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uén sach 200 BAI TOAN VAN DUNG — VAN DUNG CAO Ia mén qua tam huyét

nhat trong ndm hoc nay cua cd. Day la mén qua c6 mudn tdng cho tat ca cac

em hoc sinh da va dang theo déi co trén fan page “Hoc toan ¢ Ngoc Huyén
LB” nhan dip Giao Thuia chuyén sang nam mdi Tan Stu. Dac biét c6 mudn gui t6i tat
ca cac ban hoc sinh “VE BICH 9 + TONG ON VA LUYEN 150 DE:

“Giai doan ra Tét sé rat khac liét, vi cac em vira phdi gong minh Luyén de,
vira phdi nghién ngam lai cac bai VD-VDC va ki thudt Casio nhung cé tin rang
khoa Vdn Dung — Vdn Dung Cao ma ¢ cho trién khai tir 1/3 téi sé gilp cac em
qua giai doan ndy mét cach ngogn muc nhat. Ngoai viéc sang loc nhing cau VD
— VDC tir hon 200 dé thi thiz méi nhdt, c¢6 con bé sung thém nhiing cau TH-NB
ma cac em hay nhdm ldn niza. Tdt ca sé dwoc quay video chi tiét nhat va sé dwoc
lam file chi tiét niza. Ngoai ra, nhitng ban gia nhdp VE PICH 9+ sau thi chi can
tdp trung vao nhing tinh hoa ma cé da sang loc ra tir cdc dé da thi trong khda VD-
VDC. Khéng can thiét phdi xem lai ca dé dai 1é thé .

1 dé co thé khong gioi, 10 dé c6 thé chua gioi, 100 dé co thé chua thuc su gioi, nhung

trai qua 150 dé thi co tin chung ta sé chinh phuc dudc moi canh cong Dai Hoc!

Cudi cung, c6 mong cac em hay kién dinh muc tiéu da dinh, hay ghi chdt né va xong

|én chinh phuc n6 cung c6!

Co tin, chang ta sé lam dugc!



©Neu toi quyeét lam gi, (0 sé lam no mot cach that ngoan muc hodc

[0i sé khong lam gi cd’.
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A N S o A \ N ax +b
Cau 1: Biét rang ton tai cac sO nguyén a,b sao chohamsd y =

dat gia tri nho nhat, gia tri 1on nhat

x*+1
déu 1a cac s8 nguyén va tap gid tri ctia ham s& da cho chi ¢6 dting 6 s6 nguyén. Gia tri ctia a* + 2b* bang
A. 36. B. 34. C.41. D. 25.
Cau 2: Choham sd y = f(x) Ham s6 y = f’(x) c6 bang bién thién nhu sau

X | —m -1 3 +m
_r 0 — P
7(x) _— _—
o > 3
Bat phuwong trinh f (3 - 4x) <e”™* +2m ding véi moi x e (i ,Zj khi va chi khi
1 f(2) 1 f(-2) 1
A. me(—Z)—e—z. B.mz=——=——c C.mz—=—-—. D. m> f(2)-¢".

A Y ~ 1 . .7 . 7 A, .7 . 2 A, 2 \ ~ A
Cau 3: Choham s6 y = X2 —Z(m + —jx +m (m # O). Goi gia tri 16n nhat, giad tri nho nhat ctia ham so trén
m

[—1;1] lanlwotla y,, y,. S0 gia tri cia m d€ y, -y, =8 la

A. 2. B. 0. C. 1. D. 4.
Cau 4: Gia tri tham s8 thuc k nao sau day d& do thi ham s6 y=x> —3kx* +4 cat truc hoanh tai ba diém
phan biét.

A. —1<k<1. B. k>1. C. k<1. D. k>1.

xX-y+z=3

, o aea 1A e , -2 o eia
Cau 5: Cho cac s thue x,y,z thoaman dieukien ¢ |, © | . Héibiéu thitc P = Xty c6 thé nhan
X +y +z"=5 z+
bao nhiéu gia tri nguyén?
A. 2. B. 1. C. 3. D. 4.

Cau 6: Chohams6 y=f (x) lién tuc trén R \[—2; 2] va c6 bang bién thién nhu sau:

X | —©0 2 2 3 +00
y = - 0 +
al
+00 +oo —0
—oo 2018

S8 nghiém ctia phuong trinh | £(2018x —2019)|=2020 1a
A. 2. B. 1. C. 4. D. 3.
Cau 7: Cho ham s6 y = f(x) =x° —(Zm—l)x2 +(2 —m)x+2 . Tap tat ca cac gia tri cia m d€ d6 thi ham s6

7 « A7 . \ a & \ 4 ~ A \ a \ A ~ A .2 4
y= f(|x|) c6 5 diém cuc trila (E;cJ voi a, b, ¢ la cac sO nguyén va ’ la phan so toi gian. Tinh a+b+c.

A. a+b+c=11. B. a+b+c=8. C. a+b+c=10. D. a+b+c=5.
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Ngoc Huyén LB The Best or Nothing

Cau 8: Cho ham s6 f(x) thoa man [xf’(x)]2 +1=x" [1—f(x).f”(x):' voi moi x duwong. Biét
f(1)=f(1)=1 tinh £*(2).

A. f2(2)=In2+1. B. f2(2)=+In2+1. C. f(2)=2mn2+2. D. f2(2)=+2In2+2.
Cau 9: Tim tit ca gid tri cua tham s6 thuc m d€ phwong trinh
2log, (x + 2) +log, (x - 2)2 =2log, (2x2 —6x+ m) c6 dung hai nghiém phan biét.

A. me(-20;4). B. me(-20;4)u(57). C.me(5+x). D. me[-20;4)U(57).
Cau 10: Choham s y=x—3x+2(C). Biét rang duong thang d:y=mx+1 cat (C) tai ba di€ém phan
biét A,B,C. Ti€p tuyén tai ba diém A,B,C cua do thi (C) cit d6 thi (C ) Ian luot tai cac diém A’,B’,C’
(twong tng khac A,B,C) . Biét rang A’, B',C'thang hang, tim gia tri ctia tham s8 m d€ duong thang di
qua ba diém A’,B’,C’ vudng goc véi duong thang A :x +2018y —2019=0.

:—1009 . B. m:—1009 . C. m=—2009 . D. m:—2019 .
2 4 4 4
2x+1
x+1

A.m

Cau 11: Choham s6 y =

c6 do thi (C) . Tiép tuyén tai M(x

O;yo)(x0 < O) ctua d6 thi (C) tao véi hai
duong tiém can caa do thi (C ) mot tam giac ¢ ban kinh duong tron noi ti€p 16n nhat. Gia tri biéu thic
T =2018x, + 2019y, bang

A. T=2021. B. T=2016. C. T=2018. D. T=2019.
Cau 12: Chohams6 y=x"-3x+ 1(C ) . Biét rdng ton tai hai tiép tuyén cta d6 thi (C ) phan biét va c6 cung
hé s8 goc k, dong thoi duong thang di qua céc tiép diém ctia hai tiép tuyén d6 tao véi hai truc toa dd mot

tam giac can. Goi S la tap cac gid tri cua k thoa man diéu kién trén, tinh tong cac phan t cta S.

A. 3. B. 9. C. 12. D. 0.
Cau 13: Cho cac s6 thue duong x,y,z théa man e < e(x+y+z). Tim gia tri nho nhat ctia biéu thuic
P= 4 >+ 4 + iS .
(x - z) Xz .y
A. 108. B. 106. C. 268. D. 106.

Cau 14: Ham s6 y = |x —2|(x2 + 1) cO bao nhiéu diém cuec tri?

A. 0. B. 1. C.2. D. 3.
~ , , 2|x| -1
Cau 15: Tim tat ca cac gia tri thuc ctia tham s6 m dé phwong trinh ||—2 =m cd 2 nghiém phan biét.
x|+
A. me[l;gj. B. me(—Z;%j. C. me(0;3). D. me(—%;Zj.

Cau 16: Cho ham sd f(x):x3—12x2+ax+b dong bién trén R, thoa man f(f(f(S))):?) va

f(f(f(f(4))))=4. Tim £(7).

A. 31. B. 32. C. 33. D. 34.
Cau 17: Cho ham s60 y=ax’+bx’+cx+d (a=#0) dat cuc tri tai cdc diém x,,x, thoa man
X, € (—1;0) ;X, € (1,'2). Biét ham s dong bién trén khoang (x1 ;X ), db6 thi ham s6 cit truc tung tai diém c6
tung d6 duwong. Khang dinh nao dwéi day dting?

A.a<0,b>0,c>0,d>0. B. 1<0,b<0,c>0,d>0.

4 | Hé thong giao duc truc tuyén ngochuyenlb.edu.vn
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C.a>0,b>0,c>0,d>0. D. a<0,b>0,c<0,d>0.

Cau 18: Cho ham s6 y=f (x) c6 dao ham tai x=1. Goi 4,,d, lan luot 1a ti€p tuyén cta d6 thi ham s6

y=f(x) va y=g(x)=x.f(2x-1) tai diém c6 hoanh do x =1. Biét rang hai dwong thang d, va d, vudng
g6c voi nhau. Khang dinh nao dudi day dang?
A N2 <[f(1)<2. B. |£(1)<2. C.|£(1)22v2. D. 2<|f(1)|<2v2.

Cau 19: Cho ham s§ bacba f(x) va g(x)=—f(mx+n) (mneQ) c6 do thi nhu hinh vé dudi day

ORI |
8()
3l I
! 1
Ak OA /
/ / 2 x / x
/ SIEN /
1 N
I
Biét ham s6 g(x) nghich bién trén khoang c6 d¢ dai bang 5. Gid tri biéu thirc 3m+2n 1a
A.-5. B. —E. C. E D. 4.
5 5

Cau 20: Cho ham s8 y = f(x) c6 bang bién thién nhu sau.

X —0 -2 4 +00

Y + 0 - 0 +

Hamso y=f (|x - 3|) c6 bao nhiéu diém cyec tri?
A.5. B. 6. C.3. D.1.
Cau 21: Cho hai ham s8 y = f(x),y=g(x) c6 d6 thi nhu hinh vé bén. Khi d6 téng s6 nghiém cta hai

phuong trinh f(g(x))=0 va g(f(x))zo la

A.25. B.22. C. 2L D. 26.
Cau 22: Cho ham s6 y=x —11x c6 db thi la (C). Goi M, la diém trén (C) c6 hoanh d6 x, =-2. Tiép
tuyén cua (C) tai M, cdt (C) tai diém M, khac M,, tiép tuyén cua (C) tai M, cit (C) tai diém M,

Hé thong giao duc truc tuyén ngochuyenlb.edu.vn | 5



Ngoc Huyén LB The Best or Nothing
khac M,,.., ti€p tuyén cua (C) tai diem M, cat (C) tai diém M, khac M, | (neN,n24). Goi

M, (x,;y,). Tim n sao cho 11x, +y, +2*° =0.
A. n=675. B. n=673. C. n=674. D. n=672.
Céu 23: Choham s§ y = f(x) c6 dao ham trén R va f'(x)>x* +% -2x Vx>0 va f(1)=-1.Khéng dinh
nao sau day dung?
A. Phueong trinh f(x) =0 c6 1 nghiém trén (0;1).
B. Phurong trinh f(x) =0 c6 dung 3 nghiém trén (O; +oo).
C. Phuong trinh f(x)=0 c6 1 nghiém trén (1;2).
D. Phuong trinh f(x) =0 c6 1 nghiém trén (2;5) .
Céau 24: Choham s® y = f (x) c6 dao ham trén R va c6 d6 thi nhu hinh vé:

y A

N

=Y

@)
—_

-6+

Dit g(x)= 2/®) 3/ Tim s8 nghiém ctia phuong trinh g’(x) =0
A.5. B. 3. C.2. D. 6.
Cau 25: Cho phuong trinh sinx(2-cos2x) —2<2cos3 x+ m+1)\i2cos3 x+m+2=3v2cos’ x+m+2 .

’ N . N A 2
Co bao nhiéu gia tri nguyén ctua tham s6 m dé phuong trinh trén c6 dung 1 nghiém x e {O;érj ?

A. 1 B. 2. C.3. D. 4.

2x
1+x°

Cau 26: Cac gid tri thuc ctia tham s6 m dé€ bat phuong trinh (1+ Ax jm+ <3 nghiém dung véi

1+x?

moi sO thuc x la
2 2
A. me(—o0—4)u| =40 |. B. me| =;+0 |.
3 3
C. me[—4;z} D. me(—OO;—4).
3

Cau 27: Goi T la tap hop cédc gid tri nguyén ctia m sao cho trong ntta khoang (1; 2019], phuong trinh

|* ~4|x 5|+ 1-m =0 c6 hai nghiém phan biét. Khi d6 s& phan tir ctia T 1a

A. 2006. B. 2009. C. 2019. D. 2018.
Cau 28: Cé bao nhiéu gia tri nguyén a nho hon 5 d€ bat phwong trinh a(x + 4) >3—x voimoi x e [—2;1]?
A. 3. B. 2. C. 5. D. 4.

tai hai diém phéan biét E va

Cau 29: Gia sit duong thang y=x+m cat do thi (C ) cuahamsé y= 1x

F.Goi k;,k, Ian luot 1a hé s& goc cta cac tiép tuyén véi (C) tai E va F. Tim gia tri nhé nhdt minS ctia

bidu thirc S=k* +k* —3k k,.

6 | Hé thong gido duc truc tuyén ngochuyenlb.edu.vn
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A. minS=-1. B. minSz—g. C. minS=135. D. minSz—g.

Céu 30: Cho ham s6 y = f(x) c6 dao ham trén R va c6 do thi la duong cong trong hinh vé bén. Dit
g(x)= f[f(x)} . Tim s nghiém ctia phuong trinh g'(x) =0.

A.2. B. 4. C.6. D.8.
Cau 31: Cho ham s6 y=x"—6x" +9x—1 ¢ d6 thi la (C ) . Goi T la tap hop tat ca cac diém thudc duong
thdng y=x—1 ma tir diém d6 ké duoc dting 2 tiép tuyén dén do thi (C ) . Tim tong tung do ctia cac diém
thuoc T'.

A. 1. B. 0. C. 1. D. 2.

Cau 32: Cho ham s8 y=|x’ +3x% —72x+90|. Tim tong gia tri 16n nhét, gia tri nho nhat cua ham sd trén
doan [—5; 5:|.

A. 328. B. 470. C. 314. D. 400.
Cau 33: Mot manh gidy hinh chir nhat c6 chiéu dai la 12c¢m va chiéu rong la 6¢m. Thuc hién thao tac gap
gbc dudi bén phai sao cho dinh dwoc gap nam trén canh chiéu dai con lai (nhw hinh vé). Hoi chiéu dai L

toi thiéu ctia nép gap la bao nhiéu?
A. minL=6\/§cm. B. mian%cm. C. mian%cm. D. minL=9\/§cm.

Céu 34: Cho ham s8 y = f(x) c6 dao ham trén R va c6 db thi nhu hinh v&.

A

-6+

bit g(x)= 2/0) _3/™) Tim s8 nghiém ctia phwrong trinh g'(x) =0

A.5. B. 3. C.2. D. 6.
Cau 35: Cho x,y>0 va x+y =2 sao cho biéu thirc P =é+4i dat gia tri nho nhat. Khi do:
x 2y
25 17 25 13
A X+t == B. x> +y*=—. C.x*+y*==—. D. x* +y*=—.
YT T3 T3 T

Cau 36: Cho ham s8 y = x—‘i c6 db thi (C), diém M di déng trén (C). Goi d la tdng khoang cach tir M
X+

dén hai truc toa d¢. Khi d6 gia tri nhé nhét cua 4 la:

Hé thong giao duc truc tuyén ngochuyenlb.edu.vn | 7
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A. %. B. 2 -1. C. 22 -1. D. 242 -2.

Cau 37: Cho hai chat diém A va B cung bat dau chuyén dong trén truc Ox tir thoi diém +=0. Tai thoi

. C o e . 1 < P
diém ¢, vi tri ctia chat diém A duogc cho bdi x= f (t) =—6+2t _Etz va vi tri cta chat diém B dwoc cho

boi x=g(t)=4sint . Biét tai ding hai thoi diém t, va t, (¢, <t,), hai chét diém c6 van tSc bing nhau. Tinh

theo t, va t, d¢ dai quang duong ma chat diém A da di chuyén tir thoi di€ém ¢, dén thoi diém ¢, .

A. 4—2(t1+t2)+%(tf+t§). B. 4+2(t1+t2)—%(t12+t§).
1 1
C. 2(t2—t1)—§(t§—tf). D. Z(tl—tz)—z(tf—tj).

CAu 38: Cho ham s0 f(x)=x3 +3ax? +3x+3 ¢6 do6 thi (C) va g(x) =x°+3bx* +9x+5 c6 do thi (H), voi
a,b 1a cac tham so thwee. D0 thi (C ),(H ) c6 chung it nhat 1 diém cuc tri. Tim gia tri nho nhat ctia biéu thac
P =|a|+2[p|
A. 2. B. 2J6 +6. D. 3+543. D. 26.
Nl-x—Vl+x Khi x <0

Cau 39: Tim tat ca cac gia tri cia m d€ ham s6 f (x): X lién tuc tai x=0.
1-x .
m+— khi x>0
1+x
A.m=1 B. m=-2 C. m=-1 D. m=0

Céu 40: Cho ham sd y:f(x) c6 dao ham lién tuc trén R, véi f(x)>0,‘v’xeR va f(O)zl. Biét rang
f'(x) + 3x(x —Z)f(x) =0,Vx eR. Tim tat ca cac gid tri thuee cua tham sd m d€ phuong trinh f(|x|) +m=0
c6 bon nghiém thye phan biét.

A.l<m<e. B. —¢® <m<-1. C. —' <m<-1. D. 0<m<e".
Cau 41: C6 bao nhiéu gia tri nguyén cua m dé€ phuong trinh sau vd nghiém:
x°+3x° +6x* —mx’ +6x% +3x+1=0.

A. V0 s0. B. 26. C.27. D. 28.

Cau 42: Cho cac s0 thuc duong x, y thdéaman: x+y =2 thi biéu thitc S = 4 + 4i dat gia tri nho nhat khi
x ay

{x - Z thi ab c6 gié trj 1a bao nhiéu?
y =

E. B. ab= é
8 64
Cau 43: Chohamso y = f(x) D06 thi cilaham sd y = f’(x) nhu hinh vé.

A.ab= C. ab=0. D. ab=

Dit g(x)=3f(x)—x". Ménh dé nao sau day diing?
A. g(-2)>g(2)>g(-1).
B. g(2)>g(-2)>g(-1)
C. g(-1)>g(-2)>2(2)
D. g(-1)>g(2)>g(-2)

8 | Heé thong gido duc truc tuyén ngochuyenlb.edu.vn
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Céu 44: Cho ham s8 f(x) c6 dao ham la f'(x). DO thi cuia ham
s6 y=f(x) <cho mnhe hinh v& Biét rang
£(2)+f(4)=f(3)+ £(0). Gia trinho nhat va gia tri 16n nhat cua
f(x) trén doan [ 0; 4] Tan luot la:

A. f(2); f(0). B. f(4); f(2).

C. £(0); £(2). D. £(2); f(4).

YA

Cau 45: C6 bao nhiéu gid tri m nguyén thudc doan [—2020; 2020] dé ham s6 y=x"-3x" —(2m—5)x+ 5

dong bién trén khoang (0;+0)?
A. 2020. B. 2022. C. 2021.
Cau 46: Cho ham s6 y :f(x) c6 dao ham trén R va

d6 thihams6 y= f ’(x) cit truc hoanh tai cac diém co
. N ,. 4 4
hoanh d0 -3;,-2;a;b;3;c;5 véi 3 <a<-1;1<b< 5;

4 <c <5 cd dang nhu hinh vé bén dudi. C6 bao nhiéu

D. 2023.

Yy

gia tri nguyén cia m d€ hamsé y = f(2|x| +m— 3) co 3 2

7 diém cuc tri?
A.2. B. 3.
C.4. D. V6 s0.

/\V 5
a O b\/%\/c 5 x

Cau 47: Choham s6 f (x) D6 thi cia ham s y = f ’(x) trén [—3;2] nhu hinh vé (phan cong cua do thi 1a

mot phan cta parabol y=ax® +bx+c).

Biét f(—3) =0, gia tri ctia f(—l) + f(l) bang

S
N_I Ne)

Az B. 2. 2
6 6 3
Cau 48: Cho ham s8 y = f(x) lién tuc trén R va c6 dd thj nhu hinh vé.
YA
16| ¥=f()
3]

A\ 4

Cé bao nhiéu gia tri nguyén ctia tham s6 m d€ phuwong trinh f (

nghiém?
A. 4. B. 5. C. V0 s6.

3sinx—cosx—1|

- 2 ;
2cosx—sinx+4|]_f(m +4m+4) ©

D. 3.

Hé thong giao duc truc tuyén ngochuyenlb.edu.vn | 9
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Céu 49: Cho s0 thwe m vaham sd y = f (x) c6 d6 thi nhw hinh vé. Phuong trinh f (2" + 2"‘) =m cO nhiéu

nhat bao nhiéu nghiém phéan biét thudc doan[—l; 2] ?

K

\
X

A.2. B.3. C.4. D. 5.
Céu 50: Cho ham s8 y = f(x) c6 dao ham trén R. D0 thi ham s8 y = f'(x) nhw hinh vé.

RY

Ny

Ham s6 y = g(x) =f (3 - 2x) nghich bién trén khoang nao?

A. (—o0;-1). B. (<1;+0). C. (0;2). D. (1;3).
Céu 51: Cho ham s y = f(x) 1L +L1+x—|x| —m|, voi m la tham s6. Goi a 1a gia tri nguyén nho nhat

X x-

cua m d€ham so cé it diém cuc tri nhat; A la gia tri nguyén 1on nhét cia m d€ ham s6 ¢6 nhiéu diém cye
tri nhat. Gid tri cia A+a bing

A. 7. B. 4. C. -3. D. 4.
Céu 52: Cho ham s6 y=f (x) xac dinh trén R\{l} , lién tuc trén mdi khoang xac dinh va cé bang bién
thién nhw hinh vé sau:

X | =0 -1 3 +00

y’ + - 0 +
2

T~ "

Cé bao nhiéu gid tri nguyén ctia tham s8 m thudc doan [-2020;2020] d&¢ phuong trinh

m® £ (x)+ 3mf (x) = (120 +7)\12m* +1+36m* +7 c6 hai nghiém phan biét?

A. 4041. B. 2019. C. 2010. D. 2021.
Céau 53: Biét rang ho db thi (C,):y=(m—3)x’ —4(m—3)x* —(m+1)x+m ludn di qua ba diém c& dinh
thang hang. Viét phuong trinh dueong thang di qua ba diém 8 dinh nay.

A, y=4x-3. B. y=—4x-3. C.y=4x+3. D. y=—4x+3.
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II. MU — LOGARIT

Cau 1: Cho cac sO thuc a4, b thdéa man %<b<a<1. Tim gia tri nho nhat cta biéu thic

16b-3

P=log

a

+16log’ a.

A. 15. B. 16. C.17. D. 18.
Cau 2: Tim cc gia tri thuc ctia tham s6 m d€ phuong trinh log? x —3log, x+2m—7 =0 ¢ hai nghiém thuc
phan biét x,x, thoa man (x1 + 3)(3(2 + 3) =72

A. mz%. B. m=3. C. Khong ton tai. D. ng.
Cau 3: D€ cap tién cho con trai tén 1a Lam hoc dai hoc, dng Anh gtri vao ngan hang 200 triéu dong véi lai
suat c6 dinh 0,7%/thang, s6 tién 1ai hang thang dwoc nhap vao von dé tinh 1ai cho thang tiép theo (thé thic
1ai kép). Cudi moi thang, sau khi chét 1ai, ngan hang sé chuyén vao tai khoan ctia Lam mot khoan tién
gidng nhau. Tinh s tién m mdi thang Lam nhan dugc tir ngan hang, biét rang sau bon ndm (48 thang),
Lam nhan hét s6 tién ca von 1an 1ai ma dng Anh da giri vao ngan hang (két qua lam tron dén dong).

A. m=5.008.376 (dong). B. m =5.008.377 (dong).

C. m=4.920.224 (dong). D. m =4.920.223 (ddong).
Cau 4: Cho phurong trinh 9" + 2(x - m)3x +2x—-2m—1=0.Goi T la tap hop tat ca cac gia tri thuc cia tham
s m sao cho phuong trinh c6 nghiém duwong. Ménh dé nao duwéi day dung?

A. T la mot khoang. B. T la mot nira khoang.

C. T la mot doan. D. T=R.

Cau 5: Cho biéu thitc A =10g(2017+ 1og(2016 +log(2015+1og( ...+ log(3+ 1og2)...)))) :
Bi€u thitc A c9 gia tri thudc khoang nao trong cac khoang dudi day?

A. (log2017;10g2018). B. (l0og2018;10g2019).

C. (log2019;10g2020). D. (log2020;10g2021) .

CAau 6: Xét sO thyee a,b thdaman b>1 va \/E <b<a. Biéu thtec P=log, a+ 2log\ﬁ (%} dat gia tri nho nhat
b

khi
A.a=b>. B. a* =0’. C. a2’ =0 D. a* =b.
Cau 7: Hoi ¢ tat cad bao nhiéu gia tri m nguyén thudc doan [—2017;2017] dé phuong trinh

(x2 - 1)log2 (xz - 1) —m, ,2(x2 - 1).Iog (x2 + 1) +m+4=0 b6 dung hai nghiém x,x, thoa man
1S|xl| S|x2| <3

A.4017. B. 4028. C. 4012. D. 4003.
Cau 8: Trong thoi gian lién tuc 25 ndm, mot nguoi lao ddong ludn gui dung 4.000.000 dong vao mot ngay
c6 dinh ctia thang 6 ngan hang M vdi 1ai sudt khong thay doi trong sudt thoi gian g tién 1a 0,6% thang.
Goi A la s6 tién nguoi d6 c¢d duoc sau 25 nam. Hoi ménh dé nao dwdi day la dang?

A. 3.500.000.000 < A < 3.550.000.000 B. 3.400.000.000 < A < 3.450.000.000

C. 3.350.000.000 < A < 3.400.000.000 D. 3.450.000.000 < A < 3.500.000.000
Cau 9: C6 Huyén gui tong cong 320 triéu dong 6 hai ngan hang X va Y theo phuong thic 1i kép. S6 tién
thit nhat giri 0 ngan hang X vdi 1ai sudt 2,1% mot quy trong thoi gian 15 thang. SO tién con lai gii 6 ngan

Hé thong gido duc truc tuyén ngochuyenlb.edu.vn | 11



Ngoc Huyén LB The Best or Nothing

hang Y véi 1ai sudt 0,73% mot thang trong thoi gian 9 thang. Tong tién 1ai dat duoc ¢ hai ngan hang la
27.507.768,13 dong (chuwa lam tron). Hoi s6 tién ¢6 Huyén gi [an lwot 0 ngan hang X va Y la bao nhiéu?

A. 140 triéu va 180 triéu B. 120 triéu va 200 triéu

C. 200 triéu va 120 triéu D. 180 triéu va 140 triéu
Cau 10: Dau modi thang bac An gtri tiét kiém vao ngan hang HD Bank mot s8 tién nhu nhau véi 1ai suat
0,45% / thang. Gia st rang lai sut hang thang khong thay ddi trong 3 ndm lién ké tir khi bac An g tiét
kiém. Hoi bac An can giri mot luong tien tdi thiéu T (dong) bang bao nhiéu vao ngan hang HD Bank dé&
sau 3 nam gui tiét kiém so tién 1ai du d€ mua duoc chi€c xe may co tri gia 30 triéu dong?

A. T=10050000. B. T =25523000. C. T =9493000. D. T =9492000.
Cau 11: Mot tinh A dua ra nghi quyét vé giam bién ché can b cong chiic trong 6 ndm tir 2017 dén 2023 1a
10,6% véi sO luong hién ¢6 nam 2017 theo phuong thiic “ra 2 vao 1” (ttc la khi giam d6i tugng huong
luong tir ngan sach Nha nudc 2 nguoi thi duoc tuyén méi 1 nguoi). Gia st ti 1€ giam va tuyén moi hang

nam so voi nam trude d6 1a nhw nhau. Tinh ti 1€ tuyén dung mdéi hang nam (lam tron dén 0,01%) 1a

A. 1,13%. B. 1,72%. C. 2,02%. D. 1,85%.
1+1 +1
Cau 12: Cho x, y la cac s8 thwe 16n hon 1 théa méan x* +9y* =6xy. Tinh M = 081 ¥ 7108 Y
2.log,, (x + 3y)
1+log,, 3y
A. M=1. B. M=—_"51°) C. M=2. D. M =log,, 6.
log,, 6

Cau 13: Cho 4,b 1a cac s6 thuc va ham so: f(x) =alog®™™ (\/x2 +1+ x) + bsinx.cos(2020x) +6.

Biét f(2020"*™)=10. Tinh P= f(-2021"*").
A. P=4. B. P=2. C. P=-2 D. P=10.

Ciu 14: Cho hai sO0 thuc a, b thoéa man %<b<a<1. Tim gia tri nho nhat caa biéu thac
1
leoga(b—zj—logax/g
b

A.P:Z. B.P:E. C.Pzg. D. P=
2 2 2

N | =
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l1I. TICH PHAN

Cau 1: Mot bién quang cao c¢6 dang hinh elip v6i bon dinh A,
A,, B,, B, nhu hinh vé bén. Biét chi phi phan t6 dam la 200 000

dong/ m? va phéan con lai la 100 000 dong/ m2. Hoi s6 tién dé€ son
theo cach trén gan nhat voi s6 tién nao duwdi day, biét
A/A,=8m, BB, =6m va ti gidc MNPQ la hinh chit nhat c6
MQ=3m?

A.7.322.000 dong. B. 7.213.000 dong.

C. 5.526.000 dong. D. 5.782.000 dong.

Céu 2: Cho ham s& g(x):]%dt v6i x>0. Tinh g'(ez).
n

A. g'(eZ)zez—Z_l. B. g'(eZ):

Céau 3: Cho ham s6 f(x) lién tuc trén R\{—l;O} thoa man x(x+1)f’(x)+(x+2)f(x):x(x+1) va

C. g’(ez)zé. D. g’(ez)=2.

1-¢*

f(1)=2In2+1.Khi d6 f(2)=a+bIn3, véi a,b1a hai s hitu ti. Tinh a+b.

A.z. B.1—5. C.Q. D.E.
16 16 16 2
Cau4:Chohamsd y=f (x) xac dinh va lién tuc trén doan [—5; 3] . Biét rﬁmg dién tich hinh ph:fmg S,.,S,,S,

gi6i han boi d6 thi ham s y = f(x) va duong parabol y = g(x)=ax* +bx +c lan lugt la m, n, p.

y A
5 |-
Ss y=8W)
0 23 M
y=f
3 N
Gia tri cta tich phan _[ f (x)dx bang
-5
A. —m+n—p—@. B.m—n+p+@. C.m—n+p—@. D. —m+n—p+@.
45 45 45 45
2
Cau 5: Tinh tich phan [ max{x,x}dx
0
A.2. B. 4. C. 1—5 D. z
4 4
. o N S T 5+(x—4)e’
Cau 6: Khoi tron xoay tao thanh khi quay hinh phang (H ) gidi han boi duong cong y = 1
xe" +

truc hoanh va hai duong thang x=0,x=1 quanh truc hoanh c6 thé tich V = n[a +bIn(e+ 1)}, trong do
a,b 1a cac s6 nguyén. Ménh dé nao dudi day dung?

A. a+b=5. B. a—-3b=-7. C.a+b=09. D. a-3b=17.
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Céau 7: Cho ham s6 f (x) = (x2 —2x—3)e”‘. Goi M,m lan lwgt la gia tri 16n nhat va gia tri nho nhat cta
ham s6 F(x) = (ax2 +bx+ c)e”‘ trén doan [—1;0} , biét rang F'(x) = f(x),Vx eR. Tinh T=am+bM +c.

A. T=2—-24e. B. T=0. C. T=3-2e. D. T=-16e.
Céu 8: Cho ham s y = f(x) lién tuc va khong am trén R thoaman f(x).f'(x)=2x/f*(x)+1 va £(0)=0.
Goi M, m lan luot 1a gid tri 16n nhat va gia tri nho nhat cia ham sd y = f (x) trén doan [1; 3]. Biét ermg gia
tri ctia biéu thttc P=2M —m c6 dang a\/ﬁ—b\jg+c,(a,b,c e Z). Tinh a+b+c

A.a+b+c=4. B. a+b+c=7. C.a+b+c=6. D. a+b+c=5.

Cau 9: Cho cac s6 thuc x,, x,, x,, x, théaman 0<x, <x, <x, <x, vaham

sO y =f(x). Biét ham s0 y =f'(x) c6 do thi nhu hinh vé. Goi M va m (N
lan luot 1a gia tri 16n nhat va gia tri nho nhat ctia ham s6 trén doan VAR A
[O; xJ. Dap 4n nao sau day dung? o \/

A.M+m=f(0)+f(x3). B.M+m=f(x3)+f(x4).

C. M+m:f(x1)+f(x2). D.M+m:f(0)+f(x1).

Cau 10: Cho 0<a#1++2 va cdc ham f(x) T za" , g(x) T —211" . Trong cac khang dinh sau, c6 bao
nhiéu khang dinh dtng?
L f(x)-g*(x)=1 IL g(2x)=2g(x)f(x).
L. f](0)]=5[ £(0)] V. g'(20)=g'(x)f(x) =(x)f'(x).
A. 0. B. 1. C. 3. D. 2.

Cau 11: Trong mit phing (P) , cho elip (E) cd do dai truc I6n la
AA’'=8 va d6 dai truc nho la BB'=6. Duong tron tam O duong kinh
BB’ nhu hinh vé. Tinh thé tich vat thé tron xoay c¢6 dwoc bang cach cho
mién hinh phéng giéi han boi duong elip va dwong tron d6 (phan hinh

phang t6 dam trén hinh v&) quay xung quanh truc AA’

A. V =36m. B. V=12n
C. V=16mn D. V:64Tn.

Cau 12: Cho ham s§ y= f(x) c6 dao ham cdp hai lién tuc trén doan [O;l} va théa man

1 ! ! Lo ef'(1)-£(0)
Ie"f(x)dx = J-e"f’(x)dx = J'e"f”(x)dx #0. Gia tri cua biéu thitc —————-=" bang
o o ; e F(1) (0
A.-2. B.-1. C.-2. D. 1.
Cau 13: Cho hai duong tron (O1 ;5) va (O2 ;3) cit nhau tai hai diém A,B sao cho
. A
AB 1a mjt duong kinh cua dwong tron (O, ). Goi (D) la hinh phing duoc gici
han boi hai duong tron (6 ngoai duong tron 16n, phan gach chéo nhw hinh vé).
Quay (D) quanh truc 0,0, ta duoc mot khoi tron xoay. Tinh thé tich V ctia khoi O, O,
tron xoay dwoc tao thanh
14n 681 B
A V=—xm-— B. V=—-.
3 3
C. Vzg;. D. V =36m
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Cau 14: Mot khudn vién dang ntta hinh tron ¢4 duong kinh bang

45 (m) Trén d6 nguoi thiét ké hai phan dé trong hoa c6 dang cua

mot canh hoa hinh parabol c6 dinh trung v6i tam nira hinh tron va hai

dau mut ctia canh hoa nam trén nita duong tron (phan té6 mau), cach

nhau mot khoang bang 4(m), phan con lai cia khudn vién (phan
khong t6 mau) danh dé trong co Nhat Ban. Biét cac kich thudc cho nhw
hinh vé va kinh phi dé trong co Nhat Ban 1a 100.000 déng/ m? . Hoi can
bao nhiéu tién dé trong c6 Nhat Ban trén phan dat d6? (S6 tién duoc
lam tron dén hang nghin)
A. 3.895.000 dong B. 1.948.000 dong .C. 2.388.000 dong D. 1.194.000 d‘ang

Cau 15: Cho ham s& f(x) c6 dao ham lién tuc trén doan [1 2} thoa man f =0, I[ ] dx ——5 va

e L

(x-1)F(x)ax =~ Tinh zzj £(x)ix

A.Iz—i. B.Iz—l. C.I:—i. D.Izl.
12 15 36 12

2 3 16
Cau 16: Chobiét [ x.f(x*)dx=4, [ f(z)dz=2, If(ﬁ)

5 Nt

A1 B. 10. C.9. D. 11.
Cau 17: Cho ham s6 f(x) c6 dao ham dén cdp 2 lién tuc trén [1;3], f(l) =f'(1) =1 va
£(x)>0, £ (x) £ (x)=[ £/ ()] [ (x)] . ¥xe[1:3]. Tinh In £(3).

A. 4. B. -3. C. 4. D. 3.
Cau 18: Xétham s6 f(x) lién tuc trén [—1;2] va thoaman f(x)+ 2xf(x2 —2) +3f(1-x)=4x". Tinh gia trj

dt=2. Tinh j f(x)dx
0

ctia tich phan 1:} f(x)dx
A. I=5. B.Izg. C. I=3. D. 1=15.
Cau 19: Cho ham s6 f(x);tO théa man diéu kién f’(x):(2x+3).f2(x) va f(0 ) - . Biét tong

f(1)+f( )+ +f(2017)+f(2018)+f(2019)=E voi aeZ,beN va E la phan s6 toi gian. Ménh dé nao
sau day dung?
A Sl B. 2 >1. C. a+b=1010. D. b—a=1516.

Cau 20: Cho ham s& f(x) =ax’ +bx* +cx+d, c6 do thi (C) va M la mot diém bat ki thuodc (C) sao cho
ti€p tuyén ctia (C) tai M cdt (C) tai di€m thit hai N’; tiép tuyén cua (C) tai Ncdt (C) tai di€m thit hai
P.Goi S,,S, lan luot 1a dién tich hinh phang giéi han boi duwong thang MN va (C ) ; duong thang NP
va (C). Meénh dé nao dudi day 1a dung?

1 1 1 1

A. 52 :Rsl. B. Sl :gsz. C. Sl :RSZ D. 52 ngl .
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IV. SO PHUC

Cau 1: Cho s6 phtrc z thoa man |z—1+3i| +‘;+5+i‘ = Zx/%. Gia tri nho nhat caa |z+2+i| dat dwoc khi

z=a+bi véi a,b 1a cac s§ thue duong. Gia tri ctia 2b+3a bang

A. 19. B. 16. C. 24. D. 13.
Cau 2: Cho s0 phuc z théaman ‘z + ;‘ + 2‘2 - ;‘ =8; a,b,c duong. Goi M, m lan luot la gia tri lon nhat, nho
nhét caa biéu thire P=|z—3-3i|. Tinh M+m.

A. 10 +434 B. /5 +/58 C. 10 ++/58 D. 2410
Cau 3: Xét tt ca cdc s§ phirc z thoa méan|z —3i+4|=1. Gi4 tri nho nhat ctia |2* +7 - 24i|ndm trong khoang
nao?

A. (0;1009). B. (1009;2018). C. (2018;4036). D. (4036;+).
Cau 4: Cho phwong trinh z* +az® +bz* +cz+d=0, vdi a,b,c,d 1a cac sd thuc. Biét phuong trinh c6 4
nghiém 1‘<h6ng 1a s thue, tich hai trong bon nghiém bang 13+ va tdng ctia hai nghiém con lai bang 3 +4i.
Héi b nam trong khoang nao?

A. (0;10). B. (10;40). C. (40;60). D. (60;100).
R . N1 , o aea 1ea |7 . |z+4+3i . “
Cau 5: Cho z :x+yz(x,y S R) la s6 phttc thoa man diéu kién ‘z —3—21‘ <5 va ~—32% <1.Goi M,m lan
Z—o+ 21

luot la gid tri 16n nhat, gia tri nho nhat cua biéu thite T=x" +y* +8x+4y . Tinh M+m

A. -18. B. 4. C. -20. D. 2.
Cau 6: Tap hop diém biéu dién c4c s6 phtic z thoa man |z + 1| = |1 —i— 22| la duong tron (C ) Tinh ban kinh
R ctia (C)

A.R:%. B. R=24/3. C.R:%. D.R:@.

Cau 7: Cho z =x+yi(x,y e R) la s6 phtic thdoa man diéu kién ‘; +2 —31" < |z +1 —2| <5.Goi M,m lan lwot

12 gié tri 16n nhat va gia tri nho nhat cta biéu thic P=x* +y* +8x+6y. Tinh M+m

A. %—20\/5. B. 60 —20+/10. C. %+20\/ﬁ. D. 60 +20~/10.

Cau 8: Cho s0 phtic z thoa man dong thoi hai diéu kién |z —i| =1 va ‘z - \/Em‘ =2 v6i m la tham s6 thuc.
Tap hop cac gid tri thuc cia tham s6 m d€ ton tai hai s6 phtic thoa man cac diéu kién trén 1a

A. (=2;2)\{0}. B.[-22]. C. [-2;2)\{0}. D. (-2;2).
Cau 9: Xét cac s8 phiic z=a+bi (a,b €R) thoa man |[z—4-3i|=+/5. Tinh P=a+b khi |z+1-3]+|z-1+4
dat gia tri 16n nhat.

A. P=10. B. P=4. C. P=6. D. P=8.
Cau 10: Xét cac sO phurc z thoéa man diéu kién |z -3 +4i| +|z +2 —z'| = 5\/5. Goi M, m lan luot la gia tri 16n
nhat va gid tri nho nhat cua |z —4—3i| . Tinh tong binh phuwong ciia M va m.

A. 82. B. 162. C. 90. D. 90 +40V5.
Céau 11: Cho hai s6 phtic z, =7+9i va z,=8i.Goi z=a+bi (a, beR)1a s§ phtic théa man |z -1-i|=5.
Tim a+b, biét bidu thire P=|z—z |+2|z—z,| dat gia tri nho nhat.

A.-3. B.-7. C.3. D.7.

Céu 12: Cho hai s0 phtic z,,z, thoa man |zl| =3, zz| =4,|z, —zz| =37. Xét 8 phtic z =5 _g+bi. Tim |b|
ZZ
TS B [y =2 c o=, D=2,
8 8 8 8
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4
Cau 13: Cho z,,z,,z,,z, la bon nghiém cta phuwong trinh (;_1) =1. Tinh gia tri cua biéu thuc
z—1
P=(z+1)(z +1)(z2 +1)(z +1)

A. P:%. B. P:—%. C. P=425. D. P=-425.

Cau 14: Cho hai s0 phtc z, z, thoa man |z1 —2i| =3 va |22 +2 +2i| =|22 + 2+4i|. Gia tri nho nhat cta biéu
thirc P=|z1 —zz| bang

A1 B. 2. C.3. D. 4.
Cau 15: Cho s6 phtic z, thoa man |z1 —2|2 —|zl +1|2 =1 vaso phttc z, thoa man |22 —4—i| =/5. Tim gia tri

nhd nhat ctia |z1 - zz|

A. % B. /5. C. 24/5. D. ﬂ

5
Cau 16: Cho 2 s0 phtic z,, z, thoa man tong cta chung la 3 va tich la 4. Khi d6 |zl| +|z2| la:
A V2. B.2. C. 4 D. 3+4ﬁ.

Cau 17: Cho cac s0 phtic z, =1,z, =2-3i va s0 phtc z thdéa man |z—1—i|+|z—3+i| =2\i5. Goi M, m Tan
luwot la gid tri 16n nhat va gia tri nhé nhat cua P=|z—zl| +|z—zz|. Tinh tong S=M+m

A. S=4+24/5. B. S=5++17. C. S=1+10 +17. D. $=+10+24/5.

Cau 18: Cho sd phtic z thoa man =3. Tong gid tri 16n nhat va gia tri nhé nhat cua |z| la

1
z+=
z

A.0. B.3. C.2. D. 13.
Cau 19: Biét s6 phtic z thdéa man diéu kién 3 < |z -3i+ 1| <5. Tap hop cac diém biéu dién ctia z tao thanh
mot hinh phang. Dién tich ctia hinh phang d6 bang

A. 16n B. 4n C. 9 D. 25n
Cau 20: Cho céc s6 phtic z thdéa man |z - i| = |z -1+ 2i| . Tap hop céc diém biéu dién s6 phitc w = (2 - i)z +1

trén mit phang toa dd 1a mot duong thang. Phuong trinh duong thang d6 1a

A . x-7y-9=0 B. x+7y-9=0 C. x+7y+9=0 D. x-7y+9=0
Cau 21: Trong cac sd phtic z thoa man |z+4—3i|+|z—8—51'| =24/38 . Tim gia tri nho nhat caa |z—2—4i| .
A. 1 B. > C.2 D.1
2 2
Cau 22: V6i hai s6 phtic z,, z, théaman z, +z, =8+6i va |z1 —zz| =2. Tim gia tri I6n nhét cta P :|zl| +|zZ|.
A. P=5+345. B. P=24/26. C. P=446. D. P=34+3\2.

Cau 23: Cho s0 phtic z thoa man tap hop |z —1| =3. Biét rang tap hop cac diém bicu dién s§ phitc w véi

(3-2i)w=iz+2 la mot duong tron. Tim toa d tm I va ban kinh r ctia duong tron do.

8 1 3 4 7 3 2 1
I| =;— |, r=—=. B.I(-23), r=+13. Cl|l—=—=| r=—=. D.Il=—=| r=3
(13 13} ' J13 ( ) ' (13 13} ! J13 [ 2) '

Cau 24: Cho z,, z, la nghiém phuong trinh |6—3i+iz| :|22 —6—9i| va théa man |z] - zz| = g Tim gia tri
16n nhat caa |z1 +zz|.

A. % B. E C.6. D.5.

5 5
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U. KHOI DA DIEN

Cau 1: Cho hinh chép S.ABCD c6 day 1a hinh vudng canh a, canh bén SA vudng goc véi mit phang
(ABCD). Géc gitta hai mat phang (SBD) va (ABCD) bang 60°. Goi M, N Ian luot Ia trung diém ctia céc
canh SB,SC . Thé tich khé&i chép S.ADNM béng

A. ﬁcﬁ. B. %QS. C. ﬁcﬁ D. ﬁcﬁ
8 16 16 24

Cau 2: Cho hinh chép t& giac S.ABCD c¢6 day 1a hinh binh hanh, trén cac canh SA,SB,SC lan luot 1dy cac
SM 1SN 1SP 1

diém M,N,P saocho =—==,"—=—,"—=—_ Mit phing (MNP) cit canh SD tai Q. Biét th& tich khdi
SA 3'SB 4'SC 6

chép S.MNPQ bang % Tinh thé tich V cua khdi chép S.ABCD.

A. V=10. B. V=12. C. V=80. D. V=8.
Céu 3: Cho hinh chép tir gide S.ABCD c6 ddy ABCD la hinh binh hanh tim O; mat phing (SAC) vudng
goc v6i mit phing (SBD). Biét khoang cach tir O dén cac mit phang (SAB),(SBC),(SCD) Ian luot la
1;2;4/5 . Tinh khoang cach d tir O dén mit phing (SAD).

Ad=|2. B.d=. |2 C.d=+2. D.dzﬁ.
\19 \20 2

Cau 4: Cho hinh chép S.ABCD ¢6 ABCD la hinh chit nhat, SA vudng géc v6i mit phang (ABCD),
SA=AB=1, AD=2.Diém M thudc SA sao cho AM =x(0<x<1). Tim x d& mit phing (MCD) chia kh&i

Are r A g7 2 . A V 2 e ey . > M 2 Y
chép S.ABCD thanh hai khoi cé thé tich 1a V,,V, . Biét 71 =5 hoi gia tri cia ¥ ndm trong khoang nao?

2

) By o)

Cau 5: Cho hinh chép déu S.ABC c¢6 ddy la tam giac déu canh 2. Goi E, F lan luot la trung diém cua cac
canh SB,SC . Biét mit phang (AEF ) vudng goc voi mit phang (SBC). Tinh thé tich V cua khoi chop
S.ABC.

3 3 3 3
V5. B.v-¥5, c vt D, v
24 8 24 12
Cau 6: Cho hinh chép S.ABC c6 tam gidc ABC can tai B, AB=BC=a, ABC =120° va SAB = SCB =90°.

A. V=

Goi ¢ 1a goc tao boi duong thang SA va mit phang (SBC), sing= g . Tinh thé tich khoi chép S.ABC,

biét khoang céch tir diém S va mit phang (ABC) nho hon 2a.
3 3 3 3
AV, - B.v,, "3 Cv, -0 DV, . -0

S.ABC — 12 + Vs.ABC :T : S.ABC :T : + Vs.ABC :T
Cau 7: Cho hinh chép ti giac déu S.ABCD c6 canh day bang 2a, SA tao véi ddy mot goc 30°. Tinh theo
a khoang cach d giita hai duong thang SA va CD.

3x/ﬂa Zma 2\/ﬁa 4\/§ﬂ

A.d= . B. d= . C.d= . D.d= .
5 5 5 5

Cau 8: Cho hinh lang tru tam gidc déu ABC.A'B'C’ c6 tat ca cac canh déu bang a. Goi M, N Tan luot 1a
trung diém ctia céc canh AB va B'C’. Mit phing (A'MN) cdt canh BC tai P. Tinh thé tich V ctia khéi da
dién MBPA'B'N.
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3 3 3
“"6. . . C.V:”“/g. D.V:”“/g.
36 12 96 48
Cau 9: Cho hinh chép S.ABCD c6 SA=a,SB=2a,SC =3a va ASB = ASC = BSC =60°. Biét ddy ABCD la
hinh binh hanh. Tinh thé tich V ctia kh&i chép S.ABCD.

3 3

A V=22 B.V=a;/E. C.V=“f.
Cau 10: Cho t&¢ dién déu ABCD c6 canh bang a. Goi M 1a mdt diém thudc mién trong ctia khdi ti dién
teong tng. Gid tri 16n nhat cta tich cdc khoang cach tir diém M dén bon mit phang ctia ti dién da cho 1a

4 4 4 4
e B. L. c.Z \E. D. Z *E.
521 576 81 324

Cau 11: Cho tam giac nhon ABC, biét réng khi quay tam gidc nay quanh cac canh AB, BC va CA ta lan luot

duoc cac khéi tron xoay c6 thé tich twong tng 1a 6727, 31?)6” , 9410;” . Tinh dién tich tam gidc ABC.

A. V=

D. V =3a%2.

A. 5=1979. B. S=364. C. S=84. D. S=96.
Cau 12: Cho hinh lang tru tam gidc déu ABC.A'B'C' ¢c6 AB= 23 va AA' =2 cr
. Goi M,N,P Ian luot la trung diém cta cac canh A'B', A'C' va BC (tham khao h
y . L\ N
hinh vé bén). Cosin ctia gdoc tao bdi hai mdt phang (AB’C’) va (MNP) bang;: /“
B’ }u \ A
A D2 B. X2 RN
65 65 U ’ *\C \
’] - V!
17413 1813 - W
C. : D. 2 . p X
65 65 .7 3
B A

Cau 13: Cho hinh chép S.ABC c6 day la tam gidc déu canh a . Hinh chiéu vudng goc ctia S trén mit phang
(ABC) la diém H thudc canh AB sao cho HA=2HB. Géc giita duong thing SC va mit phang (ABC)
bang 60°. Tinh khoang céch d gifta hai dwong thang SA va BC theo a.

A d=V42 B, 4= 21 o ALY D. 4= 0462
8 12 12 66
Cau 14: Xét cac hinh chép S.ABCD thoa man cac diéu kién: ddy ABCD la hinh vudng, canh bén SA

vudng goc v6i ddy va khoang cach tir diém A dén mit phang (SBC ) bang a . Biét rang thé tich khdi chop

S.ABCD dat gid tri nho nhat V, khi cosin géc gitta dwong thang SB va mat phang (ABCD) bang \/E ,
q

trong d6 p,q la cac sd nguyén duwong va phan s6 P 1a i gian. Tinh T = (p +q).VO.
q

503 .

A. T =330, B. T =+J6a’. C. T=23a" D.T=="a
Cau 15: Xét cac tam gidc ABC nhon noi ti€p duong tron (O;R). Goi V,,V, va V, lan luot 1a thé tich cta
cac khdi tron xoay sinh ra khi quay tam gidc OCA quanh trung triec ctia doan thang CA, quay tam giac

OAB quanh trung truc ctia doan thang AB va quay tam gidc OBC quanh trung triec ctia doan thang BC .
Tinh V, theo R khi biéu thirc V, +V, dat gia tri 16n nhat.

AV, _2mf3 s B. V,= TR,
9 81
C.V, :28—1\/5111?3. D. Vv, =—‘18;6\/§TER3.
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Céau 16: Cho hinh tit dién déu (H). Goi (H') la hinh tit dién déu c6 céc dinh 1a tam c4c mét ctia (H). Tinh

ti 6 dién tich toan phan cua (H') va (H).

AL B.~ . c <. D. .
4 8’ 9 27
AM CN
Céu 17: Cho tt dién ABCD va M, N la cac diém thay ddi trén canh AB va CD sao cho ME_ND Goi

P la mét diém trén canh AC va S la dién tich thiét dién cat boi mit phang (MNP) va hinh ch6p. Tinh ti
s0 k cua dién tich tam giac MNP va dién tich thiét dién S.
L B. L. c. -~ D. .
k+1 k k+1 k+1
Céu 18: Cho hinh chép S.ABCD c6 ddy la hinh binh hanh . Goi K 1a trung diém SC. Mit phang (P) qua

AK cit cdc canh SB, SD Ian luot tai M, N. Goi V va V' Tan luot 1a thé tich cac khéi chop S.ABCD va

!/

S.AMKN. Ti s % ¢6 gid trj nhé nhét bing

Al B.>. cl N

5 8 3 2
Cau 19: Cho tam giac OAB déu canh a. Trén duong thang d qua O va vudng goc véi mit phang (OAB)
1ay diém M sao cho OM = x. Goi E,F Tan luot 1a hinh chiéu vudng goc cta A trén MB va OB. Goi N 1a giao
diém ctia EF va OM. Tim x d€ thé tich t& dién ABMN c6 gid tri nho nhat

A.x:a«/i. B.xzﬁ C. x a\/_ D.xzﬁ

2 12 2
Cau 20: Cho hinh thoi ABCD c6 BAD=60°, AB=2a. Goi H la trung diém ctia AB. Trén duong thang d
vudng gdc v6i mit phang (ABCD) tai H 18y diém S thay d6i khac H. Trén tia d6i cta tia BC 18y diém M

sao cho BM = iBC . Tinh theo a d0 dai ctia SH d€ goc gitta SC va (SAD) 6 s do 16n nhat

4
A. SH = 44/%11. B. SH = il a. C. SH a/%a. D. SH =ga.

Cau 21: Cho hinh lang tru ABC.A'B'C’ ¢6 tat ca cac canh cling bang 4, hinh chiéu ctia C trén mat phang
(ABB'A') la tdm cua hinh binh hanh ABB'A’. Tinh theo a thé tich khdi cau di qua nam diém A, B, B, A’

va C.

3 3 3 3
A. m2a . B. 8724 . C. 2 . D. 2 .
3 81 24 81

Céu 22: Cho mit cau (S) ban kinh R 8 dinh. Goi (H) la hinh chop t gidc déu c6 thé tich 16n nhét noi

ti€p trong (S) . Tim theo R d¢ dai canh ddy cua (H ) .
A2 B. 2. c X D. R.
3 3 3
Cau 23: Cho khdi lap phuwong ABCD.A'B'C'D’ canh bang a. Cac diém E va F Tan luot 1a trung diém ctia
C'B' va C'D. Mit phang (AEF ) cat khoi lap phuong da cho thanh hai phan, goi V, 1a thé tich khéi chita

V
diém A’ va V, 1a thé tich khdi chita diém C'. Khi dé 71 la
2

25 B. 1. c. 7, D. 2.

47’ 25 17
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Céau 24: Cho tw dién ABCD ¢6 AD L(ABC), déy ABC thoa man diéu kién:
cotA+cotB+cotC  BC CA AB

= + + .
2 AB.AC BA.BC CACB
Goi H, K Tan luot la hinh chiéu vudng goc ctia A 1én BD va BC. Tinh thé tich V ctia khdi cau ngoai ti€p khoi
chop A.BCHK
Av=2 B. V=22 cv=2r D. V=L
3 3 3 33

Cau 25: Cho hinh lang tru tam gidc ABC.A’B’C". Goi M, N Ian lwot 1a trung diém ctia BB’, CC". Mt phang
(A'MN) chia khéi ling tru thanh hai phan, V, 1a thé tich ctia phan da dién chita diém B, V, thé tich phan

da dién con lai. Tinh ti s0 Y
VZ
AT B. V1o cVi_j p Vi_5
v, 2 v, v, v, 2

Cau 26: Mot hinh 1ap phuong c6 canh 4 cm. Ngudi ta son dé mét ngoai ctia hinh 1ap phuwrong roi cat hinh
1ap phuong bang cac mat phang song song véi cdc mét ctia hinh 1ap phuong thanh 64 hinh 1ap phuong
nho cd canh 1 cm. C6 bao nhiéu hinh 1ap phuong c6 ding mot mat duoc son do?

A.8 B. 16 C.24 D. 48
Cau 27: Cho hinh chdép S.ABCD c6 day 1a hinh vudng canh bang 4. Mt bén SAB la tam giac déu va nam
trong mat phang vudng gdc véi ddy. Goi M, N, P lan lwot 1a trung diém ctia cac canh SD, CD, BC. Thé tich
khdi chép S.ABPN 1a x, thé tich khdi t dién CMNP 1a y. Gid tri ctia x, y thdéa man cac bat dang thitc nao
dudi day?

A. X +2xy—y* >160 B. x> —2xy+2y> <109  C. x* +xy—y* <145 D. x* —xy+vy* >125
Cau 28: Mot nguoi tho c6 mot khdi da hinh tru ¢ ban kinh day béng
30cm. Ké hai dwong kinh MN, PQ ctia hai ddy sao cho MN L PQ. Nguwoi M 0 AN
tho d6 cit khoi da theo cdc mat cit di qua ba trong bon diém M,N,P,Q Vs R

dé duoc mot khéi da c6 hinh tit dién (nhuw hinh vé dudi). Biét rang khéi NN L ;
t& dién MNPQ c6 thé tich bang 30dn:* . Thé tich ctia luong da bi cat bo N ;

gan voi két qua nao dudi day nhat? ‘ Sso o o
A. 111,40 dn?’. B. 111,39 dnm’.
C. 111,30 dm’. D. 111,35 dm’.

Cau 29: Cho hinh chép S.ABCD c¢6 day ABCD la hinh chit nhat véi AB=2, AD= 2\/3. Mt bén SAB la

tam giac déu va nam trong mit phang vudng goéc véi mit phang (ABCD). Goi M,N,P lan lugt la trung

diém ctia cac canh SA,CD,CB. Tinh cdsin géc tao béi hai mat phang (MNP) va (SCD).

24/435 114145 24870

N B. . c. 280 D. 25
145 145 145 145
Cau 30: Cho khéi lang tru dung ABC.A'B'C' ¢6 day ABC la tam giac can tai B. BC=a, ABC=60°,
CC'=4a. Tinh thé tich khéi A'CC'B'B.
3 3
A.V:2a3\/§. B.V:”f. C. V=a3. D. V=3d
Cau 31: Kim tu thap Ké - 6p ¢ Ai Cap duoc xay dung vao khoang 2500 ndm trudc Cong nguyén. Kim tw

thap nay la mét khai chop ti giac déu cd chiéu cao 1a 147 m, canh day la 230 m. Thé tich ctia nd la:
A. 2592100 m>. B. 2952100 m°. C. 2529100 m>. D. 2591200 m°.
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Cau 32: Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh 4, canh bén SA=y >0 va vudng goc
voi day. Trén AD 1dy diém M, dit AM=x(0<x<a). Néu x* +y* =a* thi gia tri 16n nhét cua thé tich
S.ABCM bang:

3 3 3 3
N ES B, 23, c 3 p, 33
3 8 24 8
Cau 33: Mot nhom ban di du lich dung léu b.%mg cach gap doi chi€c bat hinh vudng canh 1a 6 m (hinh vé),
sau d6 dung hai chiéc gay c6 chiéu dai bang nhau chdng theo phwrong thang dimg vao hai mép gap dé&

khong gian trong léu la 16n nhat thi chiéu dai cta chiéc gay la:

6m
AN i|t3m
\
\
P o -
7
v

A. #m B. #m. C

<

____________ —_—>
7
7

.Em. D.1m.
2

Cau 34: Cho hinh hop ABCD.A'B'C'D', O=ACNBD, M, N Tan luot 1a trung di€ém ctia BB’ va C'D’. Mat

phing (MNO) cit BC' tai E thitis§ = L

!

AL B. 2. c i D. L.
5 3 3 2
Céu 35: Cho ling tru dimg ABC.A'BC’ c6 ddy ABC la tam gidc can dinh A, ABC=o0, BC' tao véi (ABC)
goc B. Goi I la trung diém AA’, biét BIC =90°. Tinh tan” o + tan” .
A. % B. 2. C. 3. D.1.
Cau 36: Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tam O. Goi I la diém thudc doan SO

sao cho SI =%SO . Mat phéng (OL) thay déidiqua B va I. (oc) cdt cdc canh SA,SC,SD Tan luot tai M, N, P.

