh tich phan bang phuong phap nguyén ham timg phan.
B. KY NANG CO BAN

+ Ap dung DN, tinh chét, bang nguyén ham dé tim nguyén ham, tinh tich phén .



+ Ap dung phuong phap ddi bién s6, phuong phép timg phan dé tinh tich phan

+ Str dung may tinh cam tay dé giai bai tap vé nguyén ham, tich phan

C. BAI TAP

Dang 1: Ap dung PN, tinh chit, bang nguyén ham dé tim nguyén ham, tinh tich phan
Bai 1.Tim nguyén ham ciia cac ham sb.

3
a 100= X0 o= v o2e L PS. F(x)= X~ 2x+2+4C
X X 3 X
WU Lt
b. £(x) =+/X + X +4/x => f(x) = X2 + X3 + X* ps. F(x)=2’§ +3Z +4g +C
1 e
c. f(x)= —‘>f(X)=X2—2X3 PS. F(x)= 24x -3¥x* +C
J_ 3x
21
d. 1‘(x):(\/;—_1):>f(x):1—2x2+1 bS. F(x)zx—4\/;+lnx+c
X X
_ 1 5 2
e f(X) = o =>f(x) = (x-1).x 3 PS. F(x)= X3 —x3 +C
3/x
9. f(x) = 23|n2§ => f(x) = 1 - cosx PS. F(x) = X —sinx + C
h. f(x) = tan®x => f(x) = pe -1 DS. F(x)=tanx —x + C
H 2X 1 2X
Lf(x)=e" +1 DS.F(x)=§e +x+C

Bai 2. Tim nguyén ham cia cac ham so sau :
5

a)j(x“—sz+2x+1)dx:Ix4dx—3jx2dx+2-[xdx+jdx:%—x3+x2+x+C

x} X2

b)I(x+1)(x—2)dx = j(xz—x—z)dx = ?_7_2x+c

2

:I(L_L)dx:In|x—2|—|n|x—1|+C: nX=2l+c
x—2 x-1 x—-1

)j 3x+2

d)j L —2x+e" [dx = tanx—x*+e*+C
COS*X

e)j(cosBx—Ssinx)dx = IcosBxdx—BJ'sinxdx :%sinsx +5c0sx + C

sin® =dx = dx=[[=-= =2 e
g)j > j > J.(Z 2cosxjd 5

Bai 3. Tim ham sé f(x) biét:
a)f’(x)=2x+1vaf(l)=5
Ta co f(x)=j(2x+1)dx=x2+x+c;Vif(1)=5nénc=3; Vay: f(x)=x>+x+3




3
b) F(x) = 2-x2vaf(2) = 7/3; Tac6: f(x) :I(Z—xz)dx:Zx—%+C

3

Vif(2)=7/3nénC=1; Vay: f(x) = 2x—%+1

Bai 4. Tinh céc tich phan sau
1 5 1 1 1 NG 3
_ — 3 — [ 34y _ — (2 __ =
a)_[(x Ddx = j(x —1)dx_£x dx .([dx—(4 x)|0— 1

11

(2+8)—(%+4j=?

1
=e+2-1=e+1
0

2
b)‘[X +4X J.x+4ﬁ1:{é;+4xjf:
1

C)I(ex +2)dx = (e*+2x)

Bai 5. Tinh céc tich phan sau:

2 2 -
a) j(cosx 3sinx)dx = j(cosx 3sinx)dx = (sinx + 3cosx)|¢ =2
0
3 g
b) [(3+cos2x).dx = (3x+lsin xj 2=
0 2 0 2
% 71' 71' 72- 1 £
c)j(Zcosx sin 2x )dx = chosxdx+jsm2xdx = 2sinx|2 +=cos2x|2 =1
0 0 2 0
: 5 : :
d)jsin3xcos Xdx :Ej[sm4x+sm2x J.sm4xdx+.|‘sm2xdx
0 0

2 2
Bai 6. Tinh céc tich phan sau:
1 3 1 3 2
a)”x —1|dx j X —1)dx+_[ x2—1)dx =| x— || +| - x -l—£+§—2—1+1 2
) 3)o\3 "o 33" 3
% 0 % 0 i 1 3
b) I |sin xjdx = j—sin xdx+jsin XdXx=CosX| 7—coSX|3=1-=+1="
T V1 0 A
_z _z 2 0
2 2

\/(cosx—sinx) = [|cosx —sin x|dx = | (cosx—sinx)dx + | (sinx—cos x)dx

c)

O =y [N
o'—-,wm
o'—.bm
BN N



T
7Z' J—
= (sinx+cos x)[4 —(cos x+sin x) 2 _o2-2
0 i
4
D. CAU HOI TRAC NGHIEM KHACH QUAN
Cau 1. Tim nguyén ham '[4x2a’x :
A. éx2+c B. Ex3+c c. tyic gfx3+c.
4 4 3 3
Cau 2. Nguyén ham [5(x” —2x+3)dx bing
A. 5x’ —10x* +15x. B. 5x° —10x*> +15x+C.
C. §x3—5x2+15x+C D. §x3—10x2+15x+C.
Cau 3. Nguyén ham j 5(3x> —1)’dx bing
A. 9x°—10x* +5x+C B. 9x°+10x’ -5x+C
C. 15x°-10x> +5x+C D. 15x°+10x’ =5x+C.

Céau 4. Nguyén ham j(cosx+sin x)dx bang

A. sinx + cosx + C

B. sinx—cosx + C
C. —sinx + cosx + C D

. =Sinx —cosx + C.

Cau 5. Nguyén ham j(xz —2x+i)dx bang
x

3 3

A. %—x2+4lnlx|+C B. %—x2+4lnx+c
x3 x3
C. ?—x2—4ln|xI+C D. ?—x2—4lnx+C.
2 3 2
Cau 5. Nguyén ham IX +2Xx2+x LN bang
3 3
A X ex—tic B. Xt 42x—2C
3 X 3 X
3 3
C. 2 ivix-2ic D. ~ 3¢ 4x—tic.
3 X 3 by
Cau 6. Nguyén ham j(\/;+3/;+€/x—4)dx bang
3 3 4 2 3 32 3 2
A —x?+—x3+=x°+C B. —x2+—x*+—x°+C
2 3 5 2 4 5
) 3 3 4 59 )2 33 55
C. —x*+—x*+—x"+C D. —x*+—x*+—x+C.
3 4 9 3 4 9
2 2
Cau 7. Nguyén ham [ "D gx bing

X

3 3
A 3 2.c B. ¥ 3x124cC
3 X 3 x



3
c. 2 3ic
3 X

Cau 8. Nguyén ham A = [2°.3™dx bing
12 . St
In12 In14

Cau 9. Nguyén ham J.cot2 xdx bang
A tanx+x+C B. -tanx+x+C
Cau 10. Nguyén ham jtanz xdx bing
A. cotx—-x+C B. cotx+x+C

A. +C

Cau 11. Nguyén ham J.3sin2%dx bang

3

D. %+2x—l+c.

X

16 +C D. 18
In16 — Inl8

C.

C. —cotx—-x+C D. cotx + x + C.

C. tanx-x+C D. tanx+x+C

A. %(x—sinx)+C B. %x—sinx+C C. %xsinx+C D. sin3§+C

s d
Cau 12. Gia st jl . x1
x_

A 3 B. 4
Cau 13. Tich phan jf(xz _2x+3)dx bing

A 2 B >
3 3
Cau 14. Tich phan [ x~2dx bing
14 g 10
3 3
dx
(1+x)’
5

A 2 B. >
8 8

A.

Cau 15. Tich phan [ biing

CAu 16. Tich phan j;ildx bing
X+

A. In2 B. In3

Cau 17. Tich phan ['2* +39
X+

A. In2-1In3 B.In3-1In2

dx bang

X

P dx bang
-X

Cau 18. Tich phan j;

A. lni B. lnE
3 5

CAau 19. Tich phén .[05 cosx dx bang
A. 0 B. 1

CAau 20. Tich phén j: cos x dx bang

C.

0
W

C.

C.

|©

=Inc .Giatricuacla

9 D. 16.

0|
o | \©

1-1In2 D.1-1In3.

6In3 — 3In2 D. 3 +6In2-3In3.

. In— D. lng.
5



A 0 B. 1 c.% D.

2
Cau 21: Gid str | = [sin3xsin2xdx = (a+b) , Khi do gid tri atb la:
0

A. 2 B. 2 c. 2 D. L
5 10 5 5
Cau 22. Tinh j cos?xdx .
A. 1 X + Sin2x +C. B. l(2x+sin 2x)+C.
4 2 4
1 ) 1 1.
C. E(x+sm 2x)+C. D_.E(X+ESIn 2x) +C.

Inx
Cau 23. Tinh j —2dx.
X

2 2
A. Injinx|+C. B. X?(Inx—l)+C. C. %In2x+C. D. InX?+C.

Cau 24. Gia tri m d& ham s6 F(x) =mx3 +(3m+2)x2-4x+3 13 mot nguyén ham ctua ham sb
f(x)=3x*+10x—-4 I

A.m=3. B.m=0. C.m=1 D. m=2.
. . rax a . 5
Céu 25.Néu | —; =——-5+C thi b—a bang:
X bx

A. 2. B. -2. C.1. D. -1.



BUOI 2

DANG 2. PHUONG PHAP POI BIEN SO
A. KIEN THUC CO BAN:

1. Nguyén ham
Tinh I = j f[u(x)].u'(x)dx bing cach dit t = u(x)

bat t = u(x)= dt = u'(x)dx
1= [ FluQolu (dx = [ f (t)dt

b
2. Tinh tich phan If[go(x)] ¢'(x)dx bang phwong phap doi bién.

Buodc 1: Datt= ¢ (X) = dt = ¢'(x). dx
Buéc 2: Poicin: x=a =>t=¢(@); x=b=t= ¢ (b)
Bude 3: Viét tich phan da cho theo bién mdi, cAn méi r6i tinh tich phan tim duoc .
B. KY NANG CO BAN
+ Biét cach dit an phu
+ Biét biéu dién nguyén ham theo 4n phu, déi cin ddi véi tich phan.
+ Biét sir dung tinh chit, cong thirc vio giai toan.
C. BAI TAP
1. NGUYEN HAM

Bai 1. Tim nguyén ham cta cac ham so sau:

a) j\/x2 +1.xdx Pit U= X +1=>du = 2xdx => xdx :%du

132 u 1 3
=> I\/X +1xdx—_[u2 du——juzdu—E 2.5:?+C :5 (x2+1) +C
b) J‘(X3 +5)4 X?dX  pat u=x>+5=>du =3x2dx => x2dx = %du
—>J‘(X3+5)4 X%dx = Iiu“du—lju“du—l u—+C—£+C _ (X3+5)5 c
) “l3T T3 35 15 15

X 2 1
c)j ——ax bit U=X"+5=>du=2xdx => xdx ==du
X +5 2

=>IX +5 j——du_—ln|u|+C:%In(x2+5)+C

d) j Dit u = 2x-1=>du = 2dx
\/T '

=> uzdu— 2u +C=u? +C J_+C 2x-1+C
) .

e)J.(X—l)eXZ‘Z”st; Pat U= x* —2x+3=>du = 2(x—1)dx => (x—1)dx :d7u



:>I(X—]_)exz—2x+3dxz J.%_eudu :%eu +C :%ex22x+3 C

Bai 4. Tim nguyén ham cuia cac ham so sau:

sin X _
a)ITdX Pat U =cosx => du = —sin xdx

COS
sin X -4
o> [Sdx= (Y [urau-tso-tic-— L _sc
COS™ X u 4 4u 4c0s”X
COS X
b)jcot xdx = I —dx  Datu = sinx => du = cosxdx
sin x

=>J'cotxdx:.|'c9ﬂdx= J‘ldu:ln|u|+C:In|sin x|+C
sin x u

. . 2
SIn X SIn X . -2 .
o dx = [=—dx = [sinxcos *xdx Pat u =Cosx => du = —sin xdx

3 2
{cos®x oS3 x
sin x 2 :
:>_[ dx:—_[u 3du=-3u%+C =—-3Ycosx +C
3/cos’x

d) _[(1+ cot? 2x)e°°t2xdx Dt U =cot2x =>du=—

_ dx => du = —2(1+ cot? 2x)dx
sin® 2x

:>j(1+ cot? 2x)e°°‘2xdx: —%J'e”du = —%ec‘“x +C

2. TICH PHAN
Bai 1. Tinh céc tich phan sau :

1
a) A:Ix\/1+ x* dx

0

Pt t =1+ x* => dt = 2xdx ; DPdican: Khix=0=>t=1; Khix=1=>t=2

1 13212 12232 1 2 1
=>A=[ZVidt==[t2dt ==.Zt2|" ==tt| ==(2v2 -1
!2 2! 2'3 1 3 1 3( )

b) B :j.x‘g(x4 —1)5 dx
0

it t=x*—1=>dt =4x%dx; Poican: Khix=0=>t=-1;x=1=>t=0

0 6 O O
:>B:I£t5dt=l.t— _ 1P 1
3 6|-1 24 |-1 24
2
e*dx
C= :
) Jl-ex—l
Patt=e*—1=>dt =e*dx Poican: Khix=1=>t=e—-1;Khix=2=>t=¢e?-1
e?-1 2 2
e -1 e -1
=>C = jﬂzln|t| =In(e2—1)—ln(e—1)==ln =In(e+1)
oot e—-1 e-1




2
d)D :IV4—X2XdX Pat t =4—-x* => dt = —2xdx => xdx:—%
0

Khix=0=>t=4; x=2=>t=0

0 4 1
1 1¢.5 1(2 4 1 8
=> D= [-=+tdt == [t2dt = t2 tt 42-0)=—
[ - fem- 5[50 o3 5ta2-00-5
4 oV
e) E = | —=dx Pit t=~/x =>dt=—— X _ 2dt
!f f f
2
Khix=1=>t=1; x=4=>t=2; =>E:j2.efdt:2et =2(e’ —e)
1
7
f)F :IL_Z);dx Pt t=sin’x=>dt = 2sin xcos xdx = sin2xdx
5 1+sin“x

Khi x=0=>sin’0=0=>t=0; x=%:>sin2%:1=>t=1

1

==F = d— In|l+t|
o 1+t

=In2-Inl=1In2

In2

2
g G= I(ex—l) £*dx ( Pé thi TN nim 2011-2012)
0

pitt=e"-1=>dt=e"dX ; Pdican:Khix=0=>t=0; x=In2=>t=1
1 3
d 3 3

D. CAU HOI TRAC NGHIEM KHACH QUAN
Cau 1. Nguyén ham [(5x+3)"dx bng

x° x° x* x’

A —+C B. —+C C. —+C D. —+C .
30 25 24 20

Cau 2. Nguyén ham jsin“ x.cosx dx bang

5 -5
A X e B. MY e C. cos’ x+C D. sin®x + C.
Cau 3. Nguyén ham j ° _dx bing
e +1
« In x « «
A.lne*+C B. T +C C. In(e*-1) D. In(e* + 1).
ne

3
Cau 4. Nguyén ham J.(6:C—5)5dx béng
X +



N S 2
85(6x" +5) 55(6x" +5)

S B 1 _c
96(6x"* +5)* 75(6x* +5)*

Céau 5. Nguyén ham I\IZCosx—l.sin xdx bang

A. —%J(Zcosx—lf +C B. —%J(i&aosx—zf +C
1 3 1 3
C. ENI(ZCosx—l) +C D. 5«/(3c0sx—2) +C.
Cau 6. Nguyén ham j C'Oix dx bang
sin- x
A - ! +C B. - '1 +C C. '1 +C D. ! +C.
COSXx sin x sSin x COSXx
Cau 7. Nguyén ham J. szx dx bang
COS X
A - ! +C B. —_1 +C C. ,1 +C D. ! +C.
COS X sSin x sSin x COS X
Cau 8. Nguyén ham J‘(tanx+tan3 x)dx bang
A. %tan2x+C B. tan’x+C C. %tan3x+C D. tan’ x+C.
Cau 9. Nguyén ham j [x(3—x*)dx bing
4 4 4\4 4\4
A. 37X +C B. * 3+C C. —M+C D. M+C.
16 16 16 16
Cau 10. Nguyén ham J.%e&dx bang
X
A "1 B. ¢ 1C C. 2" +C D. 3¢ +C.
Cau 11. Nguyén ham J'lln xdx bang
X
A. Lt xsc B. Linx’+c c. Lyt D. Inx’+C.
2 2 2
Cau 12. Tich phan [ x*Vx +1.dx bing
A+ B. &7 c 2 p. 2.
7 8 9 10

Cau13. Tinh tich phan [ xx + L.



A —— B. - c. 2
- 28 15 12

Cau 14. Tinh tich phan jo' (x + 1) +2x + 2x? +2x+2 d.

A 55443 5 255 -32 c 255 - 42
' 5 ' 5 = 5
Cau 15. Tinh tich phan j; Nx? +4dx.
A 35 5 & c 55 ot
3 15 315
ﬁ
Cau 16. Tinh tich phan J.ﬁdx
—X

A 2L g 2L c 19

25 23 = 4

W

Cau 17. Tinh tich phan I 46[

A —\/5—21n(2+\/§)

B. \/§—2ln(2+\/§)

C. J§+21n(2+J§) D. - 3+2ln(2+\/§)
243
dx
Céau 18. Tinh tich phan | ———.
é xx*+4
A. llnE B. llnE C. 4ln§
4 3 4 5 5

Cau 19. Tinh tich phan [ x*4 - x*dx.

15 21

A. 0 B. — C. = D. 2r
19 28

I \/e_x .
Cau 20. Tich ph&n | ———=—=dx bang

'!\/ex+e_x

2 2
A In| £FVe+L B I £ Ve *1 C Il Vel
1+\/5 1+\/5 1+\/§

2
Cau 21. Cho [2xy/x* ~1dx V& u = x* ~1. Chon khang dinh sai?
1

A :j\/adu B. I =i\/UdU C.1=%
1 0

5 57532
T

5\/— 64

3 15

D. 4In—

D.h{e_

Ve+1
1+\/5

|




a
A g (s 1 . .,
Cau 22: Bict jsm X COS Xdx = 7 Tim gia tri cua a.
(0]

A Z B. 2% c.z D.Z
2 3 4 3
tol
Cau 23. Bétj ——dx=aln2+bIn3.Timgidtri S=a+b.
> X" —X
A. S=-2. B. S=0. C. S=2. D. S=1

2017 2017 2017

Cau 24. Cho f f(x)dx = 2, f g(x)dx=—5. Tim J = f 2 (%) + g(x)]dx.

1

>

J=-1 B.J=1. C.J=0. D.J=2

Cau 25. Giasir | T dx=aln5+bin3, véi a, b e Q. Khi dé a— b bing:
0 X“+4Xx+3

A. 5. B. —1. C. -5. D. 1.



BUOI 3

DANG 3. PHUONG PHAP TINH TiCH PHAN TUNG PHAN

A. KIEN THUC CO BAN
1. Nguyén ham

Néu u(x), v(x) 1a hai ham s c6 dao ham lién tuc trén I
Iu(x) V' (x)dx = u(x).v(x) - Iv(x).u' (x)dx
Hay IUdV =uv-— J.Vdu (v6i du=u’(x)dx, dv=v’(x)dx)

b b
2. Tinh tich phan timg phin : [U)V(X)dX =u(VX)[, - [v(x)u'(x)dx

B. KY NANG CO BAN
+ Phéan dang

u=f(x) du = f '(x)dx
5 . ﬂf Sihax ’ sin ax sin ax
. 5 =
=ang - (JZ. ) cz)xsax X bat dv =| cosax |dx V= j cosax |dx
e eax eax
dx
B _ du=—
u = In(ax u
Dang 2: _[ f (x) In(ax)dx Pat (ax) — X
dv = f (x)dx

« V= j f (x)dx

jfeax sinax ' u=e*
Dang 3: . X dat:
=ang o 0 cosax " |dv =sinaxdx
C. BAI TAP
1.NGUYEN HAM
Bai 1: Tim nguyén ham ciia cic ham sb sau:

) u=x du =dx
a) j X.sin xdx Dt : =
" | dv =sin xdx V =—CO0S X

:>IX.Sin XdX = -xcosx + Icosxdx = —XCOSX+sSinx+C

b)J(X—l)eXdX Dt {u:x—l >{du:dx

dv =e*dx v=eg"

=>J'(x—1)exdx= (x-1).€"- jexdx =(x-1)e*-e*+C=e"(x-2)+C

u=Inx
c len xdx Dit =
) 4 dv = xdx v X



2

2 2 2 2
:>IX|n xdx =X x—jx—.ldx:x—ln x—ljxdx:x—ln x—24C
2 2 X 2 2 2 4

V =Sin x

Lo %) cos xdx ] u=1-x _ du = —dx
d)I( ~X)cos DAY 4v = cosxdx

:>I(1—x)cos xdx = (1-x)sin x+Isinxdx =(1-x)sinx—cosx+C

Bai 2. Tim nguyén ham ciia cac ham s sau:
u=1-2x {du = -2dx

=> «
V==¢E

1-2x)e’d 3
a)_[( x)edx oa {dv:exdx

:>j(1—2x)@ﬁx:(1-2x)@ﬂ+j2@ﬁx:(1—2xpx+2e*+c::@13—2x)+c

du ==dx
u=Inx X
v X In xdx 5 =>
b)_[ Dat{dv: dx ; Exg

=> J‘\/_|I’\XdX_—X2|nX——J‘X2— lenx——szdx-

3 3 3 3
2einx-22xc=2xmnx-2x 1cC

33
u=x

xdx du = dx

——Xx 5 =>
C)J.sinzx DA g1 {v:—cotx

sin® x
xdx COS X .
:>J—dx_ -xcotx + | ——dx =—xcotx+In|sinx|+C
sin sin x
u=2x+3 {du:de

dv =e *dx - X

2x+3)e"d 3
d) [ (2x+3)e dx Dat{ o

:>I(2x+3) edx = —e™*(2x+3) —I—e‘X.de =—e % (2x+3)+IZe‘de

—e7*(2x+3)-2e+C=—e"(2x+1)+C

2. TICH PHAN
Bai 1. Tinh cac tich phan sau:
2 = du=d.
a/I:Ix.cosx.dx pat:J4=* _, ja=ax
0 dv = cosx.dx v =sinx

A . z V4 T I
Vay : [ =xsinx |§ - |sinx.dx = E+ COSX |§: > -1

O —o | N



Y du=—.dx
b/ J:jx.lnx.dx Dat I{” =Inx X
1 dv = x.dx x2
y=—
2
VP TR i S DN | IR O
2 1 12 2 21 7 4 1 4
j- 6% u=x du = dx
C X X Pat =>
) 0 T ldv =e"dx v=e"

=e—(e-1)=1

1
Vay : Ix.exdx = X.e"
0

1
ﬁ)—J'ede:e—eX
0

Bai 2. Tinh céac tich phan sau:

4 xdx u=x du = dx
a)A= -[—x bit dx =>
0

cos’ dv=— vV = tan x
COS“X
3 " T
xdx z 4 zm  fsinx
I — = (xtanx)g—jtanxdx:——j—dx
5 COS“X g 4 4 COoSX

T
=7 (In|cos x])

sy Inﬁ—lnl =£+In£
4 2 4 2

du =dx

1
2x u=xX
b) B = Ix.e dX  pa = 1
) 5 T ldv=e?dx  |v= Eezx

1
1
IXGZXdX - lxlezx t_lj.ezxd)(:ix_ezx %)_lezx gzlez_l 2 1:1+e
0 2 29 2 4 2 4 4 4
2 2
2 u=x du = 2xdx
c)C= | X“cosxdX pzt { :>{ _
'c[ dv = cos xdx vV =sin X
E ) k3 % 72_2 %
Ix cosxdx = x*sinx|2 —Zj‘xsinxdx=7—2jlxsinxdx
0 0 0

*Tinh: | =

dv =sin xdx V =—C0S X

: {u =X {du = dX
xsinxdx  pat >




2 z 2 z z
| = stinxdx: —XCOS X §+jcosxdx:—x.cosx 2+sinx|Z=1
0 0
2 , ,
Thé I= 1 vao C ta duoc : J.X cos xdx = %—2
0
D. CAU HOI TRAC NGHIEM KHACH QUAN
Céu 1. Tim nguyén ham J.xlnxdx .
A. lx2 lnx—lx2+C B. x° lnx—lx2+C
2 4
1 2 1 2 2 1 2
C. —x"Inx——x"+C D. x"Inx——x"+C.
3 2 2
Cau 2. Nguyén hamjx.z"dx bing
N N S B. *2 1 »,c
In2 1n?2 In2 1n?2
C. 2 + ! 2°+C D. x.2 + ! 2°+C.
In2 In*2 In2 1n?2
Cau 3. Nguyén ham j\/;.lnxdx bang
A. %\/;lnx—ix\/;JrC B. lenx—ix x+C
3 9 3 9
C. 2x\/;lnx—ixx/;+C D. %x\/;mx+ix\/;+€.
3 9 3 9
Cau 4. Nguyén ham j xIn(x +2)dx bing
x° x° 1] x*
A. x21n(x+2)—?—2x+41n(x+2)+C B. 71n(x+2)—5 7+41n(x+2) +C

2 2 2
C. x?ln(x+2)—%[%—2x+4ln(x+2)}+C D. ln(x+2)—%{x7—2x+ln(x+2)}+C

Cau 5. Nguyén ham j x.e* dx bing:
1

A, Eex2+1+c: B. e +C C. 26" +C D. x2eX"+C
Cau 6. Nguyén ham j\/l)r:_x dx bang:

A.g (Inx)3+C B. 2 (Inx)3+C g% (Inx)3+C D.3 (Inx)3+C
Cau 7. Nguyén ham jx.|r115 - dx bang:



In* x 4

+C B. - Z
In® x

Cau 8. Nguyén ham jxcos xdx bang:

A. — +C

X2
A. —sinx+C
2

C. xsinx—sinx+C
Cau 9: Nguyén ham J'xe;dx bang:

A. 3(x—3)eg +C

C. %(x—3)e;+C

Cau 10. Tim nguyén ham j(x —1)ex2‘2”3dx.

D. _
4In* x = 4In*x

Xsin x+cosx+C

|

X2
D. 7cosx+C .

B. (x+3)e3+C

D. %(x+3)e3+c

1
=x3-x24+3x

2
A. (X?—x]exzzx*3+c B. (x-1)e® +C
C. 1 x2—2x+C Q lex2—2x+3+c
2 2
l A
Cau 11. Tich phan I xe*dx bang:
0
1
A e B.e-1 C. D. Ee—l
4 ‘
Cau 12. Tich phén jxcostdx bang:
0
A 72 B 21 c.3-Z D.2-Z.
- 8 4 2 2
3
Céau 13. Tich phan I(x+1)|n(x +1)dx bang:
0
A.6|n2—§ B. 1O|n2+E C.8|n2+Z QlGInZ—E.
2 5 2 4
1
Cau 14. Tich phan [xIn(x* +1)dx bang:
0
A. 1In2—1 B.In2-1 C In2—1 D. l(In2—1).
2 2 2
Cau 15. Tinh tich phan .[xz In xdx.
1
2 3 3 2
A e’ +1 B. 2e’ +1 C. 3e’+2 D. 2e +3.
4 - 9 3
p
Cau 16. Tim tich phan [ (2x —1)cos xdx.
0
A -3 B.7+3 C.2z-3 D. 2z -3.



T

2
Cau 17. Tinh tich phan j(x +1)sin 2xdx.
0

A% 4 B. %1 C.%2.» D. %2 _».
4 4 4 4

i

2
Cau 18. Tinh tich phan 1, = j (2x —1) sin 3xdx.

0

A 2 B. 2 c.> D. 2.
5 5 9 9
3
Cau 19. Tinh tich phan J'x(1+ sin 2x)dx.
0
.1 B. 7 _1 c.7 1 = 1
2 4 2 4 2 2 2 2
2
Cau 20. Tich phan Ixz sinxdx.
0
A 7-1 B.r-2 C. -3 D.7-4
1
Cau 21. Tinh tich phan | = [ xe*dx.
0
A l=1. B. =2 C.1=3. D. =4
Cau 22. Gidsit [ T dx=aln5+bln3, véi a,be Q. Khi dé a— b bing;
0 X“+4Xx+3
A. 5. B. —1. C. —5. D. 1.
1
Cau 23. Tinhtichphan I = j x.e *dx.
0
A. 1. B.1-2. c. 2 D. 2e-1.
e e
2
Cau 24. Tinh tich phan | = j (x* =1)In xdx.
1
A 22246 B = Bn2+2 c |z 2n2-6 D= 8h2-2
9 9 9 9

Cau 25. Tich phan I e’ cosxdx = a.e” +b . Khi dé tbng S = a + b bing:
0

A.S=—l B.S=-1 C.Szi.
2° ' 2

D. S=1



BUOI 4

CHU PE 2. UNG DUNG HINH HQC CUA TiCH PHAN

A. KIEN THUC CO BAN
1. Dién tich hinh phing

+ Dién tich S cua hinh phéng gi61 han béi dd thi cua ham s6 f(x) lién tuc, truc hoanh, va hai duong

b
thang x = a, x = b dugc tinh theo cong thirc S = “ f (X)| dx (1)

+ Dién tich cta hinh phang gi6i han boi d6 thi hai ham s6 y=fi1(x), y = f2(x) lién tuc trén [a;b] va cac

b
duong thingx =a;x=bla: S= j 15,00 - F,00lx ()

+Chay: j | £,(x) = f,(x)|dx =

15,00 - £,00%x

2. Thé tich vat thé

Cho vt thé (T) giéi han boi 2 mp song song (ct), (B). Xét hé toa o Oxy sao cho Ox vudng goc véi
(), (B). Goi giao diém cua (ar), (B) voi Ox 1a a, b (a<b). Mot mp( y) vudng goc véi Ox tai x va cét
(T) theo mot thiét dién co6 dién tich S(x).

b
Gia sir S(x) 1a ham lién tyc trén [a; b]. Khi d6 thé tich ciia (T) 1a: V = jS(X)dX 3)
3. Thé tich khéi tron xoay quay quanh truc Ox
b
V = 7Z'J. f 2(X)dX (4)
a

B. KY NANG CO BAN
+Tinh dién tich hinh phing giéi han b&i mot dwong cong, hai dwong cong, ba dwong cong;
+Tinh thé tich vt thé tron xoay;
+ Giai mot s6 bai toan thue té.
C. BAI TAP
Bai 1. Tinh dién tich hinh phang gi6i han boi :
a) Po thi ham s6 y = x% , truc hoanh va hai duong thing x = -2, X = 2

Taco trén [-2;0], x*<0.Trén [0; 2], x*>0

1 1

8—2 3d_0 3\ 23d— X0 X
—J;|X | x—'[(—x ) x+.([x x——7|_2+7|0 = _Z'(_16)+Z'16=8 (DVDT)

b) B thi ham sb y=x + x 1, truc hoanh , duong thang x =1 va X = 2

2 2
Taco: S :I(x+£de:(X—+ln xJ|f :2+In2—1—ln1=§—ln2
] X 2 2 2

¢) P thi ham s6 y = ¢* +1 , truc hoanh , duong thang x = 0 va duong thing x = 1



1

Taco: S =[(e" +1)dx=(e* +x)[; =e+1-1=e
0

d) Do thi ham s6y = x3 - 4x, tryc hoanh , dudng thang x = 2 va duong thang x = 4
4 4
X

Tacé: S :j(x3—4x)dx=(7—2x2]|g:36 (BVDT)

2

Bai 2: Tinh dién tich hinh phang giéi han boi.

a) Do thi ham sdy = x% - x; y = x - X2 Bit f1(x) = x3 - X, f2(X) = X - X?
Taco fi(x) - f2(x) =0<=>x3 + x?-2x=0c6 3 nghitmx=-2; x=0;x=1
Vay : Dién tich hinh phang da cho 1a :

0

I(xs + X2 - 2x)dx

-2

37

12

S = hxs +x? —2x‘dx = + =
2

j‘(xz +x2 = 2x)dx
0

b) Do thi ham sd y = cosx, y = sinx , duong thing X = %; X= 377[ bat f1(x) = cosx, f2(x) =sinx ;

Ta co f1(x) - f2(x) = 0 <=>cosx - sinx =0 <=> x = 57” € {%37”}

Dién tich hinh phang d cho la:
57 3z

4 2
|cosx-sinx|dx = _[ |sinx-cosx|dx + I |cosx-sinx|dx
T 5z

w
Il

2 4

5z
4

r
2

3z

(sinx-cosx )dx| + +|(sin x+cos x) g _

4

[l
I\J\r\q'—.h‘g'

(cosx-sinx Jdx| = ‘—(cos X +Ssin x)

= ‘—[—%—%]H.‘ + (—1)—[—£—£} :|\/§ +1|+|—1+ \/§| =22
2 2

y=x°-3x*+3x-1
¢) D6 thi hamsé (H): 1Y =1-X
x=0,x=2

2
S(H)= [ (¢ = 3x” +3x—1) - (1 x)[dx :ﬂxs —3x2 + 4x— 2dx
0 0

1 2
:J'(—x3 +3x% —4x+ 2)dx + I(x3 —3x% +4x—2)dx
0 1

4 L4
= —X—+x3—2x2+2x + X——x3+2x2—2x
4 4
0

2

1



3
2

Nlw

= (—%Jrl—2+2)J{(4—8+8—4)—(%—1+2—2ﬂ= %+

Bai 3. Tinh dién tich hinh phang gi6i han boi :

2x+1 (Dé thi TN nam 2004-2005)

a)Truc tung, truc hoanh va dd thi ham s6 : y =

D6 thi giao voi truc hoanh tai diém (—— OJ truc tung : x =0.

o S 2x+1 2x+2—2+1 e
Dién tich hinh cantim1a S = _[ dx —I - - - - J‘
1 X+1 1 X+1

X+1 1
2 2 2

(2x—|n|x+l|)

1
2

—(—1— In%) =1+Inl1-In2=1-In2 (BVDT)

b) P thi cac ham s6 : Y =€"; Y = 2va dudng thing x=1 (P& thi TN nim 2005-2006)
Giai PT: € =2 < x=In2 ; Dién tich hinh phang can tim 13 :

Il

In2

(e-2)—(2-2In2)=e+2In2—-4 (PVDT)

S

ne =(e—2)—(e"* -2In2)

dx —I (e* —2)dx = (e* —2x]|;

Bai 4. Tinh thé tich khéi tron xoay khi quay quanh Ox

a) Po thi ham s6 y = sinx, truc hoanh, duong thang x = % X=7r

2
T = —(;z—fj:”— (DVTT)
7 2) 4

T (1.
Tacé:VzﬂjsinZde=% (1-cos 2x)dx =E(X—ESIHZX)

N lN e—y

2

b) B4 thi ham sb y=cosx,y=0,x=0,x=%

4 4 glr 1
—5(4 J(DVTT)

0

(1+cos2x)dx = %(x+%sin ZXJ

O~ [N

4 T
Tacd: V= 7zfcos2 xdx = >

¢) D thi ham s6 y=X.&" ,y=0,x=0,x=1

1 2 du = 2xdx
, 22x4 . Ju=x
Taco: V=7|X € 0X pat: o = 1 o
0 dv =e“dx V=—¢e
2
i 1 prs 1
V= —x%e¥ —7Z'J. xe*dx = Z g2 —7ZJ. x.e2*dx
2 0 2 0

U=x du =dx

dv = e?*dx v=_g¥

1
Tinh 1 = IX-ezde Dit {
0 2



é:leZ PO

X 2%
==| = —e
2 2 4 4

1
g_ij‘eudxziez_iezx
21 2 4

1
T 2 2 2
Thay | vaoVtaco:V = —-ez—ﬂJ.X-ezde= e el =£(e2—1)(DVTT)
2 0 2 2 4 4 4

d)Déthihémsé: y:%x3—x2 va cac duongy =0,x =0, x = 3.

3 2 3 7 6 5

V= ﬂj(lx3—x2j dX=ﬂI(1X6—2X5+X4jdX S |§=8£(DVTT)
3 9 3 63 9 5 35

D. CAU HOI TRAC NGHIEM KHACH QUAN

Cau 1. Cho hinh (H) gi6i han béiy = sin X; x =0; x =7 va y = 0. Tinh thé tich vat thé tron xoay khi
quay hinh (H) quanh truc Ox.

A.V=mn/2 B.V=n%2 C.V=2n D.V=n%*4
CAu 2. Tinh dién tich hinh phiang gidi hanbdiy=x% x=1;x=2vay=0.
A 4 B. 8 C. ! D.1
3 3 3

Cau 3. Dién tich S cua hinh phing giéi han bi do thi ciia ham sb y = f,(x),y = f,(x) lién tuc va
hai duong thang X =a, x =b(a <b) duoc tinh theo cong thirc:

A_.S:j|f1(x)—f2(x)|dx. B.Szifl(x)—fz(x)dx .
C.S :i[fl(x)— f,(x)]dx. D.S :i fl(x)dx—i f,(x)dx.

Cau 4. Cho hinh (H) gi6i han boi cac dudng y = +/x va y = x. Tinh thé tich vat thé tron xoay khi
quay hinh (H) quanh truc Ox.

A. /6 B. 7/3 C.a2 D.w
Cau 5. Tinh dién tich hinh phang gi¢i han béi do thi ham s6 y=x*—4x?+1 va d6 thi ham s
y=x>-3.

A.6 B. 4 C.2 D.8
Cau 6. Tinh dién tich hinh phing gi6i han bai y = —x3 + 3x + 1 va duong thang y = 3.

A.57/4. B. 27/4. C. 45/4 D. 21/4.

Cau 7. Ki hiéu (H) 1a hinh phang gidi han bai ba d6 thi ham s6 y = xIn x, x = e, truc hoanh. Tinh thé
tich V khéi tron xoay thu duoc khi quay hinh (H) xung quanh truc Ox.

3_ 3_
sz5e 2,[ B.V=5e 2
27 27
3 3_
cv=>X*2, D.v =22
27 27
Cau 8. Tinh dién tich cuia hinh phang gi6i han boi (C):y =X’ +2X;y-x-2=0 .
A2 B. c. 2 p. 11

2 2 2 2



Cau 9: Cho hinh thang cong (H) giGi han bgi cac duong y=e*,y=0,x=0 va Xx=In4. Puong
thangx =k (0 <k <In4) chia (H) thanh hai phan c6 dién tich 1a S, S, va nhu hinh v& bén. Tim

x =k dé S, =2S,. T
2
A. k=§In4 B. k=In2
8
C. kzlng D. k=In3

Cau 10. Véi gia tri nao cia m > 0 thi dién tich hinh phang gidi han boi y = x* va y =mx bang %

dvdt ?

Am=2 B.m=1 C.m=3 D.m=4

Cau 11. Tinh dién tich hinh phing giéi han bai y = x.In? X ,truc hoanh va hai duong thang x =1, x =
€.

A.S:%(e2+1). &S:%(ez—l). C.S:%(l—ez). D.S =(1-¢%).
Cau 12. Tim dién tich S ctia hinh phang (H) gi6i han bai y = —x* +3x* — 2, hai truc toa d6 va dudng
thang x=2.
1 1
A S= ?9 (dvdt)  B.S= g (dvdt) C.§ = 2 (v D.S :% (dvdt)

Cau 13. Tinh dién tich hinh phang gi¢i han bai do thi ham s6 y = x* —3x* + 4 va duong thang
X-y+1=0.

A. 8 (dvdt). B. 4 (dvdt). C. 6 (dvdt). D. 0 (dvdt).
CAu 14. Thé tich hinh phang gi6i han béi y = (x—2)?, y = 0 ,x=0, x=2 khi xoay quanh tryc hoanh I3.
A.V:3—52 B.V =32 C. V—3—527z D. 32

Cau 15. Thé tich khdi tron xoay khi quay hinh phang (H) gi6i han boiy =x* ;y =Xx+2 quanh truc

Ox la

72—” (dvtt). B. 81ﬁ (dvtt). C. 8—1ﬂ(dvtt) D. 712—” (dvtt).

Céu 16. Cho hinh phang (H) gi6i han boi y = 2x—x?, y=0. Tinh thé tich cua khdi tron xoay thu

duoc khi quay (H) xung quanh truc Ox ta dugc V = n(% +1] . Khi d6

A. ab=15 B. ab=20 C. ab=28 D. ab =54

Cau 17. Dién tich hinh gidi han bdi y = %, y=0, x=0, x=-1 bang a In§+ b. Khi do,
a+2bla: )

A.2 B. 40 C. % D.-2

4 1 A \ 4 1 _ .7 L M
Cau 18. Néu f (1) =12, f (X) lién tuc va L f (X)dX =17 . Gidtricta f (4) bang
A. 29 B.5 C.15 D. 19
Cau 19. Cho @6 thi hamsé y = f (X) . Dién tich hinh phang (phan gach trong hinh) la



0 0 1 4 ¥
A. If(x)dx+jf(x)dx B. If(x)dx+]f(x)dx N /
33 4 -3 1 !/’: : ,\T f f?\ . | L j -
3 4 4 a2 AR AR i T /51- v
C._[f(x)dx+.[f(x)dx D. J.f(x)dx ,/ LN AL /’
0 0 -3 / \N““‘-J-'/

Cau 20. Cho hinh phang gi6i han bai duong cong y = 2x —x?, y = x. Thé tich cua khdi tron xoay thu

duoc khi quay hinh nay quanh tryc truc OX:

A= B. Z C.
25 6 _

Cau 21. Cho hinh phang gidi han bdi duong cong y = x>, x=y

duoc khi quay hinh nay quanh truc truc OX:

p. &%

5
. Thé tich cuia khdi tron xoay thu

oy

N

A Sz B.2% c.z D>~

3 5 2 10
Cau 22. Dién tich hinh phéng gi6i han boi hai b thi ham s6 y = (e +1)X va y = (1+ e ) X Ia;
A2-% B. 2 c.t D31

2 e

Cau 23. Dién tich hinh phing gi¢i han boi hai db thi ham sé y = —2x% + X +3 va truc hoanh la:
p 125 B. 125 c. 1 p. 125
— 24 34 14 44

Cau 24. Dién tich hinh phing gi6i han boi hai dd thi ham sé y=2-x%,y=v1-x% va truc hoanh la:

A.3\2 -2x B. 2f—% C. %—% D. 42 -7

Cau 25. Dién tich hinh phang gidi han boi cac duong y =mxcosx; Ox ; x=0;x =7 bang 37 . Khi
do:

A m=-3 B.m=3 C.m=-4 D.m=43



KIEM TRA 45 PHUT

|. MA TRAN PE
Mirc d§ nhan thirc
. Nhan biét Thong hiéu Van dung Van dung .,
Chu dé hoiac mach i Tong
. thap cao
kién thire ki nang
1 2 3 4
Cau 1,234 Cau 9,10,11, Caul19,20,21 | Céu 22 14
12, 13,14
Tich phén 1,6
2,4 1,2 0,4 5,6
Ung dung hinh hoc | Cau5,6,7,8 Cau15,16,17,18 | Cau 23 Cau24,25 11
cua tich phan
1,2 1,2 0,4 0,8 4,4
8 10 4 3 25
Tong 3,2 4.0 1,6 1.2 10

I1. PE KIEM TRA

Cau 1. Cho ham sb f(x) lién tyc trén [a; b]. Gia sir F(x) 1a mot nguyén ham cua f(x) trén [a; b]. Khi
b

do tich phan é f (x)dxla:

A. F(a)- F(b). B. F(a)+ F(b). C. F(b)- F(a). D. - F(a)- F(b).

d b b
Cau 2. Néu gf(x)dx:S, [ f(X)dx=2 véia<d<bthi éf(x)dx bang:
d

A. -3 B.7 C.3 D.-7

6 6 6
Cau3. Cho [ f(x)dx=4, [g(x)dx=2.Tinh [(f(x)+g(x))dx?
2 2 2
Al B.7 C.6 D.2
3 3 2 .
Cau 4. Neu | f(x)dx=5, [ f(x)dx=3 thi [ f(x)dx bang:
1 2 1

A -2 B.2 c1 D.5 7
Cau 5. Tim dién tich hinh phing gi¢i han béi d6 thi ham s6 y= - X2, truc Ox, hai dudng thing x= 0,

x=3.

3 3 3
A S=—] x2dx. B.S= szdx. C.S :szdx. D.S=7x] xdx.
0 0 0



Cau 6. Dién tich cia hinh phang gi6i han bdi d6 thi hai ham s6 y=f1(x), y = f2(x) lién tuc trén [a;b]
va cac duong thang x =a; x =Db la:

b a b

A. j [£,02) = £, (x)Jdx. j [f.00+ f,(x)]}dx. C g)‘fl(x)— f2(x)‘dx. D. j | ,(x) = f,()fdx.
Cau 7. Cho db thi ham s6 y = f ( ) Dién tich hinh phang (phan gach trong hinh)

0 0 1 y /
A. Jf(x)dx+j f (x)dx. B. If dx+J A T

he 4 3 | s 31-'\ L] !/'f |

3 2 4 ST AR AR T /-’i W
C.I f (x)dx+j f (x)dx. D. jf(x)dx. ,/ .h.lk\ _ . /’

0 0 -3 / \\“‘m—--‘/

12

Cau 8. Thé tich khdi tron xoay do hinh phing gi6i han béi cac dudng y= sinx, y=0,x=0, X =7
quay quanh truc 0x la:

A. njsinxdx. B. J.sinx dx. C. Isinz X dX. D. 7z_|.sin2 X dX.
0 0
Cau 9 Ding thuc nao dung’?
3 3
A. [|x—2fdx = j |x —1dx. B. j|x 2Jdx = [ (x—2)dx.
0 0
3 2 3 2
Ix 2|dx:j(x—2)dx _[(x 2)dx. D. I|x—2|dx I (x— 2)dx+j(x—2)dx.
0 2 0 0 0
T
. L . 4 4
Céu 10. Tim tich phan 1= [ tan“ xdx.
0
A2 B.1-~ C. In2 D. Z
4 3
2
Cau 11. Cho I= [2xy/x* ~1dx vau=x?- 1. Chon khéng dinh sai ?
3 3
2 5 2 3 2
Al= Zue| . B. | ==427. C.I= [Judu. D. 1= [u du.
3 3 0 1
0
1 .
Cau 12.Cho | = jx3\/l—x4dx.Bét t= 3\/1—x4 thi | bang:
0
1 3 1 3 1 1
A —[=tdt. B. [>tdt. C. [tdt. D. —[t°dt.
0 4 0 4 0
2 X
Cau 13. Tim tich phan | = [(2x—-1)e™dx.
1
A. e’ +e. B. e’ —e. C. 2e-3. D.2e* -3e.



T

o 2 .
Cau 14. Doi bién u = sinx thi | sin% xcos xdx thanh:
0

L 2 L 2
A. Iu4\/1—u2du. B. Iu“du. C. _[u“du. D. _[u3 1-u®du.

0 0 0 0
Cau 15. Dién tich hinh phang giéi han boi y= x? + 1, x= -1, x= 2 va truc Ox la:
A.3 B. 4 C. 5 D. 6
Cau 16. Dién tich hinh phing gidi han boi dd thi y= %x3 1+ x2 —é y=0,x=0,x=21a
A2 B L c.2 D. 2.

6 12 3 6

Cé}u 17. Goi S la mién gi6i han bai (C): y= x2, truc Ox va hai duong thfmg x= 1, x= 2. Thé tich vat
thé tron xoay khi quay S quanh truc OXx la:

L o W1 oW p, 31

+=. . L ——=
Q 5 3 -5 5 3
Cau 18. The tich cua vét the tron xoay khi quay hinh phang gidi han boi cac duong y= x2-2x,y =0,
X =0, X =1 quanh truc Ox c6 gia tri bang:
A%z B. /% c.br p. %%

15 8 8 7

m
Cau 19. Tim mbiét | (2x+5)dx =6.
0

A. m=-1, m=-6. B. m=1 m=-6. C. m=1, m=6. D. m=-1, m=6.
1
Cau 20. DPdi bién x= 2sint thi | = j o dx tro thanh:
0 4—X2
: : i :
A. | dt. B. |tdt. C. |=dt D. | dt
& l I l

1
Cau 21. Biét [(2x+1)e"dx=a-+be. Tinh tich ab.
0

A -1 B. 1 C. -15 D. 5
T
2 .
Céau 22. Tichphan I = [ (1-cos x)n sin xdx bang:
0
A1 B. 1. c. L. p. 1
— 1+n n-1 2n
Cau 23. Dién tich hinh phing gi¢i han béiy = x? vay = 2x la:
A 2 B 3 c. 2 p. 23
3 2 3 15

2
Cau 24. Dién tich hinh phang gi¢i han boi y =4-|x| va Parabol y = X? la:



A2 B. 2. c.2 D2
3 7 o3 3 7 3

CAu 25. Tinh thé tich khoi tron xoay tao nén khi quay hinh phing gii han boi cac duong y=x2 - 4,

Y = 2X - 4 quay quanh tryc Ox.

A. 16—7[ B. 67 C. -6r D. 16—”
5 - 15

NHOM TRUONG: TAN TRAO, THAI HOA, LAM BINH



Nhom trwong:
THPT Nguyén Vin Huyén
THPT Thang 10
THPT Thwong Lam A .
CHUYEN DE
SO PHUC (12 tiet)
Tiét 1,2, 3 , ’
DANG PAI SO VA CAC PHEP TOAN TREN TAP SO PHUC
A. Kién thic co ban.
1. Khai niém s6 phirc
e S6 phuc (dang dai s6) : z=a+bi
(a, be R, ala phan thyc, b 1a phan 4o, i 1a don vi a0, i2 = —1)
e 7 14 56 thuc < phan 40 clia z bang 0 (b = 0)
zlathudn a0 < phan thyc cua z biang 0 (a = 0)
S6 0 vira 1a s6 thuc vira 1a sd ao.
e Téap hop $b phuc: (C={Z —a+bhi,a,beR,i’=- }

M b} 7 a:a' 1 1

e Hai so phtrc bang nhau: a+bi=a +b|<:>{b_b. (a,b,a',b'eR)
Chl:l ,', i4k:1. i4k+l:i. i4k+2:_1. i4k+3:_i
2. SO phirc lién hop cua s6 phirc z=a + bi la Z=a - bi

- — == == == (7)) Z -
eZ=7; z+7'=7+7'; 77'=21" [—1j:_—1; zZ=a>+b?
ZZ ZZ
. zléséthuc@ 2=7; zlasdao = z=-7

3. Médun ciia s6 phirc : z = a + bi

o |zl =/a? +b? =77 =|OM|
e |z|>0,vVzeC, lzZl=0<=2=0

z|_ld o l2d-lzl <lz+ 21 <[zl +]z]

o [zz7=lzl.|z =]

4. Cac phép todn trén sb phirc. ]
* Phép cong va phép trir, nhan hai so phic.
Cho hai s0 phttc z=a + bivaz’ =a’ + b’i. Ta dinh nghia:
e z+z'=(a+a)+(b+bi
e z-z'=(a—a)+(b-DbMi
e 7z7'=aa'-bb'+ (ab'-a'b)i
* Phép chia s0 phirc Khic 0.
Cho s0 phitc z=a + bi # 0 (tirc la a®>+b?>>0)
1 —

1 ;.17
a’ +b’ _|z|2

Ta dinh nghia s nghich déo z* ctia s6 phitc z#01a s z71=

a+bi aa'-bb' ab'+a'b.
- = + i
al+bll a|2+b|2 a|2+b|2

e Chia hai s6 phuc:

B. Ki nang co ban.
Tim phan thuc va phan 40 , mo dun, so phirc lién hop ciia s6 phirc
Phuwong phap giai



Bién dbi s6 phirc vé dang dai sd, ap dung cong thuc tinh.

Thue hién cac phép toan trén tap sé phic

Phuwong phap giai

Ap dung céac quy tic cong, trir, nhan, chia hai sé phirc, chu ¥ cac tinh chit giao hoan, két hop d6i
v&i cac phép toan cong va nhan.

C. Bai tap luyén tap.

Bai 1: Tim phan thyc va phin a0 , mé dun, sb phirc lién hop cia sb phirc

a) z=1+2i b) z = (1+2i)+i(3-4i) c) z=(1+i)" —(5-2i)
Giai:
a) z=1+2i

Phan thuc: 1, phin 4o 2, sé phire lignhop Z=1-2 | ms dun: |2|=+5
b) z=(1+2i)+i(3—-4i)=5+5i

Phan thuc: 5, phén 40:5,sb phuec lién hop 7=5-5i , md dun: |Z| = 5\/5
c)z=(1+i) —(5-3i)=-5+4i

Phan thuc: -5, phan 40 : 4, sb phirc lién hop Z= —5-4i , moO dun: |Z| = \/H

Bai 2: Tim s phirc lién hop ciia: z = (1+i)(3- 2i) +%
+1

Giai:

Taco z:5+i+ﬁ_(;_i):5+i+3l—6i.

Suy ra s6 phic lién hop cua z 1a: z =i—§—%i
Bai 3: Tim phén 4o ciia sb phtic z biét z = (\/§+ i)2 (1—\/§i)
Giai:

7:(1+2\/§i)(1—\/§i):5+\/§i .Suyra, z =5-/2i

Phén 40 cta sd phtic Z = —\/E

@+neE-i

Bai 4: Tim mé dun cta s phuc z = -
1+2i

Giai: Tace: z=>' 214 3]
5 5

1}2:@
5

Vay mo dun cta z bang: |Z| =,[1+ (—

5
3

Bai 5: Cho s phiic z = 7—%i . Tinh c4c sé phirc sau: z;z2%; (2)3; 1+ z + Z2

Giai:
*V| :i_i :>E:£+1
2 2 2
2
*Taco z? = E—i :§+1i2_£i:1_£
2 2 4 4 2 2 2




:>(E)2: ﬁ-pii 2—§+12 V3. _l \/§
2 4 4

2 RN
ISR ERCI] FERET) RRCRE IR
22T 2 4 4
Tacé:1+z+22:1+£_£ i_i 3+\/§_1+\/§i
2 2 2 2 2 2
N (A
Bai 6: Cho so0 phtrc z thoa man z = 1 . Tim modun cua sb phirc 7+iz.
—I

Giai:
|2 - -8 . .
Ta co: (1—\/§|) =-8 Do do z=r=—4—4|:>z=—4+4|
-1
= 7+iz=—4—4i+(-4+4i)i =881 Viy|z+iz|=8V2

* Hai s6 phirc bang nhau:

Bai 7: Tim céc s thuc X,y théa man dang thic:
a)3X+y+5xi=2y -1 +(x-VY)i
b)(2x+3y+ 1)+ (—X+2y)i=Bx-2y+2)+ (4x-y-3) .
¢) x(3+5i)+y(1-2i)’ =-35+23i

Giai: ’
a) Theo gia thiét:
AX+y+5xi=2y—-1+(x-y)i
< (Bx+y) + (5x)i = (2y - 1) +(x - y)i

1
{3x+y:2y—1 X==7
= =
5X=X-Yy

o 2X+3y+1=3x-2y+2 -X+5y=1
b) Theo gia thiét ta co: =

—X+2y=4x-y-3 —-5x+3y=-3

¢) Taco (1-2i) = (1-2i)"(1-2i)=(-3-4i)(1-2i)=2i -11.
Suy ra X(3+5i)+y(1-2i)’ =-35+23i < x(3+5i)+ y(2i —11) = -35+ 23
. . (3x-11y=-35 [(x=3
< (3x—11y)+(5x+2y)i =—35+23i <:>{ <:>{
5x+2y =23 y=4
* Tinh i" va ap dung: Cha y:
o iM=1; it =gif2 =1 i =,V ne N'Vayi" e {-1;1;-i;i}, Vne N”

. . -\2 .
o (I+i)?*=2i; (1-i) =-2i
| Bai 8: Tinh: 1% +i2 +i% _ %
Giai:
Ta Cf) i105 + i23 + i20 _ i34 - i4.26+1 + i4.5+3 + i4.5 _ i4.8+2 - I _ I +1+1=2



NG . ’ A , _ -\ 15 _ 1+i 10 1_i 8
Bai 9: Tinh s0 phirc sau:  a) z = (1+i) b) z=| —| +|—
B 1-i 1+i

Giai:
a)Tach: (L+i)2=1+2i—1=2i= (L+i)"=(2i) =128 =-128.i

nén z = (1+)S = (1+i)M(L+i) = -128i (1+i) = -128 (-1 + i) = 128 — 128i.
L+i _ (@+i)d+i) _2i _.

b) Ta co:
1-1i 2 2
. -\ 16 -\8
S vay (BN (12 s iy =2
1+1 1-1 1+1

Bai 10: (Van dung)Tim phan thuc, phan 4o ciia s6 phirc sau:
1T+(1+i0)+(1+ i)2 +(1+ i)3 +..+(1+ i)20

Giai:

P=1+(L4i)+(1+i) +. 4 (1+i)" :—(1+ii) ~1

.\ 21 272 . .\10 . 10 .
(i) = @) | @)= (20)" (2 +i) =-2°(2+)
—2°(1+i)-1

i
Vay phﬁp thuc 1a —2'° va phan a0 la 210 +1
* Tim so phirc dwa vao dang dai so ctia so phirc.
Néu trong hé thtc tim sd phtic z xuat hién 2 hay nhiéu dai luong sau: z,z, |Z| ,... ta sé su dung Dang

=P= =—21°+(21°+1)i

daisdctiazla z=X+Yi véi X,y eR

Bai 11: Tim s phiic z biét 2—(2+3i)z =1-9i

Gidi:
Gia suz=a+ bi (a,b € R) ta co:
z—(2+3i)z =1-09i <:>a+bi—(2+3i)(a—bi):1—9i

—a-3=1 [a=2
<:>—a—3b—(3a—3b)i:1—9i<:>{ 2 {a

f—
Vayz=2-1i
. X , , ~ . 2(1+2i) ) . R . . )
Bai 12(TH) Cho so0 phirc z thoa man: (2+1)z+ o =7+38i (1) . Tim modun cta so phirc
+i
®w=Z+1+Ii
Giai:
@+i)z+ 282 g 6 o (24iyz+3+i=T7+48i
<:>(2+i)z:4+7i<:>z:4+7_':3+2i
2+1

Do do @=3+2i+1+i=4+3i = |0|=+16+9 =5.

Bai 13: (TH)Tinh m6 dun ciia s6 phuc z biét rang: (22 —1)(1+ i) + (E+1)(1—i) =2-2i

Giai: Goiz=a+bi(a,beR)
Taco




(22-1)(1+i)+(z+1)(1-i)=2-2i
& [(2a-1)+2bi [(1+i)+[(a+1)-bi](1-i)=2-2i
< (2a-2b-1)+(2a+2b-1)i+(a-b+1)-(a+b+1)i=2-2i

|

a==
3a-3b=2

< (3a-3b)+(a+b-2)i=2-2i< =N 3 :z:l—li
a+b-2=-2 1 3 3

Suy ra mo dun: |z| :\/m :g

- oA o 2 e X -
Bai 14: Tim s6 phirc z thda man: |Z| +22.Z+‘Z‘ =8vaz+z=2.

Giai

Goiz=x+iy (x,yeR),tacé z=x—iy;|z| =‘E‘2 =72=x*+Y?
|z|2+22.2+‘5‘2 84X +y) =8 (X*+y)=2 (1)
I1+7=22x=2x=1(2)

Tu (1) va (2) timdugex =1 y =1
Vay cac sO phtrccantimlal+ival-i

Bai 15: Tim s phuc z thoéa man |Z| = /2 va 22 14 s thuan 4o.

Gii:
Goi z=at bi (a,b € R) Taco |z| =va® +b® va z° =a’ —b* + 2abi
a’+b*=2 [a’=1 [a=%1

R ~
a’-b’=0 (b°=1 |b=%1

Vay cac sb phirc can tim 14 1+i; 1-i; -1+i; -1-i

Yéu ciu bai toan thoa man khi va chi khi {

Bai 16: (Véan dung) Trén mat phang toa 4o Oxy, tim tdp hop cac diém biéu dién cac sd phuc z
thoa man diéu kién |2—2|+|z+2/=10.

Hwéng din giai
Goi M (x;y) la diém biéu dién s phirc z=x+VYi, x,yeR.
Goi A 1a diém biéu dién s0 phirc 2
Goi B la diém bi€u dién so phuc —2
Taco: |2+2/+|z—-2|=10 < MB+MA=10.
Tacé AB=4. Suy ra tap hop diém M biéu dién s6 phire z 1a Elip véi 2 tiéu diem 1a A(2;0),
B(—2;0), tiéu cu AB=4=2c, do dai tryc 16n 1a 10 =2a, do dai truc bé 1a

2b=2va’ —c* =225-4 =221,
Vay, tap hop cac diém biéu dién cc s6 phirc z thoéa man diéu kién |2 - 2|+|z+2|=101a Elip c6
2 2

\ X y
huong trinh —+-=—=1.
p g o5

21




. . D ex s g g . Z2—2i
Bai 17: (Van dung)Tim so phirc z théa man hai diéu kién: |Z +1—2l| = ‘Z +3+ 4I‘ va ——1a mdt
Z+1

sO thuan ao.

Giai

biat z= x+yi(x,y € R) Theo bairataco
[x+1+(y - 2)i|=|x+3+(4-y)i|
& (x+1) +(y-2) =(x+3)" +(y-4)" & y=x+5
z-2i x+(y-2)i x*—(y-2)(y-1)+x(2y-3)i

S6 phic W = ——= — =
z+i x+(1-y)i X2 +(y-1)°
X-(y-2)(y-1)=0 [ __12
w 1a mot s a0 khi va chi khi { X2 +(y-1)° >0 = 237
y=X+5 -7
. 12 23,
Vay Z=—"—+—Ii
7 7
Bai 18: (Van dung)Tim sépht’rczbiétE—SJrl\/g—l:O
Z
Giai:
Goiz=at+bi(a,beR)vaa’+b*=#0tacé
75418 1 pabi S8 L b 5 i3 a biz0
z a+bi
a’+b*-a-5=0
& (a®+b’-a-5)-(b+3)i=0<
b++/3=0
a’-a-2=0 |a=-Lb=-/3
= =
b=-3 2=a=2b=—-3
Vay z7=-1-iV3 hoac z7=2+i3
D. Bai tap TNKQ.

Cau 1. (Dé thi chinh thie THPT QG nim 2017)Cho hai s6 phitc z, =5-7i va z, = 2+ 3i. Tim s6
phtic z=12+2,

A z=T7-4i B. z=2+5i C.z=-2+5i D. z=3-10i

Cau 2. (P2 thi chinh thitce THPT QG niim 2017) Cho s phitc z=a+bi,(a,beR) théa min
z+1+43i-|z|i=0.Tinh S=a+3p

A.S:Z B. S=-5 C.S=5 D.S:—Z
3 3

Giai : Pap 4n B

=-1

a
b+3=+b*+1,(1)

Vi b>-3 thi (1) twong duong véi: (b+3)2 =b? +1< b =‘?4

Taco: z+1+3i—|z|i=0< a+1+(b+3)i =va’ +bi <:>{

Vay a+3b=-5




Cau 3. (D& thi chinh thirce THPT QG nim 2017) C6 bao nhiéu s phirc z théa man |z -3i[=5 va

1a sb thuan 40 ?
z-4

A.0 B. Vo sd C.1 D.2
Giai: Pap an C

bat z=x+yi,(x,y eR)
|2-3i|=yx*+(y-3)" =5 x’ +y* -6y =16

Z _ X+yi o (x+yi)(x=4-yi)  xXP-4x+y? 4y
2-4 X—4+yi (x—4)* +y? (x=4)>+y*> (x—4)°+y?
2 2
léséthuénéonénL):_Fyz=0<:>xz—4x+y2=0

z-4 (x=4)"+y
[(x=4
{ (loai)
y=0

X*+y?—-6y=16
Tac()hé'{Z y2 ’ < X:E zz—E—ﬁi
| XT+y —4x=0 13 13 13

, 2
713

Vay chi ¢6 1 s6 phtic z thoa méan
Cau 4. (Vén dung)Trong céc s0 phirc théa man diu kién |z +3i|=|z+2-i|. Tim s6 phic c6
modun nhé nhat?
A z=1-2i. B.z=—=+=1. gz=--gi. D.z=-1-i.
55 ) 5 5
Huwéng dan giai

Chon C.

Phuwong phap tu ludn

Giasu z=x+Yi(x,y eR)

2

|2+3i|=|z+2-i| = [x+(y+3)i|=|(x+2)+(y-1)i| = X* +(y +3) (x+2)" +(y-1)’
S 6y+9=4x+4-2y+14x-8y-4=0<=x-2y-1=0< x=2y+1

2
7| =y X2 +y? :1/(2y+1)2+y2 =5y’ +4y+1= /5(y+§j +%2§

Suy ra |Z|min =§

1 2.
Viy z=———1.
ay 5 5

khi y=—3:>x:1
5 5

Phwong phap tric nghiém

Giasu z=x+yi (X,yeR)

|z+3i|:|z+2—i|<:>|x+(y+3)i|:|(x+2)+(y—l)i|<:>x2+(y+3)2=

&S 06Yy+9=4Xx+4-2y+1<=4x-8y-4=0<x-2y-1=0

Vay tap hop cac diém biéu dién s6 phirc z théa diéu kién |z +3i| = |2+ 2-i| 1a duong thang
d:x-2y-1=0.

Phuong 4n A: z =1-2i c6 diém bicu dién (1, —2)ed nén loai A.

(x+2)2 +(y—l)2
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Phuong an B: z = —%+§i c6 diém biéu dién [—%%) ¢ d nén loai B.

Phuong an C: Z=l—gi :>|Z|=£ c6 diém biéu dién (i;—gjed
5 5 5 5 5

PhuonganD: z=-1-i= |z| =2 ¢6 diém biéu dién (—1;—1) ed

Do d6 phwong an C th6a man
Cau 5. (PE MINH HQA QUOC GIA NAM 2017)Cho s6 phitc z € C théa mén |z|= 4. Biét tap

hop céc diém bicu dién cho s6 phirc W= (3+4i)z+i 1a duong tron |, ban kinh R. Khi dé.
A.1(0;1),R=2V5. B.1(10),R=20 C. 1(0;1),R=20. D. I(3-2),R=22.
Hwéng dan giai

bat w=a+bi voi a;b;celR.
a+(b-1)i [a+(b-1)i](3-4i)

w=(3+4i)z+iz=

3+4i 25
_ _da- 3a+4b-4) +(3b—da-3)
,_3a+4b 4+(3b 4a 3)i:|z|=\/( a+ ) +( a—3)
25 25 25
Ma
3a+4b—4)" +(3b-4a-3)’
WG CL RS ) IAC e

25
& (3a+4b—-4)" +(3b—4a-3)" =100
& a’+b?-2b=399 & a’ +(b-1)" = 20°
Vay tap hop céc diém bicu dién cua so phirc w 1a dudng tron 1(0;1),R=20.
Cau 6. Cho s6 phirc z théa man dicu kién : [z—1+2i|=+/5 vd w=2z+1+i c6 mddun lon nhat. S
phirc Z c6 modun bang:
A. 245. B. 3.2. C. 6. D. 52.
Huéng din giai:
Goi z=x+Yyi (X, yeR) =z-1+2i=(x-1)+(y+2)i

Taco: |z—1+2il =5 < \/(x—l)z +(y+2)2 =\/§<:>(x—1)2 +(y+2)2 =5

Suy ra tap hop diém M (X;y) bicu dién s6 phirc z thudc dudng tron (C) tam | (1,—2) ban kinh
R=+5:

Dé thay O € (C), N(-1,-1)e(C) Theo dé ta co:

M(x;y)e (C) 1a diém biéu dién cho séphuc z thoa man:

W=Z+1+i=x+yi+1+i=(x+1)+(y+1)i

:>|z+1+i|:\/(x+1)2+(y+1)2 :‘W‘
Suy ra |z+1+i|dat gid tri 16n nhat < MN 16n nhat
Ma M,N €(C) nén MN I6n nhat khi MN 1a dudng kinh dudng tron (C)

&1 latrung diém MN = M (3,-3)= z=3-3i = |z|=/3° +(-3)" =32

Cau 7. Phan thyc va phan 4o cta sb phirc z =1+ 2i
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A. 1vaz2. B.2val. C.1lvaz2i. D.1vail.

Cau 8. Cho s6 phtc z =1+3i. SO phtc 2% ¢ phan thyc 1a

A. -8. B. 10. C.8+6i. D. -8 + 6i.

Cau 9. Phan thyc cta sé phic z = % bang

Cau 10.

Cau 11.

Cau 12.

Cau 13.

Cau 14.

Cau 15.

Cau 16.

Cau 17.

Cau 18.

Cau 19.

Cau 20.

A ¥ B. 3. c.- B p. -3
=17 4 17 4
‘ : 1-2i)’
Phan o cta s phuc z :¥ la
(3+i)(2+1)

A —L B __. c. -, D. L.

10 10 10 10
Tim |z| biét z = (1+2i)(1-i)"?
A, 245 . B. 243 C. 52 D. 20.

2 .
Choz= . SO phtrc lién hop cua z la
1+iV3 P o

A 1,98 8. 1,3 c. 1 93 . 1 3,

2 2 4 4 4 4 2 2

Je , 1+1 1-i , £ ~ Je o \ .
Cho s6 phuc z = 1—+1— Trong cac két luan sau két luan nao sai?

—i 1+
A zeR. B. z 1a s6 thuén 4o.
C. Mo dun cua z bang 1. D. z c6 phan thyc va phan 4o déu bang 0.
Cho s phtrc z = m+ni = 0. S6 phirc 1 ¢6 phan thyc 1a
z
m n m n

A. : B. - : C. : D. - .

m? —n’ m® —n? — m*+n? m?® +n’
Cho s6 phirc z, Trong cac ménh dé sau, ménh dé nao sai ?
A. |z|=‘2‘. B. z+z 1a mot sd thuan 4o .
C.zz1a mot sb thuc . D. modun sd phuc z 1a mdot s6 thuc duong.
Cho s6 phitc z = x + yi . S6 phitc z° ¢6 phan thuc 1a
A x> +y% B. x*—y% C. X% D. 2xy.
Cho s6 phirc z théa man (1+ i)2 (2—i)z=8+i+(1+2i)z. Phan thuc va phan 4o cua s

phic z 1an luot 1a:
A. 2;3. B. 2;-3. C. -2;3. D. -2;-3.
£2017
Tinh z:1+I -
2+i

N B. 13, c. 1.3 p. 214

5 5 5 5 5 5 5 5
Trén tap s phuc, tinh %

|

A B. i. C. 1. D. -1.
Téng i* +i** +i? +i** bang:
A . B. —i. C. 1. D. 0.




12012 | :2013 | :2014 | ;2015 , 2016
| +1 +1 +1 +1

Cau 21. Phan thyc va phan 4o clia s phtc z = N lan luot 1a:
| +1i I +1 +1
A. 0;-1. B. 1,0. C. -L0. D. 0;1.
Cau 22. S phirc z thoa man z+ 2(2 +E) =2-6i c6 phan thyc la
A. 6. B. E C. -1 D. E
5 4

Cau 23. Cho s6 phuc z théa min diéu kién 2z +3(1—i)2 =1-9i. Modun ciia z bang:
A. V13, B. /82. C. 5. D. 13.
Cau 24. Phan thuc cta s6 phuc (1+i)° (2—i)z=8+i+(1+2i)zla
A. -6. B.-3. C.2. D. -1.

Cau 25. Cho s6 phtrc z =6+ 7i. S6 phirc lién hop cta z ¢6 diém biéu dién la:
A. (6;7). B. (6;-7). C. (-6;7). D. (-6;-7).

Tiét 4,5, 6

BIEU DIEN HINH HQC SO PHUC. TIM TAP HQP PIEM BIEU DIEN SO
PHUC

A. Kién thirc co ban.
Biéu dién hinh hoc: S6 phitc z = a + bi (a, be R) dugc biéu dién boi diém M(a; b) trong mp(Oxy)
(mp phirc)

AY
b[F =~~~ ¥M(a;b)
|

(@) a

v X

‘Trong dang nay, ta gap cac bai toan b1eu dién hinh hoc cua sb phirc hay con goi 1a tim tap
hop diém biéu dién mot s6 phtre z trong do6 sO phtic z thoa man mot hé thirc nao d6 (thuong 1a hé
thire lién quan dén modun cta sé phuc). Khi d6 ta gidi bai toan nay nhu sau:

Gia su z = xtyi (x, y € R). Khi do s6 phirc z biéu dién trén mat phang phirc boi diém

M(x;y). Str dung dit kién ctia dé bai dé tim mdi lién hé giita x va y tir 46 suy ra tap hop diém M.
B. Ki nang co ban.
Tim diém biéu dién ciia s6 phirc z théa man diéu kién cho truée:

+S6 phic z=a+bi (a,b € R) duoc biéu dién boi M(a; b) trong mit phang toa do6 Oxy hay con
goi 1a mat phang phue.

+ Truc Ox biéu dién céc s thuc goi 1a truc thyc, truc Oy biéu dién cac sb 4o goi 1a truc a0

+86 phitc z=a + bi (a, b € R) ciing duoc biéu didn bsi vecto u = (a;b), do d6 M(a; b) 1a diém
biéu dién ctia sé phitc z=a + bi (a, b € R) ciing c6 nghia la OM bidu dién sb phuc do.

Ta co: Néu u,v theo tht tw biéu didn cac sd phirc z, 7' thi

U+V biéu dién sb phirc z + Z,
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U—V biéu dién sb phuc z - Z',
ku (k eR) biéu dién sd phirc kz,
oM = u]=
C. Bai tap luyén tap.
Bai 1: Tim diém bicu dién cua so phuc z biét:
a)  Diém bicu dién s6 phic z =2-3i c6 toa do la:: (2;-3).

b)  Diém biéu dién s6 phic z =-2i c6 toa dd la: (0;-2)
c)  Chosd phiuc z=6+7i.Sé phuc lién hop ciia z c6 diém biéu dién la: (6;-7).
d) Diém biéu dién cua s6 phic z = L la; (3; 3]
2-3i 13 13
e)  Cho sb phirc z = 2016 —2017i . Sb phuc ddi cua z |3 —Z =—-2016+2017i c6 diém biéu dién
la: (~2016; 2017)
f)  Cho sé phucz = 2017 — 2018i . Sé phuc lién hop z = 2017 +2018i c6 diém bidu dién 1a diém
¢6 toa o (2017; 2018).
(2-3i)(4—i)

g)  Diém biéu dién sb phuc z = :
3+2i

=—1-4i cotoadd la (-1;,—4).

+2016

h) Trong mit phing Oxy, diém biéu dién cua s6 phic z = w2y 1a diém nao?
+2i

-2018 =4.504+2 =2
i j o i -1 3 4

T 01207 (3441 (B+4i) (3+4) 25 25

Diém biéu dién cua sé phirc z=——— la diém ( 3.4 j
(1+2i)? 25'25

Bai 2: Cho s6 phirc z = 1+ 3i va s6 phirc 2’ =2 + i. Hay:
a) Biéu dién s6 phuc z va z’ trén mp phuc.
b) Biéu dién so phtic z + z’ va z’ — z trén mp phuec.

Giai: , Ar
a) Biéu dicn s6 phirc z= 1 + 31 la diém M(1;3) N p
Bi€u dién s0 phic z” =2 +1 1a diem M’(2;1) :

b)z+z =3+4i, biéu diNén trén mp phuc bdi P(3;4 L
z’ —z =1-2i, biéu dién trén mp phirc boi Q(1;-2). Y

Bai 3: (Van dung)Xac dinh cac s6 phtrc biéu dién boi cac dinh cua mot AT
luc giac deu c6 tam 1a gbc toa d6 O trong mit phing phtrc, biét rang mot dinh
biéu dién s6 i.

Gidi: Goi D la diém bi€u dién s6 1 = A bi€u dién so —i.

V3.1

Yy

D& thiy diém E c6 toa do (COSE sin 6) (75] nén E biéu dién sb phirc

51,

+—=1;
2 2

11
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C d6i xtng v6i E qua Oy nén C biéu dién s phirc _7+Ei ;

F biéu dién sb phirc ;—%i : B biéu dién s phirc —;—%i .

Bai 4: Xac dinh tip hop cac diém trong mp phirc biéu dién cac sé phirc z thoa man ting diéu kién
sau.

a) z2 1a s thuc am b) z2 1a s6 4o
_ 1 )
c)z2 =(z)? d) —— 14 s0 ao.
Z—i
Giai:

a) z2 1a s6 thuc am < z 1a sb a0. Vay tap hop cac diém biéu dién sb phirc z ndm trén truc ao (Oy),

trir diém O

b) Goiz=a+bi = z2 =a%? —b? + 2abi la s6 40 <> a2 — b2 =0 < b = +a. Vay tip hop cic diém

biéu dién so phirc z nam trén hai duong phan gidc ctia cac goc toa do.

0)z2=(z2)>=(@z+2)z-2) =0
z+z=0 (truic thoic) o .

_ . Vay tap hop céc diém la cac truc toa do.
z-z=0 (truic alo)

1 N Ao s 1N A o s 1N A o
d — lascdo=z-ilasdao< x+ (y—1)ilasoao
z-i
&Sx=0vay#1.
Vay tap hop céc diém bi€u dién nam trén truc Oy (trir di€m c6 tung do bang 1).

Bai 5: Gia sir M(z) 1 diém trén mit phang phirc biéu dién s6 phirc z. Tim tdp hop cac diem M(z)
thoa man mat trong céc dicu kién sau day:
a) [z-1+i] =2 b) |2+z|=[1-il c)|z —4i|+|z+4i| =10

Giai:

Dit z=x +yi (x, y € R) duoc biéu dién boi diém M(x:y)
a) Xét h¢ thuc: [z-1+i] =2 (1)
batz=x+yi(x,ye R)=>z-1+i=(x-1)+(y + 1i.
Khi d6 (1) & J(x-1)% +(y+1)° =2

& (x-1)% + (y +1)2 = 4.

= Tap hop cac diém M(z) trén mat phang toa d6 biéu dién sé phiic z thoa mén (1) 1a duong tron co
tam tai I(1;-1) va ban kinh R = 2.
b) Xéthé thirc 2+ 2| =|z—i| < |(x+2) +yi| = |-x+(L-y)il
S (x+2)2 +y? =x2 + (1-y)? © 4x+2y +3=0.
Vay tap hop cac diém M la duong thang 4x + 2y + 3 =0.

Nhin xét: Duong thang 4x + 2y + 3 = 0 chinh 1a

duong trung truc cua doan AB.

c) Xét hé thire: |z —4i|+|z+4i[=10

Xét F1, F2 tuong tng biéu dién cac diém 4i va -4i tic 1a F1 (0;4) va F2 =(0;-4). Do d¢:
|2—4i|+|z+4i|=10 < MF1 + MF2 =10

Ta ¢ F1F2 = 8 = Tép hop tat ci cac diém M nam trén (E) ¢6 hai tiéu diém 1a F1 va F2 va ¢6 d6 dai

truc 16n bang 10.
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X2 yZ
Phuong trinh cua (E) 1a: —+-—=1
9 16

Z2+2+3i

zZ—1

Bai 6: Tim tap hop cac diém biéu dién cua so phirc z sao cho U = la mot so thuan ao.

Giai
bat z= x+yi (x, y € R), khi do:

(x+2)+(y+3)i _[(x+2)+(y+3)i [ x~(y-1)i]
x+(y-1)i X2 +(y-1)°
(x2 +y° +2x+2y—3)+2(2x—y+1)i
x2+(y—1)2
X4y +2x+2y-3=0 [(x+1)"+(y+1)’ =5
X +(y=1) >0 Q{(x;y);ﬁ(o;l)
Vay tap hop cac diém bidu didn ciia z 1a dudng tron tam 1(-1;-1), ban kinh +/5 trir diém (0;1)

u 1a sb thuan 4o khi va chi khi {

Bai 7: Trong mit phang Oxy, tim tap hop diém biéu dién cac s6 phiic z thoa man

|z—i|:|(1+i)z|
Giai:
bat z= x+yi (x,y € R)
Ta co:

|z—i|=|(1+i)z|<:>|x+(y—1)i|=|(x—y)+(x+ y)i|
= x2+(y—1)2 :(x—y)2+(x+ y)2
<:>x2+y2+2xy—1:0<:>x2+(y+1)2 =2

Vay tap hop cac diém M biéu dién cac s phirc z 1 dudng tron c6 phuwong trinh X* + ( y +1)2 =2

Bai 8: (Van dung)Trong cac s6 phirc z thoa méan diéu kién |Z -2- 4i| = |Z - 2i| .Tim s6 phirc z c6
modun nho nhat.

Gia sir s6 phtrc z can tim co dang z=x +yi (x,y € R) duoc biéu dién bai diém M(x;y).
Taco|x—2+(y—4)i|=|x+(y=2)i| (1) < J(x=2)2+(y-4) =x* +(y-2)*

& Y =—X+4. Do d6 tap hop cac diém M biéu dién cho cic sb phirc z théa man (1) 1a dudong
thang x +y =4. Mat khic |Z| :\/x2 +y? =X+ X —8x+16 =/2x* —8x +16

Hay |z]=/2(x~2)" +8> 242

Dodé |z| < x=2=y=2.Viy 7=2+2i

Bai 9: (Van dung) Biét rang s6 phirc z thoéa man U = (Z +3- I)(E +1+3i ) 12 mot sb thue. Tim gia

tri nho nhat cua |Z| :

Giai

bat z=x+yi(x,y e R) taco
u=[(x+3)+(y-1)i|[(x+1)=(y-3)i |=x* + y* +4x -4y +6+2(x——y—4)i
Tacd: UueR<<x—-y-4=0
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Tap hop cac diém biéu dién cua z 1a duong thang d: x-y-4=0, M(x;y) 1a diém biéu dién cta z thi mo
dun cta z nho nhét khi va chi khi d6 dai OM nhé nhit <> OM L d Tim dwoc M(-2;2) suy ra z=-
2+2i.

Bai_10: (Van dung)Tim s6 phic Z c6 md dun 16n nhdt va théa man diéu kién

NE

‘E(1+i)—3+2i‘=$

Giai
Goi z=X+Yi(X,yeR)=Z=x-Yi

V13 39

|7 (@+1) -3+ 2i = X% + y? —x—5y+E:O
Goi M (x;y) 1a diém biéu dién ctia z trong mit phang toa 46 Oxy= M & (C) la dudng tron c6 tdm
\/26

12y va ban kinh R = Y22
2'2 4

Goi d 1a duong thing di qua O val =d :y =5x

Goi M1, M2 1a hai giao diém cua d va (C)= Ml(%;%)véMz(%;%)
. |OM, >0OM,
Ta thay
OM,=0l+R>0M (M € (C))

. N . L x 3 15.
=>s0 phtrc can tim tng vadi diém biéu dien M1 hay z = 2 + TI
D. Bai tap TNKQ.
Cau 1. ( B¢ thi chinh thire THPT QG ndm 2017) Cho s6 phirc z=1-2i . Piém nao dudi day la
diém biéu dién cuia s6 phitc W =iz trén mit phang toa do ?
A. Q% 2) B. N(2;1) C. M(L-2) D. P(-2;1)
Giai: w=iz=i(1-2i)=2+i. Vay diém biéu dién w c6 toa d¢ la: (2;1)
Cau 2. (Van dung)Cho sé phtrc z théa mén diéu kién |Z -3+ 4i| < 2. Trong mit phang Oxy tap

hop diém biéu dién s6 phitc w=2z+1—i 13 hinh tron c6 dién tich A. S =97 . B.
S=12r. C. S=16r. D. S=25r.
Huéng din giai
W=22+1—i:>z:W_zlJrI
i W—1+i i . . .
|z—3+4||s2<:>‘ —3+4i| <2 |w-1+i-6+8i|<4 < |w-7+9i|<4 (1)

Gia st w=x+yi (x,yeR),khido (1)< (x-7)" +(y+9) <16
Suy ra tap hop diém biéu dién s6 phirc w 1a hinh tron tam | (7;-9), ban kinh r = 4. Vay dién tich

cantimla S =7.4° =167.
Cau 3. Diém biéu dién hinh hoc ctia s6 phiic z = a +ai nam trén duong thang:

A y=X B. y=2x C.y=—x D. y=-2x
Cau 4. Goi Ala diém biéu dién cta sb phirc 5+8i va B la diém biéu dién cta sb phirc -5+ 8i.

Chon ménh dé dlng trong cdc ménh dé sau

A. Hai diém A va B ddi xtng véi nhau qua truc hoanh.

B. Hai diém A va B d6i xtng voi nhau qua truc tung.

C. Hai diém A va B déi xting v6i nhau qua gbc toa do O.

D. Hai diém A va B dbi xting v6i nhau qua dudng thing y = x.
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Cau 5. Goi Ala diém biéu dién ctia s6 phtic z =2+5iva B la diém biéu dién cta s6 phtic
7' =—2+5i. Tim ménh d¢ dung trong cac ménh dé sau:
A. Hai diém A va B d6i xting v6i nhau qua tryc hoanh
B. Hai diém A va B ddi xing v6i nhau qua tryc tung
C. Hai diém A va B dbi xtng vdi nhau qua goc toa do O
D. Hai diém A va B d6i xtig voi nhau qua dudng thang y = x

R 2 2 gex X 3+4i
Cau 6. Diem M bi€u dién s6 phirc Z =— 5~ cOtoadd la
|

A. M(4;-3) B. M (3;-4) C. M (3;4) D. M (-4;3)
Cau 7. Trong mit phang phirc, goi A, B,C lan luot 14 cac diém biéu dién cua cac sb phuc
z,=-1+3i, z, =1+5i, 2, =4+i. Sb phuc véi diém biéu dién D sao cho tir giac ABCD la

mot hinh binh hanh la:
A 2+3i. B. 2-1i.. C. 2+3i.. D. 3+5i..

Cau 8. Goi 7 va z,1a cac nghi¢ém phitc cua phuong trinh 2°-47+9=0.Goi M,N la cac diém
biéu dién clia z,Va z,trén mat phiang phirc. Khi d6 do dai cia MN a:
A. MN =4.. B. MN =5, C. MN =-2./5. D. MN =24/5.
Cau 9. Goi z;va z,1a cac nghi¢m cua phuong trinh 22-47+9=0.Goi M,N,P lan luot 1a cac
diém biéu dién cua 2,,Z,va s6 phitc k = x+ i trén mit phang phirc. Khi d6 tap hop diém
P trén mat phang phtc dé tam giac MNP vuéng tai P la:
A. duong thang c6 phuong trinh y = X — J5.
B. 1a dudng tron c6 phuong trinh x* —2x+y? —-8=0.
C. 1a dudng tron c6 phuong trinh X* —2X+ y? —8 =0, nhung khong chira M, N.
D. la dudng tron c6 phuong trinh X2 —4x+ y2 —1=0nhung khong chita M, N.

Cau 10. Biét Z—i|=|(1+i)z|, tap hop diém biéu dién s6 phirc z ¢ phuong trinh
A X ++y*+2y+1=0. B. xX*+y*—2y+1=0.
C. X*+y°+2y-1=0. D. xX’y*-2y-1=0.

Cau 11. Trong mit phing toa ddOxy , tip hop diém biéu dién sb phirc z théa min lz-1= |(1+ i) Z|
la:
A. Duong tron c6 tam 1(0;—1) , ban kinh r =+/2
B. Buong tron ¢6 tim 1(0;1), ban kinh r = J2
C. Puong tron ¢6 tam 1(L;0), ban kinh r =+/2
D. Dudng tron c6 tim |(=10), ban kinh r =+/2
Cau 12. Trong mit phang toa do OXy, tap hop diém biéu dién s6 phirc z thoa man |2 + z| = |i - z|
la: 9
A. Buong thang c6 phuong trinh 4x+2y+3=0
B. Puong thang c6 phuong trinh 4x—2y+3=0
C. Puong thing c6 phuong trinh —4x+2y+3=0
D. Pudng thing c6 phuong trinh 4x+2y-3=0
Cau 13. Goi A, B, C, D lan lugt 1 cic diém biéu dién cho cac s6 phirc z, =7-3i, 2, =8+4i,
z,=1+5i, z, =—2i. Tt gidc ABCD Ia
A. 1a hinh vuéng. B. 1a hinh thoi.
C. la hinh chir nhat. D. Ia hinh binh hanh.
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Ciu 14. Goi A, B,C lan luot la cac diém biéu dién cho céc sb phuc
2, =-1+3i;z, =—3-2i;z, =4 +i. Chon két luan sai:

A. Tam gidc ABC vudng can. B. Tam giac ABC can.
C. Tam giac ABC vuong. D. Tam giac ABC deéu.
Cau 15. Tap hop cac diém M biéu dién cho sé phirc z thod mén |Z—i|+|z+i| =4 cd dang la
A. X—2+y—2=1. B. X—2+y—2=1.
— 4 3 16 9
X ¥y, Xy
16 9 4 3

J10

Céau 16. Cho thoa man z € C thoa man (2+i)|z| = T+1_ 2i . Biét tap hop cac diém biéu dién
cho s6 phitc W =(3-4i)z—1+2i la dudng tron | , ban kinh R . Khi do.
A. 1(-1-2),R=+f5. B. 1(12),R=+5.
C. 1(~12),R=5. D. 1(1;-2),R=5.
Hwéng dan giai
Dit z=a+bi va |z7|=c>0, vdi ajb;ce R.

Laico w=(3-4i)z-1+2i < z:%.
—4j
Goi W=Xx+Yivoi X;yeR.
Khi d6 |z|=c= M‘=C©M=C©|X+yi+l—2i|=5c
3-4i [3—4il

o J(x+1) +(y—2) =5c < (x+1)° +(y-2)° = 25¢.
Vay tap hop céc diém bicu dién cua s6 phitc w 1a duong tron 1 (-12).
Khi d6 chi c6 dép an C c¢6 kha nang dung va theodd6 R=5=5c=5=c=1.
Thtr ¢ =1 vao phuong trinh (1) thi thoa man.
Cau 17. Sé phirc z dugc biéu dién trén mit phang toa d6 nhu hinh vé:

5t 1.3 B < R : X A Ja I y
Hoéi hinh nao biéu dién cho s6 phitc @ ==7? P SR
z 1:
0 I x
y
A o B S
0 1 X 1 X
@
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Huéng din giai
Goi z=a+bhija,beR.

Tir gia thiét diém biéu dién s6 phic z ndm & géc phan tu thi nhat nén a,b > 0.

Tacéw—l— | _i(axbi) b 42
z a-bi a?+b? a’+b*> a*+b?
b
- <0
a’+b?

Do a,b >0 nén
>0

a’ +b?
hai.Vay chon C.

= diém biéu dién sb phiic @ nam & gc phan tu thir

Cau 18. Trong céc s6 phitc z thoa |2 +3+4i| =2, goi Z, 14 s6 phirc c6 md dun nhé nhat. Khi d6

A. Khong ton tai s6 phirc z, . B. |z,|=2.
C.|z|=7. D. |z,|=3.

Huwéng din giai.
Céch 1:
bit z=a+bi (a,beR).Khidé |z+3+4i|=2« (a+3)*+(b+4)°=4.

Suy ra biéu dién hinh hoc cua s6 phirc z 1a dudng tron (C) tam | (—3;—-4) vabankinh R =5.

Goi M (z) 1a diém bicu dién s6 phic Z.
Tacé: M (z)e(C).
|z|=OM >0l -R =3.

Vay |z| bé nhat bang 3 khi M (z)=(C)NIM .

Céch 2:
a+3=2cos a=-3+2cos
pat 127 RPN +ecse
b+4=2siny b=—-442sinp

:>|z|=\/a2 +b% = \/(2c0sp—3)% + (2sin — 4)* =[29—12cos o —165in¢ .

:\/29—20[§COS¢+%SM9@] — /29— 20cos(a— ) >/9
= |z,|=3

Cau 19. Tinh S =1009 +i + 2i° +3i® +...+2017i*"" .
A. S=2017-1009i. B. 1009 + 2017i. C. 2017 +1009i.
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Huéng din giai
Taco
S =1009+i+2i* +3i* +4i* +...+ 2017i*

=1009+(4i* +8i° +...+ 2016i°"° ) + (i +5i° + 9 +...+ 2017i""" ) +
+(2i2 +6i® +10i*° +...+2014i2°1“)+(3i3 +71 +11M + L+ 2015i2015)

504 504 504

_1009+Z 4n +|Z 4n—3)-> (4n-2) |Z 4n-1)

n=1

=1009 + 509040 + 509545I 508032 —508536i

=2017 +1009i.
Céch khéc:
bat
f (x):1+x+x2 + X34+ X
f'(x) =1+ 2x+3x* +...+2017x**°

xf'(X) = x+2x% +3x° +...+2017x*" (1)
Mat khac:

2017

2018 1

f(x):1+x+x2+x3+....+ X2 =

2018x2%7 (X 1) ( 2018 1)
(x-1)°
2018)(2017 X — 1) ( 2018 1)

(
(x-1)°
2

Thay x=i vao (1) va (2) ta duoc:

x-1

f'(x)=

= xf'(x)=x.

(2)

s ~1009+i 28 ('__1)2_('2018 U 1000, 72018-20181+2 _ 01 oo
(i-1) -2i
Cau 20. Cho sé phirc z théa man diéu kién |z -1 =+/2 . Tim gi4 tri 16n nhét cua
=|z+i|+[z-2-1i|.
A. maxT =82. B. maxT =4. C. maxT =442. D. maxT =8.

Huéng din giai
:|z+i|+|z—2—i|:|(z—1)+(1+i)|+|(z—1)—(1+i)|.
Pit w=z-1.Taco [w=1va T =|w+(1+i)[+|w—(1+i).

DPit w=x+ y.i.Khi dé |W|2—2—x2+y2

T =|(x+1)+(y+1)i|+|(x=1)+(y-1)i
:1.\/(x+1 (y+l +1\/x 1) +( )

< 42 ) (0 + (y+2)+ (x-1)7 +(y 1))
= J2(2x¢ +2y* +4) =4

Vay maxT =4.
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Tiét7,8,9
PHUONG TRIiNH BAC HAI VOI HE SO THU'C

A. Kién thire co ban.
Phuong trinh bic hai véi hé so thue Az + Bz+C=0(*) (A #0).

A=B*-4AC
B+
e A>0:PT c6 hai nghi€ém phan biét Zl,ZZBZ;A\/X
e A=0:PT co6 1 nghiém kép: z, =2 __B
: g v p' 1 2 2A
—Biy|A|

e A <0: PT c6 hai nghi¢m phirc phéan biét z,, = A

ChG y: Néu zo € C la mét nghiém cia (*) thi Z, ciing la mdt nghiém ciia (¥).
B. Ki nang co ban.
Biét cach giai phuong trinh béc hai v6i h¢ s6 thuc. ’
Biét giai phuong trinh qui vé phuong trinh bac hai véi hé so thuc.
C. Bai tap luyén tap.

Bai 1: Tim nghiém phirc ctia cac phuong trinh sau :

Q) iz+2-i=0 b) (2 +3i)z=z-1 )@2-i)z-4=0

d) (iz-1)(z+3i)(z-2+3i)=0 e)z2+4=0.

Giai:

a)z=122_142; z= —-_1.3;
i 1+3i 10 10

C)E:i_:§+£i:>Z:§—ii dyz=-1,z=-31,z=2+3i
2-i 5 5 5 5

e) z = +2i

Bai 2: Giai cac phuong trinh sau trén tap s phirc
a)z°-z+1=0 b) x> +2x+5=0 c) z*+22°-3=0

Giai:
a)z’-z+1=0

A=1—4=-3=23i%, cin bic hai ciia A 13 +i/3
1+iv3 _1 ¥3. 1 3.

