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PHAN PAP AN
TUYEN TAP CAC BAI TOAN HINH
ON THI VAO 10

Cau 1.(Thay Nguyén Chi Thanh) Cho duong tron (O) va duong kinh AB=2R =10cm. Goi C latrung
diém OA, Qua C ké day MN vubng goc véi OA tai C. Goi K 1a diém tly y trén cung nho MB, H
1a giao diém AK va MN . Chting minh:

a) Tt giac BHCK noi tiép, AMON 14 hinh thoi

b) AK.AH = R? vatinh dién tich hinh quat tao bai OM , OB va cung MB

¢) Trén KN lay | saocho KI = KM, chitng minh NI = KB

d) Tim vi tri diém K dé chu vi tam gidc MKB 1én nhét.

Huwong ddn
a) T giac BHCK noi tiép, AMON 13 hinh thoi K
Vi K nam trén duong tron tam (O) duong kinh AB nén
AKB =90° = HKB = 90°(H e AK) ,
MN vudng géc AB (gt) nén

MCB = 90° = HCB = 90°(H e MN)

Taco: HCB + HKB =90°+90° =180°.

Ma HCB;HKB 1a 2 goc d6i nhau cua ti giac BHCK N
= Tu giac BHCK noi tiép (dhnb)
+) Xét (O) MN laday cung, AB la duong kinh
Ma MN vubng géc AB tai C (gt)
Nén C la trung diém MN (lién hé gitra duong kinh va day cung)
Ma C 1a trung diém OA (gt) = Twa giac AMON Ia hinh binh hanh (dhnb)
Ma MN vubng géc OA (gt) = Nén AMON 1a hinh thoi (dpcm)
b) AK.AH = R? va tinh dién tich hinh quat tao badi OM , OB va cung MB
Xeét AAHCva A ABK co:
A la gbc chung

ACH = AKB =90°

= AAHC - AABK (g-9) = % = Q—E = AH.AK = AB.AC = ZR% R = R*(dpcm)

Theoa) AMON Ia hinh thoi nén AM =MO=0A=R
Ta c6 tam giac AMO déu = AMO = 60° = MOB =120° (tc ké bu)

2 2
1207R” _ 7R" 'ma 2R =10cm nén R=5cm. Do 6 S, = 22
360

¢) Trén KN lay | saocho KI = KM , chitng minh NI = KB

*) SMOB =
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Dé dang chitng minh MB = NB = Tam gidc MNB cén (d/n)
Ma MKN = MBN =60°
NMI = KMB + IMB = NMB = 60°
KMB + IMB = KMI = 60°
NMB = MAO (cung phu véi MBA)
Ma MAO =60° (tam giac AMO déu)
— Tam gidc MNB déu (tam gi4c can c6 1 géc 60°) (1)
Churng minh tuong tu ta ¢ tam giac MKI cén
Ma MKN = MBN = 60° ( hai géc néi tiép cuing chan cung NM )
Nén tam giac MIK déu.(2)
Tir 1 va 2 taco: NMI + IMB = NMB = 60°
KMB + IMB = KMI = 60°
Nén ta c6: NMI = KMB (cuing cong véi IMB bing 60°)
Xét AMNI va AMBK co:
+) Ml = MK (AMIK déu)
+) NMI = KMB (cmt)
+) MN = MB (ANMB déu)
= NI =BK (2 canh tuong (tnQ)
d) Tim vi tri diém K dé chu vi tam gidc MKB Ion nhit.
Chu vi cia AMKB = MK + KB+ MB
Ma KB =NI; MK =KI
P = MK + KB+ MB = KI + NI + MB = NK + MB
Ma MB cb dinh nén P, Ién nhat khi NK 16n nhat
Ma NK 1a day cung 16n nhat khi NK 1a duong kinh
Khi dé N, O, K thang hang. Vay K 1a diém chinh giita cung MB .

Ciu 2.(Thay Nguyén Chi Thanh) Cho nira duong tron (O,R) duong kinh AB. Ban kinh OC L AB.
biém E thudc doan OC. Tia AE cit nira duong tron (O)tai M . Tiép tuyén cua nira dudng tron tai

M cat OC tai D. Chang minh:
a) Tt giac OEMB noi tiép va AMDE can
b)Goi BM cit OC tai K. Ching minh BM.BK khong d6i khi E di chuyén trén OC va tim vi tri cua E
dé MA=2MB

c)Cho ABE =30° tinh S, MOB va chitng minh khi E di chuyén trén OC thi tim dudng tron ngoai tiép

quat

ACME thudc mét duong thang ¢ dinh.
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Hwéng dédn
a)Tu giac OEMB noi tiép va AMDE can K
* Tu giac OEMB co:
EOB + EMB =180’
Ma hai g6c & vi tri ddi nhau
— OEMB la tt giac noi tiép

* i tir giac OEMB ndi tiép = DEM =OBM (tinh chit goc

ngoai tir giac noi tiép) A » B
Lai c6: OBM = EMD (géc noi tiép va goc tao boi tia tiép tuyén
va day cung cuing chian cung AM)
— DEM = EMD(: OBM ) — ADEM can tai D (DPCM)
b)Goi BM cat OC tai K. Chting minh BM.BK khong doi khi E di chuyén trén OC va tim vi tri cia
E d¢ MA=2MB
* 6 AMB = 90° (g6c noi tiép chin nira duong tron)
Xét AAMB va AKOB co0:
AMB = KOB (=90°)

ABK la gbc chung

:AAMBMAKOB(g—g):gz%: BM.BK = AB.BO = 2R.R = 2R? (khong ddi)

*V6i MA=2MB

Vi AAMB vudng tai M néntan MAB:@:E:ﬂan MAthanEAO:E:%zlj EO=E
MA 2 2 AO 2 2

Viy @& MA =2MB thi E la trung diém cua OC.

c)Cho ABE =30° tinh S__MOB va ching minh khi E di chuyén trén OC thi tam duong tron ngoai tiép

quat
ACME thudc mét duong thang ¢ dinh.

* Ta thdy OK 1a duong trung truc cia doan AB.
Ma E e OK = EA=EB = AEAB can tai E.

= EAB = EBA =30° = MOB = 2.EAB = 60° (quan hé¢ giita goc & tim va goc nai tiép cling chin cung
MB).
2 2
5, MOB = 60.7.R _ 7.R
360 6
* N&i C véi B; goi H 1a trung diém cua CE, | 1a tam dudng tron ngoai tiép ACEM

= ACIE cantai l.
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Do IH 1a duong trung tuyén nén IH dong thoi 1a duong cao, dudng phan giac

= IH L CE;CIH =C%:CME

Lai c6 CME =CBA (hai goc néi tiép cung chan cung AC).
— CIH =CBA(= CME) — HCI =OCB (Vi IH L CE;OB 1 CO)

= C, 1,B thang hang = | chuyén dong trén duong thang CB ¢b dinh ( dpem)

Ciu 3.(Thay Nguyén Chi Thanh) Cho AABC déu néi tiép (O;R)ké duong kinh AD cit BCtai H .
Goi M la mot diém trén cung nho AC . Ha BK L AM tai K, BK cit CM tai E, R=6cm. Chimng
minh:

a) Tt giac ABHK noi tiép va AMBE can

b)Tt giac BOCD Ia hinh thoi va goi BE cit (O) tai N vatinh S_, MON

quat

c)Tim vi tri cia M dé chu vi AMBE I6n nhét va tim quy tich diém E khi M di chuyén trén cung nho AC

Huwong dan

a) Tt giac ABHK noi tiép va AMBE can.
* Vi AB = AC(AABC déu) va OB =0C(=R)=> AO la dudng trung truc cua doan BC

— AO L BC tai H = AHB =90°

Xét tir giac AKHB cé: AHB = AKB =90°

Ma hai goc nay & vi tri ké nhau hozc déi nhau.

— ABHK 14 ttr gi4c noi tiép duong tron dudng kinh AB.
*C6 AM,C,Be(0)= AMCB Ia tir giac noi tiép
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= AME = ABC =60°

Lai c6 AMB = ACB =60° = KME = KMB(=60°) = MK la dudng phén giac ciing la dudng cao cua
AMBE = AMBE can tai M

(PPCM)

b)Tt giac BOCD Ia hinh thoi va goi BE cét (O) tai N vatinh S_,MON

quat

* C6 BOC =2BAC =120° ( quan hé giita goc & tdm va goc noi tiép cing chan mot cung)
ABOC can tai O cd OH 1a dudng cao ddng thoi 1a duong phan giac = BOH = %.BOC =60°
Lai c6 BDA=BCA=60°

= ABODdéu =OB=BD=0D=R

Chung minh tvong ty OC=CD=0D =R

Ta dugc OB =BD =0C =CD =R =>0BDC la hinh thoi (dau hiéu nhan biét).

* CO6 ABKM vubng tai K = KBM + KMB =90° = KBM + 60° = 90° = KBM = 30°

2 2
Lai 66 NOM = 2.NBM = 2.30° = 60° = S, ,MON = 22X _ TR
360 6

c)Tim vi tri cia M dé chu vi AMBE 16n nhét va tim quy tich diém E khi M di chuyén trén cung nho
AC.
* Goi P la chu vi AMBE

P:MB+ME+BE:2.(MB+BK)

* C6 ABKM vubng tai K = BK = MB.sin BMK = MB.sin 60° =§.MB

:>P=(2+J§).MB

Dé P 16n nhat thi MB 16n nhat <> MB 1a duong kinh cua (O) < M 1a diém chinh gitta AC nho
* NGi A véi E

Vi AM la duong trung truc cuia doan BE nén AE = AB

Do AB khong d6i, diém A cb dinh nén E thudc duong tron c¢b dinh (A, AB)

Gigi han:

Ké duong thang di qua B va vudng goc véi AC cit (A, AB) tai P.

Lay diém Q ddi xing véi C qua A.

Khi M=C=E=P

Khi M=A=E=Q

Vay khi M di chuyén trén cung nhé AC thi E di chuyén trén cung nhé PQ cia duong tron (A, AB)
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D

Ciu 4.(Thay Nguyén Chi Thanh) Cho (O,R) c¢6 duong kinh BC, A 1a diém chinh gitta cung BC, lay

M 1a trung diém BO, ké ME L AB tai E, ké MF L ACtai F . Chiing minh:
a) Nam diém A E,M,O, F thudc mot dudng tron va BE.BA=BO.BM

b) Ke tiép tuyén cua (O)tai Acat MF tai K chiung minh ME = KF va ké duong kinh AD, ké ME cit
DC tai H,tia NM cit (O) tai D. Ching minh AMDH = AFEM

c)Ké MN vuéng géc EF tai N . Chang minh khi M di chuyén trén BC thi MN luén di qua mot diém

c6 dinh.

Huwéng ddn
a) Nam diém A E,M,O, F thuoc mot duong tron A
va BE.BA=BO.BM

* Do AEM = AOM = AFM =90°= E,O,F P 0
cung thudc duong tron duong kinh AM

Hay nam diém A, E,M,O, F thuoc mot dudng

tron duong kinh AM
* Xét ABEM va ABOA co:

BEM = AOB (=90°)

ABO la géc chung = ABEM ~ ABOA(g-9)

D
:>§=%:> BE.BA=BM.BO
BO BA
b) Ké tiép tuyén cua (O)tai Acit MF tai K ching minh ME = KF va ké duong kinh AD, ké ME cit
DC tai H.Chang minh AMDH = AFEM

* Vi A 1a diém chinh gira cung BC, BC 1a duong kinh=sd ABnhé = sd¢ AC nho = 90°
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EBM =45° N R
= = AEBM,AFAK vubdng can= EM =EB; FA=FK

KAF = 45°
Lai co tar giac AEMF c0 ba géc vudng nén la hinh chir nhat = ME = FA
Suy ra ME = KF
*Chirng minh twong ty trén ta c6: ME = DH
ACD =90° (g6c noi tiép chan ntra duong tron)
= AB||CD (cung vudng géc vai AC)
Ma HE L AB(GT):> HE L CD = MHC =90°
= MHCF la tir giac c6 ba goc vudng nén 1a hinh chir nhat
Mat khac CM la tia phan giac caa ACD = MHCF 1a hinh vuéng = MF = MH
* Xét AMDH va AFEM co:
ME = DH (CMT)
MF = MH (CMT)
FME = MHD (= 90°)
= AMDH = AFEM (2cgv)
¢) Chang minh khi M di chuyén trén BC thi MN ludn di qua mét diém cé dinh.
Goi (Q) 1a duong tron di qua cdc diém M,0,F, AP, E.
Vi A la diém nam chinh giira cung BC = BAO = 45° = EQO =90° ( tinh chat goc ndi tiép va goc &
tam) Suy ra OQ L EF
Trong tam gidc AMD c6 OQ 1la duong trung binh nén OQ//MD = MD L EF
ma MN L EF =M, D,N thang hang. Vi BC ¢é dinh nén D c6 dinh.
Vay MN luén di qua diém D cé dinh.

Ciu 5.(Thay Nguyén Chi Thanh) Cho doan thang MP , |y diém N bét ki nam giita M va P . V& (O)
duong kinh NP. Lay H 1a trung diém MN . Qua H ké duong thang d vudng goc véi MN . Ké tiép
tuyén HQ véi (O) tai Q. Tia PQcét d tai K. Ching minh:

a) Tt giac KHNQ noi tiép va NPQ = HKN .

b) MKP =90° va PQ.PK = PN.PH .

¢) HQ® + PQ.PK = PH? vacho HKN =30°, R=6cm. Tinh dién tich hinh quat NOQ..

d) Ly I 1a trung diém KN . Chtg minh chu vi duong tron ngoai tiép AQOI khong d6i khi N di chuyén

trén MP .

Huwong dan
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a) T gidc KHNQ noi tiép va NPQ = HKN .
Vi Qe(0) duong kinh NP

= NQP =90° = NQK =90°

Xét tir giac KHNQ c6 KHN va KQN la hai goc '

d6i nhau, ma KHN + KQN =90°+90° =180°

Suy ra tr gilc KHNQ nai tiép (dhnb) M7 o
Vi KHNQ la tir giac noi tiép (cmt)

= HKN = HQN (hai géc ndi tiép cling chan cung

NH) (1)

Xét (0) ¢6: NPQ la gdc noi tiép chin cung NQ
HQN 1a géc tao bai tiép tuyén va day cung chin NQ = NPQ = HQN (:%sd NQ) (2)

Tur (1) va (2) = NPQ =HKN (dpcm).

b) MKP =90° va PQ.PK =PN.PH .

Xét AKHM va AKHN c¢6: KH chung; KHM = KHN =90°; MH =HN (gt)

— AKHM = AKHN (c-g-¢) = HKM = HKN (hai gbc twong ng)

ma HKN = NPQ (cmt) = HKM = NPQ

Xét AKHP vudng tai H = NPQ + HKP =90° = HKM + HKP =90° = MKP =90°

Xét APQN va APHK co:
Chung P; PQN =PHK =90°

= APQN ~APHK (g-g) = % = % (cac cap canh tuong tng) = PQ.PK =PN.PH (dpcm).

¢) HQ? +PQ.PK = PH? vacho HKN =30°, R=6cm. Tinh dién tich hinh quat NOQ .
Xét AHOQN va AHPQ co:
Géc QHP chung; HQN = HPQ (cmt)

= AHON - HPQ (g-9) = HQ _HN (c&c cap canh tuong tng) = HQ? = HN.HP

HP HQ
Taco: HQ? + PQ.PK =HN.HP+PN.PH (cmt)
=PH.(HN +PN) = PH?

Xét (O) c6: NPQ la gdc noi tiép chan NQ
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NOQ 1a géc ¢ tdm chan NQ

2 o
RO ooy
360°

d) Ly I 1a trung diém KN . Chtng minh chu vi duong tron ngoai tiép AQOI khong d6i khi N di chuyén

= NOQ =2.NPQ = NOQ =2.HKN =2.30°=60° = S, =

trén MP .
HI 1a duong trung binh cia ANMK = HI // MK (tinh chat duong trung binh tam giac)

= NIH = NKM (hai goc dong vi)

Ol 1a duong trung binh cia ANKP = Ol // KP = NIO = NKP (hai goc dong vi)
Do d6: NIH + NIO = NKM + NKP = HIO = MKP

ma MKP =90°= HIO =90° = | thudc duong tron duong kinh HO

Vi HQ latiép tuyén cia (O) tai Q = HQO =90°

= 0; Q thudc duong tron duong kinh HO
MP.

Do d6: AQIO ndi tiép dudng tron duong kinh HO = % ¢6 chu vi duong tron khong doi va bang

khi N di chuyén trén MP .

CAu 6.(Thiy Nguyén Chi Thanh) Cho (O;R) véi day BC c6 dinh (BC khong di qua O). Biem A

thuoc cung I6n CB. Puong phan giac BAC cit (O) tai D, céc tiép tuyén tai C va D cua (O) cat
nhau tai E, tia CD cat AB tai K, duongthiang AD cit CE tai | . Goi AD cit BC tai M

a) Chung minh: BC//DE va bén diém A K,I,C thudc mot duong tron.

b) Chang minh: AB.AC = AM.AD va ching minh AB.AC = AM? + MB.MC

¢) Cho BC =R+/3, R=6cm tinh I, cung nho BC.

Huwong ddn
a) Chung minh: BC//DE va bén diém A K,1,C thuoc mot A
duong tron.
* C6 CDE = CAD (gbc tao boi tia tiép tuyén va day cung véi goc
noi tiép cuing chin mot cung) o

CAD = DAB(GT)

DAB = BCD (gdc tao bai tia tiép tuyén va day cung voi gc noi H

tiép clng chan mot cung)

Suy ra CDE =BCD D E
Ma hai goc nay ¢ vi tri sole trong
Suy ra BC | DE
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Céch khac: CAD = DAB(GT )suy ra BD =CD = BD =CD suy ra OD la duong trung tryc cua BC.
Suy ra BC vuéng gdc véi OD. Ma DE vudng goc véi OD (tiép tuyén) nén suy ra BC//DE.

*Co AKC =%(sd AC —sd BD) (goc co dinh nim ngoai duong tron)

AIC =%(sd AC —sd CD) (gbc co dinh nam ngoai duong tron)
Ma BD = CD(BAD - CAD)

= AKC = AIC

= K, | 13 hai dinh ké nhau nhin doan AC duéi hai g6c bang nhau

— AKIC la t& giac noi tiép (Cach khéc 1a chirng minh tuong tu nhu vay cho goc KAI va goc KCI).
Hay A K,I,C thuoc mot duong tron.

b) Chitng minh: AB.AC = AM.AD va ching minh AB.AC = AM? + MB.MC

* Xét AABM va AADC co:

ABM = ADC (hai goc ndi tiép cling chan mét cung)
MAB = CAD(GT)

— AABM ~ AADC(g-g) = 2 =AM _ ap Ac = AM.AD(1)
AD AC

* Xét AABM va ACDM c0:
ABM = MDC (hai goc noi tiép ciing chan mot cung)

AMB = DMC (hai goc ddi dinh)

— AABM ~ ACDM (g—g) = M _BM _\ig MC = AM.DM (2)
MC DM

Tir (1) va (2)
> AB.AC = AM.AD = AM (AM +MD)

— AB.AC = AM?2 + AM.MD
— AB.AC = AM? + MB.MC (PPCM)

¢) Cho BC =R+/3, R=6cm tinh I, cung nho BC.
Goi giao diém cua BC va OD la H

Vi D 1a diém chinh giira cung BC nho

— OD L BC tai H; HB = HC = %BCz%R«/g

BH _Rv3_43

= = BOH =60°= BOC =120°
OB 2R 2

Vi AOHB vu6ng tai H nén sin BOH =
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~mR120 2zR 23146

I
BC 180 3

=12,56(cm)

Céu 7.(Thiy Nguyén Chi Thanh) Cho (O,R) véi day BCcé dinh (BCkhong di qua O). Goi A la
diém chinh gitra cung nho BC . Piém E thudc cung I6n BC, AE cit BC tai D, ké CH L AE tai H,
goi AOcCét BC tai |, CH cit (O) tai K.

a) Chung minh: Bén diém A H,1,C thuéc mot dudng tron va tich AD.AE khong doi khi E di chuyén

trén cung I6n BC.

b) Chuang minh IH // BE va cho sd KE =100°, R =6cm. Tinh d¢ dai cung BAC .

¢) Chang minh: BA 14 tiép tuyén duong tron ngoai tiép ABED .

Huwong dan
a) Ching minh: Bén diém A H,1,C thuoc mot
duong tron va tich AD.AE khong ddi khi
E di chuyén trén cung I6n BC E
Taco: CH 1L AE = CHA=90°
Vi A 1a diém chinh gitra cung BC nén
OA 1L BC = AIC =90°

Xét ta giac AHIC co AHC = AIC =90°

Suy ra hai diém H, | cing nhin canh AC dudi 1 5 7 /5 c
goc vudng. \%

Do d6 tir giac AHIC noi tiép duong tron hay bon

diém A H,1,C thudc mot duong tron.

Vi A la diém chinh giita cung BC nén AB=AC va A ¢ dinh.

Xeét AADC va AACE co:

DAC chung; ACD = AEC (hai goc ni tiép chan hai cung bang nhau)

Do d6 AADC -~ AACE(g.9) :% :A—CE: = AD.AE = AC®

Ma AC cb dinh, Do d6 tich AD.AE khong dbi khi E di chuyén trén cung l6n BC.
b) Chitng minh IH // BE va cho sd KE =100°, R =6cm. Tinh d6 dai cung BAC .
Vi tir giac AHIC ndi tiép duong tron nén DHI = ACI .

Xét (O) c6 ACI =BED ( hai goc ngi tiép ciing chan cung AB).

Do d6 DHI = BED, ma hai goc & vi tri so le trong
Nén IH //BE .
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sd KE +sd AC 100° +sd AC
( ) ol )

Taco: AHC = <90° = = sd AC =80°.

Do d6 sdBC =160° = BOC =160°.

7.6.160° 16z
180° 3
¢) Chang minh: BA 14 tiép tuyén duong tron ngoai tiép ABED .

bo dai cung BAC la: | =

Vicung AB = AC nén géc ABC = AEB ( géc noi tiép chan hai cung bang nhau)
Suy ra AB 14 tiép tuyén duong tron ngoai tiép ABED ( tinh chat géc tao bai tiép tuyén va day cung va

goc noi tiép)

Cau 8.(Thay Nguyén Chi Thanh) Cho (O) , ddy cung BC (O ¢ BC). Piém A thudc cung nho BC, (
A khac B va C, do dai AB khac AC). Ké duong kinh AA" cua (O), DIla chan duong vuéng géc
kétlr A dén BC, Hai diém E, F lan luot la chan duong vudng goc ké tir B, C dén AA’.

a) Chang minh: Bén diém A, B, D, E thuoc mot duong tron va BD.AC = AD.AC.

b) Chung minh: DF //BA va DE vudng gbc véi AC.

c) Cho ACB =30°R=6cm. Tinh S

BOA va chimg minh tam duong tron ngoai tiép tam giac DEF la

quat

mot diém c¢b dinh.

Huwéng ddn
a) BDA=BEA=90° nén A, B, D, E thuéc mét duong tron.
b)Tuong tu cau a) suy ra A,D,F,C thuéc mot duong tron.
Tac6o DFA=DCA=BA'A suy ra DF //BA.

*A, B, D, E thuoc méot duong tron nén ABE = ADE.

Ma ABE = BA'A( cung phu BAE .)
Nén ADE =BA'A=DCA, Suy ra DE vuéng goc véi AC.
c) ACB =30°=BA'A= BOA'=120°

2
=S BOA= 76120 =127r(cm2).
360

quat

* Goi |, P, Q lan luot 14 trung diém cua BC, BA, AC.Suyra | ¢ dinhvi BC cb dinh.

+ Vi PD = PE néntam giac PDE cantai P ,ma PI// AC,DE L AC nén DE L Pl hay Pl la duong
trung tryc cua DE (1)

+ Chirng minh tuong tu ta cd QI la trung truc caia DF (2)

Tir (1), (2) suy ra tim duong tron ngoai tiép tam giac DEF 1a |, mot diém cé dinh.
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Céu 9.(Thiy Nguyén Chi Thanh) Cho hai duong tron (O;R) va (O’;R’) cdt nhau tai A,B (O va O’
thudc hai nira mt phang b AB ). Puong thang AO cét (O) tai diém C va cét duong tron (O') tai
E . Buong thing AO’ cit (O) tai diém D va cét duong tron (O') tai F .

a) Chiing minh: C, B, F thang hang va tir gidc CDEF nai tiép.

b) Chuang minh: AD.AF = AE.AC va AB,CD, EF ddng quy.

Huwoéng ddn
a) Chiang minh: C, B, F thang hang va tu giac |
CDEF noi tiép.
Vi AABC néi tiép dudng tron dudng kinh AC D
nén ABC =90°
Vi AABF noi tiép duong tron dudng kinh AF

nén ABF =90°

Suy ra, C va F cung thuéc duong vubng goc vai
AB tai B

Do d6, C, B, F thang hang.

C6: CDA=90° (gbc nai tiép chan nira duong tron thm O)

AEF =90° (gbc noi tiép chan nira duong tron tam Q')

= CDA= AEF Ma 2 g6c cing nhin canh CF nén tir giac CDEF noi tiép duong tron.
b) Chung minh: AD.AF = AE.AC va AB,CD, EF ddng quy.

Xét ACDA va AFEA co:

CDA = AEF (cmt)

DAC = EAF (déi dinh)

— ACDA @ AFEA (g.g) = % = A—E — AD.AF = AC.AE

Goi giao diém cua CD va EF 12 |
Xét AICF c6: CE, FD la duong cao
Ma CENFD={A} nén A latruc tim cia AICF

Lai c6, AB L CF = IB LCF hay AB,CD,EF dong quy tai I .

Céu 10.(Thay Nguyén Chi Thanh) Cho dudng tron tam O , duong kinh AB . Lay diém C thugc (O) (
C khéngtrung A, B), M 1a diém chinh giita cung nho AC . Cac duong thing AM va BC cit nhau
tai | , cac duong thang AC, BM cit nhau tai K .

a) Chang minh: AABI can, t giac MICK ni tiép.
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b) Buong thang BM cit tiép tuyén tai A ctia (O) & N . Chimg minh duong thang NI Ia tiép tuyén cua
duong tron (B; BA) va NI L MO.

c) Duong tron ngoai tiép ABIK cét duong tron (B;BA) tai D (D khdng tring véi 1). Ching minh ba
diém A, C, D thang hang.

Huwéng dédn
a) Chung minh: AABI can, tir giac MICK nai tiép.

* Xét (O) c6: sd AM =saMC (M la diém chinh gitra

cung AC ) N T
— ABM = IBM (hé qua g6c noi tiép) =Y

Va AMB = ACB =90° (géc noi tiép chan nira dudng tron
(0))

=BM L Al,AC_L BI

Trong AABI c6 BM vira la duong cao (BM L Al) vira la

duong phén giac (ABM = IBM )

Do d6 AABI céantai B.

* X6t tir gidc MICK c6: KMI =90° (BM L Al ); KCI =90° (AC L BI)

= KMI + KCI =90°+90° =180° ma day 1a hai goc c6 dinh d6i nhau trong tir gidc MICK

Nén tt giac MICK ngi tiép.
b) Buong thang BM cit tiép tuyén tai A cta (O) & N . Ching minh duong thang NI 1a tiép tuyén cua
duong tron (B; BA) va NI L MO.
* Xét AABN va AIBN co:

AB = Bl (do AABI céntai B )

ABN = IBN (cmt)
BN chung

Do d6 AABN = AIBN (c.g.c)= NAB = NIB (2 goc tuong trng)

Ma NAB =90° nén NIB =90° = NI L BI

Taco: NI LBI (cmt) ma I €(B;BA) (do Bl =BA)

Vay NI latiép tuyén cua dudng tron (B; BA).

* Xét AABI ¢c6 M 1a trung diém cia Al , O 1a trung diém cua AB

= MO la duong trung binh cia AABI = MO//Bl ma NI L Bl (cmt). Vay NI L MO.

¢) Buong tron ngoai tiép ABIK cat duong tron (B;BA) tai D (D khoéng tring véi 1 ). Ching minh ba
diém A, C, D thang hang
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Taco: IDK =IBM (hai géc nai tiép ciing chin cung IK cia dudng tron ngoai tiép AIBK ).

Ma IDA:% IBA=IBM (IDA va IBA lagéc ngi tiép va goc & tm cling chan Al cua (B;BA),
BN Ia tia phan giac cua I1BA).

Do d6: IDK = IDA nén hai tia DK va DA trung nhau.

— D, K, A thinghangma C, K, A thing hangnén D, K, A, C thiang hang.

Vay ba diém A, C, D thing hang.
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Ciu 11.(Thay Nguyén Chi Thanh) Cho tt gidc ABCD noi tiép duong tron (O;R) (AB <CD). Goi P la
diém chinh gitra cua cung nhd AB;DP cit AB tai E vacit CB tai K;CP cit AB tai F vacat DA
tai |

a) Chitng minh ti giac CKID; CDFE ndi tiép.

b) Chitng minh 1K // AB va AP? = PE.PD = PF.PC.

¢) Chiing minh AP 14 tiép tuyén caa dudng tron ngoai tiép AAED .

Huwoéng ddn
a) Chitng minh ti giac CKID; CDFE noi tiép.

~

Ta co:
CKD = sdCD —sd BP . CID = sdCD —sd AP

2 B F E A
Ma BP = AP = CKD =CID = Tu giac CKID nai tiép.
Ta co:
BI:C:stBJrsdPA:>B|:C::stB+sdPB:sdPC 0

2 2 2

D

EDC = sdPC = BFC = EDC =Tt gi4c CFED noi tiép. c

b) Ching minh IK // AB va AP? = PE.PD = PF.PC.
Ta co tir giac CKID noi tiép= KIC = KDC
Ma BFC =EDC = KIC =BFC = IK// AB

Tach: PEA sd BD + sd PA — PEA_ sdBD +sdPB =sdPD
2 2
Ma PAD = 39PP _ bea—paD

Tur d6 chi ra APEA -~ APDA (g —g) = AP®> =PE.PD

Chimg minh tuong tu ta dugc BP? = PF.PC

Ma AP =BP = AP =BP = AP? = PE.PD = PF.PC

¢) Chang minh AP la tiép tuyén cua duong tron ngoai tiép AAED .

Trén nira mat phang bo EA chira diém P, vé tia Ax 12 tiép tuyén caa dudng tron ngoai tiép AAED
— XAE = ADE ma PAE = ADE = Ax= AP

= AP la tiép tuyén cta dudng tron ngoai tiép AAED
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Cau 12.(Thay Nguyén Chi Thanh) Cho nira duong tron (O) dwong kinh AB,M 1a diém chinh giira cung
AB (K khdc M va B),AK cit MO tai |. Goi H Iahinhchiéucaa M én AK.

a) Chirng minh ti giac OIKB, AMHO ndi tiép.

b) Ching minh AHMK cénva AM? = Al.AK .

c) Chitng minh HOK = MAK va cho MIK =60°,R=6cm. Tinh S__KOB.

quat

d) Xéc dinh vj tri diém K dé chu vi tam giac OPK 16n nhat (P 1a hinh chiéu cia K Ién AB).

Huwoéng ddn
a) Chiing minh ti gidc OIKB, AMHO ndi tiép.
Tacd M ladiém chinh gitra cung AB = AAMB

M
vuong can tai M = MO L AB
= AOM = MOB =90° Hay 10B =90° K
Tacé AKB =90° (g6c noi tiép chin nira duong tron | i
(O)) Hay IKB =90°
A @) P B

Tu giac OIKB cé 10B+ IKB =180° = OIKB la tw

giac noi tiép.
Tu giac AMHO c6 AOM =90° (chitng minh trén)

AHM =90°(H lahinh chiéucia M 1én AK)

Suy ra AOM = AHM =90°, ma day 14 hai goc ¢ dinh ké nhau cua tir giac AMHO
Suy ra ta giac AMHO 1a tur gic noi tiép.
b) Chitng minh AHMK can va AM? = Al.AK .
Tacd AKM = ABM (g6c ndi tiép cling chan cung AM)
ma ABM =45° (AAMB vuéng can tai M - cmt)

= AKM =45° = HKM =45°
Xét AHMK vuong tai H ¢6 HKM =45° nén AHMK can.
Xét AAMB vuong tai M, MO 1a duong cao ¢6: AM? = AO.AB (1) (hé thirc luong trong tam giéac

vudng)

Taco AAOI AAKB(g—g):A—O:ﬂ:Ao.AB:A|.AK(2)
AK ~ AB

Tir (1) va (2) = AM? = Al.AK

c¢) Chitng minh HOK = MAK va cho MIK =60°,R=6cm. Tinh S__KOB.

quat
AOMH = AOKH (c-c—-c¢) = MOH = KOH

Mit khac MAH = MOH (g6c néi tiép cung chin cung MH)
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— MAH = HOK = MAK = HOK
Tacé: MIK = AIO =60° (hai goc déi dinh)=> IAO =30° (vi phu véi AIO ) = KAB =30°

Ta c6: KOB =2KAB (gbc ¢ tdm va goc noi tiép cung chin cung KB)= KOB = 60°

2 0
s Kop =660

quat 360°

6m(cm?)

d) Xéc dinh vj tri diém K dé chu vi tam giac OPK 16n nhat (P 1a hinh chiéu caa K 1én AB).

Tacod AOPK vudng tai P= PO’ + PK? = OK? = R*(dinh li Py-ta-go)
Chu vi AOPK :OK + PO+ PK

Ta cd OK +PO+PK <OK +4/2(PO? + PK?) = R++/2.R? =(1+J§)R
Dau “=" xay ra khi va chi khi PO = PK
= AOPK vubng cn tai P = KOP =45° = K nam chinh giira cung MB.

Céu 13.(Thay Nguyén Chi Thanh) Cho (0),(1) tiép xtc ngoai tai A. Mot duong thang d tiép xuc voi
(0),(1) 1an luot tai B,C . Goi tiép tuyén chung trong ctia hai duong tron cat BC tai M, tia BA cat
(1) tai D, CA cit (O) tai E.

a) Chang minh ta gidc BMAO néi tiép va AABC vudng.

b) Chitng minh OMI =90° va cho OA=9cm, Al =4cm.Tinh BC.

c) Chang minh BC la tiép tuyén cua duong trong duong kinh Ol va S,,cp = S,ac -

Huwong ddn
a) + Tu gidc BMAO co: c
MBO =90° (tinh chat tiép tuyén) M
MAO =90° (tinh chét tiép tuyén)
= MBO +MAO =180°. o K |
— T giac BMAO ndi tiép.

+ Trong dudng tron (O) tacé MA=MB (tinh c

chat 2 tiép tuyén cat nhau)

Trong duong tron (1) tacd MA=MC (tinh chét 2 tiép tuyén cit nhau) = MA=MB =MC :% BC

Tam gi4c ABC co duong trung tuyén AM @ng véi canh huyén BC va bang nira canh BC nén tam giac
ABC vubng tai A.
b) Taco:

MO Ia tia phan giac BMA (tinh chat 2 tiép tuyén cat nhau)

MI la tia phan gidc AMC (tinh chat 2 tiép tuyén cat nhau)
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= OMI =90° . Ma MA L Ol (tinh chat tiép tuyén)

Theo hé thuc luong trong tam giac vudng ta c6 :

MA? = OA.Al =9.4=36cm = MA=6cm. Ma MA:%BC = BC=2MA=2.6=12cm.

c) + Goi duong tron duong kinh Ol 1a (K)

Tam gidc OMI vudng tai M va duong trung tuyén MK nén MK = MO = MI (1)
MK la duong trung binh cua hinh thang BOIC nén MK //BO = MK 1 BC (2)
Tir (1) va (2) suy ra BC latiép tuyén cua duong tron duong kinh OI .

+ BAC =90° = BAE =90° = BE 1a duong kinh cua (O)

BAC =90°= CAD =90° = CD la duong kinh cua (1).

Taco:
BA OB
ABAO o ADAI(g—0Q) > —=—
(g g) DA ID
AAEO ©» AACI (g —g) = 22 = OF
AC IC
lAEAD
BA _AE L BAAC = AD.AE . Vay SAAED:% =1=>Suuep = Susac -
DA AC AABC E.BA.AC

Céu 14.(Thay Nguyén Chi Thanh) Cho ti giac ABCD ndi tiép trong duong tron duong kinh BD . Kéo
dai AB va CD cit nhau tai E; CB va DA cét nhau tai F.Géc ABC >90°.

a) Chirng minh: ACEF 1a ti giac noi tiép va BD L EF .

b) Chang minh: BABE = BC.BF va BD cit FE tai G, chitng minh B 1a tim dudng tron noi tiép

¢) Cho géc ABC =135°. Tinh AC theo BD.

Huwoéng ddn
a) Chitng minh: ACEF Ia ti giac noi tiép va BD L EF . F
* C6 BAD = BCD = 90° (gdc noi tiép chan nira duong tron) A
= FAE = FCE =90° = A,C 14 hai dinh ké nhau nhin doan

FE dudi hai goc bang nhau . B D

= ACEF la tt giac noi tiép duong tron duong kinh EF.
* Xét AFED c0: EA, FC la hai duong cao ;

EANFC ={B}= B latryc tdm cia AFED

— DB L FE (DPCM) e
b) Chuang minh: BABE = BC.BF va BD cit FE tai G, ching minh B 1a tim dudng tron noi tiép AACG .
* Xét AABF va ACBE co6:
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AFB =CEB (hai goc noi tiép cuing chan mét cung); ABF =CBE (hai goc ddi dinh)

= AABF MACBE(g—g):ng—E: BA.BE = BF.BC

*Vi DB L FE = BGE =90°

Xét tir gidc EGBC c6 BGE +BCE =90°+90° =180°. ma hai géc nay & vj tri d6i nhau
Suy ra t gidc EGBC néi tiép = GCB = GEB (hai gc ndi tiép cuing chan mét cung)
Lai c6 GEB = ACB (hai gdc noi tiép ciing chan mot cung)

— GCB = ACB(: GEB) — CB la tia phan gi4c ciia GCA

Chung minh tuong ty AB |4 tia phén giac caa GAC

Vi ABNCB ={B} = B la tam dudng tron ngi tiép AACG

¢) Cho g6c ABC =135°. Tinh AC theo BD.
Goi O la tdm duong tron duong kinh BD.
Vi tir gidc ABCD noi tiép = ADC + ABC =180° = ADC = 45° = AOC = 2.45° = 90°

BD+/2

AC R =R\/§maBD=2R:>AC=T

sinCAO  sin45°

= AAOC vudng cantai O = AC =

Céu 15.(Thay Nguyén Chi Thanh) Cho duong tron tdm O duong kinh AB va diém C trén duodng tron
sao cho CA=CB. Goi M 1a trung diém cua day AC; ndi BM cit cung AC tai E; AE va BC kéo
dai cat nhau tai D.

a) Chung minh: T giac DEMC noi tiép va DE.DA= DC.DB

b) Chang minh: Ti giac COMD Ia hinh binh hanh va ké EF L AC. Tinh ti s6 g

¢) Cho MO=3cm. Tinh S__COA va AE.AD + BM.BE = AB?

quat
d) V& duong tron tim E ban kinh EA cét duong tron (O) tai diém tha hai 1a N ; EF cit AN tai |, cat
duong tron (O) tai diém thir hai 1a K; BE cat AN tai H chiang minh ti gidc BHIK ndi tiép dugc

duong tron.

Huwoéng ddn
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a) Ching minh: Tt gidc DEMC nai tiép va
DE.DA=DC.DB

Ta c6: AEB, ACB la hai goc noi tiép chin nira
duong tron nén AEB =90°, ACB =90°

Xét tor giac DEMC c6: MED +MCD =180° ma
day 1a hai goc d6i nhau cua ta giac DEMC

Suy ra tir giac DEMC noi tiép ( ddu hiéu nhan biét)

Xét AACD va ABEDcé DAC =DBE (hai gbc

chin ciing 1 cung)

va ACD = BED =90°

Vay AACD -~ ABED(g—g). Suy ra %:%: DE.DA=DC.DB.

b) Chirng minh: Tt giac COMD 13 hinh binh hanh. Tinh ti s6 g

, . |AC L BD o .
Xét AABD c0 = DM L AB (vi M latryc tim ADAB)
BE L AD

Ma CO L AB. Suyra DM ||CO
Xét AABC c6 AM =MC va AO=0B. Suy ra OM || BC ( tinh chat duong trung binh) = OM || DC
Xeét tir giac COMD c6 DM ||CO va OM || DC, Vay ti gidc COMD la hanh binh hanh (dhbn)

Vi = EF//BC. Suy ra

[EF LAC MF_MC MC 1
BC L AC EF BC AC 2

¢) Cho MO=3cm. Tinh S__COA va AE.AD + BM.BE = AB®

quat

Tt gia thiét cac em tinh dugc MA=MC =MO =3cm=R=A0=+/AM?+MO? = 3J2 cm.

Dién tich hinh quat COA bing % dién tich hinh tron nén S COA:%.ﬂ.(?n/z)z :97” (cm?).

quat

Kéo dai MD cit AB tai Q.
Chira H latruc tim ADAB = DQ 1 AB.

AAQD -~ AAEB(g— AE.AD = AQ.AB
Tﬁdéchira{ N (g g):>{ Q

ABMQ -~ ABAE (g—g)  |BM.BE =BQ.AB
AE.AD + BM BE = AB(AQ+QB) = AB’

d) Chitng minh tr giac BHIK ndi tiép dugc duong tron.
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Cac em chi ra EHA:%(SdAE+sd NB)=%(sd NE + sd NB)=%sd EB = EKB.

Xét tir gidc BHIK ¢ IHB + IKB = IHB + IHE =180° ma déy 1a hai goc dbi nhau cua tir giac BHIK nén
tar giac BHIK 14t giac noi tiép.

Ciu 16.(Thay Nguyén Chi Thanh) Cho (O;R) tiép xdc trong véi (1;r) tai M véi R > 2r. Buong kinh
AB cua (O) tiép xtic véi (1) tai N. MA,MB cét (1) tai C,D.

a) Chung minh: CD // AB va MN la phén giac cia AMB

b) MN cét (O) tai K. Chiing minh KA=KB vatich KM.KN khéng doi.

¢) Cho R=6cm, goiCN cit KB tai P, DN cit AK tai Q. Tim chu vi nhé nhit ANPQ ?

Huwong ddn
a) Ching minh: CD // AB va MN la phén giac cia AMB

Tacod AMB =90° ( g6c noi tiép chan nira duong tron)

= CMD =90°

Xét ACMD c6 CMD =90° (cmt) suy ra ACMD noi tiép
duong tron (1) dwong kinh CD.

Xét ABOM c6 OB=OM =R = ABOM céan tai O nén

OBM =0OMB
Xét AMDI ¢c6 ID=IM =r = AMDI cantai | nén

IDM =IMD ma IMD =0OMB suy ra: OBM = IDM
Do 2 géc OBM;IDM & vj tri dong vi nén CD // AB (dpcm)
Vi CD //AB (cmt) ma IN L AB (do AB latiép tuyén ciia duong tron (1)) =CD L IN
Do d6 N 1a diém chinh gita CD = CN = DN = CMN = DMN hay AMN = BMN

Vay MN la phan giac cia AMB (dpcm)
b) MN cit (O) tai K. Chtng minh KA=KB vatich KM.KN khéong doi.

Vi AMN =BMN (cmt) nén AMK =BMK = AK = BK = AK = BK (dpcm)

Vi BK = AK = KBA = KAB = AMB.

KN ﬁ: KN.KM = KB?

KB KM
Vi A B cé dinh nén K c¢b dinh, suy ra KB khong dbi.

Tir d6 cac em chira AKBN -~ AKMB(g—g)=

Vay KN.KM khéong dbi (dpcm)
c) Cho R=6cm, goiCN cit KB tai P, DN cit AK tai Q. Tim chu vi nhd nhat ANPQ ?




Tam gidc KAB vudng can tai K nén AK2+BK? = AB? =144 < 2AK? =144 < AK =642 cm.
Taco: BKA=90° ( g6c nt chin nira dudng tron tam O)
PNQ = DNM =90° ( hai gbc déi dinh)
NMD = NCD = 45°
KAB = KMB = 45° = ANQA vubng can tai Q.
QNA =BND = NCD =45°
Xét tir giac KPNQ c6 PKQ = PNQ = NQK =90° = KPNQ 14 hinh chit nhat.
Chu vi tam giac NPQ la: NP+ NQ+PQ=KQ+QA+PQ=AK+PQ= 672 + PQ.
Taco: AK? =(KQ+QA)" <2(KQ*+QA?)=2(PN*+NQ*)=2PQ’

AK? 72

= PQ*> —?:BG:PQZG

Do d6 632 +PQ>62+6.
Dau bang xay ra khi KPNQ 1a hinh vuéng.

Vay chu vi tam gisc NPQ nho nhét bing 6+/2 +6 (cm)

Ciu 17.(Thay Nguyén Chi Thanh) Cho duong tron (O) duong kinh AB. Mot cat tuyén MN quay
quanh trung diém H cua OB. Tir A ké AX L MN, | 1a trung diém cia MN . Tia BI cit AX tai C.

a) Chung minh: Ol // Ax vata gidc BMCN la hinh binh hanh.

b) Chung minh: C Ila truc tam cia AAMN va ACO =90°.

c) Cho AB=2R, AM.AN =3R?, AN = R+/3. Tinh dién tich phan hinh tron ndm ngodi AAMN .

Huwong ddn
a) Chuing minh: Ol // Ax va t gidc BMCN 1a hinh binh hanh.
Do I latrung diém cia MN = Ol L MN, mit khac:
Ax L MN = Ol //Ax= Ol //AC

ma O 1a trung diém cua AB

= | 1a trung diém caa BC, lai c6 1 1a trung diém caa MN (gia
thiét)
— BMCN 14 hinh binh hanh (vi ¢6 hai dudng chéo cit nhau tai

trung diém mdi duong).
b) Chitng minh: C la truc tdm caa AAMN va ACO =90°.

Taco: BNA=90° (gbc nai tiép chin nira duong tron) = BN L AN .
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Theo chitng minh trén BMCN Ia hinh binh hanh = MC// BN = MC L AN, mat khac: AD L MN =C
la truc tdm tam giac AAMN .

Ta lai c6: H 1a trung diém caa OB, 1 1a trung diém cia CB = IH 1a duodng trung binh cua
AOBC = IH//OC,ma MN L Ax=IH L Ax=0C 1L Ax= ACO =90°.
c) Cho AB=2R, AM.AN =3R? AN =R+/3. Tinh dién tich phan hinh tron nam ngoai AAMN .

Taco: AM.AN =3R? AN =R+/3= AM = AN =R+/3=AAMN candinh A (1)

+ Xét AABN vudng tai N co: AB=2R, AN =R+/3 = BN =+/AB> - AN? =+/4R? -3R? =R.

AN 43

+ sin ABN =— = ABN =60°.
AB 2

+ ABN = AMN (gbc nai tiép chin cung AN) = AMN =60° (2)

2 2
Tir (1) va (2) = AAMN déu = S, :%AD.MN =% AN’ — ND2.MN :%,/3R2 —%.R\/_: 3R4*/§

(D 1a trung diém MN).

= dién tich phan hinh tron nam ngodi AAMN 1a: S =S, =S, = 7R’

_3R2\/§ _ R? (471’—3\/5)
4

4

Céu 18.(Thay Nguyén Chi Thanh) Cho duong tron (O) duong kinh AB. Day MN di qua trung diém
H cua OB, | latrung diémMN. Tir A ké AX L MN tai K. Tia Bl cit Ax tai C, Ax cit tiép tuyén
tai B cua (O) 0 Q.
a) Chitng minh:Tu giac BHKQ nai tiép va ta giac BMCN 14 hinh binh hanh.
b) Chuang minh : C la tryc tim AAMN va tim quy tich diém C khi cat tuyén MN quay xung quanh H .
c) Cho AB=2R, AM.AN =3R? AN =R+/3.
Tinh dién tich phan hinh tron nam ngoai AAMN véi R=3 cm.

Huwoéng ddn
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a) Chung minh: Tt gidc BHKQ nai tiép va ta gidc BMCN M

1 hinh binh hanh. Q
Vi AX L MN tai K. nén AQ L MN tai K = QKN =90° . ,
hay QKH =90°. !
Vi BQIa tiép tuyén cia (O) tai B = BQ L ABtai B g 5 \_H ®

= QBH =90°(H € AB)

Xét tir giac BHKQ ¢6: QKH +QBH =90°+90° =180°

= BHKQ la ti giac noi tiép.

Xét (0)c6: | 1a trung diém cua day cung MN

=0l L MN tai | ma AC LMN nén AC // Ol.
Xét AABC:
O la trung diém caa AB (do AB la duong kinh cua (O))

Ol /I AC (1 €BC)

nén | 1a trung diém cua BC ( dinh Ii vé dudng trung binh trong tam giac).
Xét tir giac BMCN c6 :

| 1a trung diém cia BC va MN

Do d¢6 BMCN 1 hinh binh hanh. ( tir gidc c6 hai dudng chéo cit nhau tai trung diém mdi duong la hbh ).
b) C la tryc tim AAMN va tim quy tich diém C khi cat tuyén MN quay xung quanh H .
AMB =90° (gdc noi tiép chanu nira duong tron) = AM L BM
ma BM // CN ( do BMCN Ia hinh binh hanh.)
nén NC L AM
= NCla duong cao cia AAMN 1)
Lai 6 : AK la duong cao cia AAMN  (2)

NCAAK ={C} (3)

Tu (1) va (2)(3) suyra C latryc tam AAMN
+) Chang minh : IH 1a duong trung binh cia AOBC = IH // OC = MN // OC

ma MN L AQnén OC L AQ = ACO=90° véi A;Ocb dinh.
e 1 a2 % e \ .. AO
Do d6 quy tich diem C khi cat tuyén MN quay xung quanh H la duong tron | O ;7 .

¢) Tinh dién tich phan hinh tron nim ngoai AAMN véi R=3 cm.
Taco:

AM.AN =3R?: AN =R+/3= AM = AN = R+/3 = AAMN can dinh A.
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+) Xét AABM vudng tai c6 M : BM =+ AB?— AM? =+/4R?-3R? =R

+) cosABM :%:E:E:ABM =60°

AB 2R 2

+) Xét (0)cé: ABM = ANM =60° ( hai goc noi tiép ciing chian cung AM )
ma AAMN can dinh A.

nén AAMN déu=> AM = AN = MN =R+/3.

+) Taco : AK la dwong cao cia AAMN déu=> K 1a trung diém cua MN

_MN _RV3
2

= MK

2 2
+) Spaun =%AK.MN =% AM? — MK Z2.MN :%‘/BRZ—?’%.R«/_:&/ER

+) Goi S la dién tich phan hinh tron nam ngoai AAMN |, ta c6 :

o 3R _(47-303)3
=

S =S~ S =7 ~16,6 ( dvdt) .

Cau 19.(Thay Nguyén Chi Thanh) Cho nira duong tron tam (O) dudng kinh AB =2R, ke tiép tuyén
Bx véi (0). Goi C,D la cac diém nam trén (O). Cac tia AC, AD cat Bx tai E, F(F nam giira
B; E).

a) Chung minh: AABF ~ ABDF va ti gidc CEFD noi tiép.

b) Chitng minh: Khi C, D di dong thi tich AC.AE = AD.AF va khong doi

Huwong ddn
a) Chiang minh: AABF - ABDF va ti giac CEFD noi tiép. x
* C6 ADB =90° (géc néi tiép chin nira duong tron) = BDF = 90° :
(k& bil)
C
Xét AABF va ABDF cé: F

ABF = BDF (=90°) ; BAF (géc chung)

= AABF - ABDF (g —g)

*Vi AC,D,Be %(o) — ACDB la t& giac noi tiép
= ECD = DBA (tinh chit géc ngoai cua tir giac noi tiép)
Ma DBA=DFB (cling phu véi DBF ) = ECD = DFB(: DBA)

Suy ra ta giac CEFD nai tiép (g6c ngoai tai mot dinh bang goc trong cua dinh di)
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b) Chang minh: Khi C, D di dong thi tich AC.AE = AD.AF va khong dbi
* Xét AABF vubng tai B, duong cao BD.

= AD.AF = AB? (hé thuc giita canh va dudng cao)

Chtrng minh tuong tw AC.AE = AB®

— AC.AE = AD.AF = AB? = 4R? (khong déi) (DPCM)

Céu 20.(Thay Nguyén Chi Thanh) Cho AABC noi tiép (O).Tia phan giac BAC cit BC tai | va cat
(O) tai M

a) Chang minh: OM L BC va MC? = MI.MA

b) Ké duong kinh MN .Céc tia phan giac cia B va C ciat AN tai P va Q. Chuang minh bdn diém

P,C,B,Q thuoc mot duong tron.

Huwong ddn
a) Chting minh: OM L BC va MC? = MI.MA
*Vi AM la tia phén giac
= BAM =CAM = BM =CM = M 1a diém
chinh gitra cung BC =OM L BC
Xét AMCI va AMAC co:
MAC = MCI (hai goc noi tiép chan hai cung

bang nhau thi bang nhau); AMC (g6c chung)

= AMCI = AMAC (g -9)

:m=ﬂ:> MC? = MAMI
MA MC

b) Ké duong kinh MN .CAc tia phan giac cia B va C cat AN tai P va Q. Chung minh bdn diém
P,C,B,Q thuoc mot duong tron.

C6 NAM =90° (g6c noi tiép chan nira duong tron)

= AM L AN tai A

Vi AM |a phén giac trong tai A cia AABC = AN |a phén giéc ngoai tai A caa AABC

Do BP la phén giéc trong tai B cia AABC

AN N BP ={P} = CP la phan gidc ngoai tai C cua AABC

= CP 1L CQ(vi CQ la tia phéan giac trong tai C cua AABC)

= QCP =90°

Chtrng minh tuong tu ta dugc QBP =90°
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= B,C 14 hai dinh k& nhau cing nhin doan QP duéi gc 90°
— QBCP la tu gi4c noi tiép
Vay bdn diém P,C,B,Q thudc mot duong tron.

Céu 21.(Thay Nguyén Chi Thanh) Cho AABC can tai A noi tiép duong tron (O;R), duong kinh
AA’ L BC tai H,c6 BC =6cm, AH =4cm. Ké duong kinh CC', k¢ AK L CC’

a)Tinh R?

b) T giac CAC'A’, AKHC la hinh gi? Tai sao?

¢)Tinh dién tich phan hinh tron (O) nam ngoai AABC ?

Huwoéng ddn
a) Tinh R? A
Taco AABC can, AH 1. BC=BH =HC =BC:2=3cm
ABA' =90°(goc ndi tiép chan nira duong tron) c
nén AABA’ vudng tai A. Ap dung hé thirc luong ta cé 0

K
2 ’
BH* = AH.HA =
— HA'=BH?: AH =32 :4=2,25cm B H C
= AA'=4+2,25=6,25=R =6,25:2=3,125cm.
A ’

b) T giac CAC'A’, AKHC la hinh gi? Tai sao?

taco OA=0A'=0C =0C’' =R =t&r giac AC'A'C Ia hinh chi nhat

Xét tir gidc AKHC c6 AKC = AHC =90° = tir giac AKHC noi tiép

= HKC =HAC=A'CC=KH//AC'.

Ma A'C'// AC = KH // AC = ttr giac AKHC I hinh thang, do t& gidc AKHC noi tiép nén tu giac
AKHC la hinh thang can.

¢) Tinh dién tich phan hinh tron (O) nam ngoai AABC ?

taco S =R’ =73125" = %ﬁ (cm?)

Spsc = % BC.AH = %.6.4 =12cm?

Dién tich hinh tron (O) bén ngoai tam gidc AABC la %7{—12 ~18,664cm?

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122




Cau 21.(Thay Nguyén Chi Thanh) Cho duong tron (O;R), dudng kinh AB , vé& day cung CD vudng goc
véi AO tai diém Q. Trén tia ddi cua tia BA ldy diém S, SCcit (O) tai diémthehaila M, AM cit
CD tai I .

a) Chirng minh : tir giac QBMI ndi tiép. ASMA —~ ASBC .

b) Goi H 1a giao diém cua MA va BC, K 1a giao diém cua MD; AB.Chang minh: KH //CD va

OK.0S =R’
¢) Cho MAB =20° MSA =40°, tinh S CBDO; R =6cm
Huwoéng dén
D
X
A Qm K B S
0 P
|
M
c

a) Chang minh : t gidc QBMI nai tiép. ASMA -~ ASBC .

Xét (O;R), duong kinh AB L.CD ={Q} (gt) 1QB =90° (lién h¢ gitra duong kinh va day cung)

Xét (O;R), duong kinh AB, M €(0)= AMB = 90° (gdc néi tiép chan nira dudng tron)

Xét tir giac QIMB : IQM + IMB = 90° +90° =180° ma 2 gdc & vi tri d6i dién nhau =t giac QIMB noi

tiép duong tron.
* ASMA -~ ASBC

sd MB

Xét (0): MCB = MAB = (2 gbc nai tiép cing chan MB)

Xét ASMA va ASBC:
MCB = MAB (cmt)

CSB chung
= ASMA -~ ASBC (g.9)

b) Ching minh : KH //CD va OK.OS = R®

Xét (O;R), duong kinh AB L CD ={Q} (gt) = sd AC =sd AD (lién h¢ giira day va cung)
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= AMD = ABC (2 gbc ndi tiép chan 2 cung bang nhau) hay HMK = HBK
Xét tir giac HKBM ¢6 HMK = HBK (cmt) ma 2 goc & 2 dinh lién tiép clng chan cung HK
= tgHMBK ndi tiép

= HMB + HKB =180° ma HMB =90° = HKB =90°
= HK L OB
Ma CD L AB(gt) = HK //CD (tir vudng goc dén song song)

NG&i O;M |, ké tiép tuyén Mx, Mx AB = {P}
Tacod CMx =SMP (2 goc ddi dinh)
Vi CD// HK (cmt) = CDM = HKM (2 géc ddng vi)
Xét (0):CDM =CMx (g6c noi tiép va gdc tao bai tiép tuyén va day cung ciing chin cung CM )
Suy ra HKM = PMS = HKM +90° = PMS +90°
= HKM +QKH = PMS + OMP = OKM = KMS
Xét AOKM va AOMS :
OKM =O0OMS (cmt)
MOS chung
— AOKM <> AOMS (g.g) = OS.OK =OM?2 = R?

c) Cho MAB = 20°;MSA =40°, tinh S__CBDO; R =6cm

quat
Xét (O): MCB = MAB = 20° (2 gdc noi tiép cung chin MB)

XET ACBS : CBS =BCS +S =20°+40°=60° (tinh chat goc ngoai tam giac)
= ACBO déu=> COB = 60° = COD =120°

2
N SquatCBD _ 7R ;1 _ 7.36.120
360 360

=108.7 ~ 339,12(dvdt)

Cau 22.(Thay Nguyén Chi Thanh) Cho duong tron (O,R) duong kinh AC ¢ dinh. Ke tiép tuyén Ax
véi (O). Trén Ax liy diém M sao cho OM =2R.Qua M ké tiép tuyén MB vsi (O), tiép tuyén cua
(O) tai C cit AB tai D, OM cat AB tai |, catcung nho AB tai E.Goi K la giao diém cua MC
véi (O).

2
a) Chang minh: T giac AMBO noi tiép va tich 10.IM = AE .

b) Chitng minh: AOBE Ia hinh thoi va MIK = ACM .

¢) Chirng minh: OD L. MC vacho R=6cm, tinh S _ AOK .

quat
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Hwéng dédn

a) Xet tir giac AMBO co0: z
MA la tiép tuyén cua (O) tai M
A= MA 1L OA= OAM =90°. D
MB Ia tiép tuyén cua (O) tai h < B
B= MB 1 OB = OBM =90°. /
Xét tir gidc AMBO c6 OAM +OBM =180° ma hai goc ¢ -
hai dinh d6i nhau. Vay ti gidc AMBO ndi tiép. A c
*Taco: MA,MB lan luot Ia tiép tuyén cua (O) tr M . Khi 7
do : OM latia phan giéc cua cac goc AOB
Ma AABO cén tai O= MO L AB va | la trung diém cua N
AB
Xét tam gidc vudbng AMO tai A cO: Al la duong cao nén ap dung hé thirc lugng trong tam giac vuéng
ta duocC :
10.IM = Al?
Lai c6 Al :%: 10.IM :(%T < 10.IM = AB

2
Vay 10.IM =28

b) Xét tam giac vubng AOM c0:

OE =R,0M = 2R = E la trung diém cia OM = AE =EO =R

Xeét tam gidc vudng BOM ¢0 :

OE =R,0OM =2R = E la trung diém cia OM = BE=EO=R

Vay ti giac AOBE c6: AO=0B=BE =EA=R.

Vay AOBE Ia hinh thoi.

*Goi N 1a giao diém con lai ciia duong thang MO va (O), khi d6 EKCN nai tiép

= MK.MC = ME.MN = ME.(ME +EN ) =R.(R+2R)=3R?

Lai c6: MI.MO :%R.zR =3R?
— MK.MC = MOMI — MK _ ML
MO MC

Xét AMIK & AMCO co:

M chung
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MK _ MI
MO MC

= AMIK - AMCO(c.g.c) = MIK = MCO = MCA . Vay MIK = ACM
¢) Goi H 1a giao diém cua OD va MC

Xét tam gidc AMAO & AACD::

MAO = ACD = 90°

AMO =CAD =30°

MA OC _MA_ AC

= AMAO -AACD(g.9)=>—=—Z=——=
AC CD OC CD

Xét AMAC & AOCD

MAC = OCD =90°

MA_ AC

OC CD

AMAC -~ AOCD(c.g.c) = MCA=0DC =90°-DOC
= MCA+DOC =90° => OHC =90°. Vay OD 1 MC.

Céac em tu tinh dién tich hinh quat.

Céu 23.(Thay Nguyén Chi Thanh) Cho duong tron (O; R) duong kinh AC ¢ dinh. Ké tiép tuyén AX
V6i (0), Trén AX lay diém M sao cho OM =2R. Qua M k¢ tiép tuyén MB voi (0) tiép tuyén cua
(O)tai C cit AB tai D,0OM cit AB tai | cat cung nho AB tai E . Goi K 1a giao diém caa MC
vai (0)

a) Chang minh: T giac OICD noi tiép va tich AB.AD khéong doi

b) Chitng minh: Tt gidc AOBE 1a hinh thoi va MIK =OCM

¢) Cho R=6cm tinh d6 dai cung nhé AK va ching minh OD L MC

Huwéng ddn
a) Chang minh: Tt giac OIDC noi tiép va tich AB.AD khong doi.
Ta c6: OCD =90° (CD la tiép tuyén) (1) A M

* C0O0 AAOB cén tai O va OM la pg cia AOB

(Tinh chat hai tiép tuyén cit nhau tai mot diém)

= AB L OM = 0ID =90° (2)

Suy ra: T giac OIDC noi tiép (tong hai goc dbi bang180°)
Ta cd: ADCAvudng tai C

BC 1a duong cao cua ADCA (CBAg6c noi tiép chin nira duong tron)
= CA? = AB.AD (hé thuc vé canh va dudng cao trong tam giac vudng)
Do dai canh AC khong ddi = AB.AD khong dbi.

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122




b) Chung minh: Tt giac AOBE la hinh thoi va MIK =OCM .

Taco: OE = EM :OTM (viOM = 2R)

— OA = OE = AE (tinh chét duong trung tuyén ang vai canh huyén) (1)

Ma AE = EB (vi sd AE =sd EBsd) (2) A "
Tur (1) va (2) suy ra: T giac AOBE 1a hinh thoi. (dpcm)

Taco: AM? = MI.MO (hé thirc lugng trong tam giac)
MB? = MK.MC (vi AMKB -~ AMBC(g —g))
MA = MB (Tinh chit hai tiép tuyén cit nhau tai mot diém) o

Suy ra: c 5

MI.MO = MK.MC :>ﬂ:% va IMK chung
MC MO

= AMIK -~ AMCO(cgc) = MIK = MCO
¢) Cho R = 6¢cm tinh do dai cung nho AK va chitng minh OD 1. MC.

Taco: AM =+/OM?2 —0A? =122 —62 = 6+/3cm

Taco: CM =+/AC? + AM? =4/12% + (6+/3)% = 6+/7cm

= sin ACM :é—l\l\;:: ACM =41° = AOK =82°

314.6.82°
AT 180°
Ta co: Tu giac OCKI va OIDC ndi tiép (CM ¢ a)
Suy ra: O, 1,K,D,C cung thuoc duong tron tam (O")

=8,58(cm)

OD la duong kinh (OID = OCD =90°)
Ta c6: (0) va (0O) ¢6 CK 1a day chung ma OD la duong néi tam
Suy ra: OD 1 CK (dpcm)

Céu 24.(Thay Nguyén Chi Thanh) Cho (O;R), duong kinh AB. Ké tiép tuyén Ax, sao cho AP>R.
T P ké tiép tuyén PM véi (O) tai M . Goi OP cit MA tai Q. Duong vudng goc véi AB tai O
cat BM tai N

a) Chang minh t& gidc APMO noi tiép va chitng minh OA? = OP.0Q.

b) Chitng minh t giac OBNP 1 hinh binh hanh va goi PM cat ON tai | . Chang minh APOI can.

¢) Goi PN cit OM tai J, AN cit OP tai K. Chung minh badiém I; J; K thang hang.

Huwéng ddn
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a) Xét tor giac APMO c0:

PAO + PMO =90° +90° =180°
Ma hai goc ¢ vi tri ddi nhau
= Tu giac APMO ndi tiép
+) Xét (O) co tiép tuyén tai A va tiép tuyén tai M cét nhau tai P

PM = PA ¢
: - -

PO latia phan giaccua APO o
Xét APAM c6 PM = PA nén APAM cén

C6 POlatia phan gi4ccua APO = PO ddng thoi 1a dudng cao ~—

= PO L AM ma PONAM ={Q}

— PQ L AM hay AQ L PM
Xét AAPO vudng tai A c6 duong cao AQ
Ap dung hé thirc lién quan dén duong cao = OA? = OP.OQ (dpcm)

b) Xét (O)c6 AMB la goc noi tiép chdn nira duong tron = AMB =90° = AM L MB
Ma AM L PO(cmt) = PO//MB hay PO//NB = AOP =OBN (so le trong)

Xét AAPO va AONB co:

AO =0B(=R)

PAO = NOB(=90°)

AOP = OBN (cmt)

= AAPO = AONB(g.c.g) = PO = NB (hai canh tuong tng)

Xeét tir giac OBNP co:

PO// NB

= OBNP la hinh binh hanh
PO=NB

Vi OBNP la hinh binh hanh = PN //OB

Ma ON L OB =ON L PN = PNO =90°
Xét tar giac PNMO c6: PNO = PMO =90°

Ma hai goc ¢ vi tri k& nhau cting nhin canh PO dudi hai goc bang nhau.

= T gidc PNMO noi tiép= PON = PMN (hai géc ndi tiép ciing nhin canh PN)
Ma PMN = MPO (vi NM // OP)

= PON = MPO hay POI = IPO = AOPI can tai I (dpcm)

c) Xét tar giac APNO c6:

PAO = AON = PNO =90°
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T gidc APNO la hinh chir nhat

Ma PONAN ={K} =K Ia trung diém cua PO

Xét AOPI can tai |

C6 K la trung diém cua PO= IK 1a dudng trung tuyén
= IK dong thoi 1a duong cao = IK LPO (1)

Xét AJPO co

ON L PJ
PM L OJ = | latryc tim cia AJPO = JI LPO  (2)
ONNPM ={1}

T (1) va (2) suy rabadiém I; J; K thing hang

Céu 25.(Thay Nguyén Chi Thanh) Cho duong tron tdm O duong kinh AB . Trén tiép tuyén cua duong
tron (O)tai A laydiém M (M khac A). Tir M V& tiép tuyén thi hai MC véi (O) (C latiép diém)
. Ké CH vudng goc véi AB (H € AB), MB cit (O) tai diém thir hai la K vacit CH tai N .Goi | 1a
giao diém cua MO véi AC

a) Chang minh rang ta giac AMCO, AKNH 12 tt gi4c noi tiép;

b) Ching minh AM? = MK.MB = MO.MI ; KAC =OMB

¢) Cho OMC =30°, R=6 cm. Tinh S__BOC ; N la trung diém ciia CH .

quat

Huwong dédn
a) + Xét (0) co MA Iatiép tuyén caa (O) tai A (gt) E
= MA 1 ABhay MAO =90°
MC la tiép tuyén caa (O) tai C (gt) = MC L CO hay
MCO =90°
Xét tir giac MAOC c6: MAO + MCO =90°+90° =180° c

Ma MAO , MCO 14 hai goc ddi nhau
=t gilc MAOC Ia tir giac noi tiép (dpem). |
+ NI A véi K.

Xét dudng tron (O) c6 AAKB ngi tiép (O) duong kinh AB o H

— AAKB L K hay AKB =90° (t/c)

Xét tir gidc AKNH c6 AKN + AHN =90°+90°=180°.  Ma AKN, AHN 14 hai goc d6i nhau
= Tu giac AKNH noi tiép ( dpem ).
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b) + Theo céu (a) tacd6 AAKB L K nén AK L KBtai K hay AK L MB (doK € MB)
= AK la duong cao trong AMAB .
+ Xét AMAB vudng tai Acé AK la duong cao (cmt)
= MA? = MK.MB ( h¢ thtc canh va duong cao trong tam giac vuong). (1)
+Tac6 MA, MC Ia hai tiép tuyén cua duong tron (O) lan luot tai A,C (gt)
— MA=MC (t/c)
Ma OA=0C (A,C<(0))
= MO la duong trung truc cia AC (t/c) = MO L AC tai |, khi d6 Al 1a duong cao cia AMAO
+ Xet AMAOvuobng tai Acd Al la duong cao (cmt)
= MA? = MO.MI ( hé thirc canh va dudng cao trong tam giac vuéng). (2)
Tur (1) va (2) = MA* = MK.MB = MO.MI (dpcm)
+ Xét ter giac MAIK c6 MKA = MIA=90°
Ma MKA, MIA ciing chan cung MA
=Tu giac MAIK ngi tiép (dhnb)=> IAK = IMK (2 g6c ciing chan cung 1K)
hay KAC =OMB (dpcm).
¢) + C6 tr giac MAOC noi tiép (cm cau (a))
= OAC = OMC ( 2 gdc cuing chan cung OC ), ma MOC = 30° (gt) OAC = 30°
+ Tacod AOBC can tai O (vi OC =0B),ma OBC =60° = AOBC déu=> BOC =60° hay n=60°

7R?n B 7.6%.60°
360°  360°
+ Kéo dai BC cit AM tai E Khiddé AACE LC (EeBC)

=67 ~113,04 (cm?)

Khido tacod S, poc =

Ma MA = MC (cmt) = MAC = MCA (t/c)
Lai c6, MAC + MEC =90° (vi AEAC L. C)
MCA+MCE = ACE =90°

— MCE = MEC => AMCE cantai M = MC = ME, ma MA = MC (cmt) nén MA=ME (3)
+ Xét AMABc6 NH //AM (cuing vudng géc vGi AB)

A ) , ., NH BN
Ap dung hé qua cuadinh ly Talettac6: —=—— (4
p dung ne q inn 1y MA - BM 4

+Tuong tu trong AMBEc6 CN//ME (E€AM,N eCH)

p ) , , CN BN
Ap dung hé quacuadinh ly Talettac6 —=—— (b
p dung h¢q inh ly ME ~ BM (5)

T (3),(4) va (5) suyra NH =CN hay N 1a trung diém cua CH (dpcm).

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122




Céu 26.(Thay Nguyén Chi Thanh) Cho ntra duong tron tim O duong kinh BC . Lay diém A trén tia ddi
cua tia CB. Ké tiép tuyén AF véi nira duong tron (O) (F la tiép diém), tia AF cat tia tiép tuyén Bx
cua nira dudng tron (O) tai D (tia tiép tuyén Bx nam trong nira mat phing bo BC chia nira duong
tron (0)). Goi H la giao diém cia BF véi DO; K la giao diém thir hai cua DC véi nira dudng tron
(0).

a) Chitng minh tix giac BDFOnoi tiép; AO.AB = AF.AD;

b) Chung minh BDH =BKH; DHK =DCO;

¢) Cho KHF =30°,R =15cm. Tinh S_ _BOK. Ké OM L BC (M thudc doan thang AD). Chang minh

quat

BD DM _,

DM AM

Huwong dédn

a) Taco: BD, AF lan luot Ia tiép tuyén cua D
(O)tai B, F (gt)

= BD 1L AB, OF 1. AD = DBO =90°, K F
OFD =90°

Xét tr giac BDFO c6: DBO +OFD =180° H

Ma 2 gdc 6 vi tri d6i nhau B A

= T gidc BDFO noi tiép (dhnb)

BAD chung

Xét AAOF va AADB co:
OFA=0BD

Vay AAOF - AADB (g.g) = %:ﬁ—g(tsdd) — AO.AB = AF.AD

b) Taco DB = DF (DBva DF Ila hai tiép tuyén cit nhau tai D)
= D thudc dudng trung truc caa doan thang BF

Talaico: OB = OF = R = O thudc duong trung truc cia doan thang BF
— OD 1a dudng trung truc cua doan thang BF = OD L BF => DHB =90°

Mit khac ABKC noi tiép dudng tron (O) duong kinh BC nén BKC =90° hay DKB =90°

+ Xet tir giac DKHB c¢6: DKB = DHB =90°

= T gidc DKHB 14 tir giac noi tiép (dhnb) = BDH = BKH .(hai géc cuing chin cung BH )
*) Xét duong tron ngoai tiép tr gilc DKHB ¢6:

DBH, DHK la gdc noi tiép chin DK = DBK = DHK (hq) (1)

+) Xét (O) co:
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DBK la gdc tao boi tia tiép tuyén va day cung chan BK

BCK & g6c tao bai tia tiép tuyén va day cung chin BK

= DBK =BCK (hq) (2)=Tu (1) va (2) suy ra DHK = DCO

c) Taco KHF =30°=> KHD =60° = KBD =60° = KBO =30°

Xét AOBK c6: OB=0OK =R = AOBK can tai O

15,7

‘ 360 360

*) DB L BC (gt), OM L BC (gt)

= DB // OM (quan h¢ gitra tinh vuéng gdc vai tinh song song)

Ta c6: BDO =ODF (DB va DF Ia hai tiép tuyén cit nhau tai D)

BDO =DOM (DB // OM )= MDO = MOD = AMDO céantai M => MD = MO

Taco: DB // OM (cmt)

BD AD BD AD BD AM-+MD BD DM BD DM

= = = = = — =
OM AM DM AM DM AM DM AM DM AM

Céu 27.(Thay Nguyén Chi Thanh) Cho ntra duong tron tam O duong kinh BC . Lay diém A trén tia ddi
cua tia CB. Ké tiép tuyén AF véi nira duong tron (O) (F la tiép diém), tia AF cit tia tiep tuyén Bx
cua ntra dudng tron (O) tai D (tia tiép tuyén Bx nam trong nira mét phang by BC chia nira duong tron
(0)). Goi H 1a giao diém cia BF véi DO ; K 1a giao diém thtr hai cua DC véi nira duong tron (O)
, 1 1 trung diém ciia CK .

2
a) Chang minh ta giac BDIO noi tiép; OH.OD = BZ: .

b) Ching minh DHK = BCD. Ké OM L BC . Chiang minh AM.DB -~ DM? = MD.AM

¢) Cho KHF =30°,R =15cm. Tinh d6 dai cung nhé BK.

Hwéng dédn
*) Chizng minh t&r giac BDIO nai tiép D
Xét (0),tacé Ol L KC (vi dudng kinh di qua
trung diém cua day khong di qua tim thi vudng K . .
gdc voi day d6) = DIO =90°
Dx L BC (Dx latiép tuyén cia (O)) I
DBC =90° . . 2 A

= DBO + DIO =90°+90° =180° = t&r gidc BDIO noi tiép (vi tong 2 goc d6i bang180°) (dpcm).
BC?

*) Chang minh OH.OD =

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122



Taco: BD = DF (tinh chét hai tiép tuyén cit nhau) = D thudc duong trung tryc caa BF (1)
OD =0OF =R = O thudc duong trung truc cua BF (2)
Tur (1) va (2) = OD la duong trung truc caa BF = DO L BF

Xét ADBO (DBO =90%BH L OD) , ap dung hé thire luong trong tam gidc ta co: OB? = OH.OD ma

BC? BC?

BC OH.OD =

08273082:

(dpem)

b) Chiang minh AM.DB — DM ? = MD.AM

Taco: BKC =90° (gbc néi tiép chin nira dudng tron) = BKD = 90°

DHB =90° (vi DO 1 BF ) = BKD = BHD

= tir giac DKHB ni tiép (vi c6 2 dinh nhin canh néi hai dinh con lai dudi 1 géc vuéng)

= DHK = DBK (gdc néi tiép chin DK )

Ta lai c6 DBK =BCD (cung phu véi KBC) = DHK =BCD (dpcm).

Tacd: DM? + MD.AM = MD(DM + AM ): MD.DA

Ta co: BFC = BHO =90° (gdc noi tiép chan nira duong tron) = CF L BF ma OD L BF (cmt)

— CF //DO nén theo dinh Iy Ta let ta c6: 2 = A2 _ A9
DF OC OB

(vi OC=0B)

Talai c6: OM 1L BC;BD L. BC=0M // BD
AO AM AD AM AD AM
BO DM DF DM BD DM

= MD.DA= AM.DB = AM.DB = DM* + MD.AM = AM.DB—-DM? = MD.AM (dpcm).

(vi BD = DF)

c) Tacod DO L BF tai O = DHK + KHF =90°ma KHF =30° = DHK =60°
Ta co tir giac DBHK noi tiép = DBK = DHK =60°

sd BK

Ma DBK = = sdBK =120°

BK.2zR 120°.27.15
360°  360°

Vay do dai cung BK =107z (cm)

Do dai cung BK = =107 (cm)

Céu 28.(Thay Nguyén Chi Thanh) Cho nira duong tron tam O, duong kinh AB = 2R va tiép tuyén Ax
cling phia v&i voi nira dudng tron ddi voi AB. Tirdiém M trén Ax (AM > AB)ké tiép tuyén thu hai
MC Vi nira duong tron (C Ia tiép diém) AC cit OM tai E; MB cét nira duong tron (O)tai D (D
khac B).

a) Chang minh: AMCO ndi tiép mot duong tron; MC? = ME.MO

b) Chung minh: ADE = ACO; DOB = DEB
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¢) Cho DEM =30°. Tinh S__ AOD.

quat

Hwéng dén
a) Chiing minh: AMCO ngi tiép mot duong tron
Taco AM,CM Ila hai tiép tuyén cua
ntra duong tron ttm O
— AM L AO, MC L OC (tinh chét)
= OAM = MCO =90°
Xét AMCO c6: OAM = MCO =90° +90° =180° (ma hai
goc & vi tri dbi nhau)

Vay tir giac APNONai tiép duong tron (dau hiéu nhan biét)
*) Chiang minh: MC? = ME.MO
+) Xétnira (O) c6 AM,MC Ia hai tiép tuyén cit nhau
tai M = OM la tia phén giac cia AOC
ma AAOC cantai O (OC=0A=R)

OM dong thoi 1a duong cao OM L ACtai E

+) Xét AMCO vuong tai C(MCO:QOO,cmt),duc‘rng cao CE, co:

MC? = ME.MO (H¢ thire luong trong tam giac vuong)
b) *) Chung minh: ADE = ACO

+) Theo cau a ta c6: AAOC can tai O = CAO = ACO (tinh chat) (1)

+) Xét (O) taco: ADB=90° (goc noi tiép chan nira dudng tron)

= ADM =90° ( ké bu véi ANB)

Xét AMDC ¢6: AEM = MDA=90° = hai dinh = D, E lién tiép cing nhin canh AM duéi mot géc

vudng khong d6i =t gidc AMDE nai tiép duong tron = ADE =CAO (2)

Tir (1) va (2) = ADE = ACO
*) Chitng minh: DOB = DEB

+) Xét AMAB vudng tai A(Mco =9o°,cmt),ducmg cao AD, c6:

MA? = MD.MB (H¢ thire luong trong tam giac vuong)

Ma : MC? = ME.MO (theo ciu a) vd& MA=MC (MA, MC Ia hai tiép tuyén cit nhau tai M )

— MD.MB = ME.MO — MP _ ME
MO MB

Xét AMDE va AMOB, c6: ADME ; M2 _ME
MO MB
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= AMDE ~AMOB (c.g.c) = MDE = MOB (hai goc tuwong tng)

Ma MDE + EDB =180° (hai goc ké bu)

= EDB + MOB =180° hay EDB + EOB =180° ma hai g6c ¢ vi tri ddi nhau
Vay ti giac DEOB noi tiép duong tron (dau hidu nhan biét)

= DOB = DEB (hai géc néi tiép cting chian mét cung)

¢) Cho DEM =30°. Tinh S_ .. AOD.

quit
Theo cau trén ta co: tr giac AMDE ndi tiép duong tron = AEM = DAM =30°
= DAO =90° -30° =60° (phu v6i DAM =30°)
Lai c6 AAOD can tai O(OA=0D =R) = DOA=180°"-60°.2 = 60°

7R%.n _ 7.122.60°

= Saunon = 3605 = 3400

= 247 (don vi dién tich)

Cau 29.(Thay Nguyén Chi Thanh) Cho duong tron (O) duong kinh AB. V& tiép tuyén Ax véi duong
tron. Trén tia Ax lay diém M sao cho AM > AB, MB cit duong tron (O)tai N (N = B). Qua trung
diém P cua doan AM dung duong thang vudng goc véi AM cat BM tai Q. OQ cat AN tai E.

a) Ching minh PN Ia tiép tuyén cia duong tron (O), ti gidc APNOnoi tiép dudng tron.

2
b) Chang minh tir gidc APQN noi tiép duong tron va OE.OQ = AB

c) Goi C ladiém trén cung lén NB ciia dudng tron (O) (C = N;C = B). Chung minh: BCN =OQN ;

Cho AMB =30°,R=12cm. Tinh S

quatAON

Huwong dédn

a) Ching minh PN la tiép tuyén cua duong tron (O), M
Xét (0) taco: ANB=90" (g6c noi tiép chan nira dudng tron)

= ANM =90° (ké bl véi ANB)
— AANM vuédng tai N c6 NP Iatrung tuyén (P I

Trung diém cia AM ,gt) N

= NP =PA=PM :% (tinh chat)

Xét AAPOva ANPO:
PA=NP;OA=0ON (=R); OP: canh chung A 0 °

— AAPO = ANOP (c.c.c) = APO = ANO = 90°
—ON L NP tai N ma N ¢(0)
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Vay PN la tiép tuyén cua dudng tron (O)

*) Chtng minh ttr giac APNO nai tiép duong tron.

Xét APNO c6: PAO +PNO =90° +90° =180°

Vay tir gidc APNOnoi tiép duaong tron (diu hiéu nhan biét)

b) *) Chirng minh tir gidc APQN ndi tiép duong tron.

+) Xét AAMB c6:

P la trung diém cia AM ; PQ//AB(L AB) = Q la trung diém cua MB
Ma O 1a trung diém cia AB = QO la dudng trung binh

= QO//AM = 0OQ L AB = AOQ =90° = APOQO la hinh chir nhat
Vay ti gidc APQN noi tiép duong tron.

AB?

*) Chung minh: OE.OQ =
Goi {H}=ANNPO

+) Xét (O) c6 AP,PN I hai tiép tuyén cat nhau tai P => OP la tia phan giac cia APN

ma AAON céntai O , OP dong thoi 1a duong cao OP L AN tai H

ABY> AB?
+) Xét AAOP vudng tai A,duong cao AH , co: AO? =OH.OP =(7) == (1)
+) Lai c6 AOHE-~OQP(g.9) = % =% =OH.OP=0EOQ (2)

AB?

Tur (1) va(2) ta c6: OE.OQ =

c¢) Chiang minh: BCN =OQN ;

Ta co:

+) Tt giac APNO NG tiép dudng tron (chizng minh trén)

+) Tt gidc APQN noi tiép duong tron (chiing minh trén)

= A, P,Q, N, O cung thuéc mét duong tron

= OAN = OQN (hai géc ndi tiép cting chan cung ON ) hay BAN =OQN (3)
Lai co: Trong (O): BAN =BCN (hai goc noi tiép cung chian cung BN ) (4)
Tur (3) va (4) tacé: BCN =OQN

*) Tinh S

quatAON
Xét AAMB vudng tai Aco: AMB+ ABM =90° = ABM =90° -30° = 60°
Xét AANB vuong tai N c6: NAB+ ABN =90° = ABM =90° - 60° = 30°

Xét AAON cén tai Ocd: AON =180° —20AN =180° —2.30° =120°
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7R%.n B 7.122.120°
360° 360°

= Sguamon = =487 (don vi dién tich)

Céu 30.(Thay Nguyén Chi Thanh) Cho duong tron (O), tirdiém A & ngoai dudng tron vé hai tiép tuyén
AB va AC (B,C lacéc tiép diém), OA cit BCtai E .

1. Chting minh:tir giac ABOC noi tiép va BC L OA.

2. Chitng minh: OB? = OE.OA; BA.BE = AE.BO.

3. Goi | 1atrung diém cua BE, duong thang qua | va vuéng gdc véi Ol cit cac tia AB, AC theo thir tu

tai Dva F . Ching minh | 1a trung diém cua FD.

4. Chting minh: F 14 trung diém cia AC .

Huwong ddn
1) Xét (O) c6 AB va AC lan luot I tiép tuyén cua (O) tai A
B vaC (gt)
ABO =90°
= (t.c.vg)
ACO =90° 8 .

Xét tir giac ABOC c6: ABO+ ACO =180°= ABOC la

tir giac noi tiép (dhnb) D E

Co AB ; AC lan luot la tiép tuyén cua (O) tai Bva C (gt)

— AB = AC (t.c 2 tiép tuyén giao nhau) ; ma
OC =0B (=R) (t.c diém thudc d.tron)

= OA latrung truc caa BC (tap hop diém cach déu 2 mut doan thang)
= OALBC

2) Xét AOBA (ABO=90°)c6 OA_LBC tai E (cmt)

— OB? = OE.OA (Hé thirc lugng trong tam gidc vudng )

Co6 ABO =90° (cmt) = EBO + ABE =90°

C6 AO L BC tai E (cmt) = BEO =90° (t.c vg) = AOEB vudng tai E (d.n)

= EBO+BOE =90° (T.C 2 gbéc nhon trong A vuoéng ). Ma EBO + ABE =90° (cmt)
= ABE =BOE

Xét AOBE (E=90°) va ABAE (E:90°) c6: ABE = BOE

— AOBE - ABAE (g.g) = % = % (canh ti 1&) = BABE = AE.BO (d.p.cm)

3)C6 Ol LFD tai | (gt) = DIO=FIO=90° (t.c vgoc)
C6 OB _LAB tai B (cmt)yma De AB (gt) = OBe AD tai B = DBO =90° (t.cvg)
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Co6 OC L AC tai C (cmt) = OCA=90° (t.cvg), ma F e AC (gt) = OCF =90°
C6 DBO =DIO =90° (cmt)

= B va |l cung thudc duong tron d.kinh OD ( cung chira goc90°)

Xét duong tron dudng kinh OD ¢6 IDO = IBO (2 gnt cung chin cung Ol ) (1)
Co6: FIO=0CF=90° (cmt)= C va | cung thuc duong tron d.kinh OF ( cung chira goc 90° )
Xét dudng tron duong kinh OF ¢6 OFI = OCI ( 2 gnt cing chdn cung Ol ) (2)
C6 OB = OC (cmt) = AOBC cantai O (d.n) = OBl =OCI (t.c A can) (3)

T (1) (2) va (3) = ODI = OFI (bic cau) = AODF cén tai O (dhnb)

C6 Ol LDF tai | (gt) = Ol la dudng cao cia AODF cén tai O (d.n)

= Ol latrung tuyén AODF (t.c tam gi4c can)

= | 1a trung diém cia DF (t.c trung tuyén)

4) C6 | 1atrung diém DF (cmt) = ID = IF (t.c trung diém)

C6 | 1a trung diém caa BE (gt) = IB = IE (t.c trung diém)

C6 OA latrung truc cia BC (cmt) ma OANBC =E (gt)

= E la trung diém cua BC  (t.c trung truc)

ID = IF (cmt)
e Xét ADBI va AFEI c6: < BID = EIF (dd) = ADBI =AFEI (c.g.c)
IB=IE (cmt)

= BDI = EFI (2 goc tuong tng)

— BD//EF ( dhnb 2 dt song song) , ma thang D ; B; A thing hang
= EF//AB

e Xét AABC c0:

E latrung diem cua BC (cmt)

AB//EF (cmt) } = F la trung diém cia AC (d.ly duong TB)
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Ciu 31.(Thay Nguyén Chi Thanh) ChO(O) ,goi | latrung diém cua day AB . Qua | ké duong kinh MN
( M thudc cung nho AB), P la diém bat ki trén tia d6i cua tia BA sao cho goc ANP khac 90° . Noi
PN cét (O)tai E, MEcit ABtaiD.

a) Chting minh cac diém D, I, N, E cung thugc 1 duong tron

b) Chiing minh : MD.ME = MI.MN

c) Qua Ake duong thang song song véi ME , dudng thang d6 cat (O) tai F . Ching minh BE vudng géc

NF .

d) Tim vi tri caa P dé D la trung diém BI

Huwoéng ddn
a) Xét duong tron(0) :
Puong kinh MN di qua | la trung diém day AB
= NM L AB ( lién h¢ duong kinh va day) = NID =90°
NEM =90° (goc noi tiép chan ntra duong tron)

Xét tir giac NEDI : NID+NEM =180° = T gi4c
NEDI noi tiép

= 4diém D, |, N, Ecung thudc 1 dudng tron
b) Xét AMID va AMEN
MID = MEN =90°

IMD chung = AMID~AMEN (g.g) :% :% — MI.MN = MD.ME

¢/ Goi K la giao diém cia NF va BE

Cé: 1 latrung diém day AB, MN la duong kinh

— M la diém chinh giira cung AB = ANM = MEB (2 goc néi tiép chin 2 cung bing nhau)
Cé AF/IME = AM =FE = ANM = FNE (2 géc ndi tiép chan 2 cung bang nhau)

Ma MEB = ANM = MEB = FNE

ma NEM =90° = NEK + MEB =90° = NEK + FNE =90° = NKE =90° = NF L BE

d/ Ta co: AMID ~ APIN(g - g) :>|'—D=%:> ID.IP = IM.IN
M _1B
1B IN

I IB . . :
D la trung diem B <:>ID=?<:>IB:§<:> B la trung diém IP < P doi xang voi | qua B

AIMB ~AIBN(g —g) = = IB?=IM.IN = ID.IP = IB®
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Céu 32.(Thiy Nguyén Chi Thanh) Cho dudng tron (O) vamot diém A ndm ngoai duong tron. Céc tiép
tuyén voi duong tron ké tir A tiép xuc véi duong tron tai Bva C. Goi H 1a giao diém cua AO va BC
, ké dudng kinh BD ctia duong tron (O), ha CM L BD tai M . Tia AO cit (O) tai E, F.

a) Chang minh: T giac ABOC néi tiép va ACMD - AACO

b) Chung minh: BF la phan giac ngoai dinh B cia AABH va AF.HE = AE.HF

¢) Goi AD cit CM tai K. Chiing minh: K 1a trung diém cuia CM va cho DCM =30°, AH =4 cm.

Tinh S,g0c-

Huwoéng ddn
a) Chang minh: T giac ABOC néi tiép va ACMD - AACO

B
0
A El H F
M
C D

. . AB 1 BO ABO =90°
*C6: AB va AC la hai tiép tuyen ctia duong tron (O) suy ra { { 0=90

AC LCO | AcO - 90°

Xét tr giac ABOC c6 ABO + ACO =90°+90°=180° nén tir giac ABOC noi tiép.
AOC :%BOC :lsd BC

* C6: . , — AOC = CDM
CDM =CDB =~ sdBC

Xét ACMD va AACO c6: AOC =CDM (cmt) va ACO =CMD(=90°)

Suy ra ACMD -~ AACO (g-9)
b) * Chung minh: BF la phan giac ngoai dinh B cia AABH
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C6: ABE = BCE (gbc tao boi tiép tuyén va day cung va goc noi tiép cung chin cung BE) (1)
CO6: AB va AC Ila hai tiép tuyén cua duong tron (O)=> AB = AC; OB=0C (=R)

= OA 1a duong trung truc cia BC ma E€c OA=EB=EC

= AEBC can tai E= BCE =CBE (2)

Tu (1) va (2) suy ra ABE =CBE = BE la tia phan giac cua goc B trong AABH

MAEF la duong kinh cia duong tron (O) = EBF =90° = BF L BE

= BF la phan giac ngoai dinh B cua AABH

* Ching minh AF.HE = AE.HF

Xét AABO vudng tai B duong cao BH (vi AO la duong trung truc ctia BC), ap dung hé thire lugng co:
OB? =OH.OA = R*=0H.(AE + EO) = R? =0OH.(AE+R) (*)

Taco: AF.HE = AE.HF < (AE +EF).(OE —OH) = AE.(OF +OH)

< (AE+2R).(R-OH) = AE.(R+0OH) < AE.R— AE.OH +2R?—2ROH = AE.R+ AE.OH
2R? =2R.OH +2AE.OH <> R? =0OH (AE +R) (dting theo (*))

c) Tinh S g0

B
0
A El H F
M
C D

C6: ACMD -~ AACO (ching minh cau a) OAC = DCM = 30°
Xét AACH vudng tai H c6:
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CH = AH.tan OAH = AH.tan HAC =4.tan30°=i = BC =2CH =i

N N
Xét AACOvudng tai C duong cao CH, ap dung hé thirc lugng co:
CH? 16 _4
A 34 3

8 1643

4
—.—==—— (dvdt
3 9 (dvdt)

CH?=AH.OH =OH =

H
Suyra: S ;o = %OH.BC = %

Céu 33.(Thdy Nguyén Chi Thanh) Tir diém A ¢ bén ngoai duong tron (O), ké cAc tiép tuyén AM, AN
Véi duong tron (M, N 1a céc tiép diém). Duong thang d di qua A cit duong tron (O) tai hai diém
phan biét B, C (O khong thuoc (d), B nam giira A va C, AC cit OM ). Goi H la trung diém cia
BC, AOcat MN tai K.

a) Ching minh:5 diém A, M, H,0O,N cung thudc mot dudng tron va OAOK = R?

b) Chang minh: HA 1a phan giac cia MHN ; lay diém E trén MN sao cho BE//AM . Chtng minh

HE //CM.

¢) Cho AHM =60°,R=6cm. Tinh S__ MON.

quat

Huwong ddn

a) Taco AMO = ANO =90° (tinh chét tiép tuyén caa duong tron )
Xét tir giac AMNO c6 AMO + ANO =180° nén AMNO ndi tiép duong tron duong kinh AO (1)
Vi H 1a trung diém BC nén OH 1 BC = AHO =90°
Xét tir giac ANOH c6 AHO+ANO =180° = ANOH ngi tiép duong tron duong kinh AO (2)
Tur (1) va (2) suyra 5 diém A, M, H, O, N cung thudc duong tron dudng kinh AO .

6 {AM =AN (Tinh chat hai tiép tuyén cit nhau)

OM =ON(=R)

Suy ra AO latrung truc cua MN = AO L MN . Xét tam gidc AMO vudngtai M c6 MK 1la duong
cao, ap dung hé thic lugng ta duoc OK.OA=0M? = R?(dpcm)
b) Xét dudng tron duong kinh OA di qua 5 diém A, M, H, O, N c0.
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MHA = MOA (gdc néi tiép chin cung MA)

NHA = NOA (g6c ndi tiép chin cung NA)

Ma MOA = NOA (tinh chat hai tiép tuyén cit nhau)

Do d6 NHA=MHA hay HA la phan giac caa MHN

e Xét dudng tron ngoai tiép tir gidc AMHN c6 AMN = AHN ( g6c ndi tiép chian cung AN )
Ma AMN =BEN (dong vi) suy ra BEN = BHN nén tir gidc BEHN nai tiép.

Suy ra EHB = ENB (g6c ni tiép cuing chian cung BE )

Lai c6 ENB=MCB (gdc nai tiép cung chan cung BM )

Nén EHB = MCB Ma hai goc nay dong vi véi nhau do d6 HE//CM.

¢) Tt AHM =60°= AOM =60°= MON =120°

7.R?120 3,14.36
360

Ap dung cdng thirc tinh dién tich hinh quat ta duoc: Syuuoun = =37,68 ( cm?)

Vay dién tich hinh quat 12 37,68 (cm?)

Ciu 34.(Thay Nguyén Chi Thanh) Tir diém A& bén ngoai duong tron (O), ké cac tiép tuyén AM, AN
v6i duong tron (M, N 1a cac tiép diém)

vé céat tuyén AEF khong di qua diém O, H 1a trung diém EF . Tiép tuyén tai E cat AM tai B, cat AN

tai C.

a) Chung minh cac diém A M, H,O,N cung thugc mot dudng tron va tinh chu vi AABC theo AM.

b) Tir O ké dudng thang vudng goc vsi OM cit AN tai S. Chung minh SO = SAva goi K 1a giao diém

cua MH véi (O). Chang minh NK//AF .

¢) Chitng minh: AE.AF = AM?

Huwong ddn

a) Taco: AM LOM (Do AM la tiép tuyén cia duong tron (O)) = AAMO vudng tai M

= M thudc duong tron duong kinh OA (1)
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AN LON (Do AN la tiép tuyén ciia duong tron (O)) = AANO vudng tai N

= N thudc duong tron duong kinh OA(2)

H 1a trung diém cua day cung EF nén OH L EF (méi lién hé gitra ban kinh va day cung
= OH L HA= AOAH vuodng tai H .

= H thudc duong tron duong kinh OA(3)

Tu (2),(2) va (3) suy ra O, A,H,M,N cung thudc duong tron duong kinh OA.

Tacd CN latiép tuyén cia duong tron (O); CE latiép tuyén dudng tron (O) nén CE =CN (tinh chat

hai tiép tuyén cit nhau).
Chtrng minh tuong ty ta c6 BE =BM .
Chu vi tam giac ABC la: AB+ AC+BC =AM + AN —-CN —-BM + BE+CE = AM + AN =2AM

b) Tacé: NOA+ AOS =90°(gt); NAO+NOA=90° = NAO = AOS

ma NAO = OAC (tinh chat 2 tiép tuyén cat nhau)

= AOS =SAO
= ASAO cén tai S = SO =SA
+) Xét tam gidc OMN c6 OM =ON . Suy ra tam gidc OMN cén tai O,

= OMN =ONM

Ta co:

OMA =OMN + AMN =90°
ONA=0ONM + ANM =90°
= AMN = ANM

Xét dudng tron (O), tathdy ANM  1a goc giita tiép tuyén AN va day cung MN .

MKN 14 géc ngi tiép chin cung MN .

Suy ragoc MKN = ANM ( cting chan cung MN) *)
+) Ta c6: FHK = AHM (hai goc dbi dinh)

Lai c6: O, A H,M,N cung thugc duong tron duong kinh OA.
Nén AHM = ANM (gdc néi tiép cing chin cung AM )

Suy ra, FHK = AHM = ANM (**)

Tur (*) va (**) suy ra: MKN = FHK
Suy ra KN //FE (dpcm).

¢)Xét duong tron (O), ta thay goc AME la gdc tao bai tiép tuyén AM va day cung ME .

EFM 14 gdc néi tiép chan cung ME .

= EFM = AME
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Xét AAME va AAFM c0:
Goc A chung.

EFM = AME (cmt)

AE AM

Suy ra AAME ~ AAFM (g—g) = — =20 AE.AF = AM? (dpcm).
y (9-9) - AF (dpem)

Céu 35.(Thiy Nguyén Chi Thanh) Cho (O)vadiém Anamngoai (O). Tir A ké cc tiép tuyén cua (O)
tai B,C. Goi H la giao diém cua OAva BC, ké duong kinh BDcia (O), ha CM L BDtai M. Tia
AO cit (O) tai E,F.

a) Chang minh ta giac CHOM noi tiép va AAHB -~ ACMD

b) Ching minh : BF la phan giac ABH va A F.HE = AE.HF
¢) Goi ADcat CM tai K. Chting minh K 1a trung diém cua CM va cho AB =2R =10cm. Tinh S gioi
han bagi cung BC va doan AB, AC

Huwoéng ddn
a) Xét (O) cd AB, AC Ia hai tiép tuyén (gt)
= AB = AC ( t/ ¢ hai tiép tuyén )= Athudc
duong trung truc cua BC
C6 OA=0B , nén O thudc duong trung truc
cua BC

= AO la duong trung truc cua BC

= O0A 1 BC = CHO=BHA=90"

CM L BC (gt) = CMO = 90°

+) Xét tir gihc HOMC c¢6 CMO =CHO =90°
= > Xét tir giac HOMC ni tiép (vi c6 tong 2
goc d6i CMO +CHO =180°)

*) Xét (O) c6 ABC =BDC (g6c noi tiép va goc tao bai tiép tuyén ciing chian cung BC)

Hay ABH =MDC (H eBC;M e BD)

Xét AAHB va ACMD c6 :

ABH =MDC (cmt)

CMD = BHA =90’ }j AAHB - ACMD(94)

b) Xét (0) OALBC (cmt), ma OAN(0) ={F} = F la trung diém cta cung BC = FB=FC

Xét (O) c6 ABF :%sd FB ( G6c tao bai tiép tuyén AB va day BF)
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CBF =%sd FC ( goc ndi tiép chin cung FC ), ma FB =FC (cmt)

= ABF = CBF = BF la phan giac cua géc BAH

+) Xét AABH c6 BF la phan giac cia B= FA _ ﬁ(tc) (1)
FH AH

C6 BE L BF = BE la phan giac ngoai tai dinh B cua AABH :% :%(tc) #))

Tu (1) va (2) :%=E—ﬁ: FAEH = FH.AE

¢) Goi ADNBC={N}

Chung minh CB la phéan giac cua goc ACM hay CN la phéan giac cua géc ACK

Xét AACK c6 CN la phén gidc cua goc ACK :&:% (3)
AN AC
] A o e DK CK
Co6 CN L CD =CD la phan giac ngoai cua AACK tai dinhC = —=——(4)
DN AC
X NK DK
Te(3)va(d) >——=— (5
(3)va(4) N DN (5)
] KM DK
Co6 ADMK ~ADBA (9g.g) =>——=— (6
(9.9) AB DA()
KC NK
ACKN - ABAN(g9.g) =>—=— (7
(9.9) AB NA ()
Tu (5); (6) va (7) :>—KM :%: KM = KC =>K la trung diém ciia CM
AB AB
3) Xét AOBC vudng ¢ B c6 BF la duong cao
2 2
Tacé 0B =0F0C=0F =22 - R _R L cr_co-orF-2r-R_3R
OC 2R 2 2 2

2
— AB = 2AF :2.1/R2—RT:R\/§
1

Tir gidc OACB ¢6 OC L AB nén Sq,c; =2 ABOC = R%\/3

AF 3

Xét AOAFvudng ¢ F cd sin AOF = oA~ 2 = AOF =60° = AOB =120°
7R?120° 3 7R?

360° 3
Vay dién tich caa AABC nam ngoai duong tron (O;R) 1a

7R? _R? 3\/§—ﬂ'
3 3

Taco Squat oAB =

SOACB - Squat oAB — RZ\/g_

(dvdt).
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Céu 36.(Thay Nguyén Chi Thanh) Cho (O;R)vaday CDcé dinh. Goi H 1a trung diém ctia CD. Goi S
la mot diém trén tia ddi cia tia DC . Qua S k¢ hai tiép tuyén SA, SB t6i (O) (véi CDciat ban kinh
OA). Buong thing AB cit SO, OH tai E, F.

a) Chang minh: T giac SBOH néi tiép va OE.OS = R?

b) Chirng minh: SE.SO = SC.SD va DEC = DOC
¢) Chitng minh:Khi S di chuyén trén tia d6i cia DC thi AB ludn di qua mot diém cé dinh.

Huwoéng ddn

a) Vi SB la tiép tuyén cua (O) nén SB L OB = OBS = 90°

Vi H 1a trung diém CD suy ra OH L CD = OHD = 90° = OHS = 90°

Xét tir giac SBOH c6 OHS +OBS = 180° va OHS ,0BS ddi nhau nén tir giac SBOH noi tiép .

Vi SA,SB I3 hai tiép tuyén cat nhau tai S cua (O) nén suy ra AB L OS tai E

Xét tam giac OBS vuong tai B,duong cao BE ¢ OE.OS = OB? (Hé thirc lugng)

Hay OE.OS = R?

b) Xét tam giac SAD va SCAc6 goc S chung, SAD = SCA (g6c noi tiép va goc tao bai tia tiép tuyén va
day cung cuing chin cung AD) suy ra ASAD - ASCA (g-g)

suy ra SA_SD = SC.SD =SA? (1)
SC ©SA

Xét tam giac OBS vuong tai B,duong cao BE ¢d SE.SO = SB? (Hé thuc luong) ma SA=SB(t/c)
Suy ra SE.SO =SA?(2)
Tu (2),(2) suy ra SE.SO =SC.SD

+Tu SE.SO=SC.SD = SE = sb
SC SO
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Xét tam giac SDE va SOC c6 goc S chung va % = % (cmt) suy ra ASDE  ASOG~(c-g-¢)

Suy ra SED =SCO
Xét tir gilc DEOC c6 SED =SCO va SED ,SCO 142 géc & vi tri goc trong bang géc ngoai tai dinh dbi

nén tir giac DEOC noi tiép suy ra DEC = DOC (2g6c néi tiép cung chin 1 cung)

¢) Vi AOEF - AOHS (g-g) nén % _ % —, OH.OF = OE.0S = R? khong dbi. ma O,H ¢é dinh suy ra

F ¢6 dinh va thuoc AB.
Vay khi S thay ddi thi AB ludn di qua diém c6 dinh 1a F.

Céu 37.(Thay Nguyén Chi Thanh) Cho duong tron (O) va mot day BC cb dinh khong di qua O. Trén
tia d6i cua tia BC 1y mot diém A bat ki. V& cac tiép tuyén AM, AN t6i (O) (M, N la céc tiép diem).
MN cit cac duong thang AO va BC lan luot & H va K. Goi | 1a trung diém cua BC.

a) Chitng minh AH.AO = AB.AC = AM?

b) Chitng minh t giac BHOC nai tiép

¢) V& day MP song song véi BC . Chiing minh N, I, P thang hang.

d) Khi A di dong trén tia ddi cua tia BC, ching minh trong tdm tam giac MBC chay trén mot duong

tron cé dinh.

Huwéng ddn

M T

AAE?A

V
“vp

a) * Xét (O) co:
+) AM, AN Ila tiép tuyén caa (O) (gt)
= OM L AM; ON L AN; AM = AN.

Nén AMO = ANO =90°.

+) AMB = ACM (G6c tao boi tia tiép tuyén va day va géc noi tiép ciing chin cung MB)
* AM = AN (cmt) nén A thugc duong trung truc cua MN.

