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CHUYEN PE 1: THUC HIEN PHEP TINH

A.LY THUYET CAN NHO:
1) M6t s6 tinh chat caa lay thira:
¢ Nhan, chia hai laty thtra cung co s6

a"a"=a"" (mneN)

;a"=a"" (mneN;m=>n)

a)' a"

8l 238 (peo

2] -2 b20)
e Lay thtra cia mot lay thira: (am )n =a™ (m,neN)
e Liiy thtra cia mét tich: (ab)’ =a"b" (neN)

e Liiy thira tang: a™ = al™) (m,neN)

2) Mot s6 cong thire ddt thira s6 chung

. a.b+a.c+a.d+...+a.k:a.(b+c+d+...+k)
a a a 1 1 1

. —+— 4. +—=a| —+—+..+=
X X, Xq X X Xq

DANG 1: LUY THUA, PHOI HOP CAC PHEP TiNH
Bai 1: Thyec hién phép tinh:

2
311143121 75.5* +175.5" (342°)
a,A=T- b, B= , C= 13 411 97
32 20.25.125— 625.75 11.2%4% _16
Hudng dan giai
11 11 311 11+ 21 11 2
a,TaC('):A=3 '119+§ '21= (9+5 ) =39'32=3_:9
32 32 P32 1
. 75.5% +175.5% 35°5¢ + 52754 350475 510
b, Taco: B = _ T 2EE2pd _rméarn? 92p6_apb g6 =10
202512562575 2°.5525° _5'352 225°_35 5
2
o (342°)  gpw gigw ggw

11204 -16°  11.2% 2% 2%(11-2) 2%9

Bai 2: Thyec hién phép tinh:
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T 5.2°6° _7.0%.27° T (125.7) 150 18 T T 198 g _ g0 on

Hudng dan giai

5.415-99 _ 4.320.89 b B B 510 .73 _ 255 492 . C (34216 )2

4

5.49° 4308 5203°_223%0% 2¥39%(10-9) %38

, Ta co: = = = -
VA 56 72%27°  5273°_7273°  2%39(15-14) 2%3°
10 23 _ »p5 2 10 -3 10 -4 50 73 (1-7 5.(—6 _

b, Ta co: g_ 57 325 49" _ ? .37 95 ;73= (1-7) _5(-6) _-10

(125.7) +5°14° 5.7°+5.7°.2° 5 7°(1+2°) 9 3

2
3.4.2'° 2 636

¢, Taco: C = ( ) __ 32 =2

11.28.41 _ 42918 93 (11 —2)
Bai 3: Thurc hién phép tinh:

5.7 477 g 257-2° _ 54°9°-43°8

JA=—— T b B=2"1"° C=
YT 137 52° © 526" — 72727
Hudng dan giai
11 12 11 11
a, Taco: A= ?'72 +7 5= 7 (5+7) :79'12:72:49
7°5°-137°  7°(5°—13) T7°.12
, 287-2% 2°(7-2) 5
b, Taco: B= c oF = = o =g=1
1509 _ 4 220 Q9 30 QI8 52 920 527 229318 (go_ 32
CTacs AL B4 4T 5273025007 ( ) _211_,

5.2°6% —7.2227°  52°23° -7.2%3"%  2%3%(53-72) 111

Bai 4. Tinh: 15(0,5)2 342 419,423
15 15 "60) 24

Huéng dan giai

15 60

8 19)_ 23 2813 (8 79)24 7 2
24 15 4

Ta cé: 1E-(O,5)2-3+ —-1—=1:1 = =21
15 15 60 47 5 5

9
Bai 5: Tinh biéu thitc: B = | oror> , 17} (1500 1763
161616 17° ) (1600 187
Huéng dan giai
Ta co:

(151515 179]_(1500 176)_15 1 15 16,

+ -~ =—+—-—+—=1
161616 17° ) (1600 187) 16 17 16 17
Bai 6: Thuc hién phép tinh: A=2°5-[131-(13-4)" |

Huéng dan giai
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Taco: A=2'5-|131-(13-4)" | ~16.5-(131-9°) =80~ (131-81)=80-50=30.
Bai 7: Thyec hién phép tinh:
a) (-8)°:{25-18:[ (5" +2°):11-2018° |} b) (113797 ~9*):(2.34)°

Huéng dan giai

a) (-8)":{25-18:[(5°+2?):11-2018° ]} b) (11.3'9"-9°):(23")

=64:{25-18:[33:11-1]} =(11.373" -3%):(2°.3")
=64:{25-18:2} =(11.3% -37):(2°3*)
=64:16=4. -32.8:(223%)

=328 :(22.328) =3.2=6.

0
Bai 8: Thuc hién phép tinh: 2* + 8[(—2)2 ; ﬂ —27%4+ (—2)2
Huéng dan giai

0
Tacé: 2° +8[(—2)2 :1} — 224+ (-2) =16+81-2 4+4=27
2 4

25° + 25" 4+ 25°

Bai9: Rutgon: B = Gr 5 155 157 157 157

Hudng dan giai
Ta co:
25° 4 257 4257 510 4 5 4 5t 5(1+5° +5°)

TS B 5 15T 15 15 (57455 +5°) 4 (57457 +57) (145 +5°)(57 +57)

50 1 1
51458 54125 130

3

Bai 10: Thuyc hién phép tinh: A= e R 5 |.
L4--+= 12-0875+0,7 | 2014
911 6

Hudéng dan giai
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1

3

1

Z_0,25+=
5

3

12013

1

16—0,875+0,7

2014

3

2013
12014

1
J— +i
3 5
[
6 10
3
11 1
i_i+i
j 3 4 5 |.2013_
7(1_1,1)] 2014
2\3 4 5

DANG 2 : TINH DON GIAN

2013
2014

&

2
-+
19
3
-+
19

2 2

43 1943.
3 3

43 1943

4
-+
19
5
-+
19

4 4

41 2941
5 5

41 2941

Bai1: Ratgon: A=

Huéng dan giai

114,
43 1943)

1 1 )54
43 1943

Tacd:

1
-——+
19
1—i+
19

1
-+
19
1
-+
19

11
41 2941

11
41 2941

0,4—g+g 1—0,25+1
9 11 __3 5
1,4—z+1 11—0,875+0,7
9 11 6

Huéng dan giai

2014
2015

Bai 2: Thuc hién phép tinh: M =
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2 2 1 1
0,4——+— ——0,25+ =
9 11 3 5 |.2014

M =

1a-L+ T 11 0875407 ]| 2015
011 6
2 2 2 1

22,2 111 (1_1+1j 11,1

5911345_2014=5911_345_2014

(7,7 T_7 712015 7(1_1 1) 7(1_1+1j 12015
3

59116810

2 2)_2014

7 7) 2015

—1,2:(12.1,25) (1,08—225};1 )
Bai 3: Thyc hién phép tinh: M = 0,6.0,5:—

+ +0,
0,64 [55_9j36

25 9 4)17
Hudéng dan giai
—1,2:(12.1,25) (108—225);Ir 5
Tacs: M= T+ E 9\ 36 +0,6.0,5:=
0,64— 5221 >
25 9 4)17
7
_-12:2 Z 1 3
=706 119 36 0,75=-1+—+—=0
6 17
. ) 2 3 193 33 7 11 1931 9
Bai 4: Thyec hién phép tinh: A= - + . +—=
193 386 ) 17 34 1931 3862) 25 2
Huéng dan giai
Ta co: .
)(2_3j193+§_2193 3193 33 i_i 33
193 386 ) 17 34 | 193 17 386 17 34 17 34 34
(7 j1931+9 7 1931 11 1931 9 7+11+9 5_
1931 3862) 25 2| ©1931° 25 3862 25 2 25 50 2
:>A=1:5=E
5
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Q4—g+g— ——025+1
Bai 5: Thuc hién phép tinh: M = 9 11 __3 5 |.2014
: Thy on phép tinh: 77 1 015
14—+ 1--0,875+0,7
9 6
Hudéng dan giai
04-2+2 L_ogo54t 2014
DM = 9 11 3 5 |.
A Y
9 6
22,2 111 2(1 1+1) 1 1.1
|5 9 11 3 4 5 (.2014 | (5 9 11 3 4 5 | 2014
o 7 7 7T 712015 |1 1 1 Z,l 1 1)| 2015
5 9 11 6 8 10 5 9 11 3 4 5
_[(2_2).2014
7 7) 2015
3 3
N A TRET L 15+1-0,75
Bai 6: Thuc hién phép tinh: 3 5 E
0,265+0,5— > -2 2542125
11 12 3
Hudéng dan giai
3.3,38.3

3,33
__8 10 11 12 .2 3 4
a)A= 53 .5 5 5'5 55
100 10 11 12 2 3 4

g1 1,11 1 1_1) 5[ 165-132+120+110
__\8 10 u' N 23 4) 7 1320 .3
-53 ( 1 1 1) (1 1 1) -53 (—66+60+55) 5
5 -~ 4+ -+ | BT+ -=| -5
100 10 11 12 2 3 4) 100 660
3 263 3 263
1320 3 1320 3 3945 3 -1881

T53__ 49 5 -1749-12%5 5 5048 5 29740

100 660 3300

0,5—137+;7 05—;+i—02
Bai 7: Tinh biéu thc: B = §_i £+Z_Z 1_35

Hudéng dan giai

Ta co:
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05.3,3 g5 1,1 g, 3.3,3 1111
B__ 17 37, 3 4 ' _6 17 37,2 3 4 5
5 5 5 7T 7 7 5 5 &5 7 7 71 17
ST+ ———4_--3, e e
6 17 37 5 4 3 6 17 37 5 4 3 2
(1_1+1j 1111
7_i+7_i
6 17 37 2 3'4 5 31 16
(111) (1111)5735
e el B I
6 17 37 2 3 4 5
(1+2+3+...+100)@—;—;—;J(63.1,2—21.3,6)
Bai 8: Thuec hién phép tinh:
1-2+3-4+...+99-100
Hudéng dan giai
@+2+3+..+100 -1 L)6312-2136)
2 3 7 9

Ta co: 63.1,2-21.3,6=0=> =0

1-2+3-4+...499-100

DANG 3 : TINH TONG CAC SO TU NHIEN DUQC LAP TU MOT CHU SO

Tinh téng: S =a+aa+aaa+...+aaa..a
%f_)

Phuong phap:
Ta co:
S=a+aa+aaa+..+aaa.a= a(1+11+111+ ...+111...1)
\_W_J \—ﬂ/_J

n

n

=9S = a(9+99+999+...+999...9]
%r_/

n

bat A=9+99+999+...+999...9
—

Taco: A=(10-1)+(10° —1)+(10° —1) +...+ (10" -1}
=(10+10” +10° +...+10" ) -n=111..10—-n

a(lll...lO—n]
n

=>3S=
9
Bai 1: Tinh tong ty nhién
a, A=9+99+999+...+999...9 b,B=1+11+111+..+111..1
—— —

10 10
Huéng dan giai
a, Ta c6: A=(10-1)+(10* ~1)+(10° -1) +...+(10" - 1)
= (10 +10% +10° + ...+101°)—1o =111..10-10=111...100.
10 9

b, Ta c6: 9B =9+99+999+....+9999...99 ( 10 58 9).
A=(10-1)+(10° ~1)+(10° ~1) +...+(10* -1)
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- (10 +10% +10° + ...+101°)—1o ~111..10-10 =111...100.

10 9

111...100
A Y
—B="=_—9%
9 9
Bai 2: Tinh tong tu nhién C=C=5+55+555+...+555...5
H_J

10
Hudng dan giai
a, Tacod: C= 5(1+11+111+ ...+111...1} (106 1)

10

9C = 5[9+99+999 +...+999...9]
\_W—J

10
Ta co: A=(10-1)+(10° —1)+(10° 1) +...+ (10" 1)
= (10 +10% +10° +...+101°)—1o =111..10-10=111..100
9 8

5.111...100 55?..500

=C= 8 .=

9 9

DANG 4 : TINH TONG DAY PHAN SO CO QUY LUAT

, 1 1 1 1
1) Tinh tong: S = + + +..+
a3, 8,83 a5, ay48y
*Voia,-a=a3-a, =9, —a3=..=a, -3, 1 =1
Phuong phap:
Ta co:
1 -3 1 1,
aa, aa, q @ ’
1 a-a, 1 1
ayas ayay a, as’
1 _ an _a.n 1 1 . 1
an 1an an—lan an 1 an
Do dé:
1 1 1 1 1 1 1 1 1 1
S=———+———F ——— =
al a2 a2 a3 a3 a4 a‘n—1 an a‘1 an
Bai 1: Tinh t6ng : S :i+i+i+...+;
2 23 34 2004.2005
Hudéng dan giai
Ta co
1 11 1 11 r 1 1
1.2 1 2° 23 2 377777 2004.2005 2004 2005
A% ve C
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+_1_1 . 1 1) 1 1 1 2004
3 3) 7 12004 2004) 2005 2005 2005

Bai 2: Tinh tong : S S S S S
9.10 10.11 2004.2005

Huéng dan giai
Ta thay tong nay giong hét nhu tong ¢ bai 1 ta dung cach tach cac s6 hang nhu ¢
bai 1:

11,02 1 01 1
9 10 10 11 ~ 2004 2005
11 1996

T9 2005 18045
Nhan xét : Néu s6 hang tong quat c¢6 dang: ————
' e Tong 4 8 n(n+1)
1 1 1
n(n+1) n n+l
Tt d6 ta 6 cong thirc tong quat dé tinh tong nhw sau:
1 1 1 1
=——+——+.. =
12" 23" n(n+1) n+1
1 1 1 1
+ + +ot

Thi ta tach nhu sau:

2) Tinh tong: S =

ala‘Z a2a3 a3a4 an—lan
*Véia,—a =a,—a, =a, —a; =...=a, —a, , =k >1 thi:
9 —Qg =d3z —ay =ay —d3 n A1
Phuong phap:
Ta co:
K _am-a 1 1
aa, a, aq
k a-a 1 1,
a3 Qa3 a, 33’
k a,—a,4 1 1
an_1a, an_1a, a1
Do dé:

Bai 1: Tinh tong : A= 1
Huéng dan giai

Ta co:
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2 3-1 1 1
13 13 1 3
2 5-3 1 1
35 35 3 5

2 101-99 1 1

99.101 99.101 99 101

Dods: B[ L) (X 1) (2 1), (L )., 1 _100
13)(35) (5 7 99 101) = 101 101
1 1

Bai 2: Tinh tong : S S S
1.3 35 2003.2005

Huéng dan giai
Cach1
Hoc sinh phai nhan dang duoc cac s6 hang déu c¢6 dang
- Twsdcuiacacsd hang ddlal
- MaAu l1a tich cua hai s6 ty nhién hon kém nhau hai don vi.

Ta c6 thé tach nhw sau:% = L i = %(E] = E(l—l]

213 13 ) 207 3
1 1(1 1}
Tuong tu: —=—| -—=
35 2(3 5

1111
2003.2005 22003 2005
Cong v& v6i vé clia cac dang thitc trén ta duoc:

1((, 1) (1 1 1 1 1 1) 1002
S==S1l-Z|+| == |+t ————— == |1l-——— |=——
2{[ 3) (3 5] (2003 2005}} 2[ 2005j 2005

Nhin xét két qua:
- Thira s6 nho nhat, 16n nhat ctia mau cac s6 hang la 1; 2005
- K&t qua bang tich cta hiéu cac nghich dao thira s8 nhé nhat va thira s6 16n nhat
ctia mau véi nghich dao don vi kém hon.
Cach2:Tach: S=——t 4 41
13 35 2003.2005
Ta’ché'y:a—_b:i—Lzl—1 (a,beN,a>b)
ba ba ba b a
Ta phai bién doi sao cho tr sd cua tat ca cac s6 hang phai 1a khoang cach hai thira s6 duwdi
mAu thi tat ca cac hang t& déu tach ra duoc:
2 11

2003.2005 2003 2005

THCS.TOANMATH.com TAI LIEU TOAN HOC




L2 (tnyrny, (1 1y, 12004
2003.2005 \1 3) \3 5) 7 12003 2005 2005 2005

= —+—+
1. 3 35
Ma S= L i+...+;:>28=i+i +..+ 2 =2004
1.3 35 2003.2005 1.3 35 2003.2005 2005
_ 2004, _ 1002
2005 2005
Cht ¥: Thong qua vi du trén can phai khic phuc cho hoc sinh sai hay gép:
1 1 1 ..
Z—-= lasai
3 5 3 5
Nhén xét tdng quat: m_ 1 — 1 vdia—-b=m.
ba b a
Bai toan tong quat.
1 1 1

= voim=1;2,3.. n=1,2;3.

a(a+m) " (a+m)(a+2m) +"'+{a+(n—1)m}{a+nm}

s _i(l_ 1 j
" mla a+nm
Bai 3: Tinh nhanh tong sau:
2 2 2 2 2
aAA_3—3+3 3 3 b,B=4+4+4+...+4
25 58 811 11.14 1417 11.16 16.21 21.26 61.66
Hudéng dan giai

¥ ¥ F 3 ck
=—+ + +

25 5.8 811 1114 14.17

1

1 11 1 1 1 1 15 _45
=3|—=+=—+.+———|=3| - |=3.—
2 5 5 8 14 17 2 17 34 34

45
Va =
ARy
b, Ta co:
B=4 1 + 1 + 1 +...+ 1 =5B=4 S S
11.16 16.21 21.26 61.66 11.16 1621 2126

1
B=4 i_i i_i_l_m_*_i_i =4 i_i 58_4i B = i:i
11 16 16 21 61 66 11 66 11.66 66 33

Bai 4: Tinh gid tri ctia biéu thic:

( 3 3 3 3 j ( 25 25 25 j

bt ——— ..+ - + +ot

1.8 8.15 15.22 106.113 50.55 55.60 95.100
Hudng dan giéi

3 3 3 3 7 7 7 7
Taco: B=—+—+—+...+ B=3 —+—+—+...+
1.8 8.15 15.22 106.113 1. 8 8.15 15.22 106.113
7B = 3(}_1 1_i+i_i+,_,+i_i) 3(1_ij:3_£:>5=%:4_8
1 8 8 15 15 22 106 113 113 113 7.113 113
. 25 25 25 1 5 5 5
va C= + +..+ —C=—+—+.. . +—

50.55 55.60 95.100 5 50.55 55.60 95.100
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et ot ol khids:A-B_c=_ 1 _ 847
5 50 100 100 20 113 20 2260

9 9 9

Bai 5: Tinh nhanh: i+—+—+...+—
19 19.29 29.39 1999.2009

Huéng dan giai
l 9 9 9 9 9 9 9
Tac6: —+—+—+.+———=A = A= + + +ott—
19 19 29 29.39 1999.2009 9.19 19.29 29.39 1999.2009
:>10A=9( 10 + 10 + 10 +...+—10 ):9(1——1 j
9.19 19.29 29.39 1999.2009 9 2009
2000 2000 A 200

. = =
9.2009 2009 2009
1 1 1 1 1
Bai 6: Thyec hién phép tinh: A=3.—-5.—+7.——...+16.—-17.—
1.2 2.3 3.4 7.8 8.9

Huéng dan giai
1 1 1 1 1 3 5 7 15 17

Taco: A=3.—-5—+7——.+15—-11.—=——-—+—~— ot
12 23 34 7.8 89 1.2 23 3.4 7.8 8.9

11 11 11 11 1 1 1 8
=l s+=|—| == |+ =+ |-t == |- =+ [ =l-—==
1 2 2 3 3 4 7 8 8 9 9 9
Bai 7: Tinh ti sO A biét: A= L + L + L ot ! va
B 1.300 2.301 3.302 101.400
1 1 1 1

= - + +ot
1.102 2.103 3.104 299.400
Hudéng dan giai

299 299 299 1 1 1 1 1 1
299A = + +.+ = S|4 || == |+
1.300 2.301 101.400 (1 300) (2 301j (3 302j

:>299A:(1+1+£+...+i]—(i+i+...+ij
2 3 101 300 301 400
101B — 101 N 101 N 101 - 101

1.102 2.103 3.104 299.400

1 1 1 1 1 1 1
=l l-— |+ = — |+ = — |+ t| ———
( 102) (2 103j (3 104} (299 400)

10A=9

1
+ P —
(101 400

1

1 1 1 1 1 1 1 1 1 1 1
=|1+—+—-+..+ ~ + +..+ =|1+—+—-+..+— |- + +
2 3 299 102 103 400 2 3 101 300 301

Khi d6 : 299A=1018 — > = 101
=209
Bai 8: Rat gon A= t 1+ + 1 1
100 100.99 9998 98.97 32 21

Huéng dan giai
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1.1)A= t t 1 1t 1
100 100.99 99.98 98.97 32 21

1 1 1 1 1 1
A= - + + Font—+—

100 \100.99 99.98 98.97 3.2 2.1)

1 1 1 1 1 1
A= - +—F..t + +

100 \1.2 23 97.98 98.99 99.100)

1 1 11 1 1 1 1 1 1
A=——1—+———+. A——F————F———

100 2 2 3 97 98 98 99 99 100
Amt [ 1)

100 100 50

3) Mau 1a cac s6 ty nhién lién tiép

a) Tinh tong sau: S, = S S S
1.23 234 n(n+1)n+2)
Nhén xét dé bai:
- Tkcacsddéulal
- Mau cic s6 hang déu 1a 3 tich s6 tw nhién lién tiép.

o o oo 1
- S0 hang tong quat c6 dang m
Ta co:
1 1 2 1 (k+2)-k 1) 1 1
k(k+1)(k+2) 2'k(k+1)(k+2) 2k(k+1)(k+2) 2[k(k+1) (k+1)(k+2)
Do do:

A
n(n+1)n+2) 2(n(n+1) (n+1)n+2)
Cong v& véi vé cac dang thiic trén ta dugc.

1( 1 1 1 1 1 1
; ot
212 23 23 34 n(n+1) (h+1)(n+2)
Nhan xét két qua: Néu mau c6 3 s§ tw nhién lién tiép thi tdng bang tich nghich dao cua

(3 -1) véi hiéu nghich dao cta tich 2 thtra s6 ¢6 gia tri nho nhat va tich 2 thira s6 c6 gia

trilénnhat s, =2 L1
212 (n+1)fn+2)
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1 1 1 1
+ + Fot————.
123 234 345 37.38.39

Bai 1: Tinh tong : B =

Hudng dan giai

11 2 1 1 2 1 1 2
Taxét: ———=——; ———"—=——, ....; — =
1.2 23 123'23 34 234 37.38 38.39 37.38.39.
Tong quat : 1 1 =
ST 1) (n+D)(n+2) n(n+1)(n+2)
Do do: 2B = 2 + 2 + 2 +...+L
123 234 345 37.38.39
1 1 1 1 1 1
= ———|+| ——— |+...+ —
(1.2 2.3) (2.3 3.4) (37.38 38.39)
1 1 740 370
1.2 38.39 3839 741
Suy ra B:@.
741

1 1 1 1
+ + tot
123 234 345 10.11.12
Huéng dan giai

. 2 2 2 2 1 1 1 1
Tacod: 2P = + + +..+ = ———|+| ——— |+...+
123 234 345 10.11.12 (12 23 23 34

Bai 2: Tinh nhanh tong sau: P =

EI
1011 11.12
1 1 _6_,_ 65

= = = —
1.2 1112 132 264

Tong quit: A=—— 4t 44—+ |1 1 |,
SA PT1237 234 " Tn(n+)(n+2) |2 (n+1)(n+2))
1 1 1

N Tinth t8 . g =
) Ti ong sau n 1'2.3'4"'2.3_4.54— +n(n+1)(n+2)(n+3)

Nhan xét deé bai
- T cacsd hanglal
- Mau cic s6 hang déu 1a 4 tich s6 tw nhién lién tiép.

~ o (o 1
56 hang tong quat cé dang A+ N+ 2)n+3)
Ta co
1 1 3
k(k+1)(k+2)(k+3) 3 k(k+1)(k+2)(k+3)
1 (k+3)—k 1 1 1
T 3k(k+1)(k+2)(k+3) 2| k(k+1)(k+2) (k+1)(k+2)(k+3)
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1 11 1
1234 3\1.23 234

1 1( 1 1
2345 3\234 345

1 1 1 1
n(n+1)(n+2)(n+3) _§{n(n +1)(n+2) - (n +1)(n+2)(n+3)j
Cong v& vé6i vé cac dang thiic trén ta dugc
1 1 1 1 1 1 1 J

" 3(1.2.3 "234 234 345 T n(n+l)(n+2) (n+1)(n+2)(n+3)

=%(1.;.3_(n+1)(ni2)(n+3)J

+ ! + L +...+;.
1.2.34 2345 3456 27.28.29.30
Huéng dan giai
13 11 3
1.2:3 2-3-4 1.2.3:4’2.3-4 3.4.5 2.3.4.5""

Bai 1: Tinh tong:

Nhan xét:

b

1 1 3
27.28-29 28-29-30 27-28-29-30

Goi biéu thikc phai tinh bang A, ta duoc:

Lo 11 4059

1-2-3 28-29-30 28-29-30°
VéyAzﬁ.
8120

c) Bai toan tong quat

S, = L + L +o+ L

" 123.m 23.4.(n+1) n(n+1)n+2).(n+m-1)
Tacongay S, = 1 ( L - 1 j
" m-1(1.23.(m-1) (h+)n+2)n+3).(n+m-1)
voim=2;3;4... n=1;23......
Chu y: Vidu 1: C6 thé khai thac cho hoc sinh thdy trong tong
S, = L + L +ot L
" 123 234 n(n+1)n+2)

Thi3-1=4-2=..=n+2-n=2
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Tn(n+1)(n+2)

PRS-

gt L
" 2(12 (n+1)(n+2)
Nhu vay:
2m 1 1

* - _

a(a+m)a+2m) a(a+m) (a+m)a+2m)
3m 1 1

* — —

a(@a+m)a+2m)a+3m) al@a+m)a+2m) (a+m)a+2m)a+3m)

DANG 5: TINH TONG TU NHIEN DANG TiCcH

Bai 1: a) Tinh tong A=1.2+2.3+3.4+...4+98.99
b) St dung két qua ctia cau a, hay tinh: B =1* + 2° + 3% +...+ 97° + 98°
c) St dung két qua ctia cau a, hay tinh: C=1.99+2.98+3.97+...+98.2+99.1
Huéng dan giai

a) D& tdch mdi s hang thanh hiéu ctia hai s6 nham triét tiéu ting cap hai s, ta
nhan moi s6 hang ctia A véi 3. Thira s§ 3 nay duoc viét dwdi dang 3-0 & s hang
tht nhat, 4—-1 ¢ s6 hang th hai, 5-2 & s6 hang thit ba, ...., 100—97 ¢ s6 hang cudi
cung. Ta co:

3A=1.2(3-0) +2.3(4—1)+3.4(5-2)+...+97.98.(99 — 96) + 98.99(100 — 97)
=(1.2.3+2.3.4+3.45+...+97.98.99+98.99.100) - (0.1.2+1.2.3+ 2.3.4 +

...+96.97.98+97.98.99)
=98.99.100
Suy ra A =323400.
n(n+1)(n+2
Tong quat ta cé: 1.2+2.3+...+n(n+1) = ( +3)( hl )

b) B=1"+2°+3"+...+97° +98°
=1(2-1)+2(3-1)+3(4-1)+..+97(98-1)+98(99 1)
=(1.2+2.3+3.4+...4+97.98+98.99) — (1+ 2+ 3+...+97.98)
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=A- @ =323400 - 4851 =318549.

Téng quat : 1* + 2 +3° +...+97° +98°
_n(n+1)(n+2) n(n+1) n(n+1)(2n+1)

3 2 6
c) C=199+298+3.97+...+98.2+99.1
~1.99+2,(99—1)+3.(99—2)+...+98.(99-97) +99.(99 - 98)
= (1.99+ 2.99+3.99+...+98.99 +99.99)—(1.2 + 2.3+..+97.98+98.99)
=99.(1+2+3+...+99)—- A

99.100 98.99.100 99.100.101
C2 3

=99

=166650.

n(n +1)(n+2).
6

Tong quat: 1.n+2(n-1)+3.(n-2)+..+(n-1)2+n.1=
Bai 2: Tinh tong: B=1.2.3+2.3.4+3.45+456+...+17.18.19

Hudng dan giai
4B=1.234+234.(5-1)+345(6-2)+...+17.18.19,(20-16)

4B=1.234+2345-1.234+3.456-2345+...+17.18.19.20-16.17.18.19
4B =17.18.19.20
B =17.18.19.5 = 29070.
Bai 3: Tinh nhanh cac tong sau
a, D=14+25+3.6+...+100.103 b, E=13+24+35+...+497.99+98.100
Huéng dan giai
a, Ta co:
D=1.(1+3)+2.(2+3)+3(3+3)+...+100.(100+3)
D =(1.1+1.3)+(2.2+2.3)+(3.3+3.3) +...+(100.100+100.3)
D =(1.1+22+3.3+..+100.100) +3(1+2+3+...+100)

bat, A=1.1+2.2+3.3+...4100.100 va B=1+2+3+4+...+100

Tacod: A=1"+2° +3 +...+100?

= A=1(2-1)+2(3-1)+3(4-1)+...+100(101-1).

= A=(1.2+2.3+3.4+...+100.101) - (1+ 2+ 3+...+100)

= D=(1.2+2.3+3.4+..+100.101) + 2(1+ 2+ 3+...+100)

bat C=1.2+2.3+3.4+..+100.101, Tinh tong C ta duoc:

3C =1.2(3-0)+2.3(4-1)+3.4(5-2) +...+100.101.(102 - 99)

3C =(1.2.3-0.1.2) +(2.34-1.2.3)+ (3.4.5-23.4) +...+(100.101.102 - 99.100.101)
3C =100.101.102-0.1.2=100.101.102 = C =100.101.34
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B=1+2+3+4+..4+100 = (100+1).%:101.50 = 5050.

Vay D =C + B =100.101.34 + 5050 = 348450.
b, Ta co:
E=1(1+2)+2(2+2)+3(3+2)+..+97(97+2)+98(98+2)

E=(11+12)+(2.2+2.2)+ (3.3+ 32)+..+(97.97+ 97.2) +(98.98+98.2)

E=(11+22+33+..497.97+98.98)+ 2(1+2+3+4+..+97 +98)

bat A=1.1+22+33+...+98.98 va B=1+2+3+4+...+497+98
Tinh ro6i tuwong tw cau a roi thay vao E.
Bai 4: Tinh: 1.2+2.4+3.6+4.8+5.10
3.4+6.8+9.12+12.16+15.20
Hudéng dan giai
34+6.8+9.12+12.16+15.20=6.1.2+6.2.4+6.3.6 +6.4.8+6.5.10=6(1.2+2.4+3.6 + 4.8+5.10)
1.2+2.4+3.6+4.8+5.10 12+2.4+3.6+4.8+5.10 1

3.4+6.8+9.12+12.16+15.20 6(1.2+2.4+3.6+4.8+5.10) 6

Bai 5: Biét r?mg 22243 +10% =385.Tinh tong: S = 224+ 4%+ ... +20°
Hudéng dan giai

Tacd:

=212 42222 4. +2210° = 22.(12 + 2% 4 +102) — 22385 =1540

Bai 6: Khong st dung may tinh hay so sanh:

A=21+423+25+..4299 va B=22+24+426+...+2.98+100
Huéng dan giai

Ta co:
B=22+24+26+...+2.98+100

A=21+23+25+...+2.99
B-A=2+2+2+2+..2+2(50-99)=2.49+2.(-49)=0
= A=8B

DANG 6: TINH TONG CONG THUC
Bai 1: Tinh tong;: A:1+%(1+ 2) +%(1+ 2+3) +...+%(1+ 2+...+16)

Hudéng dan giai

, 123 134 11617 2 3 4 5 17
Taco: A=l+——+-—+. .+ ————=—+—+—+—+..+—
2 2 32 16 2 2 2 2 2 2
:1(1+2+3+4+...+17—1):£. @—1 =76.
2 2 2
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Bai 2: Tinh tong;:

P:1+1(1+2)+1(1+2+3)+£(1+2+3+4)+ ...+i(1+2+3+....+2012)
2 3 4 2012
Hudng dan giai
DP=1+= (1+2) (1+2+3) i.(1+2+3+4)+ ...... +ﬁ.(l+2+3+ ..... +2012)

1 23 134 145 1 2012.2013
=l4+—-—— - —F—— ... + )
2 2 3 2 4 2 2012 2
_Z §+£+E ....... +2013 1(2 3+4+.... +2013)
2 2 2 2 2 2

= %(1+ 2+3+...+2013-1) = %(—2012;013 —1) _ 2025077

2
Bai 3: Tinh: L + L +..+ L
1+2+3 1+2+3+4 1+2+...+59
Hudng dan giai
Ta co: L + L + L +ot L
" (1+3).3 (1+4)4 (1+5).5 T (1+59).59
2 2 2 2
2 2 2 2 1 1 1 1 1 1 19) 19
=t —t— . F——=2| —F—+—+ . +—— | =2| = —— |=2| = |= =
34 45 56 59.60 34 45 56 59.60 3 60 60/ 30
B : Tinh: 504 %0, 22, 20,10, 100 100 1

b —+—
3 3 4 3 67 98.99 99
Hudng dan giai

Taco: A= (50 % §+§+Ej+(100 100, 100 100 j

—_—t—+... +
3 4 3 6.7 7.8 98.99 99.100

a=100| 2+ 2+t Lol Lyt 2
12 23 34 45 56

6.7 7.8 99.100
A=100 i+i+i+...+ 1 =100. 1—i =99
12 23 34 99.100

100
Bai 5: Tinh: C :—%(1+2+3)—%(1+2+3+4)—---—%(1+2+3+---+50)
Huéng dan giai
C =—1(1+2+3)—£(1+2+3+4)—---—i(l+2+3+-~~+50)
3 4 50

_ 1(143)3 1 (1+4)4 1 (1+50).50

3 2 4 2 50 2

1+1+---+1 |+(3+4+---+50)
143+1+44++1450 | “warwr

48 chir s6 1
2

2
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, (3+50).48

__ > 2 —_24+53.12=612.

DANG 7: TINH TIiCH

A S S B 1?22 3 10°
T 13243571921 1.2 2.3'3.4710.11
Hudéng dan giai
23344 2020 (234..20)(2.3.4..20) 202 40

a, Taco: A=—— — —... = = =
5771921 (1.23..19)(345.21) 21 21

5 )
b, Tacé: gLt 2233 1010 (123..10)(1.23..10) 1
12'23'34 71011 (1.2.3..10) (234 11) 11

Bai 2: Tinh tong C = ( L (1 L j( j ( )
1+2 1+2+3 1+2+3+4 1+2+3+ .+2016
Hudéng dan giai
Tacod: C=|1- 1- ;
T 17 (1+4)4 (L 2016) 2016
2
9 2017.2016-2 201 -2 _ _O _8 2016.2017-2

5
610" 2016.2017 61220 2016.2017
14 25 36 20152018 1004

""2016.2017 3009

445
Bai 3: Tinh: A = (3 ll(l—lj(l_lj_,,(l_ij
2 3) 2 5027712 %

Huéng dan giai
13 5 97 (135.97) 1

Taco: A=——.—.... = =
e 037252777299 2(35.7..99) 2.9
(1+1999)(“1999)“(“1999)
Bai 4: Tinh : 2 1000
( 1000)( 1oooj ( 1000)
140 )14 200 100
1 2 1999
Hudéng dan giai
, (2000 2001 2002 2999} (1001 1002 1003 2999}
Ta co: A= . .
1 "2 "3 "1000)\1 T2 T3 1999

_(2000.2001.2002...2999 1.2.3...1999 ~1001.1002....1999
- 1.2.3.4...1000 11001.1002....2999 ) 1001.1002...1999

Bai 5: Tinh: (1_1j(1_£j(1_ij_.(1_ij
4 9 16 400

Hudéng dan giai
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24 35 1921 (123.19)(345.21) 21 21
3744772020 (2.3.4..20)(2.3.45..20) 20.2 40

1- 1
7 14243440

Hudéng dan giai

a1 1 3 1 B 1
faco A= g vz | w9 [ @enym
2 2 2

2 j 2 j( 2 j 2 4 10 18 n(n+1)-2
=[1-—= | 1-— ||[1-—=|..|1- e e
3 3.4 45 n(n+l)) 233445 n(n+l)

2
14 2536 (n-1)(n+2) _ (1.2.3..(n-1))(45..(n+2)) n+2 n+2

334457 n(n+l) (23..n)(345..(n+1))  n3  3n
Bai 7: Tinh:

a/C= (1+ij(1+ij(1+ij...(l+ ;j b/ B= (1—3)(1—3)...(1—LJ
1.3 2.4 3.5 2018.2020 5 6 100

Huéng dan giai

a, Ta co:

1 1 1 1 22 3P 4 2019°
C=ll+—(|l+—||+—= | |1t —— = —— — . ——————
1.3 2.4 2018.2020) 1.3 2.4 3.5 2018.2019

3
~ (2.3.4..2019)

5
(2.3.4...2019)
( —2.2019 = 4038.

(2.3.4...2019).(3.4.5...2018)

wtnes 813 1) <55 55 (%)

6
_45 989 _ 4 1
56 99100 100 25
1
Vay B=—
¥ =%
Bai 8: Tinh tich
2 2 2 2 2 2 2 2
plTesr e TS b pe 815 24 2499

3 8 15 24 35 48 63 80
Huéng dan giai
23344 88 99 (234.89)(234.89) 92 9

N

32435779810 (123..7.8)(345..910) 10 5
b g_243546 4951 (234.49)(456.51) 251_17
"7 334455775050 (3.45..50)(3.45..50) 50.3 25

="

SN

Bai 9: Tinh tich:
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by e (e

Hudng dan giai

a, Ta cb: B:(E_lj(l_lj(i_l)_.(i_ J
4 N9 )16 400
_-3-8-15 -399  3815..399 _ 132435..19.21
479 16 400  22.3242.20° 2.23.3.4.4..20.20
. 123.19 345.21 121 21
234.20234.20 202 40
6543210-1-2-3_

b,Tacé: C=—-.—oizizizioo——
7TTTTTTTTT

Bai 10: Tinh Az[l—lj(l—lj(l—lj...(l— 1 )(1— L j
2 3 4 2018 2019

Huéng dan giai

Y bl

2017 2018 1
2018 2019 2019

Bai 11: Tinh tich

P D P M EIE
o (3]

Huéng dan giai

-3 -8 -15 -99 -120 13 24 35 9.11 10.12
a, Ta CO A=—— . . :—2—2—2 T E
49 16 100 121 2273 4 10° 11

1234 103.456...11.12 121112 12
22310 22112 22

b, Ta c6: M—% %.. 1000 _ 1000 _ 5o,

999 2

oo|4>

Bai 12: Tinh tich
3 8 15 99

L3815 % e () ) 20) )
22°3 42710 2 N\3 )4 1000
Huéng dan giai
13 24 35 911 (123.9)(345.11) 111
22'33744771010 (23.4..10)(2.34..10) 102
123 99 1
27374771000 1000
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~ Bai 13: Tinh tich

3815 9999 1-22(1-3)(1-4?) (1-20122
a,C= > b, A=| —; . i :
4'9'16 10000 2 3 4 2012

Huéng dan giai

a Taco: C=13 2435 99101 (1.2.3..99)(3.45..101) 1.101
2.2'334.477100.100 (2.3.4..100)(2.3.4..100) 100.2

— 2 — — _ _
b, Ta cb: a3 815 1-2012° -13 -24 -35 20112013

22'33 447720122012 22 33 4.4 7 2012.2012
(1.2.3..2011)(3.45..2013) 2013

(2.34..2012)(2.3.4..2012)  2012.2
Bai 14: Tinh gia tri cua bi€u thic:

a)A=l 1+i 1+i 1+i ...... l+;
2 1.3 2.4 3.5 2015.2017

a)A=£. 1+i 1+i 1+i ....... 1+;
2 3 2.4 3.5 2015.2017
2
3

(4 4} (2016 2016)
35)" 2015 2017

(4 4) (2016 2016)_ 2016

35)°7" 2015 2017 ) 2017

Bai15: Cho E=[1- % |[1-— % | [1- 1 vaF=""2 B
1+2 1+2+3 1+2+3+...+n n F

Hudéng dan giai

N 1 1
faco B= o)z | s || @en)n
2 2 2
2 j 2 j( 2 ) 2 4 10 18 n(n+1)-2
[ Ry | o s - ==
23)\" 34)" 45 n(n+l)) 23'34°457 n(n+l)
_14 2536 (n-1)(n+2) (1.23..(n-1))(45...(n+2)) n+2 n+2
23347457 n(n+1) (23..0)(3.45..(n+1))  n3  3n
Ma IF2 02 o
n 3n
BAi 16:So sénh: V = — - va U = o239
2% -1 21.22.23..40
Hudng dan giai
1.35...37.39 ~ 1.35.7..37.39

" (21.23.25....39)(22.24.26...40) (21.23.25...39)2"° (11.12.13....20)
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U= 1.3.5...39 _ 1.3.5..39
2'°(21.23....39)(11.13...19)(12.14.16.18.20)  2°.(11.13...39)2°(6.7.8.9.10)

U~ 1.3.5..39 _135.39 _ 135.39 1
2'°(7.9.11...39).(6.8.10)  2°(7.9..39).2°35 2%357..39 2%

\YE L <L:>U <V

azTo 220 _q1

Bai 17;: Tinh nhanh:

C= (1+i).[l+ i).(“i}..(“;)(H ;)(1,08—£j
1.3 2.4 3.5 2016.2018 2017.2019 25

Hudng dan giai

2 2
Véimoi neN™ tacd 1+ LI +2n+1:(n+1) .
n(n+2) n(n+2) n(n+2)

T d6
BE Ly e (n 1)
132435 4.6 °2017.2019'\ 25 25
_ 2232.4%5% . .20182
1.2.32.4%5? .,.2017%.2018.2019

_ 2
2019
Bai 18: Cho M _1357 . @.Chﬁng minh rang: M <0,04.
2468 632
Hudéng dan giai
pitN=2258 5%
3579 633
1357 631)(2468 632) 1
SMN=|Z o= m s — | =—
2468 632)\3579 633) 633
Maz<2, 3cd B O MM =M <039
2 3 4 5 632 632

Vay M <0,04 (dpcm).
Bai 19. Thuec hién phép tinh:
1 1 1 1 4-3-5-7—-...-49
bt ——— ..t :
8 815 1522 43.50

Huéng dan giai
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+.

. 1 Y4-3-5-7—...—49
15.22 4350 )

217

:1.(1—1+1—i+i—i+ .... i_ij_5_(1+3+5+7+ ..... +49)
7 8 8 15 15 22 43 50 217
1 (1_i) 5-(1250+25) 149 5-625 7.722531 2

7 50 217 750 731 7255731 5

DANG 8 : TINH TONG CUNG SO MU

Bai 1: Tong cung s6 mii:
a, A=1°+22 +3% +..+98° b, B= —1° +22 -3 +42 — ... —19° + 20°
Hudng dan giai

a, Tacé: A=1.1+22+3.3+...+98.98
=>A=1(2-1)+2(3-1)+3(4-1)+...+98(99-1)
=>A=(12+2.3+34+..+98.99)—(1+2+3+...+98)
bat B=1.2+2.3+3.4+...+98.99, Tinh t6ng B ta dwoc:
3B =1.2(3-0)+2.3(4-1)+3.4(5-2) +...+98.99(100—97)
38 =(1.2.3-0.1.2)+(2.3.4-1.2.3)+ (3.45-2.3.4) +...+(98.99.100— 97.98.99)

3B =98.99.100-0.1.2=98.99.100 = B = 98.99.100

98.99 _ 98.99.100 98.99
2 3 2
b, Taco: B=—12+22 32447~ —192 4 20° = B=—(1> =22 +3 —4% +..+19° - 20°)
B:—[(12+22+32+...+192+202)—2(22+42+62+...+202)}
(20.21.22 20.21
B=- +
3 2

Thay vao A ta duoc: A=B+

)—2.22 (12 +22+3 +...+1oz)}

=-20.7.23-8(10.11.4+5.11)

B =-20.22.7-20.7 —8(10'11'12 . 1011}

Bai 2 : Tong cung s6 m :
a, D=1 +3?+5%+...+ 997 b, E= 11 +13? +15% +...+199°
Huéng dan giai
a,Tacd: D=(1"+2"+3" +4°+..+99° +100% ) - (2° +4° + 6 +...+100° )
100.101.102 100.101
=D :( 3 + >

j—zz(f +2% 43 +...+502)

~50.51.52 N 50.51

it A=1"+2°+3"+..+50° = A >

, Thay vao D ta duoc:

D =100.101.34+50.101-4(50.52.17 + 25.51)
b, Tacd: E =117 +12? +13? +14% +15% +...+199° + 200> —(122 +14% + ..+ 2002)
Dt A=112+12% +132 +...+ 2002, B =122 +14% +...+ 200?
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Tinh ta dwoc:
A=11.11+12.12+13.13+...4+ 200.200 :11.(12—1)+12.(13—1)+...+ 200.(201—1)

= A=(1112-11)+(12.13-12) +(13.14 ~13) +...+ (200.201 - 200)

A=(11.12+12.13+13.14+...+200.201) - (11+12+13+...+ 200)

Ao ( 200.201.202 10.11.12j _(211.190)
3 2 2

Va B = 22 (62 172 482 +“.+1002) _ 4(100.101.102 B 5.6.7)_(106.95)

3 2 2
Vay E=A-B
Bai 3 : Tong cung s6 m :
a, C=22+42+6%+...4 207 b, F= 1 +4* + 7% +...+100°

Huéng dan giai
a,Taco: C=2*(1"+2°+3 +..+10°)
Pat A=12+22+3*+..+10° =1.1+2.2+3.3+...+10.10
A=1(2-1)+2.(3-1)+3.(4-1)+..+10.(11-1)
10.11.12_10.11

A:(1.2+2.3+3.4+...+10.11)—(1+2+3+...+10): >

b,Tacdé: F=11+4.4+7.7+10.10+...+100.100

F =1(4-3)+4(7-3)+7(10-3)+10(13-3)+...+100(103-3)

F =(L4-1.3)+(4.7-3.4)+(7.10-3.7)+(10.13-10.3) +...+(100.103-100.3)
F=(14+4.7+7.10+10.13+...+100.103)-3(1+4+7+10+...+100)

bat A=14+47+7.10+...+100.103,B=1+4+7+10+...+100

Tinh 9A=1.4(9-0)+4.7(10~1)+7.10(13—4)+...+100.103(106 - 97)

9A=(149-0.1.4)+(4.7.10-14.7)+(7.10.13-4.7.10) +...+(100.103.106 - 97.100.103)

9A=149+(100.103.106-14.7)=> A= 100'103;106+8

Tinh B r6i thay vao F ta duwoc: F = A-3B
Bai 4 : Cho biét: 1* + 2% +3? +...+12? =650, Tinh nhanh tong sau : 2° +4° +6° +...+ 24
Hudéng dan giai
Taco: 2 +4°+6"+..+24° =2° (1" +2° +..+12 ) = 4.650
Bai 5 : Tong cung s6 m :
a, G=1°+3*+5%+...+99° b, K=1.22 +2.3° +3.4% +...+99.100°
Huéng dan giai
a, Tacod:
G=11+33+55+7.7+...+99.99
G=1(3-2)+3(5-2)+5(7-2)+7(9-2)+..+99(101-2)

G =(13-1.2)+(35-23)+(5.7-25)+(7.9-2.7) +...+(99.101-2.99)
G=(13+35+57+7.9+..+99.101)-2(1+3+5+7+..+99)
bit A=13+35+5.7+..499.101, B=1+3+5+7+...+99
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Baié6:
a, H=

Tinh A= 6A=13(6-0)+35(7-1)+5.7(9-3)+...+99.101(103-97)
6A=(1.3.6-0.13)+(35.7-135)+(5.7.9-35.7)+...+(99.101.103-97.99.101)

6A=1.3.6+(99.101.103-1.3.5) =99.101.103+3=> A= wgoms
Tinh tong B ro6i thay vao G
b, Tacd:

K=122+233+3.4.4+..+99.100.100

K =1.2(3—1)+2.3(4—1)+3.4(5—1)+...+99.100(101—1)

K= (1.2.3—1.2)+(2.3.4—2.3)+(3.4.5—3.4)+...+(99.100.101—99.100)

K= (1.2.3+ 234+345+.. +99.100.101) —(1.2+ 2.3+3.4+ ...+99.100)

byt A=123+234+3.4.5+...+99.100.101, B =1.2+2.3+3.4+...+99.100

Tinh A= 4A= 1.2.3(4 - 0) + 2.3.4(5 —1) + 3.4.5(6 - 2) +o+ 99.100.101(102 - 98)
4A:(1.2.3.4—0.1.2.3)+(2.3.4.5—1.2.3.4)+(3.4.5.6—2.3.4.5)+...+(99.100.101.102—98.99.100.101)

99.100.101.102
4

4A=99.100.101.102 => A=

Tinh B tuong ty roi thay vao K

Tong cung s6 ma :

22+ 4% + 6% +...+100° b,1=1.32+3.5%+5.7%+...497.99°
Hudng dan giai

a, Tacod:

H=2"(1"+2"+3" +..+50° ) =4.A

A=11+22+3.3+4.4+...+50.50

A=1,(2-1)+2(3-1)+3(4-1)+4(5-1)+...+50(511)

A=(12-1)+(2.3-2)+(3.4-3)+...+(50.51-50)

A=(1.2+2.3+3.4+..+50.51) - (1+2+3+...+50)

! 50.51.51 50.51
Tinh tong A ta duoc: A= 3 9 Thay vao H ta dwoc

b, Tacod:
I=1.3+35°+5.7°+...497.992 =>| =1.3.3+3.55+5.7.7+...+497.99.99
| :1.3(5—2)+3.5.(7—2)+5.7(9—2)+...+97.99(10l—2)

| =(135-1.3.2)+(35.7-35.2)+(5.7.9-5.7.2) +...+(97.99.101-97.99.2)

| =(1.35+35.7+5.7.9+..+97.99.101) - 2(1.3+3.5+5.7 +...+ 97.99)

bat A=135+35.7+5.7.9+...+97.99.101,B=1.3+3.5+5.7+...4+97.99

Ta co:

8A:1.3.5.8+3.5.7(9—1)+5.7.9(11—3)+...+97.99.101(103—95)
8A:1.3.5.8+(3.5.7.9—1.3.5.7)+(5.7.9.11—3.5.7.9)+...+(97.99.101.103—95.97.99.101)

97.99.101.103-15
8

8A=13.5.8+97.99.101.103-1.3.5.7=97.99.101.103-15=> A=
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Tuong tu tinh B r6i thay vao I
Bai 7: Biét: 1° + 2% +...+10° =3025, Tinh A=2*+4*+...+20°
Huéng dan giai
A=2° (13 +2° +...+103)
Bai 8: Cho biét: 1? + 2° + 3% +...+12% =650, Tinh nhanh tong sau: 2° +4° +6° +...+ 24
Huéng dan giai
Taco: 2° +4° +6° +...+24° =2° (1P +2° +...+12 ) = 4.650
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DANG 9: TONG CUNG CO SO

bé giai cac bai toan thudc dang nay ching ta dung phwong phép giai phuong trinh
(lam troi).

Tinh tong dang: S =1+a+a*+a*+..+a" (1)

Phwong phap:
Budc 1: Nhan vao hai vé ctia dang thitc véi s8 a ta duoc.
aS=a+a’+a’+a*+..+a"". (2)
Buwdc 2: Lay (2) trie (1) vé€ theo v€ duoc:
aS—S-a-1m5-2 L
a-1

1) Tinh tong day c6 co s6 16n hon 1.

Bai 1: Tong cung co so:
a, A=3"+3' +3% +...+3% b, B=2+23+2°+2" ... +2%%
Hudéng dan giai
a, Ta thdy mdi s& hang sau gap s& hang lién truéc né “3” Tan .
Tacod:
35=3+3 +..+39 +3*

= 3A-A=2A=(3-3)+(3" -3 )+..+ (30 -3+ (3" -1)

—25=3%"_1
101

:>S:3 1
2

b, Tacd: 22B=2°+25+2 +..+2%%% 4 22
348—82382(23 _23)+(25 _25)+"_+(22009 _22009)+(22011_2)

2011
:>3B=22°11—2:B=2 2

Bai 2: Tong cung co so:
a) M =5°+5"4+5"4+5%4+5% ... 4 5218 4 52019
b) C=5+5"+5 +5" +..+5"
Huéng dan giai
a, M =5° +5" +5% +5° + 5% 4... 4 52018 4 52019
5M =5"+5° +5° + 5% +...+ 5% 4 5200
5M =M =(5'+5° +5° +5 ...+ 57 + 577

—(5"+5' +5” +5° +5" 4.+ 5% 4+ 5%)

2020
AM =5 _1=M =5 !

b, Taco: 5°C=5°+5"+5"+...+5%" +5'
=>25C-C =24C :(53_53)_|_(55_55)_|_“_+(5101_5101)+(5103_5)
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5103 _ 5
24

=>24C =5 _5=>C =

Bai 3: Tong cung co so:

a, B=7+72+73+.. 4778 4 720 b, F=1+5+5° +5° ...+ 5%

Hudng dan giai
a,Taco:Tacd B=T+T*+73+. . +728 4729 va TB=7?+73+ 7" +.. 4 7% 4 7720

72020_7
Khi d6 7B-B=7*"-7 suy ra B= 5

b, Tacd: 5°F =52 +5* + 5% + ...+ 52016 4 28
25F _ F — 24F =(52 _52)+(54 _54)+.“+(52016 _52016)+(52018 _1)
52013 _1

24

24F =5"% 1= F =

Bai 3: Thuc hién phép tinh: A=2'"-2% 2% —
Huéng dan giai

Ta ¢6 A=21°°—(299 +2% 4+ 2 +2+1)

B=2%+2% 4 42242412 2B=2"042% 4 . +2°+22+2

:>ZB—B=(21°°+299+ ...... +23+22+2)—(299+298+ ...... +22+2+1)

=B=2"_1
Véy A: 2100 _ B — 2100 _(2100 _1) — 2100 _ 2100 +1:1
Bai 4: Tong cung co s6: G = 1+2% +2* +2° + ... +2%°
Hudéng dan giai
Ta co:
22G =22 +24 +2° ...+ 2%16 4 Q2018
22018 _1

4G -G =3G :(22 —22)+(24 —24)+...+(22°16 —22016)+(22°18—1) =3G=2"_1=G=

Bai 5: Tong cung co so:

a, M=2"-2%_2%_ 222 b, N=3%-3%+3%_-3"+. . +3°-3"+1

Huéng dan giai

a, Tacod:

M =2%—(2+2°+2°+..+ 2" +2%)

Pit A=2+22+2°+2°+...+2%+2% Tinh A ta duoc :

A=2% -2, Thay vao M ta dugc:

M =2%-A=2"-(2"-2)=2

b, Ta co:

N=1-3+3"-3+...49% 9% 13

= 3N =3-3"4+3"-3" ... +39 30 3™

= N+3N =(3-3)+(3 -3 )+(3° =3 )+..+(30 -3°)+3" +1
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101
AN =39 415 N =St

Bai 6: Tong cung co 8 : I=1+2%+2° +...+ 2%
Huéng dan giai
Taco: 21 =2+2° +2* +...+2%
=20-1=(2-2°)+(2' - 2")+..+(2% - 2%)+ (2" +2-1) => 1 =2 +1
Bai 7: Tinh gia tri cua biéu thirc: B=1-2+2° -2 +...+2%%
Huéng dan giai
Taco: B=1-2+22-28 4. 4298 2B =2-22 423 2% . +2%%
22009 +1
3
Bai 8: Tinh A=2000(2001° +2001° +...+ 2001* + 2001) +1
Hudéng dan giai
Dit : B =2001+ 20012 +2002% +...+2001° = 2001B = 20017 + 2001 +...+ 2001
— 2001B — B = 2000B = 2001*° — 2001, Khi d6 :
A=2000B +1= 2001 — 2001+1 = 2001 — 2000
Bai 9: Cho H = 2% 220 _220 _ _5_1 Tinh 2010"
Huéng dan giai
Tacd: H=2""—(1+2+2° +2°+..+2°% + 2%%) Dit: A=1+2+2°+2° +...+ 2"
Tinh tdng A ta duwoc: A=2""" -1, Thay vao H ta duoc:
H =2 - (2% ~1) =1= 2010" = 2010
Bai 10: Tong cung co s6 : H= 1+ 2.6 +3.6° +4.6° +...+100.6%
Huéng dan giai
Tacod: 6H =6+2.6°+3.6°+4.6* +...+100.6'
H—-6H =—5H =(2.6-6)+(3.6° —2.6?)+(4.6°~3.6°) +...+(100.6% —99.6% ) + (1-100.6" )

~5H =6+62+6°+...+6% +(1—1oo.61°°)
Dit A=6+6°+6°+...+6%, Tinh A ta dwoc:

= 2B+B=3B=1+2"" = B=

6100 _
A= , Thay vao H ta duoc:
100 100 _ 100 100
100
H - 499.6™ +1
25
2) Tinh tong day c6 co s6 bé hon 1.
Bai 1. Tinh t6 1 1 1 1
ai 1. Tinh tong sau S:§+2_2+'"+W (1)

Huéng dan giai
Cich 1: Ta thdy moi s6 hang lién sau ctia tong déu kém s6 hang lién trudc cia né “2” lan

1 1 1
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1 22005 _ 1
Trir v€ véi vé€ cua (2) cho (1) ta duwoc: S =1- =

22005 22005
. . 1 1 1 1
Cach 2: Ta co: ES:?+§++W (3)
Trir v€ véi vé€ cua (1) cho (3) ta duoc:
1 1 1 22005 _ 1 1 22005 _1 22005 _1
SToS TS T omw T e 50 T w0 T
Bai 2. Tinh nhanh: A=1+i2+i3+...+i8.
3 3 3 3
Huéng dan giai
Ta c6: 3A=14i Ly 2 1
a co: = +§+3—2+...+3—7 (1)
1 1 1
A:§+3—2+...+3—7. (2)
w 1 1 6560
Lay (1) trr (2) dwoc: 2A=1-—=1-——=—+-—.
y (1) frir (2) du 3 6561 6561
Do do: Azﬁ.
6561
B:21i3:Tinhté’ngcos()’:A=%+7—12+7—13+...+71—100
Hudéng dan giai
, 1 1 1 1 1 1
a, Tacd: mA=—F+—+—F+..+=+

7 72+73 74 7100 W

1 1 1 1 1 1 1 1 1)
A—7A: ?—F + ?—¥ +...+ W—W + 7_W =>
7100 _1 7100 _1

o A= Yl

S a-
7

Bai 4: Tinh tong co s6: B = %+—+—+...+—

Hudng dan giai
, 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 2 30_1 3201

Bai 5: Tinh tong co s

0 1 2 2017 1 1 1 1 1 1
a, D= 1 + 1 + 1 +..+ 1 bE=-——+o -+t
7 7 7 7 3 3 3 3 3 3

Huéng dan giai
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, 1 1 1 1 1
a, Tacdé: D= 1—7 -z 73+'"+W_W
1 D 1 1 1 1 1 1

7 7 72 + 78 7 Tt 72017 _72018

1 11 1 -1 -1 1 1
o110-{2 (37 i)

8 7208 _q 7208 _q
7D= 22018 => :W

1 -1 1 1 1 1
b Ta co: EE_B—Z ?—3—44- +§—3?

1 1 —1 -1 1 -1 1 -1 1)
E+3E 7 32 + 33+33 +..+ FJFF + ?+3? =>

4c 341 e 3P +1

5 = 32 =>E= 4.3
.. , . o 3 3 3 3
Ba16:T1nhtongcosoG=g+5—4+5—7+...+5W
Hudng dan giai
3 3 3 3 1 1 1 1
Ta co: G_§+5_4+57+ o G= 3(5+5_4+5_7+"'+5Wj
1 1 1 1 1 1 1 1 1
Da at A—g+5—4+5—7+ +5100 :>5—3A:5—4+5—7+5T+...+51W

1 1 1 1 1
A-—A=| = —— |+| == |+
125 (5“ 5“) (57 57j

124A 1 1 5%-1 5% -1

125 5 5® 5% 5'% 124
Bai 7: Tinh tong co s

200—| 3+~ +—+...+i ) s 100
3 4 100 1 (1 1 1
a K=—7-5—3 5o =2 b [=1+Z+| 2| +| = | +..4| =
2 3 4 100
Huéng dan giai
a, Taco: TS =(Z—EJ+(2—gj+(2—gJ+...+(2—iJ+l
3 4 5 100
TS:£+§+§+ +@+E:2 1+g+3+_“+£ =2.MS = :E:%:
3 45 100 2 2 3 4 100 MS MS
1 1 1 1 1 1 1. 1.1 1 1

b,TaCéZ I:1+E+?+?+?+.“+W :>E| :E+_2+ 3 + .. _.|_2100 +W

1 1 1 1 1 1 1
jl_zl “lo 2 + ?_? + ?_§ too 2100_2100 2101

. o 1 1 1 1
BéiS:Tinhténgcoso:C—E+§+§+ +F
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Hudéng dan giai

1 1 1
—+— 7+...+2K 2101
1 1 1 1 1 1

. o 1 2 4 2017

Bai 9: Tinh tong co s6: H= §+3—2+3—33+3—4+...+—:‘}2017
Huéng dan giai

1 2 3 4 2016 2017

Tacs: §H :3_2+§+3_4+3_5+"'+ 32017 + 32018

1 2 1 3 2 4 3 2017 2016 1 2017

1 1 1 1 1 2017
+"'+32017 +§_ 32018

EaEE
1 1 1 1 w. 5
Dat A=—+—+—+...+32W,T1’nhAr01 thay vao H

3 ¥ 3
BéilO:TinhtSngcosé’:F=1+?+2;‘;+2—55+...+]2'?—02
Huwéng dan giai
3 4. 5 99 100
4

526"'WW

2
5 4 100 99 3 1 100

1 1 1 1 (1 3 100}
= +

2
3

—
[

o)
o~

[

T

Il
N |~
+

2 8 2
y 1 1 1 , “. .
at A= +—<+—+..+ 55 - Tinh A r6i thay vao F
2
DANG 10: TINH PON GIAN

Bai 1: Tinh gid tri cua cac biéu thuirc:
a) A=-37+54+(-70)+(-163)+246.
b) B=125.(-61).(-2)’.(-1)" (neN").
¢) C=1+2-3-4+5+6-7—..+2014—2015—-2016+ 2017 + 2018.
Hudng dan giai
a) A=-37+54+(-70)+(-163)+246 = (54 +246)+[ (-37)+(-163)]+(-70)
=300+ (-200)+(~70) =30.

Vay A=30.
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b) B=125.(-61).(-2)’.(-1)" (neN")
=125.(-8).(-61).1= 61000.

Vay B =61000.
() C=142-3-4+5+6-7— ..+ 20142015 - 2016+ 2017 + 2018

=1+(2-3-4+5)+(6-7-8+9)+...+(2014 - 2015- 2016 + 2017 ) + 2018

=1+2018 = 2019.
Vay C =2019.

51.125-51.42-17.150
3+6+9+...+99
Huéng dan giai
bat: A=51.125-5142-17.150; C=3+6+9+...+99.
A=51.125-51.42-17.150=51.125-51.42-17.3.50
=51.125-51.42-51.50 = 51.(125— 42 —50) =51.33.

C=3+6+9+..+99
S6 cac hang tir ciia C: (99-3):3+1=33.
99 +3

Bai 2: Tinhhop li: B =

Do dé: C:3+6+9+...+99:33.( j:33.51.

_51.125-51.42-17.150 =ﬁ=@=1
3+6+9+...+99 C 3351

Bai 3: Tinh bang cach hop 1y nhat néu c6 thé

a)78.(—23)+37.(—78)+40.(—78)

Vay B

5 2 2 4 1
b)—1-.15+—-.(—15)4+(-105).| = —=+ =
) 7 7 ( ) ( )[3 5 7]
Hudéng dan giai
a) Ta co6:

78.(—23)+37.(—78)+40.(—78) = (—78).23+(—78).37 +(—78).40 = —78(23+-37 4-40)
= (—78).100 = —7800

b) —1%154%.(—15)+(—105).[§—%+%]
— (_15).%+ (—15).§+(—105).ﬁ = (—15)[%4%] +(-1)=(-15).2-1=-31

Bai 3: Tinh bang cach hop 1y nhat néu c6 thé
5o 40.[171717 1717171 1717171]

303030 424242 565656

Hudéng dan giai
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171717 n 1717171 n 1717171
1303030~ 424242 565656

17.10101  17.10101 = 17.10101
B = 40. + +
30.10101 = 42.10101 = 56.10101
B =40 | 10 1T
30 42 56
B—aoar| L4 4L
30 42 56
B—4017| 4 1 4 1
56 6.7 7.8
p—aoar|t_ 1 1 1,1 1
5 6 6 7 7 8
B—40a7|1 -1
5 8
B =40.17.5
40
B =51
25° 1 257 4 25°

Bai 4: Rut gon B =

511 +513 +515 + 517 +519 +521

Hudéng dan giai

B 255 + 257 1 25° B 510 4 54 | 51 _ 59(1+5°+5)
5 451 4 51° L 57 | 519, 52 (511 45 +519)+(513 +5Y +521) (1+ 5* +58)(511 +513)
5 1 1
51458 54125 130
2.3.5+4.9.25+6.9.35+10.21.40

Bai 5: Thuc hién phép tinh: A=

2.3.7+4.9.35+6.9.49+10.21.56
Huéng dan giai
Ao 2.3.5+4.9.25+6.9.35+10.21.40
2.3.7+4.9.35+6.9.49+10.21.56
235+235235+235.33.7+2.35.5.7.8
© 2.37+23.7.2.35+2.3.7.33.7+2.3.75.7.8

 235(1+235+33.7+57.8) 5

237(1+235+3.3.7+57.8) 7
Bai 6: Thuc hién phép tinh:
1.2.3+2.4.6+4.812+7.14.21 p, 17.9+321.07+5.35.45+7.49.63

& 135+26.10+412.20+7.21.35 " 1.35+3.9.15+5.15.25+7.21.35
Hudéng dan giai

1.2.3+24.6+4.8.12+7.1421 123(1+222+4.44+7.7.7) 123 2
135+2.6.10+4.12.20+7.21.35 135(1+2.2.2+4.44+7.7.7) 135 5

a, Tacod:
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1.7.9+321.27+53545+7.49.63 17.9(1+333+555+7.77) 179 21
135+3.9.15+5.15.25+7.21.35  1.35(1+3.3.3+555+7.7.7) 135 5
12+2.4+3.6+4.8+5.10

3.4+6.8+9.12+12.16+15.20
Huéng dan giai

b, Ta co:

Bai 7:Thyc hién phép tinh:

Tach: L2+24+36+48+510 12(1+22+33+44+55) 12 1
' 34+6.8+9.12+12.16+1520 3.4(1+2.2+3.3+4.4+55) 34 6
2.3+4.6+6.9+8.12

34+6.84+9.12+12.16

Bai 8: Tinh gia tri ctia bi€u thitc sau: B _2a &+E a biét 2a_5_5c_1d

5b 6c 7d 2a ' %b 6c 7d 2a
va a,b,c,d #0.
Huéng dan giai
DétB:§=@=E=E=k3§.@.g.ﬂzk4=1:>k=il:>B=i4.1=>B=
50 6c 7d 2a 5b 6¢c 7d 2a
+4
a’m-a’n-b’n+b’m
a’+b?
Hudéng dan giai
2(m— 2(m— a?+b?)(m-n
Tacé:B:a(m n2)+b2(m n):( )( ):m—n
a‘+b (a2+b2)
(ab+bc+cd +da)abcd
(c+d)(a+b)+(b—c)(a—d)
Huéng dan giai
Taco: MS =ca+ch+da+bd+ab—bd —ca+cd =(ab+bc+cd +da)
TS (ab+bc+cd +da)abed
MS (ab+bc+cd +da)

Bai 9: Tinh ga tri ctia biéu thiee: B=

Bai 10: Thyrc hién phép tinh:

Khi do: =abcd

Bai 8: Tinh gid tri ctia biéu thie: A= 22 (X=Y)=(3=y)(b=X)

abxy (xy +ay +ab +bx)
Huéng dan giai
Ta co:
o (a+D)(-x-y)~(a-y)(b-x)
abxy (xy +ay +ab +by)
a(-x-y)+b(-x—-y)-a(b—x)+y(b—x)
- abxy (xy + ay +ab + by)
_ —ax—ay—bx—by—ab+ax+by—xy
- abxy (xy +ay +ab + by)
—ay—bx—ab-xy = -xy+ay+ab+by -1

- abxy(xy +ay +ab+by) abxy(xy+ay+ab+by) abxy
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Bai 9: Tinh tong

. 20 42t 422 4 4 2% _ 14+5+5°+5°+...+5°

T 14251204 4 0P T 14+ B B 4 4O
Huéng dan giai
a, Ta co:
(1+2+22+23+24)+(25+26+27+28+29)+...+(22°°°+22°°1+22°°2+22°°3+22°°4)
14+2° 4210 4285 4 4 %00
(1+2+22+23+24)+25(1+2+22+23+24)+...+22°°°(1+2+22+23+24)
1+2° 4204285 4 42200
(1+2+22+23+24)(1+25+21°+...+22°°°)

(1+ 2°4+21 +...+22°°°)
b, Tacd: M =1+5+52 +5° +...+ 5

=(1+2+22+23+24)

101
—=5M =5+52+5°+.. . +5%® 5% —5M -M =4M =5" 1= M _o 1

va N=1+4+4"+4%+. . +4°
4101_1
SAN=4+4 44 +4" + 44" = AN-N=3N=4"-1=N=

Khi dé: B =M
N

101+100+99+...+2+1
101-100+99-98+...—2+1
Hudng dan giai

Bai 11: Tinh tong: A=

(1+101).101

Ta co: TS = =101.51=5151

MS =(101-100)+(99-98)+...+(3—-2)+1=1+1+..+1=51.

Khi dé: A= =210 101

MS o1
Bai 12: Cho x la tong ctia tat ca cac s6 nguyeén cd hai chir sO, y la s6 nguyén am 16n
nhat. Hay tinh gia tri ctia bi€u thic: A=2020.x"* - 2019.y** .
Huéng dan giai
Vi x la tong ctia tat ca cac sO nguyén co hai chit s6 nén :

x=(-10)+ (-11) +...+(-99) +10 +11+...+99

=[(~10)+10 | +[(-11) +11]+...+[(-99) +99]=0+0+..+0=0
y la s6 nguyén am 16n nhat nén: y =-1 . Do do:

A =2020.x*" - 2019.y*"" = 2020.0°* - 2019.(~1)""" = 0-2019.(-1) = 2019.

DANG 11: TINH Ti SO CUA HAI TONG
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2010 2009 2008 1
+ + +ot
Bai 1: Thuc hién phép tinh: C = —1 - 21 - 3 - 2010

ot
2 3 4 2011
Huéng dan giai
, 2010 2009 2008 1
a) Taco + + ot ——
1 2 3 2010

= (—2009 +1j + (—2008 +1J + (—2007 +1J vt (—1 +1) +1
2 3 4 2010

2011 2011 2011 2011 2011
= + + Fot——t——
2 3 4 2010 2011

=2011(1+£+£+...+L+Lj
2 3 4 2010 ' 2011
2010 2009 2008 1 2011(1+1+1+,_,+ 1,1 j
Dodé co_1 Tty o010 3 4 2010  2011) _ 514
B 1 11 1 B 111 1 B
e e L S+t ——
23 4 2011 2 3 4 2011
Bai 2: Tinh gia tri cac biéu thtc :
11 1 1 111 1
1+§+§+ +E+® §+§+Z+ +m
NAST— 1 1 1 DB 5905 o7 1
+ + Fot——F—— Tttt —
1.99 3.97 5.95 97.3 99.1 1 2 3 99

Huéng dan giai
a) Ghép cac phan sd & s0 bi chia thanh tirng cdp dé€ MC gidng mau ctia cac
phéan s6 twong tng ¢ s6 chia. Bién ddi sd bi chia : cdng ting cap cac phan s6 cach

déu hai dau ta duoc:

1 1 1 1 1
I+ —|+| =+=—= |+| =+— |+
( 99] (3 97) (5 95)

Biéu thitc nay gap 50 lan s chia. Vay A=50.

( 1 1 ] 100 100 100 100
H—+=|= + + +.t :
49 51) 199 397 5.9 49.51

b) Bién d6i s6 chia : viét cac phan ti thanh hiéu : 100-1,100-2,...,100 — 99.

100-1 100-2 100-3 100-99
+ + +ot

soO chia béng :
1 2 3 99
(100 100 100 100) (1 2 3 99)
= + + Fot— || == =F...+—
1 2 3 99 1 2 3 99
=100+100 1+1+...+i -99
2 3 99
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1+1OO(£+1+ 1) 100(1 1 +i+ij.
2 3 99 273799 " 100
Biéu thiic nay bang 100 an s6 bi chia. Vay B = ﬁ.

1+(1+2)+(1+2+3)+...+(1+2+3+...+98)
198+297+3.96+...+98.1

Bai3:a) Tinh D =

b*) Chttng minh rang biéu thiic E ¢ gid tri bang %

1.98+2.97+3.96+...+98.1
1.2+2.3+3.4+...+98.99

Hudng dan giai
a) SO bi chia gom 98 tong, sO 1 c6 mat ¢ 98 tong, sO 2 c6 mat ¢ 97 tong, sO 3 co
mdt ¢ 96 tong..., s6 97 c6 mat 6 2 tdng, sd 98 c6 mdt ¢ 1 tong.
Nhu vay s8 bi chia bang 1.98+2.97 +3.96 +...+97.2+98.1, bang s8 chia. Vay D =1.
b) Theo cau a, sd bi chia béng:

1+(1+2)+(1+2+3)+...+(1+2+3..+98). Theo cong thirc tinh tong cac sO tu

nhién lién tiép, biu thikc nay bang: % + % +.o.t @ bang % s0 chia.

1
Vay E=—.
ay 5

Bai 4: ChoA—£+i ...... +LvéB= 1 + 1 +ot+ 1

3.4 37.38 20.38 21.37 38.20

Chting minh rang Slé mot s6 nguyeén.

Hudéng dan giai
1 1 1 11 1 1 1 1

b)A=—+—+.... it S +———
1.2 34 3738 12 3 4 37 38
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1 1 1
= + For——
20.38 21.37 38.20
:>588—i i+i+i ...... +i i=2 i+i+ ..... +i =2A
20 38 21 37 38 20 20 21 38
B=£A:>A=§=29€Z
58 B 2

Bai 5: Tinh ti s6 S

Bié"cA=4+6+9+7Véle7 > 3 1

+ - + .
731 7.11 1041 1057 19.31 1943 23.43 2357

Hudéng dan giai
4 6 9 7 1 l 1 1 1 1 1 1 1 1

A

J— —_— —_— ___+___ —_—
5 3531 3541 5041 5057 31 35 35 41 41 50 50 57 31 57
B

2

_753111111111111

+ —_—
38.31 3843 4643 4657 31 38 38 43 43 46 46 57 31 57

A_B_A_S
5 2 B 2
Bai 6: Tinh gia tri cua biéu thiic sau mot cach hop ly:
1 1 1 1 1 1
e T TR + +
A= 2 12 30 9120 9506 9900
50 51 52_ 97 _98_99°
51 52 53 7 98 99 100
Huodng dan giai
Xét tir:
1 1 1 1 1 1
=4 4 + +
2 12 30 9120 9506 9900
1 1 1 1 1 1
=4+ + +
12 34 56 95.96 97.98 99.100
Tog- iyt t, .1 1
2 3 4 97 98 99 100
1 1 1 1 1 1 1 1 1 1 1
T={1+—+—+—+ it —F+—+—+— |- 2| =+ —+ ..+ —+——
( 3 4 97 98 99 100) (2 4 98 100)
T= 1+—+1+—+ ...... +i L 1 1+l+ +i+i
4 99 100 2 3 49 50
1 1 1 1 1
=t — ... — 1)
51 52 53 99 100
Xét mau:
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51 52 53 98 99 100
=21 Bt [1- 2o (1- 2
51 52 99 100
1.1 1 1
P> ()

=ttt —t—
51 52 99 100
Tt (1) va (2) suy ra: tir bang mau. Do d6: A=1

.. , 1 1 1 1), 1
Bai 7. Tinh A= (2+?+§+ +22019J (1_22019}

Huéng dan giai

. 1 1 1 1) 1
Taco A= (2+?+§+ +22019j (1——22019j

1 1 1 1 1
= 2.A= 2(2 22+§+ +22019J:£1——22019J

1 1 1 1
2.A:(1+E+?+“.+Wj:(l_Wj

Xét hiéu:

1 1 1 ). 1 1 1 1 1 ). 1
2.A-A= (1+2+?+ +22018) (1_Wj (E+?+§+"'+22019j'(1_22019)
1 1 1 1 1 1 1 1
A= (1+2+?+ +W_E_?_?_.“_Wj:(l_Wj

1 1
A= (1_ 2019 j : (1_ 2019 j =1

Vay A=1
Bai 8: Tinh ti s0 A biét: A= 2012 - 2012 + 2012 .ot —2012 va
B 51 52 53 100
1,11

+...
12 34 56 99.100
Huwéng dan giai
Tacd: A=2012 i+i+i+...+i
51 52 53 100

11 11 1 1 1 11 1 1 1 1 1 1
B=---+-——-"-+. . t———=| -+ =+—+.t—+—|-2| =+ —F+—+...+—

1 2 3 4 99 100 \1 2 3 99 100 2 4 6 100

1 1 1 1 1 11 1 1 1 1 1
B=|-+=—+=+... —|=t=F=F+. === —+—+...+—

(1 2 3 100) (1 2 3 50) 51 52 53 100

A 2012

Khi d6: —

=——=2012
'B 1

Bai 9: Tinh ti s6 A biét: A=i+i+i+...+ 1
B 1.2 34 5. 199.200
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1 1 1

= + +ot
101.200 102.199 200.101
Huéng dan giai

11 11 1 1 111 1 1 1 1
A=l-—— |+ == |+ | ——— —+—F—+.t—|-2| ==+ +—
1 2 3 4 199 200 1 2 3 200 2 4 200

1 11 1j [1 1 1 1) 1 1 1
A=l-+—+—-+..+ +§+ ot —|=—F—+..+—

1 2 3 200 1 3 100) 101 102 200
1 1 J ( 1 1 j ( 1 1 j 301 301 301
101 200 102 199 150 151) 101.200 102.199 150.151
\ 1 1 1 1
Va B= + + + +...+ +
(101.200 200.101) (102.199 199.102) (150.151 151.150)
2 2
= + +..+
101.200 102.199 150.151
Khi d6 A 301
2
Bai 10: Tinh gia tri A biét: A=i+i+i ot L va
B 12 34 56 101.102
1 2

-t .t 1 L +
52.102 53.101 54.100 102.52 77.154
Huéng dan giai

Ta c6: A:(1_1j+(1_£j+_,_+i_i:(1_1+1_£+_,_+L_LJ

1 2 3 4 101 102 \1 2 3 4 101 102
11 1 1 1 1 1 1
A=l-+—F+—F. . +—+—|-2| =+—+..+—
(1 2 3 101 102) (2 4 102)
111 1 11 1 1 1 1 1
A=|—+—+—+..+ +=+..+ —t+ =+t —t—
( 2 3 102} ( 51) 52 53 101 102

1 154 154 s 154 s 154
52 102 53 101 76 78 77 T 52,102 53 101 T 76.78 77.154

+

va B=

1 2
(52 102 10252) 53 101 10153} (7678 7876) 77.154
2 A 154
+ => —
B

= =77

+..+

"2, 102 53. 101 76.78 77.154 2
Bai 11: Chiing minh rang: IS UL B W (S S U ) U S S
3 5 9) (2 46 100) 51 52 100

Huéng dan giai
Taco: VT = (1+1+1+1+...+i+LJ—2(1+1+1+...+LJ
2 3 4 99 100 2 4 6 100
1 1 1 1

VT = 1+1+1+£+...+— — 1+£+£+...+— =—+—+..+—=VP
2 3 4 100 2 3 50) 51 52 100
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111 1 1 1

Ba1 12:Cho S=1—-——+———+...... + - + va
2 3 4 2013 2014 2015
1 1 1 1 1 2016
= + + ot + .Ti S-P
1008 ' 1009 1010 2014 2015 Tinh (S —P)
Huéng dan giai
1 1 1 1 1
Tacb6: P=—+—+—+.....

= - + ot -
1008 1009 1010 2014 2015

1 1 1 1 1 1 1 1
+ + + +.t + I+ ==+ —F+—
1006 1007 1008 2014 2015) ( 2 3 1006 1007)

1.1

2 3

1 1 1 1 1 1 1 1 1 1 1 1
— ot + + +ot + —2| =4+ =+t +

2 3 1006 1007 1008 2014 2015) (2 4 6 2012 2014)
1.1

2 3

=1+
1 1 1 1
:1_ T T e + — + =
4 2013 2014 2015
Do d6 (S —P)™" =0
Bai 13: Chting minh rang: 100 - WIS B U S .
2 3 100) 2 3 4 100
Hudéng dan giai
Tacc’>:VT=(1—1)+[l—i P D U N R O S (dpem)
2 3 100) 2 3 4 100
Bai 14: Tinh ti s0 Able’c A= 92—1—£—i—...— L va B=i+i+i+...+i
B 9 10 11 100 45 50 55 500

Huéng dan giai
Tacod:

A:(1—£j+(l— 2) (1——} ( jzg £+...+i:8(£+i+...+ij
9 10 100) 9 10 100 9 10 100
hi d6

1/1 1
B=—|—+—+...
5(9 10 100}

DANG 12: TINH GIA TRI BIEU THUC

w|>
m\n—\|oo

Bai 1: Cho a,b,cla ba s thuc khac 0, théa man diéu kién:
a+b-c b+c-a c+a-b
c a b

Hay tinh gié tri caa biéu thike B = (1 t g) (1 n %j (1 + %j

Huéng dan giai
+Néu a+b+c#0, theo tinh chat day ti s& bs‘?mg nhau, ta co:
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a+b-c b+c-a c+a-b a+b-c+b+c-a+c+a-b

— = =1
c a b a+b+c
Méa+b—c+1:b+c—a+1:c+a—b+1:2:>a+b:b+c:c+a
c a b C a b
v (a2 - (252 23] 5]
a C b a C b
+Néu a+b+c=0, theo tinh chat day ti s6 bang nhau, ta c:
a+b—c_b+c—a_c+a—b_a+b—c+b+c—a+c+a—b_0
c a b a+b+c
Méla+b—c+1:b+c—a+1:c+a—b+1:1:>a+b:b+c:c+a
C a b C a b

oo g2 )

3x® — x* —=3x + 2005
3x* — x*+3x+2014

Hudéng dan giai

Bai 2: Cho biéu thitc A=

Ta co:
x:%:33x:1:>3x—1:0

x?(3x—1)—-(3x—-1)+2014 2014

A= ===
R X (3x—1)+ (3x—1)+ 2015 2015

Bai 2: Cho (a+3)(h~4)~(a~3)(b+4)=0. Chimg minh: - =

Hudéng dan giai

Ta co:
(a+3)(b-4)-(a-3)(b+4)=0
a 6 3 a b
Tinh duwgoc 6a=8bh=> —=—=—=—=—
b 8 4 3 4
Bai 3: Cho x, y, z la s thuc thdéa man xyz = 1. Chiing minh r?mg:
1 1 1
P= + + =1

l+x+xy 1+y+yz 1+z+2zx
Huéng dan giai
X X

Ta co: ;
1+y+yz X+Xy +Xyz 1+x+xy

Mt khdc: — = o) AR
l+z+zx xy+xyz+x~.yz 1+x+xy

THCS.TOANMATH.com
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. Tinh gia tri ctia biéu thirc voi X = 3

—ab-4a+3b-12-ab-4a+3b+12=0



1 1 1

DOdé: P: + +
1+x+xy 1+y+yz 1+z+2zx
1 o x Xy :1+X+Xy:1(dpcm)
I+x+xy 1+x+xy 1+x+xy 1+x+xy
Bai4: Choabc=2, Tinh B=— & 4 0 2C
ab+a+2 bc+b+1 ac+2c+2
Hudng dan giai
a b abc? a b abc?
= + + > = + + =
ab+a+abc bc+b+1 ac+abc’+abc a(b+1l+bc) bc+b+1 ac(l+bc+b)
2010x y z

1

Bai 5: Cho xyz=2010, Chttng minh rang; + + =
Xy +2010x+2010 yz+y+2010 xz+z+1

Hudng dan giai
2
vr=— 2%, ¥ 2
Xy +X2yz+Xyz YZ+y+xyz Xz+z+1
Bai 8: Tinh gia tri cua biéu thic: A=10a+16b+4a—-2b véia+b=50
Huéng dan giai
Tac6: A=(10a+4a)+(16b - 2b) =14a+14b =14(a+b)=14.50 = 700
Bai 9: Tinh gi4 tri ctia biéu thire: 5x* +6x -2 khi [x-1/=2
Huéng dan giai
, ) X—1=2 Xx=3
Ta c6: Khi |x-1=2=> =
X—2=-2 x=0
Khi x=3= A=5%x"+6x-2=59+6.3-2=61. Khi x=0= A=5x>+6x—-2=-2

Bai 10: Tinh gia tri ctia biéu thiic: P = x* + y? khi [x 1|+ (x+y-2)"" =0
Hudng dan giai
|X_1|ZO 2020
ok — 27720
Taco.{(x+y_2)202020:>|x 1|+(X+y )
[x-1f=0 x=1
podode |X—]4+(X+y—2)2020 o {(X+ y—2)2020 =0:>{x+y=2® x=y=1L

2020 — 12020 +12020 =2

Vay: P=x*"+y
Bai 11: Tinh gi4 tri ctia biéu thite: x* —5y° +4, bidt (x—1)"" +(y +2

Huéng dan giai

=0

)2022

(x-1)" >0
(y+ 2)2022 >0
vao ta dwoc: A=1'~5.(-2)" +4=1+40+4 =45,

Bai 12: Cho a, b,c khac 0 va d6i 1 khac nhau thoa man : @°(b+c¢)=b*(a+c)=2013, Tinh
A=c’*(a+b)

Taco: Vi { = (x=21)"" +(y+2)™ :Oz{x_lzo = {le , Thay

y+2=0 |y=-2
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Hudéng dan giai

Taco:

a’(b+c)=h*(a+c)=2013

= a’b+a’c-b’a-b’c=0<ab(a-b)+c(a-b)(a+v)=0
(a-b)(ab+bc+ca)=0=ab+bc+ca=0via=b
Khi d6 : (ab+bc+ca)b=0= b’ (a+c)=-abc= -abc =2013
tuong tu : (ab+bc+ca)c=0= c?(a+h)=-abc=2013

Bai 13: Cho A=1’11+0’19_1’3'2— 1+l :2vaB= 51—21—0,5 :2§
2,06+0,54 2 3 8 4 26

a, Rut gon AvaB
b, Tim x nguyén sao cho: A<Xx<B
Hudng dan giai

a, Tacod:
Azl (8, o1 5 A1 o 2575 13
2 6 2 12 12 8 26 12
b, Ta co:
A<x<B:>_—11<X<E:>_—11<12—X<E:>—11<12x<13:> 12x=0
12 12 12 12 12 12x =12

Bai 14: Cho P =|2a-1-(a-5)
a, Rat gon P
b, Cé gia tri nao ctia a d€ P =4 khong?
Huéng dan giai
Taco:
2a—1- a+5,vs(a > i) a+4(a > lj
2 P 2 _ 2 b P&

1—2a—a+5,(a<£j 6—3a(a<1j
2 2

a+4:4(a2%j a:O(I)
P=4= =>

6—3a:4(a<3 azé(l)

Vay khong c6 gia tri nao ctia a dé P =4
. L 2(x-1)"+1
Bai 15: Cho biéu thitc: C = ———F——
(x-1) +2
a) Chung to rang véi moi X, bidu thize C luon cé gia tri 1la mot s§ duong.

b) Tim tdt ca cac s6 nguyén X, dé Cco gia tri la mot s6 nguyén
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c) Vi gia tri nao cua X thi biéu thitc Cco gia tri nhod nhat. Tim gid tri nho nhat
do.
Hudéng dan giai
a) Tathdy: 2(x—1)"+1>0va (x-1)"+2>0  Vx,
Vay biéu thitc C ludn duong.
2“x—1f+2}—3 3

b) C= 3 =2-—F
(x—1)"+2 (x—1)"+2

D& C nguyeén, ta phai c6 (X —1)2 +21a wéc dwong cua 3

X=2
V‘1(x—1)2+222,nén(x—1)2+2:3:>(x—1)2:1:{ )
X =
A 3 . .
¢) Cnho nhat khi 5 16n nhat
x—1) +2
V‘1(X—1)2+222nén¥2S§:>2—#222—ghaycz1
x-1)+2 2 (x—1)"+2 3 3
Vay MinC=%<:>x=1
2
Bai 16: Cho 2 biéu thttc: A=4X 7;B=3X M +2
X—2 X—3

a) Tim gia tri nguyén ctia X d&€ mdi biéu thiic ¢ gid tri nguyén

b) Tim gia tri nguyén cua X d€ ca hai biéu thirc cung c6 gid tri nguyén
Hudéng dan giai

Ax-7 4(x-2)+1 1

Xx—2 (x—g :4+;j§

Véi XeZthi X-2€Z

a) Taco: A=

bé Anguyén thi L 5 nguyén = x-2eU (1) = {

Xx—2=1 {x=3

—
x-2=-1 |x=1

3x*—9x+2 3x(x—3)+2 2
= = =3X+——
X—3 X—3 X—3

Voi XeZ=>Xx-3eZ

B

Dé Bnguyén thi 3 nguyén = X—3eU (2)={£1+2}

Do dd X=5Xx=1,x=4,x=2
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Vay dé€ Bnguyén thi X € {5;1; 4 2}

b) Tw cau a suy ra d€ A, B cuing nguyén thi x=1.

, ab bc ca
Bai 17: Cho cac sé a,b,Ckhac 0 thoa man

a+b b+c c+a

, ab+bc+ca

Tinh gia tri cta biéu thtc M = —————
a“+b°+c
Huéng dan giai

ab bc ca abc bca cab
= = C> = =
a+b b+c c+a (a+b)c (b+c)a (c+a)b
abc abc

& ac+hc=ab+acebc=abea=c

ac+bc ab+ac
Tuwong tw, chiing minh dwgc a=b=c=M =1
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CHUYEN PFE 2: CAC BAI TOAN VE LUY THUA SO TU NHIEN

A.LY THUYET CAN NHO:

* Luy thira v6i s6 ma ty nhién: a" =a..a.a.a.a...a (n thrasd a véi aeQ).
Quiwdc:a’=1(a#0) vaa' =a.
* Cac phép tinh luy thtra:
- Nhan hai luy thwa cung cosd: a™.a" =a™™".
- Chia hai luy thtra cing cos6: a™:a"=a"™" (a#0; m>n).
- Luy thtra ctia mot tich: (a.b)" =a".b".
- Luy thtta cia mot thwong: (a:b)" =a" :b"(b#0).
- Luy thtra cta luy thtra: (a™)" =a™".
- Lu§ thira tang: a™ =a™"

Vidu: 3% =3

e g A A |
- Luy thtra véi sO mti am: a™ =— (a=0)
a

Vidu: 10° =~
10
B/ CAC PHUONG PHAP SO SANH 2 LUY THUA

I/ Phuwong phap 1:

Co sé phuwong phap: D€ so sanh hai luy thtra ta thwong dwa vé so sanh hai luy thira cung

co s6 hodc cung sd mii .

- Néu 2 luy thtra cung co s6 (16n hon 1) thi luy thtra nao c6 s6 mi 16n hon sé 16n hon.

a">a" (a>1)® m>n

- Néu 2 luy thtra cing s6 mii (16n hon 0) thi lity thira nao ¢é co s6 16n hon sé 16n hon .
a">b" n>0)>a>b

Vi du minh hoa:

*Thi du 1. So sanh cac liy thtra sau:
a) 1287 va 4* b) 818 va 2711
Phan tich: Nhan thdy, 6 cau a) thi 128 va 4 la cac co sO lién quan t6i lay thira co s6 2, &

cau b) thi 81 va 27 lién quan tdi lity thita co s6 3. Do d6 d€ so sanh, ta bién d6i cac
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lay thtra vé cac lay thtra cd cung co sG, roi dwa vao so sanh s6 mit d€ so sanh ching
voi nhau.

Hudng dan giai

, 1287 — (27)7 — 249 . ot
a) Co: 4 = 22y = —128" >4
81° = 3%
, 8 11
b) Co 2711:333}:81 <27

*Thi du 2. So sanh cac liiy thira sau:

a) 5% vall1* b) 329 va 81% C) 3500 va 7300

Phaén tich: Nhan thdy, ¢ cau a) thi cac lay thtra cé thé dua vé cung s mit 12, 6 cau b) va
c) cac lay thtra c6 thé dua vé cung s6 ma 100. Do dé d€ so sanh, ta bién ddi cac lay

thira vé cac liy thira ¢6 cung s6 md, r6i dua vao so sanh co s6 d€ so sanh chiung véi

nhau.
Huéng dan giai
5% =125" 36 24

3260 — 2300 — 8100

8150 3200 9100 } = 3260 < 8150

*Thi du 3. So sanh cac lay thtra:

a) 3 va 2™ (neN"). b) 2'° va 3°°. c) 5% va 3°.

Hudéng dan giai
a) 32n _ (32>“ —9gn.p% (23)“ _g"

Vi9>8=32>2" =>(3%)" >(2°)

THCS.TOANMATH.com TAI LIEU TOAN HOC



b) 2100 — (23)100 — 8100 V\a 3200 — (32 )100 — 9100
Vi 8100 < 9100 _ 9300 _ 3200
¢) 5% = (53 )100 _ 125100 3 350 :(33 )100 _ 43100

Vi 125" <2431 = 5% < 3%
> Loi binh: Qua ba vi du trén ta thdy rang, trudc khi so sanh hai l{iy thita véi nhau truedc
hét ta can lam hai viéc sau:
+ Kiém tra co s6 xem cac co s ¢d bién d6i duoc vé cung co sd khong.
+ Kiém tra s mii ctia cac Iy thira xem c6 wdc chung 16n nhat khong.
Viéc lam nay sé giup chtuing ta liwa chon ding phwong phap so sanh.

I/ Phwong phap 2:

Co 56 phuwong phap: Dung tinh chat bac cau, tinh chat don diéu ctia phép nhan
A>BvaB>CthiA>C

AC<B.C(v6iC>0) ¢ A<B

C/ Cac dang toan thuwong gap.

Dang 1: So sanh hai sé lity thira.

*Thi du 1. Hay so sanh:

a) 107% va 737 . b) 2°' va 5%.

Phaén tich: Trong cau a) mac du s6 ma cta hai lay thira c6 wéc chung la 25, tuy nhién khi
dé co s sé la 73° va 107°, cac co s6 nay khi tinh ra sé rat 16n, do d6 viéc dua vé so sanh
hai liiy thtra cung s mi sé khong kha quan. Con trong cau b) ca s6 mi va co s6 déu
khong cé wdc chung nén ciing khong thé ap dung cac phwong phap trong cac vi du trén.
Nhu vay chiing ta chi con cach lia chon dung tinh chat bac ciu (so sénh qua lity thita
trung gian).
Hudng dan giai
a) Ta co: 107% <108 =(4.27)" =2, 3%
737 >727 =(8.9)" =27, 31%

V\l 2100 < 2225 — 2100 3150 < 2225 3150 — 10750 < 7375

b) Tacé: 2% >2% =(2°)" =32"
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5% < 5% _ (52 )18 — 058

Vi 32" > 25" = 21 > 5%,
*Thi du 2. Hay so sanh:
a) 107*° va 73" b) 2* va 5%
c) 54* va 217 d)9® va &°
Huéng dan giai
a)Tacd: 107 <108%° =203 vj 73" > 727 = 223" nén 107 < 73"
b)Taco:  2%=(28) =8192" va 5° =(5°) =3125' nén 2% > 5
Tacé: 54" =(227) =237 va 212 =327 nén 54* <21?
d)Tac6:  9°<10° =100* =100.100°

Va 8% =512°>500° =5°100° =125.100° nén 9° < &
x= Loi binh: Viéc phan tich lay thtra thanh tich cac lity thita sé gitip ta nhin ra thira s6

chung cta cac liy thtra, ttr d6 viéc so sanh hai Ity thtta chi con dwa vao viéc so sanh
cac thtra sO riéng.

Dang 2: So sanh biéu thikc lity thira véi mot so (so sanh hai bi€u thirc lity thira)

* Thu gon biéu thtic lily thita bang cdch van dung cac phép tinh liiy thira, cong trie
cac so theo quy luét ......

* Van dung phuong phap so sanh hai iy thita 6 phan B.

* Néu biéu thirc lity thiea la dang phin thive: D6i vdi tirng truong hop bic cia luij thiea & tir
16n hon hay bé hon bic ctia luij thiva & mau ma ta nhin v6i hé s6 thich hop nham tich phiin nguyén
16i so sdnh tirng phin twong teng.

Véia, n,m, Ke N. Ta co:
a

A~ < a a N a
-Néeum>n thi K- — >K-= va K+ = < K+ =
m n m n
A~ N a a N a a
-Neum<n thi K- =< K-= va K+—= > K+ =
m n m n

(con goi la phwrong phdp so sanh phin bit)
* Véi biéu thiee la tong cac sd iz (v6ia € NY) ta ¢6 van dung so sanh sau:
a
1 1 1 1 1
<= <

a a+l a° a-1 a

*Thidul. Cho S=1+2+2*+2°+..+2°.Sosanh S véi 5.2°.
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Phan tich: Trudc khi so sdnh biéu thiee S véi 5.2° ta can dung phwong phdp tinh tdng theo
quy ludt d€ tinh S. D& lam viéc nay ta can nhan 2 vao hai vé cua biéu thiec S, sau do6
tinh hiéu 25— S thi sé triét tiéu dwgc cac s6 hang gidong nhau va tinh dwoc S.

Huéng dan giai

Tacd: S=1+2+22+2° +..+2’

25=2+422+2°+2" + ... +27 +20

=25-5=5=2"-1
Ma 2" -1<2" =222 =42°

=5<5.2°%.
@ Loi binh: D€ tinh tong S ta can dung phuong phap tinh tdong cua biéu thirc tong
quat sau: S=1+a+a’+a’+..+a" (aeN).

*Thi du 2. So sanh 2 biéu thiic A va B trong tiing truong hop:

10841 1041

VTR T T T 10741
72008 _ 3 . 92007 _ 13
b) C=m va :m.
Phan tich:

- O cAu a, bidu thiec A va B cé chira luy thtra co s6 10, nén ta so sanh 10A va 10B.

- O cau b, biéu thirc C va D c6 chira luj thita co s6 2 nén ta so sanh %C va %D .

Huéng dan giai

a) Ta co:

10" +1
10" +1

10A =10 10" +1 10 +10 10" +1+9 N 9

j = . _— | = = = .
10" +1 10" +1 10" +1 10" +1

B 10" +1

107 +1
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0B =10 100 +1) 107 +10 107 +1+9 14 9
=10B=10.| —— | = = = .
107 +1 107 +1 107 +1 107 +1

Vi 10 +1<10" +1 nén —> 1?
10°°+1 10" +1

9 >1+ 7
10" +1 107 +1

=1+

= 10A >10B hay A>B.

b) Ta co:
C_22008_3
_22007_1
1 _1 22008_3 _22008_3_22008_2_1 _q 1
) 0| 92007 _1 | T 208 _5 T H2008 _5 2008 _ o
_22007_3
_22006_1
1 _1 22007_3 _22007_3_22007_2_1 _1 1
y 2| 92006 _1 |7 92007 5 T 92007 _p B _22007_2'

\ 2008 2007 A 1 1
Vi 277 =2>27" -2 nén Y < Y

1 1
31_22008_2 > 1_22007_2

:%C>%D hay C>D.
Loi binh: Doi khi dé so sanh hai biéu thitc vdi nhau, ta can bién doi hai biéu thiec vé
dang tong hai s& hang, trong dé c6 mot s6 hang chung va khi d6 ta chi can so sanh s6
hang riéng.
Dang 3: Tix viéc so sanh liiy thira, tim co s6 (s6 mii) chwa biét.
* Vi cac sO tu nhién m, X, p va s6 duong a .
+Néu a>1 thi:

a" <a*<a’ = m<x<p.

+Néu a<1 thi:

a"<a*<a? > m>x>p.
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* Vi cac sO duong a, b va s ty nhién m, ta cé:

a” <b™ =a<b.
*Thi du 1. Tim c4c sd nguyén n thod man: 3" <n* <57,
Huéng dan giai
Ta giai timng bat dang thiec 3* <n* va n* <57,
Ta c6: n* > 3% = (n3 )16 >(34 )16 = (n3 )16 >81'" = n’ >81
=>n>4 (véinel) (1).
Matkhdc n® <57 =(n?)" < (5°)" = (n?)" <125* =n’<125
—-11<n<11 (véineZ) 2).
T (1) va () = 4<n<11 .
Vay n nhan cac gia tri nguyeén la: 5; 6; 7; 8; 9; 10; 11.
Loi binh: Tt bai toan trén c6 thé thay doi cau hoi d€ duoc cac bai toan sau:
Bai s6 1: Tim t6ng cac s& nguyén n thod man: 3* <n® <57,
Giai teong tu trén ta c6 cac s6 nguyén n thoa man la:
5+6+7+8+9+10+11=56.
Bai s6 2: Tim tat ca cac s& nguyén cé mot chit sd sao cho: 3" <n* <57,
Giai tuong tu trén ta c6 cac sO nguyén n thod man la: 5; 6; 7; §; 9.
Bai 56 3: Tim t4t ca cac s8 nguyén c6 2 chit s8 sao cho 3% <n* <57
Giai tuwong tu trén ta c6 cac s6 nguyén n thoa man la: 10; 11.

% Thi du 2. Tim x thudc N. Biét:

a) 16 <128".

b) 5°.5*".5*2 <100............. 0:2'%.

18 chu so 0
Hudéng dan giai
a) 16 <128" = (2¢) <(27) = 2" <2 = 4x<28=x<7
=xe{0,1,2,3,4,5,6} .

b) 5°.5*".5*2 <100............. 0:2'®

18 chu so 0
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= 57" <10":2"® =577 <5 = 3x+3<18 = x<5

=xe{0,1,2,3,4,5}.
Dang 4: Mot s6 bai toan khac.
*Thi du 1. Hay viét s6 16n nhat bang cach dung ba chit s 1; 2 ; 3 véi dieu kién mdi
chtt s6 dung mét [an va chi moét Ian ?
Hudng dan giai
Bai toan xay ra cac truong hop sau:
Treong hop 1: Khong dung luy thira thi s6 1on nhat viét duoc la 321.
Truong hop 2: Dung luy thita d€ viét: (Bo qua truong hop co s8 hodc s6 mii bang 1
va cac luy thtra tang vi cac gia tri nay qua nho so voi 321)
* Xét cac luy thwa c6 s6 mi 1la mot chit s6 cho ta sd tu nhién c6 4 chir sO la:
13%,31%,12%,21°, trong cac s6 nay sd 16n nhat 1a 21°.
* Xét cac luy thwa ma s6 mit ¢d hai cht s6 cho ta s6 ty nhién c6 4 chit s6 la:
218 2% 32 3% nhan xét cac s6 nay nhu sau:
3 =33% =3,3%)" =39,
2% =22% =2(2°) = 2.8,
do d6 trong cac s& nay thi s6 1én nhat 1a 3.
So sanh 3% va 21°:
3% 53° = (3%) = 27° > 21°
Vay s0 16n nhat viét dwoclasd 3% .
% Thi du 2.
a) S8 5° ¢ bao nhiéu chir sd ?
b) Hai s& 2*® va 5 viét liéen nhau dwegc s& ¢6 bao nhiéu chit s6?
Phan tich: So sanh liy thira véi mot s6 luy thira cua 10, tir d6 1ap luén tim sd ch sd cua s
do.
Huéng dan giai

a) Ta co:
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5% =(5*)* = 625° > 600° = 360000

8
55 _ 10" _ 100000000 < 100000000 _ 400000
2° 256 250
= 360000 < 5° < 400000.

Do d6 5° ¢6 6 chir sd.
b) Gia stt 2°°” ¢6 a chit s6 va 5 c6 b chit 8 thi khi viét 2 s8 nay lién nhau ta dwoc
(a+Db) chir so.
Vi 10™ < 2% <10% va 10°7" <5 <10°
=10"".10"" <2 5 <10%.10"
=10"""7 <10™° <10™".
Do dé: 2003=a+b-1=a+b=2004.
Vay s6 d6 ¢ 2004 chit so.
* Thi du 2. Tim s8 5céc chit s6 ctia cdc sO n va m trong cac treong hop sau:
a) n=815°.
b) m =4, 55
Phan tich: Nhom cac luy thtra thich hop nh3m 1am xuét hién luy thtra caa 10, tix do
1ap luén tim s6 chir sd ctia sO do.
Huéng dan giai
a) Ta co:
n=815"=(2°)".(35) =2". 3% 5°
=2% 3%(2.5)" =16.243 .10° = 3888. 10°.
S 3888.10° gom 3888 theo sau 1a 5 chit s8 0 nén s& nay cd 9 chit sd.
Vay s6 n c6 9 chit s6.
b) Ta co:
m =45 =(22)". 5%
=2%5% =27(2%.5” ) =128.10%,
S6 128.10” gbm 128 theo sau 1a 25 chir s 0 nén s8 nay cd tat ca 28 chir s6.

Vay s6 m c6 28 chir so.
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C/ BAI TAP VAN DUNG.
Bai 1. So sanh:
a) 243° va 3.27°. c) 625° va 125",
Bai 2: So sanh:
e) 99 va 9999". b) 3°° va 7.
d) 202°” va 303*>. e) 117 va 37"%.
Bai 3: So sanh:
c) 8° va 3.4’ f) 10" va 48.50°.
i) 2% +3% +4% va 3.24". g) 1990" +1990” va 1991".
Bai 4: So sanh cac s8 sau: 199%° va 2003".
Bai 5: So sanh:
a) 78" -78" va 78'" -78".
b) A=72" -72* va B=72" -72%.
Bai 6: So sanh cac s8 sau: 3% va 11%.
Bai 7. Chting to rang: 57 <2% <5%.
Bai 8: Chttng minh rang: 2" <5,
Bai 9: Chttng minh rang: 2'*° <77".
Bai 10. So sanh: 3** va 2°%.
Bai 11: So sanh: 717 va 377.
Bai 12: So sanh cac so:
a) 50% va 2550".
b) 999" va 999999°.
Bai 13: Viét theo tir nhé dén 16n: 2'%;37 va 5%.
Bai 14: So sanh 2 s8: 1234°°7 va 56789'**.
Bai 15: Goi m la s6 cac s6 ¢6 9 chit s0 ma trong cach ghi ctia né khong c¢6 chit s6 0. Hay so
sdnh m véi 10.9°.
Bai 16: Cho A =1+2012+2012° +2012° +2012* +... +2012"' +2012”* va B=2012"-1. So
sanh A va B.
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3°11+3%5 2113+2" 65
Bai 17: So sanh hai biéu thtc: B=——— va C=————,

3°2¢ 28104
Bai 18: So sanh: M :8_?;4_% va N :8134_8%'
19% +5 19* +5

Béil9:SosénthéNbié’t:M:31— va N=—0nn——.
19°" +5 19 +5

+ 1 + 1 + 1 + 1 va 1
101> 102* 103* 104* 1052 223527

Bai 21: Sosdnh A=| —1|[ 21|/ =-1]... L1t
2 3 4 100 2

Bai 22: Tim céc sO tu nhién n sao cho:

Bai 20: So sanh

a) 3<3"<234.

b) 8.16>2" >4.
Bai 23: Tim s6 tu nhién n biét rang: 4°. 9" <2". 3" <18'. 2.
Bai 24: Cho A=3+3?+3*+....+ 3" Tim s8 tw nhién n, biét 2A+3=3".
Bai 25: Tim c4c s6 nguyén duwong m va n sao cho: 2™ —2" =256.
Bai 26: Tim s6 nguyén duong n biét:

a) 64<2" <256.

b) 243>3">9.
Bai 27: Tim s& nguyén n 1én nhat sao cho: n** <6,
Bai 28: Tim n € N biét:

a) 32<2"<512.

b*) 3" <n'? <20°.

HUONG DAN GIAI

Bai 1.

Pinh hudng tu duy: Nhan thdy, & cau a) thi 243 va 27 la cac co s0 lién quan t6i lay
thir co s6 3, & cau b) thi 625 va 125 lién quan téi lay thira co s6 5. Do d6 d€ so sanh, ta
bién doi cac lay thira vé cac lity thira 6 cung co s6, r6i dua vao so sanh s6 mi dé€ so sanh

chiing vdi nhau.

Loi giéi:
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a) Ta c6: 243’ =(3’ )5 =3%; 327 =3.(3° )5 =335 =3

Vi 3" <3% =327 <243,
b) 625° = (5%)° =5%;125 = (5°) =5

Vi 5% > 5% =125 > 625°.

Bai 2:

Phén tich: Nhan thdy, 6 cau a) thi cac lay thita c6 chung s6 mi 10, 6 cau b) thi cac
lay thtra ¢6 chung s6 md 100, ¢ cau c) thi cac liy thwra c6 chung s6 mai 101, ¢ cau d) cac
Ity thtra ¢6 chung s6 mit 660. Do dé dé so sanh, ta bién ddi cac lay thira vé cac liy thira co
cung sd m, roi dya vao so sanh co s6 d€ so sanh ching véi nhau.

Loi giai:

10

a) Ta thay: 99% =(99%) " =(99.99)";9999" =(99.101)"

Vi (99.99)" <(99.101)" = 99* <9999".

101 101

b) Taco: 3% =(3°)" =243, 7 =(7°)" = 343",

Vi 243" <343'° nén 3* <7°%,

c) Ta cé:

101 101

202** =(2.101)"" =(2%101°) " =(8.101.1012)"' =(808.101)

303** =(3.101

)2.101

(321012 )101 = (9.1012 )101

Vi 808.101° > 9.101* nén 202°* > 303",

d) Ta co:
111970 < 171980 — (113 )660 — 133160 (1)
3720 = (372)" = 1369 @)

Tt (1) va (2) suy ra: 11" < 37",
Bai 3:
a) Ta co: 8° =27 =22", 347 =3.2"

Vi2<3=22"<32"=8"<34".
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b) Tacod:
10 =21 5 =2, 2° 51 48 507 =(3. 24). (25. 51°)= 3.2° 51

Vi2<3=2.2°5"<3.2°. 5" =10" <48. 50°.
¢) Ta cé: 4% =(2%)* =(2.2)* =2%.2% = (2°)°.(2%)"* = 814",
24" 3=(8.3)".3=8".3"3=8"3"
Vi 3" <4 = 803" <8145 = 4% > 324"
= 2% 13% 14% 53241
d) Taco:

1990" +1990° =1990%.(1990 +1) = 1991. 1990°

1991" =1991. 1991°
Vi 1990° <1991° nén 1990" +1990° <1991".

Bai 4:
Bién d6i a" vé dang: c.d*, bién doi b" vé dang: e.d" r6i so sdnh hai s6" ¢ va e. Tir d6 so sanh

dwoc hai s6" a" va b™.
199% < 200% =(8.25)* =(2°.5*)20 = (2°.5%)* =2%.5%
2003" >2000" = (16.125)" = (2*5°)"® =(2*.5%)"” =2%.5%

Vi 5% > 5% = 2%5% 5 2% 5% — 2003" >199%.

Bai 5:
Bién doi a" vé dang: c.d*, bién doi b" vé dang: e.d" 10i so sanh hai s6' ¢ va e. Tir d6 so sinh

dwoc hai s6" a" va b™.
a) Ta c6: 78" —78'' =78".(78—1)=78".77
78" -78° =78°.(78-1)="78".77
Vi 78" > 78" = 78".77 > 7877 = 78" - 78" > 78" - 78"°.

b) Ta co
A=72%72-1)=72%71 va B=72272-1)=72°71

724 >72% =724 71>72%71= A > B.

Bai 6:

TAI LIEU TOAN HOC

THCS.TOANMATH.com




Ding tinh chat bic ciu: So sdnh hai s6 v6i s6'lity thira 10.
Ta co: 3% <3 =(3*)" =81"
112 = (11%)° = 121" < 11*
Vi 81" <121"° = 3% <11*.
Bai 7.
V6i bai nay , hoc sinh 16p 6 sé khong dinh hwéng dwgc cich lam , gido vién c6 thé goi i hoc
sinh so sanh: 2% > 5% va 2% <5%.
Taco: 29 =(27) =128°, 57 =(5°) =125’ = 2% > 57 (1)
Lai c6: 22 =(2°) =5127, 5% =(5*) =625" =2 <5 )
Tt (1) va (2) =57 <2% <5%.
Bai 8:
Xét: a" bién doi dwoc vé dang: ¢?.d*
b™ bién doi dwoc vé dang: e”.g"
Néi ¢/ <e” va d' <g"thi ¢’.d" <e”.g".
Ta cd: 219 =292, 553 = 550 53
Nhan xét: 2° =32 <5° =125 nén can so sanh 2" va 5%,
C6: 20 =1024, 5° =3025 = 2'°. 3 <5° = 2" 372 < 550,
Co: 21990 = 21720 2270 " 3n so sanh 27%.27° v4i s6 21732 nhw sau:
37 =2187; 2" =2048 = 37 > 2",
37 = (7). 3¢ > (21)2¢ > (21). 2 =227
Do d6: 27202770 < 21720, 3172 < 50 —, 9190 < 530
Ma 2°< 5% =2 < 5%,
Bai 9:
Ta c6: 2'°=1025 ; 7° =343
=2 <3.7° = (2)7 <3*.(7*)7

— 22380 < 3238 .7714 (1)
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Xét: 37 =3°.3%°=3°,(3°)" <37 (2*)" < 2%.27° =2 (vi 3'<2")

— 3238 <2381 (2)
Tie (1) va (2), ta co: 27% < 2% 771

:21999 < 7714
Bai 10.
Duwea vé so sanh hai lity thira cting s6' mil.

100

Ta c6: 32 — (32 )100 — 100, 30 _ (23 — 8100 1y gl _ g1oo

. 2300 < 3200 .
Bai 11:
Bién doi a" vé dang: c.d*, bién doi b" vé dang: e.d" r0i so sanh hai s6' ¢ va e. Tir d6 so sinh

dwoc hai s6" a" va b".

Ta ¢6: 71%° <72% =(8.9)" =2'°.31 (1)
377 > 367 =(4.9)" =2, 31 )
M‘a 2150‘ 3150 > 2150‘3100 (3)

Tt (1), (2), va (3) suy ra: 377 >71%°.
Bai 12:

10
a) Ta cd: 50% =| (30)" | =2500" <2550" = 5 <2550".

5
b) Ta c6: 999" = [(999)2} <998001° < 999999° = 999" < 999999°

Bai 13:
2% = (22)° =4 < 5% (1).
37 =(3’)=27*=3">5" 2).
5 =(5°)” =257 (3).

Tw(1),(2) va (3) = 2'° <5 <37.
Bai 14:

50000

Ta cé: A =1234%789 < 10000 — (103) — 1059000
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B =56789">* <100000** = (10° )2°°° — 1010000

V‘l 1010000 < 10150000 = 567891234 < 123456789 .
Bai 15:

S6 6 9 chit s6 1a a,a,....a,a, trong d6 cac chit s6 g, #0 (i =1; 9) va cd thé gidng nhau
Tt tap hop s6 {1;2;3;4;5;6;7;8;9} mdi chir s6 a, c6 9 cach chon . Do d6 ta ¢6 s6 cacsd c6 9
chir s6 thdéa man bai toan 1a m =9° s0.

Tt d6: m=9"=9.9° <10.9°.

Bai 1e:
Ta cod: A =1+2012+2012% +2012° +2012* +... +20127" +20127
2012.A =2012 +2012% +2012° +2012* +... +20127" +20127
— 2012.A— A =2011A =20127% -1
= A= (201273 - 1) 2011 < 20127 —1.
Vay A<B.
Bai17:
B 3°11+3"°5 3°(11+5) _
3°.2 3°.16 '
c_2%13+2%65 _2"(13+65) 278 _,
28104 28104 104
Vay B=C.
Bai 18:
Tacs 3,7 _3.3 4 _(3 3) 4
a Cco: 83+84_ 83+84 +8_4 = 8_3+8_4 +8—4.
7 3 3 4 3 3 3) 4
g g g 8 g |§ 8)§
4 4 3 3) 4 3 3) 4
Vg e 7le ) s e ) e
= M<N
Bai 19:;
19% +5 19.(19% +5 19 + 95 90
= 31+ nén 19M = (31 : ) = 31+ = + 31 :
19% 45 19% 45 19% 15 19% +5
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19% +5 19.(19* +5) 19% 4+95 90
= 32 nen 19N = 32 = 32 = + 32 :
19° +5 19° +5 19* +5 19* +5
90 90
Vi >
19% +5 19% 45
90 90
1+ —; >1+ — hay 1I9M >19N=M > N.
19% +5 19°° +5
Bai 20:
Néu n la s6 tw nhién 16n hon 1 thi ta cé:
1 1 n-(n-1) n-n+l_ 1 >i
n-1 n (m-1)n @m-1)n @n-Dn n?
1 1 1
=>—<——=—.
n n-1 n
Ap dung vao bai toan ta duoc:
1 1 1
< —
101> 100 101
1 1 1
< —
102* 101 102
1 1 1
< —
105> 104 103
1 1 1 1 1
=>——t——t..+ < -
101> 1022 105> 100 105
~105-100 _ 5 3 1
100.105 2%5%53.7 2%5%3.7°
1 1 1
Vay ——+...... + < .
24 102* 105> 22.5°.3.7
Bai 21:

A la tich cta 99 s6 &m. Do do:

‘A{l-i)(l-ﬂ(l—% """" (1_10102j

3 8 15 9999

—?.?.4_2 ....... 1002
_1324 35 99101
132435 ol

D& dé rut gon ta viét t&r dudi dang tich cac s8 tu nhién lién tiép nhuw sau:
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Ao 1.2.3.4.56........98.99 34.5....... 100.101 1 101 101 g 1
2345.....99100 23.4......... 99.100 100 2 200 2

1
Vay A <——.
ay >

Bai 22:

Pua cac s6 vé cac lay thira c6 cung co sO .

a) 3<3"<234=3"<3"<3=1<n<5
—nnhancacgiatrila: 2, 3,4, 5.

b) 8.16>2">4=2°2*>2">2>=2">2">2°=7>n>2
=n nhan cdc gia trila: 2,3,4,5,6,7 .

Bai 23:

41, 9" <27 3" <18 2'° = (4.9)"” <(2.3)" <(18.2)"
= 36" <6" <36
= (62 )15 <6" < (62 )16
=6 <6" <6>
=30<n<32
=n=3L

Bai 24:

Co A=3+3"+3"+....+3"
=3A=3"+3"+3"+...+3"
=3A-A=2A=3"-3
=2A+3=3"

Ma theo dé bai ta c6 2A +3=3"
=3 =3"=n=101.

Bai 25:

Ta c6: 2™ — 27 =256 = 2° = 2" (2™ _1) = 2° (1).

Dé thdy m # n, ta xét 2 truong hop:

Truong hop 1: Néu m—-n=1 thi t (1) ta cé:

2"(2-1)=2=2"=2"=>n=8 va m=9.
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Truong hop 2: Néu m-n=>2

= 2™ —1 1a mot s6 1é 16n hon 1 nén vé trai cua (1) chira thita sd nguyén to 1é
khi phén tach ra thita s6 nguyén td, con v€ phai cua (1) chi chira thira s6 nguyén td 2, do
d6 hai vé& ctia (1) mau thuan nhau.
Vay n=8 va m =9 la dap sd duy nhat.
Bai 26:
a) Ta cé: 64 <2" <256 =2° <2" <2°=6<n <8, ma n nguyén duong, nén n=7.
b) Ta cé: 243>3">9=3">3" >3°=5>n2>2, ma n nguyén duong nén n nhan cac
gia trila: 4; 3; 2.
Bai 27:
Taco: n® =(n?)"; 6 =(6°)" =216
n® <6 =(n?)" <216 =n® < 216 (*)
— SO nguyén 16n nhat thod man (*)1a n=14.
Bai 28:
a) Voin € N, ta xét:
32<2" < 2°<2"=5<n
2"<512<2" <2’ = n<9
Do do: 5<n<9:>ne{6;7;8}.
b) Véin € N, ta xét:
3"<n” < (33)6 <(nz)6 <3 <n’<27<n?
Nhan thdy: 5° <27<6°,nén 6° <n’ = 6<n.
n"? <20° < (n3 )4 < (202 )4 < n’ <20 < n’ <400
Nhaén thdy: 7° <400< 8, nén n’ <7° =>n<7

Do do: 6Sn£7:>ne{6;7}.
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CHUYEN PE 3: TIM AN CHUA BIET

Todn tim x la mot trong cic chu dé thuwong gdp trong cic ki thi HSG. Dé gidi todn tim x hoc sinh
phdi c6 ki ning cong, trir, nhin, chia cdc phéan 6, liiy thita dé gitip cho viéc bién d6i duwa ding thirc
chira x vé dang A.x = B tir d6 suy ra dwoc x=B : A

Bai todn tim x doi khi con két hop phép tinh téng cic s, tong cic phin s, tong cdc
tich,tong cdc liy thita theo quy ludt nén HS cin nam vitng va luyén thdt chdc cdc bai todn tinh
tong theo quy ludt.

Dang 1. Tim x thong thuong
Bai 1: Tim x biét:

a) 720:[ 41-(2x-5)]=2°5 b) 6(x+11)-7(2-x)=26
C) (x—gj:11+£:E d) 2X_1‘+£:§
3)73 2 2 6 2 3

Huéng dan giai

a)  Tacé: 720:[41-(2x-5)|=2°5 b)  Taco:

6X+66—-14+7%x =26

720:146-2x|=4
0[6 X] 0 =13Xx=-26=>x=-2

= 46-2x=18
:>2x:46:18:§
23
=>X=—
18
c) Tacod d) Ta cé:
X_z :114_1:3:}()(_2):11:1 2X—£+1:g _i_l
3 3 2 2 37 3 6| 2 3 6| 6
2 4
——=— =2
=X3737 L 2x-+ =Lyt
6 6 6
Vay x=2
TH2: 2X——=-— =x=0

Bai 2: Tim X biét: 7-5.(x—2)=3+2.(4—-X).
Huéng dan giai
Ta co: 7-5.(x-2)=3+2.(4-X)
7-52-5/(-2)=3+2.4+2.(-X)
7—-5x+10=3+8-2x
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—5x+2x=3+8-7-10

-3X=-6
X=2
Vay x=2.
Bai 3: Tim x biét:
2x-3 -3 5-3x 1 2 3 4 (7
a, +—= -= b ——=——| —-
3 2 6 3 3x 12 5 (x
Huéng dan giai
2x—3 -3 5-3x 1 4x—-6+(-9) 5-3x-2
a, +—= - = =
3 2 6 3 6 6
:>4x—15=3—3x:>7x=18:>x=§
2 3 4 (7 2 1 4 7 2 7 4 1 23 61
, —_——— |2 | D> — =2 ——=—t 42> —=—
3x 12 5 \x 3x 4 5 x 3x x 5 4 3x 20
460 460
S3=— 2 X=——
61 183
Bai 4: Tim x biét:
o +22(3.8)__5 b, — X +150> x—20-> x=16
x-1 34 5) 2-2x 17 17 17
Huéng dan giai
1 3 5 1 5 -3 7 -3
a, —t—= = + == =
x-1 10 2-2x x-1 2(x—1) 10 2(x—1) 10
:>2(x—1):_7_0:>x_1=__35:>)(=__32
3 3 3
b, ix+155x—20£x:16:(i+1SE—20£jx:16:>—4.x:16:>x:—4
17 17 17 17 17 17

Bai 5: Tim s tu nhién s biét: (192 +22.3?) : 14 = (11 - 6)
Huéng dan giai
(192 +22.3*) : 14 = (11— 6)
19z + 198 = 350
192 = 152
z =38
Bai 6: Tim z biét:
a) 121 — (115 + x) = 3z — (25— 9 — 5z) — 8

b) (:1:2—4) 3:1:-1—1 _ 1 1 1 2016_2017+2018
2 3 4 12){2017 2018 2019
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Hudéng dan giai

a) 121— (115 + ) = 3z — (25— 9 — 5z) — 8
=121-115—z =3z — (16 — 5z) -8
=6—-—2=3r—-16+52—8
=6—12=8r—24

= 9z =30

10
=r=—.

b) (+* -4 3:1:—1—% =

3 4 12](2017 2018 2019

1 1 2016 2017+2018
3 4 12

:>(x2_4)3x+%:[4 3 1][2016_2017+2018]

_____ 2017 2018 2019

o (o —a)[30 1) o [2016 2017 2018
2 2017 2018 2019

= (a* - 4] 3¢+ |=0
2
) . 1
=1’ —4 =0 hoac 3x+§=0

re 9 . 2 2 _ o2 2 _ < _
Voiz-—4=0 =z =4=2 =2 _(—2) =z =2 hoac z = -2

Voi 3x+l=0 = 3x=_—1:>x:_—1.
2 2 6

Vayz € {2;—2;%1} .

2 10 (131313 131313 131313 131313) 5

Bai 7: Tim x biét : =.x—70=—:
3 11 (151515 353535 636363 999999
Huéng dan giai
2 10 (131313 131313 131313 131313j 5

Ta cd: = Xx—70—
11 (151515 353535 636363 999999
_@_(13 13 13 13}__5

s sl
11 {15 35 63 99

2
3
2 780 (13( 2 2 2 2
& —X———! +—+—+—||=-5.
3 11 {2(35 57 79 9.11}}
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2 780 [13(1 1
& —X——:| =| =——=||=-5.
37 1 {2(3 11)}

2 780 (13 8
&S —X———!| —.—|=-5
3 11 (2 33)

@gx—45=—5.
3
<:>gx=40.
3
< X=60.
Vay x=60.
Bai 8: Tim x biét:
a) T e b) x-1_-60
2016 2015 -15 x-1

Hudéng dan giai
1 -1 -1 1

X = = X = : =-2016
2016.2015 2015 2015 2016.2015

a)

x=31

b) Ttr gt bai toan ta co: (X—1)2=900:>X—1=i30:>|: 29
X =

Ciu 9. Tim X biét: %2 :5+TX'

Hudng dan giai
_XZZ :5+TX ©3(x=2)=4(5+X)  3x—6=20+4x < x=-26

Vay x=-26.

Bai 10. Tim X biét

3 52
a)(7x—11)° = 2°.52 +200
x—1+x—l+x—1+x—1+x—1+x—1_g
12 20 30 42 56 72 9

Hudéng dan giai
a) (7x—11)° = 2°5? + 200 = (7x —11)’ = 32.25+ 200 = 1000 = 10°
= I/Xx-11=10=7x=21=x=3
bTachiy: —— =1t 1 1 o
n(n+1) (n+)n n n+1

Ta di xét tong sau

1.1,1,1, 1,1 1,1 . 1,1,1 1
12 20 30 42 ‘56 72 34 45 56 67 7.8 89

b)
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011,11,11,11.11111132
3 4 4556 6 7 7 889 39 9
1 1 1 1 1 1) 16 2 16
Phuong trinh dd cho < (X—1)| =4+ —4+ —+—+—4+—|=—o (x-1).= ==
8 <)120304256729<)99
& x—-1=8&x=9
Bai 11. Tim X biét:
~2019 1
a) (19|x-1+25%):14=(13-8) -4  b) = -
) (19x-1+25%):14=(13-8) ) =TS
Hudng dan giai
a) Taco: b) Ta co:
(19|x~1+257):14 = (13-8)° — 42 x-2019 1
4 x —2019
(19|x-1/+2.25):14 = 25-16 (x-2019): =4
19|x—1+50=9.14
-3 (x—2019)" =22
19|x-1|=76
x—2019 =2
[x-1=76:19=4. X =2+ 2019
Véy Xx-1=4 hOéC X_1:—4. X=2021.
Do d6 x=5hoacx=-3.
2,2 2
Bai 12. Tim x biet: 154|117 37 |, _16
5|5 5 5 5
717 37
Hudng dan giai
2,2 2
13,7 17 37|, _16
5 5 5 5
5 2,2,
7 17 37
1,11
:>§+EI 117 317 w18
5 51,1, 117 5
717 37
8
=>—X==
5
=>Xx=4
Vay x=4
. . o 139 15
Bai 13. a) Tim X biét: X’ —2(X+3)=X—6 b) Tim X biét: 7—3X2 =5
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Hudng dan giai

x=0
a)x2—2(x+3):x—6<:>x2—3x=0:{x_3
b)%—3x2:E<:>3x2:12:>x2:4<:>x:i2
39 15

7—3x2=—?<:>3x2=27<:>x2=9<:>x=i3

Bai14. Tim X biét: a)(2x-1) =16 b)(2x+1)' =(2x+1)"  ¢)x+3|-8[=20

Huéng dan giai

3
X:_
a)(2x-1)" =16 = 21
72
b)(2x+1)4:(2x+1)6:>x:—0,5;x:0;x:—1,5
c)||x+3|—8|—20:> x+3=20+8 |x+3|=28 . X +3=28 - X =25
B x+3]=—20+8 ||x+3=-12(N) |[x+3=-28 [x=-31

2

Bai 15. Tim X biét: 5.‘%—§x ~3,25=-2| (1.25)" ~2,5.0,25+(-0,25)" |

Huéng dan giai

3
X="
Tinh duoe |>—2x=2=| 4
13 1 3
X=—
2
Bai 16. Tim X, biét:
3)3(X2_1)=27.(i-1) b)x—3/x =0(x=0)  ¢)|2x—7|=[5x+2

Huéng dan giai
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4 13
4 2 X—1:§ X:E

2)81(x—1)" =16 < (x ~1)* =(—) = =
9

b)&(\/}—s):o:{z_o

2X -7 =5x+2 X=-3

c)|2X—7|=|5X+2|:{2X_7=_5x—2:> X=g

Dang 2: Pua vé dang tich bang 0
x+1 x+2 x+3 x+4 x+5 x+6

+ +
2008 2007 2006 2005 2004 2003
Huéng dan giai

Bai 1: Tim x biét:

Ta co:
x+1 x+2 x+3_x+4+x+5+x+6
2008 2007 2006 2005 2004 2003

x+1 xX+2 x+3 x+4 xX+5 xX+6
= +1 |+ +1 |+ +1|= +1 |+

(2008 J (2007 J (2006 ] (2005 J (2004 ] (2003 J

o Xt 2009 X+ 2009 x+2009 x+2009 x+2009 x+2009 _

2008 2007 2006 2005 2004 2003

<:>(x+2009)(1+1+1—1—1—1J=

2008 2007 2006 2005 2004 2003

< x =-2009
Bai 2: Tim x, biét:
29—-x 27-x 25-x 23-x 21-X x-10 x-14 x-5 x-148
21 23 25 27 29 30 43 95 8

Huéng dan giai

29-x 27-x 25-x 23-x 21-x
a, + + + + =-5
21 23 25 27 29

:(ZQ—X+1)+(27—x+1j+(25—x+1)+(23—x+1)+(21—x+1j=0
21 23 25 27 29
50—-x 50-x 50-x 50-x 50-x
= + + + + =0
21 23 25 27 29

:(50—x)(i+i+i+ 1. 1)

21 23 25 27 29

= X =50
x-10 x-14 x-5 x-148
b, + + + =0
30 43 95 8
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0

:(x—lo_3j+(x—14_2j (x 5_1j (x—148+6j
30 43 95 8
x—100 x-100 x-100 x-100
= + + + =0
30 43 95 8
1 1

:(x—lOO)(%+%+£+%j:0:> x =100.