2 2 27 2 2

Phuong trinh c¢6 nghiém: z, =

b) x> +2x+5=0

A=4-20=-16=16i%; Can bac hai ctia A 1a +4i.
Phuong trinh ¢6 nghiém: X, =-1-2i, X, =-1+2i

c)z*+2z°-3=0 Ppatt=7>%
Phuong trinh trg thanh: t°+2t-3=0< ‘ 3<::> = ]
Vay phuong trinh ¢6 4 nghiém: -1, 1, —i\/§, i\/§
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Bai 3: Giai cac phuong trinh bac hai sau:
a) z2+2z2+5=0
a) 7%+ (1-3i)z—2(1 +i) = 0 (tham khdo)

Giai:
a) Xét phuong trinh: z> +2z2+5=0
Ta co: A = -4 = 4i? = phuong trinh ¢6 hai nghiém: z1 = -1 +2i va z2 = -1 - 2i.
b) Ta co: A = (1-3i)% +8(1+i) = 2i = (1+i)2
nén 1+i 1a mot cin bac hai cta s6 phirc 2i
Bi-1+1+i .. _ 3i-1-1-i

2

= Phuong trinh c6 hai nghiém la: z1 = 2i; 22 -1+

Bai 4: Goi z1 va z2 14 hai nghiém phirc cta phwong trinh 2> + 22 +10 = 0 Tinh gia trj biéu thirc
2 2
A=z +z,|

Giai:

Taco 22 +2z+10=0 = (2+1) =9 < (2+1)" = (3i)’
z=-1+3i
Lz—l—Bi

7, =-1+3i = |z,|=/(-1)" +3* =10
z,=-1-3i =z,|=+10
viy A=|z| +|z,[ =20

Bai 5: Cho z,, z, la cac nghi¢m phirc ctia phuong trinh 2z° —4z +11=0. Tinh gia tri ciia biéu

2 + 2]
thire A = CH 122
(Zl+22)
N A ’ By ~ 2 It 6
Bai 6: Cho s6 phirc z thoa man z°—6z2+13=0Tinh |z+——
Z+1

Giai:
~3+2i
22—62+13=O<:>(z—3)2=—4<:>(z—3)2=(2i)2c{z e

z2=3-2i

6
Z+—|=
Z+i

Véi z=3+2i taco

3+2i+ 6 -
3+3i

‘=|4+i|:\/1_7

Véi z=3-2i taco

2+ 0 :‘3—2i+i_‘=1|24—7i|=5
3—-i| 5

Z+1
Bai 7: Tim cac sb thuc b, ¢ dé phuong trinh (voi 4n z) : z2 + bz + ¢ =0 nhan z = 1 + i lam mot
nghiém.
Giai:

Theo H2 trang 195, v6i z =1 + i la nghiém thi:
(1+i)2+b(l+i)+c=0<b+c+(2+Db)i=0
<b+c=0va2+b=0,suyra:b=-2,c=2

47 -3+7i

Bai 8: Giai phuong trinh trén tdp hop cac sd phuc: = Z — 2i (tham khao)

Giai Diéukién: z #1i
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Phuong trinh da cho tuong duong véi z° —(4+ 3i)Z +1+7i=0

Phuong trinh c6 biét thire A = (4+3i)° —4(1+7i) =3—4i = (2-i)
Phuong trinh ¢6 hai nghiém la: z=1+2i va z=3+1.
* Phwong trinh quy veé bac hai

2

Bai 9: Giai cac phuong trinh: z° — 27 =0

z=1
z=1
Gidi: 2 -27=0< (z-1)(2?+3z+9) =0« {22+32+9=0<:> :_3J_r3\/§i

23
’ 2
Vay phuong trinh da cho c6 3 nghiém.

Bai 10: Giai phuong trinh trén tap hop sb phuc: z* —z° +62° -62-16=0

Giai: )
Nhan biét dugc hai nghiém z=-1 va z=2
Phuong trinh da cho twong duwong véi (Z — 2)(2 +1)(22 + 8) =0

Giai ra ta dugc bon nghiém: z=-1, 2=2; z = +2./2i

| Bai 11: (D3t 4n phy) Giai phuong trinh sau trén tap sb phiic (2% + 2)2 + 4(z2 +7) -12 = 0

Giai:
Dit t = z? + z, khi d6 phuong trinh da cho c6 dang:

Z:—1+\/2—3i
2
2 +4t-12=0 < F:_(S@{ZZH_GZOQ z:_l_—*/?3i
= 22+2-2=0 2
z=1
| Z2=-2

Vay phuong trinh da cho c6 4 nghiém.

Bai 12: Giai phuong trinh: (z° —2)(z +3)(z+2) =10,z C.

Giai:

PT< 2(z+2)(z-1)(z+3) =10 = (2° +22)(z° +22-3) =0

Dit t = z° + 2z . Khi d6 phuong trinh (8) tré thanh:

Pit t = z° + 2z . Khi d6 phuong trinh (8) tré thanh
t*-3t-10=0

= =
t ::5 Z::-—lj:\ﬂg

Vay phuong trinh ¢ cac nghiém: z =—-1+ J6:z=-1+i

Bai 13:Goi 2,,2,,2,,2,1a bon nghiém ciia phwong trinh z* —z°® —2z° +6z -4 =0 trén tap

Loy A 1 1 1
sO phirc tinh tong: S=—+—+—+—.
1 22 23 Z4

Giai:
PT: 2 -2°-22° +62-4=0 < (z-1)(z+2)(2° -22+2)=0(1)
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z,=1
N Iy 2 , . n ) . 22:—2
Khong mat tinh tong quat ta goi 4 nghiém cua(l)la 1
z,=1+i
z,=1-1
Thay v biéu thire ta co: S=—+ =+ =4 = =142p T 4 L1 3

Z, L I3 I, 4 (1—i)2 (l—i—i)2 4
D. Bai tap TNKQ.

Cau 1. Trong C, phuong trinh iz+2—i=0 c6 nghiém la:
A z=1-2i. B.z=2+i. C.z=1+2i. D.z=4-3i.
Cau 2. Trong C, phuong trinh (2+3i)z =z-1 c6 nghiém Ia:
A. z:l+ii. B. z:—i+ii. C. z:g+§i. D. ZZE—Ei.
10 10 — 10 10 5
Cau 3. Cho s6 phirc z thoa man: Z(1+2i) = 7 +4i. Tim mé dun sé phuc o=z +2i.
A. 4. B. V17. C. 24, D.5.
Cau4. Trong C, phuong trinh (2—i)E—4:O c6 nghiém la:
A. z:§—£i B. z:i—ﬁi C. z:z+§i D. Z:Z—§i
- 5 5 5 5 5 5 5 5
Cau5. Trong C, phuong trinh (iz)(Z-2+3i)=0 c6 nghiém la:
z=0 z=0 z=0 z=0
A. . B. . C. B D. B
z2=2-3i z=5+3i | z=2+3i z=2-5i
Cau 6. Cho s6 phtc théa mén z+(1-2i)Z =2—-4i. Tim mddun ctia W= 2" -2
A. J10. B. 10. C.2. D.+2.
Cau 7. Trong C, phuong trinh z*—z+1=0 cd nghiém Ia
z:1+£i z:1+£i
A. j_ . B.| 2 j_ .
2:1——3i z:l——gi
L 2 2 2
z:1+§i z=%+§i
C. . D .
L 2 L 2 2
Cau 8. Goi z, va z,la cac nghiémciia phuong trinh z° -2z +5=0. Tinh P=z} +z;
A. -14. B. 14. C. -14i. D. 14i.
Cau 9. Goi z,, z, la 2 nghiém phuc ctia phuong trinh 2> +2z+5=0. Gié trj cua A:|zl|2+|22|2
A.6. B. 8. C. 10. D. +10

Cau10. Goi z la nghiém phtic c6 phan a0 &m cia phuong trinh z°+2z+3=0. Toa d6 diém
M biéu dién sb phac z, la:

A M(=L2). B. M(-L-2). C. M(-1—/2). D. M (-L—/2i).
Cau11. Goi z, Va z,lan luot 1a nghiémciia phuongtrinh: z° -2z2+5=0. Tinh F =|z|+|z,|
A. 245, B. 10. C.3. D. 6.

Cau 12. Nghiém cua phuong trinh z* -z -2=01a
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A. 2;-1. B. +/2; +i. C. +1 +iv2. D. 2,+i.
7

Cau 13. Cho s6 phic z=3+4i va 7 lasb phic lién hop cua z . Phuong trinh bac hai nhan z va
Z lam nghiém la
A. 7°-62+25=0. B. z°+6z-25=0.
C. 22—6z+§i:0. D. 2 —62+=0.
2 2
Cau 14. Trong C, Phuong trinh z° +1=0 c6 nghiém la
+i + +i
A -1, B. —1;1—'ﬁ. C. -1: 513 D. —1;2—'@.
2 4 2
Cau 15. Trong C, phuong trinh z* —1=0 c6 nghiém la
7=12 z=13 z=%1 z=41
A. g B. g C. g D. g
z=412i z=14i Z=4li z=412i
Cau16. Trong C, biét z,,z, la nghiém cua phuong trinh z%>—+/3z+1=0. Khi dé, téng binh
phwong cua hai nghiém c6 gia tri bang:
A. 0. B. 1. C. 3. D. 24/3.
Cau 17. Tim sb phicc z thoa man: ‘z—(2+i)‘:\/1_0 va z.2=25.
A. z=3+4i hoac z=5. B. z=-3+4i hoac z=-5.
C. z=3-4i hoac z=5. D. z=4+5i hoac z=3.
Cau 18. Phuong trinh iz+2—i=0 (V4i an z) ¢ nghiém la:
A 1+1i. B. 1+2i. C.1-2i. D. 1-1.
Cau19. Céc cin bac hai ciia s6 phirc 1+4+/3i 1a;
A V3 (2-). B. +(2-iv3). C. #(2+1v3). D. +43(2+1).
Cau 20. Phuong trinh z+l:\/§ c6 nghiém la:
Z
V2 V2 1 1
A —(1%1). B. ——(1%£1). C. —(1%1 D. ——(1+£i1
PNRETE 211 L1 L1+
Cau 21. Phuong trinh z* +4 =0 c6 nghiém la:
A. £(1+i) va £(1-1). B. £(1+i) va £(2-1i).
C. £(2+i) va £(1-1). D. £(2+i) va £(2-1i).
Cau 22. Phuong trinh iz+2—i=0 (V4i an z) ¢ nghiém la:
A 1+1i. B. 1+2i. C.1-2i. D. 1-1.
Cau 23. Céc cin bac hai ciia s6 phirc 1+4+/3i 1a;
A £3(2-1). B. +(2-iV3). C. +(2+iV3). D. +V3(2+i).
Cau 24. Phuong trinh z+l:\/§ c6 nghiém la:
Z
V2 V2 1 1
A —(1%1). B. ——(1=£1i). C. —(1=£1). D. ——(1+£1).
a2) 2 (151 L1 L(1=i)
Cau 25. Phuong trinh z* +4 =0 ¢d nghiém la:
A. +(1+i) va £(1-1). B. +(1+i) va £(2-1).
C. £(2+i) va =(1-1i). D. £(2+i) va £(2-1i).
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Tiét 10, 11, 12 ﬂ
LUYEN TAP - KIEM TRA

CAC CAU HOI TRAC NGHIEM- LUYEN TAP
Cau 1: Tim sé phitc z 2 biét ring z = (2—i)*(3— 2i)

18 . 1 325,
A 77=325-—i B. 27 =—"——""i
325 325 18
C. zflzi—ﬁi D. 2*1:325—gi
325 325 18
Cau 2 : Tim sb phic z + 2 biét z = (1+1)*°
A 7+2=2"%] B. z+2=-2'"%j
C. 2+2=2-2"%j D. z+2=-2""i
. 5 1+i0)%%° . —
Cau 3:Cho s0 phuc z = -+ ( 1025 . Tim s6 phirc 227 + 3z
1+2i 2
A 227 +3z=4+4i. B. 2z'+3z=4-4i.
C. 227 +3z=3+4i. D. 2z +3z=1+i.
Cau 4:Tim phan thyc a va phan ao b ctia cac sd phiic ﬁ
+i
A.a=0vab=32 B. a=32vab=0
C.a=0vab=-32 D.a=-32vab=0
Cau 5:Tim phan thyc a va phan a0 b ctia cac s6 phirc W+(2—i)
+iv3
a_17+7\@ a_17—7\@
4 4
A. B.
p_ 114943 b 11-9V3
4 4
L _17-1\3 I e E
4 D 4
o 11+93 o ~11+9V3
4 4
Cau 6: Tim phan 40 a ciia sb phtic z, biét Z = (\/E—i— i)Z(l—ﬁi) :
Aa=+2 B. a=-2
ga=—ﬁ. D. a=-242
— — 1 3 , —
Cau 7:Cho s6 phuc z théa man z :(j'lﬂ. Tim médun cia s phuc z +iz
—i
A. [z+iz =2 B. [z+i7|=4v2
C. |E+iz|=8\/§i D. |E+iz|=8\/§

Cau 8:Trong mit phang véi hé truc toa d Oxy, tap hop cac diém biéu dién cac sb phirc thoa man
diéu kién: [z +1-2i| =2 Ia:
A. duong tron tam I(-1; 2) ban kinh R = 2, B. duong tron tam I(-1; -2) ban kinh R = 2.

C. duong tron tam I(1; - 2) ban kinh R = 2. D. duong tron tam I(1; 2) ban kinh R = 2.
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Céu 9:Trong mat phéng v6i hé truc toa do Oxy, tap hop cac diém biéu dién cac sd phtrc thoa man
didu kién: ‘z - 22‘ =6 Ia;

2 2 2 2
A (E): X 4+Y g B. (E): 2 +Y -1
36 4 6 4
2 2 2 2
c. (E): 2 +¥ -1 D. (E): 2 +Y =
9 4 4 36

Cau 10: Trong mat phang toa d6 Oxy, tap hop diém biéu dién cac sb phuc z théa man diéu kién |z
—(3-4i)=21a
A. duong tron tam I(- 3; - 4), bAn kinhR=2  B. duong tron tam I(3; - 4), bAn kinh R = 4

C. duong tron tam I(3; 4), ban kKinh R = 2 D.duong tron tam 1(3; - 4), ban kKinhR = 2

Cau 11 : Tim s phtic z théa man phwong trinh: z° —2z+]|z [*= 4 + 6i
Az=2+I B.z=2
C.z=2-i D.z=i

|lz+z|=4 @
Cau 12:Tim s6 phirc z thoa min hé phuong trinh —\2
z° (z) ‘:9 (2)
A z=3+i B.z=2i
C. z=2+ihoacz=2-1i, hoicz=-2+1i D. z=2-3i

hodcz=-2-1.

Cau 13:Tim tit ca cic sb phirc z thoa min hai didu kién |z +i-1|= /5 va zz=5
A.z=2-ivaz=1-2i. B.z=3+ivaz=1-i.
C.z=ivaz=-1-2i. D.z=2+ivaz=-1-2i.

Cau 14:Tim tit ca cac sb phirc z thoa mén : |Z—(2+i)| =10 va 2z =25.
A.z=3-4i B.z=3+4ivaz=5
C.z=2+4ivaz=4 D. z=4ivaz=5

Cau 15: Tim s phiic z = x + yi, biét rang hai s6 thuc x, y thoa mén phuong trinh phtic sau:
X(2 - 3i) +y(1 + 2i)3 = (2 -i)?

A z=@—ii B. z=3—7—37
37 37 50
5 1 50 1
I=—-— D. z=——+—
37 37 37 37
Cau 16:Trén tap sb phirc, tim x biét : 5 — 2ix = (3 + 4i) (1 - 3i)
A. X=§—5i B. x:5+§i
2 2
C. x:§+5i D. x:S—Ei
2 2
Cau 17:Trén tap sb phirc, tim x biét: (3 + 4i) x = (1 + 2i) (4 +1i)
A.x=25+Ei B. x:4—2+Ei
25 25 25
C. x:§+gi D. x:§+§i
42 25 42 19

Cau 18:Goi z1 va z2 la hai nghiém cua phuong trinh 72 —z+ 5 =0 trén tap s6 phirc. Tinh gia tri
bicu thirc A = |z1)? + |z2|% + |21+ Z2|°.
A.A=99 B. A= 101
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C. A=102

D. A=100

Cau 19:Goi z1, 2 14 hai nghiém phirc (khac s6 thuc) ctia phuong trinh z° + 8 = 0. Tinh gia tri biéu

thec: A= |z, > +|z, | +

12,2, |

A A=SS B A_S
4 4
C. A:i D. A:§
33 4 7
Cau 20: Goi z1 va z2 1a 2 nghiém phtic ctia phuong trinh: z2 + 2z + 10 = 0. Tinh gia tri cua biéu
thire
M= |z1]2+ |22]2
A M=21 B. M=10
C. M=20 D. M=2
LOI GIAI CHI TIET
Cau | bip Loi gidi
s0 an
1 C |Taco
z=(2-1)’(3-2i)=(4-4i+i°)(3-2i) =(3-4i)(3-2i) =9-18i +8i* =1-18i
= z=1+18i.
o1 118 1 18,
1+18i  (1+18i)(1-18i) 325 325
— 1005
2 C 7 = (1+ i)ZOlO — |:(1+ |)2:| — (1+ 2§ + i2)1005 — (2i)1005 — 21005i1004.i — 21005i
=72=-"2i=272+2=2-2"%i
3 A ) (L+i)* .1 .\ 2 1005 .1 . .\1005
=Tt =1-2i+ s [(1+|) ] :1—2|+21005 (1+2i+i%)
—1-2i+ 21%05 (2i)™® =1-2i +%21°°5i1°°4.i —1-2i+i*® =11
S7=1+ivazto_t 1
1-1i 2
=22 +32=1+i+3(1+i) =4+4i.
4 B | Tacs: (1+i)*=1+2i+i°=2i
Do do:
L+i)° =(@+i)?) =(2i) =2°° = 32i
I i 1
= T 0 an T an
@+i)*° 32i 32
Vay phan thyc cua s6 phtc 14 32 va phan 4o ciia sd phire 13 0.
5 C |Taco:
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B+2)@A-3) . . (9-7)A-iV3) . .

—l+i\/§ +(2-1)= A +(2-1)

=(9—7J§y-a+9J§ﬁ+4Q-4)=17—7J§_11+9J§i
4 4 4

17-73
4

11+9/3

va phan 4o cua so6 phtrc 1a —

Vay phan thyc cta s6 phic 14

Z= (2 +1)2(L=+/2i) = L+ 24/2)) (1 - /2i) =5+ /2i.

Do dé: z=5-+/2i = Phén 4o ctia sb phuc z 1a 2.

(1-+/3i)° 1-3J3i+9i7+3\3i -8 —8(1+i)
_o1-i 1-i 10 -
:>z+iz:—4—4i+i(—4+4i):—8(1+i):>‘z+izf:8\/§

z= 4 li>z=—

Goi Z=X+Vi(x,yeR),taco: z+1-2i=(x+yi)+1-2i=(x+1)+(y—2)i
Do do: |z+l—2i|:2<:>\/(x+1)2+(y—2)2 =2 (X+1)2+(y-2)° =4

Vay tap hop cac diém biéu dién cic s6 phirc z 1a duong tron tim I(-1; 2) béan kinh R
=2.

Goi z=X+Vi(X,yeR), taco:z—2z=(x—yi)—2(x + yi) = —x - 3yi

— X2 2
Do d6: ‘2—22‘ =6 < (-X)*+(3y)’ =6 < x* +9y’ =36<:>£+y7=1
Vay tap hop cac diém biéu dién cac sé phtc z 1a elip c6 phuong trinh chinh tic la:
2 2

XY

—+
36 4

10

Goi z=x+Yi(X,yeR).Tacdz-(3-4i)=x-3+ (y +4)i

Do dé: [z (3-4i) =2 < \/(x=3)2 +(y+4)* =2

S (x=3)2+(y+4)>=4

Vay tap hop cac diém biéu dién cac sb phirc z 1a dudng tron tam 1(3;—4), ban kinh
R=2

11

Goiz=a+Dbi(a,b € R), taco:
7° - 27+ |2 =4+6i < a’ —b* +2abi—2(a—bi) + (a* +b*) = 4 +6i
2a°*-2a=4

o 2a°-2a+2b(a+1)i=4+6i <
2b(a+1) =6

S v &
2b(a+1) =6 |2b(a+1)=6 b=1
Vayz=2+i

12

Goi z=a+bi(x,y € R) thi:

|z+z=4 |2a|=4 a=12
—\2 = . =
22 -(2) ‘:8 | dabil=8 " |b=+2
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Do d6 céc sb phirc cAn tim 1a: 2 +1,2 —i, -2 +iva—2—i.

13

Goiz=a+bi(a,b e R). Taco:

|z+i—1|:\/§ |(a-1)+(b+Di|=5
_ SV,
2.7= a“+b°=5
(a 1)%+(b+1)° —5 a’+b*-2a+2b=3 a-b=1

<

a’+b’=5 a2+b2:5 a’+b’=5
a=b+1 a=b+1 a=2 [a=-1

S & & v
(b+1)*+b*=5 2b°+2b—-4=0 b=1 |b=-2

Vay c6 hai s6 phirc thoa min dé toanlaz=2+ivaz=-1-2i.

14

batz=a+bivoia,be Rthiz-2-i=a-2+(b-1)i
Ta co:

|z—(2+i)|=x/ﬁ (@a-2)°+(b-1*=10 __ [4a+2b=20
- Al P < la’+b? =25
b=10-2a a=3_[a=5

Q{a2—8a+15=0<:>{b=4v{b=0

Vayz=3+4ivaz=5

15

1)< x2-3i)+y(l+6i —12-8i)=4-4i-1
< (2x=11y) + (-3x-2y)i=3-4i
50
2x-11y =3 =37
S =
-3Xx-2y=-4 y——i

50 1.

Vay sb phtrc z can tim 1a: 2= ———1i .

37 37

16

D) < 2ix=5-(3+4i)(1-3i) < 2ix=5-(3-91 + 41 +12)

© 2ix = 5 (15— 5i) <> 2ix = —10+ 5 < x:g+5i

17

(2) = (3+4i)Xx=(4+i+8i-2) = (3+4i)x=2+09i =

18

14191 _1+4/10i

2 P02

Phuong trinh da cho c6 hai nghiém la: Z, =

iy _[1—\/@}2  —9-19i
b 2

2

2 1+\/Ei2 —9+\/Ei ?
2 T2 :‘Z‘

:‘212‘:50

7| =50

2

2,+12,=1=7,+17,|=1
= A= |z1]* + |22 + |21+ 22)* = 101

19

Xét phwong trinh: z° + 8 =0
Ta co:
22+8=0& (z+2)(z2-22+4)=0

28
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72=-2
= 2
2°-272+4=0

= Hai nghiém phtrc (khac s6 thyc) cua (1) 13 nghiém phuong trinh:
22-2z2+4=0

=7 :1—\/§i,z2 =1++/3i

= 7,2, = (3143 = 4=~ -1
122
2 2 1 33
Do do:|z, P +|z, [ + =12 4(—/3) +12 43 +2 =22,
) (+5) 4 4

20 C | z,=-1-3i,z,=-1+3i

= 2. +]z,| = (-1)? +(-3)* + (-1)* +(3)* = 20

KIEM TRA 1 TIET: Chuyén deé so phirc

I. MUC TIEU

Kiém tra muc do dat chudn KTKN trong chuong trinh mén Toan 16p 12 sau khi hoc xong
chuong s6 phirc.

1. Kién thirc.

Cung c¢6 dinh nghia s6 phirc. Phan thyc, phan 40, moédun cta sd phtc. S6 phic lién hop.
Céch giai phuong trinh bac hai v6i hé sb thuc trén tap s6 phic. Biéu dién sd phic trong mit phing
toa do.

2. Ki nang.

Tim dugc phan thyc, phan a0, mddun ciia s6 phic. Diém biéu dién cta sb phirc

Thuc hién dugce cac phép cong, trir, nhan, chia ) phure.

Giai dugc phuong trinh bac hai v6i hé s6 thuc trén tap s phic

3. Thai dg.

Rén luyén tinh can than, chinh xac. DPoc 1ap khi lam bai kiém tra

II. HINH THU'C PE KIEM TRA

Hinh thirc kiém tra: TNKQ.

Hoc sinh 1am bai trén 16p.

I1I. MA TRAN PE
Chu dé Nhan biét Théng hiéu Van dung Tong
Dang dai so cac phép toan | S6 cau: 4 So cau: 4 So cau: 2 So cau: 10
trén tap sd phuc S6 diem:1,6 | S6 diém:1,6 S6 diém: 0,8 | S6 diém: 4,0
Phuong trinh bac hai véi | S6 cdu. 3 So cau: 3 S6 cdu: 4 S6 cau: 10
hé sb thuc S6 diem: 1,2 | So diém: 1,2 S6 diém: 1,2 | So diém: 4,0
Biéu dién hinh hoc ciaso | S6 cdu: 1 S6 cdu: 1 86 cdu: 3 S6 cu: 5
phtic S6 diém:0,4 S6 diém: 0,4 S6 diem: 1,2 | So diém: 2,0
. So”: cau: So”: cau: So”: cau: So”: cau:
Tong S6 diém: S6 diém: S6 diém: S6 diém:
IV. CAC CHUAN PANH GIA
Chu dé Cau Chuén danh gia
Dang dai s6 1 | Biét xac dinh phan thuc phan do cua mot s6 phuc
Cac Phep t0an 1= it duoc s phirc lién hop
trén tap so
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phuc 5 | Hiéu va tinh dugc modun ciia sb phtrc
9 | Biét cach tinh téng cua hai s6 phirc
10 | Biét cach nhan hai s phirc
11 | Hiéu va tinh duogc tich cac sd phuc
12 | Hiéu va tinh duoc lity thira mot s6 phirc
13 | Hiéu va thuc hién duoc phép chia sb phic.
14 | Van dung tim dugc s6 phtc thoa man diéu kién cho trudc
Van dung céc phép toan vé sb phirc tim dugc phan 4o cia sd phtic thoa
o man biéu thirc cho trudc.
16 | Biét tinh cin bac hai ctia mot sé am cho trudc .
17 | Biét cong thirc tinh cin bac hai cia mét sd thuc am
18 | Nhan biét dugc cong thirc nghiém ctia phuong trinh bac hai véi A <0.
19 | Hiéu va gidi dugc phuong trinh bac hai voi hé s6 thuc.
20 | Hiéu va giai dugc phuong trinh bac hai voi hé s6 thuc (dang dac biét).
21 | Hiéu va giai duoc phuong trinh chita an & mau.
Phuong trinh Van dung giai duoc phuong trinh bac hai dé tinh tong binh phuong hai
bac hai voihé | 22 .
s6 thuc nghi¢ém
Vian dung giai dugc phuong trinh bac hai dé tinh tong binh phuong modun
2 hai nghiém
Van dung giai duoc phwong trinh bac hai dé tinh duoc modun cia sb phirc
+ thoa man biéu thic cho trude.
Van dung giai dugc phuong trinh bac hai ; tinh dugc khodng cach gitra hai
% diém biéu dién nghiém cta phwong trinh.
2 | Nhan biét duoc diém biéu dién ctia mot s6 phic.
Hiéu va xac dinh duoc tim va ban kinh dudng tron biéu dién sd phtic cho
‘ trude.
L Van dung va xac dinh duoc phuong trinh duong thiang biéu dién s6 phirc
Bieu dien hinh | 6
hoc cuia s6 cho trudc.
phirc Van dung va xac dinh dugc phuong trinh duong thang biéu dién s6 phirc
! thoa man biéu thic cho trude.
Van dung kién thtrc tong hop vé sb phirc xac dinh duoc diéu kién dé diém
° biéu dién s phirc nam trong dudng tron ¢6 tdm va ban kinh cho trudc.
V. DE KIEM TRA

Cau 1: S6 phirc z =3 - 4i c6 phan thuc bang?

A.3

B.-3

C.-4 D. 4i
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Cau 2: Sb phirc z =2 + 3i duoc biéu dién boi diém M c6 toa do 1a:

A. (2;-3) B. (2;3) C.(2;3i) D.(2;1)

Cau 3: S phuc lién hop cta sd phitc z=a + bi a,b e R 14 s6 phic:
A.z=-a+bi B.z=b-ai C.z =-a-bi D. z =a-bi
Cau 4:

Biét s6 phiic z co tap hop diém biéu dién trén mit phang toa d6 1a duong tron t6 dam trong hinh v&.

R N .
[ |

GHINY o{ TIRFRE

Tap hop cac diém biéu dién sb phirc z “11a
A. duong tron tam I(1;2), ban kinh R=2
B. dudng tron tdm 1(2;2), ban kinh R=2
C. duong tron tam I(-3;-2), ban kinh R=2
D. duong tron tam I(2;-2), ban kinh R=2
Cau 5: Cho sb phirc z =3 + 4i, khi d6 |z bang?
A.5 B.-5 C.25 D.3
Cau 6: Diém biéu dién cta cac sb phirc z=3 + bi véi b € R, nam trén duong thang c6 phuong trinh
la:

A.x=3 B.y=3 C.y=x D.y=x+3
Cau 7: Piém biéu dién ctia cic s6 phirc z =a + ai véi a € R, nam trén duong thang c6 phuong trinh
la:

Ay=X B.y=2x C.y=3x D.y=4x
Cau 8: Cho sb phicz=a+bi; a,beR. Pé diém biéu dién cta z nim trong hinh tron tam O ban
kinh R=2, diéukiéncliaavab la:

A.a+b=4 B.a?+Db2>4 C.a2+b%=4 D.a?2+b%<4
Cau 9: Cho sd phttc z=a + bi a,b e R, khi d6 z+ z bang?
A. a B. -2a C.2b D. 2a
Cau 10: Cho s phitcz=a+bi a,b e R, khi d6 z. Z bing?
A. a? B.b%2 C.a%+Db? D.a%.b?
Cau 11: Thu gon z =i(2 - i)(3 + i) ta dugc:

A.;:2+5i Qz:1+7i C.z=6 D.z=5i
Cau 12: Néu z =2 - 3i thi z° bang:

A. -46 - 9i B. 46 + O C.54-27i D. 27 + 24i
Cau 13: S6 phitc z = 34_ M ping?

—1
A0 gle 9 0. 22,
17 17 15 15 55 25 25

Cau 14: Cho sb phuc z= %—gi. S6 phire 1 - z + 22 bang:

A. —%+§i.8.2-x/§i C.1 D.0
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z+1

Cau 15: Cho s phirc z=x + yi # 1. (X, y € R). Phan 4o cia sd o la:
A. _—2;(2 B. _—223'2 C. X—Zz D. %
(x—l) +y (X—l) +y (X—l) +y (x—l) +y
Cau 16: Can bac hai cua -5 la:
A. 5 B.—\5 C. +/-5 D.+i/5
Cau 17: Can bac hai cua so thuc a am la:
A. a B. —J/a C. +J-a D.+iva

Cau 18: Cho phuong trinh bac hai ax® +bx+c =0, c6 A =b*—4ac, néu A <0, phuong trinh c6
hai nghiém phtrc xac dinh theo cong thuec:
SEANIA —b+/|Al
a

_—bxJA 5 _DEVA Cx, - D,
2a e a o 2a e
Cau 19: Trong C phuong trinh z2 + 2z + 4 = 0 c6 nghiém la:

A z,=-1+3 B.z,=-1+5 Cz,=-1+iV/3 D.z,=1+i3

Cau 20: Trong C, phuong trinh z? + 4 = 0 c6 nghiém la:

AX,

z=2i z=1+2i z=1+i z=5+2i
A. B. C. D.
z=-2i z=1-2i z=3-2i z=3-5i
Cau 21: Trong C, phuong trinh " =1-1 c6 nghiém la:
zZ+
Az=2-i B.z=3+2i C.z=5-3i D.z=1+2i
Cau 22: Goi z,,z, 1a hai nghiém phtc ctia phuong trinh: z* —4z+5=0. Khi d6 phan thuc coa
22+, la:
A.6 B.5 C4 D.7
Cau 23: Goi Z,; Z, 14 hai nghiém ctia phuong trinh 2> +2z+4=0.Khido P = |Zl|2 + |Zz|2
bang:
A.2 B.-7 C.8 D.4

Cau 24: Cho s6 phirc z c6 phan 40 4m va théa man z° —3Z + 5= 0. Modun cta s phirc
wW=27-3++14 bang

A. V13 B. V17 c. V11 D.5
Cau 25: Goi Z,; Z, 14 hai nghiém ctia phuong trinh —2* + 42 —9=0. A,B lan luot la diém biéu
dién Z,,Z,. Do dai AB la:

A /5 B. 245 c. 35 D. 4/5

VL. PAP AN

MG&i cau 04, diém

Cau |1 2 3 4 5 6 7 8 9 10 |11 |12 |13
pA |A |B |[D |[A |A |A |A |[D |D |C |[B |A |A

Cau |14 15 16 17 18 19 20 21 22 23 24 25

bA |D B D D C C A D A D D B
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o ~ CHUYEN BE: THE TiCH KHOI DA DIEN
CHU Pk 1: THE TICH KHOI CHOP

A. KIEN THUC CO BAN S

1.M6t 6 cong thirc tinh thé tich: |

- Thé tich ctia khéi chép: V = %.B.h

Trong d6: B: dién tich day, h: chiéu cao A ¢
- Ty s6 thé tich: Cho hinh chop S.ABCD.Trén cac doan thing SA,SB, S

S lan luot lay 3 diém A’,B’,C’ khac véi S. Ta co:
VS.A'B'C' _SA' SB' SCI
Vs agc SA SB'SC

2. Mot s6 kién thurc bé) tro:
*) Dién tich hinh phang B
2.1. Tam gidc thuong:

*S :%AH.BC=%absinC:\/p(p—a)(p—b)(p—c) === pr.

* p 1a nia chu vi, R ban kinh dudng tron ngodi tiép , r 1a ban kinh dudng tron noi tiép.
2.2. Tam gidc déu canh a:
a+/3 a*\/3
——: b)s=

2 4
¢) Budng cao ciing 1a dudng trung tuyén, duong phan giac, dudng trung tryc
2.3. Tam giac vudng:

a) Puong cao: h=

1
a)S= E ab (a, b 1a 2 canh goc vudng)

b) Tam duong tron ngoai tiép tam giac 13 trung diém cta canh huyén
2.4. Tam gidc vuong can (nira hinh vuong):

1 2 . A~ N X3

a)S= E a“ (2 canh géc vuong bang nhau) b) Canh huyén bang a\/z
2.5. Nira tam gidc déu: . A
a) La tam giac vudng c6 mot goc bang 30° hoac 60°

av/3 a’~/3
b) BC = 2AB c)AC= —— d)S= \/_

2 8 60° 300
B C

2.6. Tam giac can: a)S = Eah (h: dudng cao; a: canh day)

b) Pudng cao ha tir dinh ciing 1 duong trung tuyén, dudng phan giac, dudng trung truc
2.7. Hinh chir nhdt: S = ab (a, b la cac kich thudc)



1
2.8. Hinh thoi: S= Edl.dz (d1, d2 1a 2 duong chéo)

2.9.Hinhvudng: a) S=a? b)Duong chéo bing a~/2
2.10. Hinh binh hanh: S =ah (h: duong cao; a: canh day)
2.11.Hinh Thang: S= %..h.(day 16n + day bé)
Chu y : Cac hé thac lugng trong tam giac.
*) Xdc dinh géc giita dwong thing d va mp(P).

e Néu dL(P) thi (d,(P))=90"

e Néu khong vudng goc véi (P) thi:
- Xac dinh hinh chiéu vudng goc d’ cta d trén (P) .

Khi do : (d-:(P)=(d.d) =
*) Xdc dinh géc giita hai mdt phang cit nhau (P) va (Q).

(P)n(Q)=d )

acP.aldl_ 50)-@b
be(Q).bLd

anb=1ed

*) Khodng cdch giita 2 dwong thing chéo nhau a va b.

- Dung mp(P) L a tai O va (P)F\bz{l}

- Dung hinh chiéu vudng géc b’ ctia b trén (P)
-Trong (P) dung OH vuéng goc voi b’tai H.
-Tu H ké duong thang // véia catb tai B

*Néu aL b thi
-Dung mp(P) > b va mp(P) L a tai A 2
- Dung AB vudng goc véi b tai B R
Khi d6: d(a,b)=AB A b
-/
* Néu a va b khong vudng goc thi b
Cach 1: :

-Tir B ké duong thang // voi OH cit a tai A.
Khi déo: d(a,b)=AB

Céach 2:

- Dung (P) o b va mp(P)//a .

- Dung (Q) thoamian A € (Q), Ace€a,

Q) L(P).QN(P)=c

- Trong (Q) ké AB vudng goc véi c tai B
Khids: d(a,b)=AB




B. KY NANG CO BAN
B 1: Xac dinh day va dudng cao cta khdi chop

B2: Tinh dién tich day B va chiéu cao h

) 1
B 3: Ap dung cong thirc V = 5 B.h

Chua y: Pwong cao hinh chop.
1/ Chop c6 canh bén vudéng goc, duong cao chinh 1a canh bén.
2/ Chép c6 hai mit bén vudng goc voi day; duong cao 1a giao tuyén cia hai mat bén vudng goc day.
3/ Chop cb mit bén vudng goc day duong cao nam trong mit bén vudng goc day.
4/ Chép déu, dudng cao tir dinh dén tam da giac day.
5/ Chép c6 hinh chiéu vudng goc cia mot dinh xudng mit day , dudng cao 1 tir dinh téi hinh chiéu.
C.BAI TAP LUYEN TAP
Bai tap 1.
Cho khéi t&r dién déu ABCD canh b?mg 2a, M la trung diém AD.
a) Tinh thé tich khéi t dién ABCD.
b) Tinh khoang cach tir M dén mp(ABC).

Giai:
a) Goi E 1a trung diém cuia BC va O la tam cua
AABC .Vi ABCD la tir dién déu nén DO L (ABC) va

AE | BC va O < AE, AO:%AE: Zaf

Trong Avubéng DAO : DO =+/AD? - AO®

M
- J(za)z MU

2a)" /3
Mit khac: S 5. :%:azﬁ, A &

Vay thé tich khéi tir dién déu ABCD la

1 3 E
V=28,,..D0 :%,a%, Zaf :Zaf Y
b) Ké MH// DO, khoang cach tir M dén mp(ABC) la
1 a\/6

MH; MH =—DO=——
2 3

Bai tip 2: Tinh thé tich khdi chop S.ABCD. c¢6 day ABCD I hinh vudng.
a. Biét AB=2a,SA L (ABCD) va gbc giita mit (SBD) va (ABCD) bing 60°

b. Biét AC=2a va goc giita SC va (ABCD) bing 30°



Giai:
a. Goi O la giao diém cua AC va BD. Vi ABCD la hinh
vuong canh 2a nén ta c6: ACLBD va

AO =%AC=a\/§

Vi SA L (ABCD) Khi d6 AO 14 hinh chiéu vudng goc

cua SO trén (ABCD). ma BD L AO nén SO L BD
Do d6

((SBD).(ABCD)) = (S0, AO) = SOA=60"
Trong tam giac vudng SAO ta co:

SA=AO.tanSOA = a2, = a6 ;

3 6

Spscp = (23-)2 =4a’ (dvdt)

1 1, a6 2a°\6
Vay VS.ABCD = gSABCD'SO =—.4aZ.T: 5

b. Vi SA L (ABCD) nén AC 1 hinh chiéu vudng goc cia SC trén (ABCD).Do d6
(g/f,(’AESC\D)) = (SE_AE) - CA=30° .Trong tam giac vudng SAC ta c6:
T 1 2a
SA=AC.tanSCA =2a.—= 3\/5 ; Goi b la do dai canh cua hinh vuong ABCD Ta c¢o

N

ba2=2a=b=aV2 Khido S, =(aV2) =2a (dvdt)

1 1. ,2a/3 43a%3
Vay VS.ABCD:§SABCD'SO:—.23.2. 3 = 5

(dvtt)

Bai tdp 3:Tinh thé tich khdi chop SABCD c6 day ABCD la hinh chit nhat AB=a,BC=3a,
SA | (ABCD).Goc giira SD va ABCD bing 45°.

Giai:
a) Vi SA_L (ABCD) nén AD la hinh chiéu vudng goc cua
SD trén (ABCD).Do d6
(SD,(ABCD)) = (D, AD) = SDA = 45°

Xét tam giac SAD cé DA=45" va SAD =90°nén
SA=AD=3a

Tacd S,pp = AB.BC=a.3a=3a%,
Vay thé tich khéi tir dién déu ABCD la

Vi ascp = % S pcp-SA= %.3a2.a =3a°

Bai tip 4: Cho hinh chép S.ABCD c6 canh ddy ABCD 1 hinh vudng canh bang 3a. Mit bén (SAB)
1a tam giac déu va vudng goc v6i mat day.Goi H 14 trung diém cua AB

a. CMR SH L (ABCD)

b. Tinh thé tich khéi chop S.ABCD theo a.



¢. Goi M la diém ndm trén AD sao cho AM = % AD .Tinh VS.ABM theo a.

Giai:
a. Vi ABC la tam giac déu canh 3a va H 1a trung
diém cia ABnénSH L AB va SH = 3a2\/§
Khi d6 Taco:
(SAB) L (ABCD)
SH 1 AB — SH L (ABCD)
SH c (SAB)
b. Mitkhic: Spgcp = (3a)2 =9a’

Vay Thé tich kh6i chop S.ABCD la
1 1 3
=S ,00p-SH =2 022, 3af _ 9a2ﬁ

VS.ABCD - 3
¢.Vi M la diém nam trén AD théa man AM = % AD nén.Tinh

1 11 1 9a’

_Z'SAABD :Z'ESABCD :gsABCD :?

SAABM
Vay Thé tich khdi tr dién S.ABM 1a
1 1 9a® 3av/3 9a°\/3

V, soy ==Spg SH = =. 0.
S.ABM 3 ABM 3 8 2 16

Bai tap 5: Cho hinh chop S.ABC c6 AB = 5a, BC = 6a, CA = 7a. Cdc mit bén (SAB), (SBC), (SCA)
tao véi ddy mot goc 60°. Tinh thé tich ctia khoi chop do.

*Ha SH L (ABC)vaké HM L AB,HN L BC,HP L AC

* Goc tao boi mat bén (SAB) vai day (ABC)1a ¢ = SMH
=60°
* Ta c6: Cac A vuong SMH, SNH, SPH bang nhau (vi c6
chung 1 canh

goc vudng va 1 goc nhon bang 60°)
* Suy ra: HM = HN = HP =r & ban kinh dudng tron ndi
tiép A ABC

1 1
* Tinh: Vs.aBc = § Bh = ESABC .SH

* Tinh: Saec = \/p(p —a)(p—b)(p—c)
= /p(p— AB)(p—BC)(p — CA) (cong thitc Hé-rong*

Tinh: p = w =09a  Suyra: Sasc = 6/6a°

* Tinh SH: Trong A, SMH tai H, ta c6: tan60° =




SH
—— = SH = MH. tan60°
MH

* Tinh MH: Theo cong thuc Sasc = p.r = p.MH
S 2a/6

p -3
Suy ra: SH = 2a+/2 Vay: Vsasc = 82°+/3

= MH =

D. BAl TAP TRAC NGHIEM KHACH QUAN

Cau 1: Trong cac ménh dé sau, ménh d& ndo sai?

A. Hinh 1ap phuong la da dién 16i

B. T dién 1a da dién 16i

C. Hinh hop 1a da dién 16i

D. Hinh tao bai hai tir dién déu ghép voi nhau 1a mot da dién 16i

CAu 2: Khdi da dién déu loai {4;3} c6sb dinh 1a: A.4 B.6 C.8 D. 10
Cau 3: Khéi mudi hai mit déu thudc loai

A. {5, 3} B.{3,5} C.{4,3} D.{3 4}

CAu 4: Khdi da dién déu nao sau day c6 mat khong phai 1a tam giac déu?

A. Thap nhidién déu  B.Nhjthap diéndéu  C.Batdiéndéu D. Ta dién déu
Cau 5: Kim Tu Thap ¢ Ai Cap c6 hinh dang cta khéi da dién nao sau day

A. Khdi chop tam gidc ddu  B. Khéi chop tir giac

C. Khéi chép tam giac D. Khéi chép tir gidc déu

Cau 6: SO dinh ciia hinh muoi haimitdéula: A.20  B.12 C.18

Cau 7: S6 mit phang ddi ximg ctia hinh 1ap phuong la: A. 6. B.7. C.8. D.9
Cau 8: Mdi dinh cua hinh da dién 13 dinh chung cta it nhét:

A. Hai mit. B. Ba miit. C. B6n mat. D. Nam mit.

. ‘. : . . : : 1 .
Céau 9: Cho mot khoi chop co thé tich bang V. Khi giam dién tich da giac day xuong 5 lan thi thé

tich khéi chop luc d6 bang:
AY gl c Y p. L
9 6 3 27

Cau 10: Cho hinh chép S.ABCD c6 déy ABCD la hinh vuéng canh a. Biét SA L (ABCD) va
SA=a\/3.  Thé tich cia khéi chop S.ABCD Ia:

3 3 3

A a3 B L c. V3 p a3

r 4 37 2 12 N 2 N
Céau 11: Cho khoi tr dién ABCD. Lay mot diém M nam gitra A va B, mot diém N nam gitra C va D.
Béng hai mit phing (MCD) va (NAB) ta chia khdi tir dién da cho thanh bon khi tir dién:
A. AMCN, AMND, AMCD, BMCN ~ B. AMCD, AMND, BMCN, BMND
C. AMCD, AMND, BMCN, BMND D. BMCD, BMND, AMCN, AMDN
Cau 12. Cho hinh chép S.ABC c6 day ABC la tam giac vudng can tai A, AB =2cm va c6 thé tich 1a

8cm®. Chiéu cao xuit phat tir dinh S cua hinh chop di cho 1a.
A. h=3cm. B. h=6cm. C. h=10cm. D. h=12cm.




Céau 13: Cho hinh chép S.ABC c6 SA =a, tam giac ABC déu, tam giac SAB vudng cén tai S va

thudc mit phang vudng goc véi day. Thé tich khdi chop S.ABC la:

A J6a® 5 J6a® c J6a’® o J6a®
4 S 24 = 12 -8

Céau 14: Cho lgh(”')i chop tir giac déu S.ABCD co day ABCD la hinh vu6ng canh 3cm. Canh bén tao voi
day mot goc bang 60°. Thé tich ctia khoi chop do la:

A N2 g N6 c. 93 p, 36
2 - 2 2 2
Céu 15. Cho hinh chop S.ABC c6 day ABC la tam giac vudng can tai B vai AC=a, biét SA vubng goc

v6i day ABC va SB hop voi day mot goc 60°. Thé tich khdi chop S.ABC la

3 3 3
A a’\6 B.aJ6 ga\/g D.an
6 12 24

Cau 16. Cho hinh chdép S.ABCD c6 day ABCD la hinh vuéng canh a va SA vuong goc voi day, mat

bén (SCD) hop véi day mot goc 60° . Thé tich khbi chop S.ABCD Ia

3 3 3

A a3 B.a\@ ga‘/g D.a\/§
2 3 4

Cau 17. Cho tir dién ABCD. Goi B* va C’ lan luot 1 trung diém ciia AB va AC. Ti s6 thé tich cua

khoi tir dién AB’C’D va khoi tir dién ABCD la

A L B. - c. 1 D. 1

2 4 6 8
Cau 18: Cho hinh chop tam gidc c6 dudng cao bang 100 cm va cac canh day bang 20 cm, 21 cm, 29
cm. Theé tich ctia hinh chop dé bang

A.6000cm’ B. 6213cm® C.7000cm® D. 7000+/2 cm’®
Cau 19: Cho khoi chop déu S.ABC c6 canh déy bang a. Thé tich khdi chop S.ABC Ia ( biét canh bén
bang 2a)
aJ11 a3 a® a®
iVS.ABC :T B. Vs nec :T C. VS.ABC :E D. VS.ABC :7

Céu 20: Chovkhéi chop S.ABCD c6 ABCD la hinh vudng canh 3a. Tam giac SAB can tai S va nam
trong mat phang vuong goéc vai day. Thé tich khoi choép S.ABCD 1a (bict goc gitta SC va (ABCD)

bang 60°)
92315

, C. Vg aep =92°V3  D. Vg 4aep =182°/15

A. VS.ABCD = 18&3\/5 B. VS.ABCD =

Cau 21: Cho hinh chép S.ABCD c¢6 ABCD Ia hinh binh hanh ¢6 M va N theo thir tw 1 trung diém

Vv
SA, SB. Khi d6 —2CDMN 5.

Vs.cDAB



3 1 3 1
A — B.— C.— D.—
4 8 8 4

Céau 22: Cho tir dién ABCD c0 cac canh BA, BC, BD d6i mét vudng goc véi nhau:

BA = 3a, BC =BD = 2a. Goi M va N lan luot Ia trung diém ciia AB va AD. Thé tich khéi chop
C.BDNM la

3 3
A.V =8a’ B.V:% gvz% D.V=a’

Cau 23: Cho hinh chép S.ABCD biét ABCD la mét hinh thang vudéng & A va D; AB = 2a; AD = DC
= a. Tam gidc SAD vuong & S. Goi I 1a trung diém AD. Biét (SIC) va (SIB) cung vudng goc voi
mp(ABCD). Tinh thé tich khéi chép S.ABCD theo a
a a’ 3q° a3
A — B. — C. — D.
3 4 4 3

CAu 24: Cho khbi chop S.ABC c6 dudng cao SA bang a, ddy 1a tam giac vudng can dinh B ¢c6 BA =
BC =a. Goi B’ 1a trung diém cua SB, C’ 1 chan duong cao ha tir A cua tam gidc SAC. Thé tich khéi
chop S.AB'C' la

a a

A V== B. V=" C. V== D.v=2&
36 12 = 36 4

Cau 25: Cho hinh chép S.ABCD c¢6 day ABCD la hinh thang vuéng tai A vaD; AB = AD = 2a,
CD = a; goc gitta 2 mat phang (SBC) va (ABCD) bang 60°. Goi I 1a trung diém cua canh AD. Biét hai
mat phang (SBI) va (SCI) cung vudng goc véi mat phang (ABCD). The tich khoi chép S.ABCD theo
ala

3 3 3 3
A Vo 3\/173a B V- 3\/155a c Vo 3\/5 a 5 Ve \/115; a



, CHU BE 2: THE TICH KHOI LANG TRU
A. KIEN THUC CO BAN
1. Kién thirc co ban
- Thé tich khoi hop chir nhat: V =a.b.c Trong d6 a,b,c 1a ba kich thuéc.

Dic biét: Thé tich khdi 1ap phuong: V = a’
Trong d6 a 1a d6 dai canh cua khéi 1ap phuong .

- Thé,tich kh(‘)i» lang tru: V=Bh Trong d6: B: dién tich day, h: chidu cao
2. Kién thuc bo tro
Tuong tu’vchu’ del
B. KY NANG CO BAN

B1: Xac dinh day va duong cao ciia khdi hop,khdi ling try.

B2: Tinh dién tich day B va chiéu cao h

B3: Ap dung cong thirc V =B.h
C.BAI TAP LUYEN TAP
Bai tap 1: Tinh thé tich cua khdi lang try tam giac déu co canh ddy bang a va chiéu cao bang 2a+/15

A’ C'
Gidi: Gia su khoi lang tru tam gidc déu c6 canh day bang
a va chiéu cao bing 2a+15 12 ABCA'B’C’. D
Khi ¢6 Thé tich ctia khi lang tru 1a
2 \/’ 35
a 3a
VaBCA'B'C' = AA"Sppc =2aV15. 2
; A |
\/_ (dvtt) \/ C
12
B

Bai t4p 2: Cho lang try tam gidc ABC.A'B'C’ ¢6 ddy ABC la mot tam giac déu canh a va diém A’
cach déu cac diém A, B, C. Canh bén AA’ tao véi mp ddy mot goc 60°. Tinh thé tich cua ling try

Giai:
a. Goi H 12 hinh chiéu L cua A’trén (ABC). Do
A’A=A’B=A’C nén H la tdm ctia tam giac déu ABC.

a+/3

Taco AHvaa A'AH=60°

Trong A vudng AA’H ta co

3
A’H = AH. tan60° = %.\/_ =a
_a'V3

ABC —

S

Vay Thé tich khdi lang tru [a




2 3
A'H:a\/g.aza‘/§

= S
ABCA'B'C' — S ABC"
4 4

\Y

Bai tap 3: Tinh thé tich ctia khéi 1ap phuong ABCD.A’B’C’D’ c6 dudng chéo bang AC'=2a+/6

Giai: ,
Goi b la d¢ dai canh cua khoi 1ap phuong
ABCD.A’B’C’D’ Taco
AC'=a\/2; AA'=b;AC'=b\/3 I c
Mit khac Theo gia thiét ta c6 AC'=2a\/5 nén
by3 =2a/6 = b=2a\/2
2 2

Khi d6 S, =(22v/2) =8a

~ 2 L Ko 1w | \
Vay The tich khoi lang tru 1a s’ ~2

VABCD.A'B'C'D' = SABCD'AA' = D' c'
=2a+/2.8a% =16a%+/2

Bai tap 4: Cho lang try dimg ABC.A'B'C’, day ABC la tam giac vuong tai A, AC = a, BC = 2a va
AA’ = 3a. Tinh thé tich cta ling tru

* Puong cao ling tru 1a AA" = 3a B c
*Tinh: Ve ape =Bh =S, AA
1 . .
*Tinh: S, = S ABAC (biétAC=a) A
* Tinh AB: Trong A, ABC tai A, ta co: 3
AB? =BC? - AC? = 4a° —a? = 3a? 5 2 .
3a°/3
BS: VABC.A’B'C' = 2 :
A

Bai tap 5: Cho hinh hgp ABCD.A'B'C'D’ c6 day la hinh thoi canh a, goc A = 60°. Chan duong
vudng goc ha tir B” xudng ddy ABCD tring véi giao diém hai dudng chéo ciia day. Cho BB’ = a.
a) Tinh gbc gitra canh bén va day
b) Tinh thé tich hinh hop

a) Goi O 1a giao diém ciia 2 duéng chéo AC va BD D' o
*B'0 L (ABCD) (gt) -
* Goc gifta canh bén BB’ va day (ABCD) la B
¢=B'BO A
*Tinh ¢ =B'BO. Trong A, BB 'O tai O, ta c6:
OB OB a
CosQ = — = —
BB a D . C
+ AABD déu canha (vi A=60° vaAB=a) =DB =a s \t(p>\




1 a 1
—O0B=_—-DB=—_.Suyra:cos¢ = - =
2 2 2

¢ =60°
b) * Day ABCD la tong cua 2 A déu ABD va BDC
a’3 2’3
= S,...,=2 =

ABCD — 4 2

*V =Bh=S BO= B'O

ABCD.A'B'C'D’ ABCD *

a3

*TinhB'O: B0 = - (vi AB'BO la nira tam gidc

3

N 3a
deu) bS: —
4

Bai tap 6: Cho ling try dimg ABC.A'B'C’, day ABC la tam giac vudng tai A, AC =a, C=60°,
duong chéo BC' ctia mit bén (BCC 'B’) hop v6i mit bén (ACC A') mot goc 30°.

a) Tinh d6 dai canh AC’ b) Tinh thé tich ling tru
* Xac dinh @ 1a goc gitra canh BC' va mp(ACC'A)
+ CM: BA L (ACC'A) B

BA L AC (vi A ABC vudng tai A)

BA L AA’ (ABC.A'B'C’ lang tru ding)
+ ¢ =BC'A =30°

Tinh AC™: Trong A, BAC' tai A

(viBA LAC)
AB , AB
tan30° =~ =AC' = ~=AB+/3 B
tan 30

] . , o AB

* Tinh AB: Trong A, ABC tai A, ta c6: tan60° = ——
AC
— AB = AC. tan60° = a+/3 (vi AC = a). PS: AC’ = 3a
b) VABC.A'B'C' = Bh = SABC CC'

a’\/3
2
Tinh CC": Trong A, ACC' tai C, ta c6: CC2 = AC? - AC? =

8a2 =CC = 2ay2 DS: V. 0 =236

1 1
Tinh: SABC = EABAC = E.a 3a=

D. BAl TAP TRAC NGHIEM KHACH QUAN
Cau 1: Khi ting d6 dai tat ca cac canh cia mot khdi hop chit nhat 1én gap doi thi thé tich khdi hop
tuong g s¢:
A. ting 2 lan B. ting 4 lan C. ting 6 lan D. ting 8 lan
CAu 2: Thé tich cua khdi lang tru c6 dién tich day B va chiéu cao h 12




A.V =DBh B.V:%Bh C.V:%Bh D.Vz%Bh

Cau 3. Cho hinh hop ABCD.A'B'C'D'. Goi O la giao diém cia AC' va B'D . Phép d6i xing tam
O bién lang try ABD.A'B'D" thanh hinh da dién nao sau day:

A. ABD.A'B'D' B. BCD.B'C'D' C. ACD.A'C'D' D. ABC.A'B'C'
Cau 4: Cho mdt khdi 1ap phuong biét rang khi ting do dai canh cua khéi lap phuong thém 2cm thi
thé tich cua no ting thém 98cm?. Hoi canh cia khéi lap phuong da cho bang:

A. 3cm B.4cm C.5cm D.6cm

Cau 5: Mot khéi hop chit nhat (H ) c6 céc kich thude 1a a,b,c . Khdi hop chir nhat (H') c6 cac kich
2 V.
3

3 b 3 A .
thude tuong ung lan luot l1a g,—,—c . Khi d6 ti so thé tich ) la
2 4 V
(#)
L B. c.t D. -
24 12 2 ‘ ‘

Cau 6: Cho hinh lang tru tam giac deéu co cac canh déu bang a .Thé tich khoi lang tru déu la:

3 3 3 3
A 22 V2 g & c b 2 J3

3 3 3 4

Cau 7: Cho hinh lang tru dimg ABC.AB,C, co diy ABC la tam giac vudng can tai A, AB =2+/2cm
va AA =2cm. Tinh thé tich V cua khéi chop BAACC,.

16 18 12

AV ="—cm B.V ="—cm C.V="—cm D. V =8cm®.
3 3 3

CAu 8: Cho lang tru tam giac déu ABC.A'B'C' c6 canh day bang a , dién tich mit bén ABB'A'
bang 2a’. Tinh thé tich ling tru ABC.A'B'C'
3 3 3 3
Aa\@ g 83 c &V3 o &3
2 4 6 12

Cau 9: Cho lang try dung tam giac ABC.ABC c6 day ABC la tam gidc vudng cén tai A, co canh

BC =a+/2 va AB =3a. Thé tich khéi lang tru Ia.
A. a’\3 B. a®\/2 C. 232 D. 3a%/2

Cau 10. Cho hinh lang tru dimg ABC.A’B’C’ c6 day la tam giac vuong can tai B, AC = aﬁ, canh
bén AA'=2a. Tinh thé tich cia khéi ling try ABC.A'B'C’.
3 3 3
AL g, V3 C.a p. &3
3 6 2

Cau 11: Cho khdi lang tru ABC.A'B'C'c6 day la mot tam giac déu canh a, goc giita canh bén va
mit day 12 30°. Hinh chiéu cia A’ trén mit phing day (ABC)tring véi trung diém cta canh BC .
Thé tich khéi lang tru 1a.

a’\3 a’\/3

3 3
a'3 B a'\3 C. D.

A .
4 - 8 3 12




Cau 12: Véi mot tAm bia hinh vudng, ngudi ta cat bo & mdi goc tim bia mot hinh vudng canh 12cm
10i g?ip lai thanh mot hinh hop chit nhat khong c6 nip. Néu dung tich cua cai hop d6 1a 4800cm? thi
canh tam bia c¢6 d0 dai la

A. 42cm B. 36cm C. 44cm D. 38cm
Céau 13: Cho ling try ding tam gidc ABC.AB'C ¢6 day ABC la tam giac vudng cén tai A, c6 canh

BC =a+/2 va AB =3a. Tinh thé tich khéi lang tru.

A. a’\/3 B. a’\2 C. 2a%\2 D. 3a°\2

Cau 14: Téng dién tich cac mat cia mot hinh lap phuong bang 96. Thé tich caa khéi lap phuong d6
la:

A84 B.9L C. 64 ~ D.48
Cau 15: Thé tich cta khoi 1ap phuong ABCD.A’B’C’D’ 1a (biét AD’ = 2a)

242

AV =2a° B.V =83’ C.V =22a° D.V ===a
CAu 16: Cho hinh ling tru ding ABC.A’B’C’ ¢6 ddy la tam giac déu canh a. AA’ bing a.\/E. Thé
tich khoi lang tru ABC.A’B’C’ la

_a'V6

a’\7 a’\/6 CoV a’\6
4 2 ' 12 = 4

B. V= V= D. V
Cau 17: Cho lang try dimg ABC.A'B'C'co day 1a tam giac can, AB = AC =a, BAC =120°. Mait
phang (AB'C") tao voi mat day goc 60°. Thé tich lang try ABC.A'B'C' bang

a’\/3 3/3a°

3
B. C. a’ D%
2 2 8

Cau 18: Cho lang tru dang ABC.A'B'C' ¢c6 day la tam gidc can, AB = AC =a, BAC =60°. Mit
phing (AB’C’) tao v&i day mot goc 60°. Tinh thé tich khoi tru
a®/3 o 3a°\/3 . a*/3 5 2a°\/3

8 ~ 8 4 4
Cau 19: Cho hinh hop dung c6 day 1 hinh thoi canh a va c¢6 goc nhon bang 60° Puong chéo 16n cla
day bang duong chéo nhd cta lang tru. Thé tich hinh hop 1a
a’\3 3a%/3 a3/6 a’y3
B. C. D.

8 2 2 4
Cau 20: Cho lang tru dung tam giac ABC A'B'C' c6 day ABC la tam giac vudng tai A véi
AC =a, ACB =60 °biét BC' hop v6i (AA'C'C) mot goc 30°. Thé tich ling try 1a

3
a’v2 3
A 23/— B. a%\/7 c. 2 5/6 D. 2’6
Cau 21: Cho lang tru tir giac déu ABCD A'B'C'D' ¢6 canh ddy a va mat phang (BDC') hop voi day
(ABCD) mdt goc 60°. Thé tich khoi hdp chit nhat la
3 3 3
af B.af C.af D. a’V6

A V=

A

A

A

A.




Cau 22: Cho lang try tam giac ABC A'B'C' ¢c6 ddy ABC la tam giac déu canh a va diém A' cach déu

2a\/_

A,B,Cbiét AA'= == Thé tich lang tru la

3 3 3
A.g”/5 B_."“/g c &3 D. a’\3

2 4 3
Cau 23: Cho ling try ABC.A'B'C' ¢6 day l1a tam giac déu canh a , Hinh chiéu vuéng goc cia diém
A' lén mat phiang (ABC) trung vdi trong tm tam giac ABC . Bi€t khoang cach gitra hai duong thang

AA' va BC bang Y2 [ . Khi d6 thé tich cta khdi lang tru 1a

3 3 3 3
_la\/§ B.a\/é Claﬁ > 2’3

12 6 3 4

A . - .7 ’ ’ 4 7 r \ A cr A 1 a'\/g \
Céau 24: Cho lang tru tam giac ABC.A B C ¢6 day ABC la mot tam giac déu canh a , :T va
hinh chiéu cia A trén (A’B’C’) 1a trung diém cua B’C’. Tinh thé tich cua lang try trén.
3 3 3

A 3 B.L a3 D. 3’

8 8 3

Cau 25: Cho lang try ABC.A'B'C" ¢6 day 1a tam giac déu canh a . Hinh chiéu vudng goc ciia A'
1én mat phang (ABC) 1a trung diém ctia canh AB, goc giita duong thing A'C va mat ddy bang 60°.
Tinh theo a thé tich cia khdi ling tru ABC.A'B'C'
3 3 3 3
A 3J3a g Y3 N 5 ¥
8 8 4 8




' ] CHU PE III : MAT NON, MAT TRU
A. KIEN THUC CO BAN
1. Mét non tron xoay

+ Dién tich xung quanh cua mat non: S, = 7rl
+ Dién tich toan phan cia mdt nén: S, =zrl+ 7212 =71 (1+71)

: ) 1 1
+ Thé tich ciia kh6i nén: V, = 3 Bh = g;zrzh

2. Mt tru tron xoay

+ Dién tich xung quanh cua mat try: S, =27rl

+ Dién tich toan phan cta mét tru : Sy, = 2711 +2721° = 271 (1 +7)
+ Thé tich ctia khéi try : V;, = Bh=7zr’h

*Chay:

- Mt tru c¢6 d6 dai duong sinh béng chiéu cao.

M

Hinh 2

- Dién tich xung quanh ctia mit try bang dién tich hinh chir nhat c6 hai kich thudc 1a chu vi dudng

tron day va do dai duong sinh.

- Tam duong tron ngoai tiép, ndi tiép tam giac deéu trung vdi trong tam cua tam giac déu

- Tam dudng tron ngoai tiép tam giac vudng tring voi trung diém canh huyén.

- Tam duong tron ngoai tiép, ndi tiép hinh vuong trung véi tdm cia hinh vudng.

- Tam dudng tron ngoai tiép hinh chit nhat tring v6i tim cia hinh chit nhat.

B. Ki NANG CO BAN

- Xéc dinh dugc ban kinh dudng tron ngoai tiép, noi tiép da gidc ddy cua hinh nén, hinh truy.

- Xéc dinh dugc do dai duong sinh.
- Tinh dién tich xung quanh, dién tich toan phﬁn cla mat noén, mat tru.
- Tinh thé tich cua khdi non, khdi tru.

C. BAI TAP LUYEN TAP
1) Mit non
Bai tap 1: Trong khong gian, cho tam gidc ABC



vuong tai A, AC =2a, ABC =30°. Tinh d¢ dai duong
sinh cua hinh nén nhan dugc khi quay tam

giac ABC quanh truc AB.

Loi giai: Do dai duong sinh | =BC = AC =4a

sin B
Bai tap 2: Cho hinh nén, mit phang qua truc va cét hinh nén
tao ra thiét dién 1a tam giac déu canh 2a. Tinh dién tich xung
quanh cta hinh nén va thé tich ctia khdi non.
Loi giai
Mit phang qua truc va cat hinh nén tao ra tam giac déu canh 2a
— (=2R=2a = h=~-R* =\J2a) -a’ =a\3

Dién tich xung quanh : S, =7Rl=7.a.2a = 2ra’

3
Thé tich khbi tru : V(mm) 7 I; h _ma 361\/7 7ra3\/§

Bai tap 3: Mot hinh non c6 dudng sinh bang 2a va thiét dién qua truc la tam giac vudng.
a) Tinh dién tich xung quanh va dién tich toan phan ctia hinh nén
b) Tinh thé tich cuia khoi non
Loi giai
a) Thiét dién qua truc 14 tam gidc SAB vudng cin tai Snén A = B = 45°
l
= SO =0A=h=R=——=a\2

J2
— Syxq =R/ = n.a\/E 2a= 2\/571212
— Sip = Suq + Sasy =2327a> + 270> = (22 +2)wd’

1 \/’_2\/77121

b)V=n Rh——
3

Bai tap 4: Cho khbi chop déu S.ABCD c6 AB = a, goi O 1a tAm cua day, SAO = 600
a) Tinh thé tich khdi chép S.ABCD theo a. )
b) Tinh dién tich xung quanh ctua hinh nén dinh S, day 1a duong tron ngoai tgp hinh vuong
ABCD
Loi giai .
a) ViS.ABCD déunén SO L (ABCD)
Taco:S,pe, =a°;
ASOA vudng tai O c6 :

SO = AOtan SAO =¥tan 60° = aff *f




1 _laza\/g_ag’\/g

=V, ==S SO dvtt
SABCD ~ 3 ‘ABCD 3 2 6 (dvtt)
b) Goil, r 1an luot 1a duong sinh,ban kinh day cua hinh nén .
Tacé: r:OA:ﬂ X
2
2 2 2 2
| = SA=+/SO? + AO? \/[a‘fJ +(a*fJ - 3%#% —aV2

av2
=8, =nrl= n—-a 2 =na’® (dvdt)

Bai tap 5: Cho hinh chép déu S.ABCD c6 canh day bang a, goc SAC bang 45°.
a) Tinh thé tich khi chop .
b) Tinh dién tich xung quanh ciia mat nén ngoai tiép hinh chép S.ABCD
Loi giai
a) Goi O la tam cua hinh vuéng ABCD = SO L (ABCD).

3
V:%B.h; B=ad’; h=50=0A.tan45 :ag. = yv=2 f

a2 a2

b) Tac6 R=0A, | =SA=a. Viy S = T a=r—

2) Mat tru

Bai tap 1: Cho hinh try c6 ban kinh R = a, mit phang qua truc va
cit hinh tru theo mot thiét dién c6 dién tich béng 6a2. Tinh dién tich xung quanh ctia hinh try va thé
tich cua khi tru.

Loi giai
Mat phéng qua tryc va cat hinh tru theo mot hinh chit nhat = S = /.2R = 64>
2
= =0 s,
2R

Dién tich xung quanh : § =27Rl=27.a.3a=67a’ /ﬁ\
Thé tich khéi tru : Vi, = 7R*h =r.a*>3a =37a’ }\—/

Bai tap 2: Mot thung hinh tru c6 thé tich 1a 487, chiéu cao la 3. Tinh di¢n tich V=487 3
xung quanh cua thung d6 U

L(‘rigiéi:V:nth:48n:>R:‘/%:4 w

S,q =2mRI=21.4.3=24n (do I=h)

Bai tap 3: Nguoi ta can d6 mot dng thoat nude hinh tru véi

chiéu cao 200cm, d6 day cua thanh éng 1a 15cm, duong kinh



ctia dng 1a 80cm . Tinh luong bé tong can phai d6

Loi giai: 200 cm
Goi V,,V, lan lugt 1a thé tich cua khoi tru bén ngoai va bén trong

Do d6 luong bé téng can phai d6 la:
V =V, -V, = 7.40%.200 — 7.25°.200 = 1950007zcm® = 0,1957m*

Bai tap 4: Mot hinh tru c6 hai day 1a hai hinh tron (O;r) va (O’;r). Khoang cach gitra hai day la
00'=r+/3. Mot hinh nén c6 dinh 1a O’ va c¢6 day la duong tron (O;r). Goi S1 1a dién tich xung quanh

A et A O
hinh try, S2 1a dién tich xung quanh hinh nén. Tinh ti s6 —-
2

Loi giai :

S, =2xr.r3=2xr’\3

Goi O’M duong sinh ctia hinh nén O'M =+/00"%+0M? = 2r
S, = zr.2r =2zxr?

S, _2tr'V3 _

Va =
i S, 2xr?

Bai tip 5: Trong khong gian cho hinh l4p phuong canh bang a.
a) Mot hinh tru c6 hai day 1a hai hinh tron noi tiép hai mat cia mot hinh l1ap phuong canh a. Tinh
thé tich ctia khéi tru do.
b) M@t hinh tru c6 hai day 1 hai hinh tron ngoai tiép hai mit ctia mot hinh 14p phuong canh a.
Tinh thé tich cta khéi try do.

Loi giai: D" C'

o _a
a) Taco:r —2,h_a A

3 ‘ Bl
Vay V = zr?h :”.(%)Z,a:> Vv :% B

aV2

b) Taco:r= :T;h:a

Vay V =ﬂr2h=ﬂ-(¥)z.ajv : ﬂ; _ §

N o
O

Bai tap 6: Cho hinh lang tru dimg ABCA’B’C’ ¢ day la tam giac déu cach bang a, mit phing A’BC
hop v6i mit phing day (ABC) mot goc 60° .

a) MGt tru tron ngoai t1ep hinh ling try. Tinh dién tich xung quanh va thé tich cua&‘nh tru. c'
b) Mot tru tron ndi tiép hinh ling try. Tinh dién tich xung quanh va thé tich cia hi =
Loi giai N\, B
3 V3 3a VY

‘h=AA’= AM.tan60° = > NN

\ N

tru
ek

a) Ta co: AM—a r:AG—a

1>
(@}

o
o) '
=<




V3 3 3) 3
Vay Sxq = 2nrl= naT—a—aZ\/_ 'V =mnr’h= LaT] _azﬂ

Ne

b) Ta co: r—GM—al

Vay Sxq= 2mrl=2

a\/_ 3 3a aZ\/§n L a3 "3
V=nar‘h=n|—| . —=—
2 2 6 2 8

D. BAI TAP TRAC NGHIEM
Céau 1. Cho hinh né6n dinh S va day ctia hinh nén 1a hinh tron tam O ban kinh R.

Biét SO = h. Pudng sinh ctia hinh nén bang :

A. 24/R? +h? B. VR?+h? C. vh? -R? D.2+/h? —R?

Cau 2. Puong tron ddy cia mot hinh ndn c6 dudng kinh bang 8cm, dudng cao 3cm. Giao ctia mat
phang chtra truc cuia hinh nén va hinh nén d6 la mot tam giac can. Chu vi ctia tam giac do 1a :

A. 12cm B. 14cm C. 16cm _D. 18cm

Céu 3. Cho tam giac ABC vudng tai A, AB =2cm, AC = 3cm . Quay hinh tam giac ABC quanh truc
AB ta dugc hinh nén c6 dién tich xung quanh 1a :

A. 37/13cm? B. 7+/13cm? C. 37+/5cm? D. 7/5cm?

Cau 4. Cho hinh tru c6 hai duong tron day 1a (O; ZCm) va (O B 20m) . Mt phang (P) vudng goc véi
00’ va cat OO’. (P) cat hinh tru theo mot duong tron c6 chu vi la :

A. 2zcm _B. 4zcm C. 6zzcm D. 8zcm

Cau 5. Cho hinh tru c6 hai duong tron day la (O; R) va (O "R ) OO0' = h . Mit phing (P) chira
0O’. Thiét dién tao bdi mp(P) va hinh try cé chu vi la :

A. 2h+4R B. 2h+2R C. h+4R D. h+2R

Céau 6. Cho hinh nén c6 d6 dai duong cao la a\/é , ban kinh day la a. Tinh d¢ dai duong sinh | va do
16m goc ¢ dinh a.

A.l=avaa=30° B.1=2avaa=60° C.l=avaa=60° D.l=2avaa=30°

Huéng dan:

Pudng sinh | =vh? + 12 =/(av/3)? +a% = 2a

. r a 1
Ta ¢ goc & dinh 2a, v6i Slna:Tzz—:E:a:C%OO:>2a:60°.Dépén:B
a

C&u 7. M6t hinh nén c6 ban kinh day bang R, duong cao ? . Khi d6 goc ¢ dinh cia hinh non 1a

2c la

A. sina = D. cota=

gl w

B. cosaz% C. tano=



E

sina = =
R

ol w

Huéng dan:

w| o

Cau 8. Cho tam giac déu ABC canh a quay xung quanh dudng cao AH tao nén mot hinh nén. Dién
tich xung quanh cua hinh nén d6 la:

A. ma’ B. 2ma’ C_.%ﬁa2 D. %naz

. Xo . R - A _ I )
Huong dan : Taco: 1=a; r—E. Vay qu —n.r.l—zna

Céau 9. Trong khong gian cho tam giac ABC vuong can tai A, AB = AC = 2a. B¢ dai duong sinh |

cua hinh nén, nhan dugc khi quay tam giac ABC xung quanh truc AC la

A l=a\2 B. | =2ay2 C.l1=2a D.l=a5

Hudng din: | =V 43’ +4a’ =2a+/2

Cau 10. Cho hinh n6n, mat phéng qua tryc va cit hinh nén tao ra thiét dién 1a tam giac déu canh 2a.

Tinh dién tich xung quanh cta hinh nén va thé tich cua khoi non.

3
A. \/gﬁaz; 97ra3 B. 7za2; 97ra3 C. 27ra2; 7ra3\@ D. 27ra2; \/§7Z'a3

Hudng dan: Ta c6 ban kinh r = a, d6 dai duong sinh 1 = 2a, chiéu cao h = a\/§

3
viy s, -2ea v -T2

Cau 11. Mot hinh tir dién déu canh a c6 mét dinh trung vai dinh cua hinh nén tron xoay con ba dinh
con lai cta tor dién nam trén dudng tron ddy ctua hinh non. Dién tich xung quanh cua hinh nén tron
xoay la

A. qu:%ﬂazx/z B. S =%7Z'8.2\/§ C. S, =7a’y2 D.S =%7Z'a2\/§

. a/3 1
Huong din: D dai dudng sinh | = a, ban kinh 1 = =V Sy = 571'612\/5

Cau 12. Goi S 1a dién tich xung quanh cta hinh nén tron xoay duoc sinh ra bai doan thang AC’ cia
hinh 18p phuong ABCD.A’B’C’D’ ¢6 canh b khi quay xung quanh truc AA’. Dién tich S la:

A. 7b? B. 7b?\/2 C. 7b’\3 Qﬁbzx/g
Huéng dan:
r=bv2;1=by3 ; :
S =zrl = zb*\J/6
Cau 13. Cho hinh 1ap phuong Vi D

ABCD.A’B’C’D’ ¢ canh bang a. Mot hinh
non co6 dinh la tdm cua hinh vuéng ABCD va
c6 duong tron day ngoai ti€p hinh vudng




A’B’C’D’. Di¢n tich xung quanh cua hinh nén do la:
2 2 2 2
A 72'8.3\/§ ; 8. 7ra2\/§ ; c. 7za4\/§ ; o 72'3.2\/6

Hudng dan: Do dai dudng sinh bang: | = ‘/az + (% a)> = %

aav5 ma’ys

Dién tich xung quanh hinh nén bang: Sy =mnrl= RET = 2
Céu 14. Cho hinh chop déu S.ABC co day ABC la tam giac déu canh a, goc giita mit bén voi mat
day bang 60°. Mot hinh nén c6 dinh trung véi dinh S cua hinh chop, day cua nén ngoai tiép day cia
hinh chop. Dién tich xung quanh cda hinh nén 1a

na2+/21 na?\7 naZ\7 na?\7

B. C. D..
6 2 3 6

Hudng dan: Ta co AH = %; r:OAzﬁ; OH =¥

A

Géc gitra mit bén véi mit day 1a goc SHO = 60°
Suy ra SO = OH. tan 60° = % — 1=SA = JOA? + 507 =
a3 av2l  ma’\7

3 . 67 6 r r 2 1
Cau 15. Mot cong ty san xuat mot loai coc gidy hinh nén ¢6 the tich 27cm?®. Véi chiéu cao h va ban
kinh déay 1a r. Tim r dé€ luong giay ti€u thu it nhat.

6 8 8 6
Ar==4 32 B_r:6 32 C.r=4 32 D.r=¢ 32
\ 27 \ 27 \ 27 2

Hudng dan :

aV21
6

Viy S, =nrl=m

4
V:l.ﬂRz.h:hz 3\/2 = 3 5
3 7R 7R

4 2 8 2 D6
S, =7Rl =7R~ h> + R® =7ZR.\/[ 3R2j + R =ﬂR\/%
T V2
N3+ 2R

R
 37r’R°—-3*+7°.R°) 27°R°-3°

RV3* + 722.R° R +2°.R

Sq'

8 8
Sy'=0=27°R° -3 =0 R6=23 > <:>R:16/237zz(R>0)

T

, 8
Lap bang xét dau S’ ta dc min S dat khi R= 6/ 3 - Chon B
27

Cau 16. Trong khong gian cho hinh chir nhat ABCD c6 AB =4 va BC = 2. Quay hinh chir nhat
ABCD xung quanh truc BC ta dugc mot hinh tru. Tinh dién tich xung quanh cua hinh tru do.



A 107z B.12x C.4rx D. 16x

Huéng din: Ta cor=4;1=2. Vay S = 27.4.2=167
Cau 17. Trong khong gian cho hinh chit nhat ABCD c6 AB =4 va BC =2. Goi P, Q lan luot 1a cac
diém trén canh AB va CD sao cho: BP = 1, QD = 3QC. Quay hinh chir nhat APQD xung quanh truc
PQ ta dugc mdt hinh try. Tinh dién tich xung quanh cuda hinh try d6.

A 10z B.12x C.4r D. 6r

Huéng dan: Ta c6 r=3;1=2. Vay S, =27zrl =27.3.2=127. Chon B
Cau 18. Cho hinh lap phuong ABCD.A’B’C’D’ ¢6 canh bang a. Goi S 1a dién tich xung quanh ctia
hinh tru c¢6 hai duong tron day ngoai ticp hai hinh vuéng ABCD va A’B’C’D’. Di¢én tich S 1a :
ra’ 2
2

A. 7a’ B. zaZ\/E C. 72'3.2\/5 D.

x a a
Hudng dan: r = E; l=a=S=2zrl= 27[.E.a = za’
Céau 19. Mot hinh tru ¢6 hai day la hai duong tron tdam O va O’, ban kinh R, chiéu cao hinh tru la
R+/2 . Tinh dién tich toan phan cta hinh tru va thé tich khdi tru.

A 27(J2 +1)R?; 7R3 B. 27(v2 +1)R?; zR32

C. 7[(\/§+1)R2; 7R3J2 D. 72'(\/§+1)R2; ZR3

Hudng dan: Ap dung cong thuc co dap an la phuong an B ,
Cau 20. Cho hinh 1ap phuong c¢6 canh bang a va mét hinh tru c6 hai ddy la hai hinh tron néi tiep hai
mat doi dién cia hinh 1ap phuong. Goi S1 1a dién tich 6 mat cia hinh 1ap phuong, S2 1a dién tich xung
quanh ciia hinh try. Tinh ti s6 %
1
SZ SZ

A 2" B >_1 C.
s, 2 .2

Se_y D 2_%
S, S, 6

. x _ e a , __ S, 7 L
Huéng dan: S1 =6a2; S2 = 27r.5.a:7ra => —=E Dapan:D

1

Cau 21. M’(f)t hinh tru c6 2 day 1a 2 hinh tron ndi tiép hai mat ctia mot hinh 1ap phuong canh a. Thé
tich cua khoi tru do la:
A. Ea% B_.iasﬂ' C. 1a37r D. a’r
2 4 3

1

Huéng dan: Tacor = % ;h=a. VayV =ar’h :ﬂ(g)za:—ae’ﬂ'

Cau 22. Cho hinh lang try dimg ABCA’B’C’ ¢6 day ABC la tam giac déu canh a, goc gilra mat
phang (A’BC) véi mit ddy bang 45°. Mot hinh tru ngoai tiép hinh ling tru. Thé tich ctia khoi tru tron

la

3 3 3 2
A.na\/ﬁ B_.na\/§ C'na\/g D.na\@

6 6 18 g cr
Huéng dan: Ta co: AMz#:szGz% N\ B

A \\\ \\‘ C
a\\|G~ M
P




a/3

h=AA’ = AM. tan 45° ==

2
3
Vay V= nrth :n.(afj a3 _ma’V3

2 6

Cau 23. Cho hinh lang tru diing ABCA’B’C’ ¢6 déy ABC la tam giac déu canh a, goc gilta mat
phang (A’BC) véi mit ddy bang 30°. Mot hinh tru noi tiép hinh ling tru. Thé tich cua khoi tru tron 1a

ma’ na’\/3 na’ na’
T B C _— . — Al C'
24 24 72 24 = =
Hudng dan: Ta co: AM=%:H=GM=% \\\ B
\
h:AA’:AM.tan30°=% 1N
2 \ N\
3 A \\ \\ Q
Viy V= mihog &3] 2_m N R
6 2 24 .
a\\|& "M

Cau 24. Nguoi ta bo 3 qua bong ban cung kich thude vao trong mot chiéc hop hinh tru cé day ba‘}ng
hinh tron 16n cua qua bong ban va chiéu cao bang 3 lan duong kinh cua qua bong ban. Goi S1 1a téng
dién tich cta 3 qua bong ban, Sz 1a dién tich xung quanh ctia hinh tru. Ti s0 S1/S2 bang:

A1 B.2 c.3 p. &

2 5
Hudng dan: Néu goi r 1a ban kinh qua bong thi ban kinh try bang r va dudng sinh try bang 6r.
S2=2xz.0l=2xr6r=127r?
S1=3(47r?) =12 xr?. Vay ti s6 bang 1. Chon A
Cau 25. Can thiét ké cac thung dang hinh try c¢6 nip day dé dung san pham da dugc ché bién co
dung tich dinh sén V (cm?®). Hay xéac dinh ban kinh day cua hinh tru theo V dé tiét kiém vat liéu nhat

A.r:3,/l2 B.r:3,/¥ C.r:3,/3—v2 Qr:#lz
T s 21 27

Hudng dan: Ta co: V = nr*h ; chu vi duong tron day AB = 2mr A B
chiéu cao h = BC . B¢ tiét kiém vat liéu nhat thi hinh chir nhat
ABCD phai 13 hinh vudng hay BC = AB <> h = 27f

V
2
Néntacs: v = TF 27‘Cr<:>r=\3,2n2 D C




CHU PE 4: MAT CAU

A. KIEN THUC CO BAN

1. Pinh nghia mit ciu

-~ _ﬁ-\}d

-

|lIII ) ",
- ‘o 4

\ )

o Miit cu: S(O;R) ={M|OM =R} e Khéi chu: V(O;R)={M|OM <R}

2. Vi tri twong doi giira mit cAu va mit phing

— [ e ) / \
' B /

III.- p /; || O |

| S d 4 |

~—° - d=

—— He H
“ ray ,
p / .’; P-’I _,"J rd I""-’I -
Hinh a Hinh b Hinh ¢

Cho mit cau S(O; R) va mit phang (P). Goi d = d(O; (P)).
e Néu d <R thi (P) cit (S) theo giao tuyén 13 duong tron nam trén (P), c6 tdim H va ban kinh

r=+R?*-d?*.
e Néu d = R thi (P) tiép xtic v&i (S) tai tiép diém H. ((P) duoc goi 14 tiép dién cua (S))
e Néu d > R thi (P) va (S) khéng c6 diém chung.
Khi d = 0 thi (P) di qua tdm O va duogc goi 13 mit phang kinh, duong tron giao tuyén c6 ban kinh
bang R duoc goi 1a dudng tron 10n.
3. Vi tri twong doi giira mit cAu va duwong thing
Cho mit cau S(O; R) va duong thang A. Goi d = d(O; A).
e Néu d <R thi A cit (S) tai hai diém phan biét.
e Néu d =R thi A tiép xtic v6i (S). (Aduogc goi 1a tiép tuyén cia (S)).
e Néu d > R thi A va (S) khong c6 diém chung.

4. Dién tich mat cau va theé tich khoi cau

+ Dién tich ctia mit ciu : Sc = 4rr?

7 o 4
+ Thé tich cta khoi cau: V. = §7ZI’3



B. KI NANG CO BAN

1. Miit ciu ngoai tiép hinh choép:

a) Cach xac dinh tAm cta mit cau ngoai tiép hinh chop.

— Xac dinh truc A cta day (A 1a duong thing vudng goc voi day tai tim dudng tron ngoai tiép da giac
day).

— Xéc dinh mit phang trung truc (P) cia mot canh bén.

— Giao diém cua (P) va A 1a tAm ctia mit cAu ngoai tiép hinh chop.

b) Cach tim ban kinh ctia mit cau ngoai hinh chép

- Néu hinh chép c6 mot canh bén vudng goc véi mit phiang day thi 4p dung cong thirc Pitago

- Néu hinh chép 1a hinh chép déu thi ap dung ti 1¢ dong dang ctia hai tam giac.

2. Mit ciu ngoai tiép hinh ling tru ding:

- X4c dinh truc A cta hai ddy (A 1a duong thang vudng goc vé6i day tai tim dudng tron ngoai tiép da
giac day).

- Trung diém doan ndi hai tim da giac day 13 tAm cta mat cau ngoai tiép hinh ling tru dimg

C. BAI TAP LUYEN TAP

Bai tap 1: Cho mit cAu c6 ban kinh R =a+/3. Tinh dién tich mit cAu va thé tich khéi cau.

Loi gidi : Taco S=4nR? =4 (av3) =12ma’

V = %n’R3 :%n(a\/gf = 4na°f3

Bai tip 2: Cho hinh chop S.ABC, day la tam giac vuong tai A, AB =3, AC =4, SA vudng goc vai
ddy, SA=2+/14. Tinh thé tich V ctia khéi cdu ngoai tiép hinh chép S.ABC

Loi giai
Goi M 1a trung diém cua BC . Tir M ké dudng thang A//SA .
Khi d6 A 1a tryc ciia dudng tron ngoai tiép AABC . Puong
trung truc cta canh bén SA qua trung diém J va cat A tai | .
Suy ra | 1a tim ctia mit ciu ngoai tiép hinh chop S.ABC

2 2
C6 ban kinh R = 1A= (%) +(£) _9
2 2 ) 72

3
Vay V = iﬁ(gj = @7[
3 \2 6
Bai tap 3: Cho hinh chop déu S.ABCD c6 day
ABCD la hinh vudéng canh a, mit bén tao voi
mit day mot goc 60°. Mot mat cau ngoai tiép
hinh chop S.ABCD. Tinh dién tich mat cau va
thé tich khdi cau do.
Loi giai
Goi O Ia tam cda hinh vuéong ABCD. Tu O
ké duong thang A 1 (ABCD) . Khi d6 A
1a truc ctia duong tron ngoai tiép hinh vudng
ABCD . budng trung tryc cua canh bén SA
qua trung diém J VA cit A tai | .
Suy ra | 1a tAm ciia mat ciu ngoai tiép hinh chép S.ABCD




vaban kinhR = IS

a2 a3

Ta co: OA—T OM_E SO=OM.tan60°:T:>SA= SO* +0OM? =

2 2
Do ASJI dong dang voi ASOA ta co: SS_,L :ﬂ < Sl = SISA _ SA a__ a3

SO SO 2SO0 a3 3
Vay S=4nR? =4n (IJ 4na2- V—ﬂ R® = 3 (af} = 4713\/5

—ma
3 3 3 27
Bai tip 4: Trong khong gian cho hinh I4p phuong canh bang a.
a) Mot mit cau ngoai tiép hinh 1ap phuong canh a.

Tinh dién tich mat cAu va thé tich cua khoi cau. D' ¢

b) Mot mat cAu ndi tiép hinh 13p phuong canh a. Al

Tinh dién tich mit cAu va thé tich cta khéi cau | \| B'
Loi giai |
Ta c6 tam I ctia mat cau noi tiép va ngoai ti€p hinh
1ap phuong ABCDA’B’C’D’ 1a giao cua hai duong ’/ N
chéo A’C v6i D’B 0

a) Tacd BD=a+/2;DD'=a—=>BD'=+/BD?+DD" =
a3
2

3
VayS 4TCR2—4 ( \/7] =31 az; V= %TER‘?:%TC(%J =£na3\/§

1O
1O

Ban kinh R:%BD':

2

b) Tacé O0'=a=R = |0=%
a)’ 4 4 (a) 1
Vay S=4nR* =4n.| — | =na’ S\ = —nmR*=—n| = | ==na’
2 3 312 6
D. BAI TAP TRAC NGIEM 7
Cau 1. Cho diém O c6 dinh va diém M thoa man OM = 6¢cm. Phat bi€u nao sau day la dang
A. M thudc duong tron tdm O ban kinh 3cm. B. M thudc mit cau tdm O ban kinh 3cm.
C. M thudc mat cau tdm O ban kinh 6cm. D. M thudc mat cau tdm O ban kinh 12cm.

Cau 2. Cho mit cau tdm O ban kinh 10cm. Piém M cach O mot khoang bang 5cm. Phat biéu nao sau
day la dang ?

A. biém M nam ngoai mat cau. B. biém M nam trong mat cau.
C. biém M nam trén mat cau. D. Khoéang cach tr M dén O nho hon ban kinh mét cau.

Cau 3. Cho mit cau (S) tim O ban kinh R va diém H thoa midn OH =R, mp(P) chta H va vudng
gdc voi duong thang OH. Phat biéu nao sau day la dung ?

A. Mit phang (P) tiép xtic voi mit cau (S).
B. Mit phang (P) va mit cau (S) khong ¢ diém chung.



C. Mit phing (P) cit mat cau (S), giao tuyén 1a mot dudng thing.
D. Mit phang (P) cit mat cau (S), giao tuyén 13 mot dudng tron.

Cau 4. Cho mit ciu (S) tdm O ban kinh R va diém I thoa man Ol <R, (P) 1a mat phang chta I. Phat
bi€u nao sau day la ding ?

A. Mit phang (P) tiép xtic véi mat cau (S).

B. Mit phang (P) va mit cau (S) khong c6 diém chung.

C. Mit phang (P) cat mit cau (S), giao tuyén 1a mot duong thang.

D. Mit phang (P) cit mit cau (S), giao tuyén 1a mot dudng tron.

Cau 5. Cho mit cau tam O di qua hai diém phan biét A, B. Phat biéu nio sau day la ding ?
A. OA=0OB

B. O thudc mit phang trung truc ciia doan thing AB.

C. O, A, B la ba dinh cia m{t tam giac vudng.

D. O, A, B 1a ba dinh ciia mét tam gidc can.

Cau 6. Cho mit cau (S) tdm O ban kinh R va diém I théa min Ol < R, duong thang (d) chira diém I.
Phat biéu nao sau day la dung ?

A. Puong thang (d) tiép xtic voi mit cau (S).

B. Puong thing (d) va mit cau (S) khong c6 diém chung.

C. Puong thang (d) cit mat cau (S), (d) va mit ciu c6 hai diém chung.

D. Pudng thing (d) cit mit cau (S), (d) va mit cdu c6 duy nhit mot diém chung.

Céau 7. Cho mat cau (S) tam O ban kinh 3cm. Diém A nam ngoai mit cg:iu va cach O mot khoang
Scm. Budng thang AB tiép xtic vdi mat cau, B 1a tiép diém. Do dai doan thang AB 1a

A. 3cm B. 4cm C. 5cm D. 3/2cm

Cau 8. Cho mit cau tdm O di qua ba diém phan biét A, B, C. Hinh chiéu vudng goc cua O 1én
mp(ABC) la :

A. Trong tam tam giac ABC. B. Tryc tam tam giac ABC.
C. Tam dudng tron ndi tiép tam gidc ABC. D. Tam dudng tron ngoai tiép tam giac ABC.

Cau 9. Cho hai diém A, B thudc mit cau tim O ban kinh R (O khong thudc doan thang AB), H la
hinh chiéu vudng goc cua O 1én AB. Phat biéu nao sau day la dung ?

A. AB?+OH? =R? B. AB®+OH? =4R’
C. AB®+40H? =4R® D. AB* +40H?* = R?
Cau 10. Trong cac ménh dé sau, ménh dé nao sai ?

A. Bét ky mot hinh t&r dién nao cling c6 mot mit cau ngoai tiép.

B. Bit ky mot hinh chép déu nao ciing c6 mot mit cau ngoai tiép.

C. Bat ky mot hinh hop nao ciing c6 mot mit cau ngoai tiép.

D. Bét ky mot hinh hop chir nhat nao cling c6 mdt mat ciu ngoai tiép.



Cau 11. Mp(P) cét mit cau (O, R) theo mot dudng tron. Phéat biéu nao sau ddy 1a dung ?