OM =ON (Béan kinh cua (O)) nén O thudc duong trung truc caia MN .

Do d6 AO la duong trung truc cia MN = AO L MN tai H.
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* Xét AAMO vuong tai M c6 MH L AO tai H c6 AM? = AH.AO (Hé thtic vé canh va dudng cao trong
tam gidc vuong) (1).

* Xét AAMB va AACM co:

MAB chung ; AMB = ACM

Nén AAMB -~ AACM (gg)

= AM = AC (Céc canh twong ting ti 18) = AM? = AB.AC (2)
AB AM

Tir (1) va (2) tacd AH.AO = AB.AC = AM?
b) Tacd AH.AO = AB.AC (cmt)
Nen AH _ AB
AC  AO
Xét AABH va AAOC c6

OAC chung
ﬂ = E (Cmt)
AC AO

Nén AABH - AAOC (cgc)= AHB = ACO (hai goc tuong (tinQ)
Ma AHB + BHO =180° (Hai gdc ké bu)

Nén BCO +BHO =180°

Xét tir giac BHOC c6:

BCO + BHO =180°

Ma BCO va BHO 1a hai goc d6i nhau

Nén tr giac BHOC I1a tir giac noi tiép (dhnb).

c) Xét (O):

BC la day cung

| 1a trung diém cua BC

Ol la mét phan duong kinh

Nén Ol L BC tai | = OIA=90°

Mit khac: ANO =90° (AN la tiép tuyén cia (O) tai N)
Xét tir giac AOIN c6:

AIO = ANO =90°

Ma N, | 1a hai dinh ké nhau

Nén ta gidc AOIN Ia tt gi4c noi tiép (dhnb)

Xét duong tron ngoai tiép tr gidc AOIN co:

AON = AIN (Hai g6c noi tiép cung chin AN )
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Xét (O) co:

MPN :% sd MN (Géc noi tiép chin MN)

AON = sd FN =%deN

= MPN = AON

Ma AON = AIN do d6 MPN = AIN
Laic6 MP// BC, | 1atrung diém cua BC.

= MPI +PIA=180°

Nén AIN +AIP =180° do d6 N, I, P thang hang.

d) Goi G la trong tdm cua AMBC = IG :% IM ::_G:%

Trén Ol Iy diém J sao cho N1
ol 3

Taco BC cb dinh nén trung diém 1 ¢6 dinh, O ¢6 dinh va % = % nén J ¢ dinh.

Xét AIMO cé:ﬁzﬂ(z 1)
M 100”3

Nén JG//MO (Pinh 1y Talet dao)

1 .
Ma MO la ban kinh R cua duong tron (O) = GJ = 3 R (khong doi)
Vay khi A di dong trén tia d6i cua tia BC thi trong tm G cua tam giac MBC thudc duong tron tm J ban

kinh % c6 dinh.

Céu 38.(Thay Nguyén Chi Thanh) Cho (O;R) va diém A cb dinh ndm ngoai (O). V& duong thing
d LOA tai A.Trén d lay diém M . Qua M k¢ hai tiép tuyén ME,MF . FE cat OA tai B .

a) Chimg minh: 5 diém M, E,O, F, A cing thudc mot duong tron.

b) Goi EF cat OM tai H . Ching minh OM L EF va OAOB=0H.OM .

c) Goi MO cit (O) tai I . Ching minh I la tim dwong tron ndi tiép AMEF vatim vi tri diém M dé

dién tich ABHO Ién nhat.

Huwong dan
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a) Vi ME latiép tuyén ciia (O) tai E

= ME L OE (tinh chit tiép tuyén cta dudng tron)= MEO =90°
Tuong tuw, MFO =90°

Xét tir giac MEOF cé MEO + MFO =90°+90°=180°

Ma hai goc nay & vi tri di nhau

= ti giac MEOF nai tiép (dAu hiéu nhan biét t giac noi tiép)
= 4 diém M, E,O, F clng thuoc mot duong tron (1)

Vi d L OA= MAO =90°

Xét tar gidc AMEO c6 MEO + MAO =90°+90° =180°

= t giac AMEO ni tiép (dau hidu nhan biét t giac noi tiép)
= 4 diém A M, E,O clng thuoc mot dudng tron (2)

Tir (1) va (2) suy ra 5 diém M, E,O, F, A cing thuoc mot dudng tron.
b) Vi ME,MF Ia lan luot Ia tiép tuyén cua (O)

= ME = MF (tinh chit hai tiép tuyén cit nhau)

= M nam trén dudng trung truc cua EF

Vi OE =OF =R nén O nam trén dudng trung truc cua EF

= MO la duong trung tryc cia EF = MO L EF

Vi MO L EF tai H = OHB=90°

Xét AOAM va AOHB co6

OAM = OHB (=90°)

MOA chung
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Do d6 AOAM — AOHB (g.g) = % _ % (c4c canh twong g ti 18) => OAOB =OM .OH .

c) Vi ME,MF la lan luot Ia tiép tuyén cua (O)

= MO la tia phan giac cuia EMF (tinh chat hai tiép tuyén cit nhau)

Vi | e MO nén M1 latia phan giac cia EMF (3)

Vi | e MO va MO 1a duong trung truc cia EF nén IE = IF

Xét AIEF cO IE=IF

= AIEF cantai O = IEF = IFE (tinh chat tam giac can)

Xét dudng tron ngoai tiép tir giac MEOF ¢ 1EF = MFI (g6c noi tiép va goc tao bai tia tiép tuyén va
day cung cung chan 1F)

Do d6 IFE = MFI (: IEF)

= FI latia phan giac cuia MFE (4)
Tur (3) va (4) suy ra | 1a tam duong tron ndi tiép AMEF .
Ké HP L OB, goi J 14 trung diém cua OB

Taco S, = %OB.HP

Ta c6: OAOB=0OM.OH .

Ma OM.OH = OF?2

Do d6 OAOB = OF? khong d6i = OB khong doi

Vi OB khéng d6i nén S, 16n nhat khi HP 16n nhat

Ma HP <HJ

Diu “="xay ra P=1J

Khi ¢6 HJ 13 duong cao, ddng thoi 1a dudng trung tuyén

= AOHB vuong can tai H = HOB =45° = MOA =45°

Xét AMOA vubng tai A c6 MOA =45° = AMOA vubng can tai A = MA=AO
Vay S, lon nhit khi MA=AQO.

Ciu 39.(Thay Nguyén Chi Thanh) Tir mot diém A nam ngoai duong tron (O) ké tiép tuyén AM, AN
voi (0) (M,N €(0)), MN cit AO tai Q.

a) Chirng minh:Ta gidc AMON  noi tiép va OQ.0A = R?

b) V& cét tuyén AEF khong di qua diém O. Ké NK//AF cit (O) tai K, MK cdt FE tai H . Chtng

minh AE.AF = AM? va HE = HF .
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c) Tiép tuyén tai Eciia (O) cit AM tai B, AN tai C. Giastr Ava (O) cb dinh, cattuyén AEF thay

d6i. Chirng minh chu vi AABC khong d6i. Tinh gi tri khong doi ay theo AM .

Huwoéng ddn

a) Taco OM L AM ( Theo tinh cht tiép tuyén) = OMA =900
ON L AN ( Theo tinh chét tiép tuyén) = ONA =909
Tir gidc AMON c6 OMA+ONA =902 +909 =180° nén tu gisc AMON ngi tiép ( tu giac c6 tdng hai goc
dbi bang 180°)
Taco OM =ON ( Theo tinh chét hai tiép tuyén cit nhau) = O thudc dudng trung truc cuia MN
AM = AN ( Theo tinh chat hai tiép tuyén cit nhau) = A thudc duong
trung tryc cia MN
= OA la duong trung truc caa MN= OA L MN
AOMAvubng tai M c6 MQ _L OA theo hé thic gitra canh va duong cao trong tam giac vuodng ta co
OM? =0A0Q = 0A0Q =R?
b) Xét AAME vaAAFM c6 : MAE chung; AFM = AME ( géc ndi tiép va goc tao bai tia tiép tuyén va
day cung cuing chan cung ME)

= AAME dong dang AAFM = AM_ AE _ AM? = AE.AF
AF  AM

Do KN//AF= AHM = MKN ( Hai géc dong vi)

ma MKN =;MON ( gbc noi tiép va goc ¢ tam cing chan cung MN) = AHM =;MON (1)

Ta c6 tia OA 1a phan giac cia MON ( Theo tinh chat hai tiép tuyén cit nhau)

— AOM :;MON @)

Tu (1) va (2) = AHM = AOM
Ta giac AMHN c6 AHM = AOM nén ti giac AMHN noi tiép ( theo quy tich cung chtra goc)
= OHA =OMA ( hai géc ndi tiép cing chian cung OA)

ma OMA =900 — OHA =900 = OH L EF
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Xét (0) c6 OH L EF =H la trung diém cua EF (.quan hé giira duong kinh va day) = HE = HF

c) Tacdé AM = AN; BM = BE; CN = CE ( theo tinh chat hai tiép tuyén cat nhau)

Chu vi tam giac ABC :

AB+AC+BC=AB+AC+BE+EC=AB+AC+BM +CN

=(AB+BM)+(AC+CN)=AM + AN = 2AM

Do A va (O) ¢6 dinh nén M ¢b dinh = doan thang AM c6 gia tri khong d6i=> 2AM khéng dbi nén chu
vi tam giac ABC c0 gia tri khong doi.

Céu 40.(Thay Nguyén Chi Thanh) Cho tam gidc ABC cd ba goc nhon noi tiép duong tron O ( AB < AC
). Hai tiép tuyén tai B va C cit nhau tai M, AM cit duong tron (O) tai diém thir hai D. E 1a trung diém
cua doan AD. EC cit duong tron (O) tai diém tht hai F .

a) Chizng minh: Tt gidc OEBM noi tiép duong tron va MB? = MAMD = MO.MH

b) Chiing minh: BCE = BOE; BF //AM

¢) Gia sit CD cat MB tai trung diém MB . Chiang minh AB//MC .

Huwoéng ddn 4
a. Vi E 1a trung diém cua AD /A\
Suy ra OE L AD (lién hé giira duong kinh va day) \ ‘ Ft\x\/("v/\ - 3
Lai c6 OBM =90° (vi BM Ia tiép tuyén cua (O)) \ \\‘\‘ /,«"/ / %ﬁ\ ‘
Xét tir gidc OEBM 6 AS ﬂ\—lﬁ;}%
OEM —OBM =90° o7
Mz E va B 1a hai dinh ké nhau cting nhin OM mét goc khong doi X
Suy ra ti giac OEBM noi tiép duong tron duong kinh OM M

Xét AABM va ABDM co:
BAD = DBM (géc ndi tiép va goc tao bai tiép tuyén va day cung cuing chan cung BD)
BMD chung

= AABM - ABDM (g.9) :%z%@ MB? = MAMD
b. Vi OCM =90°(CM Ia tiép tuyén cua (O))

= C thugc duong tron duong kinh OM

Ma tir giac OEBM noi tiép duong tron duong kinh OM

= EBCO la ttr giac noi tiép duong tron duong kinh OM

= BCE = BOE ( hai goc ndi tiép cling chan cung BE)

Taco FCB :%SJFB - %(SdAB—SdAF)(géc ngi tiép chn cung FB)

BMA = %(SdAB _Sd BD) (26¢ c6 dinh bén ngoai duang tron (O))
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Ma FCB = BMA ( tir giac EBMC noi tiép duong tron duong kinh OM)

= AF =BD = ABF =BAD (hai goc n¢i tiép chin hai cung ba~~ -
Ma hai goc nay ¢ vi tri so le trong
= BF//AD

C.

Xét ABKD va ACKB

BKC chung
BCD = DBK ( géc ndi tiép va gdc tao bai tiép tuyén va day cun

= ABKD - ACKB(g.9) :%:@ = BK* =KD.KC
CK BK

Ma BK = KM :KMZ:KD.KC:M:K—C
KD KM

Xét AKMD va AKCM c6

KM _ KC
KD KM
DKM chung

= AKMD - AKCM (c.g.c) = KMD = KCM (hai goc tuong ung)
Ma KCM = DAC (g6c néi tiép va goc tao bai tiép tuyén va day cung ciing chin DC)

= KMD = DAC. Ma hai géc nay ¢ vi tri so le trong = BM // AC
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Céu 41.(Thay Nguyén Chi Thanh) Cho diém M nam ngoai dudng tron tam O. V& tiép tuyén MA, MB
v6i duong tron (A, B 1a cac tiép diém) . V& cat tuyén MCD khong di qua tam O (C nam gitra M va
D), OM cit AB va (O) lan luot tai H va I. Goi E 1a trung diém cua DC .

a) Chirng minh:Tu gidc MAOB, ABOE ndi tiép.

b) Chting minh: MC.MD = MA? va MHC = MDO

¢) Chang minh: OH.OM + MC.MD = MO?

Huwéng dédn

a) Vi MA, MB la tiép tuyén ciia (O)= MA L OA; MB L OB. (T/C tiép tuyén).= MAO = MBO = 90".
Xét tir giac MAOB c0:

MAO + MBO =180°.

MAO va MBO 12 hai goc ddi nhau.

— Tir giac MAOB la ttr giac noi tiép duong tron dudng kinh OM (Dau hiéu nhan biét t giac noi
tiép).(1)
Xét (O) co: OE la mot phén cia duong kinh

CD 1a day cung; E 1a trung diém cia CD (gt)

= OE 1 CD (Quan hé vubng gdc gitra duong kinh va day cung).

= OEC =90° = OEM =90°(M € CD).
Xét tir giac OEMB c0:

OEM +0OBM =180°

OEM va OBM 1a hai goc d6i nhau.

— Tir giac OEMB 1a ttr giac noi tiép duong tron dudng kinh OM (Dau hiéu nhan biét t giac noi
tiép).(2)

(1);(2) =Nam diém M; A; B; E; O déu nam trén duong tron dudng kinh OM .

— Tu gidc ABOE Ia tir giac noi tiép duong tron dudng kinh OM (D4u hiéu nhan biét tr giac noi tiép).
b) Xét AMAC va AMDA c6:

AMD chung
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MDA = MAC. (cting chin cung AC)
MA _ MC

— AMAC -~ AMDA(g — g) = —— = — (Céc canh tuong tng) <> MC.MD = MA’ (3)

MD MA
Tac6:OA=0B(=R)
MA=MB (T/C hai tiép tuyén cit nhau)
— MO la duong trung truc ciia AB (T/C dudng trung truc cta doan thang)
= MO L AB(H € AB;H € MO)= AH L OM.

XétAOAM c¢6: AH la dudng cao(AH L OM)

= MA® = MH.MO (hé thirc lwong trong tam giac).(4)

(3); (4) = MC.MD = MH.MO <:>M—C =M—O.
MH MD
Xét AMCH va AMOD co:
DMO chung
MC MO = AMCH -~ AMOD(c.g.c) = MHC = MDO.
— =——(cmt
MH MD( )

Xét AOAM c6: AH la duong cao( AH L OM ); MAO =90° (cmt).

OA? = OH.OM.(HTL)
OA? + AM? = MO* ( pytago)

OA? =OH.OM..(cmt)
Taco: OA’ + AM? = MO? (cmt) y = OH.OM +MC.MD = MO?.
MC.MD = MA? (cmt)

Trang 112

Ciu 42.(Thay Nguyén Chi Thanh) Tir diém A nim bén ngoai dudng tron (O) ké hai tiép tuyén

AM, AN véi duong tron ( M, N 1a céc tiép diém) . Duong thang (d) di qua A cét duong tron (O)

tai hai diém phan biét B,C, (O khong thu¢c (d), B niam giira A va C, AC cit OM ). Goi H I3

trung diém BC .
a) Chitng minh tir giac AMON ngi tiép ; AB.AC = AN,

b) Chitng minh : HA 1a phan giac cua géc MHN : 1y diém E trén MN sao cho HE //CM . Ching

minh BE//AM .
¢) Cho AHM =60°. Tinh dién tich gidi han bai cung MN va AM, AN

Hwéng dén
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P

M

a) Xét tir giac AMON c6 AMO = ANO =90° ( tinh chat tiép tuyén)

nén AMO + ANO =180° ma day 1a hai goc d6i nhau cua tir giac AMON nén tr giac AMON nai tiép
duong tron . (1)

+ Xét AANB va AACN c6 A chung, ANB = ACN (z%sd NBj

AN AB

Suy ra AANB -~ AACN(g—-g)=>—=——=> AB.AC = AN? (dpcm) .

y (9-9)= 25 =7~ (dpem)
AM = AN

b) Xét AAOM va AAON c6: {OM =ON =R = AAOM =AAON (c.cc)= NOA=MOA .
OA chung

Vi H 1a trung diém BC = OH L BC ( quan hé dudng kinh — day cung).

Xét tir giac AHOM ¢6 AHO + AMO =180° ma day 1a hai goc ddi nhau nén tir giac AHOM ni tiép
duong tron. (2)

T (1)(2) suy ra 5 diém A/M,0O,H, N cung nam trén mot duong tron.

= NHA = NOA ( g6c néi tiép cling chan cung NA)

MHA = MOA ( gdc noi tiép cling chan cung MA)

Ma NOA = MOA(cmt) = NHA = MHA = AH I phan gi4c cia goc MHN .

+ Ta c6: EHB = MCB ( hai goc dong vi) ma MCB = ENB ( gdc néi tiép cuing chan cung MB )
= EHB = ENB = tir giac EHNB Ia tir gi4c noi tiép (d4u hiéu nhan biét)

= HNE = HBE ( g6c ndi tiép cung chan cung HE )

Ma HNE = HAM ( g6c néi tiép cung chin cung HM )

= HBE = HAM ma hai géc nay & vi tri ddng vi nén EB//MA.

¢) Taco: AOM = AON = AHM =60° nén MON =120°.

2 0 2
Dién tich gi¢i han bai cung MN, AM, AN 1a; S = ”‘Fis'éfo - 2’; R
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Ciu 43.(Thay Nguyén Chi Thanh) Cho dudng tron (O) va mot diem A sao cho OA=3R. Qua A ke
tiép tuyén AP va AQ ciia dudng tron (O), véi P va Q 1a 2 tiép diém. Lay M thudc duong tron (O)
sao cho PM song song véi AQ. Goi N 1a giao diém tha hai cia duong thaing AM  va dudng tron
(O). Tia PN cét duong thaing AQ tai K, H 1a trung diém ctia MN .

1. Chting minh: tir giac OHPQ noi tiép va AP? = AN.AM

2. Ching minh: QK? = KN.KP va AK =KQ

3. Ké duong kinh QS cua duong tron (O). Chirng minh tia NS a tia ph&n gidc cua goc PNM va goi G la
giao diém thr 2 ciia dudng thang AO va PK. Tinh AG theo bén kinh R.

Huwoéng ddn

1.*Chirng minh: tér giac OHPQ n@i tiép

Vi AP, AQ la hai tiép tuyén caa duong tron (O), nén: APO = AQO = 90°
Xét tir giac APOQ, c6: APO + AQO =90°+90° =180°

= T giac APOQ ndi tiép (tong hai goc dbi bang 180°).

Goi C 1a trung diém cua canh AO.

Xét AAPO vudng tai P, co PC la dudng trung tuyén

= AAPO ndi tiép duong tron duong kinh OA

Tuong tu, AAQO ndi tiép dudng tron duong kinh OA

Suy ra, tim dudng tron ngoai tiép tir gidc APOQ 1a trung diém cua canh OA
Goi C la trung diém ciia OA

Khi d6, CA=CP =CO=CQ (Vi ti giac APOQ noi tiép) (1)

Mat khac, HM = HN (gt) nén OH L MN (lién hé giita dudng kinh va day)

= AHO =90°
Xét AAHO vuong tai H, c6 HC 1a duong trung tuyén tng vai canh huyén OA
Nén: CH = CA=CO (: %OAJ @)
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Tu (1) va (2),suyra: CO=CH =CP=CQ

Suy ra tir gidc OHPQ noi tiép dudng tron tam C

* Chitng minh: AP? = AN.AM

Xét AAPN va AAMP, co:

PAM la goc chung

PMA = APN (gdc noi tiép va gdc tao bai tia tiép tuyén AP va day cung PN cung chin PN)

— AAPN « AAMP (g-g) = 20 — AN . Ap? _ AN.AM (dpom)
AM AP

2. *Ching minh: QK? = KN.KP

Xét AQKN va APKQ, c6:

PKQ la goc chung

KPQ = KQN (gbc nai tiép va goc tao bai tia tiép tuyén AQ va day cung QN cuing chin QN )

QK KN
= AQKN «~ APKQ (g-9) = PK - KO = QK? =KN.KP (dpcm) (3)

* Chéng minh: AK = KQ

Taco: AK =KQ (cmt)

PM // AQ = PMA = KAN (so le trong)= APN = KAN
Xét AKAN va AKPA, co:

AKP la goc chung

APN = KAN (cmt)

— AKAN — AKPA (g-g) = A KN _ar _knkp ()
KP KA

Tur (3) va (4), suy ra: KQ* = AK? hay AK = KQ (dpcm)
3. *Chwirng minh tia NS la tia phan giac cia goc PNM
Vi AQ latiép tuyén cua (O), duong kinh QS nén AQ L QS
Ma AQ//PM nén QS L PM
= S 1a diém chinh gitra cia PM (lién hé giira duong kinh va day)
= PS=SM = PNS=MNS (gbc noi tiép chan hai cung bang nhau)
= NS la tia phén giac cua goc PNM
* Tinh AG theo ban kinh R.
Goi | =OANPQ
Ap dung hé thirc canh va duong cao vao AAQO vudng tai Q, co:
2 2
oQ” _R”_1 R

OA 3R 3

0Q*=0I.0A=0lI =
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Mat khac, Al =OA-0l =3R—%R:%R

Taco: AP =AQ (hai tiép tuyén caa duong tron (O))
OP =0Q (ban kinh cta duong tron (O))
= OA 1a duong trung truc cta doan thing PQ = IP = 1Q
Xét AAPQ, c6 PK va Al la hai duong trung tuyén cit nhau tai G

= G latrong tam cua AAPQ = AG =%AI = 28 16

Céu 44.(Thay Nguyén Chi Thanh) Cho tam gi4c ABC c6 hai dudng cao BE,CF cit nhau taiH .Goi E'
1a diém ddi xang H qua AC, F' la diémddixangH qua AB.Chang minh:

a)Ta giac BCE ' F 'noi tiép duong tron(O)

b) Nam diém A, F ', B,C, E 'cing thuoc mot duong tron.

c) AOvaEF vudng géc nhau.

d) Khi Achay trén(O) thi ban kinh duong tron ngoai tiép tam giac AEF khong doi.

Huwong dan

a) Vi F' dbi xang véi H qua AC = AB la duong trung truc cua F'H ( dinh nghia)
— BF'=BH (tinhchit) = AF'BH cintai B = BF'H = BHF'(1)

Chung minh tuong ty: CE'H = CHE'(2)

Ma F'HB = CHE' ( dbi dinh) (3)

T (1),(2),(3) = CE'H = BF'H , mahai dinh E',F' ké nhau cing nhin doan BC
= ti giac BCE’F’ noi tiép duong tron (O) ( dhnb)

b) Xét AACF vudngtai A ¢ FAC + ACF=90°

Xét AHCE vudng tai A c6 HCE + CHE =90°
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= FAC

CHE ma CE'H = CHE'(cmt); CE'H = BF'H (cmt)

— BAC = BF'C= BE'C = F’,A E’ cung thudc cung chira goc trén doan BC

= Nam diém A, F ', B,C, E 'cling thuéc mét duong tron (O)

Céch 2 : Chiing minh tir giac BF'AC va tir giac BAE'C la tir gi4c noi tiép = ti giac BCE’F’ noi tiép
dudng tron (O)

c) Vi ABF'H céntai B (cmt), BF la duong trung truc (cmt) = BF la phén giac cua F'BH

— F'BF = HBF = cung AF’ = cung AE’ ( tinh chat)

— AF’ = AE’ (dinh Ii)

— diém A thudc duong trung truc cua F’E’ (4)

Ta ¢ ndm diém A, F ', B,C, E 'ciing thugc mot duong tron (O) (cmt) = OF’ = OF’

= OF’ = OFE’ (ban kinh) = O thudc duong trung truc cia F’E’ (5)

Tu (4), (5) = OA la duong trung truc cua F’E> = F'E' L OA

Xét AF’HE’ ¢ :

F la trung diém cua F’H (gt); E 1a trung diém HE’ (gt) = EF la duong trung binh cia AF 'HE" (
dinh nghia) = F’E’ // FE (tinhchit); F'E' LOA (cmt) = FE L OA ( dinh Ii)

d) Ké duong kinh AD cua (O) , M 1a trung diém ctia BC

Xét (O) c6 ABD = 90° ; ACD = 90° ( goc noi tiép chin nira dudng tron)

— AB 1 BD;AC LCD ma AB L CF;AC L BE(gt) = BH // DC ; BD // CH (dinh Ii)

— Tt giac BHCD 12 hinh binh hanh (dhnb) = M 1a trung diém caa HD ( tinh chat)

Xét AAHD c6 : M la trung diém caaHD (cmt) ; O la trung diém AD (cach v&)

— OM 14 duodng trung binh cia AAHD = AH =20M ( tinh chat)

Ma OM khong d6i = AH khong doi

Xeét tir giac AFHE c6: AFH + AEH = 180° = ta giac AFHE noi tiép duong tron duong kinh AH  (
dhnb) = AAEF ni tiép duong tron dudng kinh AH , ma AH khéng ddi ( cmt)

= Bén kinh dwong tron ngoai tiép AAEF khong doi khi A di chuyén trén (O).

Ciu 45.(Thay Nguyén Chi Thanh) Cho duong tron (O)va mot diém A nam ngoai dudng tron. Cac
tiép tuyén voi duong tron ké tir A tiép x(c véi duong tron tai B,C. Goi M 1a diém thudc cung Ién
BC. Tir M ké MH L BC, MK L CA MI L AB.

a) Chuang minh: T giac MIBH néi tiép va MIH = MHK.

b) Ching minh: MI.MK = MH?.
c) Cho AB =2R. Tinh dién tich gi4i han b&i cung nho BC va canh AC, AB.

Hwéng dén
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B
s
0 %A
C
K

a) Xét tar giac MIBH c6:

MIB + MHB = 90° +90° =180°
Ma hai goc nay & vi tri d6i nhau

— Tu gidc MIBH nai tiép (dhnb)= MIH = MBC (hai gc néi tiép cung chin cung MH ) (1)

Chung minh tuong ty, ta co: T gidc MKCH noi tiép.

= MHK = MCK (hai g6c néi tiép ciing chan cung MK) 2)

Lai c6 MBC = MCK (g6c néi tiép va goc tao bai tia tiép tuyén va day cung cung chin cung MC cua
(0)) ©)

Tir (1),(2),(3)= MIH = MHK

b) Chuing minh tuong tu cau a, ta c6: MHI = MKH.
Xét AMIH va AMHK ¢6: MIH = MHK (cmt); MHI = MKH (cmt)

— AMIH - AMHK (g.9) =~ - MR _ v Mk = mH2,
MH ~ MK

c) Vi AOAB vudng tai B (gt) = S, = %OB.AB = %.R.ZR =R? (dvdt)

Goi N la giao diém cia OA véi (O)

Vi AOAB vubdng tai B = tan AOB:%:Z?R=2:> AOB ~ 63° = sd BN ~ 63°

Suy ra dién tich hinh quat tron gidi han bai cung nhé BN va 2 ban kinh OB,ON |a:

7R*63  7xR’
360

(dvdt)

(dvdt)

2 40-77)R®
Do d6 dién tich gidi han bai cung nhd BC va canh AC, AB la: 2.(R2 - 7Z§ ]: ( 207[)

CAu 46.(Thay Nguyén Chi Thanh) T mot diém A nam ngoai (O) ké tiép tuyén AB,AC voi
(0), (B,C€(0)). Goi I 1a trung diém AC. IB cat (O) tai E, tia AE cit (O) tai D, H la trung

diém ED.
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a) Cm: 5 diém A B,H,0,C cung thudc 1 dudng tron va IC? = IE.IB

b) Cm: BD//AC va qua H ké duong thiang song song BD cit BC tai Q. Chting minh BAD = QED

¢) Khi diém B va (O) cb dinh tim quy tich truc tim H' ciia tam giac ABC

Huwéng dédn

a) Xét (O) cé:
OH Ia mot phan duong kinh.
H 1a trung diém cua day ED.
Do d6 OH L ED ( quan hé vuéng géc giita duong kinh va day caa duong tron) hay AHO = 90°
= diém H thudc duong tron duong kinh AO (1)
Do AB, AC la 2 tiép tuyén ciia duong tron (O), (B,C (0)) hay ABO=ACO=90"
= 2 diém B,C thudc dudng tron duong kinh A0 (2)
Tir (1)&(2) =3 diém H,B,C clng thuoc dudng tron duong kinh AO

Do d6 5 diém A, B,H,0,C e1duong tron

Xét (O) ta co: ICE=EBC (z%sdECj

) , BIC chung
Xét AIE &AICB c6: = AIEC -~ AICB (g.9)
ICE =EBC
:E:E:ICZ:IE.IB ( dpcm)
IC IB
\ .2 , A 2 2 IA IB
b) Do | 1a trung diém cua AC nén IC* =I1E.IB= IA° = IE.IB @Ezm
Xét AIAB va AIEA taco:
n_.
IE IA = AIAB-AIEA(C.gC) = IBA=IAE < EBA=CAD
AIB chung

ma EBA=BDE (:%SdBE)
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do do IAE = BDE

Ma 2 gbc ¢ vi tri so le trong nén BD//AC.
do HQ//BD = EHQ = D = ECQ = tir giac EQHC la tir gi4c noi tiép

— HEQ = HCQ = BAD (:%sd BH)

hay BAD = QED
c) Do H' latryc tam cia AABC =BH'L AC, CH' L AB,OC L. AC, OB L AB

BH'/ /OC
—=<CH'/ /OB nén ttr giac BH 'CO la hinh thoi = BH'=CO =R
OB=0C=R

H'e(B;R) cb dinh. Vay H'thudc mot duong tron cb dinh.

Céu 47.(Thay Nguyén Chi Thanh) Cho duong tron (O) va mot diém A sao cho OA=3R. Qua A ké
hai tiép tuyén AP va AQ cuaa duong tron (O), véi P va Q 1 hai tiép diém. LAy M thudc duong
tron (O) sao cho PM //AQ. Goi N 14 giao diém tha hai cia duong thang AM va duong tron (O).
Tia PN cat duong thang AQ tai K, goi H 1a trung diém MN.

a) Chung minh nam diém A P,0,Q,H thudc mot duong tron; KQ? = KN.KP.

b) Chitng minh AK = KQ va ké duong kinh QS cta duong tron (O). Chang minh tia NS a tia phéan

giac caa PNM.

¢) Cho R=6cm. Tinh S__ POQ. Goi G 1a giao diém cua hai dudong thaing AO va PK. Tinh d6 dai doan

quat

thing AG.

Huwoéng ddn

a) Do AP, AQ lan luot 14 tiép tuyén cua duong tron (O)(P,Q la cac tiép diém)
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nén APO = AQO =90° suy ra P,Q thudc duong tron duong kinh AO.(1)
Mit khac H 1a trung diém cua ddy MN nén OHA=90° suy ra H thudc dudng tron dudng kinh AO.(2)
*Tu (1) ; (2)suyra A P,H,0,Q thudc duong tron duwong kinh AO.

*Taco AKQN - AKPQ(g.g) (K chungva KQN =KPN)

nén KQ :E, hay KQ? = KN.KP.(3)
KN KQ

b) Taco APN =PMN

hon nitra PMN = MAK' (so le trong) do d6 APN = MAK.

Vay nén AAKN - APKA(g.g) hay ta dugc % =% = AK? = PK.KN.(4)

Tur (3) (4) suy ra AK? = AQ? hay AK = AQ két hop véi K thuoc AQ ta duoc K 1a trung diém AQ.
Tacdé AQ L QS

ma AQ//PM nén QS L PM hon nira QS 1a duong kinh nén QS di qua diém chinh giita cung PM do
d6 S 1a diém chinh gitta PM.

Kéo theo PNS =SNM suy ra NS la tia phan giac PNM.

c) Xét tam giac vubng APO cé cos AOP = PO = R = 1 = AOP =~ 70,53°
AO 3R 3
2 o
Do d6 POQ =141,16°. Vay dién tich hinh quat can tim Ia: S,,POQ = % ~ 44,35(cm?).

Ap dung hé thirc lugng trong tam giac vudng AQO ta dugc

2
Q02=OH.OA:>OH=R—=5.
3R 3

Do vay AH :S?R. Dé& thidy G la trong tam tam gidc APQ nén AG :gAH :%R.
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Trang 122

Bai 48. Cho AABC nhon, cac duong cao AD, BE, CF cat nhau tai H . Chuing minh:

a) Ta giac AEHF ; BDHF ; CDHE ; BCEF ; ABDE ; ACDF ndi tiép
b) AE.AC = AF. AB; BD.BC =BF.BA; CD.CB=CE.CA; HAHD =HB. HE

c) EH laphangiac FED; FH la phan giac EFD; DH la phan gidc FDE

Huwoéng dén

a) +) Xét tir gidc AEHF co:

AFH + AEH =90° +90° =180°

Ma 2 gdc & vi tri d6i nhau nén tir giac AEHF noi tiép (dhnb).

+) Xét ta gidc BDHF co:

BFH +BDH =90° +90° =180°

Ma 2 g6c & vi tri d6i nhau nén tir giic BDHF noi tiép (dhnb).

+) Xét ta gidc CDHE co:

CEH +CDH =90° +90° =180°

Ma 2 gdc & vi tri d6i nhau nén tir giac CDHE noi tiép (dhnb).

+) Xét t gidc BCEF co:

BFC = BEC =90°

Ma F, E 1a 2 dinh ké nhau ctng nhin canh BC nén tir giic BCEF noi tiép (dhnb).
+) Xét tir gidc ABDE c0:

BDA = BEA=90°

Ma D, E 1a 2 dinh ké nhau ciing nhin canh AB nén tir gisc ABDE noi tiép (dhnb).
+) Xét ta gidc ACDF c6: CDA=CFA =90°

Ma D, F a2 dinh ké& nhau cing nhin canh AC nén ta gidc ACDF nai tiép (dhnb).
b) +) Xét AAEBva AAFC co:

AEB = AFC =90°

BAC chung

= AAEB v» AAFC (g.9)= % = 2—2 (canh twong tng) = AE.AC = AF.AB (dpcm)

+) Xét ABFCva ABDA cbé:

BFC = BDA =90°
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Trang 123
ABC chung
= ABFC -~ ABDA (g.9)
BF BD
— — =—— (canh tuong ting) = BD.BC = BF.BA (d
2C BA( : ng (ng) (dpcm)

+) Xét ACDAva ACEB co:

CDA=CEB =90°
ACB chung
= ACDA- ACEB (g.9) = (é—z = % (canh tuong (tnQ)

= CD.CB =CE.CA (dpcm)
+) Xét ADHB va AEHA c0:

BDH = AEH =90°
BHD = AHE (d6i dinh)

— ADHB - AEHA (g.g) = % = % (canh tuwong @ng) = HAHD = HB. HE (dpcm)

¢) +) Xét duong tron ngoai tiép tir giac AEHF c6:  HEF = HAF (goc ndi tiép ciing chan cung HF )
+) Xét duong tron ngoai tiép t gidc CDHE c6: HED = HCD (géc ni tiép cuing chian cung HD)
+) Xét duong tron ngoai tiép t gidc ACDF c6: HAF = HCD (géc néi tiép cung chin cung FD
= HEF =HED = EH la phan giac FED (dpcm)

+) Xét duong tron ngoai tiép tr gidc AEHF c6: HFE = HAE (gdc nai tiép cung chin cung HE )
+) Xét duong tron ngoai tiép t gidc BDHF c6: HFD = HBD (géc ndi tiép cuing chian cung HD)
+) Xét duong tron ngoai tiép tir giac ABDE co: HAE = HBD (gdc néi tiép cting chin cung DE )
— HFE = HFD = FH 3 phan giac EFD (dpem)

+) Xét ADEF c0:

EH la phén gidc FED

FH la phan giac EFD

= DH la phan giac FDE

Bai49. Cho (O) dudngkinh AB=2R.Goi M 1a mot diém bét ki thudc duong tron (O) khac A va B.
Tiép tuyén ctia (O) tai A va M cat nhau tai E. V& MP vudng goc AB, MQ vudng goc AE .

a) Chirng minh AEMO 1a tir gic ndi tiép va APMQ 12 hinh chit nhat.

b) Goi | 14 trung diém PQ. Chimg minh O, I, E thang hang.

¢) Goi K lagiao EB va MP . Chtrng minh tam gidc EAO ddng dang tam giac MPB suy ra K 1a trung

diém MP .
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Trang 124
d) Bit AP = x. Tinh MP theo R va x, Timvitri M trén (O) dé APMQ c6 dién tich 16n nhat.

Huwéng din
a) Chimg minh AEMO 13 tir giac ndi tiép va APMQ 14 hinh chit nhét.
Xét tir giic AEMO c6: EAO+EMO =90° +90° =180° ma day 1a hai goc ddi nhau nén tir giac AEMO
noi tiép dudng tron.
Xét tir gidc APMQ c6: QAP = APM = MQA =90° = tr giac APMQ 13 hinh chir nhat.

E

b) Goi I 1a trung diém PQ. Chtimg minh O, I, E thang hang.

Vi APMQ 14 hinh chit nhat ma I 13 trung diém PQ nén I 1a trung diém AM .

Taco: EA=EM ( tinh chét tiép tuyén cat nhau); OA=OM =R nén OE la trung tryc AM hay EO di
qua trung diém I cia AM . Vay E, O, | thing hang.

¢) Goi K 1a giao EB va MP . Ching minh tam giac EAO ddng dang tam giac MPB suy ra K la trung
diém MP.

Ta c6: 10 13 duong trung binh cta tam giac ABM nén Ol //BM => EOA=MBP ( ddng vi)

Xét tam giac EOA va MBP c6: = EAO = MPB =90°; EOA = MBP

= AEAO - AMPB(g.9) = ZCB) MP =MP= EAE—ZEAE

EA AO AB

Ma KP//EA = BP_KP = MP = 2KP = K 14 trung diém MP
AB  EA

d) Dat AP = x. Tinh MP theo R va x, Tim vi tri M trén (O) d¢ APMQ c6 dién tich 16n nhat.
Tacd: BP=2R—x
Tam giac AMB vudng tai M, c6 MP la duong cao nén MP? = PAPB = (ZR - X).X

= MP = [(2R=X) X = S oy = AP.MP = x,[(2R—x) X
= x3.|~ (2R X) <x4/3.2 (3+2R Xj X\/g_(R_gj
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Trang 125

=3\/§.§.[R—5js3\/§.1.(5+ R—sz 3B

3 4\ 3 3 4
X_2R-x "
Dau bang xay ra khi: 3 = X=—
X X 2
2_RrR-2
3 3

Vay dién tich APMQ 16n nhét khi M thudc duong tron sao cho P 1a trung diém OB.

Bai 50. Cho (O) va M nam ngoai (O). MO cit (O) tai EvaF ( ME < MF) cat tuyén MAB va tiép
tuyén MC cua (O) , (C latiép diém, A ndm gitta M va B, A va C nam khac phia véi duong thang
MO)

a) Chung minh MAMB = ME.MF .

b) Goi H 1a hinh chiéu vudng goc caa C 1én duong thang MO . Chitng minh t giac AHOB noi tiép.

c) Trén ntra mit phang bd OM chta A |, vé nira duong tron duong kinh MF |, nira duong tron nay cét

tuyép tuyén tai E cua (O) & K. Goi S la giao diém cia CO va KF . Ching minh MS vudng géc KC .

d) Goi P va Q la tam duong tron ngoai tiép tam giac EFS va ABS va T la trung diém KS . Ching

minh P, Q , T thiang hang.

Huwéng din
a) Chung minh MAMB = ME.MF
Ta giac ABFE ndi tiép nén BFE = EAM
Xét tam gidc MAE va MBF c6: BFE = EAM;M chung nén AMAE -~ AMFB(g.g)

MA ME
=>—=—
MF MB

b) Goi H la hinh chiéu vudng goc cua C 1én duong thang MO . Chuang minh ti giac AHOB noi tiép.

= MAMB = ME.MF

Tacé: MC? = MAMB ma MC? = MH.MO = MH.MO = MAMB = AHOB ngi tiép dudng tron.
¢) Trén ntra mit phang bd OM chta A |, vé& nira duong tron duong kinh MF | nira duong tron nay cat

tuyép tuyén tai E cia (O) & K. Goi S la giao diém cia CO va KF . Chimg minh MS vudng géc KC .
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Trang 126

Vi MF 1a duong kinh nén FKM =90° = MKSC 14 tir giac noi tiép

= MK? = ME.MF = MC? = MK = MC nén MS la dudng trung tryc KC = MS vudng goc KC.

d) Goi P va Q la tam dudng tron ngoai tiép tam giac EFS va ABS va T la trung diém KS . Chitng minh P,
Q, T thang hang.

GoigiaoKCvaMS1a V.

Trong duong tron (Q) ta c6: MAMB = MV.MS.

Trong duong tron (P): MV.MS = ME.MF nén PQ vudng goc MS va la dudng trung truc VS (duong nbi
tam hai dudng tron) nén PQ di qua trung diém KS . Vay T, Q, P thang hang.
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Céu 51.(Thay Nguyén Chi Thanh) Cho AABC vudng tai A noi tiép (O). Tir mot di€ém D trén canh
BC ké duong thang vudng goc véi BC cat AC tai F va cit tia dbi cuatia AB tai E. Goi H la giao
diém cua BF va CE , tia HD cit (O) tai K.

a) Ching minh H e (0), tir gidc AECD noi tiép.

b) Chung minh BF.BH =BD.BC; AK L BC.

c) Cho AEF =30°, R=6cm. Tinh S, 0z V& ching minh BF.BH +CH.CE = BC®.

d) Goi | 1a trung diém cua EF . Chitng minh Ol L AH .

Huwong dan
E
p
I
A
E H
B C
= 6 cm I6) D
K

a) Chitng minh H € (0), ti gidc AECD n#i tiép.
+) Xét AEBC c0:
CA L BE (Vi AABC vudngtai A)va ED L BC (gt) ma CANED ={F} nén F la giao diém cua 3 duong

cao trong AEBC = BF 1 EC tai H = BHC =90°.

Xét (o,%j c6 BHC =90°= H (0).

+) Vi CA L BE (cmt) = CAE =90°.
Vi ED 1L BC (cmt) = EDC =90°.

Xét tir giac AECD c6 CAE = EDC =90°ma dinh A va D 1a hai dinh lién k& ctng nhin canh EC nén
AECD ni tiép.
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b) Ching minh BF.BH = BD.BC; AK L BC.
Xét ABDF va ABHC co0:

HBC la gbc chung,

BDF = BHC =90°
tir d6 ta c6 ABDF —~ ABHC (g — g).

BF BD
=>—=—
BC BH

+) Xét (O%) c6 AHB = ACB = % sd AB (Hai g6c noi tiép ciing chan mot cung).

— BF.BH = BD.BC . (dpcm) 1)

Xét tr gidc FHCD c6 FHC =90° (Vi BH L EC tai H).
FDC =90°(Vi ED L BC tai D)
= FHC + FDC =180°ma FHDva FCD Ila hai goc dbi nén tir giac FHCD 1a ti giac noi tiép.

= FHD =FCD =%sd FD ma AHB = ACB (cmt) nén AHB = FHD = AHB =BHK .

Mat khéc AHB =%sdAB, BHK :%sd BK .

Tu d6 ta dugc AB=BK = AB =BK (Lién h¢ gitra cung va day).

Xét (O%) c6 BKC =%sd BC = 1820 =90° (Goc noi tiép chan nia duong tron)

= ABKC vuong tai K.

Xét ABKCva ABAC co:

BKC =BAC =90°,

BC la canh chung,

BA=BK (cmt)

Tir d6 ta dwoc ABKC =ABAC (Canh huyén - canh géc vudng) = KC = AC ma BA=BK nénBC la
duong trung tryc cia AK = AK L BC. (dpcm)

c) Cho AEF =30°, R=6cm. Tinh S va chitng minh BF.BH +CH.CE = BC®.

quat AOB
Xét AEBD vudng tai D (vi ED L BC ={D})
— DEB + DBE = 90°(2 g6c nhon phu nhau) = DBE = 90°— DEB = 90° —30° = 60° = OBA = 60° .

Xét AOBA c6 OA=0B(=R)= AOBA can tai 0. Ma OBA=60° nén AOBA déu=> AOB =60°.
, BC) , A X X N
Xét | O, > c6 sd AB = AOB (g6c ¢ tam bang so do cung bi chan) =sd AB =60° |

s _ 7R%.60 7660
WatAoB 360 360

67z(cm2)_
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+) Xét ACDE va ACHB c0:

CED =CBH (g()c nt ciing chin cung DH ) va CDE =CHB =90° = ACDE ~ACHBc¢ (g — g).

D _CE  cbCB=CHCE (@
CH CB
M
Tur (1) va (2) ta co:
C

BF.BH +CH CE = BD.BC +CD.BC = BC.(BD +CD) = BC? (dpcm)
d) Goi | la trung diém cia EF . Chieng minh Ol L AH . g
Xét AEAF vudng tai A c6 | 1a trung diém ciia EF nén Al ladudng A s B
trung tuyén cia AEAF .
= Al =|E=|E=%EF.

3) N
Xét AHEF vudng tai H c6 | 1a trung diém ciia EF nén HI 1 dudng trung tuyén cia AHEF .
:>HI=IE=IF:%EF. (4)
Tir (3) va (4) ta co HI = Al . )
Xét (O)c6 OA=0OH =R (6)

Tu (5) va (6) ta dugc Ol 1a duong trung truc cua AH . Vay Ol 1L AH . (dpcm)

Céu 52.(Thay Nguyén Chi Thanh) Cho dudng tron (O) , mot duong kinh AB ¢d dinh, trén doan OA 1y
diém 1 sao cho Al =§.OA Ké diay MN vuodng goc v6i AB tai | . Goi C la diém tiy y thudc cung

16n MN (C khéngtring M, N, B). N4i AC cit MN tai E.
a) Chung minh: Tt giac 1ECB noi tiép va AM? = AE.AC .
b) Chiing minh: AE.AC — Al.IB = Al?va MA la tiép tuyén duong tron ngoai tiép tam gidc MEC .
¢) Hay xac dinh vi tri cia diém C sao cho khoang cach tir N dén tim dudng trong ngoai tiép tam giac

CME 14 nho nhit.

Huwoéng ddn
a) Chirng minh: T giac IECB ngi tiép va AM? = AE.AC .
Taco: ACB =90° (goc ndi tiép chin nira dudng tron);
BIE =90° (gia thiét).
= ACB + BIE =90°+90°=180°.
Tu gidc IECB c6 tong hai goc ddi nhau bang 180° nén noi tiép duge duong tron.
* Chirng minh AM? = AE.AC .
- Cach 1:
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Xét AAIE va AACB co:

ACB = BIE (=90°);

Chung BAC .
Do d6 AAIE —~ AACB (g— Q).

suyra A _AE . ALAB=AEAC (1)
AC AB

Lai c6: AMB =90° (g6c néi tiép chin nira duong tron).

= AAMB vudng tai M , c6 Ml la duong cao

taco AM?=AI.AB (2) (hé thic lugng trong tam gidc vuong).
Tu (1) va (2) suy ra: AM? = AE.AC (dpcm).

- Céch 2:

Tac6: AB L MN (gia thiét) = AM = AN .
AME =%sdAN ; ACM =%sdAM = ACM = AME .

Suy ra: AAME -~ AACM (g — Q).
= % = % = AM? = AE.AC (dpcm).

b) Chitng minh: AE.AC — Al.IB = Al?va MA la tiép tuyén dwong tron ngoai tiép tam gisac MEC .
Taco: MI? = ALIB (hé thic lugng trong tam giac vudng AMB ).

Ma: AM? = AE.AC (cmt).

Do d6: AE.AC —Al.IB=AM?—-MI? = Al? (dinh ly Pytago trong tam giac vuéng AIM ).

Goi H latam cua dudng tron ngoai tiép tam giac MEC .

Taco: HM = HE = AMHE cantai H .

= HME =M=90°—%MHE.

Lai c6: MCE = % MHE (g6c noi tiép va goc & tdm cling chan cung ME ciia dudng tron tam H ).

Do d¢6: HME =90°-MCE .

ABIM vubng tai | nén: BMI =90°—IBM .

Ma: MCE = IBM (hai goc noi tiép ciing chan MA ciia dudng tron (O)).
Suy ra: HME = BME .

Do d6, tim H cuaa dudng tron ngoai tiép AMEC nam trén BM .

Ma: AMB=90° = AM L BM hay AM L HM .
Vay MA la tiép tuyén duong tron ngoai tiép tam giac MEC (dpcm).
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¢) Hay xac dinh vi tri cia diém C sao cho khoang cich tir N dén tim dwong trong ngoai tiép tam
giac CME 1a nhé nhit.

Taco: NH nho nhatkhi NH L BM .

Khi d6, tr giac IHBN noi tiép duong tron.

= HBI = HNI ( goc ndi tiép cting chan cung HI)

= AMHN - AMIB(g—g):w:% — MH.MB = MI.MN .

MI
Ma MN =2MI nén: = MH.MB = 2MI°.

Xét tam giac vuéng OIM , cé:

2 2
MI? = MO?-0lI? :RZ—(}RJ :8i.
3 9
Xét tam gi&c vuéng BIM , c0:
2 2 2
MB2 = MI? + IB2 = OR +(5Rj _8R* o 2V6R
3 3 3
2
Do do: MH.Z\/gR =2.8R = MH :ﬁ.
9 3/6
i . 8R
= biém H thudc tia MB sao cho MH =——
36
Vi H latdm caa duong tron ngoai tiép tam giac MEC nén MH = HC =8—R

NCR

Vay diém C 1a giao diém cua duong tron (O;R) va duong tron [H ; :%

Ciu 53.(Thay Nguyén Chi Thanh) Cho nira (O; R) dudng kinh AB. C 14 diém chinh giira cung AB.
Piém M thudc cung AC. Ha MH L ABtai H, AC cit MH tai K, MB cit AC taiE, ha EI 1L AB
tail .

a) Chang minh T gidc AMEI ndi tiép va AK.AC = AM?.

b) Chitng minh 1E la phan giac MIC va E 1a tam duong tron ndi tiép AMCI

¢) Cho R=>5cmtinh S =AE.AC+BE.BM va cho ECI =30° tinh S

quat MOB

Huwong dan
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a) Chitng minh T giac AMEI ndi tiép va AK.AC = AM 2.

+ Taco: El L AB(gt) = AIE =90°
Taco: AMB =90°(goc ndi tiép chin nira dudng tron)

Xét tir gidc AMEI ¢6 AIE + AME =90° +90° =180° ma AIE va AME 14 hai goc d6i nhau
— tir gidc AMEI noi tiép

+ Ta c6: MCA = ABM (2 gbc ndi tiép ciing chian cung AM )
Tacd: ABM = AMH ( cung phu véi MAH )

= MCA=AMH

Xét AAMK va AACM co:

MCA chung

AMK = MCA (cmt)

= AAMK 2 AACM (g.9)= % = % (2 canh tuong tng) = AM?* = AK.AC (dpcm)

b) Chitng minh 1E la phan gi4c MIC va E la tim dudng tron noi tiép tam giac MCI
+ Ta co: tr gidc AMEI ndi tiép (cm a)

= MAE = MIE (gdc néi tiép ciing chian cung ME) (1)

Xét nira duong tron (0) c6: MAE = EBC (gdc noi tiép cuing chan cung MC) (2)
Chting minh Tt gi4c IECB noi tiép

= EIC = EBC (g6c néi tiép cting chan cung EC) (3)

Tir (1),(2),(3) = MIE = EIC = IE I phan gi4c MIC

+ Xét ntra dudng tron (0) c6: MCA = MBA (g6c néi tiép cling chin cung AM )
Xét tir giac 1IECB ndi tiép (cmt) = MBA = ACI (géc ndi tiép cuing chin cung IE)
— MCA = ACI = CE Ia phén gi4c MIC

Xét AMIC c6: IE, CE la phan gi4c ma IE cat CE tai E

— E 1a tam duong tron noi tiép AMCI

¢) Cho R=5cmtinh S = AE.AC +BE.BM va cho ECI =30°. Tinh S__,,.0s

+ Chitng minh: AAIE <> AACB (g.g):% :A—'C — AEAC=AlLAB (4)
Chung minh: ABIE -~ ABMA(g.9)

BE _Bl . BEBM=BIBA (5)

BA BM
Tir (4),(5)= AE.AC + BE.BM = Al.AB + BI.BA
— S =(Al +BI)AB = S = AB?
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S=(2R)? =4R* =45 =100
+ Taco: ECI = EBC (cm b)= EBI =30°
Xét AMOB c6: OM =0B = AMOB céan tai O
= EBI =OMB =30’
= MOB =180° - 2.30° =120°

7R?n _ 7.52.120

St Moe = 360 360 =757 (cm?)

Ciu 54.(Thay Nguyén Chi Thanh) Cho (O; R) duong kinh AB ¢6 dinh. Goi M 14 trung diém doan OB
.Day CD L AB tai M . Diém E thugc cung I6n DC(E = A), AE cat CD tai K, BE cat CD tai H .

a)Chang minh: Bén diém B, M, E, K thuoc mot duong tron va AE.AK khong ddi.

b)Goi AH cit BK tai G. Ching minh G €(0)va MK phan gidc EMG

c)Cho R=6cm Tinh S zoc Vachiang minh khi E di chuyén trén cung I6n DC thi tim duong tron ngoai

tiép ABHK thudc mot dudng tron (thang) cb dinh.

Huwoéng ddn

a) Taco: BEK = BMK =90° = tar giac BMEK noi tiép = bdn diém B, M, E, K thuéc mot dudng tron.

Vit giac BMEK noi tiép = EMA = BKE (cung bu véi BME).
Xét AAME va AAKB co:

MAE chung
EMA = BKE
Vay AAME «~ AAKB(g-—9) :M :E = AE.AK = AM.AB
AK B
. . .2 R 3R
Vi M la trung di€ém doan OB = OM = MB =E;AM :7 :

Vay AE.AK = AM.AB = %.ZR =3R?.
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KM L AB .
b)Trong AAKB co: = H la truc tdm cia AABK
BE L AK

AG 1 BK = BGA=90° =G e (O:R).

Ta giac BGHM c¢6: BGH + BMH =90°+90°=180° = BGHM ni tiép
= GBH =GMH (cung chdn GH) (1)

Ta giac AMHE c6: AMH + AEH =90°+90°=180° = AMHE ngi tiép
= EAH =EMH (cung chin HE) (2)

Trong (O): EAH =GBH (cung chin GE) (3)

Tir (1), (2), (3) = GMH = EMH => MK _la phén giac EMG

c) Vi CD L AB tai M = MC =MD = BCOD Ia hinh thoi

= BC =0C =R = ABOC déu= BOC =60°.

R?.60° 7.6
S.aBOC == =z
360° 6

Goi N la diém ddi xang voi A qua M . Vi AM cb dinhnén N cé dinh.

=67(cm?)

Vi KM L AN va NM = MA = AKNA can = NKM = AKM
Ma AKM = ABE (cung phu véi BAK ).= NKM = ABE => NKHB noi tiép .
Goi | latam duong tron ngoai tiép ti giac NKHB

= IN =IB = | e trung truc cua NB cb dinh=>1 thudc mot duong thang cb dinh.

Céu 55.(Thay Nguyén Chi Thanh) Cho nira (O;R) dwong kinh AB. Diém M thu¢c nira (O). H la
diém chinh giita cung AM , tia BH cit AM tai |, tiép tuyén ciia (O) tai Acit BH tai K, AH cit
BM tai E.

a) Chang minh T& giac IHEM noi tiép va AABE can.

b) Chitng minh KH.KB = KE? va tir gidc AKEI la hinh thoi.

c) Cho KE latiép tuyén cua (B;BA) vagoi AM cit (B;BA) tai N chung minh ta giac BIEN noi tiép.

Huwong ddn

a) Chang minh T& giac IHEM noi tiép va AABE can.
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A

O B

Tac6 AHB = AMB =90° (géc ndi tiép chan nira dudng tron).
Suy ra EHI = EMI =90°.

Xét tir giac IHEM , c6: EHI + EMI =90°+90° =180°

Suy ra ti gidc IHEM ndi tiép (tong hai goc ddi bang 180°).

sd AH+sdMB sd HM +sd MB  sd HB
2 2

Taco: AlH = =HAB.

Ma AIH = AEM (géc ngoai bang goc dbi trong caa ti giac IHEM  noi tiép).

Suy ra BAE = BEA.Suy ra AABE cén tai B.

b) Ching minh KH.KB = KE? va tir giac AKEI la hinh thoi.

Xét AABE cén tai B c6 BH la duong cao.

Suy ra BH ciing 1a duong trung truc cua AE .

Ma K € BH nén KA =KE (tinh chat duong trung tryc).

Xét tam gidc KAB vudng tai A c6 BH 1a duong cao, khi d6: KA®> = KH.KB (hé thuc luong).
Ma KA =KE (ching minh trén).

Suyra KE?=KH.KB.

Ta co: AKI =HAB (cung phu véi HBA)

Ma HAB = AIK (chirng minh trén)

Suy ra AKI = AIK.

Suy ra AAIK cantai A, cd AH la duong cao

Suy ra AH cung la duong trung tuyén.

Suy ra H 1a trung diém cua KI .

Xeét tir giac AKEI co:

H 1a trung diém cia KI (chung minh trén)

H 1a trung diém ciia AE (chiing minh trén)

Suy ra AKEI la hinh binh hanh (ttr giac c6 hai duong chéo cit nhau tai trung diém mdi duong).
Ma AE L KI tai H

Nén AKEI Ia hinh thoi (hinh binh hanh c¢6 hai duwong chéo vubng gdéc Ia hinh thoi).
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¢) Chitng minh ti giac BIEN noi tiép.

Taco B, =E, (cung phu véi BKE).
Ma E, = N, (g6c tao bai tiép tuyén va day cung bang goc noi tiép cung chan mat cung)
Suyra B, =N,.

Suy ra BIEN noi tiép (hai goc lién tiép cung nhin mét canh).

Cau 56.(Thay Nguyén Chi Thanh) Cho duong tron (O:;R). T diém S nam ngoai dudng tron sao cho
SO =2R. V& hai tiép tuyén SA, SB (A,B latiép diém). V& cét tuyén SDE (D nam giita S va E),
diém O nam trong géc ESB

a) Chang minh SA® = SD.SE .

b) Tir O ké duong thing vudng géc OA cit SB tai M. Goi I 1a giao diem cuaOS va dwong tron (0).

Chung minh MI la tiép tuyén cua dwong tron (0).

¢) Qua D ké duong thang vudng goc véi OB cat AB tai H va EB tai K. Ching minh H 13 trung diém
DK .

Huwoéng ddn

a)Chzrng minh SA* = SD.SE .

Tacod ASAD —~ ASEA (g.9) = SA_SD = SA> =SD.SE
SE SA

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122




b) Tir O ké dwomg thang vudng géc OA cit SB tai M. Goi I la giao diém ciiaOS va dwong tron (0).
Chéng minh MI 12 tiép tuyén ciia dwong tron (0).

Tacd ASO =MOS (so le), ma ASO =MSO (do SO la phén gidc cia goc ASB).

= MSO=MSO = AMOS cantai M, c6 MI latrung tuyén.

= MI L OI tai 1, ma OI labén kinh cia duong tron (0).

Suy ra MI tiép xac duong tron (0) tai I

¢) Qua D ké dwong thiang vudng goc vdi OB cit AB tai H va EB tai K. Ching minh H la trung
diém DK

Tacé DK L OB tai L, ma SB 1 OB = SB// DK .

Goi G la trung diém DE
= OG L DE tai G (ban kinh qua trung diém thi vuéng gdc véi day cung)

C6 SAO =SGO =SB0 =90°=S,A,G,0,B cung thuoc duong tron duong kinh SO .
CO6 AGS=ABS = %sdAS, ma ABS = AHD (ddng vi do SB// DK)

Suy ra AGS = AHD . Suy ra ta giac ADHG noi tiép.

Cé DGH = DAH :%sdDH, ma DAH = DEB :%sdBD

Suy ra DGH = DEB , ma chung c0 vi tri so le.
Suy ra HG// KE
ADEK ¢6 HG// KE, G latrung diém DE . Suy ra HG 1a dudng trung binh ADEK .

Suy ra H 1a trung diém DK .

Cau 57.(Thay Nguyén Chi Thanh) Cho tam giac nhon ABC(AB < AC)néi tiép (O;R) duong kinh AS.
Vé AK L BC tai K. Goi M, N lan Iuot Ia hinh chiéu K Ién canh AB, AC.

a) V& ban kinh OD L BC . Chirng minh AD la tia phan giac goc KAO.

b) Qua A v& duong thang d // DS . Buong thang OM cit AD, AK , d theo thir ty tai E, |, F. Ching

minh rang EI.FO = EOQ.FI

AB.CS+AC.BS
2BC

R

¢) chitng minh rang

Huwoéng ddn
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M

1S

a) Tacod OD L BC véi D e (0) nén D la diém chinh giira cung BC, nén ta c6 BAD = CAD.
Tam giac ACS vudng tai C do noi tiép (O) co AS l1a dudng kinh.

ABK =CSA = lsdAC
s

Lai co = CAS = BAK
BAK + ABK = CAS +CSA(=90°)
BAD =CAD
Lai xét {CAS = BAK = KAD =SAD

BAK + KAD =CAS + SAD(= BAD =CAD)

Vay AD latia phan giac goc KAO.

b) Xét tam giac ADS vudng tai D do ngi tiép (O) c6 AS la dwong kinh

Theo céu a) tacd AD latia phan giac KAO.Ma d// DS va DS 1 AD nén AD L (d). Khi d6 AF chinh
la duong phén giac ngoai cua goc KAO.

Xét duong thang AlO phan giac trong AD va phan gidc ngodi AF cit OM lan luot tai E, F.

Khi d@6 ta co F El Al

| _ = = FI.EO = FO.EI
FO EO AO
ABS = AKC =90°
c) Xét tam gidc ABC va tam giac AKS cé 1 nén AABS -AAKC
ASB = ACK = EsdAB
BS KC

Trdotaco: —=——.(1)
AB AK

Chung minh tuong tu ta c0 AABK ~AASC = i—g = K_K,E:\ (@)

Cong (1) va (2) theo vé ta dugc

B_S+ CS _ BC - AB.CS + AC.BS _ BC - AB.CS + AC.BS _ AB.AC
AB AC AK AB.AC AK 2BC 2AK

Ta can chting minh AZE;‘?(C =R < AB.AC = AK.2R = AK.AS
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Ma ta di c6 AABS ~AAKC — AB _AK /s, ABCS +AC.BS

AS AC W 2BC

=R (dpcm)

Ciu 58.(Thay Nguyén Chi Thanh) Tirdiém A & ngoai duong tron (O;R) V& hai tiép tuyén AB va AC
cua (O) (voi B va C la hai tiép diém).
a) Chiang minh: AO vubng goc véi BC tai H .
b) V& duong kinh CD cua (O); AD cét (O) tai M (M khdng triing D). Chiing minh: Ta gidc AMHC noi
tiép.
¢) BM cat AO tai N. Ching minh: N 13 trung diém cua AH .

Huwoéng dédn
D B
0] q N A
C

a) Chirng minh: AO vubéng goc véi BC tai H.
Ta co:
+) AB = AC (tinh chat hai tiép tuyén cat nhau)
+) OB=0C =R
= OA la duong trung truc cua doan BC
= OA vubng gbc véi BC tai H.
b) V& dudng kinh CD cia (O); AD cét (O) tai M (M khdng tring D). Chitng minh: Tt giac AMHC noi
tiép.
Taco: DMC =90° (goc noi tiép chan nira duong tron duong kinh DC) = CMA =90°
Xét tor giac AMHC ta c6: CMA =CHA =90°
— T giac AMHC nai tiép (hai dinh lién tiép cung nhin mot canh duéi hai géc bang nhau)
¢) BM cit AO tai N. Chirng minh: N 14 trung diém ctia AH.
Taco: ABN =BCM (goc tao bai tiép tuyén va day véi goc noi tiép cung chin cung BM)
Lai co: Tt giac AMHC néi tiép (cmt) nén BCM = MAN (hai goc néi tiép cung chin cung HM)
Suy ra ABN = MAN
Xét AABN va AMAN, co:

+) N chung
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+) ABN = MAN (cmt)

— AABN ~AMAN(g -g) = AN _BN ANz = MN.BN (1)

MN AN

Ta co:

+) Tt giac AMHC noi tiép suy ra MHN = MCA (hai géc ndi tiép cung chan cung AM)
+) MCA=CDM (géc tao bai tiép tuyén va day véi goc noi tiép cung chin cung MC)
+) CDM =HBN (hai goc néi tiép cung chin cung MC)

Suy ra MHN = HBN
Xét AMHN va AHBN |, ta co:

+) N chung

+) MHN = HBN

= AMHN -~ AHBN(g-g) = HN _ MN = HN? = MN.BN(2)
BN HN

T (1) va (2) suy ra AN =HN = N la trung diém ciia AH

Céu 59.(Thay Nguyén Chi Thanh) Cho tam giac ABC nhon (AB < AC) noi tiép duong tron (O). Hai
duong cao AD va CE cat nhau tai H . Ké dudng kinh AK cua dudng tron (O) :
AB.BC.CA
4R
b) Goi M 14 giao diém cua AK va CE, F 14 giao diém cia CK va AD . Chimg minh t& giic BEHD néi
tiép va AH.AF = AM.AK .
¢) Goi | latrung diém BC; El cit AK tai N . Chimg minh EDNC I hinh thang can.

a) Chimg minh AB.AC =2R.AD V& S, =

Huwoéng ddn

a) Tacd ACK =90° (gbc nai tiép chan nira duong tron).

Xét AABD va AACK cb
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ABD = AKC (cung chan cung AC)
ADB = ACK =90°

— AABD ddng dang véi AAKC (g-g) = :E 22 AB.AC = 2R.AD (dpcm).

b) Ta c6 AD la duwong cao nén HDB =90°, twong tu ta cing c6 HEB=90° (do CE la duong cao)

— HDB + HEB = 90°+90° =180° .
= BEHD noi tiép (tong 2 gbc ddi bang 180°) .

= AHM + EBD =180° hay AHM + ABC =180°.
Ma AKF + AKC =180° (2 gdc ké bu) va ABC = AKC (cuing chin AC)

= AHM = AKF .
Xét AAHM va AAKF c6
A chung
AHM = AKF (cmt)
= AAHM ddng dang voi AAKF (g-g) = QE il\él AH.AF = AK.AM .

) : . 1 .
c) Taco ABEC vuong tai E, EI 1a trung tuyén = El = P BC =1C = AEIC can tai I.

D@ chirng minh AEDC ni tiép (1) = ICE = DAE

Ma ICE = IEC (A4IEC cén tai I) va EAD = NAC

— |EC =NAC = tir gidc AENC ndi tiép (2)

T (1) va (2) =5 diém A, E, D, N, C cung thudc mot dudng tron.
Tacé DNI = EAD = NAC = IEC = EC//DN

Suy ra EDNC Ia hinh thang.

Taco DEC = DAC = EAN = NCE. Suy ra EDNC I hinh thang can.

Céu 60.(Thay Nguyén Chi Thanh) Cho AABC c6 3 g6c nhon ndi tiép duong tron (O) ba duong cao AK;
BE; CF cit nhau tai H. Goi I 1a trung diém BC, vé HD L Al(D € Al)

a)Chiing minh: Tt giac BFEC noi tiép va nam diém A, E, D, H, F cung thudc 1 dudng tron;

b)Chirng minh: AD.Al = AH.AK va EF song song véi tiép tuyén tai A.

¢)Gia sir duong tron (O) ¢b dinh, B va C 1a 2 diém ¢6 dinh, diém A di dong trén cung I6n BC cua

(0).Chitng minh: Tich ID.Al khéng phu thudc vao vi tri diém A.

Huwoéng ddn
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A
B

0

B

a)Chting minh: Tt giac BFEC néi tiép va nam diém A, E, D, H, F cuing thudc 1 dudng tron;
Xét tir giac BFEC taco :

BFC =BEC =90° (do BE, CF la hai dudng cao)

= tir giac BFEC noi tiép

AEH = ADH = AFH =90°(do BE, CF 1a 2 duong cao va HD_LAI)

= A E, D, H, F cing nam trén dudng tron duong kinh AH

b)Chang minh: AD.Al = AH.AK va EF song song véi tiép tuyén tai A.

Achung

Xét hai AADH va AAKI tacéd:
ADH = AKI =90°

= AADH va AAKI ddng dang
= AD.Al = AH.AK
+ Ké tiép tuyén Ax LOA

+ XAB=ACB= % AB (g6c tao boi tt day cung va gdc noi tiép chan day)

Ma AFE = ACB (Tu giac BFEC noi tiép)

= XAB = AFE = (& vitriso le trong) nén EF //Ax

¢)Gia sir duong tron (O) ¢ dinh, B va C 1a 2 diém ¢ dinh, diém A di dong trén cung Ién BC cua
(0).Chtng minh: Tich ID.Al khdng phy thudc vao vj tri diém A.

Tac6: ADE=ACB (dobing AFE)

= tir giac CIDE noi tiép

Nén IDC=IEC

Mt khac : IDC = ICA (do bang IEC )

ma AIC chung nén AIDC - AICA(g — Q)

2

Suyra IAID=IC* = BC khong doi Nén Tich ID.Al khong phu thudc vao vi tri diém A.
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Trang 157

Céu 61.(Thay Nguyén Chi Thanh) Cho (O;R) duong kinh QK. Trén nira duong tron lay hai diém A, B

theo thir tw Q, A, B, K sao cho AOB=90°, QAcit BK tai S, QB cit AK tai H, SHcat QK tai I,

AF 1 QB tai F cit (O) tai M.
a)Chirng minh: Tt giac SAHB noi tiép va SA.SQ = SB.SK .

b)Chitng minh: AIB =90°va MB L AK
¢) Goi N 1a trung diém SH . Chtng minh ON L ABva SH =2R

Huwoéng dén

a) QAK =90° ( gbc noi tiép chan nira duong tron) = KAS =90°

QBK =90° ( gbc ndi tiép chan nira dudng tron) = QBS = 90°

Xét tir gidc SAHB c6: HAS+HBS =90° +90° =180° ma hai gdc nay & vi tri d6i nhau
Nén tir giac SAHB nai tiép .

Xét ASAK va ASBQ, ta co:

ASB chung

SAK =SBQ =90°

Vay ASAK dong dang ASBQ

Suy ra: SA.SQ =SB.SK

ASQK ¢O H la tryc ttm. = SI 1. QK .

Tu giac HIKB noi tiép=> HKI = HBI ( gdc nai tiép cling chan mat cung)
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Trang 158
Tu giac SAHB noi tiép= ASH = ABH ( g6c noi tiép cling chian mot cung)

Tu giac SAIK noi tiép= ASH = HKI ( g6c noi tiép cling chan mot cung)
Tur d6 suy ra: ABI =2.AKO

Ma AAOK cén tai O = AOQ = 2.AKO ( g6c ngoai cuia tam giéc)

Vay ABI = AOQ . Suy ra ti giac AOIB noi tiép=> AOB = AIB =90°

C6 AQB = AMB =90°: 2 = 45° ( gbc nai tiép cung chan cung AB)
AMFB vuong c6 AMB = 45° = AMFB vuong can.

= FMB = FBM = AQF = AQ//BM = MB L AK

S
N
A -+
T—\B
F
Q
o/l )
M

Co t giac SQIB noi tiép = BQI = ISB
ABNS can = NBS = ISB

Vay NBS = BQI

Ta giac QABK ndi tiép = AQO = ABS
Tirdo, AQF = ABN =45°

AAOB vudng can OBA = 45°

Vay OBN =90°
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Trang 159

Chung minh tuong ty: OAN = 90°
Tu giac OANB Ia hinh vuéng .

Suy ra ON L ABva OA= AN :%SH = SH =2R

Céu 62.(Thay Nguyén Chi Thanh) Cho dudng tron tim O duong kinh AD . Trén nira dudng tron ldy diém
B,C theo thir tu A B,C,Dva BOC =90°. Hai duong chéo AC va BD cit nhau tai E. GoiH 1a hinh
chiéu vudng goc cua E xudng AD va | 1a trung diém cua DE .

a) Chung minh Tw giac ABEH nai tiép, va HE la phan giac BHC .

b)Chang minh AE.AC + DE.DB = AD? va nim diém B,C,1,0,H cung thuéc mot dudng tron

¢)Chiing minh AB, DC, HE d6ng quy, goi diém dong quy tai M . Tinh ME theo R.

d)Tim quy tich diém E khi B,C di chuyén trén nira duong tron sao cho géc BOC =90°

Huwong dédn

M

a) Xét (O) duong kinh AD c6:

B e(0)(GT)= ABD =90° hay ABE =90° (Goc ndi tiép chan nira duong tron)
Mat khac

EH L AD(GT )= AHE =90°

= ABE + AHE =90°+90° =180°
Ma hai g6c nay & vi tri di nhau.
Vay ta giac ABEH Ia tir gic noi tiép (dhnb)
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Tacé ACD =90°( G6éc néi tiép chin nira (O))

Nén ECD + EHD =90°+90° =180°

Ma hai goc nay & vi tri d6i nhau nén tir giac EHDC Ia tir giac noi tiép(DHNB)
Xét dudng tron ngoai tiép tir gidc ABEH co:

BAE = BHE (Gdc nai tiép ciing chan BE) hay BAC = BHE
Xét duong tron ngoai tiép ta giac HECD co:

EHC = EDC (G6c noi tiép cung chian CE) hay EHC = BDC
Xét (O) co:

BAC = BDC (G6c ndi tiép cling chian BC)

Do ¢6 BHE =EHC

Ma tia HE nam giira hai tia HB va HC

Nén tia HE la tia phan giac cuaa BHC (TC)

b) Taco:

AE _AH

AAHE ~ AACD(GG) = = & AE.AC = AH.AD

ADHE ~ ADBA(G.G) = DE_DH < DE.DB = AD.DH
AD DB

= AE.AC + DE.DB = AH.AD + AD.DH = AD.( AH + HD) = AD?
Tac6: ADC =BAC :%sd BC (G6c néi tiép chin BC)

= BAC +BDC =sdBC

Ma BOC =90°(GT), BOC la géc ¢ tam chan BC nén sd¢ BC =90°
= BAC +BDC =90°

BAC = BHE (CMT)

BDC = EHC (CMT)
= BHE + EHC =90° = BHC = 90°(1)
Ta co:

BHE + EHC =90°

= BHE = EHC = 45°
BHE = EHC (cmt)
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EHC =EDC (CMT ) = EDC =45°
ECD =90°

= AECD vuong cén tai C

Ma | trung diém cua DE (GT)

Nén Cl vira la dudng trung tuyén vira 1a duong cao cia AECD
— EIC =90°hay BIC =90°(2)

Ma BOC =90°(GT)(3)

Tir (1),(2),(3) ta c6 3 dinh O, H, 1 cung nhin BC dudi 1 goc bang 90°
Nén 5 diém B,O,H,1,C cung thuéc mot duong tron.

¢) Giasir AB va CD cit nhau tai M

Xét AAMD co:

AC 1a duong cao tng vai canh MD ( ACD =90°)

DB la duong cao ung véi canh MA (ABD =90°)

Ma AC cit DB tai E (GT)

Do d6 E & truc tdm cia AAMD (tinh chat 3 duong cao)

= ME 1 AD

Ma EH 1 AD(GT)

Nén M,E,H thing hang

Vay AB, DC, HE ddng quy, goi diém dong quy tai M

Taco : BAC = % sd BC ma sd BC = 90°(CMT) = BAC = 45°hay MAC = 45°

Xét AAMC c6 ACM =90°(cmt)ma MAC =45°(CMT) nén AAMC vudng can tai C(DHNB)
= CM=CA(TC)=CM? =CA?

AECD vuéng can tai C(CMT)

= EC=CD = EC?=CD?

= CM? +EC? = AC* +CD?

Xét AMEC vuong tai M nén ME? = MC? + EC? (Dinh Ii Pytago)

Xét AACD vuong tai C nén AD? = AC? +CD?(Dinh li Pytago)

Do d6 ME? = AD*> = ME = AD = 2R

d) Xét (O) co:
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Trang 162

CAD = % sd CD (Goc nd tiép chan CD)
BDA = % sd AB (Géc ndi tiép chin AB)
1 1 1
= BDA + CAD =~ (sd AB+sdCD)== - (180° 54 BC )=—(180°-90°) = 45°

hay EDA + EAD = 45°
Xét AAED : EDA +EAD = 45°(CMT) = AED =135°(binh li téng ba goc ciia mot tam giéc)

Do d6 diém E ludn nhin canh AD duéi 1 goc khong ddi bang 135°
Vay qui tich diém E 1 cung chira g6c 135° dyng trén canh AD.

M

Ciu 63.(Thay Nguyén Chi Thanh) Cho AABC vudng tai A noi tiép (O) dudng kinh BC . Tir mot diem D
trén doan OC ké duong thiang vudng géc véi BC cat AC tai F va cit tia d6i cua tia AB tai E. Goi H
1a giao diém cua BF va CE tia HD cat (O) tai K. Chang minh:

a) TG giac AFHE noi tiép; CF.CA=CH.CE

b) AK L BC ; BF.BH+CH.CE=BC?

c) Cho AEF =30°,R=6cm tinh S, AOB vagoi | 1atrung diém EF . Ching minh OA la tiép tuyén duong

tron ngoai tiép AAHE .

Huwong dan
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a) Tac6 AABC vubng tai A nén BAC =90° = EAF =90° .
Xét ABEC c0:
ED1BC; CALBE

CA;DE cat nhau tai F

— F latryc tdm cia ABEC = BH L EC = FHE =90°

Xét tir gidc AEHF ¢6 : FAE + FHE =90° +90° =180° = t&r giac AEHF noi tiép
Xét ACFH va ACEA c¢6:

FHC =CAE (=90°)

FCH chung

— ACFH - ACEA(g.g) jg—E:E—Q:CF.CA=CH.CE (Ppcm)

b) Xét tir gidc AECD ta c6: EAC = EDC (=90°)

Ma A, D la hai dinh k& nhau cting nhin canh EC = ti gidc AECD noi tiép.
= E, =C, (hai gbc noi tiép cung chan AD) (1)

Xet tir giac DFHC ta co:

FDC + FHC =90° +90° =180°

Ma FDC;FHC 1a hai goc di nhau=> tir gidc DFHC nai tiép.

= H, =C, (hai gdc ngi tiép cing chan FD) (2)
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Tr(l)va() =H,=F

Xét duong tron (O) taco :

H,=A (2 gbc noi tiép cung chan BK )

Ma H,=E = A =E,, ma A;E, lahai goc dong vi

= AK//ED .Taco: ED 1L BC= AK L BC (PPCM)
Xét ABFD va ABCH tacé:

FBD chung
BDF = BHC(=90°)

—, ABFD - ABCH (g.9)=—F B2 _ greH-BCBD (3)
BC BH

Xét ACHB va ACDE taco:
DCE chung

BHC = CDE(=90°)

— ACHB - ACDE (g.9)

%:@:CHCE:BC.CD 4)
CD CE

Tir (3) va (4), ta ¢6 : BF.BH +CH.CE=BC.BD + BC.CD = BC.(BD + DC) = BC.BC =BC?

Vay BF .BH+CH .CE=BC?

c) Tacé AEF =30° = E, =30°
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Ma E =C, =C, =30

Xét duong tron (O) tacd : C, 1a goc noi tiép chan AB
:Cl:%sd AB = sd AB =2C, = 2.30° = 60°

2 2 0
s aop_ZR'N_ 7660

= =67 (cm?
auat 360° 300 Or M)

Tacd EAF =90° = A thudc dudng tron duong kinh E F

Taco EHF =90° = H thudc duong tron duong kinh E F

= A va H thudc duong tron duong kinh E F

= AAHE noi tiép dudng tron dudng kinh E F

Taco | 1atrung diém EF = | 14 tAm cua dudng tron duong kinh E F

Tacd: OA=0C = AOAC cantai O = OAC =0CA (5)

Xét AEAF vudng tai A tacd Al 1a duong trung tuyén Gng véi canh huyén EF

= Al=IE=I F=E—2F:>AIAF cantai | = IAF =IFA

Taco IFA=CFD (dbi dinh), ma IAF = IFA= IAF =CFD (6)
Taco OCA+CFD=90° (7)

Tur (5), (6); (7) = IAF + OAF =90° = OAI =90° = OA L 1A
Ma A e dudng tron ngoai tiép AAHE .
— OA la tiép tuyén duong tron ngoai tiép AAHE (dpcm).

Ciu 64.(Thay Nguyén Chi Thanh) Trén mot duong thang lay ba diem A, B, C cb dinh theo thir tu ay. Goi
(O) la duong tron tdm O thay doi nhung luon ludn di qua A va B. V& duong kinh 1J vudng goc voi AB
; E 1a giao diém cta 13 va AB. Goi M va N theo tht ty 1a giao diém CI va CJ véi (O). (M =1,N =J
). Chitng minh:

a) IN,JM va CE ddng quy (goi ddng quy tai D) va tir giac MDNC noi tiép.

b) Goi F la trung diém ciia CD. Chung minh: OF L. MN va ND la phan giac ENM .

¢) Ching minh FM 1a tiép tuyén cia (O) va EAEB =EC.ED.
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J

a) Chung minh IN,JM va CE dong quy (goi dong quy tai D) va tir gilc MDNC noi tiép.
* Xét (O) c6 1J la duong kinh (gt)
= IMJ = INJ =90° (gbc noi tiép chan nira duong tron)
= INLJC; JM LIC
= IN, JM la duong cao cua tam giac 1JC
Lai c6 CE cling la duong cao cua tam giac 1JC (vi CE L 1J)
Do d6 IN, JM , CE ddng quy (tai D ) (tinh chat ba duong cao).
* Xét tur gidc MDNC co:

DMC =90° (ké bt véi IMJ)

DNC =90° (ké b voi INJ)
Do d6 DMC + DNC =90° +90° =180°
= Tt giac MDNC noi tiép (dhnb).
b) Chung minh: OF L MN va ND la phéan giac ENM .
*C6 M, N thugc (O) = OM =ON (1)

T giac MDNC nai tiép duong tron duong kinh CD (cmt), F 14 trung diém CD (gt) = FM =FN (2)
Tu (1) va (2) suy ra OF la duong trung truc cua MN (t/c)

= OF L MN (dpcm)

* C6 IEC = INC =90° (cmt)

— T giac IENC noi tiép duong tron.

— ICE = INE (2 g6c nai tiép cuing chin cung IE)

Lai c6 tir giac MDNC noi tiép (cmt)
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— ICE = MND (2 g6c ndi tiép cuing chin cung MD)

Do do: INE =MND hay ND la phan giac caa MNE (dpcm).
c) Ching minh FM la tiép tuyén cua (O) va EAEB=EC.ED.

J

* Tam giac JED vuéng tai E = EJD +EDJ =90°

Ma EJD = OMD (do tam giac OMD cén taiM )

EDJ = MDF (hai goc dbi dinh)

MDF = DMF (do FM = FD —stam gidc MFD cantai F)
Do d6 OMJ +JMF =90° Hay OM L MF = MF latiép tuyén cua (O) (dpem)
* CO B thugc duong tron duong kinh 1J

= AIBJ vudng tai B, lai c6 BE la duong cao= BE? = EI.EJ (hé thuc)
Ma BE = EA (E la trung diém AB )= BE.AE = EI.EJ (1)
Xét AIED va ACEJ c¢6

IED = JEC =90°
EID = ECJ (ciing phu véi EJC)

Do dé AIED <5 ACEJ (3.9)=> = =E—? — DE.CE =EI.EJ (2)

Tu (1) va (2) suy ra BE.AE = DE.CE (dpcm)
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Céu 65.(Thiy Nguyén Chi Thanh) Cho AABC vudng tai A noi tiép (O) T mot diém D trén doan thing
OC ké duong thang vudng goc véi BC cat AC tai F va cit tia ddi cua tia AB tai E . Goi H 12 giao
diém cua BF va CE. Chiing minh:

a) Ta giac AECD nai tiép va BF.BH = BD.BC.

b) Goi | la trung diém cua EF . Ching minh IH 3 tiép tuyén (O) va BF.BH +CH.CE = BC?.

¢) Khi D di chuyén trén BC thi H di chuyén trén mot duong tron cé dinh.

Huwéng ddn

E

a) Tt gidc AECD ngi tiép va BF.BH = BD.BC.
* CO AABC vudng tai A ngi tiép (O) (gt) = EAC =90° (k& bu véi géc BAC)

ED L BC tai D (gt) = EDC =90°

Do d6 Tir giac AECD nai tiép (co6 2 dinh lién tiép ctng nhin canh EC duéi mét goc vudng)
* Xét ABEC c6 CA va ED 1a hai dudng cao cit nhau tai F

= BF la duong cao thir ba cia ABEC (t/c)

Ma H 1a giao diém cua BF va CE (gt)= BF L EC hay ABHC vudng tai H.

Xét ABDF va ABHC cé:

B chung
BDF = BHC =90°

— ABDF ~ ABHC (g.9)= % = % (d/n) = BF.BH =BD.BC (dpcm)

b) Chang minh IH 14 tiép tuyén va BF.BH +CH.CE = BC?.
* C6 | latrung diém cua EF (gt), matam gidc AEHF vudng tai H (cmt)
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= HI = IE = IF (t/c duong trung tuyén)
— AIFH can tai I.= IFH = IHF
Ma IFH = DFB (hai goc dbi dinh)
= IHF = DFB (1)
C6 ABOH cantai O = OBH =OHB (2)
Ma OBH + DFB =90° (3) (ABDF vuéng tai D)
Tu (1), (2), (3) = IHF +OHB =90° = OH L HI
Ma H thuoc (O) (vi BHC =90° (cmt))= IH la tiép tuyén cua (O) (dpem)
* C/m duoc AEDC ~ ABHC (c6 g6c C chung va EDC = BHC =90°)

:>E = cb = EC.HC =CD.CB
BC HC

C6 BF.BH = BD.BC (cmt)=> BF.BH +CH.CE = BC? (dpcm).
¢) Khi Ddi chuyén trén BC thi H di chuyén trén mot duong tron ¢ dinh.

Vi H thugc (O) (cmt), ma (O) khong doi nén H ludn thuoc mot duong tron ¢ dinh.

CAu 66.(Thay Nguyén Chi Thanh) Cho AABC vudng & C noitiép (O) duong kinh AB va BC <CA. Lay
diém | trén doan AB sao cho IB > IA. Ké duong thang d di qua | va vudng goc véi AB, d cit AC ¢
F vacit BCo E, AE cat FB tai N . Chiing minh:

a) TG giac FCEN noi tiép va AIBE o> AIFA

b) IE.IF =IA.IB va NF laphan giac CNI

¢) F la tam dudng tron noi tiép AICN va goi M 1a diém d6i xung voi B qua |, cho A 1,B ¢b dinh sao cho

ACB =90°. Chtrng minh tim dudng tron ngoai tiép AFAE chay trén mot dudng cb dinh.

Huwong dédn
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a) Ta giac FCEN nai tiép va AIBE < AIFA
Xét AABE c6 AC L BE (vi AABC vuong tai C)
El L AB (vid L AB tai I)

EINAC= F

Suyra: F latryc tam cia AABE = BF 1 AE tai N = ANF = 90°

Xét tr giac FCEN c6 FCE 4+ FNE =90° 4-90° =180° = FCEN noi tiép (dpcm)
Vi tir giac FCEN noi tiép nén CEF = CNF (2 géc nai tiép cung chin CF)

ma CNF = BAF (2 géc ndi tiép cling chan BC)

Do d6 CEF — BAF hay BEI = IAF

Xét AIBE va AIFA c6: BIE=FIA =90°

BEI = IAF (cmt)

Vay AIBE o AIFA (dpcm)

b) IE.IF =IA.IB va NF laphan giac CNI

Vi AIBE ” AIFA (cmt) suy ra %z% < |IE.IF = IAIB (dpcm)

Vit giac ABCN noi tiép (O) nén BAC = BNC (2 géc nai tiép cing chan BC)
Xét tir giac ANFI c6 ANF + AIF =90° 4-90° =180°

Suy ra tir giac ANFI noi tiép nén IAF = FNI (2 g6c noi tiép cing chian FI )

Suy ra: FNI = BNC hay BNI = BNC. Do d6 NF Ia phan gidc CNI (dpem)
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¢) F 1a tam duong tron ndi tiép AICN va goi M 1a diém dbi xirng véi B qua | , cho A, 1,B cb dinh sao
cho ACB =90°. Chirng minh tdm dudng tron ngoai tiép AFAE chay trén mot duong cb dinh.
Xét tir gidc BCFI c¢6 BCF + BIF =90° +90° =180°
Suy ra tir gilc BCFI noi tiép nén CBF = FIC (2 gdc ngi tiép ciing chin FC)
ma NAF = FIN (2 g6c néi tiép cung chin FN ) va CBN = NAC (2 géc nai tiép cting chin NC)
suy ra NIF = FIC . Do d6 IF Ilatia phan giac caa CIN
Xét AICN c6 NF laphéan giac CNI (cmt)
IF la tia phén giac cua CIN (cmt)
NFNIF= F
Do d6 F 14 tam dudng tron noi tiép AICN (dpem)
Xét ABEM c6 El 1a duong trung tuyén dong thoi 1a duong cao nén ABEM cén tai E
Suy ra BME = MBE ma MBE = CFE (g6c ngoai bang ddi goc trong cua ta giac BCFI nai tiép)
nén BME = CFE
Xét tir gialc AMEF c6 BME =CFE hay AME = CFE nén ti giac AMEF noi tiép duong tron.

Do d6 tam dudng tron noi tiép tir giac AMEF nam trén duong trung truc cia AM .
Do A 1,B cédinhva M 1a diém ddi xang véi B qua | nén M ¢ dinh = AM ¢6 dinh = dudng trung
truc cia AM  c6 dinh.

Vay tam duong tron ngoai tiép AFAE chay trén mot duong ¢ dinh 1a trung truc cia AM .

Céu 67.(Thiy Nguyén Chi Thanh) Cho ba diém A, B,C trén mot duong thang theo thir ty Ay va mot duong
thang d vudng goc véi AC tai A. V& duong tron dudng kinh BC vé cat tuyén AMN cua (O). Tia CM
cit d tai D.Tia DB cat (O) tai diem tht hai la P. Ching minh:

a) Tt giac ABMD noi tiép va tich CM.CD khéng phu thudc vao vi tri M

b) Chirng minh: NP L AC va cho ADB =40",R =5cm. Tinh s, NOC

¢) Trong tdm G cia AMAC chay trén mot duong tron c¢b dinh.

Hwéng dédn
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a) Ta giac ABMD ndi tiép va tich CM.CD khéng phu thudc vao vi tri M

Xét ABMC ¢6 M € (0) va BC 1a duong kinh nén BMC = 90° = BMD = 90°
Xét tir gilc ABMD c6 BMD + BAD = 90° +-90° =180°

Do d6 tir gidc ABMD noi tiép (dpem)

Xét ABCM va ADCA cé: ACD chung

DAC = BMC(=90°)

Suy ra ABCM” ADCA(g.9)

BC _tM < DC.CM =BC.CA
DC CA
Vi A, B,C cb dinh nén BC.CA khong d6i do d6 DC.CM khéng d6i (dpcm).

b) Chitng minh: NP L AC vacho ADB =40°,R=5cm. Tinh S__NOC

quat
Co6 ta giac BMNP noi tiép duong tron (O) nén MNP = MBD (géc ngoai bang dbi goc trong)

ma MBD = MAD ( 2 gdc néi tiép cuing chin DM )

suy ra MNP = MAD ma 2 géc ¢ vi tri so le trong nén NP // AD

Laico AD L AC (gt)nén NP L AC (dpcm)

Taco ADB = AMB (2 géc noi tiép cung chan AB)

ma AMB = BCN (géc ngoai bang dbi goc trong)

Suy ra BCN = ADB. Vi ADB = 40° nén BCN = 40° hay OCN = 40°
Xét AOCN c6 OC =ON nén AOCN cantai O = OCN = ONC = 40°
= CON =180° —2.40° =100°.

m.R%n B 7.5%.100°
360° 360°

Dién tich hinh quat CON Ia: S, = ~ 21,8 cm’

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122

Trang 172



Trang 173
c) Trong tdm G cia AMAC chay trén mot duong tron cb dinh.
Goi | latrung diém AC.Vi A,C cb dinhnén | cé dinh.
Tir trong thm G cua AMAC ké GP // MB nén P cé dinh, k¢ GJ // MC nén J cb dinh.
Vi GP // MB, GJ // MC va diém |, J cb dinhnén G di dong trén duong tron duong kinh PJ ¢é dinh.
Vay trong tim G caa AMAC chay trén mot duong tron ¢é dinh.

Céu 68.(Thay Nguyén Chi Thanh) Cho doan thang AC ké duong thang d L AC tai A, trén AC ldy diém
M, dung (O) duong kinh MC , ké cat tuyén AEF , tia CE cit d tai B. Tia BM cit (O) tai D. Puong
thang ADcét (O) tai S . Ching minh:

a) Tt giac ABCD noi tiép, CA la phan giac SCB.

b) AB; EM ; CD dong quy va FD L AC.

¢) Chitng minh M 1a tam dudng tron ndi tiép AADE va CM.CA=CE.CB.

d) V& (K)duong kinh MB ngoai tiép tir giac ABEM . Ké tiép tuyen chung cia (O) va (K) tai Pva Q.

Chang minh ME di qua trung diém PQ.

Huwong dédn

P

el

@)

N

3) D e(o;MTCj — MDC = 90° = BDC = 90°

Ta giac ABCD c6 BDC = BAC =90° = Tit giac ABCD ni tiép.

Ta giac MCDS noi tiép = SCM = SDM = SCA= ADB.
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Tw gidc ABCD noi tiép = ADB = ACB = ACB = SCA = CA la phan gi4c cia géc SCB.
b) Goi N 1a giao diém cua BA va CD.
Tacd CALBA=CALBN

BD L CD (do BDC =90°) = BD L. CN.
Xét ANBC c6: CALBN; BD_LCN ma CA va BD cétnhautai M nén M la truc tim cia ANBC.
= NM la duong cao cia ANBC = NM 1 BC (1).

E %o;%) — MEB = 90° = ME | EB = ME 1 BC (2).

Ap dung tién d& Oclit tir (1) va (2) suy ra N; M; E thang hang.

Suy ra AB; EM ; CD déng quy.

Tac6: FDC = FEC (Hai gdc nai tiép cung chan FC )

Ma FEC = BEA (hai goc ddi dinh).

Tir gidc ABEM c6 BEM +BAM =180° = ABEM noi tiép = AEB = AMB .
Tt giac MAND c6 MAN + MDN =90° +90° =180° = MAND noi tiép

— BMA = BND = BNC = BEA=BNC = FDC = BNC = FD//BN (hai géc dng vi)
Ma BN L AC = FD L AC.

¢) Theo cau a) tir giac ABCD noi tiép = NAD = DCB

T gidc AECN c6: NEC = CAN =90° = AECN nai tiép

= BAE=ECN =DCB

= BAE =NAD

= MAE = MAD = AM Ila duong phan giac trong AADE .

Tuong tu EM ciing 12 dudng phan giac trong AADE suy ra M 14 tim dudng tron noi tiép AADE .
Tw gidc ABEM noi tiép (cau b) = CM.CA=CE.CB (tinh chat cét tuyén).

d) Goi L 1a giao diém cua ME va PQ

Tac6é LQ? = LE.LM (tinh chat cat tuyén va tiép tuyén)

LP2 = LE.LM (tinh chét cat tuyén va tiép tuyén)

—LQ*=LP*= LQ=LP

= ME di qua trung diém L cia PQ
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Céu 69.(Thay Nguyén Chi Thanh) Cho AABCvudng tai A c6 AB=3AC. Trén canh AB ldy mot diém D
sao cho DB =2DA. V& (O) duong kinh BD cit BC tai E. Duong thang CD; AE cit (O) tai F,G.
Chung minh:

a)Tu gidc ADEC ; AFBC nai tiép.

b) AABC «» AEBD va AC // FG

c) AC: DE; BF dong quy va D la tim dudng tron noi tiép AAEF

Huwéng ddn
c G
E
AND o /B
F

P

a) E e(o;B—sz — BED = 90° = DEC = 90°.

Tu giac ACED c6 DAC + DEC =90° +90° =180° = ACED nJi tiép.

F e(o;B—ZDj — BFD = 90° = BFC = 90°,

Tt giac AFBC c6 BFC = BAC (=90°) = AFBC noi tiép.
b) AABC va AEBD co:

ABC chung, BAC = BED =90°
= AABC ©» AEBD (g.9)

Taco BFG = BEG (Hai g6c noi tiép cung chin mét cung)
Ma BEG = AEC (dbi dinh) = BFG = AEC

ADEC noi tiép=> AEC = ADC = BFG = ADC

= 90° - BFG =90° - ADC = GFD = ACD = AC//FG (Hai géc sole trong).

¢) Goi P 1a giao diém cua AC va BF.

Tac6é BALAC =BALCP

CF LBF=CF LBP

ABCP c6 BALCP; CF L BP.Ma AB; CF citnhautai D nén D la truc tam cua ABCP
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= PD 1L BC (1).

DEC =90° = DE 1 BC (2)

Ap dung tién d& Oclit tir (1) va (2) suy ra P; D; E thang hang = AC; BF ; DE dong quy tai mot diém.
Tu gidc AEBP c6 PAB = PEB =90° = AEBP ndi tiép = CAE = EBP = CBP.

Lai c6 AFBC noi tiép (cAu a) = PAF = FBC = PBC

= PAF = EAC = FAD = EAD = AD la phén giac EAF

Twong ty FD la phan giac cia AFE cia AAEF suy ra D 1a tim duong tron noi tiép AAEF .

Bai 70. Cho AABC nhon ndi tiép (O). Ké dudng cao AD va duong kinh AK . Ha BE va CF cling vudng
goc vai AK.
a) Chang minh ta giac ACFD ni tiép va DE//CK .

b) Ching minh AC2=AF.AK vy OCA=BAD .

c) Tinh S,4OKC pigt ABC =60° va R=4cm va cho BCcé dinh, Achuyén dong sao cho AABC
nhon. Chirng minh tim dudng tron ngoai tiép ADEF khong doi.

Huwoéng ddn

a) C6 AD L BC (gt) = ADC =90°, CF L AK (gt) = AFC =90°

= ADC = AFC =90°, ma hai g6c nay thudc hai dinh D, F ké nhau cing nhin AC dudgi mot goc
90° khong d6i nén tir giac ACFD nai tiép.

* Kéo dai DE cit AC ¢ |

Chung minh tuong ty nhu trén ta c6 tir giac AEBD noi tiép duong tron duong kinh AB

= ABE = ADE (hai gdc noi tiép cuing chan cung AE )

AKB = ABE (cung phu véi BAE)

ACB = AKB (hai g6c noi tiép ciing chan cung AB)
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Tur d6 suy ra: ACB = ADE , ma ADE +EDC =90° = ACB + EDC =90°
= ADIC vuong tai | = DE 1 AC tai | (1)
Mit khac ACK = 90° (g6c noi tiép chin nira duong tron) = CK L AC tai C (2)
Tur (1) va (2) suy ra: DE//CK
b) Xét AAFC va AACK co:
A: chung, AFC = ACK

= AAFC ~ AACK (g-g)= % = ﬁ—ﬁ (ti s6 dong dang) = AC? = AF.AK (dpcm)

AKC + KAC =90°
* C6: { ABD + BAD = 90°
ABD = AKC(cmt)

— BAD = KAC (3)

Ta lai c6: AOAC cén tai O(OA=0C) nén: OCA=0AC hay OCA=KAC (4)

Tir (3) va (4) = BAD = OCA.

¢) Vi ABC =60° (gt) = AOC =120° (géc ndi tiép va géc & tdm cling chan mot cung)
Ma AOC +COK =180° (k& bil) = COK = 60°

A 760° 8r
S _OKC= =—(cm?
= quat 3600 3 ( )

* Goi M, N lan luot 1a trung diém cua BC, AC = MN la duong trung binh cua AABC

—MN//AB  ma AB L BK(ABK =90°) = MN 1 BK

Ta lai c6: AKB = AFD (vi cling bang ACB ), ma hai g6c nay ¢ vi tri dong vi nén DF //BK
Tir d6 suy ra: = MN L DF

Trong hai tam giac vuéng AADC, AAFC ta cé: DN :%AC,FN :%AC = DN =FN = ADFN

can tai N

Ma MN L DF (cmt) = MN 1a duong trung truc caa DF = MD = MF

Ching minh tuong ty ¢6: MD = ME | tir ¢6 suy ra M 14 tdm caa dwdng tron ngoai tiép ADEF
Ma BC cé dinhnén M ¢é dinh.
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Céu 71.(Thiy Nguy&n Chi Thanh) Cho AABC nhon néi tiép (O;R) cac duong cao BH, CK cit
nhau tai @ vacit (O) tai D va E. AQ cét BC tai S

a) Chang minh tr giac BKHC noi tiép va DE //HK .

b) Chting minh OA L HK va Q la tam duong tron ni tiép ASHK .

¢) AAOD can va ban kinh duong tron ngoai tiép AAHK khong ddi khi A chay trén cung I6n BC

thoa mdn AABC nhon.

a)Chang minh ti giac BKHC nai tiép va DE //HK .

Xét tir gidc BKHC c6 BKC =BHC =90°(BH L AC;CK L AB) ma K,H 13 hai dinh ké
nhau cting nhin canh BC => t giac BKHC |3 tir giac noi tiép (dhnb)

Xét (O)c6 EDB=ECB ( hai g6c noi tiép ciing chan cung BE) (1)

Xét duong tron ngoai tiép tir gilc BKHC ¢ KHB =ECB (hai goc noi tiép cuing chan cung
BK) (2)

Tir (1) va (2) => EDB=KHB=>ED//KH (ddng vi)

b)Ching minh OA L HK va Q 1a tim dudng tron noi tiép ASHK .

Xét duong tron ngoai tiép tir giac BKHC c6 KBH = KCH (hai gc ni tiép ciing chan cung
KH)=> ABD = ACE

Xét (O)c6 ABD = ACE(cmt) => cung AE = cungAD

=> A la diém chinh giira caa cung ED nho.

ma OA [a mot phan duong kinh

=> OA_LED (d/)

Ma ED//KH( cm céu a)
= OA1KH (dpcm)

Cho AABC c¢6 cac dudng cao BH , CK cit nhau tai Q
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=> Q la truc tim AABC = AQ 1 BC =>QSC =90’

Xét tir gidc QHCS c6 QSC =QHC =90°(cmt) ma S, H 14 hai dinh déi nhau

=> tir gidc QHCS |3 trr giac noi tiép (dhnb)

Xét dudng tron ngoai tiép tir giac QHCS c6 QHS =QCS (hai goc nai tiép cung chan cung
QS ) =>BHS =ECB ma KHB =ECB (cm cau a)

=> KHB =BHS => HB |3 tia phan giac caa KHS (3)

Chimg minh twong ty KC [a tia phén gidc caa HKS (4)

T (3) va (4) ; KC cit HB tai Q => Q 1a tam duong tron noi tiép ASKH

c. AAOD c6 OA=0D=R =>AAOD can.

Chung minh tir gidc AKQH 4 tir giac noi tiép (vi AKQ = AHQ = 90°)

=> A K,Q,H thudc dudng tron duong kinh AQ

AQ

=> duong tron ngoai tiép AAHK ¢6 ban kinh 1a -
Kéo dai AO cit (0)o M

Xét (0)c6 ACM =90° (g6c noi tiép chén nira duong tron)

=> CM L AC ma BH L AC(gt) =>BH//CM (5)

Chtng minh tuong ty BM//CK (6)

T (5) va (6) suy ra tir giac BMCQ la hinh binh hanh

Goi N 1a giao diém caa BCva QM => N la trung diém cua BCva QM (t/c hbh).

Xét AAQM c6 O la trung diém AM; N 1a trung diém QM => ON 1a duong trung binh
=> ON :A—ZQ (t/c duong trung binh)

C6 BC cd dinh, N 1a trung diém BC nén N cé dinh

=> ON khong d6i => A—ZQkhéng doi

=> ban kinh duong tron ngoai tiép AAHK khong d6i khi A chay trén cung I6n BC thoa
man AABC nhon.

Cau 72.(Thiy Nguyén Chi Thanh) Cho BC la day cung cé dinh cua duong tron tam O, ban kinh R
(0 < BC <2R) . Goi A 1a diém di chuyén trén cung BC 16n sao cho AABC nhon. Céc duong
cao AD,BE,CF citnhautai H (D € BC,E € AC,F € AB), duong thang BE cit (O) tai K.

a) Chtring minh tir giac BFEC noi tiép vda AFHE ~ABHC

b) Chung minh AAHK cénva EH la phan giac caa FED
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¢) Chiang minh AO L FE va ban kinh dudng tron ngoai tiép AAEF khong ddi khi A di

chuyén trén cung BC 16n sao cho AABC nhon

Huwong dan
a) Xét tir giadc BFEC c6
BFC = BEC =90° A
Ma hai dinh F,E cung nhin canh BC
Suy ra ta giac BFEC noi tiép
Xét dudng tron ngoai tiép t gidc BFEC o
FEB = FCB ( hai gbc ndi tiép cuing chan cung FB)
Xét AFHE va ACHB c6

B
FHE = BHC ( déi dinh) WC

FEB =FCB (cmt)
= AFHE \wACHB(g—9)
b) Xét (0)co

KAC = KBC ( hai goc ni tiép cing chan cung KC)
C6 CAD =CBE (cung phu véi ACB)
— KAE =HAE = AE la phéan giac cuaa KAH
Xét AAHK c6 AE laphan giac cua, 1a duong cao
= AAHK can tai A.
Xét tir giac EHDC ¢ HEC +HDC =180°
Suy ra tir giac EHDC' noi tiép= HEC = HDC
Ma FEB=FCB (cmt)= FEB = DEB
= EH la phan giac cia FED
¢) Ké duong kinh AG, goi N 1a giao diém cia AG va FE
c6 ta gidc BFEC noi tiép
— AEF = ABC ( cling bl véi FEC)
Xét (0) c6

AGC = ABC ( hai goc noi tiép cuing chan cung AC)= AEN = AGC
C6 ACG =90° ( gdc ndi tiép chan nira duong tron)

— CAG + AGC =90°= NAE + AEN =90°= ANE =90°= AO | FE
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Xét (0) co

ACG = ABG =90°= HB//CK,CH //BK

= tir gidc BHCG la hinh binh hanh= M Ia trung diém cua BC

= OM la duong trun binh tam giac AHG = OM :%AH

Tw giac AEHF noi tiép vi c6 AEH + AFH =180°

— dudng tron ngoai tiép tam gidc AEF nhan AH 1a duong kinh

Ma AH =20M ( khéng doi)

Suy ra ban kinh duong tron ngoai tiép AAEF khong d6i khi A di chuyén trén cung BC
I6n sao cho AABC nhon.

