OM TAT KIEN THUC TOANICAR IO

.

@N TTENTTEIPTF QUOC GILA

Tw luan va Tric nghiém

I. CONG THUC LUQNG GIAC

1. Hé thirc Co ban:
sin _ cos
= sina+ cos’a=1 = tang =2 = cota a = tana.cota= 1
cosx ~sina
Vk eZ Vk e Z
« litan’a=—> = l+cot’a=—— = <sin(a@+k2z)=sina |a <tan(a+kr)=tana
cos“ a sin“ a
cos(a +k27)=cosa cot(a +kr) =cota
2. Cung Lién két:
. . o Pi
boi: a;—a Bu. a;, r—«a Phu: «; %—a Khéc pi: a; 7+« Khéc > lQ; E+a
sin(—a) = —sina sin(z—a) =sina sm[E—aj = cosa | sin(r+a) =-sina sm(EJraj = COS«
T g T q
cos(—a) = cosa cos(r—a) =—cosa | cos E_aj = sina | cos(r+a) =—Ccosa COS(E-FC( =—-Sing
tan(—a) = —tana tan(z—a) = —tana | tan %—aj = cota | tan(z+a)=tanx tan (%+a = —cota
cot(—a) = —cota cot(r—a) = —cota | cot %—aj = tana | cot(z +a)= cotax cot( > +a|=-tana
‘. . Ac Pi: Khac pi/2: sin ban cos,
Cos doi Sin bu Phu chéo AEE T' tang, P L
. cotaig cos thu sin
3. Cobng thuc Cong:
* sin(a+b) =sina.cosb+cosa.sinb * cos(a+b)=cosa.cosb—sina.sinb
* sin(a—b) =sina.cosb—cosa.sinb * cos(a—b) =cosa.cosb+sina.sinb
tan(a+b) = tana+tanb tan(a—h) = tana—tanb
l1-tana.tanb l+tana.tanb
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4. Co6ng thirc Nhan déi, Nhan ba:

_ _ cos 2 = cos’ a —sin’ a 2tana
sin 2o = 2sin .cos & ) - tan2a = ————
=2c0s“a—1=1-2sin“« 1-tan“ «
_ 3
sin3a= 3sina —4sin’ « cos3a = 4cos’ o —3cosa tan 3¢ = SN tr;m “
1-3tan‘ «
5. CoOng thwc Ha bac:
. 5 1-cos2a 2 1+cos2a 2 1-cos2a
sin“gg =——— cos‘ = ———— tancg= ——"———
2 2 1+cos2a
6. Bién d6i Tong thanh Tich:
a+b a-b . a+b . a-b
cosa+cosb:2cosT.cosT cosa—cosb = —2sin——.sin——
. . . a+b a-b . . a+b . a-b
sina+sinb = 2sin——.cos—— sina—sinb = 2cos——.sin——
2 2 2 2
tana+tanb = M tana—tanb:M
cosa.cosb cosa.cosb
. . T T . . T T
sina +cosa = «/E.sm[mrz}:\/i.cos(a—zj sma—com=\/§sm(a—zj=—\/§cos(a+zj

7. Cong thirc bién ddi tich thanh tong

cosa.cosh =%[cos(a+b)+cos(a—b)] sina.sinb =%[cos(a—b)—cos(a+b)] sina.cosb =%[sin(a+b)+sin(a—b)]

I1.PHUONG TRINH LUQNG GIAC

u=v+k2r

. } Uu=v+k2r
» sinu=sinv< (keZ)
U=-Vv+k2r

(k eZ) "= COSU=COSV <
Uu=r-v+k2r

Néu sinu=me[-11] va

m¢{+1‘i£'i£;il;0} thi:

Néu cosu=me[-11] va me{ﬂ;iﬁ'i—z;i%;o} thi:

2 2 2 27 2
, u=arcsinm+k2z lcosu =m < u =+arccosm+k2z| (k eZ)
sinu=m< ) (keZ)
u=z—arcsinm-+k2z
Néu sinu=m¢[-L1] thi: [sihu=m < u e Néu cosu =m ¢ [-L1] thi: [cosu=m < u e

sinu:1<:>u:£+k27z
2 cosu=1l<u=k2r
bac biét: sinu=—1<:>u=—%+k27r (keZ) Dic bigt: ( cosu=-leu=r+k2z (keZ)

. T
sinu=0su=kr cosu=0=u=—+kr

= tanu=tanveu=v+kr (keZ) = cotu=cotveu=v+kr (keZ)
Néu tanu :mg{iﬁ;ﬂ;ig;o} thi: Néu cotu :mg{iﬁ;ﬂ;ig;o} thi:
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tanu =m < u=arctanm+kz| (keZ) lcotu=m <> u=arccotm+kz| (keZ)

= Lty Bictlivnigehamptanuieom shiali wLuu y: Diéu kién dé ham cotu c6 nghia 1a

T A 5 A )
u# E+ kz, k €Z. Tuy vay, phuong trinh u =k, keZ. Tuy vay, phuong trinh ludn cé

ludn c6 nghiém, vi vay khong can dat diéu kién. nghiém, vi vay khong can dat dicu kién cho no.

Ky thuat 1: Lam mét dau TRU

Vi du:
o —Sina =sin(-a)

o —COoSa =Cos(7—ar)
o —tan a = tan(—a)

) T ) ) 0 ) . T .
sm[x = Z] +sinx =0 sm[x — Z] = —sinx & sm[x — Z] = sin(—x)

x—z:—x—l—kZﬁ -
o —cota = cot(—a) o 4 sSx=—+kr(kel).

X —% =7+ X + k27 (vd nghiém)

Ky thuat 2: Bién d6i CHEO

o sina = C0S E—a
Vi du:

o cosa =sin| Z—a /4 n k2rx

2 ZXZE—X‘i‘kZﬂ' X=—+—

o sin2x=cosx<:>sin2x=sin(%—xjc> = C (k e Z).
°lana=coy 5 —a 2x=r—|Z-x|+k2z |x=Z+k2zx

2 2

o COotax =tan z—a)

2
Phuong trinh asin x+bcosx=c (véi a®+b*>c?) Phuong trinh asin® x+bsin xcos x+ccos® x =d

asinx+bcosx=c

a b
<:>\/a2+b2 Ja? +b?

<> SINX.COS ¢ +COS X.Sinx =

= Truong hgp 1: Xét cosx=0=>sin’x=1. Ta c6 hé

c
- 2 :1 - 2 —
Ja? +b? sau: {sm X @{sm X 1<:> ............. )

asin’x=d a=d

sin X+ COS X =

W = Trudng hop 2: Xét cosx # 0, chia hai vé phuong trinh
) a _ cho cos® x, ta c6:
L cow:m,smazﬁ) atan®x+btanx+c=d(l+tan’x) <......... )
_ c = Hop nghiém cua (1), (2) ta c6 tap nghiém cua phuong
Ssin(X+a)=sinf < ......... véi sin = W trinh d3 cho.

= Luu y: Phuong trinh asinX+bcosx=c chi c6 nghiém khi va chi khi [a? + b2 > c?].

I11. TO HQP — XAC SUAT
QUY TAC CONG QUY TAC NHAN

Néu phép dém dugc chia ra nhiéu trwong hop, ta | Néu phép dém duoc chia ra lam nhiéu giai doan bat budc, ta

s& cong cac ket qua lai. s& nhan cac két qua cia mdi giai doan ay.
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HOAN VI

TO HQP

CHINH HOP

= Sip xép (d6i chd) caa N
phan tir khac nhau, ta ¢ sd

= Chon k phan tir tir N phan tir
(khong sap xép thur tu), ta c6 so cach

= Chon k phan tir tir N phan tir (c6 sip
xep thr tu), ta dugce so cach chon la

cach xép 1a voi chon 13 [CY]. ALl

nel. ) n! [keN,neN ! | . [keNneN
= nl=12..(n-1)n. . Cn:m VOI{OSKSI’] e A1:(n—k)! véi {OSKSn .
= Quy udc soc: 01=1.

cr=cy* Cl+Ct =Cl A =kIC!
= Cong thire:|P(X) :@ QI
n(©) 0P 1.

XAC Trong d6: n(X): s phan tir ctia tap bién cd |P(®) =0, P(Q)=1|.
SUAT X; n(€2) 5o phan ir khong glan mau; P(X) P(X)=1-P(X)| véi X 1 bién cb dbi ciia X .

la xac suat d€ bién co X xayravdi X < Q.

thi P(AUB)=P(A)+P(B).

» Néu A, B 12 hai bién cb xung khic v6i nhau

IV. KHAI TRIEN NHI THUC NEWTON

= Néu A va B 14 hai bién c6 ddc 1ap v6i nhau thi
P(AB)=P(A).P(B).

CAP SO CONG

= (a+b)" =Cla"+Cra" b +C2a" b’ +........ +CMab™™ +Cb".
Khai trién dang | . pye pigt: (14 )" = CO+CIX+C2X + oo+ CIXTE4CIX ().
liet ke: ) ’ 0 , .
A 2 n-—. n n 4 \ 2
* Héqual: C +C +C +..... +C, " +C,  =2" (ticla thay Xx=1 vao (*)).
(véi neN") » H¢ qua 2: V&i N chan, chi can thay Xx=-1 vao (*), ta co:
C)-Ci+C2—........ —CI*+C'=0C +C2+Cl....+C =C!+C3 +....CT™*
n
Khai trién tong [ Khai trién: |(a+ b)n = ZCr‘fanfkbk . $6 hang tong quat: |T,,, = Cra"*b*
qUAL: — )
* Phan biét hé so va s6 hang: C*(—1)*a" *b" .x" . S0 hang khdng chira X ung voi o =0.
(véi neN") HE S0

SO HANG

CAP SO NHAN

1. Dinh nghia:
= Diy sb (Un) dugc goi 1a cip sé cong khi va

chi khi véi neN", d 1 hing
s0.
=Cap sé cong nhu trén co s6 hang diu us,
cong sai d
2. S0 hang tong quat:
“|u,=u,+(n-1)d| véi neN",

3. Tinh chit cac so hang:

1. Dinh nghia:
*Diy s6 (U,) dwoc goi 1a cAp s6 nhan khi va chi khi

véi neN", qla hing sé.
= Cép s6 nhan nhu trén c6 s6 hang du U, cong bdi .
2. S6 hang tong quat:

véi neN'.

" un = ul'qn_l

3. Tinh chit céc so hang:
v6i ke N vak >2.

12
® |Uk-a-Uiss = Uy

4. Tong n s6 hang diu tién:
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=(U,_,+U,, =2U | véikeN" vak>2. u(l-qa"
Ll | N . Sn:u1+u2+...+un:w voi q=1.
4. Tong n so0 hang dau tién: 1-q
u,+u)n
. Sn:ul+u2+...+un=%.

VI. GIOI HAN DAY SO - HAM SO

1.1. Day sb c6 gi6i han 0:
.1 .1 .1 .1
Ilmﬁ_O Ilmﬁ_o |Im%—0 Ilmn—a_O

= limg" =0 vei |g] <1.
1.2. Day sb c6 gi6i han hiru han:

Cho limu, =a. Ta co:
- lim|u,|=a] va limYu =3/a = lim Ju, =+/a véi a=0.

Cho limu, =a, limv, =b. Ta co:

= lim(u, £v,)=a+b - lim(u,v,)=ab
. u a
= lim—=—v6i b0 = lim(ku,)=ka
v, b (ku,)
1.3. Tong ciia cAp s6 nhan It vé han: |S=u, +uq+uqg’+...= 1ul :
—q

1.4. Day sb c6 gi6i han vo cung:
Quy tic 1: Cho limu, = oo, limy, =0, Tinh lim(u,v,).

. _ limu, limv, |im(unvn)
1. Gidi han day so
+00 400 400
—Qo0 —0o0 —+00
+00 —® —
—0o0 +00 —00

Quy tic 2: Cho limu, =00, limy, =a=0. Tinh lim(u,v, ).

limu, Déu cta a lim (u,v, )
400 + +00
+00 — —®
—0 + —0
—0 — +00

Quy tic 3: Cho limu, =a=0, limv, =0. Tinh lim=
v

n

Dau cua a (tir) Dau ciia V, (mau) lim V—
n

+ + +00

+ — —Q0

_ — —+00
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2. Gi6i han ham sb:

2.1.

2.2.

2.3.

2.4.