A. O 13 tim dudng tron giao tuyén.

B. Tam duong tron giao tuyén khong thudc (P).

C. Tam duong tron giao tuyén 1a diém d6i xtmg véi O qua (P).

D. Tam dudng tron giao tuyén 1a hinh chiéu vudng goc cia O 1én (P).

Cau 12. Mp(P) tiép xtic véi mit cdu tim O ban kinh R tai A. Phét biéu nao sau ddy la dang ?
A. Puong thang OA vudng goc véi mp(P). B. Hinh chiéu vudng goc ciia O 1én (P) khac A

C. Khoang cach tir O dén (P) khac R. D. OA>OM , véi M 1a diém bt ky thudc (P).
Cau 13. Mot khdi cau ¢ ban kinh 2R thi c¢6 thé tich bang:
3 3 3
A, 4R B. 47R? c. 32 p, 167R
3 3 3
4 3_ 327R*®

Dap an: C

Huéng dan: V = gn(ZR)

Céau 14. Cho hinh hop chir nhat ABCDA'B'C'D'c6 : AB=a, AD =2a, AA'=2a. Ban kinh mat
ciu ngoai tiép t dién ACB'D" la:

A a B. 2a c. 2 p 2

2 2
Cau 15. Mot qua dia cau c¢6 ban kinh 22 cm. Dién tich xung quanh ctia qua dia cau 12 :
A. 19367cm’ B. 936zcm’ C. 484xcm? D. 53247cm’

Cau 16. Cho hinh ciu c6 ban kinh R =a+/3 . Thé tich ctia khdi cau tuong Ung 1a :

A. 4a°\3 B.47a’\/3 C. %a"’ﬁ D. %7[8.3\/5

Céau 17. Cho tam giac ABC vuong tai A, AB=a, AC = ay/3 . Quay dudng tron ngoai tiép tam giac
ABC quanh truc BC ta dugc mat cau c6 dién tich 1a :

A.167a’ B. 127a’ C. 4ra’ D. 2za’

Céu 18. Xep 7 vién bi cung ban kinh r vao moét 1o hinh tru sao cho tat ca cac vién bi cung tiép xic voi
day, vién bi ndm chinh giira ti€p xtic vdi céc vién bi xung quanh va moi vién bi xung quanh déu tiép
xuc véi cac duong sinh cia hinh try. Khi d6 dién tich day cuia lo hinh tru 1a :

A. 367r? B. 187r? C. 167r? D. 9zr?

Céau 19. Cho diém I nam ngoai mit cau tim O ban kinh R. Pudng thangd, di qua I va cit mit cau tai

hai diém phan biét A va B. Puong thangd, di qua I va cat mit cau tai hai diém phan biét C va D. P9

dai IA=3cm, IB=8cm, IC=4cm. D0 dai doanID la :

A. 3cm B. 4cm C. 6cm D. 8cm

Cau 20. Cho mit cau (S) tam I ban kinh R = 3. Mat ph'ﬁmg (P) cach tam I mot khoang J5, cit mat
cau theo giao tuyén l1a duong tron (C). Tinh chu vi cua (C).

A. 2x B. 4x C. 8r D. 10~



Qéu 21. Cho hinh chép tur giac déu S.ABCD c6 tét ca cac canh déu bang 1. Tinh thé tich V cua khéi
cau ngoai ti€p hinh chop da cho.

Av=2E gv:ﬁ C.v:4‘/§” D.v= 2%
3 3 3 3
Huéng dan: Ban kinh cta khdi ciu ngoai tiép hinh chép 1a: R = 72 =V = 7[—;/5

Cau 22. Cho hinh chép D.ABC cé DA 1 (ABC), day ABC la tam giac vudng tai B. Dat
AB =c, BC = a, AD = b. Tinh ban kinh mit cau ngoai tiép hinh chop.

A %\/m i% Va’ +b? +c? C. va’+b*+c? D. 2v/a’ +b” +¢’

Huéng dan: Goi M 1a trung diém coa AC, Goi I 1a trung diém cua DC, ta co:
2 1 2 1 2 1., 1. 5
R —ZIM +ZAM —Zb +Z(a +C ) Dépa"nB
Cau 23: Cho tir dién déu ABCD c6 canh bang a. Thé tich ctia khdi cau tiép xuc véi tat ca cac canh
cua tir dién ABCD bang:

3 3 3 3
A \3ra B. J2za C 2\/2a D. J3a
8 24 9 24

Hudng dan: Goi M, N lan lugt 1a trung diém cua AB va CD.
Tacod MN =+/ANZ — AM? :#

3
=> B4n kinh khdi ciu 1a: r = M—Z'\' - % => Thé tich khéi cau la: V = */5272 a

Céau 24. Cho hinh chop tam giac déu SABC c6 canh day la a va canh bén tao voi day mot goc bﬁng
60° . Dién tich ctia mit cau (S) ngoai tiép hinh chop S.ABC la

167a’ 167a° 8ra’ D.S_ 8ra’

3 9 3
Hudng dan: Taco AH = %; OA = %
Goc giira canh bén véi mit day 1a géc SAO = 60°

Suy ra SO = OA.tan60° = a = SA =+ OA* +SO° =%
2
ASKI dbng dang ASOA = > = 5K g _g| SASK _ SA
SA_ SO SO 2S0

2a

Ban kinh mit caula R = 3

16ma’

Thé tich S=4nR? =

Cau 25. Cho hinh chop S.ABC ¢6 ddy ABC la tam gidc déu canh a, mit bén SAB 1a tam gidc déu va
nam trong mat phang vuéng goc véi mat phang day. Tinh thé tich cia khoi cau ngoai tiep hinh chép
da cho.



3 3 3 3
A Sma \/E B. Sma \/E C 4ma \/5 D. Sma
18 54 27 3

Huéng dan : Goi H 1a trung diém ctia AB. Goi G, G' lan luot 1a trong tam tam giac déu ABC, SAB.
Dung d la tryc ciia duong tron ngoai tiép tam giac ABC; d la truc cua duong tron ngoai tiép tam giac
ABC.

dvad’ catnhau tai I. Khi d6 I 1a tim mat cau ngoai tiép hinh chop SABC.

Ta c0: G’H=£;GH=£SIH=Q
6 6 6
Bén kinh mat ciu: r = VIH? + HA2 =2 15

6

3 51133\/E

Thé tich cua khdi cau ngoai tiép hinh chop S.ABC la: V :%nr a—



KIEM TRA 45 PHUT
THE TiCH KHOI PA DIEN
MAT NON- MAT TRU- MAT CAU
I. MUC TIEU
1.Vé kién thire :
Nam vitng kién thirc co ban vé
+ Khéi da dién va thé tich ctia khoi da dién, cac cong thirc tinh thé tich ciia khéi hop chir nhat,
khéi chop, khdi ling tru.
+ Cac cong thuce tinh dién tich xung quanh, tinh thé tich cia mat non, mit try va mit cau.
+ Biét van dung tinh thé tich va giai mot s6 bai toan lién quan t6i thé tich.
2. V& Ki niing :
+ Tinh duoc thé tich cua cac khéi da dién don gian.
+ Tinh duge dién tich va thé tich cua cac khdi tron xoay va van dung giai mdt s6 bai toan hinh
hoc.
3.Vé thai d6 : Nghiém tic lam bai, cn than chinh xac
I1. HINH THUC KIEM TRA.
- Hinh thirc: Kiém tra tric nghiém
- Hoc sinh lam bai trén 16p

III. MA TRAN
MA TRAN NHAN THUC
Chi dé mach kién thirc, k§ niing TAm quan Trong sb Toéng diém
trong(mirc co’ (murc do
ban trong nhén thirc Theoma | Theo thang
tam cua ciia chuén tran nhan diém
KTKN) KTKN) thirc

1. Khai niém khéi

da dién. Khéi da dién 10i. 10 1 10 0,8

Khéi da dién déu
2. Thé tich khéi chop 15 3 45 2
3. Thé tich khéi ling try 15 3 45 2
4. Mit ndén 20 2 40 1,6
5. Mit try 20 2 40 1,6
6. Mit cau 20 2 40 2

Tong 100% 220 10
MA TRAN BE KIEM TRA
Chii dé mach kién Mikc do nhan thire Tong
thire, k§ ning Nhén biét | Thong hiéu | Van dung Khi
1 2 3 nang cao
hon
4

1. Khai niém Cau 1,2 2

khéi 0,8 0,8

da dién. Khéi da dién
16i. Khéi da dién déu




2. Thé tich khdéi | Cau 3 Cau 4,5 Cau 6 Cau7 5
chop
0,4 0,8 0,4 0,4 2
3. Thétich khéi | Cau 8 Cau 9,10 Cau 11 Cau 12 5
lang tru
0,4 0,8 0,4 0,4 2
4. Mit ndn Cau 13 Cau 14 Cau 15 Caule |4
0,4 0,4 0,4 0,4 1,6
5. Mat tru Cau 17 Cau 18 Céu 19,20 4
0,4 0,4 0,8 1,6
6. Mit cau Cau 21 Cau 22 Cau 23,24,25 5
0,4 0,8 0,4 2
Tong 7 7 8 3 25
2,8 3,2 1,2 10
DE KIEM TRA

Cau 1: Trong cac ménh dé sau, ménh dé nao sai?

A. Hinh 1ap phuong la da dién 16i.

B. T dién 14 da dién 16i.

C. Hinh hop 1a da dién 16i.

D. Hinh tao béi hai khéi ling tru c6 chung mot mat bén 1a mot hinh da dién 16i.
Cau 2: S6 dinh cta hinh bat dién déu 1a:

A. 4, B.6. C.S8. D.12.

Cau 3: Thé tich ciia khdi chop co dién tich day B va chiéu cao h 12

A.V:%Bh. B. V =Bh. C.V:%Bh. D.V:%th.

CAu 4: Cho hinh chép tir giac déu canh a,canh bén tao v&i diy mot goc 60°. Tinh thé tich ctia hinh

chop do.

a’\2 g &2
5 e

3 3
c. & D. a6
2 6

A.

Cau 5: Cho hinh chép S.ABC c6 diay ABC la tam giac déu canh a, canh bén SA L (ABC)va
SA = a+/3.. Tinh thé tich khdi chép S.ABC.



3 3 3 3
A 32 B. & c. 3 D. 32
4 =2 8 6

Cau 6: Cho hinh chép S.ABCD c6 day ABCD la hinh vuong canh a. Biét SA L (ABCD) va

SA = a3 . Tinh thé tich ciia khéi chop S.ABCD .

A. a3, B & c @3 p. V3

4 3 12

Cau 7: Cho hinh chdp S.ABCD c6 ddy ABCD 14 hinh chit nhat, canh AB =a, AD = 2a. Biét
SA L (ABCD) va SD =3a. Tinh thé tich cua khoi chép S.ABCD .

3 3 3 3
A 2a\/§. B.ax/§. C.aﬁ. D.a\@.
3 3 3 15
Cau 8: Thé tich cua hinh lap phuong canh bang a la:
3 3
A. 22’ B. & c. 2 D. a’
2 3

Cau 9: Mot bé nudce hinh hop chir nhét c6 sé do chiéu dai, chiéu rong, chiéu cao 1an luot 1a 3m, 2m,
2m. Thé tich cua bé do6 bang

A.4md B.12m?® c.8md D.7m?
Céau ‘10: Téng dién tich cac mit cia mot hinh 1ap phuong bang 96 m*. Thé tich cua khéi lap phuong
dé bang

A.84 m’ B.91m’ C.64m’ D. 48 m*

Cau 11: Cho hinh ling try déu ABC.A’B’C’ c6 canh ddy bang a, canh bén bang 2a. Tinh thé tich
ctia khéi lang tru ABC.A'B'C’.
3 3 3
AL g, &3 C. a%. D. V3,
3 6 2

Céau 12: Cho hinh lang tru ding ABC.A’B’C’ ¢6 day la tam giac vuong can tai B, AC = aﬁ, canh
bén AA'=2a. Tinh thé tich cta khéi ling tru ABC.A'B’C”.
3 3 3
AL g, &3 c.a’, p.&V3
3 6 2

Cau 13: Vi Sxq la dién tich xung quanh ctia hinh nén tron xoay c6 ban kinh duong tron day la r va
duong sinh 1a 1 dugc cho boi cong thirc nao sau day:

A. S, =2mrl B. S, =ml. C. S,y =mrl D.S,, =l
Cau 14: Cho hinh nén dinh O, tim day 1a I, duong sinh OA =4, Sxq= 87 . Tim két luan sai:
AR=2 B. h=2{3 C. Sy, =4n Q.V:‘“Tf.

Cau 15: Cho tam gic déu ABC canh a quay quanh dudng cao AH tao nén mot hinh nén. Dién tich
xung



quanh cua hinh nén do6 la:

A. 2ma B. ma’ c. ™ p 3"
2 4
Cau 16: Mot cai phéu rong phan trén ¢6 kich thude nhu hinh v&. - Dién
tich xung quanh cua phéu la: e N
A.S,=360ncm®  B. S, =424ncm’ -

C.S,=2%ncm’  D.S, =960 cm’

17cm

Cau 17: Cho hinh vuéng ABCD c6 canh a. Goi I, H 1an luot 14 trung diém ctia AB va CD. Cho hinh
vudng dé quay quanh truc IH thi tao nén mét hinh tru. Tim két luan sai:

3
A S, =na’ B.I=a c.v=-"2 D. S, =ma’.

4 - day =

Cau 18: Mot hinh tru ¢6 hai day 1a hai hinh tron noi tiép hai mat ctia mdt hinh 1ap phuong canh a.
Thé tich cua khéi tru do la:
A. ia3n B. la3Tt. C. 1a3rc D. a’n

2 4 3
Cau 19: M6t hinh tru c¢6 ban kinh day la a. A va B 1a 2 diém trén 2 dudng tron day sao cho AB =2a
VA tao voi truc cta hinh tru mot goc 30° . Tim két luan dung:
An=3¥3 B.h=ay3. Cc.h=2¥3 D. h=2¥3

2 3 6

Cau 20: Cho hinh lap phuong ABCD.A’B’C’D’ ¢6 canh bang a. Goi S 1a dién tich xung quanh ciia
hinh try c6 hai dudng tron day ngoai tiép hai hinh vuéng ABCD va A’B’C’D’. Dién tich S 1a :

na?\2

A. ma? B.ma’/2. C.ma?+/3 D.=
Cau 21: Dién tich S ctia mot mit cau c¢6 ban kinh r duoc xéac dinh boi cong thirc nao sau day:
A. S=4nr B. S=4nr?, C. S=4nr’r? D.S=4r’
Cau 22: Thé tich V ciia mot mit cau c6 ban kinh r duoc xac dinh boi cong thirc nao sau day:
2,2 3 2.3
A.V:ﬂ B.V:4nr lez4m’ . D.V:4nr
3 3 3 3

Cau 23: Mot hinh hop chit nhat c¢6 ba kich thudc 14 a,b,c. Khi ¢6 mit cau ngoai tiép hinh hop chir
nhit c6 ban kinh r bang:

A % a’+b?+c? . B.va’+b®*+c?  C.2(a’+b*+c?) D. %\/a2+b2+c2



Céu 24: Cho tir dién OABC c6 OA,0B,0OC d6i mdt vudng goc nhau va OA = a,0B = 2a, OC= 3a.
Dién tich ctia mit cau (S) ngoai tiép hinh chép S.ABC bang:

A. S=14na’. B. S=127a? C. S=10na’ D. S=8ra’

Cau 25: Cho hinh tr dién S.ABC c¢6 cac canh SA, SB, SC d6i mot vuoéng goc nhau va SA=a,
SB=SC=2a. Goi (S) 1a mit cau ngoai tiép hinh chép S.ABC. Goi S’ 14 dién tich cia mit cau (S) va V

X Lo 2 coo A N c 2 Vo
1a thé tich cua khoi cau tao nén boi mat cau (S) bang. Ti s 5 bang:

A.a B. 4a C. 2a. D. 3a
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CHUYEN PE PHUONG PP TQA PO TRONG KHONG GIAN

BAI 1. HE TOA PO TRONG KHONG GIAN

A. KIEN THUC CAN NHO.
1. Toa d9 vecto: Cho a = (al,az,a3), b=(b,,b,, b3) .Taco

atb=(a th;a,+b,;a,+b,) ka = (ka,;ka,;ka,)
a, =b,
a=bo a,=b, ; 5cﬁngphu0’ng6<:>i:£:£
b, Db, b,
a, =D,

— —

ab=ab +ab,+ab, ; alb<ab +ab,+ab,=0
‘ ‘ a+a’+a’
a,b, +a,b, +a;b,
JaZ+al+al \/b2+b2+b2
2. Toa d) diém: Cho A(X,.Ya;Za), B(Xg.Ys:2Z5), C(XcYei2Zc)
AB = (Xg = X1 Y5 = YaiZs —24)
‘ATB‘zAB:\/(XB—xA)2+(yB—yA)2+(zB—zA)2

XA+XB.yA+yB.ZA+ZBj

2 2 2

XA+XB+XC.yA+yB+yc.zA+ZB+ch

cos(a b)

M 14 trung diém ciia AB < M (

1

3 3 3
3. Tich ¢é huéng ciia hai vecto: a = (a,, az,a3),5 =(b,,b,,b;)

G la trong tam tam giac ABC<> M (

a2 a3
b, b,

la, a,
|bs b,

_ala

Tich c6 hudng cua hai vec to é va 6 la mét vecto, k/h: [5, 6] = ( 1o, b
1

|

- biéu kién dé 3 vecto dong phing: 5 6 cd ddng phing < 5 BJ c=0

- a cung phuong b< [5,6] =0

- Dién tich hinh binh hinh ABCD  : Ssuep = ‘[A_B', AD |
A . 15 ~=
- Dién tich tam giac ABC . Spac = E‘[AB,AC]‘

: I —— ——
- Thé tich ttr dién ABCD  Vogep = E‘[ AB,AC| ,AD‘
- Thé tich hinh hop ABCD.A'B'C'D": V,oeo ancn. ‘[AB AD |AA’ ‘
B. KY NANG. »
- Rén luyén ki nang tim toa d¢ di€ém, toa do vecto, do dai Vectp i
- C6 k¥ nang van dung thanh thao cac dinh 1y va cac hé qua ve toa do vecto, toa dd dieém va
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phuong trinh mat cau dé gidi cac dang todn c6 lién quan
- Rén ki nang tinh tich c6 hudng, tich vo hudng va ap dung vao giai cac bai toan lién quan.

C. BAI TAP. ,
Bai 1. Cho tam giac ABC, biét A(2; 0; 1), B(1; -1; 2), C(2; 3; 1)
a) Tam gidc ABC c6 goc A nhon hay tu?
b) Tinh chu vi tam giac ABC.
¢) Tim toa d¢ diém M trép truc tung sao cho tam gidc MBC vuodng tai M.
Bai 2. Cho tam giac ABC biét A(3;4; -1), B(2; 0; 3), C(-3; 5; 4). Tinh d¢ dai cac canh tam giac ABC.
Tinh cosin cac zg()c A, B, C va dién tich tam giac ABC.
Bai 3. Cho3diemA(3;1;-1),B(-2;2;3),C(0;3;2)
a. Xac dinh toa do trong tdm G va truc tdm H cua tam giac ABC
b. Xac dinh toa d6 diém A' 1a chan dudng cao ctia tam giac ABC ké tir A
c. Goi I 1a diém chia doan HG theo ti s6 k = 3. Chtrng minh I 1 tim dudng tron ngoai tiép tam giac
ABC.
Bai 4. Cho 4 diém A(a; 0;0), B(0;a;0),C(0;0:b),D(@;a;b)véi 0<a<b.
a. Chiing minh AB vuong géc voi CD
b. Goi I, J 1an luot 14 trung diém ctia AB va CD. Ching minh 1J 12 doan vudng goc chung cia AB va
CD
Bai 5.. Cho 4 diém A(-1; 2; 0), B(-3; 0; 2), C(0; 2; -1) va D(1; 4; 0). Ching minh ABCD 13 mét ttr
dién. Tinh thé tich cua né.
Bai 6. Cho A(2; 1; -1), B(3; 0; 1), C(2; -1; 3) va D € Oy . Biét thé tich ctia tir dién ABCD béng 5. Tim
toa 46 ctia D. Tim toa d6 hinh chiéu H ctia O 1én mp(ABC)
Bai 7. Cho hinh chép S.ABC, biét A(1; 2; -1), B(5; 0; 3), C(7; 2; 2),SA L (ABC), S € (Oyz). Tim toa
do diém S
Bai 8.. Cho 2 diém cb dinh A(1; 1; 0), BO;0; 1) va?2 diém di dong M(m ; 0 ; 0), N(O ; n ; 0)
(m,neR’)
a) Tim quan hé giita m, n & OA L MN
b) Tinh thé tich ctia hinh chép B.OMAN
¢) M, N di dong sao cho m.n = 1. Tinh m, n & Vs.oman nho nhit
Bai 9.. Cho 4 diém A(1;1;1),B(2;-1;3),C(2:1;1)vaD(3;0;2)
a. Ching minh A, B, D, C dong phang
b. Cho E(1 ; 3 ; 3). Chitng minh EA L (ABC). Tinh thé tich t dién E.ABC
c. Tinh khoang céch tir B dén (ACE)
Bai 10. Cho 4 diém A(2 ;-1;3),B(1;3;-2), C(-1;2;3) va D(0 ; m ; p). X4c dinh m va p dé 4 diém
A, B, C, D theo thir ty tao thanh hinh binh hanh
Bai 11. Cho 2 diém A(-2;1;2)vaB(1;-2;2)
a. Chiing minh OAB la tam giac vudng can
b. Tim M thugc Ox nhin doan AB dudi mét goc vudng
c. Tim tap hop nhimng diém N thuéc mp(Oxy) nhin doan AB duéi mot goc vudng.
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D. BAI TAP TRAC NGHIEM
Céaul: Trong khong gian Oxyz , cho = = 2i + 3j — 4k . Tim toa d0 cia x

Az =(23-4).B.x =(—2—-3;4). C.x = (0;3;—4).D.z = (2;3;0).
Cau 2:Trong khong gian Oxyz cho diém M(1;2;3) Tim toa do diémM’ 1a hinh chiéu ctia M trén truc
Ox
A. M’(0;1,0). B.M’(0;0;1). C. M’(1,0,0). D. M’(0;2;3).

Cu 3:Viét phuong trinh mat cau (S) c¢6 tam I(1 ; 0 ; -2) , ban kinh R = V2

A(S) :(x-1)> +y> + (z+2)° = 2.

B.(S): (x-1)?+y> +(z-2)>=2.

C.(S): (x-1)>+y>+(z-2)*=2.

D.(S): (x+1)? +y> +(z-2)>=2.

Cau 4 :Cho mat phang (P):x—2y+3z—-1=0.M0ot véc to phap tuyén cua mat phang (P) la
An=(L23). Bn=(L-23). Cn=(13-2).  D.n=(L-2-3)
Cau 5: Cho mit phang (P)2x—3y+ 7-10=0 . Trong cac diém sau, diém nao nam trén mat phing

(P)

A. (2;2;0) B. (2;-2;0) C. (12,0 D. (2,1,2)
Cau 6:Viét phuong trinh duong thang (d) di qua diém A(1;2;-1) va nhan vec to U(l; 2;3) lam vec to
chi phuong
X=1+t X=1-t
A(d){y=2+2t . (d)Jy=2+2t .
z=-1+3t B z=-1+3t
(d)sy=2-2t . (d)Jy=2+2t.
C z=-1+3t D. z=1+3t
Cau 7:Viét phuong trinh duong thang di qua A(4;2;-6) va song song v6i duong thing : d : g = % = %
r=-4-2t r=2-2t r=2+2t r=—4+2t
Aiy=2-—-4t . B.ijy=1-4t. Ciy=1+14t. Dy =—2+4t.
z=—6—1 z2=-3—t z2=—-3+1 z2=06+1

y+1 2—-4

3 trong cic mit phang sau déy,

Cau 8:Trong khong gian Oxyz , cho dudng thang d :% =
mit phang nao song song voi duong thang (d) ?
Abzr—3y+2—-2=0B.24+y+224+9=0C.52—-3y+24+2=0D.5z-3y4+2-9=0

Cau 9: Trong khong gian Oxyz cho hai mit phing (a):2—2y+32—7=0va
(B) : =2z + 4y — 62 + 3 = 0.Trong cac khang dinh sau day khang dinh nao la dung ?

A.(a),(B) trung nhau.  B.(a)/ /(8). C.(a) cat (B) . D. (a)cat va vudng goc (3).

Cau 10Viét phuong trinh («)di qua ba diém A(8;0;0), B(0;-2;0), C(0;0;4).
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AZy L 2o BI+ L 2o
8 -2 4 4 -1 2
C. z—4y+22=0. Dz—-4y+22—-8=0

Cau 11 Trong cac khang dinh sau, khiang dinh nao dung?
A.Phuong trinh ctia mat phang (Oxy) la: z = 0
B.phuong trinh ciia mét phdng (Oxy) la: y = 0
C.phuong trinh clia mat phang (Oxy) la: £ = 0
D.phuong trinh cia mit phang (Oxy) la: z +y = 0

Cau 12
r=—-14+t

Cho duong thang (d) :{y = —2 4 2t .Viét phuong trinh chinh tic ctua duong thang d.
z=1—1

Az+2y—24+6=0

B.x+1:y+2_z—1

B 2 -1

C.x—l_y—QZz—i—l
1 2 —1

D.x+1:y+2:z—1
-1 2 1

Cau 13: Cho vecto OM = 2i + 5 + 3k .Tim toa do diém M ?
A. M(2;5;3). B.M(—2;—5;—3). C.M(2;—5;3). D. M(—2;5;—3).

Cau 14: Trong khodng gian Oxyz cho 5(3;—1; 2) ;3(4;2;—6) Tinh toa do cta vecto a +B
Aa+b=(L3-8). Batbh=(T:;-4).Ca +b=(~L—38). D.a +b = (—T;—1;4).

Céu 15. Trong khéng glan Oxyz cho M(1;-2; 4) va N(-2;3;5). Tinh toa do cua MN
AMN—(351) B. MN = (3;-5;-1). CMN—(119) D. MN = (1;-1;-9)

BAI 2. PHUONG TRINH MAT CAU
A. KIEN THUC CAN NHO.
1) Phwong trinh mdt cau (S) tam I(a ; b; ¢), ban kinh R:
+(S):(x—a)*+(y-b)*+(z-c)* =R?
‘ +Phuong trinh: x? + y?+ 72 -2ax -2by -2cz + d = 0 véi a® + b? +c? - d > 0 la phwong trinh mat
cau tam

I(a: b; c), ban kinh R =+ b2 +¢? —d
2) Giao ciia mdt cau va mit phing - Phwong trinh dwong tron:
Cho mdt cau (S):(x—a)’>+(y—Db)’+(z—c)> =R? véi tam I(a ; b; ¢), ban kinh R va madt
phdang
(P): Ax+By+Cz+D=0. ?
+d(L, (P)) > R: (P) va (S) khong co diem chung )
+ d(Z, (P)) = R: (P) tiep xuc (S)tai H ( H la hinh chiéeu vuong géc cua I 1én mp(P) )
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+d(I, (P)) < R: (P) cdt (S) theo dwong tron c6 tam H la hinh chiéu ciia I xuong (P), ban kinh

r=+R?-d*

B. KY NANG.
- Tim tam va ban kinh cac mat cAu.
- Viét phuong trinh mit cau
- Tim giao cta mit ciu voi mit phing

( H 1a hinh chiéu vuéng géc cia I lén mp(P) )

C. BAI TAP.
Bai 1. Tim tAm va ban kinh cdc mat cau sau:
axX2+y2+72-8x+2y+1=0 b.x2+y?2+2z22+4x+8y—-22-4=0

C.X2+Yy?+72-6x+2y—-2z+10=0 d. 2x2+ 2y2+ 2722+ 12x -6y +30z-5=0

Bai 2. Viét phuong trinh mit cau c6

b. Tam 1(0; 3; —2) va di qua diém A(2; 1; -3)

c. Buong kinh AB v6i A(3; -2; 1) va B(l 2;-3).

Bai 3. Viét phuong trinh mat ciu ngoai tiép tr dién ABCD néu

a. A(1;1;0), B(0; 2; 1), C(1; 0; 2), D(1; 1; 1) b. A(2; 0; 0), B(0; 4; 0), C(0; 0; 6), D(2; 4; 6)
Bai 4. Viét phuong trinh mit cu c6

a. Tam thudc mit phang Oxz va di qua cac diém A(1; 2; 0), B(-1; 1; 3), C(2; 0; -1).

b. C6 tdm I(=5; 1; 1) va tiép xuc v6i mat cau (T): x> +y> + 22— 2x + 4y — 62 + 5= 0.

2X—-2y—-z2+9=0

X*+y?+2°—6x+4y—-22-86=0
Bai 6: Cho (S): x® +y? + 2% -2mx + 2my -4mz + 5m’® + 2m + 3 =0

a) Binh m dé (S) la mat cau. Tim tap hop tam I cua (S) )

b) Binh m dé (S) nhan mat phang (P): x + 2y + 3 = 0 lam tiép dién

Bai 5: Xac dinh tdm va ban kinh cua duong tron (C): {

X=t+5
¢) Pinhm dé (S)catd: sy =2t  tai hai diém A, B sao cho AB = 2.3
z=-1+5

Bai 7: Viét phuong trinh mit ciu (S) c6 tim thudc Ox va tiép xuc véi hai mat phiang (Oyz)
va(P):2x+y-22+2=0.
Bai 8. Trong khong gian véi hé truc toa do Dé cac vudng goc Oxyz, cho bdn diém A(1;2;2), B(-1;2;1),
C(1;6;-1), D(-1;6;2)
a. CMR: ABCD la tir dién c6 céc cdp canh ddi bang nhau.  b. Tinh khoang cach giira AB va
CD.
c. Viét phuong trinh mit cau ngoai tiép tr dién ABCD.
Bai 9. Cho diém I(1;2;-2) va mit phang (P): 2x + 2y + z+ 5= 0.
a. Lap phuong trinh mit cau (S) tdm I sao cho giao cua (S) va mp (P) 1 duong tron c¢6 chu vi
bang 87
b. CMR. Mit cau (S) tiép xuc v6i duong thang (A): 2x —2y =3 -z
c. Tinh dién tich thiét dién cua hinh lap phuong cat boi mat phang (CMN).
Bai 10. Trong khong gian vdi hé truc toa dd Dé cac vudng goc Oxyz cho hai duong thang (d1) (d2) 6
X =2t

‘ X+y-3=0
h nh (d;):qy=t :
phuong trinh (d, ) ;’_4 (@) {4x+4y+3z—12=o

a. CMR: (d1) va (d2) chéo nhau. b. Tinh khoang cach gitra (d1) va (dz).
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c. Viét phuong trinh mit cdu (S) co dudng kinh 1a doan vudng goc chung cua (d1) va (dz).
Bai 11. Trong khong gian voi hé truc toa d6 Pé cac vudng goc Oxyz cho hai mit phing song song cd
phuong trinh twong tng la: (P ) 2X—-y+2z-1=0 (P ) 2X—-y+22+5=0
Va diém A(- L;1:1) nam trong khoang gitra hai mit phang d6. Goi (S) 1a miat cau qua A va tiép xuc voi
ca hai mat phang (P1), (P2) . ‘ ,
a.CMR: Ban kinh cua hinh cau (S) 1a mét hang s6 va tinh ban kinh do.
b.Goi I 1a tdm hinh cau (S). CMR: I thuéc mét duong tron c¢o dinh xac dinh tam va tinh bk
duong tron do.
D. BAI TAP TRAC NGHIEM
Cau 1. Trong khong gian Oxyz, cho mit cau (S):x* +y? +2> -8x +10y -6z +49=0. Tim toa do
tam I va ban kinh R ctia mt cau (S).
A. I(—4;5;—3) vaR=7 B. I(4;—5;3) vaR=7
C. I(-4;5-3) vaR =1 D. 1(4,-5;3) va R=1
Cau 2. Trong khong gian Oxyz, cho mat cau (S) c¢6 phuong trinh:
x? +y2+22—2x—2y—4z+%:0

Tim toa d6 tdm I va tinh ban kinh R ctia mit cau (S).

A I(L52) vaR :% B. I(-1-1-2)va R :%
C. 1(3%2) var =g D. I(-L-%5-2)va R =g

Cau 3. Trong khong gian Oxyz, cho diém M(L1,-2) va mit phang (o):x—y-2z=3. Viét
phuong trinh mat ciu (S) c6 tim M tiép xtic véi mit phang (o).

A. (S):x2+y2+22+2x+2y—4z+%=0 B. (S):xz+y2+22—2x—2y+4z+%=0
2 2, 52 14 s 2 o 14
C.(S):x*+y"+z +2X+2y—4z+?:0 D. (S):x*+y*+z —2x—2y+4z+?=0
Cau 4. Mt ciu tam 1(2;2;-2) ban kinh R tiép xtc véi mit phang (P):2x-3y-z+5=0. Ban

kinh R bang:
5 4 4 5
A — B. — C.— D. —
J13 J14 J13 V14

Cau 5. Xac dinh toa d6 tAm va ban kinh ctia mit cau (S): x> +y2 + 22 - 8x + 2y + 1 = 0.
A.1(4;,-1;0),R=4 B.I(-4;1;0,R=4 C.1(4;-1;0),R=2 D.I(-4;1,0),R=2

Cau 6. Viét phuong trinh mit cau c6 tam 1(0; 3; —2) va di qua diém A(2; 1; -3)
A (S):x2+(y-3)2+(z+2)32=3 B.(S):x2+y2+z22-6y+4z+4=0
C.(S):x2+(y—-3)2+(z+2)02=6 D.(S):x2+y2+z2-6y+4z+10=0

Cau 7. Viét phuong trinh mit cau (S) co tam I(1; 5; 2) va tiép xtc v6i mit phang (P):2x +y + 3z + 1=0
A (S):(x=-12+(y-52+(z-2)2=16 B.(S): (x-1)2+(y-5)2+(z-2)2=12
C.(S):(x=1)2+(y-5)2+(z-2)2?=14 D.(S): (x=1)2+(y-5)2+(z-2)?=10

Cau 8. Trong khong gian véi hé toa do Oxyz, cho diém A(2;1;1) va mit phang (P): 2x -y +2z + 1 =0.

Phuong trinh mit cau (S) tim A tiép xuc voi mat phang (P) 1a
A (S):(x-2p+(y-1)+(z-17=4 B.(S): (x-2p+(y-1y+(z-1)*=9
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C.(S:(x-2pP+(y-1)?+(z-1)*=3 D.(S): (x-2)2+ (y-1p+(z-1¢=5
Céau 9. Cho hai diém A(2; 4; 1), B(=2; 2; -3). Phu:orng trinh mat cau duong kinh AB la
A2+ (y+3)+ (2= 1P =0 B.XC +(y—3)? + (2~ 1)°=36
C.x2+(y-32+(z+1)2=9 D.x2+(y—-3)?+(z+1)>=36

Céu 10. Trong khong gian véi hé toa 3 Oxyz, cho mat cau (S) c6 tim I(2; 1; 1) va mat phéng (P):
2x +y + 2z + 2 = 0. Mit phang (P) cit mit cau (S) theo giao tuyén 1a mot dudng tron c6 ban kinh R= 1.
Phuong trinh ctia mat cau (S) la
A (S):(x+2)2+(y+1)2+(z+1)?=8 B.(S): (x+2)2+(y+12+(z+1)2=10
C.(S):(x=22+(y-12+(z-1)?=8 D.(S): (x=22+(y-12+(z-1)2=10
Cau 11. Trong khong gian v6i hé toa dd Oxyz, cho diém A(1; —2; 3) va duong thang
d X+l y-2 z+3
S 2 1 -1
A (S):(x-1)2+(y+2)2+(z-3)?>=49 B.(S): (x-1)2+(y+2)2+(z-3)2?=7
C.(8):(x-1p+(y+22+(z-3>=50  D.(S): (x-1)>+(y+20+(z-3)*=25
Cau 12. Trong khong gian voi h¢ toa d§ Oxyz, cho mat phang (P):2x =2y —z -4 =0 va mat cau (S):
X2+ Y2 + 72 — 2X — 4y — 6z — 11 = 0. Biét ring mit phang (P) cit mit cau (S) theo mot dudng tron (C).
Xac dinh toa d6 tAm va ban kinh ctua duong tron (C).
A (3;0;2)var=2 B.(2;3;0)var=2 C.(2;3;0)var=4 D.(3;0;2)var=4
Cau 13. Cho mat cau(S): x> +y? +2° —2x—-4y+z-1=0. Xdc dinh toa d tam | ciia mat cau.
1

A. |(1;2;—Ej. B.1(2:41). C.1(-2-4;-1). D. |[—1;—2;%].

. Viét phuong trinh mit cau (S) tim A va tiép xtc voéi d.

Cau 14. Viét phwong trinh mit ciu (S) c6 tdm 1(-1;2;1) va tiép xGc véi mat phang (P):
X—2y—-2z-2=0.

A. (S): (x+1) +(y-2) +(z-1)" =3. B.(S):(x+1)" +(y-2) +(z-1)" =9.
C. (S):(x+1)2+(y—2)2+(z+1)2 =3. D. (S):(x+1)2+(y—2)2+(z+1)2 =9.

Cau 15. Trong khong gian véi hé toa o Oxyz, cho mat cau (S):x* +y* +z* —2x+6y —8z—-10=0; va
mat phang (P): x +2y — 2z +2017 =0. Viét phuong trinh c4c mt phang (Q) song song véi (P) va tiép
xdc vai (S).

A.(Ql):x+2y—2,z+25=0 va (Qz):x+2y—22+1:0.

B.(Q,):x+2y-2z+31=0 va (Q,):x+2y—2z-5=0.

C. (Ql):x+2y—2z+5:0 va (Qz):x+2y—22—31=0.
D. (Q,):x+2y-2z-25=0 va (Q,):x+2y—2z-1=0.
Céu 16. Trong khong gian véi hé toa d9 Oxyz cho (P):2x+y-2z+9=0,(Q):x-y+z+4=0 va
x—-1 y+3 z-3

duong thang d: , Mot phuong trinh mét cau ¢6 tam thugc d tiép xdc véi (P)

2
va cit (Q) theo mot duong tron ¢c6 chu vi 27z la:
A. ¥ +(y+1)2 +(z—4)2 =4 B.(x+2)2 +(_1/+5)2 +(z—2)2 =4
Q(x-l—?))z +(y—5)2 +(z—7)2 =4 D.(x—Z)2 +(y+3)2 +z° =4
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Céu 17. Cho mat cau (S):(x —1)2 +(y +3)2 +(z- 2)2 =49 . Phuong trinh nao sau day 1a phuong trinh
ctia mat phang tiép xdc voi mit cau (S)?

A. 6x+2y+3z=0 B.2x+3y+6z-5=0
C.6x+2y+3z-55=0 D.x+2y+2z-7=0
Cau 18. Cho mit phang (P):2x+2y+z-3=0 va mt cau (S) c6 phuong trinh la
x*+y®+2° —2x-4y-4z=0. M3t phang (P) cit mt cau (S) theo duong tron (C). Tam cua
duong tron (C) la:

99 9
9 9 9 9 9 9

x-1 y-1 z+1

2 -1
K 1a diém ddi xang voéi | qua d. Lap phuong trinh mat cau (S) tam K cit d tai hai diém A va B,
biét doan AB=4 Ia.

(L) o ye8) of 2, 42) 188
A. (S).(x 9) +(y+9j +(z+ 9) 5
(.. 1Y 8)’ 41\ 185
B. B. (S).(x+§j +(y+§J +[z+?j =5
C.(S):(x—%) +(y—gj +(z+%) :1%5.

[, 1Y 8 41y 185
D. (S).(x+§j +(y—§j +(z+?j =5
Cau 20. Phuong trinh mit cau dudng kinh AB biét A(2; -4; 6), B(4; 2; -2) 1a?
A. (x=3) +(y+1)"+(z-2) = 26. B. (x+3) +(y+1) +(z-2) =26,
C. (x=3)" +(y-1)" +(z-2)" = 26. D. (x=3)" +(y+1)° +(z+2)° = 26.

Cau 19. Trong khong gian Oxyz, cho duong thang d : va diém 1(12;3). Goi

2

BAI 3. PHUONG TRINH MAT PHANG TRONG KHONG GIAN
A. KIEN THUC CAN NHO.
1) Vecto phap tuyén ctia mit phing:
-> - N
* n % 01a VIPT cia mp(a) néu: n L ()
- -
Cha y 1. Hai vecto khong cung phuong a, b co gia chira trong hodc song song voi (o). Khi do:

[a, b} 1a vecto phép tuyén cta (o)

Nhén xét: Mot mp c6 vo s6 VTPT cing phuong voi nhau.
2) Phuong trinh tong quat ciia miit phiang: Ax + By +Cz+D=0(A2+B2+C2? #0)

NHOM TRUONG THPT SON DUONG, NOI TRU ATK SON DUONG, THPT HA LANG 8




CHUYEN PE PHUONG PP TQA PO TRONG KHONG GIAN

ﬁ
+ Mit phing c6 phuong trinh: Ax + By + Cz + D =0 thi c6 VIPT: n = (A;B;C)

_)
+ Mit phang qua M(xo ; Yo ; Zo) va c6 mot VTPT 1a n = (A;B;C) thi c6 pt:
A(X - x0) + B(y - yo) + C(z - 20) = 0

+ Phuong trinh mp cit Ox, Oy, Oz lan luot tai cac diém (a; 0 ; 0), (0;b;0), (0;0;c) la:

X z

—+ % += =1 (phuong trinh theo doan chin)

a c
+ MpOxy: z=0 + Mp(Oyz): x=0 + Mp(Ozx):y =0
_|AX, +By, +Cz,+D

JA?+ B2 +C?
3) Phwong trinh mit phiang qua giao tuyén ciia hai mp (Ptrinh chim mit phing):
Ax+By + Cz+D=0va Ax+By+Cz+D'=01la ‘
m(Ax + By + Cz+ D) + n( A'’x + B'y + C'z + D") = 0 (m, n khong dong thoi bang 0)

B.KY NANG. 7 , , 7
- Rén ki néng viét PT mat phang bi€t vecto phap tuyén va di qua diém M.
- Rén ki nang viét PT mat phang biét cap vecto chi phuong va diém M.

3) Khoang cach tir M (X,; Y,;Z,) dén (P) duge tinh theo cong thirc : d (M;(P))=

C. CAC DANG BAI TAP.

Phwong phap: Dé viét phuong trinh ciia mit phang (P) ta thudng tim 1 diém M (%: Y01 2,) € (P) val
VTPT n=(A;B;C) cia mat phang (P): khi d6 (P): A(x—%,)+B(y-Y,)+C(z-2,)=0

Nhin xét 1: Bé tim VTPT cua mp ta thuong st dung cha y 1

Nhén xét 2. Cho (P): Ax + By + Cz + D =0. Néu (P)//(Q) thi (Q): Ax + By + Cz+D’ =0 (D'# D)

Bai 1: Viét PT mp (P) qua A(-2;-1; 0) va song song voimp (Q): x -3y +4z+5=0
Bai 2: Viét PT mit phang (P) trong céc truong hop sau:
a) Qua ba diém A(1;-1;2),B(2;3;0)vaC(-2;2;2)
b) (P) La mat trung tryc cia AB
¢) Qua C va vudng goc véi hai mit phang (Q): x +y-2z=0va(R):x-z+3=0
Bai3: ChoA(1;-1;3),B(3;0;1)vaC(0;4;5)
a) Viét phuong trinh mp(ABC)
b) Viét phuong trinh mp qua O, A va vudng goc voi (Q): x +y +z=0
¢) Viét phuong trinh cia mat phiang chira Oz va qua diém P(2 ; -3 ; 5)
Bai 4. Trong khong gian Oxyz, M(-4 ;-9 ; 12) va A( 2 ; 0 ; 0). Viét phuong trinh mit phing (P) qua
M, A va cit Oy, Oz lan luot tai B va C sao cho OB =1 + OC (B, C khac O)
Bai 5: Viét phuong trinh ciia mit phiang (P) qua F(4 ; -3 ; 2) va vudng gbc véi giao tuyén cua hai mit
phang: (Q:x-y+2z-3=0va(T):2x-y-3z=0
Bai 6. Viét phuong trinh ctia mit phang (P) qua E(3 ; 4 ; 1) va vudng goc véi giao tuyén ciia hai mit
phang: (R): 19x - 6y - 4z + 27 = 0 va (K): 42x - 8y + 3z " 11=0
Bai 7. Viét phuong trinh mat phang qua giao tuyén cta hai mat phang: (P): x - 2y =0,
(Q): 3x - 2y + z - 3= 0 va vudng goc voi mat phang: (R): X -2y +z+5=0
Bai 8. Cho hai mit phang: (P): 2x-y+z=0,Q):x-3y+2=0
a) Viét phuong trinh cia mat phang (o) qua giao tuyén cua (P), (Q) va song song vdi Ox.
b) Viét phuong trinh mat phang (B) qua giao tuyén ciia xOy va (Q) va tao voi 3 mit phing toa
125

do mot t dién co thé tich béng _6 .
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Bélj 9. (BH- 2010D Phan riéng chuong trinh chuan). Trong khong gian v61 hé toa do Oxyz cho hai mat
phang (P) :x+y+2z-3=0;(Q) : X-y +z—1=0. Vit phuong trinh mdt phang (R) vudng goc voi
(P) va (Q) sao cho khoang cach tr O to1 (R) bang 2. )
Bai 10. Viet phuong trinh mét phang (P) di qua G(-2 ; 3 ; 5) va cdt Ox, Oy, Oz tai A, B, C sao cho G 1a
trong tam cua tam giac ABC (A, B, C khong trung v6i goc toa do)
D. BAI TAP TRAC NGHIEM
Cau 1: Trong khong gian Oxyz, cho mat phang (P):2x—3y+4z =2016. Vécto nao sau ddy la
mot vécto phap tuyén ctia mat phang (P) ?

A n=(-2-34)  B.n=(-234) C.n=(-23-4) D.n=(23-4)
Cau 2: Trong khong gian Oxyz, cho mit phang (P):x—3y+2z-1=0. Tinh khoang cach d tir
diém M (L21) dén mit phang (P).

A. 53 B. % C. % D.35
Cau 3: Trong khong gian Oxyz, cho diém A(-3;2;-3) va hai duong thang

Xx=1 y+2 z-3 Vi Xx=-3 y-1 z-5

— . =) ad, 1 5 . Phuong trinh mit phang chtra d1 va d2 ¢6
dang:
A. 5x+4y+z-16=0 B. 5x-4y+z-16=0
C.5x-4y-z-16=0 D. 5x-4y+z+16=0

CAu 4: Phuong trinh tong quat cia mat phang qua diém M (3;0;-1) va vudng goc voi hai mat
phang x+2y—-z+1=0 va 2x-y+z-2=0 la:

A. x-3y-5z-8=0 B. x-3y+5z-8=0 C. x+3y-5z+8=0 D. x+3y+5z+8=0
Cau 5: Trong khong gian Oxyz, cho hai mit phang (P):2x+y+1=0,(Q):x~y+z-1=0. Viét
phuong trinh dudng thang (d) giao tuyén ciia 2 mit phang.

A. (d);izy_*l:i B. (d);izy_‘lzi
1 -2 -3 1 -2 -3
C.(d): XYt 2 D. (d): XYt 2
-1 2 3 -1 2 3
X=3-2t X=m-3
CAau 6: Cho hai dudng thang (D,):{y=1+t ;(D,):1y=2+2m; t,meR
z=-2-t z=1-4m
Viét phuong trinh téng quat ciia mat phang (P) qua (D1) va song song véi (D2)
A. x+7y+5z2-20=0 B. 2x+9y+5z-5=0
C. x-7y-5z=0 D. x-7y+5z+20=0

Cau 7: Trong khdng gian Oxyz, cho diém A(2;0;1) va hai mét phang (P):x-y+2z-1=0 va
(Q):3x—y+z+1=0. Viét phuong trinh mit phang () di qua A va vudng goc véi ca hai mit

phing (P) va (Q).
A. (a):-3x+5y—-4z+10=0 B. (a):-3x—-5y-4z+10=0
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C. (a):x-5y+2z-4=0 D. (0):x+5y+2z-4=0
Cau 8: Trong khong gian Oxyz, viét phuong trinh mét phang (P) di qua hai diém
X=-1+t
A(2;1;3),B(1-2;1) va song song véi dudng thing d:1y =2t
z=-3-2t
A. (P):10x-4y-z-19=0 B. (P):10x—4y+z-19=0
C. (P):10x-4y-z+19=0 D. (P):10x+4y+z-19=0

Cau 9: Trong khong gian Oxyz, cho hai diém A(LL1) va B(1;3;-5). Viét phuong trinh mt
phang trung tryc ciia AB.

A.y-3z+4=0 B.y-3z-8=0 C.y-2z-6=0 D.y-2z+2=0
Cau 10: Cho hai mit phing (P):2x+my+2mz-9=0 va (Q):6x-y-z-10=0. D& mit phing
(P) vudng goc voi mit phang (Q) thi gia tri ciia m la:

A . m=3 B. m=6 C. m=5 D. m=4

Cau 11: Phuong trinh tong quat cia mit phang (o) di qua M(0;-1;4), nhan [G, \7} lam vecto

phép tuyén véi u=(3;2;1) va v=(-3;0;1) 1a cip vecto chi phuong la:
A . x+y+z-3=0 B. x-3y+3z-15=0 C. 3x+3y-z=0 D. x-y+2z-5=0

Cau 12. Géc giita hai mét phiang (o):8x—4y—-8z+1=0;(B): J2x =2y +7=0 Ia;

A IR B. X c.t D. L
6 — 4 3 2
Céau 13. Trong khdng gian véi hé toa @ Oxyz cho duong thang d:xT_lz%zzT+1 va

(P):2x+y-z=0. Viét phwong trinh m3t phang (Q) chua dudng thang d va vudng goc voi mat phang
(P).

A. (Q):2x-y-z=0. B.(Q):x-2y+1=0.

C.(Q):x+2y+z=0. D. (Q):x-2y-1=0.
Cau 14. Trong khdng gian Oxyz cho mat phang (P):2x+y—2z+1=0 va hai diém A(;-2;3),B(3;2;-1).
Viét Phuong trinh mit phang (Q) qua A,B va vudng goc voi mit phang (P).

A.(Q):2x+2y+3z-7=0. B. (Q):2x-2y+3z-7=0.

C. (Q):2x+2y+3z-9=0. D. (Q):x+2y+3z-7=0.
Cau 15. Mit phang qua 3 diém A(1;0;0), B(O;—2;0), C(0;0;3) c6 phuong trinh.
A x-2y+3z=1. B. X+ Y (2 c. Xt ¥ 24 D. 6x-3y+2z=6.

1 -2 3 -1 2 -3
Cau 16. Phuong trinh mit phang chaa 4, : x—21 = lerz = Z;4 va d, :xTJrl:llz 2+2 04 dang.
A. 3x+2y-5=0. B. 6x+9y+z+8=0.
C. 8x+19y+z+4=0. D. Tat ca déu sai.
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Cau 17. Cho hai mat phang(P): 3x+3y—-z+1=0; (Q): (m-1)x+y-(m+2)z-3=0.

Xac dinh m dé hai mat phang (P), (Q) vudng gdc véi nhau.
A.m:_—l. B.m=2. C.m:l. D.m:_—s.
- 2 2 2
Céau 18. Viét phuong trinh mat phang chia 2 diém A(1;0;1) va B(-1;2;2) va song song vai truc OX.
A x+22-3=0. By-22+2=0. C.2y-z+1=0. D.x+y-z=0.
Cau 19. Goi (a) 12 mit phang cat ba truc toa do tai 3 diém M (8; 0; 0), N(0; -2; 0) , P(0; 0; 4).

Phuong trinh ctia mit phang () 1a?

Xy Y Zoo AR A} C.x—-4y+2z2=0. D.x—-4y+2z-8=0.
A8 -2 4 B 4 -1 2
Cau 20. Mit phang nao sau ddy chira truc Oy ?
A. -2x-y=0. B. -2x +z =0. C.-y+z=0. D.-2x-y +2z=0.

BAI 4. PHUONG TRINH PUONG THANG TRONG KHONG GIAN |

A. KIEN THUC CAN NHO. ]
1) Cac dang phwong trinh dwong thang:

X =X, +a,t
-Phuong trinh tham sé: <y =Y, +a,t, voi a= (a,;8,;8,)1a vecto chi phuong cia duong
z2=12,+a,t
thang.
-Phuong trinh chinh tic: X% Y=Y _27% (a,.a,.8, #0)
al aZ a3

2) Vi tri twong ddi, tim giao diém ciia hai dwong thing:
Cho duong thang A, qua diém M, (X ¥:;2,) €6 VTCP LTl =(a,;a,;a;) va duong thang A, qua diém

M, (X,;¥,:2,) €6 VTCP u, =(by;b,;b, ). Khi do:
- A, VA A, dong phang & [E;@}.MlMZ =0

X, +at=x,+bt'
- A, VA A, catnhau < {y, +a,t =y, +bt' conghiém duy nhat (t,;t,") hoic
z+at=1z,+bt'

[0 | MM =0
[0 ]+0

A, hodc thay t, vao phuong trinh A,

. Khi d6 dé tim toa do giao diém cua hai duong thang thi thay to va phuong trinh

g, [=0

- A /1A, < ug;u, cung phuong va M, ¢ A, hoic
M, €A,
__ | ([w5]-0
- A, =A, & U;U, cung phuong va M, € A, hodc
M, €A,
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X +at=x,+bt'

- A, V& A, chéo nhau < u,;u, khong cing phuong va hé {y, +a,t =y, +b,t' vo nghiém hoic
Z,+at=z,+bt’

[u;u; [ MM, %0

B. KI NANG

- Rén ki ning 1ap PT dudng thang biét VTCP va mot diém.
- Lap PT duong thang qua mdt diém va vudng goc voi mot mdt phang.

C. CAC DANG BAI TAP 7 ,
Bai 1: Lap phuong trinh cua duong thang d di qua M(2; 3; -6) va song song voi duong thang
X-1 y+2 z

1
3 1 1
Bai 2: Cho A(2; 3; 5) va mit phang (P): 2x + 3y - 17 =0
a) Viét phuong trinh dudng thang d di qua A va vudng goc véi (P)
b) Tim giao diém cta d véi truc Oz.
X=2+t
.. ] ) x=1 vy z+2 . .z AL . . .
Bai 3. Cho (d1) : {y=-1-t; (d,) T i va diém A(1 ; 0; -3). Viét phuong trinh dudng
7=3+4t -

thang (d) qua A vudng goc véi (d1) va (dz).
x+1 y-1 z-
2 1 3
Viét phuong trinh dudng thang (d’) qua A, song song v6i (P) va vudng goc voi duong thing (d)
Xx=1+2t
Bai 5. Cho M(1 ; 1; -3) va duong thang (d):{y=2-t . Viét phuong trinh dudng thing (A) qua M
z=3+3t

Bai 4. Cho diém A(2 ;1; -2), duong thang (d) : 3 , mit phiang (P):x—y—-z-4=0.

vudng goc va cit (d).
X=2-t

.. ) . . ) ) x-1 'y z+2 _ .,

Bai 6. Cho (P) : x - 2y + z -5 = 0, duong thang (dl). y=-1+t;(d,): S 1 3 . Viét phuong
z2=3+2t

trinh dudng thang (A) chua trong mp(P) va cét (d1), (d2).
x=1-t x =2k
Bai 7. Cho A(2; -1; -1) dudng thang (d,):sy=t ; (d,):{y=1+k. Viét phuong trinh duong thing
z=-1 z=Kk
(d) qua A vudng goc véi (di) va cat (da).
X=-1+2t
Bai 8. Cho (P): X -y +z—3 =0, duong thang (d):{y=2—t . Viét phuong trinh duong thang (A)
z=-1+2t

Chta trong (P) vudng goc véi (d) va di qua giao diém cua (P) véi (d).
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X-1 -y+3 z+4
1

Bai 9. Lap phuong trinh mét phang (P) chira dudng thang d: va song song vGi

X=1+t
duong thang d': {y =2+t
z=1+2t
X=1+t
Bai 10. Lap phuong trinh mat phang (P) chita d: {y =2+t va vudng goc vdi mp(Q): 2x -y -z=0

z=1+2t

Bai 11. Lap phuong trinh chinh tic ctia duong thang d di qua diém A(0;1;1), vudng goc v6i duong
x=1+t
thang d, :XT_]' = y%Z =% va cit duong thang: {y =2+t

z=1+2t
Bai 12. Lap phuong trinh duong thang d:

X+1 y-1 z-2

a) d qua A(1 ; 0 ; 3) va cit hai duong thang: di: va dz:

-1
X _y+2_z-2
-1 2 -3
b) d vudng goc v6i (P): x - Y - Z - 3 = 0 va cit hai duong thing:
m:X_1:y+3:2_4vam:5:y+1:2_2
1 2 3 1 1 -2
N K, x=1 y+2 z % . 12
¢) d 1a hinh chiéu cua d, T = T = I xuong mat phang: (P): x-y-z+4 =0

Bai 13. Lap phuong trinh duong thang d qua A(2 ; -5 ; 6), cat Ox va song song vi mp(P): x + 5y - 62
=0

Bai 14. Tim toa do hinh chiéu cua diém A(1 ; -2 ; 1) Ién mp(P): x + 5y - 62 =0

Bai 15 Lap phuong trinh tham s6 ctia duong thang d cét hai duong thang:

. :X—H:l: Z_3;A2 : x=3 = y_lzi va song song véi duong thang: d": X_—lzy_—3:i
2 -1 2 4 -2 5 2 1 -2
Bai 16. Lap phuong trinh dudng vudng goc chung ctia hai duong thang:
X =3-4t X = —6t
dyiqy=-2+t ; d,:qy=1+t
z=-1+t zZ=2+2t

Bai 17 Lap phuong trinh dudng thang d di qua A(-4 ; -2 ; 4), cat va vudng goc voi duong thang:
X+3 y-1 z+1
S 2 -1 4

dl
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x+1_y _ 2—3_A x=3_y-1_z
-1 2 "% 4 -2 5
a) Viét phuong trinh mat phang chira A, va song song voi A,

b) Cho diém M(2 ; 1 ; 4). Tim toa do diém H € A, sao cho d¢ dai MH nho nhat.

Bai 18 Trong khong gian Oxyz, cho hai duong thang: A, :

: . . X +1 z-2
Bai 19. Trong khong gian cho hai diém A(2 ; 3 ; 0), B(0 ; -2; 0) va duong thang d: I = yT

a) Lap phuong trinh mp(P) qua A va vuéng goc véi d.
b) Tim toa d6 N thuéc mat phang (Q): x - 2y + z - 3 = 0 sao cho NA + NB nho nhit.
D. BAI TAP TRAC NGHIEM
X+1 1-y 2-z2

Cau 1: Trong khong gian Oxyz, cho hai dudng thing (d,): 5 3 va
m
(d,): XI?’ L 211. Tim tht ca gid tri thitc cia m dé (d,) L (d, ).
A. m=5 B. m=1 C. m=-5 D. m=-1

Cau 2: Phuong trinh chinh tic cia duong thang di qua diém M(L-12) va vudng goc véi
mp(B):2x+y+3z-19=0 la:
A x—1: y+1: z-2

. B.
- 2 1 3
X-1 y+1 z-2
2 -1 3
c x+1:y—1:z+2 D. x—1:y—1:z—2
2 1 3 2 1 3

Cau 3: Trong khong gian Oxyz, cho dudng thang d :XTJF8 = S_Ty = _—i Khi do6 vecto chi

phuong cua dudng thang d c6 toa do 1a:

A. (42,-1) B. (4,2,1) C. (4-21) D. (4,-2;-1)
x=0
CAu 4: Trong khong gian véi hé toa d6 Oxyz, cho dudng thing d:{y=t . Vecto nao dudi
z=2-t

day 1a vecto chi phwong cua duong thang d?
A. u,=(0;0;2) B. u,=(0;12) C. u, =(30;-1) D. u, =(0;1,-1)

Cau 5: Trong khdng gian Oxyz, cho diém M(2;-11) va duong thang A :XT_lz— =
toa d6 diém K hinh chiéu vudng goc ctia diém M trén duong thang A.
9 99 6 6 6 3 33
-5

Cau 6: Trong khong gian Oxyz cho hai duong thang (d): 2_ = = va

w
=

. Vi tri twong d6i cua hai duong thang (d) va (d) 1a:

N X=1 y+2 z+1
():=3==5"=
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A. Chéo nhau B. Song song v&i nhau C.Citnhau D. Trung nhau
Cau 7: Trong khong gian vdi hé toa d6 Oxyz, cho tam giac ABC véi
A(111),B(-110),C(312). Chu vi cia tam gisc ABC bang:

A. 45 B. 2+245 C. 35 D. 4++/5
Cau 8: Trong khong gian véi hé toa do Oxyz, cho mit phang (P):3x -4y +2z-2016=0. Trong
cac duong thang sau dudng thang song song véi mit phang (P).

A d Xt Y1 172 B g, X1yl z-1

2 2 -1 4 -3 1

C. dszx—lzy—lzl—z D. OI4:x—lzy—lzz—l

3 5 4 3 —4 2
Cau 9. Trong khong gian voi hé toa do Oxyz, cho duong thang A ¢6 phuong trinh :

x-10 y-2 z+2
5 1 1

Xét mit phang (P) : 10x + 2y + mz + 11 = 0, m 1a tham sd thyc. Tim tit ca cac gia tri cua m dé
mit phang (P) vudng goc voi dudng thang A.
A m=-2 B.m=2. C. m=-52 D.m=52

z \
=—Va

Cau 10: Trong khong gian véi hé toa do Oxyz, cho hai duong théng d :XT_l 1

y+l
1

. :X—_l?’:%:ZTH.Xétvitri twong ddi gitra d va d, .

A. Song song. B. Trung nhau. C. Chéo nhau. - b. Cit nhau tai |.
Céau 11: Trong khong gian Oxyz, cho duong thang (d) 1a giao tuyén ctia hai mat phang
(P):3x—z+2=0 va (Q):3x+4y+2z+4=0. Véc-to nao dudi ddy la mot véc-to chi phuong
ctia dudng thang (d).

A. u=(-4-912) B.u=(4312) C.u=(4-912)  D.u=(-4312)
X=1+t
Cau 12: Cho diém M(2;1;4) va dudng thing A:1y =2+t . Tim diém H thuoc A sao cho MH
z=1+2t
nho nhét.
A. H(23;3) B. H(3;4:5) C. H(L271) D. H(0;3;,-1)
Cau 13: Khoang c4ch giita diém M (1 —4;3) dén dudng thang (A): x2—1 = y+12 = Z;l la:
A.6 B.3 C.4 D.2

Cau 14: Trong khong gian Oxyz, cho hai diém A(L4;2),B(~12;4) va dudng thing
A:x_—llzy%zzé Tim diém M trén A sao cho MA? + MB? = 28.

A. M(-1,0;4) B. M(10;4) C. M(-1,0;-4) D. M(30;-4)
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Cau 15:Viét phuong trinh duong thang (d) di qua diém A(1;2;-1) va nhan vec to U(1,2;3) lam vec

to chi phuong
Xx=1+t x=1-t
A (d){y=2+2t . (d)Jy=2+2t .
z=-1+3t B z=-1+3t
X=1+t X=1+t
(d)sy=2-2t . (d)Jy=2+2t.
C. z:—’1+3t , D. z=1+3t ,
Céu 16. Viét phuong trinh duong thang di qua A(4;2;-6) va song song voi duong thang
g 2=Y_Z
2 4 1
T =—-4-2t =22t T=2-+2t T =-—4+2t
Aiy=2—-4t . B.ijy=1—-14t . Ciy=1+4t. D.iy = -2+ 4t.
z2=—6—1 z=—-3—1 z=-3+t z2=6+t
Cau 17.
r=—-1+1
Cho duong thang (d) :{y = —2 + 2t .Viét phuong trinh chinh tic ctua duong thang d.
z=1—1

Az+2y—z24+6=0
r+1 y+2 2-1

B.
1 2 —1
C.x—lz y—2 _ z+1
1 2 —1
D.x—kl _ y+2 _ z—1
—1 2 1
x=1+t x=2+t'
Cau 18. Trong khong gian vaéi hé toa do Oxyz cho d,:§ y=2-t ; d,:qy=1-t". Xac dinh vi tri
z=-2-2t z=1
twong ddi cua hai dwong thang d, va d,.
A. Hai duong thang song song. B. Hai dudng thing chéo nhau.
_C. Hai duong thang cat nhau. D. Hai duong thang tring nhau
X=1+t
Cau 19. Trong khdng gian Oxyz, cho (P):x+2y-z-1=0 va duong thang d :{y =2t
z=-2+t
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Puong thang d cét (P) tai diém M. Duong thang A di qua M va vudng géc véi d va nam trong
mit phang (P) c6 phuong trinh la

X =4t' X =4t X =4t X =4t
A ly=-2-2t" B.{y=2-2t'" C.{y=2+2t' D.{y=2+2t'
z=-3 z=-3 z=-3 z=3
x=0
Cau 20. Cho duong thang d:{y =t .Tim phuong trinh duong vudng goc chung cua d va
z=2—t
truc Ox .
r=1 =20 =0 x=0
Aly=t B.{iy =2t Cily=2-t Diy=t
z=1 z2=1 z=1 z=1

BAI 5: VI TRI TUONG DOI ]
LOAI 1. VI TRi TUONG DOI CUA HAI MAT PHANG

Phwong phap: Cho hai mit phang (P): Ax+ By +Cz+ D =0va (Q): A’Xx + B’y + C’z+ D’ = 0. Khi
do:

B C D
- P// - = _
(P)IQ) X Yialr-rhairy
B C D
- P = —
(P)=Q) = AR O D
- (P)cat(Q) <:>—AA¢—BB hodc BE?&CE hodc AA?&CE

Chay. (P)L(Q)< AA'+BB'+CC'=0

LOAI 2. VI TRi TUONG DPOI GIUA CAC PUONG THANG, MAT PHANG VA
MAT CAU

A. KIEN THUC CAN NHO.,

1 Vi tri twong ddi ctia hai dwong thang: Tim Mo(Xo ;Yo ;Zo) trén dwong thiang (d) va VICP U=

—_—

(a3 b; ¢) ciia (d). Tim M’o(X’0;y’0;2’0) trén (d’) va VTCP U'=(a’; b’; ¢’) cia (d’)

(d) va (d') déng phang < [u u } MM, =0
(d) va (d’) cat nhau [u }
IR ICRT
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) // (d") o 0u’]=0
M, ¢ (d)
(d) = (d") o o.u7)]=0
M, < (d)

(d) va (d) chéo nhau < [G,J‘].MOMO #0

2. Vi tri twong doi ciia dwong thing va ciia mit phing:

Cho dudng thiang (d) qua M(xo ;Yo ;Zo), c0 VTCP U= (a; b; ¢) va mit phing (o ): Ax + By + Cz
+D=0 c¢6 VTPT n = (A;B;C)
Céach 1. (d) cit (o) <nU =0 < Aa+Bb +Cc 0

0/ nLla Aa+Bb+Cc=0
=
@)/ /(o) = M, (o)  |AX,+BYy,+Cz,#0
- Aa+B =
@) e (o) [1 L1 @{ a+Bb+Cc=0
M, € (a) Ax,+By,+Cz,=0
X = X, +at
] o . X=Y,+bt
Céch 2. Xét hé phuong trinh ™
- X=12Z,+cCt

Ax+By+Cz+D=0
- Néu (*) vo nghiém thi (d)/ /()
- Néu (*) c6 nghiém dtng v6i moi t thi (d) < (o)
- Néu (*) c6 nghiém duy nhét (X,; Y,;Z,) thi (d) cdt (o ) va nghiém ctia hé 1a toa d0 giao diém.

Mt 56 lwu y:
1) Khi (d) ciit (o) d@é tim toa d¢ giao diém ciia (d) va () ta gidi hé gom cdc phwong trinh ciia (d) va
(@)
2) Tim hinh chiéu vuéng géc ciia diém M trén mat phing ()
- Viét phuong trinh dwong thing (4) di qua dlém M va (A)L ()
- Tim giao diém ciia (4) voi (o) do la diém can tim.
3) Tim diém M’ déi xung véi diém M qua mdt phing (Q)
- Tim hinh chiéu vuéng géc H ciia M trén (a) .
- M dbi xieng v6i M qua (@) < H la trung diém doan MM
4) Tim hinh chiéu vuéng géc H ciia M trén dwong dwong thing (d).
- Vtétphtro'ng trinh mdt phing (o) qua M va (o) L (d).
- Tim giao diém ciia (a) véi (d) , d6 la toa dp H can tim.(cOn cach 2)
5) Tim diém M’ déi xing voi diém M qua dwong thing (d) .
- Tim hinh chiéu vuéng géc H ciia M trén (d).
- M’ doi xieng v6i M qua (d) < H la trung diém dogan MM’
3. Vi tri twong dbi giiva mdt phdng va mdt ciu
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Cho mat phéng (0): Ax + By + Cz+ D =0 vamat cau (S): (x —a)2+ (y —b)2+ (z-c)2 =
R2 cé tam I(a; b; ¢) va ban klnh R.
mit phing (o) cit mit cau (S) theo mot giao tuyén 1a duong tron néu d(I, o) < R. Khi dé

ban kinh dudng tron giao tuyén bang r = \R? —d?(l,0)
mit phang (o) tiép xuc (S) khi va chi khi d(I, o) = R.
mat phang () va (S) khong giao nhau khi va chi khi d(I, ) > R.
B. KY NANG
- Rén ki néng xét vi tri tuong d6i giita cac cap mat phang, cap duong thing.
- Rén ki nang tim hinh chiéu vudng goc cua diém 1én dudng thang, 1én mit phang.
- Rén ki ning Cm céc cip duong thing vudng goc, song song...

C. BAI TAP.

Bai 1. Xét vi tri trong doi giita cac mat phang cho boi cac phuong trinh sau
1) (P)2x—y+z-1=0;(Q):x—-y+z-5=0
2) (P):x-2y+3z-4=0;(Q):—2x+4y—-62z+3=0

3) (P):x—2y+32—10:0;(Q):—%x+y—gz—5:0
Bai 2. Cho hai mit phang (P):mx+(10m—-8)y—2z+2=0 ; (Q):2x+m’y—z-4=0. Tim m d¢

a) (P)//(Q) b) (P) cét (Q)
Bai 3: Xét vi tri tuong dbi cia cac cip duong thang sau, néu chiing cit nhau hiy tim toa do giao diém :
X =—1 x=1-2t
a) d: XTl—y+2—z vad ly_t ) dly=t va
X=1+t z=-1-t
d,_x—2 y z+3
7 5 -1
_ - - X—7 -6 z-5
c)d:X 1_y=2_223 Lo =30
9 6 3 6 4 2

Bai 4. Xét vi tri trong d6i ctia dudng thang va mit phang sau, néu chiing cit nhau hiy tim toa do giao
diém cua ching:

x-1_y-2_ z+3 x-1 y+2 7+3

a) d: > 1 2 va (o) : 4x+2y—-8z+2=0 b)d: > TT1 T va(a):2x+y
-2-3=0
X =12 + 4t
)diqY=9+3t (a):3x+5y-z-2=0
z=1+t
X=1+t
Bai 5. Cho diém M(2; 1; 4) va dudng thing (d) ;. y =2+t
z=1+2t
a) Tim hinh chiéu vudng goc H ctia M trén (d). b) Tim diém M’ d6i xtg v6i M qua (d).

NHOM TRUONG THPT SON DUONG, NOI TRU ATK SON DUONG, THPT HA LANG 20




CHUYEN PE PHUONG PP TQA PO TRONG KHONG GIAN

Bai 6. Trong khong gian v6i hé toa dd Oxyz cho N( 2; -3; 1) va mit phang (o) : X + 2y —z + 4 = 0.

a) Tim hinh chiéu vudng goéc cta N trén mit phang . b) Tim diém N’ d6i xtmg v6i N qua
(a0).
: . . x-1 Z+72
Bai 7. Cho mat phang (o) : 2x +y + X — 2 = 0 va duong thang (d) :72%2—3'
a) Chirng minh (d) cit (o) b) Tim toa d6 giao diém A cua (d) véi ().

¢) Viét phuong trinh dudng thing (d”) qua A vudng goc véi (d) va nim trong mp(P).

Bai8. Cho(d): X=1_ ¥+2 _Z+3 (). x+3y—27-5=0. Pinhm dé:
m 2m-—1 2

a). (d) cét (o) b). (d) // (o) c). (d) L (o).
X=1+t

va (d,)qy=-t
z=-2+3t

a) Chimg minh rang hai duong thang (d1) va (d2) cat nhau.
b) Léap phuong trinh tong quat ciia mp(P) chira (d1) va (d2)

x-1 y+2 z-4

Bai 9. Cho (d,):
() —=" 3

X=3+2t X =3—-4k
Bai 10. Cho (d,)qy=1-t va(d,)qy=-3+2k.
z=5-t z=1-2k

a) Chung minh rang hai duong thang (d1) va (dz) song song
b) Lap phuong trinh tong quat cia mp(P) chira (d1) va (d2)

Bai 11. Cho (d,)qy=—4+2t va (d,) y=1+2k.
Z=3+t z=-2

a)Chung minh (d1) va (d2) chéo nhau.
b)Viet phuong trinh duong vudng géc chung cua (d1) va (d2)
D. BAl TAP TRAC NGHIEM

Cau 1. Xac dinh m dé hai mit phang sau vudng goc (P): 2m - 1)x—3my + 2z -3 =0va
(Q):mx+(m-1)y+4z-5=0.
Am=-2Vm=2 B.m=-2Vm=4 C.m=2Vm=4 Dm=-4Vm=2
Cau 2. Xac dinh m ,n ,p dé cdp mit phing sau song song
(P):2x-3y-5z+p=0,(Q):(m+2)x+(n-1)y+10z-2=0
A.m=2,n=-3,p %5 B.m=-2,n=3,p#1
C.m=-6,n=7,p #1 D.m=6,n=-4,p #2
_Chu 3. biéu kién nao sau day khong du dé cip mit phing
(P):2x-y-52+p=0, (Q):(m+2)x+(n-1)y+10z-2=0 khdng cit nhau :
A m=#=—6 B.n#3 C.m#=-6,n=3 D. p=1

2X+3y+6z2-10=0

va mit phang
X+y+z+5=0

Cau 4. Trong khong gian Oxyz. Cho dudng thang d : {

(P):mx+y+z+5=0.Voigia tri nao ciia m dé duong thang d va mit phang ( P ) song song .
A.m=0 B.m=1 C.m=#=0 D.m=1
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Cau 5. Cho hai diém A(1; -1; 2), B(2; 0; 1) va mit phing (P): x + 2y — 22— 5 = 0. Tim toa d giao
diém cua duong thang AB va mat phang (P).

A. (-2; -6; §3) B. (-1;-3;4) - C. (3;1;,0) D. (0; 2; —1’)
Cau 6. Cho mat phang (P): 3x — 2y + z + 6 = 0 va diém A(2; -1; 0). Tim toa d¢ hinh chiéu cua A 1én
mdt phang (P).
A (1;-1;1) B. (-1;1;-1) C.(3;-2;1) D.(5;-3;1)
X =6-4t
Cau 7. Cho diém A(1; 1; 1) va dudng thing (d): {y =-2—t . Tim toa d6 hinh chiéu vudng goc cua A
z=-1+2t
1én duong thang (d).
A. (2;-3;-1) B.(2;3;1) C.(2;-3;1) D.(-2;3;1)

Cau 8. Trong khong gian vdi hé toa dd Oxyz, cho cac diém A(3;-4; 0), B(0; 2; 4), C(4; 2; 1). Toa do
diém D trén truc Ox, sao cho AD = BC.

A. D(0; 0; 0), D(6; 0; 0) B. D(-2; —4; 0), D(8; —4; 0)

C. D(3;0; 0), D(0; 0; 3) D. D(-2; 0; 0), D(8; 0; 0)
Cau 9. Trong khong gian vé6i hé toa do Oxyz, cho diém A(2; —1; 1) va mit phang (P): 2x -y + 2z + 2 =
0. Tim toa d6 diém B ddi ximg v6i A qua mat phang (P).

A. B(-2; 0; -4) B. B(-1; 3;-2) C.B(-2; 1;-3) D. B(-1; -2;
3)

Cau 10. Trong khong gian voi hé toa d6 Oxyz, cho duong thang d

L X22_Y*L_Z s diém AL O;
q ’ q 2 -2 -1
1). Tim toa do diém B doi xing véi A qua duong thang d.

A. (1;2;3) B.(1;2;1) C.(1;-2;3) D.(0;1;1)

Cu 11. Cho dudng thing d: X =2 y;?’ _2-

! va mat phang (P): 3x + 5y — 2z — 4 = 0. Tim toa do

giao diém cua d va (P).

A.(4;0;4) B. (0; 0; -2) C.(2;0;1) D. (-2; 2;0)
Cau 12. Cho mit phang (P): 2x —2y +z+ 3 =0 va mit cau (S): x>+ y2 + 22— 2x + 4y + 6z + 1 =0. Vi
tri trong d6i gitra (P) va (S) 1a

A. cit nhau theo dudng tron ¢6 ban kinh 2 B. cét nhau theo duong tron c6 ban kinh 3

C. cit nhau theo duong tron c6 ban kinh 4  D. chung khong cit nhau
Xx-10 y-2 z+2

Cau 13. Trong khong gian voi hé toa do Oxyz, cho dudng thing (A): c 1 va mat
phang (P): 10x + 2y + mz + 11 =0, m 1a tham s thyc. Tim gia tri cia m dé (P) vudng goc vdi (A).
A.m=-2 B.m=2 C.m=-52 D. m=52

Cau 14. Trong khong giap v6i hé toa d§ Oxyz, cho ‘51'1 dién ABCD c¢6 cac diém A(0; 1; 0), B(0; 1; 1),
C(2; 1; 1), D(1; 2; 1). The tich cua tir di¢n ABCD bang

A.1/6 B. 1/3 C.213 D. 4/3
Cau 15. Trong khong gian vdi hé toa dd Oxyz, cho mat cau (S): (x — 2)2 + (y — 1)? + z2 =9 va duong
thang d: XT-FZ = ll = Z_—12 . Tim toa d9 cic giao diém cua d va (S).

A.(0,-1; D) va(2;2;0) B. (0, 1; 1) va (2;-2; 0)

C.(0,-1; D) va(2;-2;0) D. (0, 1;-1) va (-2; 2; 0)

Cau 15. Tim toa d6 diém A trén duong thang d: % = ll = ZT+1 sao cho khoang cach tir A dén mat

phing
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(P): X — 2y — 2z + 5 = 0 bang 3. Biét ring A c6 hoanh d6 dwong.

A. (2;-1;0) B. (4;-2; 1) C.(-2;1;,-2) D. (6;-3; 2)
Cau 16. Trong khong gian vdi hé toa d Oxyz, cho ba diém A(0;1;2), B(2; -2;1),C(-2;0;1). Tim toa do
ctia diém M thudc mit phang (0): 2X + 2y + z — 3 = 0 sao cho MA = MB = MC.

A.(2;1;3) B.(-2;5;7) C.(2;3;-7) D. (1; 2;5)
Cau 17. Trong khong gian véi hé toa do Oxyz, cho mét cau (S): (x = 1)+ (y - 2)* + (2 -2)?=36 va
mat phang (P):x+2y +2z+18=0. buong thang d di qua tAm mat ciu va vudng goc véi mit phing
(P), cat mit cau tai cac giao diém la

A. (-1;-2;-2)va(2; 4; 4) B. (3; 6; 6) va (-2; —4; -4)

C. (4; 8; 8) va (-3; -6; —6) D. (3; 6;6) va (-1; -2; -2)
Cau 18. Trong khong gian véi hé toa dd Oxyz, cho mit phang (P): x — 2y + 2z — 1 = 0 va hai dudng
thang da: Xlrl = % = 229 , da: X2—1 = yIS _Z +21 . Xéc dinh toa do diém M thudc d1 sao cho khoang
cach tir M dén d2bang khoang cach tir M dén mit phang (P). Biét rang M c¢6 hoanh d6 nguyén.

A. (-1;0;-9) B. (0; 1; -3) C.(1,2;3) D. (2; 3;9)
Cau 19. Trong khéng gian véi hé toa do Oxyz, cho cac diém A (2; 1; 0), B(1;2;2), C(1:1;0) va mat
phang (P):
X +y+2z—-6=0. Xac dinh toa d6 diém D thudc duong thang AB sao cho duong thang CD song song
v6i mit phang (P).

A. D(5/2; 1/2; -1) B. D(3/2; -1/2; 0) C. D(0; -1/2; 3/2) D. (-1; 1/2; 5/2)
Cau 20. Cho cac diém A (1; 0; 0), B (0; b; 0), C (0; 05 ¢), trong do b> 0, ¢ > 0 va mat phéng P)y:y-z+
1 = 0. Xac dinh b va ¢, biét mit phang (ABC) vudng goc vai (P) va khoang cach tir diém O dén (ABC)
bang1/3.

A.b=2vac=2 B.b=1/2vac=12 C.b=2vac=1 D.b=1vac=2
Cau 21. Cho duong thfmg A: g = yT_l = % Xac dinh toa d6 diém M trén truc hoanh sao cho khoang
cach tir M dén A bang OM vdéi O 1a gbc toa do.

A. (-1; 0; 0) hoac (1; 0; 0) B. (2; 0; 0) hoac (-2; 0; 0)

C. (1; 0; 0) hoac (-2; 0; 0) D. (2; 0; 0) hoac (-1; 0; 0)
X=3+t
CAu 22. Trong khong gian v6i hé toa dd Oxyz, cho hai duong thang A1z {y=t  va Aq:
z=t

—_— == % Tim toa d6 diém M thudc A1 sao cho khoang cach tr M dén A2 béng 1.

A. (6;3;3),(30,0) B.(41,1),(7,44) C.(3,0,0),(7;4,4) D.(52;2),(411)
Cau 23. Trong khong gian vai hé toa do Oxyz, cho hai diém A(2; 0; 1), B(0; —2; 3) va mat phang (P):
2X -y —z+4=0. Tim toa d6 diém M thudc (P) sao cho MA = MB = 3. Biét M c6 hoanh d6 nguyén.
A. (3;-2;3) B. (2;0; 4) C.(-1;0;2) D. (0; 1; 3)
CAu 24. Trong khong gian véi hé toa dd Oxyz, cho mit cau (S): x2 + y? + z2 — 4x — 4y — 4z = 0 va diém
A(4; 4; 0). Tim toa d6 diém B thudc (S) sao cho tam giac OAB déu.
A. (4; 0;4) hoac (0; 4; 4) B. (2; 2; 4) hoac (2; 4; 2)

C. (4;0;4) hoac (8; 4; 4) D. (0; 4; 4) hoac (8; 0; 0)
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Cau 25. Trong khong gian vé6i hé toa dd Oxyz, cho dudng thing A: X- o 2 -y ;1 = il va mat phang
(P): 7 7
X+y+2z-3=0.Goilla giao diém cua A va (P). Xac dinh toa d§ diem M thudc (P) sao cho MI vuong
goc voi A va Ml = 4414,

A. M(=3; -7; 13) hoac M(5; 9; -11) B. M(=3; =7; 13) hodac M(9; 5; -11)

C. M(-7; 13; -3) hoac M(-11; 9; 5) D. M(13; -3; =7) hodc M(9; -11; 5)

' o ~ BAI 6. KHOANG CACH VA GOC
A. KIEN THUC CAN NHO.
1. Khoang cach tir M(xo; Yo; zo) dén mp (o): Ax + By + Cz =0 &
Ax,+By,+Cz,+D
(MO’ (a)) | 2 0 2 2 |
\/A +B’+C
2. Khoang cach tir diém M1 dén dt A di qua Mo va c6 vecto chi phuong ula;
M,M,, U
oy L955]
u
3. Khoang cach giita hai duong thang chéo nhau A va A’ trong do:

A di qua diém Mo va ¢6 vecto chi phuong u , A" di qua diém Mo' va c6 vecto chi phuong u’

U,u" | MMy’

[.]

4. Gbc gitra hai mat phang: Cho (P):A1X+ B,y+C,z+D,=0 va (Q): Ax+B,y+C,z+D, =0. Khi do

d(A,A'):‘[

‘n ‘ AA +BB,+CC,
‘ Hﬂ \/Ai +B2+C? \/AQ +B2+C,?

goc gifra (P) va (Q) 1a a xéc dinh béi: cosa = voin,n, la2

VTPT cua(P)va (Q).

Chay: 0° <o <90° nén déu gia tri tuyét dbi trong cong thirc 1a bat budc.

B. KY NANG

- Thanh thao tinh khoang cach tir mot diém dén mot dudng thang, mot mat phang.

- Rén ki nang tinh khoang céch giira hai dt chéo nhau, xac dinh goc giita hai mit phing...

C. BAI TAP.
Bai 1. Tinh khoang céach tir cac diém M1(1;-3;4) , M2( 0:4 ;1) , M3( 2;-1;0 ) dén mat phéng
(o) :2x-2y+z2-5=0
Bai 2. Lap phuong trinh mit cau tam I(1; 1; -2) va tiép xuc v6i mat phang (P): 2x +y -2z + 1= 0.
Bai3.Cho (P):2x+y-z-2=0,(Q): -4x-2y+2z+1=0.
a) Tinh khoang cach gitra (P) va (Q).
b) Viét phuong trinh mp(R) song song va cach déu 2 mit phang (P) va (Q).
Bai 4. (PH- 2010B). Cho A(1;0;0), B(0;b;0), C(0;0;¢) trong d6 b, ¢ dwong va mat phang
(P): y—z+1 = 0. Xac dinh b va ¢, biét mp(ABC) vudng gboc véi mit phang (P) va khoang cach tir O

dén (ABC) bang %
+2 y-1 z+1

Bai 5. Tinh khoang cach tir diém A(1;1;3) téi dudng thing A: X 1 = > = 3
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Bai 6. Tinh khoang cach gitra hai duong théng chéo nhau :
X+1_y -1 -1 y+2 z-3
—=——va(A = =
(A “Tp g vl )= 1 1 1
Bai 7. Tim trén Oz diém M cach déu diém A( 2; 3; -1 )va mit phang:x + 3y +z-17 =0
X =1+2t
Bai 8. Cho dudng thing (d): {yY =2 —t va mit phang (o) : 2x -y -2z +1 =0.
z=3t
Tim cac diém M e (d) sao cho khoang cach tir M dén (o) bang 3
-2 y—3 z+4 X+1 _y- 4 z7-4
- va (d2): =
3 -5 -2 -1
Tim hai diém M, N lan luot tren (d1) va (d2) sao cho d6 dai doan MN nho nhat.
Bai 10. (PH 2003-B) Cho A(2; 0; 0), B(0; 0; 8) va diém C sao cho AC = (0;6;0). Tinh khoang cach tir
trung diém I cia BC dén duong thang OA.

Bai 11. (DH- 2005A). Cho dudng thang (d):

Bai 9. Cho hai dudng thing (d1)

x-1 _y +3 Z—
-1 2
a) Tim diém | ed sao cho khoang céach tir I dén mp(P) bang 2
b) Tim A la giao diém ctia mp(P) va (d). Viét phuong trinh tham s cua duong thing A nim
trong mp(P), biét A qua A va vudng goc véi d.
Bai 12. (Du bi BH- 2006D). Cho A(1; 2; 0), B(0; 4; 0), C(0; 0; 3)
a) Viét phuong trinh duong thang d qua O va vudng goc voi mp(ABC).
b) Viét phuong trinh mp(P) chira OA sao cho khoang cach tir B dén mp(P) bang khoang cach
tir C dén mp(P)
Bai 13. Lap phuong trinh mit phing (P) qua A(1; 0; 5) va song song véi mp 2x - y + z — 17 = 0 va mat
phang (Q) qua diém B(1; -2; 1), C(1; 0; 0), D(0; 1; 0). Tinh goc hop boi (P) va (Q).
Bai 14. Lap phuong trinh mit phang (P) chira Oz va tao v6i (Q):2x+y — 5z =0 mot goc 60°.

3 vamp(P): 2x +y-2z+9=0.

D. BAI TAP TRAC NGHIEM q ,
Cau 1. Cho mat phang (P): 2x —y — 2z — 8 = 0 va diém M(-2; —4; 5). Tinh khodng cach tor M dén (P).
A. 18 B.6 C.9 D.3

Cau 2. Cho hai mit phang (P): 2x — 3y + 6z + 2 = 0 va (Q): 2x — 3y + 6z + 9 = 0. Tinh khoang cach
giita hai mat phang (P) va (Q).

A.8 B.4 C.2 D.1
Cau 3. Trong mit phang Oxyz, cho tir dién ABCD c6 A(2;3;1), B(4;1; -2), C(1;3;2), D(-2;3;-1).D dai
duong cao ké tu D cuia tir dién 1a

Al B. 4 C.3 D.2

Cau 4. Cho diém A(1; 0; 1), B(0; 2; 3) va C(0; 0; 2). BJ dai dudng cao ha tir C cua tam gidc ABC la
A.2 B.3 C.1/2 D.1

N -1 y-2_ z+3 X s £

Cau 5. Cho A(-2; 2; 3) va dudng thang (A) 5 . Tinh khoang cach tir A dén(A).
A.35 B.543 C.2+5 D.5+2

Cau 6. Tinh khoang céach giita hai duong thang di: x-1 = y=1 = 2-3 , da: x+1 = y-2 = 2-2 .

2 1 4 1 2 -1
3 2 1 5
A — B. — C. — D. —
N7 N7 N7 N

Cau 7. Cho bdn diém A(1; 1; 0),B(0; 2; 1), C(1; 0; 2), D(1; 1; 1).Tinh thé tich khéi tir dién ABCD.
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A.1/6 B.1/3 C.1/2 D.1
Cau 8. Cho cac diém S(3; 1; -2), A(5; 3; -1), B(2; 3; —4), C(1; 2; 0). Tim toa do hinh chiéu vudéng goc
H ciia S trén mit phang (ABC).

A. H(8/3; 8/3; -5/3) B. H(9/4; 5/2; -5/4) C. H(5/2; 11/4;-9/4) D. H(5/3; 7/3; -1)
Céu 9. Cho dudng thing A: x-1 = % _Z +12
cua A v6i (P), M 1a diém thudc A. Tinh khodng cach tir M dén (P), biét MC = /6 .

A.2 B.3 C.2/3 D. 4/3
Cau 10. Trong khong gian v6i hé toa do Oxyz, cho diém M(1; 1; 2). Tim diém N thudc mit phang Oxy
sao cho d¢ dai doan thang MN 1a ngin nht.

A.(1;1;0) B.(1;2;2) C.(2;1;0) D. (2; 2;0)
Cau 11. Trong khong gian véi hé toa do Oxyz, cho cac diém A(1; 2; 3), B(3; 2; 1). Goi M 1a diém
thuéc mat phang Oxy. Tim toa do ctia M dé P = | MA +MB | dat gia tri nho nhat.

A. (1;2;1) B.(1;1;0) C.(2;1;0) D. (2; 2;0)
Cau 12. Trong khong gian véi hé toa d§ Oxyz, cho cac diém A(1;1;0),B(3;0;5),C(2;2; 1). Goi M la
mot diém chay trén mit phang Oyz. Gia tri cia P = MA? + MB? + MC? dat gia tri nho nhat khi M c6
toa dd la

A.(0; 2;1) B.(0;1;3) C. (0; 2; 3) D. (0;1;2)
Cau 13. Trong khong gian véi hé toa d§ Oxyz, cho cac diém A(1;2;0),B(0; 1;5), C(2; 0; 1). Goi M 1a
mot diém chay trén mit phang Oyz. Gia tri nho nhit cia P = MA2 + MB2 + MC? 13

va mit phing (P): x — 2y + 2z - 3=0. Goi C la giao diém

A. 23 7 B. 25 C.27 D.21 ’
Cau 15. Cho mat phang (P): 2x —y — 2z — 8 = 0 va diém M(-2; —4; 5). Tinh khoang cach tor M dén (P).
A. 18 B.6 C.9 D.3

Cau 16. Cho hai mit phang (P): 2x — 3y + 6z + 2 = 0 va (Q): 2x — 3y + 6z + 9 = 0. Tinh khoang cach
giita hai mat phang (P) va (Q).

A.8 B.4 C.2 D.1
Cau 17. Trong mit phang Oxyz, cho t dién ABCD c6 A(2;3;1), B(4:1; -2), C(1:3;2), D(-2;3;-1).Do
dai duong cao ké tur D cua tir dién 1a

A1l B.4 C.3 D.2
Cau 18. Cho diém A(1; 0; 1), B(0; 2; 3) va C(0; 0; 2). B¢ dai dudng cao ha tir C ctia tam giac ABC 1a
A.2 B.3 C.1/2 D.1
R e 2 x=1_y-2_z+3 _, s A 4k
Cau 19. Cho A(-2; 2; 3) va duong thang (A): S =, - . Tinh khoang cach tir A dén(A).
A.35 B.543 C.2+5 D.5+2

Xx-1 y-7 z-3 X+l y-2 z-2

Cau 20. Tinh khoang céach gitta hai dudng thang d1: , d2: :
1 4 1 2 -1
3 2 1 5
A — B. — C. — D. —
J14 J14 J14 J14
Cau 21. Cho bdn diém A(1; 1; 0), B(0; 2; 1), C(1; 0; 2), D(1; 1; 1).Tinh thé tich khéi tir dién ABCD.
A.1/6 B. 1/3 C.1/2 D.1

Cau 22. Cho cac diépl S(3; 1;-2), A(5; 3; 1), B(2; 3; —4), C(1; 2; 0). Tim toa d¢ hinh chiéu vudng goc
H cua S trén mat phang (ABC).
A. H(8/3; 8/3; -5/3) B. H(9/4; 5/2; -5/4) C. H(5/2; 11/4;-9/4) D. H(5/3; 7/3; -1)
X-1_y_z+2
1 -1
diém ctia A v6i (P), M 1a diém thudc A. Tinh khoang cach tir M dén (P), biét MC = /6 .

Cau 23. Cho duong thang A: va mit phing (P): x — 2y + 2z - 3= 0. Goi C 1a giao
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A2 B.3 C.2/3 D. 4/3
Cau 24. Trong khong gian voi hé toa d6 Oxyz, cho diém M(1; 1; 2). Tim diém N thudc mit phang Oxy
sao cho do dai doan thang MN 14 ngan nhét.

A.(1;1;0) B.(1;2;2) C.(2;1;0) D. (2; 2;0)
Cau 25. Trong khong gian v6i hé toa do Oxyz, cho cac diém A(1; 2; 3), B(3; 2; 1). Goi M 1a diém
thudc mit phang Oxy. Tim toa do cia M dé P = | MA + MB | dat gia tri nho nhat.

A.(1;2;1) B. (1;1;0) C.(2;1;0) D. (2; 2;0)

| BAI TAP TONG HOP | ‘
Cau 1: Trong khong gian Oxyz, cho duong thang d va mat phang (P) lan lugt c6 phuong trinh

:X—+3:y—+1:i,(P):x—3y+22+6:0.
2 1 -1 : i i
Phuong trinh hinh chiéu ctia duong thang d I1én mat phang (P) la:
x =1+31t x=1-31t x =1+31t x=1+31t
A. Jy=1+5t B. <y=1+5t C.y=3+5t D. {y=1+5t
z=-2-8t z=-2-8t z=-2-8t z=2-8t
Cau 2: Trong khong gian Oxyz, cho diém 1(1;3;-2) va duong thing A: X=4_ y;4 _Z +13 :

Ph?u:ong trinh mat cﬁu‘(S) c6 tam 1a diém I va cét A tai hai diém phan biét A, B sao cho doan
thang AB c6 d¢ dai bang 4 c6 phuong trinh la:
A. (S):(x—l)2 +(y—3)2 +2°=9 B. (S):(x—l)2 +(y—3)2 +(z—2)2 =9

C. (S):(x—l)2 +(y—3)2 +(z+2)2 =9 D. (S):(x—l)2 +(y+3)2 +(z+2)2 =9
Cau 3: Trong khong gian Oxyz, cho mit cau (S):x*+y*+(z- 2)" =1 va mit phing
(0):3x+4z+12=0. Khi d6 khang dinh nao sau day ding?

A. Mit phang (o) di qua tim mdt cu (S).

B. Mat phang (o) tiép xtic mit cau (S).

C. Mit phang (o) cdt mdt cau (S) theo mot dudng tron.

D. Mit phing (o) khong cit mt cau (S).
CAu 4: Trong khéng gian Oxyz, cho cac diém A(2;-1,6),B(-3,-1,-4), C(5-10), D(3;2;1).

Tinh thé tich V cua t& dién ABCD.
A. 30 B. 40 C.50 D. 60

Cau 5: Trong khong gian Oxyz, cho mit cau (S):x* +y* +2° + 2x+4y—6z-11=0 va mat
phing (P):2x+6y—-3z+m=0. Tim tit ca cac gi4 tri cia m d€ mit phing (P) cit mdt cau (S)

theo giao tuyén 1a mot dudng tron c6 ban kinh bang 3.