Bai 3. Tim x, biét:
Xx-5 x-4 x-3 x-100 x-101 x-102 X—2 Xx-1 x-4 x-3

a, + + = + + b, + = +
100 101 102 5 4 3 7 8 5 6

Hudéng dan giai
X— 5 X— 4 X-3 x—100+x—101+x—102
100 101 102 5 4 3

:(x 5 1J+(x 4_1j (x 3_1j (x—lOO_1j+(x—101_1J+(x—102_1j
100 101 102 5 4 3
x—105 x-105 x-105 x-105 x-105 x-105
= + + = + +
100 101 102 5 4 3

= X—-105=0= x=105

b, x2+x1x4x3

+
7 6

(52 (e

x—9 X—-9 x-9
+

7 8 5 6

=>X-9=0=x=9

Bai 4. Tim x, biét:

x+1+x+2+x+3:x+4+x+5+x+6 b 2x+19_2x+17:2x+7_2x+5

9 93 92 91 90 89 o221 23 33 35
Huéng dan giai

X+1 X+2 x+3 x+4 X+5 Xx+6
a, + + =

+ +
94 93 92 91 90 89
:(x+1+1j+(x+2 1) (x+3+1j:(x+4 j (x+5 1) (x+6 1)
94 93 94 91 90 89
X+95 X+95 x+95 x+95 x+95 x+95
= + + = + +

94 93 922 91 90 89
= X+95=0=>x=-95
2x+19  2x+17 _ 2X+7 2X+5

21 23 33 35
:(2x+19+1j_(2x+17+1j:(2x+7+1j_(2x+5+1j
21 23 33 35
2Xx+40 2x+40 2x+40 2x+40

= + = +
21 35 33 23

=2X+40=0=x=-20
Bai 5. Tim x, biét:

a,

7

b,
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x-1 x-2 x-3 x-4 x-5 x-6 X+1 x+2 x+3 x+4
a, + + = + + b, + = +
59 58 57 56 55 54 15 14 13 12
Huéng dan giai
x-1 x-2 x-3 x-4 x-5 x-6
+ + = + +
59 58 57 56 55 54

=t U2 U O st

x—60 x-60 x-60 x-60 x-60 x-60
= + + = + +
59 58 57 56 55 54
= X-60=0= x=60
X+1 Xx+2 Xx+3 x+4

b, + = +
15 14 13 12

(x+1 j(x+2 ) (x+3 j(x+4 j
=|—+1|+ +1 —_— —+1
15 14 13 12
x+16+x+16:x+16+x+16
15 14 13 12
= Xx+16=0=x=-16
Bai 6. Tim x, biét:
X— 5 x-15 x—1990+x—1980 b, X— 1 X=3 X-— 5 X=7
1990 1980 5 15 2015 2013 2011 2009
Hudng dan giai
X— 5 x—=15 x—1990+x—1980
v 1990 1980 5 15

(x—5 j (x—lS j (x—1990 ] (x—1980 )
= —-1|+ -1|= -1+ -1
1990 1980 5 15

X—1995 N x—1995 x-1995 N Xx—1995

a,

1990 1980 5 15
= Xx-1995=0
= X =1995
b X — 1 X-3 X-— 5 X—7
’ 2015 2013 2011 2009
() (3050 a2
2015 2013 2011 2009
X —2016 N x—-2016 X_2016+ X—2016
2015 2013 2011 2009
= x-2016=0
= x =2016
Bai 7. Tim x, biét:
Xx+1 x+1 x+1 x+1 x+1 315-x 313-x 311-x 309-x
a, + + = + , + + + =
10 11 12 13 14 101 103 105 107

Huéng dan giai
Xx+1 x+1 x+1 x+1 x+1
+ + = +
10 11 12 13 14
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:>(x+1)(11 s +i—i—ij=o

= x+1=0
=>x=-1
315—-x 313-x  311-x 309-x

1 + -

101 103 105 107

:(315—x+1J+(313—x+1)+(311—x+1j+(309—x+1j20
101 103 105 107
416-x 416—-x 416—x 416—x
= + + + =
101 103 105 107
=416-x=0
= Xx=416
Bai 8. Tim x, biét:
Xx-1 x-2 x-3 x-4 50-x 57-x 55-x 53-x 5l-x
a, + = + b, + + + + =
2009 2008 2007 2006 41 43 45 47 49
Huéng dan giai
x-1 N X-2 X-3 N X-4
2009 2008 2007 2006

(2 )
2009 2008 2007 2006
X—2010+X—2010_ x—2010 x-2010

+
2009 2008 2007 2006
= x-2010=0

= X = 2010
59-x 57-x 5B5-x 53-x 51-x
b, + + + + =-5
41 43 45 47 49

= 59_X+1 + 57_X+1 + 55_X+1 + 53_X+1 + 51_X+1 =0
41 43 45 47 49

100—-x 100-x  100—x 100-x  100-x
= + + + + =

0

-5

7

0
41 43 45 47 49
=100-x=0
= x =100
Bai 9: Tim x, biét: 148_X+ 169_X+186_X +199_X =10
2 23 21 19

Hudéng dan giai
Ta co:
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148—-x 169-x 186—-x 199-x
+ + + =10

25 23 21 19
o(148-x ) (169-x ), (186-x ) (199-x ,)_,
25 21 19

< (123-x) Ll i 0s123-x=0ex=123
25 23 21 19

S={123}
. X . Xx=1 x-2 x-3 x-4
Bai 10. Tim x, biét: + - =
2013 2012 2011 2010
Hudéng dan giai
<:>X__1_1+X;2_1:X;4_1+X__3_
2013 2012 2010 2011
x—2014 N x—2014 _ X—2014+ x—2014
2013 2012 2010 2011
< (x—2014) t 1t 1 =0
2013 2012 2010 2011

< x=2014
, 1
Bai 11. Tim x, biét:
B () 5)  (x#)(x+6) (x+6)(x+7) 18

Huéng dan giai

1 1 1

Diéu kién: x # —4;x #-5;x # —6;X = —7

Ta co:
1 N 1 . 1 :l
(x+4)(x+5) (x+5)(x+6) (x+6)(x+7) 18
1 1 1 1 1 1 1
& - + - + - =—
x+4 x+5 x+5 x+6 x+6 x+7 18
1 1 1
x+4 x+7 18
< 18(x+7)-18(x+4)=(x+7)(x+4)
x=-13
& (x+13)(x-2)=0 L:z

. . — 2 4 6 _ X
Bat 12 Timx DIt (N (x4)  (x+4)(x+8)  (x+8)(x+14) (x+2)(x+14)
Hudéng dan giai
2 4 6 B
(x+2)(x+4) (x+4)(x+8) (x+8)(x+14) (x+2)(x+14)
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( 1 1 j ( 1 1 ) ( 1 1 j X
= - + - + - =
X+2 XxX+4 X+4 x+8 Xx+8 x+14) (x+2)(x+14)
1 1 X
- — =
X+2 x+14  (x+2)(x+14)
N 12 3 X
(x+2)(x+14)_(x+2)(x+14)
= x=12

Bai 13: Giai phuong trinh: X 2ok, X=220 X195 X166 4,

17 19 21 23

Hudng dan giai
Ta co:

x—241 x-220 x-195 x-166
+ + +
17 19 21 23
- x—241_1+x—220_2+x—195_3+x—166_4=0
17 19 21 23
x—258 x-258 x-258 x-258
= + + + =0
17 19 21 23

=10

Bai 14: Tim x bidt: X =L 1 X~ 2 X=3 G XZ2012_ o000

2012 2011 2010 1
Huéng dan giai
Phwong trinh da cho tuwong duwong voi :

x—1 g, x=2012 4 x=3 L x=2002 0 o000 0012
2012 2011 2010 1
x—2013 x-2013 x-2013 x—2013

+ + Foennn, + =0
2012 2011 2010 1

& (x-2013) Ll L +l]c0ex=2013
2012 2011 2010 1

Dang 3: St dung tinh chit liy thira

Bai 1: Tim x biét:
a, (3x-1)"° =(3x-1)" b, x(6-x)"" =(6-x)"" ¢, 5 +5%% =650
Huéng dan giai

a, (3x-1)" =(3x-1)" = (3x-1)” - (3x-1)" =0

= (3x-1)°| (3x-1)* -1]=0= {
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6-x=0 =6
:>(6—x)2°°3(x—1):0:{ 2 Kﬂ

b/ X(6 . X)2003 _ (6 _ X)2003 X(6 _ )2003 _ (6 _ X)2003 _ O

C, 5 +5%5% =650 = 5" (1+25) =650 = 5" =25 = 5" =5" = x =2

Bai 2: Tim x biét: 3% —2.3% =567

Huéng dan giai

38 _9o 33l _5g7 = 3% 27_-2.33*3=567 > 33X<27 - 6) =567

—3%.21=567 = 3% =567:21 =3* =3
Vay 3x=3= x=1.
Bai 3: Tim x, biét: 5% 257 =53.

Huéng dan giai

5% -257=5°3 =57 *=5°3+25 =57 *=5"(3+2)>

=2X =3+3=2X=6=>X =3

Vay x =3.

Bai 4: Tim x, biét: 2*.2*".2*25" =1000...0 (18 chit s6 0)

Huéng dan giai

22" 22 5' =1000...0

57 =5° = 2x—

3=3

— 233518 1018 5 %3518 QI8 EI8 D33 _ 918 3y 13=-18=x=5

Vay x=5.
Bai 5: Tim x biét: 2 +5.2"2 =
Huwéng dan giai
21 45277 = s =2t (1+Ej _ L = 2“.Z _ !
32 2 32 2 32

Bai 9: Tim x biét:
a, (x=7)"=(x=7)" =0 b, 2*'2.3*15" =10800
(2x-15)" =(2x-15)’

Hudéng dan giai

a, Ta co:

(x=7)" = (x=7)"* = o:»(x_7)”l[1_(x-7)l°}:o:{
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b, 2%.3".5* =10800 = 2".4.3".3.5* =10800 = 2*.3"5" = —1018200 =900

= (2.3.5)" =900 = 30" =900 =30° = x =2
¢  (2x-15)" =(2x-15)’ = (2x-15)’ —(2x-15) =0

3 2 2x-15=0
= (2x-15)"[ (2x-15)" -1|=0= [2x—15= o

Bai 10: Tim x biét:
a, (x-5)" =(1-3x)’ b, X +x=0 ¢, 33 =3
Huéng dan giai

3
-5=1-3 4x =6 =—
a, (x—5)2:(1—3x)2:{i_szsx_iz{ziz_‘lz{x 2

X+1=0 - x=-1
¢ 3F¥=3=3=3:3=F=n=3
Bai 11: Tim x biét:
a, (4x-3)" =(4x-3)° b, (x-1)’ =125 ¢, 277 -2 =96
Huéng dan giai
a,  (4x-3)" =(4x-3)" = (4x-3)' —(4x-3)" =0

= (4x-3)’ [(4x—3)2 —1}:0:{4)(_3:0

) x=0 x=0
b, X +x=0=>x(x+1)=0=

4x-3=+1
b, (x-1)=125=(x-1) =5 = x-1=5=x=6
¢ 2 2X-096=2"7 -2 =96=2"(4-1)=96=2"=32=2°=x=5
1
'2019°
Hudng dan giai

(3|X| _ 24)_72018 — 2.72019. 20]]-_90 = (3|X| _ 24).72018 — 2.72019 = 3|X| _ 24 — 272019 : 72013

Bai 12: Tim s nguyén x biét: (3|X| - 24).72018 =2.7°%

= 3|x|-16 =14 = 3|x| =14 +16 = 3|x| =30 = |x| =10 = x = +10 ( thoa mén)
Bai 13: Tim x biét:

a, (9x¢-1) + x-31=0 b, 233" =3 ¢ 227" =3
3 9 9
Huéng dan giai
1 . 9x* —1=0
a, Vi (9x2—1)20,x——20,dé’ (9x2—1)2+ x--‘:0:> 1
3 3 X—g =0
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b, %.34.3” =3 :>3“%=37 3= =23=3F=3

C 1.27"=3”:> 3 =£:>(1j =i2:>n:2
9 27" 9 3 3

Bai 14: Tim x , biét: 2.3" =10.32 +8.27*
Huéng dan giai
2.3 =10.3" +8.27*
3*=5.3"%+4.27*
3" =532 +4,(3)
3" =532 +4.32
3" =3"(5+4)
3" =31232 = 3"
x=4
Bai 15: Tim x biét:

a, 31+531 =486 b, X =x c, (22 : 4).2" =4

Huéng dan giai
a, 3" +5.3" =486 = 3X_l(1+5) =486 =3"=81=3"=>x-1=4=x=5

Xx=0

b, X =x= x(x199 —1) :0:{
x=1

c, (22:4).2”=4:>2”=4=22:>n=2
Bai 16: Tim x biét:

a, (x-1)"" =(x-1)" b, 5" +5"2 =650 ¢, 2008" =1

Huéng dan giai

(X_l)x+2 :O
(X_l)x+2 :1
b, 5n+5n+2:65025n(1+52):650:>5n:25252:>n=2

C, 2008" =1=2008" =1=2008° = n=0
Bai 17: Tim x biét:

1 2000 2008
2 52442 =05 b, (l_ j :[1_5)

a,  (x=1)"7 =(x-1)" = (x-)*[(x-1)" -1] 0= [

X
Huéng dan giai
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a, %.2” +42"=95"=2" (%+ 4) =95"= 2”.% =95"=2"19=95"=2""=5"Voly

Y 520

2000 2008 2000 8 3
SRV GO GGV
X Y 5=+

Bai 18: Tim x biét:
a, 327".16" =1024 b, 313" +5.3"" =162 c,
2"3 2" =128
Hudng dan giai
a, 327"16" =1024 = 25" 24" =1024 = 2" =2 = n=-10
b, 313" +53"1=162=3"'+53"' =162
=316=162=3""1=27=33=n-1=3=n=4
C, 23" =128 = 222 =128=2" = 2n+3=7=n=2
Bai 19: Tim x biét: 3 + 3% =810
Hudéng dan giai
3 +3*2 =810
10.3* =810
3*=81
3¥=3
=x=4
Vay x=4
Bai 20: Tim x biét:

2n-1 1
v Gj =% b 22 -8
Huéng dan giai

2n-1
a, (%) =3F=3"=3F=1-2n=5=n=-2

1 1
b, 2 2=8=2 2=23:>x+1=3:>x=3—1=E
2 2 6
Bai 21: Tim x biét:
a, 4x—2+4x+1=1040 b, (2X_1)3 -_8 c, (X_l)x+2 =(X_1)x+4

Huoéng dan giai
a, 477 +4" =1040 = 42 + 4%.4° =1040
= 47°65=1040=> 4" =16=4" = x-2=2=>x=4
o (e -8t (2] 5t 2
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(X _ 1)X+2
(x-1)"*

I
+ o

¢ (x=1)"7 =(x-1)" = (x-1)"[ (x-1)" 1] = 0= {
Bai 22: Tim n biét:

a, 272" +42"=9.2° b, 3" +5.3"" =162
Hudng dan giai

a, 272" +42"=92° = 2" (%+ 4} =92 = 2"% =02°=2""=2=>n=6

b, 3 4+53"1=162=3"16=162=3"=27=3=>n=4
Bai 23: Tim x biét:

a, (ns4)2 -n b, 8% 4 2% _29 = 28,
Huéng dan giai
n=0
a, (n54)2=n:>n1°8:n:>n(n1°7—1):03{
n=1

b, 842 -2°=2® 88 +8-8-8=0
= 8(8°+1)-8°(8°+1)=0 =(8°+1)(8" -8°)=0
=8 -8=0 (vi 8+1>0)=8 =8
=x=3
Vay x=3.
Bai 24: Tim x biét:
a, 22 -2* =96 b, (2x-1)" =2x~1
Hudng dan giai
a, 292 0¥ 296 =2"4-2"=06=32"=06=2"=32=2° = x=5
2x-1=0
b, 2x-1)" =2x-1= (2x-1)| (2x-1)* -1|=0=
(2x-1) (2x-1) (2x-1° -] =0 77 7
Bai 25: Tim x biét:
a, (x=5)° = (1-3x) b, 327".16" =1024
Hudéng dan giai
X—5=1-3x 4Xx =6
=
x—-5=3x-1 2X=-4
b, 327"16" =1024 = 2572 =2 = 2" =21 = n=-10
Bai 26: Tim x biét:
a, 10*:5" = 20" b,

a, (x-5) = (1-3x)? :{

X—5|+x—8=6(voix>5) c, 213 =12
Hudéng dan giai
a, 10" ;5 =20¥ = 10" = 20".5" =100¥ =10% = x =2y

b, Vi x >5=|x—5|=x-5, Khi d¢ ta co: x—5+x—8=6:>2x=19:>x=%

THCS.TOANMATH.com TAI LIEU TOAN HOC



c, DXL g _ 92X Xy g2 Xl _ gy . QX _y gx1 _ gyx :>{ > x=y=1
Bai 27: Tim x biét:
7 (11 [(29Y
L (x=2)" =(x-2) b, —x+(—j =(—j -x=y?
a, (x-2)' =(x-2) 37 12 12 Y
Huéng dan giai

a, (x-2)° =(x-2)’ = (x—2)6[(x—2)2—1}=0:>[

2
2
7 (-11) (29Y , 7 20 (11 10 3
b, =x+|—| =| —| —-Xx=Y = —X+X=|—| -| =| =>—=X=5=>Xx=—
3 12 12 3 12 1 3 2
121 7 121 625 25

s 7 s s

2 144 2 144 144 12

2 2 2 2 2 2

Bai 28: Tim x,y,z biét: Xy xsy+zr
2 3 4 5

Huéng dan giai

Thay vao ta duoc: y* = %

2 2 2 2 2 2 2 2 2 2 2 2
X_+y_+z_=uj X__X_ + y__y_ + Z__Z_ =0
2 3 4 5 2 5 3 5 4 5
:>ix2+£y2+iz2 =0=>x=y=2=0.

10 15 20
7x+2+7x+1+7x B 52x+52x+1+52x+3
57 131
Huéng dan giai
7x+2+7x+1+7x 52x+52x+1+52x+3 7X (49+7+1) 52X (1+5+125)
= - =

Bai 29: Tim x biét:

=>7"=25"=x=0

57 131 57 131
L +4°+4°+4° 6°+6°+6°+6°+6°+6°
Bai 30: Tim X thdoa man: — —— =2
F+3+3 2°+2

Hudng dan giai
L +8 +8 +48 6°+6°+6°+6°+6°+6°
F+3+3 2°+2°
4.4° 66° 4° 6% (6) (4)
= 335 225 = 3_GF = (Ej (EJ = 212 = 22 = 212 = X :12
Bai 31: Tim x biét: (23 )1 X+2005°.x =994 —15: 3 +1%%

Huéng dan giai
12005

(23) X+2005°X =994 -15:3+1%% — 8.x + X =990 = 9x = 990 = x =110

Bai 32: Tim sO nguyén x biét: 2% +2*1 422 4 ... 4 X205 _ 2019 _ g
y
Hudéng dan giai
Ta Cé: 2x + 2x+1 + 2x+2 Feeey 2x+2015 — 22019 —8

<:>2X(1+2+22+"'+22015):22019—23
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o 2 .(22016 —1) =2 (22016 —1) 2= x=3.
1 X 1 X+4
Bai 33: Tim x sao cho (Ej +(§j =17
Huéng dan giai

X x+4 X X 4 X
)] el B (o) e ) e
2 2 2 2) \2 2) \16
S ci7e(l) ctpe 2 c2t o x=a
16 \ 2 2
Bai 34: Tim m,n thdéa man : (—7X4ym ).(—5x”y4) =36x7y"
Huéng dan giai
n+4=9
m+4=15

2\x—u+y2—1 32012 _ 1006

=>35.x".y™* =35.x° .y = {

Bai 35: Tim X, y nguyén biét : 201
Huéng dan giai
2012143012 — gl0e —, 901y g2 _ 912 —y o1 AL 1 o5 |x 1l 4 y2 —1=0

_1=0 =1
=> :>|x—]4+y2:1:>{|x2 ]41 hodc {|X .
y =

y* =0
5 5 5 5 5 5 5 5 5 5
Bai 36: Tim x bigt; 4 +4 14" 0 +07+6/46 40 +6° g
3+3"+3 2°+2

Huéng dan giai
A +4° +4°+4 6°+6°+6°+6°+6°+6> _, 4.4° 6°6 .
5 5 5 - 5 5 =0 = 5 "5 A5 =2
3F+3+3 2°+2 3.3 2.2

5
:(%) .%:23“:>45.4:23“:46:23”:3n:6:>n:2

Bai 37: Tim X, biét: (x—5)"" —(x~5)"" =0

Hudng dan giai

X+1 x+13 x4l 127 (X—S)X+1 =0
(X—5) —(X—5) =0 < (x-5) [1—(x—5) }OQL—(X—S)H:O
(X—5)X+1=O<:>{X_5:O<:>x:5

X+1#0

1—(x—5)12:O<:>(x—5)12:1<:{x_5:1 {XZG

=
X—5=-1 X=4
Vay X=4,X=5,Xx=6

1
2019°
Hudéng dan giai

Bai 38: Tim x biét: |3x—2°|.7°% =2.7%%.
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1

|3X— 24|'72018 -9 7%,
2019°

[3x—2!|. 7% = 2. 7% & [3x—2¢]. 7 = 2.7%% < |3x 16| =14

2019°
3x—16 =14 ax=30 |X=10
Rt = = 2
3X—16=-14  |3x=2 x=2

Vay xe {10; %}

Bai 39: Tim sO tw nhién x biét: 2°.2°7.2°"? =100...00 : 5
A
15 chirsé6 0
Hudng dan giai
Ta cé 2°.2°™.272 =100...00 : 5"
—_—

15 chit s6 0
27.272.2%2° =10 : 5"?
2390 23 — 215 515 . 515
2390 — 215 . 23
2336 — 212
=3z =12
=zx=12:3
=zx=4
Bai 40: Tim X biét 2*%.3*1.5* =10800

Huéng dan giai

22315 =10800 = 2*.4.3*.3.5" =10800 => 30* =10800:12 =900 = 30" =30° = x =2

Bai 41: Trong ba sd a, b, c c6 1 s6 duwong, 1 s6 am, va 1 s0 béng 0, Tim 3 s0 d6 biét:
-6 (b-c)
Hudéng dan giai

b=0

Xét a:O:bz(b—c):O:[b_c(VL)

b>c
Xét a¢0:>|a|=b2(b—c)>0:>{b 0:>c=0,b>0,a<0
>
Bai 42: Tim sd ti nhién x, y sao cho 10" = y* -143.
Huéng dan giai
10" = y? ~143 = 10" + 143 = ?

Néu x=0= y=12 thoa man.
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Néu x>0=10" c6 chit sO tan cung la 0=10" +143 c6 chit s6 tan cung la 3.
Ma y? 1a s6 chinh phwong nén khong thé c6 tan cting bang 3. Do d6 khong
ton tai x, y e N thoa man.

Vay x=0;y=12.
Bai 43: Tim x,y biét: X(x—y)= 3 va y(x-y)= -3
10 50
Huéng dan giai

2
Trir theo vé&ta duoc : (x—y)(x—y):%:(x—y)2 =(igj :x—yzig

x:i:(igj:il; y:ﬁ:(igjzii-
10 5 2 50 5 10
Bai 44: Tim c4c s6 nguyén duong a, b, c biét rdng: a®-b°—c® =3abc va a’ =2(b+c)
Hudng dan giai
Vi a’ =2(b+c)nén a® 1a 1 s6 chdn suy ra a chdn, ma a, b, c nguyén duong nén ttr
a’-b*-c’=3abc=>a>bvaa>c =>2a>b+c=>4a>2(b+c)=>4a>a’>a<4
Suyra a=2vab=c=1
Bai 45:
a) Trong bas& a,b,Cc6 mot s6 dwong, mdt s6 Am va mot s8 bang 0, ngoai ra con
biét: |a| =b? (b — C). Hoi s8 nao dwong, s8 nao am, s& nao bang 0
b) Tim hai s6 Xva ysaocho X+y=xy=X:y (y=0)
Huéng dan giai
a) Tacé: [a|>0,b% >0nén tir |a|]=b*(b-c)=>b-c>0=c<b
+Néu b=0=|a|=0=a=0=c6 hai s§ ava bbéng0, vo ly
+Néu b<0=c<b<0=céhaisd ambvac voly
+Néu b>0,taxét a=0=>b-c=0=b=c>0=c6 haisd duwong b vac, voly
=a<0
Vay a<0,b>0,c=0

b) T X+y=xy=>x=xy-y=y(x-1)=>x:y=x-1

Talaicod: X:y=X+y=>X+y=X-1=>y=-1
1
:>x:xy—y:—x+1:>x:§.

y=-1

Vay hai s can tim la X =

N |-

Bai 46: Tim céc 56 ty nhién @,bsao cho: (2008a +3b +1)( 2008 +2008a +b) = 225

Huéng dan giai
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Theo dé bai=> 2008a + 3b +1va 2008* + 2008a + b 14 hai s5 1¢

Néu a = 0= 2008% + 2008a 1a s chén

Pé& 2008% +2008a +b1e = bl1é, néublé = 3b+1chin, do d6 2008a + 3b +1chin
(khéng thdéa man), vay a =0

véi a=0=>(3b+1)(b+1)=225

VibeN= (3b +1)(b +1) =3.75=5.45=9.25

3b+1=25
3b +1khong chia hét cho 3 va 3b+1>b+1:>{b -;- 9 =b=8
+ 1=

Vay a=0,b=8
Bai 47: Tim X N biét: 3.(5" -1) -2 =70;
Hudéng dan giai
3(5°-1)-2=70=3,(5"-1)=72=5"-1=24=5 = 25= x=5.
Vay x=5.
Bai 49: Tim tat ca cdc cap sO nguyén (:z:; y) théa méan z* +z = 3" +1
Huéng dan giai
Xét truong hop y = 0Khido: #* + 2 =2 = z(z+1)=2= 2 =L,z = -2 vay cip
(x;y) thoa la

o) (-20)

Xét treong hop y > 0khi do
3% +1 chia 3 dw 1 con z (a: + 1) 14 tich cua hai s6 nguyén lién ti€p nén chia hét
cho 3 hoac chia 3 du 2 nén khong xay ra
Vay cap (x; y) thoa la: (1; O) : (—2; 0)
Dang 4: Tim an dang phén thirc
Bai 1: Tim tat ca cac s0 x, y nguyén duwong thdéa man phuong trinh: %+% = 61L7

Huéng dan giai

1 1 1 x+y 1
X y 617 Xy 617
< (x—617)(y-617) =617

& Xy —617(x+y)=0< xy—617x—617y +617° =617°

Vix, y nguyén duong nén x — 617 va 'y — 617 la woc 16n hon —-617 ctia 6172
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Do 617 1a s6 nguyén td nén xay ra 3 truong hop:

X—617 =617
{y—617=617

(617 =1 x=y=1234
{ , & | x=618;y=381306
y-b17= 6172 x = 381306; y = 618
X—617 =617
{y—617=1

Vay tat ca cac cap (x;y) nguyén duong can tim la

(1234;1234) , (618; 381306), (381306; 618)

Bai 2: Tim nghiém nguyén duong cua phuwong trinh: 1 + 1 +—>=

X y 6xy

Hudéng dan giai
Ta c6: (1)< by +6x+1=xy < x(y—6)-6(y—6)=37 < (x—6)(y—6)=37

Do vai tro ctia x, y binh dang gia st: x>y >1=x-6>y-6>-5

x—6=37 {x:43

Chi c6 mot treong hop la =
y-6=1 y=7

N w

Bai 3: Tim cip s6 nguyén duong (X;y) thoa man: %
Huéng dan giai
Ta co: x 5.3 = xy-20 _3 = 2xy —40=12y = xy -6y =20 = y.(x—6)=20
4 y 2 4y 2

TH1: y=1 =>x-6=20=x=26
Vay:y =1, x=26(thoa man).
TH2:y=20 > Xx-6=1=x=7
Vay:y =20, x=7 (thdéa man).
TH3:y=2 = x-6=10 = x=16
Vay:y=2, x=16 (thoa man).
Th4:y=10=>x-6=2 = x=38
Vay:y =10, x=8(thoa man).
TH5: y=4 =>x-6=5 = x=11

Vay:y=4, x=11(thoa man).
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TH6:y=5=>x-6=4 = x=10

Vay: y=5, x=10 (thoa man).

Bai 4: Tim cac s6 nguyén X,y thoa man: %—3 :%
y
Huéng dan giai
2x_ 2 1
3 vy 3
2x—1_£
3 y
= (2x-1)y=6

Ta c6: 2x—1;yla cac s6 nguyén ma 2x—1 1a sd nguyén le.
Ma U(6)= {-6;-3,-2;-1,1,2;3;6}

Neé ta c6 bang:

2x-1 1 3 -1 -3
y 6 2 -6 -2
X 1 2 0 -1

Vay (xy)={(16),(0;-6),(-1-2)}
Dang 5: Phwong phap chan

Bai 1: Tim s8 tw nhién x,y biét: 7(x—-2004)" =23~ y?
Hudng dan giai
Tir gia thiét ta thdy 7(x—-2004)° >0 nén 23-y?> >0= y* <23= y e {0;1,2;3;4}
Ma 7 la s6 nguyén t6 nén 23— y?:7 = y e {3;4} . Thay y vao ta tim dwoc x
Bai 2: Tim c4c s8 nguyén X,y biét x* +2x —8y* =41
Hudng dan giai
Viét duge (x+1)° =42 +8y?
Suy ra (x+1)"1a s6 chdn, d& c6 (x+1)” chia hét cho 4 nén 42 +8ykhong chia hét
cho 4
Vay khong c6 s6 nguyén X, Y thoa man dé bai
Bai 3: Tim X,y € N biét: 36 — y? =8(x—2010)’

Hudéng dan giai
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Ta c6: 36— y* =8(x—2010)" = y? +8(x—2010) = 36

Vi y? >0=>8(x —2010)’ <36 = (x— 2010)° <2

Vi 0<(x—2010)"va x € N,(x —2010)’1a s§ chinh phuong nén

- _|x 2010]=2=| T ey | V7
2 —_ = =
(x-2010)’ =4 x=2008 ) y = —2(ktm)
=|(x-2010)" =1 =| x—2010 = +1= y* = 28(ktm)
2 ~6
| (Xx=2010)"=0 |y _2010=0= x=2010= y> =36 = | ’
y = —6(ktm)

Vay (x;y)=(2012;2);(2008;2);(2016;6)

Bai 4: Tim 3 s6 nguyén duong x, y, z: 111,
X 'y z
Huéng dan giai
Do x, y, z c6 vai tro nhie nhau nén ta gid st: x<y<z
l 1 1 _3

—+—£—:>x$3:>xe{1;2;3} (do er*)
X y z X

Khido: 1=

Vi x =1 phuwong trinh da cho vo nghiém.

Véix =2 tacé: 1—1+1+1 1 2 =y<4 .Maitkhac y>x= 2:>ye{234}
2y z 2 y
+) y = 2 thi phwong trinh v6 nghiém.
+)y=3thiz=6
Hyy=4thiz=4
1 1. 1.1 2
Véix=3tacd: 1=—+—+— 3+ =y<3.Matkhac y2x=3=>y=3=2z=3
y z y

Vay phuong trinh cé nghiém 1a (x, y, z) = (2, 3, 6); (2, 4, 4); (3, 3, 3).

Bai 5: Tim nghiém nguyén duwong X, y, z théa man: 2xyz=x+y+z
Hudng dan giai
Giastt x<y<z .Taco: 2xyz=x+y+2z<3z
Chia 2 vé€ cho z duwong ta dugc 2xy <3 =xy<1=xy=1

Do d6 x =y = 1. Thay vao phuwong trinh ban dau ta dwgc: 2z=z+2 hay z =2.

Vay nghiém cta phuwong trinh da chola (x, y,z)=(1, 1, 2); (1, 2, 1); (2, 1, 1).
Bai 6: Tim cac s6 nguyén a, b, c# 0, biét: E+E+£=E+ ¢ +E— a+b+c=3
b c a c b a
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Hudéng dan giai

a E+E+E:a+b+c=3:>(3Jr9+£j4r(3+34r9J+3:9
b c b a b ¢ a c b a

:(E+£+1J+(9+E+lj+(£+g+lj:9
b b cC C a a

. a+b+c+a+b+c+a+b+c:9:(a+b+c)(£+1+£j:9

+

b ¢
_+_
c a

b Cc a a b c
:>1+1+1:3,doa,b,c € Z nén ls1,£s1,££1:>£+£+££3:>a:b:c:l
a b c a b Cc a b c¢

Bai 7: Tim s6 nguyén x, y biét: 42 —3|y—3| =4(2012- X)4
Hudéng dan giai
= 42=3]y -3+ 4(2012-x)’, Do 3|y—3[>0,vy e Z nén 4(2012-x)" <42
= (2012 -x)" <11<2* = 2012~ x =0 hojc 2012—x==£1, Vi 2012 - x 14 s nguyén
nén
+N&1ng—x=ilmwrax=mn1h@mx=zm3ﬂﬁ38=ﬂy—q:4y—q:%§aom)
+Néu: 2012 - x =0 suy ra x =2012 va 42=3|y—3/=>|y -3 =14nény =17 hodcy =- 11

Bai 8: Chiing minh rang khong tim dwoc hai s6 x, y nguyén duong sao khéc nhau sao cho
11 1
Xy x-y
Huéng dan giai
Quy dong chéo ta duoc: (y—x)(x—y)=xy, Vix-y vay - xla hai s6 d6i nhau nén
VT <0,
Vanéu x, y nguyén duong thi VP >0 suy ra mau thuan
Vay khong ton tai hai s6 x, y nguyén duong
Bai 9: Tim b0 ba s0 tir nhién khac 0 sao cho: 1+ ! + L =
a a+b a+b+c
Huéng dan giai

V‘11=£+ 1 + 1 <l+£+1=§:>a<3:>ae{1;2}
a a+b a+b+c a a a a
. 1 1 1 )
TH1:Véi a=1= + =1=> + =0 (loai)
b+1 b+c+1 b+1 b+c+1
1 1 1 1 1 1 1 2

TH2:Vé6i a=2=

b+2 b+c+2 2 2 b+2 b+c+2 b+2 b+2 b+2
=b+2<4=b<2=b=1
Vc’yib=1th‘11+i=l:>i=1:>c=3

3 ¢c+3 2 c+3 6

Vay (a, b, 0) = (2, 1, 3).

Bai 10: Giai phuwong trinh nghiém nguyén duong;: 1 + 1 z.
Xy
Hudng dan giai

Bién d6i thanh: xyz=x+y.
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Do d6i xting ctia x va y nén c6 thé gia thiét rang x<y . Ta c6
XyZ=X+y<y+y=2y =>xz<2.

Ta Iwa chon nghiém trong cac treong hop sau: x=1,z=1;x=2,z=1;x=1,z=2
Ta suy ranghiém (x,y, z) la (1, 1, 2) va (2, 2, 1).

Nhin xét: O bai todn nay do vai tro ciia x, y, z la khong binh ding nén ta khong cd thé gidi siv
X<y<z tachicothégiisit x<y
Bai 11: Tim s6 ti nhién X théa man 3* +4* =5*
Huéng dan giai
Véi X =0,X =1 thay vao khong thoa man

+) X = 2thay vao ta dwoc 3 + 4% = 5% (lu6n ding), vdy X = 2thda man
c3a s o[3) L (2)
+)X>2,taco: 3 +4" =5 = g + 3 =1(*)

Véi X > 2ta co:

3 <) <) =) () <) o (3] -2mmozotm

5 5 5 S S S S 5

Vay x=2

Bai 12: Tim cac s§ a,b,Cnguyén dwong thoa man a°+3a* +5=5"va a+3=5°
Huéng dan giai

DoaeZ =5 =a’+3a°+5>a+3="5°

=5 >5"=b>c=5"5°

= (a®+3a”+5)(a+3)=a’(a+3)+5i(a+3)

Ma a’(a+3)i(a+3)=5!(a+3)=a+3eU(5)={+L+5} ()

Do aeZ = a+3>4 (2)

Te(l)va) >a+3=5=>a=2

=2°+3.2°+5=525=5"=>h=2

=2+3=5"=c=1

Vay a=2;b=2;c=1

Bai 13: Tim tat ca cac s6 tie nhién a,b sao cho: 23+37=|b—45|+b—45
Huéng dan giai

Nhén xét : véi x> 0thi [X|+ X = 2X

Véi x<Othi |x|+Xx=0.Do d6 ||+ XIuén 1a s chén véi be Z
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Suy ra 2 +37 la s6 chan < 2%1¢ < a=0
Khi d6 |b—45|+b—45=38
Néu b <45, ta co: —(b —45)+ b —45=38 < 0=38(ktm)
Néu b>45, ta cé: 2(b—45) =38 < b =64(tm)
Vay (a.b)=(0;64)
Bai 14. Tim nghiém nguyén duwong ctia phuwong trinh : X+ Yy + Z = Xyz
Huéng dan giai
Vi X,¥,Znguyén duong nén ta gia s 1<X<y<z

1 1 _ 1 1 1 3

. 1
yz yx zzx Xx* x* x* X

Thay vao daubaitacé: 1+ y+z=yz=>y-yz+1+2=0

=y(1-2)-(1-2)+2=0

< (y-1)(z-1)=2

Thl:y-1=1=y=2vaz-1=2=12=3

Th2:y-1=2=y=3vaz-1=1=12z=2

Vay c6 hai cap nghiém nguyén thoéa man (1,2,3);(1,3,2)

Bai 15: Tim tat ca cac sO tw nhién a,b sao cho : 22 +7=|b—5|+b—5
Hudéng dan giai

Nhan xét: véi x 20 thi [X|+ X = 2x

Vi x <0thi |X|+X:0.D0 dé |X|+X1u6n 12 s8 chan véi moi x € Z

Ap dung nhan xét trén thi |b— 5|+ b 514 56 chdn véi b—5€Z

Suy ra 2% + 71456 chdn = 2°1¢ <> a=0

Khi d6 |b—-5/+b-5=8

Néu b<5=—(b-5)+b—-5=8«> 0=8(ktm)

Néu b>5=2(b—-5)=8<b=9(tm)

Vay (a,b)=(0,9)

Bai 16: Cho A=£+_—4—@+E—E va B=_—3+l+_—4+£—_—2.Tim sO nguyeén x sao
17 9 31 17 31 7 15 7 15 3

cho A<§SB

Hudéng dan giai
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Tinh A tacd: A=_?4 va B=%

Theo bai ra ta co :
A X X D g ex<6=xe {32101 23456)
9 9 3 9 9 9
Bai 17: Tim s6 nguyén x sao cho : (x2 - 1)(x2 - 4)(x2 — 7)(x2 —10) <0
Huéng dan giai
Vi tich ctia 4 s0 : (x2 —1),(x2 —4),(x2 —7),(x2 —10) 12 1 58 am, nén phai ¢4 1 s8 &m
hodc 3 s6 am
Tacod: X’ —10<x’ -7<x’—4<x’—1, ta xét 2 truong hop sau :
Truong hop 1: C6 1 s6 am suy ra:
X -10<x’ -T2 2" -10<0<x’ -T2 7<x* <102 x° =9=> x =143
Truong hop 2: C6 3 s6 am va 1 sd duong :
= x’-4<0<x’-1=1<x* <4 ,Do x 1a s8 nguyén nén khong ton tai x
Vay x =43 lasd can im
Bai 18: Tim c4c s6 nguyén x,y thoa man: 6x” + 5y =74
Huéng dan giai
Tk 6x° +5y° =74 = 6x° <74 = x’ S% maxeZ=x’ 6{0;1;4;9}

Mit khéc talai c6: x* +1=75-5x =5y*:5= x> =4 hodc x> =9
Véi x> =4 = y* =10 (loai) vi y khong la sd nguyén
Véi x* =9=y" =4= (x;y) € {(3;2);(3;—2);(—3;2);(—3; —2)}

Dang 6: St dung cong thitc tinh tong
Bai 1: Tim s6 ty nhién x, biét: 1+3+5+7+9+....+(2x-1)=225
Huéng dan giai
1+3+5+7+9+....+(2x—-1)=225
[(2x-1)-1]:2+1
2
(2x-2):2+1

[(2x-1)+1]=225
2x =225

X ox=225

2

x? =225

x=15

Bai 2: Tim x biét: 1+5+9+13+17 +...+ X =501501
Hudéng dan giai

Tac65=2+3,9=4+5;13=6+7;17=8+9 ...
Dovay x=a+(a+1) (aeN)
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Neén 1+5+9+13+17+...+x=1+2+3+4+5+6+7+...+a+(a+1)=501501
Hay (a+1)(a+1+1):2=501501

(a+1)(a+2)=1003002 =1001.1002 = a =1000

Do d6 x =1000+ (1000 +1) = 2001.

Bai 3: Tim x, biét: Xx+2x+3x+...+2011x =2012.2013
Huéng dan giai
(1+2011).2011

Ta co: x(1+2+3+...+2011) = 2012.2013 = x. =2012.2013
X.2012.2011=2.2012.2013 = _ 4026
2011

Bai 4. Tim x, biét: x + (X +1) + (X + 2) +... + (x + 30) =1240
Hudéng dan giai
Ta co: x+(X+1)+(X+2)+...+(x+30)=1240

(30+1).30
2

X+ 30.x + =1240

31.x+465=1240
31.x=775

X =25

Vay x=25
Bai 5. Tim x biét: (X+1)+(X+2)+(x+3)+...+(x+100)=5070
Hudng dan giai
Ta c6: (X+X+X+...+X)+(1+2+3+...+100) = 5070
= 100x + 5050 =5070 = 100x = 20 = X=%

Bai 6. Tim x biét: 1+1+1+...+i _1 2,3 9
2 3 4 10

Hudéng dan giai

Ta cé: Tach % thanh 9 s6 1=suy ra:

i GG (e

10 10 10 10 10 1 1
=—4+—+—+..+—+—=10| = —+..+—
9 8 7 2 10 2 4 10

Khi dé (1+1+1+ +ijx 10(1+1+1+...+ij:>x=10
23 4 710 2 2 3 710
Bai 7: Tim x biét: 1° +2° +3° +...+10° = (x+1)’
Hudéng dan giai
Taco: 1 +2°=1+8=9=(1+2)’
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P42 +3 =9427=36=(1+2+3)

X+1=45
P +2°+3 +..+10° = (1+2+3+..+10)" = (x+1)" =45? =

X+1=-45
Bai 8: Tim x biét: 14+3+5+7+...+99 = (x +1)°
Huéng dan giai

_ X+1=50 X =49
[992 1+1}[1+99}=502 =(x+1)2:{ " :{

2 Xx+1=-50 x=-51
Bai 9: Tim x biét: X —3X+5X—7x+...+2013x—2015x = 3024
Huéng dan giai
Ta co:
X—3X+5X—7X+...+2013x —2015x = 3024
= (X—3%)+(5x = 7x) +...+(2013x — 2015x) = 3024
= (—2x) + (—2x) +.+ (—2x) =3024 = (—2x).504 =3024 = -2X=6=>x=-3

Bai 10: Tim x biét: %.%.%.ig...g.X:—ZO
1 2° 37 4 10
Huéng dan giai
12233445 1041 o (123.10)(23..11)

g, 122334 45 __ X=-20
aco X (L2..10)(12...10)

:>11x:—20:>x=_—20
11

Bai 11: Th biét 3+3+3+ + 3 24
al climxopilet: — T T T.. = —
35 63 99 x(x+2) 35
Hudéng dan giai
3 3 3 3 24

Taco: —+—+—+..+ =—
35763 99 " x(x+2) 35

3 3 3 3 24
o> —+—+—+..+ =—
57 79 911 7 x(x+2) 35
3(2 2 2 2 24
> —+—+ ot =—
2(5.7 7.9 911 x(x+2)J 35

3(1 1 j 24 1 1 24 2 16
> |- == ———=—.—==
2\5 x+2) 3 5 x+2 33 35
1 16 1 -9 -35 -35 -53
S>———=——=—=2X+2=—>X=—-2=—
5 3B x+2 3 9 9 9

Bai 12: Tim X biét:
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L +48+4+4° 6°+6°+6°+6°+6°+6°
b) 5 A5 o5 5 . o5 =
F+3+3 2°+2

2X

Hudng dan giai
1 2 3 4 5 30 31 .,
22 23242526 231 2
1.2.345.3031 _, 1

1.2.3.4...30.31.2% 2% - :>§=2X — X=-36
b ===
)335 225 35 26

6 6
:{gj (ij =2 =22 =2"=x=12
3 2

=2

Bai 13: Tim x € N biét: i+i+ L N 1 :ﬁ
25 58 811 X(x+3) 618
Hudng dan giai
1 1 1 1 101
Taco:—+—+—+...... + =—
25 58 8.11 x(x+3) 618
1( 3 3 3 3 101
=S| — 4+ —+—+..... + =
3(25 58 811 X(x+3)) 618
1(1 1 111 1 1 1} 101
> | -4+ | ===
32 5 5 11 X X+3) 618

1 1)1011 1 1 100 1 1 101
SNy —= > ——=————

2 x+3) 6183 2 x+3 206 x+3 2 206

1 _103-101_ 1 _ 1

Xx+3 206 x+3 103
Vay x=100.

= X+3=103= x=100

1 1 1 2 1989
Bai 14: Tim x biét: 1+—+—+—+... =1

+ =
10 x(x+1) 1991
Hudéng dan giai
11 1 2 1089

ot
10 x(x+1) 1991

2 2 2 2 1989
=24+ —+—+—+..+ =1
6 12 20 x(x+1) 1991
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1 1 1 1989
+—t—+..+ =1
34 45 x(x+1) 1991

1) 1989 x-1 )|_ -2

B S e =

2 x+1) 1991 “(2(x+1)) 1991

= XL 22 1091(x—1) = —2(x+1) = 1991x ~1991 = ~2x~ 2
x+1 1991

= 1991x + 2X = ~2+1991 = 1993x =1989 = X = _1322

91006+1
Bai 15: Tim x biét: 1-3+3° -3°+...+(-3)" = n
Huéng dan giai
Dit A=1-3+3 -3 +..(-3)". Khid6: 3A=3-3+3° 3" +..+(-3)"

" —3)" +1
= 3A+A=4A=1+(-3) 1:>A:_( )4 *
(_3)X+1+1_32012 +1
4
= X+1=2012 = x=2011

Bai 16: Tim x biét: 3+|x—3* =27 -2 -2* 22

Theo gia thiét ta co:

Huéng dan giai
Pat: A=22+22+2"+..+2®° Tinh Atacd: 2A=22+2" +2° +..+ 2"
—=2A-A=2"_22=A

x-3=1
Theo gia thiét ta co: 3+|x -3 =27 - A=2" (27 -2*)=4=[x-3" =1 = o1
111 1
e am v (v_om2_ 3 4 200 _ 1
Bai 17. Tim x biét: (x—20) 3 199 = 2000
L+
199 198 1
Hudéng dan giai

1 1 1 1
S+ — 5
bat A= 21 3 24 :Zng . Ta c6 mau caa

——+—— 4.+
199 198 1

1 2 198 200 200 200 200
A=| —+1|+| —+1|+..+| —+1|+1= + +..+ +
199 198 2 199 198 2 200

Khido A=—23 4 200 1

200(1+1+ +1j 200

2 3 200

Nhuvaytac(l):(X_ZO).LIL:X—ZO:i:X:i—ZO:igg
200 2000 10 10 10
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Bai 18: Tim x biet —+ o4 2y 492 _10
al climXxbplet: — Tt —— =_—
35 59 915 7 n(n+l6) 25

Huéng dan giai
1 32 16

+i+—+...+ =
9 9.15 n(n +16) 25

2 4 6 16 16
=2 —+—+ +.t =—
34 59 915 n(n +16) 25

1

1 16 1 1 8 1 1 8 1
2| = - == =—= =——-—=—=>n+16=75
3 n+16 25 3 n+16 25 n+16 3 25 75
Bai 19: Tim x biét: x:£+x:1+x:—+...+x:—=511
2 4 8 512
Hudéng dan giai
x:£+x:1+x:1+...+x:—:511
2 4 8 512

= 2X+4X+8X +...+512x =511 = x(2+4+8+16+...+512)=511

bat A=2+4+8+16+...+512
=>2A=4+8+16+...+1024 = 2A- A=1024 -2 =1022
5111
1022 2
Bai 20: Tim x biét: 2* 1+ 22423 4. 42 =2 1
Hudéng dan giai
Pat: A=2"14252 423 4 425
= 2A=2"+ 2" 4 2P 4 4 2B S 2A-A=A=2" _2¥®
1 29 -1

Theo bai ra ta cé: 28 =24 =2 —1= 2* (1—2WJ =29 _1= 2% S

Khi d6 ta c6: XA =511= x.1022 =511= x

X

= —1=0=2""=1=2"=>x-49=0=x=49

249
Bai 21: Tim x biét: X+ X—-14+X—2+Xx—-3+...4+4Xx-50=255
Hudng dan giai
X+X=1+X—-2+X-3+...+X-50=255
= (X+X+X+...+X)—(1+2+3+...+50) = 255
= 51x-1275=255=51x=1530 = x =30
Bai 22. Tim x, biét: x + (X +1) + (X + 2) +...+ (x + 30) =1240
Hudéng dan giai
Ta cé: X+ (X+1)+(X+2)+...+(x+30) =1240

(30+1).30

X+ 30.X + =1240

31.x+465=1240
31.x=775
Xx=25
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Vay x=25

Bai 23: Tim x biét: 2+4+6+...+2x=210
Hudng dan giai
X+ (X+1)+(X+2)+...+(x+30) =1240

=2(1+2+3+4+..+x)=210= 2.

Bai 24: Tim x biét: (x+1) + (2x+3) + (3x+5) + ...

(x+1) + (2x+3) + (3x+5) + ... + (100x+199) =

(x+1).x

+ (100x+199) = 30200

Huéng dan giai

30200

= (X+2X+3X+...+100x) + (1+3+5+...+199) = 30200

= X.5050 +10000 = 30200 = 5050x = 20200 = x = 4
1 2 1

Bai 25: Tim x biét: i+i+—+...+ =

14 35 65 x*+3x 9
Huéng dan giai

t,r1 2 1
14 35 65  Xx*+3x 9
2 2 2 2 1
= —+— —
28 70 9

2 2

T30 x(x13)
2

2

=>—+ + +ot
47 710 1013 7 x(x+3

2(3 3 3
== —+ . =
3\27 7710 X(x+3)

11

1 1

4 x+3

Bai 26: Tim x bidt: 3_35+3+_+

3

3 2 2 2
= —| —+—+ ot =—
2(57 79 911 X(X+2)
1

3(1
= - ——
2(5 X+2

1 16

5 35

1

(x+
11
6 4 6 x+3 12

3 3

e
63 99 (X +2)

X+3

_24
35

Huéng dan giai

3 3 3
—— ..t =—
57 79 911 7 x(x+2) 35
2
5.

=—=
35 5 x+2 35
1 -9 -35
x+2 35

J_24_1 124

— =>X+2=—=2>X=—-2=—
9 9

24
35

2_16
3 35

Bai 27: Tim x biét: 1+3+5+7+..4+99 = (x-2)°

1+3+45+7+...499 = (x-2)°

Bai 28: Tim x biét:

Hudng

(1.2+2.3+3.4+...+98.99).x

1+99)50
_(+99)

dan giai

=50% =(x-2)° :{

26950

7 2

=210 = x(x+1)=210=14.15

Xx—2=50
Xx—2=-50
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Hudéng dan giai

bat: A=12+23+3.4+...+498.99
Tinh A ta dwoc: 3A =1.2(3—0)+ 2.3(4—1)+3.4(5— 2)+ ...+98.99(100—97)

3A=(1.23-0.12)+(2.3.4-12.3) +...+(98.99.100 - 97.98.99) = 98.99.100

A=
Thay vao ta c6 :

Bai 29: Tim x biét: (%

Ta co: 1+E+—+...+—:
9 8

Bai 30: Tim x biét: 2x+

10 10 10
= r =
9
Khidé:(l
>

98.99.100

3

60

98.99.100.x

3.26950

~N| o

:12§:§:12x:
7 2
1

)
Huéng dan giai
+1j+(E+1j+(§+lj+...+(§+lj+l
8 7 2
(1 1 1

1 1
e e
3 4

1

(_

1 \9

19,8 10

210

3 9

7

+...+—+i
2 3 9 10)
11

+i Xx=10 —+—+...+i = x=10
10 2 3 10

13 21 31 43 57 73 91

12 20 31 42 56 72 90
Huéng dan giai

+
8 7

11
o+ S+
3 4

7

Tact: 20413 (1o o 1155 Jo ot (1455 =10

:>2x+8+i+i+i S =10
23 34 45 9.10
:>2x+8+£—i:10:2x—§:>x:i
5 5
Béi31:T‘1mxth(’)am§m:( L + L +.t+ ! j.x=£
123 234 8.9.10 45
Huéng dan giai
1 1 1 22
+ +.+ X=—
(1.2.3 2.3.4 8.9.10) 45
1( 1 1 1 1 1 1 1 1 22
S|t — - +———|X=—
2(12 23 23 34 45 56 8.9 9.10) 45
1/ 1 1 22
S| ————|x=—
2(12 910) 45
122 22
S —X=—
2 45 45
oS X=2

Vay x =2.
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Bai 32: Tim x biét: (% Ly

1 2012 2012 2012
et X = + + ... +—
3.4 99.100 o1 52 100
Hudng dan giai
, 1 1 1111 1 1
Tacd: —+—F.+———="— -4 +———

12 3.4 99.100 1 2 3 4 7 99 100

(11 1 1 1 1 1 1 1 1
=l-+—F+—+—F.F—F+— -2 =+ —F+—+..+—
1 2 3 4 99 100 2 4 6 100

(1.1 1 1 11 1 1 1 1 1
St — || Sttt = = — o —
1 2 3 100 1 2 50) 51 52 53 100

Khi do: i+i+...+i X =2012 i+i+i+ 1 = x=2012
51 52 100 51 52 53 100

Bai 33: Tim x biét: (1+£+1+...+ijx+ 2013=%+%+...+%+@
2 3 2013 1 2 2012 2013
Hudng dan giai
Ta cb - 2014 N 2015 L 4025 N 4026 9013
1 2 2012 2013

(2014 j (2015 ) (4025 j (4026 )
=| —-1|+| ——- -1+ -1
1 2 2012 2013
2013 2013 2013 2013 2013 (1 11 1 j
= + + +..+ + = 2013 —+—+
1 2 3 2012 2013

17573 +%

Khidé:(l+1+l+ +Ljx:2013(l+—+...+.ij:>x:2013

2 3 2013 1 13
Bai 34: Tim x bi€t: Cho X, + X, + X3 +..+ Xep + X5 =1 VA X +X, =X, + X, =000 = Xyg + Xy =1,
Tinh X, =?
Huéng dan giai
Thay vao ta cd: (X +X, )+ (X + X, )+ ( Xy + Xgo ) + X =1
S1+1+1+.. 414+ %, =125+ X, =1=> X, =-24

Bai 35: Cho biéu thitc C=2+22+2° +...+2"% Tim x d& 2**-2=C
Huéng dan giai
Ta co:
C=2+22+284+20+..4+2®
=>2C= 2"+ 22+ 2+ 2°+.. .+ 2
=C =2C -C = 2""-2

Ma 22t-2=C
= 22X71 _ 2 — 2101 _ 2
= 2x-1=101
= X=5
Bt 36: Tirm o+ bict (2019100 1+2019% + ...+ 2019* +1) 5019 1
. €T : _
\x - 2019\ 2019* — 1
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Hudéng dan giai
(2019 +2019" 4.+ 2019" +1) 90190 3

‘x—ZOlQ‘ ©2019° -1 ©

PK: z = 2019
bat A= 2019 +2019% + ...+ 2019* +1

= 2019*.4 = 2019'™* +2019'° + ... + 2019® + 2019*
= (2019* —1).4 = 2019'"™ —1

104
N 2019 1
2019" —1

1 2019 —1 2019 —1
‘:c -2019\' 2019° —1 2019 —1

)=
R
‘x—2019‘
= |z-2019| =1
= 1 -2019 =1 hoac z-2019 = -1
— z = 2020 (thoa dk) hodc = = 2018 (thoa dk).
Vay z = 2020 hodc z = 2018.
Bai 37: Tim X biét (X+2)+(X+7)+(X+12)+...+(X+42)+(x+47)=655.
Hudng dan giai
Ta cd (X+2)+(X+7)+(Xx+12)+...+(x+42)+(x+47)=655

@(475_2+1jx+ (47+2)(L5_2+1j:2: 655

<10x+245=655< x=41

Vay x=41

Bai 38: Cho x =2%% 2% _2200 _ _2_1, Tinh 2010
Huéng dan giai
Dit: A=1+2+2% 4. +2%10 4 o201
Tinh Atacd: 2A=2+22+23 4+ 42 S QA_A=2%2_1_A
Khi do ta e : x = 2" - A= 2" (2% -1) =1
Vay 2010* = 2010' = 2010
2 4 6 X

BatA0: Tim X bt (o) (x4) (x+4)(x+8)  (x+8)(x+14) (x+2)(x+14)

Hudéng dan giai
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2 4 6 X

(+2)(x14) " (x+4)(x+8)  (x+8)(x+14)  (x+2)(x+14)

( 1 1 j ( 1 1 j ( 1 1 j X

= - + - + - =

X+2 X+4 X+4 X+8 X+8 x+14 (x+2)(x+14)
1 1 X 12

- x+2_x+14:(x+2)(x+14) - (x+2)(x+14) :(x+2))((x+14) =12=x

Bai 41: Tim x, biét : 1+E : 1+i . 1+i 1+i .x:l—i
10 22 36 8352 10

Hudng dan giai

Ta co:

1+— [ 1+— || 1+— + = =
10 22 36 8352 ) 10.22.36...8352 1.10.2.11.3.12...87.96

(2.34..88).(9.10.11..95) 889 33 )
(1.2.3..87).(10.11.12..96) 96 4 - Do dé

8 8 8 8 8 33 1 1.33 4
1+— | 1+— || 1+— [ |1+ — [X=l-—=>—X== D X==—>X=—"
10 36 8352 5 4

( 8 j ( 8 j ( 8 ) (1 8 j_ 18.30.44...8360 _ 2.9.3.10.4.11...88.95

4
Vay Xx=—.
¥ 165

Bai 42: Tim sO tu nhién n thoa man diéu kién:
222 432°+4.2' +...+(n-1)2"" +n2" =2"%
Huéng dan giai
222 432°+4.2° + ...+ (n-1)2" +n2"=2"* (1)
Dit
B=22"+32"+42"+....+(n-1).2""+n.2"
=2B=2(22"+32°+42"+...+(n-1).2"" +n2")
2B=2.2°+32"+42°+....+(n-1)2" +n.2"
2B-B=(22°+32"+42° +...+(n-1)2" +n2"")
~(22°+3.2°+4.2" +......+(n=1).2"" +n.2")
B=—2°-2'-2°"—..—2"+n2"-2.2?
=—(2+2'+2°+....+2") 402" =2

Dat
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C=224+2"+2+....+2"

=2C=2(2+2"+ 2 442" ) =2 4 20+ 20 2™
20-C=(2'+2°+2° 4.4 2™) (22 + 2" + 2 +.....+2")
C=2"1_23

Khi d6 B=—(2""-2°)+n.2" - 2°

=-2" 428 42" =20 = 2" 1 n. 2" = (n-1).2"

Vay tir (1) ta c6: (n—1)2" =2"*

2% —(n-1).2"" =0

2" 2% —(n-1)]=0=2%—n+1=0=>n=2%+1

Vay n=2%+1

Bai 43: Tim s8 tu nhién N théa man diéu kién: 2.2 +3.2° +3.2° +.....+n.2" = 2"

Hudng dan giai
Dat $=222+322+42+.....+n2"
s=23—s=(z?+324+4?+m"+n2“)—@22+3?+4zﬁhm+nzw

S=n2"-2°—(2+2'+...+2""+2")
PitT=22+2%+.....+2" + 2" Tinh duoe: T =2T -T =2"1-2°
=5 =n2" —2° 2" 4 2~ (n-1)2"
=(n-1).2"=2""=n-1=2"=n=2"+1=1025

Dang 7 : Tong cac biéu thitc khong am bang 0

2013

Bai 1: Tim tat ca cac cap s6 (X; y)théa man (2X -y+ 7)2012 +| —3|
Hudéng dan giai
Ta c6 201214 s6 ty nhién chan = (2X y+ 7)2012 0

2013

Va [x-3>0=|x-3

2013

Do do, tir (2x—y+7) +|X—3| <Osuy ra: (2x—y+7
{2x—y+7=0 {X:S
= =
Xx-3=0 y=13

Bai 2: Tim X, y, zbié"c:\/(x—B\/g)2 +\/(y+3\/§)2 +|x+ y+z| =

)2012

=0&|x—3|
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Hudéng dan giai
Vi (x-3V5) 20,,/(y+3v5) 20,[x+y+2[>0 nén dé

x-3/5=0 [x=3/5
\/(X—B\/g)2+\/(y+3\/§)2+|x+y+z|:0 thi: y+3\/§:0 => y:—3\/§

X+y+z2=0 z=0

Bai 3: Tim a, b, ¢ biét: (x-13+y)’ +(x-6-y) =0

Huéng dan giai
Vi (x=13+y) >0,(x-6-y)" >0 Nén dé&: (x-13+y)’ +(x-6-y)" =0 Thi:

19
x-13+y=0 [x+y=13 |*T%
= =
X-6-y=0 X-y=06 7
Y=E

Bai 4. Tim X, y biét

3+y|+[2x+y|=0

Hudéng dan giai

Vi 3+y|>0,2x+y|>0=[3+ y|+|2x + y|>0

{|3+y|=0 X:E
= =

2
2x+y|=0 y=-3

Bai 5: Tim X, Y biét rang; (2X - 5)2012 +(3y+ 4)2014 <0
Huéng dan giai

2x-5)"" >0
Ta c6; {( ))2014 = (2x=5)"" +(3y+4)"* >0
3y+4)7>0

(2x-5)"" +(3y+4)" <0= (2x-5)"" +(3y +4)"" =0

. _E\2012 x:21
Ma (2X 5) =0 2
= 3 4 2014 < 1

Bai 6: Tim x, y biét: 423y —3|=4(2012-x)’

Hudéng dan giai
Tir gia thiét ta c6: 42 =3|y -3+ 4(2012—x)’,

Do 3|y-3>0=>4(2012-x)" <42=>(2012-x)" <11<2'=> 2012—x =0 hojc
2012 —-x=%1
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, 1
Bai 7: Tim X, Y, zbiét: X—E + y+§ +‘x2 +xz‘=0

Huéng dan giai

x—%+ y+%+‘X2+XZ‘:O,épdungtinhChé't
X—1=0 X—EZO le
2 2 2
= y+g—0 :><y+g—0 :><y——g
3 3 3
x2+xz‘=0 X(x+2)=0 7o yx—_1L
L 2
‘. . v , . 2 2 1
Bai 8: Tim a, b, chodc x, y, z thoa man: (9X —1) +X—§‘=O

Hudéng dan giai

Vi (9X2 —1)2 >0, >0 nén dé:

2 —
1‘ {9x ~1=0 .
x—§:0:> 1 = X==

1
X__
3

(9x2 —1)2 +

X== 3
3

Bai 9: Tim a, b, c hodc x, y, z théa man: (7b—-3)" +(21a-6)" +(18c+5)" <0

Hudng dan giai
(7b-3)*>0

7h-3=0

Vi:{(21a-6)' >0 Néndé: (7Tb-3)" +(21a-6)" +(18c+5) <0=>121a-6=0

(18c+5)° >0

Bai 10: Gidi phwong trinh: y* -2y +3=———
P 8 ¥ ooy X2 +2x+4

Huéng dan giai

Ta co:

y2—2y+3= & (y*-2y+3)(x* +2x+4)=6

x? +2x+4

o[ (y-1) 2] | (x+1) +3]=6
& (x+1) (y-1) +3(y-1) +2(x+1) +6=6
) (y-1) +3(y-1) +2(x+1) =0

<:>(x+12

18c+5=0

TAI LIEU TOAN HOC
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Vi (x+1) 20;(y-1) 20

x+1=0 x=-1
= =N
y—-1=0 y=1
Bai 11: Tim a, b, c hodc x, y, z thoa man: (X+2)2 +2(y—3)2 <4
Hudéng dan giai

(x+2)20
Vi ( )2 nén ta co cac TH sau :
y-3) 20
x+2) =0 x+2) =0
TH1:ﬁ ; Tﬂzzﬁ ;
y-3) =0 y-3) =1
x+2) =1 x+2) =1
TH3:{( )2 TH4:{( )2
(y-3) =0 (y-3) =

Hudéng dan giai

2008

2 2008
Vi: (2x-1) ZO,Vé(y—gj >0 va [x+y-2/>0

(2x-1)=0

2 2008 2
nén dé': (2x—1)2008+(y—gj +|x+y—2/=0 thi y_gzo
X+y-z=0

Bai 13: Tim a, b, chodc x, y, z thoa man: (4X— 7)2 —5|7 —4X| =0
Huéng dan giai
t=0 {Mx-ﬂ:O 7

1
= S X=—,X=3X=—.
t=5 2

Dit: [4x-7|=t=>t"-5t=0=
[4x—7|=5 4

4k
Bai 14: Tim x, y thda man: 2.x** +(y—%) =0(keN)
Hudéng dan giai

4k

4k
VhZHZOVé[y—gj 201@nd€2x”+(y—§] ~0 thi

X2k :O
2 :>x:0,y:3.
y--=0 3
3
Bai 15: Tim a, b, c hodc x, y, z théa man: (x-13+y)’ +(x-6-y)" =0

Hudéng dan giai
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X+y-13=0
X—y-6=0

x—13+y)’ >0
Vi ( yz)

(x—6-y) >0
Bai 16: Tim a, b, ¢ hodc x, y, z théa man: (2x+3)" +(3x-2)" =0

Hudéng dan giai

Nén dé& (x—13+y) +(x—6-y)' =0 thi {

2Xx+3=0

(2x+3)" >0 7
Vi: Nén dé: (2x+3)" +(3x-2)' =0 thi
(3x-2)* >0 3x-2=0

2010

Bai 17: Tim a, b, chodc x, y, z thoa man: |X+5| 3y 4) =0

Hudéng dan giai
X+5=0

Vi [x+5/>0 va (3y-4 3y—4-0

)2010

>0 Nén dé: |x+5|+(3y -4

)2010

=0 Thi{

Bai 18: Tim a, b, c hodc x, y, z thoa man: 42—3|y —3| =4(2012- X)4
Huéng dan giai
42-3|y-3/=4(2012-x)’

= 42 =3y -3+ 4(2012-x)" Do 3|y—3 > 0=>4(2012-x)" <42
= (2012~ x)* £11<2* = 2012~ x = 0 hojc 2012 - x =+1

Bai 19: Tim a, b, c hodc x, y, z thoa man: (3x - 5)2006 (y2 —1)2008 +(x- z)2010 =0

Huéng dan giai
(3x=5)"" >0

3x-5=0
Vi {(y2-1)"" 20 Neéndé: (3x=5)"+(y* -1 +(x=2)° =0 thi {y*~1=0
(X—Z)ZOIOZO X — Z_
Bai 20: Tim cac sd x,y,zbiét:(x—l)2016 +(2y—1) +|x+2y-2| =0

Huéng dan giai

Ta co: (x—l)2016 >0VX; (2y—1)2016 >0VYy; [x+2y - z|2017 >0VX, Y,z
= (x-1)"" +(2y-1)"" +|x+2y-2|”" =0. Dau "="xay ra

( _1)2016 0 x=1 (x=1
= 1(2y-1)" =0 <:><y:% @ﬁy:%

por2y -2 =0 1+ 2%—z=0 =2

Bai 21: Tim a, b, c hodc x, y, z thoa man: (2x —1)2 + |2y - X| -8=12-5.2?
Huéng dan giai
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2x-1)" >0
Ta c6: (2x—1)" +[2y-x/=0, Vi (2x-1) ,
2y—x/>0
2x-1=0
Nén dé: (2x-1)" +[2y-x|=0 thi {Zi—x:oszé’y:%'

Bai 22: Tim a, b, c hoic x, y, z thoa man: (|x+ 2|—2)(x2 —4) -0
Hudng dan giai
2—2-0 _
TaCé:(|X+2|—2)(x2_4):0:> |X+ | |X+2| 2
(X2 —4)=0 X2 =4

2012

Bai 23: Tim X va Y théa man |[2x— 2011+ (3y +2012)" " =0
Hudng dan giai
|2x — 2011] > 0Vx

Nhan xét 2010
(3y+2012)" " >0vy
o 2011
, . |2x-2011=0 )
Dang thitc xay ra khi =
3y+2012=0 _ 2012
3

Bai 24: Tim a, b, c hodc X, y, z thoa man: (Xx+1)*"° +(y-1)><0
Hudng dan giai
{(m)m >0
Vi:

(y-1)">0
Bai 25: Tim a, b, ¢ hodc x, y, z thoa man: (x—2y)® +(y-2001)**° <0
Huwéng dan giai

x+1=0 Xx=-1
,Nén dé: (x+1)®°+(y-1)?<0 thi: { {

f—
y-1=0 y=1

x—=2y) >0 x—2y=0
Vi: (x=2y) e Néndé: (x—2y)* +(y—2001)* <0 thi:{ y
(y-2001)"" >0 y—2001=0
Bai 26: Tim a, b, c hodc x, y, z thdéa méan: (X— 2)"° +|y— X| +3<3
Huéng dan giai
Tir gia thiét ta c6: (Xx—2)"° +|y-X/=0,
(x=2)">0 ’ C [x=2=0
Vi ,Néndé: (x-2)°+|y-x=0 Thi: =>X=y=2
ly—x/=0 y—-x=0
. . - 1 1
Bai 27: Tim x biét: |X +—|+[X+—|+...+ X+ =100x
1.2 2.3 99.100

Hudéng dan giai
Vi vé€ trai khong am nén v€ phai khong am, do d6 100x>0=>x>0

=100x

Khi do: x+i+ x+i+...+ X+
1.2 2.3 99.100
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Bai 28: Tinh gid tri ctia biéu thicc C =2x° —5y°® + 2015 tai X, y thoa man:
|x—]J+(y+2)2°:O
Hudéng dan giai
Do |x—1|20;(y+2)20 20:>|x—]4+(y+2)20 >0 véimoi X,y
=0 [x=t
(y+2)20=0:{y=—2
Gi4 tri ctia bidu thiee C =2x° —5y° +2015tai x =1y =-2 la:
C=2.1°-5,(-2)’ + 2015 = 2057
Vay C = 2057
Bai 29: Tim x,y,z biét: |x+q+m+(z +3)° =

Hudng dan giai

Két hop [x—1+(y +2)” _o:{

V+ﬂ20
Vi: 1/(y—2)220 néndé’:|x+]4+./(y—2)2+(z+3)2:
(z+3)220
x+1| =
Thi {\/(y-2) =0=x=-1y=22=-3.
(z+3)2:0
Bai 30: Tim x biét: + x+i =4x
17 17
Hudng dan giai
Vi: |X >0,|x 0x+%>0 =4x>0=x2>0
Khi x>0:>(x+—) (x+—j (x+%j=4x =>x=1
.. . or 1 1 1
Bai 31: Tim x biét: | X+ —|+|X+—|+ X+ —|+|X +—|+..... + X + —|=11X
12 20 110

Hudéng dan giai

Nhan xét: V& trai cia dang thiec ludn > 0nén vé& phai >0 =11x>0= x>0

Vé6i X > 0ta co:
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1 1 1 1 1
S X+ -+ X+ -+ X+—=+X+—+.....+ X+—=1IX
2 6 110

12 20
1 10
_1__:_
T (tm)

vay x=20
AT

Bai 32: Tim x,y,z biét: \/(x—3\£)2 +\/(y+3x/§)2 +|x+y+17|=
Huéng dan giai
Vi: |(x-3V5) 20, va \/(y+3V5) 20 va [x+y+2]20, Nén dé:
x-3/5=0
\/(x—3\/§)2+\/(y+3\/§)2+|x+y+z|=0 Thi: {y+3/5=0

X+y+z=0

Bai 33: Tim X, y biét: (ZX—%T +[3y+12|<0
Huoéng din giai
KZX—%T > 0Vx;[3y +12| > 0Vy, do do: (Zx—gjz +[3y +12|>0 Vx,y
1) 1)
Theo d& bai thi (ZX_EJ +|3y+12|£0:>(2x—gj +[3y+12|=0

Khi d6 ta co: 2x—%=0vé 3y+12:0<:>x:%;y:—4

2006 2008 2100
Bai 34: Tim cc s§ X,y, zbiet: (3x=5)" +(y*-1)" +(x-2)"" =0
Huéng dan giai

2008

(3 _5)2006 (y2 _1)
(3 _5)2006 0

+(x - z)2100 =0
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Dang 8: Tim an dang liiy thira

Bai 1: Tim s0 te nhién n, m biét : 2" +2" =2™"
Hudng dan giai
T gia thiét ta c6 :
2M 2" 2™ 2" =0 = 2" (2n —1)—2" +1=1=2" (2" —1)—(2" —1)=1
2" _1=1 {2’“ —2=2

= =m=n=1
2" -1=1 2" =2=2"

=(2"-1)(2"-1)=1=11 (dom,ne N):{

Bai 2: Tim m, n nguyén duong biét : 2" —2" =256
Huéng dan giai
Tir gia thiét taco m>n: 2" —2" =256 = 2™"" - 2" =256 = 2" (2" " —1) = 2°
Vim,nlasdtynhién vam>nnén m-n>1=2""-11a1 s81é 1én hon hoic bing
2""-1=1 [n=8
=
2n = 28 m= 9
Bai 3: Tim a, b, c nguyén duong biét: a’+3a*+5=5" va a+3=5°
Huéng dan giai

1, V€ phai chi chita thira sO nguyén t6 2 nén {

b-1
Tir gia thiét suy raa’ (a+3)+5=5"=a’ 5" =5’ -5=5(5""-1) = a’ = %
Viab,clacicsdnguyénnén 5" =1=5'=c=1=>a=2,b=2
Bai 4: Tim hai s8 tw nhién x, y biét : 23" =12
Huéng dan giai
22X 3y

Taco: 23 =12" = 213" =273 = T T 2 =3

Vi(2;3)=lnénx=1vay-x=0=>y=1
Bai 5: Tim X, y biét: 10" : 5% = 20"
Hudng dan giai
Ta co:
10%:5" =20’ =10* =5%.20" = 10* =5’,(2.10)" =5°.2.10" =(2.5)" .10’ =10.10’
=10" =10 = x = 2y.
Bai 6: Tim a, b biét: 2% +124 =5
Huéng dan giai
Xéta=0=>VT =2°+124=125=5" = b =3
Xét a >1thi v& traila 1 s6 chdn, v& phaila 1s8 1é suy ra vo ly.
Vaya=0,b=3
Bai 7: Tim s0 te nhién a,b biét: 10* +168 =b?
Hudéng dan giai
Xét a=0=b=13
Xét a>1=10" +168 6 chit sd tan cling la 8 suy ra b® cling c6 tan cuing la 8 (v 1y)
Vay a=0,b=13
Bai 8: Tim a, b, c hodc X, y, z tw nhién biét: 35* +9=2.5"
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Hudéng dan giai
Xét x=0=10=25" = y=1
Véi X >0=VT c6 tan cung la 4, con vé€ phai c6 chir s tan cung la 2 hodc 0
mau thudn nén x=0vay =1
Bai 9: Tim a, b, c hodc x, y, z tw nhién biét: 2°* +342=7"
Hudng dan giai
Xéta=0=>VT =343=7"=7"=b=3
Vé6i a>0 thi VT 1a 18 chén, con vé& phai la 1 s6 1é (mau thuan)
Bai 10: Tim a, b, c hodc x, y, z ty nhién biét: 3* +9b =183
Hudng dan giai
Vi 183:3 nhung 183/9 Nén 3% +9b:3 va 3*+9b/9, Ma 9b:9=> 3 /9= a=1
Khi a=1 suy rab=20
Bai 11: Tim a, b, c hodc x, y, z tw nhién biét: 5% + 323 =b?
Hudng dan giai
Xét a=0=>VT =1+323=324=8=b*=>b =8
Véi a>0= VT co chir sd tan cung la §,
V& phai la 1 s8 chinh phwong nén khéng c6 tan cling 1a 8 (mau thuan).
Bai 12: Tim a, b tw nhién biét: 2* +80=3"
Hudéng dan giai
Xét: a=0=>VT =1+80=81=3'=3"=b=4
Néu a>0=> VT1a1cd chin, con VP 1a 1 s 1é ( mau thuan)
Bai 13: Tim x, y tw nhién biét : 2x* +3y> =77
Hudéng dan giai
Do :0<3y* <77=0<y? <25, ma 2x* 1a1s6 chdnnén 3y’ lasdlé suyra y° 1é
Suy ray’ € {1,9;25} = (x,y) =(15).(53).
Bai 14: Tim c4c s6 nguyén tS x, y biét : X -2y =1
Hudng dan giai
Vi x*-1=2y?, Néu x:3 vix la nguyén t6 nén x =3,y =2
Néu x13=x*-1:3=2y*:3= y=3=x" =19 (loai)
Bai 15: Tim cac sd nguyén td x, y sao cho : 51x + 26y = 2000
Hudéng dan giai
Vi 17.3x=2(1000-13y), Do 17, 3 1a s6 nguyén t6 nén X:2, ma x la s6 nguyén t& nén x = 2
Lai c6 1000 -13y:51=1000-13y >0 va y nguyén t6 suy ra timy
Bai 16: Tim sG tu nhién p, q biét : 5°° +2013 = (5°")* +¢°
Huéng dan giai
Ta co: 2013-q° =25 - 25P = 257 (25° 1)
Do p la s6 nguyén t8 suy ra 2013—q*:25? va 2013-qg° >0 tir d6 tim dwoc q
Bai 17: Tim 8 tw nhién a, b biét : (2008a +3b+1)( 2008 +2008a +b) = 225
Hudéng dan giai
Do a,b 1a sO tw nhién :
Néu a>1= 2008 +2008a +b > 225 (loai)
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=a=0=(3b+1)(b+1)=225=3.75=545=9.25
Vi 30+113=30+1> b+1:>{3b+1: ® . b-s
b+1=9
Bai 18: Tim X,y nguyén biét: 2" +624 =5’
Huwéng dan giai
Néux=0thiy=4.
Néu x =0 thi v& tréi 1 s6 chdn, con v& phai la s8 1é véi moi y (v 1y).
Bai 19: Tim cac s6 nguyén X, y thoa man: 2x° +3y* =77
Huéng dan giai
T 2x° +3y* =77 = 0<3y* <77 = 0< y? < 25 két hop véi 2x? 1a s8 chin suy ra3y’ 1a
s§1é suy ray’ lasd1é nén y’ €{1,9;25}
Véi y2 =1=2x* =77-3=74=x* =37 (loai)
Véi Y =92 =77-27=50=x* =25=> x =15
Véi Y =25=2X2 =T77-75=2=>x"=1=>x=+1
Bai 20: Tim X, y nguyén duong biét: 2* -2 =1024
Hudéng dan giai
Tacd: 2 >2' = x>y=2' (27 -1) =2, ma 2’ -1 1as51é, 2*7 -1>0, valaudc
cta 2"
Nén 27 -1=1=2"=2" = y=10 suyrax =11
Bai 21: Tim moi s6 nguyén t3 x, y thoa man: x* -2y’ =1
Hudéng dan giai
Tt gia thiét suy rax’ —1=2y?, Néu x chia hét cho 3, vi x nguyén t& nén x = 3 ltic d6
y =2, (théa man)
Néu x khong chia hét cho 3 thi x* —1chia hét cho 3, do d6 2y? chia hét cho 3 ma
(2;3) =1
Nén y chia hét cho 3, do d6: X* =19 (1) Vay cdp s8 (x; y) duy nhat tim dwoc la (2; 3)
Bai 22: Tim t4t ca cac s6 tw nhién m,n sao cho 2" +2015 = n - 2016|+n — 2016
Hudéng dan giai
Nhan xét,
Véi x> 0=>|x|+x =2x
Véi x<0=>|x|+x=0,Do d6 |x|+x ludn la 1 s§ chdn véi moi x
Ap dung nhén xét trén ta thay |n—2016|+n—2016 1a s6 ch&n suy ra2" +2015 la s6
ch&n suy ra m =0.
Khi d6 |n—2016|+n—2016 = 2016
Néu n <2016 = —(n—2016)+n—2016 = 2016 = 0 = 2016 (loai)
Néu n> 2016 = 2(n—2016) = 2016 = n = 3024 (thoa man)
Vay (m, n) =(0 ;3024)
Bai 23: Tim cac s0 nguyén duong X,y thoa man :2* + 2% =72
Hudéng dan giai
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Gia sit x >y thé'thita co:

2 +2) =2 (142"7)=9.2°

Do 1+2*Y 1las61énén 1+2*Y =1:39
Ta c6 bang gid tri sau :

1+2°Y =1 | 2¥ =9.2° (Loai)

1+2*Y =3 | 2¥ =3.2°(Loai)

1427 =9 | 2 =28

Tathdy 2’ =2° > y=3=x=6
Bai 24: Tim tat ca cac s6 nguyén dwong n sao cho: 2" -1:7
Huéng dan giai
Véi n<3=2"-1/7
V6i n>3=n=3k hoac n=3k +1 hodc n=3k +2
Xét n=3k = 2% ~1=8" ~1=(7+1) ~1=7A+1-1i7
Xét n=3k+1=2%" -1=28-1=2(7TA+1)-1=7A+1I7
Xét n=3Kk+2=2%2 _1=4(7TA+1)=27A+417
Vayn=3kvdi ke N

Dang 9: Tim an dua trén tinh chait vé diu.

Bai 1: Tim x biét:
a, (x-1)(x-2)>0 b, 2x-3<0 ¢, (2x-4)(9-3x)>0
Hudéng dan giai
a, D& (x-1)(x-2)>0 thita cd haitruong hop:
x-1>0
THI1 : =>X>2
{X—Z >0
x-1<0
TH2: = x<l1
{x—z <0

Vay x>2hodcx <1

b, Pé: 2x-3<0 :>2x<3:x<g

c, Dé: (2x—4)(9-3x)>0 thi ta c6 cac treong hop sau :

2x—-4>0 2x—-4<0 ,
TH1: = 2 < x<3 hoac TH2: (vo ly)
9-3x>0 9-3x<0
Vay 2<x<3
Bai 2: Tim x biét:
2, X 3.0 b [2_ 421
3 4 3X 3 6

Hudéng dan giai
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2x 3 2X 3 33 9
——>0=>—>—=X>——=—
3 4 3 4 42 8
b, (£—4j§>g:>(£—4j>E.§:§:£>E:>3x.ll<4:x<i
3x 3 6 3x 65 2 3x 2 33
Bai 3: Tim x biét:
a, (x—6)(x+5)<0 b, (x—6)(x+5)>0 ¢, 2x—3<0

Huéng dan giai
a,  DE&(x—6)(x+5)<0 thi:

X-62>0 ., X-6<0
THI : (vo ly) hodac TH2: = -5<x<6
X+5<0 X+5>0
b, Dé: (x—6)(x+5)>0 Thi:
X—62>0 X—6<0
THI1: = X>6 Hoac TH2: = Xx<-5
X+5>0 X+5<0
C 2x—3<0:>2x<3:>x<E

Bai 4: Tim x biét:
a, (2x-4)(9-3x)>0 b, (x*~5)(x*-25)<0 o (x+5)(9+x*)<0
Hudéng dan giai
a, Dé: (2x-4)(9-3x)>0 thi:

2x—-4>0 2x—-4<0
THI: =2<x<3 hoac (voly)
9-3x>0 9 <0
b,  Dé& (x’-5)(x"-25)<0 thi:
x*-5>0 . |x*-5<0
THI: Hoac
x> -25<0 x*=25>0
¢ D& (x+5)(9+x°)<0, Vi X’ +9>0=x+5<0= x<-5
Bai 5: Tim x biét:
a, (x+3)(x-4)>0 b, (x*+7)(x*-49)<0 o (¥ +2)(x+3)>0
Huéng dan giai
a, Dé: (X+3)(X—4)>O thi:
{x+3>0 5 {x+3<0
TH1 =>Xx>4 Hoac = x<-3
X—-4>0 Xx—-4<0

Vi X2 +7>0=(x+7)(x-7)<0

X+7>0 x+7<0
THI1: = -7<X<7 TH2: (vo ly)
Xx—7<0 >0

¢ D& (X +2)(x+3)>0 thi x+3>0=>x>-3
Bai 8: Tim x biét: 4x+5—-|x+3 =11, x> -3

Huéng dan giai
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Véi Xx>-3=4x+5-(x+3)=11=3x=9=x=3
Bai 9: Tim n€ N biét:
a, 3<3"<234 b, 8.16>2">4 c, 4°.9% <2"3" <18".2"
Huéng dan giai

a, Tacc'):3<3”£234<243=35:>ne{2;3;4}

b, Tacd: 816>2">4=2">2">2" = ne{23456,7}

c, 459" < 2"3" <18%2"% = 36" <6" <36 =6¥ <6" <6¥ =>n=31

1 1 1

x2—5x+6+x2—7x+12+x2—9x+20+x2—11x+30ZO

Bai 10: Giai bat phuong trinh:

Huéng dan giai

1 1 1 1
+ + + >0
x> =5x+6 x*=7x+12 x*-9x+20 x*-11x+30
1 1 1 1

SR oy o ey R oy s o el W

1 1 1 1 1 1 1 1

- + — + - + - >0
x—2 x-3 x-3 x-4 x—-4 x-5 x-5 x-6
1 1 —4
C>X_Z—X_6ZO@WZOQ(X—z)(X—6)<O

x—2>0

x—6<0 2<x<6
= =

x—-2<0 xed
x—6>0

Két hop voi diéu kién ta c62 <x <6 va x #3;4;5

Bai 11: Tim n € N biét:
a, 32< 20 <128 b, 2.16 > 2n>4
Huéng dan giai
a, 2° < 2" <2048 =2" = ne{6;7;8,9;10}
b, 216>2">4=2">2">2" = ne(543}

Dang 10 : Tim cac an v6i diéu kién nguyén.

\ e N\ N 2 4 ~ A A? A ~ n + l
Bail: Tim tat ca cdc sO nguyén n dé phan so

o gia tri la mot s6 nguyeén.
Huéng dan giai

Xét phan s6 n+tl_n-2+3_,, 3

n-2 n—2 n-2

n+1
n-2

bé 1a mot s8 nguyén <> 3:n—-2 < n-2eU3)={+1;£3}
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Ttr &6 ta co:

n-2 -3 -1 1 3

n+1
n-2

Vay neU@3)={-113;5} thi

la mot s6 nguyén

Bai 2: Cho A= Zn”+3

(n=2).

Tim s6 nguyén n dé A la moét s6 nguyén.
Hudéng dan giai
2n+3  2(n-2)+7 7

= :2+_
n-2 n-2 n-2

Taco: A=

D¢ A la mot s6 nguyén thi phai la s6 nguyén.

n-2
Do d6 (n—2) € U(7) ma U(7) = {il; i7}, nén ta c6 bang sau:

n-2 -7 -1 1 7

n -5 1 3 9

T™ neZ | TMneZ |TM neZ TM neZ

Vay ne{-5;1 3; 9} thi A lamot s nguyén.

X+3

Bai 3: Tim cdc gia tri nguyén cua X d€ nhan gia tri nguyén.

Huéng dan giai

Ta co:

XF3_XZ245 1, O 7o x-2eU(5)={+L145)
X—2 X—2 X—2

= x=13-3.7

Bai 4: Tim s0 nguyén n d€ 4n+5chia hét cho2n+1.
Huéng dan giai
Ta co: 4n+5=2.(2n+1)+3
Vi 2(2n+1)i2n+1 v6i VneZ
Nén d€ 4n+5:2n+1 thi 3:2n+1
=2n+1eU3)={-3-113}
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Ta co bang gia tri sau:

2n+1 -3 -1 1 3

N 2 1 0 1

Vay ne{-2,-1,0;1} thi 4n+5:2n+1
Bai 5: Tim s0 ty nhién 7 sao cho 2n+7:n+1
Huéng dan giai
Ta cé: 2n+7:n+1

©2(n+1)+5i(n+1)
< 5:in+1
o n+lel(5)={1;5},0i neN
o nel0;4}

Bai 6: Tim s6 nguyén n d€ phan s6 2N +21
n+

Hudng dan giai

o gia tri la s6 nguyén.

D& 2n+1
n+2

Vin+2in+2 nén 2(n+2)in+2 (2)

Tir (1) va (2) [2(n+2)-(2n+1)]in+2

=3:in+2

Vi n+2 nguyén nén n+2€{—1; —3;1;3} = ne{—3; -5 —1;1}

Vay v6i = ne{-3,-5-L1} thi phan s& 2n +21
n+

o gia tri la s6 nguyén thi 2n+1in+2 (1)

la s& nguyén.

Bai 7: Tim s8 tu nhién n d& biéu thirc sau Ia s§ tu nhién:g = 21 +2, 5N+17 3N
n+2 n+2 n+2
Huéng dan giai

Ta co:
=2n+2+5n+17 3n _2n+2+5n+17-3n_4n+19

B — =
n+2 n+2 n+2 n+2 n+2

_ 4(n+2)+11=4+ 11
n+2 n+2
11
n+2

= 11 (n+2) = n+2 e U(I1)= {£];£11}

Dé B la s6 tu nhién thi l1a sO ty nhién

Don+2>1nén n+2=11 =n=9
Vayn=9thiB e N

Bai8: Timndé n*—n*+n+7:n*+1

Huong dan giai
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Tacd: n° -’ +n+7in* +1=n*+n—(n +1)+8in° +1

= n(n® +1)—(n® +1)+8in* +1=n’ +1eU (8)

= X(x+2)+(x+2)-3ix+2=x+2eU(3)

Bai 9: Tim cdc cdp s nguyeén (x; y) d€ biéu thirc sau cd gia tri nguyén:
C3x(x+y)-6(x+y)+1

X—2
Huéng dan giai

K

(3x—6)(x+ y)+1= 3(x—2)(x+y)+1

Dé: K = cO gia tri nguyén thi :
X—2 &la Hngtly X—2 X—2
Phai c6 gia tri nguyén hay lfx—2:>X—2€U(1):>X—2€{—1;1}:>X=3,X=1
2n+3

Bai 10: Tim s6 nguyén n d€ B= o gia tri nguyeén.

3n+2
Hudéng dan giai
Dé B 2n+3

= co gia tri nguyén
3nap O BEATHNELY

< 2n+3:3n+2
=3(2n+3):3n+2 va 2(3n+2)i3n+2

= 3(2n+3)-2(3n+2)}(3n+2)
=5:3n+2
=3n+2el(5)e{1;-1;5;-5}
:>ne{—1;1} ,vineZ

\ e N N, 2 /4 n A ~? e ~ n + 1 /4 .7 . \ A n A
Bai 11: Tim tat ca cdc sO nguyén n dé phan so c6 gia tri la mot s6 nguyeén.

Hudéng dan giai

n+; 1a s6 nguyén khi (n+1): (n—-2)

Tacé n+1=[(n-2)+3]
Vay (n+1):(n-2) khi 3:(n-2)
(n-2)eUQB) ={-3-LL3 =ne{-1135}.

Bai 12: Cho A=""2
n+3

a) Tim diéu kién cua n dé: A la mot phan so.
b) Tim gia tri nguyén cua h dé€ A la mot s6 nguyén.
Hudéng dan giai
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o o a e |NEZ neZz
a) bé A la mot phan so thl{ {

& .
n+3%0 n=-3

n—2_l_ 5
n+3 n+3

D& A 1a mot s6 nguyén thi (n+3)e U(5) = {£1; £5}

b) Ta co: A=

Ta co bang;:

n+3 -5 -1 1 5

n -8 -4 -2 2

Vay dé A la mot s6 nguyén thi ne{-8;,-4;-2;2}.

27 —2X

Bai 13: Cho Q =
12— X

. Tim cac sd nguyén X dé Q cé gia tri nguyén ?

Hudng dan giai
Diéu kién: Xe Z,X#12
27—2x_2.(12—x)+3_2 3

+

Bién doéi: Q =
12-x 12 -x 12 — x

el

Ta co: 2e Z;X € Z;X #12nén Q cb gid tri nguyén khi va chi khi B
—X

Ma €Z <12-xeU(3)={-3,-113} = xe{1513;11,9}

12 - X
Vay Q nguyén khi va chi khi x € {15;13;11;9}
Bai 14: Tim X, Yy nguyén biét: Xy +3Xx—y =6
Hudéng dan giai
Tacéd: Xy +3x—y=6<x(y+3)—(y+3)=6-3
= (X —1)( y+ 3) =3=13=31= (—1).(—3) = (—3).(—1) . Ta c6 bang sau:

x—1 1 3 -1 -3
y+3 3 1 -3 -1
X 2 4 0 —2
0 -2 —6 —4

Vay (xy)={(20):(4:-2);(0:6);(~2-4)}
Bai 15: Tim cac s6 nguyeén X,y biét Xx—2xy+y—-3=0
Huéng dan giai
Taco: X—2xy+y—-3=0
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< 2X—-4xXy+2y-6=0< 2x-4xy+2y-1=5
< 2x(1-2y)—-(1-2y)=5<(2x-1)(1-2y)=5

Lap bang:
2x -1 1 5 -1 -5
1-2y 5 1 -5 -1
1 3 0 -2
y -2 0 3 1
Thoa man Thoa man Thoa man Thoa man

4x—7_B_3ﬁ—9x+2
Xx—2" x—3

a) Tim gia tri nguyén ctia X d€ moi biéu thirc c6 gid tri nguyén

Bai 16. Cho 2 biéu thire: A=

b) Tim gia tri nguyén cua X d€ ca hai biéu thirc cung c6 gia tri nguyén
Hudéng dan giai
— 4(x—-2)+1
ax-7 _4(x-2)+1_, 1
X—2 X—2 X—2

Véi XeZthi X—-2eZ

a) Tacéd: A=

1 ) x—2=1 X=3
5 nguyén =>x-2eU()=>

pée A én thi =
¢ Anguyen thi — X—2=_1 x=1
2 _ _
5o X 9x+2 _3x(X 3)-+2:3X+ 2
X—-3 X—3 X—3

Voi XeZ=>X-3eZ

D¢ Bnguyén thi

33 nguyén = x—3eU (2)={+1;+2}
Do d6 X=5X=1Xx=4,Xx=2
Vay dé€ Bnguyén thi X € {5;1;4; 2}
b) Tt cau a suy ra dé A, B cling nguyén thi x=1.
Bai 17: Tim cac s6 nguyén x va y biét: 2xy -6y +x=09.
Huéng dan giai
2Xy -6y +x=9
2y(x—3)+(x-3)=6
(x-3)(2y+1)=6
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Vizx, y1a cdc s6 nguyén nén (x—3) va (2y+1) la cac wSc ctia 6 va (2y +1) lasg 1é
X—3=6 x=9
. =
2y+1=1 y=0
X-3=-6 X=-3
. =
2y +1=-1 y=-1
X-3=2 X=5
=
2y+1=3 y=1

X—3=-2 x=1
° =
2y+1=-3 y=-2

Bai 18: Tim tat ca cac cdp s nguyén X, Yy sao cho X—Xxy+Yy=0

nén:

Huéng dan giai
a) Ta co:
X—=Xxy+y=0
= x(1-y)+y=0
= (1-y)-x(1-y)=1
& (1-x)(1-y)=1=11=-1.-1

1- x 1 -1
1- y 1 -1
X 0 2
y 0 2
Vay (xy)={(0:0):(2:2)}
Bai 19: Tim cac cdp s6 nguyén (x, y) thoa man : §+1: ﬁ

Hudng dan giai
1 X+5 1

=
y-1 5 y-1

=>(x+5)(y-1)=5
Do x;y€Z nén x+5 va y-1 la wdc ctia 5 ma U(5)={+1;+5}

Ta co: 5+1=
5

Ta c6 bang gia tri trong tng sau:

x+5 -5 -1 5
y-1 -1 -5 5 1
X -10 -6 -4 0
y 0 -4 6 2
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Vay cac cap s6 nguyén can tim la :
(%,y)=1(-46),(0;2),(-6;4),(~10,0)}

2n—7

Bai 20: Tim s0 nguyén n dé€ phansd M = o gia tri la sO nguyeén.
Hudng dan giai

2n-7 _2n-10+3 _2(n-5)+3 , 3

Tacd M = +
n-5 n-5 n->5 n-5
Vi2eZ néndé M €Z thi 5eZ = n-5 1a wdc ctia 3.
n_
Lap bang:
n-5 1 -1 5 -5
n 6 (tm) 4 (tm) 10 (tm) 0 (tm)

Vay voi ne{0;4;6;10} thi M c6 gid tri la s6 nguyén.
Bai 21: Tim cac s0 tu nhién x, y biét: 2xy —5x+2y =148
Hudéng dan giai
Tim céc s6 tw nhién x, y biét
2xy —5x+2y =148 = (2xy +2y)—5x-5=148-5= 2y (x+1)-5(x+1) =143
= (x+1)(2y—5) =143
Do x, y la cac s0 ty nhién nén x+1 va 2y -5 la wdc cta 143

Do 143=1.143=11.13 nén ta c6 bang sau

x+1 1 143 11 13
2y-5 143 1 13 11
X 0 142 10 12
y 74 3 9 8

Bai 22: Tim cac cdp s6 nguyén duwong (X;Yy) biét : 3Xy+x+y=13.
Hudéng dan giai
Tt 3xy +x+y=13.

= X(3y +1)+%.(3y+1)—%:13.

1 1
= @By+D.(x+=)=13+—.
By +1).( 3) 3

= (3y +1).(3x+1) = 40.(*)
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X 0 (loai) 1
y 13 3

Vi X;¥ nguyén duong do d6 3y+1va 3X+1clng la hai s6 nguyén duong nén tu

(*)suy ra3y+13x+11a wdc cua 40. Miat khac 3x+1 la s6 chia 3 dw 1 nén ta cd

bang sau:
3x+1 1 4
3y+1 40 10

Vay cdp sO nguyén duong (X;y) thda man bai toan la (x;y) = (L3)
Bai 23: Cho A = 2zy — 10z + 3y . Tim cac sO nguyén z,y d€ A = 28
Huéng dan giai
A=2xy—10z + 3y
— 22y — 10z + 3y = 28
= 2z(y—5)+3y—15=13
= 2x(y—5)+3(y—5)=13
= (22+3)(y-5)=13=113=131=-1.-13=-13.- 1
Ttr d6 ta c6 cac cdp (:l:;y ) la (1;18);(5;6);(—2;—8);(—8;4)
Bai 24: Tim s0 nguyén x va y biét: xy —x+2y=3 .
Hudng dan giai
Tacld: xy—x+2y=3=xy—x+2y—-2=5=(xy—x)+(2y-2)=5
=>x(y-1)+2(y-1)=5=(y-1)(x+2)=5
Vi X,yeZ nén y-1eU(5) ={-5-1,1, 5}

y -1 -5 -1 1 5
y -4 0 2 6
X+2 -1 -5 5 1
X -3 -7 3 -1

Vay céc cip s nguyén x, y thoa man la: (x;y) € {(-3,-4),(~7:0).(3;2),(-16)} .

Bai 25: Tim X, y nguyén biét: 3x+xy+2y =17.

Hudéng dan giai
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3X+Xy+2y =17
< x(3+y)+2(3+y)=23
< (x+2)(3+y)=23

Ta c6 bang;:
X+2 -1 1 -23 23
3+y 23 23 -1 1
X -3 -1 -25 21
y 26 20 4 -2

Vay (x;y)e{(-3,-26); (-1 20); (-25;-4); (21, - 2)}.

Bai 26: Tim X, ynguyén biét: x+y+xy =40.
Hudéng dan giai

Tacd X+y+xy=40=x+y+xy+1=41
= X(Y+1)+(y+1) =41= (x+1)(y+1)=41
Ma 41 chi c6 céc cach phan tich thanh tich ctia cc cdp s6 nguyén nhu sau
X+1=1y+1=41
X+1=41Ly+1=1
X+1=-1Ly+1=-41
X+1=-4Ly+1=-1

41=(—1).(-4) =141 =

x=0;y=40
x=40,y=0
X=—-2;y=—42
X=—-42;y=-2
Vay (X, y)€{(40;0);(0;40);(-2-42);(-42,-2)}

Bai 27: Tim s6 nguyén x,y bi€t: xy+4x=25+5y.
Huéng dan giai
Ta cé: xy+4x=25+5y < x(y+4)=25+5y (1)
+) Néu y=-4 thi pt (1) vd nghiém
+) Néu y=—4 thi pt () trd thanh:
(_5y+25 _ 5(y+4)+5 g, 5

y+4 y+4 y+4
D¢ x,y nguyén thi y+4e{+1; +5}
Lap bang
y+4 -5 -1 1 5
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y -9 -5 -3 1

X 4 0 10 6

Vay (x,y)=(4-9).,(0; -5),(10; -3),(6; 1).

Bai 28: Cho cac sd nguyén a, b, ¢, d thdbamén: a+b=c+d va ab+1=c.d.Chiing minh

réngc=d
Hudng dan giai
Tt a+b=c+d=a=c+d-b , thayvao ab+1=cd taduoc:
(c+d—b).b+1=c.d:>cb+db—cd+1—b2 :0:>b(e—b)—d(e—b)+1:0

= (b-d)(c-b)=-1
Via, b, ¢, d 1a cac s6 nguyén nén (b —-d ),(c —-d ) la cac s6 nguyeén, ta c6 cac TH sau:

a1 (P TI L MA=b L oy SO A=l
c—-b=1 c=b+1 c—-b=-1 c=b-1

Bai 29: Tim tat ca cac cap sO nguyeén (x,y) thoa man: x*+x =3 +1.
Huéng dan giai

+) TH1: Véi y<0, ta co:

VP =3 +1 khong la s6 nguyén

VT =x*+x la sd nguyén

= Truong hop nay loai.

+)V6i y=0,taco xX* +x=3""+1=x*+x=2

= x(x+1)=1.2=(-2).(-1)

= X=1 hoac x=-2.

+) V6i y>1, ta cd: VP =3 +1 chia cho 3 du 1

Vi X nguyénnén X c6 dang 3k; 3k +1; 3k + 2

Véi x=3k va x=3k+2 thi VT =x(x+1):3

V6i x=3k+1 thi VT = x(x+1) chia cho 3 dw 2.

Do d6 truong hop nay loai.

Vay cdp s0 nguyén (x;y) can tim la: (1,0), (-2;0).
Bai 30. Tim tap hop céc s6 nguyén X, biét rang:

45:2£—7<X< 33:3,2+4,5.1ﬂ , —21l
9 18 5 45 2

Huéng dan giai
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Tacé:4§22£—7—ﬂﬁ—7 2—7=-5.Lai co:
9 18 9 41

31 13,2+ 45131 21i 16 9 6.3 1+§ —_2:£—_2:—_2
5 45 2 516 2°45) 2 5)43 5 43 5

Do dé —5< X<%2mé xeZ= xe{-4,-3-2;-1}
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CHU PE 4: CAC DANG TOAN
VA PHUONG PHAP CHUNG MINH CHIA HET

A.LY THUYET CAN NHO:

Pinh nghia: Cho hai s6 ty nhién @ava b , trong d6b#0 . Tandi @ chia hét cho b
néu ton tai sd tw nhién  sao cho @ = bQ. Khi d4 ta con néi: @ 1a bdi ctia b, hodc b 1a wée

ctia a.

Céc tinh chit chung:

1) Bat ctt s6 nao khac 0 cling chia hét cho chinh né

2) Tinh chat bic cau: néu @ chia hét cho b va b chia hét cho ¢ thi @ chia hét cho c.

3) S6 0 chia hét cho moisd b khac 0

4) Bat ctr s nao cting chia hét cho 1

Tinh chit chia hét ctia mot tong va hiéu

5)Néu a va b cung chia hét cho M thi a+b chia hét cho M, a—b chia hét cho M.

H¢ qua: Néu tdong cta hai s6 chia hét cho M va mot trong hai sd ay chia hét cho M thi
s con lai cting chia hét cho M.

6) Néu mot trong hai s @ va b chia hét cho M, s6 kia khong chia hét cho M thi
& + Dkhong chia hét cho M, @ — b khéng chia hét cho M

Tinh chat chia hét cia mot tich

7) Néu mot thira s6 cta tich chia hét cho M thi tich chia hét cho M
8) Néu a chia hét cho M va b chia hét cho N thi ab chia hét cho m.n

Hé qua: Néu @ chiahétcho b thi &" chia hét cho b"
Mot s6 dau hiéu chia hét

bat A=a a

n n-1°

.a,aa,,voia_a_ ;..;a,a;a,lacacchx s0. Khi d6 ta co cac dau hiéu chia
hét nhu sau:

*Ai2 a,i2 < a, €{0;2;4;6;8}
A3 (8, +a, +..+a,, +a,):3.
oAld = aa, 4

A5 a,i5 < a, €{0;5}.
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 eA8<a,3,a,:8

e A9 (8, +a, +...+8,, +a,):9.

e Allle[(ay +a, +...)— (8 +a, +...) |11,
e Ai25 < aa,:25

e Ai125 < a,a,8, 125

Dang 1: Chitng minh chia hét
Bai 1: Chitng minh r?mg:
a, ab+baill b, ab—ba‘9 (a>b) ¢, abcabc:7,11,13
Hudéng dan giai
a, Tacé: ab+ba=10a+b+10b+1=11b+11bi11
b, Tacd: ab—ba=(10a+b)—(10b+a)=9a—9b:9
¢, Ta c6 : abcabc = abc.1001=abc.7.11.13:7,11,13
Bai 2: Chting minh rang:
a, (N+10)(n+15):2 b, n(n+1)(n+2):2,3 ¢, N> +n+1 khong :4,2,5
Huéng dan giai
a, Ta co: Néunla solé thi n+15:2
Néu n 1a s8 chdn thi n+10:2, Nhw vy véi moi n 1a s8 twe nhién thi :
(n+10)(n+15):2
b, Ta cé: Vi n(n +1)(n + 2) 12 3 s8 tw nhién lién ti€p nén sé co 1 s6 chia hét cho 2,1 s
chia hét cho 3
¢, Tacd: n(n+1)+11a 1 s6 lé nén khong chia hét cho 4,2 va co chir sd tan cung khac
Ovab
Bai 3: Chting minh rang:
a, (N+3)(n+6):2 b, n?+n+6 khong : 5 c, aaabbb:37
Hudéng dan giai
a, Ta c6: Néu n 14 s6 chan thi n+6:2
Néu n 1é thi n+3:2, Nhw vy v6i moi n 12 s6 tu nhién thi (n+3)(n+6):2
b, Tac6: N°+n+6=n(n+1)+6, Vi n(n+1) 1a tich hai s& tw nhién lién ti€p nén chi
c6 chir s6 tan ciing 1a : 0, 2, 6, do d6 :N(N+1)+6 s& c6 tan cting 12 6, 8, 2 nén khéng
5
¢, Ta c6 : aaabbb =aaa000+ bbb =a.11100+b.111=a.300.37 +b.3.37 chia hét cho 37
Bai 4: Chitng minh r?mg:
a, aaa‘a,37 b,ab(a+h):2 ¢, abc—chai99
Huéng dan giai
a, Ta cé: aaa=a.111=a.3.37 chia hét cho a va chia hét cho 37
b, Ta co: Vi a, b 1a hai s6 tw nhién nén a,b c¢6 cadc TH sau:
TH1: a, b cling tinh chan 1é thi (a+b) 1a 1 s6 chdn nhwu vay a + b chia hét cho 2
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TH2: a, b khdc tinh chan 1é thi 1 trong 2 s8 phai c6 1 s8 chan khi d6 s6 d6 chia hét

cho 2

¢, Ta c: abc—cba=100a+10b+c—(100c+10b+a)=99a-99c =99(a—c):99
Bai 5: Chting minh rang : ab+8ba:9
Huéng dan giai
Ta cé: ab+8ba=10a+b+8(10b+a)=18a+18b=18(a+b):9
Bai 6: Cho a,b € N. Chttng minh rang: (4a+b):5 < (a+4b):5.
Hudng dan giai
Tac6: (4a+b):5=4(4a+b):5= (16a+4b):5=15a+(a+4b):5=(a+4b):5 (dpcm)
Bai 7: Chting minh rang s6 ¢6 dang : abcabc ludn chia hét cho 11
Huéng dan giai
Taco:
abcabc = a.10° +b.10* + ¢.10° + b.10+ ¢ = a.10% (10° +1) + b.10(10° +1) + ¢ (10° + 1)
=(10° +1)(a.10* +b.10+¢) =1001(a.10° +b.10+ ¢) =11.91.abc:11
Bai 8: Tim n 14 s8 ty nhién dé&: A =(n+5)(n+6)i6n
Huéng dan giai
Tacé: A=12n+n(n—1)+30 , D& Ai6n = n(n-1)+30i6n
Ta cé: n(n—1)in=30in=>neU(30)={1;:2:3;5:6:10:15;30
Va n(n-1):6 = n(n-1):3 = n e {1;36:10;15;30}
Thtt vao ta thdy ne {1;3;10;30} thoa man yéu cau dau bai
Bai 9: Chitng minh rang: 3a+ 20317 khi va chi khi 10a+b:17 (a,b € Z) va nguoc lai c6
dung khong?
Hudng dan giai
* 3a+2b:17=10a+b:17
Ta co: 3a+2bi17 = 9.(3a + 2b):17 = 27a +18b:17 = (17a+17b) + (10a +b)i17 = 10a + b:17

*10a+b:17 = 3a+ 20317

Ta c6: 10a+bi17 = 2(10a +b)i17 = 20a+2bi17 = 17a+3a + 2b:17 = 3a + 2b:17

Bai 10: Chttng minh r?mg:

a, Néu ab+cd:11 thi abcd 11 b, Cho abc —deg:7 cmr abcdeg:7
Huéng dan giai

a, That vay abcd =100.ab+cd =99.ab+(ab+cd), chia hét cho 11.

b, Ta c6 abcdeg =1000abc + deg = 1001abc — (abc — deg)

ma abc—deg:7 va 1001:7 nén abcdeg:7

Bai 11: Chting minh rang:

a, Chting minh néu ab = 2cd véia, b, ¢, d la cac chit 8 khac 0 thi abed chia hét cho 67,
b, Cho s6 abc chia hét cho 27. Chttng minh réng bca chia hét cho 27
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Hudéng dan giai

a,Tacé%:2a

va abed = ab.100 + cd = 2¢d.100 + cd = ¢d.201 = ¢d.67.3

Vay abcd chia hét cho 67

b, Tacd:
abci27 = abc0:27 = 1000a+bc0:27 = 999a+a+bc0:27 = 27.37a+bca:27

Do 27.37a:27 nén bca:27.

Bai 12: Chitng minh r?mg:
a, abcdeg:23,29 néu abc = 2.deg b, Cmr néu (ab+cd +eg):11 thi abcdeg:ll
Hudéng dan giai
a, Ta c6 : abcdeg =1000abc + deg =1000.2deg + deg = 2001deg = deg.23.29.3
b, Ta ¢6 : abcdeg =10000.ab+100cd +eg = 9999ab +99cd + (ab+cd +eg):11
Bai 13: Chiing minh rang:
a, Cho abc +deg:37 cmr abcdeg:37 b, Néu abcd 99 thi ab+cd:99
Huéng dan giai
a, Ta ¢4 : abcdeg =1000abc + deg = 999abc + (abc + deg) : 37
b, Ta co: M:mo%+ﬁ:99%+(%+ﬁ):99 — ab+cd:9
Bai 14: Chitng minh réng: Néu abcd:101 thi ab-cd 101
Huéng dan giai
Ta c6 : abed :101=>100.ab+cd =101.ab—ab +cd = 101.%—(%—5)3101=>
ab—cd 101
Bai 15: Chting minh rang: a—11b+3c:17thi 2a-5b+6c:17 (ab,c € Z)
Hudng dan giai
Ta cé: a—11b+3ci17 = 2a—-22b+6¢:17 = (2a—5b +6¢) -17b:17 = 2a—5b + 6¢:17
Bai 16: Chitng minh r?mg:
a, abcd 29 thi a+3b+9c +27d:29 b, abc:21 thi a—2b+4ci21
Huéng dan giai
a, Ta c6 : abcd =1000a +100b +10c + d : 29 = 2000a + 200b + 20c + 2d : 29

= 2001a—a+203b —3b+29c — 9c + 29d — 27d 129
= (2001a +203b +29¢ +29d ) — (a + 30 + 9c + 27d )29

:a+3b+_9c+27d529
b, Ta cé: abc:21=100a+10b+c:21= 4(100a+10b+c)§21

= (a—2b+4c)+(399a+42b):21

= (a—2b+4c)+21(19a+2b):21

= (a—-2b+4c):21

Bai 17: Chitng minh rang néu ab +cd +eg chia hét cho 11 thi abcdeg chia hét cho 11.

Huéng dan giai
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Bai 18: V6i a,b 1a cac s8 nguyén, ching t6 rang: a+4b:13 khi va chi khi 10a+b:13

Hudéng dan giai
Ta c6: a+4bi13 =10.(a+4b):13 (1)
Lai c6: 10(a+4b)=10a+40b =10a+b +39a
Ma 392113 (2).
Tir (1) va (2) =10a+bi13.
Bai 19: a) Cho abc +deg chia hét cho 37. Chitng minh rang abcdeg chia hét cho 37
b) Cho abc —deg chia hét cho 7. Chitng minh rang chia hét cho 7

Huéng dan giai

a) abcdeg =1000x abc + deg = 999 x abc +(abc+ deg)537

b) abcdeg =1000x abc + deg =1001x abc — (abc — deg) chia hét cho 7.

Bai 20: Tim chit s§ @ biét rang 20a20a20a chia hét cho 7

Huéng dan giai

n = 20a20a20a = 20a20a.1000 + 20a = (20a.1000 + 20a).1000 + 20a
=1001.20a.1000 + 20a ..

Theo dé bai n chia hét cho 7, ma 1001 chia hét cho 7 nén 20a chia hét cho 7.
Ta c6 20a =196+ (4+4a), chia hét cho 7 nén 4+ a chia hét cho 7. Vay a =3.

Bai 21: Cho ba chit sd khdc nhau va khac 0. Lap tdt ca cac s tw nhién c6 ba chit s6 gom ca

ba chit s§ &y. Chting minh rang tong ctia chting chia hét cho 6 va 37
Huéng dan giai

Goibachitsola a, b, c.

Cac s6 tw nhién c6 3 chir s6 gom 3 s6 ay la: abc, ach, bca, bac, cha, cab

Tong cac sd theo dé bai bing: abc +ach +bca +bac +cba +cab = 222(a+b+c)

chia hét cho 6 va 37.

Bai 22: C6 hai s§ ty nhién X va y naoma (X+Y)(x—y)=1002 hay khong?
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Hudéng dan giai

Gia st ton tai cac sd tw nhién x va y ma

(x+y)(x-y)=1002 (1).
Khong thé xay ra tredong hop trong x va y cé mot s6 chdn, mot s6 1€ vi néu xay ra thi
x+y va x—y déulénéntich (x+y)(x—y) lasdlé, trai véi (1).

Vay x va y phai cing chdn hodc cting 1é. Khi d6 x+y va x—y déu chdn nén tich
(x+Yy)(x—y) chia hét cho 4, trong khi d6 1002 khong chia hét cho 4, v6 1i.

Vay khong ton tai cac sO ty nhién x va y ma (X + y)(x - y) =1002.

Bai 23: Tim s0 tw nhién ¢ hai chit s6, sao cho néu viét né tiép sau sd 1999 thi ta duwoc mot
sO chia hét cho 37

Huéng dan giai

Goi s phai tim 1a ab.

Ta c6:1999ab:37 =199900+ab:37 = 5402.37+26+ab:37 = 26+ab:37
Vay ab e {11;48;85} .
Bai 24: Cho N 1a s§ tu nhién. Chitng minh rang:

a) (n + 10)(n + 15) chia hét cho 2

b) n(n + 1)(n + 2) chia hét cho 2 vacho3

¢) n(2n+7)(7n+1)chia hétcho 6

Hudéng dan giai
a) NéunlasGlé thin+15 chia hét cho2nén (n + 10)(n + 15) chia hét cho 2.

b) Néu n la s6 chdn thin + 10 chia hét cho 2 nén (n + 10)(n + 15) chia hét cho 2.

¢) Trong2s8n va (7n+1) phai c6 mét s§ chdn nén n(2n+1)(7n+1):2
Ma (3, 2) = 1 nén ta chi can chting minh n(2n+1)(7n+1):3
Xét 3 trudng hop:
- Truong hop 1: n=3k thi n(2n+1)(7n+1)=3k(6k+1)(21k+1):3

- Trudng hop 2: n=3k +1thi 2n+7 =(6k+9):3=n(2n+7)(7n+1):3
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- Truong hop 3: n=3k +2thi 7n+1=(21k+15):3=n(2n+7)(7n+1):3

T 3 truong hop trén suy ra n(2n + 7)(7n + 1) chia hét cho 6.

Bai 25: Tim tat ca cac chit s6 X, ¥ sao cho 2019xy chia hét cho ca 2,3 va 5.
Hudéng dan giai

Tim tat ca cac chit s6 X, ¥ sao cho 2019xy chia hét cho ca 2, 3 va 5.

Ta c6 2019xy chiahétchoca2va5 = y=0.

Lai ¢6 2019xy :3nén (2+0+1+9+x+0):3 = (12 + x):3.

= xe{0; 3; 6; 9}

Vay (xy)€{(0:0); (3:0); (6:0); (9:0)}.

Bai 26: Cho hai s6 nguyén a va b khong chia hét cho 3, nhung khi chia cho 3 thi c6 cung s6
du:
Chting minh réng: (ab-1):3
Huéng dan giai
Taco: a=3p+r,b=3q+r(p,q,reZ,r=12) khidé
ab-1=(3p+r)(3q+r)-1=3p(3q+r)+r(3p+r)-1=9pg+3pr+3qr+r° -1
Néur=1thi r*-1=1-1=0:3
Néur=2thi r’-1=4-1=3:3
Vay (ab—1) luén chia hét cho 3.
Bai 27: Tim s& tw nhién c6 4 chit s6, chia hét cho 5 va cho 27 biét rang hai chit sd giita cta
s0 d61a97
Hudéng dan giai
Goi N la s§ phai tim, N phai tan cung bang 0 hodc 5 va N phai chia hét cho 9. Xét
N=*975 chia hét cho 9 nén * = 6. Thwr lai: 6975 khong chia hét cho 27

Xét N =*970 chia hét cho 9 nén *= 2. Tht lai: 2970 chia hét cho 27.

SG phai tim la 2970
Bai 28: Hai s6 twnhién @ va 2a déu c6 tdng cac chit s6 bang K . Chiing minh réng @ chia
hét cho 9

Huéng dan giai
Ta biét rdng mot s6 va tong cac chit s§ ctia né c6 cling s& du trong phép chia cho 9, do
d¢6 hiéu cua chung chia hét cho 9.

Nhw vay: 2a-k:9

Va a—k:9
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Suyra: (2a-k)—(a-k):9

Do d6 a:o
Bai 29: Cho s8 ty nhién ab bang 3 l4n tich cac chit s6 ctia n6
a) Chitng minh ring D chia hét cho a
b) Giaseb = ka (ke N), chiing minh rang k 1a wéc ctia 10
¢) Tim cac s0 ab néi trén
Huéng dan giai
a) Theo dé bai: ab = 3ab
=10a + b = 3ab 1)
=10a + ba:a
= b:a
b) Do b=ka nén k <10 . Thay b=ka vao (1):
10a + ka = 3a.ka
=10+k =3ak (2)
=10 : k
c)Do k<10 nénk € {1;2;5}
Véi k =1, thay vao (2) : 11=3a, loai
Véi k=2, thay vao (2): 12=6a = a =2,
b=ka=22=4.Taco ab=24=324
Véi k=5, thay vao (2): 15=5a= a=1;
b=ka=5.1=5.Tacs ab=15=3.15.
bép s6: 24 va 15
Chu y. Cach giai cau c khong thong qua cau a vab
ab=3ab=10a + b = 3ab= 10a = 3ab - b= 10a = b(3a - 1)
Ta thdy 10a chia hét cho3a—1, ma a va 3a—1 nguyén t6 cung nhau (that vay, néu
a va 3a—1cung chia hét cho d thi 3a—(3a —1) chiahétcho d ,ticlal:d ,vayd =1)

nén10:3a -1

3a -1 1 2 5 10
3a 2 3 6 11

a Loai 1 2 Loai
b 5 4

bép s6: 15 va 24
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Bai 30: Tim s0 ty nhién ¢ hai chit s6, biét rang s6 d6 chia hét cho tich cac chit sd cia nod

Huéng dan giai
Goi s0 phai tim 1a ab, taco 10a+b : ab (1)
Suyra b : a.Ditb=ka (2) thi k < 10 (ke N)
Thay b=ka vao (1)taco 10a+ka : akb
= 10a‘ka=10:k =k e{l, 2, 5}

Néu k =1 thi b=a .Thay vao (1) ta duoc 11a’a’ = 1l'a=a=1

Vay ab =11

Néu k=2 thi b=2a . Xét cacso 12, 24, 36, 48 ta co cac s 12, 24, 36 thda man dé bai
Né&u k =5thi b =5a=> ab =15 thoa man dé bai

Két luan: C4 5 sO thoa man dé bai la 11, 12, 15, 24, 36

Bai 31: Tim s0 tu nhién n sao cho 18n+3 chia hét cho 7

Huéng dan giai

Cich 1.

18n+3 7
< 14n+4n+3 17
< 4n+3 7
< 4n+3-7 7
< 4n-4 7
o 4(n-1) 7

Talaicé (4,7)=1nén n-1:7
Vay n=7k+1 (keN).

Cach 2.

18n+3 :7
<18n+3-21 17
<18n-18 7
< (18n-1) 7
Talai 6 (18,7)=1nén n-1:7
Vay n=7k+1 (keN)

Nhin xét: Viéc thém bét cac bdi ctia 7 trong hai cach giai trén nham di dén mét bidu

thtec chia hét cho 7 ma & d6 hé s6 cua n bang 1.
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~ Bai 32: Tim s8 tu nhién nho nhat biét rang s8 d6 chia 9 dw 5, chia 7 dw 4, chia 5 du 3.
| // Hudng dan giai

Goi s0 tw nhién nhé nhat thdéa mén yéu cau dé bai la a

Viachia9dw5nén a+4:9 =a+4+153:9 = a +157:9

Viachia7duw 4 nén a+3:7 =a+3+154:7 = a+157:7

Viachia5dw3nén a+2:5=a+2+155:5=a +157:5

Suy ra a+157€ BC (9,5,7)

BCNN (9,5,7) = 315

—=a+157=315k vi anhd nhatnén k=1 =a =158

Vay sO tw nhién nho nhat thoéa man yéu cau dé bai la : 158.
Bai 33: Mot so chia cho 7 dw 3, chia cho 17 du 12, chia cho 23 dw 7. Hoi s6 d6 chia cho 2737
du bao nhiéu?

Hudng dan giai
Goisd dachola A Theobairatacd: A=7a+3=17b+12=23c+7

Mat khédc: A+39=7a+3+39=17b+12+39=23c+7+39
=7(a+6)=17(b+3)=23(c+2)

Nhu vay A+39 dong thoi chia hét cho 7,17 va 23.

Nhung UCLN(7,17,23) =1=(A+39):7,17,23 = A+39:2737 = A=2698.

Do 2698 < 2737 nén A:2737 c6 sd du la 2698.
Bai 34: Cho s8 abc:37 .ching minh rdng cabi37

Hudng dan giai
Vi abe:37 nén 100.abe:37 = 10000a -+ 10006 + 100¢: 37
— 100¢ + 10a -+ b + 9990a + 999537 = cab + 37.(270a + 27b):37

= cab:37
Bai 35: Chitng t6 rang trong 27 sd tit nhién tly y luon ton tai hai s8 sao cho tdng
hodc hiéu ctia chting chia hét cho 50.
Huwéng dan giai

TH1: Néu 27 sO tw nhién trén c6 2 s6 ¢ cung sd du khi chia cho 50 thi

hiéu ctia chting chia hét cho 50.

TH2: Néu 27 s6 tu nhién trén khong c6 hai sd nao c6 cung sd duw khi chia

cho 50

SO du khi chia cho 50 gom: 0;1; 2; ...; 49 chia lam 26 nhom:
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(0),(L 49),(2; 48),...(24; 26),(25)

Chia 27 s0 dw khéac nhau vao 26 nhom trén, ton tai it nhat 2 s6 cung mot
nhom.
Suy ra tong ctia ching chia hét cho 50.
Vay trong 27 s ty nhién tuy y ludn ton tai hai sd sao cho tong hodc hiéu
cta chung chia hét cho 50.
Bai 36: Cho n=7a5+8b4. Biét a—b =6. va n:9. Tim a,b.
Huéng dan giai
Do n:9 = 7a5+8b4:9 = 700+10a+5+800+10b +4:9 = 1509 +10a +10b:9
=1503+9a+9%+6+a+bi9=6+a+bi9=a+be {312}
+V6i a+b =3 thi a;b khic tinh chdn 1é va a—b =6 thi a;b cung tinh chan 1é.
Do d6 khong ton tai a;b.
+Véi a+b=12 vaa-b=6 suyra a=9;b=3.
Vay a=9;b =3,

Bai 37: Tim cic chitsé a, b sao cho:

a)a — b = 4va 7a5bl chia hét cho 3
b)a — b = 6va 4a7+1b5 chia hét cho 9

Hudéng dan giai
a) S8 7a5bl:3 = 7+a+5+b+1:3=13+a+b:3=a+3 chiacho3duw2(1) .

Tacdé a—b=4 nén:

Suyra 4<a+b<14 (2).

Mit khéc @ —b 1a s6 chdn nén a+b 1a s6 chdn(3).

T (1), (2), (3) suy ra: a+be{8;14}.

Véi a+b=8;a-b=4 tadwoca=6;b=2.

Véi a+b=14; a—b=4 tadwoc a=9; b=5.

b) 4a7+1b5:9=512+10(a+b):9
:>504+8+9(a+b)+a+b29 = a+Db chiacho 9 du1

Do a+b>a-b=6 nén a+b=10. Ttr 36 tim duwoc:a=8; b=2.

Bai 38: Chiing minh rang:
THCS.TOANMATH.com TAI LIEU TOAN HOC



a) 2n +11...111 chia hét cho 3

[ ———_—
n

b) 10" +18n -1 chia hét cho 27

c) 10" + 72n -1 chia hét cho 81
Huéng dan giai
Cht y rang s8 N va s& c6 tdng cac chit s6 bang n ¢6 cling s§ du trong phép chia cho 9, do

do 111....1—n chia hét cho 9.
%/_J

n chit s6

a) 2n +111....1:3n+(111....1—n} chia hét cho 3.

n chit s6 n chit s6

%,_J
n chit s6

b) 10" +18n-1=10"-1-9n+27n =99...9-9n+27n =9.[111....1—n}+27n chia hét cho
\_ﬁ,_J

n chit s6

27.

Vo
n chit s6

c) 10"+72n-1=10"-1-9n+81n =99....9—9n+81n=9.(111....1—nj+81n chia hét cho
H_J

n chit s6

81.

Bai 39: Cho s0 tu nhién %br?mg ba lan tich c4c chit s ctia né, chiing minh rang b : a
Hudng dan giai
Ta cé: ab =3ab = 10a+b =3ab=10a+b:a=b:a
Bai 40: Cho A=11° +11° +11" +...+11+1. Ching minh ring A chia hét cho 5
Huéng dan giai
A tan cling bang 0 nén chia hét cho 5.
Bai 41: Tim a,b biét: a-b=3va (14a3+35b2):9
Hudéng dan giai
Taco: DE: 14a3+3502:9=1+4+a+3+3+5+b+2=a+b+18:9=a+b:9
maavablasdcdlchi*tsOnén a+b=0,a+b=9,a+b=18
kéthopvéia-b=3détimavab
Bai 42: Tim s6 tu nhién c6 ba chit s8 nhu nhau, biét rang s8 d6 c6 thé viét duoc dudi dang
tong cac s6 tu nhién lién tiép bat dau tir 1.
Hudéng dan giai
Goi s8 phai tim 1a aaa, s6 d6 viét duoc dudi dang 1+2+3+...+n (neN).

. n(n+1)

Ta c6 =111a, do d6: n(n+1)=2.3.37.a

THCS.TOANMATH.com TAI LIEU TOAN HOC




Vi n(n+1) chia hét cho s& nguyén t5 37 nén t6n tai mot trong hai thira s§ n, n+1 chia

hét cho 37. Chtt ¥ ring n va n+1 déu nho hon 74 (vi ) 13 65 6 ba chit s5) nén ta xét
hai treong hop:
a) n=37 thy 20D 3738 205 1 ai.

36.37

b) N+1=37 thi =666, thoa man bai toan. Vay s6 phai tim 1a 666, viét duoc

duéi dang 1+2+3+...+36.
Bai 43: Cho biét a+4b chia hét cho 13, (&, beN). Chting minh rang 10a+b chia hét cho
13.

Hudéng dan giai
béat a+4b=x; 10a+b=y . Tabiét x:13, ta can chtiing minh y:13.

Cich 1: Xét biéu thic:
10x-y=10(a+4b)-(10a+b)=10a+40-10a-b =39
Nhu vay, 10x - y:13.

Do x:13 nén 10x:13 . Suy ra y:13.

Cich 2: Xét biéu thic:
4y-x=4(10a+b)-(a+4b)=40a+4b-a-4b=39%.
Nhu vay 4y -x :13.

Do x 13 nén 4y:13 . Talaicé (413)=1nén yi13.
Cich 3: Xét biéu thic:
3x+y=3(a+4b)+(10a+b)=3a+12b+10a+b=13a+13b.
Nhuw vay 3x + y:13.

Do x:13 nén 3x:13.Suyra y:13.

Cich 4: Xét biéu thic:

X+9y =a+4b+9(10a+b)=a+4b+90a+9b =91a+18b.
Nhw vay x + 9y:13

Do x:13 nén9y :13 . Talaicé (9, 13)=1 nén y:13.
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Nhin xét: Trong cac cach giai trén, ta da dwa ra cac biéu thirc ma sau khi rat gon cé
mot sd hang la bdi ctia 13, khi d6 s6 hang thit hai (néu ¢d) cting 1a boi caa 13.

HésGctaa d x1al hésdctaad ylal0nén xét biu thirc 10x—y nhim khir a
(ttc 1a 1am cho hé s6 ctia a bang 0), xét bidu thitc 3x +y nham tao ra hé s6 ctia a bang 13.

HésGcua b o x 1a4, hésdcua b ¢ y 1a1nén xét biéu thitc 4y —x nhdm kht b, xét
biéu thttc x+9y nham tao ra hé s& ctia b bang 13.
Bai 44: Tim sO tw nhién c6 ba chit so biét r:?mg khi chia s6 do6 cho cac so 25;28;35 thi dwoc
cac sO dw Ian luot 1a 4;7;14

Hudng dan giai

Tagoi x=abc (0<a<9;,0<h;c<9;a;b;c e N) 1a sd twnhién ¢b 3 chit s6 can tim

Theo gia thiét X khi chia cho 25;28;35 ta duoc cac sd du lan luot 1a 4;7;14

Xx=25m+4 (X+21>525
=1x=28n+7 (m;n;peN)={(x+21):28
x=35p +14 (x+21):35

Nhu thé X+ 21 1a boi chung (25; 28; 35) ma BCNN [25; 28;35] =700= (X + 21)5700
Do 100 < x §999$121§(X—|—21) <1020= x+21=700= x=679
Bai 45: Tim sO tu nhién nho nhat khi chia cho 5 thi du 1, chia cho 7 thi dw 5.
Huéng dan giai

Goi n la s6 chia cho 5 dw 1, chia cho 7 du 5.

Cdch 1. Vi n khong chia hét cho 35 nén n c6 dang 35k +r (k,r e N,r <35), trong d6 r
chia 5duw 1, chia 7 dw 5.

S6 nho hon 35 chia cho 7 dw 5 1a 5, 12, 19, 26, 33, trong d6 chi c6 26 chia cho 5 dw 1.
Vayr=26 .

S8 nho nhét c6 dang 35k +26 1a 26.

Cich 2. Tacé n-1:5=n-1+10:5=n+9:5 (1)

Tacd N-5:7=n-5+14:7=n+9:7 (2). Tir (1) va (2) suy ra n+9:35.

S6 n nho nhat c6 tinh chat trénla N=26.

Cich 3: N=5x+1=7y+5=5x=5y+2y+4=2(y+2):5=>y+2:5
Gid tri nho nhat ctia y bang 3, gid tri nho nhat ctia n bang 7.3+5=26.

Bai 46: Tim s0O tw nhién n ¢6 bon chii s6 sao cho chia n cho 131 thi dw 112, chia n cho 132
thi dw 98.
Huéng dan giai
Cdch 1: Ta c6 131x+112=132y +98 =
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—131x =131y +y-14= y-14:131=
= y=131k+14 (keN)
=>n= 132.(131k +14) +98=132.131k +1946

Do n ¢ bon chit sO nén k=0,n=1946.
Cidch 2: Ttr 131x =131y + y—14 suy ra
131(X— y) =y-14 . Néu x>y thi y-14>131= y >145=n c6 nhiéu hon bon chir s6.
Vay x=y,do do y=14,n=1946
Cich 3: Ta ¢c6 N=131x+112 nén
132n=131+132x +14784 (1)
Mat khac n =132y +98 nén
131n =131.132y + 12838 )
T (1) va (2) suy ra 132n-131n=131.132(x - y)+1946
= n=131.132(x-y)+1946
Vi n c6 bon chir s6 nén N =1946

Bai 47: Chting minh rang néu p 1a s nguyén t8 16n hon 3 thi (p-1)(p+1) chia hét cho
24.
Huéng dan giai

Ta co (p—l) p(p+1)f3 ma (p,3):1 nén

(p-1)(p+1):3 (1)

p 1a s8 nguyén t& 1én hon 3 nén p lasd1¢, p—1 va p+1 1a hai s& chdn lién
tiép. Trong hai s& chdn lién ti€p, c6 mot s6 1a bdi cta 4 nén tich ctia ching chia hét
cho 8 (2).

Tir (1) va (2) suy ra (p—1)( p+1) chia hét cho hai s6 nguyén t& ciing nhau 3 va 8.
Vay (p-1)p(p+1):24

Bai 48: Chting minh néu ab = 2cd vdi a, b, ¢, d 1a cac chit s6 khac 0 thi abed chia hét
cho 67.
Huéng dan giai

Tacé%:2a
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' va abed = ab.100 + cd = 2¢d.100 + cd = ¢d.201 = ¢d.67.3

Vay abed chia hét cho 67
Bai 49: Chting minh rang: A =n2+n + 1 khong chia hét cho 2 va 5, véin 1a s tu
nhién.
Huéng dan giai
Vin.(n + 1) la tich hai s0 tu nhién lién tié€p, trong 2 s0 lién ti€p luén ludn co 1 sd

chdn nén n.(n+1) 1a s8 chan, cong thém 1 sé la 58 1é =>n.(n+1) + 1 1a s6 1¢, khong chia
hét cho 2.

Pé€ chitng minh n.(n + 1) + 1 khong chia hét cho 5 ta thdy hai sO n van + 1 ¢ thé c6
cac chit s6 tan cung sau:

n tancungla0, 1,2, 3,4,5,6,7 8, 9; tuong ting s tan cung ctia n + 1 nhw sau:
ntltancunglal,2,3,4,56,7,89,0
nén tich ctia n.(n + 1) tan cung la:
0262002620
Haylan.(n+1)tancungla0,2, 6
Nén n.(n+1) + 1 tan cung la: 1, 3, 7 khong chia hét cho 5
Bai 50: Chitng minh ring néu x,y 1a céc s8 nguyén sao cho (7X+3y):13 thi (5x+4y) ciing
chia hét cho 13 va nguoc lai
Huéng dan giai
Ta c6: 5x+4y:13= 4(5X + 4y)§l3 = 20x+16y:13= 7x+3y:13. Tir d6 ta di nguoc lai la ra.
Bai 51: Cho a,b 12 hai s6 chinh phuong 1é lién tiép. Chting minh rang : (a—1)(h-1):192
Hudéng dan giai
Ta c6: Via, blas§lénén (a—1)(b-1):4
Pat a=(2k-1)",b=(2k+1)" = (a—-1)=4k(k -1),(b—1) = 4k (k +1)
Khi d6 :(a-1)(b-1)=16k* (k-1)(k +1), Ma k(k +1)(k+2):3
Va k(k-1),k(k+1) déu chia hét cho 2
Nén k?(k-1)(k+1)12= (a-1)(b-1)=16k* (k -1)(k +1):192,
Khi a, b la s6 chinh phwong 1é lién ti€p
Bai 52: Cho 4 s8 nguyén phan biét a, b, ¢, d. Chttng minh rang:
A=(a-b)(a—c)(a—-d)(b—c)(b—d)(c—d):12
Huéng dan giai
Theo nguyén ly Dirichlet trong 3 s6 nguyén tuy y ludn ton tai hai s6 nguyén tuy y c¢6 cung
sO du khi chia hét cho 3 suy ra A:3
Truong hop 1: ca 4 s8 déu 1a s6 chin nén ton tai 6 hiéu chia hét cho 2 suy ra A4

Truong hop 2: ca 4 s8 déu 12 s8 1é nén t6n tai 6 hiéu chia hét cho 2 suy ra A4
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Truong hop 3: 2 s8 chin va hai s6 1é nén ton tai 4 hiéu chia hét cho 2 suy ra A4

Truong hop 4: 3 s8 chdn va mdt s§ 1é, tir 3 s8 chdn d6 cho ta 3 hiéu chia hét cho 2 suy ra A:4
Truong hop 5: 3 56 1é va mot s6 1, tir 3 56 1é d6 cho ta 3 hiéu chia hét cho 2 suy ra A:4
Do d6 A cling chia hét cho 4 ma (3, 4) = 1 nén A chia hét cho 12.

Bai 53: Tim cac sd nguyén duong x va y 1é6n hon 1 sao cho x + 3 chia hét cho y va y + 3 chia
hét cho x.

Hudng dan giai
Giais2<x<y.
a) Xéty =2 thix=2, khong thoa man x + 3 chia hét cho y.
b) Xéty>3.Ditx+3=ky (KeN) (1) thiky=x+3<y+3<y+y=2ynénk<2.

Voik =1, tir (1) c6 x + 3 =y. Thay vao: y+3:x duoc x+6:xnén lai c6 x > 1 nén
x €{2;3;6}.

X 2 3 6

y 5 6 9

Véik =2, tir (1) c6 x + 3=2y. Thay vao: y+3:x drgc 2y +6:x = x+9:x = 9:x

dox>1nén xe{3;9}.