Céu 73.(Thdy Nguyén Chi Thanh) Cho AABC nhon noi tiép (O). Ké duong cao AD va duong

kinh AK . Ha BE va CF cung vudng géc AK , cho ABC =60° va R =4cm.
a) Ching minh tr giac ACFD noi tiép va AB? = AE.AK .
b) Ching minh DF //BK vatinh S,,OKC .
¢) Cho BC c¢6 dinh, A chuyén dong. Ching minh tam duong tron ngoai tiép ADEF 1a mot

diém cb dinh.

Huwéng dédn

A

K
a) + Xeét tir giac ACFD ta c6: ADC = AFC =90° (vi AD la duong cao, CF 1 AK )
ma hai dinh D, F 14 hai dinh lién tiép cung nhin AC dudi mot goc khong doi
Nén t&r giac ACFD néi tiép (quy tich cung chira goc)
+ Nbi B véi K. Suy ra ABK =90° (gdc ndi tiép chan nira duong tron (0))
) . , | AEB = ABK =90°
+ Xet AABE va AAKB co
BAK chung

— AABE ~ AAKB (g —g)

- A8 _AE | AB? = AKAE
AK AB
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b) + Vi tir gidc ACFD ndi tiép nén CDF = FAC (hai gdc nai tiép cung chin cung FC)

Ma KBC = KAC hay KBC = FAC (hai géc ndi tiép ciing chin cung KC trong (O))
Suy ra CDF = KBC ma hai goc nay & vi tri dong vi nén DF //BK (DHNB)

+ Taco: ABC = AKC=60" (hai goc noi tiép cuing chan cung AC trong (O))

Ma AAKC vudng tai C (vi ACK la g6c ndi tiép chan nira duong tron tam O)

Suy ra OAC = ACO =30" (vi AOAC cén tai O)

= KOC =2.0AC =2.30° =60" (Vi KOC la gbc ngoai caia AOAC)

7zR*’n 71660 87,
= =—(cm?) .
360 360 3

¢) Goi M va N lan luot 13 trung diém cua AB , AC. Goi | 1a trung diém BC .

= SquatOKC =

Suy ra NI la duong trung binh cua ABAC

— NI //AB= NI L BK (do AB L BK)=> NI L DF (doBK //DF)

+ Vi tir gidc ACFD ndi tiép duodng tron dudng kinh AC ma N 14 trung diém AC

Nén ND=NF = N e duong trung truc cia DF ma NI L DF nén | € duong trung truc
cia DF = ID=1IF (1)

+ Ta co: EDC = BAK (trong ttr giac AEDB noi tiép, goc ngoai tai dinh nay bang géc trong
tai dinh déi dién)

ma BCK =BAK (hai gbc ndi tiép cuing chan cung BK)

— BCK = EDC = DE //KC => DE L AC(doCK L AC)
— DE L MI (doMI //AC)

+ Mot cach twong tu chimg minh dwgc MD = ME = M € duong trung truc cuia DE ma
DE L Ml = | € duong trung truc cua DE

= ID=IE (2)

+ Tir (1) va (2) suy ra | 1a tam duodng tron ngoai tiép ADEF m3 | 1a trung diém BC nén |

1a diém cd dinh.

Cau 74.(Thay Nguyén Chi Thanh) Cho BC la day cung ¢ dinh cua duong tron tam O ,ban kinh R
(0<BC<2R). Ala diém di dong trén cung Ion BCsao cho AABCnhon. Cac duong cao
AD, BE,CF ciia AABC cét nhau tai H (D thudc BC, E thugc CA, F thuoc AB).

a) Chung minh tt giac AEHF noi tiép va AE.AC = AF.AB.
b) Ké duong thang d tiép xdc véi duong tron (O)tai A. Chiang minh d// EF va EH Ia phan

gi&c cua goc FED
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c) Goi | la trung diém cua BC. Chang minh AH =210 ; goi BE,CF cat (O)tai P,Q. Chuang

minh EF =%PQ.
Huwong dan
d
A P
% E
0
0 H|
F|
D
B 7 c

M

a) Chung minh ti giac AEHF noi tiép va AE.AC = AF.AB.

NG6i Qvai A, ndi Evai F,ndi Evsi D

) BE L AC AEH =90°
Tacd BE,CF la cac duong cao cia AABC =

=
CFLAB | AFH =90°

Xét t giac AEHF c6 AEH + AFH =180° = tir giac AEHF 1a tir giac noi tiép.

A chung

= AABE -~ AACF (g.9)
AEB = AFC =90°

Xeét AABE va AACF co {

= AE :E = AE.AC = AF.AB
AF AC

Vay tu giac AEHF noi tiép va AE.AC = AF.AB.
b) Chuang minh d// EF va EH la phan giac cua géoc FED

Theoya)tacO AE.AC = AF.AB= AE _AF
AB AC

K¢ duong kinh AM
Xét AAEF va AABCc6

A chung
AE AF (= AAEF -~ AABC(c.g.c)= AFE = ACB (cip goc tuong tng) (1)

AB AC

Taco d latiép tuyén véi duong tron (O) tai A= BAx :%sdAB (2)

Ma ACB = AMB (hai goc noi tiép cling chian cung AB, suy ra ACB = AMB =%sdAB (3)
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Tur (2) va (3) suy ra ACB = BAx(4)

Tur (1) va (4) suy ra AFE = BAx, mat khac hai goc AFE; BAx ¢ Vi tri so le trong. Suy ra
d//EF.

Vay d // EF .
- Taco ta gidc AEHF Ia tir gidc noi tiép, suy ra HAF = HEF (5) (goc noi tiép cling chan

cung HF)

- Xét t gidc HECD c6 HDC + HEC =180° = tir gidc HECD la tir giac noi tiép, suy ra

HED = HCD(6) (gdc noi tiép cling chdn cung HD ), ma HAF = HCD(7)(cung phu véi goc

ABC)
T (5), (6) va (7) suy ra HEF = HED, mit khac tia EH nam giira hai tia EF va ED, tir d6
ta

cd EH la phan giac cua goc FED.

Vay EH la phan giac cua géc FED.
c) Goi I1a trung diém cua BC. Chang minh AH =210; goi BE,CF cit (O)tai P,Q.

Chung minh EF =%PQ.

Ké duong kinh AM |, tacd ACM =90° (g6c ndi tiép chan nira duong tron) = MC L AC,

ma BE LAC(gt), tr d6 suy ra MC //BE (quan hé tr vudng goc dén song song)
= MC //BH

. Chirng minh tuong ty taco MB //CH .

Xét tir gidc BHCM co

MC // BH
MB //CH

Suy ra hai duong chéo BC,HM cit nhau tai trung diém mdi duong, mat khac ta co | 1a

}: ttr gidc BHCM 12 hinh binh hanh (d4u hiéu nhan biét)

trung diém cua BC = I 1a trung diém cua HM .
Xét AMAH c6 1,0lan luot 14 trung diém cta hai canh HM va AM , suy ra Ol la dudng

trung binh cia AMAH = AH =210.
Vay AH =2I0.

+ Chung minh EF :%PQ

That vay, ta c6 QAB =QCB ( goc ndi tiép ciing chin cung QB ), ma QCB = BAD (cting phu

V4i goc ABC), tir d6 suy ra QAB = BAD = AF la phan giac cua géc QAH .
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Xét AQAH c6 AF vira 1a duong cao, vira 1a duong phan giac nén AQAH can tai A= AF la

trung tuyén, suy ra F 1a trung diém cia QH .
Chting minh twong ty ta ciing ¢6 E 1a trung diém cua HP.

Xét AHPQc6 F 1a trung diém cia QH , E Ia trung diém cua HP, suy ra EF la duong trung

binh ciia AHPQ = EF =%PQ.

Vay EF = % PQ.

Cau 75.(Thiy Nguyén Chi Thanh) Cho tam gidc ABC nhon noi tiép (O; R), cac duong cao
AD, BE, CF catnhau tai H.Ké duong kinh AK . Goi | 1a trung diém cua BC.
a) Chirng minh tir giac BCEF nai tiép va ba diém H, I, K thang hang .

b) Chttng minh DH.DA = DB.DC va cho ABC =45°, R = 4cm. Tinh S__ KOC .

quat

¢) Khi BC ¢b dinh, A chuyén dong trén cung 16n BC sao cho AABC nﬂon. Tim vi tri caa A

dé diéen tich AEAH 16n nhét . M(
Huwoéng ddn
a) Chung minh t giac BCEF noi tiép . A E
F
BEC =90°(gt H ‘
@1 Bec-BrC \
BFC =90°(gt)

Suy ra tir giac BCEF ndi tiép B D | c
( ¢4 2 dinh E va F ké nhau cting nhin BC dudi mot goc khong doi)

. . K
Chung minh ba diém H, I, K thang hang .
Tacd: ACK =90°( goc noi tiép chan nira dudng tron)
Nén KC L AC
ma BE L AC(gt) nén KC//BEhayKC//BH (1)

ABK =90°( g6c noi tiép chan nira dudng tron)

Nén AB 1L BK

ma CF L AB(gt) nén BK // CF hay BK // CH (2)

Tur (1) va (2) suy ra ti gidc BHCK 1a hinh binh hanh

Ma I 14 trung diém cua BC (gt) nén I ciing 1a trung diém ciia HK hay ba diém H, I, K
thang hang .

b) Chithg minh DH.DA = DB.DC .

Xét ADHC va ADBA ¢6
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DCH = DAB(cung phu v6i ABC)

CDH — ADE — 90" } = ADHCxADBA(g—09)

DH DC
>—=—
DB DA

Tinh S, KOC

quat

= DH.DA=DB.DC

Taco: ABK =90°ma ABC =45"= KBC =45
Nén KOC =2KBC(t/c)= KOC =2.45° =90°

2 2
KOC = z.R°.n _ 7.4°.90 _
360 360
¢) Khi BC cd dinh, A chuyén dong trén cung I6n BC sao cho AABC nhon. Tim vi tri cua

A dé dién tich AEAH 16n nhit .

Suyra S Arx

Taco: Ol la duong trung binh cua tam gidc AKH = Ol =%AH _

Ma O va BC ¢ dinh suy ra Ol khong d6i nén AH =20l khong doi.

1 AE’+EH? AH? 401°
2 2 4 4

TaCé SAEH:%AEEHS OIZ'
can tai D < DCA=45° hay BCA=45’.

Vay khi A thugc cung I6n BC sao cho BCA=45" thi S, I6n nhit bing OI°,

Céu 76.(Thiy Nguyén Chi Thanh) Cho A ABC nhon noi tiép (O;R) cac duong cao BH,CK cat

(O) tai D,E.

a) Chung minh 4 diém B,H,C,K cling thuoc mot duong tron va AK.AB = AH.AC.

b) Chitng minh DE //HK va OA_LDE.

c) Cho ABH =30°,R=5cm. Tinh S

AOE va ban kinh duong tron ngoai tiép A AHK khong doi

quat

khi A chay trén cung I6n BC thoa médn A ABC nhon.

Huwéng dédn
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a) Xét tir gidc BKHC cb:

BKC = BHC =90° va K,H 1a2 dinh ké nhau.

= T gidc BKHC nai tiép (dau hiéu nhan biét)

= AKH = ACB (g6c ngoai bang goc trong tai dinh ddi dién).
Xét AAKH va A ACB co:

AKH = ACB (cmt) va A chung = A AKH -~ A ACB (g.9).

:%=%:> AK.AB = AH.AC.

b)Xét (O) co: DEC =DBC (hai goc ni tiép cling chin cung DC).

Vi BKHC la ti giac noi tiép = HBC = HKC (hai goc nai tiép cung chian cung HC)
= DEC = HKC va ching & vi tri dong vi nén KH // DE.

Ké duong kinh AA", néi A'C.

Xét AAAC c6: AAAC noi tiép (O) va A'A 1a duong kinh nén A AAC vudng tai C.
= A'AC+AA'C=90° (1).

Xét (O) c6 AA'C =ABC (hai gdc noi tiép ciing chin cung AC).

Ma BKHC Ia ta giac noi tiép = ABC = AHK .

Do d6 AHK = AA'C (2).

Tu (1) va (2) = A'AC + AHK =90° nén OALKH , ma KH // DE (cmt)

= OA_LDE.

¢) AOE =2ACE (Hé qua goc nai tiép).

Vi t gidc BKHC noéi tiép nén HCK = ABH =30° (hai géc noi tiép cling chian cung KH).
= AOE =2ABH =60°.

2 2
Dién tich hinh quat AOE I Zh1 _ 7560 257
360 360 6

Goi | 1a giao diém cua BH va CK .

(cm).
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Xeét tir gidc AKIH c6 AKI + AHI =90°+90°=180° vagoc K va H 1a2 goc dbi.

= ttr giac AKIH nai tiép duong tron duong kinh Al .

Pé chimg minh ban kinh dudng tron ngoai tiép A AKH khoéng ddi ta di chiing minh Al
khong doi.

Tw giac AKIH ndi tiép nén AIK = AHK .

T gidc BKHC noi tiép nén AHK = ABC.

Xét (O) cd ABC = AEC .

Do d6 AIK = AEC = AAEI cantai A= Al =AE (3).

Xét (O) c6 AED = ABD =30° (hé qua goc noi tiép).

Ma OA_LDE (cmt) nén A AEG vudng tai G . Véi G 1a giao diém cua OA va DE.

= EAG =60°.

Xét AOAE cantai O c6 g6c EAG =60° nén AOAE déu nén AE=0A=5 (cm) (4).

Tur (3) va (4) c6 Al =5 (cm). Vay ban kinh duong tron ngoai tiép A AHK khong doi khi

A chay trén cung lén BC.

Cau 77.(Thiy Nguyén Chi Thanh) Cho AABCnhon néi tiép (O). Goi BM, CN1a cc duong cao cia
AABCCcit nhau tai H. Goi E la diém ddi xang cua H qua trung diém | caa BC. Goi G la giao
diém cua Alva OH. Chirng minh

a) Chtring minh t&r gidc AMHN noi tiép va tir gidc BHCE Ia hinh binh hanh.

b) Ching minh Ol = %AH va Endm trén (O).

c) Glatrong taim AABCva AO L MN.

a) T giac AMHN c6 ANH = AMH = 90° (ma 2 g6c & vi tri d6i dinh) => tr giac AMHN noi
tiép (dau hiéu nhan biét)
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Xét tir giac BHCE ¢0 | la trung diém cuaBC, mat khac E doi xang véi H qua 1=> 11a

trung diém cua HE => T gidc BHCE c6 2 duong chéo cit nhau tai trung diém caa moi
duong => tir giac BHCE la hinh binh hanh (dau hiéu nhan biét).

b) Xét A BOCc6 OB=0C =R=>A BOCcan tai O, ta cé I la trung diém cua BC => 0l la
trung tuyén dong thoi 1a dudng cao cia A BOC => Ol L BC (1)

Xét AABCcé H la giao cua 2 duong cao BM va CN => AH la duong cao thir 3 cua A ABC
=> AH 1 BC(2)

Tir (1) va (2) suy raOl // AH, mat khac | 1a trung diém cia BC => O la trung diém cua

AE=> Ol = A_sza E thudc duong tron.

(Céch khéac chirng minh O thudc duong tron: vi BHCE Ia hinh binh hanh => BE // CH , ma
CH vubng goc véi AB => EB vudng goc véi AB, tam giac ABE c¢c6 ABE =90 d6 =>suy ra
AE la duong kinh duong tron tam O => E thudc duong tron)

¢) Goi G' latrong tim A ABC. Ta s& chitng minh H, G’, O thang hang

Tacd A ABCco Al latrung tuyén, G'la trong tam A ABC=> G’ thudc Al va

AG’ =2/3 Al. Xét A AHE la Al la trung tuyén, G’thuéc Alva AG’ =2/3 AI=>G’ la
trong thm A AHE => HO di qua G’ =>H, G’, O thang hang.

Mt khac HO cit Al tai G => G tring G’ => G 1a trong tdm A ABC.

Goi giao diém cua AO va MN 1a P.

T giac ABEC ndi tiép duong tron tam O => ABC = AEC (1)(g6c ndi tiép cuing chan cung
AC)

Xét tir giac BNMC c6 BNC = BMC = 90°(2 goc cung nhin canh BC duéi 1 goc 90 do) =>
BNMC néi tiép duoc dudng tron. => NBC = AMP (2) (goc ngodi tt giac noi tiép bang goc
trong khéng ké vai no)

Tur (1) va (2) suy ra AEC = AMP (3)

XétA APMva A AECcd A chung va AEC = AMP (3) =>A APM -~ A AEC =>

APM = ACE =90 (2 goc tuong ttng) => AO L MN
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Trang 215
Cau 78.(Thiy Nguyén Chi Thanh) Cho tam giac nhon AABC (AB < AC < BC) ngi tiép trong dudong

tron (O). Goi H 1a giao diém cua hai duong cao BD va CE cua tam gidc ABC
(D e AC,E € AB). Ching minh
a) Chtrng minh tir giic AEHD nai tiép trong mot duong tron va HE.HC = HB.HD.
b) Goi AH cit BC tai M. Chung minh EH phan gi4c MED. Goi J 1a trung diém cua
BC, ké duong kinh Al . Ching minh ba diém H, |, J thing hang.
c) Cho géc ABC =60". Tinh S, 10C; Goi K, N lan luot 1a giao diém caa Al véi ED

R . : 1 1 1
va BD. Chang minh rang: = + .
g g DK? DA? DN?
Huwong ddn

a) Xét tar giac AEHD c6: AEH =90°, ADH =90°

— AEH + ADH =90° +90° =180°

ma hai goc nay & vi tri doi nhau

= AEHD la tir gi4c noi tiép trong mot duong tron (dhnb)
Xeét ABEH va ACDH co:

EHB = CHD (hai goc dbi dinh)

BEH = CDH =90°

= ABEH d6ng dang vi ACDH (g.9)

= HE _HB (céc canh tuong tnQ)
HD HC ’ 8

= HE.HC =HB.HD
b) +) Tac6: BD L AC; CE L AB
BDNCE={H} = AH LBC tai M
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= T gidc BEHM noi tiép

= E, = B, (hai gdc noi tiép cuing chin cung HM )
ma B, =CAM (cung phu C)

Ma CAM =E, = E, =E,

= EH la phéan giac cia MED

ACI =90°
+) Al la duong kinh=
ABI =90°
BH L AC
Co = BH //CI (1)
Cl L AC

., |ICELAB
Lai co: = BI //CE(2)
Bl L AB

Tu (1) va (2) = T giac BHCI Ia hinh binh hanh (dhnb)
Ma J 1a trung diém cia BC

= J 1a trung diém cua Hl

= H, |, J thang hang

c) Taco: ABC = % AOC (dinh Ii goc ndi tiép va goc & thm ciing chin 1 cung)

= AOC =120° = COI =60° (hai goc ké bu)

2 2
5, 10C = R°.7.60 _ 7R
360 6
Ta c6: CAl =CBI (cung chan cung Cl) (3)

ADE = AHE (cung chan cung AF )

Ma AHE =CHM (dbi dinh)= ADE = CHM

CBI =HCB (so le trong) 4)
Tur (3) va (4) = CAIl = HCB

Ma ADE =CHM (cmt)

= CAl + ADE = HCB +CHM

Ma HCB +CHM =90° (AMHC vuong tai M )

= CAI + ADE =90° = AADK vudng tai K = DK L AK
Xét AADN vudng tai D c6 DK 1 AN

1.1
DK? DA? DN?

Ap dung hé thie lugng ta co: (dpcm)
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Cau 79.(Thiy Nguyén Chi Thanh) Cho AABCc6 ba goc nhon noi tiép duong tron tam (O). Hai
duong cao AD,BE cit nhau tai H (D eBC,E e AC). Goi F la giao diém cua tia CH véi AB.
Tia AO cit duong tron (O)tai K (K = A).

a) CM: Tt gidc ABDE, BCEF noi tiép duong tron.
b) CM: Tt giac BHCK 1 hinh binh hanh va H 1a tim dudng tron noi tiép ADEF .
c) Goi BE,CF cit (O)tai P,Q. Chting minh EF // PQ va AAPQ can.

_HD HE HF
'AD BE CF

d) CM

Huwéng déan

a) Vi AABC c6 hai duong cao AD, BE cit nhau tai H (gt)= AD L BC, BE L AC (dn)

= ADB = ADC =90°, BEA = BEC =90°(dn)

= ADB = BEA(: 900)

=Tu giac ABDE néi tiép duong tron (hai goc bang nhau cting nhin mét canh) (dpem).
Vi AABC c6 hai dudng cao AD, BE cit nhau tai H (gt)= H Ia truc tam (dn)

= CF la duong cao cua AABC = CF L AB (dn)= BFC = AFC =90°

= BFC = BEC (=90°)

=T gidc BCEF noi tiép duong tron (hai goc bang nhau ciing nhin mot canh) (dpem).
b) Vi tia AOcit duong tron (O)tai K (K # A)= AK la duong kinh cia duong tron (O).
= ABK =90° (g4c noi tiép chin nira duong tron)

— AB L BK (dn)

Ma CF L AB(cmt)

= BK//CF = BK//CH

Chirng minh tuong ty = BH //CK..

=T giac BHCK 1la hinh binh hanh (dpcm).

Vi AFC =90°, AEB = 90°(cmt) = AFC + AEB =180°
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=Tu giac AEHF noi tiép duong tron (dhnb)

= FAH = FEH (hai goc néi tiép cuing chan FH )

Vi ti giac ABDE noi tiép duong tron (cmt)

= FAH = BED (hai géc néi tiép ciing chin BD)

— FEH = BED(: FAH ) hay EH Ia tia phan gi4c cia FED (dn).

CMTT: DH la tia phan giac cua FDE.

= H la giao cua ba duong phan giac caa ADEF .

= H 1a tim duong tron ndi tiép ADEF (dpcm).

¢) Vit giac BCEF noi tiép duong tron (cmt)

— FEB = FCB (hai g6c nai tiép cing chan BF)

Xét dudng tron (O): QPB = FCB (hai gdc noi tiép cling chan BQ)

— FEB =QPB

Ma hai gdc nay & vi tri ddng vi.

= EF // PQ (dhnb) (dpcm).

Xét duong tron (0): APQ = ACQ (hai g6c noi tiép cung chan AQ)
AQP = ABP (hai g6c néi tiép cuing chan AP)

Vi tir gidc BCEF nai tiép duong tron (cmt)

= ABP = ACQ (hai gdc néi tiép cling chin EF)

= APQ = AQP

= AAPQ cén tai A (dhnb)(dpcm).

HD _ SBHC . HE _ SAHC . HF _ SABH

d) Ta co: = ; ; :
AD S, BE S, CF S,

_ HD_HE HF _ Suy +Sucu + S
AD BE CF Spec

_ Stac =1 (dpcm).

S ABC

Trang 218

a) Tu giac BCIK noi tiép va AAEF can.

b) A 14 tam dudng tron ngoai tiép tam giac EFH va Ki =%EF
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Cau 80.(Thay Nguyén Chi Thanh) Cho tam giac ABC nhon, dudng cao BI,CK cat nhau tai H va
cat duong tron ngoai tiép AABC lan luot tai E,F. Goi O la tam duong tron ngoai tiép tam giac

ABC . Chirng minh:




Trang 219
c) Ké duong kinh BD. Ching minh tir gidc ADCH la hinh binh hanh. Va cho

CBD =30% R =6cm. Tinh dién tich hinh quat AOF . Ching minh EF < 2AH

Huwong dan
E
A
D
F
0
B c

a) Do BI,CK 4 hai dudng cao cua tam giac ABC nén BIC = BKC =90° = t& gi4c BCIK
noi tiép.

Do tr giac BICK noi tiép nén KBI = KCl = ABE = ACF = AE = AF = AE = AF = AAEF
cantai A

b) Tam giac ABC c6 hai duong cao BI,CK cit nhau tai H nén H la truc tam, suy ra

AH 1 BC.

Xet (0)co FAB=FCB ma FCB=BAH (cung phu ABC), suy ra FAK = HAK = AAFH
cantai A=> AF=AH ,ma AF=AE=>AF=AE=AH =

A 14 tam duong tron ngoai tiép tam giac EFH .

Tam giac AFH cantai A cd AK la duong cao nén K Ia trung diém cua FH . Tuong ty |

1a trung diém cua HE . Khi d6 1K 1a duong trung binh caa tam giac HEF nén Ki =%EF :

c) Xét (0)co BAD =BCD =90° (goc noi tiép chan nira dudng tron).

C6 AH 1 BC,DC 1 BC = AH//DCva CH L AB,DA L AB= CH //DA. Tir d6 suy ra
ADCH la hinh binh hanh.

Xét (0)c6 CAD =CBD =30°. Do CH //DA= HCA=CAD =30° = AOF =60°

C6 AKH = AIH =90° = tir gidc AKHI noi tiép duong tron dudng kinh

AH = KI < AH :%EF <AH = EF <2AH (dpcm).
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Ciu 81.(Thiy Nguyén Chi Thanh) Cho duong tron (O), day cung BC (BC khéng la duong kinh).
Diém A di chuyén trén cung nho BC (A khac B va C, d6 dai AB khac d6 dai AC). Ké dudng kinh
AA’ clia dudng tron (O), D la chan duong vudng goc ké tir A dén BC. Hai diém E, F lan luot 12
chan dudng vudng goc ké tir B, C dén AA”.

a) Ching minh 4 diém A, F, D, C cung thuéc mot duong tron va AFCA ~ ADAB
b) Ching minh DE//CA’ va DE | AC.

c) Cho ACB =30°. Tinh S, 50a- Tam duong tron ngoai tiép tam giac DEF 1a mot diém cb

dinh.

Huwéng déan

a) Ching minh 4 diém A, F, D, C ciing thuéc mét duong tron va AFCA ~ ADAB
*AD 1 BC = ADC =90°
*CFL1 AA’ = AFC =90°
* Xét tir gidc ADFC, co:
ADC = AFC =90°. Ma géc ADC; AFC 6 hai dinh k& nhau cting nhin canh AC.
= Tir gidc ADFC Ia tir gi4c ni tiép.
* Ching minh ACF =CA'F
* Ta cd: ABD = CA'F (Cung chin cung AC)
= ABD =CAF
* Xét AFCA va ADAB, c6
ADB =CFA

ABD = CAF
= AFCA -~ ADAB
b) Chirng minh DE//CA’ va DE 1 AC.

T giac AEDB la ti giac noi tiép. = DEA'= ABD
Ma: ABD =CA'F = DEA'= AA'C = DE//CA’ (So le trong)
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*Taco: CA’ L CA. =>DE 1L AC

c) Cho ACB =30°. Tinh S50, TAm dudng tron ngoai tiép tam giac DEF 1a mét diém cb dinh.

7.R260 7R’

* V\| ACB = 300 = AOB - 600 = SquatAOB =

360 6

CMR Tam duong tron ngoai tiép tam giac DEF 1a mot diém c6 dinh.
* Goi I 1a trung diém AB, K 1a trung diém AC, H 13 trung diém cua BC.
* Ta c6 : Tu giac AEDB Ia tir giac noi tiép nhan 1 1a tam = 1E = ID
Tt giac ADFC la tt giac noi tiép nhan K 1a tam = KD = KF
* Xét tam giac ABC, c0:
IH; HK la duong trung binh cua tam gidc ABC
=HI /[ AC; HK /] AB.
*MaDE | AC =DE L HI
Mat khéc: IE = ID (cmt) = IH la trung truc DE (1)
* Tuong tu: HK // AB
Ma: DF L AB =DF 1 HK
Mat khac: KD = KF (cmt) = HK 1la duong trung truc caa DF (2)
* Tir (1) va (2) = H 1a giao diém cua hai duong trung truc 2 canh tam giac DEF = H 1a tdm duong
tron ngoai tiép tam giac DEF

Ma: H 1a trung diém BC ¢b dinh nén tam duong tron ngoai tiép tam giac DEF 1a mot diém c6 dinh.

Ciu 82.(Thay Nguyén Chi Thanh) Cho nira dudng tron(O;R) duong kinh BC, Diém A thudc nira
(O;R).ké AH LBCtai H,HE L ABtai E, HF L ACtai F.Dudng thang EF cit (O;R)tai M;N

a) Chang minh rang: Tt giac AEHF 14 hinh chit nhat va tr gidc BEFC nai tiép.

b) Chitng minh rang AE.AB = AF.AC va AAMN can.

¢) Goi Q 1a trung diém cua HC. Chang minh rang FE L FQ.
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Huéng dédn

a) EAF =90° ( goc noi tiép chan nira dudng tron)
Tu giac AEHF ¢ EAF = AEH = AFH =90°
Vay tir giac AEHF 3 hinh chit nhat .
+) Goi K 14 giao diém cua AH va EF
Suy ra KA=KH =KE =KF
= AAKE .cantai K= A =E
Ma A =C, (cung phuvéi A, )=C =E
=T giac BEFC noi tiép ( Tu giac c6 goc ngoai bang goc trong tai dinh d6i cia dinh d6 )
b) AAHB vudng tai H c6HE 1L AB = AH? = AE.AB
AAHC vubng tai H cOHF L AC = AH? = AF.AC = AE.AB=AF.AC

sd AN +sd BM

HE =T

_sdAB sdAM +sd BM

C
) 2

ma C, =E

Nén AM = AN = AM = AN = AAMN can tai A

c) AKAF cén tai K( Vi KA=KF = A, =F,

C6 FQIla duong trung tuyén @ng véi canh huyén trong tam giac vudng HFB

=QF =QC =QH =H—ZC

= AQFC cantai Q =C =F
Laico A, =F, maA +C,=90°

= F,+F,=90°= QFE=90"= FE 1L FQ

Trang 205

Chu 83.(Thay Nguyén Chi Thanh) Cho AAMB vuéng tai M . Ha MH L AB | v& vé phia M nua

dudng tron tam (1) duong kinh AH cdt MA tai P, va ntra duong tron tam (K) duong kinh BH

cit MB tai Q .
a) ching minh MH = PQ va MP.MA=MQ.MB .
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b) Chitng minh ti gidc APQB noi tiép va PQ la tiép tuyén cua (K).

c) vé (0) duong kinh AB cét PQ tai E va D . chiing minh AMED can va x4c dinh vi tri cia M dé

chu vi, dién tich te gidc IPQK 16n nhit.

Huwong déan

a) xét duong tron tdm (1) c6: APH =90° ( g6c noi tiép chan nira duong tron )
xét duong tron tam (K) c6 HQB =90° (.g6c ndi tiép chan nira duong tron )
Xét tir giac MPHQ c6 PMQ = MPH = MQH =90°

= tir giac MPHQ Ila hinh chir nhat = PQ = MH

Xeét AAHM vubng tai H duong cao PH

AH? = MP.MA ( hé thirc luong )

Xét ABHM vubng tai H duong cao QH :

AH? = MQ.MB ( hé thuc luong )

= MP.MA=MQ.MB.

b) Goi MH NPQ={F} = FP=FM =FQ=FH (tinh chét hinh chi nhat)
= AFMP can 6 F = FPM =FMP

Tac6 PMF =MBH ( cung phu MAH )

= MPQ = MBA = MBA+ APQ =180°

Xet tir gidc APQB cO :

APQ +QBA =180°

Ma APQ,QBAIa 2 g6c & vi tri d6i nhau=> ttr giac APQB nai tiép .

Tacd FH =FQ = AFHQ cané F = FHQ =FQH (1)

Xét AHQB vudng & Q , K 1a trung diém HB = KQ=KH =KB
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= AKHQ can 6 K = KHQ =KQH (2)

Tac6 MHQ + KHQ =90° (3)

Tir (1), (2) ,(3) = PQH + KQH =90° = PQ L OK
Xét dudng tron tam (K ) c6 KQ la béan kinh :

PQ LQK = PQ latiép tuyén ctia duong tron (K).
c) tacdo OA=0OM = AOAM can 6 O = OAM =OMA

taco OAM + ABM =90° = QPM + AMO =90°= OM L PQ
tacé OE=0D= AOED cano O , OM L PQ

= OM latrung truc ED
= AMED cano M

IPLP

Taco N = IP//QK = tir gidc IPQK la hinh thang vuong.
QK L PQ

Chuvi IPQK = IP+IK + KQ+ PQ =2(IH + HK) + PQ = AB + PQ

Taco PQSIK@PQS%AB@PQ+AB£§AB

= chuvi IPQK sgAB

Vay chuvi IPQK Ién nhat =§AB khi M 1a diém chinh gitra AB
SIPQK :%(|P+QK) PQ :%ABPQ S%ABZ

Vay gia tri Ion nhat S, :%AB2 khi M 1a diém chinh giira AB.

Cau 84.(Thiy Nguy&n Chi Thanh) Cho (O;R) dudng kinh AB. Diém H €OA, ké day CD L AB tai
H. V& (1) duong kinh AH va (K) duong kinh BH . ACcat (1)tai E,BC cat (K)tai F.EF cat
(O) tai M va N.

a) Ching minh:Tu giac HECF 1a hinh chir nhat va CE.CA=CF.CB

b) Chung minh: Tu giac ABFE noi tiép va EF la tiép tuyén cua (1)

¢) Chting minh: ACMN can va tim vi tri caa H dé dién tich ta giac CEHF 16n nhit.

Huwéng ddn
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D

a)Ta c6: ACB =90°( gdc ndi tiép chin nira duong tron)

AEH =90°;, HFB =90°( cac gdc ndi tiép chin nira duong tron)
= CEH =90°;HFC =90° ma ECF =90°

=T gidc HECF Ia hinh chir nhat

AAHC vudng tai H c6 duong cao HE néntacé CH? =CE.CA

ABHC vudng tai H c6 duong cao HF néntacé CH* =CF.CB
—CE.CA=CF.CB

b)Do CE.CA:CF.CB:%:% ma ACB chung = ACEF -~ ACBA(g.c.Q)

— CEF =CBA

=Tt giac ABFE ndi tiép ( goc ngoai tai mot dinh bang goc trong cua dinh ddi dién)
Goi P la giao diém ciia HC va EF . Tacé AIEP = AIHP ( c.c.c)

= |EP=IHP=90° = IE LEF . Ma E<(l)

= EF 14 tiép tuyén cua (1)

c)Tacd: AOCBcantai O nén OCB=0BC; AHPF cantai P nén PHE =PFH

Ma PHEzCBO(z%sdHF)

= HPF =BOC = CPF = HOC
Ma HOC + HCO =90°
= CPF+HCO=90°=CQP=90°=0C L MN

— Cla diém chinh gitta MN
=>CM =CN = ACMN can tai C
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Hinh chit nhat CEHF c6 dién tich 16n nhat khi CEHF 14 hinh vudng < AHEF vudng can tai

HeoH =HK < H=0

Ciu 85.(Thay Nguyén Chi Thanh) Cho AABCvudng tai A, duong cao AH . Puong tron duong kinh
AH cit cac canh AB, AClan luot tai E,F. Puong thiang qua A vudng goc véoi EF cat BCtai |.

a) Chirng minh: AEHF la hinh chir nhat va AE . AB = AF. AC

b) Chting minh: Tt giac BEFC noi tiép va IB = IC

¢) Cho ABH=60°, R =3cm, tinh S__ HOE va néu dién tich AABCgap déi dién tich hinh chit nhat

quat

AEHF thi AABC vubng can.

Huwong ddn

A

a) Xét (0)co

= O r r
AEH =90 (g6c noi tiep chan nua dudng tron)
AFH =90°
ma EAF=90°
= T giac AEHF la hinh chit nhat
+ AEF = AHF (gdc noi tiép chan cung AF)
+AHF = ACH (cung phu AHF)
— AEF = ACH = AAEF —~ AACB (g-0)

:E:E:AE.ABzAF.AC
AC AB

b) + C6 AEF = BCF = T giac BEFC néi tiép (dhnb)
EAIl+ AEF = 90°

+C6 { AEF = ACB
ACB+ ABC = 90°

— ABC = BAIl = AABI cin tai | = Al =Bl (1)

+ ICA = IAC (cung phu IAB = ABI)
= AlIACcan = 1A =1IC (2)
Tr()va(2) =IB=1IC
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c) ABC = 60° = BAO = 30° = EOH = 60°

2 2
S, HOE = 7R°n _7.3.60 37 (cm?)
360 360 2

Sasc =2- Spere = Sasc =4. Sper MA AAEF— AACB

2 2
ZS&:(EJ :(B_C) _4BC_,
S.r \EF EF EF

ﬁ:2:>ﬂ:1:>AI = AH
AH AH

AH <Al =>H=1=AABC cantai A

ma EF=AH, BC=2.Al =

Cau 86.(Thiy Nguyén Chi Thanh) Cho (O;R) duong kinh AB ¢ dinh, CD 1a duong kinh di dong.
Goi d latiép tuyén ciia (O;R) tai B; duong thang AC; AD cit d lan luot tai P;Q; Al latrung
tuyén caa a APQ

a) Chung minh: ACBD Ia hinh chit nhat va ti giac CPQD ndi tiép.

b) Chitng minh: AD.AQ = AC.AP va Al LCD.

¢) Cho AQP =30° R =6 cm. Tinh dién tich hinh quat AOD . Xac dinh vj tri cia CD dé dién tich t&

giac CPQD bing ba lan dién tich tam giac ABC .

Huwéng ddn

a)Taco

+oABC ndi tiép duong tron duong kinh AB nén aABC vuong tai C suy ra ACB =90°

+ aACD noi tiép duong tron duong kinh CD nén aACD vubng tai A suy ra CAD =90°

+ABD ni tiép dudng tron duong kinh AB nén ~ABD vuéng tai D suy ra ADB =90°

Xét tr gidc ABCD c6 ACB =CAD = ADB =90° = ti giac ACBD la hinh chir nhat

Vit giac ABCD la hinh chir nhat nén ACO = CAO = ACD = PAB

Ma PAB = AQP (cuing phu véi APQ) = ACD = AQP = ACD = DQP = tir gidc CPQD noi tiép.
b)Ap dung hé thirc canh va duong cao vao:

+AABQ vudng tai B, BD la duong cao cd: AB? = AD.AQ
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+AABP vudng tai B, AC la duong cao c6: AB® = AC.AP

Suy ra: AD.AQ = AC.AP

Xét AAIQ can tai | nén IAQ = IQA ma theo tinh chat goc ngoai cua tam giac thi
AIB = IAQ + IQA= AIB = 2.1QA

Xét AAOC can tai O nén OAC = OCA ma theo tinh chat gdc ngoai cua tam giac thi
AOD =0OAC +0OCA= AOD =2.ACO

Ma: IQA=ACO nén AIB=AOD

Ta lai co:

AIB + BAI =90° = AOD + BAIl =90° = AOH +OAH =90°
= AHO =90° = Al 1. OD

c)Taco AOD =2.AQP =2.30° = 60°

2 0
7.6°.60 iy

Dién tich hinh quat tron AOD la S= 2600

Ta C0 S =3-Suc = Seron =3-Sucw = Surp =4S

2
Lai cO aAPQ ~aADC (g.g):&_DC:(DCJ _1 DC l

PO PO 4 PO 2
1AHCD
Ma SACD:2 :AH.CD:lzﬂ.l:ABzz.AHjHEO
S.iro 1ABPQ AB PO 4 AB 2
2

Mit khac CD L AH =CD 1. AO=CD 1. AB
Vay CD L AB thi dién tich tir giac CPQD bang ba lan dién tich tam giac ABC .

Céu 87.(Thay Nguyén Chi Thanh) Cho AABC vuéng tai A (AB > AC) , duong cao AH . Trén
nira mat phang bo BC chaa diém A vé ntra duong tron duong kinh BH cit AB tai E |, nira
duong tron duong kinh HC cat AC tai F .

a) Chung minh : AH = EF va ta gidc BEFC nai tiép.

b) Chiing minh : AE.AB = AF.AC va EF Ilatiép tuyén chung cia hai ntra duong tron .

c) V& (K) duong kinh BC ngoai tiép AABC , EF cat (K) tai P,Q . Chiang minh AAPQ can.

d) Chang minh khi AABC thay dbi thoa mén Ia tam giac vudéng va BC khong doi thi AABC thoa

mén diéu kién gi @& S, 16n nhat.

Huwéng dédn
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a)+) Vi E thudc nira duong tron duong kinh BH

— BEH =90° ( gdc ndi tiép chin nira duong tron ) = HEA=90" ( géc ké bu).
+) Vi F thudc nira duong tron duong kinh HC

— CFH =90° ( gdc ndi tiép chin nira duong tron ) = HFA=90" ( géc k& bu).
Xét tir giac AEHF c6: EAF = HEA=HFA =90

= Tu gidc AEHF 14 hinh chix nhat ( ddu hiéu nhan biét )= AH = EF .

Goi | 1a giao diém cua AH va EF .

Vi tir giac AEHF Ia hinh chit nhatnén: IA=IE=1H =IF

= AIAF latam giac can tai | = IAF = IFA

Ma IAF + HAB =90 = IFA+ HAB =90" .

Lai c6: HAB+HBA=90" = IFA=HBA

Ma IFA+EFC =180° ( hai géc ké b)) = HBA+ EFC =180°

Ma hai gdc nay ¢ vi tri d6i nhau = tir giac BEFC noi tiép.

b)Xét AAEF va AACB co6:

A chung

AFE = ABC (cmt)

., AAEF # AACB (g.g)= = =A% _ AE.AB= AF.AC
AC AB

Trang 212

Goi M, N lan luot 12 tam cua hai ntra duong tron duong kinh BH va ntra dudng tron duong kinh HC

Do IE=1IH (cmt) = AIEH cantai | = E,=H,

ME:MH(:%) — AMEH cantai M = E, = H,

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122




Trang 213
Ma H,+H, =90 = E,+E, =90 = MEI =90° = ME L EF

— EF latiép tuyén cua nira duong tron tam M duong kinh BH .
Chtng minh tuwong ty ta cé EF 12 tiép tuyén cua nira duong tron duong kinh HC.
¢)Goi J 1a giao diém cua AK va PQ

Vi AAIF can (cmt) = AIF =180° - 2IFA

Do K 14 tim duong tron ngoai tiép AABC nén KA = KB

= AKAB cantai K = AKB =180"-2ABC

Ma IFA= ABC (cmt) = AIF = AKB = AlJ = AKH .

Xét AAIJ va AAKH ¢6 :

A chung

AlJ = AKH = AAIJ #AAKH (g.g)

— AJl = AHK =90° = AK L PQ

Xét AKPQ c6 KP =KQ = AKPQ cantai K

Lai c6 AK 1a duong cao (do AK L PQ)

= AK ddng thoi ciing 1a trung truc caa PQ

— AP = AQ = AAPQ cantai A .

C)Taco: Sgeer = Sasc —Sper

2 2
AR S =S —2H s (do AEAH #AACB )

= SABc _W- ABC — “ABC _W

2 3
~LorAH AP Ioran —Rx- X (x= AH <R)
2 4R? 2 4R
2 3 2 2 2 2 2 2 2
:Rx+R__ X_+R_+R_ SRx+R__% :& R_SR_ R_Zsi
2 (4R 4 4 2 4 4 2 4 2 4
2
Smaxzﬂ
4

Dau “=" xay ra khi va chi khi AH =R < H =K < AABC vuéng can tai A .

Bai 88. Cho tam giac ABC vudng tai A duong kinh BC noi tiép duong tron (O), d la tiép tuyén
cua (O)tai A . Cac tiép tuyén cua (O)tai B, C cat d tai D,E .

a) Chang minh tr giac AECO noi tiép va BD.EC =R”.

b) Ké duong cao AH , goi AB cit DO tai M, AC cét EO tai N.Cm: AHM = DOB va MHN =90°
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Trang 214
¢) Tim BC 1atiép tuyén cua dudng tron duong kinh DE va | 1a trung diém cia AH , (AH cit DC

tai ).

Huwong ddn

\e

O H C

a) Xét tir giac AECO: EAO = ECO =90° = EAO + ECO =180°=> tir gidc AECO ndi tiép.
Dé dang ching minh duoc ADOE vuéng tai O , OA L DE = OA? = DAEA
Tac6: BD=AD , CE = AE (tinh chét hai tiép tuyén cat nhau)
= BD.CE = DAEA=AO’ =R’.
b) C6 AB L. DO tai M = AMO =90° ma = AHO =90°
= AMHO noi tiép = MHA=MOA ma MOA=BOD = MHA=BOD .
* Tac6: AMON Ila hinh chit nhat = MOA=MNA ma MHA=MOA = MHA= MNA
— MHNA noi tiép, ma MAN =90° = MHN =180° —90° = 90° ..
¢) Goi O'la trung diém cua DE .
Ta c6 ADOE vuodng tai O
C6 00" 1a dudng trung tuyén=0'0=0'D=0'E => 00" 13 ban kinh
OO0 'la duong trung binh caa hinh thang BDEC = 00"//BD ma BD 1. BC=00'1BC = BC la
tiép tuyén ciia duong tron (O').
* Goi F 1a giao diém caa BD va AC .
Tacdé DA=DB = ADAB céan tai D = DAB =DBA

. DAB + DAF =90°
Ma

= DAF = DFA
DBA+ DFA=90°

— AFAD cén tai D => DF = DA ma DA=DB = DF = DB
Mit khac, AH ADC ={1}; AH //BF
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Trang 215
Al CI ClI IH

- = ; =
DF CD CD DB

ma DF =DB = Al = AH hay | 1a trung diém ciia AH .

Bai 89. Chonira (O) duong kinh AB. V& tiép tuyén Ax, By. Tir C 1a mot diém bat ky trén nira duong
tron (O) V& tiép tuyén véi duong tron cit Ax, By tai E, F. Goi M la giao diém OE véi AC, N
1a giao diém OF véi BC.

a) Chang minh tr giac AECO ndi tiép va tich AE.BF khong dbi.

b) Chirng minh AC L EO va tir giac MCNO la hinh chir nhat.

c) Goi D 1a giao diém AF va BE. Ching minh CD L AB vakhi C di chuyén trén (O) thi trung diem

| caa MN di chuyén trén duong nao?

Huwéng déan

x y
E
C
F
M N
3
1N\

A 0 B

a) Chirng minh tir giac AECO noi tiép va tich AE.BF khong doi.
+) Ta c6: OAE =90° (Ax latiép tuyén cua (O))

OCE =90° (CE latiép tuyén cua (0))

— OAE +OCE =180° ma A va C 14 hai dinh ddi nhau

= T gidc AECO noi tiép

+) Ap dung tinh chét hai tiép tuyén cit nhau, ta co:

Ta cd: 01 =02; Os =04 (tinh chat hai tiép tuyén cat nhau)

ma O:1+0, +03 +04 =180°

=20:+20;=180° < 2(02 +O3) =180° = EOF =90°

Xét AEOF vubng tai O (EOF =9o°) c6 OC L EF (EF Ilatiép tuyén cua (O))

= CE.CF =0C? (hé thuc giita canh va duong cao

ma AE =CE; BF =CF (tinh chét hai tiép tuyén cét nhau)

= AE.BF =0C? = R? (khong dbi)

b) Chuing minh AC L EO va t& giac MCNO Ila hinh chir nhat.
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Trang 216
+) Tacé: AE =CE (chtng minh trén); OA=0C (=R)

= OE la duong trung truc cuia AC = AC L EO
Churng minh tuong ty, BC 1L OF
+) Xét tir gidc MCNO c0:

MOF =90° (EOF :900)
OMC =90° (AC L OE)

ONC =90° (BC L OF)
= T gidc MCNO Ia hinh chit nhat.
c) Goi D 1a giao diém AF va BE. Ching minh CD L AB vakhi C di chuyén trén (O) thi trung diem

| cua MN di chuyén trén dudng nao?

X
E P
C
b F
M L N
A 0 B
+) Taco: AE//BF (AX//By) = % _ % (hé qua dinh 1 Ta-lét)

ma AE =CE; BF =CF (chang minh trén)

= AD _CE = CD// AE (dinh Ii Ta-1ét dao)
DF CF

ma AE L AB (Ax latiép tuyén cua (O)) =CD L AB
+) Ta c6 tir giac MCNO Ia hinh chi nhat (chung minh céu b)
ma | 1a trung diém cia MN (gt)
= | la trung diém OC (tinh chat hai dudng chéo hinh chir nhat)
—ol=10oc=1R

2 2

= | thugc nira duong tron tim O ban kinh %R khi C di chuyén trén nia (O)

Bai 90. Cho nira duong tron (O), duong kinh AB. V& tiép tuyén Ax, By. Tir C 1a mot diém bat ki
trén nira duong tron (O) V& tiép tuyén véi duong tron cit Ax, By tai E, F.

a) Chang minh tr giac AECO nai tiép va tich AE -BF =R?.
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Trang 217
b) Goi M 1 giao diém OE voi AC, N 14 giao diém OF véi BC, ké CH L AB tai H . Chang minh

AAMH canva HM L HN.
¢) Goi D 1a giao diém cia AF va CH . Ching minh ba diém E, D, B thang hang.

d) Khi C di chuyén trén (O) thi trung diém | cua MN di chuyén trén dudng nao?

Huwong ddn

H o

a) AE latiép tuyén cia (O) nén AE L OA <> OAE =90°.

EC latiép tuyén cua (O) nén OCE =90°.

Tt gidc OAEC c6 OAE +OCE =90°+90° =180° suy ra OAEC la tt gi4c ndi tiép.

Chung minh tuong tu ta c6 OBFC nai tiép.

— CFB = AOC (tinh chét cua tir gi4c noi tiép). (1)

Lai c6 EA, EC Ia hai tiép tuyén cit nhau tai E cta (O), = OE la tia phan giac cua AOC (tinh chat
hai tiép tuyén cat nhau).

- EOA=%AOC. @)

FC, FB Ia hai tiép tuyén cat nhau tai F cua (O) nén FO Ia tia phan gidc ctia CFB (tinh chat hai
tiép tuyén cat nhau).

— OFB :%CFB. 3)

Tu (1), (2) va (3) suy ra

EOA =OFB.

Xét AOAE va AFBO co

EOA =0OFB (chirng minh trén)
OAE = FBO =90°.

= AOAE - AFBO (g.9)
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Trang 218

OA AE
=>—=—
FB BO

b) EA, EC la hai tiép tuyén cat nhau tai E cua (O) = EA=EC (tinh chat hai tiép tuyén cit nhau)

(hai cip canh tuong ng) <> OA-OB = BF - AE < BF - AE = R?.

suy ra E thuoc trung truc caa AC.
Mat khac OA=0C =R nén O thudc trung truc cua AC.
Ma O khac E nén OE latrung tryc cua AC, suy ra OE di qua trung diém cua AC va OE L AC.

= M la trung diém cua AC .

AAHC vuéng tai H c6 M 1a trung diém caa AC, suy ra HM = HA=HC =%AC.
= AMHA can tai H .

Chtng minh twong ty tacd N 1a trung diém caa BC vd NB=NC = NH = % BC.
Xét AMCN va AMHN cé

MC = MH :%AC (ching minh trén)

MN chung

NC = NH :%BC (ching minh trén)

= AMCN =AMHN (c.c.c).

= MCN =MHN (hai goc tuong ng).
Ma C €(O) duong kinh AB nén ACB=90° hay MCN =90°.

= MHN =90° < MH L HN (diéu phai chitng minh).

A B
H (0]

¢) Ap dung hé qua cua dinh ly Ta let cho AAFB véi DH || BF taco
AD DH

A re @

Ap dung hé qua cta dinh ly Ta let cho AFAE véi CD || EA taco

CD FC . EC AD

- -2 (5)
EA FE EF AF
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Ma FC =FB (tinh chét hai tiép tuyén cat nhau) va EA=EC nén
CD FB _CD EC

—=—o—=—"(6)
EC FE FB EF
: CD AD
Te(B)va(6)suyra —=——. (7
(5) va (6) suy EB = AR (7)
Tir (4) va (7) suy ra DH:CD(: AD)QDHz(;D,
FB FB| AF

Suy ra D 1a trung diém cta CH .

Trang 219

Tuong tu goi D’ 1a giao ciia BE va CH ta cling chirng minh dwoc D' 1a trung diém cua CH .

=D=D"hay B, E, D thang hang.
d) M 14 trung diém caa AC (chiing minh trén).

Ma O la trung diém ctia AB, suy ra OM 1a dudng trung binh trong AACB .

= MO ||CB < OM L AC & OMC =90°.

Tuong tu ta c6 ONC =90°.

Xet tir gidc OMCN c6 OMC = MCN =ONC =90° suy ra OMCN la hinh chir nhat.

—,0C va MN cét nhau tai | 1 trung diém méi duong = Ol =%oc =%R.

Vay khi C di chuyén trén nira duong tron (O) thi | di chuyén trén nira duong tron (O;%Rj.
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Cau 91.(Thiy Nguyén Chi Thanh) Cho tam giac vuéng ABC, vudng tai Aduong kinh BC noi tiép
(0), d la tiép tuyén ctia (O)tai A. Cac tiép tuyén ciia (O)tai Bva Ccéit dtai Dva E, ABcit
DOtai M, ACcéit EOtai N.

a) Chang minh: Ta giac ADBO noi tiép va AMO = MOE =90°

b) Ké duong cao AH . Ching minh AHN = EOC va MHN =90°.

¢) Ching minh: BC Ia tiép tuyén cua duong tron dudng kinh DE va | 1a trung diém cua AH ( AH cit

DCtai I)
Huwoéng déan
/
K
A
D
: N
B H 0 ¢

a) + Xét (O) co6: AD, BD latiép tuyén

= AD=BD, OD latia phan giac cia AOB, DAL AO, BD 1L OB

+ Xét (O) co: AE, CE latiép tuyén

= AE=EC, OE latia phan giac cua AOC, AE 1 AO; OC LCE.

+ Xét tr giac ADBO c6: OAD +OBD =180°

= Tir giac ADBO noi tiép

+ C0O: AD =BD; OA=0Bnén AB latrung truc cia OD = AMO =90°.
+ C6: OD latia phéan giac cua AOB, OE la tia phan giac cia AOC, ma AOB va AOC la
2 goc ké bu

= DOE =90° hay MOE =90°

= AMO = MOE =90°

b) + C6: AE =EC; OA=0Cnén AC la trung tryc cia OE = AN = NC;ONC =90°.
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+ Xét AAHC vuodng tai H c6 HN la duong trung tuyén nén AN = NC = HN.
= ANHCcéantai N= NHC =NCH .

Ma AHN + NHC =90°

NCH + EOC =90°

= AHN =EOC

+ Xét AAHB vuéng tai H c6 HM la duong trung tuyén nén AM =MH = BM.
+ Xét AAMN va AHMN, c6:

AM =HM

AN =HN

MN chung

Nén AAMN = AHMN (c.c.c) = MAN = MHN ma MAN =90°(gt) = MHN = 90"
¢) Goi K 14 trung diém cua DE nén K 1a tim duong tron duong kinh DE .

+ Xét ADOE c6 DOE =90°, OK la duong trung tuyén nén OK = DK = EK = O thudc
duong tron duong kinh DE (1).

+ Tacoé BD//CE (do BD L BC; CE 1L BC) = DBCE la hinh thang

Ma O;K lan luot 1a trung diém cua BC; DE .

= OK L BCtai O(2)

Tur (1) va (2) = BC la tiép tuyén cua duong tron duong kinh DE

Gia sir BE cit DC tai 1",

Vi BD//CE= 22 =Pl (g
CE CI'

Vi Al//EC(do AH//EC)= 2 _Ply)
AE  CI

Ma BD = AD; AE = EC (5)

oI _oi

I'C ClI

Ma I;1'cing thusc BCnén | trung véi 1'. Do dé B; I; E thang hang

Tu (3); (4); (®) =

Ta co: IH//EC:>£=ﬂ

EC BE
IA//EC = A _ DL
EC DC

. IE IC IE IC EB DC Bl Dl

A —=—o—+l=—+l—=— > —=——
Bl ID BI ID Bl ID BE DC
IH 1A

Viy — =—=IH =IA=1 la trung diém cia AH .
EC EC
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Céu 92.(Thiy Nguyén Chi Thanh) Cho nira dudng tron (O) duong kinh AB . V& tiép tuyén Ax, By
.Ta M 1a mot diém bat Ki trén nira duong tron (O) V& tiép tuyén voi duong tron cat Ax, By.
Tai C, D catnhautai N .

a) Chtring minh: Tt gidc ACMO noi tiép va AC.BD = R?.

b)  GoiE la giao diém OC véi AM , F 1a giao diém OD voi BM . Chuing minh:

OE.OC =OF.OD va tt giac CDFE nai tiép.

C) Chung minh: MN //AC va cho OFE =60°, R=6cm, tinh S ?

quatAOM

d)  Diém M ndm & vi tri nao trén nira duong tron (O) thi AC +BD nho nhat.

Huwong ddn

a) y

+ Xét (O) c6: CA, CM latiép tuyén b

= CA=CM, OC latia phan giac cua AOM ,
CA1L AO, CM 1L MO

+ Xét (O) c6: DB, DM latiép tuyén M

= DM =DB, OD la tia phéan giac caa BOM , c

DB 1 BO E>XN F

+ Xét tir giac ACMO co:

OAC +OMC =180°

= T gidc ACMO noi tiép

+ Co: OC latia phan giac cia AOM , OD latia
phén giac caa BOM , AOM va BOM la
2 goc keé bu

= COD =90°

= AOC + BOD =90°

Ma BDO +BOD =90°

= AOC =BDO

+ Chting minh ACAO# AOBD(g.9)

:gzﬂj AC.BD = AO.BO=R?
OB D

b) + C6 OA=0M, CA=CM = OC la duong trung truc caa AM = 0OC L AM
+ Chung minh tuong ty c6 OD L BM
+ Xét AOMC vuong tai M ¢c6 ME L. OC = OM? =0C.OE
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+ Xét AOMD vudng tai M ¢c6 MF L. OD = OM? =0F.OD

— OE.OC =OF.0D — 2E _OF
oD OC

+ Chirng minh AOEF# AODC (c.g.c) = OEF =0DC

+ Xét tr giac CDFE c6: OEF =0ODC

= Tu gidc CDFE noi tiép.

¢) + Xét ANCACO AC//BD (cing L AB) = 2¢ _ AN
BD DN

Ma CA=CM, DB =DM

CM AN
=>—=—
DM DN

+ Xét ADCAco C—M:ﬂ = MN//AC
DM DN

+ Xét tir giac FMEO c6 MEO + MFO =180° = ti gidc FMEO noi tiép
= OFE =OME = OME =60°

Ma AOAM can tai O

= AOAM déu

— MOA = 60°
60
Seuatrom = 7:.62.% ~18,84(cm’)

d) + C6 AC+BD=CM +MD=CD

+C6 AC//BD

Ma AB L AC, AB L BD

= CD> AB

= AC +BD > AB khong doi

Diu “=" xay ra < CD L AC ma CD LOM
= OM L AC ma AC L AB

—=OM LAB = M Ila diém chinh giira cia AB.

Ciu 93.(Thay Nguyén Chi Thanh) Cho 1/2(O;R), duong kinh AB va mot diém M bat ki
€1/2(O;R) (M khac Ava B). Ké hai tiép tuyén Ax va By véi 1/2(O;R). Qua M ké tiép
tuyén thir ba véi 1/2(O;R) cit Ax vaBy taiC vaD, OC cit AM tai E, OD cit BM tai F,
AC =4cm; BD =9cm.

a) Chung minh: ta giac ACMO néi tiép va AC.BD =R?.
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b) Tinh EF;sinMBA .

c) Ké MH L AB tai H chang minh AEHAcén va EHF =90°.
d) Tim vi tri chiaM dé dién tich tr giac ACDB nho nhét.

Huwong déan

A H 0 B

a) Chting minh: t& giac ACMO noi tiép va AC.BD =R?.
+) C6 Ax va CD lan luot la tiép tuyén ctia 1/2(O;R) tai A va M (GT)

Ax L AB={A CAO =90° . _—
{ tA) :{ = CAO +CMO =180° = ta giac ACMO ndi tiep.

=
CDLOM={M} |CcMO=90°

+) C6 By;CD lan luot 1 tiép tuyén cua 1/2(O;R) tai B vaM ma By cat CD tai D

DB = DM
j— .
OBM =MBD

C6 Ax;CD lan luot 14 tiép tuyén cua 1/2(O;R) tai A vaM ma Ax cat CD tai C

CA=CM
- .
AOC =COM

AC.BD =CM.DM

180°

=
COM + MOB = AOC +OBM = =90°

Xét ACOD vudng tai O , OM 1la duong cao
= CM.DM =OM? = AC.BD =R?

b) Tinh EF;sinMBA.

C6 AC =4cm;BD =9cm = R =6cm

, [CA=CM . )
Co = CO la duong trung tryc cua AM
OA=0M
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Ma AM NCO ={E} = E la trung diém ctia AM

., (DB=DM e ,
Co = DO la duong trung truc caia BM
OB =0OM

Ma BM nDO={F}=F Ila trung diém ciia BM

AAMB c6 E;F lan luot 13 trung diém cia AM; BM
= EF la duong trung binh cuia AABM = EF:% AB = EF=R=6cm

C6 AACO vudng tai A= CO? = AC?+ AO? =16+36 =52 = CO =2./13

AC 4 213

C6 sin MBA =sin AOC = = -
AO 2413 13

c) Ké MH L AB tai H chitng minh AEHA cén va EHF =90°.
C6 AAHM vuédng tai H va HE 1a duong trung tuyén (E 1a trung diém cua AM )

=>HE=AE=EM :%:AAHE cantai E.

C6 HE =EM = AHEM céan tai E = EHM =EMH
C6 ABHM vuédng tai H va HF 1a duong trung tuyén (F 1a trung diém cia BM )

:HFzMFzFBz%:ABHF cantai F = FHM =FMH .

= EHM + FHM = EMH + FMH = EHF = EMF =90°

d) Tim vi tri chiaM dé dién tich t&r gidc ACDB nho nhat.

C6 Ax;By lan luot 1a tiép tuyén cua 1/2(O;R) tai A;B va C e Ax;D e By
— CA_L AB;DB 1L AB=CA// DB = tir giac ACDB la hinh thang vuéng

(AC+BD)AB
2

= SACDB =

C6 AC+BD >2/AC.BD = (AC +BD)* > 4AC.BD > 4R? = AC +BD > 2R

SACDB 2 ¥ =2R?

Dau bang xay ra khi AC = BD
Vay di¢n tich ta giac ACDB nhé nhat bing 2R* khi M la diém chinh gitta 1/ 2(O;R).

Cau 94.(Thiy Nguyén Chi Thanh) Cho doan thang AB va mot diém C thudc doan thang d6 (C
khac A, B). Trén cing mét nira mat phang b AB ké hai tia Ax, By cuing vudng goc véi AB .
Trén tia Axlay diém M cd dinh. Ké tia Cz LCM =C, tia Cz cit By tai K. V& duong tron
(O;R) duong kinh MC cit MK tai E.

a) Chung minh t giac CEKB nai tiép va AM.BK = AC.BC .

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122




b) Chting minh AAEB vudng. AE cat MCtai | . BE cat CK tai S. Chting minh 1S//AB.
c) Cho A B,M cb dinh, tim vi tri cia C dé dién tich tir giac ABKM 16n nhét.

Huwong dan

a)+ Tacd E €(0), dudng kinh MC nén MEC =90° = CEK =90° (1)

Lai ¢6 By L ABnén CBK =90° (2)

Tir (1) va (2) suy ra CEB + CBK = 90° + 90° = 180°

T gidc ECBK c6 hai goc d6i dién bu nhau nén ti giac noi tiép.

+ Tacd ACM =180°—90° — KCB =90° — KCB ; CKB =90° — KCB nén MCA=CKB
Xét AAMC va ABCK co:

A=B=90°
= AAMC «~ ABCK (g-9)
MCA=CKB
suy ra AM _AC = AM.BK = AC.BC.
BC BK

b)+ Ta c6 MEC =90° (cmt) , lai c6 MAC =90° ( Do Ax L AB) nén tir giadc AMEC la ttr giac
noi tiép (hai goc ddi bu nhau).

Xét duong tron (AMEC): MEA = MCA (cung chan cung AM ) (3)

Xét duong tron (ECKB): BEK = BCK ( cuing chan cung BK) (4)

C6 MCA+BCK =180° — MCK =180° —90° = 90° (5)

Tur (3)(4)(5) suy ra MEA+ BEK =90° = AEB =180° —(MEA+ BEK) —180°—90° = 90°.

Vay AEBvuéng.

+ Xeét tir giac IESC: IES + ICS = AEB + MCK =90° +90° =180° nén tir giac noi tiép

Xét dudng tron (1ESC): EIS = ECS (cung chin cung ES) (6)
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Co6 ECS =EMC (cung phu CKE) (7)

Xét duong tron (AMEC): EMC = EAC (cuing chan cung EC) (8)

Tur (6)(7)(8) suy ra EIS = EAC ma hai g6c ¢ vi tri dong vi nén 1S //AB.

c) Tacd AAMC ~ ABCK (g-g) suy ra AM _AC

BC BK

2
— AM.BK = AC.BC < (ACZBC) _ AZ‘Z

AB?
4.AM

= BK <

2

— BK max= ABM khi AC =CB < C Ia trung diém ciia AB .

Ax L AB,By L AB= Ax//By = AM //BK
=Tu gidc ABKM la hinh thang véi hai day la AM,BK , duwong cao AB.

AM + BK) AB
:SABKM:( 2 )

A, B,M c6 dinh nén AM, ABkhong d6i

S ey Max <> BK max < C 1a trung diém cua AB .

Ciu 95.(Thiy Nguyén Chi Thanh) Cho duong tron (O;R) va hai duong kinh AB, CD vudng gdc

v6i nhau, M 1a diém bat ky trén BC . Trén tia MA liy diém E sao cho ME =MB, MA cit OC &
H.
a) Cm: tir giac OHMB noi tiép, aMDE =aMDB.
b) Cm: Dla tim dudng tron ngoai tiép tam giac AEB . Goi duong tron (D; DA) cit doan thang
MD tai | . Chang minh I 1a tam duong tron noi tiép aMAB. Khi AM di qua trung diém cua
BC. Tinh ti s6 MA:MB. Suy ra s6 do MAB.

c) Tinh theo R chu vi va dién tich phan chung cua hai hinh tron (O;R)va (D;DA).
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a)Cm: ti giac OHMB noi tiép, AMDE =aMDB .

Chtrng minh : HOB + HMB = 90° +90° =180°. Suy ra OHMB ni tiép

Vi hai duong kinh AB, CD vudng géc vai nhau (gt)

Suyra: AD=BD=AC=BC

Suy ra: AMD = BMD ( hai g6c néi tiép ciing chan hai cung bang nhau)

Chirng minh dugc aAMDE =aMDB ( c.g.c)

b) Cm: D 1la tim dudng tron ngoai tiép tam giac AEB . Ching minh 1 1a tim duong tron noi

tiép aAMAB. Khi AM di qua trung diém ciia BC. Tinh ti s6 MA:MB. Suy ra sé6 do MAB

Vi aMDE =aMDB (cmt). Suy ra: DE =DB ( hai canh twong ng)

Ma DA=DB (mt) . Suy ra DA=DB

—AD=DB=DE. Suy ra D la tim duong tron ngoai tiép tam giac AEB.

*)Chtng minh | 13 tam dudng tron noi tiép aMAB.

Vi AMD =BMD suy ra: MD la tia phan giac cua AMB.Ma duong tron (D; DA) cit doan
thang MD tai | . Hay MI 14 tia phan giac cia AMB (*)

Nén chung minh dugc AMEI =AMBI (c.g.c). Suy ra: MEI =MBI (1)

Xét tam giac AEB c6: MEI =EAI +EIA ( tinh chit goc ngoai tam giac)

Ma: EAI =% sd El ( Tinh chét gdc ndi tiép) va EIA=% sd EA ( Tinh chéat goc ndi tiép)
Suy ra: MEI =%sdAl . Ma ABI =%sd Al suy ra: MEI =ABI (2)

Tur (1) va (2) suy ra: ABI=MBI . Suy ra: Bl la tia phan giac caa ABM (**)

Tur (*) va (**) suy ra | 1a tam dudng tron noi tiép aMAB .

Vi AM 1a duong trung tuyén cua aABC (gt) va COla duong trung tuyén cua aABC . Ma
AM va COcat nhau tai H . Suy ra H Ia trong tm cua aABC .

S>30 1,19 1vioa-oc=R
OC 3 OA 3

Xét AAOH vudng tai O va AAMB vubng tai M

Ta co: tan HAO = oH =tan MAB =@ = E Suy ra: MA =3. Tinh duoc MAB =18°26'
OA MA 3 MB

¢) Tinh dugc DA=R+/2—>DA=R+/2 la ban kinh ctia (D; DA)
Chu vi phén hinh tron dugc tao béi hai hinh tron (O;R)va (D; DA) la:

IR.180 I1R+2.90 3IR+/2

180 180 2
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2
_ _ M(Rv2) .90 pre
Dién tich hinh quat tron tao boi ban kinh DA, DB la: =

360 2
Dign tich AADB Ia: 29AB _ R or—2R?
. 2 I1-2)R?
Dién tich hinh vién phan tao bai ban kinh DA, DB la: MR” _ R? :%
s

Dién tich phan chung cua hai hinh tron (O;R)va (D;DA)la:

MR*180 (I1-2) R’
360 2

=(IT-1)R?

Ciu 96.(Thay Nguyén Chi Thanh) Cho (O;R) ¢6 hai duong kinh AB va CD vudng goc véi nhau.
Goi | la trung diém ctia OB, néi Cl cit duong tron (O) tai E, ndi AE cat CD tai H, BD cit
AE tai K.

a) Ching minh tr gidc BOHE ndi tiép va AH.AE = 2R?.
b) Tinh tan BAE va chitng minh OK 1 BD.
c) Ching minh ti gidc OKEC néi tiép vatinh S, ooc -

Huwéng dédn

C

D

a) Chitng minh ti& giac BOHE n@i tiép va AH.AE = 2R?.

Taco AEB =90° (g6c noi tiép chan nira duong tron) hay HEB =90° .

HOB =90° (vi AB LCD).

Do d¢6 HEB +HOB =180° = tir giac BOHE nai tiép.

Xét AAOH va AAEB cé A chung; AOH = AEB =90° = AAOH «> AAEB (g - g).

AO _AH = AE.AH = AO.AB = 2R?.

= =
AE AB
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b) Tinh tan BAE va chirng minh OK L BD.

Ta c6 AEC:%.AOC (g6c noi tiép va goc o tdm cung chin cung AC)

= AEC = %.90O =45°,

BEC = %.BOC :%.90" (g6c ndi tiép va géc & tm cuing chin cung CB)

Vay AEC =BEC = EC la duong phan giac cua goc AEB.

R
EB IB o 1 . L ao A i
= — =— === (tinh chat duong phan giac).
EAT A 3R 3( g phan giac)
2
. - : ] EB 1
Xét AEAB vuong tai E taco tanBAE=—==.
EA 3
Xét AAOH vubng tai O c6 tan OAH _oH :%:E = OH :ER.
OA R 3 3
1
, , . OH 3% 1 \ A \
Xét AADB c6 DO la duong trung tuyen vaﬁzﬁzng la trong tdm AADB, ma

AHNBD=K =K Ia trung diém cua BD =OK L BD (tinh chat duong kinh va day

cung).
¢) Chiing minh tir giac OKEC ngi tiép vatinh S_, oo -

Ta c6 AOBD vudng can tai O c¢6 K la trung diém cua BD = OK la phan giac cia BOD

= DOK =%.DOB =%.90O =45°.

Ma KEC =45° (Chimg minh trén). Do d6 KEC = DOK =45° = tir gidc OKEC nai tiép
(dau hiéu nhan biét tir giac noi tiép).

Ta co tan BAE :% = BAE ~18,43°

Taco DOE =2 DAE = 2,(45°~ BAE | ~ 2,(45°~18,43°) =53,14°.

53,14 3
quat DOE z%-”-Rz zZ_OR

Ciu 97.(Thay Nguyén Chi Thanh) Cho (O;R) c¢6 hai duong kinh AB LCD. Trén doan AB lay

14
A

diém M khac O. Puong thing CM cat (O)tai diém thr hai N Duong thing vudng goc véi AB

tai M cét tiép tuyén N cua (O) tai P

a) CMR: T giac OMNP noi tiép va CM. CN = 2R?
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b) CMR: Tt giac CMPO la hinh binh hanh va PD la tiép tuyén cia (0)

¢) CMR: Khi M di chuyén trén AB thi P chay trén mot duong thang cb dinh.

Huwong déan

G D
a) CMR: T gidc OMNP noi tiép va CM. CN = 2R?

Ta c6: NP la tiép tuyén cua duong tron (O) nén ONP =90°
MP L AB tai M nén OMP =90°

Xét tt giac OMNP c6 ONP = OMP (=90°) ma 2 dinh lién tiép
Nén t& giac OMNP noi tiép.

* Chang minh: CM. CN =2R®

Xét (0)cd OND =90°(g6c noi tiép chan nira duong tron)
Xeét ACOM va ACND c6 C chung; COM =CND =90°
Nén ACOM «~ ACND (g.9)

Ta co: Q:C—MDCN.CM =CO.CD Ma CN=R;CD=2R
CN CD

Do d6: CM. CN = 2R?(dpcm)

b) CMR: Tt giac CMPO Ia hinh binh hanh va PD la tiép tuyén cia (O)

Do ttr giac OMNP ndi tiép nén ONM =OPM (géc ndi tiép cung chian cung OM )
Mt khéc c: AOCN can tai O nén OCN =ONC (tinh chat)

Nén OPM =OCN ma OPM +MOP =90°; OCN +OMC =90°

Do d6: MOP =OMC ma 2 gbc ¢ vi tri so le trong nén OP//CM
Xét tir gidc CMPO c6: OP//CM (cmt); OC//PM (L AB)

Nén tar giac CMPO la hinh binh hanh.

Taco: OP//CN nén PON =ONC (so le trong)
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C6 POD =OCN (ddng vi)

Ma ONC =OCN (cmt)

Nén PON =POD

D& dang chimg minh dugc ADOP = ANOP (c.g.c)

Do d6: ODP =ONP ma ONP =90° Nén ODP =90°

Vay PD latiép tuyén cua (O)

¢) CMR: Khi M di chuyén trén ABthi P chay trén mot duong thang ¢ dinh.

Xét tir gidc ODPM ta c6: DOM =ODP =OMP =90°

Nén tir giac ODPM 1a hinh chir nhat.

Goi d 1a duong thang di qua D va vudng goc véi OD nén d c¢b dinhva Ped
Khi M =A thi P=G véi G lahinhchiéucia A trén d

Khi M =B thi P=H véi H lahinh chiéu caa B trén d

Vay M di chuyén trén ABthi P chay trén doan GH ¢4 dinh.

Céu 98.(Thiy Nguyén Chi Thanh) Cho (O;R) c6 hai dudng kinh AB LCD. Goi | 14 trung diém
OB,Cl cit (O) tai E,
AE cit CD tai H,BD céit AE tai K.
a) Chuang minh tir giac DOIE ngi tiép va CI.CE =2R?.

b) Tinhtis g va chitng minh KD =KB.

¢) Chung minh OKH =DCE vatinh S DOE.
Huwéng dédn
c
A o ! B
E
D

a) Vi CD la duong kinh (O) = CED =90°

Xét tar giac DOIE co:
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IED + 10D =90° +90° =180°

= T giac DOIE ndi tiép duong tron.
Xét ACED va ACOI c¢6

DCE chung

CED =COI (=90°)

— ACED = ACOI (g.g)

:ﬂ _¢o = CI.CE =CO.CD = R.2R = 2R? (dpcm)
CD CE

b) Vi AB LCD =>sd AC =sd AD = AEC = ABD = KEI = IBK
Xét tir giac EBIK cd KEI =IBK (cmt)

= T giac EBIK nai tiép duong tron (dau hiéu nhan biét)

= KIB + KEB =180° (tong hai goc ddi trong tir giac noi tiép)

Vi AB la duong kinh (O) = AEB =90°

= KIB=90° = KI L OB

Ma OD L OB = KI//0D

Ma 1 14 trung diém OB (gia thiét)

= IK la duong trung binh caa ABOD

= IKZEODZER
2 2

Coé Al =A0+O0I =R+%R=2R

Xét AAIK va AAEB c6:
BAE chung
AlK = AEB(: 900)

— AAIK = AAEB (g.q)

EB EA EB IK 1
> — = —
IK 1A EA IA §R 3
2
Vi IK 1a duong trung binh cia ABOD (cmt)
= K 1a trung diém BD

= KD =KB
c) Xét AOBD can tai Ocd K 1a trung diém BD

—=OK 1L BD = OKB =90°

C6 AKO+OKB +BKE = AKE
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— AKO +90° + BKE =180° = AKO + BKE =90°
Xét AKEB vudng tai E c6

KBE + BKE = 90° ( tong hai géc nhon trong tam giac vuéng)
Ma AKO + BKE =90° = AKO = KBE (cling phu véi BKE)
Xét (0)cd DCE = DBE ( 2 g6c néi tiep cung chan DE)

= AKO = DCE (dpcm)

Xét AAEB vuong tai E c6 tan ABE = % =3 = ABE ~ 71°565'

Xét AOEB can tai O = OBE = OEB

C6 BOE +OBE + OEB =180°

= BOE + 20BE =180° = BOE =180° — 20BE = BOE ~ 36°87"
C6 BOE + DOE = DOB

= DOE = DOB - BOE ~90° —36°87"' ~ 53%13"

2
S DOE ~ m.R*.53,13

quat

~0,157.R?

Cau 99.(Thiy Nguyén Chi Thanh) Cho (O), hai duong kinh AB, CD vudng gdc véi nhau. M la
mot diém trén cung nho AC. Tiép tuyén cua (O) tai M cat tia DC tai S. Goi | 14 giao diém cua
CD va BM.

a) Chiring minh tr giac AMIO nai tiép; MSD = 2MBA

b) Chting minh SM? = SC.SD. Tia phan giac COM cit BM tai N chang minh %:tan MBO

¢) Goi K 1a trung diém caa MB. Khi M di chuyén trén cung nho AC thi K di chuyén trén duong

nao?

Huwéng dédn

@

a) Vi AB L CD (gt) = AOI =90°

Ta cd: AMB =90° (gdc ndi tiép chin nira duong tron)
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Hay AMI =90°

Xét tir giac AMIO c6: AOI + AMI =90° +90° =180°

= T giac AMIO ndi tiép (tong 2 goc ddi dién bang 180°)
- Vi MSD 1a goc c6 dinh 6 bén ngoai dudng tron (O)

SdMD —sdMC _ sd AD + sd MA —sd MC
a 2

= MSD = 1)

Vi hai duong kinh AB, CD vubng géc véi nhau= AC=AD (2)
Tu (1) va (2)

sd AC+sdMA—-sdMC _ sd MC +sd MA+sdMA—sdMC _ 2sd MA
2 2

= MSD = =SdMA

Ma MBA:%deA (goc néi tiép chin MA)

= MSD =2MBA
b) Xét ASMC va ASDM co:

MSD chung
SMC =SDM [:%SdMCj

SM _ SC

= ASMC ~ ASDM (g.g) = —=—=SM?*=SC.SD
SD SM
Vi ON Ila tia phén giac cua IOM
N _O som=-0B=R =N _OF (3)
NM OM NM OB

Xét AIOB vuong tai O, ta c6: tan IBO=% hay tan MBO:% (4)

Tir 3) va (4) = - _ tan MBO
NM

c) Taco: OK L MB (gt) = OKB=90°

= K thudc duong tron duong kinh OB.

Ta thdy khi M tring A thi K tring O, M tring C thi K 1a trung diém caa BC.

Goi J 1a trung diém cia BC

Khi d6, khi M chuyén dong trén cung nhd AC caa duong tron (O) thi K chuyén dong

trén cung nho OJ cua duong tron duong kinh OB.
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Ciu 100.(Thay Nguyén Chi Thanh) Cho (O;R) c6 hai duong kinh AB;CD vudng géc Vi
nhau. Trén doan AB liy diem M (khac O). Puong thing CM cit (O) tai diem thi hai N .
Puong thang vudng goc véi AB tai M cit tiép tuyén tai N cta (O) ¢ P.

2
a) Tir gidc OMND noi tiép va tich CM CN = CE |

b) OP//MN va PD latiép tuyén cua (O).

c¢) Khi M di chuyén trén AB thi P chay trén méot doan thang cb dinh.

Huwoéng dédn

a) N thudc duong tron duong kinh CD = MND =90°
AB 1 CD = MOD =90°
= MND +MOD =180° = ti giac MNDO noi tiép

2
M _CO _ ¢y P
CD N

ACMO dbng dang ACDN (g.g) =
b) NP latiép tuyén cua (O) = PNO=PMO =90° = ti gidc MNPO ngi tiép

= C=MNO=MPO=POD = OP//MN

= NOP = MNO = MPO = POD

= ANPO =ADPO (cgc) = PDO=PNO=90° = PD LOD = PD latiép tuyén cta (O)
c) OMP=MOD =PDO =90° = tr gidc MPDO la hifh chit nhat

= Khi M di chuyén trén AB thi P chay trén mot doan thang EF di qua D va vudng goc
véi CD vai tir giac AEFB 1a hinh chit nhat
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Trang 233

Cau 101.(Thiy Nguyén Chi Thanh) Cho (O), hai duong kinh AB va CD vudng géc véi nhau,
M 1a mot diém trén cung nho AC . Tiép tuyén cua (O) tai M cittia DC tai S . Goi | 1a giao diém
cua CD va BM..

a) Chung minh t gidc AMIO nai tiép va MIC = MDB..

b) Chitng minh MSD = 2MBA va MD la phan giac AMB..

c) Chang minh IM.IB=IC.ID; SM? =SC.SD.

d) Tia phan giac COM c&t BM tai N . Chéng minh %:tan MBO va CN | BM .

e) Goi K 1a trung diém MB . Khi M di chuyén trén cung nho AC thi K di chuyén trén duong

nao? Va xac dinh vi tri cia M trén cung nho AC sao cho AM = g MB .

Huwong ddn

a)+) Ta c6: AMB =90° (gdc nai tiép chan naa dudng tron)
AB — AMI + AOI =90°+90° =180°

=Tt giac AMIO noi tiép (tr giac c6 tong 2 goc bang 180°)

+) MIC :% (saMC + sdBD) ) (géc c6 dinh & bén trong duong tron)
MDB = MDC + CDB =% (sdlvlc +sdBc)
Ma BD = BC (vi AB L CD ) = MCI = MDB.

b)+) MSD =% (deD —dec) ( gbc ¢6 dinh & bén ngoai duong tron):

MBA:%sd MA

Laic6 MD=MA+AD Ma AD=AC (viAB_LCD) ->MD=MA+AC

— MSD :% (sd‘MA+ sd AC —deC) =% (deA+deA)= sd MA = MSD = 2MBA

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122




Trang 234

+) Taco: AMD:%Sd AD; BMD:%Sd DB ma AD=DB

= AMD = BMD hay MD la phan giac AMB.
¢) Tacé MCD = MBD :%sd MD (g6c néi tiép cing chan MD)

Xét AMIC va ABID c6
MIC =BID ( d6i dinh)

MCI = IBD (cmt)

— AMIC ~ADIB(g.g):>%:%:> MI.IB=ID.IC

+) SMC = MDC = % sd MC (gdc tao bai tiép tuyén va day cung va goc noi tiép chan MC)

Xét ASMCvaASMD c6:
S chung
SMC = MDC(cmt)

SM _ SC

~——=—=SM?=SC.SD.
SD SM

= ASMC -~ ASDM (g.9) =

NI ol , .. e LA s
d) +) —— = —— (tinh chat phan giac
)+) NM OM( at phan giac)

tanmpa= 2 _ Ol _ NI

OB OM NM
+) AOCN = AOMN (c.g.c) = OCN = OMN = NBO
OCN = NBO = Tt giac OBCN noi tiép
= CNB =COB =90° hay CN L BM

e) OK 1a duong trung binh AAMB = OK //AM = OKB =90°
K di chuyén trén dudng tron duong kinh OB

Gidi han: Vi ABM < 45° = K nam trén cung tron %nhu’ hinh

+) Ta co: MA:EMB

AABM ~alBO(g—g) =M _ O _3 o1 -308-2R
BM OB 5 5 5

Trong doan OC lay Ol =§R Ké tia Bl ciat cung AC tai M .

Céu 102.(Thay Nguyén Chi Thanh) Cho (O;R) co6 duong kinh BC, A 1a diém chinh giita cung

BC , goi M Ia trung diém cua
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Trang 235
BO, ké ME L AB tai E, k¢ MF L AC tai F. Kétiép tuyén cua (O) tai A cit MF tai K.

a)Chting minh nim diém A E,M,0O,F thugc mot duong tron va BE.BA=BO.BM.

b)Chirng minh ME = KF va goi duong thang d 1a tiép tuyén tai C cua (0). AK cit d tai S ,tir K ké
tiép tuyén voi (O) tai Q cat d tai P. Tinh chuvi ASKP theo R.

¢) +Tinh dién tich gigi han boi (O) va SA,SC biét R =6cm.

+Chting minh khi M di chuyén trén BC thi MN ludn di qua mot diém cé dinh véi MN L EF  tai N.

Huwoéng ddn

A K A

I

0
E » P
B |
0 C
d
D

a) +)Tacod BAC =90°(gbc noi tiép chan nira dudng tron)
= tir giac AEMF Ia hinh chit nhat, nén 4 diém A, E,M,F nam trén duong tron duong kinh EF
—>AF =EM
+)A 1a diém chinh giira BC
— AO L BC -2 AOB,2 AOC vudngcantaiO — ABO = OAC = ACO = 45°
= Cac tam gidc BEM, ABO, AKF vudng céan.
Nén : AOFA = AOEB(c.g.c) = BOE = FOA
= FOE = FOA+ EOA=EOA+BOE = AOB =90°
= (0) thudc duong tron duong kinh EF
Vay 5 diém A E,M,O,F thudc mot duong tron duong kinh EF.

+) ABEM - ABOA:% =% = BE.BA=BO.BM.

b) ME = AF, AF = FK = ME = KF.

Theo tinh chat hai tiép tuyén cit nhau = KQ = AK,QP = PC.
Ta c0: Tt gidc ASCO la hinh vudng = SA=SC =A0=0C =R
Chu vi tam giac
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SKP=KS+SP+KP=KS+SP+KQ+QP=KS+AK +SP+PC=AS+SC=2R
c)+) Goi dién tich giai han béi duong tron (O) va SA, SC la S.

1 1
S = Socs ~ Sangaoc = Saocs _ZS(O) =R _Z”Rz =36-97

+) Goi giao diém cua AO véi EF 1a 1, giao ciia AO véi dudng tron (O) 1a D— D ¢ dinh
Gia st DM cit EF tai N’
Ta co: T.giac AEMF ndi tiép — AEI = MAE (g6c nai tiép chin 2 cung bang nhau),
EAI = ABM (2ABO cén tai O)
— AAIE -~ ABMA(g.g) = AMB = AIE = AMO = OIE = OMD =OIE = OMD = DIN'
= DIN'+IDN'=0OMD + ODM =90°= DN' 1 EF hay MN' | EF
Ma MN L EF Nén N=N’ =N,M,D thang hang, hay MN 1uén di qua méot diém cb dinh 12 D

Trang 236

CAau 103.(Thiy Nguy&n Chi Thanh) Cho AABC noi tiép (O). Goi BM, CN 1a céc

cia AABC tai H . Ke duong kinh AE , goi | 1a trung diém cia BC,G 1a giao diém cua

a) Chang minh ta giac BCMN ni tiép va ti giac BHCE Ia hinh binh hanh.
b) Chung minh AO L MN va G latrong tam AABC.

duong cao

Al va OH

¢) Goi BM; CN cit (O) tai P; @. Chung minh PQ//MN Vatim vi tri cia A dé dién tich tam giac

AMH 1én nhéat.

Huwéng ddn

a) Chirng minh tir giac BCMN n@i tiép
Tac6: BNC =BMC =90° (BM, CN 14 cac dudng cao)
= Tir giac BCMN noi tiép dudng tron duong kinh BC (dhnb).
+)Chirng minh t& giac BHCE la hinh binh hanh.
Taco: BE L AB ( AE la duong kinh)
NC L AB (NC la duong cao)
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) Trang 237
= BE//NC (t/c tr vuéng goc dén song song)

hay BE//CH (1)

Chung minh twong tu CE//BM hay CE//BH (2)

Tur (1) (2) suy ra tix giac BHCE la hinh binh hanh (dhnb).

b) Ching minh MN L AO

Goi K 1a giao diém cua MN va AE.

+ Ta c6: EBC = EAC (gbc néi tiép ciing chan CE )

ma EBC = NCB (sole trong)

= EAC =NCB.

+ Ta co: AMN = NBC (t/c gbc ngoai cua tir giac noi tiép)

= AMN +EAC = NBC + NCB =90° (ANBC vuéng tai N)

= AMK + KAM =90° = AKM =90° = MN L AE hay MN L AO (dpcm)

+)Chwng minh G la trong tam caa tam giac ABC

Xét hinh binh hanh BHCE ¢6 1 1a trung diém ciia BC (gt)

= | 1atrung diém ctia HE (t/c duong chéo hbh)

ma O 1a trung diém cua AE (AE la duong kinh cua (O) =OI 1a duong TB ciia aAHE — AH =20l
OH N Al =G —» G latrong tdm cia a AHE

:% =§, ma G thudc trung tuyén Al cia tam giac ABC (gt)

= G latrong tam cua tam giac ABC (tinh chat ba dudng trung tuyén cia tam giac).

¢) Chieng minh PQ//MN

+ Xét duong tron tam O : PQC = PBC (géc ndi tiép cung chin PC)

+ Xét duong tron ngoai tiép tir giac BNMC : PBC = MNC (gdc néi tiép cling chan MC)
= PQC = MNC ma ching & vi tri sole trong

= PQ//MN (dhnb).

+ Timvitricia A dé dién tich tam giac AMH Ién nhit.

+ Ké duong cao ME cua tam giac AMH .

Taco: S, :%AH.ME ma AH =20l (cmt)

Vi | latrung diém ciia BC (gt) nén Ol L BC cé dinh (t/c dudng kinh va day cung). Do ¢ Ol khong doi.
= AH khong dbi.
= Dién tich cua tam giac AMH 16n nhat khi duong cao ME 16n nht.

+ Goi J 1a trung diém cua AH .

Vi tam giac vuébng MAH vubng tai H : MJ =%AH khong doi.
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ma ME <MJ

— ME 16n nhat bang MJ khong d6i khi E =J . Khi d6 tam giac MAH vudng can tai M .
= HAM =45’ ma AH L BC (H latryc tdm cua AABC) = ACB =45°.

Vay S, 16n nhit <& ACB =45,

Cau 104.(Thay Nguyén Chi Thanh) Cho tam giac ABC nhon nai tiép duong tron (0) .Keé duong
cao AD va duong kinh AK .Ha BE va CF cung vudng goc véi AK

a) Chang minh raing ABDE néi tiép va DF //BK

b) Chirng minh ring OCA=BAD va AB? = AE.AK

¢) Tinh S,_OKC biét ABC =60° va R =4cm va ching minh tim dudng tron ngoai tiép tam giac DEF

quat

c¢6 dinh khi BC ¢ dinh , A chuyén dong trén %(O) thoa man tam giac ABC nhon

Huwong dan

a) Chang minh rang ABDE ngi tiép va DF //BK

Taco AD laduong cao ADB=90° va BE L AK nén AEB =90° ma E va D 1a hai dinh ké nhau cting nhin
canh AB dudi 1 géc vudng = ABDE ni tiép

Cmttta c6 = ADFC noi tiép = CAK =CDF va CAK =CBK ( ABKC noi tiép)
= CDF =CBK ma 2 gdc & vi tri déng vi => DF / /BK

b) Chitng minh raing OCA=BAD va AB? = AE.AK
Xet tam gidc ABK c0 AK la duong kinh =>tam gidc ABK vudng tai B

tacd OCA=0AC ( vi tam giac OAC céan tai O)
ma CAK =OAC =CBK ( ABKC néi tiép )
ta lai c6 ABD +CBK =90°( tam gidc ABK vuéng tai B) va ABD +BAD =90°( tam gi4c ABD vudng

taiD) = CBK =BAD = OCA=BAD.
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Xét ABK vudng tai B c6 BE L AK = AB? = AE.AK ( hé thirc vé duong cao va canh trong tam giac
vuong).
¢) Tinh S__OKC biét ABC =60° va R =4cm va chimg minh tim duong tron ngoai tiép tam giac DEF

quat

¢6 dinh khi BC ¢ dinh , A chuyén dong trén %(O) thoa man tam giac ABC nhon.

Ta c6 ABC =60° = KBC =30° = KAC =30° = KOC =60°( quan hé gbc ndi tiép va géc ¢ tam ) =

4% 7.60° 8rx
S OKC=—""" =22 (dvdt
quat 360° 3 (dvelt)

Goi M;N;P lan luot 13 trung diém cua BC; AC; AB=>MN //AB ma AB L BK =>MN L BK
Ma BK //DF = MN L DF (1)

Xét AADC vuong tai D ¢6 N 1a trung diém = DN = % AC

Xét AAFC vudng tai F co N 1a trung diém = FN = % AC

= DN =FN (2) tir (1) va (2) = MN la duong trung truc cia DF = MD = MF (3)
Cmtt tacé MP la duong trung tryc cia DE = MD = ME (4)
Tir (3) va (4) ta c6 M 1a tAm duong tron ngoai tiép tam giac DEF ma M 1a TP cua BC va BC ¢6 dinh

= tdm dudng tron ngoai tiép tam giac DEF c¢6 dinh khi BC ¢é dinh , A chuyén dong trén %(O) thoa man

tam giac ABC nhon.

Céu 105.(Thay Nguyén Chi Thanh) Cho tam giac ABC c6 ba géc nhon ndi tiép duong tron (O; R)
. Céc duong cao BE,CF cit nhau tai H, cit duong tron (O;R ) lan luot tai M va N.

a. Chung minh AE.AC=AF.AB
b. Chitng minh MN song song véi EF

c. Chang minh w<2
AH

d. Cho BC ¢6 dinh, A chuyén dong trén cung Ién BC sao cho tam giac ABC c¢6 3 goc nhon. Ching minh
dién tich hinh tron ngoai tiép tam giac AEF khong doi.

Huwong dan
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) . . | AEB=AFC=90°
a.Xét AACFva AABEco = AACF -~ AABE(g.9)
A chung

—)E = AR — AE.AC = AF.AB
AB AC
b. Xét tir gidc EFBC c6 CEB=CFB =90° (2 géc cuing nhin canh BC) =oEFBC ni tiép

= EBC=EFC|cung chan EC}(1); MBC=MNC(2)( goc noi tiep cung chan cung MC)

Tu (1), Q)= EFC = MNC=EF//MN

c. Taco: AEH = HFA=90° = Tu giac AEHF nai tiép

= EAH = HFE (2 g6c néi tiép cung chan EH )

Ma HFE = MNC, MNC = MAC (MANC ngi tiép (O)) = MAE = EAH
= Tam giac AMH cén tai A (do AE vira la phan giac vira 1a duong cao)

:MH:ZEH:EH:ﬁ<AH:w<2
2 AH

Trang 240

d. ké duong kinh BB’.= B'CB=90° = B'C 1. BC, ma AH L BC (H latryc tam ~ABC)=>B'C//AH

B'AB=90°=B'A 1 AB, ma CH 1L AB(gt)=B'A//CH
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= AHCB' la hinh binh hanh = AH =CB’

Tam gi4c CBB’ vudng tai C ¢ BB'=2R, BC khong ddi suy ra CB’ khong doi suy ra AH khong doi.
Tacod AEHF I tir gi4c noi tiép duong tron duong kinh AH, suy ra AH 1a duong kinh dudng tron ngoai
tiép tam gidc AEF suy ra dién tich dudng tron ngoai tiép tam giac AEF khong doi. (dpem)

Ciu 106.(Thay Nguyén Chi Thanh) Cho tam giac ABC vuong tai C. V& duong tron tam O duong
kinh AC cit AB tai D. Goi M 1a diém chinh giita cua cung nhé CD. N6i AM cit BC tai N. N6i DM cit
BC tai E. Tia phan giac cua MAD cit BC tai |, cit MD tai K.

a. Chirng minh: BDMN Ia tir gi&c noi tiép.

b. Chang minh tam gi&c EIK cén

c. Chang minh MN.AB = MC.NB

Huwong ddn
A
— e —
I{ /./ ...\I
/ D
.‘ Op
| 09
\ WM
\ ]
c E N I B

a. Chirng minh: BDMN I tir gi4c néi tiép.
+ Taco: ADC =90°(gbc noi tiép chan nira duong tron) » MDB + MDC = 90°
Ma CAM + ANC =90°,CAM = MDC (g6c nt ciing chan CM )
= MDB = ANC
+ Xét tr giac BDMN c6: MDB = ANC ma ANC la g6c ngoai tai dinh N, N 1a dinh ddi dién véi dinh
D
= BDMN Ia t giac noi tiép (dhnb)
b. Chirng minh tam giac EIK can
Goi {H}=AIn(0)
+ Xét duong tron (O) co:
MAH = HAD = HM = DH

MKH 13 gbc c6 dinh bén trong duong tron chin AD, MK = MKH = %(sd AD +sd HM )

AIC 12 gc c6 dinh bén ngoai duong tron chin AC, HC = AIC = %(sd AC —sd HC)
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S AIC=LsdAH =1(sdAD+sd DH):l(sdAmsd HM)
2 2 2

= MKH = AIC
= AEKI cantai E
c. Chieng minh MN.AB = MC.NB

+ Tacé: AMNC ~ ACNA(g.9)= MN _CN
MC CA

+ Xét (O) c6: MC = MD = CAM = MAD

+ Xét ACAB ¢6 AN Ia tia phan gidc cia CAB = 0N - EN
BA CA

MN BN [_ CN

== — MN.BA=MC.BN (dpcm)
MC  BAl CA

Céu 107.(Thay Nguyén Chi Thanh) Cho duong tron (O) c6 duong kinh AB=2R va diém C thudc
duong tron d6 (C khac A, B). Lay diém D thudc day BC (D khac B,C). Tia AD cit cung nho BC tai
diém E, tia AC cét tia BE tai diém F.

a) Chirng minh FCDE 1a tir giac noi tiép.

b) Chung minh DA.DE = DB. DC

¢) Chimng minh CFD =OCB . Goi I 14 tim duong tron ngoai tiép tir giac FCDE, chimg minh IC 12 tiép

tuyén cta duong tron (O).

d) Cho biét DF = R. Ching minh tan AFB =2

Huwoéng ddn

a) Taco: ACB = AEB =90°( Goéc ndi tiép chin nira dudng tron)
= FCD + FED =90° +90° =180° = tr giac FCDE ndi tiép duong tron.

b)Xét (O) c6: CEA = CBA (gbc nt cing chin AC )= aDCE ~2DAB(g —g)
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:E :%: DADE =DB.DC
DE DB

c)+Ta co: tir giac FCDE nt duong tron (I) = CFD = CED, CED = CBA(cmt)

~OBC can tai O = CBA = OCB = OCB = CFD(dfcm)
+ (1) c6: CFD =CDO = CO la tiép tuyén cua dudng tron (1) (goc tao bai tiép tuyén va day cung va goc
noi tiép cung chan cung CD

d/ Cho biét DF = R. Chiig minh tan AFB =2

Ta co:
ACDF mACAB:E:E:Z—R=2
s CF DF R imarB=2
tan AFB = — (ACFB)
CF
Céu 108.(Thay Nguyén Chi Thanh) Cho duong tron (O;R ). B va C 1a hai diém thudc duong tron

sao cho BOC =120°. Céc tiép tuyén cua dudng tron tai B va C cit nhau tai A. Goi M 1a diém tly y trén
cung nhd BC ( M khac B va C). Tiép tuyén cua dudng tron tai M cit AB va AC lan luot tai E va tai F.
a) Chung minh AABC 1a tam giac déu
b) Tinh theo R chu vi AAEF
¢) Goi I va K lan lugt 1a giao diém cua OE va OF véi BC. Ching minh EK, OM, FI cing di qua 1 diém

d) Tinh ti s6 EF
IK

Huwoéng ddn

a) Vi AB, AC la cac tiép tuyén ciia duong tron (O)nén ABC = ACB = % BOC =60°

Do d6 AABC la tam giac déu.

b) Theo tinh chét 2 tiép tuyén cét nhau ta c6 EB = EM, FC = FM, AC = AB nén chu vi tam giac AAEF
la:

AF + AE+EF =AF+AE+(EM +MF)=AE+EB+ AF+FC=AC+AB=2AC.
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Ciing theo tinh chat tiép tuyén ta c6: COA=BOA=60°;0C L AC.

Do dé: AC =0C.tan60° = R+/3. Vay chu vi tam gidc AEF = 2R+/3

c¢) Co OE la phan giac cia MOB, OF la phan giac caia MOC suy ra

EOF = EOM + MOF:%(BOM +MOC) :%BOC =60°.

Mit khac BCA=CBA=60°( ciu a), IOF = ICF =60°, EOK = EBK =60°, suy ra COIF va BOKE la ta
giac noi tiép. Do d¢6 OIF =180° — OCF =90°; OKE =180° —OBE =90° nén EIF = EKF =90°.

Theo tinh chat tiép tuyén OM L EF . Vay OM, EK, FI la 3 dudng cao cua tam giac OEF nén chung dong
quy tai 1 diém

d) Tt gi4c EIKF c6 EIF = EKF =90° (CMT) nén EIKF Ia t&r gi4c noi tiép, suy ra OIK = OFE ,

lai c6 EOF chung nén AOIK ~ AOFE(g—9).

Do dé E:O—K:cosEOK —cos60° =1 vaygzz
EF OE 2 IK

Céu 109.(Thay Nguyén Chi Thanh) Cho AABC vudng tai A, duong cao AH . Vé duong tron tam
O duong kinh AH , cit AB, AC lanluottai M va N .Goi | latrung diém cua BC . Chirng minh
rang:

a) Ba diém M,0O,N thang hang

b) BMNC 14 ti giac noi tiép

¢) Al L MN

d) BM.BA+CN.CA>2AH

Huwéng ddn
A

S/

QN
/
| o X |

\ " /'/

B "] ©

a) VIMAN = 90°(aABC L tai A) nén MN la duong kinh cia duong tron (O). Do d6 ba diém

M, O, N thang hang

b) C6 ACB = BAH (cung phu véiHAC ). Ma OA=0M =R nén AOAM cén tai 0= OMA = OAM
Do d6 AMO = ACB = t& gidc BMNC Ia tu gi4c noi tiép.(tc goc ngoai cua tir giac noi tiép)

¢) AABC vudng tai A c¢6 I1a TP cua canh huyén BC nénIA= IB=IC =alABcantai | = ABC = IAB

ma AMO = ACB (cmt) , ma ABC + ACB = 90° ,suy raAMO + IAB = 90° . Do do Al LMN
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d) C6 AMH = ANH =90°(g6c nt chan nira dudng tron)= MH L AB,NH L AC = BM.BA=BH? ;

CN.CA=CH? ; BH.CH = AH?
= BM.BA+CN.CA=BH?+CH? >2BH.CH = 2AH (dpcm)

Ciu 110.(Thay Nguyén Chi Thanh) Cho duong tron (O;R), duong kinh BC, Goi A la diém
chinh gitta cung BC . Piém M thudc doan BC.Ké ME L AB, MF L AC, MN L EF tai N

a) Chirmg minh nam diém A, E, O, M, F thudc mot duong tron

b) Chiing minh BE . BA = BO. BM

c)Tiép tuyén cua duong tron (O;R) tai A cit MF taiK . Ching minh BE = KF

d) Khi M di chuyén trén BC , chitng minh rang MN 1uén di qua 1 diém cé dinh

Huwong ddn

a) Vi A 1a diém chinh gitta BC = AB = AC =O0AL1BC ,c6 MEA = MFA =MOA=90° nén5
diém A, E, O, M, F thudc duong tron duong kinh AM

b) ABEM © ABOA (g.g) = —= —2M _ BE BA-BO.BM
BO BA

¢) AABC vudng can tai A nén ABC = 45° . Ma AK Ia tiép tuyén tai A cia dudng tron (O) nén
KAC = ABC =45°(g6c tao bai tiép tuyén va day cung va goc noi tiép cling chan AC) . Do dé cac
ABEM va AFAK vubng can = BE =ME va AF =FK.

Mt khac BAC =90° (g6c nt chin ntra dtr)— MEAF 14 hinh chit nhat nén ME = AF . Tir d6 suy ra
BE =KF .

d)+ V& duong kinh Al, . Taco Al L BC = CMI +MIO =90°, Ma MIO = MAO (aMAI can do c6 MO Ia
duong cao dong thoi 1a dudng trung tuyén) = CMI =90° — MAO (1)
+ MF//AB (cung L AC)= FMC = ABO = FMC = BAO (aABO vubéng can tai O) (2)

+MN L EF = NMF =90° — MFE, lai c6 t.giac AEMF noi tiép = MFE = BAM (gdc nt cuing chin EM )
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= NMF =90° — BAM (3)
Tur (1),(2),(3)= NMF + FMC +CMI =180° + FMC — (BAM + MAO) =180° + FMC — BAO =180°

Vay N, M, | thiang hang, Ma | cé dinh do A cé dinh
Vay MN luén di qua diém cb dinh I 1a diém chinh giira cung BC khéng chira diém A
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Ciu 111.(Thay Nguyén Chi Thanh) Cho nua duong tron (O,R) duong kinh AB, ban kinh
OC L AB. biém E thudc doan OC . Nbi AE cit nira dudng tron tai M . Tiép tuyén cua nira duong
trontai M cat OC tai D, BM cit OC tai K

a) ADME la tam giac can.

b) Chitng minh BM.BK  khéng dbi khi E di chuyén trén OC .

¢) Tim vi tri caa diém E d& MA=2MB.

d) Goi | 1atdm caa duong tron ngoai tiép ACME .

CMR: khi E chuyén dong trén OC thi | ludn thudc 1 dudng thing cé dinh.

Huwoéng ddn

a) BMA=BOE =90° = T giac BMEO la ti giac noi tiép = ABM = MED..
Ma ABM = DMA(géc tao bai tiép tuyén va day cung va goc ndi tiép cung chin AM)
= DMA =MED = ADME cantai D.

b) ABOK ~ ABMA (g.9) :;—g =B—i — BM .BK = BO.BA = 2R? khong dbi.

c) tan MABzﬁz%
MA OA

MA=2MB@%=5@0E=%=§©E 1a trung diém cua OC .

d) Co CMA:%COA:45O ,Ma CMAz%CIE=45° = CIE =90°

Lai c6 IC=IE =r = AICE vudng can tai 1= ECI=45" (1)

Theo gia thiét: OC 1. OB,0C=0B=R = ACAB vuéng can tai O = OCl = COB = C, |, B thing hang
— OCB =45°(2)

Tu (1) va (2) OCl=0CB=C,1,B = | BCcb dinh.