A. m=4 B. m=51 C. m=-5 D. {szl
— |m=-5

Cau 6: Trong khong gian Oxyz, cho bén diém A(6;-2;3),B(0;16),C(2;0;-1), D(410). Goi

(S) 1a mat cau di qua 4 diém A, B, C, D. Hay viét phuong trinh mit phang tiép tic voi mit cau
(S) tai diem A.
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A. 4x-y-9=0 B. 4x-y-26=0 C. x+4y+3z-1=0 D. x+4y+3z+1=0
Cau 7: Trong khong gian Oxyz, cho diém A(-3;2;5) va mit phang (P):2x+3y-5z-13=0.
Tim toa do diém A’ ddi xtmg vé6i diém A qua mit phang (P).

A. A'(1;8-5) B. A'(2,-4;3) C. A'(7:6,-4) D. A'(0;1,-3)

Cau 8: Trong khong gian Oxyz, cho A(2;0;-1),B(1-2;3),C(0;12). Toa do hinh chiéu vuéng
gdc ciia goc toa d6 O 1én mit phang (ABC) 1a diém H, khi d6 H la:

A H(ll lj B. H(ll lj c. H(ll lj D, H(li ij
2 2 32 2 3 2 2
Cau 9: Trong khong gian Oxyz, cho mit cau(S):x* +y? +2° —8x +10y -6z +49=0 va hai mit
phing (P):x-y-z=0,(Q):2x+3z+2=0. Khdng dinh nio sau day dung.
A. Mat céu (S) va mat phéng (P) cét nhau theo giao tuyén 1a mdt duong tron.
B. Mat cau (S) va mat phang Q) cat nhau theo giao tuyén 1a mot duong tron.

C. Mat cau (S) va mat phang Q) tlep xuc nhau.
D. Mit cau (S) va mat phang (P) tiép xtc nhau.

Cau 10: Trong khong gian Oxyz, cho diém M(2;-11) va duong thang A: XT_l _y+l :g. Tim

toa d6 diém K hinh chiéu vudng goc ctia diém M trén duong thang A.

12 12 3 9 99 - 6 6 6 3 33

Cau 11: Trong khong gian Oxyz, cho duong thing (d): ng = yl_l = Z;5 va mit phang

(P):x+y-2-1=0. C6 tat cd bao nhiéu diém thudc dudng thiang (d) sao cho khoang cich tir

diém d6 dén mat phing (P) bing /3.
A. V6 s6 diém B. Mot C. Hai D.Ba
Cau 12: Tim toa do giao diém cia dudng thing d: > I 2_ y_ll . ;3 va mit phiang (Oxz).
A. (2;0;3) B. (10;2) C. (-2;0;-3) D. (3,0;5)
Cau 13: Trong khong gian Oxyz, cho mit cau (S):x* +y’ +2” +4x-6y+m=0 va dudng thing
(d): % = yT_l = ZTH Tim m dé (d) cit (S) tai hai diém M, N sao cho d6 dai MN bang 8.
A . m=-24 B. m=8 C. m=16 D. m=-12
Cau 14: Trong khong gian cho ba diém A(5;,-2;0),B(-2;3;0) va C(0;2;3). Trong tim G cua
tam giac ABC ¢6 toa do:
A (L11) B. (2;0,-1) C. (12:1) D. (LL-2)
Cau 15: Trong khong gian cho ba diem A(13,1),B(4;3;-1) va C(17;3). Néu D la dinh tht 4
cua hinh binh hanh ABCD thi D ¢6 toa do la:
A. (0;9;2) B. (2,5;4) C. (2:9;2) D. (-2,7;5)
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Cau 16: Cho a=(-2;0;1),b=(13;-2). Trong c4c khang dinh sau khing dinh nao ding:

A. [5; B] =(-1-12) B. [5; B] =(-3,-3,-6) C. [5; 5] =(3,3,-6) D. [5; 5} =(L1-2)
Cau 17: Cho duong thing di qua diém A(L4;-7) va vudng géc véi mit phang
(0):x+2y-2z2-3=0 c6 phuong trinh chinh tic 1a:

A.X—].:y—_L].:—ﬂ B_X_lzu:ﬂ
2 2 2 2
x-1 z+7

C.T:y+4:T D.X—lzy—4:Z+7
Cau 18: Trong khong gian Oxyz cho dudng thang (A): X;?’ = y+12 i Y mit phang
(0):x—4y—4z+5=0. Trong cac khing dinh sau khang dinh nao dung ?

A. Géc giita (A) va () bing 30° B. (A)e(a)

C.(A)L(a) D. (A)//(a)

Cau 19: Trong khong gian Oxyz, cho ba diém M(3;1;1),N(4;8;-3),P(2;9;~7) va mit phing
(Q):x+2y-z-6=0. Dudng thing d di qua G, vudng géc véi (Q). Tim giao diém A clia mit

phang (Q) va duong thang d, biét G 1a trong tAm tam gidc MNP.
A A(121) B. A(-2;-1) C. A(-1-2;-1) D. A(3,2;-1)

PHUONG PHAP TQA PQ TRONG KHONG GIAN
Thoi gian lam bai: 45 phut

PE KIEM TRA
Cép dp tu duy
Chii d@&/Chuian KTKN - < <
Nhan biét Th‘(gng Van ?ung Van dung Cong
hi¢u thap cao

1. H¢ toa dg trong khong gian Cau 1l Cau 7 13
Biét cach tim toa do diem, véc - - - -
to. Thuc hién dugc cac phép Cau 2 Cau 8 Cau 9 Cau 12 52%
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toan véc to. Tinh dlIQC tich V(‘A) Cau 3 Cau 10 Cau 13
hu(’)’ng véc to va cac bai toan vé
mat cau. Cau 4 Cau 11
Cau s
Cau 6
6 2 3 2
Cau 14 Cau 21 Cau 24
Cau 15 Cau 18 Cau 22 Cau 25 12

2. Phuong trinh mat phflpg
Vict phuong trinh mat phang, vi |  Cau 16 Céau 19 Cau 23

. 2. . . , 48%
tri twong doi cua hai mp, tinh N N
duoc k/c tir mot diém dén mp. Cau 17 Cau 20
4 3 3 2
10 5 6 4 25
Cong
40% 20% 25% 15% 100%
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BANG MO TA CHI TIET NQI DUNG CAU HOI PE KIEM TRA
PHUONG PHAP TOA PQ TRONG KHONG GIAN

DE KIEM TRA
Chii dé Cau N¢i dung
1 Nhan biét: CT tinh toa do trong tdm ctia mot tam giac
2 Nhén biét: CT tinh khoang cach giita hai diém
L. Hé tea d0| 3 | Nhan biét: Viét phuong trinh mit cau
trong khong gian Nhan bidt - Toa do ctia md
Biét cach tim toa 4 an 1e’t : Toa dg cua mot vecto 7
do diém, véc to. 5 Nhan biét: Toa do trung diém doan thang
Thyc hién duoc 6 Nhan biét: Tim tdm va bk mit cau
cac phép toan véc Théone hidu: Viét ot mat ca
to. Tinh duogc tich ! (A)ng 1?u 1Ae p*ha cauA R
v huéng véc to 8 Thong hiéu: ’Cong vecto, r}han vecto vo1 mot s
va céc bai toan vé 9 Van dung thap: Toa do diém
mat cau. 10 | Van dung thip: Ung dung ciia vecto
11 | Van dung thip: Kién thirc lién quan téi mat cau.
12 Van dung cao: Tim toa do diém dé dd dai 16n nhat
13 Van dung cao: PT mat cau di qua 4 diém
14 Nhan biét: Pt mat phéng theo doan chin.
15 | Nhan biét: Xac dinh VTPT ctia mp
16 | Nhén biét: Lap phuong trinh mp trung truc cta doan thang
17 | Nhan biét: Khoang cach tir 1 diém t6i 1 mp
2. Phuong trinh 18 Thong hiéu: Lap PTMP biét mot diém va song song voi MP cho
mit phing trudc :
Viét phuong trinh | 19 | Thong hiéu: D¢ dai doan thing
mat phang, vitri | 20 | Véan dung thap: Lap phuong trinh mp di qua ba diém cho trude.
twong doi ctia hai 5 A qune thap: Tim toa d6 didm thi 4 d& 12 hbh
mp, tinh duoc k/c - . — — —
o mot didm dén 22 | Van dung thap: Viét phuong trinh ti€p xtic véi 1 mat phang
mp. 23 Van dung thap: Viét phuong trinh mit phang di qua 2 diém va
vudng goc voi 1 mp
24 Van dung cao: Tinh thé tich tr dién
o5 Van dung cao: Cho diém A va mp (P). Mp(Q) song song véi (P) va

cach déu (P), (Q). Viét phuong trinh mp (Q).
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PE KIEM TRA

Cau 1. Trong khong gian Oxyz. Cho ba diém A(1;1;3); B(-1; 3; 2); C(-1;2;3 ). Toa do trong
tam G cua tam giac ABC la.

A. G(0; 0; 6). B. G(0;3/2;3). C. G(-1/3;2; 8/3). D. G(0;3/2;2).
CAu 2. Trong khong gian Oxyz, khoang cach giita hai diém A(2;3:4) va B(6;0;4) bang :

A 29, B.v52. C.5 D. 7
Céau 3. Trong khéng gian Oxyz, phuong trinh mét cau tim I(2;1;-2) ban kinh R=2 I&:
A X +y +2°+2x-4y-62+10=0 B. X’ +y*+7°-4x-2y+4z+5=0
C. (x—l)2 +(y—2)2 +(z +3)2 =3 D. (x+1)2 +(y+2)2 +(z—3)2 =2°
Cau 4. Trong khong gian Oxyz, cho a = 2i+ j—5k . Khi d6 toa do cua a la:
A. g=(2;1;—5) B. 5:(2;1;0) C. gz(—Z;—l;S) D. g:(Z;O;—S)

CAu 5. Cho ba diém A(1;1;3); C(-1:2;3). Toa d¢ trung diém I ciia doan AC la

1(0; O; 6); B. 1(0;3/2;3); C.1(-1/3;2;8/3) D. 1(0;3/2;2);
Cau 6. Cho mit cau (S) tm I ban kinh R va ¢6 phuong trinh: x? + y? + 22 —x+2y+1=0 Trong
cic ménh dé sau, ménh dé nao ding

A. |(—1;1;oj va R:i B. I(l;—l;OJ va R:1
2 4 2 2
C. |(1;—1;0j va R:i D. |(—1;1;0j va R:l
2 J2 2 2
CAu 7. Phuong trinh mit cau (S) qua diém A( 1;2; 0) va c6 tam 1a gbc toa do O la.
A 2x*+y?+22 =5 B. x?+2y?+3z°=5
C. x?+y?+27°=5 D. x*+y*+z°=5
Cau 8. Cho ba véc to a=(5-7;2);b=(0;3;4);c = (-113) . Toa dd véc to n=3a+ 4b+2c. la
A. n=(13;,-7;28)  B. n=(13;1;3); C.n=(-1;-7:2); D.n=(-1:28;3)
Cau 9. Trong khdng gian Oxyz, cho vecto AO =3(i+4j)-2k+5]. Toa df ciia diém A 14
A. (3,-2;5) B. (-3,-17;2) C. (317;-2) D. (3,5;-2)

Céu 10. Trong khong gian Oxyz, cho 3 vecto 5:(—1;1;0); b =(11; 0), =(L,1;1). Trong cac
ménh dé sau, ménh dé nao dang?
A. ac=1
C. cos(B,E) =%
Cau 11. Trong khong gian Oxyz, cho mit cau (S): (x +1)2 +(y—2)2 +(z —3)2 =12. Trong cac
ménh dé sau, ménh dé nao sai:
A. S c6 tam 1(-1;2;3) B. S c6 ban kinh R=24/3
C. S di qua diém M(1;0;1) D. S di qua diém N(-3;4;2)
Cé}u 12. Trong khong gian véi hé truc toa d§ Oxyz, pho hai diém A(1;2;2), B(5;4;4). Toa do
diém M nam trén truc Ox sao cho MA? + MB? 16n nhat 1a:

¢ dd ng phang
6 c=

o1 oW

B
D.
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A. M(0;0;0) B. M(0;3;0) ‘C. M(3;O;9) 7 D. M(-3;0;0)
Cau 13. Trong khéng gian Oxyz, ban kinh mat cau di qua bon diém A(1;0,0), B(0;1;0), C(0;0;1) va
D(1;1;1) la:

e ;
A B. C.v3 D. =
V2 = 2 o W3 4
Cau 14. Trong khong gian Oxyz. Cho bon diém A(1; 0; 0); B(0; 3; 0); C(0; 0; 6). Phuong trinh
mat phang (ABC) la.
A X Y 21 Box#2y+z6=0 C. 2+Y1Z-3 D.6x+2y+z-3=0
1 3 6 1 3 6

Cau 15. Cho mat phang (P): X+ y + 2 = 0. Khang dinh nao sau day SAI?

A. VTPT cta mit phang (P) 1a n= (1,3,0)

B. Mit phang (P) song song v6i Oz

C. Biém M(-2:0;0) thudc (P)

D. Mit phang (P) song song v&i mit phang (Oxy)

Cau 16. Trong khong gian Oxyz, cho 2 diém A(4;-1;3), B(-2;3;1). Phuong trinh mit phang

trung truc cua doan AB la:

A. 3x-2y+z+3=0 B.6x-4y+2z+1=0 C.3x-2y+z-3=0 D.3x-2y-z+1=0
Cau 17. Cho diém A (-1; 3; - 2) va mat phang (P): x—2y—2z+5=0. Khoang cach tir A dén (P) la.
A 2 B. 32 c.3 D.5

A 7 Lo | 5 3

Cau 18. Phuong trinh mp(a) di qua diém M(1,-1,2) va song song v&i mp () :2x-y+3z-1=0

la

A 6x+3y+22-6=0 B. x+y+2z-9=0 C. 2x-y+3z-9=0

D. 3x+3y-z-9=0

Cau 19. Trong khong gian Oxyz. Cho A( 4; 2; 6); B(10; - 2; 4), C(4; - 4; 0); D( - 2; 0; 2) thi t&
gidc ABCD la: hinh

A. Thoi B. Binh hanh C. Chir nhat D. Vuong

Cau 20. Trong khong gian Oxyz, cho B(0;-2;1); C(1;-1;4);D(3;5;2). Phong trinh mat
phéing (BCD) la.

A. -5x+2y+z+3=0 B. 5x+2y+7+3=0. C. -5x+2y+z-3=0 D. -5x+2y-z+3=0

Cau 21. Trong khong gian Oxyz. Cho 3 diém M(2;1;3), N(4;0;-1); P(-2;3;1). Néu MNPQ la
hinh binh hanh thi toa d6 diém Q 1a:

A. (0;-2;3) B. (0;-2;-3) C. (0;2;-3) D. (-4;4;5)

Céau 22. Trong khong gian Oxyz, cho A(3;-2;-2);B(3:;2;0);C0;2;1);D(-1;1;2).Ph-
ong trinh mat ciu tam A tiép xiic v6i mat phang (BCD) 1a.

A, (x+3)°+(y-2)°+(z-2)°* =14 B. (x+3)2+(y—2)2+(z-2)* =14
C. (x=3)*+(y+2)’ +(z+2)* =14 D. (x=3)*+(y+2)? +(z+2)* =14

Cau 23. Trong khong gian véi hé toa do Oxyz, cho hai diém A(2;4:1),B(—1;1;3) va mit phang
(P): x—3y+2z-5=0.Phuong trinh mit phang (Q) di qua hai diém A,B va vudng gbc voi mat
phang (P) la.

A. (0):2y+3z-11=0 B. (Q):y+3z-11=0
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C. (0):2y+3z+11=0 D. (Q):y+3z+11=0
Céau 24. Trong khong gian vdi hé toa do Oxyz, cho tir dién ABCD c¢6 A(1;0;0), B(2;1;1),

C(0;3;-2), D(1;3;0). Thé tich t& dién d cho la

B. L c.t D.6
2 6
C&u 25. Cho mat phang (P): 2x —y +2z =3 =0. Phuong trinh ciia mit phang (Q) song song véi
mit phang (P) biét (Q) cach diém A(1;2;3) mot khoang bang 5 1a.
A. (Q): 2x -y +2z +9=0 B. (Q): 2x -y +2z + 15 =0
C. (Q): 2x -y +2z — 21=0 D. Ca A, C déu dung.

Al
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CHUYEN PE: LUQNG GIAC
CHUBPE 1
CUNG LUQNG VA GOC LUQNG GIAC
GIA TRI LUQONG GIAC CUA MOQT CUNG

CONG THUC LUQNG GIAC
(3 Tiét)

A. KIEN THUC CO BAN
I. Gia tri lwgng giac cua goc (cung) luwgng giac
1. Pinh nghia cac gia tri lwgng giac

) | SIT
Cho (OA,OM) =« . Gia st M(x;y). 2 /
cosa =Xx =i_H B S cotang
sina=y=0K Y
tana = SIna :E (a¢£+k7zj al cosin
cosa 2 o[ H .y >
cota = c?sa =BS (a#kn) K
sin &
Nhdn xét:
e Va,—1<cosa <1, —1<sina <1
e tano xac dinh khi o # §+k7z,k e”Z e cota xac dinh khi e #kr,keZ
o sin(a+k2r)=sina o tan(ax +kr)=tana
cos(aa+k2m)=cosa cot(ax+kmr)=cota
2. DAu ciia c4c gia tri lwong giac
Phan tu
Gia tri lugng giac | I i v
cosa + - -
sino +
tana + - + -
cota + - + -

3. Gié tri lwgng giac cia cac géc dac biét



0 7 z z z 2z 3 37
6 4 3 2 3 4 d 2 o
0° | 300 | 45° | 60° | 90° | 120° | 135° | 180° | 270° | 360°
sin | o | L |2 B3 B2 g ] g o
2 2 2 2 2
cos 1 ﬁ Q 1 0 L —Q -1 0 1
2 2 2 2 2
e I e R IV N [ R B R
cot | [ |5 | 1|20 |2 ]| o | ]

4. Hé thire co ban:

sina+ cos’a=1; tana.cota= 1; l+tan’a = . l+cot’ o = 5
cos” a sin” o
5. Gia tri lwgng giac ciia cac goc co lién quan dac biét
Goéc doi nhau Goc bu nhau Goc phu nhau
cos(—a) = cosa sin(r—a) =sina s1n(5—a] = cosa
) ) V4 )
sin(—x) = —sina cos(r—a) =—cosa Cos E—a = sinx
V4
tan(—a) = —tana tan(7 —a) = —tana tan E—a = cota
V4
cot(—a) = —cota cot(r —a) = —cota cot E—a = tana




Goc hon kém =

r r 72.
Goc hon kém —

[\

sin(r+a) = —sina

cos(r+a) =—cosa

tan(7 + )= tana

cot(m+a)=cotx

I1. Cong thirc lwgng giac
1. Cong thirc cong

sin(a+b) = sina.cosb + sinb.cosa
sin(a—b) = sina.cosb —sinb.cosa
cos(a+b) = cosa.cosb — sina.sinb

cos(a—b) = cosa.cosb+ sina.sinb

2. Cong thirc nhan doi
sin2¢ =2sin¢.cosa

tana+tanb
tan(a+b) = ———
l1-tana.tanb
tana—tanb
tan(a—b) =

l+tana.tanb

cos2a = cos’a—sin‘a = 2cos>a—1=1-2sin’a

2tan o cot® a1
tan2q = ————; cot2q = ———
1—tan’ & 2cota
sin a _ 1-cos2a sin3a = 3sina —4sin> a
2 1+cg52a cos3a = 4cos’ a—3cosa
on s 2 3tana —tan’ a
1 2 tan3a = >
tan® g =~ 1-3tan” «
1+cos2a

3. Cong thitc bién ddi tong thanh tich




a+b a—b sin(a+b)
cosa+cosbhb = 2cos .COS tana+tanb = ——
2 2 cosa.cosb

. a+b . a-b sinfla—b
cosa—cosb = —2sin .sin tana—tanb=(—)
2 cosa.cosb

. . . a+b a—->b in(a +
sina+sinb = 2sin .COS cota+cotb:M
2 2 sina.sinb

a+b a—>b .

g in b — : sin(b—a
sina—sinb = 2cos .sin cota—coth = - ( : )
sina.sin b

sina +cosa = 2.sin[a+%)=\6.cos(0{—%)
sina —cosa = 2sin(a—%j:—\/acos[a+%j

4. Cong thic bién déi tich thanh tong

1
cosa.cosb = —| cos(a—b)+cos(a+b
SLcosta=b)+cos(a+b)]
sina.sinb = l[cos(a—b) —cos(a+b)]
2

1
sina.cosb = —|sin(a—b)+sin(a+b
a 2[ (a—b) (a )]

B. KY NANG CO BAN
1. Dang 1: Xac dinh d4u cia cac gia tri lweng giac cia mdt cung:

+ Xdc dinh diém cuéi ciia cung xem diém dé thuéc cung phdan tw nao, tiv d6 xdc
dinh ddu cia cac gia tri lwong gidc twong ing.

+ Phdi n@m rd cac cung phdn tw tiv dé xdc dinh ddu cua cac gia tri lwong gidc; dé
xdc dinh ddu cia céc gia tri lweng giac ta can ndm ré dinh nghia gid tri lwong giac cria
cung o va thuc hién nhw sau: Vé duwong tron lwong giac, truc dung(Oy) la truc sin, truc
nam (Ox) 4 truc cosin; khi « thugc cung phan tiw nao ta cho mét diém M bdt ki nam
trén cung phdn tw dé, sau dé chiéu diém M vudbng goc xuéng truc sin va truc cos tir do
xdc dinh dwoc sin dwong hay dm, cos dwong hay am; tan=sin/cos; cot=cos/sin; dwa vao
ddu Ciia sin va cos ta xdc dinh dwoc ddu cia tan va cot theo nguyén tdc chia dau: -/-=+; -
[+= -

2. Dang 2: Tinh céc gia tri lwgng giac cia mot cung:
+ Néu biét truéc sina thi dung cong thac: sin® o +cos’a =1 dé tim cosa, luwu y:xdc

. A oA s T S . sina cos <
dinh dau cua cac gia tri lwong giic dé nhdn, logi. tana=—-; cota=— hoac
cosa sina
cota =
tan o



+ Néu biét trwéc cosa thi twong tw nhw trén.

+ Néu biét trwéc tana thi dung cong theic: 1+tan? o = dé tim cosa, luwu y:

CoS

xdc dinh ddu cia céc gia tri lwgng gidc dé nhan, loai. sina =tana.cosa, cota = t
an o

3. Dang 3: Chirng minh cac dang thire lugng giac:

Sir dung cac hang dang thiee dai 56 (7 hang dang thire dang nhd) va cac hang
dang thirc lwgng gidc co ban dé bién doi mét vé thanh vé kia.
bién déi mét vé thanh vé kia)

sin? @ +cos’a =1 (aib)zzaziZab+b2
tana.cota =1 [a;ﬁk%,k EZJ (aib)s:a3i3a2b+3abzib3
a®+b®=(a+b —ab+b?
1+tan’ o = 12 (a¢£+k7r,ker ( )( )
cos’a 2 a®-b®=(a-h)(a’+ab+b’)
1+cot2a=sin12a (azkrkeZ) a’—b? =(a+b)(a-b)
sina . cosa
tang =——; cota=—-
cosa sina

4. Dang 4: Pon gian cac biéu thire hrgng giac:
+ Dung cac hé thize co ban va gia tri lweng giac Ciia cdc goc co lién quan dac biét

Giatri lg cua cdc goc cé lién quan ddc biét:*“sin bi,cos déi,phu chéo,hon kém tan sai
+ Chuay: Vdi k e Z ta co:
sin(a+k2r)=sina cos(a +k2r)=cosa

tan(a +kz)=tana cot(a +kz)=cota

C. BAI TAP LUYEN TAP
Dang 1:

Bai tap 1.1: Cho %< a < 7. Xac dinh diu caa cac gia tri lweng giac:

a) Sin(?’?”—aj b) cos(a +%j C) tan(a+7) d) cot(a—%j
Gidi

Vs T 1 3« ~ . (37
d) —<a<r=>-r<-a<-—="—<——a<xz Vay sin| ——a |>0
2 2 2 2 2



Dang 2:

Bai tap 2.1: Tinh cac gia tri lweng giac cia goc o biét:

a) sinoz:E voi Z<a<n 9) tana:E,O<a<£
5 2 8 2
b) COSazi,0<a<£ h) COta=—£,£<0{<ﬂ'
13 2 7
C) tana:—i,s—ﬂ<a<2ﬂ' ) COSCZI—EJZ'<0{<3—”
5 2 4 2
3 . . 2 r
d) cota=-3—<a<2r ) sina===<a<nx
2 3 2
. 2 V4 7 V2
e) sina=—=,0<a<=— K) tana=—,0<a<=
5 2 3 2
f) cosa=0,8 V('ri%r<a<27r ) Cota=—%,37ﬂ<a<27r

Giai

T N
a) Do E<0¢<7r nén cosa <0,tana <0,cota <0

CoS :%(Ioai)

sina +cos’a =1= cos’a =1-sin‘a=—=<
4
c05a=——(nhan)
5
Ssina 3. 4
tang=——-=-"" cotax =——
Cos 3

c) Do 377[<a<27r nén sina <0,cosa >0,cota <0

5
cosa =——(nhan)
l+tana=———=cos’a =" < Va1
s a coSa :—i(loai)
N
sina:cosa.tana:—i; cota = 1 =_E
\/ﬂ tan o 4

Cac bai tap con lai lam twong tur.

Bai tap 2.2: Biét sin a:% va %< a < . Hay tinh céc gia tri lugng giac cua goc: 205;%



242

a) Do %<a<7z nén cosa<0:>cosa=—T
sin2a = 2sin acosa:—¥

) 7
cos2a = cos’a—sin’a =35

M2 7

tan2a=——:cota=——

7 42

b) £<a<7r:>£<z<£:>cosg>0,sing>0
2 4 2 2 2 2

2@ _l-cosa . a_ /1—cosa= 13+242
2 2 2 2 6
cos? /1+cosa: 3-242
2 2 6

tan%=3+2x/§;cot%=3—2\/§

Bai tap 2.3: Tinh cos2a,sin 2a, tan 2a biét:

5 3T . 5z . T
a) cosa=-—-—, m<a<—, C0sa=—-—,—<a<r, cosa=—, ——<a<0
13 2 13 2 2

b) sina:—g, 7r<a<3—”

. 1 .3
C) sma+cosa=§ va T<a<”

Huwoéng dan:

a) tinh sina, sau d6 ap dung cac cong thirc nhan doi.

sina:—E ; sin 2a:@; cosZa:cosza—sinza:—g hoac cos2a=2cos’a—-1;
13 169 169

tan2a = —@

169

C) sin a+cosa:%c>(sina+cosa)2 :%<:>1+sin 2a:%:>sin 2a:—%



37”<a<7r:>37”<2a<27z:>c052a>0; cosZa:xll—sinZZazg

tan2a = —i

J7
Bai tap 2.4: Cho sin2a= —g va %< a< . Tinh sina, cosa

~ T A .
+ Vi E<a<7r nén sina >0,cosa <0

T A z A \ J Aa
+ E<a<ﬂ:>”<2a<2” nén cos2a co thé duong va cd thé am

cos2a =++/1-sin’2a =+ 2\g1—4

TH1: cosZa:ﬂ
9
cosa— /1+c032a:_2+\/1_4 sina— 1—c052a=\/1_4—2
2 6 2 6

TH2: cosZa:—ﬂ

9
cosa— 1+cosZa:\/ﬁ—2 sina— /1—c052a:2+\/ﬁ

Dang 3:

Bai tap 3.1: Chitng minh cac dang thic lwong giac:

i3 3

sin®a+cos’a ) NP
a) ———————=1-sinacosa Bién doi:
sina+cosa

sin® a+cos’a =(sina+cos a)(sinza—sin acosa+ cosza)
sina—cos’a _ tana-1

1+2sinacosa tana+1
mau cho cosa

Bién doi: sin®a-cos’a =(sina+cosa)(sina—cosa), chia tir va

c) sin* a+cos*a—sin®a—cos®a =sin’acos’a Bién doi:
sin® a+cos’a = (sin2 a+ cos> a)(sin4 a—sin®acos’a+ cos“a)



tana—tanb ST 1 1
d) ————— =tanatanb Bién doi: cotbh—cota=——-——
cotb—cota tanb tana

e) 2(sin®a+cos’a)+1=3(sin‘a+cos'a)
VT =sin®a+cos’a = Z(S,in2a+cosza)(sin4 a—sin?acos? a+cos4a)+1
. . . . 2 .
=2(sm4a+cos4a)+1—25|n2a0052a=2(5|n4a+cos4a)+(sm2a+cosza) —2sin®acos’a=VP
f) 3(sin* x+cos'x)—2(sin® x+cos’x) =1
B 2 N
Strdung a’+b*=(a+b) —2ab va a®+b’®
g) tan®*a-sin*a=tan’a.sin’a
_sina

VT ==—=—sin*a=sin’a(l+tan’a-1)=VP
cos’a

sina l+cosa 2
h + =—
1+cosa sina sina

. 2 .
_sina+(1+cosa)” sin’a+1+2cosa+cos’a VP
sina(1+cosa) sina(1+cosa)

i) cos*a—sin*a=2cos’a-1

Str dung a’® —b?

: 1+sina , ;.
j) 1+2tan*a==———— (neu sina=+1)
1-sin“a
1+sin*fa 1 sin*a
W= S — 2 VT
cos’a  cos’a cos‘a
sina—cos’a _1-cota
1+2sinacosa 1+cota
sina—cosa
VT:(sma—cosa)(sma+cosa): sina__ _
. 2 1
(sina+cosa) sina+cosa
sina
[) cot® a—cos’a=cot’acos’a
2 2 __ein?
cosa cos“al(l-sin“a
VT = —cos’a = ( ):VP

sin’a sin’a



m) tan®a-—sin”a=tan’asin’a

tana sina
n) — - ——=cosa

sina cota

1+sin’a

an? =1+2tan’a
—sin’a

0)

cos’a—sin‘a

- — =sin” acos’a
cot’a—tana

p)
Bai tap 3.2: Chung minh cac dang thic sau:

a) sin*a+cos‘a =1—%sin2 2a :%+%cos4a

sin* a+cos*a = (sin’ a+cosza)2 —2sin*acos’a=1-2.(sinacosa)’ :1—%sin2 2a (1)

_1-Lginzpa g lflzcosid :1—l+icos4a=§+£cos4a (2)
2 2 2 4 4 4 4

Tu (1) va (2) suy ra dpcm

. 5 3

b) sin® a+cos’a==+=cos4a
8 8

, X ;s 2
Huong dan: x° +y° =(x+y)(x* = xy+y*) saudé ap dung x* +y* =(x+y) —2xy

- 5 - 5 1 -
¢) sinacos® a—cosasin a=Zsinda
sinacos®a—cosasin®a=sinacosa(cos‘a-sin‘a)=sinacosa(cos’a-sin’a)(cos’a+sin’a)=..

8 - 8 1 - -

d) cos’a-sin a:COSZa—ZS|n4aS|n 2a

Str dung a’ —b* =(a—b)(a+b) sau do6 sir dung a* +b* =(a+b)2 —2ab

cos2a _ cosa-—sina
1+sin2a cosa+sina

cos’a—sin’a  cos’a-sin’a

VT — - = 2 = ..
1+ 2sinacosa (sina+cosa)
2
f) cotx+tanx =—
sin 2x

10



CosX , Sinx _ cos’x+sin’x
sinx cosx  sinxcosx

Huéng dan:

g) cotx—tanx = 2cot 2x phan tich nhu trén

_SIN2X 4 onx Huéng dan: VT :—Zsmx;:osx = ...
1+ cos2x COS“X
N 1— , ; 2sin’ x
i) 17C0S2X_ e Huéng dan: VT == —=...
2C0Ss“ X

1+ cos2x
j) cos’asina—sin®acosa= Zsin 4a

Huéng dan: Tuong tu nhu cau ¢

sin®a—cos’a
sina—cosa

K) 1+ szza Str dung hing ding thic a® —b°

cosa+sina cosa-sina
| — —— =2tan2a
cosa—sina cosa+sina

Huéng dan: Quy déng mau

sin2a—2sina ,a
- = tan -
sin2a+2sina

Hudéng dan: sin2a=2sinacosa; dit nhan tir chung sau d6 ap dung 1—cosa = 2sin? >

l1+sina (7 a
n) —— =cot*| =——=
1-sina 4 2
1+cos(g—aj 20032(2—;)
l—cos(”—aj Zsinz(”—aj
2 4 2
sin2a+sina
=tana
1+cos2a+cosa
2sinacosa

Huéng dan: VT === =..
2c0s“a+cosa

4sin’a

) ~

1-cos? 2 =16¢os? &
2 2

11



. a a
4.4sIn —C0S—

Huéng dan: VT =#=VP
sin® =
2
q) _ tan2a = cosda
tan 4a—tan 2a
. tan 2a _1-tan®2a _
2tan2a . l+tan’2a
1-tan’?2a

3—4cos2a+cosda 4
=tan"a
3+4cos2a+cosda

HD: cos4a = 2cos’ 2a—1 sau do6 st dung cos2a—1=-2sin*a

sina+sin3a+sinb5a
cosa + cos3a+ cosba

=tan 3a

VT = (sin5a+sina)+sin3a
~ (cos5a+cosa)+cos3a

1+cosa a .
t) tan’ ——cos’a =sin’a
1-cosa 2

Str dung cbng thurc ha bac 1+cosa= 20052%

Bai tap 3.3: Chitng minh céc biéu thirc sau 1a nhitng hang sé khong phu thugc vao a
a) A= 2(sin6 a+cos‘3a)—3(sin4 a+cos“a)
St dung a®+b® A=-1

b) B =4(sin*a+cos‘a)-cosda
St dung a*+b? :(a+b)2—2ab va cos2a=1-2sin’a B=3

C) 4cos*a—2cos2a —%cos4a

Str dung cos2a=2cos’a—1 C=

N | w

Dang 4:

12



Bai tap 4.1: Pon gian céc biéu thic sau:

a) A:(l—sinza)cot2a+l—cot2a
’a
A=cot*a-sin®a.cot’a+1-cot’a=1-sin>a——=sin’a
sin‘a

2
b) B ?cos a-1
sina+cosa

cos’a—sin’a .
B=————=cosa-sina
sina+cosa
c) C=(1+cota)sin’a+(1+tana)cos’a

cosa ) . sina . . . .
C :(1+_—jsm3 a+(1+—}cos3a =(sina+cosa)sin®a+(cosa+sina)cos’a=sina+cosa
cosa

sina
a2 2
sina—tan’a
d D=—p——
cos’a—cot’ a
. 1 —c0s?
sina| 1- 5 Si 2(;171 cosa 4 2
cos‘a cosla  sin“a (—sm a) 6
D= = Csinta " cos'a —-=tan’a
—-sina cos*a (-
cos’a|1-—~ cosla~—— (~cos®a)
sin’a sin’a
. 2
(sina+cosa) -1
e) E= :
cota—sinacosa
sina+2sinacosa+cos’a—1 2sinacosa.sina )
E= 1 = 5 =2tan“a
. cosa.cos’ a
cosa|] ———sina
sina
1-sinacos’a .
f) F= — —sin’a
sin’a

—(cos2 a+sin’? a) —1+cot’a—-1=cot’a

1 :
F=| ——-cos’a|-sin*a=—
sin®a sin®a
2cos’a—1
9) G=—
sina+cosa

2cosza—(sin2a+cosza) cos’a-sin‘a ,
_ = =cosa-sina
sina+cosa

sina+cosa

h) H =sin®a(1+cota)+cos’a(1+tana)

13



. . . cosa sina
H =sin®a(1+cota)+cos’a(1+tana) =sin®a+sin*a——+cos*a+cos’a.——
sina cosa

oin? ; 24 _ (i 2
=sin’a+2sinacosa+cos’a=(sina+cosa)

i) | =cos’a+cos’a.cot’ a I=cot® a

j) J=sin’a+sina.tan’a J=tan’a
2cos’a—1 :

K) K=e——— K=cosa-sina

sina+cosa

Bai tap 4.2: Pon gian cac biéu thuc:

a) A=sin2a+sin2(%—ajmos(a—%}sin(a—n) A=1

b) B:sin2£+sin23§—cosza B=sin’ o
Huéng dan: sin%ﬂzcos(%—%ﬂjzcos%

c)C =sin[x—%)+cos(ﬂ—x)+tan(57ﬂ—xj+tan(x—%j C=-2cosx

Huwéng dan: sin(x—zj =sin{—(£— xﬂ = —sin(ﬁ— x) =—COSX:
2 2 2

CoS (77 —X) =—CoS X

tan 5—”—x =tan 27z+£—x =tan Z—x =cot X
2 2 2
tan[x—£j=—cotx
2

d) D=sin(z+ x)+cos(l77”+ xj+tan(57z—x)—cot(x—9?”j D=-2sinx

Huréng dan: 003(177”+ xj = COS(%-F x+8x] =-—sinx

cot x—g—” =cot| — 9—ﬂ—x =—cot 9—ﬂ—x =—cot £—x+47z =—cot E—x =—tanx
2 2 2 2 2

e) E :sin(;z+a)—c()(%—aj+cot(27r—a)+tan (%—a) E=-2sina

14



Huwéng dan: tan (377[— aj =tan {n’ + (%— xﬂ =tan (%— xj =cota

Bai tap 4.3: Tinh:

a) A=sin?10°+sin?20° +sin?30° +...+sin?80° ( 8 s6 hang)

A= (sin2100 +sin? 80°)+(sin2 20° +sin’ 700)+(sin2 30° +sin’ 600)+(sin2 40° +sin? 500)
=(sin®10° +¢0s°10° ) +(sin’ 20° + cos* 20° ) +(sin® 30° + cos*30° ) + (sin’ 40° + cos* 40° ) = 4
b) B =cos10° +c0s20° + c0s30° + ...+ cos180° (18 sb hang)

B= (cole0 +cos170° ) + (coszo0 +c0s160° ) TR (cos90° + cosl80°)
= (cole0 —cos10° ) + (cosZO0 —c0s20° ) +..+(0+(-1))=-1

c)C :sinz‘r)Tﬂ+cosg—ﬂ+tan4—ﬁ—cot19Tﬂ

C =sin £+67r +C0S £+27r +tan z+7r —cot Z+37r =sin£+cos£+tan£—cot£:\/§
4 4 3 6 4 4 3 6

d) D =tan10°tan 20°...tan 70°, tan 80°
D= (t an10°.tan 80° )(tan 20°.tan 70° ) (t an 30°.tan 60° )(tan 40°.tan 500) = (tan 10°. cothO) ..... =1

e) E =c0s20° +c0s40° + c0s60° +...+ cos180°

E= (cosZO0 +c0s160° ) ¥ (cos40O +cos140° ) +...+c0s180° = -1

(cos160° = cos(180° - 20° ) = —c0s20°; twong tw nhirng phan con lai nén cos20° +cos160° =0)

D. BAI TAP TRAC NGHIEM KHACH QUAN
1. Nhan biet: 7 ,
Cau 1: Goc ¢6 so do 120° duoc doi sang so do rad 1a :

A. 1207 B. 3% C. 122 D. 2"

2 3
Cau 2: Trong céac khang dinh sau day, khang dinh nao sai?
A. c0s45° =sin135°.  B.co0s120° =sin60°. C. cos45° =sin45°. D. cos30° =sin120°.

CAu 3: Mdi khang dinh sau ding hay sai: Véi moi Vi moi «; g ta co:

15



A. cos(a+pB)=cosa+cosp C. tan(a+ p) =tana +tan g

tana —tan g

B. cos(a-B)=cosacosps-sinasing. D. tan (a - :B) = m
+ .

CAu 4: Mdi khang dinh sau ding hay sai: Véi moi Vi moi «; g ta co:

A. sinda = tan 2« C. ltana —tan| e+~
Cos2x l1-tana 4
B. cos(a+pB)=cosacosp-sinasing D. sin(a + B) =sin acosB-cosasin

Cau 5: sin3—7r la:;
10

A cos%Z B. cos% C. 1—cos% > —cos%

2. Thong hiéu:
Cau 6: Biéu thirc A:sin(7z+x)—cos(%—x)+cot(—x+7r)+tan(377[—x) c6 biéu thire rat gon
la:

A. A=2sinx. B. A=-2sinx C. A=0. D. A=—2cotx.
Cau 7: Trong cdc ménh d& sau, ménh dé nao sai:

A. (sinx + cosx)? = 1 + 2sinxcosx B. (sinx — cosx)? = 1 — 2sinxcosx

C. sin*x + cos*x = 1 — 2sin?xcos?x D. sin®x + cos®x = 1 — sin?xcos2x

Cau 8: Tinh gié tri cua biéu thirc P = tane - tanesin? @ néu cho

4 3
COSa_—g (7r<a(7)

12 1
A —= B.-+3 C. = D.1
— 15 V3 3
Céau 9: Cho cosx:% (—%<x<0} thi sinx €O gia tri bang :
3 -3 -1 1
A —. B. —. C.—. D. —.
NG NG — 5 J5

Cau 10: Biét sina:%; cosbzg (%<a<7z; 0<b<%) Hay tinh sin(a +b).

16



A0 B. 22 c. p. =3

Cau 11: Véi moi sé nguyén k, khang dinh nao sau déy 1a sai?

7 krx

A. cos(kz) = (-1)" B.tan(z+7)=(—1)k
in(© L KTy _ 2 in(" + k) = (1)"
C. sm(4+ 2)_( 1) 5 D. Sln(2+k7z)—( 1)
Cau 12: Giatri cos[%+(2k+1)7z] bang :
A V3 B. 1 c. -1 p. B
2 2 =2 2

Cau 13: Trong 20 gidy banh xe cua xe gan may quay duoc 60 vong.Tinh do dai
quing dudng xe gan may da di duoc trong vong 3 pht,biét rang ban kinh banh xe
gan may bang 6,5cm (ldy 7 =3,1416 )

A. 22054cm B. 22043cm C. 22055cm D. 22042cm

Cau 14: Mot dong ho treo tudng, kim gio dai 10,57cm va kim phat dai 13,34cm . Trong
30 phut mii kim gio vach Ién cung tron c6 d6 dai la:

A. 2,77cm. B. 2,78cm. C. 2,76¢cm. D. 2,8cm.

Céau 15: Cho sina+cosa=% Khi d6 sina.cosa c6 gia tri bang :

A 1 B. 2 c.2 D. 2
32 16 4
3. Van dung thap:
Cau 16: Pon gian biéu thac E =cot x + SINX_ ta dwoc
1+ cosx
1 : 1
A — B. cosx C. sinx D. —
SIn X COS X
A . V4 . . 27 . 4r . br
Céau 17: Cho cot—=a.Tinh K =sin==+sin—+sin—
14 7 7 7
A a B -2 c.2 D. 2
2 - 2 4

17



A Lz , x tan x
Céau 18: bon gian biéu thic F =%—cotxcosx
sin’x

A. L B. . C.cosx D. sinx
SIn X COS X

Cau 19: Pon gian biéu thic G = (1-sin? x)cot? x +1—cot? X

A. i B. 1 C.cosx D. sin®x
SIn X COS X

Cau 20: Tinh M =tan1°tan 2° tan 3°....tan 89°

A 1 B. 2 C. -1 D.

N

4. Van dung cao:

" . 1 . . . . R
Cau 21:Cho Sin X +03 X =~V goi M =sin® x +cos® x. Gia tri caa M 1a;

A M=1 B. M- C.M=—". D.M=-".
8 16 - 16
CAu 22: Cho tanw = 3. Khi do 23MFF3C0E 14 434 tri hing -
4sina —5Ccosa
AL B. 1, c.Y D _2
9 9 7 7

Cau 23: Cho tana +cote =m Tinh gia trj biéu thic cot® o +tan* .

A. m®+3m B. m®-3m C. 3m*+m D. 3m®-m

Cau 24: V¢i gié tri ndo cua n thi dang thire sau ludn dung

1 11 1 /1 1 X /1
—+—=,|=+—,/=+=Cc0sX =cos—, 0 <X<—.
\/2 2\/2 2\V2 2 n 2

A. 4. B.2. C.8.

D. 6.

cauzs:Biét L , 1 , 1
sIn“ X cos“x tan“x cot®x

—6 . Khi d6 gia tri cua cos2x bang

A 2. B. 2. C. -1. D. 0.
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CHU DBE 2:
HAM SO LUQNG GIAC
(2 tiét)
A. KIEN THUC CO BAN
1. Ham s6 y = sin x.
*/ Tap xac dinh: D = R;
*/ VxeR taluon co: —1<sinx<1;

*/ Ham s0 y = sin X 1a mot ham s6 1é trén R va 1a mot ham tuan hoan véi chu ky 27 .

*/ Do thi:

2. Ham so0 y = cos x.
*/ Tap xac dinh: D= R;
*/ VxelR taluon co: —-1<cosx<l;

*/ Ham sO y = cos X 1a mot ham s6 chan trén R va 1a mot ham tuan hoan véi chu ky
2r .

*/ Do thi:

3. Ham s0 y = tan x.

19



*/ Tap xdc dinh: D=R\{%+k7z,kez};

*/ Ham s0 y = tan x 1a mot ham s6 1€ va 1a mot ham tuan hoan véi chu ky 7 ;

#/ D6 thi:

w X

4. Ham s y = cot x.
*/ Tap xdc dinh: D=R\{kz,k eZ};

*/ Ham s0 y = cot x 1a mot ham s6 1€ va 1a mot ham tuan hoan véi chu ky 7 ;

*/ D6 thi:

r 31tl/ 2n

B. CAC DANG THUONG GAP
Dang 1. Tim tap xac dinh ctia ham sé lworng giac
1.1 Kinang co ban

a.DdugcgoilaTXD cuahs y=f(x) ©D={xeR|f(x) c6 nghia}

b. =|c6 nghia khi B=0; vA c6 nghia khi A>0 ; % c6 nghia khi B> 0

20
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C. —1<sinx<1; -1<cosx<1 1+sinx>0&1+cosx>0

d. Cac gia tri dac biét :

osinxz0< xzkr,keZ
. VA
oSiNX#= 1< X¢E+k27z,keZ

eSinX= -1 x¢—%+k27z,keZ

ocosx¢0c>x¢%+k7z keZ
ecosX# 1o x#k2r,keZ

eCOSX# -1 x#=nx+k2r,keZ

e. Ham s6 y = tanx xac dinh khi x¢%+k7r,k Y/

f.Ham sb y = cotx xac dinh khi x=kz,keZ
1.2 Bai tap luyén tap

Bai 1: Tim tap xac dinh clia cac ham s6:

1/ y=c0s2x
3/ y:sinE

X
Giai.

2/ y:sin\/&

4/ y =cosvx* —4

1/ Do 2xe R, VxeR nén ham s6 da cho c6 tap xac dinhla D=R.

2/ Ham s6 Y =sin~/3x xdc dinh khi va chi khi 3x >0 <> x>0. Vay tap xdc dinh

ctiaham s6 dachola D= [O;+oo).

3/Hamso y = Sini xac dinh khi va chi khi 1 e R < x#0. Vay tap xac dinh cua
X

ham s6 dd cho la D =R \{0}.

X< -2
X 2>

4/ Ham s6 Yy =cosv/x* —4 xdc dinh khi va chi khi xX*-4>0< { . Vay tap

xdc dinh ctia ham s6 dd cho 1a D = (—o0;—2]U[2;+x).
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Bai 2: Tim tap xac dinh clia cac ham s6:

1/y:1_COSX; 2/ y=~/2—c0s3X;

sin x
3/ y=cot(x+£}; 4/ y=tan(2x—£j.
3 6
Giai.
N v l-cosx , .. I S R
1/Hamso y = xac dinh khi va chi khi sinx#0< x#kz, ke Z. Vay

sin x
tap x4c dinh cia ham s6 da chola D =R \{kz, k e Z}.

2/Ham s6 y =+/2—c0s3X xac dinh khi va chi khi 2—c0s3x>0. Ma
2—-c0s3x>0 VxeR. Vay ham s6 da cho cé tap xac dinhla D=R.

3/ Ham s6 y = cot(x + %j xéc dinh khi va chi khi

Sin(x+%j¢0<:>X+%¢k7z<:>x¢—%+k7r,keZ.Vaytapxéc dinh cia ham

s6 da cho 13 D:R\{—%+kﬂ,keZ}.

4/ Ham sO y:tan(ZX—%j xac dinh khi va chi khi
cos| 2x -2~ ¢0<:>2X—£¢£+k7z<:>2x¢2—ﬂ+k7r<:>X¢£+k£, k eZ. Vay
6 6 2 3 3 2

tap xac dinh ctia ham s6 da cho la D :R\{%+ k%, k EZ}.

Dang 2: Xac dinh tinh chin 1é caa ham s6 lweng giac
2.1. Ki nang co ban
Chuay : cos(-x) = cosx ; sin(-x) = -sinx ; tan(-x) = - tanx ; cot(-x) = -cotx

Phuong phap: Buée 1 : Tim TXD: D ; Kiémtrax eD = —xeD, Vx
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Buac 2 : Tinh f(-x) ; so s&nh vai f(x) . C6 3 kha nang

+) Néu f(-x) = £(x) thi f(x) 1a ham sé chin.

+) Néu f(-x) = - f(x) thi f(x) 1a ham sé lé.

+) N&u f(-x) # - f(x) = £(x) thi f(x) 1a ham s6 khdng chin khang Ié.

Luu y: Mot s6 nhan xét nhanh dé xét tinh chén 1é cua ham sé luong giac
+ Tong hoic hiéu caa hai ham chin la ham chén

+ Tich cua hai ham chan la ham chén, tich caa hai ham Ié Ia ham chin

+ Tich cua mot ham chan va ham 1& 1a ham 1é

+ Binh phuong hoac tri tuyét d6i cua ham 1é la ham chin (Ap dung diéu nay chang ta
c6 thé xét tinh chén 1é cua ham sé lugng gidc mot cach nhanh chong dé lam tric
nghiém nhanh chéng hon nhiéu).

2.2 Bai tap luyén tap

Bai tap: Xac dinh tinh chan, 1é cta cac ham so:

1/y = x?sin 3x 2/ y = cosx + sin’x
3/ y = tanx.cos2x 4/ y =2cosx — 3sinx.
Giai.

1/ Tap xéc dinh ctia ham s6 y = f(x) = x%*sin 3x la D=R.
Vxe D taco:

* —xeD;

*/ f(-x) = (-x)?sin(-3x) = - x*sin3x = - f(x).
Vay ham s6 da cho 1a ham s 1é trén R.

2/ Tap xac dinh ctia ham s6 y = f(x) = cosx + sin’x 1a D=R.
Vx e D taco:

* —xeD;

*/ f(-x) = cos(- X) + sin*(- X) = cosx + sin’x = f(x).

Vay ham s6 da cho 1a ham s6 chan trén R.
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3/ Tap xac dinh ctia ham s6 y = f(x) = tanx.cos2x la D =R\ {% +kz,k e Z} .

VxeD taco:

*/ —xeD;

*/ f(-X) = tan(-Xx).cos(-2X) =- tanx.cos2x = - f(X).
Vay ham s6 da cho 1a ham so6 1€ trén D.

4/ Tap xac dinh ciia ham s6 y = f(x) = 2cosx — 3sinx la D=R.
Tacé f| -~ =ﬁ,matkhéc fl _2 nen f| — = |2 +f| T |.
4 2 4 2 4 4

Vay ham s6 da cho khong phai 1a ham s6 chan va cling khong phai 1a ham so 1¢.

Dang 3: Tim tap gia tri, gia tri I6n nhat va gia tri nhé nhat
3.1 Kinang co ban
Sir dung céc t/c sau :

e _—1<sinx<1l:; -1<cosx<1;0<sin’x <1:A2+B >B
e —1<-sinx<1,-1<-cosx<1;0<cos’x<1
o Ham sé y = f(x) luén dong bién trén doan [a;b] thi max f() = f(b) s min f () = f(a)

e Hamsdy = f(x) ludn nghich bién trén doan [a;b] thi
r[n%>]< f(x)="f(a); r[n.ibr]l f(x)=f(b)

e —Ja’+b?<asinx+bcosx<+a’+b?

3.2 Bai tap luyén tap

Bai tap: Tim gia tri 16n nhat, gia tri nho nhat cta cac ham so:
1/y:2cos(x—§j—l 2/ y=+1+sinx -3

Giai:
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1/ Taco VxeR:—lScos[x—%jé1:>—2S2c0s(x—%j£2:>—3£y£1.Vay

gia tri 16n nhat ctia ham so la 1, xay ra khi
cos(x—%jzkj x—%=k27z<:>x=%+k2ﬂ,kel.

Gia tri nho nhat cua y la -3 dat duoc khi

cos x—z :—1<:>x—£:7z+k27r<:>x:4—ﬂ+k27r, k eZ.
3 3 3
2/Tacé VxeR,0<1+sinx<2=0<+/1+sinx <42 =-3<y</2-3.
R ;o N .. w e, .
Vay, gia tri 16n nhat cua y la J2 -3, khi smx:1<:>x:5+k27r,keZ;glatn
nhénhﬁtcﬁaylas,khisinx=-1@x:—§+k2;z,kez.

Dang 4.Tim chu ky caa ham séluong giac

Phuong phap giai: Khi tim chu ki caa ham sb luong giéc, ta can bién doi biéu thic
ctia ham sé da cho vé mot biéu thuc téi gian va luu ¥ rang:

1) Ham sé y = sinx , y = cosx ¢6 chu ky T =2x .

2) Him sb y =tanx , y =cotx co chuky T=1.

3) Ham sb y = sin(ax+b) , y = cos(ax+b), véi a=0 c6 chu ky T :%T :
4) Ham sé y = tan(ax+b) , y = cot(ax+b), voi a=0 ¢ chuky T :& .

5) Ham s6 f, co chu ky 1a T, , ham s6 f, c6 chu ky 1a T, thi ham s f,+ f, c6 chu ky
T =BCNN(T,,T,) .

Bai tap:
Bai 1. Tim chu ky cta ham sé y:1_cos(3x-g

Giai: Chuky T =%”
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Bai 2. Tim chu ky cia ham sé y zcot(_4x_%j
Giai: Chuky =2 =2

-4 4
Bai 3. Tim chu ky ctia ham sé y =cos? x + tan(2x — z)

1+ cos2x 27
——)T1=—=7Z'
2 2

Giai: ta co: cos’ x=
tan(2x—-7) > T, :%
Vay chu ky ciia ham s6 1a: T = BCNN (%nj .y
Bai 4. Tim chu ky ctia ham s6 y =sin xcos3x
Giai:

‘. . 1. 1.
Taco: y=sin xcossx:—zsm 2x+§sm4x

+) Ham sé y:—%sin 2xC0 chu ky T, =27ﬂ=7z

+) Ham s6 y=%sin4xcé chuky T, =27”=%

ﬂ-
—T|=7

Vay chu ky caa ham sb 1a: T = BCNN (

N
N

D. BAl TAP TRAC NGHIEM KHACH QUAN
1. Nhan biét

Cau 1. Téap xac dinh ctia ham s6 y = ﬁ;nx 137

A. D=R\(kz}  B.D=R. C.D=R\{0} D. D=R\{%+kﬂ}
CAau 2. Ham s6 nao sau day 1a ham s6 chin?

A. y=cosx. B. y=sinx C. y=tanx D. y=cotx

Céu 3. Khang dinh nao sau déy 1a SAI?
A. Ham s6 y=cotx co tap gia tri la [0;z].
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B. Ham sb y=sinx co tap gia tri la[-11].

C. Ham sb y=cosx co tap gid tri 1 [-11].

D. Ham s y=tanx c6 tap giatri 1a R

Cau 4. Gia tri I6n nhat cia ham s6 y =3sin2x-5 1a:

A. -2. B. -8. C. -5. D. 3.
Cau 5. Ham s y =sin2x la ham sé tuan hoan véi chu ky

A r. B. 2x . C.3r . A. 4r .
2. Thong hiéu

CAau 6. Tap xéac dinh cia hAm s6 y = tan2z la

AZEIE—F]CE B.xiz-l—kﬂ C.xiz-i—k"ﬂ D.xiz-l—k:E
4 2 2 4 8 2

A A r . 2 A /{ in X pY
Cau 7. Tap xéc dinh ctia ham sé y=—"%_ |3
1-cosx

A. D=R\(k27 |k e Z)} B.D:R\{%+k2ﬂ|kez}
C. D=R\{kr|keZ} D. D:R\{%+kz|kez}

1a?

Cau 8. Tap xéac dinh cia ham s6 y =
2—CO0S X

A R. B. R\{k2z,k e Z} C. R\{%+k27z,keZ} D. R\{2}

Cau 9. Biét rang y = f(x) 1a mot ham s6 1é trén tap xac dinh D. Khang dinh nao sai?
A. f[sin(- x)] = - f(sinx). B. f[cos(— x)] = f(cosx).
C. sin[ f(—= x)] = sin[ f(x) ]. D. cos[ f(- x)] = cos[ f(x) ].

Cau 10. Ham sb nao sau day 1a ham sd Ié trén tap xac dinh cia n6?

; in2
sin x sin“ X COS X tan x
A y=—""", B.y= . Cy=—"2. D. y-——"_.
1-sinXx 1+cos X X+ X 1+sin“x

Cau 11. Gia tri nho nhat va gia tri 16n nhat caa ham sé y = 7—2cos(x+%) lan luot 1a:
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A. 2va7. B. -2va2. C.5va0. D. 4va7.
Cau 12. Gia tri nho nhat cia ham sb y =sin>x—4sinx+2

A. -20. B. -1. C. 0. D. 9.
Cau 13. Gia tri 16n nhat cua ham s y =4-2cosx—cos? x 1a;

A. 2. B. 5. C.o0. D. 3.
Céu 14. Tap gia tri cia ham s6 y =tan(x-2) la

A. R\{0} B. R\{1} C. R\{-11} D. R

Cau 15. Ham s y=tan(_4x_§] 12 ham s6 tuin hoan véi chu ky

A X B. ~ c. -z A Z
A -2 o R A
3.Van dung

Cau 16. Tap xac dinh ctia ham s6 y =+/tan® x+1 |4
A. D=R\{%+kﬂ} B. D=R\{kz} C.D=R D. D=R\{%+k%}

Caul7. Tap xac dinh cia ham sé y=+1+cosx 1a?

A.R. B.R\{k2rkeZ) C. R\{%+k2n,k ez} D. R\{kz ke Z}
Cau 18. Ham s6 nao sau day 12 ham s6 chan trén R?
A. Y = X.COS2X. B.y=(x2+1)sinx. C.y= COS); . D.y= tam; :
1+Xx 1+Xx

Cau 19. Gia tri nho nhat va gia tri 16n nhat caa ham sé y =4+sinx+3-1 lan luot 1a:
A. V2 va2. B. 2va 4. C. 4J2va8. D. 4J/2-1va7.

Cau 20. Ham s6 y =sin2x+cos3x 1a ham sé tuan hoan vai chu ky

A 7. B. 27 . C.3r. A. 4r .

Cau 21. Tong gia tri nho nhat va gia tri Ion nhat caa ham s y=3-+1—cosx bang:

A. 6-+2. B. 4+2 . C.4-2. D. 2+42.
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4. Van dung cao
Cau 22. Tét ca cac gia trj ciia m dé ham s0 y =v2m+1-cosx y 4. dinh trén R 1
A. m>0. B.m<1 C.mx>1 D.m>-1

s 02
Céu 23. Goi Slatap gidtricuahamso y= S'nz X +3—%c052x. Khi d6 tong cac gia tri

nguyén cua S la:

A. 3. B. 4. C.6. D.7

Cau 24. V6 cAc gid tri nao cia m thi ham sé y = tan x— 2(m? —1)sin(x+%jlé ham s 162

A m=12. B.m=21 C.m=2 D.mi%

Cau 25. Ham sb y=cos(2x+1)—%sin(ﬁ—3),meN* la ham s tuan hoan véi chu ky
m
3 thi gia tri cia m bang

Al B. 3. C.6. A 2.
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CHU PE 3:
PHUONG TRINH LUQNG GIAC
( 5 tiét)

A. KIEN THUC CO BAN

1. Giai va bién luan phuong trinh sinx=m (1)
Budcl: Néu Iml>1 phuong trinh vo nghiém
Buéc 2: Néu ImI<1 ,ta xét 2 kha nang

- Kha nang 1: Néu m dugc biéu dién qua sin clia goc dac biét ,gia st & khi d6 phuong trinh s& ¢6

dang dac biét.

. . X=a+k2r
sinx=sina < keZ
X=rx—-a+k2r

- Kha nang 2: Néu m khong biéu dién dugc qua sin ctia goc dac biét khi do6 ta co:

. X =arcsinm+ k2
sinx=m< ) keZ
X=m—arcsinm+k2rz

- Cac trwong hop dac biét:
. T
+) smx:—l<:>x:—5+k27z, keZ;
+)sinx=0< x=kr, keZ;
. V4
+)sinx=1< X:E+k272', keZ;
2. Giai va bién luan phuong trinh luogng giac coOsSXx=m (b)
Budc 1: Néu |m| > 1 phuong trinh vo nghiém .

Budc 2: Néu |m| <1 ta xét 2 kha nang:
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- Kha nang 1: Néu M dugc bi€u dién qua COS cua géc dac biét, gia sir géc ¢ . Khi d6 phuong

trinh c6 dang

X=a+k2r
COSX =COSax < keZ
X=—a+Kk2r

- Kha nang 2: Néu M khong biéu dién duoc qua COS cua goc dac biét khi do

.. X =arccos m+k2z
Taco: cosx=me keZ
X=-arccos m+k2r

- Cac truong hop dac biét:
+) cosx=-1<x=rw+k2r, kKeZ;
+) cosx=0< x:%+ kz, kKeZ;
+) cosx=1<x=k2rx, kKeZ;
3. Giai va bién luan phuong trinh lugng giac tanx=m (c)

Budc 1: Dat diéukién cosx 20 x# 2 +kzr keZ
2

Budéce 2: Xét 2 kha nang

- Kha nang 1: Néu M duoc biéu dién qua tan ciia géc dic biét , gid sit & khi d6 phuong trinh c6

dang
tanx=tana < x=a+kz keZ
- Kha nang 2: Néu M khong biéu dién dugc qua tan clia géc dic biét , khi d6 ta dugc
tanx=m< x=arctanm+kz keZ

Nhdn xét: Nhu vay v6i moi gia tri cua tham s6 phuong trinh luén c¢6 nghiém

4. Giai va bién luan phuong trinh luong giac cotx=m  (d)

Buécl: Dat diéu kien SinX 20 X#kr keZ
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Budc 2: Xét 2 kha nang

-Kha nang 1: Néu M duoc biéu dién qua cot ciia géc dic biét , gid sit & khi d6 phuong trinh c6
dang

cotx=cota & x=a+kz keZ
-Kha nang 2: Néu M khong biéu dién dugc qua cot clia géc dic biét , khi d6 ta dugc
cotx=m< x=arccotm+kz ,keZ

Nhan xét: Nhu vay v6i moi gid tri cia tham s6 phuong trinh (d) luoén c6 nghiém.

B. KY NANG CO BAN

I. Cac phuong trinh luong giac co ban.

Bai 1: Giai cac phuong trinh sau:

a)sinx=sin% b)sin 2x = —sin 36° c)sin3x == d)sinx=—
Giai
x=" ko x=" ko
a)sinx=sin%<:> 12 = ﬁﬁ (keZ)
X=r—-—+k2r X=—+k2r
12
b)sin 2x = —sin36° <> sin 2x =sin(-36°)
[ 2x = -36° + k360°
=S
2x=180° —(~36" )+ k360°
[ 2x = -36° + k360°
&
| 2X = 216° +k360°
[ x =-18° +k180°
< (k EZ)
| x=108° + k180"
Vs T 2r
1 3x=—+k2r X=—+k—
€)sin3x = = <> sin3x =sin - < 6 & 8 3 (kez)
2 6 S5t S5t 2r
3Xx=—+k2r X=—+k—
6 18 3
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X= arcsinz+ k2rz
d)sinx== < (keZz)
3 .2
x:zr—arcsm§+ k2x

Bai tap 2:Giai cac phuong trinh sau:

a) cos x = cos b)cos(x+45°)=£ c)cos4x:—£; d)cosx =
4 2 2
Giai

a)cosx=cos%<:> X=i%+ k2z(keZ)

2

. . o | x+45°=45°+k360° x = 45° +k360°
b) cos (x+45 ):Tacos(x+45 ) =c0s45° <

=
X +45° = —45° + k360° x =-90° + k360°

(keZ)

c)cos4x:—§<:>cos4x:cos37”<:> 4x:i377[+ k2r < x=i3—”+ kz,(k eZ)

d)cosx=%<:> x=iarccos%+k27z,k e
Bai 3: Giai cac phuong trinh sau:
a) tanx=tan% b) tan 4x=—% c)tan(4x—20°)=+/3
Gial
a)tanx=tan%<:>x:%+k7z,(k eZ)

b)tan4x:—l<:>4x=arctan = +k7z<:>x:larctan 1 +k£,(keZ)
3 3 4 3) 4
c)tan (4x—20") =+/3 < tan(4x—20°) = tan 60° < 4x—20° = 60° + k180" < 4x = 80° + k180°

< x=20°+k45° (ke Z)
Bai 4: Giai cac phuong trinh sau:
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a)cot 3x :cots—ﬂ b)cot4x =-3 C) cot(Zx—Zj _ 1
[ 6) 3
Gial
3 3 T T
a)cot3x:cot7<:>3x:7+k7z<:> x:7+k§,(k eZ)

b)cot4x = -3 < 4x =arctan (-3)+kz < X :%arctan(—3)+ k%,(k eZ)

c)cot| 2x— =% :i@cot 2x - L :cot£<:>2x—£:£+k7zc>2x:£+k7z<:>x:£+k£,(keZ)
6 6 6 6 6 3 6 2

3

I1. Mot so phuong trinh luong giac thuong gap.

2.1- Phuong trinh bac hai doi véi mot ham so6 luong giac
Dang 1: asin®x+bsinx+c=0 (a=0;a,b,ceR) (1)
Céch giai: Pat t =sin X , diéu kien |t | <1

Dua phuong trinh (1) vé phuong trinh bac hai theo T , giai tim { chd y két hop véi diéu kién réi

giai tim X
Dang 2: acos’x+bcosx+c=0 (a=0;a,b,ceR) (2

Cach giai: Pat t = C0OSX diéu kién |t | <1 ta cling dua phuong trinh (2) vé phuong trinh bac hai

theo t, gidi tim { r6i tim X

Dang 3: atan’x+btanx+c=0 (a=0;a,b,ceR) (3)
Cich giai: Pidu kién cosx#0< x# —+kz ,keZ

Pat t=tanXx (teR) ta dua phuong trinh (3) vé phuong trinh bac hai theo t, chd ¥ khi tim dugc

nghiém X cén thay vao diéu kién xem thoa man hay khong
Dang 4: acot’ x+bcotx+c=0 (a=0;a,b,ceR) )
Cach giai: Diéu kien SinXz0< Xxzkr keZ

bat t=cotx (t €R). Ta ciing dua phuong trinh (4) vé phuong trinh bac hai theo 4n t.
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Bai tdp minh hoa:

Bai tap 1: Giai phuong trinh  2€0s* X —3c0sx+1=0 (1)

. cosx=1 x=k2x
Giai: Phuong trinh (1) 1< . KeZ
COSX=— Xx=t—+k2r
2 3
Vay phuong trinh c6 3 ho nghiém.
Vi du 2: Giai phuong trinh: ot x — tan x + 4sin 2x = — (2)
sin 2x
re s e kz
Giai: biéu kien SIn2X # 0 < X;t? kKeZ
Ta co:
; 2y ain2
(2)<:>—CF)SX——SmX +4sin2x = _2 <:>COSf X7 X | Asin2x = .
sinX  CoSX sin2x SiNn X.Cos X sin2x
9005 2x cos2x=1
: +4sin2x = — <> 052X+ 2sin?2x =1« 2c0s°2x —c0s2x —1=0 < 1 (*)
sin2x sin2x COSZXZ_E

Ta thady c0S2X =1 khong thod man diéu kién. Do d6

(*) <= cos2x =—%<:> 2x =2?7[+ k27 < x =J_r%+ kr kez Vay phuong trinh ¢6 2 ho nghiém.

2.2- Phuong trinh bac nhat doi véi sin X, cos X

a) Pinh nghia: Phuong trinh asin X +bcosx =c (1) trong dé a, b,c€ R va a’ +b® >0 dugc goi

la phuong trinh bac nhat doi véi sin x, cos x
b) Cach giai. Ta c6 thé lua chon 1 trong 2 céch sau:
Cach 1: Thuc hién theo cac budc

Buéc 1: Kiém tra
o a2 | R2_p2 o .
-Néu a“ +b“<C” phuong trinh v6 nghiém
Néu a’+b?>c? khi dé dé im nghiém cta phuong trinh ta thuc hién ti€p budc 2

Budc 2: Chia ca 2 v& phuong trinh (1) cho ~/a? +b? , ta duoc
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a b

a . b C Vi 2 ) A e+ 2
% sinx+——cosx=———— Vi )% +( )? =1 nén ton tai géc & sao
Va? +b? Va? +b? Va? +b? JaZ +b? JaZ +b?
cho 8 _cosq, 2 —sing

va® +b? va+b’

Khi d6 phuong trinh (1) ¢6 dangsin x.cos e + $in .08 X = ————— <> Sin(X + ) = ——

a’+b’ va® +b?
Pay la phuong trinh co ban ctia sin ma ta da biét cach giai

Cach 2: Thuc hién theo cac budc

Budc 1: Vé6i cosi =0 x=r+k2r (keZ) thir vao phuong trinh (1) xem c¢6 1a nghiém hay
2

khong?

Buéc 2: V6i COS§¢O<:>X¢7r+k27r (keZ)

X : 2t 1-t°
bat t =tan— suy ra sinx=——, cosx=——
2 1+t2 1+1t2
. 7z S 7, 2t 1_t2 2
Khi d6 phuong trinh (1) c6 dang al t2+b1 tZ:Q@((H.b)t —2at+c-b=0 (2
- +

Buéce 3: Giai phuong trinh (2) theo t, sau d6 giai tim x.

* Dang dac biét:

.sinx+cosx:0<:>x=—%+k7z (keZ)

. sinx—cosx=0<:>x:%+k7z (keZ).

Cha y: Tt cach 1 ta c6 két qua sau

—Ja?+b? <asinx+bcosx <+a?+b? tirkét qua dé ta c6 thé 4p dung tim GTLN va GTNN cia

cdc ham s6 ¢6 dang Y =asinx+bcosx, y= asinx+bcosx phuong phap danh gia cho mot s
csinx+d cosx
phuong trinh luong giac .

Vi Du minh hoa:
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ViDu 1: Giai phuong trinh: sin2x —3cos2x=3 (1)
Giai :Cach 1: Chia ca hai v& phuong trinh (1) cho /12 +3% =+/10 ta duogc

Lsin 2x—i0032x =i

V1o Jio V1o

Pat 2 _ging. - —cosq- Lic d6 phuong trinh (1) viét dugc dusi dang

J10 V10
COSaSin2X —Sin @ CoS2X =Sina <> SiN(2X —a) =Sin X
2X—a=a+k2x X=a+kz keZ
< Vs
2X—a=mr—-a+Kk2x X:E+k7[

Vay phuong trinh c6 2 nghiém

Cach 2:-Ta nhan thdy cosx =0 la nghiém cua phuong trinh

1-t°
>, COS2X = 0

-Véi cosx =0 x = +kr keZ . Dat t=tanx lic d6 sin2x =
1+t 1+

2t 1-t?
3= =3c2t-3(1-t*)=31+t) =t =3

Phuong trinh (1) s€ c6 dang = —
1+t 1+t

Hay tanx=3=tana < x=a +kr ,keZ
Vay phuong trinh c6 2 ho nghiém

Cach 3: Bién d6i phuong trinh vé dang

X=a+krx

sin2x = 3(L+ c0os 2X) <> 2sin X.CoS X = 6C0s* X
@{ keZ

X:£+kﬂ'
2

cosx=0

. cosx=0 tanx=3=tana
< (sinx—3cosx)cosx=0<| . o
sinx—3cosx=0

Vay phuong trinh c6 hai ho nghiém

Chu y: Khi 1am bai toan dang nay ching ta nén kiém tra diéu kién trudc khi bat tay vao gidi phuong
trinh boi ¢6 mot s6 bai todn da cd tinh tao ra nhitng phuong trinh khong thoa man di€u kién. Ta xét

vi du sau:
ViDu 2: Gidi phuong trinh 24/2(sinx + cosx)cosx =3+cos2x  (2)
Giai:
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Ta bién d6i phuong trinh (2)

< /25in2X + 21+ c052X) =3+ 052X <> +/25in2X + (/2 1) cos 2x =3 —+/2
a=+v2; b=+2-1; c=3-+2a?+b?*=2+(2-1)*=5-22
c?=(3-+/2)2=11-62

Suy ra a’+b’<c? Vay phuong trinh da cho vo nghiém .

Ngoai ra chiing ta cin luu ¥ rang viéc bién doi luong gidc cho phut hop véi ting bai toan s& biéu dién

chan céac ho nghiém . Ta xét vi du sau
Vi Du 3: Giai phuong trinh:  €COS7X —Sin5x = \/§(cos 5x—sin7x) (4)
Giai:
4) <=
cos7X +/3sin7x = /3 cos5x + sin5x @%0037“@5"]7)(zﬁcos5x+lsinsx
& c0sZcos7x +sin Zsin 7x = cos -cos5x + sin%sinSx < cos(7x —%) =c0os(5x — %)

7x-2L_sx—Z i kon ox=2 1 Kk2r x="+kr
6 12

IS = = keZz

x—Eea—x-Dyrkar  |12x="F sk2x x=Z Kz
3 6 2 8 6

Vay phuong trinh c6 hai ho nghiém.
2.3- Phuong trinh thuan nhat bac hai déi véi sin X va cosx.
a) Pinh nghia: Phuong trinh thuin nhat bac hai d6i véi SIN X ,COS X 12 phuong trinh.
asin®x+bsinx.cosx+ccos’x=d (1) trongdéa,b, c,d e R
b) Cach giai :
Chia timg v€ ctia phuong trinh (1) cho mot trong ba hang tir sin® x,cos? x hodc sin X.cosx .
Chang han néu chia cho cos’ X ta 1am theo cic budc sau:
Budc 1: Kiém tra:

cosX=0 X = % +kz ,k € Z xem n6 c6 phai 1a nghiém cua phuong trinh(1) hay khong?
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BuGc 2: Véi cosx # 0 chia cé hai vé cho COS® X lic d6 phuong trinh (1) tré thanh
atan’x+btanx+c=d(l+tan’x) < (a—d)tan’x+btanx+c—-d =0

Day la phuong trinh bac hai theo tan ta da biét cach giai.

Cach 2: Dung cong thitc ha bac sin? x :M; cos? X :M; SiN X.CoS X = sin 2x
dua phuong trinh da cho vé phuong trinh bsin2x +(c—a)cos2x=d —c—a

DPay la phuong trinh bac nhat doi véi sin va cos ta da biét cach giai

*Chu y: D6i v6i phuong trinh dang cip bac n (n>3) véi dang téng quat

A(sin" x,co0s" x,sin* xcos" x) =0 trongds K+h=n; k,h,neN

Khi d6 ta cting 1am theo 2 budc :

Buéce 1: Kiém tra xem COSX =0 c6 phai 1a nghiém ctia phuong trinh hay khong?

Buéc 2: Néu €0S X # 0.Chia ca hai v& cia phuong trinh trén cho COS" X ta s& dugc phuong trinh

bac n theo tan . Giai phuong trinh nay ta duoc nghiém cua phuong trinh ban dau.
Vi Du Minh Hoa:
Vi Du 1: Giéi phuong trinh : 2+/3¢0s? X + 6sinx.cosx =3++/3 (1)

Giai: Cach 1: Phuong trinh
(1)<:>\/§(1+ C0S 2X) + 3sin 2X =3 ++/3 < c0s2xX ++/35in2x = /3

T T V4
<:>1c032x+£sm2x=£<:>cos(2x—£)=_\@ X 3 6+ a X g tRem
2 2 2 3 2 & o keZ
x— 2= 2 kor |x=Zik2z
3 6 12

Vay phuong trinh c6 hai ho nghiém.

Cach 2: +) Thirvéi cosx =0 < XZ%JF k27 Kk 7 vao phuong trinh (1) tacé 0=3++/3
T . 5 N
=>vo li.Vay X= £y + k27 Kk €7 khong 1a nghiém ctia phuongtrinh.
+)V6i COS X # 0 Chia cé hai vé€ clia phuong trinh cho COS* X ta duoc
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23 +6tanx = (3++/3)(L+tan?x) < (3++/3)tan>x —6tan x +3—~/3 =0

tanx =1

Vay phuong trinh c6 hai ho nghiém
* Chi y: Khong phai phuong trinh nao cling & dang thuan nhat ta phai thuc hién

mot s6 phép bién déi thich hop

Vi Du 2: Giai phuong trinh:  sjn®(x _Z) =/2sinx 2)
4

Giai :Ta nhan thy sin(x — 1) c6 thé biéu dién duoc qua sin X — cos X . Luy thira bac ba biéu thitc
4
Sin X — CoS X

ta s& dua phuong trinh vé dang thuan nhat da biét cach giai
3
Phuong trinh (2) & 2./2sin%(x —%) =4sinx < {\/Esin(x —%)} =4sinx
& (sinx —cos x)® = 4sin x
+) Xét véi cosx =0 < X :£+ k27 k e7Z.Khidé phuong trinh c6 dang
= sin3(%+ kz) = 4sin(%+ k) = mau thuan Vay phuong trinh khong nhan x :%+ k27 lam
nghiém
+) Vi cos x # 0. Chia ca hai v€ cua phuong trinh (2) cho COS* X ta duoc :
(tanx —1)° = 4(1+ tan® x) tan x <> 3tan® x + 3tan® x + tanx —1=0.

bat t =tan X phuong trinh ¢6 dugc dua vé dang:

3 +3*+t-1=0< (t+D(Bt*+1) =0

<:>t=1<:>X:—%+k7r keZ

Ho nghiém trén thoa méan diéu kién cta phuong trinh .Vay phuong trinh ¢6 duy nhat 1 ho nghiém
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*Chu y: Ngoai phuong phap giai phuong trinh thuin nhét da néu & trén c6 nhitng phuong trinh ¢6
thé gidi bang phuong phdp khac tuy thudc vao timg bai todn dé gidi sao cho céch gidi nhanh nhat
,khoa hoc nhat.

Vi Du 3: Giai phuong trinh: ~ 1=tnx . oo (3)

1+tanx
Giai :
x¢£+ kz
Piéu kién |cosx =0
; keZ
tanx=-1 T
x¢—z+ kz

cosx—sinx _ ( cosx +sinx)’
Cach 1: Bién d6i phuong trinh vé dang : cosx +sinx

. . 3
& cosx—sinx=( cosx+sinx)

Chia ca hai v€ ctua phuong trinh (3) cho cos’x#0 ta duoc :

1+ tan”x — (1+ tan’ x)tan x = (1+ tan x)° < tan® X + tan® x + 2tan x = 0 < (tan® x + tan X+ 2)tan x =0 (*)
(dotan® X + tan X + 2 = 0 vo nghiém) nén:
Phuong trinh (*) < tanx=0< x=krz (k € Z) Vay phuong trinh ¢6 mot ho nghiém

Cach 2: Bién d6i phuong trinh vé dang

COS X —sinx COS(X+4J 2
—_:(COSX-I—Sin X)2 &S ——<L = Zsinz(x_{_zj@ COt(X-i-E) =
cosxsinx sin(x+Zj 4 1+cot2(x+%)

bat t = cot(x + 1) ta duoc :
4

t=

T S Ht-2=05 (t-1)(t' +1+2) =0 t=lhay cot(x+%)=1

<:>x+%=%+k7z<:>x=k7z (k e Z)

Vay phuong trinh c6 mot ho nghiém

2.4-Phuong trinh doi ximg doi vé6i sin X va COS X.
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a) Dinh nghia: Phuong trinh d6i xiing déi v6i SIN X va COS X 1a phuong trinh dang
a(sinx+cosx) +bsinxcosx+c=0 trong d6 a,b,ceR (1)
b) Cach giai:

Cach 1: Do a(sin x +cosx)? =1+sin XCcoS X nén ta dat

t=sinx+cosx=\/§sin(x+%)=\/§cos(%—x).Diéukien |t|s\/§

2

Suy ra sin xcos X = va phuong trinh (1) dugc viét lai:  bt® + 2at — (b +2c) =0

D6 1a phuong trinh bac hai da biét cach giai

Cach 2: Déttz%—x thi sinx+cosx=\/§cos(%—x):\/Ecost
. 1. 1 V4 1 . 1 N TN
sin xcosx=§sm 2X =Ecos(3—2x) :ECOSZt =C0s t_E nén phuong trinh (1) tro thanh

bcos® x + \/E COSX — % + ¢ =0. bay la phuong trinh bac hai da biét cach giai

*Chit y: Hai céch giai trén c6 thé 4p dung cho phuong trinh a(Sin X —cos x) + bsinxcosx+c¢=0

2

bang cach dat t =SINX—COSX = sin xcosXx =

Vi Du Minh Hoa :
Vi Du 1: Gidi phuong trinh SIN X+ C0SX —2sinxcosx+1=0 (1)
Giai:

2

Cich 1: Dat Sin X +CoSX =t didu kien |t [<~/2. Liic d6 SinXcos X =

_ t=-1
1)+1:0<:>t2—t—2:0<:{ (*)

12
2

Khi d6 phuong trinh (1) s€ c6 dang  t — 2( ‘oo

Vé6i t =2 khong thod man diéu kién nén
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FHot=-1l<sinx+cosx=-1

T
. . =-Z k2
<:>\/§sm(x+%):—1<:>S|n(x+%):—%<:> X 2+ "kez
X=m+Kk2rx

Céich 2: Dat 2 :%— X. Khi d6 phuong trinh c6 dang

ﬁcos(%—x)—sin2x+1:0 o \/Ecosz—sinZ(%—zHl:O
. T

< \/Ecosz—sm(E—z)H:O < ~J2c0s2-c0522+2=0

COSZ=\/§

20052 (200572 —1) +1=0 <> —2c0s* 7 ++/2€052 +1=0 < J2 )
C0Sz :—7

Ta thay cosz = J2 khong thoa man

T 3
) \/5 z:—3—”+k27r Z—X=—+k27r x——f—kzn
Do d6 (*)ccosz=—7<:> 34 & 3 P keZ
Z:—”+k27r Z—X:—7z+k27z Xx=x—-Kk2r

Vay phuong trinh c6 hai ho nghiém

Vi Du 3: Gidi phuong trinh tan X —v/3cot X —sin X +/3cosx+1—-+/3=0 (3)
Giai:Diéu kien sin2x %0 x¢k7” KeZ

(3)<> tan X —sin x —+/3(cot X — cos ) +1—~/3=0

@L(sinx—sinxcosx+cosx)—_ﬁ(sinx—sinx.cosx+cosx)=0
COS X sin x
1 3. 1 3 _
<:>(——L)(Slnx—smx.cosx+cosx):O ol oosx sinx (4)

cosx sinx : _
sinx—sinx.cosx+cosx=0 (5)
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Giai (4)<:>tanx=\/§<:>x=%+k7z keZ

_ : T 2 _
Giai (5): Datt:SInX+COSX=\/§COS(Z—X) |t|£\/§ (*)Suy ra sin x. cosx=t
t* -1 _1-
Phuong trinh (5) trg thanh t — =0t —t-1=0 o, t=1-42
2 t=1++/2
Két hop véi diéu kien (%) thi t =1++/2 bj loai
Véi t =1-+/2 tacé ﬁcos(z_x):l—ﬁc)cos(z—x) :ﬂzcosa
4 4 V2
7 7
@Z—X:ia+|27z<::>x=—zia+|27r ae]R,IeZ
Céc nghiém cta phuong trinh (4) va (5) déu thoa man di€u kién ctia phuong trinh
=6 6
Vi Du 3: Giai phuong trinh: g 30 X*C0S X _onon cot?x (@)
sin 2x
Giai: Diéu kién: Sin2X = 0 . Phuong trinh
1.2
3 ___sin?x cos®x . _ 1=2sin2x
(2) < 8(1-=sin”2x) = 2sin 2X(—— +——; )<:>8—63|n22x=4sm2x._2f
4 COS“ X sIn“X sin®2x

< (8—6sin?2x)sin2x =4 — 2sin? 2x <> 3sin®2x —sin® 2x —4sin2x+2 =0

sin2x-1=0

& (sin2x —1)(3sin’2x + 2sin2x-2) =0 <
3sin?2x+2sin2x—-2=0

sin2x =1 x=" 1 kr
< sin2x:¥ (loai)<:> X=a+kr keZ
X=r—-a+kr
sinZX:%:sina L

Céc nghiém déu thoa man diéu kién sin2x # 0
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D. TRAC NGHIEM KHACH QUAN

Cau 1. {X = i%+ kz,k e Z} la tap nghiém cta phuong trinh nao sau day?

A. cost:% B. tanx=1 C. sinx:g D. cotx=+/3
Cau 2. Phuong trinh tan(x—%j =tan3x c6 cac nghiém la:

A.X=—£+k7z,keZ B.X=£+k7z,keZ C.X=£+k—ﬂ,keZ
4 4 8 2

D.X:—E—i-k—ﬂ,keZ
— 8 2

Cau 3: Phuong trinh: sin(%x—GO‘)j =0 c6 nhghiem la:

A. x:i5—”+k3—” B. x=krx C.x=2+kr D. x=£+k3—”
2 2 2 2
Cau 4: Nghiém cta phuong trinh: sin x + cos x = 1 la:
X=k2rz x="1+k2x
A x=k2z B.| . C. x=Z1k2r .| 4
X=—+k2r 4 Vs
2 X:_Z+k2ﬂ

Cau 5: Giai phuong trinh luong gi4c: 2cos§+\/§ =0 c6 nghiém Ia:

A. x=4_r5—7z+k27z B. X=i5—7[+k27z C. x=15—7z+k47z D. X:i5—7[+k47z
3 6 6 3
Cau 6: Piéu kién dé phwong trinh 3sin x+mcosx =5 vé nghiém la

m<-4
A. B.m>4 C.m<-4 D. 4<m<4
m=>4 -

Cau7: Phuong trinh luong giac: cosx—+/3sinx=0 co nghiém la:
A. x=%+k27r B. V6 nghiém C. x=—%+k2ﬁ D. x=%+kﬁ

Cau 8: biéu kién dé phuong trinh m.sinx—3cosx =5 ¢6 nghiém la:
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A m>4 B. -4<m<4 C. m>+/34 D.

Cau 9. Nghiém ctia phwong trinh sin3x—-cosx =0 la:

X=%+k7z,keZ X=—%+k7ﬂ,keZ X=£+k—ﬁ,keZ
A. B. C. 8 2
X=£+|7r,|eZ X=£+|7Z’,|EZ X=£+|7T,|EZ
4 4 4
X=£+k—ﬂ,keZ
8 2

x=-24 Izl eZ
4
Cau 10. Nghiém cua phuong trinh sin(zcosx) =1 la:

A.X=i%+k27r,keZ B. X=i%+k7r,keZ QXzJ_r%+k27r,keZ
X=£+k7z,keZ
2
Cau 11. Cac nghiém cua phuong trinh sin x—cos2x—2=0 la:

A%+k27z,keZ B. —%+k27z,keZ C.Z?ﬂ+k27r,keZ D. k2r,keZ

Cau 12. Nghiém cta phuong trinh cos(3x+ ) =1 trén khoang (—ﬂ;%j la:

A -Z B. -~ c.zZ D. 2%
6 - 3 4 3
Cau 11. Phuong trinh 3+ 2sin xsin3x =3cos2x la:
T V4 T
A.§+k27z,keZ B. kz,keZ C. E+k7r,keZ D.Z+k27z,keZ

Cau 12. Cac nghiém ctia phwong trinh \/E(sin X+C0SX) = %cos 2x 1a:

A.%[+k27z,keZ B. —2?7[+k7r,keZ C.%+k27z,keZ Q—%+k7z,keZ

Cau 13: Nghiém duong bé nhét ctia phwong trinh: 2sin® X +5sinx—3=0 Ia:

A x== B. x="2 C. x=F D. x= "
6 2 2 6
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Cau 14: Nghiém caa phuong trinh lugng giac: 2sin?x—3sinx+1=0 thda diéu kién 0< x <% la:

A x== B. x=2 Qx:z D_X:E’_7Z
3 2 6 6

Cau 15: Phuong trinh nao sau ddy vo nghiém:

A. ﬁsian—c052x=2 B. 3sinx—4cosx=5

C. sinx=cos% Q«/§sinx—cosx=—3

Cau 16. S6 nghiém cua phuong trinh sin (X+%} =1 thudc doan [ﬂ; 27[] la:

Al B.2C. 0 D. 3

Cau 17: Sb nghiém cua phwong trinh: sin (X+%) =1voi 7<x<57 la
A1 B.0O C.2 D.3
Cau 18: Sb nghiém cua phuong trinh: ﬁcos(x+%) =1v6i 0<x<2rx la

A.0 B.2 C.1 D. 3
Cau 19: Nghiém cua phuong trinh luong giac: cos® x—cosx =0 thoa diéu kién 0< x < 7z Ia:

A x== B.x=0 C.X=x D. x=_~
2 2

Cau 20: Phuong trinh: +/3.5in3x + c0s3x = —1 tuong duong véi phuong trinh nio sau day:

A. sin 3x—£ =—l B. sin 3x+Z -z C. sin 3x+£ :—l D. sin 3x+£ :1
6 2 6 6 6 2 6 2

Céau 21: Tim m dé pt sin2x + cos®x = % c6 nghiém la:

A 1-/5<m<1+56 B.1-/3<m<1++V3 C.1-J2<m<1+y/2 D.0<m<2
Cau 22: Nghiém duong nho nhét cia pt (2sinx — cosx) (1+ cosx ) = sin®x la:

A x== B. x=2% C.x=x D. ~
6 6 12

Cau 23: Tim m dé pt 2sin?x + m.sin2x = 2m vd nghiém:
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A0<m<i B.OSmSi C.mso;mzi D.m<0;m2ﬂ
3 3 3 3
A £ A . sin 3x ) .
Cau 24. S6 nghiém ctia phuong trinh =0 thugc doan [27;47] la:
cosx+1
A 2 B. 4 C.5 D. 6

Cau 25: Nghiém am Ién nhat va nghiém duong nhé cia pt sindx + cos5x = 0 theo thir tu 1a:

A x=-":x=" B. x:—z;x=2—”
18 6 18 9
C.x=-":x=" D. x=—":x=2
18 2 18 3
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KIEM TRA CUOI CHUYEN PE LUQNG GIAC

Mtrc d0 nhan thirc
CHU DE Nhan | Thong | V& | Van | 1oNG
iy 2 dung dung
biét hiéu X
thap cao
Cung va goc lugng giac. | S§ cau |2 3 2 1 8
Gia tri luong gidc cua 34
mot cung. Cong thirc d.0; 0.8 1.2 0.8 0.4 3.2
luong giac (3) fem
S6 cau | 2 1 1 1 5
Ham s6 1 iac (2 5
am so luong gidc (2) | So 0.8 0.4 0.4 0.4 2
diém
Phuong trinh luong giac 2? cau |4 3 3 2 12
co ban va thuong gip (4) | 2% 1.6 1.2 1.2 0.8 4.8
diém
Sé cau |8 7 6 4 25
CONG 5
' >0 3.2 2.8 2.4 1.6 10
diém

Cau 1: Khi biéu dién trén duong tron luong giac cac cung lwong giac nao trong cac
cung luong giac c6 sé do dudi day co cung ngon cung Véi cung luong giac ¢ sé do
4200°.

C. -120° D. 420°.

A. 130°. B. 120°

Cau 2: Biéu thuc sin? x.tan? x+4sin? x—tan? x +3cos? x_khdng phu thudc vao x va co
gia tri bang :

A. 6. B. 5. C.3. D. 4.

Cau 3: Trén duong tron dinh hudng goc A co bao nhiéu diém M thoa man
sd AM =30° +k45° k € Z.?

A6 B. 4 C.8 D. 10
Cau 4: Két qua rt gon cua biéu thuc (wj +1 bang:
cosa+l1
A.2 B. 1+ tana c. 1t D. —
cos‘ a sin® a
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Cau 5: Gia sur A=tan x.tan(%— x)tan(%Jr x) dugc rut gon thanh A= tannx. Khi d6 n

bang :
A. 2. B. 1. C. 4. D. 3.
Cau 6: Tinh B =229 it an% —2.
3-2cosa 2
A _2 B. 20 c. 2 10
21 9 21 - 21

Céau7: Taco sin4x=%—%0032x+§cos4x véi a,beQ. Khi d6tong a+bbang :

A.2. B. 1. C.3. D. 4.

Cau 8: Néu tana va tanp 1a hai nghiém cia phuong trinh x>-px+q=0 va coto. va cotp
la hai nghiém ciia phuong trinh x?—rx+s=0 thi rs bang:

N B.i gq% D.pi

Cau 9. Tap xac dinh ctia ham s6 y = la?

2sin x
A. D=R\{kz}  B.D=R. C. D=R\{0} D. D:R\{%+kﬁ}
Céu 10. Khang dinh nao sau day la SAI?
A. Ham s6 y=cotx co tap gia tri la [0;z].
B. Ham sb y=sinx co tap gia tri la[-11].
C. Ham sb y=cosx €6 tap gia tri 1a [-1,1].
D.Ham sé y=tanx cOtap giatrila R

sin x

Cau 11. Tap xac dinh cuaham sé y = E!
1-cosx

A. D=R\{k27 |k e Z)} B.D:R\{%+k2n|kez}

C. D=R\{kr|keZ} D. D:R\{%+kﬂ|kez}

Cau 12. Ham s6 nao sau ddy 1a ham s chan trén R?

oS X D . tanx
1+x2° ' 1+x2°

A. y = X.COS2X. B.y=(x*+1)sinx. C.y
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Cau 13. Gia tri nho nhat va gia tri 16n nhat caa ham sé y =4sinx+3-1 lan luot 1a:
A. J2va2. B. 2va 4. C. 4J2 vas. D. 4J2-1va7.

H;
Cau 14. Goi S Ia tap gia tri cia ham sé y=>""

+3—%cos 2x. Khi d6 tong céc gia trj
nguyén cua S la:

A. 3. B. 4. C.6. D. 7.

Cau 15. Cho biét x =%+ k27 la ho nghiém cua phuong trinh nao sau day ?

A) 2sinx—~/3=0 B) 2sinx++/3=0
C) 2c0sX —+/3=0 D) 2c0sX++/3=0

Céu 16. Trong cac phuong trinh sau, phuong trinh nao c¢6 nghiém

A.3sinx-5=0 B.2c0os3x-1=0 C.2cosx+5=0 D.sin3x+2=0
Cau 17. Nghiém duong bé nhét ctia phuwong trinh 2sin® x+5sinx—3=0 13

A.X=£ B_X:Z C_X:3_7Z. D.X=5—7Z.
6 - 2 2 6

Céau 18. Phuong trinh sinx + J3cosx=2 c6 nghiém la:

A. x=24k2zr B.x=-Z+kzr C. X=5—ﬂ+k27r D. X:—5—ﬂ+k27z
6 6 6 6

Céau 19. Phuong trinh 2sin’ X — 2sin XCOS X + €082 X =1 ¢0 nghiém la:

A.x:%+k27rvx:k7z B. x=kz v x=k2x

gx:%+k7rv x:k% D. Dép an khéc.

Céau 20. Phuong trinh = 3tan x ++/3 ¢ nghiém Ia:

COSZX

A. X:Z+k7r, X:—Z+k7r B. X:Z+k27r, X:Z+k7r
2 6 2 6
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C.X=k7r,X=%+k7r D.X=%+k7z,X=—%+k7z

Céu 21. Phuong trinh cos2x — 7cosx - 3 =0 c6 nghiém la

A). x:%+k27z, x:%’+k2ﬂ B). X:iz?ﬁ+k27r

C). x:i%+k27z D). x=i%+k27z

Cau 22. Phuong trinh 6sin? x + 7+/3sin2x —8¢0s? x =6 c6 cac nghiém Ia:

T T

X=—+Kkr X=—+krz X=—+kr X=—+Kkrx

Al 2 B.| 4 c.| 8 D. 24
x:£+k7z x:£+k7r x:£+k7r x=—7[+k7z

6 3 12 3

Cau 23. Phuong trinh sin*x + cos*x = 2c0s2x - 1.