Khi x = 3 thi y = 3, thiz lai dung.

Khi x =9 thi y = 6, loai vi trdi véi x < y.

Cac cap s0 (x, y) phai tim 1a (2; 5), (5; 2), (3; 6), (6; 3), (6;9), (9; 6), (3; 3).
Bai 54: Cho 10 s8 tw nhién bat ki a,;a,;a,;.....;8,, .Chting minh rang ton tai mot s& hodc
tong mot so cac so lién ti€p nhau trong day chia hét cho 10

Huéng dan giai

Xét10tongsau: S, =a,; S, =a +a,; S; =a +a, +a; ;.....
Spp =8 8, +a;+...+ay,
Néu trong 10 tong trén ton tai 1 tong nao do6 chia hét cho 10 thi bai toan dugc chitng minh
Ta di xét truong hop : ca 10 tong S,;S,;..;S;, déu khdng chia hét cho 10
Do vay s6 dw trong phép chia S,;S,;S,;.....; S, cho 10 chi ¢ thé thudc tap hop
A= (l; 2:3:4:5:6; 7;89) gom 9 phan ti do vay theo nguyén ly Di rich 1é luon ton tai it
nhat 2 tong S;;S, (i < j;1<i< j<10) c6 cling s8 du khi chia cho 10

=(S;—S,)10=(a,, +a_, +....+a, )10 ta ¢ diéu can chimg minh,

Bai 55: Chiing minh rang véi n 1a s§ tw nhién thi n(n+1)+2019 khong chia hét cho
2020 .

Hudéng dan giai
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Vi n la s6 tu nhién nén n(n+1):2 = n(n+1) 1a s6 chan = n(n+1)+2019 la s&

lé
Do d6 n(n+1)+2019 khong chia hét cho 2020 .
Bai 56:

a) Cho A=1999+1999 +1999° +---+1999"* . Chiing minh ring A : 2000.

b) Tim s6 tw nhién n 16n nhat ¢é 3 chir s6 thdéa man diéu kién: n chia cho 8 du 7, chia
cho 31 du 28.

Huéng dan giai

a) Co: A=(1999+1999% ) +(1999° +1999° ) +---+(1999"" +-.- +1999"** )

=1999.(1+1999) +1999° (1+1999)+---+1999*” (1+1999)

=1999.2000+1999°.2000 +---+1999"*".2000

=2000. (1999 +1999% + ... +1999'% )

= A : 2000 (dpcm)

n=8x+7

b) Ta c6: =
n =31y + 28

n-7:8 n-7+72:8 n+65 : 8
(x,yeN):{ { {

n—-28:31 n—28+93:31 n+65:31
= n + 65 e BCNN (8,31) = {248; 496,744,992}
=ne {183; 431; 679;927} = n=927 (vin 16n nhat c6 3 chir s6)
Vay s6 can tim la: 927.
Bai 57: Tim x,y biét 124xy:45.
Huéng dan giai
bat A=124xy
Dé& A:45 thi A5 va A:9.
D€ A5 thi y=0 hodc y=5.
Véi y=0, d€ A9 thi (1+2+4+x+0):9=x=2.
Véi y=5,d€ A9 thi (1+2+4+x+5)19=x=6.
Vay y=0, x=2hodc y=5, x=6.
Bai 58: Tim sO tw nhién nho nhat 16n hon 10, biét réng s0 d6 chia cho 5;6;7 ¢ sO dw
lan lwot 1a 3;2;1.
Hudéng dan giai
Goi s6 phai timla a (aeN,a>10).
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Theo dé bai, ta co:
a chia cho 5 du 3=(a-3):5=(a-3)-5:5 hay a-8:5
a chiacho 6 dw 2=a-2:6=(a-2)-6:6 hay a-8:6.
a chiacho 7 duw 1= a-1:7=(a-1)-7:7 hay a-8:7.
Do d6 a-8<BC(5,6,7).
P& a nho nhat 16n hon 10 thi a—8=BCNN (5,6,7) = 210
—a-8=210=a=218.
Vay sO tw nhién can tim 1a 218.
Bai 59: Cho S =5+5°+5°+5* +5° +5°+...+5°°. Chung to S chia hét cho 21.
Hudéng dan giai
Ta cé:
$=5+5"+5"+5'+5°+5°+. .. +5" = (545 +5°) +(5' +5° +5° ) + ...+ (5 +51° 1.5
=5(1+5+5")+5" (1+5+5°)+...+5 (1+5+5°)
=(1+5+5°)(5+5" +...+5™"7)
=31(5+5"+...+57):31.
Bai 60: Tim sO c6 ba chit s6 chia hét cho 7 va tong cac chit s6 cia nd cling chia hét
cho?7.
Huéng dan giai
Goi s6 ti nhién can tim 1a abc (a,b,ceN,1<a<9,0<b,c<9)
Ta c6 abc =100a+10b+c =98a+7h+2a+3b+c=98a+7b+(a+b+c)+(a+2b)
abc:7
Vi <98a+7b:7=a+2b:7
a+b+c:7

Ma a,beN,1<a<9,0<b<9=1<a+2b<27

Suy ra a+2be{7;14;21}

Truong hop1: a+2b=7

Ta c6 2bla s chdn suy raalé va a<7 = a={1,3;5} va khi d6 twong tng b ={3;2;1}

=1b=3 o —
véi |2 ._=c=3(thoa man) = abc =133
a+b+c:7

=3,b=2 , ~ - « T
yi {a = ¢=2hoicc =9 (thoa man)= abc =322 hoac abc =329

vOi .
a+b+c:7

a=5,b:1 2 ~ Al X ahr
vOi ._=Cc=1hodcc=8(thoa man)= abc =511 hodac abc =518
a+b+c:7

Truwong hop 2: a+2b=14
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Ta c6 2bla s8 chén suy ra a chdn va a<8=a={24,6;8}va khi d6 twong tng
b={6;5;4;3}
‘ {a=2,b=6

voi — ¢ =6(thda man)= abc = 266

a+b+c:7
=4,b=5 . —
véi |2 ._ = c=>5(thoa man)= abc =455
a+b+c:7
=6,b=4 L —
vOi a ._ = c=4(thoa man)= abc = 644
a+b+c:7
=8,b=3 , - —
vOi 2 ._ = c=3(thoa man)= abc =833
a+b+c:7

Truwong hop 3: a+2b=21

Ta c6 2bla s8 chan suy ra a 1é va a<9=a={357;9}va khi d6 twong tng
b={9;8,7;6}
s {a=3,b=9

.~ = ¢ =2hoicc =9 (thoa man)= abc =392 hoic abc =399
a+b+c:7

.. |la=5b=8 , - — . =
vOi ._ = c=1hoicc=8(théa man)= abc =581 hoac abc =588
a+b+c:7

a+b+c:7
,. la=9,b=6
o1 .

a+b+c:7

a=7b=7 , . — . —
vOi { = ¢ =0ho#cc=7(thda man)= abc =770 hoac abc =777

— ¢ =6(thoa man) = abc = 966

Vay céc s6 tu nhién can tim la:

133;266;322;329;392;399; 455;511;518;581;588; 644, 770; 777,833,966

Bai 61: Tim c4c chir s0 x; y ¢ A = A=x183y chia cho 2; 5 va 9 déu dw 1.
Huéng dan giai

Do A=x183ychiacho2va5déudulnény=1.

Ta co A=x183y

Vi A=x183y chia cho9du1= x183y-1:9

= x1830 9

< x+1+8+3+0:9

< X+3'9, maxlachtsOnén x=6

Vay x=6; y=1

Bai 62: Choa, b e N" , thoa man s§ M =(9a+11b)(5b+11a) chia hét cho 19, Hay giai thich
vi sao M chia hét cho 361
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Hudéng dan giai
Taco: M = (9a +1 1b)(5b +1 1a)§19 ma 19 la s6 nguyén t6 nén 9a+115:19 hodc

5b+11a:19

Xét M =3(9a+11b)+(5b+11a)=27a+33b+5b+11a=38a+38b =19(2a+2b):19
+N&u 9a+116119=3(9a+11b):19 ma Ni19=>5b+11ai19 (1)
+Néu 5h+11ai19 , ma Ni19=>3(9a+11b):19 = 9a+11b:19 )

Tir (1) va (2) suy ra: (9a+11b):19 va (5b+11a)i19=> M:19°* =361

Bai 63: Cho hai s& twnhién a va b théa man : m=(16a+17b)(17a+16b) 1a1bdi s3 cta 11.

Chting minh rang : S8 m ciing 1a mot bdi s8 ctia 121

Huéng dan giai
Vi 11 1a s nguyén t8: ma m = (16a+17b)(17a+16b):11=> 16a+17b:11 hodc

17a+16b:11

Khoéng mat tinh tong quat: gia su: 16a+17b:11 , ta can chiing minh (17a+16b)§11
That vay: 16a+17b:11=>2(16a+17b):11=>33(a+b)+b-aill=b-aill=a-bill
Lai co: 2(17a+16b)=33(a+b)-a+bil1=(17a+16b):11

Vay (16a+17b)(17a+16b)i11.11=121

Bai 64: Chiing minh rdng : A=75.(4"" +4%" +_.+4%+5 )+ 25 chia hét cho 4°*°.

Hudng dan giai
Dat M =478 447 4 147 15=4"" 447 + 14" 1441

AM = 4,470 4 42 4 4 8 4 411) =470 1 404 18147 14

AM =M = (470 1470 4 4 85147 1 4) - (470 147 4+ 42+ 441)
3M =4 —1= M = (4% -1):3

A=T5. (4% -1):3 +25=25.(4"" -1)+25

=25, 4% _25 4 25 = 25 4219

chia hét cho 4%* |

Bai 65: Cho N=155*710*4*16 1la sG tu nhién c6 12 chit s8. Chiing t6 rang néu thay

cac dau * boi cac chit s6 khac nhau trong ba chir s6 1; 2; 3 mot cach tuy y thi N ludn
chia hét cho 396.

Huéng dan giai
Ta c6 396 =4.9.11
+ N ¢6 hai chit s6 tan cung la 16 chia hét cho 4 suy ra N chia hét cho 4
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+ Tdng céc chit s3 ctia N bang
1+5+5+*+7+1+0+*+4+*+1+6=30+*+*+*=30+6=36 chia hét cho 9 suy ra
N chia hét cho 9.
+ Téng cac chit s6 hang chan ctia N - Tong céc chit s6 hang 1é cia N = 18 -
18 = 0 chia hét cho 11 suy ra N chia hét cho 11.
Vay N chia hét cho 4, 9, 11 suy ra N chia hét cho 396.
Bai 66: Chiing minh rang tir 52 s6 nguyén bat ki luén ton tai 2 s§ ma tong hodc hiéu cta
ching chia hét cho 100.
Huéng dan giai
Chia 52 s nguyén tuy y cho 100,ta c6 thé c6 cac s du ttr 0,1,2,3,...,99.Ta phan cac s6 du
thanh cac nhoém sau: {0};{1, 99};...;{49, 51},{50}. Ta c6 tat ca 51 nhom va khi chia 52 s6 cho
100 ta ¢6 52 s6 du. Theo nguyén 1i Dirichlet sé ¢6 2 s6 du cung thuéc mdt nhom. Ta 6 2
treong hop:
Truong hop 1: Hai s6 duw giong nhau, suy ra hiéu hai s6 c6 2 s6 du twong tng d6 sé chia
hét cho 100.
Truong hop 2: Hai s6 du khdc nhau,suy ra tong cuia hai s6 dw ¢6 hai s6 du twong tng do6
s€ chia hét cho 100
Ta suy ra diéu phai chitng minh.
Bai 67. Chiing minh rang: 10% +8:72.
Hudéng dan giai

Ta c6 72=8.9

10 +8=100.....008 (27 chtt s0 0)
+) 10% +8=100.....008 c6 ba chit s§ tan cung la 008 chia hét cho 8 nén 10 +8: 8
(1)
+) Tong céac chir s6 ctia 100...008 (27 chit s6 0) la: 1+27.0+8=9:9 =10*+8:9 (2)
Ma UCLN (8;9)=1 (3)
T (1), (2), (3) suy ra 10 +8:72 (dpcm).
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Dang 2: Chit s6 tin ciing cia mét sd
I/ PHUONG PHAP.
* Tinh chat 1:
a) Cdc s0'co chir s6'tdn cung la 0, 1, 5, 6 khi ndng Ién lily thiea bdc bat ki thi chit s0'tdn cung
vin khong thay doi.
b) Cic s0'c6 chir s0'tan ciing la 4, 9 khi ndng 1én ity thira bc 1é thi chir s0'tdn ciing vin
khong thay doi.
c) Cdc s6'cé chit so'tan cung la 3, 7, 9 khi ning lén lily thira bdc 4n (n thudc N) thi chir s6’
tan cung la 1.
d) Cdc s0'c6 chit s0'tan cung la 2, 4, 8 khi ning lén lily thira bdc 4n (n thudc N) thi chir s6
tan cung la 6.
Cht y: Mudn tim chir s6 tin ciing ctia s6 tw nhién x = a™, trede hét ta xac dinh chix
s0 tan cung cta a.
- Néu chir s6 tan cung ctiaala 0, 1, 5, 6 thi x cling ¢6 chit s6 tan cung 1a 0, 1, 5, 6.
- Néu chir so tan cung caaala 3,7, 9:
Phan tich: am=a**r=a*.a* v4ir=0,1,2,3
Tt tinh chat 1c => chit s6 tan cung cta x chinh la ch s8 tan cung cua a-.
- Néu chir s6 tan cung cta a la 2, 4, 8, cling nhu treong hop trén
T tinh ch4t 1d => chit s8 tan cling ctia x chinh la chit s8 tan cling ctia 6.a".
* Tinh chat 2:
Mot s0"tw nhién bat ki, khi nang lén lity thira bic 4n + 1 (n thudc N) thi chit s6'tdn cuing
vin khong thay doi.
Chit s6 tan cling ctia mot tong cac lity thita dwoc xac dinh bang cach tinh tdng cac
cht s6 tan cung cua ting lay thira trong tong.
* Tinh chat 3:
a) S6'co chir s6'tdn cung la 3 khi ndng lén Ity thira bic 4n + 3 sé cd chir s6'tan cung la 7 ; s6
co chir s6'tan cung la 7 khi nang lén lijy thiea bic 4n + 3 sé cé chit s6'tdn cung la 3.
b) S0'c6 chir s0'tdn cung la 2 khi ndng 1én iy thira bdc 4n + 3 sé cd chir s6'tdn cung la 8 ; s6°
co chir s6'tdn cung la 8 khi nang lén lity thiva bic 4n + 3 sé cé chit so tdn cung la 2.
c) Cdc s6'co chir s6'tdan cung la 0, 1, 4, 5, 6, 9, khi ning 1én liy thira bdc 4n + 3 sé khong
thay d6i chir s6'tdn cung.
* Phwong phap dung ciu tao s6 dé tim chir s6 tin cung ctia s6 A =n* vdin, ke N.
-Néu A=10a+b=ab = b la chit s§ cudi cling ctia A.
Ta viét: A =n*=(10q + r)x=10"+r*véir e N;0 <r <9
Cht s6 cudi cung cua A chinh la chit s6 cudi cung ctia sO r*
-Néu A =100a+ bc = abc thi bc 13 hai chit s cudi cing ctia A.

-Né&u A =1000a + bed = abed thi bed 1 ba chit s6 cudi ciing ctia A.
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-Néu A=10mam+ a, , a, = a,,..8,8, thi a,, a, lam chits§ cudi cing ctia A.
Bai 1: Tim chit s6 tan ctung ctia cac so:

a) 7%

b) 141414

c) 457

Hudng dan
a) Xét 99 =4k + 3 (voi k =24) => 7% = 743 = 7473

Theo tinh chit 1c => 7% c6 chir s6 tan cung la 1

=>7% ¢6 chit sO tan cung la chit s0 tan cung ctia 7°.

Ma 7% = 343 c6 chir s0 tan cung la 3

=>7% ¢6 chit s6 tan cung 1a 3.
b) Dé thay 1414 =4k +2 (v6i k =353) => 141414 = 14%+2 = 144 142

Theo tinh chat 1d => 14% ¢4 chi¥ s tan cung la 6.

=> 14414 ¢6 chit s6 tan cung la chit s6 tan cung cuia 6.142

Ma 6.14? = 1176 c6 chir s0 tan cung la 6

=> 141414 ¢6 chit s0 tan cung la 6.
c) Ta c6 567 =4k + 3 (vOi k = 141) => 457 = 44k+3 = 44k 43

Theo tinh chit 1d => 4% c6 chit s6 tan cung 1a 6.

=> 457 ¢4 chit s6 tan cung la ch s0 tan cung cua 6.4°

Ma 6.4° = 384 c6 chit s6 tan cung 1a 4

=> 457 c6 chit sO tan cung la 4.
Bai 2: Tim chit sO tan cung cua tong S = 2" + 3% +4° + ... + 20045,

Hudng dan

Nhin thay: liy thira trong S déu ¢6 s6 mi khi chia cho 4 thi dw 1 (c4c liy thira déu
co dang n*k-2+1 k thuoc {2, 3, ..., 2004}).

Theo tinh chat 2 => Moi lily thira trong S déu 6 chit s8 tan cung 1a chi s6 tan cling
cua co so twong ung;:

=> Chit s6 tan cung ctia tong S la chit s6 tan cung cta tong;:

Q2+3+...49)+199.(0+1+2+...+9)+1+2+3+4

=200(1+2+...+9)+9=9009.

Vay chit s6 tan cung ctia tong S la 9.
Bai 3: Tim chit sO tan cung ctia tong T =23+ 37 + 411 + ... + 2004511,

Huéng dan

Nhin thdy Moi lay thtra trong T déu c6 s6 ma khi chia cho 4 thi dw 3 (cac lay thira
déu c6 dang n*®-2+3 n thudc {2, 3, ..., 2004}).

Theo tinh chat 3 thi 2% ¢6 chir s tan cung la 8 ; 37 ¢6 chir s6 tan cung la 7 ; 4" ¢ chiv
sOtan cungla4; ...
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Nhu vy, tdng T c6 chit s8 tan ciing bang chit s§ tan cling ctia tong:
8+7+4+5+6+3+2+9)+199.(1+8+7+4+5+6+3+2+9)+1+8+7+4
=2001+8+7+4+5+6+3+2+9)+8+7+4=9019.
Vay chit s6 tan cung cua tong T la 9.
Bai 4: Tim chi s0 tan cung cta 187°%
Hudng dan
Ta thay c4c s8 cd tan cling bang 7 nang 1én luy thita bac 4 thi dugc s6 co tan cling
bang 1.C4c s8 6 tan cling bang 1 nang 1én luy thita nao (khac 0 ) ciing tan cung bang 1.
Do d6 18732 = (18741 = (....1)¥1 =(...1)
Vay chir s tan cung cta 187 la 1
Bai 5.Cho A=2+2°+2°+...+2%. Tim chit s8 tan cung cta A.
Huéng dan
Céch 1 : Chting minh rang A:5 bang cach nhdm A thanh tirng nhém 4 s6.
Talaico A i 2nén A :10 vay A tan cung bang 0.
Céch 2 : Hay chttng minh rang A = 221-2
A=221-2=(2') 2-2=162-2=..62-2, tan ciing bing 0.

Bai 6: Tim chir s cudi cung cuia s&: A = 9%
Huéng dan
XemsdOM=9%;k e N
- Néu k chdn < k =2m ta co:
M =92m = 81m = (80+1)m= (10q +1)»=10t +1 (véim, q t €N)
Vay: M c6 chit s8 cudi cing 12 1 néu k chén.
-Néuklé < k=2m +1 ta co:
M =91 =92m9=(10t+1).9=10q +9 (vdéim, t, q eN)
Vay: M ¢6 chit s6 cudi cung la 9 néu k 1¢, ta c6 9°1a mot s6 1é.

7 99 14 ~ ~N AN e \ \
Do dé: A=9" 6 chit sO cudi cung la 9.

o Lo 3
Bai 7: Tim chit s6 cudi cling ctia s6: B = 2

Hudng dan

34
B=2" =281 = (2516 2 = 32162 = (30+2)16.2 = 10q +27
= 10q + (27)°.22 = 10q + (10q + 2)°. 22
=10t+25=10t+2
Vay B c6 chit s0 cu6i cung la 2.
Bai 8: Tim chir s& cudi cung ctia s6 A = 9%

Hudng dan

Ta co: 9™ tan cung la 1
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92m+1 tan cung la 9
Suy ra: 9° tan cung la 9, (9 1a s6 1é.)

Vay A= 9% tan cing 1 9.

Bai 9: Tim chit s0 tan cung cta: C = 6202, D = 22001,

Hudng dan
Ta co: 6!'tan cungla6
6 tan cung la 6
6° tan cung la 6
Vay 6" tan cung la 6 suy ra 6** tan cung la 6
Ta cd: 24 =16 tan cung la 6
Suy ra 22002 = (24)50,22 = (a6).4 = k4 véia, k € N

= 22002 t3n cung la 4

Bai 10: Tim chit sd cudi cung cua s6: M = 7, G = 18'77

Hudng dan

*Ta c6 74=2401 tan cung la 1

M =719 = (7) = (nl1).343 = c3= tan cung 1a 3
Vay M =7"tan cung la 3

*Ta c6 18¢ = n6 tan cung 12 6

Suy ra: G =18177=(18*)#.18'=16.18 = k8

Vay G =18""tan cung la 8.

Bai 11: Tim chit s6 tan clung cua cac sd sau:

a/ 799

b/ 14

c/ 3567

Hudng dan

a/ C6:99= (8+1)° =4k + 1

= 7% =741=77% =7 49% 6 chit s5 tAn clng

b/ Ta c6 144 = 1967 = (49.4)7 = 4k

laz1=7

= 14" = 24 74 = 16 2401% nén tan cung ctand la 6

o/ C6 57 = (4+1)° =4k+1

= 3% =31 =334 =3 81% ¢4 tan cling 14 3.1 = 3.

Bai 12: Tim chir s0 tan cung cta tong: T =23+ 37 + 411 +

Hudng dan
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Vay nén ta di tim quy luat cua chit s6 tan cung ctia s6 a** vdi a = {0,......9}
Ta c6 : cac sd co tan cung la : 0; 1; 5; 6. thi ak ciing ¢6 tan cung 1a 0; 1; 5; 6
xét 2443 = 824k = 8,16 co tan cung la 8
343 =27.81% co tan cung 1la 7
443 = 64,28« =64.16% c6 tan cung la 4
74+ = 343.2401% c6 tan cung la 3
843 = 512.16% ¢6 tan cung la 2.
Vay chir s tan cung cta T cling la chit s6 tan cung cta
T = (8+7+4+5+6+3+2+9)+199(1+8+7+4+5+6+3+2+9) +1+8+7+4 = 9019
Vay chit s6 tan cung cua T1a9.
Bai 13: Cho M =2'+3°+4° +...+2018"* +2019°* . Tim chit s tan cuing ctia M
Hudng dan giai

an+l _ , 40

Tat ca s hang tong trén déu c6 dang a a.a

4n+1

Néu a tan cung 1a 0, 1, 5, 6 thi a*""* tan cung gidng tan cung cua a

Néu a tan cing 1a 7, 9 suy ra a°® c6 tan cung la 1 suy ra a*" tan cung la 1 suy ra
a*.a ¢ tan cung gidng a .

Néu a tan cung la 3 suy ra a° tan cung 1a 9 suy ra 1 suy ra a*" tan cung la 1suy
ra a'".a ¢ tan cling giéng a

Néu a tan cling 1a 2 suy ra a*" tan cung la 6 suy ra a*".a tan cing giéng 6.2 =>
tan cung la 2 => giéng a

Chting minh twong tu ta c6 cac s8 tan ciing 1a 4, 8 thi a* .a ¢4 tn cing gidng a

4n+1

Vay a*™* co chir so tan cung giong a véi moi a
= Chit s tan cung ctia M gidng chit s6 tan cung ctia N voi N la tong

N =2+3+4+...+2019:&;020—1=2019.1010—1

Do 2019.1010 co tan cung la 0 => N tan cung la 9 =>M tan cung la 9.
III/ BAI TAP THAM KHAO THEM.
Bai tdp 13: Tim chi s tan cung cta X, Y:
X=22+35+410+ .. + 20048010
Y =28+4312+ 416+ . 42004801
Bai tap 14: Chiing minh rang chit s6 tn cting ctia hai tong sau gidng nhau:
U=21+3+4+ ... +2005%13
V=23+37+4"+ ... +2005%1
Bai tap 15: Chiing minh rdng khong ton tai cac s6 tu nhién x, y, z théa man:
19+ 57 + 1980z = 1975%° + 2004.
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- B/ TIM HAI CHU SO TAN CUNG.
// Néu x € Nvax =100k +y, trong dé k; y € N thi hai chit s6'tdn cing ctia x ciing chinh la
' hai chit s0'tdn cung cia y.

= Phwong phdp tim hai chi s6'tdn cung cua s tw nhién x = a™ nhw sau:
Truong hop 1: Néu a chin thi x =am : 2™ Goi n la s6'tw nhién sao cho a»-1 : 25.

Vietkm=p'+q (p,; q € N), trong dé q la s6'nhé nhit dé'at : 4 ta co:

x=a"=ai(a" - 1)+ a.

Viar-1:25=>ar -1 : 25. Mt khic, do (4, 25) = 1 nén a’(ar* - 1) : 100.

Vay hai chir s0'tdn cing ctia a™ ciing chinh la hai chit s0'tdn cung cua av.

Tiép theo, ta tim hai chit s0'tdn cung cua av.
Truong hop 2: Néu alé, goi n la s6'ty nhién sao cho a"-* : 100.

Vietm=u"+v(u;vEN,0<v<n)taco:

x=a"=a(a"-1)+a.

Viar-1:100=>a"-1: 100.

Vay hai chit s0'tdn cung ctia a™ ciing chinh la hai chir s0'tdn cung cua a®.

Tim hai chir s tdn cuing cua av.

Trong hai truong hop dé gidi duoc bai todn chiing ta phai tim dwoc s6"tw nhién n. Néu
n cang nhd thi q va v cang nhd nén sé dé dang tim hai chi s’ tdn cung cua a’ va a®.

MOT SO TRUONG HOP CU THE VE 2 CHU SO TAN CUNG

- Cdc s0'c6 tan cung bang 01,25 ,76 néng lén luij thira nao (khdc 0)ciing tdn ciing bing 01
,25,76

- Cdc s6'3%°( hodc 81°) 74,512,992 ¢6 tan cing bﬁng 01

- Cdc s6'2%0, 6°,18*,24% ,68*,74% ¢ tdn ciing bﬁng 76

- 56’26 (n>1) c6 tdn cing bang 76
Bai tap 16: Tim hai chit s tan cung ctia 7'

Huéng dan

Ta thay : 74 =2401, s8 c6 tan cling bang 01 nang 1én luy thita nao ciing tan cling
bang 01.

Do do6:

71991 = 71988 75 = (74)47.343 =(...01)*7.343 =(....01).343 =....43

Vay 7' ¢6 hai chit s6 tan cling bang 43
Bai tdp 17: Tim hai chit s tan cung cta 2'%

Hudng dan

Chti y rang : 21°= 1024 ,binh phuong ctia s6 ¢ tan cling bang 24 thi tan cling bang
76,58 c6 tan cling bang 76 nang 1én luy thira nao (khéc 0) ciing tan cling bang 76.

Do d6 ( 2)100=(210)10 =(1024)10 =(10242)5 =(.....76)°=....76

Vay hai chir s tan cung ctia 2'° 1a 76
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Bai tap 18. Tim hai chit s0 tan cuing cua:
a) 51°:
b) 99%”;
C) 6666;
d) 14"%.16"".
Huéng dan
a) 15°= (512)” 51=(-.01)" 51=(..01)51=.51.

999

b) 99°" = 99?1 = (992)k 99 = (ﬁ)k 99=(...01).99=..99.

¢) 6%0= (6°) .6=(..76)" .6 =(~.76).6=..56.

d) 14116 = (14.16)" = 224 = (224?)” 224=(.76) " 224=(..76).224= .24
Bai toan 19: Tim hai chi s6 tan cung ctia cac so:

a) aX»

b) 7%

Huéng dan
a) Do 220 13 5§ chan, theo trueong hop 1, ta tim s8 tw nhién n nho nhat sao cho 27 -1} 25.

Tac620=1024=>210+1=1025: 25=>2%0-1= 210+ 1)(21°-1) : 25

= 23220 - 1)  100.

Mt khéc: 22003 = 23(22000 _ T) 4 23 = 23((220)100 - 1) + 23 = 100k + 8 (k € N).

Vay hai chir s6 tan cung ctia 220 13 08.
b) Do 7% 1a s6 1é, theo truong hop 2, ta tim s6 tu nhién n bé nhat sao cho 7»- 1 : 100.

Ta c6 74=2401=>74-1 : 100.

Mit khac: 99-1: 4=>99 =4k +1 (k € N)

Vay 7% = 7#+1=7(7% - 1) + 7 = 100q + 7 (q € N) tan ciing boi hai chit s& 07.
Bai tap 20: Tim hai ch s6 tan cung ctuia s6: C=2°%, D=3%"

Hudng dan

*Ta c6: 220 ¢6 2 chir s6 tan cung la 76.

Suy ra: C=29= (220)» 219 = (m ). n8s (voiy,n,q € N)

Vay C=2" ¢6 2 chit s0 tan cung la 88

*Ta c6: 3D = 3100 =(320)50 =(k01)% = 201

Nén 3D tan cung la 01, ma 3.3%* : 3 = chit sO hang tram ctia 3'°° 13 2

= 3100 t3n cung 1a 201

Vay 3% ¢6 hai chir s6 tan cung la 67
Bai tap 21: Tim hai chit s0 tan cung ctia sO

a) M = 7896
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b) N = 247561
c) Q =811

Hudng dan

a)Ta c6 7* ¢6 hai chit s0 tan cung la 01

Suy ra M = 7896 = (74)241 72= (a01)?*.49 = ¢01.49 = n49 (véia,cn eN)

Suy ra M = 7%% ¢6 hai chit s6 tan cung la 49

b)Ta c6 24 tan cung la 76

Suy ra N = 247561 = (242)376524 = (76 )¥%.24 = k76.24 = n24 (véim, k, n e N)
Vay N = 247! ¢6 hai chit s6 tan cung la 24

c) Ta c6 81° c6 hai chit s tan cung la 01

Nén Q = 81651 = (815290 81 = (k01)12.81 = m81 (Véik, t, m e N)

Vay Q = 819 ¢6 hai chi s6 tan cung 1a 81.

Bai tap 22: Tim hai chit s0 tan cung ctia so.

a) Z = 265

b) C = 681>

Hudng dan

a)Ta co 26* co hai chit s6 tan cung la 76

=7 =265 = (264)213.26>= (n76 ). 676 = k76.676 = ¢76 (VSin, k, t € N)
Vay Z =26%* ¢6 hai chit s6 tan cung 1a 76

b) Ta c6 68 c6 hai chit sO tan cung la 76

Suy ra C = 681% = (684)%5.68>= (n76 )%.4624 = k76.4624 = 124 (vdin, k, t € N)
Vay C=68"* 6 hai chir s tan cung la 24.

Bai tap 23: Tim hai chit sO cudi cung cua s6: C = 2%

Hudng dan

Ta c6: 21°+1=1024 +1=1025:25suy ra 2"°-1 : 25

Talai c6 2100 —1=(220)0 -1 : 220 -1 suy ra 2190 -1 : 25

Do d6 2! chir s6 tan cung la 26 ; 51 ; 76 nhung 21°° : 4

Suy ra 2'°° tan cuing la 76 = 2°° tan cung la 38 hoac 88 vi 2° : 4
= 2% tan cung la 88

Vay C=2"" ¢6 hai chir s6 tan cung la 88.

Bai tap 24: Tim hai chit s0 tan cung ctia s6: D = 3%

Hudng dan

Ta c6: 9> tan cung la 1; 9% tan cung la 9
Ta hay tim s6 dw cua phép chia 9° +1 cho 100
Tacd: 9°+1=10(9*-9+92-9 +1)

S6: 94+ 92 +1 tan cung la 3
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9%+9 tan cung la 8

Suy ra (94-9°+92-9 +1) tan cung la 5

= 9H-9-92-9+1=10q +5

= 95+1=100q + 50

= 9101 = (95+1)(95— 1) = 100"

Talaicd: 3100 - 1=950_1 = (910)% -1 suy ra 3'°° -1 : 100

= 319 tgn cung la 01 . Mdt khac 31 : 3

Suy ra chit s6 hang tram ctia 31°° phai la 2 (d€ 201 chia hét cho 3)
= 3100 chit s6 tan cung la 201

Do d6 3* tan cung la 67.

v ga 5 e N A o 9°
Bai tap 25: Tim hai chit s6 tan cting ctia s6 A=9

Huéng dan
9
A=9" =(10-19° c6 dang: (10 - 1) véi n=9 ta lai c6
A=C°.10-CL . 10" +.....+C" .10-C"
Suy ra A c6 hai chit s6 cudi cung
Véia=C)p*10- C) =10n-1S8n=9tan cing 1a 9

Suy ra 10n tan cung 1la 90 = a =10n -1 tan cung la 89

Vay sO A = 9% 6 hai chit s cudi cung la 89
Bai tap 26: Tim hai chit s6 tan cting ctia cac tong;:

a) S1 = 72002 4 22002 4 32002 + ...+ 20042002

b) 82 = 72003 4 22003 4 32003 + ...+ 20042003

Huéng dan

a) Dé thay, néu a chan thi a? chia hét cho 4 ; néu a 1é thi a'® - 1 chia hét cho 4 ; néu a
chia hét cho 5 thi a? chia hét cho 25.

Mt khag, tir tinh chat 4 tasuy ravéimoia€ N va (a, 5)=1tacda'®-1:25.

Vay vdimoia € N ta ¢ a%(a!® - 1) : 100.

Do d6 Si = 12002 4 22(22000 - 1) + ... + 20042(2004%°% - 1) + 22 + 32 + ... + 20042,

=> Hai chit s0 tan cung ctia tong Si cling chinh 1a hai chit s6 tan cung ctia tong

12+ 22+ 32+ ... + 20042

Tacd:12+22+ 32+ .. +n?=nn+1)2n+1)/6

=>12+ 22+ ... + 2004? = 2005 x 4009 x 334 = 2684707030, tan cung la 30.

Vay hai chit s6 tan cung ctia tong S 1a 30.

b) Hoan toan twong tie nhw cau a,

Sz = 12008 4 23(22000 - T) + ... + 20043(2004200 - 1) + 23 + 3% + 20043

=> Hai chit s0 tan cung ctia tong S: cling chinh 1a hai chit s6 tan cung ctia tong
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13+23+ 33+ ... +20043.

2
=>13+ 2%+ ... + 2004% = (2005 x 1002)? = 4036121180100, tan cung la 00.

Vay hai chit s6 tan cung ctia tong S2 1a 00.
C/ TIM BA CHU SO TAN CUNG TRO LEN.
I/ PHUONG PHAP.

Viéc tim ba chit s6 tin cung cta s tw nhién x chinh 1a viéc tim s6 du caa phép
chia x cho 1000.

2
Ap dung cong thite: L +2°+...4n° =(1+2+...+n)’ :[_n(n +1)j

Néu x = 1000k +y, trong d6 k ; y € N thi ba chit s6 tan cung cua x cling chinh la ba
chit s6 tan cung cua y (y < x).

Do 1000 =8 . 125 ma (8, 125) = 1 nén ta dé xudt phwong phap tim ba chit s6 tan cung
cua sO tw nhién x = a™ nhu sau:

Truong hop 1: Néu a chdn thi x = a™ chia hét cho 2™. Goi n 1a s6 tg nhién sao cho a" -
1 chia hét cho 125.

Viegtm=p"+q(p;q € N), trong d6 q la s6 nho nhat dé a1 chia hét cho 8 ta co:

x=am=ad(ar" - 1) + ad.

Via® - 1 chia hét cho 125 => ar - 1 chia hét cho 125.

Mat khac, do (8, 125) = 1 nén ad(aP" - 1) chia hét cho 1000.

Vay ba chit s tan cing ctia a™ cing chinh la ba chit s6 tan cung cua ad.

= Tim ba chit s0 tan cung cda ad.

Truong hop 2: Néu alé, goin la s tu nhién sao cho a” - 1 chia hét cho 1000.

Vietm=u"+v(u;v € N,0<v<n)tacd:

x=am=av(a:-1)+a.

Via" - 1 chia hét cho 1000 => a* - 1 chia hét cho 1000.

Vay ba chir s tan cung ctia a” cling chinh la ba chit s6 tan cung cta a.

= Tim ba chit s tan cung cta a.
Tinh chat 4 => Tinh chat 6: Néua € N va(a, 5)=1 thi a!® - 1 chia hét cho 125.

Chitng minh:

Do a% - 1 chia hét cho 25 nén a®, a%, a%, a® khi chia cho 25 c6 cung s6 dwla 1

=> a2 + a® + a® + a% + 1 chia hét cho 5. Vay a'® - 1 = (a® - 1)( a® + a® + a®® + a2 + 1)

chia hét cho 125.

MOT SO TRUONG HOP CU THE VE 3 CHU SO TAN CUNG

- Cdc s6'c6 tgn cing bang 001,376 ,625 ndng lén luj thira nao (khdc 0) ciing tin ciing bing
001,376 ,625

- Cdc s6'cd tan ciing bang 0625 nang 1én luj thira nao (khdc 0) ciing tin ciing bang 0625.

Bai tdp 27: Tim bon chi s6 tan cung cua 5%
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Huéng dan
51992 =(54)4% =62548 =062545 =(...0625)
Vay bon chit s6 tan cung ctia 592 la 0625
Bai tdp 28: Tim ba chit s6 tan cung ctia s6 T = 5%
Hudng dan
Ta c6 5° ¢d ba chit s6 tan cung la 125
Suy ra T = 5% = (5%)5.5=( n125 )*15.5= m125.5=1625
(V6in, m, t € N)
Vay T = 5% ¢ ba chir s tan cung la 125.
Bai tap 29: Tim 4 chit s6 tan cung cua s6: P = 519
Huéng dan
Ta cé: 5*=0625 tan cung la 0625
5°tan cung la 3125
5¢tan cung la 5625
57 tan cung la 8125
5%tan cung la 0625
5%tan cung la 3125
510 tan cuing la 5625
5! tan cung la 8125
52 tan cung la 0625
Chu ky ldp la 4
Suy ra: 5" tan cung la 0625
54m+l tan cung la 3125
54m+2 tan cung la 5625
54m+3 tan cung la 8125
Ma 1994 c6 dang 4m+2.
Do d6 M=5"* ¢4 4 chir s6 tan cung la 5625.
Bai tap 30: Tim ba chit s6 tan cung ctia 123",
Hudng dan
Theo tinh chdt 6, do (123, 5) = 1 =>1231% - 1 chia hét cho 125 (1).
Mt khac: 123100 - 1 = (123% - 1)(123% + 1)(123% + 1) => 1231 - 1 chia hét cho 8 (2).
Vi (8, 125) =1, tix (1) va (2) suy ra: 123'% -1 chi hét cho 1000
=> 123101 = 123(1231% - 1) + 123 = 1000k + 123 (k N N).
Vay 12319 ¢6 ba chir s0 tan cung la 123.
Bai tdp 31: Tim ba chit s6 tan cung ctia 3°%--%.
Hudng dan
Theo tinh chit 6, do (9, 5) =1 =>9'0 - 1 chi hét cho 125 (1).
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Twong tw bai 11, ta 6 9'° - 1 chia hét cho 8 (2).
Vi (8, 125) =1, ttx (1) va (2) suy ra: 9'® - 1 chia hét cho 1000
=> 3399...98 = 9199...9 = Q100p +99 = 999(9100p - 1) + 999 = 1000q + 999 (p, q € N)
Vay ba chit s tan cuing ctia 33°-* cling chinh la ba chit s0 tan cung ctia 9%.
Lai vi 9'% - 1 chia hét cho 1000 => ba chit s0 tan cung cua 9'® la 001 ma 9% = 9'%: 9
=>ba chit s§ tan cling ctia 9% 1a 889 (dé kiém tra chit s6 tan cung ctia 9 1a 9, sau d6
dwa vao phép nhan ??9x9 = ...001 d€ xac dinh ??9 = 889).
Vay ba chit s tan cing ctia 33 la 889.
Truong hop 3: Néu s6 da cho chia hét cho 8 thi ta cling ¢ thé tim ba chir sd tan
cung mot cach gian ti€p theo cac budec:
B1: Tim dw cua phép chia s6 d6 cho 125
B2: Suy ra cac kha néng ctia ba chit s6 tan cung
B3: Kiém tra diéu kién chia hét cho 8 d€ chon gia tri dung.
Bai tap 32: Tim ba chit s0 tan cung ctua 2004*.
Huéng dan
Do (2004, 5) = 1 (tinh chit 6)
=>2004'° chia cho 125 dw 1
=> 2004 = (2004'%)2 chia cho 125 dw 1
=> 20042 chi c6 thé tan cung la 126, 251, 376, 501, 626, 751, 876.
Do 20042 chia hét cho 8 nén chi c6 thé tan cung la 376.
Bai tap 33: Tim bon chit s tan cung ctia 52
Huéng dan
51992 =(54)4% =625%% =625 =(...0625)
Vay bon chit s tan cung caa 52 la 0625
11/ BAI TAP THAM KHAO THEM
Bai tap 34: Chuing minh 1" + 2" + 37 + 4~ chia hét cho 5 khi va chi khi n khong chia hét cho
4.
Bai tdp 35: Ching minh 920002003 720002003 ¢§ chir s6 tdn cung gidng nhau.
Bai tdp 36: Tim hai chir s0 tan cung cua:
a) 3%
b) 111213
Bai tap 37: Tim hai chit s6 tan cung ctia: S=2%+2% + .., + 24002
Bai tap 38: Tim ba chit s6 tan cing ctia: S = 12004 + 22004 4 4 20032004
Bai tap 39: Cho (a, 10) = 1. Chttng minh rang ba chit s8 tan cling ctia a'®! ciing bang ba chir
s0 tan cung cua a.
Bai tap 40: Cho A 1a mdt s6 chdn khong chia hét cho 10. Hay tim ba chit s6 tan cling ctia A2,

Bai tdp 41: Tim ba chit sd tan cung ctia sd: 199319941995 2000
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 Bai tap 42: Tim sau chit sO tan cung cta 5.
D/ VAN DUNG TIM CHU SO TAN CUNG PE CHUNG MINH CHIA HET CHO MOT
sO.
Bai tap 43: Chiing minh rang 8! - 212 chia hét cho 10
Hudng dan
Ta thdy cac s6 c6 tan cling bang 2 hodc 8 nang 1én luy thita 4 thi dwoc s6 ¢6 tan cling
1a 6.Mdt s8 c6 tan cling bang 6 nang 1én luy thita nao (khac 0) ciing tan cling bang 6 .
Do dé ta bién d6i nhu sau:
8102 =(84)25.82 = (.....6)5.64=(....6).64 = ...4
2102 =( 242502 =16%.4 =(...6) 4 = ...4
Vay 8122 -212 t3n cling bang 0 nén chia hét cho 10
Bai tap 44: Ton tai hay khong sO tu nhién n sao cho n? + n + 1 chia hét cho 19952,
Huéng dan
Theo tinh chat 1a => 19952 tan cling béi chit s8 5 nén chia hét cho 5.
Vi vay, ta dat van dé la liéu n? + n + 1 ¢6 chia hét cho 5 khong ?
Ta cé n> +n=n(n + 1), la tich cta hai s ty nhién lién tiép
=> Chir s0 tan cung cian?> +n chi cé thé€la0;2;6
=>n?+n+1chicodthétancunglal;3;7
=>1n2+n+ 1 khong chia hét cho 5.
Vay khong ton tai sd tu nhién n sao cho n?+n + 1 chia hét cho 199520,
Bai tap 45: Chiing minh rang 26 chia hét cho 8
Huéng dan
Ta thdy :26°= 11881376 ,s8 c6 tan cling bang 376 nang 1én luy thita nao(khéc 0) ciing
c6 tan cting bang 376.Do d6:
261570= (265314 = (...376)%14 = (...376)
Ma 376 chia hét cho 8
Mot s0 ¢ ba chit s6 tan cung chia hét cho 8 thi chia hét cho 8
Vay 2657 chia hét cho 8
Bai tap 46: Chting to rang 17° +24* —13* chia hét cho 10.
Huéng dan
Tim chit s8 tan cling ctia 175 ; 244 — 132! => Chir s6 tan cung ctia 17° +24* -13* 1a 0.
=>17°+24*-13" : 10
Bai tap 47: Chiing minh rang véi moi s6 ty nhién n.
a) 7*" —1 chia hét cho 5;
b) 3*"* +2 chia hét cho 5;
c) 2™ +3 chia hét cho 5;
d) 2*"? +1 chia hét cho 5;
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e) 9" +1 chia hét cho 10.
Huéng dan
a) 7%" —1=(7*)"-1=2401" -1=...=...1-1, tan cling bing 0.
Vay 7" -1:5.
b) 3" 4+2=(3")".3+2=81"3+2=..13+2, tin cling bing 5.
Vay 3" +2i5.
) 2™ 4+3=(2")".2+3=16"2+3=...6.2+3, tan cling bang 5.
Vay 2*"™ +3:5.
d) 2™ +1 tan cling bang 5 nén chia hét cho 5.
e) 9™ +1=(9%)".9+1=81"9+1=..19+1, tin ciing béng 0.
Vay 9" +1 chia hét cho 10.
Bai tdp 48. Chirng minh rang 26'° chia hét cho 8
Hudng dan
Ta thdy :26°= 11881376, sG c6 tan cling bang 376 nang lén liy thira
Nao (khéc 0) cing cé tan cting bang 376. Do d6:
261570= (265314 = (...376)%4 = (...376)
Ma 376 chia hét cho 8
Mot sO ¢ ba chit s6 tan cung chia hét cho 8 thi chia hét cho 8
Vay 267 chia hét cho 8
Bai tap 49: Chting minh ring 1991197-19971%% : 10
Hudng dan
La chiing minh 2 s6 ¢ cung chit s6 tan cung;:
Ta ¢6 19917 va 1997 ¢6 cung chit sd tan cung la 1
Suy ra 1991'97-1997'%% :10
Bai tap 50: Ton tai hay khong s6 tw nhién n sao cho s6 n? +n + 1 chia hét cho 20052
Hudng dan
S6 20052 ¢6 tan cung la 5. nén né chia hét cho 5
Tacoén?*+n+1=n(n+1)+1 chico thé co cac chir s6 tan cung la 1, 3, 7. nén nd
khong chia hét cho 5
Vay khong ton tai n.
Bai tap 51: Cho P 1a s8 nguyén t& 16n hon 5. chttng minh rang ( P + 3p# - 4 ):5.
Huéng dan
Vi P la s6 nguyén td 16n hon 5 nén tan cung cta p chi c6 thé la cac chix s6: 1; 3; 7, 9
Néu P c6 tan cung la 1 thi P8+ 3p* —4 ¢6 tan cung la 0 nén né chia hét cho 5
Néu P ¢6 tan cung 1a 3 thi p* = 10k+ 3% = 10k + 81 ¢6 tan cung la 1. p*" c6 tan cung
la 1. nén: P + 3p* — 4 ¢ tan cung la 0. nén né chia hét cho 5
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| 4

Néu p co tan cung la 7 thi twong tu. tan cung cta p* va p®" cling c6 tan cung la 1.

.~ nén tdng chia hét cho 5

Néu p c6 tan cuing 1a 9 thi:p* = 10k + 9% = 10k + 812" ¢4 tan cuing 1a 1va ptr = (p*")°

co tan cung la 1

Nén tong trén cling chia hét cho 5.

Tém lai véi p nguyén 6 16n hon 5 thi tong ludn chia hét cho 5
Nhén xét chung vé phuong phép:

1. Tach a~ dwdi dang (10k + a1)* véi a1 = {0, 1, .....9}

2. Vietndudidangn=4q+r (r=0,1,2,3)

3. St dung nhan xét 1, 2, 3 da chitng minh ¢ trén.

Bai tap 52: Chiing minh rang n’ va n c6 chit s6 tin cung giéng nhau

Huéng dan

Pé€ chiing minh n°va n c6 cung chit s6 tan cung la di chitng minh n’-n : 10

Taco: A =n°—n=n(n*-1).n?+1)=(n-1).n(n+1).n2+1)

Tac610=2.5va (2.5)=1

(n-1),n, n+11acac s ty nhién lién ti€p

SuyraA :?2

Ching minh A : 5néun:5thiA:5

Néu n:5dulsuyran-1:5 = A :5
n: 5 du 2 suy ra n>+1 = (5k+2)*+1 = (5k)*+20k+4+1:5 = A:5
n: 5 du 3 suy ra n? +1 =(5k+3)*+1 = (5k)*+30k+9+1:5 = A:5
n:5de4suyrantl : 5 =A:5

Vay Ai2vaAi5 & A:10

Vay n° va n ¢6 cung chit s0 tan cung.

Bai tap 53: Tim s6 du cua phép chia 3°'7 cho 25.

Huéng dan

Trudc hét ta tim hai chit sO tan cung ctia 3°7. Do s6 nay 1é => Ta phai tim s0 tu nhién

n nho nhat sao cho 3»-1 : 100.

tiép:

Tac630=9"=59049 =>310+1:50=>3%-1=(30+1) (3°-1) : 100.

Miit khdc: 5%-1 1 4=>5(5%-1) i 20

—> 517 =5(516- 1) + 5 = 20k + 5

=>3517 = 320k +5 = 35(320k - 1) + 35 = 35(320k - 1) + 243, ¢ hai chit s6 tan cung la 43.

Vay s0 du ctia phép chia 37 cho 25 la 18.

* Ch1 y: Trong treong hop s da cho chia hét cho 4 thi ta ¢ thé tim theo cach gian

B1: Tim s dw cta phép chia s6 d6 cho 25, tir d6 suy ra cac kha nang cua hai
chit s0 tan cung.
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B2: Dya vao gia thiét chia hét cho 4 d€ chon gia tri dung.
Bai54: Cho Q = %(72020”“ ~3""). Ching minh Q 13 55 tu nhién chia hét cho 5.

Huéng dan giai
Vi 2020; 2008 déu la boi ciia 4 nén 2020°*° va 2008*™" ciing 1a bdi cta 4.

Dit 2020 = 4m (m e N*) ; 2008”” =4n (neN*).

Khi do 727" -3 = 74m _3 = (74)" —(3°)" =2401" -81".

Ta thay 2401" va 81" c6 tan cung 1a 1 nén 2401 —81" ¢6 tan cung 14 0.
Suyra Q= %(720202018 - 320082007) c6 tan cling 1a 0 hogc 5.

Vay Q 1a s6 ty nhién chia hét cho 5.

Dang 3: Nhém hop ly

Bai 1: Chitng minh rang véi moi N nguyén duong thi 3" —2"% +3" - 2" hia hét
cho 10
Hudéng dan giai
Ta co:
3n+2 _ 2n+2 + 3n _ 2n — (3n+2 + 3n ) _ (2n+2 + Zn)
=3"(3 +1)-2"(2° +1)
=3"10-2"5=10.(3" - 2"")
Vi 10.(3n - 2”_1) chia hét cho 10 v&i moi n nguyén dwong nén ta c6 diéu phai ching
minh.
Bai 2: Chting minh rang:
a, 8.2"+2":10 b, 3" 4 2"2 43" L 2216
Hudng dan giai
a, Tacd: 82" +2" =82"+2"2=2" (8+ 2) =10.2":10
b, Ta co: VT =3"27+3".3+2".8+2"4=3"30+2"12:6

Bai 3: Chting minh rang: 3" +2%"*2:7
Hudng dan giai
Taco: A=3.3" +4.2% =3(7+2) +42" =7.M +7.2":7

Bai 4: Chitng minh réng:
a, 10" +18n-1:27 b, D=10"+72n-1:81
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Hudéng dan giai

a, Ta co: VT =(10"-1)+18n=999..9+18n (o n chir s3 9)
VT =9.1111..1+9.2n =9(111....1+ 2n):9

mit khéc: 111...1+2n (con chirs§ 1) = (1111....1-n)+3n

Xét: 111...1—n c6 tong cac chirs61a 1+ 1 +1 +...+ 1- n =0 nén chia hét cho 3
vay 111...1+2n chia hét cho 3 suy ra VT chia hét cho 27

b, Ta co:

D=10"-1+72n=9.111...1-9n+81n =9(111....1-n) +81n

Xét 111....1 - n chia hét cho 9 => D chia hét cho 81

Bai 5: Chitng minh rang : 3" + 3" +3"* chia hét cho 13 véi moin
Hudéng dan giai
Tacod: 3" +3"2+3"=3"3+3"9+3"27 = 3”.3(1+ 3+ 9) =3"13:13
Bai 6: Chttng minh rang:
a, 5°—5'+5%7
b, 7°+7°-7*111
¢, 10° +10° +107:222 va :555
d, 10°-5":59
Hudéng dan giai
a, Ta c6: =5°(5° -5+1) =5°.21:7
b, Ta c6: =7*(7°+7-1)=7'55!11
¢ Tacd: =107 (10° +10+1)=10".111i222 va :555
d, Tacd: =(25) .5 =5°(2° ~1) =5°59:59
Bai 7 : Chitng minh rang : 81" —27° - 9%:45
Hudng dan giai
Taco: =(3) —(F) —(3) =32 37 -3* =3°(3"-3-1)=3"59.5=45
Bai 8 : Chttng minh rang:Q =n° —n chia hét cho 10 véi moi n 1a s§ tu nhién.
Hudéng dan giai
Tacé Q=n°-n=n(n"-1)=(n-1)n(n +1)(n2 +1)

Trong 2 58 (n — 1) va n ludn c6 1 s6 chdn nén Q chia hét cho (1).

Do n la s6 ty nhién nén n ¢6 1 trong cac dang sau: n=5k +1,n =5k £2,n =5k
Néu n = 5k thi Q chia hét cho 5.

Néu n = 5k +1 thi n — 1 = 5k chia hét cho 5.

Néu n =5k -1 thin+ 1= 5k chia hét cho 5.

Néu n=5k+2 thi n?=5q +4 nén n?+1 chia hét cho 5.

Do d6 ta luon ¢6 Q chia hét cho 5 (2)
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Tt (1) va (2) suy ra Q ludn chia hét cho 10.
Bai 9 : Chting minh: M =2%°+2%%12*" (aeN) chia hét cho 42.
Hudng dan giai
M =273 428 4 207 =22 (24 2% 4. 2°) =272, (2+8+32) = 27242,
Ta cd: 2*2.42:42 nén M :42 (dpcm).
Bai 10: Cho 10 -1:19(k > 1). Chting minh rang: 10% —~1:19
Hudéng dan giai
Ta c6: 107 —1=10% -10" +10" —1=10 (10* 1) + (10" -1}
Nhan thay: 10¢ -1:19
Bai 11: Chitng minh rang: n? +n+1/4
Huéng dan giai
Tacéd: n+n+1=n(n+1)+1, ma n(n+1) latich cua 2 s6 tu nhién lién ti€p nén
chan
Ma VP +1 nén la s6 1é vay khong chia hét cho 4
Bai 12: Chiing minh rang: Vne N,n*+n+675
Huéng dan giai
Vin’+n+6=n(n+1)+6,
Vi n(n+1) latich 2 8 tw nhién lién ti€p nén c6 chix sd tan cung 1a 0; 2; 6
Khi d6: n(n+1)+6 sé cé tin cung 1a 6;8;2 nén khong chia hét cho 5
Bai 13: Chttng minh rang: 3 + 3% + 3" + ...+ 3" chia hét cho 120(x € N)
Hudéng dan giai
Ta co:

3x+1 + 3x+2 + 3x+3 + . + 3x+100

= (3 437 #3913 (30 430 £ BT 4370 ) 4,
+(3x+97 n 3x+98 n 3x+99 n 3x+100)
=3 (3+3 +3°+3")+3 (3+3 +3°+3")+..3"%(3+ 3 +3° +3")
=3120 + 34,120 +.... + 3*%.120
=120.(3" +3"* +....+ 3 ):120

Bai 14: Chiing minh rdng: n? +n+1/2 v4i moi s6 tw nhién n
Hudng dan giai
Ta cé: n® +n+1=n(n+1)+1 lasd1é nén khong chia hét cho 2
Bai 15: Chiing minh rang:
a, 1+3+3°+3°+..+3"14 b, 5+5%+5°+..+5°130
Huéng dan giai
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a, Taco: A=1+3+3 +3+..+3°+3" = (1+3)+3°(1+3) +..+3°(3+1)

A=4+324+3"4+..+3°4:4
b, Ta co: B:5+52+53+54+...+58:(5+52)+(53+54)+...+(57+58)
B=30+5%30+...+5%30

Bai 16: Chiing minh rang:

a, 242 +2°+...+2%:15 b, 1+3+3%+3%+...+3"°113

Hudéng dan giai

a, Tacd: C=2+22+2°+..+2% =(2+22 +23+2“)+(25 +...+28)+...+(257 +...+26°)
C=2(1+2+4+8)+2°(1+2+4+8)+..+2” (1+2+4+8)=> C =15.(2+25 +...+257)
b, Ta c6: D:(1+3+32)+(33+34+35)+...+(3”+318+319)
D=13+33.13+...+3”.13:13(1+33+....+3”)El3

Bai 17: Chting minh rang:

a, 2+22+2%+..42%:3 715 b, 1+3+3%+3 +...+399"113,41

Huéng dan giai

a, Ta co: A:(2+22)+(23+24)+...+(259+25°)
A:2(1+2)+23(l+2)+...+259(1+2) = A3
lai c6: A=(2+22+23)+(24+25+26)+...+(258+259+26°)
A:2.(1+2+22)+24(1+2+22)+...+258(1+2+22)57
Lai c6: A:(2+22+23+24)+(25+26+27+28)+...+(257+258+259+26°)
A=215+2°15+...+2°.15:15
b, Ta co: B:(1+3+32)+(33+34+35)+...+(31989+3199°+31991)
B=13+3%13+...+3%° 1313
Lai cé: B=(1+32+34+36)+(3+33+35+37)+...+(31984+3198ﬁ+31988+3199°)
(3% + 3% 13990 1391} =820(1+3+...+ 3% +39%)141

Bai 18: Chiing minh rang:

a, 2+2%+2° +...4210:31 b, 3+3°+3+...+39%:12 39

Huéng dan giai

a, Ta co:

A=(2+20 420+ 20+ 2°)+ (20427 +2°+ 27+ 2% 4.4 (20 4 27 4+ 2% 4 2% 1+ 27)
A=231+2°31+...+2%.31:31
b, Taco: S =(3+8)+(3°+3")+..+(3% +3%)
S=12+3%12+...+39% 1212
mit khéc: S =(3+37+3°)+(3' +3°+3°)+...+ (3% + 397 +3%)
S =39+3°39+...+3%.39:39

Bai 19: Chiing minh rang:

a, 3+3*+3* +...+39%:120 b, 11+112 +11® +...+11%:12
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Hudéng dan giai

a, Ta thay ngay tong B chia hét cho 3, ta can chiing minh tong B chia hét cho 40
B=(3+3"+3°+3")+..+ (3% +3% +3% 4+ 3%)

=3(1+43+3 +3°)+..+3"7 (1+3+3°+3°):40

Nhu vay A : 120

b, Ta cé: C = (11+11° )+ (10 +11") +...+ (11" +11°)

C =11(1+11)+12° (1+11) +...+11" (11+11)

C=11.12+11312+...+11".12:12
Bai 20: Chttng minh r?mg:

a, 4+4 +4°+...+47°:210 b, 1+5+5° +5° +...+5":31
Huéng dan giai
a, Tong A hién nhién chia hét cho 2 (1)

Nén ta can chitng minh tong A chia hét cho 105=5.21
A=(4+42)+(8 +4")+..+ (4 +47)
A=4(1+4)+4°(1+4)+..+4" (1+4) =45+ 4°5+ 455 (2)
A=(4+42 448 )+ (4 48 485 )4+ (42 + 47 4 479)
A=4(1+4+16)+4" (1+4+16)+..+ 4 (1+4+16):21 3)
Tte (1), (2) va (3) ta thay: A:210
b, Tacod: B =(1+5+52)+(53 +5° +55)+...+(5“°2 +5%° +54°4)
B=31+5 (1+5+52)+...+5“°2 (1+5+52)531
Bai 21: Chiing minh rang:
a, 2+2°+2°2+2% 4. 4 210:3 b, 3 +32?+32 +...+3%13
Huéng dan giai
a, Taco: A:(2+ 22)+(23 +2° +...+(299 +21°°)
A=2(1+2)+2° (1+ 2)+...+299 (1+2)=23+ 233+..+2%3:3
b, Taco: B=(3"+3%+3%)+(3" +3%+3%)+ (37 +3% +3%)
B =321(1+3+32)+324 (1+3+32)+327 (1+3+32)
B =3*13+3%.13+3%.13:13
Bai 22: Chiing minh rang A= 75.(4" + 4% + ..+ 4% +4+1)+25:100
Hudng dan giai
Dt B=4"+4® 4+ . +4% +4+1, Tinh B rdi thay vao A ta duoc:
A= 75.(42005 —1) :3+25= 25(42005 -1) +25= 25(42005 —1+1) =25.42%:100
Bai 23: Chting minh rang: M = 2012+ 20127 + 2012° +...+ 20122°°: 2013
Huéng dan giai
M = (2012 +2012? ) + (20123 +2012* ) ot (20122009 + 20121010)
M =2012(1+2012)+2012° (1+2012) +...+ 2012° (1+ 2012)

M =2012.2013+2012°2013+...+2012%*.2013:2013
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~ Bai24:Cho A=1+2+2%+..+2"%, Tim du cta A khi chia cho 7
4

Huéng dan giai
A=142+(27+2° 42" )+ (20 +2° +27 ).+ (27 4 2 +.22%)
A=3+2"(1+2+2°)+2° (14242 ) +..+ 27 (1+2+2°)
A=3+227+2°7+2%%®7, Nhan thdy ngay A chia 7 du 3
Bai 25: Chiing minh rang : A=2°+2'+22 4 ...+ 2°"% + 252 1 2°" chia hét cho 31 néu n la s8
nguyén duong bat ky
Hudéng dan giai
A:(1+2+ 22428 +2“)+(25 +20 427428 +29)+...+(25”‘5 42004 o3 o2 +25”‘1)
A:31+25.(1+2+22 +2° +24)+...+25“‘5 (1+2+ 2? +23+24)
A=31+231+...+2°"°31:31
Bai 26: Cho n 1a s8 nguyén duong. Chiing minh rang : 3" +1, 1a bdi cta 10 thi 3™* +1ciing
la boi cua 10
Huéng dan giai
Néu 3"+1, La bdi cua 10 thi 3" +1¢6 tan cung la s6 0=> 3" c6 tan cung la 9
Ma 3" +1=3"3"+1=....9.81+1=...9+1=..0:10 (dpcm)
Bai 27: Chiing minh rdng : N =5+5% +5° +...+ 5% 1a bdi cta 30
Hudéng dan giai
N =(5+5)+(5° +5")+...+ (5% +5%)
N =30+5°(5+5°)+...+5% (5+5°) =30+5°30+...+5".30:30

Bai 28: Cho S = 4+4% + 4% +...+ 4, Chting minh rang S chia hét cho 10 va 35+4 chia hét
cho 4%
Hudéng dan giai
S=(4+47)+ (4 +4" ).+ (47 +47)
S=4.(1+4)+4° (1+4)+..+47°(1+4) =45+ 45+..+45 = $:55:2= 510
Mat khéc: 4S =47 +4° + 4% + ...+ 4%
=4S-S =35 =47 -4 = 3S +4 = 47142
Bai 29: Cho N =0,7 (20072009 - 20131999) . Chting minh rang: N 1a 1 s8 nguyén
Hudéng dan giai

N = 1.(20072009 —2013% ) ,
10

bé chiing minh N 1a 1 s6 nguyén thi N chia hét cho 10 hay:

20072 — 2013 = 2007%%.2007 — 2013"**°.2013° = ...12007 —....1...7
=..7-..7=..0'10

Vay N chia hét cho 10.

Do d6 N la 1 s6 nguyén

Bai 30: Cho A=1.2.3...2018.[1+%+1+...+ 1

1 N ;
——t——= hu to ra A la so tuw
3 o7+ 2018) , ching to rang A la sO tt

nhién chia hét cho 2019.
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Hudéng dan giai

y . 1 1 1 1 1 1 1 1 1
4 Taco:1+—+—+..+ + =1+ =t — |+ —+——
' 2 3 2017 2018 2018 2 2017 1009 1010

= 2019 1 + 1 +...+;
1.2018 2.2017 1009.1010

2.3..2016.2017 +1.3.4...2016.2018 +...+1.2...1008.1011...2017.2018
1.2.3...2017.2018

Dodé: A=1.23.2018 (14 Sty v 1 1 )
2 3 " 2017 T 2018

2.3...2016.2017 +1.3.4...2016.2018 + ... +1.2...1008.1011...2017.2018
1.2.3...2017.2018

= 2019.(2.3...2016.2017 +1.3.4...2016.2018 + ...+ 1.2...1008.1011...2017.2018) : 2019

= 20109.

=1.2.3...2018.2019.

Vay A 1a s6 ty nhién chia hét cho 2019.
Bai 31: Chiing minh rdng : B = 5% + 527 4+ 52%%:31
Hudéng dan giai
Tacd: B=5(5 +5+1)=315"":31
Bai 32: Chiing minh rang : 8° +2%:17
Hudéng dan giai
Tacé: C = (23)8 +2% =2% 4 2% =27 (2" +1) = 2217117
Bai 33: Chiing minh rdng: D = 313°.299 -313°.36:7
Hudéng dan giai
Ta c6: D =313°(299—313.36) = 313", (~1567):7
Bai 34: Chting minh rdng: A=7+7%+7°+...+ 7" +7*":400
Hudng dan giai
Ta co: 400=1+7+7%+7° , vy nhdm 4 s8 hang cua tong A
Bai 35: Chiing minh rang: 2+ 2% +2° + 2% + 2° +......+ 2% + 2" chia hét cho 31
Hudéng dan giai
Pit D=2+2°+2°+2*+2°+.....+ 2% + 2 (c6 1008 hang)
=(2+22 +2°+2¢ +25)+(26 +27+2° 4 2° +21°)+ .......
+(296 +27 4 2% 4 2% ¢ 2100) (c6 20 nhém)
D=2(1+2+42°+2°+2")+2°(1+2+2° +2° +2')+...+ 2% (1+2+ 27 + 2° + 2*)
D=231+2%31+...+2%31
D= 31.(2 +2% o+ 296)chia hét cho 31

Vay D=2+2"+2°+2*+2° +.....+ 2% + 2'® chia hét cho 31
Bai 36: Cho S =17 +17? +17° +.....+17°.Chiing t6 rang S chia hét cho 307
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Hudéng dan giai
S=17+17*+17* +.....+17%
:17(1+17 +172)+174 (1+17 +172)+...+1716 (1+17 +172)

=17.307 +17%.307 +...+17%.307

=307.(17+17* +...+17"):307

Vay $:307

Bai 37: Chting minh rang : S A=11"" +12*" chia hét cho 133,véi moi ne N
Hudng dan giai

Ta co:

A=11"7 +12°" =11°.11" +12,(12° ) =121.11" +12.144"

= (133 —12).11n +12.144" =133.11" -12.11" +12.144"

=133.11" +12.(144" -11")

Ta thay :

133.11":133

(144" —11"):(144-11) =133 =12.(144" -11"):133

Do d6 suy ra 133.11" +12.(144" —11" ) chia hét cho 133

Vay: s8 A=11"% +12°" chia hét cho 133, véi moi ne N
Bai 38: Chitng minh rang véi moi N nguyén dwong ta ludn cé:

4™ 4 4™% — 4™ — 4" chia hét cho 300

Huéng dan giai

Véi moi Nnguyén dwong, ta co:
AV 4 4™ 404" =40 (40 47 -4 1)
=4"75=4""4.75=300.4""
Ma 300.4"* chia hét cho 300 (véi moi n nguyén duwong)

Nén 4™ +4™?% — 4™ — 4" chia hét cho 300.

I I I I
Bai 39: Cho biéu thiic E = 2018!+%+%+ ....... +%+%
2 3 2017 2018

Chting minh rang: E:2019
Hud6ng dan giai
Vi 2019=3.673
ma 3 va 673 la hai s6 nguyén to
bé Ching minh E:2019 ta chttng minh E:3 va E:673
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Ta xét tirng s6 hang cta E
2018!=1.2.3..2018  ¢6 chita thira s6 3 va 673. Do d6 2018!:3.673

I I
2018! 2018'53.673

Ol cO chira thtra s6 3 va 673. Do &6

I I
2018! 2018'53.673

3 cO chira thtra s6 6 va 673. Do &6

8!
Lan luot nhu vay ta thay tat ca cac s6 hang con lai (trte =->~ ) déu chira

thira s6 3 va 673 nén cac s6 hang déu chia hét cho 3 va 673

2018!

So 673 cd chirta thtra s6 3 va thtra s6 1346 chia hét cho 673. Nén
I

—2018'53.673

673

Vay tat ca cac sd hang cua E déu chia hét cho 3.673. Do d6: E:2019

Bai 40: Cho 4, b 1a binh phwong ctia hai s6 nguyén 1é lién tiép. Chitng minh rang :
A=ab-a-b+1 chia hét cho 48 .

Hudéng dan giai

Vi a,b 1a binh phuong hai s8 nguyén 1é lién tiép nén : a=(2n-1)"; b=(2n+1)* (ne2)
Tacé:ab—a-b+1l=(ab-a)-(b-1)=a(b-1)-(b-1)=(a-1)(b-1). Do d¢:
A=(@-1)(b-1)=| (20-1)" -1][ (2 +1)° ~1] = 4n(n~1) 4n(n+1) =16n* (n-1)(n+1)
ma n(n-1)(n+1):3 (tich 3 s8 nguyén lién tiép) = Ai(16.3) = A48 (dpcm)

Bai 41: Ching minh rr?mg: 3437243 44371 chia hét cho 120 v6i moi x 12 s8 tw
nhién
Huéng dan giai
3x+1 + 3x+2 + 3x+3 +..+ 3x+100
_ (3x+1 L3243 3x+4) 4 <3x+5 436 4 T | 38 ) - <3x+97 4398 | 399 3x+100)

=3"(3+32 +3° +3“)+3"+4(3+32 +33 +3“)+...+3"+96(3+32 +3° +34)
= 3%.120 43,120 +...+ 3"%.120
- 120(3* 43 +...+3“96)5120
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CHUYEN PE 5: SO NGUYEN TO, HOP SO

1. MOT SO VAN PE LICH SU VE SO NGUYEN TO.

SO nguyeén t6 duwoc nghién cttu tit nhiéu thé ki trede cong nguyén nhung cho dén
nay nhiéu bai toan vé sd nguyén td van chua duoc giai quyét tron ven.
1) SANG ORATOSTEN (EURATOSTHENE).

Lam thé nao d€ tim duoc tat ca cac s& nguyén t& trong mot gidi han nao d6, chang
han ttr 1 dén 100 ?

Ta lam nhw sau: Trudc hét xda s6 1.

Gitr lai sO 2 rdi x0a tat ca cac bdi cia 2 ma 16n hon 2.

Gitr lai sO 3 rdi x0a tat ca cac bdi cia 3 ma 16n hon 3.

Gitr lai s0 5 (s0 4 da bi x6a) roi xda tat ca cac bdi ciia 5 ma 16n hon 5.

Gitr lai s06 7 (s6 6 da bi xda ) roi x0a tat ca cac bdi cia 7 ma 16n hon 7.

Cac s6 8, 9, 10 da bi xda. Khong can xda tiép cac boi cuia cac sd 16n hon 10 cling két luan
duoc rang khong con hop s8 nao nira.

That vay, gia stt n la mét hop sd chia hét cho 1 s6 a 16n hon 10 thi do n<100, a >10
nén n phai chia hét cho 1 s& b nho hon 10, do d6 n da bi xoa.

Nha toan hoc ¢d Hi Lap Oratoxten (thé ki III trudc cong nguyén) la nguoi dau tién
dua ra cach nay. Ong viét cac sG trén gidy co sdy cing trén mot cai khung roi dui thung cac
hop s6 duoc mot vat twong tw nhw cai sang: cac hop s0 dugc sang qua, cac s6 nguyén to
duoc gitt lai. Bang s6 nguyén t6 nay duoc goi la sang Oratoxten.

Dung bang cac sd nguyén t6 nho hon 100, hay néu ra cach kiém tra mot s nho hon
10000 c6 la s6 nguyén t6 khong ? Xét bai toan trén véi cac s6 259, 353.

Giai.
Cho s6 n < 10000 (n>1). Néu n chia hét cho mot s6 k nao d6 (1 <k <n) thi n la hop s6.
Néu n khong chia hét cho moi s6 nguyén t6 p ( p° <n). thin la s6 nguyén té.
S6 259 chia hét cho 7 nén 1a hop so.

S0 353 khong chia hét cho tat ca cac sd nguyén t6 p ma p” <353 (d6 1a cac sd nguyén t6 2,
3,5,7,11, 13, 17) nén 353 la sO nguyén to.
2) SU PHAN BO SO NGUYEN TO

Tt 1 dén 100 c6 25 sO nguyeén to, trong tram thit hai c6 21 s6 nguyén to, trong tram
thit 3 c6 16 sO nguuyeen t, ... Trong nghin dau tién c6 168 s6 nguyén td, trong nghin th
hai c6 145 s6 nguyén t5, trong nghin thit ba ¢6 127 sd nguyén t6, ... Nhw vay cang di xa
theo day sO tu nhién, cac s6 nguyén td cang thua dan.

C6 ton tai mot nghin sd ty nhién lién tiép déu 1a hop sd ?
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Giai.

Co6. Goi A =2.3.4...1001. Cacs6 A +2, A +3, ..., A+ 1001 1a 1000 s6 tw nhién lién
ti€p va ro rang déu la hop s6 (dpcm).

Mot van dé dwgc dat ra: c6 nhitng khoang rat 16n cac s6 ty nhién lién tiép déu la
hop s0. vay co thé dén mot Itic nao d6 khong con s6 nguyén to nita khong ? C6 s6 nguyén
t6 cudi cung khong ? Tt thé ki III trude cong nguyén, nha toan hoc ¢6 Hi lap Oclit da
chttng minh rang: Tap hop céc s8 nguyén & 1a vo han.

Vi du.
Chting minh rang khong thé c6 hiru han s8 nguyén td.
Giai.

Gia str chi ¢ hitu han s6 nguyén téla p,, p,,..., p, trong d6 p, 1a s6 16n nhét trong
cac sO nguyeén to.

Xét s6 A= p,p,...p, +1 thi A chia hét cho mdi s6 nguyén t& p,, (1<i<n) déudu1
1).

Mt khac A 1a hop s6 (vi n6 16n hon sd nguyén td 16n nhat la p,) do d6 A phai chia
hét cho mot sd nguyén td nao do, tic 1a A chia hét cho mot trong cacsé p, (1<i<n) (2),
mau thuan véi (1).

Vay khong thé c6 hitu han s6 nguyén t& (dpcm).

Qua sy phan bd cac s6 nguyén t5, nha toan hoc Phap Bectorang dua ra dy doan: néu n
> 1 thi gitta n va 2n co it nhat mot s6 nguyeén t6. Nam 1852, nha toan hoc Nga Trébusép da
chitng minh duwgc ménh dé nay.Ong con chiing minh dugc:

Néu n > 3 thi gitta n va 2n - 2 ¢6 it nhat mot sd nguyén t6. Ta cling c6 ménh dé sau: Néu
n >5 thi gitta n va 2n ¢d it nhat 2 s6 nguyén to.

Vi du.
Cho s6 tw nhién n > 2. Chttng minh rang s6 n! - 1 ¢6 it nhat mot wéc nguyén 3 1én hon n.
Giai.

Goia=n!-1.Don>2nén a>1. Moi s0 tw nhién 16n hon 1 déu c6 it nhat mot wée
nguén t6. Goi p 12 uc nguyén td ctia a. ta sé chtiing minh rang p > n.

That vay gia st p<n thi tich 1. 2. 3...n chia hét cho p, ta ¢é n! chia hét cho p, ma a chia
hét cho p nén 1 chia hét cho p, vo 1i.

3) CONG THUC CHO MOT SO NGUYEN TO

a) Chting minh rang moi s8 nguyén t& m 16n hon 3 déu viét duoc dudi dang 6n + 1
hodacén-1(neN).

b) C6 phai moi sd c6 dang 6n+1 (ne N) déu la s6 nguyén t6 hay khong?

Giai:
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a) Moi s8 tu nhién khi chia cho 6 c6 mot trong cacs6 du 0, 1, 2, 3, , 5. Do d6 moi s0 tu
nhién déu viét duwgc dwdi mot trong cac dang 6n—2,6n-1,6n,6n+1,6n+2,6n+3. Vim la sd
nguyén t& 16n hon 3 nén m khong chia hét cho 2, khong chia hét cho 3, do d6 m khong cd
dang 6n—2,6n,6n+2,6n+3. vay m viét dugc dudi dang 6n +1 hodc 6n -1 (vidu: 17=6.3 -
1,19=6.3+1).

b) Khong phai moi s6 ¢6 dang 6n+1(n e N) déu la s8 nguyén t8. Chang han

6. 4 + 1= 25 khong la s6 nguyén td (dpcm).

Liéu c6 cong thirc nao ma véi moi gia tri tw nhién ctia chit déu cho ta cac sd nguyén to
khong ? Cho dén nay, nguoi ta chua tim thady mot cong thirc nhw vay. Tuy nhién c6 mot s6
biéu thitc ma véi kha nhiéu gia tri cua chit, bi€u thitc d6 cho ta cac s6 nguyén to.

Biéu thitc 2n* +29 cho ta cic gid tri nguyén td v6in=0, 1, 2, ..., 28.

Biéu thirc n? +n+41 do O_le (Euler 1707 - 1783) dua ra cho cdc gia tri nguyén t8 véin =
0,1,2,..,39 (con n =40 thi 40° + 40+ 41=40(40+1)+41 chia hét cho 41).

Biéu thitc n? —79n+1601 cling cho cac gid tri nguyén t8 voéin=0, 1, 2, ...., 79 (con v4in
= 80 thi biéu thirc bang 41?).

SO Phec-ma. Nha toan hoc kiém luat gia Phap Phec- ma (Pierre de Fermat 1601 - 1665)
xét biéu thirc 2™ +1 trong d6 m=2"vdin=0, 1, 2, 3,4 cho cacsd nguyéntd2+1=3,22+1=
5 2¢+1=17,28+1 =257, 216 + 1 = 65537. V&i n = 5, dwoc sO 232+ 1 = 4294967297, Phec- ma
cho rang d6 ciing la s6 nguyén t& va dng dua ra gia thuyét: Bidu thiec 20 + 1 véi m 1a liy
thtra ctia 2 cho ta cac s6 nguyeén to.

Y kién nay dtng virng rat 1au. Mai d&én nam 1732, O- le méi bac bo gia thuyét trén bang
cach chirasd 2% +1 chia hét cho 641. Day la mot trong cac vi du dién hinh nhét ching to
rang phép quy nap khong hoan toan cé thé dan dén sai lam.

Cac s0 c6 dang 2™ + 1 v6i m la mot lay thira cua 2 duoc goi la s6 Phec- ma.

4). BIEU DIEN MOT SO DUOI DANG TONG CAC SO NGUYEN TO.

Nam 1742 nha toan hoc Pitc Gon_bach viét thu bao cho O _le biét rf?mg ong mao hiém
dua ra bai toan: moi s tu nhién 16n hon 5 déu biéu dién duoc dudi dang tong cua 3 sO
nguyén t8. O_ le tra 1i rang theo 6ng, moi s8 chdn 16n hon 2 déu biéu dién duoc dudi
dang tong cua 2 sd nguyén to.

Néu chiing minh dugc mot trong hai ménh dé trén thi chiing minh dwoc ménh dé con
lai. Trong 200 ndm, cac nha toan hoc thé gidi khong giai duoc bai toan Gon bach- O le. Bén
nam 1937, nha toan hoc Lién X6 Vindgraddp da giai quyét gan tron ven bai toan d6 bang
cach chitng minh rang: Moi s6 1é da 16n déu c6 thé biéu dién duoc dudi dang tong ctia 3
sO nguyeén to.

Cho dén nay bai toan Gonbéch- O le van chua dwoc chitng minh hoan toan.

Vi du.

Cong nhan ménh dé noi trén cta O le, hay chitng minh bai toan Gon bach.

Giai.
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Cho s8 tu nhién n > 5, ta sé chtiing minh rang n viét duoc dudi dang tong cta 3 s&
nguyén t6. Xét hai truong hop:
a) Néu n chan thin =2 +m vdi m chan, m > 3.
b) Néu n 1é thin =3+ m v4i m chdn, m > 2.
Theo ménh dé O le, m chdn, m > 2 nén m viét dwoc dudi dang tong cua 3 s8 nguyeén to.
1. SO NGUYEN TO-HOQP SO
A.TOM TAT LY THUYET
1.S6 nguyén t0 la s6 t nhién 16n hon 1 ¢6 2 wéc dwong la 1 va chinh né.
S6 nguyén t& nho nhat 1a 2, d6 1a s8 nguyén t6 chdn duy nhat.Tat ca s8 nguyén t&
con lai déu la s6 1é.
2.Hop s6 la s6 ty nhién 16n hon 1 ¢6 nhiéu hon 2 wéc duong.
Udc nguyeén t6 nho nhat ciia mot hop s8 a 1a mot s§ khong vuot qua +a .
Phan tich mot sO ra thita s6 nguyén t0 1a viét s6 d6 dudi dang tich cua nhiéu thtra sg,
moi thtra s6 la mot s6 nguyén t6 hodc 1a 1y thira cia mot s6 nguyén to6.
Dt phan tich mot thira s8 ra thita s6 nguyén t3 bang cach nao thi cudi cing ta ciing
dwgc mot két qua duy nhat.
Hai hay nhiéu s8 duwegc goi la nguyén t8 cting nhau khi UCLN ctia chiing bang 1. Hai
s0 ty nhién lién tiép 1a hai s6 nguyén td cung nhau.
Heé qua.
S8 a>1 khong c6 uéc nguyén t6 nao tir 2 dén +/a thi a la mét s8 nguyén t6.
Tap hop s6 nguyén t6 la vo han.
B.CAC DANG TOAN.
Dang 1. st dung cac tinh chat ctia phép chia s6 nguyén.
i)Trong n s6 nguyén lién tiép cé mot va chi mot s6 chia hét cho n.
ii) Moi s6 nguyén t0 16n hon 2 déu c6 dang 4n+1.
iii) Moi s6 nguyén t6 16n hon 3 déu c6 dang 6n+1.
Bai 1 Cho p la s6 nguyén t6 va mot trong 2 s6 8p + 1 va 8p - 1 1a 2 s6 nguyén t0, hoi so
nguyén td thit 3 1a s6 nguyén t& hay hop s6?
Giai.
V6ip=23taco8p+1=251ahop s6, con 8p-1 la s6 nguyeén t6.
V6i p#3 taco 8p-1,8p,8p+l la 3 sO nguyén t6 lién ti€p nén cd mot s6 chia hét cho 3.Do
p la nguyén t& khac 3 nén 8p khong chia hét cho 3,do d6 8p-1 hodc 8p+1 c6 mét sd chia hét
cho 3. Vay s6 tha 3 1a hop so.
Bai 2. Hai s6 2" -1 va 2" +1(n > 2) ¢ thé dong thoi 1a s6 nguyén t& duoc khong? Tai sao?

Giai.
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Trong 3 s6 nguyén lién tiép 2"-1,2",2" +1 ¢ mot s6 chia hét cho 3, nhung 2" khong
chia hét cho 3, do d6 2"-1 hoac 2"+1 c¢6 mot sO chia hét cho 3 va 16n hon 3. Vay
2" -1,2" +1 khong dong thoi la s6 nguyén t6.
Bai 3. Chttng minh rang néu p va p+2 1a hai s§ nguyén 3 1én hon 3 thi tdng cta chiing
chia hét cho 12.
Giai.
Taco:p+(p+2)=2(p+1).
. p 1a s6 nguyén t& 16n hon 3 nén p la s6 nguyén t6 1é suy ra: p+1:2=2(p+1):4 *
. P, p+1, p*+2 1a 3 s6 nguyén lién ti€p nén c6 mot s6 chia hét cho 3, ma p va p+2 khong chia
hét cho 3nén: p+1:3=2(p+1):3 **
T * va** suy ra: 2(p+1):12. (dpem)
Bai 4. Tim s6 nguyén td p sao cho p+10 va p+14 la cac s6 nguyén to.
Giai.
Vi p = 3 thi p+3=13 va p+14=17 la cac sd nguyén to.
Véip>3thi p=3k+l.
Néu p=3k+1 thi p+14=3k+15:3;
Néu p=3k-1thi p+10=3k+9:3;
Vay véi p=3 thi p+10 va p+14 la s6 nguyén to.
Bai 5.
a) Tim 3 s6 1é lién tiép déu la cac s6 nguyén to.
b) Tim s nguyén t6 p sao cho p vira la tong vira 1a hiéu ctia hai s6 nguyén to.
Giai.
a) Trong 3 s0 1é lién ti€p c6 mot s6 chia hét cho 3. Vay trong 3 s6 nguyén td da cho
phai c6 mét sd chia hét cho 3 va 3 sd nguyén t6 1é lién tiép 1a 3, 5, 7.
b) gid st p=p,+p,=p,+p, VOi P, P, P, P, 12 cac s6 nguyén td. Vi p,p, 1a s6

nguyén t6 nén p>2, suy ra p lé. Trong hai s6 p,, p, phai c6 mot s8 chan, trong hai s§
P, p, cing phai c6 mdét s§ chin. Ching han p,=p,=2. Khi dé:
p=p,+2=p,—2=p,+1=p,. Ta cd p,p +2,p +4 la cac s nguyén td 1é lién ti€p nén
theo cau a) p, =3 tird6 p=5. Thir lai: 5=3+2=7-2.
Bai 6.

Tim céc s6 tw nhién k dé€ day: k+1,k+2,k +3,...,k +10 chta nhiéu sd nguyén t6 nhat.

Giai.

Vi k=0 ta c6 day 1,2,3,...,10 chira 4 s nguyéntdla2, 3,5, 7.

Véik=1tacodday?2, 3, 4,..11 chta5s6 nguyéntsla2, 3,57 11.

Véik=2tacdday 3, 4,5, ..., 12 chita 4 sd nguyén tdla3, 5,7, 11.
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Vé6i k>3 day k+1,k+2,k+3,....k+10 chita 5 sd 1€ lién tiép, cac s6 1é nay 16n hon 3 nén
chia c6 mot sd chia hét cho 3, ma 5 s8 chdn trong day hién nhién khong 1a s& nguyén té.
Vay trong day it hon 5 s& nguyén t6.

Tém lai k=1 thi day k+1,k+2,...,.k+10 chtta nhiéu s6 nguyén t6 nhat.
Bai 7.

Ta goi p,q la hai s0 tu nhién lién ti€p, néu gitta p va q khong c6 sO nguyén té nao
khac. Tim 3 s nguyén td lién tiép p, g, r sao cho p®+q° +r? cling 1a s& nguyén td.
Giai.
Néu 3 s6 nguyén t8 p, g, r déu khéc 3 thi p, q, r déu 6 dang 3k+1 suy ra p®,q*,r’
chia cho 3 déu du 1. Khi d6 p>+q°+r?:3 va p°+qg*+r>>3 nén p>+q°+r? lahgp sd.
Vay p=3, g=5, r=7, khi d6 p*+q° +r?=3°+5°+7° =83 la s0 nguyén td.
Bai 8. Tim 3 s8 nguyén t6 sao cho p'+q° =r.
Giai.
Gia stt ¢6 3 s6 nguyeén to p, q, r sao cho p?+q” =r.Khidé r>3 nénrlaso lé suy ra
p, q khong cing tinh chan lé. Gia st p=2 va q la s8 lé. Khi d6 ta c6 2°+qg°=r. Néu q
khong chia hét cho 3 thi g° =1(mod 3). Mt khéc vi q 1é nén 2% =-1(mod 3), tir d6 suy ra
2°+g*:3=r:3, vo li. Vay g=3, ltc d6 r =2°+3? =17 la s8 nguyén td.
Vay p=2,q=3,r=17 hodc p=3,q=2,r=17.
Bai 9.

a) Chttng minh rang s6 du trong phép chia ctia mot s nguyeén t& cho 30 chi c6 thé'1a 1
hodc 1a s6 nguyén td. Khi chia cho 30 thi két qua ra sao?

b) Chitng minh rang néu téng ctia n lily thita bac 4 ctia cic s§ nguyén t8 16n hon 5 la
mot s6 nguyén t6 thi (n,30)=1.

Giai.

a) Gia st p 1a sO nguyén t6 va p=30k+r véi 0<r<30. Néu r la hop s6 thi r c6 wdc
nguyén td (< J30 = q=2;3;5. Nhung vdi q =2; 3; 5 thi q lan lwot chia hét cho 2; 3; 5, v
1i.Vay r = 1 hodc r la s& nguyén t6.

Khi chia cho 60 thi k&t qua khong con dting nita, chang han p= 109= 60.1+ 49, 49 1a hop s6.
b) SO nguyén t6 p khi chia cho 30 chi c6 thé dwla 1, 7, 11, 13, 17, 19, 23, 29.
Véir=1, 11,19, 29 thi p?=1 (mod 30).
Véir=7,13,17, 23 thi p?=19 (mod 30).
Suy ra p*=1 (mod 30).
Gia st p,p,,...p, la cac s6 nguyén t6 lén hon 5.
Khidé q=p*+p," +..+ p," =n(mod30) = g =30k +n 1a s6 nguyén t& nén (n,30)=1.
Bai 10.

Tim tat ca cac bd ba sd nguyén td a, b, c sao cho abc <ab+bc+ca.
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Giai.

Via, b, ¢ ¢d vai tro nhu nhau nén gia st a<b<c.

Khi d6 ab+bc+ca<3bc=abc<3bc=a<3=a=2 (via la sd nguyén td). Véi a =2 ta cd
2bc<2b+2c+bc=hc<2(b+c)<4c=b<4=b=2 hoacb=3.

Néu b=2 thi 4c < 2+4c thoa vdi c la sd nguyén t6 bat ki.
Néub=3 thi 6c<6+5¢c = c<6=c=3 hodc c=5.
Vay cac cap so (a, b, ¢) can tim 1a (2, 2, p), (2, 3, 3), (2, 3, 5) va cac hoan vi ctia chung, véi p
la s6 nguyén to.
Bai 11.
Cho day s6 nguyén duong a,,a,,....,a, dwoc xac dinh nhw sau:
a, =2, a, la wéc nguyén t6 16n nhat cua aa,a,...a, ,+1 véi n>2.
Chting minh rang a, #5 véi moi k.
Giai.

Tacod a =2,a, =3, gid st véi N2>3 nao dé ma cd sd 5 1a wéc nguyén td 16n nhat ctia s
A=23a4,..a, ,+1 thi A khong thé chia hét cho 2, cho 3. Vay chi c6 thé xay ra A=5" véi
m>2,suyra A-1=5"-1:4.

Ma A-1=23a4a,...a,, khong chia hét cho 4 do a; a,, la cac s6 1¢, vo li. Vay A khong co6
wdc nguyén to cua 5, tirc 1a a, =5, Vke N,
Bai 12.
Tim t4t ca cdc s6 nguyén t6 p d€ 2° + p® cling la sd nguyén té.
Giai.
V6i p=2 ta c6 2° + p® = 2> +2° =4 khdng la s6 nguyén to.
Véi p=3 ta cd 2° + p* =2°+3% =17 la s6 nguyén to.
Véi p>3taco p?+2° =(p°-1)+(2° +1). Vip lé va p khong chia hét cho 3 nén p*-1:3
va 2P +1:3, do d6 2 + p* 1a hop so.
Vay, v6i p=3 thi 2P + p*1a s& nguyén td.
Dang 2. ap dung dinh li fermat.
p la s& nguyén td va (a,p)=1 thi a** =1 (mod p).
Bai 1.
Nha toan hoc Phap Fermat da dua ra céng thicc 2" +1 d€ tim céc s6 nguyén td véi
moi n tw nhién.
1. Hay tinh gia tri cia cong thitc nay khi n=4.
2. Véi gid tri nay hay ching to ba tinh chat sau:
a) Tong hai chit s6 dau va cudi bang tdng cac chit s6 con lai.

b) Tong binh phuwong cac chit s6 1a sd chinh phuwong.
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c) Hiéu gitra tong cac binh phuong cta hai chit s6 dau va cudi vdi tong cac binh phuong
ctia cac chit 58 con lai bang tong cac chit s8 ctia s8 do.
Giai.
1. Ta thay n= 4 vao cong thitc Fermat va duwoc:
2% +1=65537 1a s8 nguyén td.
2.56 nguyén t6 65537 cd ba tinh chat sau:
a) Téng hai chit s6 dau va cudi 6+7=13 ding bang tong ba chit s§ con lai 5+5+3=13.
b) Tong binh phuong cic chit s6 6° +5° +5° +3* +7° =36+ 25+ 25+9+49 =144 1a s8 chinh
phuong vi 144 =12°.
c) Tong binh phwong cta hai chit s6 dau va cudi 1a 6*+7° =36+49 =85. Tdng cac binh
phuong ctia ba chit s§ con lai 1a 5°+5°+3°=25+25+9=59. Téng cic chir s§ do la
6+5+5+3+7=26.
Ta nhan thay ring 85-59 =26. Hiéu nay dung bang tdng cac chit s8 ctia s nguyén t&
65537.
Bai 2
Cho ne N, chitng minh ring: 2°"" +19 va 2*" +3%" +5 la nhitng hop 8.
Giai.
Ta chttng minh 22" +19:23 véi moi n>1.
Ta cé: 2° =1(mod1) = 21" = 2(mod 22) = 21" = 22k + 2, (k € N) .
Theo dinh ly Fermat:
2% =1(mod 23) = 22" = 2%*? = 4(mod 23) = 2*" +19:23.
Mit khéc: 22" +19 > 23 nén 22" +19 1a hop s8 véi moi ne N *.
Ta chting minh: 2°" +3%" +5!11 v6imoi n>1.
Bai 3.
Tim s® nguyén t0 p sao cho 2° +1 chia hét cho p.
Giai.
Gia st p 1a s6 nguyén td thoa: 2° +1:p.
Theo dinh ly Fermat:
2P =2(mod p) =2 -2:p=3=2"+1)-(2°-2):p= p=3.
Véip=3taco 2° +1=9:3.
Bai 4.
Cho p 1a s8 nguyén & 16n hon 2. Chttng minh rang c6 vo s6 s6 tw nhién n théa n.2" -1
chia hét cho p.
Giai.
Ta c6 2°* =1(mod p), ta tim n=(p—-1)sao cho n.2" =1(mod p).
Ta cd: n.2" =m(p-1).2"" (mod p) = n.2"=—m=1(mod p) => m=kp—1,(k € N*).
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Vay, v6i n=(kp-1)(p-1),(k e N*) thi n.2" -1:p.
Bai 5.
Cho p la s6 nguyén t&, chitng minh rang s 2° —1 chi c6 wdc nguyén t& c6 dang 2 pk +1.
Giai.
Goi q la wdc nguyeén t6 cua 2P —1 thi q 1é, nén theo dinh li Fermat:
20 _1ig= (2P -1,29t -1 =2P9Y _1:g=q-1:p, vinéu (q-1, p) =1 thiliq, vo 1.
Mit khac: -1 chdn suy ra q—1:2p = q=2pk +1.
Bai 6.
Gia stt p la s6 nguyén to 1é va m= % . Chitng minh rang m 1a hop s6 1& khong chia

hét cho 3 va 3"" =1 (mod m).

Giai.
p_ p p_ p
Ta co: m=3 1.3 +1:a.b,vc’yia:3 1,b=3 +1.
2 4 2 4

a, b déu la cac s6 nguyén 16n hon 1 nén m la hop s6.
Ma m=9""+9"2+..+9+1 va plé nén m 1é vd m=1 (mod 3).Theo dinh li Fermat, ta
co: 97 -9:ip.
9° -9

(p,8)=1nén 9" -9:8p=>m-1: p.

Vi m—1:2 nén m-1:2p, khi d6: 3"* -1:3%" —15% —m. (dpcm).
Bai?7.
Chting minh rang day s§ 2003+23k véi k=12,3...chtta vd han s6 1a lily thira cta
cung mot s6 nguyeén to.
Giai.
Gia st ton tai s6 nguyén td p sao cho:
2003+ 23k = p" 1).
Trong d6 k,n la cac s6 nguyén duong nao do.
Ttr (1) dé thdy p khong chia hét cho s& nguyén t3 23 nén (p,23)=1.
Theo dinh 1i nho Fermat thi p* -1 chia hét cho 23, suy ra p**' ¢6 dang p* =1+23s
v6i moi s6 nguyén duong t.
Tt d6 p?*" =(1+23s)p" = p" +23s.p" = 2003+ 23k +23s.p" hay
P2t = 2003+ 23(k + sp") Vi moi t=1,2,3,...
Bai todn duwoc giai day du khi ta chi ra sy ton tai s6 nguyén 6 p thda man (1). Chang han:
Véi p=2 ¢4 2003+ 23.91= 2%
Véi p=3 ¢4 2003+23.8=3'
Véip=4 c6 2003+ 23.6 =2141
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Vé&i p=2003 thi ton tai k theo dinh li Fermat thoa man 2003+ 23k = 2003%.
Bai 8.

Tim bay s6 nguyén t3 sao cho tich ctia chiing bang tong céc liy thita bac sau cta bay

s0 do.

Giai:
Goi bay s6 nguyén to1a p, p, Pys ... P; -
Ta cé:

PP, PsPyPsPsPr = P+ P2 + D5+ Py + s+ s+ p; (%)
Ta can dung dinh li Fecma nho:

Néu s6 nguyén a khdng chia hét cho 7 thi a® =1(mod7).(Cé thé chiing minh truc ti€p
diéu nay thong qua viéc bién ddi a® = (7Tk +r)* =7t +1 véi moi r théaman 0<r <6, con tla
sO nguyén)

Gia str trong bay s6 nguyén td trén c6 k s6 khac 7 véi 0<k <7.
. Néu k = 0, nghia 1a ca bay s6 trén déu bang 7 thi ta ¢6
7.7.7.7.7.7.7="7% 77575+ 76+ 7%+ 7° thoa man (*).

. Néu k =7, nghia 1a ca bay s0 trén déu la s6 nguyén t6 khac 7 thi vé€ trdi caa (*) khong
chia hét cho 7, con v€ phai ctia (*) chia hét cho 7 theo dinh li Fec ma, diéu nay khong xay
ra.

Vay chi xay ra bay s6 nguyén td trong dé bai déu la 7.
Dang 3: Phuong phap phan tich.
Bai 1.
Tim ne N* dé&:
a) n* +4 la sd nguyén to.
b) n*® +n?” +1 1a s6 nguyén td.
Giai.

a) Ta co6:

n“+4=(n*"+4n"+4)—4n* =(n*+2)* - (2n)* = (N> + 2+ 2n)(n* +2-2n).
Néu n*+41a sd nguyén to thi n°-2n+2=1<n=1.
Thtr lai: Véi n=1 thi n*+4=5 la sd nguyén td.
Vay, voin=1 thi n* +4 la sd nguyén td.
b) Ta c6: n®® +n** +1=n*(n"" -1) +n(n***" -1) +n’ +n+1.
Véi n>1 tacé:

N -1:n*-1in*+n+1 do @4 n®®4+n**®

n 2003 + nZOOZ

+1in*+n+l1  va n’+n+l>1 nén
+1 la hop s6.

Véin=1 thi n®* +n*” +1=3 la sd nguyén tJ.
Bai 2.
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a) Tim cac sd nguyén s6 p dé 2p+1 la 1ap phuong ctia mét s ty nhién.
b) Tim cac sd nguyén t0 p d€ 13p+1 la lap phwong cia mot s6 tw nhén.
Giai.
a) Giastt 2p+1=n® (véineN);nlas6lénén n=2m+1 (me N), khi dé
2p+1=(2m+1)° = p=m(4m’ +6m+3).
Viplasdonguyéntonén m=1,suyra p=13.
Thir lai: 2p+1=2.13+1=27=3%. Vay p=13.
b) Gia st 13p+1=n’(neN); p>2 suy ra n>3.
13p+1=n®*=13p=(n-1(n* +n+1).
13 va p la cdc s8 nguyén t6, ma n-1>1 van*+n+1>1 nén n-1=13 hojc
n-1=p.
i) V6i n—1=13 thi n=14, khi d6 13p=n’-1=2743= p =211 la sd nguyén té.
ii) V&i n—1=p thi n®+n+1=13=n=3, khi d6 p=2 la sd nguyén té.
Vay v6i p=2, p=211 thi 13p+1 la lap phwong ctia mot s6 ty nhién.
Bai 3.
Tim t4t ca cac sd nguyén X,y thoa x* —2y® =1.
Giai.
Gia st X,y 1a cac s6 nguyén t6 thoa: x*—2y? =1. Khi d6 x* =2y*+1, suy ra x 1a s
lé, dat x=2n+1(ne N*). Ta co:
(2n+1)° =2y* +1=4n° +4n+1=2y* +1= y* =2(n*+n)i2 = y:2, ma y la s6 nguyén td nén
suy ra y=2.
Véiy=2,taco x=3.
Thtrlai véi x=3,y=2thi x* -2y® =1.
Bai 4.
Tim céc s6 nguyén td x,y,z thoa x’ +1=z.
Giai.
Vi X,y lacadcs6 nguyén tdnén x>2,y>2 suyra z>5.
z1a s6 nguyén t& 1é nén x’ 1a s6 chdn suy ra x=2, khi d6 z=2" +1.
Néu y 1é thi 2’ +1:3, suy ra z:3, vd li. Vay y chdn, suy ray=2,z =2*+1=5.
Vay céc s6 nguyén to can tim la x=y=2;z=5.
Bai 5.
Chting minh rang néu 1+ 2" +4"(n e N*) 1a s6 nguyén t3 thi n=3" véi ke N,
Giai.
Dat n=3“m vdi (m, 3)=1. Gia st m>1, xét hai treong hop:
i) m=3l+1(l e N*). Ta co:
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142" 44" =142 G L 30D _1 4 a0 4 01D (y6i a=2%), suy ra
1+2"+4" =a(@” - +a’(@" - +a’+a+lia’* +a+1=1+2"+4" la hop so.
ii) m=31+2,(1e N*). Ta cé:
142" +4" =14+ 25 @ 4 43642 _14 g2 4 g8 = (a®° _1) +a?(a¥ 1) +a’ +a+Llia’ +a+1
(voi a=2%).
Suy ra 1+2" +4" la hgp s0.
Vay m=1 ttec la n=3k.
Bai 6.
Cho a,b,c,d € N* thoa man ab=cd . Chtng minh rang: A=a"+b"+c"+d" 1a hop s6
voimoi neN.
Giai.
Gia stt (a, b)=t, khi d6: a=ta,c=tc, voi((a,c,)=1.
Ttr ab=cd suy ra ab=cd = b:c,.
Dat: b=kc, = cd =a ke, =d =ka,.
Khi dé: A=a"+b"+c"+d" =t"a; +k"c +t"c] +k"a = (k" +t")(a] +c).
Vi k,t,a,,c, e N* nén A la hop s6.
Bai 7.
Tim tat ca cac sd nguyén t0 p dang @—1 (n>1).
Giai.
Ta co:
o- n(n+1) e n°+n-2 _(n-)(n+2) ‘
2 2 2
Véin=2 ta c6 p=2.

Véin=3 ta c6 p=5.
Véin>3thi %t >1 van+2>1 nén p la hop so.

n(n+1)

Vay véin=2, n=3 thi p la s6 nguyén t6 c6 dang 1.

Bai 8.

N A, 2 4 n 4 . ~ n N ab \ ~ A ~
Tim tat ca cac s co hai chit sO ab sao cho W la s6 nguyeén to.
a —
Giai.
Vi a,b ¢6 vai tro nhw nhau nén c¢6 thé gia st a > b.

*2 ? ab 7. \ ~ A ~
Gia s W = p vdi p la s6 nguyén to.*
a —

Suyra abip=>aip hodc bip=pe{2,357}.
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ko . Jatp=p° _ Ja=p'-p
Tt * ta c6 ab=ap-bp (a+ p)(p-b)=1p Q{p—bzl <:>{b= o1
Vé6i p=2 ta c6 ab =21 hodc ab=12.
Véi p=3 ta c6 ab =62 hodc ab=26.
V6i p=5 va p=7 ta c6 a c6 2 chit s§ (loai).
Vay céac s6 ab can tim 1a 12, 21, 26, 62.
Bai 9.
Cho cac s p=b°+a,q=a’+c,r=c*+b la cdc sd nguyén t6 (a,b,ce N*). Ching
minh rang ba s8 p, q, r ¢ it nhat hai s§ bang nhau.
Giai.
Ba sO a, b, ¢ 6 it nhat hai s6 ¢ cung tinh chin lé.
Gia st a,b cing chdn hodc cling 1¢, khi d6 p =b° +ala sd nguyén t& chdn, vay p=2.
Tir d6 suy ra a=b =1; q =c +1 var=c+ 1 nén g=r.
Bai 10.
a) Cho 2“ +1 1a s6 nguyén t3 ( goi la nguyén t8 Fermat). Chting minh rang k =0 hoac
k=2n
b) Cho 2%- 1 1a s6 nguyén td (goi 1a sO nguyén to Mersenne).
Chting minh rang k 1a s6 nguyén t3.
Giai.
a) Gia st phan chiing rang k >0 va k # 2" véi moi n.
Khidok=2".t, véitlé>1. Vo li v6i2k+1 la sd nguyén to.
Vay k =0hoack =2
b) Giasitk=m . t v6i 1 <t<k khido2<-1=(2')"~1i2' ~1= 2" ~11a hop s& vi 211 >1.

Vay k 1a s6 nguyén to.
Dang 4. Giai phwong trinh nghiém nguyén nho st dung tinh chit s6 nguyén té.

Trong nhiéu trieong hop khi giai phuong trinh nghiém nguyén dan dén viéc xét cac
s0 nguyén t& ctia s6 dang n=a® +b? .

Xin néu ra mot so tinh chat ctia wdc s6 nguyén td ctua sO n d€ sit dung vao giai
phuong trinh.

Ménh dé 1. Néu s6 nguyén t6 p=2'k+1 véi cac s6 nguyén duong t, k va k 1¢, la

udc ctia s6 n=a” +b? thi p 1a u6c s& chung ctia a va b.

Chttng minh: Gia st p khong la wdc s6 cua s a thi p cling khong la wdc s6 ctia s6 b
= (a, p) = (b, p) =1. Theo dinh li nhé Fermat thi a** =1(mod p) hay a?* =1 (mod p).
Tuong tu b?* =1 (mod p) suy ra a?* +b** =2 (mod p) *
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Mit khac st dung hang dang thiic dang nhd ta c6 (a2t )+ (bzt )¢ = (a2t +b? )M =nM
trong do k 1é va M la sd nguyén.

Theo gia thiét nip = (a® +b®)}p, mau thudn véi *. Twong tu p khong la wéc cua s6
p thi p khong 1a wdc ctia s6 a ciing dan dén mau thuan. Vay s nguyén t6 p phai la wdc s§
chung ctia s6 a va s6 b.

Ménh dé 2: Gia st a va b nguyén t6 cung nhau thi moi wdc s6 nguyén t6 1é ctia a?+
b? chi c¢6 dang 4m + 1 (ma khong cé dang 4m + 3) trong d6 m la s6 nguyén duong.

Chttng minh: Xét wdc sO nguyén td p =4m + 3 =2(2m + 1) +1. Theo ménh dé 1 néu p
la wdc s6 nguyén t& ctia n = a2 + b? thi p la wéc s& chung ctia a vab = p =1, mau thuan. Vi
plénén pchicddang p=4m+ 1.

Ta thit van dung cac tinh chat trén vao giai mot s6 phuong trinh nghiém nguyén
dudi day.

Bai 1. Gidi phuwong trinh nghiém nguyén
X-y=7 (1)
Giai:

Phuong trinh (1) & x> +1=y°*+2° & x* +1=(y+2)(y* -2y +4) (2)

Néu y chan thi v& phai ctia (2) chia hét cho 4 = X 1&, x=2t +1= x* +1=4t> + 4t +2
khong chia hét cho 4, mau thuan.

Vay y la s 1é, y=2k+1= y*-2y+4=4k*+3 nén n6 phai c6 wdc sd nguyén ts lé
dang 4m + 3 (vi tich cdc s8 dang 4m + 1 lai ¢6 dang 4k + 1). Suy ra x> +1 cé wGc sd nguyén
t6 dang p = 4m + 3, trai véi ménh dé 2.

Vay phuong trinh (1) khong c6 nghiém nguyén.

Bai 2.

2 2
N n/ 2 /4 ~ n A X +
Tim tat ca cac cap sO6 nguyén duong (X, y) sao cho

la s6 nguyén dwong va la

wdc so cua 1995.
Giai.

2 2

Gia sa =Y
X=y

3.7.19. Céc s6 nguyén td 3, 7, 19 déu c6 dang 22m +1) +1=4m +3
Goi wdc chung 16n nhat cta x,y la d =(x,y) thi x=du,y=dv véi (u,v)=1.

Theo gia thiét x* +y* =k(x-y) < dUu?+v?) =ku-v) (1).

=k nguyén duwong va k la wdc s6 cua 1995 = 5.3.7.19 = 5n véi n=

Xét hai truong hop:
1) k1a w6c s6 cian = k ¢ wdc sd nguyén td dang 4m + 3.
Ap dung ménh dé 2 vao (1) thi u? +v? khong chita cac wdc s8 nguyén td ctia k nén k 1a wéc
s6ctiad =d =kt. Tt (1) 6 t(u®>+v*)=u-v, do ddé u?* <u®+v? <u-v<u= (1) vd nghiém.
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2) k=5m vGi m la w6c s8 ctia m. Luc d6 (1) trd thanh d(u? +v?) =5m(u—v) . Lap luan
nhu trén thi m 1a wdc s6 cta d. Suy ra d=m.t. Tt d6 ta c6
t(u®+v?) =5U-v) (2)
Tt (2) ¢6 u® +v* <5(u—v)
A=u’+v*-5u-v)<0 (3)
Mat khac
4A=4u” —20u + 25+ 4v* + 20v+25-50 = (2u —5)* + (2v+5)* =50 >1* + 7 =50 > 0 = A > 0 Két

u=3
hop véi (3) phai c6 A= 0. Diéu nay xay ra chi khi 2u—-5=+1 va v=1, nghia la { va

v=1
u=2
v=1

. L oo . |x=3m _ _ [x=2m
TerA=0va(2)suyrat=1=d=m.Cacsd x,y phai tim la hoac y=m trong

dé m 1a wéc cua n =3.7.19, nghia 1a m 1ay 8 gid tri sau: 1, 3, 7, 19, 21, 57, 133, 399.
Bai 3.
Tim s6 nho nhat trong tap hop cac s6 chinh phwong dang 15a + 16b va 16a -15b vdi
a, b 1a cac s6 nguyén duong nao dé.
Giai.
Gia st 15a + 16b =m? va 16a -15b =n? (1) véi m, n la cac sd nguyén duong.
Khi d6:
m* +n* = (15a+16b)* + (16a—15b)? = (15° +16°)(a® + b*) = 481(a* + b?)
hay m* +n*=13.37(a° +b*)  (2)
Céc sd nguyén td 13 va 37 déu ¢6 dang p=2°k+1 véikle.
Gia st (m,n)=d=>m=du,n=dv véi (u,v) =1 thi (2) tré6 thanh d*(u*+v*) =481(a* +b?)
3)
Vi (u,v) = 1 nén u* +v* khdng chita cac wde s6 nguyén 8 13 va 37 do d6 481 la wdc cua d
= d =481t. D€ cho m, n nho nhat, ta 18y t = 1. Lac d6 (3) tré thanh 481°(u* +v*) =a’ +b’
(4)
T (1) c6 m*—n®* =31b-a hay 481°(u®-v?*)=3la-b (5).
C6 thé chon U=v=1 d& m, n nho nhat, ldc d6 a=31b va a’+h*=481°2. Ttr d6 c6 b = 481
va a=31.481 suy ra m =n =48].
Bai 4.
Tim s6 ¢6 3 chit s6 ma c6 dung 5 wdc.
Giai.
Gia st p va q la hai s6 nguyén t6 khac nhau, khi d6 pq c6 4 wéc dd1a 1, p, q, pq va
sO p?qcod 6 wéc dd1al, p, p? q, pq, p*p- Do d6 s6 phai tim c6 dang p*.

Vis6 prcod n + 1 wdc nén muodn c6 dung 5 wdc thi o6 rang n = 4.
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Bai 5.

- SO p* lasd co 3 chir s6 khip =5.

Vay s phai tim la 5* = 625.

Tim 3 s8 nguyeén t& biét rang mot trong ba s8 d6 bang hiéu cac 1ap phuong ctia hai
s0 kia.
Giai.

Goi ba s6 nguyén td d61a a, b, c. Ta cé ¢ =a®—b® chang han. Thé thi

c=(a—-b)(@* +ab+b?).

Bai 6.

Bai 7.

Bai 8.

Muon c la s6 nguyén t0 thi a - b =1, diéu nay chi xay ra khi cac s6 nguyén td la a =
3,b=2.Suyra:c=27-8=19.
Vay ba s6 nguyén phai tim la 2; 3; 19.

Xét day s6 nguyén td tir nho dén 16n: 2; 3; 5, 7; 11; 13; 17;... ta lap hai day s6 5=2 + 3;
8=3+512=5+7,18=7+11;24=11+13;..va6=23;15=3.5;35=5.7,77=7.11;
143 = 11.13; ... C6 hay khong mot s§ hang nao d6 ctia day tht nhat bang mot s&
hang nao d¢ cua day thi hai.
Giai.

Triede hét ta nhan xét rang:
. O day thit nhat cac s6 hang theo thit t 1a tdng ctia hai s6 nguyén t8 lién nhau va
tat ca sd hang ctia day (trir s6 hang dau la 5) déu 1a chan.
. O day thit hai cac s6 hang theo thit tw 1a tich ctia hai s6 nguyén t3 lién nhau va tat
ca so hang cta day (trtr s hang dau la 6) déu la 1é.

Do d6 ta c6 thé két luan rdang: khong c6 mot s6 hang nao cua day thit nhat bang
mot s6 hang ctia day thi hai.

Tim s6 nguyén t& p biét rang p + 2 va p +4 ciing 1a s8 nguyén t6.
Giai.
Do p#1 vi1khong phaila s6 nguyén t6, nén p c6 thé c6 dang p = 3k.
Néup=3k+1thip+2=3k+3lahopsé.
Néu p =3k + 2 thi p + 4 =3k + 6 cling la hop s0.
Do d6 p chi c6 thé bang 3 va p +2 =3 +2 =5 1 s8 nguyén tJ,
p +4=3+4 =7 la s6 nguyén t0.

C6 bao nhiéu s6 ¢6 ba chit s6 ma mdi chit s6 ctia né la wéc nguyén td ctia ching?
Giai.

Cac rdc nguyén t8 c6 1 chit s8 1a: 2; 3; 5 va 7. Néu s6 phai tim bat dau bang chit s&

2 thi né phai chia hét cho 2 va tan cling bang 2.Chit s3 thit hai phai 12 2, vi s8 232
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khong chia hét cho 3, s6 252 khong chia hét cho 5 va so 272 khong chia hét cho 7.
Vay s0 phai tim la 222.
Tuong tu s§ phai tim ma bat dau bang chit s6 5 thi d6 1a s3 555.
Bay gio néu bat dau bang 3 thi hai chit s§ cudi phai tao thanh mdt s& chia
hét cho 3, do d6 ching chi c6 thé'la 3 va 3 hoac5 va?7.
Tht lai thdy rang chi c6 s& 333 la thich hop.
Cudi cing néu bat dau bang 7 thi hai chit s§ cudi phai tao thanh mot sd chia hét cho
7. Thi lai thdy rdng chi c6 hai s8 777 va 735 1a thich hop.
Tom lai cé 5 sO thdoa man bai ra la: 222; 333; 555; 735; 777.
Bai 9.
Mot xi nghiép dién t&r trong mot ngay da giao cho mot ctra hang mot s may tivi.
S6 may nay la mot s6 ¢ ba chit s ma néu tang chit s6 dau 1én n lan, giam cac chiv
sO thit hai va thit ba di n [an thi sé dwgc mot s6 mdi 1on gdp n lan s may da giao.
Tim n va s0 may tivi da giao.
Giai.
Gia st s8 mady tivi da giao la abc =100a+10b+c. Ta cé:
100(a+n)+10(b—n)+(c—n) =n(100a +10b +c) hay
100a+100n+10b-10n+c—n=100an+10bn+cn.
Tir d6 ta duoc:

100a+10b+c=£nl.

Nhung 89 1a 58 nguyén t& nén hodc n - 1 phai bang 1 hoéc n phai chia hét cho n-1.
Trong ca hai truong hop ta déu tim duocn =2 va abc=178.
Vay s6 may tivi da giao la 178.
Bai 10.
Nhitng s6 nguyén t6 nao co6 thé la wéc ctia s6 ¢6 dang 111...117
Giai.
Trudc hét ta nhan xét rang s6 ¢ dang 111...11 khong chia hét cho 2 s8 nguyén 3 2
vab.
Gia st p la s6 nguyén t6 khac 2 va 5. Ta hay xét p + 1 s0 sau:
1,11, 111, 1111, ..., 111...11.
it nhat hai trong cac s6 trén khi chia cho p ¢6 s6 du giéng nhau, thé thi hiéu caa
ching 11...1100..0 chia hét cho p.
vay s6 co dang 111...11 c6 wdc la tat ca sO nguyén to trir hai s6 nguyén to 2 va 5.
Dang 5. Cac bai toan vé hai s6 nguyén t6 ciing nhau.
Hai s8 nguyén t8 cling nhau 1a hai s cé wéc chung 16n nhat bang 1. N6i cach khéc
ching chi ¢6 wéc chung duy nhat bang 1.
Bai1l.
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Bai 2.

Chttng minh r?mg:
a)Hai sO tu nhién lién tiép (khac 0) la hai s6 nguyén t6 cung nhau.
b) Hai s0 1é lién ti€p la hai s6 nguyén t6 cuing nhau.
c)2n+1va3n+1(neN)lahaisdnhuyén td cung nhau.

Giai.
a)Goi d euc(n,n+1) = (n+1)-n:d =1:d =d =1. Vay n va n + 1 la hai s6 nguyén t6
cung nhau.
b) Goi d euc(2n+1,2n+3) = (2n+3)-(2n+1):d > 2id = d €{1,2}. Nhung d #2 vid
la wéc cua so 1é. Vay d=1.
c) Goi d eUC(2n+1,3n+1) = 3(2n+1)-2(3n+1):d = 1id = 1id.

Cho a va b 12 hai s nguyén t& cuing nhau. Chtrng minh rang hai s3 sau ciing 1a hai
sO nguyén to cung nhau.
a) a va a+b.
b) a2 va a+b.
c) ab va a+b.

Giai.
a) Goi d eUC(a,a+b)= (a+b)-aid=bid. Talai cé aid nén d eUC(a,b), do d6
d =1(v1a, b la hai s6 nguyén t6 cung nhau).
Vay (a,a+b)=1.
b) Gia st a? va a + b cung chia hét cho s6 nguyén t6 d thi a chia hét cho d, do d6 b
cting chia hét cho d. Nhu vay a va b cung chia hét cho s6 nguyén t6 d, trai véi gia
thiét (a, b) = 1.
Vay a? va a + b la hai s6 nguyén t6 cung nhau.
c) Gia stt ab va a + b cung chia hét cho s6 nguyén t6 d. Ton tai mot trong hai thira s&
avab, chéng han la a, chia hét cho d, do d6 b ciing chia hét cho d, trai véi (a, b) = 1.
Vay (ab,a+b)=1.

Tim s6 tw nhién n dé€ cac sd 9n + 24 va 3n + 4 la cac sd nguyén t6 cung nhau.
Giai.
Gia st 9n + 24 va 3n + 4 cung chia hét cho s6 nguyén t6 d thi
In+24-33n+4)id =>12:d =>d e{2;3}.
biéu kién d€ On +24,3n+4)=11a d #2 va d # 3. Hién nhién d # 3 vi 3n + 4 khong

chia hét cho 3. Mudn d # 2 phai c6 it nhat mot trong hai s6 9n + 4 va 3n + 4 khong
chia hét cho 2. Ta thay:

In+4lasolé ©9nlé <nlé,

3n+4lasolé ©3nlé < nlé.
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Vay diéu kién d€ (9n+4,3n+4)=1lanlasdle.
Phén bai tap ty luyén.
Dang 1:
1. Tim s6 nguyén td p sao cho cac sd sau ciing la s6 nguyén to:

a)p+2vap+10.

b) p+10 va p + 20.

Ap+2,p+6,p+8, p+12, p+14.
2. Chting minh rang néu n va n? + 2 1a cdc s6 nguyén t3 thi n’+2 ciing la s§
nguyeén to.
3. Chting minh rang néu a, a + k, a + 2k ( a,k e N* ) 1a cdc s6 nguyén t3 1én hon 3
thi k chia hét cho 6.
4. Chting minh rang néu p 1a s8 nguyén t& 16n hon 3 thi (p - 1)(p + 1) chia hét cho
24.
5. Mot s6 nguyén t6 p chia cho 42 c6 du la mot hop s r. Tim r.
6. Mot s8 nguyén t& p chia cho 30 c6 s du 1a r. Tim r biét rang r khong 1a s6 nguyén
to.

7. Chting minh rang s6 11...1211...1 1a hop s6 véi n>1.
—_—

8. Tim n s6 sao cho 10101...0101 (n chi* s6 0 va n + 1 chi s& 1 xen ké nhau) la s6
nguyeén to.
9. Cac s0 sau la s6 nguyén t6 hay hop s6.
a) A =11..1(2001 chit s8 1);
b) B= 11...1 (2000 chit s8 1);
¢) C=1010101;
d) D=1112111;
e) E=1!+2!+3! +..+100!;
g) G=3.5.7.9-28;
h) H=311141111.

Dang 2.
10. Cho ne N * chttng minh rang cac s6 sau la hop sd:
a)A=2""+3;
b)B= 22" +7;

) C=2""" +13.
11. p 1a s8 nguyén t3 16n hon 5, chting minh rang p* =1 (mod 240).
12. Chttng minh rang day a, =10" +3 ¢4 v6 s3 hop sd.
13. Chttng minh rang véi mdi s8 nguyén t& p ¢6 v6 s& dang 2" —n chia hét cho p.

Dang 3.

THCS.TOANMATH.com TAI LIEU TOAN HOC




14. Tim ne N* d€ n®—n’ +n-1 la s nguyén td.
15. Tim cdc 8O X,y € N* sao cho x*+4y* 1a sd nguyén to.

n(n+1)(n+2)
6

16. Tim tat ca cac s6 nguyén td p cd dang +1 (n>1).

17. Cho ne N *, chtng minh A=n*+4" la hgp s6 véi n>1.
Dang 4.
18. Giai phwong trinh nghiém nguyén 4(a—x)(x—-b)+b—a=y?* (1)
trong do a, b 1a cac s6 nguyén cho trudc va a > b.
19. Giai phuong trinh nghiém nguyén sau:
a) x*+y*=585
b) x*+y®=1210.

Dang 5.
19. Chiing minh rang véi moi s§ tu nhién n, cac s§ sau la hai s8 nguyén t§ cling
nhau:
a)7/n+10vabn+7;
b) 2n + 3 va 4n + 8.

20. Cho a va b 1 hai s6 nguyén t& cung nhau. Chitng minh rang cac s§ sau ciing 1a
hai sd nguyén td cung nhau:
a)bvaa-b (a>b);

b) a2+ b? va ab.
21. Chting minh rang néu s& ¢ nguyén t8 cing véi a va véi b thi ¢ nguyén t3 cing
nhau vdi tich ab.

22. Tim sO tw nhién n, sao cho:
a) 4n - 5 chia hét cho 13;
b) 5n + 1 chia hét cho 7 ;
) 25n + 3 chia hét cho 53.
23. Tim céc s0 ty nhién n d€ cac s6 sau nguyén t6 cung nhau:
a)4dn+3va2n+3;
b)7n+13va2n+4;
)9n+24va3n+4;
d)18n+3va2ln+7
24. Chting minh rang c6 vo s6 s3 ty nhién n d& n + 15 va n + 72 1a hai s6 nguyén t3 cung
nhau.
25.
a) Viét cac s6 7, 8, 9, 10 thanh tdng hai sd nguyén t6 cuing nhau 16n hon 1.
b) Chitng minh r:?mg véi moi s8 tuw nhién n 16n hon 6 déu biéu dién dwoc dudi dang
tong hai sd nguyén t6 cing nhau 16n hon 1.
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" Bai tap trong cac dé thi hoc sinh gi6i

26. Tim tat ca cac s6 nguyén t6 p, g sao cho 7p+q va pq+11 déu la sd nguyén to.

27. Biét abcd 13 nguyén t8 ¢ bén chir s§ thoa man ab; cd ciing 13 céc s6 nguyén t& va
b?=cd +b-c. Hay tim abcd

28.Gia st p va p®+2 la cacsd nguyeén t6. Ching to p®+ p?+1 cling la s6 nguyén to.
29. Tim hai sd nguyén td x, y thoa man x*-—y? =45,

30. Chitng minh rang hai s8 2n+1 va 10n+7 1a hai s6 nguyén t& ciing nhau véi moi
s tw nhién n.

31. Cho 4 s6 ty nhién a,b,c,d € N théa man ding thitc a’ +b? =¢? +d? Chiing minh
rang s6 a + b + ¢ + d 1a hop s6.

32. Cho s6 nguyén t6 p>3. Hoi p®+2018 1a s6 nguyén td hay hop so.

33. Tim sO nguyén td p sao cho cac s6 sau cling la s6 nguyén t6: p+14; p+40

34.Cho p va p+4 lacac s nguyén t& (p >3). Chimg minh rang p+14 1a hop sd.
35. Tim cac s6 nguyén td x va y d€ P =xy+5x—-2y—10 cling la s6 nguyén to.

36. Chting to rang véi moi s tw nhién n thi 3n+2va 5n+31a hai s§ nguyén t8 cling
nhau.
37. Tim s nguyén t& psao cho 2p-1; p?+2 la cdc sd nguyén to.

38.Tim s6 nguyén t& x, ybiét 19x* +57 = y?.

HUONG DAN GIAL
Dang 1.
1. a) b) Dap s6: p =3. Xét p dudicacdang: p=3k, p=3k+1,p=3k+2 (keN).
c) Bap s6: p=5. Xét p dudi cacdang : p=5k, p=5k+1, p=5k +2,
p=5k+3,p=5k+4 (keN).
2.n=3.
3. S6 nguyén t6 16n hon 3 ¢6 dang 6n +1, 6n + 5. Do d6 3 s6 a, a +k, a + 2k phai c6 it nhat 2
s0 c6 cung mot dang, hiéu la k hodc 2k chia hét cho 6, suy ra k chia hét cho 3.
4. Taco (p-Yp(p+1):3 ma(p,3)=1nén
(p-D(p+D:3 ().
p la s8 nguyén t6 1én hon 3 nén p lasd1é, p - 1 va p + 1 1a hai s8 chan lién tiép. Trong hai
s6 chén lién ti€p, c6 mot s6 1a bdi ctia 4 nén tich ching chia hétcho 8 (2).
Tt (1) va (2) suy ra (p -1)(p + 1) chia hét cho hai s6 nguyén td cung nhau 3 va 8.
Vay (p-1)(p+1):24.
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5. Tacop=42k+r=2.3.7k +r (k r eN, 0 <r<42). Vip la s6 nguyén td nén r khong chia
hétcho 2, 3, 7.

Cac hgp s6 nho hon 42 va khong chia hét cho 2 1a 9, 15, 21, 25, 27, 33, 35, 39.

Loai di cac s chia hét cho 3, cho 7, chi con 25. Vay r = 25.

6. Taco p=30k +r=2.3.5k +r (kr eN,0<r<30). Vip las6nguyén td nén p khong chia
hét cho 2, 3, 5.

Cac hgp s6 nhé hon 30 va khong chia hét cho 2 1a 9, 15, 21, 25, 27.

Loai di cac s6 chia hét cho 3, 5 thi khong con s6 nao nita. Vay r khong phai la hgp s6.

r khong phai la hop s6 cling khong phai 1a s6 nguyén td, suy rar =1.

7.11..1211..1=11...10 L1=11..1(0" +1).

1 L0+11.
e — o — —
1 n n+l n+l

suy ra dpcm.

(10™* —1)(10™* +1)
9.11 '

n=1: p =101 la s6 nguyén tG.

8. p=1010..101=

n>1: plahop so.
9.Téat ca déu la hop s6.
a) A=11.1=1+1+..+1:3.

2001 2001

b)B=11..1:11.
—

2000
) C=1010101:101.
d) D=1112111=1111000+1111:1111.
e) E:3 vi 14+2!=3:3, con 344H...+100! cling chia hét cho 3.
g) G=3.5.7.9-28 chia hét cho 7.
h) H=311141111 = 311110000 + 31111 chia hét cho 31111.
Dang 2.
10. Chting minh A:7;B:11;,C:29.
11.240=2%3.5.
12.n=6k +4, ke N.
13. p =214y n chdn; p > 218y n = (pk - 1)(p -1), ke N*.
Dang 3.
14. n* —n*+n-1=(n-1)(n* +1), n =2.
15.x* +4y* = (x* +4x2y? +4y") —4xPy? = (X* +2y%)? — (2xy)? = (X* = 2xy + 2y?)(X* + 2xy + y?)
x=y=1 thi x*+4y* =5 la s6 nguyén to.
_n(n+1)(n+2) e (n+3)(n°+2) ‘
6 6
Véi n=24 thin+3>6van?+2>17.

16. p
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n + 3 va n? +2 hodc mot s§ chdn, mot s chia hét cho 3; hodc mot trong hai s chia hét
cho 6, khi d6 plahop s6 véin=1, 2, 3 thi p=2, 5, 11 1a cac s6 nguyén td.
17.n chan thi A chia hét cho 2.
nlé, ddatn =2k +1 (ke N¥), ta co:
n4 +4n — n4 +42k+1 — (nZ + 22k+1)2 _ 2.n2.22k+1
— (nZ + 22k+1 _ n.2k+1)(n2 + 22k+1 +n.2 k+1)
=[(n-2)*+2* |[(n+2")* +2% ]
Dang 4.
18.

Gia st phuong trinh (1) cé nghiém x,y nguyén. Xét nghiém y nguyén duong . Via>b
nén tir (1) c6 x=a,x=b va 4(a—x)(x-b)>0,suyrab<x<a. Bdat a—x=m,x—-b=n thim,
n duong. Luc d6 (1) trd thanh 4mn—m—-n=y? (2) v6i m, n, y nguyén duong. Bién ddi (2)
< (4m-1)(4n-1)=4y*+1 (3)

Vi tich cac s0 dang 4k + 1 lai ¢6 dang d6 nén sd 4m - 1 phal c6 wéc nguyén td dang p = 4k
+3. Tir (3) 6 (4y*+1)ip hay 4y’=-1 (mod p) (4). Suy ra (y, p) = 1. Theo dinh li nho

p-1

Fermat (2y)p_1 =1(mod p) = [(Zy)z} 2 =1(mod p).

1
Tir d6 va (4) 6 (~1)'2 =1(mod p) = (1

)2k+l =1(mod p) = mau thuan.

Vay phuong trinh (3) khong c6 nghiém nguyén.
Dang 5.
20.a) Goi d e UC(7n+10,5n+7) thi
5(7n+10)-7(5n+7)id =1id =d =1.
b) Goi d 1a UCLN (2n + 3, 4n + 8).
(dn+8)-2(2n+3):d= 2:d.
Do dlawdcctas6lé2n+3nénd=1.
21.
a) Goid eUC(b,a—b) thi a-bid,bid, dodé aid.Tacé (ab)=1
nénd=1.
b) Gia st a* +b® va ab cling chia hét cho cho s6 nguyén 3 d thi vo 1.
21.
Gia st ab va ¢ cung chia hét cho sd nguyén td d thi vo li.
22.a)
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4n-5:13
= 4n-5+13:13
= 4n+8:13
= 4(n + 2)513
Do (4,13)=1nénn+2:13.
Pép s6:n=13k-2 (ke N*).
b) DBap s6: n="7k -3 (keN).
c) 25n+3:53= 25n+3-53:53.
Péap s6: n=53k +2 (k € N).
23.
a) n khong chia hét cho 3.
b) n 1a s6 chan.
onlasolé.
d) Gia st 18n + 3 va 21n + 7 cung chia hét cho sd nguyén t d thi
6(21n+7)—7(18n+3)3d =21:d.
Vay d e {3;7} .
Hién nhién d # 3 vi 21n + 7 khong chia hét cho 3. Nhu vay (18n +3, 2In + 7) # 1< 18n +3:7
(con 21n + 7 ludn chia hét cho 7) < 18n+3-21:7 < 18(n —1)57 <n-1:7.

Vay néun =7k +1(k € N) thi (18n+3,21n+7)=1.
24,

Bai toan khong yéu cau tinh moi gia tri ciia n ma chi can chi ra v s6 gid tri ctia n dé
(n+15,n+72)=1. Do d6 ngoai cach giai trén c thé giai nhu sau:
Goi deUC(n +15, n+72) thi 57:d . Do n+15:d,57:d nén néu ton tai n sao cho n+ 15 =57k
+1thid=1.Néutachonn=57k-14 (k=1,2,3,....) thi
(n+15n+72)=1, rd rang c6 vO sO gid tri n.

Bai tap trong dé thi hoc sinh gioi
26. Ta cd: p, q la sd nguyén té nén pq+11la sd nguyén to 16n hon 11
= pq+11las61ésuy ra pg 1as6 chan.

Do 7p+qlasd nguyén t&16n hon 7 nén p va q khong thé cing tinh chan lé.
*)TH1: p=2thi 7p+q=14+q. Ta thdy 14 chia 3 du 2
+) Néu g chia hét cho 3, do g la s6 nguyén td nén q=3.

7p+q=17; pg+11=17 (T/m)
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27.

+) Néu q chia cho 3 duw 1 thi 14+ qchia hétcho3 = 7p+qlahop s6

+) Néu q chia cho 3 dw 2 thi2q chia cho 3 dw 1 nén pg+11=2q+11 chia hét cho 3

= pq+11 la hop s6.
*)TH2: q=2thi 7p+q=7p+2

+) Néu 7p chia hét cho 3 thi p chiahétcho3nén p = 3=7p+q=23;pq+11=17
(Thoéa man)

+) Néu 7p chia cho3du1 chiahétcho3 = 7p+2 la hop s6

+) Néu 7p chia cho 3 du 2 thi p chia cho 3 du 2 nén 2p chia cho 3 dw 1

= pg+11=2p+11 chia hét cho 3nén pqg+11 1a hop s6.

Vay: p=2,q=3 hoacp=3,q=2.