Ciu 112.(Thay Nguyén Chi Thanh) Cho AABC c6 ba géc nhon noi tiép duong tron (O,R). Ké

duong cao AD va duong kinh AK . Ha BE va CF cung vudng goc véi AK .
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a)Chirng minh ABDE va ACFD Ia tt gi4c noi tiép

b)Chtng minh DF//BK

c)Cho ABC =60°,R =4cm. Tinh dién tich hinh quat tron gii han bei OC,OK va cung nhé CK .

d) Cho BC ¢ dinh, A chuyén dong trén cung 16n BC sao cho AABC c6 ba g6c nhon. Chiing minh tam

dudng tron ngoai tiép ADEF 1a mét diém cé dinh

Huwoéng dédn

a) ADB = AEB =90°; ADC = AFC =90° nén céc tt giac ABDE va ACFD la tir gi4c noi tiép
b)T& giac ADFC noi tiép = CDF = CAF . Ma CAF = CBK (t.giacABKC noi tiép)

= CBK =CDF = DF//BK

60142 8
B 320 =?n(cm3)

d)+ Goi M, N P lan luot 14 trung diém cua BC va AC, = MN//AB (MN la dudng trung binh aABC)

¢) CBA=60° = AOC =120° = COK =60° = S,

ma ABK =90° (chén nira duong tron) = AB L BK = MN L BK . Ma BK//DF = MN L DF . Céc
AADC, AAFC vudng tai D va F c6 chung canh huyén AC, N 1a TD AC= ND = NF

—=aDNFcén tai N ¢c6 MN la duong cao = MN la duong trung truc caia DF = MD = MF (1)

+ Twong tu : Tt giac ABDE néi tiép = BAK = EDC (t.c goc ngoai cua tir giac noi tiép)

Ma BAK = BCK (g6c nt cting chin BK) = EDC =BCK, 2 g6c nay & vi tri so le trong = DE //CK
Lai c6: ACK =90°(g6c nt chin nira dtr) — CK L AC = DE L. AC, Ma AC//MP (MP 1a duong TB)

= MP 1L DE
Cac ~AEB,~ADB  tai E va D c6 chung canh huyén AB, P 1a TD AB = DP = EP =DEPcén tai P, c6

MP la duong cao = MP la duong trung truc cia DE= MD = ME (2)
Tir (1) va (2)= MD =ME = MF nén M la tam dudng tron ngoai tiép tam giac DEF . Vi BC c¢6 dinh

nén M cé dinh.
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Céu 113.(Thay Nguyén Chi Thanh) Cho ntra duong tron (O;R), duong kinh BC va diém A
thugc nira duong tron d6. Dung vé phia ngoai AABC hai ntra duong tron; nira dudng tron tam |,
duong kinh AB ; nira duong tron tam K, duong kinh AC . Mot duong thiang d thay ddi qua A cat nira
duong tron (1) va (K) twong tng tai M va N .

a) Tar giac MNCB la hinh gi?

b) Chiing minh AM.AN = MB.NC

c¢) Chitng minh AOMN & tam giéc cén

d) Xac dinh vi tri cia duong thang d dé Sy 160 nNhat.

Huwoéng ddn

a) AMB, ANC 14 hai goc noi tiép chin nira dudng tron
= AMB = ANC =90° = BM L. MN,CN 1L MN = BM//NC = Tu gidc MNCB la hinh thang vuéng

b) Vi BAC =90° (gdc nt chén nia dtr) va = AMB = ANC =90° nén MAB = NCA (cling phu NAC)

. AMAB— ANCA(g.g) = WA _MB _ AM.AN = MB.NC
NC NA

¢) Goi E 1atrung diém MN = OE la duong trung binh cta hinh thang BMNC = OE//MB//NC
=OE LMN = OMN céntai O.
d) Vi AABC ¢6 dinh = S5 khong d6i. Do d6 Sgyye Max < (Syga + Syac ) Max

AB

Vi AMAB ~ ANCA véi i sé k=2 —, Syas = (_
AC AC

2
) Syea 2Q

AB?
SMBA+SNAC = 1+A—C2 'SANC QSANC max

Ha NH LAC,K 14 TD AC, ta c6: NH < NK =%AC , déu “="xay ra khi H =K =aNACvudng can tai

N= NCA =45°, ma AC khong ddi nén Sy, I6n nhat khi d tao véi AC mot goc 45°

Ciu 114.(Thay Nguyén Chi Thanh) Cho duong tron (O;R), M 1a diém ndm ngoai dudng tron
sao cho OM =2R. Qua M ké hai tiép tuyén MA, MB t&i duong tron. Goi E 1a diém thudc cung nho
AB . Tiép tuyén cua duong tron tai E ciat MA, MB lan luot tai | va K.
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a) Tinh s6 do AMB va 10K
b) Tinh chu vi tam gidc MIK theo R
¢) Tinh ban kinh r dudng tron noi tiép tam giac MAB theo R .

Huwoéng dédn

a) Theo tinh chat 2 tiép tuyén cit nhau thi OA L MA va OMA=0OMB

Taco SinOMAzg—IG:%:OMAz’SOO nén AMB =60° va AOM =60°

Ma OM la phan giac cia AOB = AOB =120°

Tuong ty Ol la phan giac cia AOE ; OK la phan giac cua BOE

= IOK = I0OE + EOK = % (AOE + EOB) :% AOB =60°

b) Theo tinh chét 2 tiép tuyén cat nhau, tac c6: 1E = IA; KE = KB; MA=MB . Do d6 chu vi AMIK bang:
Ml + IK + KMM = MI +(IE + EK) + KM = MA+ MB = 2MA

Xét tam gidc AMO vubng tai A ta c6: MA=0OM £0s30°=R+/3

Vay chu vi AMIK bing 2R3
c) OM cit AB tai H = MH L AB, OM cit cung nhé AB tai N .

Ta c6: MB Ia tiép tuyén cua (O) = MBN = % BON, NBA = % NOA (gdc nt va géc & tm ciing chan AN )

Ma BON = NOA = MBN = NBA = NB la tia phan giac MBA

Lai c6 MN la tia phan gia&c BMA , MNANB=N nénN 1a tam duong tron noi tiép tam giac MAB , do
do r=NH

AOBN c6 BON =60° va OB =0ON nén la tam giac déu

C6 BH L ON nén NH :HOzg . Vay rz; .

Céu 115.(Thay Nguyén Chi Thanh) Cho dudng tron (O) duong kinh AB = 2R, C I trung diém
ciia OA va day MN vudng géc véi OA tai C. Goi K 1a diém tly y trén cung nho BM, H 1a giao diém
cua AK va MN.

a/ Chirng minh BCHK 14 t& giac noi tiép.

b/ Tinh tich AH.AK theo R
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¢/ Xéac dinh vi tri cua diém K dé tong (KM + KN +KB) dat gia tri 16n nhat va tinh gié tri I6n nhat d6.

Hwéng dédn

a) Do AB la dudng kinh nén AKB = 90° ( géc ndi tiép chin nia duong tron )
Theo giai thiét MN L AB tai C = HCB = 90°
Suy ra tir gidc HCBK c6 HKB =HCB =90° nén la t& giac noi tiép.

b) Xét AAHC va AABK c6 HCA= AKB = 90°, KAB chung

AH AC

— AAHC dong dang AABK (0.0)=> — = —
ong dang (9.9) B AK

= AH.AK = AC.AB :g.ZR =R? (Do C la trung diém OA )

Vay AH.AK = R?
¢) AOMN cén tai O ¢6 OC 1a dudng cao = OCla dudng trung tuyén, déng thoi 1a duong phan giac MON .

Lai c6: cos MOC = (C))TCA = % — MOC =60° = MON =120°

ABMN c6: BC 1a duong cao, BC ciing 1a dudng trung tuyén, MBN = % MON = 60° (géc nt va goc &
tam cing chain MN) = ABMN déu. = MN =MB (1)
L4y diém E trén doan KN sao cho KE = KM
.D& thdy MKN = MBN = 60° ( gdc nai tiép cuing chin cung MN )= AMKE déu= ME = MK(2)
Taco: NMB =EMK =60° = EMN = KMB (=60% EMB) (3)
Tir (1),(2),(3)= AMEN = AMKB (c.g.c)= EN = KB ( 2 canh tuwong tng )
= KM + KB+ KN = KE + EN + KN = 2KN
Nén (KM +KB+KN) < KN __
Lai c6 KN <2R .Diu “="xdy ra<> K, N, O thang hang.
Vay GTLN cua (KM + KN + KB) =4R khi va chi khi K 1a giao diém cua NO véi cung MBane,
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Céu 116.(Thay Nguyén Chi Thanh) Cho duong tron (O;R)tiép xdc véi duong thang d tai A.
Trén duong thiang d lay diém H khéng trung voi diém A va AH < R. Qua H ké mét duong thang
vudng géc vai d, dudng thang nay cit duong tron tai hai diém E va B (E nam gitra B va H).

a) Chitng minh ABE = EAH va AABH - AEAH .

b) Lay C trén d sao cho sao cho H 1a trung diém cta doan AC, dudng thang CE cat AB tai K. Ching

minh: TG gidc AHEK noi tiép.

¢) X4c dinh H dé AB=R+/3

Huwoéng ddn

C

)
y H

.f:f T
. y

.’/
— d

a) Ta co: ABE = EAH (GAc ndi tiép va goc tao bai tia tiép tuyén va day cung cing chan cung AE)
= AABH -~ AEAH (g.9) ( ABE = EAH va goc H chung)

b)+ ACEH ~ ACAK (g.g)= CKA=CHE =90° = CKA+ EAH =180° = Tt gidc AHEK noi tiép.

¢) Xac dinh Hdé AB=Ry/3

. . : R
+ Tt O ké OM vubng gbc véi AB tai M= M la trung diem AB= AM = Tﬁ
+ AOMA vudng tai M c6 cos MAO =% = RTﬁ: = ? = MAO =30° = BAH =60°
Vay H thudc d sao cho BH L.d va BAH =60°.
Céu 117.(Thay Nguyén Chi Thanh) Cho duong tron (O;R) va diém A ndm bén ngoai duong

tron. Ké céc tiép tuyén AB, AC voi duong tron (B, C 1a céc tiép diém)
a/ Chitng minh ABOC 14 tir giac noi tiép
b/ Goi E la giao diém ciia BC va OA. Chiing minh BE vuéng goc véi OA va OE.OA=R?
¢/ Trén cung nhé BC cua duong tron (O;R) lay diém K batki (K khac B va C). Tiép tuyén tai K ctia
dudng tron (O;R) cat AB, AC theo thtr tw tai P va Q. Chiing minh tam gidc APQ c6 chu vi khong

dbi khi K di chuyén trén cung nho BC
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d/ Puong thang qua O va vudng goc véi OA cit cac duong thang AB, AC theo tht tu tai cac diém
M, N . Ching minh PM +QN > MN

Huwéng dédn

a) Xét tar giac ABOC co
ABO + ACO =90° +90° =180° ,Ma hai g6c & vi tri d6i nhau = T giac ABOC ni tiép
b) Xét (O) ¢4 tiép tuyén tai B va tiép tuyén tai C cat nhau & A nén
{AB =AC
=
AO la tia phén giéc cua géc BAC
Vi E € AO= AE latia phan giac cua gé6c BAC
Xét AABC c6 AB=AC = AABC cantai A
Lai c6 AE latia phan giac cua géc BAC
Suy ra AE dong thoi 1a duong cao=> AE 1L BC hay AO 1L BC
Xét AABO vubng tai B ta c6: OE.OA=0B? = R*(HTL)
c) Xét (0)
C6 tiép tuyén tai K va tiép tuyén tai B cit nhau tai P = PK = PB
C6 tiép tuyén tai K va tiép tuyén tai C cit nhau tai Q= QK =QC
Taco:
Pupo = AP+PQ+ AQ = AP+ PK + KQ+ AQ = (AP +PB)+(QC+ AQ)= AB+ AC = 2AB
Ma AB khong d6i = P,,p, khong doi (dpcm)

2
d) Chung minh dugc AMOP - ANQO(g.g) = % =g—'\N/' — PM QN =OM.ON = MN

Theo BDT Cosi ta co

PM +QN >2,/PM QN = (PM +QN )’ > 4PM QN
MN?

= (PM +QN)*>4.——=(PM +QN)’ > MN”

= PM +QN > MN
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Diu “=" xay ra <> PM =QN

Ciu 118.(Thay Nguyén Chi Thanh) Cho duong tron (O) co dudng kinh AB=2Rva diém C
thudc duong tron d6 (C khac A, B). Lay diém D thudc day BC (D khac B,C).Tia AD cit cung nho
BC tai diém E, tia AC cat BE tai diém F .

a) Chuang minh: FCDE Ia tir gi4c noi tiép

b) Chang minh: DA.DE = DB.DC

¢) Chuang minh: CFD =OCB. Goi I la taim duong tron ngoai tiép t giac FCDE . Chirng minh IC la tiép

tuyén ctia duong tron (O)

d) Cho biét DF =R. Chitng minh tan AFB =2

Huwong dan

F

a) Chuang minh: FCDE Ia tir gi4c noi tiép

ACB =90° (g6c noi tiép chin nira dwong tron (0)) BCF =90°
AEB =90° (géc noi tiép chén nira duong tron (0)) AEF =90°
Tir gidc FCDE c6: BCF + AEF =180°

Mz hai goc nay 1a hai goc ddi

= FCDE Ia ti giac noi tiép (d.h.n.b)

b) Chang minh: DA.DE = DB.DC

AACD dong dang ABED (g.9)

DA _ DC

= — = DA.DE =DB.DC
DB DE

¢) Chuang minh: CFD =0OCB . Goi I la tim duong tron ngoai tiép ti giac FCDE . Chitng minh IC Ia tiép

tuyén ctia duong tron (O)
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* FCDE la t& giac noi tiép = CFD = CED (g6c noéi tiép chin CD)
CED = CBA (gdc néi tiép chan AC)

= CFD=0CB

* [ | thm dudng tron ngoai tiép tir giac FCDE = | trung diém FD
=Cl =ID=ACIDcantai I= ICD=1IDC

*0OC=0B=R = ACOB can tai 0= 0CB =0BC

CFD =OCB (cnt) = CFD = OBC(: OCB)

* ACDF : DCF =90° = CDF + DFC =90° (hé qua dinh Ii tng ba goc)

= ICD+0CB =90° = OCI =90° = IC la tiép tuyén ctia dudng tron (O)

d) Cho biét DF =R. Chitng minh tan AFB =2

s DF CF R 1
ACDF d@ong dang ACAB(0.g) > —=—=—==
g dang (9.9) B CB 2R 3
. . CB
Xét ACFB vuodng tai C: tanCFB = CF =2
Cau 119.(Thiy Nguyén Chi Thanh) Cho duong tron tam O, duong kinh AB=2R. Goi d, va

d, 1an lugt 1a tiép tuyén ciia duong tron (O) tai hai diem A va B. Goi | 1a trung diém cia OA va
E 1a diém thudc duong tron (O) (E khong trung véi A va B). Buong thang d di qua E va vudng
g6c véi El cat hai duong thang d, va d, lan luot tai M va N.

a) Chang minh: T giac AMEI 1a tt gi4c noi tiép.

b) Chiing minh: ENI = EBI va MIN =90°.

c¢) Chang minh: AM.BN =AlLBI.

d) Goi F la diém chinh giita cua cung AB khong chira E cta duong tron (O). Hay tinh dién tich cia

AMIN theo R khiba diém E, I, Fthang hang.

Huwoéng ddn
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a) Chang minh: T giac AMEI 1a tt gi4c noi tiép.

Tw giac AMEI ¢c6 MAI+MEI=180° ma A va E 1a hai dinh d6i dién
= Tu gidc AMEI 14 tir giac noi tiép.

b) Ching minh: ENI = EBI va MIN = 90°.

+ Chirmg minh twong ty cau a co: Tw giac BNEI 12 tir giac noi tiép.

= ENI = EBI (hai g6c néi tiép cung chin El)

+ Chung minh AEAB vubng tai E c6 EAI+EBI =90°

Ma ENI =EBI va EMI =EAI (Tt giac AMEI 1a tt giac noi tiép)

= EMI+ENI=90° = MIN =90°

c¢) Chung minh: AM.BN =AIl.BI .

., MIA+NIB=90°
Co: = MIA =INB

" INB+ NIB =90°

= AMAI ~ AIBN(g.g) = % = % = AM.BN = Al.BI

d) Goi F la diém chinh giita cua cung AB khong chira E cia dwong tron (O). Hay tinh dién tich cia
AMIN theo R khiba diém E, I, Fthang hang.
+ Xét dudng tron (O) co: F la diém chinh gitta cia AB

= AF=BF = AEF=BEF :%AEB:45°

+ Tt giac AMEI 1a tir giac noi tiép = AMI =AElI = AMI =45°
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R
2

+ AAMI vuodng tai A = Ml = Al = Rv2
sinMAI V2 2
2
3
—R
+ Tuwong ty cO NI = Bl _2 :3R\/§
sinBNI 2 2
2
Ry/2 3R2
RNz Shve ,
+ AMIN vudng tai | = S, =MENL__2 = 2 3R
2 2 4
Céu 120.(Thay Nguyén Chi Thanh) Cho (O;R) duong kinh AB. Bén kinh CO vubng goc Vi

AB, M la diém bat ki trén cung nho AC (M khac A, C), BM cit AC tai H. Goi K Ia hinh chiéu
cua H trén AB.
a) Chang minh: T giac CBKH la ti giac nai tiép,
b) Chiing minh: ACM =ACK.
¢) Trén doan thang BM Iy diém E sao cho BE = AM . Chang minh: AECM 4 tam giac vuéng tai C.
d) Goi d latiép tuyén cua duong tron (O) tai diém A. Cho P 1a mot diém nam trén d sao cho P ndm

AP.MB

cuing phia véi C ddi véi duong thang AB va =R. Chimg minh: duong thang PB di qua trung

diém cua doan thang HK .

Huwéng ddn

a) Chuang minh: Tt gidc CBKH 14 ti giac nai tiép.
+ CHACB =90° (gdc nt chan nira dtr)
+ Xét tir giac CBKH c¢6: HKB+HCB =180° (do HKB =90°, HCB =90°)

= Tir giac CBKH Ia tir giac noi tiép.
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b) Chiing minh: ACM =ACK.

+ Xét (0) c6 MCA =MBA (géc nt ciing chan cung MA)

+ T giac CBKH Ia tir giac noi tiép = HCK = HBK (géc nt ciing chin cung HK)

= ACM =ACK (= MBA)

¢) Trén doan thang BM lay diém E sao cho BE = AM . Chting minh: AECM la tam gi4c vuéng tai C .
+Xét (0) c6 MAC=MBC (géc nt cting chan cung MC)

+Xét (0) c6 CO L AB=>CA=CB=CA=CB

+ Chung minh ACBE = ACAM(c.g.c) = BCE = ACM

Ma BCE + ECH = ACB =90°

= ACM +ECH =90°= MCE =90°
= AECM la tam giac vuodng tai C .

d) Goi d I tiép tuyén ciia duong tron (O) tai diem A. Cho P 1a mét diém nam trén d sao cho P nim

AP.MB

cung phia voi C ddi véi duong thang AB va =R. Chimg minh: duong thang PB di qua trung

diém cua doan thang HK .
+Goi {F}=BMnd va {I}=BPnHK

+ APMB _ R=AP.MB=MAR = AP = —MI\'/TIéR

= MAAB = AF = 2.—MAR =2.AP
MB

+ Chung minh ABMA - ABAF (g.g) = AF

= P 1a trung diém cua AF.
+ Chang minh HK//AF

+ Co:
Hi/Fp— A1 _ Bl oK

F}EI Bgl = 5= 4p MAFP=AP= HI=KI
IK//PA= L _ Bl

AP BP

= | 14 trung diém cia HK

= duong thang PB di qua trung diém cta doan thang HK
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Céu 121.(Thay Nguyén Chi Thanh) Cho ntra duodng tron tdm O ¢6 duong kinh AB. Léy diém
C trén doan thang AO(C khac A,C khac O). Puong thang di qua C va vudng gdc véi AB cat
nira duong tron tai K. Goi M 1a diém bat ki trén cung KB (M khac K,M khéac B). Puong thang
CK cit cac duong thang AM,BM lan luot tai H va D. Puong thang BH cét nira dudng tron tai
diém tht hai N.

a) Chting minh tir giac ACMD noi tiép.

b) Ching minh CA.CB =CH.CD.

¢) Chirng minh: ba diém A, N, D thang hang va tiép tuyén tai N cua nira dudng tron di qua trung diém

cua DH.

d) Khi M di dong trén cung KB, chirng minh duong thang MN ludn di qua mét diém cé dinh.

Huwong ddn

a) Tacd ANB = AMB =90° (gdc chan nira duong tron).
Do @6, tir gilc ACMD noi tiép vi c6 ACD = AMD =90° (dhnb).
b) Tacé HAB =CDB (cung phu véi CBD). Do d6 aCAH ~aCDB(g.g) suy ra

% = C—D = CACB =CH.CD.

CH CB

¢) D& thay H latryc tam aABD. Honnita AN L BH tai N suyra A, N,D thing hang.
Goi | 1a trung diém cua HD. Ta s& chang minh IN L NO.

Vi | 1a trung diém caa HD, két hop véi HND =90° suyra NI =ID = IH.

Do vay N, = D,. Mat khac OAN = ONA nén ONI =ONB + BNI = OBN + CHB =90°.
Hay IN L NO tai N,(N € (O)) suy ra IN Iatiép tuyén cua nira duong tron (O).

d) Goi MN giao véi AB tai T. Ké TL latiép tuyén cua nira duong tron (O).

= TLN = LMN (gdc tao bai tiép tuyén va day cung va géc nt cing chin cung LN ), T chung
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—sTLN ~aTML(g —g) = —= = TN — 712 —TMTN. (1)
™ 7L

Taco IN L NO nén tuong ty IM L MO. Két hop véi OC L IC nén nam diém 1,N,C,0,M thuoc

dudng tron dudng kinh 10. = NMC = NOC (géc nt cuiing chan NC)
Suy ra aTNO ~aTCM (g.g) = TN.TM =TCTO. (2)

™ T
T (1) 2) ta dwoc TCTO=TL®> = Tc = % —=aTCL ~aTLO(c.g.c) = LC LTO (hon nita L
thuoc nira duong tron (O)) nén L=K. Do vay T 14 giao diém cua tiép tuyén tai K va AB nén T ¢

dinh.

Cach 2:

T A c 0 B

a) Taco ANB = AMB =90° (g6c chin nira duong tron).
Do @6, t gilc ACMD noi tiép vi c6 ACD = AMD =90° (dhnb).
b) Tacé HAB =CDB (cung phu véi CBD). Do d6 ACAH ~ACDB(g.g) suy ra

g—g = ((::—: = CACB=CH.CD.

¢) D& thay H latryc tam aABD. Honnita AN L BH tai N suyra A, N,D thing hang.

Goi I 1a giao diém cua tiép tuyén tai N cua nia dudng tron véi DH. Ta chimg minh I 1 trung diém cua
DH.

Ta c6 NAB = INB (géc nt va gdc tao bai tia tt va day cung ciing chan NB cua (0))=> NAC = INH

Lai c6 NAC = NHI (cting phu véi ADC ). Do d6 NHI = INH => AINH can tai | = IN = IH

Mat khac DNI + INH = NDI + NHI =90°; NHI = INH => DNI = NDI => ADNI cén tai | => 1D = IN
Do d6 IH = ID => | 14 trung diém cua DH.

d) TacoI1a trung diém caa DH=> IN = IM (:%DH ) ma OM =ON => Ol la duong trung

truc cia MN = Ol L MN tai E
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AINO vudng tai N c6 NE L 10 =>0OE.Ol =ON? =0A? (1)
Goi giao diém cua MN voi duong thing BA 1A T,

Taco AOET ~ AOCI(g.9) = OE = ot =>0T.0OC =OE.OIl (2)
oCc Ol
. 2 OA’
Tu (1) (2) tadugc OT.OC =0A* => 0T = oc

Ma O, A. C ¢ dinh nén OT khong d6i => T ¢6 dinh.
Vay khi M chuyén dong trén cung KB thi dudng thing MN ludn di qua diém T ¢6 dinh.

Céu 122.(Thay Nguyén Chi Thanh) Cho dudng tron (O) ngoai tiép tam gidc nhon ABC. Goi M
va N lan luot 1a diém chinh giita ciia cung nhé AB va cung nho BC. Hai day AN va CM cit nhau tai
diém 1. Day MN cit cac canh AB va BC lan luot lai cac diém H va K.

a) Chimg minh: 4 diém C, N, K, | cting thudc 1 dudng tron.

b) Chitng minh: NB?=NK.NM

¢) Chung minh tir gidc BHIK la hinh thoi.

d) Goi P, Q lan luot 12 tdm cua cac dudng tron ngoai tiép tam giac MBK, tam gidc MCK va E 14 trung

diém cua doan PQ. V& duong kinh ND ciia dudng tron (O). Chirng minh ba diém D, E, K thing hang.

Huwoéng ddn

a) Chtmng minh: 4 diém C, N, K, | ciing thudc 1 duong tron.

Vi M la diém chinh giita cung nho AB cia (O) (gia thiét)

Suy ra AM =MB = ANM =BCM (hai g6c ndi tiép cling chan hai cung bang nhau) = KIN = KCl
Ma C va N 1a hai dinh ké nhau.

= IKNC la t& giac noi tiép (ddu hiéu nhan biét t giac noi tiép)

— 4 diém C, N, K, | ciing thuéc mot duong tron.

b) Chitng minh: NB*=NK.NM

Vi ABNC la tu giac noi tiép nén NBC = NAC (géc nt cting chan NC)

Vi N 1a diém chinh giira cung nhé BC cua (O) nén NB = NC
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— NBC = NMB (g6c nt chin 2 cung bang nhau) hay NBK = NMB
Xét ANBK va ANMB co:

NBK = NMB (chtng minh trén)

MNB chung
= ANBK ddng dang véi ANMB (g.9)
_, NB _NK L NB2 = NM.NK

NM NB

¢) Chang minh tir giac BHIK la hinh thoi

T giac IKNC nai tiép suy ra IKC = INC (hai goc noi tiép ciing chan IC)

Xét (0): ABC = ANC (hai g6c noi tiép cung chin AC)

Suy ra: ABC =IKC

Ma hai géc ndy & vi tri déng vi.

Suy ra IK // HB (d4u hiéu nhan biét hai duong thang song song)

Bl cit (O) tai G.

CM, AN lan luot 14 dudng phan gic cua ACB; BAC (do M, N 1a diém chinh gitta AB; BC)
Suy ra I 1a giao diém cua ba dudng phan giac cia tam gidc ABC nén G 1a diém chinh giira AC va Bl la
phan giac ABC.

T gidc AHMI nai tiép do HAI = HMI (do BAN = NMC hai g6c néi tiép chan hai cung bang nhau)
Suy ra AHI = AMI (hai g6c noi tiép cling chin cung Al)

Xét (0): ABC = AMC (hai goc noi tiép cuing chin AC)

Suy ra: ABC = AHI

Ma hai g6c nay & vi tri dong vi. Suy ra HI // BK (d4u hiéu nhan biét hai duong thang song song)
Xét tir giac BHIK

IK // HB (chttng minh trén)

HI // BK (chung minh trén)

Suy ra ttr giac BHIK 1a hinh binh hanh (d4u hiéu nhan biét hinh binh hanh)

Ma Bl la phén giac HBK (chang minh trén)

Suy ra tir giac BHIK 1a hinh thoi (dau hiéu nhan biét hinh thoi).

d) Chirng minh ba diém D, E, K thang hang.

Vi NBK = BMK nén ta c6 BN la tiép tuyén tai B cua duong tron (P) ngoai tiép AMBK

= BN 1L BP

Ma BN L BD do DBN =90° (gdc néi tiép chan nira duong tron)

Suy ra B, P, D thang hang.

Chung minh tuong ty ta ¢d: C, Q, D thang hang.
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APBK cén tai P (vi PB = PK = ban kinh)
ADBC cén tai D (vi NB = NC do N 1a diém chinh gitta cung BC; ND la dudng kinh)

APBK va ADBC la 2 tam gi4c can c6 chung gdc & day nén goc & dinh cua ching bang nhau

= BPK =BDC

= PK//DC

— PK //DQ

Chtrng minh tuong tu ta ¢ DB // QK
Vay DPKQ Ia hinh binh hanh.

= DK di qua trung diém PQ Ia E.
= D, E, K thiang hang.

Céu 123.(Thay Nguyén Chi Thanh) Cho dudng thang d va duong tron (O;R) khong co diém
chung. Ha OH Ld tai H. Biém M thudc d. Qua M ké hai tiép tuyén MA, MB t6i duong tron (O; R).
Nb6i AB cit OH, OM lan luot tai K va I.

a) Chung minh 5 diém M, H, O, A, B thudc 1 duong tron.

b) Ching minh OK.OH = O1.OM

¢) Chitng minh khi M di chuyén trén d thi duong thang AB di qua mot diém ¢ dinh.

d) Tim vi tri cia M dé dién tich tam giac OIK dat gié tri 16n nhét.

Huwoéng ddn

M H
a) Xét (0) c6 MA, MB la tiép tuyén caa duong tron; A, B 12 tiép diém
—=Suy ra MA L AO tai A; MB L OB tai B. Lai c6 OH L d =H = OAM = OBM = OHM =90°
=5 diém M, H, O, A, B cing thugc 1 duong tron. dudng kinh OM.
b) Theo tinh chat hai tiép tuyén cit nhau, suy ra MA = MB; ma OA = OB. Suy ra OM 1a dudng trung truc
ctia doan thiang AB, suy ra OM L AB tai |.
Xét AOIK va A OHM co:

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122




O la gbc chung
OIK =OHM =90°
=>4 OIK ddng dang véi AOHM (g - g)

:ﬂz% = 0l.OM =0H.OK
oM

OH
c) Xét AOBM vudng tai B, ap dung hé thac lugng ta co:

2
Ol.OM :OBZ:RZ:OH.OK:RZSOK:OR_H

Do O, H ¢é dinh, suy ra K ¢b dinh, suy ra AB ludn di qua diém K cb dinh khi M di chuyén trén duong
thang d.
d) Ké IE L OK; Lay J 1a trung diém caa OK.

Taco S, =%OK. IE
Ma OK khong doi suy ra S, 16n nhat khi va chi khi IE I6n nhét.
Ma IE < 1J. Dau “=" xay ra khi E=]

Khi d6 A OIK vudng can tai |, suy ra IOK =45° suy ra AHMO vudng can tai H < HM = HO.
Vay S, o« max < HM =HO.

Ciu 124.(Thay Nguyén Chi Thanh) Cho tam giac ABC vudng tai A, trung tuyén AO. Vé phia
ngoai tam giac vé hai nira duong tron, nira dudng tron tam I dwong kinh AB va nira duong tron tam K
duong kinh AC. Mot duong thang d qua A cat cac nira dudng tron tam 1 va tm K lan luot tai M va N.

a) Tu gidc MNCB la hinh gi?

b) Chtng minh: AM.AN = MB.NC

¢) Churng minh tam giadc OMN can.

d) Xéc dinh vj tri cua duong thang d dé dién tich ta giac BMNC Ién nhét.

Huwong dan

B (o] C
a) +Ta c6: BMA = ANC =90°(géc nt chin nira dtr)=> MB L MN , NC L MN

= MB//NC,BMN =90° = Tu gidc MNCB I hinh thang vudng

b) MAB + BAC + NAC =180° = MAB + NAC = 90°
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+Vi tam gidc ANC vudng tai N nén ta co:

AM_MB _ AM.AN = MB.NC
NC AN

¢) Goi E 1a trung diém caa MN suy ra OE la dudng trung binh cua hinh thang MNCB (PN)
= OE//MB//NC = OE 1L MN

ACN + NAC =90° = MAB = ACN = AMAB ~ ANCA(gg) =

Xét tam giac OMN c6: OF la duong trung tuyén (vi E 1a trung diém cia MN) vira 1a dudng cao
(OE L MN) = tam giac OMN cén tai O.

2 2
d) * Vi AMAB ~ ANCA = e _ (ﬁj = Syup = (ﬁj Sy
n LAC AC

ABY
* Swunce = Swmae +Sasc + Snca = Sasc "{1"'(%) :|'SNCA
1
= Syneg MaX < Sy, MAX; Sy = 5 AN.NC

2 2 2
AN.NC < w (BDT cosi) < AN.NC <&

"="< AN = NC < ANCA vudng can tai C < NAC =45°

Viy khi duong thang d tao voi AC mot goc 45° thi dién tich tir giac BMNC 16n nhat.

Céu 125.(Thay Nguyén Chi Thanh) Cho duong tron duong kinh AD . Goi H 1a diém thudc doan
OD. Ké day BC L AD tai H. Ly diém M thudc cung nho AC, ké CK L AM tai K. Puong
thang BM cit CK tai N .

a) Chiung minh AH.AD = AB?.

b) Chitng minh tam giac CAN cén tai A.

¢) Tim vitri caa M dé dién tich tam giac ABN 16n nhét.

Huwong dan
y 9B
A ) = |_ 1
o H /D
. ,
. S
K

N
a) Chung minh AH.AD = AB?,

Tam giac ABD nai tiép duong tron co AD 1a duong kinh nén vudng tai B.
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Vi BH 1a duong cao cua tam giac ABD vudng tai B nén ta c6 hé thie luong AH.AD = AB? .
b) Chung minh o CAN cén tai A.

Tt giac AKCH noi tiép (do AKC + AHC =180°) suy ra KHC = KAC ma KAC = MBC (géc
nt ciing chian cung MC ) nén KHC = MBC .

KHC = MBC ma hai goc nay 1a hai goc dong vi nén HK//BM . Lai c6 H 1a trung diém cua
BC (AD LBC=H)nén K la trung diém caa NC.

Tam giac CAN c6 AK vira la dudng cao vira la trung tuyén nén can tai A.

¢) Tim vi tri caa M dé dién tich tam gidc ABN 16n nhat.

Taco: AB=AC = AN nén tam gi4c ABN cantai A.Goi | la trung diém BN

. Al 1 BN = AIB =90°
S oy =25 ua = | di chuyén trén dudng tron duong kinh AB .

S,s dat gia tri 16n nhat khi va chi khi < 1 nam chinh giita cung AB trén duong tron duong

kinh AB <= AABI cantai | <> ABI =45° < AOM =90°< M nam chinh gitta cung AD.

Céu 126.(Thay Nguyén Chi Thanh) Cho duong tron (O;R) véi day BC c6 dinh (BC khong di
qua O). Goi A 1a diém chinh giira cung nho BC. Biém E thudc cung 16n BC. Nbi AE cit BC tai D.
Goi I 14 trung diém ciia BC. Ha CH L AE tai H, ndi BE cit CH tai M.

a) Chung minh 4 diém A, 1,H,C thudc mot duong tron.

b) Cho BC =R+/3 . Tinh AC.

¢) Tim vi tri caa diém E dé dién tich tam giac MAC Ién nhét.

Huwéng ddn

a) Chung minh 4 diém A, 1,H,C thudc mot duong tron
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, O, l,A " : s
+Taco: 11a TP BC, A la diém chinh gitta BC = (lién hé gitra duong kinh va day cung)
OA L BC={l}

Lai c6:CM L AE ={H} = CHA=CIA=90"

Vay 4 diém A, I,H,C thuoc mot dudng tron (dpem).

b) Cho BC =R+/3 . Tinh AC.
- Xét ACIO vuodng tai I. AD dinh ly Phytagos:

2
c02=C|2+0|2:>O|2=COZ—C|2:>0|2:R2—(RT*/§] = Ol :%

-C6: Ol + Al = AO(=R) = Al = AO-OI = R—%:%. :7A:>113TD OA
+aCOA ¢6 IC 1a dudng cao dong thoi 1a duong trung tuyén nén can tai C= AC =0OC =R
¢) Tim vi tri cua diém E dé dién tich tam giac MAC 16n nhat.

- Chung minh ACI = AHI (Vi tir giac ACHI ndi tiép duong tron—cmya.) (1)

-Ma ACI = AEB (Vi tt gidc ACEB nai tiép duong tron tam O, ban kinh R)  (2)

Tur (1) va (2) suy ra: AEB = AHI ma 2 géc na yo vi tri dong vi= HI // EM

Lai co:

HI // MB (HI //EB)

= CH =HM (HI 1a duong trung binh trong tam giac.
Cl - 1B (gt) } ( g trung g tam giac.)

Ma:
AH 1LCM (gt)

= ACAM can tai A.
CH =HM (cmt)

1 CH?+AH? CA?

-Dién tich S,y =2.S,cpy = Z.E.CH.AH < (CA khong thay doi do BC c6 dinh)

2
- Dién tich ACAM I6n nhat 1a: max S, ., =%. Déu “=" xdy ra khi va chi khi CH = AH .

- Khi d6 ACAH vuéng can tai H. ( HAC = HCA = 45 )

- Vay vj tri diém E nam trén duong tron tim O, ban kinh R. Sao cho CAE =45°.

Céu 127.(Thay Nguyén Chi Thanh) Cho duodng tron (O) va mot diém A nam ngoai duong tron.
Tir A ké hai tiép tuyén AB, AC va cét tuyén AMN véi duong tron (B, C, M, N cing thudce dudng
tron va AM < AN). Goi E 1a trung diém cia ddy MN, I 1a giao diém thir hai caa duong thang CE Vi
duong tron.

a) Chang minh bén diém A, O, E, C ciing nam trén mot dudng tron
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b) Chttng minh géc AOC bang géc BIC
¢) Chieng minh Bl song song voi MN
d) Xac dinh vi tri cua cat tuyén AMN d dién tich tam giac AIN 16n nhét.

Huwoéng dédn

a) Xet (O) co:

OE la mot phan duong kinh, MN day khong di qua tam,0OE ~ MN tai trung diém E
— OE 1 MN tai E ( dinh ly) = AEO =90°

Xét (O) c6 AC la tiép tuyén tai tiép diém C (gt) = ACO =90°

Xét tir giac AEOC c6: AEO+ ACO =180 ma hai goc & vi tri d6i nhau

= T gidc AEOC ndi tiép dugc mot duong tron (dhnb)

=4 diém A, O, E, C cuing thusc mot dudng tron

b) Xét (O) c6: AB, AC Ia hai tiép tuyén cat nhau tai A (tiép diém B, C)

— AOB = AOC = % BOC (t/c) (1)
BOC la géc ¢ tam chan cung BC; CIB |3 gc noi tiép chén cung BC
= CIB :%BOC tlc) (2)

Tu (1) va (2) suy ra: CIB=AOC (b/c)
¢) Xét duong tron ngoai tiép tir giac AEOC c6:
AEC = AOC ( 2 gdc néi tiép cuing chian cung AC) ma CIB=AOC (cmt)
= AEC =BIC ma hai nay goc ¢ vi tri dong vi
—BI // NM (dhnb)
d) VE NG L AB kéo dai tai G; BN’ la duong kinh.

Tac6: Sugy =Suy (Vi BI// MN) = %NG.AB

Saymax < S, Max<> NG max, ma NG < BN ma BN<BN’.
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NG max G = B hay NBLAB,0B L AB = B, O, N thiang hang (Minh hoaN =N’, M =M")

Vay S, l6n nhat khi cat tuyén AMN c6 vi tri diém N sao cho B, O, N thang hang.

Bai 128. Cho duong tron (O) duong kinh AB = 2R, C 1a trung diém cua OA va day MN vuéng goc
véi OA tai C. Goi K 1a diém tiy y trén cung nho BM, H 14 giao diém cua AK va MN.

1. Chirng minh ta giac BCHK nai tiép.

2. Tinhtich AH.AK theo R.

3. Xaéc dinh vj tri cua diém K dé tong (KM + KN + KB) dat gié tri 16n nhat va tinh gié tri 16n nhat d6?

Huwoéng ddn

1. Chuang minh ti giac BCHK nai tiép.
MN L AC
AKB = 90° (goc noi tiép chan nira duong tron)
= HCB =90°
Xét tir giac BCHK co:
HCB + AKB =90°+90° =180° ma 2 géc & vi tri d6i nhau
= Tu giac BCHK ni tiép.
2. Tinh AH.AK theo R.
Xét tam giac AACH va AAKB co:

ACH = AKB =90°
} = AACH ~ AAKB (g9.9)

A chung
:A—C:ﬁ = AH.AK = AC.AB
AK AB

2
MéACZ%RVéAB=2R :>AH.AK=R7~

3. Xac dinh vj tri cia K dé (KM + KN + KB) max

* Chitng minh ABMN déu:
AAOM can tai M (MC vira la dudng cao, vira la duong trung tuyén)
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Ma OA=0M =R = AAOM déu= MOA = 60°

MC =CN

AMBN can tai B vi
BC 1L MN

=CM =CN

Mt khac: MBA = % MOA = 30° (goc néi tiép chan cung MA)= MBN = 60°

AMBN can tai B lai c6 MBN =60°nén AMBN la tam giac déu
* Chang minh KM + KB =KN
Trén canh NK ldy diém D sao cho KD = KB.

= AKDB la tam giac can ma NKB :% sd NB =60°

= AKDB la tam giac déu=> KB = BD.

Ta co6: DMB = KMB (goc noi tiép chin cung AB)

BDN =120° (ké bu voi KBD trong AKDB déu)

MKB =120° (goc néi tiép chin cung 240°)

= MBK = DBN (t6ng cac goc trong tam giac bang180°)

Xét ABDN va ABKM coé:

BK = BD (cmt)

BDN = BKM (cmt) = ABDN = ABKN (c.g.c)

MB = MN

= ND = MK (2 canh tuong ng)

= KM + KN + KB =2KN

= (KM + KN + KB)max = 4R khi KN la duong kinh=> K, O, N thiang hang
= K la diém chinh giira cung BM.

Vay véi K 1a diém chinh giira cung BM thi (KM + KN + KB) dat gia tri max bang 4R.

Bai 129. Cho duong tron (O; R) tiép xdc véi duong thang d tai A Trénd lay diém H khong tring véi
diém Ava AH < R. QuaH ké duong thang vudng goc véi d, duong thang nay cat dudng tron tai hai
diém E vaB (E nam gitaB vaH).

1. Chung minh ABE = EAH va AABH ~ AEAH.

2. Lay diémC trénd sao cho H 1a trung diém cua doan thang AC, duong thang CE cét AB tai K.Chung
minh AHEK I tir gi4c noi tiép.

3. Xéc dinh vi tri diém H @& AB =R+/3.

Huwong dan
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1. Chung minh: ABE = EAH

ABE = % sd EA (t/c goc noi tiép)

HAE :% sd EA (t/c goc tao boi tiép tuyén va day cung)

= ABE = HAE
Xét AABH va AEAH cé:

AHB =90°

— AABH # AEAH (g.9)
ABE = HAE (cmt)

2. XétAHEC = AHEA (c.g.c)

= ACE =CAE ma CAE = ABE (cmt)

= ACE = ABE

Mat khac: ABE + CAK =90°

= ACE +CAK =90°

= AAHK vubng tai K

Xét tir giac AHEK c6: EHK = AKE =90°

= EHK + AKE =180°ma 2 goc & vi tri d6i nhau
= Tt giac AHEK nai tiép.

_AB_RV3
2 2

Al 3

Xét AAOI vubng tai | c6 cos OAI “oA" 2 = OAl =30° = BAH =60°

3. HaOl LAB = Al=1B
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AAHB vubng tai H c6: BAH =60° =cos BAH :% :%

_AH 1 RV
RJV3 2

R/3

Vay can ldy diém H sao cho do dai AH = - thi AB = R/3

Bai 130. Cho dudng tron (O) ¢6 duong kinh AB = 2R va E 1a diém bat ki trén duong tron d6 (E khac
AvaB). Buong phan giac goc AEB cét doan thang AB tai F va cét duong tron (O) tai diém the 2 1A K

1. Chang minh AKAF ~ AKEA.

2. Goil 1a giao diém cua duong trung truc doan EF voi OE , ching minh duong tron (1) ban kinh IE
tiép xtc véi dudng tron (O) tai E va tiép xdc véi duong thang AB tai F.

3. Chung minh MN //AB, trong ¢ M vaN lan luogt 1a giao diém thi hai cua AE, BE véi duong tron (1).

4. Tinh gia tri nho nhat caa chu vi tam giac KPQtheo R khi E chuyén dong trén duong tron (O), voi P 1a

giao diém cua NF va AK; Q 1a giao diém caa MF vaBK.

Huwong déan

1. Chung minh aKAF ~aKEA
KAB = KEB (géc ndi tiép cing chan KB)
Xét AKAF va AKEA co:

KAB = AEK (cmt)
— AKAF # AAEK(g.q)
K chung
2. * Duong tron (1;1E)va duong tron (O;0E)
I,0,E thang hang < IE + 10 =0E
= 10=0E-IE
Vay (1;1E)va(O;0E )tiép xuc trong tai E.

* Chang minh (1; IE)tiép xtc véi AB tai F
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Dé& dang chang minh: AEIF can tai | (I e trung truc ctia EF)
AEOK cén tai O = EFI = EKO (= OEF)
ma 2 goc nay & vi tri ddng vi = IF //OK (dau hiéu nhan biét hai duong thang //)
Co6:AK =KB (AEK =KEB) = AK =KB
= AAKBcan tai K

=OK L AB

OK L AB
Y OK I1E

}:> IF L AB

= (I;1E)tiép xuc voi AB tai F.

3. AEB =90°(goc noi tiép chin nira duong tron)
MEN =90°ma MEN Ia géc néi tiép duong tron(1; 1E)
= MN la duong kinh(1;1E)

= AEIN can tai |

Lai c6: AEOB can tai O = INE = OBE ma 2 géc nay vi tri dong vi
= MN //AB (d4u hiéu nhan biét hai duong thang //).
4. Tinh gié tri nhd nhat cua chu vi AKPQtheo R khi E chuyén dong trén(O)
MFE = MNE (géc noi tiép( 1) cung chan cung ME )
AKE = ABE (géc noi tiép(O) cung chin cung AE)
Ma MNE = ABE (cmt) = MFE = AKE , hai goc nay lai ¢ vi tri ddng vi
= MQ//AK (d4u hiéu nhan biét hai duong thang /)
Chirng minh tuong tu: NP//BK
T giac PFQK c6: MQ//AK
NP //BK
PKQ = 90° (goc ndi tiép chan nira dudng tron)
= Tu giac PFQK la hinh chir nhat
Ta co: MFA =QFB (déi dinh) &
KAB = KBA (AAKB can) ma MFA = KAB = AFQB vu6ng can tai Q.
Chu vi AKPQ = KP +PQ+KQ
Ma PK =FQ , PQ = FK (PFQK Ia hinh chix nhat) va FQ =QB (ABFQ can tai Q)
= Ppo =QB+QK +FK =KB+FK

Mt khac: AAKB cén tai K = K la diém chinh giita cung AB
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FK > FO (quan h¢ gitra duong vudng goc va duong xién)

= KB+ FK > KB+ FO
Diu "=" xay ra <> FK =FO = E la diém chinh giita cung AB = EO =R

Ap dung dinh Iy Pi-ta-go trong KOB tinh duoc BK = R+/2
— Chu vi AKPQnhé nhit= R+ R«/2 = R(+/2 +1).
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Céu 131.(Thay Nguyén Chi Thanh) Cho (O;R) va diém A ndm bén ngoai dudng tron. Ké céc tiép
tuyén AB, AC voi duong tron (B, C1a céc tiép diém).

1. Chirng minh ABOC la t gi4c noi tiép.

2. Goi E la giao diém ciia BC vaOA. Chiing minh BE vudng goc véi OAva OE.OA=R?,

3. Trén cung nho BC ciia (O; R) lay diém K bét ki (K khac B va C). Tiép tuyén tai K cua (O; R)cét AB,
AC theo thir tu tai P va Q. Chirtng minh tam giac APQ c6 chu vi khong doi khi K chuyén dong trén cung
nho BC.

4. Puong thing qua O va vudng goc véi OA cit cac duong thang AB, AC theo thir tu tai M, N. Ching
minh PM +QN > MN .

Huwoéng ddn

1. Chting minh ABOC la tt giac noi tiép.
Xét tur giac ABOC co:
ABO =90° (tinh chat tiép tuyén)
ACO = 90° (tinh chat tiép tuyén)
= ABO + ACO =90° +90° =180°
Ma hai goc nay & vi tri doi dién nén tir giac ABOC nai tiép.
2. AB= AC (tinh chét cua 2 tiép tuyén cat nhau tai 1 diém)
= AABC cantai A.
Ma AO la tia phan giac BAC (t/c 2 tiép tuyén cat nhau tai 1 diém)
nén AO la duong cao cua AABC hay AO L BC.
Xét AABO vudng o B c6 BE la duong cao, theo hé thirc luong trong tam giac vudng = OB* = OE.OA, ma
OB =R = R*=0E.OA
3. PK = PB (tinh chét cua 2 tiép tuyén cat nhau tai 1 diém).
KQ = QC (tinh chat cua 2 tiép tuyén cat nhau tai 1 diém).
Xét chuvi AAPQ=AP+AQ+QP =AP+AQ+PK+KQ =AP+PK+AQ+QC
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= AB+AC =2AB.
Ma (O) cb dinh, diém A cb dinh nén AB khéng thay doi.
QNO = PMO
4. C6:AO L MN,ACB=ABC = {NO=0M
NOQ = POM

MP_OM M

AOMP # AQNO = ON N = MP.QN =ON.OM = = MN? =4MP.QN

MN =2,/MP.QN < MP + NQ (Theo bét ding thirc Co-si)
Hay MP + NQ > MN (dpcm).

Céu 132.(Thay Nguyén Chi Thanh) Cho dudng tron (O) ¢ dudng kinh AB = 2R va diém C thugc
duong tron d6 (C khac A, B). Lay diém D thudc day BC (D khac B, C). Tia AD cat cung nho BC tai
diém E, tia AC cat BE tai diém F.

1. Chting minh FCDE Ia tir giac noi tiép.

2. Chuang minh DA.DE = DB.DC.

3. Chitng minhCFD = OCB. Goi | 1a tam dudng tron ngoai tiép tir giac FCDE. Chitng minh 1C 14 tiép
tuyén caa duong tron (O).

4. Cho biét DF = R, chang minhtan AFB =2

Huwoéng ddn

F

1. Chuang minh FCDE la tir giac noi tiép.
ACE = AEB =90° (g6c ndi tiép chan nira duong tron)
T giac FCDE ¢6 :

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122




FCD + FDE =180°

Ma 2 goc nay & vi tri ddi nhau nén = T giac FCDE la tir giac noi tiép
2. Chang minh DA.DE = DB.DC

Xét AACDva ABED co:

ACD =BED =90°

AACD # ABED(g.9)
ADC = BDE (d.d)

_,AD_BD . ADED-CD.BD (dpem)
CD ED

3. Vit giac FCDE la ti giac noi tiép (1) nén

CFD = CEA (goc néi tiép (1) cang chin cungCD)

Ma CED = CBA (goc néi tiép (O) cung chin cung CA)
= CFD=CBA

Lai co AOCBcan tai O nénCBA =0CB

— CFD=0CB (1)

AICF cantail: CFD=ICF (2)

Tir (1) va (2) = ICF =OCB

Ta co: ICF +1CB =90° (vi DIC 1a géc ndi tiép chin nia dudng tron)
= 0OCB+BCI =90°

= 0OC L Cl = IC la tiép tuyén cua (O).

4. Taco 2 tam gidc vudng AICO# AFEA(g.9)

CAE = %COE =COlI (g6c noi tiép chan CE) = CIO = AFB

Ma tanCIO :@:

= tan AFB =tanCIO = 2.

Céu 133.(Thay Nguyén Chi Thanh) Cho duong tron (O), dwong kinh AB = 2R. Goi d, vad, la hai
tiép tuyén cua duong tron (O) tai hai diém A va B. Goi | 1a trung diém cua OA va E 1a diém thudc duong
tron (O) (E khdng tring vai A va B). Puong thiang d di qua E va vudng goc véi El cit hai duong thang
d, va d, lan luot tai M, N.

1. Chuang minh AMEI 1a tir giac noi tiép.

2. Chuang minh ENI = EBI vaMIN =90°.
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3. Ching minh AM.BN = Al .BI.
4. Goi F 1a diém chinh gitra ciia cung AB khong chtra E cua dudng tron (O). Hay tinh dién tich cua tam

giac MIN theo R khi ba diém E, |, F thang hang.

Huwoéng ddn

d;

dy d

1. Chting minh AMEI noi tiép.
Xét tur giac AMEI co:
MAI + MEI =90°+90° =180° ma 2 géc nay & vi tri déi nhau
= T giac AMEI noi tiép.
2. * Chang minh ENI = EBI.
Xét tir giac ENBI co:
IEN + IBN =90°+90° =180° ma 2 géc nay & vi tri ddi nhau
= T giac ENBI noi tiép
= ENI = EBI (2 géc noi tiép cung chan cung EI)
* Chtng minh MIN =90°
Tu gidc ENBI noi tiép nén ENI = EBI | EMAI noi tiép nén EMI = EAI (2 géc ngi tiép cung chin cung EI')
Lai co: AEB =90° = EAI + EBI =90°

= EMI + ENI =90° = AMNI vudng tai |.Vay MIN =90°.
3. Chtrng minh AM.BN = Al .BI
Xét AAMI va ABNI c6: MAI = NBI =90°

AIM = BNI (cung phu véi goc BIN)
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— AAMI # ABIN (g.9)

jﬂzﬂ:AM.BN = Al .BI.
Al BN

4. Khi E,I,F thang hang AEF =% sd AF =45°

AMI = AEI = 45° (hai goc noi tiép cung chan cung Al )

= AMAI vubng can tai A.
2 2
= AM = Al =§:> Ml =VAM? + Al® =,/RT+RT ZRT\/E (Pinh Ii Pi-ta-go).

Chung minh tuong tu: ABIN vudng can tai B

2 2 2
:>BI=BN=3—R:>IN: BI?+BN’ = °R +9R :BR\/E SM,N:EMI.NI:E-R\E-?’R\E:?’R
4 16 16 2 2 2 2 2 4
(don vi dién tich).
Céu 134.(Thay Nguyén Chi Thanh) Cho duong tron (O; R), duong kinh AB. Ban kinh CO vudng

g6c véi AB, M 1a diém bét ki trén cung nho AC (M khac A va C), BM cit AC tai H. Goi K 1 hinh chiéu
cua H trén AB.

1. Chuang minh tir gidc CBKH la tir giac nai tiép.

2. Chang minh ACM = ACK

3. Trén doan thang BM ly diém E sao cho BE = AM. Chang minh tam giac ECM I tam giac vuéng can
tai C.

4. Goi dlatiép tuyén caa duong tron (O) tai diém A. Cho P 1a mot diém nam trén d sao cho hai diém P,

AP.MB

C nam trong cing mot nira mit phang bo AB va = R. Chtng minh duong thang PB di qua trung

diém cia doan thang HK.

Huwong ddn
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1. Chuang minh tr giac CBKH la tir giéc nai tiép:
Xét tir giac CBKH ta co:

BKH =90°

HCB = 90° (goc ndi tiép chan nia dudng tron)

= BKH + HCB =180°

Ma hai goc nay & vi tri di nhau

= Tu gidc CBKH noi tiép.

2. Chtrng minh ACM = ACK

Tt gidc CBKH nai tiép nén: HCK = HBK (2 gdc nai tiép cung chian cung HK)
Ta giac MCBA ndi tiép (O) nén: MCA = HKB (2 géc nai tiép cing chan cung MA)
= HCK = MCA

= ACM = ACK (bpcm).

3. Chang minh AECM vubng céan tai C.

ViCO L AB nénCOla duong trung truc cia AB = CA=CB

Xeét AAMC va ABEC co:

MAC = MBC (hai géc noi tiép cuing chin cung MC)

MA = BE (gt)

CA=CB(cmt)

= AAMC = ABEC(c.g.c) = MCA = ECB (2 gbc tuong ung) va CM = CE (2 canh tuong ung)
Mat khac: ECB + EAC = BCA=90°

= MCA+ECA=90°
Xét AEMC co:
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MCE =90°

— AECM vuong cén tai C (Ppcm).
CM =CE

4. Chting minh PB di qua trung diém cua HK

AP.MB AP R BO
MA AM MB BM

Theo dé bai:
Ma PAM = %Sd AM (t/c gbc tao boi tiép tuyén va day cung)

MBA = %sdAM (t/c goc ndi tiép chan cung AM )

— PAM = MBA = APAM # AOMB(c.g.c) (Hé qua)

:ﬂzﬁ:l: PA=PM
PM OM

Vay can lay diém P e d sao cho PA=PM (1)

Goi N 1a giao diém cua PBva HK, Q14 giao diém cua BM véi d

Xét AQMAvubng tai M c6: PA=PM = APMAcén tai P = PAM = PMA
PMA+ PMQ = 90°

PAM +PQM =90°

= PMQ = PQM = APMQ can tai P = PM =PQ (2)

T (1) va (2) = PM = PA=PQ.

Vi AQ //HK (cung vudng géc AB) nén:

NK_ % (Binh Ii Ta-let trong AABP)

PA

BN _ %(Binh li Ta-let trong APBQ)

BP

:&:ﬁ ma PA=PQ(cmt) = NK =NH

PA  PQ
= N 1a trung diém cua HK .

AP.MB

Vay véi Ped ma = Rthi PB di qua trung diém ciia HK .

Céu 135.(Thay Nguyén Chi Thanh) Cho duong tron (O) va diém A nam bén ngoai (0). Ké hai
tiép tuyén AM, AN véi duong tron (O). Mot duong thang d di qua A cat dudng tron (O) tai hai diém B
va C (AB < AC, d khong di qua tam O)

1. Chuang minh ta giac AMON noi tiép.

2. Chung minh AN? = AB.AC. Tinh d6 dai doan thang BC khi AB = 4cm, AN = 6cm.

3. Goi | 1a trung diém BC. Puong thang NI cit duong tron (O) tai diém tha hai T. Chirg minh: MT // AC.
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4. Hai tiép tuyén cua duong tron (O) tai B va C cét nhau tai K. Ching minh K thuéc mét duong thang ¢

dinh khi d thay di va thoa mén diéu kién dau bai.

Hwéng dén

A ¢

1. Chting minh ta giac AMON noi tiép.
Taco AM L OM (AM la tiép tuyén cua (O))
= OMA=90°
AN 1 ON (AN Ia tiép tuyén cuaa (O))
= ONA=90°
Xét tir giac AMON co:
OMA+ONA =90° +90° =180°
ma hai goc nay & vj tri ddi nhau
= tir giac AMON la tir giac noi tiép (dau hiéu nhan biét ta giac noi tiép).
2. Chung minh AN? = AB.AC. Tinh d6 dai doan thang BC khi AB = 4cm; AN = 6cm.
Xét (0): ANB = BCN (goc noi tiép va goc tao bai tia tiép tuyén va day cung cung chin cung BN).
Xét AANB va AACN :
CAN chung
ANB = BCN (cmt)
— AANB# AACN (g.0)

= % = % (tinh chat hai tam giac dong dang).

= AN? = AB.AC (Ppcm).
* Tinh d¢ dai doan thang BC khi AB = 4cm; AN = 6cm.
Ta c6 AN? = AB.AC (cmt) ma AB = 4cm, AN = 6¢cm nén: 4.AC =6° < AC =9(cm) ma AB+BC=AC

nén BC =5cm.
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3. Chtrng minh MT /I AC.

Xét (0): 1 1a trung diém cua day BC

=0l L BC (quan hé vudng goc gitra duong kinh va day)

T giac I0AN noi tiép vi ANO = AIO = 90°

= AIN = AON (hai goc noi tiép cting chan AN) ma hai goc ciing nhin canh AO (1)
AM, AN I2 hai tiép tuyén (O) cit nhau tai A.

= OA la phan giac MON (t/c hai tiép tuyén cat nhau)

= AON :%MON

MaMTN = % MON (géc ndi tiép va goc & thm cung chan cung MN).

— MTN = AON (2)

Tur (1) va (2) ta c6: MTN = AIN ma hai goc nay & vi tri dong vi

= MT // AC (d4u hiéu nhan biét hai duong thing song song).

4. Hai tiép tuyén (O) tai B va C cat nhau ¢ K. Chitng minh K thugc mot duong thang ¢6 dinh khi d thay
doi thoéa man diéu kién dé bai.

* MN cét OA tai E.

Ta chirng minh dugc MN L OA= EM 1 OA

Ta chimg minh dugc O1.OK = OE. OA (=0B? =OM? =R?)

Tur d6 chimg minh dugc AOEK # AOIA (c.g.c)

— OEK =OIA=90"

= EK L. OA ma EM 1 OA=EM trung EK.
K thuoc MN cé dinh (dpecm).

Ciu 136.(Thay Nguyén Chi Thanh) Cho duong tron (O; R) duong kinh AB ¢é dinh. V& duong kinh
MN cua duong tron (O; R). (M khac A, M khac B). Tiép tuyén cua duong tron (O; R) tai B cat céc
duong thang AM, AN lan luot tai cac diém Q, P.

1. Chung minh ti gidc AMBN la hinh chir nhat.

2. Chiing minh bén diém M, N, P, Q cuing thugc mot dudng tron.

3. Goi E la trung diém cua BQ. Puong thiang vudng goc véi OE tai O cat PQ tai F. Chieng minh F 14 trung
diém cua BP va ME // NF

4. Khi duong kinh MN quay quanh tdm O va thoa man diéu kién dé bai, xac dinh vi tri caa duong kinh
MN dé tir gilc MNPQ c6 dién tich nho nhat.

Huwong dan
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1. Chtng minh t& giac AMBN la hinh chir nhat.

Tacé AMB = MBN = BNA = NAM =90° (4 goc ndi tiép chan nira duong tron)
= AMBN Ila hinh chi nhat.

2. Taco ANM = ABM (2 géc ndi tiép cung chin cung AM)

ABM = MQB (2 goc cung phu vai goc QBM )

— ANM = MQB

Ma ANM + MNP =180° = MQB + MNP =180° ; hai goc nay lai ¢ vi tri di nhau
= MNPQ la ti gi4c noi tiép.

3. * Chuang minh F la trung diém cua BP.

E Ia trung diém cua BQ, O la trung diém cua AB

= OE la duong trung binh cuia AABQ

= OE //AQ (tinh chat duong trung binh cua tam giac)

Ma OE LOF; AQ L AP

—=OF //AP

Lai ¢6 O la trung diém cua AB = OF la dudng trung binh cia AABP .

= F la trung diém cua BP.

* Chtng minh ME // NF

ANPB vuéng tai N, ¢6 F la trung diém cua canh BP= NF = BF = FB :%BP (duong trung tuyén tng véi

canh huyén bang mét nira canh huyén)
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Xét AONF va AOBF co:

ON=0B=R
OF chung = AONF = AOBF (c.c.c)
FN = FB (cmt)

= ONF =0OBF =90° (2 goc twong (ng)

= ON L NF

Chung minh tuong tu ta c6OM L ME = ME//NF (cung vubng goc véi MN).
1

4. S =Susea~Som = ABPQ —% AN.AM =R.PQ —% AM.AN
AD HTL trong aAPQ L tai A cd: AB* =BP.BQ
Ap dung bt dang thuc Co-si ta co6: PB+BQ > 2,/PB.QB =2,/(2R)* =4R

AMZ+AN?2  MN?
2

Taco: AM.AN < =2R?

> 3R?

MNPQ =

2S\po > 2RAR—2R* =6R* = S

DAau bang xay ra khi AM = AN va PQ = BP. Hay MN vudng géc véi AB.
Vay dé ta giac MNPQ cé dién tich nho nhét thi duong kinh MN vubng goc véi duong kinh AB.

Ciu 137.(Thay Nguyén Chi Thanh) Cho nira duong tron thm O duong kinh AB. Lay diém C trén
doan thang AO (C khac A, C khac O). Puong thang di qua C vudng goc vai AB cat nira duong tron tai
K. Goi M 1a diém bat ki nam trén cung KB (M khéc K, M khac B). Buong thang CK cat duong thang
AM, BM lan luot tai H va D. Puong thang BH cat nira duong tron tai diém thir hai la N.

Chuang minh t gidc ACMD la tir giac noi tiép.

Chung minh CACB =CH.CD.

Chting minh ba diém A, N, D thang hang va tiép tuyén tai N cua duong tron di qua trung diém caa DH.

el

Khi M di dong trén cung KB, chimg minh duong thang MN luén di qua mot diém co dinh.

Huwong ddn
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1. Vi ACD = AMD = 90°ma hai goc nay cung nhin canh DA (nén M, C thudc dudng tron duong kinh AD).
Vay tir giac ACMD noi tiép.

2.Chung minhCACB = CH.CD

Xét ACAH vaACDBc6: ACH =DCB=90° (1)

Mat khac CAH = CDB (cung phu véi goc CBM)  (2)

Tur (1) va (2) = ACAH # ACDB (g.9)

= CACB=CH.CD (bpcm).

3 .* Chitng minh A, N, D thang hang

Vi AM va DC la duong cao cua tam giac ABD nén H la tryc tdm AABD
= AD 1 BH; AN L BH

Nén A, N, D thing hang

* Goi E la giao diém ciia CK va tiép tuyén tai N.

Tac6:BN L DN,ON L EN

= DNE = BNOma BNO =0OBN, OBN = EDN

= DNE = EDN = ADEN céan tai E= ED =EN (3)

Ta c6: ENH =90° — END =90° — NDH = EHN

— AHEN can tai E= EH =EN (4)

Tir (3) va (4)= E 1a trung diém cua HD (Ppcem).

1. Chting minh MN luén di qua mot diém cé dinh.

Goi | 1a giao diém cia MN va AB, ké IT Ia tiép tuyén cua nira duong tron voi T la tiép diém
AINT ~ ITM (g —g) = IN.IM = IT2 (5)

Mit khac: EM L OM (vi AENO = AEMOVAEN L ON )

= N,C,0,M cung thuoc 1 duong tron= IN.IM =10.1C (6)

Tir (5) va (6)= IC.I0 = IT?

= AICT# AITO=CT LI0=T=K

= | 1a giao diém cua tiép tuyén tai K cua nira dudng tron va duong thang AB

= | ¢6 dinh (Ppcm).

Céu 138.(Thay Nguyén Chi Thanh) Cho dudng tron (O) va mot diém A nam ngoai duong tron. Ké
tiép tuyén AB véi duong tron (O) (B 12 tiép diém) va duong kinh BC. Trén doan thang CO lay diém I (I
khac C, | khac O). Puong thang IA cit (O) tai hai diém D va E (D nam giita A va E). Goi H 1a trung
diém cia doan thiang DE.

1. Chuang minh bbn diém A, B, O, H ciing nam trén mot duong tron.
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2. Chtrng minh E:E
AE BE

3. Puong thing d di qua diém E song song vai AO, d cit BC tai diém K. Chting minh: HK //DC.
4. Tia CD cit AO tai diém P, tia EO cit BP tai diém F. Chirng minh ti giac BECF Ia hinh chit nhat

Huwoéng ddn

B

1. Chuang minh bén diém A, B, O, H ciing nam trén mot duong tron.
Chung minh dugc ABO =90°

Chtrng minh dugc AHO =90°

= T gidc ABOH noi tiép

Suy ra bén diém A, B, O, H cling nam trén duong tron duong kinh AO.

2. Chuang minhﬁzE
AE BE

Chung minh dugc ABD = AEB

Xét AABD va AAEB co: EAB chung
Chung minh dugc AABD# AAEB (g.9)

3. Chang minh KH // DC

T gidc ABOH noi tiép= OBH = OAH maOAH = HEK (do EK//AQ)
= HBK = HEK.

Suy ra ti giac BHKE nai tiép

Chting minh dugc BKH = BCD (cuing bang BEH )

Két luan HK // DC.

4. Chang minh t giac BECF la hinh chir nhat.
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Goi giao diém tia CE va tia AO la Q, tia EK va CD cit nhau tai diém M
Xét AEDM c6 HK // DM va H 1a trung diém cua doan DE, suy ra K 14 trung diém cua doan thang ME.

C6ME // PQ= KE _MK (cling bang %) suy ra O 1a trung diém cua doan PQ
0Q OP co

C06:0P =0Q; OB =0C. Suy ra tir giac BPCQ la hinh binh hanh. Suy ra CE // BF.
Chung minh dugc ACOE = ABOF (g.c.g)= OE =OF

Ma OB =0C =0OE = OB =0C =OE =OF Suy ra tir giac BECF la hinh chir nhat.
Cach 2:

Ké tiép tuyén AT voi (O), chang minh APDT noi tiép (PAT + PDT =180°)

— ATP = ADP, ma ADP =CDE,CDE =CBE = ATP =CBE (1), chung minh ATAP =ABAP (g.c.g)
= ATP = ABP (2)

Tir (1) va (2) = ABP =EBC

Dan dén EBF =90° = EF la duong kinh =BECF Ia hinh chir nhat (Ppcm).
Cach 3:
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Chtng minh AEHB# ACOP (g.9) =

EB_EH _ED
CP CO CB

= AEDB# ACBP

= EDP =CBP

EDB +CDE =90°, CDE = EBC = EBP =90° = BECF la hinh ch@t nhat (Ppcm).

Céu 139.(Thay Nguyén Chi Thanh) Cho dudng tron (O) ngoai tiép tam giac nhon ABC. Goi M, N

A

lan Iuot 1a diém chinh gitta cua cung nhd AB va cung nhé BC. Hai day AN va CM cat nhau tai diém 1.
Day MN cit c4c canh AB va BC lan luot tai cac diém H va K.

Chuang minh bén diém C, N, K, | thugc cling mot duong tron..

Chiing minh NB* = NK.NM.

Chang minh tar giac BHIK Ia hinh thoi.

Goi P va Q lan Iuot 1 tAm cua cac dudng tron ngoai tiép tam giac MBK, tam gidc MCK va E la trung

diém cia doan PQ. V& duong kinh ND ciia dudng tron (O). Chirng minh ba diém D, E, K thang hang.

Huwong ddn

O
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1. Chting minh bén diém C, N, K, I thudc ciing mot dudng tron.
Ta c6: MCB = ANM (2 gdc ndi tiép chan hai cung bang nhau).
= ICK = INK

Ma hai géc ndy & cung nhin canh IK trong ti giac IKNC tir hai dinh ké nhau
= IKNC I tir gi4c noi tiép

= C,N, K, I thuoc cung mot duong tron.

2. Chang minh NB? = NK.NM.

BMN = NBC (hai goc ndi tiép cuing chin hai cung bang nhau).
Xét ANBK va ANMB co:

MNB chung

BMN = NBC (cmt)

— ANBK # ANMB (g.g)

:E :M: NB? = NK.NM (dpcm).
NK NB

3. Chtrng minh tir giac BHIK Ia hinh thoi
N&i BI cét duong tron (O) tai F= AF = FC

Ta c6 BMH = HMI (vi cung nhin cung BN = NC)

MBI =%(Sd‘MA+ sdAF) (g6c noi tidp chin MF)

MIB = %(deB +sd Fc) (26¢ c6 dinh bén trong dudng tron)

MaMA = MC; AF =CF nén MBI = MIB

= ABMI cén tai M c6 MN la phéan giac

= MN la duong trung truc cua BI.

= HK 1 BI,BH =HI, BK =KI (1)

M3t khac HBF = FBC (hai goc ndi tiép chan hai cung AF = FC)
= ABHK ¢0 BF 1a phan giac ciing la duong cao
— ABHK cén tai B=> BH = BK (2)

Tur (1) va (2) ta c6 BHIK 12 hinh thoi.

4. Chtg minh ba diém D, E, K thang hang
QCK =90°-CMK

= QCK =90°-CBN

— QCK =90°-BCN
= CQ L CN nén C, D, Q thing hang.
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Chtrng minh tuong tw tacé D, B, P

thang hang.

Lai c6 CKQ =90° —CMK

= KBP =90° - BMK

MaCMK = BMK nén CKQ = KBP

Hay KQ // DP.

Tuong tu KP // DQ

Nén KPDQ la hinh binh hanh. Hinh binh hanh KPDQ cd hai

duong chéo KD va PQ cit nhau
tai trung diém madi duong. Nén D, E, K thiang hang (Ppcm).

Ciu 140.(Thay Nguyén Chi Thanh) Cho duong tron (O; R) véi day cung AB khong di qua tam.
L4y S 12 mot diém bat ki trén tia d6i cua tia AB (S khac A). Tir diém S vé hai tiép tuyén SC, SD véi
duong tron (O; R) sao cho diém C nam trén cung nho AB (C, D 1a c4c tiép diém). Goi H 1a trung diém
ctia doan thiang AB.

1. Chting minh nam diém C, D, H, O, S thudc duong tron duong kinh SO.

2. Khi SO = 2R, hiy tinh d6 dai doan thang SD theo R va tinh s6 do CSD.

3. Puong thang di qua diém A va song song véi duong thang SC, cat doan thang CD tai diém K. Ching
minh t& giac ADHK I tir giac noi tiép va duong thang BK di qua trung diém cua doan thang SC.

4. Goi E 1a trung diém cta doan thang BD va F 12 hinh chiéu vudng goc cua diém E trén dudng thang AD.
Chung minh rang, khi diém S thay doi trén tia ddi cua tia AB thi diém F luén thuoc mot duong tron cb
dinh.

Huwong ddn

1. Chting minh nim diém C, D, H, O, S thudc duong tron dudng kinh SO.
SD, SC la tiép tuyén cua duong tron (O; R)
= 0D _LSD,0C LSC
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= D, Cthudc duong tron duong kinh SO (1)

Mt khac H 1a trung diém cua AB

= OH 1L AB = SHO =90°

= H thudc duong tron

duong kinh SO (2).

Tu (1) va (2) = C, D, H, O, S cung thudc duong tron duong kinh SO.
2. Tinh d¢ dai doan thang SD theo R va s do gocCSD .
Xeét ASDO co:

SO? =SD’ + DO?

= SD? = SO? - DO? = 4R* - R* =3R?

= SD=R\3

Ta cd:sin DSO =§—g = % = DSO =30° = CSD =60".

3. ViS, D, O, H cung thugc mot dudng tron nén SHOD 1a tir giac noi tiép
= AHD =S0OD = %COD(géc noi tiép cung chan SD) (3)

Lai c6: AKD = SCD (d6ng vi) nén AKD :%sd CD= %COD (4)
Tur (3) va (4) = AHD = AKD = ADHK néi tiép.

Goi M 1a giao diém cuia BK va SC.

Goi N 1a giao diém cua AK va BC.

Ta c6: KHA=CBS vi KHA=ADK (2 géc noi tiép cung chin AK)

ADK = CBS (2 g6c ndi tiép cung chan AC)
= HK //BC ma H 14 trung diém AB nén K 1a trung diém caa AN. Suy ra AK = KN.
6 AK _ KN _ BK
SM CM BM
4. Chuang minh rang, khi diém S thay doi trén tia di cua tia AB thi diém F ludn thuoc mot dudng tron cb
dinh.

ma AK = KN nén SM = CM nén M la trung diém cua SC.

Ké duong kinh AA'ctia duong tron tdm O.

Tac6 ADA'=90° = DA' L DAma EF L DA= EF //DA".

Kéo dai EF cit BA'tai G.

EG//DA',Ela trung diém ciia BD nén G la trung diém cia BA'.

AA' 1a duong kinh duong tron tdm O nén A' ¢b dinh=> BA' ¢4 dinh. Vay G cé dinh.
Ma AFG =90° = F thudc dudng tron duong kinh AG ¢b dinh (dpem).
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Céu 141.(Thay Nguyén Chi Thanh) Cho duong tron(O),duong kinh AB. V& céc tiép tuyén Ax, By
cta duong tron. M 1a mot diém trén duong tron (M khéc A, B). Tiép tuyén tai M cua dudng tron cit Ax, By
lan luot tai P, Q.

1. Chting minh rang: Tt gidc APMO nai tiép.

2. Chiing minh rang: AP + BQ = PQ.

3. Chiing minh rang: AP.BQ = AO?.
4. Khi diémM di dong trén dudng tron(O),tim cac vi tri ciia diém M sao cho di¢n tich ta gidc APQB nho

nhat.

Huwéng ddn

1. Xét ta giac APMQ, ta c6 OAP = OMP =90° (vi PA, PM Ia tiép tuyén cua (O))
Vay tir giac APMO noi tiép.

2. Tac6: AP = MP (tinh chét hai tiép tuyén cat nhau tai mot diém)

BQ = MQ (tinh chat hai tiép tuyén cit nhau tai mot diém)

= AP+BQ = MP + MQ = PQ(Bpcm).

3. Taco OP la phan giac AOM (tinh chét hai tiép tuyén cat nhau tai mot diém)

OQ la phan giac BOM (tinh chat hai tiép tuyén cat nhau tai mot diém)
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Ma AOM + BOM =180° (hai g6c ké bu) = POQ =90°

Xét APOQ c6: POQ =90° (cmt)

OM 1 PQ (PQ la tiép tuyén cua (O) tai M)

Ap dung hé thirc luong vao APOQ vudng tai O c6 duong cao OM

= MP.MQ = OM ?(hé thtrc lugng)

Lai c6 MP = AP; MQ = BQ (cmt); OM = OA (ban kinh)

Do d6 AP.BQ = AO* (Bpcm).

4. Tu giac APQB c6: AP//BQ (AP L AB;BQ L AB), nén tir gidc APQB la hinh thang vudng.

(AP+BQ).AB _PQ.AB
2 2

Ma AB khong ddi nén S ., dat GTNN < PQ nho nhat

= SAPQB =

< PQ=AB < PQ//AB<OM L AB

<> M la diém chinh giira AB

2
Tac M trung M, hodc M, thi S ., dat GTNN la AE :
Céu 142.(Thay Nguyén Chi Thanh) Cho duong tron (O) va diém A nam ngoai duong tron. V& cac tiép

tuyén AM, AN véi cée duong tron(O) (M, N €(0)). QuaAvé mot dusng thang cat duang tron (O) tai
hai diém B,C phan biét (B nam giita A,C). Goi H 1a trung diém cua doan thang BC.

1. Chuang minh ta giac ANHM nai tiép dugc trong duong tron.

2. Chirng minh AN? = AB.AC.

3. Puong thiang qua B song song vai AN cat doan thang MN tai E. Ching minh EH //NC.

Huwong dédn

M
7

c
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1. Vi AN, AM la tiép tuyén caa (O) nén ANO = AMO = 90°
= A;M;O; N € duong tron duong kinh AO

Goi J 1a trung diém cua AO

Vi H la trung diém cua BC nenOH L BC = AHO =90°

= H,O e duong tron duong kinh AO

SuyraA, O, M, N, H thuoc duong tron tdm J duong kinh AO
Suy ra AMHN Ia ttr giac ni tiép duong tron.

2. CO ANB = ACN (gdc tao bai tiép tuyén va day cung BN va goc nai tiép chan BN)
Xét AANB va AACN co:

ANB = ACN (cmt)

BAN chung

= AANB # AACN (g.9)

jﬂzﬁ:ANz = AB.AC.
AC AN

3. Goi | 1a giao diém cua MN va AC
Ta co MN Ia truc dang phuong caa duong tron (J) va (O).
| € MN nén phuong trinh tich cua | d6i véi (J) va (O) bang nhau.

—~IAIH=BIC=B_1H
IA IC
viee//ANnenB = 1B LB enine,
IA- AN "IN IC
Céu 143.(Thay Nguyén Chi Thanh) Cho duodng tron tdmObéan kinhRva mot diémAsao cho

OA=3R.Qua Aké 2 tiép tuyén AP va AQ véi dudng tron (O; R) (P, Q 1a 2 tiép diém). Lay M thudc duong
tron (O; R) sao cho PM song song véi AQ . Goi N 1a giao diém thir hai cua dudng thaing AM véi dudng tron
(O;R).TiaPN cat duong thang AQ tai K.

1. Chuang minh ta giac APOQ la tir gi4c ndi tiép va KA? = KN.KP

2. Ké duong kinh QS ciia duong tron(O; R). Chitng minh NS I tia phan giac cia PNM.

3. GoiG la giao diém cua 2 duong thang AO va PK. Tinh d6i dai doan thiang AG theo béan kinh R.

Hwéng dédn
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1. Taco6: APO = AQO =90°

Trong tt giac APOQ ¢6 tong hai goc ddi bang 180°

Suy ra ti giac APOQ néi tiép duong tron

PM //AQ = PMN = KAN (so le trong)

Ma PMN = APK (goc tao bai tiép tuyén va day cung PN va gac néi tiép chan PN)
= KAN = APK

Xét AKAN va AKPA co:

K chung

KAN = KPA (cmt)

= AKAN# AKPA(g.9)

 SA_KN k= KN.KP(Bpcm).
KP KA
2. Taco: AQ L QS (AQ la tiép tuyén cua (O) 6 Q)
MaPM //AQ (gia thiét) nén PM L QS
Puong kinhQS L PM nén QS di qua diém chinh gitta PM nh¢
sdPS =sdSM = PNS = SNM (hai gdc néi tiép chin hai cung bing nhau)
Hay NS la tia phan giac PNM (Bpcm).
3. Goi H la giao diém cua PQ va AO
= AH L PQ (tinh chét hai tiép tuyén cit nhau tai 1 diém)
Ap dung hé thirc lwong trong tam giac vudng AOQ ta co:
2 2
oY _R*_1p

0Q°=0OH.OA=OH = —=
OA 3R 3
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= AH =0A-0OH :3R—%R:2R

KPQ = %stQ (g6c noi tiép chan NQ)

NQK =%stQ (g6c tao bai tia tiép tuyén va day cung NQ)

— NQK =KPQ
Xét AKNQ va AKQP ¢6:
NQK = KPQ (cmt)

K chung

= AKNQ # AKQP(g.9)

KN _KQ _ ko? =kN.KP
KQ KP
Ma AK? = NK.KP nén AK = KQ
Vay AAPQ c6 cac trung tuyén AH va PK cit nhau & G nén G la trong tam

Ciu 144.(Thay Nguyén Chi Thanh) Cho tam giac ABC nhon(AB < AC) noi tiép duong tron (O), hai
duong cao BE,CF cét nhau tai H. Tia AO cat duong tron(O) tai D .

1. Chuang minh ta giac BCEF nai tiép duong tron;
2. Chang minh ta gidc BHCD la hinh binh hanh;
3. Goi M Ia trung diém cua BC, tia AM cat HO tai G. Chitng minh G 1a trong tam cua tam giac BAC .

Huwéng ddn

1. Xét tt giac BCEF ¢ BFC = BEC = 90° (cung nhin canh BC)
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= Tt gi4c BCEF la tt giac noi tiép.

2. Tac6: ACD = 90° (gbc noi tiép chin nira duong tron) = DC L AC

MaHE L AC;suy raBH//DC (1)

Chung minh tuwong tu: CH //BD (2)

Tur (1) va (2) suy ra BDCD la hinh binh hanh.

3. Tac6 M la trung diém cua BC suy ra M trung diém HD.

Do d6 AM, HO 1 cac dudng trung tuyén caa AAHD = G 14 trong tam cua AAHD

GM 1
AM 3
Xét tam giac ABC c6 M trung diém cua BC va% 1
AM 3
Suy ra G la trong tdm cua AABC.
Céu 145.(Thay Nguyén Chi Thanh) Cho dudng tron(O;R) cé dudng kinh AB cé dinh. Trén tia doi

cua tia AB lay diém C sao cho AC = R. QuaC ké duong thang d vudng goc véi CA Ly diém M bat Ki trén
(O) khéng trang véi A, B. Tia BM cét duong thang d tai P. TiaCM cét duong tron(O) tai diém tha hai 1aN,
tia PA cat duong tron(O) tai diém tha hai 13Q .

1. Chuang minh tir giac ACPM la tir gi4c ni tiép;

2. TinhBM.BPtheoR.

3. Chutng minh hai duong thang PC va NQ song song;

4. Chting minh trong tim G cua tam giac CMB ludn nam trén mot duong tron ¢b dinh khi M thay doi trén(O).

Huwéng ddn
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1. Taco AB la dudng kinh cia(0),M e(0)= AMB Ia goc néi tiép chin nira dudng tron
= AMB =90° = AMP =90°.

Mat khac

ACP =90°(gt) = AMP + ACP =180° ma hai goc & vi tri déi nhau

Suy ra t giac ACPM nai tiép duong tron.
2. XétABAM va ABPC co:

AMB = BCP =90°

MBAchung

— ABAM # ABPC(g.g)

BM BA
->—=—
BC BP

= BM.BP = BABC =2R.3R=6R".

3. Taco:

AMNQ la tir giac noi tiép= MNQ = PAM (géc trong tai mot dinh va géc ngoai tai dinh d6i dién) (1)
AMPC la ti giac noi tiép= PCM = PAM (hai goc noi tiép cling chin PM) (2)

Tu (1) va (2) = MNQ = PCM

Ma hai goc nay ¢ vi tri so le trong= PC //NQ.

4. Goi D la trung diém cua BC = D1a diém cb dinh

Qua G ké dudng thang song song véi MO cit AB tai |

G la trong tdm ABCM nén G e MDva MG = % MD (tinh chat trong tdm trong tam giéc)

DoGlI / /MO
Ap dung dinh ly Ta-lét cho ADMOtacé | e DOva ot :M—G :g =0l = gOD
OD MD 3 3
Ma O, D 14 hai diém c6 dinh nén I ¢6 dinh
Do Gl //MO nén theo dinh IyTa-Iéttacé:ﬂ:E:E: IG=1MO:E
MO D 3 3 3

\ . R .
= G ludn cach diém | ¢6 dinh mot khoang 3 khong doi.

. ) 2 A3 < a . .. R
=Khi M di dong, diém G ludn nam trén duong tron tdm I, ban klnhg-

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122




Céu 146.(Thay Nguyén Chi Thanh) Cho AABC c6 ba goc noi tiép duong tron (O),ban kinhR. Ha
duong cao AH, BK ciia tam giac. Cac tia AH, BK lan luot cit(O) tai cc diém thir hai 1aD, E.

1. Chiing minh ti giac ABHK nai tiép dudng tron. Xac dinh tam duong tron do.

2. Chang minh. HK / /DE.

3. Cho (O)vaday AB cé dinh, diém C di chuyén trén(O) sao cho AABC c6 ba géc nhon. Ching minh riang do

dai ban kinh duong tron ngoai tiép ACHK khong ddi.

Huwéng ddn

O

1. Tirgidc ABHK c6 AKB = AHB =90°, ma hai géc cung nhin canh AB
Suy ra tir giac ABHK noi tiép duong tron duong kinh AB.

2. Theo cau trén tir giac ABHK nai tiép (J) véi J 1a trung diém cua AB
Nén BAH = BKH (hai g6c noi tiép cting chin BH cua (J))

Ma BAH = BAD (A, H, K thang hang)

BAD = BED (hai géc cting chian BDcua (0))

Suy raBKH = BED, ma hai goc nay ¢ vi tri dong vi nén HK / /DE.

3. Goi T la giao diém cuia hai duong cao AH va BK

Tu gidc CHTK c6 CHT = CKT =90°

Suy ra tir gidc CHTK noi tiép duong tron duong kinh CT

Do @6 CT 1a duong kinh ciia duong tron ngoai tiép ACHK (*)

Goi F 1a giao diém cua CO vai (O) hay CF 1a duong kinh caa (O)

Ta c6: CAF =90° (gbc nai tiép chin nira (0)) = FA L CA

MaBK L CA(gt)

NénBK //FAhay BT //FA (1)
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Ta c6: CBF =90° (g6c noi tiép chin nira (O))= FB L CB

Ma AH L CB(gt)

Nén AH //FBhay AT //FB (2)

Tur (1) va (2) ta co tir giac AFBT la hinh binh hanh (hai cap canh di song song)

Do J 1a trung diém cua dudng chéo AB

Nén J ciing 14 trung diém cua duong chéo FT (tinh chat dudng chéo hinh binh hanh)
Xét ACTF ¢6 O 1a trung diém cua FC, J 12 trung diém cua FT

Nén OJ la duong trung binh caa ACTF

=0J = %CT (**)

Tir (*) va (**) ta c6 do dai cua OJ bang do dai ban kinh dwdng tron ngoai tiép ACHK
Ma d6 dai cia OJ 1a khoang cach tir tim O dén day AB (J 1a trung diém cua day AB)
Do (O) va day AB ¢ dinh nén do dai OJ khong doi.

Viy d6 dai ban kinh duong tron ngoai tiép ACHK khong doi.

Céu 147.(Thay Nguyén Chi Thanh) Cho xAy =90°, vé dudng tron tam A ban kinh R. Duong tron nay
cat Ax, Ay thir tu tai B vaD. Céc tiép tuyén véi duong tron( A)ké tir B va D cét nhau tai C.

1. Ta giac ABCD la hinh gi? Ching minh?

2. TrénBC lay diémM tdy y (M khacBvaC) ké tiép tuyén MH véi duong tron(A), (H la tiép diem). MH

cat CDtai N. Chung minh raing MAN = 45°,
3. P;Qthtr ty Ia giao diém ctia AM; AN véi BD. Chiing minh rang MQ; NP 14 cac duong cao cia AAMN.,

Huwoéng ddn
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1. Theo tinh chét tiép tuyén ta co:
CBA= ADC =90°
Xét tir giac ABCD co:
BAD =90°
{CBA = ADC =90° (cmt)

= ABCD Ia hinh chix nhat.
Ta co AB = AC =Rnén ABCD la hinh vuéng.
2. Xét AADN vudng vaAAHN vudng cé:

AN chung
AD=AH =R

= AADN = AAHN (canh huyén — canh géc vuéng)
= DAN = HAN

Tuong tu: DAN + HAN + HAM + BAM = xAy = 90°

= 2.HAN + 2.HAM =090°

= HAN + HAM =45°

= MAN =45°,

3. XétABCDvubng cé: BC=CD=R

= ABCD vubng céan tai C = CBD =45°

Ta co A, B 1a hai dinh cing nhin QM mét géc 45°
= Tt gidc ABMQ la t& giac noi tiép.

= AQM + ABM =180°

= AQM =180° — ABM =180°-90° =90°

= MQ L AN = MQ la duong cao cua AAMN (dpcm)
Tuong tu ADNP |4 t&r giac noi tiép

= NP L AM = NP la duong cao trong AAMN
Vay MQ, NP la cac duong cao trong AAMN (dpcm)

Ciu 148.(Thiay Nguyén Chi Thanh) Cho AABC (AB < AC)c6 3 géc nhon noi tiép trong dudng tron
(O; R).Vé duong cao AH cua AABC, duong kinh AD cua dudng tron. Goi E, F lan luot 1a chan duong
vudng goc ké tir C va B xudng dudng thang AD. M 1a trung diém cua BC.

1. Chting minh cac t giac ABHF va BMFO noi tiép.
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2. Chang minh HE//BD.

3. Chung minhS,.. :% (S, 12 dién tich AABC).

Huwong dén

1. Theo dé bai ta c6: AHB = BFA =90°ma 2 gdc cung nhin canh AB
Vay ti giac ABHF noi tiép duong tron duong kinh AB.
C6 M 1a trung diém 1a BC ma BC la day cung néenOM L BC

Khi d6 BFO = BMO =90°ma 2 g6c & vi tri di nhau
Vay ti giac BMOF noi tiép duong tron duong kinh OB.
2. Theo dé bai: AEC = AHC =90° = ACEH Ia t& giac noi tiép

Suy ra: CHE = CAE = %CE (2 g6c ndi tiép cung chan EC)

Lai c6: CAE =CAD =CBD = %CD (2 g6c nai tiép cung chan DC)

Nén CHE = CBD ma ching & vj tri dong vi suy ra: HE / /BD.

3. TacH: Sy = % BC.AH = % BC.AB.sin ABC (AH = AB.sin ABC)

Mt khéc trong AABC c6: ABD = 90° (g6c néi tiép chin nira duong tron)
Nén AB = AD.sin ADB = 2Rsin ACB (ADB = ACB vi hai gdc néi tiép cling chian AB)

AC =2R.sin ABC

Tuong tu ta co:
BC =2R.sinBAC

Ta c6: AB.AC.BC =8R®.sin ACB.sin ABC.sin BAC (1)

Sppc = % BC.AB.sin ABC = %.2R.sin BAC.2R.sin ACB.sin CBA = 2R .sin BAC.sin ACB.sin CBA(2)
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Tir (1) va (2) = —eec 1

ABBACA 4R
AB.AC.BC
Vay S,po=—— -
Y Opapc IR
Céu 149.(Thay Nguyén Chi Thanh) ChoAABCnhon (AB<AC)ba dudng cao AP,BM,CN cua

AABC cat nhau tai H.

1. Chiing minh t& giac BCMN noi tiép.

2. Chang minh AANM -~ AACB.

3. Ké tiép tuyén BD véi dudng tron duong kinh AH (D 14 tiép diém) ké tiép tuyén BE véi dudng tron duong
kinh CH (E la tiép diém). Ching minh BD = BE.

4. Giasu AB =4cm; AC = 5cm; BC = 6¢cm. Tinh MN.

Huwéng ddn

1. Tac6:BMC =BNC =90°
Ma hai dinh M, N cting nhin BC = Tt giac BCMN nai tiép duong tron.
2. Xeét AANM va AACB co:

Achung

ANM = ACB (cung bu véi BNM )

Suy ra = AANM # AACB (g.9).

3. Goi O la tam duong tron duong kinh AH

Goi | 1a tam duong tron duon kinh CH
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Xét ABDH va ABMD co:
B chung
BDH = BMD (cung phu v6i MDH)

BD _BH

Suy ra: ABDH # ABMD (g.0)=
y (9.9) 5N ED

= BD*=BM.BH (1)

Ta c6: EMC = EHC (2 gdc noi tiép cung chan EC)
Ma HME + EMC = 90°(gt) = HME + EHI =90°
Lai c6 IHE = HEI do AHIE cén tai |

= HME + HEI =90°

Xét ABHE va ABEM c6:

HBE chung

BEH = BME (cung phu véi HEI )

Suy ra: ABHE # ABEM (g.g):% =% = BE*=BM.BH (2)

Tu (1) va (2) suy ra: BE = BD.

4. DEtAN =x; NB=4-x(0<x<4)

Ap dung dinh ly Pi-ta-go ta co:

CN? = AC? — AN?

MaCN?=BC?-BN?

= AC?— AN? =BC?—BN? 52— x* =62~ (4-x)’

< 25-x>=36-16+8x—x* <= 25-36+16=8x <= 8x=5< x=0,625

Vay AN = 0,625
Lai c6: AANM# AACB (cmt)
AN MN
> — =
AC BC
— MN = AN.BC _ 0,625.6 _0,75(cm).
AC 5
Céu 150.(Thay Nguyén Chi Thanh) Cho nira dudng tron O duong kinh AB =2 R. Biém M di chuyén

trén nira duong tron (M khéc AvaB). C la trung diém cua day cung AM. Puong thang d 1a tiép tuyén voi
nira duong tron tai B. Tia AM cat d tai diém N . Puong thang OC citd tai E .
1. Chting minh: t& giac OCNB noi tiép.
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2. Chtrng minh: AC.AN = AO.AB.
3. Chtrng minh: NOvudng géc vai AE.
4. Timvi tri diém M sao cho (2.AM + AN )nhé nhat.

Huwéng ddn

1. Theo tinh chét day cung ta c6: OC L AM = OCN =90°

BN Ia tiép tuyén cua (O) tai B=> OB L BN = OBN =90°

Xét tir giac OCNB ¢6 tong goc dbi: OCN +OBN =90° +90° =180°
Do d6 tir gidc OCNB nai tiép.

2. Xét AACO va AABN co:

CAO chung

ACO = ABN =90°

AC AO

Suy ra= AACO# AABN(g.0) > —=——
Y (gg) AB AN

Do d6: AC.AN = AO.AB (dpcm).
3. Theo ching minh trén ta co:
OC L AM = EC L AN = EC 1a dudng cao ciia AANE (1)
OB L BN = AB L NE = AB la dudng cao cia AAME (2)

Tir (1) va (2)= O Ia truc tm caa AANE (vi O 1a gia diém cua AB va EC)
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= NO la duong cao tha ba cua AANE

Suy ra NO L AE (dpcm).

4. Tacd:2.AM + AN =4AC + AN (vi C 1a trung diém ciia AM)

4AC.AN =4A0.AB = 4R.2R =8R?

Ap dung BDT C6-si cho hai s6 duong ta co:

4AC + AN > 2/2AC.AN =2+/8R? = 4+/2R

Suy ra tong 2.AM + AN nhé nhit bing 44/2R khi 4AC = AN

= AN =2AM = M la trung diém ciia AN

Khi d6 AABN vuong tai B ¢6 BM 1a duong trung tuyén nén AM = MB = AM = BM

Vay véi M 1a diém chinh giia cia nira dudng tron duong kinh AB thi 2AM + AN nhé nhat bing 4+/2R.
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Ciu 151.(Thay Nguyén Chi Thanh) Cho duong tron tam O ban kinh R va duong thang (d ) khong

di qua O, cat duong tron (O)tai 2 diém A B. Ly diém M bat ky trén tia d6i BA, qua M keé hai tiép

tuyén MC, MD véi duong tron (C, D 1a céc tiép diém).
1. Chimng minh t& giac MCOD noi tiép duong tron.

2. Goi H 1a trung diém cua doan thang AB. Chitng minh HM 1 phan giac cua CHD.

3. Puong thing di qua O va vudng goc véi MO cit cac tiaMC, MD theo thir ty tai P,Q. Tim vi tri cia diém

M trén(d ) sao cho dién tich AMPQnhé nhat.

Huwoéng ddn

1. Xét tir giac MCOD co:
MC 1L OD = OCM =90°; MD L OD = ODM =90°
Suy ra tir giac MCOD ni tiép duong tron.
2. Taco H la trung diém cua AB = OH L AB = MHO =90° = H thugc duong kinh MO
=5 diém D; M; C; H; O cuing thudc dudng tron dudng kinh MO
= DHM = DOM (2 géc ndi tiép cuing chan cung MD)
CHM =COM (2 g6c néi tiép cing chan cung MC)
Lai c6 DOM =COM (tinh chét hai tiép tuyén cit nhau)
= DHM =CHM = HM la phén gidc CHD.
3. Tacb: Sypq = 2Sy0p = OC.MP = R.(MC +CP) > 2R/CM CP
Mat khéc, theo h¢ thirc Iugng trong tam giac vubng OMP ta co:
CM.CP =0C? = R*khong d6i = Sypq = 2R’
DAu “ = “ xay ra<>CM =CP = R+/2. Khi d6 M la giao diém (d) véi duong tron tam O ban kinh Ry/2.
Vay M la giao diém cua (d) véi dudng tron tam O ban kinh R«/2 thi dién tich AMRT nho nhat.
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Céu 152.(Thay Nguyén Chi Thanh) Cho AABC c6 ba goc déu nhon, hai dudng cao BD VaCE cit
nhau tai H ( D thuoc AC;E thuoc AB).
1. Chuang minh tr giac ADHE nai tiép duoc trong mot duong tron;

2. Goi M, 1 lan luot 13 trung diém caa AH va BC. Chitng minh M1 vudng g6c véi ED.

Huwoéng ddn

1. T gidc ADHE c6: AD L DH(gt); AE L EH (gt)

Nén AEH = ADH =90°

Do d6: AEH + ADH =180° ma 2 g6c & vi tri d6i dién

Vay tt gidc ADHE noi tiép duong tron.

2. Tu giac BEDC co:

BEC = BDC =90°(gt) nén cling néi tiép dudng tron tam | duong kinh BC (1)

Tuong tu: Tur gidc ADHE noi tiép duong tron tam M duong kinh AH va E, D 1a giao diém cua | va dudng
tron

Dé dang ching minh AEMI = ADMI (c.c.c)

= MI la phan giac DME
MaADMI cén tai M (MD = ME)

= MI L DE (Bpcm).

Céu 153.(Thay Nguyén Chi Thanh) ChoAABC ¢ ba goc déu nhon(AB < AC)noi tiép trong
duong tron tam O, ké duong cao AH. Goi M, N 14 hinh chiéu vuéng goc cia H trén AB va AC. Ké NE
vudng goc voi AH. Puong vudng goc vai AC tai C cat duong tron tai | va cit tia AH tai D. Tia AH cit

duong tron tai F .
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1. Chuang minh ABC + ACB = BIC va tir giac DENC ni tiép duogc trong mot duong tron.
2. Chang minh hé thac AM.AB = AN.AC va ta gidc BFIC Ia hinh thang céan.

3. Chung minh: ti giac BMED noi tiép duoc trong mot dudng tron.

Huwoéng ddn

A

1. Vi ABIC la tir gidc noi tiép nén: ABC = AIC; ACB = AIB
= ABC + ACB = AIC+ AIB=BIC
ViNE L AD;NC L CDnénsNED =NCD =90°

= NED +NCD =180°ma 2 géc & vi tri dbi nhau
Suy ra tir giac DENC Ia tt giac noi tiép.

2. Ap dung hé thirc luong trong hai tam giac vuéng AHB va AHC co:
AM.AB = AH?; AN.AC = AH? = AM.AB = AN.AC

COIAC =90° — AIC; BAF =90° — ABH; AIC = ABH = IAC = BAF

Suy ra s6 do hai cung IC va BF bang nhau= IC = BF

Mat khéac vi ABFI va ABIC noi tiép nén BAF =BIF; IAC = IBC; BIF = IBC
Suy ra IF //BC = BCIF la hinh thang

Vi BAF =CAl = BAI =CAF

= FC =Bl = FC =Bl
Hinh thang BCIF cé FC = BI=BCIF la hinh thang can.

3. C6 AAEN# AGD(g.9)

:>£=ﬂ:>AE.AD:AN.AC:AM.AB:>E=M
AC AD AB AD

Xét AAME va AADB cé:

AE AM

—=——(cmt); MAE chun
AB AD( ) g
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Suy ra AAME# ADB(c.g.c)

= AME = ADB = BME + ADB =180°ma 2 g4c ¢ vi tri ddi dién
Suy ra BMED noi tiép duong tron.

Céu 154.(Thay Nguyén Chi Thanh) Cho nira dudng tron(O) duong kinh AB. GoiC la diem ¢
dinh thudc doan thing OB (C khacOvaB). Dung duong thiang d vudng gdc voi AB tai diém C, cit
nira duong tron (O)tai diém M. Trén cung nhé MB lay diém N bat ky (N khacM vaB), tia AN cat
duong thang d tai diém F,tiaBN cit duong thangd tai diém E.Duong thang AE cit nira duong tron
(O) tai diém D (DkhacA).

1. Chung minh: AD.AE = AC.AB.

2. Chung minh: Ba diém B, F, D thang hang va F 1a tim duong tron noi tiép ACDN.

3. Goi | 1atam duong tron ngoai tiép AAEF.Chang minh rang diém | ludn nam trén mot duong thang

cb dinh khi diém N di chuyén trén cung nho MB .

Huwoéng ddn

1. C6 ADB = ANB =90° (g6c ndi tiép chan nira duong tron)
Xét AADB va AACE cb:

ADB = ACE =90°

EAC chung

— AADB# AACE (g.9)

= % = % = AD.AE = AC.AB (Dpcm)

2. COAN L EB; EC L AB, EC giao AN tai F nén F la truc tam caa AAEB = BF L EA
MaBD L EA= B, D, F thang hang

T giac ADFC c6 hai goc d6i bang 90°nén tir giac ADFC 14 tir giac noi tiép

Suy raDCF = DAF (hai goc néi tiép cing chan DF)
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Tuong tu ta c6: NCF = NBF (hai goc noi tiép cung chin NF)

Ma DAF = NBF (cung phu véi AEB) = DCF = NCF

Suy ra CF la phéan giac DCN

Tuong tu cung c6 DF la phan giac NDC
Vay F 1a tam dudng tron ndi tiép ADCN

3. Goi J 1a giao diém cua (1) véi doan AB

C6 FAC =CEB =90° - ABE = AFAC # ABEC(g.g)

_FC_AC  CrcE-BCAC ()
BC EC

Vi AEFJ la ti giac noi tiép nén FIC = FEA=180° — AJF

CF _CJ

:ACFJ#ACAE(g.g):C— —=CF.CE=CACJ (2)

A CE

Tir (1) va (2) suy raBC.AC = CACJ = BC =CJ = C la trung diém ctia BJ (viJ # B)

Suy ra J 1a diém c6 dinh

C6 1A= 13 nén I ludn thudc duong trung truc cua AJ 1a dudng thang cd dinh.

Céu 155.(Thay Nguyén Chi Thanh)

Cho AABC nhon( AB < AC) néi tiép (O), v& dudng kinh AD.

Puong thang di qua B vudng goc voi AD tai E va cit AC tai F. Goi H Ia hinh chiéu cua B trén AC vaM

1a trung diém cua BC.
1. Chuang minh CDEF la tir gi4c noi tiép.
2. Chiing minh MHC + BAD =90°.

3. Chung minhH—C+1: B—C
HF HE

Huwong ddn

1. C6 ACD =90° (gdc noi tiép chan nira duong tron)

Vi BE L AD nén FED =90° = FED + FCD =180°ma hai gdc & vi tri d6i nhau

Suy ra ttr giac CDEF la tir giac noi tiép.
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2. Vi M la trung diém canh huyén BC cua tam giac vudng BHC nén

MH = MC = MB = AMHC can tai M (tinh chit dudng trung tuyén @ng vai canh huyén)
= MHC = MCH

Vi ABCD la tir giac noi tiép nén:

BAD = BCD = BAD + MHC = BCD + MCH = DCH =90°.

3. VIBE L AE,BH L AH nén BEA=BHA=90° = ABEH la & gi4c noi tiép

= BAE = BHE (hai g6c nai tiép cung chan BE)

Ma theo y 2 ta c6: BAE =90° - MHC = BHM = BHE = BHM
Suy ra H, E, M thang hang.
Goi N 1a trung diém ciia FC. = NM la duong trung binh caa ABFC = MN // BF nén ta co:

BC 2HM 2HN 2(HF+FN) 2HF+FC HF+HC , HC
= = = = = =1+—— (dpcm).

HE HE HF HF HF HF HF

Céu 156.(Thay Nguyén Chi Thanh) Cho AABC nhon. Puong tron tamO duong kinh BC cit cac

canh AB, AC lan luot tai cac diémM,N (M = B,N =C). GoiH la giao diém cuaBN vaCM; P Ia giao
diém cua AH vaBC.

1. Chting minh t giac AMHN nai tiép duoc trong mot duong tron.

2. Chang minh BM.BA = BP.BC.

3. Trong truong hop dic biét khi AABC déu canh bing2a. Tinh chu vi duong tron ngoai tiép ta giac
AMHN theo a.

4. Tu diém Aké cac tiép tuyén AE va AF cia duong tron tam O dudng kinh BC (E, F la céc tiép diém).
Chung minh ba diém E, H, F thang hang.

Huwoéng ddn

1. Tacé: AMH =90°; ANH =90°nén M va N cling thudc duong tron duong kinh AH
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Vay tt giac AMHN noi tiép duong tron.
2. T giac AMPC c6 APC =90° (do H la tryc tm cia AABC) va AMC = 90°
= ABMC# ABPA(g.9)

:% =B—C- Tu d6 suy ra BM.BA=BP.BC.

