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Pé 1. DE CHON HOC SINH GIOI LOP 10

(3.0 diém)

a) Cho phuong trinh bac hai x® - 2mx +3m —2 =0, trong d6 x 14 4n, m 1a tham
s6. Tim tat ca cac gia tri cia m d€ phuong trinh da cho c¢6 hai nghiém x1,xs

va x% +x§ dat gia tri nhé nhat.

b) Cho tam thitc bac hai f(x) = ax? + bx + c,a # 0. Chiing minh rang néu f(x)=0
v6i moi x € R thi 4a + ¢ > 4b.

N °
& Loi gidi.
>
a) Phuong trinh da cho c6 hai nghiém suy ra A'=m?-3m+2=0<
m<1.

Theo dinh 1i Vi-ét ta ¢6 x1 +x9 = 2m,x1x9 =3m — 2.

Do d6 x% + x% = (x1 +x9)% — 2129 =4m? — 2(8m — 2) =4m? — 6m + 4.

Lap bang bién thién ctia ham s6 f(m) = 4m? —6m + 4 trén (—oo;1]1U[2;+00) ta
dudc

f(m)

Tt bang bién thién ta dudc f(m) = 4m? - 6m +4 dat gia tri nhé nhat khi m = 1.
b) Do f(x)=0 v6i moi xe Rnén f(0)>=0<c=0.
a>0 a>0
<>
A=b%2-4ac<0 b2 <4dac.

Ta co4da+c=2vV4ac =2V b%2=2|b|=2b.

Mat khac f(x) =0 vé6i inxeR¢>{

(2.0 diém)
a) Giai phuong trinh vVx-2-v3x=1-v2x+3(x€R).
(x—y) (x®+xy+y*+3) =3 (% + %) +2

b) Giai hé phuong trinh (x,y €R).
Vi+6+1/y+3=—-x2+2x+8

o8 Loi gidi.
3x>0 x=0
a) DPidu kién xdc dinh{x-2>0 ©{%22 ox>2,

2x+3=0 Xx=——
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Phuong trinh da cho tuong duong véi
Vr—2+V2x+3=V3x+1
o x-2+2x+3+2V(x—2)(2x+3)=3x+1+2V3x
& V(x—2)2x+3)=V3x

o (x—2)2x+3)=3x

o 22 —x-6=3x
o 22— 4x-6=0
x=-1
x=3.
Két hop véi dieu kién xac dinh ta dudc x = 3.
Vay tap nghiém cua phuong trinh la S = {3}.

<

b) Piéu kién xac dinh: x> -6,y = -3
T phuong trinh dau ca hé ta cé
(x—y) (22 +xy+y*+3) =3 (x® +y%) +2
@(x—y)(x2+xy+y2)+3(x—y):3x2+3y2+2
©x3—y3+3x—3y:3x2+3y2+2
o (x-1’=(y+1)°
S x—-1=y+1
© y=x—-2
=>x=-1
Thay vao phuong trinh thi hai cia hé ta dudc
Vi+6+Vr+1l=—x2+2x+8
© Va+6-3+Vr+1-2+x*-2x-3=0

x—3 x—3
2N + +x-3)(x+1=0
vVx+6+3 x+1+2
1 1
< (x—-3) + +x+1|=0
Vx+6+3 Vx+1+2
< x=3.

So sanh véi diéu kién xac dinh ta dude (x,y) = (3,1).

(2.0 diém)

a) Cho a,b,c 1a cac sb thuc duong théa man abc = 1. Chiing minh rang
a b c 3
+ -+ >—.
(@a+1)(b+1) B+1)c+1) (c+1)a+1) 4

b) Giai bat phuong trinh V3-x>1-vx-2(x€eR).
N o

X Loi giai.
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a) Ta co
a b c 3
+ + >—
(a+1)(b+1) B+1)(c+1) (c+1)a+1) 4
o 4a(c+1)+4b(a+1)+4e(b+1)=3(a@+1)b+1)c+1)

< 4(ab+bc+ca)+4(a+b+c)=3abc+3+3(ab+bc+ca)+3(@+b+c)
< ab+bc+ca+a+b+c=6.
Ap dung bat déng thic Co Si cho ba sé duong ta dugdc
ab+bc+ca=3Vab.be.ca=3
a+b+c=>3Vabc=3
Cong tung vé hai bat dang thic trén ta dudc ab+bc+ca+a+b+c =6.
D4u déng thic xay ra khi va chi khi a = b = ¢ = 1. Vay b4t dang thic dudc
ching minh.
b) Piéu kién xac dinh x > 2.
Pit ¢ = vVx—2,¢ =0 suy ra x = ¢ + 2, thay vao bat phudng trinh ta dudc:
m =>1-t¢
o 1-t2=1-1)3
o 341> +3t=0
o tt-1)(t-3)=0

t=3
<>
0<t=<l1

Vx—2=3
o
0svx-2<1

x=11
o
2<x<3.

Két hop véi dieu kién xac dinh ta dude tap nghiém 1a S =[2;3]uU[11;+o0).

(3.0 diém)

a) Cho tam gidc ABC(AB < AC) nhon, khong cén, noi tiép duong tron (0), trong
tam G va a =BC,b =CA,c = AB. Goi M la trung diém ctia canh AC. Chiing
minh rang néu bén diém A, O, M, G cung nam trén mét duong tron thi
b2 +c? =242

b) Cho tam gidac ABC khong vudng va a = BC,b = CA,c = AB. Chiing minh réng
néu a?+b?% =2¢? va tanA +tanB = 2tanC thi ABC 1a mot tam giéc can.

¢) Trong mét phéng véi hé truc toa do vudng géc Oxy; cho tam gidc ABC c6 toa

C LA N X . N 11 1
do tam duong tron ngoai tiép, trong tam lan ludt c¢6 toa do la 1(4;0),G (?; 5)‘

Tim toa d6 cac dinh A, B, C cla tam gidc ABC biét rang dinh B nim trén

duong thang (d): 2x+y—1=0 va diém M(4;2) ndm trén dudng cao ké ti dinh

B cua tam giac ABC.
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X LJi giai.

a) Ta co
OA +0B+0C =3.0G
= 9.0G%=(0A + OB +0C)?
= 0A?+0B?+0C?+2.0A.0B +2.0B.0C +2.0C.0A
= 3R?+0A?+0B*-AB®>+0B*+0C?-BC?*+0C? +0A* - CA*
= 9R%—a% - b2 - (2.
Do 4 diém A,G,0,M cung nim trén mét dudng tron nén OG vudng géc véi GA
hay
OG*+GA?=0A*
s %(9R2—a2—b2—02)+%(2b2+2c2—a2) = R?
o 9R?—a?-b%2-c?+2b% +2¢% —a? =9R?
o b2+ % =242
§
sinA be 4S8

b) Ta c6 tanA = = = .
) cosA  p2+c2-q2 b2+c2-q?

2bc
Tuong tu ta tinh dude tanB, tanC
Theo gia thiét

tanA +tanB =2tanC
4S 4S 4S

Tt P1a?_b? “aPibP_c?

o 0L4—(192—02)2+b4—(02—0z2)2 :2(04—(a2—b2)2)

o at-bt—ct+20%2 + bt -t —at +2c%a% = 2¢* - 20" - 2b* + 402H2
& 2ct- (az—bz)2 =c?(a®+b?)

o 2¢t - (a2 - b2)2 =94

< a=>.

Hay tam giac ABC can.
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c)

Goi H la truc tam tam giac ABC ta co IH =3.1G
-4 -2
Suy ra H(3;1)=> MH: ;c 1 :31’—2©x—y—2:0.
Do B 14 giao cta (d) va dudng thang MH nén toa d6 B 1a nghiém cta hé
x—y—2=0 x=1
o = B(1;-1).
2x+y—-1=0 y=-1

Goi N 13 trung diém ctia AC. Khi d6 BN = gﬁé = N(5;1).

Ta co 7L>AC = UMN =(1;1)

=>AC: 1(x-5)+1-(y-1)=0ex+y—-6=0.

Do A thuéc duong thing AC nén A(t;6—¢), két hop véi I 1a tam dudng tron
ngoai tiép tam giac ABC nén

IA2=IB?’ o (t-4)*+(6-1t)°*=10 o

t="1.
& V61 t=3=>A(3;3),C(7;-1).
o Voit=7=>A(7;-1),C(3;3).
Vay A(3;3),B(1;-1),C(7;-1) hoac A(7;-1),B(1;-1),C(3;3).

Pé 2. PE CHON HOC SINH GIOI LGP 10
(3.0 diém)

(2x+3)Vdx—1+(2y+3)/4y—1=2/(2x +3)(2y +3)

a) Giai hé phuong trinh
y+x=4xy.

b) Tim tat ca cac ham sb f: R — R thoa méan:

fx+y)=fx)+y, Vx,yeR va f(l)— f(x)

—|=—F%VYx#0.
X x
- °
X LJi gidi.
) {(2x+3)\/4x—1+(2y+3)\/4y—1:2\/(2x+3)(2y+3) (1)
a
y+x=4xy (2)
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A . g 1 1
Diéu kién xac dinh x> —;y=>—-.
4 4

(2) & x = y(4x — 1)of—4x 1@2—43/ 1 thay vao (1) ta dugc

(2x + 3)\/7+ 2y + 3)\/7 2v/(2x +3)(2y +3)

Do (2x + 3)\/;+(2y +3)ﬁz 2v/(2x + 3)(2x + 3)

Suy ra (1) © x(2x+3) = y2y+3) © (x — y)(2x +2y + 3) = 0 © x = y thay vao (2) ta
x=0
1

) 1
duge 22 -x =0 1. Véix==-=>y=—.

11
Vay hé phuong trinh ¢6 nghiém (2 2)

b) Tim tat ca cac ham sb f: R — R thod méan:

flx+y)=fx)+y Vx,yERvéf(%)=? Vx # 0.

Taco fx+y)=Ffx)+y=f(y)=fO0)+y,VyeR.
= f(x)=a+x v6i a = f(0).

f(l)Zf(0)+1=a+1,Vx;éO
X X X

1
Métkhécf(—):f(g):f(o);x:azx,vméo.
X x

1 a+x
:>a+—: Vx;éO@ax =a,VxZ0<a=0.

Vayf(x)—x VxeR

(2.0 diém) Tim tat ca cac s6 nguyén tb p,q sao cho (77 —4%) (77 - 4%) chia
L hét cho pgq.

o
X Loi gidi. p,q déu khac 2, 7. Khong mat tinh tong quat ta gia st ¢ = p. Khi d6 tu

gia thiét ta dudc 77 —4P:p hoac 77 -4%p

TH1. 77 —4P:p, theo dinh li Fermat ta c6 77 — 4” = 3(mod p) = 3 = 0(mod p) = p = 3.
TH2. 77-49'p, ta c6 (p—1,q) = 1 = ton tai 2 s6 nguyén duong u,v sao cho quv—(p—1)u =
1= 77 = 49(mod p) = 79" = 49%(mod p) = TP~ D% = 41+P=Du(16d p) = 7 = 4(mod p) =
3=0(mod p)=p =3.

Véi p = 3, tit gia thiét ban dau ta dudc

(73 —43)(77 - 49)i3¢ > 9.31- (77 - 49) 3¢ = q¢ = 3,¢ = 31.
Vay (p,q) €1{(3,3),(31,3),(3,31D}.

(2.0 diém) Cho t& gidc ABCD ngoai tiép dudc mot duong tron. Mot dusng
théng A di qua A cit doan thang BC, tia dbi caa tia CD tuong tng tai E,F(E,F
khong trung véi B,C). Goi I1,I5 va Is 1an ludt 1a tam duong tron noi tiép caa cac
tam giac ABE,ECF va FAD. Tiép tuyén cta duong tron (I;) song song véi CD (&
vi tri gan CD hon) cit A tai H. Ching minh ring H 1a truc tam ctia tam giac
I11515.
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X LJi giai.
A

D L C

Gia st tiép tuyén qua H song song véi CD cua duong tron (I1) cat BC tai K va dusng
thang qua H song song véi BC cat dudng thang CD tai L, suy ra CKHL 142 mét hinh
binh hanh.
Do cac ti gidc ABCD, ABKH ngoai tiép, nén
AD+HL=AD+CK=AD+BC-BK
=AB+CD-BK=AB-BK+CD=AH-HK+CD
=AH-LC+CD=AH+DL
Suy ra ta glac ADLH ngoal tiép, hay HL tiép xic véi (I3)
Vi FD M KH FH " HA nén cac duong phan giac HI; caa goc AHK va FI3 ctaa goc
HFD vuong goc v6i nhau; hay I1H 1 I315 (Do F 15,13 thang hang) (1)
Chung minh tuong tu, cing dudc HI3 1 EIs hay IsH 1 1115 (2)
Tt (1) va (2) suy ra diéu phai ching minh.

Xét cac s6 thuc duong a,b,c théa man a +2b + 3¢ = 20. Tim gia tri nho

nhét ctia biéu thiie
3 9 4
L=a+b+c+—+—+-.
a 2b ¢

2 Lo giai. Theo bat déng thic AM-GM, ta c6
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4 4 3 4 £ . C N 111
a+—=2 a-—:4:z(a+—)23,déudéngthﬁcxéyrakhlvach1kh1az2;

a a a

9 9 1 9 A 22 L, D v a1
b+322 b-g:6:§ b+3 > 3, dau dang thic xay ra khi va chi khi b = 3;

16 16 1 16 £ 2 .. > .
c+—22\/c~—:8:>z(c+—)22,déudéngthficxéyrakhlvacmkhlc:4.
c Cc C
4 az x 3 b 3 9 4
Cong ba bat dang thic cung chiéu, thu dudc —a+—+£+—+—+—28(1).
b 3 4 2 4 a 2b ¢
Mit khac, doa+2b+30220nén%+§+ZC25(chiahaivécho4)(2).
4

Céng (1) va (2), vé theo vé, ta duocL:a+b+c+—+2—+—213.
a c

D4u déng thic xay ra khi va chi khi a = 2,5 = 3,¢ =4. Vay gia tri nho nhét caa biéu
thic L bang 13 , dat dudc khia=2,b=3,c =4.

Tim tat ca cac tap hop X 1a tap con cta tap hdp s6 nguyén duong thoa
man cac tinh chat: X chia it nhat hai phan ti va véi moi m,n € X, m < n thi ton
tai k € X sao cho n = mk2.

o

N Loi gidi. Gia st tim dude tap hop X théa méan va m < n 1a hai phan t& bé nhat
cta X. Khi d6, do cach xac dinh X nén ton tai k€ X saochon=mk?. Suyram<k<n
va do do6 £ =m hoac & =n.

3

Véik=no>n=mn2omn=1voli. Véik=m>m<n=m?=>m>1.

o Néu |X|=2 thi tap hop X = {m,m? |m > 1}.

o Néu |X| =3, goi g 1a phan ti bé thi ba ctia X (tic 1a m <n < ¢ ). Khi d6 ton tai
¢ e X sao cho g =m¢?.

Do g > ¢ nén hoac ¢ = m hoac ¢ =n.

3 7

vag=ml®=m".
Nhung ton tai ¢ € X sao cho g =nt?, dodé t=m%2. Mam<m?2<m®=>m?2¢X, vo
ly.

Vay |X|=2va X ={m,m® | m>1}.

Pé 3. DE CHON HOC SINH GIOI LOP 10

Giai hé phuong trinh sau

xy+3yZ—8y+7:\/3acy3+6y2
Vaey+y+T7=y(5-/3y+1)

Néu/l=mthig=m?=n,voly. Vay¢=n=m

3xy3 + 6y2 =0
N Loi gidi.Piéu kién { xy+y+7=0
y=0.
Dé thay y = 0 khong thoa man hé. y # 0 chia hai vé phuong trinh thi nhat trong hé
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cho y va chia hai vé phuong trinh thi hai trong hé cho /y ta dudc

x+3y+——8 V3xy+6 x+3y+——8 V3xy+6

/ 7 7
x+—+1+\/3xy+1:5 x+3y+—+2+2\/x+3y+—+3xy+21+1=25.
y y y

7
Pata=x+3y+— va b =+/3xy+6. Hé phuong trinh c6 dang
Yy

a-8=b {a—ll
<>
a+2+2Va+b2+16=25 b=3.
o s eas 8 3) .z, . ax R
Tu do giai ra (x;y) =(1;1), (5; §) tat ca déu thoa diéu kién.

Cho da thtc véi hé s6 thuc P(x) = x* + ax® + bx® + cx + d thod méan P(1) =

L 3.P(3) = 11,P(5) = 27. Tinh P(-2)+ TP(6).
.
O\ Lai gidi. Nhan xét £(x) = 2% + 2 thoa man £(1) = 3, £(3) = 11, £(5) = 27. Xét da thiic

Q(x) = P(x) — f(x) la da thic bac 4 ¢6 cac nghiém la x = 1,x = 3,x = 5 nén Q(x) =
(x—1D(x—3)(x—5)x—m).

Ta ¢6 P(~2) = Q(~2) + f(—=2) = 216 + 105m, P(6) = Q(6) + £(6) = 128 — 15m.

Vay P(~2) + TP(6) = 216 + 105m + 7(128 — 15m) = 1112.

Tim tét ca cac cap s6 nguyén duong (x;y) thoa man phuong trinh
L (a? +4y% + 28)2 = 17(x* + y* + 14y% + 49).

& Loi gidi.
(% +4y% +28)2 = 17(x* + y* + 14y% + 49)
o 2 +4(y2+7) = 1Tx* + (¥ + T)%]
o 162t - 8x2(y2 + 1)+ (y2 +7)? =
©4x2—y2—7:0
S 2x+y)2x—y)="17

Do x,y nguyén duong nén 2x+y=2x—y va 2x+y > 0. Vi vay
20+y="T7
2x—y=1

< (x;5) =(2;3).
Vay phuong trinh c6 nghiém (x;y) = (2;3).

Cho tam gidc nhon ABC khéng can ndi tiép dudng tron (0), c6 dudng cao
AH va tam duong tron néi tiép 1a I. Puong thang Al cat lai dudng tron (O) tai
diém thi hai M. Goi A’ 1a diém d6i xting v6i A qua O. Puong thang MA' cat cac
duong thing AH,BC theo thi tu tai N va K.

a) Ching minh rang ti gidac NHIK néi tiép duong tron.
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b) Pudng thing A'T cit lai dudng tron (O) tai diém thi hai D, hai duong thing

AD va BC cat nhau tai diém S. Chitng minh rang néu AB + AC = 2BC thi I
la trong tam cua tam giac AKS.

L J
N Lai gidi,
A
D
T
O
S B

— 1_— ST ——
a) Ta c6 OAC =90° — §AOC =90° - ABC = BAH, ma Al la phan giac géoc A nén

HAI = 0AI, suy ra tam gidc ANA’ can tai A.

Goi L 1a giao diém cia MA va BC.

Ta ¢c6 HKN =90° - HNK = HAM = LAA, suy ra ti gidc ALA'K noi tiép. Do d6
MA' "MK =ML.MA. (1)
Dé thay ngay hai tam gidac MCL va MAC dong dang, suy ra ML.MA = MC?.
(2)

Do I 13 tam duong tron ndi tiép tam gidc ABC nén MI = MC. 3)
T (1), (2), (3) suy ra MN.MK = MI? = NIK =90°. Vay tt gidc NHIK ndi tiép.

b) T ti giac NHIK noi tiép suy ra THK = INK = IA’M = TAD. Suy ra ti giac

AIHS ndi tiép. Do d6 AIS = THS = 90°.
Goi T 1a trung diém cta canh SA. Khi &6 TTIA = TAI =INK = MIK, suy ra ba
diém T,I,K thang hang (4).

Tiép theo ta sé chitng minh L 14 trung diém cta SK.

AT AB BL AB_BL __ AB AB 1
Taco 7= 3L VA Tc=AC ~ BC — AB+AC _2BC ~PL=34B

Al

D —
o do 7 =2 (5).
TA KS

Ap dung dinh 1y Menelaus cho tam gidc ASL véi cat tuyén TIK ta cé TS KL
IL
TA =1(6).
Tu (5) va (6) suy ra KS = 2KL, tic L 1a trung diém ctia SK (7).

Tu (4) va (7) suy ra I 1a trong tam tam giac AKS (dpcm).




B6 dé thi hoc sinh giéi Lép 10 13

Cho céc sb thuc a, b, ¢, d thod méan 4a®+b% =2 va c+d = 4. Tim gia tri
L 16n nhét cta bidu thic P = 2ac + bd + cd.

 J
2 d? +d)? cd
o8 Lo giéi.TacéZacs4a2+cZ;bdsb2+Z; cd< - ) +%.Suyra
2§42 ¢d d)? 3(c +d)?
P:2ac+bd+cdS4a2+b2+%+1+%+(c+8 ) :(4a2+b2)+%:8.

1 . 4, S
P=8<(a;b;c;d)= (5;1;2;2). Vay gia tri 16p nhat ctia P bang 8.

Cho tap hop M gom 2014 s6 duong a1,as,...,as014. Xét tat ca cac tap con
khéc réng T; ctia M, goi s; 1a tong cac sb6 thudc tap con T;. Ching minh cé thé
chia tap hop tat ca céc s6 s; dudc thanh lap nhu vay thanh 2014 tap con khac réng
khong giao nhau, sao cho ti s6 ca hai s6 bat ki thudc cing mét tap tap con vira

dudc phan chia khong vugt qua 2.
\ o

X Loi gidi. Pat n = 2014. Gia st cac phan tit cia M thoA mén ay <ag <...<a,.

bat So=0,S,,=a1+as+...+an, (0<m=<n).

Goi P 1a tap tat ca nhiing sb s; dudc xac dinh trong dé bai.

Ki hiéu P,, ={s€ P |S,,.1<s<S,} v6im=1,23,...,n. Ta chitng minh cach chia P
thanh cac tap P,, nhu vy thoa man diéu kién bai toan. Mubn vay ta chi can chiing
minh b€ P,, thi S,, < 2b.

h

Thatvay 6>8S,,_1=a1+as+...+ap,—1vab= Zaik nén phai ton tai i dé i = m.
k=1

Vayb=za;, 20, =8,-Sn-1>Sn—-b=>2b>8,,.

Pé 4. DE CHON HOC SINH GIOI LOP 10

1
a) Giai phuong trinh - + =2(x e R).
X

1
V2 -2
b) Cho phudng trinh bac hai x®—2mx+m?-2m+4 =0 (x 14 &n va m 1a tham sb).

Tim tat ca cac gia tri thuc ctia m sao cho phuong trinh da cho c6 hai nghiém

khong 4m x1, xo. Tinh theo m gia tri ctia biéu thiic P = /x1 + \/x2 va tim gia

tri nhé nhat caa P.

N o

& Loi gidi.
1

a) Giai phuong trinh - + =2(x € R).
X V2-x2
1 x#0
biéu kién: 5 o x€e(=vV2;0)U(0;V2)
2—-x°>0
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1 1
bat y = V2-x2>0. Thay vao ta dudc: — + — =2. Do d6 ta ¢6 hé phuong trinh:

x Yy
Z+y2=2 2 .2 2
y x“+y =2 (x+y)—2xy=2
1 1 = =
—+—=2 x+y=2xy x+y=2xy
x Yy

-

=
x+y=2xy {x+y:—1

x+y=2 y=2-x x=1
+ i=2 i=2
xy=1 x2-2x+1=0 y=1.

{x+y:2
{u+yﬂ—u+yy2:0 xy=1
<>

xy=-0,5

-1-v3
x+y=-1 [x=-1- x=
+ Y & ) Y 2N 2 (do y > 0).
xy=-0,5 2y“+2y—-1=0 V3-1
y:
2
. o L s -1-V3
Vay phuong trinh da cho ¢6 tap nghiém 1a S = T;l .

b) Cho phuong trinh bac hai x® - 2mx+m? —2m +4 =0 (x 14 4n va m 1a tham sd).
Tim tAt ca cac gia tri thuc ctia m sao cho phuong trinh da cho ¢6 hai nghiém
khong am x1, x2. Tinh theo m gid tri cia biéu thic P = \/x1 + /2 va tim gia tri
nho nhéat cta P.

Phuong trinh x2 — 2mx +m? —2m +4 =0 (1) c6 hai nghiém khong am
N=m?-m?+2m—-4=0
©{4S8=2m=0 om=2.
P=m?-2m+420

Theo dinh ly Vi-ét ta c6 x1 +x2 =2m;x1x9 = m?—2m +4. Do d6

\/x_1+\/x_2:\/(\/x_1+\/x_2)2:\/x1+x2+2\/mz\/2m+2\/(m—1)2+3

Do m = 2= /x1 + /x2 = V8. Dau dang thic xay ra khi va chi khi m = 2.

e . xz—xy+y2+x—2y:0
Giai hé phuong trinh: (x,y €R).
2x—xy+y=2

L

X L3i gidi. Pat z =y -1, thay vao hé ta dudc:
{xz—xz+22:1 {(x+z)2—3xz:1 {(x+z)2—3(x+z)+2:0
o o

x—xz+z=1 x+z—-1=xz x+z—-1=xz

' x+z=2
x+z=2
xz=1

x+z=1 &

x+z=1
xz=x+z-1

xz=0

=4
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x+z=2 z=2-x x=1 x=1

+ = = =
xz=1 x2—2x+1=0 z=1 y=2.

{x+z:1 {zzl—x {le,z:O {le,yzl
+ =4 g ad

xz=0 x2-x=0 x=0,z=1 x=0,y=2.
Vay hé phuong trinh ¢6 tap nghiém la S = {(1;2),(1;1),(0;2)}.

Cho a, b, c la do dai ba canh cia mot tam giac khong nhon. Ching minh

riang
1 1 1
2,72, 2
(a®+b”+c )(a—2+§+c—2)210.
o
X Ldi gidi. Do a, b, ¢ 1a d6 dai ba canh cia mot tam gidc khong nhon nén c6 mot

trong cac bat dang thic sau xay ra: a? = b2 +¢2, b2 = c® +a?, ¢ = a? + b2. Gia st
a®=b2%+¢?, khi d6 ta c6

2, 2
(a2+b2+c2)(l+i+l2):1+a2( 1 +i)+bi+(bz+c2)(l+i)
c

a? b2 b2 2 a? b2 2
4 b2 + 2
2
21+a-b2+02+ s +4
3a?2 a? b2 + ¢? a2 b2+ ¢2
=1+ + + +4=1+3+2 . +4=10.
b2+c2 b2+c2 a? b2+c¢2 a2
Do do
1 1 1
2, .2, 2
(a®+b*+c )(ﬁ+ﬁ+§)210'

a) Cho tam gidc ABC nhon, khong can va noi tiép duong tron (O;R). Goi G va
M lan luot 1a trong tam tam giac ABC va trung diém canh BC. Chiing minh
rang néu duong thang OG vuéng géc véi dudng thang OM thi AC? + AB? +
2BC? = 12R2.

b) Cho tam gidc ABC c6 d6 dai cac dudng cao ké tit dinh A, B, C lan ludt 1a m,
n, p. Tinh do dai cac canh AB, BC, CA theo m, n, p.

¢) Trong méit phang véi hé truc toa d6 Oxy, cho tam gidc ABC c6 phuong trinh
duong thang chita dudng cao ké tit cac dinh A, B, C 1an lugdt ¢6 phuong trinh
la
x—2y=0,x—2=0,x+y—-3=0.
Tim toa d6 cac dinh A, B, C, biét rang ban kinh dudng tron ngoai tiép tam
giac ABC bang V10 va dinh A c6 hoanh d6 am.
\ o
X Loi gidi.
a) Ap dung quy tic trong tam va quy tic trung diém ta cé:
— OA+OB+0C — OB+0C
0G= 2272270 op=22"Y%

’ 2
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Khi d6
0G LOM = 0G-OM =0
& (OA+0B+0C)OB+0C)=0
< OA-OB+0A-OC+20B-0C +2R?=0
& %(ZRZ—AB2)+%(2R2—A02)+2R2—BCZ+2R2 =0
52+E2—(a—5)2

2

< AB?+AC?+2BC? =12R?
. b= L , 28 28
b) Ki hiéu a = BC, b = CA, c:AB,p:%. Khi d6 ta ¢6 a = =, b= =,
m n
28
¢ = —. Theo cong thic Hé - rong ta co
p

S=vpp-a)p-b)p-c)

MS:%s Lo l)ps(-Lo 2, d)pg(1 L d)pg(L,1 1)

m n p
1
@48:482-14),@8:%, trong do

m n p
\/(1 1 1)( 11 1)(1 1 1)(1 1 1)
E=q/|—+—+—||-——+—+—||———+—||—+=———]|.
m n p m n p)\m n pJ\m n p
2 2 2
Dodéa=—,b=—,c=—.
0doa mk nk ¢ pk
¢) Do BC vuoéng goc v6i duong cao ké tit A nén BC c6 dang 2x+y+c =0.
Toa d6 dinh B la nghiém cua hé phuong trinh
2x+y+c=0 x=2
o = B(2;-c—4),
x—2=0 y=-c—4
toa do C la nghiém cta hé phuong trinh
2x+y+c=0 x=-c—3
S
y=c+6

= (C(-c-3;c+6).
x+y—-3=0

AB di qua B(2;—c —4) va vuong goc véi duong cao ké tu C nén
AB:1-(x-2)-1-(y+c+4)=0ox-y-c—-6=0.
Toa do dinh C la nghiém ctaa hé

x—y—c—6=0 x=2c+12
PN = A(2c+12;c+6).

x—2y=0 y=c+6
Theo gia thiét ta c6

AB-AC-BC AB-AC-BC  AB-AC
Vio=———— " & V10= =2v10

Sapc 2-d(A.BC)-BC _ d(A.BC)
2¢+10)2 +(2¢+10)2- 3¢+ 15 c=-17

V(2 +10)° +(2c +100°- 3¢ + | oVI0elctbl=2o
[4dc+24+c+6+c| c=-8.

V5

+ Néu c = -7= A(-2;-1),B(2;3),C(4;-1).
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+ Néu ¢ = -3 = A(6;3),B(2;-1),((0;3) khong théa man hoanh do cia A am.
Vay A(-2;-1), B(2;3), C(4;-1).
Cho tit giac 16i ABCD va mot diém M nam bén trong tit giac d6 (M khong

nam trén céc canh cta ti gidc ABCD). Chitng minh rang ton tai it nhit mét trong
cac gbc MAB, MBC, MCD, MDA c6 sb do khong 16n hon 45°.

@
X Loi gidi. Gia st min{MAB, MBC,MCD,MDA} > 45°. (1)
. _— cosMAB MA?2+AB?2-MB? MAZ?+ AB?- MB?
Ta cO cot MAB = = S .
sinMAB 2-MA-AB-sinMAB 4SymAB

Két hop véi (1) ta dude
MA> +4‘;f;_MBZ <cotd5° = 1= MA?+AB? - MB? < 4Sy3. (2)
Tudng tu ta dudc cac bat dang thiic sau day :
MB?+BC?-MC?<4Syc (3)
MC?+CD?-MD? <4Sycp (4)
MD?+DA? -MA? <4Syum  (5)
Cong theo vé cac bat dang thic (2), (3), (4), (5) ta dudc:
AB2+BC?+CD?+DA? <4(Syap+Supc +Sucp +Supm) =4Sapcp  (6)
Mat khac ta lai c6:
AB%2+BC?+CD?+DA?>2ABBC +2CDDA =4S spc +4Scpm =4S aBCD

mau thuan véi (6).

Do d6 gia st ban dau 1a sai suy ra ton tai it nhat mét trong cic géc MAB, MBC,
MCD, MDA c6 s6 do khong 16n hon 45°.

Pé 5. BE CHON HOC SINH GIOI LGP 10

(3,0 diém)
1 + 1 (x+3y)3Bx+1y)
— +5—==(+3y)Ex+y
2
a) Giai hé phuong trinh \f_c \1/5 (x,y €R).
L _9(y2—4?)
Vi 23 7

b) Tim tat ca cac gia tri cia a, b sao cho phuong trinh x3 +ax® +bx+3a =0 ¢

cac nghiém déu 1a céc s6 nguyén duong.
\_
°

X Loi gidi.
a) Piéu kién x, y> 0.
DPat vx=a >0, \/y=b > 0; viét hé da cho vé dang

1 1

Z+— =(@®+3b%)3a% +b?) (D
a 2b

1 1 4 4

s =2(b*-a%) (2)

2
(1) +(2) thu dudc = = a* +10a?b2 + 56 = a® + 10a3b2 + 5ab* = 2(3).
a
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1
(2) - (1) thu dudc 7= 50 +10a%b% + b* = 5a*b + 10a%b3 + b = 1(4).
T (3) va (4) thu dude (@ +b)° =3 va (a—b)° = 1.

V3+1 /3-1
Tﬁdé,timduoca:\/_; véb:\/_z .
(V3+1?  (¥8-1)

Va do d6, tim dudc x = Y 1
b) Gia st phuong trinh da cho c6 ba nghiém nguyén duong a = g = y. Khi do,
theo dinh ly Vi-ét ta ¢c6 a+f+y=—a, af+pPy+ya=>b va afy =-3a va do do

a+ﬁ+y:%ﬁy Q).
(1) ©3a+36+3y=afy < (ay-3)Py—3)=3y>+9 2).
o V6iy>3thi f>3va %ﬁy>3a2a+,6+)/:%ﬁy,méuthuﬁnvéi(l).
Vay 1<y<3.

o V6iy=3khidé f=3,80¢-3)-(386-3)=3-32+9 e (a-1)-(f-1)=4.
Tedoa==3=>a=-9,b=27.
o Voiy=2:22,2a-3)-(26-3)=3-32+9 & (2a—3)-(2-3)=21.
Giai phuong trinh nay véi chu y a = =2 ta dudc (a; f) € {(12;2),(5;3)}.
Véia=12,=2=>a=-16,b=52. Véia=5,§=3=>a=-10,b = 31.
o Voiy=1:$=1,2a-3)-(26-3)=3-12+9 & (2a—3)-(26-3) =12, vo Ii.
Vay tat ca cac cap sob (a;b) € {(—9;27),(~16;52),(~10;31)}.

(2,0 diém) Gia st a, b, ¢, d 1a cac s6 nguyén sao cho a—b+c—d la sb
L nguyén 1& va chia hét a? — b2+ ¢% — d2. Chitng minh rang véi méi s6 nguyén duong

ndéucéa—b+c—d chiahéta®-b"+c"—d".
°

X LJi giai.
& Chiing minh dudc nhan xét: “V6i a,b,x,y,z,t 1a cic s6 nguyén sao cho a—b 1a
udccuax—yvalaudccaaz—tthia—b|xz—yt".
o Mat khac, do (@+¢)?>—(b+d)? =(a—b+c—d)a+b+c+d)(a—b+c—d) nén suy ra
(a-b+c—d)|[a®—b%+c®—d?-2ac - bd)]
Tt d6, do gia thiét nén thu dude (@ — b +c¢—d) | (ac—bd).
& Ta sé ching minh két luan ctia bai toan bang phuong phap quy nap toan hoc.
% V6i n=1,n =2: thi két luan hién nhién ding.
% Gia st khang dinh ding téi n, tic la (a—b+c—d) | (@” - b" +c" —d") véi
neN,n=2.

Ta can ching minh a—b+c—d | a1 =p" L 4L gt
That vay,doa-b+c—d |(a+c)—(b+d) va nhan xét 6 trén suyraa—b+c—d
la ude cua

(@+c)-(@"+c™)—(b+d)-(b" +d™) =a" 1 - "1 4 ¢t _gntt

—ac-@ Y+ H-bd- "1 +d* ).
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Nhung, do (1), gia thiét quy nap va nhan xét & trén suy ra
(@a-b+c—d)|[c-(@" T+ H-bd- (6" +d" )]

Vay suy ra a —b +c—d la uéc cua

(@+c)-(@"+c™-bd-(b" +d") +ac-(@" +c" ) +bd-B" 1 +d" 1)

_ gt pntl g ol gntl

Luc d6, (2) dude chiing minh.
Tu d6, theo nguyén ly quy nap, suyra (a—b+c—d)|(a” —b" +c" —d") v6i
moi s6 nguyén duong n.

(3,0 diém) Trong méit phang cho tam gidac ABC khéng cin ngoai tiép
dudng tron tam I. LAy E va F lan ludt trén cac duong thang AC va AB sao cho
CB = CE = BF, d6ng thoi chiung nam vé cung mét phia véi A d6i véi duong thang
BC. Cac duong thing BE va CF cét nhau tai G.

a) Ching minh rang bén diém C, E, I va G cung nim trén mot dudng tron.
b) Trén dudng thing qua G va song song véi AC lay diém H sao cho HG = AF
dong thoi H khac phia véi C d6i véi duong thang BG. Ching minh ring
EHG = -CAB.
- °
X LJi gidi.

C

a) Khong mat tinh tong quat, xét truong hop AB < BC < CA, cac truong hop khac
xét tuong tu. Khi d6, E nam trén doan CA, F nam trén tia d6i caa tia AB (hinh
VE).

Tu gia thiét, suy ra F d6i il_igg v6i C qua phan gidc trong ctia géc ABC.

CAB+BCA ., ABC
S T — 900+ =,

Dodéﬁﬂzc/ﬁa:go%ABC va AIC = 180° -

Suy ra ti giac AFCI noi tiép.
— —- BCA AB — @ —
Tu do AFI=ACI = 2 VQCZ =IAC=IFC=ICF.

Dom:@:_m:(goo_%)_mzﬁzﬁzg,
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Hon nita, do tinh d6i xiing nén IEB = IBE =90° - MGC = MCG = ICG.
Suy ra tt giac CIEG ndi tiép.
ie i a == —— BCA —
b) Do ti giac CIEG noi tiép, nén EGI =ECI = — = AFI.
Hon nita, do TAB = IEB nén GEI = FAI.
Suy ra AGEI x> AFAL
Suv ra EG_EG AF HG _AF Al
Y BI "EI Al GE_GE BI
S BCA
Nhung HGE = AEB = 90° + =AIB
Suy ra AHGE x> AAIB.

Tu d6 EHG = BAI = CAB

(1,0 diém) Ky hiéu R* d€ chi tap hdp cac s6 thuc khac 0. Tim tat ca cac
ham s f xac dinh trén R*, nhan gia tri thuc va théa méan

of [pe 3 e arr+ L=t

1
3’+—)+36f(x)+f Vx,y #0.
X y

X Loi giai. Pat £(x) — x = g(x), phuong trinh ham da cho dudc viét lai vé dang

1 1
x-g(x+;)+y-g(y):y-g(y+;)er-g(x) Va,yZ0 (1)
Choy:1thuduf()cx-g(x+1)+g(1):g(1+%)+x-g(x) Vx#0 (2).
Trong (2), thay x béi %, ta dudc
1-g(l+1)+g(1):g(1+x)+l-g(l)
X X X X
:>g(1+%):x~g(x+1)+g(%)—x-g(1) Vx#0 (3)
Tu (2) va (3) suy ra x-g(x)+g(l) =(x+1)-g(1) Vx#0.
X
Trong (1), cho y = —1, bang 1ap luan tuong tu, ciing dude
1
x-g(x)—g(;)=—g(—1)-(x—1) Vx#0

Tu (4) va (5) suy ra

2x-g(x)=(g()—g(-1))-x+(g(1)+g(-1)) Vx#0
hay

b
g(x):a+; Vx#0
O day a,b 1a hai hing sb.
b
Suy ra f(x):a+;+x;Vx;éO.

Thit lai ta thay f(x) =a + b +x;Vx #0 théa man phuong trinh da cho.
X

Mot s6 nguyén dudng dude goi la dé thuong néu trong biéu dién thap
k phan cta né khong c6 chita chit s6 0 va téng binh phuong céc chit s6 cia né lé.
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mot s6 chinh phudng.
a) Tim sb dé thuong 16n nhat c6 hai chit sb.

b) Héi ¢6 hay khéng sb dé thuong c6 2013 chit s6?

X Loi gidi.
a) Gia st s6 dé thuong c6 hai chit s6 16n nhat 13 ab,1<a,b <9.

Theo gia thiét ta c6 a?+ b2 = ¢? 14 s6 chinh phuong.
Néu a, b déu khong chia hét cho 3 thi a? + 5% = 2(mod3), v6 1y vi a® + b2 1a sb
chinh phuong suy ra ab = 0(mod3).
o Néua=9=81+b2%=c?= ¢?-b?=81khong c6 nghiém nguyén duong véi
1<b<9
© Néu a =8=b:3= b€ {3;6;9}, thit truc tiép ta thay b = 6 thoa man.
Vay s6 dé thuong 16n nhat c6 2 chit s6 1a 86.

b) Xét s6 A =222211...1. Khi d6 22 +22+22+22+1%2+...+12 =2025 = 452,
—_—

o 2009 sb 12
Suy ra A =2222 11...1 1a sb dé thuong.
\w—’d
2009 s0 1
Pé 6. DE CHON HOC SINH GIOI LOP 10
(4.0 diém)

a) Giai phuong trinh: Va2 +x+1+Va2-x+1=2 (xeR).
b) Gia st phuong trinh bac hai 4n x ( m 1a tham s6): x2—2(m—Dx-m3+(m+1)? =
0 ¢6 hai nghiém x1, xo théa man diéu kién x; +x9 < 4. Tim gia tri 16n nhat va
gi4 tri nhé nhat ctia biéu thic sau: P = &3 + x5 + x1x2 (321 + 3x2 + 8).