Vi ab; cd 1 céc s6 nguyén t8 nén b,d 1é va khac 5

Talaicéd b? =cd +b—c < b? —b=9c+d <b(b-1)=9c+d

Néu b =1 (khong thoa man)

Néu b =3 nén 9c+d=6 = c=0,d=6 (khong thda man)

Néu b=7=9+d=42=d =42-9c = c=4;d =6 (loai)
Néub=9=9+d=72<d=72-9c=c=7;d =9 (thoa man)
=ae{l27}

Vay abed e {1979;2979;7979}

28.+) Voi p=2 thi p*+2=8 khong la sd nguyén t0.

+) V6i p=3 thi p’+2=11 va p®+ p>+1=37 déu la sd nguyén to.
+) Vi p>3= p=3k+l(keNk>2)
= p°+2=(3k+1)"+2=9k* +6k +3=3(3k*+2k +1) : 3 nén p’+2 la hop s.

Vay chicé p=3 thi p*+2 va p®+ p?+1 déu la s6 nguyén to.

29. Ta co: x> =45+ y2.

sO lé.
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Vay x=7 va y=2 théa man yéu cau bai toan.

30. D4t d =UCLN (2n+1,10n+7)

Suy ra 2n+1:d. Vivay 5(2n+1):d.
Ma 10n+7:d nén 10n+7-5(2n+1):d
= 2:d

Do d6 d =2hoac d =1,

Néu d =2thi 2n+1:2 (v0 ly).
=d=1,

1=UCLN (2n+110n+7)

Vay 2n+1va 10n+7 la hai s6 nguyén td cung nhau.

31. Ta co

32.

33.

a?+ci=b2+d> = a’+b*+c2+d?=2(b?+d?) 1a s6 chin
=a’+b*+c’+d?:2
+ Xét
=a’+b*+c’+d’—(a+b+c+d)
— a(a—1) + b(b—1) + c(c-1) + d(d—1)
-Vi a 1a s6 nguyén duong nén a,a — 1 1a 2 s6 tw nhién lién tiép => a(a — 1) : 2
Twong tw b(b — 1); c(c — 1); d(d — 1) déu chia hét cho 2
= a(a-1) +b(b-1)+c(c-1)+d(d-1):2
=a’+b*+c*+d*—(a+b+c+d):2
Ma a®+b*>+c*+d*2= (a+b+c+d):2
=a+b+c+dlasdchinma a+b+c+d <2(doa,b,c,d e N")
=>a+b+c+dlahopsd
Vi p la s8 nguyén t6 16n hon 3 nén p’ chia cho 3 du 1.
= p® =3k +1.
Ta co: p®+2018=3k +1+2018 =3k +2019
Vi 3ki3 va 2019:3 = (3k +2019):3 = p* +2018):3
Vay p*+2018 la hop s0.
+Néu p=2 thi p+14=16 va p+40=42 déu khong phai la s6 nguyén td.
+Néu p=3 thi p+14=17va p+40=43 déula cdc s6 nguyén td suy ra p=3 la
gia tri can tim
+Néu p #3 suy rap c6 dang 3k +1 hodc dang 3k -1
V. 6p=3k+1thd p+14=3k+1+14=3k +15=3(k+5):5
V@ =3k-1thd p+40=3k—1+40=3k+39 =3(k+13):3
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Vay néu p#3 thihodc p+14 hodc p+401la hgp sO suy ra khong thoa man bai ra
Do dé: gia tri duy nhat can tim1a p=3
34. Vi p lasdnguyéntéva p>3 nén p cd dang 3k+1 hoac 3k +2
Ma p+4 las6nguyén to nén p khong thé c6 dang 3k +2
Suy ra p c6dang 3k +1
= p+14=3k+15=3(k+5):3 = p+14 lahop s6.
35. Tacd P=xy+5x—2y-10=x(y+5)-2(y+5)=(x-2)(y+5).
Boi vay dé P 1a s8 nguyén t& thi mot trong hai gid tri x—2 va y +5 phai bang 1 ma
y+5>7nén x-2=1<x=3 tirdé P=y+5.Néu y 1é thi P s& chdn, diéu nay vd
li = y phai chdn ma y la s6 nguyén t& = y =2
Vay x=3;y=2.
36. Dat: UCLN(3n+2,5n+3) =d
= (3n+2)id;(5n+3):d
= [5(3n+2)-3(5n+3)|id
lid=d=1
Vay véi moi s6 tie nhién n thi 3n+2va 5n+3la hai sO nguyén t6 cung
nhau.
37.Xét p=2,2p-1=2.2-1=3(la s6 nguyén td) va p°+2=2>+2=6 (la hgp s0)
Vay p =2khong thoa man
Xét p=3, khi d6 khi d6 2p-1=2.3-1=5(la s6 nguyén t8) va p’+2=3"+2=11
(la s6 nguyén td)
Vay p=3la gia tri can tim.
Xét p la s6 nguyén t6 1én hon 3 = p c6 hai dang la
p=3k+Lp=3k+2 (keN,k>1)
Néu p =3k +1thi p?+2=(3k +1)2 +2=(3k+1)(3k +1)+2=9k* +3k +3k +1+2
= (9k* +6k +3):3
Do p>3= p*+2>3ma p°+2:3= p’+2la hop sd (loai)
Néu p=3k+2 thi 2p-1=2.(3k+2)-1=6k +4-1=6k +3:3
Do p>3=2p-1>3 ma 2p-1:3= 2p-1la hop sd (loai)
Vay p=3la gia tri can tim.

38. TH1: x 1a s6 nguyén t6 chdn = x=2.
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Thay x=2.vao (1)
ta co: 19.2° +572 = y?
= y? =361=19
= y =19 (thoa man la s6 nguyén t0).
TH2: x1a s6 nguyén 3 1é => 19x* 1é = 19x* +57chan
= y? 1as6 chdn = ychdn = ma ylasénguyén td = y=2(voli vi
19x* +57>2).

Vay x=2; y=191a gia tri can tim.
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CHUYEN PE 6: CAC BAI TOAN VE SO CHINH PHUONG

A. Kién thiic can nhé
1. Dinh nghia s6 chinh phuwong.
S6 chinh phuong 1a s8 bang binh phrrong ctia mot s8 nguyén.
(tec 1a néu n 1a s6 chinh phwong thi: n=k* (ke Z))

2. M6t s6 tinh chat cAn nhé
1- S8 chinh phuong chi ¢6 thé ¢6 chit s6 tan cung béng 0,1,4,5,6,9; khong thé cé chir tan
cung bf?mg 2,3,7, 8.
2- Khi phan tich ra thtra s6 nguyeén t5, so chinh phwong chi chita cac thira s6 nguyén t6 voi so
mii chan.
3- S6 chinh phuong chi c6 thé cé mét trong hai dang 4n hodc 4n + 1. Khong c6 sO chinh
phuong nao c6 dang 4n + 2 hoac4n +3 (n € N).
4- SO chinh phuong chi c6 thé c6 mot trong hai dang 3n hoac 3n + 1. Khong ¢6 s6 chinh
phuong nao c6 dang 3n+2(n € N).
5- S§ chinh phwrong tan cling bang 1, 4 hodc 9 thi chit s6 hang chuc la chit s chan.

SG chinh phuong tan cting bang 5 thi chit s6 hang chuc 1a 2.

SG chinh phuong tan ciing bang 6 thi chit s8 hang chuc 1a chir s& 1é.
6- SO chinh phurong chia hét cho 2 thi chia hét cho 4.

SO chinh phuwong chia hét cho 3 thi chia hét cho 9

SO chinh phuwong chia hét cho 5 thi chia hét cho 25

S6 chinh phuong chia hét cho 8 thi chia hét cho 16.
7. Moi s6 chinh phwong khi chia cho 5, cho 8 chidu 1, 0, 4.
8. Gitra hai sd chinh phuong lién tiép khdng c6 s6 chinh phuong nao.
9. Néu hai s6 nguyén lién tiép co tich 1a mot s6 chinh phwong thi mot trong hai s6 d6 1a s6 0.
10. S& cac wdc cia mot s6 chinh phuong la s6 1é. Nguoc lai, mot s6 ¢6 s6 cac wdce la sd 1é thi
s0 d¢ la s6 chinh phuong.
11.Néun*<k<(n+1)*(n e Z) thi k khong 1a s6 chinh phuong.
12. Néu hai s6 ti nhién a va b nguyén t3 ciing nhau cé tich 1a mot s& chinh phwong thi méi
sO a, b cling la cac s6 chinh phuong.
13. Néu a la mét s6 chinh phuwong, a chia hét cho s6 nguyén t6 p thi a chia hét cho p?.
14. Néu tich hai s6 a va b 1a mét s6 chinh phwong thi cdc s6 a va b c6 dang
a=mp’;b=mqg’
B. CAC DANG TOAN THUONG GAP
7~ Dang 1: Chttng minh mdt s6 1a s6 chinh phwong, hoic l1a tong nhiéu sd chinh
phuong.

THCS.TOANMATH.com TAI LIEU TOAN HOC




* Co s0 phuwong phap:

Dbé chiing minh mét s6 n la s6 1a s6 chinh phuong ta thuwong duwa vao dinh nghia,
tizc 1a chitng minh : n=k* (k € Z)
* Vi du minh hoa:
Bai toan 1. Cho n 1a mot s8 tw nhién. Chitng minh rang: A=n(n+1)(n+2)(n+3)+11asd
chinh phuong.

Hudng dan gidi
Tac6: A=(n?+3n)(n? +3n+2)+1=(n? +3n) +2(n? +3n)+1=(n’ +3n+1)°
VineN nén n*+3n+1eN. Vay A la s6 chinh phuong.

Bai toan 2. Cho: B=1.2.3+2.3.4+...+k(k +1)(k + 2) véi k 1a s6 tw nhién. Chting minh
rang 4B + 114 s8 chinh phuong.

Hudng dan gidi
Ta thdy biéu thitc B 1a tong cua mot bi€u thirc chiing ta nghi dén viéc phai thu gon
biéu thite B trude.
Ta co:
n(n+1)(n+2)= %n(n +1)(n+2)[(n+3)—(n—1)| = %[n(n +1)(n+2)(n+3)—(n—1)n(n+1)(n+2)
Ap dung;

1.2.3= %(1.2.3.4 — 0.1.2.3)

2&4:%Q345—LZ&®

345:%@45ﬁ-234@

K(k+1)(k+2) :%[k(k +1)(k+2)(k+3)— (k—1)k (k +1)(k + 2)|

Cong theo v& cac dang thic trén ta duoc:
B=123+234+..+k(k+1)(k +2):%k(k +1)(k+2)(k +3)

= 4B+1=k(k+1)(k+2)(k+3)+1

Theo vidu 1 ta cé: 4B +1= (k? +3k +1)

Vi k €N nén k* +3k +1€ N. Vay 4B +1 la s6 chinh phuong.
Bai toan 3. Chting minh rang: C =11..1+

2n

44
——

.4 41v6in 1a s§ ty nhién. Chitng minh rang
n

C la s6 chinh phuong.
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Hudng dan gidi
Taco: C = 11...100;]..0 +11..1+ 44;1“4 +1

bat a=11...1 thi 9a=99...9. Do d6 99..9+1=10"=9a+1
—= —— ——

n n n

C=al0"+a+4a+l=a(%9a+1)+5a+1
= C=9a’+6a+1=(3a+1)
= C =33..34%
——

n-1
Vay C la mét s6 chinh phuong.
Nhan xét:
Khi bién doi mot s6"trong do co nhiéu chir s6' gidng nhau thanh mot so' chinh phwong ta nén
dat 11..1=a va nhwody 99..9+1=10" =9a+1.

9
n

Bai toan 4. Cho a=11...1, b=10...05. Chiing minh +ab+1 la sG tu nhién.
[ ==

2016 2015

Hudng dan gidi
Cich 1:
Taco: b=10..05=10..0-1+6=9..9+6=9a+6.
— — ——
2015 2016 2016

= ab+1=a%a+6)+1=9a2+6a+1=(3a+1)>
= Jab+1=4(3a+1)?=3a+1eN.
Vay vab+1 laso tu nhién.

Cich 2:
2016
Taco a=11.1=20 =1 h_10m 5.
5
2016
2016 \? 2016 2
:>ab+1=102016 _1.(102016+5)+1=(10 ) +4.10 —-5+49 _ 102016+2 |
9 3
(102015 +2)
=+ab+l="———7

Ma (102016 ¥ 2) :3. Do d6, Jab+1 1a s6 tw nhién.
Vay vJab+1 las0 ty nhién.

Bai toan 5. Cho s6 ty nhién a gom 60 chit s 1, s6 tu nhién b gom 30 chit s6 2. Chitng minh
a - bla mot s6 chinh phuwong.
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Hudng dan gidi

Cach 1:
60 30
Ta co: a=11...1=10 1 , b=22...2=2.10 1.
60 30
60 30 60 30 0 47? 2
g p_107-1 200*-1) 10%-2.10 +1{1o 1} :(33_“3)
9 9 9 B
Cich 2:

b=22.2=211.1,a=11..1=11..1.00...0+11...1 =11...1.10*° +11...1.
—— — —— — — — —

30 30 60 30 30 30 30 30

bit ¢c=11...1. =>9c+1=99..9+1=10%.
— —_—

30 30

Khi d6: a=c.(9c+1)+c=9c’+2c. b=2c.

2
=a-b=9c*+2c-2c=(3) = (33...3} .
30
Bai toan tong quat: Cho k s0 tu nhién khac 0, s& tw nhién a gom 2k chit s6 1 va sd tw nhién
b gom k chit s8 2. Chttng minh rang a-b 1a mot sd chinh phuong.
2

n--1

Bai toan 6. Cho ne N sao cho la tich ctia hai s6 tw nhién lién tiép. Chiing minh rang

n 1a tong caa hai sd chinh phwong lién tiép.

Hudng dan gidi

2

Gia strta c6: = =a(a+1) .

Ttr d6 c6 n® =3a’*+3a+1 = 4n*-1=12a*+12a+3

= (2n-1)(2n+1)=3(2a+1)" .

Vi 2n+1;2n-1 1a hai s6 1é lién ti€p nén ta cé cac truong hop:
2n-1=3p°

Truong hop 1: P .
2n+1=q°

Khi d6 q* =3p®+2 (Vo6 1i). Vay truong hop nay khong xay ra.
2n-1=p?

Truong hop 2: P .
2n+1=3¢°

Twddé p lasdlénén p=2k+1 .

T d6 2n=(2k+1)" +1 = n=k*+(k+1)° (dpcm).

Bai toan 7. Cho k 1a mot s6 nguyén duong va a=3k* +3k +1
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~ a) Chiing minh ring 2a va a’ 1a téng ctia ba s chinh phuong.
b) Chiing minh rdng néu a 1a mot wdc ctia mot sd nguyén duong b va b 1a mot tdng gom
ba s6 chinh phuong thi b" la mot tong ctia ba s6 chinh phwong.

Hu6ng dan gidi

a) Ta c6 2a = 6k + 6k + 2= (2k +1)° + (k +1)° +Kk?
va @’ = Ok* +18k* +15Kk? + 6k +1= (k% + k) +(2k? + 3k +1)° +(2k* +k) =a’ +a’ +a’.
b) Vi b:a nén dat b=ca.
Vi b 1a tdng ctia ba s& chinh phuong nén dat b = b’ +b? +b?.
Khi d6 b’ =c’.a® =c*(a} +a} +a)
Dé két thic viéc chiing minh, ta tién hanh nhu sau: cho n=2p+1 ta duoc:
b?°* = (b?)" (b7 +b +bZ) va cho n=2p+2 tadugc b =(b") b? (a +af +a?)
7~ Dang 2: Chitng minh mét s6 khong 1a s6 chinh phuong.
* Co s0 phuwong phap:

Dé chiing minh n khong 1a s6 chinh phuwong, tuy vao tirng bai toan ta ¢ thé s
dung cac cach sau:

1) Chting minh n khong thé viét dugc dudi dang mot binh phwong mot sé nguyén.

2) Chutng minh k?<n < (k +1)? vdi k la s6 nguyén.

3) Chtng minhnco tan cungla?2;3;7; 8

4) Chting minh n cé dang 4k +2; 4k + 3

5) Chting minh n c6 dang 3k +2

6) Chting minh n chia hét cho s6 nguyén t& p ma khong chia hét cho p2
* Vi du minh hoa:
Bai toan 1. Mot s8 tw nhién c6 tong cac chit s6 bang 2018 thi c6 thé 1a s§ chinh phuwong
dwoc khong ? tai sao?

Hudng dan gidi

Goi s6 tie nhién ¢6 tong cac chir sd b:?mg 2018 Ian
Ta ¢ : 2018 = 3m + 2 nén s6 tu nhién n chia 3 du 2, do d6 s6 n c6 dang 3k +2 véi k 1a s6 tu
nhién. Mdt khac mot s6 chinh phuwong trinh khong c¢6 dang 3k + 2 suy ra s6 tw nhién n
khong la sd chinh phuong.
Bai toan 2. Chting minh rang s§ A=n*+2n°®+2n° +2n+1 trongdén e Nvan>1
khong phai la s6 chinh phuong.

Hudng dan gidi
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A=n*+2n°+20° +2n+1=(n‘ +20° +n?)+(n? +2n+1)
:(n2 —i—n)2 +(n+1)° >(n2 —i—n)2 vn>1

:>A>(n2+n)ZVn>1

Mat khac:

(n? +n+1)2 =n*+2n°+2n’ +n?+2n+1
=(n*+2n°+20° £ 2n+1)+n’ = A+n’ > A ¥n>1
= A< (n +n+1)2
Do d6 (n® —i—n)2 <A<(n? -1—n+1)2
Ta c6 (n? +n) va (n>+n + 1) 1a hai s6 tw nhién lién tiép nén A khong théla s6 chinh

phuong.
Bai toan 3. Cho A=1+2+2°+2°+...+ 2%, Hoi A c6 la s6 chinh phwong khong? Vi sao?

Hudng dan gidi
Ta c6 A:1+2+(22 +2°+2° +25)+...+(23° +2% 4 2% +2‘°’3)
=3+2%(14+2+2°+2°) 4.+ 2% (142427 + 2°)
=3+2.30+..+2%.30=3+(2+..+2%).3.10.
Ta thay A c6 chit s8 tan cling bang 3.
Ma s6 chinh phuong khong c6 chit s6 tan cung 1a 3. Do d6, A khong 1a sd chinh phuong.
Vay A khong 1a s6 chinh phuong.
Bai toan 4. Chting minh rang A =2012*" +2013*" +2014*" + 2015 khong phai la s& chinh

phuong vdi moi s6 nguyén duong n.
(D# thi vao 16p 10 chuyén trwong DHSP TP H6 Chi Minh 2015 - 2016)

Hudng dan gidi
Ta co:
2012°":4;2014*:4, Vne N".
2013"" =2013"" ~1+1=(2013"" ~1)+1 chia cho 4 du 1.

2015 = 2015"" —(~1)" +1 chia cho 4 du 1.

Do d6, A=2012""+2013"" +2014*" +2015*" chia cho 4 dw 2.
Ta cé: Ai2, nhung A khong chia hét cho 2%, ma 2 la s6 nguyén t6. Suy ra A khong
la s& chinh phuong.
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Vay A khong la s chinh phuwong.
Bai toan 5. Cho 2 <ne N, Chitng minh rang A=n®—n*+2n° 4 2n° khong thé 1a s6 chinh
phuong

Hudng dan gidi

Tacd A=n°—n*+2n°+2n” =n’(n‘—n’+2n+2)

=n2[n2<n2—1)+2(n+1)]

=n’[n*(n=1)(n+1)+2(n-+1)

=n?(n +1)2(n2—2n+2)
Véi 2<neN, tacd n®—2n+2>n?—2n+1=(n+1)
Van?-2n+2=n?-2(n-1)<n’ Do dé (n—1)° <n®—2n+2<n?
Nhw vy n?—2n+ 2 khong phai la s6 chinh phuong nén A khong phai la s§ chinh phuong.

Bai toan 6. Chiing minh rang tong binh phwong ctia hai s& 1é bat ki khong phai 1a mot s8
chinh phuong.

Hudng dan gidi
Gidst: a=2m+1, b=2n+1, véi mneN
Ta c6: a® +b* =(2m+1)° +(2n+1)" =4(m* +m+n’ +n)+2=4k +2 véi ke N.
Khong ¢6 s6 chinh phuong nao ¢d dang 4k +2 vivay a* + b’ khong phai sd chinh phuwong.
'~ Dang 3: Diéu kién d€ mét s 1a s6 chinh phuong.
* Co s0 phwong phdp: Chung ta thwong st dung cac phuong phap sau:
- Phuong phap 1: Stt dung dinh nghia.
- Phuong phép 2: St dung tinh chén, lé.
- Phuong phap 3: St dung tinh chat chia hét va chia c6 du.
- Phwong phép 4: S&t dung cac tinh chat.
* Vi du minh hoa:

Bai toan 1. Tim s6 nguyén n sao cho n(n+3) 1a s6 chinh phwong.

Hudng dan gidi
D& A=n(n+3) 1a s8 chinh phwong thi n(n+3)=k?* vdi k 1a s6 tw nhién, do

n? +3n = k?
& 4n? +12n = 4k?
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< 4An? +12n+9=4k*+9
& (2n+3)° —(2k)" =
& (2n+2k +3)(2n—2k +3)=9

Ta c6 (2n+ 2k +3)> (20— 2k +3)
Va 9=9.1=33=(~1).(~9)=(~3).(~3)

Trudme hoo 1 - 2n+2k+3:9© n+k—3@ n=1:>A_4

FHONEAOP & 1o ok 43=1" |n—k = k=2

Trudne hop 2 - 2n+2k+3=3© n+k= 0@ n=0:>A_0

TOmE OP = o ok +3=3" |n—k=0"|k=0 "
2n+2k +3=-1 2 n=-4

Truong hop 3 : Fex & n+k = A=4
2n—2k +3=-9 6 k=2
2n+2k+3=-3 n+k=-3 n=-3

Trueong hop 4 : e < - & = A=0
2n—2k +3=-3 n—k=-3 k=0

Vay khi n=—4;-3;0;1 thi ta c6 A 1a sd chinh phuong.

Bai toan 2. Tim s6 nguyén n sao cho n+1955 va n+2014 1a mot s6 chinh phuong.

Hudng dan gidi
Gia sit n+1955=2a’; n+2014=b? véi a, beN va a<h.
Khi d6 b -a? :59<:>(b—a)(b+a):59<:>{b_a=1 @{azzg.
b+a=59 b =30
Dé dang suy ra n=-1114,
Bai toan 3. Tim sd nguyén duong n d€ cac biéu thitc sau 1a sd chinh phuong;:
a) A=n>—n+2 b) B=n>—n+2

Hudng dan gidi
a) Véin=1thi A =n?-n+2=2khong la sd chinh phuong
Véin=2thi A=n?>-n+2=41lasd chinh phuwong
Véin>2thi A=n?>-n+2khong la s6 chinh phuwong vi
(n—1)" =n* —(2n—1)<n? —(n—2) < n?
Vay n =2 thi A la s6 chinh phwong.
b) Ta cé: n° —n=(n*—1)n(n’ +1)
Véin =5k thi n chia hét cho 5.
V6i n =5k £1thi n’ —1chia hét cho 5
V&i n =5k +2thi n® +1chia hét cho 5
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Do @4 n® —n luon chia hét cho 5

Nén n® —n+2chia cho 5 thi dw2 nén n° —n+ 2 ¢4 chix s6 tan cung 1a 2 hodc 7 nén

B =n° —n+ 2khong la s8 chinh phuong

Vay khong c6 gia tri nao ctia n thoa d€ B la sd chinh phwong.

Bai toan 4. Tim s6 nguyén duong n nhé nhat sao cho cacsd n+1, 2n+1, 5n+1 déu la cac
s0 chinh phuong.

Hudng dan gidi
Néu n=3k+1 (keN) thi n+1=3k+2, khong la s§ chinh phuong.
Néu n=3k+2 thi 2n+1=6k +5, cho cho 3 du 2 nén khong 1a s6 chinh phuong. Vay n:3.

2n+1 la s0 chinh phuong 1é nén chia cho 8 dw 1. Suy ra 2ni8=n:4=n+11é. Do n+1 la
s0 chinh phwong 1é nén n+1 chia cho 8 duw 1, suy ra n:8.

n chia hét cho cdc sd nguyén t6 cung nhau 3 va 8 nén n:24. Véi n=24 thi n+1=25=5%,

2n+1=49=7%, 5n+1=121=11°.

Gia tri nho nhat ctia n phai tim la 24.

Bai toan 5. Tim s6 ty nhién n > 1 sao cho tong 1! + 2! + 3! + ... + n! la mot s6 chinh phuong.
(Dé thi HSG I6p 6 - Phong gido duc dao tao Phiic Yén - Vinh Phiic)

Hudng dan gidi
Véin=1thi 1l =1=121as6 chinh phuong
V6in =2 thi 1! + 2! = 3 khong la s6 chinh phuong
Véin=3thi1l+2!+3/=1+12+1.23=9 =314 s8 chinh phuong
Voin >4taco 1! +2!+31+4!1=1+12+123+1.234=33 con5!; 6!; ...; n! déu tan cung boi 0
do do6 1! +2! +3! + ... n! ¢6 tan cung bai chit s6 3 nén né khong phai la s6 chinh phuwong.
Vay ¢4 2 s0 ty nhién n thod man dé bailan=1;n=3.
Bai toan 6. Tim s§ nguyén duong n sao cho A=(n +3)(4n2 +14n+ 7) la s6 mot chinh
phuong.

(Dé thi chon HSG Todn 9 tinh Thdi Binh)

Hudng dan gidi
Ta cé: 4n” +14n+7 =(n+3)(4n+2)+1 van la s nguyén duong nén n+3 va 4n’ +14n+7 la
nguyén td cung nhau. Vi vdy, d€ A 1a s6 chinh phuong thi 4n* +14n+7 van+3 phaila sd
chinh phuong.

Do neZ* néntacd (2n+3)° <4n’+14n+7 <(2n+4)’.
= 4n* +14n+7=(2n+3)" = n=1. Khi d6 n + 3 = 412 s8 chinh phuong.

Thtt lai, véi n=1, tacd A=10°.
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Vay s6 nguyén duong can tim la n=1.

Bai toan 7. Tim 3<aeN sao cho a(a-1)a(a—-1)=(a-2)aa(a-1).

Hudng dan gidi

Tacé a(a-1)a(a—1)=(a-2)aa(a-1)< a(a—l)2 =(a-2)aa(a-1). (*
Vi VT(*) 1a s6 chinh phuong nén VP(*) cling la s6 chinh phuong.

Vi s0 chinh phwong chi ¢6 chit s6 tan cung thudc tap hop {0;1; 4;5;6; 9}
nén a co chit s6 tan cung thudc tap hop {l; 2;5;6;7; 0} .

Do a lachits6nén a<9. Kéthop véi 3<aeN nén ae{5;6;7}.

Th Ian luot ting gid tri ta thu dwge a=7 théa man 76° =5776.

Bai toan 8. Tim s0 tu nhién n sao cho 2" +9 la s6 chinh phuong.

Hudng dan gidi
Giast 2"+9=m’, meN < (m-3)(m+3)=2"
m-3=2°%

3 2b,véi a, beN va a<b.
m+3=

Vi m-3<m+3 nén {

Tacd 2°-2° =6« 2°(2"" ~1)=6.

Vi 2°(2°*-1)i2 ma 2°(2"* -1)/4 nén a=1. Diéunay dan dén m=5 va n=4,

~ Dang 4: Tim s6 chinh phuong,.

* Co s6 phwong phap: Dya vao dinh nghia vé s§ chinh phwong A =k?, véi k 1a s
nguyeén va cac yéu cau cta bai todn dé€ tim ra s chinh phwong thoa bai toan.

* Vi du minh hoa:

Bai toan 1. Tim s8 chinh phuong abed biét ab—cd =1.

Hudng dan gidi
Gia st n* = abcd =100ab+cd =100(1+cd )+ cd =10lcd +100, neZ .
=101.cd =n’ -100 = (n-10)(n+10).
Vi n<100 va 101 la s6 nguyén t6 nén n+10=101.
=n=091.
The lai: abed =912 =8281 c6 82-81=1.
Vay abed =8281.

Bai toan 2. Cho A 14 s6 chinh phuong gdm 4 chit s8. Néu ta thém vao méi chit s8 ctia A
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mot don vi thi ta dwoc s6 chinh phwong B. Hay tim cac s6 A va B.

Hudng dan gidi
Goi A=abcd =k?.

_—_ 2
Theo dé bai ta co: {A = abed =k .

B=abcd +1111=m?
(v6i k,me N"va 31<k <m<100, a,b,c,d =1,9).
—m?-k?=1111 < (m-k)(m+k)=1111 (¥

Nhan xét thdy tich (m — k)(m + k) >0 nén m — k va m + k 1a 2 s6 nguyén duong.
Vam -k <m+k <200 nén (*) c6 thé viét (m — k) (m + k) =11.101
m—-k=11 m=5 |A=2025
m+k:101©{k:45@{823136
Vay A = 2025, B = 3136

Bai toan 3. Tim mot s6 chinh phuwong gdm 4 chit s6 sao cho chir s6 cudi 1a s6 nguyén to,

Do dé: {

can bac hai ctia s6 d6 cé tong cac chit sO la mot s6 chinh phuong.

Hudng dan gidi
Goi s6 phai tim 12 abcd véi a; b; ¢; d 1a céc s8 t nhién
val<a<90<b,cd<0o.
Ta c6 abed chinh phwong = d € {0,1,4,5,6,9}.
Vid lasdnguyénté = d=5.
Dit abcd = k* <10000 = 32 < k<100, ke N.
Do k 1a mdt s6 ¢6 hai chit s6 ma k2 ¢6 tan cling bang 5 = k tan cting bang 5
Téng cac chit s6 ctia k 1a mot s6 chinh phuong = k =45 (vi k tan cling bang 5 va ¢6 2 chir
s0)
— abcd = 2025
Vay s6 phai tim la: 2025.
C. BAI TAP AP DUNG
Caul: Tim t4t ca cAc sd tw nhién c6 ba chit s8 abc sao cho p = abc +bca +cab 1a s8 chinh
phuong.
Cau2: Tim s8 nguyén tdab(a>b>0), biét ab—ba la s6 chinh phuong.

Cau3: Tim cdcchitsd a vasd tw nhién x sao cho (12+ 3X)2 =1a96.

Cau4: Tim s8 nguyén t& c6 hai chit s§ khac nhau c6 dang Xy (x> y>0) sao cho hiéu

cua sd d6 vdi so viét theo thit twe nguoc lai caa sd d6 1a sd chinh phwong.
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Cau5:

Cau 6: Tim cac s6 co ba chit s0, sao cho hiéu cta s6 dy va s6 gom ba chit s6 dy viét theo

Cho A=5+5"+5+..+5"°. Chiing t6 rang 4A+51a s3 chinh phuong.

thit ty nguoc lai 1a mot sd chinh phuong.
Cau7: Cho X, y 1a2s8 nguyén thoa man: X +2019x* = 2020y” + y. Chéing minh ring:
X —Y la sd chinh phwong.

2004

Cau8: Cho nlé. Chttng minh rang ™ +1khéng la s6 chinh phuong.

Cau 9: Mot s6 chinh phuong c6 dang abcd . Biét ab—cd =1. Hay tim s abcd .
Cau 10. Cho tich a.b 1a s8 chinh phuwong va (a,b) = 1. Chting minh rang a va b déu la s§
chinh phuong.
Céu 11. Tim s8 ty nhién ab sao cho ab” = (a+b)’
Cau 12. Cho n 1a sO tu nhién c6 hai chi® s6. Tim n biét n+4 va 2n déu la cac sO chinh
phuong.
Cau 13. Cho A=10"" +10%" +10°*° +10%* +8
Chting minh rang A khong phai la s6 chinh phuong.
Cau 14. Chiing minh réng vi moi sO ty nhién khéc 0, ¢6 s6 lwgng cac wdc tu nhién 1la mot
s0 1é thi so tie nhién d6 la mot s6 chinh phuong.
Cau 15. M ¢6 la mét so chinh phwong khong néu :

M=1+3+5+..+(2n-1) (Véine N, n=0)
Cau 16. Tim cac s6 tw nhién n cd hai chir s6, biét réng hai s6 2n + 1 va 3n + 1 dong thoi la
hai s& chinh phuong.
Bai 17: Tim s6 chinh phuong c6 4 chit s6 ma hai chtr s6 dau giéng nhau va hai chit s6 cu6i
giong nhau
Bai 18: Tim s tu nhién c6 hai chit s6 biét rang hiéu cac binh phuong cta s8 d6 va viét s§
bd hai chit s6 cua s6 d6 nhung theo thi tie ngwoc lai la mét sd chinh phuong
Bai 19: Tim tat ca cac sO tu nhién n sao cho sd 28 + 2! + 27 13 s8 chinh phuong
Bai 20: Co6 hay khong sO tu nhién n d€ 2010 +n?1a s6 chinh phuong.
Bai 21: Chting minh s&: n = 20042 + 20032 + 20022 - 20012 khéng phai la s§ chinh phwong.
Bai 22: Chitng minh s6 1234567890 khong phai la s6 chinh phuong.
Bai 23: Chting minh rang néu mot s3 c6 tdng cac chir s& 1a 2004 thi s6 d6 khong phai la s&
chinh phuong.
Bai 24: Chitng minh rang tdng sau: P=1+ 3+ 32+ 33 + ..+ 3¢ + 322 khong 1a s6 chinh
phuong.
Bai 25: Cho A= 1+2 +2°+2°+...+2%° + 2% 'Hois6 A+8 cd phai la sd chinh phuwong
khong?
Bai 26: Gia sit N=1.3.5.7....2007. 2011. Chting minh rang trong 3 sd nguyén lién tiép 2N -
1, 2N va 2N + 1 khong ¢6 sd nao la sd chinh phwong.
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Bai 27: Ching minh rdng néu p 1a tich ctia n (véin > 1) s§ nguyén t& dau tién thip - 1

vap
+1 khong thé la cac s6 chinh phuong.
Bai 28: Chting minh rang tdng binh phuong ctia 2 s§ 1é bat ky khong phai 1a s6 chinh
phuong.
Bai 29: Chting minh rang: Néu m, n la cac sd tu nhién thoa man 3m? + m = 4n2 + n thim -
nva4m +4n + 1 déu la s6 chinh phuong.
Bai30: Choa=111..1 va b=1000...0 5. Chttng minh rang s6 M =ab+1 1a s chinh

2017 s6 1 2016 s6 0
phuong.

HUONG DAN GIAI
Caul. Tacd: p=abc+bca+cab=100a+10b+c+100b+10c+a+100c+10a+b
=111(a+b+c)=3.37.(a+b+c)
D€ p 1a 58 chinh phuong thi a+b+c¢:37.3 ma 0 <a+b+c<27 =a+b+c/37.3
Nén khong c6 s8 tu nhién nao c6 ba chit s§ abc thoa man yéu cau dé bai.
Cau2. Taco ab-ba=10a+b-10b-a
=>ab—ba=9(a—h)
—>ab—ba=3%(a—h)
D& ab-ba 1a s8 chinh phuong khi a — b 1a s8 chinh phwong
Doa,blacidcchitrsova 0O<a,b<9=>1<a-b<8
=>(a — b) la s6 chinh phuong khi (a—b) € {1,4}
+Néu a-b=1=abe {21,32,43,54,65,76,87,98} ma ab 1as6 nguyén td va la sd 1é =>ab =43
+Néu a—b=4= abe{51,62,73,84,95) ma ab la s§ nguyén t8 va la s3 1é =>ab =73
Vay ab e {43,73)
Cau 3. Ta c6: (12+3x)" =129 < 9.(4+x)" =1096+100a < 9.(4+x)* =1089 + 7+100a .
Vi 1089:9 nén (7+100a):9 = (7+a)i9 =>a=2.

Vi a=2, 9.(4+x)° =1296 < (4-+ x)’ =144 @[4”:12 {ng

4+x=-12 | x=-16"
Vi x la sO ti nhién nén chon x=8.
Vay a=2, x=8.
Céu 4. Theo dé ta c6: xy — yx 1a s6 chinh phuong.
Khi d6: 10x+y —(10y + x) =10.(x—y) —(x—y) =9(x—y) la s8 chinh phuong.

Suy ra: x—Y la sd chinh phuong.
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Vi x>y>0 nén x; ye{l; 2;...; 9}, ta xét cac truong hop sau:

+THI: x—y=1va xy la s0 nguyeén td nén Xy = 43.
+TH2: x—y =4 va xy 1asdnguyén td nén xy = 73.
+TH3: x—y=9 va xy 1as6 nguyén t& nén khéng c6 s nao thoa man.

Vay xy €{43; 73}.

Cau 5. Ta co:

5A=5%+5%+5°%, 4+5%%
5A—A=5"_5
AA+5 =520 _ (51010 )2

Vay 4A+51a sO chinh phuong.

Cau 6. Goi abcla sO tu nhién cé ba chir sd can tim

Theo d&é ta c6: abc—cba =100a+10b+c—100c—-10b—a

=99a-99¢ =9.11(a-c) =3%11(a-c)
D& abc - cba 14 s6 chinh phuong thi a—c =11 (khong ton tai) hodc
a-c=0=a=b
Vay 8 can tim c6 dang abc véi a=ce{1;2;3,4;5;6;7;8,9} va
be{0;1;2;3,4;5;6;7;8;9}

Cau 7. Ta c¢6: X+ 2019x% = 2020y* + y = 2020x* —2020y* + X — y = X

Cau 8. Giasr n

2020(x* = y*) + (x—y) = x*

2020(x = Y)(x+ y) + (x—y) = x*

(x—y)(2020x + 2020y +1) = x* (1)

Goi d la wdc chung 16n nhét caa x—y va 2020x+ 2020y +1

thi (2020x + 2020y +1) +2020(x — y) chia hét cho d = 4040x+1 chia hét cho d

Mt khac, tir (1) ta cé: X° chia hét cho d° suy ra X chia hét cho d.

Tr 4040x +1 chia hét cho d ma X chia hét cho d ta cd 1 chia hét cho d

= d =1 hay UCLN (x-Y,2020x + 2020y +1) =1

Ttr d6 suy ra Xx—y va 2020x+ 2020y +1 1a cac sd nguyén t6 cung nhau, thoa
man (1) nén ching déu la cac s6 chinh phuong.

Vay x—Y laso chinh phwong (dpcm).

2% +11a s8 chinh phuong véi nla sd 18 ta co:
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N +1=a* (aeN¥)
- 32 _(n1002)2 _1
PN (a_ nlOOZ)(a+ n1002)=1

1002 &) \ ~ 2
) >2véinlasolé

> i(a+ )= (a+n 2)

=1diéu nay vo ly vi (a +n
Vay n*® +1khong la s6 chinh phrrong véi nla sd lé.

Cau9.Tacd a, b, ¢, d la cac s6 nguyén tir 0 dén 9; a, c khac 0

La s6 chinh phuong nén abcd =n2va ab—cd =1
Hay n? = abcd = 100ab + cd =100(cd +1) + cd =101cd +100

Suy ran?-100 = (n - 10)(n + 10) = 101 a, n?la sd ¢ 4 chir s6 vay n<100 do d6 n +10 =101
suy ran=91 van2= abcd =912=8281

Cau 10.

batab=c2 (1)

Goi (a,c)=dnéna:d,c:d

Haya=m.d vac=n.d véi (m,n) =1

Thay vao (1) ta dwoc m.d.b =n?. d?

=>m.b=n2d=>b: n?vi(ab)=1=(b,d)

Van?:b=>b=n2

Thay vao (1) ta c6 a=d?=>dpcm

Cau1l.Tacod: (a+b)’= ab’ 1 s8 chinh phuong nén a + b la s6 chinh phuwong.
Dita+b=x2(x € N7)
Suy ra: ab’ = (a+b)® =xo
=>x*=ab <100va ah >8=>8<x3<100=>2<x<5=>x=3;4vix € N
“Néux=3=>ab =(a+b)’=3=729=272=(2+7)*=>x =3 (nhan)
“Néux=4=>ab =(a+b)’=45=4096 =642 = (6 +4)> = 1000
=>x =4 (khong thoa man)
Vay s6 can tim 1a: ab =27
Cau 12.
+ Vi n la s6 ¢6 hai chir s6 nén 9<n<100=18<2n< 200
+ Mt khac 2n 1a s& chinh phwong chn nén 2n cé thé nhan cac gia tri: 36; 64; 100; 144;
196.
+Véi 2n=36=n=18= n+4=22 khong la sd chinh phuong
2n=64=n=32=n+4=361a s6 chinh phuong
2n=100= n=50 = n+4 =54 khong la sd chinh phuong
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2n=144=n=72=n+4=76 khong la s6 chinh phuong

2n =196 = n=98 = n+4 =102 khong la s6 chinh phuong

+Vay s6 can tim la =32,

Cau 13. Ta c6 cac sd : 10212 ; 10201 ; 102010 ; 102 déu ¢ chix s6 tan cung 1a 0

Nén A =10 +10%" +10%"° +10™” +8 ¢4 chir s6 tan cling 1a 8

Vay A khong phai la s6 chinh phuong vi s6 chinh phwong 1a nhiing s6 ¢ chir s6 tan cung
la1;4,5;6;9

Cau 14. Goi s0 ty nhién d6 1a P (P = 0)

NéuP=1taco1=1%? = Plaso chinh phuong

Né&u P > 1. Phén tich P ra thita sd nguyén td tac6 P= a*.b”.....c
(véia, b, ..., cla cac sO nguyén t0)

Khi d6 s6 lugng cacuwdccuaPla (x +1).(y +1)....(z + 1)

Theo baira (x +1).(y + 1)....(z+ 1) las6 1é

= x+1,y+1,..,z+1déulacacsdlé

= X, y,..,zdéulacacsd chin

Dodox=2m;y=2n;..;z=2t

= P la s6 chinh phuwong
Vay chiing to vdi moi s6 tw nhién khéc 0, ¢d s6 luong cac wéc la mot so 1€ thi s6 tw
nhién d6 la mot s6 chinh phuong.
Cau1l5. M=1+3+5+.+(2n-1) (Véine N,n # 0)
Tinh s6 s6 hang=(2n-1-1):2+1=n
Tinh tong=(2n-1+1)n:2=2n2:2=n?
KL: M 1a s6 chinh phuong
Cau 16. Ta ¢ 10<n <100 nén 21<2n+1<201
Mt khac 2n +1 la s0 chinh phwong 1é, do vay 2n + 1 chi ¢6 thé'la 25; 49; 81; 121; 169. Tk d6
n chi c6 thé nhan cac gia tri twong tng 12; 24; 40; 60; 84
3n + 1 chi ¢é thé nhan cac gia tri 37; 73; 121; 181; 253.
Trong cac s6 nay chi ¢6 121 = 11%1a s6 chinh phuwong.
Titr d6 3n +1=121 Suyran=40

Bai 17: Gia st xxyy 14 mét s6 chinh phuwong ta co:
XXyy =1000x +100x +10y + y =1100x+11y =11(100x+y):11
Do  xxyy la s& chinh phuong nén xxyy:121=>100x+ y:11=> x+ y:11 (vi 99x:11)

Do 0<x+Yy <11 nénx+y =11; xxyy =11(100x + y) =11(99x +11) =11° (9x +1)
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Suy ra 9x +11a s6 chinh phuong suy rax=7,y =4
Bai 18: Goi s& tu nhién c6 hai chit sdphai tim1a ab (a,b e N,1 < a,b < 9)
S6 viét theo thit tee nguoc lai ba
Taco ab?- ba2=(10a+b)>— (10b+a)?=99 (a>-b?) : 11 = a2-b2: 11
Hay (a-b) (a+b) : 11
Vi0<a-b <8 2<a+b<18néna+b:11 = a+b=11
Khi d6: ab2- ba?=32.112. (a-b)
Dé ab?- ba?1a s8 chinh phuong thi a—b phai la s8 chinh phwwong do déa-b=1
hodaca-b=4
Néua-b=1kéthopvéia+b=11 = a=6,b=5, ab=65
Khi d6 652 — 56% = 1089 = 332
Néua-b=4kéthgpvdéia+b=11 = a=7,5loai
Vay s6 phai tim la 65
Bai19: Giasr28+2"+27=2a2(a € N) thi
D= a2 482 = (a +48) (a — 48)
2p.29=(a+48) (a-48) vdip,qe N;p+q=nvap>q
= a+48=2rvaa-48=21
— 2P-29=96 <24 (20— 1) =253
= q=5vap-q=2=p=7
> n=5+7=12
Thrr lai ta co: 28 + 211 + 20 = 802
Bai 20: Gia st 2010 + n? la s6 chinh phwong thi 2010 + n?=m? (me N )
Ttr d6 suy ra m? - n?=2010 < (m + n) (m —n) =2010
Nhw vay trong 2 s6 m va n phai cé it nhat 1 s6 chén (1)
Mt khdcm+n+m-n=2m = 258 m+n va m - n cung tinh chin 1é (2)
Tt (1) va (2) = m+nvam—nla2sd chan.
= (m+n) (m-n) : 4 nhung 2006 khong chia hét cho 4
— Diéu gia s sai.
Vay khong ton tai sO tu nhién n d€ 2006 + n? 1a s6 chinh phuong.
Bai 21:Vi chir s0 tan cung cta cac s6 2004% ; 20032 ; 20022 ; 20012 Tan lwot1a 6;9; 4 ; 1.
Do d6 sd n c6 chit s6 tan cung la 8 nén n khong phai la s6 chinh phuwong.
Bai 22. Thay ngay s 1234567890 chia hét cho 5 (vi chit s tan cung la 0) nhung khong chia

hét cho 25 (vi hai chit s6 tan cung la 90). Do d6 s0 1234567890 khong phai la sd chinh
phuong.
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Chu y: Co thé ly luan 1234567890 chia hét cho 2 (vi chit s6 tan cung la 0), nhung
khong chia hét cho 4 (vi hai chit s6 tan cung la 90) nén 1234567890 khong la s6 chinh
phuong.
Bai 23: Ta thdy tong cac chit s6 cua s6 2004 la 6 nén 2004 chia hét cho 3 ma khong chia hét
9 nén s6 co tong cac chit s 1a 2004 cling chia hét cho 3 ma khong chia hét cho 9, do d6 s6
nay khong phai la sd chinh phuong.
Bai24: P=(1+3+3+3%)+ (3*+ 35+ 36+ 37) + ... + (3% + 35 + 3% + 3%) + 300 + 361 + 362
= (40 + 3% 40 + ... + 3%. 40) + 3% + 361 + 362,
- C4c s0 hang trong ngodc déu cé tan cung 1a 0.
- S8 3% = (3%)% = 930 => chit s0 tan cung la 1.
- S8 3¢ = 3.3% => ¢ chir s6 tan cung la 3.
- 58 392 =9.3% => ¢4 chir s6 tan cung la 9.
Vay tong P o chit so tan cung la 3 => P khong la s6 chinh phuong.
Bai 25: Tinh duoc A+8=2""-1+8=2""%4+7=..6+7=...3
Vi SCP khong c6 tan cting bang 3, nén A+8 khong phai la SCP.
Bai 26:
a)Tac62N-1=2.1.357...2011-1
C62N i 3=>2N-3:3=>2N-3=3k=>2N-1=3k+2 (k € N)
=>2N -1 chia cho 3 du 2
=>2N - 1 khong la s6 chinh phuong.
b)2N =2.1.3.5.7...2011 =>2N chan.
Ta c6 N 1é (vi N 1a tich cdc s tw nhién 1€) => N khong chia hét cho 2
=>Maic du 2N : 2 nhung 2N khong chia hét cho 4.
=> 2N khong la s6 chinh phuong.
¢)2N+1=2135.7...2011+1
2N +11é nén 2N + 1 khong chia hét cho 4
2N khong chia hét cho 4 nén 2N + 1 khong chia cho 4 du 1.
=>2N + 1 khong la s6 chinh phuong.
Bai 27: Vi p la tich ctia n s8 nguyén 8 dau tién (trong dé c6 2 1a s6 nguyén t& chan, con lai
tat ca 1a cac s6 nguyén t6 1é) => p:2 va p khong thé chia hét cho4 (1)
a) Gia st p + 1 la s6 chinh phwong. Patp+1=m?(m e N).
Vip chdnnénp +11é =>m?21é =>mlé.
Patm=2k+1(k e N). Taco m?=4k>+4k+1=>p+1=4k*+4k +1
=>p =4k?+ 4k =4k (k + 1) | 4 mau thuan vdi (1).
=>p + 1 khong phai la s6 chinh phuong.
b) p=2.3.5...1as6 chiahétcho3=>p-3:3=>p-3=3k=>p-1=3k+2.
=>p -1 chia cho 3 du 2 => p - 1 khong la s6 chinh phuong.
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Vay néu p la tich n (n >1) sd nguyén td dau tién thi p - 1 va p + 1 khong la s chinh
phuong.
Bai 28:

avablénén a=2k+1, b=2m+1 (Véik, m € N).

=>a?+b2=(2k+ 1+ (2m+1)2=4k>+4k +1+4m?+4m + 1

=4 (K2+k+m2+m)+2
=> a2+ b? chia cho 4 dw 2

=>a?+Db? khong thé'la s6 chinh phuwong.

Bai29: Tacéd: 3m?+m=4n’+n & 4(m?-n?) + (m-n)=m?
< (m-n)(4m +4n + 1) =m? la s6 chinh phuong (*)

Goi d 1a wéc chung 16n nhat cia m - n va 4m +4n + 1 thi (4m + 4n + 1) + 4(m - n) chia
hét cho d => 8m + 1 chia hét cho d.

Mat khdg, tir (*) ta c6: m? chia hét cho d? => m chia hét cho d.

Ttr 8m + 1 chia hét cho d va m chia hét cho d ta ¢6 1 chiahét chod=>d =1.

Vay m - n va 4m + 4n + 1 1a cdc sd ty nhién nguyén td cung nhau, thoa man (*) nén
ching déu 1a cac s6 chinh phuwong.
Bai 30: Chu y dén bién do6i 111...1= 10°-1 ta di phan tich cac s6 a va b vé cac liy thura ctia

11..
nsol 9

2017
10. Taco a=111..1= 10 L va b=1000...05=1000...0+5=10" +5.

2017s01 201600 2017500

017 1027 2 4107 _5 2017 2
Khi @6 ta duwoc M=ab+1zu.(10“+5)+1:( ) +1= 1077 +2 .
9 9 3
2017 2
bén day ta chi can chi ra dugc — N ta ta ¢ diéu phai chitng minh.

2017
Tuy nhién % e N hién nhién dung do 10 +2:3. Vay M =ab+1 1a s chinh

phuong.
e Chu y. Véi dang toan chitng minh s6 chinh phuwong nhu trén ta cht y dén phép bién
doi:

9=10'-199=10° -1;,999 =10° -1,999..9 =10" -1
gv—/

nso9
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CHUYEN PE 7: CAC DANG TOAN VE PHAN SO

DANG 1: TIM PHAN SO THOA MAN DPIEU KIEN CHO TRUOC.

Mot s6 diéu kién cho truedc thuwong gip:

@ Biét tir s0' (hodc mau s6), phdn s6'cin tim I6n hon phan s6'nay va nhd hon phan so'kia.

@ Viét phin s6'dwdi dang téng cdc phian s6'da biét ciing s6'tie (hodc ciing s6' mau,).

@ Lién hé vé phép chia giiva phin s6 cin tim voi phin so'da cho.

@ Biét phin s6'bang phan s nao dé va biét quan hé UCLN(Tir , Méau) hodc tong (hiéu) clia
ti va mau.

® Cong mot s6vao tir hodc mau dwoc mot phan s6'méi ...

11

Bai tip 1. Tim phan s& c6 ti 1a 5, biét rang phan s6 d6 16n hon —=— va nhé hon ——.

15
Hudng dan
Goi mau phan sd can tim 1a x
-11 5 -11 55 55 55

Taco: —<=«< = < < = -75 < 11x < —-60=> x=-6.
12 x 15 -60 11x -75

Vay phan 8 can tim 13 —>

o A ~ . A N A 1 ]- ) A » A N1 o4 A OPA M \ 7
Bai tap 2. Hay viét phan so 15 dudi dang tong ctia 3 phan s co tir s déu bang 1 va co

mAau s6 khac nhau.
Huéng dan
i; 23 U (60)={1,2;3;4;5;6;10;1215;20;30;60} ;

30+10+4-44 = 2410 30 4 3E:%+

60 60 60 60 1

1.t
2 15

a o s e @ 7 12

Bai tap 3. Tim phan s0 t6i gian 5 nho nhat (voi B > 0) biét khi chlaE cho —va — duoc

thuong la cac s6 nguyén.

Huéng dan
a 7 alb a 12 a.25
Taco——:———:—.
b 15 b7 b 25 b12

a.l5 a.25

Vi Bté’i gian nén UCLN(a;b) = 1 va W 12 la cac s6 nguyén nén a chia hét cho 7

va 12 con 15 va 25 chia hét cho b
Do dé a e BC(7;12) va be UC(15;25).

THCS.TOANMATH.com TAI LIEU TOAN HOC




Vi glé phén sd t6i gidan nho nhat 16n hon 0 nén a = BCNN(7;12) va b = UCLN(15;25)

nén a =84 : b=5=> Phan s8 can tim 1a 8?4

Bai tap 4. Cho cic phan s& % va % Tim phén s& nhé nhét ma khi chia cho mai phan

s0 d6 ta duoc mot s6 nguyén ?

Hudng dan

Goi phan s6 phai tim la % x,y eNva(xy)=1)

X, 35 396x  x 28 297X

"y 396 35y y 297 28y
Vi két qua la mot s6 nguyén nén 396x : 35y va 297x : 28y
Ma (396;35)=1;(297;28)=1va (x;y)=1
= 396 :yva297 1y; x:35vax :28

D& % nho nhét khi x nho nhét va y 16n nhét. Do dé:

x = BCNN(35; 28) = 140 ; y = UCLN(396; 297) = 99.

Vay phan s8 phai tim 14 %.
Bai tap 5. Tim phan sG bang phan s& %, biét UCLN ctia ca tit va mau ctia phan s6 d6 la
36.

Huéng dan

Ta thdy UCLN(20,39) =1=> phén s3 % 14 phan s6 t5i gian.

Ma UCLN cta ca ttr vd mau ctia phan s6 can tim 1a 36.

=> phéan s6 can tim da dwgc rut gon thanh % bang cach chia ca tit va mau cho 36.

Vay phan sd can tim la: 20.36 _ 720
39.36 1404
. 200 o _
Bai tdp 6. Tim phan s6 bang phan s6 520 biét tong ctia tir va mau la 306.
Huéng dan
200 5 DV SR 200 , 5m
Ta cd —— =— la phan s0 td6i gian nén phan s6 bang — ¢4 dang tong quat ——
520 13 P & P 8 50 O CAnEIONE quAt 1o
(meZ,m #0)
—>5m + 13m = 306 = > m = 17=> phan s3 cAn tim 1a %
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Bai tip 7. Tim mot phan sd t6i gian, biét rang khi cong mau sd vao tir s6 va cdng mau sd
vao mau sd ctia phan sd ay thi duge mot phan s6 mdi, 16n gap 2 lan phan s6 ban dau ?
Huéng dan

. A A A .2 ’ A% \ a A 2 A x AN x A A
Goi phan s0 t6i gian luc dau la b Néu chi cong mau s6 vao mau so ta dugc phan

52 -2, phan s6 nay nho hon phéan s6 2 2n
b+b 2b b
be aZJLb gdp 2 Tan phan s6 ltc dau thi a + b phai bang 4 lan a

= Mau s8 b phai gap 3 lan tirs6 a .

A A g N 2 2 ~ A A A \, 1
Phan s6 t0i gian thoa man diéu kién trén la 3

Bai tap 8. Tim phan s& % thoa mén diéu kién: ; <2 % va 7a+4b =1994,

Huéng dan
Ta co:
73441004 — g 1994 —4b 2 1994-4b 4 1994-4b 2 , 1994-4b 14
b 7b 7 7b 3 b
1994 1994 1994 1

— —4>4=>—>8=2b<— = b <249
b 8 — 231 < b < 249

—1994 -4 <E = —1994 <§ = b> 230i
b 3 b 3 13
7a+4b=1994 = 4b=7k +6 (k eN):b:7k4+6;beN =k=41+2(1eN)= b=71+5
|=33=b=236=a=150
:>231<7I+5<249:>ﬁ<l<%:>
7 7 =34 = b=243 = a =146
Bi t ApH.phon s c-)'z—tho ag—mé% ea;eold 8 Lskié b = 3

Hudng dan

Twr5a-2b=3 = a=(3+2b)/5

Cdoa,beN =2b:5du2 =2b=5k+2 = k: 2
=k=2n=>b=5n+1nén a=2n+1tacd E<M<E.
9 5n+1 21

. 4 2n+1
1 —<

Vé =20n+4<18n+9 =2n<5= ne { 0;1,2}

5n+1

i §”+1<9:>42n+12<50n+10:>9n >11=>n=2 .
n+

Véyn=2:>%=E

THCS.TOANMATH.com TAI LIEU TOAN HOC

3



1+2+3+4+....+19
1MT+12+13+14+....+29
mot s6 hang & mau d€ duoc mot phan sd méi c6 gid tri bang phan s& da cho.

Bai tap 10. Cho phan s6: A = . Hay xo0a mot s6 hang ¢ tr va xod

Hudng dan
Ta cé tir ciia A 12 a thi mau 1a 2a. Goi s& hang xoa ¢ tr la m va sd hang xo4 6 mAau la
n, khi doé ta cé
a a-m 1

- = =—=>2a-n=2a-2m=>n=2m
2a 2a-m

Vay d€ duoc mot phan s6 méi cd gia tri bang phan s6 da cho ta c6 thé xoa cac cap
sOnhw: 6 6 tir va 12 O mau; 7 o tir va 14 & mau; 14 o tir va 28 & mau

Bai tap 11: Tich cta hai phan s6 la % Thém 4 don vi vao phéan s6 tht nhat thi tich méi la
5 Tim hai phan s8 do.
15

Huéng dan

Tich ctia hai phén s6 1 % Thém 4 don vi vio phan s8 tht nhét thi tich méi 1a %

suy ra tich méi hon tich cii la i—6 - % = j—: day chinh 1a 4 Ian phan s6 thit hai.
Suy ra phan s6 thi hai la 84124
15 15 5

Tir d6 suy ra phan s6 thit nhét a: % : g

2
3
DANG 2: CHUNG MINH PHAN SO DA CHO LA TOI GIAN.
- Goi s6'd 1a wéc chung ciia Tik S6"va Mau S6
- Cin chirng minh d =1

Bai tap 1. Cho a, b 1a hai s6 nguyén t3 cing nhau. Chting minh rang la phan s0 toi

8a+3b
S5a+2b
gian.

Huéng dan

Goi d 1a wéc chung 16n nhét cta 8a + 3b va 5a +2b

, [8a+3bid 5(8a+3b):d .
a co: = 8(5a+2b)—5(8a+3b):d

5a+2b:d 8(5a+2b):d
— 40a +16b - 40a—15bid = bid (1)
., [8a+3nid 2(8a+3b):d .
Ta lai c6: — . =2(8a+3b)-3(5a+2b)id
5a+2b:d 3(5a+2b):d
— 16a+6b—15a—6bid = aid @)

Tir (1) va (2) = d e UC(a,b).

Ma a, b 1a hai s6 nguyén t6 cung nhau, nén (a,b) = 1
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8a+3b
5a+2b
12n+1
30n+2

=d=1=

la phan s6 t6i gian.

Bai tap 2. Chttng minh :

(neZ) tdi gian.

Huéng dan

Goi d la wdc chung ctia 12n + 1va 30n + 2

> 5(12n + 1) - 2(30n+2) = 1 chia hét cho d

=>d =1nén 12n + 1 va 30n + 2 nguyén t6 cung nhau

12n+1
30n+2

Do d6 la phan s6 t6i gian

Bai tap 3: Chung to rang

fAl,: 41 phan s6 t6i gian.
Huéng dan

Goid =UC (21n + 4; 14n +3)

= 2(2In+4)-3(14n+3)=1:d
=d=1

Vay @In+4:14n +3)=1nén 2114
14+3

la phan s6 t6i gian.

v ga . . aon ML o e L A
Bai tap 4: Chitng minh phan so i3 la phan s0 t6i gian véi moi s6 tu nhién n.
n+

16n+3

Bai tap 5: Chiing to rang véi moi s6 tw nhién n phan sd sau t6i gian: ot o
n+

Bai tap 6: Chiing minh rang v6i moi n thi phan s 75n +17O
n+

DANG 3. TIM PIEU KIEN DE PHAN SO LA PHAN SO TOI GIAN

la phan s0 toi gian

* LOAI 1: Phéan sd c6 dang A = v6i a, b, c 1a cac s6 nguyén da biét.

b.n+c
-Buwdc 1: Tim U(a) # {1, a} lap
- Budc 2: D& phan s8 A 1a t8i gian thi a va b.n + ¢ phai ¢6 UCLN bang 1
=b.n+c#pk(k €N)
=>n # cac gia tri trong tng voiso k €N
e.n+d
b.n+c

* LOAI 2: Phén s6 c¢6 dang A = voi e, b, ¢, d 1a cic s6 nguyén da biét.

“Téch &0*d _ I (v6i a, fla cac s6 nguyén)
b.n+c b.n+c
- Phan s§ A t6i gian khi 8 t6i gian (Bai toan LOAI 1)
N+cC

-Chty:Néu0O<e<bhodc0<-e<bhodc0<-e<-Db thi phan s6 A tdi gian

khi phan s5 % 51 gian, r6i moi thuc hién téch.
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Bai tap 1. Cho phan s6 A = “_+:13 (nez; n#3). Tim n d& A 1a phan s8 t5i gian.

Hudng dan

Tacod: A= n+1:1+ 4
n-3 n-3
=> A la phan sO toi gian thi UCLN(n -3;4)=1 *)

Nhan thay 4 1a s8 chdn nén dé€ thoa man (*) thi n - 3 phai la sd 1é
=>n phai 12 s6 chdn
8n+193

4n+3

Bai tap 2. Cho A= . Tim s6 ti nhién n d€ A 1a phan s6 t6i gian

Huéng dan
2) Ta c6: A= 8n+193 _2(4n+3)+187 _ 9. 187

4n+3 4n+3 4n+3
=> A 1a phan s8 t8i gian khi 187 va 4n + 3 c6 UCLN bang 1
Nhén thay 187 c6 hai wéc khac 11a 11 va 17
=>4n +3# 11k (k e N) Hoac4n+3# 17m (m € N)
=>4n+3-11#11k (k€ N) Hoac4n+3-51+#17m (m € N)
=>4n -8 # 11k (k € N) Hodc4n-48#17m (m € N)
=>4(n-2)# 11k (k € N) Hodc4(n-12)#17m (m € N)
=>n-2#11k (k€ N) Hoacn-12#17m (m € N)
=>n#1lk+2 (k€ N) Hodcn#17m + 12 (m € N)

N e N N 14 ./ . ? ~ - A A? A ~ N e .2 n+8
Bai tap 3. Tim céc gia tri ctia sO tw nhién n dé phan so sau toi gian: ,n eN,n>3

Hudng dan
= N*8 13 phan 56 51 gidn khi £=21=2_200+8)-21_, 21 400 13 phan
2n—-5 A n+8 n+8 n+8

sO toi gian khi 21 va n + 8 phai ¢6 UCLN béng 1
Nhan thay 21 c6 hai wdc te nhién khac11a3 va7.
=>n+8# 3k (k€ N) Hoacn+8#7m (m € N)
=>n#3k -8 (k€ N)Hoacn#7m -8 (m € N)

Bai 3. (4 diém) Tim tat ca cac s6 nguyén n dé:

Phan sg 21 +1

la phan s6 t6i gian.

30n+2
Hudng dan
GoidlaUC ctial2n+1 va 30n+2 (d e N¥)
=12n+1id;30n+2:d =[5(12n+1)-2(30n+2)|id =>1id madeN*=d =1,
Vay phan sd da cho t6i gian véi moi n nguyén.

Bai tap 5: Tim sO tu nhién n nho nhat dé€ cac phan sd sau déu toi gian.
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7 8 9 100
n+9' n+10'n+11"""'n+102
Huéng dan

Cac phan so da cho déu c6 dang: , Vi cac phan sd nay déu toi gian nén n +

a+(n+2)
2 va a phai 1a hai s6 nguyén t6 cung nhau

Nhuw vay n + 2 phai nguyén td cung nhau véi lan luot cacs6 7; 8; 9; ...; 100 van + 2
phai 1 s6 nho nhat

=>n + 2 la s6 nguyén t6 nho nhét 16n hon 100

=>n+2=101=n=99
DANG 4: TIM SO TU NHIEN n BE PHAN SO RUT GON PUQC.

* Mot phan s6 rat gon dugc khi UC(T@ 58 ; mau s6) # 1

* LOAI 1: Phén s6 c¢6 dang A = v0i a, b, c1a cdc s6 nguyén da biét.

b.n+c

-Buwdc 1: Tim U(a) # {1, a} la p

- Budc 2: D€ phan so A rut gon duoc thi
=>b.n+c=p.k (k €N)

=>Tap hgp cac sO n theo cac gia tri twong tng voisd k € N

*LOAI 2: Phin s6 co dang A = =°° d véie b, d1a cic s6 nguyén da biét.
n+c
“Tach &1*d _ - (v6i a, f la cac s6 nguyén)
b.n+c b.n+c
- Phén s6 A rat gon duoc khi . rut gon duoc (Bai toan LOAI 1)
n+c
‘s oia 8n+193 .. ... . . . . LA oA
Bai tap 1. Cho A= i3 Vi gia tri nao cta n trong khoang tir 150 dén 170 thi phan so
n+

A rat gon duoc.
Huéng dan

_8n+193_2(4n+3)+187 , 187

4n+3 4n+3 4n+3
=> A 1a phan s8 t8i gian khi 187 va 4n + 3 c6 UCLN bang 1
Nhan thay 187 c6 hai wéc khac 11a 11 va 17
Phén s6 A rat gon dwoc khi 187 va 4n + 3 ¢6 UOC CHUNG khac 1
=>4n+3 =11k (ke N) Hoac4n+3# 17m (m € N)
=>4n+3-11=11k" (k" € N) Hoac4n+3-51#17m’ (m”’ € N)
=>4(n-2) =11k’ (k € N) Hosc 4(n-12)=17m’ (m’ € N)
=>n=11k"” +2 (k” € N) Hoacn=17m"” +12 (m” € N)
Ma 150 <n <170 =>Tim dwock” =14 vam’” =9
=>n =156 hoacn =165

Ta co: A
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. 18n+3

Bai tap 2. Tim tat ca cac so tuw nhién n d€ phan so m o thé rut gon duoc.

Hudng dan

Gia st 18n+3 va2In+7 cung chia hét cho s6 nguyén td d
=18n+3:d,2In+7:d =6(2In+7)-7(18n+3) : d
=>21:d=>d €EUER={3;7)

Ma 21n + 7 Khong chia hét cho 3=>d #3
Talaic62ln+7 7 =18n+317=>18n+3-21:7
=>18(n-1)i7ma(18;7)=1=>n-1:7=>n=7k + I(kEN)

18n+3

Vay dé phan so .7 © thé rat gon duwgc thi n=7k + I(k€ )

2n-1

3n+2

Bai tap 3. Tim s0 nguyén n d€ phan so rut gon duoc.

Huéng dan
Goi d la wdc chung ctia 2n-1 va 3n+2. Ta c6: 3(2n-1) - 2( 3n+2) :d nén-7:d
2n-1

3n+2
& 2147176 2(n+3) 7> n+3i7

Pé phan s6 rtit gon duoc, ta phai c62n-1:7

2n-1

Vay véin="7k-3 (k€ Z) thi phan sd N+ rut gon duoc
DANG 5: MOT SO BAI TOAN LOI VAN.
Bai tap 1: Tai mot budi hoc ¢ 16p 6A s6 hoc sinh v:fmg mat b:?mg % s0 hoc sinh ¢ mat.
Nguoi ta nhan thdy rang néu 16p c6 thém 1 hoc sinh nghi hoc nita thi s hoc sinh vang mat
b:?mg % s0 hoc sinh c6 mat. Tinh s0 hoc sinh ctia 16p 6A

Hudng dan

Lic dau s8 HS vang mat bang 1/8 s6 HS ca 16p. Néu c6 thém 1 HS nita vang mat thi
s6 HS vang mit bang 1/7 s6 HS ca 16p.

sy 11 1
Nhu vay 1 HS bang =—-==— (HS ca 16p) .
u vay ang T ( HS ca lop)

VaysoHScaléplal: % =56 ( hoc sinh)

Bai tap 2: Mot 16p hoc c6 chwa dén 50 hoc sinh, cudi nam hoc ¢6 30% s6 hoc sinh xép loai
gioi, g s0 hoc sinh xé&p loai kha con lai 1a hoc sinh xép loai trung binh. Tinh s6 hoc sinh

x€p loai trung binh ctia 16p.
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Huéng dan

Do6i 30% = 3
10

S6 hs cua 16p phai la boi chung ctia 8 va 10 Va s6 hs ctia 16p nhé hon 50
Nén s6 hs cua 16p do6 1a 40

56 hs trung binh chiém 1a 1- % (3B

8 40
Vay s6 hs xép loai trung binh la 13

Bai tdp 3: Mot cira hang ban mdt tdm vai trong bon ngay. Ngay tht nhét ban % tam vai va
5m, ngay tha hai ban 20% s& vai con lai va 10m. Ngay thit ba ban 25% s6 vai con lai va 9m,
ngay thit tu ban % s0 vai con lai. Cudi cung con 13m. Tinh chiéu dai cua tdm vai.
Hudng dan
SO mét vai con lai sau ngay th ba la
13:2 239 (met)
3 2
SO mét vai con lai sau ngay th hai la
39 3 .
—+9):—=38(met
(+9):5 =38 (mét)
S6 mét vai con lai sau ngay th nhat la

(38+10):%=60(mét)

Chiéu dai tAm vai 12 : (60+5) % 78 (mét)

Bai tap 4: C6 hai voi nudc cung chay vao bé khong chita nudc, néu ca 2 voi cung chay thi
sau 48 phut sé day bé, néu chi mé mdt minh voi thit nhat chay thi sau 2 gio sé day bé.
Trong mot gio voi thit nhat chay it hon voi tht hai 50 lit nuwdce. Tinh thé tich khi bé chita
day nude?

Huéng dan

Trong 1 phut:

Hai voi chay duoc: % bé

Voi thit nhat chay dugc: —— bé
120

1 1 1 ..

Voi tht hai chay dwoc: ——-——=— bé
48 120 80
NI NI | 1 1 ..
Voi tht hai chay hon voi thit nhat: —-—=—— bé
80 120 240

Thé tich b&: 50: - = 12000 lit
240
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Bai tap 5: O 16p 6A, s8 hoc sinh gioi hoc ky I bang % s0 con lai. Cudi ndm c6 thém 4 hoc
sinh dat loai gioi nén s6 hoc sinh giéi bang % s con lai. Tinh s6 hoc sinh cta 16p 6A.

Hudng dan

S6 hoc sinh gioi ky I bang % s0 hoc sinh ca 16p

S8 hoc sinh gidi cudi bang é s0 hoc sinh ca 16p

4 hoc sinh la 2.3 hoc sinh ca 16p

5 10

%56 hoc sinh ca 16p 1a 4 nén s6 hocsinh calép la4: %= 40

DANG 6: CAC PHUONG PHAP SO SANH..

I/ Phuong phép 1: Quy dong mau dwong rdi so sanh cac t@: t& nao 16n hon thi phan sé
d6 16n hon

Vi du: So sanh —tva 17 2
12 -18
. =11 =33 17 -17 -34
Ta viét : = va = =
36 -18 18 36
. —-33 -34 =11 17
Vi >

>——=
36 36 12 -18
Chu y :Phdi viét phin sé dudi dang phdan s6 c6 mdu duong.

a“yn
+

II/ Phwong phap 2: Quy déng tir dwong rdi so sanh cidc mau c6 cung dau

“u_u,

d4u “-“: mau nao nhé hon thi phan s d6 16n hon

Vidul:i>iv‘1—5<—4; §<§ vi7>5
-5 -4 7 5

hay cung

Vi du 2: So sanh %Vé g?

, 2 105 10 .10 10 2 5
Taco: = =—;—-="— . Vi—<—=> —< —
5 257 14 25 14 5 7
ViduS:Sosénh_Tsvé_TG?

,.,-3 3 6 .-6 6
Taco: —=—=—
4 4 8 71 =
Vi i > i = __3 > __6
8 7 4 7
Cha y : Khi quy dong tir cdc phin s6 thi phdi viét cdc phdan sé du6i dang phdn sé cé

tir duong.

III/ Phwong phap 3: (Tich chéo v6i cdc mau b va d déu 1a dwong)

Néwad>beth 2%

THCS.TOANMATH.com TAI LIEU TOAN HOC



CNéuwad<both 2<%
b d

“Néwad=bcoth 2=%
b d

Vi du 1: %<% Vi 5.8<6.7 (40 < 42)

Vidu2: —2 < ‘?4 Vi ()8 < (-4)5

5
Vidu3: Sosanh > va® Taviet > - t_—4
“4 s 4 45 5

Vi (<3).5 > (-4).4 nén 34 > iS
Cht y : Phdi viét cdc mdu cia cdc phin sé'la cdc mau duong.
(v chéng han 14 < ‘?4 d0 3.5 < (—4).(~4) 1a sai)

IV/ Phuong phép 4: Dung s6 hodc phéan s6 lam trung gian
1/ Dung s6 1 1am trung gian:
a) Néu qo1var-t2.C6
b d b d
D)Néu 2-M=2 S N=1maM>Nth 2%
b d b d

*M, N la phan thtra so véi 1 ctia 2 phan sd da cho .
* Phan s6 nao ¢ phan thira 16n hon thi phan s6 d6 16n hon.
o) Néu %+|v| 1 §+N —1 maM>N thi %<§
*M, N la phan thiéu hay phan bu dén don vi cta 2 phan s d6.
* Phan sd nao ¢ phan bu 16n hon thi phan s6 d6 nhé hon.

19 . 2005,

Vidu 1: So sanh —va ?
18 2004

Tacé:g—i 1'2005 !

18 18 2004 2004
wl. 1 19 2005

—>—— >
18 2004 18 2004

Vi du 2: So sénh /2va 2 7
73 %99
Tacé:2+i=1;%+i=1. Vii>i:>2<%
73773 799 99 73799 73 99
Vi du 3: So sénh L vall?
917

7 19 7 19
Taco —<l<—=—<—
9 17 9 17
2/ Dung mot phan s6 lam trung gian

* Phdn s0' nay cd tie la tie ciia phin s6' thiv nhdt , c6 mau la mau ciia phan so thir hai

Vi du: Dé’so sinh 18 v e ta xét phin s6'trung gian E
31 37 37
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18 18 ;18 15 18 15
1 —>—&—>—=>—>—
31 37 37 37 31 37

4 * Nhin xét: Trong hai phdn s6 , phdn s6 ndo vita c6 ti I6n hon , vira cé6 mau nhé hon thi
phén s6°d6 16n hon (diéu kién cdc tir va mau déu duong ).
* Tinh bife cau : 2528 L s> M2 1
b d d n b n
58
Vi du 1: So sanh —va— ?
73 99

— Xét phan s0 trung gian la 7—2, ta thay T2 12312 58 12 58
99 73799 99 99 73 99

72 58 58 58 72>58

— Hodc xét sO trung gian la — o8 ,tathly —>—va—>—"—=_——>"—
73’ 73 73 73 99 73 99

Vi du 2: So sénh —— a”—”(n N)
n+3 n+2

Dung phan so trung gian la
gp g8 —

, n n . n n+1 n n+1
Taco: < va < = (neN")
nN+3 n+2 n+2 n+2 n+3 n+2

Vi du 3: So sanh cac phan s0 sau:

12 13 456 . 123

a) —va— e) —va—7?
49 47 461 128

b) %%17—3? f) 2003.2004 — 1\/{;1 2004.2005—1?
85 81 2003.2004 2004.2005

C) EVQEO )& ﬂ?
31 35 157 457

d) EVQE? h) 1999.2000 va 2000.2001 2
77 83 1999.2000+1 2000.2001+1

(Goi y: Tir cdu a—sc: Xét phin so trung gian.
Tir cdu d— h: Xét phin bii dén don vi)
3/ Dung mdt phén 0 xap xi 1a trung gian.
19

Vi du 1: So sanh —va—’)
47 77

Ta thdy ca hai phan sd da cho déu xdp xi véi phan s6 trung gian la % :

12 12119 19 1 12 19
<—= >—

Tacd: —>—="va—<—="=>"—
47 48 4 77 76 4 41 77
Bai tap ap dung:
Dung phén sO xdp xi lam phén sO trung gian d€ so sanh :
11 58 36 26
a)—va— b — —va— d —va—
) ) ) 54 ) 78
3 74 58 36
&)ogVas f) h)—va——
79 103 63 55

IV/ Phuong phép 5: Dung tinh chat sau véi m# 0
a_a+m a_a-m

—< ;—>
b b+m’ b b-m

*0<a<1
b
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*E—l 3 a+m
b b b+m
«8_q_ @ _a+m a_a-m
b b b+m b b—m
»2_C_a+cC
b d b+
11 10
Vi du 1: So sanh A=10 _1ve‘1 =:LO +1,
102 -1 10" +1
10" -1

Taco: A=—5—<1(vi ttt < mau)
10 -1

10" -1 (10" -1)+11 10"+10 10°+1

= A= < = = =
10 -1 (1012 -1 +11 10%+10 10" +1
Vay A<B.
Vidu2:Sosénh M = 2004 N 2005 VAN = 2004 + 2005?
2005 2006 2005+ 2006
2004 S 2004
Taco: 2005 2005+2006 Cong vé theo vé ta c6 két qua M > N.
2005 S 2005
2006 2005 + 2006
Vi du 3: So sanh —va 3737,
39 3939
.,.. 37 3700 3700+37 3737 a c a+c
Giai: — (@pdung —=—=—-")
39 3900 3900+39 3939 b d b+d

VI/ Phuong phép 6: D6i phan s6 16n hon don vi ra hon s6 dé€ so sanh :
+ Hon 0" nao c6 phitn nguyén 16n hon thi hon s6” dé lén hon.
+ Néu phiin nguyén bing nhau thi xét so sdnh cic phin sd’kem theo

Vi du 1: So sanh va%7

Ta 6 2=0,625; == =0,8.
8 15
V10,625 <08 nén > < 22

815

Vi du 2: So sénh %vaiS?

Tacd > =075: 2 =08
2 5

Vi-0,75>-0,8 nén i>i
R A R A -4 -5
BAI TAP LUYEN TAP

Bai 1: So sanh qua phan s0 trung gian:

Bai 2: So sanh:

20087 +1 2008%" +1 100" +1 100** +1
& A= eme 1 VA B=o o e b, A== va B="rrm
2008 +1 2008 +1 100™ +1 1007 +1
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Bai 3: So sanh:
13% 41 13 +1
= ~vaB="—"——
13 +1 13" +1
Bai 4: So sanh:

100" +1 | 100% +1
=—-VvaB=—o-—

100”7 +1 1007 +1
Bai 5: So sanh:

7 8
o ALOH5 L 1046
10" -8 10°-7

Bai 6: So sanh:
19%° +5 197 +6
= TP vap=_ 12
19 -8 19 -7
Bai 7: So sanh:

a, A=

7

a, A=

10 +1 10" +1
a, A= PP T va B = PP

10" +1 107 +1
Bai 8: So sanh:

1012 41 | 10"% +3
& A=gm g Ve B 3
Bai 9: So sanh:

20 21

N A:1021+6 — 1022+6

102 +6 102 +6

Bai 10: So sanh:
10°+3 B 10 +4

a, A=———vaB="——
107 +3 102 +4
100
Bai 11: So sénh: A= 220 _+1 vy g
100° +1

Bai 12: So sanh:

2% -3 | 2 -3
a, Azm va Bzm

Bai 13: So sanh:

A 2004 N 2005 B - 2004 + 2005

a, A=——+—va B=
2005 2006 2005+ 2006
Bai 14: So sanh:
1985.1987 -1
a, A= va
1980 +1985.1986
Bai 15: So sanh:
33.10° . 3774
= va B=——
235.10% + 7000 5217
 423134.846267 — 423133
423133.846267 + 423134
5(11.13—22.26)
22.26 —44.52
244.395-151

— - Va
244 +395.243

7

Bai 16: So sanh M =

Bai 17: So sanh: A=

THCS.TOANMATH.com

A_19991999+1 S B 19997 +1

b A=—_——~vaB="r—_—
199919% 41 1999"% 41
11 10
b, Ao 1012 1 sg_ 1o11 +1
107 —1 10" +1
8 8
b AP Y B g
b Ao 1002 41 Vi B 1002 41
" 1007 41 ©100%% 41
b 102% 41 10%% 41
A= TomE g VA B g
10 10
b A 1010 1 s 1010 1
10° -1 10° -3
152 45 15217 41
b, A= 15%7 | 5 va B= 1529% 1
b Ao 20 +3 VA B 202 +8
’ 202 + 4 20% +28
100% +1
100% +1

152 -3 - 152 +4

=——>———Vva
15* -138 15" -5

7

2000 2001 , . 2000+ 2001
A= - aB=————
2001 2002 2002 + 2002

7

J— 2 J—
b, A 5(11.13-22.26) . . _138°-690
22.26-44.54 1372 - 548

244.395-151
A= STTOIO T oy
244 +395.243

1387 -690
137> -548
g  423134.846267 — 423133
423133.846267 + 423134
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Bai 18: So sanh:
1919.171717 . B 18 4 3 5 6

=————vaB=— b, A=—+5++—+-; va
191919.1717 19 7 T

a,

1010\119 1091\1091
a,A—27+26 va B=7+? b, A= ? 26+26 VaB—27 26 27
Bai 20: So sanh:

_79+142742136 . o 37 boa_l0.23.20 o 21 23 33
’ 21.27+42.81+63.108 333 ’ 41 53 61 41 45 65
Bai 21: So sanh:

12 23 . 12 23 545 +..+5°
v AT e VB gty b AT e

3 +34+..4+3°
43+, +3
Bai 22: So sanh:
2 2 _ 2
a, A= va p=""° (n>0) b, A= nz 1 va B= n2+3 (n>1)
n+1 n+3 n°+1 n“+4
Bai 23: So sanh:
10 10 11 9 2016 2016 2017 2015
CA=— N B=—— b, A= g 2oir 2015

500 50° ° 50" ' 50° 12007 "100° 7 © 71007 " 1007
Bai 24: So sanh:

a Ac—_yap=nt b, A1 yypontl

n+3 n+4 2n+1 6n+3
Bai 25: So sanh:

N A:%+14 v le3+i4 b, Az 2003.2004 -1 v B 2004.2005-1

8 8 8 8 2003.2004 2004.2005
Bai 26: So sanh :

22010+1 . 22012+1 3123+1 . 3122
v AZ e g VA BT g oA BT
Bai 27: So sanh : A=L+L+...+ 2 + 2 va

60.63 63.66 117.120 2011
) ) ) ) 5)
+ot

= + + +
40.44 44.48 48.52 76.80 2011

Bai 28: So sanh tong S—E+1+i+i+i voi 1
5 9 10 41 42 2
+

-7 -15 -15 -7
Bai 29: So sanh khong qua quy dong : A= 1o g va B= —102005 +—1 0706
-9 -19 -9 -19
Bai 30: So sanh: A= 1077 102011 va B= mw*‘low

20097 +1 | B 2009°° -2

Bai31:Sosanh: A=———— ~ vaB="—"-—_"—
2009%°%° +1 20097 _2
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y

© Bai32:Sosénh phén so : aT_l va
2006 2007 2008 2009
+ + +

b+1

e v0i a, b la sd nguyén cung dau vaa #b

Bai 33: So sanh A=

voiB=4

2007 2008 2009 2006

1+5+5% +...

Cau34: Sosanh : C=

+5’ 14343 +..43°

1+5+5% +...

20197 +1

Cau 35: Cho C=
© T 001070 11

2018 +1

742019

Cau 36: So sanh: C = va
+1

T 20197 41

+5° 1+3+3%+...43°

2019
2009 +1 o 4nh C va D.

42019

2021

7470 001

HUONG DAN GIAI

Bai 1:

a, Xét phan so trung gian la: ;3

Khi d6 ta cé: E>E>15
31 37 37

72 72 72 58
b, Xét phan so trung gianla — , Khidétacé: ——>—>—
99 73799 99
Bai 2:
20082 +1 20087 +1+2007 20087 +2008 _2008(2008™ +1)
s A= e L= A< 2009 2009 2008 =
2008%% 41 2008%% +1+2007 2008% + 2008 2008(2008 +1)
, 100" +1 100 +1+99 100 +100 100(100°° +1)
b, Taco: B=—rr—>1=>B > — 0
100" +1 100" +1+99 100 +100 100(10099+1)
Bai 3:
16 16 16 13(13" +1
, =¥<1=>B<1317+1+12=1317+13= ( 16 ): Vay A>B
137 +1 13" +1+12 137 +13 13(13 +1)
b g 19997 11 19997 1141998 19997 11999 1999(1999"* +1)
s = oo 4 1= B> 1999 1999 1998 __ -
1999%% 11 1999 114+1998 1999 11999 1999(1999 )
Bai 4:
100 +1 100 +1+9999 100'° +10? 100°(100% +1) )
A A=, LT A 99 = ) 2 2 97 =B Vay A>B
100% +1 100 +1+9999 100% +10° 100 (100 +1)
N 10" -1+11 10" +10 10(10°+1)
s A:T<1:>A 12 12 11 =
10" -1 10%-1+11 102 +10 10( 0 +1)
Bai 5:
10°+5 10" -8+13 13
a, A==l
100-8 10'-8 10’ -8
8 8 1 1
B=108+6=10 87+13=1+ is ma 73 S 83 S ASB
106-7  108-7 108 -7 10" -8~ 10°-7
108 +2 10°-1+3 3
b, A==l
108-1  10°-1 10% -1
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19 +5 19°-8+13 13

¥ ATl g 10P g 10% 8
19%+6 197 -7+13 13 13 13
192 -7 192 -7 19% -7 19 -8 19% -7
2010 2010 100(100%°%° +
b, B=10 1., g, 100 #1499 (10077 +1) — A, vay A<B
1007 +1 100°® +1+99 100 (100™* +1)
Bai 7:
10 +1 10 +1+9 10(10°+1 \
T T Y- 1021016 = VaysA%B
+1)
102% 11 102 1149 10(10°% +1)
b B=——<1=>B< = A Vay A>B
10%% 41 10%% +1+9 10(102005 1) Y
Bai 8:
10 +3 10 +3+7 _10(10°% +1)
a, B=———>1=>B> = = A vay B>A
102 +3 10 +3+7 10(10"" +1) g
10°+1 10°-1+2 2
b A=IF L ot 1 R
10° -1 10°-3+2 2 2 2
B= = =1+——, ma: < = A<B
10°-3  10°-3 10° -3 10° -1 10°-3
Bai 9:
10%+6 10%+6+54 10%+60 10(10”+6) )
a, B=—5>—<1=>B<—; 5 o = A, Vay A>B
102 +6 10% +6+54 10% +60 10(10 +6)
bog 1Bl o 18741474 1577475 ~ 15(15%% +5) _ A viy ASB
’ 15218 11 1570 +1+74  15°° 475 15(15™ +5) '
Bai 10:
21 2t 21 10(10% +3
W B 1074 o 10744426 107430 ( )=A,VéyA>B
102 + 4 10%+4+26 10%+30 10(10%+3)
b 20748 o 20748452 207460 20(20"+3) . o
’ 20% + 28 20% +28+52 20%+80 20(2022 +4) Y
Bai 11:

Quy déng mau ta cd:
A= (100100 +1) (10068 +1) L va B= (10069 +1) (10099 +1)

Xét hiéu A-B =(100+1)(100% +1)—(100® +1)(100% +1) =100" —100% ~100% +100®

=100.100% —100%*° —100.100% +100% = 99.100% —99.100% =99 (10099 —10068) >0=>A>B
Bai 12:
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~ a, Chu y trong trueong hop ta trir ca t va mau véi cing 1 s8 thi ta ddo chiéu cta bat dang

y 2% _3 2% _3.9 %_1p 2°(2°-3)
4 thtcB=——"<1=>B> = = = A Vay B>A
' 2% -3 22 _-3-9 2%2_12 22(220—3) v
2 _ 2 _ 2 15(15% + 4
N BN o T I P ) SR
152 _138 15% -138+63 15%-75 15(15% -5)
Bai 13:
. g 2004+2005 2004 2005 2004 2005
' 4011 4011 4011 2005 2006
L p_2000+2001_ 2000 2001 2000 2001 _
' 4004 4004 4004 2001 @ 2002
Bai 14
_ ,_1985(1986+1)-1 19851986+1985-1 1985.1986+1984
" 7 1080+1985.1986  1980+1985.1986 198519861980
b Ao oML13°2226) 5\ 1 g 138 1 011 ase
4.(11.13-2226) 4 = 4 137~ 137 4~ 137
Bai 15:

4
a, 7000=7.10° => Az% va B _3 A<B
(243+1) 395— 151 243.395+395-151 243.395+244
244 +395.243 2444395243  244+395.243
Twong tu ta c6: T sd cua B 1a
(423133 + l) 846267 — 423133 =423133.846267 + 846267 — 423133

=423133.846267 + 423134 bang v6i mau s8 ctia B nén B=1. Vay A=B

, =

Bai 1e:

Tace: M o2UL13-2226) 5, 1 o 138, 1
4(11.13-2226) 4 4 137 137

Bai17:

Ta co: A c6 TS = (243+1)395-151 = 243,395+ 395151 = 243.395+ 244 = MS => A=1
Va TS = (423133+1)846267 — 423133 = 423133.846267 + 846256 — 423133
=423133.846267 + 423134 =MS =>B =1

Bai 18:

19.101.17.10101 18
=1>—

a, Tacod: = = =
19.10101.17.101 19

b, Tacod:
4 5 3 6 4 5 3 5 1
A=|5+—+ +| =+ S+—+—=|+| +=—+=
( 7 73j (72 74j ( 7 73J (72 7° 74j

B= (5+4+5)+[—6+5j (5 i —5j+(—3 +—3 +—5)
7 7 727t 7 7 7t 7T
1 1 3 3

Ma: —4=—<—2=—
7 2401 7° 49
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Bai 19:

, 10 10 10 9 1
a,TaCOZ A:7+§ ? ? ?
11,9 10 1 9 1 1
B= 27 26 27 7+¥,ma:?>7=>A>B
1
b, Ta co: §g>§7=>A>B
Bai 20:
. . 79(1+23+34) 1 37:37 1
Rat gon M ta c6: A= _=
A B R O A 1201+ 2.3134) 9 T333:37 9
b AcR 2 29 19 23 29 3 _21 23 33 21 23 33_3
"7 741"53 61 38 46 58 2 '© 41 45 65 42 46 66 2
Vay A<B
Bai 21:
, 12 23 12 12 11
2, Tach: A=t 4 = 14 T 147 T 142
2 23 12 11 12 11 1
=147 T T g T g e g <pgm — AB
1+5(5°+5'+5° +...+5°) 1
b, Taco: A= +5>243

50 +5+5% 4+, +5°
1

T145+52+..+5°

1+3(3° +31+32+...+38)
S 3043434 43
1

Nhan thay <2=>A

T334 +..43

+3

> B

P+3+3+..4+3
Bai 22:
n n+2 n+2
3 Taco: A_n+1<1_>A<n+1+2_ n+3
2 2
b, Taco: A= n2—1=n erl_Z=1+ 2_2
n“+1 n“+1 n“+1
. n+3 n’+4-1 -1 -2 o2
VaB=n2+4= nZ+d n2+4_1+2n2+8'Ma: n2+1<2n2+8_>A<B
Bai 23:
a :1O+9+1V;§B:10+1+9 Mé-i>i=>A>B
’ 50 50° 50° 50 50 50%" T 50°  50Y
b 2016 2015 1 v =2016+ 1 +2015 i 1 < 1 o A<B
’ 10020 10030 10030 100® 100® 100%*” " 100* 100%
Bai 24
n n-1 n-1
a, A= > > =
n+3 n+3 n+4
n 3n 3n+1
" ons1 6n+3 6n+3
Bai 25
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+l:i+i+i4,v:‘a B:1+i 3 4 3 Ma: i<8i—>A<B

g* 8 8" 8 g g 83 83 84 ’ g*
_1+_—1, B:1+_—1,Ma; 1 1 s
2003.2004 2004.2005 2003.2004 2004.2005
Bai 26:
2210 4 2% _ 7 7 2012 4 2% 7 7
a, A= 2207 =2° - 22002 1 B = 22009 1 =2°- 22009 _ |
1 8 1 8 8 8
3128, (3125 1)+7 e °
F 9 2 9_1 9 . 1 9
bASTm T T gmgy 3 amay vome i Bty
Bai 27:

3 3 3 3 1 1 3
3A=2 + +..+ + S ) e R R
60.63 63.66 117.120 2011 60 120 2011

( 1 3 J 1 6
120 2011) 60 2011
1 2
=t
180 2011

4 4 4 4 1 1 4
4B =5 + +...+ + =5 ———+—
(40.44 44.48 76.80 2011) (40 80 2011j

1 4 1 20
=5 — =
80 2011) 16 2011
1 5 1 2

S =
64 2011 180 2011
Bai 28:
11 111 1 1 1 1 1 11 1 1
<4 I=Syh 4 —<—+—=——nbn S<—H+-4+—==
9 10 8 8 4 41 42 40 40 20 5 4 20 2
Bai 29:
-7 -8 -7 -7 -8 -7
= 1020% + 10200 + 10%0% / B= 1020% + 1020% + 1020
Bai 30:
-9 -9 -10
= 10922 + 1071 + 1021
-9 -9 -10 . -10 -10
= 1021 +102012 + 10222 7 Ma: —7 1021 102012 =>A<B
Bai 31:
2010
B<losB < 20092011 2+ 2011 _
20097 -2+ 2011
Bai 32:
Ta c6 - a— 1_1_£&b+1=1+1
a a b b

1 1 1
“Néua>0 vab>0 thi ->0 va %>o “Néua<0va b<0thi ~<0& <0
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Bai 33:
2007-1 2008-1 2009-1 2006+3 1 1 1 1 1 1
A= + + =4

+ + - + - + - >4
2007 2008 2009 2006 2006 2007 2006 2008 2006 2009
Cau 34: Ta co:

_1+545°+..45" 5’ 145+5°+...45°

= =1+ =1+1:
1+5+5%+...+5° 1+5+5°+...+5° 5

143437 +..437 3’ 1+43+3%+..4+3°

= =1+ =1+1:
1+3+3%+...4 38 1+3+3%+...+3° 3°

SO NS SR U TS SOOE SR
59 58 57 5 39 8 37 3
(1,11 1 11 1 1

= 5_9+_8+_7+ +§ > _9+3_8+3_7+ +§

11 1 1 1.1 1 1
=1+1 (_9-'-_8 —7+ +gj>1+1 (_9-'-_8 pra +§j
=C>D
Cau 35:

0 2019™0 41 2010201977 +1) 20194142018 2018
20197 +1 20197 +1 20197 +1 20197° +1
5 2019741 o 2010.(2019°°+1) 201974142018 , 2018

201977 +1 201977 +1 201977 +1 201977 1+1

) 2018 . 2018
2019%°° +1° 2019%% +1
Cau 36: Ta co:

74218 41
T 7479 1]
740+ 74 7470 41473

nén 2019C >2019D=C>D

T4C = 1 = g
73
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_ 747" —2021
7470 _ 2021
74%° 202174 747 —2021.(1+73)

74.D = =
7477 2021 747 — 2021

74%°%° —2021-2021.73

7477 2021
2021.73
74D =1-—0F0n——(2
7477 2021( )

Tt (1) va (2) suy ra 74C>74D = C>D

74.D =
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CHUYEN PE 11: CHUNG MINH BAT PANG THUC

VA TIM GTLN, GTNN
I. TIM GTLN,GTNN

Dang 1: Véi A= —2
b.n+c

v0i a, b, ¢ 1a cdc s6 nguyén da biét.
+Né€u a € Z* thi:

A c6 GTLN khi b.n+cla s6 dwong nho nhét ting véi n nguyén

A ¢6 GTNN khi b.n+cla s6 nguyén am 1én nhat tng véi n nguyén
+Néu a € Z- thi:

A ¢6 GTLN khi b.n+cla s6 am 16n nhét tng v6i n nguyén.

A c6 GTNN khi b.n +cla s6 dwong nho nhét tiing véi n nguyén

2019

x—2020

Bai 1. Cho phansd P= . Tim s0 nguyén x dé€ P c6 gia tri 16n nhat. Tim gia

tri 16n nhat do.
Hudng dan giai
Diéu kién: x #2020
*Néu x <2020thi x—2020<0=P <0
*Néu x>2020thi x-2020>0=P >0
Vi X la s6 nguyén nén x-2020>1
2019
x—2020

Xay ra P=2019 khi x-2020=1= x=2021
Vay v6i x =2021 thi gia tri 16n nhat caa P =2019.

Do do P= <2019

Bai 2. Tim sO te nhién n d€ A =

c6 gia tri 16n nhat.
Hudéng dan giai
Ta c6: 15> 0 va khong doi.

Nén A =

159 6 gid tri 16n nhat khi n—9 >0 va ¢6 gia tri nho nhat (1)
Talaico: neN=>n-9¢Z 2)
Tt (1) va (2) = n—9 c6 gia tri nho nhat bang 1 khi d6 n = 10.

Vay véin =10 thi thoa man dau bai.

Bai 3. Tim x d€ phan s6 —; . c6 gid tri 16n nhat.
X"+

Hudng dan giai
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Vi

-—— lamot phan s6 =>x*>+1 € N"=>Phan s6 —;
X“+1 X“+1

phai 1a s6 tw nhién nhé nhat khac0=>x>+1=1=>x=0.
an+d
n+c

0 gia tri 16n nhat khi x> + 1

Dang 2: V6i A = v6ia, b, ¢, d 1a cic s6 nguyén da biét.

an+d f
=e+

+ Tach A = =
bn+c bn+c

(f€Z)

+ Viéc tim n nguyén d€ A ¢6 GTLN — GTNN tr¢ thanh bai toan tim n nguyén dé

bnic c6 GTLN hodc ¢c6 GTNN (Bai toan dang 1)
n+

6n+5
3n+2

Bai 1. Cho phén s6: P = (neN). Véi gia tri nao cua n thi phan sd P c6 gia tri

16n nhat?
Huéng dan giai

2(3n+2)+1
_6n+5  2( ) oy 1

Taco: P= = -
3n+2 3n+2 3n+2

1 <E:>P£E

V&i neN thi 3n+2>2=> <
3n+2 2 2

£1<:>2+
3n+2 2

Dédu “=" xay ra < n=0

Véy n=0 thi phan s§ P c6 gid tri lon nhét bing g

+
Bai 2. Cho phan so A=n—; (ne Z). Timn d€ A c6 gia tri 16n nhat.
n -

Hudéng dan giai

Tace: AsNtL_n-3+4_, 4
n-3 n-3 n-3

Véin >3 thi >0

Véin<3thi <0

D€ A c6 gia tri 1on nhat thi n - 3 nguyén duong va c6 gia tri nho nhat.
Hayn-3=1=n=4

Bai 3. Vi gia tri nao cua s6 tw nhién a thi 0 gia tri 1on nhat.

4a —-23
Hudéng dan giai

5a-17 _ 4.(5a-17) _ 20a-68 _ 5.4a-5.23+47 _ 5(4a—23)+47 _ §+ 47

4a-23 4.(4a-23) 4(4a-23) 4(4a-23) 4(4a-23) 4 4(4a-23)

Cach giai tuong ty Bai tap 2:
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Nhu vay bai todn dua vé tim sd ty nhién a dé 4a — 23 la s duwong nho nhat tng véi
sO tir nhién a = 6.

c6 gia tri 16n nhat bang 13.

5
Vay a=6=
ay 4

i 4 oo & A N ora ox 10N
Bai 4. Tim s0 ty nhién n dé phan s6 B =

dat gid tri I6n nhat. Tim gia tri 1on nhat dé.

Hudng dan giai
Ta co:
:10n—3:5(2n—5)+22:§+ 22 :§+ 11
4n-10 2(2n-5) 2 2(2n-5) 2 2n-5

11
Ta c6: B dat gia tri 16n nhat khi 5

5 dat gia tri 16n nhat.

11
2n—-5

Vi 11 > 0 va khoéng d6i nén dat gia tri 16n nhat khi: 2n — 5 > 0 va dat gia tri

nhd nhat & 2n-5=1< n=3

5 27
Vay B dat gid trj 16n nhéit 1a - +11= - khin=3

Bai5. Cho M =22 _1;( . Tim s6 nguyén x d€ M dat gia tri nho nhat
X —
Huéng dan giai
Tathdy M =222X__1. 2" 42t GTNN < —2/—nho nhat
x—-15 x—-15 x—=15

Xét x-15>0thi —— >0

x-15
Xét x—15<0thi <0.Vay nho nhat khi x-15<0

x—15 X—=15
Phan s6 c6 tir dwong mau &m

x—-15
Khi d6 G nho nhat khi x—151a s6 nguyén am l6n nhat hay
X —

Xx-15=-1<x=14
Vay x=14thi M nho nhat va M = -28

2n+3

nho nhat do.

Bai 6. Cho A=

(n=2) . Tim s6 nguyén n d& A c6 gid tri I6n nhat, tim gi4 tri

Hudng dan giai
*Tim A c6 gia tri 16n nhat.

Ta co: A=2+L
n-2
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bé A dat GTLN thi c6 GTLN, do d6 n-2 1a sd nguyén duong nho nhat.

n-2
Véi n-2=1suyra n=3.
Khi d6 A=2+%=9
Vay A c6 gia tri 16n nhat bang 9 khi n=3.
*Tim A c6 gia tri nho nhat.
7

Tacd: A=2+—
n-2

Dé& A dat GTNN thi

7 , A A1 ~
> c6 GTNN, do d6 n-2 la s6 nguyén am lon nhat.

Véi n-2=-1suyra n=1.

Khidé A=2-7=-5.

Vay A c6 gia tri nho nhat bang -5 khi n=1.

X +Yy°+3

2

Bai 7. Tim gi4 tri 16n nhat ctia biéu thire: B = >
X“+y +2

Hudéng dan giai
X4y 43 X +yi+2+41 1

b)B = = 1+
) XC+y+2 X+ yr42 X+ Yy +2

B16n nhat khi X* + y* + 2 16n nhat

2
Xx==>0 .
Tacé:{ = X+ y*+222= X"+ y* +2nhd nhat bing 2, khi X=Yy =0

y> >0
. J 7 A, M 3 1
Khi d6 B 16n nhat bang —=1=
2 2
U P x> +15
Bai 7. Tim gia tri nho nhat hodc 1on nhat cta bieu thirc sau: B = —; 3
X“ +

Hudéng dan giai
2
_ X +15 1 12

B =1+
x*+3 x*+3

Tacé X*>0.Dau "="xayra < x=0=x*+3>3

212 SE: 212 <4=1+ >
Xx“+3 3 X“+3 X“+3

Vay MaxB=5< x=0

<5
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LOAI3: V6i A= lf(x)| +bhoacA=- If(x)| +b
+ Vi [f(x)| 20=>A = If(x)| +b>b => A nho nhat =b khi f(x) =0
+Vi- [f(x)| <0=>A=- [f(x)| +b<b=> A 16n nhat = b khi f(x) =0

Bai 1. Tim gia tri nho nhat cac biéu thire sau:

a) X+1 b) X—1+2.
2 3
Huéng dan giai
a) Ta co: X+% >0
Do d6 gid trj nhé nhat ctia bidu thic x+% 120
VU 1 .. : 1 1
Gia tri nho nhat ctia biéu thic X+E la 0 dat dwoc khi X+§:O hay X:—E.
A it 1a 1an 1 ., . 1
Vay gia tri nho nhat cua X+§ la 0 khi X=—§.
. 1

b) Ta céd: [x—=| >0

3

1
Suy ra: X—§ +222
VU 1 \ .1 1
Gia tri nho nhat ctia biéu thic X_§ +2 la 2 dat dwoc khi X—§:0 hay X:§
A i s 1 \ . 1
Vay gia tri nhé nhat cta X_§ +2 1a0khi X:§

Bai 2. Tim gid tri 16n nhat cac biéu thikc sau:

a) —[3x+1 b) 6—x+2|.
1 g 3+2|x+1|
|x+6|+2 1+|x+1|

Huéng dan giai

a) Ta c6: —[3x+1 <0

Gid tri nho nhat ctia biéu thiec —[3x+1] 1a 0 dat dwoc khi 3x+1=0 hay x = —;

Vay gia tri 16n nhat ctia —[3x+1/1a 0 khi x = _%

b) Ta co: —|X+2|SO
Suy ra: 6—|x+2/<6

Gid tri 1on nhat caa biéu thire 6—|x+2|1a 6 dat dugckhi x+2=0 hay x=-2

Vay gia tri Ion nhat cta 6—|x+2|1a 6 khi x=-2
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c) Ta co: |X+6|+222

Suy ra: ;Sl
[x+6|+2 " 2

Gia tri 16n nhat cta biéu thirc L la 1 dat dwoc khi x+6=0 hay x=-6
|X+6[+2 2

Vay gid tri 16n nhat cia — 13 = khi x =6
x+6[+2 2

3+2[x+1 _1+2(1+|x+]4) 1

d) Ta co: = =
1+[x+1| 1+[x+1| 1+[x+1
Do: 1+|X+1|21.Suyra: 1+|X+]4+2£3
e e o 32X+ .

Gia tri 1on nhat cua biéu thtc —————1a 3 dat dwockhi x+1=0 hay x=-1
1+[x+1)

Vay gid tri 16n nhat cua wlé 3 khi x=-1

1+[x+1

Bai 3. V6i gid tri nao ctia x, y thi biéu thtec: A= | x-y | + | x+1 | +2016 dat gia tri nho
nhat. Tim gia tri nho nhat do.
Hudéng dan giai
Vilx-yl 20véimoix,y; Ix+11 =0vdéimoix
= A > 2016 véimoi x,y .
X-y[=0 Xx-y=0 X =
— A dat gi tri nho nhat khi || YFOo [XTY=0 L x=y
| x+1|=0 X+1=0 X=-1
Vay voix =y =-1 thi A dat gia tri nho nhat la 2016.

X - 2017|+2018
Bai 4. Tim gi4 tri nho nhat ctia biéu thic C = | |
[x—2017]+ 2019

Huéng dan giai
_|x-2017|+2018 (|x-2017|+2019)-1 1
[x-2017]+2019  [x-2017|+2019  ~ |x—2017|+2019

a)C

Biéu thtrc C dat gia tri nho nhét khi [X — 2017|+ 2019 c6 gié tri nho nhat
Ma |x —2017|>Onén |x—2017|+ 2019 > 2019

Diu"=" Xéy rakhi x=2017=C = @
2019
Vay gia tri nhé nhat caa Cla 2018 khi x=2017
2019
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Bai 5. Tim gia tri nho nhat cua A, biét :
A=17x-5yl + 12z - 3x| +Ixy +yz + zx - 2000
Hudéng dan giai
Tacod 17x -5yl > 0; 12z-3xI>0va | xy+yz+2zx-20001 >0
Nén A = |7x -5yl + 12z - 3x| +Ixy + yz + zx - 20001 > 0
Ma A =0 khi va chi khi
|7x =5y | =12z - 3x| = Ixy + yz + zx - 20001 =0

Co: 17x =5yl =0 & 7x =5y & %:%

z
3
Ixy +yz +2zx-20001 =0 < xy +yz + zx = 2000
x=20;y=28,z=30
x=-20;y=-28,z=-30
A > 0,maA=0<® (xy,z)=(20,28;30) hoac (x,y,z)= (-20;-28;-30)
Vay MinA =0 & (x,y,z) = (20;28;30) hoac (x,y,z)= (-20;-28;-30)
IL. BAT PANG THUC
Dang 1: Tong phén s6 ty nhién
Phuong phap:
Vi tong phan s6 tw nhién, véi chwong trinh 16p 6 -7 ta nén cho hoc sinh lam theo
cach nhom dau cudi va so sanh gitta cac nhém véi nhau, d€ tao ra cac ngodc c6 cung t,
roi so sanh binh thuong

[2z —3x| =0 & §=

Tt @6 tim dwoc {

Bai 1. Cho A= 1 + L + L +.o.t+ L .
101 102 103 200

. 1y 7 5

Chttng minh rang: a) A>E b) A>§

Hudéng dan giai
a) Ta chon biéu thitc B lam trung gian sao cho A>B, con B> Th Tach A thanh

hai nhém, mbi nhém c6 50 phan s6, r6i thay mdi phan sd trong titng nhdm bang
phéan s6 nho nhét trong nhom &y, ta duoc:

1 1 1 1 1 1 1 1
A= + + +...+ + + + +o+— >
(101 102 103 150) (151 152 153 200)
> 50+t sool it
150 200 3 4 12

+
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b) Tach A thanh bdn nhom r6i cling lam nhu trén, ta dwoc:

25 25 25 25 (l 1 1) 1 107

A> + + + =l=+=+=
125 150 175 200 \5 6 7

1 11
+== =>4
8 210 8 2 8

S
8

Bai 2. Chiing minh rang; g < 131 + 1(1)2 + 1;3 +... +2i00

3
<=,

4
Huéng dan giai

1 1 1 1
o e e
101 102 103 200

Goi A
Ghép cac phan s6 6 hai dau va cac phan so cach déu hai dau thanh 50 cap.
1 1 1 1 1 1
A= + + + +ot| —+—|=
(101 200) (102 199) (150 151)

301 301 301
= + +..t
101.200 102.199 150.151

1 1 1
=301 + +..+
(101.200 102.199 150.151)

Xét mau ctia 50 phan s8 trong ddu ngodc, theo cau a thi 101.200 ¢4 gia tri nho
nhat, 150.151 ¢ gia tri 1on nhat, suy ra trong 50 phan s6 trong ddu ngodc thi
1 A

16n nhat,
101.200 150.151

1 301 303 3
50=2- 222
101200 404 404 4

1 .,_301 300 300_5

150.151" 453 453 480 8

nho nhat.

Do d6: A<301.

A>301.

Vay: §< A<§
8 4

Bai 3. Cho A=1+1+1+1+...+% .
2 3 4 27 -1

Chting minh rang: a) A<100; b) A>50
Giai. a) D& chiing t6 rang A <100, ta chia A thanh 100 nhém:

A—1+(1+1j+(i+ +£j+(i+ +ij+ +(i+ +LJ
"3 TR CRRRT] R e |
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Thay cic phan s6 trong mdi ddu d&u ngodc bang phan s& 16n nhat trong dau
ngodc do, ta dugc:

A<l+ £.2+£.4+1.8+...+%.299 =100.
2 4 8 2

b) D€ chiing to rang A > 50, ta thém va bot 1100 roi viét A dwdi dang sau:
2

A—1+1+(1+ij+(1+ +1)+(1+ +i)+ +( 1 +..+ L j— L
2 \3 22) (5 2°) \9 2¢) T o\2%+1 T 2%) 21

Thay cac phan s§ trong mdi ddu ngodc bang phan s& nho nhét trong dau

ngoac do, ta duogc:

A>1+;+2i2+%22 %299—21—100:1 %100_21_100>50
Bai 4: Cho A=i+i+i+ ....... +i
101 102 103 200

Chting minh rang: A> é

Huéng dan giai
1 1 1 1

101 102 103 200

1 1 1 1 1 1 1 1
> et —t... + + + + o +—
(150 150 150 150) (200 200 200 200)

(c6 50 sb hang — va —)

0 50 1.1 7
150 200 3 4 12
7
Vay A>—
RANET
Bai 5: Chu’ngmmhrangS—i i i+....+i>l
101 102 103 130 4
Huéng dan giai
Ta co:

1 1 1 1 1 1 10 1
Tacd — +..+ > + Foat—=—=—
101 102 110 110 110 110 110 11

1 1 1 1 1 i_ﬂ_ 1

—+ +...+ > + +.+ = =—
111 112 120 120 120 120 120 12
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1 1 1 1 1 1 1 1 1 1 1 1
=ttt —— = —F— .t —— || ——F—— .t —— || —F——F...+
101 102 103 130 (101 102 110) [111 112 120) (121 122 130



1 1 1 1 10 1
— it —>——t—— . F ==
121 122 130 130 130 130 130 13

1 1 1 431 429 1
S>—+—+—= >——==

11 12 13 1716 1716 4

Bai 6: Chiing minh: 1+%+1+1+...+% >3
Hudéng dan giai
Theo bai ta c6

I 1 1 1 I (1 1 1 1 1 1 1 1
S=l+—+—+—+.+—=1l+—4| == |+| =+t = [+]| =+ — |+ =+ +—
2 3 4 32 2 (3 4) (5 8} (9 16) (17 32)
1

3
I (1 1 I 1 1 1 1 1 1 1
S>1+—+| —+—|+| =F+=F—F+= |+ =+t — [+ =+ +—
2 (4 4) (8 8 8 8} (16 16) (32 32)
1 1

:>S>1+l+l+£+—+—:>8>3
2 2 2 2

1 1 1 1
Vay 1+ =+=+=+...+— > 3(dpcm
Y 2 3 4 32 ( P )

Bai 7: Chting minh réng: i—1+E—i+i—i 1

<=.
2 4 8 16 32 64 3
Huéng dan giai

2 4 8
=2A+ A= 1_£+£_l+i_i + £_1+l_i+i_i
2 4 8 2 4 8 16 32 64
:>3A=1—i
64

:>3A:§<1 :>A<1 (dpcm).
64 3

Bai 8: Cho biéu thtic: B = 1 + 1 + 1 ot 1 .
1+3 1+3+5 1+3+5+7 1+3+5+7+..+101

Chttng minh B < %

Huéng dan giai
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1 1 1 1
143 11345 143+5+7 " 143+5+7+..+101
Nhan xét: Vi:
1+3=4=2?
1+3+45=9=3>3.2
1+3+5+7=16=4>>43

Taco B=

1+34+5+7+...4101=51*> >51.50

Suy ra:

1 1 1 1

= 44—

4 9 16 517

1 1 1
B<—+—4—+. . +——

4 23 34 50.51

1 11 11 1 1
B<—+——-+——"-+.+———

4 2 3 3 4 50 51
B<§—i

4 51
B<§

4

Dang 2: Tong lity thira

Phuong phap:

So sanh cac s hang trong tong voi cac s6 hang trong tong lién ti€p d€ tim moi quan
hé. Néu mudn chirng minh 16n hon 1 gi tri k nao d9, ta can so sdnh véi s6 hang c6 mau
16n hon, va nguoc lai

Bai 1: Chttng minh rang: A=— L +i+—+...+
Hud6ng dan giai
Ta thay bai toan cé dang tong cac lity thira bac hai, nén ta sé phan tich tong A nhu
sau:
1 1 1 1 1
A=—+—+—+...+ +
22 33 44 99.99 100.100
Dén day ta sé so sanh véi phan s& c6 mau nhé hon, vi yéu cau bai toan 1a ching
minh nho hon.
1 1 1 1 1

ot +
12 23 34 98.99 99.100

11 11 11 1 1 1 1
e e B I B e B el o [
(1 2) (2 3) (3 4) (98 99) (99 100)

A<E—i<1

1 100

Bai 1: Cho A—i+%+i2+.. 12
22 3 4 100

THCS.TOANMATH.com TAI LIEU TOAN HOC




Chting minh rang A < % .
Huéng dan giai

Git nguyén phan sd 21 con cac phan s6 khac thay bang cac phan sd 16n hon,

1 1 1 1 1
taco: A< +—+—+..+ =—+B
22 23 34 99.100 4
Dé dang tinh duoc: B—i—i+1—1 ...+i— 1 1 1
2 3 3 4 99 100 2 100
Do dé: A<l 1—i<3
4 2 100 4
Bai 2: Cho A—i+i2+i+ A+ 12 +...+ ~ . Chttng minh rang: i<A<l.
52 6% T° n 2004 65 4
Hud6ng dan giai
1 1 1 1 1 1 1 1 1
Tacd: A=+ +—5+..+t—+..+ s <——t——< Attt
5° 6" 7 n 2004° 45 56 6.7 2003.2004
acr t i 11

+——..
4 556 6 2003 2004

1 1 501-1 500 500 1

= A<=— @
4 2004 2004 2004 2000 4

Mstkhae, As -4+t , t t 1111 1 1

56 6.7 7.8 20042005 5 6 6 7 7 2004 2005

oasLi L 400 80 7 7 _1 .

5 2005 2005 401 401 455 65

1 1
T ) va (2) suyra —<A<—;
@) va (2) suy &5 2

<1.

Bai 3: Chimg t6 — 1 = 4.+ —~_
22" 2010

Hudéng dan giai

11 111 1

St <

22" 019 “127 237 2018.2019
1111 111 2m8
172727377 2018 2019 2019 2019

Bai 4: Chiing minh rang A<1i voi A= 2 3

Hudéng dan giai
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1 1 1 1 99
:>4A:g+5—2+¥+...+¥—51w

1 1 1
:>20A=1+g+...+sw—5ﬁ

1 1 1 1 1 1 99
= ZOA—4A:(l+g+...+¥—5wj—(g+5—2+...+5w—51.wj

2 99
:>16A:1—5$+51w<1

:>A<i
16

Bai 5: Cho A:Z+1—21+%+...+$.Ch{mg minh rang A<g.
3 3 3 3 2
Hudng dan giai

7 11 15 2019
= +

A_§+3—2 §+---+35T
Ta co: 3A:7+1—31+;—§+...+%

11 15 2019 7 11 15 2019
—+= -3 3z+33+---+35T

Suy ra 3A—A:(7+ 3 +32 +"'+35T

11 7 15 11 2019 2015 2019

ATty Tt T
2A:7+%+?:iz+...+35;‘;3_%
2A:7+4(%+3i2+3i3+...+35—103j_%
bat B=%+3i2+3—13 +35—103
3B=1+%+3i2+,_,+35%
3B—B:1+%+3i2+...+§%—(%+3i2+3—13+...+35—103)
gogei 1,1 1 1 1 1

3 3 3 3_2+"'+3502_3502_3503
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1

3503

1 1
=315
1

Do do 2A= 7+4{E(1

2B=1-

1 2019 2 2019 2 2019
—@ - = 7 + 2 =

3504 - - 3503 - 3504 -V 3503 - 3504

9 1 2019 9 , 9
AZE—@—W<E. Do do A<E

2 3 4 99 100 3
32+33 3_4+"'+?_31W<E'
Huéng dan giai
1 2 3 4 99 100 3

3 32+33 3—4+...+3E—:alw<ﬁ
2

4 99 100
+32 7 +---+@_3W

= A<l S+t (1)
3 3

o 1 1 1 1 1
bat B =1_§+3_2—¥+...+?—3w

1 1 1 1 1
:>3B=2+§_37+§+"'+3T_3W

::4B=B+3B=3—%;<3:>B<§ @)
3 4

Tk (1) va (2):>4A<B<§:>A<i.
4 16

2_
Bai 7: Cho neZ, n>2.Chtng td rang P:%+g+g+...+nn2 L khong la s6 nguyén.

Huéng dan giai

, 3 8 15 n“-1 4-1 9-1 16-1 n®-1
Taco: P=—+—+—+..+——5—= + + ot —
4 9 16 n 4 9 16 n

=l-—+1-—+1-—+..+1-—

22 32 42

1 .1 .1 1 :n_l_(l 1
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Suy ra: P>n—1—(1—%j:n—2+%>n—2 (2)

Vay n—-2<P<n-1 nén P khong phai s6 nguyeén.

Bai 8: Chung minh réng: A= 12?%22 + 22\.532 + 32.742 T 921—]?02 <1
Hudéng dan giai
Ta co:
- N 19
122> 223 34 92 102
:22_12+32_22+42_32 102 - 9°
1292 22 32 gz T rana
1 1 1 1 1 1 1 1
= Tt et e —
r 22 22 3F 3 4 9° 10
=1- % <1
1 1 1 1 1 1

.. , : 3 1 )
Bai 9: Chttng minh rang: S :?_?+§_§+"'+W_22004 <€

Huéng dan giai

1 1 1 1 1 1 1 S 58 1 1 1 1
2T Ty T g ST Ty w7
Bai 10: Chting minh rang: B=%+3—12+3—13+...+32—%%<%
Huéng dan giai
1 1 1 1 1 1 2B 1 1 1 1
EBZB—Z+3—3+3—4+...+32W:>B—EB:?:E—W<§ DB<E

Bai 11: Cho P=£2+i2+i2+...+ 5
1 2° 3 2019

.Chttng minh rang P khong phai la mot s8 tw nhién.

Hudéng dan giai

Ta cod
1
ot

THCS.TOANMATH.com TAI LIEU TOAN HOC




.......

1 - 1 1
2019° 2018 2019

= P<1+i+i+i+

1

ot
12 23 34 2018.2019

11111 1 1
>P<l+l-—+——4+———+.
2 2 3 3 4 2018 2019
=>P<2 N
2019
Vay P khong phaila mot s6 tu nhién.
2012 2012 2012 2012

Bai 12: Chiing minh rdng: 1<

2012 2012

> + > + > +...+ > <
2011° +1 2011°+2 2011°+3 2011° + 2011

Huéng dan giai

2012

2012
tuong ty nhu vay :

Ta co

2012 2012 201
< +

): < , < ,
20117 +1 2011%> " 2011>+2 2011°
2 2012.2011 2012

<2=>A<2

+ o
20117 2011 2011

2012 20
>

12

20112 2011

2012 2012

Mat khac:
2012 2012
+

20117 +1 2011*+2011

" 2011242 2011242011

2012 _2012.2011 2012.2011

, Twong tu nhu vay:

2011 +2011 2011>+2011

Bai 13: Chitng minh:
i f f

1 1 1

\/_

+ 2 - 2 -
20117 +2011 2011-+2011 2011(2011+1)

L + L >10
" J99 100

Hudéng dan giai

1

1 1 1

Taco \f Jloo N \/100 B \/100 99 >Jloo

>100.—

Su ra:—+—+—+ .....

N RN RN \/10 \/10
1 1 1 1

Vady ——+—=+—=+..... +—>10

YA B V100

.. , . 3 1 1 1

Bai 14: Chttng minh rang: N :2—2+3—2+4—2+
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Hudéng dan giai

CoN= bttt >0,
223 4100
Mit khic = <= =2-1
22712 1 2
1 1 11
_2<_:——_
¥ 23 2 3
1 1 11
S S
4 34 3 4
11 11

1002 99.100 99 100

Nén N <1—1 11 1—1+. i—i—l—i<1.
2 3 3 4 99 100 100
Dang 3: Tich cuia mot day

Phuong phap:
Vi dang tich ta sit dung tinh chat: E<1:>% . véim>0va
+m
a a_a+m .
—>1=—> voim > 0.
b b b+m
Bai 1. Cho A—1 3 E...lgg (1)
246 200

Chu inh AP < —
g minh rang 01

Giai. Biéu thiec A ¢6 tich ctia 100 phan s6 nho hon 1, trong d6 cac te déu 1é
cdc mau déu chén. Ta dwa ra biéu thiic trung gian 1a mot tich cac phan s6 ma cac tur
déu chdn, cac mau déu 1é. Thém 1 vao tkr va mau cia moi phan s8 ctia A, gia tri
moi phéan s tang thém, do d6

Ac248 200

2
357 201 @)

Nhan (1) véi (2) theo ting vé ta duoc:

V& phai ctia bat dang thtkc trén bang:
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1.(3.5...199)>< 246..200 1
2.4.6..200 (35..199).201 201

..... 031 . Chttng minh rang: M <0,04.
632
Huéng dan giai
pytN=2268 0632
3579 633
1357 631)(2468 632 1
>MN=|=———.. === ==
2468 632)\3579 633) 633
M;‘a1<g;§<ﬂ, ,631 @rﬁ M?<M.N =M <0,39
2 3 4 5 632 632
Vay M <0,04 (dpcm).
Bai 3: Cho 4 1+i] 1+i [1+L] .[1+;]
1.3 24 3.5 2017.2019

Chting minh rang A < 2?

Hudng dan giai

A e AN

_ 4 9 16 4072324 2 3.3 44 2018.2018
3
3.

1.3 2.4 3.5 2017.2019 1.3°2.4 3.5 2017.2019
~2.3.4..2018 2.3.4...2018
1.2.3...2017'3.4.5...2019

2

2019

= ZOIS.L <2019 =2.
2019

Vay A < 2.

.. 1 1 1 1 . o1
Bai 4: Cho A= (?_1j(¥_1j(F_1}"(1002 —1) So sanh A véi 5

Huéng dan giai
Ta thdy tich A gobm 99 s6 am :
A 1 1_1 ''''''' L—l _ (13 24 99.101 —101 Mz
4 9 10000 2.2'33777100.100 ) 200
101 1 101 _-1

—=>
200 2 200 2
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Vay A<_?1

Dang 5. Bit dang thitc dang chit
Phuong phap:

+ Vi cac s6 thuc duong a, b bat ki, taluén c6 a

v

o
|-

IA
T

+ Vi cac s thue duwong a, b, ¢, d bat ki, ta co:
~ o a ., a a+¢cC
-Néu —<1thi —<——
b b+c
L~ a . a_ a+c¢
-Néu —>1thi —>——
b b +C
~ a c .. a a+cC C
-Néu —<—=thi —< <=
b b+d d

Luu y: Trudce khi 4p dung cac bat dang thikc vé H 3 ta phai ching minh.

Bai 1. Cho a, b, ¢ 1a c4c s8 thuc duwong bat ki. Chiing minh rang;:

a b c
1< + + <2
a+b b+c c+a

Hudng dan giai
a a

1)Via,b,c>0nén a+b+c>a+b>0. = < .
a+b+c a+b

b . c c
<

Twong tw < va .
a+b+c b+c a+b+c c+a

Cong v€ vi vé ba bat dang thirc cung chiéu ta dugc

a b c a+b+c
+ + > =1.
a+b b+c c+a a+b+c
X X X+k
2) Trudce hét ta chitng minh véi x, y, k la cac s6 duwong va —<1 thi §< y:k'
. X x+k k(x-y) . .
Théat vay xét hiéu —— = <0 doy(y+k)>0vax-y<0 (do gia thiét x<y).
y y y+k_ y(y+k) yy y g y
Doa<b+c;b<c+a; c<a+bnéntaco :
a a+a b b+b c c+cC
< : <

; <
b+c b+c+a’ c+a c+a+b " a+b a+b+c
Cong v& v6i vé& ba bat dang thikc cting chiéu ta duoc

a b c 2(a+b+c)
+ + < =2.
b+c c+a a+b a+b+c

Do do: 1<a+b+c<2

a+b b+c c+a

Bai 2. Cho a, b, ¢, d 1a cac s6 thuc duong bat ki. Chitng minh rang;
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a b c d
+ + +
a+b+c b+c+d c+d+a d+a+b

Hudéng dan giai
a a
< .
a+b+c+d a+b+c

b - b . c . °c . d - d
a+b+c+d b+c+d  a+b+c+d c+d+a’'a+b+c+d d+a+b’

1)Via,b,c>0nén a+b+c+d>a+b+c>0 =

Twong tw

Cong v& v6i vé ba bat dang thitc cting chiéu ta dwoc

a b c d a+b+c+d
- + + =1
a+b+c b+c+d c+d+a d+a+b a+b+c+d
X X X+k
2) Truedce hét ta chitng minh v6i X, y, k 1a cac s6 duong va v <1 thi v < ﬁ .

Lo X x+k K(X-y) i
That vay xét hiéu —— = <0 do +k)>0vax-y<0 (do gia thiét x<vy).
y Y y+k y(y+k) y(y +Kk) y<0 (dog y)

Doa<a+b+c;b<b+c+d; c<c+d+a;d<d+a+b néntacod :

a a+d Db b+a = ¢ c+b  d d+c

a+b+c<a+b+c+d%+c+d<b+c+d+ak+d+a<c+d+a+Wd+a+b<d+a+b+c

Cong v€ vdi vé ba bat dang thikc cung chiéu ta dwgc :

a b c d 2(a+b+c+d)
+ + < =
a+b+c b+c+d c+d+a d+a+b a+b+c+d
Do do: 1< a + b + ¢ + d <2

a+b+c b+c+d c+d+a d+a+b
Bai 3: Cho X,V,Z,teN*
X y Z t

Chting minh rang: M = + + + 6 gia tri khong phai
X+Y+2Z X+y+t y+z+t X+z+t

la s tw nhién.

Hudéng dan giai

Ta co:
X X X
< < ; y < y < y
X+y+z+t X+y+zZ X+Yy X+y+zZ4+t X+Yy+t X4V
z z z . t t z
< < <

; <
X+y+z+t y+z+t z4+t X+y+z+t X+z+t z+t

X+y+2z+t X y ( Z t j
>——=<Mc< + +| —+——
X+y+z+t X+Yy X+Y Z+t 7+t

=1<M<?2
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- Vay A co6 gia tri khong nguyén
y

4 Bai 4 : Cho a,b,cla do dai ba canh ctia mot tam giéc
Chting minh rdng: ab+bc+ca<a’+hb’*+c? <2(ab+bc+ca)
Hudéng dan giai
Os(a—bf={a—iﬂ(a—b)=a2—2ab+b2:>a2+b222ab
Tuong tu: b* +¢® > 2bc;c? +a® > 2ca;
=a’+b*+b*+c® +c*+a*>2ab+2bc+2ca
= 2(a’+b* +c?)22(ab+bc+ca)
=a’+b’+c*>ab+bc+ca (1)
+)Theo bat dang thitc tam gidc ta cé: @ <b +¢,nhan ca 2 vé véi aduwong ta dugc:
a’ <ab+ac. Twong tu: b” <ba+bc;c® <ca+ch
—a’+b’+c’<ab+ac+ba+bc+ca+ch=2(ab+bc+ca) (2)
Tt (1) va (2) suy ra diéu phai chiing minh.
a b C

+ + <2
bc+1 ac+1 ab+1

Bai 5: Cho ba s§ duong 0 <a <b < ¢ <1.Chtng minh rang:

Hudng dan giai
ViO0<a<b<c<lnén:

(a-1)(b-1)20cab+l2atbe—+ <t o & o C
ab+1 a+b ab+1 a+b
Tuong tu: 2 < 2 2); b < b (3)
bc+1 b+c ac+1 a+c

Dodé:a+b+csa+b+C (4)

bc+1 ac+1 ab+1 b+c a+c a+b

2

Ma: o 4 b - < 2a + 20 + *__ (a+b+c):2(5)

b+c a+c a+b a+b+c a+b+c a+b+c a+b+c
T (4) va(5)suy ra: b ¢ <2 (dfcm)

bc+1+ac+1+ab+1
Bai 6: Cho ba s &,b,Cthéaman 0<a<b+1<c+2va a+hb+c=1Tim gia tri nhé nhat
cua C.