A)x:%+k27z B) x=r+k2r C) x=krx D)x:%+k7z

Cau 24. Phuong trinh Sin8x — COS6X = \/§(sin 6x +c0s8x) cb cac ho nghiém la:

X:£+k7z X:£+k7r X:£+k7z X:£+k7z

Al 4 B.| 3 c.| ° p.| 8
x=2+kZ x=24+kZ x=24kZ x=24kZ
12 7 6 2 7 2 9 3

Céau 25. Cho phuong trinh cos5xcos X = c0S4xC0S2X + 3cos® x+1. Cac nghiém
thugc khoang (—z;7)cua phuong trinh la:

D. -

NN

z
"2
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~ Chuyén dé. PAI SO TO HQP (9 tiét).
Tiét 1+2+3: QUY TAC PEM - HOAN VI - CHINH HOP

I. KIEN THU'C CO BAN
1. QUY TAC PEM
a. QUY TAC CONG:

Gia st mdt cong vige co thé dugc thuc hién theo phuong an A hodc phuong an
B . C6 n céach thyc hién phuong an A va m cach thyc hién phuong an B. Khi d6 cong
viéc 6 thé thyc hién béi n+m céach.
b..QUY TAC NHAN:

Gia sir mot cong viéc nao d6 bao gém hai cong doan A va B . Cong doan A
¢ thé lam theo n cach. V&i mdi cach thuc hién cong doan A thi cong doan B c6 thé
lam theo m cach. Khi d6 cong viéc c6 thé thyc hién theo n.m céch.

2. HOAN VI.
- _Pinh nghia. Cho tdp A gém n phan tir (1 >1). Mbi két qua cua sy sdp xép tht tu n
phﬁn tor cua tap A duogc goi la mot hodn vi cian phén tir do
- S6 cac hoan vi ctia mot tap hop c6 n phan tir 1. P,=n!=n(n-1)(n-2)...1.
-Chay: 0! =
3. CHINH HOP.
- Pinh nghia. Cho mdt tip A gém n phan tr (0= >1). Két quéa cua viéc 1ay k phan tir
khac nhau tir n phan tir ctia tdp A va sap xép chiing theo mot thtr t ndo d6 dugc goi
1a mot chinh hop chap k ctia n phan tir da cho
- S6 céc chinh hop chap k ciia mot tap hop ¢6 n phan tir (1<k<n) |3,
k n!

A, n—] n(n —1)(n -2) ... (n—k +1)
I1. Ki NANG VAN DUNG

- Biét van dung quy tic cOng, quy tic nhan, hoan vi va chinh hop két hop voi
str dung MTCT dé giai cdc bai toan co ban va cac bai toan thuc té.

- Cach str dung MTCT dé tinh

a) Tinh nk:

T6 hop phim: n [ Kk =]

hoac: n ¥ Kk =]

b) Tinh n!:
To hop phim: n x! =
c)Tinh AK:

T6 hop phim: n [SHIFT][nPr|k (=]

Vi dy: Tinh A%
I11. BAI TAP LUYEN TAP
Bai tap 1. Trong mot truong, khdi 11 ¢6 308 hoc sinh nam va 325 hoc sinh nit. Hoi
¢4 bao nhiéu cach chon mét hoc sinh khéi 11 di tham du cudc thi “huyén thoai duong
Hb Chi Minh trén bién” cip huyén?



Giai
Truong hop 1. Chon 1 hoc sinh nam. ¢6 308 cach
Truong hop 2. Chon 1 hoc sinh nit. Co 325 cach
Vay, ¢6 308 + 325 = 633 cach chon mdt hoc sinh tham du cudc thi trén.
Bai tap 2. Hoi c6 bao nhiéu da thirc bac ba.
P(x) =ax3+bx?+cx+d ma ac hé sb a, b, ¢, d thudc tap {-3,-2,0,2,3}. Biét rang.
a) Céac hé sb tuy y;
b) Cac hé sb déu khac nhau.

Loi gidi.

a) Co 4 cach chon h¢ sb a vi a#0. C6 5 cach chon hé s6 b, 5 cach chon hé sb ¢, 4 cach
chon hé sd d. Vay 6. 4.5.5.5 =500 da thirc.
b) C6 4 cach chon hé s a (a0).
- Khi da chon a, c6 4 cach chon b.
- Khi da chonavab, c6 3 cach chon c.
- Khi da chon a, b va c, ¢o6 2 cach chon d.
Theo quy tic nhan ta co. 4.4.3.2=96 da thirc.
Bai tip 3. Mot 16p truc tudn can chon 2 hoc sinh kéo co trong d6 ¢ 1 hoc sinh nam,
1 hoc sinh nit. Biét 16p ¢6 25 nit va 15 nam. Hoi ¢6 bao nhiéu cach chon 2 hoc sinh
kéo co noi trén.

Gidi
Chon hoc sinh nam.co6 15 cach chon
Ung v6i 1 hoc sinh nam, chon 1 hoc sinh nit ¢6 25 cach chon
Vay s6 cach chon 13 15. 25=375 cach chon.
Bai tip 4. Tircac sd 1, 2, 3, 4, 5, 6, 7 1ap ra s6 tu nhién c6 4 chit s6 d6i mot khéc
nhau.
a. Hoi 1ap dugc bao nhiéu s6?
b. C6 bao nhiéu s6 1¢?

Giai.
a. SO tu nhién c6 bén chir sé dang abced
C6 7 cach chon a
Co6 6 cach chonb
Co6 5 cach chon ¢
Co6 4 cach chond
Viy ¢6 7.6.5.4 = 840 s6
b.
Céch 1. S6 tu nhién 1é c6 bdn chit s6 dang abcd
Vi s6 1& nén tn cung 1a s6 1é nén d c6 4 cach chon.
C6 6 cach chon a
C06 5 cach chon b
C6 4 cach chon ¢
Vay c64.6.5.4 =480 s6 tu nhién 1é c6 bodn chit sb khac nhau
Céach 2.
S6 tu nhién 1& c6 bon chir s6 khac nhau dang abcl hodc abc3 hodc abes hoic

abc7




+ Xét s6 dang abcl
Co 6 cach chon a
Co6 5 cach chon b
Cé6 4 cach chon ¢
Viy ¢6 6.5.4 =120 s 1¢ dang abcl
+ Tuong ty cac trudng hop con lai. Vay c6 4.120 = 480 s 1é c6 bon chir sé duogc 1ap
tir cac s0 da cho.
Bai tap 5. Tu cac s6 0; 1;2; 3; 4; 5; 6. lap ra sb tu nhién c6 ba chit sé khac nhau.
a. Hoi 1ap dugc bao nhiéu sd.
b. C6 bao nhiéu sb chia hét cho 5.
Giai.
a. SO tu nhién c6 ba chit s6 dang : abc
Co 6 cach chon a vi a khac khong.
Co 6 cach chon b
Co 5 cach chon ¢
Viy ¢6 6.6.5 =180 sb
b. S6 tu nhién c6 ba chit s6 va chia hét cho 5 dang ab0 hoidc abs
+ Xét s6 dang ab0
C6 6 cach chon a va 5 cach chon b. Vay ¢6 6.5 =30 $6
+ Xét s6 dang abb
Cé6 5 cach chon a va 5 cach chon b. Vay ¢6 5.5 =25 sb
Bai tip 6. Trong gid hoc mén Gido duc quéc phong, mét tiéu doi hoc sinh gdm tam
ngudi duge xép thanh mot hang doc. Hoi c6 bao nhiéu cach xép?
Giai
Mbi cach xép 8 ngudi thanh mot hang doc 1a mot hoan vi cia 8 phan ti.
Vay sb cach xép 8 ngudi thanh hang doc 1a: 8 ! =8.7.6.5.4.3.2 = 40320 (cach xép)
Bai tip 7. Pé tao nhiing tin hiéu, nguoi ta dung 5 14 c& mau khac nhau cim thanh
hang ngang. Mbi tin hiéu dugc xac dinh boi s6 14 cd va tha tu sap xép. Hoi ¢ co thé
tao bao nhiéu tin hiéu néu.
a)Caslaco déu duoc dung;
b) {t nhat mot 14 c& duoc dung.
Giai.
a) Néu dung ca 5 14 ¢d thi mdt tin hiéu chinh 1a mot hoan vi cua 5 14 co. Vay co
5! =120 tin hiéu duoc tao ra.
b)MJi tin hiéu dugc tao bdi k 14 cd 12 mot chinh hop chap k cta 5 phan tir. Theo quy
tic cong, c6 tat cd. Al + A2+ A} + A + AT =325 tin hiéu.
IV. BAI TAP TRAC NGHIEM KHACH QUAN.
1. Dé bai:
Cau 1. Cho 6 chit s6 2,3,4,6,7.9. Lapra s6 tu nhién ¢6 3 chit s6. C6 bao nhiéu s nho
hon 4007
A. 60 B. 40 C.72 D. 162
Cau 2. Cho 6 chit 6 2,3,4,6,7,9. C6 bao nhiéu s6 tu nhién chin g@)m 3 chit s6 duoc
1ap tir cac s trén?



A. 20 B. 36 C.24 D. 40
Cau 3. C6 bao nhiéu chit s chin co6 4 chir s6?
A. 5400 B. 4500 C. 4800 D.50000
Cau 4. Co bao nhiéu s6 tu nhién gdm 3 chit s6 khac nhau va khac 0? biét rang tong
ctia ba s6 nay bang 8
A. 12 B.8 C.6 D. Pap an khac
Cau 5. Tir A dén B c6 3 con dudng, tir B dén C c6 4 con duong. Sb cach di tir A dén
C(qua B) va tr¢ v&, tir C dén A(qua B) va khong tro vé con dudng cii 1a:

A.72 B. 132 C.18 D. 23
CAu 6. Co6 bao nhiéu s ¢6 5 chir sd, cac chit s6 cach déu cac chit s6 chinh giira 13
giéng nhau?

A.900 B.9000 ’ ~ C.90000 D.30240
Cau 7. Tim s0 may dién thoai c610 chir so(co thé ¢d) vdi chit s6 dau tién 1a 05537
A.151200 B.10.000 C.100.000 D.1.000.000

Qéu 8. Cho cac chir 86 0,1,2,3,4,5. C6 thé 1ap duoc bao nhiéu s tu nhién co 6 chit
s0 khac nhau va 16n hon 300.0007?

A.5!.3! B.5!.2! , C.5! D.51.3
Cau 9. Tt 2,3,5,7. Co bao nhiéu so tu nhién X sao cho 400<X<6007?
A.4! B.44 C.32 D.42

Cau 10. Trén gia sach c6 20 cudn sach; trong d6 2 cudn sach cung thé loai, 18 cudn
sach khac thé loai. Hoi c¢6 bao nhiéu cach sip xép sao cho cac cudn sach cung thé loai
xép ké nhau?

A.18!1.2! B.18!+2! C.3.18! D.19!.2!
CAu 11. Trén gia sach mudn xép 20 cudn sach. C6 bao nhiéu cach sip xép sao cho
tapl va tap 2 khong dat canh nhau?

A.20!-18! B.20!-19! C.20!-18!.2! D.191.18
Céau 12. C6 bao nhiéu cach sap xep 6 nguoi vao mdt ban tron?
A.6! B.5! C.2.5! D.2.4!

Cau 13. C6 bao nhiéu cach sap xép 6 ngudi(trong d6 c6 mot cip vo chong) vao mot
ban tron, sao cho v chong ngdi canh nhau?

A5! B.2.5! C.4! D.2.4!
Cau 14. Co dau va chi ré moi 6 ngudi ra chyup hinh ki niém, ngudi thg chup hinh. Cé
bao nhiéu cach sip xép sao cho ¢ dau chu ré dung canh nhau?

A.8!-7! B.2.7! C.6.7! D.2!+6!
Cau 15. C6 bao nhiéu sb co hai chit sb 1a s6 chin?
A.22 B.20 C.45 D.25
Cau 16. C6 bao nhiéu sd ¢6 hai chit s6 va cac chit s6 chin tao thanh déu 1a chan?
A.22 B.20 C. 45 D.25

Céau 17. Xep 8 ngudi (co6 mot cap vo chong) ng01 mot ban thing c6 tam ghé, sao cho
vo chong ngdi canh nhau. C6 bao nhiéu cach xép?
A.10080 B.1440 C.5040 D.720
Cau 18. Xep 8 ngudi (c6 mot cap vo chong) ngdi quanh mot ban tron cé tam ghé
khong ghi s6 thit tu, sao cho v chdng ngdi canh nhau. C6 bao nhiéu cach xép?
A.10080 B. 1440 C. 5040 D. 720
Céau 19. Trong Lién doan bong da tranh AFF cup, Viét Nam cung 3 doi khac. Cir 2



doi phai d4u v6i nhau 2 tran. 1 trn luot di va mét tran luogt vé. Poi nao ¢ nhiéu
diém nht thi vo dich. Héi c6 bao nhiéu tran dau?
A. 10 B.6 C.12 D. 15
Cau 20. C6 10 nguoi ngdi duoc xép vao mot cai ghé dai. Co bao nhiéu cach xép sao
cho 6ng X va 6ng Y, ngdi canh nhau?
A.10!-2 B. 8! C.81.2 D.91.2
Cau 21. Cho A={0, 1, 2, 3, 4, 5, 6}. Tur tdp A c6 thé 1ap duoc bao nhiéu sb 1& ¢6 5
chit s6 d6i mot khac nhau?
A. 2520 B. 900 C. 1080 D.21
Céau 22: Trong mot hdp but ¢6 2 bat do, 3 bat den va 2 bat chi. Hoi ¢6 bao nhiéu cach
dé 1ay mot cai but?
Al12 B.6 C.2 D.7
Céu 23. Cho A={0,1,2,3,4,5,6}. Tirtap A co thé 1ap duoc bao nhiéu s6 chin c6 5
chir s6 d6i mét khac nhau?
A. 1440 B. 2520 C. 1260 D. 3360
Céu 24: Chotap A = {O; 1;2;3;4;5; 6}. Tutap A cod thé 1ap duoc bao nhiéu s6 tu nhién
c6 nam chir s6 va chia hét cho 2:
A. 8232 B. 1230 C. 1260 D. 2880
Cau 25: Cho céc chir s6: 1,2,3,4,5,6,9. Hoi ¢6 bao nhiéu s6 tu nhién c6 7 chit s6 khac
nhau va khong bat dau béi chir s6 9 tir cac chit s6 trén?
A. 4320 s6 B. 5040 s6 C. 720 s6 D. 8640 s6
2. Hwéng dan.
CAu 1.C,vi dé khong yéu cau gidng nhau, hay khac nhau nén ta goi s6 c6 dang abc
a={2,3}(c6 2 cach chon) b,c lay tir cac sb 2,3.4,6,7,9(c6 62 cach)
Vay c6 ca thay 1a 2.62=72,
Cau 2.B, twong tu, goi s6 ¢ dang abc: c={2,4,6}(c6 3 cach chon); a={2,3}(c6 2
cach chon); b ¢6 6 cach chon. Vay ¢0 3.2.6=36
Cau 3.B, Ciing khong yéu cau gidng hay khéc, goi s6 c6 dang abcd ; a (c6 9 cach
chon), con cac s6 b,c,déu c6 10 cach chon, d ¢6 5 cach chon Vay ¢6 9.102.5=4500
Cau 4.A, Goi s6 c6 dang abc vi tong 3 s6 khac nhau bang 8 nén ta chi c¢6 céc cip
s6(1,2,5) va (1,3,4); Gmg voi mdi cdp so ta hoan vi 14 3! vay ¢6 2.3!
Cau 5B. Tur A = C c6 12 cach di; nhung tir C= A chi con 11 cach chon, vi khong trd
lai con duong cli. Vay c6 12.11
Cau 6A, goi cac s6 co dang abcba hodcababa hodc abbba hoic aaaaa (9)
s6 c6 dang abcba co (9.9.8+1.9.8), s6 co dang ababa co (9.9), s6 ¢o6 dang abbba
¢6 (9.9), sb co dang aaaaa c6 9 s6. Vay cd 900
Cau 7D, Bai toan nay ciing khong yéu cau cac s6 d6i mot khac nhau; c6 4 s6 dung
dau 12 0553 con lai 1a 6 s6. Vay ¢6 10°=1.000.000
Cau 8D, C6 3 cach chon vi tri diu con 5 vi tri con lai ¢6 5! Cach chon. Vay c6 3.5!
Cau 9D, Bai toan khong yéu cau khac nhau; vi tri dau chi c6{3}, 2 vi tri con lai 1a 42,
Vay ¢6 1.42 Néu bai yéu cau nhu vay va c6 bd sung 3 chit sé d6i mot khac nhau
(dapan .32)
Cau 10D, Gia sir 2 cudn sach cung thé loai 1a mot quyén thi c6 19! Cach xép trén gia




sach. Nhung vi 1 2 cubn sach nén ta hoan vi lai 1a 2!. Vay c6 19!1.2!

Céu 11D, Dung phuong phap bai trir. Gia su tap 1 va tap 2 dat ké nhau thi nhu trén ta
c6 191.21; 56 cach x&p 20 cudn trén gia sach la 20!. Vay €6 20!-19!.2! = 191.18

Cau 128 Chon 1 ngudi 1am vi khach danh du ngdi & vi tri ¢d dinh vay con 5 ngudi
con lai ¢6 5! Cach xép. Vay ¢6 5!

Céau 13D, Gia su cap vo chéng la mot ngudi thi con lai 1a 5 nguoi, suy ra c6 4!;
nhung cip vo chong c6 thé hoan vi dé ngdi ké nhau 1a 2!. Vay c6 41.2!

Cau 14B, Gia st ¢6 dau chi ré 1a mot thi c6 7! Cach xép, nhung c6 dau cha ré co thé
hoan vi lai sao cho gan nhau la 2!. Vay c6 7!1.2!

Cau 15C, Cac chit s6 nam trong tap tir[10...99] 13 chi s6 chin gdm hai chit sé(khong
yéu cau khac nhau)

[10...20), [20...30),...[90...100) déu c6 5 sb. Vay c6 5.9=45

Cau 16B, Goi s6 c6 dang ab 1y trong tap {0,2,4,6,8}. Vay c6 4.5=20

Cau 17A, Goi ghé 14 diy a1az...as ; vi vo chong ludn ludn ngdi gan nhau ta dém 1a co
2.7 cach, 6 vi tri con lai 13 c6 6! Cach sip xép. Vay ¢6 2.7.6!=10080

Cau 18B, C6 8 ghé, nhung trudc tién chon vo chong gan nhau 13 vi tri danh du(cd
dinh); Xép 6 nguo1 vao 6 vi tri co 6! Cach, nhung vo chéng c6 thé hoan vi lai voi
nhau 2!. Vay c0 6!1.21=1440

Cau 19C, Ta c6 cong thirc sau n(n-1), giai thich mdi d6i dau véi (n-1) tinh ludn &
lugt di va lugt vé  n(n-1) tran. Vay suy ra c6 4.3=12

CAu 20D, Gia sir Ong X va Y 1a mot thi ¢6 9! Céach sip xép, nhung Ong X va Y ¢
thé hoan ddi chd ngodi cho nhau 1a 2!. Vay c6 91.2!.

Cau 21B.

Cau 22D

Céau 23C.

Cau 24C

Cau 25A



Tiét 4+5+6: TO HQP — NHI THU'C NIU TON
I. KIEN THU'C CO BAN:
1. TO HQP.
- Pinh nghia. Gia st tdp A c6 n phan tir (n >1). Mdi tap con gdbm k phan tir ciia A
dugc goi 1a mét to hop chap k cian phén tir da cho.
- Ki hiéu C! 1a s6 céac to hop chap k cia n phan tir (0<k <n). Ta c¢6 dinh li
S cac t6 hop chap k ciia n phan tir (0<k <n) la.

Ck = n! _ (n—=1)(n—-2)....n—k +1)
" k!(n-k)! k!
N ol
- Tinh chat cua cac s0
+ Tinh chat 1

C=C"* (0<k<n)
+ Tinh chat 2 (Cong thirc Pax-can)
C+Ch,=C)
2. CONG THUC NHI THUC NIU TON. V n € N, V¥ cdp s0 (a; b) ta co.

(@+b)' =Cla"+Cra"'b+..+Cia""b* +..+CIb" =Y Cia""b
k=0
IL. KI NANG VAN DUNG
- Tinh duoc so t0 hop chap k ctia n phan tur.
- Phan biét dugc sy gidng va khac nhau giira hoan vi, chinh hop va té hop.
- Biét cach van dung cac cong thirc tinh sb t6 hop dé giai cac bai toan thyc tién.
- Can biét khi nao dung chinh hop, t6 hop va phdi hop chiing v6i nhau dé giai
toan.
- Biét tim s hang trong khai trién niu ton va biét van dung khai trién niu ton
dé tinh tong.
- Két hop véi sir dung MTCT dé tinh hoén vi, chinh hop, t6 hop dé giai nhanh
cac bai toan.
- Tinh CX bing may tinh bé tui:
T hop phim: n k=
II1. BAI TAP AP DUNG:
Bai tap 1. Tu mot t6 gdm 6 ban nam va 5 ban nit, chon ngau nhién 5 ban x&p vao ban
dau theo nhirng thtr ty khac nhau sao cho trong cach xép trén c6 dung 3 ban nam. Hoi
c6 bao nhiéu cach xép.
Giai
Dé xac dinh so cach xép ta phai lam theo cac cong doan nhu sau.
1. Chon 3 nam tir 6 nam. c6 C; cach.
2. Chon 2 nir tir 5 nit. co6 C: cach.
3. Xép 5 ban d3 chon vao ban dau theo nhirng thtr ty khac nhau. c6 5! Cach.
Tir d6 ta c6 s6 cach xép 1a C2.C2.5!=24000



Bai tip 2. Mot to chuyén mon gom 7 thay va 5 ¢o gido, trong d6 thay P va c6 Q 1a vo
chdng. Chon ngau nhién 5 nguoi dé 1ap hoi dong cham thi van dap. Co bao nhiéu
cach 1ap sao cho hoi ddng c6 3 thay, 2 c¢6 va nhat thiét phai c6 thay P hoic c6 Q
nhung khong c6 ca hai.
Giai
THI. hdi déng gdm 3 thiy, 2 ¢ trong d6 c6 thiy P nhung khong c6 ¢6 Q. Khi d ta
can chon 2 trong 6 thay con lai (trir thay P) rdi chon 2 trong 4 ¢6 (trir ¢ Q)
C6 C2% . C% =60
TH2. hoi dong gdm 3 thdy, 2 ¢o trong d6 c6 ¢d Q nhung khong c6 thay P. Khi d6 ta
can chon 3 trong 6 thy con lai (trir thay P) rdi chon 2 trong 4 ¢ (trir c6 Q)
Cé C26 . C24 =60
Vay, c¢6 120 cach 1ap hdi déng coi thi.
Bai tip 3. Trong khai trién cta (1+ ax)" ta c6 sé hang tha hai 1a 24x, s6 hang thir ba
la 252x2. Hay tim a van.
Giai
Taco (1+ax)" = iCkakxk
k=0

Theo bai ra ta co.

Cla=24 na =24
: = n(n—l)a2 =
Cja2 =252 E— =252 n
Bai tip 4. Tim hé sb cua x° trong khai trién cua biéu thuec.
(X+ 1%+ (x+1)° + (x +1)° + (x + 1)
Giai
Heé so cua x° trong khai trién cua biéu thic.

(X+1)%+ (X +1)5 + (x + 1)8 + (x + 1)7 ]ACS +CZ +C3 =1+

8

6! 7!
AL
51 5121

40
Bai tip 5. Tim hé s6 cta x3! trong khai trién (X + —j

X2

Giai
40

P T k . 3k-80
(X_'__Zj s ZC40X (—Zj - ZC40X a
X k=0 X k=0
Hé sb cua x3 14 ¢k, voi k thoa mén diéu kién. 3k — 80 = 31 < k =37

. . 40.39.
Vay hé sb ciia x3 12 C3) =C3, = %’338 —9880
Bai_tap 6.
Trong khai trién clia (x+a)’ (x-b)°, hé s6 x” 12 -9 va khong c6 s6 hang chira x®. Tim
avab.

Giai.

S6 hang chira x” 12 (Cf.C62 (=b)’ +ClaC, (—b)+C§a2C§)x7



S6 hang chira x® 14 (CC; (~b) + CjaCy ) x* . Theo bai rata 6 :

15b% —18ab + 3a2 = -9

(cg.cg (-b)? +ClaCl(-b)+ cgazcg) -9
ha
{—Gb +3a=0

(cgc%(—b)+c§acg) =0

b =1 - {a:—2

b=-1

IV. BAI TAP TRAC NGHIEM
1. Dé bai:
Cau 1. S6 tam giac xac dinh boi cac dinh ctia mot da giac déu 15 canh Ia:

A.78 B.455 C.1320 D.45
CAu 2. C6 bao nhiéu cach phan phat 10 phan qua giéng nhau cho 6 hoc sinh, sao cho
mdi hoc sinh ¢6 it nhat mot phan thuéng?

A.210 B.126 C.360 D.120
CAu 3.C6 7 trau va 4 bo. Can chon ra 6 con, trong d6 khong it hon 2 bo. Héi ¢6 bao
nhiéu cach chon?

{a=2
=2b b=1
Ha {“

A.137 - B317 €371 D.173
Cau 4. So giao diém toi da cua 10 duong thang phan biét la:
A.50 B.100 C.120 D.45

Cau 5. Sb giao diém tdi da cta 10 duong thang phan biét véi 5 duong tron(Chi
duong thang véi dudng tron) Ia:

A.252 B.3024 C.50 D.100
Cau 6. Ong X c6 11 nguoi ban. Ong ta mudn moi 5 ngudi trong sd ho di choi xa.
Trong 11 ngudi d6 c6 2 ngudi khong mudn gip mit nhau, vay ong X c6 bao nhiéu
cach moi?

A.462 B.126 C.252 D.378
CAu 7. Sau nguoi chd xe buyt nhung chi con 4 chd ngdi. Hoi ¢6 bao nhiéu cach siap
dat?

A.20 B.120 C.360 D.40
CAu 8. C6 bao nhiéu cach phan 6 thay gido day toan vao day 12 16p 12. Mbi Thay
day 2 lop

A6 B.C2 C.C5.CaCaCiC2C%2  D.CY
Cau 9. Hai nhan vién buu dién can dem 10 buc thu dén 10 dia chi khac nhau. Hoi ¢o
bao nhiéu cach phan cong

A.102 B.2.10! C.10.2! D.2%0
Cau 10. Cho tap A=A={0,1,2,3,4,5,6,7,8,9}. SO tap con cta A chira 7
A.2° B.28+1 C.2°%-1 D.28-1

CAu 11. Thay gido phan cong 6 hoc sinh thanh timg nhém mot ngudi, hai nguoi, ba
nguoi vé ba dia diém. Hoi c6 bao nhiéu cach phan cong

A.120 B.20 C.60 D.30
Cau 12. Cho tap A c6 20 phan tir. Hoi c6 bao nhiéu tap hop con khac rong cia A ma



c6 s6 phan tir chin
220
A.2%° B.T—l C.220+1° D.2%°

Céau 13. Cho hai duong thang d1, d2 song song voi nhau. Trén d1 ¢6 10 diém phan
biét, trén d2 co 8 diém phan biét. Hoi co thé lap bao nhiu tam giac ma 3 dinh cua
moi tam giac lay tur 18 diém da cho

A.640 B.280 C.360 D.153

CAu 14. Trong khai trién (X3 + Xy)15 s6 hang chinh gitra 1.
A.6435x3y’ B. 6435x%%y8 va 6435x %y’
C.6435x3y’ va 6435x2%y8, D. 6435x%%y’

CAu 15. Trong khai trién (x-2)'%= ao+aix +...+a100x %,
a. Hé s6 ag7 trong khai trién 1a:

A.1.293.600 B.-1.293.600 C.(-2)"c D.(-2)% Cfgo
b. Téong hé sd ao+as+...+ ao trong khai trién la:

Al B.-1 C.21% D.31%

c. Tong cac T= ap-a1- a2+...+a100 trong khai trién la:

Al B.-1 C.2100 D.3100
Cau 16.Tim s6 hang khong chira x trong khai trién (x — i)n :
X

Biét co dang thirc 1a:  C2CM +2C2C3+C3C"*=100
A.15 B. 20 C.6 D. 10
Cau 17. Cho biét hé s cua sd hang thir ba trong khai trién (x —%jn bang 5. Tim s6
hang chinh giita cta khai trién

.7—Ox4 B.Ex5 C.7—0x6 ._—28x5
243 27 27 27

Cau 18. Tong cac hé s trong khai trién (£+ x*)" =1024 . Tim hé s6 chira x°.
X

A.120 B.210 C.792 D.972

CAu 19.Tim hé s6 chira x° trong khai trién
(1+X) %+ (1+X) O+ (1+x) H+(L+x) 2 +(L+x) B +(1+x) 14+ (1+x) .



A.3003 B.8000 C.8008 D.3000
3x

Cau 20. Biét hé so ciia s6 hang thir 3 trong khai trién (x%+/x +—X)n 1a 36. Hay tim s0
X

hang thu 8
AB4xx BOL xix'  C36.L1.x¥ D.asxx.
X X
CAu 21.Tim sb hang chinh giita ctia khai trién (3/x +%)8 ,voi x>0
X
1 1 -1 -1
A.70x3 B.70x3va56x4  C.56x4 D.70.¥/x.4/x

Cau 22. Cho A=C?+5C, +5°C? +..+5"C! . Vay
A. A=5H" B. A=6" C. A=7" D. A=4"
Cau 23. Biét C°=15504. Vay thi A° bang bao nhiéu?
A.108528 B.62016 C.77520 D.1860480

Cau 24. Tim s6 nguyén duong bé nhit n sao cho trong khai trién (1+x)" c6 hai hé sd

Y S S
lién ti€p co ti s6 la: —
15

A.22 B.21 C.20 D.23
Cau 25. Tinh hé sé cua x®y° trong khai trién (x3+xy)!® ?
A.3003 B.4004 C.5005 D.58690

2. Hwéng din.

Cau 1B Pa giac ndy c6 15 dinh, suy ra sd tam giac xac dinh boi cac dinh chinh 13 t6
hop chap 3 cta 15 dinh hay C} =455

Cau 2B, Phan phat n qua giéng nhau cho k hoc sinh mdi hoc sinh ¢6 it nhat mé phan
qua la Crlf;lk _1 -Ap dung vao 1a C&, =126 ( theo d& mdi hoc sinh déu c6 it nhat mot
phan qua nén; ta phat 1an luot déu cho 6 hoc sinh 13 6 phan qua; con lai 4 phan ta phat
cho 6 hoc sinh)

Cau 3C, “Khéng it hon 2 con bd”1a ¢6 thé =2 bo. Vay ¢ C2C:+C3C+CiC2 =371

Cau 4D, S giao diém tdi da cta n dudng thang phan biét 1a Cr%.
Ap dung. Vay c6 C2 =45

Cau 5D, B6 sung néu bai toan “giao diém t6i da cua chi n duong thang véi k duong
tron” c¢6 2.n.k .Ap dung.Vay ¢6 2.10.5=100



Cau 6D, Ong X loai bo hai nguoi ghét nhau ra thi cé Cg

Ong X chi moi mot trong hai ngudi ghét nhau. mo1 mt trong hai nguoi ghét nhau
thi ¢6 hai cach moi; 4 nguoi con lai lay trong 9 nguoi(vi da loai bt mét ngudi
trong hai ngwoi ghét nhau) cé Cé. Vay c6 2C, =378

Bai nay ¢6 thé ding phuong phép bai trir(CYy — C3 = 378)

Cau 7C, Chon 4 ngudi trong 6 ngudi 1aCg =15, Cach xép 4 ngudi vao 4 ghé 1a 41.
Vay ta co: 15.24 =360

Cau 8C, Xép thay gido thir I co6 C, cach phan cong, thay gido thu I ¢ CZ cach
phan cong, thdy gido thir Il c6 CZcach phan cong, thiy gido thit IV ¢6 CZcach phan
cong, thiy gido thir V c6 C2cach phan cong, thiy gido thir VI ¢6 C3cach phan cong
CALC2CZC2C:.

Céu 9D, Phan cong C;C; +C,C. +..+C;C}, +CoC) =2

Cau 10A, Sb tap con A1 chira {0,1,2,3.4,5,6,8,9} 14 2°, Vay s tap con A chira 7 1a
AV {7}:29

Cau 11C, Tuong tu nhu cac bai trén co C%C52C§

Céau 12B,

Ca+Cot, +Cn =(1+1)%=22° . Vay, s6 tap hop con cta A 1a 2%;

Cao_Cot_ +Car =(1-1)°=0

Cong vé theo vé ta dugc. 2(C§ +CZ+Chy +...+C2)=2"

14 14 \ ~ 20
suy ra sO tap hop c6 so phan tir chan 1a 27—1

Cau 13A, Ung véi 10 diém trén di ¢6 10.C? tam gidc ma hai dinh con lai trén dy
4 . LR N P 2 .y, N . 19 N c LA
Ung véi 10 diém trén d» c6 8. Co tam giac ma hai dinh con lai trén d»

Vay, ¢0 10.C2 +8C2 =640

Cau 14.C Ban dé y rang néu s0 mii 1é thi s& c6 s6 s6 hang 1a chin, va vay tim sO
hang chinh giita chinh 14 tim s trung vi. Ban con nhé tim sd trung vi ciia s6 n chin
hay 1¢ khong.

1. Néu s6 n 1a s6 1é thi s6 trung vi 13 s6 thtr %l

Ao A 18 A 1% v A U L
2. N€u so n 1a s6 chan thi s6 trung vi 1a so thir Eva§+1.

Xét bai toan nay voi s6 mii 13 15 1a mot s6 1€ nén c6 16 sé hang ( trudng hop hai).

Suy ra sb hang chinh giita 13 s6 hang thir %Vé% +1 (86 thir 8 va thr 9)

T.., =CLx*(xy)’ =6435x*y’



Toq = CisX* (xy)® = 6435x*y°
Cau 15.

a) B aor chinh la vi thir 98 vi bat dau tir a suy ra s6 hang thi 98 13
T97+1 = Cfgo (_2)3 X!

(ag7 ta thdy x" ting dan theo an) Vay hé s cua ag7 12 -1293600
b) A Tong hé s6. ap+ai+...+apo la . khi d6 x=1 hay (1-2)1%°=1
c) D Dé co Tong cac T=ao-ai+...+ao la . khi d6 x=-1 hay (-1-2)100=310
Cau 16.CVi Cf=C'*=cCc2clr+2cci+c’cl?®=100

< Cl+C =10=>n=4

. 1 _
Tago1 T,,, = Czlt( X+ (_i)k =Tyu = Czll( X+ (_X)ik (Vl K X k)
X X

Dé c6 dugc hé s khong chira x thi  4-k+(-k)=0 => k=2 hé sd can tim 1a T3 =C?=6
Cau 17.D Ty = cﬁx“—z(‘?l)z, vi hé sb 1a c,%.(%l)2 =5n=n=10. Vay sb hang chinh

28

5
gifra la s6 hang thtr 6; Tg = C150X5 (_—1j = >

3
Cau 18. A Khi bai toan dén tong cac hé sé nhu truong hop trén 13 (1 +x*H" (chi toan
X

1a bién) thi ta thay x =1 vao.
Hay (%+14)” =1024 < 2" =1024 = n =10

1 10—k
Ta goi Tyyy = clko[—j (xhk = clxk10x4k Pé co x5 thi k-10+4k=5 => k=3

X
=> Hé s6 can tim 1a C}) =120
Cau 19.C Tacd C§ +Cpy + Cy + Ciy + Cs + Cpy + Cs =8008

2
n_2( 3
Cau 20.D T,., =CZ(xVx) Lﬂ} —~C2=36=n=9

X



(2 (X)) e 1 g
Ta=Cg (X &) Y21 =369
X X
A A 1s R * B A A g A .
Cau 21.A So6 chinh gitta ¢ vi tri thir T(VI mil 1a 8 nén c6 9 s6 hang, &p dung nhu
cau l)

1

A 1
Ts=Cqx = 70x3

14
-(%)
Cau 22.B (1+5)"=CQ +5CL +5%2C2 +..+5"C/

Cau 23.D Nh¢ lai kI.CK = AX, Ap dung vao A® =51C°

k

Cau 24.B Ta 6 Cknl:l@ﬂ:l

CKT 15 n—k 15
Suyran=22k+15:3k+2+%

VineN =k+1=7a véi acZ"
Chon a=1, vy n =21 13 s6 nguyén duong bé nhét

Cau 25.A Dé ¥ thiy xy1° y c6 s6 mil 10= C2(x*) (xy)® . Vay hé sb 1a C2 =3003
y thay X7y 5 15



Tiét 7+8+9 : XAC SUAT CUA BIEN CO
I. KIEN THU'C CO BAN.
1. Phép thir va bién cb
- Tap hop céc két qua co thé xay ra cia mot phép thir duoc goi 1 khong gian miu cua
phép thur va ki hi¢u 1a Q (doc 1a 6- mé —ga).
- Bién ¢ 1a mot tap con cua khong gian mau .
- Gia sir A 12 bién c6 lién quan dén mot phép thir .
+) Tap Q\ Aduoc goi 1a bién ¢ d6i cta bién cd A, ki hiu la A
A xay ra khi va chi khi
A khong xay ra
* Gia str A va B 1a hai bién ¢ ¢6 lién quan dén mot phép thir .
+) Tap AUB duoc goi 1a hop ctia cac bién ¢d A va B(A U Bcon viét 1a A+B)
+) Tap AN B duoc goi 1a giao ciia cac bién ¢cb A va B (AN B con viét 1a A.B)
+) Néu tap AN B =® thi ta ndi A va B xung khic .
2. X4c suat ciia bién cb
a) Pinh nghia xdc sudt:
Gia str A 13 bién c¢b lién quan dén mot phép thir chi c6 mot sé hiru han két qua dong
n(A) 1a x4c suat cta bién c6 A. Vay P(A)= A
n(Q) n(Q)
+) 0< P(A) <1, P(Q) =1, P(@) =0
b) Bién c¢6 xung khic va bién ¢ doc lap:
- Bién cb xung khéc: Hai bién c¢b A va B duoc goi 1a xung khic néu bién cb nay xay
ra thi bién cb kia khong xay ra. Noi cach khac, A va B xung khic néu A va B khong
bao gio déng tho1 xay ra.
- Hai bién c0 A va B dugc goi 1a hai bién ¢b doc lap néu viéc xay ra hay khong xay ra
ctia bién cd nay khong lam anh huong toi xac suit xay ra ctia bién c6 kia
) Tlnh xac suit theo quy tic:
- Quy tic cong xac suat: Néu A va B 1a hai bién c6 xung khac, thi:
P(AUB)=P(A)+P(B)
- Quy tic nhan xac sudt: Néu hai bién ¢ A va B doc 1ap véi nhau thi:
P(AB)=P(A)P(B)
IL. KI NANG VAN DUNG
- Biét tim bién cd d6i, blen cd giao, bién ¢6 hop, hai bién cb xung khic
- Biét cach tinh x4c suit ctia bién cd trong cac bai toan cu thé.

kha nang xuat hién. Ta goi ti s6

- Biét van dung quy tic cong xac xuat, quy tic nhan xac xut trong bai tap don
gian.

- Biét cac dung may tinh bo tai hd tro dé tinh xac suat.
II1. BAI TAP AP DUNG:



Bai tap 1:

Lay ngau nhién mot thé tir mot hop chira 20 thé duge danh sb tir 1 téi 20. Tim xac
suat dé thé duoc 1ay ghi sé:

a) Chan;

b) Chia hét cho 3;

c) Lé va chia hét cho 3.

Giai

Khong gian mau: Q= {1,2,...,20} = n(Q)=20

Goi A, B, C 1a cac bién cd tuong tng cua ciu a), b), ¢). Ta co:

a)A={2,4,6,..,20} = n(A)=10= P(A):%zl

2
6 3
b)B=43,6,9,12,5,18 B)=6=P(B)=—=—=0,3
8= j=n(B)=6=P(B)= =2
¢)C ={3,9,15) = P(C) :230 ~015

Bai tap 2: ‘ N
Mot nhom hoc sinh,gém 12 nam va 3 nit. Chon ngau nhién 7 em. Hoi
a) C6 may cach chon? o
b) Tinh xéc suat cua cac bién co:
A: “7 em duogc chon ¢ 5 nam va2nir”.
B: “7 em duoc chon co it nhat mot nir .
Giai ’ 7
a. Moi cach chon ra 7 em trong s0 15 em 1a mot t6 hop chap 7 cua 15
—> 86 cach chonra 5 em la C175 = 6435
b. Theo ¥ a, s6 phan tir ctia khong gian mau 1a n(Q) = 6435
S6 cach chon ra 5 nam va 2 nit 1a C122 .Cg =2376 = n(A) =2376
P(A) = 2376 _ 24
6435 65
+ Ta co bién cd d6i B: “chon duogc toan nam” hay “ Khong co nir”
n(B) =C/, = 792

P(B)=1- P(B_):l—ﬂzﬂ

6435 65
Bai tap 3: Mot hop dung 9 thé dugc danh s6 1,2,3,...,9. Rt ngau nhién 2 thé va
nhan hai s6 ghi trén hai thé v6i nhau. Tinh x4c suét dé:
a. Tich nhan duoc 13 s6 18.
b. Tich nhan dugc 1a sb chan.

Giai

S6 cach chon 2 thé trong s6 9 thé la: Cg‘ =36
a. Tich hai s6 1a 16 khi va chi khi ca hai s6 déu 18. S6 cach chon 2 trong s6 5 s6 1¢ 13

CZ =10.



Vay xac suat la: E = i
36 18

b. Ta thdy day 1a bién cb d6i cta cau a. Nén xac sudt 1a: 1— > = 13

18 18

Bai tAp 4. Mot hop ¢ 5 qua cau xanh va 4 qua ciu do. 1ay ngiu nhién 2 qua cau.
Tinh x4c suat dé chon duogc 2 qua cau cing mau.

Giai
A: “ Chon duoc 2 cAu mau xanh”
B: “ Chon dugc 2 cau mau do”
A U B: “Chon dugc 2 qua cau cing mau”
A vi B xung khic. P(AUB)=P(A)+P(B)=S5 G 10, 6 4

Cc: Cc? 36 3% 9

Bai tap 5: Mot 16p hoc c6 40 hoc sinh trong d6 c6 32 trung binh, 1gioi va 7 kha.
Chon ngau nhién 5 em. Tinh x4c suét cua cac bién co:
A: “5 em duoc chon déu 1a hoc sinh kha ”.
B: “ 5 em duoc chon ¢6 3 em 1a hoc sinh trung binh va 2 1a hoc sinh kha .

Giai
a. M&i cach chon ra 5 em trong s6 40 em 13 mot to hop chap 5 cua 40
=> S6 cach chonra 5 em 1a C3, = 658008

S6 céch chonra 5 hskhala C3 =21
21

b. = P(A)= ~0,00003
) 658 008
S6 céach chon ra 5 hs trong d6 ¢6 3 hs TB, 2 hs kha 1a
104 160
c3,C%=140160 =P ~0,1
321 = P(B)=555 008

IV. BAl TAP TRAC NGHIEM
Céau 1. Chon ngau nhién mot sd nguyén duong khong qua 20. Xéc suit dé sé duoc
chon 1 sb nguyén té:

A 2 B. .
5 20

c.t D. 2
2 20

Cau 2. Tir mot cb bai c6 52 quan bai, rat ngau nhién 1 quan bai.
Xéc suat dé c6 1 quan bai at la:
= B. = c. L D. X
13 26 52 4
Cau 3. Ném ngiu nhién 1 dong xu 3 lan. Xac suit dé co ding hai lan xuét hién mit
ngua la:
A2 B. 3 c.2 D. >
7 8 4 8

Cau 4. Tir mot hop chira 20 quéa cau danh s tir 1 dén 20. Liy ngiu nhién mot qua.
Xéc suat cua bién c6 nhan doc qua cau ghi so6 chia hét cho 3 1a:



AL B. 12 2 D. 3
3 20 10 30
Cau 5. Gieo 3 dong xu phan biét dong chat. Goi A bién ¢6” C6 dung hai lan ngira”.
Tinh x4c sudt A
A.Z B.§ Cé D.1
8 8 8 8
Cau 6. Trong mot hop dung 7 bi xanh, 5 bi d6 va 3 bi vang. Ly ngiu nhién 3 vién
bi, tinh xac sudt dé duoc it nhat 2 bi vang duoc 14y ra.

3 5 2 c. 50 o 121
455 455 455 455
Céau 7. Trong mot hdp dung 7 bi xanh, 5 bi do6 va 3 bi vang. Léy ngﬁu nhién 3 vién

bi. Tinh x4c xudt dé 3 bi lay ra cing mau?
ik B. 20 e p. 4
455 455 455 455
CAu 8. Trong mdt 16p hoc ¢6 54 hoc sinh trong d6 ¢6 22 nam va 32 nit. Cho rang ai
cling c6 thé tham gia 1am ban can sy 16p. Chon ngiu nhién 4 ngudi dé 1am ban can sy
l6p; 1 1a 16p Trudng, 1 1a 16p Pho hoc tap, 1 1a Bi thu chi doan, 1 1a 16p Pho lao
do6ng. Tinh xac suat dé “ Ban can sy ¢6 hai nam va hai nit” ?

2 2

A C22C32 B. 4'C22C32 C. A22'0\32 D 41C5,C3,
: 4
Csa Csa Css Ps4

Cau 9. Gieo ngau nhién 2 con xtic sic can dbi dong chat. Xéac suat cta cac bién cb «
Téng s6 cham suét hién 1a 77 1&:

AL B. Z c.2 p.1

36 9 18 9

Cau 10. Gieo hai con suc sic va goi két qua xay ra 1a tich hai s6 xuét hién trén hai
mit. Khong gian miu 13 bao nhiéu phan tir?

A.l12 B.20 C.24 D.36
Cau 11. Gieo hai con suc sic can d6i va dong chat. Goi X la bién ¢ « Tich s6 chdm
xaat hién trén hai mat con stic sic 1a mot s6 18”. Xac suat cta cac bién cb X 1a:

A 1 B. 1 C. 1 D. 1
5 4 3 ’ 2
Cé~u 12. Cho 4 chur céi,A,G,N,S da duoc viét 1én cac tam bia, sau d6 nguoi ta trai ra
ngau nhién. Tim sé&c suat 4 chir cai do 1a SANG?
AL B.= C.o Dt
4 , 6 24 256
Cau 13. Co ba chiéc hop. Hop A dung 3 bi xanh va 5 bi vang; Hop B dung 2 bi do va
3 bi xanh; Hop C dung 4 bi trang va 5 bi xanh. Lay ngau nhién mot hop roi lay mot
vién bi tir hop do. Xéc suat dé lay dugc bi xanh Ia.
Al B.2> c.2 p. 221
8 96 15 1080



Céau 14. Hop A chura 3 bi do va 5 bi Xanh; Hop B dung 2 bi dé va 3 bi xanh.Thay
mét con suc sac ; Néu duoc 1 hay 6 thi 1éy mot bi tr Hop A. Néu duoc s khac thi léy
tir Hop B. X4c suat dé duoc mot vién bi xanh 1a

A.E B.7—3 C.ﬂ D.i
8 120 40 24
Cau 15. Trén ké sach c6 10 sach Toan va 5 sach Van. Ly lan lugt 3 cudn ma khong
dé lai trén ké. Xac suat dé dugc hai cuon sach dau 1a Toan, cudn tht ba la Van 1a

A.E B.E C,l D.E

91 91 45 15

Cau 16. Mot Hop chitra 3 bi xanh, 2 bi vang va 1 bi trang. Lan luot 1dy ra 3 bi va
khong dé lai. Xac suat dé bi liy ra 1an tha I 1a bi xanh, tha 11 14 bi trédng, thi 11T 13 bi
vang

AL o L L

60 20 120

Cau 17. Gieo 2 dé)ng xu A va B mdt cach doc 1ap vdi nhau. Béng xu A ché tao can
dbi. Pong xu B ché tao khong can ddi nén xac suat xuit hién mit sip gip ba lan xéac
suit xuat hién mat ngira. Tinh x4c suat dé khi gieo hai déng xu mét 1an thi ca hai
ddng xu déu ngira

A.04 B.0,125 C.0.25 D.0,75
Cau 18. Trong mdt bai thi tric nghiém khach quan c6 10 cAu. Mdi cau c6 4 phuong
an tra 101, trong do6 chi ¢6 mot cau tra 1061 ding. M6t hoc sinh khong hoc bai nén lam
bai bang cach chon ngiu nhién mot phuong an tra 10i. Tinh xac suat dé hoc sinh do
trd 101 ding 10 cau

D.L
2

A.(0,75)10 B.% C. (0,25)% D.E
10 10

Cau 19. Trong mot tro choi dién tir, xac sudt dé An thing trong mot tran 1a
0,4(Khéng c6 hoa). Hoi An phai choi tdi thiéu bao nhiéu tran dé xac suat An thing it
nhét mot tran trong loat choi d6 16m hon 0,95

A4 B.5 C.6 D.7
Cau 20 Ba nguoi cung di sin A,B,C ddc 1ap v6i nhau cing nd sing ban vao muc
tiéu. Biét ré“mg X4c suat ban tring muc tiéu cua A,B,C tuong tng 1a 0,7; 0,6; 0,5. Tinh
xé4c suat dé cé it nhat mot xa thu ban tring

A.0.45 B. 0.80 C.0.75 D.0.94
Cau 21. Trong mot 16p hoc ¢6 54 hoc sinh trong d6 ¢6 22 nam va 32 nit. Cho rang ai
cling c6 thé tham gia lam ban can sy 16p. Chon ngdu nhién 4 nguoi dé 1am ban can su
16p; 1 1a 16p Trudng, 1 1a 16p Phé hoc tap, 1 1a Bi thu chi doan, 1 1a 16p Pho lao dong.
Tinh x4c suat “ Ca bén déu nit”

4 4 2
A2 B. 152 c. S D. A, C ding
HCsy HCsy Asy

Céau 22. . Trong giai bong da nir cua truong THPT Hung Vuong c6 12 doi tham gia,

trong d6 c6 hai doi cua hai 16p 12A6 va 10A3. Ban t6 chuc giai tién hanh Qéc tham
ngau nhién dé€ chia thanh hai bang A va B, mo6i bang 6 doi. Tinh xac suat dé¢ hai doi



12A6 va 10A3 ¢ cung mdt bang.

7 9
A. B. = . — D. =
25 =11 ¢ 10 11

Céau 23. Goi X 1a tap hop cac sb tu nhién gém 6 chit s6 doi mot khac nhau duoc tao

thanh tir cac chit s6 12,3, 4,5,6,7,8,9. Chon ngau nhién mot s tur tap hop X. Tinh xac
suét dé sd duoc chon chi chira 3 chit s6 16.
10 1

A 10 B L c. 12 D.
- 21 21 37

gl

Céau 24. Goi M 1a tap hop cac s6 ¢6 4 chit s6 ddi mot khac nhau 1ap tir cac chix sb 1,
2,3,4,5,6,7. Lay ra tir tdip M mot so bat ky. Tinh xac suat dé lay dugc so co tong
cacchirsolasolé?

AT B. 48 c. 1 p. 2
156 = 105 100 256

CAu 25. Trong bo moén Toan, thy gido co 40 cau hoi khac nhau gdm 5 cau hoi kho,
15 cau hoi trung binh, 20 cau hoi dé. Mot ngan hang dé thi mdi dé thi c6 7 cau hoi
duoc chon tir 40 cau hoi d6. Tinh xac suat dé chon dugc dé thi tir ngan hang dé noi
trén nhat thiét phai c6 du 3 loai cau hoi (kho, trung binh, d&) va sé cau hoi dé khong it
hon 4.

541 B 965 915 D 915
3728 " 3768 — 3848 " 2637
2. Huéng dan:
CAu 1A. S6 phan tir trong khong gian mau |Q| =20
S6 nguyén t6 tir 1 ¢én 20 goém: 1,3,5,7,11,13,17,19
N i1 8 2
Vay xac suatla —=—
20 5
Cau 2 A. S phan tir trong khong gian mau |Q| =52
S6 cach rat mot quén at 13
Vay xé4c suit 1a 4.1
52 13
Cau 3B.
Céch 1. Tim s6 phan tir trong khong gian mau |Q| =2%-8
Tim s cac két qua thuan loi cho A (NNS),(NSN),(SNN) suy ra c6 ba truong hop.

Vay xé4c suat ctia A 1a P(A) :g

Céch 2. Vi x4c suat hai mat sip va ngtra bang nhau va bang 0,5
p_111 111 111 ,111_3
A 2'2'2 2°2°2 2272 222 8

Céau 4C.



Ci(C;+Cy)+C;y 37

Cau 6A.

ci 455
3,03, 3
Cau 7B C7+Cs+C3 _ 46
c 455

Cau 8.D. Vi sip xép vao 3 vi tri khac nhau, suy ra sd phan tir trong khong gian mau
la A,
Chon ra 4 hoc sinh xép vao 4 vi tri sao ma c6 2 nam, 2 nit. chon ra 2 nam thi c6 C222 ,
2 nir thi c6 ng. Nhung vi 4 vi tri ndy c6 thir ti, nén c6 tong tit ca sd phan tir thda dé
cho “ Ban cén sy c6 hai nam va hai nt”’la 41.C2.C2
41C5C5

ASh
Cau 9A . S phan tir khong gian mau 1a 36.
“Tong s6 cham suat hién 1a 77 gom (1,6); (2,5); (3,4); (4,3); (5,2); (6,1). Vay xac suét
can tim 13 5 = 1

36 6

Cau 10. B Pumng c6 mic sai 1am ma chon 1a 62=36. Vi tich hai s6 c¢6 thé trung nhau,
trat tu cac so khac nhau khong anh huong toi tich hai s nén ta co.
Ung voi s6 cham stic sac I 1a1. thi stc sic IT co thé ra 6 két qua =»co thé 1ap 6 s thoa
1a tich hai mit xuat hién (1,2,3,4,5,6)
Ung véi s6 cham stic sac I 1a 2. thi stc sic IT co thé ra 6 két qua = nhung co thé 1ap
5 s6 thoa nhu trén (4,6,8,10,12) vi loai dan tich 1.2
Ung vé6i s6 cham stc sic I 1a 3. thi stc sic IT ¢o thé ra 6 két qua = nhung c6 thé 1ap
3 s6 thoa nhu trén (9,15,18) loai 3.4, 3.2, 3.1
Ung vé6i s6 cham stc sic I 1a 4. thi suc sic IT ¢o thé ra 6 két qua = nhung c6 thé 1ap
3 s6 thoa nhu trén (16,20,24) l0oai 4.3, 4.2, 4.1
Ung v6i s6 chdm stic sac I 1a 5. thi stc sac I ¢6 thé ra 6 két qua = nhung c6 thé lap
2 s6 thda nhu trén (25,30) loai 5.4,5.3,5.2,5.1
Ung véi s6 cham stic sac I 12 6. thi stc sac I ¢6 thé ra 6 két qua = nhung co thé lap
1 s6 thda nhu trén (36) loai 6.5, 6.4, 6.3, 6.2, 6.1
o tht ca 6+5+3+3+2+1=20

Cau 11B . Vi dé tich 1a mét sd 1é thi 1(1,3,5) c¢6 xé4c suat 1a %; 11(1,3,5) c6 x4c xuat la

Vay xac suat la:

| wo
o|w

3 . .
5 .Vay xac suat theo dé€ cho la —.

NG

4

on chir cai, nhung chi c6 ding mot cach xép dugc
1

Uﬂ@

Cau 12C. c6 4! Cach sép Xép

chir SANG, vay xac suat 1a: i =—
41 24

CAu 13.D, Xac suat chon mot hop trong ba hop 1a %



A s 4 1C; 1C; 1C! 551
Vay xacsuatla =. =2 += 342 S -—=
3C 3C; 3 C; 1080

Cau 14.B, Xac xuat dé dugc sb chdm 1a 1 hay 6 1a %

y A A A A , <\ 2
Xac xuat dé duoc s6 cham khac la 3

1 1
Vay xé4c sut la: 1 C—1+EC—§ B
3C 3C 120
Cl
15.B, Pé xac suat dau la cubn sach Toan 10
Cis
: . . ci :
bé xac suat thur hai 1a cudn sach Toan —f (vi khong dé lai trén ké)
C14
1
Pé xac sut thit ba 1a cudn sach Vin —15( vi khong dé lai trén ké)
13
1 1 1
Vi day 1a nhimg bién ¢6 doc lap nén Su G & 15
C15 C14 C13 91
C; Cf C, 1
cl'ci'cl 20
Cau 17B. Li luan nhu sau. Déng xu A ché tao cin ddi nén xac suit xuit hién mit
ngira (N) bang x4c sudt xuat hién mit sap(S) 14.0.5
Pong xu B ché tao khong can ddi xac suat xuat hién mat sap gip ba 1an x4c suat xut
hién mit ngtra. Bé dé hiéu ta xin trinh bay nhu sau
Cir gieo 4 1an thi. Mat Sap(S) 3 lan Mit Ngira(N) 1 1an

= xac suat Mit Sap(S) la %=0,75 Va  Mit Ngira(N) %:o,25.

Céau 16.B, Tuong tu nhu trén ta dugc —2

Xéc suat xuat hién ca hai mit déu ngita 13 0,5.(0,25) = 0,125
Cau 18.C X4c suét dé chon ding mot cau 1a % =0,25

Pé ban hoc sinh d6 tra 101 dung tat ca muoi cau thi (0.25)%°
Cau 19.C Goi n 14 s6 tran t6i thiéu ma An thang c6 xac suat 16n hon 0.95
A 12 bién cb “An khong thang trin nao ca”
H 1a bién cé An thing trong luot choi”
Dé x4c suat thang 16n hon 0,95 thi 1-(0.6)" > 0,95 => n=6
Cau 20.D Bai nay nén goi bién cb ddi
Goi A “Khéng c6 xa thi nao ban trang ca” P, =0,3.0,4.0,5=0,06
H “C0 it nhat mot xa thu ban trung”
P(H)=1-P(A)=1-0,06=0,94 0,94
Cau 21 B. ta duge 20— Az
A, 41.C;,
Cau 22 B; Cau 23 A; Cau 24 B; Cau 25C




PE KIEM TRA THAM KHAO

1. Ma tran
Mirc d¢ nhan thire
Chu dé Nha@n biét | Théng |Véndung| Van
Mach kién thire ki ning hiéu Thdp dung | Téng
cao
I- Qui tic dém Cau 6,7 |[Caubs Cau 4 4
0,8 0,4 0,4 1,6
I1- Nhi thie Niu ton Cau 18 Cau 15,16 | Cau 17 4
0,4 0,8 0,4 1,6
I11- Hoan vi - Chinh hop-t6 | Cau 8,9,10 | Cau 1,2,3 | Caull-14 10
hop
1,2 1,2 1,6 4,0
IV. X4c sut cia bién c6. | Cau 19,20 | Cau 21 Cau 22,24 | Cau 7
23,25
0,8 0,4 0,8 2,8
0,4
Tong 8 7 8 2 25
3,2 2,8 3,2 08| 10

2. Pé va dap an.
Cau 1. Cho tap A={1;2;3;5;7;9}. Tir tap A ¢6 thé 1ap duoc bao nhiéu sb tu nhién
gdém nim chit s6 d6i mot khac nhau?
A. 3024 B. 360 C. 120 D. 720
Céu 2. Cho A={1,2,3,4,5,6,7}. Tutap A co thé 1ap duoc bao nhiéu s6 chén co 5
chit s6 d6i mot khac nhau?
A. 120 B. 7203 C.1080 D.45

Qéu 3.Cho A={1,2,3,4,5,6}. Tutap A co thé lap duogc bao nhiéu s6 chin ¢6 5 chir
s0?
A. 3888 B. 360 C.15 D.120

Cau 4 Cho AZ{O, 1,2,3,4,5}. Tutap A cb thé 1ap dugc bao nhiéu sb tu nhién co 3
chir so chia hét cho 5?
A. 60 B. 36 C.120 D.20

CAu 5. Cho A={0, 1,2,3.4, 5, 6}. Tir tap A c6 thé lap dugc bao nhiéu s ty nhién co
4 chir s6 khac nhau?

A. 60 B.5 C.120 D.720
Cau 6. Mot ngudi co 8 cai 40 va 10 cai quan. Hoi c6 bao nhiéu cach dé chon ra 1
chiéc 40 va 1 quan dé mic?

A. 18 B. 10 C.8 D. 80




Cau 7. Tir A dén B ¢6 2 céch, B dén C ¢6 4 céch , C dén D c6 3 cach. Hoi ¢ bao
nhiéu cach di tr A dén D (phaiquaBvaC) ?

A.2 B.4 C.3 , D. 24
Cau 8. C6 bao nhiéu cach sap xep 7 nguoi ngoi vao 7 ghe ?
A. 720 B. 49 C.77 D. 5040
Cau 9. Cong thirc tinh sé hoan vi Y
n!
A. B, =(n-1) B.RP,=n C. Pn:(n—l) D. B, =n!
Cau 10. S céc chinh hop chap ¥ ciia mot tp hop ¢ 7 phéan tar vai L < E <7 |3;
n! k (n—k)! k Nl K n!
A A= B A= "1 c A== DCke—— _
A A (n—k)! S A " kY(n-k)!

Cau 11: Gia tri ctia sb tu nhién n thoa man C2 + AZ =9n |a;

A7 B.6 C.9 D.8
CAu 12. Mot td cong nhan c6 12 ngudi. Can chon 3 ngudi: 1 t0 trudng, 1 td phd va 1
thanh vién. Héi c6 bao nhiéu cach chon.

A. 1230 B. 12! C. 220 D. 1320
Céau 13. Mot hop dung 8 vién bi mau xanh, 5 vién bi do, 3 vién bi mau vang. C6 bao
nhiéu cach chon tir hdp dé ra 4 vién bi trong d6 cé ding 2 vién bi xanh?

A. 784 B.1820 C.70 D.42
Cau 14. Tir 1 nhém gdm 8 vién bi mau xanh , 6 vién bi mau do. Hoi c6 bao nhiéu
cach chon ra 6 vién bi ma trong d6 c6 ca bi xanh va bi do.

A. 2794 B. 3003 D. 14 D. 2500

, 5 10
Cau 15. Hé s6 cua x® trong khai trién (X2 + 2) ER
A. C&2* B. C& C. C D. 2"
A A A C 2 o\10
Cau 16. Hé so cua x*? trong khai trién (2x — X ) la:

A. C5 B. C4.28 C. C4 D. -C{28

n
CAu 17. Trong khai trién (3X2 + E] hé s6 cua x3 1&: 34C,? gia tri n la:

X
A. 15 B. 12 C.9 D.7
Cau 18. Trong khai trién nhj thtc (a + 2)"*® (n eN). C6 tit ca 17 sb hang. Vay n
bang:
A. 23 B. 17 C.11 D. 10
Cau 19. Gieo mot dong tién lién tiép 3 1an thi n(Q) 1a bao nhiéu?
A. 4 B.6 C.8 D.16

Céu 20. Gieo mdt dong tién lién tiep 3 lan. Tinh xac suat ctia bién co A: “ lan dau
tién xuat hién mat sap”



1 3 7 1
A. P(A)== B.P(A) == C.P(A)=—= D.P(A)==
(A) 2 (A= (A) E (A) 2 |
Céau 21. Mot to hoc sinh ¢6 7 nam va 3 nit. Chon ngau nhién 2 nguoi. Tinh xac suat
sao cho 2 ngudi duoc chon déu la nit.
A. 1 B. ’ C. 8 D.1
15 15 15 , 5
C{?lu 22~. Mot binh chira 16 vién bi, V,é'i 7 vién bi trang, 6 vién bi den, 3 vién b1 do.
Lay ngau nhién 3 vién bi. Tinh xac suat lay dugc ca 3 vién b1 do.
AL B. = c.~ p. 143
560 16 28 280

Cau 23. Goi X la tap hop cac sb tu nhién gém 6 chit s6 do6i mét khac nhau duoc tao
thanh tir cac chir so 1 2,3, 4,5,6,7,8,9. Chon ngau nhién mot so tur tap hop X. Tinh xac
suat dé sé duoc chon chi chira 3 chit sb 18.

10 B L c. 12 D.2
- 21 21 37 5

Cau 24. Mot hop c6 5 bi den, 4 bi trang. Chon ngiu nhién 2 bi. Xac suat 2 bi dugc
chon déu cing mau 1a:
Al B. c. 2 D.>

4 9 9 9
CAu 25. Trong dot thi hoc sinh gidi cta tinh Lam Pong truong THPT Hung Vuong
mon Toan c6 5 em dat giai trong d6 c6 4 nam va 1 nt , mon Van c6 5 em dat giai
trong d6 c6 1 nam va 4 nit , mon Hoa hoc ¢6 5 em dat giai trong d6 c6 2 nam va 3 nir
, mon Vat li c6 5 em dat giai trong d6 c6 3 nam va 2 nit. Hoéi c6 bao nhiéu cach chon
mdi mon mdt em hoc sinh dé di du dai hoi thi dua ? Tinh xac suit dé co ca hoc sinh
nam va nir dé di du dai hoi?

A o171 B. 2 C.

A — D
625 3

1
4

w|N



Chuyén dé
DAY SO - GIOI HAN

PHUONG PHAP QUY NAP TOAN HQC
DAY SO — CAP SO CONG - CAP SO NHAN
(3 tiét)

A. KIEN THUC VA KY NANG CO BAN
I. Phwong phap quy nap toan hoc
Dé chirng minh ménh dé chira bién A(n) la ménh dé ding véi moi gid tri nguyén dwong n, ta
thwce hién nhuw sau:
e BuGc 1: Kiém tra ménh dé ding véi n = 1.
e BuGc 2: Gid thiét ménh dé ding véi sé nguyén dwong n = k tiy v (k > 1), ching minh rang
ménh de dung voi n =k + 1.
ChQ Y: Néu phdi chirng minh ménh dé chira bién A(n) la ménh dé ding véi moi gid tri nguyén
dwong n2p, ta thuc hién nhu sau
+ O buéc 1, ta phdi kiém tra ménh dé ding véin = p;
+ 0 budc 2, ta gia thiét ménh dé ding véi s6 nguyén dwong bat ki n =k >p va phdi chimg
minh ménh dé dung voi n=k+1.

II. Diy sb
1. Pinh nghia
u:N*—>R L _
0 s u(n) dang khai trién: (un) = U1, U2, ..., Un, ...

2. Diy sb ting, diy sb giam:
e (Un) ld ddy sé ting < Un+1 > Unvéi N € N*,
&S Un+l—Un > 0voi ¥V'n e N*

u
o 2151 v6i v e N* (un > 0).
u

n
e (Un) 12 ddy s6 gidm < Un+1 < Un véi vh € N*,
S Un+l —Un< 0voi ¥'n e N*

oS 1 y5i vh e N* (un > 0).
u

3. Day s6 bi chiin
e (Un) la ddy s bi chdn trén < M € R: un <M, vh e N*,
e (un) la ddy s6 bi chin dwéi <> 3m € R: un >m, th e N*.
e (Un) la ddy s6 bi chin < 3m, M e R: m <un <M, vh e N*,
II1. Cép sb cong
1. Pinh nghia: (Un) ld cdp 56 céng < Un+1 = Un +d, Yh e N*  (d: cbng sai)
2. S6 hang tong quat: u_ =u, +(n—1)d voi n >2



U U,
2

3. Tinh chit ciia cac s6 hang: u, = voi k >2

n(u, +u,) _ nf2u, +(n-1)d]
2 2

4. Tong n s6 hang dau tién: S =u, +U, +...+U =

IV. Cép s6 nhan
1. Pinh nghia: (Un) ld cdp 56 nhdn < Un+1 =Un.g véi n e N*  (q: cong bi)

2. S6 hang tong quat: u =u.q"" Véi n =2
3. Tinh chit cac s6 hang: u=u_,.U,,, véi k >2
S, =nu, ,q=1
4. Tong n s6 hang diu tién: -q"
g ang Sn:ul(l q") g1
1—
B. BAI TAP LUYEN TAP
Phwong phap quy nap toan hoc
Bai 1. Chiig minh rang: 1+£+1+...+i= 2 _1,Vn eN*
2 4 8 2" 2"

Giai

Budce 1: V6in =1 thi ménh dé trd thanh % :% 12 ménh dé dung

k
Budc 2: Gia sir ménh dé dung v6i n =k > 1 nghia la: %+Z+%+...+2—1k = %
Ta chtng minh rang ménh dé ciing dung véin =k + 1, tirc 1a cdn chimg minh:

111 1 2t
2 4 8 2k+1 2k+1

That vay

B 2k+1 _1

_W:VP
Vay ménh dé da cho ding voimoi ne N *
Bai 2. Chirng minh rang: u_ =n*+3n?+5n chiahétcho3, YneN
Giai
Budce 1: Véi n=1, vé trai bang 9 chi hét cho 3. Ménh dé da cho dung.
Budc 2: Gia sir ménh dé di cho dung véi n =k, tirc 1a: u, =k®+3k? +5k chia hét cho 3.
Ta chirng minh h¢ thirc da cho cling dting voi n=k +1:
Taco: u,, =(k+1)° +3(k+1)" +5(k +1)
= (k3 +3k? +5k)+3(k2 +3k +3)
=u, +3(k* +3k +3)



Vay u,,chi hét cho 3, ta dugc diéu phai ching minh.

Diy s
Bai 3. Xét tinh ting giam cua cac ddy sd:
a), =12 byu, =2+
n 5n+2
Gidi

U =(i—2j—(1—2j: -1 <0,vneN*
n+1 n n(n+1)

Nén la day so giam.

b)u, = 2n+1
5n+2
U, 5n+2 2n+3 10n*+19n+6

= : = <lLVheN*
u  2n+15n+7 10n*+19n+7

Nén la day so giam.

Bai 4. Tim s hang tong quat cua day so: {Ul =3 vnen
Un+1 :2Un
Gidi
Tacé: Ui=3
U2=2U1=3.2
U3=2.U2=3.22

_ Dy dodn: Un=3.2"". Sau d6 khing dinh bang quy nap.
Cap so cong

A s A A a A s A XA o U —Us+Uu; =10
Bai 5. Tim s0 hang dau va cong sai cua cap so cOng, biét:

U, +us =17
Gidi
. {U —us+u; =10 u, +2d =10 u =16
Ta co: = Rt
u, +u, =17 2u; +5d =17 d=-3
Bai 6. Mot CSC c6 sb hang thir 54 va thir 4 1an luot 12 -61 va 64. Tim s hang thir 23.
Gidi

Tacé: u,=u,+(n-1)d
{u54 =u, +53d

u,=u,+3d
Gidi hé phuong trinh , ta dugc:.
143 5
U=—,d=—=
2 2
33

= U, =U,+22d =
Cap s6 nhén

Bai 7. Tim cac s6 hang ctia cép s6 nhan (u,) c6 5 sb hang, biét: u, =3,u, = 27



5

u, =3 uq’ =3

Taco: { ° =M <:>u1=l,q=i3
u M1q4 =27 3

Vay c6 hai day s6: %,1,3,9,27 va %,—1,3,—9,27

Bai 8. Tim 3 s hang ctia mot cp s6 nhin ma tong s6 1a 19 va tich 1a 216.
Gidi
Goi 3 sb hang lién tiép cua cap s6 nhén la: %; a;aq (voiqla cong boi)
Theo gia thiét ta co:
%.a.aq =216 (1

%+a+aq =19 (2)

Tr(l)va(2)taco a=6va ng ho/Ecq:%

Viy 3 s6 hang can tim 1a: 4, 6, 9 hay 9, 6, 4.
B. BAI TAP TRAC NGHIEM
Phwong phap quy nap toan hoc
Cau 1. Gidtriciatong S, =1° +2° + 3 +...+n° la:

A n(n+1)(n+2) B n(n+2)(2n+1)
-~ B. g :
C. ”(”+1§2”+1). D. Pép sb khac.
A e . % n 2 1 1 1 N
Cau 2. V61 mot s6 nguyén duong n, tong S, =—+—+...+ la:
1.2 23 n(n+1)
AL B. . c. p, M+t
n+1 ~ n+l n+2 n+2
Cau 3. Vi moi sé nguyén duong n, tong S, =n’+11n chia hét cho:
A. 6. B. 4. C.9. D. 12.
Cau 4. Véi moi s nguyén duongnthi S =1 11 £122"7 chia hét cho:
A. 3. B. 33. C. 133. D. 13.
Cau 5. Vi moi s ty nhién n > 2, bat ddng thirc nao sau day ding?
A. 3" >4n+1. B. 3">4n+2. C. 3">3n+4. D. 3" >3n+1.
Cau 6. Vi moi s6 tu nhién n>1, bat dang thirc nao sau day ding?
1 1 1 13 1 1 1 13
Al —F+——+. +—>—. B —+—+.+—>—.
n+l n+2 2n 20 ~ n+l n+2 2n 21
1 1 1 13 1 1 1 13
C.—+—+..+—>—. D. —+—+..+—>—.
n+l n+2 2n 17 n+l n+2 2n 24

Day 50
Cau 7: Day sb {u,} xéc dinh bdi cong thirc un=2n+1véimoin=0, 1, 2, ... chinh la:

A. Diy sé ty nhién lé.



B.Ddy 1,3,5,913,17.
C. Day cac s tur nhién chan.
D. Diy gdm cac s ty nhién 1& va cac s6 tu nhién chin.

. =2 .
Cau 8: Cho day sb (un) x4c dinh béi: . . Ta co us bing:
u,,=2"u ,vnx>1
A. 10. B. 1024. C. 2048. D. 4096.
Ll
Cau 9: Cho day s6 (un) xac dinh boi: { * 2 . Khi d6 uso bang:
u,=u.,+2n ,vnx2
A.1274.5. B. 2548,5. C. 5096,5. D. 2550,5.
. u=-1 .
Cau 10: Cho diy sb (un) xac dinh boi: { * . Khi d6 u11 bang:
u,=2nu,, ,vnx2
A. 210111, B.-21°.111. C. 21011 D.-210.111°,
u =1 .
Cau 11: Cho day s6 (un): Ta c6 u11 bang:
U, =u,+n ,vnx>1
A. 36. B. 60. C. 56. D. 44.
1
Ul :E
Cau 12: Cho day sb (u,) véi 1 . Gié tri clia us bang:
u, = ,N=2,3, ..
2_un—l
NS B. 2. c.2. p. 2.
4 - 5 6 7

AL B.. X2 C. -=. D. -2
2

Cau 14: Cho diy sb (u,) véi u, =

—N 1 .
— . Khido u,_, bang:

Au = 12—nn : B.u_, = 22—nn : C.u_= 22n—1n : D.u,, :2—2.

Cau 15: Cho diy s6 co { =1 (n S N*) . Khi d6 s6 hang thtr n+3 1a:
=2u,,+3U,,

A u.,=2u,+3u, Bu,=2u,,+3u. Cu,,=2u ,+3u., D.u.,=2u_,+3U .
Cau 16: Cho diy sb c6 cf)ng thirc tong quat 1a u, = 2" thi s6 hang thtr n+3 Ia:

Au, =2 B.u,,=82". C.u,,=62". D.u,,,=6".
Cau 17: Chotong S, =1+2+3+.......... +n.Khido S, labao nhiéu?

A. 3. B. 6. C. L D.9.
Cau 18: Cho diy sb u, = (—1)n . Chon khang dinh dung trong cac khang dinh sau day?

A. Day tang. B. Day giam. C. Bi chan. D. Khong bi chan.

A A 1 \ ~ A o A
Cau 19: Day so u, = —11a day so co tinh chat:
n+



A. Tang. B. Giam
C. Khong tang khong glam D. Tét ca deu sai.
Céu 20: Trong cac day so sau, day s6 nao thoa man:
Uo=1,u1=2,Uun=3Un-1-2Un-2,N=2,3,...7
A. 124,68, 16,32 ...
B.1, 2,8, 16 24, 24 54, .
C. Déy c6 so hang tong quat laun=2"+1v6in=0,1,2,.
D. Diy c6 s6 hang tong quat 1aun = 2" véin=0, 1,2, .
Cau 21: Xét cac cau sau:
Day 1, 2, 3, 4, ... 1a day bi chan (dudi va trén) (@8]

Day 1, % , % ,% ... la day bi chan dudi nhung khong bi chan trén  (2)

Trong hai cau trén:

A. Chi co (1) dung. B. Chi c6 (2) dung.

C. Céd hai cau déu dung. D. Ca hai cau déu sai.
Cau 22: Cho diy sb (un), biét un = 3". S6 hang un +1 bang:

A 3"+ 1 B.3" + 3. C.3"3. D. 3(n +1).
Cau 23: Cho diy s6 (un), biét un = 3". S6 hang u2n bang

A. 23" B.9". C.3"+3. D. 6n.
Cau 24: Cho diy sb (un), biét un = 3". S6 hang un-1 bang:

A 3"-1 5.%. C.3"-3. D.3n-1.
Cau 25: Cho ddy sb (un), biét un = 3". S6 hang uzn-1 bang:

A.323"-1. B.3"n.3"- 1, C.3"-1. D. 321,

Cau 26: Cho diy sb u, =sin z Chon khang dinh sai trong cac khang dinh sau day?
n

A u =sin—— . B. Diy s6 bi chin.
oon+l ’
C. Day so tang. D. Day s0 khong tang, khong giam.
Cau 27: Diy sé u_=<""L 13 day s6 bi chan trén béi:
3n+1
AL B L C.1 D. 0.
2 3
Cau 28: Trong cac diy sb (un) sau day, hay chon diy sb giam?
2
A. Un =sinn. B.Un =1 +1. C.un=+/n-+vn-1. D. un=(—1)”(2”+1).
n

Cau 29: Trong céac ddy s6 (un) sau ddy, hiy chon day s bi chan ?
A.un=+n*+1. B.un=n+ .
n

C.un =2" + 1. D.uUn= —

Cau 30: Hay cho biét day s (un) ndo dudi day la diy sb ting, néu biét cong thirc s6 hang tong quat
Un cta no la:

] 1 n
A. (-1)"sinZ. B. (-1)""(5" +1). C.—— . D. .
(sl B(Y)7(57+Y) N w1

Cau3l.bat Si(n)=1+2+3+...+n
Sa(n)=12+22+32+ ... +n?



Sa(n)=13+23+3%+ ... +nd

Taco:
3n(n+1 n(n+1)(2n+1
) 5. 5,(n)="0 12
2 _ 2
C. 83(n):M. D. Pép éan khac.

Cau 32: Diy sb nao sau déy la diy tang ?
A u =(D)"sinl. B.u = 2n+3 Cou-—2 D.u, =(-1)*(3"+1).
n

" 3n+2 " nednel’

. S6 43 1a s6 hang thir bao nhiéu?

Céau 33: Cho diy sb u_ =

n’+1
A. 10. B.9. C.8. D. 11.
" ) ~ A 1+n 8 . , .
Cau 34: Cho day s6 u, = . S6 — 1a s0 hang thur bao nhiéu?
2n+1 15
A.8. B. 6. C.5. D.7
A « g Jup=9 £ 2 T S
Cau 35: Cho day so . S0 hang tong quat cta day so trén la:
U,,=U +n
n-1)n -1
A. un:u . B. Un=5+(n )n
2 - 2
n(n+1 n+1 2
C. u,=5+ ( +). D. Un=5+( +1)(n+2)
2 2
cju=1 . , .
Céu 36: Cho day so ( ., S0 hang tong quat cta ddy so trén la:
U =U, +(—
A.u =1+n . B.u =1-n. C.u, =1+(-1)". D.u =n.
A g =1 X 2 X
Cau 37: Cho day so , - 50 hang tong quat cta day so trén la:
U,,=U +n
n(2n+1)(n+1 -1)n(2n+2
A u, =141 +6)( *1). 8. u, -1+ " )ne( n+2)

DU, = (n-1)n(2n-1)
6

6
u, =-2
Cau 38: Cho day sd 1 . S6 hang tong quat cua dy so trén la:

un+1=_2_I
A. unz_n+1. B. un:n—+1. C. un:—n—+l. D.u=——"_
n n n n+1
Cau 39: Cho tong S(N)=1"+2" +..ccccevvuernes +n?. Khi d6 cong thirc cua S(n) 1a:
A S(n):n(n+1)6(2n+1). B S(n):nTJrl |
_ 2
c. s(n)="0" 1)6(2n+1). D. S(n):@'

CAau 40: Tinh tong S(n)= 1-2+3-4+............. +(2n-1)-2n+(2n+1) la:



A. S(n)=n+1. B. S(n)=-n. C. S(n)=2n. D. S(n)=n.
Cau 41: Tinh tong S(n) = %+%3+3%+ ......... o (n1+1) . Khi d6 cong thiic ctia S(n) 1a:
n n 2n 1

A. S =—. B.S(h)=——. C. S(n D. S(n)=—.
(n) n+2 B s(n) n+1 (n)= 2n+1 (") 2"

CAu 42: Tinh tong s(N) =1.4+2.7+........ +n(3n+1). Khi d6 cong thirc cua S(n) la:

A. S(n)=n+3. B.S(n)=(n+1).  C.S(n)=n(n+1)’. D.S(n)=4n.
Cau 43: Tinh tong S(n)=1.14+22M.......... +2007.2007!. Khi d6 cong thirc cua S(n) la:
A. 2007!. B. 2008! . C. 2008!-1 . D. 2007-1.

CAau 44: Trong day sd 1, 3, 2, ... mbi s6 hang ké tir s hang thtr 3 bang sd hang ding trudc né trir di
sO hang dung trude so hang nay, tirc 1a U, =u, , —u, , v6in > 3. Tinh tong 100 s6 hang dau tién
ctia diy s6 do. Pap sb cua bai toan la:

A.5. B. 4. C.2 D. 1
r N l - r
Céu 45: Cho day so0 xac dinh bdi cong thire truy hoi: 1 . Cong thirc tinh s6 hang
Uy ==U, VneN
2
tong quat U, cua day so la:
A.un:i. B.u, = 371. C.u,= 3 D.u,= 3 :
2" 2" 2" +1
Cau 46: Cho diy s6 xac dinh boi cong thirc truy hoi: { N Cong thire tinh s hang
n+2 ne
tong quat U, cua day so la:
A.u, =2n+1. B.u,=2n-1. C.u=2n+2. D. u,=2n+3.
A xR g . v A , o ju =1 vs A A . A
Cau 47: Cho day so xac dinh boi cong thic truy hoi: 5" Hoi s06 33 1a s6 hang thir may?
un+l = un +
A. U B. u;. C. uy,. D. .

Cap sb cong , ] )
Céu 48: Viét 3 so xen gitra cac so 2 va 22 dé dugc CSC c6 5 so hang?

A 712,17, B. 6,10,14. ~C.81318. D. Tt cé déu sai.
Céu 49: Cong thirc nao sau day dung voi CSC c6 so hang dau ui ,cong sai d?

AuUn=un+d. B.un=u1 +(n+1)d. C.un=u1 -(n+1)d. D.un=u1 +(n-1)d .
Céu 50: Cho cap so cong 1, 8, 15, 22, 29,....Cong sai cua cap sO cong nay la:

AT B.8. C.9. D. 10.
Cau 51. Cho cap sb cong cd u1= 7 ;d —% Niam s hang lién tiép dau tién ciia cia cap sb nay 1a:

A._—l;O;l;l;l. B._—l;O,l,O, 1. C.l;l;g;Z;E. D. — 0,1;1;3.

2 2 2 2 2 2 2 2 2 2 2

Cau 52: Néu cap s6 cong (u,) vé&icong saidco u; =0 va uy, =10 thi:

A u=8vad=-2. B.u=-8vad=2. C.u=8vad=2. D.u=-8vad=-2.
Cau 53. Mot cap sb cong c6 9 sé hang. S6 hang chinh gitta bang 15. Téng cac s6 hang do bang:

A. 135. B. 405. C. 280. D. dép so6 khac.

Cau 54: Cho CSC: -2 ; uz; 6 ; us. Hiy chon két qua dang ?



A U2=-6;us=-2. B.u2=1;us=7. C.uz=2;us=8. D.u2=2;us=10.
Cau 55: Chon khang dinh dUng trong cac khang dinh: Néu a,b,c lap thanh cap s cong (khac
khong) thi :

A. nghich dao ciia chiing ciing lap thanh mét cap sé cong.

B. binh phwong cua ching ciing 1ap thanh cip sé cong.

C. ¢,b,a theo thi tu d6 ciing lap thanh cép s6 cong.

D. Tét ca cac khang dinh trén déu sai.

Cau 56. Cho day s6 u, =7 —2n. Chon khang dinh sai trong cac khang dinh sau day?
A. Ba s hang déu tién cua day 1a: 5;3;1. B. Sé hang thir n+1 cua day la 8-2n.
C. La CSC voi d=-2. D. S6 hang thur 4 cua day 1a -1.

Céu 57.Cho CSC cb u, = %, d= e Chon khang dinh dung trong cac khang dinh sau day?

5 4 5 4
A. SS:Z' B. 55:5. C. SSZ_Z' D. Ssz—g-
Cau 58. Trong cac diy sb (un) sau ddy, day s6 nao 1a cp sb cong?
u =1 u, =2 u, =-1 u =3
A : B. : C. : D.
un+l = ur? _1 un+1 = un +n un+l —Un = 2 un+1 = 2un +1
Cau 59. Cho cép sb cong: 6, x - 2, y. Két qua nao sau day 1a dung?
X=2 X=4 X=2 X=4
A : : : C. : D.
y=>5 y=6 y=-6 y=-6
Cau 60. Xeét cac cau sau:

(1) Dy s U,,U,,Us,... dugc goi la cap s6 cong véi cong sai d # 0, néu nhu un = Un-1 + d v6i moi
n=23, ...

2) Néu day sb Uy, Uy, Ug,... 1a cép sb cong voi cong sai d # 0, néu nhu un = ug + (n+ 1)d véi moi
n=23,...

Trong hai cau trén:
A. chi c6 (1) dang. B. chi c6 (2) dung.
C. ¢4 hai cau déu dung. D. c4 hai cau déu sai.
Céu 61. Xet cac cau sau
. £ S S S fr A . X u.,—u .
(1) Day s6 Uu;,U,,U,,... duge goi 1a cap sO cong véi cong sai d # 0 thi u, =% voi
moik=2,3, ...
(2) Néu day so u,,Uu,,Us,...,u, 1a cap so cong véi cong sai d # 0, néu nhu u, +u, =u, +Uu,_,
voimoik=2,3,...,n-1

Trong hai cau trén:
A. chi co (1) ding. B. chi c6 (2) dung.
C. ca hai cau deu dung.

D. ¢ hai cdu déu sai.
Cau 62. Néu cip s6 cong (u,) c6 s6 hang thirn 1a u, =1-3n thi cong sai d bang:

A. 6. B. 1. C.-3. D.5.
Cau 63: Chon khang dinh sai trong céc khang dinh sau. Cho CSC (u, ) c6 d khac khdng khi do:

A.u,+u,=uUu,+u,. B.u,+u,=u,+u.,. C.uU,+U;=U+U,. D.uU,+U,;=U+Ug,.
Cau 64. Cho cap sb cong (u,) c6 U, =12 va tong 21 s6 hang dau tién 1a S,, =504 . Khi d6 u,
béng: .
A. 4. B. 20. C. 48. D. Pap s6 khac.



Cau 65. Cho cip s6 cong (u,). Biét S, =2n?—3n, khi d6 u, vacong said la:

A u =-1d=4. B.u =1d=3. Cu=2d=2. D.u =-1d=4.
Cau 66. Cho cip s6 cong (u,). Biét u, =18; 4S =S, , khi do u, vacongsaidla:

A u =2;d=3. B.u=2d=2. C u=2d=4. D.u =3d=2.
Cau 67. Cho CSC c6 d=-2 va s, = 72, khi d6 sb hang dau tién 1a bao nhiéu?

A u =16. B.u =-16. C. ulzi. D. ulz—i.

16 16

Cau 68. Cho CSC ¢6 u, =—1,d = 2,5, =483. Hoi s6 cac s6 hang ciia CSC la bao nhiéu?

A. n=20. B. n=21. C.n=22. D. n=23.

Céu 69. Cho CSC cb u, = J2,d =+/2,5=8v2 . Chon khang dinh dung trong cac khang dinh sau?
A.Sla t(f)ng cua s sé hang délu tién cua CSC.
B. S la téng cua 6 s6 hang dau tién cua CSC.
C. S la tong cta 7 s6 hang dau tién cua CSC.
D. Tat ca déu sai.

Cau 70. Ba sd 1—x,x?,1+ x lap thanh mot CSC khi:

A. Khong c6 gia tri nao cua x. B. x=2 hodc x= -2.
C. x=1 hodc x=-1. D. x=0.
Cau 71. Basb 1+3a,a® +5,1—a lap thanh CSC khi:
A. a=0 . B.a=x+1. C.a=+2. D. T4t ca déu sai.
Cau 72. Cho CSC ¢6 u, =—12,u,, =18. Khi d6 s6 hang dau tién va cong sai la
A. u, =-20,d =-3. B.u=-22,d=3. C. u=-21,d=3. D.u =-21d =-3.
Cau 73. Cho CSC ¢6 u, =—12,u,, =18. Khi d6 tong ctia 16 s hang dau tién CSC 1a:
A. 24. B.-24. C. 26. D. - 26.
Cau 74. Cho CSC ¢6 u, = —15,u,, = 60 . Tong ciia 20 s6 hang dau tién ctia CSC Ia:
A. 200. B. -200. C. 250. D. -25.
Cau 75. Trong cac diy sb sau day ddy s nao la CSC?
A u =3, B. u,=(-3)"" C.u, =3n+1. D. TAt ca déu 1a CSC.
Cau 76. Trong cac diy s sau day diy s6 nao 1a CSC?
u=-1 u, =-1
A . B.{" . C.u,=n’. D. u, =(n+1)".
u,,=2u,+1 U,,=u,+1
Cau 77. Cho cép s6 cong (un) €6 U1 = 123 va us - Uss = 84. S6 hang ua7 la:
A. 242. B. 235. C.11. D. 4.
Cau 78. Néu cap s6 cong (un) voi cong sai d c6 uz = 2 va uso = 74 thi:
A.ur=0vad=2. B.ur=-1vad=3.
C.ui=05vad=15. D.u1=-0,5vad=25.
Cau 79: Cho cap sd cong -2; x; 6; y. Hay chon két qua ding trong cac két qua sau?
X=-6 x=1 X=2 X=2
A. . B. : C. : D. .
y=-2 y="7 y=8 y=10
Cau 80. Cho cép s6 cong -4; X; -9. Hay chon két qua dung trong cac két qua sau?
A. x=36. B.x=-6,5. C.x=6. D. x =-36.

Cau 81. Cho cap sb cong (un). Hay chon hé thirc diing trong cac hé thirc sau ?

10



Uy, +U Uyo-U
A. % =Us+Ug. Bl Ug+Uy =2U5,. C. UppUgy =Uy,. D. % = Uy, .
Cau 82. Cho cép s6 cong (un) ¢6: Uz = 2001 va us = 1995. Khi d6 uoo1 bang;
A. 4005. B. 4003. C.3 D. 1.

Cau 83. Cho cép sb cong co tong 10 s hang dau tién va 100 sb hang dau tién 1a S10 = 100,
S100 = 10. Khi 0, tong cta 110 sb hang dau tién 1a:

A. 90. B. -90. C. 110. D. -110.
a =321

Cau 84. Cho diy sb (an) xac dinh boi
a,=a,,—3 Vn=2234, ..

Téng 125 s6 hang dau tién cta diy sb (an) 1a:
A. 16875. B. 63375. C. 635625. D. 166875.
A ~ A L4 ... U =150 . oar LA A A i
Cau 85. Cho day so (un) xac dinh boi: . Khi d6 tong 100 s6 hang dau tién
u,=u,,-3 ,vnx2

cta diy sb do bang;

A. 150. B. 300. C. 29850. D. 59700.
Cau 86.Chop=1,2, ..., 10 goi Sp 1a tong 40 s6 hang dau tién ctia cap s6 cong ma sd hang dau 1a p
va cong sai la 2p - 1. Khi d6, S1 + Sz + ... + S10 bang:

A. 80000. B. 80200. C. 80400. D. 80600.
Cau 67. Biét C.,C2,C? 1ap thanh cap sb cong voi n > 3, thé thi n bang:
A. 5. B.7. C.o. D. 11.
Cau 68. Tim tit ca cac gia tri cua x dé 1+sinx;sin? x;1+sin3x 1a 3 sb hang lién tiép cua mot CSC
A.x=%+kﬂ,keZ. B.x=%+k27r,keZ.
C. x———+k7z x——£+k2—7Z keZ. D. X:£+k7z;X:—£+k27z;X=7—ﬂ+k27r, keZ.
2 6 3 2 6 6

Cau 69. Nghiém cua phuwong trinh 1+7+13+...+ X =280 la:

A. x=53 . B. x=55. C. x=57. D. x=59.
Céu 70. Mot tam giac vuong c6 chu vi béng 3, cac canh 13p thanh mot cép ) cong. Ba canh cua
tam giac do la:

A. 1;1;§. §§1§ Cll§ DilZ
2 2 4 4 3 3 4 4
Cau 71. Bép nghiém cua phuong trinh x* —10x*> + m=0 1a 4 s6 hang lién tiép ciia mot cap s6 cong.
Khi d6 m bang:
A.16. ’ B. 21. C. 24. D.9.
Cau 72. Biét day s6 2, 7, 12, ..., x la mot cp s6 cong. Biét 2+7+12+...+ x =245 , khi d6:
A. x=52 B. X=45 C. x=42 D. X=47

Cép sb nhan
Cau 73. Cho cép s6 nhan u,,U,,Us,...,U. v&i cong bdi q (q # 0; g # 1). Pat: S, =u, +U, +...+U,.
Khi d6 ta co:
u (g +1 u (g -1 u(g"t-1 u(g"t-1
A.S =M- B. sFM. C. sn=—1(q ). D. S (-1 ).
g+1 g-1 g+1 g-1

n

Cau 74: Trong céc s6 sau, ddy sd nao 1a mot cap sé nhan?
A.1,-39,-27,81. B. 1,-3,-6,-9,-12. C. 1,-2,-4,-8,-16. D. 0,3,9,27,81.

11



Cau 75. Cho cép sé nhan(u,), biét: u, =3,u, =-6 . Lya chon dép 4n dung?

A. u3=12' B. u3:—12' c u3:—18' D. u3:18'
Cau 76. Cho cép sénhan(u,), biét: u, =3,u, =48 . Lua chon d4p 4n ding?
A u; =12 B U;=-12 c U;=16 D U =-16
Cau 77. Cho cip sb nhéan(u,), biét: u, =-2,u, =8 . Lwa chon d4p 4n ding?
A 4= B. 4=4, c.9=-12, p. 4=10
Cau 78. Cho cép sénhan(u,), biét: u, =8L,u,,, =9 . Lua chon d4p 4n ding?
1 1
A.q 9 B. 9= c.4=-". -y
Cau 79. Cho cép sé nhan(u,), biét: u, =-9,u, =3 . Lya chon dép 4n dung?
1 1
A-q 3 B. 4=2, c. 4=- b 173
Cau 80. Cho cip sb nhéan(u,), biét: u, =-2,u, =10 . Lya chon dép 4n diing?
A 4= B. =8 c.9=-12, p. 4=12.
Cau 81. Cho cép sénhan(u,), biét: u, =-2,u, =8 . Lya chon dap 4n dung?
A Us =—512 B, Us =256 c S5 =256 p 4=10
Cau 82. Cho cép sb nhan(u,)co u, = —%,u7 =-32.Khi do6 q la:
A E2 .1 C. t4. D. Tét ca déu sai.
. . B. 2 .
Céu 83.Cho CSN co u, = —%,u7 =-32. Khi do q 1a?
A. i% . B. +2. C. t4. D. Tét ca déu sai.
Cau 84. Cho CSN ¢6 u, = —1,u, = 0,00001. Khi d6 q va s6 hang tong quat 1a:
1 -1 -1
A d=—U =—— B.q=-—,u, =-10"" .
17100 T 10 LT
-1 1 -1 (-
C.g=—7u,=—=. D.q=—,U, =—%.
] 10 10" = 4 10 10"
Céau 85.Cho CSN ¢d u, =-1;,q= I—; 86 o @ sb hang thir bao nhiéu?