Gidi han tai vo cuc:

Cho k duong, ta co:

= |im x* =40

X—>+00

= lim x

X——0C

. {—i—oo, k chdn

—o0, k 1é

Gid¢i han hiru han:

X—>Xo X—>Xo

Cho lim f (x)=a, limg(x)=b.Tacé:

- tim|{ (| =[a

X—>Xo

fmyf(-%a

= i f = 5y a>
XLrDOJ (x) Ja véi a=0

X—>Xg

- lim[ f(x)£g(x)]=ab

X=X

- lim[ f(x).g(x)]|=ab

X=Xy

= lim[k.f (x)]|=k.a voi k 1a hing s

ctim ) _2 b khac o
X—>Xg g(x)

Quy tic tim gi6i han vé cuc:

Quy tic 1: Cho lim f (x) =0, limg(x)=a=0. Tinh lim[ f(x).g(x)].

X=Xy

=a=0, !Lr?og(x)

=6 g(x)

X=Xy X—>Xp X—>Xg
XI'_TO f(x) DAu cia a )!'_)n;'ol:f (X)Q(X)]-
+0 + +00
—+00 —00
o + —o0
o — 00
P . o f(x)
Quy tac 2: Cho lim f (x) =0. Tinh lim :

Dau cua a

Déu ctia g(x)

—h

amn
X

~—

lim

g (x)
+ + +00
+ — —00
_ + —0
— — +00

B0 tro cic cong thirc dé khir dang v6 dinh:

ax’ +bx+c=a(x—x)(x=x,) voi

X, X, 1a nghiém cua tam thirc bac hai.

X" —1:(x—1)(x”’l+xH +...+1)

a"-b"=(a-b)(a"* +a"*b+...+b"*)

a+ b:az_b a— b:az—b
a—+b a++b

s 3fp = a’+b 4 3p— a’-b
az—a3b+(3/5)2 a2+a€/5+(§/5)2

6 Bién soan: Hoang Xuidn Nhan

Email gép y: thayxuannhan@gmail.com




3.1. Piéu kién ton tai giéi han:

e o o || (G s i Piéu kién dé ham s c6
101 han béen phai 101 han ben trai gi6i han tai X, .
e lim f(x lim f(x lim f (x)=li
Q7 XX () X%~ () X%y (X) XILT‘f(X)
Khi do:
X—> X X—>X i = li
Nghia Ia { : { o [ fim £ (x)= lim 7 (x)
X> X, X < X, .
= lim f(x)
X—>Xy

3. Piéu kién giéi han | 3.2. Diéu kién lién tuc ciia ham so:

va diéu kién lién »Hamsb () liéntyctai x, < f(x,)=lim f (x)= lim f(x)< f(x)=lim f (x)
tl.lC: ) X—>Xg" xax?’ X—>Xo
» Moi ham s6 da thac, phén thuc hitu ti, ham luong giac déu lién tuc trén tap xac dinh
cua chang.

= Ham s6 f (X) lién tuc trén khoang (@;b) néu na lién tuc voi moi x =X, €(a;b).
f(x) lién tuc trén (a;b)

»Ham s f () lién tyc trén [a;8] < [Emf(ﬂ: flax lim ) = £0)°

3.3. Piéu kién cé nghiém ciia phwong trinh:
Néu ham s f (x) lién tuc trén [a;b] va f(a).f (b)<O0 thi phuong trinh f ()

0

c6 it nhat mot nghiém trén (a;b).

VIL. PAO HAM

F()=f ()|

1. Pinh nghia dao ham tai mot diém: | f'(x,)= lim

2. Bang dao ham co ban va mé rong:

' 1 1 1

] \/; “2dx ] (_j RS

= k'=0 = (X)) =ax*! ( ) 2% X X2
(véi k lahangso) | —™R () = qu[u’] MR ( JJ) VIR (1}

2Ju ) TTe
: (¢) = - (@) =a'na ' (Inx)':% " (loo, X)’:ria
L(e”)rze”. VR, (a") =a“.Inalu] L)(mu)': L)(mgau)':
= (sinx) =cosx —*®(sinu) =[u]cosu = (cosx) =—sinx —*®5(cosu) =-{u]sinu
= (tanx) = 00512 , =1+tan® X = (cotx) = _sin12 v —(1+cot® x)

=

¢>(tanu)':C :(1+tan2u) L(cotu)':— _ :—(1+cot2u)

s?u sin®u
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3. Quy tic tim dao ham:

" (u iv)' =u'+V = (ku) =k.u’ * (UV) =uv+uv
r , f! la dao ham cia f theo bién x
u uv-—-uv ! [ 75 ! 7 N 2 . N
. (—j = > = £/ =1 U, véi {f la dao ham cia f theo bién u .
v v u! la dao ham cia u theo bién x
4. Pao ham cép cao va vi phan:
Pao ham cép cao Vi phan
" ’ ’. m n ! df X)= f’ X .dX
() =[ 1] (0 =[ £(x)] dy{;,dx( )
FOx) =[17(x)] 1 1O (x) =] 17 (x)] du = u’.dx

VIIL.KHAO SAT HAM SO VA BAI TOAN LIEN QUAN
HAM NHAT BIEN

XET TINH DPON PIEU HAMBAC BA ax+b
: y=ax’+bx’+cx+d (a=0) y= (ad —bc #0, ¢ #0)
cx+d
"Budc 1: Tim tap xac dinh D | w=Pgo ham y' =3ax® +2bx+c.
o ., D e = Ham s6 dong bién trén tap xac d—b
= Buédce 2: Tinh y=f(X) : d!nh R@y’ZO, vx e R 'Daohém yr:a;cZ.
cho y'=0 250 (cx+d)
Timnahigm o | Tim thém =S {A <0 = Ham s6 dong bién trén tirng
f oA e ¥ mA v KhA . . khoang x4c dinh —bc>0.
cac gl.a tri X ma y* khong * Ham so nghich bién trén tap xac ‘oanig xac -d;n <A:> adA b(‘: L
xac dinh. ’ dinh R < y'<0, ¥xeR = Ham s6 nghich bién trén tung
» Bude 3: Lap bang bién ) 2<0 khoéang xac dinh < ad —bc <0.
thién. (Nén chon gia tri x dai = { )
dién cho tung khoang thay A<0

Va0 y' dé tim ddu ciia ' o ] ,
trén khodng do). = Luu y: Néu a chita tham sé mthi | = Luu y: Néu dé cho dong bien

= Budc 4: Dura vao bang bién | taxét a=0, tim m. Thay m tim dugc | (nghich bién) trén (c; B) thi ta xét di€u
thi’én dé két luép vé su déng dé kiém tra ddu y', xemy c6 don Kidn: — 9 ¢ (o f)
bién, nghich bien cua ham diéu trén R khong? TG P

sO.
BIEU KIEN CUC TRI CUC TRI HAM BAC BA CUC TRI HAM BAC BON
= : y=ax®+bx*+cx+d (a=0) y=ax'+bx*+c (a=0)
- \ A 4 < A 1A \ ! 3
Ham s6 co dlefn cuc tg; la = Pao ham y' =3ax? + 2bx +¢. . D?f) ha‘m y = 4§1X +2bx.
(%) Yo) & y'0%) = _ = Ham s6 c6 hai cuc tri (tirc 1 co " Dicu kién cyc tri
$70 Y(X) =Y, az0 Bacuctri | ab<0
(gia thiét 1a ham s lién tyc Cb-CM = { A so ) ) | [ab=0
tai X,) ) v ) Mot cure tri 2 20
a1 %) » Ham s0 ¢6 hai diém cuc tri trai dau el =
N f'(x,)=0 s < xX, <0< ac<0. Cécyctri | a’+b’>0
cu £"(x,) <0 I'ham = Ham sb ¢6 hai diém cuc trj cung "Cho A B, C laba dlém cuc tri, ta co:
14 —— 3
s0 f(x) dat cuc dai tai b A Ay >0 . cos BAC = 3;3 g
X=X, ac>0 b —8a
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[ f'(x,)=0 = Phuong trinh duong thang di qua o
*Néu , 0 thi ham hai diém cuc tri: EY— _
f"(x,)>0 00700 AABC Y
sO f (x) dat cure tiéu tai y=f(x) _].é—a
X=X Néu toa d6 hai cuc tri da

rd rang ta nén goi duong thang
y =ax+b roi thay toa d hai diem
d6 vao—— Giai hé tim a, b.

TIM MAX-MIN TREN POAN
Tim Max-Min cta f(x) trén doan [a;b]

TIM MAX-MIN TREN KHOANG
Tim Max-Min cta f(x) trén khoang (a;b)

*Bwée 1: Tinh y'= f'(x).
Tim cac nghiém x; € (a;b) khicho f'(x)=0.
Tim X; € (a;b) ma y’ khong xac dinh.
» Bwée 2: Tinh cac gia tri f(a), f(b) va
f(x), f(x;)(néuco).

= Burde 3: So sanh tat ca gia tri trong bwére 2 dé
két luan vé gia tri 16n nhat, nhé nhat.

= Buoce 1: Tinh y' = f'(x).
Tim cac nghi¢m X € (a;b) khicho f'(x)=0.Tim x; € (a;b)
ma y’ khong xac dinh.

= Burde 2: Can tinh limy, Iirp y . (Néu thay (a;b) bang
(—o0;+00) thi tatinh thém lim y).

" Bugre 3: Lap bang bién thién va suy ra gia tri 16n nhat, nhé
nhat trén khodng.

=Néu ham f(x) dong bién trén [a;b] thi =Néu ham f(x) nghich bién trén [a;b] thi

max f (x) = f(b max f (x) = f(a
xela;b] ( ) ( ) xe[a:b] ( ) ( )
min f(x) = f(a min f(x) = f(b
xela;b] ( ) ( ) xela;b] ( ) ( )

PAC BIET —

Ox
TIEM CAN PUNG TIEM CAN NGANG
. <X % ~ - . I D S = A N . gin
* Pinh nghia: (X hiru han, y v0 * Dinh nghia: (X v0 han, y hitu han), ta c6 tiém
y—— 1 Yy—Y

han), ta c6 tiém can dirng X=X,. Luu y:
diéu kién x—— X, c6 thé dugc thay bang
X—> X, (gidi han bén trai) hodc X——> X,
(gi61 han bén phai).

= Cach tim TCP: Néu X = X, 1a mot nghi¢m
ciia miu s6 ma khong phai la nghiém ciia
tir s6 thi x =X, chinh 14 mot TCD cta d5 thi.
(v6i tap xdc dinh c6 dang D = K\{Xy; X;..} ).

cin ngang y =Y,.
= Cach tim TCN: Pon gién nhit la ding CASIO
Buwée 1: Nhap ham so vao may.

Bue 2: [CALC] =T [X =10710] =[]
[CALC] =T [X = -10710] =T ]

Buée 3: Néu két qua thu duogc 13 hiru han (tic 1a Y,) thi ta
két luan TCN: y=y,.

. . ax+b
*P6 thi ham s6 y =
cx+d

voi (c#0, ad —bc #0) c6 mot TCH: |[x=——|, mot TCN: |y =

oo

c

@ Nén nhé, méi do thi chi cé toi da 13 2 tiém cin ngang.
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SU TUONG GIAO GIUA HAI PO THI
Xét hai @ thi (C,): y= f(x) va(C,): y=9(X).

Phwong phap chung tim giao diém hai d6 thi

= Budc 1 : Lap phuong trinh hoanh do giao

diém cua (C,)&(C,): [f(x)=g(X)|. (*)

= Bwéc 2 : Giai phuong trinh (*) dé tim cac nghiém X X5y

(néu cd), suy ra Vi Yoo

= Piéu kién dé (C,) va (C,) con
diém chung 1 phuong trinh (*) ¢6
N nghiém khac nhau.

hé sau c6 nghiém :{

=Piéu kién dé (C,) tiép xtc (C,) la phwong trinh (*) c6 nghiém kép hoic

F(x)=g(x)

F'(x)=9'(x)
©)e ax+b
Tim tham s6 dé e cx+d cit nhau tai hai diém phan biét
d:y=ax+p
= Bwéc 1 : Viét phuong trinh hoanh d6 giao
diém : 2y = ax+ f3, dua phuong trinh vé A=0
o ; “Buéc2: Gidihe {A, >0  —T">m?
dang g(x) = Ax*+Bx+C =0 (x;t——). q
c {4
c
0 K X (C):y=ax3+bx2+cx+d g . oA A LA
Tim tham so deé cat nhau tai ba diém phan biét
d:y=ax+p
(Ta chi dp dung cho truong hop phirong trinh hoanh dg giao diém cé nghiém dep)
= Buée 1 : Viét phuong trinh hoanh d6 giao A=0
AL a3 2 _ . ‘
el & DS SR = @G =Buéc 2 : Gidi hé didukién: JA >0 —I" ym?
phuong trinh vé dang g
g(x,) =0

(x—xO)Lsz + Bx+C] =0.
9(x)
(co vin dung ky nang chia Hoocner)

w» Luu y : Dé tim nghiém dep X = X, ta nhdp vao may chirc

nadng giai phuwong trinh bac ba véi m=100.