\_
& Loi gidi.
a) Giai phuong trinh: Va2 +x+1+Va2—-x+1=2 (xeR).
2 2
3
+ 1 nén phuong trinh xac dinh

1
Tacox®—x+1= (x—§ +Z’x2+x+1: (x+§
v6i moi x € R. Phuong trinh da cho tuong dudng véi

xz—x+1+x2+x+1+2¢@¥—x+1)@2+x+1):4
o 22 +2+2Vat+x2+1=4
o Vat+x2+1=1-4x2

1-x%2>0
o
x4+x2+1:(1—x2)2
-1<x<1
o
xt+x?+1=1-2x% +x*

1<x<1

- _
x=0
< x=0.
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Vay phuong trinh c6 nghiém duy nhét x = 0.

b) Phuong trinh da cho c¢6 hai nghiém x1, xo thoa man x; +x, <4

m=2
A=0 m(m?-4)>0 -2<m<0
o o & -2<m=<0
x1+x9<4 2im—-1)<4 2<=m<3.
m<3

Theo dinh li Viet ta ¢6 x1 +x9 = 2(m — 1), x1x9 = —m> + (m + 1)2 suy ra
P =(x1+x2)% +8x120 =8(m —1)3 —8m3 +8(m + 1)* = —-16m? + 40m
Bang bién thién

Tt bang bién thién ta dudc: Prax = 16 khi m =2, Prin = —144 khi m = -2,

o . x2+x3y—xy2+xy—y:1
(1.5 diem) Giai hé phuong trinh: 4 9 (x,y€R)
L x+y —xy@2x—-1)=1
®
X L3i giai. Ta c6
x2+x3y—xy2+xy—y:1
x4+y2—xy(2x—1):1
(x®—y)+xy (x®—y) +xy =1
< 2
(x®*—9) +xy=1.
o [a=x%-y RN a+ab+b=1
bat Hé tré thanh: 5 (*).
b=xy a“+b=1
a®+a?-2a=0 a(a2+a—2):O
Hé (*) o
b=1-q2 b=1-a>
T d6 tim ra (a;b) € {(0;1);(1;0);(-2; —3)}
.. -y =0
© V01 (a;b) =(0;1) ta c6 hé sx=y=1.
xy=1
x“—vy=
& V6i (a;b) =(1;0) ta c6 hé < (x;) = (0;-1);(1;0);(-1;0).
xy=0
¢ V6i (a;b) =(-2;-3) ta co hé
x2—y=-2 y——§ y——§
{ Y =3 x & x ox=-1;y=3.
xy=-3 3+26+43=0 |@x+D(x2-x+3)=0

Két luan: Hé c6 5 nghiém (x;y) € {(1;1);(0;-1);(1;0);(~1;0);(~1;3)}.
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(1.5 diém) Cho x, y 1a hai s6 thuc duong thod méan diéu kién

L (x+ V 1+x2) (y+\/1+y2) =2012. Tim gia tri nhé nhat cta P =x +y.

. s t2-1
X LJi gidi. Patt=x+Vv1+x2thidéthayt>0vax= 5 (1)
o A ) 2012 . .. 20122 —¢2
Tu gia thiet taco y+1/1+y2% = — Twu day cing suy ra y = 520197 (2)

Tu(l)va(2)suyrax+y=

t2—1+20122—t2 ~ 2011 ( 2012)
2t 22012.¢  2.2012 t

2011 2012 2011 2011

Dodox+y= -21/t- = -2v2012 = .

0doxTY=9"2012 :  2.2012 /3012

. 2011
Dang thic xay ra khi va chi khi t=v2012. Tu (1) va (2) suyrax=y =

: ’ 2011 2011 ’ ’ 2v2012
Vay gia tri nhé nhéit caa P bang ,khix=y= .
12 2v2012

(3.0 diém)

a) Cho tam gidc ABC noéi tiép trong dudng tron tam O. Goi M, N, P lan ludt
12 diém dbi xiing ctia O qua cac duong thang BC, CA, AB; H 1a truc tam
clia tam gidgc ABC va L 1a trong tdm tam gidc MNP. Ching minh ring
OA + OB +0C = OH va ba diém O, H, L thing hang.

b) Cho t giac 16i ABCD. Gia st ton tai mot diém M nam bén trong ti giac sao
cho MAB = MBC = MCD = MDA = ¢. Ching minh déng thic sau:
AB%2+BC?+CD?+DA?

2AC-BD -sina i
trong d6 a la so do goc gitta hai duong thang AC va BD.

cotyp =

¢) Trong mét phang véi hé truc toa do vudng géc Oxy, cho tam gide ABC ngoai
tiép dudng tron tam I. Cac duong thang AI, BI, CI lan lugt cat duong tron
ngoai tiép tam giac ABC tai cac diém M(1;-5), N(gg), P (—?,g) (M,N, P
khong trung véi cac dinh cua tam giac ABC ). Tim toa d6 cac dinh A, B,
C biét rang duong thang AB di qua diém Q(-1;1) va diém A c¢6 hoanh do

duong.
\- o

X Loi gidi.
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M

a) Ké dudng kinh AD, khi d6 t& giac BHCD 1a hinh binh hanh nén trung diém
K cta BC ciing 1a trung diém ctia HD, trong tam giac AHD c6é OK 1a dudng
trung binh nén
90K =AH < OB+0C =0H -0A < OA +OB +0C = OH
Ta ¢6 OB +OC = 20K = OM v cic déng thic tuong tu ta dudc:
07>4+WV+5ﬁ:2(5K+5§+56'):25FI
= 30L = 20H suy ra O, H, L thing hang.

AB%2+MA? - MB?

4SmaB

P 2 1
b) Trudc het ta co cac ket qua sau: Sagpep = EAC-BD-sin a; cotp =

Tuong tu ta dudc:
AB?+MA?-MB? BC?+MB?-MC? CD?+MC?-MD?

cotyp =
L4 4S AR 4SymBC 4Sycp
_ DA?+MD*-MA?  AB?+BC?+CD?+DA?
4Supa 4(SmaB +SmBc +Sucp +Supa)
_AB%?+BC?+CD?>+DA? AB?+BC?+CD?+DA?
B 4SABCD B 2-AC-BD -sina

¢) Puong tron ngoai tiép tam giac ABC la duong tron di qua 3 diém M, N, P nén
ta 1ap dudc phuong trinh nay 1a x? + y? + 3x — 29 = 0 suy ra tam K cta duong
R LA . . A1 3
tron ngoai tiep tam giac ABC c6 toa do la K (—5;0).
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M

Do AB 1 KP nén AB c6 véc to phap tuyén naz ~KP= —2(2;—1).
Suy ra phuong trinh AB:2(x+1)-1(y—1)=0< 2x—y+3=0. Do d6 toa do A, B
la nghiém caa hé phuong trinh
2x—y+3=0 y=2x+3
{x2+y2+3x—29:0 ©{x2+3x—420 x=-4,y=-5.
Suy ra A(1;5), B(—4;-5). Do AC L KN nén AC c6 véc td phap tuyén l1a nac =
KN =2@1).
Suy ra phuong trinh duong thang AC: 2(x—1)+y—-5=0< 2x+y—7=0. Khi d6
toa do A, C la nghiém ctia hé phuong trinh:
2x+y—-7=0 y=—-2x+7 x=1,y=5
{x2+y2+3x—2920 Q{x2—5x+420
Tu day suy ra C(4;-1)
Vay A(1;5), B(—4;-5), C(4;-1).

pé 7. DE CHON HOC SINH GIOI LOP 10
4,0 diém)

x=1y=5
=

i=4

x=4,y=-1

x+y=m-2

2

9 5 (trong d6 m la tham s6; x
xX“+y°+2x+2y=—m“+4

a) Cho hé phuong trinh {
va y 1a 4n).
i) Tim m dé hé phuong trinh trén cé nghiém.
ii) Tim gia tri 16n nhat, nhé nhat cta biéu thic A = xy + 2(x + y) + 2011.

b) Tim tat ca cac gia tri m d€ phuong trinh sau c6 bén nghiém phan biét déu

16n hon -3
xt—Bm+1x2+6m-2=0.
\. O
™ Lo gidi.

a) Pat S =x+y;P =xy. Khi d6 hé phuong trinh tré thanh

S=m-2 S=m-2
<
S2-92P+2S=-m?+4 |P=m?-m-2.
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Dé hé c6 nghiém thi
S2>4P
o (m-2)?24(m?*-m-2)
om?sd4e-2<m=<2.

b) Tac6 A =P +28+2011=m2+m+2005.
Lap bang bién thién ta dudc

2007 2011

A \ /

2004,75

maxA =2011 khi m =2;minA =2004,75 khi m =-0,5
Pit ¢ =% = 0, thay vao phuong trinh ta duge

9 t=2
t“"-@Bm+1t+6m-2=0
t=3m-1.
Phuong trinh da cho ¢6 bon nghiém phéan biét khi
3m—-1>0 1
om>-—.
3m-1+#2 3

Khi dé phuong trinh da cho c¢6 bén nghiém 14 +v2; +v3m - 1.
o ‘A X 14 . 10
beé cac nghiém déu 16n hon -3 thi -vV3m-1>-3o v3m-1<3oem< 3
c e R 110
Vay cac giatrichtam lame (5; 3) \{1}
(1,5 diém) Giai hé phuong trinh
x+y—yxy=1
Va2+3+1/y2+3=4.

X Loi giai. PK xy =0,
ta thay tit phuong trinh thi nhat = x+y >0,
dodéx=0,y=0.
Tu d6 ta dat u = vx =0,v = /y =0 thay vao hé ta duge
W+v?-uv=1
Vut+3+Vvt+3=4
(u+v)2:1+3uv
2N
ut+ 0t +6+2V3ut+ 30t +utvt+9=16

(u+v)2:1+3uv
o

[(w+v)? - 2uv]2 —2u?v? + 2\/u4v4 +3[(u+v)2 - 2uv]* - 6u2v2 +9 =10
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Piti=uv=>0<t<1(®il+3uv=@w+v)’=4duv=>uv<1).
Thé tit phuong trinh thi nhat cia hé trén vao phudng trinh thi hai ta dudc
2Vt4—32 + 6t +12=12 -2t +9

4(t* - 312 +6t+12) = (22— 2t +9)°
Q{tz—2t+920

3t + 413 - 3412 + 60t - 33 =0

< (t—1)(3¢3 +7t> - 27t +33) = 0.

+Neut=1ouv=1taco o 22N
uv=1 v=1 y=1

+Néu 362 +7¢2-27t+33=0 © 33+ T2 +6+27(1-t)=0vo ly viO <t < 1.
+Néu 363 +7t2-27t+33=0 33+ T2 +6+27(1-)=0vo ly viO <t < 1.
Két luan nghiém caa hé 1a (x;y) = (1;1).

(1 diém) Chitng minh rang néu x,y 1a cac s6 thuc duong thi

1 N 1 - 1
1+x)2 (A+y)?2 1+xy

X L giai. Do x,y > 0 nén bat dang thic da cho tusng dudng véi
[A+2)2 + 1+ 2] A +xy) = (1 +2)2(1 + )
=3 (2+2x+2y+x2+y2)(1+xy)2 [1+2x+x2) (1+2y+y2)
o xy(x—y)2+xy—-172=0.

Bat dang thiic nay luon ding. Dau bang xay ra khi x =y = 1.

(3,5 diém)

a) Trong méit phang véi hé truc toa d6 Oxy, cho hai diém A(1;2) va B(4;3). Tim
toa d6 diém M trén truc hoanh sao cho géc AMB bang 45°.

b) Trong mit phéng véi hé truc toa do6 Oxy, cho tam gidac ABC nhon véi truc
tam H. Cac duong thang AH, BH, CH lan ludt cit duong tron ngoai tiép
tam giac ABC tai D, E, F (D khac A, E khac B, F khac C). Hay viét phuong

6 17)

trinh canh AC cua tam giac ABC;, biét rﬁng D(2;1), E(3;4), F (E’ =

¢) Cho tam giac ABC, c6a=BC,b=CA, ¢c=AB. Goi I, p 1an ludt 1a tam dudng
tron noi tiép, nita chu vi cia tam gidc ABC. Chiing minh rang
IA? IB? Ic?

=2.
c(p—a)+a(p—b)+ b(p—c)
N o

X Loi gidi.
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B

a) Gia st toa do cua M(x;0).
Khi d6 MA = (1-x;2); MB = (4—x;3).
Theo gia thiét ta c6 MA-MB = MA - MB - cos45°

s(l-x)4—-x)+6= \/(l—x)2+4-\/(4—x)2+9-§

2
ox2-5x+10= \/x2—2x+5-\/x2—8x+25-§

©2(x2=5x+10)° = (x2 - 20 +5) (x> — 8x +25) ( do 2% —5x + 10> 0)
o xt—10x3 +44x2 - 110x+75=0
& (x-1(x—-5)(x®—4x+15) =0
sx=1;x=5.
Vay ta c6 hai diém can tim 1a M(1;0) hodc M(5;0).
b)

Goi A’, B, C' 1an lugt 1a chan duong cao ha tit cac dinh A, B, C.

Do tit gidc BCB'C’ noi tiép nén FDA =FCA = ABE = ADE

= H nam trén dudng phan giac trong ha tit D caa tam giac DEF.

Tuong tu ta ciing chi ra dudc H nam trén dudng phan giac trong ha tit dinh E
cua tam giac DEF.

Vay H 1a tam duong tron noi tiép cua tam giac DEF.

Ta lap dugc phuong trinh cac dudng thang DE, DF lan luot 1a DE: 3x—y—5=0,
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DF:3x+y-7=0. 5 5 5 .
p < ~ . < N - L OX Yy~ xX+y-—

Do d6 phuong trinh phan giac trong va ngoai caa dinh D la 715 =+ 715

x—2=0;y—-1=0.

Kiém tra vi tri tuong d6i ctia E, F véi hai dudng trén ta dudc phan giac trong

ké tit dinh D 1a (d):x-2=0.

Tuong tu ta 1ap dudc phuong trinh phan giac trong ké tit dinh E 1a (d'): x—y +

1=0.

Mit khac H 1a giao diém cta (d) va (d) nén H(2;3).

Ta c6 AC 1a trung truc cia HE nén AC di qua trung diém B’ (g, g) va co vtpt

12 HE =(1;1)
=>(AC):x+y—-6=0.
¢) Goi M la tiép diém cta AC véi duong tron noi tiép tam gidc ABC.
Khidéotaco AM=p—a;IM=r.
Goi S la dién tich tam gidc ABC, theo cong thiic Heronta c6 S = /p(p —a)(p —b)(p —c).
Ap dung dinh 1i Pytago trong tam gidc AIM ta cé
IA? = AM?+MI?
2

:(p—a)2+r

2
=(p-a)+ (§)
p
(p—a)p-b)p-c)
p

=(p—a)’+

_(p-a)bc

D
IA2 b

= = .
clp—a) p

IB? c IC? a

ap-b) pbp-0o p

Tuong tu ta c6

Do va IA® IB? 1c? _atbte
ovay C(p—a)+a(p—b)+b(p—0) - p 7
pé 8. DE CHON HOC SINH GIOI LGP 10
4,0 diém)

xy2+y3+3x—6y:0

2

a) Giai hé phuong trinh
x“+xy—-3=0.

b) Giai phuong trinh 18x+ 16+4V/2x2 +5x — 3 = TV 4a2 + 2x — 2+ 7V/2x2 + 8x + 6.

°
& Loi gidi.
a)
3x=0

& Néu y =0 thay vao hé ta ¢ { 2 a_o hé nay vo nghiém.
x“—-3=
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& Néu y # 0 thi ta dat x = ty thay vao hé ta dudc
{ty3+y3+3ty—6y:0 {y(ty2+y2+3t—6):0
<

2y +1y2—-3=0 2 +1)y?=3
3
2 2
ty“+y“+3t—-6=0 t+1 +3t—-6=0
Yoy DD
3, 3 © 4 3
vy = 2 _
t2+t Y _t2+t
3
Z4+8t-6=0 t2-2t+1=0
= ¢ 3 < 5 3
2 _ yo =
Y _t2+t t2+t
t=1 x=y
©<y2:§ 7 =+ 3
2 y== 2

ox=y=t/2
x=y=%y/o.
Vay hé phuong trinh ¢6 nghiém la (x;y) = (\/g, \/g) ; (—\/g;—\/?).
2°V 2 2 2
b)

1 N N
DK x> 2 v6i dieu kién nay phuong trinh duge dua vé dang

18x+16+4v/(x +3)2x— 1) = 7/ (2x + 2)(2x — 1) + 7v/(2x + 2)(x + 3)

S 2Vx+3+vV2x—1)2-7V2x+2(Vx+3+V2x - 1) +6(2x + 2) = 0.
Pit @ = Vx+3+v2x—1;b = V2x + 2 thay vao phuong trinh trén ta dudc 2a -
Tab+6b2 =0 (2a —3b)a—2b)=0 < 2a =3b;a = 2b.
+)a=2b e Vx+3+V2x—1=2v2x+2, phuong trinh nay voé nghiém.
+) 20 =3b © 2Vx +3+2V2x—1=3V2x +2, gidi phuong trinh nay dudc nghiém
x=1.

Vay nghiém cta phuong trinh da cho la x = 1.

(1,0 diém) Tim tat ca cac bo ba sb hitu ty duong (m;n;p) sao cho mbi mét
L 1 1 I A
L trong cac s6 m+ —;n+ —;p + — la mot so nguyén.
np pm mn

°
X Loi gidi.
Gia st tim dude bd ba sb (m;n;p) trong d6 m,n,p 1a cac sb hitu ti duong sao cho ¢
cac s6 nguyén duong a,b,c théa man
1 1
a=m+—;b=n+—;c=p+—.
np pm mn

Tu dé mnp+1=anp=bpm =cmn.

Suy ra abe(mnp)? = (mnp +1)3
Dat mnp = o trong d6 u,v e Z*,(u;v) = 1 ta dude
v

2 3
u u
abc-— = (— + 1) s abeu?v=w+v)?
vz
Do (z;v) = 1 nén néu p 1a mét s6 nguyén tb sao cho p | u?v thi hodc p | u hoéc p |v do
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d6 u +v khong chia hét cho p.

(u+v)? @{abc:(u+v)3

Do do (1 bc =
0do (1) © abe 3y W2y -1

Suyrau=v=1,abc=8,mnp =1.
T do tim dudc (a;b;c) =(1;1;8),(1;2;4),(2;2;2) va cac hoan vi.

11 1 < , .
Vi vay (m;n;p) = (1;1;1),(5;5;4) , (5;1;2) va cac hoan vi.

(2,0 diém)
a2012 b2012 02012

a) Gia st a,b,c la cac so thuc duong théoa man 72010 + 3010 + 3010 < 2011.

Chiung minh rang luén ton tai so tu nhién n sao cho
an+3 bn+3 cn+3 2011 an+2 bn+2 .\ cn+2

+ + < + + .
bn+1 Cn+1 an+1 2010 bn ch a®

b) Cho a,b,c 1a cac sé thuc duong. Ching minh rang véi moi sb tu nhién m ta

c6 bat dang thiic
am+3 bm+3 cm+3 am+2 bm+2 cm+2
+ + > + + .

bm+1 Cm+1 am+1 pm cm a™

N °

X LJi giai.

a) Ta chiing minh bang phan ching.
Gia stt khong ton tai s6 tu nhién n nao théa méan thi véi moi s6 tu nhién n ta

luon c6
an+3 bn+3 cn+3 2011 CLn+2 bn+2 cn+2
pn+l + cn+l + an+l > 2010 + bn + cn + a®
Lan lugt cho n =0,1,2,...,2009 va cong tiung vé ctia 2010 bat dang thic ta dudc
a2012 b2012 2012 2011 9 9 9
73010 * o0 * 010 > 2010+ 5o +a® 4%+ ¢? > 2011
Mau thuan véi gia thiet nén ta c6 dpcm.
b)
m+2

Ap dung bdt AM-GM cho 256 =

m+2 ma 2(m+2) ,b2m
Zabm +mb?> (m+2) \2/ abz—m = (m+2)a2

Tuong tu ta dudc

bm+2 9 b2(m+2) . ch
2 +mc22(m+2)er —:(m+2)b2
cm ch
Cm+2 I cZ(m+2) . aZm
2 +ma®=(m+2) +\/—:(m+2)02
a™ a2m

Céng tung vé cac bdt trén ta dudc
m+2 bm+2 Cm+2

>
bm + cm +am+1_a

va m sb b2 ta cé

a
24b%2+¢2
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am+2

Ap dung bdt AM - GM cho m s6 ——

am+3 9 il am(m+3) . a2 am+2
mbm+1 ta”z(m+1) pm(m+1) =(m+1) pmi

Tuong tu ta ¢

va a? ta dude

bm+3 9 mal bm(m+3)b2 bm+2
mcm+1 +b°=2(m+1) D =(m+1) =

Cm+3 il cm(m+3) . 02 Cm+2
m +c2=(m+1) K ————=(m+1)

am+1 am(m+1) a™

Cong tung ve cua cac bdt trén ta dudc
am+3 bm+3 cm+3 ) (am+2 bm+2 cm+2) am+2 bm+2 m+2
>m +

c
+ + + + —a?-b%-¢?
bm cm a™ bm cm a™

Két hop véi (1) ta c6 dpcm. Dau dang thiic xay ra < a=5b =c.

>
m bm+1 + Cm+1 + am+1

(2,0 diém) Cho tam gidc ABC nhon véi ba dudng cao AD, BE, CF cat
nhau tai diém H. Tiép tuyén tai B, C ctia duong tron (O) ngoai tiép tam giac ABC
cat nhau tai diém T, cac duong théng TD va EF cit nhau tai diém S. Goi X,
Y lan lugt 1a giao diém cta duong thang EF véi cac dusng thang TB, TC; M la
trung diém ctia canh BC.

a) Ching minh rang H, M lan lugt 1a tAm dudng tron néi tiép cac tam giac

DEF va XTY.
b) Ching minh rang dudng thang SH di qua trung diém cta doan thang BC.
\ o
X Loi gidi.

A Y

)

S
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+) Do cac ti gidc BFHD, DHEC va CBFE noi tiép nén
FDH=FBH =FBE =FCE =HCE = HDE.

Suy ra DH 1a phan giac cua géc EDF.

Tuong tu ciing dudec EH la phan giac cua goc DEF va FH la phan giac cua goc EFD.

Tu d6 H 1a tam dudng tron noi tiép cla tam giac DEF.

+) Do MBT =MCT =BAC;MB=MC = %

a-sinA

=>d(M;BT)=d(M;CT) = 2

+) Ta c6

MEF =HEF +HEM
—HAB+HEM
= HAB + HBM
=90°-B+90°-C

=>d(M;EF)=

Do d6 d(M,TB) = d(M,TC) = d(M,EF) = = -sin A
nén M la tam dudng tron ndi tiép tam gidec XTY.
+) Do tit gidc AFDC noi tiép va TX tiép xic véi (O) nén
FDB=FAC =BAC =CBT =DBT
Suy ra TX|DF.
Tuong tu cing ¢6 TY |DE.
+) Tt d6, véi &k = % thi phép vi tu tam S ty s6 £ bién tam gidc DEF thanh tam
gide TYX.
Va do d6 bién H (tAm dudng tron néi tiép ctia tam giac DEF ) thanh M (tAm dudng
tron ndi tiép cta tam giac TY X ).
Suy ra S, H, M thang hang.

(1,0 diém) Ki hiéu N chi tap hop cac s6 tu nhién. Gia st f: N — N la
ham s6 théa man céc diéu kién £(1) > 0 va f (m?+2n?) = (f(m))® + 2(f(n))* v6i moi
m,n € N. Tinh cac gia tri cha f(2) va f(2011).

@
X Loi gidi.
bat f(2)=a.
Cho m =n=0= £(0)=3(f(0))* = f(0) = 0.
Chom=1Ln=0=f(1)=(f())° = f(1)=1.
Chom=n=1=f(3)=3.
Cho n=0= f(m?) = (f(m))%,Vm e N nén f(4) = a®.
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Mat khac véi mbi s6 tu nhién
E=3=(k+1)2+2k—-2)72=(k-3)2+2k>

= (f(k+ 1) +2(f(k—2))% = (f(k - 3))% + 2(f (k))*
Twu (1) cho k=3 ta co

(FAN2+2(F()2 = (FO)2 +2(fB)° > a*=16=>a=2=> f(2)=2.
Theo trén ta chitng minh dudc f(n) =n v6i n =0;1;2;3;4.
Ta chiing minh bang quy nap f(n)=n
That vay, véi n = 3 tit ding thic (1) ta cé:
(f(n+1)? +2(F(n - 2) = (f(n - 3))? + 2(f (n))?
> (Fn+1)2=(n-32+2n2-2(n-2%=(n+1)2

=>f(n+1)=n+1
Do d6 f(n)=n,¥n e N= £(2011) = 2011.
pé 9. DE CHON HOC SINH GIOI LGP 10
(2 diém)

a) Cho parabol (P):y = —x%+4x+5 va diém I(1;4). Tim trén (P) hai diém M, N
doi xting nhau qua diém 1.

b) Tim cac gia tri cia m dé phudng trinh |x* - 2| = m* —m?® ¢6 4 nghiém phan

biét.
- °
X LJi gia

& Cho parabol (P):y = —x% +4x +5 va diém I(1;4). Tim trén (P) hai diém M,N d6i
xting nhau qua diém I.
Puong thiang A qua I va ¢ hsg k ¢6 phuong trinh y = k(x—1) +4.
Xét pt —x%+4x+5=k(x—-D+4 o x>+ -4)x-k-1=0
A=(-42+4(k+1)>0 o k2 -4k +20>0,Vk = A cit (P) tai M vA N.
Goi 2 nghiém cta (1) 1a x1, xo > M (x1;k(x1— 1) +4),N (x9;k (xo — 1) +4).

M, N db6i xing nhau qua diém I © I 1a trung diém ctia MN
x1+XQ_
z ! 2k er=2
k(x1—1)+4+k(x2—1)+4_4© g T TOR=e
5 -
Khi d6 (1) © x2—2x-3=0 © x = -1 hodc x = 3.
Vay M(~1;0), N(3:8).

o Tim m dé phlIOng trlnh |x* — 2| = m* —m? ¢6 4 nghiém phan biét.

Piéu kién can m*-m? >0 m >1hodc m <-1. (1)

x2-2=m*-m? 2=2+mt-m?
)1

>-2=—(m*-m &% =2—(m*-m?).

Diéu kién di 2 (m*-m?) >0 -1<m®<2.

Két hop véi PK (1) ta dude 1 <m < v2 hodc —vV2<m < —1.
Cach khac.

Pt ¢6 4 nghiém < dudng thang y =m* - m? cit dths y = |x* - 2| tai 4 diém.

Khi dé{
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Tu d6 thi suyra 0<m*-m?<2 o 1<|m| < V2.

(3 diém)
a) Giai bat phuong trinh: (x + 1)Vx + 2+ (x +6)Vx + 7 = x2 + Tx + 12.
(x-1)(y*+6) =y (x®+1)

b) Giai hé phuong trinh:
P g {(y—l)(x2+6):x(y2+l).

¢) Tim m dé phuong trinh 3vx— 1+mvx+1=2Vx2—1 ¢6 nghiém.

\_

™ Loi gidi.
a) DK: x> -2.
BPTo (x+1D)(Vx+2-2)+(x+6)(Vx+7-3)=x>+2x—8

et )22 16— s (x—2)xt4)

x+2+2 vVx+T7+3
x+1 x+6

o (x—-2) + —(x+4)|=0.
Vx+2+2 Vx+T7+3

Ta co xtl + x+6 (x+4)
— X
Vx+2+2 Vx+7+3
x+2 x+2 x+6 x+6 1

= — + — —
Vax+2+2 2 Vx+T7+3 2 Vx+2+2
3 x+2)vVx+2 (x+6)(Vx+7+1) 1

Vx+2+2 vVx+T7+3 Vx+2+2
BPTox-2<0ox<2.

Vay tap nghiém caa BPT 1a S =[-2;2].

b) Tri vé ta dude (x—y)x+y—2xy+7)=0.
TH 1. x = y. Thé vao pt thi nhat ta dudc

¥’ -bx+6=0<
3.

X
TH2. x+y—-2xy+7=02xy=x+y+7
Céng hai pt theo vé ta dudc
5x+9y)— (x®+y%)-12=0
S5x+y)—(x+y)2+2xy—-12=0
o—(x+y)P+6(x+y)-5=0

x+y=1
=
x+y=>5.
*x+y=1=>xy=4 (Loai)
x=2,y=3
*x+y:5zxy:63{
x=3,y=2.

Vay hé c6 4 nghiém la (2;2),(3;3),(2;3),(3;2).
¢) PK: x = 1. Chia hai vé cho vx+1 ta dudc

3x_1 4x—]_
+m=2\ ——
x+1 x+1

<0,Vx=-2.
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y x
Pit¢= 1
x+

Pt (1) c6 nghiém x =1 < pt (2) c6 nghiém ¢ €[0;1).

Lap bang bién thién cta () = —3¢2 + 2¢ trén [0;1).
‘A 1
Tu BBT suy ra pt (2) ¢c6 nghiém t€[0;1) © -1<m < 3

1 2 2
1,05t<1tadm}c3t +m=2te -3t°+2t=m.

(3 diém)
a) Cho tam gidc ABC c6 trong tam 14 G. Hai diém D va E dudc xac dinh béi
—_— —_— —_— 2 —_— ~ Y
cac hé thic: AD =2AB; AE = gAC . Chung minh rang: D, E, G thang hang.
b) Goi H 1a truc tam AABC, M 1 trung diém cua BC.
N — — 1
Chung minh rang MH-MA = ZBCZ.

¢) Trong mat phang toa d6 Oxy, cho hinh binh hanh ABCD, diém M(-2;0) 1a
trung diém ctia canh AB, diém H(1;-1) 14 hinh chiéu ctia B trén AD va diém

7 .. < 2 < . N
G 5;3) la trong tam tam giac BCD. Puong thang HM cat BC tai E, dudng
théng HG cit BC tai F. Tim toa d6 cac diém E, F va B.
- o
X LJi gidi.

a) Goi M 1a trung diém ctia BC ta cé:

AG=2AM=-AB+-AC
3 3 3
DE=DA+AE=-2AB+ gAC = g(—5AB +ACQC)
DG=DA+AG=-2AB + gAB + gAC = —§AB + gAC = 5(—5AB +AC)
86— .
Tu (1) va (2) suy ra DE = gDG =D, E, G thang hang.
b)

Ta co
- — 1] — — —
MH-MA:§(BA+CA)MH
]_ _ e —_— R —
= §[BA(MC+CH)+CA(MB +BH)]

1 _ — _— — —_— — _— ——
:§(BA-MC+BA-CH+CA-MB+CA-BH)
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ViBA L CHoBA-CH=0.CA LBH & CA-BH=0
:»ﬁ.m:%ﬁ.mga.m.

Mit khac ta c6 BAMC = BA'- MC,CA-MB = CA'MB va MB = —MC.
Nén
MH-MA = BA'-MC - ZCA'-MC
1_, R —_
- ZMC (BA’ - CA’)
2
_lwe Bé
2
11— —
- -.-BC-BC
29
1
:ZBC2' (dpcm)
c)

A H D

Chitng minh duge HM = ME tit d6 suy ra E(-5;1).

Ching minh dudc HG = 2GF ti1 d6 suy ra F(3;5).

Gia stt B(x;y). T gia thiét suy ra B, E, F thang hang va BE 1 BH.
Tim dudc toa do B(—1;3).

(1 diém) Cho x, y 1a cac s6 thuc théa man x2+ y? = 1. Tim gi4 tri 16n nhat

2 2
N .2 . > A > . R ~ - _3
Lva gia tri nho nhat caa biéu thuac S :w.
xy+1
°
& Loi giai.
4 92 9 N x2—2xy—2y2
The x“+y“=1vao S taduge S = ——F———
xy+xZ+y
TH1. y=0ox’=1=>8=1.
2
TH2.y;éO:>S:%.
x (x
—+(—) +1
23’ Yy
t“—2t—-2
Détt:f:S:2—
t“+t+1

@S(t2-3}t+1):t2—2t—2@(S—l)t2+(S+2)t+S+2:0.
V6iS#1,tontait < A=(S+2)?-4(S-1)(S +2)=0.
Bién d6i ta dude (S +2)(-3S+6)=0< —2<S <2.

Do S=1€[-2;2] nén maxS =2,minS = -2.
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(1 diém) Cho x, y 1a cac s6 thuc thay déi. Tim gi tri nhé nhat caa biéu

thuc
A= \/(x—1)2+y2+\/(x+1)2+y2+|y—2|.
o
X LJi giai.

A:\/(1—x)2+y2+\/(x+1)2+y2+|y—2|2\/(1—x+x+1)2+(y+y)2+|y—2|.

Vay A=1\/4+4y2+|y-2|.

TH1. y=2=A>2y/1+y2>2V5.
TH2. y<2

S>A=2\/1+y2+2—y
:\/((\/5)2+12) (12+y2)+2-y
>V3-1+1-y+2-y=V3+2

A:2+\/§khivéchikhix20,y:%.

w

Ta c6 2+vV3<2V5=minA =2+ V3.

Pé 10. DE CHON HOC SINH GIOI LGP 10

e coe 1 4 . -5 10
(2 diem) Giai bat phuong trinh " 2‘ <

k X x—1
°
& Lo giai, |—> | <|-2° 1)
=aLeial. x+2| 7 |x—-1)|
Piéu kié{l X # —2,3{75 1. (%)

(1)

C @22 -1

o (x-1? <4(x+2)?

< 3x%2+18x+15=0

& x€(—00;—5lU[-1;+00).

Két hop véi dieu kién (+) tap nghiém cta (1) 14 S = (—oo; —5]U[—1;1) U (1;+00).

(2 diém) Giai phuong trinh (x +4)(x +1) -3V x2 +5x + 2 =6.
\ °

N Lo gidi.(x+4)(x+1) -3V +5x+2=6 o 22 +5x—3Vx2 +5x+2-2=0.
o Patt=Vx2+5x+2, dieu kién ¢ = 0.

Ta c6 2% + 5x = t2 — 2, phuong trinh da cho tré thanh t2-3t-4=0 o

. R x=="
¢ Keét hop dieu kién ¢6 t =4 hay Vx2+5x+2=4 o
x=2.

¢ Tap nghiém cta phuong trinh 1a S = {-7;2}.
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o o . 2x% +4xy+2y* +3x+3y—-2=0
(2 diem) Giai hé phuong trinh 5 9
L x“+y“+2y(2x+1)=0.
°

(2« +4xy+2y® +3x+3y-2=0 (3)
X LJi gidi. 5 9
x“+y +2y2x+1)=0. (4)

xX+y=-2
6 3)o2x+y’+3x+y)-2=0< 1
x+y=§.

o Voix+y=-2,thay y=-2—x vao (4) co
K+ (-2-x)2+2(-2-2)2x+1) =022 +6x=0 5
Véix=0 thiy= -2, véix=—3 thiy=1. T
& Véix+y:%,thayy:%—xvéo (4) co

9 2 1 0 5
x“+|=—x] +2|-—-x|Q2x+1)=0 -2x“—-x+-=0x=
2 2 4

f -1-v11 3+v11 . -1+v11 | 3-v11
V01x:Tth1y: 1 ,vdlx:Tthly: Y
< -1-v11 3++v11 -1+v11 3-v11
Kétluén:Hédéchoc64nghiém(x,y)lé(0;—2),(—3;1),( T 1 ),( R )

(2 diém) Tim tat ca céac gia tri cia m d€ phuong trinh sau c6 nghiém

thuc x
Va2 -2x+m?2=2x+4.
°
o Loi giai.

(%)

& \/x2—2x+m2:2x+4©{

2x+4=0 x=-2
<>
x2—2x+m?=2x+4)> 3x2+18x+16—m2=0. (5)

& (5) 1a phuong trinh bac hai c6 A’ =3m2+33>0, Vm.
-9-V3m?2+33 ~9+V3m?2+33
y X2 = .
3 3

(5) ¢6 hai nghiém la x; =

v33-9

¢ Nhan xét xo = > -2, Vm nén hé () ludén c6 nghiém véi moi m.

Vay phuong trinh da cho luén ¢6 nghiém véi moi gia tri caa m.

(2 diém) Tim tat ca cac gia tri cia m dé tap nghiém cta bat phuong
L trinh x? + mx+m +1 < 0 ¢6 biéu dién trén truc s6 12 mot doan c6 do dai bang 1.
o

8 Loi gidi.x?+mx+m+1<0. (6)
Xét tam thic bac hai f(x) = x>+ max+m +1 ¢6 hé sb bac hai a =1> 0, biét sb6 A =
m?—4m-4.
¢ Truong hop 1. A <0, khi d6 f(x)>0, VxeR.
(6) c6 tap nghiém 1a S = @, khong théa méan yéu cau.

o Trudng hop 2. A=0, khi d6 f(x) 20, VxeR; f(x) =0 x = —%.



40 Dé 10. Dé chon hoc sinh gidi Idp 10

Tap nghiém ctia (6) chi chita mét phan ti, khéng théa man yéu cau.

¢ Truong hgp 3. A>0.

-m—-vA -m+ VA
f(x) =0 c6 hai nghiém phéan biét la x; = m2\/_,x2: m2\/_-

Tap nghiém cua (6) 1a S = {[x1;x2]}.
Biéu dién ctia S trén truc sb 1a doan c6 d6 dai bang 1 khi va chi khi
lxg —x1] =1 < VA =1 (théa man diéu kién A > 0).
9 m=-1
osm‘-4dm-4=1%
m=>5.
Két luan m € {-1;5}.

(2 diém) Gia st tam gidac ABC c6 dién tich 14 S; a, b, ¢ 1an lugt 1a d6 dai
L cac canh BC, CA, AB. Chiing minh ring 4S (cot A +cot B +cot C) = a2 + b2 + c2.

°
X LJi gidi.
) ) . b2 +c%-a?
¢ Chung minh dudc hé thic cotA = 5 (7)
b2 +c?—a?
cotA:C(,)SA _ 2be :b2+c2—a2.
sin A 28 48
be
2, .2_p2 2, p2_ o2
¢ Ching minh tudng tu cé cotB = gre -y (8), cotC = S 9
48 48
& Cong vé theo vé cac dang thiec (7), (8), (9) ta dudc
a?+b%+c? 9 .9 9
cotA +cotB +cotC = VTR hay 4S (cot A +cotB +cotC) =a” +b“ + c*.

(6 diém) Trong mat phang toa d6 Oxy cho duong thang di: x+y—-6=0
va duong thing do: x+2y -5=0.

a) Goi a la géc gilta duong thang d; va duong thang ds. Tinh gia tri cia biéu

, 3cosa +sina +v/10

thie m = - )

2cosa —sina
b) Viét phuong trinh ctia dudng tron (C) c6 tam 1a diém I thudc dudng thang
d1, I c¢6 hoanh d6 bang 2 va dudng tron (C) cat duong thang ds tao thanh
mot day cung c6 d6 dai bang 2.

c¢) Biét tam gidc ABC cén tai A, canh AB va canh BC 1an ludt ndm trén cac

duong thang d; va do. Viét phuong trinh ctia duong thang chia dudng cao
ké tu B cua tam giac ABC.

N °

X LJi gidi.

a) Xétdi:x+y-6=0vads:x+2y—-5=0.
[1-1+1-2] 3
VIZ+12.v12+22 V10
* a la goc gitta hai duong thang nén 0° < a <90°, sina = 0.

1
Do d6 sina=V1-cos?2a=——.
v10

* cosa =cos(dy,d2) =
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b)

c)

L gi4 tri 16n nhat ctia biu thic S = Va2 +7b+ Vb2 +Tc+ V2 +Ta.

*

*

*

*

&

9 1
—+—+V10
. 3cosa+sina+v10 /10 10
Vaym: - = =4,
2cosa —sina 6 1
10 V10

I thudc dudng thing d; va c6 hoanh d6 bang 2 = I(2;4).
Goi M, N la céc giao diém cta ds véi (C), H 1a hinh chiéu vuéng géc ca I

. 12+2-4-5|
l1én MN thi IH =d(,ds) = ———— = /5.
V12 422

H la trung diém ctia MN nén HM = %MN =1.
Tam gidc ITHM vudng tai H ¢6 IM = IH2? + HM2 = V6.
Puong tron (C) c6 tam la I va ban kinh la IM nén c6 phuong trinh la
(x—2)°+(y—4)* =86.
B 1a giao diém ctia d; va ds nén tim dugc B(7;-1).
Dt i = (a;b) 12 mot véc-to chi phuong ciia dudng thang AC (a? + b2 > 0).
Puong thang BC hay ds ¢6 véc-to chi phudng 7 = (2;-1).
Tam gidc ABC can tai A nén géc gitta duong thang AB va BC bang géc
gitta duong thang AC va BC.
3 20 - b
VIO V1Z+22-Va?1 b2
< 3Va2+b2=v2|2a-b| < 9(a®+b%) =2(2a - b)?
9 9 a=-b
© a“+8ab+7b°=0%
a=-"7b.
Véi @ = —b, chon a =1, b = —1 khi d6 & = (1;-1) nén dudng thing AC va
duong thang AB cung véc-td chi phuong. Piéu nay khong thé xay ra.
Véia=-7b,chon b=-1,a =17, & =(7;-1) (théa man diéu kién AC va AB
cat nhau).
Puong thang chita duong cao ké tit B cua tam gidc ABC la dudng thang
di qua B vuéng géc véi AC nén nhan & = (7;—1) 1am véc-to phap tuyén, do
do n6 c6 phuong trinh 1a 7(x - 7)-1(y+1) =0 hay 7x—y-50=0.

cosa = |cos(u,0)| ©

Két luan: Phuong trinh can tim 1a 7x -y —50 = 0.