A. S6 hang tht 103.  B. S6 hang thir 104. C. S6 hang thir 105. D. Pép an khac.

Cau 86. Cho CSN ¢6 u, =3;q=-2. S5 192 la s6 hang thtt bao nhiéu?

A. Sb hang thu 5. B. S6 hang thtr 6. C. S6 hang thu 7. D. Pép an khac.

Céau 87.ChoCSN ¢o u, = %; U, =16 . Cong boi q va sd hang dau tién ctia CSN la:

1 1 1 1 1
A g==u==. .
2 2 2 2 16

Cau 88. Cho CSN -2;4:;-8....tong cta n sd hang dau tién ciia CSN nay la:

B.g=—>u=—-—. C.q=4u=— D.q:—4,ul:—1

16
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-2(1-(-2)") -2(1-(2)") -2(1-(-2)") S -2(1-(2)") |

A ——~. B.—=. c.————~. .

- 1-(-2) 1- 1-(-2) 1-2
Cau 89. Cho cip s6 nhan (un) biét u1 = 3 ; uz = -6. Hay chon két qua ddng ?

A.us =-24. B.us =48. C. us =-48. D. us = 24.

Cau 90. Tong 10 s6 hang dau tién ctia cap s6 nhan (un) v6i u1 = -3 va cong bdi q = -2 bang;

A. -511. B. -1025. C. 1025. D. 1023.

Cau 91. Cho cap s6 nhan (un) €O: U2 = -2 va Us = 54. Khi d6 tong 1000 s6 hang dau tién ctia cip sd
nhan do bang :
1000 1000 1000 1000

A.13 . B.3 l' C.3 1' D.13 .

4 2 6 - 6
Cau 92. Cho ddy 1,2, 4,8, 16,32, ... 1a mt cap s nhan voi: S

A. cong boi 1a 3 va phan tir dau tién la 1. B. cong bdi la 2 va phan tir dau tién 1a 1.

C. cong bdi 1a 4 va phan tir dau tién 1a 2. D. cong bdi 1a 2 va phan tir dau tién la 2.
Cau 93. Cho day: 729, 486, 324, 216, 144, 96, 64, ... Dy 1a mt cip s6 nhan voi:

A. Cong bdi 1a 3 va phan tu dau tién 1a 729 . B. Cong bdi 1a 2 va phan tir dau tién 1a 64.

C. Cong boi la % va phan tir dau tién 12 729. D. Cong boi la % va phan tir dau tién 13 729.

A A A A A A ;A A 1 N 1 <
Cau 94. Néu mot cap so6 nhan (U, ) c6 cong boi g = 5 va U, = 2 thi:
A. u, =8. ul:i. C..u=-8. D. ulz—i.
128 128
Céau 95. Cho cép s6 nhan 16; 8; 4; ... é Khi do 6_14 1a sb hang thu:

A. 10. B. 12. C.11. D. Pap sb khac.
Cau 96. Cho cép sb nhan(u,)co u, = %;u5 =16. Cong boi q va sd hang dau tién cta cap s6 nhan
la:

q:4,ul:i B.A.qzl;ulzi.
A. 16 2 2
1 1
=—=,u =—= =—4u =——
C. =727 D. q 16
Cau 97. Trong cac day sb sau, ddy s6 nao la CSN?
1
U, =— u, =2
A. 2 . B.u,,=nu, . C. { : D.u,=u,-3.
2 Upy = _5un
un+1 = un
Cau 98. Cho diy sb %;% ,~/2 . Ba sb trén 1ap thanh CSN khi b bing:
A. b=-1. B. b=1. C. b=2. D. bap an khac.
Cau 99. Cho cép sb nhan (un) ¢ Uz = 24 va 78 =16384. S6 hang u7 1a:
ull
A3 B.__ S c 3> D3
67108864 368435456 536870912 2147483648
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Cau 100. Trong mot cap s6 nhan gom cac sb hang duong, hi¢u sO gilia sO hang thir 5 va thtr 4 la
576 va hiéu sb giita s6 hang thir 2 va s6 hang dau 12 9. Tong 5 s6 hang dau tién cta cap sd nhan nay
béng;

A. 1061. B. 1023. C. 1024. D. 768.
Cau 101. Cho cap s6 nhan (u,) v6i U, =7, cong bdi q = 2 va tong cac sd hang dau tién S, =889.
Khi d6 s6 hang cudi bing:

A. 484. B. 996. C. 242, D. 448.
Cau 102. Néu cap s6 nhan (u,) véi u, —u, =72 va u, —u, =144 thi:
A u =2q9=12. B.u =12;9=-2. C u=12q9=2. D.u=4q9=2.

Cau 103. Cho cap s6 nhan(u,)co u, =—1,q= 1—; S6 101 1a s6 hang thtr bao nhiéu?

A. Sb hang thir 103. B. S6 hang thir 104. C. S6 hang thir 105. D. bép an khac.
Cau 104. Trong céc day so ( ») cho boi s6 hang tong quat u_sau, ddy s6 nao 1a mot cap s6 nhan?

u = =g un=n+l un:nz—1

A 3 B. = 3 C. 3. D. 3,

Cau 105. Cho cap s nhan(u,)co u, =3;q=-2.S6 192 1a sb hang thir bao nhiéu?
A. S6 hang thu 6. B. S6 hang thir 5. C. Sb hang thtr 7. D. Pap an khac.
Céau 106. Ba sé 2x-1;X; 2x+1 1ap thanh mot cép 6 nhan khi:

X+— X==

V3 B.

C. X= +3. D. Khong c6 gia tri ndo cua x.

oolr—\

Cau 107. Cho cdp s6 nhan(u, ) c6 Uy, =8u,, . Cong béi clia cép s6 nhan la:
A =2 B 4=-4 c. 9=4 D 4=-2

Cau 108. Ba s6 x,y,z theo thir tu 1ap thanh mot cap sb nhan véi cong bodi q khac 1; dong thoi cac sd
x,2y,3z theo thir tu 1ap thanh mot cap sé cong voi cong sai khac 0. Khi d6 q bang:

a=7 q=2 a=-7 q=-3
A 3 B. 9. C. 3. D. '
) . o |u+u; =3 , . L .
Cau 109. Cho cap so nhan(u,)c6 y -, 5.T6ng 10 sO hang dau tién cia cap so nhan 1a:
u’+u? =
632 s 63 s __ 632 s __ 63
A 32(02-p B " 32 c | 320-v2)  p 7 32(2-1)

n
_1 A ’ 5 A A
— . SO hang thr 5 cua cap s6

n—

Cau 110. Cho cép s6 nhan(u, ) cé tong n s6 hang dau tién 1a: S, =

nhan la:
2 1
N B " c. =3 D ° &
Cau 111. Trong céc day s6 sau, ddy sd nao la CSN?
1
u =— u, =2
A. 2 B. u,,,=nu,. C D.u,=u,,-3
u .=u 2 U, = _5un
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Cau 112. Trong céc day sb sau, ddy sb nao 1a CSN?

A. un:i—l. B.u, = 1_2. C. un:n+l : D. unznz—l.
3" 3" 3 3
Cau 113. Cho cép sb nhan: -2; x; -18; y. Két qua ndo sau day 1a dung?
X=6 x=-10 X=-6 X=-6
A. : B. : C. : D. :
y=-54 y=-26 y=-54 y=54
Cau 114. Trong cac ddy s6 cho béi cac cong thirc truy hdi sau, hiy chon diy sb 1a cip sb nhan?
“lu, =u? = lu,,=3u
n+l n n+l n
u =-3
C. . D. 7,717,777, ..., 777...7 .
un+l = un +l ﬁf—J

Cau 115. Day u,,u,,Us,... dugc goi la cép s6 nhan voi cong boi qnéu nhu ta co:
A.qlasbtuy ¥y vaun=Un-1q véimoin=2,3, ...
B.q#0;g#1vaun=Un-1q+ Un-2q véimoin=3,4, ...

C.q #0;’q #1lvaun=Un-1q vGimoin=2,3,4, ...
D.qlaso khacOvaun=Un-1+qvédimoin=2,3, ...

CAu 116. Nghiém ctia phwong trinh 1+ X +x* +...+x* =0 la:

A. x=+1. B. x=-1. C. x=11. D. x=1v x=-2.
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GIOI HAN CUA DAY SO - GIOI HAN CUA HAM SO
- HAM SO LIEN TUC
(6 tiét)

A. KIEN THUC CO BAN

I. Gi6i han ciia diy s

Gidi han hiru han

Gidi han vé6 cuc

1. Giéi han dic bigt:

lim L=0; lim =0 (keZ")
n—+o n n—»+00 nk

lim ¢" =0 (g <1); lim C=C
n—>+00 n—>+

2. Dinh li :

a) Néu lim un = a, lim va = b thi
elim(un+vn)=a+b
elim(un—vn)=a-b
elim (un.vn) =a.b

o limu—”=g (néu b #0)

Vi

b) Néu un >0, vhvalimun=a

thi a>0valim Ju, =a

c) Néu |un|Svn,\7’n va limvan=0

thi limun=0

d) Néu lim un = a thi 1im|un| =|dl
3. Tong cua cdp so nhan lui vo han
-l

S=uir+uq+ug’+..=
l1-¢

(lgl<1)

1. Gidi han dic biét:

limvn =+0; limn* =+ (keZ")
limg" =+ (g >1)

2. Dinh Ii:

a) Néu lim|u, | =+oo thi lim L =0
u
n

, . ... U
b) Neu lim un = @, limvn = #oothi lim—+=10

vn

¢) Néu lim un = a #0, limvn =0

Lou +00
lim 2 ={
% —00

n

R néu av,. >0
thi n

néu av, <0

d) Néu lim un = +oo, limvn = a

< . 0 U a>
thi  lim(un.vn) = * new d 0
—0 néu a<0

* Khi tinh gidi han c6 mot trong cdc dang v0

dinh: %, X o= o0, 0.c0 thi phdi tim cdch khir
(0.0]

dang vo dinh.

I1. Gi¢i han ciia ham sb

Gidi han hiru han

Gidi han vo cwe, gidi han & v cuc

1. Gidi han dic biét:

lim x=x,; limc=c (c: hang s6)
X—))CO X—))CO
2. Dinh li:
a) Néu lim f(x)=L va lim g(x)=M
x—)xo x—>x0
thi: lim [f(x)+g(x)]=L+M
x—)xo
lim [f(x)-gx)]=L-M
X—)XO
lim [ f(x).g(x)]=L.M
)C—))CO
lim RACD) _L (néu M #0)
X—>X, g(x) M
b) Néu f(x) >0va lim f(x)=L
X*)XO

1. Gidi han dac biét:

) ) +00 néu k chdn
lim x* =400, lim xk = » )
N>t X300 —oo néu k 1é
) ) c
lim c=c; lim —=0
X—>*too X—>too
lim —=-o0; lim — =+o0
x>0 X x—=0" X
) 1 )
Iim —= lim — =+
x—0" |x| x—0* x|
2. Dinh li:
Neéeu lim f(x)=L=0va lim g(x)=+o thi:
X—)XO X—)XO
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thi L>0va lim y/f(x) =L +o0 néu L va lim g(x) ciing ddu

XX, lim f(x)g(x)= » T e
¢) Néu lim f(x)=L thi lim |f(x)| L] x—x, —o0 néu L va xll)n; g(x) trdiddu
X=X, X=X, 0
3. Gidi han mot bén: 0 néu lim g(x)= o
. _ x—)xo
Jm f=Le m L | néu tim g(x)=0 va L.g(x)>0
0 x—>x0 g(x) X=X,
< lim f(x)= lim f(x)=L —o0 néu lim g(x)=0 va L.g(x)<0
X=X, x—x," XX,

* Khi tinh gioi han co mot trong cac dang vo dinh:

0
0’ ﬁ, 00— oo, 0.00 thi phai tim cach khwr dang vo
o0
dinh.
I11. Ham s lién tuc
1. Ham sé lién tuc tgi mét diém:  y = f{x) lién tuc tai xo < lim f(x)= f(xy)
X—>X

o Dé xét tinh lién tuc ciia ham sé v =f(x) tai diém xo ta thuce hién cdc bude:
B1: Tinh f(xo).
B2: Tinh lim f(x) (trong nhiéu triong hop ta can tinh lim f(x) lim f(x))

x—)xo x—)x X—)XO

B3: Sosanh lim f(x) vdi f{xo) va riit ra két lun.
XX,

2. Ham 56 lién tuc trén mét khodng: y = f(x) lién tuc tai moi diém thudc khodng do.
3. Ham s0 lién tuc trén mot doan [a; b]: y = f(x) lién tuc trén (a; b) va

lim f(x)=f(a), 1inbl_f (x)=f(b)

x—a®

4. e Ham sé da thire lién tuc trén R.

e Ham s6 phdn thitc, cdc ham so lwong gide lién tuc trén tirng khodng xdc dinh cia chiing.
5. Gid siry = f(x), y = g(x) lién tuc tai diém xo. Khi do:

o Cdc ham s6 y = f(x) + g(x), vy =f(x) — g(x), v = f{x).g(x) lién tuc tai xo.
fx)
g(x)
6. Néu y = f{x) lién tuc trén [a; b] va f(a).f(b)< 0 thi tén tai it nhat mét sé c e(a; b): f(c) =
NOi cach khac: Néu y = f{x) lién tuc trén [a; b] va f{a). f(b)< 0 thi phirong trinh f(x) = 0 ¢6 it nhdt
mot nghiém c € (a; b).
M6 réng: Néu y = f(x) lién tuc trén [a; b]. Pdt m = fmlﬂ f(x),M= 1[1122)]( f(x). Khi dovoimoi T €
a; a;

lién tuc tai xo néu g(xo) #0.

eHamsoy =

(m; M) luén ton tai it nhat mét s6 ¢ € (a; b): f(c) =
B. KY NANG CO BAN
I. Gi6i han cia day s6
Mt s6 phwong phdp tim gidi han ciia ddy sé:
e Chia cd tir va mdu cho luy thiva cao nhit ciia n.
e Nhdn lwgng lién hop: Ding cdc hang dang thire
u,|< v, vh va limva =0 thi lim un =0

e Diing dinh Ii kep: Néu
Khi tinh cdc gidi han dang phén thirc, ta chii § mét so trwong hop sau ddy:
e Neu bdc cua tir nho hon bdc cua mdu thi ket qua cua gioi han do bang 0.
e Néu bdc ciia tir bang bdc ciia mau thi két qud ciia gidi han d6 bang ti s6 cdc hé sé cia luy thira
cao nhdt ciia tir va ciia mau.
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o Néu béc cua tir Ién hon bdc ciia mau thi két qua cua gioi han do la +oo néu hé sé cao nhit cia
tik va mdu ciing ddu va két qua la —oco néu hé so cao nhdt cua tir va mau trdi du.
IL. Giéi han ciia ham sé
Mt sé6 phwong phdp khir dang vé dinh:

0
1. Dang —
¢ gO

a)L= lim

)C—))CO

P
(x; voi P(x), Q(x) la cac da thirc va P(xo) = Q(Xo) =0
X

Phan tich cd tir va madu thanh nhan tir va rit gon.

P(x; véi P(x0) = Q(Xo) = 0 va P(x), O(x) la cdc biéu thirc chira can ciing bdc

b)L= lim

X—)XO

Sit dung cdc hang dang thirc dé nhéan leong lién hop ¢ tir va mau.

2.Dang 2: L= lim LW
o0

x—>100 Q(x

véi P(x), Q(x) la cdc da thirc hodc cdc biéu thirc chiva can.

— Néu P(x), O(x) la cdc da thirc thi chia cd tir va mau cho luy thira cao nhdt ciia x.

— Néu P(x), O(x) c6 chira can thi c6 thé chia ca tir va mau cho luj thira cao nhat ciia x hodc
nhan luwong lién hop.
3. Dang oco— co. Gioi han nay thuong co chira can

Ta thuong sir dung phirong phdp nhan leong lién hop ciia tir va mau.
4. Dang 0. c:

Ta ciing thuong sw dung cdc phwong phap nhu cdc dang o trén.
I11. Ham s lién tuc
1. Xét tinh lién tuc ciia ham sé tai mot diém

{fl(x) khi x # X, s P S
Choh/s f(x)= . Xét tinh lién tuc cua ham so tai diém xo ?
f,(x) khix=x,
Phuwong phap
Ba: Tinh I|m f(x)= I|m f,(x)=L

B2: Tinh f(Xo) = fz(Xo) ’

Bs: Danh gia hodc gidi pt L= f2(Xo). Tir do dua ra ket ludn
2. Xét tinh lién tuc ciia ham so tai mot diém
f,(x)  khix>x,
f,(x)  khix<x,
Phuwong phap chung:

Ba1: Tinh f(xo) = f1(xo)

Ba2: (lién tuc phai ) tinh: lim f(x) = lim f,(x) =L,

Xeét tinh lién tuc cua ham so tai mot diém Xo

Choh/s f(x) :{

Padnh gid hodgc GPT L1 = f1(xo) = KL vé lién tuc phdi
Bs: (lién tuc trai) tinh: lim f(x)=lim f,(x) =L,
0 X—>Xg

X—>Xg
Panh gid hodc GPT L2 = fi(xo) = KL vé lién tuc trai
Ba: Banh gia hogac GPT L1 = L2 = KL lién tuc tai Xo
3. Xét tinh lién tuc ciia ham sé trén mét khoing
Phwong phap chung:
Bi: Xét tinh lién tuc cua ham SO trén mot khoang don
B2: Xét tinh lién tuc ciia ham so tai cdc diém giao
Bs: Két ludn
4. Sir dung tinh lién tuc ciia ham sé dé chirng minh pt ¢é nghiém
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Phuwong phdp chung: Cho pt f(X) = 0. Dé chitng minh phirong trinh c6 k nghiém trén doan [a; b] ta
thuc hién cac buoc sau
B1: Chonsé a<Ti<T2<...<Tk1<b chia doan [a;b] thanh k khoang thoa man:
f(x).f(T,) <0
f(T,)-(0) <0
B2: Két ludn vé nghiém ciia phwong trinh trén [a; b]
C. BAI TAP LUYEN TAP

Gi6i han ciia diy so
Bai 1: Tim cac gidi han sau
3 4 n+l _ 4n
2) lim 22043y Y22 lim¥ d) lim(\/nz N n)
. 1-4n’ n+1 4" 43
Hudng dan giai:

2 3
5 L2
a) lim 2 =23 a2 a1
1-4n’ 1y 2
n3
4~ - 1+—+l
b) lim Y2 F2+2 wont
n* +1 1 1
Ty
n
-1
3 n
¢) im™—— =lim——  —lim—~< =4
4143 4113 13

d) lim(\/n2 +2n —n)=1im2—n=1im#=l
\]n2+2n+n /1+2+1
n

Gi6i han ciia ham s6
Bai 2: Tim céc gidi han sau

2
a) im 2" by fim v2xt —3x+12 ¢) lim X—1 d) Tim XX =2

x—1 x—1 X—>—00 x—=3T x—=3 x—3 9_x2

Huéng dan giai:

2
) lim2 Y = &P Cvm2)= 3
-l x—1 x—1 (x=1 x—1
b) lim v2x*-3x+12 = lim 2 242412 C oo
X—>—00 X—>—00 x it
¢) lim X!
x—3" x—3

Taco: lim (x—3)=0, lim (7x—1)=20>0; x—3>0 khi x > 3" nén I =+

x—3" x—3"
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d) 1im X2 iy xX=3 — lim - !

=3 9_2 BB+ n0B-nWrrl+2) 3 (x+dWxrlr2) 24

Bai 3. Tim cac gidi han sau

3 g2
8) lim (—° +x2 —x41) b) lim 222 ) lim Y222 gy fipy 2L 72X Z 20

X—>—00 x—>-1" x+1 x=24x+7-3 x—>34x3—13x +4x-3
Huong dan giai:

a) lim (—x>+x*—x+1)= lim x3[—1+l—L+ij=+oo

X—>—00 X—>—00 X x2 x3
b) lim 212,
x——1" x+1
Iim (x+1)=0
x—>-1"
Tact: | lim Gx+1)=-2<0 =  lim X172 _
x——1" xo—1" x+1

x<-1lex+1<0

) (x— 2)(ﬁ+3)

Vx+7+3 3
2

¢) lim — lim — lim -
X—>2\/x+7 3 2 (x—2)(Vx+242) 2x+2+2
d) lim 2x% —5x2-2x-3 _ lim 2x? +x+1_£

343 1352 44x-3 34x2—x41 17
Bai 4.
Cho ham s6 f(X)zx/X2+3X—\/X2+1 Tim lim f (x).

(\/x2—|—3x—\/x2+1)(\/x2+3x-|—\/x2+1)
(\/x2+3x+\/x2+1)

(x2+3x) (x? +1) 3y —1 _ x(3—ij

IRV TN PR NI N o |X|(\/1+3+\/1+ 1 J

X

Huéng dan giai:

f(x):\/x2+3x—\/x2+1 =

-
x| 3——
lim f(x)= lim ad

|x| 1424 i+ b 1424 Jie b
X X2 X .X'2

Bai 5: Tinh cac gidi han sau

. N2x+3-3 x> —4 . N2x7+1—-+/3x+3
a)lim—; b)lim ; c¢)lim 2 .
x_

x—3 X — -2 x —X2 —x-=-2 x—2

Huéng dan giai: ,
a) Nhan lugng lién hop tir so
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lim\/2)€+3—3_ im 2()(—3) _hm;—l
a3 -3y (Vare343) R (V2x+3+43) 3
b) Phan tich:

Vx?—4 =+x-2Jx+2

x3—x2—x—2=(x—2)(x2+x+l)

Vxt—4 ) Nx—=2AAx+2 Nx+2

li =1 =i =+
xlggx3—x2—x—2 }E%(x_2)(x2+x+1) Xli%\/x—2(x2+x+1) ”

c) Thém vao 3 va -3 trén tir.

”m\/2x2+l—\/3x+3_“m\/2x2+1—3+3—\/3x+3_"m\/2x2+1—3+“m3—\/3x+3
X—2 X —2 X—2 X —2 x—2 X —2 x—2 X —2
. 2(x* -4) . 3(2-x) o2(x+2) o -3
=lim +lim =lim +lim
HZ(X—2)(x/2x2+1+3) 7 (x—2)(3+3x+3) Xﬁz(\/2x2+1+3) 2(3+/3x+3)
_8_3_.>
6 6 6
Ham s lién tuc
2
x“—-x-2 }
Bai 6: Chohamsd f(x)=1 5  MixX#*2
m khix=2

a) Xét tinh lién tuc cua ham sb khi m = 3
b) Vi gia tri nao cua m thi f(X) lién tuc taix =2 ?
Huéng dan giai:
e Ta c6 tap xéc dinh cua ham s6laD=R
a) Khim=3tacé
= f(x) lién tuc tai moi X # 2.
Taix=2taco:f(2) =3; lim_f(x)= lim_ (x+1)=3 = f(x) lién tuc tai x = 2.
x—2 x—2

Vay véi m = 3 ham so6 lién tyc trén tdp xac dinh cua nd.

X2 —x-2 i i
2 2 " Khix=z2 X+1 Kkhix#2
b) f(x)= X—2 ={

m khix=p (M Khix=2
Tai x = 2 ta co: f(2)=m, lim_ f(x)=3
X—2
Ham s6 f(x) lién tyc tai X = 2 < f(2) = lim_ f(x) < m=3
x—2
3 —
, VIHZZ2 hix>2
Bai 7. Cho ham so: f(x) = x-2
ax+— khix <2

Xéac dinh a dé ham sb lién tuc tai diém x = 2.
Hudng dan giai:
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1

2)=2a+—
* f(2)=2a 1
. . 1 |
e lim f(x)= lim (ax+—]:2a+—
x—2" x—2" 4 4
3/ . _
o lim fF(x) = lim X222 i 3(x=2) 1

O T (e +2gx ) +4) 4

Ham sé lién tuc tai x = 2 < f(2) = lim f(x) = lim f(x) & 2a+%=ic>a=0
X—2" x—2*

X3 hi e -1
Bai 8. Xét tinh lién tuc cua f(x) =3 x -1 trén tdp R

2 khi x=-1
Huéng dan giai:
e Tap xac dinh D=R\ {1}
x+3

o Véi x ¢ {—1; 1} ham s6 f(x) = xac dinh nén lién tuc.

e Xét tai x = 1 ¢ D nén ham s6 khong lién tyc tai x = 1
e Xéttaix=-1

X+3 :—1¢f(—1):2 nén ham sb khong lién tyc tai x = -1

lim f(x)= lim

) x—>-2x—1
Bai 9. Ching minh ring phuong trinh x° —3x* +5x—2=0 c6 it nhit ba nghiém phan biét trong
khoang (~—2; 5).
Hudng dan giai:
Xétham sd f(x)=x" —3x* +5x—2 =f lién tuc trén R.
Taco: f(0)=-2, f(H=1, f(2)=-8, f(4)=16
= £(0).f(1)<0 = PT f(x) =0 c6 it nhit 1 nghiém c, e (0;1)
F(1).£(2)<0 = PT (x) =0 c6 it nhét 1 nghiém c, (1;2)
f(2).f(4)<0 = PT f(x) =0 c6 it nhit 1 nghiém ¢, e (2;4)
= PT f(x) =0co it nhat 3 nghiém trong khoang (-2; 5).

D. BAI TAP TRAC NGHIEM
Nhén biét
Cau 1. Day sé (u,)véi u =L, chon M:L, dé L<L thi n phai 14y tir s6 hang tht bao
" " 2n ' 100 2n 100 '
nhiéu tré di?
A.51. B. 49. C. 48. D. 50.
Céau 2. Day ) (u,) V61 u, = il chon M = 10100 , dé 2n1+1 < 10100 thi n phai léy tir s& hang

thir bao nhiéu tro di?
A. 498. ‘ B. 499. C. 500. D. 501.
Cau 3. Chon ménh dé dang?

A. lim[ ! j;ﬁO. B. lim(—] =0.
10"

C. Iim(gj =Iim££j =0. D. lim| —| =0.
4 3

N

(O8]

N | W
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Cau 4. Chon ménh d¢ diing?
A. lim(—2017) =0.

C. 1im(—2017)=1.

B. lim(-2017) = 2017,
D. 1im(—2017)=—2017.

Cau 5. Dy s (u, ) voi u, = % thi limu, bang:
n

A.0. B. 1 C. —o0.
Cau 6. Day s6 (u,)voi u, =L2+9 , thi lim\/z bang:
n

A. 0. B. 9. C.3
A .k - 1 Cas 1 3
Cau 7. Cho day s6 (u,) v6i u, = 7—n—2, khi d6 limu, bang:
A. 0. B.7. C. —oo.
Cau 8. CSN: l,l,l,....,i,.... c6 cong bai la:
2 48 "
A g=2 B. g=-2. Q.q=%.

n—1
Cau 9. Cong boi ciia CSN: 1,—l 1.1 ..,(—1] s &

3797 27777 3

A g=3. B. ¢g=-3. C.q:%.
Cau 10. Cong thuc tinh tong ctia CSN 1ui v6 han (u,)la:

A s=129 B. 5= 1F4. C.s=—1.

u, u l-¢q

Cau 11. limn? co két qua bang:

A. 0. B. 1. C. —oo.
Cau 12. 1im 5" c6 két qua bang:

A. 0. B. 5. C. —oo.
Cau 13: Véi k 1a s6 nguyén duong. Két qua cua gidi han lim x* 1a:

A. + o, B.—c0. C.0.

Cau 14: Két qua cua gidi han lim ik (v6i k nguyén duong) la:
X—>—00 ¥

A. + oo, B. —co. C.0.
Cau 15: Khang dinh nao sau ddy ding?

A. lim | f(x)+ g(x)| = lim | f (x)|+ lim |g(x)|.

X=Xy X=X, X=Xy

B. lim | f(X)+ g(x)| =lim f (x)+ lim g(x).

C. lim | f(X)+ g(x)| = lim[f (x) + g(x)].

D. lim | f(x)+ g(x)| = ‘ lim[f (x)+g(X)]
Cau 16: Khing dinh nao sau day ding?

A. XI|rrx1 YE(X)+9(x) = XIerX1 [3/f(x)+3f(x)].

>

o

o

. +oo.

—+00.

. +oo.

00,

00,
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B. 1im /700 +9(x) =¢flim £+ gflim g ().
C. limJT09+900 =/lim[f (9 + g1
D. lim 3 (x)+g(x) = lim 3 (x) +lim /g ().

Cau 17: Trong cac gi6i han sau, giéi han nao khong ton tai?

A lim—XH B. lim_+1 c. fim X+t D. lim >+t

x—1 X—Z. ' x—1 2—X- ' xa—lm' 'xa—lx/m'
Cau 18: Khang dinh nao sau ddy ding?
A. Ham sb ¢o gidi1 han tai diém x=a thi lién tuc tai x =a.
B. Ham sb ¢6 €161 han trai tai diém x=a thilién tuc tai x=a .
C. Ham sb ¢6 gidi han phai tai diém x=a thi lién tuc tai x=a .
D. Ham s6 c6 €161 han trai va phai tai diém x=a thi lién tuc tai x=a .
Cau 19: Cho mot ham s6 f(x). Khéng dinh nao sau day dung?
A. Néu f(a). f(b) thi ham s0 lién tuc trén (a; b).
B. Néu ham s0 lién tyc trén (a; b) thi f(a).f(b) <0.
C. Néu ham s lién tuc trén (a; b) va f(a).f(b) < 0 thi phuong trinh f(x) = 0 c6 nghiém.
D. Ca ba khing dinh trén déu sai.
Cau 20: Cho mét ham sb f(x). Khang dinh nao sau day dang?

A.Néu f(x) lién tuc trén doan [a;b] thi phuong trinh f(x) = 0 khong c6 nghiém trén khoang

(a;b).

B. Neu f(a).f(b) <0 thi phuong trinh f(x) = 0 c0 it nhat mot nghiém trong khoang (a; b).

C. Néu phuong trinh f(X) =0 c¢6 nghiém trong khoang (a; b) thi ham so f(x) phai lién tuc
trén khoang (a; b).

D. Néu ham s6 f(x) lién tuc trén doan [a; b] va f(a).f(b) < 0 thi phuong trinh f(x) = 0 cd
nghiém trong khoang (a; b).
Thong hiéu
Cau 21. Giéi han |imi2 bang:

n —

A. 3. B. —. C.0. D. w«.

Cau 22.: Gi6i han Iimn—_; bing:
n —

A Ll B. -1. C.0. D. .
2 — 1
Cau 23. Gioi han lim 7r12 23 bang:
n —
3
AT B. 5 C.0. D. .
2
CAau 24. Gidi han ImM bang:
n®-3n+3
A. % B. 2. C.0. D. .

Jn+1 . g

ban
\/ﬁ+l

A. 0. B. 1. C. -1 D.

CAau 25. Gidi han lim

N |-
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1+n?-3n3

Cau 26. Giéi han lim c6 két qua 1a:

2n® +5n -2
A -3 B L c.o. p. L.
2 2 5
o . n*+2n 1 & , 1s
Cau 27. Gi6i han lim—; 1 co két qua la:
n +
Al B. 0. C. —oo. D. +oo.
. 2n+1 . 4n*+2n-1 _ 3 _n? ,
Cau 28. Cho A=Ilim - B= |Im2—; C :Ilm:Lon - n"+1 trong cac két qua sau
’ n+3 2n“+3 5n° +2n
ket qua nao dung?
A.B=C. B.A=C. C.A=B=C D.A=B
Cau 29. Gi6i han lim—— ¢6 két qua la:
(n+5)
A. 0. B. 2. c.2 D. 2.
5 25
Cau 30. Gidi han lim> ;2 ¢6 két qua 1a:
A. 0. B 2. c.3 D. +o0
4 4
Cau 31. Gi6i han Iirr31(5x2 —7x) c6 két qua la:
A. 24. B. 0. C.-o. D. 5.
Cau 32. Gi6i han limX=2 6 két qua 1a:
ol x+1
1
A. 1. B. 2. C. —> D. +o©
2 — I3
Cau 33. Gi6i han |in;LX315 o6 két qué Ta:
X—> X_
1
A. . B. 2. C. = D.8
8
~ . x°-8 1 A ) 1s
Cau 34. Gioi han ||rT21 > co ket qua la:
X—> —X
A. -12. B. 12. C. 5. D. 8.
Cau 35. Gidi han lim 21”3 c6 két qua 1a:
x—1" —X
A. 2. B. -2. C. —. D. +w.
x'—a’ .
Cau 36. Gidi han lim co ket qua la:
X—a X_a
A. 22 B. 3a*. C. 4a8. D. 5a*.
2 — r
Cau 37. Gidi han lim 2~ "4X73 6 k&t qua 1a
x>0 2X° —TX+1
A. g B. 1. C.2. D. - .
2
Cau 38. Gidi han ciia ham s6 £ (x) = > DUFD i tidn dén oo 6 két qui la:
(2x" +x)(x+1)
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A. 0. B. + 0. C. % D. 2.

2 2
Cau 39. Gibi han cia ham sé £ (x) = X FDDXEN 4o ién dén+oo c6 két qua la:
(2x" +x)(x+1)
A. 4. B. . C.0. D. %
Cau 40. Gidi han cua ham sé nao dudi dy c6 két qua bang 1?
2 2
A. lim X 43x+2 B. [im X_t3x+2
x>-1 X+1 x>-2 X+ 2
2 2
C. lim M D. lim w
x—>-1 1—-X . x—-1 X+1
Céu 41. Gidi han nao dudi day co két qua bang 3?
A. lim—X B. lim—X
x>l X —2 x>l X—2
, \ LA . =3X
C. Ca ba ham so trén. D. lim——
i x>l 2 — X
Céau 42. Khang dinh nao dudi day ding?
A Himsé f () =—2L fien tuc trén R,
VX2 +1
B.Hams6 f(x)= X—Jri lién tyc trén E.
X_
: X+1
C.Hamso f(x)= lién tuc trén K,
3= fien
D. Hamsd f(x)= ! lién tuc trén E.
A . x=2 e
Céu 43. Cho ham so f(x)= ik Khang dinh nao dudi day dung?
X —_
I. f(X) gian doan tai x=2.
I. f(x)lién tuc tai x=2.
. 1
. lim f(x) = .
X—2 ( ) 2 + \/E
A. Chi (I) va (IID). B. Chi (ID).
C. Chi (I). 9 D. Chi (IT) va (I1D).
Cau 44. Khang dinh nao sai trong cac khang dinh sau?
A.Ham so f(x)=3x+1 lién tuc trén tap R.
g L . X+1,khi x>0 ,
B. Ham s0 f(X) dugc xac dinh boi f(Xx) = . lién tuc tai x=0.
0 khix<0

C. Ham s f(X)=l lién tuc Vx#0.
X

D.Hamsb f(x) =+/x lién tuc trén [0;+0).
Cau 45: Cho ham sé f (x)=x*—2x+3. Khang dinh nao sau day 1a sai?
A. Ham s6 ¢6 gidi han trai va phai tai diém x = 1 bang nhau.
B. Ham s6 c6 gidi han trai va phai tai moi diém bang nhau.
C. Ham s0 c6 gi61 han tai moi diém.
D. Ca ba khang dinh trén la sai.
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Cau 46: Cho ham s f(X) = . Khing dinh nao sau day 1a diing?

1
V2 -X
A. Ham s6 chi c6 gidi han phai tai diém x = 2.
B. Ham s6 ¢6 gi6i han trai va giéi han phai bang nhau.
C. Ham s co gi01 han tai diém x = 2.
D. Ham s6 chi ¢6 giéi han trai tai diém x = 2.
Cau 47. Cho cac ham sé: (I) y = sinx ; (I) y = cosx ; (III) y = tanx ; (IV) y = cotx. Ham sd nao lién
tuc trén R?
A. (1) va (). B. (111) va IV).
C. (1) va (I). D. (1), (1), (111 va (1V).
Cau 48. Chon ménh dé sai trong cac ménh dé sau?

A. Ham s y = tanx lién tuc trén R.
3X+5

B.Hamsoy = "y2_ ¢ lién tuc trén R.

C.Ham s6 y = Vx?+3 lién tyuc trén R.

D. Ham s y = x% - 2x? + 3x + 4 lién tyc trén R.
Cau 49. Chon ménh dé sai trong cac ménh dé sau?

A. Ham sb y = sinx lién tuc trén R.

. 3X+5 .., R
B.Hamsoy= lién tuc trén R.

X+1

C.Ham sy = lién tuc trén R.

x*+1
D. Him s6 y = x* + 2x% — 5x + 7 lién tuc trén R.
Cau 50: Két luan nao sau day sai?

A. Ham s6 y:3x+2

gian doan tai x = 2.

. 4x+3 . . s
B.Hamso y = gian doan tai x = -2 va X = 0.

x% 4+ 2%

C.Hamsb y= 3x+2 gian doan tai x = -2.
X+2

2
D. Ham sb y= X2 +9 gian doan tai x =2 va x = -2.
] X +4
Van dung thap
2
Cau 51. Giéi han lim X140 6 &t qua la:
3n -2
A. 0. B. i C. 2 D. l
3 3 3
Cau 52. Gidi han Iim9;1—_n c6 két qua bang:
3"+35
A. 0. B. 3. C.5. D. g
3/ A3
Cau 53. Gii han |im”3—5“2+9 ¢6 két qué bing:
n —
A. 0. B. 1. C.3. D. %
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n n+1

CAau 54. Gidi han Iimz'l;n c6 két qua bang:

A.0. B.-1. C. 1L D.-9
. Lo (2n-1)(3-n)
Cau 55. Gidi han lim 3 c6 két qua bang:
(4n-5)
A. 0. B. i C. E D. l
32 2 2
Cau 56. Gidi han lim(v/n? +n —n) c6 két qua bang:
A. 0. B. +co. C. —oo. D. %
Cau 57. Gi6i han lim(\/ n*+2n+3— n) c6 két qua bang:
A 1l B. 0. C. —oo. D. +oo.
Cau 58. Gi6i han lim (\M ~Jn +1) c6 két qua bing:
A. Khong c6 gidi han. B. 0.
C.-1. D. +oo.
Cau 59. Gidi han lirn(\/n2 +n+28 — \/n2 —4n+ 5) 6 két qua bang:
5
A. —o, B. 0. C. 5 D. +o0
Cau 60. Gi6i han lim( An* +2n+7-2n+ 3) c6 két qua bang:
A. 0. B. Z C. —2. D. +oo.
2 2

Cau 61. Tong ctia cap s6 nhan 1ui vo han S = 1—%+%—... c6 két qua bang:

Al B. l C. % D. 2
2 r r 2 3 r \ 4
Céau 62. Tong ctia cap sO nhan Iui vo han S =—-4+2-1+... ¢6 két qua bang:
A. -8. B. _—8 C. 6. D. l
3 8
A A ) A A A N A 1 l 1 J A 5 M
Cau 63. Tong cua cap sO nhan lui vé han S :l+5+?+ ..... +?+ ... ¢0 két qua bang:
Al B. 2. C.3. D. %
Cau 64. Gi6i han lim(—n*-50n+11) c6 két qua bang:
A. -1 B. 0. C. —o. D. +oo.
Cau 65. Gi6i han lim(n®*-2n+1) c6 két qua bang:
A. 1l B. 0. C. —o. D. +oo.
2
Cau 66. Gidi han lim VXFLZVXT XL két qua bing:
X—> X
A. 0. B. 1. C. w. D. 2.
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Cau 67. Gi6i han ctia ham s6 f (x) =

1-31-
X

A. 0. B. 1. C. 1
3
2
Cau 68. Gidi han cia ham s6 f () = *—x"2
(x-2)
A.0. B. 1. C.2.
Cau 69. Giéi han lim (vx* +2x —x) bang:
A. 0. B. . C.1.
Cau 70. Khi x tién t6i —o, ham s§ f (X) = (VX? +2X —X) ¢6 gidi han Ia;
A. 0. B. +x. C. —o.
Cau 71. Trong cac gidi han sau, gioi han nao cé ket qua 1a 0?
. x-1 . 2X+ .
A. lim——. B. lim 5. C.lim—a—r—r.
-l X1 x>-2X+10 x>1 X —3X+2
3
Cau 72. Gi6i han lim — co két qua 1a:
x>-8 X° —3X + 2
pal 2
A 16 B 20 C.0.
Cau 73. Giéihan lim Y22 XL o6 1t qua ta:
x—1" /XZ _ X3
A.-1. B.1. C.2.
2
Cau74. Gisihan lim X2 5 k&t qua la:
o) |x+1)
A. -1, B. +o. C. 1.

4 2
Cau 75. Giéihan lim \/( X +1)’23+21) 06 két qua la:
X—>+00 X + X_

A. —/3. B. /3. C. £

3

x> —ax khix>1

Cau 76. Hamsd f(x) =4 y2_
X1 hix<1

x-1
A. 1l B. 3. C.-1

lién tuc tai x = 1 khi a bang:

D

D

lw)

o

D. 0.

X Y SNV . 1A .
khi x tién dén 0 co6 két qua bang:

1
=

khi x tién dén 2 c6 két qua bang:

. 00,
2.
1.
Clim (VX2 +1-x).
X—>+00
1.
-2.
— 0D
NE]
3

Cau 77: Cho phuong trinh: x° — 3x* + 5x =2 = 0_(1). Trong cic ménh dé sau ménh

dé nao sai?

A. Phuong trinh (1) c6 it nhat ba nghiém trén khoang (-2;5).

B. Phuong trinh (1) c6 nghiém trén khoang (-1;3).

C. Phuong trinh (1) khong c6 nghiém trén khoang (—oo; 1—21) :

D. Ham s6 f(x) = x> — 3x* + 5x — 2 lién tyc trén R.

2 —
XAX-10 i w1

Cau78: Hamsé f(x)=1 x-1 lién tuc tai x =1 khi:

ax+6 khi x=1



A.a=2. B.a=3. C.a=4. D.a=5.

2
. 1
Cau 79. Cho ham so: f(X)={X *1 x>0

X ,X<0
Trong cac ménh dé sau, ménh dé nao sai?
A. Iirr(} f(x)=0. B. Iirrg f(x)=1. C.f(x)=0. D. f(x) lién tuc tai x0=0.
x? —2X

Cau 80. Cho ham sé f(x) = chua xac dinh tai x = 0. Dé f(x) lién tuc tai x =0, phai gan cho

f(0) gié tri bang bao nhiéu?
A.-3. B.-2. C.-1. D. 0.
Van dung cao

Cau 81. Gi6i han lim(\3/n +2 - Q/;) c6 két qua la:
Al B. 0. C. —oo. D. +oo.
Cau 82. Gi6i han nm( s en? —1-2n+ 2017) ¢6 két qua la:

A. 2020. B.O0. C. 2017 L D. 0.
12

Cau 83. Tong S =sin? x+sin* x+sin® X +......(x # %+ k) co két qua bang:

A. sin® x. B. cot” x. C. tan? x. D. cos? x.
Cau 84. Tong S =1+ C0s°X +COS*X +......(x # k) c6 két qua bang:

A. 12 . B. cot” x. C. tan’ x. D. 12 .
sin” x cos” x

A . iy 1 1 1 1

Cau 85. Gidi han limu, biét U, = >——+——+—5—+..+———co két qud la:

1"+1 2°+2 3°+3 n“+n
A.0. B. 1. C. % D. +oo.

2+3/4x-8

Cau 86. Gidi han lim

=0 \x+4-2
1

A. 3. B. 2. C.0. -
D.3

Cau 87. Cho hinh vuéng ABCD c6 d6 dai 1a 1. Ta noi tiép trong hinh vudéng nay mot hinh vudng
thtr 2, c6 dinh 1a trung diém cua cac canh ctiia né. Va cur thé ta ndi ti€p theo hinh v&. Tong chu vi clia
cac hinh vuong do bang:

c6 két qua la:

W | =
[\

-
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Cau 88. Gi6i han |im{(1—i2j[1—i2j...(1—izﬂ c6 két qua la:
2 3 n

1 2
A. L =, <
B. 2 C.0. D. 3.
CAu 89: Gidi han Iim&ﬁ c6 két qua 1a:
n+
A. 2. B. 4. C. +o. D. 0.
Cau 90. Gié6i han lim u_ =lim LUV SO N S [ qua la:
13 35 57 (2n-1)(2n+1)
A. 0. B L c.3. p. L.
2 3
A . n2n+l-NrnP+n*+1
Cau 91: lim co ket qua la:
4n® +3n
A. +oo B.0 C L D !
' V2 - 2(& +1)'
. 1+23"-7" ,
Cau 92: Gidi han lim ————  — co két qua la:
5" +2.7"
A 2. B L c -1 D. 0.
5 2
. 1-23"+6" ,
Céu 93: Gi6i han lim —————— c6 két qud la:
2n(3n+ _5)
A. +oo. B. L C. 1. D. 1
2 3
E X1
Cau 94: Hims6 f(x)=< x-1 ' lién tyc tai diém xo = 1 thi a bang?
a ,x=1
A. 0. B. 1. c.2. D. -1.
ax+3 ,x>1

Cau 95: Ham s6 f(x) = { lién tuc trén toan truc so thi a bang?

x+x-1 ,x<1
A. -2. B. -1. C.0. D. 1.

Cau 96: Cho ham s6 f(x)=x>+x—1. Xét phuong trinh: f(x) = 0 (1) trong cic ménh dé sau, tim

ménh dé sai?
A. (1) c6 nghiém trén khoang (-1; 1).
B. (1) c6 nghiém trén khoang (0; 1).
C. (1) c6 nghiém trén R.
D. V6 nghiém.

Cau 97: Cho phuong trinh 3x* +2x—2 = 0. Xét phuong trinh: f(x) =0 (1) trong cic ménh dé sau,

tim ménh dé dung?
A. (1) VO nghiém.
B. (1) c6 nghiém trén khoang (1; 2).
C. (1) c6 4 nghiém trén R.
D. (1) c6 it nhat mot nghiém.
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2 (2Y 2
1+§+ c +..+ c
— c6 két qua la:

[
I+—+| = | +.. 4| =
4 \4

Cau 98: Gidi hanlim

4
Al B . c.t D. =2,
12 5 20
2_ -_ r
Cau 99: Gii han lim Y "XT272_ 5 " ihi 4a+1 6 két qua
x>-1 X“+3X+2
A. -2. B. -3. C. 1/4. D. -1/8.
, X372 hixs1 ‘
Céau 100: Ham so f(x)= x-1 lién tyuc tai x = 1 khi m bang:
2 1 -
m x+3m+z khix <1
A_m:Ohoéc m=-3. B. m=0 hoac m=3.
C.m =_3i—22\5. D.m=2.
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MA TRAN PE KIEM TRA 45 PHUT

Véan dung

Chu de Nhén biet Thong hiéu Van dung thip | Van dung cao Tong
PP quy nap 1 1 2
0,8
Diy s6 1 1 1 3
1.2
Cap s6 cong 1 1 1 3
1.2
CAp s6 nhan 1 1 1 3
1.2
Gidi han day s6 |1 3 1 1 6
2,4
Gi6i han ham s6 | 1 1 2 1 5
2,0
Ham s6 lintuc | 1 1 1 3
1.2
6 9 8 2 25
Tong 2,4 3,6 3,2 0.8 10
PE BAI
Cau 1. Véi moi s6 nguyén duong n, tong S, =-—+—+...+ ! la:
1.2 23 n(n+1)
1 n n+1
‘n+l ~ n+l ‘n+2 ‘n+2
Cau 2. Vi moi s ty nhién n> 2, bt dang thic nao sau day dung?
A. 3" >4n+1. B. 3">4n+2. C. 3" >3n+4. D. 3" >3n+1.

Cau 3. Day s6 nao duéi day théa man u, =1,u, =2,u, =3u_, —2u,_, véi n=2,3,4..?
A. 1.2:4:8,16;36;...

C.u=2"+1 (n=0;32;...)

Cau 4. Cho ddy s6 (u,) x4c dinh boi {

A. 10.

Cau 5. Day s6 (u,) véi U, ==

Al
2

B. 1024.

3n

+
B.

3

C.

B. 1;2;8;16;24;54;...
D.u,=2"

C. 2048.

1a ddy s6 bi chan trén boi:

1.

Cau 6. Cho cip sb cong 2 ; x ; 5. Hay chon két qua dung?

A. X=E.
2

B. x=

3.

C. x=4.

(n=0;12;...)

voi ¥n>1.Taco u, bang:

D. 4096.

o
>

_7
>

Cau 7. Cho cip sb cong (un) c: uz = 2001 va us = 1995. Khi d6 uico: bang:

A. 4005.

Cau 8. Cho day s6 (un) xac dinh boi: {

day sé d6 bang:
A. 150.

B. 4003.

B. 300.

u, =150

C.3.

D. 1

. Khi d6 tong 100 s6 hang dau tién cua

u,=u,,-3 ,vnx2

C. 29850.

D. 59700.
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Cau 9. Nghiém ctia phuong trinh 1+ X + x> +...+x* =0 la:

A. x=+1. B. x=-1. C. x=11. D. x=1vx=-2.
Cau 10. Day sd 1, 2, 4, 8, 16, 32, ...1a mot cAp sd nhan véi:
A.cong boila3 vaphantrdautiénla 1.  B. cong boi 13 2 va phan tir dau tién 1a 1.
C. cong bdi 1a 4 va phan tir dau tién 13 2. D. cong bdi 1a 2 va phan tir dau tién 13 2.

Cau 11. Cho cip s6 nhan u,,u,,Us,...... véi cong boi g (q#1).
bat S, =u, +u, +u, +......+U, . Khi do ta co:

A. SHZM. B. SHZM.
g+1 q-1
n-1_ n_
c.s ~w@ =D D. s, - 4@
g+1 g-1
Cau 12: Gi6i han lim(n® — n + 1) bang:
Al B. —. C.-1 D. +o0.
3 2
Céu 13: Gidi han limw—nmbﬁng:
n+4
A. 3. B. % C. 4. D. -3.
Cau 14: Giéi han lim (\/nz tn—n? +2jb§ng:
A. 0. B. 1. C. % D. —1.
A ez opSinn s . 1A
Cau 15: Gi6i han cua day so “mT bang gidi han nao dudi day?
. 2n+1 o (1Y . >
A. lim : B. lim2". C. lim > D. lim(~n®+n-1).
n
A 2 S S SR 1 11 X
Cau 16: Tong cua cap s6 nhan lui vo han sau: 1+—+—+§+ .la
Al B. 2. C. 4. D. .
2 n
Cau 17: Gidi han lim 4242 +..+2 bang:
143437 +..+3"
A. 0. B. 1. C.l. D.E .
. . 2 3
Céu 18: Trong cac ménh dé sau, ménh d¢€ nao sai?
A.Iimiz—oo. B. Iimi52+oo. C. |im£:+oo. D. Iimi:+oo
" e A ity
. x?-3 ) .
Cau 19: Cho ham so f(X)=———,tacd lim f(x) bang?
(9 =—5— = taco lim 1(x) bing
A 23 B 28 c. 2. p. 23
3 3 9 9
Cau 20: lim (vx* —3x+2 —x) bang:
A.Z. B. —Z. C._—3. D. E
2 2 2 2
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Cau 21: lim X bang:

x—-1" X —

A —o . B. +o . C. 1. D. 0.

VX=24+3,x>2

ax-1,x<2
A 2. ) B.3. C. 4. D. 5.
Cau 23: Cho cac ham so: (I) y = sinx ;"(I) y = cosx ; (III) y = tanx ; (IV) y = cotx
Trong cac ham so sau ham so nao lién tuc trén R?
A. (1) va(In). B. (1IN valv) . C. (1) va (). D. (1), (1), (111) va (1V).
X? —2X

Cau 22: Cho ham s6 f(x) = { , dé Iirr; f (x) ton tai thi a biang bao nhiéu?

Cau 24: Cho ham s f(x) chua xac dinh tai x = 0: f(x) = . Bé f(x) lién tuc tai x = 0, phai

gan cho f(0) gia tri bang bao nhiéu?

A. -3. B.-2. C.-1. D. 0.
Cau 25: Cho phuong trinh 3x* +2x—2 =0. Xét phuong trinh: f(x) =0 (1) trong cic ménh dé sau,
tim ménh dé dung?

A. (1) VO nghiém. B. (1) c6 nghiém trén khoang (1; 2).
C. (1) ¢6 4 nghi¢m trén R. D. (1) c¢6 it nhat mot nghiém.

NHOM: THPT KHANG NHAT + THPT XUAN HUY
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CHUYEN DE: PAO HAM
_ BUOIL: ‘
PINH NGHIA PAO HAM VA QUY TAC TINH PAO HAM

A. KIEN THUC CO BAN
1. Pinh nghia dao ham:
Pao ham cta f(x) tai x,, ki hiéu f (x,) hay y (x,)
f'(XO) — Allmo f(XO +AAX) _f(XO) = lim f(X)—f(XO)
X—> X X—>Xp X — XO

2. Quy tic tinh dao ham va cong thirc tinh dao ham
*Cdc quy tic : Cho u=u(x);v=v(x);C: lahingsd.

o (uxv)'=utv'

e (uv)'=u'v+v'u :>(C.u)':C.u'
u u'v—-v'u cY Cu’
e 0 Z ==
[VJ v (v ):{Uj u?

e Néuy=f(u),u=u(x) = yj=y,u.
*Cdc cong thirc .
e (C)=0; (x)=1

. (x“)’:n.x”‘1 = (u“)':n.u”‘l.u’ , (neN, n>2)
. (&)’:% ,(x>0):>(\/a)’:% (u>0)

B. KI NANG CO BAN
* Céc budc tinh dao ham bang dinh nghia:
+ Budc 1: Gia sir Ax 14 s6 gia cua ddi s6 tai Xo.
Tinh Ay = f(x0 + Ax) — f(Xo).
Ay

+ Budc 2: Tinh lim ™ suy ra f'(Xo)
X=X, AX
*Cong thirc tinh dao ham nhanh cua ham hiru ti :
2 At 2 At Y
> Dang 1y = ax“+bx+c , (ab'-a'b)x” + 2(ac ac)x2+(bc b'c)
a'x“+b'x+c' (@'x“+b'x+c")
2 2 _
> Dang : y = ax”+bx+c L y= ad.x +2ae.x+§be dc)
dx+e (dx+e)
> Dang : y = ax+b - ad—cb2
cx+d (cx+d)
C.BAI TAP LUYEN TAP

Bai toan 1: Tinh dao ham bang dinh nghia: N ’
Bai tap 1: Tinh (bang dinh nghia) dao ham ctia moi ham s6 sau:
a) y=x2+x  tai x,=1

X+1
b)y= —= tai X, =0
)Y 1 al X,



a) y=x*+x tai x, =1
Goi AX la gia s cuax tai X, =1
Tacé Ay = f (X, +Ax) = (X,)

= fA+AX) = (1) = 1+ AX)? + 1+ AX) — 2 =1+ 2AX + AX® +1+ Ax — 2 = Ax® + 3AX

2
||mﬂ: ||mwz ||mM: ||m(AX+3):3
Ax—0 AX Ax—0 AX Ax—0 AX Ax—0
f'(1) =3

X+1
b)y= —= tai X, =0
)Y 1 a1l X,

Goi AX la gia s6 cla x tai X, =0

Taco Ay = (X, +Ax) — f(X,)
= f(0+Ax)- f(0) :M—(—l) = AXJF1+1: 24X
(0+Ax)-1 Ax-1 Ax -1
Ay . 2Ax 1 2AX . 2
lim —=lim —=lim—— = 1im =-2
A0 AX M0 AX—1 AX  Mx—0 AX(AX _]_) Ax—0 AX —1
f'(0)=-2
% Nhin xét: Dé tinh ham s6 y = f(x) trén khoang (a;b) va X, € (a;b) bang dinh nghia ta chi
can tinh
s 2 AY s , Ay . SA A A
Ay = f(x, +AX)— f(X,) sau do lap ti sO ™ roi tim gidi han cua ™ khi Ax tién dan ve 0.
X X

Bai todn 2: Tinh dao ham cuia ham so theo quy tac
Dang 1: Tinh dao ham cta Tong, Hi¢u, Tich, Thuong.
Bai tap 2: Tinh dao ham cda cac ham so sau:

a) y:2x5+l+3 b) y=x>-5x*-2x*+1 ) y:2X_43 d) y=(9-2x)(3x* —3x+1)
X X +

e

Loi giai:

a) y=2x5+1+3
X
1) (1) ay 1 1
= 2x° + = =(2x° = =10x* +| - —= | =10x* - —
y ( X +X+3j (2x )+(xj +(3) =10x +[ ij 0x 2
b) y=x®-5x®-2x*+1
y'= (x5 —5x% —2x? +1)' = (x5)—5(x3)' —(2x2)+(1)' =5x* —15x* —4x

2x—3
Y= X+4
._(Zx—3j'_(2x—3)'(x+4)—(x+4)'(2x—3)_2(x+4)—(2x—3)_2x+8—2x+3_ 11
Ux+4) (X +4)? - (X +4)? (X442 (x+4)?

d) y=(9-2x)(3x* —3x+1)
y = [(9—ZX)(3><2—3X+1)} = (9—-2x) (38x? —3x+1) + (38x> —3x+1) (9-2x)

= —2(3x* =3x+1) + (6x—3)(9 - 2x)



= —6X° + 6X — 2+ 54X —12x* — 27 + 6X

= -18x° +66x — 29

% Nhan xét: D¢ tim dao ham cua ham so y = f(X) ta chi can xac dinh dang ctia ham s roi
ap dung céac cong thirc va phép toan ctia dao ham dé tinh dao ham ctia ham sb.

Dang 2: Tinh dao ham cua ham hop
Bai tap 3: Tinh dao ham cia cac ham so sau:

a) y=02x"+4x-3)"" : b) y=2y2x* -1 ) yzi5 d) y:(xf’—Z\/xz—Z)3
X

Loi gidi:

a)y = (2x* +4x—-3)"** b)y = 24/2x° -1

y =1994(2x" + 4x —3)"%(2x* + 4x - 3) y = (2x? -1  4x
=1994(2x* + 4x —3)“*(8x° + 4) 22x2 -1)  2x% -1)

c)yzxis d)y=(x5—2\/mr

ARER I R R e -2 2]

3(x5 —ZM)Z(XS N —2)
3(x5 - ZM)Z (xs)' - 2(\/@)

2 2 _ 9y
=15(x5 —24/x? —2) x* —2u
24/x% =2

2
_1se 24 —2f xt - 2

x? -2

Bai toan 3: Giai bat phwong trinh.
** Phuwong phap giai: D¢ giai bat phuong trinh ta lam cac budc sau:
Buwdrc 1: Tinh dao ham ctia ham s6 f (x) va g(x) (néu co)
Buére 2: Xac dinh diéu kién bat phuong trinh rdi thay f (x) va g (x) (néu c6) vao diéu kién tim
nghiém X,
Budre 3: Lap bang xet dau r6i két luan tap nghiém cta bat phuong trinh.
Bai tap 4: Giai cac bat phuong trinh sau:

a) f (x)<0 ,voi f(x):%x3—gx2+6x
2 —

) g()<0 i g(x)=“—3X29
X_

c) f'(x)<g'(x) ,véi f(x):x3+x2—%; g(x):§x3+%x2+2x

Loi gidi:
a) f (x)<0, voi f(x)=%x3—gx2+6x
Taco f (Xx)=x>-5x+6
Ma f'(x)<0 < x*—5x+6<0

& 2<x<3
Vay tap nghiém bat phuong trinh la: S=(2 ; 3)




X? +3x-9
X—2
x? —4x+3
(x-2)*
Ma g (x)<0
{x2—4x+330 {1£x£3
&

b) g (x)<0  ,vdig(x) =

Taco g (x) =

1:3[\42
X—2#0 X # 2 & xe[t3\{2)

Vay tap nghiém bat phuong trinh 1a: S=[1 ; 3]\2
c) f (X)< g'(x), véi f(x)=x>+x? —%; g(x) :gx3 +%x2 +2X
Tacd f (x)=3x*+2x, g'(X)=2x*+x+2
Ma f (x)< g'(x)
S H2X<2X 4 X423 +2X-2X —x-2<0 = X +x-2<0&= 2<x<1
Vay tap nghiém bat phuong trinh la: S=(-2 ; 1) ’
+« Nhéan xét: Tuy thudc vao de bai ta tinh dugc dao ham cua f(x)va g(x) (n€u co) sau do
dem thé vao diéu kién co dugce tir dé bai dé tim nghiém cuia bat phuwong trinh.
Luyén tap cing co:

Bai tap 1: Tinh dao ham cac ham so sau:
3 2

X X ’ 2
1) y=———7+x-5 DS: y'=x"—-x+1
)y=7"5 y

5 X ' 4 1
2) y=2x _E+3 bS: y'=10x —3

2 4 5 6 2 8 15 24
) y=="——+—"F- bS:y=—F+—-— —
)y x x> x Ix y x> x2 xt 1
4) y=5x*(3x-1) =15x* -5x° DS: y' = 45x* —10x
Bai tap 2: Tinh dao ham cac ham s sau:
1)y =(x3=3x)(x* +x2-1) 1

2 3 9)y:2—
2)y=(x"+5) 2X°+3x-5

3)y=(x* +1)(5-3x?) 10)y =vVX? +6X +7
11)y=a/X=1++/X+2

4)y=(%+3xj(«/;—l) 12) y = (X +DVx® + x+1

5)y=\/§ VXS —2X+3

13)y = 1
_ 3 2 _21\5 X+
6)y=(5x>+x2-4) 14 x

_ St 4 2 14) y =
7)y_\/3x2 X RN e~
2X° =5
8 =
by +2




D. BAI TAP TRAC NGHIEM KHACH QUAN.
Cau 1: S6 gia cia ham s0 f(x) = x°, tng véi: %, = 2va A= 1 la:

A. 19 B. -7 C.7 D.0
Cau 2: S6 gia ctia ham s6 f(x) = x* — 1 theo x va 4, la:
A' Ex L ﬁ.'{ B' ﬁf{(x_ ﬁ.'{:l g ﬁ'{sz_ ﬂ.'{) D' Exﬂ:{
Cau 3: S6 gia ctia ham s f(x) = i— g véi sb gia A, cua d6i sb tai x; = —1 &
A'%(ﬂf{j: _ﬂ.'{ E'%(ﬁ'{j: _ﬁ.'{ C'%((ﬂ'{j:_ ﬂ.'{) D'%(ﬂ'{j: _ﬂ.'{_ l
Cau 4: Ti sb :’- ciia ham s6 f(x) = 2x — 5 theo x va 4, 1a:
A2 B. 24, C.A, D.2-4,
Cau 5: Pao ham cia ham s6 f(x) = 3x — L taix; = 1 |a;
A.0 B. 2 C.1 D.3
Cau 6: Him s y = 2x+1 c6 dao ham la:
X_
1 3 1
A. /:2 B l:—— C /:_ . /:
’ Py T Ty T Ty
2
Cau 7: Him s y = (X — 2) c6 dao ham la:
—X
2 2 2
y' = X +22x B y’=X 2)2< C.y' =-2(x-2) Qy’=x +2>2<
1-x) @—x) @-x)

1-+/x
1+\/;

_—2(1-+/x)

Cau 8: Cho ham sb f(x) = [

—2(1-+/x)

2
J . Pao ham ctia ham s6 f(x) 1a:

21— /X)

Af'x)=——="2 B.f'(X)=—————~=~ C.f'(X)=—=———=—D. f'(x)
L+/x)’ IX(1++/x)? IX(1++/x)’
Cau 9: Pao ham ciia ham sb f(x) = 5x° — x* — 1 trén khoang (—o0; +o0) Ia;
A 15x% — 2x B.15x*—2x—1  C,15x" + 2x D.0
Cau 10: Dao ham cua ham SOy =6x° L 4x* —x%+ 10 la:
Ay =30x"+ 16x° — 3x7 B.v' = 20x* + 16x% — 3x°
C.v/ =30x*+ 16x*— 3x* + 10 D.v = 5x*+ 4x?® — 3x°
Cau 11: Pao ham cia ham sé v = %% — 3/x+ 1{ la:
Ay =2x+—-= B.y =2x+-—+=
_"‘-.'.'{ n _"'.1.'{ 4
Cy=2x——+1 Dy =2x———>
2 x* 2 x*
Cau 12: Pao ham cia ham sé y = —— la:
i 2x+3 . .
Ay =0 B.v' = Cv = D.y'=7
Cau 13: Pao ham ctia ham s6 v = (x — 1) (x — 3) &
Av =x—1 B.vi=x—4 C.yv'=2x—4 D.v' =x—3
Cau 14: Chohamséy = x° — 3x* + 13. Gidtri ciax dé y’ > 0 I&;
A xE (—2:0) B.x € (—x;0) U (2; +)

C.x & (—oo; —2) U (0; +x) D.xg (0;-2)

_20-+x)
1++/x)



Cau 15: Pao ham cta ham sé v = (x® — 2x%)* béng:

A. 6x° — 20x% + 16x° B. 6x° — 20x~ + 4x°
C. 6x* + 16x° D. 6x* — 20x* — 16x°
Cau 16: Phuong trinh xy’ = 1 biét v = Vx> — 1 ¢6 tp nghiém la:
A. S={1} B.S={2} C.S={3} D.S= O
Cau 17: Pao ham cua ham sb v = # la:

c_1f 1, 1 p_1f 1, 1
A. y = 2 l:-. x+1 -ﬁ:l E y 4 l;ﬁ i :{—‘1:J
C.y' =- % +- % D. Khong ton tai dao ham
Cau 18: Pgo ham cia ham s6 f(x) = == + /4x tai diém x = 1 1&:
A —: B.= (o= D.2

= 16 i 2 g
Cau 19: Pao ham ciahamsé vy = (x — 2)vx? + 1 la

2 2 2 2

A y,=2x +2Xx+1 B. y,=2x 2x+1 C. y,=2x 2x-1 D y,=2x 2X+1

VX241 - X2+l NI x? -1

A A 1.
Cau 20: Him s0 ¢6 y'=2X+— la:
X

3 2 3 _ 2,y

A.y:x +1 B.y:3(x 3+x) gy:x +5x-1 D. :2x +x-1
X X X _ X

Cau 21: Tim nghiém cta phuong trinh ' (x) = 0 biét f(x) = 3x + 6_—5 - 6{—_ + 5,

A. —2va—4 B.2va4 C.—2va4 D.*2va =4

Cau 22: Cho ham sb f(x) = /1 + x. Gia tri biéu thuc f(3) — 8 (3) Ia:

A.0 B1 C.2 D.3

Cau 23: Gia st h(x) = 5(x+ 1)° + 4(x + 1). Tap nghiém phuong trinh h {x) = 0 la:

A. [-1:2] B. (—a=; 0] C.{-1} ~ Db.@

Cau 24: Cho hai ham sé f(x) = x* + 2 va g(x) = ﬁ . Tinh :1.; .

A 2 B.0 C. Khéng ton tai D. -2

Cau 25: Choham sé vy = mx® + x* + x— 5. Timm dé v = 0 c6 hai nghiém trai diu.
A m=0 B.m<10 Cmz=0 Dm=1




‘ ~ BUOI2 ,
Tiét 4 PAO HAM CUA HAM SO LUQNG GIAC

A. Kién thitc co ban

. SinX s . sinX
Gioi han cia —— la lim—-=1
X x=>0 X
Bang dao ham ham 50 lwgng giac

Pao ham cia ham so lwgng giac:

(sinx) = cosx (sinu) =u'cosu | (sin"u) =nsin"*usinu)

(cosx) =-sinx | (cosu) =-u'sinu | (cos"u)'=ncos"*u.(cosu)’

- 1 . u' tan"u)'=ntan"* u.(tanu)’

(tan X) = > (tan u) = ( ) ( )
COS™ X C082 u

. 1 . u' cot" u)'=ncot"* u.(cotu)'

(cotx) =——=— | (cot) = —— ( ) (cotu)
sin® x sin‘u

Néu ham s6 u = g(x) c6 dao ham tai x 1a u'x vaham s0 y = f (u)c6 dao ham tai ula y,,, thi ham hop

y = f(g(x)) co dao ham tai x la:

Yo = Yoo Yoo

B. KV nang co bian

sin x

- Biét van dung lim
x>0 x

=1 trong mot s gidi han dang % don gian.

- Tinh dao ham ctia mot s6 ham sd lugng giac.

- Tinh dao ham ctia mot s6 ham sb hop.

C. Bai tdp luyén tap

Bai toan 1: Pao ham cta ham sb lugng gic.

Dang 1: Pao ham ctia ham sd y =sinx,y =cosx,y =tanx va y = cotx

Vi du: Tinh dao ham cia cac ham so sau:

. ] Sin X + €0S X
a) y=sinx+cosx : b) y =tan x + cot x =
Sin X — cos X

Loi gidi:

y =Sin X +C0S X y = tan x +cot x
y = (sin x+cosx) y =(tan x+cotx)
b) y' = (tan x) + (cot x)

. . : 1 1
=COS X —Sin X y = ——
y cos? X sin®x

y =(sinx) +(cosx)




_sinXx+cos X

C)y=—
SIN X —CO0S X

. sin X+CoS X
y _(sin x—cosx)
_ (sinx+cos x) (sin x—cos x) — (sin x — cos) (sin X + c0s X)
- (sin x —cos x)*
(cos x —sin x)(sin X —cos x) — (€os x + sin X)(Sin X + Cos X)
- (sin X — c0S X)? (Sin“x+cos” x =1)
_ —(cos x—sin x)(—sin X +c0s X) — (Sin X +cos X)(sin X + cos X)
- (sin X —cos x)?

_ —(cos x—sin x)* —(sin X +cos x)?
(sin x —cos x)*

_ —(cos® x—2cos xsin x+sin’ x) — (sin? X + 2sin X oS X + €0S” X)
- (sin X — cos X)?

_ —(1-2cos xsin x) — (1+ 2sin x cos x)

- (sin X —cos X)?

3 -2
~ (sin x—cos X)?
Dang 2: Dao ham cua ham hop: )
Vi du: Tinh dao ham cia cac ham so sau:

a) y=sini2; b) y =3tan®2x + cot” 2x )y =+v/x* +1.cot 2x
X

.1
a) y=sin—
X

y = (sin ij = (ij cos—% = —icosi
x° x° x? x> x?
b) y =3tan® 2x + cot? 2x
y = (3tan® 2x + cot? 2x) = 6tan 2x(tan 2x) + 2cot 2x(cot 2X)

= 6tan 2x. (2x) +200t2x{— (2x) }

cos? 2x sin? 2x
=12tan 2x.———4Cot 2X.— 1 =12ta2n2x_4.c02t2x
COS” 2X sin“2xX c€os“2Xx  sIin‘ 2x

c)y =+ x* +1.cot2x

dy=

COS X
sin® x




y = (\/x2 +1.cot 2x)l = (\/ x? +l)' (cot2x)+(cot2x)' (\/ x? +1)
(x*+1) (2x) > )

=———~ (cot2x)— 1
, rszl(co X) sin22x( X° +

_Xcot2x  2vx*+1

~ Jx?41 sin?2x

COS X
d) y=—7
SIN~ X
3 COS X I B (COS X)I sin3 X—(Sin3 X)I COS X 3 —sin X.Sin3 X—I:?JSin2 X(Sin X) :|COSX
sin® x (sin®x)* (sin®x)?

_ —sin® x—3sin® x.cos’ X
sin® x
D. Bai tip TNKQ
(Lam tong hop cuoi)




Tiét 5 VI PHAN

A. Kién thirc co ban

Viphan: y=f(x)=dy=f'(x)dx

Phép tinh gan ding: f(xo + AX) ~ f(xo) + f'(X) AX

B. Ky niang co ban )

- Vi phan cia mot ham so ’ i

- Gia tri gan ding ciia mot ham so tai mot diém.

- Nam chac cac quy tac tinh dao ham, van dung vao trong BT.

C. Bai tap van dung

Dang 1: Phép tinh gan ding

Vi du 1: Xéc dinh gid tri cua+/3,99 véi 4 chir $6 thap phan.
Giai

Pit f(x) = +/x , ta co

1
f(x)—z\/;.

Theo cong thirc tinh gan dung, véi xo = 4, Ax = -0,01 ta c6 f(3,99) =f(4 — 0,01) ~f(4) +f’(4)(-0,01),
tirc 1 /3,99 =/4-0,01 =

N +L4(-0,01)=1,9975
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Vi du 2: Tinh gi4 tri cuasin 30°30’

nén ta xét ham so

Do 30°30’=2% 4+ %
6 3

00

T
360°
f(xo + AX) = f(xo) + f’(X) AX

. T T . T T T
sm(—+ szsm—+(cos—j 5
6 360 6 6 /360

1.8 " _~0,5076
2 2 360

4ysin30°30" = sin| Z+—"— |~ 0,5076
Vay (6 360°j

f(x)=sinx tai diém Xy = %Véi sO gia Ax = . Ap dung ct

Ta co:

Dang 2: Vi phéan
Vidu : Tim vi phan cua cdc ham s6 sau:

1 X+2 _tanv/x
a) Y—F b) y—ﬁ c) y= N
Loi giai
5 ; 3, ] 2\/§—sin(2x/§)d
dy = ——=-dx y =————0dx = X
) =33 b) (x—1)* O Ax[xcos?+/x

D. Bai tip TNKQ
(Lam tong hop cuoi)




Tiét 6 PAO HAM CAP HAI
A. Kién thirc co ban
o FO(x) = (F" (x)’
* (Xn) T n.Xn—l
B. Ky nang co ban
Tinh dao ham cap hai cua HS
Tinh dao ham cap cao cta HS lugng giéc, Phén thire i
Tinh dao ham va st dung cac phép bién doi dac biét 1a vé ham luong giac.
C. Bai tap van dung ]
Dang 1: Tinh dao ham cap hai )
Vidu 1: Tinh dao ham cap hai ciia cic ham so sau:
X
x? -1
c)y= x” sin X d) y=(1—x*)cosx

a) y = sin3Xcos2x b) y=

y =Ssin5Xc0s2X = %(sin 7X+sin 3x)
, 1
)y = 5(7 €0s 7x +3c0s3x)

y"=—%(495in7x+9sin3x)
yo X _1[ 1 1 }zy-_l 1 -
X*-1 2[x+1 x-1 2| (x+1)?  (x=1)?

b) 1 1
y'= +
{(X-i—l)g (x—1)3}

y'=2X.8in X — X*.COS X

c)

y"=(2-x%)sin x+4x.cos x
y':—2x.cosx+(1— xz)sin X

y" = (x*—3)cos X +4xsin X
Dang 2: Chitng minh ding thirc vé dao ham.
Vi du 2. Ching minh ring
a)y’ —y2-1=0v6iy = tanx.
b)y’ +2y%2+2=0vésiy = cot2x.
C) y’2 + 4y? =4 v&iy = sin2x.
Giai

a) Taco y =——
COS™ X
Khi do



. 1 sin® x 1-sin® x —cos® x
y -y -l=/—er-——-1= 2

cos’X  Cos® X cos® x
1-(sin®x+cos’x) 1-1

= = 0

COS* X oS X
Vay ta c6 diéu can ching minh.

: 2
b) Tacé y =——

sin“ 2x
Khi do
o 2
, , 2 2c0s? 2% —2+2(sm 2X +COS 2x)
y+2y ' +2=-—F—+———+2= — =0
sin“2x  sin® 2x sin“ 2x

Vay ta c6 diéu can ching minh.
c) Taco
y’ = 2C0S2X

Khido (y') +4y? = 4cos? 2x+ 4sin® 2x = 4

Vay ta c6 diéu can chirng minh.
D. Bai tip TNKQ
(Lam tong hop cuoi)




D. Bai tap tric nghiém
Caul. (NB)Ham sby = sinx c6 dao ham la:

A.y' = cosx B.y’ =—cosx
C.y/ =—sinx D.y' = !
COS X
Cau 2. (NB)Ham sb y = tanx c6 dao ham la:
A.y' = cotx B.y = 12
cos® X
cC.y = _12 D.y’ =1 —tanx
sin’® x
Cau 3. (NB)Ham sd y = cotx c6 dao ham la:
A.y' = —tanx B.y =- 12
cos® X
C.y'= 1 D.y/ =1+ cot?x

sin? x
Cau4. (TH)Hamséy= %(l+ tanx)? c6 dao ham la:

(1+tanx)?

A.y' = 1+ tanx
1+tan2x

C. y/ = (1+tanx)(1+tanx)?

Cau5. (TH)Ham sé y = sin?x.cosx c6 dao ham la:
A. Yy’ =sinx(2cos?x — 1) B.y’ = sinx(3cos?x + 1)
C.y’ =sinx(cos?x + 1) D.y’ = sinx(cos®x — 1)

Cau 6. (TH)Hamsby = +/cot2x co dao ham la:

By =
D.y =

Ay = 1+ cot? 2x B v =’ (L+cot? 2x)
/cot 2x - cot 2x

c ,:1+tan22x D. ,:—(1+tan22x)
y/cot 2x cot 2x

T
Cau 7. (VDT) Cho ham sé y = cos3x.sin2x. Khi d6 y/(gj bang:

avl5la e

T 1 Tl
exli)-2 ouli)d

Cau8. (VDT) Cho hamsé y = f(x) = 2sin VX . Pao ham cua ham sb y la:

1

A. y'=2cos/x B. y’:icos&
Jx
C.y= 2\/§cosi D.y _ 1
Vx Jx cos~/x

Cau9. (VDC)Pao ham ctia ham sé ¥ = co t{cosx) |3;



. —sinx . sinx -1 1
Yy =0 V=07 y = — y = —
A. sin?(co sx) B. sin?(co sx) C.” sin(cosx) D.” sinf(cosx)
Cau 10. (VDT) Cho céc ham sb f(¥) = cos3x g(x) = sin2x h(x) =tan2x Ham s6 nao co dao
ki3

ham tai 2 bang 2.

A. f(x) B. g(x) c. h=) D. f(x) va h(x)
_ COSX f:'llilj
Cau 11. (VDT) Cho hai ham s f1(x) = xsinx 3 F20) = —=— ypi 46 710 piing
A.0 B.2 C.3 D.-1
Cau 12. (VDC) Cho ham sb f(x) = 2cos®(4x — 1) Gj4 trj ctia x dé [f'(x)| =8 |a;
A k2m B.m+ 4 +kinm
1
C. 16(m + 4 + k2m) D. ™+ k2™ (k1a sb nguyén)
Cau 13. (NB) Cho ham sb y = f(x) = (x — 1)2. Biéu thirc nao sau ddy chi vi phan ctia ham s6 f(x)?
A.dy = 2(x - 1)dx B. dy = (x-1)%dx C.dy =2(x-1) D. dy = (x-1)dx
Cau 14. (TH) Mot ham sé y = f(x) = 41+ cos? 2x . Chon ciu dung;
—sin4x —sin4x
A. df(x) =————dx B. df (x) = ——dx
24/1+ cos® 2x vJ1+cos® 2x
COS 2X —sin 2X
C. df (x) = ————dx D. df (x) = —————dx
vV1+cos? 2x 2+/1+ cos? 2x

Cau 15. (NB) Cho ham sé y = x® — 5x + 6. Vi phan ctia ham sb 1a:
A. dy = (3x? - 5)dx B. dy = —(3x? - 5)dx
C. dy = (3x2 + 5)dx D. dy = (-3x2 + 5)dx

Cau 16. (TH) Cho ham séy =3i3. Vi phén ciia ham s6 1a:
X

A. dy:idx B. dy=i4dx C. dy:—i‘ldx D. dy = x*dx
4 X X
Cau 17. (NB) Cho hamsd y :X—+i. Vi phan ctia ham s6 1a:
X_
dx 3dx
A. dy = B.dy=—-—
-y -y
—3dx dx
C.dy= D.dy=———
~ y (X_l)z y (X_l)z
2
Cau 18. (TH) Cho ham s6y=X+—X1+l. Vi phan ciia ham sb 1a:
X_
2 — —_
A. dy:—szzdx B. dyzﬂdx
(x-1) (x-1)°
C. dy =22+ gy D. dy =X =2X=24y

C(x-1? = (x-1)°



CAu19. (VDC) Vi phan cita ham sé y = 2 x

la:
N
A. dy:idx B. dy:de
4x~/x cos? A/x 4x+/x cos? +/x
C.dy= 2\/;—5|n(2\/;) dx D. dy =— 2\/;—S|n(2\/;) dx
4x~/x cos? v/x 4x+/X cos? v/x
Cau 20. (VDT)Ham s y = xsinx + cosx c¢6 vi phan la:
A. dy = (xcosx — sinx)dx B. dy = (xcosx)dx
C. dy = (cosx — sinx)dx

D. dy = (xsinx)dx

Cau 21. (TH)Hamsb y= 5 c6 dao ham cap hai la:

Ay'=0

1
B. "
y (x—2)2
4 4
Cy =——_ D.y =——_
R Py ]

Cau 22. (NB) Ham s y = (x2 + 1)® ¢6 dao ham cap ba la:
A y"=12(x* + 1) B.y" =24(x? + 1)

C.y"=2406x*+3) D.y"=-12(x>+1)
Cau 23. (NB) Pao ham cip 2 cta ham sb y = tanx bang:
Ay _ 2sinx

A . B.y' = 12 C.y' =- 12 D.y" = 25"3”(
cos® X cos’ X cos’ X cos® X
Cau 24. (VDT)Xét ham sé y = f(x) = cos(Zx - gj . Phuong trinh f®(x) = -8 c6 nghiém x {o; ﬂ la:
A.sz B.x=0vax= = C.x=0vax= = D.x=0vax= =
2 6 3 2
Cau 25. (VDC) Cho ham sb y = sin2x. Hay chon c4u dung:
A dy-y"'=0 B.4y+y"=0 C.y = ytan2x



, _ BUOI 3: ‘
Y NGHIA CUA PAO HAM

A.KIEN THUC CO BAN
1) Y nghia hinh hoc ciia dao ham
Cho ham s6 y = f(x) xéc dinh trén (a; b) va c6 dao ham tai diém X, € (a;b). Goi (C) 1a d6 thi cia ham
56 do. ) i , , ) ,,
Pinh li: Pao ham cta ham s6 y = f(x) tai di€ém xo 14 hé s6 goc cua ti€p tuyén MoT cua (C) tai diém
Mo(Xo;f(X0)). ) )
“Phwong trinh tiép tuyén . ) »
Pinh li: Phuong trinh tiép tuyén cta do thi (C) ctia ham s6 y = f(x) tai diém Mo(Xo;f(X0)) la:
) y - Yo = f'(Xo)(X - Xo0) trong d6 yo = f(xo).
2)Y nghia vét li ciia dao ham
a) Van toc tire thoi: v(to) = s'(to)
b) Cwong dd tire thoi: 1(to) = Q'(to)
B. KI NANG CO BAN
1) Viét phwong trinh tiép tuyén ciia ham s y = f(x)
Dang 1: Cho ham s6 y = f(x) c6 do thi (C), viét phuong trinh tiép tuyén tai diém M(X,;Y,)
Dang 2: Cho ham s6 y = f(x) c6 db thi (C), viét phuong trinh tiép tuyén biét hé s6 goc k.
2) Ung dung dao ham vio gidi cac bai toan cé ndi dung vat ly
C. BAI TAP LUYEN TAP
1) Viét phwong trinh tiép tuyén ciia ham s6 y = f (X)
Dang 1: Cho ham s y = f(x) c6 db thi (C), viét phuong trinh tiép tuyén tai diém M( X,;Y,)
% Phwong phap giai:

Budcl: Xac dinh toa do X,; Y,

Buérc 2: Tinh dao ham ctia f (X) tai X,

Budre 3: Viét phuong trinh tiép tuyén tai diém M( Xo1 Yo ), €O dang:

y=Yo =T (X)(X=Xp)

Bai tip 1: Cho ham sb y = %xf* +x2 +2 ¢6 d6 thi (C) viét phuong trinh tiép tuyén cua (C):

a) Taidiem (1 ;-1). ‘
b) Tai di€ém c6 hoanh d6 bang -3.

Loi gidi:
Tai diém (1;-1). Tacd x, =1 va y, =-1 Tai diém c6 hoanh do jbéng"-3
f '(X) — XZ +2x = f '(1) -3 GOI XO va yO la toa d6 tlép dlém, khi d6 Tacd
Phuong trinh tiép tuyén cta (C) tai diém Xo=—3 =Y,=2
(1:-1), c6 dang f'(x)=x>+2x = f (-3)=3
Y=VYo=f (X)(X=%,) Phuong trinh tiép tuyén cua (C) tai diém (-3 ; 2), ¢ dang

& y+1=3(x-1)
& y=3x-4

Y=Y = f‘(XO)(X—XO)
&S y-2=3(x+3)

& y=3x+11




Dang 2: Cho ham s6 y = f(x) c¢6 do thi (C), viét phuong trinh tiép tuyén biét hé sb goc k.
¢ Phwong phap giai: o
Buéde 1:Goi X, 1a hoanh do ticp diém, khi do ta co f'(x,) =k
Buée 2: Giai f'(x,) =k détim x,sau d6 thé x,vao hamsd y = f(x) dé tim y,
Budre 3: Viét phuong trinh tiép tuyén cta (C), ¢6 dang :
Y=Y = f '(Xo)(x_ Xo)

Bai tap 2: Chohamsd y = % N % x? +1 ¢ dd thi (C), viét phuong trinh tiép tuyén biét hé sb goc bang 2.
, ’ , , Loi giai:

Biét h¢ s6 goc tiép tuyén k =2

Taco f (x)=x*—x

Goi x, la hoanh do tiép diém

: Xo =2
f(X)=2o XX, =2 X, —X,—2=0 @{ °
X =-1
i S . 1
*Voi X0=2:y0=§ *Voi x0=—l:>yo=g
= f(@2)=2 = f(-)=2

Phuong trinh tiép tuyén cua (C) tai diem Phuong trinh tiép tuyén cua (C) tai diém (-1 ; %), co

@; g), c6 dang:

dang: '
Y=Y = f'(xo)(x_xo) Y=Y :11: (XO)(X_Xo)
S y-2=20x-2) & y=5=2(x+]
7
Sy=2x-7 <:>y:2x+%

Vay phuong trinh tiép tuyén cua (C) tai hé sé goc tiép tuyén bang 3 Ia
y—2x—z' y—2x+§
3’ 6

ChU ¥: Cho duong thang A: Ax+ By +C =0, khi do:

—Néu d//A=(d):y=ax+b= h¢ sd goc k = a.

—Néu d LA=(d):y=ax+b=>hé sb gic ——

a

*) Tiép tuyén tao v6i chiéu duong truc hoanh goc o khi d6 hé sé goc ciia tiép tuyén 1a k = tancr sau
d6 tim tiép diém Mo(Xo; yo) bang cach giai phwong trinh f'(Xo0) = k va viét phuong trinh tiép tuyén
twong img. : , . )
*) Tiép tuyén tao véi duong thang y = ax +b mdt goc & khi d6 h¢ so hoc cua tiép tuyén la k thod man
k—a
1+ka
tim tiép diém Mo(Xo; yo) bang cach giai phuong trinh f'(Xo) = k va viét phuong trinh tiép tuyén tuong
ung.

= tan a hoic ching ta dung tich v hudng cia hai vécto phap tuyén dé tim hé sb goc k sau do




Bai tap 3: Goi (C) 1a d0 thi ctia ham s6 y = X* —5x% + 2. Viét pt tiép tuyén cua (C) sao cho tiép tuyén d6
a) Song song voi duong thing y =—3x+1
b) Vuéng goc voi dudng thing y = % X—4
Loi giai
a) Vi phuong trinh tiép tuyén song song v6i duong thing y = —3x+1nén nod c6 hé sd goc 1a -3
x=1
Do dé f'(x)=3x*-10x=-3<3x’-10x+3=0<|" 3
X=3
67

1 40
Véi x==thi y,=— Vayptttla:y=-3x+—
3 Yo 27 ay p y 20

Véi x=3thi y, =-16 Vay pt ttla: y=-3x—7
b) Goi k 1a hé sé goc cna pt tt .

Phuong trinh tiép tuyén vudng goc voi duong thang y = % x—4 khi k% =-1=k=-7

X =

Voik=-7taco f'(x)=3x"-10x=-7<3x*-10x+7=0 <
X =

wl~N

Véi x=1thi y, =2 Vay pt ttla: y=—-7x+5
Véi x =§thi Yo = —% Vay pt ttla: y=-7x +1;L73
Bai tap 4: Cho ham s6 y= f(X)=x*—m(x+1)+1 (Cm). Viét phuong trinh tiép tuyén cia (Cm) tai
giao diém ciia n6 v6i Oy, tim m dé tiép tuyén trén chan trén hai truc tao ra mot tam giac c6 dién tich
bang 8.

TXD: D=R

Ta c6 (Cm) giao voi Oy tai diém A(0; 1 -m)

y' = f/(x) =3x? —m . Khi d6 tiép tuyén can tim 1a y = y/(0)x +1 — m hay y =-mx +1-m

e 7 r . <R 1_ m
Ti€p tuyén trén cat truc hoanh tai diém B(——;0) (m=0) suy ra
m

1 1 1-m
S xons =§|yA|'|XB |=§Il—m|.|TI=8<:>16|m|:m2—2m+1

m?-18m+1=0 |m=7+43

Véim = 0 thi @b thi ham sb da cho khong cét truc hoanh suy ra khong ton tai tam giac OAB. Vay véi
m=9+45

{m =7+43
Bai tp 5: Cho ham s6 y = 2x° —3x? —12x—5 (C). Viét phuong trinh tiép tuyén véi (C) trong cac

truong hop sau 7
a) Tiep tuyen song song vGi duong thang y = 6x — 4.

“16m=m?*-2m+1 [m?2+14m+1=0 |m=9+4/5
= = =
16m=m’-2m+1

thi tiép tuyén can tim cat hai truc toa do tao ra tam giac c6 dién tich bang 8.



. . , 1
b) Tiép tuyen tao vdi duong thang Yy = _E X +5 mot goc 45°.
Giai
TXD: D=R.Taco Yy =6x*—6x-12

a) Vi tiép tuyén song song voi dudng thang y=6x-4suyrahé s6 goc cua tiép tuyén la k = 6.
Goi Mo(Xo; yo) 1a tiép diém cua tiép tuyén can tim. Khi d6 ta co

X _1-413
=
Y (%)) =6 < 6X2 —6X,~12=6 < x2—x,~3=0 2
1++/13
X, =
2
Véi X, :l_;/E taco y, :@khi d6 tiép tuyén can tim 1a
y:6(x_1—\/ﬁ)+2o\/ﬁ—23®y:6x+26J1_3—29
2 2 2
Véi %, =1+;/1_3 tacod y, LQM do tiép tuyén cin tim 1a
y:6(x_1+;/E)_7JT3;+23©y:6x_13\/§+29

. . s . 1 . .
b) Vi tiép tuyen can tim tao voi duong thang Y = _E X +5 mot goc 45° suy ra hé so goc cua tiép

tuyén 1a k thoa mén

1
k+= 1
2k +1=2-Kk k==
2| tan 45° < 2k+1 =le 2k +1<2-k | = 3
k 2— 2k+1=k-2
1_E k=-3

sau d6 1am twong tu nhu phan a (Tim tiép diém).
Bai tap 6: Viét phuong trinh tiép tuyén voi (C) : y=2x*—3x*+5 di qua diém A(g; 4) .
Giai

ch e 2 : 19 C 1A A s C e

Gia su duong thang di qua A E; 4| ¢6 hé s0 goc k, khi d6 n6 c6 dang
19

=kx+4-—k (d
y I (d)
Ta ¢6 (d) tiep xuc vaéi (C) khi va chi khi hé phuong trinh sau c6 nghiém

2x° —3x% +5 = kx+4—i—9k(1)

6x*—6x=k (2)
Thay (2) vao (1) ta co



2x> —3x* +5=(6x° —6x)x+4—g(6x2 —6X) < 8x° —25x* +19x-2=0

X =
(X=1)(8X* -17x+2) =0 < X

X

(oI = N

Vay ¢6 ba tiép tuyén véi (C) di qua diém A(%; 4) ( Ty viét phuong trinh tiép tuyén).

/7

< Nhin xét: Dé viét phuong trinh tiép tuyén (C) ctia ham sé y = f(x) ta can phai biét toa
dox, va y, hay hé sb tiép tuyén k dé tim x, va y,, sau do tinh dao ham ctia ham s6 y = f (x) tai
Xo 10i 4p dung vao phuong trinh tiép tuyén.

Bai tap 7: Mot vat roi tu do v6i phuong trinh chuyén dong s = % gt®, trong d6 g=9,8m/s? va t tinh

bang gidy. Van tdc cta vat tai thoi diém t=5s bang:
A. 49m/s..~ B. 25m/s. C. 10m/s. D. 18m/s.
Hudng dan gidi

Taco s =%gt2:> s'(t)=g.t=v(t)

Khi @6 v(5) =9,8.5=49m/s
Chon dap an A

Bai tip 8: Cho chuyén dong thang xac dinh boi phuong trinh S = %t“ —3t? , trong d6 t tinh bang gidy

s va S dugc tinh bang mét m. Gia tdc cua chuyén dong tai thoi diém t=4s bang:
A. 80m/s. B. 32m/s. C. 90m/s. D.116m/s.
Huéng din giai:

1 3
Ta o S'(t)=2t" -6t =v(t)

a(t)=6t> -6

Vay gia tdc tai t=4s 1a a(t)=90
Bai tap 9: Trong mach may tinh, cuong do dong dién ( don vi mA ) 1a mot ham s6 theo thoi gian t :
I(t) =0,3—-0,2t . Hoi tong dién tich di qua mot diém trong mach trong 0,055 1a bao nhiéu ?

A. 0,29975mC B. 0,29mC C. 0,01525mC D. 0,0145mC
Huéng din giai

Téng dién tich qua trong mach trong 1a: (0,3-0,2.0,05).0,05=0,0145
Chon dap an C.

* Bai tip cing cd

Bai tap 1:

Cho (P) co phuong trinh: y = x?2

Tim hé s6 goc cua tiép tuyén cua (P):

a) Tai diém (-2;4)

b) Tai giao diém cua (P) véi dudng thing y = 3x - 2.

Bai giai:



a)Heé s6 gbc cha ti€p tuyén can tim la:
f(-2)=—4

b)Phuong trinh hoanh do giao diém:
x=1

X2=3X—2<:>X2—3X+2=O<:>|:
Xx=2

£'(1)

=2
f'(2)=4

Bai tap 2:

Goi (C) 12 d6 thi ham sé: y = x3 - 5x% + 2

Viét phuong trinh tiép tuyén ctia (C) sao cho tiép tuyén do:
a) Song song véi dudng thang y = -3x + 1

, 1
b) Vudng goc véi duong thang y = 7x -4

¢) tai diém A(0; 2)

Pap sb:

a)y=-3x-7 vay=-3x+67/27
b)y=-7x+5vay =-7x + 103/27

c)y=2 vay:—?x+2

Bai tap 3 : Cho ham s6 y = x* —3x® +2 ¢ d6 thi (C). Viét phwong trinh tiép tuyén cta d6 thi (C):
1.  Tai diém c6 hoanh do bang -1.

Tai diém c6 tung d6 bang 2.

Biét tiép tuyén c6 hé sb goc k = -3.