Hudéng dan giai
Vi0<a<b+l<c+2nén O0<a+b+l+c+2<C+2+C+2+C+2
=0<4<3c+6(via+b+c=1)
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Hay 3c2—2:>c2—%

2 5
Vay gia tri nho nhat cta Cla —gkhi dé a+b= 3

Bai 7: Cho a>2,b>2. Chitng minh ab>a+b

Hudéng dan giai

Tfra>2:>1<l; b>2:>1<1
a 2 b 2
Suyra£+£<1:>a—+b<1
a b ab

Vay ab>a+b
Bai 8: Cho cacsd 0<a, <a, <@, <......< 8. Chttng minh rang:
8+t At .ty g
85 + 8y + 85

Hudéng dan giai

Ta co:
a +a,+a,+a, +a, <5a;
8 +8, +8; + 8 + 8y, <da,
8, +8y, + 8 +a, +a,; <da;
Suy ra @, +a, + ... +a,; <5(a5+a, +a;)

Vay

Bai 9: Biét Xe Qva 0< x<1.Chting minh X" < xvdi neN,n>2
Huéng dan giai
Xét x" - x=x(x""-1)
0<x<1l=>x"-1<0;x>0=>x"-x<0
Suy ra diéu phai chitng minh
Bai 10: Cho c4csd a,b,Ckhong 4m théa man : a+3c =2016;a+ 2b =2017.Tim gia
tri 1dn nhat cta biéu thitc P=a+b+c
Huéng dan giai
Ta cé: a+3c=2016(1) va a+2b=2017(2)
Tk (1) =>a=2016-3c
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Lay (2) —(1)ta dugc 2b—3c=1<b= 1+23C .Khi do:

P=a+b+c:(2016—3c)+1+23c +c=(2016+%)+ _6“;’“2‘: =2016%—%

Vi a,b,Ckhdéng &m nén P = 2016% —%S 2016%, MaxP = 2016% <c=0

Bai 11: Cho 20 s6 nguyén khac 0: &;,8,,a,,.....,8y,co cac tinh chat sau:
* a,1a s6 duong
*Tong cua ba s6 viét lién nhau bat ky 1a mot sd duwong.
*Tong ctia 20 sO d6 la s6 am
Chting minh rang: a,.8,, + 8,,.8,, < &.a,,
Hudéng dan giai
Ta co:
8+ (8, + 8y +8,) et (A 8y, 8 ) 8y, + (B T8+ 8y, )+ (A + 8y +8y) <O
a>0,a,+a,+a,>0;....;a,+a,+a,>0a.+a,+a,>0a,+a,+a,,>0=a,<0
Cting nhu vay:
(8 +a,+8;) .t (B + 8y 8y, ) + 8y + 8y, + (B + By + 8y ) + (B + Bhg + 8y ) <O
=a,+a,<0
Mit khac, &, +a,+a, >0=a,>0
Ttit cac diéu kién &, > 0;a,, >0;a, <0=a.a, +a,.a, <aa,(dfcm)

Bai 12: Tim gid tri nho nhat cua P=X+\/;+l
Huéng dan giai
Tacd: X20/X20=> x+/x20=P=x+/x+1>1
Déu "="xay ra khi x=0(tmdk). Vay P, =0 x=0

in

Bai 13: Cho a, b, c 1a d6 dai ba canh ctia mot tam giac. Chiing minh rang:

+ + >1
b+c c+a a+b

Huéng dan giai
Via, b, cla d dai ba canh ctia mot tam gidc nén ta co

a a
<l=> >

b+c b+c¢c b+c

0<

a

N\ \ ~ Pa 4 A, 2. ? ' a"
Via la s6 duwong nén theo tinh chat cta ti s6 ta duoc >
b+c a+b+c
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Do d6 ta cé

Vb +c a+b+c
Chting minh tuwong tu ta duoc 1/ b 1/ =
c+a a+b+c a+b a+b+c

Cong theo vé& ba bat dang thitc trén ta duoc \/ + \/ \/ >1
c+a a+b

Vay bai toan dugc chitng minh.
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HUYEN DE 9:
Ti LE THUC VA TINH CHAT CUA DAY TY SO BANG NHAU

A/ TOM TAT LY THUYET

1. Dinh nghia, tinh chat cau ti 1¢ thixc
a) Dinh nghia:

Ti 1é thirc 1a dang thikc ctia hai ti s8

a_c
b d

Tjrléthﬁc%z% con duge vidt a:b=c:d

Trong d6: - a, b, ¢, d 1a cac s6 hang cua ty 1€ thieg;
- avad la cac s6 hang ngoai hay ngoai ti;
- b vad la cac sd hang trong hay trung ti;
b) Tinh chat
- Tinh chéat 1 (tinh chat co ban)

Né&u =§ thi ad = be

a

b
- Tinh chét 2 (tinh chat hoan vi)

Néu ad =bc va a, b, ¢, d khac 0 thi ta cd céc ti 1é thirc:

a ca bd cd b

b d'c db ac a

2) Tinh chit caa day ti s6 bang nhau:

I
I
/‘-\
O
)N
I+
o
N—"

+T1‘thiléthli’c3=£’casuyra—_E
b d b d b+d b-d
+ M6 rong: tir day ti s6 bang nhau %:—:—

e at+c+e a-c+e

C
d f b+d+f b-d+f

(gia thiét cac ti s6 déu cd nghia)
3.Chu y:

. 4 ~ 2 ~ a & /4 ~ 2 A & 7 ~ ~ .- A
+ Khi c6 day ti s6 2 =—tanoi cac sO a, b, c ti 1€ voi cac s6 2; 3; 5 ta cling viét a:b:c =

glo

2:3:5.
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2 1A 7 \ A < 7 A 7 Y A~ » < 7 N 2 1A 7 a C
+ Vi ti 1€ thirc la mot dang thitc nén no co tinh chat cua dang thiec, tie ti 1€ thiec b4 suy

ra: (EJ :(Ej S0 8k S0y iRkl L)
b) \d) bd b d kb kzd

B/ CAC DANG TOAN THUONG GAP
PHAN 1: TIM SO HANG CHUA BIET

1.Tim mot s6 hang chua biét
a) Phuwong phip: ap dung tinh chdt co ban ti 1é thic

., a_¢C b.c a.d ad
Néu —=—=ad=bc=>a=—b=—;c=—
d d c b
Mudn tim ngoai ti chuwa biét ta 14y tich ctia 2 trung ti chia cho ngoai ti da biét, mudn tim
trung ti chwa biét ta 1ay tich cua hai ngoai ti chia cho trung ti da biét.

b) Vidu minh hoa:

*Thi du 1. Tim x biét:

a) ~0,52: x =- 9,36:16,38 b)53 3 X=2 _x+4

Xx—1 X+7

Hudng dan giai

a) Ta co:
-0,52: x =-9,36 : 16,38 = x.(9,36) =0,52.16,38 = %—0,91
b)
Cdch 1: Ta co: Chch2: Tip X232, X=3_5-X
x-3 5 5-x 7 5 7
5-x 7 Ap dung tinh chat co ban ctia day ti s§ bang nhau ta
= (x-3).7=(5-x).5 .
= 7x—21=25-5x co:
:>12X=546 Xx=3_ 5-x_x-3+5-x_2 1
:>x:3€ 5 7 S5+7 12 6
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<)

Dodo: X231 6(x-3)=5=x-3=2=x=3>
5 6 6 6

Cach 1: Ta co: Cich 2: Tix x—2:x+432—x:x+4
X—2 x+4 x-1 x+7 1-x X+7
X—1 x+7 Ap dung tinh ch&t co ban cua day ti s6 bing nhau ta

= (x=2)(x+7)=(x-1)(x+4) cd:

= X +7X-2X-14= x> —x+4x—4 2-x _x+4 (2-x)+(x+4) 6 3

= 5x-14=3x-4 1-x  x+7 (1-x)+(x+7) 8 4

= 2x=10 9% 3

—x=5 ———===4(2-x)=3(1-x)=8-4x=3-3x

1-x 4
= 4X-3x=8-3=x=5
2.Tim nhiéu s6 hang chua biét
. N .~ X y z
Dang 1: Tim cac s0 X, y, z thod man : g=B=E (1)
vax+ty+z=d (2)

(trong déa,b,c,a+tb+c#0vaa,b,c dlacacso cho truede)

Cach giai:

~Cich1: Pat 2= =%k =x=ka,y=kb,z=ke

a b c
Thay x =ka, y =kb, z=kc vao (2) tacé: ka+kb+kc=d :k(a+b+c):d:>k:a+i+c

Tt &6 tim dwoc x =

a.d Ly = bd —_— cd
a+b+c’~ a+b+c’  a+b+c

- Cich 2: 4p dung tinh chat ctia day ti s bang nhau ta c6:

X Yy Z X+y+z d ad bd cd
_= —_= = = X = ’y= ’Z=

a b ¢ a+b+c a+b+c a+b+c a+b+c a+b+c
¢o)Vi du minh hoa:
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*Thi du 1. Tim x, y biét rang:
y

a) ;:5 va2x-y=3 b) )2(:;/ va xy = 10.
Huéng dan giai
Q) Tirtiss XYy 2X_ Y _2X2y 3 _ 4
25 4 -5 4-5 -1

Do dé: x = (-3).2=-6 va y = 5.(-3) = -15.
b) Dt §=%= k = x =2k, y =5k . Khi d6: xy = (2k).(5k) = 10k* = 10 = x = +1

Véik=1tacod:x=2,y=5.
Véik=-1tacox=-2,y=-5.

*Thi du 2. Tim x, y, z biét rang:

X vy z X 'y -z
—===—vax+y+z=27 b) —==-=—vax+y-z=9
a)2 3 4V y+z ) >~ 3" v y-z
Hudéng dan giai
a) Cdch 1.

Pat 2= =2 k= x=2k y=3k z=4k
23 4

Tex+y+z=27tasuyra 2K+3k+4k=27=9%k =27=k =3
Khidéx=23=6,y=33=9,2z=43=12
Vayx=6;y=9;z=12.

- Cdch 2. Ap dung tinh chat ctia ddy ti s§ bang nhau ta c6:

_Y_Z_XHYHZ 27 4y 93_6y=33-07-43=12.
3 4 24344 9

y -z x+y-z 9 ] )
= =—= =—=1 =21=2;y=3.1= =(-4).1=(-4
34 24314 9 1y =3.1=382=(-4)1=(4)

X

2

b) Ap dung tinh chat ctia day ti s6 bang nhau ta cé:
X

2
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Dang2:Cho X, y, z thod man: 52%25 (1)
a C

vaxt+ty+z=d (2)
Bang cach bién d6i cac diéu kién (1) va (2) ta dwoc cac bai toan phttc tap hon.
Cac cach dién doi thuong gap:
+ Gilr nguyén diéu kién (1) thay d6i dk (2) nhu sau:
« KX+K,y+kz=¢e

KX+ kY2 +kz° = f

*xyz=g
+ Gir nguyén diéu kién (2) thay d6i dk (1) nhu sau:
X y.y_ z
Ta a8 a

- & X=ay,a,y=a,

- bx=h,y=byz
_ bIX—bSZ _bzy_blx_bsz_bzy
a b c
_ X_bl — Y2_b2 — Zs_bs
8 a, a

+Thay doi ca hai diéu kién.

*Thi du 1. Tim x, y, z biét rang:

2) ;=g=i va 2x + 3y - 5z = -21 b) 6x =4y =3z va 2x + 3y -5z =14

Huéng dan giai
a) Cdach 1: Ddt §=%=§=ksuy ra: x =2k, y =3k, z = 4k.
Do d6: 2x + 3y — 5z = 2.(2k) + 3.(3k) — 5.(4k) = -21
=4k +9k -20k =-21= -7k =-21=k =3
Vithé:x=23=6,y=33=9;,z=43=14
2x 3y 5z

Cdch 2: Tt lzlzisuyra— —
2 3 4 9 20
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p dung tinh chat cta day ti s bang nhau ta c6:
2x _3y 5z _2x+3y-5 =_21=3:>x=6;y=9;z:12
4 9 20 4+49-20 7
6x_4y 3 _x_y 1z

b) Tk 6x=4y=3z = ——=—== =
12 12 12 2 3 4

Ap dung tinh chét ctia day i s8 bang nhau ta cé:
%ZQZEZM—E:_ZZX:_4;y:_6;zz_8

4 9 20 4+9-20 7

*Thi du 2. Tim x, y, z biét rang:

b

3 va a’ —b?+2c® =108

a C
a) —= —
2 4

Hudéng dan giai

b ¢ _a b® ¢

a)Taco':Ez—:—: -
2 3 4 4 9 16
Ap dung tinh chat day ti s6 bang nhau ta c6:

¢’ a’-b’+2c? _log_,

b2
49 16 4-9+32 27

Do dé:

=4=a’=16=a=14
=4=D0b*=36=>b=16

=4=c"=64=c=48

5% ©| T~ 9,

Vaya=4,b=6,c=8hodca=-4,b=-6,c=-8.
X y z X ¥y 1

b)Taco:x:y:z=3:4:5nén —===—=> =
3 4 5 9 16 25

Ap dung tinh chat day ti s6 bang nhau ta c6:

x_z_y_z_z_z_2x2+2y2—322_—100_4
9 16 25 18+32-75 -25

Do d6:

b) x:y:z=3:4:5va 2x" +2y°-37° =-100
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2
?=4:>x2=36:>x=i6
y2
E=4:> y’=64=y=48
ZZ
2—5:4:zz=10032:110
Vay x=6,x=8,z=10 hodcx=-6, y =-8, z=-10.

*Thi du 3. Tim x, y, z biét rang:

c 40 20 28

=—  vax.y.z=648 b) = =
4 x-30 y-15 z-21

va X.y.z =22400

w|oT

a
a)2—

Huéng dan giai

a) Cdach 1: Ddt §=%=§= k suy ra: suy ra: x = 2k, y = 3k, z =4k.
Do d6: xyz= (2k).(3k).(4k) = 648

_648 _

= 24k® =648 = k*® 27T=k=3

Vithé&:x=23=6;y=33=9,z=43=14

3
32 2 34 24 24

:%:27z>x3:216:>x:6

Tir d6 tim duocy =9; z=12.
x—30_y—15_z—21:>x 3y 3 z 3 X 'y z

40 20 28 40 4 20 4 28 4 40 20 28

b, Ttr gia thiét suy ra:

X =40k
Dit - 4—);=2—):)=%=k — Jy=20k
z =28k

Ma: X.y.z = 22400 = (40k).(20k ).(28k ) = 22400 = 22400k = 22400 = k =1

x=40k =40
Do do: {y =20k =20= x =40,y =20,z = 28
z=28k =28
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Thi du 4. Tim x, y, z biét rang:

a)%z%;X:g vax+y+z=27 b) 3x=2y;4x=2zvax+y+z=27
Huéng dan giai
a) Do izljizl;x=£:>£=£. Suy ra X_ ¥z
6 9 2 3 2 2 4 2 3 4

Ap dung tinh chdt ctia day ti s6 bang nhau ta cé:

2 3 4 2+3+4 9
b)Tff3X=2y:>£:1;4x:Zz:>£:£_Suyra 52125
273 274 2 3 2

Ap dung tinh chat cia day ti s6 bang nhau ta co:
x_Yy

_Y_Z_Xty+z 2T 4 93-6y=33-97-43-12.
2 3 4 2+3+4 9

*Thi du 5. Tim x, y, z biét rang:
3X+25 2y-169 z+144
144 25 169
6x—-3z 4y-6x 3z-4y

5 7

a) va 3x+2y+2z=169

b)

va2x+3y-5z=14

Hudéng dan giai
a) Ap dung tinh chat ctia day ti s6 bang nhau ta cé:
3x+25 2y-169 z+144 (3x+2y+17)+(25-169+144) 169

144 25 169 338 338

Do do:
3X+25:1:>3x+25:72:>3x:47:x:ﬂ.

144 2 3
2y 169 zljgy_lsgzéj y:@

25 2 2 4

Z+144:£:> z+144:@:>z:—&

169 2 2 2

b) Ap dung tinh chat cta day ti s6 bang nhau ta c6
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X-3z 4y-3z 3z-6x 6x-37+4y-37+37-6X _
5 7 9 5+7-9 -

0

= 6x=32;4y =32;32 =6X
4
Tt 6x =4y =3z 3%=—y:3—2:>5:l:£
12 12 12 2 3 4
Ap dung tinh cht ctia day i s8 bang nhau ta c6:
%=3_y=z=M=£=_2:> X=_4;y=_6;2=_8
4 9 20 4+9-20 7
Nhén xét: Cdc dang todn vin dung ty ¢ thikc va tinh chét ciia day ty so bang nhau lun rat phong
phii va da dang, 0 trén minh chi trinh bay mgt s6’ dang thong thwong diegc giao, ¢ nhiéu bi toin
chiing ta ciin vin dung kién thitc mot cdach linh hoat dé’ gidi tot cdc bai todn. Sau ddu sé la mot s6’

bai todn hay va kho:

PHAN 2: CHUNG MINH PANG THUC

m \ \ /4
=—, ta thwong lam cac

Bai toan: Cho ty 18 thitc % :

. Can chitng minh ty 1¢ thirc

oo
oo

phuong phap sau:

Phuong phap 1. Ching to rﬁ”mg :ad =bc.

4

, X M
Phuong phap 2: Dat k 1a gia tri chung cta cac ty s . Tinh cac ty s6 —,— theo k.

a.c

b’'d y'n

Phuwong phap 3: Dung bién d6i dai s8 va tinh chat ctia day ty s6 bang nhau dé tir ty 1é thirc da
cho bién d6i dan thanh ty 1é thirc phai chiing minh.

Phuwong phap 1. Chitng to rang : ad =bc .
a-b c-d

a C

*Thi du 1. Cho a, b, ¢, d khdc 0 tir ty 18 tht’xc:% =§ hay suy ra ty 18 thirc:

Huéng dan giai

Xét tich: (a—b)c=ac—bc (1); a(c-d)=ac-ad (2)
Tl‘r%=§:>ad:bc(3)

a-b c-d

c

Tt (1), (2), (3) suy ra (a - b)c=a(c-d) suy ra
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Thi du 2. Cho a, b, c théa man a?=bc:

a+b c+a . ... a
a) Chiing minh: b o a (a#b,a=c) b) Chiing minh: ik (b=0)

Hudéng dan giai
a) Ta co:

(a+b)(c—a)=ac+bc—(a’+ab); (c+a)(a-h)=ac+a’-(ab+bc)

Do do:
(a+b)(c—a)—(c+a)(a—b):ac+bc—(a2+ab)—ac—a2+(ab+bc):2(bc—a2)
Mat khdc theo gia thiét: a? =bc suy ra:

(a+b)(c-a)=(c+a)(a-b)= b o a (dpcm)

b) Ta cé: b(a’ +c*)—c(b? +a*)=b(a’ —bc)+c(bc—a*)=(a’~bc)(b—c)=0

2 2
Ta cé: b(a?+c?)=c(b?+a?)= 2 ° =% (h20
a st b(a’ +0) (b +a') = L5 =€ (b20)
‘ e 1N el g vt Ay C L XM
Phuwong phap 2. Dat k 1a gia tri chung ctia cac ty so EE . Tinh céc ty so V’F theo k.
, a ¢
* Thi du 1. Cho E: E(C * O)CMR .
a-bY) ab a+b) a*-p’
a, (—j =— (d,c=0,c=d) b,( j: —
c—d cd c+d c’—d
Huéng dan giai
a)Pat 2=° k= a=bk, c=dk
b d
b

oo (—J (o) Gay () ©
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T: b3(k+1)33 :(ET 0

. . , (a+b) a’-b?
Tt (1) va (2) ta co (c+dj :cs—ds

2a+5b 2c+5d
3a-4b 3c-4d

*Thi du 2. Cho % =§ , Chting minh rang:

Huéng dan giai

=k=a=bk, c=dk

<

d

T cg, 22450 _2bk+5b _b(2k+5) 2k +5 B
"3a-4b 3bk-4b Db(3k-4) 3k-4

2c+5d  2dk+5d d(2k+5) 2k+5 (2)
3c-4d 3dk-4d d(3k-4) 3k-4

2a+5b 2c+5d
3a—4b 3c-4d
Phuong phép 3. Duing bién d6i dai s6 va tinh chat ctia day ty s& bang nhau dé tir ty 1é thikc

T (1) va (2) ta co

da cho bién d6i dan thanh ty 1é thitc phai chiing minh.
ac _a’+c’
bd b?+d?

a
b

*Thi du1. Cho ti 18 thirc véi @,b,¢,d # 0. Chitng minh:

c
d

Phan tich nguwoc tim huwdng giai:

a’+c? ac a’ ¢ ac (aY) (c ac_a_¢c
0’+d’ bd b2 d2 bd \b) \d) bd b d (4thiétbai
toan)

Hudéng dan giai

\ e_gjiz_(ijz_(gjzjﬁ_a_z_i
‘b d bd \pb) \d) “bd b2 a2 @
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a® ¢® a’+c’

Ma theo tinh chat ctia day ty s& bang nhau: 02 d2 blid?

(2)

ac a’+c?
Tt (1) va (2) :>bd L (dpcm)

a

C
*Thi du 2. Cho ti 1& thtic b d véi a,b,c,d=0vac=d.

L (asb)ab
Chiing minh: (C—d)z T

Phan tich nguoc tim huwdng giai:
(a-b)" ab (a—bj2 ab a-b a b a
—2:—:>— = == — =
(c-d)” cd c d c d b

a_c_a_b_a-b :eéz(ﬂfja_b:(a—c)z
Teh™@ ¢ d cd cd \b-d) o (bd)

bz—cy _cx—az _ ay—bx . Chting minh rang =%=%

a b c

® | <

*Thi du 3. Biét

Hudéng dan giai

bz—-cy cx—az ay-bx abz-acy bcx—baz cay-chx

Taco a b c a’ b? c?
_abz —acy +bcx —bay +cay — chx 0
a’+b*+c’
:abz;zacy=0:>abz:acy:>bz=cy:>%=%(1)

a

bcxb_¢=0:>bcx:baz:>cx:az:>%=§(2)

\ \ X y Z
T (1 2 ===
u (1) va (2) suy ra A

TAI LIEU TOAN HOC
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X y z

% Thi du 4. Cho = =
a+2b+c 2a+b-c 4da-4b+c

.Chttng minh rang

a b

= = (v6i abc # 0va cadc mau déu khac 0)
X+2y+27Z 2X+y+z7 4Xx-4y+z

Hudng dan giai

Ap dung tinh cht ctia day ti s6 bang nhau ta c6 :

X _ y _ z _ 2y _ X+2y+12 :x+2y+z(1)
a+2b+c 2a+b-c 4a-4b+c 4da+2b-2c a+2b+c+4a-4b+c+4a+2b-2c 9a
X _ y z _ 2X _ 2X+Yy-Db :2x+y—z(2)
a+2b+c 2a+b-c 4a-4b+c 2a+4b+c 2a+4b-c+2a+b-c-(4a-4b+c) 9
X B y B z B 4x B 4y
a+2b+c 2a+b-c 4a-4b+c 4da+8b+4c B8a+4b-4c
_ 4x+4y+1z :4x—4y+z(3)
4a+8b+4c—(8a+4b—4c)+4a—-4b+c 9c
. X+2y+2 2X+y-2 4x-4y+b
Tt (1),(2),(3) suy ra 92 o = o
b c

Suy ra = =
X+2y+2 2X+y+z2 4x—-4y+z

*Thi du 5. Cho 4 s6 khac01a a,,a,,a,,a, thod man a,” =a,a;;a;,’ = a,3,
a13+a23+a33 a

Chtrng toa:
ung tda ai+a’+a’ a,
Huwéng dan giai
Tt
a?= 4 _%qg
: Tk == 0
Poae, 2%
% =88, = a4()
3 3 3
\ \ 4% 3% 3 3 % 34 3% 3% 34,
T ()va@suyray o "0 T i 2l @ a a A a

3 3 3
&_a1+a2+a3(4)

a’, a+a’+a’,

THCS.TOANMATH.com TAI LIEU TOAN HOC



3 3 3
a,;+a,+ta; q

Tt (3) va (4) suy ra: a, +a,+a, = a_4

PHAN 3: TINH GIA TRI CUA BIEU THUC

% Thi du 1. Cho cdcsO0 a, b, ¢ thda man: a+b—c:a+;—b:b+c—a
C a

Tinh A — (a+b)<b+c)(c+a)
abc

Hudng dan giai
Str dung tinh chat day ti s8 bang nhau ta cé:
atb-c a+c-b_ b+c-a (a+b—c)+(a+c—b)+(b+c—a)

C b a at+b+c B
a+b-c=c a+b=2c

=<{a+c—-b=b=<a+c=2b
b+c—-a=a b+c=2a

A= (a+b)(b+c)(c+a) 2c2a2b
abc abc

8

*Thidu2 Cho =Y va Y —Z Tinhm= X FV 42
3 4 5 6 3x+4y+5z

Huéng dan giai
Ta co:

N O S A
3 4 15 205 6 20 24 15 20 24
30 60 96 30+60+96

(1):3_X_4_y_ 5z  3x+4y+5z
45 80 120 45+80+120
2x+3y+4z 3x+4y+5z 2x 3x

30+60+96 45+80+120 30 45
2x+3y +4z 245

Y_X_Yy_z_ y_z _X_Yy_z

1= _ 2x+3y+4z 186
186 3x+4y+5z  3x+4y+5z 245
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, , . a+b-c b+c-a c+a-b
% Thi du 3. Cho a, b, c1a ba s thue khac 0, thoa man diéu kién: = = .

c a b

el i 1w o b a c

Hay tinh gi4 tri cua biéu thicc B = 1+g 1+E 1+E
Huéng dan giai
+Néua+b+c #0
Theo tinh chat day ti s6 bang nhau ,ta c:
a+b—c_b+c—a_c+a—b_a+b—c+b+c—a+c+a—b_1
c a b a+b+c
m;\ﬂa+b—c+1:b+c—a+1:c+a—b+1:2
c a b

a+b b+c c+a
c a b

g 25

Néu: a+b+c=0=>a+b=-c,b+c=-a,a+c=-b
B=1+E 1.2 1+£): a+b\(a+c)(b+c ::3:9;3:_1
a c b a c b a c¢c b

5x% +3y?
10x? — 3y

2

*Thi du 4. Cho% - % Tinh gié trj biéu thie: C =

Huéng dan giai
=3k
Yo @{X . Khi dé:
5 5
- 5x*+3y?  5(3k)*+3(5k)? _ 45k’+75k® 120k®
10x*-3y* 10(3k)*—3(5k)* 90k®-75k*  15k°

PHAN 4: CHUNG MINH BAT PANG THUC

*Thi du 1. a) Néub >0, d >0 thi tir act suy ra duoc: i< are <<
b d b b+d d

~ ...a ¢ a ab+cd c

b) Néub >0, d >0 thi ttr — <— suy ra duoc: —<——5 <=

b d b b°+d* d
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Huéng dan giai
a_<
a) Ta co: b d =ad < bc (1)
b>0;,d>0

Thém vao hai vé€ ctia (1) vdi ab ta ¢é: ad + ab < bc +ab

+
:>a(b+d)<b(c+a):>%< E+; (2)

Thém vao hai vé€ ctia (1) véi de ta ¢d: ad + dc <bc +dc

+
:>d(a+c)<c(b+d):>§+§ <§ (3)

Tt (1) va (2) suy ra tie a .t paare ¢
b d b b+d d

b) Taco:

i<S ab cd ab o

bd e dd b &
b>0;d>0 ) ’

a ab+cd c

Theo ca tacd: —<——<—(dpcm

eocaua)acob i d(p )
* Thi du 2. Cho a, b, ¢, d > 0. Chting minh rf?mg:

a b C d
1< + + + <2
a+b+c b+c+d c+d+a d+a+b
Huéng dan giai
a a

+)Doa,b,c, d>0 nén:a(a+b+c)+ad>a(a+b+c): > ;
a+b+c a+b+c+d

S b < c o d . d
b+c+d a+b+c+d’a+td+a a+b+c+d’'d+a+b a+b+c+d

Tuong tu ta co:

Cong theo v& cac bat dang thikc trén ta duoc :

a b C d a b C d
+ + + > + + + =1 (1)
a+b+c b+c+d a+d+a d+a+b a+b+c+d a+b+c+d a+b+c+d a+b+c+d

+) Mat khéac cing doa, b, c,d >0 nén:
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ad<ad+d(b+c)
:>ad+a(a+b+c)<[ad+d(b+c)]+a(a+b+c)
:>a(a+b+c+d)<(a+b+c)(a+d)

a a+d
a+b+c a+b+c+d

Tuwong tu:
b a+b ¢ b+c d d+c

b+c+d <a+b+c+d'c+d+a < c+b+c’'d+a+b <a+b+C+d

Cong theo v& cac bat dang thitc trén ra duwoc:

a b C d a+d b+c c+b d+c
+ + + < + + + =2 (2)
a+b+c b+c+d c¢c+d+a d+a+b a+b+c a+b+c+d a+b+c+d a+b+c+d

a b C d

Te(1)va@)tacd: 1< + + +
a+b+c b+c+d c+d+a d+a+b

<2

PHAN 5: BAI TOAN VE TY LE THUC VA CHIA TY LE

Phuong phdp giai
Budc 1:Dung cac chir cai d€ biéu dién cac dai lwgng chua biét
Budc 2:Thanh lap day ti s6 bang nhau va cac diéu kién

Budc 3:Tim cac s6 hang chua biét

Buoc 4:Két luan.

Vi du minh hoa:
*Thi du 1. Cho tam gidc ABC c6 cac géc A, B, C ti lé vdi 7: 5: 3. Céc goc ngoai trwong ting
ti 1é véi cac sO nao.

Phan tich dé bai:

o

Néu goi ba géc cua tam giac ABC lan luot la: A B,

~N | >
Il

|
w|

Viba géc A,B,C ti1¢ véi7: 5: 3 nén ta 6

T6ng ba géc ctia mot tam gidc bang 180° nén ta c6: A+ B+C =180°
Tt d6 ta tim duoc s6 do cac gdc cua tam giac,
Ma tong ctia goc ngoai va goc trong tai mot dinh cua tam giac bu nhau.

Hudéng dan giai
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A A A

Goi ba goc trong va goc ngoai cta tam giac ABC lan lugtla: A, B,C va

~

As;B1;C, (o° A,§,6<180°)

>

B
Theo bai ra ta cé: —=— =
€0 balra ta CO 7 5

Ap dung tinh chat day ti s§ bang nhau ta c6:
A_B_C_A+B+C_180"

75 3 7+5+3 15
— A=7.12°=84" = A =180°—84° = 96°

va A+B+C =180°.

=12°

5.12° =60° :>B =180° -60° =120°

B
C=3.12"=36" =C, =180°—36° =144°
— A :B,:C,=96°:120°:144° =4:5:6

Vay cac gbc ngoai tong tmg ti 1é véi: 4:5:6.

*Thi du 2. Ba d6i cong nhan I, II, Il phai van chuyén tong cong 1530 kg hang tir kho theo
tht ty dén ba dia diém cach kho 1500m, 2000m, 3000m. Hay phéan chia s6 hang cho mdi

d6i sao cho khai lwgng hang ti 1¢é nghich véi khoang cach can chuyén.

Phdn tich dé bai:

Vi phan chia s6 hang cho mdi d6i sao cho khdi lwgng hang ti 1é nghich véi khoang cach

can chuyén nén ta c6: 1500a = 2000b = 3000c
Tong s6 hang can chuyén dén ba kho 1a 1530 nén ta c6: a+b+¢=1530.
Huéng dan giai
Goi s Iugng hang chuyén téi ba kho lan Iugt Ia a, b, ¢ (&,b,¢>0).

Theo bai ra ta ¢6: 1500a = 2000b = 3000c va a+b+c¢c=1530

a b ¢

T 15002 =2000b =3000C = —=—=—
4 3 2

Ap dung tinh chat day ti s6 bang nhau ta c:
a b c¢ a+b+c 1530
473 2 4+3+2 9
= a=4.170=680;
b=3.170=510;

=170

c=2.170=340

Vay s hang can chuyén tdi ba kho A, B, C lan luot la: 680 ta, 510 ta, 340 ta.
TAI LIEU TOAN HOC
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*Thi dy 3. Chu vi ctia hinh chit nhat bang 28 dm. Tinh d§ dai mdi canh, biét rang chiing
tilé vadi 3; 4.

Phén tich dé bai:
Trong hinh ch@ nhat c6 hai kich thwdc la chiéu dai va chiéu rong (con duoc goi 1a hai canh
cua hinh chi® nhat) chiéu rong thi ng.’fm hon chiéu dai. Hai canh ctia chang ti 1€ véi 3; 4 vay
canh ng.’fm tilé vdi 3 con canh dai tilé voi 4.

Néu goi hai canh ctia hinh chit nhatlaa vab (0 <@<b) . Vi hai canh hinh chit nhat ti
a_b
3 4
Chu vi hinh chit nhat1a 2(a+b) néntacé: 2(a+b)=28=a+b=14

1é v6i 3 va 4 nén ta co:

Nhu vy ta da dwa bai toan vé dang bai 4p dung tinh chat day ti s6 bang nhau.
Hudéng dan giai
Goi hai canh ctia hinh chit nhatlaavab (0 <a<b)

a b
Theo bai ra ta cé: gzz va 2(a+b)=28
Tie 2(a+b)=28=a+b=24

a+b_1ﬂ_2
3+4 7

) b
Ap dung tinh chat day ti s6 bang nhau ta cé: Z

a

3
=a=32=6; =b=42=8

Vay d6 dai hai canh hinh chit nhat la 6cm va 8cm.

*Thi du 4. C6 16 to gidy bac loai 2000 dong, 5000 dong va 10000 déng, tri gid moi loai tién

trén déu bang nhau. Héi moi loai c6 may to.

Phén tich dé bai:
Goi s0 to tién loai 2000 dong, 5000 dong va 10000 dong lan luotla a, b, ¢
Vi gia tri mdi loai tién déu bang nhau nén ta c6: 2000a = 5000b =10000c
C6 16 to gidy bac cac loainén: a+b+C=16
Hudéng dan giai

Goi s0 to tién cua loai 2000 dong, 5000 dong va 10000 dong lan luotla a, b, ¢
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Theo bai ra ta c6: 2000a =5000b =10000c va a+b+c=16

T 20002 = 5000b = 10000¢ = % _ g _ %

Ap dung tinh chat day ti s6 bang nhau ta cé:

a_b_c_atbc_16_,

5 2 1 5+2+1 8

—a=52=10; b=22=4 c=12=2

Vay s6 tién loai 2000 dong, 5000 dong, 10000 dong lan luwot 1a 10 to, 4 to va 2 to.

*Thi du 5. Cho tam gidc ABC c6 s8 do cac géc A B,C Ian luot ti 18 v6i 1; 2; 3. tinh s8 do

cac goc cua tam giac ABC.

Phién tich dé bi:
O bai nay cho cac géc A,B,C Ian luot i 18 vé6i 1; 2; 3.

Vay ta ldy ludon A, B,C 1a s8 do ba géc can tim.

_B_¢

A
1 2 3

Vi s6 do cac goc 2\, @,6 [an lwot ti 1é vdi 1; 2; 3 nén ta co:
Ap dung dinh li tdng ba goc ctia mot tam ta co: A+B+C =180°
Huéng dan giai
Goi ba goc trong va goc ngoai cta tam giac ABC lan lwot la: AB,C

(0° <AB,C <180°)

A B C ~ ~ -
Theob;‘airatacé:T=E=§V;‘a A+B+C =180°

Ap dung tinh chat day ti s§ bang nhau ta cé:
A_B
1 2

_C_A+B+C _180°

3 1+2+3 6
— A=1.30°=30°; B=2.30°=60°; C =3.30°=90°

Vay s8 do ba goc A, B,C ctia tam giac ABC Ian luot 1a: 30%;60°;90°

PHAN 6: MOT SO SAI LAM THUONG GAP TRONG GIAI TOAN VE Ti LE THUC
VA DAY TY SO BANG NHAU.
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Sai ldm thuong gap 1:

] X y Xy X Yy 7 Xyz
A d :—:—:—h —_——_—— = ——
PAE A b ab a b c abe

, A
*Thi du 1. Tim 2 s06 x,y biét rang E=€Vé x.y =10

Sai lam thuong gdp:

Ta co:
. 10
1=1=ﬂ=—=1suyrax=2,y=5
2 5 25 10
Loi giai diing:
Xy XX xy x* 10 ) N
Tt — === —=—"=>—=—=Xx"=4=>x=22 ttdésuyra y=15
2 5 2 5 2 5
vay x=2,y=5hodcx=-2,y=-5

*Thi du 2. Tim céc s6 x,y,z biét rang : — == = — va x.y.z = 648

y_z
3 4

N |

Sai lam thuong gdp:

Taos X_Y_2_Xxyz 648 .
2 3 4 234 24

Suyraa=>54,b=81,c=108
Loi giai diing:

Ta co:

X Z x\° 3 2\ xvz 648
_:1:_:{_) :(1) :(_j _ 0z 848 —6y=0.2-12
2 3 4 2 3 4 234 24

Sai lam thuong gdp 2: Sai lim khi bé qua diéu kién khdc 0

a b c
b+c c+a a+b

*Thi du 1. Cho 3 ti s6 bang nhau la

Tim gia tri ctia moi ty s6 dd

Sai lim thuong gap:
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. a b c
aco = =
b+c c+a a+b

Ap dung tinh chat ctia day ti s6 bang nhau ta c6

a b ¢ a+b+c __at+b+c 1
b+c c+a a+b (b+c)+(c+a)+(a+b) 2(a+b+c) 2
Loi giai diing:

Ta cod b ¢

b+c c+a a+b
+Néua+b+c#0. Ap dung tinh chat ctia day ti s6 bang nhau ta c6
a b c a+b+c a+b+c

b+tc c+a a+b =(b+c)+(c+a)+(a+b) 2(a+b+c)

1
2

+Néua+b+c=0thib+c=-a;c+a=-bja+b=-c
b ¢

; ; déu bane -1
b+c c+a a+b cubang

nén moi ti sd

, o . at+b-c b+c-a c+a-b
% Thi du 2. Cho a, b, c 1a ba s6 thuc khac 0, thoa man diéu kién: = = .

c a b
- e s b a c
Hay tinh gia tri cua biéu thic B:(1+g](l+zj(l+gj
Sai lim thuong gap:
Theo tinh chat day ti s6 bang nhau ,ta co:
a+b—c_b+c—a_c+a—b_a+b—c+b+c—a+c+a—b_1
C a b a+b+c
ma a+b—c+1:b+c—a+1:c+a—b+1:2
c a b
a+b b+c c+a
- = = :2
c a b
O e S R o S
a c b a c b
Loi giai diing:
+Néua+b+c #0
Theo tinh chat day ti s§ bang nhau ,ta c6:
a+b—c_b+c—a_c+a—b_a+b—c+b+c—a+c+a—b_1
C a b a+b+c
ma a+b—c+1:b+c—a+1:c+a—b+1:2
c a b
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a+b b+c c+a
- = = =
c a b

e A SN e Sk

Néu: a+b+c=0=>a+b=-c,b+c=-a,a+c=-b
5_(1.0)(1.2 1+E)= a+by(a+c)(b+c)_—c -b-a_
a c b a c b a c b

2x+1 3y-2 2x+3y-1
5 7 6x

2

*Thi du 3. Tim x.y biét:

Sai lim thuong gap:

2x+1 3y-2 2x+3y-1

Ta co: 1
7o 5 7 6X ()
A o C2x+1 3y—2 2x+3y-1
T hai ty s6 dau ta cé: X+l _oy—2_2oX+9y )
5 7 12
2x+3y-1 2x+3y-1
Tix (1) va (2) ta suy ra X+6Xy _ X+12y )

> 6x=12 > x=2
Thay x =2 vao 2 ty sd dau ta duocy =3

Tht lai thdy thoda man . Vay x =2 va y = 3 la cac gia tri can tim

Loi giai diing:

2x+1 3y-2 2x+3y-1
Ta co: 2XFL_3y-2 _2x+3y "

S 7 6X

SV , 2x+1 3y-2 2x+3y-1
Ttr hai t dau t . _ _ )
U hail YSO au ta Co 5 - 5 ()

2x+3y-1 2x+3y-1
Tu (1) va (2) tasuy ra X*ﬁxy _ X+12y -

TH1:2x +3y - 1#0.Khi d6 ta méi suy ra 6x =12 nén x = 2.
Thay x =2 vao 2 ty s6 dau ta duocy =3

Thtr lai thay thoa man . Vay x =2 va y = 3 la cac gia tri can tim
TH2: 2x + 3y -1= 0 .Suy ra 2x =1- 3y,thay vao hai ti s6 dau, ta c6

1-3y+1 1-3y+1+3y-2 _0
5} 5+7
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2 , 1
uyra2-3y=3y-2=0—>y=§.Tl‘rd(')t‘lmtiép X=—E

Sai lam thwong gdp 3: Sai lim khi xét lity thiva bdc chin.

*Thi du 1. Tim x bigt - 20
15 x-1

Sai lim thuong gap:

XT_;:%:‘(’H)Z = (~15).(~60) = (x—1)" =900 nén x-1=30 do d6 x=31.
Loi giai diing:

= (x~1)" =(~15).(-60) = (x—~1)" =900 nén x — 1 = 30

hodacx-1=-31, do d6 x =31 hoac x =29.

*Thi du 2. Tim cac s6 x,y,z biét rang g = % :i biét rang 2x* + 3y’ ~57° =405
Sai lam thuong gdp:
Dat §=%=% =ksuyrax=2k y=k, z=4k

Tix 2x? +3y? —52% =405 suy ra 2.(2k)’ +3(3k)" ~5(4k)" =-405
8k? +27k? —80k? = —405
—45k* = -405
k?=9

Hoc sinh thwong mdic sai [Am suy ra k =3, ma phai suy ra k=3

C/ BAI TAP LUYEN TAP TONG HOP
Caul.Cho 2=22- %1 % vya a4 4a 208 =-5
a a a, g

Tinh a,;a;;..a, ="?

cauz.Cho1=3(1+1j(a;b;c¢o;b¢c)
c 2\la b
Chitng minh: a_a-¢
b c-
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a+c_C: 2bd
2 ' b+d

Chitng minh rang 4 s& nay 1ap thanh 1 ti 1é thuc.

Cau 3. Cho 4 s6 duong a;b;c;d . Biét rang Va b=

Cau 4. Tim céc s8 x; y; z biét rang: y+z+l x+z+42 y+x-3 1
X y z X+Y+1z
Cau 5. Tim cac s6 x, y, z biét réng: 3x = 4y, 5y = 6z va xyz = 30.

Cau 6. Cho % =% chttng minh rang:

2, 2 2 .2 _
2) a2+02=3 b) b2 a2=b a
b*+c® b a“+c a
Cau 7. Cho ti 18 thtic % - % . Chting minh ring ta c6 cac ti 1¢ thtic sau ( gia thidt cac ti 18
thirc déu c6 nghia).
4a-3b  4c-3d b (a—-b)? 3a®+2b?
" a c " (c-d)? 3c?+2d?

Cau 8.a) Timba sd x, y, z thbaman: — == == va 2x*+2y*-3z* =-100

<

X z
3 5

a_b_c_9d abed>0
2b 2c¢ 2d 2a

2011a -2010b N 2011b —2010c¢ N 2011c-2010d N 2011d - 2010a
c+d a+d a+b b+c

b) Cho

Tinh A=

Cau 9. Cho day ty s8 bang nhau:
2012a+b+c+d a+2012b+c+d a+b+2012c+d a+b+c+2012d
a - b - C - d

a+b b+c c+d d+a
+ + +
c+d d+a a+b b+c
3Xx—2y 2z-5x 5y-3z
3 2

Cau 11. Ba ban An, Binh va Cuong c6 tong s vién bi 1a 74. Biét rang s6 vién bi ciia An va

Tinh M =

Cau 10. Tim x, y, z biét: va x+y+z =150

Binh ti 1€ v6i 5 va 6; sO vién bi ctia Binh va Cuong ti 1€ vdi 4 va 5. Tinh s0 vién bi cta moi
ban.

A . [ \ ..a bb c .
Cau 12. Tim cac so a, b, ¢ thoa man 5:5; E:Z vaa-b+c=-49.

Cau 13. Cho a, b, c 1a céc s6 thuc khac 0. Tim cac s6 thuc X, y, z khac 0 thoa man:
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y ooyzowx xP+yi+z?
ay+bx bz+cy cx+az a?+b?+c?

Cau 14.

a. Timux; y; z biét lzg; Sx=7zvax—2y+z=32.
y

7x+5y 7z+5t Gng minh: X

b. Cho —
3X-T7y S 3z-Tt' y

_z
o

Cau 15.

bz-cy cx—-az ay-bx
a b

1) Biét (véi a, b, c#0).

Chttng minh réng: X ===—,

2) S& M duoc chia thanh ba phan ti 1é nghich véi 3; 5; 6. Biét rang tong cac lap phwong ctia
ba phan d6 1a 10728. Hay tim s6 M.

Cau 16. Cho i 16 thiic %:% v6i a=0b=0,c20,d =0 a=+h ce+d.

2013 2013 2013
Chitng minh: ( b) _a_+b
C

c—d 2013 +d2013
X y B Z B t

Cau 17. Cho = = =
y+z+t z+t+X t+X4+y X+Yy+12Z

Chting minh rang: Biéu thtic sau c6 gia tri nguyén

X+y y+z z+t t+X
= + + +
Zz+t t+X X4y y+z

Cau 18. S8 A duoc chia thanh ba phin s§ ti 1¢ theo %:

Nlw

1 < A, M A2 e \
E Biét rang tong cac binh

phuong ctia ba s6 d6 bang 24309. Tim s8 A.

Cau 19. Cho ba hinh chir nhét, biét dién tich ctia hinh th nhat va dién tich ctia hinh thi
hai ti 1é vdi 4 va 5, dién tich hinh thw hai va dién tich hinh th& ba ti 1€ vdi 7 va 8, hinh th®
nhdt va hinh th hai ¢é cung chiéu dai va tong cac chiéu rong cta chiung la 27 cm, hinh
thit hai va hinh th ba ¢é cung chiéu rong, chiéu dai cta hinh thi ba la 24 cm. Tinh dién
tich ctia mdi hinh chir nhat do.

Ciu 20. Cho 4 s6 a, b, ¢, d trong d6 b la trung binh cdng cua a va ¢ dong thoi

1 1(1 1
(b g j Chting minh bon s6 d6 1ap thanh ti 1¢ thic.
C
. x+16 y-25 z+49 = ,
Cau 21. Cho = = va 4x°-3=29. Tinh: x -2y + 3z

9  -16 25
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au 22. Tim x, y, z biét:
15 20

a, = = va x.y=1200
Xx-9 y-12 z-24
Cau 23. Tim X, y, z biét:
XL _YH3_ 275 s 5p 3k dy =50 b2 -3 _ 2
2 4 6 3X—2y 2z-4x 4y-3z
X+y—-z=-10
Cau 24. Tim cacsO x, y, z biét:
3 3 3 3 3 3
a, 2=Y o2 iy’ =14 b X =Y % i x2+2y? 327 =650
8 64 216 8 27 64
3,8 3 _ny3
Cau 25. Tim x, y biét: * Ey X2 8 xeyP =64
Ciu 26. Tim x, y, z biét:
a, 2x=3y =5z va |[x+y—-1z|=95 b,l%X:%y:%z va —X+2=-196

1+2y 1+4y 1+6y
18 246X
5x-1 7y-6 5x-7y-7

Cau 27. Tim x, biét:

Cau 28. Tim x biét

5 4x
Cau 29. Tim X, y biét: Xy _X+y_ Xy
3 13 200
Cau 30. Tim ba s0 a,b,c biét: 3a—2b = 20;561 = 5b — 3¢ vaa+b+c=-50

3 1-125a—3b

Cau 31. Tim cac cap s0 a, b thoa man: — =1-125a
a -4 6a+13
Ciu 32. Tim x,y,z biét: xy =1z ;yz=9x ; x2 =16y
. o -1 a,-2 8,9, —100
Cu 33. Tim cac s6: a,a,;..a,,, biet: ==L~ _ _ % A
%8+ Bon 100 99 1

a, +a, +a, +...+a,,, =10100

C4u 34. Tim s6 tw nhién M nho nhat cé 4 chit sO thdoa man diéu kién:

M=aib=cid=etf bidtab,cde fthupc N va 2=2.¢_1l.e _13
b 22'd 13 f 17

Cau 35. Tim 3 phan s6 ¢6 tong ctia chiing bang 17—]6, cac tir ctia chung ti 1€ véi 3:4:5 va cac

mau s§ tuwong tng ctia chting ti 18 véi 5:1:2
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du 36. Cho day tisd:
2012a+b+c+d a+2012b+c+d a+b+2012c+d a+b+c+2012d
a - b - c - d

a+b b+c c+d d+a
+ + +
c+d d+a a+b b+c

Tinh gia tri biéu thtec: M =

a b c

Cau 37. Cho a, b, c khac nhau va khac 0, t/m: = =
b+c a+c a+b

. Tinh gia tri ctia biéu
b+c a+c a+b
+ +
b c
Cau 39. Cho 3 s0 x,y,z,t théa man:

thtc: A=

y+z+t—-nx z+4+t+x-ny t+x+y-nz x+y+z-nt
X y z t

Va x+ y+ z+ t =2012. Tinh gia tri P= x+2y — 3z +t

Cau 40. Cho x,y,z#0&x—y—-z=0, Tinh gia tri cua bi€u thurc: B=(1—Ej(l—£J(l+Xj
X y Z
2 2 2
ab _ bc _ca ,TinhP=ab3+bCa +c3a
a+b b+c c+a a’+b°+c

y _X+y X

X-2 1 y

Cau 41. Cho a,b,c khac 0, théa man :

Cau 42. Cho x,y,z 1a 3 s8 duong phan biét, Tim ti s5 , biét:
y

Cau 43. Cho a-b=13, Tinh gia tri cua biéu thirc: B = 3a-b 3b-a
2a+13 2b-13
Céu 44. Cho x: y: z=5: 4: 3, Tinh p=X72Y =32
X—2y+3z
4 4
Cau 45. Cho 2a—b=2(a+b), Tinh M =2 >
3 b*+4
Cau 46. Tinh A= " aEC - ,biétab, c cd quan hé: (a+b):(8-c):(b+c):(10+c)=2:5:3:4
+bh+

Cau 47. Cho x =by +cz, y = ax +cz, z = ax +tby va x +y +z # 0. Tinh gia tri :
1 1 1
= + +
l1+a 1+b 1+c

Ciu48.Choa+b+c=2015vd —+—+ 4+ -1 rppg-2 , P, ©
a+b b+c c+a 5 b+c c+a a+b

a b ¢
2009 2010 2011

Tinh gid trj cia biéu thitc: M =4(a-b)(b-c) - (c-a)?

Cau 50. Cho 3 s6 a, b, c thoa man:

CAau 52. Tinh gia tri ctia: B=(x+Yy)(y+2)(z+Xx), biét: xyz=2&Xx+y+z=0

THCS.TOANMATH.com TAI LIEU TOAN HOC



Cau 53. Tinh biéu thttc: C = (13+23+33+"'2+1032)'(X22+y2)(xz+y3)(x4+y4) Véi
1" +2°+3°+...+10

Cau54.Choa,b,c € R,vaa, b, c #0, théa man: b>=ac.

2
Chttng minh rang: a_ M
¢ (b+2012c)

2018
Cau 55. Cho & _%_ 3 Zu CMR a :[a1+az+---+azolaj
a a a 019 A9 A, + 3, +...+ Ay

Céu 56. Cho a,b,c #0, t/m b® =ac khi do [34‘ 2014bj a

——— | ==,Khidén="
b +2014c C

1994
a C . 3.1994 +C1994 ~ (a+C)

Cau 57. Cho B = E, CMR : b1994 n d1994 = (b+ d )1994

c 2a> —=3ab+5b> 2¢* —3cd +5d°

Céau 58. Cho ti 1& thitc: == ,CMR: . : ,Véi diéu kién mau
b d 2b* +3ab 2d* +3cd

thirc xac dinh.

2 2
Cau59. Cho 2=X cMR: % _ 2009a2 + 2010c2
b d bd  2009b® +2010d

Céu 60. Cho 22 +130_20+13d (0.8 _¢
3a-7b 3c-7d b d
ah 2 2
Cau 61. Cho ti1¢ thire: 22 =2 (c»0), cMr: & 7P _2
bc ¢ b*+c® ¢
A 7 . M \ X_y y_z
Cau 62. Chitng minh rang: 2(x+y)=5(y+2z)=3(z+x), Thi =

Cau 63. Cho a+d =b+c, va a®+d?=b*+c?(b,d 20,) CMR 450 a, b, ¢, d ¢6 thé 1ap thanh
1 ti 1é thuec:

ax + by
cX +dy

Cau64. Cho M =

=k(c,d #0) , Chting minh réng, Gid tri cia M khong phu thudc

vao x,y thi4 so a,b,c,d 1ap thanh 1 ti 1¢ thic :

a b C 2

Cho day —&— =2 __ (@-c)
2009 2011 2013

Cau 65. , Chtetng minh rang: =(a-b)(b-c)

A ~ 2 o X — y — Z . _ 8 — _ 2 —
Cau 66. Cho 3 s8 x,y,z thda man: 1998~ 1995 ~ 2000 CMR: (x—2z) =8(x-y) (y-2)

Cau 67. Cho 3 s0 x,y,z thdéa man: by+cz=a, ax+cz=b, ax+by=c, vdi a,b,c la cac s6 duong cho
1 1

trude thi ——+——+ 1 Khong phu thude vao ab,c
x+1 y+1 z+1
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2 2 2 2 2 2
Cau68.Cho X Y2 Y B _ 27X cppng minn; & ¢ b —ca_c -ab
a b C X y z

a’ +b?
32

<2

Cau 69. Cho a, b dwong thoa man: a® +b*®* =a** +p**, Chiimg minh

Cau 70. Cho a,b,c=0 va l+£+£=0, chttng minh rr?mg: —+—+-—-<0
a b c ab bc ca

T A
a.1000 blOOO (a + b)lOOO

a-b b-c c—-a
Y= 2=
a+b b+c c+a

2000 2000
X 2

Cau 71. Cho x* + y® =1va b.x’ =a.y’ Chting minh rang:

Thi

Cau 72. Chtiing minh re‘“mg néu: X=

L+x)A+y)A+2)=1-x)1-y)1-2)
b? b?
Cau 73. Biét a? +ab+?:15 va c? +?:6 va a’+ac+c>=9 va a,c20;a=-c, CMR:

2c _b+c

a a+c

Cau 74. Cho 3" =9"" va 8" —2"** =0 Chting minh rang: £=§

y

Cau 75. Cho céc so hiru ti: Xzi;y=3;2=ﬂ vdiab,c,d s6 nguyén vab, d > 0.
b d b+d

CMR:néux<ythix<z<y

Cau 76. Cho 3 s0 a, b,c d6i 1 khac nhau, CMR:

b-c L. ¢c-a a-b 2 N 2 N 2
(a—b)(a-c) (b—c)(b—a) (c-a)(c-b) a-b b-c c-a
Cau 77. Cho §+%:1,§+%=1,CMR: abc+a'b'c'=0

Cau 78. Chttng minh rang néu: a(y+z)=b(z+x)=c(x+y), vaa, b, ckhacnhau va khac

.y-z 7-X X—y
0, thi: = =

' a(b-c) b(c-a) c(a-b)

2
Cau79. Cho P =2 *PHC cyp: New 2222 ihi P khong phy thude vio x
X +bx+c a b ¢
Cau 80. Cho A, B, Cti1¢ véia, b, ¢, CMR : Q = X BY*C 1 ang phu thude vao x, y
ax+hby+c
Ciu 81. Cho cacs6 thuca, b, ¢, X, y, zkhac 0 théoa man X_ % _Z
a C
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X +y?+ct 1

Chitng minh rang; AU B
(ax+by+cz) @ +b +¢ (Cic mdu déu khic 0)
a+b+c=1
Cau 82. Cho 3 s0 a, b, c khac 0 thoa man {a’+b%+c? =1.
X _Yy_z
a b c
Chttng minh réng xy +yz+zx=0
HUONG DAN GIAI
Cau 1. Ap dung tinh chat day ti s8 bang nhau ta c6:
a _a _h_ﬁ_a1+a2+...+an_l+an_1
a, a  a, & a,+a,+..+a +a
:>ﬁ:1:>a2:—\/§
a2
Tuong tw a, =...=Qq, —5
Cau 2.
Ta cé: 1:1(£+lj
c 2la b
2 1 1
==y
c a b
()
c a b ¢
_ ﬂ_ﬂzo
ca bc
_ l(ﬂ_u _0Ma c#0
c\l a b
_ ﬂ_ﬂzo
a b
a a-c6
= —=——(dpcm
. C_b(p )

Cau 3. Ta co: c=ﬂ=> 2bd =c(b+d)
b+d

=>ZE§Ed:c®+d)

=>(a+c)d =c(b+d)

=>ad+cd =ch+cd
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=>ad =cb

Vay 4 s6 duong a;b;c;d lap duoc 1 ti 1é thirc.
Cau 4.

Theo tinh chat day ti s6 bang nhau ta c6 :

y+z+1 x+z+2 y+x-3 1
X y z X+y+1z

_ YH+Z+1+X+2+2+y+X-3  2(X+Yy+7)
X+Yy+2 X+Yy+2

2

(Vix+y+z=0). Do d6 x+y+z = 0,5. Thay két qua nay vao dé bai ta co:
0,5-x+1 0,5-y+2 0,5-z-3 15-x 2,5-y -2,5-7

=2 ticla
X y z X y z
A 1 5 -5
Vay x==; y==—;z2=—
ol 2 y 6 6
Cau 5.
Taco: —= ;%:E X_Y_%2_k

= x =8k, y =6k, z=5k

xyz =30 = 8k.6k.5k =30 = 240k’ =30 = k = %

= x=4,y=3,z=g

Cau 6.

a’+c® a’+ab a(a+h) a

b’+c® b’+ab b(a+h) b

a) T %:% suyra c?=ab, khidé

b) Theo cau a) ta co:

a‘+c¢® a__b’+c® b
2 2 o
b+c® b a“+c° a
. b*+c? b b*+c? b
== 1= 1

a‘+c” a a‘+c a

b’+c’-a*-c* b-a ... b’-a —a
2 2 = . Vay
a’+c a a’+c

hay

Cau 7
a, Ta co:
a_c.a_b_4a_3 da-3
b d c d 4 3d 4c-3d
4a-3b 4c-3d
<~ =
a c

THCS.TOANMATH.com

2

TAI LIEU TOAN HOC




2 2 2 2 2 2 2 2 _n 2
3 4 5 9 16 25 18 32 75 -25 -25
SN
o3 ||V78
, x=10
y° =64 <
2100 |[X77°
- --8
L Z:_:LO(Vi X, ¥, z cung dau)
b) Ta co:
Tacéi—L—L—i— atb+c+d 1
2b 2c 2d 2a 2b+2c+2d+2a 2
(doab,c, d>0=>a+b+c+d>0)
suyraa=b=c=d
Thay vao tinh dugc P = 2
Cau 9.
2012a+b+c+d a+2012b+c+d a+b+2012c+d a+b+c+2012d
a b c d
N 2012a+ab+c+d 011 a+2012bb+c+d 2011 a+b+2(?12c+d _2011=a+b+cd+2012d 2011

a+b+c+d a+b+c+d a+b+c+d a+b+c+d
a b c d

+Néua+b+c+dkhac0 T (*)suyra a=b=c=d
Vay M=1+1+1+1 =4

(*)

+Néua+b+c+d=0=a+b=-(c+d);a+c=-(b+d);

atd=-(b+c).VayM=-1-1-1-1=-4

Cau 10.
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3Xx—2y 2z2-5X _5y-3Z  15x-10y 6z-15x 10y-67
_ _ - _ _
5 3 2 25 9 4

Ap dung tinh chat ctia day ti s6 bang nhau ta cé:
15x-10y 6z-15x 10y-6z 15x-10y+6z-15x+10y—-6z 0

Tt

25 9 4 38
X_y
15x-10y=0 (3x=2y |2 3
—162-15x=0 = 22:5X:J§:é
10y-6z=0 5y =3z : Ly
5 3

Ve

E_X_E_XJFV’LZ_@_
2 3 5 2+3+5 10
= x=10,y=15,2=25

Cau 11.

+Goi s0 vién bi ctia An, Binh, Cuong lan luot 1a a,b,c. Vi téng s6 vién bi ctia ba ban 1a 74

nén a+b+c=74
b a b

+ Vi s0 vién bi cia An va Binh ti 1é v6i 5 va 6 nén a_b,2a_ >t
5 6 10 12

+ Vi s0 vién bi cua Binh va Cuong ti 1€ v6i 4 va 5 nén B=E:>£=i
4 5 12 15

N ,a b ¢ a+b+c 74
+Teddtacd) —=—=—=—— "~ — =
10 12 15 10+12+15 37

+Suy ra a=20;b=24;c=30

Cau 12.

.a b a b, b c b ¢ . a b ¢
Vi-=—>—=—, —=—=> —=—nén —=—=—
2 3 10 15 5 4 15 12 10 15 12

Ap dung tinh chat day ty s& bang nhau, ta cé:
a b ¢ a-b+c 49

10 15 12 10-15+12 7
Suy ra: a =10.(-7)=-70; b = 15.(-7) =-105; ¢ = 12.(-7) =-84

Cau 13.
Y ooy oz oy oz oy
ay+bx bz+cy cox+az ayz+bxz bzx+cyx cxy+azy

Do x, y, z khac 0 nén

Suy ra ayz + bxz = bzx + cyx = cxy + azy = az = cx, bx = ay
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-t =x=aty=bt,z=ct, t#0
C

xy X +yi+7? atbt  a’t’+b%**+c’t’
ay+bx a’+b*+c®  abt+bat a’+b*+c?

Ta co

Suyra%:tzzt:% (dot#0)

a b c
Vay x=—,y=—,2==
ay 5 y > >

Cau 14.

a)Tacé%% =t et HT o 2= o =2

VA
21 14 75 21 15

Tt (1) va (2) ta co: X_y_z _Xx=2y+z 32
21 14 15 21-28+15 8

Tim duoc: x=84; y=56;z=60
/X+5y 7z+5t

X
3

b) Dat: = =k = 7x+5y=k(Bx -7 3k —7)x=(7k + 5 2
It 7y T T XY=k Ty) = k=7 kOl =

z Tk+5
Tuwong tu: 72+ 5t=k(3z-7t) = Bk-7)z= (7k +5)t :>—=3k 7(2)

Tt (1) va (2) suy ra diéu phai chitng minh
Cau 15.
1) Véia, b, c#0,tacd

bz—cy cx-az _ay-bx_ bza-cya bcx—baz _acy-—bcx

a b c a2 p
bza —cya + bcx — baz + acy — bex 0
= 2 ph2 2 =2, 2 220
a“+b°+c a“+b“+c
Suy ra —y =0,do do bz = Cy:%zé (1)
CX_aZ—O doddé cx = az :E:_ (2)
N . X y ¢
Tk (1) va(2)suyra —===—
(1) va @) suyra > =2 ="
2) Goiba phan duoc chiaciasdé Mlax, y, z., taduocx+y+z=M
11,

1 va x> +y*+12°=10728(1)

Theo débaitacd x:y:z==:=:=
356

é=k va X +yP+7°=10728

Suy ra x* =10°k®; y* =6°k®; z=5°k"
THCS.TOANMATH.com
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Thay vao (1), dwgc  1341k*=8=k =2
suy ra 20;y=12;z=10 Vay M =42.
Cau 16.

a c a-c a 2013 c 2013 a-c 2013
e URORC
b d b-d b d b—d

2013 2013 2013 2013 2013 2013
\ a C a ( a +C
Ma: (—j = (—j = = = )

d b2013 d 2013 b2013 + d 2013

. . a—b 2013 218 | p2os

Cau 17.

Ta cb: oy oz t _ x+y+z+t 1
Cy+z4t z4t+X t+x+y x+y+z 3(x+y+z+t) 3

=3X=Yy+Z+t; 3y=z2+t+X; 32=t+X+y; At =X+Yy+2
SX+Yy=Z+t; y+z=t+X; z+t=Xx+Yy; t+x=y+z

X+y y+z z4+t t+X
+ + +
z+t t+Xx X+y y+z

= A= =1+1+1+1=4€Z

Vay biéu thic A c6 gid tri nguyén. (dpcm)

Cau 18.
S6 A duoc chia thanh ba phan sd ti 1¢ theo % % % Biét rang tong cac binh phurong ctia ba
s6 d6 bang 24309. Tim s6 A.
Goi ba phan duoc chia lan luot la: a, b, ¢
Theo bairatacd: a:b: C—% %% va a’+b?+c” =24309
Taco: aibic=2:3: 2 0445410 2 -0 _C
6 24 45 10

Ap dung tinh chat day ti s§ bang nhau ta c6:

a_b_c a? b ¢ a’+b*+c® 24309 _
24 45 10 576 2025 100 576+2025+100 2701
—a’=576.9=5184 = a =172

2

Ciu 19. Goi dién tich ba hinh chi nhat lan luot la S,,S,,S,, chiéu dai, chiéu rong tuong

tngla d;,r;d,,r,;d,,r, theo dé bai ta c6
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L+, _g_

2 3
5 9 9

Suy ra chiéu rong r, =12cm,r, =15cm
Vi hinh tht hai va hinh th ba cung chiéu rong

S, 7 _dy 4 _7d 724,
8

=—=—==0,
S, 8 d,
Vay dién tich hinh tht hai S, =d,r, =21.15=315cm’

Dién tich hinh tht nhét S, = gsz = 2.315 = 252 cm’

Dién tich hinh thtt ba S, = % S, = 3.315 _ 360 cm’

Cau 20.
a+cC

Vib= nén2b=a+c
¢ 2lb d) 2bd

hay ad +cd =bc+cd do d6 ad =bc hay bon s6 1ap thanh ti 1€ thire
Cau 21.

1 1 1 +
Mat khac: =—(—+—) = u hay 2bd =bc + cd

Tacd: 4x°-3=29=4x"=32=x"=8=x=2.

2416 _y-25_2+49 _ y-25_2+49 _
16 25  -16 25

Thay vao ty 1€ thitc ta dwoc:

=>y=-7,2=1.
Vay x -2y +3z=2-2.(-7)+3.1=19
Cau 22.
x—9:y—12:z—24_x 3y 3 z 3

Tir gia thidt => X s ¥y 5.2z 3
15 20 40 15 5 20 5 40 5

Ma x.y=1200=>k =2

X 'y z X =15k
>—=—"—=—=k=> ,
15 20 40 y = 20k

Cau 23.

2

x-1 y+3 z-5 =5(2—5)—3(x—1)—4(y+3) (5z-3x—4y)-34

a, Ttr: =

2 4 6 30-6-16
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4 3 2 =>3x—2y_22—4x_4y—32

,Tl\l’: = =
3Xx-2y 2z-4x 4y-3z 4 3 2

:4(3x—2y) 3(2z-4x) 2(4y-3z) (12x-8y)+(6z-12x)+(8y—627)

16 9 2 27
3x =2y
oz max=s XY L _XHYTI_ 4
2 3 4 2+3-4
4y =3z
Cau 24.
x\’ (V¥ x z X2 yr oz
2 4 6 2 4 6 4 16 36
_ Xyt 14 1
4+16+36 56 4
2 2 2 2 2_ 2 _
b/ =>£=l:£=>X_:y_=Z_=X +2y 3z = 650:25
2 3 4 4 9 16 —26 —26
Cau 25.
Xy )= (x*=2y®) 2(x*+y* )+ (xP-2y° 3 3
Tacs. or LEHY) = -2y) 2(C4y)+ (X -2y") 3y 3«

6-4 12+4 2 16

8 64 6

3 6 x°® = 64k
=>y3:X_<:>X_=y6:> ==k =+1
y' =k

Cau 26.

. X+Yy—2=95
a, Ti: [x+y—-z=95=>
X+y—z=-95

— +
Nén 2x=3y=57=> > - _2_X*¥~2 _ 495
15 10 6 15+10-6 19

. 6 9 18 X 'y z -—-x+z -196
b, Tlt: —X=—y=—7 =>—===—= =
1 2 5 33 4 5 -33+5 -28
Cau 27.
2(1+2y)-1(1+4 1+2 1+4y)—(1+6
Tacs: T < 20+2y)-1(1+4y) (1+2y)+(1+dy)-(1+6y) 1 _ 1 _
36-24 18 +24 - 6x 12 42 -6x
Thay vao tim duocy
Cau 28.
5x—1_7y—6_5x—7y—7_5x—7y—7=>
3 5 8 4x

Néu 5x-7y-7 # 0 thi x=2, Thay vao ta dugc y = 3. Néu 5x-7y-7=0=> 5x-1=0=>x =

Cau 29.

THCS.TOANMATH.com TAI LIEU TOAN HOC

gl

>X=05,

.y_ﬁ
7



_xoy _xay () H(HY) x_ox_xy

GT =
3 13 16 8 8 200

X
=>8xy — 200X = 0 <=> x(8y —200) =0 => [

THI: x=0=>y=0
TH2: y=25=>x=40

Cau 30.
5 — — _ _ _
Tach: GT — (3a 2b):3(2c 5a):60 10b _-5b+3c _5b-3c _
25 9 34 17 2
3a=2b o .
5b=3c
Cau 31.
-13

PKXD: a#+2,a# ?

3b  1-125a-3b 1-125a  1-125a
at—4 6a+13 1 a’+6a+9

Suy ra: a’ +6a+8=0, a;tL
125

a=-2(l),a=-4 ,V6i a=-4=>b=2004

Cau 32.
Tach GT=>X=Zya X102 18 o g16-144=57-42
y 9 y z 9 z
X =4k
THI: z=12=>2X-22_4_ >4k 3Kk =12=>K=+1
y 9 3 |y=3k
TH2: z=-12 lam tuong tu
Cau 33.

Ap dung day ti s6 bang nhau ta co:
(8, +@,+..+8,)—(1+2+..+100) (8 +a,+..+a,,) _,_10100

1=1
100+99+...+1 100+99+...+1 5050
Cau 34.
. a 7 c¢c 11 e 13 a b a+b M
b 11'd 13 f 1 7 11 7+11 18

TAI LIEU TOAN HOC
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ucmgtutacé:izi:ﬂ:MVéE:L: e+ f :Mkhidé M € BC(18;24;30), va
11 13 24 24 13 17 13+17 30

M la s6 ty nhién nho nhat cd 4 chit s6 nén M=1080

Cau 35.
NN . , 1 .
Goi?’phéns()Can’clmlai;g;g’chl’caco:E+E+E=1—,E=E=£Va£=l:E
X'y z X y z 703 4 5 5 1 2
a b c abc 1
_Lax_ by cz x_ y_z_xy z "70_1
73’5 4'1 52 3 45345 71 7
5 1 2 5 1 2 10
=>—:i;2=i;£:—délébaphénsé’c‘énﬁm
X 3y 712
Cau 36.
Trir 2011 vao mdi vé cta ti s6 trong ti 1é thirc ta duoc:
a+b+c+d a+b+c+d a+b+c+d a+b+c+d
a b c d
THI1: a+b+c+d#0=>a=b=c=d=>M =8
Th2: a+b+c+d=0=>a+b=—(c+d)=>M =-4
Cau 37.
Ttr GT ta nghich dao => brc_arc_ath
a b c
R N, a+b+c a+b+c a+b+c
Conglvao cac ti sO ta dwoc : = =
a b c
TH1: a+b+c#0=>a=b=c=>A=6
TH2:a+b+c=0=>b+c=-a,a+c=-b,a+b=-c=>A=-3
Cau 39.

T GT ta c6: Cong (n+1) vao mdi ti s6 trong day ti s6 bang nhau ta duoc:
. X+y+z+t X+y+z+t X+y+zZ+t X+y+zZ+t
X y z t

2012 2012 2012 2012 2012
X y z t 4

Thay vao ta tinh dugc P = X+2X-3x+ X =X =503
Cau 40.

Tacé: B{X—Z)(y—xj(y”j: VDX _
X y z X.y.zZ

Cau 41.
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Vi a, b, c khac 0, nghich dao gia thiét ta dwgc :

a+b b+c c+a 1 1 1 1 1 1 1 1 1
ab bc ca a b b c c¢c a a b c
3 3 3
khids: p=2 1278
3a
Cau 42.
TeGTtaco: L =XFY _X_Y+¥X#y+X > X
X—2 z Yy X—Z+Z+Yy y
Cau 43.
Tte GT ta c6 :a=b+13 thay vao B ta duoc:
_(3+39)-b 3-b-13_2b+39 2b-13
(2b+26)+13 2b-13 2b+39 2b-13
Cau 44.
Te GT tacod:
5_1_5_x+2y—3z_(X+2y—32)_x—2y+3z_(X—2y+3z)
5 4 3 5+8-9 4 5-8+9 6
Khide: Xt2y-32_4_2
X—2y+3z 6 3
Cau 45.
4 4
Tiza-b-ZayZpod2 a5 at S, e
3 3 3 b 4 b 4 256
Cau 46.
a+b=2t
b 8-c b+c 10+c 8—c =5t a=-4
T GT ta c6: 22 -°2-¢_0+C_ —t = > ot=2=>{p=8
2 5 3 4 b+c=3t
c=-2
10+c=4t
Cau 47.

Cong theo v& ctia GT ta dugc: x+Yy+z=2(ax+by+cz), Thay x, y, z tr¢ lai ta ¢4 :
2z
c+1l x+y+z

. 2X 1 2
a+l X+y+z b+l Xx+y+z

=>X+Yy+z=2(z+cz)=2z(1+c)=>

,Khidotaco: Q=2

Twong tirta cod:

Cau48. Tacdé: Q =(i+1j+(L+1J+(L+1j—3

b+c c+a a+b

Q=(a+b+c)( ! + ! + ! j—3=2015.1—3
b+c c+a a+b 5
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au 50.

a-b=-k
c—a=2k
=>M =4.(-k).(-k)—(2k)" = 4k* —4k* =0
Cau 52.
X+y=-z
TeGTtacd: {y+z=—Xx=>B=-xyz=-2
Z+X=-Yy
Cau 53.
TerTtacé:x3=_—,y3=i=>x3+y3:0=>C=O
27 27
Cau 54.

bz—ac—>i—9—w—>g
' b ¢ b+2012c b’

b (a+2012b)° a
¢ (b+2012c)" ¢

Cau 55.

2018 2018
fucTes: 5 .. {5 ] (Amrnrcom)

A a3 Ay Q18 Qta;+a, +...+ 85,
Cau 56.
T b? :ac:>z:2=w:>(zJ {9) _a
b ¢ b+2014c b c c
Mad_2ab_ (z) one?
c bc \b
Cau 57.
_a ¢ gl9% | ol9%4 (k.b)1994 n (k.d )1994 -
Dat E = E =k=> blo% | 1994 = b9 | 1994 =k
1994 1994
N (a+ C) _ ( ) _ | lov4
(b n d )1994 (b n d )1994
Cau 58.

Pat 4= S k= 1"* Thay vao bieu thic ta co:
b d c=kd

2a> -3ab+5b°  k’-3k+5 i 2¢* =3cd+5d°  k’-3k+5
2b* +3ab 2+3k 2d* +3cd 243k
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2

ac_a’ ¢’ __ac_2010c® _2009a*

= = = —_ = =
bd b’ d* bd 2010d*> 2009b

2a+13b 3a-7b 3(2a+13b)-2(3a-7h)
2c+13d  3c-7d  3(2c+13d)-2(3c-7d)

GT=

b a a ¢
—_—_——>—=
d c b d

Cau 61.

>—=—=—"=— "=
b? ¢* bc b*+c® ¢

_alo+b _b_10a_a__a_b_ a’> b*> ab a’+b® a
" bl0+c ¢ 100 b b c

Cau 62.

x+y:z+x:x+y—z—x:y_Z oy Y2 _ZHX _—y-zHz4X X-y
2 3-2 3 5 -3+5 5

Ta co:

_ 2 _ _
X—y _Z+X _ _ (z+x)=>x Y _ZEX iy q ZEX YT 24X
2 5 5 4 10 2 5 10

Tir (1) va (2) ta c6: X;y ¥z

Cau 63.

Via+d=b+c=>(a+d) =(b+c)’ =>2ad = 2bc =>

a_¢t
b d
Cau 64.

ax + by

bat
CX +dy

=Kk, Chon x:O,y:1:>§:k

Chon x=1y=0=>2_k=2_8
c c d

Cau 65.
b c a-c _a-b b-c

. a _ — _ k
" 2009 2011 2013 -4 2 =2

Ta co

a—c=-4k (a—c)2
=<a-b=-2k=> 2
b-c=-2k

(-4k)
4

=4k* va (a—b)(b—c)=4k’=>VT=VP

Cau 66.
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au 67.

Cong theo vé& cac GT ta dwoc: a+b+c=2(ax+by+cz)=2(ax+a)=2a(x+1)
1 2
Xx+1 a+b+c

Chttng minh twong tw ta co: L __ ) L=
y+1 a+b+c z+1 a-+b+c
2(a+b+c

Khido: L4t L _2(a+b+o)

x+1 y+1 z+1 a+b+c

Cau 68.
2 _ 2 _ 2 _ 2 r 2
Dét:x YZ_Y S TN g XY Yo T
a b c k k k
X —2X2yz+y?Z2*)  v2722 v — x2® + X2 2 _
— az—bc=( )2 y )_yz Xy 2xz +Xyz __a bC=X3+y3+z3—3xyz
k k X
2_ 2_
Chtmg minh tuwong tu: b @ Xy +27-3xyz va S ab

=x*+y®+2°-3xyz=> dpcm
Cau 69.

2 2
Gia stt: a=1=>b=1=>2_*P

=2 Néu: a,b=1, Gia su:
o2 ()0 1)
2004 2
) lemzi—bwv\laZb=>1—b22a2—1=>az+b232
—a
2 2
_.a +b 332274
32 32

Cau 70.

Tt GT=> 1=_(1+1j =>1(1+1jso
a b ¢ a\b ¢

=>i+iSO,Tu’0ng tue: i+iS0,i+iSO
ab ac bc ab

Cong theo vé ta dugc: =>2 (i + 1 + ij <0
ab bc ca
Cau 71.

2 2 2 2
Tir bx? +ay? => =L =X Y 1

a b a+b a+b
1 XZOOO y2000 2

1000 1000 1000 1000 2000 1000
a b (a+b) a b (a+b)

2000 2000

Xy
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au 72.

xét x+1=272 112 2 Tuong by yil= 20 741= 25
a+b a+b b+c c+a
Khi dé VT = 8abc
(a+b)(b+c)(c+a)
Twong tu: 1-x=1-3-2_ 2 4, 2¢ , ,_ 28
a+b a+b b+c c+a
Khi dé: VP = 8abc VT
(a+b)(b+c)(c+a)
Cau 73.

2 2
Ta co: a° +ab+%:15:6+9=(a2+ac+cz)+[cz+%j

=>2¢? =ab—ac =>2c”* =ab+ac—2ac =>2c’ +2ac =ab+ac
=> 2C(C+a):a(b+c):>£:ﬂ
a a+c
Cau 74.

Tu 8 =2 <=>2% =2 =>3y=x+8 (1)

Va3' =9 =30 o 5 = 2y—-2 thay vao (1) ta duoc:
3y=2y-2+8<=>y=6=>x=10

Cau 75.
a(b+d)=ab+ad
vi 2<f o ad<be Xéttich ) = a(b+d)<b(a+c)=>o< 21"
b d b(a+c)=ab+hc b b+d
Cmtt ta cé: +C<£
b+d d
Cau 76.
, 1 1 1 -1
Taco: = + = +
a-b a-b a-b a-b b-a
Tinh twong tu ta ¢4 : 2 1 1 2. 1. "
b-c b-c c¢-b c-a Cc—a a-c

Cong theo vé:

2 2 2 1 1 1 -1 1 -1
+ + = - + + + + =VT
a-b b-c c-a (a—b a—cj (b—c b—aj (c—a c—bj

Cau 77.
T GT tacod: ab+a'b'=a'b=>abc+a'b'c=a'bc

Va bc+b'c'=b'c=>a'bc+a'b'c'=a'b'c
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Nén (abc+a'b'c’)+(a'b'c'+a'hc)=(a'bc+a'b'c)=> dpcm
Cau 78.
Via, b, ¢ # 0, chia gia thiét cho
y+z:z+x:x+y:(x+y)—(z+x) (y+z)-(x+y) (z+x)-(y+2)

abc => = = =>PPCM
bc ac ab ab—ac bc—ab ac—bc
Cau 79.
Détizgzizk rut ra roi thay vao P
& b ¢
Cau 80.
k(ax+by+c
Taco: AoB_C ko Acka BokbCokeos Qo K(EFDY+E) |
a b c ax+by+c
Cau 81.
St dung tinh chat cta day ti s6 bang nhau ta cé:
x_ y_ z X_y' 2 X+y'+72_ a' [ X+y’+7 ’
a b ¢ ax by cz ax+by+cz b*> |(ax+by+cz
Mit khac ciing theo tinh chat day ti s6 bang nhau ta co:
a b e Xy _z _xX+4y+z
x y z a b* & a’+b*+c
Do dé:
2, 2, 2N 2, 2, 2 2, 2, 2
X +y +z :x2+yz+zzz> X"ty +z — 12 — (dpem)
aX+by+CZ a +b +C (ax+by+cz) a +b +C
Cau 82.

St dung tinh chat cta day ti s6 bang nhau ta cé:

X_y_Z_X+y+Z

—=== =X+y+2Z
b ¢ a+b+c
2 2 2
X vy oz 2
3—2—?—?—(X+y+2)

a
Mit khéc ciing theo tinh chat day ti s6 bang nhau ta co:

32
2
a

2 X +y +7’

> a’+b’+c?

2
y 2,2, 2
2 =x’+y*+z
b2
Do do:

(x+y+z)2 =X +y* 42" X +y  + 27 +2(xy +yz+zx) =X +y  +2°

& xy+yz+zx=0
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Chuyén dé 10: GIA TRI TUYET DOI

L Ly thuyét
*Pinh nghia: Khoang cach tir diém a dén diém 0 trén truc s6 la gia tri tuyét d6i cia mot s6

a( ala so thyc)
* Gia tri tuyét d6i ctia s6 khong am la chinh no, gia tri tuyét d6i ctia s6 am la s6 d6i cta no.
TQ:Néu a>0=la|=a

Néu a<0=a|=-a

Néux-a>0=>|xal =x-a

Néux-a< 0=> [xal =a-x
*Tinh chat
Gia tri tuyét d6i cua moi sd déu khong am
TQ: |a| >0 voimoia € R
Cu thé:

lal =0 <=>a=0
lal #0<=>a#0
* Hai s6 bang nhau hodc d8i nhau thi c6 gia tri tuyét ddi bang nhau, va nguoc lai hai s8 co
gid tri tuyét d8i bang nhau thi chting 1a hai s§ bang nhau hodc d8i nhau.
a=>b

TQ: |a|=o| = [a b
* Moi s8 déu 16n hon hodc bang ddi ctia gid tri tuyét d6i ctia n6 va dong thoi nhé hon hoic
bang gid tri tuyét d6i ctia né.
TQ: -laj<a<|s va-|ja=a<=a<0a=lal<a=0
* Trong hai s6 am s& nao nho hon thi ¢6 gid tri tuyét d6i 16n hon
TQ: Néua<b<0=|a> o
* Trong hai s6 duong s6 nao nho hon thi ¢6 gia tri tuyét d6i nho hon
TQ: Néu O<a<b=lal<[p|
* Gid tri tuyét d6i ctia mot tich bang tich céc gid trj tuyét ddi.
TQ:  |abl=[al
* Gid tri tuyét d8i cia mot thuong bang thuong hai gia tri tuyét doi.

_
&

a

TQ: b
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TQ:

o =a

* Binh phuong cta gid tri tuyét d6i cia mot s bang binh phuong s8 d6.

* Tong hai gid tri tuyét ddi cta hai s ludn 16n hon hodc b?mg gia tri tuyét ddi cua hai so,

d&u bang xay ra khi va chi khi hai s3 cting dau.

TQ:
I1. Cac dang toan :

|8 +|b| > [a+b| va |a|+|b|=|a+bl<ab>0

L. Tim gi4 tri ctia x thod méan dang thitc ¢6 chira dau gid tri tuyét ddi:

1. Dang 1:
* Cach giéi:

|A(x)| =k (Trong dé A(x) la bi€u thikc chita x, k 1a mét s& cho truéc)

- Néu k < 0 thi khong c6 gid tri ndo ctia x thoa man dang thite( Vi gid tri tuyét ddi ctia moi

sO déu khong am )
- Néu k =0 thi ta c6 [A(X)| =0= A(X) =0

- Néu k>0 thi ta c6: |A(X)| =k :{

Bai 1.1; Tim x, biét: 2|3x —1| +1=5

2|3x—1|+1:5:>2|3x—14=4:>|3x—1|=2:>[

Bai 1.2: Tim x, biét: 3X—g =i+2ﬂ
5 35 7
3x—g =i+2£:>
5 3 7

A(x) = k
A(X) = —k

Loi giai

Loi giai
3x — g — E
5/ 5

Vay nghiém ctua phuong trinh lax=8vax=-4.

Hudéng dan giai

Bai 1.3; Tim X biét: E —3x%|= E
2 2
39 15
=3t ==
‘3_29 3= % 329 215
? - 3X2 —

x-1=2
3Xx-1=-2
2_13
5
2_-13
5 5
2:
S X=12,x=43
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Bai 1.4; Tim x, biét: [x* —4x -1 =31
Loi giai
Ta co:

, X2 —4x—1=31 X2 —4x—32=0
|x —4x—1|:31 PN N

x> —4x-1=-31 x> —4x+30=0
N X=8
Phueong trinh xX2-4x-32=0 << (x-8)(x+4)=0 < [X— 4

Phuong trinh x2-4x+30=0 v nghiém
vi xX2-4x+30 =(x-2)>2+26>0, Vx.
2. Dang 2: |A(x)| = [B(x)| ( Trong d6 A(x) va B(x) 12 hai bi€u thikc chita x )

A(X) = B(x)

e a , o Nl a=b . B
Cdch gidi: Van dyng tinh chat: |a| =|b| < L b ta c6: |A(X)| = [B(x)| = [A(x) _ By

Bai 2.1): Tim x biét: [5x—4|=|x+2)

Huéng dan giai

BX—4=x+2

Ex—4=h+2k:{ -
SX—4=-x-2

Cach khac:
5x-4|=|x+2] (@)

Xét véi x<—2:>(1)<:>4—5x+2+x:0:>x:%(ktm)
s 4 1
Xét véi —2<x<§:>(1)<:>4—5x—x—2:0<:>x:g(tm)

Xét véi XZ%taco’ (1)<:>5x—4—x—2:0<:>x=§(tm)

Bai 2.2 Tim x biét: 2|x—3/—|4x—-1|=0

Hudéng dan giai

2(x-3)=4x-1 |*=73

2|x—=3—|]4x-1=0=2|x-3 =|4x-1= 2()(_?’)=1_4X:> .
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Bai 2.3 Tim x biét: [3x—5/=|x+2|

Huéng dan giai

i
_ X=—=
Tacé;|3x_5|=|x+z|:{3x‘5‘“2 L2
3X—-5=-x-2 ng

4

3. Dang 3: [A(x) =B(x) (Trong dé A(x) va B(x) 12 hai bi€u thitc chita x )

* Cdch 1: Ta thdy néu B(x) < 0 thi khong c6 gid tri nao cua x thoa man vi gia tri tuyét doi
cua moi sd déu khong am. Do vay ta giai nhw sau:

|AX)|=B(x) (1)

Pidu kién: B(x) >0 (*)

A(x) = B(x)

D6i chiéu gid tri x tim dwoc véi diéu kién ( *
A(x):—B(x)( 8 v en (%)

(1) Tro thanh |A(X)| = [B(x)| = {

* Cdch 2: Chia khoang xét diéu kién bo dau gia tri tuyét doi:
Néu a>0= |4 =a
Néu a<0=|a|]=-a
Ta giai nhu sau: |A(X)| = B(x) (1)
e Néu A(x) >0 thi (1) trd thanh: A(x) = B(x) ( D3i chiéu gia tri x tim dwogc véi diéu
kién )
e Neéu A (x) <0 thi (1) tré thanh: - A(x) = B(x) ( Ddi chiéu gia tri x tim dwoc véi diéu
kién )

Bai 3.1): Tim X, biét: |2x+3|= x+2

Loi giai
Trueong hop 1: XZ?: 2X+3=X+2= x=-1 (théa man)

Truong hop 2 : X<_73:>—2X—3=X+2:>X=_?5 (thoa man)

Bai 3.2 Tim X, biét:
2x—3=x-3 b,

a,

5x—3[-x=7 C,

3X—2|=x+7
Loi giai
a, TH1:x2§:>2x—3:x—3:>x:O(l)

TH2:x<%:>3—2x:x—3:>x:2(l)

b, TH1:x2§:>5x—3—x=7:>x:g (thoa man)
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TH2:X<§:>3—5X—X=7:>Xz_?z(théamén)

TH1:x2§:>3x—2:x+7:>x=% (thoa man)

TH2:x<§:>2—3x=x+7:>x:_T5 (thoa man)

4. Dang 4: Dang thitc chita nhiéu d4u gia tri tuyét doi:

* Cdch gidgi: Lap bang xét diéu kién bo dau gid trj tuyét doi:

|A(X)|+[B(X)| +[C(x)| =m

Can ct bang trén xét tling khoang giai bai toan ( P6i chiéu diéu kién twong tng)
Bai 4.1 Tim x, biét: |X —3| + |3X - 6| —|5— 2X| =8

Loi giai
Lap bang xét gia tri tuyét doi (hay bang pha ddu GTTD):
X 2 2,5 3
x-3 3-x I 3-x I 3-x 0 x-3
[3x 6| 6-3x 0 3x-6 | 3x-6 | 3x-6
[5—2x| 2x -5 | 2x -5 0 5-2x | 5-2x
Vé€ trai 14 - 6x | Ox +2 | 4x-38 | 6x-14
Vay:+ Véix<2 thi 14-6x=38 < x=1 (thoa man)

+ Véi 2<x<25 thi 0x+2=8 VOnghiém
+ Voi 2< X<3 thi 4x-8=8 <& x=4 (loai)

+ Voi x>3 thi 6x-14=8 < x=1—31(théamén)

2
Nghiém cta phuong trinh : x=1 va x= 3
Bai 4.2 Tim x, biét: Tim x, biét: ‘Xz - 9‘ + ‘Xz - 25‘ =26
Loi giai
Lap bang xét GTTD :
x2 9 25
|x2—9| 9_x2 0 2_9 | -9
|x2_25| 25 — X2 | 25-x2 0 x2-25
V& trai 34 — 2x2 | 0x2-16 | 2x2—34
Véi x2<9; 34 -2x2=26 &S xXX=4 & x=12.
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Véi 9 <x2<25; 0x2-16=26 VO nghiém

Véi x> 25 ; 2 -34=26 < x2=30 < x =++30.
Vay nghiém cta phuong trinhlax = £2vax =+ V30,
5-3-1_

x-3+[3+2x

Bai 4.3 Tim x, biét:

Loi giai
Ditukiénx -3+ [3+2x # 0.
Ban doc tu lap bang xét dau.
Phuong trinh twong duong

[Bx =5 - [x -1 - 4]2x+3- 4x +12=0 (*)
Xétx<-%Th‘1(*)<:>-3x+5+(x—1)+4(2x+3)—4x+12=0

& 2x=-28
< x =-14 (Thoa man dk)

Xét-ng<1Th‘1 *)
&-3x+5+x-1-4(2x+3)-4x+12=0
Rt x=$ (Thoa man dk)
Xét1SX<§Th‘1(*)
&-3x+5-(x-1)-4(2x+3)-4x+12=0
3. .
& x= s (loai)
Xét x> g Thi (*) & 3x = 5 (x = 1) — 4(2x + 3) = 4x + 12 =0

X = -% (Loai)

Vay phuong trinh cé nghiém x e {— 14;;}

Bai 4.4; Tim x, biét: | x+ 12016+ [x +2]2017=1]

Loi giai
Dé thdy x = - 2 va x =- 1 1a nghiém ctia phuong trinh.
*Xétx<-2:

Ta co: x + 1<-1 va x +2<0. Suy ra: Ix+11>1;Ix+21 >0
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Do doé: [ x+1 12016 >7 | x + 22017 >(

Vithé: | x + 11201+ [x +2]2017> ]

Vay véi x < - 2 phuong trinh vo nghiém.

*Xét-2<x<-1:

Tacd:-1<x+1<0val<x+2<l.Suyra:0< Ix+11<1;0<Ix+2l<1
Valx+ll=-x-1; Ix+2l =x+2

Vithé: Ix+11206< [x+1]; Ix+2[2017< [x+2]

Vay: Ix+11200+ [x +2[207 < [x+1] + Ix+2|=-x-1+x+2=1
Do d6 véi -2 < x < -1 phuong trinh vo nghiém.

* Xét: x > -1:

Taco: x+1>0vax+2>1Suyra: Ix+1l>0va Ix+21>1.
Vay: | x + 11206+ [x +2]207 > 1

Do d6 véi x > -1 phuong trinh v6 nghiém.

Két ludn: Tap nghiém cua phuong trinh la: S= {—2; —1}

5. Dang 5: Xét diéu kién bd dau gia tri tuyét d6i hang loat:
[AX)|+BX)|+|C(x)| =D(x) (1)

biéu kién: D(x) >0 kéo theo A(x)>0;B(x) >0;C(x)>0

Do vay (1) tré thanh: A(x) + B(x) + C(x) = D(x)

Bai 5.1: Tim X, biét: [X +1+|x + 2|+ |x + 3= 4x
Hudéng dan giai

X +1]+|x + 2| +|x + 3| = 4x 1)

ViVT 20=4x>0= x>0, do d6:

X+1=x+L|x+2|=x+2|x+3=x+3

()= x+1+X+2+Xx+3=4x=>x=6

1 1 1
Bai 5.2: Tim X, biét: [X +—|+|X +—| +|X +—|+
- 2 6 12

Huéng dan giai
Nhan xét: V& trai ciia dang thiec ludn > 0nén vé phai >0 =11x>0= x>0

Véi X > 0ta cod:
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—+

1 1 1
S X+—+X+—+X+—+X+—+.....+ X+ —=11IX
2 6 12 20 110

—x=1-1=m)
11 11
10

Vay X=—

AT

Bai 5.3: Tim X, biét: |x + 1| -+|2x + 5| +[3x + 2| =10x
Huéng dan giai
Phuong trinh |x +1] +|2x + 5| +[3x + 2| =10x ¢6 v& trai khong am nén
10x>20=>x>20dodd x+1+2x+5+3x+2=10x < x=2.
Vay phuong trinh c6 nghiém x = 2.
6. Dang 6: Dang h6n hop:
Bai 6.1: Tim x, biét: |X + 3-8 =20

Loi giai
||x+3|—8|—20:> x+3=20+8 |x+3|=28 :{x+3:28 @{XZZS
B x+3/=-20+8  [[x+3=-12(VN) [x+3=-28  |x=-31

Bai 6.2: Tim x biét

x2+|x—1”=x2+2
Loi giai
Vi X +|x=1>0nén (1) = x* +|x-1 =x*+2=|x -1 =2
+Néu X >1thi (*)=>x-1=2=x=3
+Néu X<1l=>x-1=-2=x=-1

Bai 6.3: Tim X, biét

x2+|x—1”=x2+2
Huéng din giai
Vi X* +[x=1>0neén (1) = x* +|x -1 =x* +2= [x -1 =2
+Néu x>1thi (*)=>x-1=2=>x=3
+Néu X<1l=>x-1=-2=x=-1
Bai 6.4: Tim x, biét: [[3x — 4| -5 —|x + 2| =1

Huéng dan giai
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3x —4]-5=1+|x+2)|

1) o |[3x—4]-5|=1+|x+2| &
3x—4]-5=—1—|x+2|

3x —4|—|x+2|=6
3x —4|+|x+2|=4

a) Voi 3x—4|—|x+2|=6 talap bang xét gia tri tuyét ddi :

X 5 4
3
|3X—4| 4 —3x | 4 - 3x 0 3x -4
|x+2| -2-x 0 X +2 | X+2
V€ trai 6 — 2x | —4x+2 | 2x -6
Véi x <-2; 6-2x=6 < x = 0 (thdéa man).

Voi —2<x<% ; —4x+2=6 < x=-1 (thdéaman)

Véi ng ; 2x-6=6 < x=6 (thdaman)

b) V6i [3x —4|+|x+2| =4 1ap bang xét gia tri tuyét ddi :

X 9 4
3
3x — 4] 4 -3x | 4 - 3x 0  3x-4
[x + 2| -2-x 0 X +2 | X +2
Vé€ trai 2 —4x | -2x+6 | 4x -2
Véi x <-2; 2-4x=6 < x = -1 (khong thoa man).

Voi —2<x<% ; —2x+6=4 < x=1 (théa man)
. 4 3 o
Voi XZE ; 4x-2=4 < x=§ (thoa man)
Ao oA A T 3
Vay tap nghiém cuia phuong trinh 1a S = {—1; 0; 1 E; 6}

7. Dang 7: |A| + |B| =0

Van dung tinh chat khong am ctia gia tri tuyét d6i dan dén phuong phap bat dang thic.

* Nhan xét: Tong ctia cac s& khong am 1a mot s8 khong am va tdng d6 bang 0 khi va chi
khi c4c s8 hang cta tdng dong thoi bang 0.

* Cach giai chung: |A|+|B|=0

A>0

B1: danh gia: |B| -0

}:|A|+|B|20
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A=0

B2: Khang dinh: |A/+|B|=0 < {B 0

Bai 7.1: Tim x, y thoa man:
[3+y|+|2x+y|=0
Hudng dan giai

Vi [3+y|>0,2x+y|>0=[3+y|+|2x + y|>0

B+y]=0 [x=3
= = 2
2x+y|=0 y=-3
Bai 7.2: Tim x, y thoa man:
2 5_%x+§y_3‘:o b) [x— 2007+ |y - 2008| = 0
Huéng dan giai
a) 5—§x >0, gy—3 >0
4 7
Do dé:
5—§x=0 x=29
3 2 4 3
S——X/+|-y-3=0= =
4 7 2 21

fv-3=0 ==
7y y 2

a) |x—2007| > 0,|y — 2008|> 0

Do d6:

[x—2007|+ |y — 2008 = 0 = {X—2007 =0 {x: 2007

=
y—2008=0 y =2008

2y 2
3

2

Bai 7.3} Tim X, Y, Zbiét: +

+V2+x4:0
Hudéng dan giai

a) +‘X2+XZ‘=0,ép dung tinh chat |A|ZO

1
X—={+
2

v+
3
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X—1=0 x:1

2 2
y+3—0 :><y——g

3 3
x(x+2)=0 z:—x:—%

* Chu y1: Bai toan c6 thé cho dudi dang |A| +|B| < 0 nhung két qua khong thay d6i
* Cach giai: |A|+[B[<0 (1)
:::ig}:>|p4+|3|zo (2)
’HMDV&Q):JN+BFO<:{A=O
B=0
Bai 7.3: Tim X, y thoa man:
a) [5x+1|+|6y —§ <0 b) [x+2y|+|4y-3 <0 c) [x—y+2+]2y+1<0
Huéng dan giai
a) Ta cé: |5X+Zu+|6y—8| <0 (1)

5x+1>0
= [6x+1+|6y-8§ =0 (2)
6y—8/>0
1
o 5x+1=0 |75
Tir (1) va (2) = px+1+[6y - 8/<0 < v 80" A
y-8= y=1
b) Ta cd: |x+2y|+[4y -3 <0 (1)
x+2y|>0
= [x+2y|+[4y-3 =0 (2)
[4y-3>0
8
\ x+2y=0 |*773
T (1) va (2) = |x+2y|+[4dy-3/<0 < 4y_3_0:> A
- g2
3

c) Ta cé: |X—y+2|+|2y+2qSO (1)
x—y+2|>0

—y+2[+]|2 >0 (2
2y +1>0 }:ﬂx y+2 42y @
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fo(1)vé(2):>|x—y+2|+|2y+qso@{X_y+2:0:> 2
2y+1=0 1
y
Bai 7.4: Tim X, y thoa man:
a) [12x+8+[11y-5<0  b) Bx+2y|+[4y-1U<0  ¢) [x+y—7|+|xy—10/<0
Huéng dan giai
a) Ta c6: [12x +8/+[11y -5/ <0 (1)

12x+8>0
= [12x+8+[11ly-5/>0 (2)
11y-5/>0
2
\ 12x+8=0 |*773
T (1) va (2) = [12x+8/+[11ly-5<0 < =
11y-5=0 5
y:ﬁ

b) Ta c6: [3x +2y|+ |4y -1 <0 (1)
Bx+2y|[>0
= [3x+2y|+]4y-1=0 (2)
[4y-1>0
1
Tir (1) v (2) = [Bx+ 2y +[ay -1 <0 o | T Y =0 0
Wva @ =[xr2ysay-g=o e, T 7 !
Y24
c) Ta co: [x+y—7|+|xy—10/<0 (1)
x+y-7|>0
= [x+y-7|+[xy-10/>0 (2)
xy—10/>0

Tir (1) va (2) = [x+y-7|+|xy-10/<0

X+y-7=0 X=17- X=7-
Y L AN AP Y o (xy)=(25)(5:2).
xy—10=0 y(7-y)-10=0 " |y*-7y+10=0
* Cha y 2: Do tinh chat khong am cta gia tri tuyét d6i twong ty nhu tinh chat khong am
ctia luy thira bac chdn nén c6 thé két hop hai kién thirc ta cling cd cac bai twong tw.

Bai 7.5: Tim X va Y théa mén |2X — 2011+ (3y +2012)" =0

2012

Hudéng dan giai
|2x — 2011] > 0Wx

2012

Nhan xét
(3y+2012)" " >0vy
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Déng thtic xay ra khi {

Va |x—-3>0=|x—-3
Do d9, tir (2X—y +7)
2X—y+7=0

Ta co: (X—l

Bai 7.8: Tim x, y thoa man : (X — l)

Bai 8.1: Tim x, biét:
a) [x+5]+[3- X =
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2x—-2011=0

-
3y +2012=0

2013

2012 2013

Bai 7.7; Tim x, y thoa man :

(x—l)2016 +(2y—1)

:3(X—Qmm+(2y—nmm+V+2y—z

8.Dang 8: |A|+|B|=|A+B|
* Cach gii: Str dung tinh chat: |a|+|b| > [a +b|

b) [x—2|+[x—5|=

2011
2
2012

3

Bai 7.6 Tim tat ca cac cap so (X y)thoa man (2X y+ 7

Huéng dan giai

Ta c6 201214 s8 ty nhién chdn = (2X y+ 7)2012 0

+|X—3| <Osuy ra: (2x—y+7)
{x=3
=
y=13
+|x+2y - 1|
Hudng dan giai
ZOVM(Zy—Qmmzovyﬂx+2y—4m
“ ~0. Dau "="xayra
( _1)2016 0 x=1
(2y—1)2°16=0 <:><y:1
|x+2y—z|2017 21
1+2--2=0
L 2
+(y+3) =0

Hudng dan giai

Vi(X—1)2 20,(y+3)2 > Onén(x—l)2 +(y+3)2 =0:>{(

T d6 ta co: [a]+|b| =|a+b| < ab >0

~0&[x-3

7> 0vx, y,Z

x

<
NN P

c) Bx—5+[3x+1 =6
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Hudéng dan giai

a) Ta c6: |X+5|+|3— x| 2[x+5+3-x/=8

X+5>0
5+|3-x/ =8 5)(3-x)20=| ©° 200 5cy<3
.| —X|= X —X)> 5<x<
Do do: [X+5+[3-X=8=(x+5)(3-x)20= cab<o®
i 3-x<0
b) Ta c6: |X— 2|+ |x =5 =|x—2|+[5—X| =[x -2+5-x|=3
[(x—2>0
5-x>0
Do do: [X—2|+|x=5/=3=(x-2)(5-x)>0= X_ZSOQZSXSS
i 5-x<0
0) Ta c6: [3X— 5|+ |3x +1] = |3x = 5|+ |-3x -1 >[3x —5-3x -1/ =6
'{3x—520
-3x-1>0 1 5
Do do: 13X =5 +[3x +1 =3=(3x-5)(-3x-1)>0= oy 5<0 35553
i -3x-1<0
Bai 8.2: Tim X, biét:
a) [5x+1 +[3—2x| = |4+ 3| b) [x+2/+[3x -1 +|x -1 =3
Hudng dan giai
a) Ta 6: [BX+1|+[3—2X| 2[5x +1+3-2X| = |4+ 3X
Do d6:
'{5x+1zo
3-2x>0
5x+1]+|3-2x|=|4+3x|= (5x+1)(3-2x) 2 0= X @—ESXSE
5x+1<0 5 2
| [3-2x<0

a) Ta 6: X+ 2| +[3x =] +|x -1 =3=3=(|x+ 2| +[1- X|) +[3x ~1| =[x + 2+1-X|+0=3
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[ (x+2>0
1-x>0
Dodé.|x+z|+|3x_u+|x_]4=3j{(x+z)(1—x)zo:>< kh2<0_1_ o
=

Il Tim cip gia tri (x; y ) nguyén thoa méan dang thirc chira ddu gia tri tuyét doi:
1. Dang 1: |Al+|B|=m véi m>0
* Cach giai:

A=0

*Néu m =0 thi ta co |A|+|B|=O<:>{B—o

* Néu m > 0 ta giai nhw sau:

|Al+[Bl=m (1)

Do |A/>0 nén tir (1) ta c6: 0<|B|<m tir d6 tim gia tri ctia |B| va |A twong ting .
Bai 1.1: Tim cdp s6 nguyén ( x, y) thoa man:

a) [x—2007|+|x~2008=0 b) [x—y-2/+|y+3=0 ¢ (x+y)’+2y-1=0

Hudng dan giai
X—2007=0

{|x ~2007|>0
a, Vi
X—2008 =0

[x—2008/>0

Do d6 khong ton tai x thoa man bai toan.

:>|x—2007|+|x—2008|:0:>{

-y-2=0

_y-2/=0
b,V‘l{|X y-2 :>|x—y—2|+|y+3|20:>{x =>x=1y=-3.

ly+3=0 y+3=0

2
Vi {(x+ y) =0

“ily-1=0=4" " T o x-ny =1
y-1>0 = (x+y) +|y-1=0= yo o= y

Bai 1.2} Tim cdp s6 nguyén ( x, y) thoa man:

a) |x—3y|5+|y+4|:O b)

x—y-5+(y-3)'=0 ) [x+3y-1+3y+2=0

Hudng dan giai

5
a, Vi [x~3] 20:>|x—3y|5+|y+4|:0:> X_3y_0:>x=—4,y=_i.
|y+4|zo X+4=0 3
X—y-52>0 _V_E—
b, Vi x=y-9) :>|x—y—5|+(y—3)420:> X=y=3 0:>x:8,y:3.
(y-3)'>0 y—3=0
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[ray-1j=0 e+ 3y-1=0
c, Vi = [x+3y-1+3ly+2/>0= =>Xx=7,y=-2.
ly+2/>0 y+2=0
Bai 1.3; Tim cadp s nguyén (x, y ) thoa man:
a) [x+4+|y-2/=3 b) 2x+1+|y -1 =4

Hudng dan giai
a, Vi [x+4/20=]y-2/<3=-3<y-2<3=-1<y<5=ye{-1,0,1,2,345}

Thay y vao phuong trinh ta tim dwoc x.
b, Vi|2x+1>0=|y-1<4=-4<y-1<4=-3<y<5

Bai 1.4; Tim cac cdp sO nguyén (X, y ) thoa man:
a) y? =3—2x-3 b) y* =5-[x—1
Hudng dan giai

a, Vi y?20=3-[2x-3/20=-3<2x-3<3=0<x<3=xe{0;1,2;3}

Thay x vao phuwong trinh ta tim dwoc y véi diéu kién y nguyén.

a, Vi y?20=5-|x-1>0=-5<x-1<5=-4<x<6

Thay x vao phuwong trinh ta tim dwoc y véi diéu kién y nguyén.
2. Dang 2: |A|+[B|<m v&im > 0.
* Cach gidi: Banh gia
|Al+[Bl<m (1)
A>0

= |A|+|B|>0 (2)
B|>0
T (1) va (2) = 0 <|A|+|B| < m tir d6 giai bai todn |A/+|B|=k nhudang 1v6i 0<k <m
Bai 2.1; Tim cac cdp sO nguyén (X, y ) thoa man:
a) X/ +]y|<3 b) [x+5+|y—-2/ <4 c) [2x+1+]y—4/<3 d) Bx/+|y+5 <4

Huéng dan giai
|x|+|y|<3
a, Vi{[x20 = |x|+|y|=0=0<|x|+|y|<3
ly|=0
THI : |x|+]y|=0

x>0

TH2 : X +]y]| =1:>{ = (x,¥)=(0;1),(0;-1),(10),(-10)

TH3 : |x|+|y| =2= {0§|y| S 2:>(x, y)=(0;2),(0;-2),(2;0),(-2;0),(£1),(-1-1)

Bai 2.2; Tim cac cdp sd nguyén (x, y ) thoa man:

THCS.TOANMATH.com TAI LIEU TOAN HOC




3. Dang 3: S&r dung bat dang thirc: |a| + o > [a + b| xét khoang gi4 tri ctia 4n sé.
Bai 3.1: Tim cac sO nguyén x thoa man:
a) [x—1+[4-x =3 b) [x+2/+[x-3 =5 c) [2x+5/+[2x-3 =8
Huéng dan giai
a) [x—1|+[4—x>[x-1+4-x|=3
Do d6 [x—1|+|4-x|=3=(x-1)(4-x)20=>1<x<4
b) [x+2|+|x =3 =|x+2[+[3-x|>|x+2+3-X =5
Do d6 [x+2|+|x—-3=5=(x+2)(3-x)>0=-2<x<3
0) |2x+5|+|2x—3| =|2x+ 5| +|3—2x| > |2x+ 5+ 3-2x| =8

Do dé |2x+5|+|2x—3|=5:>(2x+5)(3—2x)20:>—§£xsg
Bai 3.2; Tim cac cdp sO nguyén ( x, y) thoa man dong thoi cac diéu kién sau.
a)x+y=4val|x+2/+|y|=6 b)x+y=4va[2x+1+|y—x/ =5
c)x—y=3v‘a|x|+|y|=3 d)x—2y=5vé|x|+|2y—]4=6
Huéng dan giai
a) [x+2|+|y|=|x+2+y|=6
Dodé|x+2|+|y|:3:>{(x+2)y20
X+y=4

b) [2x+1+]y —x|>|2x+1+y-x =5

) A (2x+1)(y-1)=0
Do d6 [2x+1]+|y 14—5:>{ ‘ry—4
0 [+ = b -y 2 x-y] =3

-Xxy >0
Do d6 |x|+|y|:3:>{
X—y=3
d) [x|+[2y -1 =[x +[1-2y| = |x+1-2y| =6

x(1-2y)=0

Do d6 |x|+|2y—1|=6:>{
X—2y=5

a) 5x+1+|y—2/<7 b) 42x+5/+|y+3 <5 ¢) Ix+5+2y-1<3 d) 32x+1+4_2y-1<7

4. Dang 4: Két hgp tinh chit khong 4m ctia gia tri tuyét ddi va dau ctia mot tich:

* Cach giai : A(X).B(x) =|A(Y)|

Danh gia: |A(y)| >0= A(X).B(x) 20=n<x<m tim dwgc gia tri cua x.
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Tim céc s6 nguyén x thoa man:
a) (x+2)(x-3)<0 b) (2x-1)2x-5)<0
Hudéng dan giai
X+2>0
{x—3<0

X+2<0
{ (L)
Xx-3>0

a) (x+2)(x-3)<0= = -2<Xx<3

2Xx-1>0
2Xx-5<0

1 3]
= —<X<—

b) (2x-1)(2x-5)<0= >

2x-1<0

{2x—5 o VB

[Bai 4.2:Giai bat phuong trinh  (2x — 9)(1945 + x) > 0.
* Tim cdch gigi : V6i tich A.B >0 xay ra khi A va B cuing ddu . Do d6 A>0vaB>0hodc A<
0va B<0. Tacé cach giai :
Huéng dan giai
Cach 1: Bat phuong trinh da cho twong dwong véi :

[ (2%x=9>0 2Xx>9 X>45
1945+ x>0 X >—1945 X >—-1945 X>45
& =
2x-9<0 2X <9 x<4,5 X <—-1945
i 1945+ x <0 i X <-=1945 i X <-1945

Vay nghiém cua bat phuong trinh 1a x>4,5 ; x <-1945.

* Chii v : Bang viéc 1ap bang xét d&u ctia tirng thita s8 ctia tich 1a nhj thitc bac nhét ta 6
cach 2 : Lap bang xét dau :

X - 1945 4,5
2x -9 - 0 - | +
1945 + x - I + 0 +
(2x —9) (1945 +X) + 0 - 0 +

Vay nghiém cua bat phuong trinh :

X >4,5 hodc x <—1945.

Bai 4.2; Tim cac cdp sO nguyén ( x, y ) thoa man:

b) (x+3)1-x)=]y| ©) (x=2)5-x)=|2y+1+2

a) (2—x)x+1)=|y+1

Huéng dan giai

a) (2-x)(x+1)=|y+]=(2-x)(x+1)20=-1<x<2= xe{-1,0;1;2}

THCS.TOANMATH.com

TAI LIEU TOAN HQOC



Thay vao ta tim dwocy.
b) (x+3)(1-x)=|y|=(x+3)(1-x)>20=-3<x<1= xe{-3,-2,-1;0;1}
Thay vao ta tim dwocy.
0 (x=2)(5-x)=[2y+1+2=(x-2)(5-x)>0=>2<x<5= xe{2;3;4;5}
Thay vao ta tim dwocy.
5. Dang 5: St dung phuong phap d6i lap hai vé cta dang thic:
* Cach giai: Tim x, y thoa man dang thiic: A =B
Danh gia: A>m (1)
Danh gia: B<m (2)
Tir (1) va (2) ta co: A=B @{Az "
B=m
Bai 5.1: Tim cac cap sd nguyén (x; y) thoa man:

x+2|+|x—1|:3—(y+2)2 b, 10

(2x—-6)" +2

y+3+5=

a,

X—5[+[1-x|= C,

12
ly+1+3
Hudéng dan giai
a, Vi |x+2/+1-X>|x+2+1-x|=3
x+2|+|x-1 =3 {_nggl
=

2 y:_2

Mit khac: 3—(y+2)° <3, D& |[x+2+[x-1=3—-(y+2)" =
3-(y+2) =3

(xy)=(-2-2),(-5-2),(0;-2),(%;,-2).
b, Vi [x—5|+[1—-X/>|x-5+1-x|=4

1 12 |x=5+[1-x| =4 < y<5
Métkhéc:—S—:4,Dé’|x—5|+|1—x|:L:> 12 = SXs
ly+1+3" 3 ly+1+3 = =-1
ly+1+3
= (xy)=(5-1),(2-1),(3,-1),(4-1).(5-1).
¢, Vily+3+5=5
Métkhéc:#ﬁgzsf
(2x-6) +2 2
ly+3/+5=5
D€W+ﬂ+5=——¥@7——:> 10 _ o x=3y=-3
(=642 |, 67,
Bai 5.2; Tim cac cdp sO nguyén ( x, y ) thoa man:
16 10
a) (X+3+x-l=——-—— b) x-2y-1+5=———
) 3 +x—1 ly-2/+|y+2 ) x=2y-1 ly—4]+2

Huéng dan giai

a, Vi |x+3+|x-1=[x+3+[1-x>[x+3+1-x/=4
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16

Matkhac: |y-2|+|y+2|=[2-y|+|y+22[2-y+y+2/=4=——F— <4,
ly-2+ly+2|

x+3+[x-1=4
16 :{— SXSleGZ

, 16
bé |x+3+|x-l|=—"——=
b, Vi |x-2y-1+5=5

10 10

Mit khéc: ————<—-=5,
ly—4/+2" 2

[x-2y-1]+5=5 ~
10 :{X_g

y—d+2 > y=4

16

D& [x—2v— -
& |x-2y-1+5 |y—4|+2:>

Bai 5.3; Tim cac cdp sO nguyén (X, y ) thoa man:

14 20
X+y-2V+7=— " b) (x+2f +4=—"
D ey =2+ 7= O T
Hudéng dan giai
a,V‘1(x+y—2)2+727
14
ZM@&h&ﬁy—ﬂﬂy—ﬂ:W—q+p—ﬂZW—1+3—ﬂ:2:>Wtﬂ:Wtas7,
(x+y—2)2+7:7 _
Dé’(x+y_2)2+7=—| —1ij| _3|: 14 _7 :{IZYQE
S U L B
= (x,¥)=(31),(0;2),(-13).
b, Vi (x+2)° +4>4
2
: 20 (x+2) +4=4 <=2
bé (x+2) +4=—""—= 20 <
3ly+2/+5 W=4 y=-2

: Chitng minh rang khong thé tim dwoc sd nguyén X, Y, Z thoa man :
X—y|+|y—z|+|z— x| =2017
Hudng dan giai

Taco: [X=Y|+|y—z|+]|z=X|=|x=y|+(X=y)+|y—z|+(y-2)+|z = x|+ (2= X)

THCS.TOANMATH.com TAI LIEU TOAN HOC




2X x>0

Véi moi sd nguyén X ta lai co |X| +X=
0 x<0

Suy ra |X| + X1ludn la s6 chdn véi moi s6 nguyén X

x=y|+(x=y)
Tt d6 ta co:q |y — 7|+ (
(

Suy ra |X— Y|+ (X—y)+|y —z|+(y - 2)+|z = X|+ (2 — X) 1a mot s& chén v6i moi s&

y— Z) 14 c4c s8 chdn véi moi s8 nguyén X, Y, Z
lz—x|+(z—x)
nguyén X, Y,z
Hay |X - y| +|y - Z| + |Z - X|1‘a mot s chdn véi moi s6 nguyén X, Y, Z
Do d6, khong thé tim duoc s6 nguyén X, Y, Z thoa man:

X—y|+|y - 2| +|z — x|=2017

I11 — Rat gon biéu thirc chira dau gia tri tuyét doi:

e Cach giai chung: Xét diéu kién bo ddu gia tri tuyét d6i r6i thu gon:
Bai 1: Rut gon biéu thirc sau voi 35<x <41
a) A=[x-35+[41-x  b) B=|-x+35+[x-4]
Huéng dan giai
a) A=|x-35+|4,1-x|=x-35+4,1-x=0,6
b) B=|-x+3,5/+|[x—-4,1|=—(-x+3,5)+[ -(x-4,1) | =x-35-x+4,1=0,6
: Rat gon biéu thitc sau khi x < - 1,3:
a) A=|x+13—|x-25  b) B=|-x-13+[x-25|
Hudéng dan giai
a) A=|x+13—|x-2,5/=—(x+13)+(x-2,5)=-38
b) B=|-x-13+[x-2,5/=-x-1,3-x+2,5=-2x+1,2
: Rat gon biéu thic:
a, [2x—4|+|x-3| b, |x —5|+|x+6|
Huéng dan giai

a, Ta cé bang sau :

X 2 3

2x -4 - 0 + I +
x-3 - | - 0 +
Khi @6 ta ¢ :

Néu x <2 = [2x—4|+|x -3 =(4-2x)+(3—-Xx)=-3x+7
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Néu 2<x<3=[2x—4|+|x-3 =2x-4+3-x=x-1
Néu x >3=[2x—4|+|x -3 =2x-4+x-3=3x-7
b,

Ta c6 bang sau :

X -6 5

x-5 - | - 0 +
X+6 - 0 + I +
Khi @6 ta ¢ :

Néu x <—6= |x—5|+|x+6/=5-Xx—Xx—6=-2x-1

Néu -6 <x<5=|x—5+|x+6/=5-x+x+6=11

Néu x>5=>|x—5/+|x+6/=x—-5+X+6=2x+1

[Bai 4 Rat gon biéu thire khi ‘?3 <X< %

a) A=X—£‘—X+§+£ b) B=—x+1+—x—§‘—z
7 5 5 7 5 6
Hudng dan giai
a) A= x—l—x+§ +ﬂ:— x—1 - x+§ +§:—2x+1
I 5| 5 7 5) 5 7
b) B=—x+1+—x—§ —gz(—x+£)— —x—g _E:£+§_1
5| 6 7 5) 6 7 5 3

IV.Tinh gi4 tri bi€u thitc:

1
[Bai 1]: a) Tinh gi4 trj ctia biéu thie B = 2x* —3x +1véi |X| = >

b) Tinh gia tri ctia biéu thirc: 6X” +5X — 2tai X thoa man |x —2|=1
Hudéng dan giai
1

a) Vi |X|:%:>X:i§

2
Véi x=1th‘1 A=2.(£j —3.£+1=0
2 2 2

2
2 2 2
5 R .. 1
Vay A=0V01 XzEVﬁ A=3VOI )(:_E

b) Ta co:
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=
X—2=-1 x=1

x—2=1 X=3
|x—2|:1:{ {

Thay tai X =1=>biéu thircla 6.1° +5.1-2=9
Thay tai X =3 gia trj biéu thtic 12 6.3° +5.3—2 =67

1 1
: Tinh gi4 tri ctia biéu thiee: P = |a — m + ‘a - 2016 voi a= m
Hudng dan giai
| | 1 1] ]1 1
Thay a= vao biéu thiec s P = — + —
2 12015 2014| |2015 2016
Ta co:

1111
2014 2015 2015 2016
1 1 2016-2014

T 2014 2016 2014.2016
2 1 1

P = = =
2014.2016 1007.2016 2030112
2
Tinh gid tri ctia biéu thic sau: A= 2X3+ $x -1 voi |X — =§
X
Hudng dan giai
x—1=g::>x=§::>A=Ei
| _ 2 3 27
=3 2 1 2
X=l=——=X==—=>A=—
3 3 9

Cho biéu thiic: P =|3x—3[+2x+1
a) RatgonP
b) Tim gia tri cia X d& P =6
Hudéng dan giai
a) Véi X>21=P=5x-2
Véi X<1l=>P=-x+4

b)V&x21:>P=5x—2=6c>x:§am)
Véi X<1=>P=-X+4=6= x=-2(tm)

V@zP=6MﬁX:%vx:—2
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Tinh gia tri ctia biéu thite C = 2X° —5y°® + 2015 tai X, Y thoa man:

|x—]J+(y+2)2°:O

Hudéng dan giai

Do |x—1|20;(y+2)20 20:|x—1|+(y+2)20 >0 véimoi X, Y
Két hop |x—1|+(y+2)2°:0:> |X_1|=2? :{le
(y+2)"=0 (y=-2
Gia tri ctia bidu thitc C = 2X° —5y° +2015tai X =1,y =2 la:
C =2.1° -5.(~2)° + 2015 = 2057
Vay C = 2057

V.Tim gia tri 16n nhat — nhé nhét caa mot biéu thirc chira diu gia tri tuyét doi:

1. Dang 1: St dung tinh chat khong 4m cta gia tri tuyét doi:

* Cach giai chu yéu la tir tinh chdt khong am cta gia tri tuyét d6i van dung tinh chat ctia

bat dang thirc d€ danh gid gid tri ctia bidu thtec:
Bai 1.1; Tim gia tri nhé nhat cac biéu thic sau:

a) L +2.
3

1
X+=
2

b)

Huéng dan giai

a) Ta co6: X+% >0

Do d6 gi4 trj nho nhat ctia bidu thitc x+% 120
.7 . 2 A, 2 .« A? 7 1 \ . 1 1
Gia tri nho nhat cua biéu thirc X+§ la 0 dat dwoc khi x+§:0 hay x=—E.
~ L4 . 2 Y 2 1 \ . 1
Vay gia tri nhé nhat cta X+§ la 0 khi X:—E.
. 1
b) Ta co: |x—=| >0
3
1
Suy ra: X—§ +222
Cf e La e o Va1 1 \ .. 1 1
Gia tri nho nhat cua biéu thirc X_§ +2 la 2 dat duoc khi x—§:0 hay x= 3
A .7 . 2 Y 2 1 \ . 1
Vay gia tri nhé nhat cta X—§ +2 1a0khi x:§

Bai 1.2: Tim gia tri I6n nhat cac biéu thitc sau:
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a) —3x+1] b) 6—|x+2].
1 g 3+2|x+1]
|x+6|+2 1+|x+1

Huéng dan giai
a) Ta c6: —[3x+1 <0

Gié tri nho nhat ctia biéu thiic —[3x+1] 1a 0 dat dwoc khi 3x+1=0 hay x = —%

Vay gid trf lon nhit cita —[3x-+11a 0 khi x=—2

b) Ta c6: -|x+2|<0

Suy ra: 6-—|x+2/<6

Gid tri 16n nhat ca biéu thite 6—|x+2|1a 6 dat duockhi x+2=0 hay x=-2
Vay gia tri Ion nhat cta 6—|x+2|1a 6 khi x=-2

c) Ta c: |x+6|+2>2

1

Suy ra; ——~ <+
W e 2

Gid tri 16n nhét ctia bieu thie — 13~ dat duoc khi x+6=0 hay x=—6
|X+6[+2 2

Vay gid tri 16n nhét cia ——— 13 = khi x=—6
x+6[+2 2

3+2[x+1 _1+2(1+|x+]4) 1

d) Ta co: = =
1+[x+1| 1+[x+1| 1+[x+1
Do: 1+|X+1|21.Suy ra: m+2£3
3+2|x+1

Gia tri 16n nhat cta biéu thirc la 3 dat dwgckhi x+1=0 hay x=-1

1+[x+1|
Vay gid tri 16n nhat caa wlé 3 khi x=-1
1+[x+1
1945-|2x -9
2015
Huéng dan giai
2x—9| = 0do dd 1945 -[2x-9| < 1945 va

Bai 1.3; Tim gia tri I6n nhat cta biéu thiee A=

Ta ludn co: VX,

_1945-[2x -9 _1945
© 2015 T 2015°

Do d6 max A = 19&2@
2015 403

Dau “=" xayra < 2x-9=0 < x=4,5

< x=4,5
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Bai 1.4) Tim gid tri 16n nhat cta cac biéu thic sau:

6+2y| 2014 1954
5 b)Q_|7y—5|+60 60 ’

a)P=8-

Huéng dan giai
a) maxP=8 < y=-3

b) VY tacd [Ty-520|7y-5+60260e — = <+
7y —5/+60 ~ 60
2014 _ 2014 2014 1954 2014 1954 _,

<~ hS =g — hS
7y-5/+60 60  [7y-5+60 60 60 60

Vay maxQ=1 < y=

.

~N| o

Bai 1.5 Tim GTLN cua:
4 20 24

a’C:§+|3x+5|+|4y+5|+8 ’ :_6+2|x—2y|+3|2x+14+6
Hudng dan giai
a, Ta co: |3x+5|+|4y+5|+828:>|3X 5 Tf:y 5 8§%=%:CS%+%=%
+5|+|4y + 5|+
Hay MaXC:EDeA{ubgmgkhi {3X+5:0
10, 4y+5=0
b, Ta co:
2|x—2y|+32x+1+6>6= 24 £ﬁ=4:>D£—6+4=—2
2|x—2y|+32x+1+6 ~ 6
Hay MaxD = -2, D&u bang khi {)2()(_+21y—:00

Bai 1.6 Tim gia tri nhé nhat ctia biéu thiec:
_ |x-2017]+ 2018
~ [x-2017|+2019

Hudéng dan giai
_|[x-2017|+2018 (|x-2017[+2019)-1 1
[x-2017]+2019  [x-2017|+2019  © |x-2017|+2019

Biéu thtrc C dat gia tri nho nhét khi [X — 2017|+ 2019 c6 gié tri nho nhat
Ma |x —2017|>Onén |x—2017|+2019 > 2019

Dau "="xayrakhi Xx=2017=C = @
2019
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Vay gid tri nho nhat ctia C la
2019

2018 khi X =2017

Bai 1.7 Tim gi4 tri 16n nhat cua:

a, E:g+ > 21 b, F= L
3 (x+3y) +5[x+5/+14 x=1]+3
Huéng dan giai
a, Ta co:

(x+3y)’ +5[x+5/+14>14=

b,

21 21 3
(x+3y)’ +5|x+5|+14 14 2

. X+3y=0

Hay MaxE = E, D&u bang khi y
6 X+5=0
<l F_l

Tacé:|x—]4+323:>#_—: -
x-1+3 " 3 3

Hay MaxF =%, Dau bang khi x-1=0

13

Dang : Xét diéu kién b6 diu gla tri tuyét doi xac dinh khoang gia tri ctia biéu thirc:

a,E=Mx+q+4x—5 b,F=bx—d+3+5x ¢, G =[2x+7|+5-2x

Huéng dan giai

Voi 4x+320:>x2_73:>E:4x+3+4x—5:8x—2

. -3 -3
Ma x27:>8x—228.7—2=—8 =E>-8 (1)
Véi x<_73:>E=—4x—3+4x—5=—8 (2)
Tt (1) va (2) ta cé : E > -8 = MinE = -8, Ddu bang khi XS_T3
Voi 5x—620:>x2§:>F:5X—6+3+5x:10x—3

. 6 6
Ma x2§:>10x—3210.§—3=9:>F29 (1)
Véi x<g:>E:6—5x+3+5x:9 (2)
Tt (1) va (2) tacé : F >9 = MinF =9, Dau bang khi xsg
Véi 2x+720:>x2_77:>6:2x+7+5—2x:12 (1)
Véi x<_77:>G:—2x—7+5—2x:—4x—2

Ma x<_77:>—4x—2>—4._—27—2:12 =G>12 (2)

THCS.TOANMATH.com

TAI LIEU TOAN HOC



Tt (1) va (2) ta cé : G >12 = MinG =12, D4u bang khi xz_—27

_______________

a, H=2|x-3+2x+5 b, I =3|x—1+4-3x ¢, J =4[x+5[+4x-1
Hudéng dan giai
a, Vi x-320=x>3=H =2(x-3)+2x+5=4x-1

Ma x>3=4x-1>11=H >11 (1)

Voi x<3=H =2(3-x)+2x+5=11 (2)

Tir(1) va (2) tacd: H >11= MinH =11, D&u bang khi x<3
b, Voi x-1>0=x>21=1=3(x-1)+4-3x=1 (1)

Voi x<1=1=3(1-x)+4-3x=—-6x+7

Ma x<1= -6x+7>-61+7=1=1>1 (2)

T (1) va (2) tacé : | >1= Minl =1, Dau bang khi x>1
C, Voi x+5>0=x>-5=J =4(x+5)+4x—-1=8x+19
Ma x>-5=8x+19>8.(-5)+19=-21=J >-21 (1)
Voi x<-5=J=4(—x-5)+4x-1=-21 (2)
______________ T (1) va (2) tacd : J >-21=> MinJ = -21, Ddu bang khi x<-5
Bai 2.3: Tim GTLN cua:

a, D=-2|x—5/+2x+6 b, E =-3|x—4]+8-3x ¢, F=-5[5—x|+5x+7
Hudéng dan giai
a,  V6ix-520=x25=D=-2(x-5)+2x+6=16 (1)
Véi x<5=>D=-2(5-x)+2x+6=4x—4
Ma x<5=D=4x-4<16 (2)

Tt (1) va (2) tac6d: D <16 = MaxD =16, D&u bang khi x>5

b, V6i x-420=>x>4=E=-3(x—-4)+8-3x=—-6x+20
Ma x>24=E=-6x+20<-64+20=-4 (1)
Véi x<4=E=-3(4-x)+8-3x=—4 (2)
Tt (1) va (2) tac6d : E <-4 = MaxE = —4, Ddu bang khi x< 4

c, V6i 5-x>0=x<5=F =-5(5-x)+5x+7=10x-18
Ma x<5=F =10x-18<10.5-18=32 (1)
V6i x>5=F =-5(x—5)+5x+7=32 (2)
Tt (1) va (2) tacd : F <32 = MaxF =32, Ddu bang khi x>5

3. Dang 3: S&r dung bat dang thic |a| + o > |a + b|

Bai 3.1; Tim gia tri nho nhat ctia biéu thite B = [2x—5+|2x 11| ;
Hudng dan giai

Cdch 1: St dung |[a|+|b|>]a+b| . Ddu “=" xdy ra < ab > 0.

Ta c6 B = [2x—5|+[2x—11|=|2x -5+ [11-2X| > |(2x-5)+(11-2x)|= 6

Vay B > 6 Dau “=" xdy ra < (2x—5)(11-2x)> 0 Lap bang xét d&u :
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X 2,5 5,5
2x -5 - 0 + I +
11 - 2x + | + 0 -
V€ trai - 0 + 0 -

@x=5)11-2x)2 0 < 25<x<55.
Dodé minB=6 < 2,5<x <5,5.
Cdch 2 : Lap bang xét gia tri tuyét ddi :

X 2,5 5,5
|2x — 5| 5 - 2x 0 2x -5 | 2x -5
|2x —11 11-2x | 11-2x 0 2x-11

*Voi x<25 tacd B=16-4x>6. (1)

*Véi 25<x<55thi B=6. (2)

*Voi x>55 tacd B=4x-16 >6. (3)

Tt (1); 2); (8) tacd6 minB=6 << 2,5<x<55.
Bai 3.2 Tim gié trj nho nhét ctia biéu thire: M = 2012 — X|+[2013 - x|
Hudng dan giai

Str dung |A|+|B|>|A+ B|.Dau “="xay ra khi A, B cling dau (%)

Ta cé:
M =|2012 — x|+ [2013 - x| =|2012 — x|+ |x — 2013 >|2012 — x + x — 2013| =|-1| =1
Vay MinM =1 2012 < x < 2013
[Bai 3.3} Tim g4 tri nho nhat cua bidu thire A=[2X+2|+[2x — 2013 v6i X 1a 56 nguyén.
Huéng dan giai
Ta co:
A=[2x+2|+|2x— 2013 =|2x + 2| +|2013 - 2]
>|2x+ 2+ 2013 - 2x|= 2015

2013
2

Dau "="xay ra khi (2x+2)(2013-2x)>0 < -1<x <

Vay MaxA=2015khi x=-1
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: Tim gia tri nhé nhat cua biéu thirc A= |X - 2| + |2X - 3| + |3X - 4|

Huéng dan giéi
Ta cé: [X—2|+[3x — 4| =|2 - X|+[3x — 4| > |2 — x + 3x — 4| =[2x - 2|
Dau "="xay ra <:>(2—x)(3x—4)20<:>%§x£2
[2x - 3|+ [2x— 2| =[3-2X| +[2x - 2| > [3 - 2x + 2x - 2| =[1] =1
Dau "="xay ra <:>(2x—3)(2x—2)20<:>1£x£%
Do d6=> A=|x—2|+|2x—3|+[3x —4/>1.D&u "="xay ra
ﬂSXSZ

S <~

1£x£§
2

w| b

SXSE
2

) 4 3
Vay gia tri nho nhat caa Ala min A=1<:>§s XSE

Bai 3.5: Tim gia tri nho nhat cua cac biéu thuc sau:

a) L = |[5x —2010|+ [5x —2020|;

b) M = |x—2015|+|x—2016|+|x —2017|+|x —2018] ;

Hudng dan giai
a) Str dung bat dang thic [a|+|b| > [a+b|. Dau “=" xdy ra <>ab > 0.
L=[5x — 2010| + 5x — 2020| =[5 — 2010| + 2020 - 5| > [5x — 2010+ 2020~ 5X| =10
Vay L > 10.D4u “="xay ra <> (2020 —5x)(5x —2010)> 0
< 402<x<404 Dodé minL=10 < 402 < x < 404.
(c6 thé lap bang xét gia tri tuyét doi dé giai)
b) Xét M, =|x—2015+|x—2018 ; M, =|x—2016|+|x —2017|

Gidi twuong twa)tacé minMi1=3 > < 2015 < x <2018
min M:=1 > < 2016 < x < 2017
Vay min M =4 < 2016 < x < 2017.
Chox+y=5tim gid tri nho nhat cta biéu thic: A=|x+1+|y-2|
Loi giai
T X+y=5=y=5-x= A=|Xx+1+[5-x—-2|=|x+1+3-X/>|x+1+3-x|=4
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. . {(x+1)(3—x)20 {—1gx33
Dau bang khi : =>
X+y=5 X+y=5

Bai 3.7 Cho x — y =3, im gid trj ctia bidu thiec: B =|x—6[+|y +1
Loi giai
Tt x—-y=3=Xx=y+3=>B=|y+3-6/+|y+1=[3-y|+|y+1=[3-y+y+1=4

D&u béing khi ;{E(S__yyl(;’ *1)20 {;{Syyj:
: Cho x - y =2 tim gia tri nho nhat ctia bi€u thuc:
C=[2x+1+[2y +1
Loi giai
Tacod: C=[2x+1+|-2y -1 = [2x+1-2y -1 =[2(x—y)|=4
Déu biing Khi : {izf;i)g—Zy—l) >0
: Cho 2x +y =3 tim gid tri nho nhét ctia bi€u thite: D =|2x +3|+|y + 2|+ 2
Loi giai
Tacod: D=[2x+3+|y+2[+2>|2x+3+y+2|+2=|3+5[+2=10
D#u bing khi : {(2 ix++y3i(;/ +2)20
: Cho a,b,c,d 1a cic s6 dwong. Tim gia tri nhé nhat ctia biéu thic:
A=|x—a|+|x—b|+|x—c|+|x—d
Loi giai
Khong mat tinh tong quat, gia s @ <b < ¢ <d.Ap dung BDT |a|+|b| > |a+b|,dé'u bang
xay ra <> ab >0ta c¢:
x—a|+|x—d|>|x—a|]+|d —x|>[x—a+d -x|=d -a )
x=b|+|x—c|>|x—b|+|c—x|>[x-b+c—x|=c—b (2)
Suyra A>C+d —a—b.Dau "="xay ra khi va chi khi ddu "="6 (1) va (2) xay ra
< (x-a)(d-x)>0va(x-b)(c—x)>0<=a<x<dvab<x<c.Dodé
MinA=c+d-a-beb<x<c
Bai 3.11: Tim gia tri nho nhat ctia A, biét :
A =17x-5yl + 12z - 3x| +Ixy +yz + zx - 2000
Loi giai
Tacod I7x -5yl > 0; 12z-3xI>0va | xy+yz+2zx-20001 >0
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Nén A = |7x -5yl + 12z - 3x| +Ixy + yz + zx - 20001 > 0
Ma A =0 khi va chi khi
|7x =5yl =12z - 3x| = Ixy + yz + zx - 20001 =0

Co: 17x =5yl =0 & 7x =5y & E:%

[2z —3x| =0 & X_z
2 3

Ixy +yz+2zx-20001 =0 < xy +yz + zx = 2000
x=20;y=28;,z=30

Tt @6 tim dwoc
x=-20;y=-28,z=-30

A > 0,maA=0<® (xy,z)=(20,28;30) hoac (x,y,z)= (-20;-28;-30)
Vay MinA =0 & (x,y,z) = (20;28;30) hoac (x,y,z)= (-20;-28;-30)
Lwu y: HS lam cich khdc diing van cho diém t6i da

Bai 3.12: Tim gid tri 16n nhét ctia biéu thic: P:(Zx—5y) —(15y - 6x —|xy —90]
Loi giai
Tacéd: P = (2x—5y)2 —(15y—6x)2 —|xy —90|
= (2x-5y)’ —(6x-15y)’ —|xy —90|
=(2x-5y)" - (2x 5y)° —|xy —90|
[8 (2x-5y)’ +|xy - 90|J
Ta thay (2x—5y)2 > 0véimoi X, Y nén 8.(2x—5y)2 > 0véimoi X, Y
Xy —90| > 0 v6i moi X,y
Khi dé6 8.(2x—5y)2 +|xy —90|> 0véi moi X,y
Suy ra —[8.(2x—5y)2 +|xy—90|} <0vdimoi X,y

Hay P <0véimoi X,y
(2x—5y)2=0 XY
=

Dau " ="xay ra khi
[xy -90[=0 xy =90
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Néu k=3=x=15,y=6
Néu k=-3=x=-15,y=-6
X=15;y=6

Vay MaxP =0 <
X=-15y=-6

2
1 2
Bai 3.13; Tim gid tri nho nhat cua biéu thic sau: (X + g] + |y + 5| 3

Loi giai

2
(x+1j20,|y+5|20:>(x+% +|y+5|—22—g
3 3 5 5

2 1
Gia tri nho nhat ctia biéu thic la T S X= ~3 y=-5

Bai 3.14: Tim gia tri 16n nhat cua biéu thitc sau:
=(3x - 2y)2 —(4y - 6x)2 —|xy — 24|
Loi giai
Ta co:

=(3x—2y)2 —(4y—6x)2 —|xy — 24

:(3x—2y)2 —4.(2y—3x)2 —|xy — 24 =(3x—2y)2 —4.(3x - 2y)2

=-3.,(3x - 2y) [ (3x— 2y) +|xy — 24]]
Ta c6: 3.(3x — 2y)2 > 0VX, y;|xy — 24| > 0vX,y
Do d6: 3.(3x—2y)2 +|xy —24|>0 VX, Yy

Nén —[3.(3x ~2y) + Xy - 24|] <0 WXy

Hay H <0
Dau " ="xay ra khi va chi khi: 3X—2y =0va Xy —24=0(1)
V6i 3x—2y=0=3x=2y=>-=J
23
it =Y =k = x=2k; y = 3k
2 3

k=2

Thay X = 2K,y =3k vao (1) ta duoc: 2k.3k—24=0<:>|:k _ 5
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X=22=4

Véi k=2=>
X=3.2=6

X
; voi k=—2:>{

X=4,y=6

Vay gid tri 1én nhit cia H1a 0 <
X=—4;y=-6

THCS.TOANMATH.com TAI LIEU TOAN HOC




CHUYEN DE 11: CAC BAI TOAN VE XAC PINH DA THUC

Trong cac dé thi hoc sinh gioi, dé thi vao cac idp chuyén toan,co bai toan xac dinh
da thitc hodc tinh cac gid tri cta da thirc.Viéc tim toi 101 giai bai todn xac dinh da thtc
teong gay lung tung cho sinh.Nguyén nhan chinh la hoc sinh duoc trang bi day du cac
kién can thiét nhung roi rac & cac khoi 16p va thuong thiéu bai tdp ap dung. Qua day
nham cung c8 kién thitc vé da thitc tong chwong trinh toan tir 16p 7 dén 16p 9 rén kj ning
giai mot s6 dang toan trén tir don gian dén phtc tap ma kién thirc cia n6é khong vuot
qua trinh do THCS.