(2 diém) Cho a, b, ¢ 1a ba s6 thuc khong 4m théa man a®+5%+c¢? =3. Tim

X LJi giai.
* Ap dung bt ddng thiic Cauchy cho ba sb ta c6

2
Va2 i7b-2.2< +7b3)+8+8,

3 (b2+7c)+8+8
Vb2+7¢-2-2< ,
¢ 3

2+7a)+8+8
v 02+7a~2-25(c a3) .
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a?+b2+c2+T(a+b+c)+48

Cong vé theo vé cac bat ding thic trén c6 48 <

3
7 b 51
hay 48 < ~2* ;CH .(10)
2 2 2
1 b +1 1
*Laicéa:a-lsa il ,b=b-1< il ,c=cC- Sc;
2 240243
néna+b+cs< i 2+c il haya+b+c<11.(11)
* Tu (10), (11) suy ra 4S <24 hay S <6.
L . L, | Va+ b=V 4T =V 2+ Ta=2
* Dau dang thic xay ra khi va chi khi hay
a=b=c=1

a=b=c=1.
Két luan: Gia tri 16n nhét cta S 1a 6, dat dudc khi vachikhia=b=c=1.

Pé 11. DE CHON HOC SINH GIOI LGP 10

(2 diém) Tim céc gia tri caa tham s6 m d€ phuong trinh sau c6 nghiém

x2—-m

— =0.
V—-x2+4x+5

x>=m (1)

x€(—1;5).
¢ Truong hop 1. m <0 phuong trinh v6 nghiém.

X L3i gidi.Phuong trinh tuong duong véi {

¢ Truong hop 2. m =0, (1) ¢c6 nghiém x = vm, x = —v/m.
-1<ym<5

<>
-1<-vVm<5
Két luan: 0 < m < 25 phuong trinh da cho c6 nghiém.

m < 25
Phuong trinh da cho c6 nghiém khi

m<1.

(4 diém) Giai phuong trinh, bat phudng trinh sau

a) 8v(x—2)(x+32)=x(x+30)—73
b) xvV3-2x+1>0

X | 5i giai.
a) Piéu kién -32<x<2.
Phuong trinh da cho tuong duong véi
8v/x2 +30x — 64 = %% + 30x — 64— 9
[ V/%2 +30x — 64 = —1 (v6 nghiém)

o x?+30x-145=0

(x=—-15+V/370
<>
| x=-15-V/370.

Tap nghiém S = {—15 +V/370;-15 - \/370}.
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b) Piéu kiénxsi
xV3-2x+1>0e xV3-2x>-1.(2)
+ Ostglénghiém.
+ x<0
(2) & 2*(3-2x)<1
o 203 -3x2+1>0
& (x-1(22*-x-1)>0

o (x-1%@2x+1)>0

1
x> —=
o 2

x #£ 1.
13

Két luan: -—;=1.
et luan xe( 2,2]

(4 diém) Giai cac hé phuong trinh sau
3 +x2y =2y
a) 2 3
xry-y =X
) {2x—\/5x+2y:3y—\/7x—y

xy =6.

\_

& Loi gidi.
x3+x2y:2y x3+x2y:2x2y—2y3(1)
a) LN SOV D B
Y=y =Xy Xy-y =Yy
(1)©x3—x2y+2y320
@(x+y)(x2—2xy+2y2):0
x=-y
x2—2xy+2y2:0
S x=-y.

<

Khid6 -2 +x3=-x<©x=0,y=0.
Hé c¢6 nghiém duy nhét (x;y) 1a (0;0).
. (5x+2y20
b) Dieu kién
Tx—y=0.
Nhan xét (x;y) = (0;0) khong théa hé nén 2x—/5x+2y=3y—/7x—y

<(2x-3y)+/Tx—y—/bx+2y=0

Tx—y—5x—2
<(2x-3y)+ YTYTOrTAY =0
V7x—y+/bx+2y
1
<(2x-3y) |1+ =0

Vix—y+bx+2y|
<2x =3y.



44 Dé 11. Pé chon hoc sinh giéi 1dp 10

. o 3y° =2
K}IIdOL=6©y2:4¢> Y

2 y=-2.
Khi y =2 thi x =3 (théa man).
Khi y = -2 thi x = -3 (loai).

Két luan: Hé c6 nghiém duy nhéat (x;y) = (3;2).

(2 diém) Tim cac gia tri nguyén cta tham sbé m dé phuong trinh sau cé
o . . R mx+y=3m
nghiém duy nhat (x;y) sao cho x, y la cac so nguyén
2mx+y=m —3.

°
o ene m 1 3m 1 m 3m 9
X LJi giai. D = =-m,D, = =2m+3,D, = =-5m*—3m.
2m 1 m-31 2m m—3
Hé c¢6 nghiém duy nhat < D #0 < m #0.
2m +3 3
x= _
C o2 ‘A N -m x=-2-—
Khi d6 nghiém la 9 o m
-5m*“—-3m
'm:1
xeZ
) m=-1
TacosyeZ <
m=3
meZ
m=-3.

o e aea1aa. 11001 . 1A
(2 diem) Cho «x, y, z>1 va thoa dieu kién — + — + — = 2. Tim gia tri 16n

x y z
LnhétcﬁabiéuthficA:(x—l)(y—l)(z—l).
L J
e are e n asA 1 1 1
X Loi gidi.Tu gia thiettacé —-=1--+1--
x y z
1 1 1 -1 z-1
== >y_+z A
X y z

-1 1 -
Tu?dngtu—>2\/ T Zso A
Z X

2
Suy ra—28 \/((x Dy - 1)z~ 1))

xXyz xXyz

1
>@-1y-Dz-1D=< g
2 N 1 p N
Gia tri 16n nhat cua A bang g Dau bang xay ra khi va chi khix=y=2= g
(2 diem) Trong hé toa d6 Oxy, cho hinh thang vuéng ABCD vudng tai A

va B, day 16n AD. Biét chu vi hinh thang la 16 + 4v2, dién tich hinh thang 1a 24.
Cho A(1;2), B(1;6). Tim toa d6 cac dinh C va D biét hoanh d¢ diém D 16n hon 2.

N L& giai. AB=4 dit BC=x, AD =y (y > x).

+y)-4
Dién tich hinh thang 13 24 nén 24 = % ox+y=12.
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Chu vi hinh thang 12 16 +4v2 nén 16 +4vV2=4+x+y+1/16 +(y — x)2

-x=4
Suy ra 4v2=1/16+(y—x)2 & Y

x=4

y—x=—4 (loai).
L |xty=12
Khi do ©
y—x=4 y =8.
Phuong trinh AD: y =2 v6i D(x,;2), x, > 2.

AD=8 & \/(x,—1)2=8

[x,—1=8
=
| xo—1=-8
(%, =9
=
| x, = —7 (loai).

Ta dudc D(9;2).
—_— 1 —_—
BC = §AD. Tim dudc C(5;6).

(4 diém) Trong hé toa do Oxy cho dudng tron (C) cé phuong trinh x2 +
y?—2x+4y—3=0 va dudng thang d c¢6 phuong trinh d: x+y=0

a) Viét phuong trinh dudng thing A song song véi dudng thing d va cit (C)
theo day cung c6 d6 dai bang 1.

b) Viét phuong trinh tiép tuyén ctia (C) biét khoang cach biét khoang céach tit
A(0;—2) dén tiép tuyén 1a 16n nhat.

¢) Viét phuong trinh dudng thang qua gbc toa dé O tao véi duong thang d géc

60°.
N @
N Li gidi.

a) (C) c6tam I(1;-2), ban kinh R =v1+4+3=v8=2V2.

A/ld; A ¢6 phuong trinh la x+y+c¢=0(c #0).
; N 31
A cat (C) theo day cung ¢6 do dai bang 1 nén tinh dude d(I,A) = g

V3T
g-2+el_vaI 6=

<>
V2 2 v3l
C:—T'Fl.

Do d

b) Nhén xét A <R nén A nam trong dusng tron.
Tia AI cit (C) tai M, tiép tuyén cta (C) tai M 1a d; nén d(A,d1)=IA+R = AM.
Goi dy 1a tiép tuyén bat ki cia (C) tai M; nén d(A;d2) < AM; < AM.
Vay d 1a tiép tuyén c6 khoang céch tit A dén tiép tuyén 1a 16n nhét.
M(x;9); IM = (x - 1;y+2); IA = (- 1;0).

_ . {x—lz—\/§(—1) {x:\/§+1
IM=-V8IA & o

y+2=0 y=-2.
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M(\/§+ 1;—2).
Véc-to phap tuyén cta d; 1a IA = (—1;0).
Phuong trinh caa d; la —1(x—\/§—1) =0ox—V8-1=0.

¢) Goi 7i = (a;b) 12 véc-to phdp tuyén ctia d’ (a®+b* #0).
71 1a véc-to phap tuyén caa d.
il 1 la+bl
Al 2 Va2+b2-v2
< a®+b%=2(a®+b%+2ab)
s a?+b%+4ab=0

a:(—2+\/§)b
a=(-2-v3)b.

cos60° =

=4

Chonb=1,a=-2+V3.
Cac duong thang théa méan la (—2 - \/§) x+y=0; (—2 + \/§)x +y=0.

Pé 12. DE CHON HOC SINH GIOI LGP 10

(2 diém) Cho parabol (P): y = x% +2x — 1. Tim tat ca cdc gia tri cia m dé
duong thang d: y = —x—m cat parabol (P) tai hai diém phéan biét A, B sao cho tam

gidc OAB vudng tai O (véi O 1a gbc toa dd).
o

% Loi giai. Phuong trinh hoanh d6 giao diém x2+3x+m—-1=0. (1)
(d) cat (P) tai hai diém phéan biét khi va chi khi phuong trinh (1) c¢6 hai nghiém
phan biét
13
A>0©13—4m>0©m<1. (%)
A(x1;—x1—m); B(x1;—x9 —m) V01 x1; x2 1a nghiém ctia phuong trinh (1).
X1+x9 = -3
x1-x9=m—1.
Theo gia thiét c6 AOAB vudng tai O
& O_)AO_B) :O©2x1x2+m(x1+x2)+m2 =0

m=-1

Theo hé thuc Vi-ét {

oem?’-m-2=0o
m=2.

Doi chieu dieéu kién (x)taco 2 giatrictamlam=-1vam=2.

(4 diém)

1. Tim tat ca cac gia tri cia tham sb6 m d€ phuong trinh sau c¢6 bén nghiém
phan biét (m —2)x* —2(m + 1% +2m -1 =0.

2. Cho 3sin*a-8cos?2a=-5,0<a< g Tinh P =sin* a + cos® a.

X Loi giai.
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1. ¢ Datt=x%=0, phuong trinh da cho tré thanh
(m—-2)t*-2(m+ 1)t +2m—1=0. (x)
& Phuong trinh da cho ¢6 4 nghiém phéan biét khi va chi khi phuong trinh
(*) c6 hai nghiém duong phéan biét hay
m—-—2#0
AN =(m+1%-(m-2)2m-1)>0
{m+1

>0
m-—2
2m —1

>0

m>2

7+3V5
SR

o 2<m<

7+3v5
> |

Két luan: m e (2;

2. Ta co

2

3sin*a—8cos?a=-5

N 3sin4a—8(1—sin2a)+5:0

1
sin?a ==
o 3
sin? @ = -3 (loai)
1
o sin®a ==
3

V010<a< ,ta co cosa > 0.

Khi d6 cosa = V' 1 —sin? a—wl—— \/5 \/_

3
6 1+2
Ta c6 P =sin*a+cos®a = (3) (—) \/_

3 9

(6 diém)
1. Giai phuong trinh x®+2Vx2+x+1=x+3+Vat+x2+1.

e . x2+5x+y:9
2. Giai hé phuong trinh 5 5 o
3x° +6x°+x“y+2xy=18.
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L 3. Giai bat phuong trinh 3 —3x2 + 2x = 2/3x2 — 2x.

X LJi gidi.
1. Tap xac dinh D =R.
Tacox*+x2+1= (x2

+x+1) (x2—x+1).

Viét lai phuong trinh dé bai (x> —x+1)+2Vx2 +x+1=4+ \/(xz +x+1)(x2—x+1).

Pata=Vx2+x+1,b=

VaZ—x+1.

Phuong trinh da cho tré thanh

* Voib=2tacod Val—x+1=20x2-x-3=0ex=

* Voib=a-2,taco

Két luan: Phuong trinh da cho ¢6 2 nghiém 1a x =

x2+5x+y:9

1

3x3+6x2+x2y+2xy:

Pat u=x%+2x, v=3x+7y.

Hé phuong trinh thanh {

. u:6 7’

* V61 , ta co
v=3

fu=3

* V61 , ta co
v="6

b2 +2a=ab+4
o Bb-2)(b-a+2)=0
b=2
o
b=a-2.
1+v13
R
VaZ—x+1=Va2+x+1-2
o Va2-x+1+2=VxZ+x+1
o 2Va2-x+1=x-2
x=2
o
4x® —4x+4=x"—4x+4
X =
S (v0 nghiém).
X =
1+v13  1-13
g X5
x2+2x+3x+y:9
S
18 (x2 + 2x) (Bx+y)=18.
u+v=9 u=6_ _ |(u=3
o hoac
uv =18 v=3 v=06.
x> +2x=6 x=1__ [x=-3
o hoac
3x+y=3 y=3 y =15.
+20=3 [x=-1+V7_ _ [x=-1-V7
=N hoac
3x+y=6 y=6-3V7 y=6+3V7.

Heé da cho ¢6 4 nghiém (x;y) 12 (1;3), (—3;15), (—1 VT:6— 3\/7), (—1 - \/7;6+3\/7).

. Pat t = v/3x2 - 2x (¢ = 0). Ta c6 bat phuong trinh thanh

3-t’>2%ot?+2t-3<0o -3<t<1.

Két hop v6i dieu kién ¢ =0 ta dudc 0<t<1.
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V6i0<t<1,taco

.-
3x2-2x>0 3 EJ
O$v3x2—2xsl©{ 0 - e{ |x=o0 o 23
3x“—-2x<1 1 o<1,
—~<x<1 L3
A A~ A ‘A ) A < ~ < 1 2
Ket luan: Tap nghiém cta bat phuong trinh da chola S = —5;0 u 5;1 .

(2 diém) Cho tam gidc ABC ¢6 BAC =60°, AB =5, AC = 10, trung tuyén
AD (D € BC) va M 13 mét diém théa man 3MA +2MC = 0. Tinh d6 dai doan BM
va ching minh AD | BM.

E — E— — —_— —_ — —_— 2—»

X Loi gidi. Ta c6 SMA+2MC =0 ©5MA+2AC=0 © MA= —gAC.
Suy ra M nam giita A va C nén (HJ,A_B)) = MAB =60°.

e 2 P — e —_—
AM = ‘AM‘ = =AC=4,BM =AM - AB.

_— —\2 —_— —
BM2:(AM—AB) — AM2+AB%—2AM -AB=AM?+AB% —2AM - ABcos60° = 21.
BM-AD =|2AC-AB|-|=AB+-AC|=-—AB-AC+-AC?-=AB?=0.

5 2 2 10 5 2

Suy ra BM 1 AD.

(4 diém)

2 .2
1. Trong m&t phang Oxy, cho elip (E): ;—5 + % =1 c6 hai tiéu diém F, Fo. Tim

toa do diém M thudc (E) sao cho ban kinh duong tron néi tiép tam giac
N 4
MFFs béng g

2. Trong mét phang Oxy, cho dudng tron (C): (x —2)? + (y + 1)* = 8 va dudng
thang d: x—2y+3=0.

a) Tim diém M nam trén d sao cho tit M ké dudc hai tiép tuyén t6i dusng
tron (C) va hai tiép tuyén d6 vudéng géc véi nhau.

b) Cho hinh thoi ABCD c6 tat ca cac canh déu tiép xtc véi dudng tron
(C), biét A thudc dudng thang d va hoanh dé cia A khong nhé hon 1,
BD =2AC. Tim toa do A.

\ °

X LJi giai.

1. Tacoa=5;b=3suyrac=4, MF1+ MFs =2a =10, F1Fy=2c =8,
MF{+MFy+F1F9
p= 5 =0,

4
& Ta co SMFle :pr:9-§:12.

1
» Mat khac Syr,r, = §d(M,Ox) -F1F5 = 4d(M,Ox).
Tu do ta ¢6 d(M,0x) =3 = |yy| = yu = £3.
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Do d6 M (xps;3) hoac M (yyr;3).
Vi M € (E) nén xj; = 0. Khi d6 ta ¢c6 M(0;3) hoac M(0;-3).
Két luan: M(0;3) hodc M(0;-3).
2. a) M(2a-3;a)ed, dudng tron (C) c6 tam I(2;—-1), ban kinh R =2V/2.
Tu M ké dudc 2 tiép tuyén téi (C) khi va chi khi M nam ngoai hinh tron
(C) khi va chi khi IM >R hay IM >2v2. (¥)
Gia st tit M ké dudc 2 tiép tuyén téi (C) va 2 tiép tuyén dé vudng géc nhau
khi d6 IM = RvV2 =4 (théa man (¥)) hay
V2a-52+@+1)2=4
o 2a-52+(@+1)?=16
& 5a2-18a+10=0

9++31
a=
5
<
9-v31
a= .
5
.. 9+V31 . [3+2v31 9+v31
® V6l a= taco M 5 ; = .
9- 1 -2v31 9-v31
® V6l a= \/S_tacéMS \/3_;9 \/3_.
5 5 5
2v31 1 -2v31 9-v31
Vay M 3+ \/3_;9+\/3_ hoécM3 \/3_;9 \/3_'
5 5 5 5
b) Tu BD =2AC, taco IB=2IA.
1 1 1

Trong tam giac vuong IAB ta cé (H 1a tiép diém cta AB

v6i (C)). 5 )
Suy ra 1 A° :golA:\/lO.
Gia st A(2t—-3;t)ed vaxa =1nént=2.

—+ =
IA2 [B?2 [H?

t =2 (thoa)

Tac6 IA=V10o V2t -52+(t+1)2=V10 o 8
t= = (khong thoa).

V61 t=2taco A(1;2).
Két luan: A(1;2).

(2 diém) Cho x, y, z 1a ba sb thuc dudng théa man x% + y% + 22 = 3. Tim gia
. ? A > .2 , ]. ].
L tri nhé nhat ctia biéu thic A =

+ + .
xy+2 yz+2 zx+2

o2 L gidi. Véi a, b, ¢ 1a 3 s6 dusng. Ching minh dudc

1 1 1
(a+b+c)(—+—+—)29. (1)
a b ¢
Ap dung bat déng thic (1) ta cé
1 1 1 9
= + + > .
xy+2 yz+2 zx+2 xy+yz+zx+6
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@—yﬂzO
Taco< (y—2)2=0=>x2+y2+22 = xy+yz +2x.
(z-x)?=0
Theo gia thiét x®+y?+22=3. Suyra A = 1.
x=y=2z2

x2+y2+z2:3

D4u bang xay ra khi va chi khi { ox=y=z=1

Vay gia tri nhé nhat ctia A bang 1 khivachikhix=y=2z=1.

Pé 13. DE CHON HOC SINH GIOI LGP 10

P —y3—-3y2=9

(4.0 diem) Giai phuong trinh sau: s 5
x“+y =x—-4y.

L .

X Loi giai. Ta ¢

-9-33 -9+33
el — y=———

4
\%
3-v33 3+Vv33
X =
4 4
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(4.0 diém) Cho x, y, z 1a cac sb6 thuc duong théa méan xy + yz + zx = 3.
Chiing minh bat dang thic:
2 52 22

+ + >1.
Va3 +8 /y3+8 Vz3+8

% L&i gidi. Theo bat dang thic Cauchy cho céc s6 thuc dudng, ta cé
(x+2)+@x*-2x+4) x*-x+6

Va3 +8=1(x+2)x2-2x+4)<

2 2
Suv ra x? - 2x?
u > .
Y Vi3+8 x2-x+6
2 2y2 22 222

Tuong tu, ta cing c6

SN : > — )
/y3+8 Y2-y+6 318 22-2+6
Tu do suy ra

x2 y2 22 22 2y2 222

+ + > + + .

Vad+8 /y3+8 Vz8+8 x%-x+6 yi-y+6 22-2+6
Mat khac theo cong thic Cauchy - Schwarz:

2x2 N 2y N 222 - 2x+y+2)?

x2-x+6 y2—y+6 22-2z+6 x2+y2+22-(x+y+2)+18
Ta ching minh:

(1)

(2)

2x+y+2)? -
?+y2+22—(x+y+2)+18

(3)
That vay ta co
x2+y2+22—(x+y+z)+18 :(x+y+z)2—(x+y+z)—2(xy+yz+zx)+18

:(x+y+z)2—(x+y+z)+12>0.

B) ©2x+y+2)P2 =22 +y?>+22—(x+y+2)+18
oxl+y?+22+x+y+2=86.

Mat khac, do x, y, z 1a cac s6 duong nén ta cé

Pyl rzxy+yztax

x+y+2z=1/3xy+yz+2x)
Ma xy + yz + zx = 3 nén bat dang thic (3) ddng. Tu (1), (2) va (3), ta c6 diéu phai
ching minh.
Pang thiic xay ra khi va chi khix=y=2z=1.

(4.0 diém) Trén cac canh BC, CA, AB va phia ngoai tam gidc ABC ta
dung cac hinh vuéng BCMN, ACPQ, ABEF. Goi G la trong tam tam giac ABC.
Ki hiéu A la giao diém ctia AG va FQ; B 1a giao diém ctia BG va NE; C; 1a giao
diém ctia CG va MP. Ta xac dinh cac diém As, Bs, Cy sao cho AGCyF, BGAoN,
CGByP 1a cac hinh binh hanh. Ching minh rang cidc dudng di qua As, Bs, Cs

tuong ng vuong véi B:C1, C1A1, A1B; déng quy.
- @

X Loi gidi.
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Goi I 14 trung diém BC. Ta cé

FG-Al = (FA+4G) (4B + AC)
-~ (FA-AB +FA -AC + A - AB + 4G -AC)
=~ (0-4F 4C+4q AB +0)

1 o —
o (—AF .ACcosFAC +AQ-AB cosQAB) -0

(Do AF = AB,AQ =AC,FAB=QAC =90°+ A)
Suy ra FQ L Al hay FQ 1 A1G (1).
Ta c¢6 CGByP 1a hinh binh hanh nén GB, song song va bang CP nén GB, song song
va bing AQ, suy ra AQByG 1a hinh binh hanh, vay c6 @B; song song va bang AG.
Suy ra @B, song song va bang FCy. Nén FQBsC5 1a hinh binh hanh, hay FQ song
song v6i BoCy (2).
Tu (1) va (2) suy ra A1G 1L BoCo.
Tuong tu cing ¢c6 B1G L A3Cq, C1G 1L A9Bs.
Vay cac duong thang di qua A1, B;, C; tuong tng vudng géc véi BoCs, CoAs, AsBoy
dong quy tai G nén theo hé qua caa dinh 1i Carnot, ta c¢6 cac dudng thang di qua
Ao, By, Cy tuong ing vudng géc véi B1C1, C1A1, A1B; cling dong quy.

(4.0 diém) Gia st m, n 1a cac s6 tu nhién théa man: 4m® + m = 12m3 +n.
L Chiing minh rang m - n 1a 1ap phudng ctia mot s6 nguyén.

X LJi giai. Ta co:
amB3+m=12m%+n @4(m3—n3)+(m—n):8n3
o (m-n)dm?+4mn+4n2+1)=8r2 (1)

Gia stt p 12 mét udc nguyén tb6 chung ctia m —n va 4m? +4dmn +4n? + 1.
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Do 4m?+4mn+4n%+11a s6 18 nén p 1a s6 1é.

Tt (1) suy ra 823 p ma p 1a s6 nguyén 1é = nip = mip.

Mit khéac p 1a uéc cia 4m? +4mn+4n?2+1= p =1 (v6 1i),

Do d6 m —n va 4m? +4mn +4n? + 1 khong c6 ude nguyén té chung, suy ra
(m - n,4m2 +4mn+4n? + 1) =1.

Do 813 =(2n)3, suy ra m —n 1a 1ap phuong ctia mot s6 nguyén.

(4.0 diém) Trén méit phang toa do Oxy, xét cac tap hop M cac diém cé toa
do (x;y) véi x, y e R* va x <12; y < 12. Mbi diém trong M dudc t6 béi mot trong ba
mau: mau d6, mau trang va mau xanh. Ching minh rang tén tai mét hinh chit
nhat c6 cac canh song song véi cac truc toa d6 ma tt ca cac dinh ctia né thuée M

va dudc t6 mau.
- °

o Loi giai. Tap M c6 144 diém dude t6 bang 3 mau nén ton tai 1 mau t6 dude to &
N 144 e
khong it hon - = 48 diem.

Ta chon trong cic diém ctia M dung 48 diém dudc t6 cung mau. Chia cac diém cta

M thanh 12 hang (cac diém c6 cung tung dd) va 12 cot (cac diém c6 cung hoanh dd).
Goi a; (i=1,...,12) 13 s6 diém trong 48 diém dudc chon cé trong cot thit i suy ra:

12
) a;=48.
i=1
C e A o aie . . .1s. ailai—1)
Khi do, so cap diém dudc chon trong cot tha i la: —
2 aila; -1

S0 cip diém c6 hoanh d6 trung nhau la: ) 5
i=1

12 )2
(Z ai) 12

12 h(qi—1) 1(12 12 1| \;2
Zaz(az )Z—(Za?_zai)z_ N=1 ) a;| =72
a2 2\iz = 21 12 i3

Ta c6

Vi méi cap dudc chon trong cting mét cot tuong tng véi mot cip hang trong dé cac
diém trong ciing mot hang cé ciing tung do.

S6 cac cap hang khac nhau la C%z = 66.

Vi 72 > 66 nén luén tim dudce hai cap diém nam trén cung mét hang.

Vay luon ton tai mot hinh chit nhat c6 cac canh song song véi truc toa do va cé 4
dinh t6 cung mo6t mau.

Pé 14. DE CHON HOC SINH GIOI LGP 10

(4.0 diém) Giai phuong trinh sau trén tap s6 thuc:

L (6x—3)V7-3x+(15-6x)vV3x—2 =2\/—9x2+27x— 14+ 11.
o
e ene e A . 2 7
X LJi giai. Pieu kién: 3S¥sg.



B6 dé thi hoc sinh giéi Lép 10 55

Pata=v7-3x, b=v3x-2 (a,b=0). Suy ra:

a?+ b2
(2b% +1)a +(2a% +1)b=2ab+11

N (s=a+b, p=ab)

2sp+s=2p+11
2p—s -5
s(s>-5)+s=s2-5+11

b
L
e
{
loos

¢

¢

2p—s -5

¢

(s— 3)(s +2s+2)=

<

(a=2vab=1
RN
la=1vab=2
x=1
o
|x =2.

Tht lai thoa man.
Vay nghiém phuong trinh la x = 1 hoac x = 2.

(4.0 diém) Cho tam giac ABC (BC < AC). Goi M la trung diém ctia AB,
AP vudng géc véi BC tai P, BQ vudng géc véi AC tai Q. Gia st duong thang PQ
cat dudng thang AB tai 7. Ching minh riang TH 1 CM, trong dé H 1a truc tam
tam giac ABC.

& Loi gidi.

Goi CD 1 AB tai D. Khi d6 AP, BQ, CD dong
quy nén T, B, D, A 1a hang diém diéu hoa (véi
(TDBA)=-1). /
Dodotaco TM-TD=TA-TB. /
Xét hai duong tron ngoai tiép hai tam gidac CDM |
va ngoai tiép ti gidc ABPQ, tAm cta hai duong |
tron nay déu nam trén CM. .
Nhung TM-TD =TA-TB va HP-HA = HQ -HB
nén H va T nim trén truc déng phuong cta hai

duong tron noi trén.
Vay HT L CM.
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(4.0 diém) Cho ham sb f: R — R (R 1a tap s6 thuc) théa man
3 N N p
F(F) =23+ e v6i moi x € R. Chitng minh rang ton tai 3 so thuc phan biét a, b, ¢
sao cho f(a)+ f(b)+ f(c)=0.

°
e e2e s 3 .
X Lai giadi. Pat g(x) = x3+ Zx thi f(f(x)) = g(x). Suy ra f(g(x)) = f(f(f(x)) = g(f(x)).
Dé thay g(x) 1a don 4nh nén tit f(f(x)) = g(x) suy ra f(x) ciing 1la don anh.
Goi xo 12 mot diém cb dinh ctia ham g(x). Suy ra g(xg) = x, = xo € {0; —%;%}.
Ta 6 f(xo) = f(g(x0)) = g(f(x0)). Suy ra f(xo) cling 12 mot diém cb dinh cta ham g(x),
f(x) la mot song anh trén tap D = {0;—%;%} nén
1 1 1 1
f(—§)+f(0)+f(§) ——§+0+§ =0.

T d6 ta c6 diéu phai chiing minh.

(4.0 diém) Gia st m, n 1a cac s6 tu nhién théa méan: 4m? + m = 12m® +n.
L Ching minh rang m —n 14 1ap phuong ctia mot s6 nguyén.

°

X LJi giai. Ta co: at+b*+ct+abcla+b+c)=kab+be+ca).

Wil

Vi bat dang thic ding véi moi gid tria, b, c nén ding véia=b=c=1=>k <
2 p
Ta chiing minh % = 3 la gia tri 16n nhat.
2 £ 2
Xét k = 3 bat dang thic tré thanh

at+b*+ct+abela+b+c) = g(ab +be+ca) (1)
& 3(a* +b*+ct) = (@?*b% +b%c® + c®a®) +abcla+ b +c).
Ap dung bat déng thic AM-GM ta c6
(@*+bH+ B+ ch+ (@t + ¢t = 22202 + 2022 + 26202
< 3(a*+b*+ct) 23(a®b?+b%c2 +c%a?). (2)
Mat khac
(@®b% +b%c® + c*a®) —abe(a+b+c) = %(ab —be)* + %(bc —ca)® + %(ca ~ab)?20. (8)

P p 2
Tu (2) va (3) suy ra (1) dudc chiing minh. Vay so £ 16n nhat & = 3

(4.0 diém) Tim sb6 nguyén duong n nhé nhat dé 2013" — 1 chia hét cho

L 02014
°

o Lo gidi. Xét n = 2%t véi &, ¢ 1a céac s6 tu nhién va ¢ 1a s6 1é.
Diat 2013" —1=a" - 1.

a"-1=a?'-1= (azk)t—l
= (azk —1) (azk)t_1+---+a2k +1

2k 1 : 92014

Dotlasblénéna”—1:22M &g
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Ta c6 a2 —1=(a®-1)(a®+1) (ak + 1) e (azk_l + 1) va a chia 4 du 1 nén o' +1 chia 4
du 2.

Do d6 a"—1: 2% & (k-1)+3>2014.

Tt d6 suy ra gia tri nhé nhat ca n can tim 1a n

Pé 15. DE CHON HOC SINH GIOI LOP 10

(5 diém) Cho Parabol (P) c¢6 phuong trinh y = 4x? + 1, dudng théng d ¢6
phuong trinh y =x+3.

_ 92012

a) Lap phuong trinh duong thing A song song véi duong thing d sao cho A cit
(P) tai hai diém phan biét A, B va AB=1.

b) Goi I 1a dinh cta (P); A, B 12 hai diém phan biét trén (P) va khéng trung véi
I sao cho IA vudng géc véi IB. Tim quy tich trung diém N cta doan thang

AB khi A, B thay dai.
\- L J

& Loi gidi.
a) Pudng thang A song song véi d c¢6 dang y =x+m (m # 3).
Phuong trinh hoanh d6 giao diém ctia A va (P) 1a
42> —x+1-m=0. (1)
DPé A cit (P) tai hai diém phén biét A, B thi (1) ¢6 hai nghiém phan biét, diéu

cA 1s 15
kiénlaA>0em>—.

Goi x1, x9 1a hai nghiém phan biét caa (1).

1
X1+x9=—
Theo dinh Iy Vi-ét, ta c6 -
X1X9 = T

Suy ra A(x1;x1+m), B(xg;x9+m), vi AB =1 nén
AB=1
< 2(x9 —xl)2 =1

& 2[(x1 +x9)? —2x1x2] = 1

16 4
23
o m=—:
16
23
V3 =—-
y m 16

b) Goi A (a;4a”+1) € (P); dinh 1(0;1).
Duong théng IB qua I(0;1), nhan IA (¢;4a?) 1a vec-to phap tuyén. Phuong
trinh ctia duong thang IB 13 x +4ay —4a = 0.
y=4x+1 ( 1 1
<>

Toa d6 ciia B 1a nghiém ctaa hé phuong trinh ———+1
16a’ 64a2

x+4ay—-4a=0
a 1
2 32a’

1
2a2 + 1).

N la trung diém ctia AB, suy ra N ( +
128a2

, 5
Nhan xét yy = 823 + 1
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e . 5
Vay quy tich ctia diém N 1a Parabol y = 8x% + 1

(5 diém)
a) Giai phuong trinh vx—-1+Vx2-1=x/x.
Va2 +21=1/y-1+y>
y2+21=Vx—-1+x2
- °
X Loi gidi.
a) Piéu kién x = 1, khi d6 ta dudc
Va—1+Vax2-1=xvx
o VaZ-1l=xyx-Vx—-1
xvVx—Vx—-120
2N
x2—1:x3+x—1—2xm

b) Giai hé phuong trinh {

{le
o
x(x—1)—2vx(x—1)+1=0

{le

o

Valx-1)=1
1+v5

& x= .
2

‘A , N < 1+v5
Vay tap nghiém ctia phuong trinh 1a S = { 2\/_ }
VaZ+21=y-1+5> (1)
y24+21=Vx—1+22 (2).
Piéu kién x=1; y = 1.
Tru vé véi vé caa (1) cho (2), ta dudc

Va2 +21-1/y2+21=/y—1-Vx—1+y% -2

2 2

b) Ta c6 {

x“—y y—x
o = +(y—2)(y+x)
Va2 +21+/y2+21 y-1+vax-1
— 1
< (x-y) aantd + +x+y|=0
Va2 +21+/y2+21 y-1+vVx-1
N x—-y 1
S x=yVl +x+y>0,Vx=1;y=1.

+
VaZ+21+/y2+21 y-1+vx-1
Thay x =y vao (1) ta co

Va2 +21 =vVx+1+x2
o VaZ+21-5=Vx—-1+1+x°>—4

2
x“—4 x—2
o = +(x—2)(x+2)
Vx2+21+5 Vax—-1+1
x+2 1
< (x—2) - 0

Vet oi+5 | va-1+1)
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—Vx2+21-4 1
< (x-2)|(x+2) - =0
Vx2+21+5 Va-1+1
- 2 Vi (x+2) —Vx2+21-4 1 <0
x=2vi(x —
Vx2+21+5 Vx—-1+1

Vay hé phuong trinh c¢6 nghiém (2;2).

(5 diém)

a) Cho tam giac ABC ¢6 AC =b, BA=a, AB=c (b <a). Goi D, E lan ludt la
trung diém cta AB, AC. Pudng phan giac trong ctua géc C cat DE tai P.
Puong tron noi tiép cla tam gidc ABC tiép xtc véi AB, BC lan ludt tai N,
M.

1) Tinh B—M, B—Z)V, BP theo hai véc-to 37, BC va theo a,b,c
ii) Ching minh rang P, M, N thang hang

b) Cho tam giac ABC ¢6 AC =b, BA =a, AB = c la d0 dai ba canh ctia tam giac;
Ma, My, m 12 d6 dai ba duong trung tuyén lan ludgt xuat phat tit A, B, C.
Goi R, S 1an ludt 1a ban kinh dudng tron ngoai tiép, dién tich ctia tam giac

ABC. /3
. N 2 1 1 1 3 N . X
Ching minh rang neu + + = thi tam giac ABC déu.
abm, bem, camp 2RS
N ®
X LJi giai.
A
N
D E
B Q M C

a) i) Goi Q@ la giao diém ctia AP va BC.
Suy ra P 1a trung diém cia AQ, AACQ can tai C.
CQ=CA=bnénsuyraBQ=BC-CQ=a-b.
SuyraﬁV:aJrc_b — — atc—b =2 ——= 1(—» a—b—»).

-BA, BM = -BC,BP =—-|BA + BC
2c 2¢c 2

a
ii) Ta co
— — — ag+c-b — a+tc-b —

& MN =BN-BM = -BC.

1 2¢ 2¢
o PM=BM-BP=--BA+-—BC.
2 2a

Tﬁdésuyraﬁl: .MN.
. atc—b __
Khi d6 PM cung phuong v6i MN.
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Vay ba diém P, M, N thang hang.

b) Ta co
1,1 1 V3
abm, bem, camp 2RS
1 1 1 _2V8
abm, bem, camp abe
= ¢ + a4 + b =2
\/gmc \/gma \/§mb .
Lai co
a a?
VBma 252 +2¢? — o
V3a c“—a
4
3 2a2
V3aV2b2 +2¢2 — a2
2a2
=
3a2 +2b% +2¢2 —qa?
2
3 2a?
a2+ b2+c2
Chuong minh tuong tu ta cing c6
b 262 c 2¢2
& = . & = .
V3my a?+b2+c? V3m, a?+b%+c?
Vay 2 4 b .S >2
~ VBma V3mp V3m.

3a?=2b%+2¢%-a?
D4u “=” xay ra khi va chi khi { 362 =2a%2+2¢?-b% ©a=b=c.

3¢ =2a2 +2b% - 2

(3 diém) Trong mét phang véi hé toa d6 Oxy, cho tam gidc ABC can tai
A, duong thang BC c¢6 phuong trinh x+2y—17 = 0, dudng cao CK c¢6 phuong trinh
4x +3y—28 =0, dudng cao BH qua diém M(1;6). Tim toa d6 dinh A va tinh dién
tich tam giac ABC.

X Loi gidi.

Vi AABC can tai A nén CBH = BCK. A
Suy ra cos(BC,BH) = cos(BC,CK).

Puong thang BC c6 véc-td phap tuyén la sige = (1;2). K
Puong thing CK c6 véc-té phap tuyén 1a ficx = (4;3).

Goi véc-to phap tuyén cua duong thing BH.

12 7igp = (a;b) (a®+b% > 0), ta cé B C

cos(BC,BH) = cos(BC;CK)
liipc-7ipul  |ipc-iickl
lipcl-lipul |ipcl-lickl
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- la +2b| _ 10
v5-Va2+b2 V55
o (a+2b)? :4(a2+b2)
& 3a®-4ab=0.
& Néu b =0 thi a =0 (loai).

© Néu b #0, chon b =3 suy ra a =0 hodc a = 4.
o Néu a =4; b =3 thi 7igy = (4;3) suy ra figg = ficx (loai).

& Néu a =0; b =3 suy ra phuong trinh BH 1a y-6=0.
. . . ) R . x+2y—-17=0
Toa do diém C la nghiém cua hé phuong trinh = C(1;8).
4x+3y—-28=0
Phuong trinh cta AC: x=1.
Lai c6 B la giao diém ctia BH va BC suy ra B(5;6).
Phuong trinh BA: 3x-4y+9=0.
A la giao diém ctia AB va AC suy ra A(1;3).

. 1+6-17
Tu d6 ta tinh dude BC = v20 va d(A,BC) = H+6-17]

NG =2v5.

1
Vay Saasc =5 BC-d(A,BO) = 10.

(2 diém) Cho ba sb duong a, b, ¢ thoa man a? + b2 + ¢% = 12. Chting minh

1 N 1 N 1 - 8 N 8 N 8
a+b b+c c+1 a?2+28 b2+28 (2428
X L3i gidi. Ta c6 1 > 4
1 Ol .
b+c a+2b+c
Chudéng minh tufdng tu ta co

R 1 N 1 4 . 1 N 1 S 4 -
b+c a+ec a+2c+b a+b a+c b+2a+c
Suy ra
1 N 1 N 1 S 9 1 N 1 N 1 .
a+b b+c a+c b+2a+c a+2b+c b+2c+a
1 4

Ta chitng minh , that vay ta ¢6

>
b+2a+c a?+28
1 4

>
b+2a+c a2+28
o a?+28>4b+8a +4c

o 202 +b2+c2+16-4b—-8a—4c=0

o 2a-2)2+(b-2)2?+(c—2)? =0 (ludn dung).
1 1 1 4 4 4

Suy ra + .
wy b+2a+c a+2b+c b+2c+a a2+28 b2+28 c2+28
Va N 1 N 1 8 8 8
'/ya+b b+c a+c a2+28 b2+28 02+28.
Dau “=” xayrakhivachikhia=b=c=
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Pé 16. DE CHON HOC SINH GIOI LGP 10
Cho parabol (P): y =ax®+bx—1.

2" 2
b) Véi gia tri cta a, b tim dudc 6 cAu a), tim gia tri caa £ dé duong thang

e e s 2 L ao 3 11
a) Tim cac gia tri caa a, b dé parabol c6 dinh S (——;——).

A: y=x(k+6)+1 cat parabol tai hai diém phan biét M, N sao cho trung diém

cta doan thing MN nam trén duong thang d: 4x+2y—3=0.
\ o

X Loi gidi.

2o, b 3
a) Do Parabol nén a # 0 va c6 truc doi xing x = 25 =3~ 3a—-b=0.
a

. . A 1s A N .
Toa do dinh c6 tung do lay:—4— ma A = b2 +4q nén ta c6 b2 +4a = 22a hay
a

b%-18a =0.
3a-b=0 _, 9
b2 1g Othevaotadm}cb -6b=0=>b=0;b=6.

Ta c6 hé phuong trinh {
& Néu b =0=a =0 loai.
o Néu b =6=a =2 théa man.

Vay a = 2;b =6 1a gia tri can tim.

b) P& duong thang cat Parabol tai hai diém phéan biét thi phuong trinh
2x%+6x—1=kx+6x+1

c¢6 hai nghiém phan biét x; ; xo, hay phuong trinh 2x%—kx—2 =0 ¢6 hai nghiém

phan biét x1;x2. Piéu nay luon ding vi A =%2+16 > 0.