PHUONG TRINH TIEP TUYEN

DANG 1

DANG 2

DANG 3

Viét phuong trinh tiép tuyén cua do thi
(C):y= f(x) biét tiép tuyén c6 hé so
goc k.

Viét phuong trinh tiép tuyén cua
dothi (C):y= f(X) taidiem

M(%; ¥,) € (C)

Viét phuong trinh tiép tuyén cta do thi
(C):y= f(x) biét tiép tuyen di qua

A% Ya) -

* Buéc 1: Tinh dao ham y', tur
d6 c6 hé s6 goc k =y'(X,).

" Budc2: Vi‘é't phuong trinh tiép
tuyen cta do thi dang

ly=k(x=x,)+Y,]|.

= Buée 1: Goi M (X,;Y,) 1a tiép diém
va tinh dao ham y’.

= Bude 2: Cho Y'(X,) =k, tim duoc
tiép diém (X} Y,)-

» Buéc 3: Phuong trinh ti€p tuyén :
|y=k(x—x0)+y0|.

= Bude 1: Tiép tuyén co dang :
Y =Y (%)(X=X) + Y, (*) véi
Yo = f(xo)

= Bu6c 2: Thay toa do diém A vao (*)
dé tim dugc X,.

* Buée 3: Thay X, vao (*) dé viét phuong
trinh tiép tuyen.

@ Dic biét : Néu tiép tuyén song song duong thang Y = ax+0 thi né c¢6 hé s6 géc K = a, néu tiép tuyén vudng goc duong
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thang y =ax-+b thi né cé hé so6 géc k =—= (a = 0), néu tiép tuyén tao véi OX goc & thi né cé hé so6 géc K =+tana .
a

PIEM PAC BIET THUQC PO THI

TAm ddi xing (hay diém udn) ciia dd thi bic ba y=ax’+bx’+cx+d (a=0)

r_ 2
= Budc 1: Tinh {y = 3ax +2bx+c.

ddi xtmg (tic diém udn): 1(X,;Y,)-
@ Can nhé: Tam d6i xUing cua dd thi bac ba

y" =6ax+2b
= Buée 2: Cho I
y = OM% = _33 = y,. Ta co tam
a

cling 1a trung diém cua hai di€m cuc tri (n€u co).

Téam doi xirng cia do thi ham nhat bién y=

(c¢0 ad —bc #0)
cx+d

A A d ..
* Tim tiém can drng X =—— va tiém can
C

a
ngang y = —, suy ra dugc tim dbi xing cua
C
A d.a) .. . .z A A
do thi la: | v E (1a giao di€ém 2 tiém can
tim dugc).

5 A 2 z ax
Diém c6 tga do nguyén thufc do thi ham nhat bien y =

+3 (c %0, ad —bc = 0)

Cach 1: Ty luian

Cich 2: Tric nghiém

» Bude 1: Chia da thirc cho da thire, ta viét

laiham s y=a + p .
_ Cx+d
* Budc 2: Yéu cau bai toan< cx+d la
e —
wdc sb6 nguyén ctia [T,y — | suy

ra cac gia tri y tuong ing. Tur day tim
duoc cac diém co toa do nguyén thude dd
thi.

Thuwe hién trén may tinh bé tii nhuw sau:

[MODE]——[7] — F(X):?)): +§ — ,[START : 19
+

—|END: -1 ——|STEP: 1|. Ta do tim nhiing hang c6 F(X)
nguyén thi nhan 1am diém can tim. Lam twong tu khi cho
START : 0| ——|END: 18| ——|STEP : 1, ta s& bd sung thém cac

diém nguyén con lai. Luu v: Hoc sinh muén dat duoc tinh chinh xac
cao hon thi ¢6 thé do trén nhiéu khoang, mdi khoang c6 START va
END cach nhau 19 don vi. (May tinh doi mdi sé co by nho lom hon).

NHAN DIEN PO THI HAM SO

—— y'=3ax’+2bx+c
A B C

Hé s0 Déu hiéu do thi Két luan
. Nhanh phai d@s thi di 1én a>0
Nhanh phai db thi di xudng a<0
Giao diém v6i Oy nam trén diém O d>0
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Giao diém véi Oy nam dudi diém O d<0

Giao diém véi Oy tring voi diém O d=0

DO thi khong ¢6 diém cuc trj nao A, =(B') ~AC=b?-3ac<0

D6 thi ¢6 hai diém cuc tri Al, =(B')" -~ AC =b*-3ac>0
, ‘ B 2b

Tam doi xing nam bén phai Oy —Z>O<:>—£>Oc>ab<0
: o B 2b

% Tam doi xtrng nam bén trai Oy —K<O<:>—£<O<:>ab>0.

. . C c

Hai diém cuc tri nam cung phia OX XX, >0 K >0 % >0<ac>0
, . C c

Hai diém cuc tri nam khac phia Ox XX, <0< N <0< % <0< ac<0

Doi khi, ta thiy dé thi di qua diém (Xy; Y, ) cho truéc, ta thay toa 4 ny vao ham sé dé cé 1 phuong
trinh. Piéu nay diing cho moi ham sé.
Ham s6 bac bon tring phwong y=ax’+bx’+c (a * 0)

—— y' =4ax® +2bx = 2x(2ax2 + b)

Hé so Dau hiéu do thi Két luan
a Nhanh phai d6 thi di 1én a>0
Nhanh phai d6 thi di xudng a<0
Giao diém v6i Oy nam trén diém O c>0
c Giao diém véi Oy nam dudi diém O c<0
Giao diém voi Oy trung voi diém O c=0
Do thi ham s6 ¢ ba cuc tri ab<0
b A . N A , A .
Do thi ham s6 ¢6 mot cuc tri ab>0, (a # 0)
£ £, 1 oK ax+b
Ham so0 nhat bien y = (C #0, ad —bhc # O)
cx+d
, ad-bc
— y =—Q=
(cx+d)
Hé s0 Déu hiéu do thi Két ludn
: . . d
Tiém can dirng nam bén phai Oy ——>0=cd <0
5 C
c vad g
Tiém can ding nam bén trai Oy P <0=cd >0
‘A A N f oA a
Tiém cén ngang nam phia trén OX P >0=ac>0
avac 3
Tiém can ngang nam phia dudi Ox P 0=ac<0
. + R 5 A . I M A b A b
Giao di€ém cua do thi véi OX nam bén phai goc O 3 >0=ab<0
avab b
Giao diém ctia d6 thi véi Ox nam bén trai gbc O | ——<0=>ab>0
a
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b=0

b D thi di qua gbc O(0;0)
, , . . b
Giao diém cua do thi véi Oy nam trén goc O q >0=bd >0
bvad b
Giao diém cua d6 thi v6i Oy nam duéi gbc O q <0=bd <0
Moi nhanh d6 thi di 1én (tir trai sang phai) ad —bc>0
8,0,C.d | /5 nhanh db thi di xuéng (tir trai sang phii) ad —bc <0

PHEP SUY PO THI TU PO THI CO SAN

1. Phép tinh tién va doi ximg do thi
Cho ham y = f (x) co dd thi (C)

Do thi can tim Céch bien doi

Minh hoa

Tinh tién d6 thi (C) theo phwong

C):y=1f(x)+a Oy lén phiatrén a don vi.

Tinh tién d6 thi (C) theo phwong

C):y="1(x)-a Oy xubng phia dudi a don vi.

Tinh tién d6 thi (C) theo phuong

C).y=f
(C;):y="T(x+a) Ox quatrai a don vi.

sang trai
a don vi

Tinh tién d6 thi (C) theo phwong

C,):y=f(x-a
( 4) y ( ) Ox qua phai a don vi.

0‘\/

(C)

g (64?
sang p}mz
a don vi
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(C):y=—1(x) Lay d6i xtmg (C) qua OX . -
doi xitng
nhau qua
truc Ox

(C,):y=f(-x) Lay d6i xing (C) qua Oy . A

a) Tirdd thi (C):y= f(x) ta suy ra dd thi (C )iy —| f (X)|

f(x) néuf(x)>0

—f(x) néu f(x) <0

Budic 1: Giit nguyén phan d6 thi (C) nam phia trén OX , ta duge (C').

Buérc 2: Ly ddi xtng phan d6 thi (C) phia duéi Ox qua OX, ta dugc (C").

Két luan: D6 thi (C,):y =|f(X)| 1 hop ctia (C') véi (C"). Xem vi du minh hea sau:

y
(CI.’ ¥

0 x x
) ;
\ I
8 /
" /
/
/
;

ey =l — Chy=32-2x- =
(C):y=x"-2x > ) v 3

Taco y =|f(x) =

b) Tirdd thi ham sé (C):y = f(x) tasuy radd thi (C,):y= f([x]).

Taco y = F) = {f b w20
f(—=x) néux <0
Buérc 1: Giir nguyén phan do thi (C)nam bén phai truc Oy , ta duoc (C').
Budc 2: Liy d6i ximg phan d6 thi (C') qua truc Oy, ta dugc (C").
(Pay la tinh chat doi ximg ciia do thi ham sé chan)
Két luan: Do thi (C,):y = f(|x|) lahop cta (C") véi (C"). Xem vi du minh hea sau:
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¥y

(Coily = |x|3—3|x|"+l

INRNE

S

(C):y=x- 3+ 1

(Q:y =32 1

CONG THUC BO TRQ CHO QUA TRINH GIAI TOAN HAM SO

B6 tro vé tam thirc bac hai
Cho phwong trinh ax> +bx+c=0 (*)

az0 -
" (*) ¢6 hai nghiém phan biét <:>{ -0 | = (*) c6 hai nghiém trai dau<>a.c<0 .
S=x+X, :_—b
@ Dinh li Vi-ét : . & _dpdung w24 52 52 _2P: x84 %3 =S°—3SP; (x, —X,)> =S’ —4P;
P=&&:g
|X1—X2|=\/()<1—x2)2 =/S2-4P. Trong tric nghiém, ta nén dung cong thirc : |X1—X2|:|% :
" (*) c6 hai nghiém duong phan biét | (*) c6 hai nghiém am phan biét
a=0,A>0 a=z0,A>0
= : | <& :
S>0,P>0 S<0,P>0

B6 trg hinh hoc giai

, AB=(b:b = Khoang cach tir diém M(x,,;Y,,) dén
= Néu AABC c6 {ﬁ ®iBa) S e =1|b1c2—b2cl| i -
Ai:E’CZ) Azax+by+c=0 la d(M;A):M .
= AABC 1 tai A< AB.AC=0 < b +b,c, =0. va’+b
= AB=1/( ~X,)* + (Yo = Y, )’- = Diic bigt: d (M;0x) =[y,,|, d(M;0y)=[x,.

IX. LUY THUA - MU VA LOGARIT
1. Cong thirc lity thira
Cho cac s duong a, b vd m, neR . Ta co:

L} n_ 51 * _ 1
. a a.q ..... e a vo1 neN = at=—
n thita sé a
myn mn nym m n m+n am m-—n
[ ] (a) =a :(a) = g7'a =a [ ] _n:a
a

n 1 nfxJa=a? *
= a"b" = (ab)" . 2 :(Ej = Far=an B _(m,neN)
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2. Cong thirc logarit:
Chocacsd a,b>0, azlvam neR. Tacé:

* log,b=a<a”=b » Igb=Ilogh=1log,,b * Inb=log,b
* log,1=0 * log,a=1 * log,a"=n
. Iogambzllogab * log,b" =nlog,b . |Ogamb”=ﬂlogab
m m
|09ab:b
» log,(bc)=log, b+log, c . Ioga(9)=logab—logac . {al
C q'°% ¢ — CIogba
= log,b.log,c=log,c,(b=1) |= IOgé‘czlogbc, (b=1) » log. b= , (b=1)
a2k b a’’? IOgab a |Ogba

BAI TOAN NGAN HANG

A Néu ta gdi tién vao ngan hang theo hinh thirc tién 1i chi dwgc tinh dwa vao tién goc ban dau (tic 13
1.COng | tién 14i cua ky han truéc khong gdp vao von dé tinh 14i cho ky han ké tiép), day goi 1a hinh thirc |4
;lur ;(:mh don. Ta co: [T = A(L+nr)| véi A: tién géi ban dau; r: ldi sudt; n: ky han goi; T: tong sé tién nhdn sau
ar don 5 p 7 s p

ky han n. Lwu y: r va n phai khop don vi; T bao gom ca A, muon tinh so tién loi ta lay T — A.