BP BA
3. Pudng tron ngoai tiép tir giac AMHN c6 duong kinh AH

AABC déu nén tric tam H ciing 1a trong tam

2 2 AB\3 2a\3

= AH = —- AP = —-
3 3 2 3
Chu vi duong tron ngoai tiép tir gilc AMHN bang: z.AH = 2”2\@
Vay chu vi duong tron ngoai tiép tic giac AMHN bing 2”2*/5 .
4. Tacé: AH.AP = AM.AB = AE2 — A1 _ AE
AE AP

Xét AAHE va AAEP ¢6:

AH AE

—— =—(cmt); EAPchung

AE AP

Nén AAHE# AAEP (c.g.c). Suy ra AHE = AEP (1)

Tuong ty ta c6: AHF = AFP (2)

Mt khéc: T gidc AFOP va AEOF noi tiép dudng tron dudng kinh AO nén nam diém A, E, P, O, F cling
thudc duong tron duong kinh AO.

Suy ra tir giac AEPF noi tiép duong tron nén: AEP + AFP =180° (3)

Tir (1), (2) va (3) = AHE + AHF = AEP + AFP =180° = EHF =180°

Vay ba diém E, H, F thang hang.

Céu 157.(Thay Nguyén Chi Thanh) Cho AABC déu c¢6 duong cao AH. Trén canh BC lay diém M
tdy y (M khong tring véi B,C,H). Goi P,Q lan luot Ia hinh chiéu vudng goc caa M 1én AB, AC .

1. Chting minh tt gidc APMQ noi tiép duoc dudng tron va xac dinh tdm O caa duong tron nay.

2. Chung minhOH L PQ.

3. Ching minh MP +MQ = AH .

Huwoéng ddn
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1. Xétta giac APMQ c6: APM = AQM =90° (gt)

= APM + AQM =180° = Tt gi4c APMQ ndi tiép trong duong tron dudng kinh AM
Goi O la trung diém caa AM
= tir giac APMQ noi tiép trong dudng tron tim O dudng kinh AM.

2. Taco: AHM =90° (gt)= AHM noi tiép chan % duong tron duong kinh AM
=H thudc duong tron (O)
Ta c6: HPQ = HAC (hai géc noi tiép cung chian HQ )
HQP = HAB (hai goc nai tiép ciing chan HP)
Ma HAC = HAB ( AABC déu nén AH vira 1a duong cao vira 1a duong phan giac)
= HPQ = HQP = AHPQ can tai H = HP = HQ (1)
MaoOP =0Q (doP,Q<(0)) (2)
Tur (1) va (2) = OH la duong trung truc cia PQ = OH L PQ.
Syac = % MQ.AC = % MQ.BC

Taco: Sy = %.MP.AB =%.MP.BC (do AB =BC)

Sync = % MQ.AC = % MQ.BC (do AC = BC)

S e =%.AH.BC (do AC=BC)

Suae + Sune = Sasc %.MP.BC +%.MQ.BC - %.AH.BC & MP+MQ = AH (dpem).

Céu 158.(Thay Nguyén Chi Thanh) Cho AABC ¢4 ba gdc nhon noi tiép trong duong tron (O) co
ban kinh R =3cm. Cac tiép tuyén véi(O) tai B vaC cit nhau tai D .

1. Chuang minh tr giac OBDC nai tiép duong tron;
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2. GoiM la giao diém cua BC vaOD. BiétOD =5(cm). Tinh dién tich ABCD
3. Ké duong thangd di qua D va song song véi dudng tiép tuyén voi (O)tai A d cét cac duong thang
AB, AC lin luot tai P,Q. Chitng minh AB.AP = AQ.AC.

4. Chung minh PAD = MAC.

Huwoéng ddn

1. Do DB, DC I céc tiép tuyén cia (O) = OBD = OCD = 90°
= OBD +OCD =90° +90° =180° ma 2 gdc ¢ Vi tri di nhau
= T giac OBDC la tir giac noi tiép.

2. Ap dung dinh ly Pi-ta-go vao AOBD vudng tai B

= DB =+/OD?—OB? = /5 -3 = 4(cm)

Ta c6:0B =0C =R, BD = DC (2 tiép tuyén cat nhau)

= O; D thudc trung truc BC = OD la trung truc BC = OD | BC
Ap dung hé thirc lugng vao AOBD vudng, ta co:

BD> 4° 16

DO &5 5
OBBD 34 12
oD 5 5

Vay Spac :%DM.BC =DM .BM =%%

DM.DO =BD? = DM =

BM.OD =0OB.BD = BM

= 7,68(cm2)

3. Taco: APQ = BAX (2 gdc so le trong do Ax//PQ)

Ma xAB = ACB (g6c tao bai tia tiép tuyén va cung AB va goc noi tiép chin AB)
— APQ = ACB

Xét AABC va AAQP cé:
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PAQ chung; APQ = ACB (cmt)

— AABC# AAQP (g.9)= 22 = AC _, AB AP = AC.AQ.
AQ AP

4. Kéo dai BD cit tiép tuyén di qua A cia duong tron (O) tai F

Ta c6: DBP = ABF (dbi dinh)

Ma ABF = ACB (gdc tao bai tiép tuyén va day cung, goc noi tiép chin AB)
ACB = APD (do AABC# AAQP)

— DBP = APD = BPD = ADBP can tai D = DB = DP

Tuong ty kéo dau DC cit tiép tuyén di qua A cta duong tron (O) tai G

Ta chiing minh DCQ = ACG = ABC = DQC = ADCQ can tai D

Lai c6 DB = DC (tinh chat hai tiép tuyén cit nhau)

= DP = DQ =D la trung diém PQ

AB AC BC 2MC __AC MC

Ta cO: AABC# AAQP (cmt) = = == = =
AQ AP PQ 2PD AP PD

Xét AAMC va AADP cé:

ACM = APD (ACB = APQ - cmt); Q—E = '\F:'—g — AAMC# AADP (c.g.c) = PAD = MAC (dpcm).

Céu 159.(Thay Nguyén Chi Thanh) Cho nira duodng tron (O) duong kinh AB = 2R. Biém C ¢ dinh
trén ntra dudng tron. Piém M thudc cung AC (M = A; C) . HaMH L ABtai H. N6i MB cit CA tai E. Ha
El L AB tai |. Goi K 1a giao diém cua AC va MH. Ching minh:

BHKC va AMEI Ia cé4c tir giac noi tiép.

AK.AC = AM?.

AE.AC + BE.BM khéng phu thudc vao vi tri caa diém M.

Khi M chuyén dong trén cung AC thi dudng tron ngoai tiép tam giac IMC di qua hai diém cé dinh.

> w0

Huwoéng ddn

1. Chuang minh tu giac ta giac BHKC va AMEI 14 tt giac noi tiép
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AMB = KCB =90° (2 goc ndi tiép chan nira duong tron)
Tu giac BHKC c6: KHB + KCB =180°

Ma 2 géc nay & vi tri dbi nhau

= T gidc BHKC 1a tir gi4c noi tiép.

Tu giac AMEI c6: AMB + EIA=180°

Ma 2 g6c nay ¢ vi tri ddi nhau

= Tu gidc AMEI 1a tir giac noi tiép.

2. Xét AAHK va AACB co:

AHK = ACK =90°

CAB chung

= AAHK # AACB(g.9)=> % :A—E = AH.AB=AC.AK (1)

Ap dung hé thirc luong trong AAMB vuéng tai M, c6 MH 1a duong cao, ta co:
AH.AB=AM?* (2)
Tur (1) va (2) taco= AK.AC = AM* (Bpcm)

3. XétAAEI vaAABC cé:

AIE = ACB =90°

CAB chung

= AAEI # AABC (g.9)= AE = AB = AE.AC=AB.Al (3)
Al AC

Xét ABEI va ABAM cé:

BIE = BMA =90°

ABM chung
BE BA

T (3) va (4) = AE.AC + BE.BM = AB(AI +BI)

— AE.AC + BE.BM = AB? =4R?

Vay AE.AC + BE.BM khoéng phu thudc vao M.

4. Khi M chuyén dong trén cung AC thi dudng tron ngoai tiép tam giac IMC di qua hai diém cb dinh.
T giac BCEI co:

BCE + EIB =90°

Ma 2 gdc nay & vi tri ddi nhau =t giac BCEI la tir gi4c noi tiép

= EIC = EBC (2 gdc nai tiép cung chin cung EC).

Tir cu 1, ta co ta giac AMEI 12 tir giac noi tiép.
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= EIM = EAM (2 gbc nai tiép cuing chan cung ME).
Ma EBC = EAM (2 g6c néi tiép clng chan cung MC)

MIC = EIC + EIM =2.EAM = MOC ma 2 dinh cung nhin canh MC
= M, C, 1,0 thudc cung 1 duong tron
Vay duong tron ngoai tiép tam giac IMC di qua hai diém c6 dinh O va C.

Céu 160.(Thay Nguyén Chi Thanh) Cho duong tron(O; R)va diém A cb dinh & ngoai dudng tron.
V& duong thang d L OAtai A. Trén d lay diém M. Qua M ké 2 tiép tuyén ME, MF t6i dudng tron (O).
N&i EF cit OM tai H, cat OA tai B.

1. Chirng minh ABHM la t giac nai tiép.

2. Chang minhOAOB =0OH.OM =R?.

3. Chiing minh tam | cia duong tron noi tiép tam giac MEF thudc mot duong tron cd dinh khi M di chuyén
trén d.

4. Tim vi tri caa M dé dién tich AHBO I6n nhét.

Huwoéng ddn

1. Chuang minh ABHM la tir gi4c nai tiép.

C6 ME = MF va MO la phan giac caa EMF nén MO L EF tai H. Ma MA L OA= MABH la tir giac noi
tiép.

2. AOHB# AOAM = OB.OA=0H.OM

AEMOvubng tai E = OH.OM = OE? =R’

3. C61 e MO;El la phan giac MEH.

MaMEI + IEO =90°

IEH +OIE =90° = OIE = IEO
— AOIE ¢in taiO = Ol =OE =R = | € (O;R).
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4. ViOBOA=R?’= OAzoR—A = B ¢b dinh.

OHB =90° = H eduodng tron duong kinh OB.
Goi K 1a trung diém OB = KB = KO = HK.
Ha HN 1 OB

S,s0 Max <> HN max.Ma HN < HK.Dau “=" xay ra khiH =K.

Vay S, ;o max < AHBO vudng can tai H <> MO tao véi OA mét goc 45°.
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Céu 161.(Thay Nguyén Chi Thanh) Cho (O; R) va diém A thudc duong tron. Ké tiép tuyén Ax véi duong
tron. Trén Ax ldy diém H sao cho AH < R. Dyng duong thiang d L AX tai H. Puong thing d cit duong
tron tai E va B (E nam giita H va B).

1. Chung minh AABH - AAEH

2. Léy diém C thudc Ax sao cho H 1a trung diém AC. N&i CE cit AB tai K. Ching minh AHEK 14 tir giac noi
tiép.

3. Tim vi tri cua H trén Ax sao cho AB = RJ§.

Huwéng ddn

1. Chung minh AABH -~ AAEH

Taco: EAH = % sd AE (t/c goc tao boi tia tiép tuyén va day cung)

ABE = % sd AE (géc noi tiép chan cung AE)

Xét AAHBva AEAH co:
EAH = ABE (cmt)

AHB chung
= AABH - AAEH (g - g)
2. Chung minh AHEK 4 t&r gi4c noi tiép

EH L AC

Ta co:
aC0 AH = HC

} = AEAC can tai E

= ECH =EAC = KCA = ABH
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Ma ABH + BAH =90°

= KCA+BAH =90°

= CKA=90°

Xét tir giac AHEK co:

AKE + EHA =90° +90° =180°

Ma 2 gdc nay & vi tri di dién

= AHEK Ia tir gic noi tiép.

3. TimvitricuaH trén Ax sao cho AB = R\3

Ké Ol L ABtail
L Al—p_RB3
2

V3

= cosOAl :7 = OAIl =30° = BAC =60°

— AH = AB.cos60° = R«/’—:%

RI

Vay can ldy diémH trén Ax sao cho AH = —— thi AB = R+/3.

Céu 162.(Thay Nguyén Chi Thanh) Cho AABC vuéng & A. Trén canh AC lay 1 diém M, dung dudng tron
tam(O) c6 dudng kinh MC. Buong thang BM cét duong tron tam (O) tai D, dwong thang AD cat dudng tron
tam(O) tai S

1. Chuang minh tir giac ABCD la tir gi4c noi tiép va CA la tia phan gi4c cua goc BCS.

2. Goi E la giao diém ciia BC véi duong tron(O). Chitng minh cac duong thang BA, EM, CD dong quy.

3. Chung minh M 1a tim duong tron noi tiép tam giac ADE.

Huwéng ddn
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1. Tacd BAC =90°(gia thiét)

MDC = 90° (goc ndi tiép chan nira dudng tron)

A, D nhin BC duéi géc 90°nén ti giac ABCD noi tiép.

Vi ti gidc ABCD noi tiép= ADB = ACB (cuing chin cung AB). (1)

Ta c6 tir giac DMCS noi tiép= ADB = ACS (cuing bu véi MDS). (2)

Tir (1) va (2) = BCA= ACS = CA

la phén giac BCS.

2. Giasir BA cit CD tai K. Tac6 BD L CK, CA L BK.

— M Ila tryc tim AKBC. Mt khac MEC =90° (géc ndi tiép chan nia dudng tron).
= K, M, E thing hang hay BA, EM, CD ddng quy tai K.

3. Vi ta gidc ABCD noi tiép= DAC = DBC (cuing chin cung DC). (3)

Mt khac ta giac BAME noi tiép= MAE = MBE (cung chan cung ME). (4)

Tir (3) va (4)= DAM = MAE hay AM la tia phan giac cua DAE.

Chang minh tuong tu ta ¢c6: ADM = MDE hay DM la tia phan giac ADE.

Vay M 1a tam dudng tron noi tiép AADE.

* Lwu y: Pé chirng minh ba dirong thang dong quy, mét phwong phdp thieong dung 1a chitng minh ba dwong

thang dy hodc la ba dwong cao, hodc la ba dwong trung tuyén, hodc la ba dwong phan giac cia mét tam giac.

Céu 163.(Thay Nguyén Chi Thanh) Cho dudng tron(O;R), dwong kinh AB. Diém H thudc doan OA.

Ké day CD vudng goc véi AB tai H. V& duong tron (O, ) duong kinh AH va dudng tron (O, ) duong kinh
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BH . Néi AC cit duong tron(O,)tai N. N&i BC cét duong tron(O, )tai M. Duong thang MN cit duong
tron(O;R)tai EvaF.

1. Chang minh CMHN la hinh chit nhat.

2. Cho AH =4cm,BH =9cm. Tinh MN.

3. Chang minh MN I tiép tuyén chung cua hai duong tron (O;) va (O,).
4. Chang minhCE =CF =CH.

Huwoéng dén

C

o, H o o,

1. Chung minh CMHN la hinh chir nhat:

Ta c6: AMH = ACB = HNB = 90° (c4c gc néi tiép chin nira duong tron).
= MCN =CMH =CNH =90°

= CMHN Ia hinh chit nhat.

2. Ap dung hé thirc lugng trong tam giac vuéng ACB:
CH?=AH.HB=4.9=36

Suy raCH =6 = MN =6 (cm).

3. Goi | 1a giao diém cia CH va MN. Theo tinh chit hinh chit nhat:
IM =IN=IC =IH = AIMH cén tai |= IMH = IHM

Lai c6:0,M =O,H = O,MH =O,HM

= O,MI =O,HI =90°.

Chtng minh tuong ty: O,NI =90°

Do d6 MN la tiép tuyén chung cua (O,) va(0,).

4. OC cit MN tai K, cit (O; R) tai Q= CDQ = CFQ = 90°.
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Co0C=0B=R=0CB=0BC

Ma O,M =0,B = R, = O,MB = OBN = O,MB = OCB

— O,M //OC =OC L MN tai K.

Ap dung hé thirc luong trong tam giac vudng FCQ:CF? =CK.CQ (1)
COACKI # ACDQ (g.g) =CK.CQ=CICD (2)

MaOH L CD = HC =HD

Do d6CI.CD = %CH 2CH =CH? (3)

Tir (1); (2) va (3)= CF2 =CH? = CF =CH
COOK L EF = KE = KF = ACEF can tai C=> CE =CF.
Vay CE =CF =CH.

Céu 164.(Thay Nguyén Chi Thanh) Cho duong tron(O;R) c6 hai dudng kinh vudng géc AB va CD.
Goi | 1a trung diém ctia OB. Tia Cl cit duong tron (O; R) tai E. Noi AE cat CD tai H; nbi BD cat AE tai K.

1. Chtrng minh tt giac OIED nai tiép.

2. Chang minh AH.AE = 2R%.

3. Tinh tan BAE.
4. Chtng minh OK vudng goc vai BD.

Huwéng ddn

C

1. Taco6 CD la duong kinh ctua duong tron (O; R) nén CED =90°
Theo gia thiét BOD =90°
Do d6: IED + 10D =180°
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Suy ra tir giac OIED la t&r giac noi tiép.
2. AAOH # AAEB (g.q)

RO _AH B AH = AO.AB=2R?
AE  AB

3. Tacd: BEC =%BOC =45°

AEC =%AOC =45°

Suy ra El la phan giac AEB
EB_1B_1

EA 1A 3

Vay tanBAE = o2 -1
AE 3

Do d6 =

4. Xét AOHA vubng tai O, tacé OH =OA.tanOAH = % = O—3D vi vay H la trong tdm cua tam giac DAB.

Do d6 AK la dudng trung tuyén caa tam giac DAB.
Suy ra KB = KD. Vi vay OK L DB (quan hé duong kinh — day cung).

Céu 165.(Thay Nguyén Chi Thanh) Cho dudng tron thm O, ban kinh R, duong kinh AD. Biém H
thugc doan OD. Ké day BC L AD tai H. Ly diém M thugc cung nho AC, k¢ CK L AM tai K. Duong thang
BM cit CK tai N.

Ching minh AH.AD = AB?,

Chuang minh tam gidc CAN cén tai A.

Gia str H 1a trung diém cua OD. Tinh R theo thé tich hinh nén ¢ ban kinh day 1a HD, duong cao BH.

M w0 np e

Tim vi tri cia M dé dién tich tam giac ABN 16n nht.

Huwong ddn
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1. Tam giac ABD vudng tai B, BH L AD nén AH.AD = AB?.

2. DoAH 1 BC = HB =HC = AABC can tai A do d6 ABC = ACB.

Ma ACB = AMB nén ABC = AMB

= ABC = KMN (1)

T giac ABCM noi tiép duodng tron (O; R) nén ABC = KMC (cting bu véi AMC) (2)

Tur (1) va (2)= KMN = KMC.

Lai cO MK L CN (gia thiét)= AMCN can tai M = KC = KN.

Tam giac CAN c6 AK L CN va KC = KN nén AACN can tai A.

3. Khi OH = HD, tam gia&c BOD can tai B=BO=BD, maOB=0D=Rnén tam gi4c OBD déu

R/3

= BOH =60° = BH =OB.sin60° ==

Thé tich hinh nén 1a V =%7Z'.l’2.h

Trongd(’):rzHD:g,thH =RT\/§

VayV =—x
3 4 2 2

4. HaNE L AB.Vi AB khong déi nén S, I6n nhat khi NE I6n nhat.

Ta co: AN = AC khong doi.

Ma NE < NA, diu bang xay ra khi E = A Léy | d6i xang voi B qua O. Khi E = Athi NAB =90°do d6 NA di
qual.

Mt khac AM la phan giac cia NAC nén M la diém chinh giita cua cung nhé IC.

Vay diém M can tim 1a diém chinh giita cung nho IC.

Céu 166.(Thay Nguyén Chi Thanh) Cho nira duong tron (O;R) dudng kinh BC. Piém A thudc nira
dudng tron (AC < AB) . Dyng vé phia ngoai AABC mét hinh vudng ACED. Tia EA cat nira duong tron tai
F. N&i BF cat ED tai K.

1. Chuang minh rang 4 diém B, C, D, K thudc mot dudng tron.

2. Chung minh AB = EK.

3. Cho ABC =30°;BC =10cm. Tinh dién tich hinh vién phan giéi han bai day AC va cung nho AC.

4. Tim vi tri diém A d chu vi tam gidc AABC I6n nhit.

Huwéng ddn
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1. ACED la hinh vubng = CAE = CDE =45°

Tt gidc BCAF ndi tiép duong tron (O) = FBC = CAE

(cung bu vai goc CAF)

= FBC =CDE = FBC + CDK =180°

= BCDK la tir gi4c ni tiép.

2. Co6: BAC=90°=CEK .

Ma tir giac BCDK Ia tir gi4c noi tiép = ABC = CKD = ACB = ECK.
Lai c6: AC =CE (canh hinh vuéng)

Suy raAABC = AEKC (canh gdc vubéng — goc nhon) = AB = EK

3. Vi ABC =30°nén AOC =60°, do d6 tam gidc OAC la tam giac déu.

R/3

Ké AH L BC,ta co AH =0OA.sin60° :T

Goi di¢n tich hinh vién phan 1a S, tacd: S=S; soc = Saoc

S= 60 .ﬂ.Rz—lOC.AH
360° 2
2 2 _
_aR?_ B3R o7 3)_25(27-343) ).
6 4 6 4 12

4. Chu vi AABC I6n nhat<> AB+ AC Ién nhit. Ap dung BDT 2(x* + y?) > (X + Y)?
Taco: (AB+AC)? <2(AB?+ AC?) = 2BC? =8R? = AB+ AC < 24/2R.
Dau "=" xay ra khi AB = AC < A 1a diém chinh giira nira duong tron duong kinh BC.

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122




Ciu 167.(Thay Nguyén Chi Thanh) Cho duong tron (O;R) dudng kinh AC ¢b dinh. Ké tiép tuyén Ax
v6i duong tron tai A. LAy M thudc Ax, ké tiép tuyén MB véi duong tron tai B (B khéc A). Tiép tuyén cua
duong tron tai C cat AB tai D. N6i OM ciat AB tai |, cit cung nho AB tai E.

Chting minh OIDC la t& giac ndi tiép.

Chang minh tich AB.AD khéng di khi M di chuyén trén Ax.

Tim vi tri diém M trén Ax d¢& AOBE Ia hinh thoi.

Chuang minhOD L MC.

A wp e

Huwéng ddn

1. COMA=MB;0A=0B=Rnén OM la trung truc cia AB nénOl L. ABvalA=1B
Lai c6OC L CDnénOID +0OCD =180° = OIDC la tt giac noi tiép.

2. C6 ABC =90° (gbc noi tiép chan nira duong tron)

Ma AACD vubng tai C nén AB.AD = AC?khong doi.

3. AOBE Ia hinh thoi <> AE = EB = BO =0A < AAOE déu < AOE =60°
AAOM vudng tai A nén AM = OA.tan 60° = R+/3 .

4. AMO = BAC (cting phu véi MAB ), MAO = OCD = 90°

AM _AO
AC CD

MaOA=0C =R, suy ra M=%:>tan MCA=tanODC
AC CD

Nén AAMO# ACAD(g.9)=

= MCA=0DC = ODC + MCD =90°.Do ¢60OD L MC.
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Ciu 168.(Thay Nguyén Chi Thanh) Cho duong tron(O;R) duong kinh AB va diém C thudc duong

tron. Goi M va N 1a diém chinh gitra cc cung nho AC va BC. N&i MN cat AC tai I. HaND L AC. Goi E la
trung diém BC. Dyng hinh binh hanh ADEF.

1. TinhMIC.
2. Chang minh DN la tiép tuyén cua duong tron (O;R).

3. Chang minh ring F thuoc duong tron (O;R).

4. Cho CAB =30°;R =30cm. Tinh thé tich hinh tao thanh khi cho AABC quay mét vong quanh AB.

Huwoéng dédn

D

F
1 1 0 0
1. MIA:E(SdMA+SdCN) :ZSdAB =45" = MIC =135

2. C6:NC=NB=ON LBCtaiE.

Lai c6: ACB =90° = DCE =90°.

MaND L CD (gt) = CEND Ia hinh chit nhat

= DN LONtai N = DN Ia tiép tuyén cua (O).

3. Theo tinh chat hinh chit nhat ta c6;: EDC = NCD

MAEDC = F = F = DNC = F + ACN =180°.ON // AC (clng L CB)
= N, E, O, F thang hang. Suy ra ACNF la tt giac noi tiép= F < (O)
4. Ha CK L AB.Tam gidc ABC c¢6 A=30°C =90°nénB =60°

R R3

Do d6, AOBC la tam giac déu=> BK = KO =5 BC =R; CK ==
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Khi quay AABC mét vong quanh AB c6 hai hinh non tao thanh: hinh nén dinh A, va hinh nén dinh B cung cé
tam hinh tron day la K, ban kinh CK.
Goi thé tich tao thanh 13 V, ta c6:

V= %ﬂ.CKz.AK +§7Z’.CK2.BK = %ﬂ.CKZ(AK + BK)

2 3
Y =l7z-3i-2R _ R 5002 (cm®)
3 37 4
Céu 169.(Thay Nguyén Chi Thanh) Cho dudng tron (O;R)véi day AB ¢o dinh. Goi | 1a diém chinh

gitta cung Ién AB. Biém M thudc cung nho I1B. Ha AH L IM; AH cét BM tai C.
1. Chang minh AIABva AMAC la tam giéc can.
2. Chang minh C thugc mét duong tron ¢ dinh khi M chuyén dong trén cung nho IB.
3. Timvi tri cia M dé chu vi AMAC Ién nht.

Huwong dédn

1. VilA=IB= IA=IB= AlABcan tail.

Tt giac ABMI nai tiép=> IAB = IMC (cuing bu véi IMB)
Taco: I1AB=1BA;IBA=IMA; IAB=IMC = IMA=IMC
Lai c6: MH L AC = AMAC can taiM.

2. Tu chirng minh trén= MI la duong trung truc cua AC
= IC = IAkhéng ddi = C thudc duong tron (1; 1A)

3. Chuvi AMAC = MA+MC + AC =2(MA+ AH)

C6 HMA = IBA ( khong ddi va IBA<90°)

bat HMA=IAB=«a . Tacé: AH = MASsIina

Vay chu vi AMAC =2MA(1+sina)

Chu vi AMAC I6n nhét khi MA16n nhit< A, O, M thang hang.
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Céu 170.(Thay Nguyén Chi Thanh) Cho duong tron(O;R)duong kinh AB. Ké tiép tuyén Ax Véi
duong tron. Trén Ax lay diém K (AK =R). Qua K ké tiép tuyén KM véi duong tron (O). Puong thang
d 1L ABtai O, d cat MB tai E.

Chting minh KAOM 4 tir giac noi tiép;

OK cit AM tai I. Ching minh OI.OK khéng dbi khi K chuyén dong trén Ax;

Chung minh KAOE 1a hinh chir nhat;

A wp e

Goi H la tryc tam cia AKMA. Chang minh rang khi K chuyén dong trén Ax thi H thuéc mot duong tron cb
dinh.

Huwéng ddn
d

K E

1. KAO =KMO =90° = KAOM néi tiép.

2. Theo tinh chét tiép tuyén: KA=KM

KO la phan giac caa AKM = KO L AM tai |

Ap dung hé thire lugng trong tam giac vubng vao tam giac vudng AOK ta co
Ol.OK =0A* = R?

3. C60K //BM (cung L AM) = KOA=EBO.

MaOA =0B = R; KAO = EOB =90°
= AAKO = AOEB (c.g.c)
= AK =0OE, ma AK //OE, KAO =90°

= AKEO la hinh chir nhat.
4. Hlatrgc tim cia AKMA= AH L KM, MH L KA= AH //OM, MH //OA .

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122




Do d6 AOMH Ia hinh binh hanh= AH =OM =R.
Vay H thudc duong tron (A; R) .
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Céu 171.(Thay Nguyén Chi Thanh) Cho duong tron (O) duong kinh AB =2R. Goi C 1a trung diém
ciia OA. Day MN L AB tai C. Trén cung MB nho ldy diém K. N6i AK cat NM tai H.

1. Chiing minh BCHK la t gi4c noi tiép.

2. Ching minh tich AH.AK khong d6i khi K chuyén dong trén cung nho MB.

3. Chang minh ABMN 1a tam giac déu.

4. Tim vi tri diém K dé tong KM + KN + KB 16n nhit.

Huwoéng dén

N

1. C6 BKA=90°; MCB =90° = HCB + HKB =180° nén tt gi4c BCHK Ia t& giac noi tiép.

2. AACH # AAKB(g.9) :% =A—: — AH.AK = AB.AC =R?

3. ViOC LMN =CM =CN = ABMN cén tai B.

AMAB vuéngtai M = AM? = AC.AB = R?

= AM =R. Do d6 sin MBA:%:%: MAB = 30°

MaMCB = NCB (tinh chat tam giac can)=> MNB = 60°

Do ¢6 AMNB 1a tam giac déu.

4. Trén KN l4y E sao cho KE = KM

Vi tam giac BMN déu nén MBN = 60° = MKN =60° = AKME déu.
Do d6 ME = MK va KME =60° .

Lai c6: MB = MN va KMB = EMN (cuing cong véi BME =60°)

— AKMB = AEMN (c.g.c) = KB = EN.

Tir d6 KM + KB =KN = S = KM + KN + KB =2KN
S I6n nhat <> KN 16n nhat < K, O, N thang hang.
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Céu 172.(Thay Nguyén Chi Thanh) Cho dudng tron(O;R) va diém A & ngoai duong tron. Qua A ké
2 tiép tuyén AB, AC t¢i dudng tron (B va C 1a 2 tiép diém). | 1a mét diém thude doan BC (1B < IC). Ké
duong thang d L Ol tai I. Buong thang d cit AB, AC lan luot tai E va F.

1. Chtrng minh OIBE va OIFC la ti giac noi tiép.

2. Chiing minh I 1a trung diém EF.

3. K la mot diém trén cung nho BC. Tiép tuyén cia dudng tron (O) tai K cit AB; AC tai M va N. Tinh chu vi
AAMN néuOA=2R.

4. Qua O ké dudng thang vudng goc véi OA cit AB, AC tai P va Q . Tim vi tri cia A dé S,,, nho nhat.

Huwéng ddn

d Q
1. C6 OB L AB,OC L AC (tinh chat tiép tuyén)
= OIE = OBE =90° = OIBE ni tiép
OIF +OCF =180° = OIFC
noi tiép.
2. Tu giac OIBE noi tiép = OEI = OBI. Tuong ty OFI =0OCI. MaOB =0C =R

— OBl =OCI = OEI = OF
— AOEF cén tai O. Ma Ol L EF = IE = IF (Ppcm)
3. C6 MK =MB, NK =NC

Suy ra chu vi AAMN = AC + AB = 2AC = 24/ A0’ —OC? = 24/3R? = 2R+/3
4. C06 AO la phén giac cia PAQ, PQ L AO = AAPQ cantai A = S ,p, =2S
Sapo = AQ.OC MaOC = Rkhéng doi, do d6 S, nho nhét < AQ nho nhat.

AOAQ vudng tai 0= AC.CQ=0C’ =R’
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Ma AQ = AC+CQ >2,/AC.CQ =2R,dau "=" xay ra khi AC =CQ

Sape MiN <> AC =CQ <> AOQA vudng can tai O <> A=45° < OA=RV2

Céu 173.(Thiy Nguyén Chi Thanh) Cho 2 duodng tron(O)va (O')cét nhau tai hai diém A, Bphan
biét. Buong thang OA cit (O);(0") lan luot tai diém thu haiC,D. Duong thing O'Acit (0);(0") lan
luot tai diém tha hai E, F .

1. Chimg minh 3 duong thang AB,CE va DF dong quy tai mot diém 1.

2. Chung minh tt giac BEIF nai tiép dugc trong mot duong tron.

3. Cho PQIlatiép tuyén chung cua(0)va(0')(P €(0),Q (0")). Chitng minh dudng thang AB di qua trung

diém cua doan thang PQ .

Huwéng ddn

1. Taco6: ABC =90° (gbc noi tiép chan nira dudng tron)

ABF =90° (g6c nai tiép chan nira duong tron)

Nén B, C, F thing hang.

C6 AB; CE va DF 1a 3 duong cao cia AACF nén ching dong quy.
2. Do IEF = IBF =90° suy ra BEIF noi tiép duong tron.

3. Goi H 1a giao diém cua AB va PQ

HP _HA

Ta ching minh dugc AAHP# APHB = m = HP?>=HAHB

Tuong ty, HQ® = HAHB
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Vay HP = HQ hay H la trung diém cua PQ.

Céu 174.(Thay Nguyén Chi Thanh) Cho hai duong tron (O;R)va(O%R")véi R > R'cét nhau tai A
va B. Ké tiép tuyén chung DE ctia hai dudng tron véi D e (O)vaE e (0")sao cho B gan tiép tuyén d6 hon
so voi A

1. Chuang minh rang DAB = BDE.

2. Tia AB citDE taiM . Chitng minh M 1a trung diém cua DE.
3. Puong thiang EB ciat DAtai P, duong thang DB cit AE tai Q. Ching minh riang PQ song song véi AB.

Huwéng ddn

1. Tacoé DAB= % sd DB (géc noi tiép)

BDE = % sd DB (g6c giita tiép tuyén va day cung).

Suy ra DAB =BDE.
2. Xét ADMB va AAMD c6:

DMA chung,

DAM = BDM
Nén ADMB # AAMD (g.q)

_, MD_MA .y MD? = MAMB.
MB MD

Tuong tu ta cling c6: AEMB # AAME :% =$ hay ME® = MAMB.

Tir ¢6: MD = ME hay M la trung diém cua DE.
3. Tacé DAB=BDM, EAB = BEM
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— PAQ + PBQ=DAB + EAB + PBQ = BDM + BEM + DBE =180°
= T giac APBQ noi tiép = PQB = PAB .

Két hop véi PAB = BDM suy raPQB = BDM .

Hai goc nay ¢ vi tri so le trong nén PQ song song véi AB.

Céu 175.(Thiay Nguyén Chi Thanh) Cho duong trong (O;R) va duong thang d khong quaO cat duong
tron tai hai diém A, B. LAy mot diém M trén tia ddi cua tia BA ké hai tiép tuyén MC, MD véi dudng tron (C, D
la céc tiép diém). Goi H 14 trung diém cua AB ;

1. Chiing minh ring cac diém M, D, 0, H cling nam trén mot duong tron.

2. DPoan OM cit dudng tron tai |. Chang minh riang | 1a tim duong tron noi tiép tam gidc MCD .

3. Puong thang qua O, vudng goc véi OM cit cac tiaMC, MD thir ty tai P va Q. Tim vi tri ciia diém M trén d

sao cho dién tich tam giac MPQ bé nhit.

Huwéng ddn

1. ViH la trung diém cua AB nénOH L AB hay OHM =90°.
Theo tinh chat cua tiép tuyén ta lai c6 OD L. DM hay ODM = 90°.
Suy ra cac diém M, D, O, H cing nam trén mot dudng tron.

2. Theo tinh chét tiép tuyén, ta c6 MC = MD = AMCD cén tai M
= MI la mét duong phén gidc ctaCMD.

Mt khac | 1a diém chinh giita cung nho CD nén DCI :%sd Dl :%sd Cl =MCI

= CI la phan giac cia MCD. Vay | 1a tam duong tron noi tiép AMCD.

3. Taco AMPQ can ¢ M, c6 MO la duong cao nén dién tich cua né dugc tinh:
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S =2Sgqy = 2%.OD.QM = R(MD + DQ).

Tur d6 S nhé nhat < MD + DQ nhé nhét.

Mt khéc, theo hé thirc lrgng trong tam giac vuéng OMQ ta c6 DM .DQ = OD? = R?khéng d6i nén MD + DQ
nho nhat < DM = DQ =R.

Khi d6 OM = R/2 hay M 14 giao diém cua d voi duong tron tam O ban kinh RV2.

Céu 176.(Thay Nguyén Chi Thanh) Cho AABC c6 ba g6c nhon noi tiép duong tron (O;R). Ba dudng

cao AD; BE;CF cit nhau tai H. Goi | 1a trung diém BC, vé& duong kinh AK .

=

Chung minh ba diém H, I, K thang hang.

2. Chtrng minh DA.DH = DB.DC.

3. Cho BAC =60%S,,. =20cm’. Tinh S .

4. Cho BC cé dinh; A chuyén dong trén cung 16n BC sao cho AABC cd ba goc nhon. Chiing minh diém H luén

thudc mot duong tron cb dinh.

Huwéng ddn

1. ViBva C thudc dudng tron duong kinh AK: ABK = ACK =90°

Do do BH//CK va CH //BK = BHCK la hinh binh hanh

Ma I 1a trung diém BC nén | 1a trung diém ciia HK

Suy ra H; I; K thang hang.

2. Tacod HBD = DAC (cung phu véi ACB) nén ADBH# ADAC(g.9)
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Suy ra DB =E:> DB.DC = DA.DH.
DA DC

3. VIiAEB = AFC =90° = AAEB# AAFC(g.g)

Suy ra AE = E; BAC chung
AF AC

= AAEF# AABC(c.g.c)

2
pogs S [ 2]
S asc AF

Ma E =cosBAC =c0s60° = 1
AB 2

Suy ra S 1, S,sc =4S e =80cm?.
ABC

4. Lay O’ dbi xtiing véi O qua | suy ra O’ ¢ dinh.
Tacod IH =IK;OK =OA=R nén Ol la duong trung binh cia AKHA

Do d6 Ol //AH va Ol :%AH

Suy ra OO'//AH, OO'= AH nén OO'HAIla hinh binh hanh
Do ¢6 O'H =0A=R (khong doi)
Vay H thudc duong tron (O’;R) ¢b dinh.

Céu 177.(Thay Nguyén Chi Thanh) Cho duong tron (O; R) c6 hai duong kinh vudng goc la AB va
CD. L4y K thudc cung nho AC, ké KH L AB tai H. N&i AC cit HK tai I, tia BC cat HK tai E; ndi AE cét
duong tron (O;R) tai F.

Chuang minh BHFE Ia ti gi4c nai tiép.

Chung minh EC.EB = EF.EA.

Cho H 1a trung diém OA. Tinh theo R dién tich ACEF.

Cho K di chuyén trén cung nho AC. Chirng minh duong thang FH 1udn di qua mot diém ¢ dinh.

A W o

Huwéng ddn
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1. Do F thudc duong tron duong kinh AB nén AFB =90°
Suy ra BFE = BHE =90° = BHFE 4 tr giac noi tiép.
2. C6 ECA=EFB=90°; AEC chung

EC_EA

Nén AECA# AEFB(g.g):> 5 = EC.EB = EAEF.

3. Tu chang minh trén suy ra AC, BF, EH 1a 3 duong cao cia AEAB nén chiing cat nhau tai I.

Do do E—IC:: = % va AEB chung nén AECF# AEAB (canh — gbc — canh)

2
SECF :(EJ (1)
Seas EA
Vi OB=0C =R nén AOBC vudng can tai O = OBC =45°.

Do d6 AHBE vubng cantai H = EH = HB:37R-

2 2 2
Ma AH = R nen AE? = AH? + HE? = R0 ORZ _10R 0 RVIO
2 4 4 2
2
Tuong ty BE? = HB? + HE? = 2R — BE = 5~
2 J2
Lai c6: OC//EH (cung L AB) nén E:E=}:> EC:}EBzi
EB HB 3 3 J2
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4. Céc tir giac BEFH va AHCE noi tiép nén AEB =CHB; AEB = AHF = AHF =CHB
Suy ra AHF =DHB.
Cé6 HO LOC,0C=0D nén AHCD céan tai H nén AHF =DHB

Do 36 AHF =DHB ma AHF + FHB =180° = DHB + FHB =180°
Suy ra F; H; D thang hang. Suy ra FH di qua D ¢6 dinh.

Bai 178. [Ba Rija— Viing Tau 2015 — 2016 |

Cho duong tron (O) va mot diém A nam ngoai (O). Dung cét tuyén AMN khong di qua O, M nam gitta A va
N. Dung hai tiép tuyén AB, AC vdi (O) ( B,C Ia hai tiép diém va C thudc cung nhé MN). Goi I 1a trung diém
cua MN.

a) Chang minh ti giac Ol noi tiép.

b) Hai tia BO va Cl lan luot cit (O) tai D va E (D khac B, E khac C). Chitng minh géc CED = g6c BAO.

c) Chitng minh Ol vudng goc véi BE

d) Puong thang Ol cat duong tron tai P va Q (I thugc OP); MN cat BC tai F; T 1a giao diém thu hai cua PF va
(0). Chuang minh ba diém A; T; Q thang hang.

Huwoéng ddn

a) Chitng minh ti giac Ol noi tiép.

+ Tacd ABO = 90° (tctt)

AIO =90 (IM = IN)

+ Suy ra ABO + AIO = 180° nén ti giac ABOI noi tiép duong tron dudng kinh AO.
b) Chiing minh CED = BAO

+ Vi AB; AC la hai tiép tuyén cua (O) nén AO L BC

+ Ta c6: E1 = By (‘hai gdc noi tiép cuing chian cung CD cuaa duong tron (0))
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BAO = B (cung phu O1)

Suy ra E; = BAO hay CED = BAO

c¢) Chitng minh Ol vudng goc véi BE

+ Taco : E2 = ABC (cuing chan cung BC); ABC = I3 (A,B,0,1,C cling thuc duong tron dudng kinh AO);
I3 =12 (dd)

Suy ra E2 = 12. Ma hai g6c nay ¢ vi tri so le trong nén MN // BE .

+Talaico MN L Ol (IM=1IN)nén Ol L BE

d) Chimg minh ba diém A; T; Q thang hang.

+ Goi K 1a giao diém OF va AP

+ Ta c6 QKP = 90° (géc nt chin nira duong tron) nén QK L AP

+ Trong tam giac APQ c6 hai duong cao Al va QK cat nhau tai F nén F 14 truc tam.
Suy ra PF la duong cao thir 3 cua tam gidc APQ nén PF L QA (1)

+ Ta lai c6 QTP = 90° ( gbc nt chan nira duwong tron) nén PF L QT (2)

Tir (1);(2) suy ra QA =QT. Do d6 3 diém A; T; Q thang hang.

Bai 179. [Bic Giang 2014 — 2015]

Cho duong tron (O;R) c6 duong kinh AB ¢6 dinh. Trén tia ddi cua tia AB lay diém C sao cho AC =R. Qua C
ké duong thang d vudng goc véi CA. Lay diém M bat ki trén (O) khong tring véi A, B. Tia BM cat duong
thang d tai P. Tia CM cit duong tron (O) tai diém thw hai 12 N, tia PA cit duong tron (O) tai diém thir hai 1a
Q.

a) Chang minh ta giac ACPM la tir giac noi tiép.

b) Tinh BM.BP theo R

¢) Chitng minh hai dudng thang PC va NQ song song.

d) Chang minh trong tim G ctia tam giac CMB ludn nam trén mot dudng tron ¢é dinh khi M thay doi trén (O).

Huwéng ddn
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a) Ta c6 AB 1a duong kinh caa (O), M € (O) = géc AMB I gdc néi tiép chan nira duong tron
=> AMB =90° => AMP = 90°

Mt khac ACP = 90° (gt) => AMP + ACP = 180°

Suy ra t giac ACPM noi tiép duong tron.

b) Xét 2 tam giac BAM va BPC ta cé:

{AMB — BCP =90°

= ABAM ~ ABPC (g.
MBA(chung) ©9)

:% :%: BM.BP = BABC = 2R.3R =6R?
BC BP

c) Tacé:

AMNQ Ia tir giac noi tiép = MNQ = PAM (g6c trong tai mot dinh va goc ngoai tai dinh dbi dién) (1)
AMPC Ia tir giac noi tiép = PCM = PAM ( hai géc néi tiép cling chin cung PM) (2)

Tir (1) va (2) > MNQ = PCM

Hai goc & vj tri so le trong bang nhau = PC // NQ.

d) Goi D 14 trung diém BC, 1a diém cd dinh. Qua G ké dudng thang song song MO cat AB tai |.

*G la trong tdm tam giac BCM nén G € doan MD va MG = %MD (tinh chat trong tam)

Do GI // MO nén theo dinh li Ta—lét cho tam gidc DMO ta c6 | € doan DO va ol = MG _2 =0l = %OD.

oD MD 3
Ma O, D 14 hai diém cé dinh nén | cb dinh.

*Do GI // MO nén theo dinh i Ta—lét ta Céﬂ = DG =%:> IG =%MO :%

MO DM

= G ludn cach diém 1 ¢é dinh mot khoang % khong doi.
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. . 2 A s . . o n . .. R
= Khi M di dong, diém G lubn nam trén duong tron tam I, ban klnhg

Bai 180. [Bic Giang 2015 — 2016]

Trén dudng tron (O) ¢ dudng kinh AB = 2R, ldy mot diém C sao cho AC = R va lay diém D bat ky trén cung
nho BC (diém D khong tring véi B va C). Goi E 1a giao diém cia AD va BC. Puong thang di qua diém E va
vubng goc voi duong thang AB tai diém H cit tia AC tai diém F. Piém M 1a trung diém cta doan EF.

a) Chang minh ti giac BHCF 14 tir giac noi tiép.

b) Chiing minh: HA.HB = HE. HF

¢) Chitng minh CM 12 tiép tuyén caa dudng tron (O).

d) Xéc dinh vj tri cua diém D dé chu vi cua t gidc ABDC 16n nhit.

Huwéng ddn
a) Ta co: BHF =90° (gia thiét) (1).
BCA=90° (g6c noi tiép chin nira duong tron (0)).
Suy ra BCF =90° (2)
Tur (1) va (2) suy ra tir giac BHCF noi tiép mot duong tron (vi ¢6 hai dinh H, C ké nhau cung nhin BF duéi

mot goc vudng).

b) Xét tam giac vuéng BHE va FHA c6 BEH = CAB (cung phu véi gocCBA ).
Suy ra hai tam giac BHE va FHA dong dang.
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Tedotacs B _HE & LA HB = HE. HF
HE  HA

¢) Tam gi4c vudng ECF vudng tai C c6 CM 1a dudng trung tuyén

Nén CM = ME suy ra CME la tam giac can, suy ra MCE = MEC (3)

MCO = MCE + ECO = MEC + CBO (do (3) va tam giac COB can tai O).

= BEH +CBO =90°

Vay CM la tiép tuyén caa duong tron (O).

d) Lay diém K dbi xtng véi diém C qua AB. Suy ra diém K ¢é dinh trén (O)
L4y diém P trén doan DK sao cho DP = DC.

Khang dinh tam giac OAC déu => tam gidc CBK déu => tam giac CDP déu.
Xét hai tam giac CKP va CBD co¢:

CP=CD; CK=CBVvaKCP =BCD (cung bang 60°- PCB )

Tu do, ACKP = ACBD (c.g.c) suy ra PK = BD.

Chu vi tir giac ABDC bang:
AB+BD+DC+CA=3R+BD+DC=3R+PK+PD=3R+KD

Chu vi tir giac 16n nhat khi KD 16n nhat => KD la dudng kinh cua duong tron (O; R).

Két luan D 1a diém chinh giira ciia cung nho BC.

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122




Céu 181.(Thay Nguyén Chi Thanh) [Bic Ninh — 2015 — 2016]

Cho nira dudng tron tdm O, dudng kinh AB = 2R. Trén tia dbi cua tia AB lay diém E (khac véi diém A).
Tiép tuyén ke tir diém E cat cac tiép tuyén ké tir diém A va B cua nira duong tron (O) lan luot tai C va D.
Goi M la tiép diém cua tiép tuyén ké tir diém E.

a) Chirng minh rang ti giac ACMO ndi tiép dugc trong mot dudng tron.

DM CM

b) Chirng minh rang

DE CE
¢) Chting minh rang khi diém E thay ddi trén tia d6i cua tia AB, tich AC.BD khéng doi.

Huwoéng ddn

N
E A 0

a) Chang minh rang ta giac ACMO ndi tiép duogc trong mot duong tron.
Vi AC la tiép tuyén cua (O) nén OA L AC => OAC = 90°

Vi MC la tiép tuyén caa (O) nén OM L MC => OMC = 90°

=> OAC + OMC = 180°. Suy ra OACM la t&r giac noi tiép

b) Chitng minh réng% :%

Xét hai tam giac vubng OAC va OMC c6
{OA: OM =R

= AOAC = AOMC (canh huyén — canh goc vudn
chung_ OC (ca yeén —canh g 9)

= CA=CM :C—M:% . Tuong ty ta cd oM _D8
CE CE DE DE

Ma AC // BD (cung vudng goc AB) nén CA_CE = CA_DB = CM _DM
DB DE 'CE DE ~CE DE
¢) Chang minh rang khi diém E thay dbi trén tia d6i cua tia AB, tich AC.BD khong doi.

Vi AOAC = AOMC = AOC = MOC = AOC = % AOM

Tuong tu: BOD = % BOM




Suy ra AOC + BOD = % (AOM +BOM) =90°

Ma AOC+ ACO =90° = ACO =BOD

— AAOC ~ ABDO(g.g) = 2—8 = g—g — AC.BD = AO.BO = R? (khéng dbi, dpcm)

Céu 182.(Thay Nguyén Chi Thanh) [Quang Ninh — 2016]

Cho nira dudng tron (O) dudng kinh AB, trén nira duong tron liy diém C (C khdng tring véi A, B). Goi H
1a hinh chiéu cua C trén duong thiang AB. Trén cung CB lay diém D (D khac C, B), Hai duong thang AD
va CH cit nhau tai E.

a) Chang minh ta giac BDEH nai tiép

b) Chang minh AC? = AE.AD

¢) Goi (0”) 1 dudng tron di qua D va tiép x(c véi AB tai B. Pudng tron (O°) cit CB tai F khac B. Ching
minh EF // AB.

Huwoéng ddn

A O
a) Chitng minh tir giac BDEH noi tiép
Xét (0) ta co: ABD =90° (g6c ndi tiép chan nira dudng tron) hay EDB = 90°
GT => CHB =90"hay EHB =90°
Xét tir giac BDEH c6 EDB + EHB =180°
ma EDB, EHB hai goc dbi
= t giac BDEH noi tiép (dpem).
b) Chitng minh AC? = AE.AD
Xét A AEH va A ABD co:

A chung

AHE = ADB = 90°
— AAEH ~ AABD(g - g)




L AE_AH L AEAD=AH.AB (1)
AB_ AD

ACB =90° (g6c noi tiép chan nira duong tron)

Xét A vuong AEH c6 CH la duong cao

Tac6: AC? = AH.AB (hé thirc luong trong A vudng) 2

(1), (2) => AC® = AE.AD (dpcm)

¢) Goi (0’) 1a duong tron di qua D va tiép xdc véi AB tai B.
Duong tron (O°) cit CB tai F khac B. Chang minh EF // AB.

Ta co: ABC = BDF (hé qua gdc tao boai tia tiép tuyén va day cung)
BDF + FDA =90°

= ABC + FDA=90°

Mat khac ABC = ACH (vi cung phu véi goc HCB)

= ACH + FDA =90°

Lai c6 ACH + HCB =90°

= HCB = FDA hay ECF = FDE

Xét tir giac ECDF c6 ECF = FDE

ma C, D 1a hai dinh lién tiép

= tir giac ECDF nai tiép (dau hiéu nhan biét)

DEF = DCF hay DEF = DCB (g6c néi tiép do cing chin cung FD)
ma DCB = DAB (géc nai tiép cting chin cung DB)

= DEF = DAB

Hai goc & vi tri dong vi = EF//AB (dpcm)

Céu 183.(Thay Nguyén Chi Thanh) [Yén Bai — 2016 — 2017]

Cho tam giac nhon ABC nai tiép duong tron (O). Goi H 1a giao diém hai duong cao BD va CE caa tam
giac ABC (D € AC, E € AB)

a) Chitng minh ti giac ADHE ndi tiép trong mot duong tron.

b) Puong thang AO cat ED va BD lan luot tai K va M. Chiang minh AK.AM = AD?

¢) Chang minh BAH = OAC

Huwoéng ddn




a) Chang minh tir giac ADHE noéi tiép trong mot duong tron.

Vi HE L AB, HD 1L AC nén HEA = HAD = 90° => HEA + HAD = 180°

Suy ra ADHE Ia t& giac ndi tiép

b) Puong thang AO cat ED va BD lan luot tai K va M. Chiang minh AK.AM = AD?
Trong nira mit phang bo AC khéng chira diém B, Vé tia tiép tuyén Ax véi duong tron (O)
C6 CAx = CBA . Vi BEC = BDC = 90° nén BEDC la tir gi4c ni tiép => CBA = ADE
=> CAx = ADE => Ax // DE, ma Ax L OA nén OA 1 DE

Ap dung hé thirc lugng trong tam giac vuéng ADM, ta c6 AK.AM = AD?

c¢) Chung minh BAH = OAC

C6 KDM = KAD (=90° — KDA). )

Vi ADHE la tir giac noi tiép nén KDM = EAH 2)

Tur (1) va (2) => OAC = BAH

Cau 184.(Thiy Nguyén Chi Thanh) [Yén Bai — 2016 — 2017]
Tir nhitng miéng tén phang hinh chir nhat ¢6 chiéu dai 1,5 dm va chiéu rong 1,4 dm. Ngudi ta tao nén mat
xung quanh caa nhitng chiéc hop hinh try. Trong hai cach 1am, hoi cach nao thi dugc chiéc hop cd thé tich

16n hon.

Huwong ddn
Céch 1: Chu vi day hinh try 12 1,5 dm, chiéu cao hinh try 1a hy = 1,4 dm.

Hinh tru nay c6 ban kinh dayr, = L5 i(dm), dién tich day
2r  Arm

3V 9
S =ar’=x|—| =——(dm?
L= ﬂ-(47rj 167z( )

9 63
—14=—(dm’
167 L 807z( )

Céch 2: Chu vi day hinh try 12 1,4 dm, chiéu cao hinh try 1a hy = 1,5 dm.
Hinh tru nay co

thé tich V, =S,h, =




1,4 7 7V 49 49 147
L="—=——(dm);S, =1} =z.| — | =——(dm?);V, =S,h, =——.1,5=——(dm’
2= T 10 OMiS: =, ”[10;:] 1007 (AN = Sahe = 75015 =200 (M)

Ta cd V1> V2 nén cach 1 s& cho hinh tru c6 thé tich 16n hon.

Céu 185.(Thay Nguyén Chi Thanh) [Bén Tre 2015 — 2016]

Cho nta duong tron (O;R), duong kinh AB. Trén nira mat phing by AB chta nira duodng
tron (O; R), V& cac tiép tuyén Ax, By véi nira duong tron. Goi M 1a diém bt ki trén cung AB (M # A; M #
B). Tiép tuyén tai M véi ntra duong tron (O; R) cit Ax, By lan luot tai C va D.

a) Chirng minh ti giac ACMO nai tiép.

b) Chirng minh tam giac COD vuong.

¢) Chang minh: AC. BD = R?

d) Trong truong hgp AM = R. Tinh dién tich hinh vién phén gi6i han boi ddy MB va cung MB cua nua
duong tron (O; R) theo R.

Huwong ddn

a) Hinh vé

0

Ax la tiép tuyén tai A => Ax L AB => OAC =90°

CD la tiép tuyén tai M => CD L OM=>OMC =90°

=>O0AC +OMC =90° +90° =180°

Vay: Tir giac ACMO noi tiép duge duong tron.

b) Nua (O; R) co:

Hai tiép tuyén CA, CM cit nhau tai C => OC la phan gi4c cia AOM (1)
Hai tiép tuyén DB, DM cit nhau tai D => OD la phén giac cia MOB (2)
AOM + MOB =180°(ké bui)

T (1), (2) va (3)=>COD =90°=>A COD vubng tai O

¢) ACOD vubng tai O c6 OM L CD

=> OM? = MC. MD (h¢ thirc lwong trong tam giac vudng)

Ma: OM = R; MC = AC; MD = BD (tinh chét 2 tiép tuyén cét nhau)




Nén: OM? = MC. MD =>R? = AC. BD Vay AC. BD =R?

d) Khi AM =R => A OAM déu => AOM =60° => MOB =120°
=> sd cung MB = 120° => n® = 120°

2
Goi Sq la dién tich hinh quat chan cung nhé BC, ta c6: Sq = ”;;On
_7R*.120 7R?
Sq— =
360 3
Ta c6: OB =0OM =R va DB = DM (cmt) => OD la duong trung truc cia MB

=> 0D L MB tai Hva HB =HM=%BM

OD la phén giac caa MOB => HOM = % MOB =60°

A HOM vubng tai H nén:

OH = OM.cos HOM = R.cos 600:%R

N

HM = OM.sin HOM = R. sin60°= R7<:>BM:R«/§

2
=> S =%BM.0H:%.%R.RI=Rf

Goi S la dién tich hinh vién phan can tim, ta c6: S = Sq - Sy,

7R® R’\3_47R’-3R’\3
3 4 12

S=

(dvtt)

Céu 186.(Thdy Nguyén Chi Thanh) [Binh Pinh 2014 — 2015]

Cho duong tron tim O duong kinh AB, trén ciing mot nira duong tron (O) lay hai diém G va E (theo tht ty
A, G, E, B) sao cho tia EG cit tia BA tai D. Puong thang vudng goc véi BD tai D cat BE tai C, duong
thang CA cit dudng tron (O) tai diém thir hai la F.

a) Chitng minh ti giac DFBC noi tiép.

b) Chting minh BF = BG

¢) Chang minh: % = DG.DE
BA BE.BC

Huwoéng ddn




pP
a) Chirng minh tir giac DFBC nai tiép
Ta c6:CDB=90° (gia thiét)
CFB=90°(g6c ndi tiép chan ntra dudng tron)
=>D va F ciing nhin doan BC ¢ dinh duéi 1 goc 90°, nén ti giac DFBC noi tiép.
b) Chiing minh BF = BG
Goi P 1a giao diém cua CD va BF
Ta c0: A la truc tdm cua tam giac CPB
=>PA1CB
Ma AE L CB (vi goc AEB la géc nai tiép chin ntra duong tron)
=>P, A, E thang hang
D va E cung nhin doan PB ¢é dinh dudi 1 goc 90°
=>Tir giac PDEB noi tiép.

:>DEP:DBP:% sd PD(vi EDPB ndi tiép chitng minh trén)

Ma DEP:GBA:% sd GA

=>DBP = GBA

Ta lai c6: AGB = AFB = 90° ( vi g6c ndi tiép chan nira dudng tron)
AB la canh chung

=>A AGB=A AFB ( canh huyén — gdc nhon)

=>BG=BF

¢) Churng minh: % = DG.DE
BA BE.BC

Ta c6 ADC=90°(GT)
CEA=90°(C/M trén)
=>ADC+CEA=180°
=>DAEC noi tiép




=>BE.BC=BA.BD(vi ABED ddng dang A BAC)
=>DA.BE.BC=DA.BA.BD

DA DADB
_ DA _

DB BE.BC
Ma DA.DB=DG.DE(Vi ADGB déng dang A DAE)

. DA DG.DE
Nén — =
BA BE.BC

Céu 187.(Thay Nguyén Chi Thanh) [Binh Pinh 2015 - 2016]

Cho tam gidc ABC (AB <AC) c6 3 g6c nhon noi tiép trong duong tron (O; R). V& duong cao AH cua tam
giac ABC, duong kinh AD cua dudng tron. Goi E, F lan luot 1a chan duong vudng goc ké tir C va B xuéng
duong thang AD. M 14 trung diém cua BC.

a) Chang minh céc ta giac ABHF va BMFO noi tiép.

b) Chuang minh HE // BD.

¢) Chitng minh: S, :%(sm la dién tich tam gidc ABC)

Huwéng ddn

a) Chitng minh céc tir giac ABHF va BMFO noi tiép.

- D& chitng minh AHB= BFA=90°=> H va F thudc dudng tron duong kinh AB (quy tich cung chtra gdc)
Vay ti giac ABHF noi tiép duong tron duong kinh AB - M 1a trung diém ciia BC (gt), suy ra: OM L BC
khi d6: BFO=BMO=90°[1nén M, F thudc duong tron duwong kinh OB(quy tich cung chira goc)Vay tu giac
BMOF noi tiép duong tron dudng kinh OB

b) Chiang minh HE // BD.

D& chizng minh tir giac ACEH noi tiép dudng tron duong kinh AC, suy ra: CHE:CAE(:% sd CE)

Lai co: CAE:CADZCBD(Z% sd CD)

nén CHE=CBD va chlng ¢ vi tri so le trong suy ra: HE // BD




AB.AC.BC
4R

Taco: S ¢ =% BC.AH=% BC.AB.sinABC

¢) Chang minh: S ;. = (Sppc ladién tich tam giac ABC)

Mt khéc: trong tam giac ABD c6: ABD= 90°[](noi tiép chan nira dudng tron)
nén AB=ADsinD=2Rsin ACB

Tuong tu cting c6 : AC=2Rsin ABC va BC=2Rsin BAC

Khi d6 AB.AC.BC=8R3sin BAC.sin CBA.sin ACB (1)

S nec :% BC.AB.sin ABC:% 2R.sinBAC.2R.sin ACB.sin CBA=2R? sinBAC. sin ACB.sin CBA(2)

Swc_ 1
AB.BC.CA 4R

AB.AC.BC
4R

Tir (1) va (2) =>

Vay S, =

Céu 188.(Thay Nguyén Chi Thanh) [Binh Dwong — 2016 — 2017]

Cho tam gidc ABC c6 ba goc déu nhon (AB < AC) ndi tiép trong dudng tron tm O, ké duong cao AH. Goi
M, N la hinh chiéu vuéng go6c cia H tren AB va AC. Ké NE wvudng goc véi AH.
Puong vudng goc véi AC tai C cat duong tron tai | va cat tia AH tai D. Tia AH cat duong tron tai F.

a) Chuang minh ABC= ACB =BIC va ti gidc DENC noi tiép dugc trong mot duong tron.

b) Chirng minh hé thac AM.AB = AN.AC va ti giac BFIC la hinh thang céan

¢) Chitng minh: tr giac BMED noi tiép duoc trong mot duong tron.

Huwong ddn

a) Vi ABIC la tir giac noi tiép nén ABC =AIC; ACB =AIB =>ABC +ACB= AIB AIC=BIC
Vi NE L AD, NC L CD nén NED =NCD=90°=> NED+ NCD =180°

Suy ra ttr giac DENC la tir giac noi tiép

b) + Ap dung hé thtrc luong trong hai tam giac vuéng AHB va AHC c6




AM. AB = AH?; AN. AC = AH? = AM. AB = AN. AC
+ C6 IAC=90° - AIC; BAF=90° ~ABH; AIC= ABH =>IAC=BAF
Suy ra sb do hai cung IC va BF bang nhau = IC = BF.
Mat khac vi ABFI va ABIC néi tiép nén BAF=BIF; IAC =IBC;BIF=IBC
Suy ra IF // BC = BCIF la hinh thang c6 hai canh bén bang nhau
Ma IF < BC nén BCIF la hinh thang can
c) C6 A AEN ddng dang A ACD(g.9)
> E :ﬂ => AE.AD = AN.AC = AM.AB
AC AD
AE _AM
AB AD
Xét A AME va A ADB ¢6

AE_AM
AB AD =>tam giac AME dong dang véi tam giac ADB(c.g.c)
Chung MAE

=>AME=ADB=>BME+ADB=180°
Suy ra BMED noi tiép duong tron.

Céu 189.(Thay Nguyén Chi Thanh) [Binh Dwong — 2015 — 2016]

Cho tam giac ABC vudng tai A, M la trung diém ciia canh AC. Pudng tron dudng kinh MC cat BC tai N.
Puong thang BM cét dudng tron duong kinh MC tai D.

a) Chang minh ta giac BADC noi tiép. Xac dinh tdm O cua duong tron do.

b) Chung minh DB la phén giéc cua géc ADN.

¢) Chitng minh OM 2 tiép tuyén cua duong tron duong kinh MC.

d) BA va CD kéo dai cat nhau tai P. Chitng minh ba diém P, M, N thiang hang.

Huwoéng ddn

l'}




a) BAC=BDC=90° (gt)

Nén tir giac BADC noi tiép duong tron tam O 1a trung diém cua BC.

b) ADB= BDN(= ACB)

(hai gdc ndi tiép ciing chian mot cung trong cac dudng tron ngoai tiép tir giac BADC, NMDC) nén DB 13
phan giac géc AND.

c) OM L AC (OM la duong trung binh tamgiac ABC)

Nén suy ra MO Ia tiép tuyén duong tron duong kinh MC.

d) MN L BC (g6c MNC nai tiép ntra dudng tron duong kinh MC)

PM 1 BC (M la truc tdm tam giac PBC)

Suy ra P, M, N thang hang.

Ciu 190.(Thay Nguyén Chi Thanh) [Binh Phwéc — 2014 — 2015]

Cho tam giac ABC vuong tai A, c6 canh AB = 6¢cm, C = 60°. Hay tinh cac canh con lai va duong cao,

duong trung tuyén ha tir A cua tam giac ABC.

Huwoéng ddn

C
&0 H
M
A =~ B
_ _bem -
Tam gidc ABC vudng tai A nén:
+B+C=90°=>B =30°
+ AC = AB.tanB = 6.tan30° = 6. ? =2/3(cm)
+BC =+/AB? + AC? =4/62 + (24/3) = 4+/3(cm)
+AB.AC = BH.AH => AH = ABAC _ 6.2y3 =3(cm)
BC  4/3

+AM :%BC :%4@: 2/3(cm)




Cau 191.(Thiy Nguyén Chi Thanh) [Binh Phuwéc — 2014 — 2015]

Cho tam gidc ABC nhon nai tiép duong tron (O;R), cac tiép tuyén tai B va C vai duong tron (O;R) cit nhau
tai E, AE cit (O;R) tai D (khac diém A).

a) Chang minh ti giac OBEC ni tiép duong tron .

b) Tur E ké duong thing d song song véi tiép tuyén tai A cua (O;R), d cit cac duong thing AB, AC lan luot
tai P, Q. Chuing minh AB.AP = AD.AE

¢) Goi M 1a trung diém cua doan thang BC. Chting minh EP = EQ va PAE = MAC

2
d) Chirng minh AM.MD = BC

Huwoéng ddn

a) (O) co:

- BE la tiép tuyén tai B=>BE 1L OB=>0BE =90° (1)

- CE la tiép tuyén tai C=> CE L OB=>0CE=90° (2)

Tir (1), (2) tr giac OBEC nai tiép duong tron duong kinh OE
b) (O) co:

- ADB = BAXx (cung chan cung AB) (1)
-PQ // d= APE = BAXx (so le trong) (2)

Tir (1),(2) géc ADB = APE ADB = APE
—AABD ~2AEP(g —g)
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Goc BAx = B, (ciing chian AB)

Goc B, = B, (dbi dinh)

=>BAx =B,

Ma géc BAx = APE (cmt) => B, = APE =>tam giac BEP can tai E =>EB=EP(1)
(O) c6: CAy=C, (cung chan AC); C, =C, (ddi nhau) =>CAy =C,

PQ // d=>CAy = AQE (so le trong)

=>C, = AQE =>tam giac CEQ can tai E =>EQ=EC (2)

Hai tiép tuyén EB va EC cit nhau tai E=>EB=EC (3)

Tir (1)(2)(3)=>EP=EQ(dpcm)
d) Tam giac ABC va tam giac AQP cé:

ACB = APQ (cuing bang BAx) va PAQ chung=>Tam giac ABC voi tam giac AQP dong dang (g.g)

AC _BC _2MC _MC __ PE _PA
AP PQ 2PE PE CM CA

Tam giac AEP va tam giac AMC co:

E = % (Cmt)

CM CA
APE = ACM (cling bang BAX)

=>Tam giac AEP dong dang voi tam giac AMC (c.g.c)=> PAE = MAC (dpcm)
d) Goi N 1a giao diém cua tia AM va (O) ta co:

BAN =BCN (cung chan BN )

AMB = NMC (dbi dinh) =>tam gidc AMB dong dang CMN (g.9)

2
M:@:> AM.MN = MB.MC :§.§: BC
CM MN 2 2 4

*)

(O) c6: Goc PAE = MAC (cmt)=>g6c BAD = NAC

G6c BAD nai tiép chin cung BD

G6c NAC noi tiép chan cung CN

=>BD=CN

Tam giac EBC céan tai E g6c EBM = ECM — EBD + DBM = ECN + NCM
MaEBD = ECN (chin 2 cung bang nhau)= DBM = NCM

=> ABDM= A CNM

=>MD=MN(**)

2

Tir (*) va (**) => AM.MD = 2

; (dpem)
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Cau 192.(Thiy Nguyén Chi Thanh) [Binh Thuan 2015 — 2016]

Cho ntra duong tron tim O duong kinh AB = 2R, D 1a mét diém tiy y trén nira duong tron ( D khac A va
D khac B) . Céc tiép tuyén vai nira duong tron (O) tai A va D cét nhau tai C, BC cét nira dudng tron (O)
tai diém thi hai | E. Ké DF vudng g6c véi AB tai F.

a) Chang minh : Tam giac OACD néi tiép.

b) Ching minh:CD? = CE.CB

¢) Chimg minh:Puong thiang BC di qua trung diém caa DF.

d) Gai sir OC = 2R, tinh dién tich phan tam gidc ACD nam ngoai nira dudng tron (O) theo R.

Huwoéng ddn

a) Xét tam gidc OACD co:

CAO =CDO =90° = CAO +CDO =180°(DC,CA la tiép tuyén)
=>T{r giac OACD ndi tiép

b) Xét tam giac CDE va tam giac CBD c0:

DCE chung va CDE = CBD(=%sd DE)

=> Xét tam giac CDE ddng dang véi tam giac CBD (g.9)
P _CE_ cprocecs
cB CD
c) Tia BD cit Ax tai A’ .
Goi I 1 giao diém ciia Bc v DF. Ta c6 ADB = 90° (goc noi tiép chan nira duong tron)
=> ADA'=90°, suy ra AADA’ vuong tai D.
Lai c6 CD = CA ( t/c 2 tiép tuyén cat nhau).
nénsuyrad oc CD=C A’,dodo CA=A’C (1).
Mat khac ta co DF // AA’ (cung vudng goc vai AB)
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nén theo dinh | Ta-lét thi 2 = ! = Bly9
CA' CA BC
Tur (1) va (2) suy ra ID = IF Vay BC di qua trung diém cua DF.
d) Tinh cosCOD= ob_1 =>COD =60°
oCc 2
=> AOD =120°
7.R.120 7#R
= =" (dvdt
w360 3 (dvel)
Tinh CD =R/3

1 3

Su0c0 =, CD-DO = % RV3R = R?(dvdt)

Soaco =2Ss0cp = \/ng(dth)

Dién tich phan tam giac ACD nam ngoai nira duong tron (O)

Sonco —~ Squa = V3R —”—f(dv dt)

Cau 193.(Thay Nguyén Chi Thanh) [Ca Mau 2014 — 2015]

Cho tam gidc ABC c6 3 g6c nhon, ndi tiép trong duong tron (O). Cac dudng cao BF, CK cua tam giac ABC
lan luot cat (O) tai D, E.

a) Chang minh: Tt giac BCFK 14 tir giac noi tiép.

b) Ching minh: DE // FK

¢) Goi P, Q lan lugt 1a diém ddi xang vai B, C qua O. Ching minh dudng tron ngoai tiép tam giac AFK ¢
ban kinh khong d6i khi A thay dbi trén cung nho PQ (khdng triing vai cac diém P, Q)

Huwoéng ddn

a) Chting minh BCFK nai tiép
BKC =BFC =90° (CK L AB va BF L AC) => BCFK noi tiép
b) Chiing minh DE // FK
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BDE = BCE (cuing chan cung EB cua (0))

BCE = BFK (cuing chin cung BK cua (BCFK))

=>BDE = BFK => DE / /FK

¢) Ban kinh duong tron (AFK) khong ddi khi A di dong trén cung PQ

Ké duong kinh AN va liy diém M 1a trung diém cua BC.

ACN = ABN =90°=>NC L ACvaNB L ABmaBH L ACvaCH 1L AB
=>NC // BH va NB // CH => BHCN hinh binh hanh => M 14 trung diém HN
Vi OA = ON => OM la dudng trung binh A AHN => OM =% va OM // AH
Goi I 1a trung diém AH. Tacd AKH = AFH =90°

=>AKHF ngi tiép duong tron duong kinh AH

=>] 1a tam va Al 1a ban kinh duong tron ngoai tiép cua ti giac AKHF hay caa AAFK.

Vi BC, (0) ¢6 dinh => M ¢ dinh => OM c¢é dinh => Al :% =OM c6 dinh

=> duong tron ngoai tiép ciia A AFK c6 ban kinh Al = OM c6 dinh.
Vay khi A di dong trén cung nho PQ (khdng tring voi P, Q) thi dudng tron ngoai tiép A AFK c¢6 ban kinh
khong doi.

Céu 194.(Thay Nguyén Chi Thanh) [ Can Tho 2016 — 2017]

Cho A ABC c6 ba goc nhon. AB < AC va ndi tiép duong tron (O;R). Goi H 1a chan duong cao tir dinh A
ciia A ABC va M la trung diém BC. Tiép tuyén tai A cta duong tron (O;R) cit duong thang BC tai N.

a) Chizng minh ta gaic ANMO noi tiép

b) Goi K 1a giao diém thir hai cau duong thang AO véi duong tron (O;R). Ching minh AB.AC = AK.AH
c) Dung duong phéan giac AD ctia A ABC (D thudc canh BC). Chirng minh A NAD céan

d) Gia st BAC=60°, OAH =30°. Goi F 1a giao diém thir hai cua dudong thang AH Vvoi
duong tron (O;R). Tinh theo R dién tich cua tr giac BFKC.

Huwoéng ddn

a) Vi AN Ia tiép tuyén caa (O) nén OAN = 90°
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Vi M Ia trung diém dy BC cua (O) nén OM 1 BC = OMN=90°=>OAN+OMN = 180°
Suy ra ANMO 4 ti giac noi tiép

b) Vi AK la duong kinh cua (O), C € (O) nén ACK =90°

=>ACK=OHB=90°

Mt khéc vi ABKC Ia tir gi&c noi tiép nén

AKC=ABH=>tam gidc AKC ddng dang véi tam gi4c ABH (g.9)

—> AK _AC _ AK.AH = ABAC
AB  AH

c) Ta co NAB=ACB=>NAD=NAB+BAD=ACB+BAD

Theo cdng thac goc ngoai ta cO NDA=DAC+ACB

Vi AD la phan giac cua goc A nén BAD=DAC=>NAD=NDA

Suy ra A AND céan tai N

d) C6 AF L FK ma AF L BC = BC // FK = BCKEF Ia hinh thang

Goi P 1a trung diém FK = OP 1 FK = OP 1 BC = O, M, P thing hang
Goi E 1a diém ddi xang véi C qua O = A EBC vudng tai B va BEC=BAC=60°
=>EB=EC.cos60=R

BC=EC.sin60=R+/3 =>OM = % :%

C6 A AFK vuodng tai F va

FAK=30=>FK=AK.sin30=R

AF=AK.c0s30= R /3 =>0P = % _ RT\@

MP:OP-OM:@

Dién tich hinh thang BCKF la

Sacke = % MP.(BC + KF) = %.@(R\@+ R) =R2. (ﬁ_1§ﬁ+l) - R?Z(dvdt)

Céu 195.(Thay Nguyén Chi Thanh) [Pa Ning 2016 — 2017]

Cho A ABC nhon ¢6 AB < AC va noi tiép trong duong tron tam O duong kinh AD. Goi AH la duong cao
ciia A ABC. Qua B ké duong thang vudng goc véi duong thang AD tai E

a) Chizng minh ABHE Ia tr giac noi tiép

b) Chang minh hai duong thang HE va AC vudng géc vai nhau

¢) Goi F la hinh chiéu vuéng géc cia diém C 1én duong thang AD va M 1a trung diém cua doan thang BC.

Chuang minh rang M 1a tam duong tron ngoai tiép A HEF.

Huwong dan
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a) Vi AH L BC, BE 1L AD nén goc AHB = goc AEB = 90°

Suy ra tir giac ABHE la t&r giac noi tiép

b) Vi goc ACD la géc nai tiép chin ntra dudng tron nén géc ACD = 90° = AC L CD (1)

Vi ABHE Ia tir gi4c noi tiép nén goc ABH = goc HED (géc trong va goc ngoai dinh déi dién)

Vi ABDC la tir gi4c noi tiép dudng tron (O) nén géc ABC = goc ADC (2 g6c néi tiép ciing chan cung AC),
hay géc ABH = géc EDC

Suy ra géc HED = goc EDC = EH // DC(2)

Tir (1) va (2) = HE L AC

¢) V& BK L AC tai K

Ta c6 goc AKB = goc AEB = 90° nén AKEB Ia tir gidc noi tiép

Suy ra g6c BKE = géc BAE (2 g6c néi tiép cuing chian cung BE) = géc BAD(3)

Vi ABDC la tu giac noi tiép nén goc BAD = goc BCD (2 gdc noi tiép cling chan cung BD)(4)

Vi AK // CD (ciing L AC) nén géc BCD = goc KBM (dong vi)(5)

Vi M la trung diém canh huyén BC ciia tam giac vudng BKC nén MK = MB = MC = A MKB cén tai M
= géc KBM = géc BKM (6)

T (3), (4), (5), (6) c6 géc BKE = goc BKM = K, E, M thang hang

Ma HE // BK (cung L AC) nén ME _ MK =1=>ME = MH
MH MB

Chung minh tuong ty ta c6 MF = MH
Suy ra ME = MF = MH = M la tim duong tron ngoai tiép A HEF (dpcm).

Céu 196.(Thdy Nguyén Chi Thanh) [ Pa Ning 2014 — 2015]

Cho tam giac ABC vudng tai A c6 duong cao AH (H thuoc BC). V& duong tron (C) c6 tam C, ban kinh
CA. Puong thang AH cit duong tron (C) tai diém thi hai la D.

1. Chting minh BD Ia tiép tuyén cua duong tron (C).

2. Trén cung nho AD ciia dudng tron (C) lay diém E sao cho HE song song véi AB. Puong thang BE cat
duong tron (C) tai diém tha hai 1a F. Goi K 14 trung diém ctua EF. Chang minh rang:

a) BA?= BE.BF va BHE=BFC
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b) Ba duong thang AF, ED va HK song song véi nhau timg d6i mot.

Huwong dan

1. Ta c6 BAC =90° nén BA la tiép tuyén véi (C).

BC L AD nén H I trung diém AD. BDC = BAC =90° nén BD ciing 1a tiép tuyén véi (C)
2.

a) Trong tam giac vudng ABC ta co AB2 =BH.BC(1)

Xét hai tam giac dong dang ABE va FBA

vicd B chung va BAE = BFA (cung chin cung AE)

suy ra AB_BE . ap- BE.FB(2)
FB BA

Tir (1) va (2) ta c6 BH.BC = BE.FB

T& BE.BF= BH.BC—> BE _BH
BC BF

2 tam giac BEH va BCF ddng dang vi c6 goc B chung va S_CE: = % = BHE =BFC

b) Ta co:
HAC = EHB = BFC, do AB //EH. suy ra DAF = DAC — FAC = DFC —CFA =BFA

= DAF =BAE , 2 géc nay chin cac cung AE,DF nén hai cung nay bang nhau

Goi giao diém cua AF va EH la N. Ta c6 2 tam giac HED va HNA bing nhau

(vi géc H dbi dinh, HD = HA, EDH=HDN (do AD // AF)

Suy ra HE = HN, nén H 1a trung diém ciia EN. Suy ra HK 1a duong trung binh ciia tam giac EAF.
Vay HK // AF. Vay ED // HK // AF.

Cau 197.(Thay Nguyén Chi Thanh) [Pa Ning 2015 — 2016]
Tir mot diém A nam bén ngoai dudng tron (O) ké cac tiép tuyén AB, AC véi duong tron (B, C 1a céc tiép
diém)

a) Chizng minh rang ABOC la tir gi4c nai tiép.
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b) Cho ban kinh duong tron (O) bang 3cm, do dai doan thang OA bang 5cm. Tinh d6 dai doan thang BC.
¢) Goi (K) 1a duong tron qua A va tiép xic véi dudng thang BC tai C. Pudng tron (K) va duong tron (O)
cat nhau tai diém thi hai 1a M. Chiing minh rang duong thang BM di qua trung diém cua doan thang AC.

Huwoéng ddn

a) - Co AB L OB (t/c tiép tuyén) = ABO =90°% C6 AC L OC (t/c tiép tuyén) = ACO =90°

- Xét tr giac ABOC c6 ABO+ ACO = 90° + 90° = 180° nén noi tiép duoc trong dudng tron.
b) - AB va AC la hai tiép tuyén caa duong tron (O) nén AO la dudng trung truc cua BC.
Goi H 1a giao diém cua AO va BC, ta c6 BC = 2BH.

- AABO vuéng tai B c¢6 BH 1a duong cao nén OB2= OH.AQO

OB 9

=>OH =—Ccm
5

- AOBH vuéng tai H = BH? = OB? - OH? = BH :%cm

Vay BC = 2BH =2—54cm

¢)- Goi E 1a giao diém cia BM va AC.

- AEMC va AECB c¢6 MEC = CEBvaMCE = EBC (G6c nt va goc tao bai tia tiép tuyén CA cung chan
cung MC cua duong tron (O))

— AEMC () AECB (g-g) = EC? = EM.EB (*)

- AEMA vi AEAB c6 MEA= AEB (a) va:

+CH MAE = MCB (3) (G6c nt va gdc tao bai tia tiép tuyén CB cuing chan cung MC cua dudng tron (K))
+C6 MCB = ABE (4) (Goc nt va gdc tao bai tia tiép tuyén BA cling chin cung MB cua dudng tron (0))
+ Tir (3) va (4) = MAE = ABE(b)

- Tur (a) va (b) = AEMA () AEAB (g-g) = EA2 = EM.EB (**)

- Tir (¥) va (**) = EC? = EA? = EC = EA. Viy BM di qua trung diém E cia AC.

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122




Ciu 198.(Thay Nguyén Chi Thanh) [Pak Lak 2013 — 2014]

Cho dudng tron (0), duong kinh AB. V& cac tiép tuyén Ax, By cua dudng tron. M 13 mot diém trén dudng
tron (M khac A, B). Tiép tuyén tai M cua duong tron cat Ax, By lan luot tai P, Q

a) Chang minh rang: t giac APMO nai tiép

b) Chang minh rang : AP + BQ = PQ

¢) Chting minh rang : AP.BQ=A0?

d) Khi diém M di dong trén duong tron (O), tim cac vi tri cua diém M sao cho dién tich tir giac APQB nho

nhat

Huwoéng ddn

15

a) Xeét tir giac APMQ, ta c6:

OAP =OMP =90° (vi PA, PM la tiép tuyén cua (O))

Vay tt giac APMO nai tiép.

b) Ta c6 AP = MP (AP, MP Ia tiép tuyén cua (O))

BQ = MQ (BQ, MQ la tiép tuyén cua (O))

= AP+BQ=MP+MQ=PQ

c) Ta co OP 14 phan gidc AOM (AP, MP 1a tiép tuyén cua (O))

0Q la phan giac goc BOM (BQ, MQ la tiép tuyén cua (O))

Ma goc AOM +gbc BOM =180° (hai goc ké bu) = = POQ=90°

Xét APOQ, ta c6: POQ = 90° (cmt), OML PQ (PQ la tiép tuyén cua (O) tai M)
— MP.MQ=0M? (h¢ thirc luong)

Lai c6 MP=AP;MQ=BQ (cmt), OM=AO (ban kinh)

Do d6 AP.BQ=A0?

d) T giac APQB co: AP//BQ( APLAB,BQ_LAB), nén tir giac APQB Ia hinh thang vudng

_ (AP+BQ)AB PQ.AB
=> SAPQB = 2 = 2

Ma AB khong d6i nén Sapgs dat GTNN
&PQ nho nhit <»>PQ=AB<PQ//AB<>OM vuéng AB
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<M la diém chinh gitra cung AB.Ttc 13 M tring M; hodc M tring M (hinh v&) thi Sapoe dat GTNN la

AB*
2

Cau 199.(Thiy Nguyén Chi Thanh) [Pdng Nai 2013 — 2014]

Cho tam gidc ABC noi tiép duong tron (O), ban kinh R, BC=a, véi a va R 1 cac sb thuc duong. Goi | 1a
trung diém cia canh BC . Cac goc CAB,ABC,BCA déu la géc nhon.

a) Tinh Ol theo avaR.

b) Lay diém D thudc doan Al , véi D khac A, D khac I. V& dudng thiang qua D song song véi BC cit canh
AB tai diém E. Goi F 1a giao diém cua tia CD va dudng tron (O), véi F khac C. Chang minh tir giac ADEF
4 tir gi4c not tiép duong tron.

¢) Goi J 1a giao diém cua tia AI va duong tron (O) , véi J khac A. Chirng minh rang AB.BJ=AC.CJ

Huwoéng ddn

a) Tinh Ol theo ava R.
Ta c6: 1 1a trung diém cua BC (gt)

Nén IB:IC:B—ZC =% va Ol L BC(lén hé duong kinh va day)

Xét tam giac OIC vubng tai |

< N , 4R* -a’
Ap dung dinh ly Pytago tinh dugc Ol = ——

b) Chang minh t giac ADEF 1a tir giac not tiép duong tron.
Ta c6: ABC = AED (dong vi)

Ma ABC = AFC (cuing néi tiép chin cung AC)

=> AED = AFC hay AED = AFD

Tir gidc ADEF c6 AED = AFD (cmt)
Nén ttr giac ADEF noi tiép duong tron
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(E, F cung nhin AD duéi 2 g6c bang nhau)
¢) Chang minh ring AB.BJ=AC.CJ
Chung minh: tam giac AIC dong dang véi tam giac B1J(g-g)

=> ﬂ — A_C (1)

Bl BJ
Chung minh:tam giac AIB ddng dang véi tam giac ClJ(g-g)
AL_AB

cl Ca
Ma BI=CI(I 1 trung diém BC)(3)
Tir (1):2):(3) => 28 A€ __ ABBI = ACCI

CJ BJ

Ciu 200.(Thay Nguyén Chi Thanh) [Ha Nam 2014 — 2015]

Cho tam giac ABC c6 ba goc nhon va AB > AC. Tam gidc ABC ndi tiép duong tron (O; R). Pudng cao
AH cua tam gidc ABC cat dudng tron (O; R) tai diém thir hai 1a D. K& DM vudng géc v6i AB tai M.

a) Chang minh ta giac BDHM nai tiép duong tron.

b) Chitng minh DA la tia phéan giac cia MDC

¢) Goi N 1 hinh chiéu vudng goc cia D 1én dudng thang AC, ching minh ba diém M, H, N thang hang.

d) Chirng minh AB? + AC? + CD? + BD?= 8R?

Huwéng dédn

a) AD 1L BC ; DM L AB (gia thiét)

=> DHB = DMB =90° .Hay 4 diém B, D, H, M niam trén duong tron dudng kinh
Nén tir giac BDHM nai tiép duong tron duong kinh BD

b) Tt giac BDHM nén  MDH = MBH

ADC = ABC (g6c néi tiép cuing chin cung AC).

MDA = ADC hay DA la tia phan giac caa MDC
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¢) Ching minh tuong tu cau a ta c6 ta giac DHCN nai tiép => DHN = DCN
Ma DCN = ABD (vi ABDC Ia ti gi4c noi tiép)

T gidc BDHM noi tiép

=> ABD + DHM =180°

=> DHN + DHM =180°

Hay ba diém M, H, N thang hang.

d) Ké duong kinh AE

Tacé AEB = ACB =>BAE = DAC => cung BE=cung CD=>BE=CD
Tuong ty EC = BD

Ap dung dinh Ii Pi ta go ta co:

ABZ + AC? + CD? + BD? = AB? + BE? + AC? + CE?

= AE? + AE? = 4R? + 4R? = 8R?
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Céu 201.(Thdy Nguyén Chi Thanh) [Ha Ngi 2016 — 2017]

Cho duong tron (O) vamét diém A nam ngoai dudng tron. Ké tiép tuyén AB véi duong tron (O) (B la
tiép diém) va duong kinh BC . Trén doan thang CO lay diém | (I khac C, | khac O). Puong thang Al
ct (O) tai hai diém D va E (D namgitra A va E). Goi H 14 trung diém ciia doan thang DE .

a) Chitng minh bén diém A, B, O, H cling nam trén mot duong tron.

b) Chiing minh E:@
AE BE

¢) Puong thang d di qua diém E song song voi AO, d cit BC tai diém K. Chang minh HK //DC.
d) Tia CD cit AO tai diém P, tia EO cat BP tai diém F . Chiing minh t& giac BECF Ia hinh chir nhat.

Huwoéng ddn

a) Vi AB latiép tuyén cua (O) nén AB L BO = ABO =90

Vi H la trung diém ctia ddy DE cua (O) nén OH L DE = AHO =90°

Suy ra ABO+ AHO=180° = AHOB la t giac noi tiép

Suy rabén diém A, H, O, B nam trén cung mot duong tron.

b) C6 ABD = AEB (goc tao bai tia tiép tuyén va day cung va géc noi tiép cing chin cung BD)

Xét AABD va AAEB c6 chung BAE, ABD = AEB nén

AABD - AAEB (g-g) = 2 _ BD
AE EB

¢) Vi ABOH la tir gi4c noi tiép nén OAH =OBH
Vi EK//AO nén OAH = HEK

Suy ra OBH = HEK = BHKE Ia tt gi4c noi tiép = KHE = KBE
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Vi BDCE la tir gi4c noi tiép nén KBE = CDE

Suy ra KHE =CDE = KH//CD

d) Goi F' la giao diém cua BP va duong tron (O).

Goi AQ latiép tuyén thir 2 cia (O)

Vi BDQC Ia t&r giac noi tiép nén QDC =QBC (1)

Vi ABOQ Ila tir giac noi tiép duong tron dudng kinh AO nén QBC = QAO (2)
T (1), (2) QDC =0AQ = APDQ la i gi4c noi tiép

— PDA=PQA (3)

C6 PDA=EDC =EBC (4)

Taco AABP = AAQP (c.g.c) = PQA=PBA (5)

Tir 3), (4), (5) = PBA=EBC

Suy ra PBE = ABC =90° = FBE =90° = F E la dudng kinh caa (O)
— FeOE = F =F

Vi FBEC la t& gi4c noi tiép nén FCE =180° — FBE = 90°

Ta gidc FBEC c6 FCE = FBE = BEC =90° nén la hinh chir nhat.

Céu 202.(Thay Nguyén Chi Thanh) [Ha No¢i 2014 — 2015]

Cho duong tron (O;R) c6 dudng kinh AB ¢6 dinh. V& duong kinh MN cta duong tron (O;R) (M khéc
A, M khac B). Tiép tuyén ctia duong tron (O;R) tai B cat cac duong thaing AM , AN lan luot tai cac
diém Q, P.

a) Chung minh tr gidc AMBN la hinh chir nhat.

b) Chitng minh bén diém M, N, P, Q cung thuéc mét duong tron.

¢) Goi E 1a trung diém cua BQ. Puong thang vudng goc véi OE tai O cit PQ tai diém F . Chitng minh
F 1a trung diém caa BP va ME // NF.

d) Khi duong kinh MN quay quanh tdm O va théa man diéu kién dé bai, xac dinh vi tri cia duong kinh
MN dé tir giac MNPQ c6 dién tich nho nhat.

Huwoéng ddn
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c) OE la duong trung binh cia AABQ.

OF // AP nén OF la duong trung binh cua AABP

Suy ra F 1a trung diém cua BP.

Ma AP 1 AQ nén OE L OF.

Xét tam giac vudng NPB c6 F 1a trung diém cua canh huyén BP .

Xét ANOF = AOFB (c-c-c) nén ONF =90°

Tuong ty tacd6 OME =90° nén ME // NF vi cling vudng goc véi MN
d) 2Sueo = 2Ss0 —2Sm = 2RPQ— AM.AN = 2R(PB+BQ)— AM.AN
AABP -~ AQBA suy ra % = g = AB’=BP.BQ

Nén &p dung bt ding thic Cosi tacé PB+ BQ >2,/PB.BQ =2,/(2R)? =4R
Ta co:

AM?+AN?  MN?
2

DO d6, 2Sypg > 2RAR —2R? = 6R? => S, > 3R

AM.AN < =2R?

DAu bang xay rakhi AM = AN va PQ = BP hay MN L AB.

Céu 203.(Thiy Nguyén Chi Thanh) [Ha Ngi 2015 — 2016]

Cho nira duong tron tdm O c6 duong kinh AB . Ly diém C trén doan thang AO (C khéc A, C khéc O
). Puong thing di qua C va vudng goc véi AB cit nira duong tron tai K. Goi M 1a diém bét ki trén cung
KB (M khac K, M khac B). Puong thang CK cit cac duong thang AM , BM lan luot tai H va D.

Puong thang BH ¢t nira duong tron tai diém tha hai N .
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a) Chuang minh ti gidc ACMD 14 ti giac ndi tiép.

b) Chiang minh CACB=CH.CD.

¢) Ching minh ba diém A, N, D thing hang va tiép tuyén tai N cua nira duong tron di qua trung diém
cuaa DH .

d) Khi M di d6ng trén cung KB, chitng minh duong thang MN luén di qua mét diém cé dinh.

Huwoéng ddn

a) T gidc ACMD c6 ACD = AMD =90°. Nén ti gidc ACMD ndi tiép
b) Xeét 2 tam giac vudng : AACH -~ ADCB

(Do c6 CDB = MAB (gbc c6 canh thiang géc))

Nén ta co: A :9 = CACB=CH.CD.
CH CB

c) Do H la truc tdm cua AABD
Vi ¢6 2 chiéu cao DC va AM giao nhautai H , nén AD L BN

Hon nita ANB =90°vi chin nira duong tron duong kinh AB .
Nén A, N, D thing hang.

Goi tiép tuyén tai N cit CD tai J ta chung minh JND = NDJ .
Taco JND = NBAcung chan AN .

Tac6 NDJ =NBA goc c6 canh thing g6c

= JND = NDJ . Vay trong tam giac vudng ADNH ¢6 J 1a trung diém caa HD .
d) Goi 1 =MN N AB.

CK cat duong tron tam O tai diém Q.

Khi d6 JM , JN Ilatiép tuyén caa duong tron tam O.

Goi F=MNNJO. Tacoé KFOQ Ila ti giac noi tiép.

= FIl laphan gidc KFQ.

Ta c6: KFQ = KOQ = KFI = FOI

= tir giac KFOI nai tiép

= IKO=90° = IK latiép tuyén duong tron tam O
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Vay MN di qua diém c6 dinh 1 (véi IK Iatiép tuyén cua duong tron tam O).

Céu 204.(Thiy Nguyén Chi Thanh) [Ha Tinh 2013 — 2014]

Cho dudng tron (O) va diém A nam ngoai duong tron. V& céc tiép tuyén AM , AN Véi cac dudng tron
(0) (M,N €(0)). Qua A v& mot dudng thang cat duong tron (O) tai hai diém B, C phén biét (B nam
gitta A, C). Goi H 1a trung diém cua doan thang BC.

a) Chang minh t& giac ANHM néi tiép duoc trong duong tron.

b) Chung minh AN? = AB.AC.

¢) Puong thang qua B song song voi AN cét doan thaing MN tai E . Chimg minh EH // NC.

Huwoéng ddn

N

'Y

a) Vi AN, AM latiép tuyén cua (O) nén ANO = AMO =90°. Goi J la trung diém AO.

Vi H la trung diém day BC nén OH L BC = AHO=90°
Suyra A, O, M, N, H thudc duong tron tam J duong kinh AO
Suy ra AMHN 4 tir giac ni tiép duong tron (J)

b) C6 ANB = ACN (g6c tao bai tia tiép tuyén va day cung va goc noi tiép)
= AANB +~ ACAN (g-g)

AN _AB L AN?=ABAC
AC AN

¢) Goi | =MN N AC.

Taco MN Ia truc dang phuong cua hai duong tron (J) va (O), 1 € MN nén phuong tich cia | ddi véi

(J)va (O)bang nhau = IAIH = IB.IC ~B_H
A IC
vige //AN nen 2= TE 1B TH ey e,

== =
IA IN IN IC
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CAu 205.(Thay Nguyén Chi Thanh) [ Ha Tinh 2015 — 2016]

Cho tam giac nhon ABC, duong tron duong kinh BC cét cac canh AB, AC lan luot tai M, N . Goi H 1a
giao diém cua BN va CM.

a) Chirng minh tir gidc AMHN nai tiép duoc trong mot dudng tron.

b) Goi K la giao diém cua duong thang BC voi duong thang AH. Ching minh A BHK ddng dang A
ACK.

¢) Chitng minh: KM + KN < BC . Dau “ =" xay ra khi nao?

Huwoéng ddn

a) Theo gia thiét ta c6 BMC = BNC =90° (Do cuing chan mot nita duong tron)
= AMH = ANH =90°

=T gidc AMHN nai tiép duong tron.

b) Vi BN L AC, CM L AB = H latruc tam AABC.

— AK L BC = AKB = ANB = 90° =T gi4c ABKN ndi tiép duong tron.

— KAC = NBC (cung chin KN )

Xét ABHK va AACK co:

HBK = KAC , HKB = AKC =90°
= ABHK -~ AACK (g-0)
¢) Tr M ke dudng vudng goc véi BC cit dudng tron tai P = BC la trung trung

truc cia MP (tinh chét d6i xtiing cua duong tron) = DK =KI
Ta c6 cac tir giac ABKN, BMHK noi tiép= ABN = AKN = HKM

= MKB = NKC (cuing phu véi hai géc bang nhau)

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122




Mat khac BC la trung truc cua MP nén MKB = BKP = BKP = NKC

=3 diém P,K,N thang hang suy ra KM + KN = KP+ KN = PN <BC (do PN laday con BC la
duong kinh).

Dau “="xay ra khi K trung O, khi d6 AABC cantai A.

Cau 206.(Thay Nguyén Chi Thanh) [Ha N@i 2013 — 2014]

Cho duong tron (O) va diém A nam bén ngoai (O). Keé hai tiép tuyén AM, AN véi duong tron (O)
(M, N lacactiép diém). Mot duong thang d diqua A citduong tron (O) tai hai diém B va C (AB < AC
, d khong di qua tam O).

a) Chirng minh tir gilc AMON  nai tiép.

b) Chitng minh AN? = AB.AC . Tinh d6 dai doan thang BC khi AB =4cm, AN =6cm .

c) Goi | la trung diém cua BC. Puong thang NI cét duong tron (O) tai diém thir hai T . Ching minh
MT //AC

d) Hai tiép tuyén ctia dwong tron (O) tai B va C cit nhau & K. Ching minh K thuoc mot dudng thang

cb dinh khi d thay doi va théa man diéu Kién dé bai.

Huwéng ddn

a) Xét tir giaic AMON c¢6 hai goc ddi
ANO =90°; AMO =90° nén Ia tt gi4c noi tiép
b) AABM «~ AAMC néntacd AB.AC = AM?* = AN* =6° =36

2 2
—ac=5_% _gcm) = BC=AC—AB=9-4=5(cm)
AB 4
1

¢) MTN =5 MON = AON (cung chdn MN trong duong tron (O)), va AIN = AON ))
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(do 3 diém N,1,M clng nam trén duong tron duong kinh AO va cling chan cung 90°)

Vay AIN = MTI =TIC nén MT //AC do c6 2 géc so le bang nhau.

d) Xét AAKO cé Al L KO.

Ha OQ L AK . Goi H=0QNAI va Al thi H la truc tam caa AAKO, nén KMH vudng géc véi AO.
Vi MHN vudng géc voi AO nén dudng thang KMHN vudng goc véi AO, nén KM vubng goc véi AO
.Vay K nam trén duong thang ¢ dinh MN khi BC di chuyén.

Céch giai khac: Taco KB? = KC? = KI.KO. Nén K nam trén truc dang phuong ciia 2 dudng tron tam
O va dudng tron duong kinh AO. Vay K nam trén duong thang MN 12 truc ding phuong cua 2 duong

tron trén.

Ciu 207.(Thay Nguyén Chi Thanh) [Ha Tinh 2016 — 2017 dé 2]

Cho nira duong tron tim O duong kinh AB . Trén nira mat phang chira nira duong tron c6 bo 1a duong
thang AB, ké tia Ax vubng goc véi AB . Tur diém M trén tai Ax ké tiép tuyén MP véi nira duong tron
(P latiép diém khac A). Poan AP cit OM tai K, MB cit nira duong tron tai Q (Q khac B).

a) Chang minh AMPO, AMQK 1a c4c tr giac noi tiép.

b) Chang minh hai tam giac MQO va MKB dbng dang.

¢) Goi H lahinhchiéucaa P trén AB, | 1a giao diém cia MB va PH . Chiing minh: KI vudng géc véi
AM .

Huwong dan
(.\
X
M
)
XY, X
‘k’.
A S\
A . >
0 u s

a) Tacd Ax va MP 14 hai tiép tuyén cua nira dudng tron nén MAO = MPO =90° do d6 tir gisc AMPO
noi tiép.

Ta co:
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MA = MP
OA=0P =R = OM latrung truc cua doan AP
O=M

— AKM =90° (1)

Lai c6: APB =90° (g6oc noi tiép chin nira duong tron) = MQA=90°  (2)

Tir (1) va (2) suy ra AKM =MQA=90° cing nhin AM nén tir giac AMQK noi tiép.
b) Ta c6: ABQ = MAQ (cung chian AQ cta nira duong tron)

Ma MAQ = MKQ (do tir gilc MQKA ndi tiép — cau a))

= ABQ =MKQ = tir gidc QKOB ni tiép = KOQ =QBK (cung chin KQ)

Xét AMQO va AMKB c6 BMK chung; KOQ =QBK (CM trén) nén AMQO -~ AMKB..

c) Céch 1:
BP cattia Ax tai C,tacé MO songsong BC (vicing vudng goc voi AP )ma AO=0B nén AM =MC
Lai c6 PH song song véi AC nén theo dinh ly Ta Iét ta c6: _ 1B _H =IP=IH

C BM AM

Tur d6 d& thdy Kl 1a duong trung binh cia AAPH , do d6 KI //AB = KI L AM
Céch 2:

Tacd IQK phuvaoi KQA; IPK phu voi PAH ;ma PAH = AMK (cung phu v6i MAK )
Nhung AMK = AQK (do tir giac MQKA ngi tiép-cau b). Do ¢6 KQI = IPK

= tir giac KQPI nai tiép = QPK = QIK (cung chian cung KQ) ma QPK = QBA= QBA=QIK
= Kl //AB (c6 cap goc dong vi bang nhau) = KI L AM .

Chu 208.(Thiy Nguyén Chi Thanh) [Hai Dwong 2016 — 2017]

Cho ntra duong tron (O) dudng kinh AB. Goi C la diém cé dinh thudc doan thang OB (C khac O va
B ). Dung duong thang d vudng goc véi AB tai diém C, cit nira duong tron (O) tai diém M . Trén cung
nhé MB liy diém N bat ky (N khac M va B), tia AN cat duong thang d tai diém F , tia BN cat
duong thang d tai diém E. Duong thang AE cit nira duong tron (O) tai diém D (D khac A).

a) Chang minh AD. AE = AC.AB

b) Ching minh: Ba diém B, F,D thing hang va F 1a tam duong tron noi tiép ACDN

¢) Goi | 1a tim duong tron ngoai tiép AAEF . Chiing minh rang diém | ludn nam trén mot duong thing

cb dinh khi diém N di chuyén trén cung nhé MB .

Huwoéng ddn
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a) C6 ADB = ANB =90° (g6c noi tiép chan nira duong tron)
= AADB - AACE (g-9)

= AD = AB = AD.AE = AC.AB
AC E

b) + CO AN LEB, EC L AB, ECNAN =F nén F latruc tim cia AAEB

= BF LEA
Ma BD L EA= B, D, F thang hang

+ T gidc ADFC c6 hai goc ddi bang 90° nén 1 tir giac noi tiép, suy ra DCF = DAF
Tuong tu ta c6: NCF = NBF

Ma DAF = NBF (cling phu véi AEB) = DCF = NCF

Suy ra CF la phéan giac cia DCN

Tuong tu ta cling c6 DF la phén giac caa NDC
Vay F 1a tam duong tron noi tiép ADCN

c) Goi J lagiao cua (1) véidoan AB.
C6 FAC =CEB (: 90° - ABE) — AFAC ~ ABEC (g-q)

:>F—C=A—C:>CF.CE =BC.AC
BC EC

Vi AEFJ I tir gidc noi tiép nén FJC = FEA (=180° - AJF)

— ACFJ ~ ACAE (g-g) = % = C—é — CF.CE =CACJ

Suy ra BC.AC =CACJ = BC =CJ =C la trung diém BJ (vi J =B)

Suy ra J 1a diém c6 dinh

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122




C6 IA=1J nén | lubn thudc duong trung truc cia AJ 1a duong cé dinh.

Cau 209.(Thiy Nguyén Chi Thanh) [ Hai Dwong 2015 — 2016]
Cho duodng tron (O) dudng kinh AB ¢ dinh va dudng kinh CD thay d6i khong triing véi AB . Tiép tuyén
tai A ctia duong tron (O) cét cac duong thang BC va BD lan luot tai E va F . Goi P va Q lan luot Ia

trung diém cua cac doan thing AE va AF .
a) Chung minh ACBD Ia hinh chir nhat.
b) Goi H Ia tryc tdm cua tam giac BPQ . Chting minh H 14 trung diém cia OA.

¢) Xéc dinh vi tri ciia duong kinh CD dé tam giac BPQ c6 dién tich nho nhat.

Huwoéng ddn

a) Chitng minh ACDB Ia hinh chir nhat

Hinh vé y 1 Hinhvéy2va3

ACB = ADB =90° (Gdc néi tiép chan nira duong tron)

CAD =CBD =90° (G6c néi tiép chin nira duong tron)

Suy ra Chitng minh ACDB la hinh chir nhat

b) Chang minh H 14 trung diém cua OA

Tam giac BEF vudng tai B c6 duong cao BA nén AB® = AE. AF

AE AB AE AB AE AB
=>—-= = = = —=—
AB  AF 20A 2AQ OA AQ

EAO = BAQ =90° = AAEO -~ AABQ

= AEO = ABQ. Mit khac HPF = ABQ (géc c6 canh tuong tng vudng goc) nén AEO = HPF . Hai goc
nay & vi tri ddng vi l1én PH //OE

P 1a trung diém cuia EA = H 1a trung diém caa OA

¢) Xac dinh vi tri cia CD dé tam giac BPQ c6 dién tich nho nhat

Ta co: Sygpo = isz =R.PQ=R(AP+AQ) = g (AE-+ AF)
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2\ AE.AF

\Y%
N | o

RA/AB? =R.AB = 2R?
Suepo =2R* < AE = AF
<> tam giac BEF vudng céan tai B < tam gidc BCD vudng cantai B = CD 1 AB

VAy S,spo dat gid tri nho nhat 1a 2R? khi CD vuong AB

Cau 210.(Thiy Nguyén Chi Thanh) [Hai Phong 2013 — 2014]
Cho tam giac nhon ABC ndi tiép duong tron (O), cac duong cao AD, BE, CF citnhautai H (D e BC

, E€AC, F € AB)
a) Chang minh céac ta gidc BDHF, BFEC noi tiép.

b) Puong thang EF cétduong tron (O) tai M va N (F namgitta M va E ). Ching minh AM = AN .