Khi d6, giao diém M (x1;(k+6)x1+1),N (x2;(k +6)x2+ 1) nén trung diém cta

doan MN 13 T x1;xz;(k+6)x2+1+2-(k+6)x2+1 |

1
2+ 3k + —k2
) 2
’ 2

NI

. P , k.
Theo dinh ly Viet ta c6 x; +x2 = 3 nén I

Do I thudc dudng thang 4x+2y—-3=0nén k?+8k—-2=0 hay £ = -4+ /18 thi
théa man bai toan.

Cho tam gi4c ddu ABC v cic diém M, N, P théa man BM = kBC, CN =
2— — 4 — 0 ..
L §CA, AP = 1—5AB. Tim £ dé AM vuong goc v6i PN.

N L& giai.
& BM=EBC o AM—-AB=k(AC—-AB) &AM =(1—k)AB +EAC.
o PN=AN-AP = ——~AB+140C,
3
Dé AM vudng goéc véi PN thi AM-PN =0
1-R)AB+EAC|[-=AB+=AC|=0
< [(1=R) ]( 15 3 )
—4(1—-F) k 1-% 4k
o 2o TRIY

B%—AC%(———)E-ﬁzo
15 3 3 15
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—4(1 - —
=N (—k)+ﬁ+(ﬂ—ﬁ)c0560°:0
15 3 3 15
< kzl.
3

1
Vay k= —.
ay 3

. 2 . 3m+1 .
a) Tim m dé phuong trinh \/x+6vVx-9+m\/x+2vVx—-9-8=x+ m2 ¢6 hai
nghiém x1,x2 sao cho x; <10 < xs.

b) Giai phuong trinh x=v3-x-V4-x+V4—-x-V5—x+V5—x-V3—x.

2+y?-2y-6+2y/2y+3=0

¢) Giai hé phuong trinh
{(x—y)(x2+xy+y2+3) :3(x2+y2) + 2.

\_
X LJi gidi.
2 . < < 3m+1
a) Viet lai phuong trinh thanh vx-9+3+m(\Vx-9+1)=x+ m2 .

bat ¢t = vx-9,t >0, phuong trinh tré thanh
+1

3
t483+miE+1) =249+ w92 _om+1t+m+13=0. (1)

Phuong trinh ban dau c6 nghiém x; <10 <xy < (1) c6 nghiém 0<¢; <1< ¢9
A'>0

<4 (t1—-1D(2—-1)<0

t1+t9>0

(m+1)?-2(m+13)>0

m+13

2
m+1>0

-m-1+1<0

m2-25>0
< <{13-m<0

m>-1
< m>13.
b) Piéu kién: x < 3.

Pit vV3—x=a;V4d—x=b;V5—x=c V6i a,b,c 1a s6 thuc khong am.
Tac6x=3-a2=4-b%2=5-c’>=ab+bc+ca.

Do d6
3-a?=ab+bc+ca (a+b)c+a)=3
4-b%>=ab+bc+ca < (b+cla+b)=4
5-c=ab+bc+ca (c+a)b+c)=5.

Nhan ting vé ba phuong trinh ta dudc (a + b)(d + ¢)(c +a) = 2V/15.
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2v'15
a+b:T
V/ V15 15 V15
Suyra<b+c:ﬂ:>a+b+c: + + .
3 5 4 3
2V15
c+ta=——
4
671
Suyrax=—.
240

o 671 ., - N
Thtt lai x = 240 thoa man phuong trinh.
671

Vay phuong trinh ¢6 nghiém duy nhat 1a x = 240"
A 1 3
¢) biéu kién y = 5
2) & 23— y® +3x -3y =3(x% +y%) +2
& (@-17=(y+1)°
o x-1=y+1
© y=x—-2.
Thay vao phuong trinh thi nhat ta dudc
1\2 1
-8x+1=-V2x-1 & (x—i) :(\/Zx— —5)

Vox-1=1-x
V2x—1=x.

(C6 thé binh phuong dude phuong trinh (x—1)% (x* —4x+2) =0) .
Giai hai phuong trinh nay ta dude x=1,x=2- V2.

Vay hé c¢6 hai nghiém 1a (x;y) = (1;-1), (2 V2, —\/5).

2

Cho hinh vuéng BCD canh c6 do dai 1a a. Goi E, F 14 cac diém xac dinh

a) Tinh gi4 tri ciia EA - CE theo a.

b) Ching minh rang AIC =90°.
\_

== 1= — 1— N 2 < N 2 c 3. R
béi BE = §BC, CF = —QCD, duong thang BF cat duong thang AE tai diém 1.

N Lai giai.
a) Tinh EA,CE theo a.
2
Ta c6 CE = ?a'

. 2 10a? V10
Ta coAEZ:AB+BE2:a2+%: 9“ nén AE =2 —
Mat khac E'_A . CTE) —EA-CE -cosAEB.

. . _— BE 1

Trong tam giac vuong BAE ta c6 cosAEB = Vol Wirk
—_— — _—— av10 2¢ 1 2

Nén EA-CE=EA-CE-cosAEB= "2~ _2,2
3 3 Jio 9

b) Ching minh AIC =90°.
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Tacéﬁ:,ﬁ+§@
Gia st BI =k -BF,k€R.

—_ —_— — —_— —_— —_— —_— k —_— —_—
AlI=AB+BI=AB+kBF =AB+(BC+CF)= (1+§)AB+kAD.

. 1 2
Do A, E, I thang hang nén (1+§):1:k:—:>k:5.

3
Neén
A7=528+22p
5 5
va
CI:AI—AC:EAB-FEAD—AB—ADZEAB—EAD
Suy ra
— — (6— 2—\(l— 83—\ 6 6
AI-CI = (—AB + —AD) (—AB - —AD) =—a?-—a%=0
5 5 5 5 25 25

nén AIC =90°.

Cho cac sb dudng a,b,c ¢6 a+b+c = 3. Tim gia tri nhé nhit cta biéu thic

L P ava bvb cye

= + + )
V2ec+a+b V2a+b+c V2b+c+a

®
X L3i gidi. Ta c6
ava Va3 _1 Va3 N Va3 +c+3 _c+3
V2c+a+b Ve+(a+b+e) 2\vVe+3 Ve+3 8 16 °
Suyrai23—a—c+3.
V2c+a+b 4 16
bvb 3b a+3 .  cye 3c b+3
Tuong tf —— > — - va >— -
V2a+b+c 4 16 V2b+a+c 4 16 ;
Cong cac vé tuong tng cia ba bat dang thic cung chiéu ta dudc P = 7
P=2Ykhig=b=c=1.
2
Pe 17. DE CHON HOC SINH GIOI LOP 10
a) Giai phuong trinh x% - 2x—3=Vx+3.
X+Vy—\x—yy=2
b) Giai hé phuong trinh \/ vy \/ vy
x2—y+\/x2+y:4.
\ o
& Loi gidi.

a) Phuong trinh da cho < (x—1)>-4=vx +3.
Pat vVx+3=y-1,(y=1) =>(y-1)%?=x+3.
(y—1)2:x+3 {(x—y)(x+y—1)=0

Ta c6 hé phuong trinh: o
(x—1)2:y+3 (y—1)2:x+3.
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¢ Truong hop 1:
x=y x=y
s
(y-1)2%=x+3 y?2-8y—-2=0

3-V17

o |ly= 2 (loai)

3+13 3+V17
> )

=>x=

¢ Truong hop 2:
x=1-y x=1-y
S
(y-12?=x+3 y2—y-3=0
x=1-y

_1-v13
9

s { |y (loai)

2 2
3+v17T | 1-v13

Vay phuong trinh ¢6 hai nghiém la x = g var=—p

\/x+\/§—\/x—\/§=2 (1)

\/x2—y+\/x2+y:4 (2)
Diéu kién: y =0, x = /3, % = y. Nhan xét: Ta thay VT'(1) = 0.

b) Giai hé phuong trinh

x=2

¢ Phuong trinh (1) © 2x - 2\/x2-y=4 < xZ—y:x—Zé{
©» Thay y =4x—4 vao (2) ta dudc
Va2 —dx+4+ Va2 +4x—4=4

o x—-2+Val+4x—-4=4Vix=2)

x<6
o
362+4x—4:(6—x)2

5

& x=—.
2

y=4x—4.

) 5
V6i x = Tt 6.
. 5
Vay hé c6 nghiém (x;y) = (5;6).

x+1

<1 ¢6 tap nghiém la R.
mx2—-4x+m -3 AP NN

a) Tim tham s6 m d€ bat phuong trinh

x2+y2—2x—2y:2m

( o =4 c6 dung hai nghiém
x+y—2)=

b) Tim tham sb m dé hé phuong trinh {

phéan biét.
S o

X Loi gidi.
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a) P& bat phuong trinh c6 tap nghiém R ta can ¢ ma® —4x+m -3 #0, Vx € R

R ) . m#0 m#0 m<-1
(m =0 khong théa man) < o ) =N
A<O -m“+3m+4<0 m > 4.
© V6im < -1, khi dé ta c6 ma®—4x+m—-3<0, VxeR.
Bat phuong trinh © x+1>mx?-4x+m -3 & mx?—5x+m—-4<0. (1)
Bat phuong trinh c6 tap nghiém R
S Apy<0 & 4m?—16m—25>0
4-v41
m<—g
o
4++41
m> .
2
4-+v41
Mam<-1=>m< ;/_

& V6i m >4, khi d6 ta ¢6 ma® —4x+m —3> 0 v6i moi x € R.
B4t phuong trinh © x+1<mx®>-4x+m -3 o mx®>—5x+m—4>0. (2)
Bat phuong trinh c6 tap nghiém R

S Ao <0 & 4m?—16m—25>0
4-v41
m<
PN 2
4++/41
m> .
2
4+v41
Ma m >4 nén m > 2\/_
. 4-+v41 4++v41
Vay m < , m> R
b) Hé phuong trinh da cho tuong duong véi
y=-x
2, .2
x“+y°—2x+y)=2m I
2=m (2
x+y=4 =3
y=4—-x
x+y=0 9 un
| (x—-2)"=m. (2)

Nhéan xét: Nghiém ctia hé (I) théoa man x + y = 0 va nghiém cta hé (II) thoa
man x+y = 4, suy ra hai hé khong thé c6 nghiém chung, do d6 hé phuong trinh
c6 dung hai nghiém phén biét.

1 .. o ,
Tam thic f(x) = x?+bx +c théa man |f(x)| < 2 V61 Vx € [-1;1]. Hay tim cac
L hé sb b va c.

X Loi gidi.
¢ Piéu kién can:
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1
|f(0)|55 -
Ta ¢6 4 |f(—1)|s% o -

c<——. (3)

1
lF (DI = 3 -

3
Tu (2) va (3) suy ra -3 <

< —

P ) 1
ket hop véi (1) ta dudc ¢ = —5
» 1 . . -1<-b6<0
V6i ¢ = —= thay vao (2) va (3) ta dudc =>b=0.
2 -1<b<0
o Piéu kién du:
1 1
V6i b =0, c=-3 ta co f(x):xz—é.

. 1 2 ~
V61—15x§1:>x251:>|f(x)|s§:>b:O,c:—§ théa man.

Cho x,y,z 1a ba s6 thuc dusng théa man xy + yz + zx = 1. Chiing minh
N 3
L rang ta ludn c6 Y z

+ + <=,
VaZ+1 y2+1 V2241 2

X LJi giai. Ta c6

x2+1:x2+xy+yz+zx:(x+y)(x+z)
x x <x( 1 1

= = =
VaZ+1 \/(x+y)(x+z) 2

+
x+y x+z
Tuong tu ta dudc

y Sz( 1 N 1 )’

Vy2+1 2\y+x y+z

z z( 1 1
<- + .

Vz2+1 2\z+x z+y
< 32 1 1 1 3
Tudo VT < (f+z)+ (f+f)+_(f+2):__
x+y\2 2/ x+z\2 2/ z+y\2 2/ 2

.z A . .0 . . o vy l—
a) Cho tam giac ABC trong tam G. Cac diém M,N dudc xac dinh béi CN = §BC ;
3SMA +4MB=0.
a) Ching minh rang ba diém G, M, N thang hang.
b) Pudng thing MN chia tam gidc CAN thanh hai tam giac. Tinh ti sb
dién tich ctia hai tam giac do.
b) Tam giac ABC c¢6 cac duong phan giac trong AE, BF va CP. Ching minh
rang ta luén cé
SAEFP 2abc
Saapc  (a+b)b+c)c+a)

(v61 BC =a;AC =b;AB =c¢).

\_
N Lo giai,
a) <>TacéCN:§Bc©AN—AC=5(AC-AB)AN=—5A3+§AC. 1)
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— R — — R — B — R — — — 4—)
SMA +4MB =0 @—3AM+4(AB—AM): 0 = AM=AB. (2)
G la trong tam tam giac ABC nén
R B —_— — —_— 1 —_— —_—
GA+GB+GC=0 ©AG = g(AB+AC). (3)
Tit (1) va (2) ta duge MN = AN - AM = - AB + ZAC.

R N —_— —_— —_ 5 —_— 1——>
Tu (2) va (3) ta dudc MG =AG-AM = _EAB + §AC.

Suy ra MN = zm nén M, N, G thang hang.
o Goi P=MNNAC va E 1a trung diém BC.

Dat S1=Snpa, S2=Snpc.

Ké NH 1L AC (He AC).

KhldOSl—% PA-NH, Sz—% PC-NH =

Ké CK/AG (K € MN).
PA AG 2EG EN

S1_PA
Sy - PC

T = =9. =4
a0 55 =GRk~ CK "2 NC
S1_PA _
Sy PC B
by Ta cs SaPF _2 AP AFSnA  Ap. AF AP AF
Sapc %_AB_ACS A TAB-AC _ be
Ap dung tinh chit dudng phén gidc ta duge
AP AC b AP b be
_— = — = 3AP = .
BP BC a AP+PB a+b a+b
Tuong tu AF = bc
. Sapr AP AF be be
T - Sipp=——" .Sigc.
a0 S T e @ibaio AP Cibaro SaBc
Hoan toan tuong tu ta co
S ac
BPE = ( +b)(b+0) ABC
va
ab
Scpp=————.Sagc.
CEF = G+ o) b+e) ~ABC
Ma
Serp = Sapc —(Sapr+SsrE +ScEF)
_ {4z bc ~ ac _ ab S
N (@+b)a+c) (@a+b)b+c) (a+e)b+eo)| 4BC

3 2abc
" (a+b)b+e)e+a)

Pé 18. DE CHON HOC SINH GIOI LOP 10

S ABC-

a) Giai phuong trinh 3v4x—3-4v6—2x+5=0.

b) Cho hai sb x, y thod man 4x2 + y? = 4. Tim gi4 tri 16n nhéat, gia tri nhé nhat
cua M =x%—3xy +2y°.
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X Loi gidi.
a) Tac6 3V4x—3-4vV6—2x+5=0< 3V4x—3+5=4V6—-2x.
Dé c6 x =1 12 mot nghiém ctia phuong trinh.

Vé trai 1a ham sb dong bién trén (—oo;3].
Vé phai 12 ham nghich bién trén (—oo;3].
Vay phuong trinh c6 nghiém duy nhét x = 1.
4 (xz —3xy+ 2y2) 3 42 — 12xy + 8y2

b) Taco M =
) 4x2 + y2 4x2 + y2

o V6iy=0thi M =1.
42 - 12t +8
4t2/+1

Goi M la mat gia tri bat ky ctia n6 thi
(x) o dM-1)2+12t+ M -8=0

o Vi y#0 thi M = (), 1=
y

c6 nghiém ¢.

7
V6iM=1thit= D thoa man.
V6i M # 1, dé () c6 nghiém thi

9-v85 9+v85
N =AM -9M D20 Me | +2 .
., . » 3 » 9-v85 .. . ” % » 9+ +v85
Vay gia tri nho nhat caa M = T\/_, gia tri nho nhat caa M = ;/_
. x2+y2+x+y:8
a) Giai hé phuong trinh: 0 0 .
(x +x) (y +y) =12
b) Giai phuong trinh 2010x2 — 4x + 8 = 2009xV4x — 3
X LJi giai.
. u=x’+x R Lo u+v=8 . . . ,
a) bat 5 hé cho tré thanh , vay u,v la hai nghiém cta phuong
v=y"+y uv =12

trinh t2 -8t +12=0< ¢ =2 hoéc t = 6.

2

p x“+x=2
& Neu u =6 thi v =2, khi do ta c¢6 hé { c6 cac nghiém (1;-3), (1;2),
2 _
y +y=6
(=2;-3), (-2;2).
2 _
4 . s . |XTHx=6 A
¢ Neéeu u =2 thi v =6 khi d6 ta c6 hé 5 ¢6 cac nghiém (-3;1), (2;1),
y+y=2
(=3;-2), (2;,-2).
Vay hé da cho c6 cac nghiém (1;-3), (1;2), (-2;-3), (-2;2), (-3;1), (2;1), (-3;-2),
(2;,-2).

A 1ea 3
b) Diéu kién x = 1

Dt Vdx—3=¢20.
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Phuong trinh da cho tré thanh 2010x2 —2009x¢ — 2 =0.

Giaira ta dUOCx—thoacx——— (loai).
2010

40 ;92 x=1

Véix=ttacox*—4x+3=0< 5
x=3.

Vay x =1, x = 3 la cac nghiém cua phuong trinh da cho.

Trong mat phéng véi hé toa d6 Oxy. Viét phuong trinh dudng thang (d)

., N 1 2
L qua M(5;-2) cat Ox,0Oy lan ludt tai A,B sao cho OAZ + 2052 dat gia tri nho6 nhat.
°
e e2e e iz s1iA L Xy L 9 2
l&Lo'uglal.TUglathlettacod:—+Z:1.V“1M€dnen——5:1. (D)
a a

Theo bat ding thitc Bunhiacopski, ta c6
5 2)\2 1
1= (———) <(25+8)(—+—)
b a?

a 2b2

33

H 1 1 d h khi a=g
ayOA2 2032_— angt tc xay ra khi b__§
<

Khi d6 duong thang d c¢6 phuong trinh 5x —4y - 33 =0.

Trong mét phéng véi hé toa do6 Oxy. Cho hai diém A(1;1),B(4;-3). Tim
diém C thudc dudng thing (d): x—2y —1 =0 sao cho khoang cach ti C dén dudng
thang AB bang 6.

% LJi giai. Phuong trinh dudng thing AB: 4x+3y—7=0.
Gia st C(x;y). Theo gia thiét ta c6 x—2y—1=0.

|[4x + 3y — 17| 4x+3y—-37=0 (2a)
S — =

5 4x+3y+23=0. (2b)
43 27)

Khoang cach d(C,AB)=6

Giai hé (1) va (2a) ta dudc C1(7;3); giai hé (1) va (2b) ta dudc Cg( 1111

Cho hai s6 duong x,y thod man x +y = 2010. Hay tim gia tri nhé nhéat
L ciia bidu thic P = Y

+
v2010-x ,/2010—y

°
e e , 2010-y 2010—x (1 )
™ LJi gidi. Taco P = + =2010|—+— Vv + (1)
Ldi giai 7 . [ 7 (Vx+ V).
Theo bat déng thice Cauchy ta co—+— (2)

Pang thic xay ra khi x = y.
Theo bat dang thitc Bunhiacopxki ta c6

(Va+v7)’ =2 +y)=4020 > Vx+/y <V4020.  (3)
Pang thic xay ra khi x = y.
Tit (1), (2), (3) ta c6 P = ool

— /4020 = V4020, dang thic xay ra khi x = y.
Vay P dat gia tri nhé nhat 14 v4020 khi x = y = 1005.
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Pé 19. DE CHON HOC SINH GIOI LGP 10

a) Giai bat phuong trinh x? — 6x +2 = 2(2 — x)V2x — 1.

2+ xyt= yl0 4 48

b) Giai hé phuong trinh
{\/4x+5+\/y2+8:6.

N Lo giai,
a) Piéu kiénxz%. Pit ¢ = v2x—1(¢ = 0) thi 2x = t2 + 1. Khi d6 ta ¢
% —6x+2-22-2)t =20 x%+2tx—4t-3(t*+1)+220
o (x+1)2-@2t+1)2? 200 (x+3t+1D)(x—-t-1)=0

1
@x—th(dox+3t+1>0;Vx2E;VtEO .

x=>1
Véix-1zttacox-12vV2x-1e4 , ox>2+V2.
x“—-2x+1=2x-1

Péi chiéu diéu kién ta c6 tap nghiém cta bat phudng trinh 14 S = [2 +V/2; +oo).

x5+xy4:y10+y6 (1)
b)

Vax+5+1/y2+8=6. (2)
A 1 5

Diéu kién x = e

Truong hdp 1. y =0 = x = 0 khong thoa man.

Truong hop 2. y #0 ta co

5
(1)®(f) +f:y5+y
y Y

@(t—y)(t4+t3y+t2y2+ty3+y4):ov(jjt:

IR

@(t—y)[[t2+y2)2+(t+y)2(t2—yt+y2)+2] =0

o t=yhay y®=x.
Thay vao (2), ta c6

VAax+5+Vx+8=6< 2V 4x2 +3Tx +40 = 23 — 5x
23

X< —
o 5 >x=1=>y=+1.

x2—42x+41=0
P6i chiéu diéu kién ta dudc nghiém hé 1a (x;y) = {(1;1);(-1;1)}.

Tim tt ca cac gia tri cia tham sb m dé hé phuong trinh sau ¢6 nghiém
{x2 -m=y(x+my)

x2—y:xy.

2
my“—y+m=0(1)
X L&i giai. Hé da cho tuong duong véi Y
x? —yx—y=0.2)
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X < a1y y=0
Phuong trinh (2) (4n x) c6 nghiém 1a A, = y?2 +4y >0 o

y=<-4.

Truong hop 1. m =0, ta c6 y =0,x =0. Suy ra m =0 théoa man.

Trudng hop 2. m # 0. Phuong trinh (1) (4n y) khéng ¢6 nghiém thuoc khoang (—oo; —4]u
[0; +00)(*) 12 (1) vo nghiém hoic (1) ¢6 2 nghiém déu thudc (—4;0), diéu kién 1a

[A=1-4m®<0 rA:1_4m2<20 me(—oo;—%)U(%ﬁoo)
A=1-4m220 Animdm =0 1l
® 1-Vi—am? || g=m<!
“d<n<0 T Y Vi s 14 8ma) ®
—4<y9<0 _4<1+ 21—4m2<0 m< 1_8m
(V61 y1,y9 la 2 nghlelm cua phu0ng tr1’r711h (1)).
Ae _5 <_§ <i>—1§m<—i

V1-4m2<-1-8m 2 17

4 1
>MB)eme (—OO,—1—7) U (§,+OO .

Hé phuong trinh da cho c6 nghiém khi va chi khi phuong trinh (1) (4n y) c6 it
nhat mot nghiém thudc khoang (—co; —41U[0; +00) hay () khong xay ra, diéu kién 1a
—4

—< __ O
1 Sm=gm?

Ay o i A s —4 1
Vay tat ca cac gia tri m can tim 1a1—75ms§.

Trong mat phing véi hé toa dé Oxy, cho diém I(2;4) va cac duong thang
di:2x—y—-2=0,ds: 2x+y—2=0. Viét phuong trinh duong tron (C) c6 tam I sao
cho (C) cat d tai A, B va cat ds tai C, D théa man AB%2+CD?+16=5AB-CD.

S)
e L&i giai. Goi hinh chiéu ctia I trén d,ds 1an lugt 12 E, F. khi d6
2 6
IE =day = Z=ilF =duay = 2.

Goi R 1a ban kinh ctia dudng tron (C) can tim (R > i

/ / 6
AB=2AE=2 R2——CD 2CF =2 R2—3—

Theo gia thiét ta c6
4
(R2 ) (R2 -= + 16 = 20\/R2 - 5\/R2

© 8R®-16=4,/(5R? - 4) (5R? - 36)

» 2R*-4=\/(5R? - 4)(5R? - 36)

2 2 _ 2 2 6
o (2R>-4)° = (5R>-4) (5R —36)(doR>ﬁ)

@R:2\/§(doR>%).
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Vay phuong trinh dudng tron (C) can tim 1a (C): (x—2)® +(y —4)? =

a) Cho tam giac ABC ¢6 AB =¢, BC =a, CA = b.Trung tuyén CM vudng géc véi

CM 3 b
phan giac trong AL va 27 "5 V5~ 2v5. Tinh — va cosA.
c

9 £ .
b) Cho a,b € R théa man (2+a)(1+b) = 5 Tim gia tri nhé nhat cua biéu thic

=V 16+at+4V1+ b4

X Loi gidi.

— CA+CB AB-2AC
a) Taco AL = , oo )
b+c b+c 2 2
Theo gia thiet
AL1CM & AL-CM =0
o (6AB + £AC) (5 - 240 -
o be?+bc?cosA —2c¢b%cosA—2¢b% =0

o (c=2b)(1+cosA)=0=c=2b(do cosA > -1).
b2+a2 (2 3 a? - b2

2 4 2
1— —5 1 5.0 - 2
AL? = 5(AB +AC)? = 5 (A32 +AC?+2AB -Ac) =5 (962 - a?)

Khi d6 CM? =

M M2 2
CM _3 /s_av5e & 9 a’-b’ (52\f)

AL 2 AL2 _24 9b2 — 2
-b
RN m:5—2\/3
a2
& ﬁ:6—\/5.
cosA b2 +c2—a? _ 5b2 —a? _ \/5—1.
2bc 4b2 4
b) Chiing minh duge \/a2 +02+Ve2+d2=>V(a+c)2+(b+d)
D4u bang x4y ra kh1 b

/ / +4l)22
Ap dung (1) ta ¢6 : 1+ +\/1+b4> 4+ —+b2 \/4+ ¢ .

Matkhac(1+2a)(1+b)_—©a+2b+ab——

a’+1=2a
2 3(a? + 412
Mp 46" +1=4b :>—( 5 )+222a+4b+2ab:>a2+4b222.
a? +4b?
=2ab

N S A "non g . N 1
Tu (1) va (3) suy ra p =2v17. Dau "="x4yrakhia=1va b= 5

. . 1
Vay minP = 2v17 Pat dudc khia=1va b= 5
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Cho f(x) = x®?—ax+b véi a,b € Z théa man diéu kién: Ton tai cac s6 nguyén
m, n, p doi mot phan biét va 1 <m,n,p <9 sao cho |f(m)|=|f(n)| = |f(p)|=7. Tim
tat ca cac bd sb (a;b).

°
X Loi giai. 3 s6 f(m), f(n),f(p) hodc cung duong, Aam hodc c6 2 s6 cung dau.

Trudng hop 1. f(m), f(n), f(p) cung bang 7 hodc —7 = loai vi phudng trinh f(x)-7=0
c6 3 nghiém phén biét.

Truong hgp 2. f(m)=f(n)=7va f(p)=-17.

Khong mét tinh tong quat, gia st m >n va |m —p| = |n—p| ta ¢6 m,n 1a nghiém
phuong trinh x® —ax +b—7=0 va p 1a nghiém phuong trinh x* —ax+b+7=0 nén

n—p=2 .
m+n=a =>n-m=9 (loai)

p—-m=17
(n-p)n+p-a)=14 =>m-p)p-m)=14= §

n—-p=-
(m-p)m+p-a)=14 P =>n-m=-9 (loai).

p—-m=-7

Truong hdp 3. f(m)=f(n)=-7va f(p)="17, khi d6 hoan toan tuong tu ta co

m-p=-7__ |m-p=T7
(p—n)m-p)=-14=> hoac
p—n=2 p—n=-2

Do m,n,p €[1;9] nén tim dudc 4 bd 1a (a;b) ={(11;17),(13;29),(7;-1),(9;7)}.

Pé 20. DE CHON HOC SINH GIOI LGP 10

a) Cho ham s6 y = x> +2mx—3m va ham sb y = —2x+3. Tim m d€ do thi cac ham
s6 d6 cat nhau tai hai diém phan biét va hoanh do6 cta ching déu duong.

b) Giai bat phuong trinh v —x2 + 8x — 12> 10 — 2x.

X LJi gidi. :
a) Tim m: y = x>+ 2mx—3m va y = —2x + 3 cat nhau tai hai diém phan biét va
hoanh d6é duong.
Yéu cau bai toan tuong dudng phuong trinh sau c6 hai nghiém duong phan
biét
2+2mx—3m=-2x+3ox2+2m+1)x—3m—-3=0
A'>0
<< -3m+1)>0
-2(m+1)>0

, m>-1
AN>0c
m < —4.

Két hop nghiém, két luan m < —4.
b) Giai bat phuong trinh v —x2 +8x — 12> 10 — 2x.
Tap xdc dinh —x®+8x-12>0©2<x<86.
Néu 5 <x <6 thi V-x2+8x—12= 0> 10-2x, bat phuong trinh nghiém ding véi



76

Dé 20. Dé chon hoc sinh gidi 1dp 10

moi x: 5 <x <6.
10-2x=0

V—-x2+8x-12=0

2
—x2+8x—12>4x2—40x+100o5x2—48x+112<o@4<x<38.

Néu2<x<5= { bat phuong trinh da cho tuong duong

Két hop nghiém, trudng hop nay ta c6 4 <x <5.
Tap nghiém ctia bat phuong trinh da cho (4;6].

s . 3
a) Giai phuong trinh (4x® —x + 3)3 —x%= 5

b) Giai phuong trinh 2x?—11x+23=4Vx+1.

°
X LJi giai.
3
a) (4x® —x+3)3 —x®= 5.(1)
. 5 ) 2y° —2x>=3
bat y =4x° —x+3. (1) c6 dang 3 0))
4x° —x+3=y.
Khi d6 nghiém cuaa (1) 1a x Gng véi (x;y) la nghiém cuaa (I).
2y —2x3 =3 2y3—2x%=3 2) .
) o 5 5 o ) . Truong hop
2x° +2y° —(x+y)=0 (x+y)(2x%—2xy+2y“-1)=0. (3)
£ . . 3
1. y = —x két hop (2), c6 nghiém cua (1): x = —1 7

b)

\_

< A . A R 2
Trudsng hop 2. 2x? - 2xy +2y? —1=0;A.. = 2-3y% Néu c6 nghiém thi |y| < \/;

2
Tuong tu cting co |x| < \/;

3
2 2
Khi do VT(2)<4 (\/;) = g\/; < 3. Ching t6 Truong hdp 2 vo nghiém.

p o 3
Két luan (1) ¢6 1 nghiém x = —1 7
Phuong trinh 242 - 11x +23 =4Vx + 1.(1)

Diéu kién x > —1.
(De2(x?-6x+9)+(x+1-4Vx+1+4)=02(x-3)?+(Vx+1-2)2=0.(x)
x—3=0

Do a? = 0(Ya) nén pt(*) & Sx=3.
() Vx+1-2=0

Vay phuong trinh da cho ¢6 1 nghiém x = 3.

a) Trong mat phing toa d6 Oxy cho diém M(1;4). Puong théng d qua M, d cit
truc hoanh tai A (hoanh d6 cua A dudng), d cit truc tung tai B (tung d6 cua
B duong). Tim gia tri nhé nhéat cta dién tich tam gidc OAB.

b) Trong mit phéng toa do Oxy cho dudng tron (C): (x—2)%+(y+3)? =9 va diém
A(1;-2). Puong thang A qua A,A cit (C) tai M va N. Tim gi4 tri nho nhé’g
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L cta do dai doan thdng MN.
o
& Loi gidi.

a) M(1;4). Puong thang d qua M, d cat truc hoanh tai A; d cat truc tung tai B.
Tim gia tri nhé nhat ctia dién tich tam gidc OAB (x4;yg > 0).
Yy

Gia st A(a;0); B(0;b), a > 0;b > 0. Phuong trinh duong thang AB: X, 5= 1.
a

1 4 4
ViABquaMnén —+-=1=>1=22{/—=>1>—=> — =8,
a b ab

P 1 4 1 a=2
Déu":"c»—:—:—c){
1 1
Dién tich tam giac vuong OAB( vuong 6 0)1aS = EOA -OB = Eab > 8.
Vay S nhé nhét bang 8 khi d qua A(2;0), B(0;8).

b)

(C) ¢6 tam I(2;-3), ban kinh R =3.
C6 A nam trong dudng tron (C) vi IA2=(1-2)2+(-2+3)>=2<9.
Ké IH vuong goc v6i MN tai H ta co
IH? +HN?=IN*=9=> MN?=4HN?=4(9-1H?).
MalH1AH=IH<IA=v2=MN?>49-2)=28= MN >2V7.
Vay MN nhé nhét bang 2v7 khi H trung A hay MN vudng géc véi IA tai A.

a) Ching minh rang t& giac 16i ABCD 1a hinh binh hanh khi va chi khi AB? +
BC?+CD*+DA?=AC? +BD".

£ ., y .1 1 1 ;
b) Tim tat ca cac tam giac ABC théa man w2 = ﬁ+_2 (trong d6 AB=c; AC =b;
c
a

duong cao qua A la h,).

\_
N Lo giai.
a) Ching minh rang t& giac 16i ABCD 1a hinh binh hanh khi va chi khi
AB?+BC?+CD?+DA?=AC?+BD?.
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Tt giac 16i ABCD 1a hinh binh hanh khi va chi khi
AB=DC & AB-DC=0
& (AB-DC)’ =0 AB2+DC2-2AB-DC =0
< AB2+DC2?-2AB-(AC-AD)=0
< AB®>+DC?-(AB?+AC?-BC?) +(AB?+AD?-BD?) = 0.(%)
(Vi(@-5?=a%-2d-b+b%=>23-b=a%+b2- (G- b))
(x) > AB>+BC?+CD?*+DA% = AC? + BD?’(Ppcm).

£ . , .1 1 1
b) Tim tat ca cac tam giac ABC théa man — = — + —.(1)
h2 b2 2
, . 1 a? 4R?
Céa-h,=2S =bcsinA > h_g = YRy =202

(1) © b2+c?=4R? o sin’?B +sin?C =1
& 1-cos2B+1-cos2C =2 < cos2B +cos2C =0
o 2cos(B+C)cos(B-C)=0

B+C:ghayA:g(0<B+C<n;OslB—C|<n)
<
B-Cl==
2

Vay tam giac ABC vuong 6 A hoac co |IB-C| = g

Cho a, b, ¢ 1a cac sb thuc duong. Ching minh ring

2a 2b 2¢ (@a=b2+b-c)+(c—a)?
+ + >3+ .
b+c c+a a+b (a+b+c)?

X Loi giai. Xét
2a 2b 2¢ a-b+a-¢c b-c+b-a c—-a+c-b
= -1+ -1+ -1= + +
b+c c+a a+b b+c c+a a+b

1 1 11 )+(c—a)

:(a_b)(b+c_c+a)+(b_c) c+ta a+b

1 1
a+b_b+c)
2 1 N2 N2
=la-b) (b+c)(c+a21+(b °) (c+a)1(a+b)+(c a)l(a+b)(b+c)'

'Brocta) @tbi202 @a+2b+207  (a+b+ol
1 -b P
(@a-bP=0=(a- b)2(b ToCra) > (q(i 5 +)c)2; dau "=" xay ra khi va chi khi a = 5.
Lam hoan toan tuong tu véi hai biéu thic con lai.
(@=b)2+(b-c)?+(c-a)?
) (a+b+c)?
Dau "=" xay ra khi va chi khia=b6=c.

Suyra M = . (Ppem);
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Pé 21. DE CHON HOC SINH GIOI LGP 10

a) Cho ham sb y =x?-3x+2 va ham s6 y = —x+m. Tim m dé d6 thi cac ham
sb d6 cat nhau tai hai diém phan biét A, B dong thoi khoang cach tit trung
diém I cta doan thdng AB dén cac truc toa d6 bang nhau.

b) Giai bat phuong trinh 1 1 >0

VaZidz_3 2x—4
\~ ®
X LJi gidi.
a) Yéu cau bai todnsuy ra phuong trinh sau c6 hai nghiém phan biét x® - 3x+2 =
—x+mhay x> -2x+2-m=0(x)c6 A' >0 m>1.
Goi x4;xp 12 2 nghiém caa (), I 1a trung diém AB ta c6 x; =

XA t+XB
2

=Ly =
—xr+m=m-—1.

Yéu cau bai todn < |y7| = lx;]l © Im-1l=1©m=2;m=0.

Két hop diéu kién, két ludn m = 2.

coe 1 4 . 1 1
b) Giai bat phuong trinh - >0.(1)
V-x2+4x-3 2x-4
o —x2+4x-3>0
Tap xac dinh ol<x<2;2<x<3.

x #2
1 1

> .
V-x2+4x-3 2x—4
Néu 1 <x <2 thi V-x2+4x-3>0>2x -4, bat phuong trinh nghiém ding véi
moi x: 1<x<2.

1) e

2x-4>0
\/M>O,
ox—4>V—-x2+4x-3
o 4x% - 16x+16>—x2+4x -3

o 5x2-20x+19>0

Néu2<x<3= { bat phuong trinh da cho tuong duong

V5

5
©x>2+£;x<2——.
5 5

< 5
Ket hop nghiém, truong hop nay ta c6 2 + % <x<3.

Tap nghiém cua bpt da cho (1;2)u (2 + ?;3).

a) Trong méit phang toa d6 Oxy cho tam gidc ABC c6 B(1;2). Puong thang A 1a
duong phéan giac trong cua goc A ¢6 phuong trinh 2x+y—1 = 0; Khoang cach
tit C dén A gap 3 lan khoang cach tit B dén A. Tim toa d6 ctia A va C biét C
nam trén truc tung.

b) Cho tam giac ABC vudong 6 A, goi a la géc guIa hai dudng trung tuyén BM

va CN caa tam giac. Ching minh rang sina < 5
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X Loi gidi.
3 lyo — 1| .. ,
a) DB;A)=—;C(0: y0);D(C;A) = , theo bai ra ta co
V5 V5

% = % < yo =10;y0 = —8.
Vé hé truc toa do, diém B, chid ¥ C khac phia B d6i v6i A suy ra C(0;-8).
Goi B'(a;b) 1a diém d6i xing véi B qua A thi B’ nam trén AC.
Do BB' L 5 =(1;-2) nén ta cé a—2b +3 =0.

4
Tudotacoa=—=;b=-.
5 5

R —— 3 — —_— e
Theo dinh ly Ta-Let suy ra CA = §CBl A(x;y);CA = (x;y +8);CB' = (—
—-21 26

Tu dé A|l—;—1;C(0;-8).
6 suy ra 10,5,(, )

(S EEN

>

44).

B

Al C
b) M

Goi a,b va ¢ tuong tng la do dai cac canh d6i dién cac géc A,B va C caa tam
2 b2
gléc Co CN2 = b2 + (:Z,BM2 = C2 + Z

Goi G la trong tam tam giac ABC, ta co

2 2_pe2 —92(b2 + 2
COSBGC:BG +CG*-BC? _ (6% +c?) ;
2BG-CG V/(4c2 +52) (462 + ¢2)
2 bZ 2
Do d6 cosa = ( +C) )
V/ (4c2+b2) (462 + 2)
5 b2 2
Cé \/(4cz+b2)(4b2+02)5w;”:"©402+62:4b2+02©b:c.
2( b2 + 2 2(b%+c2)-2
Do d6 cosa = ( +c) > ( +c) —é.

Va2 +p2)(ab2eez)  B(PE+e?) 5
Hay sina = V1-cos?2a < g D4u bang c6 khi tam gidc vudéng can dinh A.

1 . X N . R A . == 2= =
a) Cho tam giac ABC. Goi D,E lan ludt 1a cac diém théa man BD = gBC ; AE =
1 —_— ° -2 2 N
ZAC. Tim vi tri cha diém K trén AD sao cho 3 diém B, K, E thang hang.

b) Cho tam gidc ABC vuéng 6 A; BC =a; CA = b; AB = ¢. Xac dinh diém I
théa man hé thic b2IB + ¢2IC - 2a%TA = 0. Tim diém M sao cho biéu thdc
(62MB? + > MC? - 2a® M A®) dat gi4 tri 16n nhat.
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X LJi giai.

b)

B c
a)

Viﬁ:iﬁsﬁ:iﬁﬂzﬁ.

Gia sﬁzﬁ;:x-ﬁ 3B—I){:x-B_D)+(1—x2)B_)A.
Mé_gﬁng_C)' nénxﬁ:x-ﬁzﬁf{:gxﬁﬂl—x)B—)A.
ViB,K,E thazmg hang (B # E) nén c6 m sao cho BK = mBE.

m— 2
Do do co ZBC + STBA = ExBC +(1- x)BA

2 —_— —_— —_

Hay(ﬁ—gx)BC+(l—x——)BA:0.
m 2x
Do BC BA khong cung phudng nén 7 3 0&1-x———=0
1 8

Tudosuyrax=—;m=—.

1 3 9
Vay AK = ZAD.
Ké dudng cao AH, ta c6 b2 =a-CH;c? =a-BH nén A

bQ-BH:cz-CH.Dodéb2-ﬁi+c2-c_ﬁ:6’.