Néu ta goi tién vao ngan hang theo hinh thirc: hang thang tién 1ai phat sinh s&é dwoc cdng vao tién

tzﬁlg’:co{]fuq gdc cii dé tao ra tién gbe méi va ctr tinh tiép nhu thé, ddy goi 1a hinh thuc 1ai kép.
1 . 5 : g © 3
kép Taco: [T =AQ+1)"| vdi A: tién gdi ban dau, r: lai suat, n: ky han goi; T: tong so tién nhdan sau ky

han n. Lwu Y: r va n phdi khép don vi; T bao gom cd A, mudn tinh sé tién 16i ta ldy T — A.

3. Moi thang goi Néu dau mdi thang khach hang lubn gdi vao ngan hang sd tién A dong véi 1ai kép r%/thang
ding so tién gidng o o A -
nhau theo hinh thi s0 tién ho nhan duwoc ca von lan 1ai sau n thang la: |T = —[(1+ r) —1} (1+ r) )
thire ldi kép L

} Néu khach hang géi vao ngan hang s6 tién A dong véi 13i suat ro% /thang. Vao ngay ngan
4. Géi tién vao ngin | hang tinh 13i mdi thang thi rat ra X dong. Sé tién thu duoc sau n thang la:

hang r?)j rit ra hang (l+ r)n 1
thang so tien co dinh | [T = A(1+ r)” - X —

Néu khach hang vay ngén hang s tién A dong véi 1ai suat r%/thang. Sau dang mot thang
ké tir ngay vay bét dau hoan ng, hai 1an hoan ng cach nhau dung mot thang, mdi 1an hoan
5. Vay von va tra gop | no dung sé tién X dong. S6 tién khach hang con no sau n thang la:

(twong tu bai toan 4)

" 1+r)" -1
T =A(L+r) _x ) -
-
3. Ham sb lity thira, mii va logarit:
HAM LUY THUA HAM SO MU HAM SO LOGARIT
_ y@ =a" a>0 y=log.x  [a>0
=R « Dang: (12 vsi . * Dang: °ovéi .
* Dang: <y:u“ v6i U 1a da ang <y:au A PP e y=log,u a=l
o = Tap xdc dinh: D=R. B Ast——y=
thirc dai so. a=10——>y=logx=Igx.
* Pao ham: A veA o o
: * Piéu kién xac dinh: u>0.
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(] szp xac dinh: <y =" s y! —a*lna n DZ}O ham:
: 1
__ AU I __ AU ! — ) ’ —
NéUw a € 7 —PK oy c R, y=a'—>y =a"Inaju y =log, x Y=
(e*) =€ ,
. - Dic biét: véi y=log, u >y =
Néu ae% 2K u=0. <(e“)’=e“. : ulna
a = 1
e~ 2,71828... IV L
A DK B 0 i - .
New a ¢ Z—=—u>0. = Sy bién thién: y=a". (Inuy =
u
* D30 ham: Néu thi ham déng bién | = Sy bién thién: y=log, x. Néu [a>1:
y = x y' = axet trén R . Néu thi ham ham dong bién trén FO; +oo) . Néu
e N ohich bikn trén : ham nghich bién trén
y=u*——y =aqu“Ju ghi : (0;+0).

4. P thi ham s mii va logarit:

PO THI HAM SO MU

PO THI HAM SO LOGARIT

19, x

= Tathdy: a*y=0<a<l b*{=0<b<1.

= Tathdy: ¢* T=c>1d* T=d>1.

= So sanh a véi b: Pung trén cao, ban miii tén tir trai
sang phai, tring a” truéc nén a>b.

= So sanh ¢ véi d: Bung trén cao, ban mii tén tur trai
sang phai, tring ¢* trudc nén ¢ >d.

» Vay O<b<a<l<d<ec.

Y logyx

R L LT

logqx

= Tathdy: log, x{=0<a<1 log, x4=>0<b<1.

= Tathdy: log, x T=c¢>1 log, x T=d >1.

= So sanh a véi b: Bimg trén cao, ban miii tén tir phai
sang tréi, tring log, x trudc: b>a.

= So sanh ¢ véi d: Dimg trén cao, ban mii tén tir phai
sang trai, tring log, x trudc: d >cC.

» Viy O<a<b<l<c<d.

5. Phwong trinh mii va logarit:

Phwong trinh mii

1. Dang co ban: a'® =a'™ < f(x) =g(x)

Phwong trinh Logarit
1. Dang co ban:
log, f () =l0g,g(x) = f ()= g(x) >0

2. Dang logarit hoa:

(a,b>0,a=1)

af(x) =b= f(X) = |Ogab
a'® =p" < f(x) = g(x).log, b

2. Dang mii hoéa: log, f(xX)=b< f(x)=2a"
(khong can diéu kién)
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3. Dang dit 4n phu:
EDitt=a'“>0
W Dua phuong trinh da cho vé bac n theo t—»
giaitim t .
B Vit co duogc, thay vao t=a'® détim X.
a) Phwong trinh ma* @ +na'® +p=0

‘bitt=a'>0.
« PT: mt* +nt+ p—o

b) Phwong trinh ma®® +nb®™® + pc®™ =0
« Nhan dang ma®’® +n(ab)'™ + pb?' =0
« Chia hai v& PT cho b?'® %0, ta duoc

m[%jzm) +n(%jfm +p=0 - (Xema))

Chu y: Ta c6 thé chia PT cho bat ky ham mii ndo
trong ba ham {a®®;b%*;c8* |, két qua khong
thay doi.

¢) Phwong trinhm.(a++/b)"® +n(@a-+b) ™ =p

« Nhan dang: (a++b)(@a—vb)=a’-b=1
«Patt=(a+b) @, 1t >o:>%=(a—\/6)”*)

 PT: mt+%: pomt?—pt+n=0

3. Dang dit an phu:

B Dt t=log, f(X)

W Pua pt di cho vé bac n theo t— giaitim t .

WmCOt,thayvao t=log, f(x) détim x.

a) Phuong trinh mlog.” f (x)+nlog, f(x)+p=0
*Pat t=log, f(x)
oPT: mt’ +nt+p=0

b) Phwong trinh m.log, f(x)+n.log; ,a+p=0
*bK: f(x)>0, f(x)=1

*biat t=log, f(x):%:logf(x)a

«PT: mt+%+p:0<:>mt2+pt+n=0

log, f(x)
c) Phwong trinh don gian chira
log, 9(x)
*bitt=log, f(x) = f(x)=a'
* Thay tr¢ lai phuong trinh, ta c6 mdt phuong
trinh ma&i don gian hon (chira it logarit hon).

6. Bat phwong
‘ Bit Phwong trinh mii

>1
xa'® > a9 & f (x) = g(x)
= Dang co ban:

O<a<l
*a'™>a'™ o f(x)<g(x)

trinh mii va logarit:
Bat Phwong trinh Logarit
* Dang co ban:

* log, f(Xx)=log, g(x)gf(x)z g(x)>0

O<a<
«log, f(x)>log, g(x) < 0< f(x) < g(x)

Cach nhan dang bat phwong trinh mii-logarit ciing gidng véi cich nhian dang phwong trinh mii-

logarit. Hoc sinh tham khdo k§ muc 5 dé c6 phwong phap gidi bit phwong trinh mét cach hiéu qua.

X. NGUYEN HAM - TiCH PHAN
1. CoOng thirc nguyén ham:

j f(x)dx = F(x)+C < F'(x) = f(X)

jk.f(x)dx:k[ f (x)dx

. I[f(x)ig(x)]dx=_[ f(x)dxij g(x)dx | = j f/(x)dx = f(x)+C

1) j kdx = kx+C . j 2dx = 2x+C . j (-3)dx =—-3x+C
2)I x*dx = X" +C : x*
a+1 'I de:j*'c I\/_dx Ixzdx— \/_+C
1 (ax+b)**
— MR, (ax+b)*dx==.——+C 11 _ 11
J a  a+l - [ @-200dx== 1 d 121X) el ;’2() +C
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3) _[ de=|n|x|+C MR >_[ - dx=lln|ax+b|+C S :iln|1—3x|+c
X ax+b a 1-3x -3
1 1 1 1 -1 1 1 - 1
4) [ Zdx=—= il == [ = dx==. =—
)I x? o x+C I (ax+b)? a ax+b -[ (2x-3)? 2 2x—3Jr 4x—6+C
3 5
. J' (xz+1+i2—10jdx:x—+In|x|—£—le+C IX—Hd _I( 1jdx:x—jtln|x|+C
X X 3 X X 5
5) _[ e'dx=e +C—>I ey = & e 1 C . f e*de=ie*X+C=—e*X+C
a -1
X _ ax - X _ 5X o 2x _ X _ 9X
6) _[ adx_lna+C _[5 dx—|n5+C I3 dx_j 9 dx_|n9+C
1 abx+c 2x+45 2X+5
— MR | aPedx == +C gy 1 3 _3
I b Ina I 2 3 = 2In3
- —1_2 Xd — 2)(—1_2 X d 2><—l 2 C . X. X—1 _ X. X_E :1 X _ 6X
j(e )exj(e e)x e+ I23 dx_[233dx 3J‘6dx 3In6+C

7 J sin xdx = —cos X+ C

LJ‘ sin(ax+b)dx = —icos(ax+b)+C

1
=—-2C0S
4

. I sin(4x—%jdx

(4x—fj+c
2

|
a:4;b:—%
8) I cosxdx =sinx+C . _[ cos(%—xjdx:%sin(%—xj+c:—sin(%—xj+c
LJ. cos(ax+b)dx=§sin(ax+b)+c N
3
. . 1 1.
. _[ (3sin x—2cos x)dx = —3cos x — 2sin x+C Jsm xdx = I (1-cos2x)d E(x—53|n2xj+c
1—2cos® x 1
9)_[ : dx=j (1+tan® x)dx = tan x+C | p— dx= | [Coszx—zjdx:tanx—2x+c
cos’® X . .
VR 1 1 - | dx ==tan3x+C
> dx==tan(ax+b)+C 2
_[ cosz(ax+b) 3 ( ) cos” 3X 3

Lj [1+tan2(ax+b)]dx —tan(ax+b) +C

a

1+tan® (7 —2x)
| —

a=-2;b=rx

dx:iztan(ﬁ—Zx)+C

L]

a

_ 2 _ xsin® x +1 1 NG
10)I e dx_I (1+cot?x)dx=—cotx+C [ dezj (X+sin2x]dxz?_cmx+c
1 1
- >I sin’ ( dx =——cot(ax+b)+C J. L dx:—%cot8x+C

ax+b)

—8 [ [1+cot” (ax-+b) ]dx =—§cot(ax+b)+C

sin” 8x

. j (1+cot® 3x)dx:—%cot3x+C

1

sin® X +cos? X
sin? xcos? x

sin® xcos? X

‘| = | dx:j(

1 N 1
cos® x  sin®x

jdx:tanx—cotx+C
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2. Tich phan:

a) Dinh nghia: Lb f (x)dx=F(x) 2: F(b)-F(a)| véi F(x) Iamot nguyén ham cia f (x) trén [a;b].
b) Tinh chat:

I: f(x)dx=0 I: f (x)dx=—J.ba f (x)dx

I:H (x)dx = kJ.: f (x)dx (k 1a hang sd) I:[f (x)ig(x)]dx=_[: f (x)dxiﬁg(x)dx

[T F (x)ax =] f (x)ax+ [ (x)dx [P £ ()ax=["f (t)dt=]"f (u)du

Néu f(x)20, Vxe[ab] thi [*f (x)dx=0,

Néu f(x)=g(x), vxe[a;b] thi I: f (x)dxzj:g(x)dx
L= bic biét |

o Néuham y=f(x) lahamsb lé trén [-a;a] thi fa f (x)dx=0.

o Néuham y= f(x) laham sé chin trén [-a;a] thi fa f(x)dx= zjoa f (x)dx

3. Phuong phap tinh tich phin:

a) Phuwong phap tich phan tirng phan:

Quy tic chung: |1 = I:u.dv= uv b—.[:vdu . Ta xét cac dang phd bién sau:
a
% D b o Minh hea:
< Dang L P(x).Q(x).dx véi .
: - :P(Zx—l)sin xdx .
P(x) 1a da thic dai s6, Q(X) ’
- U=2%—1 du = 2dx
1a ham lwong giac hoic ham bat {dv _ i il v — f sinxdx = —cosx '
mﬁ. chon C=0
N u=P(x) Tacé: |1 :I:u.dv:uvb—f:vdu
dv = Q(x) -
du = P'(x)dx =—(2x-1)cosx Z+f()52cosxdx: ......
dX. 0
il
s J= 1-x ezde.
v:wxm Il
L, . L lu=1—x
qua ¢6 dang R(x)+C, ta chu bat {dv gy V= f e*dx = %ezx :
chon C=0
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dong chon 1 giatri C cé loi cho
LA & G ' J—l(l—x)e2X +Illezxdx ......
tinh toan sau nay. 2 0 02
< Dang IbP(x).Q(x).dx V6i llaly hqiz
2 . I:szlnxdx.
P(x) 14 da thire dai s6 hogc 1
U=Inx du ==dx
phan thic, Q(x) Ia ham Pit X
dv = x°dx ey X
logarit. V_I X&X=3
& 8 3 3
e JU=Q(X) I:X?Inxe—jlxg.ldx:%—%l 2dx =......
dv =P(x)dx 1 X
du=Q'(x)d e
u= X )dXx - 2
N _ t(x+1)
v=| P(x)dx
I () duzldx
u=Inx x
bati 1 o1 g%
(x4 1)?  ox+1 0 x+1
%/—J
chon C=1
Jzilnxe—ri.idx=i—ln|x+q =
X+1 1 L x+1 x e+ 1

b) Phwong phap tich phan doi bién:

< DRI Xét tich phan dang | =I: f [u(x)].u’(x)dx .