¢) Chang minh AM 14 tiép tuyén caa duong tron ngoai tiép tam giac MHD..

Huwoéng ddn

a) Chitng minh céc tie giac BDHF, BFEC néi tiép.

+) Xét tir gidc BDHF c6:

BFH =90° (CF 1a duong cao cia AABC)

HDB =90° (AD Ia duong cao cia AABC)

= BFH + HDB =180°

Ma BFH va HDB 1a 2 goc dbi nhau=tir giac BDHF noi tiép
Ta co:

BFC =90° (CF la duong cao ciia AABC)

BEC =90° (BE 14 duong cao ciia AABC)
Suy ra bon diém B, F, E, C clng thudc duong tron duong kinh BC
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Hay tir giac BFEC nai tiép.

b) Chitng minh AM = AN .

Vi ti giac BFEC noi tiép = AFN = ACB (cling bt véi BFE)

Ma CAN :%sd‘AB:%deBHdAM (tinh chét goc noi tiép trong (O))

AFN =%SdAN+sd‘MB (tinh chat géc ¢6 dinh bén trong dudng (O))

= AM = AN

¢) Chitng minh AM 14 tiép tuyén cia dwong tron ngoai tiép tam giac MHD
Xét AAMF va AABM co:

MAB chung

AMF = ABM (hai goc néi tiep cting chan AM = AN trong (O))

Do d6 AAMF -~ AABM (g.g)

AF AM
=
AM AB

Xét AAFH va AADB cbé:

= AM?=AF.AB (1)

BAD chung

AFH = ADB =90° (CF va AD la cac duong cao cia AABC)
Do d6 AAFH -~ AADB (g.9)

—AF _AD . AM.AD = AF.AB (2)

AH AB

Tur (1) va (2) suy ra AM? = AH.AD = Ad_AM
AM  AD

Xét AAHM va AAMD co:

MAD chung
ﬁ:ﬂ(CM trén)
AM AD

Do d6 AAHM -~ AAMD (c.g.c)

— AMH = ADM (3)

V& duong thang xy 1 tiép tuyén cua duong tron ngoai tiép AMHD tai M .
Ta c6: xMH = ADM (g6c tao bai tia tiép tuyén va goc nai tiép) (4)

T (3) va (4) suy ra XMH = AMH

Hay MA trung véi tia Mx

Suy ra AM 14 tiép tuyén cua duong tron ngoai tiép AMHD .
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Céu 211.(Thdy Nguyén Chi Thanh) [Hai Phong 2016 — 2017]

Cho AABC c6 ba gdc nhon ngi tiép duong tron (O). Ké AH L BC tai H. Goi | va K lan luot 13 hinh
chiéu vudng gdc ciia A 1én cac tiép tuyén tai B va C cua duong tron (O).

a) Chirng minh tir giac AHCK noi tiép dudng tron.

b) Chitng minh AHK =ABC va AH? = Al.AK

¢) Goi M, N theo thir tw 1a trung diém caa Al va AK . Ching minh rang: Néu AH = AM + AN thi ba
diém A, O, H thang hang.

Huwoéng ddn

~]

/
\ } /
AW

Y,

a) Vi AH L HC, AK 1. KC nén AHC =AKC =90° = AHC + AKC =180°

Suy ra AHCK la tir gi4c noi tiép

b) Vi AHCK Ia tr giac noi tiép nén AHK = ACK (2 gdc ndi tiép cing chan AK)

Mt khac ABC = ACK (gdc noi tiép va goc tao bai tia tiép tuyén va day cung cling chan AC cia (O))
Suyra AHK = ABC . (1)

Vi AHB = AIB =90°+90° =180° nén AHBI Ia ti gidc noi tiép = ABH = AIH hay ABC = AlH (2)
Tir (1) va (2) = AHK = AIH (3)

Chung minh tuong ty, ta co AHI = AKH (4)
Tir (3) va (4) c6 AAIH ~ AAHK (g-g)

:ﬂ:ﬂ: AH? = Al.LAK (dpcm)
AH AK

¢) Vi M, N 1a trung diém caa Al, AK nén
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Al AK Al+AK
= =

2
AH =AM +AN =0+ = _ (Al +AK)”

AH?

Két hop véi y b, ta co

2
(AL AKY _ ALAK & (Al +AK)? = 4.ALAK

& (Al - AK)?2 =0
< Al = AK
Goi J la giao diém cta 2 tiép tuyén tai B, C cta (O).C6 AOBJ =AOCJ (canh huyén—canh géc vudng)

= JO la phén giac cia BJC va JB = JC

Suy ra OJ 1a duong trung truc caia BC = 0J 1 BC

Vi Al = AK, Al L 1J, AK L KJ nén A thudc dudng phan giéc cia 1JK = AeOJ
Suy ra AO L BC,ma AH LBC nén A, O, H thing hang.

Céu 212.(Thay Nguyén Chi Thanh) [Hai Phong 2014 — 2015]

Cho dudng tron (O) ¢d dinh va tam gidc ABC c6 ba goc nhon noi tiép duong tron (O), cc dudng cao
BD va CE cat nhau tai H va cat duong tron (O) lan lugt & D’ va E’

a) Chiing minh rang t&r giac BEDC la tt gi4c noi tiép va DE // D’E’

b) Chang minh rang OA vudng goc véi DE

¢) Cho cac diém B va C ¢6 dinh. Chang minh rang khi A di dong trén cung I6n BC sao cho tam giac

ABC la tam gi4c nhon thi ban kinh dudng tron ngoai tiép tam giac ADE khong doi.

Huwong ddn

a) * C6 BD va CE la cac duong cao cia AABC = BD 1L AC, CE 1L AB
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= BDC =90°; BEC =90°
+ Tr gidc BEDC c6 BDC =90°; BEC =90° ma 2 gdc nay cuing chan canh BC = ti giac BEDC nai tiép
(diéu phai ching minh)

* Tir gidc BEDC noi tiép = E, =B, = 9 PC (1
* Xét duong tron (O)c6 B, =D, = d IZE ¢ (2)

Tu (1) va(2) = D', =E, madayla2 goc doéng vi = DE // D’E’ (diéu phai chang minh)

sd ED
2

b) * Tu giac BEDC néi tiép = B, =C, =

* Trong duong tron (0)c6 = B, =C, = AE = AD = A ladiém chinh gitta DE' = AO di qua trung
diém cua D’E’

— AO L D’E’ ,ma DE // D’E’= OA L DE (dpcm)

c) * Ta c6 ta gidc AEHD c6 AEH = ADH =90° = AH 1a duong kinh dudng tron ngoai tiép tir giac
AEHD = AH dong thoi la duong kinh cta duong tron ngoai tiép AADE

= % 1a ban kinh caa duong tron ngoai tiép AADE .

* V& dudng kinh AN ciia dudng tron (O) = NCA=90° (goc néi tiep chan nira duong tron)

= NC LAC = NC //BD

* Chimg minh twong ty ¢6 BN // CE = Tu giac BHCN Ia hinh binh hanh.

* Goi M 14 giao diém cua BC va HN = M la trung diém HN = AH = 2.0M

Mit khac M 14 trung diém caa BC nén OM L BC ; OM la khoang céach tir O dén BC, ma BC cé dinh,
O ¢6 dinh nén OM khong doi.

= AH khong d6i.

Céu 213.(Thay Nguyén Chi Thanh) [Hoa Binh 2015 — 2016]

Cho dudng tron tdm O, duong kinh BC. Ly mot diém A trén duong tron (O) sao cho AB > AC (A
khac C). Tr A vé AH vudng géc voi BC (H thuoc BC). T H vé HE vubng goc véi AB va HF
vuodng géc vai AC (E thuéc AB, F thuoc AC)

a) Chang minh rang AEHF 14 hinh chit nhat va OA L EF

b) Tia FE cat duong tron (O)tai P . Ching minh ring AAPH cn

Huwoéng ddn
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a) C6 BAC =90° (gbc ndi tiép chin nira dudng tron)

Vi HE L AB, HF L AC nén AEH = AFH =90°

T gidc AEHF c¢6 3 goc vudng nén no la hinh chir nhat

Goi | lagiao OA va EF . Vi AOAB can ¢ O nén EAI = ABO (1)
AEHF 12 hinh chit nhat nén n6 noi tiép duong tron = AEIl = AHF (2)
Vi AE // HF (cing L AC)nén AHF = EAH =90°— ABO (3)

T (1), (2), (3) = EAIl + AEI =90° = AAEI vuéngtai | = OA LEF
b) Goi Q lagiao ciiatia EF véi (O). Vi OALPQ nén A la diém chinh giita cung PQ
— AAPQ cantai A = APQ = AQP

Vi APBQ Ila tt gi4c noi tiép nén ABP = AQP

Suy ra ABP = APQ = APE = AABP ~ AAPE (g-Q)

:E:E: AP? = AE.AB
AP AE

Ap duyng hé thirc lugng trong tam giac vuéng AHB c6 AH? = AE. AB
— AP’ = AH? = AP = AH = AAPH can¢ A.

Céu 214.(Thay Nguyén Chi Thanh) [Hoa Binh 2014 — 2015]

Cho tir gidc ABCD noi tiép dudng tron (O) duong kinh AD . Hai duong chéo AC va BD cit nhau tai E
. Ké EF vubng goc véi AD ( F € AD)

a) Chirng minh rang tia CA 1a phan giac caa BCF .
b) Goi M 1a trung diém cia DE . Chung minh rang: CM.DB = DF.DO

Huwong dan

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122




a) Vi ABCD la t& giac noi tiép nén BCA = BDA (1)

C6 ACD =90° (gdc ndi tiép chan nira duong tron) = ECD+ EFD =180°
Suy ra ECDF la tir gi4c ngi tiép= ECF = EDF (2)

T (1) va (2) = BCA= FCA

= CA la phan giac cua BCF
b) Vi ACED vubng tai C nén CM = ME =MD = 2CM = DE

ADEF ~ ADAB :%:D_E: DE.DB = DADF = 2CM.DB =2DO.DF = CM.DB = DO.DF.

Cau 215.(Thiy Nguyén Chi Thanh) [Hung Yén 2016 — 2017]

Cho dudng tron (O) duong kinh AB . Trén tiép tuyén tai A cia dudng tron lay diém C sao cho C khac
A. T C ke tiép tuyén thir hai CD (D Ia tiép diém) va cat tuyén CMN (M nam gita N va C) voi
duong tron. Goi H 1a giao diém CO va AD.

a) Chirmg minh cac diém C, A, O, D cling nam trén mot dudng tron.

b) Chitng minh CH.CO=CM.CN .

c) Tiép tuyén tai M cita duong tron (O) cat CA,CD thi tu tai E, F . Dudng thang vudng goc véi OC tai
O cit CA,CD thu ty tai P,Q . Chang minh PE +QF >PQ.

Huwong dan
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Ca

P4

a) Vi CA,CD latiép tuyen cua (O) (gt)

Nén CAO =CDO =90° ( theo tinh chat tiép tuyén)

Suyra 4 diém C, A, O, D cung thuoc 1 duong tron. (diéu phai ching minh).
Cach 2: c6 CAO =CDO =90° nén géc CAO +CDO =180°
Suyra 4 diém C, A, O, D cung thugc 1 duong tron.

b) Chitng minh dugc ACOD vudng tai A c6 duong cao DH nén
CH.CO=CD? (1)

Ta chting minh duoc ACMD d6ng dang véi ACDN

Nén c6 CM.CN =CD? (2)

(1) va (2) ta c6 dpcm.

c) Tac6 OFQ= MDO (cung phu vsi FDM)

MDA = AOE =%sd AM (1)

Tu gidc AODC ndi tiép = ADO = ACO (Cung chin cung AO)
Ma ACO = AOP (cung phu véi géc P) = ADO = APO (2)
Tu (1) va (2) suy ra POE = MDO = OFQ (3)

ACPQcantai C =P=0Q (4)
T (3) va (4) tacd APOE ddng dang véi AQFO

PO_PE . qFPE-0OP.OQ=0P
QF QO

Theo Co-si c6 QF + PE > 2,/QF .PE = 2/OP? =2.0P = PQ
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Dau “=" xay ra khi va chi khi QF =PE (Ttcla M 12 giao diém ciia OC va(0)).

Céu 216.(Thiy Nguyén Chi Thanh) [Hung Yén 2014 — 2015]

Cho AABC c6 ba gdc nhon néi tiép trong duong tron tam O, ban kinh R . Ha céc duong cao AH , BK cuaa
tam gi4c. Céc tia AH , BK lan luot cit (O) tai cac diémthirhaila D, E.

a) Chirng minh tir giac ABHK néi tiép duong tron. Xéc dinh tam duong tron do.

b) Chiing minh: HK //DE.

¢) Cho (O) vaday AB c¢b dinh, diém C di chuyén trén (O) sao cho AABC c6 ba goc nhon. Ching minh
rang do dai ban kinh dudng tron ngoai tiép tam giac CHK khang dbi.

Huwoéng ddn

a) Tu giac ABHK c6 AKB = AHB=900.

Suy ra Ta giac ABHK noi tiép duong tron duong kinh AB .Tam O’ cua dudng tron nay 1a trung diém cua
AB.

b) Theo cau a) Tt giac ABHK noi tiép (J) voi J latrung diém coa AB
Nén BAH =BKH (hai géc néi tiép cung chin cung BH cua (J))

Ma BAH =BAD (A, H, D thing hang)

BAD = BED (hai géc néi tiép cuing chian cung BD cua (O))

Suy ra BKH = BED . Hai géc nay & vi tri ddng vi nén HK song song DE .
c)-Goi T la giao cua hai duong cao AH va BK..

D& chitng minh duoc tr gidc CHTK noi tiép duong tron duong kinh CT .
(do CHT = CKT =90°).

Do @6 CT 14 dudng kinh ciia duong tron ngoai tiép ACHK . (*)
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- Goi F lagiao cua CO voi (O) hay CF 1a duong kinh cua (O).

Tacod CAF =90° (gbc noi tiép chin nira (0)) => FA L CA

Ma BK L CA (gt). Nén BK//FA hay BT//FA (1)

Tac6 CBF =90° (g6c noi tiép chan nira (0))=>FB L CB

Ma AH L CB (gt). Nén AH//FB hay AT//FB (2)

T (1) va (2) tacd te gidc AFBT 14 hinh binh hanh (hai cap canh d6i song song)
Do J 1a trung diém ciia duong chéo AB

Nén J ciing 1a trung diém cia dudng chéo FT (tinh chét vé duong chéo hbh).
Xét ACTF ¢6 O la trung diém cua FC, J 14 trung diém cua FT

Nén OJ la duong trung binh OJ:%CT (**)
Tir (*) va (**) ta c6 d6 dai cia OJ bang do dai ban kinh cua duong tron ngoai tiép ACHK .
Ma d¢ dai caa OJ 1a khoang céch tir tim O dén day AB (J la trung diém cua day AB). Do (O) va day

AB cé dinh nén d6 dai caa OJ khong doi.
Vay do dai ban kinh duong tron ngoai tiép ACHK khéng doi.

Céu 217.(Thay Nguyén Chi Thanh) [Hung Yén 2015 — 2016]

Cho AABC c6 ba goc nhon, noi tiép dudng tron tam O va AB < AC . V& dudng kinh AD cuaa dudong tron
(0). Ké BE va CF vubdng goc vsi AD (E, F thuoc AD). Ké AH vubng goc véi BC (H thuoc BC)
a) Chung minh bén diém A, B, H, E clng ndm trén mot dudng tron.

b) Chung minh HE song song véi CD.

¢) Goi M latrung diém cua BC. Chung minh ME = MF .

Huwoéng ddn

a) Theo bai c6 AEB = AHB =90°.

Suy rabén diém A, B, H, E cung thuoc mot duong tron.

b) Tw giac ABH noi tiép duong tron = BAE = EHC (1)
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Mt khac, BCD = BAE (gdc ndi tiép ciing chan cung BD)(2)

Tu (1) va (2) suy ra BCD =EHC

= HE//CD

¢) Goi K latrung diém cua EC, | la giao diém cia MK véi ED.
Khi d6 MK la duong trung binh cia ABCE

— MK//BE maBE L AD (gt)

— MK L AD hayMK L EF (3)

Lai c6CF L AD (gt) = MK//CF hay KI//CF .
AECF cOKI/ICF, KE=KC nén IE=IF (4)

Tu (3) va (4) suy ra MK la duong trung truc caa EF
= ME=MF

Céu 218.(Thay Nguyén Chi Thanh) [Kh&nh Hoa 2015 — 2016]

Cho tam gidc ABC vuéng tai A(AB < AC). Hai duong tron (B;BA) va (C;CA) cit nhau tai diém tha
hai 14 D . V& duong thing a batkiqua D cét duong tron (B) tai M va cit duong tron (C) tai N (D
nam gitta M va N). Tiép tuyén tai M cua duong tron (B) va tiép tuyén tai N cua duong tron (C) cat
nhau tai E .

a) Chung minh BC la tia phéan giac cua ABD.

b) Goi | 1agiao diém cua AD va BC. Chiing minh: AD? =4BI.CI .

¢) Chang minh bén diém A, M, E, N cung thuoc mot duong tron.

d) Chtng minh rang s6 do MEN khong phu thudc vi tri ciia duong thang a.

Huwoéng ddn

a) C/m: AABC = ADBC (ccc) = ABC =DBC hay BC la phén giac cua ABD.
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b) Tacé: AB=BD =R

CA=CD =R,

Suy ra: BC latrung truc cia AD hayBC L. AD = Al L BC.
Talai c6:BC L AD tai | = IA=ID (dinh i)
Xét AABC vudng tai A (gt) co:

AD’

Al vubng gocBC, suy ra: Al” =BI.CI hay: = BI.Cl = AD? =4BI CI

c) Tacé: DME = DAM (hé qua t/c gdc tao bai tia tuyén va day cung)

DNE = DAN (hé qua t/c géc tao boi tia tuyén va day cung)

Suy ra: DME + DNE = DAM + DAN .

Trong AMNE c6: MEN + EMN + ENM =180° , suy ra: MEN + DAM + DAN =180°
Hay: MEN + MAN = 180° = ti gidc AMEN noi tiép.

d) Trong AAMN c6: MAN + AMN + ANM =180°, ma: MEN + MAN =180°

suy ra: MEN = AMN + ANM

Ta lai c6: AND = ACB = % ACD, AMD = ABC = % ABD (gbc & tam va gdc ndi tiép ciing chan mot cung)

Ma: AABC vudng tai A nén: MEN =90° (khong doi)

Vay sb do MEN khéng phu thudc vao duong thing a.

Céu 219.(Thiy Nguyén Chi Thanh) [Kién Giang 2015 — 2016]

Cho AABC nhon (AB < AC ) ba dudng cao AP,BM,CN cua AABC cit nhau tai H .

a) Chitng minh tir giac BCMN noi tiép

b) Chuang minh AANM ddng dang véi AACB

¢) Ké tiép tuyén BD voi duong tron duong kinh AH (D 14 tiép diém) keé tiép tuyén BE véi duong tron
duong kinh CH (E latiép diém). Chung minh BD = BE .

d) Giast AB=4cm, AC=5cm, BC=6cm. TinhMN .

Huwoéng ddn
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B P (

a) Chieng minh ti giac BCMN néi tiép

Taco BMC = BNC =90°

= M va N cung nhin BC dudi mot goc khong d6i bang 90°.
= tir gilc BCMN ndi tiép duong tron

b) Chiétng minh AANM déng dang véi AACB

Xét AANM va AACB co:

Goc A chung

ANM = ACB (cing bt véi BNM)

=>AANM ddng dang voi AACB

c) Ké tiép tuyén BD véi dwong tron dwong kinh AH (D 1a tiép diém) ké tiép tuyén BE véi dwong
tron dwong kinh CH (E 1a tiép diém). Chirng minh BD = BE .
+ Chitng minh ABDH  ddng dang voi ABMD (géc — goc)

= BD’= BH.BM

+ Tuong ty ta chitng minh dugc BE® = BH.BM

= BD=BE

d) Gia sir AB=4cm, AC =5cm, BC=6c¢cm. Tinh MN

B G
Pit AN =x= NB=4-x (diéu kién 0<x<4)
Ap dung dinh Iy Pythago ta co:
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CN?= AC?— AN?= BC*- BN? =5~ x*= 6~ (4-x)" < x=0,625 (tmdk)

Vay AN =0,625

AANM dong dang véi AACB (cmt)

AN MN o ANBC 06256 (oo
AC BC AC 5

Cau 220.(Thiy Nguyén Chi Thanh)

[Kon Tum -2014 — 2015].

Cho AABC vudng tai A va dudng cao AH . V& duong tron tdm O duong kinh AB. Biét BH =2cm,

HC =6cm. Tinh dién tich hinh quat AOH (ing vai cung nho AH).

Huwoéng ddn

A

H C

ABZ = HB.BC = (HB+HC)HB = (2+6)° =16 = AB =4(cm)= OA=2(cm)

cos ABH :ﬁzizé = ABH =60°

AB
= AOH =2.ABH =120°

OA%.7.120° 4r
Squat AcH = 30 3 (cm?)
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Céu 221.(Thiay Nguyén Chi Thanh) [Kon Tum 2014 — 2015]
Cho duong tron tdm O duong kinh AB. Tur A va B vé hai day cung ACva BD cuaa duong tron

(O) cét nhau tai N bén trong dudng tron (C, D nam trén cing nira mat phang bo AB ). Hai tiép
tuyén Cx va Dy ciia dudng tron (O) cét nhau tai M . Goi P la giao diém ciia hai duong thaing AD
vaBC.

a) Chang minh tir giac DNCP noi tiép duong tron.

b) Chimg minh ba diém P,M,N thing hang.

Huwéng ddn

P

a) DNCP nai tiép

ACB = ADB =90° (g6c noi tiép chan ntra duong tron)

= AC L PB va BD vudng géc PA= PAN =PCN = 90° = Tu giac DNCP nai tiép duong tron
duong kinh PN.

b) P, M, N thang hang.

A,D,C,B cung thuoc (O) = ti giac ADCB ndi tiép = OBC = PDC
Ma PDC = MNC ( cing chén cung PC cua duong tron(DNCP))
OCB =OBC (AOCB can taiO) va MCN = OCB (clng phu OCN)

= MNC=MCN = AMCN céntaiM = MN =MC.
vi MD =MC (t/c 2 tiép tuyén cat nhau)= MN = MC =MD
= ADCN noi tiép duong tron tam M .
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Mit khac ADCN néi tiép duong duong kinh PN (vi tir giac DNCP ndi tiép)
= M latrung diém PN =Vay P, M, N thang hang (dpcm)

Céu 222.(Thay Nguyén Chi Thanh) [Lang Son 2013 — 2014]

Cho duong tron (O) va diém M nam ngoai duong tron d6. Qua diém M ke tiép tuyén MA va cat
tuyén MBC (B nam giira M va C). Goi E latrung diém cua day BC.

a) Chiing minh: MAOE 12 tur giac noi tiép.

b) MO cit duong tron tai | (1 ndm gita M va O). Tinh AMI +2MAl

¢) Tia phan giac BAC cat day BC tai D. Chang minh: MD? = MB.MC

Huwoéng ddn

a) Ching minh MAOE 1a tir giac noi tiép.

Do E latrung diém ciia day cung BC nén OEM =90° (quan h¢ giita duong kinh va day cung)

Do MA la tiép tuyén nén OAM =90° tr gilc MAOE c6 OEM +OAM =180° nén ndi tiép duong
tron.

b) Tinh AMI +2MAI

Ta co: 2MAI = AOI (cing chan cung Al)

OAM + AMO =90° (do AMAO vubng tai A)

= AMI +2MAI =90°
¢) Chirng minh MD? = MB.MC
Do AMAB dong dang véi AMCA (g.g) nén MA? = MB.MC

Goi K la giao diém cua phan giac AD véi dudng tron (O)
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Co MDA=%(SdKC+sd BA):%(SdKB-FSd BA) =%sd KA
(vi AD la phéan giac BAC nén cung KB=KC)
Mt khac: MAD :%sd KA (G6c tao bai tiép tuyén va day cung)

Nén AMAD can: MA =MD
Vay MD? = MB.MC (dpcm)

Céu 223.(Thiay Nguyén Chi Thanh) [Lang Son 2014 — 2015]

Cho AABC nhon. Pudng tron (O) duong kinh BC ciat AB, AC lan luottai M va N . Goi H Ia
giao diém cia BN va CM, K latrung diém cia AH .

a) Ching minh rang tir giac AMHN ndi tiép duong tron.

b) Ching minh AM.AB = AN.AC .

¢) Ching minh KN 14 tiép tuyén cua duong tron (O).

Huwéng ddn

a) C6 BMC =90° (Noi tiép chan nira duong tron)

= AMH =90°

C6 BNC =90° (Noi tiép chan nira duong tron)

= ANH =90° (Do ké bu)

Vay AMH + ANH =1800 nén tir gilc AMHN nai tiép.

b) Xét AAMC va AANB c6 AMC = ACB = 90°(chitng minh y a)
C6 goc A chung nén AAMC dong dang AANB (g.9)

AM AC
>—=—
AN AB

c) Co H latryc tm cuia AABC = AH vudng goc BC

< AM.AB = AN.AC
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— CAH + ACB =90° (1)

KN la duong trung tuyén (ng véi canh huyén cua tam giac vudng NHA
— KNA=KAN  (2)

A ONC céantai O nén ONC=0CN (3)

Tu 1, 2, 3 tacd: KAN +ONC =90°

= KNO =90° hay KN 14 tiép tuyén caa duong tron tam O.

Céu 224.(Thiay Nguyén Chi Thanh) [Lang Son 2015 — 2016]

Cho AABC noi tiép duong tron tam O va c6 ba g6c nhon. Ké cac duong cao BE; CF (Piém E
trén AC, diém F trén AB) goi H la giao diém cua BE véi CF

a) Chung minh ring cac tt giac AFHE va BFEC nai tiép

b) Goi S latrung diém AH . Ching minh rang ESF = BOC va AESC va ABOC dong dang.

¢) Ké OM vudng géc véi BC (M nam trén BC) Chang minh rang SM vuéng goc véi EF

Huwong dédn

A

a) Xét tor giac AFHE c¢6 AEH =90° ; AFH =90°
= AFH + AEH =180° nén t& gidc AFHE ndi tiép
Xét tir giac BFEC c¢6 BFC =90° nén F thudc duong trong duong kinh BC.

BEC =90° nén E thuoc duong tron duong kinh BC.
Vay 4 diém B, C, E, F clng thudc dudng tron dudng kinh BC hay BFEC noi tiép.

b) Ta c6 tir gidc AFHE ndi tiép (y a) , suy ra ESF = 2EAF (cuing chin cung EHF)
Ma BOC =2 EAF trong duong tron tdm O nén ESF =BOC.
Xét AESF va ABOC cé ESF =BOC ( chitng minh trén)

Céu 225.(Thiay Nguyén Chi Thanh) [Lao Cai 2013 — 2014]
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Cho duong tron tim O béan kinh R va mot diém A sao cho OA=3R. Qua A ké 2 tiép tuyén AP
va AQ véi duong tron (O;R) véi P, Q la 2 tiép diem. LAy M thudc duong tron (O;R) sao cho
PM song song véi AQ. Goi N la giao diém tht hai cia duong thang AM véi duong tron (O;R).
Tia PN cit duong thang AQ tai K.

a) Chung minh t gidc APOQ 1a tir gi4c noi tiép va KA? = KN.KP

b) Ké duong kinh QS cua duong tron (O;R). Chang minh NS 1a tia phan gidc cua géc PNM

¢) Goi G la giao diém cua 2 duong thang AO va PK . Tinh d6 dai doan thing AG theo bén kinh
R.

e

Huwéng ddn
a. tor gidc APOQ ¢ tong hai goc d6i bang 180°. Tacd PM//AQ suy ra
PMN = KAN (So le trong)
PMN = APK (cung chan cung PN)
= KAN = APK
AKAN va AKPA c6 K chung
KAN = KPA nén hai tam gi4c dong dang (g —g)

KA_KN ka2 —kn kP
KP KA
b) PM // AQ maSQ L AQ (t/c tiép tuyén) nen SQ L PM suy ra PS = SM

Nén PNS =SNM hay NS la tia phan giac cua goc PNM
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¢) Goi H lagiao diém cua PQ véi AO

G latrong tam cua AAPQ nén AG =§AH

2 2
ma OP? =0OAOH nén OH = oP" _R_R nén AH =3R—E:ﬂ
OA 3R 3 3 3
dodo AG :E.%:@.
3 3 9
Céu 226.(Thay Nguyén Chi Thanh) [Long An 2013 — 2014]

Bai 1:Cho AABC vuéng tai A ¢c6 AB=3cm, BC =5cm, AH la chiéu cao cia AABC. Tinh do dai
AC va AH .

Bai 2:Cho tam giac nhon ABC néi tiép duong tron (O;R). Ba duong cao AE, BF , CG cit nhau
tai H (voi E thuoc BC, F thugc AC, G thuéc AB).

a) Chizng minh céc tir giac AFHG va BGFC la céc tir giac noi tiép.

b) Goi | va M lan luot 12 thm céc dudng tron ngoai tiép cua ta gidc AFHG va BGFC. Ching
minh MG 14 tiép tuyén cua duong tron tam | .

c) Goi D la giao diém tha hai cua AE véi duong tron thm O. Chang minh:

EA’ + EB? + EC* + ED* = 4R’

Huwong dédn
Bai 1

Yl

B H - c

AC? =BC?— AB? =16 = AC = 4(cm)

1 1 1 12
AH? AB* AC? 5 (em)
Bai 2
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a) Chirng minh tir giac AFHG va BGFC ndi tiép.
Ta co:

AGH =90°(gt)

AFH = 90° (gt)

AGH + AFH =180°

= AFHG la t& giac noi tiép

Ta c6: BGC =BFC =90°

= Tu giac BGFC nai tiép (Vi tir giac ¢6 2 dinh ké nhau ciing nhin BC dudi mot goc bang 90°)
b) Goi | va M lan lwot 1a tAm dwdng tron ngoai tiép ti giac AFHG va BGFC. Chitng minh MG
la tiép tuyén caa dwong tron tam (1).

IGA= IAG (AIAG cantai 1) (1)

GBM =BGM (AMGB can tai M) (2)

IAG + GBM =90° (3)

Tir (1), (2) va (3) = IGA+BGM =90°

= IGM =90° = MG L IG = MG la tiép tuyén cua duong tron tam |

c) Goi D la giao diém thw hai cia AE véi dwong tron ttm O. Chéng minh:
EA? + EB? + EC? + ED? = 4R?

K¢ duong kinh AK cua duong tron tam O

EA? + EB? + EC2 + ED? = AB2 + DC? (4)

AABK vubng tai B

= AB? + BK? = AK? = 4R?*(5)
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Tu gidc BCKD Ia hinh thang (BC song song DK do cung vudng goc voi AD) (6)
Ta gidc BCKD nai tiép duong tron (O)  (7)

Tu (6), (7) = BCKD Ia hinh thang can.

— DC=BK (8)

Tu (4), (5), (8) = EA?+EB?+EC?+ ED? =4R?

Cau 227.(Thiy Nguyén Chi Thanh) [Long An 2014 — 2015]

Bai 1: Cho AABC vubng tai A, AH la duong cao (HeBC) c6 AH = 6cm ; HC = 8cm. Tinh
do dai AC, BC va AB.

Bai 2:Cho duong tron (O;R) va mot diém S nam ngoai dudng tron (O). Tur S ké hai tiép tuyén
SA va SB véi duong tron (O). (A va B 14 hai tiép diém)

a) Chizng minh ti giac SAOB noi tiép va SO vudng géc AB .

b) V& duong thang a di qua S va cat (O) tai hai diém M va N (véi a khong di quatam O, M
nam gitta S va N). Goi H la giao diém cia SO va AB; | Ia trung diémcaa MN . Hai dudng
thang Ol va AB cit nhau tai E .

+) Chang minh: OI.OE = R?

+) Cho SO =2R va MN =R+/3. Héy tinh SM theo R.

Huwéng ddn
Bai 1.
A
6
Ls —-:l— -
B H 8 C
Taco: AC?=AH?+HC?
= AC? =100 = AC =10(cm)
o CA?
Ma AC? = BC.HC = BC = 2~ =12,5(cm)
HC
AB.AC = AH.BC = AB = AH-BC _ 7 5cm)

Bai 2
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a "" A
- N [ A
- [ IT ~
g
Ot > s
ST |
B

a) Chitng minh tir gidc SAOB ndi tiép va SO vudng goc AB .
Chirng minh ti giac SAOB ngi tiép. (0,5)

SAva SB 14 hai tiép tuyén cua duong tron (O) = SAO = SBO =90°
= SAO + SBO =180°

= Tu giac SAOB la tir giac noi tiép.

Chirng minh SO vuéng goc AB. (0,5)

SAva SB 14 hai tiép tuyén cua duong tron (O) O = SA=SB
Ma OA=0B=R

= SO la duong trung truc AB

= SO vubng AB

b)

+) Chirng minh: Ol =OE=R? (1,0)

AAOI vubng tai A c6 AH la duong cao

— OA>=0H.0S =R? (1)

| latrung diém MN ,MN khong qua O = Ol vudng MN

Xét AOHE vudng tai H va AOIS vudng tai | co:

EOH chung

A OHE -~AOQIS(g—g)

:%:O—H:OI.OE:OH.OS(Z)
oS Ol
Tu (1) va (2) suy ra Ol.OE = R?

+) Cho SO=2R va MN =R+/3. Hay tinh SM theo R.
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AOIM vudng tai | = Ol =+/OMZ —IM? =§

AOIS vuong tai | = Sl =+/SO?—OI% = 4R2_T_RTJ1_5
SM =SI - |M_¥_Q=R(W J3)
Chu 228.(Thay Nguyén Chi Thanh) [Long An 2015 — 2016]

Bai 1:Cho AABC vubng tai A, AH la duong cao (H € BC) c6 BC=10cm, AC =8cm. Tinh d6
dai AB, BH vasé do goc C (s6 do goc C lam tron dén do).

Bai 2: Cho nira duong tron tim O duong kinh AB . Lay diém C trén duong thang AB sao cho B
nam gitta A, C. Ké tiép tuyén CK véi ntra duong tron tam O (K 1a tiép diém), tia CK cit tia tiép
tuyén Ax cua nira duong tron thm O tai D (tia tiép tuyén Ax nam trén nira mit phang by AB
chura nira duong tron tam O).

a) Chitng minh tir gidc AOKD 1 tir giac noi tiép. Xéc dinh tam caa dudng tron ngoai tiép tir giac
AOKD.

b) Chting minh: CO.CA=CK? +CK.DK

¢) Ké ON LAB thudc doan thang CD) . Chang minh ﬂ—mzl
DN CN
Huwong dédn

Bai 1:

B

H
10 cm
C

A 8 cm

*Tinh AB:

Ap dung dinh Ii py-ta-go vao tam giac vuéng ABC :

BC? = AB? + AC* = AB* =BC? — AC? =10° -8 =36

Vay AB =+/36 =6(cm)

* Tinh BH : Ap dung hé thirc lugng vao tam giac vudng ABC :
AB? 6

=—=3,6(cm
BC 10 (cm)

AB®=BC.BH = BC =
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A 0 B c
a) Chitng minh ti giac AOKD & tir giac ndi tiép. Xac dinh tdm cia dwong tron ngoai tiép ti
giac AOKD.
AD la tiép tuyén caa ntra duong tron tam O = DAO =90°
CK 1a tiép tuyén cua nira dudng tron tim O = DKO = 90°
Xét tr giac AOKD, ta c6:
DAO + DKO =180°
Vay tir giac AOKD la tir giac noi tiép.
Tam cua duong tron ngoai tiép ti giac AOKD la trung diém caa doan DO .
b) Chitng minh: CO.CA = CK? + CK.DK
Xét ACOK va ACDA c6: CKO =CAD =90° (gt)
Goc C chung
ACOK -~ ACDA (g—09)

= o _¢cK = CO.CA=CK.CD
CD CA

— CO.CA=CK.(CK +DK) =CK?+CK, DK

¢) KEON L AB (N thudc doan thang CD) . Chitng minh: %—E—s =1

Ta c6: ON//DA (cung vubng goc véi  AB)

Gbéc ADO =DON (so le trong)

Mt khac géc  ADO =ODN (tinh chét 2 tiép tuyén cit nhau)
Vay DON =ODN = ADON céan tai N=NO =ND
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ACAD c6ON//AD nén ACAD - ACON :>g—D _AD

N ON
CN+DN _ AD(DO DN=ON) = 1+ DN_AD _ AD DN _,
CN DN CN DN ~DN CN
(dpem)
Céu 229.(Thiay Nguyén Chi Thanh) [Nam Pinh 2013 — 2014]

Cho duong tron (O) duong kinh AB . Trén tia ddi cua tia BA ldy diém C (C khéng tring vai B).
Ké tiép tuyén CD véi duong tron (O) (D 1a tiép diém), tiép tuyén tai A cua dudng tron (O) cét
duong thang CD tai E. Goi H la giao diém cua AD va OE, K la giao diém cua BE véi duong
tron (O) (K khoéng trung véi B).
a) Chirng minh: AE® = EK.EB.
b) Chung minh 4 diém B, O, H, K cing thugc mot duong tron.

AE EM

¢) buong thang vudng goc véi AB tai O cit CE tai M . Chiing minh — ——— =1
EM CM
Huwong dédn
E%"'“ﬂ-x
NN
'\\\ " S -\H
\; \“%\. MH"‘:. D
)Y /| \\\ T)‘\H
>"X I >"J\f -""'x.__\_\_H
v h‘ll ,./" \\\ —
/S . T
[/ 2N ™~ "~
{ N\ N R
L-’f/'J \ N el
Al 0 B C

a) Chitng minh AE® = EK.EB
+Chi ra AAEB vudng tai A (gt AE latiép tuyén caa (O)

+Chi ra AKB =90° (g6c néi tiép chin nira duong tron)

suy ra AK la duong cao cua tam giac vuéng AEB.

+Ap dung hé thirc vé canh va duong cao trong tam giac vudng AEB ta co: AE? = EK.EB
b) Chting minh 4 diém B, O, H, K cung thugc mot dudng tr?n.

+Chi ra ta giac AHKE nai tiép:

Taco: EO la duong trung truc cia doan thing AD (tinh chat 2 tiép tuyén cét nhau)
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Nén ta c6: EO vudng géc véi AD nén EHA=90°
Ta lai c6 EKA=90°

Nén suy ra tr gidc AHKE nai tiép = EHK = EAK
+Chiragéoc EBA=EAK (do cung phu véoi AEB)

+Suy ra tr giac BOHK néi tiép suy ra 4 diém B, O, H, K cung thuoc mot duong tron.

¢) Buong thang vudng géc véi AB tai O cat CE tai M . Chuang minh %—%:1

+Chira AOEM can tai M : do c6 goc EOM =MEO (vi cing bang AEO)

suy ra ME =MO.
+C6 OM va AE cung vubng goc voi AB nén OM /[ AE, ap dung dinh ly Ta-lét trong ACEA ta
.. CE AE
b —=—
CM OM
.. CE AE CE-CM AE-OM EM AE AE EM
Ta co: = = = = = 1l =1
CM OM CM oM CM OM OM CM
Ma ME =MO nén suy ra AE _EM =1
EM CM
Cau 230.(Thiy Nguyén Chi Thanh) [Nam Pinh 2015 — 2016]

Cho duong tron tim O, diém A nam bén ngoai duong tron (O) . Ké cac tiép tuyén AB, AC va cat
tuyén AED tgi (O) (B, C lacéc tiép diém; E nam gitta A va D). Goi H la giao diém caa AO
va BC.

a) Chang minh t giac ABOC noi tiép.

b) Chung minh AB? = AE. AD va AE .AD=AH. AO

c) Goi | la thm duong tron noi tiép ABCD. Chang minh rang tdm duong tron ngoai tiép AICD
thugc (0) .

Huwéng ddn
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a) Chieng minh ti giac ABOC néi tiép

+Taco AB latiép tuyén cua (O)= AB L OB = ABO =90°

+ Ta c6 AC la tiép tuyén cua (O)= AC LOC = ACO =90°

= ABO + ACO =90° +90° =180°

+ Vay tir gidc ABOC 1a mét tir giac noi tiép (vi co tong 2 gbc dbi bang180°)

b) Chitng minh AB? = AE.AD va AE.AD = AH.AO

+ Ta c6 goc ABE = ADB (g6c noi tiép va goc tao bai tia tiép tuyén va day cuing chan cung EB cua
©)

+ Xét A ABE va A ADB c6: BAE chung va géc ABE = ADB—= AABE -~ A ADC (g. 9)

- 2B _AD _ AB?— AD.AE()
AE  AB

+Vi AB, AC lacéc tiép tuyén cua (O) nénsuy ra AB=AC va AO latia phan giac cua BAC .
Suy raA ABC cantai A c6 AO la dudng phan gi4c dong thoi 1a duong cao = OA L BC.

Ap dung hé thirc vé canh va duong cao trong tam giac vuéng ABO tacd AB? = AH.AO (2)

T (1) va (2) = AB? = AE.AD va AE.AD = AH.AO. (dpcm)

b) Chitng minh ring tam dwong tron ngoai tiép AICD thugc (O)

+ Goi F lagiao diém thir 2 cuatia Bl voi dudng tron (O). Suy ra géc CBF = DBF = CF = DF
(theo hé qua cua goc ndi tiép: 2 goc noi tiép bang nhau chan hai cung bang nhau). = FC=FD (3)
+ Taco FID la goc ngoai tai dinh 1 cua A BID. Suy ragéc FID =FBD+ BDI

Ma géc BDI = IDC (vi ID la tia phan giac caa BDC); goc FBD = FBC (vi IB la tia phan giac
cua DBC)

G6c FBC = FDC (gbc noi tiép cung chan cung CF cua (0)).
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+ Suy ragoc FID =1DC +CDF + FDI = A IDF cantai F = FD=FI . (4)
+ Tur (3) va (4) suyra FD=FI =FC. Suyra F |atam dudng tron ngoai tiép AICD (dpcm).
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Céu 231.(Thiay Nguyén Chi Thanh) Cho AABC c6 cé4c dudng cao BD va CE. Pudng thing DE
cat dudng tron ngoai tiép tam giac tai hai diém M va N .
1. Chtng minh: BEDC noi tiép.

2. Chtng minh: goc DEA= ACB.

w

Chtrg minh: DE // véi tiép tuyén tai A ctia dudng tron ngoai tiép tam giéc.

Goi O la thm dudng tron ngoai tiép AABC .Chtng minh: OA 1a phan gi4c cua géc MAN .

SARE

Chimg to: AM? = AE.AB.

Huwéng din

1) Chi ra BEC = BDE =90°
2) Chi ra DEA= ACB (cung phu BED)
3) Goi tiép tuyén tai A ctia (O) la duong thang xy.

Do xy.la tiép tuyén, AB 1a day cung nén xAB :%sdAB = ACB=AED = xy | | DE .

4) Chting minh OA la phan giac cia MAN .

Do xy//DE = xy//MN ma OA L xy = OA L MN = OA la duong trung tryc cua MN .(Puong kinh vudng
goc voi mot ddy) = AAMN cén & A= AO la phén giac cia géc MAN .

5) Chang minh : AM? = AE.AB .

Do AAMN cin & A= AM = AN = AM = AN = MBA= AMN  (Géc ndi tiép chin hai cung bang nhau)

— AMAE - ABAM (g.9)  MA_AE . AM? = AE.AB
AB MA
Céu 232.(Thay Nguyén Chi Thanh) Cho (O) duong kinh AC . Trén doan OC lay diém B va vé

duong tron tm O, duong kinh BC . Goi M 14 trung diém cua doan AB . Tir M v& day cung DE L AB;

DC cit duong tron tam O’ tai | .
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1) T giac ADBE Ia hinh gi?

2) Chirng minh DMBI i tiép.

3) Chimg minh B;1;E thing hang vaMI =MD .
4) Chirng minh MC.DB = MI.DC

5) Chimg minh M1 1a tiép tuyén cua (O’).

Huwéng din

E

1) Tacé: MA=MB, AB L. DE = DM = ME = ADBE & hinh binh hanh.

Ma BD =BE (AB la duong trung truc cua DE ) nén ADBE Ia hinh thoi.

2) Chirmg minh DMBI ndi tiép .

Ta c6: BC la dudng kinh, 1 €(0”) = BID =90°ma géc DMB =90° (gt)

= BID+DMB =180 = DMBI noi tiép

3) Chimg minh B;1;E thing hang .

Do AEBD I hinh thoi BE//AD ma AD L DC (géc ndi tiép chin nira dudng tron) = BE L DC .
Mit khac Bl L DC = B,E, | thang hang.

e Chirg minhMI = MD:

Do M latrung diém DE ma AEID vudng ¢ | nén MI la duong trung tuyén ciia tam giac vudng DEI suy
ra Ml =MD.
4) Chtrng minh MC.DB =MI.DC .

Xét AMCI va ADCB c6: goc C chung; BDI = IMB (cung chan cung Ml do DMBI noi tiép)
Nén AMCI -~ ADCB(g.g) = MC.DB = MI.DC

5) Chimg minh M1 4 tié tuyép cua (O").

Taco AO'IC cannén O;1C =0O'Cl ma ta giac MBID noi tiép nén MIB = MDB (cung cha cung MB)
ABDE cin & B = MDB = MEB .

Do tir giac MECI noi tiép = MEB = MCI (cuing chi cung MI)

Tir d6 suy ragoc O'1IC = MIB = MIB+BIO'=0"'IC +BIO'=90°
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Vay MI LO'l tai | nén MI latiép tuyén ciia(O’).

Céu 233.(Thay Nguyén Chi Thanh) Cho AABC c6 goc A=90°. Trén AC ldy diém M sao cho
AM < MC .V& duong tron tim O duong KinhCM ; dudng thang BM cat (O) tai D; AD kéo dai cat
(O) taiS.

1) Chttng minh BADC noi tiép.

2) BC cit (O) ¢ E. Ching minh ME la phén gi4c cia goc AED.

3) Ching minh CA la phan giac cua goc BCS .

Huwéng din

1) Chiang minh BADC ndi tiép:

Chi ra BAC =BDC =90° .

2) Chtrng minh ME & phén giac cua goc AED.
e Chi ra AMEB noi tiép.

G6c ABM = AEM (cuing chin cung AM)

G6c ABM = ACD (Cung chin cung MD)

G6c ACD = DEM (Cuing chin cung MD) nén AEM = MED

3) Chtrng minh CA la phan giac cua géc BCS .

G6c ACB = ADB (Cung chin cung AB)

Géc ADB =DMS + DSM (g6c ngoai ADMS )

Ma géc DSM = DCM  (Cung chin cung MD); DMS = DCS (Cung chén cung DS)

— MDS + DSM = SDC + DCM = SCA => ADB = SCA (dpcm)
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Cau 234.(Thiy Nguyén Chi Thanh) Cho AABC c6 géc A=90°. Trén canh AC liy diém M sao
cho AM > MC . Dyng duong tron tam O duong kinh MC ; dudng tron nay cat BC tai E . Puong thing
BM cit (O) tai D vadudng thang AD cét (O) tai S.

1) Ching minh ADCB ndi tiép.

2) Ching minh ME la phén giac ctia goc AED.

3) Chirng minh géc ASM = ACD .

5) Chung minh ba dudng thang BA;EM;CD ddng quy.

Huéng din

B o0—JC B O C
EN_ En.
1) Chirng minh ADCB noi tiép: Chi ra MDC = BDC =90°
2) Chtrng minh ME la phén giac cua géc AED.
Taco: ABD = ACD (Cung chan cung AD)
e Do MECD nbi tiép nén MCD = MED (Cung chin cung MD)
e Do MC la dudng kinh ; E €(0)= MEC =90° = MEB

= ABEM ndi tiép nén MEA= ABD = MEA = MED (dpcm).

3) Chirng minh géc ASM = ACD.

Tac6 ASM =SMD +SDM (G6c ngoai ASMD)

Ma géc SMD =SCD (Cung chan cung SD) va G6c SDM = SCM (Cuing chian cung SM)

= SMD +SDM = SCD +SCM = MCD . Vay géc ASM = ACD .

4) Chirng minh AB; ME;CD dbdng quy.

Goi giao diém AB;CD la K. Ta chimg minh 3 diém K;M;E thang hang.

e Do CALAB (gt); BD LDC (cmt)va AC cit BD 6 M =M Ila tryc thm ciia tam giac KBC
= KM 1 duong cao thtr 3 nén KM L. BC. Ma ME L BC (cmt) nén K;M;E thing hang (dpcm).
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Céu 235.(Thay Nguyén Chi Thanh) Cho AABC c¢6 3 gdc nhon va AB < AC ndi tiép trong duong
tron tam O. K¢ duong cao AD duong kinh AA’. Goi E, F theo thir tu Ia chan duong vudng goc ké tir B
va C xudng dudng kinh AA’.

1) Ching minh AEDB ndi tiép.

2) Ching minh DB.A’A= AD.AC.

3) Chtng minh DE L AC.

4) Goi M latrung diém BC . Chtrng minh MD = ME = MF .

Huwéng din

1) Chitng minh AEDB i tiép: Chi ra AEB = ADB =90° .

2) Chimg minh DB.A’A= AD.A'C.

Chi ra ADBA~AA'CA (g6c ABC = AA'C )nén DB.A’A= AD.AC.

3) Chung minh DE L AC.

Do ABDE noi tiép nén géc EDC = BAE (Cung bl véi goc BDE ). Ma géc BAE = BCA’ (cling chin cung
BA’) suy ra g6c CDE = DCA’ = DE //A'C. Ma géc ACA’=90° = DE L AC

4) Chimg minh MD = ME = MF .

e Goi N latrung diem AB = N la tdm duong tron ngoai tiép tr giac ABDE . Do M; N la trung diém

BC, AC = MN //AC (Tinh chat dudng trung binh)

Do DE 1L AC = MN L DE (Puong kinh di qua trung diém mot day...)
= MN & duong trung truc cia DE = ME = MD.
e Goi | latrung diém AC = MI //AB (tinh chat dudng trung binh)

= A'BC = A'AC (Cung chén cung A’C).
Do ADFC ndi tiép = FAC = FDC (Cung chén cung FC)

= A'BC =FDC = DF //BA' ma ABA’=90° = MI L DF.
buong kinh Ml L DF = MI la duong trung tryc cia DF = MD = MF .

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122




Vay MD = ME = MF |

Céu 236.(Thay Nguyén Chi Thanh) Cho AABC c6 ba gdc nhon ndi tiép trong duong tron tdm O .
Goi M 1a mot diém bat ky trén cung nho AC . Goi E va F 1an luot 1a chan cac dudng vudng goc ké tir
M dén BC va AC. P latrung diém AB;Q latrung diém FE.

1) Chang minh MFEC ndi tiép.

2) Chimg minh BM.EF = BAEM.

3) Chimg minh AAMP -~ AFMQ .

4) Chirng minh PQM =90°.

Huwéng din

1) Chttng minh MFEC noi tiép: Chi ra MFC = MEC =90°

2) Chirg minh BM.EF = BAEM.

Taco goc ABM = ACM (Vi cling chian cung AM )

Do MFEC ndi tiép nén géc ACM = FEM (Cuing chin cung FM ).

=Goc ABM = FEM . (1)

Ta lai c6 goc AMB = ACB (Cuing chin cung AB).

Do MFEC néi tiép nén géc FME = FCM (Cung chén cung FE) .=Gdc AMB = FME .(2)
Tur (1)va(2) suy ra AEFM - AABM (g.9) = BM.EF = BAEM.

3) Chirng minh AAMP ~ AFMQ .

Taco AEFM - AABM (theo c¢/m trén) 2%2% ma AM =2AP;FE =2FQ (gt)

2AP  AM AP AM
s B s =
2FQ MF FQ FM

va goc PAM = MFQ (suy ratt AEFM -~ AABM )

Suy ra AAMP -~ AFMQ(c.g.c)
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4) Chirng minh géc PQM =90° .

Do goc AMP = FMQ = PMQ = AMF nén APQM - AAFM = MQP = AFM = 90°

Céu 237.(Thay Nguyén Chi Thanh) Cho (O) dudng kinh BC, diém A ndm trén cung BC .Trén tia
AC lay diém D sao cho AB = AD . Dung hinh vudng ABED ; AE cit (O) tai diém tht hai F . Tiép
tuyén tai B cit duong thing DE tai G .

1) Chimg minh BGDC noi tiép. X4c dinh tdm | cua duong tron nay.

2) Chtng minh ABFC vuéng can va F 14 tim dudng tron ngoai tiép ABCD.

3) Chtng minh GEFB ni tiép.

4) Ching minh C;F;G thang hang va G ciing nam trén duong tron ngoai tiép ABCD .C6 nhan xét gi vé |

va F.
Huwéng din
A A
D D

B Q C B (0] C
E E
F F

G G

1) Ching minh BGDC ni tiép

Chira GBC =GDC =90° . TAm | latrung diémGC .

2) Chtrng minh ABFC vubéng céan

G6c BCF = FAB (Cung chin cung BF) ma goc FAB =45° (tinh chét hinh vudng)

Nén BCF =45". Vi BC la duong kinh nén BFC =90° = ABFC vuéng can tai F .

e Chirng minh F 1a tim dudng tron ngoai tiép ABCD:

Ta ching minh F cach déu cac dinh B;C;D.

Do ABFC vudng can nénBC = FC..

Xét hai tam giac FEB va FED co: EF chung; géc BEF = FED =45°;BE = ED (hai canh cua hinh vuong
ABED ) = ABFE = AEFD = BF = FD = DF
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3) Ching minh GEFB ndi tiép.
Do ABFC vudng can & F = CungBF = FC =90° = GBF =45" (Gdc giita tiép tuyén BG va day BF)
Ma gbc FED = 45° (tinh chat hinh vudng)=Gdc FED = GBF =45°
Ta lai c6 goc FED + FEG =180° = GBF + FEG =180°= GEFB noi tiép.
4) Chirng minh C;F;G thang hang
Do GEFB ndi tiép = BFG = BEG =90°. Do ABFG vudng can ¢ F nén BFC =90°
— BFG +CFB =180° = F,G,C théng hang.
+ Do GBC =GDC =90° = tdm duong tron ngoai tiép tir gidc BGDC 1a F = G nan trén duong tron ngoai

tiép ABCD
+ D& dang ching minh duge | =F .

Céu 238.(Thiay Nguyén Chi Thanh) Cho AABC ¢6 3 gdc nhon ndi tiép trong (O). Tiép tuyén tai B
va C cia duong tron cit nhau tai D. Tir D ké dudng thang song song véi AB , dudng nay cat duong
tron & E va F ,cat AC ¢ | (E nam trén cung nho BC).

1) Chang minh BDCO ndi tiép.

2) Chtng minh DC? = DE.DF .

3) Chtrng minh DOIC ni tiép.

4) Ching minh | 14 trung diém FE .

Huwéng din

1) Chttng minh BDCO noi tiép: Chi ra DBO = DCO = 90°
2) Chimg minh DC? = DE.DF :
Xét hai tam gidc DEC va ADCF co:
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Goc D chung;

ECD = % sdEC (GAc gira tiép tuyén va mot day)

EFC :%sd EC (Goéc ndi tiép) = ECD = DFC = ADCE -~ ADFC = DC? = DE.DF
3) Ching minh DOIC ndi tiép.

Taco: BAC = % sdBC (Goc ndi tiép) (1)

BOC =sdBC (Géc ¢ tim); OB =OC; DB = DC (tinh chit hai tiép tuyén cét nhau);
OD chung = ABOD = ACOD = BOD =COD

= DOC :%Sd BC (2)

Tur (1)va (2) = DOC =BAC.

Do DF //AB = BAC =DIC (Pongvi) = DOC =DIC = DOIC ndi tiép.
4) Ching minh | 14 trung diém FE .

Do DOIC néi tiép = goc OID =OCD (cing chin cung OD)

Ma OCD =90° (tinh chét tiép tuyén) = OID=90° =0l L ID=0I LFE.

Bén kinh Ol vudng goc véi day cung EF = | la trung diém EF .

Céu 239.(Thay Nguyén Chi Thanh) Cho (O), day cung AB. Tir diém M bat ky trén cung
AB(M = A vaM = B) ké day cung MN vubng goc véi AB tai H . Goi MQ la duong cao cia AMAN .
1) Chung minh 4 diém A;M;H;Q cing nam trén mot dudng tron.
2) Ching minh NQ.NA = NH.NM
3) Chtrng minh MN & phén giéc cua goc BMQ.
4) Ha doan thang MP vudng géc véi BN . Xéc dinh vi tri cia M trén cung AB d&& MQ.AN + MP.BN c6

gi4c tri 16n nhat.

Huéng din
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1) Chirng minh 4 diém A:M;H;Q clng nam trén mot dudng tr?n.
- Chira AQM + AHM =180°
2) Chirng minh NQ.NA=NH.NM : Chi ra ANQM - ANAH (g.9) = NQ.NA=NH.NM
3) Chtrng minh MN & phén giéc cua goc BMQ.
e Céch 1: Goi giao diém MQ va AB la | . Ching minh tam gidc MIB can & M
e Céch 2: Goc QMN = NAH (Cung phu vai goc ANH )
G6c NAH = NMB (Cuing chian cung NB) (dpcm)
4) X&c dinh vi tri cia M trén cung AB dé MQ.AN +MP.BN c6 gi4c trj 16n nhat.
Taco:
25, = MQ.AN ; 25, = MP.BN
Suy ra 2S,; + 2S,ey = MQ.AN +MP.BN

AB.MN _ AB.MN

Ta lai co: 28DMAN + 2SAMBN = Z(SAMAN + SAMBN) = 28AMBN =2

Vay: MQ.AN + MP.BN = AB.MN
Ma AB khong d6i nén tich AB.MN 16n nhat < MN 16n nhit < MN 1a duong kinh

< M la diém chinh giita cung AB .

Céu 240.(Thay Nguyén Chi Thanh) Cho (O;R) va (I;r) tiép xtic ngoai tai A (R>r) . Dung

tiép tuyén chung ngoai BC ,B nim trén dudng tron tim O va C nam trén dudng tron tém( I ) . Tiép

tuyén BC cit tiép tuyén tai A cta hai duong tron 6 E .
1) Chung minh AABC vudng 6 A .
2) OE cit AB & N ; IE cat AC tai F . Chimg minh N;E;F;A cing nim trén mot dudng tron .

3) Chung t6: BC?* =4.Rr
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4) Tinh dién tich tir giac BCIO theoR;r .

Huwoéng din

1) Chiing minh AABC vuéng ¢ A:
Do BE va AE I hai tiép tuyén cit nhau nén AE = BE .

Tuong ty AE=EC:>AE=EB=EC=%BC:>AABC vuong 6 A .

2) Chiing minh N;E;F; A cung nam trén mot dudng tron .
-Theo tinh chat hai tiép tuyén cit nhau thi EO 1a phan giac ctia tam giac can AEB
Nén EO la duong trung tryc cia AB=>OE L AB hay géc ENA =90°
Tuong ty gbc EFA=90° = ENA+EFA =180° ma day 1a 2 gbc ddi nhau nén tir giac ANEF noi tiép, suy ra
4 diém N;E;F;A cung nam trén mot dudng tron
3) Chung t6: BC* =4.Rr
Ta c6 tir giac FANE c¢6 3 goc vubng (cmt) = FANE la hinh vubng = AOEI vuéng ¢ E va EA L Ol (tinh
chat tiép tuyén). Ap dung hé thirc luong trong tam giac vudng co:
AH? =0OAAIl (binh phuong dudng cao bang tich hai hinh chiéu)
BC BC?

Ma AH ==Zva OA=RiAl =1 == =Rr = BC’=Rr.
4) Seeio =7?
Tacé BCIO Ia hinh thang vudng = S, :OB_;FIC_BC glr+ RZ)\/a
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Cau 241.(Thiy Nguyén Chi Thanh)

Trén hai canh g6c vudng xOy 14y hai diém A va B sao cho

OA=O0B. Mot duong thang qua A cit OB tai M (M nam trén doan OB) . Tir B ha dudng vudng

g6c voi AM taiH ,cit AO kéo dai tai | .

1) Ching minh OMHI ndi tiép.
2) Tinh géc OMI .

3) Tu O vé duong vubng goc vai Bl tai K. Chirng minh OK =KH .
4) Tim tap hop céc diém K khi M thay doi trén OB .

})

() |

1) Chang minh OMHI noi tiép.
Str dung tong hai goc ddi.

2) Tinh g6cOMI .

Huwéng din

Do OB L Al; AH L AB (gt) vd OBNAH ={M}

Nén M la truc tam cua tam giac ABI .

= IM la duong cao nén Ml L AB .

= OIM = ABO (Goc ¢6 canh trong ung vuong goc)
Ma AOAB vudng c6 OA=0B = AOAB vudng can ¢ O.

— OBA=45" = OMI =45°
3) Chung minh OK =KH .

Tac6 OHK =HOB +HBO (gbc ngoai AOHB)

Do AOHB ndi tiép (vi goc AOB = AHB =90°)

—=G6c HOB = HAB (Cuing chin cung HB) va OBH =OAH (cling chin cung OH )

= OHK = HAB + HAO = OAB = 45°.
= AOKH vuéng can ¢ K =0H =0K .

4) Tim tap hop céc diém K khi M thay doi trén OB .

Do OK L KB = OKB =90°;0B khong déi khi M di dong = K niam trén duong tron duong kinh OB




Khi M =0 thi K=0 Khi M =B thi K la diém chinh giita cung AB .Vay quy tich diém K la %du’(‘mg

tron duong kinh OB .

Cau 242.(Thiy Nguyén Chi Thanh) Cho (O) dudng kinh AB vaday CD vudng goc véi AB
tai F . Trén cung BC ldy diémM . N&i A véi M cét CD taiE.

1) Ching minh AM la phén giac cia gocCMD .

2) Chimg minh EFBM noi tiép.

3) Chtng minh: AC? = AE.AM .

4) Goi giao diém CB v6i AM 1a N;MD véi AB lal . Chirng minh NI //CD.

5) Chitrng minh N 13 tim dudng tron ndi tiép ACIM .

Huéng din

1) Chiing minh AM 1a phan giéc ctia gocCMD .

Do AB L CD = AB la phan giac cua tam giac can COD = COA = AOD.

Céc goc 6 tiam AOC va AOD bang nhau nén cac cung bi chin bang nhau

= cung AC = AD = cac gbc ndi tiép chan cac cung nay bang nhau. Vay CMA = AMD .

2) Ching minh EFBM i tiép.

Tacod AMB =90° (Goc noi tiép chan nira dudng tron)

EFB =90° (Do AB L EF )

= AMB + EFB =180° (dpcm)

3) Chiing minh: AC? = AE.AM .

Chung minh AACE - AAMC (A chung;géc ACD = AMD ciing chin cung AD va AMD =CMA (cmt)

— ACE = AMC).
4) Chtmg minh NI //CD.




Do cung AC = AD = CBA = AMD (Goéc ndi tiép chin cac cung bang nhau) hay NMI = NBl =M va B
cung 1am vé6i hai dau doan thang NI nhiing goc bang nhau = MNIB ndi tiép
= NMB + NIM =180° ma NMB =90° (cmt)=> NIB=90° hay NI L AB .
Ma CD L AB (gt)= NI //CD .
5) Chimng t6 N 1a tim dudng tron noi tiép AICM .
Ta phai chtirng minh N 14 giao diém 3 dudng phan giac cia ACIM .
e Theocmttacd MN la phan giac cua CMI
e Do MNIB noi tiép (cmt) = NIM =NBM (cung chin cung MN )
G6c MBC = MAC (cung chian cung CM )
Talaco CAN =90° (goc noi tiép ACB =90°); NIA=90° (viNIB=90°)
= ACNI noi tiép = CAN =CIN (cung chan cungCN ) = CIN = NIM = IN 14 phan gi4c CIM .
Vay N 14 tm duong tron ndi tiép ACIM .

Ciu 243.(Thay Nguyén Chi Thanh) Cho (O) vadiém A nim ngoai duong tron. V& cac tiép
tuyén AB; AC va cét tuyén ADE . Goi H la trung diém DE .

1) Chitng minh A;B;H;O;C clng nam trén 1 duong tron.

2) Chtrng minh HA la phan giac cua géc BHC .

3) Goi | lagiao diém ctia BC vaDE . Ching minh AB? = Al.AH .

4) BH cit (O) ¢K. Chimg minh AE//CK .

Huwéng din

1) Chimg minh: A;B;O;C;H clng nam trén mot duong tron:
H la trung diém EB=OH L ED (duong kinh di qua trung diém cua day ...)= AHO =90°.
Ma OBA =0CA =90° (Tinh chét tiép tuyén)= A;B;O;H;C clng nam trén duong tron duong kinh OA.

2) Chtrng minh HA la phan giac cua goc BHC .




Do AB;AC la 2 tiép tuyén cit nhau = BAO =0AC
AB = AC
= cung AB = AC (hai day bang nhau cua duong tron duong kinh OA)
ma BHA=BOA (Cung chin cung AB) va COA=CHA (cling chan cung AC) macung AB = AC
= COA=BOH = CHA = AHB (dpcm)
3) Xét hai tam gidc ABH va AIB co:

G6c A chung, CBA=BHA ( hai goc ndi tiép chin hai cung bang nhau)

= AABH - AAIB . dpcm.

4) Chung minh AE//CK .

Do géc BHA = BCA (cung chin cung AB ) va sd BKC = % SdBC (gbc ndi tiép)

SdBCA = %sd BC (goc giita tiép tuyén va 1 ddy cung)

= BHA=BKC = CK//AB

Céu 244.(Thay Nguyén Chi Thanh) Cho (O) duongkinh AB =2R; xy la tiép tuyén véi (O)
tai B. CD la 1 duong kinh bét ky. Goi giao diém ctia AC; AD véi xy theo thir ty [AM; N .

1) Ching minh MCDN néi tiép.

2) Chimg minh AC.AM = AD.AN .

3) Goi | 1athm duong tron ngoai tiép tir gilc MCDN va H latrung diém MN . Ching minh rang

AOIH 13 hinh binh hanh.

4) Khi duong kinh CD quay xung quanh diém O thi | di dong trén duong nao?

r

et

M

H

)

iy

Huwéng din
1) Ching minh MCDN  noi tiép:

AAOC cin & O = OCA=CAO ; géc CAO = ANB (cling phu véi goc AMB )




—=g6c ACD = ANM .

Ma géc ACD +DCM =180° = DCM + DNM =180° = DCMB ndi tiép.

2) Ching minh: AC.AM = AD.AN

Chira AACD -~ AANM .

3) Chung minh AOIH 1a hinh binh hanh.

Xac dinh | :

| 1a thm duong tron ngoai tiép tir giac MCDN = | la giao diém duong trung truc ciia CD va
MN=IH LMN,IOLCD.Do ABLMN;IH_LMN= AO//IH.

Vay cach dung | : Tir O dung duong vudng goc véi CD . Tir trung diém H cia MN dyung duong vudng
goc voi MN .Hai duong nay cach nhau ¢ | .

e Do H latrung diém MN = AH la trung tuyén caa tam giac vudbng AMN = ANM = NAH .
Ma ANM = BAM = ACD (cmt) = DAH = ACD

Goi K la giao diém AH va DO do ADC + ACD =90° = DAK + ADK =90° hay AAKD vudng &
K= AH 1L CD ma Ol LCD=0I//AH . Vay AHIO la hinh binh hanh.

4) Quy tich diém 1 :

Do AOIH I hinh binh hanh = IH = AO =R khéng d6i = CD quay xung quanh O thi | nam trén

duong thang song song véi xy va cach xy mot khoang bang R .

Ciu 245.(Thay Nguyén Chi Thanh) Cho AABC ndi tiép trong dudng tron tam O. Goi D 1a 1
diém trén cung nho BC . K¢ DE;DF;DG lan luot vudng goc vai cac canh AB; BC; AC . Goi H 1a
hinh chiéu cua D 18n tiép tuyén Ax ctia(O).

1) Chuang minh AHED ndi tiép.

2) Goi giao diém cia AH véi HB vavei (O) 1a P va QED cit (O) taiM . Chimg minh

HADP = PADE

3) Chirng minh QM = AB.

4) Chimg minh DE.DG = DF.DH.

5) Chimg minh E;F;G thing hang. (dudng thang Sim son)




Huwéng din
1) Chitng minh AHED n6i tiép (Str dung hai diém H;E cung Iam hanh véi hai dau doan thang AD)
2) Chtng minh  HADP = PADE :

Xét hai tam giac vudng dong dang: HAP va EPD (C6 HPA=EPD dbi dinh)
3) Ching minh QM = AB:

Do AHPA - AEDP = HAB = HDM

Ma sd HAB :%sdAB ;

S¢HDM = %sdQM = cung AM =QM = AB=QM

4) Chung minh: DE.DG = DF.DH .

Xét hai tam gidc DEH va DFG co:

Do EHAD ndi tiép = HAE = HDE (cling chin cung HE) (1)

Va EHD = EAD (cung chin cung ED) (2)

Vi F =G =90° = DFGC ndi tiép = FDG = FCG (cung chan cung FG) (3)
FGD = FCD (cung chin cung FD) (4)

Nhung FCG =BCA=HAB (5). Tir (1)(3)(5) = EDH =FDG (6).

T (2);(4) va BCD = BAD (cung chian cung BD) = EHD =FGD (7)

ED_DH

Tir (6)va (7) = AEDH - AFDG = . (dpem
(6)va (7) oF ~ DG 4P

5) Ching minh: E;F;G thag hang:
Tacd BFE =BDE (cmt)va GFC =CDG (cmt)
Do ABCD no tiép= BAC +BMC =180°.

Do GDEA noi tié¢p= EDG + EAG =180° = EDG = BDC ma EDG = EDB + BDG va
BCD = BDG +CDG = EDB = CDG = GFC = BEF = E;F;G thag hang.



Céu 246.(Thay Nguyén Chi Thanh) Cho AABC c6 A=90°, AB< AC . Goi | latrung diém BC
.Qua | ké IK LBC (K nam trén BC). Trén tia di cta tia AC liy diém M sao cho MA= AK .

1) Chung minh ABIK ndi tiép dugc trong duong tron tam O .

2) Ching minh goc BMC =2.ACB.

3) Chimg t6 BC? =2AC.KC

4) Al kéo dai cit duong thing BM taiN . Chimg minh AC =BN .

5) Chtrng minh NMIC ndi tiép.

Huwéng din

1) Ching minh ABIK ndi tiép: HS tu lam.

2) Chirng minh  BMC = 2ACB

do AB L MK va MA=AK (gt) = ABMK can & B= BMA = AKB
Ma AKB = KBC + KCB (Go6c ngoai tam giac KBC).

Do | latrung diém BC va KI L BC (gt) = AKBC can ¢ K.

= KBC = KCB Viay BMC =2ACB
3) Chuang minh: BC® =2AC.KC
Xeét 2 tam giac vubng ACB va ICK c6 goc C chung = AACB - AICK

:ﬁzﬁz|C=§:£=£©BC2=2AC.KC.(dpcm)
IC  CK 2 BC CK
2

4) Chirng minh AC = BN

Do AIB = IAC + ICA (G6c ngodi AIAC) va AIAC can & | = IAC = ICA= AIB=2IAC (1).

Talacé BKM =BMK va BKM = AIB (tir giac AKIB ndi tiép va day 1a hai goc cung chin cung AB)
= AIB=BMK (2) ma BMK = MNA+ MAN (gdc ngoai tam gidc MNA)

Do AMNA can & M(gt) = MAN = MNA = BMK = 2MNA (3)

Tir(1);(2);(3) = IAC = MNA va MAN = IAC (di dinh) =...



5) Chimg minh NMIC ndi tiép:

do MNA= ACI hay MNI = MCI = hai diém N;C

Ciu 247.(Thay Nguyén Chi Thanh) Cho (O) duongkinh AB cé dinh, diém C di dong trén

nira dudng tron. Tia phan gidc cua ACB cét (O)tai M . Goi H;K 13 hinh chiéu cia M 1én AC va
BC.

1) Chtng minh MOBK ni tiép.

2) Chtrng minh t&r giac CKMH & hinh vudng.

3) Chimg minh H;O;K thang hang.

4) Goi giao diém HK va CM la | . Khi C di dong trén nira duong tron thi | chay trén duong nao?

Huwéng din

1) Ching minh: BOMK  noi tiép:

Taco BCA=90° (gdc ndi tiép chan nira dudng tron)

CM la tia phan giac cua gobc BCA= ACM = MCB =45°

= cung AM =MB =90° .

— day AM =MB c¢6 O la trung diém AB =>OM L AB hay géc BOM = BKM =90°

= BOMK ndi tiép.

2) Chuing minh CHMK  la hinh vuéng:

Do tam gi4c vudbng HCM c¢6 1 goc bang 45° nén ACHM vudng cdn & H = HC =HM , tuong ty

CK=MK .Do C=H =K =90° = CHMK 14 hinh chir nhat c6 hai canh ké bang nhau
= CHMK |a hinh vuéng.
3) Ching minh H,0,K thang hang




Goi | la giao diém HK vaMC . Do MHCK la hinh vudng = HK L MC tai trung diém | cta MC . Do
| 1atrung diém MC = Ol L MC (Puong kinh di qua trung diém mét day...)

Vay HI L MC;0l L MC va KI L MC = H;0;| thing hang.

4) Do g6c OIM =90°;0M ¢ dinh = | nam trén duong tron duong kinh OM .

-Gidihan: Khi C=B=1=Q;KhiC=A = | =P.

Vay khi C di dong trén nira duong tron (O) thi | chay trén cung tron PHQ cua duong tron duong kinh
OM .

Céu 248.(Thay Nguyén Chi Thanh) Cho hinh chit nhat ABCD c6 chiéu dai AB = 2achiéu rong
BC =a .Ké tia phan giac cua goc ACD, tir A ha AH vubng géc vdi duong phan gidc ndi trén.

1) Ching minh AHDC ndi tiép trong dudng tron tdm O ma ta phai dinh rd tdm va béan kinh theo a.

2) HB cit AD tai | vacit AC tai M;HC cit DB tai N . Chung t6 HB=HC va AB.AC =BH.BI .

3) Chung to MN song song véi tiép tuyén tai H cia (O)

4) Tir D ké duong thang song song véi BH; duong nay cit HC & K vacat (O) ¢ J. Ching minh

HOKD ndi tiép.

Huwéng din

1) HS tu lam.
2) Xéthai AHCA va AABI c6 A=H =90° va ABH = ACH (Clng chén cung AH)

:AHCA»AABI:%=% ma HB =HC = dpcm

3) Goi tiép tuyén tai H cua (O) la Hx.
+ Do AH = HD; AO = HO = DO = AAHO = AHOD = AOH = HOD
Ma AAOD can & O=0OH L AD va OH L Hx (tinh chét tiép tuyén) nén AD//Hx (1)




+ Do cung AH =HD = ABH = ACH = HBD = HBD = ACH hay MBN = MCN hay 2 diém B;C
cung 1am véi hai ddu doan MN nhing goc bang nhau = MNCB i tiép

= NMC = NBC (cung chin cung NC) ma DBC = DAC (cuing chin cung DC) = NMC = DAC
= MN//DA (2). Tu(l)va (2)= MN//HXx.

4) Ching minh HOKD ndi tiép:

Do DJ//BH = HBD =BDJ (so le)= cung BJ = HD = AH :% ma cung AD =BC

= cung BJ =JC = H;0;J thing hang.

HJ 1a duong kinh = HDJ =90°. G6c HID = ACH (cing chan 2 cung bang nhau)

= 0JK =0OCK = CJ cung lam v6 hai dau doan OK nhirng goc bang nhau

= OKCJ ndi tiép = KOC = KJC (cung chin cung KC); KJC = DAC (cing chian cung DC)

= KOC = DAC = OK //AD ma AD 1L HJ = OK L HO = HDKC ni tiép.

Ciu 249.(Thay Nguyén Chi Thanh) Cho ntra duong tron (O) duong kinh AB , ban kinh
OC L AB. Goi M a1 diém trén cung BC . Ké dudng cao CH cuia tam giac ACM .

1. Chimg minh AOHC ndi tiép.

2. Chungté ACHM vubng can va OH la phan giac cua goc COM .

3. Goi giao diém ctia OH voi BC 1a | . MI cit (O) tai D. Ching minh rang: CDBM la hinh thang
can.

4. BM cit OH tai N .Chung minh ABNI vd AAMC ddng dang,tir d6 suy ra: BN.MC = IN.MA.

Huéng din

1. Chtng minh AOHC ndi tiép: HS tu chtrng minh.
2. Chirng minh ACHM vudng can:
Do OC L AB trai trung diém O=> cung AC =CB =90°.

Ta lai cO:




SdCMA :%sd AC =45° = ACHM vudng can ¢ M .

+ Chirng minh OH 1a phén giac cua géc COM :
Do ACHM vubngcan ¢ H = CH =HM; CO =0B (béan kinh); OH chung
= ACHO = AHOM = COH = HOM .(dpcm)

3. Chtrng minh: CDBM Ia hinh thang cén:
Do AOCM cén ¢ O c6 OH la phén gidc = OH la duong trung tryc cia CM ma | e OH = AICM

can ¢ 1 = ICM = IMC ma ICM = MDB (clng chin cung BM)
= IMC =1DB hayCM //DB.
Do AIDB cané | = IDB =IBD va MBC = MDC (cung chin cung CM) nén CDB = MBD = CDBM

14 hinh thang cén.
4. Chung minh ABNI va AAMC déng dang:
Do OH la duong trung tryc cia CM va NeOH =CN =NM .

Do AMB =90° = HMB =90° hay NM L AM maCH L AM =CH //NM .

CMH =45° = NHM =45° = AMNH vubng can 6 M

Vay CHMN Ila hinh vuéng = INB =CMA =45°+ Do CMBD la thang can = CD =BM = cung
CD=BM macung AC =CB =cung AD=CM nén CAM =CBM (cung chin cung CM)

= AINB = ACMA. (dpcm)

Ciu 250.(Thay Nguyén Chi Thanh) Cho tam giac déu ABC ndi tiép trong (O;R).Trén canh
AB va AC lay hai diém M;N sao cho BM = AN .

Chung to6 AOMN can.

Chiumng minh: OMAN ndi tiép.

BO kéo dai cat AC tai D vacit (O) ¢ E. Chimg minh BC?+DC? =3R?.

el A

Puong thang CE va AB cit nhau & F . Tiép tuyén tai A cua (O) cit FC tai |I; AO kéo dai cat
BC tai J. Chung minh BI di qua trung diém caa AJ .

F | E Cc

w

Huéng din




1. Chtirng minh AOMN cén:

Do AABC la tam gidc déu noi tiép trong (O) = AO va BO la phan giac ciia AABC
= OAN =0OBM =30°; OA=0B=R va BM = AN (gt) = AOMB = AONA
=0OM =0ON = AOMN céno O.

2. Chimg minh OMAN ni tiép:

do AOBM =AONA (cmt) = BMO = ANO

ma BMO + AMO =180° = ANO + AMO =180° = AMON noi tiép.

3. Chitng minh BC? + DC? =3R?.

Do BO la phén gi4c cia A déu = BO L AC hay ABOD vudng ¢ D.

Ap dung hé thirc Pitago ta co:

BC? =DB?+CD’ =(BO +OD)2 +CD? =B0O” +2.0B.OD +0OD? +CD? (1)
Ma OB =R, AAOC can ¢ O c6 OAC =30°.

= AOC =120° = AOE = 60° = AAOE la tam giac déu c6 AD L OE = OD =ED =§

Ap dung Pitago ta c4: OD* =0OC? —CD* =R*-CD? (2)

Tu (1) va (2) = BC?=R? +2.R.§+CD2 —CD? =3R%.

4. Goi K 14 giao diém cua Bl véi AJ.

Taco BCE =90° (g6c ni tiép chan nira duong tron) ¢ B =60° = BFC =30°.

=BC= % BF maAB=BC =AB=AF.Do AO L Al (tinh chat tiép tuyén) va AJ L BC = Al //BC

c6 A latrung diém BF = | latrung diém CF . Hay Fl =IC.

Do AK //FI . Ap dung h¢ qua Talét trong ABFI co: % _BK

BI
Do KJ//Cl. Ap dung hé qua Talét trong ABIC co: g =%

%zg. Ma FI =Cl = AK = KJ . (dpem)



Céu 251.(Thay Nguyén Chi Thanh) Cho AABC vuong tai A, ndi tiép trong dudng tron tam (O) .
Goi M latrung diém canh AC . Pudng tron tm | duong kinh MC cit canh BC & N vacit (O) tai
D.

Chimg minh ABNM ndi tiép va CN.AB = AC.MN .

Chung to B,M, D thang hang va OM Ia tiép tuyén cua (1).

Tia 10 cét duong thang AB tai E.Chung minh BMOE 14 hinh binh hanh.

A w o P

Chung minh NM 1a phén giac ctia goc AND .

E

Huéng din
1. Chang minh ABNM ndi tiép: (dung tong hai goc dbi)
Chtrng minh: CN.AB = AC.MN .
Chung minh hai tam giac vuéng ABC va NMC déng dang.
2. Ching minh B;M;D thing hang.
Taco MDC =90° (goc ndi tiép chan nira dudng tron tam 1) hay MD L DC .
BDC =90° (gbc ndi tiép chin nira duong tron tim O)
Hay BD L DC . Qua diém D c6 hai duong thang BD va DM cung vudng goc voi DC = B;M ;D thing
hang.
+ Chtrng minh OM 14 tiép tuyén cta (1) :
Tacd MO la duong trung binh cia AABC (Vi M;O 1 trung diém ciia AC;BC -gt)
—MO//AB ma AB L AC (gt) = MO L AC = MO LIC,M &(1) = MO latiép tuyén ciia dudng tron

tam | .
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3. Chirng minh BMOE la hinh binh hanh:
MO//AB=MO//BE . Ma | latrung diém MC;O latrung diém BC = Ol la dudng trung binh caa

AMBC =0l //BM hay OE //BM = BMOE la hinh binh hanh.
4. Chirng minh MN la phéan giac cua goc AND :
Do ABNM nobi tiép = MBA = MNA (cung chin cung AM)
MBA = ACD (cung chian cung AD)
Do MNCD noi tiép = ACD = MND (cuing chin cung MD)

= ANM = MND = dpcm.

Céu 252.(Thay Nguyén Chi Thanh) Cho hinh vuéng ABCD c6 canh bang a. Goi | 1a diém bét ky
trén duong chéo AC. Qua | ké cac dudng thang song song véi AB; BC ,cac dudng nay cit
AB;BC;CD; DA lan lugt & P;Q;N;M .

1. Chung minh INCQ Ia hinh vubng.

2. Chimgto NQ//DB.

3. Bl kéo daicit MN tai E;MP cat AC tai F . Chtng minh MFIN ndi tiép dugc trong duong tron. Xac
dinh tam.

4. Chimg t6 MPQN ndi tiép. Tinh dién tich ctia n6 theo a.

5. Chimg minh MFIE i tiép.

Huwéng din

1. Ching minh INCQ Ia hinh vuéng:
MI//AP//BN (gt) =MI=AP=BN = NC=1Q=PD
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ANIC vubng & N c6 ICN =45° (Tinh chat duong chéo hinh vudng)
= ANIC vudng can & N = INCQ la hinh vuéng.
2. Chirng minh: NQ//DB.

Do ABCD la hinh vuéng = DB L AC
Do IQCN la hinh vuéng = NQ L IC

Hay NQ L AC = NQ//DB.

3. Chung minh MFIN ndi tiép:

Do MP L Al (tinh chét hinh vudng) = MFI =90°; MIN =90° (gt)

= hai diém F;| cing lam véi hai dau doan MN = MFIN ndi tiép.

Tam cua dudng tron nay 1 giao diém hai duong chéo hinh chir nhat MFIN .
4. Chimg minh MPQN noi tiép:

Do NQ//PM = MNQP la hinh thang, c6 PN = MQ = MNQP Ia thang cén.
D@ dang chung minh thang can noi tiép.

. 1 1 1 1 1 1
Tinh SMNQP = SMIP +SMNl +SNIQ +SPIQ = ESAMIP +§SMDNI +§SNIQC +§SPIQB = _SABCD =§a2

5. Chirng minh MFIE noi tiép:

Chi ra c&c tam giac vudng ABPI =AIMN (do Pl =IM;PB=IN;P = 1 =90°).
= PIB=IMN ma PBI = EIN (d6i dinh) = IMN = EIN

Talai co6 IMN +ENI =90° = EIN + ENI =90° = IEN =90°

ma MFI =90° = IEM + MFI =180° = FMEI noi tiép.

Ciu 253.(Thiay Nguyén Chi Thanh) Cho hinh vuéng ABCD, N latrung diém DC;BN cit AC tai
F, V& dudng tron tim O duodng kinh BN. (O) cit AC tai E. BE kéo dai cit AD & M;MN cit (O)

tai | .

Chtng minh MDNE i tiép.

Chung to6 ABEN vubng can.

Ching minh MF di qua tryc tdm H cua ABMN .

Ching minh Bl =BC va AIEF vubng.

C/m: BM 1a duong trung truc cia QH (H 14 tryc tdm tam gidc BMN ; NE cit AB tai Q) va MQBN

a M L bpoE

la thang can.

Huong din
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Wl

1. Chémg minh MDNE noi tiép.

Taco NEB =90° (goc nt chin nira dudng tron)

= MEN =90°; MDN =90° (t/c hinh vuéng)

= MEN + MDN =180°. dpcm

2. Chirng minh ABEN vudng céan:

Ta cd: ANEB vubng (cmt)

Do CBNE noi tiép

= ENB =BCE (cung chin cung BE) ma BCE =45° (t/c hinh vuéng) => ENB =45° (dpcm).
3. Ching minh MF di qua tryc tim H cta ABMN .

Taco BIN =90° (goc nt chin nira dtron)

=Bl LMN .Ma EN L BM (cmt)= BI va EN 1a hai duong cao cia ABMN = Giao diém ctia EN va
Bl 1a tryc tim H . Ta phai ching minh M;H;F thang hang.

Do H 1a truc tim ABMN = MH L BN (1)

MAF =45° (t/c hinh vudng); MBF =45° (cmt)

= MAF = MBF =45° = MABF noi tiép = MAB + MFB =180° ma MAB = 90° (gt) = MFB =90° hay
MF L BM (2)

T (1) va (2) = M;H;F thing hang.

4. Chiing minh Bl =BC :

Xét 2 Avudng BCN va ABIN co canh huyén BN chung; NBC = NEC (cung chin cung NC).
Do MEN = MFN =90° = MEFN n6i tiép = NEC = FMN (cting chén cung FN);

FMN = IBN (cung phu vé6i goc INB) = IBN = NBC = ABCN = ABIN = BC =Bl .

*Chung minh AIEF vuong:
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Taco EIB=ECB (cung chin cung EB) va ECB =45° = EIB =45° (1)

Do HIN +HFN =180° = IHFN ndi tiép = HIF = HNF (cung chin cung HF )

ma HNF =45° (do AEBN vudng can) = HIF =45° (2).

Tu (1) va (2) = EIF =90° = dpcm

5. Chtrng minh BM la duong trung tryc ciia QH :

Do Al =BC = AB (gt va cmt) = AABI cin & B. Hai A vudng ABM va ABIM c6 canh huyén BM chung;
AB =Bl = AABM = ABIM = ABM = MBI;AABI can ¢ B c¢6 BM la phén gidc = BM la duong trung
truc cua QH .

*Chirng minh MQBN la thang cén:

Ta giac AMEQ c6 A+QEN =180° (do EN L BM theo cmt)

— AMEQ ndi tiép = MAE = MQE (cung chin cung ME) ma MAE =45° va ENB =45° (cmt)

— MQN =BNQ =45’ = MQ//BN .

Talai c6 MBI = ENI (cing chan cung EN) va MBI = ABM va IBN = NBC (cmt)

= QBN = ABM + MBN = ABM +45° (vi MBN =45°) = MNB = MNE + ENB = MBI +45°

= MNB =QBN = MQBN la thang can.

Céu 254.(Thay Nguyén Chi Thanh) Cho AABC c6 3 g6c nhon (AB < AC).V& duong cao AH . T
H ké HK;HM lan luot vudng goc véi AB; AC .Goi J a giao diém ciia AH va MK .

1. Chung minh AMHK ndi tiép.

2. Chimg minh JAJH =JK.JM .

3. Tur C kétia Cx L AC va Cx cit AH kéo dai & D. V& HI;HN lan luot vudng goc véi DB va DC .
Chtng minh rang: HKM = HCN

4. Chtng minh M;N;I;K cling nam trén mot dudng tron.
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Huwoéng din

1. Chttng minh AMHK i tiép: Dung tong hai goc dbi.

2. Chimg minh: JAJH = JK.IM .

Xét hai tam giac: AJAM va AJHK c6: AIM = KJH (déi dinh).

Do AKHM noi tiép = HAM = HKM (cting chin cung HM)

= AJAM ~ AJKH = JAJH = JK.JM . (dpcm)

3. Chimg minh HKM = HCN

vi AKHM ndi tiép = HKM = HAM (cuing chén cung HM)

Ma HAM =MHC (cung phu vai goc ACH ).

Do HMC = MCN =CNH =90° (gt) = MCNH 1 hinh chit nhat = MH //CN hay

MHC = HCN = HKM = HCN .

4. Chung minh: M;N:1;:K clung nam trén mot duong tron.
+Do BKHI nbi tiép = BKI = BHI (cung chan cung Bl); BHI =IDH (cung phu véi goc IBH )
+Do IHND ndi tiép = IDH = INH (clng chin cung IH) = BKI = HNI
+Do AKHM noi tiép = AKM = AHM (cing chian cung AM); AHM = MCH (cung phu v6i HAM )
+Do HMCN noi tiép = MCH = MNH (cing chan cung MH) = AKM = MNH

ma BKI + AKM + MKI =180° = HNI + MNH + MKI =180° hay IKM +MNI =180° = M;N;I;K clng

nam trén mot duong tron.
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Céu 255.(Thay Nguyén Chi Thanh) Cho AABC vubngtai A.DPuong cao AH . BPuong tron tdm H
,ban kinh HA cit duong thang AB tai D vacit AC tai E; Trung tuyén AM ctiia AABCcit DE tai | .
Chtrng minh D;H;E thang hang.

Ching minh BDCE ndi tiép.Xac dinh tdm O ciia duong tron nay.

Ching minh AM L DE .

Chtng minh AHOM 13 hinh binh hanh.

M w e

Huwéng din

1. Ching minh D;H;E thang hang:

Do DAE =90° (goc ndi tiép chan nira duong tron tim H) = DE la duong kinh = D;E;H thang hang.
2. Chirng minh BDCE nbi tiép:

AHAD cén ¢ H(vi HD = HA = ban kinh cua dttam H) = HAD = HAD ma HAD = HCA (Cung phu véi

HAB)

= BDE = BCE = Hai diém D;C cung lam véi hai ¢au doan thing BE
4+ Xac dinh tam O

O la giao diém hai duong trung truc cia BE va BC.

3. Chting minh: AM L DE:

Do M latrung diém BC = AM = MC = MB :B—ZC = MAC = MCA

ma ABE = ACB (cmt) = MAC = ADE .

Ta lai c6: ADE + AED =90° (viA=90° ) = CAM + AED =90° = AIE =90° . Vay AM L ED .
4. Chtrng minh AHOM Ia hinh binh hanh:
Do O 1a tim dudng tron ngoai tiép BECD = OM 1a duong trung truc cia BC =OM 1L BC =OM //AH .
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Do H 1a trung diém DE (DE la duong kinh cua duong tron tim H) =OH L DE ma
AM 1 DE = AM //OH = AHOM Ia hinh binh hanh.

Céu 256.(Thay Nguyén Chi Thanh) Cho AABC c¢6 2 goc nhon, dudng cao AH . Goi K 1a diém dbi
xtng cia H qua AB; | 1a diém ddi xting cia H qua AC. E;F 1a giao diém cua Kl voi AB vaAC .
Chtrng minh AICH ndi tiép.

Chung minh Al = AK .

Chung minh cac diém: A;E;H;C;| cing nim trén mot dudng tron.

Ching minh CE; BF la cac duong cao cua AABC.

S A o

Chung t6 giao diém 3 duong phan giac cia AHFE chinh 12 tryc tm cia AABC.

Huwoéng din

1. Chimg minh AICH noi tiép.

+Do | d6iximg véi H qua AC = AC latrung tryc cia HI = Al = AH va HC = IC; AC chung
= AAHC = AAIC (c.c.c)

= AHC = AIC ma AHC =90° (gt) = AIC =90°

= AIC + AHC =180° = AICH noi tiép.
2. Chung minh Al = AK :
Theo chtrng minh trén ta c6: Al = AH . Do K d6i xtmg v6i H qua AB nén AB la dudng trung truc cua

KH = AH = AK = Al = AK (= AH)

3. Ching minh A;E;H;C; I cung nam trén mot dudng tron:
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Do E € AB va AB la trung tryc cia KH = EK = EH; EA chung;

AH = AK = AAKE = AAHE = AKE = EHA ma AAKI can & A (theo ¢/m trén AK = Al )

= AKI = AIK = EHA = AIE = hai diém | va K cung Iam véi hai ddu doan AE ...

— AE;H;| cing nam trén mot dudng tron ky hiéu 1a (C)

Theo cmt thi A;1;CV;H cling nam trén dwong tron (C') = (C) va (C') triing nhau vi ¢ chung 3 diém
A:H:1 khdng thang hang)

4. Ching minh: CE;BF la duong cao cua AABC.

Do AEHCI ciing ndm trén mot dudng tron c6 AIC =90° = AC 1a duong kinh = AEC =90°

(g6c ndi tiép chin nira duong tron). Hay CE 1a duong cao cia AABC.

Chirng minh tuong ty ta c6 BF la duong cao...

5.Goi M lagiao diém AH va EC .Tachung minh M 14 giao diém 3 duong phén giac cia AHFE .
EBHM nbi tiép = MHE = MBE (cung chin cung EM)

BEFC ndi tiép = FBE = ECF (Cung chén cung EF)

HMFC néi tiép = FCM = FMH (cuing chin cung MF)

= EHM = MHF =HA lapg...

Chung minh tuong tu c6 EC 1a phén giac cia AHFE (dpcm).

Céu 257.(Thay Nguyén Chi Thanh) Cho AABC cén tai A ni tiép trong(O). Goi M 1a mot diém
bat ky trén cung nho AC .Trén tia ddi tia MB lay MK = MC va trén tia BA 1iy AD = AC.

1. Chung minh: BAC = 2.BKC

2. Chung minh BCKD ndi tiép. X4c dinh tdm ciia dudng tron nay.

3. Goi giao diém ctia DC véi (O) Ia | . Chimg minh B;O; | thing hang.

4. Chang minh DI =BI .

Huwong din
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1. Chtrng minh BAC =2.BKC :

BAC = BMC (cung chin cung BC)

BMC = MKC + MCK  (g6c ngoai AMKC)

Ma MK =MC (gt) = AMKC can ¢ M = MKC = MCK

= BMC =2.BKC = BAC =2.BKC.

2. Chirng minh BCKD noi tiép:

Taco BAC = ADC + ACD (g6c ngoai AADC ) ma

AD=AC (gt) = AADC cin & A= ADC = ACD = BAC =2.BDC
Nhung ta lai c6: BAC =2.BKC (cmt) = BDC = BKC = BCKD néi tiép.

+ X4&c dinh tam:

Do AB=AC=AD= A latrung diém BD = trung tuyén CA= % BD = ABCD vuéng ¢ C.
Do BCKD ndi tiép = DKB = DCB (cling chan cung BD) . Ma BCD =90° = BKD = 90° = DBKD vuéng
& K cotrung tuyén KA= KA=%BD: AD = AB = AC = AK = A 13 tdm duong tron. ..

3. Chung minh B;O; 1 thing hang:
Do goc BCl =90°,ma B;C;1 €(O)= BI la dudong kinh = B;O; | thing hang.

4. Chirng minh BI = DI
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+ Céch 1: Tacd BAI =90° (g6c noi tiép chin nira duong tron) hay Al L DB, c6 A latrung diém = Al la
duong trung truc cia BD = AIBD can ¢ | = ID =BI

+ Céch 2: ACI = ABI (cung chin cung Al) AADC can & D = ACI = ADI

— BDC = ACD = IDB = IBD = DBID can & | (dpcm).

Céu 258.(Thay Nguyén Chi Thanh) Cho tir gidc ABCD ndi tiép trong(O) . Goi | 1a diém chinh
gitta cung AB (Cung AB khdng chtra diém C;D). IC va ID cit AB éM;N .

Chtrng minh D;M;N;C cung nam trén mot dudng tron.

A .

Chtng minh MA.MB = MI.MC

DI kéo dai cit duong thing BC 6 F ;duong thiang IC cat dudng thing AD ¢ E . Chig minh:
EF//AB.

Chtrng minh: 1A’ = IN.ID.

w

>

Huong din

1. Chimg minh D;M;N;C clng nam trén mot dudng tron.

sdIMB:%sd(IB+AD)

sdNCD =%sd Dl

Macung IB=1A= IMB=NCD = IMB=NCD.
Talai c6 IMN +DMN =180°

= NCD + DMN =180° = MNCD néi tiép.
2. Chimg minh MAMB = MI.MC
Xét AMBC va AMAI c6:
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IAB = ICB (cung chin cung Bl )
IMA=BMC (dbi dinh) = AMAI -~ AMCB =dpcm.

3. Ching minh EF //AB :

Do IDA=ICB (cung chan hai cung hai cung bang nhau 1A= 1B ) hay EDF = ECF

= hai diém D va C clng lam v&i hai ¢au doan EF...= EDCF ndi tiép

= EFD=ECD (cung chin cung ED),ma ECD = IMN (cmt)= EFD=FMN = EF //AB .
4. Chirng minh: 1A = IN.ID .

Ta c6: AAIN —~ADIA vi: géc | chung; IAN = IDA (hai goc ndi tiép chan hai cung bang nhau)

=dpcm.

Céu 259.(Thay Nguyén Chi Thanh) Cho hinh vuéng ABCD, trén canh BC l4y diém E . Dyng tia
Ax L AE, AX cit canh CD kéo dai tai F.Kétrung tuyén Al cua AAEF, Al kéo dai cat CD tai K.
Qua E dung dudng thang song song voi AB ,cit Al taiG.

Chtng minh AECF noi tiép.

Chtrng minh: AF? = KF.CF

Chung minh: EGFK & hinh thoi.

Chung minh: khi E di dong trén BC thi EK = BE + DK va chu vi ACKE c6 gia tri khong doi.

o M L Do

Goi giao diém ciia EF véi AD 1a J . Chtimg minh:GJ 1 JK .

Huwéng din

1. Ching minh AECF ni tiép
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Taco: FAE = DCE =90° (gt) ............ = AECF ndi tiép

2. Chung minh: AF? = KF.CF.

Do AECF noéi tiép = DCA = FEA (cung chin cung AF). Ma DCA=45°
(Tinh chat hinh vudng)

= FEA=45" = AFAE vubngcan ¢ A c6 FI =IE= Al | FE = FAK =45°.

= FKA= ACF =45° .Va KFA chung = AFKA-AFCA= % :% =dpcm.

3. Chirng minh: EGFK  Ia hinh thoi.
-Do AK la duong trung truc cuia FE = AGFE can o G
— GFE =GEF . Ma GE//CF (cung vudng goc voi AD) = GEF = EFK (so le)
= GFI = IFK = FI & duong trung truc cia GK = Gl = IK ,ma IF = IE = GFKE Ia hinh thoi.
4. Chirng minh EK = BE + DK :
Tam gidc ADF va AABE c6 AD = AB; AF = AE .(AAEF vudng cén)
= AADF =AABE = BE =DF ma FD+DK =FK va FK = KE (hinh thoi) = KE = BE+ DK
4C/m chu vi tam gidc CKE khéng dbi:
Goichuvila C=KC+EC+KE =KC+EC+BE +DK =(KC+ DK)+(BE+ EC)= 2BC khong d6i.
5. Chimg minh IJ L JK :
Do JIK = JDK =90° = IJDK ngi tiép = JIK = IDK (cung chan cung IK ), IDK =45° (t/c hinh vudng)

= JIK =45° = AJIK vuong van 6 | = JI =IK yma IK =Gl

=Jl =IK=GlI :%GK = AGJK wvudng ¢ J hay GJ L JK.

Cau 260.(Thiy Nguyén Chi Thanh) Cho AABC. Goi H la tryc tdm ctia tam giac. Dyng hinh binh
hanh BHCD. Goi | la giao diém cia HD vaBC.

1. Chtng minh: ABDC ndi tiép trong duong tron tam O, néu céch dyng tam O.

2. Sosénh BAH va OAC.

3. CH cit OD tai E. Chung minh AB.AE = AH.AC.

4. Goi giao diém ctia Al va OH 1a G . Ching minh G 1 trong tm caa AABC.

Huwong din
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1. Ching minh: ABDC noi tiép:

Goi c&c duong cao cia AABC la AN;BM;CN .

*Do AQH +HMA=180° = AQHM ndi tiép = BAC + QHM =180°
ma QHM = BHC (ddi dinh)

BHC =CDB (2 gbc dbi ctia hinh binh hanh)

= BAC +CDB =180° = ABDC ndi tiép.

®(Cach xac dinh tam O

Do CD//BH (t/c hinh binh hanh)

Va BH L. AC =CD L AC hay ACD=90°,ma A;D;C nim trén dudng tron

= AD la duong kinh. Vay O 1a trung diém AD.

2. So sdénh BAH vaOAC :

BAN =QCB (cung phu v6i ABC) ma CH //BD (do BHCD la hinh binh hanh) = QCB =CBD (so le);
CBD = DAC (cung chin cungCD) = BAH = OAC .

3. Chtirng minh: AB.AE = AH.AC :

Xét hai tam gidc ABH va ACE c6 EAC = HCB (cmt); ACE = HBA (cung phu véi BAC)

= AABH - AACE = dpcm.

4. Chimg minh: G 1a trong tdm ctia AABC, ta phai chimg minh G 1a giao diém ba duong trung tuyén hay

GJ :éAI .Do IB=IC =0l LBC maAH L BC =0l //AH .Theo dinh ly TaLét trong AAGH

O _Gl 5o la trung ¢¢ HD = O la trung dé o= 1 (T/c dudng trung binh)
AH AG AH 2
:ﬂzﬂ:l:Gl :EAI . Hay GJ =EAI = G latrong tam cua AABC .
AH AG 2 2 3
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Céu 261.(Thay Nguyén Chi Thanh) Cho (O) vacung AB=90°. C lamét diém tuy y trén cung
16n AB. Cac duong cao Al;BK;CJ cua AABC citnhau ¢ H. BK cidt (O) & N;AH cét (O) tai
M.BM va AN gapnhau¢ D.

1) Chung minh: B;K;C;J clng nam trén mot duong tron.

2) Chirng minh: BI.KC = HI.KB.

3) Ching minh: MN la duong kinh cua (O).

4) Chung minh ACBD la hinh binh hanh.

5) Ching minh: OC//DH .

Huéng din

1) Xét t gidc BJKC c6 CIB=CKB=90"(gt) ma day Ia hai goc co dinh ké nhau, ciing nhin canh BC
suy ra tir giac BJKC i tiép.

2) Chira ABIH d6ng dang ABKC (g.g) nén BI.KC = HI.KB.

3) Chira ANB =45 (g6c nt chian cung AB) ma NKA=90° = NAK =45°.

Tuong ty: ACB =45°, AIC =90° = CAM =45° = MAN = MAC +CAN =90° = MN la duong kinh cua
(0).

4) Chira AD//CB (cung vudng géc AM ), AC//BD (cung vubng BN ).

5) Taco: COM =2.CAM =90° = OC L MN .

AM 1L ND
Xét tam giac NHD co: {DM I NH = M la tryc tdm tam giac nén DH 1L MN = DH //OC (cung vuéng

goc MN)
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Ciu 262.(Thay Nguyén Chi Thanh) Cho hinh vuéng ABCD. Goi N 1a mot diém bét ky trén CD
sao cho CN < ND. V& dudng tron tim O dudn kinh BN. (O) cat AC tai F;BF cit AD tai M;BN ct
AC tai E.

1) Ching minh ABFN vuéng can.

2) Chirmg minh: MEBA noi tiép.

3) Goi giao diém cia ME va NF 12 Q. MN cit (O) & P.Chtmg minh B;Q;P thang hang.

Ching t6 ME//PC va BP=BC.

4) Chung minh AFPE la tam giac vuéng.

Huwéng din
A B
F
M @)
E
P
D N C

1) Chira BN la dudng kinh cua (O)= BFN =90°.

Chi ra tr giac BFNC i tiép nén FNB = FCB =45 (tinh chat hinh vudng).
Suy ra AFNB vubng can.

2) Ching minh MEBA ndi tiép

Chi ra MAE = MBE =45° .

3) Chtng minh B;Q;P thing hang.

Do MABE nt= MAB + NEB =180° ma MAB =90° (t/c hinh vudng) = MEB =90°
hay ME L BN..
Theo ching minh trén: NF L BM = Q la truc tdm cia ABMN = BQ L MN (1)

—=Talai c6 BPN la goc ndi tiép chin nira duong tron hay BP L MN (2).

Tu (1) va (2)= B; Q; P thang hang.

+ Ching minh: MF //PC.

Do MFN = MEN =90° = MFEN noi tiép = FNM = FEM (cling chén cung MF)

Ma FNP = FNM = FCD (cung chin cung PF cua (O)
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= FEM = FCP = ME / /CP

+ Chirng minh: BP =BC:

Do ME//CP vaME L BN = CP L BN .DBuong kinh MN vuéng goc véi ddy CP = BN la duong trung
truc cia CP hay ABCP céan ¢ B—=BC =BP.

4) Chung minh AFPE vudng:

eDo FPNB ndi tiép = FPB = FNB =45° (cmt)

eDé dang cm dugc QENP ndi tiép (Hai goc dbi tong bang 180°)= QPE = QNE = 45° = dpcm.

Céu 263.(Thay Nguyén Chi Thanh) Trén duong tron tim O lan luogt 1y bon diém A;B;C;D sao
cho AB=DB; AB va CD cit nhau & E. BC cit tiép tuyén tai A clia dudng tron (O) & Q;DB cit
AC tai K.

1) Chirng minh CB la phén giac cua géc ACE .

2) Chtng minh: AQEC néi tiép.

3) Ching minh: KAKC = KB.KD

4) Chung minh: QE//AD.

Huwéng din

1/ C/m CB la phan giac cua goc ACE :
Do ABCD ndi tiép = BCD + BAD = 2v
Ma BCE +BCD =2v = BCE =BAD.

Do AB=AC (gt) = ABAD cin & B = BAD = BDA.
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Talai c6 BDA=BCA (Cung chin AB)= BCE = BCA
= dpcm.
2/C/m AQEC ni tiép:

Ta co sd QAB = % Sd AB (goc giira tiép tuyén va mot day)

Sd ADB = sd% AB

= QAB = ADB = BCE (cmt) = QAE =QCE =hai diém A va C cung lam véi hai diu doan QE =dpcm
3/C/m: KAKC =KB.KD.

C/m AKAB -~ AKDC.