Suy ra b2- IB+c2-IC=0%TH +c? I_}f o -TH.
Két hdp gia thiét suy ra 2a> TA=a?.TH hay B C
2IA IH

Do d6 diém I théa man gt 1a I théa man A la trung diém IH.
Véi x,y,2 tuy ¥ théa man x-JA +y-IB+2-IC = 0 (*) binh phuong v6 huéng 2 vé
(%), chd ¥ réing 2TA -IB = IA2 + IB% - AB? ta c6

(x-TA%+y -IB®*+2-IC?)(x +y+2) = xyc® + x2b® + yza®.
Tu d6 ¢6 (-2a®-TA* +b2-1B* + ¢ -1C?) = 3b%c2.
Miit khédc xMAZ = x(IA - IM)? = x (IM2 +IA2-2IA ﬁi)
xMA? + yMB? + z2MC? = (x + y + 2)IM? + xIA®? + yIB? + zIC?.
Thay s6 ¢6 —2a>2MMA? + b>MB? + ¢2MC? = —a2IM? + 3b%c? < 3b2¢2;
D4u bang xay ra khi M trung I.

a) Giai phuong trinh 1+ (6x+2)V/2x2 —1=2(5x% + 4x).

b) Cho x,y,z la cac sb6 thuc duong théa mén x + y + z = xyz. Chiing minh réng
1+V1+x2 . 1++/1+y2 N 1+vV1+22
z

X

<xyz.
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N Loi gidi.
a) Giai phuong trinh 1+ (6x+2)V/2x2 — 1 =2 (5x* +4x) .(x)
Didu kién x = ——;x < -
leu kien x = —;x < ———.
' V2 V2

() & Bx+1%+(26®-1) - 28x + 1)V 2x2 - 1- 1= (3x+ 1)? + (2x® — 1) — (10x? + 8x)
& (3x+1-vV2a2 - 1)2 = (x— 1)
V2x2-1=2x+2(a)

Giai

<>
V2x2—1=4x.(b)
P < —4 6
(a) va doi chieu ffiK c6 1 nghiém x = ; \/_.
Giai (b) vo nghiém.
p —4 6
Ket luan (x) c6 1 nghiém x = -lz_ \/_.

e 1% 1 1 1
b) Gia thiet suyra —+ —+— =1.
Xy Yz X

. V1+x2 1 1 1 1 1 1\(1 1 112 1 1 £ non
Ta ¢6 =/=+—+—+—=4/|-+—-||-+—-|==|-+—+—|; Dau "=
X X2 xy yz zx x y)\x =z 2\x y =z

xay ra khi va chi khi y =z.
Viét hai bat déng thic tuong tu roéi cong lai ta dude

1+\/1+x2+1+\/1+y2+1+\/1+22< (1 1 1
y z B

3l—+—+ —); DAu "=" xay ra khi va chi
x y z

X
khix=y==z.

. 1 1 1
Ta sé€ ching minh 3 —+—+—) <xyz o 3xy+yz+zx) < (xyz)’ = (x+y+2)? &
x y z

(x— )2 +(y-2)2+(z-x)% = 0 Diéu nay ludén ding, ddu bang c¢6 khi va chi khi

x=y=2.
Vay bat dang thiic da cho dude chitng minh, diu bang c¢6 khi va chi khi x =y =
z=V3.

Pé 22. DE CHON HOC SINH GIOI LGP 10

Cho parabol (P): y = x> —2x+4 va cac duong thang d,,: y=3x+2m+1 (m
12 tham sb).
a) Bién luan s6 giao diém cta (P) va d,,, theo tham sb m.

b) Khi d,, cat (P) tai hai diém A, B (A va B c¢6 thé trung nhau), tim tap hop

trung diém I ctia AB khi m thay d6i.
- °

X Loi giai.
a) Bién luan sb giao diém cua (P) va d,, theo tham sb m.
Xét phuong trinh hoanh d6 giao diém cta (P) va d,,

x?—2x+4=3x+2m+1ex?—5x+3-2m=0. (1)
Ta co A=8m+13.
£ 13 . L. oA N . < .
& Néum>—§ (A > 0) thi (1) c6 hai nghiém phan biét, do doé d,, cat (P) tai

hai diém phan biét.
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% 13 .« A P » < . A
& Neu m = Y (A =0) thi (1) ¢c6 1 nghiém kép, do do d,, cat (P) tai mot

diém.
o Néum< —% (A <0) thi (1) v6 nghiém, do d6 d,, khong cat (P).
b) Khi d,, cat (P) tai hai diém A, B (A va B ¢6 thé trung nhau), tim tap hop trung
diém I ciia AB khi m thay doi.
dn cat (P) tai hai diém A, B (A va B ¢6 thé trung nhau) < m > —?.
Goi hai nghiém cta phuodng trinh (1) 1a x1, xo thi ta c6
x1+x2=5; x1-x2=3-2m.

x1, x2 cing 12 hoanh do6 giao diém A, B nén trung diém I ctia AB c6 toa do

x1+x92 5
xI: = —
2 2
17
y1:3x1+2m+1:2m+3.
13 , 17 13 21
Do m = —— nén ta co ﬂ——z——«:)y]z—.
8 2 4 8 4

£ e < 1A N 2 5 s 21
Ket luan: Tap hdp diém I 1a phan duong thang x = 3 ang véi y = -

a) Giai bat phuong trinh (2x—5 — Va2 —x+25) Va2 -5x+6<0

2¥x+ Yy =/58x+y)

b) Giai hé phuong trinh { ,
x“+y°-2x+4y-31=0.

& Loi gidi.
a) Giai bat phuong trinh (2x ~5-Vx?—x+25) Va2 —5x+6<0
A 1 L. x=3
biéu kién xac dinh
x<2.
Néu x = 3 hodc x = 2 thi bat phuong trinh nghiém ding.
. |x>3 )
Neéeu thi bat phuong trinh da cho ©2x-5-Vx2-x+25<0 (a).
x<2

(a) & ME29¢—5
2x-5<0 (Dox*-x+25>0) (1)
< [ [2x-5=0
{x2—x+25z4x2—20x+25.
Giai (1) va két hgp nghiém ta dudc x < 2.
Giai (2)

(2)

5
X ==
2 e 2 o

3x2-19x <0 O<x<—.

£ = 19
Keét hgp nghiém ta dugec 3 <x < 3
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19

Két luan: Bat phuong trinh da cho c6 tap nghiém 14 S = (-o00;2]U | 3; 3|

2Vx+ Yy =568x+y) (1)
2 +y?-2x+4y—-31=0. (2)

b) Giai hé phuong trinh {
Truong hgp 1: x =0.

Thay vao hé phuong trinh ta c6 { khong théa man.

¥y =5y _ =0
y2+4y-31=0 |-31=0
Truong hgp 2: x #0.

Chia hai vé ctia phuong trinh (1) cho ¥/x, ta dudc 2+ i/z =1/5 (8+ Z).
x x

batt= f/z , ta dudc phuong trinh
X

2+t=1/5(8+13) o (2+1)3=5(8+1t%)

o (t+2)(4¢* - 14t +16) =0

ot=-2
=y =-8x.
Thé vao (2) ta dudc
x=1
x?+64x” —2x-32x-31=065x"-34x-31=0 & 31
X = —g.
. R 31 248
Vay hé c6 2 nghiém la (1;-8), (——;—).
65" 65

a) Trong mat phang Oxy, cho tam gidc ABC cén tai A ¢6 phuong trinh dudng
théng chita canh AB 1a x+2y -2 = 0, phuong trinh duong thang chita canh
AC 1a 2x+y+1=0. Piém M(1;2) thudc doan thang BC. Tim toa do diém D
sao cho DB-DC c6 gia tri nhé nhét.

b) Cho ti gidc ABCD, hai diém M, N thay d6i sao cho AM = kAB; DN =
EDC,(0<k <1). Goi I 1a diém théa méan 3IM = —2IN. Tim tap hop cc diém

I khi M, N thay d6i.
\S L J

X LJi giai.

a) Trong méit phang Oxy, cho tam gidc ABC can tai A ¢6 phuong trinh dusng
thang chita canh AB 1a x+2y—2 = 0, phuong trinh dudng thang chia canh AC
1a 2x+y+1=0. Piém M(1;2) thudc doan thing BC. Tim toa d6 diém D sao cho
DB-DC c6 gia tri nhé nhét.

Cac dudng phan giac géc A 1a tap hop cac diém cach déu AB, AC nén c6 phuong
trinh

|x+2y—2|_l2x+y+1|© x—y+3=0
V5 V5 3x+3y—1=0.
Do AABC can tai A nén phan giac trong [, cua goéc A vuong goc véi BC.
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b)

B M C

M \
la

Truong hop 1:/,: x—y+3=0, khi d6 BC di qua M(1;2) va c6 vtpt 71 =(1;1);
Suy ra phuong trinh BC: x+y—-3=0.

. . . x+2y-2=0 x=4
Toa do B la nghiém hé phuong trinh © = B(4;-1).
x+y—-3=0 y=-1
. . . 2x+y+1=0 x=-4
Toa d6 C la nghiém hé phuong trinh o = C(-4;7).
x+y—-3=0 y="1

Khi d6 MB = (3;-3), MC = (—5;5) suy ra MB = —;Z\Té suy ra B, C nam vé hai
phia [, (théa man).

Truong hop 2:7,: 3x+3y—1=0, khi d6 BC di qua M(1;2) va c6 vtpt 7o =(1;-1).
Suy ra phuong trinh BC: x—y+1=0.

= B(0;1).

< . . x+2y—-2=0 x=0
Toa do B la nghiém hé phuong trinh o

x—y+1=0 y=1
. . . 2x+y+1=0 =73 21
Toa do C la nghiém hé phuong trinh © :>C(——;—).
x—y+1=0 y== 33

Q| =

— — 5 5
Khi d6 MB =(-1;-1); MC = (_5;_5) cung hudéng (loai).

V6i B(4;-1); C(-4;7). Goi D(x;y) suy ra DB = (4—x;-1—y), DC = (-4 —x;7—y)
—DB-DC=x2+3%—6y—-23=x2+(y—3)>—32> —32.
. ) C[x=0
Dau “=” xay ra khi
y=3.
Vay D(0;3) thi DB -DC nhé nhat bing —32.

Cho tt gidc ABCD, hai diém M, N thay déi sao cho AM =kAB; DN =kDC, (0 <
% <1). Goi I 1a diém théa man 3IM = —2IN. Tim tap hop cac diém I khi M, N
thay déi.
Goi E, F 1a céc diém théa man 3EA = —2ED, 3FB=-2FC. (x)
Ta co

EI=EA+AM+MI = —§E+kﬁ+§m. (1)

— — —_— — 3—> e

EI=ED+DN+NI = gAD+kDC—§A7ITV. 2)
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Nhan hai vé (1) véi 3, nhan hai vé (2) véi 2 roi cong lai ta dudc
5EI =k (3AB+2DC).
Tuong tu

—_— — — —

2— 2—
EF =EA+AB+BF = —gAD +AB + 5BC 4)

—_— —— @ — —

EF =ED+DC+CF = §AD +DC - gBC (5)

Tit (4) va (5) ta c6 5EF = 3AB+2DC.

Tit (3) va (6) ta dugce EI = kEF. o

Nguoc lai, véi mbi I’ théa man hé thic EI' =mEF (0<m<1).

Goi M, N, I 12 céc diém théa man AM = mAB; DN = mDC; 3IM = —2IN.

Theo ching minh trén thi EI=mEF. Suy ra I' trung véi I.

Cé6 E, F c6 dinh do théa méan () va 0 < <1 nén tap hop cac diém I 1a doan
EF.

a) Tam gidc ABC ¢6 S =b%—(a—c)? v6i S 1a dién tich tam gidc; a = BC, b = AC,
¢ = AB. Tinh tanB.

b) Cho a, b, ¢ 14 cac s6 thuc duong théa man a?+52+c¢? = 3. Tim gié tri 16n nhat
ctia biéu thiic
ab be ca

= + + .
L V5a?+10ab+1062 V5b2+10bc+10¢2  V5¢2 +10ca + 10a?
L

X Loi gia
a) Tam gidc ABC ¢6 S = b%—(a—c)? v6i S 1a dién tich tam giac; a = BC, b = AC,
¢ =AB. Tinh tanB.

Ta co
1
S=b2-(a-c)’ o §acsinB =a?+c®-2accosB—-a’®-c?+2ac
1
o §ac sinB = 2ac(1 —cosB)
< sinB =4(1 —cosB)
1
s cosB=1- ZsinB. (%)
Ta ¢o

.92 2 .92 1 . 2_
sin“B +cos“B =1 < sin B+(1—Zs1nB) =1
17

1
& —sin?B--sinB=0
16 2

8
< sinB = T (dosinB > 0)

P . 15 8
Ket hop véi () ta dude cosB = — = tanB = —.
17 15
b) Cho a, b, ¢ 1a cac sb6 thuc duong théa méan a® + b2+ ¢? = 3. Tim gi4 tri 16n nhat
cua biéu thiic
3 ab N be N ca
v5aZ+10ab + 1062 V562 +10bc +10c2  v/5¢2 + 10ca + 10a2
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Ta ¢6 5a2 + 10ab + 1062 = (2a + 3b)% + (@ — b)? = (2a + 3b)2.
Dau “=” xay ra khi a = b.

b b
Suy ra v/5a? +10ab + 1062 = 2a +3b = ¢ .
5 N vV5a2+10ab + 1062 2a+3b
a a+
Ta chi inh <
ac ngmln 2a+3b 25 (*)

That vay (%) < 25ab < (2a + 3b)(3a +2b) & 6(a —b)*>=0. (ludn ding)
D4u “=” x4y ra khi a = b.
Do dé ab - 3a+2b .

V5a2+10ab +1062 25
Tuong tu ta co

be <3b+20. ca <30+2a
VB5b2+10bc+10c2 25 ° VBc2+10ca+10a2 25
Cong cac bat dang thtc trén, ta dudc
3a+2b 3b+2¢c 3c+2a
M < + +
25 25 25

1
:g(a+b+c)
Ta co
(a+b+c)=a?+b%+c%+(2ab+2bc+2ca)

<a®+b%+c%+(a®+b%) + (b% + %) + (c? +a?)
=3a® +3b% +3¢?
=9.

Dod()a+3b+cs3. / g

Vay M < = gia tri 16n nhat caa M bang = khia=b=c=1.

Pé 23. DE CHON HOC SINH GIOI LOP 10

Cho parabol (P): y = —x? va duong thang d di qua diém 1(0;-1) va c6 hé

d6 la X1, X9.
1) Tim k£ @€ trung diém cta doan thing AB nam trén truc tung.

2) Chiing minh ring |¢3 - x3| > 2 (Vk e R).

\_

s6 géc1a k. Goi A va B 1a cac giao diém ctia (P) va d. Gia sit A, B lan ludt c¢6 hoanh

X LJi gidi.
1) Tim % dé trung diém cta doan thang AB nam trén truc tung.
o Puong thang d c6 phuong trinh y = kx— 1.
& Phuong trinh tuong giao ctia d va (P) la
~x=kx-1lox?+kx—-1=0. (x)

& (%) ludn c6 2 nghiém phan biét x1; xo vi A=£k%2+4>0, VE € R.
X1 +Xx9 _ —k.

o Trung diém M ctia AB c6 hoanh d6 1a =5

. -k
M nam trén truc tung < 5 0o k=0.

2) Ching minh ring |3 —x3| =2 (VEk € R).
Theo Vi-et c6 x1 +x9 = —k; x1-x9 = —1.
Ta co |x? —x§| = |(x1 —x2) [(x1 +x9)? —x1x2]| =|x1 —x9]- |(x1 +x9)? —x1x2|.
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Co le—lezzx%+x§—4x1-x2 = k2 +4.
Suy ra |« —x3| = VE2+4 (k2 +1) 2 2,VE e R.
Pang thic xay ra khi £ = 0.

1) Giai phuong trinh v3x+1+V5x+4=3x%-x+3.
x2+x3y—xy2+xy—y: 1

4

2) Giai hé phuong trinh 5
x*+y —xy@x—-1)=1.

X Loi gii.
1) Giai phuong trinh vV3x+1+V5x+4=3x>-x+3. (1)
N 1
Piéu kién x > -3

(1)@(\/%—1)+(\/5xﬂ—2):3x2—x

3x 5x
o + =x(3x—-1)
V3x+1+1 +vbx+4+2
x=0(tm)
< 3 5
+ =3x—-1. (%)
V3x+1+1 +Vbx+4+2

Néu x =1 thi VT(x) =2 =VP(x) nén x = 1 1a mét nghiém caa (%)
Néu x> 1 thi VT(x) <2 < VP(x).
Néu x <1 thi VT(x) > 2> VP(x).
Vay (1) ¢6 2 nghiém x =0;x = 1.

x2+x3y—xy2+xy—y:1

4

(%)
x +y2—xy(2x—1): 1

2) Giai hé phuong trinh {

2

He (s0) & (% —y) +ay(x®—y)+xy=1
% %k
' (x —y)2+xy:1

o [a=x%-y N a+ab+b=1
bat . Hé tré thanh 5 (% * %)
b=xy a“+b=1
a®+a®-2a=0 a(a®+a-2)=0
b=1-a2 b=1-a2.
Tu do tim ra (a;b) € {(0;1), (1;0), (—2;-3)}.
2 _
L o |x"=y=0
V6i (a;b) =(0;1) ta c6 hé ox=y=1.
xy=1

2

Véi (a;b) = (1;0) ta c6 hé {x yo & (x;9) € {(0;—1), (1;0), (~1;0)}.
Xy =
Véi (a;b) = (-2;-3) ta c6 hé
3 3

{x2—y:—2 y=—= y=—= x=-1

< X =4 X @{
xy=-38 422+43=0 [Gx+D(x®-x+3)=0 (¥=3.

Két luan: Hé c6 5 nghiém (x;y) € {(1;1), (0;-1), (1;0), (-1;0), (—=1;3)}.



B6 dé thi hoc sinh giéi Lép 10 89

1) Trong mit phang Oxy, cho tam gidc ABC cé dinh A(2;6), chan dudng phan
. 3 .4
giac trong ké tu dinh A la diéem D (2;—5), tam duong tron ngoai tieép tam

. 1 £ 2
giac ABC la diém I (—5; 1). Viéet phuong trinh ctia duong thang BC.
2) Cho tam giac ABC ¢6 BC =a; CA=b; AB=c, (b #c) va dién tich la S. Ki

hiéu my; my; m. 1an lugt 1a d6 dai ctia cac dudng trung tuyén ké tit cac dinh
A, B, C. Biét rang 2m?2 > m% +m2.
i) Chiing minh rang a® <4S -cotA.
ii) Goi O va G lan lugt 1a tam dudng tron ngoai tiép va trong tAm tam
gidc ABC; M 1a trung diém ctia BC. Chiing minh ring géc MGO khéong

nhon.
N °

& Loi gidi.
1) Trong mit phang toa d6 Oxy, cho tam gidc ABC c¢6 dinh A(2;6), chan dudng

., 2 ;N 3 N [ 3 A N N o 4 oA
phan giac trong ké tu dinh A la diém D (2; —5), tam duong tron ngoai tiép tam

. 1 . N ) N 2
giac ABC la diém I (—5; 1). Viét phuong trinh ctia duong thang BC.
Puong tron (C) ngoai tiép tam giac ABC c6 tam I va ban kinh TA.
: . L , e 15 S
DPuong thang AD di qua A va c6 véc-to chi phuong la AD = (0; _E) =1 =(1;0)
12 véc to phap tuyén ctia AD.
Phuong trinh dudng thang AD 1a x=2.
Taco6 A'=ADN(C);A' #A suy ra A’ thudéc AD va IA'=IA. Tim dudc A'(2;-4).
A’ 1a trung diém cung BC khéng chita A nén IA’ 1 BC. Puong thang BC di
N 5 j
quaD vaco A'T= (—5;5) l1a véc-to phap tuyén.
Phuong trinh dudng thang BC 1a x -2y —5=0.

2) Cho tam giac ABC ¢6 BC =a;CA =b;BA =c, (b #¢) va dién tich la S. Ki hiéu
ma;mp;me 1an lugt 1a d6 dai cha cac dudng trung tuyén ké tu cac dinh A, B,
C. Biét ring 2m2 >m? + m2. (%)

i) Chitng minh rang a® <4S - cotA.
St dung cong thitc d6 dai trung tuyén, ta cé
2 2. .2 32 2,72 2
(*)©b2+c2—a—zc e —b—+a b —C—©b2+c222a2. (x%)
2 4 A 2
Ta c6 4S -cotA =2bc-sinA - C?S =2bc-cosA = b2 +c%—a?.
Sin

Tt (x%) & b2 +c?—a? = a? hay 4S - cot A = a®.

ii) Goi O va G lan lugt 1a tam dudng tron ngoai tiép va trong tam tam giac
ABC; M l1a trung diém ctia BC. Chiing minh ring géc MGO khéng nhon.
Ta sé ching minh GO-GM <0 0G-GM >0.

Ta ¢6 30G = 0A + OB +0C; 6GM = 2AM = AB+AC = 0B +0C —20A
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Suy ra
30G-6GM = (5A’+5§+5€*)-(5§+55—26A’)
= OB2+0C%-20A%+20B-0C-0A-OC-0A-OB
= 20B-OC-0A-OC-0A -OB.
Miit khac ta c6 BC? = (55—&3’)2 - 0B2+0C%-20B-0C.
= 20B-0C =2R% - a2 trong d6 R = OA = OB = OC.
Tuong tu ¢6 204 -OC = 2R? - b2, 20A -OB = 2R? - ¢2.

~ - b2+c2 2 - ,
Vay 18-0G-GM = —a“=0=>0G-GM =0 (do co (xx)).

N s, A A N ° ~ 3 3
Cho a, b, ¢ la cac so0 thuc duong thay doi va théa man a+b +c = 75
1 1 1
+ + .
a?+b2+3 b2+c?2+3 c2+a?+3

L Tim gia tri 16n nhat cta biéu thitc M =

% L&i gidi. Bdt phu: Cho céc s6 thuc x,v,z >0, a,b,c 1a cac sb6 thuc bat ki. Khi dé

a? b2 c? >(a+b+c)2

x oy oz x+y+z

p N . . b
Dau bang xay ra khi 2.2-°

o x oy z
De thay bdt trén suy ra ti bdt Bunhia.
Vao bai chinh
Ta sé ching minh

1 1 1 1

S S 2.2 72,2 a2t 2,0 =5
a“+b4+3 b4+c4+3 c4+a*+3 2

@(1 1 )+(1 1 )+(1 1 )>1

3 a?+b2+3 3 b2+c¢2+3 3 c2+a2+3) 2
a?+ b2 b2+ 2 2 +a? 3
+ + > —,
a?+b%2+3 b2+c¢2+3 c?2+a?2+3 2

o P=
Giasta=b=>c.
Biéndgi 2 tb° __@+0F | (@-bF
a?+b2+3 2(a2+b2+3) 2(a?+b2+3)

Bién d6i tuong tu véi 2 s6 hang con lai ctia P. Sau dé ap dung bdt () ta cé
(@+b+b+c+c+a) (a-b+b-c+a—c)?
~ 4(a?+b%2+c2)+18 ’ 4(a?+b2+¢2)+18
4(a+b+c)?+4a—c)?
4(a?+b%2+¢%)+18
2a+b+c)2+2a-c)?
2(a2+b2+c2)+9

< P>

< P>

Ta sé ching minh
2(@+b+c)?+2(a-c)?
2(a2+b%2+c?)+9
& da+b+c)+4a—c)’ =6(a?+b%+c?)+27
6

o da+b+c)P+4@—c)’=26(a+b%+c?)+2a+b+c)?

3
2_
2
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& 2a+b+c)+2a-c)?=3(a®+b%+c?)+(@+b+c)?
o -b2+ab+bc-ca=0<(a—b)b-c)=0.

Bdt cubdi cung ding, suy ra dpcm.

Pé 24. DE CHON HOC SINH GIOI LGP 10

(Cau hoi dé xuit cta trusng THPT chuyén Tran Phi - Hai Phong).
L Giai phuong trinh x? + 2v2x + 7= 2V3 - 2x + 5.

N 7 3
Phuong trinh ban dau tudng duong véi phuong trinh

(6—2%%(2@—2)”2—1

4—4x 4—4x 9
=3 + =x“-1
3+V2x+7 V3-2x+1
x=1
< 4 4
+ =—x—-1. (1)
3+v2x+7 V3-2x+1
Phuong trinh (1) tuong duong véi phuong trinh
4 4
——1)+(——1):—x—3
(3+\/2x+7 v3-2x+1
—2x—6 2x+6
o + =-x-3.
(B+v2x+T7)(1+v2x+7) (V-2x+3+1)(V-2x+3+3)
x=-3
= -2 N 2 B )
(B+v2x+7)(1+v2x+7) (V=2x+3+1)(V=2x+3+3)
-2
Phuong trinh (2) vo nghiém vi VT > .
. . (3+v2x+7)(1+v2x+7)
-2 2
Lai co >—-—>VP.
' (B+v2x+7)(1+v2x+7) 3
Vay phuong trinh ¢6 nghiém x =1 hoac x = -3.
Cach khac. 5
Piéu kién —— <x < —.
1eu kién 5 X 3 ; ;
Véidiéukiéntréntacéx+5+2\/2x+725Vé—2\/—2x+3+x—3s—§<0.
1 1 2 1

Do do

~1<Z-1=-2<0
3

+
X+5+2V2x+7 -2vV-2x+3+x-3 3
PT o (x+5—2\/2x+7)+(2\/—2x+3+x—3)—x2—2x+3:0

x2+2x -3 x2+2x-3

2

o + —-x“-2x+3=0

x+5+2V2x+7 -2v-2x+3+x-3
& (x*+2x-3) ! + ! -1[=0

x+5+2V2x+7 -2v-2x+3+x-3

x=1
<>

x=-3.

Vay phuong trinh ¢6 nghiém x =1 hoac x = -3.
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(Cau héi dé xuit chia trusng THPT chuyén Lam Son - Thanh
Hoé6a.) Cho tam gidgc ABC (AB < AC) nhon, khong can ndi tiép dudng tron (O).
Cac duong cao AD, BE va CF cat nhau tai H. Goi M 1a trung diém canh BC.
Puong tron (J) ngoai tiép tam gidc AEF cat dudng tron (O) tai diém thi hai la K
(K # A). Duong thang AM cat duong tron (J) tai diém thit hai la Q (Q # A). EF
cit AD tai P. Poan PM cit duong tron (J) tai N.

a) Ching minh cic dudng thang KF, EQ va BC dong quy hoic song song va ba
diém K, P, @ thang hang.

b) Chiing minh réng dudng tron ngoai tiép tam gidc DMN va dudng tron ngoai
tiép tam giac BNC tiép xic nhau.

X Loi gidi.

A/

a) Goi A’ 1a diém d6i xiing v6i H qua M, suy ra BHCA' 13 hinh binh hanh.
Do d6 A'C/BH; A'B//CH, suy ra A'‘CA = A'BA =90° = AA’ 1a dudng kinh cta
duong tron ngoai tiép tam giac ABC. Suyra A’K L AK. (1)
Dé thay AH 1a duong kinh cta dudng tron (J), suy ra HK L AK. (2)
Tu (1) va (2) suy ra K, H, A’ thang hang.
Ma H, M, A’ thang hang nén suy ra K, H, M, A’ thang hang.
Goi L 1a giao diém ctia AK va BC.
Tt cac két qua trén va gia thiét, suy ra H 1a truc tam cta tam gidc ALM, suy
ra LH vudng géc véi AM, goi @ =LHNAM = Q' €(J)= Q' =Q. Suy ra cic tu
gidc ABDE, ALDQ noi tiép, suy ra HL-HQ =HA-HD =HB-HE = LBQE noi
tiép.
Tac6 AF-AB=AE-AC =AK-AL=AH-AD =AQ-AM. Suy ra cac ti giac KLBF,
CMQE noi tiép.
Nhu vay: LB la truc dang phuong cia hai duong tron (LBQE) va (KLBF);
KF la truc dang phuong cta hai duong tron (KLBF) va (J);
EQ 1a truc déng phuong ctia hai dudng tron (J) va (LBQE).




B6 dé thi hoc sinh giéi Lép 10 93

Do d6 ba duong thang KF, EQ va BC dong quy hoic song song.

EF la truc dang phuong cta hai dudng tron (BC) va (J).

KQ 1a truc déang phuong cta hai dudng tron (J) va (LM).

Paxra = Paxsey nén A thudce truc déng phuong cta (LM) va (BC). Do AD
vudng géc véi duong noéi tdm hai dudng tron (LM) va (BC) nén AD la truc
déng phuong cta hai duong tron (LM) va (BC). Lai c6, P 1a giao diém ctua EF
v6i AD nén suy ra P thudc KQ.

Cach khac: Ta c6 AF-AB=AE-AC=AK-AL=AQ-AM =AF -AB=AH-AD,
Qua phép nghich dao w(A,AH -AD), tAm A phuong tich # =AH -AD:

Puong thang KF bién thanh duong tron (ABL);

Puong thang EQ bién thanh duong tron (ACM);

Puong thiang BC bién thanh dudng tron (AEF).

Ba duong tron (ABL); (ACM); (AEF) c6 chung nhau diém A.

Do d6 truc dang phuong cia ba dudng tron d6 dong qui tai A hodc trung nhau.

Vay ba duong thang KF, EQ va BC song song hoic dong quy.

b) Ta c6 AK la truc dang phudng ctia hai dudng tron (0) va (J);
EF la truc dang phuong ctia hai dudng tron (J) va (BFEC);
BC la truc dang phuong cta hai duong tron (BFEC) va (0), ma AK cat BC tai
L, suy ra AK, EF, BC dong quy tai L.
Ta c6 M 1a tam ctia duong tron (BFEC), suy ra MJ L EF, két hop véi JD LLM.
Suy ra P la truc tam tam gidc JLM. Do d6 MP L JL. Goi S 1a giao diém cua
JL va MP, ta c6 ti gidc LDPS ndi tiép, suy ra JS-JL=JP-JD. (3)
Xét tit gidc toan phan AEHFBC, ta ¢6 (A,H,P,D) = -1, ma J la trung diém
AH nén theo hé thic Newton suy ra JH2=JP-JD. (4)
Tt (3) va (4) suy ra JS-JL = JH? = JN%, ma NS L J suy ra LN vudng géc véi
JN hay LN la tiép tuyén cta (J). Suy ra LN2=LK-LA =LB-LC = LN la tiép
tuyén ctia duong tron (BNC). (5)
Tu AKM = ADM =90° = 4 diém A,K,D,M cung thudc moét dudng tron, suy ra
LN?2=LK-LA=LD-LM = LN la tiép tuyén cta dudng tron ngoai tiép tam giac

MND. (6)
Tu (5) va (6) suy ra hai dudng tron (BNC) va (MND) tiép xtc nhau tai N
(dpcm).

. . . (@=b)b—c)c—
Tim tat ca cac bo ba s6 nguyén (a,b,c) sao cho so (a—bX 5 cXe—a) +21a

L mot lay thua nguyén khong am).

o
X Loi giai. Gia st a, b, ¢ 14 cac sb nguyén va n 13 mét sé6 nguyén duong sao cho

(@—-b)b-c)c—a)+4=2.2016201"",
Pit a —b = —x; b—c = —y va ta viét lai phuong trinh trén nhu sau
xy(x+y)+4=2.2016201"",
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Néu n =1 thi vé phai caa (1) chia hét cho 7, vi thé ta ¢6
xy(x+y)+4=0(mod 7).
Goi u,ve{-3,-2,-1,0,1,2,3} thoa man x = u(mod 7), y = v(mod 7).
Ta c6 uv(u+v)+4=0(mod 7) (2). Tt (2) ta dudc u #0, v #0, u+v #0.
Gia st u = v. Khi do6 ta xét cac truong hop sau:
¢ v=-3=>ue{-3,-2,-1,1,2} thi thidy khong théa mén (2).
o v=—-2>uec{-2-1,1,3} thit thdy khong théa man (2).
o v=-1=ue{-1,2 3} thit thdy khong théa man (2).
o v=1=ue(1,2,3} thit thiy khong théa man (2).
o v=2=u e (2,3} thit thiy khong thdéa méan (2).
& v=23=u e (3} thit thiy khong théa méan (2).
Chu y: (Huéng khéc hoc sinh c¢6 thé lam).
Dé chiing minh xy(x + y) + 4 = 0(mod 7) khong x4y ra ta cé thé chiing minh nhu sau:
tu xy(x +y)+4=0(mod 7) suy ra 3xy(x +y) =2(mod 7) hay
(x+9)2 -3 =33 =2(mod 7) (3).
Pé y rang v6i moi sb nguyén &, ta ¢6 2 = —1;0;1(mod 7).

3 va y phai c6 s6 chia hét cho 7.

Tt (3) suy ra mét trong céc sb (x +v)?, x
Do 7 1& s6 nguyén t6 nén mét trong cac sb x + y, x, y phai c6 s6 chia hét cho 7.
Suy ra xy(x + y) chia hét cho 7. Pay 1a mot diéu mau thudn xy(x+ y) +4 = 0(mod 7).
Vi vay, chi c6 thé 1a n = 0. Khi dé
xy(x+y)+4=20xy(x+y)=-2
S xylx+y)=1-(-2)=(-2)-1=(-1)-2=2-(-1)
Xét cac truong hop sau:

xy=1
& ox=y=-1.

x+y=-2

xy=-2 x=2 oo lx=-1
® o hoac

x+y=1 y=-1 y=2.

xy=-1
® Y khong c6 nghiém nguyén.
x+y=2

xy=2 .

® vO nghiém.
x+y=-1

Vay bo ba s6 thoa méan yéu cau bai toan 1a (a,b,c) = (k+2,k +1,k) (v6i k € Z) cung céc

hoan vi.

(Cau hoéi dé xuit caa truong THPT chuyén DHSP Ha Noi).

. b b 1 1 1
Cho a, b, ¢ 1a ba sb thuc duong théa man =<+ <52 2T :2( )

_+_
ab bec ca

a b c
Ching minh rang: a®+ b2+ ¢2+3=2(ab + bc + ca).
o
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% Loi giai. Gia thiét tuong duong véi

1 1 1
b+c+1+c+a+1+a+b+1:2(—+—+—)+3
a c ab bc ca
11 1 2
< (@a+b+c) —+—+———):
a b c¢ abc

< (a+b+ce)ab+bec+ac—2)=3abec.
Theo bat dang thitc AM-GM ta c6

b 3
(a+b+c)(ab+bc+ac—2):3abcSM.
Do d6
b 2
ab+bc+ac—25w@1829(ab+bc+ca)—(a+b+c)2
9 b+c)? T(ab+bc+ca)—(a?+b2+c?
©32—(ab+bc+ca)—(a+ o) = (@ ¢+ea)—(a )
6 6 6
@a2+b2+02+327(ab+bc+ca);r5(a2+b2+c2)
T(ab+bc+ca)+5(a?+b2+c?
Do a?+b%+c%=ab+bc+ca,Va,b,c nén @ ¢ ca)6 G 0)22(ab+bc+ca).

Vay a?+b2%+c2+3=2(ab+bc+ca).
D4u bang xay ra khi va chikhia=b=c=1.

Cho mét bang 6 vuong kich thudc 10 x 10, trén d6 da dién cac s6 nguyén
duong tit 1 dén 100 vao céac 6 vudng con theo trinh tu nhu hinh a. O mébi budc bién
d6i, nguoi ta chon tuy y ba 6 vudng con lién tiép theo hang hoic theo cot hoic
theo mét dudng chéo ctia hinh vuéng kich thuée 3 x 3 (xem hinh b) rdi thuc hién:
Hoé#c 1a giam sb 6 6 nam gitia di 2 don vi dong thoi téng sb 6 hai 6 lién ké 1én 1
don vi, hodc 14 téng sb ¢ 6 nam gitta 1én 2 don vi déng thoi giam s6 6 hai 6 lién
ké di 1 don vi. Gia st réng sau hitu han budc, tap hop tat ca cac sb ghi trén bang
6 vudng van 1a tap {1;2;3;...;100}. Ching minh ring khi d6 cac sb ghi trén bang
theo dung vi tri nhu trude khi bién ddi.

N o
& Loi gidi.
1123 ]...]9 10
11112 13| ... |19 20
21122123 |...]129| 30
9119293 |...]199 ] 100
Hinh a - bang 6 vudéng ban dau Hinh b - ba 6 vudng con lién tiép

Ta ki hiéu a?i, b 12 s6 ghi 6 6 vudéng con thuéc hang i, cot j 6 ngay sau buéc bién d6i

thit n, & d6 thi tu hang i tinh ti trén xubéng dudi, thi tu cot j tinh tir trai sang phai.

» Ban dau (coi 1a “ngay sau lan bién d6i thit 0”) trén bang c6 cac sb a?i, ;) dude
dién vao 6 theo quy luat a?i,j) =10G—-1)+j v6i moi i,j e N*,1< i, < 10.

o Xét dailugng T, = Y. ay, pagy veineN.
1<i,j<10 ’
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N . « A A2 , _ 0 0
Ban dau khi chua bién d6i, ¢6 Ty = Z ag iy 4.y
1<i,j<10
Xét tir 1an bién doi thit n sang lan bién dsi thd » + 1, bang cach thi tiing kha ning

vé chon bo ba 6 vuong lién keé (6 & giita dién ag J.)):

n n n
Ca-1,) | %G | PG+1,)

Trudng hop chon 3 6 vudng lién tiép nhu hinh vé trén
_ 0 n+l 0 n+l 0 n+l 0 n+1l
Tnir =aqpyaqnte+aG 15 %G 1) T %) Uip TGy it
0 n+1
*---@10,10) " %(10,10)

_ 4,0 _n 0 i - o (,n
=1y T TG (a<i—1,j)+1)+a(i,j) (%',j)iz)

0 - 0 _ 0 0 0
TOG41,) (a?i+1,j) + 1) +...+a(10,10) A(10,10) = In & (2a(i,j) QG115 T a(i—l,j))

Cac truong hop con lai, v6i cach thite bién déi tuong tu, ta thiy gia tri caa T, chi
“tang” hoac “giam” di mo6t luong dang 2“?1‘, e a?p’m) - a(()q,r) v6i p,m,q,r 1a sb nguyén
duong thoa man p+q=2i vam+r=2j.
Mit khac: 2af; j, = af, ) =a(, ) = 20106 =D +1-[10(p D+ ml-[10(g - D + r1=0.
Vay T,, = T, +1 v6i moi n, nghia la T, 1a mo6t bat bién cia qua trinh bién doi.
Gia st sau N budc, tap hdp cac sé ghi trén bang ding bang (1;2;3;...;100} nghia la

~( N N N N N N A
bo (“(1,1)"1(1,2)’---’a(1,10)’a(2,1)’---’“(10,10)) la mot hoan vi caa bo (1;2;3;...;100).
< _ _ A 0 N _ 0 0
Ta co TN = TN_1 =...= T() nen Z a(i’j) -a(i’j) = Z a(i’j) -a(i’j).
1<i,j<10 1<i,j<10
Mat khéc theo bat dang thic ve day sap xép taluénecé ) a?i j)-af\i] s Y a?i o
1<i,j<10 ’ 1<i,j=<10
0 A 2 . > o . . oy~ N N N N N .
a(; ;> dau dang thuc chi xay ra khi hai day (a(1,1)’a(1,2)’---’a(1,10)’a(2,1)’---’a(l,lo)) va
0 0 0 0 0 A N A < ‘2
(a(l,l)’a(l,Z)’ 0 10y %21y 7“(10,10)) xep theo cung trat tu tang giam.
Hai day nay la hoan vi cia nhau nén diéu d6 chi xay ra khi va chi khi
N N N N N _ (.0 0 0 0 0
(a(l,l)’a(l,Z)""’a(l,IO)’a(2,1)’ e ’a(10,10)) = (a(l,l)’a(l,z)""’a(l,IO)’a(Q,l)’ e ’a(10,10))‘
Vay bang so luc nay dudc sap xép dung nhu trat tu lic dau.
be 25. DE CHON HOC SINH GIOI LOP 10
3,.3 19,2
) Tx° +y° +3xy(x —y)=12x"-6x+1
(4.0 diem)Giai hé phuong trinh
L 2Vx2+3-1/9-y2=x.
°

T3+ 9% + 8xy(x —y) = 122% —6x+1 (1)

X Loi gidi. Ta ¢
2Vx2+3—1/9-y2=x. (2
Piéu kién xéac dinh -3<y<3.

Phuong trinh (1) & (x—y)?=2x-1>? © y=1-x. (3)
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Thé (3) vao (2) ta dudc

2Vx2+3—V8+2x—x2 =«
& 2Vx2+3=x+V8+2x—a2
o 4(x2+3) =2x+8+2xV/8+2x — 22
& 2x-17-x(V8+20-22-38) =0

o (x—1)% =0

X
2+
V8+2x—x2+3
x—1=0

=
0.

x
2+ =
V8+2x—x2+3

Ta c6 hai truong hdp:
o TH1: Néu x=1thi y=0.
Thit lai vao hé phuong trinh ban dau thay théa man.

. x
¢ TH2: Néeu 2+ =0 thi ta c6 phuong trinh
V8+2x—x2+3
-x—6=0
2V8+2x—x2=-x-6< ) (v6 nghiém).
55 +4x+4=0

Vay hé phuong trinh da cho ¢6 nghiém duy nhéat 1a (x;y) = (1;0).

(4.0 diém) Cho duong tron (O) va day AB. Cac duong tron (01) va (Os)
nam vé mot phia d6i véi duong thang AB, tiép xic véi nhau tai T dong thoi tiép
xtic v6i AB va tiép xtc trong véi duong tron (0). Tiép tuyén chung tai T cta cac
dudng trong (01) va (05) cit dudng tron (O) tai C (véi C thudc nita mat phing véi
bo 1a duong thing AB c6 chia hai dudng tron (01) va (Og). Ching minh rang 7 1a
tam dudng tron noi tiép tam gidc ABC.