Goi m,n Tan luot 1a GTLN, GTNN ctia V; ,p; Vs asep - Tinh =
n

C. 2 D. §

5 5
Cau 37: Cho hinh chép déu S.ABCD c6 canh bén bang a, gbc hop boi duong cao SH ctia hinh chép va
mat bén bang o . Tim o d€ thé tich S.ABCD1a 16n nhat.

A. 30°. B. 45°. C. 60°. D. 75°.

A. 2. B.

S EIRN
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UL. KHOI TRON Koav

Cau 1: Mot doi xay dung can hoan thién mot hé thong cot tron ctia mot clira hang kinh doanh gom 10 chiéc.

Truede khi hoan thién, mdi chiéc cot 1a mot khéi bé tong c6t thép hinh lang tru luc giac déu ¢ canh bang
20 cm; sau khi hoan thién (bang cach trat thém vita vao xung quanh), mdi cot 1a mot khéi tru c6 duong
kinh day bang 42 cm. Chiéu cao ctia mdi cot truedc va sau khi hoan thién 1a 4 m. Biét luong xi mang can
dung chiém 80% luong vira va ct mot bao xi mang 50 kg thi twong duong véi 64000 cm® xi méng. Hoi
can it nhat bao nhiéu bao xi mang loai 50 kg d€ hoan thién toan bo hé thong cot?

A. 22 bao. B. 17 bao. C. 18 bao. D. 25 bao.
Cau 2: Thay Thu day toan ¢ treong THPT chuyén Nguyén Quang Diéu, tinh Dong Thap mudn xay dung
mot hd ga dang hinh hop chit nhat c6 ndp bang bé tong véi thé tich3m?®, biét ti s8 chiéu cao va chiéu rong

ctia hd ga bang 1,5. Xac dinh chiéu cao ctia hd ga d€ khi xay hd tiét kiém duoc nguyén liéu nhat?
A. 1,2 (m). B. % (m). C. 2 (m). D. %3 g (m).

Cau 3: Cho hinh chép S.ABC c6 ddy ABC la tam gidc déu canh a, canh bén SA vuodng géc véi mit phang
day. Goi B,,C, lan luot la hinh chiéu caa A trén SB,SC. Tinh ban kinh mat cau di qua nam diém
A,B,C,B,,C,.

NG B o2 c. o3, D, 42

2 3 4 6

Cau 4: Cho tam giac vuéng OPM c6 canh OP nam trén truc Ox, canh huyén OM khong d6i, OM =R (
R>0). Tinh theo R gia tri 16n nhat cta thé tich khéi tron xoay thu dwgc khi quay tam giac d6 xung
quanh truc Ox .

yA

2/37R?

2/37R?

A. B.
27 9
3 3
c 227R ’ . 227R |

27

9

Cau 5: Mot hinh hop chit nhat c6 kich thuwdc 4x4xh chita mdt khdi cau ban kinh bang 2 va tam khéi cau
nho hon c6 ban kinh bang 1. Cac khdi cau nho d6i mét tiép xtic nhau va tiép xtic véi ba mat ctia hinh hop,

khoi cau 16n tiép xtc véi ca tam khdi cau nho (xem hinh vé). Tim gid tri cua h.
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A 2+247. B.3+245. C. 4+2V7. D.5+245.
Cau 6: Cho khéi tru c6 ban kinh day bang r va chiéu cao bang k. Cat khdi tru bang mat phang (P) song

) 3 7 A 2 M r 2 v < . Als 3 . A . N
song voi truc va cach truc mot khoang bang TJ_ . Médt phang (P) chia khdi tru thanh hai phan. Goi V| la
thé tich ctia phan chira tdm ctia duong tron day va V, thé tich ctia phan khong chira tdm ctia duwong tron

%
day, tinh ty s§ —L.
VZ
\% - \% — \% V
A L 3m=2 B. 1_T""2 C. L -3422. D. L.3m+2
V, mn-2 V, 3n+2 n—2

v, =

2

Céu 7: Cho hinh chép S.ABCD c6 ABC = ADC =90°. Canh bén SA vudng géc v6i mit phiang (ABCD), goc

2

tao boi SC va mit phang day bang 60°,CD =a va AADC c6 dién tich bang 2 > Dién tich mat cau ngoai
ti€p hinh chép S.ABCD la
A. S=16ma’. B. S=4na’. C. $=32na’. D. S=8na’.

Cau 8: Cho mit cau (S) tdm O ban kinh r. Hinh nén c6 duong tron day (C) va dinh I déu thude (S)
duoc goi la hinh nén noi ti€p mat cau (S) . Goi h 1a chiéu cao ctia hinh nén. Tim h d¢€ thé tich caa khoi
noén la 16n nhat.
4r r r 7r

A, —. B. —. C. —. D. —.
3 3 6 6
Cau 9: Cho mdt chiéc cSc c6 dang hinh nén cut va mdt vién bi c6 duong kinh bang chiéu cao ctia cdc. D
day nude vao cde roi tha vién bi vao, ta thdy leong nuwdc tran ra bang mot nita lwong nuwdc d6 vao coe luc
ban dau. Biét vién bi ti€p xtic v4i day cdc va thanh cde. Tim ti s6 ban kinh cua miéng cdc va day cdc (bod
qua d6 day cua c6c).

A 3. B.2. C. 3+2\/§. D. 1+2\/§.

Cau 10: Mot chiéc ly dang hinh nén (nhw hinh vé). Nguoi ta 6 mot lwong nude vao ly

BN 2 7 M 1 VN 2 ’ A ’
sao cho chiéu cao cta lwong nude trong ly bang 3 chiéu cao cua ly (tinh phan chtra

nwdc). Hoi néu bit kin miéng ly réi up nguoc ly lai thi ti 1€ chiéu cao cia muc nude va
chiéu cao ctia ly nudc lac d6 bang bao nhiéu?

3-22 3-3s5

A. . B.
3 3
_3
c. i p, 32¥26
9 3
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Cau 11: Cho hinh nén dinh S day 1a hinh tron tam O, SA, SB la hai dwong sinh biét SO =3, khoang cach
tir O dén (SAB) 1a 1 va dién tich ASAB la 18. Tinh ban kinh déy ctia hinh nén trén.

NG p. Y520 c 2, p. 2,
4 4 4 4
Cau 12: Hoc sinh A st dung 1 x6 dung nuwdc c¢d hinh dang va kich thudc giong nhu hinh vé, trong d6 day

x6 12 hinh tron c6 ban kinh 20 cm, miéng x4 1a dwong tron ban kinh 30 cm, chiéu cao xd 1a 80 cm . Mbi
thang A dung hét 10 x6 nudc. Hoi A phai tra bao nhiéu tién ndc mdi thang, biét gid nuwdc 1a 20000 dong/

1m?® (s6 tién duoc lam tron dén don vi dong)?

A. 35279 dong B. 38905 dong
C. 42116 dong D. 31835 dong

v A \ 7 7 7 ’ 7 \ 2 A e \ . \ e < A
Cau 13: Cho tam ton hinh nén c6 ban kinh day la r = 3/ do dai duwong sinh [=2. Nguoi ta cat theo mot

duong sinh va trai phang ra dwgc mot hinh quat. Goi M, N thtt tw 1a trung diém OA va OB. Hoéi khi cét
hinh quat theo hinh chit nhat MNPQ (hinh v€) va tao thanh hinh tru duong sinh PN trung MQ (2 day
lam riéng) thi duoc khéi tru c6 thé tich bang bao nhiéu?

3r(\13-1) 3(V13-1) 5(V13-1) n(V13-1)
_ B.——= cC——= D.—~
8 8n 12n 9
Cau 14: Cho hinh cau (S) tam O, ban kinh R. Hinh cau (S) ngoai ti€p mot hinh try tron xoay (T) co duong

A.

cao bang dwong kinh déy va hinh cau (S) lai ndi ti€p trong mot hinh nén tron xoay (N) c6 goc ¢ dinh

bang 60°. Tinh ti s& thé tich ctia hinh tru (N ) va hinh nén (T) .

Yo _\2
6

A o= B. == c. =3 D. Dap 4n khéc
™) )

Cau 15: Mot phéu dung kem hinh nén bang bac c6 thé tich 12rt (cm®) va chiéu cao 1a 4 cm. Mudn téng thé
tich kem trong phéu hinh nén 1én 4 [an nhung chiéu cao khéong thay d6i thi dién tich miéng gidy bac can
thém la

A. (12\/E - 15)7: (cm?). B. 12713 (cm?). C. % (cm?). D. (12\/E + 15)n (cm?).
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Cau 16: Cho hinh chép S.ABCD, ddy ABCD la hinh vudng canh 2a, SAD 1a tam gidc déu va nam trong
mat phang vudng goc véi day. Goi M, N Tan luot 1a trung diém ctia BC va CD. Khi d6 ban kinh mét cau
ngoai tiép khoi SCMN la:

3a Jo3 31

A, —. B. a\/g. C. —u. D. —a.
2 6 12

Cau 17: Chia tdm bia hinh tron ban kinh R=30cm thanh 3 phan (nhw hinh vé). Ldy mét phan va udn
thanh mét hinh nén c6 duong sinh la ban kinh cua hinh tron trén. Khi d6 thé tich ctia khéi nén tao thanh

L

2nR3\2 S R
81 C27 81 "

Cau 18: Thé tich khéi tron khéi tron xoay gy nén béi hinh tron x* +(y—a)2 <R*(0<R<a) khi quay

la:

A. D.

quanh truc Ox la:

A. 8n*aR’. B. 4n*aR>. C. n*aR?. D. 2n*aR’.
Cau 19: Cho t dién ABCD c6 ddy BCD la tam giac déu, trong tim G. A 1a duong thang qua G va
vuong goc voi (BCD). A chay trén A sao cho mat cau ngoai ti€p ABCD co6 thé tich nho nhét. Khi d6 thé

tich khéi ABCD la:

AL B”S\/E (:"3‘}5 DaB\E
=3 L L e

Cau 20: Cho hinh tru c6 ddy la hai duong tron tam O va O’, ban kinh R va chiéu cao la R\2. Trén hai

duong tron (O) va (O’) lan lwot 1dy hai diém A va B sao cho géc ctia hai dwong thang OA va OB bang o
khong ddi. Tinh AB theo R va a.

A. R, f1+4sin2 % B. R, fz +4sin? % C. Ry2 +4sin? . D. Ry1+4sin?o.
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Vll. HINH TOA DO OKVZ

Cau 1: Trong khoéng gian Oxyz, cho hai diém A(2;—2;4),B(—3;3;—1) va mit phang

(P):2x—y+2z-8=0. Xét M la diém thay d6i thudc (P), gid tri nho nhét cuia 2MA* +3MB’ bang:

A. 135. B. 105. C. 108. D. 145.
Cau 2: Trong khong gian Oxyz, cho cac diém A(l;O;O) , B(O; 2;0), C(O;O;—l) . Biét ermg ton tai duy nhat
diém S(a;b;c) khac géc toa do d&€ SA, SB, SC ddi mot vudng goc. Tinh téng binh phwong gié tri cta 4,
bvac.

A. E B. i C. D. E
9 81 81

Cau 3: Trong khong gian Oxyz, cho diém M (2;—3;4). Goi (P) la mat phang di qua M va cét cac truc

NS

x'Ox, y'Oy, z'Oz lan luot tai cac diém D, E,F sao cho OD=20E :(m2 —2m+2)OF #0, trong d6 m la
tham s6 thue. Goi S 1a tap hop céc gia tri ctia m d€ chi c6 ding ba mit phang (P) thoa man yéu cau trén.
Tap hop S c6 bao nhiéu tap hop con khéc rong?
A. 7. B. 3. C. 15. D. 4.
A A . . oam x—1 _y+2 2 z
Cau 4: Trong khong gian Oxyz, cho hai diém A(1;4;2),B( -1;2; 4) va duong thang d:— = 1 E
Biét rang ton tai diém M (11; b;c) ed sao cho MA? + MB? dat gia tri nho nhat. Gia tri ctia 2a—b+ 3¢ bang

A. 10. B. ﬁ C. 11. D. l

3 2
Cau 5: Trong khong gian vdi hé toa do Oxyz, cho hinh chép S.ABCD véi 5(1'—1'6) (1 2; 3) B(3, 1; 2)
D(Z; 3;4). GoiIla tam mat cau (S) ngoai tiép hinh chép. Tinh khoang cach d tir I dén mat phang (SAD)

N B a=Y2L 20 p.a-L.
2 2
Cau 6: Trong khong gian voi hé toa d¢ Oxyz, cho mat cau (S): x +y2 +2z? —4x+4y—-2z-7=0 va duong

Cd=—-

thang d, 1a giao tuyén ctia hai mat phang x + (1 - Zm)y +4mz—4=0 va 2x +my —(Zm + 1)z —8=0. Khi m
thay doi cac giao diém caa d,, va (S) nam trén mot dwong tron c8 dinh. Tinh ban kinh  ctia duong tron d6.

A.r= & B.r= % C.r= @ D.r= @
15 3 3 15

Cau 7: Trong khong gian voi hé toa dd Oxyz, cho cac diém A(l;O,'O), B(S;Z;O), C(—l;2;4). Goi M la
diém thay d6i sao cho duwong thang MA, MB, MC hop véi mit phang (ABC ) cac goc bang nhau; N la
diém thay doi nam trén mit cau (S) : (x - 3)2 + (y - 2)2 + (z - 3)2 = % . Gia tri nho nhat ctia d6 dai doan MN
bang;

A.g. B. 5. c. 2. D.g.
Cau 8: Trong khong gian véi hé toa do Oxyz, cho t& dién ABCD c6 A(O;O;3),B(O;3;O), C(3;O;O),
D(3; 3; 3) . Hoi c6 bao nhiéu diém M(x,' y;z) (voi x,y,z nguyén) nam trong tit dién.

A. 4. B. 1. C. 10. D.7.

Cau 9: Trong khong gian toa &6 Oxyz, cho duong thang d :g = ]/_—11 = Z—+11 va diém A(l 1; 1) Hai diém
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B,C di dong trén duong thang d sao cho mit phang (OAB) vudng goc (OAC ) Goi diém B’ la hinh chiéu
vudng goc ctia diém B 1én duong thang AC. Biét quy tich cac diém B’ 1a mot duong tron 8 dinh, tinh

ban kinh r cta duong tron nay.

B

J70

A.r= . B.rzﬁ. C.r=—-m1. D. r
10 10 10

Cau 10: Trong khong gian véi hé toa dd Oxyz, cho ba diém A(O;l;l); B(1;2; -1 ); C(1;2;2 ) va mat phéng

_35
=3

(a):x+2y+22—1=0. Xét diém M thay d6i thudc mat phang (oc), gia tri nho nhat cta biéu thic

MA? + MB* +2MB.MC bing
A.g. B.1—7. C.E. D.E.
4 4 2 2
Cau 11: Trong khong gian Oxyz, cho hai diém A(3; —3;1) va B(—4;4;1). Xét diém M thay d6i thudc mat
phing (P):z=-2. Gia tri nh6 nhat ctia 3MA® +4MB” bing
A. 245. B. 189. C. 231. D. 267.
Cau 12: Trong khong gian véi hé truc toa d¢ Oxyz, cho ba madt phzfmg (P) :x—2y+z-1=0,

(Q) :x—=2y+z+8=0 va (R) :x—2y+z-4=0. Mot duong thang d thay d6i cit ba mat phang
(P),(Q),(R) lan lugt tai A, B,C. Tim gia tri nho nhat ctia biéu thitc T= AB* + %

A. 7233. B. 96. C. 108. D. 723/4.
Cau 13: Hai qua bong hinh cau c6 kich thude khac nhau duoc dat ¢ hai goc ctia mdt can nha hinh hop ch
nhat sao cho mdi qua béng déu tiép xtic véi hai bec trong va nén ctia nha dé. Biét rang trén bé mit cua
quéa béng déu ton tai mot diém c6 khoang cach dén hai bikc trong va nén nha ma né tiép xuc bang 1, 2, 4.
Tong d6 dai duwong kinh ctia hai qua béng d6 bang

A. 6. B. 14. C.12. D. 10.
Cau 14: Trong khong gian v6i hé toa dd Oxyz, biét rang tap hop cac diém M (x; y; z) sao cho |x| +|y| + |z| =3
1a mot hinh da dién. Tinh thé tich V ctia khoi da dién d6

A. V=54 B. V=72 C. V=36. D. V=27
Cau 15: Trong khong gian Oxyz, cho ba diém A(l; 1;1), B(Z; -3; —2), C(O; —1;1). Mat cau (S) ¢0 ban kinh
R=6 va tiép xuc véi mat phrfmg (ABC ) tai trong tam G cta tam giac ABC.Mat cau (S) nhéin diém nao
dudi day lam tam?

A. M(-3;1;4). B. N(-5;3;-4). C. P(5-3;4). D. Q(-3;-1;4).
Cau 16: Trong khong gian véi hé toa d¢0 Oxyz, cho hinh lang tru déng ABC.A'B'C' ¢6 A(x0 ;O;O),
B(—xO;O;O),C(O;l;O) va B'(—xO;O;yO), trong d6 x,,y, la cac sO thuc duwong va thoa man x, +y, =4. Khi
khoang cach gifta hai duwong thang AC' va B'C 16n nhat thi mat cau ngoai tiép hinh lang tru c6 ban kinh
R bang bao nhiéu?

29

=§. C. R=17. D. R=——.
4 2

Cau 17: Trong khong gian véi hé toa dd Oxyz, biét rang tap hop cac diém M (x,' v z) sao cho |x| +|y| + |z| =3

A. R=\17. B. R

12 mot hinh da dién. Tinh thé tich V cua khoi da dién d6
A. V=54, B. V=72 C. V=36. D. V=27
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Cau 18: Trong khong gian véi hé toa d¢ Oxyz, xét cac diém A(u; O;O),B(O; b;O),C(O; O;C) v&i a,b,c khac 0

va a+2b+2c=6. Biét rang khi a,b,c thay d8i thi quy tich tdm mat ciu ngoai tiép t dién OABC thudc mat
phang (P) c8 dinh. Tinh khoang cach tir diém O dén mit phang (P)
A d=1. B. d=1/3. C.d=2. D. d=3.
Cau 19: Cho hinh chép S.ABC ¢6 SA=a,SB=b,5C =c. Mot mat phéng (a) di qua trong tam cua AABC,
L
SA” SB? SC”

3 2 2 9

A ——— B. . C.———. D.———.
a’+b*+c? a’>+b*+c? a* +b* +c? a’+b*+c?

cit cac canh SA, SB, SC lan luot tai A', B, C". Tim gia tri nho nhat caa

Céau 20: Trong khong gian véi hé toa dd Oxyz, cho mit cau (S):x* +y* +2z° =3. Mot mit phing (a) tiép

xtec véi mat cau (S) va cat Ox, Oy, Oz tuong tng tai A,B,C. Tinh gid tri ctia bi€u thic

1 1 1
T=—F+—+—.
OA® OB* OC
A T=—L. B.T=L. c.r=1 D. T =+3.
NG 3 9

Cau 21: Trong khong gian véi hé toa do Oxyz, cho diém A(2;3;O),B(O; —\/E;O),M[g;—«/i;ZJ va duong

x=t
thing d:{y=0 . Diém C thudc d sao cho chu vi tam gidc ABC 1a nho nhat thi d6 dai CM bang
z=2-t
A. 243. B. 4. C.2. p. 26,

5
Cau 22: Trong khong gian v6i hé toa d Oxyz, cho mét cau (S) : (x - 1)2 +y°+ (z —2)2 =9 ngoai tiép khoi
bat dién (H) duoc ghép tir hai khéi chop it gide déu S.ABCD va S ABCD (déu c6 ddy la tir giac ABCD).
Biét rang duong tron ngoai tiép cua ti gidc ABCD 1a giao tuyén ctia mit cau (S) va mit phang
(P):2x+2y—z-8=0. Tinh thé tich kh&i b4t dién (H)

34 665 68 1330
A. ‘/(H) 23. B ‘/(H) Zg. C. ‘/(H) :E. D. ‘/(H) :T.

Cau 23: Trong khong gian Oxyz, cho mat cau (S):x2 +y* +2° —4x+2y—6z+5=0 va mat phing
(P):2x+2y—z+16=0. Diém M, N di dong Ian luot trén (S) va (P). Khi d6 gid tri nho nhat ctia doan MN
la:

A.8. B. 3. C.2. D. 5.
Cau 24: Trong khong gian Oxyz cho diém A(—l; 2; —3), véc - to ﬁ(6; —2; —3) va duong thang d:
x4 _y- 1 _z+2

. Viét phurong trinh duong thang A di qua A, vudng goc véi gia ctia ii va cét d.

3 2 -5

A x—1=y+1=z—3‘ B. x—lzy—5=z+1.
2 -3 6 2 3 2

C. x—1:y+4:z—5. D. x—2:y—5:z—1.
1 -3 4 3 3 4

Cau 25: Trong khong gian véi hé toa dd Oxyz, cho hai mat phang (P) x—y+2z+1=0 va
(Q):2x+y+z—1:0. Goi (S) la mat cau c6 tam thudc Ox, dong thoi (S) cat mat phang (P) theo giao
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tuyén 1a mot dwong tron c6 ban kinh bang 2 va cat mit phang (Q) theo giao tuyén la mot duong tron co

ban kinh bang r. X4c dinh r sao cho chi c6 duy nhat mot mit cau (S) thoa man diéu kién bai toan

B.r=——. C. r=+3. D.r=——.
2 2 \/_ 2

Cau 26: Trong khong gian Oxyz, cho hai diém A(6,' —3;4),B(a; b;c). Goi M,N,P lan luwgt 1a giao di€m cua

A.r

duong théng AB véi cac mat phéng toa do (Oxy),(Oxz),(Oyz). Biét r%mg M,N,P ndm trén doan AB sao

cho AM=MN =NP = PB. Tinh gi4 tri cia tong a+b+c
A. a+b+c=11. B. a+b+c=-11.
D. a+b+c=17. D. a+b+c=-17.

Cau 27: Trong khong gian véi hé toa d6 Oxyz, cho cidc mit phéing (P) :2x-y-2z-2=0,
(Q):x—2y+z+2=0, (R):x+y—2z+2=0, (T):x+y+z=0. Hoi c6 bao nhiéu mat cau co tam thudc (T)
va tiép xtc véi (P),(Q),(R)?

A. 1. B. 2. C.3. D. 4.
Cau 28: Trong khong gian véi hé toa dd Oxyz, cho cac diém O(O;O;O), A(l;O;O) , B(O,‘l;O), va C(O;O,‘l).
Hoi c6 bao nhiéu diém céch déu cac mit phing (OAB), (OBC), (OCA), (ABC)?

A. 1 B. 4. C. 5. D. 8.
Cau 29: Trong khong gian véi hé toa dd Oxyz, cho cac diém A(—2;O;O),B(0;4;2),C(2;2; —2). Goi d la
duong thang di qua A va vudng gdc v6i mét phang (ABC ),S 1a diém di dong trén duong thang d, G va
H Tan luot 1a trong tam ctia AABC, truc tim cua ASBC. Duong thang GH cat duong thang d tai S'. Tinh
tich SA.S'A

A. SAS'A= % B. SAS'A= % C. SAS'A=12. D. SAS'A=6.

Cau 30: Trong khong gian véi hé toa d6 Oxyz, hinh lang tru c6 dién tich ddy bang 5 (dvdt) va hai day la
hai tam gidc nam trén hai mit phang (oc),(B) c6 phuong trinh Tan luot la (a):x—2y+3z—a:O va
(B):3x—6y+9z+b :O(a,b eR", b= 3a). Hoi néu thé tich khdi lang tru bang 5\14 thi khang dinh nao sau

day la dang?

A. |3a+b/=14. B. 4. C. [3a+0|=14. D.

x=t
Cau 31: Trong khong gian véi hé toa dd Oxyz, cho duong thing d:{ y =-1 va 2 mit phing (P),(Q) lan
z=—t

luot ¢6 phuong trinh x+2y+2z+3=0; x+2y+2z+7 =0. Viét phwong trinh mét cau (S) o tam I thudc

duong thang d, tiép xtc véi hai mit phang (P) va (Q)

A (x+3) +(y+1) +(z-3 =5 B (x=3) +(y+1) +(z+3) =
C. (w+3) +(y+1) +(z43) =3 D. (x=3) +(y-1) +(z+3] =

Cau 32: Trong khong gian véi hé toa dd Oxyz. Viét phuong trinh mat phang (P) di qua diém M (1; 2;3)
va cat cac truc Ox, Oy, Oz lan luot tai ba diém A, B, C khéc véi gbc toa dd O sao cho biéu thirc

L + L +
OA* OB* OC?
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A. (P):x+2y+3z-14=0 B. (P):x+2y+3z-11=0
C. (P):x+2y+z—14=0 D. (P):x+y+3z—14=0

Cau 33: Trong khong gian vdi hé toa dd Oxyz, cho ba diém A(O; 1;1), B(3; 0; —1),C (0; 21; —19) va mat cau

(S) : (x —1)2 +(y—1)2 + (z —1)2 =1. M(a, b,c) la diém thudc mat cau (S) sao cho biéu thirc
T =3MA? +2MB? + MC? dat gia tri nho nhat. Tinh tong a+b+c
AJa+b+c=%§ B. a+b+c=0 C.a+b+c=%§ D.a+b+c=12
Cau 34: Trong khong gian voi hé truc toa do Oxyz, cho mat cau (S) (% + (y —4)2 +z*=5. Tim toa do diém

A thudc truc Oy, biét rang ba mat phang phan biét qua A c6 cac vec-to phap tuyén lan luot 1a cc vec-to

don vi ctia cac truc toa d6 cit mit cau theo thiét dién 1a ba hinh tron c6 tong dién tich 1a 11n

A(0;2;0) 5 | A0:0:0) . {A(O;O;O) b {A(O;Z;O)
| A(0;6;0) | A(0;8;0) | A(0;6;0) | A(0;8;0)

A A e A . 2 x+1 y-2 z .o A
Cau 35: Trong khong gian voi hé truc toa do Oxyz, cho dwong thang d:T=_—1=§.Dlemnao sau day
thudc duong thang d?

A. Q(1,0,2) B. N(1,-2;0) C. P(1;-1;3) D. M(-1;2;0)

Cau 36: Trong khong gian voi hé toa dd Oxyz, cho diém M (% ;—% ,%J va mat cau (S) c6 phuong trinh

X +y’ +2° —2x—4y—6z-11=0. Tir di€m M ké céc tiép tuyén MA, MB,MC dén mit cau (S), trong d6
A,B,C 1a céc tiép diém. M4t phang (ABC ) c6 phuong trinh 1a px+qy+z+r=0. Gia trj cua biéu thutc
p+q+r bang

A. 4. B. 4. C 1 D. 36.
Cau 37: Trong khong gian véi hé toa d0 Oxyz, cho tam gidc ABC co A(2;3;1),B(—1;2;0),C(1,'1;—2).
Duong thang d di qua truc tdm ctia tam gidc ABC va vudng géc v6i mit phang (ABC ) c6 phuong trinh la

x-1 y+5 z-4 x—2 y+13 z-9

A. B.
1 -8 5 1 -8 5

C. x+1=y—11:z+6' D. x—3:y+21:z—14'
1 -8 5 1 -8 5

x—-2 y+1 z+1

Cau 38: Trong khong gian véi hé toa d6 Owyz, cho duong thang d: va

1 1 -2
x-3 y+1 z+3 .. \ “ 2 . . ‘s . N .
A: 1 T . Viét phuong trinh mat phang (P) chtta d va tao vdi tam gidc mot goc 30°. co
dang: Xx+ay+bz+c=0 véi a,b,ceZ khi do giatri a+b+cla
A.8 B.-8 C.7 D.-7

Cau 39: Trong khong gian véi hé toa d0 Oxyz, cho A(Z; 11; —5) va mit phang
(P) :2mx + (m2 + 1)y + (m2 - 1)z —10=0. Biét rang khi m thay d6i, ton tai hai mat cau c8 dinh ti€p xtc véi

(P) va cung di qua A. Tim tong ban kinh ctia hai mat cau do.

A. 242. B. 542. C. 742. D. 1242.
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Cau 40: Trong khong gian véi hé toa d6 Owxyz, cho ba mit phang (a) :2x+4y-5z+2=0,
(B):x+2y—22+120 va (y):4x—my+z+n:O . P& ba mit phang d6 c6 chung giao tuyén thi tong m +n
bang

A. 4 B. 8. C. -8 D. 4.
Céu 41: Trong khong gian véi hé toa dd Oxyz, cho 4 diém A(3;0;0), B(0;2;0), C(0;0;6), D(1;1;1). Kihiéu
d 1a duong thang di qua D sao cho tong khoang cach tir cac diém A, B, C dén d 1a 16n nhat. Hoi duong
thing d di qua diém nao dudi day?

A. M(-1-21). B. N(5;7;3). C. P(3;4;3). D. Q(7;13;5).
Cau 42: Trong khong gian véi hé toa do Oxyz, cho diém M (8; 1;1). Mit phéng (P) qua M cat cac tia
Ox,0y,0z lan lwot tai A, B,C thoa man OA?+OB*+0OC? dat gid tri nho nhat ¢6 dang la (P):
ax+by+cz—12=0. Khi d6 a+b+c la:

A.9. B. 9. C.11. D. —11.
Cau 43: Trong khong gian vdi hé toa do Oxyz, cho A(3;—1;—3), B(—B;O,'—l), C (—1;—3;1) va mat phéng
(P):2x+4y+32-19=0. Toa do diém M(a;b;c) thude (P) sao cho [MA+2MB+5MC| dat gid tri nho

nhat. Khi d6 a+b+c bang:
A. 4. B.5. C.6. D.7.

Cau 44: Trong khong gian voi hé toa do Oxyz, cho (oc) :2x-2y—-z+14=0, mat cau
(S):x* +y* +2° —2x—4y—6z—11=0. Mat phang (P)//(a) cdt (S) theo thiét dién 1a mét hinh tron c6 dién
tich 16n. Khi d6 phuwong trinh mat phang (P) la:

A. 2x-2y—z+14=0. B. 2x-2y—-z+4=0. C. 2x-2y—-z+16=0. D. 2x-2y—-z—-4=0.
Cau 45: Trong khong gian v6i hé toa dd Oxyz, cho 3 diém A(l; 2; —3), B (—1; 12 ), C ((); 3,5 ) Xac dinh

diém M trén mat phéng Oxy sao cho: ‘MA +MB+ MC ‘ dat gia tri nho nhat. Gia tri nhé nhat do6 la:
A. 0. B. 5. C.5. D. 6.
Cau 46: Trong khong gian voi hé toa dd Oxyz, cho diéem H (2; —1;2) la hinh chiéu vudng goc cua goc toa
dd O xudng mat phang (P) S8 do goc gitta mit phang (P) va mat phang (Q) c6 phuong trinh —y+z=0
la:
A. 90°. B. 60°. C. 45°. D. 30°.
Cau 47: Trong khong gian véi hé toa dd Oxyz, cho 2 diém A(Z; 1 —1), B (O; 3; 1) va mat phéng
(P) :x+y—2z+3=0. Tim toa d diém M thudc (P) sao cho ‘ZW - 1@‘ o gid tri nho nhat.
A. M(—4-1;0). B. M(-1;,—4;0). C. M(41;0). D. M(1,—4;0).
x=3+t
vad:qy=2+t,t'eR. Viét
z=5

x-2 y-1 z-2

Cau 48: Trong khong gian vdi hé truc toa d¢ Oxyz, cho d: 1 n

phuong trinh chinh tic ctia duwong vudng goc chung ctia d va d'.
x—1:y—2:z—3 B.x—lzy—2:z—1
1 -1 -1 1 -1 -2
x—1:y—2:z—3 D.x—lzy—Zzz—?)
-1 -2 2 1 -1 2

A.

C.
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Cau 49: Trong khong gian vdi hé truc toa dd Oxyz, cho hai diém A(l;O,'Z), B(O;—1;2) va mat phéng

(P):x+2y-2z+12=0. Tim toa d6 diém M thudc (P) sao cho MA +MB nho nhét?

A. M(2;2;9). B. M —ﬁ;—1—8;2—3 .
117 11711
c.mlZ.7.31 D. M| _2. 1118
' 6’6" 4 ) ' 5 5°5)
x=-1-2¢ x=2+t

Cau 50: Trong khong gian véi hé toa dd Oxyz, cho hai dwong thang d:{y =t , d':qy=-1+2t" vamat
z=-1+3t z=-2t
phang (P) :x+y+z+2=0. Duong thang vudng gdc véi mat phang (P), catd va d' c6 phuong trinh la
x-1 y-1 z-1

A x—3:y—1:z+2. B.
1 1 1 1 -1 —4

C. x+2:y+1:z—1. D. x+1=y—1=z—4_
2 2 2

1 1 1
Cau 51: Trong khong gian véi hé toa dd Oxyz, cho mét phang (P) : x+y+z—-3=0 vacacdiém A(3; 2;4),

B(5; 3,'7) . Mit cau (S) thay d6i di qua A, B va cat mat phang (P) theo giao tuyén la duwong tron (C ) co

ban kinh r =2+/2. Biét tAm ctia duong tron (C ) luén nam trén mot duong tron cd dinh (C] ) . Ban kinh ctia

(C)1a
A.r=+14. B.r=12. C. r,=2414. D.r =6.
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UIIL TO HOP — KAC SUAT, GIGI HAN, DAY SO

Cau 1: C6 hai day ghé d6i dién nhau, mdi day c6 ba ghé. Xép ngau nhién 6 hoc sinh, gobm 3 nam va 3 nit,

ngdi vao hai ddy ghé d6 sao cho mdi ghé cé diing mot hoc sinh ngdi. Xac sudt d& méi hoc sinh nam déu
ngdi ddi dién véi mot hoc sinh nit bang
IS B. . c2. D. L.
5 20 5 10
Cau 2: Trong mat phrfmg voi hé toa d6 Oxy, chon ngﬁu nhién mot diém ma toa do 1a cac sd nguyén cb gia
tri tuyét doi nho hon hodc bf?mg 4. Néu cac diém c6 cung xac sudt duoc chon nhu nhau thi xac sudt dé
chon dwgc mot diém ma khoang cach dén gdc toa do nho hon hodc bﬁng 21a
A D B. 2, c i . 2,
81 81 32 16
Cau 3: C6 8 ngudi ngdi xung quanh mot chiéc ban tron. Mbi ngudi cAm mot dong xu can ddi, dong chat.
Ca 8 nguoi dong thoi tung dong xu. Ai tung dwgc méat ngtra thi phai dung day, ai tung dwoc mat sap thi
ngodi yén tai chd. Tinh xéc suét sao cho khdng c6 hai ngudi ndo ngdi canh nhau phai ding day?
47 67 55 23
* g B'ﬁ' C'ﬁ' D.E.
Cau 4: Trong mot hinh tt dién ta t6 mau cac dinh, trung di€ém cac canh, trong tam cac mat va trong tam
tz dién. Chon ngau nhién 4 diém trong s& cac diém da t6 mau. Tinh x4c sudt d€ 4 diém duoc chon la 4
dinh ctia mo6t hinh ti¢ dién
188 1009 245 136
373 B. % C. 73 D. E

2 . PPN n N A1 1 ~, 7 A A~
Cau 5: Trong khai trién (1 + Zx) =a,+a,x+..+ax",ne N*. Tim s0 16n nhat trong cac hé s6 a,,4a,,...,a,,
. A a a
biét a, +—++...+ - =4096.
2 2"

A. 126720. B. 213013. C. 130272. D. 130127.
Cau 6: Lép 12B c6 25 hoc sinh dugc chia thanh hai nhém I va II sao cho mdi nhém déu cé hoc sinh nam
va nit, nhém I gom 9 hoc sinh nam. Chon ra nggu nhién mdi nhém 1 hoc sinh, xac suat d€ chon ra dwoc 2
hoc sinh nam bf?mg 0,54. Xac suat dé chon ra dwoc hai hoc sinh nir béng

A.0,42. B. 0,04. C.0,23. D. 0,46.
CAu 7: Cho ba toa tau danh s8 tir 1 dén 3 va 12 hanh khach. Mdi toa déu chita dwoc t6i da 12 hanh khéch.
Goi n la s6 cach xép cac hanh khach vao cac toa tau thdéa man diéu kién “moi toa déu c6 khach”. Tim s6
cac chirsO cua n .

A.5. B. 6. C.7. D. 8.
Cau 8: Cho da giac 16i (H ) ¢6 22 canh. Goi X la tap hop cac tam gidc c6 3 dinh la ba dinh cta (H ) Chon
ngau nhién hai tam giac trong X. Tinh xéac suat d&€ chon duoc 1 tam gidc 6 1 canh 1a canh cta da giac (H )
va 1 tam giac khong c6 canh nao la canh cua da giac (H ) (Két qua lam tron dén chit s6 thap phan thi ba)

A.0,374. B. 0,375. C. 0,376. D. 0,377.
Cau 9: Cho tap hop cac s6 nguyén lién ti€p nhu sau: {1},{2;3},{4;5;6},{7;8;9;10},... , trong dé mdi tap
hop chita nhiéu hon tap hop ngay trudc d6 1 phan ti, va phan tir dau tién ctia méi tap hop 16n hon phan
ttr cudi cung cta tap hop ngay trudend 1 don vi. Goi S, 1a tdng cuia cac phan t trong tap hop thit n. Tinh

S

999

A. 498501999. B. 498501998. C. 498501997. D. 498501995.
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Cau 10: Chiéc kim cta banh xe trong tro choi “Chiéc nén ki diéu” ¢6 thé diing lai & mot trong muoi vi tri

v6i kha nang nhu nhau. Xac suat dé trong ba lan quay, chiéc kim ctia banh xe d6 lan lwot diing lai ¢ ba vi
tri khac nhau la

A. 0,001. B.0,72. C.0,072. D. 0,9.
Cau 11: D€ thi hoc ky bang hinh thitc van dap, thay gido da chuan bi 50 cau héi cho ngan hang dé thi. Ban
A dahoc va lam duoc 20 cau trong dé. D€ hoan thanh bai thi thi ban A phai rat va tra 10i 4 cau trong ngan
hang dé. Tinh xac suat d€ ban d6 rut duoc 4 cau ma trong dé cé it nhat 1 cau da hoc.

. C_§0 B. 1—C—§°. C. C—go D. 1—C—§°.
Ca Cay Cay -
Cau 12: Tang pP= C3018'22018 _C;ms 227 + Csms 22—+ ngig la:
A. P=1. B. P=0. C. p=2*", D. P=2%"

Céu 13: Cho day s6 Cy,C,,,C>

S C;; C6 bao nhiéu bd gom 3 sd hang lién ti€p trong day so trén lap
thanh cap s cong?

A. 0. B. 1. C.2. D. 3.
Cau 14: Mot binh chtra cac vién bi da bén mau: d9, trang, xanh va lam. Ldy ngau nhién va dong thoi bdn
vién bi ttr trong binh thi xac suat xay ra cac bién ¢6 sau la nhu nhau:

(1) Ca bon vién bi déu mau do.

(2) C6 mot vién bi mau trang va ba vién bi mau do.

(3) C6 mdt vién bi mau tring, mot vién bi mau xanh va hai vién bi mau do.

(4) Bon vién bi ¢ da ca bon mau.

Hoi s6 vién bi nho nhat trong binh thdéa man cac diéu kién trén?

A. 19. B. 69. C. 46. D. 21.
A .~ N R - . 4x2 -3x+1 . o1 M
Cau 15: Cho hai s6 thuc a va b thdéaman lim Toril —ax—b |=0.Khi d6 a+2b bang
X—>+00 x +
A. 4. B. 5. C. 4. D. 3.
=1
Cau 16: Cho day so (un) thoa man " (Vn eN,n> 2). Tim gid tri nho nhat caa n dé
u, =3u _, +1
log, u, >100 .
A. 102. B. 101. C. 202. D. 201.
2
Cau 17: Cho cap s6 cdng (u, ). Goi S, =u, +u, +...+u, . Biét rang S_p =p—2 voi p#q;p,qeN". Tinh gid tri
q
: A o Uy
cua biéu thirc =+
Z42018
A 4031. B. 4031. C. 4033. D. 4034'
4035 4033 4035 4035
e4—3x —64
v - khi 0 . 7 . 2 ~? [N . M
Cau 18: Cho ham s6 f(x) = x 7 Gia tricta adé f(x) lién tuc tai x, =0 bang
3ae* khix=0
A. 5. B. 1. C. 5¢*. D. 1.
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Cho ham s6 f (x) lién tuc
trén doan [a;b] .
bat M = maxf(x) va

[a;]

m =r[mh1w1f(x) . Khi do:

ay  f(x)=kcs
thude [a;b] khi va chi khi
m<ks<M.

(2): f(x)<k dung voi moi
xe[ab] khi va chi khi
M<k.

@) f(x)>k ding véi moi

khi va chi khi m >k .

4): f(x)<k c¢6 nghiém
thudc [a;b] khi va chi khi
m<k.

5): f(x)>k c6 nghiém
thudc [a;b] khi va chi khi

M>k.
\

nghiém

Ngoc Huyén LB The Best or Nothing

B. HUGNG DAN GIAI CHI TIET
1. Ham S0

+b

A cA Y N . 7 A N \ A ax .7 .
Cau 1: Biét rang ton tai cac s6 nguyén a,b sao choham sd y = dat gia tri
x°+1
nho nhat, gia tri 16n nhat déu la cac s6 nguyén va tap gia tri cia ham s6 da cho
chi c6 dting 6 s6 nguyén. Gia tri cia a” + 2b* bang

A. 36. B. 34. C. 41. D. 25.

Loi giai
Bang cach st dung diéu kién ton tai nghiém cta phuong trinh, ching ta cé: Khi

a=0 thi ham s6 chi dat gia tri 16n nhat (khi b<0) hodc chi dat gid tri nho nhat

b— u2+b2< <b+\/a2+b2

(khi b>0). Con khi a=#0 thi 5 <y 5
L b—va*+b* | b+\a’+b’
Do d¢, miny =————— va maxy=————.

Vi miny; maxy la cac sO nguyén nén tap gia tri cia ham s6 da cho chi c6 diang
JIN R
6 sO nguyeén khi va chi khi maxy—n%!@iny=5:>\,;’112 +b> =5 a’ +b* =25.
R

. b-5 b+5
Suy ra, m%ny:T va mngxsz.

Theo gia thiét, thi b la s§ nguyén 1é va a=0 nén a* =16,b° =9.
Do &6, a* +2b* =34.
Pap an B.

,( STUDY TIP %

Cau 2: Choham s6 y = f(x) Ham s6 y = f’(x) c6 bang bién thién nhu sau

X | —oo -1 3 +o
o 0 ~ . +o
7 r[ x) ,,a*‘“f T~ f’f
o= s 33
Bat phurong trinh f(3—4x)<e’*" +2m dting véi moi xeG ;Zj khi va chi khi
1 f(2) 1,
A.om> f(-2)-=. B. m> — e
" f( ) e’ mET TR
f(—2) 1 2
C.m= - D. m>f(2)—e
2 2e” f( )
Lai giai

Dit g(x)=f(3—4x)—e"*.
Tacé g'(x)=—4f'(3—4x)+4e” ™.

Véi x e (i,%j thi 3—4xe (—2;2) . Ttr bang bién thién cia ham s6 y = f’(x) ,tacod

fr(3—4x)£O,Vxe(%;Zj. Do do, g’(x)>O,Vxe(i;ZJ hay ham s& g(x) dong
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Cho ham s&

y=ax’ +bx+c(a#0)
voi xe[a;B]. Goi M,m

lan luot la gia tri I16n nhat,
gia tri nhé nhét ctia ham s6.

. b .
+Néu _ZEEG;BJ thi
M,me{f(a),f(ﬁ)}.

i b .
+Néu —EE[[};BJ thi

M,me

{f(u),f(ﬁ)'f[zi]}

\

STUDY TIP

200 bai toan VD — VDC facebook.com/huyenvu2405

bién trén khoang (i ,Zj Do d6 bat phuong trinh g(x)SZm ding v6i moi

f(2) 1

xe l,g khi va chi khi g > 2msSm> .
4°4 4 2 2¢*

Pap an C.

Cau 3: Cho ham s6 y=x’ —2(m+ljx+m (m # 0). Goi gia tri 16n nhat, gia tri
m

nho nhét ctia ham sd trén [—1; 1] lanlwotla y,, y,.S6 gidtricaa m d€ y, -y, =8

J/

la
A. 2. B. 0 C. 1. D. 4.
Lai giai
y 2 1 , 1
Dat yzf(x)zx —2(m+—jx+m, y =2x—2(m+—j
m m

, 1
y=0cx=m+—.
m

“V6i m>0, m+->2. Khi dé, ham s3 nghich bién trén [1;1].
m
2

=1-m-=.
m

2
:>y1:f(—1)=3m+g+1; yZ:f(l)
Theo dé bai ta co:

2 2 s
V=Y, =8 © 3m+=+1-1+m+==8 (m>0) &m’ -2m+1=0 < m=1.

m m

“V6i m<0, m+—<-2. Khi d6, ham s dong bién trén [~1;1]
m

2 2

:ylzf(l)zl—m—z; yzzf(—1)=3m+;+1.

Theo dé bai ta cé:

y,-y,=8 < Bm+Zal-1+m+2=-8 (m<0) o m’+2m+1=0 <m=-1.
m m

Vay c6 dang hai gia tri cia m thoa man.

Pap an A.

Cau 4: Gia tri tham s6 thuc k nao sau day dé do thi ham s8 y=x" —3kx* +4 cat
truc hoanh tai ba diém phan biét.

A. -1<k<l1. B. k>1. C. k<1. D. k>1.

Ll gii
Cach1:Taco y' = 3x* —6kx.
D& d6 thi ham s6 cit truc hoanh tai 3 diém phéan biét < D0 thi ham s6 c6 hai

cuee tri ndam vé hai phia so véi truc hoanh

A, >0
o { v o
Yep-Yer <0

k#0
=
4k*x . x

Cb™CT

k>0
(-2K%x g +4)(—2Kxp +4) <0

—8K* (xcp +Xcp ) +16<0
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+ =2k k#0
Theo Vi-et, ta c6 {xCD Xer .Suy ra { k>1.

s =
Xep-Xor = -16k> +16<0

3
Céch 2: Xét phuong trinh hoanh d6 giao diém x° —3kx® +4 =0 < = L (%),

Trong biéu thiic P vai tro
cta z khac x, y do d9, ta tim
cach rat x, y theo z tir diéu
kién ban dau. Tte 6 quy vé
phuong trinh 4n z va tim
diéu kién d€ phuong trinh

c6 nghiém.

3x?
,( STUDY TIP % 20
Mot s6 hudng tim diéu kién Lo N x> +4 , 3x*—24x
d€ phuong trinh bac ba cé Xétham s6 y = 322 y= 9yt
ba nghiém phan biét:
+Huéng 1: Colagp mquy vé | Vi x20=9x* >0=1y'=0<3x" —24x=0=>x=2
khao sat ham s6. , n A
+ Hudng 2: Nhdm nghiém Bang bién thién
x=x, di dén phuong trinh x| - 0 D) 4
tich (xfxn)(mc2 +bx+c):0 Y ~ _ 0 +
+ Hudng 3: Dung diéu kién "
YeoYer <0- * "
. y \ \
_ 1
Tit bang bién thiéen = D& do thi ham s& cit truc hoanh tai 3 diém phan biét
<k>1.
4 4 ’ 2 7 ] X = O
Cach 3: Taco y' =3x" —6kx. Xét y'=0= .
x =2k
D& d6 thi ham s6 cét truc hoanh tai 3 diém phéan biét < DO thi ham s0 c6 hai
diém cuc tri nam vé hai phia so véi truc hoanh
o . |2k=0 k=0
Diéu kién: = R sk>1.
y(0).y(2k)<0 7 |16-16K° <0
Dap an B.
A~ ’ ~ 2 ~ VN A x_]/+Z:3 2. «A? ’
Cau 5: Cho cac s0 thuce x,y,z thoa man diéu kién ., . Hoi biéu thixc
X' +y +z°=5
X+y=2 ., . . A g A
P= BT c6 thé nhan bao nhiéu gia tri nguyén?
zZ+
A. 2. B. 1. C. 3. D. 4
Loi giai
Cach 1: Diéu kién: z=-2.
) x+y-2
STUDY TIP P= SPlz+2)+2=x+
J z+2 ( ) 4

X-y+z=3&x-y=3-z

P+ =50 (x+y) +(x—y) +222=10

= (x+y) =10-22" —(3-2) = (x+y) =327 +62+1.
Dodé, (P(z+2)+2) =32 +62+1

& (P*+3)2" +(4P* +4P—6)z+4P* +8P+3=0 (1)
Phurong trinh (1) 6 nghiém khi va chi khi A’>0

& (2p? +2P—3)2 ~(P*+3)(4P* +8P+3)20
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Céc biéu thitc lién hé gitra x,

y, z ¢4 dang phuong trinh
mat phing, mat cau. Tt d6
gitip ta nghi dén viéc xét vi
tri twong d6i gitta mat cau
véi duong thing va mat

phéng.
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<> 4P* +4P* +9+8P% —12P> —12P—(4P4+8P3+15P2 +24P+9)20

<:>—23P2—36PZO<:>—%SPSO.

Do d6, P c6 thé nhan cac gia tri nguyén la 0;-1.
Cach 2: Ta cé:
_x+y-2

P=r— =@ x+y-Pz=2P+2 (2)

x-y+z=3 (3)
X’ +y*+2z° =5 (4)
Phwong trinh (2),(3) la cdc phuwong trinh méat phang.

Hai mat phang ndy cat nhau theo giao tuyén d c6 vecto chi phuwong la
2P+5.2P—1'0]

u(P-1;P+1;2) va di qua diém M[ >
| 4,0M |=(1-2P;2P+5,-5P -2)

Phuong trinh (4) 1a phuong trinh mét cau () 6 tam O(0;0;0) ban kinh R =+/5
X,y,z ton tai khi va chi khi d ct (S) < d(0,d)<R< M <5

g

= (2P+1) +(2P+5) +(-5P-2) < 5[(1)—1)2 +(P+1) +4}

@—23P2—36P20@_2—5;’63P30.

Do @6, P c6 thé nhan cac gia tri nguyén la 0;-1.
Dap an A.

Céu 6: Cho ham s8 y = f(x) lién tyc trén R\[-2;2] va c6 bang bién thién nhu

sau:
X | -0 -2 2 3 +0
Y - - 0 +
+00 +00 —0
y \
—o0 2018
S8 nghiém ctia phuong trinh | £(2018x - 2019)|=2020 1a
A. 2. B. 1. C. 4. D. 3.
Lai giai
Bang bién thién cia ham s6 y = ‘ f (x)‘
X | —o0 -2 2 3 +00
y - + - 0 +
+00 +00 +00 —00

AN

2018
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( STUDY TIP %

b€ tim s& nghiém phuong
trinh f(u(x))=m Kkhi biét

d6 thi hodc bang bién thién

ctiaham s6 y = f(x) ta xéc
dinh s giao diém cla
duong thing y=m véi do
thi ham s& y=f(x). Goi
hoanh d6 céc giao diém d6
la x,x,,..,x, taco

f (u (x)) =m

= u(x) =x,i=12;.;n
Bai todn tré vé tim sO
nghiém ctia n phuong trinh

Ngoc Huyén LB The Best or Nothing

Duong thang y =2020 cat dd thihamsd y = ‘ f (x)‘ tai 4 diém phan biét c6 hoanh
do x,,x,,x,,x,.

2018x-2019=x,
2018x-2019 =x,

2018x-2019 =x,
2018x-2019=x,

Do do¢,

£(2018x - 2019)| = 2020 < cac phuong trinh nay cho
ta 4 nghiém phan biét.
Suy ra phuong trinh |£(2018x ~2019)| =2020 c6 4 nghiém phan biét.

Pap an C.

u(x) =x,i=12;..;n
\ y,

Cau 7: Cho ham s8 y :f(x) =x —(Zm—l)x2 +(2—m)x+2 . Tap tat ca cac gid tri
cua m d€ d6 thi ham s6 y:f(|x|) cd 5 diém cuc tri la (E;cj véia, b, c lacac

~ A \ a \ A ~ A .2 4
sO nguyen va b la phan s6 t6i gian. Tinh a+b+c.

A. a+b+c=11. B. a+b+c=8. C.a+b+c=10. D. a+b+c=5.

Loi giai

Tap xac dinh D=R.

f’(x)z?)x2 —2(2m—1)x+(2—m)

Yéu cau bai toan <> f'(x)=0 c6 2 nghiém dwong phéan biét
A'>0 (2m—1)2_3(2_m)>0 4m* —m—-5>0

5>0 <12m-1>0 <91 <:>Z<m<2
P>0 [2-m>0 5 <Mm<2

=a=5b=4,c=2
Vay a+b+c=11.
Dap an A.

Cau 8: Cho ham s6 f(x) thoa man [xf’(x)]2 +1=x [1—f(x).f”(x)] voi moi x

dwong. Biét f(1)=f'(1)=1tinh f*(2).

A. f3(2)=In2+1. B. f2(2)=+In2+1.
C. f7(2)=2In2+2. D. f3(2)=+2In2+2.
Lo gidi
Taco [xf (x) [ +1=22[1- f(x)-£"(x)] = [£(5)] + £(x) f"(x)=1_xl2

=[] {xﬂ' o f(x)f(x)=x+Lac,

X

Do f(1)=f'(1)=1néntaco C, =-1.

Do d6, f’(x).f(x)=x+%—l @[L(X)J =[§+lnx—xJ

2
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FOR REVIEW
Sai Jam thuong gap:
Bién d6i

logz(x —2)2 = 210g2(x—2).

200 bai toan VD — VDC facebook.com/huyenvu2405

<:>f2(x)=x2+21nx—2x+C2.
Ma f(l):l néntaco C, =2.
Vay f?(x)=x"+2Inx—2x+2= f*(2)=2In2+2.

Cau 9: Tim tat ca gia tri ctua tham s6 thuc m dé phuong trinh

2log, (x + 2) +log, (x - 2)2 =2log, (2x2 —6x+ m) c6 dung hai nghiém phan biét.

A. me(-20;4). B. me(-20;4)u(57).
C. me(5;+oo). D. me[—20;4)u(5;7).
LGi gidi
x>-2
x#2

Phuong trinh da cho < 2 —6x4m>0

2log, (x+2)+2log, |[x —2|=2log, (2x2 —6x+ m)

x>-2
x#2 x>=2
Sqxz2

(x+2)|x—2|=2x2—6x+m

< 2x* —6x+m>0

x+2)|x=2[=2x*-6x+m
—x?+6x—4 néu x>2

’ \ A _ | 2 =
Xét ham s6 f(x)_(x+2)|x 2| 2 ox {—3x2+6x+4 néu —2<x<2

o\ |2x+6 néu x>2 () x=3
f(x)_{—6x+6 néu —2<x<2’f(x)_0(:{x=1

Bang bién thién:

x | =2 1 2 3 +o0
f(x) - + 0 -

+ 0
@) _20/7\4 e 5\_00

Tur bang bién thién ta c6 me(-20;4)U(5;7).

Dap an B.

Cau 10: Cho ham s6 y=x* —3x +2(C). Biét rang duong thang d:y=mx+1
cit (C ) tai ba diém phan biét A, B,C . Ti€p tuyén tai ba diém A,B,C cta do6 thi
(C) cat do thi (C)Tan luot tai cac diém A',B’,C' (tuong ting khéc A,B,C) . Biét
rang A’,B’,C'thang hang, tim gia tri ctia tham s8 m d€ duong thang di qua ba
diém A’,B’,C’ vudng goc voi duong thang A :x+2018y —2019=0.

_ 1009 B. m 1009 . C. m= 2009 2019 .

A.m . . . . .
2 4 4 4

Loi giai
Gia st A(xl;yl), B(xz;yz),C(xS;%).
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— FOR REVIEW

Bai toan bén dwoc xay
dung tr y twdng cua bai
toan gdc sau day: Cho ham
s8 y=x"-3x+2(C) <6 3
diém A, B, C thudc d6 thi
(C ). Tiép tuyén tai 3 diém
A, B, C ctia d6 thi (C) cét
(C) Tan luot tai céc diém
A’, B, C’ (twong ting khac
A, B, C). Biét rdng A, B, C
thing hang, ching minh
rrﬁmg A, B, C’ théng hang.

STUDY TIP )—

D¢ giai bai toan nay ta st
dung cong thitc tinh nhanh
litn quan dén ham phén
thic.

Ngoc Huyén LB The Best or Nothing

Ta c¢6 phueong trinh tiép tuyén tai A caa do thi (C ) la:
A,y =(3x] =8)(x—x,)+x) —3x, +2
Xét phuwong trinh (Bxf —3)(x—x1)+x13 —3x,+2=x"-3x+2.
Do d6 A'(-2x,;-8x; +6x, +2).
Lai c6 —8x] +6x, +2=-8(x] —3x, +2)—18x, +18 =—8y, —18x, +18

=—8(mx, +1)—18x, +18 =—2x, (4m+9)+10
=y, =(4m+1)x, +10. Twong twta ¢ y, =(4m+9)x, +10
Do d6 phurong trinh duong thang di qua 3 diém A, B/, C’ 1a

A, :y=(4m+9)x+10.

Theo dé bai A LA, nén 4m+9-2018=0<m= 'ﬁﬂ (thoa man).

Pap an C.

2x+1

Cau 11: Cho ham s6 y=
x+1

c6 d6 thi (C). Ti€p tuyén tai M(x,;y,)(x, <0)
cua do thi (C ) tao voi hai duong tiém can caa d6 thi (C ) mot tam gidc c6 ban

kinh dwong tron ndi ti€p 16n nhat. Gia tri biéu thize T = 2018x, + 2019y, bang

A. T=2021. B. T=2016. C. T=2018. D. T=2019.
Liii giai
Chi y: Ta c6 mot s8 bai todn sau cé thé giai bang cong thitc tinh nhanh
Choham s6 y = (ED (C) voi ad—be#0,ac#0
cx+d

1. Tim diém M e (C) sao cho tiép tuyén tai M tao voi hai tiém can

a. Mot tam gidc vudng can.

b. Mot tam gidc vudng c6 canh huyén nho nhat.

c. Mot tam giac c6 chu vi nho nhat.

d. Mot tam giac c6 ban kinh duong tron ngoai ti€p nho nhat.

e. Mot tam gidc c6 ban kinh duong tron ndi tiép 1on nhat.

2. Tim di€ém M &(C) sao cho tiép tuyén ctia (C) tai M vudng goc véi duong
thang IM.

3. Tim di€ém M €(C) sao cho khoang cach tir diém I dén tiép tuyén cta d6
thi (C) tai M 16n nhat.

4. Tim 2 di€ém M, N thudc 2 nhanh khac nhau ctia d6 thi (C) sao cho d6 dai
MN dat gi4 tri nho nhat.

5. Tim 2 di€ém M, N thudc 2 nhanh khac nhau cta d6 thi (C) sao cho tiép
tuyén tai M va N song song vdi nhau dong thoi MN dat gid tri nho nhat.
Cong thttc tinh nhanh cho cac bai toan trén nhu sau:

Hoanh d6 diém M (hodc hoanh d6 hai diém M, N) can tim la nghiém cta
phuong trinh: (y') =1
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MEMORIZE

Cong thitc tinh ban kinh
R R A9 18 S
duwong tron noi tiép r=§

(S, P lan lwot la dién tich,
chu vi cia tam gidc do)

f( STUDY TIP )—

Ta lap phwong trinh dwong
thing di qua hai tiép diém

ctia hai tiép tuyén véi (C )
bang phuong phép gian tiép

200 bai toan VD — VDC facebook.com/huyenvu2405

Cach 1: TXD: R\{l};y’=#2
(x+1)
x=0

x+1 x=-2

Xét phuong trinh (y’)z =le (Lj =le [
Do x,<0 nén x, =-2=y, =3. Vay T=2021
Cach 2:

Phuong trinh ti€p tuyén cua (C ) tai M(x0 Yo ) la:

1 2x, +1

—X, )+
(x0+1)2 *=%)
(C) cotiém can .d, :x=-1;d,:y=2;d, nd, =1(-1,2).

Ay=
Y x,+1

2
Goi A=d, NA, = A| ~1;—2|; B=d, nA= B(2x, +1;2)
x,+1
:1A=L;13=2|x0+1|:>1A.IB=4
|x0+1

Do AABI vudng tai I nén ban duong tron noi tiép AIAB bang

25, IA.IB IA.IB 4
r= = < = =2-1
IA+IB+AB (A4 B+\IA?+1B? 2VJIAIB+\2IAIB 4+2:2
o =0
Déu bang xay rakhi IA=IB < |x, +1|=1< [xo 5
X, =—

Do x, <0 nén x, =-2=y,=3. Vay T=2021.
Dap an A.

Cau 12: Choham sd y=x"—3x+ 1(C ) . Biét rdng ton tai hai tiép tuyén ctia do thi
(C ) phan biét va c6 cuing hé s8 géc k, dong thoi duong thang di qua cic tiép
diém cua hai ti€p tuyén do tao voi hai truc toa do mot tam giac can. Goi S la tap
cac gia tri ctia k thoa man diéu kién trén, tinh tong cac phan ti cua S.