4/C/m:QE//AD:

Do AQEC nt=QEA=QCA (cing chin QA ) ma QCA=BAD (cmt) = QEA=EAD

—=QE//AD.

Ciu 264.(Thay Nguyén Chi Thanh) Cho (O) va tiép tuyén Ax . Trén Ax lay hai diém B va C
sao cho AB = BC . K¢ cét tuyén BEF véi dudng tron. CE va CF cét (O) lanlugté M vaN . Dung
hinh binh hanh AECD.

1) Ching minh: D nam trén dudng thang BF .

2) Ching minh: ADCF ndi tiép.

3) Ching minh: CF.CN =CE.CM .

4) Chtrng minh: MN //AC .

5) Goi giao diém ciia AF v&i MN 14 | . Chimg minh: DF di qua trung diém cta NI .

Huwéng din
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1) Chimg minh: D nim trén dudng thang BF .

Do ADCE la hinh binh hanh = DE va AC la hai dudng chéo.

Do B 1atrung diém cia AC = B ciing la trung diém DE hay D;B:E thing hang.

Ma B;E;F thing hang= D nam trén BF .

2) Ching minh ADCF ndi tiép:

Do ADCE la hinh binh hanh = DCA =CAE (so le)

SdCAE = % sd AE (goc gitra tt va mot day) ma EFA = % sd AE

= CAE =EFA= DFA=DCA

= hai diém F va C cung lam véi 2 ddu doan AD ....=dpcm

3) Chirng minh: CF.CN = CE.CM . Ta chiing minh ACEF -~ ACNM .

4) Chtrng minh: MN //AC..

Do ADCF ndi tiép = DAC = DFC (cung chanCD ).

Ma ADCE la hinh binh hanh = DAC = ACE (so le trong), ta lai c6 CFD = NME (cung chan EN )

= ACM =CMN = AC//MN .

5) Chtng minh: DF di qua trung diém cua NI :

Goi giao diém cua NI véi FE 1a J

Do NI//AC (vi MN//AB)

= NJ //CB ,theo héqua Talét = %

Tuongty: IJ//AB = £:i
FB AB

J- NJ

=" Ma AB=BC (gt)= JI =NJ = dpem.

AB BC

Céu 265.(Thay Nguyén Chi Thanh)

M 1a mét diém trén cung nho CB .

1. C/m: ACBD la hinh vuéng.

Cho (O;R) va dudng kinh AB;CD vuéng goc v6i nhau.Goi

2. AM cit CD;CB lanluotd P va | .Goi J 1a giao diém cia DM vaAB .C/m IB.IC=IAIM .

3. Chtngto 1J//PD va IJ 1aphan giac ciia gocCIM .

4. Tinh dién tich AAID theo R .

Huéng din
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1/C/m: ACBD Ia hinh vuéng:
Vi O latrung diém cua AB:CD nén ACBD la hinh binh hanh.

Ma AC =BD (duong kinh) va AC L DB (gt)=-hinh binh hanh ACBD Ia hinh vuéng.
2/C/m: IB.IC =1AIM

Xét hai AIAC va AIBM c¢6 CIA=MIB (d d)

IAC = IBM (cung chinCM )

= AIAC -~ AIBM (dpcm).

3/eChung minh 1J//PD.

Do ACBD la hinh vubng= CBO =45".

Va AC =CB=BD=DA.

— AMD = DMB = 45’

=IMJ =IBJ =45 =M va B clng lam véi hai ddu doan 1J ...= MBJI noi tiép.
=1IB+IMB=2v ma IMB=1v = IJB=1v haylJ 1L AB .Ma PD L AB (gt)=1J//PD
® Chirng minh 1J 1a phan giac cia CIM :

Vi 1IJ L AB hay AJl =1v va ACI =1v (tinh chat hinh vudng)=> ACIJ ndi tiép

= 1JC = IAC (cung chinCl ) ma IAC =IBM (cing chanCM )= 1JC = IBM

-Vi MBJI noi tiép = MBI = MJI (ctng chin IM )

=1JC =M =dpcm.
4/Tinh dién tich AAID theoR :
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Do CB//AD (tinh chét hinh vudng) c6 | € CB => khoang cach tir | dén AD chinh bang CA .Ta lai c6
1

==5
ACD ABCD
2

AIAD va ACAD chung day va duong cao bang nhau. =S, = S, -Ma S

= S,p = % Sppen- Laicd S,pp = % AB.CD (dién tich c6 2 dudng chéo vuong goc)

=S acn =%2R.2R =2R* =S,,, =R*.

Céu 266.(Thay Nguyén Chi Thanh) Cho AABC (A=90").K¢ AH 1 BC.Goi O va O' latdm
dudng tron noi tiép cac tam giac AHB va AHC Pudng thing OO' cit canh AB; AC tai M;N .

C/m: AOHO" la tam giac vuéng.

C/m: HB.HO'=HAHO C/m: AHOO' -~ AHBA.

C/m:Céac tor gidc BMHO; HO'NC ndi tiép.

C/m AAMN vudng can.

A w b P

Huwéng din

1/C/m: AOHO' vubng:

Do AHB=90" va O 1a tdm duong tron ndi tiép AAHB =0 13 giao dé ba dudng phén giic cla tam gidc=>
AHO =0OHB =45".

Tuong ty AHO'=0'HC =45".

—=0'HO =45 +45 =90".

hay AO'HO vudéng ¢ H .

2/C/m: HB.HO'=HAHO

Do AABC vuéng 6 A va AH L BC = ABH =CAH (cing phu v6i goc C ) ma OB;O"A lan luot Ia
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phéan giac cta hai goc tréen=0BH =0'AH va OHB=0'HA=45",

— AHBO - AHAO" =B _ OH oy e,
HA O'H

3/c/m AHOO' -~ AHBA.

HB _HO _ HO'_HO
HA HO'  HA HB

Tu(l)= (Tinh chi ti 18 thire). Cac cap canh HO va HO' cua AHOQO' ti 1€ véi

cac cdp canh cua AHBA va géc xen gitta BHA=0"'HO =90" = AHOO' -~ AHBA.

4/C/m:e BMOH nt:Do AHOO'+~ AHBA=0O'OH = ABH ma O'OH + MOH =180" = MBH + MOH =180"
=dcm.

eC/m NCHO' ndi tiép: AHOO'~ AHBA (cmt) va hai tam giac vudng HBA va HAC c¢6 goc nhon

ABH = HAC (cung phu v6i ABC ) nén AHBA - AHAC = AHOO'~ AHAC = OO0'H = ACH .

Ma OO'H +NO'H =180" = NCH + NO'H =180" =dcm.

5/C/m AAMN vubng can: Do OMBH nt=OMB +OHB =180 ma AMO +OMB =180" = AMO =OHB

ma OHB =45 = AMO =45". DOAAMN vuong & A ¢6 AMO =45 = AAMN vudng can 6 A .

Ciu 267.(Thay Nguyén Chi Thanh) Cho ntra duong tron O, duong kinh AB = 2R, goi | latrung
diém AO.Qua | dyng duong thang vubng goc vi AB , dudng nay cit nira duong tron & K. Trén 1K
lay diém C, AC cat (O) tai M; MB cit duong thang IK tai D . Goi giao diém cta IK voi tiép tuyén
tai M 1a N .

1. Chimg minh: AIDM ndi tiép.

2. Chtrng minhCM.CA=CI.CD.

3. Chimg minh ND=NC.

4. CB cat AD tai E.Chimg minh E nam trén duong tron (O) va C la tm duong tron noi tiép AEIM.

5. Gia st D latrung diém IK . Tinh CD theo R.

Huwéng diin
1. Chitg minh: AIDM ndi tiép.
Chira AB la duong kinh nén AMD =90° = AMD + AID =180°.
2. Chirng minh CM.CA=CI.CD.
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A | 0 B

Chira AMCD - AICA(g - g) =CM.CA=CICD.

3. Chimg minh ND=NC.
Taco: NMD = Azésd MB ma AMCD - AICA= A= MDN = NMD = NDM = AMND cén tai

N=NM =ND.

NMC + NMD = 90° ( gt)
Vi <NCM +NDM =90°(gt) = NMC = NCM = AMNC cén tai N = NM =NC.

NMD = NDM (cmt)
Vay ND=NC
4. CB cat AD tai E.Chimg minh E nim trén dudng tron (O) va D 1a tim dudng tron ndi tiép AEIM .
Trong AACB c6 D I3 tryc thm tam giac, suy ra AD L CB = AEB =90° = E nam trén nira dudng tron (O) .
+ Chitng minh D 12 tdm duong tron noi tiép AEMI . Ta phai chimg minh D 12 giao diém 3 duong phan

giac ctia AEMI

Ta co: MEDzMBA(:%sd MA) ma ttr giac BEDI noi tiép nén MBAzIED(z%sd DI)

Suy ra MED = DEI = ED la phéan giac géc MEI .

DME = DAB(: %sd BE)
Chtrng minh tuong tu: L = DME = DMI = MD la phén giac géc EMI .
DAB = DMI (= ESd DI j

Vay D la tim dudng tron noi tiép AEMI |
5. Giastr D 1a trung diém IK . Tinh CD theo R.
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A | 0 B
Do Kl latrung truc cia AO = AAKO can & K = KA=KO ma KO = AO =R (béan kinh)

RV3 KI R+

= AAKO la tam gi4c déu = KI =73:> DI =KD=7_ 2

Ap dung PiTaGo trong tam giac vuéng ACI co:

2 2
AC =~/CI? + AIZ = %+R—=R—‘/7

4 4

= ACIA ddng dang ABMA (hai tam giac vudng c6 CAI chung)

LCA_IA _ A ABAL o R.RJT_4RVT
BA MA AC 2 4 7
= MC =AM -AC = M
28
ap dung hé thic cdu 2 = CD = %
Céu 268.(Thay Nguyén Chi Thanh) Cho AABC. Goi P la mot diém nam trong tam giac sao cho

g6c PBA=PAC . Goi H va K lan lugt 1a chan cac dudong vudng goc ha tir P xudng AB; AC .
1. Chtng minh AHPK ndi tiép.
2. Chimg minh HB.KP = HP.KC .
3. Goi D;E;F lan luot la trung diém cua PB;PC;BC . Chimg minh: HD = EF; DF = EK
4. Chtirng minh duong trung truc cuia HK diqua F .

Huéng din
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1. Chtrng minh AHPK noi tiép (HS tu CM)

2. Chung minh HB.KP = HP.KC .

C/m hai A vubng HPB va KPC dong dang.

3. Goi D;E;F lan luot 1a trung diém cta PB;PC;BC . Chimg minh: HD = EF; DF = EK
+ Ching minh HD = FE :

Do FE//DO vaDF//EP (FE va FD la duong trung binh ciia APBC)
DPEF 14 hinh binh hanh = DP = FE..

Do D la trung diém cia BP = DH 14 trung tuyén ctia A vubng HBP
— HD=DP = DH =FE

+ Chig minh tuong tu c6: DF = EK..

4/C/m duong trung truc cia HK diqua F .

Ta phai C/m EF 1a dudng trung truc cia HK . Hay can ¢/m FK = FH .

Do HD=DP+DB = HDP=2 ABP (goc ngoai tam giac can ABP)

Tuong tu KEP=2 ACP

Ma ABP = ACD (gt)

= HDP =KEP (1)

Do PEFD Ila hinh binh hanh (cmt) = PDF = PEF (2)

T () va (2) = HDF = KEF ma HD =FE; KE = DF = ADHF - AEFK (c.g.c) = FK =FH

= dpcm.
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Cau 269.(Thiy Nguyén Chi Thanh) Cho hinh binh hanh ABCD ( DAB>90°%). Tir C ké CE; CF;
CG lan luot vudng goc véi AD; DB; AB.

C/m DEFC ndi tiép.

C/m: CF? =EF.GF.

Goi O la giao diém AC va DB.K¢ Ol L. CD. Chimg minh rang: Ol di qua trung diém cta AG.
Chimg t6 EOFG noi tiép.

D L0 PP

Huwéng din

1/Chimg minh DEFC ndi tiép: (St dung hai diém E; F cung lam véi hai dau doan thang CD) .
2/Chimg minh: CF? = EF.GF .

Xét AECF va ACGF c6:

-Do DEFC nt= FCE = FDE (Cung chin cung FE); FDE =FBC (so le).

Do GBCF nt (tw ching minh) = FBC = FGC (cling chan cung FC)

— FGC = FCE .

-Do GBCF nt = GBF =GCF (cung chin cingG) ma GBF = FDC (so le).

Do DEFC ndi tiép = FDC = FCE (cung chan cung CF)

= FCG =FEC = AECF -~ ACGF = dpcm.

3/Chtrng minh O di qua trung diém AG . Goi giao diém cta duong tron tdm O dudng kinh AC 13 J
Do AG//CJ va CG L AG = AGCJ la hinh chit nhat

= AG=CJ.ViOl LCJ nén | latrung diém CJ (duong kinh L véi 1 day...)

= dpcm.

4/Chimg minh EOFG noi tiép:

® Do CEA= AGC =1v = AGCE nttrong (O) = AOG =2GCE (Gdc nt bang nira goc & tdm cing chin 1

cung; Va EAG +GCE =2v (2 goc dbi cua tir gidc nt).
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Ma ADG + ADC =2v (Hai goc déi cua hbh)

= EOG =2ADC (1)

¢ Do DEFC nt= EFD = ECD (cung chin cung DE); ECD =90° —EDC (2 géc nhon cta A vudng EDC)
*)

Do GBCF nt= GFB =GBC (cung chin cung GB); BCG =90° —~GBC (**).

Tu(*) va (**) = EFD + GFB = 90° - EDC +90° - GBC =180° —2ADC

ma EFG =180° —(EFD+GFB) —180° —180° + 2ADC = 2ADC (2)

Tir (1) va (2) = EOG = EFG = Tit gisc EOFG ndi tiép.

Céu 270.(Thiy Nguyén Chi Thanh) Cho hai dudng tron (O) va (O') catnhau & A va B. Cac
duong thang AO cit (O), (O) lan lugt & C va D; dudng thang AO’ cat (O) va (O) lan luot & E va
F.

Chtmg minh: C; B; F thang hang.

Chimg minh CDEF ndi tiép.

Chung t6 DA.FE = DC.EA

Ching minh A 12 tim duong tron ni tiép tam giac BDE .

o > W NP

Tim diéu kién dé DE 12 tiép tuyén chung cua hai duong tron (O); (O).

Huwéng din

1/Chimg minh: C; B; F thang hang.
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Taco: ABF =1v; ABC =1v (g6c ndi tiép chin nira duong tron) = ABC + ABF =2v = C; B; F thing
hang.

2/Chimg minh CDEF ndi tiép.

Tacod AEF = ADC =1v = E; D cung Iam véi hai diu doan CF ...

= dpcm.

3/Chtrng minh DAFE = DC.EA.

Xét hai tam giac vudng DAC va EAF cd DAC = EAF (hai gbc déi dinh)

= ADAC -~ AEAF = dpcm.

4/Chimg minh A 1a tm dudng tron ngoai tiép ABDE .

Ta phai chimg minh A 14 giao diém 3 dudng phan giac cua ADBE . (Xem céc bai truwéc)

5/Pé DE 1atiép tuyén chung ciia 2 dudng tron can diéu kién Ia:

Néu DE Ia tiép tuyén chung thiOD L DE va O’E vuédng goc DE .

Vi OA=0D = AAOD cin & O = ODA=0AD.

Tuong tu tam giac O’AE can & O’ = OAE=0EA.

Ma goc O AE =OAD (hai goc ddi dinh) = ODO=0EO = D va E cing lam véi hai ddu doan thang
OO’ nhitng goc bang nhau = Tir giac ODEQ’ ndi tiép = ODE + EOO =2v.

Vi DE 1a tiép tuyén ciia (O) va (O)= ODE =OED=1lv= EOO =1v= Tu gidc ODEQ’ 14 hinh chir
nhat = DA= AO’=0OA= AE (tinh chat hcn) hay OA=O’A.

Vay dé DE la tt chung cuia hai duong tron thi hai duong tron ¢ ban kinh bang nhau.(Hai duong tron bang

nhau)
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Cau 261.(Thiy Nguyén Chi Thanh) Cho (O;R). Mot cét tuyén xy cit (O) & E va F.Trén xy
lay diém A ndm ngodi doan EF , v& 2 tiép tuyén AB va AC véi (O). Goi H latrung diém EF .

1. Chingtoé 5 diém: A; B; C; H; O cing nim trén mot dudng tron.

2. DPuong thang BC cit OA & | va cit duong thang OH & K. C/m:Ol.0OA=0H.OK =R?.

3. Khi A didongtrén xy thi I di dong trén duong nao?

4. C/m KE va KF I hai tiép tuyén cia (O).

Huwong din

1/ C/m: A; B; C; H; O clng nam trén mot dudng tron:

Tacod ABO = ACO (tinh chét tiép tuyén).Vi H latrung diém dady FE nén OH L FE (dudng kinh di qua
trung diém 1 day) hay kinh AO.

OHA=90° = 5 diém A; B; O; C; H cing nam trén dudng tron duong kinh AO.

2/C/m: Ol.OA=0H.OK =R?.

*Do AABO vudng & B c6 Bl 1a duong cao. Ap dung hé thirc lugng trong tam gidc vudng ta co:

OB’ =0I.0A; ma OB=R = OIL.OA=R*. (1)

o Xét hai tam giadc vuébng OHA va OIK c¢6 IOH chung = AAHO - AKIO :% =%

= OIL.OA=0OH.OK (2).
Tu (1) va (2) = dpem.
4/ Chirng minh  KE va KF 1a hai tt cia duong tron (O).

-Xét AEKO va AEHO. Do OH.OK = R? =0OE? :O_HZS_E va EOH chung

OE
— AEOK - AHOE (c.g.C) = OEK = OHE ma OHE =90° = OEK =90°
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hay OE L EK dé E nim trén (O) = EK 1a tt ciia (O)

Céu 262.(Thay Nguyén Chi Thanh) Cho tam giac ABC (AB < AC) c0 hai duong phén giac
CM, BN citnhau¢ D.Qua A ké AE va AF lan luot vudng goc véi BN va CM . Cac dudng
thang AE va AF cit BC ¢ I; K.

C/m AFDE noi tiép.

C/m: AB.NC = BN.AB

C/m FE song song BC

Chung td ADIC ndi tiép. Chl y bai toan van ding khi AB > AC

A w e

Huwéng din

1/C/m AFDE noi tiép. (Hs tu c¢/m)
2/C/m: AB.NC =BN.AB

Do D la giao diém cac dudng phan giac BN va CM cua AABN :E :E(l)
DN AN
Do CD la phan giac cia ACBN :E = BC (2
DN CN
s BC AB
To (1) va (2) > —=—= dpcm
@ va (2) on AN
3) C/mFE//IBC

Do BE la phéan giac cia AABI vaBE L Al = BE la duong trung truc cua Al . Tuong tu CF la phéan
giac cia AACK VACF L AK = CF la duong trung truc cia AK = E 1a F lan luot I trung diém cua
Al va AK = FE la duong trung binh cia AAKI = FE//KI hay EF//BC.

4/C/m ADIC nt.

Do AEDF nt= DAE = DFE (cung chin cung DE)
Do FE//BC = EFD =DCI (so le)

DAl = DCI = Tt gi4c ADIC noi tiép
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Céu 263.(Thay Nguyén Chi Thanh) Cho AABC (BAC =90°); AB=15; AC =20 (cung don
vi do d6 dai). Dung duong tron tdm O duong kinh AB va (O’) duong kinh AC . Hai duong tron (O)
va (0’) cit nhau tai diém tha hai D.

1. Chimgtdo D nam trén BC.

2. Goi M ladiém chinh giita cung nh6 DC. AM cit DC & E vacit (O) & N.C/m
DE.AC = AE.MC

3. C/m AN = NE va O; N; O’ thing hang.

4. Goi | latrung diém MN.C/m OIO =90°.
5. Tinh dién tich AAMC.

Huwdng din

1/Chig t6: D nam trén duong thang BC: Do ADB =90°; ADC =90° (géc nt chan nira dudng tron)
= ADB+ADC =180° = D; B; C thang hang.

-Tinh DB: Theo PiTaGo trong tam giac vudng ABC c6: BC =+/AC? + AB? =+/152 + 207 = 25.
Ap dung hé thirc lugng trong tam gidc vuéong ABC cd: AD.BC = AB.AC = AD=20.15:25=12
2/C/m: DE.AC = AE.MC.

Xét AADE va AAMC. C6 ADE =90° (cmt) va AMC =90° (gdc nt chan nira duong tron).

Do cung MC = DB (gt) = DAE = MAC (2 g6c nt chin 2 cung bang nhau)

DA DE AE
MA MC AC

= ADAE - AMAC = (1) =bpPCM.

3/C/m: AN = NE.
Do BA vubng géc AO" (AABC vudéng ¢ A) = BA lattcua (O') = sd AE :%sdAM
SZED = %sd(MC+AD) mi MC = DM = MC + AD = AM

— AED =BAC = ABAE can6 B ma BM L AE = NA=NE.
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*C/m O; N; O thang hang.

ON la duong trung binh cia AABE = ON//BE va OO song song BE

= O:; N; O thang hang.

4/Do OO  song song BC vacung MC =MD = O'M vuéng géc BC = OM vudng géc OO
— tam giac NO'M vudng ¢ O ¢6 Ol latrung tuyén = AINO can & | = IOM =INO'

ma INO =ONA (hai goc ddi dinh)

AOAN cin & O = ONA=0AN = OAIl =100 = Tugiac OAO’l nt

= O0AO +0I0 =180° ma OAO =90° = OIO =90°.

5/ Tinh dién tich tam giac AMC..

Taco S, =%AM.MC .

AB*

Tacé BD = =9= DC = 16.
BC

Talaco DA*= CD.BD = 16.9= AD = 12; BE = AB = 15= DE = 15-9 = 6

— AE =+ AD?+DE? =65

T 1) tinh AM; MC 1ditinh S.

Ciu 264.(Thay Nguyén Chi Thanh) Trén (O;R) ta lan luot dat theo mot chiéu ké tir diém A mot

AB=60°; BC =90°va CD =120°.

C/m ABCD la hinh thang can.

Chimg to AC L DB .

Tinh céc canh va cac dudong chéo cua ABCD.

Goi M; N Ia trung diém cac canh DC va AB. Trén DA kéo dai vé phia A 1iy diém P; PN cat

A

DB tai Q. C/m MN la phan giac cia PMQ.

Huwong din
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1/C/m: ABCD la hinh thang cén.

Do BC =90°= BAC =45’ (gic nt bang nira cung bi chin).

Do AB =60°; BC =90°; CD =120°

= AD = 90°= ACD =45"= BAC = ACD=45= AB//CD.

Vi DAB = 150°. ABC = 150°= BCD =CDA = Tt giac ABCD la thang can.
2/C/mAC L DB.
Goi | 1a giao diém ciia AC va BD.

sd AID =%sd‘ (AD+BC) —~90°= AC 1 DB.
3/Do AB=60° = AOB =60° = tam gisc AOB la tam gidc déu = AB =R.

Do BC =90°= BOC =90°= ABOC vudng cin & O = BC = AD=Ry2

DK R\/3

Do CD =120°= DOC =120°.Ké OK 1 CD = DOK =60°= sin60°=o—D:> DK = —=

— CD=2DK =R4/3.

~1S

-Tinh AC: Do AAIB vuéng cin & | = 2IC* = AB* = IA:%AB suy ra 1A= TV2

R\/6 :R\/§+R\/§=(1+\/§R\/§
2

Tuong ty IC=T.TacéAC: DB=1A+IC > >

4/ PN cét CD tai E; MQ cat AB tai I; PM cit AB tai J.

DoIN/ME = N _PN

ME PE
DoAN/DE —AN_PN_ AN_ N

DE PE DE ME
Do NI/IME =N _NQ

ME QE
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N NB NQ NI NB

NB//ME L RN
DE QE ME DE
ViNB = NA = b _ N
ME ~ME

— NI= NJ. MaMN L AB (tc thang can) = AJMI cané M => MN la phan gi4c...

Céu 265.(Thay Nguyén Chi Thanh) Cho tam giac déu ABC c6 canh bang a. Goi D 1a giao
diém hai dudng phan giac géc A vagoc B cua AABC. Tir D dung tia Dx vudng goc véi DB. Trén
Dx lay diém E sao cho ED=DB (D va E nam hai phia cia dudng thing AB). Tir E ké EF L BC
. Goi O latrung diém EB.

1. C/m AEBC va EDFB noi tiép,xac dinh tm va ban kinh cua céc dudng tron ngoai tiép cac tir giac
trén theo a.

2. Kéo dai FE véphia F cit (D) tai M . EC cat (O) ¢ N.C/m EBMC lathang can. Tinh dién tich.

C/m EC la phan giac cia DCA.
C/m FD la duong trung tryc cia MB .
Chungtd A; D; N thang hang.

o g &~ w

Tinh dién tich phan mit tring duoc tao boi cung nhé EB cua hai duong tron.

Huéng déin

1/Do tam giac  ABC la tam giac déu c6 D la giao diém 2 dwong phan giac goc A va B
— BD=DA=DC ma DB=DE = A; B; E; C c4chdéu D = AEBC nttrong (D).

Tinh DB.
Ap dung cong thtrc tinh béan kinh cua duong tron ngoai tiép da giac déu ta co:
P8 = A?so" 2 'AE:SO" B a;/é

2sin™ >
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Do EDB = EFB =90° = EDFB ndi tiép trong duong tron tim O duong kinh EB.
Theo Pytago trong tam giac vuong EDB co:

EB? = 2ED? —2( J_J

a«/_ «/_

6
2/ C/m EBMC la thang cén.

= EB= =0E=——

EDB =90° 1a goc ¢ tam (D) chian cung EB = EB = 90° = ECN =45° = AEFC vudng can & F
— FEC =45° = MBC =45" (= MEC =45°)
= EFC =CBM =45 = BM//EC.Tacdé AFBM vudng cin & F

— BC=EM = EBMC lathang can.

Do EBMC la thang cén c6 hai duong chéo vudng goc = Sggyc :%BC.EM (BC=EM =a)

1
= SEBMC = Eaz .

3/C/m EC la phan giac cua DCA:

Taco ACB=60"; ECB=45" = ACE =15°.

Do BD; DC la phan giac ctia tam giac déu ABC = DCB = ACD =30° va ECA=15°

= ECD =15 = ECA=ECD

= EC la phan giac cua ECA.

4/C/m FD la duong trung truc cia MB:

Do BED=BEF + FED =45" va FEC = FED + DEC =45’

— BEF = DEC va DEC = DCE =15°. Ma BEF =BDF (cting chan cung BF) va NED = NBD (cung
chan cung ND) = NBD = BDF = BN//DF maBN L EC (goc nt chin nira duong tron (O))

= DF wvubdng géc EC. DoDC//BM (vi BMCE la hinh thang can)

= DF 1L BM nhumg ABFM vuong can ¢ F

= FD la duong trung tryc cua MB .

5/C/m: A; N; D thing hang: Tac6 BND = BED =45° (cung chin cung DB)
va ENB =90° (cmt); ENA 1a goc ngoai AANC

= ENA= NAC +CAN = 45°

— ENA +ENB + BND =180°
= A; N; D thing hang.
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6/ Goi dién tich mat trang cAn tinh 1a: S.

Taco: S=S,, o) =S

vién phan EDB

2
2
* So = 7.0E? =7z.(%} _ar = S (O)z_

6
. 7xBD290° 7 (afB) az
T

2

lpge -2

e S =
AEBD ~ 5 6

L)

vién phan — Squa’[ EBD
_alz B a’(r-2) _a_2
12 12 6

*S

Cau 266.(Thiay Nguyén Chi Thanh) Cho nira dudng tron (O) duong kinh BC . Goi a la mot
diém bat ky trén nira duong tron; BA kéo dai cit tiép tuyén Cy & F . Goi D la diém chinh giita cung
AC; DB kéo dai cit tiép tuyén Cy tai E .

1. C/m BD la phan giac caa ABC va OD//AB.

2. C/m ADEF ndi tiép.

3. Goi | lagiao diém BD va AC.Chungté Cl = CE va IAIC = ID.IB.

4. C/m AFD=AED.

Huéng din

1/* C/m BD la phan giac cia ABC.
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Do cung AD = DC(gt) = ABD = DBC (hai gdc nt chin hai cung bang nhau)

= BD la phéan giac cua ABC.

*Do cung AD=DC = AOD = DOC (2 cung bang nhau thi hai goc ¢ tim bang nhau).
Hay OD la phan giac ciua tam giac can AOC = 0D 1 AC.

Vi BAC la gdc nt chin nira duong tron = BA L AC.

= OD//BA
2/C/m ADEF ndi tiép:

Do ADB = ACB (cuing chin cung AB)
Do ACB =BFC (cung phu véi ABC)
— ADB = AFE

Ma ADB+ ADE =180° = AFE + ADE =180°= ADEF ndi tiép.
3/C/m:* Cl =CE:

Taco: s¢ DCA= %sd AD (g6c nt chin cung AD)

Sd ECD = %sdDC (g6c gitra tt va 1 day)

Ma cung AD=DC = DCA=ECD hay CD la phéan giac cua AICE .
Nhung CD L DB (géc nt chin nira dt)

= CD vura la duong cao,vira la phéan giac cua AICE

= AICE cdn¢6 C = IC=CE.

*C/m AIAD -~ AIBC (c6 DAC = DBC cung chin cung DC)

4/ Ty ¢/m:

Céu 267.(Thiay Nguyén Chi Thanh) Cho ntra dtron (O); duong kinh AD . Trén nira duong tron

lay hai diém B va C sao chocung AB < AC. AC ciat BD ¢ E.Ké EF L AD tai F .

1. C/m: ABEF nt.

2. Ching t6 DE.DB = DF.DA.

3. C/m: E la tam duong tron noi tiép AFBC.

4. Goi | lagiao diém BD véi CF.C/m BI? =BF.BC —IF.IC

Huwong din
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N
SN

1/Str dung tong hai goc doi.

2/c/m: DE.DB = DF.DA

Xét hai tam giac vudng BDA va FDE cé goc D chung.

= ABDA - AFDE (dpcm).

3/C/m E latdm duong tron ngoai tiép AFBC: HS tu cm.

4/ C/m: BI? =BF.BC-IF.IC

Goi M 1a trung diém ED.

*C/m: BCMF i tiép: Vi FM  1a trung tuyén ciia tam giac vudng FED

= FM =EM :MD:%ED

= AFEM ; AMFD cin6 M = MFD = MDF

va EMF =MFD + MDF =2 MDF (g6c ngoai AMFD)

Vi CA la phan giac cia BCF = 2ACF =BCF.

Theo cmt thi MDF = ACF

= BMF = BCF = BCMF noi tiép.

*Tacé ABFM — ABIC vi FBM =CBI (BD la phén giac cia FBC -cmt) va BMF =BCI (cmt) =

BF _BM . BFBC-BMBI ©

BI BC

* AIFM -~ AIBC vi BIC =FIM (d6i dinh).

Do BCMF ndi tiép = CFM =CBM (cung chin cung CM )jgz% = ICAIF=IM.IB ®

L4 @ trir @ vétheo vé = BF.BC - IF.IC = BM.IB—-IM.IB = IB.(BM —IM ) = BI.BI = BI?.
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Céu 268.(Thay Nguyén Chi Thanh) Cho (O) duong kinh AB; P 1a mét diém di dong trén cung
AB sao cho PA < PB . Dung hinh vuéng APQR vao phia trong dudng tron. Tia PR cit (O) tai C .

1. C/m AACB vudng can.

2. V& phan giac Al cia PAB (I namtrén (O); Al cit PC tai J.C/m4diém J; A Q; B cung nam

trén mgt duong tron.

3. Chungtdé: C1.QJ =CJ.QP.

Huwéng din

A
%

B

N/ TN

1/ C/m AABC vubng can:

Tac6 ACB =90° (goc nt chan ntra dt) va APB =90°;

Do APQR lahvudng c6 PC la duong chéo = PC la phan giac cia APB = AC =CB
= dady AC =CB = AABC vuong can.

2/C/m JANQ ndi tiép:

Vi APJ = JPQ = 45° (t/c hv); PJ chung; AP =PQ = APAJ = AQPJ
= PAJ =PQJ ma JAB=PAJ va PQJ + JOQB=180°
= JAB + JQB=180° = JQBA nt.
3/C/m: C1.QI =CJ.QP.
Ta can ching minh ACIJ «~ AQPJ vi AIC = APC (clng chin cung AC) va APC = JPQ =45°=
JIC =QPJ

Hon nita PCI = IAP (cung chin cung Pl ); IAP=PQJ (cmt) = PQJ =1CJ.
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Cau 269.(Thay Nguyén Chi Thanh) Cho nua (O) duong kinh AB =2R . Trén ntra dwong tron

lay diém M sao cho cung AM < MB .Tiép tuyén voi nira duong tron tai M ca tt Ax va By lan

lugt 6 D va C.
1. Chimgto ADMO ndi tiép.
2. Chimgto AD.BC =RZ.

3. Puongthing DC cit dudng thing AB tai N; MO cit Ax ¢ F; MB cit Ax ¢ E. Ching minh:

AMFN la hinh thang cén.

4. Xac dinh vitricia M trén nira duong tron dé DE = EF .

Huwéng din

1/C/m ADMO nt: St dung tong hai goc dbi.

2/C/m: AD.BC =R?.

%C/m: ADOC vudng & O: Theo tinh chat hai tt cit nhau ta c6 ADO = MDO
— MOD = DOA.

Tuong ty MOC =COB. Ma: MOD + DOA + MOC + COB =180°

= AOD + COB=DOM + MOC =90° hay DOC =90°.

% Ap dung hé thirc lugng trong tam gidc vuéng DOC ¢6 OM i duodng cao ta c6: DM.MC =OM 2.

Ma DM = AD; MC =CB (t/c hai tt cit nhau) va OM =R =dpcm.

3/Do AD =MD (t/c hai tt cit nhau) va ADO=0DM = OD la dudng trung tryc cia AM
hay DO L AM .

ViFALON:NM L FO (t/ctt) vad FA cit MN tai D

= D la truc tdim cia AFNO = DO L FN. Vay AM//FN .

Vi AOAM cén ¢ O = OAM =OMA. Do AM//FN = FNO =MAO va AMO =NFO =

FNO = NFO
Vay FNAM la thang cén.
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4/Do DE =FE nén EM la trung tuyén cta tam giac vubng FDM = ED=EM (1)
Vi DMA=DAM va DMA+ EMD =90°; DAM + DEM =90°
— EDM =DEM hay AEDM cén ¢ D hay DM =DE (2)

Tir (1) va (2) = AEDM 1a tam gidc déu = ODM =60°= AOM =60°. Viy M nim & vi tri sao cho

cung AM =% ntra duong tron.

Céu 270.(Thay Nguyén Chi Thanh) Cho hinh vuéng ABCD, E 1a mét diém thudc canh BC.
Qua B ké dudng thing vudng goc voi DE , dudng nay cit cac dudong thang DE va DC theo tht ty
6 HvaKkK.

1. Chung minh: BHCD nt.

2. Tinh CHK .

3. C/m KC.KD =KH.KB.

4. Khi E didong trén BC thi H di dong trén duong nao?

Huéng déin
D C K
E
f
A B

1/ C/m BHCD nt (Sirdung H va C cung lam véi hai dau doan thang DB)

2/Tinh CHK :

Do BDCE nt = DBC = DHK (cung chin cung DC) ma DBC =45° (tinh chét hinh vudng)
— DHC =45"ma DHK =90° (gt) = CHK =45°,

3/C/m KC.KD=KH.KB.

Chtrng minh hai tam giac vudng

AKCB va AKHD ddng dang.

4/Do BHD =90°khong d6i = E di chuyén trén BC thi H di chuyén trén dudng tron duong kinh DB.
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Céu 281.(Thay Nguyén Chi Thanh) Cho (O), tir mot diém A niam ngoai duong tron (O), v& hai
tt AB va AC voi dudng tron. Ké ddy CD song song AB . N6i AD cit dudng tron (O) tai E .

1. Chimg minh ABOC ndi tiép.

2. Chimgtd AB? = AE.AD.

3. C/mgoc AOC=ACB vatam giac BDC can.
4. CE kéo dai cit AB ¢ | . Chimg minh 1A=1B.

Huwdng din

1/C/m: ABOC nt. (HS tu c/m)
2/C/m: AB? = AE.AD. Chirng minh AADB - AABE , vi ¢6 E chung.

sdABE = %sdBE (gbc gitr tt va 1 day)

sdBDE = %sdBE (g6c nt chin BE)

3/C/m AOC=ACB
* Do ABOC nt = AOC = ABC (Cung chin cung AC); vi AC = AB (t/c 2 tt cit nhau)

= AABC can 6 A = ABC=ACB = AOC=ACB

* sdACB = %sdBEC (gbc gitr tt va 1 day); sd BDC = %sd‘ BEC (gbc nt)

= BDC=ACB ma ABC=BDC (Do CD songsong AB) = BDC=BCD = ABDC can¢ B.

4/ Taco | chung; IBE =ECB (gbc gir tt va 1 day; goc nt chan cung BE) = AIBE - AICB :% :%

= IB’=IE.IC ©®

Xet tam giac IAE vatam giac ICA co | chung; sdIAEzésd(DB—BE) ma tam giac BDC cén ¢ B
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— DB=BC = SdIAE = sd(BC—BE) - %stE = sdECA

= AIAE - AICA = E:E = IA*=IE.IC ®
IC 1A

Te@®va®— IA>=IB*> = IA=1IB

Céu 282.(Thay Nguyén Chi Thanh) Cho tam giac ABC (AB = AC); BC =6; Buong cao
AH =4 (cung don vi d6 dai), ndi tiép trong (O) duong kinh AA'.
1. Tinh ban kinh cua (O).

N

K¢ duong kinh CC'. Tir gidc ACA’C’ 1a hinh gi?
K¢ AK vubng géc CC . C/m AKHC la hinh thang cén.

> ow

. Quay tam gidc ABC mot vong quanh truc AH . Tinh dién tich xung quanh ctia hinh dugc tao ra.

Huwéng din

1/Tinh OA.
Tacd BC =6; duong cao AH =4 = AB=5; tam gidc ABA’ vubng & B = BH?* = AH.A'H .

2
= A’HzBl_| =g
AH 4

:>AA’:AH+HA’:?: AOz%.

2/ ACA'C’ 1a hinh gi?

Do O Ia trung diém AA’ va CC’ = ACA’C’ Ia hinh binh hanh. Vi AA =CC (Puodng kinh cta duong
tron) = ACA’C’ la hinh chir nhat.

3/ C/m: AKHC la thang céan:

@ taco AKC = AHC =90°
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= AKHC noi tiép.= HKC =HAC (cung chin cung HC) ma AOAC cin & O = OAC=0CA =
HKC = HCA = HK//AC = AKHC la hinh thang.

@ Talai c6: KAH = KCH (cung chin cung KH) = KAO+OAC = KCH +OCA =Hinh thang AKHC

c6 hai goc & day bang nhau.Vay AKHC la thang can.
4/ Khi Quay AABC quanh tryc AH thi hinh dugc sinh ra 13 hinh nén. Trong d6 BH 1a ban kinh day; AB

la duong sinh; AH 1a dudng cao hinh non.
S :% p.d 2%.27r.BH AB =157

Vv =%.B.h =%7z.BH 2 AH =127

Cau 283.(Thiy Nguyén Chi Thanh)

Cho (O) va hai duong kinh AB; CD vudng goc voi nhau. Goi | 1a trung diém OA. Qua | vé& diy MQ
vubng goc OA (M € AC,Q € AD). Pudng thang vudng goc véi MQ tai M cat (O) tai P.

1. C/m: &/ PMIO lathang vudng.

b/ P; Q; O thang hang.

Goi S 12 Giao diém cua AP véi CQ. Tinh Goc CSP.

Goi H lagiao diém cua AP véi MQ. Cmr:

a/ MH.MQ = MP?.

b/ MP 12 tiép tuyén cta duong tron ngoai tiép tam giac QHP.

Huwéng din

1/ a/ C/m MPOI la thang vuong.
ViOol L MI;CO L IO (gt)
=CO//MI maMP L CO = MP L Ml = MP//Ol = MPOI Ia thang vudng.

LOP TOAN THAY THANH - NGO 58 NGUYEN KHANH TOAN — 0975.705.122




b/ C/m: P; Q; O thang hang:

Do MPOI Ia thang vudng = IMP =90° hay QMP =90° (QP Ia duong kinh cia (0)) = Q; O; P
thang hang.

2/ Tinh CSP:

Taco

sdCSP = %sd(AQ+ CP) (g6c ¢6 dinh nam trong duong tron) ma cung CP =CM

va CM =QD = CP=QD = stSP:%sd‘(AQJrCP):%sd(AQ+QD):%sdAD:45°.

Vay CSP =45°.
3/ a/ Xét hai tam giac vudng: MPQ va MHP c0:
Vi AAOM can ¢ O; | latrung diém AO;MI L AO
= AMAO la tam giac can ¢ M
— AAMO la tam gi4c déu
= AM =60° vd MC =CP =30° = cung MP =60°= cung AM =MP = MPH = MQP (g6c nt chan
hai cung bang nhau.) = AMHP -~ AMQP = dpcm.
b/ C/m MP 1a tiép tuyén cua duong tron ngoai tiép AQHP .
Goi J 1a tam dron ngoai tiép AQHP .
Do cung AQ =MP =60°= AHQP cin & H va QHP =120°= J nam trén duong thang HO
= AHPJ la tam giac déu ma HPM =30° = MPH +HPJ =MPJ =90° hay JP L MP tai P nam trén

duong tron ngoai tiép AHPQ = dpem.

Ciu 284.(Thay Nguyén Chi Thanh) Cho (O;R) va mot cat tuyén d khéng di qua tim O . Tur
mot diém M trén d va ¢ ngoai (O) ta ké hai tiép tuyén MA va MB véi duomg tron; BO kéo dai
cat (O) tai diém thtr haila C. Goi H 1a chan duong vudng goc ha tir O xudng d . Puong thang
vudng goc voi BC tai O cat AM tai D.

1. C/m A; O; H; M; B cung ndm trén 1 dudng tron.

2. C/mAC//MO va MD=0D.

3. Puong thing OM cit (O) tai E va F . Chimg to MA? = ME.MF

4. Xéc dinh vi tri cia diém M trén d dé AMAB la tam giac déu.Tinh dién tich phan tao béi hai tt véi

duong tron trong truong hop nay.

Huwéng din
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1/Chimg minh OBM = OAM = OHM = 90°
2/4® C/mAC//OM .

Do MA va MB 14 hai tt cat nhau = BOM =OMB va MA=MB = MO la duong trung truc cia AB =
MO L AB.

Ma BAC =90° (géc nt chin ntra dtron) = CA L AB. Vay AC//MO.

4C/m MD=0D. DoOD//MB (cung vubdng géc CB) = DOM =0OMB (so le)
ma OMB =OMD (cmt) = DOM = DMO = ADOM cén & D = dpem.
3/C/m: MA> = ME.MF : Xét AAEM va AMAF c6 M chung.

SdEAM :%Sd‘AE (g6c gitra tt va 1 day)

SdAFM :%SJAE (goc nt chdn cung AE) = EAM = AFM = AMAE -~ AMFA = dpem.

4/®Vi AAMB 13 tam giac déu = OMA=30° ; OM =20A=20B =2R
®Goi diéntichcantinh 13 S.

Taco S= SOAMB - SQuat AOB

Taco AB = AM =OM2-0A? = R\3 = S,,.0 :%.BAOM =%.2R. R/3= R*/3

R0 AR o e m 7R (3v3-7)R?

S. =
Quat 360 3 3 3

Céu 285.(Thay Nguyén Chi Thanh) Cho ntra (O) duodng kinh AB, v& céc tiép tuyén Ax va
By cung phia véi nira duong tron. Goi M 1a dé chinh giita cung AB va N 1a mot diém bét ky trén
doan AO.Puodng thang vudng goc véi MN tai M 1an lugt cit Ax va By ¢ D va C.

1. C/m AMN =BMC.

2. C/m AANM =ABMC.
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3. DNcit AM tai E va CN cit MB & F.C/m FE L Ax.
4. Chimgto M ciing la trung diém DC .

Huwéng din

1/C/m AMN = BMC .
Tacod AMB =90°(GAc nt chan nira duong tron) va do NM L DC = NMC =90°

Vay AMB = AMN +NMB = NMB + BMC =90° = AMN =BMA.
2/C/m AANM = ABCM :

Do cung AM = MB =90° = ddy AM = MB va MAN = MBA =45°,
(AAMB vudng can & M) = MAN = MBC =45°.
Theo cmt thi CMB = AMN = (ANM =(BCM (g.c.qg)
3/C/m EF L Ax.
Do ADMN nt = AMN = AND (cung chén cung AN)

Do MNBC nt = BMC =CNB (cuing chin cung CB)

= AND =CNB

Ma AMN =BMC (chtrng minh céu 1)

Talai c6 AND+DNA=90° = CNB+DNA=90"= ENC =90° ma EMF =90° = EMFN ndi tiép
= EMN = EFN (cung chin cung NE) = EFN = FNB

— EF//AB maAB L Ax,EF L Ax.

4/C/m M ciing 1a trung diém DC.

Tacd NCM = MBN =45° (cing chan cung MN).
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= ANMC vuéngcan 6 M = MN =NC.Va ANDC vuong can 6 N = NDM =450.
= AMND vuéngcané M = MD =MN = MC =DM = dpcm.

Céu 286.(Thay Nguyén Chi Thanh) T mot diém M nam ngoai (O) ké hai tiép tuyén MA va
MB véi dudng tron. Trén cung nhd AB lay diém C vaké CD L AB;CE L MA;CF L MB. Goi |
va K 1a giao diém cia AC voi DE va cia BC véi DF .

1. C/m AECD nt.

2. C/m:CD?=CECF.

3. Cmr: Tia dbi cua tia CD la phan giac cua FCE .

4. CImIK//AB.

Huéng din

1/C/m: AECD nt: (dung phuong phap tong hai goc ddi)
2/C/m: CD? =CE.CF .
Xét ACDF va ACDE co6:

-Do AECD nt = CED =CAD (cung chin cung CD)

-Do BFCD nt = CDF =CBF (cung chin cung CF)

Ma sdCAD = %sdBC (g6c nt chan cung BC)

Va sdCBF =%sdBC (goc gitra tt va 1 ddy) = FDC = DEC @

Do AECD ntva BFCD nt= DCE + DAE = DCF + DBF =180°.
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Ma MBD = DAM (t/c hai tt cit nhau) = DCF = DCE @.
Tir ®va ®= ACDF -~ ACED =dcm.

3/Goi tia d6i cta tia CD la Cx, tacd xCF =180°— FCD va

XCF =180°— ECD. Ma theo cmt c6: FCD = ECD = XCF = xCE = dpcm.
4/C/m: IK song song AB.

Taco CBF =FDC = DAC (cmt)
Do ADCE nt = CDE =CAE (cung chin cung CE)
ABC =CAE (gdc nt va goc giit tt...cung chan 1 cung) = CBA=CDI .
Trong ACBA c6 BCA + CBA + CAD=180° hay KCI + KDI =180°.
= Tir gide DKCI ngi tiép

= KDC =KIC (cung chin cung CK) = KIC =BAC = KI songsong AB.

Céu 287.(Thay Nguyén Chi Thanh) Cho (O; R) dudng kinh AB , Ké tiép tuyén Ax vatrén
Ax liy ¢ P saocho P>R. Tir P ké tiép tuyén PM véi duong tron.
1. C/m BM//OP.
2. Puong vudng goc véi AB tao O cattia BM tai N. C/m OBPN Ia hinh binh hanh.
3. AN cit OP tai K; PM cat ON tai I; PN va OM kéo dai cat nhau s J.C/m I; J; K thang hang.

Huwéng din

J

1/ C/m:BM //OP.
TacOMB L AM (Goc nt chin nira dtron) vaOP L AM (t/c hai tt cat nhau)
= MB//OP.
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2/ C/m: OBNP la hinh binh hanh:
Xét AAPO va AOBN c6goc A=0=90" ; OA=0B (ban kinh) va do NB//AP = POA = NBO (déng
vi > AAPO=AONB = PO=BN.Ma OP//NB (cmt) = OBNP la hinh binh hanh.
3/C/m: 1; J; K thang hang.
Tacd: PM 1. OJ vaPN//OB (do OBNP la hbhanh) ma ON 1 AB
=O0ON L1LOJ = | latructimcua AOPJ =1J LOP.
-Vi PNOA la hinh chit nhat = P; N; O; A; M cing nim trén dudng tron tam K .
Ma MN//OP = MNOP la thang céan
— NPO =MOP, talai c6 NOM =MPN (cung chin cung NM) = IPO=IOP

= AIPO can ¢ | . Va KP=KO = IK vudng géc PO.Vay K; |; J thing hang.

Ciu 288.(Thay Nguyén Chi Thanh) Cho ntra dudng tron tam O, duong kinh AB; dudng thiang
vudng goc voi AB tai O cét nira duong tron tai C . Ké tiép tuyén Bt vaoi duong tron. AC cit tiép
tuyén Bt tai | .

C/m AABI vubng céan

Lay D la 1 diém trén cung BC, goi J la giao diém ciia AD véi Bt.CM AC.Al = AD.AJ .

C/m JDCI ndi tiép.

Ll

Tiép tuyén tai D cia nira dudng tron cat Bt tai K. Ha DH L AB. Cmr: AK di qua trung diém cua
DH .

Huéng din

1/C/m AABI vudng can (C6 nhiéu cach-sau day chi C/m 1 cach):

-Taco ACB=90° (gbc nt chan nira dtron) = AABC vuong ¢ C.

Vi OC L AB tai trung diém O = AOC =COB =90°
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— AC =CB=90°. = CAB =45, (gbc nt bang nira s6 do cung bi chin)

AABC vudng can & C. Ma Bt L AB c6 CAB =45" = AABI vuong can & B.
2/CIm: AC.Al = AD.AJ.

Xét AACD va AAIJ c6 géc A chung sd‘CDA:%sdAC=45°.

Ma AABI vudng cin & B = AIB=45° = CDA=AIB = AADC - AAIJ = dpcm

3/ Do CDA=CIJ (cmt) va CDA + CDJ =180° = CDJ + CIJ =180°

= T giac CDJI noi tiép.

4/Goi giao diém cia AK va DH 1a N . Ta phai C/m: NH = ND

-Tac6: ADB=90° va DK = KB (t/c hai tt cit nhau) = KDB = KBD.

Ma KBD + DJK =90° va KDB + KDJ =90° = KJD =JDK

= AKDJ cind K = KJ=KD = KB=KJ.

-DoDH L AB vaJB L AB (gt) = DH//JB . Ap dung hé qua Ta 1ét trong AAKJ va AAKB ta cé:

DN _ AN NH _ AN _ DN _NH

= : = ma JK=KB = DN =NH.
JK AK KB AK JK KB

Ciu 289.(Thay Nguyén Chi Thanh) Cho (O) va hai duong kinh AB; CD vudng goc voi nhau.
Trén OC lay diém N; duong thang AN cat duong tron & M |

1. Chung minh: NMBO ni tiép.

2. CD va duong thing MB cit nhau & E . Chimg minh CM va MD 1a phan giac ctia goc trong va goc
ngoai AMB

3. C/m h¢ thitrc: AM.DN = AC.DM

4. Néu ON =NM . Chimg minh AMOB I tam giac déu.

Huwong din
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1/C/m NMBO ndi tiép: Sir dung tong hai goc doi.

2/C/m CM va MD la phan giac cua goc trong va goc ngoai AMB .

-Do AB vudng géc CD tai trung diém O ciia AB va CD => Cung AD=DB=CB=AC =90°.
= sd AMD = sd AD = 45°.

sd DMB = sd DB =45"= AMD = DMB =45".

Tuong ty CAM =45° = EMC =CMA =45’

Vay CM va MD la phéan giac ctia goc trong va goc ngoai AMB .

3/ C/m: AM.DN = AC.DM .

Xét AACM va ANMD c6 CMA = NMD =45°. (cmt)

Va CAM = NDM (cung chin cung CM) = AAMC - ADMN =dcm.

4/ Khi ON=NM tac/m AMOB la tam giac déu.

Do MN =ON = ANMO can 6 N = NMO = NOM .

Talaco: NMO + OMB =90° va NOM + MOB=90° = OMB = MOB.

Ma OMB =0OBM = OMB = MOB=0BM = AMOB li tam gi4c déu.

Céu 290.(Thay Nguyén Chi Thanh) Cho (O) duong kinh AB va d 1a tiép tuyén cia duong
tron tai C. Goi D; E theo thir ty 14 hinh chiéu cia A va B 1én duong thang d .

C/m: CD=CE.

Cmr: AD+BE = AB.

V& duong cao CH cua AABC .Ching minh AH = AD va BH =BE.

Chung té: CH? = AD.BE..

Chung minh: DH//CB .

o~ w DR




Huwéng din

1/ C/m: CD=CE.
DoAD 1 d;OC Ld;BE Ld = AD//OC//BE.
Ma OH =0OB
= OC la duong trung binh cua hinh thang ABED = CD =CE.
2/C/m AD+BE = AB.
Theo tinh chat duong trung binh

ctia hinh thang ta c6: OC = BE;ZAD: BE+ AD=2.0C = AB.

3/C/m BH =BE. Taco:

SdBCE = %sd CB (GOc gitra tt va mot day)

SdCAB = %stB (goc nt) = ECB =CAB; AACB cudng ¢ C

= HCB=HCA

— HCB=BCE = AHCB=AECB (ch—gn) = HB=BE.
-C/m tuong ty c6 AH = AD .
4/C/m: CH? = AD.BE..

AACB c6 C=90° va CH la dudng cao = CH? = AH.HB. Ma AH = AD; BH =BE

= CH’=AD.BE.
5/C/ImDH//CB.

Do ADCH ni tiép = CDH =CAH (cung chan cung CH) ma CAH = ECB (cmt)

— CDH =ECB = DH//CB.
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Céu 291.(Thiay Nguyén Chi Thanh) Cho AABC c¢6: A=90°. D 1a mot diém nam trén canh AB.
Puong tron dudng kinh BD cit BC tai E. Cac dudng thing CD; AE lan luot cit dudng tron tai cac

diém thirhai F va G.

1. C/m CAFB nbi tiép.
2. C/m ABED=ACEB.
3. Chung to AC//FG.
4. Chung minhrang AC; DE; BF ddng quy.
Huwong din
A C
D.
E G

1/C/m CAFB ndi tiép (Str dung hai diém A; F cung lam voi hai ddu doan thang BC)
2/C/m AABC va AEBD dong dang.

3/C/m AC//FG:

Do ADEC ndi tiép = ACD = AED (Cung chin cung AD).

Ma DFG = DEG (cung chian cung GD) = ACF =CFG

= AC/IFG.

4/C/m AC; ED; FB dong quy:

AC va FB kéo dai cat nhau tai K. Ta phaic/m K; D; E thing hang. BALCK vaCF LKB; ABNCF =D
= D la tryc tam ciia AKBC

= KD L. CB. Ma DE L CB (géc nt chin nira duong tron)

= Qua diém D c6 hai duong thang cling vudng goc véi BC.

= Badiém K; D; E thang hang. (dpcm)
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Cau 292.(Thiy Nguyén Chi Thanh) Cho (O;R) va mot duong thang d ¢b dinh khong cit (O). M
1a diém di dong trén d . Tir M ké tiép tuyén MP va MQ voi dudng tron. Ha OH L d tai H va day
cung PQ cit OH tai I; cit OM tai K.

1. C/m: MHIK ndi tiép.

2. 2/C/m 0J.OH =OK.OM =R?,

3. CMRkhi M didong trén d thi vi tri ctia | ludn ¢ dinh.

Huwong din

1/C/m MHIK ndi tiép. (Str dung tong hai goc ddi)

2/C/m: OJ.OH =0OK.OM =R?.

-Xét AOIM va AOHK cé O chung.

Do HIKM ndi tiép = IHK = IMK (cling chin cung IK) = AOHK ~ AOMI

OH OK
>—=—
oM Ol

AOPM vuong & P c6 duong cao PK .

= OH.Ol =OKOM ©

Ap dung hé thirc lugng trong tam giac vudng c6: OP? =OK.OM @.

Tu@®va @ =dcm.

2
4/Theo cm cau 2 tacd Ol = g—H ma R 1a ban kinh nén khong doi.

d ¢ dinh nén OH khong d6i = Ol khong doi. Ma O ¢d dinh = | ¢b dinh.

Céu 293.(Thiay Nguyén Chi Thanh) Cho tam giac vuéng ABC (A=1v) va AB < AC . Ké duong
cao AH . Trén tia d6i cua tia HB 1y HD = HB r6i tir C v& duong thang CE L AD tai E .
1. C/m AHEC nbi tiép.
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2. Chung té CB la phén giac cua ACE va AAHE can.
3. C/m HE?*=HD.HC.
4. Go | latrungdiém AC. HI cit AE tai J.Chirg minh: DC.HJ =21J.BH .
5. EC kéo dai cit AH & K.CMR AB//DK va ti gidc ABKD Ia hinh thoi.

Huong din

e
b . K
74 4

1/C/m AHEC nt (hs tu lam)

2/C/m CB la phan giac cia ACE
Do AH L DB va BH =HD = AABD latamgiaccano A

= BAH = HAD ma BAH = HCA (cung phu vai géc B).
Do AHEC nt= HAD = HCE (cing chin cung HE) = ACB =BCE (dcm
-C/m AHAE can: Do HAD = ACH (cmt) va AEH = ACH (cung chian cung AH) = HAE = AEH =

AAHE can o H.
3/C/m: HE* = HD.HC . Xét AHED va AHEC c6 géc H chung.

Do AHEC nt= DEH = ACH (cung chan cung AH) ma ACH = HCE (cmt)
— DEH =HCE = AHED - AHCE (dpcm).

4/C/m DC.HJ =21J.BH :
*Do HI latrung tuyén caa tam giac vuéng AHC = HI =IC = AIHC can ¢ |

— IHC =ICH .
Ma ICH = HCE (cmt) = IHC = HCE = HI//EC.

Ma | latrung diém cia AC = JI la duong trung binh cia AAEC

= Jl =£EC.
2

*Xét AHID va AEDC co:
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-DoHJ//EC vaEC L AE

= HJ L JD = HID=DEC =90° va HDJ =EDC

JH _HD

EC DC

= JH.DC = EC.HD ma HD = HB va EC =2JI (dpcm)
5/Do AE L. KC vaCH L AK ; AE va CH cit nhau tat D

= D la tryc tim cia AACK =KD L. AC maAB L AC (gt)

= AJDH -~ AEDC (g.9) =

= KD// AB

-DoCH 1 AK va CH la phéan giac cia ACAK (cmt)

= AACK can¢ C va AH = KH ;

Talaic6 BH = HD (gt), ma H 1a giao diém 2 dudng chéo cua tir gidc ABKD
— ABKD 1a hinh binh hanh. Nhung DB | AK = ABKD Ia hinh thoi.

Céu 294.(Thiay Nguyén Chi Thanh) Cho AABC vudng can & A. Trong gc B, ké tia Bx cit AC
tai D, ké CE vudng g6c Bx tai E . Hai duong thaing AB va CE citnhau ¢ F .

1. C/mFD 1 BC,tinh BFD
2. C/m ADEF ndi tiép.
3. Chungté EA la phan giac cua DEF
4. Néu Bx quay xung quanh diém B thi E di dong trén dudng nao?
Huwéng din
F A B
D,

1/ C/m:FD L BC: Do BEC =90°; BAC =90° (géc nt chin nira dtron).
Hay BE L FC;va CALFB.
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Ta lai c6 BE cit CA tai D = D la tryc tim ciia AFBC

= FD 1L BC.

Tinh BFD: Vi FD L BC va BE L FC nén BFD = ECB (Goc ¢6 canh tuong rng vudng goc).
Ma ECB = ACB (cung chin cung AB) ma ACB =45° = BFD =45°

2/C/m: ADEF ndi tiép: Sir dung tong hai goc dbi.

3/C/m EA la phan giac cuia DEF .

Tacod AEB = ACB (cung chin cung AB).Ma ACB =45" (AABC vudng cin & A)

— AEB =45° . Ma DEF =90° = FEA= AED =45° = EA la phan giéc...

4/Néu Bx quay xung quanh B :

-Tacé BEC =90°; BC c6 dinh.

-Khi Bx quay xung quanh B . Thi E di chuyén trén duong tron dudng kinh BC .

-Gidi han: Khi Bx=BC Thi E=C ;Khi Bx=AB thi E=A. Vay E chay trén cung phan tu AC cia duong
tron duong kinh BC.

Céu 295.(Thiay Nguyén Chi Thanh) Cho tam gidc ABC c6 ba goc nhon (AB < BC), ngoai tiép
duong tron tdm | . Hinh chiéu ctia diém | 1én céc canh AB, AC theo tht tyla M, N va hinh chiéu
vuodng goc ctia diém B 1én canh AC 1a Q. Goi D 1a diém d6i xtmg cia A qua Q, P 1a tam duong tron
noi tiép tam giac BCD va R 1a giao diém ciia hai duong thing MN, BQ.

1) Chitng minh céac tam gidc BMR va BIP dong dang.

2) Chirng minh duong thang PR song song véi dudng thang AC .

3) Ching minh duong thang MN di qua trung diém ctia doan thang AP .

Huwong ddn
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a) Do AM va AN la céc tiép tuyén ciia dudng tron (1) nén AM = AN, suy ra tam giac AMN cén tai A.
Tir d6

BMR =180° — AMN =180° —%(1800 _ BAC) —90° +% BAC

Mait khac, ta cling c6

BIC =180° - IBC - ICB =180° —%(ABC +BCA) =90° +% BAC

Do dé: BMR =BIC. 1)
Do QA=QD va BQ L AD nén tam gidc ABD can tai B. Tird6 ABR =DBR =90° —BAC

Suy ra: BRM =180° - BMR -~ MBR :18O°—(90°+%BACJ—(900—BAC) :%BAC

Mit khéc, ta ciing ¢6 (chi y rang C, P, | thang hang)

BPI :PBC+PCB:%DBC+DCB:%ADB:%BAC

Dodé BRM =BPI (2)
Tir (1) va (2), ta 6 ABMR”ABIP(g.g)

b) Do ABMR”ABIP ( theo cau a) nén ta co M = Bl 3)

BR BP
va MBR=IBP (4)
Tu (4), ta suy ra MBR+RBI = IBP+RBI hay MBI =RBP. (5)
Tu (3) va (5), ta suy ra ABMI ”ABRP (c-g-c). Do d6 BRP = BMI =90°. Suy raRP L RQ . Mit khéc, ta ciing c6
BQ L AC nén PR //AC.

c) Ta c6: RND =180° — ANM =180° —%(1800 - BAC) =90° +% BAC

Lai co:

PDN = ADB + BDP = ADB+% BDC = ADB+%(180O — ADB) =90° +%ADB =90° +% BAC

Do d6 RND = PDN .
Mit khac, theo chimg minh cau b), tacé PR // DN nén tir giac DNRP 14 hinh thang. Két hop vé6i két qua trén, ta

suy ra tir gidc DNRP a hinh thang can. Tir d6 NPR = DRP = RDN (6)
Tam giac RAD c6 RQ vira 1a duong trung tuyén vira 1a dudng cao nén can taiR .
Suy ra: RDN = RAN (7).

Tu (6) va (7), taco RPN = RAN. Lai c6 NRP = RNA (so le trong).
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Do d6 RNP =180° — NRP — RPN =180° — RNA— RAN = NRA
Ma hai goc RNP va NRA ¢ vi tri so le trong nén RA // PN . Tt giac ARPN c0 PR // AN va RA // PN nén la hinh

binh hanh. Suy ra hai duong chéo RN va AP cit nhau tai trung diém cta mdi duong. Vay MN di qua trung diém
cua AP.

Céu 296.(Thiay Nguyén Chi Thanh) Cho dudng tron tim O dudng kinh Trén duong tron (O) lay
diém C ( C khong tring v6i A B va CA>CB). Céc tiép tuyén cia duong tron (O) taij A , tai C cit
nhau ¢ diém D , ké CH vuéng goc voi AB ( H thudc AB ), DO cit AC tai E .

a) Chirng minh ti giac OECH noi tiép.

b) Buong thang CD cat dudng thang AB tai F . Chang minh: 2BCF + CFB =90° .
c¢) Chiang minh: AF.BH = AH.BF .
d) BD cit CH tai M . Chang minh: EM //AB .

Huwéng ddn

M
A 1
H

a) AOAC cantai O (vi OA=0C ) ma OD la phan giac cia AOC ( tinh chat hai tiép tuyén cat nhau) nén
OD ciing Ia duong cao = OD 1 AC = OEC =90°

Tir gidc OECH c6 : OEC +OHC =90°+90° =180° = OECH ndi tiép.

b) Tacé : BAC = BCF (1) (gbc ndi tiép va goc tao bai tia tiép tuyén va day cung cung chan BC )

Mt khac : BCA=90° ( géc ndi tiép chan nia dudng tron)

= BAC + ABC =90°

ACHB vuong tai H = BCH + ABC =90° . Suy ra BAC =BCH (2)
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Tir (1) va (2) suy ra; BCF = BCH (: BAC) — HCF = 2BCF

Vi AHCF vuéng tai H nén: HCF + CFB =90° = 2BCF + CFB =90° (dpcm)

¢) Theo cau b) BCF =BCH = CB la phan giac cia HCF . Theo tinh chat duong phan giac caa tam giac
taco: BH = Sl (3)
BF CF
Vi CA L CB = CA la phan giac cua goc ngoai tai dinh C cia ACHF , theo tinh chat duong phén giac cua
tam giéc ta c6: AH = cH 3)
AF CF

Tir @) va (@) tace: on =AM . AF BH = AH.BF (dpem)
BF AF

d) Tacé: BC//OD (cung vudng goc véi AC )= CBH = DOA ( hai goc ddng Vi)
Xét ACBH va ADOA c6: H =A=90°; CBH = DOA ( theo trén)

Suy ra: ACBH -~ ADOA (g.9) :ﬁ:ﬁ thay AO=£ vao ta duoc : %:ﬁ (5)
AO DA 2 AB DA

Vi MH //DA ( cung vudng géc vai AB ) nén theo hé qua dinh Ii Talet ta co:
BH MH N 2BH 2MH
AB DA AB DA

Tu (5) va (6) taco : ﬂ:%

DA DA

Vi AC lamot day cua (O) , OD L AC tai E = E 1a trung diém cua AC

(6)

—CH =2MH . Suyra M 1a trung diém caa CH

Suy ra EM 1a duong trung binh cia AACH = EM //AH = EM //AB (dpcm).

Ciu 297.(Thiay Nguyén Chi Thanh) Cho duong tron (O) duong kinh AC .Trén ban kinh OC lay
diém B tuyy (B khéc O, C). Goi M 1a trung diém cta doan AB.Qua M ké diy cung DE vudng
gbc v6i AB.N6i CD, ké Bl vudng goc voi CD. Ching minh rang:

a) Ta giac BMDI noi tiép.

b) Tw giac ADBE la hinh gi? Vi sao?

¢) MI?=MB.MC .

d) Chang minh |, B, E thang hang.

Huwéng ddn
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a) Taco: DE L AC (gia thiét);

Bl L CD (gia thiét).

Suy ra: BMD =90° va BID =90°.

Do d6: BMD + BID =90°+90° =180°.

Ta giac BMDI c¢6 tong sb do hai goc ddi bang 180° nén BMDI 14 tir giac noi tiép.

b) Ta c6:

M 1a trung diém cua doan AB (gia thiét).

AC L DE (gia thiét)

= M 1a trung diém cua day cung DE (dudng kinh vubng goc véi day khong di qua tam).
T gidc ADBE c6 hai duong chéo AB va DE cat nhau tai M nén tir giac ADBE 12 hinh binh hanh.
Lai c6: AB L DE (gia thiét).

Suy ra: ADBE Ia hinh thoi.

¢) Taco: ADIE vudng tai | ,c6 IM 14 trung tuyén ang véi canh huyén DE .

Do d@6: Ml =DM (=%DEJ.

Lai c6: ADC =90° (g6c noi tiép chan nira duong tron).

= AADC vubng tai D.

= DM? = MAMC (hé thuc giira duong cao va hinh chiéu).
Ma: MA = MB ( gia thiét);

Suy ra: DM? = MB.MC .

Lai co: MI = DM (chung minh trén).

Do d6: MI? = MB.MC (dpcm).

d) Tacd: ADC =90° (chang minhoyc) = AD L DC.
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Ma: Bl L DC (gia thiét).

Suyra: Bl //AD. Q)

Lai c6: Tu giac ADBE la hinh thoi (chung minh 6y b) = EB// AD. 2

Tir (1) va (2), ta thiy qua diém B c6 hai dwong thing Ia EB va BI cuing song song véi AD
Suy ra hai dudng thang 1a EB va Bl trang nhau (theo tién dé Oclit).

Do d6 |, B, E thang hang (dpcm).

Céu 298.(Thiay Nguyén Chi Thanh) Cho ntra dudng tron duong kinh AB . Ldy diém D tly y trén
nua duong tron ( D # A va D # B ). Dung hinh binh hanh ABCD .Tu D ké DM vubng goéc AC tai
M vatr B ké BN vudng goc véi duong thing AC tai N .

a) Chang minh bén diém D, M, B,C nam trén mot duong tron.

b) Chitng minh AD.ND = BN.DC

¢) Tim vi tri D trén ntra dudng tron sao cho BN.AC 16n nhét.

Huwéng ddn
D
. C
N
A 0 H B

a)Vi D thugc nira duong tron duong kinh AB nén ADB =90°
Lai cO AD//BC (vi ABCD la hinh binh hanh)

— DBC = ADB =90" ( hai géc so le trong)
Xét tir giac MBCD c¢6 : DBC = DMC =90

DBC, DMC 14 hai gbc ¢ dinh ké& nhau cting nhin canh CD
— MBCD |la tir gi4c noi tiép.
= Bbn diém D,M,B,C nim trén mot dudng tron.
b)Xét tir giac ABND c6 : ADB = ANB =90°

ADB, ANB 1a hai goc c6 dinh ké nhau cting nhin canh AB

— ABND la t&r giac noi tiép= DNB + DAB =180
Ma CDA+ DAB =180 = DNB =CDA
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Xét ADAC va ANBD cb:
DNB = CDA (cmt)
DAC = NBD ( hai géc néi tiép cting chan cung DN )

DA_DC

—= = DAND =DC.NB .
NB ND

— ADAC# ANBD (g.g) =

c) Ké DH L AB
Taco: BN.AC =2.S,,5c =S,scp = DH.AB
BN.AC 16n nhat <> DH.AB 16n nhit < DH Ién nhat.
Taco: DH <DO (voéi O la tam duong tron duong kinh AB )
= DH l6nnhit & DH =DO < H=0 < D ladiém chinh giita cua AB .

Ciu 299.(Thiay Nguyén Chi Thanh) Cho dudng tron (O;R) duong kinh AB. Diém M nam ngoai

duong tron sao cho C 14 hinh chiéu cia M trén tia AB ¢c6 AC > AB. MA; MB cit dudng tron lan luot &

Dva N, CN cit dudng tron tai E, DN cit AB tai K. Chiing minh rang:

a) Ta giac AMCN ni tiép b) BMC = BDN
c) DE L AB d) AC.BK =BC.AK
Huwéng ddn

a) Ta co:

MCA=90° (gt)

MNA =BNA=90° vi AB la duong kinh

Suy ra MCA =MNA =90° hay t gidc AMCN noi tiép
b) Do ti gilc AMCN nai tiép duong tron nén BMC = CAN mit khac CAN = BDN vi cling chin cung BN .

Vay BMC =BDN
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c) Taco:

ECA = NMA (cung chin cung AN)

NED = NAD (cuing chin cung ND)
Suy ra ECA+ NED = NAM + NMA =90°. Vay DE L AB

d) Tacé MCB =MDB =90° nén tir giac CMDB néi tiép suy ra CMB =CDB ma CDB =CAN = BDN nén
BDC = BDK hay BD la phéan giac trong cuia KDC .

Ap dung tinh chat dudng phén giac trong cia AKDC ta c6: % = % (1)

Mat khac BD L AD nén AD la phén giac ngoai cia KDC suy ra DK _AK

c 2

T (1) va (2) suyra A—E:% hay AK.BC =BK.AC.

Ciu 300.(Thay Nguyén Chi Thanh)

Cho nira duong tron tam O, duong kinh AB va diém M bat ki

trén nra duong tron (M khéac A, B). Trén nira mat phang bo AB chaa nira duong tron ké tiép  tuyén
Ax. Tia BM ciat Ax tai I; tia phan gi4c cua goc IAM cit nira duong tron tai E; cittia BM tai F; tia

BE cat Ax tai H,cat AM tai K. Chiing minh rang:
1) T gidc EFMK 14 ttr gi4e noi tiép
2) AI2=1IM .IB

3) ABAF latam giéc can va ter giac AKFH [a hinh thoi

4) Xac dinh vi tri M dé te gidc AKFI noi tiép duoc mot duong tron

Huwéng ddn

A o) B

1) Tacé AMB = AEB =90° ( gdc noi tiép chan ' duong tron )
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Suy ra tir giac EFMK ¢ FEK = FMK =90° nén tir gidc EFMK noi tiép
2)

+) Xét AAIB va AMIA cé

[ chung

IAB =IMA =90° (gt)

Suy ra AAIB ~ AMIA

1A IM
Suyra—=— & Al? =IM.IB (d
y B IA (dpcm)

3) Tacé: HAE = EAM (gt) ma HAE = ABE va EAM = EBM

Suy ra ABE =EBM . Vay BE vira la duong cao vira la duong phan giac géc B nén ABAF can ¢ B
+) Theo chitng minh trén E 1a trung diém AF . Hon nita AHAK ¢6 AE vira la phan giac vira la duong cao
nén AHAK cantai A.Suyra AH = AK va E la trung diém HK

Vay ta gidc AKFH la hinh thoi

4) Ta co tir giac AKFI 14 hinh thang (I giai vi sao chir ta chua c6 trong dé)

Dé tir giac AKFI noi tiép thi n6 phai 1a hinh thang can

Tic la: MIA=1AM

Ma AAMI vudng & M nén AAME phai la tam giac vudng can suy ra MIA =1AM = 45°

hay M 1a diém chinh giira cua cung AB

Vay M 1a diém chinh giita cung AB thi tir giac AKFI noi tiép mot dudng tron
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Céu 301.(Thay Nguyén Chi Thanh) Cho diém A nam ngoai duong tron (O). V& hai tiép tuyén
AB, AC (B, C 1a tiép diém) va mot cat tuyén ADE cua (O) sao cho ADE nam giita hai tia AO va AB;
D,E €(0). Duong thing qua D va song song véi BE cit BC, AB lan luot tai P,Q

1) goi H la giao diém cia BC véi OA. Chitng minh OEDH 14 tt giac noi tiép
2) goi K la diém dbi xiing cua B qua E . chung minh ba diém A, P, K thing hang.

Huwoéng ddn

1) Chting minh OEDH 14 tt gi4c noi tiép.
Taco: AB=AC (AB;AC la hai tiep tuyén cta (O)), OB=0C (ban kinh)
Nén OA la trung truc cuia BC
Xét AAOB : ABO =90° (AB la tiép tuyén cua (0)), BH L OA(OA la trung truc ciia BC)
— AB’=AH.AO  (a)

Xét AABD va AAEB: ABD = AED =%sd BD (g6c nai tiép bai tia tiép tuyén va day)

BAD (g6c chung), vdy AABD dong dang AAEB (g.9) = % = % = AB® = AD.AE(b)

Tir (a) va (b) suy ra = AH.AO = AD.AE = 21 _ AE
AD  AO

Xét AAHD va AAEO : % :A—CE)(cmt), HAD(chung). Vay AAHD déng dang AAEO (c.g.c)

= AHD = AEO. Do 46 tir giac OEDH la tt giac noi tiép (dpem)

2) ching minh badiém A, P, K thiang hang
taco: AODE cintai O (do OD =0E) = EDO = AEOma AHD = AEO(cmt) = EDO = AHD
Lai c6 EDO = EHO (t gidc OEDH nai tiép)

= AHD = EHO = 90° — AHD =90° — EHO = BHA- ADH = BHO — EHO => BHD = BHE
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Nén HB la phén giac trong cia ADHE, ma HA L HB(cmt)nén HA la phén giac ngoai cia

HD _ID_AD

ADHE = —(c)(1 lagiao diém cua HB va DE)

HE IE AE
ADIP,DP//BE(gt)= bp :E( ) (hé qua ta 1ét)

DQ AD

AABE,DQ//BE(gt)= hé qua ta 1ét

Q1182 (gt) = 22 = A ) ne qui ta e

DP _ DQ

Tu (c), (d), () =>— =DP=D
u (c), (d), (e) BE - BE Q
Goi K’ 1 giao diém cua AP va BE. AAEK DP//EK'(gt):%:%(f)

DQ DP .
Tu (e); (f =——ma DP =DQ(cmt) = BE = EK"
e () == =5 Q(emt) =

Mt khac BE = EK (gt) = K'=K.Vay A, P, K thiang hang (dpcm)

Cau 302.(Thiay Nguyén Chi Thanh) Cho tam giac ABC nhon. Puong tron duong kinh BC cét canh
ABva AC lanluottai D va E (D#B,E=C). BE cit CD tai H.Kéodai AH cit BC tai F .

1.Chting minh cac t gidc ADHF va BDHF 14 ta gi4c noi tiép.
2.Cac doan thang BH va DF catnhautai M , CH va EF citnhau tai N . Biét rang t&r giac HMFN Ia tir gi4c

noi tiép. Tinh s6 do BAC .

Huwoéng ddn

A

1) Chang minh cac ti giac ADHE va BDHF Ia tir giac noi tiép (Tu lam)
2) Cac doan thang BH va DF catnhautaiM , CH va EF cét nhau taiN . Biét ring tu giac

HMFN 12 ti giac noi tiép. Tinh sb do BAC .
BAC +DHE = MFN + BHC —180° (ta gi4c ADHE ; HMFN ngi tiép)




Ma DHE = BHC (di dinh) = BAC =MFN =F, +F,

Lai c6 F, =B;F,=C,;B, =C, (ta giac BHDF ; CEHF ; BCED noi tiép)
—F.=F,=B=C,

Do d6 BAC =F, +F, = 2B, , mit khéc B, =90°~BAC (AABE, AEB =90°)

BAC =2B, = 2(900— BAC) — 3BAC =180° = BAC = 60°

Céu 303.(Thay Nguyén Chi Thanh) Cho dudng tron (O) c6 tam O. Day cung AB c6 dinh khong
phai duong kinh. Goi | 13 trung diém ctia doan AB. Trén cung nho AB ldy hai diém C,E sao cho goc
CIA va EIB 1a céc goc nhon. Cl cit duong tron (O) tai diem D khac C. El cét dudng tron (O) tai
diem F khac E. Céc tiép tuyén cua dudng tron (O) tai C va D cét nhau tai M ; céc tiép tuyén clia
duong tron (O) tai E vd F citnhautai N.N&i OM cat CD tai P va ON cat EF tai Q. Chimg minh

rang:

1) Ta giac PONM ngi tiép. 2) MN song song AB.

Huwoéng ddn
1) Tacé: OC =0D (ban kinh), MC =MD (MC, MD Ia hai tiép tuyén cua (O))
= OM latrung tryc cia CD = OM L DP.
Xét AODM : ODM =90° (MD latiép tuyén cia (O) tai D), OM L DP (cmt)
= OD?=0P.OM (a)

Chimg minh tuong tu ta c6: OF* = OQ.ON (b) Lai c6 OD =OF (ban kinh)

Tur a), b), c) = OP.OM =0Q.ON _,OP _ON
0Q OM
Xét AOPQ va AONM c6: O (géc chung); = = N (cmy)
0Q OM

Vay AOPQ -~AONM (c—g-c)=OPQ=0NM = tir gidc PQNM noi tiép.

2) Tu giac OPIQ c6: OPIl =0QI =90° (theo cau a)
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M

Vay tir giac OPIQ noi tiép = QOI = QPI (gbc ndi tiép chan cung Ql)
Lai c6 ONM =OPQ (cmt) = QOI + ONM = QPI +OPQ = OPI =90° (do OM L DP)
— AONT vudng tai T (T 1a giao diém cia Ol va MN)

= Ol L. MN, mit khac Ol L AB (vi IA:IB=%AB (gt)). Vay AB//MN.

Cau 304.(ThAy Nguyén Chi Thanh)  Cho dudng tron (O)dudng kinh BC, ddy AD vudng géc BC
tai H. Goi E,Ftheo thir tu 1a chan cac duong vudng goc ké tir H dén AB, AC . Goi (1),(K)theo thtr tu
la cac duong tron ngoai tiép tam giac HBE , tam giac HCF .

a) Xéc dinh vj tri trong ddi cla cac duong tron: (1)va (0); (K)va (0);(1)va (K).

b) T giac AEHF hinh gi? Vi sao?

c) Chung minh: AE.AB = AF.AC

d) Chiing minh EF Ia tiép tuyén chung cua (1)va (K)

e) Xac dinh vi tri diém H dé EF c6 do dai I6n nhat.

Huwoéng ddn
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a) ABEH,BEH =90° = ABEH noi tiép duong tron dudng kinh BH = | 14 trung diém BH,
Do d6 Ol =OB—1Bnén (1)va (O)tiép xdc trong.
ACFH,CFH =90° = ACFH ndi tiép duong tron duong kinh CH = K 1a trung diém CH , do d6
OK =0C—KCnén (K)va (O)tiép xtc trong.
Lai c6: 1K =1IH +KH nén (1)va (K)tiép xdc ngoai.
b) Tt gidc AEHF : AEH = AFH =90°(gt); EAF =90° (gdc noi tiép chan nira dudng tron (O))
Vay tr giac AEHF la hinh chir nhat.
¢) Ta c6: AAHB, AHB =90°, HE L AB = AH? = AE.AB ®
AAHC, AHC =90°,HF L. AC = AH? = AF.AC ®
Tu (a) va (b)suy ra AE.AB = AF.AC (dpcm)
d) Ta co: FEH = AHE (vi tar gidc AEHF Ia hinh chir nhat)
IEH = IHE (vi AIHE céantai |)
FEI = FEH ++IEH = AHE + IHE = AHB = 90°(AD L BC)suy ra EF I tiép tuyén cua (1)tai E.
Chimg minh tuong tw ¢6 EF 13 tiép tuyén cta (K) tai F.Vay EF latiép tuyén chung cua (1)va
(K) (dpem)

e) Vi EF = AH (do AEHF 14 hinh chit nhat) nén EF 16n nhiat < AH Ién nhat. Ma
1

AH =2 AD(doBC L AD)nén AH Ién nhit < AD lén nhit < AD la duong kinh cia (O)

< H =0.Vaykhi H=0 thi EF Ién nhit bang ban kinh cta (O).

Céu 305.(Thiay Nguyén Chi Thanh) Cho tam giac ABC vudng cantai A c6 AB=AC=a.Goi D la

trung diém ctia BC, E 1a mot diém di dong trén doan thing AD . Goi H va K 1an luot 1a hinh chiéu cia

E 1én cac canh AB, AC.K¢é HI vudng goc véi DK (véi | € DK). Buong thing DK cét dudng thing
vuong goc vai AB tai B o F .

a) Chang minh rang nim diém A H,E,1,K cung thuoc mot dudng tron.
b) Tinh s6 do goc HIB.
¢) Chitng minh ring ba diém B, E, | thing hang.

d) Tim vi tri caa E trén AD dé dién tich AABI Ién nhit. Tinh gia tri I6n nhit d6 theo a

Huwoéng ddn

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122



F
a)+Chung minh AHEK la hinh vuéng.
Tacd AHEK la hinh chir nhat c6 duong chéo AE la duong phan gidc nén AHEK la hinh vubng.
Do d6 A H,E, K thudc duong tron duong kinh HK .

Lai c6 goc HIK bang 90° nén | thudc duong tron duong kinh HK .
Do d6, A /H,E,K, I cung thuoc duong tron duong kinh HK .
b) Xeét hai tam giac BDF va CDK
Taco BDF =CDK (dbi dinh)
DB =DC (D latrung diém BC)
FBD = KCD (do FB// AC va day la hai goc so le trong)
Do d6 ABDF =ACDK (g.c.g).Suy ra BF =CK.
Laic6 BH=AB—-AH =AC-AK =CK = BF =BH
Ma BF L AB néntam gidc BHF vubng can tai B. Do d6 HFB =45°,
Ta giac BHIF c6 HIF = HBF =90° nén tic giac BHIF nai tiép duong tron.
Do d6 HIB =HFB =45°,
c) Taco HAE =45° (do tir gidc AHEK la hinh vuéng). Vi A H,E,K,I thudc duong tron duong
kinh HK (cau a)
Suy ra HIE = HAE =45°. Mat khac HIB =45°(cmt). Do d6 tia IB trung tia IE. Suy ra B,E, |
thang hang.

1

2 2
d) Tam giac ABI vuong tai | nén S, :EAI.BI s%u 1 1

==AB’==a’.
4 4

Piang thuc xay rakhi Al =Bl < 1=D < E=D.

Vay dién tich tam gi4c 16n nhat la %az khi chi khi E=D.
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Ciu 306.(Thiay Nguyén Chi Thanh) Cho ba diém A,B,C cb dinh, thing hang, B ndm giita A,C . V&
duong tron (O;R) sao cho (O;R) ludn nhan BC lam day cung (BC <2R). Tir A ké cac tiép tuyén AF
va AE dén (O;R), (F nim trong nira mit phing bo 1a AO c¢6 chira ddy BC). Goi | 1a trung diém cia
day BC, EF cat diy BCtai N va ciat AOtai K.Ching minh

a) AF* = AB.AC
b) 5 diém A E,O,I,F cung thudc 1 dudng tron.

¢) Khi duong tron (O; R) thay dbi thi duong tron ngoai tiép AKOI ludn di qua mot diém cb dinh

Huwoéng ddn
a) Xeét AACF va AAFB co

CAF = BAF (gdc chung)

ACF = AFB (gdc nai tiép va goc tao bai tia tiép tuyén va day cung cling chin cung BF )

FA_AB

Vay AACF - AAFB = AC = FA? = AB.AC

b) Xét (O;R) cd cac tiép tuyén AF va AE

= AEO = AFO =90°

= F; E cung thudc duong tron duong kinh AO .
Lai c6 xét(O;R) cO1 1a trung diém cua day BC
=0l L. BC = OIA=90°

= | cung thudc duong tron duong kinh AO .

Vay 5 diém A E,O,1,F cing thudc 1 dudng tron.
¢) Vi B,C cddinhva | cb dinh nén dudng tron ngoai tiép AKOI ludn di qua mot diém cé dinh |

khi duong tron (O;R) thay doi

Céu 307.(Thiy Nguyén Chi Thanh) Cho hai dwong tron (O;R)va (O';r)citnhau tai Ava B (R>r)

. Hai diém Ova O'nam khac phia d6i voi dudng thang AB . V& tiép tuyén chung ngoai CD cit duong
thing AB tai K (C e(0))va (De(0))).
a) Chitng minh KC? = KAKB
b) Pudng thang qua C song song véi AD cit duong thang qua D song song voi AC tai E . Chung
minh K 12 trung diém cua AE

¢) Ching minh BE<R+r

Huwoéng ddn
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a) Chitng minh KC? = KA KB

AACK va ACBK c6: AKC = CKB (géc chung), ACK =CBK (g6c noi tiép va goc ...)

KC_KB

Vay AACK ~ ACBK = c = KC? = KAKB

b) Chirng minh K 14 trung diém cua AE

Chting minh tuong tu ciu a) c6 KD? = KAKB = KC* =KD? = KC =KD = %CD(a)

Tw giac ACED co: AD//CE, AC//DE(gt) nén tia gidc ACED la hinh binh hanh
Suy ra AE va CD cat nhau tai trung diém mdi duong (b)
Tira) vab) = K la trung diém cua AE

¢) Chitng minh BE <R +r

Goi | latrung diém OO, K la trung diém CD(theo trén) = IK l1a dudng trung binh hinh thang
CDOO = 2KI =0C+0'D =R +r()

Goi H lagiao diém cia AB va OO

= AH 10O, AB = 2AH ((O)va (O') cit nhau tai A va B)

Vi AE =2AK (cAub), AB=2AH = BE = 2( AK + AH ) = 2KH (2)

Mit khac AKHI vuong tai H (AH 1 00')= KH < KI = 2KH < 2KI (3)

Tir1),2),3) = BE<R+r

Ciu 308.(Thay Nguyén Chi Thanh) Cho 3 diém A B,C cb dinh nim trén mot dudng thang d (B

nam giita A va C). V& dudng tron (O) diqua B va C (O¢d). Ké AM va AN la céc tiép tuyén véi

(O) tai M va N . Goi | 1atrung diém cta BC.

a) Chimg minh 5 diém O,M, A N, | cing nam trén mot duong tron.
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b) BC cat MN tai K. AO cit MN tai H va cét duong tron tai cac diém P va Q (P niam giira
A va O). Chirng minh diém K 1a diém c6 dinh khi duong tron tim O thay doi.

¢) Goi D la trung diém HQ, tr H ké duong thang vudng goc véi MD cit duong thang MP tai E
. Chung minh P 1 trung diém ME .

Huwoéng ddn

a) Taco: AMO = ANO =90° (AM, AN la céc tiép tuyén cua (O))

AlO =90° (vi IB= IC:%BC:OI 1 BC).

Do d6 cac tam giac: AAMO,AANO,AAIO ndi tiép duong tron duong kinh OA. Vay 5 diém
O,M, AN, cing nam trén mot duong tron duong kinh OA.

b) Xét AAMC va AABM cé: A (g6c chung), ACM = AMB (gdc ndi tiép va goc tao bai tiép tuyén
va day cung chin cung MB ciia (O)).

Do d6 AAMC -~ AABM :>ﬂ=£:>AM2 =AB.AC(a).
AC AM

Xét AAHK va AAIO c6: A (goc chung), AHK = AIO =90° (AM, AN la tiép tuyén ctia (O) nén
OALMN).

Do do AAHK = AAID = 2K _ A9 _ sy - ARLAO
AH Al Al

AAMO ¢6: AMO =90°, MH 1L OA = AH.AO = AM?(c),

: AB.AC
Tu (a),(b),(c) = AK = T

Vi A B,C cdinhnén I ¢bdinhva AB, AC, Al khong ddi.

= AK khong d6i. Mt khac A c6 dinh, K ed = K 1a diém ¢6 dinh khi (O) thay doi.

¢) Taco: EMH +HMQ = PMQ =90° (géc ndi tiép chan nira dudng tron)
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Va MQD + HMQ =90° (AHMQ vuong tai H ). Suy ra EMH = MQD(d).
Lai c6: QMD + DME = PMQ =90° (gdc ndi tiép chan nira duong tron)
Va MEH + DME =90° (EH L MD). Suy ra MEH =QMD(e).

ME MH

. _ MP MH MH _—
Mat khéc: AMHP -~ AQHM (g.9) = MO HQ 2DQ(2) (vi HQ =2DQ (gt))
T (1) va (2) = 2 _ ME _ mp-LvE.
MQ 2MQ 2

Vay P 1a trung diém cia ME .

Ciu 309.(Thiy Nguyén Chi Thanh) Cho dudng tron (O) duong kinh AB . Mot day cung MN quay
xung quanh trung diém H caa OB . Goi | 1a trung diém caa MN . Tir A ké tia AX L MN, cat MN tai
K. Tia Bl cit Axtai C.
a) Chung minh Ol L MN , tir d6 suy ra tir gidc CMBN |a hinh binh hanh.
b) Chung minh C la truc tam ta giac AMN .
c) Khi MN quay xung quanh H thi C di dong trén duong nao?

Huwoéng ddn

a) Xét dudng tron (O) c6 MN 1a day cung khong di qua tam
| 14 trung diém cua MN
Xét AABC c6 O 1a trung diém cua AB
Ol //AC (cung LMN)
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= | 1a trung diém cua BC
Ta giac CMBN ¢6 | 1a trung diém cua MN, | 14 trung diém cua BC
= T gidc CMBN Ia hinh binh hanh.
b) Xét duong tron (O)c6 ANB=90° (g6c ndi tiép chan nira duong tron)
Hay BN L AN ma BN //MC (CMBN la hinh binh hanh) = MC L AN
Mat khdc AC L MN (gt) =C la tryc tam cia AAMN

c) ABOC :HB=HO=%, IB:IO=B—2C nén HI la duong trung binh cia ABOC=HI //0OC

hay MN //OC ma MN L Ax=0C 1 Ax hay ACO=90°

Vi AO c¢é dinh =C thudc duong tron duong kinh AO

Phan dao: Lay diém C' bt ky thudc duong tron duong kinh AO, goi 1" 1a trung diém cua BC',
duong thang HI ' cit duong tron (O) lan lugttai M ' va N'

ABOC' ¢6 H 1a trung diém cia OB, |' 1a trung diém cua BC'

= HI"' la duong trung binh caa ABOC'

= HI'//0C

Xét duong tron dudong kinh OA ¢6 AC'O=90° (gbc noi tiép chirn nira dudng tron)

= AC'1L OC'ma HI'//OC' = AC'L HlI"hay = AC'L M'N"

Cau 310.(Thiy Nguyén Chi Thanh) ~ Cho dudng tron (O;R). Hai dudng kinh ¢6 dinh cua (O) 1a AB
va CD vudng goc voi nhau. M 1a mot diém thude cungnhé AC ciia (O). K va H 1an lugt 1a hinh chiéu
cua M trén CD va AB.

a) Tinh sin® MBA+sin® MAB +sin* MCD +sin> MDC
b) Ching minh OK? = AH.(2R—- AH)

¢) Tim vi tri diém M dé gia tri cia P = MAMB.MC.MD Ién nhit.

Huwong dan

C

M oK

u
oH

o
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a) Tinh sin”® MBA+sin® MAB +sin> MCD +sin”> MDC

Taco: AMB =CMD =90° (gbc néi tiép chan nira duong tron)
= MBA+ MAB = MCD + MDC =90°

= sin MBA = cos MBA, sin MDC = cos MCD

Do do:

sin® MBA +sin® MAB +sin> MCD +sin* MDC

= (sin? MBA+cos” MBA|+ (sin* MCD + cos® MCD ) = 2

b) Chiing minh OK? = AH.(2R— AH)

AAMB, AMB =90°, MH L AB

= MH? = AH.BH = AH.(AB— AH ) = AH.(2R— AH) (a)

Mat khéc tir gidc OHMK cd O =K =H =90° (gt) nén tr giac OHMK la hinh chir nhat
= MH =OK (b).

Tu (a), (b) = OK? = AH (2R—- AH) (dpem)

¢) Tim vi tri diém M dé gia tri cha P = MAMB.MC.MD 16n nhit.

AAMB, AMB =90°,MH 1 AB = MAMB = AB.MH =2R.MH

ACMD,CMD =90°,MK L CD = MC.MD =CD.MK =2R.MK

Do d6 P =MAMB.MC.MD = 4R* MH.MK

MH?+MK? HK? OM? R?
2 2 2 2

2

Nén P =4R*.MH.MK s4R2.R7 = 2R*. Pang thuc xay rakhi MH = MK < ttr gidc OHMK 1a hinh

Lai c6 MH.MK <

vudng < M 1a diém chinh gitra cung nho AC .
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Céu 311.(Thay Nguyén Chi Thanh) Cho AB dudng kinh ctia (O;R). C la mot diém thay doi trén
duong tron C khac A va B), ké CH vudng goc v6i AB tai H. Goi | 1a trung diém cia AC, Ol cit
tiép tuyén tai A cua dudng tron (O;R) tai M, MB cit CH tai K .

a) Chiing minh 4 diém C,H,0,1 clng thuéc mot dudng tron.

b) Chitng minh MC Ia tiép tuyén cua (O;R)

¢) Chitng minh K 13 trung diém cua CH

d) Xéc dinh vj tri cua C dé chu vi tam gidc ABC dat gié tri 16n nhat? Tim gi4 tri 16n nhit d6 theo R.

Huwéng ddn

a) Ching minh 4 diém C,H,0,1 cling thuéc mot dudng tron.

Tacd IA=IC :%AC (at)

=0l L AC=0IC =90°

= | thudc duong tron duong kinh OC

Lai c6 OHC =90°(CH L AB)= H thudc duong tron dudng kinh OC (dpem)
b) Chitng minh MC Ia tiép tuyén cua (O;R)

OM L AC(OI LAC),IA=IC =%AC =OM latrung truc AC

= AOCM = AOAM (c.cc)

= OCM =0AM =90°(AM latiép tuyén (O))

= MC L OC = MC latiép tuyén cua (O)

¢) Chitng minh K 14 trung diém cua CH
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Goi D la giao diém cia MB va AC .

ACM = ABC :%sd AC (gdc noi tiép va goc tao bai tia tiép tuyén, day cung chian cung AC cia (0))
Lai c6 ACB =90° (géc ndi tiép chin ntra duong tron) nén ACH = ABC (cuing phu véi BAC)

— ACM = ACH = CD la phén gidc MCK cia AMCK

Mt khac CB L CD(ACB - 900) — CB la phan gi4c ngoai ciia AMCK

Do d6 ta co KD _ KB (a)
MD MB
Xét AABM, KH//AM (CH 1 AB,AM L AB):>ﬁ :ﬁ (b)
MB AM
Xét AADM,CK//AM (CH 1 AB,AM L AB) = Q = K—C(C)
MD AM

ﬁ=K—C:> KH = KC (dpcm)
AM  AM

d) Xac dinh vj tri cia C dé chu vi tam gidc ABC dat gié tri 16n nhat? Tim gi4 tri 16n nhat d6 theo R.

Tu (a), (b), (c) =

Trén tia d6i cua tia CA lay diém E sao cho CE =BC

Khi d6 P,o. = AB+AC +BC = 2R+ AC + CE = 2R + AE nén P,,. dat max <> AE dat max

ABCE vuodng can tai C = AEB =45°

Vi AB c¢b dinh nén E thudc cung chira goc 45° dung trén doan thang AB, do d6 AE dat max < AE Ia

duong kinh cua cung chira goc 45° dung trén doan thang AB

< ABE =90° <> ABC =45° < C la diem chinh giita ctia nira dudng tron (O)

Khi d6 AABE vubng cantai E, nén AE = AB\2 =2{2R

Vay chu vi tam giac ABC dat GTLN la 2(J§+1)R khi C 1a diém chinh gitra cia nira dudng tron (O).

Ciu 312.(Thay Nguyén Chi Thanh) Cho duodng tron (O)dudng kinh AB. Tir mét diém C thudc
duodng tron (O) ké CH wvudng goc voi AB (C khac A,B; H thuoc AB . Puong tron tam C ban kinh
CH cit duong tron (O)tai D va E.

a) Ké AN, BM vudng goc véi duong thang DE ( N, M trén dudng thang DE ). Chting minh rang
DN =EM .
b) Chirng minh DE di qua trung diém cua CH .

Huwéng ddn
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a) Goi | la giao diem cta (O) va (C). Vi (O) va (C) catnhautai D, E nén OC la trung tryc cua DE
= OC L DE va ID:IE=%DE.

Xét tr giac ABMN ta co:
AN//Ol//IBM (AN 1 DE; OC LDE; BM L DE).

OA:OB:%AB

=IN=IM :%MN ma ID = IE:%DE (theo trén)

Do d6 DN =IN—-ID=IM - IE=EM : BPCM.
b) Goi K 14 giao diém cia DE va CH, F 1a trung diém cua CE = OF _L CE ( Lién hé duong kinh va day
cung).

Taco ACIK ~ACHO == =K —cico—chek ().
CH CO

ACOF - ACEI :@ _CF = CI.CO=CECF :10E2 =1CH2 (b).
CE ClI 2 2

Tur (a; b) Suy ra CH.CK =%CH2 = CH =2CK.

Vay K 1a trung diém caa CH , tic DE di qua trung diém cua CH (PPCM).

Céu 313.(Thay Nguyén Chi Thanh) Cho hai duong tron (O,R) va (O',r) tiép xtic ngoai tai B . Tiép

tuyén chung ngoai AD cat duong néi timtai M, Ae(0),D €(0’). Tiép tuyén chung ctia hai dudng tron
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tai B cit AD tai P.Goi H 1a hinh chiéu ciia A 1én BC, E la giao diém cua PC va AH, C la diém
d6i xtng voi B qua O.

a) Chiang minh EH =EA.

b) Tinh AH theo R va OP =d .

c) Tinh AD theo R var.

d) Giast AD=DM =4cm,tinh R var.

e) Goi (O;;R,) tiép xdc ngoai véi AD dong thai tiép xtic ngoai véi (O,R) va (O,r). Chiang minh rang:

1 1
=—+——=.

1
JRVR r

Huwéng ddn
Q
A
P

a) Theo gia thict OA=0OB =R, (1)

+ Vi PA,PB I hai tiép tuyén cua duong tron (O,R) nén PA=PB, (2).

Tur (1),(2) suy ra OP la duong trung tryc cua doan AB, (2a).

Tacd AABC néi tiep duong tron tdm O, suy ra CA L AB, (2b).

Tu (2a),(2b) suy ra CA//OP.

+ Goi giao diém cua CA va BP 12 Q.

Xét ACBQ c6 O l1a trung diém ciia CB, CA//OP . Do 6 BP =PQ = % BQ, (2¢)

Theo gia thiét BQ 1a tiép tuyén chung cua hai duong tron nén BQ L. CB; AH L CB, (theo gia thiét). Do vay
BQ// AH .

+ Xét AQCB c6 CE//QP,suyra % :ﬁ, (dinh Iy Talet) (3a).
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+ Xét ACPB c6 EH //PB ,suyra %:% (dinh ly Talet) (3b).

Tu (3a), (3b) tacd $=% kéthop (2c)suy ra AE =EH .

b) Cho OP =d, tinh AH theo R.

Xét ACBQ c6 AH //QB :%:%:AH _CAQB

cQ

. Tinh CA,QB,CQ.

+ Xét ACBQ:OP la duong trung binh (vi BP=PQ = % BQ, OB=0C :%CB)

—CQ=20P=2d.

_BC? 2%

+ ACBQ vudng tai B:theoa) CAL AB = BC°=CA.CQ = CA= 0 d

+ AOBP vuéng tai B: PB? =OP?~0B? = PB=+/d?~R? = QB=2BP =2/d*—R? .
Vay

c) Tinh AD theo R var.

Taco: APB+DPB =180°

Theo a) PA=PB, OP la duong trung truc cia AB, suy ra OP la tia phan giac cua géc APB
= APB =20PB

Tuong ty PO’ la tia phan giac géc DPB = DPB =20'PB.

Do d6: APB + DPB =180° = 20PB + 20'PB =180° = OPO’ =90°.

AOPOQ' vudng tai P ¢6 PB L OO’ = PB*=0B.0'B=R.r = PB=/R.r.

Ma AD=AP+PD=PB+PB=2PB (vi PA=PB,PB=PD).

Nén AD=2PB=2Rr.

d) Gia st AD=DM =4cm, tinh R va r.

Theo c) AD=2,/R.r,ma AD=4cm suyra 2R.r =4=R.r=4, (4a)

OD:E:LZE:R:ﬂ, (4b).
OA 2 R 2

Tir (4a),(4b) suy ra 2r® =4 = r =~/2cm; R = 2+/2cm.

Xét AMOA c6 O'D//OA suy ra

e) Chtng minh ring SN S

1
R VR

, ((O1;R,) tiép xtc ngoai véi AD dong thai tiép xic ngoai véi (O, R)

va (O,r)).
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Theo c) Hai dudng tron (O,R) tiép xtc ngoai véi (O',r) taco: AD=2R.r, (5a).
Chtmg minh tuong tw, ap dung cho duong tron (O, R) tiép xdc ngoai véi (O,,R,) taco: AP =R.R , (5b).
Tuong ty véi duong tron (O, R, ) tiép xdc ngoai véi (O',r), taco: PD=,/R.r, (5¢).

Tir (5a),(5b),(5¢) = AD = AP + PD

< 2Rr=2RR +2R.r

L JRaVF
JR JRr
e 1. 1
JR VR
Bai 314. Cho tir gidc ABCD noi tiép trong duong tron (O) . Puong thang BD va céc tiép tuyén véi (O)
tai A, C dong quitai S.Goi | lagiao diém cia AC va BD. Chimg minh rang:
a) AB.DC = AD.BC py 25 _ 1B _ ABCB
SD ID ADCD
Huéng din

SA AB SB

a) ASAB ~ ASDAnén: —=—=— Q)
SD DA SA
ASCB ~ ASDC nén: SC_CB_ SB (2
SD DC SC
Do SA=SB vatu (1) va (2): E:ED AB.DC = AD.BC
DA DC

by Tur () va (2): B — SBSC _ ABCB

SD SDSA ADCD'
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Tuong tir phin a) Tir AIAB ~ AIDCVAAICB ~ AIDA=s 2 — ABCB

ID ADCD

= dpcm

Bai 315. Cho AABC vubng can & A. AD la trung tuyén thudc canh huyén, M 12 mot diém thay d6i
trén doan AD. Goi N, P theo tht tur 13 hinh chiéu vuéng goc cia M xubng AB va AC. H 1a hinh
chiéu vudng goc cia N xubng dudng thing PD.

a) Xéc dinh vi tri cia N dé A AHB ¢6 dién tich 16n nhét.

b) CmR: Khi M thay d6i, HN ludn di qua mot diém c6 dinh.

Huwong din
Cc
D E
H
P v
'B
N

a) Ké BE // AC cit PD tai E = BE=PC=BN = NEB=NHB =45°,

Mat khac: AHN = APN =45° = AHB =90°, HN la phan giac cia AHB.

.Déu"="xiyra> AH=BH o H=D=M.

2 2\2 4
:,szHF%AHz_BHzS%(AH en ] zﬁ

b) HN ludn di qua diém chinh giita ctia nira duong tron duong kinh AB (HN la phan giac AHB).

Bai 316. Cho hinh vuéng ABCD canh a. Mot goc xBy = 45° quay xung quanh B sao cho Bx cit canh
AD tai M, By citcanh CD & N (M, N khéng tring véi D). Goi E, F tuong tng la giao diém cua
BM, CN véi AC.

a) CmR: cac tr gisc ABFM , BCNE , MEFN ni tiép.
b) CmR: MN ludn tiép xuc v6i mot duong tron c¢b dinh va chu vi AMND khéng doi.

¢) Timvitricia M, N vanéu céch dyng céc diém do6 @& AMND ¢ dién tich 16n nhét.