Biét tiép tuyén song song voi duong thing y = 9 x +1

Biét tiép tuyén vudng goc v6i duong thing y = 124 x + 2

Biét tiép tuyén c6 hé sd goc nho nhat trong tat ca cac tiép tuyén cua do thi (C).
7. Biét tiép tuyén di qua diém A (—1;-2)

Bai tap 4: Cho dudng cong ( C): y = x* —3x? + 2 Viét phuong trinh tiép tuyén ciia (C), biét:
1.  Tiép diém c6 hoanh d¢ 1a 2.
2. Tiép tuyén co hé sb goc k = 9.
3. Tiép tuyén di qua diém A(0;3).

S e

2
Bai tip 5: Cho duong cong (C):y= XX vkt phuong trinh tiép tuyén cua (C), biét:
X
1.  Tiép diém c6 tung d6 bang -1
2. Tiép tuyén vudng goc voi duong thing x — 3y + 10 = 0.
3. Tiép tuyén di qua diém M(2;3).
Bai tap 6: Viét phuong trinh tiép tuyén ctia ((C): y = x(x—3)?biét tiép tuyén song song voi dudng

thang (d): y = 24x — 2.



Bai tap 7: Viét phuong trinh tiép tuyén caa (C):y= X _i
X+

biét tiép tuyén d6 vudng goc véi duong

thang (d): x + 3y -4 = 0.

Bai tap 8: Cho dudng cong ( C): y=x*+x? +1Viét phuong trinh tiép tuyén cua (C):
1. Tai diém c6 tung d6 1a 1.
2. Biét hé sd goc cua tiép tuyén 13 6.
3. Biét tuyén tuyén song song v6i dudng thing y + 1 = 0.

Bai tip 9: Cho duong cong (C).y= % x* — x? + 2 Viét phuong trinh tiép tuyén ctia (C) biét:

1. Tiép tuyén c6 hé sb goc k = 3.
2. Biét tiép tuyén vudng goc voi dudng thang (d): x—4y +12=0.

Bai tap 10: Cho duong cong (C):.y= X—-gVié't phuong trinh tiép tuyén cua (C):
X —

1. Biét hoanh d¢ tiép diém bang 1.

2. Tai giao diém cta (C) v&i truc hoanh.

3. Biét tiép tuyén song song v6i dudng thing x + 3y — 1 = 0.
Bai tap 11: Cho duong cong (C):y=2x*-3x*+9x—4 . Viét phuong trinh tiép tuyén cua (C) tai
giao diém ctia nd véi:

1. Puongthing (d):y=7x+4.

2. Parabol (P):y=-x*+8x-3

3. Duongcong (C'):y=x>—4x*+6x-7
D. BAI TAP TRAC NGHIEM KHACH QUAN.
Cau 1: Hé sb goc cua tiép tuyén voi dd thi ham s6 £(x) = —x tai diém M(-2; 8) la:
A. 12 ~ B.12 C.192  D.-192 ‘ ,
Cau 2: Mot chat diém chuyén dong c6 phuong trinh s = t* (t tinh bang gidy, s tinh bang met). Van toc
cua chat diém tai thoi diém t; = 3 (gidy) bang:

A. 2m/s B.5m/s C.6m/s D.3m/s
Cau 3: Phuong trinh tiép tuyén ctia Parabol ¥y = —3x* +x — 2 tai diém M(1; 1) la:
Av=5x+6 B.v=—=5x+6 C.v=-5x—-¢6 Dv=5x—6

Cau 4: Pién luong truyén trong diy din c6 phuong trinh Q@ = 5t + 3 thi cudng do dong dién tirc thoi
tai diém t, = 3 bang:

A. 15(A) B. 8(A) C.3(A) D.5(A)

Cau 5: Mot vat roi ty do ¢6 phuong trinh chuyén dong s = }gt:, g = 9,8m/s” va t tinh bang s. Van

tdc tai thoi diém t = 5 bang:

A. 49 m/s B. 25 m/s C.20 m/s D. 18 m/s

Cau 6: Tiép tuyén cia do6 thi ham sé v = i tai diém c6 hoanh d¢ x = —1 ¢ phuong trinh la:
Av=—x+3 B.yv=—x—3 C.yv=x—3 Dyv=x+3

Cau 7: Phuong trinh tiép tuyén ciia do thi ham s v = Vx2 + x + 1 tai giao diém cua dd thi ham sb véi
truc tung la:

Ay=x+1 B.y==x—1 Cy=x+2 Dy=-+1

Cau 8: Phuong trinh tiép tuyén ciia @6 thi ham s6 ¥ = x* c6 hé s goc cua tiép tuyén bang 3 1a:
Ayv=-3x+2vay=3x+2 B.y=3x+2vay=3x+3



Cyv=3x—2vay=—-3x+2 D.y=3x+2vay =3x— 2

Cau 9: Phuong trinh tiép tuyén ctia d6 thi ham sé v = x* + 2x” — 1 ¢6 tung d6 cua tiép diém bang 2
la:

Av=2(4x—3)vay = —2(4x + 3) B.y=—-2(4x—3)vay = 2(4x + 3)
Cy=2(4x—3)vay =2(4x+3) D.y=—-2(4x—3)vay = —2(4x + 3)

Cau 10: Cho ham s ¥ = x7 + 6x — 4 ¢6 tiép tuyén song song véi truc hoanh. Phuong trinh tiép tuyén
do la:

A v=-—13 B.v=-31 C.v=x—10 D.v=13
Cau 11: Biét tiép tuyén cua Parabol v = x~ vudng goc voi duong thang v = x + 2. Phuong trinh tiép
tuyén do la:

A4x+4y+1=0 B.x+y+1=0 Cx—vyv+1=20 D.4x—4v+1=20
Cau 12: Cho chuyén dong thiang xac dinh bai phuong trinh S = 3t¥ — 3t* +t, trong d6 t duogc tinh
bang gidy va S duoc tinh bang mét. Thoi diém gia toc bi triét tiéu la:

A. 3s B. 1s C. 1s. D. 2s

3

~ A . 1 <R A A . r <\ 7 ’ A \
Cau 13: Tim trén do6 thi y = —1 diém M sao cho ti€p tuyén tai do6 cung vai cac truc toa do tao thanh
mot tam giac ¢ dién tich bang 2.

VETTARY el ol

Cau 14: Mot vién da dugc ném 1én tir mat dat theo phuwong thang dung voi phuong trinh chuyen dong
las=t3—t?+t(m) (bo qua stc can ctia khong khi). Thoi diém tai d6 téc d6 cua vién da bang 0 la:

A.1s B. 10s C.5s D. 30s )
Cau 15: Hé s goc cua tiép tuyén cua d6 thi ham sb y = cotx tai diém c6 hoanh d6 =, = - la:
A.-2 B.3 C.1 D.0

Cau 16: Mot vat chuyén dong véi phuong trinh S(t) = 4t + 13 trong d6 t = 0, ttinh bang s, S(t)
tinh bang 1}1;“5. Tim gia toc cua vat tai thoi diém van toc cua vat bang 11. i

A. 1lm/s- B.12m/s" C.13m/s" D. 14m/s-

Cau 17:Piém M trén do thi ham sd y = x® — 3x? — 1 ma tiép tuyén tai 46 c6 hé sé goc k bé nhat trong
tat ca cac tiép tuyén cua dd thi thi M, k la:

A.M(1; -3),k=-3 B. M(1; 3), k=-3 C.M(1;-3),k=3 D. M(-1;-3), k=-3

+b

A \ £ ax poAA i L . A £ . f 1A A x
Cau 18 : Chohamsoy = c6 do thi cat truc tung tai A(0; —1), ti€p tuyen tai A c6 h¢ s6 goc k = —

3.Céacgiatricuaa,bla:
A.a=1;b=1 B.a=2;b=1 C.a=1;b=2 D.a=2;b=2

Cau 19 : Tim m dé tiép tuyén ctia d6 thi ham s6 y = (2m — 1)x* — mx?2 + %tai diém co6 hoanh do

X = —1 vudng goc véi duong thang 2x -y —-3=0

A. E B. —E C. 1 D. E
4 4 4 6
A - A A Ry P I J 3X+4
Cau 20: Tiép tuyen ké tur diém (2; 3) t61 do thi ham s6 y = 1 la:
X —

A.y=-28x+59 B.y=28x-53 C.y=3 D.y=3;y=x+1



Cau 21:Cho ham s6 y = x® — 6x% + 7x + 5 (C), trén (C) nhitng diém c6 hé sé goc tiép tuyén tai diém
nao bang 2?

A. (-1;-9); (3;-1) B. (1, 7); (3,-1) C. (1, 7); (=3, -97) D.(1;7); (-1, -9)
Cau 22:Tim hé s6 goc cua tiép tuyén voi do thi y = tanx tai diém c6 hoanh d6 x = %:
A k=1 B.k:% C.k:g D.2

Cau 23:Goi (P) 1a d6 thi ham s6 y = 2x? — x + 3. Phuong trinh tiép tuyén véi (P) tai diém ma (P) cat
truc tung la:

Ay=-x+3 B.y=—x-3 C.y=4x-1 D.y=11x+3
Cau 24:P0 thi (C) ctia ham s6 y = 2 +1l cit truc tung tai diém A. Tiép tuyén cua (C) tai A c¢6 phuong
X —
trinh la:
Ay=-4x-1 B.y=4x-1 C.y=5x-1 D.y=-5x-1

Cau 25:Goi (C) 1a db thi cia ham s6 y = x* + x. Tiép tuyén cua (C) vudng goc voi duong thang d:

x + 5y =0 c6 phuong trinh la:
A .y=5x-3 B.y=3x-5 C.y=2x-3 D.y=x+4



KIEM TRA

1. MUC ,TIEU.
a) Vé kién thikc:

-Nam dugc cac khai ni¢ém, cac rng dung vé dao ham ctia ham s6 tai mot diém.

-Nim duoc cac quy tic tinh dao ham.
- Nam duoc khai niém vi phan .
C) Vé ky ning:
-Lap duoc PTTT ctia ham s tai mot diém, khi biét hé sé goc .
-Biét tinh dao ham ciia ham s6 theo quy tic.
- Biét tinh vi phan ciia ham s6 .
C) Vé thdi dp:
-Can than chinh x4c tich cyc trong lam bai.
2. CHUAN BI.
Gido vién: - Pé kiém tra, dap 4n, thang diém.
Hoc sinh: - Xem lai cac kién thtic trong tim trong chuong.
- Hoc bai cii va lam BT day du.
3. TIEN TRINH KIEM TRA.
a) Hinh thirc dé kiém tra:
+ Hinh thure: Tréc nghiém + ty luan

+ Hoc sinh lam bai tai 16p.

b) Thiét lap ma trgn dé kiém tra:

Murc @6 nhan thirc
) Nhan biét Thoéng hiéu Van dung Van dung cao Cong
No6i dung kién Thap
thirc TN | TL TN TL | TN TL TN | TL
1.BDNvay 1 cau 1 cau 3 cau 1 cau 6 cau
nghia cta dao 0,2d 0,2d 0,64 0,2d 1,2d
ham (20%0)
2. Quy tic tinh | 1 cau 3 cau 3 cau 7 cau
dao ham 0,2d 0,64 d 0,6 d 14d
(35%)
3. Pao ham 2 cau 3 cau 2 cau 7 cau
clia ham s6 0,4d d 0,6 d 0,4d 1,4 d
luong giac (35%)
1 cau 1 cau 2 cau
4. Vi phan 0,2d 0,2d 0,4d
(10%0)
5. Pao ham 1 cau 2 cau 3 cau
cip cao 0,2 d 0,4d 0,6d
(10%)
Tong sb ciu 4 cau 9 cau 9cau 3 cau 25 cau
Tong sb 08d 1,8ad 1,8d 0,6d 10,0 d
diém (20%) (40%) (5%) (5%) (100%)




c) Pé kiém tra:

A A A . A . \ A 4 . + R ’ \ A e A A r \
Cau 1: Tiep tuyén véi do thi ham so f(x) = 1 tai di€m c6 hoanh d xo = -1 ¢6 hé s6 goc la:

A -1 B.-2 C.2 D.1
Cau 2: Mot vat roi tu do theo phuong trinh s = %gt2 (m), voi g =9,8 (m/s?). Van tdc tirc thoi cua vat

tai thoi diém t= 5(s) la:
A. 1225 (m/s) B. 29,5(m/s) C. 10 (m/s) D. 49 (m/s)

Cau 3: (TL) Cho hamsd y = %x3 -3x ¢6 db thi ( C) . Viét phuong trinh tiép tuyén cta (C) biét :

a) Hoanh d9 tiép diém bang -2 9
b)Tiép tuyén can viét song song vdi duong thang (d) 1 y = x + 2017

Cau 4: Pao ham ctia ham s y=(x4—1)3|a:
A. y'=12x°(x* -1)° B. y'=3(x'-1)° C.y'=12x°(x* -1)° D. y'=4xX(x"-1)°
Cau 5: Pao ham cua biéu thirc f(X) =+/x?—2x+4 la;
2(x-1) B 2x—2 c X —2x+4 5 (x-1)
VX2 =2x+4 VX2 =2x+4 2XP=2x+4 X -2x+4
2x—-3
X+4
=11 : 11 , 11
Cy=—- Dy =—"_
X+4 (x+4)

A

Cau 6: Pao ham ciia ham s6 y = la:

5

- B.v =
(x14)’ =Y

Ay =
d (x+ 4y’

Cau 7: Pao ham cua ham sé y = (x* —2x)(x+3) la:

A y'=4x*+9x* —4x—6 B. y'=4x>-9x* +4x

C. y'=4x*+9x* —4x+6 D.y'=5x*-4x+6

Cau 8: (TL) Tinh dao ham cac ham s sau:

X2 +x+1
a) y=——
X+1

b) y=x-3Vx+4cosx+5

Cau 9: Pao ham cta ham s6 y = X* + 2x* —4x+5 la:
Ay =3x*+4x-4 B. y'=3x*+2x-4 C.y'=3x+2x-4. D.y'=3x*+4x—-4+5

Cau 10: Pao ham ctia ham sé y=tanx la:

1 B.l 1 1

sin? x = cos’x " sin?x c0s?X
Cau 11: Pao ham cta ham sb f (x)=sin3xla:
A. 3cos3x. B. cos3x. C. —3cos3x. D. —cos3x.
Cau 12: Pao ham cua ham sé Y = Xcot X la:

A. —




A.cotX—— B. cotX+— C. cotXx—— D. cotx+—
sin® x sin“ x COS* X COs“ X
Cau 13: Dao ham cua ham s6 y = cos x—sin x+2x la:
A. —sinx—-cosx+2. B. sinx—cosx+2. C. —sinx+cosx+2. D. —sinx-cosx+2x.
Cau 14: Pao ham ctia ham s y = +/cosx+4sinx 1a:
A.4cosx—sinx B. 4C0os X —Sinx C.Zcosx—sinx D.
/cosx+4sinx ~ 24/cosx+4sinx \/COSX+4SinX
sinx +4cos x
2~/cosx+4sinx
Cau 15: Pao ham cua ham sé y = cos®(3x* +5) Ia:
A. 3x* cos®(3x* +5)sin x B. —3sin®*(3x* +5) cos x
C. 36x°sin®(3x* +5)cos(3x* +5) D. —36x%cos?(3x"* +5)sin(3x* +5)

Cau 16: DPiém M trén d6 thi ham sé y = x° — 3x? — 1 ma tiép tuyén tai d6 co hé sé goc k bé nhét trong
tat ca cac tiép tuyén cia dd thi thi M, k I

A.M(1; -3),k=-3 B. M(3; 3), k=-3 C.M(1;-3),k=3 D. M(-1; -3), k=-3
Cau 17: Vi phan cia ham s6 v = 5x* — 3x + 1 1&:
A. dy = (20x° + 3)dx B. dy = (20x* — 3)dx
C.dy = 20x°*dx D. dy = (20x® — 3x)dx
Cau 18: Cho ham s f(x) lién tuc tai xo. Pao ham ciia f(x) tai xo Ia:
5 10 )= f(x)

' h

(néu ton tai gi6i han) D limt ot —f(x—h)
h—0 h h—0 h

han)

A. f(xo)

C. lim f(x, +h)—f(x,)

(n€u ton tai gioi

Cau 19: Cho ham s6 f(x) xac dinh trén (0;+0) bai f(x) = 1 Pao ham cua f(x) tai xo = /2 I&:
X

Al B = c. L D -
2 2 V2 V2

A 90 Taee o 2x+1 . c s

Cau 20: Ham so y = 1 c6 dao ham la:
X_
Ay =2 B.y =- ! _ C.y =- 3 _ D.y = ! -
(x-1) (x-1) (x-1)

Cau 21: Cho ham s6 y = x® — 3x? — 9x — 5. Phuong trinh y/ = 0 ¢6 nghiém la:

A {-1;2} B. {-1; 3} C. {0; 4} D.{1; 2}

Cau 22: Haimsdy= % (1+ tanx)? c6 dao ham la:



A.y' = 1+ tanx B.y’ = (1+tanx)? C. y/ = (1+tanx)(1+tanx)? D. vy
1+tan2x

Cau 23: Cho ham sb y = f(x) = (x — 1)2. Biéu thtc ndo sau day chi vi phan ctia ham s f(x)?

A.dy =2(x - 1)dx B. dy = (x=1)%dx C.dy =2(x-1) D. dy = (x-1)dx
Cau 24: Viphan ciahamsd y = tany'x la:
Jx
A. dy:de B. dy:de
4x+/X cos? v/x Ax+/X €0s? \/x
C.dy= 2\/;—sm(2\/;) dx D. dy = — Zﬁ—sm(Z\/;) dx
4x+/x cos? /X Ax~/x cos? 4/x

Cau 25: Gia sir h(x) = 5(x+1)3 + 4(x + 1). Tap nghiém ctia phuong trinh h”(x) = 0 la:
A [1: 2] B. (—o0: 0] C. {1} D. 2



Chuyén dé;
PHEP DOI HINH VA PHEP DONG DANG TRONG

MAT PHANG
] (Budi 1)
1. Phép tinh tién:

a) DN: Phép tinh tién theo vécto ii 12 mt phép doi hinh bién diém M thanh diém M’sao
cho MM’ =10.
Ki hiéu : T hay Ty .Khi d6 : Tg(M)=M' < MM’ = i
« Phép tinh ti€n hoan toan dugc x4c dinh khi bi€t vectd tinh tién ctia né .
- Néu T5(M) =M , VM thi T 1a phép ddng nhat .

b) Biéu thirc toa dd: Cho i = (azb) va phép tinh tién T;.

. r_ _ oot N X,:X+a
M(x;y) —— M'=T;(M) = (x;y’) thi {y'= y+b

¢) Tinh chat:

- Phép tinh ti€n bio toan khodng cdch gifta hai di€m batki .

« Phép tinh tién:

+ Bi€n mot dudng thing thanh mot dudng thing song song hoic tring véi
dudng thang di cho .

+ Bi€n mot tia thanh tia .

+ B3o toan tinh thing hang va thit ty cda cdc di€m tuong tng .

+ Bi€n mdt doan thing thanh doan thing bing né .

. . N . T . A T. A
+ Bién tam gidc thanh tam gidc bang n6 . (Tryc tim ——— tryc tdm , trong tim —— trong tam )

+ Pudng tron thanh dudng tron bing nd .

. T
(TAm bién thanh tAim : I ———>I",R'=R)

2. Phép doi xirng truc:

a) DN:

DPN1
Pbieém M’ goi la doi xirng véi diem M qua dwong thang a néu a 1a dwong trung truc ciia doan
MM’




Phép d6i xting qua dudng thing con goi 1a phép ddi xitng truc . Pudng thing a goi 12
truc doi xitng.
DN2:
Phép ddi xiing qua dudng thing a 13 phép bi€n hinh bi€n mo6i diém M thanh diém M’
ddi xing véi M qua dudng thing a .
Ki hi¢u: D,(M)=M' < M M'=-M M , v6i M, 1a hinh chi€u cia M trén dudng thing a .
Khido :
«NéuMeathiD,(M)=M : xem M 12 d6i xdng véi chinh né qua a .
( M con goi la diém bt dong )
*Mga thi b,(M)=M’ <> a la dudng trung tri'c cia MM’
«D,(M)=M’ thi B,(M")=M
« D, (H)=H' thi B,(H)=H , H' 1a 4nh ctia hinh H .
« DN : d 12 truc d6i xdng cda hinh H < Dg(H)=H .
« Phép d6i xitng truc hoan toan xéc dinh khi biét truc ddi xing ctia né .
Chii y : Mot hinh c6 thé khong c6 truc ddi xiing ,c6 thé c6 mot hay nhiéu truc ddi xing .

b) Biéu thirc toa d6: M(x;y)——M' = b,M)=(x;y") a
ldEOx:{X:zx ldEOyi{X::_X
y'=-y y'=y d ., . P
M H it

¢) PL: Phép doi xing truc 13 mét phép doi hinh.

«Hé qua :

1.Phép d6i xitng truc bi€n ba diém thing hang thanh ba diém thing hang va bio toan thi tif

cia cdc di€m tuong Gng .
2. Pudng thing thanh dudng thing .
3. Tia thanh tia .
4. Poan thing thanh doan thing bing né .
5. Tam gidc thanh tam gidc bing n6é . (Truc tAm ——> tryc tAm , trong tAim —— trong tan

6. Pudng tron thinh dudng tron bing né . (TAm bié€n thanh tAim : [——>I',R'=R)
7. Géc thanh géc bang né .

—

3. Phép d6i xirng tim:

a) PN : Phép d6i xtng taim I 12 mot phép doi hinh bién mdi di€ém M thanh diém M’ d6i xting
v6i M qua L.

Phép d6i xitng tAim con goi 1a phép d6i xitng qua mot diém

Pi€m I goi 14 tAm ciia clia phép ddi xiing hay don gidn 12 tAm d6i xiing .

Ki hiéu : Py(M)=M' < IM' = -IM .

)



«NéuM=1thiM'=I
« NéuM #1 thi M' =DPy(M) < 1 1 trung tryc cia MM’
« DN :DPiém I 1a tim ddi xténg cta hinh H < Dy(H) = H.
Chd ¥ : Mot hinh c6 thé khong ¢ tim ddi xing .
b) Biéu thic toa dd : Cho I(Xg3Yo) va phép doi xing tam I :
M(x:y) —2L> M’ = By(M) = (') thi {X,z 2Xo~x
Y =2yo~y
c¢) Tinh chat :
1. Phép ddi xitng tim bao toan khodng cich giita hai di€m bat ki .
2. Bi€n mot tia thanh tia .
3. B4o toan tinh thing hang va thif ty ctia cdc di€m twong tng .
4. Bi€n mot doan thing thanh doan thing biing né .
5. Bi€n mot dudng thing thanh mot dudng thing song song hoic tring véi dudng thing da chd
6. Bi€n mot géc thanh géc c6 s6 do bing no .
7. Bié€n tam gidc thanh tam gidc bing né . ( Tryc tAm — tryc tdm , trong tim — trong tam )

8. Pudng tron thanh dudng tron bing né . ( TAm bi€n thinh tim : I——1',R'=R)

Bai tap tu luan

1. Phép tinh tién:
a) Dang bai tap va PP giai: )
¢ PHUONG PHAP TiM ANH CUA MQT PIEM

T , b | X=x+a -
M(x;y) > M'=T (M) = (x’;y") thi Yoy 4 b’ v6i u(a;b)

¢ PHUONG PHAP TIM ANH CUA MQT HINH (H). 7
Céch 1: Dung tinh chat (cung phuong ctia duong thang, ban kinh duong tron: khong doi)
1/Ldy M e (H) ——M' e (H")
2/ « (H) = dudng thing —— (H') = dudng thing cling phuong
+Tam I +Tam I’
)= (C){+ bk : R

+ bk :R'=
Céch 2 : Dung biéu thifc toa do .
Tim x theo x', tim y theo y' rdi thay vio biéu thifc toa do .

— H)= (C’){ R (cAn timT) .

s 2 . T_
Céach 3 : Lay hai di€ém phan biét : M, Ne (H) —2>M’, N' e (H")

b) Van dung:



Trong mpOxy . Tim 4nh ctia M’ ctia diém M(3;—2) qua phép tinh ti€n theo vecto i = (2;1) .
Giai

Theo dinh nghia ta c6 : M' = T;(M) < Wzﬁ@(x'—3;y'+2)z(2;l)<:> {;;?Z’i?@{;iil
= M'(5;—1)
Tim 4nh cdc di€m chi ra qua phép tinh ti€n theo vecto i :
a) A(-1;1),u=(3;1) = A'(2;3)
b) B(2;1) ,u=(-3;2) = B'(-1;3)
c)C(3;-2),u=(-13) = C'(2;1)

Pudng thing A cit Ox tai A(1;0) , cit Oy tai B(0;3) . Hiy viét phuong trinh
dudng thing A’ 12 4nh clia A qua phép tinh ti€n theo vectd ti = (—1;-2) .

Giai

Vi: A =T5(A)=(0;-2), B'=T;(B)=(-L1).

Mitkhic: A'=T{(A)= A" diqua A"B".
« qua A'(0;-2)

Do d6 : A’ _
« VICP: A'B'=(-1:3)

optts A ST
P Cly=-2+3t

Tim 4nh cla cdc dudng thing sau qua phép tinh tién:
a)A:x-2y-4=0,u=(0;3) =>A :x-2y+2=0
b)A:3x+y-3=0,l=(-1;-2) S A 3x4y+2=0

Tim 4anh ctia dudng tron (C) : (x + 1)2 +(y—2)2 =4 qua phép tinh ti€n

theo vecto i =(1;-3) .

Giai

Bi€u thic toa do ctia phép tinh ti€n T 1a : {X:= 1l {X =x'-1

y=y-3 y=y+3

Vi:Mxy)e©):(x+ D)2 +(y-22 =4 x? (v +1)% =4

o M(x5y)e(C):x2+(y+1)% =4

Vay : Anh ctia (C) 12 (C)) : x% + (y+1)% =4

2. Phép dbi xirng truc:
a) Dang bai tap va PP giai: )
¢ PHUONG PHAP TiM ANH CUA MOT PIEM

¢ PP: Tim 4nh M' = b, (M), thuc hién cic budc:
1.(d)>M,dlLa

2.H=dna

3. H 12 trung diém cia MM’ > M’ ?

¢ PHUONG PHAP TIM ANH CUA MQT PUONG THANG



® PP: Tim 4nh clia dudng thing : A'= D, (A)

o TH1: (A)// (a)

1.Liy ABe(A): A=B

2. Tim anh A'=D,(A)

3.A' 5 AN (a) > A
*TH2:A K a

I. Tim K=AnNa
2.LAyPeA:P=K.TimQ=Db,(P)
3. A'=(KQ)

¢ PHUONG PHAP TIM ANH CUA MQT PUONG TRON , ,
PP: Tim anh cta tam I qua phép do6i xting truc va dung tinh chat “Phép doi xung truc bién dudong
tron thanh dudng tron c6 cung ban kinh”

¢ PHUONG PHAP TIM M €(A) : (MA + MB) ,1ip-

m pp:TimMe(A) : (MA + MB),_; .

Tim M € (A) : (MA+ MB) i, 4 ]
* Loai 1 : A, B ndm cing phia doi véi (A) : H L\/ A

1) g0i A’ 1a d8i xting clia A qua (A) NM

2) VM € (A), thi MA + MB=MA'+ MB> A'B

Do d6: (MA+MB), ;= AB < M = (A'B) N (A)
¢ Loai 2 : A, B nim khéc phia doi véi (A) :

VM & (A), thi MA + MB > AB
Ta ¢6: (MA+MB),;;; = AB < M = (AB)N(A)

b) Van dung:




Trong mpOxy . Tim 4nh ctia M(2;1) déi xing qua Ox , roi ddi xitng qua Oy .
HD : M(2:1) 2055 M(2: — 1) 29y M"(—2: 1)

Trong mpOxy . Tim 4nh ctia M(a;b) d6i xitng qua Oy , rdi ddi xing qua Ox .
HD : M(ab) —2 5 M'( - azb) 205y M"(~a; ~ b)

Cho diém M(—1;2) va dudng thdng (a) : x + 2y + 2 =0 . Tim 4nh ctia M qua D,
HD:(d):2x-y+4=0,H=dna—>H(-2;0),

H 13 trung di€m cia MM’ —» M'(-3;-2)

Cho diém M(—4;1) va dudng thdng (a) : x + y =0 . Tim 4nh ctia M qua P,

Kq: =>M=Db,(M)=(-14)

Cho 2 dudng thing (A) : 4x—y +9=0, (a): x—y +3 =0. Tim 4nh A'= D_(A) .

HD:

e M(-155eA—>doM,La—>d:x+y-4=0—->H(1/2;7/2):
trung di€m clia MM’ - M’ =D, (M) =(2;2)
«AN'=KM":x-4y+6=0

4 -1 ,
PVisE— = Acita>K=Ana>KE2D

Tim b = B, (Ox) v6i dudng thing (a) : x + 3y +3=0.
HD:+«anOx =K(-3;0).
3

+M=0(0;0)eO0x: M'=b,(M) = (_g;_

9
5
+b=KM"3x+4y+9=0.

3. Phép d6i xirng tam:
a) Dang bai tap va PP giai:
¢ PHUONG PHAP TiM ANH CUA MOT PIEM
PP: Sir dung biéu thirc toa do :
Cho I(xg;Yo) va phép ddi xing tAm 1 :

M(x;y) LISV bi(M) =(x;y") thi
{X': 2Xp—X

y' =2yo-y
¢ PHUONG PHAP TiM ANH CUA MOT PUONG THANG

Céch 1: Duing biéu thifc toa do
Céch 2: X4c dinh dang A'// A, rdi dung cong thifc tinh khodng cdch d(A;A") — A
C4ch 3: LAy batky A Be A, rditimdnh A’,B' e A'= A'=A'B’

¢ PHUONG PHAP TIM ANH CUA MQT PUONG TRON

Céch 1: Str dung biéu thirc toa do.

Céch 2: Tim anh ciia tim I qua phép ddi xirng tAm va dung tinh chat “Phép ddi xirng tim
bién dwong tron thanh dwong tron c6 cung ban kinh”



b) Van dung:
Tim 4nh cda cic di€m sau qua phép ddi xtiing tAm I :

1) A(-2;3),1(1;2) =A'(4))

2) B(3;1),I(-1;2) = B'(-5;3)

3)C(2:4) ,1(3;1) =C'(4-2)
Giai :

1) Gidsit: A'=P(A) o [A=-1A & (x' -1y’ -2)=—(-3;1)
x'—1=3 x'=4 'oa
Q{y'—2=—1©{y'=l = A'(4;1)
Céch #: Dung biéu thic toa do
2),3) Lam tudng ty

Tim anh cda cic dudng thing sau qua phép ddi xing tAm I :

I)(A):x+2y+5=0,I(2;-1) = (A):x+2y-5=0

2)(A):x-2y-3=0,1(1;0) = (A):x-2y+1=0

3) (A):3x+2y—-1=0,1(2;-3) = (A):3x+2y+1=0
Giai

1) Céch 1:Ta ¢6 : M(xzy) 1 ,Mf{x =4-x j{x:4—x

y=-2-y |ly=-2-y
ViMEx;y)eAx+2y+5=0<= (4 -x)+2(-2-y)+5=0=x"+2y'-5=0
SMEy)eA :x+2y-5=0
Vay : (A)IL (A'):x+2y-5=0
Cach2: GoiA'=Dj(A)= A" songsong A= A"x+2y+m=0(m=5).
51 | m |

I m =5 (loai)
= &
\/12 +22 \/12 +22

Theo dé : d(I;A) = d(;A) &
m=-5

5=Im|<:>{

—>(A):x+2y-5=0
Céch3: Ly : A(-5;0),B(-1;-2)e A= A'(9;-2),B'(5;0) => A'=A'B": x+2y-5=0

+ Cac y 2),3) lam tuong tu.



Tim 4nh cda cdc dudng tron va(P) sau qua phép doi xitng tAm I :
D (©):x% +(y-2)* =LEQ21)

2)(C):x%+y
3) (P):y = 2x

2
2

+4x +2y =0,F(1;0)
—x+3, tim 0(0:0) .

HD:1) C6 2 céch giai :
Céch 1: Dung biéu thic toa do .

Cach 2: Tim tam I Iﬁ—ﬂ’,R’ =R =(da cho) .
2) Tuong tu .

Két qua:

1) (C):(x-4)% +y
2)(C):x2 +y
PN hay biéu thiic toa d6

3)

2_,
2 _8x—2y+12=0

2 _x-3

>»(P'):y= —2x

Bai tip tric nghiém:

1. Phép tinh tién:
Nhin biét

Cau 1:

Cau 2;

Céu 3:

Trong mat phang OXycho diém A(2;5) . Phép tinh tién theo vecto v =(1;2) bién A

thanh diém c6 toa do 1a:

A (31) . B. (16) . C. (37). D. (47) .
Loi gidi
Chon C.
Nhic lai: Trong mat phang Oxy cho diém M (x;y) va diém M'(x;y"), v=(a;b) sao
cho: M'=T.(M).Taco: {X -
v y'=y+b
Ap dung cong thirc trén ta co: Anh ciia Aqua phép tinh tién theo vecto v=(L2) Ia

A'(37)
Trong mit phang OXy cho diém A(2;5) .Hoi A 1a anh cua diém nao trong cac diém sau
qua phép tinh tién theo vecto v =(1,2)?
A. (31) . B. (16) . C. (47) . D. (3,3) .
Loi giai
Chon D.
A laanh ciia diém M qua phép tinh tién theo vecto v = (1;2)
Ap dung cong thirc biéu thirc toa do ciia phép tinh tién ta co:

{XA:XM +a<:>{xM =2-1=1
Ya=Yu D Yu =5-2=3

Trong mit phing toa doOXy, phép tinh tién theo vecto v = (-3;2) bién diém A(L3)

= M(33)

thanh diém nao trong cac diém sau:
A (-32). B. (13). C. (-2:5) . D. (2;-5).
Loi giai



Chon C.
Nhic lai: Trong mat phang Oxy cho diém M (x;y) va diém M'(x;y"), v=(a;b) sao
X'=x+a
cho: M'=T.(M).Taco: {
v y'=y+b
Ap dung cong thirc trén ta c6: Anh cia A(l; 3) qua phép tinh tién theo vecto V= (—3; 2)

la A'(-2;5)

Cau4: Trong mit phing toa do Oxy, phéptinh tién theo vecto v =(L3) bién diém A(1;2)
thanh diém nao trong cac diém sau ?
A. (2;5) . B. (13) . C.(34). D. (-3,-4) .
Loi giai
Chon A.
Ap dung cong thirc trén ta c6: Anh cua A(L2)qua phép tinh tién theo vecto v = (1; 3) la
A(25)
Cau5:  Co6 bao nhiéu phép tinh tién bién mot duong thang cho trudce thanh chinh n6?
A. Khéng cé. B. Chi c6 mot. C. Chi ¢6 hai. D.V6sd.
Loi giai
Chon D.
Cau 6:  C6 bao nhiéu phép tinh tién bién mot duong tron cho trude thanh chinh nd?
A. Khéng cé. B. Mot. C. Hai. D.V6sd.
Loi giai
Chon B.
Cau7:  Co bao nhiéu phép tinh tién bién mot hinh vudng thanh chinh n6?
A. Khéng cé. B. Mot. C. Bon. D. V6 sd.
Loi giai
Chon B.
Cau8: Gia sir qua phép tinh tién theo vecto v = 0, dudng thing d bién thanh duong thing d ' .
Cau nao sau day sai?
A. d tring d' khi v 1a vecto chi phuong cia d .
B. d song song v&i d' khi v 1a vecto chi phwong cia d .
C. d song song v&i d' khi v khong phai 1a vecto chi phuong ctia d .
D. d khong bao gio cat d'.
Loi giai
Chon B.
Thong hiéu
Cau 9:  Cho hai duong thang song song d va d' . Tat ca nhirng phép tinh tién bién d thanh d'

la:

A. Cic phép tinh tién theo v, voi moi vecto v = 0 khong song song véi vecto chi phuong

cuad .
B. Cac phép tinh tién theo v, v6i moi vecto v =0 vudng goc vai vecto chi phuong ciia
d.



Cau 10:

Cau 11;

Céu 12;

Cau 13:

C. Cac phép tinh tién theo AA', trong d6 hai diém A va A' tiy y lan luot ndm trén d
vad'
D. Cac phép tinh tién theo v, v6i moi vecto v =0 tly Y.

Loi giai
Chon C.
Cho P,Q «cb dinh. Phép tinh tién T bién diém M bat ky thanh M, sao cho
MM, = 2PQ.
A. T chinh 14 phép tinh tién theo vecto @ B. T chinh 1a phép tinh tién theo vecto
MM, .
C. T chinh 1a phép tinh tién theo vecto 23(3. D. T chinh 13 phép tinh tién theo vecto

1—
~PQ.
2Q

Loi giai
Chon C.
Cho phép tinh tién T. bién diém M thanh M, va phép tinh tién T. bién M, thanh M, .
A.Phép tinh tién T . bién M, thanh M, .
B. Mot phép dbi xtng truc bién M thanh M, .
C. Khong thé khang dinh dugc co hay khong mot phép doi hinh bién M thanh M, .
D. Phép tinh tién T_ . bién M thanh M, .
Loi gii
Chon D.
T. bién diém M thanh M, tacé MM, =u

T. bién M, thanh M, tacé MM, =v
Phép tinh tién T . bién M thanh M, khi dé

U+v=MM, < MM, + MM, = MM, < MM, = MM, ( ding)
Cho phép tinh tién vecto v bién A thanh A' va M thanh M ' . Khi do:

A AM =-A'M". B. AM=2A'M'. C.AM=A'M". D.
3AM =2A'M .

Loi giai
Chon C.

Tinh chét 1: Néu T,(M) = M', T,(N)=N' thi M'N' = MN . Hay phép tinh tién béo toan
khodng cdch giita hai diém bat ki.

Trong mit phing Oxy , cho v = (a;b) . Gia st phép tinh tién theo v bién diém M (x;y)

thanh M'(x";y") . Ta co biéu thirc toa do ciia phép tinh tién theo vecto v 1

10



Cau 14:

Céau 15;

Céau 16:

X'=X+a X=X'+a Xx'-b=x-a
A. . B. . C. . D.
y'=y+b y=y'+Db y'—a=y-b

X'+b=x+a
y'+a=y+b
Loi giai
Chon A.

Vian dung
Trong mit phang Oxy, cho phép bién hinh f xac dinh nhu sau: Véi mdi M (x;y)ta co
M'=f(M) saocho M'(x"y') thbaman X'=x+2,y'=y-3.
A. f 1a phép tinh tién theo vecto v=(23) . B. f 1i phép tinh tién theo vecto
v=(-23) .
C. f 1a phép tinh tién theo vecto v = (-2;-3) . D. f 1a phép tinh tién theo vecto
v=(2;-3).
Loi gidi
Chon D.
Ap dung cau 13.
Trong mit phingOXy, anh cua dudng tron: (X—Z)2 +(y—1)2 =16 qua phép tinh tién

theo vecto Vv = (1;3)1a dudng tron c6 phuong trinh:

A (x-2)"+(y-1)" =16. B.(x+2)" +(y+1)’ =16.

C. (x—3)2+(y—4)2:16. D. (x+3)2+(y+4)2:16.
Loi gidi

Chon C.

Theo dinh nghia ta co6 biéu thirc toa d6 cua phép tinh tién 1a :

X'=x+a=x+1 x=x"-1

S

y=y+b=y+3 y=y'-3
Thay vao phuong trinh dudong tron ta c6 (X - 2)2 + ( y —1)2 =16
& (x'-1-2)"+(y'-1-3)" =16 = (X' -3) +(y'-4)" =16
Vay anh cta dudng tron da cho qua phép tinh tién theo vecto V= (1; 3) la duong tron cod
phuong trinh:
(x—3)2 +(y—4)2 =16.
Trong mit phang OXy cho 2 diém A(16);B(-1-4). Goi C,D lan luot 14 anh cua A va

B qua phéptinh tién theo vectoV = (L 5) .Tim khang dinh dung trong cac khang dinh sau:

A. ABCD la hinh thang. B. ABCD la hinh binh hanh.

C. ABDC la hinh binh hanh. D. Bén diém A, B, C, D thing hang.
Loi giai

Chon D.

Tacé: AB=(-2;-10)=-2(15)=2v()
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Céu 17;

Céau 18:

Céu 19:

Céu 20:

Do d6 C, D lan luot 1d dnh ciia A va B qua phéptinh tién theo vectov =(L5)thi
AC=BD=v(2)

Tur (1);(2)suy ra AB//AC//BD do d6 A,B,C,D thang hang.

Trong mit phang OXy , anh ctia dudng tron : (X + 1)2 +(y- 3)2 = 4 qua phép tinh tién theo

vecto V = (3;2)1a dudng tron c6 phuong trinh:

A. (x+2)2+(y+5)2:4 B. (x—2)2+(y—5)2=4_

C.(x-1)"+(y+3) =4. D. (x+4)" +(y-1)" =4.
Loi giai

Chon B.

Theo dinh nghia ta ¢6 biéu thirc toa dd ctia phép tinh tién 12 :
X'=X+a=x+3 X=X"-3
S
y=y+b=y+2 y=y'-2
Thay vao phuong trinh duwong tron ta 6 : (X +1)2 +(y —3)2 =
(X -3+ +(y'-2-3)' =4 = (x-2)" +(y'-5) =4
Vay anh cua dudng tron :(X +1)2 + ( y - 3)2 =4qua phép tinh tién theo vecto
=(3;2)1a dudng tron c6 phuong trinh: (X - 2)2 +(y - 5)2 =4,

Tim ménh dé sai trong cac m¢nh dé sau:

A. Phép tinh tlén bao toan khoang cach gitra hai diém bat ki.

B. Phép tinh tlen bién ba diém thang hang thanh ba diém thang hang

C. Phép tinh tlen bién tam giac thanh tam giac bang tam giac da cho

D. Phép tinh tién bién duong thang thanh duong thang song song véi duong thang da cho
Loi giai

Chon D.

Phép tinh tién bién duong thang thanh dudng thing song song véi duong thing da cho

khi va chi khi vécto tinh tién vcung phuong véi vécto chi phuong cua dudng thing da

cho.

Trong mit phang Oxy cho 2 diém A(1; 1) va B (2; 3). Goi C, D lan luot 1a anh cua A va

B qua phép tinh tién v = (2; 4). Tim khing dinh dung trong c4c khing dinh sau:

A. ABCD la hinh binh hanh B. ABDC Ia hinh binh hanh
C. ABDC la hinh thang D. Bén diém A, B, C, D thang hang
Loi giai
Chon D.
Taco: ﬁz(lﬂ)z%\?(l)
Do d6 C, D lan luot 12 anh cia A va B qua phéptinh tién theo VeCtOQ=(1;5)thi

AC-BD =(2)
Tur (1);(2)suy ra AB//AC//BD do d6 A,B,C,D thang hang.
Cho hai duong thang d va d’ song song nhau. C6 bao nhiéu phép tinh tién bién d thanh
d'?
Al B. 2. C.3. D. V# sb.
Loi giai

12



Cau 21;

Cau 22:

Céu 23:

Céau 24:

Chon D.
Vi d //d'nén 1an luot 14y 2 diém trén hai duong thing M ed;N ed'thi phép tinh tién
theo vécto: v = MN luén bién dudng thang d thanh duong thang d’.
Khang dinh nao sau day la ding vé phép tinh tién ?
A. Phép tinh tién theo vécto v bién diém M thanh diém M'thi v=MM .
B. Phép tinh tién 1a phép ddng nhét néu vécto tinh tién v=0.
C. Néu phép tinh tién theo vécto v bién 2 diém M,N thanh hai diém M’ N'thi
MNNM'1a hinh binh hanh.
D. Phép tinh tién bién mot duong tron thanh mot elip.
Loi giai
Chon B.
A sai vi Phép tinh tién theo vécto v bién diém M thanh diém M'thi v=MM’.
B diing vi phép tinh tién theo vécto tinh tién v = 0bién moi diém M thanh chinh né nén
l1a phép dong nhat.
C sai vi nfu MN;vla hai vécto cung phuong thi khi d6 MM’=NN’=v nén

MN;MM"NN'lad cic vécto cung phuwong do d6 thing hang vi vdy ti giac
MNN M’ khéng thé 14 hinh binh hanh.

D sai vi phép tinh tién bién mot duong tron thanh duong tron.

Cho hinh binh hanh ABCD, M la mét diém thay ddi trén canh AB . Phép tinh tién theo

vt BCbién diém M thanh diém M’ thi khing dinh nao sau day 1a khing dinh dung ?

A.Piém M’ tring véi diém M . B. Piém M’nam trén canh BC.
C. Piém M'la trung diém canh CD. D. Piém M'nam trén canh DC .
Loi gidi
Chon D.

Vi phép tinh tién bao toan tinh chat thang hang.
Khido: T.:A—>D;B—>Cnén T.: AB—>CD.

VIT_(M)=M'va M e AB=M'eDC.
Cho phép tinh tién theo vt v =0. Phép tinh tién theo vt v =0 bién hai diém M, N thanh
hai diém M’, N'khi d6 khing dinh ndo sau ddy dung nhat ?

A. Piém M tring véi diém N. B.Vt MN lavt 0.
C.Vt MM'=NN'=0. D. MM'=0.

Loi giai
Chon C.

A sai khi hai diém M, N phan biét.

B sai khi hai diém M, N phén biét.

C ding vi theo dinh nghia phép tinh tién thi ta co : MM’ =NN"=0.

D sai vi thiéu diéu kién NN"=0.

Trong mit phing v6i hé truc toa do OXy, phép tinh tién theo vt v = (L2) bién diém

M (-1;4) thanh diém M'c6 toa do 1a ?

A.M'(0;6). B.M'(6:0). C.M'(0;0). D. M'(6:6).
Loi giai

Chon A. ) )

Theo dinh nghia ta c¢6 biéu thirc toa dd cuia phép tinh tién 1a :

{x’: X+a=-1+1=0

M'(0;6).
yoyib=aiz—p & M6
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Cau 25: Trong mit phang véi hé truc toa dd Oxy .Cho diém M (-10;1) va M’(3;8). Phép tinh
tién theo vt v bién diém M thanh diém M’, khi d6 toa d6 cua vt v 13?2
Av=(-137). B.v=(13-7). C.v=(137). D. v=(-13-7).
Loi giai
Chon C.
Phép tinh tién theo vt v bién diém M thanh diém M'néntacé: v=MM’=(13,7).

2. Phép ddi xirng truc

Nhén biét
Céu 1. Hinh vudng c6 may truc doi xing? )
Al B.2 C.4 D. v6 s0

Cau 2:Trong mat phang Oxy cho diem M (2;3) . Hoi trong bon diém sau diém nao la anh cia
M qua phép dbi xting truc Ox ?
A (32). B. (2;-3) . C. (3-2). D. (-2;3) .
7 Loi giai ’
Goi M'(x’;y’) la anh cta diém M (X;y) qua phép doi xing truc Ox ta co:

{x’ =X {x' =2
' = ' '
y=-y  ly=-3

Vay M'(2;-3).

Chon B.
Cau 3:Trong mit phang Oxy cho diém M (2;3) . H6i M la anh ciia diém nao trong céc diém sau
qua phép dbi xting truc Oy ?

A (32) . B. (2-3) . C. (3-2). D. (-2:3) .

Loi giai
Goi M'(x’;y’) 1a anh ctia diém M (x;y) qua phép ddi ximg truc Oy ta co:
{x’ =—X {x' =2
' = ’ )
y=y  |y=3

Vay M'(-2;3).

Chon D.
Cau 4:Trong mat phang Oxy cho diém M (2;3) . Héi trong bon diém sau diém nao 12 anh cua M
qua phép ddi ximg qua duong thang A:x-y=0 ?

A (32). B. (2;-3) . C. (3-2). D. (-2;3) .

Loi gidi

Goi M'(x;y’) la anh cta diém M (x;y) qua phép doi ximg qua A:x-y=0.

Goi d 1a dudng thang di qua diém M (2;3) vavudng géc A:x—y =0 taco:

d:x+y-5=0.

Goi | =d N A thi I(E,Ej
2 2

14



Khi d6 | 1a trung diém cia MM’ nénsuy ra M'(3;2).

Chon A.
Cau 5:Hinh gdom hai duong tron c6 tam va ban kinh khac nhau c6 bao nhiéu truc ddi xng?
A. Khéng cé. B. Mot. C. Hai. D. V6 sd.
Loi giai
Chon B.
Cau 6:Hinh gdom hai dudng thang d va d’ vudng goc voi nhau d6 c6 may truc ddi xang?
A 0. B. 2. C. 4. D. Vb sb.
Loi giai
" d .
d' A
7 \\\

Taco 2 tryc dbi xing 1a 2 duong thang d6 va 2 duong phan giac tao boi 2 dudng
thiang do.
Chon C.
Cau 7:Trong c&c ménh dé sau ménh dé nao dang?
A. Puong tron 14 hinh ¢ vo sb truc dbi xtng.
B. Mot hinh c¢6 vo s6 truc ddi xtng thi hinh d6 phai 14 hinh tron.
C. Mot hinh ¢6 v6 sb truc ddi xtng thi hinh d6 phai 1a hinh gdm nhitng duong tron dong
tam.
D. Mot hinh ¢ vo s6 truc di xtng thi hinh d6 phai 1a hinh gdm hai duong thing vudng
goc.
Loi giai
Céac duong kinh cua duong tron 1a cac truc doi xtng.
Chon A.
Cau 8:Xem cac chir ci in hoa A,B,C,D,X,Y nhu nhiing hinh. Khang dinh nao sau ddy ding?
A. Hinh c6 mdt truc d6i xting: A,Y va cac hinh khac khong cé truc dbi xtmg.
B. Hinh ¢6 mot truc doi xung: A,B,C,D,Y . Hinh c6 hai truc doi xung: X.
C. Hinh c¢6 mot truc ddi xang: A,B va hinh ¢6 hai truc d6i xtmg: D,X .
D. Hinh ¢6 mdt tryc ddi ximg: C,D,Y . Hinh c6 hai truc d6i xtmg: X . Cac hinh khac
khong c6 truc dbi xtmg.
Loi giai
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Hinh c6 mot truc dbi ximg: A,B,C,D,Y . Hinh c6 hai tryc d6i xang: X .

Chon B.

Thong hiéu
Cau 9:Gia sir rang qua phép doi xing truc P, (a la truc ddi xtng), duong thang d bién thanh
duong thang d’ . Hay chon cAu sai trong cic cau sau:

A. Khi d song song vdi a thi d song song vdi d’.

B. d vudng goc voi a khi va chi khi d trung véoi d’.

C.Khi d cat a thi d cat d’. Khi d6 giao diém ctia d va d’ nam trén a.

D. Khi d tao voi a mot goc 45° thi d vudng goc vai d’.

Loi giai 7
Tacd d vuong goc voi a thi d trung vai d'. Nguoce lai d trung véi d’ thi a co thé
trung d .
Chon B.

Cau 10:Trong mat phang Oxy , cho Parapol (P) c6 phuong trinh x* =24y . Héi Parabol nao
trong cac parabol sau la anh ciia (P) qua phép doi xung truc Oy ?
A x> =24y . B. x* =-24y . C. y* =24x . D. y?=-24x -
7 Loi giai ’
Goi M'(x’;y') la anh ctia diém M (x;y) qua phép doi ximg truc Oy ta co:

{x':—x {x:—x'
' = re
y =Y y=y

(P'):x? =24y’
Vay (P'): x* =24y.
Chon A.

Cau 11:Trong mat phang Oxy , cho parabol (P):y®=x. Héi parabol nao sau ddy la anh cua
parabol (P) qua phép ddi xtng truc Oy ?

Ay =x. B. y=-X . C. x°=-y. D.xX*=y .

7 Loi giai ’
Goi M'(x’;y') la anh ctia diém M (X;y) qua phép doi xung truc Oy ta co:
{x’,:—xj{x:—?(’.
y =y y=Yy

(P):y?=-x

Vay (P'):y? =—x.

Chon B.
Cau 12: Trong mat phiang Oxy cho parabol (P) c6 phuong trinh x* =4y . Hoi parabol nao trong
cac parabol sau la anh ciia (P) qua phép ddi xing truc Ox ?

A xX*=4y . B. x*=-4y . C. y*=4x . D. y* =—-4x .
Loi gidi
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Goi M'(x;y’) la anh cta diém M (x;y) qua phép doi ximg truc Oy ta co:

{x’:x {x:x'
' = r"
y=-y " ly=-y

(P):x?=-4y’
Vay (P'):x*=-4y.
Chon B.

Cau 13:Trong mat phang Oxy, qua phép déi xing truc Oy . Diém A(3;5) bién thanh diém nao
trong cac diém sau?
A. (35) . B. (-35) . C. (3-5) . D. (-3-5) .
Loi giai
Goi A'(x;y') 1a anh cia diém A(x;y) qua phép dbi xtmg truc Oy ta co:

{x’:—x {x’=—3
' = ’ )
y=y y'=5
Viy A'(-3;5).

Chon B.

Cau 14: Cho 3 duong tron c6 ban kinh bang nhau va do6i mét tiép xic ngoai véi nhau tao thanh
hinh (H) . Hai (H) c6 may truc déi xtng?
A 0. B.1. C.2. D. 3.
Loi giai

Goi 1,J,K 1an luot 1a tim ctia 3 dudng tron c6 ban kinh bang nhau va déi mot tiép xuc
ngoai v&i nhau tao thanh hinh (H).

Truc ddi ximg cua hinh (H) 1a cac dudng cao cua tam gidc déu 1JK .

Chon D.

Cau 15: Tim ménh dé sai trong cA&c ménh dé sau:
A. Phép dbi xtig truc bao toan khoang cach giira hai diém bét ki.
B. Phép ddi xtmg truc bién mot duong thang thanh mot dudng thang song song hodc
trung voi duong thang da cho.
C. Phép d6i xting tryc bién tam gidc thanh tam giac bang tam giac da cho.
D. Phép ddi xtng truc bién dudng tron thanh duong tron bang dudng tron da cho
Loi giai
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Dua vao céc tinh chat ctia phép d6i xtng truc ta c6 cau B sai.
Chon B.
Van dung
Cau 16: Phét biéu nao sau dy la dang vé phép ddi xang truc d :
A. Phép dbi ximg truc d bién M thanh M’ < MI =M’ (I 1a giao diém caa MM’ va
truc d).
B.Néu M thudc d thi B, (M)=M.
C. Phép d(f)i xumng truc khong phai la phép doi hinh.
D. Phép d6i xung truc d bien M thanh M’ < MM’ 1. d .
‘ Loi giai
Chiéu nguoc lai sai khi MM’ khéng vudng géc véi d
Pung, phép dbi xtng truc giit bat bién cac diém thudc truc déi xung.
Sai, phép ddi xang truc 1a phép doi hinh.
Sai, can MM’ L d tai trung diém cia MM’ moi suy ra duoc M’ la
anh cia M qua phép d6i xung truc d , tirc 1a can d 1a trung truc caa MM’
Cau 17: Cho hinh vuéng ABCD c¢6 hai duong chéo AC va BD cat nhau tai | . Hay chon phat biéu
dung trong cac phat biéu sau day.
A. Hai diém A va B dbi ximg nhau qua tryc CD .
B. Phep doi ximg truc AC bicn A thanh C.
C. Phép doi xting truc AC bién D th,élnh B.
D. Hinh vuéng ABCD chi ¢6 2 truc doi xing la AC va BD .

oW

Loi giai:
A . Sai.
B. Sai, phép dbi xtmg truc AC bién diém A thanh chinh no.
C. Dlng.

D. Hinh vudng c6 4 truc d6i xtmg.
Cau 18: Trong mit phang vai hé truc toa do Oxy, cho phép dbi xting truc Ox . Véi bat ki, goi M’
la anh cia M qua phép ddi xang truc Ox . Khi d6 toa do diém M’ 1a:
A M'(xy) . B. M'(-x,y) C. M'(-x,—y) D. M'(x,-Y)
i ) Loi giai: . )
Hai diém doi xtmg nhau qua truc Ox 6 hoanh d¢ bang nhau va tung d¢ doi nhau.
Cau 19: Trong mat phang véi hé truc toa @ Oxy. Cho phép ddi xtng truc Oy, véi M (x,y) goi
M’ laanh cia M qua phép ddi ximng truc Oy . Khi d6 toa do diém M’ la:
A M'(x,y) B. M'(-Xx,y) C. M'(=x,—-Y) D. M'(x,-y)
o Loi gigi: ,
Hai diém d6i xtrmg nhau qua truc Oy c6 tung d6 bang nhau va hoanh d6 d6i nhau.

Cau 20: Hinh nao sau day c6 truc di xang (mdi hinh 1a mot chix céi in hoa):

A.G B.O C.N D. M
Cau 21: Hinh nao sau day c6 truc ddi xing:
A. Tam giéc bt ki B. Tam giéc cén
C. T giac bat ki D. Hinh binh hanh.
Cau 22: Cho tam giac ABC déu. Hoi hinh tam giac déu ABC c6 bao nhiéu truc ddi xung:
A. Khong c6 truc déi’ xung. B. C6 duy nhit 1 truc d6i ximg.
C. Co6 ding 2 tryc doi xing. D. C6 dung 3 tryc doi xting.
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Cau 23: Trong mat phang véi hé truc toa dd Oxy, cho phép ddi xting truc Ox . Phép ddi xting truc
Ox bién duong thang d : X + y—2 =0 thanh duong thang d’ c¢6 phuong trinh la:
A x-y-2=0 B. Xx+y+2=0 C. x+y-2=0 D. x-y+2=0
Loi giai:
Goi M'(x;y) laanh cua M (x;y) qua phép dbi xtmg truc Ox . Khi do:
{x’ =X {x =X
! @ !
y=-y " ly=-y
Medeox+y-2=0=x+(-y)-2=0=x-y' -2=0
Vay M’ thudc duong thang d’ c6 phuong trinh X —y—-2=0
Cau 24: Trong mat phang voi hé truc toa do Oxy. Phép ddi xung truc Ox bién duong tron
(C):(x —1)2 +(y+ 2)2 =4 thanh duong tron (C') ¢ phuong trinh la:
A. (x+1)2+(y+2)2:4 B. (x—1)2+(y+2) =
C. (x—l)2+(y—2)2:4 D. (x+1)2+(y—2)2=
Loi giai:
Goi M'(x;y') laanh cia M (x;y) qua phép ddi xtmg truc Ox . Khi do:
{x’ =X {x =X
! @ ’
y=-y y=-y
M e(C) <:>(x—1)2 +(y+2)2 =4 <:>(x’—1)2 +(—y’+2)2 =4
Vay M’ thudc duong tron (C') c6 phuong trinh (X —1)2 +(y- 2)2 =4
Cau 25: Trong mat phang véi h¢ truc toa dd OXy, cho phép dbi xtng truc d :y—x=0. Phép ddi
xing truc d bién duong tron (C):(x+1)° +(y—4)" =1 thanh duong tron (C’) co phuong trinh la:
A. (x +1)2 +(y—4)2
C. (x+4)" +(y-1)

1 B. (x—4)2+(y+1)2:1
1 D. (x+4)" +(y+1)" =1
Loi giai:

(C) cotam 1(-14) va ban kinh bang 1.
Goi I’ 1a anh cta 1(-14) qua phép ddi xtmg truc d :y—x=0. Khi d6, d 1a trung truc cta 11" .
Goi H(x;y) la trung diém cta 11" .

Hed X=Yy 3

IH.u, =0 X+1+y-4=0 2
Do d6 1'(4;-1) .
Phép d6i xtmg truc bién dudng tron thanh dudng tron cd cung ban kinh nén anh cua
(C) la :(C’):(x+4)2+(y+1)2 =1

3. Phép ddi xirng tam
Nhin biét
Cau 1: Cho hai diém 1(1;2) va M (3;-1). Hoi diém M’ ¢ toa do nao sau ddy la anh cuia M qua

phép @i xang tam 1 ?
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Pap an B.
Hinh gém hai dudng tron phan biét ¢6 cing ban kinh

A B
c6 mot tim ddi ximg, tAm di xting d6 chinh 14 trung
diém cua doan ndi tam.
That vay, gia st hai duong tron la:
(C)): (x—xl)2 +(y- yl)2 =R?;
(€)1 (x=%) +(y-y,) =R?
Trung diém doan ndi tdm c6 toa do
s n)
2 2
A. (2;1) B. (-15) C. (-133) D. (5,—4)

Loi giai:
| 1a trung diém cia MM’ nén ta chon cau B.
Cau 2: Trong mit phang Oxy cho duong thang d c6 phuong trinh x = 2. Trong cac duong thing
sau dudng thang nao 1a anh ciia d qua phép ddi xang tam O ?

A x=-2 B.y=2 C.x=2 D.y=-2

Loi giai
Anh 12 mot duong thang song song véi d (vi tim ddi ximg O khong thugc d ) nén ta
chon A.

Cau 3: Trong cac ménh dé sau ménh dé nao dung?
A. Qua phép d(f)i ximg tam khong c6 diém nao bjén thanh chinh né.
B. Qua phép doi xtng tdm c6 dung mot diém bién thanh chinh no.
C. C6 phép d61 xtng tam c6 hai diém bién thanh chinh no.
D. C6 phép doi xing tam co6 vo so6 diém bién thanh chinh no.
Loi giai
Chon B, vi phép ddi xting tam chi giir bat bién tdm d6i ximg.
Cau 4: Trong mat phiang Oxy, cho duong thiang d c6 phuong trinh X —Yy+4=0. Hoi trong céc
duong thang sau dudng thang nao co thé bién thanh d qua mot phép ddi xang tam?
A 2x+y-4=0 B. x+y-1=0 C. 2x-2y+1=0 D.
2X+2y—-3=0
Loi giai
Phép dbi Xung tam bién mot dudng thang thanh duong th'fmgq song song hodc trung vdi
dudng thang ban dau, nén ta chon dap an C vi chi c6 duong thang ¢ cdu C mdi song song
vol d.

Cau 5: Hinh gém hai dudng tron phéan biét c6 cung ban kinh ¢ bao nhiéu tim di xing?
A. Khdng co. B. Mot. C. Hai. D. Ba.
Loi giai
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Léy mot diém M (x,;¥,) €(C.) = (% - %) +(¥o - ) =R?
Piém dbi xtmg véi M qua C co toa do M'(X1+X2—X0;y1+y2—y0)
Ta chimg minh M’ (C,) do (X, +X, — X, —X2)2 (Yot Yo = Yo~ Y2)2 :(Xo_xl)2 +(¥o - yl)2 =R’

V6i mbi diém M xac dinh duoc diém M’ 14 duy nhéat nén C 1a tAm dbi xtng cua hai dudng tron.

Cau 6: Trong hé truc toa &0 Oy cho diém 1 (a;b) . Néu phép dbi xtmg tam | bién diém M (x;y)
thanh M’(x’;y’) thi ta c6 biéu thirc:

X'=a+X X'=2a-Xx X'=a-Xx Xx=2x"—-a
AL . B.:, . C. . D. o
y'=b+y y'=2b-y y'=b-y y=2y'-b
Loi giai
Pap an B.
Phép dbi xtmg tam | bién diém M (x;y) thanh M’(x;y’) thi | 1a trung diém cua
MM’
X+x'
> @ {x’:Za—x
= , =1, .
y+y _,  ly'=2b-y
2

Cau 7: Trong mit phang Oxy, cho phép ddi xting tdm 1(L2) bién diém M (x;y) thanh
M’(x;y"). Khi do:

X'=-X+2 X'=-X+2 X'=-X+2 X'=X+2
AL . B.{ . ci . D.{, .

y'=-y-2 y=-y+4 y=-y-4 y=y-2

Loi giai

Pap an B.
Phép dbi xtmg tam | bién diém M (x;y) thanh M’(x;y’) thi | 1a trung diém cua
MM’

X+ X'

2 =1 {x'=—x+2
= . > :

y+y _, y'=-y+4

2

Céu 8: Mot hinh (H) c6 tam d6i xtmg néu va chi néu:
A. Tén tai phép ddi xtmg tam bién hinh (H) thanh chinh no.
B. Tdn tai phép ddi xtmg truc bién hinh (H) thanh chinh no.
C. Hinh (H) la hinh binh hanh.
D. Ton tai phép doi hinh bién hinh (H) thanh chinh no.
Loi gidi
Pap an A.
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Cau 9: Hinh nao sau day khong co6 tam ddi ximng?
A. Hinh vuéng. B. Hinh tron. C. Hinh tam giac déu. D. Hinh thoi.
Loi giai.
Chon C.
Hinh tam giac déu khong c6 tam d6i xtng.

Céau 10: Trong mat phang (Oxy), tim anh ciia diém A(5;3) qua phép doi xung tam 1 (4;1).

A. (5;3). B. (-5;-3). C. (3-1). D. (%ZJ
Loi giai.
Chon C.

Goi A'(x;y') laanh cua A(5;3) qua phép ddi ximg tam 1 (4;1).
. [ X'=2%x, -X,=24-5=3
Ta co:
y'=2y, —y,=21-3=-1
Théng hiéu

= A'(3-1).

Cau 11: Trong mat phang (Oxy) cho duong thing d c6 phuong trinh X +Yy—2=0, tim phuong
trinh duong thang d’ 1a anh cua d qua phép ddi xang tam 1(1;2).
A X+y+4=0. B. x+y-4=0. C.x-y+4=0 D.x-y-4=0.
Loi gidi.
Chon B.
Liy M (x;y)ed.Goi M'(X;y’) laanh cia M qua phép déi xtimg tam 1(1;2).
] {x’=2.1—x=2—x {x=2—x’
Taco: § | = -
y'=22-y=4-y y=4-y
Do M(x;y)ed néntacd: x+y-2=02-x'+4-y' -2=0=x'+y' -4=0.
Ma M’'(x;y') ed’ nén phuong trinh d’ la: Xx+y-4=0.

Cau 12: Trong mat phing (Oxy), tim phuong trinh duong tron (C’) la anh cia dudng tron (C):
(x —3)2 +(y +1)2 =9 qua phép ddi xing tam 0(0;0).

A. (X—3)2+(Y+1)2=9- B. (x+3)2+(y+1)2:9.
C. (X—3)2+(y—1)2=9. D. (x+3)2+(y—1)2:9.
Li gidi.
Chon D.

Pudng tron (C): (x—=3)"+(y+1)°=9 c6 tam 1(3;-1) va cé ban kinh R =3.
biém doi xtmg véi 1(3;-1) qua O(0;0) la 1'(-3;1).
Vay phuong trinh (C') 1a: (x+ 3)2 +(y —1)2 =9.
Cau 13: Tim ménh dé sai trong cAc ménh dé sau:
A. Phép d6i xtmg tdm bao toan khoang cach giita 2 diém bat ki.
B.Néu IM'=1IM thi § (M)=M".

C. Phép ddi xtng tdm bién duong thing thanh dudng thing song song hoic
trung voi duong thang da cho.

D. Phép d6i xting tdm bién tam giac bang tam giac da cho.

Loi giai.
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Chen B, o »
Ménh d¢ nay sai vi thiéu diéu kién ba diem |I,M, M’ thang hang.

Cau 14: Trong mat phang (Oxy), cho diém 1(x,Y,). Goi M(x;y) 1a mot diém tuy y va
M’(x;y’) 1a anh cia M qua phép déi ximg tdm | . Khi d6 bieu thirc toa do clia phép ddi xtng

tam | la:

X'=2X,— X X'=2X, + X

AL . B.{ .
y'=2y,—-y y'=2y,+Yy

c {XZZXOJFX". > {x:xo—x".
y=2y,+y Y=Yy

Loi giai.

Chon A.

Vi | 1atrung diém cia MM,

Van dung

Cau 15: Trong mgt phang (Oxy), tim phuong trinh dudng tron (C’) la anh cua duong tron
(C): x*+y® =1 qua phép doi xung tam 1(1;0).

A. (x—2)2+y2:1. B. (x+2)2+y2:1.
C. x2+(y+2)2=1. D. x2+(y—2)2=1.
Loi gii.
Chon A.

buong tron (C): x*+y? =1 c6 tam O(0;0) va cé ban kinh R=1.
Diém dbi xtmg véi O(0;0) qua 1(10) 1a O'(x;Y').

o [xX'=21-0=2
Ta co: = 0'(2;0)
y'=2.0-0=0

Vay phuong trinh (C') la: (x— 2)2 +y?=1.
Cau 16: Trong mat phang (Oxy), cho duong tron (C): (x—l)2 +(y—3)2 =16. Gia st qua phép
doi xang tam 1 diém A(1;3) bién thanh diém B(a;b). Tim phuong trinh ciia duong tron (C') 1a

anh ctia dudng tron (C) qua phép déi xting tam 1 .

A. (x—a)2+(y—b)2:1 B.
(x—a)2+(y—b)2 =4,

C. (x—a)2+(y—b)2=9. D. (x—a)2+(y—b)2:16.
Loi giai.

Chon D.

Puong tron (C): (x—1)°+(y—3)"=16 6 tam A(L;3) va c6 ban kinh R =4.

Qua phép doi xtmg tam | bién A(L3) thanh B(a;b) nén B(a;b) chinh 1a tm cua
(C'). Phép ddi ximg tam 1a mot phép doi hinh nén (C') cotam R'=R=4.

Phuong trinh (C') la: (x - a)2 +(y- b)2 =16.
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Cau 17: Trong mit phing véi hé truc toa d (Oxy). Cho phép doi xtmg tim O(0;0) bién diém
M (—2;3) thanh M’ c6 toa d9 la:

A M'(-4;2). B. M'(~2;-3). C. M'(2;-3). D.
M'(2;3).
Loi giii.
Chon C.
Xy =2.0-(-2)=2
Taco: { " (=2) = M’(2;-3).
Yy =2.0-3=-3

Cau 18: Trong mit phang voi hé truc toa do (Oxy). Cho phép dbi ximg tam | (1;-2) bién diém
M (2;4) thanh M’ c6 toa d6 la:
A M (-4;2). B. M'(~4;8). C. M(0;8). D. M’(0;-8).
Loi giai.
Chon D.
) {XM, =2.X, - X, =2.1-2=0
Taco:

= M’'(0;-8).
yM’:2-y| _yM :2.(—2)—4:_8 ( )

Cau 19: Trong mit phang véi hé truc toa do (Oxy). Cho phép doi xtmg tam 1(1;1) bién dudng
thang d : X+ y+2=0 thanh duong thang d’ c6 phuong trinh 1a:
A X+y+4=0. B. x+y+6=0. C. x+y-6=0. D.
X+y=0.
Li gidi.
Chon C.
Liy M (x;y)ed.Goi M'(x;y’') laanh cia M qua phép déi ximg tam 1(1;1).
] {x'=2.1—x:2—x {X:Z—X'
Taco: § | = -
y=21-y=2-y y=2-y
Do M(x;y)ed néntaco: Xx+y+2=02-x'+2-y'+2=0=x'+y'-6=0.

Ma M’(x’;y’') ed’ nén phuong trinh d’ 1a: Xx+y-6=0.
Cau 20: Trong mit phang voi hé truc toa do (Oxy) . Cho phép d6i xtmg tam | (%;2) bién duong

tron (C):(x +1)2 +(y- 2)2 =4 thanh duong tron (C') c6 phuong trinh la:

A. (x+1)2+(y—2)2:4 B. (x—1)2+(y—2)2=4.
C. (x+1)2+(y+2)2:4. D. (x—2)2+(y—2)2:4.
Loi giai.
Chon D.

Duong tron (C):(x+1)2+(y—2)2 =4 c6tam J(-12) , bankinh R=2.

Goi J'(x’;y") 1a anh ctia J qua phép d6i xtng tam | (%;2}. Ta co:
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ol ()=
=2 2 ( 1)_2:>J'(2;2).

y'=22-2=2
Vay phuong trinh (C') la (X—Z)2 +(y—2)2 =4,

Cau 21: Hinh nao sau day c6 tim ddi ximg;
A. Hinh thang. B. Hinh tron. C. Parabol. D. Tam giac bat
Ki.
Loi giai.
Chon B.
Tam doi xtng cua dudng tron chinh la tam cia duong tron.

Cau 22: Hinh nao sau day c6 tam ddi ximg (mot hinh 1a mot chir cai in hoa):

A Q. B.P. C.N. D. E.

Loi giai.

Chon C. ) 7

Chir N c6 tam doi xtng chinh 1a trung diém nét chéo cta no.
Cho hai diém 1(1;2) va M (3;-1). Hoi diém M’ c6 toa do nao sau ddy la anh cia M qua phép
dbi xtrng tam 1 ?

A. (2;1) B. (-15) C. (-133) D. (5;-4)

Loi giai:

| 1a trung diém cia MM’ nén ta chon cau B.
Cau 23: Trong mat phang Oxy cho duong thang d c6 phuong trinh x = 2. Trong cac dudng thang
sau duong thang nao 1a anh cia d qua phép ddi xiang tam O ?

A x=-2 B.y=2 C. x=2 D.y=-2

Loi giai
Anh 1a mot duong thang song song voi d (vi tam ddi ximg O khong thudc d) nén ta
chon A.

Cau 24: Trong c4c ménh dé sau ménh dé nao dung?
A. Qua phép ddi ximg tdm khong c6 diém nao bién thanh chinh né.
B. Qua phép d6i xting tdm c6 dung mot diém bién thanh chinh no.
C. C6 phép dbi xtng tam co hai dlem bién thanh chinh né.
D. C6 phép ddi xtng tdm c6 v s6 diém bién thanh chinh né.
Loi giai
Chon B, vi phép ddi ximg tdm chi giir bat bién tdm d6i xing.
Cau 25: Trong mat phang Oxy, cho duong thang d c6 phuong trinh X —y +4 =0. Hoi trong céc
duong thang sau duong thang nao co thé bién thanh d qua mot phép ddi xang tam?
A 2x+y-4=0 B. x+y-1=0 C. 2x-2y+1=0 D.
2X+2y—-3=0
Loi giai
Phép dbi Xung tdm bién mot dudng thang thanh duong théngﬂ song song hodc trung voi
duong thang ban dau, nén ta chon dap an C vi chi c6 dudng thang ¢ cdu C mdi song song
vot d .
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Budi 2

I. Phép quay:

a) PN : Trong mit phing cho mot di€m O cd dinh va géc luong gidc ¢. Phép bién hinh bi€n mdi
diém M thanh di€m M’ sao cho OM = OM’ va (OM;OM’) = ¢ dugc goi 1 phép quay tAm

O véi géc quay ¢.

« Phép quay hoan toan xdc dinh khi biét tim va géc quay

» Kithi¢u : Q) hodic Qg .

Chi y : Chiéu duong clia phép quay = chiéu duong ctia dudng tron luong gidc .

. (221(7t = phép dSng nhat ,Vk e Z
- QKT _ bhep d6i xitng tam I,Vk € Z

b) Tinh chat :
« DL : Phép quay 1a mét phép ddi hinh .
« HQ : Phép quay bién:
1. Ba diém thing hang thanh ba diém thing hang va bio toan thif tu cla cic diém tuong tng
2. Pudng thing thanh dudng thing .
3. Tia thanh tia .
4. Poan thing thanh doan thing biing né .

5. Tam gidc thanh tam gidc bing n6 . (Tryc tAm IQ—>tru’c tdm , trong tim IQ—> trong tam )

6. Buttng tron thanh dudng tron biing n6 . (Tam bicn thanh tam : [0 1 RI_R)
7. Géc thanh géc bing né .
11. PHEP DOT HINH VA HAI HINH BANG NHAU
1/ Phép doi hinh.
Phép doi hinh 13 phép bién hinh khong 1am thay d6i khoang cach giita hai diém
bét ky, tirc 12 voi hai diém bat ki M, N va anh M’,N’ctia chung, ta lubn cé:
MN’=MN .(Bdo toan khoang cach)
2/ Tinh chét (cta phép doi hinh):
= DL: Phép doi hinh bién ba diém thang hang thanh ba diém thang hang, ba
diém khong thang hang thanh ba diém khong thang hang.
= HQ: Phép doi hinh bién:
+ Puong thang thanh dudng thang.
+ Tia thanh tia.
+ Poan thang thanh doan thang bang né.
+ Tam giac thanh tam gidc bang nd. (Truc tAm — truc tam, trong
tdm —trong tam,...)
+ Puong tron thanh dudng tron bang nd. (Tam bién thanh tim:

| >1'R'=R)
. 1 Goc thanh goc bang no.
3/ Hai hinh bang nhau.
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KN: Hai hinh dugc goi 13 bang nhau néu c6 mot phép doi hinh bién hinh nay thanh
hinh kia.

Bai tap van dung:

Phép quay:

Dang bai tap va PP giai:

¢ TIM ANH CUA MOT DIEM

Trong mit phing toa do Oxy cho A(3;4) . Hiy tim toa dd di€m A’1a 4nh
clia A qua phép quay tim O géc 90°.

HD:

Goi B(3;0),C(0;4) 1an lugt 13 hinh chi€u cda A 1én cic truc Ox,Oy . Phép

quay tim O géc 90° bién hinh chit nhat OABC thanh hinh chit nhat OC'A'B'.

Khi d6 : C'(0;3),B'(—4;0). Suy ra : A'(—4;3).

Trong mit phang Oxy cho di€m M(x;y) . Tim M/ = QO ; p)M) .
HD :

Hinh v& minh hoa:
+y h

HD:
X = rcosa

Goi M(x;y) . Bdt: OM =1, g6c lugng giac (Ox;0OM) = a thi M{ )
y = rsina

ViiM 200 i/ Goim! (x3y") thi d6 dai OM’ =1 va (Ox;OM )= a + ¢ .
Taco:

X' = rcos(a + @) = r.cOSAL.COSQ—TI.SiNOL.SIN P =X COSP—ySin@Q .

y' = rsin(a + @) = r.8in0L.COSQP + I.COS AL.SIN @ = X SINn P+ Yy COS P .
X'=XCcos@—ysin@

Vay:M’{ e
y'=Xsin@+ycosQ
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4

o M| Q(O;—(P) sm!’ {X”:xcos.(p + ysing
y' = —xsin@+ycoso

oM Q(I;(p) M X=X = (X=X5)CosQ— (y—Yy,)sing
I(x,:Y,) Y =Y¥o = (X=X,)sin@+(y—y,)cos ¢

o 20) 7 [X =X = (x=Xg)cos o= (y—y)sing
I(x:¥,) Y' =Yg =—(X=X)sin@+(y —y,)cos@

¢ PHUONG PHAP TiM ANH CUA MOT PUONG THANG
Trong mpOxy cho dudng thing (A) : 2x —y+1=0.
Tim 4nh clia dudng thing qua :
a) Phép doi xing tam I(1;-2).
b) Phé o
) Phép quay Q(0;90 )
Giai
. x'=2-x x=2-x
a) Ta c6 : M'(x";y") = BP1(M) thi bi€u thic toa d6 M'{ ", = ,
) (x3y") = b1(M) : £’=—4—Y {y:—4—y
ViM(x;y)€(A) : 2x—y+1=02Q2-x)—(-4-y)+1=0 2x"+y'+9=0
<M (x5y)e(A):2x—y-9=0

Vay : (A) —2L 5 (A'): 2x—y-9=0

Q(0-90")
b) Cach 1 : Goi M(x;y) | > >M'(x";y") . Pat (Ox ;OM)=a ,OM =r,

Ta c6 (Ox ;OM) =a + 90°,OM'=r .

_ Q . o r_ o o) _
Khi d6 - M{X=Te0sa | 7(0:907) ,\p)X =rcos(a+90 ) =-rsino =-y

y = rsina

y' =rsin(a+90°) =rcosa = x
ViMx;y)e(A): 2(y)—(-x)+1=0< x'+2y'+1=0
SME5y)e(A):x+2y+1=0

Q(o;90°)

Vay : (A) | > (A):x+2y+1=0

!

= =Y

y=-x

!
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Q o
Cich2:Lay: e M(0;1)e(A) —©29) s n\r1,0)e (A
Q one _
. N(—%;O)E(A)! ©90) N0, 2Ly e a)

2
Q

(0:90°)

o (A} > (AN =M'N":x+2y+1=0

Q o
Cich3: e Vi (A) —9Q20)

>(A") = (A) L (A") ma hé s6 géc : kp =2 = kp' = —%
Q(0-90")
o M(0;1)e(A) — 20 \r1;0)e (A
« Qua M'(1;0)

o (A): .hsg;kz_%:(A):x+2y+1:O

¢ PHUONG PHAP TiM ANH CUA MQT PUONG TRON
Trong mpOxy cho phép quay Q (

a) Piém M(2;2)

0:45%) ° Tim anh cua :

b) Budng tron (C) : (x —1)2+ y2= 4

Q(O ;45°)

Giai. Goi: M(x;y) | >M/ (x/ ;y/) .Tacé: OM =242, (Ox; OM) = o
Thi M/ {X =rcos(a+45 ) =rcosa.cos45 —rsina.sin45 =x.cos45 —y.sin45

y' =rsin(a+45") =rsina.cos45° +rcosa.sin45” =y.cos45° +x.sin45°

©:9) 5 A0 242)
A Q 0
oy [rTAMI0) <(0345°) . [ Tam 1/
DVIHO | Bk R =2 '(C)'{-Bk:R'=R=2

Q
1(1;0)—9343) >I/(% ;%).Véy:(c')i(x—%)2+(y—%

a)A2;2) |

=4
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5. Phép doi hinh va hai hinh bang nhau:
+ XET 1 PHEP BIEN HINH XEM CO PHAI PHEP DOI HINH.
Trong mpOxy cho phép bi€n hinh f : M(x;y) ——— M'=f(M) = 3x;y) .
Pay c6 phdéi la phép ddi hinh hay khong ?
Giai : LAy hai diém bat ki M(x4;y1),N(X,:y5)
Khi @6 f: M(xy;y1) —— M’ ={f(M) = 3x; ) -
f: N(XZ;YZ) — N' = f(N) = (3X2; YZ)

Tacé: MN = \/(xz _X1)2 +(y» _Y1)2 ,M'N' = \/9(X2 _X1)2 +(y» —yl)2
Néu x; #x, thi M'N’' MN . Vay : f khong phdi 1a phép ddi hinh .
(Vicé 1 sd di€m f khong bio toan khodng cich) .

Trong mpOxy cho 2 phép bién hinh :

a)f: M(x;y) —— M'=f(M)=(y;x-2) b)g:M(x;y) —— M'=gM)=(2x;y+l) .
Phép bién hinh nao trén day 1a phép ddi hinh ?

HD:

a) f1a phép ddi hinh b) g khong phai la phép ddi hinh ( Vix; #x, thi M'N'#MN)
Trong mpOxy cho 2 phép bién hinh :

aA)f - Mx;y) > M'=fM)=(y+1; —x) b)g: Mx;y) > M'=gM)=(x;3y) .
Phép bi€n hinh nao trén ddy 1a phép doi hinh ?

HD :

a) f 12 phép ddi hinh b) g khong phai 1 phép di hinh ( Viy, #y, thi M'N'#MN)

¢ HAI HINH BANG NHAU.
Cho hinh chit nhat ABCD . Goi E,F,H,I theo thit tu 14 trung diém cta céc canh

AB,CD,BC,EF. Hiy tim mot phép doi hinh bién AAEI thanh AFCH . Tr d6 KL
ching bing nhau.
HD:

Thuc hién lién ti€p phép tinh ti€n theo AE va phép doi xting qua dudng thing IH

OTE:A! >E,El >B, I >H:>TE(AAEI)=AEBH

30



A
* By : E—>F,B——C,H——H = Py (AEBH) = AFCH ——9
* By : T, (AAED = AFCH
Do d6 : By o Ty (AAED) = ARCH = AAEI = AFCH

Cho hinh chit nhat ABCD . Goi O 1a tAm d61 xdng cta n6 ; E,F,G,H,LJ theo thi tu la
trung diém clia
cédc canh AB,BC,CD,DA,AH,0G . Chitng minh ring : Hai hinh thang AJOE va GJFC
bing nhau .
HD:
Phép tinh ti&€n theo AO bi€n A,LO,E lan lugt thanh O,J,C,F . Phép doi
xtng qua truc cia OG bi€n O,J,C,F lan lugt thanh G,J,F,C.
Tir d6 suy ra phép ddi hinh c6 dudc bing cach thyc hién lién ti€p hai
phép bién hinh trén sé bi€n hinh thang AJOE thanh hinh thang GJFC .
Do d6 hai hinh thang 4y béing nhau .

¢ TIM ANH QUA PHEP DOI HINH (Thue hi¢n lién tiép qua 1 s6 phép).
Tim anh cta dudng tron (C) : x2
lién ti€p phép

tinh ti€n theo 1 = (3;~1) va phép Dy .

+y2 Z2x+4y—4=0 c6 dugc bing cich thuc hién

PS:(C): (x+4)% +(y+3)2 =9
Tim dnh cua dudng tron (C) : x2
lién ti€p phép
quay Q(O;9O°) va phép By -
HD : (C)c6 tam I(3;1) , bk : R =2 . Khi d6 :
Q

+y2 —6x—2y+6=0 c6 dugc bing cach thyc hién

(0;90°)

(C):1(3;1) ,R=2 | S (C):T(—13) . R=2 20X (") I"(=1:-3) . R=2

= (C"):(x+ D)2+ (y+3)2 =4

Bai tip tric nghiém:
4. Phép quay
Nhén biét
Cau 1. Trong mit phing Oxy, anh cta diém M (—6;1) qua phép quay Q(o,90°) la:

AM'(~1-6) . B. M'(16). C. M'(-6;-1). D. M'(6;1).
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Cau 2. Trong mit phang Oxy, qua phép quay Q( M '(3;-2)1a anh cua diém :

0,900) !

AM(32) . B. M(23). C. M(-3-2). D. M (-2;-3).
Cau 3. Trong mit phing Oxy, anh cta diém M (3;4)qua phép quay Q(O 450)
AN 7\/— w2} B M _£ 2
2 2 2
C. M' _ﬁ;_ﬁ . D.M' M1_£ .
2 2 2 2
Cau 4. Trong mit phang Oxy, qua phép quay Q(O e M '(3;2) 1a anh cta diém :
am[ B2, 52| g M| Y2.32)
2 2 2 2
coml 5242 o m[¥2. 2
2 2 2 2

Cau 5. Khiang dinh nao sau dy ding vé phép ddi ximng tam:
A.Néu OM =OM’ thi M’ la anh cia M qua phép ddi ximg tam O .
B.Néu OM =-OM’ thi M’ la anh cia M qua phép dbi xtmg tdm O .
C. Phép quay la phép doi xtmg tAm.
D. Phép doi ximg tdm khong phai 1a mot phép quay.
Lai giai
Chon B.
M’ 1aanh caa M qua phép ddi xirng tim O khi va chi khi OM +OM’=0.
Phép ddi xang tdm 1a mot phép quay, nhung phép quay chwa hin di 1a phép dbi xing
tam.
Cau 6. Trong mit phang Oxy, cho diém M (L1). Héi cdc diém sau diém nao la anh cia M qua

phép quay tdm O, goc 45°?

A.(-L1). B.(L0). C. (v2:0). D. (0;+2).
Lai giai
Chon D.
Dua vao hinh vé chon dap an D.
yA
V2

/ sy

Chu y: trong 4 dap 4n chi c6 1 dap an diém nam trén truc Oy nén chon dap an D.
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Cau 7. Cho tam giac déu thm O . Hoi c6 bao nhiéu phép quay tam O g6c «, 0< « < 27, bién tam
giac trén thanh chinh n6?
A. Mot. B. Hai. C. Ba. D. Bén.
Loi giai
Chon D.

Vi dieu kién 0 < a <27 thico 4 giatri tim dugc cia o 1a 0, % ?ﬂ va 2r .

Théng hiéu
Cau 8. Cho tam giac déu thm O . Hoi ¢6 bao nhiéu phép quay tdam O goc o, 0 < « < 27, bién tam
giéc trén thanh chinh ng?
A. Mot. B. Hai. C. Ba. D. Bén.
Loi gidi
Chon D.

Vi dieu kién 0 < o <27 thico 4 giatri tim dugc cia « 1a 0, % ?ﬁ va 2r .

Chu y: gidng cau 77.
Cau 9. Cho hinh chit nhat c6 O 1a tam ddi xtng. Hoi c6 bao nhiéu phép quay tim O goc «,
0< a < 27, bién hinh chix nhat trén thanh chinh ng?
A. Khdng co. B. Hai. C. Ba. D. Bén.
Loi gidi
Chon C.
Véi diéu kién 0< o < 27 thi cd 3 giatri tim duoc cia o 12 0, 7 va 2r.
Cau 10. C6 bao nhiéu diém bién thanh chinh nd qua phép quay tam O goc o =k2z, k la sb
nguyén?
A. Khdng co. B. Mot. C. Hai. D. Vb sb.
Loi gidi
Chon B.
Vi goc o = k2, k 1as6 nguyén thi cé duy nhat mot diém 1a O .
Cau 11. Phép quay Q.,, biéndiém M thanh M'.Khi do:

A. OM =OM’ va (OM,0OM") =g B. OM =OM’ va (OM,OM")=¢.

C. OM =OM’ va MOM' =¢. D. OM =OM’ va MOM'=¢.
Loi giai

Chon B.

Theo dinh nghia.

Cau 12. Phép quay Q. V6i ¢ ¢%+ k27,k € Z bién diém A thanh M . Khi do:

(): O cachdéu A va M.

(I): O thudc duong tron duong kinh AM .

(111): O nam trén cung chita goc ¢ dung trén doan AM .

Trong céac cau trén cau dung la:

A. Ca ba cau. B. chi (I) va (I). C. chi (D). D. chi (I) va (III).
Loi giai

Chen C.

(I) diing theo dinh nghia c6 OA=0M .
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(I1) chi ding khi ¢ # %+ k2z,keZ.

(111) chi dang khi 0< ¢ <180°.
Cau 13. Chon cau sai trong cac cau sau:
A. Qua phép quay Q.,, diém O bién thanh chinh né.
B. Phép ddi ximg tam O la phép quay tam O, g6c quay —180°.
C.’Phép quay tdm O goc quay 90° va phép quay tam O goc quay —90° la hai phép quay

giong nhau.

D. Phép d6i xtg tam O 1a phép quay tam O, géc quay 180° .
Loi giai

Chon C.

Céu A dung.

Phép quay tim O, goc quay —180° va phép quay tdm O, goc quay 180° déu 1a phép ddi
xung tam O, nén céc cau B, D dung.
Cau 14. Trong mat phang Oxy, cho diém A(3;0). Tim toa do anh A’ ciia diém A qua phép quay

A AN(0;-3). B. A'(0;3). C. A(-30). D.

A’(Z\/§;2\@).

Léi gidi

Chon B.
Dua vao hinh vé chon dap an B.

Van dung
Cau 15. Trong mat phang Oxy, cho diém A(3;0). Tim toa do anh A’ cia diém A qua phép quay

Yo
A. A(=3,0). B. A'(3,0). C. A(0;-3). D.

A'(—2J§;2J§).
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Léi gidi

Chon C.
Duwa vao hinh vé& chon dap an C.
YA
3
2 A(3;0)
o) 3 x
-3
A'(0;-3)

Cau 16. Khang dinh nao sau day diing vé phép quay?
A. Phép bién hinh bién diém O thanh diém O va diém M khéc diém O thanh diém M’
sao cho (OM,0M’) = ¢ duoc goi la phép quay tam O vdi goc quay ¢ .

B.NéuQ__.:MrM'(M=0) thi OM’' LOM .

(0:90°)

C. Phép quay khong phai 1a mdt phép doi hinh.

D. Néu Qoso) M P M'(M #0) thi OM’'>OM .
Loi giai

Chon B.

Dap an A thiéu OM’'=0OM .

bap an C sai.

Pap an D sai.

Cau 17. Cho tam giac déu ABC, Véi goc quay nao sau day thi phép quay tim A c6 thé bién diém
B thanh diém C?
A p=30". B. p=90". C. p=-120". D. ¢ =-150".
Loi giai
Chon C.
Cau 18. Trong mat phang véi hé truc toa o OXy, cho diém M (2;0) va diém N (0;2). Phép quay

tam O bién diém M thanh dién N , khi d6 goc quay cua no la:

A p=30". B. ¢ =30" hoac ¢ =45".

C.p=-90". D. ¢ =90° hoac ¢ =-270".
Loi giai

Chon D.

Cau 19. Phép quay Q(o; ¢) bién diém A thanh M. Khi do:
(I) O cach déu A va M.
(IT) O thudc duong tron duong kinh AM.
(IIT) O nam trén cung chira goc ¢ dung trén doan AM.
Trong cac cau trén cau dung 1a:
A. Caba cau B. (1) va (1) C.(I D. () va (1)
Cau 20. Chon cau sai:

35



A. Qua phép quay Q(o; ¢ diém O bién thanh chinh né.

B. Phép d6i xtmg tdm O 1a phép quay tdm O, goc quay —180°

C. Phép quay tdm O gdc quay 90° va phép quay tdm O g6c quay —90° 1 hai phép quay giéng
nhau.

D. Phép dbi xtmg tam O 1a phép quay tam O, goc quay 180°

Cau 21. Trong mat phang Oxy cho diém A(3;0). Tim toa d6 anh A’ cua diém A qua phép quay
T
©:5)

A. A’(0; -3); B. A’(0; 3); C. A'(=3; 0); D. A’(2+/3;2+/3).
CAu 22. Trong mit phang Oxy cho diém A(3;0). Tim toa do anh A’ cta diém A qua phép quay

T
(0; 2)

A. A’(-3; 0); B. A’(3; 0); C. A’(0; -3); D. A’(—2J§;
24/3).
Cau 23. Khiang dinh nao sau dy ding vé phép quay:
A. Phép bién hinh bién diém O thanh diém O va diém M khac diém O thanh diém M’ sao cho
(OM; OM/) = ¢ duoc goi la phép quay tim O véi goc quay ¢ .
B. NéuD(0: %%: M — M/ (M= 0) thi OM’ L. OM
C. Phép quay khong phai la mot phép doi hinh
D. Néu D(0; %0%: M — M’ thi OM’ > OM
CAu 24. Cho tam giac déu ABC hiy xac dinh goc quay ctia phép quay tim A bién B thanh diém
C:
A ¢=30° B. ¢=90° C. p=-120° D. ¢@=-60° hoic
¢ =60°
CAu 25. Trong mit phing voi hé truc toa d6 Oxy, cho diém M(2; 0) va diém N(0; 2). Phép quay
tam O bién diém M thanh dién N, khi d6 goc quay cta n6 la:
A. ¢=30° B. ¢ =30hoic ¢ = 45° C. 9p=90° D. ¢=90° hoic
@ =270°

5. Phép doi hinh va hinh bing nhau
Nhan biet
Cau 1: Trong mit phang Oxy cho diém M(2; 1). Hoi phép doi hinh c6 dugc bang cach thyc hién
lién tiép phép ddi xtmg tam O va phép tinh tién theo vecto V= (2; 3) bién diém M thanh diém nao
trong cac diém sau?

A (1;3) B. (2;0) C.(0;2) D. (4, 4)
Cau 2: Trong mat phang Oxy cho duong tron (C) ¢6 phuong trinh (x — 1)? + (y + 2)% = 4. Hoi
phép doi hinh ¢6 dugc bang cach thuc hién lién tiép phép dbi ximg qua truc Oy va phép tinh tién
theo vecto

v = (2; 3) bién (C) thanh dudng tron nao trong cac dudng tron c6 phwong trinh sau?

A X2 +y2=4 B.(x-2)2+(y-6)°=4
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C.(x=2)2+(y-3)>=4D. (x-1)* + (y-1)*=4
Cau 3: Trong mit phang Oxy cho duong thang d c6 phuong trinh x +y — 2 = 0. Hoi phép doi hinh
¢6 dugc bang cach thyc hién lién tiép phép d6i xtimg tam O va phép tinh tién theo vecto V= (3;2)
bién duong thang d thanh duong thang nao trong cac duong thang sau?

A .3x+3y-2=0 B.x-y+2=0 C.x+y+2=0 D.x+y-3=0
Cau 4: Trong cac ménh dé sau ménh dé nao dung?

A. Thuc hién lién tiép hai phép tinh tién s& duoc mot phép tinh tién.

B. Thuc hién lién tiép hai phép dbi xtng truc s& dugc mot phép ddi xing truC.

C. Thyc hién lién tiép phép ddi xting qua tdm va phép dbi ximg truc s& dugc mot phép ddi xing

qua tam.