— 5> Pat t=u(x)=dt=u'(x)dx . Béi can: x=a=1t =u(a), x=b =>t,=u(b).

Khi d6 tich phan can tinh 1a: [ = J': f(t)dt. Ta xét cac dang phé bién sau:

1) Dang 1= f(x")[x"dx].

— st=ax"+ S (hoic t=x")

1= 31 x*dx
0x*+1

Détt=x3+1:>dt:3:>=%dt.

Pdican: x=0=t=1 x=1=t=2.

Taco: | ﬂf%%dt =

2) Dang | =I: f ({‘/U)

_ PP st=Yu=t"=u.

| =j0ﬁ\3/x2 +1]xdx]
Dit t =3x2 +1=t° = x? +1= 3t%dt = 2|xdx]

=X :gtzdt . Ddi can:

x=0=t=1], x:ﬁ:tzz.
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°
Il
—
~+
| w
—
N
o
—t
|
| w
=
—
w
o
—t
Il

2
b 1)1 4 11
3)Dang 1 =[ f|=||=.dx|. I=[ . 1-=.=
) Dang L (X] e 1 szd
1
Lﬂ:a-;+ﬂ hay e Ditt= 1—£:>t2=1—1:>2tdt:i2dx.
X X X

t:l; t:,n/a1+,8 V.V...
X X

ﬁ
Taco: | = Zj'oz t?dt=......

4) Dang | =Jl:f(\/;).%.dx .

PP st=a/x+ B hay t=+X..

| = 4;2.idx
L (\/;+1) \/;

Pit t=\/§+1:>dt=idx:2dt=idx.

24x Ix
oo 31 B
e Taco: I_Lt—z.Zdt_ ...... .
b 53 x 2X X
5) Dang |=L f(e ) == dx >I:J‘1 ° _efdx.
PP X oe*+1 0e*+1
——>t=ae”+[ hay t=¢e". dt = e*dx (1
e Ditt=e+1= Khi do: |=j ———dt
exzt— t

| =I:+1(1—%)dt _—

6) Dang |=j:f(|nx).§.dx .

— st=alnx+ 3 hay t=Inx.

dx ——1 =J'lez(2Inx—1).1dx.

e 2Inx-1
I:II X X

Battzlnx:dtzldx.
X

Khi do | :joz(zt—l)dtz(tz—t) :

7) Dang | =I: f (sin x).

— st=qasinx+ S hay t=sinx.

T

| = [z COSX

~Jo 14 2sinx

bat t:1+23inx:>dt=2cosxdx:>%dt:cosxdx.

1
~dt
Khi do |=j1327=%|n|t|‘f= .......

8) Dang | =I: f (cos x)..

—P st=qcosx+ 3 hay t=cosx

T

| = _[f(cos 2X —cos X +1)sin xdx

z
2

— =j0 (2cos” x—cos x)sin xdx.
e Dit t =cosx = dt =—sin xdx = —dt =sin xdx.
o Khido: I=[ (2 ~t)(-dt) = [ (2t ~t)dt =.....
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b 1 Z tan® x
9 Dang | =) f(tanx dx|. =13 dx
) Dang L ( )coszx IO cos? x
——>t=atanx+p hay t=tanx. e Ditt=tanx=dt=— dx.
cos? x
B
e Khido: |=j3t3dt= ......
b 1 Z cot®x 1 Zeot’x—-1 1
10)Dang | =| f(cotx dx|. | = — =3 . dx .
) Dang -[a ( )sinzx Icotxsm X I’j cotx sin®x
PP _ _
PL=acotx+ff hay t=cotx. |, ptt_cotx=dt=—— - dx=—dt=——dx.
sin? x sin? x

1 42
| = [&L
1

sin? x
b
11) Dang |=L f| cos® x |[sin2x.dx].
C0S2X
t =sin? x dt = sin 2x.dx
—PP s t=cos’Xx = ( dt =—sin2x.dx
t =cos2x dt = —2sin 2x.dx

(7 (cin? -
I _IO (sm x+3)sm 2xdx
e Dit t=sin® x = dt = 2sin x(sin X)'dx =sin 2xdx .

1
Taco: | :E(t+3)dt =

23 Xét tich phan dang | = Iab f (x)dx trongdd f(x) phirc tap va khong thé tinh nguyén ham

truc tiép. Poi bién loai 2 1a ta dat: x=u(t)= dx=u'(t)dt. Ta xét 4 dang phé bién sau:

1) Dang |=IXXZ f (\a? = x?)dx.

— sx=asint (hay x=acost).

dx

2 1
=l =

e Dbit x=2sint = dx =2costdt . Ddi can:

Xx=0=1t=0, x=2:>t:%.Tacé:

J4—x2 =J4—4sin?t =/4cos?t = 2cost

>0

Jox.

Xz 1
ha f
4 -[xl (a2+x2

— sx=atant.

do te[o;z}.
2
e Taco: | =|? 2COStdt_th=Z.
0 2cost 0 2
2) Dang | =_[XX12 f (va® + x*)dx | = 03x21+9dx

e Piat x=3tant = dx =3(1+tan’t)dt .
e Ddican: x=0=t=0, x=3:>t:%.

e Khido: x*+9=9tan’t+9=9(tan’t +1).
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7 3(1+tan’ t)dt

:J'04

—lj-zdt:l
370 12

o(tan’t+1)

3) Dang | = j f (vx2—a? )dx _ r
! 2

2
\/xx—4dx

PP yx= hay X = —— . 2 2sint
sint Y "~ cost e Dat x=—-=dx=—5—dt.
cost cos’t
e Doi can: x:2:>t:0,x=4:>t=%.
f 4

. as z COSZI'_4 2sint zZ o,

e Khido: I=]? S dt=2[3tan’ tat
0 2 cos?t 0
cost

1 i 2
> - T
=28 -1 |dt=2(tant—-t)|3 =243 ——

IO (coszt j ( )o V3 3’

a+ X
a—X

4) Dang I=I:2f

1

e

— P sx=acos2t.

Ta co:

2 [2—x
IZJ.O mdx

e DPit x=2c0s2t = dx =—4sin 2t.dt =-8sint.cost.dt

° DoICan X = 0:>t—— Xx=2=1t=0.
\/ \/2 2c0s 2t \/1—c032t_sint
2+X V\2+2cos2t V\1+cos2t cost

J. —smt costdt—SIOZsinztdt:

4. Ung dung tich phan dé tlnh dién tich — thé tich:

= Hinh phang gi6i han bai cac duong Y = f(X), truc
Ox, X=a, X=Db thi co dién tich:

S =[] (0]dx

0

= Hinh phang gi6i han boi cac duong Y = f(X),
y=9(x), x=a, X=b thi c¢ dién tich:

S =[] f(9-g()dx

y="1(x)

f(x)
_p quanh Ox, ta

= Khi xoay hinh phang {
X

dugc khdi tru tron co thé tich

= Khi xoay hinh phang {y=g(x)  quanh OX, dugc
X=a, X=Db

V =z | 209~ g (9] ox|.

khdi tru tron c6 thé tich

V =z f2(x)dx
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= Xét hinh khdi dugc gidi han boi hai mit phang X=2a, X=Db. Khi cit khéi nay ta duoc thiét dién c6 dién tich

2 7 b
S(X) (1a ham lién tuc trén [a;b]). Thé tich khéi nay trén [a;b] 1a: [V :L S(x)dx|.

5. Cong thirc chuyén dong:
Xét ham quang duong S(t), ham van téc V(t) va ham gia toc a(t). Ba ham nay s& bién thién theo t.

= S() =] vt)dt < v(t) =S'(t) = v(t)= j a(t)dt < a(t) =Vv'(t)

XI. SO PHUC VA CAC YEU TO LIEN QUAN

, ) a,beR
S0 phirc c6 dang: z=a+bi véi 4 |

(i: 12 dom vi 40). Ky hiéu tap sé phirc: C.

Minh hoa
L

Thanh phin Hinh hoc

= Phén thue: a.
Néu a=0 thi z=bi dugc goi la
s0 thuan ao.
.Il:Il}anbaO:C)bfh‘ z=a lasb th " Mo-dun:
cu D= I Z=2a la so thuec.
° 7 _ _ 2 2
«Khi a=b=0 thi z=0 vira la s |7|=OM =+a%+b’.

thuan do vura 1a so thue. a

*Diém M (a;b) bicu dién
cho z trén hé truc Oxy.

M(a;b)

S6 phikc lién hop — Hai 50
phirc bing nhau
Cho z=a+bi va zZ’=a"+b'i
Khi do:

Can béac hai Phwong trinh bac hai

= Ciin bac hai ciia a> 0 13 +/a. = Phuong trinh z* =a>0 c¢ hai

= S6 phirc lién hop cia z 12
z=a-hi.

= Cin bac hai cua a<0 14 tiv-a.

= Can béc hai cua sd phuc
Z=a+Dbi la hai so phtrc dang

nghiém phuc z = iJE.
* Phuong trinh z*> =a <0 c6 hai
nghiém phirc z =+iv-a.

a=a'

-z=z’<:>{ . . xP-y?=a = Phuong trinh az® +bz+c=0 (a=0)
b=b W= X+Yyi voi : .. .t 1A 1
2xy =b voi A <0 s€ c¢6 hai nghiém phuc la:
-z=o@{a:0. __btiVA
b=0 12 oa :
Cho hai s6 phiic z,, z,, CO:
A , 2 — Zl _ |Zl| Zf 0
Cong thirc bo trog rAAEARIAR o —m voi z, #0.
2 2

Z,— 2,| = MN véi M, N theo thi ty 1a hai diém biéu dién cho z,, z,.
Diu hiéu co bin nhan biét tip hop diém M biéu dién cho sb phirc z
= ax+by+c=0—"Tap hop diém M mét la dwong thing.
_ (x—a)2 +(y—b)2 =R?
{x2+y2—2ax—2by+c:0
] {(x—a)2+(y—b)2 <R’

X* +y?—2ax—2by+c<0

— 5 Tap hop diém M la dwong tron co tam | (&;b), ban kinh R=+a*+b’—c .

—X 5 Tap hop diém M 1a hinh tron tam 1 (&;b), ban kinh R=+/a”+b*—c .
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=ax’ +bx+c :
. {y — Tap hop diém M la dwong parabol.

x=ay’+by+c

Xz y2 KL A o 4 > p i
. _2+b_2:1—> Tap hop diem M la dwong elip.

a

@Pic biét: Nhan biét ngay khong can bién ddi.
z—-(a+bi)|=m>0—— Tap hop diém M la dwong tron co tam | (a;b), ban kinh R=m.