A. 3. B. 9. C. 12. D. 0.

Loi giai

Cach 1:

Tap xdc dinh R, y' =3x> -3

Theo bai ra ta c6 phuong trinh 3x* —3=k (1) ¢6 2 nghiém phén biét.
Do d6 k>-3(*)

Goi x,;x, la 2 nghiém ctia phuong trinh (1), M(xl;yl);N(xz;yz)e(C)
Tacéd: y, =x," —3x +1=ﬁ(3x2—3)—2x +1=Ex —2x, +1= 5—2 x, +1
1 1 1 3 1 1 3 1 1 3 1
k
Tuong tw y, = 5—2 X,
Do dé phuong trinh MN la: yz(g—zjxn (d)

Vi (d) tao véi hai truc toa d¢ mot tam gidc can nén d c6 hé sd goc béng 1 hoac -1
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( STUDY TIP %

Cho (C) la do thi ham s§
bac 3. Néu hai diém M, N
thuoc do thi (C) ma tiép

tuyén cta (C) tai hai diém
nay song song véi nhau thi
M, N ludn d6i xting nhau
qua diém udn cua (C)

\. J/

MEMORIZE

Bit déng thtc Cauchy —
Schwarz: Gia st a,,4,,....a,
la s6 thuwc bat ki va
b, b,,...,.b, las6 thuc duong.
Khi d6 ta cé:

2
. (a,+a,+..+a,)
b +b, +..+b
Déng thitc xay ra khi va chi
a, a

khi =% _ %
b, b b

2 n

Ngoc Huyén LB The Best or Nothing

4 §_2=1<:>k=9 (théa man (*))

+) §—2=—1<:>k=3 (théa man (*))

Vay tdng cac phan tr ctia S la 12.

Cach 2:

Tacéd y"'=6x,y"=0 <:>x=0:>(C) c6 diém uén I(O;l)
TH1: Puong thang MN c6 hé s6 goc bang 1 va di qua I
= Phuwong trinh MN: y=x+1

= Hoanh d6 M, N la nghiém ctia phuong trinh:

x=12

x° —3x+1=x+1c>x(x2 —4)=Oc{x:0(l) =k=y'(2)=y'(-2)=9.
TH2: Puong thang MN c6 hé s6 goc bang —1 va di qua
= Phuong trinh MN: y=—x+1
= Hoanh d¢ M, N la nghiém ctia phuwong trinh:
x=0 (l)
ko y(V2) =y (2) =3
() (-

Vay tong cac phan tir ctia S bang 12.

x3—3x+1=—x+1<:>[

Pap an C.

Cau 13: Cho cac s0 thye duong x,y,z thoa man e*¥** < e(x +y +z). Tim gia tri

nho nhit ctia biéu thiec P = ~+ 4 + % .
(x—z) Xz y
A. 108. B. 106. C. 268. D. 106.

Lai giai
Xétham s& f(t)=e' —et,t e(0;+0); f'(t)=¢'—e, f'(t) =0t =1

Ta c6 bang bién thién:

t 0 1 +00
f -

0 +
fit) \ /
0

T bang bién thién ta ¢ e’ —et >0Vt >0=¢""V"* > e(x+y + z)

Két hop voi gia thiéttacd x+y+z=1

2
1+2
1 4 +%>4%+%_ 36 1

Khi d6 P=4 |+ —>4 o
(x—z) dxz |y (x+z) y (1—y) y

, 36 1
Xét ham so = +—voi 0;1
g(v) TR i ye(0:1)
72 3 1

)=y 0=
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,C STUDY TIP %

S6 diém cuc tri cia ham s6

y=|f(x)‘ bang tong s8
diém cuc tri cha ham s6
y:f(x) va sO0 nghiém
(khéng trung véi cac diém
cic tri) caa phuwong trinh

200 bai toan VD — VDC facebook.com/huyenvu2405

t 0 1/3 1

g'(t) - 0 +

g(t) \ /
108

Do dé6 g(y)=108; vy (0;1)

f(x)=0.

\

Vay min P =108 dat dugc khi x=é;y=1;z:g
9 3 9
Dép 4n A.
Cau 14: Ham s6 y = |x - 2|(x2 + 1) c6 bao nhiéu diém cuc tri?
A. 0. B. 1. C.2. D. 3.
Laii giai
(x—2)(x2 +1) néu x>?2
Tacéd: y= .
—(x —2)(x2 +1) néux<2
S 3x* —4x+1 néux>2 h dinh )
uyra y' = va 1’ khong xdc dinh tai x =2.
yraly —(3x2—4x+1) néux <2 Y & ) )
Ta c6 bang xét dau cua y':
X | —00 -1/3 1 2 +00

’

T - o v o =T

Ta thdy y' d6i dau 3 Tan = Ham s6 da cho ¢6 3 diém cuec tri.
Luu y: C6 thé giai thich dao ham ctia ham s6 da cho khong xac dinh tai x=2
theo 2 cach nhu sau:

Cach1: Tacd y= (x—2)2 (xz +1).

Do dé y'= x;zz(x2 + 1) +4J(x —2)2 2x. Vay y' khdng xéc dinh tai x=2.
(x-2)

Cach 2: Ta c6 y’(z*) =5; y'(2’ ) =5 = y’(z*) # y'(Z’) = y'(2) khéng xac dinh.

(Poc bai doc thém “Pao ham mot bén”, SGK Dai sd va Giai tich 11, NXB GDVN).

Luu y: Ta c6 thé giai nhanh bai toan trén dya vao nhan xét sau: “S6 diém cuc tri

cia ham s§ y=|f(x)| bing tong s8 diém cuc tri cia ham s§ y=f(x) va s3
nghiém (khong triing vi céc diém cye tri) ctia phurong trinh f(x)=0".

Tacé: y=|x-2|(x* +1) &y =|(x~2)(x* +1)| (do 2* +1>0Vx).

Xétham s8 f(x)=(x—2)(x" +1) 6 f'(x)=3x" —dx+1.

Vay f(x) o2 diéim cuctri x = va x=1,

Mit khéc phuong trinh f(x)=0 6 nghiém duy nhat x=2 (khong triing véi cic

diém cyc tri néu trén).
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MEMORIZE

- Ham s6 y = f(|xD la mot
ham s chdn nén cé d6 thi
déi xting qua Oy.

- Cac budc vé d6 thi ham so
y=1f():

Budc 1: V& db thi (C) cua
ham s6 yzf(x).

Budc 2: Gitt nguyén phan
nam bén phai Oy cta (C),
x6a phan nam bén trai Oy
ctia (C' )

Budc 3: Lay d6i xting phan
d6 thi ¢6 duoc & bude 2 qua
Oy, ta dugc d6 thi ham s6

y=f(|x])-

Ngoc Huyén LB The Best or Nothing

Do d6 ham s6 y = ‘(x —2)(x2 +1)‘ c6 3 diém cuec tri.

Pap an D.
~ N A, 2 14 .7 . 2 ~ A2 \ 2|‘x| - 1 4
Cau 15: Tim tat ca cac gia tri thiec ctia tham s6 m dé phwong trinh | | 5= m co
x|+
2 nghiém phan biét.
A.me 1;E . B. me —2;1 . C. me(0;3). D. me —1;2 .
2 2 2
Loi giai
Cach 1: Tap xac dinh: D=R.
, 211
Ta co :mc>2|x|—1=m|x|+2mc>(2—m)|x|=2m+1 )

|x|+2
+Néu 2-m=0<m=2: (*) vO nghiém.

2m+1
2-m

+Néu 2-m#0=m#2: (*)o v =

2m+1

= Phuong trinh da cho ¢ 2 nghiém phan biét < >0 —% <m<2.

2—-m
Cach 2: Ta cé:

+V6i 220 th y=22"1;
x+2
2|x|-1

+Hams6 y = |— 12 mot ham s6 chdn nén d0 thi ctia né d6i ximg qua truc Oy

x|+2

(dwong thang x=0).

* Xét ham s6 y = 201 4 y'= >>0 Vx#-2 nén la ham d6ng bién trén
x+2 (x+2)
tirng khoang xac dinh.
Bang bién thién cia ham s6 y = 2x—1.
x+2
X | —© 2 0 +00
y + E +
+00 : 2
Yy / /
2 —0 7 -1/2
T
Suy ra bang bién thién ctia ham s6 y = | | 5 :
x|+
X —00 0 +00
2 2
2
5 21 , A 1
Vay phuong trinh | | 5 m ¢ 2 nghiém phan biét < - <m<2.
x

Pap an D.
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f( STUDY TIP )—

Cho f(x) la ham s§ dong
bién (ch&n) trén R. Néu

f(f...f(a)...)=a thi suy ra

200 bai toan VD — VDC facebook.com/huyenvu2405

Cau 16: Cho ham s6 f (x):x3—12x2+ax+b dong bién trén R, théa man

F(£(£(3))=3 va £(£(£(£(4))))=4 Tim £(7).
A.31. B. 32. C.33. D.34.

f(a)=a.

\ V

,C STUDY TIP %

Cho ham s6

y=ax’+bx" +cx+d c6 hai

diém cyc tri x;;x, .

+ Néu a>0, d6 thi ham so
¢6 dang “ddu nga”, ham s6
nghich bién trén khoang
(x%,);

+ Néu a<0, d6 thi ham so
¢6 dang “dau dong dang”,
ham s6 ddéng bién trén

khoang (Jc];x2 ) .
\

Loi giai

*Gia s f(3)>3. Vi f(x)laham bacba dong bién trén R nén f(f(3))> £(3).
Suyra f(f(£(3)))> f(£(3))> £(3)>3. Mau thuén vdi gia thiét.

* Tuong tw ta thdy f(3)<3 ciing khong thé xay ra.

*Vay f(3)=3 (D).

* Tuong tw ta cd f(4)=4 (2).

30+b=84 —48
*Ta (D va@)tacd 40 =1
4a+0=132"" |b=—60

Khi d6 f(x)=x"—12x* +48x—60 c6 f'(x)=3x" —24x+48>0 VxeR.
Do d6 f(7)=31.
Dap an A.

Cau 17: Cho ham s6 y=ax’ +bx’ +cx+d (a=0) dat cuc tri tai cac diém x,,x,
thoa man x, e(—l;O) ;X 6(1;2). Biét ham s6 dong bién trén khoang (x1 ;xz), do

thi ham s& cat truc tung tai diém c6 tung d6 duong. Khang dinh nao duéi day

dung?
A. a<0,b>0,c>0,d>0. B. 1<0,b<0,c>0,d>0.
C.a>0,b>0,c>0,d>0. D. a<0,b>0,c<0,d>0.
Ldi giai

D6 thi ham s8 cit truc tung tai diém c6 tung dd duong nén d > 0.
Ham s6 dong bién trén khoang (x1 ;xz) nén a<0.
Vi x, e(—l;O); X, e(1;2) nén |x2| >|x1|. Do détaco xx, <0 va

Dao ham y'=3ax* +2bx +¢ ¢6 hai nghiém phéan biét x,;x, thoa man xx, <0 va

X, +%,>0. Suyra S=— 2250 va P=< <0,
3a 3a

Do d6 b>0 va ¢>0(do a<0).
Vay a<0,b>0,c>0,d>0.

Dap an A.

Cau 18: Cho ham s6 y=f (x) c6 dao ham tai x=1. Goi 4d,,d, lan luot la tiép
tuyén cta d6 thi ham s8 y = f(x) va y=g(x)=x.f(2x—1) tai diém c6 hoanh do
x =1. Biét rdng hai dwong thang 4, va d, vudng géc véi nhau. Khing dinh nao
dudi day dung?

A N2 <[f(1)<2. B. (1) <+2.

C.|£(1)22v2. D. 2<[f(1)]<2v2.
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( STUDY TIP %

Ngoai ra ciing cé thé xét
1+2#
t

voi

ham sd& f(t) =

t #0. St dung dao ham, lap
bang bién thién ta cling tim
duockét qua f(t)=2v2.

Ngoc Huyén LB The Best or Nothing

J

Loi giai

Taco g'(x)=f(2x—1)+2x.f"(2x—1).

Duong thang d, 1a ti€p tuyén cua d6 thi ham s8 y = f (x) tai diém x=1 nén c6
hé s8 gocla k, = £'(1).

Puong thing d, 1a tiép tuyén cua do thi ham s6 y = g(x)=x.f(2x—1) tai diém
x=1néncohésdgocla k,=g'(1)=f(1)+21'(1).

Ma d, Ld, nén k .k, =-1= f/(1).¢'(1)=-1< f/(1).[ f(1)+2f(1)]=-1

ote2[ (]
@f(l):—%—Zf (1@%.
Do f'(1)#0 nén |£(1)|= 1+2H '1()% bat f'(1)=t(t=0).

Xét ham s f (1) =72

trén R\ {0}

2
*Néu ¢>0 thi f(t)=1+t2t =%+2t22,,%.2t=2\/§.

“Nét t<0 thi f(t)=— T2 :(—%j+(—2t)22 (—%j.(—Zt) 22

t

Vay h(t)2242,vt=0 hay |f(1)|2242.
Pap an C.

Cau 19: Cho ham sd bac ba f(x) va g(x) :—f(mx+n) (m,n eQ) c6 d6 thi nhu

hinh vé dudi day
ORI |
8()
3L I
! I
A OA /
/ V2 \ I x
/ -1{s\ /
1 N
I
Biét ham s8 g(x) nghich bién trén khoang c6 d6 dai bang 5. Gié tri biéu thtic
3m+2n la
A.-5. B. —E. C. E D.4
5 5
Lai giai

*Giastham s8 f(x)=ax’ +bx’ +cx+d,(a#0)= f'(x)=3ax* +2bx +c.
D6 thi ham s6 di qua hai diém (2;3),(0; —1) va nhan hai diém nay lam hai diém

cuee tri nén ta c6 hé sau:
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,( STUDY TIP %

béham s6 y= f(x) nghich

bién trén mot khoang cé dé
dai bang k khi va chi khi
ham s6 f(x) nghich bién
trén khoang (x] ;xz) va

‘xz—x]|:k.

200 bai toan VD — VDC facebook.com/huyenvu2405

\ J/

f(2)=3 8a+4b+2c+d=3 [a=-1

f(0)=—1<:> d=-1 = b=3 :>f(x)——x3+3x2—1
f(2)=0 7 |12a+4b+c=0 c=0 -
f(0)=0 [c=0 d=-1

Suy ra g(0)=—f(n)=n>-3n"+1.
Ma ttr d06 thi ta cé g(O) =-1

n=1

nzli\/§

:>n3—3n2+1:—1©n3—3n2+2=0<:>(n—1)(n2—2n—2)=0<:>[

Do neQ nén n=1.

* Ham s6 g(x) =—f (mx +n) nghich bién trén khoang c6 o dai bang 5 < Ham
58 h(x)=—g(x)=f(mx+n) dong bién trén khoang c6 d6 dai bang 5.

Quan sat do thi, ta thdy ham s6 f (x) dong bién trén khoang (0;2) nén ham s6

h(x) = g(mx + n) dong bién trén khoang (—_,;n] voi m>0.
m- m
2

=5<:>—=5<:>m=z do m>0.
m 5

Ary AT TN g S 2-n -n
Yéu cau bai toan < |————
m m

Vay 3m+2n=3%+2.l =%.

Pap an C.

( STUDY TIP ) N

D€ xét sy d6i dau cua g’(x)

ta lam nhw sau:
Buwéc 1: Tim cac gia tri

XXy, (X, <X, << X))

thoa man g’(x):O va g’(x)
khong xac dinh.

Budc 2: Trén moét khoang
bat ki, Chéng han trén
khoang (—w;x,) ta 1dy mot
diém x, cu thé, tinh g’(xo)
va xét dau cta g’(xo) , dau
cta g'(xo) cling chinh 1a
dau cua g'(x) trén khoang
(0.

Buwoc 3: Ta xac dinh dwoc
ddu cua g’(x) trén cac
khoang con lai dira theo quy
téc:

- Néu x; la nghiém bdi 1é
ctia g'(x) thi g'(x) ddi dau
khi x di qua x,.

-Néu x, 1a nghiém bodi chdn
ctia g'(x) thi g'(x) khong

déi dau khi x di qua x,.
\ J/

Cau 20: Cho ham s8 y = f(x) c6 bang bién thién nhu sau.

X —00 -2 4 +o00

’

Y + 0 - 0 +

Hams6 y=f (|x - 3|) c6 bao nhiéu diém cuec tri?

A.5. B. 6. C.3. D. 1.

Ldi giai
x=-2

Tix bang bién thién ta c6 f'(x)=0< {
x=4

Dt g(x)=f(|x—3|):f( (x_3)2]

,x:x——3., x—2=x—_3.'x— vOi x#3.
=5 (0= P (e Jo g e v e

—3|=—2(L)©{x—3:—4©{x=—1

. , [
Tacog(x)=0©f(|x—3|):0<:{|x_3|=4 x—3=4 x=7

Taco ¢'(8)=f'(5)>0; &'(5)=£'(2)<0; &'(1)=—f"(2)>0; g'(-2)=—Ff'(5)<0.
Ta c6 bang bién thién:
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,C STUDY TIP %

D€ xac dinh s6 nghiém cua
phuong trinh f (x)=k (véi
k 1a mot s thuee cu thé) bang
d6 thi, ta xac dinh s6 giao
diém cta d6 thi ham s6

y=f(x) v6i duong thing
y=k (dudong thing nay
song song véi Ox). Khi do,
s6 giao diém cua d6 thi
y= f(‘() va duong thing
y=k chinh la s6 nghiém

Ngoc Huyén LB The Best or Nothing

x |- -1 3 7 oo

8'(%) - 0+ - 0 o+

NSNS

Quan sat bang bién thién, ta thdy ham s& g(x)=

g(x)

f(|x —3|) 6 3 diém cuc tri.

bap an C.

Cau 21: Cho hai ham s8 y = f(x),y = g(x) 6 d6 thi nhw hinh vé bén. Khi d6 tong
s0 nghiém cua hai phuong trinh f(g(x)) =0 va g(f(x)) =0 la

Y

cua phuong trinh f (x) =k
. J

A. 25. B. 22. C.21. D. 26.

Loi giai
- c(3-2) [ g(x)=x,¢(-3-2)
x=-1 g(x)z—l

*Twr do thi: f(x)=0<|x=x,€(1;2) nén f(g(x)):O<:> g(x)=x,(12)
x=x3e(2;3) g(x)zx3 6(2;3)
(x=x, 6(4:;5) _g(x)=x4 6(4;5)

S8 nghiém ctia phurong trinh g(x)=x, chinh la s§ giao diém cua d6 thi y = g(x)

véi duong thang y=x, véi x, € (—3 —2). Suy ra phuong trinh g(x) =x, c6 dung
1 nghiém.

Twong tw, phuong trinh g(x) =-1 ¢6 3 nghiém; phuong trinh g(x) =

x, 6(1;2) c¢6 3 nghiém; phuwong trinh g(x) =X;,X, 6(2;3) c6 3 nghiém;
g(x) =X,,X, 6(4;5) ¢6 1 nghiém.

Do cac nghiém trén déu phan biét nén phuwong trinh f ( g(x)) =0 c6 11 nghiém.

x=x5e(—2;—1) f(x) X5 e(—2 1)
* Tw d0 thi: g(x)=0<:> xzxée(O;l) nén g( ( )) f(x) X, e(O 1)
r=3 fx)=3
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/C STUDY TIP %

Phuong trinh hoanh d6 giao
diém c6 hai nghiém x=m

va x=-2m cdnghiala: Tiép
tuyén ctia (C) tai diém M c6
hoanh d6 bémg m cit d6 thi
ham s6 tai diéfm M' cb
hoanh d6 bang ~2m . Tt d6
ta co tiép tuyén cua (C ) tai
diém M,, hoanh d6 x, cat
(C) tai diém M, c6 hoanh
dd x, =-2x,. Tiép tuyén cua
(C ) tai diém M, _, hoanh
d6 x,, cat (C) tai diém
M, cdhoanh d¢ x, =-2x, |

=(2) x = (2)
=...=(—2)" I.x[

200 bai toan VD — VDC
Phuong trinh  f(x)=x,,x, €(-2;-1) ¢6 5 nghiém; phuong trinh f(x)=x,,

facebook.com/huyenvu2405

X, € (0;1) ¢6 5 nghiém; phuwong trinh f (x) =3 c6 1 nghiém.
Do cac nghiém nay déu phan biét nén phuwong trinh g( f (x)) =0 c6 11 nghiém.
Vay tong s6 nghiém ctia ca hai phwong trinh f(g(x)) =0 va g(f(x)) =0 la 22

nghiém.

Dap an B.

Céau 22: Cho ham s8 y=x" —11x ¢6 do thi la (C). Goi M, la diém trén (C) c6
hoanh d6 x, =-2. Tiép tuyén ctia (C) tai M, cdt (C) tai diém M, khac M,, tiép
tuyén ctia (C ) tai M, cat (C ) tai diém M, khac M,,..., ti€p tuyén cua (C ) tai
diém M, , cat (C) tai diéfm M, khac M, (neN,n24). Goi M, (xn,'yn) .Timn
sao cho 11x +y, +2*" =0.

A. n=675. B. n=673. C. n=674. D. n=672.

Laii giai

Ta cé iy =3x> —11. Gia str M(m;m3 —11m) thi ti€p tuyén A ctia (C) tai diém M
co hé s6 gocla k=y'(m)=3m" —11.

Phuong trinh A: y= (?)m2 —11)(x —m)+m’ —1lm <y = (3m2 —11)x -2m’.
Phuong trinh hoanh d¢ giao diém cua d6 thi (C) va dudng thang A 1a:

s _ 2 o3 Ry _ x=m
x” =11x (Bm 11)x 2m c>(x m) (x+2m) Oc{x:_zm.

Suy ra hoanh d6 céc diém M, lap thanh mét cap s8 nhén (x,) 6 s6 hang dau
x,=-2 vacongboi g=-2.Tacd x, =x,.4"" = (—2).(—2)”7l =(-2)’

=y, =x, —1lx, = [(—2)“]3 ~11.(-2)".

Dé 11x, +y, +2* =0=11.(-2)’ +[(—2)“T ~11.(-2)" +2* =0

= (-2)" =(2)" & 31=2019 = n=673.
bap an B.

Céu 23: Cho ham s8 y= f(x) c6 dao ham trén R va f'(x)>x’ +%—2x V>0
va f(1)=-1.Khang dinh nao sau day diing?

A. Phuong trinh f(x)=0 c6 1 nghiém trén (0;1).

B. Phuong trinh f(x)=0 c6 dting 3 nghiém trén (0;+).

C. Phuong trinh f(x)=0 c6 1 nghiém trén (1;2).

D. Phuong trinh f(x)=0 c6 1 nghiém trén (2;5).

2
s 2 6 _o3yn (-1} +1
Tacof(x)2x4+F_2x:x x’; :( xZ)

LGi gidi

>0,Vx>0.
= Ham s6 y = f(x) dong bién trén (0;+x).
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,C STUDY TIP %

Chti ¥ réng, s6 nghiém cta
phuong trinh  f (r) =i

chinh la s6 giao diém cua d6
thi ham s§8 y=f(x) véi
duong thang y=m (duong
thing nay song song voi
Ox).

Ngoc Huyén LB The Best or Nothing

= Phuong trinh f (x) =0 c6 nhiéu nhat mot nghiém trén khoang (0; +oo) (1)

2
Tir f/(x)> % +2—2x>0,vx>0 suy ra jf dx>j[x4+%—z jdx—zl
x? 1 X 5

= fR)-1()= 5 = FR)=F(1)+ T =1+ 5= F(2)2 5

K&t hop gia thiét ta co ham s6 y = f(x) lién tuc trén [1;2] va £(2).£(1)<0 (2)

Tt (1) va (2) suy ra phuong trinh f(x) =0 c6 dung mot nghiém trén (1;2).
bap an C.

Céu 24: Cho ham s8 y = f(x) c6 dao ham trén R va c6 dd thi nhu hinh vé:

A
O 1 | >x
Y !

bt g(x)= 2/ _3/™_ Tim s6 nghiém ctia phurong trinh g'(x)=0
A.5. B. 3. C.2. D.é6.

Lai giadi Taco g'(x)=fF(x)2"" 2 £(x)3™In3 = f/(x [2f In2- 3f<)1n3]

f(x)=0

f'(x)=0 ln(J
"(x) =0 < =N (%) &
) Lf(").an =3/".In3 (%j I3 pp) - 02 g 136

* Nhan thay do thi hinh vé c6 dang d6 thi ham bac ba, d6 thi c6 hai diém cuec tri
nén phuwong trinh f ’(x) =0 c6 hai nghiém phan biét.

* S6 nghiém cua phuong trinh f (x) =-1,136 chinh 14 s0 giao diém caa do thi
ham sd f (x) véi duong thing y =-1,136.

Vay phuong trinh f (x) =-1,136 c6 3 nghiém phan biét.

Vay phuong trinh g’(x) =0 co6 5 nghiém phan biét.

Pap an A.

Cau 25: Cho phuong trinh

sinx(2—c052x)—2(2cos3x+m+1)\/2cos3x+m+2 —32cos® x+m+2.

C6 bao nhiéu gia tri nguyén cta tham s6 m dé€ phuwong trinh trén c6 dang 1
nghiém x e {0;2—;] ?

A. 1. B. 2. C.3. D. 4.

Loi giai

Ta cé sinx(2—cost)—2(2cossx+m+1)x/2cosax+m+2 —32c08% x +1m+2
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<:>sir1x(1+231n2 x)=2(2c053x+m+2)x/2cos3x+m+2 +2c08 x+m+2

3
<:>251n3x+sinx=2(\/2cos3x+m+2) +\/2cos3x+m+2 (*)

Xét ham s6 f(t):2t3 +t trén R. C6 f’(t):6t2 +1>0,VteR nén ham sd f(t)
dong bién trén R.

Suy ra (*)c>f(sinx):f(\/2C053x+m+2)<:>sinx:\/2cos‘°’x+m+2 (1)

2
Véi xe{O;?nj thi 0<sinx<1 va (1)<:>si112x=2cos3x+m+2
& —2cos’x—cos’x—1=m (2)

2
Dat t =cosx . Xét ham sO t(x)zcosx trén {O;étj.
o . 20| A 27
Taco t (x):—smxSO,Vxe 0;? nén ham so t(x) nghich bién trén 0;? .
N A s o [ 2T 1
Lap bang bién thién cia ham s6 t(x) tathay ¢ 3 <t(x)£t(0) hay t e —5;1 .

Vavéimdi t e (—% ;1} thi phwong trinh cosx =t cho ta mot nghiém x e [0;2—37[).
Phuong trinh (2) tré thanh 26> - —1=m (3)

2
Dé phuong trinh da cho c6 dung 1 nghiém x € {O; ?n] thi phuong trinh (3) phai
(4 A A 1
c6 ding mot nghiém f e (—5;1} .

, 1
Xétham s& g(t)=-2£>—* -1 véi te[—aﬂ]

Ta c6 g'(t) =—6t>—-2t, g’(t) =0 i—il )
3
Ta c6 bang bién thién:
IR
g'(t) - 0 + 0 -
-1 -1
() \ - / \
~% 4
Ttr bang bién thién suy ra, phwong trinh (4) c6 dung mot nghiém t —% ;1} khi

va chi khi —4£m<—§.
27

Vay cac gia tri nguyén cua m dé€ phuong trinh da cho c6 dung 1 nghiém
2
xe{O;—n] la me{—4;—3;—2}.
3
Pap an C.
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f( STUDY TIP )—

Cho f(x) =ax+b (a;tO)
Khi do: f(x)>0,vx e[ o]

Q{f(a)zﬂ
f(B)=0

Ngoc Huyén LB The Best or Nothing

Cau 26: Céac gid tri thwc ctia tham s6 m dé bat phuong trinh

(1 + 4x jm + n 2x -~ <3 nghiém ding véi moi sO thuc x 1a
+x

,( STUDY TIP %

Db thi ctia ham sd chin
nhan truc tung lam truc

ddi xting.

D6 thi ctia ham s6 1é nhan
gbc toa do lam tdm déi
xtng.

1+x?
2 2
A. me(—oo;—4)u Ziqoo | B. me| =;+x |.
3 3
2
C. me(%;gj. D. me(—oo;—4).
Loi giai
bat t= >,~1<t<1. Bai toan tr¢ thanh: Tim m sao cho f(t)<O,Vte[—1;1]
1+x

voi f(t)=(1+2m)t+m-3.

f(-1)<0 {—m—4<0 2

Ta co f(t)<0,Vte[—1;1]<:>{f(1)<o = 3m_2<0<:>—4<m<§.

Pap an C.

Cau 27: Goi T la tap hop céc gid tri nguyén cta m sao cho trong ntta khoang
(1; 2019], phuong trinh ‘xz - 4|x| - 5‘ +1-m=0 c6 hai nghiém phan biét. Khi do6
sOphantircua T 1a

A. 2006. B. 2009. C. 2019. D. 2018.

Laii giai

Phuong trinh da cho tuwong dwong véi ‘xz —4|x|—5‘ =m—1 (*). SO nghiém cua
phuong trinh (*) 1a s6 giao di€ém cua do6 thi ham s6 y :‘x2 —4|x|—5‘ va duong
thang d:y=m—1 (cung phuong Ox ).

Xétham s8 y=x" —4x—5 c6 d6 thi (C,) nhu hinh 1.

s|

>

\Ay 5/ R \_5

TR PN
—_———— =N
—>
<
B e LY

Hinh 1 Hinh 2 Hinh 3
Xét ham s8 chdn y =x* —4|x|-5, d6 thi (C,) ctia ham s& nay c6 dwoc (nhw hinh
2) bang cach d6i xting phan bén phai Oy ctia (Cl) qua truc tung.

, X' 4[4 -5 (y=0)
, ta co: y:{—(x2—4|x|—5) (y<0)

Suy ra do6 thi ham s0 (C ) gom hai phan:

Xétham s6 y :‘x2 —4|x|-5

- Phan 1: Git nguyén d6 thi ham s6 (Cz) phan trén Ox.
- Phan 2: Ly d6i xting d thi ham s8 (C,) phan dudi Ox qua truc Ox.
Ta dwoc do thi (C) nhu hinh 3.

Quan sat dd thi ham s (C), ta thay (*) c6 hai nghiém phan biét
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,( STUDY TIP )—

Cho f(x) =ax+b (a;t[))
Khi d6: f(x)20,¥x e[ a;p]

200 bai toan VD — VDC facebook.com/huyenvu2405

m-1>9 m>10  |meZ
a = me{11;12;13;..;2019}.

- .
m-1=0 " |m=1 me(1;2019]

Pap an B.

Cau 28: C6 bao nhiéu gia tri nguyén a nho hon 5 d€ bat phuong trinh
a(x+4)>3—x vOi moi xe[—2;1]?

A. 3. B. 2. C. 5. D. 4.

C3{1‘(01)20
F(B)z0"

Lai giai
Bét phurong trinh twong dwong voi f(x)=(a+1)x+4a—3>0

f(-2)>0 {2a—5>0 5
= >

bé a(x+4)>3—x,Vxe[—2;1]<:>{f(1)>0 5a_2>0<:>a >

Ma a<5 va an:me{?);él}.
bap an B.

Cau 29: Gia stt duong thang y=x+m cat d6 thi (C ) cuahamsé y= 1x tai

—2x
hai diém phanbiét E va F.Goi k,,k, lan luot la hé sd goc cua cac ti€p tuyén voi
(C) tai E va F.Tim gia trj nho nhat minS ctia biéu thire S=k} +k; —3k k,.

A. minS=-1. B. minSz—g. C. minS=135. D. minS:—g.

Loi giai

Phurong trinh hoanh do giao diém ctia d thi (C) véi dudng thang da cho la
x—1
1-2x
& 2x° +2mx—m—1=0 (*)

=x+m< x—1=(1—2x)(x+m) (do x =% khong la nghiém)
Do thi (C ) v6i duong thang da cho cat nhau tai hai diém phan biét khi va chi
khi (*) 6 hai nghiém phan biét < m* +2m+2>0 (nghiém dtng véi moi m).

Gia st E(xl;yl),l-"(xz;yz) thi x,,x, l1a hai nghiém cta (*)

m+1
Suy ra x, +x, =-m;x,x, =— 5
Do d6 (2x, —1)(2x, —1)=4x,x, —2(x, +x, ) +1=—L.
Ta co k, =—;2;k2 =—;2 nén kk, =1.
(2x,-1) (2x,-1)

. k =-1
Suy ra S>2k’kl-3kk, =-1. Ddu bang xay ra khi {kl 1:>{x1
- x

=1 N
{xl 0= M= —1. Vay S dat gia tri nho nhdt bang —1.
X, =

Phén tich phuong 4n nhiéu:
Phwong 4n B: Sai do HS tinh sai (2x, —1)(2x, —1)=—2(m+1)-2(-m)+1=2.

Suy ra kk, =i. Do d6 $22(kk,)’ —3kk =—§. Vay min5=—§.

12

Hé thong gido duc truc tuyén ngochuyenlb.edu.vn | 55




Ngoc Huyén LB The Best or Nothing
Phwong an C: Sai do HS tinh sai hé s6 goc. Cu thé:
3

3
k = ik, = én kk, =9.
gyt oy

Suy ra $22(kk, )’ —3kk, =135. Vay minS=135.

Phuwong an D: Sai do HS tinh sai (2x1 - 1)(29(2 - 1) = —Z(m + 1) - 2(—m) +1=3.

1 , 2 25 _ . . 25
Suy ra kk, = . Do d6 S=2(kk,) —3kk, = —g1" Vdy min§=—27.
Dap an A.
Céau 30: Cho ham s6 y=f (x) c6 dao ham trén R va c6 do thi la duong cong
trong hinh vé bén. Dt g(x)=f| f(x)]- Tim s8 nghiém cta phuong trinh
g'(x) =0.
y
3
-1 I
-6
-7
A.2. B.4. C.6. D.8.

Loi giai K{ hiéu trén db thi nhw hinh bén.

()= FLF(x)]= £ (w)-

31 =] pe)=0 e xe{ilic) = frimin).
Ao\l 2 3c/4 (x)=0=xeibilic)={x;x,x}

> f(x)=a (nhin vao db thi thé hién bén ta thdy do thi ham s8 f(x) cat duong
X

thing y=a (véi 2<a<3) tai ba diém phan biét do vay phuong trinh f (x) =a

R —— N

c6 ba nghiém phan biét x,;x.; x,.

RO rang x,,...,x, la d6i mot khac nhau.
Két hop lai thi phuong trinh g'(x) =0 c6 8 nghiém phan biét.

Pap an D.
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Cau 31: Choham s6 y=x" —6x" +9x—1 ¢6 d6 thila (C) .Goi T la tap hop tat ca
cac diém thudc duong thang y=x—1 ma tir diém d6 ké duoc dung 2 tiép tuyén
dén db thi (C). Tim tdng tung do cua cac diém thude T

A. 1. B. 0. C. 1. D. 2.

Lai giai /=32 —12x+9.

Goi M(x,;x; —6x; +9x, —1) 1a mot diém bat ki thudc (C). Tiép tuyén tai M:
y = (3% —12x, +9)(x—x, ) +x; —6x] +9x, -1

oy =(3x§ ~12x, +9)x—2xg +6x2 1.

Goi A(a;a—1) la mot di€m bét ki thudc duong thang y=x—1.

Tiép tuyén tai M di qua A < (3x; —12x, +9)a—2x; +6x; ~1=a—1

& (3x) —12x, +8)a=2x; —6x; (*).

Tir A ké duoc hai tiép tuyén dén (C) < (*) c6 hai nghiém x, phén biét.

6+23

Taco 3x; —12x,+8=0 < x, = )

3
x +
De thay x, = 6 _i\E khong théa man (*).
+ 2 3 _ 2
Véi x, # 623 () ae—0 0%

3x2 —12x, +8

213 61> 6(x4 —8x” +20x —16x)

Xét ham Sf)l f(X) Zm

Tact f)= (35> ~12x+8)’

Bang bién thién cua f (x) :

6-243 6+243

X | —w0 0 3 3 -1 420
f(x) + 0 - - - 0 +

+o0 40 +0

fx) _w/’o\_m \_ao \4/

Vay d€ (*) ¢6 2 nghiém phan biét thi a e {0;4} .Suyratap T= {(0; —1);(4;3)} .

Do d6 tong tung d6 cac diém thudc T bang 2.
Pap an D.

Cau 32: Choham s6 y = ‘xa’ +3x* —72x + 90‘ . Tim téng gia tri 1on nhat, gia tri nho
nhét ctia ham s0 trén doan [—5; 5] .

A. 328. B. 470. C.314. D. 400.

Loi giai Stt dung may tinh cam tay chirc nang TABLE véi thiét 1ap Start —5;

[ Wath
FiH2
uoo
E[
306

End 5; Step 1 thi ta co
fwoog) (7 (swFr) vl (i) (B3] (29 (B3] & () (3] (i) O] (+3 (2) (@ (2] () ) () (2] (@)

= @ OeEEEEE
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Ttr bang gia tri ta két luan duoc gid tri 16n nhat cua ham s6 dat dwgc 1a 400 khi
x=-5.
Tl bang gia tri trén ta chua thé két luan duoc gid tri nho nhat ctia ham so.

Ta thdy [x* +3x” ~72x+90/>0, Vx e R.
Dau bang xay ra khi x° +3x* —=72x+90 =0.
g B DD EEEEEDREMEOEE

1= hz= hm=

-10. 5963451 b. #3a869631 1. 362475492
Trong ba nghiém trén ta thdy nghiém x, € [—5; 5].TL‘1’ day ta c6 thé két luan gia

tri nho nhat cua ham s6 dat dwocla 0 khi x =x,.

Vay tong can tim la 400. Ta chon D.
Pap an D.

Cau 33: Mot manh gidy hinh chir nhéat ¢d chiéu dai 1a 12¢m va chiéu rong la 6¢m.
Thuc hién thao tac gdp goc dudi bén phai sao cho dinh duogc gdp ndm trén canh

chiéu dai con lai (nhw hinh v€). Hoi chiéu dai L t6i thi€u cua nép gdp la bao
nhiéu?

A. minL=6\/§cm. B. mianﬁcm.

C. miangcm. D. minL=9%2 cm.

EF=a
AE=6-a

Loi giai  Dit EB=a nhuhinh vé :{

Trong tam giac vuong AEF co

cos AEF =22 — cos FEB = a-6 (hai géc bu nhau).
a a
Ta c&6 ABEG=AFEG = FEG=BEG = %FEB = cosFEG = LB.
a
3
Trong tam gidc vudng AEF c6 EG = EE__ | @ .
cosFEG Va-3

3
4 vdi a>3, ta duoc minf(a) dattaiazngGzﬂ.
a-3 2 2

Pap an B.

Xétham f(a)=

Céu 34: Cho ham s8 y = f(x) c6 dao ham trén R va c6 d thi nhu hinh vé.

A

@)

T
I
I
I
I
I
I

—6+

bit g(x)= 2/ _ 3/, Tim s§ nghiém ctia phuong trinh g'(x)=0
A.5. B. 3. C.2. D.é6.
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Ldi giai Taco g'(x) =f'(x).Zf(x).an—f'(x).Bf(x).ln?) =f'(x)[2f(x).ln2—3f(x).ln3J

) f'(x)=0
"(x)=0
g(x)=0= flx)=0 (Y 3 ln(}i;j
2/91n2=3".In3 (§j = |fla)=—rpyr =113
’ (3]

* Nhan thay do thi hinh vé c6 dang d6 thi ham bac ba, d6 thi c6 hai diém cuec tri
nén phuong trinh f ’(x) =0 c0 hai nghiém phan biét.

* SO nghiém ctia phuong trinh f (x) =-1,136 chinh 14 s6 giao diém caa do thi
ham s6 f (x) véi duong thang y =-1,136. Vay phuong trinh f (x) =-1,136 c6 3

nghiém phan biét.
Vay phuong trinh g’(x) =0 c6 5 nghiém phan bieét.
Pap an A.
A s 5 o 4 1 e 1
Cau 35: Cho x,y>0 va x+y=Z sao cho biéu thic P=—+4— dat gia tri nho
ro=y
nhat. Khi do:
25 17 25 13
A X +yt=—. B. x> +y*=—. C. x> +y’==. D. x> +y*=—.
Y T ST T
Loi giéi Tt x+y=§:>y=§—x:>P=é+ L
4 4 x 5-4x
Xét f(x)=é+ L vrelo2 :>f’(x)=_i2+L2
x 5-4x 4 x (5—4x)
x=0
fl(x)=0e 5
xX==
3
Bang bién thién:
x 0 1 5/4
f(x) - 0 +
+o0 +50
fx) \ /
5
1 17
=minf(x)=5.Khi x=1=y=-=x"+y’ =—.
/) 1 7y Y 716
Dap an B.

Céau 36: Cho ham s8 y = x—‘i c6 db thi (C), diém M di dong trén (C). Goid la
X+

tong khoang cach tiv M dén hai truc toa do. Khi d6 gia tri nho nhat cta d la:

A. & B. V2 -1. C. 2\/2—1. D. 2x/2 -2.
250
Ldi aiai _x-1 m-1 1
g Y x+1(c):>M m’m+1 (m;t )
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m-—1

= Tong khoang cach tir M dén hai truc toa dg la d = |m| + (m # —1)

m+1
-Véi m=0=>d=1=mind<1= Xétsaocho d<1
|m|£1

it PPN ‘m_1‘ =0<m<1
— <

<:>|m|+
m+1

m+1
_ 2
—Véime[O;l]:wl:m+1 m_m +1
m+1 m+1

m +1 . . _
— trén [0,1]:1[101;15]1]‘(171)—2\/5—2

Khi m=x/§—l:>M(—1+\/5;1—\/E)

Khao sat ham s6 f(m)=

Pap an D.

Cau 37: Cho hai chat diém A va B cung bit dau chuyén dong trén truc Ox tir
thoi diém t=0. Tai thoi diém ¢, vi tri cta chat diém A duwoc cho boi
1 e Ny aix . .
xX= f(t) =—6+2t _Etz va vi tri cta chat diém B dwoc cho boi x :g(t) =4sint.
Biét tai ding hai thoi diém ¢, va t, (, <t,), hai chat diém c6 van tc bang nhau.
Tinh theo t, va t, d¢ dai quang duwong ma chat diém A da di chuyén tir thoi

diém t, dén thoi diem ¢, .

A. 4—2(t1+t2)+%(tf+t§). B. 4+2(t1+t2)—%(tf+t§).
1 1
C. 2(t2—t1)—5(t§—tf). D. 2(t1—t2)—5(t12—t§).
Lai giai

Cich 1: Taco f'(t)=2—t; g'(t)=4cost.
Vé do thi hai ham s8 y = f'(t) va y=g'(t) ta 6

AY

y=2-t
4
y = 4cost

0<t <t, f(2)=-6+4-2=—4
(¢ 0
Nhin vao d6 thi ta thay 'E;;ZO va f(t1)=—6+2t1—%t12
2
1
f(2)=0 f(t2)=—6+2t2—5t22

5= £(2)- {0+ F(2) (1) = 2,307 (462,317
:4+%(t12 +,7)=2(t, +1,)-
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STUDY TIPS

Trong véat ly ham vén t6c la
dao ham ctia ham li d6, do
vay trong bai toan ta thuc
hién vé hai d6 thi ham
y=1(t) va y=g'(t) a¢
tim giao di€m t;t, va xét
dau v.

Lwu y van toc c6 thé am,
tc chat diém c6 diém
“lui”. Do d6 khong duoc
tinh quing dwong bing

f(t)=f(t).

Cdch 2: St dung tich phan.
t,=A

Tt cach 1 ta c6 hai chat diém gap nhau khi 2—t=4cost < {tl 5
2 =
Tt hinh vé 6 cdch 1taco A<2<B.

Quang duong di duoc tlr thoi diém A dén thoi diém B dugc tinh bang cong thitc
2

‘Ii|2—t|dt=i|2—t|dt+T|2—t|dt:J.(Z—t)dt+f(t—2)dt
A A 2 A 2
B A> B

22 (#
= 2t——||” 4| =—=-2t|| =4-2-2A+—+—-2B-2+4
2 /1A | 2 2 2 2

=4+%(A2 +B2)—2(A+B)=4+%(t12 +1,7)=2(t, +t,).

Dap an A.

Cau 38: Cho ham s8 f(x)=x’+3a’+3x+3 o6 db thi (C) va
g(x)=x3+3bx2+9x+5 c6 do thi (H), véi ab 1a cac tham s& thuc. Do thi

(C),(H ) c6 chung it nhdt 1 diém cuc tri. Tim gia tri nho nhét cta biéu thic

STUDY TIPS

Phan tich dé bai: Yéu cau
bai toan twong duong voi
hai phuong trinh f'(x) =0,
g’(x):O c¢6 it nhdt mot
nghiém chung. Do phuong
trinh f'(x):O,g’(x):O o
bac hai nén néu cd hai
nghiém trung nhau thi
f’(x) = k.g’(x) véi keR,
k=0, diéu nay vd ly vi hé
s6 tw do trong hai phuong
trinh nay khong ti 1& voi
nhau.

P= a|+2|b|
A. 21 B. 246 +6. D. 3+543. D. 24/6.
Loi giai

f'(x)=3x" +6ax+3=0(*)

Xét hé phuwong trinh
P & {g’(x)=3x2+6bx+9=0

:>6x(a—b)=6<:>x=L.
a->b

Ap dung cong thitc nghiém cho phuong trinh (*) ta co x:—aim voi
ae(—oo;—l)u(l;+oo).

* Trwong hop 1: x =—a+\/m.
Ta co L:—a+\/ﬂc:>b:a+

1 —
= —a_ ) =2a++a’ -1
Suy ra P=|a|+2|b|=|a|+‘4a+2\/a2—1‘2‘5a+2\/a2—1‘

Xét ham s6 f(x) =5x+2Vx*—1,x e(—oo;—l)u(l;+oo).

\ , 2 , x<0
Pao ham f(x)=5+ﬁ;f(x)=0<:>5 x2—1:—2x<:>{25(x2_1):4x2
@x:—i (théa man).

J21

Lai c6 f[—i] =—21=P>/21 (lap bang bién thién ctia ham s& | £ (x)|).

21

* Treong hop 2: Tuong tu, ta tim duoc P > \/ﬁ .

Dap an A.
NIZX NI i 0
Cau 39: Tim tat ca céc gid tri ciia m d€ ham s6 f(x)= x
1-x .
m+—— khi x>0
1+x
lién tuc tai x=0.
A.m=1 B. m=-2 C.m=-1 D. m=0
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Lai giai
Ta co f(O):m+ﬂ=m+1' limf(x):lim m+1_—x =m+1
140 = =0 T4
-  1—x-1+x . (1-x)-(1+x) i)

1 =1 =1 =1 =-1
va lim f(x) =lim x xli?x(\/l_—ﬂm) o0 ez edlox
Dé ham s6 f(x) lién tuc tai diém x=0 <:>11;rg1f(x) zlgyf(x) =£(0)
om+l=-lom=-2.

bap an B.

Cau 40: Cho ham s6 y = f(x) c6 dao ham lién tuc trén R, voi f(x) >0,VxeR
va f(O) =1. Biétrang f(x) + 3x(x - Z)f(x) =0,Vx eR. Tim tat ca cac gia trj thuee
cua tham s6 m d€ phuong trinh f (|x|) +m=0 cb bdn nghiém thuc phan biét.

A. 1<m<e*. B. —®* <m<—1.

C. —e*<m<-1. D. 0<m<e®.

Ldi giai Taco f'(x)+3x(x-2)f(x)=0,vxeR @M=6x—3x2,Vxe R

f(x)
& (Inf(x)) =6x-3x",vxeR < In f(x)=3x" —x* +C = f(x) =™ .
Do f(0)=1nén e =1 C=0. Suyra f(x)=e™".
Taco f'(x)=(6x-3x")e™ ™ f(x) =0 = x=0;x =2,
Bang bién thién ctia ham 8 f(x) 1a

X | - 0 2 +0

f(x) - 0 + 0
40 84
flx) \ / \
1 0

Ham s6 f (|x|) la ham s6 chan trén R nén d6 thi ctia ham s6 nhéan truc tung lam

truc d6i xing. Do d6 phuong trinh (|x|) +m=0 c6 bon nghiém thuc phan biét
khi va chi khi phuong trinh f(x)+m=0 c6 hai nghiém duong phan biét hay
phuong trinh f(x)=-m c6 hai nghiém dwong phan biét

ol<-m<e* - <m<-1.
Phin tich phwong dn nhieu.
Phuwong dn A: Sai do HS bién d6i sai f(x) +m=0< f(x) =m nén tim duoc
l<m<e'.
Phirong dn B: Sai do HS tinh sai f (2) =¢° nén tim duoc —e°® <m<-1.
Phwong dn D: Sai do HS bién d6i sai f(x) +m=0< f(x) =m va doc sai bang bién
thién.

Pap an C.
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Cau 41: C6 bao nhiéu gia tri nguyén ctia m d€ phuwong trinh sau v6 nghiém:
x° +3x° +6x* —mx® +6x* +3x+1=0.
A. V0 s0. B. 26. C.27. D. 28.

STUDY TIPS

=+

- !

1
X+—
X

Ap dung BDT C6 - si
=>fz2

Loi giai
Do x=0 khong théa man phuong trinh

= Chia 2 v& phuong trinh cho x° ta duoc:

x3+i3+3(x2+i2j+6(x+1)=m *)

X X X

Dit t=x+%:>|t|22,phu’ongtr‘mh () om=£+3t>+t-6

Xét f(t)=t>+3t*+3t -6 trén (—o0;—2 | 2;+0)
f(t)=0ct=-1

Bang bién thién:

X —0 -2 2 400
o

£(t) + )+
7 =

P 20
o A

= f(t) € (—oo; —8:| u[20;+oo) Vte (—oo; —2:| u[2;+oo)

fit)

= Phuong trinh f(t) =m vOonghiém & me (—8; 20)
= C6 27 gid tri m nguyén thoa man.

Pap an C.

Cau 42: Cho cac s0 thuc duong x, y théaman: x+y = Z thi biéu thic S = 4,1

x 4y

dat gié tri nho nhét khi {x:Z thi @b c6 gia tri 1a bao nhiéu?
y:
A. u.bzg. B. a.bzé. C. ab=0. D. u.bzl.
8 64 4
Ldi giai
T1‘sz+y:§:>y=§—xv‘1y>0:>0<x<§ :>S=é+ L Vx e 0;E
4 4 4 x 5-4x 4
4 1
Xét f(x)=—-
f() x 5-4x
f'(x):O@—iz+ : 2=O<:>x=le(0,§J
X (5-4x 4

Bang bién thién:
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X 0 1 5/4
f(x) - 0 +

f(x) \ / e
5

x=1
:>minS:minf(x)=5 khi{ 1 :a.bzi

O;E
4

Pap an D.

Cau 43: Cho ham s0 yzf(x). b6 thi cua ham s6 yzf’(x) nhu hinh vé. Dat
g(x)=3f(x)-x’. Ménh dé nao sau day diing?

A. g(—2) > g(Z) > g(—l).
C. g(—l) >g(—2) >g(2).
Loi giai

Ta thay d6 thi ham s6 y=x" cdt do thi ham s8 y=f'(x) tai 3 diém c6 toa do

-2:4),(-1;1),(2; 4). Can c& vao dién tich hinh phing trén hinh vé ta c6:
(-2:4),(-1;1),(24) phing
-1

J-[x2 —f’(x)]dx< j.[f’(x)—xz]dx

3f(x)-x° a1 2
. f( 3) L PN —g(x)‘_z < g(x)‘_1

-2

< -g(-1)+g(-2)<g(2)-g(-1)=g(-2)<g(2) @)
Mit khéc ttr d6 thi ta c6 bang bién thién sau:

x | —o -2 -1 2 +oo
g’(x) + 0 - 0 + 0 -
3(-2) 8(2)
g(x) / \
\ g(-1)

:>g(2) > g(—2) > g(—l).
Pap an B.
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Cau 44: Cho ham s6 f(x) c6 dao ham la f’(x). D6 thi cia ham s6 y = f’(x) cho
nhu hinh vé. Biét rang f(2)+ f(4)=f(3)+ f(0). Gié tri nho nhat va gia tri 16n
nhat caa f (x) trén doan [O; 4] lan luot la:

YA

A. £(2); £(0).  B. f(4); £(2). C. £(0); £(2). D. f(2); f(4).

Loi giai
Tir d6 thi ham s8 y = f'(x) ta 6 bang bién thién sau:

X 0 2 4
f'(x) 0 + 0 -
fx) / f2) \
f(0) f4)

Dua vao bang bién thién ta c6 max f(x)=f(2) va f(3)>f(4) (do ham s&
nghich bién trén khoang (2; 4)).

Ma f(2)+£(4)=£(3)+ £(0) = f(2)-(3)=£(0)-(4)>0

= £(0)> f(4)=min f(x) = f(4).

Pap an B.

Cau 45: Co6 bao nhiéu gia tri m nguyén thudc doan [—2020; 2020] dé€ ham s6
y=x"—3x" —(2m—5)x+5 dong bién trén khoang (0;+x)?
A. 2020. B. 2022. C. 2021. D. 2023.

Loi giai

Cach 1: Ta cé y' =3x* —6x—2m+5

Ham s6 dong bién trén khoang (0;+oo) <y'20,Vxe (O;+oo)

& 32 —6x-2m+520,Vx € (0;+0) = 3(x 1) 22m—2,¥x e (0;+0)

Vi (x - 1)2 >0,Vxe (0; +oo) (d&u bfing xay ra khi x=1) nén

3(x—1) 22m-2,Vx e(0;40) <2m-2<0=m=1.

Do m nguyén va m e[ ~2020; 2020 | = m € {-2020;-2019;-2018,....,0,1} .

Vay c6 2022 gid tri m thdéa man dé bai.

Cach 2: Ta cé y' =3x" —6x—2m+5;A' =9—3(5—2m) =6m—=6.

+)Néu A'<0<«<>m<1 thi y'>0,VxeR do d6, ham s3 dong bién trén (0;+w0).
+) Néu A'>0<m>1 thi phuong trinh y'=0 c¢6 hai nghiém phan biét
X%, (x, <x,).

Hé thong giao duc truc tuyén ngochuyenlb.edu.vn | 65




/C STUDY TIP )ﬁ

Tong quat:

Chohams6 y=f (Y) lién

tuc trén R va ¢ dao ham

F()=(-)(x-1)
w(x=x,) £ (%)

véi f, (x)>O,VxeR (hodc

fi(x)<0,vxeR)va

X, <x, <..<x, .Khido, voi
ham s6
y:h(x):f(|x|+m) co

+ 2n+1 diém cuec tri thi
m<x, .

+ 2l+1(0 <l< n) diém cuc
trithi x, <m<x,_, voi
I=n—-k hay k=n-1.
+bung 1 diém cuec tri thi
m>x, .

Ngoc Huyén LB The Best or Nothing

Khi d6, ham s& dong bién trén (—o0;x, ) va (x,;+0).
D& ham s8 dong bién trén (0;-+) thi

2<0
x, <x, <0< leer<O<:> 2m+5__ (vOnghiém)
v x,x, 20 M50 e
3
Do vay, m<1 thoa man bai toan.

Ma m nguyén va m e[ -2020; 2020 | = m € {-2020;,-2019;-2018,....,0,1} .

Vay c6 2022 gi tri m thdéa man dé bai.
Dép 4n B.

Cau 46: Choham s6 y = f(x) c6 dao ham trén R va d6 thi ham s6 y =f'(x) cat

truc hoanh tai cic diém ¢4 hoanh d0 -3;-2;a4;b;3;¢;5 vdi
—% <a<-L;1<b< §;4 <c<5 cd dang nhu hinh vé bén dwdi. Cé bao nhiéu gia tri

nguyén ctia m d€ham s6 y= f(2|x| +m —3) c6 7 diém cuc tri?

VA
/ ™\, /
N
3 2 a

N
0 b\/s\/c 5 x

A.2. B. 3. C. 4. D. V0 s0.

\_ J

Loi giai
Tt hinh vé ta thdy ham s6 y = f (x) dat cuec tri tai cac diém -3;,-2;4,b;¢,5 .
Xétham s8 y = g(x)= f(2|x| + m—3)
2
g’(x)=ﬁ.f’(2|x| +m—3).

Khi d6, d€ xac dinh s6 diém cuec tri ciaham s y = g(x) ta can xac dinh s6 nghiém

x=0
cua hé
{2|x|+m—3€{—3;—2;a;b;c;5}
x=0
g |x|e -m —m+1 a+3-m b+3-m c+3-m 8-m
27 2 7 2 7 2 7 2 72
. -m -m+1 a+3-m b+3-m c+3-m 8—m
bat x, =—x, = ;X = JX, = JX = JX =
2 2 2 2 2 2

Taco x; <x, <x, <x, <X, <X,.

Véimbi i=1;2;..;7
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Néu x, >0 phuwong trinh |x|=xi c6 hai nghiém phan biét x=+x,, dan dén
x =+x; la hai diém cyc tri cia ham s8 y = g(x).

Néu x; =0 phuong trinh |x| =x, c6 duy nhat x=0, dan dén x=0 1a diém cuc
tri cia ham s6 y = g(x).

Néu x; <0 phuong trinh |x| =x, v6 nghiém.

Do d6, ham s y = g(x) cd 7 diém cuec tri

a+3-m
2

b+3-m
2

Vay c6 3 gia tri nguyén ctia m théamanla 2;3;4.

<0
<:>a+3£m<b+3:>—1+3£m<§+3.
>0

S x, <0<x, &

bap an B.

Céau 47: Cho ham sd f(x) D6 thi chlaham sd y = f’(x) trén [—3;2] nhu hinh vé

(phan cong ctia d6 thi 1a mdt phan ctia parabol y = ax® +bx +c).

2
Biét f(—3)=0, gia tri ctia f(—1)+f(1) bang
A2 B. 2. c . D.2.
6 6 3 2
Liii giai

Cach 1: Gii bang phuong phép tw luin dung nguyén ham

Ta xac dinh biéu thic ctia ham s6 y = f ’(x) . Ttt hinh vé ta thay trén [—3;2] do
thi gobm 3 nhanh:

- Nhanh parabol y=ax* +b,x+c, xac dinh trén [—3; —1] di qua 3 diém (—3;0),
(-2:1) va (-1,0).

- Nhéanh duong thang y=a,x +b, xac dinh trén [—1;0] di qua 2 diém (—1;0) va
(0;2).

- Nhanh duong thang y = a,x +b, xac dinh trén [0;2] di qua 2 diém (0;2) va
(2;0).

Tt day, giai cac hé phuong trinh twong tng ta suy ra biéu thirc cua f '(x) la:

—x*>—4x-3 khi -3<x<-1
f(x)=42x+2 khi ~1<x<0 .
—x+2 khi0<x<2

f(x) 1a mot nguyén ham ctia f(x), do d6 biéu thirc ctia f(x) 6 dang:
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Mot nhugc di€m cta cong
thiee (1) la chi c6 thé tinh
duoc dién tich khi “14t cit”
parabol song song véi truc
Ox. Truong hop “lat cit” bat
ky, dién tich hinh giéi han
boi mot duong thing va
parabol (P):y=ax’+bx+c
cit nhau tai hai diém c6
hoanh d6 lan luot 1a x,,x,
(nhu hinh minh hoa) ta cé
dién tich duoc cho béi cong

e s

y

=Y

o[ Te =¥

Véi cong thitc tinh nhanh
dién tich “14t ct parabol”, ta
c6 thé xdy dung bai toan
twong tw voi d6 thi lién tuc
gom cac nhanh la duodng
thang hodc parabol.

\.

Ngoc Huyén LB

The Best or Nothing

J

flx)=

3

—%—2x2—3x+C1 khi —3<x<-1

x*+2x+C, khi —1<x<0 .
2

—%+2x+C3 khi0<x<2

-3 ’
Vi f(-3)=0 nén ta co: —%—2(—3)2 -3(-3)+C,=0<C, =0.

Do f lién tyuc tai x=—1 nén ta co: lim f( ) hm f(x), suy ra:

Twong tu, flién tuc tai x=0 nén ta co: 02+20+§:—%+20+C <C, =

x—>-1" x——

~2(-1)" =3(-1) =(-1) +2(-1)+C, & C, ==

2

UJI\1

Vay £(-1)+ f(1)={(_1)2 +z(_1)+ﬂ+[_§+z.1+ﬂ=%.

Cach 2: Giai nhanh bang phwong phap danh gia dién tich trén do thi

Dién tich hinh phang gi6i han boi mdt parabol va mot duwong thing c6 phrong

song song voi truc Ox dugc cho béi cong thirc: S = % day x cao (1)

-1 0

/-2

Ay

day

3

Xz\ )’(

ol /x

Ap dung cong thikc nay ta giai nhanh bai todn nay nhu sau:
Nhanh parabol y=ax* +bx+c qua 3 diém (—3;0), (—2;1) va (—1;0)

nén ta tinh ra duwoc hé s6 a=-1.