A/MOT SO KIEN THUC CO BAN DE GIAI LOAI TOAN NAY
1. Dinh ly Bodu:
Phéan du ctia phép chia da thic f(x) cho nhi thic x - a b?mg gid tri ctia da thic taix=a
Ttc la: f(x) = (x - a).g(x) + f(a)
Chirng minh : Goi g(x) la da thirc thwong va R 1a s6 dw thi:
f(x) =(x - a).g(x) +R
f(a)=(a-a).g(a)+R=R (dpcm)
2. phuong phap hé s6 bat dinh:
Gia st: f(x)=a,x’ +a,x* +a,x' +a,
g(x)=b,x>+b,x* +b,x' +b,

Néu f(x) = g(x) voi it nhat 4 gia tri phan biét ctia x thi: a, =b,;a, =b,

Chitng minh:

Gia str 4 gia tri phan biét x;x,;x,;x, co: f(x

)=g(x)
f(x,)=g(x) (2)
f(x;)=8(x) (3)
f(x4)=g(x4) (4)

bat c,=a,-b,;c,=a,-b,;c,=a,-b;;c,=a,-b
Trie tiing vé cua (1) va (2) dugc:
c3(xf—x§)+c2<xf —x§)+cl(xl—x2)=0
Vi x, —x, #0nén

c3<xf+x1x2+x§)+c2(x1—x2)+cl=0 (5)
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ong tu ttr (1) va (3) co:
c3<xf+x1x3+x§)+c2(xl—x3)+cl=O (6)
Trtr theo ting vé€ ctia (5) va (6) roi chia cho x, —x, # 0 duoc:
C2+C3(X1+X2+X3)=0 (7)
Tuong tw tt (1), (2), (4) co:
c2+c3(x1+x2+x4):0 (8)
Trie theo tung v€ caa (7) va (8) duoc:
c3(x3—x4)=0:>c0 =0 vix; #X,x3—X4 #0
Thay cs =0 vao (8) duwoc c2=0. Ttr d6 va (6) duoc c1 =0.
Thay vao (1) dwoc ao = bo suy ra dpcm.
11- MOT SO DANG TOAN THUONG GAP
Dang 1: Xac dinh da thitc bac n (n=2,3,...) khi biét (n + 1) c6 gia tri ca da thiec:
Vidul. Cho dathtc: f(X)=ax’+bx+c, Xac dinh cdc hé s8 a,b,c biét:
f (O) =2;f (1) =7 f (—2) =-14
Loi giai
Theo bai ra ta co:
f0)=2 =0+c=2=c=2
f(1)=0 >a+b+2=7=a+b=5 (1)
f(-2)=-14 = 4a-2b+2=-14=2a-b=-8 (2)
Te (1) va(2)suyra:ta=-1vab=6.
Vay da thac can tim la: f(x) = -x2+ 6x + 2.
Vidu 2. Xac dinh da thiec bac 3 biét: £(0) =1; £(1) = 0; £(2) = 5; £{(3) = 22
Loi giai
Goi da thtrc can tim la:  f(x) = ax® + bx® + cx +d
Theo bai ra ta co:
f0)=1=d=1
f(1)=0 >a+b+c=-1 (1)
f(2)=5 =>4a+2b+c=2 (2)
f(3)=22 =9a+3b+c=7 (3)
Tt (1), (2), (3) ta c6 hé phuong trinh:
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a+b+c=1
da+2b+c=2
9a+3b+c=7

Gidirataduwoc:a=1,b=0;,c=-2
Vay da thitc can tim la: f(x) = x3- 2x + 1.
Vidu 3. Chohams8: y = f(x)=ax’+bx+c cho biét f(0)=2010, f(1)=2011, £(-1)=2012,
Tinh f(-2)
Loi giai
Theo gia thiét ta co: f (0) = 2010 =>c = 2010,
f()=2011=>a+b+c=2011=>a+b=1

va f(-1)=2012=> a—b+c:2012:>a—b:2=>a=§,b=_?1

khi d6 ham s8 c6 dang y = f (x) :gxz —%x+ 2010 = f(2) = 2017
*Chuay: DE€ xéac dinh duoc da thirc bac n thi can biét n + 1 gia tri ctia da thirc, con néu
chi biét n gia tri thi da thiec tim duoc ¢ hé s6 phu thu¢c mot tham s6.
* Bai tap ap dung;:
Cau 1. Tim da thtc bac 2 bist:  f(0)=4;  f(1)=0;  f(-1)=6
Cau 2. Tim da thtcbac 4 bict:  £0)=-1; f1)=2  £2)=31;  f(2)=47
Cau 3: Cho da thuec: f(x) =ax’+bx+c ,Xacdinh a, b, c biét: f(—2) = 0,f(2) =0 vaalaso
16n hon ¢ ba don vi.
Cau 4: Cho ham so f(x) =ax’ +bx* + cx +d thda man: f(—l) = 2,f(0) = 1,]{%} = 3,f(1) =7
Xac dinh gid tria, b, cvad
Cau 5: Xac dinh da thirc: P(x) =ax’+bx* +cx+d ,biét:
P(0)=2017,P(1)=2,P(-1)=6,P(2) =—-6033
Dang 2: Xac dinh da thiec du khi biét mot s6 phép tinh khac
Vi du 3. Da thtc f(x) néu chia cho x -1 dwgc s6 dw béng 4, néu chia cho x-3 dwoc s0 du
bang 14.
Tim da thttc du ctia phép chia f(x) cho (x - 1)(x -3)
Loi giai
Cdch 1: Goi thuong cta phép chia f(x) cho x — 1 va cho x — 3 theo theo tht tw la A(x) va
B(x)

Ta co:
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f(x) =(x=1).A(x) +4 vdi moi x (1)

f(x) = (x = 3).B(x) + 14 v6i moi x (2)

Goi thwong cua phép chia f(x) cho (x — 1)(x — 3) la C(x) va dw la R(x).Vi bac cua R(x)
nhé hon bac cta sd chia nén béc ciia né nhé hon bac 2 nén R(x) c6 dang ax +b

Ta co: f(x) = (x — 1)(x = 3).C(x) +ax + b v6i moi x (3)

Thay x =1 vao (1) va (3) ta dwoc: f(1)=4; f(1)=a+Db

Thay x =3 vao (2) va (3) ta dugc: £(3) =14; {(3)=3a+Db

a+b=4 a=>5
= =
3a+b=14 " |b=-1

Vay da thttc du ctia phép chia f(x) cho (x - 1)(x —3) la 5x — 1

Cdch 2:
f(x)=(x-1).A(x) +4
nén  (x—3).f(x) = (x = 3)(x = 1).A(x) + 4(x - 3) (1)
f(x) = (x-3).B(x) + 14
nen  (x—1).f(x) =(x=3)(x = 1).B(x) + 14(x - 1) (2)

Lay (2) — (1) ta duoc:
[(x=1)=(x=3) ].£(x) =(x = 1)(x = 3) [A(X) - B(x)] + 14(x —= 1) = (x = 3)
néen 2f(x) = (x = 1)(x = 3)[A(x) = B(x)] + 10x — 2

A(X) - B(x)
' 2

=f(x) = (x - 1)(x - 3) +5x—1

Ta thay 5x — 1 c6 bac bé hon bac sd chia vay sd du can tim la 5x - 1.
Vi du 4. Da thtrc f(x) khi chia cho x + 1 dw 4 khi chia x> + 1 du 2x + 3. Tim da thttc dw khi
chia f(x) cho (x + 1).(x>+ 1)
Loi giai
Theo dinh 1y Bo du ta c6 f(-1) = 4 (1)
Do bac ctia da thtrc chia(x + 1)(x*>+1) la 3
Neén da thtrc du c6 dang ax? + bx + ¢
=f(x) = (x+ 1)(x>+1). q(x) +tax? + bx +c
=[(x +1). q(x) +a](x>+1) +bx +c—a 2)
ma f(x) chia cho x>+ 1 du 2x +3 (3)
T (1), (2),(3) tacdb=2 4);c-a=3 (5)
Ma f(-1)=4 nén a-b+c=4 haya-2+c=4 (6)

Tt (5) va (6) suy ra: a:%, c:%
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a duoc da thitc can tim: gx2+ 2x + %

Vidu5. Tim da thtc du cta phép chia: X7+ x° +x3 + 1 cho x?-1
Loi giai
Cdchl:
Tach da thitc bi chia thanh nhiing da thitc chia hét cho da thiic chia.
Ta thay x* — 1 chia hét cho x — 1 v&i moi s6 tw nhién n nén x> — 1 chia hét cho x2-1; x° -1,
... chia hét cho x2 - 1.
Ta co: X+ +x3+1=x"-x+x°=x+x3—x+3x+1
=x(xt-1)+x(x*-1)+x(x*-1)+3x+1
= Du cuia phép chia: X7 + x® + x3+1 chia cho x>~ 11a3x + 1
Cdch 2: Xét gia tri riéng
Goi thwong cua phép chiala Q(x) dulaax+b

Ta co: X7 +x%+x3+1 = (x + 1)(x = 1).Q(x) + ax + b v&i moi x
Déng thitc dting véi VX nén véix =1taduoc:4=a+b (1)
Véix=-1taduwgc-2=-a+b (2)

Te (1), 2) = a=3;b=1

Vay du cua phép chia la: 3x + 1.
* Bai tap ap dung;:
Cau 1. Tim da thic P(x) biét rang P(x) chia cho (x + 3) du 1, chia cho (x — 3) du 8. Chia cho
(x + 3)(x — 3) thi dugc thwong 3x va con duw.
Cau 2. Tim da thiec dw ctia phép chia: x* + x%+ x!' + x +7 cho x* + 1
Dang 3: Xac dinh da thitc khi biét diéu kién ctia cac hé s
Vi du 6. Tim cac da thiec f(x) co tat ca cac hé so 1a sd nguyénkhong am nho hon 8 va thoa
man: f(8) = 2003.

Loi giai

Xét da thtec

f(x) = anx" + an-1X™! + ...+ a1 + ao véi Ao, a1 ... an1, an déu la cac s6 nguyén khong am va
nho hon 8.

Do £(8) = 2003 nén an.8" + an-1.8™" + ...+a1.8 + ao= 2003

O day ao, a, ..., an1, an la cac chit s6 ctia 2003 dwoc viét trong hé ghi s6 co s 8. Thue

hién viéc chia 2003 cho 8 duoc du ao = 3 lai 1ay thuwong chia cho 8, lién ti€p nhu vay ta duoc
da thirc can tim la: f(x) = 3x% + 7x2+ 2x + 3

* Bai tap ap dung;:
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aul. Tim da thic f(x) cac hé sd déu la s6 nguyén khdong &m nho hon 5 va £(5) = 352
Dang 4: Xac dinh da thtc f(x) thoa man 1 hé thiec d6i véi f(x)
Vi du 7. Tim da thirc P(x) bac 4 thdéa mai cac diéu kién sau:
P(-1)=0va P(x)-P(x—1)=x(x+1)(2x+1),¥xeR.
Loi giai
Véix=0thi P(0)=P(-1)=0
Véix=-1thi P(-1)=P(-2)=0
Do d6 P(x) nhan -1, 0, -2 la nghiém.
Dat P(x) = x(x+ 1)(x +2)(ax+b) voa#0.
Vé6ix=1thiP(1)=P(0) +6=6.Suy ra:a+b=6 (1)

Véix =2 thi P(2) = P(1) + 30 = 36. Suy ra: 2a+b :% %)
\ . 1
Tt (1) va (2)suyra: a=b =3

Vay Pz%x(x+1)2(x+2)

* Bai tap ap dung;:

Tim tat ca cac da thie P(x) bac nho hon 4 va thoa mén hé thic sau it nhat 4 gia tri
phan biét ciax:  x.P(x-1)=(x - 2).P(x)
IIl. PHUONG PHAP DUNG DA THUC PHU DE GIAI BAI TOAN TiM PA THUC
HOAC TINH GIA TRI CUA PA THUC.

Gioi thiéu phuwong phap: Cac nhiéu phuong phép dé giai bai toan xac dinh da
thirc chu yéu la dung da thirc thuan nhét; hai da thiic dong nhat; dinh 1y Bo du; hé s6 bat
dinh khi xac dinh da thirc bac n ma da biét n + 1 gia tri cia nd. Song c6 nhiéu bai toan
khong thé tim dwoc da thitc bang cach truc tiép ma phai dung phuong phap dung da thiic
phu dé€ xac dinh da thttc hodc tinh gia tri riéng cta da thiec.

Vi du minh hoa:

Vidu 8. Cho da thirc f(x) bac 4 v6i hé s6 bac cao nhat la 1 va thoa man (1) =10, £(2) =20,

£(3)=30. Tinh: W +15

Phdn tich bai todn:
- Da thirc bac 4 ma méi biét ba gid tri cua da thitc nén phai dung da thic phu g(x) = f(x) +
h(x).

- Bac ctia f(x) 1a 4 nén bac cua g(x) la 4 va bac caa h(x) nho hon s gia tri caia f(x).
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udt toan tim da thirc phu.

Buoc 1:
bat g(x) = f(x) + h(x) & d6 h(x) la mot da thirc c6 bac nho hon bac cta f(x) dong thoi
bac ctia h(x) nho hon s gia tri da biét cta f(x)
Trong dé bai bac cua h(x) nho hon 3 nghia la:
g(x)=f(x)+ax?+bx +c
Buoc 2:
Tim a, b, c d€ g(1) = g(2) =g(3) =0.
0=1+a+b+c
Tucla:10=20+4a+2b+c
0=30+9a+3b+c
Giai hé phuong trinh dwoc:a=0;b=-10;c=0
Theo phwong phap hé s6 bat dinh:
Suy ra: h(x) =- 10x
Hay: g(x) = f(x) — 10x
Loi giai
Ddt da thtec phu: g(x) =f(x) - 10x = g(1)=g((2)=g3) =0
Do bac f(x) 1a bac 4 nén bac cuia g(x) la 4 va g(x) chia hét cho x - 1; x — 2; x - 3 suy ra:
g(x) = (x ~ 1)(x = 2)(x - 3)(x = x0)
= f(x) = g(x) + 10x = (x — 1)(x — 2)(x — 3)(x — x0) + 10x
Ta c6 £(12) = (12 - 1)(12 - 2)(12 - 3)(12 — x0) + 10.12
=11.10.9. (12 — x0) + 10.12 = 10.[99.(12 — x0) + 12]
f(-8) = (-8 = 1)(-8 — 2)(-8 — 3)(-8 — x0) + 10.(-8)
= (-11).(-10).(-9). (-8 — x0) + 10.(-8) = -10.[99.(-8 — x0) + 8]
Suy ra: f(12) + £(-8) = 10.[99.(12 — x0) + 12] + (-10).[99.(-8 — x0) + 8]
=10(1200 — 99x0 + 784 + 99x0)
=10.1984

W +15=1984+15 =1999

Ta tinh duoc:

Vi du 9. Cho da thtic f(x) bac 4 ¢6 hé s6 bac cao nhat la 1 va thoa man: f(1) = 3; £(3) = 11;
f(5) = 27. Tinh gid tri cta £(-2) + 7.£(6)

Phan tich bai toan:

- Da thitc bac 4 ma mdi biét ba gid tri cua da thitc nén phai dung da thic phu g(x) = f(x) +
h(x).
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ac ctia f(x) 1a 4 nén bac ctia g(x) la 4 va bac cta h(x) nho hon s6 gia tri cua f(x).
Loi giai
+ Tim da thtec phu:
bat g(x) =f(x) +ax> +bx +c. Tima, b, cd€ g(1)=g((3)=g((5) =0
< a, b, cla nghiém ctia hé phuong trinh
0=3+a+b+c
0=11+9a+3b+c
0=27+25a+5b+c

Giai hé ta dugc:a=-1; b=0; c=-2 nén dat g(x) = f(x) -x2-2
+ Tinh gia tri f(x):

Bac f(x) la bac 4 nén g(x) la bac 4 va g(x) chia hét cho (x — 1); (x - 3); (x — 5) nén g(x) =
(x = 1D)(x = 3)(x = 5)(x = x0)

= f(X) =g(X) = (-x* =2) = (X =D)(X = 3)(X = 5)(X = X, ) + X* +2

Tinh dwoc: f(-2) + 7£(6) =1112
Vi du 10. Cho da thtrc f(x) bac 3 vdi hé sO cua x® 1a mot sd nguyén, thoa man £(1999) = 2000
va £(2000) = 2001.

Chiting minh rang f(2001) — £(1998) 1a hop s&.
Phén tich bai toadn:
- Pa thtrc bac 3 ma mdi biét hai gia tri cua da thiec nén phai dung da thic phu g(x) = f(x) +
h(x).
- Bac cta f(x) 1a 3 nén bac caa g(x) la 3 va bac caa h(x) nho hon s gia tri caia f(x).
Loi giai
+ Tim da thtec phu.
bat g(x) = f(x) + ax + b. Tim a, b dé€ g(1999) = g(2000) = 0 twong dwong vdi a, b la

0=2000+1999.a+Db
0=2001+2000.a+b
Gidihé taduwoc:a=b=-1
Neén dat g(x) =f(x) -x -1

nghiém ctia hé:{

+ Tinh gia tri ctia f(x):
Gia stt ke Z 1a hé s8 ctia x® ctia da thitc f(x). Do bac ctia f(x) bang 3 nén bac g(x) bang 3
va g(x) chia hét cho (x — 1999); (x — 2000) nén:
g(x) = k(x — 1999)(x — 2000)(x — xo); f(x)=g(x) - (-x—-1)
= f(x) = k(x — 1999)(x — 2000)(x — x0) + x + 1
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c6 f(2001) =k .2.1.2001 +2002 =2k . 2001 + 2002
£(1998) = k. (-1) . (-2) . 1998 + 1999 = 2k . 1998 + 1999
= £(2001) — £(1998) = 2k . 2001 + 2002 — 2k . 1998 + 1999
Tinh dwoc £(2001) — £(1998) = 3(2k + 1)
Vi 3(2k + 1) 1a hop s6. Vay £(2001) — £(1998) la hgp s6.
Vi du 11. Tim da thitc bac 3 biét rang khi cho f(x) chia cho x - 1, x - 2, x - 3 déu duw 6 va
f(-1) = -18.
Phdn tich bai toadn:
- Pa thuc cho f(x) chia cho x - 1, x — 2, x =3 déu du 6, theo dinh ly Bo du ta c6 f(1) = f(2) =
£(3) = 6. Tim da thttc phu g(x) = f(x) + h(x) v6i h(x) c¢é bac la 2.
- Bac cta f(x) 1a 3, c6 ba gia tri cua da thirc nén hé s6 cta f(x) phu thudc vao tham so.

Loi giai
+ Tim da thtc phu:
Theo dinh ly Bodu ta c6 f(1) =£(2) =£(3) =6
bat g(x) =f(x) +ax>+bx +c. Tima, b, cd€ g(1)=g((2)=g(3) =0

0=6+a+b+c
< a,b,c la nghiém ctia hé 0=6+4a+2b+c
0+6+9a+3b+c
Gidi ra ta duoc: a=b =0; c=-6 nén dat g(x) = f(x) - 6
Véig(1) = g(2) = g(3) = 0
+ Xac dinh f(x):
Do bac f(x) 1a 3 nén bac g(x) 1a 3 va g(x) chia hét cho (x - 1); (x - 2); (x — 3)

= g(X) = n(x-1)(Xx - 2)(X - 3) (n1a hé s& cta x® trong da thirc f(x)).
= f(x) =n(x-1)(x-2)(x-3) +6
Mat khac f(-1)=-18 = n=1 = f(x) =x>- 6x2+ 11x.
Vi du 12. Tim da thic bac 3 biét £(0) =10; (1) = 12; £(2) = 4; £(3) =1

Loi giai
Cach 1: Da giai 6 dang 1
Cach 2: +Tim da thic phu: Dat g(x) =f(x) +ax? +bx + ¢
0=10+c

Tima, b, cdég(0)=g(1)=g2)=0 < a, b, clanghiém catahé { 0=12+a+b+c
O=4+4a++2b+2

Hé ta duwoc:a=5,b=-7,c=-10
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Nén dat g(x) = f(x) + 5x2 - 7x - 10

Vi g(x) = g(1) = §(2) = 0

+ Xac dinh f(x)
Do bac f(x) 1a 3 va bac cua g(x) la 3 va g(x) chia hét cho x; x —1; x -2
Goim la hé s6 ctia X ctia da thikc f(x) thi g(x) = mx(x — 1)(x — 2)

= f(x)-mx(x-1)(x-2)-5x" +7x+10=0

Mt khac; £(3) = 1= m = g
A 7 A \ \ 5 3 25 2
Vay da thttc can tim la: f(x) = Ex " x% +12x +10

* Bai tap ap dung;:
Cau 1: Da thttc f(x) khi chia cho x + 1 dw 4 khi chia cho x2 + 1 du 2x + 3. Tim s6 du khi chia
£(x) cho (x + 1)(x2 + 1).
Cau 2: Xac dinh a, b d€ da thac: ax® + 12x2 + bx + 1 la lity thtra bac 3 cia mét da thire khac.
Cau 3: Tim cacsd a, b, c d€ x*—ax?>+bx — c= (x —a)(x = b)(x — ¢)
Cau 4: Tim da thic duw ctia phép chia x3° + x* + x2015 + 1cho x?!
Cau 5: Tim gia tri ctia a d€ da thuc f(x) = x* + 5x% — 2x? + ax + 40 chia hét cho da thic x2 - 3x
+ 2 khi d6 gia tri nho nhat ctia thuong la bao nhiéu?
Cau 6: Tim da thtre(x) bac 2 biét £(0) = 19, £(1) = 5; £(2) =1995
Cau 7: Tim da thirc(x) bac 3 bi &t £(0) =2; £(1)=9; £(2) =19; £(3) =95
I1I- CAC BAI TOAN VE DA THUC TRONG CAC DE THI
Cau 1. Cho da thuc f(x)=x"*-101x° +101x" 101" +.....~101x +101. Tinh f (100)
Cau 2. Cho da thtre f(X)xac dinh véi moi X thoa mén:
x.f (x+2):(x2 —9) f (X)

1) Tinh f(5)

2) Chimg minhring f(X)c6 it nhat 3 nghiém
Cau 3.

a) Tim nghiém ctia da thitc 7X* —35X+42=0

b) Pathuc f(x)=ax’+bx+cco a,b,Cla céc s8 nguyén, va a = 0.Biét véi moi gia

tri nguyén cua X thi f (X) chia hét cho 7. Chting minh &,Db, Cciing chia hét cho 7

Cau 4.
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a) Xéc dinh da thitc P(X) c6 bac 2 v6i hé s6 cao nhat bang 1 va nhan hai s6 0;—31am
nghiém
b) Cho da thiic f (X), biét véimoi Xtacd: X.f (X +1) = (X - 2) f (X).Cht’mg minh
rang da thiee f (X) ludn c6 it nhat hai nghiém.
Cau 5. Cho da thuc f(x)=a,x* +a,x* +a,x’ +ax+a,
Biét ring f (1) = f (<1);  (2)= f (-2).
Chting minh f (X)= f (=X)véimoei X
Cau 6. Tim da thitc M biét riing: M + (5x2 —~ 2xy) =6x° +9x -y’
Cau 7. Cho 2 da thuc:
P(x) = X* + 2mx +m?®
Q(X)=x*+(2m+1)x+m’
Tim mbiét P(1)=Q(-1)
Cau 8.
1) Tim da thite Abiét: A— (3xy —~ 4y2) = x> —7xy + 8y’
2) Chohamss y = f(X)=ax+2c6 do thi di qua diém A(a—1a’+a)
a) Tim a
b) Véi @ vira tim duoc, tim gid tri cia X théa man f (2X - l) =f (1— ZX)
Cau 9. Tim da thtic bac hai biét f (x)— f (x—1)=X. Tir d6 ap dung tinh téng
S=1+2+3+....+n
Cau 10. Cho da thie f(Xx)=x"-101x° +101x° -101x" +.....—101x +101.
Tinh f(100)
Cau 11. Cho da thtc: f(x) =ax*+bx + ¢
Biét 13a + b + 2c = 0. Chting minh £(-2). (3) <0
Cau 12. Cho da thtrc p(x) =ax® +bx2+ cx + d, v6i a, b, ¢, d 1a cac hé s6 nguyén. Biét réng,
p(x) :5 v6i moi x nguyén. Chimg minh rr?mg a, b, ¢, d déu chia hét cho 5.
Céu 13. Tinh gia trj ctia da thic P = X° + X°y —2X* =Xy — y* + 3y + X+ 2017 voi
X+y=2
Cau 14.
Tinh gié tri ctia da thite T (X) = X° — 2018X* + 2016x° + 2018x° — 2016X — 2017 tai x = 2017
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au 15. Tim da thirc M biét ring : M +(5x* —2xy) = 6x* +9xy - y*.

)2014

Tinh gia trj caia M khi x, y thoaman (2x-5)"" +(3y+4)”" <0.

Cau 16. Cho hai da thiec: f(x) =(x—1)(x+3) va g(x)=x>—ax’> +bx—3
Xac dinh hé s6 a;b cua da thie g(X) biét nghiém cua da thiee f(X) cling 1a nghiém cua da
thire g(X).
Cau 17.
1. Tim cac sd nguyén x, y biét: x —2xy +y —3=0.
2. Cho da thirc f(x) = x'° - 101x° + 101x% — 101x7 + ... — 101x + 101.
Tinh £(100).
Cau 18:

1. Cho da thttc A(x) =x+x2+x3 + ...+ x% +x10,

a) Chttng minh rdng x=-11a nghiém ctia A(x) b) Tinh gid tri biéu thirc A(x) khi x = %

Cau 19.
a) Tim gid tri cia m dé da thie g(x) = x* +m?x* + mx* + mx -1 cé nghiém la -1.

b) Tim tdng cac hé s§ ctia da thiic sau khi phd ngodc va sap xé&p, biét:
2 2013 3 2 2014
f(x):(3x —12x+8) -(x —2X +3x—3)

Cau 20. Cho da thirc Q(x) = ax’ +bx* +cx +d véia, b, c,d €Z . Biét Q(x) chia hét cho 3
véimoix € 7. Chung t6 cac hé sO a, b, ¢, d déu chia hét cho 3.
Cau 21.
x+1voix>-1

a. Choham s6: y=£(x) =
x—1voix<-1

- Viét f(x) dudi dang 1 bi€u thurc.

- Tim x khi f(x) = 2.
b. Cho hai da thitc P(x) = x? + 2mx + m? va Q(x) = x? + (2m+1)x + m?

Tim m biét P(1) = Q(-1)
Cau 22. Cho da thtec f(x) = ax? + bx + c. Chitng minh rang néu f(x) nhan 1 va -1 1a nghiém
thi a va cla 2 s6 d6i nhau.
Cau 24. Cho da thtrc P(x) =ax’ +bx+c¢ (aeN*) théa man P(9)-P(6)=2019.
Chtmg minh P(10)-P(7) 1a mot sd 1é.
(Trich dé chuyén Phan By Chau nim 2019-2020)

Cau 23. Cho da thtkc: P(x) =a.x’* +bx+c Cho biét 9a - b = -3¢, Chttng minh ring: Trong ba
sO P(-1) ; P(2) ; P(2) c6 it nhat 1 s6 am, it nhat 1 sd khong duwong
CAu 25. X4c dinh cdc hé s a va b dé da thire P(x)=x*—2x* +3x* +ax+b 1a binh

phuwong cuia mot da thic.
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(Trich dé thi HSG I6p 9 tinh Quang Binh nim 2018-2019)

Cau 26. Cho cac da thtc P(x) va Q(x) thoa man P(x) :%(Q(x)+Q(1—x)) Vx eR. Biét
rang cac hé s3 ctia P(x) la cac s6 nguyén khong am va P(O) =0. Tinh P(3P(3) —P(Z)).

(Trich dé thi HSG lop 9 tinh Nam Dinh nam 2018-2019)
Cau 27. Cho cac da thiic P(x)=x’+ax’ +bx+c; Q(x)=x"+2016x+2017 théa man cac
diéu kién P(x)=0 c6 ba nghiém thyc phan biét va P(Q(x))=0 v6 nghiém.

Chitng minh rdng P(2017)>1008°. (dé 22)
(Trich dé thi HSG 16p 9 tinh Bdc Ninh ndm 2018-2019)

Cau 28. Cho da thitc P(x) = ax® +bx +c. Biét P(x) chia cho x + 1 dw 3, P(x) chia cho x du 1

va P(x)chia cho x -1 du 5. Tim caché s a, b, c.

(Trich dé vao 10 Chuyén Nam Djnh ndm 2015-2016)

Cau 29. Tim cac s6 thuec a, b, sao cho da thiéc 4x* —11x* — 2ax® + 5bx — 6 chia hét cho da
thirc x2-2x-3.

(Thi hoc sinh gioi lop 9, TP Ha N¢i, nam hoc 2012 —2013)
Cau 30. Tim da thiee f(x) biét: f(x) chia cho x+3 du 1; f(x) chia cho x -4 du 8;

f(x) chia cho (x + 3)(x — 4) thi dwgc 3x va con du.
Cau 32. Tim mot da thire bac ba, biét P(x) chia cho (x - 1), (x - 2), (x - 3) déu duwgc du 6 va

P(-1)=- 18.

Cau 33. Chting minh rang da thtic f(x) = (x - 3)200 + (x - 2)100 — 1 chia hét cho da thuc

g(x)=x2 -5Xx+6

Cau 35. Cho da thirc P(x) =ax” +bx+c . Biét P(x) chia cho x +1 dwa 3, P(x) chia cho x
due1va P(x) chia chox—-1dw5. Tim cichésd a, b, c.

Cau 36. Cho da thic f(x) =x> —(a + 3)x +a . Xac dinh a d€ f(x) chia hét cho (x - 2).

CAu 37. Cho da thtee f(x) =x° —2(a + 1)x +b—1. Xac dinh a, b d€ f(x) chia hét cho
(x— 1) va va da thtc (x +2).

Cau 38. Cho da thttc bac 3 dang: f (x)=x3 +ax” +bx+c chia hét cho (x - 2) va khi chia cho

(x2=1) du 2x.
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au 39. Cho da thuic f(x) c6 bac 2002 thoa man diéu kién: f(n) = 1 voix =1;2; 3;....;2001.
n
Tinh gia tri cua f(2002)

Cau 40. Cho da thitc: P(x)=x" +ax’ +bx’ + ex+d théaman P(1)=3,P(3)=11,P(5)=27.
Tinh gi4 trj cia: S =P(-2)+7.P(6).
Cau 41. Thi cac da thic g(x) va h(x) vdi hé sd nguyén sao cho:

X3

1-3x+3x

A=f L +f 2 +
2012 2012

Bai 43. Cho da thttc P(x) thoa man:

Cau 42. Cho f (x) = > . Hay tinh gia trj ctia biéu thirc sau:

2010 2011
+f +f
2012 2012

1 1
P(l)zl;P[;szP(x),Vx;ﬁO; P(x1 +x2)=P(x1)+P(xz),Vx1,x2 eR.

Tinh P[Ej
7
Bai 44. Cho da thtc P(x) =x’—x va Q(x) =x" 4+ x? +x® +x" +x+1.
a) Tim s6 du trong phép chia Q(x) cho P(x)
b) Tim x d& Q(x):P(x)
Cau 43. Cho da thitc P(x)=ax’ +bx+c thoa man diéu kién véi s6 nguyén x bat ki thi P(x)
1a 56 chinh phwong. Chttng minh rang a, b, ¢ 1a s6 nguyén va b 1a s§ chén.
Cau 44. Cho ham s0 f (x) xac dinh véi moi x thudc R, biét réng vdi moi x ta déu co:
1
x)+3f|=|=x*, Tinh f(2
(x)+r(3] )
Cau 45. CMR da thiic P(x) c6 it nhat hai nghiém, biét : (x—6)P(x)=(x+1)P(x—4)
Cau 46. Cho f(x) =ax’ +4x(x2 - 1)+ 8 va g(x) =X+ 4x(bx + 1) +c—-3, Trong d6 a, b, cla

cac héng sO, Xac dinh a, b, c & f(x) = g(x)
Céau 47. Cho P(x)=ax’+bx+c, CMR néu: 5a+b+2c=0 thi P(2).P(-1)<0
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4u 48. Cho ham s6 f (x)= %, CMR : néu a,b 1a hai s6 thoaman: a+b =1 thi
+

f(a)+f(b)=1
Ciu 49. Cho f(x)=ax’+bx+c co tinh chat f(1),£(4),£(9) 1a cac s6 hitu ti, CMR khi d6 a,b,c
la cac sO hiru ti
Ciu 50. Tinh tong cac hé s6 cua da thic sau khi bo dau ngodc :
2 2008 2 2009
P(x)=(8x*+3x-10) " (8x*+x-10)
3(x—\/§)(x—\/§) 4(x—1)(x—\/§) 5(x—1)(x—\/§)

Cau 51. Giai phuong trinh: +

(B)(E) (B 5] (V-5 )

=3x-2.

HUONG DAN GIAI CAC BAI TAP TRONG PE THI

Cau 1. Ta cé:

f (x)=x"-101x’ +101x° -101x" +....—101x +101

= x"* =100x° — x° +100x® + x* =100x" — x” +.....—101x +101
=x°(x—100) - x°(x—100) + x" (x—100) — x°(x —100) +.....+ X(x —100) — (x —101)
= f(100)=1
Cau2.1)Tacd: X=3= f(5)=0
2) x=0= f(0)=0= x=01amot nghiém
x=3= f(5)=0=> x=5la mot nghiém
x=-3= f(-1)=0= x=—11a mot nghiém
Vay f(X)cé itnhat1a 3 nghiém
Cau 3.
a) Viét duoc 7x2—35x+42:7(x—3)(x—2):>[ii2
b) Tl gia thiét = f (0)=C chia hét cho 7
f(1)va f(—1)chiahétcho?, ticla a+b+Cva a—b+cchiahétcho?
Suy ra 2a + 2C chia hét cho 7 &€ c6 a:7 = b:7
Cau 4.

a) P(X)=x*+ax+b
Vi 01a mot nghiém ctia da thtec, nén f(0)=b=0

—31a mét nghiém cua da thiee, nén: 9-3a+0=0=>a=3
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a thiee P(X) = X* +3X 1a da thitc cAn im
b) Véi Xx=0,tacé: 0.f(1)=2f(0) = f(0)=0=> 0la mdt nghiém ctia f (X)

Véi X=-2,tacs: 2 (-1)=0f(-2) = f(-1)=0= —1ciing la mdt nghiém cua f (X)
Vay da thtic f (X)Iudn c6 it nhat hai nghiém.

Cau 5.

f(l)=a,+a,+a,+a,+a,; f(-1)=a,-a,+a,—a +a,

Do f(1)=f(-1)nén a,+a,+a,+a +a,=a,-a,+a,—a +a,

= &ta=-a8-a

=a,+a, =0 @)

Tuong ty f(2)=16a, +8a, +4a, +2a, +a,

f (—2)=16a, —8a, + 4a, — 2a, + &,

vi f(2)=f(-2)nén 4a,+2a,=0 (2)

T ()va(2) >a =a,=0

vay f(x)=a,x"+a,x"* +3a,

f(—x)=a,(—x)" +a,(x)" +a, =a,x* +a,x* +a, véimoi x

vay f(x)=f(—x)véimoi X

Cau 6.

M +(5x2 —2xy) =6Xx" +9xy - y* = M =6Xx" +9xy - y° —(5x2 —2xy) =x* +11xy - y°.
Cau?7.

P =2+2ml1+m’=m’+2m+1

Q-1 =1-2m-1+m?*=m?-2m

De P(1)=Q(-1)=>m’+2m+1=m’-2m < dm=-1=m :—%
Cau 8.

1) Ta co:

A—(3xy—4y?) =% —Txy +8y’

A=x*=Txy +8y’ +(3xy - 4y’)

A= x> —4xy + 4y?

2) a)Vidd thihamss y = f (X) = ax+2di qua diém A(a—-1a’+a)nén:
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+a=a(a-1)+2<a’+a=a’-a+2<2a=2<a=1

b)Véia=1l=>y=Ff(X)=x+2

taco: f(2x-1)= f(1—2x)<:>(2x—1)+2:(1—2x)+2<:>x:%

C4u 9. Da thtic bac hai can tim c6 dang: f (X)=ax®+bx+c(a=0)
Tacs: f(x-1)=a(x-1) +b(x-1)+c

1

f(x)—f(x—l):2ax—a+b:x:>{2a=1 = 2

b-a=0 1

2

A MLy z 1 2 1 N AN .

Vay da thttc can tim la f(X)=§X +§X+C(Clahangsotuyy)

Ap dung:

Véi X=1tacéd: 1= f(l)— f (0)
Véi x=2taco: 1= f(2)— (1)

—=S=1+2+3+...+n= f(n)—f(0)=%+—+c—c=

Cau 10. Ta cé:
f (x)=x"-101x’ +101x° -101x" +....—101x +101

= x" —100x° — x* +100x° + x* =100x" — x” +.....—101x +101
=x°(x-100) - x*(x—100) + x" (x =100) — x°(x —100) +.....+ X(x —100) — (x —101)
= f(100)=1
Cau 11.

Tacof(3)=9a+3b+c ; f(-2)=4a-2b+c
f(3) + f(-2) =13a + b + 2c¢ =0 => {(3) = -f(-2)

> £(3).£(-2) =-f3) < 0
Cau 12.
Vi p(x) :5 voi moi x nguyénnén p (0)=d : 5.
p(l)=a+b+c+d:5 (1)
p(-1)=-a+b-c+d:5 (2)
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(I)va(2)suyra:2(b+d):5va2(a+c):5.

Vi2(b+d):5 ma(2,5) =1 nénb+d :5suyrab:5.
p(2=8a+4b+2c+d :5 mad: 5 b:5 nén8a+2c:5,

két hop véi2(a+c):5suyraba :5suyraa :5vi(6,5)=1.trdd c :5.
Vay a, b, ¢, d déu chia hét cho 5.

Cau 13.

P=x3+x% -2x>-xy - y?+ 3y + x + 2017
=x2(x+y)-2x*-y(x+y)+3y +x+2017
=2x2-2x*-2y + 3y +x +2017 =x +y + 2017 = 2019

Vay véix +y =2 thi P=2019

Hodc nhém dé xudt hién x +y -2

Cau 14. Tinh gia tri cua da thitc
f(x)=x>—-2018x*+2016x>+2018x*—-2016x—2017 tai x=2017

2018=x+1
Tacoé x=2017=> . Khi dé ta co:
2016 =x-1

f(2017)=x°—(X+D)x*+ (XD x* + (X +1)x* = (x =) x— X
=X =X =X+ X =X+ X+ X=X+ X=X
=0

Vay £(2017) =0

Cau 15. Ta co:

M +(5x2 —2xy) = 6% +9xy - y* => M = 6" +9xy - y* —(5x* - 2xy)

=> M =6x"+9xy — y* —5x° +2xy = X* +11xy — y*

Ta c6 (2x—5)"" +(3y +4

)2014

<0

2012

2X-5 >
Tacod: {( )2014 => (2x—5)2012 +(3y + 4)2014 >0
3y+4 >0

2014

Ma (2x—5)2012 +(3y+4)" <0= (2x—5)2012 +(3y+4)" =0

)2014

(2X—5)2012:0 X:Z% X=2%
T yra oo 1V 1
+ = 1= - 1=
y 3 y 3
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tim nghiém cua f(x)=(x-1)(x+3)=0 ©x=1, x=-3
Nghiém cua f(X) cling 1a nghiém cta g(x) =x*> —ax* + bx—3 nén:
Thay x =1 vao g(X) tacé: 1-a+b-3=0
Thay x=-3 vao g(X) tacd: 27-9a-3b-3=0
Tt d6 ta bién d6i va tinh dwgc: a=-3; b=-1
Cau 17. Ta c¢:
f(x) =x""—=101x° + 101x® — 101x” + ... —= 101x + 101

=x10-100x° — x° +100x® + x® — 100x” — X"+ ... — 101x + 101

=x°(x — 100) — x¥(x —100) +x7(x — 100) — x®(x — 100) + ... + x(x — 100) — (x — 101)

Suy ra f(100) = 1.
Cau 18.
a) A(-1) = (-1)+ (-1)2 + (-1)3+..4 (-1)% + (-1)10
=-1+1+(-1)+1 +(-1) +...(-1)+1=0
(vic650s6-1vas0s61)
Suy ra x = -1 la nghiém cta da thitc A(x)

b) + Véix = % thi gia tri cta da thitc A = %+2—12+%+...+2—];8+%+21—];0
=2A=2 (%+%+%+...+2—%8+2—%9+21—100) =1+%+%+%+...+%+2—§9

1 1 1 1 1 1 1

1
=2A =(E+?+?+...+F+F+W) +1 - W = 2A= A+1—W

:>A:1—i

2100

Cau 19.

a) D& da thitc g(x) c6 nghiém -1 thi g(-1) =0 (-1) +m?(-1)’ +m(-1) +m(-1)-1=0
ol-m+m-m-1=0-m*=0m=0

b) Tong cac hé s6 cua da thitc sau khi phd ngodc va sap xép 1a (1)

Ma f(@=(31-121+8)  (-22+3.1-3) =(-1)" (-1)™ =-1.

Vay: Tong cac hé s6 ctia da thitc sau khi pha ngoéc va sap xép la -1

Cau 20. Cho da thiec Q(x) = ax’ +bx*+cx +d
ViQ(x) : 3véimoix €Z ,nén
Véi x=0,tacé Q(0)=d :3

Véix=1,tacoQ(l)=a+b+c+d:3
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mad:3=>a+b+c:3 (1)
Vé6ix=-1,tacéd Q(-1)=—-a+b—c+d:3
mad:3=>-a+b-c:3(2)
Q(1)+Q(-1)=2b :3ma(2;3)=Inénb:3
Q(1) - Q(-1)=2(a+c):3 ma (2;3) =1 nén at+c : 3 (3)
Véix=2,taco Q(2)= 8a+4b+ 2c +d:3
hay 7a+(a+c)+2b+d :3
Mad:3,a+c:3,b:3nén7a:3ma(7;3)=1=>a:3
T (3) suy ra c: 3=> dpem
Cau 21
a. Biéu thirc xdc dinh f(x) = [x +1]
Khi f(x) =2 = |x+1 =2 tir d6 tim dwoc x =1; x=-3.
b) Thay gid tri twrong tng ctia x vao 2 da thic, ta tim dwoc biéu thic P(1) va Q(-1) theo m
giai phueong dn m moi tim duwgc=> m = -%
Cau 22. Ta co:
1 la nghiém cta f(x) =>f(1)=0haya+b+c=0 (1)
-11a nghiém cta f(x) =>f(-1)=0haya-b+c=0(2)
Tk (1) va(2)suyra2a+2c=0=>a+c=0=>a=-c
Vay a va c 1a hai s6 d6i nhau.
Cau 23. Ta ¢6: P(-1) + P(-2) + P(2) =9a — b + 3c = 0 do d6 trong it nhat ba sd trén c6 1 s6
khong am, it nhat 1 s6 khong duong
Cau 24. Ta co:
P(9)-P(6) = 2019
< (8ba+9b+c)—(36a+6b+c)=2019
& 45a+3b = 2019(1)

Lai co: P(10)—P(7)=(100a+10b+c)—(29a+7b+c) =51a+3b
Dit P(10)-P(7)=t=5la+3b =1t(2)
Trit vé& theo vé& (2) cho (1) ta c6: 6a =t —2019, ma 6a chan, 2019 1é nén t18, ta c6
diéu phai chitng minh
Cau 25. Ta c6 P(x) 1a binh phuong ciia mot da thixc thi:
P(x) = (x* +cx+d)2 = x*+20x° +(c” +2d ) x* + 2cdx +d?, VxeR.

Ma: P(x) = x* —2x> +3x* +ax+b
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Do d6 ta c6 hé phuong trinh:

c’+2d=3 d=1
=
2cd =a a=-2
d2:b b:1
Vay:a=-2,b=1.

Cau 26. Tir gia thiét ta c6 P(O)=%(Q(O)+Q(1))=O (1) va P(l):%(Q(1)+Q(O)) (2).
Tt (1) va (2) suyra P(1)=0.
Gia st P(x)=a, +ax+a,x’+..+ax", trong d6 a,,a,,a,,..,a, 1a cac s6 nguyén khong
am.
Ta c6 P(l)=a,+a +a,+..+a,=0 Vi a,a,8a,,..,8, la cac sO nguyén khong am suy ra
a,=a =a,=...=a,=0 dodd P(x)=0 vxeR.

Vi P(x)=0 ¥xeR=P(2)=0, P(3)=0 do d6 3P(3)-P(2)=0=P(3P(3)-P(2))=0.

Cau 27. Goi x;;X,;X, la banghiém cta P(x) ta co P(x) = (x—xl)(x—x2)(x—x3)
Suy ra, P(Q(x)) = (Q(x)—xl)(Q(x)—x2 )(Q(x)—x3)
Do P(Q(x)) =0 v6 nghiém nén cac phrong trinh Q(x)—xi = O(i =1, 2,3) vO

nghiém.
Hay cdc phuong trinh x* +2016x +2017 —x; =0(i=1,2,3) v nghiém

Do d6, cac biét thirc tuong ting A; =1008% —(2017 —x, ) < 0 < 2017 —x; >1008
Suy ra P(2017)=(2017 -x, )(2017 -x, )(2017 X, ) > 1008°.
Cau 28.Vi P(x) chia cho x + 1 du 3 nén P(x) — 3 chia hét cho x + 1.

= P(x) -3 =f(x).(x +1)
Thay x = -1 vao dang thtc trén ta co:

P(-1) -3 =f(-1).(-1 + 1) =0.

= P(-1)=3 (1)
Tuwong tw, P(x) chia cho x du 1 nén P(0) =1 (2)
P(x) chia chox-1duw5nén P(1)=5 (3)

T (1), (2), (3) ta c6 hé phuong trinh:
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a(-D’+b(-D+c=3 (a-b+c=3 [a=3
a.0?+b.0+c=1 olc=1 <{b=1
al’+bl+c=5 a+b+c=5 c=1

= P(x) =3x? + x + 1. Thit lai ta thdy P(x) thoa man dé bai.

Vay P(x) =3x2+x + 1.

Cau29.Tacé x* ~2x-3=x"-2x+1-4=(x-1) -4
=(x-1-2)(x-1+2)=(x-3)(x+1)
Dit thuong 1a q(x) ta co:
ax* - 11x" - 2ax® + 5bx — 6 = (x - 3)(x + 1) q(x)
Chon x=3ta co: 4.3" —11.3° —2a.3° +5.b.3-6 =0
— 15b-18a = -21 = 5b —6a = 7 (1)
Chon x=-1, ta cé: 4(-1)' ~11(~1) —2a(~1) +5b(-1)-6=0
— 5b+2a=9 (2)
Tir (1) va (2) suy ra: 8a =16 = a = 2
Thay vao (2) = 5.b+4=9=b=1,
Cau 30. Theo dinh ly Bézout ta c6 (3) = 1;f(4) = 8
Dit du f(x) chia cho (x +3)(x —4)laax+b
Suy ra f(x)=(x +3)(x—4)3x +ax +b.
o Véix=-3tact: 1=(-3+3)(-3-4)3(-3)+a(-3)+b=>b-3a=1(1)
o Véix=4tacd: 8=(4+3)(4-4)(3.4)+a4+b=Db+4a=8()
Tir (1) va (2) suy ra: 7a=7 = a = 1 thay vao (2) ta duoc b = 4.
Tir d6 ta dwoc: f(x) = (x+3)(x-4)3x+x+4.
Hay f(x)=3x’-3x"-35x+4.
Cau 31. Theo dinh Iy Bézout ta c6 : P(1) = P(2) P(3) = 6.
Do dé ta dit P(x)=d+c(x—1)+b(x~1)(x~2)+a(x~1)(x~2)(x~3)
Cho x =1 ta dwoc P(1)=d, suyrad =6
P(x):6+c(x—1)+b(x—1)(x—2)+a(x—1)(x—2)(x—3)

Cho x=2ta duwocP(2)=6+c,suyrac=0
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x)=6+0(x—1)+b(x—1)(x—2)+a(x—1)(x—2)(x—3).

Cho x =3 ta dugc P(3) =6 + 2b, suy rab = 0.

P(x) =6+0(x-1)+0(x-1)(x-2)+a(x-1)(x-2)(x-3)

Do d6 P(x) =6 +a(x—1)(x-2)(x-3) .

Cho x =-1 ta dwoc P(-1) =6 — 24a, do d6 - 18 =6 —24a suyraa=1.

Vay P(x) =6 + 1.(x—1)(x—2)(x—3).R1’1t gon ta duoc : P(X)=X3—6X2+11X.

200 100

Cau 32. Tacéf(2)=(2—3) +(2—z) -1=0nén f(x)i(x-2)
£(3)=(3-3)" +(3-1)" ~1=0 nénf(x): (x-3)

Neén f(x) chia hét cho (x = 2)(x =3)=x2-5x + 6
Cau 33. ViP(x) chia cho x +1 du 3 nén P(x) — 3 chia hét cho x + 1.

= P(x) -3 =f(x).(x +1)

Thay x = -1 vao dang thtic trén ta co:

P(-1)-3=f(-1).(-1+1)=0=>P(-1)=3 (1)
Tuong tw, P(x) chia cho x du 1 nén P(0) =1 (2)
P(x) chia chox-1duw5nén P(1)=5 (3)

T (1), (2), (3) ta c6 hé phuong trinh:

a.(-1*+b.(-1)+c=3 [a-b+c=3 [a=3
a.0’+b.0+c=1 <dc=1 <ib=1
a.l’+b.1+c=5 a+b+c=5 c=1

= P(x) =3x? + x + 1. Thtt lai ta thay P(x) thoa man dé bai.
Vay P(x) =3x2+x +1.

Cau 34. Vi f(x)f(x—z) nén x = 2 la nghiém caa da thtec f(x) hay f(2)=0
Do d¢: 2°—(a+3).2+a=0<a=-2

Cau 35. Ta cé: f(x)f(x—l); f(x)f(x+2) nén x = 1 va x =-2 la nghiém cuta da thtec f(x)

hay f(1) = 0 va f(-2) = 0. Do dé:
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1’-2(a+1).1+b-1=0 2a_b:_2® 3
(-2 4a+b=-7 2

)2‘2(a+1)-(—2)+b—1=o© a=-—;b=-

Cau 36. Ta c6 f(x) chia hét cho (x — 2) nén x = 2 la nghiém ctia da thic f(x) hay f(2) =0. Do
d6: 2°+a.2* +b2+c=0<4a+2b+c=-8 (1)

Mat khac: f(x) chia cho (x*—1) du 2x nén g(x) = f(x) — 2x nhan (x*> — 1) la nghiém

hay x =1 va x =-1la nghiém cua g(x). Do do:

{g(1)=0 @{ l+a+b+c-2=0 (2)

g(-1)=0 " |-1+a-b+c+2=0 (3)

Tix (1), 2), (3) ta cé: a:—?;bﬂ;c:% .

Cau 37. Ta ¢6: f(n)= Lhen f(n) ~ L _0veix=1;2;3;..,2001. Suy ra: x = 1; 2; 3;...,2001 la
n n

1 x.f(x)—lz

nghiém ctia phwong trinh: f(x) v 0 hay 0

X

Xét phuong trinh: G(x)=xf(x)-1 ¢6 nghiém la x = 1; 2; 3;...;2001 va G(0) = -1.

Do d6 G(x) co dang: G(x) = a(x—l)(x—Z)(x—3)...(x—2001)

1

Suy ra: G(0) = a.(-1)(-2)(-3)....(-2001) = -1 Vi thé: a=— - .
uy ra: G(0) =a.(1)(2)(-3)...(-2001) L A= 32001

Do d6:

G(x) = ————(x=1)(x=2)(x=3)..(x=2001)

" 1.23..2001
1
<:>xf(x)—l=m(x—l)(x—2)(x—3)...(x—2001)

(x=1)(x=2)(x=3)...(x—2001)+1.2.3...2001

1.2.3....2001.x
(2002-1).(2002-2)...(2002-1)+1.23..2001  2.123...2001 _ 1

1.2.3.4...2001.2002 T 1.23..2001.2002 1001

<:>f(x):

& £(2002) =

CAu 38. Xét da thic: f(x)= ax? +bx? + ¢ thdéa man: f(1) = 3,f(3) = 11,f(5) =27.
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al’+b.1>+c=3 a=1
Khi d6 ta c6: {a.3’+b.3+c=11<1b=0 Nén f(x)=x>+2
a5’ +b5+c=27 |c=2

Suy ra da thuirc Q(x) = P(x) —f(x) 1a da thitc bac 4 c6 hé s6 cao nhat la 1 va nhan

1,3, 5la nghiém,

Do do: Q(x) = (x—l)(x—3)(x—5)(x—m) . Ttr @6 ta tinh duwoc:

{( 2)=Q(-2)+f(-2)=216+105m

P(6)=7.Q(6)+£(6) =896 —-105m
Vay: 5=P(-2)+7.P(6)=216+105m +896 —105m =1112.

Cau 39.

u
bat u= J2 +47 ta can xéc dinh cac da thitc h(x) va g(x) sao cho ( ) =2 2 hay

8(u)
h(u)—g(u).\/i=0

Xét tich: (u—(\/z+\/;))(u—(\/5—\/;))=u2 —2J7u+5.

2
Do u 1a nghiém cta phuwong trinh u® — 2\/7u+5=0 nén u2+ > J7
u

2 2_
Mit khdc: V2 =u—7 =u— L2 W =5
2u 2u

Vay h(x)=u’-5;g(x)=2x
Tht lai thdy h(x) va g(x) thoa mai diéu kién bai toan.
Cau 40.

Nhan xét. Néu x+y =1 thi f(x)+f(y)=1.

X))o

That vay, ta co f =
e (X) x3+(1—x) x3+(1—x)3
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suy ra f(x)+f(y) = f(X)+f(1_x) - i +(X;_ X)3 N XS(i(_lx_)X)e’

=1.

N | =

Vay, nhan xét dwgc chitng minh. Ta ¢6 (%j =
Theo nhan xét trén ta co:
Al 1 +f2011 ¢ 2 +f2010 N
2012 2012 2012 2012
f 1005 +f 1007 +f 1006 =1005+f 1 =1005,5
2012 2012 2012 2

Cau 41.

Ta c6: P(2)=P(1+1)=P(1) +P(1)=1+1=2.

Tuong tu: P(3) = 3; P(5) = 5; P(7) = 7.

Tt do: P[;)=%P(7)=;;P[;):P(;}rP{;j:%

Tuwong tu: P 3 :E;P 3 ZE
7) 7 \7) 7

Cau 42.
a) Ta co: P(x):x(x2 —1); Q(x):x(x80 —1)+x(x48 —1)+x(x24 —1)+x(x8 —1)+5x+1

Vi c4c da thite x¥ —1;x* —1;x* -1 déu chia hét cho x* —1 nén phép chia Q(x) cho
P(x) dw5x + 1.

A? : \ _ __l
b) bé Q(x).P(x)thl 5x+1=0&=x= z

Cau 43. Do P(0)=cla s6 chinh phuong nén ¢=m* véim la s6 nguyén (hién nhién c 1a s6
nguyen).

ViP(l)=a+b+c;P(-1)=a-b+clacacsd nguyén nén (a +b) va (a — b) 1a cac sd

nguyén hay 2a va 2b la cac sd nguyén.

bat 2a:n;2b:p;P(4):k2; n,p,keZ. Suy ra: k> —m?® =16a+4b
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hay (k-m)(k+m)=2(4n+p).

Néu k, m khac tinh chén 1é thi (k - m)(k + m) la s 1é vo 1y.
Do d6: (k+m)(k—m)i4 . Do d6 (4n+p):2 hay p:2

Ma (a+b)eZ=aeZ .

bit P(2)=t* (teZ) . Taco: t* —m?* =2(2a+b).

Lap luan tuong ty suy ra b 1a s§ chan.

Céu 44.

Ta co: x=2:>f(2)+3.f[%j=4

:>f(2)_ﬂ

L1 1
Vax:§:>f(5]+3f(2): -4

Cau 45.
Vi (X—6)P(X)=(X+1)P X—4)Véi moi X nén
Khi x =6 thi (6-6)P(6)=(6+1)P(6-4)=>0=7P(2)=>P(2)=0=>2]anghiém cua

1
4

P(x)
Khi x =-1 thi (-1-6)P(x)=(-1+1)P(-1-4)=>-7P(-1)=0=>P(-1)=0
=> -1 la nghiém ctia P(x)

Cau 46.

Tacé:f(x):ax3+4x(x2—1)+8=ax3+4x3—4x+8:(a+4)x3—4x+8
Va g(x)=x3—4x(bx+1)+c—3:x3—4bx2—4x+c—3

a+4=1
Do f(x)=g(x) néntacd: <—4b=0 =>{a=—3;b=0;c=11
c—3=8
Cau 47.
Taco: P(2)+P(-1)=5a+b+2c=0=>P(2)=-P(-1) vay P(2).P(-1)<0
Cau 48.
a b 100*(100" +10)+100°(100* +10
Tacs: f(a)s (o) 00, 100° (100° +10) + b( +10)
100* +10 100° +10 (100° +10)(100° +10)

2100 +1o(1ooa +1oob) B 200+1o(1ooa +1oob) B
100° +10(100° +100") +100 B 200+10(100° +100°) -

Cau 49. Ta co:
f(l)=a+b+ceQ , f(4)=16a+4b+ceQ va f(9)=8la+9%b+ceQ
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Tir (1) va (2) => (16a+4b+c)—(a+b+c)=15a+3b=3(5a+b)eQ do d6 5a+beQ
Tir (2) va (3) => (8la+9b+c)—(16a+4b+c)=65a+5b=5(13a+b)eQ=>13a+beQ
Nén (13a+5b)—(5a+b)eQ=>8acQ=>a€cQ

Khi aeQ thi beQ vaceQ

Cau 50.

Sau khi bo ngodc ta dwoc: P(x)=ax"+a, X" +...+aX+a, voi n=2.2008+2.2009

Thay x=1, thi gi4 tri cia P(1) bang tdng cac hé s§ cta P(x)

08 2009

Tacé P(1)=(8.12+3.1-10)" (8.2 +1-10)" =-1
Cau 51.
ot 1 BN 4 (B)  s(1)(x)

) (8] (B )

f(x) la da thitc bac 2 nén cé dang: ax® +bx + c=0 Vx

1

f(l)=a+b+c=2 a=s

, f(\/§):3a+\/§b+c:4<:> b=0

Ta co: c
f(\/§)=5a+\/§b+c=5 c=>

Do d6 phuong trinh twrong duong :
1.2

>X +g=3x—2<:>(x—3)2=0© x=3

Vay phuong trinh c6 nghiém x = 3.
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CHUYEN PE 12: PONG DU THUC

A. Kién thlic can nhé
1. Dinh nghia

Cho a,b 1a cdc s6 nguyén va n la s6 nguyén duong. Ta dinh nghia a dong du véi
b theo mddun n va ki hiéu la: a=b(modn), néu a va b cé cling s6 du khi chia cho n.
Chii iy : a) a=b(modm) la mot dong duw thirc voi a la vé'trai, b 1a vé phai.

b) a=b(modm) & a-b:m < Jtezsaochoa=b+mt.

c) Néu a va b khong dong du véi nhau theo médun m ta ky hiéu :

a # b (mod m).
d) Néu a chiacho b dw r thi a= r(mod b)

2. Tinh chat
1. Tinh chat phan xa : a = a (mod m).
2. Tinh chat d6éixting: a=b(modm) = b = a(mod m).
3. Tinh chat bic cau :
a=b(modm);b=c(modm) = a=c(modm).
4. Cong hay trtr trng v€ ctia dong dw thirc c6 cung mddun :
a=b(modm); c=d(modm) = a*c=b+td(modm)
Tong quét: ai = bi(mod m),i=1;2; ..,k =
art a2 t...* ak =b1 £ b2 £... £ bx (mod m).
5.a) Nhan hai v€ ctia dong du thirc voi mot s6 nguyén :
a=b(modm) = ka=kb(modm) véik €Z
b) Nhan hai v€ va modun ctia dong du thirc voi mot s6 nguyén duong:
a=b(modm) = ka = kb (modkm) véik € N*
6. Nhan ting vé€ cua nhiéu dong du thite ¢6 cing modun :
a=b(modm); c =d(modm) = ac = bd (mod m)
Tong quat ai = bi (mod m),i=1;2; ..; k = a1 ax...ax = bibz...bx (mod m).
7. Nang hai vé€ cia mot dong du thirc 1én cuing mot lity thira :
a=b(modm) = a* = b*¥(mod m) (k eN¥)
8. Néu hai s6 dong du vdi nhau theo nhiéu moédun thi ching dong du véi nhau theo
modun la BCNN ctia cac modun ay :
a=Db(modmi)i=1;2;..;k = a = b (mod [mi; mz;...,;m«]). Ddc biét néu (mi, mj) =
1 (G,j=1,2;..; k) thi
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a = b (mod mi) = a = b (mod mi. mo.....mx).

9.Néu a =b (mod m) thi tap hop cic wdc chung ctia a va m bang tap hop cac wdc
chung cua b va m.

Dacbiét: a =b (modm) = (a, m)=(b, m)

10. Chia hai v€ va moédun ciia mot dong du cho mot wéc duwong chung cta ching :

a =b(modm),k € UC(abm), k>0 = %E(mod%j

Dacbiét : ac = bc (mod m) = a = b | mod m
(c,m)

B. CAC DANG TOAN THUONG GAP

~ Dang 1: St dung dong dw thitc trong cac bai toan chitng minh chia hét

* Co 56 phwong phap: Khi s§ du trong phép chia a cho m bang 0 thi a ! m. Nhu vay dé
chting to a : m ta chttng minh a = 0 (mod m)

* Vi du minh hoa:

Bai toan 1. Ching minh réng: (2222 +5555”% ):7

Hudng dan gidi
Tacé: 2222=3(mod7) hay 2222 = -4(mod7) = 2222%% = (-4)™" (mod 7) (*)
Mt khac 5555 = 4(mod 7) = 5555 = 4% (mod 7) (**)
Tie (%) va (**)
= (2222 +5555" ) =| (~4)™ + 47 | (mod7)
= (2222°% + 5555 ) = -47% (4" ~1)(mod 7)
Talaics: 4% =(4°) " =64"" ma 64=1(mod7)= 4°* =1(mod7)
= 4% 1= 0(mod7) = —4%% (4** ~1) = 0(mod 7)
Do vay (2222 + 5555 ) = 0(mod7) hay (2222%% +5555”% )7
Bai toan 2. Chimg minh rang: A=(7.5" +12.6")19
Hudng dén gidi
Ta c6:
52" =(5°)' = 25" = A=7.25" +12.6"
25=6(mod19) = 25" =6" (mod19) = A=7.6" +12.6" (mod19) < A=19.6"(mod19)
= A=0(mod19) = Ai19
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Bai toan 3. Chting minh rang 1221+ 1172 | 133 (n e N)
Huéng dan gidi

Cich 1:Ta 6 122 = 144 = 11(mod 133) ; 112 =121 = -12(mod 133)
Dodé 1221=12. (12%)" = 12. 11" (mod 133)

1172 =112 11" = —12. 11" (mod 133)
Do d6 1221+ 112 = 12,117 —12. 11" = 0 (mod 133).
Vay véine N thi 1221+ 11% {133,
Cich 2: Tac6122=144 = 11(mod 133) = 12> = 11~ (mod 133) (1)
Ma 12 = - 112 (mod 133) (2) Nhan v& véi v& ctia (1) va (2) ta 6 :
12212 = 11». (- 112) (mod 133) = 1221 = —11»2 (mod 133)
12214 1172 = 0 (mod 133) hay 12201+ 112 © 133,

Bai toan 4. Chiing minh rr?mg: A= (222n + 5)57(Vn eN )

Huéng dan gidi
Tac6 2°=8=1(mod7)
Ta di tim s8 dw ctia 2°" khi chia cho 3 (day chinh la ¢im mau chdt ctia bai toan).
Vi 4 =1(mod3) = 4" =1(mod3) = 2°" =1(mod3) hay n chia cho 3 du 1.
Giastr: 2" =3k +1(k e N)
Khi d6 ta c6: A=2%"+5=28"+5
Vi 8 =1(mod7)=2.8=2(mod7)= 2.8 +5=2+5(mod7)
= A=0(mod7)
Vay Ai7
~ Dang 2: St dung dong dw thirc tim s6 dw
* Co s6 phwong phap: Véi hai s6 nguyén a va m, m > 0 ludn c6 duy nhét cdp s6 nguyén g,
rsao choa=mq+r, 0<r<m.Dé¢ tim s6 du r trong phép chia a cho m ta can tim r sao cho
a=r(mod m)
O<r<m
* Vi du minh hoa:

Bai toan 1. Tim s& dw khi chia 3*°® cho 7.

Hudng dan gidi
Ta co
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3 =2(mod7)=3° 5(32 )3 =1(mod7)

=(3°)" =1(mod7) < 3°* =1(mod7)
Mt khac 3% =2(mod7) = 3% =3"¥.3? =1.2(mod 7) = 3**:7 du2.
Nhan xét:

D€ tim s8 du khi chia " cho b >0, ta 14y liiy thtra v6i s8 mii tdng dan ctia a chia cho b dé
tim s6 dw. Ta sé dung lai d€ xem xét khi tim duoc s6 du ¢ gid tri tuyét d6i nho hodc la
mot gia tri dac biét cé lién quan dén bai toan.

Bai toan 2. Tim s6 dw trong phép chia 5™ +7% cho 12.

Huéng dan gidi
Ta co
52 =1(mod12) = (5?)" =1(mod12) < 5" =1(mod12)(*)
72 =1(mod12) = (7%)" =1(mod12) & 7% =1(mod12)(**)
Tix (*);(**) = 5°+7% cho 12 du2.

Bai toan 3. Tim s6 dw ctia s8 A = 3% + 4% khi chia cho 11

Huéng dan gidi
Taco 3 = 243=1(mod11) = (3*)" =1(mod11) = 3% =1(mod11)(1)

Mt khéc 4° =1024 =1(mod11) = (4°)" =1(mod11) = 42 =1(mod11)(2)

Tt (1);(2) = 58 du cta s6 A =3 +4%% Lhi chia cho 11 14 2.

Bai toan 4. a) Tim s6 du trong phép chia 1532° -1 cho 9.
b) Tim s6 du trong phép chia 2016*% +2 cho 5

Huéng dan gidi
a) Tac61532=9.170+2 = 2 (mod 9) do d6 1532° = 25 (mod 9) = 1532°-1=25-1
(mod 9) . Vi25—1=31 = 4 (mod 9). Do d6

1532° -1 = 4 (mod 9). Vay s0 du can tim la 4.

b) Ta ¢6 2016 = 1 (mod 5) do d6 20162'8= 1208 (mod 5)
suy ra 201621 +2 = 12018+ 2 (mod 5). Vil +2=3 = 3 (mod 5).
Do d6 201621 +2 = 3 (mod 5).
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Vay s6 du can tim 1a 3.

7~ Dang 3: Tim diéu kién ctia bién d€ chia hét

* Co s0 phwong phap: Dua vao tinh chat caa dong du thic vé s6 du d€ tim ra diéu kién
cua an dé€ biéu thiic chia hét.

* Vi du minh hoa:

Bai toan 1. Tim s0 tu nhién n sao cho: a. (23”+4 + 32”+1)519 b. (n.2" +1)f3

Hudng dan gidi
a.Taco 2" +3" =16.8" +3.9"
Vi 16 =-3(mod19) = 16.8" = —3.8" (mod19)
= (16.8" +3.9"):19 < (-3).8" +3.9" = 0(mod19)
< 9"-8"=0(mod19) < 9" =8"(mod19)
=n=0
vi tréi lai 9" =8" (mod19) = 9 =8(mod19) 1a vé Iy
Vay n=0.
b.Ta xét cac treong hop sau
Trwong hop 1
Néu n=3k(keN)=n2":3=n.2"+1{3= loai
Trwong hop 2
Néu n=3k+1(k e N)= n.2" +1=(3k +1).2°%" +1=3k.2%" + 25" +1=3k.2%*" + 2.8 +1
=n.2" +1:3< (2.8 +1)i3
8=-1(mod3) = 8" =(~1)' (mod3)
= 2.8 +1:3 = 2,(-1)" +1=0(mod3)
tuong duong véik chdn < k=2m(meN)=n=6m+1(meN)
Truwong hop 3
Néu
n=3k+2(keN)=n2"+1=(3k+2).2%"? +1
=3k.3%"% +2.2%? 1 1=3k.2*"* + 8" +1
= (n2"+1)i3 < (-1)" +1=0(mod3)
= k+lle k=2m(meN)=n=6m+2(meN)

Vay diéu kién can tim la m =1(mod6) hogc m=2(mod6).
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Bai toan 2. Tim s0 ty nhién n ¢ 4 chit s sao cho chia n cho 131 thi dw 112 va chia n cho
132 thi du 98.

Hudng dan gidi
n=98(mod132) = n =132k +98(k € N)(1)
= 132498 =112(mod131)
= k +98+33=112+33(mod131) = k =14(mod131)
= k =131m+14(me N)(2)

T (1) va (2) n=131.132m +1946 = n =1946
~ Dang 4: Tim mét chit s tan cing
* Co s0 phuwong phap:
Néu a= r(mole);O <r<Db thi r 1a chir s6 tan cung cta a.
Ta can lvu y mot sO tinh chat sau:
Tinh chit 1
Néu a c6 chi s tan cuing 1a 0;1;,5;6 thi @ cling c6 chit s8 tan cling nhw a nghia la
a" =a(mod10)
Tinh chat 2
Né&u a c6 chit s6 tan cting bang 4;9 thi a° ¢6 chit s8 tan cung bing 6;1.
Nghia 1a: Néu a =4(mod10) = a’ = 6(mod10) = a** = 6(mod10)
Néu a=9(mod10) = a* =1(mod10) = a* =1(mod10)
Do vay dé tim chi s§ tan cling ctia @" ta chia n cho 2.
Tinh chit 3
Néu a c6 chir s6 tan cung la 2;3;7;8 thi ta 4p dung mot trong cac két qua sau:
2% =6(mod10);3* =1(mod10); 7* =1(mod10);8* = 6(mod10)
Do vay dé tim chir s6 tan cling ctia " ta chia n cho 4.
* Vi du minh hoa:
Bai toan 1. Cho s8 A= 2012*""° tim chit s tan cing ctia A.
Huéng dan gidi
Ta c6 2013=4.503+1
Vi 2012 = 2(mod10) = 2012* = 6(mod10)
= (2012*)™ = 6(mod10) <> 201272 = 6(mod10)
= 2012*" = 6.2(mod10) < 2012*** = 2(mod10)

Vay A c6 chix s6 tan cung 1a 2.

THCS.TOANMATH.com TAI LIEU TOAN HOC




 Baitoan 2. Cho B =1978"%" tim chi s6 tan cung cta B.

Hudng dan gidi
1978 =8(mod10) = 1978* = 6(mod10)
1986° = 0(mod4) =1986 = 4k (k € N )
= C =1978" =6(mod10)
Vay chir s6 tan cung ctia B la 6.
7~ Dang 5: Tim hai chi sd tdn cung
* Co s phwong phap: Néu a=r(mod100);10<r <100 thi r la chit s tan cling ctia a.
Ta can luu y mét s6 tinh chat sau:
2% =76(mod100);3* = 01(mod100);6° = (mod100)
7° =01(mod100);5” = 25(mod100)
76" = 76(mod100); 25" = 25(mod100)(vn > 2)
(a=0(mod10) = a®* = 01(mod100)
a=13;7;9(mod10) = a** = 01(mod100)
a=5(mod10) = a** = 25(mod100)
a=2;4,6;8=a” =76(mod100)

Tt d6 ta co:

Do vay dé tim hai chit s8 tin cing ctia @" ta chia n cho 20.

* Vi du minh hoa:

Bai toan 1. Cho s6 A=2012%" tim hai chit s tan cung cua A.
Hudng dan gidi

Ta co

2013=20.100+13

2012 = 2(mod10) = 2012% = 76(mod100)
= (2012%) =76(mod100) «< 2012* =76(mod100)(1)

N 2012 =12(mod100) = 2012° =12°(mod100) = 2012° = 84(mod100)

' = 2012° =56(mod100) = 2012 =56(mod100) = 2012**"* = 72(mod100)(2)
Tur (1) va (2) = 2012°°% = 2012%%.2012*"" = 76.72(mod100) <> 2012**"* = 72(mod100)
Vay A c6 hai chit s6 tan cung la: 72
Bai toan 2. Tim hai chit s6 tan cung cta cac s6 sau
a. A=7" b. B=29"" c. C =1978"

Hudng dan gidi
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" 4. Vi 7 =01(mod100) nén ta di tim s& du khi chia 9” cho 4.
Ta co
9=1(mod4)=9" =1(mod4)=9" =4k(keN)
= A=7" =7%*=7,(7*)' =7.01(mod100) = 7 =07(mod100)
Vay A c6 hai chit s6 tan cung la 07.
b. Vi 29'° = 01(mod100) = nén ta di tim s du khi chia 9°** cho 10
Taco:
9=-1(mod10) = 9™ =1(mod10) = 9*** =10k +1(k € N
= B =29 = 29,(29° )" = 29.01(m0d100) < B = 29(mod100)
Vay B c6 hai chit s6 tan cung la 29.
c. Vi C =6(mod10) = C? =76(mod100) = C*" = 76(mod100)
Mat khac
1986 = 6(mod 20) = 1986° =16(mod 20)
= C =1978%*"° = (1978 )" .1978" =1978".76(m0d100)
Talaico:
1978 = ~22(mod100) = 1978* =56(mod100) = (1978*)" = 56* (mod100)
—1978" = 76(mod100)
= C =96.76(m0d100) <> C = 76(mod100)
Vay C c6 hai chit sO tan cung 1a 76.
~ Dang 6: St dung dong duw thitc trong cac bai toan vé s6 chinh phwong
* Co s0 phuwong phap:
S8 chinh phuong 1a s8 c6 dang n’(ne N)
Ta di chting minh mot 3 tinh chat co ban ctia s6 chinh phuwong bang dong du :
1. S6 chinh phuong khi chia cho 3 chi ¢6 hai s6 dw 1a 0 hoac 1.
That vay ta di xét cac truong hop sau
Véi n =3k = n=0(mod3)= n*=0%(mod3) < n’ = 0(mod3) s& du béng 0
V6i n=3k 1= n=+1(mod3) = n? = (+1)’(mod3) < n? =1(mod3) = s& dw bing.
2. SO chinh phwong khi chia cho 4 chi ¢6 hai s6 dw 1a 0 hodc 1.

Chtrng minh twong tu :
Véi n=4k = n=0(mod4)= n*=0?(mod4) = n=0(mod4) = s8 du bang 0.

V6i n =4k +1=n=+1(mod4)= n?=(+1)"mod4 < n* =1(mod4) = s& du bang 1.
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Véi n=4k+2=n=2(mod4)= n*=2*=4(mod4) < n*=0(mod4) = s3 du bang 0.
3. S6 chinh phuwong khi chia cho 8 chi ¢6 ba sd du la 0,1 hodc 4.

Tuwong tw ta xét cac treong hop sau :

n=8k = n=0(mod8)= n”=0(mod8)

n=8k +1= n=+1(mod8) = n* =1(mod8)
n=8k+2=n=142(mod8)= n’=(+2)" = 4(mod8)

n =8k +3=n=+3(mod8) = n? = (£3)’ (mod8) < n* =1(mod8)
n=8k +4 = n=4(mod8)= n* =4?(mod8) < n* = 0(mod8)

Hoan toan tuong tu ta c6 thé xét cac truong hop s6 dw cua s6 chinh phwong khi chia cho
5,7,9..

* Vi du minh hoa:

Bai toan 1. Ching minh ring s& : A =19 +5" +1995" +1996" vdi k chin khong thé 1a s&
chinh phuong.

Huéng dan gidi
Vi k chan ta c6
19 =(~1)" (mod 4) = 19" =1(mod 4)
1995 = (~1)" (mod 4) =1995° =1(mod 4)
1996 =0(mod4) = A=19" + 5" +1995" +1996* = 3(mod4)
Hay A chia 3 du 4. Vay A khong thé la s6 chinh phwong.

Bai toan 2. Tim t4t ca s6 tu nhién x,y d€ 2* + 5 1a s& chinh phuong.

Huéng dan gidi

Gia sit 2" +5Y =k’ (k thudc N)
Néu x =0 thi 1 +5' = k* do d6 k chn => k2 chia hét cho 4 nhung 1+5” chia 4 duw 2.
Vay x khac 0, tir 2* +5¥ = k2 => k 1é va k khong chia hét cho 5. Xét hai truong hop.
) Voiy = 0 thi 2x +1=k?=2n+1)? (vik 1é nén k =2n+LneN).

= 2" =4n(n+1) = n=1.Khi d6 x=3; y=0 (thoa man)
Tht lai: 2* +5' =2° +5° =9 la s chinh phwong.
+) V6i y 20 va k khong chia hét cho 5 = k* = +1(mod 5)

Tk 2° +5' =k? = 2* = +1(mod5) = Xchan

bat x=2x (x eN), tacd
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5 = (k +2%)(k —2*)

k+2%=5" . S N A
= k2% _Eh VOi Y, +Y,=Y VOi Y, >V,, y1, y21a cac s ti nhién.
=201 =52 (5" -1)=5" =1=y,=0.
=y, =Y. Khidé 2"" =5"-1.
Néuy=2t(teN) thi 2%"=5"-1=25'-1:3 ,voly
Vay y 1é, khi d6 2% =5" -1=4(5"" +5" % +..+5+1).
Néu y>1thi 5" +5 7% +.+11é (vOly).
Néu y=1=x, =1khidé x=2;y=1.
Thtt lai 2° +5’ =2° +5" =9 1a s6 chinh phuong
Vay x=2;y=1hodcx=3,y=0.
Bai toan 3. Gia stt rang 2n+1 va 3n+1 la cac s§ chinh phwong. Chitng minh rang 5n+3 la
mot hop so.
Hudng dan gidi

Gia skt 2n+1=a’va 3n+1=b’ véi a,beN* . Khi d6 5n+3=4(2n+1)—-(3n+1)=4a’ -b?
=(2a-h)(2a+b).
Do a’=1(mod2) nén a*=1(mod 4) . Suy ra n=0(mod2) va b=1(mod 2) . Do d6 2a-b>1
va 2a+b>1.Vay 5n+3 la hop so.
Bai toan 3. Tim nghiém nguyén duvong x dé 3* + 171 la s6 chinh phuong.

(HSG Lai Chdu 2015 - 2016)

Huéng dan gidi

Ta co: 3 51,3(m0d8),- y? = 0,1,4(mod8). Ma: 3 +171=y’ =3 sl(mod8). Do dé: x c6
dang 2k (keN).
Phuong trinh tro thanh A= (3" )2 +171=y? véi k =0, 1, 2 thi phuong trinh v6 nghiém nén
néu phuong trinh c6 nghiém thi nghiém d6 phai > 3. Do d6 theo nguyén ly kep duoc ta

c6: [(3")2 +3}2 >a>(3" )2.

2 2 2 2
Khi d6: A=[(3") +3} hodic A=[(3k) +2]
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Giai tiing treong hop ra ta dwock=3 = x=6 =y =30. Vay x =6.

~ Dang 7: St dung dong duw thitc trong cac bai toan vé s6 nguyén td, hgp sd

* Co s6 phwong phap: DGi v6i nhiéu bai toan vé s6 nguyén td va hgp s6 ngoai st dung
cac tinh chat vé sd nguyén td ching ta con phai van dung cac tinh chat caa dong duw thic
va dinh ly Fermat.

* Vi du minh hoa:

Bai toan 1. Tim t4t ca cac s6 nguyén t8 p sao cho p’ +14 1a s8 nguyén t&

Hudng dan gidi
Ta xét hai truong hop sau
Trwong hop 1
Véi p=3= p®+14 =23 lasd nguyén t&
Trwong hop 2
V6i p#3= p*=1(mod3)= p’+14i3(p’ +14 >3)= p’ +14 khong phai la s& nguyén
to.
Vay p=3.
Bai toan 2. Chiing minh rang véi mdi sd nguyén t8 p déu ton tai vo s6 s6 twe nhién N sao
cho 2" —n:p.
Hudng dan gidi
Ta xét hai truong hop sau
Trwong hop 1
Néu p=2=2"-n:2(Vn=2k;k e N)
Trwong hop 2
Néu p>2=2""=1(mod p)
Theo dinh ly Fermat=> 2(P-K —(p-1)k =1+k(mod p)(Vk e N)
Do d6 v6i moi s6 tw nhién n ¢ dang n= ( p —1)(hp —1)(k € N*)
Taco 2" -n=1+(hp—1)=0(mod p) tircla 2" —nip
Bai toan 3. Cho Ne N” chiing minh ring: 19.8" +17 1a hop s6.
Hudng dan gidi
Ta xét cac treong hop sau
Trwong hop 1
Néu n=2k =19.8" +17 =1.(-1)* +2=3=0(mod3) =19.8" +17:3
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~ Mitkhac 19.8" +17 >3 = 19.8" +17 1a hop s6.

Trwong hop 2

n=4k+1=19.8" +17 =19.8"" +17 =19.8.64%* +17 =6.8.(-1)" + 4 =52=0(mod13) Ma
19.8" +17 > 3= 19.8" +17 la hop s6

Trwong hop 3

n=4k +3=19.8"+17 =19.8"" +17 =19.8.64* +17 =(-1).3.(-1)™" +2=5=0(mod 3)

—19.8"+17:5
Ma 19.8" +17 >5= 19.8" +17 1a hop s6.

Bai toan 4. Cho p 1a s6 nguyén t3 16n hon 8. Chttng min rang :(3p -2° —1)542 p
Huéng dan gidi

Ta cé 42p =2.3.7.9 dé chiing minh A= 3P —2° —1 chia hét cho 42p ta chi can chi ra rang
A chia hét cho 2,3,7
That vay
Tacd A=1°-0-1=0(mod2)= A:2
Vi p las6nguyén t6lénhon 8nén p lasdle:
p=2k+1= A=3"-2%"_-1=0-42-1=-1.2-1=-3=0(mod3)= A3
Mt khéc A=3%"— 2% 1=3.9" -2 —1=3.2" - 2% —1=—(2" -1)(2°*** ~1)(mod 7)
Do p =2k +3 khong chia hét cho 3= k:3 hodc k +1:3
Ta xét cac treong hop sau:
Trwong hop 1
Néu k=3h(heN)=2“-1=8"-117
Trweong hop 2
Tuwong tunéu k +1:3= 2" 1.7
Vay trong moi truong hop ta déu co A:7
Theo dinh ly Fermat tac6 A=3" -2° —1= (3p —3)—(2p — 2)5 p
Tl d6 suy ra diéu phai chitng minh.
7~ Dang 8: St dung dong duw thitc trong cac bai toan giai phuong trinh nghiém nguyén
* Co s0 phuwong phap: Trong giai phuwong trinh nghiém nguyén viéc lya chon
modun mot cach thich hop sé gitp viéc giai cac phwong trinh khé phtic tap tro nén don
gian hon. Ddc biét 1a cac bai toan chitng minh phuong trinh nghiém nguyén vo nghiém.

* Vi du minh hoa:
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Bai toan 1. Chting minh rang cac phuong trinh sau khdng cé nghiém nguyén:
a) x> —y*=1998 b) x2 +y2=1999

Huéng dan gidi

- Nhan xét: S6 chinh phwong chia cho 4 chi c6 s6 dw 0 hodc 1
x* =0,1(mod4)

a) Ta co:
y? =0,1(mod4)

} = x*—y*=0,1,3(mod 4)

Ma 1998 chia cho 4 du 2, nén phuong trinh khong c6 nghiém nguyén.
x*=0,1(mod 4)

b) Ta co:
y?=0,1(mod 4)

}: X’ +y?=0,1,2(mod 4)

Ma 1999 chia cho 4 du 3, nén phuong trinh khong c6 nghiém nguyén.
Bai toan 2. Giai phuong trinh nghiém nguyén: x> =2y’ —8y +3 (1)

Huéng dan gidi

Tacd: (1) & x> =2(y-2)" -5
- Nhan xét: S& chinh phwong chia cho 8 chi c6 s6 dw 0, 1 hodc 4
Ta co: x* =0,1,4(mod8)

(y-2) =0,1,4(mod8) = 2(y-2) = 0,2(mod8)} s 2(y—2) -5=35(mod8)

—5=3(mod8)
Suy ra phuong trinh khong c6 nghiém nguyén.
Bai toan 3. Phuong trinh 2 =(x"=1).(y =1)+2013 c6 nghiém nguyén duong hay
khong?

Huéng dan gidi
Ta co:
x2=0,1,4(mod8) = x> —1=0,3,7(mod8)
y> =0,1,4(mod8) =y’ —1=0,3,7(mod 8)
2013 = 5(mod8)

= (x* =1)(y* —1)+2013=5,6,2(mod 8)

} = (x> =1)(y* -1)=0,1,5(mod 8)

Ma z* =0,1,4(mod8)
Suy ra phuong trinh khong cé nghiém nguyeén.
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~ Dang 8: St dung cac dinh ly (ta thita nhan khéng chitng minh)
* Co s0 phuwong phap:
1. Pinh ly Fermat bé. Cho a la s6 nguyén duwong va p la sd nguyén t6. Khi d6 ta ludn

c6 a’ =a (mod p). D4c biét néu (a, p) =1thi a’* =1 (mod P)-

2. Dinh ly Wilson. V6i moi s6 nguyén t p thi (p —1)! =-1(mod p).

3. Pinh 1y Euler. Cho m la sd nguyén duong va a la sd nguyén t6 cung nhau véi m;
@(m) 1a sO cac s6 nguyén duwong nho hon m va nguyén t6 cung nhau véi m. Khi do6
a®™ =1(mod m).

Chii y: Néu s6 nguyén duong m c¢6 dang phan tich thanh thira s6 nguyén t&: m =

a. 03 a, 3 l 1 l
Pyt.pyZ....pre thi @(m) = m(l——}(l——j...(l——j :
Py P, P«

* Vi du minh hoa:

Bai toan 1. Cho a,b e Z;(a, b) =1 Chtin minh rang : a®-2p° khong chia hét cho 19.

Hudng dan gidi
Ta chting minh bang phan chimg nhu sau:

6 6.

Gia str (a® —2b*)19 khi d¢ (a3) (2b3) (a3—2b3)519.

Mit khéc (%)’ —(2b°) = a®® ~64b* . Néu a,b khong chia hét cho 19 thi theo dinh Iy
Fermat (Pinh lyj Fermat: @” =a(mod p) = a*™ =1(mod p) Véi moi a nguyén vi p nguyén to).

= a'® =b" =1(mod19) = a"® - 64b" =1-64 = —63 = 0(mod19) (Vo 1y)
~ ~ VI ~, NN 3 3\ a:19 VAR
Néu mot trong hai s6 chia hét cho 19 thi tir (a -2b ):19 = bi19 = voly vi (a,b)=1.

Vay a° - 2b° khong chia hét cho 19.

Bai toan 2. Chiing minh rang vd&i moi s6 tw nhién n thi :

2" +37" £2007 chia hét cho 22
Huéng dan gidi

Theo Dinh ly Fermat bé ta c6 2 = 1(mod 11) ; 31 = 1(mod 11)
Tacd 3*=81 = 1(mod 10) = 3%+1=3. (34 = 3(mod 10)
= 31 =10k +3, (k € N)
Mit khdc 24 =16 = 1 (mod 5) =2% = 1(mod 5)
— 241=2 (24n= 2 (mod 10) = 21 =10t+2, (t € N)
Do d6 25" +32" 42007 = 2°*3 4+ 3192 1. 2002+ 5
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=23.(21°)k+32.(31°)t +22.9145 = 25+32+0+5 = 0 (mod 11)

Ma 2% +3" +20071 2 (vi 2" 1asd chin 37 lasd1é 20071a s 1¢).
Do (2;11)=1 nén 2% +37" 42007 : 22.

Bai toan 3. Cho ai;az; ...; aws 1a 2016 s6 nguyén duong . Chting minh rang diéu kién can
va di dé @’ +a) +a3 +..+25,:30 la a1 + a2 + ... + azo6 : 30.

Hudng dan gidi
Theo dinh ly Fermat bé, do 2; 3; 5 1a cac sO nguyén t6 va a la s nguyén duwong bat ky ta
co:

a’?=a(mod2) = a*=(a??=a’=a(mod2) = a°=a(mod ?2)

a®=a(mod3) = a°=a’ a’= a.a’= a’= a (mod 3)
a® = a (mod 5)

Theo tinh chét néu hai s6 dong du véi nhau theo nhiéu moédun thi ching dong dw véi
nhau theo mo6 dun la BCNN ctia cac modun ay.

Dodo a° = a(mod2.3.5) hay a°® = a(mod 30) = a*-a = 0 (mod 30)

Nghiala (] +aj+a5+...+a5)— (a1 +az+...+ax) =0 (mod 30)

Vay ai+ax+..+awe : 30 < a+aj+aj+...+a,,:30

Bai toan 3. Chttng minh rdng trong céc s& ti nhién thé nao ciing c6 s6 k sao cho 1983— 1
chia hét cho 10°.

(D@ thi hoc sinh gioi todn cdp 2 toan qudc nim 1983).

Huéng dan gidi
Vi 1983 khong chia hét cho 2 va khong chia hét cho 5 ma 105 =2555nén (1983; 105 = 1. Ap
dung dinh ly Euler ta cd :
1983""%) =1(mod 10°)..

Ta c6 ¢(10°)=10° (1-%) (1-%) =4.10* . Nghfala 1983*' —1:10°

Vay k=4.10%

B. BAITAP AP DUNG

Bai 1. Chitng minh 4218 -7 : 9

Bai 2: Chiing minh rdng véi moi s6 nguyén

Az(n” —n? +n—1)5(n—1)2 (VneZ,n>1)

Bai 3. Chting minh rang: (9” +1) khong chia hét cho 100(¥ne N)
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Bai4.Chosdba=a.a

n@pg--848g (1S a, <9 ; 0< a; < 9; i=0;1;..;n —1)
Hay xac dinh dau hiéu chia hét :

a) Cho 3; b) Cho 4.

Bai 5. Chuing minh ring: A= (19242003”"“” +1920)5124(Vn e N*)

Bai 6. a) Hay tim chit sO tdn cung cta 9%
b) Hay tim hai chit s6 tan ciing caa 3%
Bai 7. Tim s6 du trong phép chia
a) 8! -1 cho11. b) 20142% +2016%°*> + 2018 cho 5.
c) 250+ 41% cho 7 d) 1°+3°+5°+.. + 975+ 99° cho 4.
Bai 8. Tim s6 du trong phép chia :
a) 1532°-4 cho9; b) 2200 cho 25;
¢) 2014°5™ cho 13.
Bai 9. Tim s6 du trong phép chia :
a) A = 35% - 35% + 35* — 358 + 351¢ + 35% cho 425.
b) B =10 +10 +10° +..+10" cho 7.
Bai10. a) Tim chit s6 tan cting ctia 4%
b) Tim hai chi s6 tan cung cua 3°.
c) Tim ba chit s0 tan cung ctia s6 2512,
Bai 11. Chiing minh :
a) 41205617 b) 241 _2: 15 (n e N);
Q) 3% _ 27 13; d) 205-1 } 341.
Bai 12. Chitng minh 18907 + 1945215 + 2017218 : 7.
Bai 13. a) Chtrng minh 5555222 + 222255% + 155541111 : 7
b) Cho M= 220" +119%" + 692" 1 (220+119 + 69)'
Chtng minh M : 102.
Bai 14. Chitng minh rang 521,21 + 2201 3m+1 138 (n e N¥)

Bai15. Chos6a=a,a,,..a,3, (1<a,<9; 0<a;<9;i=0;1;..;,n-1)

n~n-1°*
Hay xac dinh dau hiéu chia hét :
a) Cho 9; b) Cho 25; c) Cho 11; d) Cho 8.
Bai16. Cho A= 2" +19 véin e N*. Chimg minh ring A la mot hop s6.

Bai 17. Cho B= (12!)”+ 20162, Chting minh ring B chia hét cho 13.
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" Bai18. Chting minh réng véin € N:
a) 277 43217,

24 n+l

b) 2° +2.12°" +5.10°" :11.
Bai 19. a) Vi gia tri nao cua s6 tw nhién n thi 3 + 63 chia hét cho 72.
b) Cho A =20+ 16" -3~ - 1. Tim gid trj tw nhién cua n d& A:323.
Bai 20. Tim cdc s6 nguyén t6 p thbaman 2r+1: p.
Bai 21. Tim tdt ca cac sO nguyeén t6 p sao cho p?+20 la s6 nguyén td .
Bai 22. Cho p 1a s8 nguyén 3. Chitng minh rang s6 abP — baP : p véi moi s6 nguyén
duwong a, b.
Bai 23. a) Chttng minh rang tdng cac binh phuong ctia ba s nguyén trong phép chia cho 8
khong thé c6 du la 7.
b) Chttng minh phwong trinh 4x2 + y? + 922 = 2015 khong cé nghiém nguyén.
Bai 24. Tim hai chit s6 tan cung ctuia 20112
(Dé thi Olympic Todn Singapore nam 2010)
Bai 25. Cho biéu thirc A = (a2 + b212 + ¢2012) — (22008 + H20%8 + ¢20%) v i a, b, ¢ 1a cac sO
nguyén duong. Chitng minh rang A chia hét cho 30.
(DE thi chon hoc sinh gioi mon todn 16p 9 TP Ha N§i nam hoc 2011 —2012)
Bai 26. Chitng minh rang khdng ton tai cic bo ba s& nguyén (x; y; z) thoa man dang thikc
xt+yt=7z"+5.

(DE thi vao 16p 10 trieong THPT chuyén KHTN, DHKHTN, DHQG Ha Ngi nam hoc 2011 —
2012).

Bai 27. Tim hai chit s0 cudi cung ctia s6 A = 4110 + 572012,
(D@ thi vao I6p 10 trwong THPT chuyén KHTN, DHQG Ha Ngi niam hoc 2012 —2013).

Bai 28. Cho a, b la hai s6 nguyén dwong thoa man a + 20 va b + 13 cung chia hét cho 21.
Tim s6 du trong phép chia A =42+ 9" +a +b cho 21.

(DEé thi tuyén sinh 16p 10 THPT chuyén Trin Phii Hai Phong nim hoc 2013 —2014)
Bai 29. Cho n 1a mét s6 nguyén duong chitng minh A =2%+1+2%-1+1 13 hop s0.
(DEé thi hoc sinh gidi I6p 9 TP Ha Ngi niam hoc 2014 —2015)
Bai 30. Ching minh A = 20124 + 2013* +2014** +2015* khong phai la s6 chinh phuong véi
moi s6 nguyén duong n.
(D@ thi tuyén sinh vao lop 10 chuyén triong DHSP TP H6 Chi Minh nam hoc 2015 —2016)
Bai 31. Chting minh réng phuong trinh : X*° + y* +2*° =19 + 7% 1. 9% Khoéng c6

nghiém nguyeén.
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Bai 32. Tim nghiém nguyén duong ctia phuong trinh X(X+3)+y(y+3)=12(z+3) véi
diéu kién X, y 1a cac s6 nguyén to.

Bai 33. Chtmg minh (2013206 + 20142016 — 20752016 )10 : 106

Bai 34. Chiing minh rdng 14 + 24 + 34 +44 khong chia hét cho 5.

Bai 35. Chitng minh rang véi mdi s6 nguyén td p ton tai v s8 s6 ¢6 dang 2" —n, (n € N)
chia hét cho p.

HUONG DAN GIAI - DAP SO

Bai 1.
Tac64°=64 =1 (mod 9) = 4= (4} = 1(mod 9)
Mit khéc 42=16 = 7(mod 9) = 4215 = 4206 42 = 1.7 (mod 9)
Vay 40 -7 = 0 (mod 9) hay 420157 : 9,
Bai 2.

Truong hop 1:
Véi n=2= A=1{(2-1)" luén ding

Truong hop 2:

V6in>2= A=n*(n"?-1)+(n-1)=n’(n-1)(n"* +n"* + . +1)+(n-1)
=(n=1)(n"* +n"? +..+n’ +1)

Mat khac

n=1(mod(n-1))= n* =1(mod(n-1))(vk e N)
=n"'+n"?+..+n?>=n-2(mod(n-1))

=n""+..+n’ +1=n-1(mod(n-1))
n"*+..+n”+1=0(mod(n-1))(1)

= (n=1)(n"*+..+n’ +1)Eo(mod(n—1)2)

= A=(n"-n’+n-1)i(n-1)

Bai 3.

Trwong hop 1:

Véi n=0= 9" +1=2 khong chia hét cho 100.

hodc N =1= 9" +1=10 khong chia hét cho 100.

Trwong hop 2:
N> 2 Ta di xét 2 kha ndng sau:
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Kha ning 1:
Véin chdn n=2k(keN*)=9"+1=9%+1=2(mod10)

= (9" +1) khong chia hét cho 10.=> (9" +1)khong chia hét cho 100.
Khai nang 2:

Véinle n=2k +1(ne N*)=9"+1=9.81 +1=2(mod4)

= (9" +1) khéng chia hét cho 4.= (9" +1)khong chia hét cho 100.

Bai 4.

Tacdba=a.a

ndpg8dy =an10"+an1. 10" + .+ a1.10 + ao .

a) Taco 10 = 1(mod 3) dododai. 10' = ai (mod 3),i=1;2;3; ..., n
Do d6 an.10" + an-1.10™! + ...+ 21.10 + a0 = (an + an-1+ ...+ a1 + ao) (mod 3)
Viya:3 < an+anit ..+ ai+ao= 0 (mod 3)

S antanit.tartao: 3.

b) Tac6102=100 = 0 (mod 4) = ai. 100 =0 (mod 4),i=2;3;..;n
= an.10" + an1.10™! + ...+ 21.10 + a0 = (a1.10 + ao) (mod 4)
Vaya'i4 < anl0+ac=0(mod4) < aa, : 4.
Bai5.Tacd 124=431= A= O(mod 4)
Do vay dé chimg minh A:124 ta di chiing minh A:31
That vay : 1924 = 2(mod31);1920 = —2(mod31) = A= 22" —2(mod31)(*)
Mt khéc : 2° =32 =1(mod31). Ta di tim s6 du cua 2003 khi chia chos.

2004" = 0(mod 4) = 2004" = 4k => 2003 = 2003*
2003 =3(mod5) = 2003* = 3* =81 =1(mod5)
= 2003"*" =1(mod5) = 2003 =5m+1

n
32004

= 27 =21 =2,(2°)" =2(mod31)
Thay vao (*) tacé A=0(mod31) = A:31
Bai 6.

a) Tim ch@ s6 tan cung ctia mot s6 la tim duw trong phép chia s6 d6 cho 10. Vi 92 +1=
9.81" = 9(mod 10). Do 9 la s6 1é nén sd 9% ¢6 chir 58 tan cung la 9.

b) Tim hai chit s6 tan cting ctia mot s6 la tim duw trong phép chia s6 d6 cho 100.

Tac6 3'=81 = —19(mod 100) = 3% = (- 19)(mod 100)
Ma (- 19)2=361 = 61(mod 100) Vay 3* = 61(mod 100)

310 = 61.9 = 549 = 49 (mod 100)
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3% = 492 = 01 (mod 100)  ( do 492 = 2401 = 24.100 + 1)
Do d6 3" = 01 (mod 100) nghia la hai ch@ s sau cung cua 3'%° la 01.
Bai 7. Véi nhitng bai toan dang nay, phuong phap chung la tinh toan dé di déna = b
(mod m) véi b la s8 6 tri tuyét d6i nho nhat c6 thé duoc (t6t nhat la b = £1) tir d6 tinh
duwoc thuan lgi a® = b (mod m)

a) 8! =1.2.3.45.6.7.8.
Tac63.4=12 =1 (mod 11);2.6 =12 = 1 (mod 11); 7.8 = 1 (mod 11) Vay 8! =5 (mod 11)
= 8! —1= 4 (mod 11). S du trong phép chia 8! — 1 cho 11 1a 4.

b) 2014 = — 1 (mod 5) = 2014** = -1 (mod 5)
2016 =1 (mod 5) = 2016*" = 1 (mod 5); 2018 = 3 (mod 5)
2014%15 + 20165+ 2018 = 3 (mod 5).
) 22=1(mod7) = 2%=(2%)4 =4 (mod?7)
41= -1 (mod 7) = 41% = (-1)® = -1 (mod 7)
2%+41% =4-1 = 3 (mod 7).
d)1°=1(mod4);, 3>=-1(mod 4); 5° =1(mod4) ;..;
975 = 1 (mod 4); 99°= -1 (mod 4). Paps6 : Du 0.
Bai 8. a) 1532 = 2 (mod 9) = 1532° = 2° = 5 (mod 9)
=1532°-4 =1 (mod 9)
b)2°=32 = 7 (mod 25) = 21°=(2%?2 =72 = -1 (mod 25).
22000= (210200 = (= 1)20 = 1 (mod 25).
€) 2014 =155.13 -1 nén 2014 = -1 (mod 13); 20152 =2k +1 (ke N)

= 2014*" = (- 1)%1 = —1 (mod 13). Dap s3 : du 12.
Bai 9. a) Ta c6 352 =1225=4253 - 50 = -50(mod 425)
353 =352 35 = -50. 35 = — 1750 = -50(mod 425)
354 = (352)2 = (- 50)% = 2500 = -50(mod 425)
Tuwong tw v6i 35¢; 35%;35%. Tirdd 6 A = —100(mod 425).
Hay s0 du trong phép chia A cho 425 la 325.
b) Ta c6 105 =7.14285 + 5 = 5(mod 7); 105=5.10 = 1(mod 7);
10"-4=99..96 = 0 (mod 2) va 99...96 = O(mod 3) = 10" -4 = O(mod 6)

n-1s6'9 n-1s6'9
—10°=4(mod 6) va10n=6k+4 (k n € N*).
Dodé 102 =10% = (10°)".10* =10* (mod 7)
Vay B = 10¢ +104 +10¢ +... +10¢ = 10.10* = 10° = 5(mod 7).

Bai 10. a) Ta tim du trong phép chia s& d6 cho 10.
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 Vide= 6(mod 10) nén 45 =49 = (4%)*4 = 64 = 4(mod 10) = chit sO tan cung la 4.

b) Ta tim du trong phép chia s6 dé cho 100. Theo vi du 3 chuyén dé 26 ta da c6 31° = 01
(mod 100) nghia 1a hai ch@ s6 sau cing ctia 3'% la 01. S& 3'° la bdi s6 ctia 3 nén chi s6 hang
tram ctia no khi chia cho 3 phai c6 s6 du la 2 d€ chia ti€p thi 201 chia hét cho 3 (néu s6 du la 0
hay 1 thi 001; 101 déu khong chia hét cho 3). Vay s& 3% = 319 : 3 ¢ hai chit s6 tan cling bang
201:3=67.

c) Ta tim du trong phép chia s6 d6 cho 1000. Do 1000 =125.8 trudc hét ta tim s6 du cua 252
cho 125. Tir hang dang thuc:

(a +b)® = a° + 5a‘b + 10a%b? + 10a?b® + 5ab* + b° ta c6 nhan xét néu a:25 thi (a + b)> = b’ (mod
125).

Vi210=1024 = — 1 (mod 25) nén 210=25k—1 (k € N).
Tirnhan xét trén ta c6 2% = (205 = (25k — 1) = — 1 (mod 125)
Vi vay 2512 = (290)10, 212 = (- 1)10, 212 = 212 (mod 125).
Do 212=210,22=1024. 4 = 24.4 = 96 (mod 125). Vay 252 = 96 (mod 125).
Hay 252=125m + 96, me N. Do 22: 8;96:8 nénm : 8 = m=8n (n € N).
2512=125. 8n + 96 = 1000n + 96. Vay ba chit s tan cling ctia s6 2°21a 096.
Bai 11. D€ chiing to6 a : m ta chtng minh a = 0 (mod m)

a)41=42-1 = —1 (mod 7). Do d6 41215 = (— 1)5 = — 1 (mod 7)
Hay 412%5 = 6 (mod 7) = 412% — 6= 0 (mod 7)

b) Tacd2¢=16 =1 (mod 15) = 2* =1 (mod 15) = 24— 1=0 (mod 15)
Do d6 241-2=2(2% — 1) =0 (mod 15).

c) Taco 3°=27 =1 (mod 13) ; 37 = (3%)*.3 =3 (mod 13)

Ta ¢ 24 =3 (mod 13) = 26 = 12 = — 1 (mod 13)
276 = (26)12. 24 =3 (mod 13)

Do d6 3% — 276 =0 (mod 13)  hay 37 — 27 | 13

d) 341=11.31
*Ta c625=32 = ~1(mod 11); 20=22 -2 = — 2 (mod 11)
Do d6 20% = (= 2)i5= —(25)° = 1(mod 11)
*20" = (2°). (5°)° = 1(mod 31) do 2°= 1(mod 31) va 5*= 1(mod 31)
Do d6 20% = 1 (mod 11.31) hay 20% = 1 (mod 341) = 20%-1 : 341
Bai12. 1890 = 0 (mod 7) ; 1945 = — 1 (mod 7) ; 2017 = 1 (mod 7)
18907 = 0 (mod 7) ; 1945%5 = —1 (mod 7) ; 20172 = 1 (mod 7) = dpcm.
Bai 13. a)Ta c6 5555 = 793.7 + 4 = 4(mod 7); 2222 = 318.7 — 4= — 4(mod 7)
> 5555222 4 DD = 4222 4 (L 4)5555 =_ 422(435_ 1) (mod 7)
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Do 4n®_1= [(43)””_ } ;4=64 = 1 (mod 7) nén (4" = 1 (mod 7)

Hay 4%% -1 = 0 (mod 7) . Do d6 5555%222 + 22225 = () (mod 7) va
1555411 = (2. 7777)1111= 21111 77771111 = () (mod 7) = dpcm.

b) Ta c6 102 =2.3.17. Ta ¢6 (220 + 119 + 69)'2 = 0 (mod 102)
*220 = 0 (mod 2);119 = -1 (mod 2);69 = 1 (mod 2) = M = 0 (mod 2)
*220 = 1 (mod 3) ;119 = -1 (mod 3) ; 69 = 0 (mod 3) = M = 0 (mod 3)
*220 = —1(mod 17);119 = 0 (mod 17) ; 69 =1(mod 17) = M = 0 (mod 17)
(DEy 1199 va 692 1a cac s61€) ; = M = 0 (mod 2.3.17). Hay M : 102
Bai 14. Dt A =521, 201 4+ 2201 3071 Tac§ A 2, Vn € N¥;
Tacd A=20(5>1.2 +2n1 3n+l) =20 (251 10 +6"'.9)
Do 25= 6 (mod 19)= A= 2" (6"1.10 +6™1.9)= 27.6™1.19 = 0 (mod 19)
Hay A:19. Ma (2;19)=1 = A:19.2 = A:38.

Bail5.Tacba=a.a

ndpgddy =an10"+an1. 10" + .+ a1.10 + ao .

a)Tacéd 10 = 1(mod 9) doddai. 10' = ai(mod 9),i=1;2;3;..;n
Do d6 a = (an+ an1t ...+ a1+ ao) (mod 9). Vay
a:9 < antant.tar+ar=0(mod9) < an+anit..+aitao: 9.
b) Ta c6102=100 = 0 (mod 25) = a. 10 = 0 (mod 25),1=2;3; ..; n.
= a = (a1.10 + ao) (mod 25).
Vaya:25 < anl0+ao=0(mod25) < aa, : 25.
¢)Do 10 = -1 (mod 11) = ai. 10' = ai .(- 1)’ (mod 11)
a=(aotaz tas +..)—(a1t+as+as+.)(mod11)
Dodda: 1l & (a+az +as +..)—(a1+as+as+.) =0 (mod 11)
Ttk 1a hiéu ctia tong cac chit s8 & vi tri 1é va tong cac chit s8 & vi tri chdn bang 0.
d) Taco10°= 1000 = 0 (mod 8) = ai. 10: = 0 (mod 8),i=3;4; ..., n.
= a = (a2 10>+ a1.10 + ao) (mod 8).
Vaya:8 < a.10?+ a. 10+a0= 0 (mod 8) < a,aa, : 8.
Bai 16. Theo dinh ly Fermat bé, do 11 1a s6 nguyén t6 nén ta c6
210 = 1 (mod 11) = 21 = 1 (mod 11)
= 2Mn+1=2 21 = 2 (mod 22) = 21n+1=22k +2 (k € N)
Do 23 la s6 nguyén t6 ta ciing ¢4 22 =1 (mod 23) = P Z Bkt _ g 9% = y (mod 23) =
22" 119 =4+19 = 0 (mod 23) Tircla A © 23. Ma A>23, Vn=1 nén A la hop s6.
Bai 17. Theo dinh ly Wilson : V6i moi s6 nguyén t6 p thi (p — 1)! =1 (mod p).
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Do 13 nguyén t6 nén 12! =-1 (mod 13) = (12!)13 = (-1)B¥= -1 (mod 13).
Tac62016=13.155+1 = 1 (mod 13) = 2016*"° = 1 (mod 13).
DodéB= (121)°+2016%% = 0 (mod 13). Hay B : 13.

Bai 18. a) Theo Dinh ly Fermat bé, do 7 la s6 nguyén t6 nén 26 = 1 (mod 7).
Tacd 4 = 1(mod3) = 4° = 1 (mod 3) = 2.4 = 2 (mod 6) . Nghia la
m+1=2(22)n =2 4n = 2 (mod 6) = 22*1=6k +2 , (ke N)

Miit khdc 2 = (292 =80 = 1 (mod 7) = 3.2% = 3 (mod 7).

Do dé 27" +3.2% = 26k+243 = 22 (26)k+ 3 = 221+ 3 = 0 (mod 7).
b) Do 11 la s6 nguyén t6 nén 2'° = 1 (mod 11)

Tacé 16 = 1 (mod 5) = 16" = 1 (mod 5) = 2.16" = 2 (mod 10). Nghia 1a 24 +1 = 2(24)n =
2.16" = 2 (mod 10) = 2#+1=10k +2 , (ke N)

Matkhac 12 = 1 (mod 11) = 12*1= 1 (mod 11) = 2.12>*! = 2 (mod 11);
Do 10?= 1 (mod 11) =10* =1 (mod 11) = 5.10*> = 5 (mod 11).
Vithé 2° +2.12°"" 4510 = 20k+2+2+5 =22+ 7 = ( (mod 11).
Bai19. a)Taco72=89va (8 9)=1.
*63 = 0 (mod 9); khin =2 thi 3" = 0 (mod 9) do d6 3~ + 63= 0 (mod 9).
*Mat khac, véin =2k (ke N*) thi 3»—1=3%-1=9-1=1k-1
= 0 (mod 8) do d63"+63=3"-1+64 = 0 (mod 8).
Vay véin=2k (ke N*)thi 3~ +63:72.
b) Tac6323=17.19va (17, 19) = 1.

*A=20"-1)+(16"-3")= P+Q.

Ta c6 20" = 1(mod 19) = P = 0 (mod 19).

Néun=2k (ke N*) thi Q=16*-3* = (-3)*-3* =3*-3*=(0(mod 19) > A=P+Q =0
(mod 19)
*A=Q20"-3)+(16n-1)= PP+ Q
20" = 3~ (mod 17). Do @6 P’ = 20" - 3 = 0 (mod 17).
Néun=2k (ke N*)thiQ' =16*-1=(-1)*-1=1-1= 0 (mod 17)
=>A=P+Q =0(mod17). Do (17;19)=1nén A = 0 (mod 17.19).
Vay voin=2k (keN*)thi A=20"+16"-3-1 : 323.
Bai 20. Theo dinh ly Fermat bé ta ¢6 2° = 2 (mod p) nénnéu 2° = — 1 (mod p) thitacé 3 = 0
(mod p) = p=3.
Mat khackhi p=3 thi2*+1=9 = 0 (mod 3) . Vay p=31as6 can tim.
Bai 21. Véip =3 thi p?+ 20 =29 la s0 nguyén to.

24 n+l
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y Véip # 3thip? =1 (mod 3) nén p?+20 =21 = 0 (mod 3).
// Vay p?+20 : 3 mat khic p?+20 >3 nén p>+ 20 1a hop s8 . Vay chi ¢6 1 s6 nguyén t5 can
timla p=3.
Bai22. Véi a,b eN*.  Néuab : pthisdabr— bar: p
Néu ab / p thi(a, p)= (b, p) =1. Do d6 ar! = br1=1(mod p) =
aPl— br1=0(mod p) = ab(ar!- br!) = 0(mod p)

— abr- bar=0(mod p) hay abP— bar: p, Va, b e N*.
Bai 23.a) Giastta,b,c € Z maa?+b?*+c2 =7 (mod 8).
Tacoa=0;+1;,£2; £3; 4 (mod 8) = a? = 0;1;4 (mod 8)

= b2+ =7;6;3(mod8). Diéunay vdly vi b? =0;1;4 (mod 8) vac? =0;1;4 (mod 8)
= b2+c2=0;1;2;4;5(mod 8).

Vay a%+b?+c2 #7 (mod 8).
b) Ap dung caua)tacé véi x,y,z € Z
4x2 +y? + 922 = (2x)? + y2 + (3z)* #7 (mod 8).
Ma2015=8.251+7 =7 (mod 8)

Vay phuong trinh da cho khong c6 nghiém nguyén.
Bai 24. Ta c6 2011 = 11 (mod 100) ; 112 = 21 (mod 100) ; 113 = 31 (mod 100);
115 = 21.31 = 51 (mod 100) = 11 = 512 = 1 (mod 100).
Ta cod 2010** = 0 (mod 10) = 2010** =10k (k € Z)

= 2011 = 201110k = 111 = (110) = 1 (mod 100). Do d6 hai chit s& tan cling 12 55 01.
Bai 25. Bai toan c6 nhiéu cach giai. Sau day la cach giai theo dong du thirc:
*Tacd Vn eN*thin’—n =0(mod30)  (vidu 8 chuyén dé 26 da chiing minh)
A = (2?12 — g2008) + (2012 — H2008) + (2012 — 2008)

A =2a27 (a° - a) + b7 (b> — b) + ¢ (¢® - ¢)

Ta céd a®—a =0 (mod 30) = a*" (a®-a) =0 (mod 30)

Tuong ty b2 (b5~ b) = 0 (mod 30) ;7 (c3 - c) =0 (mod 30)

Vay A = 0(mod 30). Hay A :30.

Bai 26. Gia st ton tai b ba s6 nguyén (x; y ; z) théa man x* + y*=7z*+5

o xi+yi+7i=820+5 (1),

Xét véi mot s6 nguyén a bat ky thi néu a chan thia=2k (ke Z)

= a*=16k* = 0 (mod 8);néu alé thia*= (2k + 1)*=1 (mod 8)

Dodoxi+y* +z4t=0;1;2;3 (mod8). Trong khi d6 8z* + 5 =5 (mod 8) mau thuan véi (1).
Vay khong ton tai cic bd ba s8 nguyén (x; y; z) thda man dang thite  x* + y=7z4 + 5.
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Bai 27. Ta c6 412 = (40 + 1)2 =402 + 80 + 1 =81 (mod 100)
414=81% = 6561 =61 (mod 100) =41° =61.41 = 1 (mod 100)
=41'% =41. (41°?' = 41 (mod 100)
Mat khéac 574= 10556001 = 1 (mod 100) = 57212 = (574)°% = 1 (mod 100)
Vithé A = 41+ 1(mod 100).
Do d6 hai chit s6 cudi cung ctia s A = 4110 + 572012 [3 42
Bai28.Doa+20:21 = a=1(mod3) va a =1 (mod7)

b+13:21 = b = 2(mod3) va b = 2 (mod 7)
SuyraA=4*+9%*+a+b=1+0+1+2=1(mod3) = A = 10 (mod 3)
Xéta=3k+1;b=3q+2 vdik,q e Ntaco 42=43%"1=4. 64 = 4 (mod 7)
9b=0%2 = 2% = 4,81 = 4 (mod 7).
DodoA=4*+%+a+b=4+4+1+1=10(mod7) = A = 10 (mod 7)
A =10(mod3)vaA =10 (mod 7)ma (3;7)=1nen A = 10 (mod 3.7)
Hay A = 10 (mod 21). Vay s6 du trong phép chia A cho 21 1a 10.
Bai29. 22 = 1 (mod 7) = (2" = 1 (mod 7) =2%+1=2,(2%n = 2 (mod 7).
va 201 =22(2%)n-1 = 4 (mod 7).
Nén A =2+4+1=0(mod7)nghiala A:7 Mavdine N*thi A>7.
Vay A lahop so.
Bai30.¥n e N*ta cé 20124 = 0 (mod 2) ; 2013* = 1 (mod 2);
2014% = 0 (mod 2) ; 2015%= 1(mod2). Dodé A =2 =0 (mod2).
*Talai 62012 = 0 (mod 4) = 2012 = 0 (mod 4);
2014 = 2 (mod 4) = 20142 = 22= 0 (mod 4) =>2014% = (201492 =0 (mod 4)
Do2013 = 1(mod4) = 2013* = 1(mod4);
D02015 = — 1 (mod4) = 2015% = (- 1)* = 1 (mod 4)
Vay A = 2 (mod 4) nghia la A chiacho4 du?2. TacO A : 2; A 122; 21asd nguyén 6. Vay A
khong la s6 chinh phuong vV n € N*.
Bai 31.
Ta co

19%% =(2.9+1)" =1(mod 2003) (1); 7% = (9 - 2)*™ = 7% =(-2)"" (mod9) Mt khéc
(_2)2003 _ (_2).22002 _ (_2)-(23 )667 9_ (_4).(23)667
Do

)2003
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667

2° =1(mod9) = (2°)" =-1(mod9) = (-4)(2°)"" =4(mod9) = 7% = 4(mod9)(2) Tt
(1) va (2) =197 +7%% 1 9% =5(mod 9)(3)

Vi 1ap phuong cia mét s tu nhién khi chia cho 9 chi ¢6 thé dw 1a 0,1,—1 nén moi s6
nguyén X,z tacd: X°+y° +2° =(x°) +(y*) +(2°) =(-3);(~1);0;1;3(mod 9) (4)
Ttr (3) va (4) suy ra phurong trinh khong c6 nghiém nguyén.

Bai 32.

Tacéd z(z+3)=12"+3z2

Mit khéc ta ludn c6 z° = 0(mod3) hodc z° =1(mod3)

Do d6 v6i moi z nguyén ta co :

z(z+3)=c(mod3);c{0;1}(1)

Chiing min twong tu voi y,x

= X(x+3)+y(y+3)=d(mod3);d €{0;1;2}(2)

Lai d€y ring: x(x+3)+y(y+3)= (x2 + yz)(mod3)(3)

Cht y rang néu p la s6 nguyén t6 khac 3 thi p? =1(mod3). Do vay X,y dong thoi la cac
sO nguyeén to khac 3 thi :

x* +y*=2(mod3)(4)

Két hop (1), (2), (3), (4) suy ra it nhat mot trong hai s6 x,y phai la 3. Do vai tro d6i xting ctia
X,y chon X =3

Khi X=3 taco:
18+y?+3y=2"+32<18=2"+32-y* -3y < 18=(z-y)(x+y+3)(5)
Tez>0,y>0=>2z+y+z>3=2z-y>0.

Vi thé két hop v6i (z2+Yy+3)—(2—-y) =2y +327 (doy nguyén tn 16n hon 2). Nén tit (5)

suy ra:
(z+y+3=18 [[y=7
z-y=1 z=8
=
zZ+y+3=9 y=2
| Z-y=2 (z=4

Do tinh d6i xting nén phuong trinh c6 4 nghiém nguyén duong :
(3,7:8);(7:3:8);(3,2;4);(2:3,4)
Bai 33. Ta phai tim s6 tw nhién r sao cho
0= r = (20132016 + 2014216 — 20152°%¢ )10 (mod 106)
Ta ¢6 2013 =106.19 -1 = 2013= -1(mod 106) = 2013%'¢= 1(mod 106)
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2014 =106.19 = 2014= 0 (mod 106) = 2014*'¢= O(mod 106)
2015=106.19 +1 = 2015= 1(mod 106) = 2015%*= 1(mod 106)
Do do6 (20132016 + 20142016 — 20152016 )= ( (mod 106).

Bai 34. Do 5 la sd nguyén td nén theo Dinh 1y Fermat bé ta cé: voéia=1;2;3;4tacé a° =
a(modb) < a*=1(mod5) < a* =1 (mod5).
Do do6 1% + 2% + 3% +4% =1+1+1+1 = 4 (mod 5).
Chimg to 1% + 24k + 34 4 44 [ 5,
Bai35.*Néup=2thi2"-n:2, Vn=2k (keN).
*Néup # 2 do(2;p)=1 nén theo dinh ly Fermat bé ta c6 :

201 =1(modp) = 201-1=0(modp) = 2" ~1=0(modp).
Hayla 207" _1:ip (keN;k>2).

Mat khac (p-1)* = (-1)* = 1 (mod p)

= 2P p- 1 [2“"“" -1}—[(p—1)2k —1} p

"G

p p

Vay ton tai vO s8 s8 tw nhiénn cd dang n=(p-1)%*, (VkeN; k> 2)saocho2"-n : p.
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CHUYEN PE 13: NGUYEN LY DIRICHLET

A. Kién thiic cén nhé
1.  Giodi thiéu nguyén ly Dirichlet

Dirichlet (Di-rich-18) (1805 — 1859) la nha
toan hoc nguoi Birc, duoc cho la nguoi dwa
ra dinh nghia hién dai vé ham sd. Trén co so
quan sat thuc t€, 6ng da phat biéu thanh
mot nguyen li mang tén ong — nguyén li
Dirichlet: Khong thé’ nhét 7 con thd vao 3 cdi
long ma moi cdi [ong c6 khong qud 2 con tho.
N6i cach khéc, néu nhét 7 con tho vao 3 cdi
I6ng thi ton tai it nhit mot [ong co tir 3 con tro
lén. Mot cach tong quat hon, néu c6 k 1ong
dé nhét m con thé (v6i k=kn+r
(0 <r <k-1)) thi ton tai it nhat mot long co

chira ttir n + 1 con tho tré lén.

Johann Peter Gustav Lejeune Dirichlet

Ta ciing c6 thé dé dang chit minh nguyén li Dirichet bang phuong phédp phan
chiing nhu sau: Gia stt khong c6 mot Iong nao chit n + 1 con tho tro 1én, tirc 1a mdi long
chira nhiéu nhét n con tho, thi s6 con tho chita trong k 16ng nhiéu nhat chi c6 thé la kn con.
Diéu nay mau thuan véi gia thiét c6 m con tho véi m=kn+r (0<r <k -1).

Nguyén 1i Dirichlet that don gian, dé hiéu nhung dwoc van dung vao giai rat nhiéu bai
toan trong so hoc, dai s6, hinh hoc vé viéc chi ra su ton tai cia mot hay nhiéu doi tuong
thoa man mot diéu kién dat ra.

Khi stt dung nguyén li Dirichlet vao bai toan cu thé, diéu quan trong la phai nhan ra (hay
tao ra) Long hodc Tho hoac ca Long va Tho.

2. M6t s6 dang ap dung ctia nguyén ly Dirichlet

e Nguyén ly Dirichlet co ban: Néu nhét n+1 con tho vao n cai chudng thi bao gio cing cd
mot chudng chira it nhat hai con tho.

e Nguyén ly Dirichlet tdng quat: Néu c6 N d6 vat duoc dit vao trong k hop thi sé ton tai
/ N AN A 2 A A A N > A, 7 .7 . 3
mot hop chira it nhat {¥} do vat. (O day [x} la s6 nguyén nhé nhat co gia tri nhé hon

hodc bang x)
e Nguyén li Dirichlet mé rong: Néu nhot n con tho vao m >2 cai chudng thi ton tai mot

W (DM :
chuéng c6 it nhat [—} con tho.
m
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e Nguyén li Dirichlet dang tap hop: Cho A va B 1a hai tap hop khéc rong c6 s8 phan ttr
hitu han, ma s8 luong phan tir ciia A 16n hon s8 lwong phan tit cia B. Néu véi mot quy tac
nao dé, mdi phan t& ctia A cho twong tmg véi mot phan tir cua B, thi ton tai it nhat hai
phan t& khdc nhau ctia A ma ching tuong ting v6i mot phan ti ctia B.

3. Phuwong phap ttng dung.

Nguyén li Dirichlet twong chirng nhu don gian nhu vay, nhung né la mét cong cu
hét stic c6 hiéu qua dung d€ chiing minh nhiéu két qua hét stic sau sac cta toan hoc.
Nguyén 1i Dirichlet cing dwgc ap dung cho cac bai toan cta hinh hoc, diéu d6 duoc thé
hién qua hé thong bai tap sau:

bé€ sit dung nguyén ly Dirichlet ta phai lam xudt hién tinh huéng nhét “tho” vao
“chudng” va thoa man cac diéu kién:

+ 56 ‘thd” phai nhiéu hon sd chuéng.
+ “Tho” phai dwoc nhdt hét vao cac “chudng”, nhung khong bat bude chudng nao
cling phai c6 tho.

Thueong thi phwong phap Dirichlet dugc ap dung kem theo phuwong phdp phan
chiing. Ngoai ra né con c6 thé ap dung véi cac nguyén ly khac. Mot s bai toan co ban
thuong gap nhu sau:

1) Trong n + 1 s6 tw nhién bat ki ludn tim duwoc hai s6 chia cho n ¢d cung s6 du (hodc

hiéu ctia chting chia hét cho n).

2) Néu trén mot doan th:fmg do dai 1 dat mot s6 doan théng o tong do dai 16n hon 1
thi ¢6 it nhat hai trong s6 cac doan thang d6 ¢ diém chung.
3) Neéu trén duwong tron ¢ ban kinh 1 dat mot s6 cung c6 tong do dai 16n hon 27 thi
c6 it nhat hai trong s6 cac cung do6 c6 diém chung.
4) Trong mot hinh c6 dién tich S dat mot s6 hinh c6 tong dién tich 16n hon S thi ¢ it
nhat hai trong s6 cac hinh d6 c6 diém chung.
B. CAC DANG TOAN THUONG GAP
7~ Dang 1: Chitng minh su ton tai chia hét
* Co s0 phuwong phap:

Thong thuong ta coi m sO tu nhién da cho la m “con thd”, cac s6 du trong
phép chia cac s0 ty nhién d6 cho n 1a nhitng “I6ng”; nhu vay sé ¢ n cai 1ong: I6ng i
(0 <i<b) gobm nhing s6 tw nhién da cho chia cho n dwi.

* Vi du minh hoa:

Bai toan 1. Chting minh rang:
a) Trong 2012 s6 ty nhién bat ki ludn tim dwoc hai sd chia cho 2011 ¢6 cung sO dw
(hay hiéu ctia chting chia hét cho 2011).
b) Trong 2012 sd tw nhién bat ki luén tim dwgc mot s chia hét cho 2012 hodc ludn
tim dwoc hai s6 chia cho 2012 ¢6 cung s6 du.
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Huéng dan gidi
a) Ta coi 2012 s6 tw nhién da cho la 2012 “con tho”; “I6ng i” gom céc s6 chia cho 2011 du i
(0<i<2011) nén c6 2011 I6ng: Iong 0, Iong 1, ..., Iong 2010. Nhu vay c6 2011 Iong chita
2012 con tho nén theo nguyén li Dirchlet ton tai it nhat mot 1ong chita khong it hon hai con
tho, ttee 1a 6 it nhat hai s6 chia cho 2011 ¢6 cung so du.
b) Néu trong 2012 s6 da cho c6 it nhat mot s6 chia hét cho 2012 thi ta chon ludn sd nay.
Néu khong 6 sd nao chia hét cho 2012 thi khi chia cho 2012 nhan nhiéu nhat 2012 s6 dw
khac nhau la 1, 2, ..., 2011. Theo nguyén li Dirichlet, ton tai it nhat hai s6 chia cho 2012 c6
cung so du.
Nhain xét. Ta c6 thé tong quat bai toan trén nhw sau:
1) Trong n + 1 s6 tw nhién bat ki luén tim duoc hai s chia cho n ¢é cung s6 dw (hay hiéu
cua chang chia hét cho n).
2) Trong n s6 ty nhién bat ki luén tim dwgc mot sd chia hét cho n hodc luén tim duwoc hai
s0 chia cho n ¢6 cung s6 du.
Bai toan 2. Chttng minh rang ludn tim duoc s8 c6 dang 20122012...2012 (g6m cac s6 2012
viét lién ti€p nhau) chia hét cho 2013.

Hudng dan gidi
Xét 2014 s6 sau: 2012, 20122012, ..., 2012...2012 (go6m 2014 b s6 2102).
Pem 2014 s6 nay lan luot chia cho 2013, c6 2014 s6 ma chi ¢6 2013 s6 du trong phép chia
cho 2013 (1a 0, 1, 2, ..., 2012) nén ludn ton tai hai s6 chia cho 2013 cé cung s6 du, chéng han
dé la a=2012...2012 (gom i bd 2012) va b = 2012...2012 (gom j bo 2012) véi 1<i< j<2014.
Khi dé
b—a=2012...2012.10" (gom j—ibd 2012) sé chia hét cho 2013.
Lai c6 UCLN (10%,2013) =1 nén s 2012...2012 (g6m j — i bd 2012 s& chia hét cho 2013. Bai
toan duoc chiing minh.
(O day “thd” 1a s6 6 dang 2012...2012, “Iong” 1a s6 dw trong phép chia cho 2013).
Nhdn xét. Mdu chot ctia bai toan la chon ra 2014 (= 2013 + 1) s6 tu nhién c6 dang da cho.
Tl d6 ta c6 thé phat bidu nhiéu bai todn twong tw, chang han nhu: Chttng minh rdng ludn
tim dwoc s6 ¢ dang 111...1 chia hét cho 29.

Bai toan 3. Cho sau s6 tu nhién a,b,c,d,e, g . Chtng minh rf?mg trong sau so ay, ton tai
mot s§ chia hét cho 6 hodc ton tai mot vai s6 c6 tong chia hét cho 6.
Huéng dan gidi
Truong hop cé mot s§ bang 0 thi ta chon s8 0 thoa man yéu cau dé ra.
Truong hop sau s6 déu 16n hon 0. Xét 6 s6 sau
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S, =a
S,=a+b
S;=a+b+c
S,=a+b+c+d
S;=a+b+c+d+e
S;=a+b+c+d+e+g.
Pem mbi s& nay chia cho 6 ta nhan duoc s6 dw thudc tap {0,1,2,3,4,5}.
Néu ton tai S, (i =1,2,...,6) chia hét cho 6 thi bai toan da duoc chitng minh.
Néu khong c6 Si nao chia hét cho 6 thi ta c6 6 s chia hét cho 6 chi nhan 5 loai s6 du khac
nhau (1,2,3,4,5) ; theo nguyén ly Dirichlet ton tai hai s& chia cho 6 c6 cling s8 du, chang
han S2 va Ss do d6 hiéu cuia hai sd nay sé chia hét cho 6, tttc 1a ¢+d +¢e chia hét cho 6. Bai
toan da duogc chimng minh.
(O day “tho” 1a cc s6 S, “Iong” 1a s8 dw trong phép chia cho 6).
Nhdn xét. Ta c6 thé phat biéu bai toan tong quat sau:
Cho n sO te nhién a,,8,,...,a,. Chitng minh r:?mg ton tai mot sd chia hét cho n hodc ton tai
mot vai sd ¢ tong chia hét cho n.
Bai toan 4. Chting minh rang:
a) Trong n sO ty nhién lién tiép ludn tim dwgc mot sd chia hét cho n.
b) Trong 39 s6 tu nhién lién ti€p ludn tim dugc mot s6 ma tong cac chit s6 cua nd
chia hét cho 11.