" |2—(a +hi) =|z—(a,+bi) < MA=MB —— Tap hop diém M la dwdng trung truc doan thang AB.
Aagiby), B(a:by)
2—(a,+bi)|+|z—(a,+bji)|=2a & MF,+MF, =2a —— Tap hop diém M la dwdng elip véi hai tiéu diém F;, F,.
T Ran) R

RF, <2a

X11. KHOI PA DIEN VA THE TiCH CUA CHUNG
A—MOT SO HINH PHANG CO BAN:

1. Tam giac vudng: Pitago 1
A » AB%>+AC? = BC? » AB>=BH.BC | Smec =5 AB.AC
[ ] 2 —_ [ ] 2 —_
AC° =CH.BC AH® =BH.CH :EAH.BC
1 1 1 AB.AC
B : c = S |AH——
AH® AB° AC AB? + AC?
. sing=2C (d6i/huyén) = cosB = AB (ké/huyén) = tanB= AC (d6i/ke) . cotB =28 (ké/ddi)
BC BC AB AC
2. Tam giac déu: Gia sir tam giac ABC déu c6 canh a; trong tim G; cc dudng cao (tring
A v6i trung tuyén) gom AH, BK.
a » DPuong cao: AH = BK = (c‘-mhz) X3 _ af.
a K
G cAG_2an 2B a1, 1af3 a3
3 3 2 3 3 3 2 6
1 c 2 2
’ Hoa - Dién tich: S, = (C‘-’”’hi <3 _a f.
Gia str tam giac ABC ¢6 a=BC, b= AC, c= AB; cac duong cao
h, h, h lan luot tng véi canh a, b, ¢. Ky hiéu R, r 1an luot 1a ban kinh
duong tron ngoai tiép va noi tiép A.
« Dinh i Sin: —2— =0 —_¢ __op
sinA sinB sinC
* Dinh li Co-sin: a®> =b?+c*—2bc.cos A;
b? =a’ +c* —2ac.cos B; ¢’ =a”+b® —2ab.cosC.

h..C ; Suasc =%ab.sinc =%ac.sin B =%bc.sin A;
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abc .. b , .
Spamc = AR =pr; Sy = \/p(p —a)p—b)p—>b) vii p= % (ntra chu vi).
Cong thiic He—Rong
4. Hinh vuéng Cho hinh vudng ABCD c6 canh a; hai diém M, N lan luot 13 trung diém
N D | clia CD, AD; | latam hinh vudng.
bubma chéo: |AC - BD
* Duong chéo: .
AC = BD = (canh) x\[2 = a2
I M av2 . < \ . A A
IA=IB=I1C=ID= — nén | la tdm duong tron ngoai ti€p hinh vuéng.
= Dién tich: S, = (canh)® = a*; chu vi: p=4a.
¢ * Vi AABN = AADM , ta chirng minh dugc: AM 1 BN.
a
5. Hinh chir nhat: Cho hinh chir nhat ABCD tam | c6 AB=a, AD=b.
b
D |« Puong chéo: AC =BD =+a’+b* .

I . IA=1B=IC=ID= %\/az +b? nén | 1atam duong tron di qua bon diém

b A B, C, D.
C |« Diéntich: S,,., =ab;chuvi: p=2(a+b).
6. Hinh thoi: Cho hinh thoi ABCD c6 tdm |, canh bang a.

- Pudng chéo: AC L BD; AC =2AI = 2A4B.sin ABI = 2a.sin ABI.

. 1
= Dién tich: S, = 5 AC.BD; S,gcp =2S,08c =25 000 =2S 80 -
Piic biét: Néu hinh thoi c6 géc B =D =60° (4= C =120°) thi ta chia hinh
thoi ra lam hai tam giac déu: AABC =AACD; AC =a va

a’3 a’/3
Sanec = Sancp = T’ Saeco = 2Samec = 5
B - THE TiCH KHOI CHOP:
7.1. Hinh chép tam gidc déu = Tat ca canh bén bang nhau.
y = Pay la tam gidc déu canh a.
= SH 1 (ABC) voi H la trong tam (ciling
la tryc tam) A ABC.
2
. US, = af Thé tich_ |7 :%h‘ai;/g
SH="h
1 ¥ Goc gitra canh bén va mit Y Goc gitra mat bén va mat day:
V==hS . TN ) o
3" ddy: (S4,(4BC))=S4H ((54B).(4BC) ) = sazt
7:2. Tir dién deu: =(SC.(4BC))=5CH . =((SBC).(4BC))=SNH .
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* Day ciing 1a hinh chop tam
gi‘éc déu, dac biét 1:'%1 canh bén
bang canh day. Thé tich:

3
V:aJE.

7.3. Hinh chép ti giac déu:
S,

= Tat ca canh bén bang nhau.
= Day la hinh vudng canh a.
* SO L (ABCD) voai O la tdm hinh vudng
ABCD.
. {Sd =a” hsien
SO=nh

v =Llnal.
3

¥ Goc giira canh bén va mat
déy:(SA,@4Btiiﬂ::§ZE)

zﬁﬁﬁﬁiﬁﬂzﬁ%.

¥ Goc gilra mét bén va mat day:
@MBMA&jwzﬁﬁﬁ

:Uﬁmxm&jwzﬁﬁi

7.4. Hinh chép co6 canh bén SA
vuong géc véi mat phang day.
s

Day la tam giac

B

1

Thé tich V= gSASAABC

_V:SA

S; = Suizc

= GOc gilra canh bén va mat day:
(jéxABcﬁ):Sﬁﬁ

(ECJAB(ﬁ):SEﬁ.

Day 1a tir gidc dic biét

h=SA Thé tich 1
D —enn vy = —_SAS .
{Sd = SABCD 3 Anep

= Goc gitra canh bén va mat day:

(i&ﬂﬁfﬁﬂ:ﬁﬁ

(§CJAB(15):§EE-

7.5. Hinh chop c6 mat bén
(SAB) vudng goc véi mat
phang day.

S

Day la tam giac

Dy 1a tir gidc dic biét

S

» Puong cao h=SH ciing 1a
duong cao cua ASAB.
= GOc gilra canh bén va mat day:

(&&uwéﬂ:iﬁf

(SCJABCﬂ:EEﬁ'

* Puong cao h=SH ciing 1a dudong cao
cua ASAB.
= Goc gitra canh bén va mat day:

—

(iLQ@éﬁﬂ:&ﬁf

(ﬁ;m&jmzﬁﬁ?
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C - Ti SO THE TiCH KHOI CHOP

Cho hinh choép c6 day la
tam giac ABC. Céc diém
M, N, P nam trén canh
SA, SB, SC. Ta c6:

Voue _SM SN SP|
Ve SA SB'SC

bac biét: M =A

Dacbiét M=A N=B

S

S

VS .ABC

VS.ANP —

SN SP
SB 'SC

Hinh chép c6 day la | Hinh chop c6 day 1a da

hinh binh hanh véi | giac bat ky. Chang han:

SM _ SN _ (MNPQR) || (ABCDE)

AT ST [ e e M

o SP_, 0, IR
/ sC_"sD _SP_SQ_sR
B Khi do: ~SC SD SE
Vswnpo _ XYZ + Xyt + Xzt + yzt 2 (RN Khi do: VV_S-M”PQR -

VS.ABCD 4 X Z y t . S
D — THE TiCH KHOI LANG TRU:
1. Hinh lang tru thwong: Day la tam giac Day la tir giac

= Hai dy 1a hai hinh giong nhau
va nam trong hai mit phang
song song.

= Cac canh bén song song va
bang nhau. Céc mit bén 1a cac
hinh binh hanh.

= Thé tich: |V = h.S,|.

A

V = AH.S,5c = AH.S, 50

AABC

D A

c’ B

V = AH 'SABCD = AH 'SA’B’C’D’

2. Hinh lang tru dirng:

= Céc canh bén cung vudng gbc
véi hai mit ddy nén mdi canh
bén ciing 1a duong cao cta lang
try.
@ Ling tru tam gisc déu: La
lang tru ding va co6 hai day la
hai tam giac déu bang nhau.

Pay la tam giac

Pay la tir giac

2
= Thé tich: [V = A.S,
h=AA'=BB'=CC' .

vOl1

= Thé tich:

D

V =hS,
h=AA=BB'=CC'=DD'.

Vol
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3. Hinh hop:

3.1 Hinh h¢p chir nhat:

3.2. Hinh 13p phuwong:
D o C

e

C
a

I

I

T
’ |
I
1
I

|

|
a 1
|
|
pl __ 1

pe

e

P
P

»[a lang tru c6 tat ca cac mat la chir nhat.

hinh binh hanh.
= Thé tich: |V = A.S,|.

= La lang tru dung c6 day 1a hinh

véi a,b, ¢ la ba kich

thudc cua hinh hop chir nhat.

g B
= La hinh hdp chir nhat c6 tat ca cac canh
bang nhau.

v61 a la canh cua hinh 14p

phuong.

4. Ti s6 thé tich ddi véi ling tru:

Lang tru c6 day tam giac
y— AM BN S CP
AN BB CC

Lang tru day 1a hinh binh hanh, hinh chir nhit, hinh
thoi, hinh vuéng
(Lang tru nay chinh la hinh h¢p thwdng hoac hinh hop
chir nhat, hinh 13p phuong)

AM BN CP DQ

X = , y: , = ,t:
AA BB’ ccC’ DD’

A D

Taco V asc.mnp _X+y+17 o VABCD.MNPQ _ X+ y+z+t Vi
VABC.A’B'C’ 3 VABCD.A’B'C’D’ 4
E - BAlI TOAN KHOANG CACH

1. Hinh chop c6 canh bén vubng goc véi mat
day la tam giac

2. Hinh chép c6 canh bén vudng goc véi mat day
Ia hinh vuéng, hinh chir nhat

SA.AK

JSAZ + AK?

= d(A(SBC))=AH

S

- d(A,(SBc))zAH:%:d(o,(sm)).
= d(A(SCD))=AK = SAAD =d(B,(SCD)).

JsAZ+ AD?

Bién soan: Hoang Xuan Nhan

30

Email gép y: thayxuannhan@gmail.com




d(B,(SAC))=BM ; d(C,(SAB))=CN. .
d(SA,BC) = AK.

d
= d
d(AB,SC)

SA.AE

(SBD)) = AF =————=d(C,(SBD)).

VSA® + AE?

(A
(AD,SB)=AH; d(AB,SD) = AK.
(AD,SC)=d(AD,(SBC))=d(A,(SBC))=AH.
(

=d(AB,(SCD))=d(A,(SCD))=AK.

3. Hinh chép tam giac déu

4. Hinh chop ti giac déu

d(A,(SBC))=3d(0,(SBC))=30H

d(SABC)=IK =d(SB, AC)=d(SC, AB).

SO.0K

\JSO? +0K?

=d(0,(SAB))=d(0,(SBC))=d(0,(SAD)).

=d(0,(SAB))=d(0,(SAC)). |* d(A(SCD))=2d(O,(SCD))=20H =d(A,(SBC))

=d(B,(SAD))=d(B,(SCD))=

=d(B,(SAC))=d(C,(SAB)). [ = d(AB,SC)=d(AB,(SCD))=d(A,(SCD))=20H

—d(AB,SD)=d(AD,SB)=d(AD,SC)=

F — MAT TRU, MAT NON — MAT CAU

MAT NON Cac yéu to mit nén:

Mot s6 cong thirc:

* DPuwong cao: . (SO ciing
duogc goi 1a truc cua hinh non).

* Ban kinh day:
Ir=OA=0B=0M|.

= Pudng sinh: || =SA=SB=SM|.

* Goc ¢ dinh: .

= Thiét dién qua truc: ASAB cén

@ Hinh thanh: Quay A vubng tai S.
SOM quanh truc SO, ta dugc » Géc gitra dwong sinh va mit

mat non nhu hinh bén véi: day: SAO = SBO = SMO |

{

h=S0
r=0M°

= Chu vi day: [p =2zr]
2

* Dié¢n tich day: |S, = zr°|

= Thé tich: |V = 1 h.S, = £ h.zr?|.
3 3

(lién twéng dén thé tich khoi chdp).

* Di¢n tich xung quanh: |S,, = 7rl|.

= Dién tich toan phan:

_ _ 2
Sp =Sq+Sy=7rl+7r°|.
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Cac yéu to mat tru:

Mot s6 cong thirc:

@ Hinh thanh: Quay hinh chir
nhat ABCD quanh duong trung
binh OQ', ta c6 mit try nhu
hinh bén.

* Pwong cao: .

* Puwong sinh: |=AD=BC| Ta
co: || =h|.