\_
X LJi giai.
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K

Goi E,F,M,N lan lugt 12 tiép diém (O,), (02) v6i dudng tron (O) va AB nhu hinh vé.
Goi K 1a giao diém EF véi (O).
Ta c6 cac diém E, 01,0 thang hang; cac diém M, 05,0 thang hang.
Hon nita EKO = OEF = O,FE = O,F//OK = OK 1 AB.
Vay K 1a diém chinh gitta cang AB. Nhu vay EF di qua diém chinh gitia K ctia cung
AB.
Chiing minh tuong tu ta cing c6 MN cung di qua K.
Tu d6 MEF = MNB nén ti giac EFNM 1a ti gidc noi tiép, do dé
Pxio, =KF-KE =KN-KM = Pgj0,).
Vay diém K nim trén truc déng phuong caa (01),(0y).
Suy ra ba diém C, T, K thang hang. Tit d6 diém 7T n3m trén phan gidc cia ACB.(1)
Ta c6 cac cip tam gidc dong dang AKAF va AKEA; AKBN va AKMB.
Tudé KA>=KF-KE=KT?>=>KA=KT.
Ta lai c6 KA=KB,suyra KA=KB=KT.
Vi vay cac AKAT va AKBT cung can tai K.
Do 6 CAT = ATK - ACT = TAK - BAK =TAB.
Suy ra AT la phan gidc cia CAB. (2)
Tt (1) va (2) suy ra T la tam dudng tron noi tiép AABC (dpcm).

(4.0 diém) Cho m va n 1a cac s6 nguyén duong théa man 2016™ +1 14 uéc
L ctia 2016" + 1. Chiing minh rang m 14 uéc caa n.

N Lo gidi. Pat n=mq+r(0<r<m)khi d6 ta viét
2016" +1=2016™9""+1=2016™-2016" + 1.
Ta xét cac truong hop sau:
o TH1: Néu ¢ 12 s6 18 thi 2016™ + 1= [(2016™)? +1]-2016" + 1-2016".
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Két hop v6i (2016™ +1) | (2016™ + 1) thu duge (2016™ +1)|(2016™ + 1) = r = 0= m|n.
o TH2: Néu ¢ 1a chén thi 2016" + 1= [(2016™)? — 1] -2016" +2016" + 1.
Két hop véi (2016™ +1) | (2016" + 1) va (2016™ + 1) | |(2016™)” - 1] ta thu dugc
(2016™ +1) | (2016 +1) (vd li vi O<r<m).
Vay ta c6 diéu phai chiing minh.

(4.0 diém)Cho ba sb duong a,b,c thay déi va théa mén a +b + ¢ = abe.
Ching minh rang

b 1 1 1)?
3+—+£+32(—+—+—) +V3.
27 \la b c

e T 1 1 1 . < s
X Loi gidi. Patx=~—,y= PAkduin ta co x,y,z la cac so duong nay va xy +yz +zx = 1.
a c

Ta can ching minh
2 2 .2
X z

3—\/§+—+y—+—2(x+y+z)2.

y oz X

Trudc hét ta ching minh

x2 y2+z2>(x+y+z)(x2+y2+z2)

(1)

y z x xy+yz+zx
That vay, ta co
2
X
(1)©(xy+yz+zx)z— 2(x+y+2)(x2+y2+22)
xyz
3

Xz
Srafz+2ly+yia+ Y T2t vy 428 ) APy

oxl+y3+2

xyz xyz
3 3 3
x°z X 2
—+y—+—y2x22+zy2+yx2. (2)
y z X
Theo bat dang thitc AM-GM ta c6
3 3 3 3 3 3
x°z x X z x°z z
—+y—22x2y;y—+—y22y22;—+—y2222x.
y z z X y X

Cong theo vé ba bat dang thic trén suy ra bat ding thic (2) dude chiing minh.
Vay bat dang thic (1) dudc ching minh.
2 .2 L2
Tu (1) suy ra 3-v3+l 4L 12 >3-vV3+(x+y+2)(x®+y%+2%).
y z x

Vi vay ta can ching minh
3—\/§+(x+y+z)(x2+yZ+z2)2(x+y+z)2
= (x+y+z)(x2+y2+22)2x2+y2+z2\/§—1
@(x2+y2+z2)(x+y+z—1)2\/§—1. (3)

>xy+yz+zx=1vax+y+z=\/3(y+yz+zx)=V3nén ta c bat dang

Do x2 + y? + 22

thtic (3) dudc chiing minh. Tt d6 ta c6 diéu phai chiing minh.

(4.0 diém)Cho tap hop X c6 2016 phan tit. Chon ra 64 tap con X1,Xo, ... Xe4
ctia tap X (mdi tap con déu chita nhiéu hon 1008 phan tt). Chiing minh ton tai
tap con A ctia X c6 sb6 phan t& khéng vuot qua 6 ma AnX # @, véi i = 1,64.
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X Loi giadi. Téng s6 phan tit trong 64 tap con 16n hon 64-1008 = 32-2016. Vi vy ton
tai mot phan ti o ctua tap X thudc it nhit 33 tap con, gia st 1a X1,Xo,... Xs3.

Xét 31 tap con con lai, 1i luan tudng tu suy ra ton tai mot phan tit b ctia tap X thudc
it nhat 16 tap con, gia sit 12 X34, X35,
Xét 15 tap con con lai, 1i luan tudng tu suy ra ton tai mét phan ti ¢ cia tap X thudc
it nhat 8 tap con, gia st 1a X 50,X51,....
Xét 7 tap con con lai, 1i luan tuong tu suy ra ton tai mét phan ti d caa tap X thuéc
it nhat 4 tap con, gia st 1a Xsg, X59, X60, X61.

Xét 3 tap con con lai, 1i luin tuong tu suy ra ton tai mot phan ti e ciia tap X thudc
it nhat 2 tap con, gia st 1a Xeo, Xes.

V6i tap Xgq4 con lai ta 14y mot phan ti £.

Nhu vay tap con A chita cac phan ti a,b,c,d, e, f thdéa man bai toan.

Suy ra diéu phai chiing minh.

pé 26. PE CHON HOC SINH GIOI LOP 10
(6,0 diém)
a) Giai phuong trinh sau 4x% + 12xVx+1=27(x + 1), x € R.

I A N 9
b) Giai bat phuong trinh sau *_5-3 > |x—2|.
x —_— J—

X Loi giai
a) DPiéu kién x+1=0 © x = —1. Phuong trinh da cho tuong duong véi
4x% +12xVx+1=27(x + 1) = 36(1 +x)
o 2x+3V1+x)2=(6vV1+x)

[2x+3V1+x=6V1+x
< 2x+3V1+x=-6V1+x
[3vVIi+x=2x (1)

< 9V1+x=-2x. (2)

< x=23.

) 91+x)=4x? [4x®-9x-9=0
Ta c6 (1) & RN

x=0 x=0

8(1 +x) = 4x2 {4x2—81x—81 =0 81-9v97
Py SX=—"

Tac6(2)©{
x<0 8

x<0

81-9v97

Vay x=3; x = — la nghiém cua phuong trinh da cho.

DAy x#2
b) Diéu kién |x—5|—3¢0©{
x #8.
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o THI1: Xét x<2 ta co

1)

>2—-x

5-x-3"

>2—x

2—x
@(2—xﬁ59

© -3=x-2<3
o —-1<x<b5.
Vay -1 <x <5 la nghiém.
o TH 2: Xét 2<x <5 tacod
e

>x—-2o >x—-2o —(x—2)2=>09.

) 5-x-3 2—x
Vay bat phuong trinh v6 nghiém.
o TH3: Xét 5<x#8tacd

9
D)o ——=x-2
o x—8 X

9
o ——(x-2)=0
x—8

9—(x—8)(x—2)
o =0

x—8
— 52 —
x“+10x 720
x—8
& (x—8)(x*-10x+7) <0
x<5-3V2
<
8<x<5+3V2.
Két hop véi mién x dang xét ta c6 8 < x < 5+3Vv2 1a nghiém ctia bat phuong

trinh.

Vay tap nghiém ctia bat phuong trinh 1a S =[-1;2)U(8;5+3V2].

(3,0 diém) Tim tat ca cac sb6 nguyén duong n sao cho hai sb6 n + 26 va
L n—11 déu la lap phuong caa hai s6 nguyén dudng nao nao dé.

°
X | gidi. Gia st ¢6 s6 nguyén dudng n sao cho n+26=x> van—11=y> véi x,y 1a
hai s6 nguyén duong (x > ).
Khi d6 ta dugc x% - 3 :37<:>(x—y)(x2+xy+y2) = 37.

< 9 9 A Cx-y=1
Ta thay O0<x—y<x“+xy+y° nén taco 5 5

x“+xy+y =37

Thay x = y +1 tit (1) vao (2) ta dude y*+y—12=0 tit d6 c6 y =3 va n = 38.
Vay n =38 1a gia tri can tim.

(3,0 diém) Cho tam gidc ABC va diém K thuoc canh BC sao cho KB =
2KC, L 1a hinh chiéu cta B trén AK, F 1a trung diém ctia BC, biét rang KAB =
2KAC. Chiing minh rang FL vudng géc véi AC.

X Loi gidi.
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o Cach 1.
Pit BC=c, AC=b,BC=a,KAC =a. A
Khi d6 KAB = 2a,BAC = 3a.
Ap dung dinh 1i sin cho tam gidc ABK va ACK, ta
dudc
BK AK CK _AK
sin2a sinB’ sina sinC’
Do BK =2CK, nén tu cac dang thuc trén ta co
sinB B F K ¢
cosa = — (*)
sinC
Lai ¢6
b2 + ¢2 2 2 p24 02 42
FAz—FC2:( ¢ —a—)—a—:#:bc-cosA:bc-cos&x 1)
2 4 4 2
LC?=LA%2+b%2-2b-LA -cosa=LA?+b?-2bc-cos2a-cosa
= LA?2-LC?=2bc-cosa-cos2a —b? = bc(cosa +cos3a) — b2
= (bc-cosa—b2)+bc-cos3a. (%)
Thay () vao (%), ta dudc LA%2—LC? =bc-cos3a. (2)
Tt (1) va (2) suy ra FA2 - FC? =LA®?-LC2.
Theo dinh 1i Carnot, suy ra CA vuong goc v6i FL.
¢ Cach 2. Xét hai truong hgp sau:

Trudng hop 1. L nam trén doan AK. A
Ta c6 FK BF
KC BC’

Goi M 1a trung diém cua BK. Suy ra
MF-MC =MB-MK = ML? = MLF = MCL.
Ma MLK = MKL
LC KC ¢

FLE=CLE > —=="Z=29.
= CLK= 15 = %% B

Goi N 1a diém dbi xing véi L qua F. N
Suy ra LC =LN, BN = LC (BNCL la hinh binh

hanh).

Suy ra NB=NL.

Vay AALC = AALN (c.g.c).

Tt day LAN = LAC = *=* = BAN = KAN.

Vi MNKL la hinh hanh, KL | BL nén MN la dudng trung truc cia BL. Goi
N la giao diém cta dudng trung truc cia doan thang BL véi duong phan giac
géc A cta duong tron ngoai tiép tam gidc ABL. Vay N 1a diém chinh giiia cta
cung BL (khong chta diém A) ctia (ABL).

Vay ANL = ABL =90° -~ BAL =90° - NAC.

Hay NL L AC.
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Truong hop 2. L nam ngoai doan AK. Lap luan tuong tu ta ciing ¢c6 NL L AC

o Cach 3. Goi D 1a diém dbi xting véi B qua AK va E la diém trén tia AK sao
cho AE=AB=AD.
Ta thay tam gidc EAD la tam gidc can va C nam trén phan gidc cia EAD.
Ta chiing minh rang C 1a trung diém cta DE.
That vay, gia st C khong nam trén DE. Goi C' 1a giao diém cta DE va AC,
BC' cit KE tao K'.
Suy ra K' 1a trong tAm cta tam gidac EBD.

- BK' = 2K'C = KK'/ICC' (v6 Iy).

Vay C =C'.
Vi C la trung diém ctia DE, suy ra DE 1. AC. Hon niia F la trung diém cta
BC, L 1a trung diém ctia BD, suy ra FL/ED. Vay FL 1 AC.

(4,0 diém) Cho A 1a tap hop géom 8 phan ti, tim s6 16n nhat caa céc tap
con gom 3 phan ti cia A sao cho giao cia 2 tap bat ky trong céc tap con nay
khéng phai 1a mét tap hop gom 2 phan ti.

% Loi gidi. Ky hiéu |X| 14 s6 phan t& cta tap hitu han X.
Goi B1,Bo,...,B, la tap con cuaa A théoa man
IB;| =3,|BinB;| #23,j=1,2,3,...n).
Gia st ton tai phan tit a € A ma o thudc vao 4 tap trong sb tap By, Bo, ...,B, (chang
han a € B1,Bs,B3,B4), khi d6 |B;nB;|=1(i,j = 1,2,3,4).
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Ma B, #B; néu i # j, tdcla |B;nB;| # 3.
Do d6 |B; nBj|=1(i,j=1,2,3,4).
Tu day |A|=1+4-2=9, diéu nay mau thuan.
Nhu vay, méi phan t& A chi thudc vé nhiéu nhat 1a ba trong s6 cac tap hop B1,Bs, ..., B,.
Khi d6 3n<8-3 o n <8.
Gia st A ={a1;as;...,ag} Xét cac tap con cua A la
Bi1={ai;as;a3}, B2 ={a1;a4;a5}, B3 ={a1;a6;a7}, By = {ag;asz;a4}
Bs ={ag;az;ae}, Be = {as;as;art, By = {as;as;a6}, Bs = {ag;a4;a7}.
T4m tap hop trén 1 cac tap con gom ba phan tit A théa man |B; nB;| #2.
Vi vay s n can tim 1a n = 8.

(4,0 diém) Cho céc sb duong x, y, z. Chiing minh bat dang thic
x+Dy+1? (y+DE+1D? (z+Dx+1)?2

+ +
3V22x2+1  33/xZy2+1  3Yy222+1

=x+y+z+3.

% Loi gidi. Bat dang thiic da cho tuong duong véi
(x+1)(y+1)? . (y+1(z+1)? .\ (z+1)(x+1)?
3Vz2x2+1  3Y/x2y2+1  3Y/y222+1
Goi vé trai ctia bAt ding thic S. Do ab+a+b =3V a2b2,VYa >0,b >0 nén
_ e+ Diy+ 1)2 s (y +1)(z +1)? .\ (z+ D(x+ 1)
T E+D)x+1) x+Dy+1) (y+1)z+1)
_(y+1)7? .\ (z+1)?% (x+1)?
z+1 x+1 y+1
. [(y+D++1)+(x+ 12
+D+Ex+1D)+(y+1)
= x+y+2z+3 (diéu phai chiing minh).

=x+y+z+3.

D4u bang xay ra khi vachikhix=y=2z=1.

Pé 27. DE CHON HOC SINH GIOI LOP 10
(4 diém) Cho ham sb y =x%-x—-2
a) Lap bang bién thién va vé do thi cia ham s6 da cho.

b) Tim m dé dudng thang A: y =x+m cat d6 thi cia ham s da cho tai hai diém
phan biét A, B théa mén d6 dai doan thing AB biang khoang cach tit O dén
A.

o
X Loi gidi.
A~ . e ” N A 1s , -b 1 -A -9
a) Tap xac dinh cha hamsolaR. Tacoa=1>0, — =-, — = —.
1 2a 2 140L 4
Ham s6 nghich bién trén (—oo; 5) va dong bién trén (5; +oo).
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y
1

X —00 - +00
2

y' -0+

+00 +00 0 .

y \ 9/

4

b) Phuong trinh hoanh d6 giao difm x> -x—-2=x+m © x> -2x-m -2=0.
Puong thang cat do thi tai hai diém phan biét © A'>0o m > -3.
Im|

ANix—y+m=0,d(O,A)=—
g Va

A(x1;21+m),B(xg;x2 + m)

AB = \/(x2—x1)2+(x2+m—x1—m)2 =AB = \/2(362—361)2

=\/2(x2+x1)2—8x1x2= \/2-22—8(—m—2):v8m+24
AB:d(o,mo@@mz—wm—zxszo
V2

< m =8+4V7 (théa man diéu kién).

(6 diém)
xy(x—10)(y —10) =81
a) Giai hé phuong trinh { o
x“+y“—10x-10y+18=0.
b) Giai phuong trinh 2vx2-5x+7 =3(x —1)(x —4) +8.

¢) Tim m d€ phuong trinh V4 +x +v4—x+2V 16 —x2 = m ¢6 nghiém duy nhét.

\. .
X L gidi.
2_10x)(y?-10y) =81
a) HPT < (x"~10x) (y"~109)
(x* - 10x) (y* - 10y) = -18.

Pit u=x2-10x,v=y?>-10y. Tacé u-v=81, u+v =—18.

Suy ra u, v 12 2 nghiém ctia phuong trinh x2 + 18x + 81 =0.

Suyrau=v=-9.

Hé da cho tuong duong véi hé phuong trinh sau
x*-10x=-9 [x*-10x+9=0 [x=1vx=9

<> <>
{y2—10y2—9 {y2—10y+9=0 {
Hé da cho c6 4 nghiém (1;1), (1;9), (9;1), (9;9).
b) Patt=Vvx2-5x+7, (t=0)suyra (x—1)(x—4)=¢>—3.
Phuong trinh tré thanh 2t =3 (¢t -3) +8

y=1lvy=09.

-1 .
2t:3(t2—3)+8<>3t2—2t—1:O<>t:lvt:?(loal).
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Véit=1,taco Va2—bx+7=1ox2-5x+6=0<x=2 hodic x = 3.
Vay phuong trinh c6 tap nghiém la {2;3}.
©) VA+x+VA—x+2V16-22=m (didu kién —4 < x < 4).
o Diéu kién can: Gia st hé ¢6 nghiém duy nhét 1a x,.
Ta c6 /4+xo+\/4—x0+2\/16-x2=m

VA4 +(=x0) + V4 —(—x0) +21/16 = (=x0)? = m.
0 0 0

= —x0 la mot nghiém ctia phuong trinh.

Vi phuong trinh duy nhét nén xg = —x¢ = xo = 0=>m = 12.
o Piéu kién du: Xét m = 12 phuong trinh da cho tré thanh
2V16-x2<2V16=8(V4+x+V4—x)? =8+2V16—x2 = 12.
Vi+x+Va-x+2V16-x2<16
> Vitx+VA+x+2V16-x2<4+8=12

Péng thic xay ra < x = 0. Phuong trinh c¢6 nghiém duy nhét x = 0.

Vay m =12.
(4 diém)

a) Cho cac s6 dudng a,b,c. Chiing minh rang
1 1 1 4Aa+b+c)

+ + = .
ab+ac be+ba ca+eb (a+b)b+c)c+a)

b) Cho cac sb thuc x,y,z théa man x+y+z =0, x® +y?> + 22 = 8. Tim gia tri nhé

nhét cta biéu thic S = |x| + |y| + |z].
N °

N LJi giai.
a) Ta co
BDT

(a+b)a+ec) ((Bb+e)b+a) (c+a)c+bd)
oS + +

>4(a+b+c)
a b c

b b
©a+b+c+—c+a+b+c+%+a+b+c+a—24(a+b+c)
a c

bc ca ab
©—+—+—=a+b+c.
a b c

Ap dung BDT Cé-si, ta ¢ E+ﬂ220’ ﬂ+@22a, %+@22b,
a b b c c a
bc ca ab
2(—+—+—)22(a+b+0)
a b c

bc ca ab
>—+—+—=a+b+c
a b c

1 1 1 4a+b+c
> + + > .
ab+ac be+ba ca+tchb (a+b)b+c)c+a)

Pang thic xay ra khia=b =c.
b) Ta co

S2 = (|x| + |yl + 121 = 2% + y® + 22 + 2(|x||y| + |yll2] + |2||x])

SZ = 2%+ y2 + 22 + [x|(|yl + 21) + |y1(z] + 1x]) + [21(|x] + [y)).
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Ap dung bat déng thic chita diu gia tri tuyét dbi ta cé
Iyl +121 = |y +2l =] —x| = x| = |xI(ly| + |2]) = 22,
Chtng minh tuong tu |yl(lz] + x]) = y2, |zI(1x| + |y]) = 22.
Wvé.yS222(x2+y2+z2). Thay 2 +y?+22=8=>52>16=> S = 4.
D4u bang c6 thé xay ra, khi (x,y,z) = (2;-2;0) hodc cac hoan vi, ta c6 S =4.

Vay min S =4.

(3 diém)

a) Cho tam giac ABC c6 dién tich S va cac canh BC =a, CA = b théa méan diéu

a?+ b2

. Chitng minh rang tam giac ABC vudng.

kién cotA +cotB =

b) Cho tam gidc ABC, O la trong tAm cta tam gidc. M 14 mot diém nam trong
tam gidc M khac O. Goi D, E, F 1an lugt 1a hinh chiéu vuéng géc caa M 1én
cac canh BC, CA, AB. Chitng minh ring dudng thang OM di qua trong tam

cua tam giac DEF.
\- °
& Loi gidi.
a) Ta co
cosA b2+c2-a2 bZ2+c2-q?
cotA = — = . =
sinA 2bcsinA 4S
cosB  c?+a?2-b%2 c2+a?-b2
cotB = — = - =
sinB 2casinB 48
2 2 2, 7.2
+b
:cotA+cotB:c— c _¢

25~ 25 2S
= c? =a?+b% > tam giac ABC vuodng tai C.

b) Ta chitng minh MD + ME + MF = gMO.

A
Cs
By B
F
Al/ / )
B Ci D B; ¢

Qua M ké duong thang song song véi BC 1an ludt cat AB, AC tai A4, As.
Ké duong thang song song véi AC lan ludt cat B, AB tai Bi,Bs.
Ké duong thang song song véi AB lan ludt cat BC, AC tai C1, Cs.
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Cac tam giac MB1C1, MA5Cy, MA1Bs déu,
1
MD = (M81 +MCl)

ME = % (MA2 +M02) MF = % (MA1 +MBQ)

MD + ME + MF = % [(MBg +MCQ) + (MAl +MCl) + (MAz +MB1)]

1
= S(MA+MB+MOC)= ;MO. 6))

Goi G la trong tam cua tam giac DEF. Ta ¢6 MD + ME + MF = 3MG. (2)
3

Tu (1), (2) ta co EMO =3MG = MO =2MQG.

= M, O, G thang hang. Vay OM di qua trong tam ctia tam giac DEF.

(3 diem)

a) Trong mat phéng véi hé toa dé6 Oxy, Cho tam gidc ABC. Goi a, b 1an lugt 1a
duong trung tuyén va dudng phan giac trong ctia tam giac. cac dudng thang
AD lan lugt c6 phuong trinh 13 x —y—2=0, y = 0. Gia st B(1;3), viét phuong
trinh duong thang AC va xac dinh toa d6 diém C.

b) Trong mat phéng véi toa do6 Oxy, cho tam gidc ABC, BE va CD la cac dudng
cao ciia tam gidc. Gia st D(2;0), E(1;3) va dudng thing bc c6 phuong trinh
2x +y—1=0. Tim toa d6 cta diém B biét B ¢6 hoanh d6 duong.

N °
X LJi giai.
a)
A
E
) y=0
Taco A: = A(2;0).
x—y—-2=0
Goi E 1a diém dbi xiing ctia B qua AD: y=0, ta c6 E € AC, E(1;-3).
2 _2 _0
Phuong trinh dudng thing AC: ’1‘—2 - y3 5 8x-y-6=0.
1 3¢c-3
C(c;3c—6),M(C+ ; ¢ )
2 2
c+1 3c-3

2 2
b) Goi M 1a trung diém cta BC.

-2=0©c¢=0=C(0;-6).
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y
C |3 |E A

M1

(0] 2 x
-1 B

Ta c6 MD = ME.

Goi M(m;-2m+1), ta co MD = ME.

= V5m2-8m+5=V5m2-10m+5=m = 0= M(0;1).

Ta ¢6 B(b;—2b+1), b>0. MB=/(b—0)2+(-2b+1—1)2 = V/5b2.
MB=MD=v5=V5b2=V5,b>0=b=1=B(1;-1).

Pé 28. DE CHON HOC SINH GIOI LGP 10

(4.0 diém) Giai bat phuong trinh V7x2 - Tx—9- Va2 —x— 6 < 2v2x + 1.
. @

% Loi giai. Piéu kién x = 3. B4t phuong trinh tuong duong véi
2
Tx2—Tx—-9< [\/(x+2)(x—3)+2\/2x+ 1]

o 6x2—14x—T<4V(x+2)(x—3)-V2x+1<0
o 3222 -5x-3)—4vV(x+2)(x—3)(2x + 1)+ (x +2) < 0

2x2 — Bx — |22 — 5x —
@3-x bx 3_4 x“—bx 3+1<0
x+2 x+2

18x% —46x—29 >0
<
2%%2 —6x-5<0

23 —1/1051
18
23+ /1051
x> ——-
18
3-v19 3+v19

<x<
2 2

x <

Két hop véi diéu kién da xac dinh, ta dude

23-+v1051 3+v19
—18 <x < 2

(4 diém) Cho ABCD la ti giac noi tiép c6 giao diém P cta hai dudng
k phan gidc cta cac géc BAD, BCD, nam trén dusng chéo BD. Goi @ 14 trung dié’m.
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ctia BD. Pudng théng qua C song song véi AD cét tia AQ tai K ndm ngoai ti gidc
ABCD. Chitng minh réng tam gidc CDK la tam giac can.

X Loi gidi.
Vi ti gidc ABCD néi tiép nén theo dinh 1i

Ptoleme ta co
AB-CD+AD-CB=AC-BD. 1)

Vi AP,CP tuong ing la phan giac goc A va C nén

AB PB CB
4D -PD-CD =>AB-CD =AD -CB. (2)

Tu (1) va (2), suy ra 2AB-CD = AC-BD.
Ma Q 1a trung diém ctia BD nén BD = 2BQ.
Do do AB-CD=AC-BQ h AB _BQ
orsEtT AR
Ma ABQ = ACD (goc noi tiep chan cung CD) nén
AABQ ~ AACD =>AQB=ADC.
Ma AQB = DQK (d6i dinh); ADC = DCK (so le
trong). (x)

Suy ra DQK =DCK. Do d6 tit gide CQDK ndi tiép. Suy ra BQC =CKD. (%)
Chitng minh tuong tu AQBC ~ ADAC =BQC =ADC. (x* %)

T (%), (%) va (% %) suy ra DCK = CKD.

Suy ra tam giac CDK can tai D.

(4 diém) Cho ba sb thuc duong x,y,z thay doi nhung luén théa man diéu
kién xy + yz + zx = 3xyz. Tim gié tri nhé nhat caa biéu thitc
52 52 2

- x(y2+1) - y(z2+1) - z(x2+1)

. . 1a 1A, y 3
X LJi giadi. Ta chiing minh gia tri nho nhat cta S bang 5
1 1 1
Dat —=a,—=b,—=c.
x y z
a_ b L€
j o 1462 1+4c¢2 1+a?
Ap dung bat dang thic gita trung binh cong va trung binh nhéan ta dudc
a ab? - ab? 3 ab
1+62 T 162" - '

2b 2
Viét 2 két qua tuong tu va cong lai ta dusc S=a+b+c—

Ta c6 a,b,c 1a cac s6 thuc duong théamadna+b+c=3va S =

ab+bc+ca

2
Tacéa+b+c=3val(a+b+c)?=3(ab+bc+ca). Tt dé suy ra
1 (@a+b+c)? 3 3
Szatbre—2. OHOF 5 33
2 3 2 2

e V2 1AL N , .
VéyglatmnhonhatcuaSla§,dau ="xayrakhix=y=2z=1.
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(4 diém) Mbi diém trong mat phang dude t6 bdi mot trong hai mau xanh
hodc dé. Chiing minh rang ton tai tam giac ma ba dinh va trong tdm ctia né ¢
cung mau.

X Loi gidi.

-

\

Lay 5 diém tuy ¥ sao cho khéng c¢6 3 diém nao thang hang trong méit phang. Khi

Bl ] C/

d6 vi chi dung hai mau dé t6 cac diém nén theo nguyén 1i Dirichlet phai ton tai ba
diém trong sb6 d6 cung mau. Gia s d6 1a 3 diém A,B,C, mau dé.
Goi G 1a trong tam tam giac ABC. Néu G ¢6 mau dé thi ta dudc tam gidc c6 3 dinh
va trong tam mau do.
Néu G mau xanh. Kéo dai GA,GB,GC cac doan AA’,BB',CC' sao cho AA' =3GA,BB' =
3GB,CC'=3GC.
Goi M,N,P tuong tng la trung diém BC,CA,AB thi AA' =3GA =3- gAM =2AM.
Tuong tu BB’ =2BN,CC’' =2CP.
Do d6 tam giac A'BC,B'CA,C'AB tuong ting nhan A,B,C lam trong tam.
Mat khac, tam gidc ABC,A'B'C’ cling ¢6 cung trong tam G.
Cé hai trudng hop cé thé xay ra
o Ba diém A’,B’,C’ c6 cuing mua xanh: Khi d6 tam giac A'B’C’ va trong tam G
c6 mau xanh.
& It nhAt mot trong cac diém A’,B’,C’ ¢6 mau d6: Khong mat tinh tdng quat, gia
s A’ d6. Khi d6 tam giac A'BC va trong tam A ¢6 mau do.

(4 diém) Chitng minh réng ton tai 16 s6 tu nhién lién tiép sao cho khong
L c6 s6 nao trong 16 s6 d6 c6 thé biéu dién duge dudi dang |7x® +9xy - 5y?| (x,y € Z).
°
N Lgi gidi. Dat [7x% +9xy —5y%| = A va 28A = |(14x +9y)> - 13- 17y?|. Xét s6 du khi
chia A cho 9,13,17, ta dudc
& A chia cho 9 khong c6 sb du 3,6;

& A chia cho 13 khong c6 s6 du 1,3,4,9,10,12;
& A chia cho 17 khong c6 s6 du 1,2,4,8,9,13,15, 16.




112 Dé 29. Dé chon hoc sinh gidi 1dp 10

Theo dinh li thing du Trung Hoa, ton tai s6 nguyén duong n théa man
n=-4 (mod?9)
n=-2 (mod 13)

n=0 (mod 17).
Khi do
¢ n+7,n+10 khong c6 dang |7x2+9xy—5y2|.
o n+3,n+5,n+6,n+11,n+12,n+14 khong c6 dang |7x* + 9xy — 5y7|.

o n+1l,n+2,n+4,n+8,,n+9,n+13,,n+15,,n+16 khong c6 dang |7x* + 9xy — 5y?|.

Tut d6 suy ra tai 16 s6 n+1,n+2,...,n+ 16 théa méan bai toan.

Pe 29. PE CHON HOC SINH GIOI LOP 10

Cho b sb6 gom 8 s6 D ={T,R,A,I,H,E,P,N} va

T_{T+R.R+A_A+I_I+H_H+E_E+P.P+N_N+T
L2277 2727 2" 2" 27’

Bietrang T+R+A+I1+H+E +P+ N =2014. Hay xac dinh cac gia tri N.

} la mét hoan vi cia D.

o)
X Loi giai. Ta c¢6
2 m2, p2
T“+R P
(T;R) <~ dau “=" xay ra khi va chi khi T = R;
A)\? R?+A% e
(R; ) < ; , dau “=" xay ra khi va chi khi R = A;
((N+T)\> N2+T% _, e
(N;_ )) < ;_ , dau “=” xay ra khi va chi khi N=T.
T 2 AZ T2
Ta thu dudc (( +2R) )+((R+2 ))+ + —(NJ; ))5T2+R2+---+N2.
Mit khéc, theo gia thiét thi 7' 14 hoan vi ciia D nén
2 2 2
((T+R) )+((R+A) )+...+(—(N+T) =T?+R?+.--+ N2
2 2 2
2014 1007
SuyraT:R:A:---:N:T:T.
1007
Vay N = —.
4
Giai phuong trinh x® +x—3=v3 - 2x.
U °

DO W

% Loi giai. Piéu kién x <
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Ta co

+x-3=v3-2x o (x+V3-2x)(x-V3-2x-1)=0
x+v3—-2x=0
x—V3-2x—-1=0

(x=1 (loai)

=4

x=-3

x=V2
x = —V2 (loai).
Vay phuong trinh da cho c¢6 hai nghiém 14 x = -3 va x = V2.

V12-2x2=4+y

Giai hé phuodng trinh (1)
L \/1-2y—y2=5-2x.
L J

222 +y2+8y+4=0 (2)

O\ Lo gidi. Ta 6 (1) o { 47 +y°—20x+2y+24=0  (3)

5
> —4;x<—.
y =g

Nhan hai vé caa (3) véi 2 cong véi cac vé tuong dng cua (2), ta thu dude phuong
trinh
2, 9.2 2 2 x=2
10x° +3y“—40x+12y+52=0<10(x—-2)"+3(y+2)° =0« 0
y=-2

Thit lai ta thay (x;y) = (2;—2) 12 nghiém ctia hé phuong trinh da cho.

Cho tam gidc ABC noi tiép dudng tron O. Phan giac trong ctia géc A cat
BC tai A; va cat dudng tron O tai As. Tuong tu ta thu dude cac diém B1,Bs,C1,Co
tuong tng. Ching minh rang

A1Ao N BBy N C.Cso - 3

BA2 +AQC CBQ +BZA AC2+CgB T4
X LJi gidi.
Ap dung dinh 1y Ptoleme cho ti gidc néi tiép CA3BA A .
ta dudc ? g

CAs-AB+BAy-AC=AA,-BC. Cs
ViBAy=CAgnén CA3(AB+AC)=AA,-BC.
Suv ra CA;  BC
Y1 A4, T AB+AC . - c

Xét ACA1As va AACAs, co 1
A, chung; A{CA, = CAA, (2 géc noi tiép chéin 2 cung
bang nhau). A,

A1A;  CAy

S NACA1Ay~NACA =—.
uy ra 142 2= CA, AA,
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< L , A{Ay A{Ay CA, BC
Tu do ta ¢o = = = .
BAs+AsC 2CAy 2AAs 2(AB+ACQC)
B1B2 AC = | €€y AB

Tuong tu, ta co = - '
NE ML A C0 o B I ByA  2BA+BC) C ACy+CsB  2(AC +BC)

T do suy ra
A1Ag N BBy N C.Cs _ BC N AC N AB .
BAy+AsC CBg+BsA AC9+C9B 2(AB+AC) 2AB+BC) 2(AC+BC)
Ap dung bat déng thitc Nesbit cho ba sé duong AB,AC,BC, ta dugc bat ding thi
can phai chiing minh

AqAs N B1By N C1Cy
BAo+AsC CBy+BsA ACy+CsoB

3
> —.
4

Cho s6 nguyén tb ¢6 4 chit sb6 p = abed. Chiing minh rang da thic P(x) =
ax3 +bx? + cx +d khong phan tich dude thanh tich cta hai da thitc bac hén hon 0
v6i hé s6 thuc nguyén.

°
X Loi gidi. Gia st P(x) phan tich dude thanh tich ctia hai da thiic bac hén hon 0

v6i hé s6 nguyén thi mot thiza sb 1 da thiic bac nhat.

Khi d6 P(x) = ax® + bx® + cx + d = (mx + n)(rx® + ux +s), v6i m,n,r,u,s € Z.

Nhan xét rang P(x) khong thé c6 nghiém duong va nghiém bang 0 (do a,b,c,d €
{0:;1;2;...;9} va a,d #0). Do d6 m,n cung dau. Khong mat tinh téng quat, ta c6 thé
gia st m,n > 0.

Pong nhéat cac hé sb caa P(x), ta dudc a = mr va d = ns, tic 1a m 14 mot uéc cta a, n
la mot u6c ciad. Dodé m<a<9,n<d<9. Tudésuyral<10m+n=<99<p=abcd.
Ta lai ¢c6 p = P(10) = (10m + n)(100r + 10u + s). Do do p ¢6 mot wée la 10m +n. Ma
1<10m +n < p nén khi d6 p 1a hop sb, trai véi gia thiét.

Vay P(x) khong thé phan tich dude thanh tich ctia hai da thiic bac hén hon 0 véi hé
s6 nguyeén.

Pé 30. DE CHON HOC SINH GIOI LGP 10

(3 diém)

a) Cho phudng trinh bac hai x® — 2mx +3m —2 =0, trong d6 x 1a 4n, m 1a tham
s6. Tim tAt ca cac gia tri thuc ctia m sao cho phuong trinh da cho c¢6 hai
nghiém x,x va x% +x§ dat gia tri nhé nhat.

b) Cho tam thtc bac hai f(x) = ax®+bx +¢, a # 0. Chtitng minh rang néu f(x) =0
v6i moi x € R thi 4a + ¢ = 2b.

\_

o
X LJi giai.
a) Phuong trinh da cho c6 hai nghiém x1;x9 khi va chi khi
m=2
Nz=0em?-Bm-2)=20e (%)
m<1.

Véi diéu kién trén, theo dinh ly Vi-ét, ta c6 x1 + x2 = 2m, x1x9 =3m — 2.
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Do do
x% +x§ = (x1+ x2)2 —2x1X2
= 4m?-2(8m -2)
= 4m?% -6m +4
( 3)2 7 7
=2m-=| +—-=-.
2 4 4
2 . C o s 3 \ N A 1A
Pang thic xay ra khi va chi khlm:Z (thoa man diéu klen(*)).

P U (N 3
Vay x%+x§ dat gia tri nhé nhat la 1 khi va chi khlm:Z.

b) Gia st f(x) =0 v6i moi x € R. Khi d6 f(-2)=4a—-2b+c=0=4a+c = 2b.

2 diém)
a) Giai phuong trinh vVx—2-v3x=1-v2x+3.
(x—y)(x2+xy+y2+3):3(x2+y2)+2

b) Giai hé phuong trinh
Vx+6+4yy+3= —x% +2x +8.

X Lo giai.
a) Phuong trinh da cho tudng duong
Va—2+V2x+3=1+V3x
> x—2+2x+3+2V(x—2)2x+3)=1+3x+2V3x
& 3x+1+2V222 —x—6=3x+1+2V3x
o Vo —x-6=13x

= 2x% —x—6=23x

x=-1
x=3.
Th lai, ta thiy x = 3 1a nghiém ctia phuong trinh da cho.

o 2%-4x-6=0<

b) Diéu kién x = —6;y = —3.
Tt phuong trinh thit nhat caa hé, ta cé
(-2 +xy+y?)+3x—3y=3x2+3y% +2
2= x3—y3+3x—3y:3x2+3y2+2
= x3—3x2+3x—1:y3+3y2+3y+1
o (x-17=@+1°
S x—l=y+loy=x-2.

Tacox=y+2=-3+2=-1. Thay y =x—2 vao phuong trinh thi hai cta hé, ta
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dudce
Vx+6+vVa+1=—x2+2x+8
o Vx+6-3+Vx+1-2+x2-2x-3=0
x—3 x—3
o + +(x-3)x+1)=0
Vx+6+3 x+1+2
1 1
< (x—3) + +x+1|=0
Vx+6+3 vVx+1+2
o x=3 (vi + +x+1>0).
Vx+6+3 x+1+2
(2 diém)
a) Cho a,b,c 1a cac s6 thuc duong théa man a +b + ¢ = 1. Chiing minh réng
a? b2 2
—+—+— 23+ b2+ ).
b c a
b) Giai bat phuong trinh V3-x>1-vx—-2.
\- °
X LJi gidi.
a) Bat dang thic can chiing minh tuong duong véi
2 p2 o2
¢>?+—+——(a+b+c)23(a2+b2+cz)—(a+b+c)2
C a
a? b2 c2 9 9 9
= ?—2a+b+——2b+c+——2c+a2(a—b) +(b-c)+(c—-a)
C a
_b2 b— 2 )2
(“b Vb ema bR b—cR - ()
C a

P . P . 1
Bat dang thic (x) luén dung do 0 <a,b,c<1. Dau “="xayrakhia=b=c = 3

b) Pidu kién x = 2. Pét t = vVx—2,¢ = 0. Suy ra x = t2+2, thay vao bat phuong trinh

ta dudc
V3-(2+2)21-t o V1-221-¢
o1-2=21-tot?-4t2+3t=0
S tt-1)(t-3)=0< O=t=1
t=3
0<vVx-2<1 [2<x<3
Vis2=3  |x=11.
Két hop véi diéu kién, ta c6 tap nghiém c@a bat phudng trinh 1a S =[2;3]u
[11;+00).
(2 diém)

a) Cho tam gidc ABC, dung vé phia ngoai tam gidc ABC hai tam gidc vudéng
ABE va ACF véi BAE = CAF = 90°, sao cho tam giac ABE dong dang véi
tam gidc ACF. Goi M la trung diém BC, ching minh rang AM vuéng géc
vO1 EF °
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rang néu a? + b2 = 2¢2 va tan A +tanB = 2tanC thi ABC la tam giéc can.

</

L b) Cho tam giac ABC khong vuong véi a = BC, b = CA, ¢ = AB. Chitng minh

N LJi giai.
a) Cach 1:

Ta c6 2m:ﬁ+ﬁ,ﬁ':ﬁ‘—zﬁ. Suy ra
2AM -EF = (AB+AC)AF - AE)
= AB-AF-AC-AE (vi AB-AE = AC-AE =0)

— AB-AF -cos(AB,AF)— AC-AE -cos(AC,AE). (1)

AB AE
Tac6 AABE ~AACF nén — =—=>AB-AF=AC-AE. (2
aco C nenAC Aﬁj C (2)

Mit khac, néu BAC < 90° thi (AB,AF) = (AC,AE) = A +90°. Néu BAC > 90° thi
(AB,AF)=(AC,AE)=270° - A.

Do d6 ta ludn c6 (AB,AF) = (AC,AE). (3)

Tt (1), (2) va (3), suy ra 2AM -EF = 0.

Vay AM L EF = AM L EF.
E \

Cach 2:

AB AE
Dung hinh binh hanh ACDB. Ta ¢6 AABE ~ AACF nén AC- AR
s AB CD
Vi ACZZ la glgh binh hanh nén AC-CA
Dodo 7 -ca o o
Ta lai ¢c6 CAB+ACD =180° va CAB+EAF =360°-EAB-FAC =180°. Suy ra
ACD =EAF (2).
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Tu (1) va (2) suy ra AACD ~ AFAE.