Ta co:
FE)+FO=LA) = A3 JeLF(1) - F(3) =85, +(5,+5, +5,).
Véir 5, =221=2, 52=1.12:1,5 1(1+2)1:§.

3" 2 2 2

Pap an B.

Céu 48: Cho ham s8 y = f(x) lién tuc trén R va c6 do thi nhw hinh vé.

yA
16| Y=/ )

3

/-40 x

A 4
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Néu ham sd y:f(x) lién

tuc, dong bién (hodc nghich
bién) trén mién D (D la mot
khoang, 1 doan, hodc nta
khoang) thi véi u,veD),

200 bai toan VD — VDC facebook.com/huyenvu2405

Cé bao nhiéu gia tri nguyén cua tham s6

g

A. 4.

m d€ phuong trinh

3sinx—cosx—1|

= f(m® +4m+4) c6 nghiém?
2cosx—sinx+4|J f( ) g

B. 5. C. V0 s0.

kf(u)=f(v)<:>u=v.

J

— FOR REVIEW

Phwong trinh
asinx+bcosx=c

(a* +17 #0)
c6 nghiém khi va chi khi

2 2 2
a+b zc.

Loi giai

Tacohamsd y=f (x), lién tyc va dong bién trén [0;+ oo) nén

f[
Xét - 3sinx—cosx—1

3sinx—cosx—1|

3sinx—cosx—1|_ 2
2cosx—sinx+4| —(m+2) (*)

J:f(m2+4m+4)<:>

2cosx—sinx+4|

, diéu kién xeR.

2cosx—sinx+4
Khi do:
a(2cosx —sinx +4) =3sinx—cosx—-1< (a+3)sir1x—(2a +1)cosx =4aq+1 (1)

Phuong trinh (1) c6 nghiém < (a+3)2 +(2a+1)2 2(4a+1)2 = —%S a<l.

Suyra0S|3sinx—cosx—1|<1‘

|2cosx—sinx+4|

Do d6 phuong trinh (*) c6 nghiém <0< (m+2) <1e-3<m<-1.

Vi meZ nén me{-3;-2;-1}.

Pap an D.

Cau 49: Cho s6 thiee m vaham s6 y = f (x) c6 do6 thi nhw hinh vé. Phuong trinh

f (2* +27F ) =m c6 nhiéu nhat bao nhiéu nghiém phan biét thudc doan [—1;2] ?

A.2. B.3 C. 4. D.5
Lai giai
Xét g(x)=2"+2" véi xe[-1;2]
2*.In2 1
"(x)=2"1n2— =In2| 2" ——
<) P2 w2z -
g(x)=04 =1cx=0
x| -1 0 2
8'(x) - 0 +
5 17
2

g(O)zZ,g(—l)z—,g(Z)z%.Véy 2<2 427 s%.
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Phwong phap bién ludn theo
m s& nghiém phuong trinh
f(u(x)):h(m) trén D:

+ Budce 1: Dat u(x) =t khao

sat u(x) trén D tim diéu kién
K ctia t va s8 nghiém cua x
dua vao s6 nghiém ctia .

+ Budc 2: Bién luin theo s&
nghiém  phuong  trinh
f(t) = h(m) trén mién K.

+ Budc 3: Khao sat, dwa va
bang bién thién ham f(¢)

trén K roi két luan.

Ngoc Huyén LB The Best or Nothing

\. J/

(C STUDY TIP )ﬁ

Véi bai toan xét tinh don
diéu clia ham sO
y=f(u(x)) khi biét do thi

ctiahamsd y = f'(x) vabiét
ham s& y=u(x), ta quy vé
xét dau cua tich u'(x) va
f'(u(x)). Dua vao do thi
ctia ham y = f(x) ta xét dau
duoc f'(x) di dén xét ddu

f’(u(x)) .
\

Véi ¢ e {2} u[g ,%} thi phuong trinh 2 +27* =¢, c6 mot nghiém.

Véi ¢, e (2;%} thi phuwong trinh 2* +27* =t c6 hai nghiém phan biét.

Bai toan tr¢ thanh: Phueong trinh f (t) =m c6 nhiéu nhat bao nhiéu nghiém phan
A A 17| .. ¥ Aex

biét thudc doan 2;Z VoL t=2"+27".

Dua vao d6 thi cia ham s6 y = f(x), ta co:
-Néu m=f(3) thi f(t)=f(3)<«>t=3:Phuong trinh da cho c6 mdt nghiém.

t=t
- Néu f(3)<m<0 thi f(t)zmc{t tl,véi g<t1<3, t, >3, suy ra phuong
—h

trinh da cho c6 hai nghiém.

4

, 17 . t=t L.
- Néu OSme(Z) thi f(t):mc{t_t‘i, voi 2<t

SE, 3<t5£1—7, suy ra
5 2 4

phuong trinh da cho c6 t6i da ba nghiém.
X 17 . . 5 .
-Néu f e <m£f(2) thi f(t):m<:>t:t3, voi 2<t, <§' suy ra phuwong trinh

da cho c6 tdi da hai nghiém.
Vay phuong trinh trén ¢4 t6i da 3 nghiém phan biét.
bap an B.

Cau 50: Cho ham s6 y = f(x) c6 dao ham trén R. D6 thi ham s6 y =f’(x) nhu

hinh vé.

-2 2 R
/O \/5 '

Hamsd y= g(x) =f (3 - 2x) nghich bién trén khoang nao?

A. (—oo;—l). B. (—1;+oo). C. (0;2)‘ D. (1;3).
Lai giai
Tac g'(x)=-2.f(3-2x).
Tt d6 thi ham s8 y = f'(x) suy ra f'(x)>0c{—2><5x<2
X

-2<3-2x<2 1<x<§

Do d¢, g’(X)<0®f'(3‘2")>°©{3—2x>5

x<-1
A T N o vem A . 15)
Vay ham s6 g(x) nghich bién trén cac khoang [E ’Ej va (—oo; —1).

Pap an A.
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Cau 51: Cho ham s0 yzf(x)z 1+L1+x—|x|—m ,voi m la tham sO. Goi a 1a
X x-

gia tri nguyén nho nhat cia m d€ ham sd cd it diém cuc tri nhat; A la gia tri

nguyén 16n nhat cua m dé ham s6 ¢ nhiéu diém cuc tri nhat. Gia tri cia A+a

bang
A. 7. B. 4. C. 3. D. 4.
Loi giai

Xét ham s6 y:g(x)=l+%+x—|x| voi xeR\{O;l}.
X xX-

1 1 x
{5 [T R
Néu x>0 thi g'(x):—iz—ﬁ<O,Vxe(0;1)u(1;+oo).Do d6, ham 56 nghich
o (x-1

bién trén cac khoang (0;1),(1;+oo).

Néu x<0 thi g’(x)z—i— L

X (x - 1)2

1 1 1 1
(x)=0—+ =2 + =
) ¥ (x-1) (2x) (2x-2)

+2

N | =

bat t=2x—1(t<—1) ta co: (t+11)2 + (t_11)2 :%@4(1‘2 +1)=(t2 _1)2

St -6 -3t =3+23t=—3+2.3.
Do dé, yo L2V3+23 43;2@

Ta c6 bang bién thién:

Xy, —4<g(x0)<—3.

X —00 Xo -1 1 +00
y' + - - -

g(xo) +00 400
y

WA

,( STUDY TIP % . ~ , o .
Ham so y :g(x) c6 1 diém cuec tri.

S8 cwc tri cta ham s6

—00

y=|f(x)| bing tong 5 cuc Duong thang iy =m cat d6 thi ham s6 y = g(x)tai nhiéu diém nhat la 3 diém khi

tri ctia ham y = f(x) va s m< g(xo). Gia tri nguyén 16n nhat cia m thoa man la m=-4. Khi d6, ham s6
nghiém don hoac nghiém
boi 1é ctia phuong trinh

f(x)=0. Pudng thang y =1 cat do thi ham s6 y=g(x)tai it diém nhat 1a 1 diém khi
\. J

y = f(x) c6 nhiéu diém cyc trj nhat la 4 diém.

g(x,)<m=<0. Gi4 tri nguyén nho nhét ctia m thoa man la m=-3. Khi d6, ham
58 y = f(x) c6 it diém cuc tri nhat 1a 2 diém.
Vay A+a=-7.
Dap an A.
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Néu ham so y:f(x) lién

tuc, dong bién (hodc nghich
bién) trén mién D (D la mot
khoang, 1 doan, hodc nta
khoang) thi véi u,veD),

Ngoc Huyén LB The Best or Nothing

Cau 52: Chohamsg y=f (x) xac dinh trén R\ {1} , lién tuc trén mdi khoang xac

dinh va c6 bang bién thién nhw hinh vé sau:

X | —o -1 3 +00
y’ + - 0 +
2| te° +00
y /' \ /
—0 -4

Cé bao nhiéu gia tri nguyén cua tham sd m thudc doan [—2020,' 2020] dé phuong
trinh m’f°(x)+3mf (x) = (12m2 + 7)x/12m2 +1+36m*>+7 c6 hai nghiém phan

biét?

\_f(u):f(v)in:v.

J/

A. 4041, B. 2019. C. 2010. D. 2021.
Loi gii

Ta c6: m’ f°(x) +3mf (x) = (12m? +7 )12 +1+36m° +7

< m’ f°(x)+3mf (x)

- [(\/127112 + 1)3 + 3(12m2 + 1) +3V12m% +1 +1} + 3(\/121112 +1 +1)
< m’f*(x)+3mf (x) =(\/12m2 +1 +1)3 + 3(\/1211172+1+1)(1)

Xétham s§ g(t)=t"+3t,teR.

Suy ra g'(t)=3t*+3>0,VteR nénham s§ g(t) dong bién trén R.
Phuong trinh (1) tro thanh:

g[mf(x)] =g(M+1) & mf(x)= 120" +1+1

- Véim=0 khong thoa man

Ji2m? +1+1

- V6éi m#0, taco f(x):
m

V12m2+1+1:_4(1)

Phwong trinh da cho c6 hai nghiém phan biét < m

N12m* +1+1

VI2m £ 141 ()

m
+ Trwong hop 1:
«/ 2 -1-4m>0
131y a1 =-dmes] L om=-2.
m 12m° +1=1+8m+16m

+ Trweong hop 2:

122 +1+1 {m>0 >+ 1
NEm At o

& 2 Sm>—.
2
m NIZm +1>2m=1" 190p2 {15 am® —4m +1 2

Vi m nguyén va me [—2020; 2020:| nén co 2021 gia tri thoa man.
Pap an D.
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I(x;y) 1a diém o8 dinh cua

ho duong cong
(C,):y=f(x;m) khi va chi
khi phuong trinh

y:f(x;m) (3 m) b

nghiém véi moi m

200 bai toan VD — VDC facebook.com/huyenvu2405

Cau 53: Biét rang ho d6 thi (Cm) Y= (171—3)x3 —4(111—3)x2 —(m+ 1)x +m ludn di
qua ba diém c8 dinh thang hang. Viét phuong trinh duong thang di qua ba diém
c6 dinh nay.

A y=4x-3. B. y=—4x-3.

C.y=4x+3. D. y=—4x+3.

\ J

Laii gii
Gia stt M(x;y) 1a diém 6 dinh ctia (C,, ). Khi d6
y =(m—3)x3 —4(m—3)x2 —(m+1)x+ m,Nm
c>(x3 —-4x* —x+1)m—3x3 +12x* —x—y=0,Vm
@{aﬁ —4x* —x+1=0 @{f —4x* —x+1=0 (1)
y=-3x"+12x>-x  |y=—4x+3
Phuong trinh (1) ludn c6 3 nghiém phan biet va M (x; y) ed:y=—4x+3
Vay duong théng di qua 3 diém ¢ dinh ctia d6 thiham s6la d:y=—4x+3
Pap an D.
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— FOR REVIEW
D€ giai quyét bai toan nay
ta phai tim dwgc s6 o thda
man

166 -3 <b*Vbe (i;'l}
16

256

Ngoc Huyén LB The Best or Nothing

II. MU — LOGARIT

A . , .3 e
Cau 1: Cho cac so thuce a, b thoa man E<b<a<1.Tlm gid tri nho nhat ctia biéu

,( STUDY TIP %

Neéu bai toan xuit hién di
kign a.f*(x)+b.f(x)+c=0

thi ta nén dat an phu

t:f(x) va dwa vé giai
phuong trinh bac hai 4n &
at* +bt +c=0.

16b—3
thitc P=1lo +16log? a.
8 256 &
A. 15. B. 16. C.17. D. 18.
Loi giai
Ta co 20073 s <:>(16b2 —8b+1)(16b2 +8b+3)20
256

& (4b-1) (166> +8b+3)>0 luon dting khi be (% ,-1)
16
(logﬂ b- 1)2 .
bét t=log, b (diéukién te (1;+oo) )
16
(t-1)

Do d6 P>4log, b+

16
()

:>P23i/2(t—1).2(t—1). 16 - +4=16

=P>4t+ +4

=2(t-1)+2(t-1)+

2

b=

| =

D&u bang xay ra khi a =

3

—_
=l

Pap an B.

Cau 2: Tim cac gid tri thwc cta tham s6 m d€ phuong trinh
log? x—3log, x+2m—7=0 c6 hai nghiém thuc phan biét x,,x, théa man
(x,+3)(x, +3)=72

6l
23

A.m C.Khong ton tai. D. m= %

\, J

Lai giai

Diéu kién: x>0. Dit t=log,x < x=3".

Phuong trinh da cho tro thanh: #* =3t +2m—-7=0 (*)

D& phuong trinh da cho 6 hai nghiém phan biét x,,x, < Phuong trinh (*) c6

hai nghiém phan biét t,,t, <:>A=9—4(2m—7)>0<:>37—8m>0<:>m<%.

Gia st (*) c6 hai nghiém t, =log, x, va t, =log, x, .
Khi d6 x,.x, =3"3" =3"" =3’ =27.

Suy ra (x, +3)(x, +3) =72 < x,x, +3(x, +x,) =63 < x, +x, =12

Y
= x,,x, la hai nghiém cta phuong trinh x* —12x+27 =0 < [
X =

*Véi x=9=t=log,9=2 thay vao (*) ta duoc: 2m—9=0<:>m=% (thoa man).
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*Véi x=3=t=log,3=1 thay vao (*) ta duoc: 2m—9=0<:>m=% (thoa man).

A 9 i w
Vay mza la gid tri can tim.

Pap an D.

Cau 3: D€ cdp tién cho con trai tén la Lam hoc dai hoc, dng Anh giti vao ngan
hang 200 triéu dong voi 1ai sudt c6 dinh 0,7%/thang, so tién lai hang thang duwoc
nhap vao von dé tinh 1ai cho thang tiép theo (thé thirc 1ai kép). Cudi mdi thang,
sau khi chét 1ai, ngan hang sé chuyén vao tai khoan cia Lam mét khoan tién
gidng nhau. Tinh s6 tién m mdi thang Lam nhan dwoc tir ngan hang, biét rang
sau bdn ndm (48 thang), LAm nhan hét sd tién ca von lan lai ma éng Anh da gui
vao ngan hang (két qua lam tron dén dong).

A. m=5.008.376 (dong). B. m =5.008.377 (dong).

C. m =4.920.224 (dong). D. m =4.920.223 (dong).

X

n

STUDY TIPS

+x" Lt x+l=

xn+l _ 1

x—1

Laii gii

Goi M 1a s tién ban dau; r 1a 1ai sudt hang thang.

S6 tién lai thang 1 1a M.r.

SG tién ca von 1an 1ai thang 11a M (1 + r) .

SO tién con lai sau khi chuyén cho Lam m dong la M (1 + r) —m.

Twong tu: SO tién con lai sau thang thi 2 1a:
[M(1+r)—m](1+r)—m=M(1+r)2 —m[(1+r)+1]

SO tién con lai sau thang thi 3 la:

{M(1+r)2 —m[(1+r)+1]}(1+r)—m=M(1+r)3 —m[(1+r)2 +(1+r)+1}

:M(1+r)3—m.%:M(Hr)S—m.%.
(1+r)48—1.

S& tién con lai sau 48 thang la: M (1 + r)48 —m.
r

Vi sau 48 thang la hét tién trong tai khoan nén ta co:

48 48
M(1+r)48 _m‘wz():)m:]v‘['(l;;)'r .
r (1+r) -1
Thay s6 vao ta tim dugc m~4.920.224 (d6ng).
Pap an C.

Cau 4: Cho phuong trinh 9% +2(x—m)3" +2x-2m—1=0. Goi T la tap hop tét
ca cac gid tri thuc ctia tham s6 m sao cho phuwong trinh ¢ nghiém dwong. Ménh
dé nao dudi day dung?
A. T la mot khoang.
C. T la mot doan. D. T=R.

B. T la mot ntta khoang.

Lai giai
Tacé 9" +2(x—m)3" +2x-2m-1=0 <3 +3" +2(x—m)3" =3"~1=0
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(3 +1)(3" +2x—2m—1)=0 = 3" +2x-2m~-1=0 < 3" +2x=2m+1 ().
Xétham s§ f(x)=3"+2x c6 f'(x)=3"In3+2>0 véimoi xeR.
Suy ra ham s6 luén dong bién trén R.
Dé€ (*) c6 nghiém duong thi ta phai ¢6 2m+1> f(O) =lem>0.
Vay T la mot khoang. Ta chon A.
Luu yj: Dat t =3" (+>0), phwong trinh da cho tro thanh
£ +2(x—m)t+2x-2m-1=0 (1).

Dé thdy phuong trinh (1) c6 a—b+c=0 nén cé mot nghiém ¢ =-1 va mot nghiém
t=—2x+2m+1. Tt d6 ta c6 phan tich

9" +2(x—m)3" +2x-2m-1=0 < (3" +1)(3" +2x-2m—1) =0.

Dap an A.

Cau 5: Cho biéu thtrc
A= 10g(2017 +1og(2016+1og(2015+ log|(-. +1og(3+1ogz)...)))) .
Biéu thitc A c6 gia tri thudc khoang nao trong cac khoang duwdi day?
A. (log2017;10g2018). B. (10g2018;10g2019).
C. (log2019;10g2020). D. (log2020;l0g2021).

Lai glél Duwa vao dap an ta suy ra 3< A<4.
=3<log2019< A, =log (2016 + A, ) <log2020 <4
=3<10g2020 < A,,, =log (2017 + A, ,, ) <log 2021 <4.
Vay A,,, €(log2020;10g2021).
Pap an D.

Ciu 6: Xét sO0 thuc a,b thdéa man b>1 va \/E <b<a. Biéu thtc
P=log, a+2log ; (%} dat gia tri nho nhat khi
b

A. a=b> B. a* =b°. C. a® =0 D. a* =b.

Loi giai

Ta c6 log, b=log, (a.kj =log, a-1.

b b

2 2
Do dé P:Z{Zlogaa—(logaa—lﬂ +1 27 :2(1ogaa+lj +
b b b

08,4 b
b

log, a’
b

Déttzlogaa.D01<a£b2:>\/;£b,
b

suy ra 1__1

Y t log, a

b

=logu%:1—logubsl—logux/_zl—%zéztzz

Khi o P=2(t+1)' +2 = f(t).

Khao sét f(t) trén [ 2;+), ta dwoc f(t) dat gid tri nho nhét bang 62—3 khi t=2.
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V6i t=2=log, a=2<a=0".
b

Pap an C.

Cau 7: Hoi ¢6 tat ca bao nhiéu gia tri m nguyén thudc doan [—2017; 2017:| dé

phuong trinh (x2 —1)log2 (x2 +1)—m4 P(x2 —1).log(x2 +1)+m+4 =0 c¢6 dung

hai nghiém x,,x, théa man 1S|xl|s|x2|s3

A. 4017. B. 4028. C. 4012. D. 4003.
Ldi gidi
<1
Pidu kien: x> 120 | .
x>1

Phuong trinh da cho tuong duong véi:
2(x2—1)1og2(x2+1)—2mm.1og(x2+1)+2m+8=0

@[ Z(xz—l).log(x2+1)}2—2m. 2(x* ~1).log (x* +1)+2m+8=0 ()
Dit t=x?>1, theo baira tacd 1<|x|<|x,| <3< 1<y <x; <9I=te[ ;9]
Xétham s§ f(t)=[2(t-1).log(t+1) trén doan [1;9].

log(t+1) Z(t—l)
\lzt 1 t+1 In10

trén doan [1,9]. Khi do f( )_f(t)sf(9) hay Osf(t)szl
Dat u:4,2(x2 —1).10g(x2 +1):>ue[0;4:|. Khi d6 phuong trinh (*) tro thanh
u® —2mu+2m+8=0 (1).

Ta c6 f'(t)= >0,Vte[1;9]= Ham s§ f(t) dong bién

Nhén thdy u=1 khong phai la nghiém ctia phuwong trinh (1) Vé6i u=1 thi
u

phuong trinh (1) tuong dwong véi u* +8=2m(u—-1) < 2m= i +18 (2)
u —
uz
Xét ham s6 g(u)
u—

—2u-8
Tacog( ) u(u_bll)z ; g’(u)=0<:>

Mat khéc, c6 g(O) = —8;g( ) 8; hmg(u) = —oo;limg(u) =00,

x—-1 x—-1"

£2 ren [0:4]\ {1}

u=4
u=-2

.Ma ue[o;4]\{1} nén u=4.

Bang bién thién:

x |0 1 4

Y - -
+OO\)
y 8

—8\ B
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Yéu cau bai toan < Phuong trinh (2) c6 nghiém duy nhat trén [0; 4:| \ {1} Suy
2m=38 m=4
ra = .
2m<-8 m<-4

4<m<2017

Mt khéc m e Z,m e[ -2017;2017 | nén suy ra :
2017 <m<—4

Vay c6 tat ca (2017 —4+1)+(—4+2017+1)=4028 gia tri m nguyén théa man bai

toan.

Pap an B.

Cau 8: Trong thoi gian lién tuc 25 nam, mot nguwoi lao dong ludn gi dung
4.000.000 dong vao mot ngay cd dinh cuia thang ¢ ngan hang M véi 1ai suat khong
thay d6i trong sudt thoi gian gui tién la 0,6% thang. Goi A la sd tién nguoi dé cd
duoc sau 25 nam. Hoi ménh dé nao dudi day la dung?
A. 3.500.000.000 < A < 3.550.000.000 B. 3.400.000.000 < A < 3.450.000.000
C. 3.350.000.000 < A < 3.400.000.000 D. 3.450.000.000 < A < 3.500.000.000

Loi giai
Sau thang thit 1 nguoi lao dong d6 co 4(1+0,6%) (triéu dong).
Sau thang thit 2 ngwoi lao dong co:
(4(1+0,6%) +4)(1+0,6%) =4| (1+0,6%)" +(1+0,6%) | (triéu dong).
Sau thang thit 3 ngwoi lao dong doé co:
{4[(1 +0,6%)" +(1+0, 6%)} +4}(1 +0,6%)
—4| (1+0,6%)" +(1+0,6%)" +(1+0,6%) | (triéu dong).
Sau thang thit 300 ngwoi lao dong do co:
(1+0,6%) " ~1
(1+0,6%)-1
~3364,866 (triéu dong) ~ 3.364.866.000 (dong).
Pap an C.

4] (10,6%) "+ (1:40,6%)” +..+ (1+0,6%) | =4(1+0,6%)

Cau 9: C6 Huyén gui tong cong 320 triéu dong ¢ hai ngan hang X va Y theo
phuong thie 1ai kép. SO tién thit nhat g ¢ ngan hang X voi 1ai suat 2,1% mot
quy trong thoi gian 15 thang. S6 tién con lai giti & ngan hang Y véi 1ai suat 0,73%
mot thang trong thoi gian 9 thang. Tong tién lai dat duwoc ¢ hai ngan hang la
27.507.768,13 dong (chwa lam tron). Hoi sd tién ¢6 Huyén gui lan luot 6 ngan
hang X va Y la bao nhiéu?

A. 140 triéu va 180 triéu B. 120 triéu va 200 triéu
C. 200 triéu va 120 triéu D. 180 triéu va 140 triéu
Loi giai

Goi s tién cd Huyén gtii 0 hai ngan hang X va Y Ian luot 1a x dong va y dong.
Theo gia thiét ta c6 x +y=320.10° (1)
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Tong s6 tién ca von 1an 1ai ma 6 Huyén nhan duoc ¢ ngan hang X sau 15 thang

(G quy)la A =x(1+2,1%)5 = x.(l,021)5 (dong). Suy ra so tién 1ai nhan duoc sau

15 thang 1a r, = A~ x=x(1,021) ~x= x[(1,021)5 - 1} (dong).

Tong s tién ca von lan 1ai ma c6 Huyén nhan duwoc ¢ ngan hang Y sau 9 thang
9

la B=y(1+0,73%) = y(l,0073)9 (dong). Suy ra sO tién 1ai nhan dwoc ¢ ngan
hang Y sau 9 thangla 1, = B—y=y(1,0073)' ~y=y| (1,0073)' ~1] (dong)

Tt gia thiét, ta co:

1, +1, =27507768,13 < [(1, 021)’ —1}x + [(1, 0073)" —1} y =27507768,13 (2)

x+y=320.10°

Tir (1) va (2) c6 hé: [(1,021)5 _ 1}( + [(1, 0073)’ - 1}y —27507768,13

x =140.10°
=3 :
y=180.10°
Vay 6 Huyén guri @ ngan hang X 140 triéu dong va gtri 6 ngan hang Y 180 triéu
dong.
Dap an A.

Cau 10: Dau mdi thdng bac An gtri tiét kiém vao ngan hang HD Bank mot s6 tién
nhu nhau véi 13i sudt 0,45% / thang. Gia st rang 1ai suat hang thang khong thay
d6i trong 3 nam lién ké tir khi bac An gtri tiét kiém. Hoi bac An can giri mot luong
tién t5i thiéu T (dong) bang bao nhiéu vao ngan hang HD Bank dé sau 3 nam

gui tiét kiém s tién 1ai dt d€ mua duoc chiéc xe may co tri gia 30 triéu dong?

A. T =10050000. B. T =25523000.
C. T'=9493000. D. T =9492000.
Lai giai

Gia st bac An guri s tién toi thi€u hang thang 1a T (dong). Dat r =0,45%.
Heét thang thir nhat bac An nhan duoc s6 tién ca goc va lai la
T, =T+Tr=T.(1+r).
Heét thang tht hai bac An nhan dwoc s6 tién ca goc va lai la
T,=T(247)+ T2+ r)r =T| (r+1)" +(r+1) |
Bang phuong phép quy nap toan hoc, ta chtng minh dugc rdng sau n thang gt
tiét kiém thi bac An nhan dwoc sd tién ca goc va lai la
T = T[(l )+ (14r) T (1 +r)].
R B ’ T n
Deé dang tinh duwoc T, = —.(1 + r).[(l + r) - 1].
r
Suy ra s tién 1ai sau 7 thang gui tiét kiém la
T n
L =T -Tn=—.(1+r [ 1+7 —1}—Tn.
n n r ( ) ( )
Theo gia thiét, ta c6 n=236,L,, >30000000 .
Suy ra T >9493000.
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Phén tich phuong dn nhiéu.

Phwong dn A: Sai do HS tinh chi gzi 35 thang.

Phwong dn B: Sai do HS st dung cdng thiic cuia bai toan tinh 1ai kép va hiéu dé

bai yéu cau s6 tién thu duoc sau 3 ndm du d€ mua xe mdy co tri gia 30 triéu dong

nén tim dwoc T =25523000.

Phuwong dn D: Sai do HS giai dung nhu trén nhung lai lam tron T =9492000.
Pap an C.

Cau 11: Mot tinh A dua ra nghi quyét vé giam bién ché can bo cong chitc trong
6 nam tir 2017 dén 2023 la 10,6% v6i s luong hién c6 nam 2017 theo phuong
thitc “ra 2 vao 1”7 (ttrc la khi giam d6i twong hwong lwong tir ngan sach Nha nuwéc
2 nguoi thi duoc tuyén moi 1 nguoi). Gia st ti 1€ giam va tuyén moi hang nam
so véi ndm trude do la nhw nhau. Tinh ti 16 tuyén dung méi hang nam (lam tron
dén 0,01%) la

A.1,13%. B. 1,72%. C.2,02%. D. 1,85%.

Loi giai
Goi x la s6 can bo cong chirc tinh A nam 2017.
Goi r la ti 1€ giam hang nam.

S6 nguoi mat viéc nam th nhat 1a x.r

STUDY TIPS SO ngwoi con lai sau ndm th nhatla x—x.r = x(l - r)
Tong cua n s6 hang cta cap

ul(l_q”) 2
1-q S8 ngudi con lai sau nam thit hai 1a x(1-r)

Tuong tu s6 nguodi mat viéc sau nam thit hai la x.(l —r).r

sdnhan: S =

~ N . Y oA - ’ \ 5
= S50 nguoi mat viéc sau nam th 6 la x(l - r) x
Tong sd ngwoi mat viéc la:

x.r+x(1—r).r +x(1—r)2 T +...+x(1—r)5 7r=10,6%.x

r[l—(l—r 6]
o&——==0,106=r=~0,0185
1-(1-7)

Vay ti lé tuyén dung mdi hang nam 1a 1,85%.

Pap an D.
Cau 12: Cho x,y la cdc s6 thuc 16n hon 1 théoa man x”*+9y”> =6xy. Tinh
1+ log,, x+log,y
2.log,, (x+3y) '
1+log,, 3y
A. M=1. B. M=——0°2"7 ¢ pM=2 D. M=log,, 6.
log,, 6
Laii gii

STUDY TIPS
log, f(x) =log, g(x)

G{f(X)W(X).

g>0

Tacé x> +9y° =6xy<:>(x—3y)2 =0 x=3y
VIS log,, 3y +log,y _log,,12+log,,3y” _log,, 36y> _ ,

2.log,, 6y log,36y>  log,36y°
Dap an A.
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MEMORIZE

sin(—x)=-sinx

cos(—x) = cosx

( STUDY TIP %

+Chohamsd f(x) xac dinh

trén D duoc goi la ham s8
chan néu
VxeD=-xeD
{Vxe D:f(—x)=f(x)
+Chohamsg f(x) xéc dinh
trén D duoc goi la ham s6 1é
VxeD=-xeD
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Cau 13: Cho a,b 1a cac s6 thie va ham so:

f(x)=alog™™ (\/x2 +1+ x) +bsin x.cos(2020x) +6.

Biét f(2020™')=10. Tinh P= f(-2021"*").

A. P=4. B. P=2. C. P=-2 D. P=10.

néu {v;\» eD:f(-x)=-f(x)

\ J/

( STUDY TIP )—

Phwong phap: Danh gia

PZP(t) véi t=log,a qua

b4t dang thire b —% <K

Loi giai
Xétham s& g(x)= f(x)-6=alog™” (x/xz +1+ x)+bsinx.cos(2020x)

Do \/x2+1+x>|x|+x20 nén ham s& g(x) c6 tap xdc dinh D=R.

Tacd: VxeD=>—xeD

va g(-x)=alog™™ (« ,(—x)2 +1+ (—x)) - bsin(—x).cos(ZOZO(—x))
=alog™™ (\/xZT— x) - bsinx.cos(2020x)

= 8(~)
g(—x)=alog™™ [ﬁ
(=)

< g(-x)=-alog™™ (\,/x2 +1+ x) - bsinx.cos(2020x)

X

0

] —bsin x.cos(2020x)

= g(-)=8(x).

Vay ham s3 g(x) 1a ham s3 le.

Lai c6: 2020 = 2021 = g(2020"**! ) = —g(-2021"** )
& £(202072) 6 = £(-2021" ) 6]
©10-6=—f(-2021""" )+ 6 < f(-2021"*")=2

Pap an B.

CAau 14: Cho hai s6 thuc a, b thda man % <b<a<1. Tim gia tri nho nhat cta biéu

thitc P=log, (b - %J ~log, \/E
b

\ J

MEMORIZE

Néu 0<a<1 thi
O<a<p<«<log, a>log B

A.Pzz. B.Pzé. C.Pzg. D.le.
2 2 2 2
Laii giai
2
Ta co: b—1 20<:>b2—b+120:>0<b—1£b2,Vbe l;1
2 4 4 4
(danh gia d€ duwa loga(b—%J ve log b*)
1 A 1 2
Ma —<a<1 nén logu(b——leogub
4 4
Do dé
leogabz—logu\/b_=210gub—llogub= 2 1.1 _2 L
. 2 7, log,a Zlogbﬁ log, a 2(logba—1)
b

bit log,a=t.Do b<a<1 nén log, b>log, a>log, 1=0<t<1
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Suy ra Pzp(t)%—z(tl_l) voi 0<t<1.

2 1 —3t* +8t—4 tzge(O'l)
Xét P(t)==———— trén (0;1) tacd P'(t)=————-=0<=| 3

to2(t-1) 2t*(t-1) t=2¢(0,1)
Bang bién thién:

2
t 0 3 1
P’(t) - 0 +

P(t) \ /

uan sat bang bien thien ta tha t)>2—suyraminP(t)=—khi t=—
Quan sét bang bién thién ta thay P z y ramin P zkh' i

te(O;l)

NI \©

1
o pop-t | b=
Do do PZP(t):PZE.Dé'u "="xay ra khi = 2

1)3
1 =— | =

N

Vay gid tri nhé nhat cta P la % .

Pap an C.
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l11. TICH PHAN UA UNG DUNG

Cau 1: Mot bién quang cao c6 dang hinh elip véi bon dinh A,, A,, B,, B, nhu
hinh vé bén. Biét chi phi phan t6 dam la 200 000 dong/ m? va phan con lai 1a 100
000 ddng/ m2. Hoi s6 tién dé€ son theo cach trén gan nhat voi so tién nao dudi
day, biét A,A, =8m, B,B, =6m va t& gidc MNPQ la hinh ch@t nhat c6 MQ=3m?

MEMORIZE

Cho hinh elip c¢6 d6 dai truc
16n 1a 2a va d6 dai truc bé la
2b. Khi d6 dién tich ctia hinh
elip dugc tinh theo cong
thiee S = mab.

A. 7.322.000 dBng. B. 7.213.000 d‘()ng.
C. 5.526.000 d‘()ng. D. 5.782.000 d‘()ng.
Loi giai

Vi elip c6 d¢ dai truc 1én 2a=8<a=4, d6 dai truc bé 2b=6<b=3 nén elip
codiéntichla S=mab=127.
Gan hé truc toa d6 Oxy nhu hinh vé. Khi d6 elip c6 phuong trinh chinh tac la

2 2
(E):Z+L =1.Tacé MQ=3=NP nén N x| véi x, 0.
16 9 "2 0

Do Ne(E) nén x, =

. Xy ) x’ x° . A e e
Ta c6 —+=—=1<y =9|1-— |©y=13,/1-—. Goi S, la dién tich hinh
16 9 16 16

2
phang gi6i han boi cac duong y :3.,/1—%,y =0,x=0,x=2+3.

Do tinh d6i xtng ctia hinh elip nén dién tich phan duoc t6 dam la

2

2B X 23
S, =45,=4 | 3,[1-—dx=3 [ J16-x’dx.
16
0 0

x=0=t=0.
Dat x=4sint=dx=4cost.dt . D6i can .
x:2\/_:>t——

]

3 g 3
Do d6 S= 3_[\/16 —16sin*t.4costdt =48_[cos2 tdf = 24_[ 1 + cos2t
0 0 0

= 24(15 + %Sin2tj

n_24(§+§J 87 +63/3(m?).

Dién tich phian con lai 1a $, =S-S5, =127~ (87+6V3 ) = 47— 6/3 ().
Do d6 s tién can lam bién quang cdo la
~ (87-+61/3).200000 + (47~ 6+/3).100000 ~ 7322000 dong.

Pap an A.

Cau 2: Cho ham s8 g(x)= jitdt v6i x>0. Tinh g'(e2) .
n
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( STUDY TIP )—

Cong thirc tong quat

of3) '
{“J;Jf(t)dt] =

,C STUDY TIP %

Bai toan bén thudc 16p

nhitng bai todn ma ti dé bai

ta c6 phuwong trinh

a(x)f(x)+b(x)f'(x)
~e(x) (1)

() b(x) (). (), F ()

lién tuc)

Ta c6 hai huéng bién d6i co

ban nhu sau:

Huéng 1: Bién d6i (1) vé

dang

()() )¢'(x)=h(x)
h(x)
Jdx

flx
[ s(+)]
)=

(x

Htrong 2: Bién dé6i (1) vé

Ngoc Huyén LB The Best or Nothing

Gia st F(t ( ) la mot nguyén ham ctia ham s& %
n

Lai giai
R 1
1<hlctoF(t)=m hay F'(x)= e

2
X

Ta c6 g(x)z Jidtzl—“(f)—lf(x).

© Int
Suy ra g'(x)=(F(x2)—F(x))’=F’(x2)—F'(x)= 1 .2x—i=x—_1
Inx? Inx Inx
~g()- 55
Dép 4n A.
Cau 3: Cho ham s0 f(x) lién tuc trén R\{—l;O} thoa man
x(x+1) f'(x)+(x+2) f(x)=x(x+1) va f(1)=2In2+1.Khi d6 f(2)=a+bIn3,
vdi a,b1a hai s6 httu ti. Tinh a+b.
= B. 12, c.®. D. 3.
16 16 16 2
Lai giai Ta co: x(x+1)f’(x)+(x+2)f(x):x(x+1)
2 x(x+2) S
e EAUN (x+1) )=

’
2 2 2

X , X X
S ) o e[ e

=]

= x+1f(x):f(x—1+%1jdx=%z—x+ln|x+1|+C
x x

Ma f(1)= 21n2+1:>2(21n2+1)=%—1+1n2+C:>C=1

Khi d6 %f(Z)=1n3+1:>f(2):%+%1n3:>a:b=%. Vay a+b:§

Pap an D.

(%) =)
)7
:{g x)} —h(x)
= f{x) = x )dx
8(x) Jrod

Cau4: Chohamso y=f (x) xac dinh va lién tuc trén doan [—5;3] . Biét réng dién
tich hinh phéng S,,S,,S, gidi han boi d6 thi ham s8 y = f(x) va duong parabol

y=g(x)=ax’ +bx+c Ian luot la m, n, p.

yl\

y=8x)

y=f(x)

84 | Hé thdng giao duc truc tuyén ngochuyenlb.edu.vn




,C STUDY TIP %

3
Ta ¢4 thé tinh Ig(x)dx nhu

sau: D6 thi ham s& y = g(x)
di qua cac diém (-5;2),
(—2;0),(0;0) nén ta co:

4a-2b+c=0 <4, 4

2
25a-5b+c=2 |75
c=0 15

= j.g(x)dx

-5

200 bai toan VD — VDC facebook.com/huyenvu2405

Gia tri caa tich phan j f (x)dx bang
5

(2, 4 208
=J. — X+ —X [=—.
157 15 45

A —m+n—p—@. B m—n+p+ﬁ
45 5
C m—n+p—@. D —m+n—p+@.
45 45
LGi gidi

Quan sat do thi hinh vé, ta co:

[=}
(=]
(=}
(=}

Suy ra j £(x)dx :j: f(x)dx+]); f(x)dx+_I £(x)dx
:>j‘f(x)dx=m—n+p+}:f(x)dx+]);f(x)dx+:[f(x)dx=m—n+p+ig(x)dx.

-5

3
T d6 thi ta thay j g(x)dx la mot s& dwong nén chi c6 phuong an B la phtt hop.
5

Pap an B.

Cau 5: Tinh tich phan 'meax{x, *fdx
0

A.2. B. 4.

Loi giai

Cach 1: Ta co x3:xc>x(x—1)(x+1):0<:> iiil Do xe[O;Z] nén i:

Xét dau, ta duoc x°* —x<0,Vx e(O;l) va x° —x>O,Vxe(1;2).

Suy ra %g]x{x,f} =x va rﬁg]x{x,xe’} =x".

R 2 5 1 2 s 17
Vay .([max{x,x }dxzjxdx+.!-x dxzz.

0

7

dex:jxdx+ix3dx:L.
0 1 4

Cach 2: j.max{x,x3}dx:.f >
0 0

Pap an D.

Cau 6: Khéi tron xoay tao thanh khi quay hinh phing (H ) gidi han boi duwong

5+(x—4)ex

— ,truc hoanh va hai dwong thang x=0,x=1 quanh truc
xe* +

cong y=

hoanh c6 thé tich V = n[u +bIn(e+ 1)], trong do6 a,b 1a cac sd nguyén. Ménh dé
nao dudi day dang?

A. a+b=>5. B. a-3b=-7. C.a+b=09. D. a-3b=17.
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Thé tich khéi tron xoay cua
hinh phing H gidi han boi
do thi y=f(x), Oxva hai

duongx=a, x=b (a<b)la

V= nj( () dx.

Ngoc Huyén LB The Best or Nothing

Loi giai
Taco V= ni[ﬂ]dx = ni(5—4(x+—1)exjdx = n(5x—4ln(xe" +1)) !

0 xe' +1 0 xe* +1 0

=n[5—41n(e+1)}.
Do d6 a—3b=5-3.(—4)=17.
Pap an D.

Cau 7: Cho ham s§ f(x)=(x* ~2x~3)e ™. Goi M,m lan luot la gi4 tri 16n nhat
va gid tri nho nhat ciaham s6 F (x) = (ax2 +bx+ c)e”‘ trén doan [—1,'0] , biét r:?mg
F'(x)=f(x),vx€R. Tinh T=am+bM-+c.

A. T=2-24e. B. T=0. C. T=3-2e. D. T =-16e.

Lai giai
Ta cé F'(x)z[—ax2 +(2a—b)x+b—c]e”‘.
—a=1 a=-1
F'(x)=f(x),VxeRe20-b=-2<1b=0 :F(x)z(S—xz)e"‘.
b—c=-3 c=3
(x=-1e [—1;0]

F'(x)=0e f(x)=0e c—3e[-10]

Ta co F(—l)zZe;F(O):3. Suyra M=2e;m=3=T=-13+0.2e+3=0.
Phén tich phuong 4n nhiéu:
Phuong an A: Sai do HS tinh sai F'(x)= [ax2 +(2a+b)x+b+ c]e”‘.

Do d6 F'(x)=f(x),VxeR< |Z:14:>P(x)—(x2 —4x+1)e"‘.
c=1
F'(x):0<:>f(x)=0<:>[i2;16[5;1(’;(])].

Ta co F(—l):6e;F(O):1. Suyra M=6e;m=1=T =2-24e.

Phwong an C: Sai do HS giai ding M =2¢;m =3 nhung lai tinh sai T . Cu thé:
T=-12e+03+3=3-2e.

Phuwong 4n D: Sai do HS tinh sai F'(x)=|-ax’+(2a+b)x+b+c|e™ va giai sai

a,b,c.
a=-1
Do d6 F'(x)=f(x),VxeR < b=—4=F(x)=(-x" —4x+1)e ™.
c=1
vy ~ x=-1€[-1;0]
F(x)—0<:>f(x)—0<:>[x:3€[_l;0] :

Ta cod F(—l):4e;F(0):1. Suyra M=4e,m=1=T=-1.1-4.4e+1=-16e.
Pap an B.
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Cau 8: Cho ham s6 y=f (x) lién tuc va khong am trén R thoa man
£(x)f/(x)=2x[f?(x)+1 va £(0)=0. Goi M, m Tan luot 14 gi4 trj 16n nhat va
gia tri nhé nhdt citaham s6 y = f (x) trén doan [1; 3:|. Biét rang gi tri ctia biéu
thttc P=2M—m c6 dang a\jﬁ—bx/g+c,(a,b,c eZ). Tinh a+b+c
A.a+b+c=4. B. a+b+c=7. C.a+b+c=6. D. a+b+c=5.

Ldi giai
Tu f(x).f/(x)=2xf(x +1:»\/7 :I%dx=j2xdx (1)

Dit |/ f* (x)+1:t:>f (x)=t-1=2f(x).f'(x)dx =2tdt = f(x).f'(x)dx = tdt
)-f'(x) tdt - \ R
SuyraJ. dx I —Idt t+C, —ﬂ/f (x)+1+C1 va ijdx=x +C,
,; +1
Tir (1) tasuyra \[f*(x)+1+C, =x"+C,.

Do f(0)=0nén C,-C, =1.
Nhu vay sz(x)+1=x2+(C2—Cl)=x2+1:>f2(x)=(x2+1)2—1=x4+2x2
3f(X)=’\/x4+2X2 =|x|\/x2+2 N (doxe[l;f%]).

2

2 41
Ta ¢ f'(x)=\/x2+2+ X (x i )>O,VerR:> Ham so f(x)zxx/x2+2

\/x +2 \/x +2
dong bién trén R nén f (x) cting dong bién trén [1; 3:|.

Khi d6 Mzrﬁ};a;}xf(x)zf(B):?)\/ﬁ va mzr[rllg?f(x)zf(l)zx/g

Vay P=2M-m=6\11-\B=a=6;b=T;,c=0=a+b+c=7.
Pap an B.

Cau 9: Cho cac so thuc x,x,,x,,x, thoa man 0<x, <x,<x,<x, va ham s6
y=f(x). Biét ham s8 y = f'(x) c6 do thi nhw hinh vé. Goi M va m Ian luot la

gia tri I6n nhat va gia tri nho nhat ctia ham sd trén doan [0; x4:|. Dap an nao sau

day dung?
A.M+m=f(0)+f(x3). B.M+m=f(x3)+f(x4).
C. M+m:f(x1)+f(x2). D. M+m:f(0)+f(x1).

.....

Dua vao d6 thi ham s6 y = f’(x) , ta c6 nhan xét:

e Ham so y:f’(x) d6i dau tir — sang + khi qua x =x,.
e Ham s0 y=f’(x) d6i ddu tir + sang — khi qua x=x,.
e Ham so y:f’(x) doi dau tir — sang + khiqua x=x,.

Tt d6 ta c6 bang bién thién ctia ham s6 y = f (x) trén doan [0;x4] nhu sau:
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X 0 X

f(x) . / \ /’

Stt dung bang bién thién ta tim duoc: {

min[ £ (x)J=min{ (x,). £ (x,)}

Quan sat d6 thi, dung phuong phap tich phan dé tinh dién tich, ta ¢
jf )dx < j[o F(x) Jdx = f(xy) < f(x ):>m1r]1[f(x)]:f(x3).
Twong tw, ta co

j[Of ]dx>jf )dx= £(0)> f(x,)

j[o f(x ]dx>jf (x)dx= f(x,)> f(x,)
= £(0)> £(x)> £(x x,)=max| f(x)]=£(0)

vay max[ f(x)]=£(0); min[ £(x)]=f(x)

Dap an A.

-X

Cau10: Cho O<a#1++/2 va cacham f(x) T Za" , g(x) T —2a . Trong cac

khang dinh sau, c6 bao nhiéu khing dinh dting?
L f(x)-g°(x)=1 IL g(2x)=2g(x)f(x).
1L f[g(O)] :g[f(O)]. IV. ¢'(2x)=g¢'(x) f(x)—g(x) f'(x)-
A. 0. B. 1. C. 3. D. 2.

Loi giai
X =X 2 X =X 2
+Taco fz(x)—gz(x)z(a o ] _[“ = j “1-1 ding

+g(2x)= a” _Z”ZX _ (e _”x)z(“x +a”) A —Za" z J;ax =2g(x).f(x)

=1II dang.
£(5(0))=£(0)=1.
* gt 2_1=>f(g(0))¢g(f(0)):>III sai.
8(£(0))=3(1)=—"="5
+Do g(2x)=2g(x)f(x) nén g’(Zx):Z[g'(x)f(x)—g(x)f’(x)]:IV sai.

Vay c6 2 khang dinh dtng.

Pap an D.

Cau 11: Trong mét phang (P), cho elip (E) co do dai truc I6n la AA'=8 va do
dai truc nhé la BB'=6. Puong tron tam O dwong kinh BB’ nhuw hinh vé. Tinh
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thé tich vat thé tron xoay c6 duoc bang cach cho mién hinh phéang giéi han béi
duong elip va duong tron d6 (phan hinh phang t6 dam trén hinh vé) quay xung
quanh truc AA’

A. V =36m. B. V=12n C. V=16mn. D.V=—u.

STUDY TIPS
1. Thé tich khoéi tron xoay
thu duoc khi quay hinh elip

(E) co truclén béng 2a, truc

nho béng 2b quanh truc lén
laV= 4 nab?.

3
2. Thé tich khdi cau ban kinh

R1la V=%TER3.

Loi gidi

Thé tich ctia khoi tron xoay thu duwoc khi quay elip ¢6 truclén AA'=8, truc nho
! ! 2

BB'=6 khi quay quanh truc AA' la V(E) =%n.%.[B2B j = %n.4.32 =487

(dvtt).

Theé tich khéi tron xoay thu dwoc khi quay dwong tron [O; %J quanh truc AA’

cting chinh 1a thé tich khéi cau tam O, ban kinh R=3. Thé tich d6 la

Vo o= % R’ = % n.3° =36m (dvtt).

(03)
Vay thé tich khoi tron xoay can tinh la V = Vie) = Vios) =481 361 =12 (dvtt).

bap an B.

Cau 12: Cho ham s6 y=f (x) c6 dao ham cdp hai lién tuc trén doan [0; 1] va

théa man je’f f(x)dx=j'e" f'(x)dxzje" f'(x)dx#0. Gid tri ctia biéu thuc
0 0 0

e.f'(1)-£'(0)

e.f(1)- £(0)
A. 2. B.-1. C.-2. D. 1.

bang

Lo gidi  *Dat [ef(x)dr= [ f (x)dv = [ f*(x) v =k =0

o gl =l reresere] s
=k=e.f(1)- f(0)—k=¢f (1)- f(0)=2k.
L |u=e du=e'dx [ e L

bat {dvzf"(x)dx:{v=f'(x) :>'(|;e f (x)dx—e f( )0—'([6 f(x)dx
=k=e.f'(1)-f(0)-k=e.f'(1)- f(0)=2k

R e.f'(1)-f(0) 2k _
VY F)-F(0) 2k

Pap an D.
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Cau 13: Cho hai duong tron (01 ;5) va (02 ;3) cit nhau tai hai diém A,B sao cho
AB la mot dudng kinh ctia dudng tron (O, ). Goi (D) 1a hinh phang duoc gidi
han boi hai duong tron (¢ ngoai dwong tron 16n, phan gach chéo nhu hinh vé).
Quay (D) quanh truc 0,0, ta dwoc mot khdi tron xoay. Tinh thé tich V ctia khoi

tron xoay duoc tao thanh

A
o, O,
B
A V=T B v =", cv=21 D. V =36r.
3 3 3
Ldi giai
Chon hé toa do Oxy nhw hinh vé véi O, =0,0,C =0x,0,A =0y.
y Ta c6 0,0, =|O,A> ~0,A% =\5* ~3* =4 = 0, (~4;0).
A Phuong trinh dudng tron (O, ): (x+ 4)2 +y° =25.

Phuong trinh duong tron (O, ): %% +y* =9.

XV

Ki hiéu (H1) 1a hinh phang gi6i han bdi cac duong (01) : (x + 4)2 +y*> =25,
truc Oy :x=0 khi x>0.

Ki hiéu (H,) 1a hinh phing gi¢i han boi cac duong (O, ):x* +y* =9, truc
Oy :x=0 khi x>0.
Khi d6 thé tich V can tim chinh bang thé tich V, ctia khéi tron xoay thu dwoc khi

quay hinh (Hz) xung quanh truc Ox (thé tich ntta khdi cdu ban kinh bang 3) trir
di thé tich V, cua khdi tron xoay thu dwoc khi quay hinh (H, ) xung quanh truc Ox.

1

1 4 1 1
Taco V, zz.gn.33 =18n (dvtt); V| =njy2dx=nf[25—(x+4)1dx=14?n (dvtt).
0 0

Vay V=V,-V, =18n—14?” =40T7t (dvtt).

Pap an C.

CAu 14: Mot khudn vién dang nira hinh tron cé duong kinh bang 45 (m) Trén
d6 nguoi thiét ké hai phan dé€ trong hoa cd dang cia mot canh hoa hinh parabol
c6 dinh tring véi tim ntra hinh tron va hai dau mut ctia canh hoa nam trén ntra

duong tron (phan t6 mau), cidch nhau mot khoang bang 4(m), phén con lai ctia

khuon vién (phan khong td6 mau) danh dé trong co Nhat Ban. Biét cac kich thude
cho nhw hinh vé va kinh phi dé trong c6 Nhat Ban 1a 100.000 dong/m? . Hoi can
bao nhiéu tién d€ trong co Nhat Ban trén phan dat do6? (S6 tién duwoc lam tron

dén hang nghin)
A. 3.895.000 dong B. 1.948.000 dong.
C. 2.388.000 dong D. 1.194.000 dong
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Loi giai
DPat hé truc toa d0 nhu hinh vé. Khi d6 phwong trinh nita dwong tron

la y=vR —x* = (2\/_) —x? =20-27 .

Phuong trinh parabol (P) c6 dinh 1a gdc O sé c6 dang y =ax”. Mt

khac (P) qua diém M(2;4) dodo6 4= 11.(—2)2 <a=1.

<Y

Phan dién tich ctia hinh phang giéi han boi (P) va ntta duong tron
2

(phan 6 mau) 1a S, = | (\/20—x2 —xZ)dx ~11,94(m?).
2

T 1
Phan dién tich trong cola: S, =-S5,
ongco 2 inhtron

~S, ~19,47592654(m”)

Vay sé tiéncancola S,
ongco

% 100000 = 1948000 (dong).

Pap an B.

Cau 15: Cho ham s6 f(x ( ) c6 dao ham lién tuc trén doan [1,'2] thoa man

=0, I[ ] dx—— va .[(x—l)f(x)dxz—?)—lo. Tinh Izj.f(x)dx

A.I:—l. B.I:—l. C.Iz—i. D.I:i.
12 15 36 12

Loi glél Ta co
2

_%:j(x—l) F()de= [ F(0)d((x=1) ) =5 (x=1)" £(x)

1

2
1
< 1) £ (x)dx = —.
(-1 £ (e~
.7 4 1 5| 1
Ta lai co .f(x—l) dng(x—l) ]
1 1

Tt gia thiét va cac két qua trén ta co
2
9][ ] dx — 6I x-1 f(x)dx+_[(x—1)4dx=0.
1
Mat khac

9[[ x)] dx- 6jx 1) f(x dx+jx 1)’ j[3f() (x- )2]2dx20.

Do vay, xét trén doan [1,2], ta co

3/(x) - (x-1) =0 f'(x) =5 (x-1) = f(x)=5(x-1)" +C.

Lai do f(Z):O nén C+%=O<:>C=—%:>f(x)=%(x—1) —1.
1% 1 2 1 2 1
Suy ra I=§![(x—1)3 —1}dx=£(x—1)“ | —§(x—1)1 -

Phén tich phuong dn nhiéu.
Phuwong dn B: Sai do HS str dung sai tinh chét cua tich phan. Cu thé:

1 2 2 2 1 2 5 1
— = [(x=1) f(x)dx = [ (x—1)dx.[ £ (x)dx =Ejf(x)dx = [ f(x)dx -
1 1 ] d 1
Phuwong dan C: Sai do HS giai nhu trén nhung khi tinh [ lai bi sai. Cu thé:
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Nguyén ham - Tich phan

ham &n cho gia thiét

f(x).f(x).f"(x)

+ Bién d6i phuong trinh vé

mot v& chira f(x) va f'(x)

+ L&y nguyén ham hodc tich

phén hai vé.

+Tim nguyén ham hodc dua

vao tich phan d€ tinh gia tri.
\

Ngoc Huyén LB The Best or Nothing

I =1T[(x—1)3 —1de=i(x—1)4 2 -
9 36
Phwong dn D: Sai do HS tim sai ham s6 f (x) Cu thé:

3/(x) - (x-1) =0 f(x)=3 (1= = f(x)=5(1-2)"+C.

Lai do f(2)=0 nén C—%zO@Cz%:f(x)zé(l—xf+%. Do dé tinh duoc

=L
12
Dap an A.
N 3 16 f(\/;) 4
Cau 16: Chobiét [ x.f(x*)dx=4, [f(z)dz=2, | N dt=2. Tinh [ f(x)dx
0 2 9 t 0
A1, B. 10. C.9. D.11.
Loi giai

2 dt
-Véi I = J.x.f(xz)dx=4. Dit x? =t:>xdx=?
0

DGicin: x=0=t=0, x=2=t=2

:>I—Jf _4:>jf t)dt = 8hayjf )dx=8
—Vc’inz:_f (\/Z)dt.Détx Tf( ) jf de:2:If(x)dx:1
:»1=Tf(x)dx=ff(x)dx+ff(x)dx +[f(x)dx=8+2+1=11

Pap an D.

Cau 17: Cho ham so f(x) c6 dao ham dén cdp 2 lién tuc trén [1,'3],

f(l):f’(l)zl va f(x)>O,f(x)f"(x):[f'(x)]2—[xf(x)]z,Vxe[l;?)]. Tinh

Inf(3).
A. 4. B. -3. C. 4. D.3.

J

Loi giai

B O N 6 )

Do f(l)zf’(l)—l nén C = :J}((j:)) —%+§:>1nf(x) —+éx+C,
Vi f(l)zl nén C'=—-—

Do do lnf(x):—%+§x——:>lnf(3):—4

Dap an A.

92 | Hé thdng giao duc truc tuyén ngochuyenlb.edu.vn




MEMORIZE

Cho ham s& f(x)
man: A.f(x)+B.u’.f(u)
+C.f(a+b-x)=g(x)
+) Véi {u(a):a thi

u(b)=0b

thoa

b 1 b
_[f(x)dx:A_B+cjg(x)dx
Trong dé bai thuong sé bi
khuyét mot trong cac hé s6
A, B, C.
+ Néu f (x) lién tuc trén
[ab] thi

b

If(a+b—x)dx=_[f(x)dx.

Nguyén ham ham an cho gia

thiét f(x),f'(x)

+ Bién d6i phuong trinh vé

mot v€ chita f(x) va f'(x)

+ L&y nguyén hai v€& tim

duoc f (x)

+ Phéan tich f(x) vé dang

hiéu cac phan thic hiru ti

+ Tinh gia trji cua bi€u thic
\

,( STUDY TIP %
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Cau 18: Xét ham soO f(x) lién tuc trén [—1;2] va thdéa man

f(x) + 2xf(x2 - 2) + 3f(1—x) =4x°. Tinh gi4 tri cua tich phan [ = _z[f(x)dx .
-1

A. 1=5. B.Izg. C. I=3. D. I=15.

Loi giai

Cach 1: (Dung cong thirc)

Voi: f(x)+(2x)f(x2 —2)+3f(1—x)=4x3. Ta c6:

A=1B=1,C=3 va u=x>-2 thdéaman {u(—l) =1
u(2)=2

2 x42
I4x3dx=— =3.
e 5

-1

2
1
Khi d6 ap dung cong thitc co: I=| f(x)=
J; () 1+1+3

Cach 2: (Dung phuong phap déi bién)

Tu f(x)+2xf(x* —2)+3f(1-x)=4x".
2 2 2 2

= [ f(x)da+ [2x.f(x* =2)dbx+3[ f(1-x)dr= [4x°cx (*)
-1 -1 -1 -1

+) Dt u=x" -2 =du=2xdx;

Voi x=—1l=u=-1va x=2=u=2.
Khi dé [2x.f(x*~2)dx = [ f(u)du=[ f(x)dx (1)

+)bat t=1-x=dt=—dx;
Véi x=-1=t=2va x=2=t=-1.

Khi d6 j f(l—x)dxzjl £(£)a :j f(x)dx (2)
Thay (1),(2) vao (*) ta due 5j f(x)dx:15:>jl £(x)dx=3.

Pap an C.

Cau 19: Cho ham s& f(x);tO théa man diéu kién f'(x)=(2x+3).f2 (x) va

J

f(o):_?l. Biét tong f(1)+f(2)+...+f(2017)+f(2018)+f(2019)=% voi
aZbeN’ va 7 1aphan s616i gian. Ménh dé nao sau day diing?

A. %<—1. B. %>1. C.a+b=1010.  D.b-a=1516.
Loi giai
Bién d6i f'(x)=(2x+3).f*(x) ]j;((z)) —2x+3 @jjj;((z)) dv = [(2x+3)dx
@-f(lx)=x2+3x+c:>f(x)=—m. Ma f(o)=‘?1 nén C=2.
Do d6 f(x)=-—— !

P+3x+2  (x+1)(x+2)
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MEMORIZE

1 1

Ta cé: =
nn+1) n

n+1

STUDY TIP

C6 thé chon 1 ham bacba cu
thé véi diém M cu thé dé tha
dap an trac nghiém.

Ngoc Huyén LB The Best or Nothing

Khi d6 %=f(1)+f(2)+...+f(2019)+f(2020)

11 1 1
=—| —4+— -+t +
(2.3 3.4 2020.2021 2021.2022)

_ 1_1+1_1+ N 11 N 1 1 )_ (1 1 }_-505
2 3 3 4 77 2020 2021 2021 2022 2 2022 1011
e aea 1 en ., a=-505
Véi diéu kién 4,b théa man bai todn, suy ra: b 1011 =b—a=1516.
Pap an D.