= Ban kinh day:
r=0A=0B=0C=0D|

= Truc (A) 13 duong thang di qua
hai diéem O, O’

= Thiét dién qua truc: La hinh chir
nhat ABCD.

= Chu vi diy:| p = 27r],

= Dién tich day:

S, =xre|.

2

= Thé tich khdi tru:

= Di¢n tich xung quanh:

V =hS, =hxr?|.

Sy =2zrhy|

= Dién tich toan phan:

tp

S = qu + 28, =2nr.h + 27r?|.

MAT CAU

Mot s6 cong thirc:

Mat cau ngoai tiep da dién
Mat cau noi tiep da dién

@ Hinh thanh: Quay duong tron
tam |, ban kinh R :% quanh

truc AB, ta c6 mat cau nhu hinh
ve.

=Tam I, ban kinh
R=IA=IB=IM.

*Puwong kinh AB=2R.

= Thiét dién qua tAm mit cau: La
duong tron tam |, ban kinh R.

= Dién tich mit cau: .
B ArR®
3 |

= Thé tich khdi ciu: |V

Miit ciu ngoai tiép
da dién 1a mit cau
di qua tat ca dinh
cua da dién do.

Mt ciu ndi tiép
da dién 12 mit cau
tiép xtc voi tat ca
cac mat cua da
dién do.

CACH TiM BAN KiNH MAT CAU NGOAI TIEP HINH CHOP THUONG GAP

1. Hinh chop c6 cac dinh nhin mgt canh dwéi mot
goc vudng.

2. Hinh chép déu.

S

B

= Xét hinh chép tam giac

= Xét hinh chop tir giac déu co
canh bén bang b va chiéu

= Xét hinh chép co
SA L (ABCD) va

B

« X6t hinh chép c6 déu c6 canh bén bang b

SA 1 (ABC) va ABCD 14 hinh chirnhat | Vdduongcao SH=h. | cao SO=h. ,
— . hodc hinh vudng. * Ban kinh mat cdu ngoai | = Ban kinh mit cau ngoai tiep
ABC =90". L tiép hinh chép trén 1a 2
— — L] . = N p A N b
»Tacd SAC =SBC =90’ Taco: S4€ S;%C hinh chop trén la |R =—].
=SDC =90" 2h

nén mat cau ngoai tiep
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hinh chop co tdm | 1a | Suy ra mit cau ngoai tiép b?
trung diém SC , ban hinh chép cé tam | a R= onl’
e trung diém SC , ban kinh
kinh |R=—1. SC
2 R=2Z|
2
3. Hinh chop cé canh bén vudng goc véi mit phing

day 4. Hinh chép c6 mit bén vudng goc voi mat day.

» Khi d6 mit cau ngoai tiép
hinh chép c6 ban kinh

2
R = [g] +rd2 .

= Néu ddy la tam giac déu

a3
B

= Néu ddy 1a hinh vudng

= Xét hinh chép c6 SA L a2
(day) va SA = h ; ban , 2 i
kinh duong tron ngoai tiép = Néu day 1a hinh chit nhat day la r,, ban kinh ngoai tiep ASAB la r,

canh g thi r, =

canh g thi r, = = Xét hinh chép c6 mit bén (SAB) L (d4y), ban kinh ngoai tiép

cuadaylar,. canh @,b thi d = AB = (SAB) N (day). (doan giao tuyén)
- [ + 0% = Khi d6 ban kinh mit cau ngoai tiép hinh chop 1a
d P) ' ) ) d2

1. Hé truc toa do Oxyz:

= Hé truc gom ba truc Ox, Oy, Oz ddi mot vudng goc nhau.

k= (0:0:1) * Truc OX: truc hoanh, co vecto don vi i= (2,0;0).

* Truc Oy : truc tung, c6 vecto don vi ] =(0;10).

= Truc OZ: truc cao, c6 vecto don vi k = (0;0;1).

Qivonfovrmb— 0L o iém O(0;0;0) 12 gbe toa do.
Y /7~ 0:1:0) 2. Toa d¢ vecto: Vecto u=xi+ y]+zR<:>ﬁ=(x; y;2)|.
Cho a=(a;a,;a,), b=(b;b,;b,). Tacé:
= dtb=(a,th;a,th,; a,+h,) . L
— %0 2 thy & 2y * a cung phuong b <a=kb (keR)
» ka = (ka; ka,; ka,) 2, kb,
= ola,-kh, o2-2_% ¢ b b0
» a=b < qa,=b, _ b, b, b
a; = kb,
a, =b,
- db=ahb +a,b,+ab, « |al=\ja?+a2+a’ . 52:‘5‘2:af+a§+a§
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alboab=0<ab +ab,+ab, =0

ab _ ab +ah, +ab,
al.lo] \/af+a§+a32.\/bf+b22+b§

= cos(d, b) =

3. Toa d9 diém: (M (X; y; z) < OM = (X; y; 2)|. Cho A(X,; Vi Z4) » B(Xg: Ve: Zg) » C(Xe: YeiZo), taco:
= AB=(Xg =X} Yg ~ YaiZg —Zn) = AB = (X —X,)? + (Vg — Ya)? + (25 —2,)°
= Toa d¢ trung diém M cua doan thang AB: * Toa dd trong tdm G ciia tam giac ABC:

M (xAerB YAt Vs, zA+sz. G(XAJFXB+XC ; Yat+Ys+ Ve ; zA+zB+zC).

2 2 72 3 3 3
QUY TAC CHIEU PAC BIET
Chiéu diém trén truc toa d Chiéu diém trén mit phing toa do

" Diem M(x,55,52,) G s M, (%,50;0) " Diem Mx,59,32,) Gy My 43930
" Diem M(xy;9,32) ~Gammirs M (0:3,30) " Diem M55 ) ~ Gt Mo 050332,
" Diem M(x,39,52,) s M (0:0:2,,) " Diem Mx,33,320) ~Gimmmine s My (4,3052,,)

Poi xirng diém qua truc toa d

Poi xirng diém qua mit phing toa do

. . Doi xting qua Ox . . . . Doi xiing qua Oxy . .
n —_ — ] —
M(xM7yM’ZM) (Giit nguyen x; doi ddu y,z) Ml (xM’ yM’ ZM M(xM’yM’ZM) (Giit nguyén x,y; doi ddu z) Ml (xM’yM’ ZM)
. . Doi xting qua Oy . . . . Doi xting qua Oxz . .
n _ _ [ _
M(xM’yM’ZM) (Gi@ nguyén y; doi ddu x,z) M2( 'xM’yM’ ZM M(xM’yM’ZM) (Giit nguyén x,z; doi ddu y) M2 (xM’ yM’ZM)
. . Doi xting qua Oz . . . . Doi xting qua Oyz
] — — n
M(xM’yM ’ZM) (Giit nguyeén z; doi ddu x,y) M3( xM 4 yM ’ZM M(xM ’yM ’ZM) (Giit nguyén y,z; doi ddu x) M3( xM ’yM ’Z )

4. Tich cé huwéng ciia hai vecto:

& Pinh nghia: Cho a = (a,, a,, a,), b= (b, b,, b,), tich ¢6 huéng cua @ va b 1a:

a6 [

b, b3 Hbl b] a,b,—ah,;ab —ah,;ab, —ab).

& Tinh chit: [a,b] La

[a,b] Lb [a,b]| =lal.|bl.sin(a,b)

= Piéu kién ciing phwong cua hai vecto a&b Ia
[5, 6] =0 voi 0=(0;0;0).

= Piéu kién dong phing cua ba vecto a, bva C la
[a, b].c=0.

= Dién tich hinh binh hanh ABCD: S5, = || AB, AD ||

* Dién tich tam giac ABC: S,,;. =— ‘ AB, AC]‘

= Thé tich Khdi hp: Vyecp wpco = [AB, AD]AA]

= Thé tich tir dién: V5

~ [ A8, Ac].A].

5. Phuong trinh mit cau:

Dang 1: (S):(x—a)’ +(y—b)* +(z—c)* =R?
tam I(a;b;c)

_ /%

Mt cdu (S) c6
- UCAUINOICONIN

Dang 2: (S):X° + Yy’ +2°—2ax—2by—-2cz+d =0
tam I(a;b;c)
—Ja? + b + ¢

Mt cau (S) c6
= G UICa UNOHICOMN

—d

@ Phuong trinh X° +y° 4+ z° —2ax—2by —2cz +d =0 1a phuong trinh mat chues|a?+b?+c®—d >0].

Bai toan 5.1. Viét phwong trinh mit ciu tim | va di qua | Bai toan 5.2. Viét phwong trinh mit ciu ¢6 dwong kinh AB.
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diém M.

= Bwéec 1: Tinh ban kinh R=1M.

= Budrc 2: Viét phuong trinh mit cau dang 1.

= Bude 1: Tim tam | 1a trung diém AB. Ban kinh

R:E:IA:IB.
2

= Budic 2: Viét phuong trinh mit cau dang 1.

6. Phwong trinh mit phing:

P

w Luwru y: Vecto phap tuyén (VTPT) ctia mit phang 1a

vecto khac 0 nam trén duong thang vudng goc voi mat
phang do.

, qua M (X; ¥o: Z)
» Mat phang (P)< 0r om0 thi phuong trinh

VTPT n=(a;b;c)
(P):[a(x—X,) +b(y —yo) +c(z—2,) =0| (*)

» Nguogc lai, mot mat phéng bat ky déu co phuong trinh dang
ax+by +cz+d =0, mat phang nay c6 VTPT n= (a;b;c)
voi a® +b* +c* > 0.

Mp(Oyz) x=0—""—n,, =(%0;0), mp(Oxz):y =0

VTPT

—T 5N o, = (0:150), mp(Oxy) 12 =0—"—n,, ) = (0;0;1)

Bai toan 6.1. Viét phuong trinh mat phing (P) qua M
va song song voi mat phang (Q) cho trudc.

T
=

= Mgt phing (P) qua M, ¢6 VTPT I3 n,,
phuong trinh dugc viét theo (*).

(P)
)]
&

= n(Q) nen

Bai toan 6.2. Viét phwong trinh mit phing (P) qua M va
vuong goc voi voi du’O'n thang d cho trwéc.

= Mt phang (P) qua M, ¢6 VTPT @ = I nén phuong trinh
duoc viét theo (*).

Bai toan 6.3. Viét phwong trinh mit phing trung true
cua doan thang AB.
A

B

* Buwéc 1: Tim trung diém | ctia doan AB va tinh AB.
qua |

* Budc 2: Phuong trinh mp(P) L.
VTPT n=AB

Bai toan 6.4. Viét phwong trinh mit phang di qua ba diém
A B, C.

= Buwde 1: Tinh toa do E, AC va suy ra [EE}

qua A

= Budec 2: Ph trinh mp(P = —_— ) .
wée 2: Phuong trinh MP(P){ | 7o n=[ AB,AC]

Bai todn 6.5. Viét phwong trinh mit phing qua M va chira

duong thangd véi M ¢d.

]

= Bubc 1: Chon diém Aed vamot VICP U. Tinh | AM,u |.

Bai todn 6.6. Viét phwong trinh miit phing cit Ox,

Oy, Oz lan lwot tai A(a;0;0), B(0;b;0), C(0;0;c)

voi a.b.c£0.

= Phuong trinh mat
phang dugc viét
theo doan chin

(P):
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qua M
* Budc 2: Ph trinh mp(P - [ —
uée wong trinh mp(P) . nz[AM,ud]
Khoang cach tir diém dén mit phing Khoang cach giira hai mit phing song song
M (X, V,:Z . P):ax+by+cz+d, =0
= Cho (%1 ¥0i2) . = Cho hai mat phang (P) 4 ! .
mp(P):ax+by+cz+d =0 (Q):ax+by+cz+d,=0
ax, + by, +cz, +d d,—d
» Khido: |d(M,(P))= | Yo - | : = Khi do: d((P),(Q))z% véi d, = d,.
JaZ +b? +¢? va‘+b®+c
Géc giira hai mit phing Vi tri twong ddi giira hai mit phing
i Cho hai mit phang (P), (Q) ¢6 phuong trinh:
= Cho hai mat phang (P), (Q) c6 phuong trinh: (P):ax+hy+cz+d =0
(P):ax+by+cz+d, =0 _ . Taco:
T _ (Q):a,x+b,y+c,z+d, =0
(Q):a,x+b,y+c,z+d, =0 a b g d
» Goc giita (P) & (Q) duge tinh: = (PIQ) =+ NN
2 2
cos(P) (@) [l ___lamehbresl || pya@eaBs b
’ ‘ 2 a b, c, d
an‘ Jq+Q+cJa+b+c 2= 2
— * (P)&(Q) catnhau<>a, b ¢ #a,:b,:cC,.
= Chiv: 0° <((P),(9)) 90" - (P) L(Q)<aa,+hb,+cc, =0
Cic ti 56 trén cé nghia khi mau khdc 0.