Tu d6 suy ra CAD = AFE.

Goi H la giao diém ctia AM va EF. Khi 46 CAD + FAH =180° - FAC = 90°.

Do d6 AFE + FAH = CAD + FAH = 90°. Suy ra AFAH vudng tai H. Vay AM L

EF.
28
) sin A be 4S
b) Ta cé tanA = = = .
) an cosA  b2+c2-q2 bZ+c%2-q?
204 48
TIIOITg t'lI, ta co tanB = m, tanC = m
Ta c6 tanA +tanB =2tanC suy ra
45 45 8S

b2 +c2—qa? +a2+c2—b2 T a1 b2 c?
o at == +b* - (2 -a?) =2(c* - (a® - b%)P)
o at-bt—ct+ 2022 + bt -t —at +2c%a% = 2¢* - 20 - 2b* + 4422
 2¢t - (a® - %)% = *(a® +b?)
= 2¢* - (a?-b%)?% =24
< a=b.
Vay tam giac ABC can tai C.

(1 diém) Trong mét phang véi hé truc toa d6 Oxy, cho tam giac ABC c6

< N 111
tam duong tron ngoai tiép va trong tam lan lugt cé6 toa do la 1(4;0) va G (?,g)
Tim toa d6 cac dinh A,B,C cta tam gidc ABC biét rang dinh B n3m trén dudng
théng d: 2x+y—-1=0 va diém M(4;2) nam trén dudng cao ké ti dinh B cia tam

giac ABC.
N °
X Li gidi. Goi B(a;1-2a)ed. Goi N(xy;yn) 14 trung diém ctia AC.
— — — (11 2\ — 11 1
Ta c6 BG =2GN ma BG = (?—a;Za—g), GN = (xN—E;yN— §)
11 11
3 3 XN = 11-a
Suy ra 9 1 >N 5 4
20—-=2 -= =a
—

L, = 3— P — L, = R
Taco IN = (Ta;a), BM =(4-a;2a+1). Ta ¢6 IN va BM cung phuong.

V6ia =4 hoaca= —% thi khong thoa man IN va BM cung phuong.
3—-a a

2(4-a) 2a+1 o

Puong thang AC di qua N(5;1) va c6 véc-to phap tuyen IN = (1;1). Suy ra phuong

trinh dudng thing AC la x+y—-6=0.

Pudng tron ngoai tiép tam gidc ABC ¢6 tam I1(4;0) va ban kinh bang IB = V10 nén

¢6 phuong trinh (x —4)? + y? = 10.

=a=1.Do d6 B(1;-1), N(5;1).

Suy ra
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Suy ra toa do A,C la nghiém cta hé phuong trinh

[ (x=7
x=6-y

y:—]_ <

3 =3
y:
| y=3.

Vay A(3;3),B(1;-1),C(7;-1) hoac A(7;-1),B(1;-1),C(3;3).

{x+y—6:0 {x:G—y
=

<>
(x—42+y%2=10 ©2-y)2+y%=10

Pé 31. DE CHON HOC SINH GIOI LOP 10
(2 diém)Cho parabol (P): y = x% —2x + m. Tim tat ca cac gia tri cia m
L dé duong thang d: y = 2x + 1 cit parabol (P) tai hai diém phéan biét A, B sao cho
AB=2.

°

X Loi giai. Phuong trinh hoanh d6 giao diém x?—4x—1+m =0. (D)

& d cat (P) tai hai diém phan biét khi va chi khi phuong trinh (1) ¢6 hai nghiém
phéan biét

osAN>004-m+1>0om<b5.
e  Jxitxg=4
Theo hé thuc Vi-ét, ta co
x1x9 =m — 1.
o Ta co
AB? = (x1-x2)2 +(2x1 + 1 - 2x9 — 1) = 5(x1 — x9)?

= 5[(x1 +x2)? — 4x1%2] = 5[16 — 4(m — 1)] = 5(20 — 4m).
24
o AB:2©A32:4©5(20—4m):4©m:g.

A oA o« X N A 24 2 ~
Doi chieu diéu kién, ta thay m = = thoa man.

(4 diém)
a) Tim tat ca cac gia tri ciia tham s6 m dé phuong trinh sau c6 ba nghiém phan
biét
(m-2)x*-2ma? +m?-4=0.
. . S 2sin(a + b)
b) Chu h —tanb =tana.
) ng minh rang cos(a + b) +cos(a — b) an ana
\ °
X LJi giai.

a) Pit ¢ =x2 = 0, phuong trinh da cho tré thanh
(m—2)t>—2mt+m?—4=0. (%)
Phuong trinh da cho c6 3 nghiém phan biét khi va chi khi phuong trinh (*) c6
mot nghiém duong va mot nghiém bang 0.
Phuong trinh (*) ¢6 mo6t nghiém ¢ = 0 khi va chi khi
m?-4=0om=+2.

¢ V6i m = 2, phuong trinh (*) tré thanh —4¢ = 0. Trong truong hdp nay, (*)
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chi c6 mot nghiém 1a 0.
& V6i m = —2, phuong trinh (*¥) tré thanh —4¢% + 4¢ = 0. Phuong trinh nay c6
hai nghiém ¢t=0va ¢=1.
Vay phuong trinh da cho c6 ba nghiém phéan biét khi va chi khi m = -2.
b) Ta co

¢ sin(a +b) =sinacosb +cosasinb.
¢ cos(a+b)=cosacosb —sinasinb.

& cos(a —b) =cosacosb +sinasin.

VT 2(sinacos b + cosasinb) tanb
= - - - - —tan
cosacosb —sinasinb +cosacosb +sinasinb

2(sinacosb +cosasinb) sinb

2cosacosb ~ cosb
sinacosb +cosasinb sinb sinacosb
- - = =tana =VP.
cosacosb cosb cosacosb
(6 diém)
o1 4 . 1-vV1—4x2
a) Giai bat phuong trinh STVITH 3
x
b) Giai phuong trinh 2x% + 2x +5 = (dx — 1)V x2 + 3.
x3+3x2+6x+4:y3+3y
¢) Giai hé phuong trinh (x, yeR).
2V4-x2-3\/3+2y—y2=3x-2
\- )
X LJi gidi.
o [1-4x%=0 11
a) ¢ Dieukién hay x € ——;—} \ {0}.
x#0 2°2

& Thuc hién phép nhan lién hop ta thu dudc bat phuong trinh
40<3(1+V1-422) & V1-442 > 4x-3

[ (4x-3<0

{ 1-4x%20

{4x -3=0

9(1 - 4x%) > (4x — 3)?
i 3

9(1 — 4x2) > (4x — 3)2.
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x <

1
—<x<
o 2

DN =

x =

W A W

52x2 —24x <0

1 1
——<x<=
2 2

3

< x=—

4

6
O<x<—
| Y<13

1 1

& ——<x<-.
2

2
% N  n n n 11
Ket hgp diéu kién thu dudc tap nghiém ;

2’2
1

b) Diéukiénélx—le@sz.

Bién d6i phuong trinh
4> +4x+10=2(4x—1)Vx2+3

o 4(x%2+8)+4x—-2=2(4x—1)Vx2+3.

DPit 2vx2 +3 =t (¢t = 2v3). Khi dé phuong trinh (1) ¢c6 dang

9 t =1 (loai)
t“—(dx—-1Dt+4x-2=0«
t=4x-2.
1
x=—
Véit=4x-2=>2x-1=Vx2+3 o 2 ox
3x2—4x-2=0
2+v10

Vay phuong trinh c6 nghiém duy nhét x = 3
N 4-x220 x| < 2

¢) Diéu kién: ) =N
3+2y—-y“=0 -1<y<3.
Bién d6i phuong trinh dau cta hé, ta cé

(x+1)3+3(x+1):y3+3y

o x+1-y[x+1?+y*+(x+1y+3]=0

y=x+1
=

x+12?+y*+(x+1)y+3=0.
© V61 y =x+1 thay vao phudng trinh thi hai ta co

V4—-x2=2-3x

<2
x<—
N 3

10x°-12x =0

~53| VO

_2+V10

(th6a man).
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2
X< —
o 3 < x=0.

6 .
x=0 (nhan)vx = E (loai)
Vay hé phuong trinh ¢6 nghiém la (x,y) = (0,1).
_ 2 3y? A
o Voi(x+12+y2+(x+1)y+3=0< (x+1+%) +%+3:0 (V6 nghiém).

(1 diém) Chiing minh rang trong moi tam giac ABC ta c6
S 2 2 _pe2
LAB-AC:AB +AC*-BC?

2

o Lo giai.
o Ta c6 AB-AC = |AB||AC|-cosBAC = AB-AC -cos BAC. (1)
¢ Theo dinh 1i cosin trong tam giac ABC ta cé
AB?+AC?-B(C?
cosBAC = 5 ABAC (2)

& Thé (2) vao (1) suy ra diéu phai ching minh.

(5 diém)

a) Trong mit phang toa do6 Oxy, cho hinh thoi ABCD c¢6 bén dinh trung véi
cac dinh ctia mét elip, ban kinh dudng tron ndi tiép hinh thoi bang v2. Viét
phuong trinh chinh tic cta elip biét ti sb giita tiéu cu va d6 dai truc lén cua
elip bang 1

2

b) Trong mét phing véi hé toa d6 Oxy, cho hai dudng thang dq: 2x—y—1=0,
dy: 2x+y—3=0 cat nhau tai I, diém A thudc D1, A ¢6 hoanh d6 duong khac
1. Lap phuong trinh dudng thang (A) di qua A, cat d tai B sao cho dién tich
tam giac IAB bang 6 va IB = 3IA.

¢) Trong mat phang véi hé toa d6 Oxy cho diém J (%,g), duong thang d: x +
y—1=0 va duong tron (C): x®+y? +4x—2y—4=0. Goi M 1a diém thudc dudng
théng d va nam ngoai dudng tron (C). Tt M ké céc tiép tuyén MA, MB dén
dudng tron (C) (A, B la cac tiép diém). Goi (J) 1a duong tron tam J va tiép
xuc v6i duong thang AB. Tim toa d6 diém M sao cho dudng tron (J) cé chu

vi 16n nhét.
\- °

X Lo giai.
a)

<=
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b)

c)

2 g2
Goi (E)codang —+==1(a>b>0).
a? b2

Theo gia thiét ta c6 AC =2, BD =2b. Tam ctia hinh thoi ABCD 1a gbc toa d6 O
ciing 14 tAm dudng tron néi tiép hinh thoi. Ta ¢
1 1
Saop =5 -0A-OB = 5\/§-AB s ab=v20a2+b2) o a?b?=2a%+b%) (%)
Mat khac,

3 2
e:5:0,5©a:20:>b2:a2—02:% (%),
a

14 7
Thay (x*) vao (x) ta dude 3a* = 14a® = o = 3 (do a #0), suy ra b = 3

Vay phuong trinh chinh tic cta (E): w+t7=1

3

2 52
7
2

Goi I =dinds. Suy ra toa do giao diém I 14 nghiém ctia hé
2x—y—1=0 x=1
<
2x+y-3=0 y=1.
Vay 1(1;1) Véc-to phap tuyén cta dq 1a 7y = (2;-1), véc-to phap tuyén ciia ds 1a
e =(2;1). Goi ¢ la goc cia dq va dg thi

4-1 3 . 4 1 4 6IAZ
=== =—=>8Sap==-1A-3[A-- = .
COS/(p 5 5:>s1n(p 5Z> IAB 2 5 5
Theo gia thiét ta c6 S;jap =6=IA%=5= IB%=45.
Do Aedi nén A(a;2a—1) v6ia >0, a #1. Khi d6
9 9 9 9 a =0 (loai)
IA*=5o@-1)+R2a-2)"=5e5(a-1)"=5<e
a =2 (nhéan).

Vay a =2 nén A(2;3).

Ta lai c6 B € dg nén B(a;3 —2b). Khi do,

b=4= B(4;-5)
b=-2= B(-2;7).
Vay véi A(2;3) va B(4;5), phuong trinh can tim 14 4x+y— 11 = 0; véi A(2;3) va
B(-2;7), phuong trinh can tim 1a x+y-5=0.

IB? =45 o (b—1)*+(2-2b)2 =45 & 5(b—1)2> =45 o (b-1)*=9 &
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Puong tron (C) tiép c6 tAm I(-2;1), ban kinh R =3. Do M € d nén M(a;1-a).
Khi d6, M ndm ngoai dudng tron (C) khi va chi khi
IM>R & IM?*>9 o 2a*+4a-5>0 (%)
Ta co
MA?=MB? = MI*-1A? = 2a® + 4a - 5.
Do A, B thudc duong tron tam M ban kinh M A nén
(x—a)?+(y+a—-1)%?=2a%+4a-5.
Do A, B thudc dudng tron (C): x% + y% + 4x — 2y — 4 = 0 nén phuong trinh duong
thang AB 1a (e +2)x—ay+3a—5=0. Do (J) tiép xtc v6i AB nén (J) c6 ban kinh
1a d(J,AB). Do d6, chu vi ctia (J) 16n nhat khi va chi khi d(J,AB) 16n nhét.
Mat khac, do AB luon di qua K (g,%) nén d(J,AB) 16n nhét khi K 1a hinh
chiéu vuéng géc caa J trén AB. Pudng thing AB ¢6 véc-to chi phuong AB =
(a;a+2). Ta co
JK -AB =0 a =2 (théa man (x)).
Vay M(2;-1).

(2 diém) Cho ba sb duong a, b, ¢ théa mén ab + bc + ca = 3. Tim gia tri
tha nhat cia bidu thite P = vVab + b6+ 1+ V6 + 66+ 1+v/ab +c0 + 1.

o | &i gidi. Ap dung bat ddng thitc Co-si ta c6
b+ b5 +1>3vabb6 = 30262 = Va6 + b6+ 1> v/3a2b2 = v/3ab.
¢+ b0 +1>3/c6b6 =3c2b% = V/c6+ b6+ 1> v/3¢2b% = V3cb.
a®+¢5+12>3Vabcb =3a2¢2 = Vab +cb+1>v3a2¢2 = V3ac.
Céng vé theo vé ta dudc
P=Vab+b6+1+Vc8+b6+1+Vab+cb+1=3(ab+bc+ca)=3V3.
Vay GTNN cita P bing 3v3. DAu “=” khi va chikhia =b=c = 1.
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Pé 32. PE CHON HOC SINH GIOI LOP 10

e ooy A R — +12x -7 1
(2 diem)Giai bat phuong trinh ac2—x <-.
k x4—x—2 2
0
X LJi gid
—x3+12x-7 1 —2x3 +24x—14—-x2+x+2 (2% +x—12)(2x — 1)
et <0e
x2-x-2 2 x2-x-2 x2-x-2
+ 12)(2 1
Détf(x)_(x x—12)(2x — )
2_x-2
Béngxétdéu
1
X —00 -4 -1 5 2 3 +00
A
o + 0 - - - - 0 +
x—12
2x—1 - - - 0 + + +
2_
. + + 0 - - 0 + +
x—2
f(x) - 0 + - 0 + - 0 +

Dua vao bang xét dau ta cé tap nghiém cta bat phuong trinh la
1
S=[-4;-1)u 5;2) U[3;+00).

(2 diém)Tim céc gia tri cia tham s6 m dé phuong trinh (m + 1)x? — 2x +
L m—1=0 c6 2 nghiém phan biét x1, xo théoa man 2x? - Sx%xz + 2x§’ - 3x1x§ =2.

X L&i gidi. Phuong trinh ¢6 2 nghiém phan biét nén
{m+1;é0 {—\/§<m<\/§
o

1-(m+1)(m-1)>0 m#1.
. sl 2 -1
Khid6S=x1+xo=——,P=x1x9=——.
m+1 m+1

A= in - Sx%xg + ng - 3x1x§ =2(x1 + x2)2 —9x1x9(x1 +x9) = 282 -9PS =2.
Nén ta co
2 V¥ m-1 2 16-18(m2%2-1)
2 —9 . :2<:> =
m+1 m+1 m+1 (m+1)3
o 16-18m2+18=2m>+6m? +6m +2

o mi+12m?2+3m-16=0

m=1
-13+v105
o m=————
2
—13 \/10
| 2
-13+v105

Két hop diéu kién suyram=1vam = 5




126 Dé 32. Dé chon hoc sinh gidi 1dp 10

9 (x—Dy—1xy-2)=6
(2 diém)Giai hé phuong trinh { . 0
2+y?—2x-2y—-3=0

L | .

u=x-—

1
, hé phuong trinh tré thanh

X Lai giai. Dat
v=y-1

<
Il

{uv(u+v):6 {uv(u+v):6 {u+v:3 {
=S =
5

=
u?+v?=5 uv =2
v

[ (x=3
y=2 .
. Vay phuong trinh ¢6 tap tap nghiém {(x;y)} = {(3;2),(2;3)}.
X =

2
L y:3

(6 diém)Trong hé toa do Oxy cho diém A(1;-2), diém B(3;-1) va duong
théng d c6 phuong trinh 2x—y+4=0.

(u+v)2—2uv =

<
Il

<
I
N = = N

Khi d6

a) Viét phuong trinh duong tron tam A tiép xic véi duong thang d.
b) Tinh chu vi va dién tich tam giac ABO.
¢) Viét phuong trinh dudng thing A di qua B va tao véi d mét géc 45°.

d) Tim toa d6 diém M thudc duong tron (C): (x—2)?+(y—1)> =1 sao cho MAZ +
MB? dat gia tri nhoé nhat.
N o
X LJi gidi.
a) Puong tron taAm A tiép xic véi duong thang d ¢6 ban kinh la
12-1+2+4| 8

R=dA;d)=——F—7F—=—.
V5 V5
64
Phuong trinh dudng tron d6 1a (x—1)2 +(y +2)% = 5

b) Ta c6 OA =5, 0B =v10, AB = V5.
Chu vi tam giac OAB 12 P = V10 +2V/5.
1
va AK = \/§
2 2

. R . s e , (3
Tam giac OAB can tai A. Goi K la trung diém OB ta ¢c6 K (5; o

A s . . 1 5
Dién tich tam giac OAB la S = §AK -OB = 5 (dvdt).
Luu y: Hoc sinh ¢6 thé tinh theo cong thic Hé-rong.

¢) Goi 7 = (a;b) 1a vec-to phap tuyén ctia dudng thang A (a® + b2 #0).

Duong théng d ¢6 mot vec-to phap tuyén la n1 =(2;-1).
, |2a — b|
Ta c6 cos45° = ———. (1)
Va2+b2-y5

Giai (1) tim dudc a = 3b hoac b = —3a.
V6i a = 3b: Chon b =1, a =3. Khi d6 phuong trinh A la 3x+y—-8=0.
V6i b = —3a: Chon a =1, b = -3. Khi d6 phuong trinh A la x-3y-6=0.
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d) Pudng tron (C) c6 tam J(2;1), ban kinh bang 1.
> 3 e —_—> —
Goi I la trung diém AB, ta c6 (2;—5) valA+IB=0.
Ta co

F=MA%+MB?= (1\_ﬁ+ﬁi)2 + (z\_ﬁ+ﬂé)2 —oMI%+ 1A%+ B2

o 5 N S N .
Nhan xét: IA? + IB? khong d6i. IJ = 5 >1nén diém I nam ngoai dudng tron

(©).

F nhé nhat khi MI nhé nhéat, hay M, I, J thing hang va M thuéc (C) va ndm

gita I, J.
IR Eom SR
Khi d6 M1 = —§MJ. Tu dé tim dude M(2;0).

L tanZ a + cot? a.

. 1 . e 1 .,
(2 diem)Cho sina +cosa = 3 Tinh gia tri biéu thic F = tana + cota +

1 4
X LJi giai. Ta ¢6 sina +cosa = 3 nén sina-cosa = ——.
Suy ra
1 9
tana+cota = —— = ——,
sina-cosa 4
2 2 2 49
tan“ a + cot“ a = (tana + cot ) —2:1—6.
13
Vay F = —.
Ay 16
(2 diém)Giai bat phuong trinh 2%+ 5x < 4 (1 + V%8 + 222 — 4x).
I
o L giai. x2+5x<4(1+ \/x3+2x2—4x). (1)
Didu kia x=V5-1
iéu kién:
' -1-v5<x<0.

(1) © 2% +2x +4+3x <4V x(x2 + 2x — 4).

o Truong hop 1: -1-V5<x<0.

o [aPeex-dso s
Khi do (hai biéu thiac khong dong thoi bang 0) nén

3x<0
22 +2x—4+3x<0<4vVx(x2+2x—4).

Vay —1-v5 < x <0 thoéa man bat phuong trinh.
o Trudng hop 2: x= -1+ V5.
Lic nay x2+2x -4 = 0.
Piata=vx2+2x-4=>0,b=+x=0. Khi d6
a?+3b% < 4ab
< (a-b)a—-3b)<0

o b<a<3b
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o Va<VaZ+2x—-4<3Vx
+x-4>0
<
x2—Tx-4<0
-1+V17 7+65
o —— <x< )
2 2
-1++v17 7++/65
Vay 5= VAT TV 1 ).
2 2
| 26% +4y?  4\/(2x—3y)x+y) )
(2.0 diém) Giai hé phuong trinh Xy VXY
L V2(x+y+3)=vVx++/y+3.

2x-3y)x+y)=0
% Lo giai. Piéu kién { x>0

y=0.
Ta co

2x2 + 4y _4/(2x-3y)x+y) 1

xy VXY
o 2x2 +4y2 +xy =4y (2x - 3y)(x+y)xy

& 2x% - 3xy + 4y +4xy —2\/(2x2 —3xy)(4xy +4y%) =0

& \/2x2—3xy: \/4acy+4y2
o 222 —-3xy = 4xy+4y2

< (x—4y)2x+y)=0

x=4y
=

2x+y =0 (loai vi x, y > 0).
Ta cé

V20 +y+3)=vVa+/y+3
= x+y+3—2\/m20
= (f—\/m)Z:O
o x=y+3.

a2 , |x=4y x=4 o1 12 -
Khi d6 ta co © . Thit lai thoa man.
x=y+3 y=1

Vay hé phuong trinh ¢6 nghiém (x;y) la (4;1).

(2 diém) Cho ba sb duong a, b, ¢ théa man a +b +c¢ < 1. Tim gia tri nho
p . 1 1 1
L nhat cta biéu thic P =

a2+ b2+c2 +ab(a+b)+ bc(b+c)+ca(c+a)'

1
o Loi gidi. Ta ¢6 1za+b+cz3\/3abc3abcs§.
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Ap dung bét déng thie Cé-si ta ¢6
1 1 1 3

ab(a+b) " be(b+c) i ca(c+a) = Vabelab+be)be+ca)ca+ab)
3

3/ 1 ab+bc+bc+ca+ab
27 3

27
2(ab+bc+ca)’

IV

Suy ra
1 27

> +
a2+b2+c¢2 2ab+bc+ca)
1 1 1 23

+ + +
a2+b2+c¢2 ab+bc+ca ab+bc+ca 2@ab+be+ca)
9 3-23

> +
a2+b2+c¢2+2ab+2bc+2ca 2(a+b+c)?
9 69

> +
(@a+b+c)? 2a+b+c)?

87 ., ) . 1
Vay M = ER Dau “="xayrakhia=b=c= 3

Pé 33. DE CHON HOC SINH GIOI LGP 10

(1.5 diém)
X X

ViIo—x VI0+x
b) Cho céc nita khodng A = (a;a + 1], B =[b;b +2). Pat C = AuB. Véi diéu kién
nao cla cac s6 thuc a va b thi C 1a mét doan? Tinh do6 dai caa doan C khi dé.

a) Xac dinh tinh chan - 1é ctia ham sb y=f(x)=

& Loi gidi. ‘
a) Ham s6 y = f(x) c6 tap xac dinh D =(-10;10) 14 tap d6i xing qua diém x = 0.
Ta co
flex)= —— =% __=* , 7
vV10—-(-x) V10+(-x) V10+x V10—«
a Y f(x), VxeD.

T VI0-x VI0tx
Vay y = f(x) 1a ham so0 chan.
b) Ta ¢6 C la mot doan khi va chi khi
b<a<b+2<a+lob+l<a<b+2.
Khi d6 C =[b;a + 1] 12 mét doan c¢6 d6 dai bing a —b + 1.

(2 diém)

a) Tim m dé phuong trinh |x% — 1| = m* - m? + 1 ¢6 bén nghiém phan biét.

25 N hia A 2 A N —-Dx+2
b) Giai va bién luan theo tham so m bat phuong trinh % <m+1.
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X LJi giai.
a) Ta c6 m*-m?+1>0 véi moi meR. (%)
Phuong trinh da cho tuong duong véi
Z=m*-m?+2 (1)
2=m?-m*=m?1-m?. (2
Vi (x) nén m*-m?+1+1>0 v6i moi m € R, do d6 phuong trinh (1) luén c6 2

nghiém phéan biét.

Phuong trinh da cho c6 4 nghiém phéan biét khi va chi khi phuong trinh (2) c6
2 nghiém phan biét va hai nghiém nay khac 2 nghiém cta phuong trinh (1).
Piéu nay tuong duong véi

m#0 m#0
1-m?2>0 o{me(-1;1) o me(-1;1)\{0}.
m4—mz+2;tfmZ—m4 m4—m2+1750

Vay m € (-1;1)\ {0} thoa yéu cau bai toan.

b) Bat phuong trinh da cho tuong duong véi

m+1D)x-2)+1-m)x—2 x—(m+2)
>0 ——— >0.
x—2 x—2

o Néu m =0 thi bat phuong trinh nghiém ding véi moi x # 2.

o Néu m >0thi m+2>2, do dé tap nghiém 1& S = (—00;2) U (m + 2; +00).
o Néu m <0 thi m+2<2, do dé tap nghiém 1a S = (—co;m + 2) U (2; +00).
(2.5 diém)
a) Giai phuong trinh x?—7x+8=2V/x.
Vix+y+y/2x+y=5

x—y+vV2x+y=1.

b) Giai hé phuong trinh {

X LJi giai.
a) Piéu kién xéac dinh x = 0.
Phuong trinh da cho tuong duong
x2—1-Tx+T7+2-2/x=0

o (Vx-1DxvVx+x—-6v/x—-8)=0
o (Vx—1)(xvVx+8+x—-6yx—-16)=0
o (Vx-D(Wx+2)(x—2vVx+4+v/x—8)=0
& (V- D(x+2)(x—Vx—4)=0

(Vx-1=0

x—Vx-4=0

<

[x=1

| 9+V1T
2
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9+V17
VéyS:{l; }
2
2 . Tx+y=0
b) Dieu kién
2x+y=0.
w22
o u=vVT7x+y=0 u2:7x+y x= 5
Dat = 2 = 2 2
=/2x+y=0 vi=2x+y :7U —2u
—
Hé phuong trinh tré thanh
u+v=>5
—7v®+2u’+5v=5
u+v=>5
RN
3u?-8v2+5v-5=0
u=5-v
o
3(56-v)2-8v2+50-5
u=5-v
N
—502-250+70=0
u=3
(nhén)
v=2
o

u=12
{ (loai).
| (v=-7

Tx+y=9 {le
=

Do do hé phuong trinh da cho tré thanh {
2x+y=4

Vay hé phuong trinh c¢6 nghiém la (1;2).

(3 diem)

va CN vudng goc v6i nhau.

\_

y=2.

a) Cho tam gidc ABC ¢6 AB=c, AC =b va BAC =60°. Cac diém M, N dudc x4c
dinh béi MC = -2MB va NB = -2NA. Tim hé thic lién hé giita b va c 46 AM

b) Cho tam giac ABC. Trén céic canh BC, CA va AB cta tam giac d6, 1an lugt
14y cac diém A’, B' va C'. Goi Sq, Sp, S. va S tuong tng 1a dién tich caa cac
tam gidc AB'C’, BC'A’, CA'B' va ABC. Ching minh b4t déng thic /S, +
VSp+1/S. < g\/g . Dau dang thic xay ra khi va chi khi nao?

X Loi gidi.

a) Tacc’)]lTC):—2ﬁ©A_C)—ﬁ/I:—2(E—w)@3ﬁ4z2ﬁ+ﬁ.

Tuong tu ta cing co 3CN =2CA +CB.



132 Dé 33. Dé chon hoc sinh gidi 1dp 10

AM L CN
& AM-CN =0
o (2B + &C) (T4 + TB) =0
o (25 + 4G (4B - 347 -
o 2AB?>-3AC%*-5AB-AC =0
= 202—3b2—gbc:0
& 4c%-6b%-5bc = 0.

b) Ta c62S, =AC'-AB'sinA, 28 = AB-ACsinA. Theo b4t dang thiic Cauchy ta cé

Se _ |AC' AB'_ (AC’ AB’)
s “\aB ac =2\aB " ac
Sb_
S

Tone ta ta cin 1 BA’+BC’) N Sc<1(CB’+CA’)
g t ta cling €6 ch Ba) 2\s =2lca " cB)
Do d6
Sb Sc _1 AC’+AB’+BA’+BC’+CB’+CA’)_§(d em)
S =32 AB AC 'BC "BA "ca "cB)T 2P
AC'_AB'
AB AC C'B'//BC
A Y 2 . N 2 . BA/ BC/ I~/ ! ! I 1N
Dau bang xay ra khi va chi khi < BC " &{A'C'ICA ©A', B, C'latrung
CB' CA' B'A'/AB
CA CB

diém cta BC, CA, AB.

(1 diém)Trong mat phang toa d6 Oxy, cho dudng tron tam O ban kinh R
(R >0, R khong d6i). Goi A va B lan lugt 1a cac diém di dong trén truc hoanh va
truc tung sao cho dudng thing AB luén tiép xidc véi duong tron dé. Hay xac dinh
toa d6 ctia cac diém A, B dé tam gidac OAB c6 dién tich nho nhat.

2 Loi gidi.Dua vao tinh déi xtng, ta gia st A(a;0), B(0;b) v6ia>0,b>0 (1).

b
SuyraSOAB—a?
1 1 1
2 e @
1 _a2+b2
:I?_ a2b?
= a?b? =R%a®+ b =2R?%ab

= SoaB = % 2R2 (kh()ng df;l)

Tt (1) va (2) ta ¢6 diu bang xay ra khi va chi khi a =b = RV2.
Vay c6 4 cip diém A (iR \/é;o), B (O;iR \/é)
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Pé 34. DE THI HOC SINH GIOI LGP 10

Giai phuong trinh sau trén tap sé thuc V1i-x2+Va2+x-1+V1-x=1.

\ o
N N . . -1++v5
X LJi giai. Piéu kién xdc dinh 5 V5 <x<1. (1)
u,0,t=0
Patu=V1-22v=Va2+x-1,t=v1-xtadusc{u+v+t=1 . (2)

wrv+t=1

2

Tu(2)suyraO<u,v,t<l=>1=u?+v?+2<u+v+t=1. Do dé

{uzl
u,v,t=0
v=t=0
utv+t=1
9 v=1
Q2)eiu“=u =3
9 u=t=0
vi=v
t=1
3=t
u=v=0.

Thay lai bién x ta dudc tap nghiém ctia phuong trinh 1a S = (1}.

Cho tam giac ABC. Goi (O1) 1a dudng tron di qua B va tiép xtic véi AC
tai A; (09) 1a dudng tron di qua C va tiép xic véi AB tai A. P la giao diém thu
hai ciia (01) va (0y); K, L theo thit tu 1a giao diém thid hai ctia (04), (O2) véi doan
thang BC. Goi (S) 1a duong tron ngoai tiép tam gidc PKL.

a) Ching minh rang AK, AL tiép xtc véi (S).

b) Goi @ la giao diém thid hai cia (S) va AP; E 1a giao diém cta QK va AB;
F 1a giao diém cta QL va AC. Chiing minh réng cic diém A, K, L, S, E, F
cung thudéc mot duong tron. (Chu y. Ta ki hiéu (X) 1a duong tron c6 tam X).

\- @
X Loi giai.

a) T gidc ABKP la t gidc noi tiép nén ABP = AKP. AC la tiép tuyén cta (O1)

nén ABP = PAC. Suy ra AKP =PAC. (1)

T gidc APLC 1a ti gidc néi tiép nén PAC = PLK. (2)

T (1) va (2), suy ra AK 13 tiép tuyén ctia dudng tron (S).
Tudng tu, ta chiing minh AL 1a ciing 1 tiép tuyén ctia dudng tron (S).

b) Cach 1 b) Cach 1. Dé thay AKSL la ti giac noi tiép. Ta chitng minh ti giac

AEKL la t gidc ndi tiép. That vay, Ta c6 BEQ =EAQ +EQA. (3)
T gidc KPLQ 1a t gidc noi tiép nén KQP = PLK. (4)
ABla tiép tuyén vli (O9) nén m =PLA. 5)

Tu (3), (4) va (5) nén BEQ = ALK (dpcm).

Cach 2. Ta ¢6 KLQ =KPQ va KPQ = ABK nén ABK =KL@, suy ra QL/AB.
Do d6 BEK =KQL.

Ma KQL = ALK (do AL 1a tiép tuyén véi (S)) nén BEK = ALK.
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Cho da thic f(x) = x* +x® + mx® + nx+ p, trong d6 m, n, p 1a cac sb nguyén
doi mot phan biét, khac khong, sao cho f(m)=m*+m3 va f(n) =n*+n3. Tim m, n,

p.

2 tnx+p. Theo gia thiét g(m) = g(n) =

8 L&i gidi. Xét da thidc g(x) = f(x)—x* -5 = ma
0. Do g(x) la da thic bac 2 nén g(x) = a(x —m)(x — n).

Tu d6 ta ¢6 ma? +nx+p = alx —m)(x - n).

Pong nhat cac hé sb cho ta p =amn, n = —a(m+n) va m =a. Tt d6 ta dudc n =
—m(m+n) hay (m+ 1)n = —m?2. Tt day ta dudc m+1|1hay m+1=+1. suy ra m = -2.
Tudon=4vap=16.Vaym=-2,n=4, p=16.

Chii y. Hoc sinh cé thé thay truc tiép m,n roi gidi hé phuong trinh nghiém nguyén
dé'tim m,n,p.

Tim tt ca cac cip sb nguyén duong (a,b) théa man dong thoi hai diéu
kién sau
i) a+5b?1a liy thita cia mét s6 nguyén to;

ii) a? + b chia hét cho a + b2.

8 Loi giai. Pat a + 52 = p™, p nguyén t6 va m nguyén duong.
2 4

a+b2:a—b +m,suyrapm|(b +b):b(b +1)

Tu (b,6°+1)=1,vab<1+b<a+b”=p™ nén ta suy ra p™ | b>+1.

Tacé b3 +1=(b+1)(b%-b+1) va (b+1,6>-b+1)]3.
TH 1. Néu (b+1,b>~b+1)=1thi p™|b+1hodic p™ | b%~b+1. Tt p™ = b%+a >b*~b+1
nén ta chicé p™|b+1vasuytap™=a+b2=b+1.Dodéa=5b=1.

Ta viet

TH 2. Néu (b+1,6*-b+1)=3 suy ra p =3.
Xét m =1, khong c¢6 (a,b).
Xét m=2,(a,b) =(5,2).
Xét m =3, khi d6 3|5 +1 hodc 3|52—b+1 va 3™ ! 13 uéc ctia phan ti con lai.
Tub+1<Vb2+a+1<3™1 vivay 3™ 1 |62-b+1. Do d6 b2-b+1=0(mod9),
mau thuin.
Vay (a,b) €{(1,1);(5,2)}.

Cho tap S ={1,2,3,...,2025}. Tim s6 nguyén duong nhé nhéat n sao cho:
L Véi moi tap con T ctia S gom n phan ti, ton tai hai phan t& phan biét u,v € T sao

cho u +v =20.
°

X Loi gidi. Gia st n 1a s6 nguyén duong nhé nhat théa man dé. Xét tap
T={1,2,...,10u{20,21,...,2025}.

Ta thay, v6i moi u,v € T phan biét thi: Néu u,v € {20,21,...,2025} thi u +v = 41 > 20.

Vay khong c¢6 u,v théoa man u +v = 20.

Néu u,v€{1,2,3,...,10} thi u +v < 19 < 20. Vay khong ¢6 u,v théa mén u +v = 20.

Néu u €{1,2,3,...,10},v € {20,21,...,2025} thi u +v = 21 > 20. Vay khong ¢6 u,v théa
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man u +v =20. Vi |T|=2016 nén n =2017.

Mit khéac, v6i moi tap T < S, |T| = 2017, xét 9 cap s6 sau (1;19), (2;18), ...,(9;11).
Néu mot trong cac cap trén thuoc T thi dé 1a cap (z;v) théa man u +v = 20.
Néu khong c6 cip nao thudc 7 thi |T| < 2025 -9 = 2016, v 1i.

Vay v6i moi tap T < S,|T| =2017 lu6n ton tai u,v € T théoa man u + v = 20.

Két luan gia tri nhé nhat caa » 1a 2017.

Pé 35. DE THI HOC SINH GIOI LGP 10

Cho ham sb y =x%—3x+2 v ham s6 y = —x+m. Tim m dé€ d6 thi cdc ham
s6 d6 cat nhau tai hai diém phan biét A, B dong thoi khoang cach tit trung diém
I cta doan thang AB dén céc truc toa d6 bang nhau.

% LJi giai. Yéu cau bai toan = phuong trinh sau c¢6 hai nghiém phan biét
x> -3x+2=-x+m hay x>-2x+2-m=0 (*) ¢6 A'>0m>1.
Goi x4; xg la 2 nghiém cua (x).
. . . XA tXB

I 1a trung diém AB ta c6 x; = =l;yy=—xy+m=m-1.
Yéu cau bai todn < |y7| = lx7l © Im-1l=1em=2;m=0.
Két hop PK, két luan m = 2.

a) Giai phuong trinh sautrén R:v3x+1-vx—-1=v9—x.

e9 . A N 9
b) Giai bat phuong trinh sau *_5_3 >|x—2|.
x_ p—

X Loi giai.
a) Piéukién: 1<x<9.TacéV3x+1-vVx—1=v9—x
V3 x+1=Vx—-1+V9-x
©3x+1=8+2Vx-1V9—«x

7
x__
& 4 3
9x2 —42x +49 = 4(x — 1)(9 — x)
7
X =—
& 4 3 ox=5
13x2 - 82x+85=0

) ) x#2
b) Diéu kién: |x—5|—3;é0©{
x #£8.

(D)o >2—-xo >2—x

5-x-3 2—x
TH1. Xétx<2tacé o(2-x)2<9e -3<x-2<3

o -1<x<b5.
Vay -1 <x <2 la nghiém.
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>x—2 —=>x-2

1)
) ) 5—x-3 2—-x
TH 2. Xét2<x<5taco ~(x-2)?>9 (Bpt v6 nghiém)

9 9
DHDe —=x-2—x-2)=0
x—8 x—8

9—(x—8)(x—2) —x2+10x-17
TH 3. Xét5<x#8 ta c6 v g
< (x-8)(x*-10x+7)<0
x<5-3V2
<
8<x<5+3V2

Két hop véi mién x dang xét ta c6 8 < x < 5+ 3v2 la nghiém cta bat phuong
trinh.
Vay tap nghiém ctia bat phuong trinh 1a S =[-1;2)U(8;5 + 3V2].

o C . [2x%+y*-3xy+3x—-2y+1=0(1)
Giai hé phuong trinh s 9
L 4x* -y +x+4=/2x+y+/x+4y(2).
°

% Loi giai. Piéu kién 2x+y =0, x+4y = 0. Tt (1) ta dudec y =x+1 hodic y =2x + 1.
TH 1. Véi y = x+1, thay vao (2) ta dudc 3x®> —x+3=v3x+1+Vbx +4
& 3(x?—x)+(x+1-V3x+ 1D +(x+2-vVbx+4)=0
1 1

2
o (x"—x)|3+ + =0
( )( x+1+v3x+1 x+2+vbx+4
9 x=0
ox'-x=0¢
x=1

= (x;y) ={(0;1);(1;2)}
TH 2. V6i y =2x+ 1, thay vao (2) ta dudc
3-3x=V4x+1+V9x+4
&3x+(Vax+1-1)+(V9x+4-2)=0
3+ 4 + 9 =0
Vax+1+1 V9x+4+2
< x=0.
Khi d6 ta dude nghiém (x;y) 1a (0;1).
D6i chiéu diéu kién bai toan ta dudc nghiém (x;y) ctia hé da cho 1a (0;1) va (1;2).

>X

a) Trong mat phang toa d6 Oxy cho tam gidc ABC c6 B(1;2). Pudng thang A 1a
duong phéan giac trong cua goc A c6 phuong trinh 2x+y—1 =0, khoang cach
tit C dén A gap 3 lan khoang cach ti B dén A. Tim toa d6 ciia A va C biét C
nam trén truc tung.

. b) Cho tam giac ABC vuéng § A; BC =a; CA =b; AB = ¢. Xac dinh diém L
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théa man hé thic b2IB + ¢2IC - 2¢%TA = 0. Tim diém M sao cho biéu thdc
(62MB? + > MC? - 2a> M A®) dat gi4 tri 16n nhat.

& Loi gidi.
. 3 lyo — 1 .. yo—=11 9
a) Ta c6 d(B;A) = —; C(0;yp); d(C;A) = , theo bai ra ta c¢6 =— o
V5 V5 N

\_

b)

Yo =10;y0 = 8.

C khéac phia B d6i véi A suy ra C(0;-8).

Goi B'(a;b) 1a diém d6i xting véi B qua A thi B’ ndm trén AC.
Do BB' L i3 = (1;-2) nén ta c6 a—2b +3 = 0.

Trung diém I ctia BB’ phai thudc A nén c6 2a+b+2=0.

4

Tfidétacéa:—z;b:—.

5" 5 .
Theo dinh ly Ta-let suy ra CA = §CBI .