Céu 20: Cho ham s8 f(x)=ax’+bx* +cx+d, c6 d0 thi (C) va M 1a mot diém
bat ki thudc (C ) sao cho ti€p tuyén cta (C ) tai M cit (C ) tai diém thir hai N;
ti€p tuyén ctia (C) tai Ncit (C) tai diém thi hai P. Goi S,,S, lan luot la dién
tich hinh phang giéi han béi dwong thang MN va (C ) ; dwong thang NP va
(C).Ménh dé nao dudi day la ding?

1 1 1 1

A.§,==5,. B.5 =25,

Laii giai

Gia st a>0 va goi m,n,p lan lugtla hoanh d6 cac diém M, N, P véi m <n. Tiép
tuyéntai M la y=ex+ f cit (C) tai difm M, N c6 hoanh dd m,n trong d¢ tai
diém M la diém tiép xtc.

Vi vay phuong trinh (ax3+bx2+cx+d)—(ex+f):a(x—m)z(x—n)cé céc

nghiém la x, =x, =m;x, =n. Theo dinh ly Vi-et ta co 2m+n= b on= L 2m.
a a
Véigiast m<n=m<—.
3a
Mot cach tuong tu cho ti€p tuyén NP co

2n+p:_—b<:>p:_—b—2n:_—b—2(_—b—2mj:k+4m<n
a a a a a

b
St dung tich phan J.(x - a)2 (x - b)dx = I—;(a - b)4 . Dién tich cic mat phang:

—=2m

1= Sy = | dx

m

“ b b !
- I a(x—m)z(x+—+2m)dx:%(———3mj
a a

a

a(x—m)z(x+é+2mj

= Sl ZESZ.
Pap an C.
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DISCOVERY

Tt cach lam cta cau nay,
ching ta c¢6 két qua téng
quat sau:

Cho hai s6 phuc z,z,
khac nhau va céc s6 phtic
z théa man:

|z—z1|+|z—zz|:d,

trong do d>‘z1 —22‘ .

. z,+z,
2

gia tri nho nhat bang
1] 2
E d2 —‘Z.I - ZZ| .

Truong hop d:|z,—zz‘

Khi d6 dat

ban doc cé thé tham khao
trong Cong pha Toan 1
hodc Cong pha Toan 3.

200 bai toan VD — VDC facebook.com/huyenvu2405

IV. SO PHUC

Cau 1: Cho s0 phtic z thdéa man |z -1+ 3i| + ‘; +5+ i‘ = 2@ . Gi4 tri nho nhat ctia
|z+2+i| dat dwockhi z=a+bi véi a,b 1a céc s8 thuc dwong. Gid trj ctia 2b+3a
bang

A. 19. B. 16. C. 24. D. 13.

Lai gidi
Cach 1: (Str dung kién thizc Hinh hoc)
Tac6 |z—1+3i[+[z+5+i =8 <[z (1-3i) + [z~ (-5+i)|=8.
Goi M, A, B,I Tan lwot 1a diém biéu dién cho cac s8 phtc z,1-3i,—-5+i,—-2—1.
Khi d6 A(1;-3), B(-5:1) va I(-2;-1).
C6 I la trung diém ctia doan thing AB va MA+MB = 265 va MI :|z+2+i| .
Do [ la trung diém ctia doan thang AB nén
_ MA? + MB? 3 AB? _ MA? + MB? 3
2 4 2
Ap dung bat déng thitc Co-si, ta cod
MA? + MB® > 2MA.MB <> 2(MA® + MB? ) > (MA+ MB)’

MI? 13.

Két hop voi gia thiét, suy ra MA* + MB* 2130.

Do d6 MI* 265-13=52 < MI224/13.

Déng thitc xay ra khi MA=MB= J65 hay MI la duong trung tric ctia doan
AB va MI=213 . D& dang tim duoc M(—6;—7) hoac M(2;5). Theo gia thiét
thi ta 1ay M(2;5) tng voi z=2+5i.

Dodb a=2,b=5 va 2b+3a=16.

Cach 2: (Str dung kién thirc Dai s0)

Dat z:x+yi,(x,y GR).

Tir gia thiét, ta c6 |(x—1)+(y +3)i+|(x+5)-(y—1)i| =265

e \(x=1) +(y+3) +\(x+5) +(y-1) =2V65.
Ap dung bat déng thitc Bu-nhi-a-c8p-xky, ta c6

2465 =1yJ(x~1) +(y+3) +1/(x+5) +(y-1)
< 2L (1) (3 (e5)  (y-1) |

& 2465 <2\x* +y? +4x+2y +18 =2\/(x+2)2+(y+1)2+13

<::>52£(x+2)2+(y+1)2 :>2\/B£|z+2+i|.
D&u bing xay ra khi va chi khi (x—1)" +(y+3)" =(x+5)" +(y 1) =65
< (x%y)=(-6;-7) hodc (x;)=(2;5) . Theo gia thiét, taldy a=2,b=5.
Dép 4n B.
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Ngoc Huyén LB The Best or Nothing

Cau 2: Cho s6 phtic z théa man ‘z + 2‘ + 2‘2 —2‘ =8; a,b,c duong. Goi M,m lan
luwot la gia tri 16n nhat, nho nhat cua biéu thic P = |z -3- 3i| .Tinh M+m.

A. 10 ++/34 B. /5 +4/58 C. 10 +/58 D. 2410

Ldi giai
Goi E(3;3) 1a diém biéu dién w=3+3i .
Dat z=x+yi(x,yeR) ta co
|2+ 2]+ 2]z - 2| =8 > [2x] + 221 =8 > x| + 2[y| = 4

Suy ra diém N biéu dién z ndm trén hinh binh hanh giéi han boi cac duong
thang +x+2y=4. Céc dinh cta hinh binh hanh 1a
A (40),4,(0,2),A,(40),4,(0;-2).
Ta lai c6 vdi diém C g AB va moi diém M e AB thi
min{AC, BC} < MC < max{AC,BC} .
* Tim max
Véi moi diém N ndm trén hinh binh hanh, giast NeAA, (A5 = A1) ta co

EN <max{EA, EA | <max{EA },i=1,2,3,4

= M=EN, =max{EA}(i=1,2,3,4)=EA =58.
* Tim min
Goi H,,H,,H,,H, lan lwgt la hinh chiéu cua E trén AA,, A,A,, A A, AA,.

D& thdy, m=EN,, =EH, =+/5.Vay m+M=5+58.
Téng quat: Cho s8 phttc z théa man a‘z+;‘+b‘z—;‘ =2c; a,b,c dwong. Tim gia
tri 16n nhat, nho nhat cua bidu thie P=|z—w|.

Goi E la diém biéu dién w. Tir gia thiét suy ra diém M biéu dién z ndm trén
hinh binh hanh giéi han béi cac duong thang +ax+by =c.

A
Y E
A2
N
x A
As o A1 :
As

Ta cd nhan xét sau: Cho doan AB va diém C g AB. Véi moi diém M e AB,
min{AC, BC} < MC< max{{ AC, BC}} .

* Tim max

V6i moi diém Mnam trén hinh binh hanh, gia st MeAA  (A;=A4) ta c6
EM < max{EA,, EA,} <max{EA },i=1,2,3,4

= EM,, =max{EA},i=12,34

* Tim min

Goi H, lahinh chiéu ctia E trén 4, . Khi do,

+) Néu tat ca H, déu khong thudc doan chira trén d, tuong ting thi
EM>min{EA,, EA,,}>min{EA, EA, EA, EA,}

= EM,, =min{EA },i=12,34.

+) C6 H, thudc doan chtta trén d; twong tng thi

EM=zmin{EH, EA, EA, }>min{EH, EA EA, EA, EA,} véi nhimg H, thudc
doan chtta trén d, tuong ting = EM_ :mjn{EHi,EAi},i =1,2,3,4 voi nhitng

H, thudc doan chtra trén d, twong tng.

Pap an B
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STUDY TIP

V6i moi 88 phtie z,,z, ta co
|zl <
* [zl =lz2] [z + =

. ‘z] +z2| s|zl|+|zz|

200 bai toan VD — VDC facebook.com/huyenvu2405

Cau 3: Xét tat ca cac sO phtc z thoa mén|z—3i+4| =1. Gia tri nho nhat ctua
‘zz +7— 241" nam trong khoang nao?

A. (0;1009). B. (1009;2018).  C.(2018;4036).  D. (4036;+x).

MEMORIZE

Vi hai s6 phtic z,,z, tacd
tinh chat:
+Néu z, +z,€R thi z, =z

+Néu z,.z, e R thi z, =z

Loi giai
Ta c6 1=|z—3i+4|z\|z|—|3i—4”=Hz|—5\:>—1s|z|—531:>4s|z|36.
Dt z, =4-3i =|z,|=5,25 =7 - 24i.
Ta co Az‘z2 +7—241"2 =‘zz +z§‘2 =(z2 +z§)(;2 +%2j
=|z|4 +|zo|4 +(z.z_o+zo.2)2 —2|z.zo|2
Ma (z+zo)(;+z_o)=1:>z.g+zo.;=1—|z|2—|zo|2
2
Suyra, A=l +|z| +[1_|z|2 _\gm 2lazff =2lef* ~2lf 1201
Ham s y=2t* —2t* +1201 dong bién trén [4;6:' nén
A>24"-24%+1201=1681.

[2=4

D&u bang xay ra khi va chi khi L
|z +4 - 3z| =1

Do d96,

2 +7 ~ 24 nim trong khoang (1009;2018).

bap an B.

Cau 4: Cho phuong trinh z* +4az° +bz* +cz+d =0, v6i a,b,c,d 1a cac s6 thuc. Biét

phuong trinh ¢é 4 nghiém khong la s6 thuc, tich hai trong bon nghiém béng

13+i va tong ctia hai nghiém con lai bang 3+4i. Hoi b nam trong khoang nao?
A. (0;10). B. (10;40). C. (40;60). D. (60;100).

Loi glél Goi cac nghiém cta phueong trinh 1a z,,z,,z,,z, .
Khi d6, z* +az® +bz? +cz+d:(z—zl)(z—ZQ)(z—zS)(z—z4), Vz.
Do d6, b=2zz, +z,z, + 2,2, + 2,2, + 2,2, + 2,2,
Do vai tro nhu nhau nén ta c6 thé gia st z,z, =13 +1,z, +z, =3+4i.
Vi a,b,c,deR nén zz, va z,z, cing nhw z, +z, va z, +z, la cac sd phtc lién
hop cua nhau. Do 46, z, +z,=3-4i,z,z, =13 1.
:>b=(z1 +zz)(z3 +z4)+zlz2 +2,2, =(3—4i)(3+4i)+13+i+13—i=51.
Vay be(40;60).
Pap an C.

Cau 5: Cho z :x+yi(x,y GR) la s6 phtrc thoa man diéu kién ‘2—3—21" <5 va

% <1.Goi M,m Tan luot 1a gi4 trj 16n nhét, gid tri nho nhét ctia biéu thic
zZ—o+ 21
T=x"+y* +8x+4y.Tinh M+m

A. -18. B. 4. C. —20. D. 2.
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MEMORIZE

Cho 2 s6 phtic z,;z,, ta ¢

Z.

&

&

2

(v6i z,#0)

Ngoc Huyén LB The Best or Nothing

Lai giai
[ -3-2il<s
Theo dé bai:
|z+4+3i| <|z—3+2i|
2 2
- (x—3)2+(y+2)2 <5 2 - (x-3) +(y+2) szs(cl)(*)
(x+4) +(y+3) <(x-3) +(y+2) 7x+y+6<0(d)
= Tap hop cac diém biéu dién s§ phtic z la mién mit phang (T) ma toa dd cac

diém thoa man hé (*)

<7

\ 4

,,,,,,,,,,,,,,,,,,,,,

!

I

/o

|
&)
o]

Lai c6: duong thang d cit duong tron (C, ) tai A(-1;1);B(0;-6)

Mt khac: T=(x+4) +(y+2) ~20 & (x+4) +(y+2) =T+20

Goi (C,) la dudng tron tam [(—4;-2), bén kinh R =+/T +20(T >-20)

Khi d6 ta c6 duong tron (C,) c6 diém chung véi mién mat phang T khi va chi
khi JK <R<max{JA;]B|

@I]—IKSRSmax{?)\/E;AL«/E} =7-5<JT+20 <42
S4<T+20<32 & -16<T<12=>M=12;m=-16

Vay M+m=—+4
Dap an B.

Cau 6: Tap hop diém biéu dién cac s6 phtic z thoa man |z + 1| = |1 —i-— 2z| la duwong
tron (C). Tinh bén kinh R cua (C).

J10

D. R=—.
3

A. R:%. B. R=2/3. C.R=

W[\

Lai gidi
Dat z=a+bi (a,beR).
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— FOR REVIEW
Phuong trinh

X +y’ +2Ax+2By+C=0
voi A*+B*-C>0 la
phuong trinh dwong tron
cétam I(-A;-B) vaban

kinh R=~+/A>+B*-C

200 bai toan VD — VDC facebook.com/huyenvu2405

tztl=at1l+bi=lz+1 =(a+1) +0°.
+1-i-2z=1-i-2(a+bi)=1-2a—(1+2b)i=[1-i-22 =(1-2a) +(1+2b) .
Vay |z+1|=[1-i-22 < (a+1) +b* =(1-2a) +(1+20)
<:>3a2—6a+3b2+4b+1=0<:>a2+b2—2a+§b+%=0.

2
Phuong trinh trén c6 A*>+B>-C=1+ [%) —% = % >0 nén la phuong trinh

duong tron ¢ ban kinh R=+vA* +B*>-C = @ :

Pap an D.

Cau 7: Cho z=x+ yi(x, ye R) la s6 phic thoa man diéu kién
‘; +2— 3i‘ < |z +i-— 2| <5.Goi M,m lan luot la gia tri 16n nhat va gia tri nho nhat

ctia bi€u thiec P=x"+1y” +8x+6y . Tinh M+m

A.%—ZO\/E. B. 60— 20~/10. C.%+20\/ﬁ. D. 60 +204/10.
Loi giai  Tu gia thiét ta co:

,C STUDY TIP ) N

Tap hop cac diém (x;y)

thoa man 2x+y+2<0 Ia
mot nira mat phéng cobo la
duong thang
d:2x+y+2=0 khong
chita diém O(0;0) (k& ca bo
la dwong thang d). Tap hop
ciac diém (x;y) thoa man
(x=2) +(y+1) <25

la hinh tron

(3(—2)2 +(y+1)2 =25. Hop
cta hai mién nay chinh la
mién mit phang (T) duoc

t6 dam trong hinh vé bén.

2x+y+2<0
(x-2) +(y+1) <25

Y2 +(y+3) <(x-2) +(y+1) <5 <:>{

Suy ra tap hop cac diém biéu dién s6 phitc z 1a mién mit phang (T) thoa man

(mién t6 dam trong hinh vé bén).

2x+y+2<0
(x-2)" +(y+1) <25

Goi A, B 1a cac giao diém ctia duong thang 2x+y+2=0 va duong tron (C’):
(x-2) +(y+1)" =25. Ta tim duoc A(2-6) va B(-2:2).
Tacd P=x* +y* +8x+6y < (x+4) +(y+3) =P+25,
Goi (C) 1a duong tron c6 tam J(—4;-3) vabankinh R=+P+25.
Duodng tron (C) cit mién (T) khi va chi khi JKSR<JA<«< ] -IK<R<]JA
<2410 - 5</P + 25 <35 < 40 - 204/10 < P < 20.
Vay M =20,m =40 — 20310 = M + m =60 — 2010 .
Pap an B.
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STUDY TIP )—

|zf(a+bi)‘ =r=Tap hop

biéu dién la duong tron tam

Ngoc Huyén LB The Best or Nothing

Cau 8: Cho s0 phtic z thdéa man dong thoi hai diéu kién |z - i| =1va ‘z - \/Em‘ =2

v6i m la tham s6 thuc. Tap hop cac gid tri thuc ctia tham s6 m d€ ton tai hai s6
phtec thda man cac diéu kién trén la

A. (=2:2)\{o}. B.[-2;2]. C. [-2;2)\{0}. D. (-2;2).

I(;b), ban kinh 7.

STUDY TIPS

Véi hai bd s6 (al;az;...;an)
va (bl;bz;...;bn) ta co:
(a1b1 +a,b, +..+a b, )2 <
(af +...+af‘)(bf +...+bi)
D&u “=" xay ra khi va chi
khi

L

bl b2

a,
b

n

LGi gidi

Goi M(x;y) la diém bidu dién z=x+iy(x,y€R) trén mit phang phic.

Tir [z—i|=1=x* +(y~1) =1=M dudng tron (C,) c6 tam I,(0;1), ban kinh
R =1. Tir ‘z—\ﬁm‘:2:(x—\/§m)2 +y?=4=M dudng tron (C,) c6 tam
I,(V2m;0), ban kinh R, =2.

D¢ ton tai hai s6 phtic thoa man cac diéu kién da cho khi va chi khi ton tai hai
diém M, ticla (C,) va (C,) catnhau tai hai di€ém phan biét khi va chi khi

|R1—R2|<1112<R1+R2<:>1<4/(\/§m)2+1<3<:>0<m2<4 <:>me(—2;2)\{0}.

Dap an A.

Cau 9: Xét cac s6 phtc z=a+bi (a,beR) thdéa man |z—4—3i|=\/§. Tinh
P=a+b khi |z+1-3i|+|z—1+i| dat gié tri 1on nhat.
A. P=10. B. P=4. C. P=6. D. P=8.

Laii gii

Cach 1: St dung bt dang thitc Bunyakovsky

Tur gia thiét |z -4 -3 =5 & (a-4)" +(b-3) =5 > +1* ~8a—60+20=0
< a’+b*=8a+6b-20.

Mit khéc T=|z+1—3i|+|z—1+i|=\/(a+1)2+(b—3)2 +\/(a—1)2+(b+1)2 .
Suy ra M? 3(12+12)[(a+1)2+(b—3)2+(a-1)2+(b+1)1=2[2(a2+b2)—4b+12]
=2[2(8a+6b—20)—4b+12 |=8(4a+2b-7)

Dé&u “=” xay rakhi (a+1)" +(b-3)" =(a-1)" +(b+1) ©a-2b=-2.

Lai c6 4a+2b=4(a—4)+2(b—3)+22£\/(42 #2°) (a-4)" +(b-3)" | +22

=+205+22=32.
Dau “=" xay ra khi %:b—jca—4=2(b—3)©a—2b=—2.

Suy ra M* <8(4a+2b-7)<8(32-7)=200=M <1042

4a+2b=32 {a=6
=

.Vay P=a+b=10.
a—-2b=-2 b=4

Vay M__ =1042 khi {

Cach 2: Luong giac hda
a= \/g sina +4

T gia thiét |z—4—3i|=+/5 —4Y +(b-3) =5.Pat
Uzgla 1€ |Z l| \/_<:>(ll ) +( ) a {bz\/gcosa_l_?)
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Khid6 T=|z+1-3i] +[z— 1+ =[(a+1) +(6-3) +(a-1)" +(b+1)’
=\/(\/§sinoc+5)2 +(\/§cosoc)2 +\/(\/§sinoc+3)2 +(\/gsin(x+4)2

= \/10\jgsina+30 + \/6\/§sinoc+8\/§cosoc+30
Ap dung BDT Bunyakovsky ta c6

M< \/(12 +17)(16y5sino+ 85 cosa+60) = \/2[8\/5 (2sinc+cosa)+60

va 2sir1<x+cosoc£\/(22 +12)(Sil’120ﬁ+COSZ oc) =5.

Suy ra M< \/2[8\/5 (2sina+cosa)+60 | < \/2(8\/5.\/5 +60) =10V2.

sino =

Nén M__ =102 khi .Vay P=a+b=10.

2
ﬁj{azx/gsina+4=6

1 = p—
coso=— b—\/gcosoc+3_4

5

Pap an A.

Cau 10: Xét cac sd phtic z thoa man diéu kién |z—3+4i|+|z+2—z'| —5\2. Goi
M, m Tan luot 1a gia tri 1on nhat va gié trj nho nhét cta |z —4-3i| . Tinh téng binh
phuong cia M va m.

A. 82. B. 162. C. 90. D. 90 +404/5.

Loi giai  Giase z=a+bi,(a,beR). Khidé

=3+ dil +]z 421 =52 & \[(a=3) + (b+4) +\[(a+2) +(b-1) =5v2.

Coi I(a;b),P(3;—4),Q(—2;1) va R(4;3), voichuy PQ= 5\/5 thi dfmg thirc trén
tro thanh IP+1Q=PQ.

Déng thitc trén chi xay ra khi I thudc doan PQ. Hon nita |z -4 —3i| =IR.

Nhén thay tam giac PQR la tam gidc cé ba goc nhon nén
min RI =d(R, PQ); maxRI = max{RP,RQ} .
Bang tinh toan ta c6 m= 4\/E;M —542. Suy ra M* +m” =82.
Phan tich phwong 4n nhiéu:
Phuwong an B: Sai do HS tinh dtng nhu trén nhung lai cho rang tong binh
phuong cia M va m la (M+ m)2 nén tinh dwoc két qua 162.
Phuwong an C: Sai do HS cho ring
min RI =min{RP, RQ}; max RI = max{RP, RQ}
nén im dwoc M =52 va m=2+/10 . Do d6 tinh duoc két qua bang 90.
Phuong an D: Sai do HS cho ring
min RI =min{RP, RQ}; max RI = max{RP, RQ}
nén fim duoc M =52 va m=24/10. Dong thoi, hiéu tong binh phuwong cia M
va m 1a (M+m) nén tinh dugc két qua bing 90 +40V/5.
Dap an A.
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Cau 11: Cho hai s6 phttc z, =7 +9i va z, =8i.Goi z=a+bi (a, beR)laso phiic
thoa man |z—1—i|=5. Tim a+b, biét biéu thirc P=|z—zl|+2|z—zz| dat gia tri

nho nhat.

A.-3. B.-7. C.3. D.7.

STUDY TIPS
Cho s6 phttic z=a+bi cb
diém bidu dién M va s§
phtc z'=d'+Vi c6 diém
biu dién N. Khi dé

‘z—z' =MN .

STUDY TIPS
Cho ba diém phanbiét M, A,
B. Khi d6 ta ludn cb
MA+MB> AB. Dau bang
xay ra khi va chi khi M ndm
trong doan thang AB.

Loi giai

Goi M(a;b) la diém biéu dién s6 phitc z=a+bi. Dit I=(1;1), A(7;9) va B(0;8)
Ta xét bai toan: Tim diém M thudc duong tron (C ) c6 tam I, ban kinh R=5 sao
cho biéu thttc P=MA+2MB dat gia tri nho nhat.

Trudc tién, ta tim diém K(x,'y) sao cho MA=2MK VM e (C) .

Ta c6 MA =2MK < MA? = 4MK? @(Mui)z =4(M+17<)2

& MI? +IA? +2MILIA = 4(M12 +IK® + 2M.ﬁ<)

PN 2M(I71 - 4ﬁ<) =3R? +4IK* — 1A (*).

IA-4IK =0

(*) lubn dang VM € (C) = .
3R*> +4IK* —1IA* =0

S {4(x—1)=6 x=2
[A-4IK=0 < =17 2.
“y-1)=8 |, _3

Thtr truc tiép ta thdy K [g ;3) thoa man 3R> +4IK* —IA* =0.

Ta c6 MA+2MB=2MK+2MB=2(MK+MB)=2KB.
Vi BI’ =1 +7° =50 > R* =25 nén B ndm ngoai (C).

2
Vi KI* :(%] +2? <R* =25 nén K nam trong (C).

Dau bang trong bat dang thikc trén xay ra khi va chi khi M thudc doan thang BK.
Do d6 MA+2MB nho nhat khi va chi khi M la giao diém cua (C) va dudng
thang BK.
Phuong trinh duong thang BK:2x+1y—-8=0.
Phwong trinh duong tron (C) : (x - 1)2 + (y - 1)2 =25.
 aen . e |2xry=8 x=1_ _ [x=5
Toa do diém M la nghiém ctia hé ) ) & hoac .
(x—l) +(y—1) =25 |y=6 y=-2

Thu lai thay M (1;6) thudc doan BK.
Vay a=1,b=6=a+b="7.

bap an D.

zl—zz|=\/3_7. Xét s0

zz|=4,

Cau 12: Cho hai s6 phtc z,,z, thdéa man |zl| =3,

phttc z=1 =4 pi. Tim [p|
ZZ

343

.

A= B =2 ol D=3,
8 8 8
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STUDY TIPS

Vi hai s6 phtic z,,z, ta c:

Zy|_ |Z1|

|Z2|

Loi giai

u NP0 S +b =2

T z———a+bz—>|z| —1
z

2

SO O Y B =|z—1|=@—> (a=1) +0? 7
|zz| zZ, | zZ, 4 4
2 =2 b= b=
Ta c6 hé phurong trinh sau 16 . 16 o 16
(a_1)2+b2:f_6 (a—l)z—azzg —211:2
"~ B B
& » __.Vayb= +3— |b|=ﬁ.
2.9 (3 27 8
16 ( 8) 64
Pap an A.

4
Cau 13: Cho z,,z,,2,,z, 1a bon nghiém ctia phwong trinh (22 _1) =1. Tinh gid
z—i

tri ctia biéu thitc P = (zlz + 1)(22 +1)(z2 + 1)(zi + 1)

A. P:%' B. P= 197 C. P=425. D. P=-425.
Lai giai
Ta co [ 271 =l (z 1) (22—1')4—0 Dat f(z)—(z—1)4—(22—1)4 Phuon
2z—i I - ' 8

trinh f(z)=0 c6 4 nghiémnén f(z)=15(z-z,)(z-z,)(z-2,)(z-z,).

Do i* =-1 nén z* +1=2"—i* =(z—i)(z+i). Tkt d6 ta c6:

P=[(z1 1)z =)z~ )z =) (21 1) 1)z 4) 20

= (i=2)(i=2)(i-2)(i-2) [ (F-2)(--2)(H-=)(- )]
P_f(z') f(=) (i-1) -(2i-1)" (<i-1) -(=2i-1)' 13

15~ 15 15 ' 15 5

Pap an C.

Cau 14: Cho hai s6 phtic z,, z, théa man |z1 —2i| =3 va |z2 +2+2i| :|z2 +2+4i|.
Gia trj nho nhat ctia bidu thire P=|z, —z,| bing

A. 1. B. 2. C.3. D. 4.

Loi giai

Dét z, =x, +1,i va z,=x, +1,i véi x,, x,, y,, y, € R.

o |z,-2i=3=x7+(y,~2) =9= tap hop cic s8 phic z, la dudng tron
(C):x*+(y-2) =9.

o |z, +2+2i|=|z, +2+4i

e (x,+2) +(y, +2) =(x, +2) +(y, +4) =y, +3=0
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STUDY TIPS
Puong thing va dwong tron
6 vi tri ddc biét nén vé hinh
sé nhan ra ngay duwoc hai
diém A & B, néukhong thi
viét phuong trinh duong
thdng qua tam C va vudng
goc voi d, sau do6 tim giao
diém v6i C va d roi loai
diém.

= Tap hop céc s8 phtic z, la duwong thang d:y =-3.
Ta co P=|z1 —zz|=\/(x2 —xl)2
B(x,;y,)ed dén diém A(x,;y,)e(C).

Do dd |z,~z| < AB,_,.

+(y2 -, )2 day chinh la khoang cach tir diém

Dua vao hinh vé ta tim dwoc AB, =2 khi A(0;-1), B(0;-3).

Dép 4n B.

Cau 15: Cho s0 phtc z, thoa man |z1 —2|2 —|z1 +1|2 =1 va s6 phttc z, thoa man

|22 -4 i| = \/g Tim gia tri nhé nhat cua |z1 —zz|
3\5

A. & B. /5. C. 24/5. p. 22

5 5

Lai giai
Goi M(x;y) 1a diém biéu dién s8 phtc z,. Khi do |z, -2 ~|z, +i] =1
<:>(x—2)2 +y’ = —(y+1)2 =1 —4x-2y+2=0<2x+y—1=0. Suy ra tap
hop cac diém M biéu dién s8 phtic z, 1a duong thang A:2x+y—1=0.

Goi N(a;b) 1a diém biéu dién s& phirc z,. Khi d6 |z, ~4~1=+/5

o (a-4) +

tron (C):(x—4)" +(y~1) =5 6 tam 1(4;1), ban kinh R =5,

24+1-1 ,
| i | 85 >\5=R nén duwong thang A va duong

J22 412 5

tron (C) khong ct nhau.

zz|=‘(x—a)+(y

thdy MN,, < MN=d(L;A)-R. Vay |z,-z,|

(b - 1)2 =5. Suy ra tap hop cac diém N biéu dién s6 phtic z, 1a duong

Nhan thay d(I A)

—b)i‘ =\j(x—a)2 +(y—b)2 =MN . Dua vao hinh vé ta

8\/_ \/—_i

Lai co6 |z1 -

Pap an D.

Cau 16: Cho 2 s6 phtic z,, z, thoa man tong cua chung la 3 va tich la 4. Khi d6

|zl|+|zz| la:
A A2 B.2. C. 4. D. 3+4‘/;.
Loi gidi  Taco (TR TSR 27072
z,.z,=4 21(3_21)24 z: =3z +4=0
leg"'gi
z,=3-2z
3 7. Z=§—£i
Z, =—+—1 2 2 9 7
M RS = |z +z,| =24~ + =4
z 3 7Z leg_gi A
"2
3 7.
Z,==+—Ii
27272
Pap an C.
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Cau 17: Cho cac s6 phtc z,=1,z,=2-3i va s6 phuc z thdéa man
|z —1—i| +|z -3+ i| = 2\/5. Goi M, m lan luot la gid tri 16n nhat va gia tri nhé nhat

cua P:|z—zl|+|z—zz|. Tinh tong S=M+m

y
1f---2_A

1 E 3
O A 2 !

[}
1f-----4-1 - - =N
3|-------

B

A. S=4+24/5. B. S=5+17.
C.S=1+\/ﬁ+\/ﬁ. D.S=\/E+2\/§.
Loi giai

S8 phirc z, =1 c6 diém biéu dién la A(1;0), s6 phtrc z, =2-3i ¢6 diém biéu dién
la B(2;-3).

Goi E(x;y) la diém biéu dién ctia s& phtic z, khi d6 z= x+yi,(x,ye R).

Suy ra P=|(x=1)+ yil +|(x~2)+ (y+3)i| = (x -1 + 7 +(x-2) +(y+3)’
—>P=EA+EB.

Mt khdc |z—1—1+|z=3+1| =242 < |(x=1)+(y—1)i|+|(x=3) +(y +1)i| =242
e (x=1] +(y-1) +(x=3) +(y+1) =242 (%)

Goi M(1;1),N(3;~1) thi EM+EN =22 = MN = Diém E thudc doan MN.

Ta c6 phuong trinh duong thang MN 1a x+y-2=0 véi xe [1; 3].
Bai toan trd thanh: Cho diém E thudc doan MN. Tim gia tri 16n nhat cta biéu
thitc P=EA+EB.

f(1,0)=1+0-2=-1

f(z._3):2_3_2:_3:>f(l;O)-f(2;—3)=3>o. Suy

bat f(x) =x+y—2. Taco {
ra hai di€m A,B nam vé cing mot phia ddi véi MN. Goi A’ 1a diém d3i xtng voi
Aqua MN thi A'(2;1). Khi dé P=EA+EB=EA'+EB> AB=4.

Dé&u “=" xay ra khi va chi khi Ee AB=E=ABAMN = E(2;0) hay z=2.

Do diém E ludn thudc doan théng MN nén P=EA+EB dat gia tri 16n nhat khi
E=M hoac E=N.

, {MA + MB=1++17

Co — MA+MB>NA+NB=maxP =MA+MB=1+17.
NA+NB=2/5

Vay M=1+\/E,m=4:>S=M+m=5+\/E.

Dap an B.

Cau 18: Cho s0 phtic z thoa man 2+y-3 Tong gid tri 16n nhat va gia tri nho
z
nhat cua |z| la
A.0. B.3. C.2. D. 13.
Loi giai
5 -2
, 1 1P - 1 (z +1)[z +1)
Tacd |z+—|=3<|z+—-| =9 |z+—-||z+= |29 ————2=9
z Z Z z z.Z
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STUDY TIPS ez 14z +1=922= 9|,z|2 <:>|z|4 +(z+£)2 —2|z|2 +1 =9|z|2
Téng quat: Cho a,b,c 1a cac

s0 thuc duong va sd phttc z Do (Z+;)2 >0 nén —|Z|4 +11|Z|2 -1>0 <::>|Z|4 —11|Z|2 +1<0

KhacOthoaman jaz+-)=c @11—3JB<|Z|2<11+3\/E®—3+\/B<|Z|<3+\/B
Khi do STV +ac 22 2 2

2 5 . 3+413 3+413
e Vay max|z|minld = —=—E= e S 13,

ld<—%

Pap 4n D.

Cau 19: Biét s6 phtc z thoa man diéu kién 3S|z—3i +1| <5. Tap hop cac diém
biéu dién ctia z tao thanh mdt hinh phéang. Dién tich ctia hinh phang d6 bang
A. l6mn B. 4n C.9n D. 25n

Lai giai

Pt z=x+yi,(x,y €R). Ta cd |z-3i 1| =|(x~1)+ (y~3)i| = |(x - 1) +(y-3)
Do d6 3<|z-3i+1|<59<(x~1) +(y-3) <25.
Suy ra tap hop cac diém biéu dién cta z 1a hinh phang nam trong dwong tron
tam [ (1}3) ban kinh R=5 dong thoi ndm ngoai duong tron tam [ (1;3) ban
kinh r=3.
Dién tich cua hinh phang d6 (phén t6 mau) 1a §=n.5> - .3* =167 (dvdt).

Pap an A.

Cau 20: Cho céc s phtic z thoa man |z—i| :|z—1+2i|. Tap hop cac diém biéu
dién s8 phtic w = (2 —1 )z +1 trén mit phang toa d6 1a mot dwong thang. Phieong

trinh duong thang d6 1a
A x-7y-9=0 B. x+7y-9=0 C. x+7y+9=0 D. x-7y+9=0

Lai giai
Gia st w:x+yi,(x,yeR).
Tw w=(2—i)z+1<:>z=(x;w
—i
<:>Z:[(’C_l)"'yi](z"'i):2x—y—2+x+2y—1i
(2-i)(2+1) 5 5

2x—y—7+x+2y+9i
5 5

Tir |z—i|=|z—1+2i|<:>|2x_y_2+x+2y_6i‘=

5 5

<::>\/(2x—y—2)2 +(x+2y—6)2 =\/(2x—y—7)2 +(x+2_1/+9)2
< 5x% +5y° —20x — 20y +40 =5x +5y° —10x + 50y +130 <> x + 7y +9=0.
Pap an C.

Cau 21: Trong c4c sO phtrc z thoa man |z+4—3i| +|z—8—5i| =238 . Tim gia tri
nho nhat cua |z—2—4i| .

Al B.
2

C.2 D.1

N | O
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STUDY TIPS

Vi céc 88 a,b,x,y ta co:
(ax + by)2 <

< (a2 +b2)(x2 +y2) .
DA&u “=" xay ra khi va chi khi
a b
Xy
Bunyakovsky).

(Bat dang thtic

Z1

@) z2 B

Loi giai

Dit z=x+yi,(x,yeR).

Tir gia thiét ta co: |(x+4)+(y—3)i|+|(x—8)+(y-5)i =238
o \(x+4) +(y-3) +(x-8) +(y-5) =238

Ap dung bat déng thirc Bunyakovsky, ta co:

LyJ(x+4) +(y-3) +1(x-8) +(y-5) <

S\/(12+12)[(x+4)2+(y—3)2+( 8) +(y-5) ] 2/ —4x+y —8y+57

VB8 < (x-2) +(y—4) +37 & (x—2) +(y—4) 21

Lai 6 [z —2-4i] =|(x~2) + (y-4)i| = (x—2)" +(y—4) 2I=1.
bap an D.

Cau 22: Véi hai s0 phtc z, z, thoa man z, +z, =8+6i va |z1 —zz| =2. Tim gia

tri 1o6n nhat cua P :|Z1| +|zz|.

A. P=5+35. B. P=226. C. P=4+/6. D. P=34+32.
Loi giai
Dit OA=|z, 0, A va B 1a hai diém biéu dién cta z,, z,

Dyng hinh binh hanh OACB, khi d6 AB=|z, —z,|=2

OC=lz, +z,|=10=>0M =5

2(0OA* +OB*) - AB?
4

Ta c6: |z,| <[z, | < /2(|zl|2 +zf ) =2426 =P, 2426

OM? = = OA* +OB* =52 = |z,| +|z,[ =52

Pap an B.

Cau 23: Cho s phtic z théa man tap hop |z —1| =3. Biét rang tap hop cac diém
biéu dién s8 phirc w véi (3-2i)w =iz +2 la mdt dudng tron. Tim toa dd tam I va

ban kinh r ctia dwong tron do.
N[ P
13'13) 13
ci| 21| ==
13713 J13

Vi3,

B. I(-2;3), r=

STUDY TIPS

‘z—(a+bi)‘ =r = Taphop
bidu dién la duong tron tim
(a;b) ban kinh r.

Lai giai

NP i 2 2 3. 6 4.
T gia thiét > w= 24— = |z —+—1i
3-2i 3-2i 13 13 13 13

T
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Vay tap hop diém bidu dién s8 phirc w thubc dudng tron thm 1(% %) bin

kinh rzi.

J13

Pap an C.

Céu 24: Cho z,, z, la nghiém phuong trinh [6—3i+iz|=[2z—6—9i| va théa man

8 o ii1s P
=3 Tim gid tri lon nhat caa |zl+22|.

y A
M
4 F-=-=-=--- - 11 H
- M
1
1
1
1
:
0 3 x

|Zl _ZZ|
A. % B. § C.6. D. 5.
5 5
Lai giéi

Dat z=x+yi véi x,yeR; z, =x, +y,i;; z, =x, +y,i
+ |6—3i+iz| =[22—6—9i| <> x* +y* —~6x+8y+24=0 = Tap hop diém biéu dién
sO phttc z la duong tron (C) tam I(S,' 4) vaban kinh R=1.

1 2 2 —
+Co |zl—zz|=\/(x1—x2) +(y1_y2) Z‘Mle

s phttc z,, M, (x2 ; yz) la diém biéu dién s6 phtc z,

voi M, (x;y,) la diém bidu dién

— MM, = % (M,, M, thude duong tron (C))

+ |z1 +z2| =\/(x1 +x2)2 +(y, +y2)2 =‘OM1 +OM,
M,, M, (hinh v@)
=|z,+2,| «<OH,, ma OH<OI+IH

= Z‘OH ‘ véi H 1a trung diém cta

2
=OH__ =OI+IH=5+IH=5+ (2] -2 = |z, +2,| =20H _6
10 5 max mx 5
Dap an A.
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V. THE TiCH KHO1 BA DIEN

Cau 1: Cho hinh chép S.ABCD c6 day la hinh vudng canh 4, canh bén SA vuong
g6c v6i mit phang (ABCD). Géc gifta hai mat phang (SBD) va (ABCD) bang
60°. Goi M,N lan luot la trung diém cta cac canh SB,SC . Thé tich khéi chop

S.ADNM bang
A. ﬁuﬁ. B. %aS. C. ﬁcﬁ. D. ﬁuﬁ.
8 16 16 24
Ldi giai
,( STUDY TIP %
1) Cho hinh chép S.ABC.
Mit phang (P) ct cac canh
SA,SB,SC Tan luot tai
ALB,C' thi Goi O la tam cua hinh vudng ABCD thi BD 1 (SAO).
Voawe _SA' SB SC Do d6 ((SBD),(ABCD)) = (SO, OA) = SOA. Theo gia thiét, ta c6 SOA =60°.

V. SA SB'SC

S.ABC

2) Cho hinh chép S.ABCD | Tam gide SAO vudng tai A nén SA =OA.tanSOA = —— .
c6 day la hinh binh hanh.

Mit phang (P) cit cic canh 1 \/g

a\6
2

apcp — @ .
AVB,C,D thi Yeanco . 1
Vs anco béy rang VS.ABC = VS.ACD = EVS.ABCD va VS.ADNM = VS.ADN + VS.ANM .

L se(sy 5o

2°SA'SC\ SB  SD Lai ¢6 Vs aon zﬂzl;VSANM :AN,SMZE nen Ve ionm 21(1 1J=§.
hoac VS.A’B'C‘D' VSAADC SC 2 VS ACB SC SB 4 VS.ABCD 2 2 4 8

. VQ ABCD

~ 3 6 6

1 SB' SD'( SA" SC' Suy ra VS ADNM :—,—a3 =£a3 .

T2 SBSD\SA sC ) ' 8 6 16
. J

Pap an C.

Cau 2: Cho hinh choép t& gidc S.LABCD c6 day la hinh binh hanh, trén cac canh
SM 1SN 1SP 1

SA,SB,SC Tan luot 1ay cac diém M,N,P sao cho —=—,—=—,—=—. Mat
SA 3 SB 4 SC 6

phang (MNP) cat canh SD tai Q. Biét thé tich kh&i chép S.MNPQ bang % Tinh

thé tich V cua khoi chép S.ABCD.
A. V=10. B. V=12. C. V=80. D. V=8.

Loi giai
Cach 1:
Goi O=ACNBD,I=MPNSO,Q=MINSC, khi d6 Q=SD(MNP)
Xét mit phang (SAC ) ,tlr A,C ké cac duong thang song song véi MP cat
duong thang SO tai E,F . Theo dinh Ii Ta lét ta c6

$A SC_SE SF_,S0,

SM SpP SI SI SI
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Ta c¢6 thé dung tinh chit:
Néu Qe(MNP) va

SQ=xSM+ySN +2zSP  thi

Ngoc Huyén LB The Best or Nothing

x+y+z=1.

Chttng minh twong tw ta ¢ 5B +S—D =2— 50 (2)
SN SQ SI

SA SC SB SD SD
==t

Tir (1),(2) od oo+ p =1 SO S0

V. SM SNSP 111 1 1
Mit khic —SMNe =27 =" 2 _— Z _ SV -V -V
< ABC SA SB SC 3 4 6 S.MNP 72 S.ABC 144 S.ABCD
\%4 P 111 1 1
e = SM S SQ === Ve =55 Vsase = 797 Vs.ascp
VSAACD SA SC SD 356 : 90 ~ 180 ~
Do dé 1 1 1
0 do VSMNPQ 144"'@ VS.ABCD:%VS.ABCDDVSABCD 10
Cach 2: bat SA=x,SM =a,SN=b,SP=¢,50=d,V = V sep ta co:
a=£,b=£,c=E
3 4 6
% abc abc adce ac(b+d)
‘/SMNP _?:)VSMNP V Tuong tu SMOP 2_x3VZ>VS.MNPQ :2—x3
SABC
bd(a+c)
Chting minh tuong tu V.0 TV:ac(b+d):bd(a+c)
X

:>1+1=1+1:>x+x=£+x:>3+6 1+2522 5=
a ¢ b d a c d d

a1 R

xxfx x
bd(a+c)  45\3 6) VvV 1
DOdO VSMNPQ 2x3 V= 2x3 V=%=§:>V=10

Dap an A.

Cau 3: Cho hinh chép tt giac S.ABCD c6 day ABCD la hinh binh hanh tam O;
mat phang (SAC) vudng goc véi mit phang (SBD) . Biét khoang cach tit O dén
cac mit phing (SAB),(SBC),(SCD) Ian luot 1a 1;2;45 . Tinh khoang céch d tur
O dén mit phang (SAD) .

A d=]2. B.d=. |2 C.d=+2. D.d=£.
19 20 2
Loi giai
Cach 1:

L&y mit phing () vudng goc véi SO cat (SAC),(SBD) theo céc giao tuyén
x'0x,y'Oy. Do (SAC) L(SBD) nén x'Ox L y'Oy
Chon hé toa d9 Oxyz sao cho tia Oz triing véi tia OS.
Tacé A(a;0;c)e(Oxz), B(0;b;d) €(Oyz),S(0;0;h) € Oz
Diém C,D lan luot d5i xtmg véi A,B qua O nén
C(-a;0;—), D(0;—b; )
Tac6 SA(a;0;c~h),SB(0;b;d ) =>| SA,SB | = (b(c~h);a(d~h);ab)
Phuong trinh mit phang (SAB) c6 dang
b(c—h)x+a(d—h)y+ab(z—h):0
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MEMORIZE

Cho hinh chép t& giac
S.ABCD c6 day ABCD la
hinh binh hanh tam O; madt
phéng (SAC ) vuong goc voi
mat phéng (SBD). Goip, g,

u, v lan luot 1a cac khoang
cich tt O dén cac mp
(SAB),(SBC),(SCD),(SDA).

R
2 UZ

Khi d6: =+ L =
. q

1
p u?

200 bai toan VD — VDC facebook.com/huyenvu2405

|-abh|
b*(c—hY +a*(d—h) +a®b?
1 b*(c—h) +a*(d=h) +a®b®

:?_ JETETE,

p=d(0,(SAB))=

2 2 2 2 272
Tuzongtt_rlzzb (c+h) +a (d+h) +a’b
u

a*b*h?
1 1 2@V +8d +0C +a’h + b1
= ot 5= 21212
p°u a

Hoan toan tuong tw

1 1 2V +a@@ VP +a R ) 1 1 1
:>q—2+v—2= ﬂ2b2h2 3?4-;:6]—24"0—2.
Cach 2:

Trong mit phing (SAC ) dung duong thang qua O vudng gbc véi duong thang
SO cét hai duong théng SA,SC Tan lwot tai A',C’

Trong méit phang (SBD) dung duong thing qua O vudng goc véi duong thang
SO cit hai duong théng SB,SD lan luot tai B',D’

Do (SAC) L(SBD),(SAC)~(SBD)=S0,A'C’ LSO nén A'C' L(SBD)

=AC' LBD

Khi d¢6 t& dién OSA'B’ c6 OS,0A',0OB’ d6i mot vudng

goc nén ta chitng minh duoc p_lz: 0152 + Oil'z + Ollg,z (1)
1 1 1 1
Chitng minh twong tu: —= + + 2);
g g q2 OSZ OB!Z OC'Z( )

11, 1,1
u> OS> OC? OD”*
1 1 1 1
—= + + 4
UZ 052 OD/Z OAIZ( )

\ , 1 1 1 1

Tw (1)/(2)/(3)/(4) ta co ?+¥:q—2+?.
i p—lg=2u-Boagp_r 1 1t 1 1, |20
Vol p=lig=2u= 5:12+(«/§)2 20 20 19°

Pap an A.

Cau 4: Cho hinh chép S.ABCD c6 ABCD la hinh chit nhat, SA vudng goc voéi
mat phzfmg (ABCD), SA=AB=1,AD=2. Diém M thudéc SA sao cho

AM=x(0<x<1). Tim x d€ mit phang (MCD) chia khéi chép S.ABCD thanh

. A / NI \ Y V 2 2. .7 . » M 2
hai khéi co thé tich 1a V,,V, . Biét —= - héi gia tri cia x nam trong khoang

2
B. l,é . C. é,g .
39 9°6

nao?

o)
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Loi giai

Cach 1: Do CD// (SAB) nén (CDM) cat (SAB) theo giao tuyén qua M song
song v6i AB va cat SB tai N.

Khi d6, V, =V .oV = Vagcomn -

V. 1-x
. Vsmc
Taco ML =1-x= Vg, = (1_x)VSACD = TVSABCD .
SACD
2
Vomnc 2 2 (1 B x)
v =(1—x) = Ve =(1—x) Vsapc = > Vsapcp -
SABC
.V v
,( STUDY TIP % Ma _1:33—12331/1 ZEVSABCD_
Vz 7 VSABCD - Vl 7 9
Cho hinh chép S.ABCD c6
ABCD 1a hinh binh hanh, ) 2
diém M nidm trén canh SA , (1_x) 1-x 2 5 ng
iy i Do do, +——=— -27x+14=0<
sao ChO S_Azk Khl dé, 2 9 x:Z,lOE‘li
mat phang (CDM) cit khéi
chép S.ABCD thanh hai | T dd suyra x e [é,§J
phan, ti s6 thé tich phan 96
chita 5 va the ﬁdzl khdi | C4ch 2: Chon heé truc toa do Oxyz sao cho
, A M k +k
chopbandaubing == | 5(0;0;1), A(0;0;0), B(0;1;0), D(2;0;0),C(2:1;0), M(0;0;a),0 <a<1.
\ J

Dé dang tim dwoc phuong trinh mat phang (MCD) la a(x—2)+22=0 nén
2(1-a)
Va* +4 .

Lai co6 MDCN 1la hinh thang vuong tai M va D.

d(s,(MCD)) =

Bf?mg dinh li Talet va Pitago ta tinh dwugc MN=1-a va MD= Ja* +4 .

12(1-a)(2-a)Na? +4 (1-a)(2-a)

DO dé, V = — = ;
S.MDCN 3 2 az +4 3
1 2
VSAABCD = §SA'SABCD = 5
T gia thiét suy ra
. 2
2 a?-3a+2 22 3
Vs mpen = §V5.ABCD T b 92> -27a+14=0 < S
a=—,loai
3
Pap an C.

Cau 5: Cho hinh chép déu S.ABC c6 day la tam giac déu canh a. Goi E, F lan
luot 1a trung diém ctia cdc canh SB,SC . Biét mat phang (AEF ) vuong goc voi

mit phing (SBC). Tinh thé tich V' cta khéi chép S.ABC.

3 3 3
A v=TY2 B v="V0 cy=tY3 D. V=
24 8 24 12

Loi gidi
Goi O 1a tam duong tron ngoai ti€p tam giac ABC, do S.ABC la hinh chép déu
nén SO L(ABC).
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A

/C STUDY TIP %

Cho hinh chép déu S.ABC
c6 day la tam gidc déu canh
a.Goi E,F Tan luot la cac

diém nam trén cac canh SB,

SC sao cho E=£

SB SC
(0<k<1). Biét mat phang
(AEF) vudng goc v6i mat
phing (SBC). Thé tich ctia
khéi chép S.ABC la

J_ 2+k
24 \V3- 3k
L J
S
H
A C
B

200 bai toan VD — VDC facebook.com/huyenvu2405
Goi M, N lan lwot la trung diém cua BC va EF.

Tac6 S, M, N thénghémgvé SM 1 BC tai M, SM LEF tai N.

Ta cb

(AEF)~(SBC)=

SM < (SBC) = SM L (AEF)= MN L AN = AANM vudng tai N.

SM L EF

AN AM _NM

Tt d6 suy ra hai tam giac AANM, ASOM dong dang = = =
SO SM OM

= NM.SM =AM.OM.
Vi E, F lan luot la trung diém ctia SB, SCnén N la trung diém cua SM
1

= NM =ESM.
AABC déu canh a va O la tdm dwong tron ngoai tiép tam gidc ABC
f om-mB f
a3 u\/§ a?
—_——=—= .

2 6 4 \/5
Ta c6 SO=ySM*-OM? =, [——-— \/E;

=AM =——

Vay %SM2 =

_1aE azﬁ_tf\/?
TABC T3t e T4 24

Dap an A.

Cau 6: Cho hinh chép S.ABC c6 tam gidc ABCcan tai B,AB=BC =a, ABC
=120° va SAB =5CB =90°. Goi ¢ 1a gc tao bdi dwong thang SA va mat phang

(SBC), sing= g . Tinh thé tich kh6i chép S.ABC, biét khoang cach tir diém S

va mit phing (ABC ) nho hon 2a.

23 PENE)
A. Vs ape = T . B. Vs.apc = T :
PENE) PENE)
C. Voape =" D. Vape =7~
4 2
Ldii giai

Goi D la hinh chiéu ctia diém S 1én (ABC)
=SD L AB=> AB L (SAD) (vi SA L AB) = AB L AD=BAD =90°
Chting minh tuong tu ta c6: BCD =90°

AB
cos60

Do d6 BD =

=24, AD=a\/3=CD

d| A;(SBC
bat SD =x. Theo dé bai sincpz%:%zg (1)

Ma SA=+SD? + AD? =+/x* +3a> (2)
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Goi H 1a hinh chiéu ctia D 1én SC
= DH L (SBC) (do BC L(SCD)) =>d(D;(SBC))=DH

D
1L _ 1 1 1 1 _¥+3¢
DH?> SD®> CD*> x* 3d*> 3a2
3ax 1 3ax
Do d6 d(D;(SBC)) = ————==d( A;(SBC))==d(D;(SBC))=————— (3)
Al —> ¢ (())m(())z(())zm
B T (1), (2), (3) ta co: L:£©x2—4ax+3a220<:> xza(t/m)
2\/§(x2+3a2) 8 x=3a(l)
, 1 1 1 3 33
DO dO VS.ABC :§SD'SABC Zg.ﬂ.z.az.gz al{
Pap 4n A.

Cau 7: Cho hinh chép tt giac déu S.ABCD c6 canh day b:?mg 2a, SA tao vdi day
mot goe 30°. Tinh theo a khoang cach d gitta hai duong thang SA va CD.

B\Ea Z\Ea 2Ea 4x/§a

A d= . B.d= . C.d= . D.d= .
5 5 5 5

Ldi giai

Goi g la trung diém ctia AC va BD. Ta c6 SO L (ABCD) (do S.ABCD la hinh chép
tir giac déu). Suy ra géc gifta SA va (ABCD) la géc SAO = SAO =30°.

Vi CD// AB nén CD//(SAB).

Do d6 d=d(CD, AB)=d(CD,(SAB))=d(C,(SAB))=2d(O,(SAB)).

L o |ABLOI
Goi [ la trung diém cua AB. Ta c6 =AB1 (SOI ) .
AB 1 SO
Dung OH vudng goc voi SI tai H thi AB 1L OH.
OH 18I
Ta c6 = OH 1 (SAB)=>d(O,(SAB))=OH..
OH 1 AB
Ta c6 SO=0A.tan30° = Za\/E.i =&.
2 B b
Tacs Lol 1 3 1.5 _op o0, 2010
OH- SO° OI° 2a° a 2a 5 5
Pap an B.

Cau 8: Cho hinh lang tru tam giac déu ABC.A'B'C’ c6 tét ca cac canh déu bang
a. Goi M, N Ian lwgt 1a trung diém ctia cac canh AB va B’'C’. Mt phéng (A’MN )
cit canh BC tai P. Tinh thé tich V ctia khéi da dién MBPA'B'N .

3 3 3 3
“‘E. B.V:“‘E. C.V=a7ﬁ. D.V:””E.
36 12 9% 48

A V=

Loi giai

3

Hinh lang tru ABC.A'B'C' ¢6 h=AA"=a va dién tich day B =

Goi I 1a trung diém cta BC va P la trung diém cua BI = MP//A'N .
Suy ra, P la giao diém ctia BC va (A’MN ) .
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— FOR REVIEW

Thé tich khéi chop cut ¢
chiéu cao h va dién tich hai
dayla BvaB"

V=§(B+B'+ BB').

DISCOVERY 9o

Cach 2 trong loi giai nay
ap dung cong thic tinh
nhanh duéi day:

“Cho hinh chép S.ABC c6
SA=a,5B=b,5C=c va

ASB =0, BSC =B,CSA =7.
bidt cosa=x,cosf=y va

. abc
cosy=z thi V, ;o =—

><\/1—x2 -y’ -z +2xyz.

200 bai toan VD — VDC facebook.com/huyenvu2405
Ta c6 AMBP #AA'B'N nén khoi da dién MBPA'B'N la mot khai chop cut.
Ta co:

s 1

AMBP

S —B

AABC —

1

tn »PIH

S,,_

AA'B'N AABC

1
8
B
/ 1 h 7B a7u2\/_ a7\/_
DOdO VMBPABN {SB-{‘ B+ —BZBJZE ?— 384 96
Pap an C.

2
1
2

Cau 9: Cho hinh chép S.ABCD c¢6 SA=a,SB=2a,5C =3a va ASB = ASC = BSC
=60°. Biét ddy ABCD la hinh binh hanh. Tinh thé tich V ctia kh&i chép S.ABCD.

3 3
A V=22, B.V:a;/z. C.Vzaf. D. V =3a°42.

Laii giai

Cach 1:

Trén cac canh SB, SC lan luot 1ay hai diém M, N sao cho SM=SN=SA=a.

Ma ASB=ASC=BSC =60° nén AM=MN =NA=a vaS.AMN la t& dién déu c6

«/EuS

dvtt).
S.AMN — 12 ( )
Ap dung cong thiic ti s8 thé tich trong hinh t dién, ta c6

\V4 3
S.AMN _ SM SN a a 1 = Vs P 6Vs AN = @ (dvtt)
V. we SB'SC 2431 6 - - 2

Vay Vs asep =2V apc = \/Eas (dvtt).
Cong thirc ty s6 thé tich 4p dung trong hinh tit dién (hinh chop tam giac):

canh bang a va V,

Cho khdi chép S.ABC va céc diém A, B,,C, lan luot thudc cdc duong thang SA,
SB va SC.
S
(@
Az
A C
B
T i Voawc =SA1 SB, SC, .
V... SA SB'SC

Cach 2:

Ap dung cong thiec V = %\/1 —cos® o.—cos’ B—cos’ Y +2cosocosfcosy ta cd:

Vs s = a223a Al1-3cos? 60°+2cos’ 60° = a° 1’1—§+1 «/_ (dvtt).

Suy ra S.ABCD 2V a_ -

S.ABC — \/_

N2 (dvtt).

Pap an A.
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MEMORIZE

Thé tich ctia khoi tir dién
3
déu canhala V = “1‘2/5.

— FOR REVIEW
Bat dang thiic Cauchy ap
dung cho 1 s6 thyc duong

a0y, (n =2,ne N) la

n
a +a, +..+a, znyaa,..a,

Dau “=" xay ra khi va chi
khi a, =a,=..=a,.
A
E
F
B D C

Ngoc Huyén LB The Best or Nothing

Cau 10: Cho tit dién déu ABCD c6 canh bang a. Goi M 1a mot diém thudc mién
trong ctia khoi t¢ dién twong tng. Gia tri 16n nhat cta tich cac khoang cach tu
diém M dén bdn mat phang cta ti dién da cho la
4 4 4 4
A= B. —. c. e D, ©Y6
521 576 81 324

Laii gidi

Goi r,1,,1,7, Tan luot 1a khodng cach tir difm M dén cidc mat phang
(BCD),(ACD),(ABD),(ABC).

23

Goi S 1a dién tich mot mat ctia t dién déu thi S =

22

Thé tich t¢ dién déu ABCD 1a V

ABCD — 12
, 1 1 1 1
Taco Voo =Viiseo T Vaiaco ¥ Vi aso T Vi ase = E.S.r1 + E.S.r2 + 5.5.1’3 + 5.5.1*4

=V

A

2 3 2 2
Suyra V,,., =%(rl +1, 41, 4T, ) = al[ SH T T, =a\/;=—a\/g.
Ap dung bat déng thiic Cauchy cho céc s6 duong ta c6:

4
4
a6 a6 a
3 =1, +1, +1, 1, 243 rrrr, St <[

S
b :§(r1+r2+r3+r4).

1157, R T Tz
Dau “=" xay rakhiva chikhi r, =7, =7, =7, = “f_

Pap an B.

Cau 11: Cho tam gidc nhon ABC, biét rang khi quay tam giac nay quanh cac canh
AB, BC va CA ta lan luot duwgc cac khoi tron xoay ¢ thé tich twong ung la

672m, 31§6” , 941(?“. Tinh dién tich tam gidc ABC.

A. 5=1979. B. S=364. C. S5=84. D. 5=96.

L gii

Goi D, E, F Tan luot 1a chan duong cao ké tir cac dinh A, B, C dén cac canh BC,
AC va AB.Dit AD=h ,BE=h ,CF=h_va BC=a, AC=b, AB=c.

Khi quay AABC xung quanh canh AB ta dugc mot khoi tron xoay c6 theé tich la

2
V,= 1nhf.AF+1nh§.BF =1nh§ (AF+BF)= 1nh§.c _4n lc.hc _Ange (dvtt).
3 3 3 3 3c

3c |2
Khi quay AABC xung quanh canh BC ta duwoc mot khéi tron xoay ¢6 thé tich la
2

V,= 1nh§.BD+1nhj.CD =1nhj.(BD+CD) = 1nhj.a _4n. luha _Am 52 (v,
3 3 3 3 3a \ 2 3a

Khi quay AABC xung quanh canh AC ta dwgc mot khdi tron xoay c6 thé tich la

2

Vv, =1nh§.AE+1nh;.CE = 1nhj.(AE+c15) = Lch;.b i 1bhb _Ange (dvtt).

3 3 3 3 3b (2 3b
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4r s?
V =—-6>=672 c=—-r
e |
MEMORIZE 2 2
: : Tt gia thiét ta c6 V2=4—nSz=ﬁn<:> a= 55 :>p=a+b+c:s—
Tam gidc ABC c6 do dai ba 3a 5 2352 2 336
canh BC, AC, AB Ian luot la 4n ., 9408 1352
a, b, c thi dién tich ctia né V,= % 13" = 05

dwoc tinh theo cong thirc
s=\p(p-a)(p-b)(r-c) $(s 58\ 13B)S

N T e R e e ey
trong d6 p= 5 la ntra 336\ 336 2352 )| 336 7056 )| 336 504
chu vi ctia tam gidc. S*

S=
592704

& S=84 (dvtt).