Vi tri twong dbi giira mit phiang va mit ciu

Cho mit phang (P):ax+by+cz+d =0 vamit cau (S) c6tdm | va ban kinh R,

» Truong hop 1: (d(1,(P))>R|< (P) va (S) khéng c6 diém chung.

= Trudmg hop 2: (d (1,(P))=R|< (P) va (S) comét | = Trudnghop3: d(1,(P)) <R|< (P) cat (S) theo giao

diém chung. Khi d6 tanéi (P) tiép xic (S) hoic (P) tuyén 1a mjt dudng tron.
|a tiép dién cua (S).

N’

R M Puong tron giao tuyén c6 tim H (14 trung diém AB), ban kinh
Taco: IM L (P) véi M 1a tiép diém. r=+R?—1IH? véi IH =d (1,(P)).
7. Phwong trinh dwong thing:
@ Pudng thang d <qua A()EA; Yaiza) X=X, +ul
VTCP u=(u,;u,;u,) = Phuong trinh tham s§ d :[{ y =y, +U,t| vdi t 1a tham sb.
@ Vecto chi phuong (VTCP) cua duong thang d la vecto khac Z=17,+Ugt
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0,cog1atrungv01doho§1c_songjongvmd = Phuong trinh chinh tac d : X~ X = Y~ Ya = 2724
g U, u, U,
v6i U U, U, #0.
d —' i
A a ald = | = ==
eu co cap vecto khac 0 khong cuing phuong sao cho < thi d c6 VTCP la: |u, = |:a, b:| :
bld
7.1. Vi tri twong ddi giira hai dwong thing:
. , qua M qua N
Xét vi tri twong do6i cuia hai dudng thang d,, d, véi d, —.,d, .
VTCP u, VTCP u,
Buérc 1 Buére 11 Két luin
% |u,,u,| = 0 —Hai duong thing d,,d, | * "0 MN | =0 — 4 =4
song song hoac trung nhau. w» Jl W] #0 —d, || d,
> EI,LZ =0 —Hai dudng thang d,, d, v ul’%]'MN =0 — d, cat d
cit nhau hoic chéo nhau. o Z,JZ}.MN =0 — d, &d, chéo nhau
7.2. Vi tri twong ddi giira dwong thing va mit phang:
x=x,+tut
Xét vi tri twong ddi gitta duong thiang d : {y = Y, +u,t vamat phang (P):ax+by+cz+d =0 .
z2=2z,+u,t
T I ATET " < -
Buée I: Budce I1:Giai l?T (*), tagap 1 K&t luan
trong 3 truong hop sau :
% Thay phuong trinh tham s6 d vao phuong ** PT (*) v nghiém —d || (P)
trinh (P), ta dugc PT (*): % PT (*) ¢6 1 nghiém t =1, ——d cat (P) tai mot diém
alx, +ut) +bly, +u,t) +c(z, +ut) +d =0 | & pr (*) ¢6 v6 s6 nghiém t. —d C (P)

7.3. Khoang

cach tir diém dén dwong thing:

@ Cho diém M va dudng thang d (c6 phuong
trinh tham s6 hodc chinh tac).

= Buéc 1: Chon diém Aed vamot VICP U, .

= Bwoc 2:

7.4. Khoing cdch giira hai dwong thing:

Hai dwong thang song song
d,, d,.

= Buéc 1: Chon diém M (dep) thudc d,.
= Buéc2: d(d,,d,)=d(M,d,). (xem 7.3)

(UL, R PR Hai duong thing chéo nhau d, d,.

qua A(...) qua B(...)
= Bude 1: Ghirg d, i , d, . :
VTCP u; =(..) “\VTCP u, =(...)
[s.]58

= Buéc 2: Tinh: d(d,,d,)=

[
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7.5. Géc giira hai dwong thing:

. ) Uy,
@ Cho hai duong thang d,, d, 1an lugt c6 VTCP la Uy, U, . — Taco: cos(dpdg) = ‘—. —
u,|.|u,
7.6. Géc giira dwong thing va mit phing:
| - ﬂ —
@ Cho duong thing d ¢ VTCP U va mat phing (P) ¢c6 VTPT n. —— Taco: Sm(d,(P)) = H ‘;} :
8. Hinh chiéu va diém doi xirng:
Bai toan Phuong phip
% Goi d 1a dudng tha qua A Viét pt tham s6 cua d
8.1. Tim hinh chiéu % o1 d la duong thang 1 (P) — Vi€t pt tham sO cua A
5 < R A - d Wiy
o dlen}) | i VTCP ciia d ciing I VTPT cia (P).
phang (P). % Goi H =d " (P) . Thay pt tham s6 cua d vao pt mp (P) ta

tim duoc toa do H.

8.2. Tim diém A’ dbi
xung voi A qua (P) .

Xp = 2X — X,

< Taco H la trung diém AA' =Yy, =2y, —VY, .

8.3. Tim hinh chiéu
cua diém A trén
duong thang d.

pt mp

(P) ta tim duoc toa do H.

% Goi H =d N (P) . Thay pt tham s ctia d vao

2, =22,-1,
< Goi H (theo t) (dua vao pt tham s6 cta d).
Cach 1 T
% AH 1L d < AH.u, =0 —— Tim duoc ¢t = — > Toa dd H.
. qua A o
< Goi (P) SV — Viét pt mp(P). 4
Cach 2 (P)

8.4. Tim diém A’ dbi
xung voi A qua
duong thang d.

Xy = 2X, — X,

% Ta co H la trung diém AA' =y, =2y, —V,.

Z,=22,-1,

8.5. Viét phuong
trinh dudng thang

Truwong hop 1:
d song song mp

(P).

d’ 14 hinh chiéu
clia duong thang
d trén mp (P).

Truong hep 2:
d cat mp (P) tai mot
diem.

% Lap phuong trinh mp(Q) biét
(Q)chradva (Q) L(P):

(Q) qua diém Aed .

(Q)¢6 VTPT ng = ug,n, |.
% Lap phuong trinh d” 12 giao
tuyén hai mp (P) va (Q):

"/Chon hai diém M, N thuoc d’
bang cach thay
x=0—"y, 7z vathay
y=0—"""3x, z (dbi v6i hé

hai pt (P), (Q))-
Viét ptd qua M, N.

()
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X1V. GAN TOA DO VAO HINH HOC KHONG GIAN

Pay la tam gidc déu

B
= Goi O 1a trung diém BC. Chon hé
truc nhu hinh yé, AB=a=1.
» Toa do cac diem la:

0(0;0;0), A[O;%;OJ, B[—%;O;Oj,

C(%;O;OJ,S(O;g;OHJ.

=SA

= Goi O la trung diém BC. Chon hé
truc nhu hinh v¢, a=1.

» Toa do cac diém Ia;
0(0;0;0), A(0;0A;0), B(-0B;0;0),

C(0C;0;0), S(O;OA;OHJ.

=SA

= Goi O la trung diém AC. Chon hé
truc nhu hinh v€, a=1.

= Toa do cac diem: O(0; 0;0),
A(-OA;0;0), B(0,0B;0),
C(OC;0;0), S (—OA; 0;OH j .

=SA

Pay la tam giac vuong tai B
s

= Chon hé truc nhu hinh vé, a=1.
= Toa dd cac diem: B=0(0;0;0),
A(0; AB;0), C(BC,0;0),

Day la tam gidc vudng tai A

= Chon hé truc nhu hinh vé, a=1.
= Toa do cac diem: A=0(0;0;0),
B(0;0B;0), C(AC;0;0),

Day la tam giac thuwong

* Dung dudng cao BO cua AABC.
Chon hé truc nhu hinh vé, a=1.
= Toa do cac diém: 0(0;0;0),

A(-OA;0;0), B(0,0B;0),
S[O? AB; BH]- S(0;0;SA).
=i C(0C;0;0), S[—OA;O;OHJ.
=SA
Day la hinh thang vuéng

D4y l1a hinh vudng, hinh chir nhat
Sk

4
4 2l
A C

Py Ia hinh thoi

. ‘Chon hé truc nhu hinh v€, a=1.
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= Chon h¢ truc nhu hinh v€, a=1.
» Toa do AEO(O;O;O),B(O;AB;O),

C(AD;AB;0), D(AD;0;0), S(0;0;SA).

Day la tam gi4c, mat bén la tam
giac thuwong

= V& duong cao CO trong AABC.
Chon hé truc nhu hinh, a = 1.
= Taco: 0(0;0;0), A(0;0A;0),

B(0;-0B;0), C(0OC;0;0), S(O;OH;OKJ

=SH

= Toadd O(0;0;0), A(OA;0;0),
B(0;0B;0), C(-0C;0;0)

D(0;-0D;0), S (OA;O;OH j

=SA

inh chép c¢6 mat bén (SAB) vuong goc véi mat day

DPay la tam gidc can tai C (hoac
déu), mat bén la tam giac can tai S
(hoiic déu)

* Goi O la trung diém BC, chon hé
truc nhu hinh, a = 1.

= Taco: 0(0;0;0), A(0;0A;0),
B(0;-0B;0), C(OC;0;0), S(0;0;S0)

1.3.Hinh chép déu

= Chon hé truc nhu hinh vé, a=1.
= Toa do AEO(O;O;O),

B(0; AB;0), C(AH; AB;0),
D(AD;0;0), S(0;0;SA).

Day la hinh vudng-hinh chir nhat

* Dung h¢ truc nhu hinh, chon a = 1.
= Tac6: A=0(0;0;0),B(AB;0;0)

C(AB;AD;0),D(0; AD;O),S[AH;O; AKj

=SH

Hinh chop tam giac déu
Goi O 1a trung diém mot canh day. Dyng hé tryc nhu
hinh vé vaa=1. Toa d0 diém:

0(0:00), A{ ABZI j’B(_7OOj

C(E ooj
2

Hinh chép ti gidc déu
Chon hé truc nhu hinh v6i a = 1. Toa d6 diém: O(O;O; O),

AB\/_OO B OAB\/_O ,C —MOO
\_v_/ 2
=0A =0B =—0A
D 0 _M O
2
=0B
$(0;0;S0)

2. Gén toa dd ddi v6i hinh ling tru
2.1. Lz‘nng tru ding

Hinh lap phuong, hinh hp chir nhat
Dung hé truc nhu hinh vé véi a = 1. Toa d¢ diém:

Lang tru ding day 1a hinh thoi
G01 O la tam hinh thoi day, ta dung hé truc nhu hinh
i voi
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e A=0(0;0;0),

| 7 B(0;AB0),
’ ¢ C(AD; AB;0),
Al . D(AD;0)0),
D A (0;0,88),
J : B'(0; AB; AA),

o 0(0;0;0),
A D
= A(-OA;0;0),
! R B(0;0B;0),
L C(0C;0;0),
A O
s e = D(0;-0D;0),
Blgzt-=-=-"" T
o A'(—OA;0; AA'),

B'(0;0B; AA"), C'(OC;0;CC’), D'(0;-OD; DD’)

Goi O 1a trung diém mot
canh day, chon hé truc
nhur hinh v& véia = 1. Ta
co:

B TZ o
I
I
I
I
ol |
I
I
]

0(0;0;0), A(%;O;Oj,

B(—%;O;O), C(0;0C;0),

A'(OA;0; AA'),

B’(—%;O; BB’], C'(0;0C;cC).

= Dgng hé truc nhu hinh v&, ta dé dang xac dinh duogc céac
diém O, A, B, C', A.

= Tim toa do cac diém con lai thong qua hé thure vecto
bang nhau: AA'=BB'=CC'.

Vé duong cao CO
trong tam giac ABC
va chon hé truc nhu
hinh vé véia = 1.
Toa do diém la:
0(0;0;0), A(OA;0;0),
B(-0B;0;0),
C(0;0C;0),

A'(OA;0; AA),

Cﬂ

_Br TZ Ar
I
I
I
|
1
I
I

= Dung pé truc nhu hinh vé, ta dé dang x4c dinh duoc
cac diem O, A, B, C', D', A.

* Tim toa do cac diém con lai thong qua h¢ thue vecto
bang nhau: AN =BB'=CC'=DD'.
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