D. Thyc hién lién tiép phép quay va phép tinh tién s& dugc mot phép tinh tién.
Cau 5: Trong cic ménh d& sau ménh dé nao ding?

A. Co mot phép tinh tién theo vecto khac khong bién moi diém thanh chinh né.

B. C6 mot phép dbi xtmg truc bién moi diém thanh chinh né.

C. C6 mot phép d6i xtg tim bién moi diém thanh chinh né.

D. C6 mot phép quay bién moi diém thanh chinh né.

Cau 6: Hay tim khang dinh sai:

A. Phép tinh tién 13 phép doi hinh. B. Phép dong nhét 1a phép doi hinh
C. Phép quay la phép doi hinh D. Phép vi tu 1a phép doi hinh
Cau 7: Trong cac phép bién hinh sau, phép nao khong phai 1a phép dot hinh ?
A. Phep chiéu vudng goc 1én mot duong thang B. Phep vi ty tam I(1; 2) ti s6 -1
C. Phép dong nhat D. Phép doi xung truc

Cau 8: Cho hai duong thang d va d’ vudéng goéc v6i nhau. Hoi hinh tao boi hai duong thang d, d’ ¢o
bao nhiéu tryc dbi xtmg:

A 1l B.2 C. 4 D. Vo sb

Cau 9: Cho hai duong thang d va d’ song song v6i nhau. Hoi hinh tao boi hai dudng thing d, d’ co
bao nhiéu truc dbi ximg:

A 1l B.2 C. 4 D. Vo sb

Cau 10: Trong mit phang cho hai dudng thang d va d’ cit nhau. Hoi c6 bao nhiéu phép ddi xtimg truc
bién duong thang d thanh duong thang d’:
Al B.2 C.4 D. Vo sb

Cau 11: Cho hai duong thang d va d’ song song vdi nhau. Hoi ¢6 bao nhiéu phép vi tu bién duong
thang d thanh duong thang d’.
Al B.2 C.4 D.Vb sb

Cau 12: Trong mat phang cho hai duong thang d va d’ cat nhau. Hoi ¢6 bao nhiéu phép vi ty bién hinh
tao boi hai duong thang d va d’ thanh chinh no.
Al B.2 C.0 D. V6 80

Cau 13: Trong mit phang Oxy cho diém M (-3 ; 2 ). Anh cua diém M qua phép tinh tién theo vecto
V=(2; —1)1a diém c6 toa do :
A. (5, -3) B. (=53) C. (-11) D.(1; -1)
Cau 14: Trong mit phang Oxy cho diém M’ (-3 ; 2) 1a anh cua diém M qua phép quay tdm O géc
—90° thi diém M c6 toa do la:
A (2;-3) B. (2;3) C. (-2;-3) D.(3; -2)
Théng hiéu
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Cau 15: Trong mit phang Oxy cho hai diém M (=3 ; 2 ) va M’(3; —2). M’ 1a anh cua diém M qua
phép bién hinh nao sau day:
A. Phép quay tdm O goc —90° B. Phép quay tdm O goc 90°
C. Phép ddi xung truc tung D. Phép quay tam O géc —180°

Cau 16: Trong mit phang Oxy cho duong thang d c6 phu’ong trinh 2x— y + 1 = 0. Dé phép tinh tién
theo vecto V bién duong thang d thanh chinh n6 thi V pha1 la vecto nao trong cac vecto sau:

AV =(2;1) B.V =(2; -1) C.V=(12) D.V=(-1;2)

Cau 17: Trong mit phang Oxy cho duong thang d c6 phuong trinh: 3x — 2y — 1 = 0. Anh ctia duong
thang d qua phép quay tam O goc 180° ¢ phuong trinh :
A 3x+2y+1=0 B. -3x+2y -1=0
C. 3x+2y-1=0 D. 3x-2y -1=0

Cau 18:Trong mit phang Oxy cho dudng thang d c6 phuong trinh : 3x — 2y + 1 = 0. Anh ctia dudng

thang d qua phép tinh tién theo véc to V = (2; —1) c6 phuong trinh :
A 3Xx+2y+1=0 B. -3x+2y -1=0
C. 3x+2y-1=0 D. 3x-2y -1=0

Cau 19:Trong mit phiang Oxy cho duong tron (C) c6 phuong trinh : x? + y? —2x + 6y + 1 = 0. Anh
ctia dudng tron (C) qua phép tinh tién theo véc to V = (2; —1) c6 phuong trinh :

A x2+y?2 —6x+8y+16=0 B. x2+y? —6x+12y+9=0
C. x2+y2+6x+8y —-16=0 D. x2+y?2 —-2x+6y+1=0
Van dung

Cau 20: Trong mit phang Oxy cho u= (3;1) va dudng thiang d: 2x —y = 0. Anh cta dudng thang d

qua phép doi hinh c¢6 duoc bang cach thuc hién lién tiép phép quay Q va phép tinh tién theo

(0;90°)
vecto U 13 duong thang d’ ¢6 phuong trinh:
A x+2y-5=0. B. x+2y+5=0.
C.2x+y-7=0. D. 2x+y+7=0.

Cau 21:Trong mit phang Oxy cho duong tron (C) c¢6 phuong trinh : (x + 1)2 + (y —3)?> =9. Anh cua

duong tron (C) qua phép tinh tién theo véc to V= (2; —2)c6 phuong trinh :

A(x-1>2+(y-22=09 B. (x-1)7+(y-1)7%=9

C.(x+3)2+(y-52%=09 D. (x+1)2+(y+12 =09
Céau 22: Cho hinh vudéng ABCD ( nhu hinh v§).

D H C

A G B

a) Phép bién hinh nao sau day bién tam giac DEI thanh tam giac CFI
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A. Phép quay tdm H go6c 90°
B. Phép quay tam H goc —90°
C. Phép tinh tién theo véc to El
D. Phép quay tam I gdc (I1D,IC)

b) Phép quay tam | géc —90° bién tam giac HIF thanh tam giac ndo sau day:
A. AFIG B. AEIH C. AIFC D. AIED

Cau 23:Trong mit phang Oxy cho duong tron (C) ¢6 phuong trinh : x> + y2 —4x + 2y — 4 =0. Anh

ctua duong tron (C) qua phép quay tam O goc 90° c6 phuong trinh :
A (x-1)2+(y-2)?2=09 B.(x-1>2+(y-2°=3
C.(x-12+(y-12=09 D. (x+3)2+(y -52%=09

Cau 24: Trong mit phang Oxy, cho dudng thang d: x —2y + 4 = 0. D& phép tinh tién theo v bién d
thanh chinh né thi v phai la vecto nao trong cac vecto sau :
A. v=(21) B. v=(2-1) C. v=(12) D. v=(-12)

Cau 25:Trong mit phang Oxy cho ¥ = (1; —1) va diém M( 2;1) anh cta diém M qua phép tinh tién
theo vecto 7 1a diém c6 toa d6 nao trong cac toa do sau
A.(0;3) B.(3;0) C.(1;2) D.(2;1)
Buoi 3
| Phép vi tu:

a) PN : Cho diém I c6 dinh va mot s k # 0 . Phép vity tAm I i sd k .
Ki hiéu : V(1 k) hodc VIk, 1a phép bi€n hinh bi€n moi di€m M thanh di€ém M’ sao cho IM’ = k IM.

b) Bi€u thiic toa dj : Cho I(xq:;yo) va phép vi ty V(I k) -

V(ix)

Mxy) === M= V(Lk)M) =(x";y") thi {X’: e (b

y'=ky+ 1=Ky,
¢) Tinh chat :

L M= V(1 ) M), N'= V(g ) (N) thi M'N'= kMN , M'N'= [k.MN
2. Bién ba di€ém thing hang thanh ba di€m thing hiang va bao toan thif ty cia cdc di€ém tuong Gng .
3. Bi€n mot dudng thang thainh mot dudng thing song song hoic tring v6i dudng thang da cho .
4. Bi€n mot tia thanh tia .

5. Bi€n doan thing thanh doan thing ma d6 dai dugc nhan Ién Ik .

6. Bién tam gidc thanh tam gidc dong dang véi né .

7. Budng tron cé ban kinh R thanh dudng tron ¢6 ban kinh R'= [kl.R .

8. Bié€n gbc thanh géc bing né .

I1. Phép dong dang:
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a) PN : Phép bién hinh F goi 12 phép dong dang ti sd k (k > 0) néu vdi hai di€ém batki M , N
va anh M’, N 1a anh cda ching , ta c6 M'N'= k. MN .

b) PL : Moi phép dong dang F ti s k (k> 0) déu 12 hgp thanh clia mot phép vi ty ti s6 k

va mot phép ddi hinh D.

c¢) Hé qua(Tinh chat ) Phép dong dang :

1. Bién 3 di€m thang hang thanh 3 di€m thing hang (va bdo toan thif ty ) .

2. Bién dudng thang thanh dudng thing .

3. Bién tia thanh tia .

4. Bi€n doan thang thanh doan thing ma do dai dudc nhan 1én k (k 1a ti s6 dong dang ) .

5. Bién tam gidc thanh tam gidc dong dang vé6iné ( ti sd k).

6. Bi€n dudng tron c6 ban kinh R thanh dudng tron ¢6 ban kinh R'=k.R .

7. Bi€n g6c thanh géc bing né .

d) Hai hinh dong dang :

DN : Hai hinh goi 1a déng dang v6i nhau néu c¢6 phép dong dang bién hinh nay thanh hinh kia .

H dong dang G < 3 F dong dang : H I—F—>G

e) Cac phep dong dang gom Nhom phép doi hinh (Phép dong nhat, phép tinh tién, phép
dbi xtmg truc, phép d6i xtmg tam, phép quay) va  Phép vi tu.
Luu y: Két qua cua viée thyuc hién lién tiép cac phép dong dang, cho ta mot phép dong dang.

Bai tap tu luan:

Phép vi tu:

Dang bai tap va PP giai:

¢ TIM ANH CUA MOQT PIEM - MQT PUONG QUA PHEP VI TU

PP: Str dung dinh nghia:

* Str dung dang thie véc to ctia phép vi tu va tinh chat bang nhau cua hai véc to , ta s& tim duoc két
qua .

Vi du 1. Trong mat phing toa do Oxy , cho dudng tron (O) : (X—l)2 +(y—1)2 =4 . Tim phuong
trinh dudng tron (0”) 13 anh ctia (O) qua phép vi tu tdm O ti s6 k=2 .

Giai
Tam I cua (O) co toa do I(1;1) ban kinh R=2 . Néu (0”) ¢6 tam 1a J va ban kinh R’ 1a anh cua (O)
qua phép vi tu tdm O ta c6 dang thirc véc to :

— x'-0=21 X'=2
0)J=20l & =
y'-0=2.1 y'=2

Vay (07): (x-2)" +(y-2)" =16

< J(2;2). R’=2R=2.2=4.

Vidu 2. (Bai 1.23-BTHH11-CB-tr33)

Trong mit phang toa dd Oxy , cho dudng thang d : 2x+y-4=0.

a/ Viét phuong trinh ctia duong thang d’ 1a anh ctia d qua phép vi tu tam O ti s6 k=3.
b/ Viét phuong trinh duong thang d’’ 13 anh ctia d qua phép vi tu tam I(-1;2) ti s6 k=-2

Gidi
a/Goi M(x;y) 1a mdt diém bat ky thude d va M’(x’;y’) 1a anh ctia M qua phép vi tu tam O ti s0 k=3 .
Néu M chay trén d thi M’ chay trén dudng thang d’ .

40




XI

x s e [X=3x [P
Theo tinh chat ctia phép vi ty : OM '=30M < \_3 = .
y =9y y:y?

Thay (x:y) vao d: 2(%}(%]—4 —0 2x'+y'—12=0. Vay d: 2x+y-12=0 .
X=(X_+l]_1zx_+3
) )

. =N ' o
y-2=-2(y-2) y:[y—2j+2:y—6
-2 -2

. . X'+1=-2(x+1)
b/ Tuong tu nhu tréntaco : IM'=-2IM <

Thay vao d : 2()‘ +23j+(y _26]—4:0@ 2x'+y'+2=0. Do d6 d”’: 2x+y+2=0 .

Vidu 3. ( Bai 1.24-tr33-BTHH11).
Trong mit phing toa do Oxy cho dudng tron (C ): (X—3)2 —i—(y+1)2 =9. Hay viét phuong trinh
duong tron (C’) 13 anh cua duong tron (C ) qua phép vi tu tam 1(1;2) ti s6 k=-2.

Giai
Goi O(3;-1) 1a tam cua (C ) ¢6 ban kinh R=3. Puong tron (C’) c6 tam J(x;y) ban kinh R 1a anh cua
(C) qua phép vi tu tam I ti s0 k=-2 . Theo tinh chat ciia phép vi tu ta c6 :

X—1=-2 (3 - 1)
y—2=-2(-1-2)

Vay (C) : (x+3)° +(y—-8)" =36.

Xx=-3
@{ =J= (—3;8). R’=2R=2.3=6 .

1J=-210 &

¢ TIM ANH CUA MOT HINH QUA MOT PHEP VI TU
Phuwong phap:
Str dung dinh nghia va céc tinh chét cua phép vi tu . Tur dinh nghia néu tam vi tu 1a I(a;b) ,
diém M(x;y); diém M’(x’;y’) 1a anh ctia M ctia phép vi tu tam I ti s6 k, thi ta co :

x'-a=k(x-a) {x':k(x—a)+a(*)
y—b=k(y-b) " [y'=k(y-b)+b "

Chinh la biéu thivc toa dj ciia phép vi tw tam I ti s6 vi twla k .

@W’zkmc{

Van dung:

Vi du 1. Trong mat phing toa do cho duong thang d: 3x+2y-6=0 . Hay viét phuong trinh ciia dudng
thang d’ 1a anh cua duong thang d qua phép vi ty tdm I(1;2) ti s6 vi ty k=-2 ?

Gidi
Goi M(x:y) thudc d ,M’(x’;y’) 1a mot diém bat ky thudc d’ thi theo biéu thirc toa do cua phép vi tu
taco:

— l 1_
x—-1=-2(x-1) |*T 5 T
f— .
y|_2:_2(y_2) =y'_2 y|_6
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y'-6

Thay vao phuong trinh cua duong thang d: 3( X _23] + 2(

j_2=0<:>3X|+2yl_9=O

Do vay d’: 3x+2y-9=0.

Vidu 2 .(Bai 1.23-tr33-BTHH11CB)

Trong mat phang Oxy cho duong thang d: 2x+y-4=0 i )

a/ Hay viét phuong trinh duong thang d’ 1a anh ctia duong thang d qua phép vi tu tdm O ti s6 vi tu
k=3.

b/ Hay viét phuong trinh duong thang d’’ 13 anh ctia d qua phép vi tu tam I (-1;2) ti s6 vi ty k=-2

Giai

X
X'—O=3(X—O) XZ? X' y'
a/ Tur cong thure toa do : & ‘:>2(—)+(—)—4:0<:>2x'+y'—12:0
y'—0=3(y-0) y 3 3
=3
Do d6 dudng thang d’: 2x+y-12=0 .
b/ Tuong tu
X_x'+1 1- X'+3
X'+1=-2(x+1 - B ' _
{ . (x+1) = _|22 _? 6:2(X23)+(y 26j—4:0<:>2x'+y'+8:0.
y'-2=-2(y-2) y:y;z+2:y;2 - -

Do d6 duong thang d’’: 2x+y+8=0 .

Vi du 3. ( Bai 1.24-tr33-BTHH11-CB)
Trong mit phang Oxy cho dudng tron (C ): (X—?»)2 +(y+1)2 =9. Hay viét phuong trinh duong
tron (C’) 12 anh caa duong tron (C ) qua phép vi tu tam I(1;2) ti s6 k=-2. .

Giai
Buong tron (C) ¢ tam O(3;-1) ban kinh R=3. Goi O’ (x’;y’) la tdm cua (C’) ,R’ la ban kinh cua
(C”) . Ta co toa do ciia O’ thoa man biéu thuc toa do ctia phép vi tu :

x'-1 X'-3
X= +1=
x'-1=-2(x-1) -2 -2 , ,
o y-2=-2(y-2)e yzy—22+2=y—24:>[x—23_3] +(y_24+lj =9
R, R'=23=6
R

& (x+3)" +(y'=6)"=36.Vay (C"): & (x+3)"+(y-6)° =36
Bai tap tric nghiém:

1 Phép vi tw

Nhén biét
Cau 1: Trong mit phang Oxy cho diém M(-2; 4). Phép vi tu tam O ti s6 k = -2 bién diém M thanh
diém nao trong cac diém sau?
A.(-3;4) B. (-4;-8) C.(4;-8) D. (4;8)
Cau 2: Trong mat phiang Oxy cho duong thing d c6 phuong trinh 2x +y — 3 = 0. Phép vi tu tam O ti
s6 k =2 bién d thanh dudng thing nao trong cac dudng thiang c6 phuong trinh sau?
A 2x+y+3=0 B.2x+y-6=0 C.4x-2y-3=0 D.4x+2y-5=0
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Cau 3: Trong mit phang Oxy cho duong thang d ¢6 phuong trinh x + y —2 = 0. Phép vi ty tam O ti
s6 k = — 2 bién d thanh duong thang nao trong cac duong thang c6 phuong trinh sau ?

A .2x+2y=0 B.2x+2y-4=0 C.x+y+4=0 D.x+y-4=0
CAu 4: Trong mit phang Oxy cho duong tron (C) ¢6 phuong trinh
(X — 1)2 + (y — 2)2 = 4. Phép vi tu tam O ti s6 k = — 2 bién (C) thanh dudng tron ndo trong cac
dudng tron c6 phuong trinh sau ?

A (x-2)2+(y-4)?2=16 B.(x—4)2+(y-2)2=4

C.(x=4)2+(y-2)?%=16 D.(x+2)2+(y+4)2=16
Cau 5: Trong mit phang Oxy cho dudng tron (C) c6 phwong trinh (x — 1) + (y — 1)2 = 4. Phép vi tu
tam O ti sd k = 2 bién (C) thanh dudng tron nao trong cac dudng tron cd phuong trinh sau ?

A (X-1)2+(y-1)2=8B.(x-2)2+(y-2)2=8

C.(x=2)2+(y-2)?%=16 D.(x+2)2+(y+2)?=16
Cau 6: Phép vi ty tam O ti sd k (k # 0) bién mdi diém M thanh diém M’ sao cho :

1—— _ _

AO—M:EOM' B. OM =kOM' C. OM =—kOM' D. OM'=-OM

Cau 7: Chon cau dang:
A. Qua phép vi tu c6 ti s6 k # 1, duong thang di qua tdm vi ty s& bién thanh chinh né.
B. Qua phép vi tu c6 ti s6 k = 0, duong tron di qua tAm vi tu s& bién thanh chinh no.
C. Qua phép Vi tu ¢o ti s6 k # 1, khong c6 duong tron nao bién thanh chinh né.
D. Qua phép vi tu V(o, 1) duong tron tam O s€ bién thanh chinh no.

Théng hiéu
Cau 8: Néu phép vi tu ti s6 k bién hai diém M, N 1an luot thanh hai diém M’va N’ thi:
A. M'N'=KMN va M’N’ = —kMN B. M'N'=KMN va M’N’ = |K|MN
C. M'N" = [k[MN va M’N’ = kMN D. M'N'//anM’N’:%MN
Cau 9: Xét cac phép bién hinh sau:
(I) Phép ddi xtmg tam. (II) Phép ddi xtng truc
(111) Phép dong nht. (IV). Phép tinh tién theo vecto khac 0
Trong cac phép bién hinh trén:
A. Chi c6 (I) 1a phép vi tu. B. Chi co (I) va (II) 1a phép vi tu.
C. Chi c6 (I) va (IIT) 1a phép vi tu. D. Tat ca déu la nhimg phép vi tu.

Cau 10: Hay tim khang dinh sai :
A. Néu mét phép vi tu c6 hai diém bat dong thi moi diém cua nd déu bat dong.
B. Néu mot phép vi tu co hai diém bat dong thi né 1a mot phép dong nhat.
C. Néu mot phép vi tu c6 mot diém bat dong khac véi tim vi tu ciia né thi phép vi tu d6 ¢o ti sb
k=1.
D. Néu mét phép vi tu c6 hai diém bat dong thi chua thé két luan dugc rang moi diém ctia nd déu
bat dong.
Cau 11: Cho tam giac ABC véi trong tam G. Goi A’, B, C’ 1an luot 1a trung diém cta cac canh BC,
AC, AB cuia tam giac ABC. Khi d6 phép vi tu ndo bién tam giac A’B’C’ thanh tam giac ABC ?
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A. Phép vi ty tim G, ti s6 2. B. Phép vi ty tim G, ti s6 —2.

C. Phép vi ty tam G, ti s6 —3. D. Phép vi tu tdm G, ti s6 3.
Cau 12: Cho phép vi tu tim O ti s6 k va dudng tron tdim O ban kinh R. Dé duong tron (O) bién
thanh chinh duong tron (O), tat ca cac s6 k phai chon 14 :

Al B.R C.1lva-1 D.-R
Cau 13: Trong cac ménh dé sau, ménh dé nao sai?

A. Co mét phép vi tu bién thanh chinh né.

B. C6 v6 s6 phép vi tu bién moi diém thanh chinh né

C. Thuyc hién lién tiép hai phép vi tu s& dugc mot phép vi tu.

D. Thuc hién lién tiép hai phép vi tu tam I s€ dugc mdt phép vi tu tam 1.

Céau 14: Cho hinh thang ABCD, véi CD= —%KB Goi I 1a giao diém cua hai duong chéo AC va

BD. Goi V 1a phép vi tu bién AB thanhCD. Trong cic ménh dé sau ddy ménh dé nao dung:

A. V 1a phép vi ty tam I ti s6 k=—% B. V 1a phép vi tu tam I ti s6 k=%
C.Vlaphép vitutdim I ti sé k =-2 D. V 1a phép vi ty tam I ti sé k =2
Van dung

Cau 15: Cho tam giac ABC, véi G 1a trong tAm tam giac, D 13 trung diém cta BC. Goi V 1a phép vi
tw tim G bién dién A thanh diém D. Khi d6 V ¢6 ti s6 k 1a:
3 3 1 1

Ak=— B.k=-— C.k== D.k= —-=
2 2 2 - 2

Cau 16: Trong mit phang v&i hé truc toa do Oxy. Cho phép vi tu tam I(2; 3) ti s6 k = -2 bién diém
M(=7;2) thanh M/ ¢6 toa do la:

A. (-10; 2) B. (20; 5) C.(18;2) D. (-10; 5)
Cau 17: Trong mit phang véi hé truc toa do Oxy. Cho hai diém M(4; 6) va M/(=3; 5). Phép vi tu
tam I ti s6 k = % bién diém M thanh M’. Khi d6 toa d6 diém I la:

A. 1(-4; 10) B. 1(11; 1) C. I(1; 11) D. I1(-10; 4)
Cau 18: Trong mit phiang véi hé truc toa d6 Oxy. Cho hai diém A(1;2), B(-3; 4) va I(1; 1). Phép vi

A 1 < A R \ A R \ ’ A A A A
tutam I ti sO k = —5 bién diém A thanh A/, bién diém B thanh B’. Trong cic ménh dé sau ménh dé

nao dang:

A A'B =(§;§j B, ﬁ:(%;—éj C. ‘A’B":@C% D.

(e 2elie

Cau 19: Trong mit phang v6i hé truc toa dd Oxy. Cho ba diém I(-2; —1), M(1; 5) va M/(~1; 1). Gia
stt V phép vi tu tam I ti s6 k bién diém M thanh M’. Khi d6 gia tri cua k 1a:

AL

3

B.l C.3 D.4
4
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Cau 20: Trong mat phang voi hé truc toa do Oxy. Cho duong thiang A: X + 2y — 1 = 0 va diém
1(1;0). Phép vi tw tam I ti s6 k tly y bién dudng thang A thanh A ¢6 phuong trinh la:
A x-2y+3=0 B.x+2y+1=0 C.2x-y+1=0 D.x+2y-1=0

Cau 21: Trong mit phang voi hé truc toa do Oxy. Cho hai duong thang A1 vaA2 1an luot ¢6 phuong
trinh: x -2y +1 = 0vax -2y +4 =0, diém I[(2; 1). Phép vi tr tm I ti sb k bién duong thing A1
thanh Az khi d6 gia tri cua k 1a:

Al B.2 C.3 D.4
CAu 22: Trong mit phang vé6i hé truc toa dd Oxy. Cho duong tron (C) cé phuong trinh:(x—1)2 +(y-
5)2 = 4 va diém I(2; -3). Goi (C') 12 anh cua (C) qua phép vi tu V tam I ti s k = —2. khi d6 (C’) ¢6
phuong trinh la:

A. (x-4)2 +(y+19)* = 16 B. (x-6)% +(y+9)? = 16

C. (x+4)? +(y-19)2 =16 D. (x+6)2 +(y+9)? = 16
Cau 23: Trong mit phang voi hé truc toa do Oxy. Cho hai duong tron (C) va (C'), trong d6 (C’) c6
phuong trinh :(x+2)? +(y+1)? = 9. Goi V 1a phép vi tu tdm I(1 ; 0) ti s6 k = 3 bién dudng tron (C)
thanh (C’). Khi d6 phuong trinh cua (C) 1a:

2 2
A. (x—%) +y*=1 B. x2+(y—%j =9 C. (x+8) +(y+3) =81 D.x? +y?

=1
Céau 24: Trong mat phéng v6i hé truce toa do Oxy cho A(1; 2), B(=3; 1). Phép vi ty tdm I(2; —1) ti )
k=2 bién diém A thanh A/, phép ddi ximg tdm B bién A’ thanh B'. toa d6 diém B’ Ia:

A. (0; 5) B. (5; 0) C.(-6;-3) D. (-3;-6)
Cau 25: Trong mat phang Oxy cho hai diém M (=3 ; 2) va M’(3; —2). M’ 1a anh cta diém M qua
phép bién hinh nao sau day:

A. Phép tinh tién theo véc to V = (L; 1) B. Phép quay tam O géc —90°
, 4 1 .
C.Phépvitgtam O tiso —1 D. Phép vi ty tdm I(—g;gj tisO —2
2 Phép dong dang

Cau 1: Trong mp Oxy, cho dudng tron (C)(x—2)* +(y—2)* = 4. Hoi phép dong dang c6 duoc
bang cach thyc hién lién tiép phép vi tu tam O, ti s6 k = 1/2 va phép quay tam O goc 90° bién (C)
thanh dudng tron nao sau day:

A (x+2f +(y-1¥ =1 B. (x—2) +(y-2)* =1
C. (x+1) +(y-17 =1 D. (x-1)* +(y-1Y =1

Cau 2: Cho M(2;4). Thyc hién lién tiép phép vi tu tam O ti sb k = % va phép dbi ximg qua truc Oy

s& bién M thanh diém nao?
A. (1;2) B. (-2;4)
C.(-1,2) D. (1;-2)

Cau 3: Anh cua diém P( -1, 3) qua phép ddng dang ci duoc bang cach thuc hién lién tiép phép
quay tam O(0, 0) gic quay 180O va phép vi ty tim 0(0,0) ti sé 2 la.
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A. M(2, -6) B. N(-2, 6) C.E(6,2) D. F( -6, -2).

Cau 4: Cho duong tron (C) co phuong trinh (x— 1)2 +(y+2)2 =4. qua phép ddong dang ctia phép dbi
xtng trucOy va phép tinh tién theo v (2;1) bién (C) thanh duong trin nao?

A (x-1)°+(y-1)°=4 B. xX*+y*=4 C. (x=2)°+(y-6)°=4
D. (x-2)*+(y-3)°=4

Cau 5: Cho duong thang d c6 phuong trinh x+y— 2 =0. qua phép dong dang ctia phép dbi xing tim
0(0;0) va phép tinh tién theo Vv (3;2) bién d thanh dudng thing nao?
A. x+y—4 =0 B.3x+3y—2=0 C.x+y+2=0 D. x+y—3=0

Cau 6: Trong mat phang Oxy cho diém M(2; 4). Phép ddng dang c6 dugc bang cach thuc hién lién
tiép phép vitw tdm O ti sO k = 2 va phép do1i xtimg qua tryc Oy s€ bién M thanh diém nao trong céac

diém sau?
A. (1 2) B. (-2; 4) C.(-1; 2 D. (1;-2)

Nhan biét
Cau 7: Trong mit phang Oxy cho duong thang d c6 phuong trinh 2x — y = 0. Phép dong dang co
duoc bang cach thuc hién lién tiép phép vi tu tim O ti s6 k = -2 va phép ddi xtmg qua truc Oy s&
bién d thanh dudng thing nao trong cac dudng thing sau?

A.2x-y=0 B.2x+y=0 C.4x-y=0 D.2x+y-2=0

Cau 8: Trong mit phang Oxy cho dudng tron (C) c6 phuong trinh (x — 2)? + (y — 2)? = 4. Phép
ddng dang co duogc bang cach thyc hién lién tiép phép vi tu tim O ti s6 k = % va phép quay tam O

g6c 90° s& bién (C) thanh dudng tron nao trong cac dudng tron sau?
A (x=2)2+(y-22=1B.(x-1)2+(y-1)2=1

C.(x+2)?+(y-1%=1 D.(x+1)*+(y-1)*=1
Cau 9: Moi phép doi hinh ciing 1a phép dong dang ti sd
A k=1 B.k=-1 C.k=0 D. k=3

Cau 10: Cac phép bién hinh bién dudng thang thanh dudng thang song song hodc tring véi nd co
thé ké ra la:

A. Phép vi tu. B. Phép dong dang, phép vi tu.

C. Phép ddng dang, phép doi hinh, phép vi tu. D. Phép doi dinh, phép vi tu.
Cau 11: Trong mit phang véi hé truc toa d6 Oxy cho A(1; 2), B(=3; 1). Phép vi tu tam 1(2; —1) ti s6
k=2 bién diém A thanh A’, phép dbi xtimg tdm B bién A’ thanh B'. toa d6 diém B la:

A. (0; 5) B. (5;0) C. (-6; -3) D. (-3; -6)
Cau 12: Trong cac ménh dé sau ddy ménh dé nao sai?

A. Phép doi 1a phép dong dang ti sé k = 1

B. Phép ddng dang bién duong thang thanh duong thang song song hodc tring véi né.

C. Phép vi tu ti s6 k 1a phép dong dang ti s6 |k|
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D. Phép ddng dang bao toan do 16n goC.

Céau 13: Trong mat phéng voi h¢ truc toa d§ Oxy cho A(-2; -3), B(4; 1). phép déng dang ti s6 k =

1 ., o .
5 bién diém A thanh A’, bién diém B thanh B’. Khi d6 d¢ dai A’B’ 1a:

\/52 /50

A — B. v/52 C_T D. /50
Cau 14: Trong mit phing vai hé truc toa do Oxy cho dudng thing d: x — 2y + 1 =0, Phép vi tu tdm
1(0; 1) ti s& k= —2 bién duong thing d thanh dudng thang d’. phép ddi ximg truc Ox bién duong
thang d’ thanh duong thang di. Khi d6 phép dong dang bién duong thang d thanh di c6 phuong
trinh la:

A 2x-y+4=0 B.2x+y+4=0 C.2x-2y+4=0 D.2x+2y+4=0
Cau 15: Trong mit phang voi hé truc toa dd Oxy, cho dudng tron (C) tm I(3; 2), ban kinh R = 2.
Goi (C’) 1 anh ctia (C) qua phép dong dang ti s6 k = 3. khi d6 trong cac ménh dé sau ménh dé nao
sai:

A. (C') c6 phuong trinh (x — 3)? + (y — 2)? = 36

B. (C') c6 phuong trinh x?+ y? — 2y — 35=0

C. (C') c6 phuong trinh x?+ y2 + 2x —36=0

D. (C) ¢6 ban kinh bang 6.

Théng hiéu
Cau 16: Trong mat phang véi hé truc toa d6 Oxy, cho 2 duong tron (C) va (C') ¢6 phuong trinh :

X2+ y? — 4y — 5= 0 va x?+ y2 - 2x + 2y — 14= 0. Goi (C’) 13 anh cua (C) qua phép dong dang ti sb k,
khi do6 gia tri k la:

A2 B > c. 2 p.
3 4 16 9
Cau 17: Trong mat phang vai hé truc toa do Oxy, cho hai Elip (E1) va (E2) lan lugt c6 phuong trinh
x? y? x? y? : o
la: < + Y =1va ) + = =1. Khi d6 (E2) 1a anh cuta (E1) qua phép dong dang ti s0 k bang:
A2 B > C.k=-1 D.k=1
9 5

Cau 18: Trong mat phang voi hé truc toa dd Oxy, cho phép dong dang bién duong thing d: x+y—
1=0 thanh duong thang d’: 2008x + 2007y + 2006 = 0 12 phép ddng dang ti sb k bang:
2 2007 2
p, 2008 B.1 c, 2007 p, 2006
2007 2008 2007
Cau 19: Trong cac ménh dé sau ddy ménh dé nao sai?
A. Phép doi 1a phép dong dang ti s k = 1
B. Phép dong dang bién duong thang thanh duong thing song song hoic tring véi no.
C. Phép vi tu ti s6 k 1a phép dong dang ti sd |k|
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D. Phép ddng dang bao toan do 16n goC.
Cau 20: Trong mat phang véi hé truc toa dd Oxy cho A(=2; —3), B(4; 1). phép dong dang ti s6 k =

1 ., o .
5 bién diém A thanh A/, bién diém B thanh B’. Khi d6 d6 dai A’B’ 1a;

A. @ B. v/52 C. @ D. /50
Cau 21: Trong mit phang v&i hé truc toa do Oxy cho duong thang d: x — 2y + 1 = 0, Phép vi tur tim
1(0; 1) ti s6 k= —2 bién duong thing d thanh dudng thang d’. phép dbi xtmg truc Ox bién duong
thang d’ thanh duong thang di. Khi d6 phép dong dang bién duong thang d thanh di c6 phuong
trinh la:
A 2x-y+4=0 B.2x+y+4=0 C.2x-2y+4=0 D.2x+2y+4=0
Cau 22: Trong mat phfmg voi hé truc toa do Oxy, cho duong tron (C) tdm I(3; 2), ban kinh R = 2.
Goi (C’) 1 anh ctia (C) qua phép dong dang ti s6 k = 3. khi d6 trong cac ménh dé sau ménh dé nao
sai:

A. (C') c6 phuong trinh (x — 3)? + (y — 2)? = 36

B. (C’) c6 phuong trinh x%+ y? — 2y — 35= 0

C. (C') c6 phuong trinh x?+ y2 + 2x —36=0

D. (C) ¢6 ban kinh bang 6.

Van dung ( cau 23-25 va 1-5)

Cau 23: Trong mit phang v&i hé truc toa do Oxy, cho 2 dudng tron (C) va (C) c¢6 phuong trinh :
X%+ y2 — 4y — 5= 0 va x>+ y2 — 2x + 2y — 14= 0. Goi (C’) 14 anh cua (C) qua phép dong dang ti sd k,

khi d6 gia tri k 1a:
A. 4 B. 3 C. 9 D. 16
3 4 16 9
CAu24: Trong mit phang véi hé truc toa dd Oxy, cho hai Elip (E1) va (E2) lan lugt c6 phuwong trinh
X2 yz x2 y2 ‘ o
la: = + 9 =1va ry + = =1. Khi d6 (E2) la anh cta (E1) qua phép dong dang ti s0 k bang:
A2 &2 C.k=-1 D.k=1
9 5

Cau 25: Trong mit phang véi hé truc toa do Oxy, cho phép dong dang bién dudng thang d: x+y-
1=0 thanh duong thang d’: 2008x + 2007y + 2006 = 0 1a phép dong dang ti sd k bang:
A 2008 B. 1 c 2007 D. 2006
2007 2008 2007
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Ma tran deé kiém tra

STT| CACCHUBE MUC PQ NHAN THUC TONG
NHAN | THONG | VAN DUNG | VAN DUNG SO
BIET HIEU THAP CAO CAU
HOI
1 Phép tinh tién 2 1 1 4
2 | Phép dbi ximg truc 2 1 3
3 | Phép dbi xirng tim 1 2 3
4 Phép Quay 1 2 1 4
5 | Phép doi hinh va 2 1 1 4
hai hinh bang nhau
6 Phép vi tu 1 1 1 1 4
7 Phép dong dang 3 3
TONG 7 8 7 2 25
IV. Pé bai:

Céu 1: Trong mat phing Oxy cho diém A(2;5) . Phép tinh tién theo vecto v =(12) bién A thanh
diém co toa do la:

A (31) . B. (16) . C. (37). D. (47) .
Cau 2: Trong mit phang Oxy cho diém A(2;5). Hoi A 1a anh cua diém nao trong cac diém sau
qua phép tinh tién theo vecto v = (1;2)?

A (31) . B. (16) . C. (47) . D. (3,3).
Cau 3: Trong mit phang Oxy, anh cla duong tron: (X — 2)2 +(y- )2 =16 qua phép tinh tién theo
vecto V= (1;3)1a duong tron c6 phuong trinh:

A (x=2)" +(y-1)"=16. B.(x+2)" +(y+1)° =16.

C. (x=3)"+(y-4)" =16. D. (x+3) +(y+4)" =16.

Cau 4: Trong mit phang véi hé truc toa d Oxy .Cho diém M (-10;1) va M'(3;8). Phép tinh tién
theo vécto v bién diém M thanh diém M’, khi do6 toa do cta vécto v 13 ?
Av=(-137). B.v=(13-7). C.v=(13,7). D. v=(-13-7).

Cau 5: Hinh vudng c6 may truc dbi xing? ’
Al B.2 C.4 D. v0 s0

Cau 6: Trong mat phang Oxy cho diém M (2;3) . Hoi trong bén diém sau diém nao 13 anh cua
M qua phép d6i xting truc Ox ?

A (32). B. (2-3) . C.(3-2). D. (-2;3) .
Cau 7: Trong mat phang Oxy , cho parabol (P):y?=x. Hoi parabol nao sau ddy la anh cua
parabol (P) qua phép ddi xting truc Oy ?
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A yP=x. B. y*=-x. C. x*=-y. D. xX*=y .
Cau 8: Cho hai diem 1(1;2) va M (3;-1). Héi diém M’ c6 toa do nao sau ddy la anh cia M qua
phép dbi xang tam | ?

A (2;1) B. (-15) C. (-133) D. (5;,-4)
Cau 9: Trong mit phang (Oxy) cho duong thing d c6 phuong trinh X+y—2=0, tim phuong
trinh duong thang d’ 13 anh cia d qua phép ddi xing tam 1(L;2).

A Xx+y+4=0. B. x+y—-4=0. C.x—-y+4=0 D.x-y—-4=0.

A . : ‘. 1 2
Céu 10: Trong mat phang véi hé truc toa dd (Oxy). Cho phép doi xung tam | (E;Zj bién dudng

tron (C):(x +1)2 +(y- 2)2 =4 thanh duong tron (C') ¢6 phuong trinh la:

A (x+1) +(y-2)" =4. B. (x-1)"+(y-2)"=4.
C. (x+l)2+(y+2)2:4. D. (x—2)2+(y—2)2=4.
Cau 11 : Trong mit phang Oxy, 4nh ctia diém M (-6;1)qua phép quay Q(o o) la:
A.M'(-1,-6) . B. M'(L6). C. M'(~6;-1). D. M'(6:1).
Cau 12 : Trong mat phang Oxy, qua phép quay Q(o o) M '(3;2) 1a anh cia diém :
AM (ﬂﬂ] | B M [_ﬁ;ﬁ}
2 2 2 2
2 2 2 2

Cau 13: Chon céu sai trong cac cau sau:
A. Qua phép quay Q.,, diém O bién thanh chinh né.
B. Phép ddi ximg tam O la phép quay tam O, g6c quay —180°.
C. Phép quay tam O gdc quay 90" va phép quay tam O goc quay —90° la hai phép quay
giong nhau.
D. Phép d6i xtng tam O 1a phép quay tam O, géc quay 180° .
Cau 14: Trong mit phang vé6i hé truc toa do Oxy, cho diém M(2; 0) va diém N(0; 2). Phép quay tAm
O bién diém M thanh dién N, khi d6 goc quay cua né la:
A. ¢=30° B. ¢=30%hodc ¢=45" C. p=90° D. ¢ =90° hodc ¢ =270°
Cau 15: Trong mit phing Oxy cho diém M(2; 1). Hoi phép doi hinh c¢6 duoc bing cach thuc hién
lién tiép phép dbi ximg tam O va phép tinh tién theo vecto V= (2; 3) bién diém M thanh diém nao

trong cac diém sau?

A (1;3) B. (2;0) C.(0;2) D. (4, 4)
Cau 16 : Trong mit phang Oxy cho dudng thing d c6 phuong trinh x + y — 2 = 0. Hoi phép doi hinh
c6 dugc bang cach thuc hién lién tiép phép dbi ximg tam O va phép tinh tién theo vecto v = (3; 2)
bién dudng thang d thanh dudng thang nao trong cac dudng thing sau?

A.3x+3y-2=0 B.x-y+2=0 C.x+y+2=0 D.x+y-3=0
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Cau 17: Trong céc phép bién hinh sau, phép nao khong phai 1 phép do1 hinh ?

A. Phep chiéu vudng goc 1én mot duong thang B. Phep vi ty tam I(1; 2) ti s6 -1

C. Phép dong nhat D. Phép doi xung truc

Cau 18: Trong mit phang Oxy cho U= (3;1) va dudng thang d: 2x — y = 0. Anh ctia dudng thing d

qua phép doi hinh c¢6 duoc bang cach thuc hién lién tiép phép quay Q va phép tinh tién theo

(0;90°)

vecto U 1a duong thang d’ ¢6 phuong trinh:
A. x+2y-5=0. B. x+2y+5=0.
C.2x+y-7=0. D. 2x+y+7=0.

Cau 19: Trong mat phang Oxy cho diém M(-2; 4). Phép vi ty tdm O ti s k = -2 bién diém M thanh
diém nao trong cac diém sau?
A. (-3;4) B. (-4;-8) C.(4,-8) D. (4;8)
Cau 20: Trong mit phang Oxy cho dudng thang d ¢6 phuong trinh 2x +y — 3 = 0. Phép vi tu tim O
ti s6 k =2 bién d thanh dudng thang nao trong cac dudng thang co phuong trinh sau?
A 2x+y+3=0 B.2x+y-6=0 C.4x-2y-3=0 D.4x+2y-5=0
Cau 21 : Trong mit phang Oxy cho duong tron (C) ¢ phuong trinh (x — 1)2 + (y — 1)2 = 4. Phép vi
tu tam O ti s6 k = 2 bién (C) thanh dudng tron nao trong cac dudng tron c6 phuong trinh sau?
A (x-1)2+(y-1)>%=8 B.(x-2)2+(y-2)°=8
C.(x=-2)2+(y-22=16 D.(x+2)2+(y+2)?2=16

Cau 22: Trong mit phang véi hé truc toa do Oxy. Cho hai diém M(4; 6) va M/(=3; 5). Phép vi tu
tam I ti s6 k = % bién diém M thanh M’. Khi d6 toa d6 diém I la:

A. 1(-4; 10) B. I(11; 1) C. I(1; 11) D. 1(-10; 4)
Cau 23: Trong mp Oxy, cho dudng tron (C)(x—2)*+(y—2)? =4. Hoi phép dong dang c6 duoc
bang cach thuc hién lién tiép phép vi tu tdm O, ti s6 k = 1/2 va phép quay tdm O goc 90° bién (C)

thanh duong tron nao sau day:
A (x+2) +(y-1¥ =1 B. (x—2) +(y-2)* =1
C. (x+1f +(y-17 =1 D. (x-1f +(y-1)* =1

Cau 24: Trong mit phang Oxy cho dudng thiang d c6 phuong trinh 2x — y = 0. Phép ddng dang co
dugc bang cach thyuc hién lién tiép phép vi tu tam O ti sb k = -2 va phép dbi ximg qua truc Oy s&
bién d thanh dudng thang nao trong cac duong thang sau?

A.2x-y=0 B.2x+y=0 C.4x-y=0 D.2x+y-2=0
Cau 25: Trong mit phang vai hé truc toa do Oxy cho dudng thiang d: x — 2y + 1 = 0, Phép vi tu tdm
1(0; 1) ti s6 k=2 bién duong thang d thanh duong thang d’. phép ddi xtmg truc Ox bién dudng
thang d’ thanh duong thiang di. Khi d6 phép dong dang bién duong thing d thanh di c¢6 phuong
trinh la:
A2x-y+4=0 B.2x+y+4=0 C.2x-2y+4=0 D.2x+2y+4=0

o1
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CHUYEN PE HINH HOC KHONG GIAN LOP 11

Tiét 1,2,3: QUAN HE SONG SONG
. Kién thirc co' ban
1. Hai dwdng thing song song :

Suwr dung mot trong cac cdch sau
e Chung minhavab déng phang va khong c6 diém chung
e Chimg minh a va b phan biét va cung song song véi duong thang tht ba
e Chimg minh avab dong phing va ap dung céc tinh chat ctia hinh hoc phang (canh ddi ctia
hinh binh hanh , dinh 1y talet ...)
e Surdung cac dinh ly
e Chung minh bang phan ching
2. Prong thiang song song véi mit phing
dza
Phuong phap_ <d//a = d/la

aca
3. Hai mit phing song song
ac(a)bc(a)
Phuong phap_ janb=M = () 11(p)
all(B),bll(p)

ac (a)bc(a)

anb=M

Phuong phap_ {c < (f),d < () = () I1(B)
cnd=N

allc,blld

Il. Ki nang co ban

Hoc sinh vé nhanh va chinh xac hinh v&, nhan dang nhanh yéu cau cua bai toan
Hoc sinh nhin nhan hinh vé chinh xac

I11. Bai tap luyén tap

Bai 1. Cho hinh chép S.ABCD véi day ABCD la hinh binh hanh .Goi A’ ,B’, C* ,D’ 1an luot 1a
trung

diém cac canh SA , SB, SC, SD..
a. Chuing minh A’B’C’D’ 1a hinh gi
b. Goi M 1a diém bt ki trén BC . Tim thiét dién ciia (A’B’M) v6i hinh chop S.ABCD




Giai
a. Chitng minh A’B°C’D’ la hinh binh hanh -

1

Trong tam giac SAB, taco: A’B’/[ — AB

Trong tam giac SCD, taco : C’D*/[ —~CD

N~ N

= AB/[CD
Vay : A’B’C’D’ 1a hinh binh hanh
b. Tim thiét dién ciia (A’B’M) véi hinh chép S.ABCD:
Ta c6: AB // A’B’va M la diém chung ctia (A’B’M) va (ABCD)
Do d6 giao tuyén ctia (A’B’M) va (ABCD) 1a Mx song song AB va A’B’
Goi N=MxnAD
Vay : thiét dién 1a hinh thang A’B’MN
Bai 2. Cho hinh chop S.ABCD vé6i day ABCD la hinh thang véi canh day AB va CD (AB >CD).
Goi M, N lan lugt 1a trung diém cac canh SA , SB
a. Chirng minh : MN// CD
b. Tim P =SC n (ADN)
c. Kéo dai AN va DP cét nhau tai I .
Chung minh : SI //AB //CD . Tt giac SABI 1a hinh gi ?
Giai
a. Ching minh : MN// CD :
Trong tam giac SAB, tacé : MN //AB
Ma AB // CD (ABCD la hinh thang)
Vay : MN// CD
b. Tim P = SC » (ADN):
e Chon mp phu (SBC) o SC
e Tim giao tuyén ctia (SBC) va (ADN)
Tacé : N la diém chung ciia (SBC) va (ADN)
Trong (ABCD), goi E=AD n AC
= (SBC) n (ADN) = NE

e Trong (SBC), goi P=SC nNE
Vay : P =SC n (ADN)
c. Chung minh : SI// AB // CD . Tw giac SABI la hinh gi ?



Sl =(SAB) N (SCD)

. |ABc(sAB) o
Taco: —  SI//AB//CD (theo dinh i 2)
CD c (SCD)

AB //CD
Xét AASI, tac6: Sl // MN (vi cung song song AB) M Ia trung diém AB
=Sl // 2MN  Ma AB //2.MN Do d6 : SI // AB
Vay : tir gidc SABI 1a hinh binh hanh

Bai 3. Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh .Goi M N 1an luot 13 trung diém
caccanh ABvaCD.

a. Chung minh MN // (SBC) , MN // (SAD)

b. Goi P 14 trung diém canh SA . Chimg minh SB va SC déu song song v6i (MNP)

c. Goi G,,G, lan luot la trong tim ciia AABC va ASBC.Chimg minh G,G, // (SAB)
a. Chirng minh MN // (SBC):

MN & (SBC)
Taco: <MN//BC = MN //(SBC)
BC — (SBC)
MN & (SAD)
Tuong tu : { MN // AD = MN //(SAD)
AD c (SAD)
b. Chung minh SB // (MNP):.
SB ¢ (MNP)
Taco: {SB//MP = SB//(MNP)
MP < (MNP)
Churng minh SC // (MNP):

Tim giao tuyén cua (MNP) va (SAD)
Ta c6 : P 1a diém chung ciia (MNP) va (SAD)

MN // AD
Do d6 giao tuyén la dudng thiang qua P song song MN cit SD tai Q

= PQ= (MNP)n (SAD)
Xét ASAD ,Tacdé: PQ//AD,P latrung diém SA
= Q la trung diém SD

Xét ASCD ,Tac6: QN//SC

SC z (MNP)

Taco: {SC//NQ —  SC//(MNP)
NQ c (MNP)

c. Chirng minh G,G, I/ (SAB)



Xét A SAIl,tacét: %:IG_ZZE

IS 3
= GG, /I SA
G,G, z (SAB)
Do d6 : < G,G,//SA = G,G, /[(SAB)

SA c (SAB)

Bai 4. Cho hinh chop S.ABCD . M,N 14 hai diém trén AB, CD . Mit phing (o) qua MN // SA
a. Tim cac giao tuyén cia (o) v6i (SAB) va (SAC).
b. Xac dinh thiét dién ctia hinh chop véi (ar)
c. Tim diéu kién cia MN d¢ thiét dién 1a hinh thang

Giai
a. Tim cac giao tuyén ciia (a) véi (SAB):
M e (a)~ (SAB) S
Taco: JallSA
SA c (SAB)
= (a) N (SAB) =MP v6i MP // SA
Tim cdc giao tuyén cia (@) voi (SAC): A
Goi R=MNNAC M N
R e (a) N (SAC) B c
Taco: allSA
SA c (SAC)

= (o) N (SAC) =RQ véi RQ // SA
Thiét dién 1a t&r giac MPQN
. Tim diéu kién ciia MN dé thiét dién la hinh thang:

) o MP //QN @
Ta co : MPQN la hinh thang =
MN // PQ (2)
Xeét (1) ,tacd SATMP SA/IQN
: =
MP//QN

SA//QN
Do é:{ Q =  SA//(SCD) (vé i)

QN c (SCD)

BC = (ABCD) N (SBC)
Xét (2) ;ta c6 {MN < (ABCD) — MN//BC
PQ < (SBC)



PQ =a N (SBC)
Nguoc lai, néu MN // BC thi {MB c («) = MN // PQ
BC < (SBC)

Vay dé thiét dién 1 hinh thang thi MN // BC.

Bai 5. Cho hinh chop S.ABCD déy 1a hinh binh hanh tim O. Goi M, N lan luot 13 trung diém cua
SAva SD

a. Chimg minh rang : (OMN) // (SBC)
b. GoiP, Q, R lan luot 14 trung diém cua AB ,ON, SB.
Chung minh : PQ // (SBC), (MOR) // (SCD)
a. Chitng minh rang : (OMN) // (SBC):
Xét tam gidc SAC va SDB :

OM /I SC
Taco: = (OMN)//(SBC)
ON // SB
b. Chitng minh : PQ // (SBC)
., |OP/I AD
Taco: OP//MN
AD // MN

= M, N, P, O dong phang
= PQ < (MNO)
PQ < (MNO)
{(MNO) Il (SBC)
Vay : PQ// (SBC)
Chitng minh : PQ // (SBC), (MOR) // (SCD)

PQ//(SBC)

., |MR// AB
Taco: = MR//DC (@D)]
AB//DC
Xeét tam gidc SDB :tacé OR//SD 2

MR// DC va OR// SD
Tu (1) va (2) , ta duge < MR < (MOR) va OR c (MOR) = (MOR) //(SCD)
DC < (SCD) va SD < (SCD)

Bﬁi 6. Cho hai hinh binh hanh ABCD va ABEF c6 chung canh AB va khong dong phang . 1,J, K
lan luot 1a trung diém cac canh AB , CD, EF. Ching minh :
a. (ADF)// (BCE) b. (DIK) // (JBE)

Giai
a. (ADF)/I(BCE):




AD//BC

Taco: < AD ¢ (BCE) = AD//(BCE) Q)
BC < (BCE)
AF /I BE
Tuong tu : { AF ¢ (BCE) = AF /[(BCE) 2
BE < (BCE)

Tu (1) va (2) , ta duoc :

AD //(BCE)
AF //(BCE) —  (ADF)//(BCE)
AD c (ADF) va AF c (ADF)

Vay : (ADF)//(BCE)
b. (DIK)//(JBE) :

DI //JB
Taco: = (DIK)//(JBE)
IK//BE

vay : (DIK)/(JBE)

IV. Bai tap TNKQ

Cau 1: Trong khong gian cho ba duong thang phén biét a, b, c. Khing dinh nao sau day sai?

A. Néu a va b cung vudng goc vai c thi a//b

B.Néua/bvac LathicLb

C. Néu goc gilra a va ¢ bang goc gitra b va c thi a//b

D. Néu a va b cung nam trong mp (o) // ¢ thi goc giita a va ¢ bang goc gilta b va ¢
Cau 2: Cho hinh chdp S.ABC c6 SA = SB = SC va ASB = BSC = CSA. Hay xac dinh goc giita cap
vecto SB va AC ?

A. 60° B. 120° C.45° D. 90°

Cau 3: Trong khong gian cho hai tam giac déu ABC va ABC’ ¢6 chung canh AB va nam trong hai
mat phang khac nhau. Goi M, N, P, Q lan lugt 1a trung di€ém cua cac canh AC, CB, BC’ va C’A. Tu
gidc MNPQ Ia hinh gi?

A. Hinh binh hanh. B. Hinh chit nhat. C. Hinh vuéng. D. Hinh thang.
Cau 4: Cho tir dién ABCD c6 AB = AC = AD va BAC = BAD =60°,CAD =90°. Goi I va J lan
luot 1a trung diém ctua AB va CD. Hay xac dinh goc gitra cip vecto AB va 1J?

A. 120° B. 90° C. 60° D. 45°
Cau 5: Cho hinh chép S.ABCD ¢6 tat ca cac canh déu bang a. Goi I va J lan luot 1a trung diém cia
SC va BC. S6 do cua goc (1), CD) bang:

A. 90° B. 45° C. 30° D. 60°
Cau 6: Cho hinh chp S.ABC c6 SA = SB = SC va ASB = BSC = CSA. Hiy xac dinh goc giita cap
vecto SC va AB?

A. 120° B. 45° C. 60° D. 90°

Céu 7: Cho hinh chop S.ABCD c¢6 day 1a hinh vuéng ABCD canh bang a va cac canh bén déu bang
a. Goi M va N lan luot 1a trung diém cia AD va SD. S6 do cua goc ( MN, SC) bang:



A. 45° B. 30° C. 90° D. 60°
Céu 8: Cho hinh hop ABCD.A’B’C’D’ ¢6 tat ca cac canh déu bﬁng nhau. Trong cdc ménh dé sau,
ménh dé nao cé thé sai?

A.A’C’1BD B. BB’1BD C. A’BLDC’ D.BC'LA’D
Cau 9: Trong cic ménh dé sau day, ménh d& nao 1a dung?

A. Néu duong thang a vudng goc véi duong thang b va duong thang b vudng goc véi dudong
thang c thi a vuéng goc védi ¢

B. Cho ba duong thang a, b, ¢ vudng goc véi nhau timg d6i mot. Néu c6 mot dudng thang d
vuong goc voi a thi d song song véi b hoac ¢

C. Néu duodng thang a vudng goc v6i dudng thang b va dudng thang b song song v6i dudng
thang c thi a vuéng goc véi ¢

D. Cho hai dudng thang a va b song song v&i nhau. Mot dudng thang ¢ vudéng goc vai a thi ¢
vudng goc voi moi duong thing nam trong mit phang (a, b)

Cau 10: Cho hinh l4p phwong ABCD.EFGH. Hay xéc dinh goc giita cap vecto AB VAEG ?

A. 90° B. 60° C. 459 D. 120°
Cau 11: Cho tir dién ABCD déu canh bing a . Goi M la trung diém CD, a la goc gitta AC va BM.
Chon khang dinh dung?

V3 1 V3

A. cosa =— B. cosa =— C. cosa =— D. a =60°
4 V3 6
Cau 12: Cho tir dién ABCD c6 AB = a, BD = 3a. Goi M va N lan luot 1a trung diém cua AD va
BC. Biét AC vudng géc voi BD. Tinh MN

A. MN = i MN = anl_O
2a;f D. MN = 3325

C.MN =

Cau 13: Trong cac ménh dé sau day, ménh dé nao la ding?

A. Mot duong thang cat hai duong thang cho trudc thi ca ba dudng thang d6 ciing nim trong mot
mit phang

B. Ba duong thang cat nhau timg d6i mét va khong nam trong mot mat phang thi dong quy

C. Mot duong thang cit hai duong thang cat nhau cho trude thi ca ba duong thing d6 cing nim
trong mot mit phang

D. Ba dudng thang cit nhau ting d6i mot thi cling nam trong mot mit phing
Cau 14: Cho ttr dién déu ABCD, M 1a trung diém cta canh BC. Khi d6 cos(AB,DM) béng:

a V2 g 3 c ! p. 3
2 — 6 2 2

Cau 15: Cho tir dién ABCD c¢6 AB = CD. Goi [, J, E, F lan luot 13 trung diém cua AC, BC, BD,
AD. Géc (IE, JF) bang:

A. 30° B. 45° C.60° D. 90°
Cau 16: Trong cac khang dinh sau, khang dinh nao dung?

A. Hai duong thing cing vudng goc vdi dudng thang thir ba thi song song voi nhau.

B. Néu duong thang a vudng goc véi duong thang b va duong thang b vudng goc v6i dudong
thang c thi a vuéng goc védi ¢

C. Cho hai duong thang phan biét a va b. Néu dudng thang ¢ vudng goc véia va b thia, b, ¢
khong dong phang.

D. Cho hai dudng thang a va b, néu a vudng goc vdi ¢ thi b cling vudng goc véi
Cau 17: Ménh dé nao sau day la dung?

A. Mot duong thang vudng goc voi mot trong hai duong thang vudng goc thi song song véi
duong thang con lai



B. Hai duong théng cung vudng goc voi mdt duong théng thi song song véi nhau

C. Hai duong thang cing vudng goc véi mot duong thang thi vudng goc véi nhau

D. Mot dudng thing vudng goc v6i mot trong hai duong thang song song thi vudng goc véi
duong thang kia

Cau 18: Cho tir dién ABCD véi AC :gAD;C/AT_% =~ DAB=60°,CD = AD. Goi ¢ la goc giita AB
va CD. Chon khing dinh ding?
A COSgoz% B. ¢ =60° C. p=30° D. cosp =

a3

Céau 19: Cho tir dién ABCD c6 AB=CD =4, 1J= —( I, J 1an luot 1a trung diém cta BC va AD).

1
4

S6 do goc gitra hai dudng thang AB va CD 14 :
A. 30° B. 45° C.60° D. 90°

Céau 20: Cho tr dién ABCD véi AB 1. AC, AB L. BD. Goi P, Q lan luot 1a trung diém cua AB va
CD. Goc gitra PQ va AB 13?

A. 90° B. 60° C. 30° D. 450
Cau 21: Cho t& dién ABCD. Tim gié trj cta k thich hop thoa man: AB.CD + AC.DB+ AD.BC =k
A k=1 B.k=2 _C.k=0 D.k=4

Cau 22: Trong khong gian cho tam giac ABC c6 trong tim G. Chon hé thirc dung?
A. AB” + AC*+BC?* = Z(GA2 +GB? +GC2) B. AB?+ AC?+BC?® =GA? + GB* + GC?

C. AB’+AC’+BC’ =4(GA’+GB*+GC’)  D. AB’+AC’+BC”=3(GA’+GB*+GC’)

Cau 23: Cho tit dién ABCD c¢6 DA = DB = DC va BDA =60°, ADC =90°, ADB = 120°., Trong c4c
mat cua tr dién do:

A. Tam giac ABD c6 dién tich 16n nhét B. Tam giac BCD c6 dién tich 16n nhat

C. Tam gidc ACD c6 dién tich 16n nhat D. Tam giac ABC c6 dién tich 16n nhat
Cau 24: Trong cac ménh dé sau diy, ménh dé nao dung?

A. Hai duong thang cling vudng gbéc véi mot duong thang thi song song voi nhau.

B. Mot duong thang vudng goc vi mot trong hai dudng thang vudng goc véi nhau thi song song
v6i duong thang con lai.

C. Hai dudng thang cing vudng goc véi mot duong thang thi vudng goc véi nhau.

D. Mot duong thang vudng goc v6i mot trong hai duong thang song song thi vudng goc voi
duong thang kia.

Cau 25: Trong cac ménh dé sau diy, ménh dé nao dung?

A. Cho hai duong thang a, b song song voi nhau. Mot duong thing ¢ vuodng goc voi a thi ¢ vuéng
gbc voi moi duong thang nam trong mit phang (a,b). B. Cho ba dudng thang a, b, ¢ vudng goc véi
nhau timg doi mot. Néu c6 mot duong thang d vuodng goc voi a thi d song song voi b hodc ¢ .

C. Néu dudng thang a vudng goc v6i duong thang b va dudng thang b vudng goc voi dudng
thang c thi duong thing a vudng goc voi duong thing c.  D. Néu duong thang a vudng goc véi
duong thang b va duong thang b song song véi duong thang c thi dudng thing a vudng goc véi
duong thang ¢ .



Tiét 4,5,6 QUAN HE VUONG GOC TRONG KHONG GIAN

I. Kién thirc co ban

1. Hai dwong thing vudng goc véi nhau

C1 : Dung cac quan hé vudng goc di biét trong mit phang.
C2:a Lb<goc(a;b)=90°.
C3: Dung hé qua:

a

[T
i bc (P)

C4: Dung hé qua:
b

/c/ bllc,alb =>alc

CS5 : Dung h¢ qua:

a

| b

l" a song song (P) g lb
A | bL(P)

C6 : Su dung dinh li ba duong vudng goc.
C7: Ding hé qua: Néu mot duong thing vudng goc v6i hai canh ctia mot tam giac thi vuong goc
v6i canh con lai cia tam giac

1 Al g AL AB
= A1l BC
ALAC

A c

C8:a_L b khi 2 vtcp cua 2 dt d6 vuong goc.
2 2 2 2 2 2
Chi ¥:Dli ham s6 cosin cos A= 0 +AC” —BC .\ og BAT+BC - AC
2.AB.AC 2.BABC
2. Duong thang vuoéng goc véi mat phang
C1: Dung dinh ly: Duong thang vudng goc v6i mat phang khi nd vudng goc v6i hai dudng thang

cit nhau nam trong mat phang

ib><\/ ; b, ¢ catnhau, b,cc (P),a Lb,a Lc=a l(P)

C2: Dung hé qua: Cho hai duong thang /" néu duong thang ndy vudng goc vi mat phang thi
dudng thang kia cling vudng goc voi mat phang

b
i




all b, b1l(P)=al(P)

C3: Dung h¢ qua: Cho hai mat phang vudng goc theo giao tuyén b, néu duong thing a ndm trong
mét phing nay vudng goc véi giao tuyén b thi duong thing a ciing vudng goc v6i mit phang kia

=4

C4 : Ding hé qua: Néu hai mit phang cit nhau cung vudng goc véi mit phang thir ba thi giao
tuyén cua hai mat phang nay cling vudng goc voi mat phang thu ba do

3. Miit phing vudng géc mit phang.
C1 : Chtrng minh goc gitra chung 1a mdt vudng.

s(a)n(B)=A, Oz c(a),0x LA, Oy c(f),0y LA
Khi do:

g6c ((@);(B)) =géc (Oz;0y) = 20y = ¢ : 0 < ¢ < 90°
o (@) L(B) = p=90

C2 : Dung hé qua:Cho hai mit phang vudng goc v6i nhau néu c6 mot dudng thang nam trong mit
phang nay vudng goc vai mat phang kia.




Il. Ki nang co ban
Hoc sinh vé nhanh va chinh xac hinh vé

Hoc sinh nhin nhan hinh vé chinh xac
I11. Bai tap luyén tap
Bail : Cho t dién ABCD déu. Ching minh AB vuéng goc véi CD
Huéng dan tom tit: dung tich v6 huéng AB.CD =0
C2:Goi M la td cia AB ,CM cho AB L (MCD)

Bai 2:  Cho hinh chop S.ABC c6 AB = AC, g6¢c SAC = gbc SAB. M la trung diém BC. C/M

a. AM vudng goc véi BC va SM vudng goc voi BC

b. SA vudng goc voi BC
Huéng dan tom tit: a, AABC can =AM L BC.

b, ASAB=ASAC(cgc) =SB=SC=SM 1. BC

Bai 3 :Cho tir dién ABCD c6 tat ca cac canh déu bang a. Goi O 1a tam duong tron ngoai tiép tam
giac BCD

a. CM:AOLCD

b. Tinh gbc gitra 2 dt AB va CD
Huéng dan tom tit: a, AO L (BCD)= AO LCD

b.Goi M latrd CD =AM L CD ,lai c6 AOLCD=CD_L (AMB)

—=CD_LAB

Bai 4 : Cho tir dién ABCD c6 2 miat ABC va DBC la hai tam giac can chung day BC. Goi I 1a
trung diém BC.
a. chung minh BC vuéng goc AD
b. ké AH la duong cao trong tam gidc ADI. Ching minh AH vudng goc véi mp(BCD)
Huéng dan tom tit:
a.BCLDIlvaBC_LAInén BCLAD
b.AH L DI va AH 1 BC nén AH L (BCD)

Bai 5 : Cho hinh chop SABC. SA vudng gboc vaéi day (ABC) va day la tam giac vudng tai B.
a.cmBC L SB
b.Tur A ké 2 duong cao AH, AK trong tam giac SAB va SAC. Cm: AH 1 (SBC), SC L (
AHK)
Huéng dan tom tit:
a. BC LABvaBCLSAnénBCLSB
b. AH L1SBvaAH 1 BCnénAH_L (SBC)
AH 1 SC va AK L SC nén SC L (AHK)

Bai 7 : Cho hinh chép S.ABCD c¢6 day la hinh vuong tam O, SA vudng goc (ABCD). Goi « la mat
phang qua A va vudng goc v6i SC, « cat SC tai L.
a. Xac dinh giao diém cua SO va («)
b. Cm: BD vudng goc SC. Xét vi tri tuong dbi ciia BD va ()
c. Xac dinh giao tuyén cia (SBD) va («)
Huéng dan tom tit:
a.J la giao diém ciia AI va SO thi J 1a giao diém ciia SO va( «)
b.BD L AC va BD 1. SA nén BD L (SAC) suy raBD L. SC
c.giao tuyén 1a dt qua J va song song v6i BD
Bai 8: Cho hinh chép S.ABC c6 SA L (ABC). Tam giac ABC vuong tai B
a.cm: (SAC) L (ABC)
b.Goi H 14 hinh chiéu cua A 1én SC. K 1a hinh chiéu cta A 1én SB. cm (AHK) L (SBC)



Huéng dan tém tit:
a.Trong (SAC) c6 SA L (ABC) suy ra dpcm
b.Trong (AHK) c6 AK L (SBC) suy ra dpcm
Bai 9 : Cho tam giac déu ABC canh a, I 13 trung diém BC, D 1a diém ddi xtng ctia A qua I. dung

doan SD = # vuong goc voi (ABC). cm

a.(SBC) L (SAD) b.(SAB) L (SAC)
Huéng dan tom tit:
a.Trong tam giac (SBC) c6 BC L (SAD) suy ra dpcm
b. ASAB=ASAC.Trong ASAC ké dg cao CK L SA,Trong tam giac SAB ké dg cao
BK L SA.2 tam giac vuong SDA va IKA dong dang= é—lé = 5 = IK = %suy ratam
giac BKC vudng tai K.

V. Bai tap TNKQ

Cau 1: Cho hai duong thang phan biét a, b va mat phang (P), trong d6 a L (P), Ménh dé nio sau
day la sai?
A.Néub L (P)thib//a B.Néub// (P)thibLla
C.Néub//athib L (P) D.Néub Lathib// (P)

Cau 2: Cho tir dién déu ABCD canh a = 12, goi (P) la mt phang qua B va vuong goc v6i AD.
Thiét dién cua (P) va hinh chop c6 dién tich bang?
A. 3642 B. 40 C. 3643 D. 36

Cau 3: Trong khong gian cho duong thang A va diém O. Qua O c6 miy duong thang vudng goc véi
A cho trugc?

A. V6 so B.2 C.3 D.1
Céy 4: Cho tir dién ABCD c¢6 canh AB, BC, BD b?mg nhau va vuong goc véi nhau timg do6i mot.
Khang dinh nao sau day ding ?

A. Goc gitta CD va (ABD) 1a goc CBD B. Goc gitra AC va (BCD) 1a goc ACB

C. Goc gitra AD va (ABC) la géc ADB D. Géc gitra AC va (ABD) 1a goc CAB
Cau 5: Cho hinh chop S.ABC thoa man SA = SB = SC. Tam giac ABC vuong tai A. Goi H 1a hinh
chiéu vuong goc cua S 1én mp(ABC). Chon khang dinh sai trong cac khang dinh sau?

A. (SBH) N (SCH) = SH B. (SAH) N (SBH) =SH

C.AB L SH D. (SAH) N (SCH) =SH
Céau 6: Cho hinh chop S.ABC c¢6 SA= SB = SC va tam giac ABC vudng tai B. V& SH L (ABC),
He(ABC). Khang dinh nao sau day ding?

A. H tring voi trung diém cua AC. B. H trung voi truc tdm tam giac ABC.
C. H trung vdi trong tdm tam giac ABC. D. H trung véi trung diém cua BC



Cau 7 Cho hinh chdp SABC c6 SAL(ABC). Goi H, K lan
luot 13 truc tAm cac tam giac SBC va ABC. Ménh dé nao
sai trong cac ménh dé sau?

A. BC L (SAH).

B. HK L (SBC).

C. BC L (SAB).

D. SH, AK va BC dong quy.

Cau 8: Cho hinh chép S.ABC c6 day ABC la tam giac déu, O 1a trung diém cia duong cao AH cua
tam giac ABC, SO vudng goc voi day. Goi I 1a diém tuy ¥ trén OH (khong trung véi O va H). mit
phing (P) qua I va vudng goc voi OH. Thiét dién cia (P) va hinh chép S.ABC I hinh gi?

A. Hinh thang can B. Hinh thang vubng  C. Hinh binh hanh D. Tam giac vudng
Céu 9: Cho hinh chép S.ABCD, day ABCD 1a hinh vuong c6 tam O, SAL (ABCD). Goi I 1a trung
diém cta SC. Khing dinh ndo sau day sai ?

A.BDL SC B. 10L (ABCD).

C. (SAC) la mat phing trung truc ctia doan BD  D. SA= SB= SC.

Céu 10: Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh a, SA | (ABCD), SA= a6 .
Goi a 1a goc gitra SC va mp(ABCD). Chon khang dinh diing trong cac khang dinh sau?

A. o=30° B. COSazg C.o=45° D. a=60°
Cau 11: Cho hinh chép SABC c6 cic mit bén nghiéng déu trén day . Hinh chiéu H cia S trén
(ABC) la: ’ ,
A. Tam dudng tron ndi ticp tam giac ABC . B. Tam dudng tron ngoai tiép tam giac ABC .
C. Trong tam tam giac ABC . D. Giao diém hai duong thang AC va BD .

Cau 12: Khang dinh nao sau day sai ?

A. Néu duodng thang d vudng goc voi hai dudng thang cit nhau nam trong (o) thi d vudng goc
v6i bét ki duong thang nao nam trong (c).

B. Néu duong thiang d L (o) thi d vudng goc voi hai dudng thing trong (ct)

C. Néu duodng thang d vudng goc voi hai duong thang nam trong (o) thi d L(a)

D. Néu d L(a) va duong thang a // (o) thid L a
Cau 13: Cho a, b, ¢ 1a cic dudng thang trong khong gian. Tim ménh d¢ sai trong cac ménh dé sau.

A.Néualbvab_Lcthia/c.

B. Néu a vudng goc voi mit phang (o) va b // (o) thi a L b.

C.Néua//bvab_Lcthicla.

D.Néua L b, c_Lbvaacitc thi bvudng goc v6i mit phang (a, c).
Cau 14: Cho tir dién SABC c6 SA L(ABC) va ABLBC. S6 cac mit cua tir dién SABC 1a tam gidc
vuoéng la:

Al B.3 C.2 D.4
Céau 15: Cho hinh chép S.ABC c6 day ABC la tam giac vuong tai B, canh bén SA vudng goc vaoi
day. Mit phang (P) di qua trung diém M cua AB va vudng goc voi SB, cit AC, SC, SB lan luot tai
N, P, Q. Tu giac MNPQ 1a hinh gi?

A. Hinh thang vubng  B. Hinh thang cén C. Hinh binh hanh D. Hinh chit nhat
Cau 16: Trong cac ménh dé sau, ménh d& nao sai?

A. Hai duong thang phan biét ciing vudng goc v6i 1 duong thang thi ba thi song song v6i nhau.



B. Mit phing (P) va dudng thing a khong thudc (P) cing vudng goc v6i dudng thang b thi song
song v&i nhau.

C. Hai mit phang phan biét ciing vudng goc véi mot duong thang thi song song voi nhau.

D. Hai dudng thang phan biét cung vudng goc v6i 1 mit phang thi song song véi nhau.

Cau 17: Cho hinh chép S.ABCD c6 day ABCD la hinh chir nhat, SA 1 (ABCD). AE va AF la cac
duong cao cua tam giac SAB va SAD, Chon khang dinh dung trong cac khang dinh sau?
A.SC | (AFB)

B. SC L (AEC)

C.SC L (AED)

D.SC L (AEF)
Cau 18: Cho hinh hop ABCD.A’B’C’D’ C6 day la hinh thoi A=60° B cr
va A’A=A’B=A’D. Goi O=AC N BD . Hinh chiéu ciua A’ trén .
(ABCD) la: Ar—i

51~’”’E)‘“1
A D
A. trung diém ctia AO. B. trong tam AABD .
C. giao cua hai doan AC va BD . D. trong tam ABCD .

Céu 19: Cho hai duong théng phan biét a, b va mat phéng (P), trong d6 a L (P). Chon ménh dé sai
trong cac ménh dé sau?
A.Néub L (P)thia/lb. B.Néub//(P)thib L a.

C.Néub//athib L (P) D.Néua L bthib// (P).

V3

Cau 20: Cho hinh chép S.ABC c6 day ABC la tam giac déu canh a, SA L (ABC), SA= a7. Goi

(P) 1a mat phang di qua A va vudng goc voi trung tuyén SM cuia tam giac SBC. Thiét dién cua (P)
va hinh chép S.ABC c6 dién tich bang?
2 2 2
A2 J6 B. & C. a2 p, 316
8 6 16

Cau 21: Trong cac ménh dé sau, ménh dé nao sai?

A. Néu duong thing a song song v6i mit phing (P) va duong thang b vudng goc véi a thi b
vudng goc voi mit phang (P).

B. Néu duong thing a song song voi duong thang b va b song song v6i mit phing (P) thi a song
song hodc thudc mat phang (P).

C. Néu duong thing a song song véi mit phiang (P) va duong thang b vudng goc v6i mit phang
(P) thi a vuéng goc voi b.

D. Mot duong thang vudng goc véi hai duong thang cit nhau thuge mot mat phang thi né vuéng
gdc v6i mat phing do.
Cau 22: Cho hinh chép S.ABCD, ddy ABCD 1a hinh vudng canh bang a va SAL (ABCD) . Biét SA

= # Tinh goc giita SC va ( ABCD)

A. 30° B. 60° C.75° D. 450
Cau 23: Cho tir dién ABCD c¢6 AB = AC va DB = DC. Khing dinh nao sau day ding?



A. AB 1L (ABC) B.BC L AD C.CD L (ABD) D.AC 1 BD
Cau 24: Cho tl'gz dién OABC c6 ba canh OA, OB, OC doi mdt vuong goc. Goi H 14 hinh chiéu cua O
1én (ABC). Khang dinh nao sau day sai?

A. H la tryc tam tam gidc ABC. B. OA L BC.

C. 30H? = AB® + AC? + BC* D. 12: 12+ 12+ 12
OH® OA® 0OB® OC
Cau 25: Cho hinh chép S.ABC thoa man SA = SB = SC. Goi H 1 hinh chiéu vudng goc ciia S 1én
mp(ABC). Chon khang dinh dung trong cac khang dinh sau?
A. H 1a tryc tam tam gidc ABC. B. H 1a trong tam tam gidc ABC.
C. H 1a tAm duong tron ngoai tiép tam giac ABC. D. H 1a tim dudng tron ndi tiép tam giac
ABC.




Tiét 7,8,9 KHOAN CACH

. Kién thirc co ban

Khoang cach tr mdt diém

X ) Khodng cach tir mot diém
dén mot duong thang

dén mot mit phang

Khoang cach gitra hai Khoang cach gitra mat
duong thang sng song phang va duong thang //
. . Khoang cach giira hai
Khoang cich giira hai Puong thang chéo nhau
mdt phang song song

Il. Ki ning co ban
Hoc sinh vé nhanh va chinh xac hinh vé

Hoc sinh nhin nhan hinh vé chinh xac
Ki nang xac dinh nhanh khoang cach tur hinh vé
111. Bai tap luyén tap
Bai 1 : Cho tir dién S.ABC, tam giac ABC vuong can tai B va AC = 2a, canh SA | (ABC)
va SA=a
CM: (SAB) L (SBC)
Tinh khoéang cach tir A dén mp(SBC); C dén (SAB); B dén (SAC)
Tinh khoang céch tir trung diém O ctua AC dén mp(SBC)
Goi D, E Ia trung diém cua BC va SC tinh khoang cach tir A dén SD, k/c tir E dén
AB
Huéng din tom tit:
a.BC L (SAB) nén (SBC) L (SAB)

oo o

b.*Trong tam giac SAB ké AH L SB,= AH 1L (SBC)= d(A;(SBC)) = AH = %

*d(C;(SAB))=CB=a+/2  ;d(B;(SAC))=BO=a v&i O la t diém AC.
c.Goi1atd AB= 10//BC = 10//(SBC) = d(O;(SBC)) = %d (A:(SBC)) = %

a~/35
7
Bai 2 : Cho hinh chop S.ABCD c6 day ABCD la hinh chitr nhat, AB=3, AD=4, SA 1 (ABCD) &
SA = 5. Tinh cac khoang cach tur: ) )
a. Adén(SBD) b.A dén (SBC) ¢.0 dén (SBC)

d.tam giac SDA vuong tai A,ké AK L SD thi AK=d(A;SD)=

Huéng din tom tit:
a. Ké AT L BD = BD L SItrong (SAT) kéAH 1 SI= AH L (SBD).;AH.SI=AB.AI

Al=12/5;51=V 769/ AH=_90
J769

. _15
b.d(A:(SBC)) / ([



M Ia td ciia AB = OM//(SBC) né n d(0:(SBC))=d(M:(SBC))=1/2d(A:(SBC))= —>_

234

Bai 3 : Cho hinh chop S.ABCD c6 day SA L (ABCD), day ABCD la hinh thang vudng tai A va B.
AB=BC= % =a,SA=a
a. CM cac mat bén cua hinh chop 1a nhiing tam giac vuoéng
b. Tinh k/c tir A dén mp(SBC)
_C. Tinh khoang cach tir B dén dt SD
Hudng dan tom tat:
b.d(A;(SBC))=a/+/2
c.tam gidc SBD can tai D;I 1a td SB; DI= 3a\/§/2 'S =3a%/2 = d(b;SD) = 3a/\/§

IV. Bai tip TNKQ
Cau 1: Hinh chop tam gidc déu S.ABC c6 canh day bang 3a, canh bén bang 2a. Khoang cach tir
dinh S t61 mat phang day la:

A a B. a2 C.1,5a D. a3

C/éu 2: Cho hinh chop tir giac déu S.ABCD canh day bang canh bén bang a. Khoang cach tir AD
dén mp(SBC) bang bao nhiéu?

A 22 B a2 c 3 p. &
NE V3 2 NE
Cau 3: Cho hinh lap phuong ABCD.A’B’C’D’ ¢6 canh bang a. Khoang cach giira BB> va AC
bang:
A V2 g 8 c.? p, &3
- 2 2 3 3

Cau 4: Cho hinh chép S.ABCD c6 day ABCD la hinh chir nhat va AB = 2a, BC = a. Cac canh bén
ctia hinh chép bang nhau va bang av2. Khoang cach tir S dén mat phang day (ABCD) la:
A 32 g, &2 c. A3 p, &3
2 4 2 4
C@u 5: Cho hinh lang tru ABC.A’B’C’ co tat ca cac ganh déu bang a. Goc tao boi canh bén va mat
phang day bang 30°. Hinh chiéu H cua A trén mat phang (A’B’C’) thugc duong thang B’C’.
Khoang cach giira hai duong thang AA’ va B’C’ la:

a 23 8. 2 c. 2B p, 2
- 4 2 2 - 3
Cau 6: Cho hinh 1ap phuong ABCD.A’B’C’D’ canh a. Khoang cach tir C &én AC” la:
p B3 g, &5 c a2 p, &6

3 3 3 3

Cau 7: Cho hinh chop tir gidc déu S.ABCD, day c6 tim O va canh bang a, canh bén bang a.
Khoang céch tir O dén (SAD) bang bao nhiéu?

A2 B. &

c. &
2 V2 G
Cau 8: Cho hinh chép S.ABC trong d6 SA, AB, BC vudng goc v6i nhau timg doi mot. Biét SA =
3a, AB=ax/§, BC = a\/g . Khoang cach tu B dén SC béng:
A. 2a+f3 B. a3 C.a+2 D. 2a

D.a



Cau 9: Cho tir dién déu ABCD canh a. Khoang cach tir A ¢én mit phang (BCD) bang bao nhiéu?
J6 3a J6

A. 2a B.a— C. — D.a—
- 3 2 2

Cau 10: Cho hinh chép S.ABCD c6 SA L( ABCD) ddy ABCD la hinh thoi canh bing a va B =60°.
Biét SA= 2a. Tinh khoang céach tir A dén SC
3ay/2 2a+/5 c. 5av6 o 4a3
2 5 S22 -3

B.
Cau 11: Cho hinh chép tam gidc déu S.ABC canh ddy bing 2a va chiéu cao bing a~/3. Tinh
khaong cach tir tim O cua day ABC dén mot mit bén:

A 35 B_.Z"N§ C. a\/E D. a\E
2 3 10 5

Cau 12: Cho hinh thang vudéng ABCD vuéng & A va D, AD = 2a. Trén dudng thang vudng goc tai
D véi (ABCD) liy diém S véi SD = a~/2 . Tinh khdang cach giita dudng thing DC va ( SAB).

A. a2 B. ﬂ C. a D. 2a

3 J2 NE

Cau 13: Cho tir dién OABC, trong do OA, OB, OC doi mot vudng goc voi nhau va OA = OB = OC
= a. Khoang céch gilra OA va BC bang bao nhiéu?

A2 g 2¥3 C.a p?

J2 2 2

Cau 14: Cho hinh chop S.ABCD C(')7 day ABCD Ia hinh Vuéqg canh a, tam O, Canh bén SA =a va
vuodng goc voi day. Goi I 1a trung diém cta SC, M la trung diém cua AB. Khoang cach tur I dén CM
bang bao nhiéu?

A

2a NG J2 3
A. E B. aﬁ C. aﬁ D. aﬁ

Cau 15: Cho hinh chop A.BCD c6 canh AC L (BCD) va BCD la tam giac déu canh bang a. Biét
AC=a+2 vaM la trung diém ctia BD. Khoang cach tir A dén dudng thiang BD bang:
av11 4a/5 3av/2 2a/3
B. C. D.
2 - 3 2 3
Cau 16: Cho tir dién SABC trong do SA, SB, SC Vuépg gbc véi nhau tung d6i mot va SA = 3a, SB
=a, SC=2a. Khoang cach tr A dén duong thang BC bang:
A 3a+/2 B. 7a\/5 C. 8a+/3 D 5a./6
- 2 5 3 6
Cau 17: Cho hinh chép S.ABC trong d6 SA, AB, BC vudng goc voi nhau timg doi mot. Biét SA =
a+/3, AB=a+/3. Khdang cach tir A dén (SBC) bing:
A V3 g, &2 c. 2a5 p, &6
2 - 3 5 6
Cau 18: Cho tr dién ABCD ¢6 AC=BC =AD=BD =a, CD =b, AB = c. Khoang cach gittra AB
va CD la?

A \J3a® —b* —¢? B Jda? —b*-c? c \J2a?—b*—¢? b a’—b*-c?
= 2 ' 2 ' 2 ' 2

A.

Cau 19: Khoang cach giita hai canh ddi trong mot tir dién déu canh a bang:
2a a2 a3

A 3 B. 2 c. 3

D. 2a




Cau 20: Cho hinh lép phuong ABCD.A’B’C’D’ ¢6 canh bang a. Khoang cach giita hai duong
thang BC’ va CD’ la:

A2 g 22 c a3 b, &3
- 2 2 2 4
Cau 21: Hinh tl’J: dién ABCD c6 AB, AC, AD d6i mét vudng goc va AB = AC = AD = 3. Dién tich
tam giac BCD bang
' B. 2 c. 3 D. 2

Cau 22: Cho hinh hop chir nhdt ABCD.A’B’C’D’ ¢6 AB = AA’ = a, AC = 2a. Khoang céch tur
diém D dén mat phang (ACD’) la:
A 25 g &3 c a6 p, &10
5 3 - 3 5
Cau 23: Cho hinh chép S.ABCD c6 SA L( ABCD), SA= 2a, ABCD la hinh vuéng canh bang a.
Goi O 1a tam cua ABCD, tinh khoang cach tir O dén SC.
A B3 g &3 c a2 p, &2
3 4 3 - 4
Cau 24: Cho hinh hop chir nhit ABCD.A’B’C’D’ ¢6 AB = a, BC =b, CC’* = c. Khodng céch gitra
hai duong thing BB’ va AC’ 1a?

A 4ab B 3ab c 2ab D ab
" Ja? +b? " Ja? +b? " Ja? +b? — Ja?+b?

Cau 25: Cho hinh chop S.ABCD c6 day ABCD la hinh vudéng tam O canh bang a, SA vudng goc
v6i day (ABCD), SA = a. khoang céch gitta hai duong thang SC va BD bang bao nhiéu?

B. & c. 2 D. &

a
56 7 2 5



MA TRAN DE

Lo Cép dé tw duy
Chu de Co
Chuan KTKN A X ~ .z | Vandung Van ong
Nhan biét | Thong hiéu thp dung cao
Cau123 Cau 4,56 Cau 7,8 8
Quan hé song song. Diém 1,2 Diém 1,2 Diem 0,8 Diém 3,2
Ti ¢ 12% Ti e 12% Ti 1¢ 8% Tilé 32%
Cau9,10,11 | Cau 12,1314 | Cau 15,16 Cau 17 9
Quan hé vubng goc Diéem 1,2 Diéem 1,2 Diem 0,8 | Diem 0,4 | Piem 3,6
T ¢ 12% Ti ¢ 12% Ti ¢ 8% Tiled% | Tilé 36%
Céau 18,19,20 Céu921,22 Céau 23,24 Cé}u 25 78
Khoang cach vagoc | Diém 1,2 Diem 0,8 Diem 0,8 | Diem 0,4 | Piém 3,2
Ti1é12% Ti 1¢ 8% Ti 1¢é 8% Tiled% | Tile 32%
9 8 6 2 25
Cong biem 3,6 biem 3,2 biem 2,4 Piem 0,8 | Piem 10
T/ 1¢ 36% Ti1¢é 32% Ti1¢24% | Til¢8% | Tilé 100%
PE KIEM TRA

Cau 1. Trong cac ménh dé sau day, ménh dé ndo diing? ,
A. Ba diém phan biét ludn cung thuéc mat mat phang duy nhat.

B. C6 duy nhat mot mat phang di qua ba diém khong thang hang.

C. Ba diém bat ki chi thuéc mot mat phang.
D. C6 dling mot mat phang di qua ba diém cho truée.
Cau 2. Tim ménh dé sai trong cac ménh dé sau.
A. Néu hai mat phang c6 mot diém chung thi chiing con v sb diém chung khac nira.
B. Néu hai mat phing phan biét cing song song véi mat phang tha ba thi ching song

song vai nhau.

C. Néu hai duong thang phan biét cing song song véi mot mat phang thi song song Vi

nhau.

D. Néu mét duong thang cat mot trong hai mit phiang song song véi nhau thi s& cat mat

phing con lai.

Cau 3. Trong c&c ménh dé sau, ménh dé nao sai?
A. Qua mot duong thang va mot diem khéng thude duong thang d6 cd duy nhat mot mat

phang.

B. Qua hai duong thing c6 duy nhat mot mat phang.

C. Qua hai duodng thang cit nhau c6 duy nhat mot mat phang.

D. Qua hai dudng thing song song c6 duy nhat mot mat phang.
Cau 4. Trong mat phang (a), cho bon diém A, B, C, D trong d6 khong c6 ba diém nao thang
hang. Diém ST(a). C6 miy mit phang tao bdi S va hai trong bon diém néi trén?

A. 4.

B.5.

C.6.

D.8.

Cau 5. Cho tam gidc ABC. Lay diém | ddi ximg voi C qua trung diém cua canh AB. Trong céc
khang dinh sau, khang dinh nao sai?

A. 1 €(ABC) .
C. Cl ¢(ABC).

B. (ABC)=(IBC).
D. Al c(ABC).




Cau 6. Cho hinh ch6pS.ABCD . Goi ACNBD=1,ABNCD =J,ADNBC =K . Trong c4c khing
dinh sau, khang dinh nao sai?

A. (SAC)N(SCD)=SI. B. (SAB)n(SCD)=SJ.

C. (SAD)N(SBC)=5SK. D. (SAC)n(SAD)=AB.
Cau 7. Cho hinh ling tru ABC.A’B’C’. Goi M, N lan luot 1a trung diém coa BB’ va
CC’, A=(AMN)N(A'B'C"). Khing dinh nao sau day dlng ?

A. AllAB B. A//AC ‘ C. AlIBC D. A/TAA'
Cau 8. Cho hinh lang try ABC.A’B’C’. Goi H lan luot la trung diem cua AB. Buong thang BC
song song véi mat phang nao sau day ?

A. (AHC?) B. (AA’H) C. (HAB) D. (HA'C)
Cau 9: Cho hinh 1ap phuong ABCD.EFGH. Géc giira cip véc to nao bang 60°:

A (AT:,W) B. (A—C,D_G)

C. (AC,EH) D. (AF,DG)
Cau 10: Cho hinh lap phwong ABCD.EFGH canh bang a . Gia tri AC.FG bang:

2

A. 232 B. ‘/Eza C. J2a’ D. a’
Cau 11: Cho hinh 1ap phwong ABCD.EFGH canh bang a . Gia tri COS(E.E) bang:

A ﬁ B. ﬁ C. J2a D. - ﬁ

3 ‘ 2a i ) 3

Céau 12: Cho tir dién déu ABCD. Goi M la trung diém CD. Khang dinh nao sau diy ding :

A. AB1CD B. AB L BM C. AM 1L BM D.
AB 1 BD

Cau 13: Cho tir dign ABCD ¢6 hai mat ABC va ABD 14 hai tam giac déu. Goi M,N Ia trung diém
cua AB va BC. Khiang dinh nao sau diy dung :
A. AB LND B. MN L AD C. MN 1CD D.
CD 1 BM
Cau 14: Cho tir dién ABCD c6 BCD tam giac déu canh bﬁng ava AB L (BCD), AB= J3a. Goi M
1a trung diém ctia CD. Goc giita 2 duong thang AM va BM bang:
A. 48° B. ~63° C. 60° D. ~67°
Cau 15: Cho hinh chép S.ABCD c6 tat ca cac canh bén va canh ddy déu bang a va ABCD 1a hinh
vudng. Goi M 1a trung diém cta CD. Gia trj MS.CB bang:
AL B & c & p, Y2’
- 2 2 3 2

Céu 16: Cho hinh chop S.ABCD co tat ca cac canh bén va canh day déu bang nhau va ABCD la
hinh vudng. Khang dinh nao sau diy ding :

A SAJ_(ABCD) B. AC L(SBC)

C. AC L(SBD) D. AC L(SCD)
Cau 17: Cho tir dién ABCD c¢6 hai mat ABC va ABD la hai tam gidc déu. Goi M 1 trung diém ciia
AB. Khang dinh nao sau day ding :

A. CM L(ABD) B. ABL(MCD)

C. AB L(BCD) D. DM L (ABC)

Cau 18: Cho hinh chdp S.ABC c6 SA=SB = SC =a+/3 va ddy ABC la tam giac déu canh bing a.
Goc giira duong thang SA va mat phang day bang:




A. ~65° B. ~70° C. ~74° D, ~75°
Cau 19: Cho hinh chép S.ABCD c6 SA 1L (ABCD) va SA=a, day ABCD la hinh vudng canh
bang a. Goc gitta duong thang SC va mat phing (SAB) bang goc nio:

A. BSC B. SCB C. SCA D. ASC
Ca&u 20: Cho hinh chop S.ABCD c6 SA L (ABCD) va day la hinh thoi tdm O. Goc gitra duong
thang SB va mit phang (SAC) la goc giita cip dudng thang nao:

A (SB,SA) B. (SB,AB) C. (SB,SO) D. (SB,SA)
Cau 21: Cho tir dién ABCD c6 BCD tam giac déu canh biang a va AB L (BCD), AB=a. Goi M la
trung diém cua CD. Géc giita dudng thing AM va mit phang (BCD) bang:

A. 45° B. ~49° C. ~53° D.
~ 430 e \ N
Cau 22: Cho hinh chép S.ABCD c6 tat ca cac canh bén va canh day déu bang nhau va ABCD la
hinh vuong. Géc gitta duong thang SA va mat phang day la goc gitia cap duong thang nao:

A. (SA, AC) B. (SA, AB) C. (SA, SC) D.

(SA,BD)

Cau 23: Cho hinh chdp S.ABCD c6 day ABCD 14 hinh thoi, SA= AB va SA 1 BC.
Tinh goc gitra hai duong thang SD va BC.
A. (BC,SD)=30° B. (BC,SD)=45"
C. (BC,SD)=60" D. (BC,SD)=90°
Cau 24: Cho tir dién ABCD. Goi M,N lan luot 1a trung diém cac canh BC va AD. Cho biét

AB=CD=2a VA MN =a+/3 . Tinh gbc giita hai duong thang AB va CD.

A. (AB,CD)=30° B. (AB,CD)=45"

— —

C. (AB,CD)=60" D. (AB,CD)=90"
Cau 25:_ Cho tir dién ABCD c6 AB=CD=2a . Goi M, N, P, Q lan luot 1a trung diém cia AB, BC,
CD, DA, NQ = a+/3.Tim goc giita duong AB va CD?

A. 90° . B. 60° . C. 45° . D. 30°
PAP AN
1-B 2-C 3-B 4-C 5-C 6-D 7-C
8-A 9-B 10-D 11-A 12-A 13-C 14-B
15-A 16-C 17-B 18-B 19-A 20-C 21-B
22-A 23-B 24-C 25-B
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