Pap an C.

Cau 12: Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh tam O. Goi [
la diém thudc doan SO sao cho SI = %SO . Mét phang (oc) thay doi di qua B va
I. ((x) cit cdc canh SA,SC,SD Tan luot tai M,N,P. Goi m,n lan luot 1a GTLN,

GTNN cta Vg, pnps Vs apen - TINh ul

n
A. 2. B.Z c.2. D. 2
5 5 5
Loi giai
SA
SM
+) Dat Axy=1).
) D s (x,y=1)
SN Y
+)Cé@+§=2@:23=6:@=5,
SB SP ~SI SP

+) Co x+y=2%=6©y=6—x,1£xs5.

4 Vs svpn =x+1+y+5= 12 _ 3 _ 3 _ 3 .
V. 4x.1y5 20xy 5xy 5x(6-x —x*

( STUDY TIP }——— SABCD Y v 5xy 5x(6-x) 5(6x—x')
LN N . 7 ) , ' -3 6—-2x
C6 thé st dung cong thiic +) Xét f(x)z —~ ., VOi 1<x<5. Co f (x)z—.—z.
Vismanp =a+b+c+d 5(6x_x ) 5 (6x—x2)

Vs asco 4abcd

vc’yia:S—A,b,c,dhrongtu. +) {f (x):O<:>x=3.
SM 1<x<5
m—i
_3. _ 1 3 25_.m_9
Y f(l)_zs’f(3)_15’f(5)_25 _1 %5
15

Pap an C.

Cau 13: Cho hinh chép déu S.ABCD c6 canh bén bang 4, goc hop boi duong cao
SH ctia hinh chép va mét bén bang o . Tim o dé thé tich S.ABCD1a 16n nhat.
A. 30°. B. 45°. C. 60°. D. 75°.

Loi giai
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f( STUDY TIP )—

Géc gitta duong thing va
mit phang la goéc gilta
duong théng d6 va hinh
chifu ciia né trén mat
phang.

Ngoc Huyén LB The Best or Nothing
Do hinh chép S.ABCD1a hinh chép déunén H la giao diém cua AC va BD.
Goi M la trung diém ctia CD ta c6 CD J_(SHM) nén (SHM) J_(SCD) ma

(SHM) N (SCD)=SM nén tir H dung HK L SM tai K thi HK L (SCD)
Hay SK la hinh chifu cta SH 1én mit phang (SCD) suy ra
(SH,(SCD)) =(SH,SK)= HSK do tam giac SHK vudng tai K theo gia thiét ta c6

HSM =o vii 0<OL<§.

2
bit SH=h—=HC*=a’-h*=HM= h J a —h2

2
Tam gidc SHM vudng tai H: tano = N o tana=d? I

SH J_h

a

J1+2tan’ a

44% tan® o

<:>hz(1+2tanzoL)=a2 =h=

BC* =2(a’ —1*)=4h’tan’ a.= .
1+2tan” o

1 4a° tan® o
3 J1+2tan? a)?

= VS.ABCD =

lBCz.SHz
3

—_

Pit t=1+2tan’ a. V6i te(1;+oo):>tanzot=t_

|

Xét ham sd f() ziu trén D= (1;+oo)

3wt
[t\ﬁ—?’\ﬁ(t—l)}
()T 2 @ (3-1)
f(t)zg. B 23'%2\/;
f(t)=0<t=3

Bang bién thién
t 1 3 +00
f® + 0 -

f(#) / 2 \

3

Vay maxf(t):ia/5 khi t=3=tana=1 do 0<0c<§ hay a=45°.

Dap an B.
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Cau 14: Cho hinh ling try tam giac déu ABC.A'B'C’' c6 AB=2\3 va AA'=2.
Goi M,N, P lan luwgt la trung diém ctia cac canh A'B, A'C’ va BC (tham khao hinh
vé bén). Cosin ctia géc tao boi hai mat phang (AB'C’) va (MNP) bang;

NLES p I3 ORLA (ERRNS LER
65 65 65 65

Ldi giai

Céch 1: Tu duy tw luan

Xt ly va vé lai hinh nhu dudi day d€ c6 thé dé quan sat hon.

Ta c6 (MNP)=(MNCB). Goi I 1a giao diém cua BM va AB', K 1a giao diém ctia
CNva AC'.

Suy ra IK=(MNCB)(AB'C'). Goi ] 1a trung diém ctia B'C’, do
AAB'C' can tai A nén AJ L B'C', dé chting minh IK//B'C’' nén

A LIK

Goi H 1a giao diém cua AJ va MN, suy ra H la trung diém caa MN.
Dé chting minh dwoc IK//MN va PH L MN.Suy ra PH LIK.

Vay ((MNP),(AB’C')) ~(4,pH).

Goi E la giao diém ctua A] va A'P, ta tinh goc AEP .

EHzlEP PE=2PH
2 3

1., 2
E[=—EA |AE=ZA
=3 3

H_EH_F 1

Tacoé H]// AP =
AP EP EA 2

23403 _LAH=H=Lta7=3,
2 ’ 2 2’
AJ =\JAP? + PJ> =3 +2% =\[13;

2
PH =\[P]> + HJ” = 2%(%} :%.

AJ=AP=

2 241
Suy ra PEngsz.Ezﬁ; AE=—A]=—3.
3 32 3 3 3
Ap dung dinh ly ham s cosin vao tam gidc AEP ta c6:
2
2413 5 .,
2 2 _ AP? AE - J13
cos AEp = AE T PE —AP” = Y22 . 90°< AEP <180°.
2AE.PE 5 2413 5 65
3 3

Vay ((MNP),(ABC')|=( 4], PH) =180°~ AEP = cos((MNP),(ABC))

J13

- cos(180°—AEP) =—cos AEP="""".

Cach 2: Str dung may tinh cam tay
Goi ] la trung diém BC.
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Chon hé truc toa do Oxyz nhu hinh vé bén:

A(0;3;0), B(—3;0,0),C(3;0,0), 4'(0;3;2), B (~3;0;2),

MY B,/\\/[,/, C'(\/§;0;2),P(0;0;0)_
\\ \

M,N 1a trung diém A'B’, A'C’ thi M[—J_ %

\ X

/

Ta co ﬁ:(—ﬁ;—s;z),ﬁ=(\/§;—3;2),W=[—£% } va

STUDY TIPS

Mit phéng (P) c6 VTPT la
n—1 , mat phéng (Q) co
VIPTla n, thi géc gitta
hai mit phang (P),(Q)

dwoc tinh theo cong thirc:
cos((P),(Q)) = ‘cos(rTl,n—z)

n,.n

PN =[§;;;2]Dua mday vé phuong thiec VECTOR, nhéap

VCtA = [—\/5 ; —3;2},VctB - [\/5 : —3;2]

g (8) N NL@EEEHEERZE:EHEMNEEEEREE
= (ad e (8] (3] (X) i) (8] (4) () () el (e

WCTE WCTE

-3 ]

WCTE

VotA=\VotH

z z a

VOTE VOTE
An C
h E.9282 10.392] [T 5.9282 10.392]

[-1.132 [ 1.132 -3 ]

] ]
Két qua trén duoc gan vao VctC, d6 ciing 1a mot VIPT ctia mit phang (AB'C’) .

Nhap VctA = l:—g 3 2] a VctB= {£ 3 2]

tHEOHHEECENHEERAHZHEBEEExEMEAO]
EEOUNEHREEREREE R ERYEME (E) X D E @] E

o5 N VotA=vYctH " S 3. ugu1 -2, 5381
z z 1] 1]

Két qua trén duoc gan vao VctAns, d6 cling 1a mot VIPT ctia mat phéng (MNP)

h [-0.BEE [ 0.EEE 1.5 ]

Nhép vao man hinh Abs (VctC . VctAns) + (Abs (VctC) x Abs (VctAns))

(ac) ) fyp) (i) (8] (8] () (5 (7 etrr) (8] (6] OJ () (O strr) fyg) i) (3] (B (O] (X)
(sur1) by (i) (5 (6] B OJ (=) log) (1] (va) (ang) (23 (E)

dhscyctC-Voténes | o

iz

0. 05547001962 &
NE

Vay cos((ABC), (MNP)) ==

Dap an B.

Cau 15: Cho hinh chép S.ABC c6 ddy la tam giac déu canh a . Hinh chiéu vuong
gbc clia S trén mit phang (ABC ) la diém H thudc canh AB sao cho HA=2HB.
Goc gitta duwong thang SC va mit phang (ABC ) bang 60°. Tinh khoang cach d
gitta hai duong thang SA va BC theo a.

L g2 ca-m2 D. 4= N462
8 1 12 66
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Loi giai

J7 a21
—

Ta 6 SCH =60° va HC=aT;SH=HCtanSCH=

Tir A ké tia Ax//CB (nhw hinh v&). Khi d6 BC//(SAx) vado BA:%HA nén

d(BC,SA)=d(BC,(SAx)) =d(B,(SAx)) = %d(H,(SAx)).
Goi N va K lan luot 1a hinh chiéu vudng goc cua H trén Ax va SN .
Do AN L(SHN) va HK LSN nén HK L(SAN). Khi d6 d(BC,SA)=> HK.

Ta cé6 AH :2—3”;HN=AHsinNAH=%.

Suy ra HK = HN.HS a42 . Vay d(BC,SA):

JHN? +Hs? 12
Phén tich phuong 4n nhiéu:

aN42
g

Phuong an B: Sai do HS giai nhu trén nhung tinh sai

SH—HCtanscH -7 L _a21.
3 3z 9
Do d6 tim duge d =24,
Phuwong an C: Sai do HS tim duwoc HK = H\E va két luan ngay d = @.
Phuwong an D: Sai do HS gidi nhw trén nhung tinh sai
HN = AHsinNAH=221_12,
32 3

Do d6 tim dugc d= 202

66

Dap an A.

Cau 16: Xét cac hinh chép S.ABCD thoa man cac diéu kién: day ABCD la hinh
vuong, canh bén SA vudng goc voi day va khoang cach tir diém A dén mat
phéng (SBC) bang a. Biét rang thé tich khéi chép S.ABCD dat gia tri nho nhét

V, khi cosin géc gitta dwong thang SB va mit phang (ABCD) bang \/E , trong
q

dé p,q la cac s6 nguyén duong va phan sd P 1a i gian. Tinh T = (p + q).VO.
q

503 .
—aa .

A. T =334 B. T =/64°. C. T =23, D.T==

Lai giai

Tacé BC L AB;BC LSA nén BC L(SAB).

Goi H la hinh chiéu vuong goc ctia A trén SB.
Khi d6 AH L(SBC) va d(A,(SBC))= AH.

Ta c6 goc gifta duong thang SB va mat phang (ABCD) la géc SBA.
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bat SBA=o.

‘a ;SA= a_.
simao Cosa
Thé tich khéi chép S.ABCD 13 V = %.SA.SABCD 1 »

Theo gia thiét ta c6 AB=

3sin’® a.cosa

Ap dung bat dr?mg thitc Co-si, ta co

2 2 2 3
sin” ol +sin” o+ 2cos” a 8
3

sin? a..sin® a..2 cos? o, < (

23 3

Suy ra sin® a.cosa < 5 Dodé V = 7(13.
Dau bang xay ra khi sin® o =2cos’ o= coso. = \/g
Vay thé tich khéi chdp S.ABCD dat gia tri nhé nhat bang gpﬁ khi cosa = \/g

Suy ra V, :gof’;p =1,9=3
:>T=(p+q)V0 —234°.
Phan tich phwong 4n nhiéu:

Phuong an A: Sai do HS giai ding nhuw trén nhung tim ra duoc cosa = 1

ﬁ thi
3
lai suy ra p=3;g=3 nén T =33a".

Phuong an B: Sai do HS dénh gi4 sai sin” a.coso < ? (quén khong chia cho 2

truede khi khai can).

J6

Do d6 dan dén V, == >a’. Suy ra T = NTS

Phwong an D: Sai do HS tinh sai V = _;Zaa. Do d6 danh gid V > £a3.
3sinacos” a 2

Nhung dau béng xay ra khi cosa = \/g do vay tinh ra duoc

V3 4 5V3 4
=

T =(2+3).7a

Pap an C.

Cau 17: Xét cac tam giac ABC nhon noi tiép duong tron (O,' R). Goi V,,V, va
V, Tan luot la thé tich cta cac khdi tron xoay sinh ra khi quay tam giac OCA
quanh trung truc ctia doan thang CA, quay tam gidc OAB quanh trung truc ctia
doan thang AB va quay tam gidc OBC quanh trung triec ctia doan thang BC.

Tinh V, theo R khi biéu thiec V, +V, dat gid tri 16n nhat.

AV, _2mf3 s B.V,= 0 Rs,
9 81
cv, -2 D.v, -6
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Loi giai
bat a=BC,b=CA,c=AB.
Quay tam gidc OCA quanh trung truc ctia doan thang CA thi khéi tron xoay

sinh ra la khoi nén c6 chiéu cao h, =, fRz —ibz va ban kinh day r, = %b nén ta
bV, =17'C1‘12h1 =inb2\/4R2 -b*.
3 24
Tuwong tu, ta cd V, :inc2 4R* —c*;V, =ina2 4R* —a*
24 24
Béng viéc khdo sét ham s8 f(t) =+ (4R* —t) trén khoang (0;4R’) hoiic dua vao
bat dang thic Co-si

3

1b2 +;b2 +4R* -1?

202 17 (4R b <| 2 S
2 2 3 27
Ta duoc V, < Zn\/_ 9\/§R3 Suyra V,+V, < 47[9\/5 R’
D&u bang xay ra khi va chikhi b=c= iR
Vay V, +V, dat gid tri 1én nhat bang fR3 khi b=c= %R.
2.6
Khi d6 tam gidc ABC cantai A vaco AB=AC= —R
Goi AH la duong cao cua tam gidc ABC thi 2R.AH = AB*. Ttr d6 suy ra
2
AH = AB =éR. Do do OH=AH—R=1R va a=2{R*-OH"’ =&R
2R 3 3 3
Suy ra V, = 9L R?
y 3T g1
Phén tich phuong 4n nhiéu:
2\/6
Phuwong an A: Sai do HS tim ra dwoc AB=AC = —R thi nghi ngay rang lic
. . A A o ZRxF
do tam giac ABC déu nén twong ty ta ciing co V, = . Can chu y rang

tam gidac ABC noi ti€p duong tron (O; R) nén néu tam giac ABC déu thi

2J’

AB=BC=CA=Ry3 cht khong phaila AB=AC ="

Phuwong an C: Sai do HS giéi dl'mg nhu trén nhung thay nham sd liéu trong cong

3 3
Phwong an D: Sai do HS giai dung nhu trén nhung khi tinh V, lai nham. Cu the:

V, =l7'ca2 4R* —* =ln.MR2,\/4R2 _4‘/ER2 _ \/18_6\/5 TR®
24 24 3 3 9

thire tinh V. Cu thé: — iR— J_nR .
24 81

Dap an B.
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Cau 18: Cho hinh tt dién déu (H). Goi (H') 1a hinh t& dién déu c6 cdc dinh la

tAm cidc mat cua (H ) . Tinh ti s dién tich toan phan cua (H ’) va (H ) )

Al B L. c L. D. L.
4 8 9 27
Loi giai

Dat (H ) l1a hinh t& dién déu ABCD, canh bﬁng A.Goi E; F; I; ] Ian lwot 1a tam cta
cac mat ABC; ABD; ACD; BCD.

Ki hiéu nhw hinh vé.

, ME MF 1 EF 1 CD a
Tac) —=——="=>—=—"=FF=—T==,
MC MD 3 CD 3 3 3
Vay t& dién EFIJ 1a t& dién déu co6 canh béng g.

Ti s6 thé tich cta dién tich toan phan t& dién déu EFIJ va t dién déu ABCD la

2

a
3| _1
a 9
Pap an C.
Cau 19: Cho tit dién ABCD va M, N la cac diém thay d6i trén canh AB va CD
sao cho % _ ;—N Goi P 1a mét didm trén canh AC va S 1a dién tich thiét dién

cat boi mat phang (MNP) vahinh chép. Tinh ti s6 k cuia dién tich tam giac MNP

va dién tich thiét dién S.

2k B. L. c. k. D. .
k+1 k k+1 k+1
Lai giéi

Xét trudng hop % ~k, Tic nay MP||BC nén BC||(MNP).

N & (MNP)~(BCD)

Ta c6: { BC||(MNP) = (BCD)(MNP)=NQ| BC,QeBD.
BC = (BCD)

Thiét dién la tir gidc MPNQ.

AP
Xét truong hop — =k
81OP b

Trong (ABC) goi R=BCMP
Trong (BCD) goi Q=NRNBD thi thiét dién 1a tit gide MPNQ.

S
Goi K=MNNPQ.Taco ﬂ:%.
Sumo PQ
0 N “B” - % nén theo dinh Ii Thales dao thi AC,NM,BD Tan luot thudc ba

mat phang song song v4i nhau va duong thang PQ cat ba mit phang nay
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twong tng tai P,K,Q nén ap dung dinh li Thales ta dwoc % = —AM CN
KQ MB ND
PK
_ PK PK  PK KQ k
PQ PK+KQ PK PK | k+1 '
KQ
Pap an C.

Cau 20: Cho hinh chép S.ABCD c6 ddy 1a hinh binh hanh . Goi K 1a trung diém
SC. Mat phéng (P) qua AK cit cdc canh SB, SD lan luot tai M, N. Goi V va

!

V' Tan luot la thé tich cac khéi chép S.ABCD va S.AMKN. Ti s % co gia tri

nho nhat bang

A. 1 B.

5

| w
@)

W | =
N | =

Loi gidi

Gia stt SD =m.SM; SB=n.SN.
SA+SC=5B+S5D.

Do A; M; N; K dong phiang nén m+n=3.
Vs.axu :1 1 1 1 :VS.AKM _1

Viwe 2 m 2m V. 4m’
V r

Tuong tu ta cd SAKNzi:V Lmtn_ 3 > 3 2:%21.
Vv 4V 4 mn  4mn (m+n) 3 3

D&u bang xay rakhi m=n=1,5
Pap an C.

Cau 21: Cho tam gidc OAB déu canh a. Trén duong thang d qua O va vudng goc
v6i mit phang (OAB) 18y diém M sao cho OM = x. Goi E,F Ian luot 1 hinh chiéu
vudng goc ctia A trén MB va OB. Goi N 1a giao diém ctia EF va OM. Tim x d€ thé
tich ti dién ABMN c6 gid tri nho nhat

A. x=a\2. —& C x a\/_ D x—&

B. x= . . X = .
2 12 2

Loi giai

Ta c6 AF1OB,AF L MO=>AF L(MOB)=>AF LMB. Ma MBLAE nén
MB L (AEF)= MB L EF.

Suy ra AMOB-~ AMEN, ma AMEN -~ AFON nén AMOB - AFON. Khi d6

a
a.— 2

OB ON — ON = OB.OF =_2=a_'

OM OF OM x  2x

\ 1 1 2\/_
T Vs = Varoas T Vivoas =3 SAOAB (OM + ON) 3 x+ E]

2\/_ 2\/_ 2\/—

= VABMN T[ sz \/_
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@ a2
=)

Dau “=" xay ra <:>x=2—<:>2x2=a2<:>x=
x

bap an B.

Cau 22: Cho hinh thoi ABCD ¢6 BAD =60°, AB=2a. Goi H la trung diém ctia AB.
Trén duong thang d vudng gdéc véi mit phang (ABCD) tai H 18y diém S thay doi

khac H. Trén tia d6i cua tia BC 1dy diém M sao cho BM = iBC. Tinh theo a d6
dai cua SH d€ géc gitra SC va (SAD) c6 s8 do 16n nhat

4
A. SH = 4,’%& B. SH = 21 a. C. SH =,/%a. D. SH =§a.

4

Goi ¢ la goc gitta SC va (SAD),N la giao diém
cua HM va AD, K 1a hinh chiéu vudng goc ctia H
trén SN, I la giao diém ctia HC vdi AD. Goi E la
diém d6i xing véil qua K.

Ta co MBziBng,HBza,HBMz BAD =60°

= HM= \/’HB2 +MB’ —2HB.MB.cos HBM

2
= HM :\/az +a——2.a.2.cos60° zﬁa
4 2 2

NG

2 2
= HM® + MB* = [TaJ (gj =a’ = HB* = AHMB vuong tai M

— HM L MB hay MN L BC.
{SH 1 AD(do SH L(ABCD))
Vi

= AD 1 (SMN)= AD 1 HK, ma HK L SN nén
MN 1 AD(do MN 1 BC)

HKJ_(SAD). Lai c6 HK la duong trung binh cta AICE nén HK//CE. Suy ra
CE L (SAD) tai E va SE la hinh chiéu ctia SC trén mét phing (SAD).

Vay ¢= (sc, (SAD)) - (SC,SE) =CSE.

bat SH = x,(x > 0). Do ASHN vuong tai H c6 HK la dwong cao nén ta co

12: 12+ 12:>HI<= SHHN  _ J3ax :CE=2HK=M
HK®* SH* HN JSH? + HN?  \J4x? + 34> Jax? + 38

Do ASHC vudng tai H nén

2 2
SC =+/SH? + HC* =/SH? + HM? + MC? —\/x2+[§a] +[%j =\x*+74°

ASEC vuéng tai E nén sing=sin CSE = LC = 2\/3ax
5C \/(4352 +3az)(x2 +7a2)
2/3ax 2\3ax 23

=sing= < = .
\/(49(4 +210) 43177 421 + 3100 421431
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Dau “=” xay ra khi va chi khi 4x* =21a* < x* = %f Sx=4 /%a.

Vay goc ¢ dat16n nhat khi sine dat 16n nhat, khi d6 SH = 4\/2?71&

Dap 4n A.

Cau 23: Cho hinh lang tru ABC.A'B'C’ ¢4 tat ca cdc canh cting bang 4, hinh chiéu
ctia C trén mit phang (ABB'A’) 1a tim ctia hinh binh hanh ABB'A’. Tinh theo
a thé tich khoi cau di qua nam diém A, B, B, A’ va C.

3 3 3 3
A. ™2 . B. 8124 . C. 24 . D. ™2 .
3 81 24 81

Loi giai

Goi O la tam hinh binh hanh ABB'A'. ta c6 CO L (ABB'A’).

Vi CA=CB nén OA =O0B, suy ra hinh thoi ABB'A’ la hinh vudng.
AB & a a

—=—F—.Suyra OC* = AC’* -A0’ =—=>0C=—.
NN 2 NG

Suy ra tam gidc ABC vudng tai C. Ttr day ta suy ra khdi cau di qua nam diém

Do d6 OA =

A;B;B’; A’ va C1a kh&i cau tam O ban kinh OA = =

N
2.4

Vay thé tich khéi caula V = %n.OA3 =3

Dap an A.

Céu 24: Cho mét cau (S) ban kinh R 6 dinh. Goi (H) 1a hinh chép tir gide déu

6 thé tich 16n nhat ndi ti€p trong (S) . Tim theo R d¢ dai canh day cua (H ) .

JNELY B 2. c X D. R.
3 3 3
Ldi giai

Ki hiéu nhu hinh vé. bat AB=BC=CD=DA=4a;SO=h.

u2
Suy ra SB= E+h2 .

Goi M la trung di€m cua SB.

Trong (SBD) ké trung truc ctia SB cat SO tai I.

Vay I la tam mat cau ngoai ti€p khoi chop S.ABCD. Suy ra IS =R.

SM . R- a’ +2h’

Hai tam gidc vudng SMI va SOB dong dang 3L _5M véi
SB SO 4h
0<h<2R.Suyra a* =2h(2R—h).
Thé tich V ctia khoi chop la:
3

h h

—+—-+2R-h 3
v=1a2h=12h2(2R—h)=§M(2R—h)s§ 2 2 _ SR

3 3 322 3 3 81
4R’ h 4R

Vay GTLN ctia V bing 222 dat duoc khi S -R-hesh=27.

81
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Suy ra az%.

Dap 4n A.

Cau 25: Cho khdi 1ap phuong ABCD.A'BC'D’ canh bang a. Cac diém E va F lan
luot 1a trung diém cta C'B' va C'D'. Mt phang (AEF ) cat khdi lap phuwong da
cho thanh hai phan, goi V, 1a thé tich khdi chita diém A" va V, la thé tich khoi
chita diém C'. Khi d6 % la

2

Dé& x4c dinh tdim mat ciu
ngoai tiép mot hinh chép, ta
tim giao diém ctia hai duong
thang vuong goc véi hai mt
bén (bat ki) tai tim duong
tron ngoai ti€p hai méit bén
do.

B B.1. c. D. 2.
47 25 17
Lai giai
Duong théng EF cdt A’D' va A'B tai N, M; AN cit DD’ tai P,
Al D' N AM cat BB tai Q. Khi d6 thiét dién ctia hinh 1ap phuong khi cat
B/ E . boi mat phing (AEF) la ngti gidc APFEQ.
, ]\
M\ 1 K ol L T gia thi€t ta co V, =V im0 V8 Vs =Visencerro-
Q . 1 ,, /// . e
‘\_ ': /',’/ GOI V= VABCDAB’CD”V VAAMN'V VPFDN’V VQMB’E
N ] // e
\/L/,_’ R Do tinh d6i xting ctia hinh 1ap phuwong nén V, = V..
A b Nhan thay
B C 3
V=l aaaman=1423038_3" g,
6 622 8
3
v,=LpppFoN=2220_0 (quu)
6 6322
3¢ . a 254°
V,=V,-2V,="— -2 —= dvtt);
s 72 72 (dvtt)
3 3
V=V -V = 5 25a :47a (dvtt)
72 72
WA
v, 47’
Dap an A.
Céau 26: Cho tir dién ABCD 6 AD 1(ABC), ddy ABC thoa man diéu kién:
cotA+cotB+cotC  BC CA AB
2 “AB.AC BABC ' CACB’
Goi H, K Ian luot la hinh chiéu vudng goc ctia A 1én BD va BC. Tinh thé tich V
cua khdi cau ngoai ti€p khoi chop A.BCHK
A v=Am B. v =32", cv=-32 D. V=1
3 3 3 3\/_
STUDY TIPS

Lai giai

* Xdc dinh tdm mdt cdu ngoai tiép hinh chép A.BCHK

Goi E,F Tan luot 1a trung diém cta AC va AB. Trong mit phang (ABC), ké céc
duong thang d,d’ 1an lwot vuong géc véi AC va AB tai E,F. Do DA 1d, DA Ld'
(doDA 1 (ABC)) nén d L(DAC),d' L(DAB). Goi I 1a giao diém ctia d,d’ thi I

chinh 1a tdm ctia mat cau chira hai duwong tron ngoai tiép hai tam giac AHC, AKC.
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Hay noi cach khac, I 1a tam madt cau ngoai ti€p hinh chép A.BCHK, ban kinh
R=IA ciing chinh la ban kinh duong tron ngoai ti€p AABC (do IA=IB=IC )

* Mot s6 hé thitc lwgng cin nhé trong tam giac
Cho AABC, goi AH la duong cao (H e BC ) R,rTan luot 1a ban kinh dwong tron ngoai

tiép va duong tron noi ti€p tam giac, p 1a nira chu vi. Ki hiéu BC =4, AC=b,AB=c,

dién tich S,,,. =S.
1. Pinh 1y cosin: a* =b” +c¢* —2bccos A;b* =a® +c¢* —2accos B;¢* =a” +b* —2abcosC.
2. Dinh ly sin: a b € __ 2R.

sinA sinB sinC
3. Do dai trung tuyén xudt phat tir cac dinh A,B,C (Ki hiéu lan luot1a m,,m,,m_):

2

, b+ aF , A+ V¥, a4+ &
m? = = . m=

o2 47 2 4T 2 4
4. Cac cong thirc tinh dién tich tam giac:

S=1a.h =lb.hb:1c.h
2 "2 2 ¢
S=1bcsinA=1acsinB=labsinC
2 2 2

S=%:pr:\/p(p—a)(p—b)(p—c).

A-B B-C C-A
q— tanT b—c tanT c—a tan
5. Dinh ly tang: = ; = ; =
Y e b ™ A+B'bic ., B+C' cta . C+A
tan tan ta

2, 2 2 2, 2 12 2,32 2
6. binh ly cotang: cotA:m; cotB:u; cotC:m.
4S5 4S5 4S5
2 2 2
—)cotA+cotB+cotC:%.

* Phan tich dit kién dé bai:
cot A+cotB+cotC  BC CA AB

2 ~ AB.AC ’ BA.BC ! CA.CB
2 2 2 2 2 2
A8 ;?ACAB: cA_B CA;SQAC; ?B ©88S,,,. = AB.AC.BC
= 8% =AB.ACBC& R=2=]A
Vay thé tich mat cau ngoai tiép hinh chép A.BCHK la:

V= éTER3 = é71.23 = 32 (dvtt).
3 3 3

Pap an B.

Cau 27: Cho hinh ldng tru tam giac ABC.A’B’C’. Goi M, N Ian luot 14 trung diém
ctia BB’, CC'. Mt phing (A'MN) chia khéi ling tru thanh hai phan, V, la thé

tich cua phan da dién chta diém B, V, thé tich phan da dién con lai. Tinh ti s6

A.LzZ B,hzz C.£=3 D,LZE
vV, 2 v, v, v, 2

Loi giai

Vi M, N lan lwgt la trung diém ctia BB’ va CC’ nén ta cé:
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1 1 1
SMNCB = ESBCC’B' = VA’.MNC’B' = E VA’.BCC’B’ = E(VABC.A'B'C' - VA’.ABC )
Lai c6
1 1 1 1
Vi ape = 5 Visc.awe = Vaunen = E Visc.ame — 5 Viscape |= 5 V ssc ame
1
vV Vv VABC.A’B’C' T a VABC.A'B’C'
Vay ti 5§ —L = —AMNAEC _ 3 _
Ve Viwnes 1 v
3 | ABC.ABC
Pap an B.

Cau 28: Mot hinh lap phwong c6 canh 4 cm. Nguoi ta son d6 médt ngoai ctia hinh
1ap phuong r6i cat hinh 14p phuong béng cidc mit phang song song véi cac méat
cta hinh lap phuong thanh 64 hinh lap phuwong nho cé canh 1 cm. C6 bao nhiéu
hinh lap phuong c6 ding mot mat dwoc son do?

A.8 B. 16 C.24 D. 48

Lai giai

Mobi mit sé c 4 phan thudc hinh chi dwgc t6 mot [an tirc 1a mdi mat sé sinh ra 4

hinh lap phuong thoa man yéu cau bai toan, ta cd 6 mat, tir d6 ta c6 24 hinh thoa

man yéu cau.

Pap an C.

Cau 29: Cho hinh chép S.ABCD c6 day la hinh vudng canh bang 4. Mt bén SAB
la tam gidc déu va nam trong mit phang vudng goc véi day. Goi M, N, P lan luot
la trung di€m cua cac canh SD, CD, BC. Thé tich khdi chop S.ABPN la x, thé tich
khdi t¢ dién CMNP 1a y. Gid tri cta x, y théa man cac bat dang thiic nao dudi
day?

A. x*+2xy—y* >160 B. x* —2xy+2y* <109

C. xX*+xy—y* <145 D. x* —xy+y' >125

Loi giai

Goi H 1a trung diém cta AB. Do ASAB déunén SH L AB va SH = %‘E =243
Ma (SAB) L(ABCD) nén SH L(ABCD).

d(s;(ABCD))  sp

“ d(M;(ABCD)) MD

2= d(M;ABCD)= AN ST 5

S Ta co S,pey

1PCCN—
2

L

1 1

Lai €6 8,y =S spcp ~Sypen ~Swipw =4 522742 =10 (dvd)

1 20[ 20J§
_—)VS.ABPN = 55 ABPN — 2‘j§ 10=—— (dvtt) > T .
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3 3 3

2

\/— 2
* Phuwong dn A: x* +2xy —y° =(203 3] +

2 2
* Phuwong dn B: x* —2xy +2y° =(¥j —2.205/5.2\3/5+2(2f} = 3§8 >109.

2 4
* Phuwong dn C: x* +xy—y* :{203:5} + 20\5.2\5 —{2\EJ = 13904 <145 .

3 3 3
2 4
* Phuwong dn D: x> —xy +y* = [20;51 - 2Of.2\f + [2\35} = 109% <125.

Pap an C.

=~

Cau 30: Mot nguoi tho c6 mét khéi da hinh tru ¢ ban kinh day béng 30cm. Ké
hai duwong kinh MN, PQ cta hai ddy sao cho MN L PQ. Ngudi tho d6 cat khdi
d4 theo cac mit cit di qua ba trong bén di€ém M,N,P,Q dé€ dugc mot khoi da cd
hinh t dién (nhw hinh vé duéi). Biét rang khdi tix dién MNPQ c6 thé tich bang
30dm’ . Thé tich ctia lugng da bi cat bo gan véi két qua nao dudi day nhat?

B. 111,39 dn’. D. 111,35 dnr’.

A. 111,40 dm’. C. 111,30 dnr’.

Lai giai Truwdc hét ta c6 két qua: Khéi ti dién ABCD c6 thé tich dugc tinh

1

theo cong thite V., =~ ABCD.d(AB;CD).sin( AB,CD).

BCD —

1

Ap dung két qua nay, ta €6 V. = MN.PQd(MN; PQ).sin(MN,PQ):6.h,

MNPQ =
trong d6 MN =PQ=6dm va h=d (MN ; PQ) la chiéu cao ctuia hinh tru.
T gia thiét ta cd h=5dm.

Suy ra thé tich khéi trula V =nr’h = 457c(dm3 ) , VOi 1 =3dm.

Do d6 thé tich ctia lwong da bi cat bo 1a
Vo=V =V, o =451—30~111,3716694dn7’.

MNPQ
Vay phuong an dung la B.

Phén tich phuong dn nhiéu.
Phurong dn A va C: Sai do HS giai dung nhung lam tron s6 bi sai hodc ldy n=3,14.
Phwong dn D: Sai do HS chon n=3,141.

Pap an B.

Cau 31: Cho hinh chop S.ABCD c¢6 ddy ABCD la hinh chit nhat véi
AB=2,AD=2+/3.Mitbén SAB la tam giac déu va nam trong mat phang vuong
gbc véi mit phang (ABCD). Goi M,N,P Tan luot la trung di€ém cua cac canh
SA,CD,CB. Tinh c6sin goc tao boi hai mit phang (MNP) va (SCD).

A 2435 B 11145 c 2./870 b 34145
To145 ©o145 To145 ©o145
Loi giai

Goi H la trung diém cua canh AB.Khi d6 SH J_(ABCD).
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Ta cé SH L AB; AB L HN;HN L SH va SH =+/3.

Chon hé truc toa d0 Oxyz sao cho H trung véi O, B thudctia Ox, N thudc

tia Oy va S thuéc tia Oz. Khi dé: B(1;0;0), A(-1;0;0),N(0;2v/3;0),

c(1;245;0),D(—1;2J§;0),5(0;0;J§), M(—%;O;QJ,P(L\E;O)

2
(o o Bres oo s o
Mit phang (SCD) nhan n, = —?[CD,SC] = (0; 1;2) lam mqt vecto phap tuyén;
o, o — 23— N ,
mat phang (MNP) nhan n, :—T[MN,MP} =(\E;1;5) lam mot vecto phap
tuyén.
Goi ¢ 1a goc tao boi hai mit phang (MNP) va (SCD) thi
Iy 114145
COSP = === .
)| 145

Phén tich phuong dn nhiéu.

Phwong dn A: Sai do HS tinh dung E =(0; 1;2);112 =(\/§;1;5) nhung lai tinh sai

24/435

= Zx/g. Do @6 tinh dwoc cose = 145

Phwong dan C: Sai do HS tinh dung nj = (0; 1;2);1?2 = (\/5, 1;5) nhung lai tinh sai

n.n,

_— —_— 2 2
n,.nm, =‘[n1,n2} :\/32 +(2\/§) +(\/§) =2./6.
Do d6 tinh dwoc cos = 2870 .
145
Phwong dn D: Sai do HS tinh dang E =(0;1;2);1?2 =(\/§;1;5) nhung lai tinh sai
njnj =3. Do do6 tinh duoc cosg = 31i;15 .

bap an B.

Cau 32: Cho khdi lang tru ding ABC.A'B'C' ¢6 ddy ABC la tam giac can tai B.
BC=a, ABC=60°, CC'=4a. Tinh thé tich khéi A'CC'B'B.

3 3
A-V=2a3\/§- B-V=”;E. C. V=d’\3. D. V=3a"
Loi giai
B’ C’ ‘
AABC can c6 ABC =60° = AABC déu canh a
o 1
= VABC.A’B’C’ = SABC CC’ = E.a.a.sin60°,4a = as»\/g
4a
1 a3ﬁ
VA’ABC = EVABC.A’B’C’ = T
a
AN C 23 283
Q = Vicens = Vapcawe = Varase = ﬂ3\/§— T = 3
A Pap an A.
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Cho tam giac can c6 goc &
dinh ¢ thay d6i = dién
tich tam gidc 16n nhat khi
©=90°
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Cau 33: Kim ty thap Ké - 6p ¢ Ai Cap duoc xay dung vao khoang 2500 ndm trude
Cong nguyeén. Kim tu thap nay la mét khdi chop t giac déu cd chiéu cao la 147

m, canh day 1a 230 m. Thé tich cua né la:

A. 2592100 m°. B. 2952100 m°.
C. 2529100 m°. D. 2591200 m°.
Loi giai

Tacod V= %Sd h= %.2302.147 =2592100 m°.

Dap 4n A.

Cau 34: Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh a4, canh bén
SA=y>0 va vudng goc voi day. Trén AD lay diém M, dat AM =x (0 <x< a).
Néu x* +y* =4 thi gia tri 1én nhat cta thé tich S.ABCM bang:

23 23 23 3433

A. . B. . C. . D. .
3 8 24 8
Lai giai
SA=y= az—xz;SABCMzBCJ;AM.ABza;x.a

Ve apem =%SABCM.SA =%(u+x)\/a2 —x

Xét ham s& f(x) = (a+x)\/a2 —x* trén (0;11) ta duoc:

_fa _3\/§a2 _a3«/§
I{(}%)Xf(x)_f(EJ_ 4 = Vmax - 8

bap an B.

Cau 35: Mot nhém ban di du lich dung 1éu bang cach gap déi chiéc bat hinh
vudng canh 1a 6 m (hinh vé), sau d6 duing hai chiéc gay c6 chiéu dai bang nhau
chdng theo phuong thang dimg vao hai mép gp dé khong gian trong [éu 1a 16n

nhat thi chiéu dai ctia chiéc gay la:

A. im B. —m. C. Em. D.1m.
2 2 2

Lai giai
Khong gian [éu la mot khéi lang tru ding co chiéu cao 1a 6 m, ddy la tam giac

can c6 canh bén la 3 m va goc ¢ dinhla e (0;180°) .
Khi d6 thé tich ctia khoi lang trula: 'V = %.%.3.3.sin 9.6 =9sin@ (m’)
=V __ <sine = e=90°
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3J_

Goi chiéu cao gy la h=h=——(m)

Dap 4n B.

Cau 36: Cho hinh héop ABCD.A'B'C'D', O=ACNBD, M, N lan luot la trung

’

diéim cita BB’ va C'D. Mit phing (MNO) cit BC' tai E thitiss £ la
z B. 2. ci D. 2.
5 3 3 2
Lai gidi

+ Trong mét phing (BB'D'D) goi I =MONDD', H=MONBD'

Trong mét phang (DD'C'C) goi ] =NINDC

Trong mit phang (ABCD) goi K=JONAB

Trong mat phang (AA’B'B) goi F=MKnNA'B

Trong mt phing (A'B'C'D') goi E=B'C'FN = E=BC(MNO)

BO=BH=0D= CD _1L (OD//D'H)= ID_OD _1
D' HD' 3
Ma JD//ND' =2 1D _1
ND' ID' 3
C6 ND'=NC’; JD=KB=FB' B _1_BE_1
CN 3 EC 3

Pap an C.

Cau 37: Cho lang tru ding ABC.A'B'C’' c6 day ABC la tam giac can dinh A,
ABC=a, BC' tao v6i (ABC) géc B. Goi I la trung diém AA’, biét BIC =90°.

Tinh tan’® o+ tan” .

A. % B.2. C. 3. D. 1.
Lai giai
; BB' - e
Ta co tanP = To Goi H la trung diém cua BC.
4( A’ + AH?
AAHB vuong tai H = tana AH:ﬁ:tan o+ tan® [3_(—2) *
BH BC BC

Ma ABIC vudng tai [ :IH—%: BC? =4IH?

Thay vao (*) ta cé: tan” o+ tan’B=1.

bap an D.
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Nhiéu hoc sinh chon dép an
B, tuy nhién néu chi sit dung
17 bao xi mang thi van con
thifu mot lwong nho xi
mang nita méi ¢6 thé hoan
thién hé thong cot. Vi vay ta
nén chon 18 bao xi mang va
khi hoan thién xong toan bd
hé thong cot sé con thira lai
\mét Iwong xi mang.
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UL. KHOI TRON KOAY

Cau 1: Mot doi xay dung can hoan thién mét hé thong cot tron ctia mot cira hang
kinh doanh gom 10 chiéc. Truedc khi hoan thién, mdi chiéc cdt 1a mot khdi bé tong
¢St thép hinh lang tru luc gidc déu cé canh bang 20 cm; sau khi hoan thién (bang
cach trat thém vita vao xung quanh), mdi cot 1a mot khéi tru c6 duong kinh day
béng 42 cm. Chiéu cao ctia mdi cdt truede va sau khi hoan thién 1a 4 m. Biét lwong
xi mang can dung chiém 80% luong vita va ct mét bao xi mang 50 kg thi twong
duong v6i 64000 cm’® xi mang. Hoi can it nhat bao nhiéu bao xi mang loai 50 kg
dé€ hoan thién toan bo hé thong cot?
A. 22 bao. B. 17 bao.

C. 18 bao. D. 25 bao.

— FOR REVIEW
Mot hinh hop chit nhat
néu biét ba kich thudc
a,b,c thi thé tich cta né
duoc tinh theo cong thitc
V =abc.

Laii gii
Trudc khi hoan thién, mdi chiéc cot 1a mot khoi bé tong cot thép hinh lang tru

v6i day la hinh luc giac déu c6 dién tich la S, =6. M =6004/3 (cm )

Theé tich mdi khéi lang tru ltc dau la: V, =S h= 600\/5 400 =240000V/3 (cm*).
Thé tich mdi khoi cdt hinh tru sau khi hoan thién la:
V, =m.21400 = 176400z crr*).
Suy ra thé tich lwong vita trat thém vao cho ca 10 cay cot la:
V =10.(V, - V,)=10.(176400% — 2400003 )  1384847,503(cm ).
Do luong xi mang chiém 80% luong vita nén luong xi mang can dung dé€ xay hé

thong cotla: V ~1384847,503x80% ~ 1107878,002((?7713 )

4 . . A \ \ V
56 bao xi méng loai 50 kg can dung la: "'60 ~17,3106.
Vay can it nhat 18 bao xi mang dé hoan thién toan bd hé théng cot.

Pap an C.

Cau 2: Thay Thu day toan & treong THPT chuyén Nguyén Quang Diéu, tinh
Pong Thap mudn xay dung mot hd ga dang hinh hdp chit nhat c6 ndp bang bé
tong véi thé tich3m?®, biét ti s6 chiéu cao va chiéu rong ctia hd ga bang 1,5. Xac
dinh chiéu cao ctia hé ga dé khi xay ho tiét kiém dwoc nguyén liéu nhat?

A. 1,2 (m). B. 3 % (m). C. 2 (m). D. %3 4 (m).

Agm "-?7.
Lai giai
Goi x,y,h Tan luot la chiéu rong, chiéu dai, chiéu cao ctia hé ga

(x>0,y>0,h>0,m)

Thé’tichha’gavzxyh@yzlhz_:_
X

Dién tich can xay dung hd ga la S(x)=2xy +2xh+2yh=3x" + 10
x

Bai toan tro thanh tim x d€ S(x) nho nhét
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Ta co S'(x)=6x—i—(2), S’(x):O <X, :i/g.

Lap bang xét dau S'(x)

S’(x) | - 0 +

Dua vao bang xét dau S’(x), thay S(x) dat gia tri nho nhat < x = i/%

Vay h= %i/g =3 %(m) la chiéu cao xay ho ga tiét kiém dwgc nguyén liéu nhat.

Dép 4n B.

Cau 3: Cho hinh chép S.ABC c6 day ABC la tam giac déu canh a, canh bén SA
vudng goc véi mat phang day. Goi B,,C, lan luot 1a hinh chiéu cia A trén

SB,SC . Tinh ban kinh mat cau di qua nam diém A,B,C,B,,C, .

A.ﬁ. B W3 c. WS D.ﬁ.
2 3 4 6

Loi gidi
Goi I la tam duong tron ngoai ti€p tam giac ABC =IA=IB=IC (1)
Ta co ASAC=ASAB= AB, = AC,. Ttt day ta chitng minh duoc B,C,//BC.
Goi M la trung diém cua BC = BC J_(SAM) = B,C, J_(SAM).

' HB, HC, .
Goi {H}=SM NB,C,=>—=~=—2%, do MB=MC nén HB, =HC,

MB MC

Mit phang (SAM) di qua trung diém H caa B,C, va B,C, L(SAM) nén (SAM)

1a mat phang trung truc ctia B,C,. Do [e AM (SAM) nén IB, =IC, (2)

AB LIN

= IN L(SAB).
SALIN

Goi N la trung diém ctia AB, suy ra {

Tam giac ABB, vuong tai B, c6 N la trung diém ctia ABnén NA =NB, = % AB.

Nhu vy ta c6 cac tam giac vudng sau bang nhau
AINA=AINB=AINB, = IA=IB=1IB, (3).
T (1),(2) va (3) suy ra 5 diém A; B;C; B;;C, cling nam trén mit cau tdm I, ban

Zux/g Lh/g
2 3

kinh R=IA =35 ~ 3 (do ABC la tam gidc déu va I 1a tam duong tron

ngoai ti€p = I clng la trong tam tam giac ABC).
Dap an B.

Cau 4: Cho tam giac vudng OPM c6 canh OP nam trén truc Ox, canh huyén
OM khong d6i, OM=R (R>0). Tinh theo R gia tri 16n nhat ctia thé tich khoi
tron xoay thu dugc khi quay tam gidc dé xung quanh truc Ox .
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VE
M
R K \‘
! \
(@) \\\\ 1 P : X’
~<_ \\ )
\\\\ . ,,
3 3 3 3
A. 2\ETER . B. ZxEnR . C. 2\ERR . D. Z\ETCR .
27 9 27 9

Loi giai
Tam giac OPM vudng tai P suy ra OP = R.coso; MP = R.sina..
Thé tich khdi nén dugc tinh bang cong thite

3 3
V= %.OP.TCMPZ = %.R.COS o.m.R?.sin o, = %.COS o.sin®a = mR

.COSOL(]. —cos? a).

V dat gia tri 16n nhat khi —cos’ a.+coso dat gia tri 16n nhat.
Str dung TABLE ta c6
o) M @) ) DI B Hm D EEOEOEE0EOME

3
Ta thdy ham s6 dat gid tri 1on nhat la 0,384 = —2;{5. Suy ra maxV = Z\E;R .
Pap an A.

Cau 5: Mot hinh hop chir nhat ¢ kich thudc 4x4xh chita mot khoi cau ban kinh
béng 2 va tdm khdi cau nho hon c6 ban kinh bang 1. Cac khdi cau nho d6i mot
ti€p xtic nhau va ti€p xtc voi ba mat ctia hinh hop, khoi cau 16n tiép xuc voi ca
tam khoi cau nho (xem hinh vé). Tim gid tri cua h.

A 24247 . B. 3+245. C. 4+247 . D. 5+245.

Lai giai

Bon tdm cuia cac bi nho cung vdi tdm ctia cac bi 16n tao thanh hinh chép t& giac
déu c6 canh day bang 2 va canh bén bang 3. Khi d6 chiéu cao ctia hinh chép déu
nay 1a 7.

Khoang cach tir tam ctia bi 1én dén day ctia hinh hop 1a V7 +1.

Do d6 chiéu cao cua hinh hop la 2.(\/7+ 1) =2+247.

Dap an A.

Cau 6: Cho khdi tru c6 ban kinh day bang r va chiéu cao bang /. Cat khéi tru
. . : 2
bang mat phang (P) song song voi truc va cach truc mét khoang bang VT . Mt

phang (P) chia khoi try thanh hai phan. Goi V, 1a thé tich cta phan chita tam

cua duong tron day va V, thé tich cta phan khong chtra tam cua dwong tron

LV
ddy, tinh ty s6 —-.
VZ
V — V - \% V
Aa 32 g b2 o Y30k poadmi2
vV, n-2 V, 3mn+2 v, , 7n—=2
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Lai giai
Mit phang (P) cit duong tron dady theo day cung c6 d6 dai bang

z/h>i
/o

D Do dai r\/z chinh 1a d¢ dai canh ctia hinh vudng noi ti€p duong tron ban kinh
r.

Xét hinh hop chit nhéat c6 day 1a hinh vudng ndi tiép hinh tru. Khi d6 khoi hop
chit nhat d6 chia khéi tru thanh 5 phan gom mot phan 1a khéi hop va bon phan

| - - ST -_~.~_;\ bang nhau 6 ngoai khdi hop nhung & trong khdi tru.
A R Thé tich khéi tru 1a V = 2k Thé tich khéi hop chit nhat nédi trén 1a
:,‘ ______ .~ ; Gihe p :
D V, = (r\/z) h=2r"h.
1%
Do dé 21— 3n+ 2.
n—-2

2
Phén tich phuong 4n nhiéu:
Phuong an A: Sai do HS giai dung nhu trén nhung khi tinh V| lai sai. Cu thé:

Sr-2 r’h.

V,=V-V, =nr2h—“T_2r2h=

v _
Do dé 1 =3%=2
Vv n—2

2

Phwong an B: Sai do HS xac dinh sai cac phan do mat phéng (P) tao ra nén tinh
3n+2

n—2

rh.

duwoc V, = rhvaV,=V-V, =

Phuong an C: Sai do HS cho rang khi chiéu cao bang nhau thi ty s3 thé tich bang
ty s6 doan thang chén trén duong kinh twwong ting. Cu thé:

1’+7r 2
1%
-2 _3422.
V2 _Q
2

Pap an D.

Cau 7: Cho hinh chép S.ABCD c6 ABC = ADC =90°. Canh bén SA vuong goc voi
mét phang (ABCD), gbc tao boi SC va mit phang day bang 60°,CD=a va

2

AADC c6 dién tich bang a > > . Dién tich mat cau ngoai ti€p hinh chép S.ABCD
la

A. S=16ma’. B. S=4ma’. C. $=32ma". D. S=8mna’.
Lai giai

1. Xac dinh tam va ban kinh mat cau ngoai ti€p hinh chép S.ABCD
Ta ¢6 CBLAB,CBLSA,ABNSA=A=CB_L (SAB) =CB LSB=ASBC vudng
tai B.
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STUDY TIPS
Dién tich méit cAu c6 ban
kinh R duoc tinh theo cong
thizc: S=4nR>.

Lai 6 CDL1AD,CD1SA,ADNSA=A=CD L(SAD)=CD LSD=>ASDC
vuong tai D.

Mit khac SA L (ABCD)=>SA L AC=>ASAC vubng tai A.

Goi I la trung diém cua SC. Céc tam giac: ASAC,ASBC,ASDC lan lugt vudng tai

cicdinh A, BvaDnén IS=IA=IB=IC=ID= %SC. Vay mat cau ngoai tiép hinh

1
chp S.ABCD ¢ tam 1, bin kinh R =—-SC.
2. Tinh dién tich mat cau

Ta c6 (SC,(ABCD))=(SC, AC) =sCA =60

2S5 2
Do AADC vubng tai Anén S, . = %AD.CD < AD= % = & =a\3
a
2
— AC=\JAD* +CD* =, /(aﬁ) +a* =2a.
. 2a
Ma AC=S5C.cosSCA=SC = =4q.
cos60°

Vay ban kinh cta mdt cau ngoai ti€p hinh choép S.ABCD la R= % = % =2a va

dién tich mt cau la §=4nR* =4r.(24)" =16ma’ (dvdt).

Pap an A.

Cau 8: Cho mit cau (S) tim O béan kinh 7. Hinh nén c6 duong tron day (C) va
dinh I déu thudc (S) duoc goi la hinh nén noi ti€p mat cau (S) . Goi h la chiéu

cao cta hinh nén. Tim h d€ thé tich cta khdi nén 1a 16n nhat.

Ay B. L. c.l. p. 7"
3 3 6 6
Loi giai
Ki hiéu nhw hinh vé.

Ta thdy IK =r'la ban kinh ddy ctia hinh chdép, Al =h la chiéu cao cua hinh chép.
Tam gidc AKM vuong tai K c6 IK la la dwong cao
= IK*> = ALIM=7r" = h.(2r—h).

chop 3

Tacoé V =l.nr'z.h:1n.h.h.(2r—h)=énﬁ.ﬁ(21’—h).
3 3 22

3
Ik [2+2+2r_hJ 81°
. o "
Ap dung bat dang thirc Cauchy tacd —.—.(2r—h) < =—
pcung & Y 22 ( r ) 27 27

3
eV, Sén.izg.nre’.
aor 3 27 81

D&u bang xay ra khi g=2r—h <h =%. Vay ta chon A.

Dap an A.

Cau 9: Cho mét chiéce c6c c6 dang hinh nén cut va mot vién bi c6 duong kinh

bang chiéu cao cta coc. D6 day nudce vao cOc roi tha vién bi vao, ta thay luong
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nwdc tran ra bang mot nira lwgng nude d6 vao coc lic ban dau. Biét vién bi tiép
xuc voi ddy coc va thanh cde. Tim ti s6 ban kinh ctia miéng cdc va day cdc (bo
qua d¢ day ctia c6c).

A.\/a 3+»\E 1+xE

B. 2. C. . D. .
2 2

3
Ldi giai  Taco Vbizvmczé(ﬁ] w5V, =V, =—h(R +r’+Rr).

T
A’V B 302 coc ne 3

3
Ma V=2V _ dovay gh(R2 +7? +Rr)=2.§.(gj n <R +r* +Rr=H
h
r 3+x/§
2 —= (tm)
S h A Ma i2 =(R+r)’ =(R-7)" do vy PT@[LJ 341=0|R 2
©owc U
R 2
Pap an C.

Cau 10: Mot chiéc ly dang hinh nén (nhu hinh vé). Nguoi ta d6 mot lwong nude
vao ly sao cho chiéu cao ctia lwong nudc trong ly bang % chiéu cao cua ly (tinh

phan chita nudc). Hoi néu bit kin miéng ly r6i tp nguoc ly lai thi ti 1€ chiéu cao
cua mure nuedce va chiéu cao cuia ly nudce lae d6 bang bao nhiéu?

_ _3, _3
A. 3 Zﬁ. B. 3 25. C. l D. 3 26.
3 3 9 3

Léii gii
Goi chiéu cao va ban kinh duong tron day ctia chiéc ly lan luwotla 7 va R
~? 7 ? - A 1
= Thé tich ctia chiécly V = gnth .
e Khi d€ cSc theo chiéu xudi thi lwgng nudce trong cde la hinh nén cé chiéu cao

va ban kinh duong tron day lan luot la g va %

2
= Thé tich ctia Iwong nude V, :%n(ﬁj [EJ v

3)(3) 27
— Thé tich phan khong chtta nude V, = %

e Khi tip nguoc ly lai thi phan thé tich nudc trong ly khong d6i va lac d6 phan

khong chita nudce la hinh nén. Goi k' va R' lan lwot la chiéu cao va ban kinh

N <A w1 . A . Y . R s m
duong tron day ctia phan hinh nén khong chita nuedc do. Ta co % va phan
thé tich hinh nén khong chira nuéce la

12 1 N3 ' 3
VZ:E.VelnR'Z.h':§. 17tRZ.h gL 'h _26 s :éeh—: 26
27 3 27 (3 R°h 27 h 27 h 3

Vay ty 1é chiéu cao cia muc nuwdc va chiéu cao cta ly nudc trong truong hop up

Ch=h' w6 3-36
nguocly la 21_ﬁ=1_ 3 = 3

bap an D.

140 | Hé thang gido duc truc tuyén ngochuyenlb.edu.vn



STUDY TIPS
Ban doc c6 thé thir tig két
qua & cac phuong an ngugc
lai d€ duoc dédp an chinh

xac.

200 bai toan VD — VDC facebook.com/huyenvu2405

Cau 11: Cho hinh nén dinh S day la hinh tron tam O, SA, SB la hai dwong sinh
biét SO =3, khoang cach tir O dén (SAB) 12 1 va dién tich ASAB 1a 18. Tinh ban

kinh day ctia hinh nén trén.

a0 c 2 p. 2,

Laii gii
+ Goi I 1a trung diém ctia AB, H la hinh chiéu cta O 1én SI
=OH L(SAB)=OH =1

1 1 1 1 1 1 8 > 9
+ TToa T AT ar T g o0l =%
OH 0Ss° 0OI Ol 1 9 9 8
:>SI:\/012+052=,E+9=¥
45, =2SILAB= AB==10 10 48
2 o2 2 2
4
8 9 530
= A0=,|| —=| +==—=R
2 8 4

bap an B.

Cau 12: Hoc sinh A st dung 1 x6 dung nudc ¢6 hinh dang va kich thudc giong
nhu hinh vé, trong d6 day xo6 la hinh tron c6 ban kinh 20 cm, miéng x06 la dwong
tron ban kinh 30 cm, chiéu cao x6 1a 80 cm. Mbi thang A dung hét 10 xd nudc.
Hoi A phai tra bao nhiéu tién néc mbi thang, biét gia nuwde 1a 20000 dong/1 m’
(s0 tién duoc lam tron dén don vi dong)?

A. 35279 dong B. 38905 dong C. 42116 dong D. 31835 dong

STUDY TIPS
Cai x6 c6 dang hinh nén cut,
béan kinh hai d4y lan luot la
R, r va chiéu cao h nén thé&
tich cting duoc tinh nhanh
theo cong thic:

V=énh(R2 +1? +Rr).

Loi giai
Xét hinh nén dinh A, duong cao h

(h > SOcm) va c6 day la duong tron tam
O, bén kinh R=30cm. M4t phang (OL) 80 cm
cach mit ddy 80cm va cit hinh nén theo
giao tuyén la duong tron tam O’ c¢6 ban

kinh r=20cm . Mit phang (Oc) chia hinh

nén thanh 2 phan. Phan (I) 1a phan chira

dinh A, phan (II) 1a phan khong chia 4

dinh A (hinh vé).

Tacs 2249, 40 =2<:>L=2<:>AO’=160(cm)
OC~ A0~ A0+00 3 AO+80 3

Thé tich hinhnénla V = % AO.sR’ = %(160 +80).7.30% = 720007 (cm’ )

Thé tich phan (I) 1a V, = % AO'mr’ = %160.7:.202 = 64;;00 m(cm’).
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Thé tich cai xd ciing 1a thé tich phan (1), ta c6:

3 3 64000 152000 5\ 19 3
Vi =V = V) =72000m-—=r=— n(cm’)= = m(m’)
Vay s6 tien phai tra mdi thang la 20000.V-10 =20000. 31—795n 10~ 31835 (dong).
Pap an D.
oA 1 v vs (1 2 i a .
Cau 13: Cho tam ton hinh nén c6 ban kinh day 1a r = 3/ do dai duong sinh [=2.
O
M N Nguoi ta cat theo mot duong sinh va trai phang ra duwoc moét hinh quat. Goi M,
N tht ty 1a trung diém OA va OB. Hoi khi cit hinh quat theo hinh chit nhat
MNPQ (hinh v€) va tao thanh hinh tru duong sinh PN trung MQ (2 day lam
0 P riéng) thi dwoc khdi tru c6 thé tich bang bao nhiéu?
3r(\13-1) 3(V13-1) 5(V13-1) n(Vi3-1)
Al —= B. —= C.——~= D.—=
8 8m 12n 9
Loi giai
Qua O ké duong thang vuong goc véi MN, duong thang nay cat MN, PQ, cung
AB, AQlan luot tai H, F, D, E.
Do dai cung AB la chu vi duong tron day ctia hinhnénnén [, = 2m.r = 2m. % = 4—;
l
Laico 1, =a.0A= o =—E =@:2=2—R=AOB
OA 3 3
Ap dung dinh i cosin trong tam giac OAB c6
AB=\JOA? + OB* ~2.0A.0B.cos AOB = \/22 +22-2.2 (——j 243.
© 1
M N B Do M, N lan luot la trung diém ctia OA, OBnén MN =—AB= \ﬁ =PQ
— VA AN 2
= MH = 1MN = ﬁ .
F 2 2
p
Q -D/ Do OD L AB nén OD la tia phan giac cia AOB= AOD =60°. Xét tam giac
vuong OMH c6 OH = OM.cos 60 :1.% = %
E \/_ )
2 > pre 22427 (43
Xét tam gidc OPQ c6 cos POQ = OP +OQ —PQ _ ( ) -2
2.0P.0Q 222 8

F.;S‘
\w

Ma cos POQ = cos(2DOQ) 2cos’ DOQ 1= g = cos DOQ =
Xét tam gidc DOQ cé:
QD? =0Q* +OD? —2.0Q.0D.cos DOQ =8 —-24/13

2
Xét tam giac vuéng DQF ¢6 DF? =QD* -QF* = (8 2«/_) [J_J %—2@

W\/ 24\/*

14ff1

= HF=0OD-OH-DF=2- 2 2 =MQ=NP.
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Goi R la ban kinh ddy cta hinh tru tao boi hinh chit nhat MNPQ. Chu vi day ctia

NG

hinh tru chinh la d6 dai cia PQ nén PQ=2nR - R= P
T

Khi d6 thé tich khdi tru tao ra bdi hinh ch nhat MNPQ la:

) 51 31

V=nR*.MQ=mn|—
Q ( J 2 8n

27

Pap an B.