Hudng dan gidi
a) Gia stt khong tim dwoc s6 nao trong n so tie nhién lién ti€p da cho ma chia hét cho n.
Khi d6 n s6 nay chia cho n chi nhan duoc nhiéu nhat la n — 1 s du khac nhau
@ 2,3,...,n-1), theo nguyén 1i Dirichlet ton tai hai s6 chia hét cho n ¢6 cung s6 du, ch:fmg
han la a va b v6i a>b, khi d6 a — b chia hét cho n, diéu nay mau thuin véi O<a-b<n.
Tt d6 suy ra diéu phai chitng minh.
b) Lay 20 s6 tie nhién lién ti€p dau cua day, ta ludn tim dwoc mot so c¢d chit s6 hang don vi
la 0 va co6 chit s6 hang chuc khac 9.Gia sit d6 1a N va tong cac chit s6 ctia N la s. Khi d6 11
s& N,N+LN+2,N+3,..N+9,N+19 sé nam trong 39 s0 da cho. Vi N tan cung b:?mg 0 nén
tong cac chtt sd caa N,N +1L,N +2,...,N +9 lan luot b?mg s,s+1,s+2,..,5+9. ViN tan cung
bang 0 va c6 chir s6 hang chuc khac 9 nén tong cac chit s8 cua N + 10 bang s + 1, tdng cac
chit s& ctia N + 19 bang s + 10.
Trong 11 s6 ty nhién lién ti€p s,5+1,5+2,5+3,...,5+9,5+10 ludn tim duoc mot s6 chia hét
cho 11. Chéng han s6 d6 1a s+i(0<i<10): Néu 0<i<9 thi ta chon duwoc s6 N+i thoa
man yéu cau bai toan; néu i = 10 thi ta chon dwgc s6 N + 19 thoa man yéu cau bai toan.
Nhan xét. Mau chot d€ giai bai toan cau b) la phai tim ra 11 s6 trong 39 s6 da cho c¢6 tong
cac chir sO thir tw la 11 s6 tw nhién lién tiép, dong thoi st dung két qua cau a).

Bai toan 5. Cho cac sO tu nhién tir 1 dén 2012. Hoéi c6 thé chon ra duoc nhiéu nhat bao
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nhiéu s6 sao cho tong cta hai s6 bat ki trong chung khong chia hét cho hiéu cua né?

Huéng dan gidi
Nhan thay, néu hai sd chia cho 3 cuing du 2 thi hiéu ctia ching chia hét cho 3, con tdng cua
chung chia cho 3 dw 1; nén tdng cua ching khong chia hét cho hiéu ctia chung.
Trong cac s ty nhién tir 1 dén 2012, sé ¢6 671 s6 chia cho 3 dw 2 1a cac s6 ¢6 dang 3K +2
(k=0,1,2,...,670) . Khi d6 hai s0 bat ki trong 671 sd nay cé tong chia 3 dw 1, hiéu chia hét
cho 3, nén tong khong chia hét cho hiéu cua chung. Ta sé chiing minh r?mg chon duoc
nhiéu nhat 672(=671+1) s6 trong cac so tir 1 dén 2012, thi trong 672 sd nay luén tim duoc
a,b(a>b) sao cho a—-b<2 (That vay, gia st nguoc lai thi hiéu gitta s6 nho nhét va s6 16n
nhat trong cac s& da chon sé khong nhé hon 3.671=2013. Diéu nay mau thuan gia thiét
v6i hiéu gitta s6 16n nhat va s6 nho nhat khong vuot qua 2012-1=2011), nghialaa-b
bang 1 hoc 2.
-Néu a —b =1 thi hién nhién a + b chia hét cho a-b (= 1)
-Néua-b=2thia+blasdchannéna+b chia hét choa-b (=2).
Nhu vay ttr 2012 s6 da cho khong thé chon dugc hon 671 s6 théa man diéu kién bai toan.
Suy ra sO lwgng 16n nhat cac s6 phai tim la 671.
7~ Dang 2: Bai toan vé tinh chat cac phan ti trong tip hop
* Co s0 phwong phap: Thong thuong ta phai lap ra nhitng tap hop cé tinh chat can thiét
r6i stt dung nguyeén 1i Dirichlet d€ chimg to c6 hai phan t thudc hai tap hop bang nhau.
* Vi du minh hoa:
Bai toan 1. Cho sau s6 nguyén dwong d6i mot khac nhau va déu nhé hon 10. Chiing minh
rang ludn tim dugc 3 s§ trong d6 c6 mot s6 bang tdng hai s8 con lai.

Huéng dan gidi
Goi sau s nguyén dwong da cho la a,,a,,8,,8,,a;,3, voi 0<a <a, <..<a,;<10.
bat A={a,,a,,3,,8;,8;} gom 5 phan t&r c6 dang am véi m e{2,3,4,5,6}.
bat B={a,-a.,a8,-a,a,-a,a,-a,3,-a} gom 5 phan t&¢ c6 dang a,—-a Vvoi
ne{2,3,4,5,6}.
Ta thdy cac phan t&r cta hai tap hop A va B déu thudc tdp hop gobm 9 phan tir {1,2,3,...,9}
trong khi tong sd phan ti cta hai tdp hop A vaBla 5+5=10.
Theo nguyén li Dirichlet ton tai hai s6 bang nhau ma chiing khong thé thudc cling mot tap
hop, nén c6 mot so thudc tap hop A b:?mg mot s6 thudce tap hop B, ticla a, =a,—a,, do dé
a =a,+a,.
Ba s6 a,,a,,8 do6i modt khac nhau. That vay, a, #a, vinéu a, =a, thi a =0 trai vdi gia
thiét cua bai toan.
Vay ton tai ba s6 a,,a,,8, trong cac s6 da choma a, =a, +a, (dpcm).
(O day, c6 10 “tho” 12 10 s8 a,,a,,8,,8;,8,,8, — 8,8, —a,,8, —8,,8; —a,8, —a, va c6 9 “Iong”
149s61,2,3,4,56,7,8,9).
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Nhdn xét. D€ giai bai toan nay, ta can tao ra hai tap hop gom cac phan tr nho hon 10 va
tong so6 phan t cua hai tap hop phai khong nho hon 10. Ttt d6 suy ra ton tai hai phan tt
ctia hai tap hop bang nhau.

Bai toan 2. Cho X 1 tap hop gbém 700 sd nguyén dwong khac nhau, mbi s& khong 16n hon
2006. Chiing minh rang trong tap hop X ludn tim dwoc hai phan tir x, y sao cho x — y thudc
tap hop E ={3;6;9}.

Huéng dan gidi

Gia st 700 s6 nguyén duong da cho la a,,a,,...,8,,. Ta xét cac tap hop sau:

A={a,a,,..a};

B={a, +6,a, +6,...a,, +6};

C={a,+9,a,+9,..a,, +9};
Tong sd phan t& cta ba tap hop A, B, C 1a 700.3 = 2100, trong dé moi phéan t& déu khong
vuot qua 2006 + 9 = 2015, ma 2100 > 2015 nén theo nguyén li Dirichlet ton tai hai phan t
bang nhau. Vi mdi tap hop A, B, C ¢6 cac phan tit d6i mot khac nhau nén hai phan tit bang
nhau do phai thudc hai tap hop: A va B, hoac A va C, hoac B va C.
- Néu hai phan ti thudc A va B, chang han &, =a,+6 suyra 8 —a, =6.
- Néu hai phan tir thuéc A va C, chang han a, = a,+9 suyra a-a;=9.
- Néu hai phan ti thudc B va C, chdng han a, +3=2a,+6 suyra g -a, =3.
Nhu vay ludn ton lai hai s6 thudc tap hop A cé hiéu la 3, 6, 9. Ta duoc diéu phai ching
minh.
(O day 2100 “tho” 1a 2010 phan ti ctia ba tap hop A, B, C; 2015 “Iong” 1a cac s6 tir 1 dén
2015)
Nhdn xét. Ta con c6 két qua manh hon nhu sau:
Cho X 1a tap hop gom 505 s6 nguyén dwong khac nhau, mdi s& khong 1én hon 2006. Trong
tap hop X ludn tim dwgc hai phan t x, y sao cho x —y thudc tap hop E ={3;6;9}.
Chirng minh.
Goi A la tap hop cac s0 thudc X ma chia hét cho 3, goi B la tap hop cac s6 thudc X ma chia
cho 3 du 1, goi C la tap hop cac sd thudc X ma chia cho3 duw 2.
C6 505 s6 xép vao ba tap hop, ma 505 = 3.168 + 1 nén theo nguyén li Dirichlet ton tai mot
tap hop cd chira tir 169 s6 trd 1én.
Trong tap hop nay, hai s6 bat ki ¢6 hiéu la mot boi cua 3. Ton tai hai s6 x, y ¢ hiéu nho
hon 12. That vay, néu moi s6 trong tap hop nay déu cé hiéu khong nho hon 12 thi s 16n
nhat trong tap hop khong nho hon 12.168 = 2016 > 2006, trai v6i dé bai.
Vay trong tap hop X ton tai hai phan tt x, yma x—yeE.
Bai toan 3. Cho hai tap hop s6 nguyén dwong phan biét ma mdi s6 déu nho hon n. Chiing
minh rdng néu tdng s§ phan t& cta hai tdp hop khong nho hon n thi c6 thé chon duwoc
trong mdi tap hop mot phan tir sao cho téng ctia chiing bang n.

Hudng dan gidi
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Gia st hai tap hop s6 nguyén duong da cho la

A={aa,,.,a,} va B={b,b,,...0}
véi a<n (i=12,.,m), b, <n (j=12,..k) va m+l=n.
Xét tap hop C={n-b,n-Db,,..,.n-b}.
Nhaén thdy, cé tat ca n — 1 s6 nguyén duong phéan biét nho hon n, cac phan ti caa A va C
déu nho hon n va tong s6 cac phan tt cia A va C khong nho hon n. Theo nguyén li
Dirichlet, ton tai it nhat hai phan t& bang nhau, ching khong cting thudc A va C, do d6
mot phan tir thuéc A va mot phan ti thudc C, tizc la ton tai hai s6 ap va n—b, ma
a, =n-b, < a, +b, =n (diéu phai chitng minh).
(O day coi m + k “tho” 1a cdc s6 nguyén duong thudc tap hop A hodc C, n—1 “Iong” 1a cac
sO nguyén duong tit 1 dénn - 1).
7~ Dang 3: Bai toan lién quan dén bang 6 vudng
* Co s6 phwong phap: Mot bang vuong kich thude n x n gom n dong, n cft va 2 duong
chéo. Mdi dong, mdi cot, mdi dudng chéo déu cé n 6 vudng.
Mot bang cac 6 vuong kich thude m x n géom m dong va n cot.
* Vi du minh hoa:
Bai toan 1. Cho mot mang 6 vuong kich thuée 5 x 5. Nguoi ta viét vao moi 6 ctia bang mot
trong cac sO -1, 0, 1; sau d6 tinh tong ctia cac s6 theo tirng cdt, theo tiing dong va theo ting
duong chéo. Chiing minh rang trong tat ca cac tong d6 ludn ton tai hai tong c6 gia tri bang
nhau.

Huéng dan gidi
Bang 6 vudng kich thude 5 x 5 ¢6 5 dong, 5 cot, 2 duwong chéo nén sé ¢ 12 tdng cua cac s6
duoc tinh theo dong, theo c6t va theo duong chéo. Mbi dong, cot va duong chéo déu cd
ghi 5 s6 thuoc tap {-1; 0; 1}. Vi vay gia tri mdi tdng thudc tap hop {-5; -4; -3; -2; -1, 0; 1; 2;
3; 4; 5} c6 11 phan ttr. C6 12 tong nhan trong tap 11 cac gia tri khac nhau nén theo nguyén
li Dirichlet ton tai it nhat hai tong nhan cung mot gia tri. Bai toan duoc chitng minh.
(O day “tho” 1a tdng nén c6 12 “tho”, “Iong” 1a gid tri clia tong nén c6 11 “Iong”).
Nhan xét. Voi cach giai tuong tw, ta ¢ bai toan tong quat sau:
Cho mot bang 6 vudng kich thudc n x n. Nguoi ta viét vao mdi 6 cia bang mot trong cac
s0 -1, 0, 1; sau d6 tinh tong cua cac s6 theo ting cdt, theo titng dong va theo titng duong
chéo. Chitng minh rang trong tat ca cac tdng d6 ludn ton tai hai téng c6 gia tri bang nhau.
Bai toan 2. Trén bang 6 vuong kich thudc 8 x 8, ta viét cac s6 tw nhién tir 1 dén 64, mdi s6
viét vao mot 6 mdt cach tly y. Chitng minh rang ludn ton tai hai 6 vuong chung canh ma
hiéu cac s6 ghi trong chung khong nho hon 5.

Huéng dan gidi
Ta xét hang c6 6 ghi sd 1 va cot c6 6 ghi s6 64. Hiéu gitra hai 6 nay la 63.
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SO cap 0 ké nhau tit 6 ghi s6 1 dén 6 ghi s6 64 nhiéu nhat la 14 (g6m 7 cap 6 chung canh
tinh theo hang va 7 cap 6 chung canh tinh theo cot).

Ta c6 64 = 14.4 + 7 nén theo nguyén li Dirichlet, ton tai it nhat hai 6 ké nhau ma hai s6 ghi
trén dé c6 hiéu khong nho hon 4 + 1 = 5. Bai todn dugc chitng minh.

(O day, “tho” 1a hiéu ctia hai s8 trong 64 s3 (tir 1 dén 64) nén c6 63 tho; “Iong” 1a s8 cap 6
vuong ké nhau ttr 6 ghi s6 1 dén 6 ghi s6 64 nén cé nhiéu nhdt la 14 16ng).

Nhan xét.

. Maéu chét ctia bai toan 1a quan tam dén hai 6 vudng ghi s6 nho nhat (sd 1) va s
16n nhat (s6 64) s€ c6 hién 16n nhat 1a 63; dong thoi xét tir 6 ghi s6 1 dén 6 ghi s6 64 chi can
t6i dala (8 — 1) + (8 — 1) = 14 6. O day ta da van dung nguyén li Dirichlet tong quat: C6 m
tho, nhot vao k Iong ma m =kn +r (1<r <k-1) thi ton tai it nhdt mot I6ng chita khong it
hon n+1 con tho.

. Néu thay béi bang chit nhat gom 8 x 10 6 vuodng, trén d6 ghi cac s6 tir 1 dén 80
khong lap mot cach tuy y thi két qua cau bai toan con dung hay khong? Hay ching minh.
~ Dang 4: Bai toan lién quan dén thuc té

Co sé phwong phap: Khi chitng minh su ton tai mot sd doi tuwong théa man diéu kién nao
do, ta thwong st dung nguyén li Dirichlet.

biéu quan trong nhat la phai xac dinh dugc “thd” va “lIong”.
* Vi du minh hoa:

Bai toan 1. Mot t6 hoc tap c6 10 hoc sinh. Khi viét chinh t4, ca to déu mic 13i, trong do6 ban
Binh méc nhiéu 16i nhat (méc 5 16i). Chiing minh rang trong t& &y c6 it nhat 3 ban da méc
mot s6 161 bang nhau.

Huéng dan gidi

Ta coi “tho” la hoc sinh (trit ban Binh) nén c6 9 tho; “Iong” 1a s6 16i chinh ta hoc sinh mic
phai nén c6 4 Iong: Iong i gom nhitng hoc sinh mac i16i (i =1, 2, 3, 4). C6 9 thd nhét vao 4
Iong, ma 9 = 4.2 + 1, nén theo nguyén li Dirichlet ton tai it nhat mot I6ng chira khong it hon
2 +1 =3 tho, tzc 1a c6 it nhat 3 ban méc mot s& 16i bang nhau.

Bai toan 2. O mot vong chung két co vua c6 8 d&u thu tham gia. M&i ddu thu déu phai gip
dt 7 dau tha con lai, mdi ngudi mot tran. Chitng minh réng, trong moi thoi diém gitta cac
cudc dau, bao gio cling c6 hai dau thu da dau mot s6 tran nhu nhau.

Hudng dan gidi
Ta coi “th¢” la dau tha nén cé 8 tho; “long” la so tran dau ctia dau thu nén co 8
Iong: “Iong i” gom cac ddu thua da thi dduitran (v6ii=0,1,2,3,4,5,6,7).
Ta thdy Iong 0 va long 7 khong dong thoi ton tai, vi néu c6 mot ddu thu chuwa dau
tran nao thi sé khong c6 dau thu nao da dau da 7 tréan, cling nhw néu ¢é dau thu da
dau du 7 tran thi khong co ai chwa ddu tran nao.
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Nhu vay, c¢6 7 1ong chita 8 con thé nén theo nguyén li Dirichlet ton tai mot Iong
chita khong it hon 2 con tho, ttic la trong moi thoi diém gitta cac cuoc ddu luon tim
dugc 2 dau thu da dau dung mot so tran.

Bai toan 3. C6 6 nha khoa hoc viét thu trao doi v6i nhau vé mot trong hai dé tai: bao vé
moi treong va chuong trinh dan s8. Chitng minh rang c6 it nhat ba nha khoa hoc cling
trao doi vé mot dé tai.

Huéng dan gidi
Goi 6 nha khoahocla A, B,C, D, E, F.
Nha khoa hoc A sé viét thw trao doi vdi 5 nha khoa hoc con lai vé 2 dé tai, c6 5=2.2+1
nén theo nguyén li Dirichlet ton tai it nhat 3 nha khoa hoc (Chrfmg han B, C, D) duoc nha
khoa hoc A trao doi vé cung mot dé tai (chéng han dé tai moi treong).
Trong ba nha khoa hoc B, C, D néu c6 hai nguoi nao ciing trao doi vé dé bai moi treong
(chéng han B, C) thi ta chon dwoc A, B, C cung trao doi vé mot dé tai.
Néu trong ba nha khoa hoc B, C, D khoéng ¢4 hai ngwoi nao trao d6i vé dé tai moi treong
thi ho sé trao doi véi nhau vé dé tai dan so, ta sé chon duoc B, C, D cung trao d6i mot dé
tai.
(O day coi nha khoa hoc (trir A) 1a “tho” nén ¢6 5 tho, coi dé tai 1a “Iong” nén c6 2 [ong va
van dung nguyeén li Dirichlet tong quat).
~ Dang 5: Bai toan lién quan dén su sip xép
* Co s6 phwong phap: Cac bai todn vé sap x&p chd, phan cong viéc khong doi hoi nhigu
vé kién thitc va ki nang tinh toan, chung chu yéu két hop suy ludn logic dé xét cac kha
nang co thé xay ra véi nguyén li Dirichlet.
* Vi du minh hoa:
Bai toan 1. C6 20 ngudi quyét dinh di boi thuyén bang 10 chiéc thuyén d6i. Biét rang néu
hai nguoi A va B ma khong quen nhau thi tong s6 nhitng nguoi quen ciia A va nhitng
ngudi quen cta B khong nho hon 19. Chiing minh rang cé thé phan cong vao cac thuyén
ddi sao cho mdi thuyén déu 1a hai ngudi quen nhau.

Hudng dan gidi
Néu trong 20 nguoi khong cd hai nguwoi nao quen nhau thi tong s6 nguoi quen cua hai
nguoi bat ki 1a 0. Diéu nay mau thuan véi gia thiét 1a tdng sd ngudi quen cta hai nguoi
khong nho hon 19. Vay ton tai mot s6 cdp quen nhau.
Ta x&p mdi cdp quen nhau d6 vao mot thuyén ddi. Goi k 1a s8 lwong thuyén 16n nhat ma
trong do ta ¢ thé xép duoc nhitng cdp quen nhau vao mot thuyén va ki hiéu thuyén thi i
x€p hai nguoi Ai va Bi quen nhau (1<i<k).
Gia st k<9, ki hiéu tap hop M gém nhiing nguoi chua duoc xép vao thuyén nao, tic la
gom nhitng nguoi d6i mot khong quen nhau. Chon hai nguwoi A va B trong tdp hop M.
Theo bai ra thi tong sd nguoi quen ctia A va sd nguoi quen cua B khéong nho hon 19 va
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nhitng nguroi quen A hoac quen B da duoc xép vao thuyén roi. Nhu vay c6 19 nguoi quen
hé quen A hoac B dugc xép vao nhiéu nhat la 9 thuyén doi (trir 1 thuyén vi A, B chwa duoc
x€p), ma 19 = 9.2 + 1 nén theo nguyén li Dirichlet ton tai it nhat mot thuyén cho 2 nguoi
quen ca A va B. Nhung khi d6 ta c6 thé xép lai nhu sau: trong k — 1 thuyén dau tién van
gilt nguyén, con thuyén tht k xép Ax va B, con thuyén thtt k + 1 xép A va Bw. Diéu nay
mau thuan véi gia st

Theo cach x&p nay ta tiép tuc xép dén hét 10 thuyén sao cho mdi thuyén hai ngudi déu
quen nhau.

Bai toan 2. Ki thi tuyén sinh vao treong THPT chuyén Long An nam nay c6 529 hoc sinh

dén ttr 16 dia phuong khac nhau tham duw. Gia st diém bai thi mén Toan ctia mdi hoc sinh
déu 1a s6 nguyén 16n hon 4 va bé hon hodc bang 10. Chitng minh rang luén tim dwoc 6 hoc

sinh ¢é di€ém mon Toan gidng nhau va cung dén tir mot dia phueong.

Huéng dan gidi
Ta c6 529 hoc sinh c6 diém bai thi tir 5 diém dén 10 diém. Theo nguyén ly Dirichlet

ta c6 89 hoc sinh ¢ diém bai thi nhw nhau (tir 5 diém dén 10 diém).

Ta c6 89 hoc sinh c6 diém bai thi nhuw nhau va dén ttt 16 dia phuwong. Theo nguyén ly

Dirichlet tim duogc 6 em c6 cung diém thi mon toan va dén tir cung mét dia phuong.

I~ Dang 6: Van dung nguyeén li Dirichlet vao cac bai toan hinh hoc
* Co s0 phuwong phap:Mot s6 cac dang toan hinh hoc thuong gap:
1) Néu trén mot doan thang d6 dai 1 d3t mot s& doan thang c6 tong dd dai lén hon 1
thi c6 it nhat hai trong s8 cdc doan thang d6 c6 diém chung.
2) Néu trén duong tron cé ban kinh 1 dat mot sO cung c6 tong do dai 16n hon 27 thi
co it nhat hai trong sd cac cung d6 c6 diém chung.
3) Trong mot hinh c6 dién tich S dat mot s hinh ¢ tong dién tich 16n hon S thi c6 it
nhat hai trong s6 cac hinh d6 c6 diém chung.
4) * Vi du minh hoa:
Bai toan 1. Trong hinh vudng ma do dai mdi canh 1a 4 cho trudc 33 diém phan biét, trong
d6 khong ¢ 3 diém nao thang hang, Nguoi ta vé cac duong tron c6 ban kinh déu bang
V2, c6 tam 1a céc diém da cho.
Hoi c6 hay khong 3 diém trong sd cac diém ndi trén sao cho chung déu thudc vao phan
chung cta 3 hinh tron ¢6 cac tam ciing chinh la 3 diém d6?
(Thi chon HSG 16p 9 Qudc Gia nam 1995-1996- Bang A)

Hudng dan gidi
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Chia hinh vudng da cho thanh 16 hinh vuéng, méi hinh vudng cé canh 1a 1; vi c6 33
diém chtta trong 16 hinh vuéng, do d6 theo nguyén tac Dirichlet at phai c6 it nhat 1a
mot hinh vudng chita khong it hon 3 diém.

Khoang cach gitta hai diém bat ky trong hinh vuéng don vi da cho khong thé vuot
qua d6 dai duong chéo ctia né bang V2.

Goi 0,,0,,0, 1a 3 diém cting nam trong mdt hinh vudng don vi nao d6 .
V& ba dudng tron tAm 0,,0,,0, cling ban kinh 1a /2 . Chéc chén ca ba diém

0,,0,,0, déu nam trong ca ba dwong tron nay, nghia 1a chting nam trong phan

chung ctia 3 hinh tron c6 tam tai chinh cac diém O,,0,,0,.

Bai toan 2. Trén mat phang cho 25 diém sao cho tir ba diém bat ky trong s& chting déu tim
dugc hai di€m c6 khoang cach nhé hon 1. Chitng minh rang ton tai mot hinh tron c6 ban
kinh bang 1 chita khong it hon 13 diém.

Huéng dan gidi
Xét diém A va hinh tron (C,) c6 tam A va ban kinh la 1. Néu tat ca 24 diém con lai déu
ndm trong (C,) thi hién nhién bai toan duoc chitng minh.
Xét truong hop c6 diém B ndm ngoai (C,). Ta cd AB>1 xét hinh tron (C,) tdm B va ban
kinh Ia 1.

Gia str C la mot diém bat ky khéc A vaB . Ta chtitng minh C phai thudc mét trong hai
hinh tron (C,)hodc (C,).

That vay: gia st nguoc lai diém C khong thudc ca (C,), ca (C,) = AC >1 va BC >1;
theo trén, AB >1 nhu vay c6 bd ba di€m A, B,C trong d6 khong cé bat ky 2 diém nao
c6 khoang cach gitta ching nhé hon 1. V6 Ly, vi trdi véi gia thiét.

Diéu v6 ly d6 chiing to rang hodc la C thudc vao (C,) hodc la C thudc vao (C,).

Nhu vay ca 25 diém da cho déu thudc vao (C,) va (C,).

Theo nguyén tac Dirichlet, at phai c6 it nhat 1a mdt hinh tron chita khong it hon 13
diém.

Bai toan 3. Cho hinh vuéng ABCD va chin duong thang phan biét thoa man mi mot
duong thang déu chia hinh vuong thanh hai tit gidc ¢6 dién tich ty 18 véi 2 va 3.

Chting minh rang ton tai it nhat 1a ba dwong thang dong qui tai mot diém.

Hudng dan gidi
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A D D
N A
Nhan xét: cic duong thang da cho khong thé di qua trung diém cac canh
hinh vuéng ABCD bai vi ngwoc lai thi hinh vuong sé bi phan thanh hai phan
tam gidc va ngt gidc.

Gia sit mot duong thang trong s& d6 cat canh BC tai M va cat canh AD taiN

Cac hinh thang ABMN va CDNM c6 chiéu cao bang nhau nén tit gia thiét suy
ra MN chia doan thang néi trung diém P ,Q ctia AB va CD theo ty 1& %

Dé thay chi c6 4 diém chia 2 duong trung binh cta hing vuéng ABCD theo ty
le % 1al,J,K,H.Co 9 duong thang dia qua 4 diém nay; theo nguyén tac

Dirichlet, phai c6 it nhat 1a 3 duong thang cung di qua mot diém.

Bai toan 4. Cho da giac déu gom 1999 canh. Nguoi ta son cac dinh ctia da gidc bang
2 mau xanh va dé. Chting minh rang at phai ton tai 3 dinh dwoc son cing mdt mau

tao thanh mot tam gidc can.

Hudng dan gidi
Ta c6 da gidc 1999 canh nén c6 1999 dinh. Do d6 at phai ton tai 2 dinh ké nhau la
P va Q duoc son bdi cing 1 mau ( chang han mau do).
Vi da giac da cho la da giac déu cé mot s6 1é dinh, cho nén phai ton tai mot dinh
nao d6 nam trén dwong trung truc ctia doan thang PQ . Gia st dinh d61a A .
Néu A to mau do thi ta co6 AAPQ la tam giac can ¢6 3 dinh A, P,Q duoc to cung
mau do.

Néu A t6 mau xanh. Luc d6 goi B va C la cac dinh khac ctia da giac ké véi P vaQ
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Néu ca 2 dinh B va C dwgc t6 mau xanh thi AABC céan va ¢é 3 dinh cung t6 mau
xanh.
Néu ngugc lai mot ttrong hai dinh B hodc C ma t6 mau do thi tam gidc BPQ hodc

tam gidc CPQ la cac tam gidc can c6 3 dinh duwoc t6 mau do.

C. BAITAP AP DUNG
Bai 1. Mot d6i thong ¢6 800 000 cay thong. Trén mdi cay thong c6 khong quéa 500 000 chiéc
1. Chting minh rang it nhat cfing c6 2 cay thong c6 cling s6 14 nhu nhau ¢ trén cay.
Bai 2. Mot 16p hoc ¢6 40 hoc sinh. Chitng minh r:?mg o it nhat 4 hoc sinh ¢ thang sinh
giong nhau.
Bai 3. Cho day s& gom 5 s8 tu nhién bat ki a,,a,,a,,a,,a,. Chitng minh rang ton tai mot s&
chia hét cho 5 hodc tong cia mot s6 s6 lién ti€p trong day da cho chia hét cho 5.
Bai 4. Cho p 12 58 nguyén t& 16n hon 5. chitng minh rang ton tai mot s6 ¢6 dang 111...11
ma chia hét cho p.
Bai 5. Vi 39 s8 tw nhién lién tiép, hoi rang ta ¢6 thé tim duwoc mot s6 ma tdng cac chir s&
cua noé chia hét cho 11 hay khong?
Bai 6. Chting minh rang trong 52 s tu nhién tity ¥, chi it cling ¢ mot cdp gdm hai s3 sao
cho hoac tong hoac hiéu ctia chung chia hét cho 100.
Bai 7. Chttng minh rang ton tai liiy thira ctia 29 ma céc chit s6 tan cting ctia né 1a 00001.
Bai 8. (Bai toan ap dung 2 Ian nguyén tac Dirichlet)
C6 17 nha toan hoc viét thw cho nhau trao déi vé 3 van dé khoa hoc, mdi nguoi viét
thu cho mot nguodi vé mot van dé. Ching minh rang it nhat ciing ¢6 3 nha toan hoc
trao doi v6i nhau vé cung mot van deé.
Bai 9. Mot 16p hoc ¢6 30 hoc sinh. Khi viét chinh ta, em A pham 14 16i, cac em khac pham

it 16i hon. Chiing minh rang c6 it nhat 1a 3 hoc sinh khong mac 18i hodc mac s6 161 bang
nhau.

Bai 10. Cho 5 nguoi tuy y. Chitng minh rang trong s8 d6 c6 it nhat 1a hai nguoi c6 s8
ngudi quen bang nhau ( cht y 1a A quen B thi B quen A).
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Bai 11. Trong mot giai bong da c6 10 doi tham gia, bat ¢t hai doi nao trong s6 d6 ciing
phai dau véi nhau mét tran. Chiing minh rf?mg tai bat ct thoi diém nao cua lich thi dau
cling c6 hai d6i da dau duoc mot s6 tran nhu nhau.

Bai 12. Chting minh rang d6i véi mot s6 n nguyén duong bat ki bao gio ta cling tim duoc
mot s8 tu nhién ma cac chit s6 ciia nd bao gom chi c6 chit sd 5 va chit s6 0 va chia hét cho n.

Bai 13. Chitng minh rang luén ton tai s6 duwoc viét boi toan chit s6 8 chia hét cho 2011.

Bai 14. Chitng minh rang néu (n, 2010 ) =1 thi ludn ton tai mot s§ k nguyén dwong sao
cho n*-1 chia hét cho 2010.

Bai 15. Chitng minh rang trong 1007 s& tu nhién bat ky luon ton tai hai s sao cho tdng
hodc hiéu cua ching chia hét cho 2011.

Bai 16. Cho n + 1 s8 nguyén duong khac nhau nhé hon 2n (n > 1). Chttng minh rang c6
thé chon ra 3 s6 nao d4 ma mot s6 béng tong hai so kia.

Bai 17. Cho tam giac déu ABC c6 canh bang 1. Danh d4u 5 diém phan biét bat ky
trong AABC. Chting minh rang at ton tai it nhat 1a 2 ¢iém trong s6 d6 ma khoang
cach gitta chung nho hon0,5.

Bai 18. Bén trong hinh vudng c6 canh bang 1, 1dy bat ky 51 diém phan biét. Chiing
minh rang phai ton tai it nhat 1a 3 diém trong s6 51 diém nay nam trong mot hinh
tron c6 ban kinh bang % .

Bai 19. Bén trong hinh tron (O,R) c6 dién tich bang 8, nguoi ta 14y 17 diém phan
biét bat ky. Chiing minh rang bao gio ciing tim dwgc it nhat 1a 3 diém tao thanh
mot tam gidc cd dién tich bé hon 1.

Bai 20.Bén trong mot cai san hinh ch nhat ¢é chiéu dai 4m va chiéu rong la 3m cd
6 con chim dang &n. Chttng minh rang phai cé it nhat 1a hai con chim ma khoang
cach dau gitta ching nhé hon la +/5m.

Bai 21. Cac diém trén mit phang duoc té bang mot trong ba mau: xanh, do, vang.
Chiing minh rang ton tai it nhat 1a 2 diém dugc t6 boi cing mot mau va khoang cac
gitta chting bang 1.

Bai 22. Trén mat phang cho 100 diém bat ky. N&i mdi diém véi it nhat 1a 66 diém
trong s& 99 diém con lai bang mot doan thang. Chiing minh rang cé thé xay ra
treong hop ¢é 2 diém trong s6 4 diém bat ky cua 100 diém da cho khong dwgc ndi
voinhau.

Bai 23. Cho 5 diém phan biét ndm bén trong hinh vuéng ABCD c6 canh bang

35++/3. Chitng minh rang at tim dwoc it nhat 1a mot diém trong hinh vuéng da cho

sao cho, khoang cach tir n6 dén ém da cho 16n hon 10.
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Bai 24. M6i diém ctta mat phang duegc t6 bang mot trong hai mau xanh hodc do.
Chiing minh r:img At tim dwoc it nhat 1a ba diém dwoc té boi cung mot mau tao
thanh mot tam gidc déu c6 canh 1a 1 hodc /3.

Bai 25. Moi diém ctia mit phang duoc to bang mot trong hai mau den va do.
Chiing t6 rang ton tai mot tam gidc déu ma cac dinh ctia né chi duwoc t6 bang mot
mau.

Bai 26. Trén mat phang cho 2000 dwong thang phan biét, d6i mot cat nhau. Chiing
minh rang ton tai it nhat 1a 2 duong thang ma géc tao boi ching khong 16n hon
180°

2000

Bai 27. Bén trong duong tron cé ban kinh 2000 c6 8000 doan thang c6 d6 dai 1a 1. Chiing
minh rang c6 thé dung duwoc mot duong thang d hodc 1a song song hodc 1a vudng goc voi

mot duwong thang | cho truedc, sao d cat it nhat 1a hai doan thang da cho.

Bai 28. Cho bang 6 vudng kich thuwéc 10.10 gom 100 & vudng don vi. Dién vao mbi 6
vudng ctia bang nay mot sd nguyén duong khong vwgt qua 10 sao cho hai s6 ¢ hai 6
vudng chung canh hodc chung dinh nguyén t& cing nhau. Chting minh rang trong bang 6
vuong da cho c6 mot sd xuat hién it nhat 17 [an.

Bai 29.Trong hinh chit nhat kich thwdc 1.2 ta 1dy 6n° +1 diém véi n 1a s& nguyén duong.

7 . M M . 2 \ 7 7 ’ 1 7 A ’ A A
Chiing minh rang ton tai 1 hinh tron c6 ban kinh — chita khong it hon 4 trong s6 cac diem
n

da cho.

Bai 30. Cho mdi diém trén mat phang duoc to bang mot trong hai mau xanh, do. Ching

minh rang ton tai mot tam gidc ma ba dinh va trong tam cung mau.

Cau 31. Ldp 6A co6 45 hoc sinh lam bai kiém tra mon Toan khong co ai bi diém
dwdi 2 va chi ¢6 2 ban duoc diém 10. Ching td réng it nhat cling tim dugc 6 hoc
sinh c6 diém kiém tra bang nhau. Biét diém kiém tra la s§ tu nhién tir 0 dén 10?

Cau 32. Chiing minh rang tit 52 s§ nguyén bat ki ludn ton tai 2 s6 ma tong hodc hiéu cta
ching chia hét cho 100.

Cau 33. Trén mit phang cho 2019 diém phan biét sao cho trong bat ctt 3 diém nao trong
2019 diém ¢ trén ta luén tim duoc 2 di€ém c6 khoang cach nhé hon 1 cm. Chitng minh

rang: Sé& ton tai it nhat 1010 diém nam trong 1 dwong tron c6 ban kinh bang 1 cm.

HUONG DAN GIAI
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Bai 1. Ta hay tuong tuong mdi cay thong la moét "tho", nhu vay c6 800.000 "thé" duoc
nhot vao khong qua 500.000 "chiéc Iong". Long 1 ting véi cay thong cd 1 chiéc 14 trén cay,
lIong 2 ting véi cay thong co 2 chiéc 14 trén cay v.v... S6 tho 16n hon so6 Iong, theo nguyén
tac Dirichlet it nhat c¢6 1 Iong nhét khong it hon 2 thé nghia la c6 it nhat 2 cay thong c6
cung s 14.

Bai 2. Mot ndm c6 12 thang. Ta phan chia 40 hoc sinh vao 12 thdng d6. Néu mdi thang c6
khong qua 3 hoc sinh duogc sinh ra thi sd hoc sinh khéng qua: 3.12 = 36 ma 36 <40 (v0 ly).
Vay ton tai mot thang cd it nhat 4 hoc sinh trung thang sinh ( trong bai nay 40 thoé la 40
hoc sinh, 12 16ng la 12 tén thang).

Bai 3. Ta sé thanh lap day s6 mdi gom 5 sO sau day:

S1:6‘1
S,=a,+4a,
33:a1+az+as

S,=a +a,+a; +a,

Sg=a +a,+a, +a, +ay

- Néu mot trong cach S, (i =1,...,5) chia hét cho 5 thi bai todn da dwoc ching minh.

- Néu khong c6 s6 nao chia hét cho 5 thi khi dem chia cac s6 S, cho 5 sé duwoc 5 s6 dw

o gia tri tir 1 dén 4.

C6 5 58 dw ma chi c6 4 gia tri (5 tho, 4 [ong). Theo nguyén tac Pirichlet it nhat phai c6

2 86 du c6 cung gia tri. Hiéu ctia chtiing chia hét cho 5. Hiéu nay chinh 1a tong cac a,

lién ti€p nhau hodc 1a a nao do.
Bai 4.
Xét day s8 1,11,111,..., 111....11

\—,—,—/
pchir so1

Ta chitng minh trong day trén phai c6 s6 chia hét cho p. Gia st két luan ay khong dung,
tiee 1a khong co bat ky sd nao cua daylai chia hét cho p.
Cho twong ting modi s& du cta phép chia cho p . Tap hop so du cd thé thudc tap hop {1, 2,
3,..., p — 1} (Do 0 khong th€ thudc tdp hop nay). Ta lai c6 p s6 trong day s6 trén. Vi vay theo
nguyén ly Dirichlet ton tai it nhat hai s6 c6 cung s duw khi chia cho p. Gia stt cac s6 d6 la
111...11 (m chit s8 1) va s§ 111....11 (n chit s 1) véi (I<n<m < p). Tir d6 ta cd

(111..11 — 11110 p, hay 111..1 000..0 p Hay 111..1.10": p (1)

m  chit s81 n chit sl m—n chit s61 nchit so 0 m-n chit s6'1

Do p 1a s6 nguyén t& 16n hon 5 nén (p; 10) =1, Vi thé tie (1) tasuy ra 111...1 : p(2)

m—n chit s6'1

111...1 1a mot s6 thudc day trén nén tir (2) suy ra mau thuan véi gia thiét. Vay gia st
—

m—n chit s6'1

phan chting 1a sai. Ta suy ra diéu phai chitng minh.
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Bai 5. Tt 20 s6 dau tién ctia day bao gio ta ciing c6 thé tim duwoc 2 s6 ma chit s6 hang don
vila 0, va trong hai sd d¢ it nhat phai c6 mot s0 c6 chir s6 hang chuc khac 9. Gia st N la s6

do6, va ta goi S la tong cac chir sO ctia N.

Tacéday sO méiN,N+1, N+2,.N+9, N+191a11s6 van ndm trong 39 s6 cho trudc ma
tong cac chit sd caa chunglaS,S+1,S+2,...5S+9,5+10. D6 la 11 s6 tu nhién lién ti€p, At

phai c6 moét s chia hét cho 11.
Bai 6. D& lam xudt hién s6 "tho" va s "long ta lam nhu sau:

Trong tap hop cac s6 du trong phép chia cho 100 ta lay ra titng cap so sao cho tong

cac cgp d6 bang 100 va thanh 1ap thanh cdc nhém sau:

0;0), (1;99),(2;98),(3;97), (4;96), (5;95), (6; 94)... (49 ; 51), (50 ; 50). Cht y ring

s€ ¢6 50 cap nhu vay, ta thém vao cdp (0, 0) sé c6 51 cap (51 Iong).
- Pem chia 52 s6 tw nhién cho 100 sé c6 52 s6 dw (52 tho).

- C6 52 56 du ma chi ¢ 51 nhém, theo nguyén tac Dirichlet it nhat ciing phai c6 2 s§

dw cung roi vao mot nhom.

RO rang la cdp so ty nhién tng véi cap s6 du nay chinh 1a hai s6 tw nhién c6 tong

hodc hiéu chia hét cho 100. (dpcm)
Bai 7. Trudc hét ta cht y rang:
29™ ¢4 tan cting 1a 1 néu m 1a s8 chan
29m ¢6 tan cung 1a 9 néu m la so lé.
Ta hay xét 10° liiy thira ctia 29 vdi cdc s6 mit chan khac nhau. C6 hai kha nang xay ra:

a. Trong do6 néu c6 sd mi 2k nao ma 29% ¢é tan cung la 00001 thi bai toan da duoc

chtrng minh.
b. Khong c6 s6 mi 2k nao dé€ 29% co tan cung la 00001.

Tit b, ta thdy rang:
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SG6 cac sO 6 5 chir s6 tan cung khac nhau nhé hon 10° (k€ tir 5 chit s6 tan cung 00002,

00003, ... 99 999, 10°).

trong khi d6 s8 cac s6 khac nhau ma ta dang xét 1a 10° s6. Theo nguyeén tac Dirichlet

it nhat phai c6 hai lay thira nao d6 ¢é 5 chir s tan dung la nhw nhau.

Gia str Ar=29%1 =M . 10° abed,

Az=29%2 =M, . 10° abcd,

C6 thé gia st ki > k2 ma khong lam mat tinh chét tong quat ctia bai toan. Thé thi ta cé:
Ai-Ax= 2971 2022 = (M - M) 105
Ar- Aa= 20%1. 292 = 2922 (292kikz) _1)

Vi 29%K2 ¢6 tan cling 1a 1 va A1 - Az = (Mi - M2)10° ¢6 tan ciing khong it hon 5 s6 0 nén
suy ra (292(k1'k2) —1) phai c6 tan cung khong it hon 5 chit s6 0, tit d6 suy ra

29%(k1-K2) ¢ tan cling 12 00001 (s8 cac chit s 0 it nhat 1a 4).
Ta tim duoc sO k =2(ki - k) thdéa man dé bai (dpcm).

Bai 8. Goi A la nha toan hoc nao d6 trong s6 17 nha toan hoc, thi nha toan hoc A phai trao
d6i véi 16 nha toan hoc con lai vé 3 van dé. Nhw vay nha toan hoc A phai trao déi it
nhat vdi 6 nha todn hoc vé mdt van dé nao dd. Vi néu chi trao d6i vdi so it hon 6 nha
toan hoc vé mdt van dé thi s6 nha toan hoc dwoc trao d6i véi A it hon 16. (Cac ban ¢
thé dién ta theo khai niém "tho" va "long" dé thdy ¢ day da ap dung nguyén
ticDirichlet Tan th nhat.)

- Goi cac nha toan hoc trao ddi véi nha toan hoc A vé mot van dé nao d6 (gia st van
dée I) 1a A1, Az, As, A4, As, As . Nhu vay ¢ 6 nha toan hoc trao d6i véi nhau vé 3 van
dé (khong ké trao doi véi A). Nhu vay ¢ 6 nha toan hoc A1, Az, As, A4, As, A trao doi

vdinhau veé 3 van dé, [, 11, I11.

Co6 hai kha nang xay ra:
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a. Néu ¢ 2 nha toan hoc nao d6 cung trao do6i vdi nhau vé van dé I thé thi c6 3 nha

toan hoc (k€ ca A) trao ddi vdi nhau vé van dé I. Bai toan dwgc chtiing minh.

b. Néu khong c6 nha toan hoc nao trong 6 nha toan hoc A1, Az ... As trao ddi vé van
dé I thi ta ¢ 6 nha toan hoc chi trao doi v6i nhau vé 2 van dé II va III. Theo nguyén
ticDirichlet cé it nhat 3 nha toan hoc cung trao do6i véi nhau vé mot van deé II hodc

III. Bai toan cting duwoc chirng minh.

Bai 9. D€ ton trong ta can thay doi ngdn ngtr thd, chudéng la hoc sinh , phong.
Phong 1: Chira cdc em mic 1 16i.

Phong 2: Chika cic em mic 2 16i.

Phong 14: Chira cdc em mic 14 1i.

Phong 15: Chira cdc em khong miic 16i.

Theo gia thi€t phong 14 chi c6 em A. Con lai 14 phong chita 29 em. Theo nguyén ly
Dirichlet ton tai mot phong chita it nhat 3 em. Ttr d6 c6 diéu phai chiing minh.

Bai 10. C4 5 nguodi nén s6 ngudi quen nhiéu nhat ctia mdi nguoi 1a 4.
Phong 0: Chita nhitng nguoi khong co nguwoi quen.
Phong 1: Chita nhirng nguwoi co 1 nguoi quen.
Phong 4: Chita nhirng nguwoi co 4 nguoi quen.
D&y rang phong 0 & phong 4 khong thé cting c6 nguoi.
Thuc chat 5 ngwoi chita trong 4 phong.

Theo nguyén ly Dirichlet ton tai mot phong chira it nhat 2 nguoi. Tt d6 c6 diéu phai
chtrng minh.

Bai 11. Xét mot thoi diém bat ky ctia lich thi ddu ( mdi doi thi dau téi da 9 tran).
Phong 0: Chita cdc doi chwa ddu trdn nao.
Phong 1: Chia cdc dgi da thi dau 1 trin.

Phong 9: Chita cdc dgi da thi dau 9 trin.
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D€y rang phong 0 va phong 9 khdng thé cling c6 d6i thi dau.
Thuc chat 10 d6i chira trong 9 phong.

Theo nguyén ly Dirichlet ta suy ra diéu phai chitng minh.
Bai 12. Xét n+ 1 sd sau: a, = 5;a, =55;...;a,,, = 55..5(n+1 ch s 5).

n+1

Theo nguyén ly Dirichlet : v6i n+1 s6 trén at ton tai hai s8 ¢ cting s6 du khi chia cho n.
Hiéu cta hai sd nay la sd c6 dang: 55...50...0 gom toan chit s6 5 va chit s6 0 va chia hét
cho n. D¢ la diéu phai chitng minh!

Bai 13. Xét 2012 s6 a, = 8;a, = 88;...;a,,,, = 88...8(2012 chit s6 8). Twong tw vi du 4 sé ton tai
s0 c6 dang 88...80...0 (n chit s6 8 va k chit s6 0) chia hét cho 2011.

Ma: 88...80...0 = 88...8.10% va (10,2011) = 1 suy ra sO: 88...8 chia hét cho 2011. Diéu phai
chttng minh! ( Lwu y: 2011 la s6"nguyén to)

Bai 14. Xét 2011 s0O sau: n; n?; n3;...; n211,

Theo nguyén ly Dirichlet ton tai it nhat hai s6 c6 cung s6 du khi chia cho 2010.Gia st hai
so0délanivan véil<i< j<2011.Khiddéni—-n' = n' (ni-i-1)=n!(nk- 1) chia hét cho
2010 (k =j-1ila s6 nguyén duong). Vay n* — 1 chia hét cho 2010 ( vi (!, 2010) =1).

Bai 15. Ta xét phép chia 1007 s6 trén cho 2011 va xép vao:
Nhom 0: Cic s6 chia hét cho 2011 ( dw 0)

Nhom 1: Cic sd'chia cho 2011 dw 1 hodc 2010.

Nhom 2: Cic sd'chia cho 2011 dw 2 hodc 2009.

Nhém 1005: Cic s6 chia cho 2011 dw 1005 hodc 1006.

Theo nguyén ly Dirichlet ton tai mot nhém chita it nhat hai s6. Theo cach xép nhém thi
hodc la tong hodc la hiéu ctia hai s6 nay sé chia hét cho 2011.

Bai 16. Sip thittun+1sddacho1<a <a, <..<a,, <2n(Nhom 1). Xét thém n s6:
b=a,-a;b=a,-4a;.;b,=a,,—-a.Taco:1<b <b, <..<b, <2n(Nhom 2).
Tap 2n s6 ctia ca 2 nhém trén (trit & cua nhom 1) nhén 2n -1 gia tri ( chuong).

Theo nguyén ly Dirichlet c6 2 s8 bang nhau nhung khong ciing mot nhém 1 hodc
nhom 2 ttec la phai thudc 2 nhém. Ttr d6 suy ra diéu phai chitng minh!

Bai 17.
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VAVAN

Cac duong trung binh cia AABC chia n6 thanh bdn tam giac déu c6 canh la

0,5. Theo nguyén tac Dirichlet, at ton tai it nhat 1a 2 ¢iém roi vao cing mot
tam giac nho. Ta c¢6 khoang cach gitta 2 diém nay nho hon 0,5.
Bai 18. Chia hinh vudng da cho thanh 25 hinh vudng con bang nhau c6 canh 1a 0,2.

Suy ra theo nguyén tac Dirichlet, at ton tai it nhat 1a 3 diém nam trong mot hinh

vudng con. Ta cé ban kinh ctia dwong tron ngoai tiép hinh vudng nay bang % <%

. Suy ra 3 diém da cho nam trong hinh tron bén kinh la % .

17A
N>

Chia hinh tron (O,R) thanh 8 phan bang nhau. Do d6 mdi hinh quat c6 dién tich

Bai 19.

bang 1.

Theo nguyén tac Dirichlet, at c6 it nhat 1a mot hinh quat chwa nhigu hon 2 diém.
Xét 3 diém phan biét trong hinh quat da cho. Dé thay tam gidc tao boi 3 diém nay
c6 dién tich bé hon 1.

Bai 20.

Chia san thanh 5 hinh nhu hinh vé. Ap dung nguyén tac Dirichlet, ta suy ra két qua

can chiing minh.
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© Bai21. Dung (0:4/3). P 1a mdt diém thuoc (0;+/3). Dung hinh thoi OAPB c6 duong
chéo OP canh la 1.

V3
°.

Goi | 1a giao diém cua hai duong chéo, ta co: Ol =

2 0
= Al? =A02—0|2:1—(£J _1 Aj\
2 4
AN\ |1/ B
1
:>AI=E:>AB=1 P

Vay AAOB déu cé canh bang 1.

Gia stt nguoc lai, moi cap hai di€ém c6 khaongr cach gitra chung b.’?mg 1 ma déu duoc td
bang hai mau khac nhau.

Khong matas tinh chat tong quat, ta gia st diém O duoc to b:?mg mau xanh, diém A duoc
t6 bang mau do6 va diém B duoc td bang mau vang.

Boivi PA=PB =1 suyra P phai duoc t6 bang mau xanh.

Vi céch lap lugn nhw vy ta suy ra, tit ca cac diém trén duong (0;+/3) déu duoc t6 ciing
mot mau xanh. Mt khic dé dang tim dwoc trén (0;+/3 ) hai diém ma khoang cich gitra
chting bang 1, nén theo gia stt chting dwoc to bang hai mau khac nhau. Vo 1y.

Dbiéu vo ly d6 chiing to ¢ hai diém duoc td cung mot mau ma khoang cach ctia chung
bang 1.

Bai 22. Goi cac diém da chola A, A, A,,..., A,
Ki hiéu: M ={A1,A2,A3,~--,A33}, N :{A?A'ASS’ASG"“'A%G}I P:{ABWABS!'A%g"-"Amo}

Tap M gom 33diém, tdp N goém 33 diém va tdp P gom 34 diém. Truong hop cta bai
toan: yéu cau chiing minh c6 thé xay ra néu nhu:

Mbi diém trong tap hop M chi duoc ndi véi cac diém caa tap hop N hodc P.
Ccacs diém cua tap hop N chi duoc ndi véi cac diém caa tap hop P hoac tap M.

Cac diém caa tap hop P chi dwgc ndi voi cac di€ém co trong tap M hodc tap N (2 tap nay
<6 66 didm).

That véy, gia st (A, A, A, A ) 1a 4 diém bat ky trong s6 100 diém. Theo nguyén tic
Dirichlet awrt phai c6 it nhat1a 2 diém cung thudc vao cung 1 tap hop (M, N hodc P)

Do d6 vdi cach phéan chia trén day, 2 diém nay khong dwgc ndi voi nhau.
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- Bai23.Goi K, I Ian luwot la trung di€ém ctia cac canh AB

_// va CD. [: ?
Trén doan Kl 1dy diém M va N sao cho:
KM =NI =8 .
Ta c6: MN = KI —KM — NI =35++/3-16 =19+ /3 N
con AM =BM =DN =CN

D s c
=\/[35+2‘@J+82 > 20

Do d6 néu ta vé cac duong trong c¢6 tam la A,B,C,D,M,N ban kinh la 10 thi cac dwong
tron nay khong cat nhau.

Boi vi chi c6 5 diém phan biét nam trong hinh vudng, do d6 at ton tai it nhat 1a mot hinh
tron khong chita di€ém nao trong sd 5 diém da cho.

Nhan thay, tdam ctia dwong tron nay cé khoang cac t6i 5 diém da cho 16n hon 10.

Bai 24. Dung mot tam giac déu ¢ canh b:‘?mg 1. Néu ca ba dinh dwoc to boi cung
mot mau (xanh hoac dod) thi bai toan dugc chitng minh.

Trong treong hop nguoc lai, xét tam giac déu ABC c6 canh AB=1ma A va B duoc to
bang hai mau khéc nhau.

Lay diém D ctia mit phang sao cho AO=B0O=2.Vi A B P
khac maunén D cung mau véi chi mot trong hai diém A
hoac B.

Suy ra ton tai doan t héng AD =2 hodc BD =2 c6 2 mut
dugc to bang hai mau khac nhau. Gia st 1a doan thang
AD. Goi K 1a trung diém ctia doan thang AD thi K clung 1 K

mau véi mot trong hai diém A hodc D.Giase K va A
cung c6 mau xanh.

Vé cac tam giac déu APK va AQK.

Néu P va Q cé mau xanh thi ta c6 tam giac déu APK va

AQK c6 canh bang 1 va ba dinh duoc t6 bang cting mau xanh.

Néu P va Q c6 mau d6 thi tam gidc PQD c6 3 dinh dugc t6 cing mau do. Dé thay, tam
gidc PQD déu c6 canh 1a /3.

Bai 25.
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Cach 1. Co6 thé giai nhu bai 808

Cach 2: ¢4 thé giai nhu cach sau day:

Vé tam giac ABC néu ca ba dinh A B,C duoc to
cung mot mau thi ta c6 ngay diéu phai ching

minh. A F
Néu A, B,C duwoc to boi 2 mau khac nhau, theo
nguyén tac Dirichlet, at phai c6 hai dinh dwoc t& B

cung mot mau. Gia st cac dinh A va B dwoc to

cling mau den, khi d6 C duoc to bing mau do.. E

Dung luc gidc déu ADGEFC c6 tamla B. C

Ta c6 tam giac ADB déu. Néu D duoc t6 mau

den ta c6 ngay diéu phai chitng minh. Con néu D dugc td6 mau do, lai xét tam giac
CDE déu. Néu E duoc to b:?mg mau do thi tam gidc CDE c¢6 ba dinh dwgc t6 cung
mau d6, théoa man.

C6 néu nguoc lai E duoc to b:?mg mau den, lai xét tam gidc BEF déu. Néu F duogc
t6 bang mau den thi ta c6 BEF ¢4 ba dinh duoc t6 cing mau den, théa man.

Gia stt nguoclai F dwoc to b:?mg mau do, thi lai xét tam giac CFH déu.
Néu diém H duoc td bang mau d6 thi ta c6 tam gidc CFH 6 ba dinh dwoc to bang
mau do, thoa man. Con giad st nguoc lai H dwoc to bf?mg mau den thi lai vé tam
gidc déu BHI. Néu | dwoc td bang mau den thi tam gidc BHI c6 ba dinh dwoc to
bang mau den, thoa man. Gia stt nguoc lai, | duoc t6 bang mau do thi xét tam giac
IDF . Dé thay tam gidc IDF déu, theo trén ta c6 ba dinh |,D,F duogc t6 boi cung
mau d6, théoa man.
Tém lai: ta ching to dwoc rang, ton tai tam gidc déu ma ba dinh dwoc td bdi cing
mot mau.
Bai 26. Lay mot di€ém O bat ky trén mat phang. Qua O dung cac duong thang song
song v6i 2000 duong thang da cho. Tai O ta c6 4000 goc ddi mot ddi dinh ¢6 tong
s6 do bang 360°. Tt d6 suy ra diéu phai chirng minh.
Bai 27. Gia st xy la mot duong thang bat ky vudéng géc véi |. Ta danh dau cac doan
théng theo thi tw 1,2,3,...,8000. Chiéu cdc doan thang nay 1én hai duong thang xy va |.

Kihiéu a va b, (i=12,...,8000) twong ttng la d6 dai ctia cac doan théng da cho trén cac

duong thang xy va l.

Tacéd a +b =21 véimoi i=1,2,...,8000

THCS.TOANMATH.com TAI LIEU TOAN HOC




y

| 4

Do d6 (a,+a,+...a5, )+ (b +b, +...by,, ) > 8000 = 4000 + 4000

Suy ra: hodcla a, +a, +...85,, > 4000
hodcla b, +b, +...by,, > 4000

Ta c6 8000 doan thang co thé chiéu vudng goc 1én duong kinh ctia duong trong véi do dai
4000.

Né&u céac hinh chiéu ctia cac doan thang da cho 1én duong thang | ma khong c6 cac diém
chung thita cé: a +a, +...85,, <4000.

Vivay trén | tim duoc mét diém 1a hinh chiéu ctia cac diém thudc it nhat 1a hai trong s6
cac doan thang da cho.

Khi d¢6 duong thang vudng géc véi | dung qua diém nay sé c6 diém chung véi it nhat hai
doan thing trong s6 8000 doan thing da cho.

Bai 28. Xét hinh vudng canh 2x2, do hinh vudng nay c6 mdi hinh vuéng nho ludn chung
canh hodc chung dinh nén ton tai nhiéu nhat 1 s§ chan, nhiéu nhat 1 s& chia hét cho 3 do
d6 c6 it nhat 2 so 1é khong chia hét cho 3. Bang 10x10 dwgc chia thanh 25 hinh vudng c6
canh 2x2 nén c6 it nhat 50 s6 1é khong chia hét cho 3. Tir 1 dén 0 ¢6 3 s6 1é khong chia hét
cho 31a1, 5, 7. Ap dung nguyén 1i Dirichlet ta dwgc mot trong ba s§ trén xuét hién it
nhat {%} +1=17 lan

Bai 29. Chia cac canh ctia hinh chit nhat thanh n doan va 2n doan b:?mg nhau ,mdi doan cé

Pay \ . 1 A e /4 - A7 . \\J /4 \ \7/ r. /4 ? N\ ~
do dai —. Noi cac diém chia bang cac duong thang song songvdi cac canh ctia hinh chit
n

nhat ta dwoc n.2n =2n” hinh vuong nho voi canh la l Néu mdi hinh vuong chita khong
n

qua 3 diém thi tong s6 diém da cho khong qua 3.2n> =6n’ (trdi véi gia thiét). Do d6 phai

AAY . \ A ’ A 4 - A2 ~ \ \ A 1 A -
ton tai 1 hinh vuong chtta khong it hon 4 diém. R0 rang hinh vudng canh — ngi tiép
n

\ \ /4 /4 \ 2 \ \ \ \ 7 \ \ A A /4
duwong tron ban kinh Ia o Ve duong tron nay duogc chira trong duwong tron dong tam ban
n

kinh l
n

Bai 30.
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Lay nam diém tuy y sao cho khong co ba A

diém nao thang hang trén mit phang.

Khi d6 vi chi dung c6 hai mau d€ t6 cac

dinh, ma theo nguyén li Dirichlet phai

ton tai ba di€ém trong s6 d6 cung mau. ‘\
Gia str @6 1a ba diém A, B, C cé mau dé.

Nhu vay ta c6 tam gidc ABC véi ba dinh B

v
%

<
e}

mau do. Goi G la trong tam tam giac
ABC. Chi c6 hai kha nang xay ra:

+Néu G co mau do. Khido A, B, C, G
cung do va bai toan da dwoc giai.

+ Néu G c¢6 mau xanh. Kéo dai GA, GB, GC ciac doan AA’=3GA, BB’ =3GB, CC’=3GC.
Khi d6 goi M, N, P tuong ting la cac trung diém cua BC, CA, AB thi

A’A=3AG=6GM =A’A =2AM.

Tuwong te B'B=2BN, CC’'=2CP. Do d6 cac tam giac A'BC, B'AC, C’AB tuwong tng nhan
A, B, Cla trong tam. Mat khdc, ta cling c6 cac tam giac ABC va A’'B’C’ ¢6 cung trong tam
G. C6 hai treong hop sau ¢ thé xay ra:

e Néu A’, B’, C’ cung xanh. Khi d6 tam giac A’B'C’ va trong tam G ¢6 cung mau xanh.

e Néu it nhat mot trong cac diém A’, B’, C’ ¢ mau d6. Khong mat tinh tong quat gia st A’
do. Khi do tam giac A’'BC va trong tam A mau do.

Vay trong moi kha nang lu6n ton tai mot tam giac ma ba dinh va trong tam cung mau.

Cau 31. SO hoc sinh 16p 6A dat diém kiém tra tir 2 dén 9 1a: 45-2=43( hoc sinh)
Ta cé: 43=85+3
Khi phéan chia 43 hoc sinh vao 8 loai diém kiém tra tix 2 dén 9 thi theo
Nguyén ly Dirichlet ludn ton tai it nhat 5+1=6hoc sinh ¢6 diém kiém tra
giong nhau.
Cau 32. Chia 52 s0 nguyeén tuy y cho 100,ta cé thé c6 cac s6 du tix 0,1,2,3,...,99.Ta phan cac
s§ du thanh cc nhém sau: {0};{1,99};...;{49,51},{50} . Ta c6 t4t ca 51 nhém va khi chia 52
s0 cho 100 ta c6 52 s6 du. Theo nguyén 1i Dirichlet sé ¢6 2 sd du cung thudc mot nhém. Ta
0 2 truong hop:
Truong hop 1: Hai s6 dw gidng nhau, suy ra hiéu hai s ¢6 2 s6 dw tuwong ting do sé chia
hét cho 100.
Truong hop 2: Hai s6 duw khac nhau,suy ra tong ctia hai s6 dw ¢6 hai s6 du twong ting do6
sé chia hét cho 100

Ta suy ra diéu phai chitng minh.
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Cau 33. Néu khoang cach gitra hai diém déu bé hon 1 thi ta chi can chon mot diém Abat
ki trong s 2019 diém da cho, roi vé duong tron (A,1), duong tron &y sé chira ca 2018
diém con lai, do d6 ta c6 diéu phai chttng minh.

Gia st ¢6 hai diém A va B trong d6 2019 diém da cho ma c6 khoang cach 16n hon 1. Vé
cac dwong tron tam 1a A, B va ban kinh cling 1a 1. Ta con lai 2017 diém. Mdi diém C bat ki
trong s6 2017 diém ay.

Theo bai thi AB, AC, BC phai c6 mét doan thrfmg O do dai bé hon 1.

Vi AB >1 nén BC <1 hodc AC <1. Do d6 hodcla C nam trong duong tron (A,1) hoic la
B nam trong duong tron (B,1).

Do ¢6 2017 diém C nhu vay nén theo nguyén li Dirichlet, ton tai it nhat [&217} +1=1009
diém nam trong cting mdt dwong tron.

Gia st duong tron d6 1a (A/1). Cung véi diém A ta c6 1010 diém nam trong duong tron
(A1) (dpcm).
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CAC CHUYEN PE BOI DUONG HOC SINH GIOI

HINH HOC LOP 7
CHUYEN PE 1: GOC TRONG TAM GIAC

I.Co 56 1i thuyét
Dé giai t6t cac bai toan tinh s6 do gdc thi hoc sinh t&i thiéu phai nam viing cac kién

thitc sau:

e Trong tam giac:

0Tong s& d6 ba géc trong tam giac bang 180°.

o Biét hai goc ta xac din duoc goc con lai.

0MBbi gbéc ngoai ctia mot tam giac bang tong ctia hai géc trong khong ké véi no.

e Trong tam giac can: biét mot goc ta xac dinh duoc hai gdc con lai.

e Trong tam gidc vuong;:

0 Biét mot gdc nhon, xac dinh dwgce goc con lai.

0 Canh géc vudng bang ntta canh huyén thi géc d6i dién véi canh goc vuong cé s do bang
30°.

e Trong tam gidc vudng can: mdi goc nhon cé s8 do bang 45°.

o Trong tam gidc déu: mdi géc c6 s do bang 60°.

e Duong phan giac ctia mot goc chia gde d6 ra hai goc c6 s8 do bang nhau.

e Hai dudng phén gidc ctia hai géc ké bu tao thanh mét goc cd s6 do 1a 90°.

e Hai duwong phén gidc ctia hai géc ké phu tao thanh mot gdc ¢6 s6 do la 45°.

e Hai goc ddi dinh thi bang nhau.

e Tinh chat vé goc so le trong, so le ngoai, dong vi, hai géc trong cung phia, ...

Khi giai bai toan vé tinh s6 do goc can chi y:

1.V& hinh chinh xac, ding véi cac so liéu trong dé bai d€ c6 huong chitng minh ddng.

2.Phat hién cac tam giac déu, “nira tam gidc déu”, tam gidc vudng can, tam giac can trong
hinh vé.

3.Cha y lién hé gitra cac goc cua tam giac, lién hé gitta cac canh va cac goc trong tam giac,
phat hién cac cip tam giac bang nhau. Vé dwong phu hop 1i lam xudt hié cac goc dic biét,
nhiing cdp géc bang nhau. Trong cic duong phu vé thém, c thé vé duong phan giac,
duwong vudng gdc, tam giac déu, ...

4. Cé thé dung chir d€ dién dat m&i quan hé gitra cac goc.

5.Xét du cac treong hop vé s6 do goc co thé xay ra (vi du goéc nhon, goc tuy, ...)

(Tham khao toan nang cao 16p 7, tap 2 — Vii Hitu Binh)
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Trong thuc t&, d€ giai bai toan tinh s6 do goc ta thuong xét cac goc d6 nam trong mdi lién
hé véi cac goc & cac hinh ddc biét da néu o trén hodc xét cdc goéc twong ting bang nhau ...
roi suy ra két qua.

Tuy nhién, ding trudc moét bai toan khong phai lac nao cling gdp thuan loi, c6 thé dua vé
cac truong hop trén ngay ma c6 nhiéu bai doi hoi nguoi doc phai tao ra dugc nhing “diéin
sing bat ngo” co6 thé 1la mot duwong ké phy, mot hinh vé phu... tit mo6i quan hé gitra gia
thiét, két luan va nhiing kién thirc, k§ nang da hoc trude dé mdéi giai quyét duoc. Ching ta
co thé xem “duwong ké phu”, “hinh vé phu” nhuw la “chia khod “ thuc thu d€ giai quyét dang

toan nay.
II. Mot s6 dang toan va huéng gidi quyét
Dang 1. Tinh s6 do goc qua viéc phat hién tam giac déu.

Bai todn 1. Cho AABC c6 A = 20° ¢6 AB = AC, 1dy M € AB sao cho MA = BC. Tinh s6 do
AMC?
Nhan xét
Ta can tim AMC thudc AABC c6 A = 20° ma B = C = 80° = 20° + 60°.
Ta thdy c6 su lién hé rd nét gitra géc 20° va goc 60°, mit khac MA = BC.
Tt day, ta thay cac yéu t6 xuat hié ¢ trén lién quan dén tam giac déu.
biéu nay giap ta nghi dén viéc dung hinh phu la tam giac déu.

A

Huoéng giai
Céach 1. (Hinh 1)
V& ABDC déu (D, A cting phia so véi BC). N&i A véi D. M
Ta c6 AABD = AACD (c.c.c)=>DAC = DAB = 10°
Lai c6 AAMC = ACDA (c.g.c) => MCA = DAC = 10°
=> AMC = 180° — (ACM + MAC) = 180° — (20° + 10°) = A

150°

C

Cach 2. (Hinh 2) M
Vé AACD déu (M, D khac phia so voi AC). D
Ta c6 ABAC = AADM (c.g.c)=> AMD = 80° (1)
=>AMDC can tai D, MDC = 40° => DMC = 70° (2)
Ttr (1) va (2) suy ra AMC = 150°.
Tt hudng giai quyét trén ching ta the giai Bai toanl theo B C

cac phuwong an sau:

e V& AACD déu (C, D khéc phia so v6i AB)
e Vé AABD déu (B, D khac phia so véi AC)
e V& AAMD déu (D, C khéc phia so v6i AB)

Lap luan tuong tu ta cling c6 két qua.
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* Bai toan 2. Cho AABC can tai A, 4 = 40°. Puong cao AH, cac diém E, F theo thit tw thudc
cac doan thaing AH, AC sao cho EBA = FBC = 30°. Tinh AEF?

Huong giai

Vé AABD déu (B, D khac phia so véi AC) A

AABC can tai A, A = 40° (gt)

=>ABC = ACB = 70° ma FBC = 30° (gt)

=> ABF = 40°, BAF = 40° => AAFB can tai F.

=> AF = BF, mat khac AD = BD, FD chung
0

E _ D

=> AAFB = ABFD (c.c.c) => ADF = BDF = —- = 30°
Do AH la duong cao ctia tam giac can BAC
=> BAE =20° = FAD = 60° — 40°, AB =AD (vi AABD déu),
ABE = 30° (gt)
=> AABE = AADF (g.c.g) => AE = AF => AEAF can tai A ma EAF = 20°

___ 180°-20°
=> AEF = —

= 80°.

Nhan xét

Van dé suy nghi vé tam giac déu xudt phat tir dau?

Phai chdng xudt phét tir gia thiét 40° = 60° — 20° va mdi lién hé FA = FB duoc suy ra tir
AABE can tai F.

V6i hudng suy nghi trén chung ta cd thé giai Bai toan 2 theo cac cach sau:

e Vé AAFD déu, F, D khac phia so véi AB (H.1).

e Vé ABFD déu, F, D khéc phia so vdi AB (H.2).

A A

(H.1) D (H.2)

B H C B H

Bai toan 3. (Trich toan nang cao 16p 7 — Vii Hitu Binh)
Cho AABC, B = C = 45°. Diém E nam trong A sao cho EAC = ECA = 15°. Tinh BEA?
Nhan xét

Xuat phat tir 15° va 75° da biét, ta ¢6 60° = 75° — 15° va EA = EC do AEAC can tai E. Vé6i
nhing yéu té do6 giup ta nghi dé€ viéc dung hinh phu la tam giac déu.
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Hudng giai

Vé AAEI déu (I, B cung phia so v6i AE).
Ta c6 AAEC = AAIB (c.g.c)
=> IB = CE ma EI = CE (AAEI déu)
=> |B = El = AEIB can tai .
=> EIB = 360° — (60° + 150°) = 150° B
=> JEB = 15°
=> BEA = BEI + I[EA = 75°

A
A
Khai thac
Chung ta co thé giai Bai toan 3 theo cach sau:
D

Vé AACD déu (D, E khéc phia so vdi AC)

e M6t s6 bai toan twong tw

Bai toan 3.1. Cho AABC, A = 1V,AB = 2AC. Ké tia Cx//AB. Ké AD sao cho CAD = 15°,D €
Cx (B, D cung phia so v6i AC). Tinh ADB?

Bai toan 3.2. Cho AABC, A =1V,B = 75°, BH = 2AC,H € AB (B, H khac phia so voi AC).
Tinh HCA?

Bai toan 3.3. Cho AABC (AB = AC). A= a (60° < a < 120°). Diém M nam trong tam giac
sa0 cho MAC = MCA = =2 Tinh BMC?

o
Bai todn 4. Cho AABC, 4 = 80°,AB = AC. M la diém nan trong tam giic sao choMBC =

10°, MCB = 30°. Tinh AMB?

Nh4n xét D
Xudt phat tir gia thiét AB = AC va lién hé gitra gdc 10° véi

50° ta co ‘
50° + 10° = 60°. Ttr d6 nghi dén giai phdp dung tam gidc

déu.

Hudng giai c
Céch 1. (H.1)
Vé ABDC déu (A, D cung phia so véi BC)

A:
D

—~
)

Dé thay ABAD = ACAD (c.g.c) va ADAB = ACMB (g.c.g)
=> BA = BM
=> AABM can tai B, ABM = 50° — 10° = 40°
=> AMB = 70°

Cach 2. (H.2) B
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© V& AABD (D, A khéc phia so véi BC)

=> AABM can tai A. Ttr d6 c6 hudng giai quyét tuong tu.

Bai todn 5. Cho AABC, (B = C = 70°). Ké tia Bx sao cho CBx = 10°. Trén tia Bx lay diém
D sao cho BD = BA (A, D khac phia so v6i BC). Tinh BCD?
Nhan xét
Ta thay bai ra xuat hién goc 70° va 10° ma 60° = 70° —
10°, ddng thoi v6i BD = BA. Diéu nay lam nay sinh suy
nghi vé vé hinh phu 1a tam giac déu.

Hudng giai

Cach1

Vé ABIC déu (I, A cung phia so v6i BC) C

Ta thdy ABIA = ACIA (c.g.c) va ABIA = ABCD (c.g.c)

—~ BCD = BTA = 180° 0 4 BAC) _ 1£q0

=> BCD = BTA = 180° — (10° + 2%) = 150 A D x

Cach 2

Vé AABE déu (E, B khac phia so véi AC)

Tt day ta c6 cach giai quyét twong tu.

D X

Dang 2. Tinh s§ do goc qua viéc phat hién tam gidc vuong c6 canh goc vudng bang nira
canh huyén

Bai toan 6. Tinh cac goc ctia tam giac ABC biét rang dwong cao AH, trung tuyén AM chia
goc BAC thanh ba goc bang nhau.

Phan tich
+/ Dudng cao AH, trung tuyén AM chia BAC thanh ba géc bang nhau
=> AABM can tai A (Puong cao dong thoi la phan giac)

=> AH dong thoi 1a trung tuyén

1 1
=> HB =HM=§BM => HM=§MC

K
+/ C6 thé vé thém duong phu lién quan dén
MAC = MAH = HAB va lién quan d&n HM = HB = c

B H M
IBM=iMC
2 2

THCS.TOANMATH.com TAI LIEU TOAN HOC




—»Ké MK 1L AC tai K. Khi d6 c¢6 so so d6 phan tich.

AMJ.ACtaiK—>AAHM=AAKM—>MK=MH—>MK=%MC—>CA’=300
— HAC = 60° - HAM = MAC = 30° - HAB = 30° - BAC = 90°
- B =60°
Huoéng giai
Vi MK L AC tai K. Xét AABM c6
AH la duong cao tng véi BM

AH la duwong phan giac ing vdi canh BM (vi BAH = HAM =

N |-
oo
I
=

Neén AABM can tai dinh A

=> Hla trung diém BM

BC

=>HM = %BM =
Xét AAHM va AAKM co
AM la canh huyén chung
HAM = KAM (gt)
=> AAHM = AAKM (canh huyén — géc nhon)
=> HM = KM (hai canh tuwong tng)
=>KM =-BC = %MC
Xét AMKC ¢6 MKC = 90°, KM =~ MC
=> € = 30° khi d¢ ta tinh duoc B = 30°,4 = 90°
Vay B =30°, 4 =90°,C = 60°

Bai toan 7. Cho AABC, € = 30°. Duong cao AH, AH = BC. D la trung diém ciia AB. Tinh

ACD?
Huong giai 1 A
Xét AAHC c6 C = 30°,AHC = 1V => AH = EA(:
D
ma AH = %BC (gt) => AC = BC |
=> AACB can tai C => CD la phan giac => ACD = 15° B H

Nhan xét
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Suy nghi chtitng minh AACB can xudt phat ttr dau? Phai chang xudt phat tit AAHC vudng co
¢ =30° va AH = % BC. Thuec su hai yéu t6 nay da gitp ta nghi dén tam giac vuong c6é mot
gbc bang 30°.

Bai toan 8. Cho AABC c6 ba goc nhon. Vé phia ngoai ctia AABC ta vé cac tam giac déu
ABD va ACE. I 1a trgc tim AABD, H 1a trung diém BC. Tinh IEH?

Phan tich

AHEI 1a mét nira tam giac déu
=>, vé thém duong phu dé xuat hién nira tam giac déu (con lai)
=> Trén tia d6i cua tia HE 1ay diém F sao cho HE = HF
Huong giai E
Trén tia d6i cua tia HE 18y diém F sao cho HE = HF
Ta c6 ABHF = ACHE (c.g.c) => BF = CE
Ta cé IA =1B va AIB = 120° (vi AABD déu)
I[AE = 30° + BAC + 60° = 90° + BAC
Ma IBF = 360° — (IBA + ABC + HBF)
=360° — (30° + ABC + ECH)
=360° — (30° + ABC + ACB + 60°)
=360° — (90° + 180°~BAC) = 90° + BAC
=> AIBF = AAIE (c.g.c) =>IF = IE
=> AFIE can tai I ma AIB = 120° E
=> FIE = 120° => JEH = 30°

Khai thac
Vi cach giai nay nhiéu em da phét hién va dé xuat cach vé duwong phu nhu sau:
e Lay K d6i xting v6i I qua H (H.1)
e Lay M ddi xting v6i B qua I (H.2)

A D »,
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Bai tap cung dang;:
Cho AABC, vé& AABD,AACE déu (E, D nam ngoai tam gidc). I, P lan lwot 1a trung diém cta
AD va CE. Diém F nam trén BC sao cho BF =3FC. Tinh FPI?
Dang 3. Tinh s6 do goc qua viéc phat hién tam giic vudng can
Bai toadn 9. Cho AABC, M la trung diém ctia BC, BAM = 30°, MAC = 15°. Tinh FPI?
Phan tich
Khi doc ki bai toan ta thdy BAM = 30°, MAC = 15° BM = MC, quan st hinh vé rdi nhan
dang bai toan ta biét dwgc nd cd ngudn gde tir Bai toan 3. Mat khac BAC = 45°, diéu nay
giup ta nghi dén dung tam giac vudng can.
Huoéng giai
Cach 1.
Ha CK L AB (Dé chitng minh duoc tia CB ndm giita hai tia CA va CK)
Ta c6 AAKC vudng can tai K (vi BAC = 45%) => KA = KC
Vé AASC vudng can tai S (K, S khac phia so véi AC)
Do ABKC vudng tai K=>KM = % BC=MC
=> AKMC can tai M A

Dé thdy AKAM = ACSM (c.g.c) => CSM = 30° S
=> ASM = 60° va SAM = 60°
=> AASM déu => AS =SM = AK
=> AAKM can tai A B
=> MKC = MCK = 90° — 75° = 15° C
=> BCA = 45° — 15° = 30° K
Céch 2.
Lay D d6i xiing B qua AM =>ABAD can tai A A
Ma BAM = 30° (gt) => BAD = 60° => AABD déu
Ta c6 DC // MI (vi MB = MC, IB = ID), (BD N AM = {I}) D
Ma MI L BD => CD 1 BD
Mat khac xét AABD c6
CAD = 15°(gt), ADC = 60° +90° = 150° B C

=> DCA = 15° => AADC cén tai D=> AD = CD M
Ma AD = BD (AABD déu)
Vay ABDC vudng can tai D => DCB = 45°
=> BCA = 45° — DCA = 45° — 15° = 30°
Bai toan 10. Cho AABC,A = 1V, AC = 3AB. D la diém thuoc doan AC sao cho AD = 2DC.
Tinh ADB + ACB =?
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Hudng giai

Ké EK 1 AC sao cho EA=ED, E € AD v6i EF = AD (B, F khac phia so v6i AC)

Ta c6 ABAD = ADEF (c.g.c) (*) B
=> BD = FD,BDF = 1V => ABDF vudng can tai D

=> DFB =45° (1)

Trén tia d6i cta tia AB 1dy I sao cho AI=2AB A
Dé thdy AIBF = AACB (c.g.c)=> ACB = IBF = EFB (2)

T (*), (1) va (2) ta c6 ADB + ACB = BFD = 45°

Nhan xét |

F

Sau khi v& hinh ta dy dodn ADB + ACB = 45° Itc d6 ta nghi dén viéc tao ra mot tam gidc
vuodng can lam sao dé téng sd do ctia hai géc can tim bang s6 do goc 45°. Y nghi du doan
ADB + ACB = 45° xuat phat tir dau? Phai chang xudt phat tir AABE vudng can (E 1a trung
diém AD). Khi phét hién tong hai goc d6 bang 45° chiing ta c6 thé giai bai todn theo nhigu

cach giai khac nhau.

Bai toan 11. Cho AABC vudng cén tai A, M la diém bat ki trén doan AC (M khéc A, C). Ké
AF 1 BM,F € BC. E la diém thudc doan BF sao cho EF = FC ké EI // BM, I € BA. Tinh

AIM?

Hudng giai
Goi K la giao diém ctia IE va AC
Xét AKEC c6 FA // EK, EF = FC (gt)

B

—>KA = AC vaR = FAC F
Ta c6 AABM = AAKI (g. c. g)(vi FAC = ABM) /

=> AM = Al => AAIM vudng can tai A K

Nhan xét

Puong ké phu KI va KA xudt phat tr dau? Ta thdy cd hai
nguyén nhan co ban lam nay sinh ké duwong phu nay:

+/ Mot la do IE // AF

+/ Hai la EF =FC

Ttr 6 1am xudt hién y nghi chiing minh AABM = AAKI

va bai toan duoc giai quyeét.

Can c&t vao cac yéu to gia thiét da cho cta bai toan ta c6 cac cach
vé hinh phu khac nhu sau: Trén tia d6i cua tia AB ldy diém H
sao cho AH = AM.

Tt d6 ta cé cach giai quyét tuwong tw nhu trén.
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Dang 4. Tinh s6 do goc qua viéc phat hién tam giac cin khi biét mot goc.

Bai toan 12. Cho AABC,A = 80° AC > AB. D la diém thudc doan AC sao cho DC=AB. M, N
theo thit ty 1a trung di€m caa AD va BC. Tinh CMN?

Hudng giai
Trén tia d6i cua tia AC 1ay diém K sao cho AK=DC K
N6i K véi B ta ¢ AAKB can tai A (vi AB = DC)
— 1__ 1
=> BKA = EBAC =5 80° = 40° (t/c goc ngoai)

Mit khac ta c6 MA = MD => MK =MC, BN =NC
=>MN la duong trung binh ctia AKBC
—> NWC = BRC = 40° 5 | c

Nhan xét

Vi dau ta cé ké dwong phu AK?

+/ Thit nhat: Ta ¢ AAKB can va biét BAC. Nhu vay cac goc ctia AAKB sé tim duoc.

+/ Thit hai: Vi MA = MD dan dén MK = MC

+/ Thit ba: Do NB = MC

Véi li do thi hai va ba ta c6 duoc goc can tim bang BKA. Vay bai toan dwoc giai quyét. Sau
khi néu ra cac li do co ban do, ta c6 cac duong ké phu khac nhw sau:

e Lay K d6i xttng vdi A qua N

e Lay K la trung diém cua BD

e Lay K d6i xiing M qua B

e Lay K d6i xting D qua N

Bai todn trén cé thé ra dudi dang tdng quat nhw sau: Gilt nguyén gia thiét va thay 4 =
a (0° < a <180%)

Mot s6 bai toan tham khao
Bai 1. Cho AABC, A = 60°, cac phan gidc AD, CE cidtnhautaiF, E € AB, D € AC. Tinh EDB?

Bai 2. Cho AABC,C =100°, CA = CB, diém M ndm trong tam gidc sao cho CAM =
10% CBM = 20°. Tinh AMC?

Bai 3. Cho AABC can tai C, ¢ = 80°, M nam trong tam giac sao cho
MAB = 10° CBM = 20°. Tinh AMC?

Bai 4. Cho AABC AB = AC, A = q, trung tuyén CM. trén tia d6i cua tia BA 18y diém D sao
cho BD = BA, biét BCM = . Tinh BDC?
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CHUYEN PFE 2 : CAC TRUONG HOP BANG NHAU CUA TAM GIAC

A, Tém tat ly thuyét
1.Hai tam giac bang nhau:

Hai tam giac bang nhau 1a hai tam gidc c6 cac canh twong ting bang nhau, cac goc tuong
g bang nhau.

AB = A'B'; AC =A'C";BC =B'C’
AABC=AABC & L T
¢ ¢ { A= A3B=B";C=C(
2. Cac trwong hop bang nhau ctia tam giac
a.Truong hop bang nhau thit nhat ctia tam giac canh - canh — canh ( c.c.c)

Néu ba canh ctia tam gidc nay bang ba canh ctia tam giac kia thi hai tam giac d6 bang

nhau.
AB = A'B’
AC = A'C't ® AABC=A A'B'C’ (c.c.c)
BC = B'C’
A
B A ¥* C
¥

B' C'

Ndng cao : quan hé bang nhau ctia hai tam giac c6 tinh chat bac cau
Néu A ABC = A DEF; ADEF = A HIK

Thi A ABC= A HIK

b.Truwong hop bang nhau thit hai ctia tam giac canh — goc - canh (c.g.c)

Néu hai canh va gdc xen gitra cia tam giac nay bang hai canh va goc xen gitta ctia tam giac
kia thi hai tam giac d6 bang nhau.
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AB = A'B’
B= B {=2AABC=AAB'C (cgc)
BC = B'C’

B' el

H¢ qua : Néu hai canh géc vuong ctia tam gidc vuong nay bang hai canh géc vuong ctia tam
gidc vuong kia thi hai tam gidc vuong do bang nhau.

Ning cao : Trong trudong hop bang nhau canh — géc — canh, cdp goc bang nhau phai la cip
gbc xen gita hai cip canh bang nhau. Néu khong c6 diéu kién d6 thi hai tam giac chua
chic da bang nhau.

Tuy nhién, nguoi ta da chitng minh dwoc rang :

Néu hai tam gidc nhon c6 hai cdp canh bang nhau tiing d6i mot va mot cip goc tuong
g bang nhau (khong can xen giita) thi hai tam gidc d6 bang nhau.

c.Truong hop bang nhau thi ba ctia tam giac géc — canh — goc ( g.c.g)

Né&u mot canh va hai géc ké ctia tam giac nay bang mot canh va hai goc ké ctia tam giac
kia thi hai tam gidc d6 bang nhau.

B=F
BC = B'C't ® AABC=AA'B'C’ (g.cg)
cC=C
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B' CI

Ndng cao: Trong truong hop bang nhau géc — canh — gdc, cdp canh bang nhau phai la cip
canh k& véi hai cip goc bang nhau. Néu khong c6 didu kién d6 thi hai tam giac chua chac
da bang nhau.

Tuy nhién c6 thé thay diéu kién cgp canh ké bang diéu kién khac nhu sau :

Né&u hai géc ctia tam gidc nay bang hai goc ctia tam gidc kia va c6 mot cap canh twong ting
bang nhau thi hai tam gidc d6 bang nhau.

d.Truong hop bang nhau ctia tam gidc vuong
* Treong hop 1: hai canh géc vuong (canh — géc — canh)

Néu hai canh géc vudng ctia tam gidc vuoéng nay bang hai canh géc vudng cua tam gidc
vuong kia thi hai tam giac vuong d6 bang nhau.

» Truong hop 2 : canh huyén — géc nhon (goc — canh - goc)
Néu canh huyén va mot goc nhon ctia tam gidc vudng nay bang canh huyén va mot goc

nhon ctia tam gidc vuong kia thi hai tam giac vudng d6 bang nhau.

A= A"=90°
BC = B'C’ (= AABC=A A’B'C’ (canh huyén — gbc nhon )
B =F
B B’
A P A C

» Truong hop 3 : canh huyén — canh gdéc vudng (canh — canh — canh)
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Néu canh huyén va mét canh géc vudng cta tam gidc vudng nay bang canh huyén va moét

y

4 canh géc vudng ctia tam giac vudng kia thi hai tam giac d6 bang nhau.
A=A =90°
BC = B'C' { ®AABC=A A’B'C’ ( canh huyén - canh géc vudng )
AC =A'C
3. Ung dung

Chting ta thuong van dung cac trieong hop bang nhau ctia tam giac d€':

- Chttng minh : hai tam gidc bang nhau, hai doan thang bang nhau, hai géc bang nhau, hai
duong thang vudng goc, hai duong thang song song, ba diém thang hang,...
- Tinh : cAc @ dai doan thang, tinh s8 do gdc, tinh chu vi, dién tich,...

- So sanh : cac do dai doan théng, so sanh cac goc,....
B. Cac dang bai tap

Dang 1 : Chiing minh hai tam gidc bang nhau theo truong hop canh — canh — canh. Chiing
minh hai géc bang nhau dya vao hai tam gidc bang nhau theo truong hop canh — canh —
canh.

Phwong phdp : chitng minh hai tam gidc bang nhau theo trueong hop canh- canh — canh 1i suy ra hai
g6c twong trng bang nhau.

Vi du 1: Cho hai tam gidc ABC c6 A = 40°, AB = AC . Goi M la trung diém caa BC. Tinh c4c
gbc ctia mdi tam giac AMB, AMC.

Phin tich: Ta thdy rang AABC c6 AB = AC nén AABC la tam giac can va M 1a trung diém ctia
BC tir d6 suy ra AAMB = AAMC theo trudng hop (c.c.c) . Cho A = 40° tir d6 c6 thé tinh
duoc cac gbe con lai dua vao dinh nghia hai tam gidc bang nhau.

Loi gigi

Xét A AMB va A AMC c6:
AB = AC (gia thiét)

MB = MC (gia thiét)

AM chung

= A AMB =A AMC (c.c.c)

= A, =4;,B =C, M, =M, (cic gbc twong ting)
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Talaico:
A + A, =40°nén 4, =4, =20°

M, + M, =180°nén M; = M, =90°

Suyra B =C =180°-90°-20° = 70°

Khai thdc : gia st tam giac ABC la tam giac déu, M la trung diém cua BC
Tinh cdc géc ctia mdi tam giac AMB, AMC.

Vi du 2 : Cho tam gidc ABC c6 AB = AC. Goi M 1a mot diém ndm trong tam giéc sao cho MB
=MC. N 1 trung diém ctia BC. Chttng minh rang :

AM la tia phan giac ctia goc BAC.

Phén tich : Chtng minh AM la tia phan gidc ctia BAC thi ta cAn ching minh BAM = CAM
Muédn chitng minh hai géc nay bang nhau thi phai chitng minh AAMB = A AMC (c.c.c)

XétA AMB va AAMC ¢6:
AB = AC (gt)

AM chung

MB = MC (gt)

=>AAMB = A AMC (c.c.c)

= BAM = CAM B N c
Vay AM Ia tia phan gidc BAC (dpcm)
Khai thic : c, Hay chitng minh MN la dwong trung truc ctia doan BC.
b, Ba diém A, M, N thr?mg hang.
Bai tap van dung;:

Bai 1: Cho tam giac ABC. V& cung tdm A c6 ban kinh bang BC, vé cung tdm C c6 ban kinh
bang AB, chiing cat nhau & M (M va B ndm khdc phia ddi véi AC). Chirng minh rang AM//
BC.

(Trich Ning cao va phat trién Todn 7 tdp 1 — Vi Hitu Binh)

Bai 2: Cho tam gidc ABC. Vé doan thang AD vudng géc véi AB (D va C nam khac phia d6i
véi AB), AD = AB. Vé doan thang AE vudng géc véi AC (E va B ndm khac phia ddi véi
ACQ), AE = AC. Biét rang DE = BC. Tinh BAC.

(Trich Ning cao va phit trién Todn 7 tdp 1 — Vi Hitu Binh)
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Bai 3 : Cho doan thang AB va diém C cach déu hai diém A va B, diém D cach déu hai diém
A va B (C va D nam khac phia d6i véi AB).

a,Chting minh rang tia CD 1a tia phan gidc ctia goc ACB.
b, Két qua 6 cau a c6 dting khdng néu C va D nam cung phia d6i véi AB?
(Trich Ning cao va phat trién Todn 7 tdp 1 — Vii Hitu Binh)

Bai 4: Cho A ABC = A A’'B'C’ . Goi M va M’ tuong ting la trung diém cuaa BC va B'C’. Biét
AM = A’M’. Chitng minh rang :

a, AAMB=A A’M'B’
b, AMC =A'M'C’

Bai 5 : Cho A ABC. Vé cung tron tam C ban kinh bang AB, cung tron tam B ban kinh bang
AC. Hai cung tron trén ct nhau tai D (A va D thudc hai nta mat phang bo BC) . Chting
minh CD // AB va BD // AC.

Bai 6 : Cho gdéc nhon xOy. Trén tia Ox va Oy lay tuwong tng hai diém A va B sao cho OA =
OB, vé duong tron tdm A va tdm B c6 cung ban kinh sao cho chting cat nhau tai hai diém
M, N nam trong géc xOy. Chiing minh rang :

a, AOMA = A OMB va AONA = A ONB.

b, Ba diéfm O, M, N théng hang.

¢, AAMN = ABMN.

d, MN la tia phan giac cua goc AMB.

Bai 7 : Cho A ABC c¢6 AB = AC. Goi H la trung diém canh BC.

a, Chttng minh AH vudng gdc véi BC va la tia phan giac ctia goc BAC.

b, Trén tia d6i ctia HA 13y diém K sao cho HK = HA, chting minh rang CK // AB.
Bai 8 : Cho A ABC ¢ AB = AC. Goi D va E la hai diém trén BC sao cho BD = DE = EC.
a, Chting minh EAB = DAC.

b, Goi M 1a trung diém ctia BC, chting minh rang AM la tia phan gidc cia goc DAE.
¢, Gia stt DAE = 60°, c6 nhan xét gi vé cdc géc ctia A AED.

Bai 9 : Cho A ABC, vé doan AD vudng géc véi AB (C va D nam & hai nita mat phang d6i
nhau bd AC), AE = AC. Biét rang DE = BC, tinh BAC .

Dang 2 : Chitng minh hai tam giic bang nhau theo truong hop canh — géc — canh. Tt d6
van dung dé chitng minh hai doan thing bing nhau, hai goc bang nhau.
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Phwong phdp : chitng minh hai tam gidc bang nhau theo truong hop canh- goc — canh r6i suy ra hai
g6c, hai dogn thing twong ting bang nhau.

Vi du 1 : Cho tam giac ABC c6 B < 90°. Trén nita mit phang c6 chita A bo BC, vé tia Bx
vuodng géc véi BC, trén tia d6 14y diém D sao cho BD = BC. Trén ntta mit phang c6 chita C
bo AB, vé tia By vudng gdc véi BA, trén tia d6 1ay diém E sao cho BE = BA.

Chttng minh rang : DA =EC
Phan tich:

bé chitng minh DA = EC ta can chitng minh A ABD = A EBC
Xét A ABD va A EBC co:
AB=BE

ABD =EBC ( cing bang 90° - 4BC )

BD =BC

=>A ABD = A EBC (c.g.c)

= DA =EC

Khai thic :
b, Chitng minh DA vudng goc voi EC.

Vi du 2: Chttng minh dinh 1y : Trong tam gidc vudng, trung tuyén thudc canh huyén bang
ntta canh huyén.

Phan tich:

bé chitng minh AM = % BC ta phai vé thém doan thang MD sao cho MD = MA, do d6 AM =
% AD. Nhu vay chi con phai chitng minh AD = BC. Ta can chttng minh A ABC = ACDA
tir 6 suy ra cac cgp canh twong tng bang nhau.

Loi gidi : N

Trén tia d6i cta tia MA 1ay di€ém D sao cho
MD =MA.

Xét A AMB va ADMC c6:

MB = MC (gt) B M 2 c

M, = M, (d6i dinh)

THCS.TOANMATH.com TAI LIEU TOAN HOC



MA =MD (do cach vé)

=>A AMB = ADMC (c.g.c)

= AB=DCvaA, =D

= AB // CD (vi c6 cdp goc so le trong bang nhau)

Vi AC vuong goc véi AB (gt) nén AC vuong goc voi CD ( quan hé gitta tinh song song va
vuong goc )

Xét A ABC va ACDA co:

AB =CD ( chttng minh trén)
A=C=90

AC chung

= A ABC=ACDA (cg.c)

= BC=AD

ViAM =~ ADnén AM =~ BC
Khai thdc :

Cho A ABC, céac trung tuyén BD, CE. Trén tia BD 1dy diém M, trén tia CE ldy diém N sao
cho BD =~ BM, CE =~ CN. Chiing minh ring BC =~ MN.

Bai tap van dung;:

Bai 1: Cho tam giac ABC, goi D la trung diém cua AC, goi E 1a trung diém ctia AB. Trén tia
ddi cua tia DB ldy diém M sao cho DM = DB. Trén tia d6i ctua tia EC 1dy diém N sao cho
EN =EC.

Chting minh rang A la trung diém ctia MN.
(cdc dang todn va phwong phip gia Todn 7- tip 1)
Bai 2 : Cho tam gidc ABC c6 4 = 50°. V& doan thang Al vuong géc va bang AB (1 va C khac

phia d8i v6i AB). V& doan thang AK vuong géc va bang AC ( K va B khac phia ddi véi
AC). Chting minh réng :

a. IC =BK.

b. IC vuong gdc voi BK.

(cdc dang todn va phwong phip gid Todn 7 — tip 1)

Bai 3 : Tam gidc ABC c¢6 A =100°. M 1a trung diém cta BC. Trén tia d6i cua tia MA 13y diém
K sao cho MK = MA.

a.Tinh s6 do goc ABK.
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b. Vé phia ngoai ctia tam giac ABC, vé cc doan thang AD vuodng goc va bang AB, AE
vudng gdc va bang AC. Chirng minh rang A ABK = A DAE,

c.Chiing minh : MA vudng goc véi DE.

(cdc dang todn va phwong phdp gia Todn 7- tip 1)

Bai 4 : Trén cac canh Ox va Oy cua goc xOy 1ay cac diém A va B sao cho OA = OB. Tia phan
gidc cta géc xOy cat AB ¢ C. Chiing minh rang :

a.C 1a trung diém cta AB.

b. AB vuong goc voi OC.
(Ndng cao va phdt trién Todn 7 — tdp 1)

Bai 5 : Cho tam giac ABC c6 A =90°%, M 1a trung diém ctua AC. Trén tia d6i cia MB 1ay diém
K sao cho MK = MB. Chttng minh rang :

a.KC vuong goc voi AC.

b. AK song song véi BC.

(Ndng cao va phit trién Todn 7 — tip 1)

Bai 6 : Cho tam giac ABC, D la trung diém ctia AC, E la trung di€ém ctia AB. Trén tia d6i ctua
tia DB 1ay diém N sao cho DN = DB. Trén tia d6i cta tia EC, 1ay diém M sao cho EM = EC.
Chting minh rang A la trung diém ctia MN.

(Ndng cao va phit trién Todn 7 — tip 1)

Bai 7 : Cho O la diém thudc doan thang AB ( khong trung haid dau mut). Trén cing mot
ntta mit phang bo AB vé cac tia Ox va Oy sao cho A0x = BOy < 90°. Lay diém C trén tia Ox
va diém D trén tia Oy sao cho OC = OA va OD = OB. Chitng minh rang AD = BC.

(Ndng cao va phit trién Todn 7 — tip 1)

Bai 8: Cho hai doan thang AB va CD cat nhau tai trung diém O ctia mdi doan thang. Lay cac
diém E trén doan thang AD, F trén doan thang BC sao cho AE = BF. Chttng minh rang ba
diém E, O, F thang hang.

(Ndng cao va phdt trién Todn 7 — tdp 1)

Bai 9 : Chitng minh rdng néu hai canh va trung tuyén thudc canh thit ba ctia tam gidc nay
bang hai canh va trung tuyén cta canh thit ba cta tam giac kia thi hai tam gidc d6 bang
nhau.

(Ndng cao va phdt trién Todn 7 — tdp 1)

Dang 3 : Chitng minh hai tam giac bang nhau theo treong hop goc — canh — goc .Tix d6
van dung d€ chtng minh hai doan thﬁng bfmg nhau, hai goc bfmg nhau, cic duong
thang song song, cac diém thing hang.
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Phwong phdp: Phuwong phdp : chirng minh hai tam gidc bang nhau theo trieong hgp géc — canh — géc
r6i suy ra hai géc, hai dogn thing twong ting bang nhau.

Vi du 1: Cho tam giac ABC c6 A = 60°. Tia phan giac ctia géc B cat AC & M, tia phan giac ctia
gbc C cat AB & N. Chting minh rang BN + CM = BC.

Phén tich:
Goi I la giao diém ctia BM va CN.

Ta c6 A = 60° tir d6 suy ra [; = 60°, [ = 60°. Chtmg minh ABIN = A BID d€ suy ra BN =
BD(1) . Chttng minh tuong tu ACIM = A CID (g.c.g) suy ra CM = CD(2) . Tt (1) va (2) suy
ra BN + CM =BD +CD =BC

Loi gidi :

Goi I la giao di€m ctia BM va CN.

Tacoé A=60°suy ra B +C =180° - 60° = 120°
Do d6 By + €3 =120°: 2 = 600

Vivay [; = 60, [, = 60°

Ké tia phan giac ctia géc BIC cit BC ¢ D. Tam
giac BIC ¢c6 By + C, =120°nén BIC = 120°. Do

do I3 =1, = 60°
Xét ABIN va A BID ¢6 :
B, =B,
Chung BI
[3 =1, = 60"
Do d6 ABIN = A BID (g.c.g) suy ra BN =BD(1)
Chiing minh twong te ACIM = A CID (g.c.g) suy ra CM = CD(2)
Tt (1) va (2) suy ra BN+ CM =BD + CD =BC
Khai thic :
Néu céc cgp tam gidc bang nhau trong hinh trén

Vi du 2: Chttng minh dinh ly : Hai doan thang song song bi chan giita hai dwong thang
song song thi bang nhau.

Phin tich: Viéc n6i AC lam xuat hién trong hinh vé hai tam giac c6 mot canh chung la AC.
Mudn chiing minh AB = CD va BC = AD ta can chting minh AABC = ACDA. Do hai tam
gidc ndy da c6 mot canh bang nhau (canh chung) nén chi can chiing minh hai cip géc ké
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canh d6 bang nhau 1a van dung dwoc truong hop bang nhau géc — canh — géc. Digu nay
thue hién duoc nho van dung tinh chat ctia hai dwong thang song song.

Loi gidi :
Noi AC.
AABC va ACDA c6:

21\1 = Z‘I (cdp so le trong ctia AB // CD)

AC chung

A, =T, (cap so le trong ctia BC // AD)

Vay AABC = ACDA (g.c.g)
Suy ra AB=CD va BC=AD.
Khai thac :

Cho gbc xOy khac goc bet. Trén tia Ox 1ay ba diém A, B, C sao cho OA = AB=BC. Tt A, B,
C vé ba duong thang song song véi nhau cat tia Oy lan luot tai D, E, F. Chttng minh rang
OD =DE =EF.

Bai tap van dung;:

Bai 1: Cho tam giac ABC c6 AB = AC. Trén cac canh AB va AC ldy diém D va E sao cho AD
= AE. Goi K 14 giao diém ctia BE va CD. Chttng minh rang :

a.BE=CD

b. AKBD = AKCE

(Ndng cao va phit trién Todn 7 — tip 1)

Bai 2: Cho tam giac ABC c6 4 = 60°. Tia phan giac ctia goc B cat AC ¢ D, tia phan gidc ctia
g6c C cat AB ¢ E. Cac tia phan giac d6 cit nhau ¢ I. Chiing minh rang ID = IE.

(Ndng cao va phit trién Todn 7 — tip 1)

Bai 3 : Cho doan thiang AB, O la trung diém AB. Trén cting mot nita mat phang bo AB, vé

cac duong thing song song véi BA, chiing cit canh AC theo thit tw & G va H. Chiing minh
rang EG + FH = AB.

(Ndng cao va phit trién Todn 7 — tip 1)
Bai 4 : Cho tam giac ABC c6 4 =90°, AB = AC. Qua A vé& duong thang d sao cho B va C nam
cuing phia d6i véi duong thang d. Ké BH va CK vuéng goc véi d. Chiing minh rang :

a.AH =CK
b. HK=BH + CK
(Ndng cao va phdt trién Todn 7 — tdp 1)
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" Bai 5: Cho tam giac ABC. Vé doan thang AD béang va vudng géc véi AB (D va C ndm khéc
phia d&i véi AB). V& doan thiang AE bing va vuong géc véi AC (E va B nam khac phia d6i
véi AC) . V& AH vudng gdc véi BC. Puong thang HA cat DE ¢ K. Chting minh rang DK =
KE.

(Ndng cao va phit trién Todn 7 — tip 1)

Bai 6: Cho goc xOy khac gdéc bet va mot diém A 6 trong goc d6. Hay néu cach vé mot duwong
thang qua A cat Ox, Oy Ian luot tai B va C sao cho AB = CD.

(bai tdp ning cao va mot s6"chuyén dé Todn 7)

Bai 7: Cho tam giac ABC. Cac diém D va M di dong trén canh AB sao cho AD = BM. Qua D
va M vé cac duong thing song song véi BC cat AC Tan lwot tai E va N. Chttng minh ring
tong DE + MN khong doi.

(bai tdp ning cao va mot s6"chuyén dé Todn 7)

Bai 8: Cho tam gidc ABC,A = 120°, phan giac BD va CE cat nhau & O. trén canh BC 14y hai
diém I va K sao cho BOI = COK=30°. Chitng minh rang :

a.0I vudng goc voi OK
b. BE + CD <BC

(bai tdp ndng cao va mot s6"chuyén dé Todn 7)

Bai 9: Cho tam giac ABC. Vé ra phia ngoai ctia tam gidc nay cac tam gidc vuong can ¢ A la
ABE va ACF. Vé AH vudng géc v6i BC. Puong thang AH cat EF tai O. chiing minh rang O
la trung diém cua EF.

(bai tdp ndng cao va mot s6"chuyén dé Todn 7)
Dang 4 : Cac trwong hop bang nhau ctia tam giac vudng.
Phwong phap:

Ngoai cdc trieong hop bang nhau ciia tam gidc vudng suy ra tir cdc truwong hop bang nhau canh —
g0c — canh, goc — canh — goc va trieong hop canh huyén — géc nhon, doi véi tam gidc vudng con cé
trwong hop bang nhau canh huyén — canh géc vudng.

Néu mot canh goc vudng va canh huyén cua tam gidc vudng nay bang mot canh géc vudng va canh
huyén ciia tam gidc vudng kia thi hai tam gidc dé bang nhau.

Vidu1:Tam gidc ABC c6 AB=24, AC=32, BC=40
Trén canh AC 14y diém M sao cho AM = 7.Chting minh rang:

a.Tam gidc ABC vuong.
b.  AMB=2C
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Phan tich:

- Nho c6 dinh 1y Py - ta — go ma ta c6 thé tinh dwgc moét canh ctia tam gidc vuong khi biét
hai canh con lai.

- Dinh ly Py — ta — go dao cho ta thém mot cach chitng minh hai dwong thang vuéng goc.

Loi giai:

a, Tam giac ABC c6 AB2+ AC? =242 +322=1600

BC?=1600. Vay AB 2+ AC? =BC?

Suy ra tam gidc ABC vudng tai A (dinh ly Py - ta -
go dao)

b, Ap dung dinh ly Py — ta - go vao tam giac vuong
AMB ta c6 :

BM?2=AB2 + AM?2=24? +72=625

=BM =25

Mit khac, MC=AC-AM=32-7=25

Véay MB = MC suy ra AMBC can tai M do d6 € = B;

AMB = C + B; (tinh chat g6c ngoai cia AMBC) hay AMB =2(
Khai thac:

Cho tam giac ABC, trung tuyén AM ciing la phan giac.
a.Chting minh rang tam gidc ABC can.

b. Cho biét AB =37, AM = 35. Tinh BC.

Vi du 2 : Cho tam giac vuong ABC vudng tai A ( AB < AC) va cac diém M thudc AC, H
thudc canh BC sao cho MH vuoéng géc véi BC va MH = HB. Chting minh rang AH 1a tia
phan giac goc A.

Phan tich:

Dé chitng minh AH 1a tia phan giac ctia goc A ta can chiing minh cac cip tam gidc bang
nhau dé suy ra dwoc cdc cip gdc twong ting bang nhau.

Loi giai:
Ké HI vudng géc véi AB, HK vuong goc véi AC
Ta c6 HMK = B ( cung phu véi C)

Xét AHKM va AHIB cé:
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K=1=90°
HM = HB (gt )
HMK = B (chting minh trén)

Do d6 AHKM = AHIB (canh huyén - goc
nhon), suy ra HI = HK

Xét AHIA va AHKA ¢6:
K=1=90°

HA chung

HI = HK (chttng minh trén)

Do d6 AHIA = AHKA ( canh huyén - canh géc vudng), suy ra 4; =4,
Do d6 AH Ia tia phan gidc ctia goc A.

Khai théc:

Cho tam giac ABC c¢6 M la trung di€ém cua BC va AM la tia phan giac ctia goc A. Ching
minh rang tam gidc ABC la tam gidc can.

Bai tap van dung:

Bai 1: Cho tam gidc ABC can tai A. Trén tia d6i cua tia BC 1ay diém D, trén tia d6i cua tia CB
1dy diém E sao cho BD = CE. Ké BH vuong goc v6i AD (H € AE). CMR :

a.BH =CK
b. A\ AHB = AAKC
c.BC //HK

Bai 2: Cho tam giac ABC can tai A, goc A nhon. Ké BD vudng goc véi AC (E € AB ). Goilla
giao diém ctia BD va CE. Chiing minh rang :

a.AD =CE
b. Al la phan giac cua goc BAC

Bai 3: Cho tam giac ABC vuong tai A. Tt A ké AH vudng gbéc véi BC. Trén canh BC ldy
diém E sao cho BE = BA. Ké EK vudng géc véi AC (K € AC ). Chitng minh rang AK = AH.

Bai 4: Cho tam gidc ABC vudng can 6 A, M la trung diém ctia BC, diém E nam giita M va C.
Ké BH, CK vudng gdc véi AE ( H va K thudc duong thang AE). Chting minh rang :
a.BH=AK

b. AMBH = AMAK
c. AMHK vuo6ng can
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Bai 5: Cho tam giac ABC vudng tai A (AB > AC). Tia phan giac géc B cat AC 6 D. Ké DH
vudng goc véi BC. Trén tia AC 14y diém E sao cho AE = AB. Duong thang vudng goc véi
AE cat tia DH ¢ K. Chting minh rang :

a.BA =BH
b. DBK =45°

Bai 6: Cho tam gidc vudng can tai A. Mot duong thang d bat ki luon di qua A. Ké BH va CK
cung vudng gdc véi d. Chitng minh rang tdng BH 2+ CK 2 ¢6 gia tri khong ddi.

Bai 7 : Cho tam giac ABC c6 M la trung diém ctia BC va AM la tia phan giac ctua goc A.
Chitng minh rang tam gidc ABC 1a tam giac can.

Bai 8: Cho tam gidc ABC can tai A, 4 < 90°. Ké BD vuong géc véi AC, ké CE vudng goc véi
AB. Goi K 1a giao diém caa BD va CE. Chting minh rang AK 1a tia phan gidc cta goc A.

Bai 9 : Cho mot tam giac c6 ba duong cao bang nhau
a.Chting minh rang tam gidc d6 la tam gidc déu.

.« A/ X \ 7 A e 1N a\/§ ’ A \ e X 2 .7 A
b. Biét moi dwong cao c6 do dai la —~ tinh d¢ dai moi canh ctia tam gidc do.
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CHUYEN DE 3: CAC TAM GIAC DAC BIET

A.  Toém tatly thuyét
I. Tam giac can

B C

1.Pinh nghia: Tam giac can la tam gidc c6 hai canh bang nhau.

A ABC can tai A & { Ag“‘_Bj ;

2.Tinh chdt: Trong tam giac can, hai géc & day bang nhau. A ABC cantai A 2 B=C
3.Ddu hiéu nhan biét:

- Theo dinh nghia.

- Néu mot tam gidc ¢ hai géc bang nhau thi tam gidc d6 1a tam gidc can.

II. Tam giac vudng can

A

B C

1.Dinh nghia: Tam gidc vuodng can la tam gidc vuong cé hai canh géc vuong bang nhau.

AABC
A ABC vudng can tai A & { A = 90°
AB = AC

2.Tinh chdt: Mbdi goc nhon ctia tam giac vudng can bang 45°.
B=¢C
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II. Tam giic déu

1
B ' C
1.Pinh nghia: Tam giac déu la tam giac c6 ba canh bang nhau.

AABCdeu e { _Ajgc_ sC

2.Tinh chdt: Trong tam giac déu, mdi goc bang 60°

3.Ddu hiéu nhan biét:

- Theo dinh nghia.

- Néu mot tam gidc cé ba goc bang nhau thi tam gidc d6 1a tam gidc can.

- Néu mot tam gidc can c6 mot géc bang 60° thi tam gidc d6 1a tam giac déu.

IV.  Dinh ly Pi-ta-go

1.Dinh lyj py — ta — go: ( thé€ hién tinh chat vé canh cua tam gidc vuong)

Trong mot tam giac vudng, binh phuirong ctia canh huyén bang tdng cac binh phwong ctia
hai canh goc vuong.

A ABC vudng tai A = BC?= AB?> + AC B

2.Dijnh Iy Py- ta — go ddo: ( Cach nhan biét tam giac vudng)

Néu mot tam gidc c6 binh phuong ctia mot canh bang tong
cac binh phuong ctia hai canh kia thi tam gidc d6 la tam
giac vuodng.

B. Cac dang toan

I. Dang 1: V& tam giac can, tam giac vudng can, tam giac
déu. A C

1.Phuong phdp gidi

Dua vao cach vé tam gidc da hoc ( vé bang compa da hoc ¢ 16p 6)va dinh nghia tam giac
can, tam giac vudng can, tam giac déu dé veé.

2.Vidu

a.Vi du 1: Dung thudc c6 chia xentimet va compa vé tam giac déu ABC c6 canh bang 3 cm.

Huéng dan cach vé:

- Vé doan thang BC = 3cm.

- Vé cung tron tam B ban kinh 3cm va
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cung tron tam C ban kinh 3cm, chiing cét nhau tai A.

- V& cac doan thang AB, AC.

3.Bai tap ap dung

- Bai 1: Cho 2 diém A va B ndm vé cing mdt phia ctia duong thang d. Hay dung tam giac
MNP sao cho day MN nam trén d, con A va B [an luwot 13 chan hai duong cao ké tir M va
N.

II. Dang2: Chttng minh mdgt tam gidc la tam giac can, tam giac vudng can, tam giac
déu tir cic ddu hiéu nhén biét cic tam gidc dic biét va tir diéu chitng minh trén suy ra
2 doan thing bang nhau, hai goc bang nhau.

1.Phuwong phdp gidi

- Dua vao dau hiéu nhén biét va dinh nghia cac tam giac ddc biét d€ nhan biét duoc cac
tam gidc d6 thudc loai tam giac nao.

- St dung céc tinh chét ctia cac tam giac déc biét d6 d€ chitng minh 2 doan thang bang
nhau, hai géc bang nhau.

2.Vi du minh hoa

a.Vi dy 1: Cho tam gidc ABC vudng tai A ( AB < AC). Tia phan giac ctia géc A cat BC tai D.
Qua D ké dwong thang vuong goc BC, cat AC tai E. Trén AB 13y diém P sao cho AF = AE.

Chttng minh r?mg:

+B =DEC
+ A DBF la tam giac can
+ DB =DE.

B

F

A =E —C

w» Bai giai:
+ B phu €, DEC phu € nén B =DEC.(1)
FAD = DAE
+AEAD=AFAD (cg.c)viy AF = AE
AD chung

=  AED = AFD =>DEC = DFB ()
Tt (1) va (2) suy ra, B = DFB, do d6 A DBF can tai D( d&4u hiéu nhan biét tam gidc can st

dung tinh chét cta tam gidc can)
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+ A DBF can tai D => DB = DF( dinh nghia tam gidc can)(3)

A EAD = A FAD ( chttng minh trén) => DE =DF 4)
Tt (3) va (4) suy ra DB = DE.

<> Khai thac bai toan:

Néu thay diéu kién BAC = CDE = 90° boi BAC = CDE =a

Thi bai toan c6 dtng nita khong?( Tra 10i: bai todn van dung).

b. Vidu 2:
Cho tam gidc ABC can tai A, A = 100°. Trén tia d6i ctia tia BA 18y diém D sao cho AD = BC.
Chting minh rang ADC = 30°.

A

S

D

o Phan tich:

- Tt viéc chitng minh 2 tam gidc bang nhau va 4p dung tinh chat cong gdc ctia cac goc ta
sé di t6i diéu phai chitng minh.

o Bai giai:

——

A ABC can tai A, A=100°=>ABC = ACB = 40°

> Cach 1: Dung A ADE déu, E va C cling nam trén nita mit phang bo AB.
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C
D
E
Ta c6: EAC = BAC — BAE =100° - 60° = 40°
AB = AC
AABC=ACAE(cgc)viy ABC = CAE
BC = AE

= AC = CE (hai cip canh tuong ting bang nhau ctia 2 tam gidc bang nhau)

Ta lai c6: A ADC = A EDC (c.c.c) => ADC = EDC ( hai géc tuong ting bang nhau ctia 2
tam giac bang nhau)

Ma ADC + EDC = ADE = 60°. Do d6, ADC = 30°.

> Cach 2: Dung tam gidc BCF déu, A va F nam trén hai ntta mit phang d6i nhau bo
BC.

A

ACF = ACB + BCF =100°

A ACF = A CAD (vi AC chung, ACF = CAD =100°, CF = AD)

= CFA =ADC (hai goc twong ting bang nhau ctia 2 tam giac bang nhau)
Ta co: A ABF = A ACF ( c.c.c)

=BFA=CFA ma BFA + CFA = 60°. Do do6, ADC = CFA = 30°
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Cach 3: Vé tam gidc ADM déu, M va C ndm trén hai nita mt phang d6i nhau bo
AB. Vé diém N sao cho DAN =100°, AN = AC, N va A cling nam trén ntta mat phang bo
MD.

N

C
D
AN = AC
ANAD =A CAD (c.g.c) vi DAN = DAC =100°
AD chung.
=ADN = ADC (hai géc twong ting bang nhau ctia hai tam giac bang nhau)
AC = AN
A ABC = A NMA (c.g.c) vi {ACB = MAN = 40°
BC = AM

= AB = MN (hai canh twong ting bang nhau ctia hai tam giac bang nhau)
A AND = A MND (c.c.c) © ADN = MDN

Ma ADN = MDN = ADM = 60° = AND = 30°. Do &6, ADC = 30°.

3.Bai tap van dung

e Bai 1: Cho diém M thudc doan thang AB. Trén cing mot ntra mat phang bo AB, vé cac
tam gidc déu AMC, BMD. Goi E, F lan luwgt theo thi ty 1a trung diém cua AD< CB.
Chiting minh rang tam giac MEF la tam giac déu
( trich sich “ Ndng cao va phit trién todn 7 ctia tic id Vi Hiru Binh)
e Bai 2: O mién trong géc nhon xOy, vé tia Oz sao cho x0z = % y0z . Qua diém A thudc tia
Oy, vé& AH vudng goc véi Ox, cat Oz ¢ B. Trén tia BZ 1dy diém D sao cho BD =OA .
Chting minh rang tam gidc AOD la tam gidc can.
( trich sich “ Ndng cao va phit trién todn 7 ciia tic id Vi Hitu Binh)
e Bai 3: Cho tam gidc ABC can tia A, A = 140°. Trén nta mét phang bo BC chita diém A, ké
tia Cx sao cho ACx=110°. Goi D 1a giao diém ctia cdc tia Cx va BA.
Chting minh rang AD = BC.
(trich sdch “ Ndng cao va phdt trién todn 7 ciia tic gia Vii Hitu Binh)
e Bai 4: Cho tam gidc can ABC ( AB = AC), ¢6 A = 80°. Goi D 1a diém trong tam gidc sao cho
DBC =10°, DCB = 30°.
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Tim s6 do goc BAD.
( trich sdch “ Cdm nang vé them hinh phy trong gidi todn hinh hoc phang ctia tdc gid Nguyén
Dikc Tin)
e Bai 5: Cho tam gidc ABC cén tai A, c6 A =108°, BC=a, AC =b. V& phia ngoai tam gidc
ABC vé tam gidc ABD can tai A c6 BAD = 36°.
Tinh chu vi tam gidc ABD theo a va b.
( trich sdch * Cdm nang vé them hinh phu trong gidi todn hinh hoc phing ctia tdc gid Nguyén
Dikc Tin)
III. Dang 3: Ap dung dinh li py - ta - go.
1.Dang 3.1: Tinh d9 dai m¢t canh cua tam giac vuong( mot tam giac vuoéng can)
a) Phwong phdp gidi:
St dung dinh li thuédn ctia dinh 1i Py — ta — go dé€ tim d6 dai cac canh.
- Chu y: Cé truong hop phai ké thém duwong vuong goc dé tao thanh tam gidc vudng dé
ap dung duoc dinh ly Py — ta — go.

b) Vidu
e Vidu 1: Tinh do6 dai x trén hinh sau, biét r:?mg CD=7,DB =18, BAC =90°.
C C

A

w» Phan tich:

- Dua vao dé bai ta thdy dé€ tinh duoc canh x ta chi c6 thé ap dung dinh li py- ta — go d6i
voi tam gidc vuong.

- Ma trong tam gidc vudng ABC , vudng tai A, ta chi méi biét do dai cua canh huyén. Vi
vay, d€ ap dung duoc dinh ly Py — ta — go vao trong tam giac vuong d€ tinh canh x ta
phai gan ching vao 1 tam gidc vuong

= Ké AH vuodng goc véi BC ta sé ap dung dugc dinh ly Py — ta —go va tinh ra d¢ dai canh
X.

<+  Giai:
Ké AH BD. Dé chiing minh BH = HD =9.

Ap dung dinh ly Py — ta — go vao AABC vudng tai H, ta c6:
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AH?=AB? - HB?=x2-92=x2-81.(1)

Ap dung dinh ly Py — ta — go vao A ABC vuong tai H, ta co:
AH?=AC? - CH? = (25* — x?) — 162 =369 — x2.(2)

Tw (1) va (2) ta co:

X2—81 =369 —x2.

Do dé: 2x? =450 =x? = 225 =x2? = 152 &x = 15 ( dvdd)

X Khai thac bai toan:

- Cho tam gidc ABC vuong tai A, D ndm trén canh huyén CD sao cho

CD=7,BD =18.

Chiting minh rang tam gidc ABD can.

e Vidu 2: Cho tam gidc ABC c6 ABC =135°, AB =2 cm, BC = 2 cm. Tinh d6 dai canh AC

H

A

<> Phan tich:
- ABC =135°. Goi ta nghi dén duong phu can vé thém AH, AH vudng géc véi BC tai H.
- Ap dung dinh ly Py — ta — go vao tam giac vudng ta tinh dugc canh AH.
o Bai giai:

Vé AH vudng goc véi BC tai H.

Ta c6 ABH + ABC =180° ( hai goc ké bu)
Nén ABH +135°=180° = ABH =45°
Xét tam giac vuong HBA, vuong tai H, c6 ABH = 45°
= AHAB vuoéng can tai H = HA = HB
Ta c6: AH? + HB? = AB? ( ap dung dinh ly Py — ta — go)

AH? + AH? = (vV2)2=2 AH =1 ( cm)

Nén HB=HA =1 cm

TacOHC=HB+BC=1+2=3cm.
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© Xét A HAC vuong tai H ® AC?2= AH2+ HC? = 12+ 3* & AC = v10 cm.

X Bai tap van dung:

- Bai 1: Cho tam giac ABC vuodng tai A. Ké AH vuong goc v6i BC ( He BC). Biét HB = 9cm,
HC =16 cm. Tinh d6 dai AH.

- Bai 2: Cho tam gidc ABC, 4 <90°, M Ia trung di€ém cua BC.

Chimng minh ring: AB? + AC? = 2AM? + 25~

- Bai 3: Tinh d0 dai x trén hinh sau:

4 3

- Bai 4: Cho tam giac ABC vudng & A. Biét BC =20 cm va 4AB = 3AC. Tinh d6 dai cac canh
AB, AC.

- Bai 5: Cho tam gidc can & A. A =30°, BC =2 cm. Trén canh AC 14y diém D sao cho CBD =
60°. Tinh d¢ dai AD.

( trich sdch “ on tdp hinh hoc 7”_ tic gid Nguyén Ngoc Dam

Vi sdch “ Ning cao va phdt trién todn 7” _ tdc gid Vii Hitu Binh

Vi sdch : “Cam nang vé thém hinh phu trong gidi toan hinh hoc phang”_ tdc gid Nguyén Dirc
Tan.)

2.Dang 3.2: St dung dinh 1y Py - ta — go d€ nhéin biét tam giic vuéng

a) Phwong phap:

- Tinh binh phuwong cac do dai ba canh cua tam giac.

- So sanh binh phwong cua canh 16n nhat vdi tong cac binh phwong cua hai canh kia.

- Né&u hai két qua bang nhau thi tam gac d6 la tam giac vudng, canh 16n nhat 1a canh
huyén.

b) Vi du:

e Vidu : Tam giac nao la tam gidc vuodng trong cac tam gidc c6 do dai ba canh nhu sau:

a) 9 cm, 15 cm, 12 cm.

b) 7 dm, 7 dm, 100 cm

o Phan tich:

- D€ chiing minh xem tam giac c6 ddi dai cac canh nhu trén c6 1a tam gidc vudng khong ta
Jan lwot tinh cac binh phuong.

- So sénh xem tong binh phurrong canh dai nhat c6 bang tong binh phwong cac canh con lai
khong;:

+ Néu bang ta két luan tam giac d6 1a tam giac can.

+ Néu khong bang thi két luan tam giac d6 khong phai 1a tam giac can.
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- Chu y: phai d6i tat ca cac canh cung mét don vi do.

o Bai giai:

a) 92=81; 152 =225; 122 = 144

Ta thay 225 =81 + 144

Nén tam gidc nay la tam gidc vuong.

b) Da6i 100 cm = 10 m.

Ta c6 72 =49, 102 =100.

Ta thdy 100+ 49 + 49

Nén tam giac nay khong la tam gidc vuong.

w» Khai thac bai toan

C) Bai tap van dung:

- Bai 1: Chon trong cacsd 5, 8,9, 12, 13, 15 cac bd ba s6 ¢6 thé la d6 dai cac canh ciia mot
tam gidc vudng.

- Bai 2: Cho hinh v§, trong d6 BC = 6cm, AD =8 cm. Chitng minh AD vuodng goc voi BC.

A_3 B

C ! D

- Bai 3: V& vé cing mdt phia ctia doan thang AB =5 cm céc tia Ax, By vudng géc véi AB.
Trén tia Ax 18y diém D sao cho AD =5 cm. Trén tia By 18y diém E sao cho BE=1 cm.
Trén doan thang AB 14y diém C sao cho AC =2 cm. Géc DCE ¢ 1a géc vudng hay
khong? Vi sao?

- Bai 4: Chtiing minh tam gidc ABC ¢ hinh vé sau la tam giac vuong can

B

/

A
(trich sich “ 6n tdp hinh hoc 7”_ tic gid Nguyén Ngoc Dam
Va sdch “ Ning cao va phit trién todn 7" _ tdc gid Vi Hitu Binh

Vi sdch : “Cam nang vé thém hinh phu trong gidi toan hinh hoc phang”_ tic gid Nguyén Dic Tan.
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CHUYEN PE 4: BAT PANG THUC TRONG TAM GIAC

I. LY THUYET

1. Quan hé gitra goc va canh d4i dién trong mgt tam giac
Trong mot tam gidc :

»  Gbc ddi dién véi canh 16n hon la goc 16n hon.

» Canh d6i dién v6i goc 16n hon la canh 16n hon.
Nhan xét :

* Trong tam giac tu (hodc tam gidc vudng ), goc tu (hodc goc vudng) la goc 16n nhét nén
canh ddi dién v6i goc tu (hodc goc vudng — canh huyén ) la canh 16n nhat.

* Trong tam giac d6i dién véi canh nho nhat la gbc nhon.

2. Quan hé giita dwong vuoéng goc va duong xién, A

dwong xién va hinh chiéu.

2.1 Khai nigm vé dwong vudng goc, dwong xién, hinh chiéu
cua dwong xién.

Diém A & ngoai duong thiang d, ké duong thang

vubng géc voi d tai H. Trén d 1dy diém Bbatki (B#H) ¢ l
.Khi dé6: H B

= Doan thang AH goi 1a doan vudng goc hay duong vudng géc ké tir diém A dén chan
duong thang d. Diém H duoc goi 1a chan duong vudng goc hay hinh chiéu cta A trén
duong thang d.

= Doan thang AB goi la mot duong xién  ké tir diém A dén duong thang d.

= Doan thang HB goi 1a hinh chiéu ctia duong xién AB trén duong thang.

2.2 Quan hé gitra dwong vudng goc va dwong xién

Trong cac duong xién va duong thang vudng goc ké tir mot diém & ngoai mot duong
thdng dén duong thang d6, duong vudng géc la duwong ngan nhat.

Chu y : D9 dai duong vudng goc AH goi la khoang cach tir diém A dén duong thang d.

2.3 Cic dwong xién va cdc hinh chiéu cua chiing.

Trong hai duong xién ké tlr mot diém & ngoai mot duwong thang dén duong thang do:

* DPuong xién nao cd hinh chiéu 16n hon thi 16n hon.

*  Puong xién nao 16n hon thi ¢é hinh chiéu 16n hon.
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= Néu hai duong xién bang nhau thi hinh chiéu ctia chting bang nhau va nguoc lai. Néu
hai hinh chiéu bang nhau thi hai duwong xién bang nhau.

3. Quan hé giita ba canh ctia mgt tam giac — Bat dang thitc trong tam giac.

3.1 Bat ding thitc tam gidc

Trong mot tam giac, tong dd dai hai canh bat ki bao gio cling 16 hon d6 dai canh con lai.
AB+BC > AC

AB+AC>BC

AC+BC>AB

A

3.2 H¢ qua ctia bat dang thitc tam gidc —>C
Trong mot tam gidc, d¢ dai mot canh bao gio cling 16n hon hiéu va nho hon tong d6 dai
cua hai canh con lai.

|AC-BC|< AB<AC+BC

|AB—AC|<BC < AB+AC

|AB—BC|< AC < AB+BC

II. BAI TAP

1. Quan hé giira goc va canh ddi dién trong tam giac

Bai 1 : Cho tam giac ABC, A> 90°. Trén cac canh AB, AC lan luwot 1ay cac diém M, N khong
trung vdi cac dinh ctia tam gidc. CMR : BC > MN

Phan tich loi giai :
Dt liéu dé bai cho A™> 90° nén ta c6 thé ¢/m

BMC >90° . Ap dung quan hé gitta géc va canh
trong tam giac ta co BC > MC

Ma MNC > A'=> MNC > 90°

= MC>MN
= BC>MN

Giai :
Xét tam giac BMC ta co BMC = BAC + ACM ( tinh chat géc ngoai tam giac)

= BMC>A'ma A> 90° nén BMC > 90°
= BM >MC ( quan hé gitta goc va canh d6i dién trong tam giac )
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Xét tam gidc MNC c6 MNC > A* => MNC > 90°

= MC>MN
= BC>MN

Khai thac bai toan : Cho tam giac ABC, A<90°. Trén cac canh AB, AC Ian luot 1ay cac
diém M, N khong trung véi cac dinh cua tam giac. BC > MN hay khong ? Vi sao ?
Bai2: ChoAABC AB<AC, phan gidc AD. Chting to rang :

a. Goc ADC la goc tu

b. DC>DB
Phan tich loi giai :

a. C/m:

ADC > 90°
T
ADB + ADC =180°
T

ADB < ADC

b. ViDB vaDC la 3 diém thang hang nén ta khong thé sit dung BDT trong tam giéc.
Vay ta sé 1ay thém diém E sao cho AE = AB. Khi d6:
AADB = AADE(c.9.c) _. DB =DE

va chitng minh dwgc DC>DE => DC>DB
Giai :
a. Tam giac ABC c6: AB < AC ( gia thi€t ) nén C< B'( quan hé gitta canh va goc doi
dién trong tam giac)
Xét tam gidc ABD va ACD c6:
A1 = A> ( gia thiét)
C<B'( chttng minh trén )
= ADB < ADC mi ADB + ADC =180° (ke bu)

~/ 0
Nen ADC >80

=90" Vay goc ADC la goc tu
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b. Trén tia AC ldy diém E sao cho AE = AB

AADB = AADE(c.9C) = DB=DE (2 canh twong ting ) (1)

va ABD = AED do dé CBx = CED ( cing bl véi hai géc bang nhau )
> CBx>C ( tinh chét géc ngoai cua tam giac ABC)
% CED>C dod6DC > DE 2

Tr (1) va (2): DC>DB
Khai thac bai todn : Cho tam giac ABC vudng tai A, ké duong phan giac BD ctia goc B.
Puong thang di qua A va vudng goc véi BD cat BC tai E

a. CM:BA=BE

b. Chtng minh : Tam giac BED la tam giac vudng

c. Sosanh: AD vaDC
Bii 3: Cho tam giac AABC ¢4 AB < AC, M 1a trung diém ctia canh BC. So sanh
BAM < MAC
Phén tich 10i giai :
Hai géc BAM va MAC khong thudc vé mot tam giac. Do vay ta tim mdt tam giac ¢ hai
g6c bang hai géc BAM va MAC va lién quan dén AB, AC vi AB < AC
Lay diém D trén tia d6i ctia tia MA sao cho MA = MD . Biém D la yéu t0 phu can vé thém.
Giai :
VEé tia d6i cua tia MA va trén d6 1dy di€m D sao cho MD = MA

CHUYEN DE

BAT DANG THUC TRONG TAM GIAC

IILLY THUYET

4. Quan hé giira goc va canh déi dién trong mot tam giac
Trong mot tam giac:

»  Goc doi dién véi canh 16n hon la goc 16n hon.

» Canh d6i dién vdi goc 16n hon la canh 16n hon.
Nhan xét :

* Trong tam giac tu ( hodc tam gidc vuong ), goc tu (hodc géc vuong) la goc 16n nhat nén

canh ddi dién véi goc tu (hodc goc vudng — canh huyén ) la canh 16n nhat.
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* Trong tam gidc d6i dién véi canh nho nhat la géc nhon.

5. Quan hé giira dudng vudng gdéc va duong xién, duwong xién va hinh chiéu.

5.1 Khai nigm vé dwong vuéng goc, dwong xién, hinh chiéu cua dwong xién.

Diém A 6 ngoai duong thing d, ké duong thang vudng goc véi d tai H. Trén d 1dy diém B
batki(B#H).Khido:

. A
* Doan thang AH goi la doan vudng goéc hay

duong vuong goc ké tir di€fm A dén chan duong
thang d. Diém H duoc goi 1a chan duong vuong
g6c hay hinh chiéu cta A trén duong thang d.

= Doan thang AB goi 1a mot duwong xién  ké tir
didm A dén duong thing d. d .
= Poan thing HB goi la hinh chiéu ctia dwong H

xién AB trén duong thang.

5.2 Quan hé gitta dwong vudng goc va dwong xién

Trong cac duwong xién va dwong thang vudng goc ké tir mot diém & ngoai mot duong

thang dén duong thang do, duong vudng géc la duong ngén nhat.

Cht y : D6 dai duong vudng géc AH goi 1a khoang céch tir diém A dén duong thang d.
5.3 Cic dwong xién va cdc hinh chiéu cua chiing.

Trong hai dwong xién ké tir mot diém & ngoai mot dwong thang dén duong thing do:

= DPuong xién nao cé hinh chiéu 1én hon thi 16n hon.