— - 7 44

Goi A (x;y); CA=(x;y+8); CB' = (_5;3)'

-21 2
Tu do suy ra A (—; —6), C(0;-8).

10 ° 5

Ké duong cao AH, ta c¢6 b2 =a-CH; ¢> =a-BH nén b%-BH = ¢?-CH. Do d6
b2.BH+c2-CH=0.
Suy ra b2.BB+c2-IC=b%-TH+c® - TH = o? - IH.
Két hop gia thiét suy ra 2a%-TA =a® - TH hay 2.-TA =IH.
Do d6 diém I thoa méan gia thiét 1a I théa man A 1a trung diém IH.
Véi x,y, 2 tiy ¥ théa man x-IA +y-IB+z-IC = 0 (*) binh phudng v6 huéng 2
vé (%), chuy réng 9TA-IB=IA%+IB% - AB? ta c6
(x-TA%+y-IB*+2-IC?)(x +y +2) = xyc® + x2b® + yza®.
Tu d6 c6 (—2a*-TA% +b2-1B*+¢?-1C?) = 3b%c2.
Mit khac xMAZ? = x(ﬁi —HVJ)Z = x(IM2 +IA2-2TA HEI)
Tuong tu cho yMB?2; zMC? rbi cong cac dang thic d6 lai ta cé
xMA? + yMB? +zMC? = (x + y + 2)IM? + xI A% + yIB% + zIC?.
Thay sb c6
~2a2MA? + b2MB? + ¢2MC? = —a®’IM?® + 3b*c? < 3b%c?.
D4u bang xay ra khi M trung I.

a) Ching minh rang céc biéu thic sau khéng phu thudc vao a.

E =Vsin*a +4cos2a + Vcosta +4sina.

b) Cho tam gidc ABC va diém K thuodc canh BC sao cho KB = 2KC, L 14 hinh
chiéu cta B trén AK, F la trung diém caa BC, biét ring KAB = 2KAC.
Chiing minh rang FL vudng géc véi AC.

X LJi giai.
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a) Ta co

E= \/sin4a+4(1—sin2a) + \/c0s4a+4(1—c0s2a)

:\/(sinza ~2)%+ \/(cos2a ~2)°

=(2 —sinza) + (2—c0s2a) =3.

b) Pit AB=c, AC =b, BC =a, KAC = a. Khi d6 KAB = 2a; BAC = 3a. Ap dung
dinh 1i sin cho tam giac ABK va ACK, ta dudc
BKsin2a = AKsinB;CKsina = AKsinC.

Do BK =2CK, nén tit cac dang thiic trén ta cé: cosa = sinBsinC. (*) Lai c6
FA?-FC?=(b*+c¢*2-a’4)-a®4=0%+c*-a®2=bc-cosA = beeos3a (1)
LC?*=LA%+b%-2b-LA-cosa=LA%+b%-2bccos2a-cosa

= LA%-LC?=2bccosa-cos2a —b? = be(cos a + cos 3a) — b2

= (bccosa —b%) +becos3a.(+*)
Thay (*) vao (**), ta dudec LA? — LC? = bccos 3a. (2)
Tit (1) va (2) suy ra FA2—-FC2=LA2-LC% 2FL-CA=0o FL L CA.

Cho x, y, z 1a céc s6 thuc duong théa mén x+y+z = xyz. Ching minh rang

1+\/1+x2+1+\/1+y2+1+\/1+z2
y z

<xyz.
x
- o
X L&i giai. Gia thiét suy ra: 1xy +1yz + 1zx =1. Ta Cé:
V1+x2x= \/1x2+ ley+1yz+1za=+/(lx+1y)(Ax+12)<122x+1y+12);" =" y=2
Viét hai BDT tudng tu roi cong lai ta dudc
1+V1+ax2x+1+1/1+y2y+1+V1+222<3(Ilx+1y+12);"="ox=y=z.
Ta sé6 CM: 3(1lx+1y+1z)<xyz © 3(xy+yz+zx) < (xyz)? = (x+y+2)? © (x—y)? +(y—
2?2 +(z-x)?%=0.
Piéu nay luén dung. Dau bang c¢6 khi va chi khix=y==z.
Vay (1) dudec CM, diu béng c6 khi va chi khi x=y=2z= V3.
Pe 36. DE THI HOC SINH GIOI LOP 10
y4—2xy2+7y2:—x2+7x+8
Giai hé phuong trinh sau
L V3—x+1/y2+1=x3+x%-4y%+3.
o

yi—2xy? + 7y = -2 +7x+8 (1)
V3—x+1/y2+1=x3+x2-4y%+3. (2

y2:x+1
y2=x-8

X L3Ji giai. Xét hé phuong trinh sau {

Diéu kién xac dinh x < 3.

Ta c6 phuong trinh (1) < (y2—x)*+7(y%—x)-8=0 Vizr<3nénx-8<0,

do d6 khong thé xay ra truong hop y? =x - 8.
Vay y% =x +1.
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Thay vao (2) ta ¢6 V3 —x+ vVx+2 =23 +x% —4x—1 (diéu kién x = —2).
oxd+x?—4x—4+2-Vx+2+1-V3-x=0
S -2 +2DE+1)-x-2Vx+2+2+x-21+V3-x=0
& (-2 [+ 2+ D-1Va+2+2+11+v3-x| =0
o(x—z)[(x+2)(x+1)+13—1¢m+2+11+\/ﬂ—m] =0
& (x-2) [+ D@+ D+a+13/x+2+D(Va+2+ D +x+13(V3—x+ D(V3-2+2)| =0
S (x—2)(x+1) [(x+2)+13(\/M+2)(m+ 1)+13(V3—x+ 1)(\/ﬂ+2)] =0
& (x—2)(x +1) = 0( Diéu kién x = -2)

Tu d6 ta thu dude nghiém ctia hé da cho 1a (-1;0), (2;V3), (2;-V3).

Cho dudng tron (wi1) va (ws) cat nhau tai P va @, mot dusng thang d
thay doi di qua P cit (w1) tai A va céc (w2) tai B sao cho P nim gitta A va B; C, D
14 hai diém cb dinh 1an lugt thudc (w1) va (we) sao cho P thudc tia d6i cta tia DC.
Tia BD va doan AC cat nhau tai X, diém Y thudc (w;) sao cho dudng thing PY
song song véi dudng thang BD, diém Z thuédc (ws) sao cho dudng thing PZ song
song véi dudng thang AC. Goi I va J lan ludt 1a tam cta cac dudng tron ngoai
tiép tam giac ABQ va CDQ.

a) Ching minh rang dudng thang IJ vuéng géc véi dudng thing XQ.
b) Ching minh rang dudong thang Y Z luon di qua mét diém cb dinh khi d thay

doi.
o
X LJi gidi.
a) Vi ACQP va PD@B la cac ti giac ndi tiép nén ta c6
XAQ=CAQ =CPQ=DPQ =DBQ = XBQ nén AXQB noi tiép. (1)
Vi AXQB va BPDQ la céc ti giac ndi tiép nén ta cé
@XC =ABQ =PBQ = CDQ nén ti gidc XDQC ndi tiép. (2)

T (1) va (2) suy ra @X 1a truc thang phuong cta hai dudng tron (ABQ) va
(CDQ) do d6 IJ L XQ.

b) Ta sé chiing minh réng dudng thing Y Z di qua diém @ cb dinh va dudng thang
nay ciing di qua diém X.
Vi XDQC nbi tiép nén DQX =DCX =PCA.
Tt PZ/AC nén PCA =CPZ =DPZ.
T (3) va (4) suy ra DQX =DPZ.
Mit khéc PDQZ nbi tiép nén DPZ +DQZ = 180°, do d6 DQX + DPZ = 180° hay
Z, @, X thang hang. Ching minh tudng tu ta dudc Y, @, X thang hang. T d6
suy ra diéu phai chiing minh.

Cho sb nguyén t6 p va ba s6 nguyén duong x, y, z théa man x <y <z < p.

L Chiing minh rang néu x® = y3 = z3(mod p) thi x? + y2 + 2% chia hét cho x +y + z.
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N Lo giai. T gia thiét ta c6 2 —x% =0 ( mod p).

Suy ra (y—x) (y? +yx+x%) =0 ( mod p). (1)
Ta c¢6 y —xx 1a s6 nguyén duong bé hon p va p 1a s6 nguyén t6 nén y—x va p la
nguyén t6 cing nhau.

Do d6 (1) ta dudc 2+ y%2 +22=0 ( mod p). (2)
Chiing minh tuong tu ta ciing c6: y2 + yz +22=0 ( mod p). 3)
Vaz?+zx+x%2=0( modp). 4)

Tu (2) va (3) ta c6: 22 —x2 + yx —xy = 0 (modulo p).

Suyra(z—x)(x+y+2z)=0( mod p).

Do d6 x + y +z chia hét cho p, ma 0 <x+y+x<3p = x+y+z bang p hodc 2p. (5)
St dung (2) ta ¢6 (x+y)? = xy ( mod p), két hop véi x+y = —z (modulo p ) ta dudc
22 = xy (modulo p), thay tré lai (2) ta ¢6 x* + y?> +22=0 ( mod p). (6)
Néu x +y +z = p thi (6) c6 ngay x2 + y2 + 22 chia hét cho x + y +z.

Néu x +y +z = 2p thi (6) c6 ngay x? + y2 + 22 chia hét cho x + y + 2.

% R , < 3 e s
Xét cac so thuc duong x, y va z théoa man x+y+2z < —. Tim gia tri nho

L nhéit ctia biéu thitc P = (Vx + V33 + vV2)(Vz + Vx) + % + % + %

% Loi gidi. Theo bat dang thitc gitta trung binh cong va trung binh nhéan ta cé
(Vx+ VYWY +V2)Vz+Vx) =8 /xyz =P =8 /xyz + 1x+ 1y + 1z.
Ciing theo b4t dang thiic gita trung binh céng va trung binh nhan ta dudce
8z + Lu+ 1y + 12 2 13'% /8 /Fyz - (140! + (14y)* + (142)* = 13" /1221 /532 - (xy2)?.
Vaxyz <(x+y+23)°3 <125 Suyra P = 13.
Ma khi x =y =2z =14 thi P =13, suy ra gia tri cia P la 13.

C6 42 hoc sinh tham gia mét buéi giao luu. Biét rang ct 3 hoc sinh bat
ky, déu c6 it nhat mét cip doi gom hai hoc sinh c6 trao d6i kinh nghiém hoc tap
v6i nhau. Ki hiéu % 1a s6 cap d6i nhu thé. Tim gi4 tri nhé nhét caa k.

o

X Loi giai. Ta sé giai bai toan téng quat

Bai toan. Cho m 1a s6 nguyén duong 16n hon 1. C6 2 m hoc sinh tham gia mét buéi
giao luu. Biét rang cit 3 hoc sinh bat ky, déu c6 it nhat mot cip d6i gdm hai hoc sinh
¢6 trao d6i kinh nghiém hoc tap véi nhau. Ki hiéu & 1a s6 cip doéi nhu thé. Tim gia
tri nhé nhat caa k.

Loi gidi V6i mbi s6 nguyén duong m > 1, rd rang ton tai gia tri nhé nhéat caa &, ta ki
hiéu gia tri nay béi k(m) Ta thay £(2) = 2.

Bay gio gia st m > 2.

Xét budi giao luu gdbm 2 m hoc sinh sao cho ¢é 3 hoc sinh bat ky, déu cé it nhat mot
cép d6i gom hai hoc sinh ¢6 trao d6i hoc tap véi nhau bang k(m).

Ton tai it nhat hai hoc sinh (ki hiéu 14 A va B ) khéng trao déi hoc tap véi nhau,
loai A va B ra khoéi buéi giao luu nay ta c¢6 mot budi giao luu gom 2( m — 1) hoc sinh
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ma ct 3 hoc sinh bat ky, déu cé it nhat mot cip d6i gom hai hoc sinh ¢6 trao doi
kinh nghiém hoc tap véi nhau. S6 cip déi gom hai hoc sinh ¢6 trao d6i kinh nghiém
hoc tap véi nhau trong budi lién hoan méi sé khong it hon k(m —1), ma méi hoc sinh
trong buéi lién hoan méi sé trao déi kinh nghiém hoc tap véi A hodc B (vi A va
khéng trao d6i hoc tap véi nhau).

Suy ra k(m)=k(m —1)+2(m - 1).

Do d6 k(m) = m(m —1) véi mbi s6 nguyén duong m > 1.

Véi mdi s6 nguyén dudng m >, ta xét méi budi giao luu gom 2 m hoc sinh nhu sau
Cac hoc sinh trong budi giao luu thudc mot trong hai nhém (goi 1a X va Y ). Nhém
X gom m hoc sinh ¢6 trao déi hoc tap ting d6i mét, nhém Y gém m hoc sinh c6 trao
doi hoc tap ting doi mot. Méi hoc sinh cia nhém nay déu khong c6 trao d6i hoc tap
v6i bat ky mot hoc sinh nao ctia nhém Kkia.

R6 rang trong budi giao luu nay, ci 3 hoc sinh bat ky, déu cé it nhat mét cap doi
gom hai hoc sinh c6 trao d6i kinh nghiém hoc tap véi nhau s6 cip déi trao d6i hoc
tap v6i nhau bang m(m — 1).

Suy ra k(m) < m(m — 1) v6i mbi sé nguyén duong m > 1.

Tt (1) va (2) suy ra k(m) = m(m — 1) véi mbi s6 nguyén duong m > 1.

Tré lai bai toan ban dau.

Theo trén ta cé gia tri £ bé nhat 1a £(21) = 420.

Pé 37. DE CHON HOC SINH GIOI LOP 10

a) Giai phuong trinh 2(x-6)=3vVx—-5—-Vx+3.

b) Cho sb a,b,c théa man diéu kién a +2b + 5¢ = 0. Chitng minh phuong trinh
ax?+bx+c =0 c6 nghiém.

X Lo giai.
a) Taco2x—6)=3vVx—-5-vVx+3. (%)
Piéu kién x = 5.
Khi d6
(*)©26-x)=Vx+3-3Vx-5
< 26-x)(Vx+3+3Vx—5)=48—8x
& 2(6—x)(Vx+3+3Vx—5)=4(6—x)
x—6=0 (1)
Vx+3+3Vx-5=4. (2)
Ta ¢6 (1) © x = 6 théa méan diéu kién.

Ta ¢o
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29-5x=0
(2)e3V(x+3)(x—-5)=29-5x &
x%2-17x+61=0
29
=y _17-3V5
< 17+3v5 T T o
xX=——"
: V5
. . N 17-3v5
Vay nghiém ctua phuong trlnhx:6,x:T.

b) Céc s6 a,b,c théa man diéu kién a +2b + 5¢ = 0. Chitng minh phuong trinh
ax?+bx+c=0 (1)c6 nghiém.
Truong hop 1: a =0 suy ra 2b+5¢ = 0 phuong trinh (1) tré thanh bx+c=0 (2)
+) Néu b = 0= ¢ = 0 phuong trinh (2) ¢c6 nghiém (v6 dinh).
+) Néu b # 0 phuong trinh (2) ¢6 nghiém (duy nhat).

5
Truong hop 2: a #0. Ta c6 b:—OHr2 ¢

A =b%—4ac = 4A = 4b%—16ac = (a+5¢)*—16ac = a®—6ac+25¢% = (@—3¢)>+16¢2 = 0.
Vay phuong trinh (1) luén cé nghiém.

e . x2—4xy+x+2y:0 (D)
Giai hé phuong trinh { | ) ) )
L x*—8x"y+3x"“ +4y“=0. (2)
°

X Loi gidi.

x2—4xy+x+2y:O x2+2y =4xy—x x2+2y =4xy—x

= =8
x*—8x%y+3x2+4y2=0 (% +2y)? =12x%y—3x2 (dxy —x)®> =12x%y—3x>

x2+2y =4xy—x x2+2y:4xy—x
o s

x2(4y—-1? =3x%(4y-1) |x*@y-1)(dy-4)=0.
Trwong hop 1: x=0=y=0= (x;y) =(0;0) la nghiém cta hé.
Trwong hop 2: y=1 >x2-8x+2=0= (x;y)=(L;1) vV (x;y) = (2;1).

1 1

Truong hop 3: y = yind x%+= =0 (loai).
Vay hé c6 3 nghiém (0;0),(1;1),(2;1).

Trong mét phang véi hé toa do Oxy, cho diém A(1;3), B(-5;-3). Xac dinh
L toa d6 diém M trén duong thang d: x—2y+1=0 sao cho ‘2MA +J\E‘ nho nhét.

°
X Loi giai.
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M

Goi I(xo;y0) 12 diém théa man 27A + IB =0
2(1—x9)=x9+5 x0=-1
<
23-y0)=y0+3
Vay I(-1;1). Ta c6
j2MA +MB‘ = ‘2(MI+IA)+MI+IB‘

@21_)A:ETI)©{

- (31\7i+2ﬂ4’+ﬁ§] :3]1\71" - 3MI.
Nhu véy (mﬂ 4 Mé) nhé nhét khi va chi khi MI nhé nhét. Suy ra M 1 hinh chiéu
caa I trén d.

p x=2t—-1
Phuong trinh tham so6 cta d: { . Goi toa do M(2tg — 1;to).
y=t
P — P — ]_
Suy ra IM = (2tg;to—1). TacéIM-iZd:0@2.2t0+t0—1:0©t0:g.
. -31

Cho tam giac ABC c6 cac goc thoa man hé thic: cotA +cotC = acotB.

a) Xéc dinh géc giita hai dudng trung tuyén AA; va CC; cta tam gidc ABC khi
1

a=-—.
2
b) Tim gi4 tri 16n nhat cta géc B khi a = 2.
& Loi gidi.
a)
B
Cq Ay
G
A C
Ta c6 2, .2 2 2, .2 32 2, 722_ .2
b%+c” - +c“-b +b% -
cotA:#;cotB:L;cotC:u.

48 4S8 4S8
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) 1 ,
Khla:E.Taco

1
cotA +cotC = 2 cotB

I)2+02—0L2_'_(7L2+I)2—c2 1a?+c2-b2

© 748 48 2" 48
<562 =a?+c2.
Ta C() 2 2 2 2 2 2
4 4b 4 41a+b
AG? =AY = (oS -2 )caP= o= (- )
9 o\"2 T a)YT T 1Tl Ty Ty
4 4 (4b2 +5b
Suy ra AG?+CG? = (b2 + L) = 5 (20 ) =2 > 44, LCCL.
9 7R )

Vay géc gitta AA; va CCq bang 90°.
b) Ta c6 2,2 9 2,72 .2 2, .2 12
b +c°— +b°— +c“-b
cotA +cotC =2cotB & :S a4 + a 1S ¢ _ 2a :S
< a?+c?=2b%

a?+c2-b2 a?+c?

, 2ac
Ta ¢c6 cosB =

1
= > =—. Suyra B <60°.
2ac 4ac 4ac 2

D4u = xay ra khi tam giac ABC déu.

, 1 1 1 e, e 12 A
Cho ba s6 dudng a,b,c théa man — + 2 +— = 1. Tim gia tri 16n nhat
a c

o 1 1 1
cua biéu thic P = + + .
V5a2+2ab+2b2 V5b2+2bc+2¢2  V5c2+2ca +2a?
@
% Loi giai. Ta ¢6 5a2 +2ab +2b% = (2a + b)? + (a — b)? = (2a + b)*.
1 1 1(2 1
Suy ra < <- (— + —). (1)
Vb5a2 +2ab+2b2 2a+b 9la b
(\2+1 1+1+1> 9 9
Vi—+—-=—+—+—-2= = .
a b a a b a+b+c 2a+b
1 1/2 1
Tuong tu < - (— + —) . (2)
VBbZ+2bc+2¢2 9\b ¢
1 1(2 1
s—|-+—]. (3)
v5c2+2ca+2a2 9\c a

P 1/1 1 1
Cong theo ve caa (1),(2) va (3) suyra P < 3 (— + 5 + —),
a C
1 1 1 1(1 1 1\ 1(1 1 1 1 1
Mat khac =+ —=+—==>— B P (i
: a2 b%2 2 3( ) (a b c) a b

< V3.

~3
3 )
SuyraPsg. Dau=xayrakhia=b=c=V3.

1
a b c c

Pé 38. DE CHON HOC SINH GIOI LGP 10

Cho a,b,c duong théa man (e +b +c)abe = 1. Tim gia tri bé nhat caa biéu
thuc
a® bo b
= + + .
a3+2b3 b3+2¢3  ¢3+2a3

X Loi giai.
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., a® a?@a®+2b%) - 24263 a?b?
Ta co = —q?-2——_:
ad +2b3 as +2b3 ad +2b3
a®+2b% =a® + b3+ b3 >3V a3b3b3 = a3 + 2b% > 3ab2.
_ @’ _a?® o’ _ab
a?2+2b3 " 3ab?2 a2+2b3° 3
273 5
-2———>q°——ab=> ———<>a°——abd
T T st T3 T e o T3¢
Chtng minh tuong tu b° > b2 2b ¢ > ¢? 2
) >b*——-be,——— =c“——ca.
g gl b3 +2¢3 3 7 ¢3+2a3 3
2 2 2
TfidéytacéSZa2+b2+c2—§ab—§bc—§ca.
2 2 2 1 1
Méa2+b2+cz—§ab—§bc—§ca:5[(a—b)2+(b—c)2+(c—a)2]+§(ab+bc+ca)

1
=>8= g(ab +bc+ca).
Ap dung bat dang thic (x +y +2)% = 3(xy + yz + zx), ta c6

(ab+bc+ca)=3=>ab+bc+ca=V3.

3 ¢ C s a1 1
:SZ%.Déngthﬁcxéyrakhlvachlkhla:b:c:—

4

&

V3 1 1 1
Va minS:—tai(a;b;0)=(—;—;—).
’ 3 V3 V3 V3

Cho s6 nguyén n = 2.
a) Hay xac dinh tat ca cac bé (a1,...,a,) nguyén duong sao cho (a1!-1)...(a,! -
1)—9 la s6 chinh phuong.
b) Hay x4c dinh tat ca cac bd (a1, ...,a,) nguyén dudng sao cho (a1!-1)...(a,! -

1)—1 1& s6 chinh phuong.
\- °

N Lo gidi. Gia st rang (a1!—1)...(an! — 1) = 3% +x2. Khi d6
Néu a; =2 thi khong anh hudng dén tich nén c6 thé xét a; = 3 véi k gia tri i.
Néu a; =4 thi a;!-1 14 s6 hang 4% — 1 nén phai ¢6 uéc s6 nguyén t6 p c6 dang 4% —1.

Ta c¢6 ngay plx® + 32 nén p = 3. Tuy nhién a; =3 nén a,! -1 khong thé chia hét cho 3
v6i moi j, mau thuan.

Vay a; = 3 v6i moi i. Thanh thi ta dua dén phuong trinh 5% = x?+9. Ta chira % 1a
s6 ch&n. Néu % 18 thi 5° = ~1( mod 3) do d6 x? = —~1( mod 3). Tt d6 dua vé 5* —x2=9
hay (52 - x)(5"? +x) =9 suy ra 5*? —x=1,5"2 +x =9. Do d6 52 = 5. Vay k = 2.
Thanh thit ta c6 2 trong sb n s6 bang 3 con lai bang 2.

Cho tam giac ABC khong vuong va khong can, O,H theo tha tu lam tam
duong tron ngoai tiép va truc tam ctia tam gidc ABC. E,F theo thi tu la giao
diém cia BH,CH va AC,AB. M,N theo thi tu 12 trung diém ctia AB,AC. 01,05
theo thi tu 1am tam duong tron ngoai tiép ctia tam gidc BEM,CFN. Ching minh

. r??lng OH 1 010,.

X Ldi giai.
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GoiG=BNNCM;K=EMnFN.

Dé thay G thudc OH (duong thang Euler); K thuéc GH (dinh 1y Pappus).

Do d6 0,H,K thiang hang. (1)

Dé thay B,C,E,F(BEC =90° = BFC) va M,N,E,F cung thudc mot duong tron (dusng
tron Euler).

Do d6 Pyy0,) = HB.HE = HC.HF = P0,); Px/0,) = KB.KE = KN KF = Pgj0,).

Piéu d6 c6 nghia la HK 1 010,. (2)

Tu (1) va (2) suy ra OH 1 010s.

Tim s6 nguyén dudng % bé nhat sao cho véi méi tap gom £ s6 tu nhién

L luén ton tai 6 phan ti trong tap cé tong 1a boi cta 6.

o

% Ldi gidi. Ta ching minh £ bé nhat 1a 11. Xét tap Sy géom 10 sb tu nhién la
{0,6,12,18,24} U {1,7,13,19,25,31}.

Mbi s6 6 nhém 2 déu chia 6 du 1, méi s6 6 nhém 1 déu chia hét cho 6. Do dé khong

thé chon dudc sau sb tit So ma tong chia hét cho 6. Ta chi ra mét tap con S bat ki

cta tap cac s6 nguyén ma |S| =11 thi déu chon ra dude sau sb6 ¢6 tong chia hét cho

6. That vay, dau tién ta chitng minh trong nam s6 bat ki bao gid cling chon dudc ba
sb c6 tong chia hét cho 3.

That vay, néu niam sb nay cé ba s6 chia hét cho 3 dudc ba s6 du khac nhau thi tong
cta ba s6 d6 chia hét cho 3. Néu nam s6 nay chia cho 3 c¢6 t6i da hai s6 du khac
nhau, thi theo nguyén 1y Dirichel, ton tai it nhat EJ =3 86 ¢6 cung sb6 du khi chia
cho 3.

Ap dung két qua trén, chon nim s6 bat ki, khi d6 c6 ba s6 ¢6 tong chia hét cho 3. Ki
hiéu nhém 3 sb d6 14 S; va loai boé ra khéi tap S dang xét. Trong 11-3 =8 s6 con lai,
lay tiép nam sb va do d6 chon dudc ba sb c6 tong chia hét cho 3. Nhém ba s6 nay la
Sy. Loai tiép ba sb nay ta con lai 8—3 =5 sb. Ap dung két qua trén mot 1an nita ta
chon dudc S3 gom ba s6 ¢ tong chia hét cho 3.
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Tong sb trong S1,Ss,S3 1a ba s chia hét cho ba. Trong ba s6 4y c6 hai s6 cung tinh
chan 1é, do d6 tong hai s6 d6 phai chia hét cho 2.3 = 6. Thanh thi ta c6 sau sb c6
tong chia hét cho 6.

Nhan xét: Pay 1a truong hop dac biét cta dinh Iy EGZ da khs kinh dién: Cho s6
nguyén duong n, khi d6 trong tap hop S gom 2n — 1 sb6 nguyén tuy ¥, ludon chon ra
dudc n s6 ¢6 tong chia hét cho n. Lude d6 chitng minh dinh 1y nay nhu sau: Pau tién
chiing minh bai toan ding cho s6 nguyén t6 p. Sau d6 chiing minh dung cho pk va
cudi cung chiing minh thém: néu bai toan ding cho n =a va n = b véi (a,b) = 1 thi
bai toan dung cho n = ab hay khong?

Giai hé phuong trinh {\/;4_ vy =2
L Vx+15+\/y+15=8.

- L J
X Loi giai. Pieu kién x,y = 0.
Cach 1.
x+y+2/xy=4,t=\/xy=>x+y=4-2¢.
Va+15+1/y+15=8=x+y+30+2/xy + 15(x + y) + 225 = 64.
= 4-2t+30+2V 2+ 15(4 — 2t) + 225 = 64 = 21/ ¢2 — 30¢ + 285 = 2¢ + 30
=>Vit2-30t+285=t+15=>-30t+285=30t+225 > t=1=>x=y=1.
Cach 2.
Xét @ = (v;V15),0 = (v V15),
=@ +7=(Va+y5;2V15) = (2;2V15).

il = Vax+15,5] = \/y+15,li+ 0] = /22 +(2V15)2 = 8.

Cho bbn sb duong a,b,c,d théa man a +b+1="Tc va da thic
P(x) = %%+ ax? + bx + ¢ ¢6 ba nghiém thuc (khéng nhéat thiét phan biét).
Pit Q(x) = 2% + 2x + d. Chiing minh rang
a) Tich ba nghiém cta da thic P(x) khong vuot qua —1.

b) Phuong trinh P(Q(x)) = 0 c6 tb6i da bén nghiém thuc phan biét.
\ o

& Loi giéi. a) G()i ba nghiém la X1,X2,X3 khi do x; <0 nén y;i =—x; =0,

Ta c6 P(x) = (x + y1)(x + yo)(x + y3).

Theo gia thiét a+b+1=Tc tasuyraa+b+c+1=8c. Do dé P(1) = 8P(0). Theo dinh
ly Vi-ét, 8y1y2ys = (1+y1)(1 + y2)(1 + y3) = 8\/y1y2ys. Suy ra y1y2y3 = 1 hay x1xexs < - 1.
Dodo —-c<-1hayc=>1.

b) Phuong trinh P(Q(x)) = 0 tuong duong véi Q(x)—x; =0 v6i i =1,2,3 nao do. Ta
c6 A} =1-d+x;. Theo trén y;ysy3 =1 nén it nhat mot s6 y; = 1. Khi d6 x; < —1. Suy ra
Al < —d < 0. Vay phuong trinh Q(x) —x; = 0 v6 nghiém. Thanh thu trong ba phuong
trinh Q(x)—x; =0 v6i i = 1,2,3 c6 it nhat mot phuong trinh vé nghiém. Thanh thi
phuong trinh t6i da bon nghiém.
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Cho tt gidac ABCD noi tiép dudng tron (0) va khong phai 1a hinh thang.
Goi M, N theo tht tu 14 trung diém ciia AB,CD. Goi E = ADNBC,F =ACnBD,P =
EF NAB va @ = EF nCD. Ching minh rang
a) M,N,P,Q cung thuéc mot duong tron co tam la 7.

b) MQ,NP,OT dong quy.
\S  J

X Loi gidi.

Goi G=ABNCD.

a) Vi (GPAB)=-1;MA = MB va (GQCD)=-1;NC = ND nén
GM.GP=GA.GB=GC.GD =GN .GQ.

Do d6 M,N,P,Q cung thuoc duong tron tam T'.

b) Goi L 1a trung diém cta EF;S = MQNNP;{U;V}=EF n(0).
Dé thay T'S L LG (dinh ly Brocard). (3)

Dé thay (GPAB) = 1.

Két hop v6i MA = MB, theo hé thic Maclaurin, ta c6
Pgi0)=GA.GB=GM.GP = Pgyr).

Dé thay (EFUV)=-1=(EFPQ).

Theo hé thitc Newton cho hai hang diém diéu hoa (EFUV) va (EFPQ), ta c6
LE?=LF*=LPLQ=LU.LV.
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Ma LP.LQ = PL/(T);LU.LV = PL/(O)- Véy PL/(O) = PL/(T)-
Do d6o OT L LG. (4)
Tt (3) va (4) suy ra O,T,S thang hang (dpcm).

Cho ba s6 nguyén duong a,m,n trong d6 a 1a s6 chén va n > 1.
a) Ching minh ring moi uéc nguyén tb cia A = a®" +1 déu c6 dang 2"k +1,
v6i k 14 sb tu nhién.
b) Gia sit rang a™ +1 chia hét cho A. Chiing minh rang 2% 12 s6 nguyén dudng
1é.

\_
X LJi gidi.
a) Gia st ring d 1a mot uéc nguyén tb cta a

2" 11. Suy ra ordg(a) = 2, v6i 0 <

t<n+1. Néut <n thi (@¥ - 1)ia? - 1)id, suy ra 2:d, mau thuin vi d 1&. Vay
t=n+1,suyrad=1( (mod 2)"™1).

b) Pat m=2"g+rv6i0<r<2".Néuglasbchinthia™+1=a"(a™ " -1)+(a” +1),
ta suy ra a” +1:4, mau thuin do A >a” +1. Thanh thi ¢ 18.
Tita™+1=a"(@™ " +1)+1—a" chia hét cho A. Viy r =0 nén —~ = ¢ 1a b 1.

P
Peé 39. PE CHON HOC SINH GIOI LOP 10
e N N . a , . £ 2014 2015

(2.0 diem) Tim tap xac dinh ctiia ham so f(x) = + .

k V-x2+2x+3 Vx2-2x
°
% Loi giai. Ham s6 f(x) xac dinh khi va chi khi
P “lex<d 2<x<3
4 |x>2 = .
x2—2x>0 -1<x<0
x<0

Vay tap xac dinh cta ham s6 f(x)1a S = (-1;0) U (2;3).

(1.0 diém)

a) Chiing minh rang ham sb f(x) = %1 dong bién trén khoang (—1;+oo).
X
b) Chitng minh rang ham sbé f(x) = V2015 —x — V2015 + x 12 mot ham s6 1é.
°
X LJi giai.
a) V6i moi x1-x9 € (—1;+00),x1 # x2 ta co
L — &
K= f(x1) = f(x2) _ x4l xpt1 _ x1(x2 +1) —x9(x1 + 1)
X1 — X2 X1 — X2 (1 —2x2)(x1 + D(x2 + 1)
X1 — X9 1

= > 0.
(x1 —2x2)(x1 + 1)(x2:|- 1) (x1+1(xe+1)
(Do x1-x9 € (—1;+00)). Do d6 K > 0= f(x) dong bién trén khoang (-1;+o00).
b) Tap xéac dinh ham sb 14 D =[-2015;2015]. Véi moi x € D, ta ¢ —x € D, f(-x) =
V2015 +x - V2015 —x = — (\/2015—x— \/2015+x) = —f(x)
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Suy ra f(x) 1a ham s6 18.

(1.0 diém) Giai phuong trinh: 19+3x+4V —x2 —x+6=6V2—x+12V3 +x.

\ o
—x2—x+6=0
N Loi gidi. Pieukién{2-x>0 & -3<x<2.
3+x=20
Phuong trinh da cho tuong duong véi
19+3x+4v/(2- 0@+ =6(V2-x+2V3+x).
Dat t=v2-x+2vV3+x,t>0tacé
t2=2-x+4@+x)+4V/(2—x)(3+x) =14+ 3x +4V/(2 - x)(3 + x).
t=1
Thay vao phuong trinh trén ta dudc 5+t> =6t © t>-6t+5=0 .
t=o.
+)t=1oV2-x+2V3+x=102-x+4B+x)+4/(2-x)B+x)=1
©3x+13+4V—-x2-x+6=0vd nghiém do -3<x<2.
+)t=5eV2-x+2V3+x=5©2-x+43+x)+4/(2-x)(3+x) =25
2
16(-x% —x+6)=(11-3x)? | 25%" —50x+25=0
o4V -x2-x+6=11-3x o = 11
11-3x=0 xS?.
& x =1 théa man diéu kién.
Vay tap nghiém ctia phuong trinh da cho la S = {1}.
2 2 _
. e . x“+2y°—-3xy-y—-1=0 (1)
(1.0 diem) Giai hé phuong trinh 1)
L x> +y?—y-3=0. (2)
o
N ) x=y-1
X Laigidi. Taco (1) o (x—y+1Dx-2y-1)=0<
x=2y+1.
y=2
V6i x = y — 1 thay vao (2) ta dudc 2y% -3y -2=0< 1
y=-5.
+)y=2=>x=1.
+) = 3
= —— xX=——.
Y=o 2
y=-1
Véi x =2y + 1 thay vao (2) ta dudc 552 +3y—2=0< 9
y=c.
5
+)y=—-1=>x=-1.
+)y==>x=-.
! > ) > 3 1) (9 2
Vay (I) ¢é nghiém (x;y) 1a: (1;2),(-1;-1),|-=;—=|,[=;-=|.
ay (I) c6 nghiém (x;y) la: (1;2),(-1; ),( X 2),(5, 5)

(1.0 diém) Tim tat ca céac gia tri cia m sao cho bat phuong trinh (m —
L 1)x? + 2(m + 2)x + 2m + 2 = 0 vo nghiém (x 12 &n, m 14 tham sb).
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% Loi gidi. Bat phuong trinh da cho v6 nghiém khi va chi khi
(m-1Dx’+2m+2)x+2m+2<0,Vx€R

Trudng hop 1: Néu m =1thi 6x+4<0,Vxe R & x < —g,VxeR vo li.

Trudng hop 2: Néu m #1 thi (m — 1)x® +2(m + 2)x +2m +2 < 0,Vx € R

m<1
m-1<0 m<1
, 9 < 9 < m>2+v10
AN=(m+2)-(m-1)2m+2)<0 -m“+4m+6<0

m<2-v10

o m<2-V10.
Vay tap hop cacgiatricaamla S = (—00;2 - \/E)

(1.0 diém) Cho tam gidc ABC khong can néi tiép dudng tron tam O va
G la trong tAm cta tam gidc ABC. Goi M,N,P lan ludt 1a trong tam tam giac
OBC,0CA,0AB, va G' 1a trong tam tam gidac MNP. ching minh rang 0,G,G’
thang hang.

X Loi giai.

Cach 1:

Két qua cd ban: cho tam giac ABC trong tam G.

Khi d6 v6i moi diém O ta c¢6 OA + OB +OC = 3.0G.-

Do M,N,P lan ludt 1a trong tam céc tam gidc OBC,0CA,0AB nén

OB +0C =3.0M,0C +OA =3.0N,0A + OB = 3.0P.

Cong tung vé ba hé thic trén ta dudce

2(0A +0B +0C) = 3(0M +ON +0P) < 2.3.0G = 33.0G' » 2.0G =3.0G' = 0,G,G’

théng hang.

Cach 2:

Vi M,N,P lan ludt 1a trong tam ctia tam gidc OBC,0CA,OAB nén ta cé
OM ON OP 2
OA’ OB’ 0C' 3
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(A',B’,C' 1an ludt 1a trung diém caa BC,CA,AB).

Xét vi tu VO% :AMNP — AA'B'C’'. Vay trong tdm G’ cta tam giac MNP bién thanh
trong tam G cua tam giac A’,B’,C’. Ma trong tdm G cua tam giac A’,B’,C’ chinh la
trong tam ctia tam giac A,B,C. Vay O,G,G’ thang hang.

(1.0 diém) Cho tam gidc ABC khoéng vudng va c6 canh BC =a,CA =
b,AB = ¢. Ching minh ring néu tam gidc ABC théa man a2+ b2 = 2¢% va tanA +
tanC = 2tanB thi tam gidc ABC déu.

e Ldi giai. Theo dinh Iy ham sb sin va cos ta c6
a

sin A 2R abc
t A: = = .
an cosA  b2+c2-ag?2 ROBZ2+c2-a?)
2bc 5 b
abce abce
Tuong tu ta c6 tanB = ,tanC = .
ngtutacotant = Bt 22 Y T R+ 02— 2
abe abe abe

=>tanA +tanC =2tanB &
1

iR @b P+ b?

o @+b2-c)@?+c2-b)+ (B2 +c?—a®)a®+ 2 - b2 =2b% + 2 —a?)a® + b% - ¢?)

©a4—(b2 _02)2 +C4—(a2—bz)2 — 2(54—((12 _c2)2)

o a2(@®+b%2-2¢2)+ (2 -b2)(c?+2b%) =0 b =c (do a® +b% =2c2).

Két hop véia?+b2=2c2=>a=b=c.

Vay tam giac ABC deu.

_9
R®? ¢ a?) T R@+02-¢5 “R@®+cZ-b?)

(1.0 diém) Trong mét phang véi hé toa d6 Oxy, cho tam giac ABC khong
12 tam gidc vudng va ndi tiép duong tron (I) (duong tron (I) c6 tam la I); diém
H(2;2) 1a truc tam tam giac ABC. Ké cac duong kinh AM,BN caa duong tron (I).
Tim toa do cac dinh ctia tam giac ABC biét M(5;3),N(1;3) va duong thang BC di

qua diém P(4;2).
N °

X Loi gidi.
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Nhan xét: C4c tii gidc BHCM,AHCN la céc hinh binh hanh suy ra néu goi E, F lan
lugt 12 trung diém ctia BC,CA thi E, F cing tuong tu 12 trung diém cta HM,HN.

Dods B35 ). F 55

2’2 2’2
R 2 . e 75\ .
Puong thing BC di qua diém P(4;2),E (5; 5) nén
x—4 y-2
BC:7—=5—ox+y-6=0.
——4 —-9
2 2

AH vudng géc v6i BC suy ra AH c6 véc-to phap tuyén 7iag = (1;—-1) két hop véi AH
di qua diém H(2;2) suyra AH:1(x—2)-1(y—2)=0ox—y=0.
Ae€AH = A(a;a),C e BC = C(b;6-0), do F 12 trung diém AC nén

XA +Xx¢
<xF: 9 a+b=3 a=1 ACL1).C@:0)
o o o A(1;1),C(2;4).
yp=2ATYC  a+6-b=5 |b=2
Do E 12 trung diém BC nén
xB +xc
XE = xg =2xg —x¢ xg=>5
{ y -%y o o = B(5;1).
_JBTIC YB =2YE —YC =1

Vay A(1;1),B(5;1),C(2;4).

(1.0 diém) Cho a,b,c 1a cac s6 thuc duong théa méan diéu kién a+b+c =
2015. Chitng minh réng
2015a —a? 2015b-b2 2015c¢—c?
+ +
be ca ab

2015 — — —
2\@(\/ 015 a+\/2015 b+\/2015 c).
a b c

\S  J
X Loi gidi. Thay 2015 = a + b + ¢ thi bat dang thic can chiing minh c¢6 dang

a(b+c) b(c+a) c(a+b) 6> 2\/—( /b+c /c+a la+b )

Tac’a(b+c) b(c+a) c(a+b) t6=2.2. _+ + +e 16
be b ¢

b+c c+a b /c+a 949 a+b
b+c c+a a+
—2\/_(\/ \/ +1/ )
2015

DAu biang xay ra khi va chikhia=b=c= 5
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