Cau 14: Cho hinh cau (S) tam O, ban kinh R. Hinh céu (S) ngoai ti€p mot hinh
tru tron xoay (T) c6 dudng cao bdng duong kinh déy va hinh cau (S) lai noi tiép
trong mot hinh nén tron xoay (N) ¢6 goc ¢ dinh bang 60°. Tinh ti s6 thé tich
cta hinh tru (N ) va hinh nén (T) .

A. =— B. =— C.
6 V

D. Pap an khac

Laii giai

Goi R 1a ban kinh ctia hinh cau (S) . Bai toan c6 thé quy vé: “Cho duong tron tam
O, ban kinh R ngoai ti€p hinh vuéng ABCD va ndi tiép ASEF déu” (hinh veé).
Hinh vuéng ABCD néi ti€p duong tron (O) nén
AC=BD=2R=AB\2 < AB=+[2R

= Ban kinh day va chiéu cao ctia hinh tru (T) lan lwot 1a _4B =@ va

h=AB=+2R.

2
3
Thé tich khéi try 1a V,,, =mr*h = T{@J J2R=T ;R ,

Ta c6 ASEF déu va ngoai ti€p duong tron (O) nén O la trong tam cua ASEF.
Goi H la trung diém ctia EF thi SH =30H =3R = HF = SH.tan30° = R\3
= Ban kinh ddy va chiéu cao cua hinh nén (N ) lan luot la HF =R3 va

~? s A 7 \ 1 2 1 2 3
SH=3R. Thé'tich khi nén la V|, = m.HF*SH = gn.(RJE ) 3R=37R".
2R
s el
ay e e
Vo 3R 6

Dap an A.

Cau 15: Mot phéu dung kem hinh nén bang bac c6 thé tich 127 (cm®) va chiéu
cao 1a 4 cm. Mudn tang thé tich kem trong phéu hinh nén 1én 4 Ian nhung chiéu

cao khong thay d6i thi dién tich miéng gidy bac can thém la

A. (12\/E —15)n (cm?). B. 12113 (cm?).
C. @ (cm?). D. (12@ +15)n (cm?).

Heé thong giao duc truc tuyén ngochuyenlb.edu.vn | 143




Ngoc Huyén LB The Best or Nothing

Liii gii
Goi R,, b, Tan luwot la ban kinh duong tron day va chiéu cao ctia hinh nén lac
dau; R,,h, lan luot la ban kinh duwong tron day va chiéu cao ctia hinh nén sau
khi tang thé tich.
vV =%1tR]2.h1 :>12TC=%TER12.4:>R1 =3cm

1 . vV, R
V, =Rk, v6i by =h, :ﬁ:é:k:& =2R =6

Dién tich xung quanh ctia hinh nén lac dau: qu1 =m.R.l =15n
Dién tich xung quanh hinh nén khi tang thé tich: quz =n.R, I, = 1271:\/E
Dién tich phan gidy bac can tang thém: S = (12\/E - 15)7: (cm?).

Dap an A.

Cau 16: Cho hinh chop S.ABCD, ddy ABCD la hinh vudng canh 24, SAD la tam
giac déu va nam trong mit phang vudng goc véi day. Goi M, N lan luot 1a trung
diém cta BC va CD. Khi d6 ban kinh mat cau ngoai tiép khdi SCMN la:

3a B a\/g C. @a. 31

A, —. . . D. —a.
2 6 12

NHAN XET
Mot s8 bai toan dung hinh
phtec tap thi ban nén thtr véi
phuwong phap toa d6 hda
nhu bai toan nay sé “sang”
hon r&t nhiéu.

Lai giai

Goi H la trung diém ctia AD=>SH L (ABCD)=>SH=a/3

Cho hé truc toa d0 nhu hinh vé = D(a; O;O), M(O,'Za;O), N(a,' a;O)
= Trung diém MN la I(g;%;O] co S(O;O;u\/g),C(a;Za;O)

Goi d 1a duong thang di qua I va vudng goc voi (ABCD)

=d co vecto chi phwong k= (O; 0;1)

ANCM vudng tai C =1 la tdm duong tron ngoai tiép

= d 1a truc ciia duong tron ngoai ti€p tam giac CMN
= Tam | cia mit cau ngoai ti€p SCMN thudc d

Ta cé d qua I[%;%;Oj va %z(O;O;l) la vecto chi phwong =d:{y=

a'3a. ‘ B a 2 a 2 . (a 2 % 2 ) )
:](E'?'tj ma ]C—]S:{z] +(2] +t —(2] +(2J +(a«/§ t)
03 o

6

=>t= = Ban kinh R=]JC= a.

Pap an C.

Cau 17: Chia tam bia hinh tron ban kinh R=30cm thanh 3 phan (nhu hinh vé).
Lay mot phan va udén thanh mot hinh nén c6 duong sinh la ban kinh cta hinh
tron trén. Khi do6 thé tich ctia khdi nén tao thanh la:
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-

2nR3\2 g ™R’

3
. p. ™R
81 27

A. .
81

Loi giai
Goi hinh nén tao thanh c6 ban kinh la r

Chu vi ddy Ia 27 = %.mz (bing % chu vi ctia hinh tron dau) =7 = % R

2
Hinh nén c6 duong sinh 1a R = Chiéu cao h=+R* —r* =,|R? —% = #
2 3
Th tich Khéi nén tao thanh 1a V = Lny2h - L & 2842 _2R'm2
3 3 9 3 81
Dap an A.

Cau 18: Thé tich khoi tron khdi tron xoay gidy nén boi hinh tron
x’ +(y—a)2 <R*(0<R<a) khi quay quanh tryc Ox la:
A. 8’aR?. B. 4n’aR’. C. n*aR?. D. 27%aR>.

Loi giai

Ta co x° +(y—a)2 =R’ @y:aim

= Nrtra trén hinh tron c6 phuong trinhla y=a+ \/Rzi—x2
Ntra dudi hinh tron ¢6 phwong trinh la y=a— \/m

= Thé tich ctia hinh xuyén la

R R R
V=V -V, =7c_|.(a+\/R2—xz)de—nI(a—\/Rz—xz )zdx =4naj R* —x*dx
R -R -R

x = Rsint = dx = Rcostdt

bat
T x=-R=>t=-I; x:R:tzg

cos® tdt = 2n%aR?

4 —nla

5
=V =4ma j JR? —R?sin?t.Rcostdt = 4maR>
3

2

Pap an D.

Cau 19: Cho t dién ABCD c6 day BCD la tam giac déu, trong tam G. A la
duong thang qua G va vudng goc véi (BCD). A chay trén A sao cho mat cau
ngoai ti€p ABCD c6 thé tich nho nhat. Khi d6 thé tich khéi ABCD la:

a a2 3 3

A, —. B. . C. . D. .
12 12 12 6

Loi giai
Goi I la tdm mat cau ngoai tiép ABCD =IeA va I[A=IB=R
= Theé tich mat cau ngoai ti€p ABCD nho nhat < IB nho nhat
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a3
3

SIBlAI=G=IA=IB=BG= =AG

1

=V o =5 Ssep-AG= .0

S
Nz\l
w
S
wgl
W
S
w

N | —

1
3
Dap an A.

Cau 20: Cho hinh tru c6 day la hai duong tron tam O va O’, ban kinh R va chiéu
cao la Rv/2. Trén hai duong tron (O) va (O’) lan luot 1dy hai diém A va B sao

cho géc cua hai duong thang OA va OB bang o khong ddi. Tinh AB theo R va
a.

A. R,/1+4sin2%. B. R1/2+4sin2%.

C. RJ2+4sin’a. D. R\1+4sin’a.

Lai giai
A :. ) Ké O'A'||OA thi A'O'B=a
N Vé O'H 1L A'B thi H la trung diém cua A'B
AO'A'H vuong tai H nén

- A'H=O'A'.sin%=R.sin%:>A'B=2A'H=2Rsin%

\L-Z_ s
A’\—H)/B — AB=+AA?+ A'B? :\/2R2+4stin2%:R\/2+4sin2%

bap an B.
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Ta ap dung phwong phap
giai ctia bai toan tong quat
d€ giai cac bai toan twong
te & dwoi day.

Trong khong gian véi hé
toa d6 Oxyz, cho ba diém
A(1;4;5), B(3;4;0)
C(Z;—l; 0), mét phing
(P):3x-3y-2z-12=0.
Goi diém M (a;b;c) nam
trén mat phéng (P) sao

cho MA? + MB* + 3MC?
dat gia tri nhé nhat. Tinh
tong a+b+c.

A. 3. B. 2.

C. -2. D. -3.
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VIl HINH TOA DO OKVZ

Cau 1: Trong khong gian Oxyz, cho hai diém A(2;—2;4),B(—3;3;—1) va mat
phéng (P):2x—y+2z-8=0.Xét M la diém thay d6i thudc (P), gid tri nho nhat
cia 2MA? + 3MB? bang:

A. 135. B. 105.

C. 108. D. 145.

Loi giai
2(2-x,)+3(-3-x,)=0 (x =-1
L&y diém I thoa man 2IA+3IB=0.Tac {2(-2-y,)+3(3-y,)=0 &1y, =1
2(4-z,)+3(-1-z)=0 [z =1
Suy ra I(—1;1;1).
Ta c6 2MA? +3MB? =2(M+Ex)2 +3(A711+E)2
= 5MI? + 21A? + 31B? +2M.(2ﬁ+3ﬁ)=51\/ﬂ2 +21A2 +31B? (do 2IA+3IB=0).

V6i diém I(—1;1;1) thi IA* va IB® khong d6i. Suy ra 2MA? +3MB® nho nhét khi

o [2(-1)-1+2.1-8]
MInhé nhat < MI L(P) hay MI =d(I;(P))= —— =3,

2%+ (—1) +2°
C6 IA* =27 va IB* =12.
Vay gid tri nho nhat caa 2MA” + 3MB* béing

5MI* +2IA* +3IB* =5.3* +2.27 +3.12 =135.

Bai toan tong quat: Trong khong gian cho n diém A, A,,.., A, . Tim difém M sao
cho biéu thtc P =a,MA? +a,MA? +...+ o, MA?
a. Dat gia tri nho nhat, voi o, + o, +...+a, >0.
b. Pat gia tri 1on nhat, véi o, + o, +...+a, <O0.
Phwong phap giai:
Goi I'la diém thoa man a, E +a., E +o.+a, E =0. Diém I ton tai va duy nhat

néu Zn:ai # 0. Khi d6 P=a1(M+E)2+aZ(]W+E)Z+...+ocn(]W+E)2
i=1

= (o, +0, +...+ 0, ).MI? +2(a1.E+a2.E+...+an.E)+Zn:ai.IAf

i=1
Do ) a,.IA? khong d6i nén
i=1
a.Néu o, +a, +...+a, >0 thi Pnho nhat < MI nho nhat.

b.Néu o, +a, +..+a, <0 thi P1én nhat < MI 16n nhat.

Dap an A.

Cau 2: Trong khong gian Oxyz, cho cac diém A(l;O;O), B(O;2;O), C(O;O;—l).
Biét rdng ton tai duy nhat diém S(a;b;c) khéc gdc toa 4o d&€ SA, SB, SC doi mot

vudng goc. Tinh tong binh phuong gia tricaa a, b va c.

Al B. % c D. 16
9 81 9 81
Loi giai

Heé thong giao duc truc tuyén ngochuyenlb.edu.vn | 147




( STUDY TIP %

1) Trong khoéng gian, cho
tam giac ABC c6 ba goc
nhon. Khi @6, ton tai ding

hai diém S, va S, sao cho
cac t¢ dién SABC va
S,ABC 1a cac t¢ dién vudng
tai S, va S,.Pong thoi, S,
va S, d6i xting v6i nhau
qua mat phéng (ABC) .

2) Trong khong gian Oxyz,
cho diém M(x,;y,z,) va
mp (P):ax+by+cz+d=0.
Goi H va M’ lan luot 1a hinh
chiéu vudng gbc ctia M 1én
(P) va diém d8i xtmg véi M
qua (P) . Khi dé:

H(Jc0 +at;y, +bt; z, +ct),
M'(x, +2at;y, +2bt; z, + 2ct )
ax, + by, +cz, +d

voi t=-
a? +b* +c?

.

,C STUDY TIP %

Cho ba s6 dwong p, g, r va

diém  M(x;y,z,)  v6i
XoY,2, #0. D& dé€m s6 mat
phang di qua M va cét cac
truc toa do Ox, Oy, Oz tai A,
B, C sao cho pOA=qOB
=rOC #0 thi ta dém s0 gia
tri khac 0 trong cac gia tri
sau: px, +qy, +1z,;

PXo +qYo = 1Zo; PXo =Yy T 72y,

—pX, +qY, + 72, .

Ngoc Huyén LB The Best or Nothing

Cach 1: Ta c6 Igz(a—l;b;c), B—Sz(a;b—Z;c), 65=(ﬂ;b,‘c+1).

ASBS=0 (@ +b*+c*~a-2b=0 [(a;b;c)=(0;0;0)
Theo gia thiét, tacé {BS.CS=0 < {a’ +b* +c —a+c=0 < ) 84 8
CS.AS=0 | +b*+c*—2b+c=0 (wbic)= 9'9" 9
Do S#0O nén chon (a;b;c)z §;é;—§ .Suy ra a> +b* +¢ =E.
99 9 9

Cich 2: Ta cé (ABC):>+Z -2 =1 (ABC):2x+y-2z-2=0.
1 2 1
OABC 1a & dién vuong tai O. Goi O’ 1a diém d8i xtng v6i O qua mét phang

(ABC) thi O' chinh Ia diém S. Khi d6, dé dang tinh duoc s(g = ;—gj.

A 1
Do vay, a+b*+ct=—

Pap an A.

Cau 3: Trong khong gian Oxyz, cho diém M(Z;—3;4). Goi (P) la m3t phang di
qua M va cit cac truc x'Ox, y'Oy, z'Oz lan luot tai cac diém D, E,F sao cho
OD=20E = (m2 —2m+ Z)OF #0, trong d6 m la tham s6 thuc. Goi S 1a tap hop
cac gid tri cia m d€ chi c6 ding ba mit phang (P) thoa méan yéu cau trén. Tap

hop S cé bao nhiéu tap hop con khac rong?

A. 7. B. 3. C. 15. D. 4.

J

Loi giai
(P) c6 phuong trinh a(x—2)+b(y+3)+c(z—4):O<:>ax+by+cz:2a—3b+4c.
Dat p=m*-2m+2, p>0.Do D,E,F khic O nén abc=0 va k=2a—3b+4c=0.

Do vay D(E;O;OJ,E[O;S;OJ,F(O;O;kj. Lai do OD =20E =pOF nén
a c

\ ~ ,a_ b _c
+) a,b,c cung dau. Do do I:E:;' Suy ra k=4(p—1)a
\ ~ o oqm ... a b
+) a,b cung dau nhung trdi dau vdi c. Khi do 13 o
p

Suy ra k= —4(p + 1)a #0,Va#0 nén truong hop nay ton tai mot mat phang (P)
thoa man yéu cau bai toan.

NS

+) a,c cung ddu nhung trai dau véi b. Khi d6 % =_2=5,
p
Suy ra k= 4(p + 2)a #0,Va=0 nén treong hop nay cling ton tai mot mit phang

(P) thoa man yéu cau bai toan.

+) b,c cung ddu nhung trai dau véi a . Khi do6 _E:g: .Suy ra k:4(2—p)a.

1

< |
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Cho A la mét diém c6 dinh
va M la diém thay doi. Khi
dé

(1: Néu M di déng trén
duong thing d c8 dinh thi
AM ngén nhat khi va chi
khi M 1a hinh chiéu vuoéng
géccua A trén d.

(2): Néu M di dong trén
mét phéng (P) o8 dinh thi
AM ngén nhat khi va chi
khi M 1la hinh chiéu vuéng
goccua A trén (P)

(3): Néu M di dbng trén
mat cau (S) c6 dinh thi
AM ngdn nhat hodc dai
nhat khi va chi khi M la
giao diém cta duong thang

IA véi mat cau (S), trong

200 bai toan VD — VDC facebook.com/huyenvu2405

Do p-1 va 2—p khong dong thoi bang khong nén d& chi c6 ding 3 mit phang

-1=0 2-2m+1=0
thoa man yéu cau bai toan thi P = m2 m :>S={0;1;2}.
2-p=0 |m’-2m=0
Suy ra s8 tap hop con khac réng ctia S 1a 2° -1=7.
Pap an A.

Cau 4: Trong khong gian Ouxyz, cho hai diém A(1;4;2),B(—1;2;4) va duong

thr?mg d :x—_l1 :yT+2 =§ . Biét réng ton tai diém M(a;b;c) ed sao cho
MA? + MB? dat gid tri nho nhat. Gia tri ctia 22 —b+ 3¢ bang
A. 10. B. 3—5 C. 11. D. l
3 2

d6I1a tam cta (S).
\L

Li gii

Cach 1: Med nén M(1-t;t-2;2t).

Ta c6 MA? + MB® =12* —48t +76 =12(t -2)° +28>28.

Dau bang xay ra khi t =2 hay M(—1;0;4) .Suy ra 2a—b+3c=10.
Cach 2: Goi [ la trung diém ctua doan AB thi I (0; 3;3) va

MA® + MB?* =2MI* +%ABZ.

Ta c6 MA®* + MB? dat gia tri nho nhat khi va chi khi MI dat gia tri nho nhat hay
M 1a hinh chi€u vudéng goc cua I trén d.

Med nén M(1-tt-2;2t). Tacé IM Ld < M, =0

< -1(1-t)+1(t-5)+2(2t-3)=0<t=2. Suy ra M(-1;0;4).

Cach 3: Goi P la diém théa man PA+PB=0 (twong ung vd4i biéu thic
MA® + MB) thi P(0;3;3). Khi d6 MA® + MB* =2MP* + PA® + PB’.

Ta c6 MA? + MB? dat gié tri nho nhat khi va chi khi MP dat gia tri nho nhat hay
M 1a hinh chi€u vudéng goc cua P trén d.

Lam nhuw c4ch 2, ta cling tim dugc M(—1;0;4) .

Dap an A.

Cau 5: Trong khong gian vdi hé toa d0 Oxyz, cho hinh chép S.ABCD véi
S(l;—1;6),A(1;2;3),B(3;1;2), D(2;3;4).Goillé tAm mat cau (S) ngoai ti€p hinh
chép. Tinh khoang cach d tir I dén mat phang (SAD).

A.dzﬁ. B.d=——. C.dzﬁ. . —ﬁ.
2 2 2 2

Ldi giai

Cach 1: Ta c6 AS(0;-3;3), AB(2;-1,-1), AD(L1;1).

Nhan xét rang AS | AB,AS 1 AD,AB L AD.

Liy diém C trong mat phang (ABD) sao cho ABCD la hinh chit nhat.

Khi d6, BC L(SAB),CD L(SAD). Cac diém A,B,D ciingnhin SC dudi géc 90°
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Khi x4c dinh tAm mat cau
ngoai ti€p hinh chép hodc
lang tru ta 6 thé lam theo
hai huéng;:

+ Hudng 1: Dung diéu kién
tdm cach déu cac dinh di
dén giai hé phuong trinh.
+Hudng 2: Dya vao tinh dac
biét ctia hinh nhw: Hinh
chép déu, hinh chdp ¢é céc
dinh cling nhin mét canh
dwdi mot géc vudng.

Ngoc Huyén LB The Best or Nothing

\ J/

,C STUDY TIP %

Vi hai mat phang
(P) rax+by+cz+d =0;
(Q):ayx+by+c,z+d, =0

khi d6, giao tuyén cua
( P),(Q) lu6én ndm trén mat
phang c6 phurong trinh:
a(alx + bly + Clz +dl)
+B(nzx+bzy+czz +d2) =0

voi ol +p2£0.

Do vay, tam mdt cau ngoai tiép hinh chop la trung diém I (g ;% ,%j cta SC.

1. 6

Khoang céch d=d(1;(SAD)) = >d(C,(34D)) =2 cD =2

Cach 2: Goi I (a; b,'c) la tam mat cau ngoai ti€p hinh chép S.ABCD. Ta ¢
IS—IA (a—l)2 +(b+1)2 +(c—6)2 =(a—1)2 +(b—2)2 +(c—3)2
IS=1B & {(a-1) +(b+1) +(c-6) =(a-3) +(6-1) +(c-2)
I5=1C (a1 +(b+1) +(c-6) =(a-4) +(0-2) +(c-3)

5
a=—
6b—6c=—24 %
<<4a+4b-8c=-24 < sz = I(g,%,%j

6a+6b—6c=-9 9
c==
2

Ta lai c6 SA= (0 3; —3) (1; 1;1) . Suy ra, vecto phap tuyén ctia mit phang

(SAD)1a n=[ SA, AD | = (6;-3;-3). Phuong trinh m3t phing (SAD) la

2(x—1)—(y—2)—(z—3)=0<:>2x—y—z+3=0.

Do d6, d=d(I,(SAD))= | =2,

Pap an A.

Cau 6: Trong khong gian voi hé toa d0 Oxyz, cho mat cau
(S): 2% +1* +2° —dx+4y—2z-7=0 va duong thang d, 1a giao tuyén ctia hai
mét phang x+(1-2m)y +4mz—-4=0 va 2x+my—(2m+1)z—8=0. Khi m thay
doi cac giao diém cta d,, va (S) nam trén mdt duong tron ¢ dinh. Tinh ban kinh
r cua duong tron do.

A.r= % B.r= % C.r= é D. r= @
15 3 3 15

.

\

LOi gidi  (S) cotamI(2;-2;1), ban kinh R=4.

Céac diém trén d, co toa do thoa man x+(1—2m)y+4mz—4=0 va
2x+my—(2m+1)z—8=0

Do d6 [ x+(1—-2m)y+4mz—4|+2[ 2x+my—(2m+1)z—8 =0
<5x+y—-2z-20=0.

Suy ra d, ludn nam trong mp (P):5x+y—22—20:0 c6 dinh khi m thay d6i.

Ma d(I,(P)) _ 14y :(P) cat (S) theo giao tuyén la duong tron tam H

30

ban kinh r = afRz d2 \/ 1% _ 142 .
225

Pap an A.
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Cau 7: Trong khong gian v6i hé toa do Oxyz, cho cac diém A(l;O;O) , B(3; 2;0),
C(-1;2;4). Goi M la diém thay ddi sao cho dudng thang MA, MB, MC hop

v6i mét phang (ABC ) cac géc bang nhau; N 1a diém thay d6i nam trén mat cau

(S) : (x —3)2 +(y —2)2 + (z —3)2 = % . Gia tri nho nhat cta d6 dai doanMNbf!mg:

A.g. B. 5. C.\2. D.%.
Loi giai

Do duong thang MA, MB, MC hop véi mit phang (ABC ) cac goc bang nhau
nén hinh chiéu cia M 1én (ABC ) la tam duwong tron ngoai ti€p AABC . Ta c6
AB(2;2;0), AC(-2;2;4)= AB.AC =0=> AB L AC. Do d¢, tam dudng tron ngoai
tiép AABC la trung diém H (1;2;2) cua BC.

Diém M nam trén duong thang A qua H vuodng goc véi (ABC ) nhan
U= [E,E} = (1; —1;1) la vecto chi phuong.

V2

Mit cau (S) c6 tam 1(3;2;3) ban kinh R =
2

d(I,A) _ ‘[T{ﬂ‘

=J2>R nén A khong cat (S)

Goi K la hinh chiéu cua I trén A.

N

VéimoiMeA,Ne(S), MNZIM—1N=1M—R21K—R:«/_—72=

2

2
Do vay, MN nho nhat béng % khi va chikhi M=K, N la giao diém cua doan
IK véi mat cau (S) .

Dap an A.

Cau 8: Trong khong gian véi hé toa do Oxyz, cho t& dién ABCD co
A(0;0;3),B(0;3;0), C(3;0;0), D(3;3;3). Hoi c6 bao nhiéu diém M(x;y;z) (voi
x,1,z nguyén) nam trong tt dién.

A. 4. B. 1. C. 10. D.7.

Loi giai
Cach 1:

Phuong trinh cic mit phéang (ABC):x+y+z—3:0;(ACD):x—y+z—3:0;
(ABD):x-y—z+3=0 ; (BCD):x+y-z-3=0.

D; M cung phia doi voi (ABC )
C; M cung phia doi voi (ABD)
B; M cung phia doi voi (ADC)
A; M cung phia doi voi (BCD)

biém M (x; y;z) nam trong t dién <
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Cho mit phang
(P) tax+by+cz+d=0

Cac diém A( X Y7 A),
B(xs;yﬁ;zs) khong nidm
trén (P) . Khi do:

+ A,B nam cung phia d6i
v6i (P) khi

(ax, +by, +cz, +d).

(ax, +by, +cz, +d)>0

+ A,B nadm Kkhac phia déi
véi (P) khi

(axA +by, +cz, +d).

Ngoc Huyén LB The Best or Nothing

(ax, +by, +cz, +d) <0

(x+y+2z-3)(3+3+3-3)>0 [x+y+z-3>0 (1)
(x-y-z+3)(3-0- 0+3)>0 x-y-z+3>0 (2)
(x-y+z-3)(0-3+0-3)>0 x—y+z—3<0(3)'
(x+y-2z-3)(0+0-3-3)>0 |x+y-z-3<0 (4)

>
Cong v€ véi vé (1) va (2); (3) va (4) ta dwoc 0<x<3:>xe{1;2}.

Véi x=1 thay vao (1) \£ (2 ta duwoc 2<y+z<4=y+z=3.

2 (2)

Véi x=1 thay vao (3) va (4) ta duoc 2<y-z<2=y-z e{—l;O;l} .
Tt d6 xac dinh dwoc cac cap (y;z) la (1;2),(2;1).

Do d6, ta duoc hai diém la (1;1;2),(1;,2;1).

Véi x=2 thay vao (1) va (2) ta duoc 1<y+z<5:>y+ze{2;3;4} .
Vi x=2 thay vao (3) va (4) taduoc -1<y-z<1=y-z=0.

Tt d6 xac dinh dwoc cac cap (y;z) la (1;1),(2;2). Do d9, ta duwoc hai diém la
(2,11),(2,2;2).

Vay c6 4 diém thoa man.

Cach 2: Dé thay ti dién ABCD déu.

Goi M(a;b;c) 1a diém thoa mén bai toén.

Khi d6, V5cp = Vinase + Viseo + Viueoa + Vasp -

Do cac mat ctia t¢ dién co6 dién tich bang nhau nén
d(D,(ABC)) = d(M,(ABC)) +d(M,(BCD))+d(M,(ABD))+d(M,(ADC))
d d,

d,
“FEEEE

Ma d, la cac s6 nguyén duwong nén cé cac bo (d1,d2,d3,d4) thoa man la
(1,1,2:2),(1212),(1,2,2:1), (2,211),(21,21),(211,2),(1,11;3), (L1;3;1),
(1,31,1),(3,1,1,1).

<d +d,+d,+d, =6.

Kiém tra cac treong hop chi c6 bon diém théa man.

Dap an A.

y 11 z+1 1 va
diém A(1;1;1). Hai diém B,C di dong trén dudng thing d sao cho mit phang

Cau 9: Trong khdng gian toa &0 Oxyz, cho duong thang d :g =

(OAB) vuong goc (OAC ) Goi diém B’ 1a hinh chiéu vuong goc cua diém B lén
duong thang AC. Biét quy tich cac diém B’ 1a mot duwong tron ¢§ dinh, tinh ban

kinh r ctia dwong tron nay.

A.r=@ B —ﬁ C r—@ D r—ﬁ.

10 .7’—10. —10 .—5

Loi giai
Ta co LTd = (2; -1; —1) la vecto chi phuwong cua d. Ma OT%u: =0=0A1d

Lai c6 H(0;1;-1)ed va OH.u, =0 nén H Ia hinh chiéu ctia O 1én dudng théng d
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Bai toan bén duwoc xay
dung tir y twong ctua bai
toan quy tich caa hinh hoc
khong gian:

Bai todn gdc: Cho hai
duong thang d, d’ chéo
nhau va vudng goéc voi
nhau. Gia st A 1a diém c6
dinh trén duong théng d.
Véi mdi diém B thay d6i
trén d’ sao cho hai mat
phéng (d,B) va (d,C)
vudng goc véi nhau. Goi B
la chan duong cao ké tr B
cia AABC. Ching minh
rang B’ thuoc duong tron
cd dinh.

( STUDY TIP %

Céch tim tam ti cu I trong
cac bai toan mo rong:

Ta co:

MA? + MB? + 2. MB.MC

= (M +TA) +(Mi + 1B)
+2(W+E)(E+E)
— 4MI? +2ﬁ(ﬁ+2ﬁ?+f)

+ 1A% + IB? + 2IB.IC
Khi d6 14y I théa man
1A +2IB+IC = 0.

200 bai toan VD — VDC facebook.com/huyenvu2405

= OH.OA=0=OH L OA=OA L(OBC)= OB L OA=>OB L (OAC)
Cach 1: Goi K la treec tam AABC, suy ra OK L AH.
Suy ra diém B’ thu¢c duong tron duong kinh AK, duong tron nay vé trong mat
phang (A, d).
x=1+t
Khi d6 phuong trinh duwong thang AHla 1y =1
z=1+2t

= K(1+£;1;1+2¢)

5

1}:AK=£.

Ma &.E:o:nmzwt=0:»t=—§:»1<[§;1;—— -

R AK 35
Vay r=—=——.
2 10

Cach 2: Vi B’ la hinh chiéu ctua B1én ACnén AB' L OB', suy ra B’ thudc mat cau
(S), dudng kinh AO.
2 2 2
Phuong trinh mét cau (S): P y—l o z-L) 232
2 2 2 4
Ma B'€(A,d):2x+5y—z—6=0 nén B’ thudc duong tron (C), (C)=(S) (A, d).

35

Tt &6 tinh dwoc ¥ =——.
10

Pap an B.

Cau 10: Trong khong gian vdéi hé do diém

A(0;1;1); B(1,2;-1);C(1;2;2) va mat phing (o):x+2y+2z-1=0. Xét di€ém M

toa Oxyz,cho ba

thay d6i thuéc mat phang (oc), gia tri nho nhdt cua biéu thac
MA? + MB? + 2MB.MC bing

\ J/

A B B c 13 p. 1
4 4 2 2
Loi giai

Chu y: D€ giai quyét bai toan cuc tri hinh hoc khéng gian nay ta thwong dung kién
thitc lién quan dén tam ti cu:

* Tam ti cu: Trong khong gian, cho hé n diém A, A,,.., A, vansd thuc t,t,,...,t,
(1,‘1 +t, +..+t =t % 0). Khi d6 ton tai duy nhat mot diém I trong khong gian thoa

man ¢ IA +t,IA, +...+t [A =0. Diém I nhu th& goi 1 tm ti cw ctia hé A, diém,

tmg v6i 6 hé sG £, (i=1,n).
* Bai toan co ban: Trong khong gian Oxyz, cho n diém A,, A,,..., A, va n sd thuc
(YA (t1 +t, 4.t =t# O). Cho duong théng d (hodc mat phéng (P) ). Tim

diém M thudc duwong thang d (hodc mit phang (P) ) sao cho:

a) [-MA, +t,MA, +..+,.MA,| nho nhit
b) T =t MA; +t,MA; +...+t MA? nhé nhatkhi ¢ >0 (I6n nhat khi ¢ <0).

Phwong phap giai: Goi I thoa man t1E+t2E+...+tnIE =0.

Khi d6 ta bién doi:

EMA, +1,MA, +..+, MA | = |t.MI)
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Trong khong gian Oxyz, cho

hai diém A, B va mét phéng
(P). Cac budc tim diém M
trén (P ) sao cho

aMA? + bMB? nho nhét

(véi a+b>0):

+ Tim diém I thdéa man
alA+bIB=0 ;

+Tim M la hinh chiéu cua I

Ngoc Huyén LB The Best or Nothing

tMA? +t,MA? +..+t MA? =t. MI* +t JA? +t,IA] +...+t IA?

Do d6 diém M can tim chinh la hinh chiéu ctia diém I1én dwong thang d (hodc mat
‘phéng (P) )-

4’4" 4

— MA? + MB? + 2MB.MC = 4MI* + IA? + IB* + 2IB.IC
> 44 (I,((x)) +IA% +IB® + 2IB.IC

L4y I tha man ﬁ+2@+f=6:1[§;z~1}

Vay MA2+MBZ+2m.wZZZS+%—%=%

Pap an D.

Cau 11: Trong khong gian Oxyz, cho hai diém A(3; —3;1) va B (—4; 4;1). Xét diém
M thay d6i thudc mt phing (P):z=-2. Gid trinhé nhét ctia 3MA” + 4MB’® bing

trén (P)
\ J

A. 245. B. 189. C. 231. D. 267.
Loi glél Ta tim diém I thoa man 3IA+4IB=0.
Cach 1:

0
=0 =17y, =7 <y, =1 =I(-L11).

7z, =7 z, =1

Cach 2:

31A+4IB=0=3(0A-O0I)+4(0B-0I)=0 < OI =;(30—A+4@):I(—1;1;1) .

Ta co

BMA® +4MB* =3(MI + ﬁ)z +4(MI+ ﬁa)Z =7MI* +2(3IA+4IB)+ 3IA? + 4B
—7MI”* +3IA? + 4IB?.

Vay 3MA? +4MB? nho nhat <> MI* nhé nhat <> M1a hinh chiéu cta I trén mét

phing (P)=M(-1,1,-2).

Khi d6 MA?* =41, MB* =27 = 3MA? + 4MB* =231.

Chit y: Néu I 1a diém théa man alA+bIB=0 (a+b=0) thi:

1

X, =—a+b(axA +be)

Ol =——(aOA +bOB)
a+b

1
Y =m(1lyA +b]/5)'

zZ, =m(azA +sz)

Chu y:
Trong khong gian Oxyz cho diém M (a; b;c).
+ Hinh chiéu vudng géc ctia M trén mit phang x =x, 1a M, (xo ;b;c) :

+ Hinh chiéu vudng géc ctia M trén mit phang y =y, 1la M, (a; Yo ;c) ;

+ Hinh chiéu vudng géc cia M trén mat phing z =z, 1a M, (a:b;2,);

Pap an C.

154 | Hé thang gido duc truc tuyén ngochuyenlb.edu.vn




d

200 bai toan VD — VDC facebook.com/huyenvu2405

Cau 12: Trong khoéng gian véi hé truc toa dd Oxyz, cho ba mit phing
(P):x-2y+2z-1=0, (Q):x—2y+z+8=0 va (R):x—2y+z—4=0. Mot duong
thang d thay d6i cat ba mit phing (P),(Q),(R) lan luwot tai A, B,C. Tim gi4 tri

nho nhét cta bidu thie T = AB? + %

/
c—/c
/< Aa ;

P

2
/

,C STUDY TIP %

Ta ap dung bat déng thttc
Cauchy cho ba s& duong

9{ % oy J 72 ’ 72
\ /é IR
2 2
d€ tim gia tri nho nhat cta
T

\ J

A. 7233 B. 96. C. 108. D. 723/4.
Lai glél Dé thay mat phang (P) nam gitta hai mat phang (Q) va (R); ba

mat phang (P),(Q),(R) doi mot song song véi nhau.
Trén mit phang (P) lay diém M(l,' O,'O) .
Goi B',C' Tan luot 1a hinh chiéu cua A trén hai mat phéng (Q) va (R) . Ta co:
1-20+0+8 36
%2
1-20+0-4 s

J6 2

Dt CC'=x(x>0)=BB'=3x.

AB'=d(4;(Q))=d(M;(Q))

AC=d(3(R)) = (1)

Suy ra AB’:3AC’:>ﬁ=3 —.
AC’ ccC’

= AB® = AB” + BB"” =2—27+9x2 va AC=vAC"” +CC"” :4€+x2.

BB’

Khi d6 T=AB 4+ 122 _27 L g,0 144 29(§+sz+ 2_, 7
AC 2 3. \2 \/3 ) \/3 .
ST —+x —+x
2 2 2
~T>3 9(§+x2j. 2272 _q
3l (2 \/3 2\/ )
Zaxt D 4x
2
Déu “=" xay ra khi va chikhi9(§+x2J= 72 @x=@.
3, .2

Z+x
2

Pap an C.

Cau 13: Hai qua béng hinh cau ¢ kich thudce khac nhau duoc dat ¢ hai goc cua
mot cdn nha hinh hop chit nhat sao cho mdi qua béng déu tiép xtc véi hai biic
teong va nén ctia nha d6. Biét rang trén bé mat ctia qua béng déu ton tai mot
diém c6 khoang cach dén hai biec trong va nén nha ma né tiép xic bang 1, 2, 4.
Tong d6 dai duong kinh cta hai qua bong d6 bang

A.6. B. 14. C.12. D. 10.

Laii giai

Hai btic twong va nén nha ma qua bong tiép xuc tao thanh mot hé truc toa do
Oxyz nhu hinh vé. Mdi qua béng coi nhit mot méat cau 6 tam [ (a; b;c).

Vi mdi qua béng déu tiép xtic véi hai biic tudong va nén nha nén ching tiép xtc
véi ba mat phang toa do (Oxy),(Oyz) va (Oxz).

Ttcla d(I;(Oxy)) =d(1;(Oyz)) =d(1;(Oxz)) =R<c=a=b>0.Suyra I(a;a;a).
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Phuong trinh (*) c6 hai
nghiém dwong phan biét
a,,a, chimg té rang c6 hai
méat cau thoa man bai todn
va ban kinh ctia hai mit ciu
nay lan luot bang a, va a,.

Ngoc Huyén LB The Best or Nothing

MEMORIZE

Khoi bat dién déu canh
béng a c6 thé tich duwoc tinh

V2
-

theo cong thitc V =

/( STUDY TIP %

Hoc sinh c6 thé giai ciu nay
nhanh hon bang cach kiém

tra xem vecto IG nao cung
phuong véi vecto phap
tuyén [AB AC] cta
mat phéng (ABC) thi ta

chon cau do.
.

Goi M (x; y;z) la diém nam trén qua béng c6 khoang cach dén hai bic twong va
nén nha ma n6 ti€p xtic bang 1, 2, 4. Suy ra M(1;2;4).
Diém M nam trén qua béng khi IM=R=a < IM* =a’
& (a-1) +(a-2) +(a-4) =a* ©20* ~142+21=0 (%)
Phuong trinh (%) ¢6 A’=7 >0 nén c6 hai nghiém a,,a, va a, +a,=7 (theo dinh
ly Vi-ét). Khi d6 tong duong kinh ctia hai qua bong la 2((11 + az) =14.

Dap 4n B.

Cau 14: Trong khong gian véi hé toa dd Oxyz, biét rang tap hop cic diém
M(x;;z) sao cho |x|+|y| +|2| =3 1a mot hinh da dién. Tinh thé tich V cta khéi
da dién d@o6

A. V=54 B. V=72 C. V=36 D. V=27.
Loi giai

, PO NN ; i M(via) 1
Ta co |x|+|y|+|z|—3<:> 3 + 3 + 3 =1. Suy ra tap hop cac diém M(x,y,z) la 8
matchancophuomgtrmh £+y+z 1,— X y +i=1;i+l+5=1;

3 3 3 —3 -3 3 -3 3 3
i+1+i:1;£+l+i—1 LY Z—1, + Ly LA
-3 3 -3 3 3 -3 -3 3 3 3 -3 3 3 —3

1.4
3

Cac miat chan nay cit cac truc Ox, Oy, Oz tai cac diém A ( 3,0,0) (3 0; 0)

C(O;—B;O),D(O;?);O),E(O;O;—3),F(O;O;3).

Tt d6, tap hop cac diém M(x; y;z) thdéa man |x| +|y| +|z| =3 la cac mat bén cta

bat dién déu EACBDF (hinh v&) canh bing 3/2.

(2]

Thé tich khoi bat dién déula V = =36 (dvtt).

Pap an C.

Cau 15: Trong khong gian Oxyz, cho ba diém A(l; 1;1), B(Z;—3;—2), C(O; —1;1).
Mat cau (S) c6 ban kinh R=6 va tiép xtic véi mat phang (ABC ) tai trong tam
G ctia tam giac ABC.Mat cau (S) nhan diém nao dudi day lam tam?

A. M(-3;1;4). D. Q(-3;-1;4).

B. N(-5;3;4).  C. P(5-3;4).

Lai glél Mit phang (ABC) c6 vecto phap tuyén la n= [@,R} = (—6; 3; —6).
Tam I cta (S) thudc duong thang A di qua trong tam G(l; —1;0) va vudng goc
x=1+2t
mat phang (ABC), phuong trinh A:qy=-1-t.
z=2t
Suy ra I(1+2-1-12t),IG=6<>t =42,
Vi t=2=1(5;-3;4)=P.
Vi t=2=1(-3;1,4).
Pap an C.
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Cau 16: Trong khong gian véi hé toa do0 Oxyz, cho hinh ling tru dtng
ABC.A'B'C' 6 A(x,;0;0), B(—x,;0;0),C(0;1,0) va B'(—x,;0;y,), trong d6
X,,Y, la cac s6 thuc duwong va thoa man x, +y, =4. Khi khoang cach gitra hai
duong thang AC' va B'C 16n nhat thi mit cau ngoai tiép hinh lang tru cé ban

kinh R bang bao nhiéu?

A. R=+17 . B. R=24—9. C. R=17. D. R:g.

STUDY TIPS
Trong khong gian toa dd
Oxyz, khoang cach gitta hai
duong thang chéo nhau AB
va CD duoc tinh theo cong
thic:
o]
d(AB ,CD) e ———Tm
[550]

Loi giai

Goi O la trung diém cia AB, suy ra O(0;0;0).

Ta c6 AB=(-2x,;0;0),0C=(0;1;,0)= ABOC=0=>AB LOC.

Gén hé truc toa do Oxyz nhu hinh v& bén. Véi A(x,;0;0), B(—x,;0;0),C(0;1;0),
B'(—x,;0;4-x,), A'(x,;0;4—x,),C(0;1;4—x,) do x,+y, =4 va 0<x,,y, <4.
Co AC'=(~x,i1;4-3,), BC =(x,;1;x, - 4) = AC, BC |=(2¥, ~8;0;2%, ).

AC =(~x,;1;0)= [E,ﬁ}ﬁ = —x, (2%, ~8) =—2x, (x, —4).

‘[E’ﬁ}ﬁ‘ _ ‘Zxo (xo _4)‘ X% (4—x0)

[ac,Bc] i Ji(a-x,) +ax ) Ja-x) +x

7

:>d(AC'; B'C):

do x, (0,'4) .

> AM-GM >
V6i 0<x,<4,taco (4-x)) +x; 2 2\/(4-x,) x5 =2x,(4-x,).

x0(4—x0) < x0(4—x0)
\j(él—xo)z +x; 2%, (4-x,)
Déu “=" xay rakhi x, =4-x, & x,=2=y,.

Khi d6 A(2;0;0),B(-2;0;0),C(0;1,0),B'(-2;0;2). Gia st phuong trinh mét cau

Nhu vay d(AC;B'C)= = % :

ngoai ti€p lang tru ABC.A'B'C’1a (S) X +y? +2° —2ax —2by —2cz +d =0.

Ta cé hé phuong trinh sau:

2% 4+ 0% +0? 202200 -2c.0+d =0 o d—d a=0
(-2)" +0% +0? ~2a(-2)-260-2c0+d=0 _ [4a+d=—4 b:_g
0% +12 +0° ~22.0 - 2b.1-2¢.0+d =0 2b-d=1 _
(-2) +0% +22 —24(-2)-20.0-2c2+d=0 (da-dc+d==8 1, 4

Vay mit cau (S) c6 tam 1(0;-% ;1) vabankinh R=v/a* +b% +¢* —d = g :

bap an D.

Cau 17: Trong khong gian véi hé toa dd Oxyz, biét rang tap hop cac diém
M(x;y;z) sao cho |x+|y|+|z| =3 1a mot hinh da dién. Tinh thé tich V ctia khdi
da dién d6

A. V=54, B. V=72 C. V=36 D. V=27.

Loi giai
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STUDY TIPS
Khoi bat dién déu canh bz‘?mg
a c6 thé tich duwoc tinh theo

a2
=

cong thitc: V =

Ngoc Huyén LB The Best or Nothing

Ta co |x|+|y|+|z|=3<:>@+%+@=l. Suy ra tap hop cac diém M(x;y;z) la8

mét chan ¢ phuong trinh: E+Z+E:L-i+l+i=1;i+l+le;
333 -3 -3 3 -3 -3 3

i+z+i=1;f+l+i=1;i+z+f=1;E+l+£=1;f+z+i=1.

-3 3 3 3 3 3 -3 3 3 3 3 3 3 3 -3

Céc mat chdn nay cét cac truc Ox, Oy, Oz tai cac diém A(-3;0;0),B(3;0;0),
C(0;-3;0),D(0;3;0), E(0;0;-3), F(0;0;3).

Tir d6, tap hop cdc di€m M(x;y;z) thoa man |x|+|y|+|z| =3 1a cac mit bén cua
bat dién déu EACBDF (hinh vé&) canh bing 3v2.

() 2
3

Thé tich khéi bat dién déu 1a V = =36 (dvtt).

Pap an C.

Cau 18: hé toa do diém

A(a; O;O),B(O; b;O),C(O; O;C) v0ia,b,c khdc 0 va a+2b+2c=6. Biét rimg khia,b,c

Trong khong gian voi Oxyz, xét cac
thay d6i thi quy tich tam mét cau ngoai tiép t dién OABC thudc mat phang (P)
¢S dinh. Tinh khoang c4ch tr diém O dén mat phang (P)

A.d=1. B. d=/3. C.d=2.

STUDY TIPS
Mot s6 diéu can ghi nhé:
1. D€ xac dinh tAm cia mat
cau ngoai ti€p hinh chép
SAA,.A , ta xac dinh
giao diém cua truc cua da
giac ddy va mit phang trung
triec cia mot canh bén bat ki.
Trong do:
- Truc ctia da giac day la
duong thing di qua tdm
duong tron ngoai tiép da
gidc day, va vuong goc voi
mét phang chira da gidc ddy.
- Mit phang trung truc ctia
mot canh bén la mat phéng
vudng goc va chtta trung
diém ctia canh bén dé.
2. Trong mit phang toa d6
Oxyz, néuba diém A, B, Cc6
toa do Ian luot 1a (a;0;0),

(0;b;0),(0;0;¢) thi tam ctia
mat cau ngoai ti€p ti dién

OABCla 1[ 2,2.2).
222

Loi gidi

1. Tim toa d6 tam I ngoai ti€p t& dién OABC
Goi M la trung diém cua AB thi M(% ;% ;OJ. Duong thang d 1a truc cia AABC
nén d di qua M va nhan vecto chi phuong k= (O; 0; 1).

x=

Phuong trinh tham s8 ctia duong thing d: 1y =— (teR).

TN S NS

N
I

Goi N 1a trung diém ctia OC thi N (0; 0; %)

Mit phing (P) la mat phang trung truc ciia OC nén (P) di qua M va nhan vecto

phép tuyén 1a k= (0;0;1).

Phuong trinh tong quat ciia mit phang (P) 1z= %
Khi d6 tam I ctia m3t ciu ngoai tiép tit dién OABC la giao diém ctia dwong thang
: abc
d va mat phang (P), t&c I| —;—;= |.
g 7). i 3375
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STUDY TIPS

Cho diém M(x,;y,;z,) va
mat phéng (P) :Ax+By+
Cz+D=0,

(A2 +B*+C ;tO).
Khoang céch tir diém M dén
mat phéng (P) la:
() -

B ‘Axo +By, +Cz, + D‘

JAZ 1B+ C2

2. Tim mit phang (P) la quy tich ctia tam I va tinh d(O;(P))

a=2x,

f ;z1=£: b=2y,

NS

Ta co xlzg;y =

c=2z,
Ma a+2b+2c=6 nén 2x,+2.2y,+22z, =6 & x, +2y,+2z,-3=0.

Vay diém I luén nam trén mot mat phang cé dinh c¢6 phuong trinh la
(P):x+2y+2z-3=0.

|0+2.0+2.0—3|
= =1.

V12 422 422

Vay d(0;(P))

Dap an A.

Cau 19: Cho hinh chép S.ABC ¢6 SA=a,SB=b,SC =c. Mot mit phang (a) di
qua trong tam cta AABC, cét cac canh SA, SB, SC Tan luot tai A, B, C'. Tim gia

tri nho nhat cta 12+ 12+ 12.
SA"" SB“ SC'
A 3 B L C 2 D 9
b+ A+ TR+ b+
Loi giai

Gia str ﬁzx@;@zyﬁ;ﬁzzf
Goi G la trong tam tam gidc ABC = GA+GB+GC =0.
—3GS+SA+SB+SC=0
=356=22,58,5C L oc-2sa+Y s+ Zsc(1)

3 3 3 3
Do (A'B'C’) di qua G nén ba vecto GA';GB’;GC' dong phang
Suy ra ton tai 3 s6 i;m;n,(z’2 +m* +n’ ;tO) sao cho i.GA’ +m.GB +n.GC' =0

(i+m+n).@+i.g+m.573'+n.f=0
=5G=—"t A+ " gy "
i+m+n i+m+n i+m+n

(
Do SG;SA’;SB;SC’ khong dong phing nén tir (1) va (2) ta cd

SC'(2)

x 1 y m oz n

- ;= V2P
3 i+m+n 3 i+m+n 3 i+m+n

X+y+z i+m+n
Y =- =l=>x+y+z=3.
3 I+m+n

, 1 1 1 x* y 2
Taco—F+——F+—5=7F+5+
SA"” SB” SC” a b

<

N
mlN
N

Ap dung bat déng thirc Bunyakovsky cho hai b s& thuec [E ;z ;
a

a N

] va (u,'b;c) ta

2 2 2
c (2—2+Z—2+j—2J(a2+b2+c2)2(x+y+z)2
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2
1 1 1 _(x+y+z) 3
& + + 2 =
SA” SB? SC?* @#+b*+* a*+b*+c?
Déu “=” xay ra khi — =Y Z.
Y P

Dap 4n D.

Cau 20: Trong khong gian véi hé toa dd Oxyz, cho mit cau (S):x* +y* +2° =3.

Mot mét phang (a) ti€p xtec véi mat cau (S) va cat Ox, Oy, Oz twong Gng tai

A, B, C. Tinh gi4 trj ctia biéu thtee T = + 1 + 1 .
OA* OB* OC?
A T=—L. B.T=L. c.r=1, D. T =+/3.
NG 3 9
Loi giai

(oc)mOsz(a;O;O)
Goi {(a)nOy =B(0;b;0) =
(o) MOz =C(0;0;¢)

X YLz XYL E g
()a+b+c 1hay(oc).u+b+c 1=0.

Mait cau (S) cotam [ (O, ) ban kinh R= \/_

d[[,(oc)]zR

Do (OL) tiép xtic voi (S) nén

-1

o M por,i 11
1 1 1 i 3
JERTI)

Suyra T = L + 1 + L =l+i+l=

1
OA*> OB* OC* &* b* & 3
Pap an B.

Cau 21: Trong khong gian voi hé toa d9 Oxyz, cho diém

x=t
A(2;3;O),B(O;—«/§;O), (— —J_Zjvadu’ongthangd y=0

z=2—t

. Diém C thudc

d sao cho chu vi tam gidc ABC 1a nho nhat thi do dai CM béang

A. 24/3. B. 4. C.2. D. %.

STUDY TIPS
Bat déng thiic vecto: Cho

u= (a;b),:/ = (x;y) thi ta c6

[ +[v[[u+v]

Déu “=" xay ra < u,v
. a_ b

cung phuong < —=—.
Xy

Ldi giai
Do AB c6 do dai khong d6i nén chu vi tam gidc ABC nho nhat khi téng ( AC+ BC)
nho nhat.

AC=\2(t-2)" +9
Do Ced=C(t;0;2-t)=

BC= [ +(2-t) +2=\[2(1-1) +4
Suy ra AC+BC=\/(\/5t—2\/5)2+9 +\/(\/§—\/5t)2+4 .
u=(2t-242;3) va

‘u‘+‘v‘2‘u+v

5=(x/§—x/§t;2). Ap dung bit ding thuc

, dau “=" xay ra khi va chi khi 4,7 cung hudng ta dugc:
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\/(\/Et—Z«/E)2+9 +\/(\/§—\/§t)2 +4 2\/(—\/5)2+52 =27.

Déu/l_ll Xayraé\/_t 2\/_ E QZEQt:Z SuyraC Z;O;é .
S22t 2 1t 2 575
2
. (7 6 .
Vay CM_\/(E—EJ (0+\/_) (-—2) -2
Pap an C.

Cau 22: Trong khong gian v6i hé toa dd Oxyz, cho mat cau
(S):(x=1)" +y* +(2~2)" =9 ngoai tiép khdi bat dién (H) duoc ghép tir hai khdi
chép ti gidc déu S.ABCD va S'.ABCD (déu c6 ddy l1a t& gidac ABCD). Biét rang
duong tron ngoai ti€p cua t& giac ABCD la giao tuyén ctia mat cau (S) va mat
phang (P) :2x+2y —z—8=0. Tinh thé tich khdi bat dién (H)

34 By 665 68 by 1330

A V (H) _ 81 . . (H) —?. . (H) —?.

(H) =

Ldi giai
Mit cau (S) c6 tam I(1;0;2), ban kinh R=3. Nhan xét thdy S,1,5’
thang hang va SS' L(ABCD). Khi d6 SS'=2R=6. Ta c6:

V.=V

(H) S.ABCD

+V

S'.ABCD

=%d(S;(ABCD)).SABCD +%d (S(ABCD)).S e

- %[d(S; (ABCD))+d(S; (ABCD))] S hep = %.SS’.SABCD =25 0.

Tt gia thiét suy ra ABCD la hinh vudng, goi 4 la canh ctia hinh vuéng
do.
Mit phang (P) cat mat cau (S) theo giao tuyén la mot duong tron cé

ban kinh bang r va ngoai tiép hinh vuéng ABCD.

Suy ra 2r=AC= w2 =r=2% \/_ [ (I;(P))T+r2=R2
- Jee {atuso)] = (2] - J_ o2 27

3 2 32
217 J 68

Vay V. .
ay 9

=25 =24% =
(H) ABCD ( 3\/—

Pap an C.

Cau 23: Trong khong gian Oxyz, cho mat cau

(S): % +y* +2° —4x+2y—62+5=0 vamit phang (P): 2x+2y—z+16=0. Diém

M, N di dong Ian luot trén (S) va (P). Khi d6 gid tri nho nhét cia doan MN la:
A.8. B.3. C.2. D.5.

Loi giai
(S) c6 tam 1(2;-1;3) ban kinh R=+/4+1+9-5=3

Heé thong giao duc truc tuyén ngochuyenlb.edu.vn | 161




Ngoc Huyén LB The Best or Nothing

STUDY TIPS

Néu (S)n(C)=2
= MN,, =d(I;(P))+R
MN,, =d(I;(P))-R

472" 3+16| =5>R=(5)n(C)=2

\/22+22 )
:>MNmm=d(I;(P))—R=5—3=2 a
32018+1
Véi x=2 tacd 3 +1=25=5= — “
/P

Pap an C.

Cau 24: Trong khong gian Oxyz cho diém A(—1;2; —3), véc — to iZ(6; -2; —3) va
-4 y-1 z+2
2 -5

A, vudng gbc vdi gid ctia i vacat d.

duong thang d: al . Viét phuong trinh duong thang A di qua

A x—1:y+1:z—3. B. x—1:y—5:z+1.
2 -3 6 2 3 2

C. x—1:y+4:z—5' D. x—2:y—5:z—1.
1 -3 4 3 3 4

LOi gidi  Goi (P) 1a mjt phing di qua A va vudng goc véi gid cua u
=(P):6(x+1)-2(y—2)-3(z+3)=0<(P):6x—2y—3z=—1.

Goi B=(P)nd=> B(4+3t;1+2t;—2—5t)
Be(P)=6.(4+3t)-2(1+2t)-3(2-5t)=—1<>t =—1= B(1,-1;3).
Duong thing A di qua A(-1,2;-3) va B(L-1,3) 6 vtcp us = AB=(2;-3;6).

x1y+lz3
2 -3 6

=A:

Dap an A.

Cau 25: Trong khong gian véi hé toa do Oxyz, cho hai mat phéng
(P):x—y+22+1:0 va (Q):2x+y+z—1:0. Goi (S) la méat cau co tam thudc
Ox, dong thoi (S) cat mat phang (P) theo giao tuyén 1a mot duong tron cé ban
kinh bang 2 va cit mit phang (Q) theo giao tuyén 1a mét duwong tron cd ban kinh

béng r. Xac dinh r sao cho chi ¢ duy nhat mot mat cau (S) thoa man diéu kién

bai toan
A.r:&. B.r:@. C.r:\/g. D.r:E.
2 2 2
Loi giai

Gia st mat cau (S) c6 tam I(4;0;0)eOx, bén kinh R>0. Khi d6 phuong trinh
mit cau (S) 1a (x—a)2 +y’+2° =R

Goi H, K Ian luot 1a hinh chiéu ctia I trén (P) va (Q), khi do:

|a+1]

7%

pa—q

N

IH:d(I;(P)): va IK:d(I;(Q)):
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STUDY TIPS
Cho mit cau (S) cotam [,
ban kinh R. Mt phang (o)
catmat cau (S) theo giao

tuyén la mot duong tron
bén kinh bang r thi:

R? =d? (I;(u)) +1°.

(a+1)° )
+4=R
Do IH*+4=R*va IK*+r*=R* nén { 6
(2a-1) ,
+r°=R
6
2 2
:>(a+1) +4=(2”_1) +r2 o (a+1) +24=(2a-1) +6r°
6 6

o a -2a+2r"—8=0(*).
DE c6 duy nhat mot mit cau (S) thi phuong trinh (*) phai c6 mot nghiém
&N =1-(27-8)=0 1 =%. Do r>0 nén r=—-.

2

Dap an A.

Cau 26: Trong khong gian Oxyz, cho hai diém A(6;—3;4),B(a;b;c). Goi M,N,P
lan lwot 1a giao diém ctia duong thing AB véi cdc mit phang toa dd
(Oxy),(Oxz),(Oyz). Biét r?ang MN,P ndm trén doan AB sao cho

AM=MN =NP =PB. Tinh gia tri ctia tong a+b+c
A. a+b+c=11. B. a+b+c=-11. C.a+b+c=17. D.a+b+c=-17.

Loi glél Cac phuong trinh (Oxy):z =O;(Oyz):x=0;(Oxz):y=0. Gia st
M(xM;yM;O), N(xN;O; zN),P(O; yp;zp). Theo gia thiét ta c6 M la trung diém cua

6 4
AN nén ta co M[ +xN;—§; +ZNJ.

2 2 2
Do z,, =0 nén 4+ZZN =0z, =4 ( Xy % ] x ;0,'—4).
Lai ¢ N la trung di€m cua MP nén N (7’” Z — ZEPJ

2Y: 73 _ 3
=0
{yN nén 4 Y775 Knids P[ E 8)
Zy=— Z_,,__4 z,=-8 "2’
2
_b6+xy
. v = 2 2x,, —xy —6 X, =4 _ 3
Tu o . Vay M| 4,-2;0 |,N(2;0;4).
Xy v~ 2Xy —O v =2 2
Xy =——
2
x,—6=2(2-6) a=-2
Mit khic AB=2AN &1y, +3=2(0+3) = B(-2;3;-12)={b=3
z,—4=2(-4-4) c=-12

Vay a+b+c=-2+3-12=-11.
Dap an B.

Cau 27: Trong khong gian véi hé toa d0 Oxyz, cho cac mat phéng
( )2x y—z-2=0, (Q):x—2y+z+2=0, (R):x+y—22+2=0,

( ) x+y+z=0. Hoi c6 bao nhiéu mat cau c6 tam thudc (T) va ti€p xuc voi

(P)AQ).(R)?

A. 1. B. 2. C.3. D. 4.
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Lai giai
Gia st mat cau (S) cO tAm I(a;b;c) e(T):a+b+c:O.
Theo bai ra: d(I;(P))=d(I;(Q))=d(I;(R))
2a-b-c-2| |a-2b+c+2| |a+b-2c+2]
= = =
3 3 3
[3a-2| =[30-2] [”zb
3a+3b=4
=1Ba-2=pc-2| =4
a+b+c=0 [a—c

3a+3c=4

a+b+c=0
TH1: Ja=b = 1(0;0;0)
a=c

Tuwong tur cho cac treong hop con lai.
bap an D.