*  Puong xién nao 16n hon thi ¢6 hinh chiéu 16n hon.

= Né&u hai duong xién bang nhau thi hinh chiéu ctia chiing bang nhau va nguoc lai. Néu
hai hinh chiéu bang nhau thi hai duong xién bang nhau.

6. Quan h¢ giita ba canh ctia mgt tam gidc — Bat dang thitc trong tam giac.

6.1 Bit ding thitc tam gidc

Trong mot tam giac, tong do dai hai canh bat ki bao gio cling 16 hon d6 dai canh con lai.
AB+BC > AC

AB+AC>BC

AC+BC>AB

A

6.2 H¢ qua cia bt ding thiec tam gidc —>C

Trong mot tam gidc, ¢ dai mot canh bao gio cling 16n hon hiéu va nho hon tong d6 dai

cuia hai canh con lai.
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|AC-BC|<AB<AC+BC
|AB— AC|<BC < AB+AC
|AB—BC|< AC < AB+BC

IV. BAI TAP

2. Quan hé giira géc va canh déi dién trong tam giéc

Bai 1 : Cho tam giac ABC, A> 90°. Trén cac canh AB, AC lan luwot 1ay cac diém M, N khong
trung vdi cac dinh cta tam giac. CMR : BC > MN

Phan tich loi giai :

Dit liéu dé bai cho A> 90° nén ta c6 thé ¢/m BMC >90° .

Ap dung quan hé gitta gdc va canh trong tam giac ta c6
BC >MC

Ma MNC > A'=> MNC > 90°

= MC>MN
= BC>MN

Giai :

Xét tam giac BMC ta co BMC = BAC + ACM ( tinh chat géc ngoai tam giac)
= BMC>A'ma A> 90° nén BMC > 90°
= BM >MC ( quan hé gitta goc va canh d6i dién trong tam giac )

Xét tam giac MNC c6 MNC > A* => MNC > 90°

= MC>MN
= BC>MN

Khai thac bai toan : Cho tam giac ABC, A< 90°. Trén cac canh AB, AC Ian luwot 1dy cac
diém M, N khong trung véi cac dinh cua tam giac. BC > MN hay khong ? Vi sao ?

Bai 2 : ChoAABC AB< AC, phén gidc AD. Chiing to

rr?mg : g
. ‘,
< 2
c. Goéc ADC la goc tu 1
d. DC>DB E
7
Phan tich 10i giai : Pad
B °C
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c. C/m:
ADC > 90°
T
ADB + ADC =180°
T
ADB < ADC
d. ViDB va DC la 3 diém thang hang nén ta khong thé st dung BDT trong tam giac.

Vay ta sé 1ay thém diém E sao cho AE = AB. Khi d¢6:
AADB = AADE(c.9.c) _. DB =DE

va chitng minh dwgc DC>DE => DC>DB
Giai :
c. Tam gidc ABC c¢6: AB < AC ( gia thié€t ) nén C< B'( quan hé¢ gitta canh va goc d6i
dién trong tam gidc )
Xét tam giac ABD va ACD co:
Ai = A> (gia thiét)
C<B( chttng minh trén )
= ADB<ADC m3 ADB+ADC =180° (ka bii)

~/ 0
Nén ADC > 180

=90"  vay géc ADC la goc ti
d. Tréntia ACldy di€ém E sao cho AE = AB

AADB = AADE(c.9C) => DB=DE (2 canh twong tng ) (1)

va ABD =AED (o ¢4 CBx=CED (clung bu véi hai goc bang nhau )
= CBx>C ( tinh chat gdc ngoai ctia tam giac ABC )

= CED>C {0 d6DC>DE 2)
T (1) va (2) : DC > DB

Khai thac bai toan : Cho tam gidc ABC vuong tai A, ké duong phan giac BD ctaa goc B.
Duong thang di qua A va vudng gdc v6i BD cat BC tai E

d. CM:BA=BE

e. Chutng minh : Tam gidc BED la tam gidc vuong
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f. Sosanh:AD vaDC
Bdi 3: Cho tam gidc AABC ¢ AB < AC, M 1a trung diém ctia canh BC. So sanh

BAM < MAC

Phan tich loi giai :

Hai géc BAM va MAC khong thudc vé mot tam giac. Do vay ta tim mét tam giac c6 hai
gbc bang hai goc BAM va MAC va lién quan dén AB, AC vi AB < AC

Lay diém D trén tia d6i cua tia MA sao cho MA =MD . Diém D la yéu t6 phu can vé thém.
Giai :

Vé tia ddi cua tia MA va trén d6 1ay diém D sao cho MD = MA

Xét AMAB y3 AMDC 4 - A

MA =MD

~—

AMD < DMC( d6i dinh )

MB =MC (M la trung di€ém canh BC)
Do d6 : AMAB=AMDC (¢¢ c)
= AB=CD (2 canh trong tng )

~— N

= BAM =MDC (2 g4c tuong ting )
Taco: AB=CD, AB<AC ==CD<AC

~

Xét AADC ¢4 CD < AC => MAC <MDC (. quan hé gitta géc va canh d8i dién trong mot tam
giac).

Ma MAC < MDC 3 BAM = MDC

> BAM <MAC

Khai théc bai todn : Cho tam gidc ABC, M 14 trung diém cta canh BC va BAM <MAC
Chttng minh : AB<AC

Bai tap ap dung

Bai 1 : Cho tam giac ABC c¢6 AB < AC, AD Ila tia phan giac caa géc BAC ( D thuoc BC ).
Chttng minh : CD > BD
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Huong dan giai : Can tao ra mot tam gidc ma hai canh c6 d6 dai b:?mg BD. CD. Sau d6 so

sanh goc doi dién véi hai canh y. Lay diém E trém canh AC sao cho
AE = AB.

Bai 2 : Cho tam giac ABC c6 A'=90°. Tren tia d6i cta tia AC lay di€m D sao cho AD < AC.
N6i B véi D. Chiing minh : BC > BD ( Cach lam tuong tubai 1)

Bai 3 : Cho tam gidc ABC . Chting minh rang AB + AC >BC

Huéng dan giai : Can tao ra mot tam gidc ma trong d6 c6 hai canh c6 do dai bang AB +
AC, BC. Sau d6 tim cach so sanh cac goc doi dién véi cac canh d6. Trén tia d6i ctia tia AB
1dy diém D sao cho AD = AC.

Bdi 4 : Cho tam giac can ABC ( AB = AC). Trén canh day BC lay cac diém D, E sao cho BD
= DE = EC. Chitng minh ring : BAD < DAE
Huéng dan giai : Tim mot tam gidc c6 hai goc bang géc BAD va DAE, ri so sanh hai canh
doi dién cua chung
Xét tam gidc AEC c6 AED <ACE my ACE = ABC
Do d6 AED <ABE  Tir d6 suy ra AB > AE => BAD <DAE
Bai 5 : Cho tam giac ABC ( AB=AC), D la diém bat ki trong tam giac sao cho ADB > ADC
. Chting minh rang : DC > DB
Huéng dan giai : V& tia Ax trén ntta mit phang bo AC khong chita diém B sao cho
CAX=BAD v trén tia Ax 1y diém E sao cho AE = AD
Bai 6 : Cho tam giac ABC, M 1 diém nam trong tam gidc. Tia AM cat BC tai K. Hay so
sanh cac goc:

a. CMK y4i CAK

b. CMB ygi CAB
Hudng dan giai : Ap dung tinh chat gdc ngoai ctia tam giac
Tai liéu tham khao :

e V& thém yéu td hinh phu dé gidi mot s6 bai toan Hinh Hoc 7 _ Nguyén Ditc Tan

e Chuyén dé BDT va cuc trj trong hinh hoc phang _ Nguyén Dtec Tan

3. Quan h¢ giita dwong vudng goc va duong xién, dudng xién va hinh chiéu.
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y Bdi 1: Cho AABC véi duong cao AH. Goi M va N Ian lugt 1a chan duong vudng goc ha tir
4 H dén AB va AC. Chiing minh rang néu BM=CN thi AABC can véi d4y BC.

Phan tich 10i giai :

Ta nhan thay rang day 1a 1 bai toan mang tinh gia thiét tam thoi .

Néu BM = CN thi tam giac ABC can voi day BC.

Trudc hét dé€ lam bai nay ta can phai gia st la néu BM = CN thi tam giac ABC khong can.
Sau d6 ta ap dung dinh ly Pitago va lién hé gitta hinh chiéu va duong xién dé lam bai .
Giai :

Gia st AABC khong can

Khong mat tinh tong quat, ta c6 thé gia st AB> AC. Khi d6

HB> HC ( lién hé gitta hinh chiéu va dwong xién ).

Taco:

BH?=BM? + HM? ( Dinh ly Pitago trong tam giac vuong BMH)

CH?2 = CN2+ HN? ( D/L Pitago) ‘ A

Ma BM = CN ( gia thiét )

= HM >HN (1) §

Talaico: N

AH?= AM? + HM?

AH? = AN? + HN? ¢ H °

Matix (1) c6: HM>HN = AM<AN

Két hop véi diéu kién BM=CN => AB < AC ( mau thuan véi gia stt trén )

Vay ta duoc AABC can véi day BC

Khai thac bai toan :

Cho AABC can tai A. Goi M va N Ian luot 1a chan duong vudng goéc ha tir H dén AB va
AC. Chting minh rang : BM=CN

Bai 2 : Cho tam gidc ABC can dinh A. Tt di€ém D trén canh AB vé duong thang song song

, 1
v6i BC cét canh AC tai E. Chiing minh : BC >~ (DE+BC)

A
Phan tich loi giai :
H D
ve BH L DE(H € DE),EN L BC(N € BC) ™ N
) 1
Canc/m  BE >3 ( DE+BC)
T
& J -
B © Cc
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2 BE >BC + DE

T
BE +BE > HE + BN

T
HD =NC

T
AHBD - ANEC

Giai :

V& BH L DE(H < DE),EN 1 BC(N BC)

Xeét AHBE(BHE =90°) y3 ANEB(ENE =90°) 6.
BE chungANEC

HBE = NEB (i DE //BC)

= AHBE = ANEB ( canh huyén - gdc nhon)
= BH=EN (2 canh twong ttng)

Mt khac : HBD + DBC = HBC = 90°

NEC +ECN = QOO(ANEC c6 N'=90)

Ma DBC = ECN (tam giac ABC can tai A)
= HBD=NEC
Xét AHBD 3 ANEC 4 -
6@ = C/IIE (=90%, BH = EN ( chitng minh trén )
HBD = NEC (CMT)
Do d6 : AHBD —=ANEC (g.c.g)
= HD =NC (2 canh teong ttng)

Ma BH L DE = BE >HE (Quan hé¢ giita dwong xién va duong vudng goc ) ma HE = HD +
DE

Mit khac EN L BC = BE >BN ( Quan hé¢ giita duong xién va duong vudng goc)
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Do d6 : BE + BE > HE + BN
Ma HE + BN = DE + HD + BN = DE + NC+ BN=DE + BC nén

BE + BE >DE + BC=>2 BE >BC + DE

1
= BE >3 ( DE+BC) ( dpcm)
Khai thdc bai todan

Cho tam gidc ABC can tai A, trén canh AB, AC lay hai diém M va N sao cho AM=AN.
CMR :

a. Cac hinh chiéu ctia BM va CN trén BC bang nhau
b. BN> % (BC + MN)
Bai 3 : Cho tam giac ABC ( A=90°), vé AH vuong goc voi BC ( H thuoc BC ). Chitng minh
AH+BC>AB+AC
Phan tich 10i giai : B
Nhan xét rang AH < AC, AB<BC.

Lay D thudc BC sao cho BD = AB . Ldy E thudc AC sao D
cho AE=AH

AH+BC=AH+ AB+DC

VaAB+AC=AH+AB+EC
C/m DC > EC
Giai :
Trén tia BC 1dy diém D sao cho BD = AB.
Trén tia AC 1ay diém E sao cho AE = AH
Vi AB <BC nén D nam gifta B va C, AH < AC nén E ndm gitta A va C, tam giac ABD can
dinh B ( vi BD= AB)
= gAT) = ED\A
Ta c6: BAD +DAE — BDA+ HAD = 90°

= DAE = HAD
Xét AHAD v3 AEAD ¢4
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AH=AE

AD chung
HAD = DAE

= AHAD = AEAD(c.g.c)
= DAE=HAD (2 géc twong ting)
Ma AHD =90° s AED =90°
Ta cé: DE L AC=DC>EC ( quan h¢ gitta dwong xién va duong vudng goc)
Do dé: AH+BC=AH+BD +DC > AE + AB+ EC=AB + AC
Vay AH+BC>AB+ AC
Khai thac bai todn :
Cho tam gidc ABC va M la mot diém nam trong tam giac
a. Goilla giao diém ctia duong thang BM va canh AC. Chting minh rang :
MA+MB< IA+IB < CA + CB
b. CMR: MA + MB +MC 16n hon ntta chu vi nhung nhé hon chu vi ctia tam gidc ABC.
Bai 4 : Cho tam gidc ABC, c6 goc B va C nhon. Diém M ndm gitta B va C. Goi d 1a tdng cac
khoang céch tir B va C dén duong thang AM
a. Chtng minh d<BC
b. Xac dinh vi tri cia M trén BC sao cho d c6 gia trji 16n nhat
Phan tich loi giai :
.. Ké BDLAM;CE LAM;BD+CE=d
Ap dung quan hé gita hinh chiéu va duong
xién trong tam giac ta dwoc diéu can ¢/m
Xéc dinh vi tri 16n nhat ctia d dya vao cau a. Xay
ra < BD=BM; CE=CM

& D trung véi M va E trung véi M
< M trung véi hinh chiéu H ctia A trén BC

Giai

a. Ke BDLAM;CE L AM;BD+CE =d
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Ta c6: BD<BM;CE <CM
Neén BD+CE <BM +CM

Hay d<BC

b. Gid tri 16n nhat caa d = BC

<~ BD=BM; CE=CM

< D trung véi M va E trung véi M

< M trung v6i hinh chiéu H cta A trén BC

Khai thac bai toan :
Cho duwong thang d va hai diém A,B ndm cling vé mot phia ctia dwong thang d. Tim
trén duong thang d diém C sao cho CA + CB nho nhat.

Bai tap ap dung
Bai 1: Cho tam giac ABC vudng tai B, phan giac AD. Tit C vé mot duong thang vuong
gbc v6i BC cat tia AD tai E. CMR : Chu vi tam gidc ECD 16n hon chu vi tam gidc ABD
Badi 2 : Cho tam giac ABC. V& AH vudng goc voi BC ( H thudc BC ). Goi D,E F lan lugt
la cac diém nam gitta A va H, nam gitta B va H, nam gitta C va H. Chting minh rang

chu vi tam gidc DEF nhoé hon chu vi tam giac ABC. Vi vi tri nao cua diém D,EF thi
. 1

chu vi tam gidc DEF bang 5 chu vi tam giac ABC.

Bai 3 : Cho tam gidc ABC, AB > AC, vé BD L AC,CE L AB(D € AC, E € AB)

Chting minh rang : AB - AC>BD - CE

Bai 4 : Cho tam gidc ABC co A= 90, ABC =54° , trén canh AC ldy diém D sao cho

DBC =18° | Chting minh rang : BD < AC
Bdi 5 : Cho tam giac ABC can dinh A. Trén canh AB 1ay di€ém D, trén tia d6i cta tia CA
lay diém E sao cho BD=CE. N6i D v6i E. Chitng minh : BC < DE

Tai liéu tham khado :

e V& thém yéu td hinh phu dé gidi mot s6 bai toan Hinh Hoc 7 _ Nguyén Ditc Tan
e Chuyén dé BDT va cuc trj trong hinh hoc phang _ Nguyén Dtec Tan
e Tuyén tap cac bai toan chon loc THCS - Vii Duong Thuy
4. Quan hé giita ba canh ctia mot tam gidc, bat diang thitc tam gidc
Bdi 1 : Cho tam giac ABC, M la trung diém cta BC.

Chttng minh rang : AB+AC > 2AM

THCS.TOANMATH.com TAI LIEU TOAN HOC




Phan tich loi giai :

Ta tim c4ch tao ra duwong thang c6 d6 dai bang 2AM va la canh ctia tam gidc c6 hai canh

§ AB AC
con lai bang hai canh AB, AC hoac tao ra mét tam giac c6 3 canh PR AM

Trén tia d6i cta tia AM 1dy diém D sao cho MD=MA. Tam giac ADC c6 AD =2 AM, DC=
AB . tir d6 ta sé ¢/m dwoc AB+AC =22AM

Giai :

Trén tia d6i ctia tia MA 1dy diém D sao cho MD = MA
Xét AMAB 3 AMDC (4

MA=MD
~ ~— e t M c
AMB =DMC ( 46i dinh )

MB=MC( gié thiét )
= AMAB =AMDC(c.g.c) i
= AB=DC (2 canh trong tng)

Xét AADC ¢4 : CD + AC > AD ( bat déng thitc trong tam giac )
Do d6: AB+AC>AD ma AD =2 AM

= AB+AC22AM ( dpem)
Khai thac bai toan :

Cho hai diém B va C nam trén doan thang AD sao cho AB=CD. M la diém nam ngoai
duong thang AD. Chitng minh rang : MA+ MD > MB + MC

Bdi2: Cho diém M ndm trong AABC

Chting minh rang : MB + MC < AB+ AC

Tir d6 suy ra: MA + MB + MC < AB + AC +BC

Phan tich loi giai :

N&i BM cit AC tai D. Ap dung BPT trong tam gidc ABD va tam giac MDC ta sé& duregc dieu
can phai ¢/m

Giai
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Ké BM cit canh AC tai D
Xét AABD (4 - A
BD < AB + AD

= MB+MD<AB+AD (1)
Xét AMDC ¢4 .

MC <MD +DC (2)

T (1) va (2) suyra:

MB + MC+MD < AB + AD + DC + MD
= MB+MC<AB+AC

CMTT tacé: MA + MC <AB+BCva MA+MB<AC +BC
Dodo:2(MA+MB+MC)<2(AB+AC+BC)

= MA+MB+MC<AB+AC+BC

Khai thdc bai todn : ChoAABC | Tim vi tr{ cia diém M d@é thoa man diéu kién MB + MC <
AB + AC.

Bai 3 : Cho goc xOy, Oz la tia phan gidc ctia géc xOy. Tt di€ém M 6 trong goc xOz vé MH
vuong goc véi Ox (H thudc O ), MK vudng géc véi Oy (K thude Oy ). CMR : MH < MK

Phan tich 10i giai :
Goi A 1a giao diém cua MK véi Oz
Vé AB vudng goc voi Ox ( B thudc Ox ). Tacd: AK=AB
MH<MB<AB + AM = AK + AM = MK
Tir d6 ta sé ¢/m duwoc bai toan.
Giai :
Goi A 1a giao diém cua MK véi Oz. Vé AB vudng
goc voi Ox (B thudc Ox). No6i B véi M
Xét AKOA(K =90°) 3 ABOA(B =90°) ¢4 -

OA chung

KOA=BOA ( Oz la tia phan giac @ )

= AKOA=ABOA ( canh huyén — géc nhon )
= AK=AB
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// © Xét AABM ¢ BM < AB + AM ( Bat dang thiic trong tam gidc )
" Dodé:BM <AK + AM hay BM < MK
Ma MH < BM ( quan hé gitta duong xién va dueong vudng goc)
= MH <MK ( dpcm)
Khai thac bai todn :
Cho tam giac ABC c6 B>C, AM la trung tuyén . D la diém trén doan AM. CMR : DB <DC
Bai tdp dp dung
Bai 1 : Cho tam gidc ABC c¢6 AB > AC, AD la tia phan gidc cta goc BAC. (D thu¢c BC). M
la mot diém nam trén doan thang AD

CMR:MB-MC<AB-AC
Bai 2 : Cho tam giac ABC, M la diém trén tia phan giac ngoai cua géc C. CMR : MA + MB >
AC+BC

Bdi 3 : Ba thanh phd A, B, C trén ban d6 la ba dinh cia mot tam giac, trong d6 AC=40km,
AB=80km

a. Néu dit & B may phat song truyén hinh c6 ban kinh hoat dong bang 40km thi &
thanh pho C c6 nhan duoc tin hiéu hay khong ? Vi sao ?
b. Néu ddt 6 B may phat song truyén hinh c¢6 ban kinh hoat dong b:?mg 120km thi o
thanh pho C c6 nhan duoc tin hiéu hay khong ? Vi sao ?
Bai 4 : Cho hai doan thang AB va CD cat nhau tai O, AB = 6, CD = 4. Chttng minh rang
trong 4 doan théng AC, CB, BD, DA ludn ton tai hai doan théng nho hon 5.
Bai 5 : Cho tam gidc ABC vudng can tai A, canh bén bang 5 va hai diém M, N bat ki.
Chitng minh rang trén cac canh ctia tam gidc ABC ton tai 1 di€ém sao cho tdng cac khoang
cach ttr d6 dén M va N 16n hon 7.

Tai liéu tham khao :

e V& thém yéu t& hinh phu dé gidi mot s6 bai toan Hinh Hoc 7 _ Nguyén Ditc Tan
e Chuyén dé BDT va cuc trj trong hinh hoc phang _ Nguyén Dtec Tan
e Tuyén tap cac bai toan chon loc THCS - Vii Duong Thuy
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BAI TOAN DUNG HINH

I. Cac van dé dung hinh

Dung hinh 1a dung thuwéc va compa d€ dung mot hinh nao d6 theo yéu cau cua bai
toan trén co so nhirng dit liéu ma bai toan da cho.

1. Cac phép dung hinh co ban

Co 5 phép dung hinh co ban:

- Dung nhirng hinh da cho trudc.

- Dung duong thang di qua hai diém

- Dung duong tron cé tam va ban kinh cho trudc

- Dung giao diém (néu cd) cua hai hinh da biét.

- Dung diém tuy y trén mat phang (thudc hay khong thudc hinh da dung)

Moi phép dung khac déu phai quy vé 5 phép dung co ban trén.

2. Giai bai toan dung hinh

La ta di tim cac nghiém cta bai toan.

Nghiém cua bai toan dung hinh la hinh dung duoc thoda man diéu kién cua bai
toan. i tim nghiém ctia bai todn nghia la chting ta phai:

- Xac 1ap mot s6 httu han treong hop bao ham téat ca nhiing kha nang c6 thé xay ra
d6i voi viéc lua chon nhiing cai da cho.

- D3i v6i mdi truong hop tra 1oi cau hdi bai toan c6 nghiém hay khong va néu cé thi
bao nhiéu nghiém.

- D6 véi mdi truong hop ma bai todn c6 nghiém, chi ra mdt s6 hitu han cac phép
dung hinh co ban can tién hanh theo mot tht ty nao d6 dé c6 thé dung duoc nod b?mg
thwedc va compa.

Néu nhitng hinh khong yéu cau vé vi tri thi nhiing hinh d6 bai toan yéu cau dung
coi nhu mot nghiém. Néu c6 yéu cau vé vi tri thi nhitng vi tri khac nhau cho ta nhitng
hinh khac nhau.

DPé€ cho don gian trong thuc hanh, trinh bay 101 giai nguoi ta thém cac bai toan dung
hinh co ban ngoai nhitng phép dung hinh co ban.

3. Cac bai toan dung hinh co ban:
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- Dung mot doan théng b:?mg mot doan théng cho trudec.

- Dung mot doan thang bang tong (hiéu) hai doan thang da cho.
- Duyng mdt gdc bang mot goc da cho.

- Dung mdt géc bang tong (hiéu) hai goc da cho.

- Chia d6i mot doan thang da cho.

- Chia d6i mot goc da cho.

- Dung duong trung triec ctia doan thang da cho.

- Dung duong thing di qua mot diém da cho va song song véi mot duong thang
khac da cho.

- Dung duong thang di qua mot diém da cho va vudng goc véi mot duong thang da
cho.

- Chia doan thang thanh nhiing phan ty 1é véi nhitng doan thang da cho.

- Dung doan thang ti 1& thi te d&i v6i ba doan thang da cho.

- Dung tiép tuyén véi mot duwong tron da cho va di qua mot diém da cho.

- Dung tiép tuyén chung cua hai duong tron da cho.

- Dung doan thang trung binh nhan ctia hai doan thang da cho.

- Dung doan thang ma binh phuong ctia né bang tdng (hiéu) cdc binh phuwong hai
doan thang da cho.

- Dung tam giac biét (g.c.g), (c.g.c), (c.c.c).

- Dung tam giac vudng biét canh huyén va canh goéc vuong.

- Dung tam giac vuong biét canh goc vudng va gdc nhon.

4. Cac budc cua mot bai toan dung hinh

Dé giai mot bai toan dung hinh mot cach dé dang ta giai theo 4 budc: phan tich,
dung hinh, chitng minh, bién luan.

a) Phan tich

La budc nham tim ra cach dung bang cach thiét 1ap mé&i quan hé gitta nhitng yéu t§
phai tim va nhitng yéu t6 da cho lam co s¢ d€ tién hanh cac budc dung.

- Trwdce hét ta vé phac hinh gia si dung duoc nhu trén (nhu yéu cau cua bai toan),

6 thé vé thém nhitng hinh phu.
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- Tim mdi twong quan gitta cai da biét va cai chua biét d€ dua viéc dung hinh F quy
vé dung hinh Fi, quy viéc dung hinh F1 vé dung hinh Fz: F - Fi> F2r5 ... 5 Fa.

Trong d6 Fn 1a hinh co ban da biét cach dung. Hinh la mét tap hop diém, hinh co
ban d6i khi la nhitng di€m chot. Tt d6 ta dwa ra duong 16i dung.

Chii y: Phan tich la budc quan trong nhat vi no6 cho ta biét phai dung nhuw thé nao dé
duoc hinh theo yéu cau cua dé bai.

b) Cach dung

- La budc chi ra mét s6 hitu han va ¢6 tha ty cdc phép dung co ban va cac bai toan
dung hinh co ban r6i dung nguoc tte Fn dén Fra... cudi cung duwoc hinh F.

- Cac budc dung phai la cac phép dung co ban hay cac bai toan deng hinh co ban.

- Moi budc dung néu can c6 thé viét thém diéu kién c6 thé dung duoc cac phép

dung ay.
- Cac budc dung phai theo mot thit tee xac dinh, tranh 1on xon.
- SO cac bude dung phai hitu han.
c¢) Chitng minh
La budc kiém tra xem hinh da dung da thoa man diéu kién dau bai khong?

Dé thuc hién budc nay ta dwa vao cac budc dung va cac dinh ly da hoc ma ching

minh. Diéu kién dé chiing minh trudc, diéu kién khoé chirng minh sau.

Chit y:
Can chitng minh hinh dung duoc thoa man dé

bai ca vé dinh lwgng ciing nhw dinh tinh.
d) Bién lugn

La budc xem khi nao bai todn c¢6 nghiém va néu

B¢ °C

c6 thi c6 bao nhiéu nghiém. Hay la dé€ xét xem nhiing
yéu t6 nao da cho phai thoa man diéu kién nao d€ c6 thé dung duoc hinh phai tim, néu
dung dwoc thi c6 bao nhiéu nghiém hinh.

- Bién luan theo cach dung la ¢ moi budc dung do6 xét xem phai thoa man diéu kién

gi thi budc dung nay thuc hién duoc va néu dung dugc thi c6 bao nhiéu nghiém.
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- Phan chia cac truong hop tranh 16n x6n dan dén sét hodc trung lap cac truong

hop.

- Néu hinh phai dung khong ap dung dwoc cach dung tdong quat trong phan dung
hinh thi phai trinh bay cach dung twong ting cho tiing treong hop cu thé nay.

- SO nghiém bai toan dung hinh ta quy wdc nhu sau:

Néu bai todn khong quy dinh vi tri caa hinh phai tim ddi véi mdi hinh da cho
twong tng thi nhitng hinh bang nhau (chi khac nhau vé vi tri) thod man diéu kién dau bai

da dwoc xem la mot nghiém.

Bién ludn la mot budc gdp phan ren luyén tu duy day du cho hoc sinh (bién ludn

du), tu duy khai quat cho hoc sinh.

Tom lai, khi lam mot bai toan dung hinh ching ta khong dwoc bo mot budce nao
trong bon budc trén. Néu bé bude phan tich hoac phan tich khong rd rang tong quat c6 thé
dan dén sét nghiém. Néu bd bude chitng minh ¢ thé dan dén thira nghiém vi khong phai

tat ca két qua ctia cac budc dung déu la hinh phai tim.
5. ap dung

Bai toan 1

Dung AABC biét canh BC = a, duwong cao AH =h, trung tuyén AM =m
a) Phin tich
Gia st ta dung dwoc AABC thoa man:

Canh BC = a, duong cao AH = h, trung tuyén AM = m. Ta phai xac dinh dinh A thoa

man 2 diéu kién:

_A cach BC mot khoang bang h, suy ra A € duong thing p// BC va cach BC mot
khoang h.

_ A cach diém M 1a trung diém ctia BC mot khoang m.
b) Cich dung
-Dung BC bing a
- Dung duong thang p//BC
va cach BC mot khoang bang h.

- Dung dwong tron tam M ban
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kinh m cat p tai A. i a C

= AABC la tam giac can dung. m

c) Chitng minh

AABC c¢6 BC = a (cach dung)

Duwong cao AH = h (cach dung)

Trung tuyén AM = m (cach dung)
= AABC la tam giac can dung.

d) Bién luan

-m >h = bai toan c6 4 nghiém (4 diém A)

- m =h = bai toan c6 2 nghiém (2 diém A)

- m <h = bai toan v6 nghiém (khong c6 diém A)
Bai toan 2

Cho duong thang m song song véi duong thang n va diém A khong thudc 2 duong
thdng d6. Dung diém B € m, C € n sao cho AABC la tam giac déu.

a) Phin tich

Gia st da dung duoc diém B € m, diém C € n d€ AABC déu.

Dung hinh chiéu vudéng goc cuia A trén diém M 1a E

Dung tam giac déu AEF. Xét AAEB va AAFC ta cé:

AE = AF (AABF déu)

CAF = BAE (= 60° + CAE)

AB = AC (AABC déu)

= AAEB = AAFC (c.g.c)

= BEA = CFA =90° (vi AE L BE)

A
b) Cdch dung I~ F
. . L m
T Aha AE L mtaiE B "E_ i '
- Dung A déu AEF NN/ n
C

- Tt F dung duong vudng gdc véi AF catn tai C
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- N&i A v6i C, dung duodng tron tam A ban kinh AC cat m tai B.

- N&i A v6i B, B v6i C ta duwoc AABC can dung
c) Chitng minh

Xét A vudng ABE va A vudong ACF c6:

AB=AC } (Cach dung) = A vudng ABF = A vuong ACF (c.g.c)
AE = AF
= BAE = CAF

Ma CAF = EAF + CAE = 60° + CAE

VaBAE =BAC + CAE

= BAC=60°

AABC c6 AB = AC va BAC = 60° = AABC déu

d) Bién lugn

Bai toan ¢6 2 nghiém vi ta c6 thé dung dwgc 2 A déu
Bai toan 3. Dung AABC biét BC=a; AB+ AC=d; ABC=a

a) Phin tich

Gia st ta da dung dugc AABC thoa man cac diéu kién cua dau bai. Kéo dai BA va

trén duwong kéo dai 1ay diém D sao cho AD = AC.
Suy ra:BD=AB+AD=AB+AC=d
= A DAC can = A = BD n duong trung triec caa CD
b) Cich dung
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- Dung doan BC=a

- Dung tia Bx sao cho xBC = a.

- Dung diém D trén Bx sao cho BD = d

-N6i D voi C

- Dung diém A la giao cua BD va duong trung trye cia CD

- N&i A véi C ta duwgc AABC can dung

c) Chirng minh

ABC = a (cach dung)

BC = a (cach dung)

A e duong trung triec cia DC = AD = AC

A, D € Bx; BD =d (cach dung)

=BD=AB+AD=AB+AC=d

= AABC 1a A can dung

d) Bién luin

- d <a = bai toan v nghiém

- d > a = Bai toan c6 mot nghiém
Bai toan 4

Dung AABC biét BC = a, trung tuyén AM = m, duong cao CH=h
Bai giai

a) Phin tich

Gia st da dung duoc AABC thoa man diéu kién ctua dau bai

= A e duong tron tam M ban kinh m. m

H e duong tron dwong kinh BC A .
CH=h;B,H A thrfmg hang ‘

b) Céch dung ‘K\
- Dung BC = a, trung diém M cta BC /

- Dung duong tron (M, m)

- Dung duong tron duong kinh BC A’

THCS.TOANMATH.com TAI LIEU TOAN HOC



- Dung diém H e duong tron duong kinh BC sao cho HC=h
- Dung diém A la giao diém ctia BH va (M, m)

c) Chitng minh

BC=a

CH=h = (cach dung)

AeM™M, m)=AM=m

= AABC la tam giac can dung

d) Bién lugn

h<BC=a

Bai toan c6 nghiém khi
2m>h

Bai toan c6 hai nghiém do BH cat (M, m) tai hai diém 1a A va A’

IT - Cac phwong phap dung hinh
Co 3 phrong phdp dung hinh co ban

1. Dyng hinh biang phuong phép twong giao

Moi hinh déu dwgc xac dinh boi mét sd hitu han diém nén bai toan c6 thé quy vé
dung vai diém nao d6 goi la diém chdt. Giai mot bai toan dung hinh bang phuong phap
quy tich twong giao nghia la quy vé xdc dinh mot diém thoa man hai diéu kién 1 va 2. Ta
tam bo diéu kién 2 va tim quy tich nhiing diém thoa man diéu kién 1. Quy tich nay 1a hinh
Hi. Sau d6 ta tam bo diéu kién 1 va tim quy tich thoa man diéu kién 2. Quy tich nay la

hinh Hz. Qua dé mot diém thoa méan ca hai diéu kién 1 va 2 phai 1a giao ctia hinh Hi va He.

Vi du ap dung

Bai toan 1

Dung AABC biét B = B < 90°, duong cao BH va duong cao AD

Bai giai
oL A
a) Phin tich H
Gia st AABC da dung duoc.
A vudng ABD la dung duogc
= ta chi can dung diém C. B b C
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Mudn vay ta phai di dung diém H: H € giao ctia hai duong tron duwong kinh AB va
duwong tron tam B ban kinh BH = C=AH n BD
b) Cich dung
- Dung AABD vudng tai D
sao cho ABD < 90°
va AD cho truedc.

- Dung diém H la giao diém

cta hai dwong tron: (B,BH)
va duong tron dwong kinh AB (BH cho trudc).
- Dung diém C la giao ctia BD va AH =AABC la A ta can dung.
c) Chirng minh
ABD =3 <90° (cach dung)
AD la dueong cao c6 d¢ dai cho truedc (cach dung)
BH bang doan cho truedc (cach dung)
= AABC thod man yéu cau cua dé bai
d) Bién lugn
Bai toan luoén cé nghiém
Bai toan c6 mot nghiém
Bai toan 2
Dung hinh binh hanh ABCD biét 2 dinh d6i dién A va C con 2 dinh B va D thudc
mot duong tron (O,R) cho truedce.
a) Phan tich

Gia st da dung duoc hinh binh hanh thoa méan diéu B
kién cta dé bai la ABCD. Néu I 1a giao diém cua 2 duong
chéo cia ABCD thi: 1 € ACvalA=IC, Ie BDvalB=1ID;B, A_—
D e (OR)= OI L BD

e
e

b) Cich dung

- Dung I la trung diém cua AC

THCS.TOANMATH.com TAI LIEU TOAN HOC



- Dung duong thang qua I
va L OI cit (O) taiBvaD
= ABCD la hinh binh hanh can dung.
c) Chitng minh
OILBD=1IB=ID
IA =1IC (cach dung); B, D € (O,R) (cach dung)
AAIB = ADIC (c.g.c) = ABI=IDC = AB//CD
= ABCD la hinh binh hanh thoa man dau bai.
d) Bién luin
Bai toan c6 nghiém khi diém I ¢ trong dwong tron (O) khi d6 bai toan c6 1 nghiém.
Bai todn 3:
Cho duong tron C(O,R) va diém A e duong thang d. Dung duong tron tiép xtc véi
C(O,R) va tiép xtic vdi d tai A.
a) Phin tich
Gia st da dung duoc (O',R") tiép xtc véi (O,R) va tiép xuc véid tai A = O' e p la
duong thang qua A va L véi d. Dung diém E sao cho O'E =0'0 (AE =R).

= O' nam trén duong trung truc ciia OE

= O'la giao cta duong trung tric cua OE & p

b) Cich dung
- Dung duong thang p L d tai A
- Dung diém E € p sao cho AE=R

- Dung duong trung triec cta

OElaq, qnp=0

- Dung duong tron (O',0'A)
D¢ la duong tron can dung

c) Chirng minh
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(O',0'A) tiép xtc véi d tai A (cach dung)

N6i O véi O'. ViO' € duong trung truc cia OE =00' = O'E
MaOE=0A+AE=00'=0A+AE=0'A+R

= (O,R) & (O',0'A) tiép xtic v6i nhau

= (O la duwong tron can dung

d) Bién lugn

Trén p co6 thé 1dy E: ¢ trong duong tron (O') sao cho AE: = R. Vay bai toan c6 2
nghiém hinh.

2. Dung hinh bang phuong phéap dai s6

Giai mot bai todn dung hinh bang phwong phép dai s8 thueong dwegc quy vé dung
mot sO doan théng. Ta goi cac do dai cac doan théng phai tim la x, y, z. Sau d¢ ta lap
phuong trinh d& bidu thi mdi twong quan gitta cac doan thang da biét 1a a, b, c. Sau d6 giai

hé phuwong trinh dé€ duoc cacanx, y, z.

* Mot vai doan thang dung duoc biéu thi bang biéu thitc don gian la:

x=aztbh X = ——

x=na, n e N ;x=\/a2—b2—c2+d2(a2+d2>b2+c2)

a
x=—,neN ;x=+a’+b?
n

=—;mneN ,X=\/£
x=a—b ;Xx=avn;neN
C
Vi du ap dung

Bai toan 1
Cho hinh thang ABCD, AD // BC. Dung duong thang EF//BC chia ddi dién tich
hinh thang.

a) Phin tich
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tai O. Suy ra:

Gia stt da dung dwoc EF//BC chia d6i dién tich hinh thang kéo dai BC, CD cit nhau

AOBC -~ AOEF -~ AOAD
bat OB=a, OA=b, OE=x

S a> S b?
«. OaoBc _ & . Spm _ 0
Ta co: ——XZ, —S =
AOEF AOEF
| 2%
2, W2
Sposc T Saomp _ 8 +D /
= - 2
S poer X ¥ __B

Ma: S poBc + S A0AD = S AOEF + Shinh thang EBCE + S A0AD
= S AOEF + Shinh thang AEFD + S A0AD
= 2S5 \OFF

2 2
- +2b =% <=>2x*=a% b?
X

, [a® Db?
=X =,/—+—
2

2

2
2
Dat y = %; 7= b? = X=4y*+7°

b) Cich dung

- Kéo dai BA, CD cét nhau 6 O

- Dung doan trung binh nhan
, a
cuaa, - ta duwocy
- Dung doan trung binh nhan
. b
cua Py b ta duoc z

- Dung A vudng co y, z la 2 canh goc vuong
= d0 dai canh huyén ctia A d6 la x.
- Trén OB lay OE = x, dung EF // BC ta sé dugc doan EF can dung.
c) Chirng minh
Goi hinh thang ADEF dién tich la S: va hinh thang EBCF c6 dién tich la Sz
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Ta phai chttng minh S1 =Sz

Ta c6 AOAD - ADEF (vi AD//EF) = ti s6 dong dang la: a
X

NF)
Sicer X Sp+S,

AOEF — AOBC — Siosc _b° _So+8,+S,

SAOEF X2 SO+Sl
a’+b® 25,+S,+S, a’+b®> 25,+S,+S,
x? S, +S, a’+b’ S, +S,
2
226t5%S; 5 95 15,48, -25,+25, < S =S,
Sp+5;

= Shinh thang ADEF = Shinh thang EBCF

d) Bién lugn

Bai toan luén c6 mot nghiém hinh
Bai toan 2

Cho hinh binh hanh ABCD. Dung hai duong thang di qua A dinh A va chia hinh
binh hanh thanh 3 phan c6 dién tich bang nhau.

a) Phan tich

Gia st da dung duoc duong thang qua A cat BC tai E, cat CD tai F thod man: S aase

= SwBECF = S pAFD = g SmaBcD

Goi do dai: BE = x, duong cao AH =h = S pase = %h.x

Swasco = AH.BC = h.BC. Ma Swascp = 3 S paBe

A
. hBC=3. Lhx<=>BC=3x=x= 2BC D
2 2 3 \\
Tuwong tw ta goi: DF=y =y = 3 DC ~F
b) Ciich dyng B/ * c
E
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- Dung doan BE = %BC

- Dung doan DF = %DC
-NOi A vOi E, A voi F ta duoc:
S AABE = S AAFD = SwaECF = 3 SwABCD
c) Chitng minh

2

Ta cO: S aaBE = %hx = %h. EBC = 1h.BC = l SwaBCD

w
w

Tuwong tu: S yapr = % SwaBcD

= Swagcr = % Swasco = Diéu phai chttng minh

d) Bién luin

Bai toan c6 mot nghiém hinh

3. Dung hinh bang phuong phéap bién hinh:

Dung hinh bang phwong phap bién hinh 12 4p dung phép ddi xting, phép tinh tién,
phép quay, dong dang. Ta quy viéc dung mot hinh vé viéc dung mét di€ém M. Dung triec
ti€p diém M doi khi gap kho khan. Trong truong hop nay ta chon mot phép bién hinh la
mot song anh f (d€ f c6 4nh xa ngwoc) bién diém M thanh diém M' ma diém M' nay ta cé
thé dung dwgc mot cach dé dang. Sau khi da dung duoc diém M' ta dwgc phép bién hinh
nguoc: f1(M') = M. Vi du nhu tinh tién &.

Vi du dp dung

Bai toan 1

Cho 2 diém A, B nam vé mot phia ctia duong thang d. Tim diém M e d sao cho AM
+ MB 1a nho nhat.

Bai giadi:

a) Phan tich

Gia st da dung duoc diém M e d d& (AM + MB) ngan nhat. Ta ldy diém A' d6i

xtng voi A qua d.

= TA =1A'; MA = MA' = (AM + MB) ngan nhat khi: A, M, B thang hang.
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= M e giao ctia duwong thang ndi 2 diém A', B va duong thang d.

b) Cich dung B

- Dung diém A' d6i xting A qua d A

- N&i A’ v6i B \
-DungM=ABnd d_ Vi T
D¢ la diém M can dung /
¢) Chirng minh A’

-Lay M' € d (M' tuy y) va ta chtng minh: M'A + M'B > MA + MB

Theo cach dung thi A', M, B thang hang va AM = A'M

Xét AABM' ta c6: M'A + M'B > A'B (1)

Ma theo cach dung thi AB=MA'+ MB=MA +MB (2)

Tir (1) va (2) = MA' + MB' > MA + MB = (MA + MB) min (dpcm)

d) Bién lugn

Bai toan c6 1 nghiém hinh vi diém A' dung duoc la duy nhat.

Bai toan 2

Cho 2 duong théng b//c, diém Agb,c. Dung A déu ABC sao cho Beb, Cec.
a) Phan tich:

Gia st ta dung duwoc A déu ABC thoa man diéu kién cta bai toan. B € b, C € c. Ta thuc

hién phép quay theo chiéu kim d6ng ho ta co:

A
r(A, 60)B)=C  ;1(A, 60)(b) =D \//TL
) b
MaBeb=Ceb'.Mitkhaic:Cec=cnb'=C B’
b) Cich dung
\ 2 ] C
- Dung duong thang C C’

b'=r(A, 60°(b)
- Dung diém C
b

la giao di€ém ctab' vac

- Dung diém B bang cach:
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r(A, 609(C)=B

c) Chirng minh:

r(A, -60°(C) =B; r(A, -60°(b") =b

MaC eb' =B € b= (dpcm).

d) Bién luin

Bai toan c6 2 nghiém hinh

Bai toan 3

Cho AABC. Dung hinh vuéng MNPQ sao cho M € AB; N,P € BC, Q € AC.

a) Phin tich

Gia st da dung duoc hinh vuéng MNPQ thoa man diéu kién cta bai toan. N&i B
voi Q va thiee hién phép vi tu: h(B, k = BB—%I) Q eBQ)th:Q—>Q;M—> M;N->N,;P—>
P

M'Q' N'M' N'P' P'Q'
MQ NM NP PQ

Ma MQ =MN = NP =PQ va NMQ = 90°
j MIQI — MINI — NIPV — PVQV; NVMVQI — 900

— ™M'N'P'Q' 1a hinh vudng. A
b) Cich dung Q
- L4y M' € AB, dung M'N' L BC M’
-
- Dung hinh vuéng M'N'P'Q' Q
, B S C
-Ké BQ' cit AC tai Q N'NP’ P

- Thuc hién phép vi tu: h(B; k = %) Q)=Qp'—p MM N - N ta dung

duoc hinh vuéng MNPQ can dung.
c) Chirng minh

MQ NM NP PQ
M'Q" N'M'" N'P" P'Q'

Theo cach dung ta co: va OM'N'P'Q' la hinh vuong;

N'M'P' =90°
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= MN =NP =PQ =MQ & NMP = 9(°
= OMNPQ la hinh vudng

d) Bién lugn

Bai toan c6 1 nghiém hinh

4. Cac phuwong phap khac

Cac phuong phap dung hinh trén la rat co ban nhung khong thé la day du. Vi thé
ching ta phai tim t0i, sang tao ra nhitng phuwong phap tich cuc khac. Nhitng phuwong phap

do sé hinh thanh khi chiing ta lam nhiing bai todn dung hinh trén co s¢ van dung, phan

tich va tong hop nhitng phuong phap trén mot cach thong minh va linh hoat.

Bai tap dung hinh

1. Cho hai duong tron (O, Ri) va (Oz, Rz) va phuong A. Dung doan AB = a song
song voi A sao cho A € (O, Ri), B € (O, R2).

2. Cho hai duong tron (O, Ri) va (O, Ro) cting duong thang d. Dung hinh vudng
ABCD sao cho A € (O1, R1), C € (O, R2); B, D e d.

3. Dung mot A déu sao cho dién tich cta n6 be‘ing dién tich mot A cho truedc

4. Cho hai di€ém A, B ndm cling phia véi dwong thang d. Dung duong tron di qua A,
B va tiép xtic vdi d.

5. Cho hai diém A, B ¢ duong thang d cho triedc. Dung duong tron di qua hai diém
A, B va tiép xtic v6i dueong thang d.

6. Dung hai duong thang di qua A chia hinh binh hanh thanh 3 phan bang nhau vé
dién tich.

7. Cho AABC, dung duong thang song song véi BC chia AABC thanh hai phan c6
dién tich bang nhau.

8. Cho duong tron (O, R) va hai diém A, B € (O, R) cing mdt doan thang da biét 1.
Dung hai day cung song song di qua A va B sao cho tong ctia chting béang 1.

9. Cho diém A & ngoai (O, R). Dung cét tuyén di qua A cat (O, R) tai B va C sao cho
AB =BC.

10. Cho dwong tron (O) va mot day cung AB c6 dinh. Dung A déu MNP thoa man:
M &P € (O); N € ABvaMN L AB.
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11. Cho hinh vuéng ABCD c6 giao diém hai duwong chéo 1a 0. hay dung anh ctia cac
diém A, B, C, D trong phép quay tam O mot goc 45° nguoc chiéu kim dong ho.

12. Dung mot hinh vudng ngi ti€p mot duwong tron ban kinh R, dung mot luc giac

va mot tam giac déu nodi tiép duwong tron ban kinh R.

CHUYEN PE 5 : TINH CHAT BA PUONG TRUNG TUYEN CUA TAM GIAC
1.Nhic lai kién thiec

-Duong trung tuyén ctia tam gidc:Doan thang AM ndi dinh A ctia tam gidc ABC véi trung
diém M ctia canh BC goi 1a dwong trung tuyén xuat phat tir dinh A hodc ting véi canh BC)
ctia tam giac ABC.Duong thang AM ciing goi la duong trung tuyén ctia tam giac ABC.

Mbi tam gidc cé 3 duong trung tuyén.
-Tinh chdt 3 dwong trung tuyén cuia tam giac:
Dinh ly: Ba duong trung tuyén ctia mot tam gidc cung di qua mot diém ,di€m doé ccahs

mdi dinh mot khoang bang %dé dai dwong trung tuyén di qua dinh ay.

Diém d6 goi la trong tam cta tam giac

2.Vidu

Vi du 1: Cho tam gidc ABC can tai A ¢c6 AB = AC=34cm, BC =32cm. Ké duong trung
tuyén AM.

1. Chtng minh : AM vuong goc BC.
2. Tinh AM.

GIAI
*Phan tich bai toan:
a) dé chttng minh AM vuong goc véi BC ta can chiing minh
AMC = AMB = 90°
Ta stt dung cac gia thiét da cho dé€ chitng minh 2 géc trén bang nhau,dong thoi 2 goc d6 lai
ké bu.
+tam giac ABC can
+AM la duong trung tuyén
b) D& tim duoc d6 dai AM,ta can gén vao tam giac AMC
chitng minh duoc tam giac AMC vudng vi:
+str dung cac gia thiét da cho d€ chiing minh tam giac AMB=tam giac AMC
= AMB = AMC
+ g6c AMB va AMC ké bi
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= AMB = AMC =90°
Ap dung dinh ly pitago trong tam giac vuéng AMC dé tinh duwoc AM

1. AM vuong goc BC : A
Xét AAMB va AAMC, ta co:
AB =AC (gt)

MB = MC (AM la duong trung tuyén)

AM canh chung L 5

=> AAMB =AAMC (c-c-¢)

= AMB = AMC

Ma: AMB+ AMC = 180° (hai goc k& b

= AMB = AMC = 90°

Hay AM | BC.

2.Tinh AM:

Ta c6: BM =BC:2=16cm (AM la duwong trung tuyén)
Xét AAMB vudng tai M. ta co:

AB?= AM? + BM? (pitago)

342= AM? + 162

=>AM = 30cm.

Vi du 2: Cho tam giac DEF can tai D ¢6 duong trung tuyén DI.
a) Chtng minh : ADEI = ADFL

b)  Cac géc DIE va goc DIF la goc gi ?

c¢) DE=DF =13cm, EF = 10cm. Tinh DI.

Giai.
e Phan tich bai toan:
a) Dé€ chitng minh tam gidc DEI=DFI

Ta nhan thiy 2 tam giac trén bang nhau theo treong hop c-c-c
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Stt dung cac gia thiét da cho dé chitng minh
b) Tit chitng minh ciu a ta c6 duoc rang : goc DIE=DIF
Lai nhan thiy ring 2 géc trén ké bu,tir d6 ta sit dung dé chitng minh rang 2 goc do 1a
hai goc vuong.
c) Ta st dung dwgc gia thiét DI 1a duong trung tuyén
= EI=IF
Mat khac stt dung dwoc dinh ly pitago vi da chttng minh dwgc cau b
Tw d6 tim dwoc do dai canh DI
e a) Chitng minh : ADEI = ADFIL D
Xét ADEI va ADFI, ta c6 :
DE = DF (gt)
IE =IF ( DI la trung tuyén)
DI canh chung.
—> ADEI = ADFI (c - ¢ - ¢) 13
b) Cac goc DIE va goc DIF :
DIE = DIF (ADEI = ADFI)

Ma: DIE + DIF = 180" (E, LF théng hang ) F
-> DIE = BTF = 0° -
¢) tinh DI :

IE=EF:2=10:2=5cm

Xét ADEI vudng tail, ta c6 :

DE? =DI? + IE2

=>DI?=DE? - 1E? =132 - 52 =144

=> DI =12cm.

Vi du 3:Cho tam giac ABC vuodng tai A, duong trung tuyén AM. Trén tia d6i cia MA lay
diém D sao cho MD = MA.

a) Tinh s6 do géc ABD

b) Chitng minh : ABC =BAD.

c¢) Sosanh @9 dai AM va BC.

Giai.
e Phan tich bai toan:
a) D& tinh dugc sé do goc ABD ta cin tinh dugc téng Bl+ B2
Str dung gié thiét tam gidc ABC vuéng tai A ta c6 B1+C =90°
Str dung cac gia thiét vé canh d€ chitng minh tam gidc AMC =BMD
= B2=C

THCS.TOANMATH.com TAI LIEU TOAN HOC


http://toanhoc77.files.wordpress.com/2011/10/duong-trung-tuyen-28.png
http://toanhoc77.files.wordpress.com/2011/10/duong-trung-tuyen-28.png
http://toanhoc77.files.wordpress.com/2011/10/duong-trung-tuyen-28.png
http://toanhoc77.files.wordpress.com/2011/10/duong-trung-tuyen-28.png
http://toanhoc77.files.wordpress.com/2011/10/duong-trung-tuyen-28.png
http://toanhoc77.files.wordpress.com/2011/10/duong-trung-tuyen-28.png

= Bl+B2=90°
= ABD = 90°

b) St dung cdu b d€ chtrng minh(AC=BD)
c) Dé&sosanh AM va BC ta di so sinh AM va AD(vi AD=BC)
GIAI

a)  Tinh s6 do goc ABD
b) Xét AAMC va ADMB, ta ¢c6 :
MA =MD (gt)
AMC = DM B (d6i dinh)
MC = MB (gt)
=> AAMC = ADMB
B =C (goc trong tng);
Ma: Bs +C = 90° (AABC vudng tai A)
> By 4+ By = 90°
Hay ABD = 90°

b)Chitng minh : ABC = BAD
Xét ABC vaBAD, tacod:

BAC = ABD = 90"

AB canh chung.

AC =BD (AMC = ADMB)

=> AABC =A BAD

c)So sanh 40 dai AM va BC:

AM = % (gt).

Ma : AD = BC (AABC =A BAD)

=>AM=E
2

3.Bai tap ap dung:
BAI1:

Hai duong trung tuyén AD va BE ctia tam gidc ABC cat nhau tai G. kéo dai GD thém mot
doan DI = DG. Chttng minh : G 1a trung diém ctia AL

BAI2:

Trén duong trung tuyén AD cua tam gidc ABC, 1dy hai diém I va G sao cho AI=1G = GD.

Goi E 1a trung diém cta AC.

1. Chting minh B, G, E thang hang va so sanh BE va GE.
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2. CI cit GE tai O. di¢ém O la gi ctia tam giac ABC. chitng minh BE = 9OE.
BAI3:
Cho tam giac ABC vudng tai A ¢ AB = 8cm, BC = 10cm. 1dy diém M trén canh AB sao cho
BM = 4cm. 1ay diém D sao cho A la trung diém cua DC.

1. Tinh AB.

2. Diém M la gi ctia tam giac BCD.

3. Goi E la trung diém ctia BC. chtiing minh D, M, E thang hang.
BAI 4: Gia stt hai duong trung tuyén BD va CE ctia tam gidc ABC c6 d6 dai bang nhau va
cit nhau tai G.

1. Tam giac BGC la tam giac g1 ?

2. So sanh tam gidc BCD va tam giac CBE.
3. Tam giac ABC la tam giac gi ?

BAI 5:Cho tam gidc ABC vudng tai A c6 AB = 8cm, BC = 10cm. 14y diém M trén canh AB
sao cho BM = 16/3cm. 1dy diém D sao cho A la trung diém ctia DC.

1. Tinh AC.
2. biém M la gi cta tam giac BCD.
3. Goi E la trung diém ctia BC. chting minh D, M, E thang hang.

CHU DIEM 2: TINH CHAT TIA PHAN GIAC CUA MOT GOC
1.Nhic lai kién thiec

-Dinh 1y 1: Diém nam trén tia phan gidc ctia mot goc thi cach déu hai canh cta goc dé.

B X

\ t

-Dinh ly 2: (dinh ly dao)
Diém nam bén trong mot goc va cach déu hai canh ctia géc thi ndm trén tia phan gidc

cta goc do.

2.Cac dang bai tap

Dang 1:chttng minh mot tia la tia phan gidc ciia mot goc
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Cach giai: chttng minh tia Ot la tia phan giac cta goc xOy t

+ Cach 1: chitng minh: o

{ Tia Ot nam gitra 2 tia Ox va Oy
xOt = t(5y

+ Céach 2: Chitng minh
%Ot =ty = % xOy

Vi du :Trén nita mit phing chita tia Ox,vé tia Oy,Ot sao cho xOy =130°; xOt = 65°
Chting minh rang : Ot 1a tia phan gic cua xOy

*Phan tich bai toan:
bé€ chitng minh Ot la tia phan giac cua goc xOy ta can 4p dung cach chitng minh 1 hodc 2.
& bai nay ta sit dung cach 2 vi chura c6 diéu kién tia Ot ndm gita Ox va Oy

Chttng minh:

Trén cing mot nita mat phang bd chita tia Ox
Ta c6: XOt < xOy(65° <130°)
=>tia Ot ndm gitta Ox va Oy (1)

=>xOt +tOy = xOy

Thay xOy =130°%; xOt = 65° (gt)
Ta duoc: 65° +tOy =130°

=> tOy =130° - 65°

=>tOy = 65° A

Ma xOt =65°(gt) } xOr=10y (2)

Tt (1)va (2)=> Ot 12 tia phan giac ctia xOy
DANG 2: St dung tinh chat tia phan giac cia mot goc dé giai cac bai toan khac

Vidu: tia Oy va Oz cling nam trén nita mét phang c6 bo 1a tia Ox xOy = 30°%; xOz =120°
Om la tia phan gidc cua xOy
On Ia tia phan gidc ctia yOz

Tinh YOZ v MON
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Giai:
*Phan tich bai toan:
St dung cac tinh chat ké bu va tia phan giac cua goc dé€ tinh cac goc

Ta ¢6: xOy + yOz = xOz (vi tia Oy nam gifta Ox va Oz)
Thay xOy = 30°; xOz =120°(gt)
ta duoc: 30° + yOz =120°
hay yOz =120° —30°
= yOz =90°
b)Tinh mOn =2

ta co:

xOm = mOy =%x6y = %300 =15°

(vi Om la tia p/g cta xOy )
Lai co:

yon =nOz :%yéz = %900 = 45°

(viOn la tia p/g cua yOz )

Ma mOn =mOy +yOn (vi tia Oy nam gitta Om va On)

Thay mOy =15°; yOn = 45° ta duwoc:

mOn =15° + 45° = 60°

3.Bai tap ap dung

BAI 1 :Cho hinh thoi ABCD. Trén tia d6i tia CD 14y diém E, goi F 1a giao diém ctia AE va
BC. Puong thing song song AB ké tit F cat BE tai P.

Chiing minh CP la phan giac goc CBE.

BAI 2 :Cho hinh binh hanh ABCD. phén giac gbc A cit duong chéo BD tai E va phan giac
gbc B cat duong chéo AC tai F.

Chting minh : EF // AB.

BAI 3 :Cho tam giac ABC c6 AB = 4cm, BC = 6cm, CA = 8cm. Puong phén giac trong AD
va BE cit nhau tai L.

Tinh : BD va CD.

BAI 4:Goi G 14 trong tAm ctia tam giac ABC. chiing minh : IG // BC va tinh IG.

cho tam gidc ABC c6 AB=5cm, AC = 6cm va BC =7cm. Tia phan gidc cta goc BAC cat
canh BC tai E.

Tinh EB va EC.

BAI 5:V& hai g6c ké bt xOy,yOx’,biét xOy =100° .Goi Ot 1 tia phan giac ctia géc xOy,Ot'1a
tia phan giac ctia goc x’Oy.

Tinh x'Ot; xOt'; tOt'
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Chu diém 6:

TINH CHAT PUONG TRUNG TRUC CUA MOT POAN THANG
1.Kién thitc cin nhé
+Dinh ly 1(dinh Iy thuan):diém nam trén duong trung triec ctia mot doan thang thi cach
déu hai dau mut cta doan thang dé.
+ Dinh ly 2(dinh ly dao): diém cach déu hai dau mut cia mot doan théng thi nam trén
duong trung triec ctia doan thang do.
Nhan xét: Tap hop cac diém cach déu hai dau mat ciia mot doan théng la duong trung
triee cua doan théng do.
Ung dung:

Ta c6 thé vé duong trung tric ctia doan thang AB bang thuwdc va compa nhuw sau:

1
-Lay A lam tam vé cung tron ban kinh 16n hon 5 AB

-Lay B lam tam vé cung tron cd cung ban kinh d6 sao cho hai cung tron nay c¢6 2 diém
chung ,goilaCvaD

-Duing thudc vé duong thang CD .Duong thang CD 1a duong trung tric cia doan thang
AB.

2.Cac dang bai tap

Dang 1: Chting minh mot duwong thang 1a duong trung triec ctia mot doan thang

Cach giai:

Cach 1:chiing minh rang dwong thang d6 vudng goc véi doan thing tai trung diém ctia
doan thang do

Céch 2: chting minh 2 diém thudc duwong thing cach déu 2 dau mut ctia doan thang

Vi du 1:cho tam giac ABC can dinh C,tam giac ABD can dinh D

Chting minh rang CD 1a duong trung truc cua doan thang AB C
Giai:

*Phan tich bai toan: dé chtitng minh CD 1a dwong trung truc cua AB

Ta chting minh C va D nam trén duong trung truc ctia doan thang AB

Tam gidc ABC can dinh C (gt) A

=> CA=CB
=>C nam trén duwong trung truc ctia doan théng AB D \

Tuong tu D cling nam trén dwong trung triec ctia doan thang AB
=>CD la dwong trung truc cia doan thang AB

Dang 2: stt dung tinh chat duong trung triec ctia doan thang dé giai cac bai toan khéc
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Vidu 1:Tam gidc ABC can tai A .Dwong trung truc ctia canh AC ¢t AB tai D .Biét CD la
tia phan giac ctia goc ACB ,Tinh cac goc ctia tam giac ABC

Giai: A
Ta c6: DA = Dc => tam gidc ADC can tai D
= A=C2= C=2A (1)
Tam gidc ABC can tai A=> € =B (2) S
Tam giac ABC c¢6 A+B+C =180 (3)
A 0
Tt 1,2,3 suy ra A=36
B=C=72° C

3.Bai tap ap dung
BAI1:
Cho tam giac nhon ABC, duwong cao AH. Vé cac diém D, E sao cho cac duwong AB, AC lan
lwgc la cac duwong trung triec caa DH, EH.
1. Chtng minh tam gidc ADE la tam giac can.
2. Puong thang DE cat AB, AC lan luot tai M va N. chitng minh tia HA 1a phan giac cta

goéc NHM.
3. Chtngminh: DAE = 20\ HB
BAI2:

Cho tam gidc ABC can tai A. hai tia phan giac ctia géc B va C cat nhau tai 1.
1. Chtng minh tam giac BIC can tai I.
2. Chting minh Al la duwong trung truc caa BC.
BAI3:
Cho tam gidc ABC can tai A. goi M 1a trung diém ctia BC. hai duong trung triec ctia AB va
AC céat nhau tai D. chitng minh :
1. DB=DC.
2. A, M, D thang hang.
BAI 4: Cho d 1a dwong trung truc ciia AC. L4y diém B sao cho A va B & cling bén duong
thdng d. BC cat d tai I. diém M di dong trén d.
1. So sanh MA + MB v¢i BC.
2. Tim vi tri M trén d dé€ MA + MB nho nhat.
BAI5:
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Cho tam gidc ABC, trén tia d6i cta tia BC 1dy diém M sao cho BM = AB. trén tia d6i cta tia
CB 14y diém N sao cho CN = AC. V& duong cao BH cta tam giac ABM va duong cao CK
ctia tam giac ACN, hai duong cao cat nhau tai O. chitng minh rang :

1. Piém O nam trén dwong trung triec cia MN.,

2. AO la phan giac cua géc BAC.
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TUYEN TAP CAC BAI HINH HOC
TRONG PE THI HOC SINH GIOI LOP 7

Caul.

Cho x/A\y =60° c6 tia phan gidc Az. T diém Btrén Axké BH vudng géc véi Aytai H,
ké BK vuong goc véi Azva Btsong song véi Ay, Btcat Aztai C. T C ké CM vudng goc
v6i Ay tai M. Chiing minh:

a) Klatrung diém cua AC

b) AKMC 1a tam gidc déu

c) Cho BK =2cm, tinh cic canh cia AAKM

Loi giai
z
./ t
C
K
A H M y

a) AABC can tai B do CAB = /@(= MA\C)Vé BK 1a duong cao = BK 1a duong
trung tuyén = K la trung diém cta AC
b) AABH = ABAK (canh huyén - g6c nhon)
= BH = AK (hai canh tuong ting) ma AK =%AC = BH =%AC

Ta cé: BH = CM (tinh chat doan chin) ma CK = BH =%AC = CM =CK = AMKC a

tam giac can (1)
Mt khéc: MCB =90°va ACB =30° = MCK =60°(2)
Tir (1) va (2) = AMKC 1a tam giéc déu
¢) Vi AABK vuodng tai Kma KAB =30° = AB = 2BK = 2.2 =4cm

Vi AABK vudng tai K nén theo pytago ta c6: AK =+/AB? - BK?* =/16 -4 = J12
Ma KC =%AC:> KC = AK =+/12

AKCM déu = KC = KM =12
Theo phin b, AB = BC =4, AH = BK =2, HM = BC (HBCM 12 hinh chit nhat)
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/]

=AM =AH + HM =6

Bai 2 Cho doan thang AB c6 O 1a trung diém. Trén hai ntta mit phang d6i nhau bo AB ké
hai tia AX//By.Lay hai diém C,Eva D, F Ian lugt trén AX, By sao cho
AC =BD,CE = DF . Chting minh:

a) Badiém C,0, D thing hang, E,O, F thang hang

b) ED=CF

Loi giai

a) Chung minh duoc AAOE = ABOF (c.g.c) = E,O, F thang hang va OE = OF (1)
Tuong tu chitng minh duoc AAOC = ABOD(c.g.c) = C,0, D thang hang va
OC=0D (2

b) T (1), (2) két hop gia thiét ching minh dwoc AEOD = AFOC(c.g.c) = ED =CF

Bai 3. Tam gidc ABC can tai C va C =100%;BD1a phén gidc ctia B.Tix A ké tia AX tao voi
AB mot goc 30%. Tia Ax it BD tai M, cit BC tai E. BK la phan giac CBD, BK cit AX tai
N

a) Tinh s do ACM
b) Sosanh MN va CE.

Loi giai
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a) Hoc sinh chitng minh dugc: AANB can tai N(c6 hai géc bing nhau = 30°)

— NA=NB
N&i CN, chitng minh duoc ACAN = ACBN (c.c.c)

— NCA= N/CT3=5OO;N/|\W3L§1 goc ngoai caa AABM = NMB = A\i+ é\l =50°
Tt d6, hoc sinh chiing minh dwoc: ABNM = ABNC(g.c.g) = BC = BM = ACBM can

tai B, ma lai c6 goc ¢ dinh C/Bm = 20°nén tinh dwoc m =20°
b) Tt chiing minh trén, ta chitng minh dugc AMNC can tai N = MN = NC, so sanh
CN véi CE
Xét trong tam giac CNE tinh dwgc CEN =180° — (1000 + 100) =70°

Va tinh duge CNE =50° +10° = 60° (g6c ngoai cia ACAN)

— CEN >CNE = CN >CE hay MN >CE
Céu 4. Cho tam gidc can ABC, AB = AC . Trén canh BC 14y diém D, trén tia d6i cia CB
1ay diém E sao cho BD = CE.Céc duwong thang vudng géc voi BC ké tir D va E cat
AB, AC Tan luot & M, N.Chting minh rang:
a) DM =EN
b) Puong thang BC cit MN tai diém | 14 trung diém cia MN
¢) DPuong thang vuong goc véi MN tai | ludn ludn di qua mot diém cd dinh khi D

thay d6i trén canh BC.

Loi giai

a) AMDB = ANEC(g.c.g) = DM = EN (cép canh tuong ting)
= MB = NC (cdp canh twong ting)
b) Ta co:
AMDI vuéng tai D: DMI + MID =90° (tdng hai géc nhon trong tam gidc vudng)
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~ ANEI vudng tai E: ENI + NIE =90° (tdng hai géc nhon trong tam gidc vudng)
Ma MID = NIE (d6i dinh) nén DMI = ENI
— AMDI = ANEI (g.c.g) = IM = IN (cip canh twong ting)
Vay BC cat MN tai diém | 1a trung diém ctia MN
¢) Goi H la chan dudng vudng géc ké tir Axudng BC.
AAHB = AAHC (canh huyén - canh géc vudng) = HAB = HAC (cdp goc tuong ng)
Goi O1la giao diém ctia AH véi dwong thang vudng géc véi MN keé tir T
AOAB = AOAC(c.g.c) = OBA=0OCA (cdp goc tuong ting) (1)
= OC = OB (cap canh twong tng)
AOIM = AOIN(c.g.c) = OM =ON (cip canh tuong tng )
AOBM =AOCN(c.cc) = OBM =OCN (cdp gbc tuong ting ) (2)
Tur (1) va (2) suy ra OCA=0OCN =90°, do d6 OC L AC
Vay diém O c6 dinh
Bai 5. Cho géc nhon XOY va tia phan giac Ot.Trén tia Oy 14y diém A.Puodng trung truc
ctia OA cat tia OX tai F. Trén tia Ay 14y diém Bsao cho AB = AF.BF cét Ot tai E.
a) Ching minh E thudc duong trung truc cia FA
b) Sosanh EF va EB

Loi giai

X

y
a) F thudc duong trung truc cia FA= FO = FA= AOFAcan tai F

— FOA=FAO = 2.EOB = 2.FOE

AF = AB = AFAB can tai A= AFB = ABF = FAO = 2FBA
Vay EOB = EBO = OE = EB

AOFE :ABAE(OF = AB,OE = EB, FOE = ﬁs?))
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y

| 4

- = EF = EA= E thudc duong trung truc cia FA.

b) FOA<90° = FOE < 45°
AOFE c5 OFE =180’ —3FOE =3(60° - FOE )
>3(60° - 45") = 45° > FOE
Bai 6. Cho tam gidc ABC vudng can tai A, M la trung diém BC.L&y diém D bat ky thudc
canh BC. H va | thtt tw 1 hinh chiéu cta B va C xudng duong thang AD.Duong thing
AM cit CI tai N. Chttng minh rang:

a) BH =Al

b) BH?+Cl?c6 gié tri khong doi

¢) DPuong thang DN vudng goc véi AC

d) IM Ia phan gic cia HIC

Loi giai

A

a) AAIC =ABHA = BH = Al
b) BH2+CI?=BH2+ AH? = AB?
¢) AM,Cl 1a hai duong cao cat nhau tai N = N 1a triee tam = DN L AC
d) ABHM =AAIM = HM = MI va BHM = IMA
Ma IMA+ BMI =90° = BMH + BMI =90° = AHMI vuéng can
— HIM =45"ma HIC =90° = HIM = MIC = 45° = IM 12 phén gic cua HIC
Bai 7. Cho AABC nhon c6 géc A biang 60° Phan giac ABC cit AC tai D, phan gidc ACB
cit ABtai E. BD ¢t CE tai l.

a) Tinh sd do BIC
b) Trén canh BC lay di€ém F sao cho BF = BE.Chtng minh ACID = ACIF
c) Tréntia IF 1dy diém M sao cho IM = IB + IC.Chting minh ABCM déu

Loi giai
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a) BD la phan gidc ctia ABC nén é\l =B, = EABC

~ 1 —

CE 12 phan giac ctia ACBnén C,=C, = ~ACB

Ma tam gidc ABC c6 A+ B +C =180° = 60° + ABC + ACB =180°
— ABC + ACB =120° = B, + C, = 60° = BIC =120°

b) ABIE = ABIF(c.g.c) = BIE = BIF
BIC =120° = BIE = 60° = BIE = BIF =60°
Ma BIE + BIF +CIF =180° = CIF =60°
CID = BIE =60°(d6i dinh) = CIF =CID =60° = ACID = ACIF(g.c.9)

¢) Trén doan IM 14y diém N sao cho IB=IN = NM =IC
— ABIN déu = BN =Bl va BNM =120° = ABNM = ABIC(gcg)
— BM =BCva B, =B, = ABCM déu
Cau 8.

1. Cho AABC c6 B +C =60°, phan gidc AD.Trén AD Idy diém O, trén tia di
cta tia AC 1dy diém M sao cho ABM = ABO. Trén tia d6i ctia tia AB 14y diém

N sao cho ACN = ACO . Ching minh ring
a) AM = AN
b) AMON la tam gidc déu
2. Cho tam giac ABC vuong & A, diém M nam giita B va C. Goi D, E thiz twe 1a
hinh chiéu cia M trén AC, AB.Tim vi tri cia M @€ DE c6 d6 dai nho nhat
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Loi giai

C

a) AABCc6 B+C =60%nén A=120°
Do AD la tia phan gidc nén E = g =60, ta lai ¢6 g = g =180° - A=60°
~ o~~~ AABM = AABD(g.c.g) = AM = AO(L
AACN = AACO(g.c.g) = AN = AO(2)
Tk (1) va (2) suy ra AM = AN

b) AAOM =AON(c.g.c) = OM =0ON(3)
AAOM = AAMN (c.g.c) = OM = NM (4)
Tt (3) va (4) suy ra OM =0ON = NM = AMON 1a tam giac déu
2.

A

B H M

DE = AM > AH (AH la duong cao cia AABC)
Vay DE nhoé nhéat khi AM nho nhat <> M trung véi H
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Cau 9.

Cho g6c nhon XOY va tia phén gidc Ot.Trén tia Oy 1dy diém A.Duong trung truc
ctia OA cat tia OX tai F. Trén tia Ay 14y diém Bsao cho AB = AF.BF cét Ot tai E.

¢) Chtng minh E thudc duong trung truc cia FA
d) Sosanh EF va EB
Loi giai

X

A
By

¢) F thudc duong trung trec cia FA= FO = FA= AOFAcan tai F
— FOA=FAO = 2.EOB = 2.FOE
AF = AB => AFAB can tai A= AFB = ABF = FAO = 2FBA
Vay EOB = EBO = OE =EB
AOFE =ABAE(OF - AB,OE = EB, FOE = E/BB)
= EF = EA= E thudc duong trung truc caa FA.
d) FOA<90° = FOE < 45°
AOFE c6 OFE =180° — 3FOE = 3(600 - F/CE)

>3(60° - 45°) = 45" > FOE

Cau 10. Cho tam gidc ABC ¢6 A= 90°, AB = AC.Qua Avé duong thang d sao cho B va
C nam cling phia ddi véi duong thang d.Ké BH va CK vuoéng goc véi d.Ching minh
rang:

a)AH =CK

b)HK =BH + CK

Loi giai
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B

a) Xét AAHK va ACKH co: H = K =90°% AB = AC(gt); HAB = KCA (ciing phu v6i
KAC) = AAHK = ACKA(g.c.g) = AH = CK (cip canh twong ting)
b) Tur cau a)AAHK = ACKA = BH = AK (cip canh twong ting)
vVay KH = AH + AK =BH +CK
Bai 11.Cho tam gidac ABC c6 B <90°va B=2C.Ké duong cao AH.Trén tia d6i cua tia
BAlay diém E sao cho BE = BH.Duong thang HE cat AC tai D
a) Chuing minh @ = :@
b) Chiing minh DH = DC = DA
c) Lay B'sao cho H la trung diém cua BB'.Ching minh tam giac AB'C can
d) Chténg minh AE =HC

Loi giai

E

—_~ ~N A~

a) ABEH can tai B nén EZHl; ABC=E+H,=2E;
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ABC =2C = BEH = ACB
b) Chiing to dwoc ADHC can tai D nén DC = DH
ADAH c6: DAH =90° —C;DHA=90°—H, =90° - C
= ADAH can tai Dnén DA=DH
c) AABB'can tai A nén B=B'=2C
/B\'=K1+6nén 2C =A\1+6 —C =A\1:>AAB'Ccéntai B'
d) AB=AB'=CB;BE=BH =B'H
Co: AE=AB+BE;, HC=CB+B'H= AE=HC
Cau 12. Cho tam giac ABC, trung tuyén AM.Trén nira mat phang chiza dinh C bo 1a
duong thang AB dung doan AE vuong goc véi ABva AE = AB.Trén nita mit phang
chtta dinh B bo 1a dueong thing AC dung doan AF vuong goc véi AC va AF = AC.

Chttng minh r?mg:

a)FB = EC

b)EF =2AM

c)AM 1 EF
Loi giai
A

a) Ching minh AABF = AAEC(cgc)= FB=EC
b) Trén tia d6i ctia tia MA14y K sao cho AK =2AM.
Ta c6: AABM =AKCM = CK //AB

— ACK +CAB = EAF + CAB =180° = ACK = EAF
AEAF va AKCAc6 AE = AB = CK; AF = AC(gt); ACK = EAF
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— AEAF = AKCA(cgc) = EF = AK =2AM

c) Tt AEAF = AKCA

— CAK = AFE = AFE + FAK = CAK + FAK =90°

= AK LEF
Céu 13. Cho goc X/O\y Trén OX 14y hai diém Ava B, trén Oy 14y hai diém C va D sao cho
OA=0C, AB =CD. Chting minh

a) AABC = AACD
b) AABD =ABCD

Loi giai

O

C D y

a) Xét AOADva AOCB c6:0 chung;

OA=0C(gt);OB=0D = AOAD = AOCB(c.g.c) = AD =BC

Xét AABCva AACD c6: AB =CD(gt); AC chung; AD = BC = AABC = AACD
b) Xét AABD va ABCD cé: AB =CD(gt); BD chung; AD = BC = AABD = ABCD

Cau 14. Cho tam giac ABC c6 géc A nhé hon 90° V& ra ngoai tam gidc ABC cac tam
gidc vudng can tai Ala AABM va AACN

a) Chting minh rang: AAMC = AABN

b) Chtng minh: BN L CM

c) K¢ AH 1 BC(H € BC).Chting minh AH di qua trung diém caa MN

Loi giai
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B H C
a) Xét AAMC va AABN c6: AM = AB(AAMB vudng can)
AC = AN (AACN vudng can)
— MAC = N/A\c(= 90° + B/A\c) — AAMC = AABN (c.g.C)
b) Goi | 1a giao diém caa BN, AC,K 1a giao diém cta BN,MC
Xét AKIC va AAIN c6: ANI = KCI (AAMC = AABN)
AIN = KIC (d6i dinh)
= IKC = NAI =90°,do dé: MC L BN
c) Ké ME L AH tai E, NF L AH tai F. Goi D la giao di€ém ctia MN va AH
Ta c6: BAH + MAE = 90°(MAB =90°)
Lai co: MAE + AME =90°nén AME = BAH
Xét AMAE va AABH vuong tai E va H ta co:
AME = BAH; MA = AB = AMAE = AABH (ch — gn) = ME = AH
Chting minh twong tu ta c6 AAFN = ACHA= FN = AH
Xét AMED va ANFD vuéng tai E, F ¢6:
ME = NF (= AH ), EMD = FND (ciing phu véi MDE va FDN ma MDE = FDN)
= AMED = ANFD = BD =ND
Vay AH di qua trung diém caa MN
Cau 15. Cho tam gidc ABC(CA <CB), trén BC 1ay cac diém M va N sao cho
BM = MN = NC . Qua diém M ké duwong thang song song véi AB cat AN tai
a) Chtng minh | 1a trung di€ém cta AN
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b) QuaKla trung diém ctia ABké duong thang vudng gdc véi duong phan giac goc
ACB cét duong thang AC tai E, dwong thang BC tai F. Chitng minh AE = BF

Loi giai

P

N

C
a) TuIké duong thang //BC cat AB tai H. N6i MH
Ta c6: ABHM = AIMH vi: BHM = m; BMH = m(slt); HM....chung
— BM = IH = MN
AAHI = AIMN vi: IH = MN (cmt); AHI = WI\N(= @E);/ﬁﬁ = INM (dbng vi)
= Al = IN(dfcm)

b) Tir A ké dudng thang song song véi BC cat EF tai P. APKA=AFKB vi:
PKA = FKB (di dinh); APK = BFK (so le trong); AK = KB = AP = BF (1)
EPA=KFC (dong vi); CEF = KFC (ACFE can)

— EPA=CEF = AAPE cin= AP = AK (2)

Tt (1) va (2) suy ra AE = BF (dfcm)

Cau 16. Cho ADEF vuong tai D va DF > DE, ké DH vuong géc v6i EF (H thudc canh
EF).Goi M 1a trung diém cta EF.

a) Ching minh MDH =E - F
b) Chung minh: EF — DE > DF — DH

Loi giai

TAI LIEU TOAN HQOC

THCS.TOANMATH.com



D | F
a) Vi M 1a trung diém caa EF suy ra MD = ME = MF = AMDE can tai M
:>/E\=|\TD\E,mé H/[E:f:\cimgphuvéi E,

-~ o~

Ta c6: MDH = MDE — HDE, vay MDH =E —F
b) Trén canh EF 14y K sao cho EK = ED, trén canh DF 14y I sao cho DI = DH

Ta c6: EF — DE = EF — EK =KF; DF -DH =DF -DI =1F

Ta can chiing minh KF > IF

EK = ED = ADEK can = EDK = EKD

EDK + KDI = EKD + HDK =90° = KDI = HDK

ADHK = ADIK (¢.g.c) = KID = DHK = 90°

Trong AKIF vuoéng tai | = KF > FI (dpcm)

Ciu 17. Cho AABC c6 A =120°. C4c tia phéan giac BE,CF cua ABC va ACB cét nhau tai
I (E, F Tan lwot thudc cdc canh AC, AB).Trén canh BC 14y hai diém M, N sao cho

BIM =CIN =30°
a) Tinh sd do cua MIN

b) Chiing minh CE + BF < BC
PDAP AN

TAI LIEU TOAN HQOC
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a) Ta co: /TBE+/TC§=180°—A=60°:>%§+%6=30°
— BIC =150°ma BIM = CIN =30° = MIN = 90°
b) BIC =150° = FIB = EIC =30°
Suy ra ABFI = ABMI(g.c.g) = BF = BM
ACNI = ACEI(g.c.g) = CN =CE

Do dé6 CE + BF =BM +CN <BM + MN + NC =BC
vay CE + BF <BC

CAu 18. Cho tam gidc ABC ¢6 B-C=aq, tia phén giac Acét BC tai D
a) Tinh s do ADC va ADB
b) Vé AH 1 BC(H e BC), tinh s5 do HAD
c¢) Trén ntta mgt phang bo ABkhong chita diém C vé tam giac ABP sao cho
AP = BC;PB = AC.Chttng minh rang AC song song véi BP va AH L AP
Loi giai

A

B H1 D °C

2) Tacs: ADC - ADB - B+ BAD (€ +CAD)~B-C -«

Mit khac: ADC + ADB =180°nén ADC = 90° +%;/ﬁ —90° —%

b) Trong tam gidc HAD cé: HAD =90° — ADH =%
&) AABC = ABAP(c.c.c) = ABC = BAP nén AP//BC
Ma AH L BC= AH L AP
Tuong tu ABP = BAC nén BP //AC
Cau 19. Cho tam giac nhon ABC c6 AB > AC,ba duong cao BD,CE va AF cat nhau tai
H. Lay difm M trén canh AB sao cho AM = AC.Goi N 1a hinh chiéu cia M trén AC; K 1a
giao diém cua MN va CE
a) Chting minh hai géc KAH va MCB bang nhau
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b) Ching minh AB+CE > AC +BD

Loi giai

B

a) Néu duoc AK 1L MC = KAH = MCB

b) Chtng minh CE = MN
Viét duoc AB—- AC >BD -CE = BM >BD - MN
MI L BD = BM > Bl
vay AB+CE > AC + BD
Cau 20. Cho tam giac nhon ABC c6 AB > AC,ba duong cao BD,CE va AF cit nhau tai
H. Lay diém M trén canh AB sao cho AM = AC.Goi N la hinh chiéu cia M trén AC; K 1a
giao diém cua MN va CE

¢) Chiing minh hai géc KAH va MCB bang nhau

d) Chung minh AB+ CE > AC + BD

Loi giai

THCS.TOANMATH.com TAI LIEU TOAN HOC



c) Néu duoc AK | MC = KAH = MCB
d) Ching minh CE = MN
Viét duoc AB - AC > BD -CE = BM > BD — MN

MI L BD = BM > BI
Vay AB+CE > AC +BD

Céu 21. Cho tam gidc ABC ¢6 A=90".vé phan giac BD va CE (D € AC,E € AB)chung
cét nhau tai O

a) Tinh s6 do gbc BOC

b) Trén BC 4y hai difm M va N sao cho BM = BA,CN = CA.Chting minh EN song
song v6i DM

c) Goi |lagiao diém ciia BD va AN.Chtng minh tam gidac AIM vuéng can

Loi giai

__ _— ABC+ACB 90°

a) BOC =BAC +f=900 +T=900 +45° =135°

b) AABM céan, nén phan giac BD dong thoi 1a duwong trung truc
AACN cén, nén phan giac CE dong thoi la duong trung truec.
Suy ra DA=DM,EA=EN
Dan t6i AABD = AMBD, AACE = ANCE(c.c.c)
Suy ra DMB = DAB =90°; ENC = EAC =90°
Hay EN 1L BC,DM L BC.Do vay EN //DM
c¢) Phan gidc BD va phan gidc CE cat nhau tai O cho ta AO la phan giac ctia
BAC = OAE =45°(1)
AOAE = AONE(c.c.c) = OAE = ONM = 45°

Theo chttng minh cau b, ta thdy, O la tam duong tron ngoai tiép tam giac

AMN = OM = ON hay AOMN cén tai O(2)
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V' Tir (1) va (2) suy ra AOMN vuéng can tai O
D3 chiing minh MON = 2MAI = 2MAI =90° = MAI = 45°
AAIM ¢6 IA = IM (do I thudc trung tree BD cia AM) nén can tai L.
Lai c6 MAI = 450.Vé1y AAIM vudng can tai |.
Céu 22. Cho tam gidc can ABC, AB = AC.Trén tia d8i ctia cac tia BC,CB14y theo thi tw
hai diém D va Esao cho BD =CE.
a) Chtng minh tam giac ADE 1a tam gidc can
b) GoiM la trung diém cua BC.Chiing minh AM 1a tia phan gidc cua DAE
c) T BvaCve BH,CK theo thit ty vuong goc véi AD, AE. Chitng minh BH =CK
d) Chting minh 3 duong thang AM,BH,CK gip nhau tai 1 diém.
Loi gidi

A

H

D B
O

a) AABC cannén ABC = ACB = ABD = ACE
Xét AABD va AACE c6: AB = AC(gt); ABD = ACE (cmt); DB = CE(gt)
— AABD = AACE(c.g.c) = AD = AE = AADE can tai A
b) Xét AAMD va AAME co:
MD = ME(DB = CE;MB = MC); AM chung; AD = AE(cmt)
= AAMD = AAME (c.c.c) = MAD = MAE
Vay AM 1a tia phéan gidc cua DAE
c) Vi AADE can tai A (cm cau a) nén ADE = AED
Xét ABHD va ACKE c6: BDH = CEK (do...ADE = AED); DB = CE(gt)
= ABHD = ACKE(ch—-gn)= BH =CK
d) Goi giao di€ém ctia BH va CK1a O
Xét AAHO va AAKO c6: OA canh chung;
AH = AK(AD = AE, DH = KE(doABHD = ACKE))
= AAHO = AAKO(ch —cgv)
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Do 6 OAH = OAK nén AO la tia phan giéc cia KAH hay AO1a tia phan gidc cia DAE
, mdt khac theo cdu b) AM la tia phan gidc cua DAE
Do d6 AO = AM, suy ra ba duong thang AM,BH,CK cét nhau tai O.
Cau 23

1. Cho doan thang AB. Trén cling mdt nita mit phang c6 bo la duwong thang AB vé hai tia
Ax va By lan luot vudng goc véi AB tai A va B. Goi O 1a trung diém ctia doan thang AB. Trén
tia Ax 14y diém C va trén tia By 1dy diém D sao cho géc COD bang 90°.

a) Chting minh rang: AC +BD = CD.

. . 3 AB’
b) Chiing minh rang: AC.BD =

2. Cho tam gidc nhon ABC, tryc tam H. Chitng minh rang;

HA +HB+HC < %(AB+AC+BC)

Loi giai
X y
C{
D
-
Al B
[e) [

E

A, Vé tia CO cit tia d6i ctia tia By tai diém E.

Chting minh AAOC = ABOE(g—-c—g)= AC =BE;CO=EO

Chting minh ADOC = DOE(c—-g-c)=CD=ED

Ma ED=EB+BD=AC+BD.

Tt d6: CD=AC+BD (dpcm)

B, Ap dung dinh li Pytago vao cac tam giac vuéng BOE va BOD ta cé:
OE? = OB? + EB®
{OD2 =OB’ + DB?

= OE? +OD? = 20B” + EB? + DB?

Ma OE? +0D? = DE?; Nén
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DE? = 20B” + EB* + DB?
=20B* + EB.(DE -BD)+ DB.(DE - BE)
=20B’ + EB.DE - EB.BD + DB.DE — DB.BE
= 20B? +(EB.DE +DB.DE)-2BD.BE

— 20B? + DE.(EB + DB) - 2BD.BE
— 20B? + DE? - 2BD.BE
Suy ra 20B? —2BD.BE = 0= BD.BE = OB’

Ma BE=AC;OB=%.

2 2
ABJ _ AB (dpem)

Vay AC.BD = (7 7
2. Qua H ké duong thang // v6i AB cat AC tai D, ké duong thang // véi AC cat AB tai E
Ta c6 AAHD = AHAE (g —c-g)

= AD =HE; AE=HD

A AHD c6 HA<HD + ADnén HA<AE+AD (1)

Ti d6 HE 1L BH

AHBE vuong nén HB < BE (2)

Tuwong te taco HC <DC (3)

T 1,23 HA+HB+HC<AB+ AC 4)

Tuwong tw HA + HB + HC < AB + BC (5)
HA +HB+ HC<BC+ AC (6)

Tt d6 suy ra HA + HB + HC < %(AB +AC+BC) dpcm

Cau 24.

Cho AABC c6 3 géc nhon, AB < AC < BC.CA4c tia phan gidc ctia goc Ava géc C
cat nhau tai O. Goi F 1a hinh chiéu ctia O trén BC; H 14 hinh chiéu ctia O trén AC.Lay
diém | trén doan FC sao cho FI = AH.Goi K 1a giao diém caa FH va Al.

a) Chung minh AFCH can
b) Chung minh AK =KI
¢) Chung minh 3 di¢ém B,O, K thang hang.

Loi giai
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B S
a) Chuing minh
Ta c6 CHO = CFO =90°(vi OH 1 AC,OF 1 BC)
Xét ACHO vudng va ACFO vuéng c6: OC chung; HCO = F/&)(OC 14 phén giac 6)
Vay ACHO = ACFO (canh huyén — géc nhon)
= CH =CF (hai canh tuwong ting). Vdy AFCH cén tai C
b) Qua Ivé IG//AC(GeFH)
Ta c6 AFCH can tai C (cmt)=> CHF = CFH (1)
Ma CHF = FGI (dong vi, IG//AC) (2)

Tur (1) va (2) = CFH = FGI hay IFG = IGF , Vay AIFG can tai
= FI =GI, mat khac: FI = AH nén Gl = AH(=FI)

—  —

Talai cé: IGK = AHK;HAK =GIK (so le trong, 1G //AC)
Xét AAHK va AIGK c6: IGK = W(cmt);Gl = AH (cmt); HAK = (ER(cmt)
= AAHK = AIGK (gcg) = AK = Kl (dfcm)
c) Vé OE L AB tai E, Chting minh dugc BO la tia phéan gidc cuia ABC *)
Chting minh dwoc AB = Bl
Chtrmg minh duoc: AABK = AIBC(c.c.c) = ABK = IBK
Tt d6 suy ra BK 14 tia phén gidc cua ABC (**)
Tw (*) va (**) suy ra tia BK, BO trung nhau
Hay B,0, K 1a ba diém thang hang.
Cau 25. Cho tam giac ABC vudng géc tai A. Phan giac trong ctia B cat canh AC tai diém
D. Tt D ké DE vuéng goc véi BC(E € BC).Tia EDva tia BActnhau tai F.

a) Sosanh DAva DC
b) Chiing minh BD L FC
c) Ching minh AE//FC
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Loi giai

F

B C

a) Tacé AABD =AEDBvicé AD chung; /B\l = é\z chota DA=DE (1)
Trong tam giac vuong EDC thi DE <DC  (2)
Tw (1) va (2) suy ra DA< DC
b) AABD = AEDBnén AB = BE (hai canh tuong tng)
Hai tam gidc EFBva ACB c¢6 AB =BEva B chung, suy ra BF =BC
= AFBC can, dinh B
Ma BM 1a phan gidc cta Bnén cling la dudong cao, suy ra BM L FC(3)hay BD L FC
c) Ta dé dang thdy BD L AE(4)
T (3) va (4) suy ra AE//FC
Cau 26. Cho tam giac ABC(AB > AC), M la trung diém cia BC.Duong thang di qua M

vudng goc véi tia phan giac ctia Atai H cat canh AB, AC Ian lwot tai Eva F

Chtmg minh:
a) 2BME = ACB-B
b FE 4 AH? = AE?
¢ BE=CF

Loi giai
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a) AAEH =AAFH (cgc) = E, =F
Xét ACMF 6 ACB 1a gOc ngoai suy ra CMF =ACB-F

—~ A~

ABME c6 /E\llé goc ngoai suy ra BME = E-B
Vay Cﬁ/l\F+ﬁ/l\E=(A/\C\B—ﬁ)+(€l—§)
Hay 2BME = ACB - B(dfcm)

b) Ap dung dinh ly Pytago vao tam giac AFH

FE?

Ta c6: HF? + HA? = AF* hay + AH? = AE?(dfcm)

¢) Chung minh AAHE = AAHF (g.c.g) = AE = AF;E,=F

T Cvé CD//AB(D € EF)

Chtng minh dwoc ABME = ACMD(g.c.g)=BE=CD (1)

Vaco é\l ~CDF (cap goc dong vi)

Do d6: CDF = F = ACDF can = CF =CD (2)
Tw (1) va (2) suy ra BE =CF
Cau 27.

Cho tam gidc nhon ABC.VE vé phia ngoai tam gidc ABC cac tam gidc vudng tai A:
AABD, AACE sao cho AB = AD, AE = AC.Ké AH vuong géc véi BC, DM vudng gdc
voi AH, EN vudng goc véi AH.

a) Chtng minh: DM = AH
b) Chung minh MN di qua trung diém cua DE.
Loi gidi
N
I
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a) Xét AMAD va AHBAcs: AMD = BHA =90°(gt)(1); AD = AB(gt)(2)

D, + A =90°
A+ A, =90°
Tt (1), (2), (3) suy ra AMAD = AHBA(ch — gn) = DM = AH (4)

b) Chtmg minh twong tw cau a=> EN = AH (5)
Goi giao diém cia MN va DE1a1
Chtig minh dugc: AMID = ANIE(cgv — gn) = ID = IE = | 1a trung diém cua
DE = MN di qua trung diém I caa DE

}:BfAi(s)

Cau 28. Cho tam giac déu ABC.M la mot diém nam trong tam giac sao cho

MA:MB:MC =3:4:5. Tinh s5 do goc AMB

Loi giai
A
N
B C
Do MA:MB:MC =3:4:5
Dt l\gA: NLIlB = M5C =a= MA=3a,MB =4a,MC =5a

Trén nita mat phang bo AC dung tam gidc déu AMN

— AM = AN = MN =3ava AMN = 60°

Xét AABN va AACM cé: AB = AC(gt)(1); AN = AM =3a(2)
A+ A, =60°
A, + A, =60°
Tur (1), (2), (3) = AABN = AACM (c.g.c) = BN =CN =5a

}:az@@

Xét ABMN c6 BN? =(5a)” = 252
BM?+MN? =(4a)’ +(3a)’ = 25a°
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= BN? = BM? + MN? = ABMN vuéng tai M (dinh ly Pytago dao)
= NMB = 90°
= AMB = AMN + NMB =90° + 60° =150°
Céu 29. Cho tam giac ABC ¢6 A<90°.Vé ra phia ngoai tam giac d6 hai doan thang AD
vudng géc va bang AB; AE vuong goc va bang AC.
a) Ching minh: DC = BEva DC L BE
b) Goi N la trung diém cua DE.Trén tia d&i cua tia NAldy M sao cho NA=NM.
Chimg minh AB = ME,AABC = AEMA
¢) Chténg minh: MA L BC

Loi giai
M
P E
N
D
B H -

a) Xét AADC va ABAF ta co:
DA = BC(gt); AE = AC(gt); DAC = B/A\E(: 90° + B/AT:)
— ADAC = ABAE(c.g.c) = DC = BE
Xét AAIE va ATIC cé: 1, = 1, (d8i dinh); E, = C,(ADAC = ABAE)
— EAI =CTI = CTI =90° = DC L BE
b) Tacé: AMNE = AAND(c.g.c) = D, = MEN, AD = ME ma
AD = AB(gt) = AB = ME(dpcm)(2)
Vi D, = MEN => DA//ME = DAE + AEM =180° (trong ciing phia)
Ma BAC + DAE =180° = BAC = AEM  (2)

TAI LIEU TOAN HQOC
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Talai c6: AC = AE(gt)(3). T (1),(2),(3) = AABC = AEMA(dfcm)
¢) Kéo dai MAcit BC tai H. Tt Eha EP 1L MH
Xét AAHC va AEPA cé:

CAH = AEP (cung phu véi PAE); AE = CA(gt); PAE = HCA (do AABC = AEMA)
— AAHC = AEPA = EPA = AHC => AHC =90° = MA L BC(dfcm)

Céu 30. Cho tam giac ABC vuong tai A.Vé vé phia ngoai tam giac ABC c4c tam giac déu
ABD va ACE.Goi | 1a giao diém ctia BE va CD.Chting minh rang;
a)BE=CD

b) ABDE 1a tam gidc can

C) EIC =60°va Al tia phén gidc ctia DIE

Loi giai

_ = DAC = BAE

DAC = A +90° =60° +90° =150°
a) Ta co: o
BAE = A, +90° = 60° + 90° =150°

Xét ADAC va ABAE c6: DA = BA(gt); DAC = BAE (cmt); AC = AE(gt)
— ADAC = ABAE(c.g.c) = BE =CD (hai canh twong tng)

b) Tac: A + A +BAC + A, =360°
& A, +60°+90° + 60° = 360°
& A, =150° = DAC
Xét ADAE va ABAE co: DA = BA(gt); A, = DAC(cmt); AE chung
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— ADAE = ABAE(c.g.c) = DE = BE = ABDE cén tai E
¢) Tacé: ADAC = ABAE(cm cau a)= E, = C, (hai géc tuong tng)

Lai c: I, + E, + ICE =180°(t3ng 3 gbc trong AICE)

<:>IA1+(A/E\C— gl)+((/3\1+6\2):180°

& 1,+60° —E, +C, +60° =180°

& 1,+120° =180°(E, =C,)

&1, =60°

Vi ADAE = ABAE (cm cau b)=> E, = E, (hai géc tuong ttng)=> EAI2 tia phan gidc ctia

DEI )

\ {ADAC = ABAE

Vi = ADAC = ADAE = 61 = 6\2 (hai géc twong ting) => DAla tia phan
ADAE = ABAE

giac ctia EDC (2)

Tk (1) va (2) = A la giao diém ctia 2 tia phan giac trong ADIE = |Ala duong phan giac
tht 3 trong ADIE = |Ala tia phan gidc ctia DIE

Céu 31. Cho ZA\y =60° c6 tia phan gidc Az.Tir diém Btrén Axké BH vuéng goc voi Ay
tai H,ké BK vudng géc véi Azva Btsong song véi Ay, Btcat Aztai C. Tir Cké CM
vuong goc voi Ay tai M. Chirng minh:

d) K1a trung diém cta AC
e) AKMC Ia tam gidc déu
f) Cho BK =2cm, tinh cic canh cia AAKM

Loi giai
Z
B t
C
K
. 4 %‘
A H M y
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d) AABC can tai B do CAB = ﬁ:\B(z W)va BK 1 dudng cao = BK 13 duong

trung tuyén = K la trung diém cta AC
e) AABH = ABAK(canh huyén — goc nhon)

= BH = AK (hai canh tuong ting) ma AK =%AC = BH =%AC

Ta cé: BH = CM (tinh chat doan chin) ma CK = BH =%AC = CM =CK = AMKC a

tam giac can (1)
Mit khéc: MCB =90°va ACB =30° = MCK =60°(2)
Tw (1) va (2) = AMKC Ia tam gidc déu
f) Vi AABK vudng tai K ma KAB =30° = AB =2BK =2.2 = 4cm
Vi AABK vudng tai K nén theo pytago ta c6: AK =+/AB? — BK? = J16-4 =412

Ma KC=%AC:>KC=AK=\/1_2

AKCM déu = KC = KM =12
Theo phin b, AB = BC =4, AH = BK =2, HM = BC (HBCM 12 hinh chit nhat)

— AM = AH + HM =6
Cau 32. Cho tam gidc ABC ( BAC < 90° ) duomg cao AH.Goi E, F Tan luot 1a diém d6i

xting cia H qua AB, AC, duong thing EF cit AB, AC Ian luot tai M va N.Chtng minh
rang:

a) AE=AF

b) HAla phan gidc cia MHN

c) Chting minh CM //EH,BN.//FH

Loi giai
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b)

a) Vi ABIla trung triec cia EH nén ta c6: AE = AH (1)

Vi AC 1a trung triec cia HF nén ta c6: AH = AF(2)

Tw (1) va (2) suy ra AE = AF

Vi M € ABnén MB1a phén gidc EMH = MB1a phéan gidc ngoai goc M ctia tam
giac MNH

Vi N € ACnén NC la phén giac FNH = NC1a phan giac ngoai N cia tam giac
MNH

Do MB, NC cit nhau tai Anén HAIla phan giac trong goc H ctia tam giac HMN
hay HAla phan gidc cia MHN.

Ta c6: AH L BC(gt)ma HM Ia phan giac MHN = HB phén gidc ngoai cua H
cuia tam gidc HMN

MB 14 phan gidc ngoai ctia M ciia tam giac HMN (cmt) = NB la phan gidc trong
goc N cua tam gidc HMN = BN L AC (hai duong phéan gidc ctia hai goc ké bu thi
vudng gdc véi nhau)= BN / /HF (cting vudng goc véi AC)

Chitng minh twong tw ta c6: EH //CM

Cau 33. Cho Oz la tia phan giac cua xOy =60°. Tt mot diém B trén tia Ox vé duong thang
song song véi tia Oy cat Oz tai diém C. Ké BH L Oy;CM 1 Oy;BK 1 Oz
(H,M eOy;K €0z).MC cat Ox tai P. Chitng minh

a)
b)

<)

K la trung diém cta OC
AKMC 1a tam giac déu
OP>0C
Loi giai
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AABC c6 (/)\1 = 6; (Oz 1a tia phan giac cua X/O\y), 61 = (/3\1 (Oy /] BC, so le trong)
| 4 = (/); = C/l\l = AOBC can tai B= BO = BC, ma BK 1L OC tai K= KC = KO (hai duong xién
bang nhau < hai hinh chiéu bang nhau). Hay K 1a trung diém OC (dpcm)
b) Hoc sinh 1ap luén dé€ chitng minh: AKMC can
Mit khdc AOMC c6 M =900 =30° = MKC =90° ~30° = 60° = AKMC déu
C) AOMC vudng tai M= MCO nhon=> OCP tl (Hai goc MCO;OCP bit nhau)
Xét trong AOCP c6 OCP ti1 nén OP > OC.
Bai 34. Cho XAy = 60°, v& tia phan gidc AZcua goc do. Tt mot diém B trén tia AX vé
duong thang song song v6i Ay cat Aztai C. Ké BH L Aytai H, CM L Aytai M,
BK L AC tai K. Chttng minh
AC

a) KC=KA b) BH ==~ o) AKMC déu
Loi giai
X
Z
B C
Y,
A H M

a) Ta co: )TA\Z = ZA\\X=3OO(AZ 1a tia phén gidc cua X/A\y)
Ma YAz = ACB(Ay//BC,slt) = zAx = ACB = AABC cén tai B

Trong tam giac can ABC c6 BK 1a dwong cao ting véi canh day = BK ciing 1a
duong trung tuyén caa AABC = KC = KA

b) Taco: ABH =90° — xAy = 30°(AABH vuong tai H)
Xét hai tam gidc vudng AABH va ABAK cé:
AB chung; zAx = ABH (=30") = AABH = ABAK = BH = AK

Ma AK =A—2C(cmt) = BH =£

¢) Tacé: AAMC vudng tai M c6 MK 1a trung tuyén ting véi canh huyén
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— KM :% (1) ma AK:KC:%Q)

Tt (1) va (2) = KM = KC = AKMC can tai K (3)
M3t khac AAMC 6 AMC =90°, yAz =30° = MCK =90° — 30° = 60°(4)
Tt (3) va (4) suy ra AAMC déu.
Cau 35. Cho AABC o6 B =2C <90° V& AH vudng goéc v6i BC tai H. Trén tia AB 14y

diém D sao cho AD = HC.Chting minh rang duong thang DH di qua trung diém ctia
doan thang AC.

Loi giai

D

Tacé: B=2C = B>Cnén AC > AB = HC > HB
Trén doan thang HC 18y diém I sao cho IH = 1B = AAHI = AAHB

— Al = ABva AIB = ABC = 2ACB

Mit khac : AIB = ACB + IAC = IAC = ACB

Do d6: IA=1C <HChay AB<HC =AD

Goi K 1a giao diém cua DH véi AC.

Vi AD=HC,AB=ICnén BD =HI =HB = ADBH can tai B

Do dé: @@B%@\C/ﬁ
— KHC = A/\C\B(= B/HT)):> KAH = @(phu hai géc bang nhau)

Suy ra KA=KH = KC hay K 1a trung diém ctia doan thang AC
Vay duong thang DH di qua trung diém ctia doan thang AC
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Céu 36. Cho tam giac ABC c6 ba géc nhon (AB < AC). V& vé phia ngoai tam gidc ABC
cac tam giac déu ABDva ACE.Goilla giao caa CD va BE, K 1a giao cia ABva DC.
a) Chiing minh rang : AADC = AABE
b) Chtng minh rang: DIB = 60°
¢) Goi M va N Tan luot 1a trung diém caa CD va BE. Chitng minh rang AAMN déu
d) Chting minh rang |Ala phan giac ctia DIE
Loi gidi

<\

B

C
a) Taco: AD = AB,DAC = BAE va AC = AE = AADC = AABE(c.g.C)
b) Tit AADC = AABE = ABE = ADC ma BKI = AKD (d6i dinh)

Khi d6 xét ABIK va ADAK suy ra BIK = DAK = 60°(dfcm)
¢) Tt AADC = AABE = CM = EN, ACM = AEN

— AACM = AAEN(C.g.C) = AM = AN va CAM = EAN

MAN = CAE = 60.Do d6 AAMN déu

d) Tréntia ID14y diém Jsao cho |IJ =B = ABIJ déu= BJ =Bl va

JBI = DBA=60° = IBA = JBD, két hop BA=BD

= AIBA=AJBD(c.9.c) = AIB = DJB =120°ma BID = 60°
— DIA =60 Tt d6 suy ra |Ala phan gidc cta DIE
CAu 37. Cho tam gidc nhon ABC.Vé vé phia ngoai tam gidc ABC cac tam giac déu
ABD, ACE . Goi M 1a giao diém cua DCva BE

a) Chung minh AABE =AADC

b) Tinh s§ do BMC
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Loi giai

AABE va AADC cé:
AD = AB(AADB déu); AE = AC(AAEC déu)

§A\E=5AE(=60°+§AE):>AABE=AADC — ACM = AEM

BMC = MCE +CEM

= MCA+ ACE + CEM

= AEM + ACE +CEM

= AEC + ACE =60° +60° =120°
Cau 38.

a) Cho tam gidc ABC.M la diém bat ky trong tam gidc. Chtrng minh:
2(MA+MB+MC)>AB+AC +BC
b) Cho tam gidc ABC.AN, BP,CQ la ba trung tuyén. Chtrng minh:

%(AN +BP+CQ)> AB+ AC +BC
Loi giai

A

B

a) Tam gidc MBCc6: MB + MC > BC
Tuwong tw: MC + MA> AC; MA+ MB > AB
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| 4

y

- =>2MA+2MB+2MC > AB+ AC +BC
= 2(MA+MB+MC)> AB+AC +BC
b) Goi G la trong tdm ctia tam giac. Ap dung cau a ta co:

2(GA+GB+GC)> AB + AC +BC
Co: GAngN;GBngP;GC =ECQ
3 3 3

Thay vao trén duoc:

2(§AN +%BP +%CQ)> AB+ AC + BC

:%(AN+BP+CQ)>AB+AC+BC

Cau 39. Cho tam gidc can ABC, AB = AC.Trén tia d6i cta cac tia BC,CB14ay theo thu tw
hai di€m D va Esao cho BD =CE.

e) Chtmg minh tam giac ADE 1a tam gidc can

f) GoiM la trung di€ém ctia BC.Chting minh AM Ia tia phan giac cua DAE

g) T Bva Cveé BH,CK theo thit ty vuong goc véi AD, AE. Chitng minh BH =CK
h) Chting minh 3 duong thang AM, BH,CK gép nhau tai 1 diém.

Loi giai

A

D B
O

e) AABC cannén ABC = ACB = ABD = ACE
Xét AABD va AACE c6: AB = AC(gt); ABD = ACE (cmt); DB = CE(gt)
— AABD = AACE(c.g.c) = AD = AE => AADE can tai A

f) Xét AAMD va AAME c6:
MD = ME (DB = CE; MB = MC); AM chung; AD = AE(cmt)

TAI LIEU TOAN HQOC
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= AAMD = AAME(c.c.c) = MAD = MAE
Vay AM 1a tia phéan gidc cua DAE
g) Vi AADE can tai A (cm cau a) nén ADE = AED
Xét ABHD va ACKE c6: BDH = CEK (do...ADE = AED); DB = CE(gt)
= ABHD = ACKE(ch—gn) = BH =CK
h) Goi giao diém cua BH va CK'1a O
Xét AAHO va AAKO c6: OA canh chung;
AH = AK(AD = AE,DH = KE(doABHD = ACKE))
= AAHO = AAKO(ch —cgv)
Do d6 OAH = OAK nén AO 1 tia phan giac ctia KAH hay AO la tia phan giac ctia DAE
, mit khéc theo cau b) AM Ia tia phén gidc cia DAE
Do d6 AO = AM, suy ra ba duwong thang AM, BH,CK cit nhau tai O.
Bai 40. Cho tam giac ABC can tai A (/B\ =C =40° ) Ké phéan giac BD(D e AC).Trén tia
ABlay diém M sao cho AM =BC
a) Chung minh BD + AD =BC
b) Tinh AMC

Loi giai

N
a) Tt Dké DE//BC, trén BC 14y diém F sao cho BD = BF (1)
Chtmg minh dugc DE = BE (tam gidc BED cén)
Do tam gidc AED cannén AD = AE = BE=CD = DE=CD

Tam gidc BDF céan c6 D/ﬁ =20%nén B/liB -80° = D/F\C =100°
— DFC = EAD =100°
Vay ADFC c6 FDC = 40°

THCS.TOANMATH.com TAI LIEU TOAN HOC




Chting minh duwoc: AADE = AFCD(g.c.g)= AD=CF (2)
Ttx (1) va (2) suy ra dfcm
b) Dung tam gidc déu AMN sao cho N va C ¢ cling mot phia so véi AB
Vi AC chung; BC = AN (= AM ); ACB = CAN = 40°
= ABAC =ANCA= AC =CN = AB
Vay MC la trung trgc cia AN nén AMC = % AMN = 30°
Céau 41. Cho tam gidc ABC vuong 6 A c6 AB =6cm, AC =8cm va duong cao AH . Tia

phéan gidc cua BAH cét BH tai D. Trén tia CAlay diém K sao cho CK = BC.
a) Ching minh KB//AD
b) Chiing minh KD L BC
¢) Tinh do dai KB
Loi gidi

B D H

a) Chung minh KB//AD
BAC =90° = BAD + CAD =90°, AH 1 BC = AAHD vuéng 6 H
— HAD + ADH =90°ma BAD = HAD (vi AD 14 phan gidc ctia BAH)
oA
Nén CAD = ADH = AACD can 6 C=> CAD = 280 —C

e 0 p— -
CK = BC(gt) = ACBK can 6 C=> CKB = 20 —¢
Do d6 = CAD = CKB = KB/ /AD
b) Chung minh KD L BC
KC = BC(gt); AC = CD(AACD can & C)=> DB = KA (1)

TAI LIEU TOAN HQOC
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I ACBK canoC=>DBK = AKB  (2)

Tue (1) va (2) = ABKD = AKBA(c.g.c) = BDK = KAB =90° = KD L BC
¢) Tinh do dai KB
Lap ludn tinh ding BC? = AB* + AC* =6° +8° =10 = BC =10
AACD can6 C=CD=AC=8=BD=BC-CD=10-8=2
ABKD = AKBA(cmt) = KD = AB =6
KD L BC = AKDB vuéng 6 D=> KB? = KD? + BD? = 6% + 22 = 40 = KB =+/40
Céu 42. Cho tam giac ABC ¢6 Atir. Ké AD L ABva AD = AB (tia AD nam gitra hai tia
ABva AC).Ké AE L ACva AE = AC (tia AE nam gitra hai tia ABva AC).Goi M 1a
trung diém ctia BC.Chting minh rang AM L DE.
Loi giai
A

E F 3

Trén tia d6i ctia tia MA14y diém F sao cho MF = MA= AAMB = AFMC(c.g.c)
— AB=AD =CF(); ABM = FCM (2)
Tw (2)=> CF / /AB = FCA + BAC =180°(3)
AD L AB = BAE + EAD = BAD =90°, AE L AC = CAD + EAD = CAE =90"
— BAE + EAD + CAD + EAD =180° <> BAC + EAD =180°(4)
Tw (3), (4) = FCA = EAD = AADE = ACFA(c.g.c) = AED = CAF
Ma CAF + FAE = CAE =90°nén = AED + FAE =90°hay AEK + KAE =90°
= AAKE vuong tai K= AM L DE
Céu 43. Cho tam giac nhon ABC.Vé phia ngoai cia tam giac vé cac tam gidc vudng can
ABE, ACF vudng 6 B va C. C6 AH vudng gdc v6i BC, trén tia ddi ctia tia AH 18y diém I
sao cho Al = BC.Chtng minh:

a) AABI =ABEC
b) Bl =CE va Bl vudng géc vsi CE
¢) Ba duong thang AH,CE, BF cit nhau tai mot diém

THCS.TOANMATH.com TAI LIEU TOAN HOC




Loi giai

a) Ta cé: IAB =180° — BAH =180° —(900 - Ms\c) ~90° + ABC = EBC
— AABI = ABEC(c.g.c)
b) AABI = ABEC (cau a) nén Bl = EC (hai canh twong ting)
ECB = BlAhay ECB =BIH
Goi giao diém cta CE véi AB1a M, ta cé:
MCB + MBC = BIH + IBH =90° = BMC =90°
Do d6 CE L Bl.Chtng minh twong tw BF L Cl
c) Trong tam giac BIC : AH,CE, BF 1a ba dwong cao. Vay AH,CE, BF déng quy tai

mot diém.

Cau 44. Tam giac ABC can 6 B 6 ABC =80°1 11 mot diém nam trong tam gidc, biét
IAC =10°,va ICA=30".Tinh AIB

Loi giai

K
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AABC can 0B, ABC =80°nén BAC = BCA=50"

Vi IAC =20°, ICA=30"nén 1AB =40, ICB = 20°

Vé tam gidc déu AKC (K va B thudc ctiing mot ntta mit phang bo AC)
Ta c6: BAK = BCK =10°

AABK = ACKB(c.g.c) = BAK = BCK =30°

AABK = AAIC(g.c.g) = AB = Al

AABI can o A= AIB = 70°

Céu 45. Cho tam giac ABC ¢6 B <90°va B=2C.Ké duong cao AH.Trén tia d6i cta tia
BAlay diém Esao cho BE = BH.Puong thang HE cat AC tai D.
1) Chtng minh BEH = ACB
2) So sanh d6 dai ctia ba doan thang : DH,DC va DA
3) Lay B'sao cho H la trung diém ctia BB'. Tam giac AB'C la tam gidc gi ? Visao ?
4) Chtng minh: Néu tam giac ABC vudng tai A thi DE* = BC? — AB?
Loi gidi

A

N

E
1) Tam gidc BEH can taiBnén E = H, ma 2C = ABC =E + H, = 2E..
Vay BEH = ACB
2) Chiing to duoc ADHC can tai D nén DC = DH (1)
Chiing minh duge: DAH =90° —C, DAH =90° — H,
Suy ra DAH = AHD => ADAH can tai Dnén DA=DH  (2)
Tir (1) va (2) ta cé: DC = DH = DA
3) AABB'can tai Anén AB'B=ABB'=2Cma AB'B=A +C
Vay 2C=A +C = A =C = AAB'C can tai B'
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4) Ching minh dugc: AABC vudng tai A thi A/BE =60°, /@ =30°
Chting minh duoc: AAHC = ADAE = DE = AC
Do AC?=BC? - AB’tird6 DE* = BC* — AB’
Céu 46. Cho tam gidc ABC,M 1a trung di€m BC. Trén tia d6i cta tia MA 1ay diém E sao
cho ME = MA. Chting minh rang:
a) AC=EB,AC//BE
b) Goilla mot diém trén AC, K 1a mdt di€ém trén EB sao cho Al = EK.Chitng minh
rang |,M, K thang hang
¢) TirEké EH 1 BC(H e BC). Biét HBE =50°, MEB = 25 Tinh HEM va BME

Loi giai

A

a) Xét AAMC va AEMB c6: AM = EM (gt); AMC = EMB (d6i dinh);
BM = MC(gt) nén AAMC = AEMB(c.g.c) = AC = EB

b) Vi AAMC =AEMB = MAC = @, ma 2 goc nay O vi tri so le trong \
Suy ra AC//BE

Xét AAMI va AEMK c6: AM = EM (gt); MAI = MEK (AAMC = AEMB)
Nén AMI = EMK ma AMI + IME =180° (ké bu)
— EMK + IME =180° = |, M, K théng hang
¢) Trong ABHE(ﬁ =900)cé HBE =50°
— HBE =90° — HEB =90° - 50° = 40°
— HEM = HEB — MEB =40° — 25° =15°
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BME Ia goc ngoai tai dinh M caia AHEM
Nén BME = HEM + MHE =15 +90° =105°
(dinh ly géc ngoai ctia tam gidc)
Cau 47. Cho tam giac ABC c6 AB < AC.Trén tia ddi ctia tia CAlay diém D sao cho
CD = AB.Goi | 1a giao diém cdc duong trung truc cia BC va AD
a) Ching minh AAIB =ADIC

b) Chiing minh Al 1a tia phan gidc caa BAC
1
c) Ké IE vudng goc voi AB,chimg minh AE = > AD

Loi giai

I D
a) Vi |12 giao diém cic dudng trung truc cia BC va ADnén 1B =1C,I1A=ID
Laic6 AB=CD(gt), do dé AAIB =ADIC(c.c.c)
b) AAIDcan 61, suy ra DAl =D
AAIC = ADIC (cau a)=> BAI = D, do d6: DAI = BAI
Vay Al 1 tia phan gidc cia BAC
o) Ké IP L AD, ta c6: AAIE = AAIP (canh huyén - g6c nhon)

= AE =APma AP = % (vi P 1a trung diém AD)

Suy ra AE = % AD
Cau 48.

Cho tam gidc ABC c6 B < 90°. Trén nita mit phang c6 chita Abd BC, vé tia Bx

vudng goc voi BC, trén tia d6 18y diém D sao cho BD = BC.Trén nita mit phang cé chira
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Cbo AB,vé tia By vudng goc voi BA, trén d6 18y diém E sao cho BE = BA.Chting minh

rang:
a) DA=BC
b) DALEC

Loi giai

a) Xét AABCva AEBC c6: AB = BE; ABD = EBC (ciing bing 90° — ABC)
BD = BC = AABD = AEBC(c.g.c) = DA=EC
b) Goi giao diém caa DAvéi BC va EC theo thir tyw la Hva K
Ta c6: AABD = AEBC(cmt) = ADB = ECB = BDH = KCH
ADBH va ACKH c6: BDH = KCH, DHB = CHK = DBH = CKH
Do DBH =90°nén CKH =90°. vay DA L EC
Ciu 49. Cho tam gidc ABC c6 A =120°.Cac duong phan gisc AD va BE, tinh s§ do cua

goc BED
Loi giai

B

Goi AX1a tia ddi cua tia AB ta co: BAD = DAC = 60°
Xét AABD c6 AE 1a tia phan giac gbc ngoai ctia dinh A
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~ BE la phan gidc ctia goc B chiing cit nhau tai E nén DE 1a phén gidc géc ngoai ctia D, do
6 @zf)\l—/B\l= ADC - ABC _ BAD
2 2

Cau 50. Cho tam giac ABC can tai A, BH vudng géc v6i AC tai H. Trén canh BC lay
diém M bat ky (khac Bva C). Goi D, E,F la chan duong vudng goc ha tt M dén
AB, AC,BH

a) Ching minh ADBM =AFMB

b) Chuing minh khi M chay trén canh BC thi tong MD + ME ¢6 gi4 tri khong d6i

c) Trén tia doi cua tia CAlay diém K sao cho CK = EH.Chtng minh BC di qua

trung diém cta DK.

=30°

Hudéng dan giai

A
D
Q
K

a) Chtng minh dwgc ADBM = AFMB(ch — gn)
b) Theo cau a ta c6: ADBM = AFMB(ch — gn) = MD = BF (1)
Chtmg minh AMFH = AHEM = ME =FH (2)
Tw (1) va (2) suy ra MD + ME = BF + FH = BH
BH khong d6i = MD + ME khong d6i (dpem)
c) vVé DP L BCtai P, KQ L BCtaiQ, goi | 1a giao diém cta DK va BC.
+Chting minh : BD = FM =EH =CK
Chtrmg minh ABDP = ACKQ(ch —gn) = DP = KQ (hai canh twong ting)
Chting minh IDP = IKQ = ADPI = AKQI (c.g.c) = ID = IK (dfcm)

Cau 51. Cho tam gidc ABC vuong tai A, tia phan giac ABC cit AC tai D. Trén canh BC
1ay diém E sao cho BE = BA. Chitng minh rang:

a) DA=DE

b) DA<DC

¢) DB*+DC?=2DE*+EB*+EC”

Huéng dan giai
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E C
a) Chtng minh dugc AABE = AEBD(c.g.c) = DA=DE

b) AABE =AEBD(cmt) = A= E =90°
Trong AEDC c6 DE < DC hay AD < DC

¢) DB?+DC? :(F82 + ED2)+(ED2 + ECZ): EB? + EC? + 2ED?
Céu 52. Cho tam giac ABC c6 A=3B=6C

a) Tinh s do cac goc cua AABC

b) Ké AD L BC(D € BC). Chting minh: AD <BD <CD

Hudéng dan giai

A
1 2
B pH C
~ ~ ~ N 5 ~ i\ 5 ~ 0
o Te Ac3Bo6CoA_B_C_A+B+C 1800,y
6 2 6+2+1 9

— A=120°,B =40°,C = 20°
vay A=120° B =40°,C = 20°
b) Trong AACD cé:
ADC =90°,C =20° = A, =70° = A =50°
Xét AABD c6 B =40° > C =20° = AB < AC = AB? < AC’(*)
Ap dung dinh ly Pytago cho hai tam giac vuong ADB, ADC cé:
AB? = AD* + BD’va AC? = AD? +CD?
Do d¢, tr ()= AD? + BD? < AD?* + CD* = BD* <CD* = BD <CD (2)
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T (1) va(2) => AD<BD<CD
Bai 53. Cho tam gidc ABC can ¢ A. Trén canh AB 14y diém M, trén tia d8i cua tia CAlay
diém N sao cho AM + AN =2AB
a) Chung minh rang: BM =CN
b) Chitng minh rang: BC di qua trung diém ctia doan thang MN
¢) Duong trung triec cia MN va tia phéan giac cua BAC cét nhau tai K. Chting minh
rang KC L AC

Hudng dan giai

A

a) Theo gia thiét, ta co:
2AB=AB+ AB=AB+ AM + BM
AM + AN =AM + AC +CN, AABCcano A= AB=AC

Do d6, tit AM + AN =2AB = BM =CN
b) QuaMké ME//AC(E eBC)

AABC can & A=> ABME can 6 M= EM = BM =CN
— AMEI = ANCI(g.c.g) = IM = IN

Vay BC di qua trung diém cuia MN
¢) K thudc dudong trung tree cia MN = KM = KN (1)

AABK = AACK (¢.g.C) = KB = KC(2); ABK = ACK (*)
Két qua chirng minh cau a: BM =CN(3)
Tir (1),(2),(3) = ABMK = ACNK (¢ — ¢ — ¢) = ABK = NCK (**)

— —— 180°

Tir (") va (**)=> ACK = NCK =

=90° = KC L AN
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Cau 54. Cho AABC nhon. Trén nita mit phang bo AB khong chita diém C dung doan
~ thing AD vudng géc véi AB va AD = AB.Trén nita mit phing bo AC khéng chira diém
B dung doan thang AE vudng géc voi AC va AE = AC.

1) Chting minh rang: BE =CD

2) Goi M la trung diém ctia DE, tia MAcat BC tai H. Chttng minh MA 1 BC

3) Néu AB=c, AC =h,BC =a.hay tinh d9 dai doan HC theo a,b,cC

Hudéng dan giai

N

H C

1) Tac6: DAC = DAB + BAC (vi tia AB nim gitta hai tia AD, AC)
Ma BAD =90°(Vi AB L AD tai A) nén DAC =90° + BAC(2)

Ta cé: BAE = CAE + BAC (vitia AC nam gitra hai tia AB, AE)
Ma CAE =90°(Vi AE L AC tai A) nén BAE =90° + BAC(2)
T (1) va (2) suy ra BAE = DAC
Xét AABE va AADC c6: AB = AD(gt); BAE = DAC (cmt): AE = AC(gt)
Do d6 AABE = AADC(c.g.c) = BE =CD (hai canh twong ting)

2) Trén tia d6i cua tia MA14y diém N sao cho M la trung diém AN
T D ké DF vuodng goc voi MAtai F
Xét AMAE va AMDN c6: MN = MA(vé thém); AME = DMN (cmt); ME = MD(gt)
= AMAE = AMND(c.g.c)
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I Suy ra AE = DN va NDM = MEA

Ma NDM va MEAG vi tri so le trong nén AE / /DN => ADN + DAE =180°(trong ciing
phia) (3)

Ta lai c6 : DAE + DAB + BAC + EAC = 360°

Hay DAE + BAC =180°(do....DAB = EAC =90°) (4)

Tt (3) va (4) = ADN = BAC

Ta co: AE = DN (cmt); AE = AC(gt)nén AC = DN

Xét AABC va ADAN c6: AB = AD(gt); ADN = BAC(cmt); AC = DN (cmt)

— AABC = ADAN(c.g.c) = DNA = ACB hay DNF = ACB

Ta c6: DAF + BAD + BAH =180°(F, A, H théng hang)

Hay DAF + BAH =90°(Do....|3/AT3 =9o°)(5)

Trong AADF vudng tai F c6 FDA + DAF =90°(hai géc phu nhau) (6)
Tt (5), (6) = FDA = BAH
Ta c: ADN = NDF + FDA(vi tia DF nim giita hia tia DA, DN)
BAC = HAC + BAH (vi tia AH nim gitta hai tia AB, AC)
Ma ADN = @E; FDA= B/Aﬁ(cmt)nén NDF = HAC
Xét AAHC va ADFN c6: NDF = HAC (cmt); AC = DN (cmt); DNF = ACB(cmt)
— AAHC = ADFN(g.c.g) = DFN = AHC ma DFN =90°(vi DE L MAtai F)
Nén AHC =90° = MA L BC tai H (dfcm)
3) MA L BC tai H nén AAHB, AAHC vuong tai H

Pit HC = x= HB =a — X (vi H nam gitta B va C)
Ap dung dinh ly Pytago cho 2 tam gidc vudng AHB, AHC ta cé:
AH? = AB* —BH’va AH® = AC* —-CH’
= AB*-BH?=AC?’-CH?’=c*-(a-x)" =b? —x*
Ttr @6 tim duoc: HC =X = M
2a

Cau 55. Cho tam giac ABC, trung tuyén AM.Goi I 1a trung diém ctia doan thang AM, BI
cit canh AC tai D

a) Chung minh AC =3AD
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b) Chtng minh: ID = % BD

Hudng dan giai

A

B M C

a) Goi Elatrung diém CD trong tam gidc BCDnén ME 1a duong trung binh
= ME //BD.
Trong tam gidc MAE ¢4 | 1a trung di€m ctia canh AM (gt) ma ID / /ME(gt)

Nén D la trung di€ém cua AE = AD = DE (1)
Vi E la trung diém caia DC = DE =EC (2)

Sosénh (1)va (2) = AD = DE = EC = AC =3AD
b) Trong tam gidc MAE, ID la duwong trung binh (theo a)= ID = % ME(1)

Trong ABCD, ME 1a duong trung binh = ME = % BD(2)

Tir (1) va (2) = |D=%BD.

AB 3
CAu 56. Cho tam gidc ABC vuong tai Avdéi A2 va BC =15cm.Tia phan gidc goc C

cit ABtai D.Ké DE L BC(E € BC).
a) Chung minh AC =CE
b) Tinh do dai AB, AC
¢) Tréntia ABI4y diém F sao cho AF = AC.Ké tia Fx L FAcét tia DE tai M. Tinh
DCM

Huéng dan giai
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D
C
B
E
M
K
a) Chtg minh duoc AACD = AECD(ch - gn) = AC =CE
- AB® AC® AB°+AC’_BC® 1%’ _g

9 16 9+16 25 25
= AB®=9.9=81=> AB=9cm
AC?=9.16=144 = AC =12cm
c)Ké Cy L Fxcatnhau tai K
Ta thdy AC = AF = FK =CK =CE va ACK =90’
Chtmg minh duwgc ACEM = ACKM (ch —cgv) = ECM = KCM (2 gbc twong tng)
Ma DCM = DCE + ECM %ﬁ =%.9o° = 45"
Cau 57. Cho tam gidc ABC vuodng can tai A, M la trung diém cua BC.L&y di€m D bat ky
thudc canh BC.H va I thit tw 1a hinh chiéu caa Bva C xudng duong thang AD. Duong
thang AM cat Cl tai N. Chitng minh rang:
a) BH =AlI
b) BH?+Cl?c6 gié tri khong doi
¢) DPuong thang DN vudng goc voi AC.
d) IM Ia phan gic cia HIC

Hudéng dan giai
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a) AAIC = ABHA= BH = Al
b) BH2+CI2=BH?+ AH? = AB?
¢) AM,Cl 1a hai duong cao cat nhau tai N = N 1a triee tam = DN L AC
d) ABHM =AAIM = HM = MI va BHM = IMA
Ma IMA+ BMI =90° = BMH + BMI = 90°
= AHMI vuéng can = HIM = 45°
Ma: HIC =90° = HIM = MIC = 45° = IM 1a phan gi4c HIC

Cau 58. Cho tam giac ABC ( BAC < 90° ), duong cao AH. Goi E; F Ian luot la diém d6i xiing
cta H qua AB; AC, duong thang EF cat AB; AC lan luot tai M va N. Chiing minh rang;
a. AE=AF;
b. HA la phan giac cta MHN ;
c. CM // EH; BN // FH.
Huéng dan giai
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a) Vi AB la trung tric cia EH nén ta c6: AE = AH (1)

Vi AC Ia trung triec cia HF nén ta c6: AH = AF (2)

Tt (1) va (2) suy ra: AE = AF

b) Vi M € AB nén MB la phan gidc EMH = MB la phan gidc ngoai géc M ctia tam
giac MNH

ViN € ACnénNC1a phan giac FNH =NCla phan giac ngoai géc N cua tam
giac MNH

Do MB; NC cat nhau tai A nén HA 1a phan gidc trong géc H ctia tam gidc HMN hay
HA la phan giac cta MHN .

¢) Ta c6 AH L BC (gt) ma HM la phan giac MHN =HB la phan gic ngoai goc H
cta tam giac HMN

MB la phan gidc ngoai goc M cuia tam giac HMN (cmt) = NB la phan gidc trong goc
N ctia tam gidc HMN

= BN _L AC ( Hai duong phan giac cua hai goc ké bu thi vuoéng goc véi nhau). =
BN // HF ( cung vudng goc véi AC)

Chiing minh twong tu ta c6: EH // CM

Céau 59. Cho A ABC nhon 6 géc A bang 60°. Phan giéchB\C cat AC tai D, phan giac

ACB cat AB tai E. BD cat CE tai L.
a) Tinh s6 do gdc BIC.
b) Trén canh BC 14y diém F sao cho BF = BE. Chting minh ACID = ACIF.
c) Trén tia IF 14y di€m M sao cho IM = IB + IC. Chting minh ABCM 1a tam giéc déu.

Hudng dan giai
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1
a) BD la phan giac caa goc ABC nén Bi=B:= EABC

1
CE la phan giac cta géc ACB nén Ci=Cz= EACB

Ma tam gidc ABC c6 A+B+C = 180° suy ra 60° + ABC+ACB = 180°
= ABC+ACB = 120" = Bx+Ci=60° = BIC = 120°
b) ABIE = ABIF (cgc) = BIE = BIF
BIC =120° = BIE=60° = BIE = BIF = 60°
Ma BIE + BIF + CIF = 180° = CIF = 60°
CID = BIE = 60° (d.d) = CIF = CID = 60°
= ACID = ACIF (g.c.g)
c) Trén doan IM 18y diém N sao cho IB=IN = NM =IC
= ABIN déu = BN =BI va BNM = 120°
= ABNM = ABIC (c.g.c)
= BM=BCvaB:=B: = ABCM déu
Cau 60. Cho tam giac ABC, AD la tia phan gidc cuia goc A va B>C.
a) Chirng minh réng ADC - ADB=B-C.
b) V& duong thing AH vuong géc BC tai H. Tinh ADB va HAD khi biét B-C =40°
c) V& duong thang chita tia phan giac ngoai ctia goc dinh A, né cat dwong thang BC

— —— B-C

tai E. Chtng minh rang AEB = HAD = —
Hudng dan giai

A

Ee

a)
ADC =B+BAD ( gbc ngoai AABD) (1)
ADB=C +CAD ( gc ngoai AADC) (2)

Ma AD la phan gidc goc BAD nén BAD = DAC (3)
Tt (1), (2) va (3) suy ra dpcm
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b)

Ta co:

ADC — ADB =B-C =40°
ADC + ADB =180°

—, ADC =180 +40° _ 1100 ADB = 70°
— AHD = 20°

<)

Ta c6 AD, AE 1a hai tia phéan giac ctia hai goc ké bu dinh A nén ADLAE

Xét AAED

Xét AAHD
Mat khac

ta co: @+ﬁ =90° 4)
ta co: %+ﬁ=900 (5)

ADB=C+DAC =C +

A +B+

A
> — =
2

—

ADB =

o~ —

SAc_c. A
2

C = 180°
B+C

20° —
2

B+ C

C +90° —

— —~

C_B+9o°

B;C+;:—ID\B=9O°(6)

Tk (4), (5)

va (6) suy ra dpcm
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