Cau 28: Trong khong gian voi hé toa do Oxyz, cho cac diém O(O; 0;0), A(l,' O,'O),
B(0;1;0) va C(0;0;1). Hoi c6 bao nhiéu diém cach déu cac mit phing (OAB),
(OBC), (OCA), (ABC)?

A. 1.

(
o ocD)=(0
Loi giai  Taco ECDA)) ((Oyz)) - Goi P(g;b;c) 1a toa d6 diém can tim.
= XZ
(ABC):x+y+z:l

Theo dé bai, ta cAn cd |a| = |b| = |c| =

Co tat ca 8 truong hop va déu c6 nghiém. Cu thé:

a=b=c
a=b=-c
*l=pl=ld— ,__, _
—-a=b=c
< . o o |u+b+c—1| ) L
+Moi treong hop trén két hop vdi |c| =———— sinh ra hai treong hop.

B

Pap an D.

Cau 29: Trong khong gian v4éi hé toa d0 Oxyz, cho cac diém
A(—Z;O;O),B(0;4;2),C(2;2; —2). Goi d la dueong théng di qua A va vudng goc
v6i mit phang (ABC),S la diém di dong trén duong thang d, G va H lan luot 1
trong tdm ctia AABC, truc tdm cua ASBC. Puong thang GH cat duwong thang d
tai S'. Tinh tich SA.S'A

A. SAS'A= ; B. SAS'A= % C. SASA=12. D. SAS'A=6.

Loi gidi
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Nhén thdy AB=BC=CA=26 nén AABC déu. Do G la trong tAm ctia AABC
nén CG L AB, ma CG L SA=CG 1(SAB) =CG L SB. Lai c6 CH L SB (Hla truc

tam ctia ASBC) nén SB L(CHG). Suy ra SB L GH.

Goi M 1a trung di€m cua BC.

Ta c6 BC LSA,BC L AM=>BC 1 (SAM)=>BC LGH.

Nhu vay GH 1 (SBC)=>GH LSM hay S'H 1 SM = SS'H = SMA.

Suy ra AAS'G - AAMS:>£:£
AM AS

2 2 (@]2:%[2\/5*/5]2:12.

= ASAS=AM.AG=AM.—AM =—.
3 3 2 2

Pap an C.

Cau 30: Trong khong gian véi hé toa do Oxyz, hinh lang tru cé dién tich dy bang
5 (dvdt) va hai day 1a hai tam giac nam trén hai mit phang (oc),(ﬁ) c6 phuong

trinh [an lwot 1a (a):x—2y+3z—a=0 va (B):3x—6y+9z+b:O(a,beRﬂb;t&z).

Hoi néu thé tich khéi lang tru bang 514 thi khing dinh nao sau day la ding?

A. [3a+b/=+14. B a+g =42, C. [3a+0|=14. D. a+g =14.
Loi giai
Ta co (a):x—2y+3z—a=O©3x—6y+9z—3a:0.

. o y R |b+3a|
Goihlach hinh 1 try, d h=d ; =,

0i h la chiéu cao cua hinh lang try, do (oc)//([}) nén ((a) (B)) 3@
Ta c6 V=S.h<:>5\/ﬁ=5.%=|3a+b|=42<:> a+§ =14.

Pap an D.

x=t
Cau 31: Trong khong gian vdi hé toa dd Oxyz, cho duong th:fmg d:iy=-1va2

z=—t
mit phang (P),(Q) lan lwot ¢6 phuong trinh x+2y+2z+3=0;
x+2y+2z+7=0. Viét phuong trinh mat cau (S) c6 tam I thudc dwong thang d,
tiép xtic voi hai mat phang (P) va (Q)

A. (x+3)2+(y+1)2+(z—3)2 = B. (x—3)2+(y+1)2+(z+3)2 =

C. (x+3) +(y+1) +(z+3) = D. (x-3) +(y-1) +(z+3) =

O O
Ok Ol

Laii giai
Tacd Ied— I(t; -1; —t). Do mat cau (S) tiép xtc véi hai mat phéng (P) va (Q)
nénta co d(I;(P))=d(I;(Q))
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[t-2-2t+3 [t-2-2t+7|
N 3 =

o [1-t|=[5-t|<>t=3->1(3;,-1;-3).

Mt cau (S) 6 ban kinh la R=d(I;(P))= % Vay phuong trinh mét cau (S) 1a

W~

(x=3) +(y+1) +(z+3) ==.

O

bap an B.

Cau 32: Trong khdng gian véi hé toa dd Oxyz. Viét phuong trinh mit phang (P)
di qua diém M (1; 2;3) va cit cac truc Ox, Oy, Oz Tan luot tai ba diém A, B, C khéc

4 A .« A? 7 1 1 7 .7 . 2 A,
véi goc toa do O sao cho biéu thitc 5 +——5 +——5 c6 gia tri nho nhat
OA*> OB* OC
A. (P):x+2y+3z-14=0 B. (P):x+2y+3z-11=0
C. (P):x+2y+z-14=0 D. (P):x+y+3z-14=0

Loi giai

Xét tir dién vuong OABC c6 OA, OB, OC d6i mot vudng goc nén hinh chiéu cta
O 1én mit phang (ABC ) chinh la trigc tam H caa tam gidc ABC va
d(0;(ABC))=h

, 1 1 1 1 . 1 1
Taco—2= >+ >+ >, nén >+ -+ >
h® OA” OB° OC 0OA- OB 0OC

d(0;( ABC)) 16n nhat.

c6 gia tri nho nhat khi

Mt khéc d(O,(ABC))<OM,vMe(P). Dau “=” xay ra khi H=M hay mit
phéng (P) di qua M(1;2;3) va c6 vecto phap tuyén la OM =(1,2;3).
Vay (P):1(x—1)+2(y—2)+3(z—3)=0<x+2y+3z-14=0.

Pap 4n D.

Cau 33: Trong khong gian voi hé toa d0 Oxyz, cho ba diém
A(O,'l,'l),B(3;0;—1),C(0,'21;—19) va mat cau (S) : (x—l)2 +(y—1)2 +(z—1)2 =1.
M(u, b,c) 1a diém thudc mat cau (S) sao cho biéu thitc T =3MA* + 2MB? + MC?
dat gia tri nho nhat. Tinh tong a+b+c

A.a+b+c=% B. a+b+c=0 C.a+b+c=% D. a+b+c=12

Loi giai
Mit cau (S) 6 tam I(1;1;1) vaban kinh R=1. Goi E la diém thoa mén hé thirc
3EA+2EB+EC=0—> E(1;4;-3).
; —_ —\2 - —\2 - —\2
Ta c6 T:3M2+2M82+MC2:3(ME+EA) +2(ME+EB) +(ME+EC)
— 6ME? +3EA? +2EB? + EC? +21\/TE(3§+2§ +R)

—T =6ME* +3EA? +2EB* + EC*. Do EA, EB, EC khong d6i nén T nho nhat khi
ME nho nhat

< M 1a mot trong hai giao diém cta duong thang IE va mit cau (S) .
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x=1
Ta co I_E.=(0;3;—4)—> Phwong trinh IE: y=1+3t(t eR). Giao diém cua IE va
z=1-4t

mat cau (S) thoa man phwong trinh:
(1-1) +(1+3t-1) +(1-4t-1) =125 =1 t=1

Ta co M1[1?§%j_)M1E=4 va Mz[l?é;gJ_)MzE=6' Vay M(E<M,E va

biéu thiecc T =3MA* +2MB* + MC? dat gia tri nho nhat khi M [1;% ,%j

—>a=1,b=§,c=l—>a+b+c:1—4.
5 5 5

Pap an A.

Cau 34: Trong khong gian véi hé truc toa do Oxyz, cho mat cau
(S):x2 +(y—4)2 +z*=5. Tim toa d6 difm A thudc truc Oy, biét ré“mg ba mat

phang phan biét qua A c6 cac vec-to phap tuyén Ian luot 1a cac vec-to don vi ctia

cac truc toa do cit mit cau theo thiét dién 1a ba hinh tron c6 tong dién tich 1a 11n

STUDY TIPS
Néu mit cAu (S) tAm [, ban
kinh R cit mit phéng (P)
theo giao tuyén la duong
tron (C) tam H, bén kinh r
thi ta c6 cong thitc:
IH® =d*(I;(P)) =R* -1’

A(0;2;0) A(0;0;0) A(0;0;0) A(0;2;0)
A {A(0;6;0) B [A(O;S;O) < {A(O;@O) b. [A(O;S;O)
Loi giai

Mt cau (S) c6 tam 1(0;4;0) vaban kinh R=+/5.Diém AecOy—> A(0;5;0). Khi
d6 ba mat phang theo gia thiét di qua A va cé phuong trinh tong quat Ian luot 1a
(al):x=0, (az):y—bz() va (a3):z=0.

Nhéan thay d(I;((ll )) = d(I;(a3)) =0 nén mat cau (S) cit cac mit phang
(al),(%) theo giao tuyén la duwong tron 16n cé tam I, ban kinh R = NER Tong
dién tich cia hai hinh tron déla S +S, = 2nR* =107.

Suy ra mat cau (S) cat (ocz) theo giao tuyén la mot duwong tron cé dién tich 1a

S, =11n—(S, +S,)=11n—10n =7 . Ban kinh dudng tron nay la r = 5 g,
T

A(0;2;0)
A(0;6;0)

—)d(l;(oc3)): R2 42 :2:|4—b|<:{ZZ§.Véy [

Pap an A.

Cau 35: Trong khong gian véi hé truc toa d6 Oxyz, cho duong thang

1 y-2 S A A X 2
d: % = y_l = g . biém nao sau day thugc dwong thang d4?
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A. Q(1,0,2) B. N(1,-2;0) C. P(1;-13) D. M(-1;2;0)

Pap an D.

Cau 36: Trong khong gian voi hé toa d6 Oxyz, cho diém M (% —g,gJ va mat

9
cau (S) c6 phuong trinh x* +y* +2° —2x—4y—6z—11=0. Tl diém M ké céc
tiép tuyén MA, MB,MC dénmit cau (S), trong d6 A, B,C 1a cdc tiép diém. Mt
phang (ABC ) c6 phuong trinh la px+qy +z +r =0. Gid tri cia biéu thtc p+q+r

bang
A. 4. B. 4. C 1 D. 36.

Lai giai

M3t cau (S) c6 tam I(1;2;3) va ban kinh R=5.

Tacéd IM = @,—@ -2 IM—25
97 9 3

Do d6 MA=MB=MC =+IM*-R* = 20

Suy ra toa do cua A,B,C thoa man phwong trinh

59\ 32 2V 400
X—— | +|ly+—=| +|z—=| =—

9 9 9 9
18 64 4 101

oS+ y+zi——x+—y-——z+—=0.
v 9 9]/ 9 9

Do vay toa do ctia A, B,C thoa man hé phuwong trinh
118 64 4 101

x +y +Z —7x+?y—§z+7=0

X +y?+z° —2x-4y—62z-11=0
{—2x+2y+z+4=0
Py 4zt -2x—4y—62-11=0
Nhu vay toa do cua A,B,C thoa man phuwong trinh —2x+2y+z+4=0 nén mat
phang (ABC) c6 phuong trinh la 2x+2y+z+4=0.
Suyra p=-2;9=2;r=4.Vay p+q+r=4.
Phén tich phuong dn nhiéu.
Phuwrong dn A: Sai do HS viét dwoc phuong trinh 2x—2y—z-4=0 nén suy ra
p=2;,9=-2;r=—4.
Phwong dn C: Sai do HS xac dinh p=-2;9=2;r=1.
Phwong dn D: Sai do HS xac dinh sai hinh chiéu vuong géc H ctia M trén mat
phang (ABC).

2

Cu th€ H duoc xac dinh dwa vao hé thic vecto F{z—mIM nén

H[%._%._lﬁ],

7 7

9° 9 9
Do d6 viét duoc phuong trinh mgt phang (ABC) la 2x+2y+2z+36=0.
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Suyra p=-2;q=2;r=36.

Pap an B.

Cau 37: Trong khong gian voi hé toa do0 Oxyz, cho tam giac ABC cé
A(2;3;1),B(—1;2;0),C(1;1;—2). Puong théng d di qua trgc tam ctia tam giac
ABC va vuong goc v6i mit phang (ABC ) c6 phuong trinh la

x-1 y+5 z-4 x-2 y+13 z-9

A. B.
1 -8 5 1 8 5
c x+l_y-11_z+6 D X=3_y+21_z-14
1 8 5 1 -8 5
Lai giai

Ta cé E=(—3;—1;—1),A—C=(—1;—2;—3) nén mat phzfmg (ABC) c6 mdt vecto

phap tuyén la | AB, AC |=(1;-8;5).

Suy ra (ABC) c6 phuong trinh la x -8y +5z+17 =0.

Goi H (x; y;z) la truc tam cua tam gidc ABC. Ta co
aiz(x—l;y—l;z+2);ﬁ{=(x+1;y—2;z).

Vi H la truc tam ctia tam gidc ABC nén

BH 1L AC BHAC=0  (x+2y+3z=3 ) 20 1
CH1AB < {CHAB=0<{3x+y+z=2 @(x;y;z)z(—;—;——}
He(ABC) |He(ABC) |x-8y+5z=-17

Suy ra H g;g;—1 .
15°15" 3
DPuong thang d vudng goc véi mit phang (ABC ) nénnhan [A—B,A—C} = (1;— 8; 5)

lam mot vecto chi phuong. Suy ra phuong trinh duong thang d la

2 29 1
15_7 15_" '3
1 -8 5

Dé thdy diém M (2;—13;9) thudc duong thang d nén phuong an dting 1a B.
Phén tich phuong dn nhiéu.
Phurong dn A, C va D: Sai do HS tim toa do trec tam H thiéu diéu kién H (ABC)
va chi kiém tra hai diéu kién BH 1. AC;CH 1 AB.

Pap an B.

Cau 38: Trong khong gian véi hé toa d0 Oxyz, cho duong thang
:x—2=y+1=z+1 va A:x—?):y+1=z+3
1 1 -2 1 1

(P) chtta d va tao véi tam gidc mot goc 30°. c6 dang: x+ay+bz+c=0 voi

. Viét phrrong trinh mit phang

a,b,ceZ khidogiatri a+b+cla
A.8 B. -8 C.7 D.-7

Ldi giai

Hé thong giao duc truc tuyén ngochuyenlb.edu.vn | 169




Ngoc Huyén LB The Best or Nothing

- Goi vecto phép tuyén ctia (P) 1a n=(a; b;c)#0
-dc(P)=nu, =0 a+b-c=0=c=a+b (1)
- A c6 vecto chi phuong u, =(1;1;2), gbc gitta A va (P) 1a 30° nén
S . \?@
'\uz\ sin30° =

1 |a+b+2d
< — =
2 R+ +2 1P +12+4

)
u

K

3|a +b|
\ Thé (1) vao (2) =
% J6.2a% + 207 + 2ab

N | =

N 4.9(a2 +b + Zab) = 6(2a2 +2b° + Zab)

1
=—— b=-2
& 2407 +24b% +60ab=0 < | ? =S 4
Q=2 a=-2b

-Véi b=—2a=c=a+b=-a. Chon a=1:>12=(1;—2;—1) :>(P):x—2y—z—5:0
-Véi a=-2b=>c=—b. Chon b=1=n=(-2;1;-1) =(P):2x-y+z-2=0
Pap an B.

Cau 39: Trong khong gian véi hé toa do Oxyz, cho A(Z; 11; —5) va mat phéng
(P) 1 2mx + (mz + 1)y + (mz - 1)z —10=0. Biét rang khi m thay dd&i, ton tai hai mat
cau cd dinh tiép xtc voi (P) va cung di qua A. Tim tdng ban kinh ctia hai mat

cau dé.

A. 22. B. 5v2. c. 742. D. 124/2.

Loi giai

Goi I(a;b;c), r Tan luot la tim va bén kinh mit cau

‘(b—c)m2+2ma+b—c—10‘

=d(I[;(P))=

=r=d(i(?) (m* + 12
(b+c—r\/§)m2+2ma+b—c—r\/5—10=0(1)

=N
(b+c+r«/5)m2+2ma+b—c+r\/5—10:0 )

- Xét phuong trinh (1):
Do (P) ludn tiép xtc voi mat cau c6 dinh v6i moi m nén

b+c—r\/§:0 b:r\/§+5

2

a=0 <{a=0 :>(S):x2+(y—5—r\/5) +(z+5)2=r2

b—c-rl2-10=0 |c=-5
r= 2\/5
r=1042
- Xét phuong trinh (2): ta lam tuong tu nhu trén = khong thoa dé bai.
Vay t6ng ban kinh 2 mit cau 1a 1242

Do Ae(S):>4+(—11—5—r\/§)2 = o -12{2r+40=0 &

Pap an D.
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Cau 40: Trong khéng gian véi hé toa d6 Oxyz, cho ba mat phéing
(cx):2x+4y—52+2:0, (B):x+2y—2z+1=0 va (y):4x—my+z+n:0. Dé ba

mét phang d6 c6 chung giao tuyén thi tdng m +n bang
A. 4 B. 8. C. -8 D. 4.

Laii gii
Nhin vao phuong trinh (y) ,détinh m+n tacancod y=-1.

(0):2x-52z-2=0 {x:1
(B):x-2z-1=0 0

Cho yz—l:{

Thay vao (y), ta dwoc m+n=-4.

Dap an A.

Cau 41: Trong khong gian v6éi hé toa do Oxyz, cho 4 diém
A(3;O;O), B(O;Z;()), C(0;0;6), D(l;l;l). Ki hiéu d la duong th:fmg di qua D sao
cho tdng khoang cach tir cac diém A, B, C dén d la 16n nhat. Hoi duong thsfmg d

di qua diém nao duwdi day?

A. M(-1,-21).  B. N(57;3). C. P(3;4;3). D. Q(7;13;5).
Loi giai
Ta thdy De(ABC):2x+3y+z-6=0
d[A,d]<AD
Ta cd: 4d| B,d |<BD =d| A,d|+d|B,d|+d[C,d|<AD+BD+CD
d[C,d]<CD
x=1+2t
Déu “=" xay rakhi d L (ABC) tai diém D =d:{y=1+3t=N(5;7;3)ed
z=z+t

Dap an B.

Cau 42: Trong khong gian voi hé toa dd Oxyz, cho diém M (8; 1;1). Mat phéng
(P) qua M cét cac tia Ox, Oy, Oz Tanluot tai A, B, C thoa man OA? + OB* + OC?
dat gia tri nho nhat c6 dang la (P): ax+by+cz—12=0. Khi d6 a+b+c la:

A.9. B. -9. C.11. D. -11.
Lai giai
Gia st (P) cat Ox, Oy, Oz Ian luot tai a,b,c>0
= (P): 2+ Y201 qua M(8;11)= 24 2410
a b c a b c

OA* +OB*+0OC* =a” +b* +¢* +2x(§+%+1j—2x
a c
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Phwong trinh mat phéng

qua A(a;0;0),B(0,b,0),

C(0;0;c) véi abc#0 la
y

x z
—+<+—=1 goilaph
—+5 +— =1 goilaphuong

trinh m3t phang dang doan

Ngoc Huyén LB The Best or Nothing

Y N SN S S 233(8x)2+33jx_2+33/x_2 (Co - si) (%)
a a b b c c
, 8x
a’=—
a a:23/; 3/_ ‘
X =
b2=§ b=3x a=12
Dau “=" xay ra khi <43 =
’ 2=2 o= b=6
C i+i+i:1 c=6
3 3 3
§+1+—=0 \/; \/; \/;
a c
=(P): =+ 421 x+2y+22-12=0
12 6 6
Ban c6 thé thé x vao (*) dé€ tim min.
Pap an A.
Cau 43: Trong khong gian véi hé toa do  Oxyz, cho

A(3;,-1,-3), B(-3;0;-1), C(-1,-3;1) va mat phing (P):2x+4y+3z-19=0.
Toa do diém M(u; b,'c) thudc (P) sao cho ‘m+2m+5M—C" dat gia tri nho

nhat. Khi d6 a+b+c bang:

chin
M
/( I /
1
P 1
A

A.4. B. 5. C.6. D.7.
Lai giai
. 3+2.(—3§+5.(—1) .
: A TR T ~1+2.0+5.(-3)
Goi I(x;y;z) thoaman IA+2IB+5IC=0 ={y= 5 =-2
Z:—3+2.(E;1)+5.1:0

=1=(-1,-2;0)

Ta co Aﬂ+2ﬁ+5m=ﬁ+ﬁ+zzﬁ+zﬁé+5ﬁi+5f
—8MI + IA +2IB +5IC = 8MI

:‘m+2m+5M—C.‘ min < S‘M‘ min

<> M 14 hinh chiéu ctia I 1én (p)

Goi A la duong thang qua I(—l; 2; 0) va vudng goc voi (P) :2x+4y+3z-19=0

x=-1+2t
co vecto chi phurong la (2; 4; 3) =S Aqy=-2+4t
z =3t

Thé vao (P)=>2(-1+2t)+4(-2+4t)+3(3t)-19=0t=1

x=1
= y=2=>M(1;2;3)=>a+b+c=6
z=3

Pap an C.
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Cau 44: Trong khong gian véi hé toa d6 Oxyz, cho (oc) :2x-2y—z+14=0, mat
cau (S) x+ yz +2z%—2x— 4y—-6z-11=0. Mat phéng (P)//((x) cht (S) theo thiét

dién 1a mot hinh tron ¢6 dién tich 16m. Khi d6 phuong trinh mat phing (P) la:

A. 2x-2y—-z+14=0. B. 2x-2y-z+4=0.
C. 2x-2y-z+16=0. D. 2x-2y-z-4=0.
Loi giai

(P)//(a)=(P):2x-2y—z+c=0 (c=14)
(S) 6 tam I(1;2;3), ban kinh R=5

Hinh tron thiét dién (C) c6 S=16n = Bankinh r=4

Goi H1a hinh chiéu ctia [én (P)= Hlatamcta (C) = IH =d ) =VR*~r* =3
21-22-3+(| =14 (1 |
= Navary =3<:>|c—5|=9<:> o4 :(P).Zx—zy_z_4:0

Pap an D.

Cau 45: Trong khong gian véi hé toa dd Oxyz, cho 3 diém
A(1;2;-3), B(-1;1;2), C(0;-3;-5). Xac dinh diém M trén mit phang Oxy sao

cho: [MA + MB+ MC| dat gié tri nho nhét. Gié tri nho nhét d¢ la:

A. 0. B. /5. C.5. D.6.

Lai glél Goi G la trong tam AABC, ta co: G(O; 0;—2).

‘MA +MB+ MC‘ = ‘3%‘ =3MG nho nhat khi va chi khi M 1a hinh chiéu ctia G
trén (Oxy).
= M(0;0;0)= MG =2=3MG=6.

Pap an D.

Cau 46: Trong khong gian voi hé toa dd Oxyz, cho diém H (2; -1 2) la hinh chiéu
vudng gdc ctia gdc toa dd O xudng mat phang (P) S8 do gbc gitta mat phang

(P) va mit phang (Q) c6 phuong trinh —y+z=0 la:

A. 90°. B. 60°. C. 45°. D. 30°.
Ldi giai
. — n,.n
n, =0 =(2;—1;2), nQ=(O;—1;1) = CosQ = : i 5 L = p=45°
1, .nQ‘ 32 2
Pap an C.

Cau 47: Trong khong gian véi hé toa do Oxyz, cho 2 diém A(Z; 1; —1), B(O; 3; 1)
va mat phéng (P) :x+y—z+3=0. Tim toa d0 di€m M thudc (P) sao cho
[2MA ~ MB| 6 gi tri nho nhat.

A. M(—4;-1,0).  B. M(-1,-4;0).  C. M(41,0). D. M(1;,—4;0).
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Cach viét phuong trinh
dwong vudng goéc chung cuia

hai duong théng dva d.

Budc 1: Lay hai diém A va B

lan lwgt thudc hai duong da

cho (toa do theo tham s6).

Budc 2: Giai diéu kién
ABu=0 o
I timratva t.
ABu' =0

Ngoc Huyén LB The Best or Nothing

Loi giai
Goi I(a; b; c) la di€m thoa man 2IA — IB =6, suy ra 1(4;—1;—3).
Ta c6 2MA — MB =2MI + 2IA — MI — IB = MI :‘Zm—m‘z‘M‘le.

Do do

2MA ~ MB| nho nhat khi MI nhé nhét hay M 1 hinh chiéu cta I trén (P)

x—4 y+1 z+3

Puong thang di qua I va vudng goc voi (P) lad:

1 1 -1
x-4 y+1 z+3
Toa d6 hinh chiéu M cua I trén (P) thGaman: < 1 1 -1 = M(l;—4; 0)
x+y—-z+3=0

Dap 4n D.

x—2:y—1:z—2 va
-1 -1

Cau 48: Trong khong gian vi hé truc toa do Oxyz, cho d:

x=3+t'
d':{y=2+t',t'eR. Viét phuong trinh chinh tic ctia dwong vudng goéc chung
z=5

. J

caadva d'.
AJx—lzy—Zzz—3. B'x—lzy—zzz—y
1 -1 -1 1 -1 -2
C.x—lzy—222—3‘ D'x—lzy—222—3_
-1 -2 2 1 -1 2
Lai glél Hai dwong théng d va d' Tan lugt c6 vecto chi phuong la

u=(L-1-1) va u'=(11,0).
Lay A(2+t1-t2—t)ed va B(3+t;2+t;5)ed
:>Z§:(I+F—bﬂ+t+bt+3)

AB la doan vudng goc chung ctia hai duong thing d va d' khi va chi khi

{Hﬂﬁ @{(1+t’—t)—(t’+t+1)—(t+3)=0 {—3t—3=0 {t:_l.

AB Lu/ (1+t'—t)+(t'+t+1)+o.(t+3)=o@ 244220

Khi d6 AB=(1;-1,2) va A(1;2;3)= AB:*1-Y=2_273
1

-1 2
bap an D.

Cau 49: Trong khong gian véi hé truc toa do Oxyz, cho hai diém A(l;O,'Z),
B(0;-1;2) va mat phing (P):x+2y—2z+12=0. Tim toa do diém M thudc (P)
sao cho MA + MB nho nhat?

A. M(2;2;9). B. M —3;—1—8;2—3 )
11" 11 11
C M Z;Z,'ﬂ . D. M —2;—E;§ .
6 6 5 55
Loi giai

Tacé (1+2.0-22+12).(0+2.(-1)-22+12)=54>0.
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Phuwong phap la xét vi tri
twong déi ctia cac diém A, B

so v6i mit phang (P).

1. Néu A, B khéc phia so voi
(P) thi MA+MB nho nhat
bing AB khi va chi khi
M=(P)n AB.

2. Hai diém A, B ndm ciing
phia so v6i mat phang (P)

thi ta 18y ddi xting diém A
qua (P) ta duoc diém A'.

Khi d6 A’ va B 6 khéc phia
50 VOi (P) va

MA + MB=MA'+ MB= A'B.
D4Au bang xay ra khi

200 bai toan VD — VDC facebook.com/huyenvu2405

(M =(P)nAB.

M(_—();ﬂ;EJ 2 (p)
11° 11 11

— loai B.
Nhép may

Ja=x) + (=) +(2-2)

Suy ra hai diém A, B nam cling phia so v6i mit phang (P)

Ap dung phuong phép tong quat & STUDY TIP ta thdy d¢ MA + MB nho nhat
thi M 1a giao diém cta duong thang A'B va mat phang (P) , trong d6 A’ 1a di€ém
d6i xting cua A qua (P)

Viét phuong trinh dwong thang d di qua A va vudng goc véi mat phang (P)

x=1+t
Suy ra d:{y=2t ,teR. Goilla giao diém ctia d va mit phang (P), suy ra
z=2-2t

I(1+t2t;2—2t)ed valla trung diém ctia AA’.

Mt khéc I €(P)<1+t+22t-2,(2-2t)+12=0<t=—1.

Suy ra 1(0;-2;4) = A'(-1,~4;6).

Puong thing A'B di qua A'(-1,-4;6) va B(0;-1;2) c6 phuong trinh

x=t'
A'B:{y=-1+3t,(t'eR)= M(t;-1+3t;2-4t')e A'B.
z=2-4t

Mitkhdc M =(P)nAB=t'+2.(-1+3t')-2.(2-4t')+12=0 <t 2
5

Vay M _—2;—2;1—8 .
5 5 5

Pap an D.

(=) +(1-y) +(2-2)
St dung lénh CALC véi
cacdap an A, C, D —» Chon
dap an c6 két qua nho nhat

/( STUDY TIP )ﬁ

Téng quat: Viét phuong
trinh duong thang A vudng

gbc voi mat phang (P), cét
hai duong thang d va d' cho
trude.

Goi A=And= toa do
diém A theo t, B=And =
toa dO0 diém B theo t.
Puong thang A vudng goc
vOi mat phéng (P) nén AB

va n, cung phuong suy ra

duwoc t va t. Tim duwoc toa
do A va B suy ra phuong
trinh duong théng A.

Cau 50: Trong khong gian voi hé toa d0 Oxyz, cho hai duong théng
x=-1-2t x=2+t

d:qy=t , d':qy=-1+2t va mit phang (P):x+y+z+2:0. Duong thang
z=-1+3t z=-2t

vudng goc véi mit phang (P), ctd va d' c6 phuong trinh 1a

A x—3:y—1:z+2 x—lzy—lzz—l

\_ J

. B. .
1 1 1 1 -1 —4
C. x+2:y+1:z—1. D. x+1=y—1=z—4‘
1 1 1 2 2 2
Ldi giai

Mit phang (P) €O vecto phép tuyén la ;1=(1;1;1).

Goi A la duong théng can tim va A=And, c6 Aed nén A(—1—2t; t;—1+3t);
goi B=And', c6 Bed' nén B(2+t’;—1+2t';—2t’).

Tacé AB=(F+2t+3;2t' ~t—1;-2t' =3t +1).

t'+2t+3 2t'—t-1 -2t'-3t+1
1 1 1

Do AJ_(P) nén AB,n cung phuong <

{3t —t'=—4 {t =-1 {A(l;—l;—ﬁl)

R = = .
2 +4t'=2 " |t'=1 B(3;1,-2)
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A
/l/ C S<—»D

Ngoc Huyén LB The Best or Nothing

Duong thang A di qua diém B va c6 vecto chi phuong n= (1; 1; 1) nén cé phuong

x-3 y-1 z+2
1 1

trinh

Dap an A.

Cau 51: Trong khong gian véi hé toa dd Oxyz, cho mit phéang (P) :
x+y+z-3=0 vacac diém A(3; 2;4), B(5; 3;7) . Mit cau (S) thay do6i di qua A,
B va cat mgt phang (P) theo giao tuyén la duwong tron (C ) 6 ban kinh r=242.
Biét tam cua duong tron (C ) luén ndm trén mot dwong tron 8 dinh (C1)- Ban

kinh cua (C,) la

A.r=+14. B.r=12. C. r =2\14. D.r =6.
Loi gidi
Tac AB= (2; 1,'3) nén phuong trinh duong thang AB 1a
x=3+2t
y=2+t (teR).
z=4+3t

/C STUDY TIP )ﬁ

Cong thtre

“ MC.MD = MA.MB ” khién
ta nhd dén kién thic vé
phuong tich cuia mét diém
M ndm bén ngoai duong
tron (0): “Néu duong

thing d qua M (ndm ngoai
duong tron) va cat duong
tron (O) tai hai diém A, B
thi tich s6 MA.MB khéng
d6i va MAMB=MO* -+’
(r 1a ban kinh dwong tron)”.

\ J

Goi M=AB m(P) thi toa do diém M thoa man hé phuong trinh

X, =3+2t
Yy =2+t
z,, =4+3t

Xy +Y, +z,-3=0

=(3+2t)+(2+1)+(4+3t)-3=0 =6t +6=0<t=-1 > M(L,11).
Co MA=[(3-1) +(2-1) +(4-1) =14
va MB=\[(5-1) +(3-1) +(7-1) =214.

Goi I, la tam ctia dwong tron (C ) va MI, cit duong tron (C ) tai 2 diém C va D.

Ta c6 MC.MD = MA.MB=+/14.2/14 =28
< (M, +7)(MI, —r)=28
2
& MI} - =28 < MI, =28 +(22] =6.
Do M(1;1;1) nén di€m M c8 dinh. Khi d6 tam I, ctia duong tron (C) ludn ndm
trén duong tron cd dinh ¢é tam M, ban kinh r, = MI, =6.

Pap an D.
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II

DISCOVERY

Ta lap luan twong tw d€
giai bai toan dudi day:
Mot ban dai ¢6 hai day ghé
d8i dién nhau, mdi day co
5 ghé. Nguoi ta mudn xép
chd ngdi cho 5 hoc sinh
treong A va 5 hoc sinh
treong B vao ban. Tinh xac
suat dé bat ct hoc sinh nao
ngoi déi dién nhau thi
khac treong véi nhau.

A2 B4
63 63
¢l b2
63 63
Dap an: C.
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UIIL TO HOP — KAC SUAT, GIGI HAN, CAP SO

Cau 1: Co hai day ghé ddi dién nhau, moi day cd ba ghé. Xép ngau nhién 6 hoc
sinh, gom 3 nam va 3 n, ng6i vao hai day ghé dé sao cho moi ghé c6 ding mot
hoc sinh ng6i. Xac suat d€ moi hoc sinh nam déu ngdi doi dién véi mot hoc sinh

nit bang
A2 B. . c2. D. —.
5 20 5 10

Loi giai

Xé&p ngau nhién 6 ban hoc sinh vao 6 ghé, suy ra s6 phan tt ctia khong gian mau
la n(Q)=6!.

Gia st c6 hai day ghé I va IT d6i dién nhau. Mbi ddy gom 3 ghé A, B, C.

Goi A la bién cd “Xép mdi hoc sinh vao mdt gh€ sao cho mdi hoc sinh nam déu
ngoi doi dién véi mot hoc sinh nit”. D€ xét sd két qua thudn lgi cho bién ¢ A la
n(A) ta c6 hai cach dudi day.

Cach 1: Xép ban nam thtt nhat c6 6 cach, xép ban nam thi hai c6 4 cach (ban nam
thit hai khong dwgc ngo6i ¢ vi tri d6i dién v6i ban nam thit nhat), xép ban nam
thit ba c6 2 cach (ban nam thit ba khong dwoc ngdi ¢ vi tri d6i dién véi hai ban
nam vita X€p). Xép 3 ban nit vao ba ghé con lai ¢é 3! cach.

Suy ra n(A)=6.4.2.3!.

Vay xac sudt can tim la P(A)z == ':%,

6><4>§?§<3! ‘ J

' 2

= 6 X @) X (2] X (3] @[ () @ (6] e (o] (E) 5
Cach 2: Xép 3 ban nam vao ba loai ghé A, B, C c6 3! cach. Xép 3 ban nit vao ba

loai gh€ A, B, C c6 3! cach. Mbi loai ghé xép chd ngoi cho cap nam nit ¢6 2! cach.
Suy ra s0 cach xép mdi hoc sinh nam déu ngoi doi dién véi mot hoc sinh nit 1a
31.31.(2!) cach. Khi d6 n(A)=313L(21).

n(A) 313L(21). 2
n(Q) 6! 57
g@@@@@@@

| I
31x31x¢2! )"
1
6! 2
5

Vay xac sudt can tim la P(A) =

Dap an A.

Cau 2: Trong mat phang vd6i hé toa d6 Oxy, chon ngau nhién mot di€ém ma toa
do6 la cac s6 nguyén co gia tri tuyét ddi nho hon hodc bang 4. Néu cac diém cd
cung xac sudt duoc chon nhw nhau thi xac suat dé chon duwoc mot diém ma

khoang cach dén goc toa dd nho hon hodc bang 2 1a

13 B3 c 13 p. 1.
81 81 32 16
Loi giai

x|£4;

Goi diém M (x;y) thoéa man x,y €Z; y| <4.
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,( STUDY TIP Dﬁ

Do a*+b <d=a*<4

& -2<a<2 MaaeZ nén

ae{O;il;iZ}. Tt d6 ta méi
a,be?

suy ra ae{O;il;ﬂ}.

b*<4-g*

Ngoc Huyén LB The Best or Nothing

xe {—4; -3;-2;-1;,0;1;2; 3;4}
Suy ra .
ye {—4;—3;—2;—1,' 0;1;2;3;4}
Khi d6 s6 phan tt cia khong gian mau la n(Q) =9.9=81.
Goi A 1a bién ¢6 “Chon duwoc mot diém cd khoang cach dén goc toa d nho hon
hoac bf?mg 2”. Goi diém N(a;b) la diém thdéa man a,beZ;ON <2.

a,bel
Suy ra \a® +b* <2< a* +b* <4. Tk d6 ta 6 ae{0;+1;+2]
b <4-a

+Néu a=0 (c6 1 cach chon). Suy ra be {0; il;ﬁ} va cd 5 cach chon b. C6 1.5=5
cach chon diém N thoa man treong hop nay.

+ Néu a==1 (cd 2 cach chon a). Suy ra b* <3 hay b e{O; J_rl}, cO 3 cach chon b.
Tt d6 ¢6 2.3=6 cach chon diém N thoa man truwong hop nay.

+Né&u a=42 (c6 2 cach chon a). Suy ra b> <0=b=0, c6 1 cach chon b. Ttr d6 ¢6
2.1=2 cach chon diém N thoa man treong hop nay.

Vay s0 phan tt thuan loi cho bién ¢6 A la n(A) =5+6+2=13.
Vay xac sudt can tinh 1a P(A)= M _15
n(Q) 81

Dap an A.

Cau 3: C6 8 ngudi ngdi xung quanh mot chiée ban tron. Méi nguoi cam mot dong
xu can doi, dong chat. Ca 8 nguoi dong thoi tung dong xu. Ai tung duoc mat
ngtra thi phai ding day, ai tung dwoc mat sap thi ngéi yén tai chd. Tinh xac suat

sao cho khong co hai nguwoi nao ng6i canh nhau phai ding day?

A7 B. . c 5 p. 2.
256 256 256 128
Loi giai

Dit Q 1a khong gian mau. Ta cé n(Q) =2°=256.

Goi A la bién ¢ “Khong ¢6 hai nguoi nao ngoi canh nhau phai dung day”.

- TH1: Khong cé ai tung dwoc mat ngtra. Treong hop nay c6 1 kha nang xay ra.
- TH2: Chi c6 1 nguoi tung dugc mat ngtra. Treong hop nay cé 8 kha nang xay
ra.

- TH3: C6 2 nguoi tung duoc mdt nglra nhung khong ngdi canh nhau: Co
8;25 =20 kha nang xay ra (do mdi ngudi trong vong tron thi ¢6 5 nguoi khong
ngoi canh).

- TH4: C6 3 nguoi tung dugc mat ngtra nhung khong cd 2 nguoi nao trong 3
nguoi nay ngdi canh nhau. Truong hop nay c¢6 C, —8—8.4=16 kha ning xay ra.
That vay:

+Co C; cach chon 3 nguoi trong s6 8 nguoi.

+ C6 8 kha nang ca ba nguoi nay ngoi canh nhau.
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+ Neéu chi c6 2 nguoi ngdi canh nhau: C6 8 cach chon ra mot nguoi, véi moi cach

chon ra mot nguoi c6 4 cach chon ra hai nguwoi ngo6i canh nhau va khong ngoi
canh nguoi dau tién (ddc gia vé hinh dé€ rd hon). Vay c¢6 8.4 kha nang.

- TH5: C6 4 nguoi tung dugc mat ngira nhung khong coé 2 nguoi nao trong 4
nguoi nay ngdi canh nhau. Truweong hop nay co6 2 kha nang xay ra.

47

Suy ra n(A)=1+8+20+16+2=47 :>P(A)=2—56.

Pap an A.

Cau 4: Trong mot hinh tt dién ta t6 mau cac dinh, trung diém cac canh, trong
tam cac mat va trong tam tt dién. Chon ngau nhién 4 diém trong sd cac diém da
td mau. Tinh xac suat dé 4 diém duoc chon la 4 dinh ctia mot hinh t& dién

I8 100 2 p, 16
273 1365 273 195
Loi giai

Cé tat ca 15 diém duoc to mau gom 4 dinh cta ti dién, 6 trung di€ém ctia 6 canh,
4 trong tam ctia 4 mat bén va 1 trong tam cta t dién.

Khong gian mau 1a “Chon ngau nhién 4 trong s6 15 diém da t6 mau”. S8 phan
tkr ctia khong gian mau la n(Q) =Cp.

Goi A 1a bién ¢8 “4 diém duoc chon dong phing”. Suy ra A 1a bién ¢ “4 diém
duoc chon la 4 dinh cua mét hinh tt dién”. D€ xac dinh s6 két qua thuan 1oi cho
bién cG A ta xét cac truong hop sau:

a. 4 diém cung thudc “mot mat bén cua ti dién”

Mot mat bén c6 7 diém dugc to mau nén s6 cach chon 4 diém (dong phrfmg) trén
mot mat bén la C; (cach).

Co tat ca 4 mdt bén nén s6 cach chon thoa man truong hop a. la 4.C; (cach).

b. 4 diém cung thudc mat phang “chira 1 canh cua t¢ dién va trung diém cta
canh doi dién”.

Mit phang d6 c6 7 diém dwoc t6 mau nén s6 cach chon 4 diém (d6ng phang) trén
moi mitla C (cach).

Hinh t& dién c6 6 canh nén c6 tat ca 6 mat nhu thé. SO cach chon 4 diém thoa man
treong hop b. 1a 6C; (cach).

c. 4 diém cting thudc mat phang “chtra 1 dinh va duong trung binh ctia tam giac
ddi dién dinh d6”.

Mit phang d6 c6 5 diém duoc td mau nén sd cach chon 4 diém (dong phang) trén
moi mitla C; (cach).

Do mdi mat bén 1a mot tam giac c6 3 duong trung binh, nén moi dinh c6 tuong
tng 3 mat phang nhu thé (chtta dinh va duong trung binh). Ma t dién c6 4 dinh
nén c6 tat ca 3.4=12 mit phang & treong hop c.

Vay s6 cach chon thoa man truong hop c. 1a 12C; (cach).

d. 4 diém cting thudc mat phang “chita 2 duwong nédi 2 trung diém ctia cac canh

doi dién”.
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C6 3 duong noi 2 trung diém ctia cac canh doi dién. S6 mat phéng dwoc tao thanh
tir 2 trong 3 duong d6 1a C2 (mit phang).
M&i mit phiang nhuw thé c6 5 diém durgc t6 mau nén s§ cach chon 4 diém (dong
phéng) la C? (cach).
Vay s6 cach chon thoa man treong hop d. 1a C.C: (cach).
S8 két qua thuén loi cho bién ¢ A 1a n(A)=4C; +6C; +12C! +C;.Ci =425.
Vay xéc suét can tinh la P(Z) =1-P(A) =1—% =1—‘é—f =%.
Pap an A.

A . o« A? n n A 7 A,
Cau 5: Trong khai trién (1+2x) =a,+ax+..+ax",neN*. Tim s6 16n nhat

4 A A .« A a LZ
trong cac hé s6 a,,4,,..,a,, biét a + L+ =L =4096.
0 1 n 0 2 2n

A. 126720. B. 213013. C. 130272. D. 130127.

Laii gii
Theo dé ta c6 (1+2x)” =a,+ax+..+ax"

1 n a a a
Thay x== taco (1+1) =a, + 2+ =2 +...+ 2 =4096.
y 2 ( ) 0 2 22 211

<2"=4096 <> n=12.

Heé s6 cua s6 hang tong quat trong khai trién nhj thic (1 + 2x)12 laa =C,.2"
a_ =Cnt.2m

Xét bat phuong trinh véian s n ta c6 C5'.2""' <C},.2"

- 12! o l22 1 2 26
(n-1)1.(13=n)! nl(12-n)! "18-n n 3

Do d6 bat dang thirc dting véi n€{0;1;2;3;4;5;6;7;8} va ddu déng thitc khong
xay ra.
Ta dwoc a,<a, <a, <..<ag va a;>a,>a,,>a,, >a,.
Vay gia tri 1on nhét cua hé s6 trong khai trién nhi thicla C;,.2° =126720.
Pap an A.

Cau 6: Lop 12B ¢6 25 hoc sinh duoc chia thanh hai nhém I va Il sao cho moi nhém
déu c6 hoc sinh nam va nt, nhém I gom 9 hoc sinh nam. Chon ra ng?zu nhién
mdi nhom 1 hoc sinh, x4c suit dé chon ra duwoc 2 hoc sinh nam b?mg 0,54. Xac
suat dé€ chon ra dwgc hai hoc sinh nir béng

A.042. B.0,04. C.0,23. D. 0,46.

Loi giai
Goi x,y lan luot 14 s6 hoc sinh n&t @ nhém I va nhém 11 Khi d6 s6 hoc sinh nam 6
nhom II la 25—(9+x)-y=16—x—y. Diéu kién d€ mdi nhém déu c6 hoc sinh
namvantla x>21,y>1,16-x-y=>1Lx,yeN.

1,1

; A~ ~ . . M 9~16—x—
Xéc suat dé chon ra dwoc hai hoc sinh nam bang ————=0,54

9+x T 16—x
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9(16—x— —Qy—
o 26X Y) ooy 0xoy o 184 7L 3
(9+x)(16-x) 144+7x-x 25 50 50
x2>1
%—;—éxwt%xzzl
Ta c6 hé diéu kién sau 184 71
16—x—| ———x+—x" 21
25 50
xeN
x2>1
>
x3_1 71 159 x>
— X —-—x+—2>0 -3 1<x<6
= 503 5021 21591 S Le=o Q{_N_
—— X"+ —x+—2>0 _5 [ re
50 50 o5 21-5 201SXS21+5 201
xeN 6 6
xeN
Ta c6 bang cac gia tri cua x,y:
X 1 2 3 4 5 6
s | 1 o [ e | a |
y he 25 25 25 25 oo
1 toa) | (oa) | (loa) | (oa) |

Vay ta tim duoc hai cap nghiém nguyén (x;y) thoa man diéu kién la (1;6) va

(6;1).

o cc! xy
Xac suat dé cho ra hai hoc sinh nitla — f = .
C:l9+xcjl6 X (9+x)(16_x)

Néu (x;y) e {(1;6),(6;1)} thi xac sudt nay bang % =0,04.

bap an B.

Cau 7: Cho ba toa tau danh s8 tit 1 dén 3 va 12 hanh khéach. Mbi toa déu chita
duoc t6i da 12 hanh khéach. Goi 7 la s cach xép cac hanh khach vao cac toa tau
thoa man diéu kién “moi toa déu c6 khach”. Tim sO cac chir sd cua 7.

A.5. B. 6. C.7. D. 8.

Loi giai
* X&p 12 khach vao 3 toa tau (cé thé cé toa khdng cd khach): C6 3" cach.
* Trir di céc truong hop c6 KHONG QUA 2 toa c6 khach: —C2.2%.
(Chon ra hai toa tau ¢6 C; cach. Sau d6 xép tuy y 12 khach vao 2 toa da chon ra
nay, ttc 1a co thé cé mot trong hai toa nay khong co khach).
Nhung nhu vay ta da trir di cac treong hop chi ¢ mot toa ¢d khach dén hai lan
nén phai cdng lai s6 nay: +C,.1".
* Vay s6 cach xép thoa man yéu cau bai toén la 3" —C;.2" +C..1* =519156 cach.
Do d6 chon dép an B.
Bai toan tong quat: C6 bao nhiéu cach x€p g hanh khach vao 1 toa tau khac nhau
sao cho toa tau nao cling c¢6 khach? (hay chinh la bai todn chia qua: Cé bao nhiéu
cach chia g mén qua khdc nhau cho n ban sao cho ban nao cling c6 qua?).
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O bai toén trén, ta co:
32 -C222+Cl1% =C(3-0)" ~C(3-1)" +C3(3-2)" -C3(3-3)".
Lap luan tuwong tu nhu bai toan trén ta c6 sd cach xép (cach chia) la:

O (n=0)' =C! (n=1) +C? (n=2) =C2 (=3 +..= ¥ (1) C* (n—k)".

Bai toan nay khac véi bai toan chia keo Euler: C6 bao nhiéu cach chia g chiéc keo
giong nhau cho n em bé sao cho em nao cling c6 keo?

Pap an B.

Céau 8: Cho da giac 16i (H) c6 22 canh. Goi X 1a tap hop céc tam gidc c6 3 dinh la
ba dinh cta (H ) Chon ngau nhién hai tam giac trong X. Tinh x4c suét d& chon
duoc 1 tam gidc ¢ 1 canh la canh cta da giac (H ) va 1 tam giac khong c6 canh
nao la canh cua da giée (H) (K&t qua lam tron dén chit s3 thap phan thit ba)

A.0,374. B. 0,375. C. 0,376. D. 0,377.

Lai giai

*Pa giac 16i (H) c6 22 canh nén cting c6 22 dinh. S6 tam gidc c6 3 dinh la dinh
cua da gidc (H) 1a C;, =1540 (tam giac).

Suy ra s phan tir cia khdng gian mau Q la n(Q)=Cr,.
* S0 tam giac c6 mot canh 1a canh cua da giac (H ) la 22.18=396 (tam gidc).

S6 tam giac c6 hai canh 1a canh cua da giac (H ) la 22 (tam gidc).

S6 tam giac khong cd canh nao la canh ctia da giac (H ) la 1540-396-22=1122
(tam gidc).

Goi A la bién ¢d “Hai tam giac dugc chon ¢d ¢ 1 canh la canh cua da giac (H )

va 1 tam gidc khong c6 canh nao la canh cta da giac (H ) "

S8 phén tir cia A la n(A)=C,,,.C;

396°1122°
.o n(A)  Cl.C;
* Vay xdc sudt can tim la P(A) = ( ) =212 = 748 ~0,375.
n(Q)  CL, 199

Pap an B.

Cau 9: Cho tap hop <cac sO0 nguyén lién tiép nhu sau:
{1},{2;3},{4;5;6},{7;8;9;10},..., trong d6 mdi tap hop chira nhiéu hon tap hop
ngay triedc d6 1 phan ti, va phan tit dau tién ctia mdi tap hop 16n hon phan tir
cudi cung cta tap hop ngay tredc nd 1 don vi. Goi S, la tong cta cac phan ti

trong tap hop thit n. Tinh S,

A. 498501999. B. 498501998. C. 498501997. D. 498501995.
Laii gii
Ta thdy tap hop tht n cd n s6 nguyén lién ti€p, va phan ti cudi cung cta tap nay
n(n+1)

la1+2+3+..+n=

2
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Toéng n s6 hang dau tién cua
mot cip s6 cong c6 s6 hang

dau u,

g =

n

STUDY TIPS

, cong sai d la:

n[Zu1 +(n—1)d].

2

Khi d6 S, la tong cua n s6 hang trong mot cdp s6 cong cd s6 hang dau la

n(n+1
u, = ( 5 ) , cong saila d=-1 (coi s6 hang cudi cung trong tap hop thit n la s6

1
hang dau tién ctia cap s cong nay), ta co:
n| 2u +(n—1)d 1
S, = [ - > :I=g[n(n+1)—(n—1)]=5n(n2+1).

Vay Sy, = %.999.(9992 +1)=498501999.

Dap 4n A.

A

Cau 10: Chiéc kim cua banh xe trong tro choi “Chiéc nén ki diéu” c6 thé ding
lai & mét trong muwoi vi tri voi kha nang nhu nhau. X4c suat d€ trong ba lan quay,
chiéc kim cta banh xe d6 lan lwot dung lai ¢ ba vi tri khac nhau la

A. 0,001. B.0,72. C.0,072. D.0,9.

Loi giai
S8 phan tu ctia khong gian mau Q la n(Q)=10".
Goi A la bién ¢6 “chiéc kim cua banh xe d6 lan lugt dung lai ¢ ba vi tri khac

nhau”, suy ra n(A)=10.9.8=720.

n(4)_720 =0,72.

Vay xac suat can tinh 1a P(A): (Q) =5
n

bap an B.

Cau 11: D€ thi hoc ky bang hinh thtrc van dap, thay gido da chuan bi 50 cau hoi
cho ngan hang dé thi. Ban A da hoc va lam dwoc 20 cau trong d6. D& hoan thanh
bai thi thi ban A phai rut va tra 10i 4 cdu trong ngan hang dé. Tinh x4c suat dé

ban d6 rut dugc 4 cau ma trong dé ¢d it nhat 1 cau da hoc.

. C—;lo B. 1—C—§°. C. C—;lo. D. 1—C—;1°.
Cs Cs Ca Cs
Loi giai

+Rut ra 4 cdu batki = C6 C} céch.

+ Rat ra 4 cau ma khong ¢ cau nao hoc thuoc = Co C§0 cach.

4
=30

4

50

= Xac suat dé ban d6 rut dugc 4 cau trong dé c6 it nhat mot cau dahocla 1-

Dap an B.

2017 2 2016 2018 1.
27 +C 27—+ Gy L

. 22018 _ Cl

2018

Cau 12: Téng P=C,

2018

A. P=1. B. P=0. C. P=2%", D. P=2""%,

Loi giai

Xét cac khai trién (a + b)2018

_ 0 2018 1 2017 2 201617,2 20181,2018
=Cot +Copea b+Coea™ b" +...+Coy b

Thay a=2,b=-1 ta co:
1 — CO 22018 _Cl 22017 + CZ 22016 + + C2018 _ P

2018 2018 2018 2018

Pap an A.
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a, b, c theo thit tw tao thanh

cdp sO cdng < a+c=2b

/C STUDY TIP )ﬁ

Goir, w, g blasdbiden,
tréng, xanh, lam. Ta co:
w:g’q:er _r-1
4 3
Sn=r+w+g+b
r—11

2

’

=2r-1+

ConelN*
=r=12k+11,ke N.
=>nz211-1=21.
(Thoa man viw, g, b déu

Ngoc Huyén LB The Best or Nothing

Céu 13: Cho day s6 C2,, C,

5 Cayr Car,y ooy Cra. C6 bao nhiéu bd gom 3 s6 hang lién tiép

trong day so trén 1ap thanh cap s6 cong?

A. 0. B. 1. C.2. D. 3.
Loi giai
Ba s Cj,, Ci', Cir? theo thit tu 1ap thanh cap s6 cong < 2Ch" =Cy, +Co”

S ACH = (c;g +Ci! ) + (cgl +Cy 2)

n+l _ ~n+l n+2 n+l _ ~n+2
<4C; =G, +C" <4C =C,

! l =
(n+ 1;(2;2 —n) (n+ 2)?(523 —an (r+2)(23-n)=150 > (7 fa
Ta dwoc s6 hang lién tiép 1ap thanh cap s6 cong trong day s6 trénla C5,, C,,, C)9
va C,,Cy,Cl.
Pap an C.

Cau 14: Mt binh chita cac vién bi dt bon mau: do, trang, xanh va lam. Lay ngau
nhién va dong thoi bon vién bi tir trong binh thi xac suat xay ra cac bién cd sau
la nhw nhau:
(1) Ca bon vién bi déu mau do.
(2) C6 mdt vién bi mau trang va ba vién bi mau dé.
(3) C6 mdt vién bi mau trang, mot vién bi mau xanh va hai vién bi mau do.
(4) Bén vién bi ¢6 da ca bon mau.
Hoi s8 vién bi nho nhat trong binh thdéa man cac diéu kién trén?

A.19. B. 69. C. 46. D. 21.

thude N*)
. J

Lai giai

Goi r,w,g,b Tan lwot 1a s6 vién bi mau do, tréng, xanh va lam.

biéu kién r,w,g,beN ;r>4.

Suy ratongsdbila n=r+w+g+b.

Do d6, s6 cach 1dy bon vién bi tir trong binh 1a C?.

S6 cach 18y duoc bon vién bi mau dola C!.

S8 cach 18y dwoc mdt vién bi mau trang va ba vién bi mau do la C1C°.

SO cach 1dy duoc mét vién bi mau tréng, mot vién mau xanh va hai vién mau do
la C;C;Cf )

S8 cach 1dy duoc bon vién bi c6 dti ca bdn mau la C,C.C,C; .

4 103 C!Cclc* c'ciclc!
Theo gia thiét, ta co %zcwc’ =8 __wegrHh

c! c! ct
r—3=dw |r+1=4(w+1)
Giai hé ra ta dugc {r-2=3¢ < r+1=3(g+1) . Ta tim s6 nguyén duong r nho
r=1=2b  |r+1=2(b+1)

nhat sao cho w, g,b cling la cac s6 nguyén duong.

Xét r+1 la boi chung nho nhat ctia 4,3 va 2, técla r+1=12<r=11.
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Véi f(x),g(x) la cac da

hte thi lim 2 ()
= g(x)

=0+« Bac
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Tht lai thdy w=2,¢=3,b=5 déu la cac s6 nguyén duong.
Vay 8 bi nhé nhat can tim 1a n=21.

f(x) < Bac g(x)

— FOR REVIEW
Bai toan téng quat: Cho day
s8 (u,) biét
{”1 =a
u, =qu, +d, vnzl

(q;tO,q;tl,d;éO) Tim .

Xét (v”) sao cho

Pap an D.
2_
Cau 15: Cho hai s6 thuc 2 va b thoa man lim [%—ax—bjzo. Khi dé
X—>+0 x+
a+2b bang
A. 4. B. 5. C. 4. D. -3.
Loi giai
4x? —3x+1 (4—2a)x2—(a+2b+3)x—b+1
Cach1: im| ——ax-b |= lim =0
X—>t00 2x+1 X—>+00 2x+1
4-22=0 a=2
= = 5=>a+2b=-3.
a+2b+3=0 b=—=
2
2_
Cach 2: Tacd lim M—ux—b = lim 2x—é+L—ux—b
X—>+0 2x+1 X—>+00 2 2(2x+1)
2_
Ma lim w—ax—b =0 < lim 2x—§+L—ax—h =0
w0l 2x+1 x> 2 2(2x+1)
2—-a=0 a=2
= = .
2 p-0 T p=-2
2 2

Khi d6 a+2b=-3.
Pap an D.

u =3u

n n-1

=1
Cau 16: Cho day s6 (un) thoa man {ul 1(Vn eN,n> 2) . Tim gia tri nho
_+_

nhét cua n d€ log, u, >100 .

A.102. B. 101. C. 202. D. 201.

Loi giai

Taco u,=3u, , +1< (un +%J = 3[%_1 +%]

3
Xét déy sO (Un) véi v, :un+%- Khi &4 (Un): (4 _E
v, =30, ,
Suy ra (Un) la cap sO nhan véi s6 hang dau tién v, == va cong bdi q=3
=0 =§.3""1 =3—:>u =3——1.
"2 2 72 2

Do d6 log, u, >100 < u, >9'" < 3" -1>2.3"
©3'>23" +1< n>log, (23 +1)

Vay s0 tu nhién n nho nhat thoa man diéu kién trén 1a n, =201.

Pap an D.
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— FOR REVIEW
Cho c&p s8 cong (u,) c6 s6
hang dau u, va cong sai d
thi
* 86 hang thit n la
u, =1, +(n —1).d .
* Tong n s6 hang dau tién
ctia cap sO cong la
S,=u tuy +otu,
(1, +u,)n
2
[2?41 + (n - l)d].n
2

Ngoc Huyén LB The Best or Nothing

2

,C STUDY TIP %

D¢ giai duoc bai toan nay,

cdc em can nho:

* f(x) lién tuc taix, eK
= lxiri}f(x):f(xu),véi K
la khoang xac dinh cia ham

sO f(x)

X
*lim &1 o1,

Cau 17: Cho cap s8 cong (u,). Goi S, =u, +u, +...+u,. Biét rang _p:P_2 voi
q
q
p#q;p,qN". Tinh gia trj ctia bi€u thikc L2
u2018
4031 4031 4033 4034
© 4035 © 4033 © 4035 © 4035
Lai giai
Goi d 12 cong sai ctia cap s6 cong (u, ) .
Tach S_p:p_ZC)(ul+up).p:p_2©ul+up :E,
5, q° (u1 +uq).q 7 oy +u, g
Suy ra "1t 2017 14 +(u,+2016d) 2017 _ 2u,+2016d _ 2017
U+, 2018w +(u, +2017d) 2018~ 2u, +2017d 2018
<2017 (2u, +2017d) =2018(2u, +2016d) <> 2u, =2017°.d —2018.20164
& 2u, =2017°.d— (2017 +1)(2017 - 1)d = 2017°d — (2017 ~1)d < 2u, =d.
Vay Yt * 2016d _ u, +2016.2u, _ 4033
Uy U, +2017d  u +2017.2u, 4035
Pap an C.
e 0
Cau 18: Chohams& f(x)={ « . Gid tri cna a d€ f(x) lién tuc

3ae* khix=0

tai x, =0 bang

x—0 X
L J/

A. 5. B. 1. C. 5¢*. D. -1.
Loi giai
4-3x 4 —3x
. Al e €T o6 =1,
Ta co f(O)—3ae ; lgir()lf(x)—lj_r%l—x —( 3e )lxlg(} ey 3e

Déham s f(x) lién tuc tai x, =0 < 1in01f(x) =f(0)«=a=-1.
Pap an D.
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