Huéng diin
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450 F

K A M D

a) FBM = FAM =45° = ABFM noi tiép. Tuong tu: BCNE ndi tiép.
— BEN +BCN =180°= BEN =90°. Tuong ty: MFN =90° = dpcm
b) Liy diém K trén tia ddi cua tia AD sao cho AK =CN:
— BK =CN va KBM = KBA+ ABM = NBC + ABM

=90°— NBM = 45° = NBM
— AKMB=ANBM (c.g.c)= BA=BL = MN tiép xtc véi (B, a)
Lai c6: AKBM =ANMB = KM =MN . Tur do, suy ra:

Puno = MN +ND +MD = KA+ AM + MD + DN =CD + ND + MD + MA = 2a.

c)C6: MD+ND+MN =2a = MD+ND++/MD?+ND’ =2a

2 2 2
:>4a2:(MD+ND+\/MD2+ND2) 2(MD+ND+%] =(1+%j (MD+ND)’

a2

2(\/§+1)2 |

2
z4(1+i] MD.ND Ma: MD.ND =2S,,, = Sy <

7 <

Dau "=" xay ra = MD=ND = MBA=NBC =22,5°

Bai 317. Cho nira duong tron tim O duong kinh AB=2R, M 1a mot diém bat ki trén nira dudng tron
(M khéc A va B).Ha MH L AB tai H.Goi P, Q, | lan lugt I tim dudng tron noi tiép cac tam giéc
MAH , MBH, AMB .

a) Chimg minh diém | 12 tryc tdm cua A MPQ
b) Tim qui tich diém | khi diém M di dong trén nira duong tron

¢) X&c dinh vi tri ciia diém M trén nira dudng tron dé chu vi A PHQ 16n nhét

Huéng din
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a) D& thdy: A, P, | thanghangva B, Q, | thing hang.

Goi K=MP n AB: KMB =KMH +BMH , MKB = KMA+ MAB

Mat khac: KMH = KMA va BMH = MAB
Suy ra: ABMK can tai B c6 Bl la phan giac = Bl 1L MK

Tuong ty: L= AB n MQ = AAML can = Al L ML = dpcm

MAB + MBA

b) Thuan: AIB=180°—- — 180°—-45°=135°

Vay diém | thudc cung chira goc 135° vé trén doan AB (thudc cing mot nira mit phang chita M)

Dao lai: Gia sir 1’12 diém bat ki thudc cung chira goc = Ké I'N L AB, v& (I”, I'N) ké hai tiép tuyén AA'va

BB’ v4i (1', IN) goi M’ lagiao cia AA’ va BB'. Ta cin chimg minh M’ e (O) hay AM'B=90°.

Taco: AIB=135°= IBA+1AB=45°= M'AB+M 'BA=90°= AM 'B =90°.

c) Tacé: PMH =QBH (Goc c6 canh t/u vudng goc). PHM = QHB = 45°

= AMPH ~ ABQH (g.g)nén: m=—:tg MBA =

MH MA  PH MA

= = .
QH HB MB  QH MB

Lai c6: AMB = PHQ =90°= AHPQ ~ AMAB (c.g.c). Ta c6: HQP = MBA = MBA + HQF =180°

— BHQF ndi tiép. Tir d6 suy ra: MFE = QHB = 45°
AMEF céan tai M nén: ME = MF . AMQF = AMQH (c.g.c) nén: MF =MH va QF =QH .

Tuong tw: PH = PE = C,,, = PH +QH +QP = EP+ PQ+QF = EF =+/2MF =2MH

Vay: Cpoy 16nnhdt = MH 16nnhat = H = O. Khi d6: M la diém chinh giita nita dudng tron (O)

Bai 318.

Cho dudng tron (O;R)va P 1a mot diém nam bén trong dudng tron. Qua P v& hai day AB va

CD vudng goc véi nhau. Ching minh ring PA® + PB? + PC? + PD?khong d6i

Huong din
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D

Ké duong kinh BE. Tacé AE//CD = AC = DE . Ap dung PL
Pitago cho Av.BED : BD? + DE? = BD? + AC? = BE* = 4R?
Suy ra: PA? + PB* + PC* + PD? = AC? + BD? = 4R* = Const

Bai 319. Chobadiém A, B, C theo thir ty nam trén mot duong thang d sao cho AB =2, BC =4. Mot
duong tron di dong (O)co tam O vadiqua B, C. Goi AT,AT’la hai tiép tuyén ké tir A dén (O), véi
T,T’ 1a hai tiép diém.

a) Tim qui tich cac diém TvaT’
b) V& dudng kinh MB cua (O). Goi P=AM ~(O). Ching minh: AM.AP = AO? —OC?

¢) Tim qui tich cac diém M va P

Huwéng din

a) Thuan: Ta chung minh T°A? = AT? = AB.AC = (24/3)?

Suyra: T va T’ thudc duong tron (A; 23 )

Pao: Lay mot diém T, bét ki thude (A; 23 ). Qua T, v& mot duong
thang vudng goc voi AT, cét trung truc cia BC tai O,

Ta can chung minh AT, 14 tiép tuyén ciia (O’;O’B): Ké tiép tuyén AT,

Taco: AT,> = AB.AC = AT =>O’T, =O'T, => OT, 1a ban kinh (O’).

Suy ra: AT, la tiép tuyén ciia (O’).

b) Taco: AT>=AM.AP.Ma AT?=0A*-OT? hay: AT?>=0A?-0C’ = AM.AP = OA* -OB’
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C) Qui tich M :

Thuén: ABCM vudngtai C = CM L d = M thudc duong thing ¢ vudng goc voi d tai C

Dao: Gia sit M’ thudc duong thing ¢ qua trung diém | ciua BC ké mot duong thing vudng goc véi d giao
véi MB tai O, .V& duong tron (O,;0,B). Ta can chimg minh M thugc (0;;0,B).

Ta c6: Ol //BC = Ol la duong trung binh cia ABMC = OB=0OM = M € (O1 ;0O,B).

* Qui tich P

Thuan: Tacé: APB=90° = P thudc duong tron duong kinh AB

Dao: Lay mot diém P’ bat Ki trén dudng tron duong kinh AB . Qua C v& mot dudng thang vudng goc voi d

giao voi AP tai M . Goi O2 la giao cua duong trung true BC véi BM , v& (O,;0,B) ta can chimg minh: P
va M thudc (O,;0,B): Ol la duong trung binh cuia ABMC nén OM =OB = M thugc duong tron.

Taco: BPM =90°nén P thudc duong tron duong kinh BM hay: OP =OB.

Bai 320. Cho hai duong tron (O, R)va(O',gj tiép xUc ngoai tai A. Trén duong tron (O)lay diém B

sao cho AB=R vadiém M tréncung lén AB. Tia MA cit dudng tron (O’)tai diém tht hai 12 N . Qua
N ké dudng thang song song véi AB cit duong thing MN tai Q va cit duong tron (O°)tai P.

a) Ching minh AOAM ~ AO’AN .

b) Chirng minh d6 dai doan NQ khéng phu thudc vao vi tri diém M .

c) Tu gidc ABQP la hinh gi? tai sao?

d) Xéc dinh vi tri diém M dé dién tich tr gihc ABQN dat gi tri 16n nhat. Tinh gia tri d6 theo R.

Huong din

a) Dé dang chung minh dugc AOAM ~ AO’AN.
b) Tu a) suy ra: M—A:%.
NA O'A

_MA _MA__OA 2

MA+NA MN OA+O'A 3
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AB _ MA

Mat khac: AB // NQ =
NQ MN’

Hay: R = 3 < NQ= SR = const.
NQ 3 2
c) D& thay: ABQP la hinh thang vi AB // NQ.

Ta co: ABQ=%sd(MB+AB)=%sdAM :%AOM :%AO'M — APN

Ma: APN =PAB(so le trong) = ABQ = BAP = ABQP la hinh thang can.

d)Ké AH L QN . Tac6: S =S,g0n =%(AB+QN).AH =(L5R+R).AH = 2,5R.AH

Do do:

Smax< AH max.Ma AH < AN < H=N < AN L NQ & AN L AB tai A & MAB=90° <
M 14 diém d6i xtmg ctia diém B qua diém O.

Khi d6, AAMB vudng tai A, tacd: AM? =MB? - AB? =4R? —R? =3R?> = AM = R/3.

2
Mt khac: Do ~M _ 3 an =1 am —ﬁ . Viy: Max Sygs = 5R Rv3 _5V3R
MN ~ 2 2 47 2 8
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Céu 321.(Thay Nguyén Chi Thanh) Cho dudng tron (1; R) néi tiép AABC tiép xUc véi cac canh BC,
CA, AB lan luot tai cac diém A’,B’,C’.

a) Goi cac giao diém caa (1) vé6i cac doan IA, 1B, IC lan luot 14 M, N, P. Chimg minh ring cac

duong thaing A'M, B’N,C’P ddng qui.

b) Al kéo dai cit duong tron ngoai tiép A ABC tai D (khac A). ching minh rang: % =2R.

Huwong din

A

a) Chiing minh: A’M,B’N,C’P la ba phan giac cia A A’B’C’.

b) Goi H 14 trung diém cua Bl . Ta c6: DBC = CAD = % A

DIB=%(A+B).Mat khac: DBI :%B+ DBC=%(B+A)
Suy ra: DBl =DIB = ADBI céantai D = DH la phén giac D

= HDI =%D=%C=ACI = AHDI ~ AA'CI . Suy ra:

E:ﬂ:ﬁzﬁ :>IB.IC:ID.2IA’:ID.2R:>%=
IC 1A 2IA" 2IA

2R

Céu 322.(Thay Nguyén Chi Thanh) Cho A ABC vudng & A (AC > AB) ha AH 1BC tai H. Puong
tron (H , HA) cit cac duong thing AB, AC lanluottai P va Q (P, Q # A).
a) Chung minh P, H, Q thang hang va t&r gidc BPCQ ndi tiép
b) Goi M la trung diém ctia canh BC . Chting minh: AM 1 PQ
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Huwéng din

a) PAQ=90°, PQ la duong kinh (A, HA)

= Badiém P, H, Q thang hang.

AAHQcAntai H: At=Q ma C = A (Cung phu véi CAH )
Nén: C=Q = BPCQ noi tiép.

b) AMAB cdn = B> =BAM = Q+Hi, Pi=C+H,.

Ma C=Q, Hi=H:, = B, =P, =BAM

Do d6: P1+ As=MAB+ A3 =90° = AEP =90°
Vay: PQ L AM tai E.

Céu 323.(Thay Nguyén Chi Thanh) Cho nira duong tron tdm O, duong kinh BC va mot diém A trén
nira duong tron (A khac B va C). Ha AH vudng goc véi BC (H thudc BC). Trén nira mit phang
c6 bo BC chira diém A dung hai duong tron duong kinh HB va HC, ching lan luot cat AB va
AC tai E va F.

a) Chimg minh AE. AB=AF . AC.

b) Chitng minh EF 14 tiép tuyén chung cua hai duong tron duong kinh HB va HC

¢) Goi | va K lan luot la hai diém d6i xtmg v6i H qua AB va AC . Ching minh ba diém |, A, K
thang hang.

d) Puong thang 1K cit tiép tuyén ké tir B cua nira dudng tron (O) tai M . Chémg minh MC, AH

EF dong qui.

Huwong din
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a) ABEH c0 trung tuyén O’E tng voi canh BH bang %BH nén ABEH vuéng tai E .

Suyra: HE 1L AB.

Tuong tu: HF L AC.

Ap dung hé thirc luong véi hai tam giac vuéng AHB va AHC,

taco: AH®*=AE. AB, AH°=AF. AC.Suyra: AE. AB=AF . AC.

b) T giac AFEH la hinh chit nhat vi ¢6 ba goc vudng.

Goi D la giao diém cua AEVAEF ,tacé: DA=DH = DE = DF.

AO,ED = AQ,HD (c.c.c). Suy ra: O,ED =0O,HD =90°.

Do dé: EF L O’E tai E nén: EF latiép tuyén ctia dudng tron (O,).

Tuong tw: EF latiép tuyén (O,) = EF latiép tuyén chung

¢) Theo tinh chét d6i xing ta c6: Av= Az, As = A

= IAH + HAK = 2(Ac+ A2) = 2.BAC =180° = Badiém |, A, K thang hang.
d) SB // AH = SBA= A(So le)= Al= AMBA can tai A = MA=MB

Mat khac: MBA+S =90° ma Ai=As vd MBA=Ai = S=As= AMABcantai A = MA=MS

AD' CD' HD'

= = ma MS = MB nén:
S CM WMB

Suy ra: MA=MS. Gia st MC cit AH tai D’. Theo DL Ta lét:

AD’=D’H = D'H =D'A matkhac: DH=DA = D = D’.
Vay: AH, EF, MC ddng qui tai tai D .

Céu 324.(Thay Nguyén Chi Thanh) Cho AABC vudng & A (AC > AB) dudng cao AH . Puong tron
(H; HA) cit cac dudng thang AB, AC lanluottai P va Q (P, Q khac A).
a) Chung minh: P, H, Q thang hang. Tt giac BPCQ noi tiép
b) Goi M 4 trung diém cta canh BC. Ching minh: AM L PQ.

Huwéng din

a) PQ la duong kinh duong tron tdm A ban kinh HA.

— Badiém P, H, Q thang hang.
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Ta co: HQA=HAQ (A AHQ cén)

Lai c6: ACB =HAQ (=90° —CAH)

= ACB = AQB = BPCQ néi tiép.

b) APQ = AHP (A AHP céan), CAM = ACM ma ACM = AQP

Suy ra: APQ+CAM = APQ+ AQP =90°= AEH =90°. Vay: AM 1 PQ.

Céu 325.(Thay Nguyén Chi Thanh) Cho A 1a mét diém bat ki trén nira dudng tron duong kinh BC (A
+# B, C).Ha AH L BC tai H. Goi |, K lan luot 1 tdm cua dudng tron noi tiép AAHB VA AAHC.
Puong thang 1K cit c4c canh AB, AC lan luot tai M, N . Ching minh:

a) AAIH ~ ACKHva AHIK ~ AABC
b) AMAN la tam giac can

¢) Xac dinh vi tri ctia diém A dé chu vi caa duong tron ngoai tiép AMHN dat gia trj 16n nhat.

Huwdng dan

a) D thay: Hi=H> (=45°)va A1:C1(=%C=%BAHJSAAIH ~ACKH (g.9)
HI CH AH AB HI AB

Suy ra: tgC =

= , = j— =
HK AH CH AC HK AC

Lai c6: IHK = BAC =90° Suy ra: AHIK ~ AABC(c.g.c)
b) AHIK ~ AABC = C = HKI = NCH + NKH =180°
= NCHK ndi tiép. Do d¢6: ANM = KHC =45° .
Vay: AAMN vubng can tai A.
c) AAKH =AAKN (g.c.g)= AN =AH =AM = A |2 tdm dudng tron ngoai tiép AHMN .
Do d6: Crmn = 27 AH = Chmn 16n nhdt <> AH 16n nhit ma: AH < OA
Diu "="xayra<> AN=0A < H = 0.Khidé A ladiém chinh giita ciia nira (O) va C,,, = 2R.
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Céu 326.(Thay Nguyén Chi Thanh) Cho dudng tron tdm O c6 hai duong kinh AB,CD vudng goc véi
nhau. Goi M la mot diém di dong trén doan OB (M =0, B) . Tia CM cét BD tai P va dudng tron
tai N (N =C) .Goi Q la giao diém ciia AN va CD

1) Chang minh tr giac DQPN néi tiép va PQ//AB

2) Chuing minh AACQ ~ AMAC va dién tich tir giac ACMQ khong d6i khi M thay doi trén OB

2
3) Chang minh € =(C—Nj
AM AN

4) Chirng minh tdm dudng tron ngoai tiép tam giac CON ludn ndm trén mot duong thing cb dinh khi

M thay doi trén OB

Huwong dan

C
1
|
At u M B
0
Q Pl E
N
D

1) Xét (0): AB L CD(gt)= AOC =COD =BOD = AOD =90’

— AC = BC =BD = AD (Vi cac goc ¢ tam bang nhau chin céc cung bang nhau )
= ANC = CDB (Vi hai goc noi tiép chin hai cung bang nhau)

hay ONP = QDP

Xét tir giac DOPN c6: QNP =QDP (cmt)

= Hai dinh ké nhau D, N cling nhin canh PQ duéi 1 goc bang nhau.

= t gidc DOPN noi tiép (DHNB).

= QPD =QND (Vi la hai gc noi tiép cung chan QD)

ma AND = ABD (Vi la hai gdc noi tiép ciing chian AD)

= QPD = ABD . Ma hai géc QPD, ABD & vi tri dong vi = PQ 1 CD

Ma: AB 1. CD = PQ// AB (dpcm)

2) Xét (0):
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AMC = %(sdAC +sdBN) (Vi 1a gbc co dinh nam trong duong tron chdn AC,BN )

CAQ =CAN = %stN = %(sdBC+sdBN) (vi 12 2 gbc noi tiép chan cung CN)

Ma AC =BC (cmt) . Suy ra: CAQ = AMC
Xét AAOC ¢6: OA=0C =R (gt) = AAOCCcantai O = A =C,
Xét AACQva AMAC c6: C, = A, CAQ=AMC(cmt) = AACQ & AMAC (g.g)

AC CQ

= AM.CQ = AC? = const
AM ~ AC

Xét tir gidc ACMQ c6: CQ L AM (gt) =S ;AM.CQ

ACMQ

‘ AC C
Ma AACQ ©» AMAC (g.g) = I ﬁ = AM.CQ = AC* =const =S,

Vay dién tich ta gilc ACMQ khdng doi khi M thay doi trén OB.

khong dbi.

3) Xét (0): AC= AD(cmt)=>C, = N, (i hai gc ni tiép chan 2 cung bing nhau)
Xét AACQ va AANCco: CAN chung, C, =N, (cmt) = AACQ @ AANC(g.g)

:CQ AC CQ CN
NC AN AC AN

5. AC CQ( caub) = AC _CQ_CN _
AM  AC AM  AC AN

Suy ra:

2
AC.CQ:CQ:kzz N (dpcm)
AM AC  AM AN

4) Ké CB va DN kéo dai cit nhau tai E.
Xét (0): CBD=CND=90° (Vi la goc ngi tiép chan nira duong tron)
N {DB LCE
CN L DE
Ma CN "DB =P = P latryc tdm tam giac CDE = PE 1 CD
Lai c6: PQ L. CD = E, P, Q thiang hang.
= CQE = CNE =90°
= Q, N cuing nhin canh CE duéi 1 goc vudng.
= Q,N clng thuoc duong tron tdm I, duong kinh CE. (Véi | 1a trung diém CE)

Hay (I) la dudng tron ngoai tiép tam giac CQN
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Do I eCE hay I € CB ¢6 dinh nén tam dudng tron ngoai tiép tam giac CQN ludn nam trén mot duong
thang cb dinh khi M thay ddi trén doan OB.

Céu 327.(Thiy Nguyén Chi Thanh) Cho duong tron (O;R) duong kinh BC, A la diém chinh gitra
cung BC. M la mot diém nam trén doan OB . E, F lan luot 12 hinh chiéu cua M trén AB va AC.
a) Chung minh rang bn diém A; E; M; O clng nam trén mot dudng tron.

b) Khi diém M trén doan BC sao cho BM =%BO , ching minh rang BE.BA = % R?

c) Buong thang MF cit tiép tuyén tai A ciia duong tron (O) tai diém K.
d) Chirng minh rang BE = FK .
e) Khi M di chuyén trén doan BC . Chtng minh rang duong thiang di qua M , vudng goc véi... ludn di

qua mot diém cb dinh

Huwong dan

A K

v
|

|

Ta giac AEMO c6 MEA+MOA =90°+90°=180° Tt gidc AEMO ndi tiép (dhnb) nén A, E, M, O
cling nam trén mot dudng tron.
b) Chuang minh ABEM ddng dang véi ABAC (9.9)

= BE.BA=BM.BO = BM.BO :%RZ

a) Chung minh AOB =90°

¢) Chirng minh tir giac AEMF la hinh chit nhat = ME = AF

Chung minh ABEM vudng can tai E = BE = EM

Chung minh AAFK vudng can tai F = AF = FK

Chang minh BE = FK

d) AO cat (O) tai | nén | ladiém chinh gitacung AB nén | cb dinh.
EM cit Cl tai N.Puong thing qua M vudng goc véi EF tai P,
Chung minh ti gidc BENI Ia hinh chit nhat nén BE =IN =EM .

Chung minh t gidc MNCF 1a hinh vuéng nén MN = MF .
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— AMEF = ANIM (c.g.¢) = EFM = NMI

Ma tong sé do ba géc trong tam giac MPF bang 180°

= PMI = PMF + FMN + NMI = PMF +90° + PFM =180°

Nén P; M; | thing hang hay duong thiang qua M vudng géc voi EF ludn di qua diém | cb dinh.

Céu 328.(Thay Nguyén Chi Thanh) Cho tam giac ABC c6 ba g6c nhon ndi tiép duong tron tam O bén
kinh Rva AH la duong cao ciia tam gidc ABC . Goi M, N thi tu 1a hinh chiéu cua H trén AB, AC

1) Ching minh ti giac AMHN la tir giac noi tiép

2) Ching minh ABC = ANM

3) Chirng minh OAvubng géc voi MN

4) Cho biét AH =R+/2. Chitng minh M, O, N thing hang.

Huwong ddn

1) - Giai thich AMH = ANH =90°
-Tinh tong AMH + ANH =180°

- KL : AMHN Ila t& giac noi tiép

2) Céach 1:

cm ANM = MHA (do tg AMHN noi tiép)

= ABC = AHM (cung phu véi MHB)= ABC = ANM
Céch 2: Cm AM.AB = AN.AC (= AH?)

= AANM ~ AABC(c.g.c) = ABC = ANM

(cho diém tirong 1ig nhuwr céch 1)

3) Céach 1: Ké duong kinh AD
DAC = DBC (géc nt chin cung DC)
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ABC = ANM (cmt)
C6 DBC + ABC =90° (g6c nt chan nta dtr)
= ANM + DAC =90°= AO L MN
Céch 2: Ké tiép tuyén xAy cua (O)
c/m: XAC = ABC (g6c nt, gdc tao bai tt va day clng chin cung AC)
ABC = ANM (cmt)
Vay XAC = ANM , ¢ vi tri slt
= MN//xyma AO L xy (do xAy laTT cuaa (O)) = AO L MN
(cho diém twong 1ing nhw céch 1)
4) C6 AN.AC = AH? =2R* = AO.AC
= AN.AC = AO.AC
= AAON ~ AADC(c.g.c)
= AON = ADC =90°
CMTT : AOM = ADB =90°

Vay AOM + AON =180°= O, M, N thang hang.

Céu 329.(Thay Nguyén Chi Thanh) Cho dudong tron (O) duong kinh AB . Goi H 1a diém nam gira O
va B. Kéday CD vudng goc voi AB tai H . Trén cung nho AC ldy diém E bat ky (E khac A va
C). Ké CK vudng géc v6i AE tai K. Duong thing DE cit CK tai F .

1) Chang minh ta gidc AHCK 12 tir giac noi tiép

2) Ching minh KH song song véi ED va tam gidc ACF la tam giac can.

3) Tim vi tri cia diém E dé dién tich tam giac ADF 16n nhat.

Huwong dan
F
K
C
E
A 0 H B
D

a) Vi CK L AK nén AKC =90°. CH L AB tai H nén AHC =90°. T gidc AHCK co:
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AHC + AKC =180° nén ACHK Ia t&r giac noi tiép.

(Téng 2 goc ddi bang 180° ).

b) Tir CHAK 14 ttr gi4c noi tiép ta suy ra CHK = CAK = CAE (g6c noi tiép cuing chin cung KC).
Lai c6 ADCE ndi tiép nén CAE =CDE (g6c nai tiép cung chin cung EC).

Tur d6 suy ra CHK =CDE = HK //DE..

Do HK// DF,ma H latrung diém CD (Puoc suy ra tir quan hé vuéng goc cia duong kinh AB Vi
day CD tai H).

Suy ra HK 1a duong trung binh caa tam giac CDF , dan dén K 1a trung diém FC. Tam giac AFC c6
AK 1a dudng cao dong thoi ciing la trung tuyén nén CAF 14 tam giac can tai K .

c) Tam giac FAC cantai A nén AF =AC.

D& thay tam gidc ACD cantai A nén AC = AD tir 6 suy ra AF = AD hay tam giac AFD can tai A,
ha DI L AF .

Taco S, :% DI.AF :% DI.AC do AC khong doi nén S, 16n nhat khi va chi khi DI 1¢n nhét,

Trong tam giac vuéng AID ta co:

1 1 AC’®

ID<AD = AChayS,, =5 DI.AF =5 DI.AC < diu dang thac xay ra khi va chi khi 1 = A khi d6

DAF =90° din dén tam giac ADF vudng cantai A, suy ra EBA=EDA=45° hay E ladiém chinh
gitra cung AB.

Ciu 330.(Thay Nguyén Chi Thanh) Cho tam giac ABC ngi tiép duong tron (O). Cac duong cao BE
va CF cat nhau tai H .

1) Chang minh t giac BFEC 1a tir giac noi tiép

2) Chitng minh AF.AB = AE.AC

3) BE va CF lan luot cit (O) tai diém thi hai la M va N . Chang minh EF // MN

4) Giasir B va C cb dinh; A thay d6i. Tim vi trj cia A sao cho tam giadc AEH cd dién tich Ion nhét.

Huwong dan

1) Chttng minh duoc tir giac BFEC nai tiép duong tron duong kinh BC
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2) Chitng minh duoc AAHF d6ng dang véi AABD

— AF.AB = AH.AD (1)

Chang minh AAEH d6ng dang véi AADC

— AE.AC = AH.AD (2)

(1) va (2) suy ra AF.AB = AE.AC

(Hoic ching minh AAEF dong dang véi AABC)
3)+Chung minh dugc MAC =CAD hay MAE = EAH suy ra AE latrung tryc cuia HM ,suyra E la
trung diém ciaa HM

+ Tuong ty ching minh dwoc F 12 trung diém cua HN
Suy ra FE // MN (duong trung binh)

(Hoic c6 thé ching minh FCB = FEB = NMB)
4)4S, ., = 2AE.EH < AE? + EH? = AH?

Chang minh AH = 20K, OK khdng d6i.

Lap luan, két luan dugc S, ,,, 16n nhat khi AE = EH hay HAE = 45° = ACB = 45°suy ra vi tri A
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Céu 331.(Thay Nguyén Chi Thanh) Cho (O) duong kinh AB =2R, xy latiép tuyén voi (O) tai B.
CD la mot dudng kinh bt ky (AC <CB). Goi giao diém cua AC, AD véi xy theothrtula M va N .

1) Chang minh rang ta gidc MCDN noi tiép.

2) Chttng minh AC.AM = AD.AN

3) Goi | latam dudng tron ngoai tiép tir giac MCDN va H la trung diém cua MN . Chtng minh rang ti

gi4c AOIH I1a hinh binh hanh. Khi duong kinh CD quay xung quanh diém O thi | di dong trén duong nao?

4) Khi géc AHB bang 60°. Tinh dién tich xung quanh caa hinh try tao thanh khi hinh binh hanh AHIO

quay quanh canh AH theo R.

Huwong dén

1) CM AAOC can 6 O = CAO=0CA
ma CAO = ANB (cung phu véi AMB) = ACD = ANM

Tacé: ACD+DCM =180°= DCM + ANM =180°
Chang minh DCMN noi tiép
2) AACD va AANM c6:

MAN : chung

= AACD ~ AANM (g - 9)
ACD = ANM (cmt)

AC AD s
— —— =—— (Ccanh tuong ing ti 1¢)
AN AM
— AC.AM = AD.AN
3) Xac dinh 1 : 1 1a tam duon tron ngoai tiép tir giac MCDN

— | 13 giao diém cua duong trung truc cia CD va trung truc cua MN
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=IH LMN va 10 LCD
Do AB L MN;IH LMN = AO // IH

Do H latrung diém MN = AH la trung dié mcuaa tam giac vuéng AMN
= ANM = NAH

Ma ANM = BAM = ACD(cmt) = DAH = ACD

Goi K la giao diém cua AH va DO

do ADC + ACD =1v = DAK + ADK =90° hay AAKD vubng ¢ K

=AH 1LCD maOl LCD= Ol /[ AH

Vay AHIO la hinh binh hanh

Do AOIH 14 hinh binh hanh = IH = AO =R khdng d6i

— CD quay xung quanh O thi | nam trén duong thing song song véi Xy va cach xy mot khoang bang R .

4) Xét AABH vuong tai B, AHB =60°

= AH = 2Rsin60° =¥
2
= S, = 22 R AR <2, R 4RY3 _ 43R
2 2" 3 3
Céu 332.(Thiay Nguyén Chi Thanh) Cho diém M ¢ dinh nam bén ngoai duong tron (O;R) . Qua M

V& céc tiép tuyén MA, MB véi duong tron (O) (v6i A, B la céc tiép diém). Goi C la diém bat ki trén
cung nho AB cua duong tron (O). Goi D, E, F lan luot 1a chan duong vudng goc ké tir C dén AB,
MA, MB.

1) Chitng minh bbn diém A, D, C, E cing thuoc mot duong tron.

2) AC cat DE tai P; BC cat DF tai Q. Chang minh APAE ~ APDC suy ra PAPC = PD.PE

3) Chang minh AB // PQ

4) Khi diém C di dong trén cung nho AB caa duong tron (O) thi trong tim G caa tam giac ABC di

chuyén trén duong nao?

Hwéng dédn
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1) Xét tir gidc ADCE :

CDA+CEA=180°

Ma CDA va CEAIa hai goc d6i nhau

Suy ra tir giac ADCE la tir gic noi tiép (dhnb)

Vay 4 diém A, D, C, E cung thusc mot dudng tron
2) Xét dudng tron ngoai tiép tir giac ADCE :

CAE =CDE (2 gbc nai tiép cung chian cung EC)

Xét APAE va APDC

APE = DPC (hai gdc ddi dinh)

CAE =CDE (cmt)

— APAE ~ APDC (g - g)
PA PE

PD PC
— PAPC =PD.PE (dpcm)

(dinh nghia hai tam giac dong dang)

3) Chang minh PDC = ABC(: CAE);QDC - CAB(: CBF)

Suy ra PDQ + PCQ = CAB + CBA + PCQ =180°
Chting minh duoc tir giac CPDQ néi tiép

Suy ra CPQ = CAB(= CDQ) Ma hai géc ndy & vi tri ddng vi = AB /I PQ

4) OM cit AB tai | .dungtrongtdm G; lay H, K thubc Al va Bl saocho AH =§AI;BK :E:BI
= H,K cbdinh
AH CG 2

—=——=—=GH // CA; tuong ty GK // CB
Al CI 3
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Suy ra HGK=ACB=% sd AB.

Ma H, K c¢b dinh

Suy ra G thudc 1 cung chtra g6c o dung trén doan HK (thudc nira mat phang bo AB ¢6 chia diém M) .

Céu 333.(Thay Nguyén Chi Thanh) Cho dudng tron (O) c6 day cung CD ¢ dinh. Goi M la diém
nam chinh gitra cung nho CD
Duong kinh MN cua dudng tron (O) cat day CD tai | . Lay diém E bét ky trén cung lén CD.
(E khac C,D,N); ME cit CD tai K. Cac duong thang NE va CD cat nhau tai P .
a) Chtiing minh rang: T gidc IKEN nai tiép
b) Ching minh: EI.MN = NK.ME
¢) NKcat MP tai Q. Chtng minh: IK Ia phan giac cia EIQ
d) Tu C vé& duong thang vudng goc véi EN cat duong thang DE tai H . Chitng minh khi E di dong trén
cung 16n CD (E khac C, D, N) thi H luén chay trén mot duong cb dinh.

Huwéng ddn

N

O ¢
C\ W P
M Q
a) Xétduong tron (O) b dudng kinh MN, M 1a diém chinh giita cung nhé CD (gt) nén MN
vudng goc voi CD tai trung diém | cia CD. Do d6: MID =90°
Taco Ee (O;% MN j = MEN =90° (gdc néi tiép chin nira duong tron)
Xét tir giac IKEN c6: MID +MEN =90°+90° =180°ma 2 g6c nay & vi tri dbi nhau
nén ta giac IKEN noi tiép. (theo du hiéu nhan biét tir giac noi tiép)

b) Tagiac IKEN noi tiép (cmt) nén MEI = MNK (2 géc nai tiép cling chan cung 1K)

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122




Xét AMEI va AMNK co:

MEI = MNK (cmt) El  ME
NK

— AMEI ~ AMNK (g.g) = —= = "= — EI.MN = NK.ME
EMIchung MN

c) Xét AMNPc6 2 duong cao ME va Pl cit nhau tai K nén K 1a truc tam AMNP

Do @6 NK vuéng goc véi MP tai Q. Tur do suy ra NQP =90°

Xeét tir giac NIQP c6: NIP = NQP =90° ma 2 géc nay cung nhin NP do d6 tt giac NIQP noi tiép.
Suy ra QNP =QIP (vi cling chin cung PQ) (1)

Ta giac IKEN nai tiép (cm a) nén QNP = EIK (cing chan cung EK ) (2)

Tu (1) va (2) suy ra QIP=EIK . Do d6 IK la phén giac cua EIQ.

d) Tur C vé dudng thang vudng goc véi EN cat duong thang DE tai H . Chiing minh khi E di
dong trén cung Ién CD (E khac C, D, N) thi H ludn chay trén mot duong cé dinh.

ME L NP

. DEM = DHC(dv)
co- CH L NP

}: ME//CH =
MEC = ECH (slt)

Ma DEM = MEC (2 g6c nt chian 2 cung = nhau)

= EHC =ECH

= AEHCcéantai E

= EN la trung tryc cia CH

Xét ADCH c6: IN latrung tryc caa CD (dé ding cm) = NC =ND
EN latrung truc cia CH (cmt) = NC = NH

— N 1a tdm duong tron ngoai tiép ADCH

— H e(N;NC)

Ma N, C cédinh => H thudc dudng tron ¢ dinh khi E chay trén CD

Céu 334.(Thiay Nguyén Chi Thanh) Cho nira dudng tron (O) duong kinh AB =2R; C la diém bat ki

nam trén nia duong tron sao cho C khac A va AC <CB. biém D thugc cung nho BC sao cho

COD =90°. Goi E lagiao diém cua AD va BC, F lagiao diém cua AC va BD.
1) Chang minh CEDF 14 tir giac noi tiép
2) Chang minh FC.FA=FD.FB
3) Goi | latrung diém cua EF . Chang minh IC la tiép tuyén cua (O)

4) Hoi khi C thay dbi thoa mén diéu kién bai toan, E thudc duong tron c¢b dinh nao?
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Hwéng dédn

1) Taco: ACB = ADB =90°
= FCE = FDE =90°
Tu giac CEDF c6: = FCE + FDE =180°. KL

2) Xét AFCB va AFDA c6 FCB = FDA=90° va CFB chung
= AFCB ~ AFDA (g - 9)

:E:E:> FC.FA=FD=FB
FD FA

3) AOCA céantai O nén ICF =IFC

AICF cantai | nén OAC =0OCA

Tu do ICF +OCA=IFC +0OAC =90° Vi AHAF vubngtai H (do E latryc tam AFAB)
= 1CO0=90°=I1C LOC

Két hop véi C e(0O) suy ra IC tiép xac véi (O)

4) Goi T la diém chinh giita ciia cung AB khdng chira C (T ¢6 dinh)

IETO I hinh binh hanh (Vi IE song song va bang OT)

—TE =0l =R+/2 (Vi ICOD la hinh vuéng canh E)

Vay E thuoc (T; RV2)

Céu 335.(Thiay Nguyén Chi Thanh) Cho duong tron tdm O va diém A nam ngoai dudng tron sao cho
OA=3R.Qua A, ké cac tiép tuyén AP, AQvéi dudng tron (O)(P,Q la cac tiép diém). Qua P ké dudong
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thang song song véi AQcit (O)tai M . Goi N la giao diém tht hai cua duong thing AM va (O). Tia
PN cit duong thang AQtai K .

1) Chang minh t gidc APOQ nai tiép

2) Chuang minh KA* = KN.KP

3) Kéduong kinh QS cua (O). Ching minh tia NS la tia phan giéc cia géc PNM .

4) Goi G la giao diém cua hai duong thang AO va PK . Tinh d¢ dai doan thang AGtheo R.

Huwéng ddn

. |AP LOP
1) Taco = APO = AQO =90°
AQ LOQ

Ta giac APOQ c6 APO + AQO =180° ma hai gbc nay & vi tri dbi nhau.

Suy ra Tt giac APOQ ndi tiép

2) Vi AQ//PM nén géc PMA= QAN (so le trong)

Ma PAM = APN (G6c néi tiép va goc tao boi tia tiép tuyén va day cung PN)

NEN QAN = APN
XET A KAN va AKPA c6
Goc AKP chung

QAN = APN
— AKAN ~ AKPA(gg)

Nén — = — = KA”> = KN.KP
KA

3) Taco PM //AQ ma SQ vubng gbc véi AQ nén SQ L PM .

Suy ra S 1a diém chinh gitra PM = SM =SQ
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= PNS =SNM hai géc néi tiép cung chéan hai cung bang nhau

Nén NS latia phén giac cua goc PNM .

4) Tacd KA = KN.KP

Chitng minh AKNQ ~ AKPQ(gg) = KQ? = KN.KP

Suy ra: KA=KQnén K 1a trung diém cua AQ.

Chang minh H 14 trung diém cua PQ.

Xét tam giac APQ c6 hai duong trung tuyén PK, AH cit nhau tai G = G la trong tam

— AG=2pH =R
3 9

Céu 336.(Thay Nguyén Chi Thanh) Cho duong tron (O; R), duwong kinh AB vudng géc vai day cung
MN tai H (H nam gira O va B). Trén tia MN lay diém C nam ngoai duong tron (O; R) sao cho
doan thang AC cit duong tron (O R) tai diém K khac A, hai ddy MN va BK citnhau ¢ E.

a) Chiing minh raing AHEK 14 tir giac noi tiép.

b) Chung minh CA. CK=CE . CH

¢) Qua N ké duong thang vudng goc véi AC cit tia MK tai F . Chirng minh ANFK can.

d) Giastr KE =KC. Chung minh OK // MN

Huwéng ddn

A
A
F
C
M S_HE-N
MS~H/EN ¢ BLE/
B

a) Tac6: AHE =90° (theo gia thiét AB L MN)
AKE =90° (g6c noi tiép chin nira duong tron)
= AHE + AKE =180°. Vay tir giac AHEK Ia tir gi4c noi tiép. (Tong hai goc dbi bang 180° )
b) Xét hai tam gidc CAE va CHK:
+ Cb goc C chung

+ EAC = EHK (g6c néi tiép cling chin cing EK)
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Suy ra ACAE -~ ACHA (g —0)
Suyra CA. CK=CE. CH
Hoac cm ACKE -~ ACHA (g —9)
¢) Do duong kinh AB vudng géc MN nén B la diém chinh giita cung MN
Suy ra MKB = NKB (1)
NKB = KNF(2)

Lai c6 BK // NF (vi cung vudng goc vai AC) nén
MKB = MFN (3)

Tr @), (2), (3) suy ra MFN = KNF < KFN = KNF . Vay AKNF can tai K.
d) Taco AKB =90°= BKC =90° = AKEC vubng tai K.
Theo gia thiét ta lai c6 KE = KC nén tam gidc KEC vudng can tai K
BEH = KEC =45°= OBK =45°
Mt khac vi tam giac OBK cén tai O (do OB = OK = R) nén suy ra tam giac OBK vudng can tai O dan
dén OK // MN (cuing vubng goc véi AB)

Ciu 337.(Thay Nguyén Chi Thanh) Cho AABC ni tiép duong tron tam O duong kinh AB sao cho
AC <BC; E 1a mét diém thudc doan BC (E khac B va C). Tia AE cat duong tron (O) tai diém thu
hai D. K¢ EH vudng gbéc vai AB tai H.

1) Chtng minh tr gidc ACEH 1a tt giéc noi tiép.

2) Tia CH cit (O) tai diém tha hai F . Chung minh rang EH // DF .

3) Chuang minh rang duong tron ngoai tiép ACHO di qua diém D .

4) Goi | va K lan luot 12 hinh chiéu vudng géc cua diém F trén cac duong thang CA va CB. Chang minh

ring AB, DF, IK cung di qua mot diém.

Huwéng ddn

ACE =90°, AHE =90°
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ACE + AHE =180°
Hai gdc nay & vi tri d6i nhau, suy ra ACEH 1a ttr giac noi tiép

Tia CH cit (O) tai diém thi hai F . Ching minh EH //DF

AEH = ACH
ADE = ACF

Suy ra AEH = ADF

Hai gdc nay & vi tri dong vi, suy ra EH //DF

Chitng minh rang: Piém D thudc dwang tron ngoai tiép ACHO

Chang minh HEDB la tgnt suy ra

Chung minh CHD = CHE + EHD = COD

Chutng minh CHOD nai tiép

Suy ra D thudc duong tron ngoai tiép ACHO

Goi | va K lan lwet 12 hinh chiéu vudng goc caa diém D trén cac dwong thang CA va CB. Chiing

minh rang AB, DF, IK cung di qua mot diém.

D
K
B
F
Goi giao diém cua DF va AB 1a M
T giac AIFM noi tiép suy ra IMF = IAF
T giac ACBF noi tiép suy ra CBF = IAF, suy ra IMF = KBF
Ta giac BKMF ndi tiép suy ra KBF + KMF =180°
Tac IMF+KMF=180°, suy ra dpcm
Céu 338.(Thay Nguyén Chi Thanh) Cho AABC c6 3 g6c nhon néi tiép duong tron(O; R), dudng cao

BE, CF citnhautaiH . Goi M la trung diém cua BC va AD la duong kinh cia (O) . Chang minh:

a) BFEC la tu gi4c noi tiép
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b) AE.AC = AF.AB.
¢) H, M, D thiang hang

d) Cho (O) va diém B, C cd dinh, A di dong trén cung I6n BC sao cho AABC ludn c6 ba goc nhon. Chirng

minh: dudng tron ngoai tiép AAEF c6 ban kinh khong dbi.

Huwoéng dén
a) T giac BFEC néi tiép dwong tron (1,0 diém)
+ Do BE, CF la duong cao cia AABC (gt)
= BE L AC, CF L AB

G6c BEC = BFC =90° %
(khong ly gidi trir 0,25) , ‘L

E, F cung thuéc duong tron duong kinh BC B

Tu giac BFEC la tir gi4c noi tiép (dpem)

b) Chitng minh AE.AC = AF.AB (1,0 diém)
Taco BE L AC, CF L. AB = AEB = AFC =90°
Do BFEC la ti giac noi tiép FBE = FCE (hé qua g6c noi tiép)

Xét AAEB va AAFC co: goc AEB = AFC; FBE = FCE,
AAEB d6ng dang AAFC (g.9)

AE _AB . AEAC = AF.AB (dpem)
AF AC

¢) Chieng minh H, M, D thing hang (1,0 diém)
Do AD la duong kinh cia(O) (gt) = ACD =90° (hé qua gdc noi tiép) = DC L AC
Laic6 BE L AC (gt):> BE //DC=BH //DC (1)

Tuong ty tacd: HC // BD (2)

Tu (1) va (2) =t giac BHCD la hinh binh hanh

Do M Il trung diém cia BC = M 14 trung diém ctua HD .

Vay H, M, Dthang hang (dpcm)

d) Chirng minh: dwdng tron ngoai tiép AAEF ¢6é ban kinh khong doi
+CM: AEHF ngi tiép duong tron duong kinh AH .

AAEF noi tiép dudng tron c6 ban kinh 1a %AH ©)

+Do O, M lan luot 1a trung diém caa AD va HD
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OM la duong trung binh cia AAHD =OM = % AH

Do (O) va B, C ¢ dinh =0, M ¢6 dinh = OM khéng doi :%AH khong doi (4)

T (3) va (4) = duong tron ngoai tiép AAEF c6 ban kinh khong doi (dpem)

Céu 339.(Thay Nguyén Chi Thanh) Cho duong tron (O), ddy BC cé dinh. Trén cung I6n BC cua
(0), lay diém A (A= B,A=C). Hai tiép tuyén qua B va C cua (O) cat nhau tai E.

1) Chang minh ta giac BOCE noi tiép.

2) AE cit (O) tai diém thirhai 1aD (D = A). Chiing minh EB* = ED.EA.

3) Goi F 1a trung diém cua AD . Puong thiang qua D va song song véi EC cat BC tai G . Chang minh FG

song song vai AC .

4) Trén tia d6i cua tia AB lay diém H sao cho AH = AC. Chimg minh khi diém A thay doi trén cung I6n

BC thi diém H di dong trén mot duong tron ¢ dinh.

Huwéng ddn

1) Chiing minh:  OBE = OCE =90°
Xét tir giac BOCE ¢6 OBE + OCE =180° ma chung 1a hai goc d6i nhau
Suy ra t gidc BOCE noi tiép

2) Chtng minh dugc EBD = EAD

Chiing minh AEBD - AEAB(g —g):%zgz ED.EA=EB’.

3) Chung minh F thudc duong tron ngoai tiép tir gilc BOCE nén BFE = BCE

Chung minh géc BCE =BGD .
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Tur @6 chung minh BGD = BFD
Chung minh t gidc BFGD nai tiép suy ra DFG = DBC
Chang minh DBC = DAC

Tir d6 suy ra DFG = DAC, ma 2 goc & vi tri ddng vi nén GF //AC

4)

Céch 1: Lay | 1a diém chinh gitra cung I6n BC nén | ¢ dinh va IBC = ICB.
Chang minh IBC =ICB = IAC = I1AH

Chiing minh AACI = AAHI (c-g—c)= IC =IH = H thugc duong tron(1,1C).

Cach 2:

AAHC can tai A nén BHC =% BAC =%sdBC =const.

Suy ra H thuoc cung chira goc %sd BC dung trén BC

Céu 340.(Thay Nguyén Chi Thanh) Cho dudng tron (O;R), dwong kinh AB . Trén tia ddi cua tia

AB liy diém C (AC >R). Qua C ké duong thang d vudng goc véiCA. Lay diém M trén duong tron
(O) sao cho AM zg. Tia BM cit duong thang d tai diém P. Tia CM cat duong tron (O) tai diém thu

haila N, tia PA cit duong tron (O) tai diem tht hai la Q.
1) Chang minh ta gidc ACPM la tir giac noi tiép
2) Chang minh NQ // PC.
3) a) Tinh thé tich cua hinh tao thanh khi quay tam giac MAB mét vong quanh AM theo R
b) Goi H 1a giao diém cua QN va AB. Goi E la giao diém ciia MB va QN , tia AE cét duong tron (O) tai
diém tht hai 1a K. Chang minh AE.AK + BE.BM =4R?.
4) Chirng minh ring ba diém B, N va tam dudng tron ngoai tiép tam gidc NEK thang hang.

Huwéng ddn
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d
Q
0
c K . . B
M
P
N

1) Ching minh ACP = AMB =90°. Tir d6 chira AMP =90°.
Tac6: AMP+ACP =180° Suy ra tt giac ACPM nai tiép

2) Chéeng minh NQ // PC

Chung minh dugc CPA=AMC (1)

Chuang minh ttr giac AMNQ noi tiép = AMC = AQN (2)

Tir (1) va (2) = AQN = APC = CP//QN

3a) Tinh thé tich ciza hinh tgo thanh khi quay tam giac MAB mgt vong quanh AM theo R

15

Str dung dinh li Pitago trong AAMB vudng tai M tinh MB = > R (dvdd)
Khi quay tam giac vubng AMB mot vong quanh canh AM ta dugc hinh non véi duong cao AM =h,
ban kinh cua duong tron day la BM =r.

_52R°

Thé tich cua hinh non la: V = %ﬂrz.h (dvtt)

3b) Chizng minh AE . AK +BE.BM =4R’®

d
Q
" 2 [He
K
M
P
N
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Chang minh QN L AB tai H
AE AH

Ching minh AAEH ~ AABK (g.9)= ~= =~ _. AE.AK = AB.AH
AB AK
, . BE BH

= AE.AK + BE.BM = AB(AH +HB) = AB® =4R’.

4) Chirng minh rang ba diém B, N va tim dwong tron ngogi tiép tam giac NEK thdng hang.

d
Q
0]
c = . B
g |
M
P
N

Ké Nx 12 tiép tuyén cua duong tron ngoai tiép tam gidc NKE tai N

(NXx thudc nira mat phang bo 1a duong thang NE chira diém A) (3)

Chtrng minh dugc ENx = NKE

Chtrng minh dugc NKE = ENA

ENx = ENA(4)

Tu (3) va (4) = TiaNx latia NA trung nhau

= NA 12 tiép tuyén ciia dudng tron ngoai tiép tam giac NEK tai tiép diém N .
Goi | 1atam duong tron ngoai tiép tam giac NKE

= AN L NI, ma AN L BN = N, |, B thing hang
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Céu 341.(Thay Nguyén Chi Thanh)

Cho duong tron(O;R), day MN c6 dinh (MN < 2R). Ké duong

kinh AB vudng goc véi ddy MN tai E . Ly diém C thudc ddy MN (C khac M, N, E), BC cit duong

tron (O) tai diém K (K khac B).

1) Chang minh: Tw giac AKCE ndi tiép dugc mot duong tron.

2) Chitng minh: BM? = BK.BC.

3) Goi | 1a giao diém cia AK va MN;

a) Chang minh: D thudc (O;R).

D 1a giao diém cua AC va BI .

b) Ching minh diém C cach déu ba canh cua ADEK .

4) Xéc dinh vj tri diém C trén day MN dé khoang céch tir E dén tdm dudng tron ngoai tiép AMCK nho nhat.

A

K
[ ] O
MNV N

B

1) Xét (0)co: AKB =90° (goc néi tiep chdn nira duong tron)

Tacdé AB L MN tai E (gt) = AEM =

BEM =90°

Xét tir gidc AKCE cd: AKC + AEC =90°+90°=180°
Tu giac AKCE nai tiép duoc mot duong tron (dhnb)

2) +) Xét (O) co:
AB la d/kinh

MN la day = B la diém chinh giita MN = BM = BN

AB L MN (gt)

= MKB = NMB (2 gdc néi tiép cuing chin hai cung bang nhau)

+) Xét ABMC va ABKM co:

B :chung
MKB = CMB(cmt)

} => ABMC -~ ABKM (g.9)
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BM BC
->—=—
BK BM

= BM? = BK.BC (T/c TLT) (dpcm)

3) Xét AAIB c6 BK, IE la hai duong cao
Ma BKNIE={C} = C latryc tam cua AAIB

= AC la duong cao cua AAIB

= AC L IB hay AD 1L IB= ADB =90°
= D thudc duong tron duong kinh AB

Hay D thugc (O;R).

+) Chitng minh ti giac BDCE noi tiép

= CBE = CDE (2 g6c néi tiép cing chin CE )

+) Chitng minh KDA = KBA (2 gdc noi tiép ciing chan AK cua (O))

— KDC =CDE = DC la tia phan giac cia KDE

+ Chang minh tuong ty: KC 14 phan gi4c cua DKE (HS ghi chigng minh twong tw GV khong trie diém)

+ Chitng minh C 1a tdm duong tron noi tiép ADKE

Suy radiém C cach déu 3 canh cua tam giac ADKE
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4) +) Chang minh dugc MB 13 tiép tuyén cuia AMCK

+) Goi O’ la tam duong tron ngoai tiép AMCK

= MB L MO’ (1)

+) Xét (O) c6 AMB =90° (g6c noi tiép chin nira duong tron)
T (1) va (2) =0 e AM

Vi B, A, M cb dinh = O’ ludn thuc duong thing ¢ dinh AM
+)Ké EH L AM = H cé dinh (vi E ¢6 dinh, AM c¢é dinh)

+) Xét AO’EH c¢6 O'HE =90°

= O’E > HE (ghé duong vubng goc, duong xién)
>mnOE=HE<O =H

Ma ta ludn c6 O’ lubn thudc duong trung truc cuaa MC
=0C=0M

Vay khoang cach O’E nhé nhat khi O’ = H = C la giao diém thir hai ciia (H;HM) véi ddy MN trong

d6 H la chan duong vudng goc cua E trén AM

Cau 342.(Thiy Nguyén Chi Thanh) Cho duong tron tam O ban kinh R, duong kinh AB . Piém H
bat ki thuoc doan OB, H khac O va B . Day CD vuéng géc véi AB tai H . Duong thang d tiép xtc voi
duong tron tai A. N6i CO, DO cit duong thang d tai M va N . Céac duong thang CM va DN cit
duong tron (O) lan luottai E va F (E # C, F # D).

a) Chitng minh ti giac MNFE noi tiép

b) Chiang minh ME.MC = NF.ND

¢) Tim vi tri cua diém H dé ta giac AEOF 14 hinh thoi.

d) Lay diém K ddi xang véi C qua A. Goi G la trong thm tam giac KAB. Chung minh rang khi H di

chuyén trén doan OB thi diém G thudc mot duong tron cb dinh.
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Hwéng dédn

N
F
C
O' A Z h
B
K
E D
M

a) Lap luan dugc OA L MN nén MN // CD

= DCM =CMN

Lap luan dugc goc DCM = DFE = CMN = DFE

Suy luan dugc te giac MNEF noi tiép

b) Lap luan chitng minh dugc tam gidc OMN cén tai O = AM = AN
Chtmng minh duoc ANAF -~ ANDA (g.9),

suy dugc NA” = NF.ND

Chung minh tuong ty: MA* = ME.MC

Suy dwugc: ME.MC = NF.ND

¢) Lap luan: && OEAF la hinh thoi <> AE = AF =OE =OF =R

Suy luan dé duoc AOAE déu < goc AOE =60°va goc COH =60°
Lap luan dugc OH =0OC.cos60° = ;

Suy dugc H la trung diém caa OB
d) Lay diém O’ ddi xang vi O qua diém A, suy ra O’ ¢ dinh,OA'=0A=R. Vi O la trung diém cua

AB nén suy ra dugc G € KO, OG =§OK :

Chtng minh dugc AAOC = AAO’K = O’K =0C = Rkhong doi
Ké Gl // OK, (1 eOA). Ap dung dinh Iy Talet suy dugc

O _16 _0G_1_ =§;|G:E suy duoc diém | ¢b dinh, IG khéng doi
0O0' O'K OK 3 3 3

Lap luan duoc G thudc duong tron (I %j ¢ dinh
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Ciu 343.(Thay Nguyén Chi Thanh) Cho duong tron (O; R) c¢6 hai duong kinh AB va CD vubng goc
véi nhau. Goi M 1a diém di dong trén doan thang OB(M khac O va B). Tia CM cit duong tron (O; R)
tai E.

1. Chirng minh t& gilc OMED noi tiép

2. Chang minh CM.CE =2R%.
3. Goi H lagiao diém cua BD va CE, K la giao diém cua AE va CD. Chiing minh HK L.CD

4. Chiing minh dién tich t gidc ACMK khéng doi khi M di dong trén doan thang OB (M khéac O va B)

Huwong ddn

a) Chieng minh t giac OMED néi tiép

Chung minh dugc tar giac OMED c¢6 goc MOD + MED =180°
Suy ra tir giac OMED nai tiép

b) Chitng minh CM.CE = 2R’

Chirng minh dugc ACOM - ACED(g—-g)

Suy ra CM.CE =CO.CD=2R®

¢) Goi H lagiao diém cia BD va CE, K la giao diém ciia AE va CD. Chieng minh HK L CD

Cminh dugc KEH = KDH
Suy ra duoc tir giac KHED noi tiép
Suy ra dugc HK L CD

d) Ching minh dwoc ACAK -~ AAMC(g—g)
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Suy ra duoc AM CK = AC? = 2R?

Chi ra dugc S, = % AM CK = R? khong doi

Ciu 344.(Thay Nguyén Chi Thanh) Cho duong tron (O)véi duong kinh AC. Trén doan OC lay
diém B. Goi M latrung diém AB, tr M ké ddy DE vudng goc véi AB. Tir B ké BF vudng goc voi
CD (F thuoc CD)

Ching minh: ti giac BMDF noi tiép

Chang minh: CB.CM =CF.CD.

Chuang minh: tir giac ADBE Ia hinh thoi va 3 diém B, E, F thang hang.

Goi S la giao diém cua BD va MF, tia CS lan luot cit AD, DE tai H va K. Chang minh:
DA DB_DE

DH DS DK

A w bhpoE

Huwoéng ddn

V& hinh dung dén cau a

@)

-

<
[
o
o8}

1. C6 DMB =90°(Do DE L AB)
C6 DFB =90°(Do BF L AB)

Suy ra DMB + DFB =180°
Suy ra: tir giac DMBF ndi tiép
2. Chting minh: ACFB va ACMD dbng dang

CF CB
>—=—
CM CD

3.C6 AM =MB (M latrung diém AB)

=CFCD=CM.CB
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C6 DE L AC = MD = ME (Lién hé dk va dc)
Suy ra: ADBE la hinh binh hanh (DHNB)
Ma DE L AB
Vay ADBE la hinh thoi
4. Ké AJ // HK (J thuoc DE); Bl // HK (J thuoc DE)
DA DJ DB DI
DH DK’'DS DK
N DA+DB:DI+DJ

DH DS DK

(Pinh li Ta — let)

Chi ra duoc:

DA DB_EJ+DJ _DE
DH DS DK DK

Chirng minh dugc: DI =EJ(AAEJ=ABDI) =

Céu 345.(Thay Nguyén Chi Thanh) cho diém A nam ngoai duong tron (O; R) . tir diém A Ve céc tiép
tuyén AB ,AC voi B ,C latiép diém, va cat tuyén AMN vaéi duong tron (O). (voi MN khdng di qua tam
VAAM < AN).

1. CHung minh tt gidc ABOC noi tiép

2. Chang minh AM.AN = AB?.

3. Tiép tuyén tai N cuaa (O) cat duong thang BC tai diém F . ching minh duong thang FM 14 tiép tuyén
cua (O;R)

4. Goi P lagiao diém cua ddy BC vaday MN, E la giao diém cua duong tron ngoai tiép tam giac MNO
va dudng tron ngoai tiép tir giac ABOC (E khéc O). Chang minh P, E,O thang hang

Huwoéng ddn
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Chi#ng minh ti# giac ABOC ngi tiép

AB la tiép tuyén ciia (O)nén AB vudng goc véi BO suy ra géc ABO =90°
Lap luan twong tu ¢ goc AOC =90°

Vi ABO+ ACO =180° nén tir giac ABOC ndi tiép

Chirng minh AM.AN = AB?

Chirng minh dugc goc ABM = ANB

xét AABM va AANB co6 goéc BAN chung, goc ABM = ANB
suy ra AABM -~ AANB

Suyra AM.AN = AB?

chitng minh dwong thang FM 14 tiép tuyén caa (O;R)

Chting minh AB> = AH.AO va AM.AN = AB? suy ra AH.AO = AM.AN
Chung minh M, N, O, H cuing thugc mot duong tron (1)

Ma FNO =90°nén FO la duong kinh cua (1)

Lap luan tuong tw c6 FM la tiép tuyén cua (O).

Chirng minh K ,D,E thang hang

Chuang minh A E,F thang hang

Chung minh EO,FH,AK la duong cao cua tam giac OFA

Céu 346.(Thay Nguyén Chi Thanh) Cho duong tron (O;R)cb dinh , ddy AB co dinh khong di qua
tam O. Qua trung diém | cua ddy AB , ké duong kinh PQ(P thugc cung nhé AB), E 1a diém bat ky
trén cung nho QB (E khéng trung véi B va Q), QE céit ABtai M, PE cat AB tai D.

1) Chang minh rang ti giac DIQE noi tiép

2) Chtrtng minh ME.MQ = MD.MI ttr 46 chitng minh MB.MA = MD.MI

3) Ké Ax//PE, Axcit (O)tai diém thtr hai F . Chang minh BE L QF
4) Goi giao diém caa BE va QF la K. Tim vi tri trén cung QB sao cho dién tich t giac QABK c6 gia tri Ion

nhét. Tim gia tri 16n nhit d6 theo R biét day AB =R+/3

Huwéng ddn
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)

a) Vi duong tron (O) ¢6 dudng kinh PQ di qua trung diém ciaddy AB ( AB khong di qua O) nén PQ L AB

tai | = DIQ =90°

Lai c6: PEQ =90° (gdc noi tiép chin nira dudng tron (O) ) hay DEQ =90°

Xét tir giac DIQE ¢ téng s6 do hai goc déi:  DIQ+ DEQ =90°+90°=180° nén t giac DIQE noi tiép

(dpem)
b) Xét AMED va AMIQ c6: M chung va DEM = MIQ(=90°)

ME _MD
Ml MQ

Vi tir gidc ABEQ nai tiép duong tron (O;R) = MEB = MAQ (cuing bu véi BEQ).

— AMED ~ AMIQ (c.g.c)=> — ME.MQ = MDMI ().

Lai c6 goc AMQ chung

MA _MQ _, MEMQ = MAMB (2)
ME MB

Tir (1) va (2) suy ra: MAMB =MD.MI .

— AMEB - AMAQ (g-g) =

¢) Vi duong tron (O) c6 duong kinh PQ di qua trung diém ciia ddy AB nén P 1a diém chinh gitta
AB= AFP=BEP (3) (hai gbc noi tiép chan hai cung AP,BP bing nhau)

Mat khac: PE//AF (do PE//Ax)

= AFP =EPF (4) (sole trong)

Tu (3) va (4) = BEP = EPF ma hai goc nay ¢ vi tri so le trong = BE //PF

Lai c6: PF L QF nén BE L QF (dpcm).
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B3

d) Taco: AB=R+/3 ma | la trung diém caa AB nén IB = R

Ap dung dinh ly Pi-ta-go vao cac tam giac vudng OIB;QIB vudng tai | ta dugc:
2

J3 ] R? R 3R

I0>=0B°-IB°=R*~|R— | =—=10=—=Ql =—
2 4 2 2

QB* =1Q*+ 1B’ =(3Rj {R@J —3R*=QB=R+3

2
34/3R?
4

1 1 3R
Syons =—=QI -AB==."".R/3 =
AQAB 2Q 2 9 \/_

Do ABQK vudng tai Knén S, :%KQ-KB (5)

Talaico:
2 2 2 2
(KQ-KB)” >0=> KQ? + KB? ZZKQ-KB:%KQ-KBS KQ ZKB = QE :32 (6)
3(J§+1)
Tur (5) va (6) Suy ra: Sy = Soas + Serg < - R?

D4u "=" xay ra khi KQ=KB. Do d6,ABQK vudng can tai K ma B,Q cb dinh nén K cé dinh.
Vi tri diém E can tim 1a giao diém cua BK véi duong tron(O).

3(\/§+1)

Vay dién tich ti giac QABK 16n nhat bang R® khi E 14 giao diém cua BK véi duong tron (O)

(trong d6 K 1a dinh g6c vubng cia tam giac vuéng can BQK)

Cau 347.(Thiy Nguyén Chi Thanh) Cho (O) duong kinh AB =2R. V& tiép tuyén Bx véi duong tron
(O). Tréntia Bx lay diém M . V&tiép tuyén MC véi duong tron (O) ( C latiép diem)

a) Chtng minh OM L BC

b) BC cit OM tai | . Goi H latrung diém AC ,tia OH cattia MC tai N . Chirng minh bdn diém

O,H,C, | cung nam trén mot duong tron.

2
c) Chang minh AN.BM = AB

d) V& CE L AB(E € AB). Tim vj tri cia diém M trén tia Bx &€ AOCE c6 chu vi 16n nhat.

Huwéng ddn
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a) Chtng minh OM 1. BC

Xét (O) co:

Tiép tuyén Bx cat tiép tuyén CM tai M (gt)

= CM =BM; OM Ila phén giac CMB va COB (t/c)
Xét ACMB co:

CM =BM (cmt)

= ACMBcantai M (t/c)

Xét ACMB cantai M c6:

MO la phén gidc CMB (t/c)

= MO la duong trung truc cua BC (t/c)

— OM L BC tai | va IB=IC (dpcm)

b) BC cat MO tai | . Goi H latrung diém AC , tia OH cittia MC tai N . Chang minh bén diém
O,H,C, | cung nam trén mot duong tron.

Xét (O) co:

H Iatrung diém day AC (gt)

=>A0OH =COH va OH 1L AC

Xeét tir giac OHCI cé:

OHC =0IC =90° (cmt)

=>0,H,C,| nam trén duong tron duong kinh OC (dpcm)

AB*

c) Chiang minh AN.BM =
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Xét AOAN va AOCN cbé:
ON chung

AON =CON (cmt)

OA=0C (=R)

= AOAN = AOCN (c-g-C)

= AN = NC (2 canh tuong ngQ)

Tacd AON =CON (cmt)

COM =BOM (cmt)

Ma AON +CON + COM + BOM =180° (gt)
— CON +COM =90°

= NOM =90°

Xét ANOM vudng tai O c6 duong cao OC:
= 0C?’=CMCN

Ma OC:%; CM =MB ; CN =NA (cmt)

2
= AN.BM = AB

d) V& CE L AB(E € AB). Tim vj tri cua diém M trén tia Bx dé AOCE c6 chu vi 16n nhat.
Chu vi AOCE =0C +CE +OE

=R+CE+OE
C6 CE? +OE*? > 2CE.OE

oc?
— 20C? > CE? +OE? + 2CE +OE
— 2R? > (CE+ OE)?
= 2R? > /(CE+OE)?

Hay CE+OE < Rv2

— R+CE+OE <R+Rv2

— Chu vi AOCE <R+R+/2

Vay chu vi tam giac dat gia tri 16n nhét bing R+R+/2

DAu “=" xay ra khi CE = OE < COE = 45° < BOM = 22,5°

Vay M € Bx:BOM =22,5°
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Céu 348.(Thay Nguyén Chi Thanh) Cho (O), Goi | la trung diém ctia dady AB. Qua | ké duong
kinh MN (M thudc cung nho AB), P la diém bat ki trén tia dbi cua tia BA sao cho goc ANP khac 90°
.N&i PN cit (O) tai E, ME cat AB tai D.

a) Chang minh cac diém D, I, N, E cung thugc mot dudng tron.

b) Chiing minh MD.ME = MI.MN

c) Qua A ké dudng thang song song véi ME , duong thiang d6 cét (O) tai F . Ching
minh BE L NF

d) Tim vi tri caa P @& D Ia trung diém cua BI

Huwéng ddn

a) Xét (O) co: | latrung diem cia day AB (gt) = MN L AB tai | (quan hé vudng géc giira duong kinh
va dady) = NIB =90°
Ta lai c6: MEN =90° (g6c chin ntra duong tron)
= DEN + DIN =180° , ma hai gdc ¢ vi tri d6i nhau
= Tu giac DINE ni tiép (dhnb)
Hay 4 diém D, I, N, E cung thugc mot dudng tron.
b) Xét AMID va AMEN c6 :
+) M chung

+) MID = MEN = 90°
— AMID ~ AMEN (g-g)

:>ﬂ:@:> MD.ME = MI.MN
ME MN
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c) Gia sir BE cit NF tai K.

Ta c6: BNF = BAF (hai goc noi tiép cung chan cung BF cua (O))

MDA = BAF (ha goc so le trong cia AF // ME)

DMI = EBN (hai gdc néi tiép cuing chin cung NE cua (O))
= BNF + EBN = MDA+ DMI = MDI + DMI =90°

Hay KNB+ KBN =90° = BE 1 NF
d) Ta cé:
*Ti gidc ABEN ndi tiép duong tron thm O
Xét APBN va APEA c0:
+) P chung
+) PNB = PAE 9hai g6c néi tiép cling chan cung BE)
— APBN ~ APEA (g-q)

:E :m = PB.PA=PE.PN
PE PA

*Ti giac IDEN noi tiép (cmt), ching minh tuong ty
= PD.PlI = PE.PN

= PB.PA=PE.PN = PD.PI

= PB.PA=PD.PI

= PB.(PB+AB)=[PB+%).(PB+%} ,(c6 ID=DB=ID= DB=%)

<:>PBZ+PB.AB=PBZ+%AB+%AB @PB:%QPB:BI

= Pé D latrung diém cua 1B thi diém P nam trén tia d6i cia Bl va PB = NI

Cau 349.(Thiy Nguyén Chi Thanh) Tir mot diém M nam bén ngoai dudng tron tim O v& cac tiép

tuyén MA, MB (A, B 1a c4c tiép diém). Ké dudng kinh AC cua duong tron (O), tiép tuyén tai C cia
duong tron (O) cit AB tai D.

a) Chimg minh céc diém A, O, B, M cing thudc mot duong tron.

b) Ching minh OM //BC.

c) Goi H lagiao diém cia MO va AB. Chimg minh AB-AD =4-OH -OM .

d) Cho MC ciat AB va OD lan luottai | va J.Sosanh Ol va HJ .

Hwéng dédn
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a) Xétduong tron (O)cé MA, MB la hai tiép tuyén tai A va B nén MA L OA;MB L OB

= MAO = MBO =90° =4 diém A, O, B, M cung thuc dudng tron duong kinh MO
b) Xét duong tron (O)co MA, MB Ia hai tiép tuyén tai A va B =>MA=MB (t/c 2tt cat nhau)
Lai c6 OA=0B
Suyra M va O thugc duong trung truc cia AB =>MO la duong trung truc cia AB
=>MO L AB (1)
Xét duong tron (O) cd BAC =90° (gbc néi tiép chin nira duong tron)=> BC L AB  (2)
Tir (1) va (2) = OM || BC
c) Vi MO la duong trung tryc cuia AB = MO L AB taiH
AMAO vubng tai A c6 AH L. OM = OH.OM =0A’ (3)(Hé¢ thuc lugng trong tg vudng)
Vi CD latiép tuyén cia (O) duong kinh AC tai C= AC L CD = AACDvudng tai C.

AABC ~ AACD (gg)=>2 = AC __ AB.AD = AC? ma AC = 20A=> AB.AD = 40A’ (4)

AC AD
T (3) va (4)= AB- AD =4-OH -OM

d) + Chang minh OMJ =HDO
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Xét AMBO va ACBD co:

A
MBO = CBD =90°

MOB = CDB (cung=MAB)

=>AMBO ~ACBD(g.g) = '(\:/': = (;Z =3 Z': = Eg G) M H . o)

Mait khac MBC = OBD (=90°+0BC) (6) I

Tir (5) va (6) = AMBC ~ AOBD(c.g.c) = BCM = BDO 3

Ma BCM =0OMJ (DoOM //BC) y
Nén HDO = JMO 5

ViOH.OM =O0A? (cau c) ma OA=0C nén

OH_oc
OoC OM™m

OH.OM =0C? = — AOHC ~ AOCM (cgc) = OCH =OMC (7)

Xét tir gidc OHDC c6 OHD +OCD = 90°+90° =180° =>Tr gidc OHDC ndi tiép
= HDO = HCO (2 g6c néi tiép cung chin HO) (8)
Tir (7) va (8) suy ra OMC = HDO = OMJ = HDO

+ Do d6 AHDO ~ AIMO(g.g) = OHD = OIM = 0JI =90°

Xét tir giac IHOJ ¢6 IHO =0J1 =90° =4 diém 1,H,0,J cing nam trén duong tron duong kinh

10 = HJ <Ol (trong duong tron day 16n nhat 1a duong kinh)

Dau “=" xay ra khi HJ 1a duong kinh < HIJ =90° < KO//KC < KAC la cat tuyén cua duong tron (trai
Véi dé bai)

Vay HJ <Ol

Cau 350.(Thiy Nguyén Chi Thanh) Cho (O;R) dudng kinh AB va (1;r) duong kinh AC tiép xiic
ngodi tai A. (R>r). Trung tryc ciia BC ct (O) tai D va E, cit BC tai K. Goi giao diém cua (1) vei
CE lanluotla M va N . Ching minh ring

a) Tt giac BDCE la hinh thoi.

b) Tt giac DMNE ndi tiép duge mot dudng tron.

c) KM va KN la cac tiép tuyén cta (1;r).

9

d) Xéc dinh ti s6 — d

>

ta gidc KMIN Ia hinh vuéng.




Huwoéng ddn

M
N
o A
B K X 1 C
N
, C s , DE L BC ={K}
a) -TacO DE la duong trung truc cua BC =

KB=KC

BA L DE ={K}

Suy ra KD = KE
OeBA

-Xét dg tron (O;R) c6 {

. ., , |KD=KE
- Xet tu giac BDCE co
KB =KC
Nén BDCE la hinh binh hanh
Lai co DE 1L BC
Do @6 BDEC Ia hinh thoi.

b) Do BDEC la hinh thoi.
= DCK = ECK = sd AM =sd AN

sdANC+sdAM _ sdNC +sd AN _ 180°
2 2 2

Taco NMC + MCK = =90°

= MN L BC

Lai c6 DE L BC ={K}

Suy ra MN // DE = MNED la hinh thang (1)

Ma BDCE la hinh thoi = CD =CE = ADCE cantai C
= BOE =MIC
BOE =180°-20BE

MIC =180°-2MClI
Ma OBE = MCI

—CDE=CED (2)
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Tu (1) va (2) suy ra DMNE la hinh thang céan
DMNE la t&r gi4c noi tiép.
c) Do DMNE la hinh thang can nén giao hai duong chéo thuoc duong trung truc caa hai day
+ C/m EKMC 1a t&r giac ngi tiép (EKC = EMC =90°) =M, =C, =C, =M.
Ma M, + AMI =90°
Nén M, + AMI =90°= KMI =90°= KM L IM ={M}
Laico M (1)
Vay KM 14 tiép tuyén caa (1)
Tuong tw KN 14 tiép tuyén cua (1)
d) Gia sir MINK la hinh vuéng nén MI // NK va Ml =NK. Co:
BOE =180°-20BE
MIC =180°-2MClI
Ma OBE = MCI
= BOE =MIC

= EOI =MIO = OE//MI

Suy ra NK // OE

+ Ap dung hé qua Talet ta c6

KN CK CB M CB r 2r+2R s ma T
== >—=—""=S5—=—"_"""_ =R =2r"=> —=

OE CO 2C0 OE 2CO R 2(2r+R) R

2
2
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Céu 351.(Thay Nguyén Chi Thanh) Cho dudng tron (O;R)duong kinh AB. Lay M € (O) sao cho
g6c ABM < 45° . V& day cung MN L AB . Tia BM cit NA tai P,Qla diém déi xang voi P qua duong
thiang AB, goi K 1a giao diém cua PQ véi AB . Ching minh:

a)Tu giac AMPK 1a ti gi4c noi tiép.

b) APKM can.

c) KM latiép tuyén cua (O).

d) Xac dinh M trén (O)dé t giac PKNM 14 hinh thoi.

Huwéng ddn

o N

a) Tw giac AMPK |4 tir giac ndi tiép

* Taco: AMB =90° (g6c ndi tiép chan nira dudng tron)
= AMP =90°

* Tacod: P va Q ddi xang voi nhau qua AB (gt)= AB la duong trung truc cia doan PQ
=PQ.L AB={K}: AKP =90°

* Xét tar gidc AMPK  ¢0:

.) AMP + AKP =180°

) AMP va AKP Ia hai géc ¢ hai dinh ddi nhau

* Vay tir gidc AMPK 13 ta gi4c noi tiép

b. APKM can

Cach 1

* Taco: ABMN cén tai B= BA latia phan giac cia MBN

* Tacd: ABPQ cén tai B= BA la tia phéan giac cua PBQ

* Ma 3 diém P, M, B thang hang , suy ra 3 diém B, N, Q thing hang =3 diém A, M, Q thiang hang

*Ta c6: ABMQ vudng tai M c6 MK 14 trung tuyén
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— MK =KP = KQ:%PQ
= A PKM can tai K
Cach 2 :
T giac KPMA noi tiép (theo cau a) = PMK = PAK (hai gdc noi tiép cling chan cung PK))
Ma: PAK = NAB (déi dinh); NAB = MAB (2 g6c néi tiép chan hai cung bang nhau l1a MB, NB)
= PMK = MAB
Lai c6: MAB = MPK (cung phu MBA)
— PMK = KPM = APKM can tai K
c. KM latiép tuyén cia dwong tron (O)
*Taco: APKM cantai K (cmb) = KPM =KMP (1)
*Tacd: AOBM cantai O (cmb) = OBM =0OMB (2)
* Ta c6: AKP =90° = APKBvuong tai K = KPM +OBM =90° (3)
“ T (; (2): (3) c6 KMP +OMB = 90° = OMK = 90°
= KM la tiép tuyén cta duong tron (O)
d) Xac dinh M trén (O) dé tir giac PKNM 1a hinh thoi

* Gia sir tr gidc PKNM 12 hinh thoi thi PK = KN = NM =PM = APKM déu

— KPM =60° = ABM =30° = AM =%AB (TSLG)

* Viy diém M trén (O) sao cho AM =R thi tir giic PKNM 14 hinh thoi

Cau 352.(Thdy Nguyén Chi Thanh) Cho nira duong tron (O;R) duong kinh AB; M 1a diém di dong
trén nira duong tron, k& MH vuéng goc véi AB tai H . Goi P la diém ddi xéng voi H qua AM , PH
cit AM tai | ; goi Q la diém dbi xtng cia H qua BM,QH cit BM tai J.

a) Chizng minh MIHJ 12 hinh chit nhat va suy ra bén diém M, 1,H,J cing thuoc mot duong tron.

b) Chang minh raing MI.MA=MJ.MB .

c) Chimng minh PQ Ia tiép tuyén cua (O;R).

d) Goi giao diém cua AQ va BP la K. Chiing minhrang I,J,K thang hang.

Huwéng ddn
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a) Taco: AMB =90° ( g6c ni tiép chan nira duong tron) (1)

Vi P va Q d6i xtng nhau qua MA va MB nén MIH = MJH =90° (2)

Tur (1)(2) suy ra ti gidc MIHJ 1a hinh chir nhat.

+ Vi ta gidc MIHJ 14 hinh chix nhat nén bbn diém M, 1,H,J cing nam trén dudng tron duong kinh MH .

MI.MA = MH?
b) Chi ra ( hé thire lrgng trong tam giac vudng)
MJ.MB = MH?

Tur do6 suy ra MI.MA=MJ.MB .

MP = MH
MQ = MH o

c) Chira (‘tinh chat doi xang truc) nén PM = MQ
PMI = HMI

HMJ = QMJ
va PMH + HMQ = 2(IMH +HMJ ) ~2.90°=180°= M 1 trung diém PQ.
Chi ra tir giac APQB la hinh thang vudng, c6 OM 1a duong trung binh nén MO//BQ = MO 1L PQ = PQ
|a tiép tuyén ctia nira dudng tron (O;R).
d) Chira I3 //PQ ( duong trung binh) (3)

Chira AP//BQ:&=£=E (4)
KQ QB HB

Mit khac AAIH dong dang AHJIB ( HS tu chang minh) nén AH_AL_ AL (5)
HB HJ IM

‘ AK Al
Tir (4)(5) suy ra PRV IK //MQ = IK //PQ (6)

T (3)(6) suy ra |,K,J thang hang.

Céu 353.(Thay Nguyén Chi Thanh) Cho ntra dudng tron (O,R) duong kinh AB . Tir A va B ké hai

tiép tuyén Ax va By véi nira duong tron (O,R). Qua diém M bat ky thugc nira dudng tron ndy ke tiép
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tuyén thtr ba cit cac tiép tuyén Ax va By lan luot tai Eva F. N6i AM cat OE Bytai P, ndi BM cit
OF tai Q.HaMH vubng goc v6i AB tai H .

a) Chang minh 5 diém M, P, H,0,Q cung nam trén mot dudng tron.

b) Chitng minh rang AE.BF = R?

¢) Goi K 1a giao diém cia MH va BE . Chung minh ring MK =HK .

d) Goi r 1a ban kinh dudng tron noi tiép AEOF . Ching minh rang % < é < %

Huwoéng dén
Ching minh 5 diém M,P,H,0,Q cling nim trén mét dwong tron.
Taco EF, EA, FB lan luot 12 c4c tiép tuyén tai M , A, B cua dudng tron (O) (gt)
— EM =EA ; FB=FM (tinh chat tiép tuyén tuyén cat nhau).
Xét EM =EA va OM =0OA=R
= OE la duong trung truc caa AM
—OE L AM tai P va P latrung diém cia AM .
= OPM =90°
Xét FM =FAva OM =0B=R
= OF la duong trung truc cua BM
= OF 1. BM tai Q va Q latrung diém caa BM .
= OQM =90°
Taco MH L AB tai H (gia thiét)
= OHM =90°
Do d6: OPM =0QM =OHM =90° hoac P, Q, H cung nhin canh OM duéi mét géc vubng
= P, Q, H cung thuéc duong tron duwong kinh OM .
= 5diém M, P, O, Q, H cung thudc dudng tron duong kinh OM . (dpecm)
Chirng minh rang AE.BF =R?
Ta co: OE la tia han giac cia AOM (tinh chat hai tiép tuyén cat nhau)

- A0E - o - A

Tac6: OF latia han giac cia BOM (tinh chat hai tiép tuyén cit nhau)

:>BOF:MOF:BOTM
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Ma EOF = MOE + MOF = L;BOM; AOM +BOM =180° (hai goc ké bu).

= EOF =90° hoac AEOF vudng tai O.

Xét AEOF vudngtai O va OM L EF tai M (tinh chét tiép tuyén).

= OM? =EM.FM (hé thtic luong)

Ma EM =EA ; FB=FM (tinh chat tiép tuyén tuyén cat nhau); OM =R.

= R? = AE.BF (dpcm)

Goi K lagiao diém caa MH va BE. Chitng minh rang MK =HK .

Tacd: AE L AB (tinh chat tiép tuyén); BF L AB (tinh chét tiép tuyén); MH L AB (gia thiét)
= MH //AE//BF hoac MK //BF ; HK//AE

Xét MKI//BF, co:

MK:EMjMK:%:@ (do BF =MF)
BFE EF EM EF EF

AKEM ~ ABEF (Dinh Iy) =

M _BK Dinh 1y Ta - let)
EF  BE

Xét KH//AE, c6:
ABKH - ABEA (Binh ly) = BK_KH (tinh chat)
BE AE

Do vay %:ﬁ,ma AE =EM suy ra MK = KH
EM AE

Vi r laban kinh cta dudng tron noi ti¢p AEOF nén S, =%r(OE+OF + EF)

Ma S, =%OM.EF=%R.EF

= r(OE +OF + EF):R.EF@in
R OE+OF+EF

Theo BBT tam giac ta co

EF < OE + OF < 2EF < OE + OF + EF
r EF 1 ()
=== <=
R OE + OF+EF 2

Ta cling cO0 EF > OE, EF > OF < 2EF > OE + OF

EF
OE + OF + EF

<:>3EF>OE+OF+EF:>%= >% )

1 r 1
Toe(@Q)va@)suyra =<—<=
u (1) va (2) suy 3R>
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Ciu 354.(Thay Nguyén Chi Thanh) Cho tam gidc ABC c6 ba goc nhon (AB < AC) ndi tiép duong
tron (O). Hai duong cao BE va CF ciia tam gidc ABC cat nhau tai diém H .

1) Chttng minh bén diém B,C,E,F clng thudc mot dudng tron.

2) Ching minh duong thang OA vudng goc véi duong thang EF .

3) Goi K 1a trung diém cua doan thing BC . Puong thang AO cit duong thang BC tai diém | , duong thing

EF cét duong thang AH tai diém P . Chang minh tam gidc APE dong dang véi tam gidc AIB va duong

thing KH song song vai duong thang 1P .

Huwéng ddn

1) Tac6o BEC =BFC =90°.

Do d6 tir giac BCEF la tir gi4c ni tiép (theo dau hiéu: tir gidc c6 hai dinh ké nhau nhin canh déi dién cac
g6c bang nhau la ti giac noi tiép).

2) Ké duong kinh AOD, goi J = AONFE.

Tu giac BCEF noi tiép nén AFE = ACB.

Ma ACB = ADB (hai goc noi tiép cling chan cung nhé AB cua (O)).

Suy ra AFE = AFJ = ADB.

Do d6 FAJ + AFJ = BAD + ADB =90°. Suy ra AJF =90° hay OA L FE.
3) Taco APE = AIB (vi cung phu vai goc PAJ).

Lai c6 tir giac BCEF noi tiép nén AEP = ABI .

Do d6 tam gidc APE dong dang véi tam giac AIB (g . g).

+)
* D& dang chimg minh dugc ti giac BDCH 14 hinh binh hanh, suy ra H, K, D thing hang.

* Vi BAIl = PAE = PAF =EAJ .
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Do d6 tam giac ACD dong dang vai tam gidc AFH (g . g), suy ra AR _AF (1).

AD AC

Tam gidc AFP ddng dang véi tam giac ACI (g —.g) nén AP _AR (2)

Al AC
*Tur (1), (2) AH :E AP Al

——=—=1P//HD hay IP//HK.
AD Al AH AD

Cau 355.(Thiy Nguyén Chi Thanh) Cho nira duong tron (O; R) dudng kinh AB . Trén nira mat phing
bd 1a duong thang AB chira ntra dudng tron, ké tia Ax vudng goc véi AB | trén d6 1y diém C(C khac A

). Ké tiép tuyén CM t6i duong tron (M 1a tiép diém ). Qua O ké duong thang vudng goc voi OC cat
duong thing CM tai D.
1) Chang minh ta giac AOMC noi tiép.
2) Chiing minh BD 1a tiép tuyén cua dudng tron (O).
3) OC cit MA tai E,OD cat MB tai F,MH vudng géc AB (H thudc AB). Chiing minh: HE? + HF?
c6 gia tri khong doi khi C chuyén dong trén tia Ax .
4) Ching minh ba duong thang BC,EF va MH dong quy.

Huwong dédn
X
D L
M
C
X N
K E
B 5 H A

1) Tacd CD va CA lan luot 2 tiép tuyén tai A va M cua duong tron (O) (gi thiét).
= AC L AO tai A ; CDLOM tai M.
= CAO =90°, CMO =90°

Xét tr giac AOMC c6 CAO ; CMO 1a hai goc ddi va CAO +CMO = 90° +90° =180°
= tir giac AOMC nai tiép.
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2) Ta c6: COM +MOD =COD =90° (vi CO L OD tai O).

COA+COM +MOD + DOB =180° .= COA+ DOB =180°.

Tac6 OC la phan giac cia AOM (tinh chat hai tiép tuyén cat nhau).

= COA=COM .= MOD =DOB.

Xét AMOD va ABOD co:

OM =0B=R; MOD=DOB

OD chung

= AMOD = ABOD(c.g.c) = OMD =0BD (cap goc tuong ung).

Ma OMD =90° (vi CD 1. OM tai M)=> OBD =90° hay OB L BD tai B
Vay BD la tiép tuyén ctia duong tron (O) (dpem).

3) Chieng minh: HE? + HF?c6 gia tri khong ddi khi C chuyén déng trén tia Ax.
AMOAcan tai O c6 OE la phéan giac cuia AOM (vi E€OC).

= OE ciing 1a dudng trung tuyén caa AMOA.

= Elatrung diém ciia AM .

Taco OD la phan giac caa BOM (tinh chat hai tiép tuyén cit nhau).

Xét AMOB cén tai O c¢6 OF la phéan giac cia BOM (vi F €OD).

= OF ciing la duong trung tuyén cia AMOB

= F latrung diém cua BM

AMAH vuéng tai H c6 HE = % (duong trung tuyén tng véi canh huyén)

AMBH vuébng tai H c6 HF :% (duong trung tuyén tng véi canh huyén)

AMAB vudng tai M c6 AM? + BM? = AB? = 4R? (dinh ly Pitago)

AM?+BM?

— HE2+ HF? = R’

Vay HE? + HF % ¢4 gia tri khong ddi khi C chuyén dong trén tia Ax
4) Tacod E, F lan luot 1a trung diém cta canh MA, MB

= EF la duong trung binh cia AMAB

=EF//AB

—EK//AH (K € EF;H e AB)
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ME MK
=>—=—
MA MH
= EF giao v6i MH tai K 1a trung diém cia MH (*)

=% (dinh ly talet)

Goi giao diém cua BC véi MH 1a N; giao diém cuatia BM véitia Ax la L
ALABc6 LB // CO (cung L AM) ; AO=0OB=R
= CA=CL )
Taco CA /I NH (cung L AB)
CA BC

= ——=—— (hé qua dinh ly talet 2
NH - BN (hé qua dinh ly talet) (2)
Laic6 CL // MN

CL BC

—— =—— (hé qua dinh ly talet 3
=M BN(¢qa1 y talet) (©))

T (1), (2), 3) = NH=NM =N latrung diém ciaa MH = N tring véi K

= BC di qua trung diém K caa MH (**)
T (%), (**) = Baduong thing BC, EF va MH dong quy

Céu 356.(Thay Nguyén Chi Thanh) Cho tam gidc ABC c6 ba goc nhon noi tiép duong tron (O) . Hai
dudng cao BD va CE cua tam giac ABC cét nhau tai H . Tia BD vatia CE cét duong tron (O) lan luot
tai M,N(M khac B,N khac C).
1) Chang minh bén diém B,C, D, E clng nam trén mot dudng tron.
2) Chang minh: DE//MN.
3) Pudng tron dudng kinh AH ¢t duong tron (O) tai diem thi hai 1a K (K khac A). Tia KH cét
dudng tron (O) tai diém thir hai 1a Q. Tt giac BHCQ 1a hinh gi? Tai sao?

4) Goi giao diém cia HQ va BC 1a | . Chttng minh %>%-

Huwéng ddn
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1) Chitng minh bén diém B, C, D, E cling nam trén mét dwong tron.

Ta c6 BD va CE la cac dudng cao cua tam giac ABC (gia thiét)

= BD 1L AC tai D; CE L AB tai E

= BDC =90° ; BEC =90°

= Tir giac BEDC c6 hai dinh ké E va D cuing nhin canh BC duéi mot goc vudng. = T giac BEDC
noi tiép.

— 4 diém B, C, D, E cung nam trén mot duong tron.

2) Chiwng minh: DE//MN.

Xét (O) taco: MNC = MBC (hai goc néi tiép cling chan MC)

Xét tir giac noi tiép BEDC (cmt) ¢c6 DEC = MBC (hai goc nai tiép cuing chan DC ). Do dé:
DEC = MNC

Ma DEC ; MNC la hai g6c dong vi = DE//MN.

3) T giac BHCQ la hinh gi? Tai sao?

Xét duong tron duong kinh AH c6: AKH =90° (g6c ni tiép chan ntra dudng tron)
= AKQ=90° (K, H, Q thang hang)

Ma AKQ la goc noi tiép chan cung AQ cua dudng tron (O)

= AQ la duong kinh caa duong tron (O)

= ACQ = ABQ =90° (cac goc ndi tiép chan nira duong tron (O))

— AC LQC ; AB 1 QB

Ma BH L AC ; CH L AB (tinh chat tryc tam)

= QB//CH ; QC//BH
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= Tu gidc BHCQ Ia hinh binh hanh

4) Chéng minh ﬂ>1
MN 4

Tu giac BHCQ Ia hinh binh hanh (cmt)

= HQ va BC cit nhau tai | 1 trung diém caa ching.

Ma O la trung diém cua duong kinh AQ cuaa duong tron (O)
= Ol la duong trung binh cua tam giac AQH

-0l =% (tinh chdt). (1)

Chutng minh dugc AAHM can tai A nén duong cao AD ciing 1a duong trung tuyén (tinh chat)
= D latrung diém cia HM .

Chtng minh dugc AAHN cén tai A nén duong cao AE ciing 1a duong trung tuyén (tinh chat)
— E latrung diém caa HN .

Do @6 MN la duong trung binh caa AMHN

— MN = 2ED (Tinhcht) (2)

Tie () va (2) =2 - AH
MN 4ED
Ma trong duong tron duong kinh AH c¢é ED la day cung khac duong kinh nén AH > ED
AH o 1
=>—>1=—>=
ED MN 4
Céu 357.(Thay Nguyén Chi Thanh) Cho duong tron tam O, duong kinh AB =2R. Goi | la trung

diém cua AO. Trén ciing mot nira mat phang bo AB , ké hai tiép tuyén Ax, By cia duong tron (O), lay
D thuoc Ax, E thudéc By sao cho goc DIE =90°. Ké IF vudng goc véi DE (F thuoc DE).
1) Chttng minh bbn diém A, 1,F,D cung thuoc mot duong tron.

2
2) Chting minh rang AD.BE = Al.IB :%.

3) Chtng minh diém F thudc duong tron tam O.

4) Xac dinh vitricia D va E trén Ax, Bydé dién tich tam giac DIE nho nhat.

Hwéng dédn
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y
X
E
F
D
A B

1) Chirng minh bén diém A, I, F, D cing thugc mat dwong tron.
Taco Ax latiép tuyéntai A cua duong tron (O) (gia thiét); D e Ax

= AD L AB tai A = IAD =90°

Taco IF L DE tai F = IFD=90°

Cach 1:

= T giac co hai dinh A va F cung nhin canh ID dudi mét géc vudng

= T giac ADFI noi tiép duong tron duong kinh DI

= béndiém A, I, F, D cing thudc duong tron duong kinh DI .

Cach 2:

Xét tir gidc IADF c¢6 IAD, IFD la hai goc ddi va 1AD+ IFD =90°+90° =180°
— Tu gidc ADFI nai tiép duong tron.

— béndiém A, |, F, D cung thudc dudng tron

2
2) Chieng minh ring AD.BE = Al.IB =%.

Xét AADI va ABIE ¢6
DAI = IBE = 90°(tinh chat cua tiép tuyén)
AID = BEI (cung phu véi BIE do DIE =90°)

= AADI ~ABIE:%=A—IIE:> AD.BE = BI.Al

2
Theo gia thiét lai c6 Al :E;BI :ER:AD.BE: BI.Al :E.B—R:B’i
2 2 2 2 4
2
Vay AD.BE=AI.IB=%
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3) Chitng minh diém F thugc dwong tron tam O.

Ta giac ADFI nai tiép duong tron.

= DFA = DIA (hai g6c néi tiép cling chan AD)

Tuong ty chirg minh dugc tr giac BEFI noi tiép dudng tron.

= BFE =BIE (Hai goc noi tiép cuing chian BE)

Vay DFA+BFE =DIA+BIE =90° (Vi DIE =90°)

= AFB =180°— (DFA+ BFE) =180°-90° =90°

= F thugc duong tron duong kinh AB hay F thugc duong tron tam O.

4) Xac dinh vi tri cia D va E trén Ax, By dé dién tich tam giac DIE nhé nhat.
Taco Sy = ID.IE = S,,.% = ID?.IE2 = (AD? + Al 2)(BI? + BE?)

Ap dung B B T cosi c6: AD”+ Al*>2AD.Al ; BI? +BE? > 2BI.BE

L 3R?
Vacé AD.BE = Al.IB :T (cmt)
22 4 2
= S,,.> > 2AD.AI.2BI.BE = 4(AlBI )2 = 4{3ij zgi: Spie 2 SR
4 4 2

o 3R? _
Vay Min Sy == khi AD=Al; BE =Bl

Viy dién tich tam gi4c DIE nho nhatkhi D va E thuéc Ax, By sao cho AD = Al ; BE =Bl

Céu 358.(Thay Nguyén Chi Thanh) Cho tam giac ABC nhon ngi tiép duong tron (O), dudng cao
AH , duong kinh AM .
1) Tinh ACM

2) Chirng minh: AB.AC = AH.AM va BAH = ACO
3) Goi N lagiao diém cua AH véi (O). Tir giac BCMN 14 hinh gi ? Vi sao ?
4) V& duong kinh PQ vudng goc vsi BC (P thuge cung BC khong chira A) . Ching minh céc tia

AP, AQ lan luot 12 cAc tia phan gi4c goc trong va goc ngoai tai dinh A cua tam giac ABC .

Hwéng dédn
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T[]
-

N
1) Do AM 1a duong kinh cua (O) (gt) va C thugc (O) (C khdc Ava M)

=> ACM =90° (géc noi tiép chan nira dudng tron)

2) Xét AAHB va AACM c6 : AH L BC(gt) => AHB =90° (1)
Talai cd6 ACM =90°(theo cau a) => ACM = AHB (2
Xét (0)cd ABC = AMC ( cling chdn cung AC) (3)

Tu (2) va (3) => AAHB -~ AACM (g-g)

> AH_AB . AB.AC = AH.AM (dpem)
AC AM
AAHB ~ AACM => BAH = MAC (hai goc tuong (tng) 4)

Talaico OA=0C =R =>A0ACcan tai O

=>OAC = OCA ©)

Tir (4) va (5) => BAH = ACO (dpem)

3) Tacd ACM =90° (goc noi tiép chan nira dudng tron (0)) = AN LNM  (6)
AH 1 BC (gt)=> AN L BC (doH e AN(gt)) @)

Tu (6) va (7) = NM//BC(t/c)
=t giac BCMN Ia hinh thang (theo dinh nghia)  (8)

Taco: AH L BC(gt) = NBH =90°— ANB 9)

ACM =90° = BCM =90°— ACB (10)
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Xét (0) c6: ACB=BNA (hai géc ngi tiép cung chén cung AB )  (11)

Tir (9), (10), (11) = NBH =BCM (12)

Tu (8) va (12) = tr giac BCMN Ia hinh thang cén (dhnb)

4) Goi | la trung diém cua BC, c6 PQ la dudng kinh cua (O) (gt) va PQ L BC(gt)
— PQ L BC tai | (dinh Iy).

= PQ la duong trung truc c?a doan BC.

= PB =PC (tinh chit diém thudc dudng trung truc caa doan thang ).

— PB=PC (dinh Iy).

— BAP =CAP (hé qua) (13)

= AP latia phan giac cia BAC (dpcm).

Dung Ax la tia d6i ciia tia AB, c6 PAQ =90° (goc noi tiép chan nira duong tron (0)).
= 90° = PAC + QAC (14)

Ta lai c6: XAQ + QAP + BAP =180°

— XAQ + BAP = 90° (15)

Tir (13),(14),(15) = xAQ = QAC

= AQ latia phéan giac cua gbc ngoai tai dinh A cua AABC (dpcm)

Bai 359. Cho (O;R) va (O';R’) cit nhau tai hai diém phan biét A va B. Tirdiém C trén tia d6i cua
tia AB ké cac tiép CD va CE véi (O) véi D, E ndmtrén (O) vadiém E nam trong duong tron (O').
Céc duong thang AD va AE cat duong trontam O’ tai M va N (M, N khac A). Puong thang DE
cat MN tai | .

a).Chitng minh bén diém C,E,O,D nam trén 1 dudng tron.

b).Chting minh EABC =EB.EC.

c).Khi OC =2R. Tinh DOE va dién tich phan cta hinh t giac OECD nam ngoai (O).

d).Tinh gié tri biéu thic M. \ /ﬂ .
MN MN

Huwéng ddn
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a).Ching minh bén diém C,E,0,D nam trén 1 dwong tron.
C6 CD, CE tiép xtic duong tron (O) lan luottai D, E nén CDO = CEO =90°.

= Tu giac CDEO ndi tiép duong tron duong kinh OC .
b).Ch#ng minh EABC =EB.EC.

AEAB, ACEB c6 EBA=CBE (gdc chung), AEB =EBC :%sdAE.

= AEAB -~ ACEB :E—Eg :C—E = EABC =EB.EC.

c).Khi OC =2R. Tinh DOE va di¢n tich phan ciia hinh tir giac OECD nam ngoai (O).

AOCD vubng tai D c6 sinOCDzﬁzl.
oCc 2

= 0OCD =30°, c6 DCE =20CD =60°, ma CD =CE.

— ACDE déu . c6 DOE + DCE =180° = DOE =120°

Goi S, S,,S, lan luot 12 dién tich can tim, dién tich tir giac CDOE , dién tich hinh quat DOE thi:
S=S§,-S,

Co S, =%OC.DE, DE =CD =0C.c0s30° =R/3, OC=2R =, =%.2R.R\/§: R\/3.

2
Co sF%nRZ:”s

7R?

Suyra S=R%*/3- 3

= %2(3\@ —72') (dvdt)

d).Tinh gi4 tri bidu thuc /M+ /ﬁ
MN ~ \MN
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Co IDB = EAB:%Sd‘EB, EAB = BMI :%Sd‘BN: IDB = BMI

= T gidc BDMI noi tiép dudng tron (do co hai dinh ké ctng nhin canh dbi dién qua hai goc bang nhau)
= BIN =BDM .

C6 tu gidc ADBE ngi tiép nén BEN = BDM .

Suy ra BIN =BEN .

=Tt giac BEIN noi tiép.

AIBN,ADBA c6 BIN = BDA (géc ngoai bing goc ddi trong cua tir giac noi tiép BDMI ).

C6 IBN = IEN :%Sd‘IN, IEN = AED (ddi dinh), AED = ABD:%sdAD.

= IBN = ABD, ma BIN = BDA.

= AIBN - ADBA:ﬁzﬁ
IB DB

AMIB, AAEB c6 BMI = BAE =%sd‘BN, c6 BIM = BEA (lan luot bl véi hai goc bang nhau).

= AMIB -~ AAEB :>M=E
IB EB
ACDA, ACBD c6 CDA=CBA=%sd‘AD, DCA=BCD (goc chung).
= ACDA -~ ACBD = DA_CD _CA
DB CB CD
C6 CD=CE, nén DA_CE _CA , 0 ACE =ECB (gdc chung).
DB CB CE

= ACAE -~ ACEB :>§=E, ma M:E
CB EB IB EB

M _CE sIN_DA DA_CE _IM_IN__ v in=1mn
B CB' 1B DB'DB CB IB IB 2

fIM IN
Suyra ,|[—+,[—=+2
Y MN MN V2

Bai 360. Cho duong tron (O;R) duong kinh AB. Ké tiép tuyén Ax va ly trén tiép tuyén d6 mot diem

P saocho AP >R, tir P ke tiép tuyén tiép xtc véi (O) tai M.

a) Chung minh ti gidc APMO néi tiép mot duong tron.
b) Chuang minh BM//OP
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c¢) buong thing vuéng g6c véi AB ¢ O cit tia BM tai N. Chung minh t¢ gidc OBNP
14 hinh binh hanh.

d) Biét AN ciat OP tai K,PM «cit ON tai I;PN va OM kéo dai cit nhau tai J.
Chimg minh ba diém 1,J, K thang hang.

Huwéng ddn
. P N )
a) Chang minh tr giac APMO néi tiep méot duong tron.
Ta c6: PAO=90° va PMO=90°(tinh chat tiép  tuyén) !
nén PAO +PMO =180° K \
Suy ra: tir giac APMO nai tiép mot duong tron.
b) Ching minh BM //OP A 1 1

Taco: OA=0OM =R;PA=PM (tinh chét hai tiép tuyén cat nhau)
nén OP la trung tryc caa AM,suy ra: OP L AM

Ma MB L AM (do AMB =90° - g6c ndi tiép chan nira dudng tron)
Nén: BM//OP
¢) Puong thang vudng goc véi AB ¢ O cit tia BM tai N. Chung minh tt gidc OBNP
14 hinh binh hanh.
A vubng APO= A vudng ONB (OA=0P=R; O, = B, - ddng vi)
Suy ra: BM =OP ma BM//OP nén tir giac OBNP Ia hinh binh hanh.
d) Biét AN cat OP tai K,PM cit ON tai I;PN va OM kéo dai cit nhau tai J.
Chung minh ba diém 1, J,K thang hang.
Ta c6: JPO=POA (so le trong) va POJ=POA (tinh chit hai tiép tuyén)
nén POJ = JPO
Suy ra: A JPO céntai J
Tt giac OAPN 13 hinh chix nhat (c6 ba goc vudng) nén ¢ hai duong chéo OP va AN cat nhau tai trung diém
K
A JPO can tai J,c6 JK la trung tuyén nén ciing 1a duong cao hay JK L OP
Trong A JPO c¢6: PM 1a dudng cao thi nhat, ON 1a duong cao thtr hai, hai dwong nay cat nhau tai | nén
duong cao thu ba JK qua |
Vay ba diém 1,J,K thing hang.
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Céu 361.(Thay Nguyén Chi Thanh) Qua di€ém A nam bén ngoai duong tron (O), ké duong thang
d khong di qua tim O va cit duong tron tai hai diém B va C phan biét (B nim giira A va C). Cac
tiép tuyén ciia duong tron tai B va C catnhau o M . Qua M ké duong thang vudng goc véi OA, cit
OA tai H va cit duong tron tai hai diém E va K (E nam giita M va K). Goi | 1a giao diém cua BC
va OM . Chang minh rang:

1) Tu gidc OBMC nai tiép.

2) BC vuodng goc véi OM va MC? = MI.MO.

3) ME.MK =MI.MO va ti giac OIEK noi tiép.

4) AE,AK la cc tiép tuyén cua dudng tron (O).

Huwoéng ddn

M

1) Ta giac OBMC noi tiép:

Ta giac OBMC c6: MBO + MCO =180°. Ma hai goc nay ¢ vi tri ¢6i nhau nén tir gilc OBMC noi tiép.
2) BC vuodng goc véi OM va MC? = MI.MO .

Xét (O) c6 MB,MC Ia hai tiép tuyén tai B,C cat nhau tai M

nén MB=MC;0OB=0C =R

Suy ra OM latrung truc BC.

Suyra BC LOM .

Xét AMCO vudng tai C ¢ Cl 1a duong cao suy ra; MC* = MI.MO (hé thtic luong).
3) ME.MK = MI.MO va ti giac OIEK nai tiép.

Ta chimg minh duoc: ME.MK = MC?

Ma MC? = MI.MO

Suy ra ME.MK = MI.MO
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Suy ra: AMEI - AMOK (c.g.c) = MIE = MKO
= OIEK nai tiép (ddu hiéu goc trong va géc ngoai tai dinh déi dién bang nhau).

4) AE,AK lacéc tiép tuyén cua duong tron (O).

M

+ Tt giac AMIH c6 AIM = AHM =90°. Suy ra AMHN noi tiép.
= A =M, (hai goc ngi tiép cling chan IH ctia dudng tron ngoai tiép ta giac AMHN ) (1)
Ta co:

O1.OM =0B? =0E? = 2! _ OF
OE  OM

= AOIE - AOEM (c.g.c)= E, = M, (2)

Tir (1) va (2) suy ra A = E, = EIOA ni tiép = AEO = AIO =90°

— AE latiép tuyén (O).

+ EIOA noi tiép = EAO = EIM (gbc ngoai va goc trong tai dinh ddi dién bang nhau).
Ma EIM = EKO(Cmt)

= EAO = EKO = AEOK ndi tiép

= AE,1,0,K cung thudc duong tron

= AIOK ni tiép

= AIO = AKO =90°

= AK latiép tuyén (O).
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Céu 362.(Thay Nguyén Chi Thanh) Cho duong tron (O;R) duong kinh AB . Ké tiép tuyén Ax va
|dy trén tiép tuyén d6 mot diem P sao cho AP >R . Tur P ké tiép tuyén tiép xtic véi (O) tai M .

a) Chting minh rang 4 diém A, P, M, O cling nam trén mot dwdng tron.

b) Chitng minh BM //OP

¢) Buong thang vudng géc véi AB ¢ O cittia BM tai N . Chirng minh t&r giac OBNP & hinh binh hanh

d) Biét AN cit OP tai K, PM cit ON tai I, PN va OM kéo dai cat nhau tai J. Ching minh 3 diém

I, J, K thiang hang.

Huwéng ddn
b N
J
|
M
K
A 0 B

a) Tacod OAP =OMP =90° (gt) = OAP +OMP =180°= A, P, M, O cuing nam trén mét dudng tron.

PA=PM
b) Taco =OP 1L AM,ma MB LOM nén OP//BM (1)
OA=0M
., |MOP=0BM . . .
c) Ta co = ONM =0OPM = N, P, M, O cung nam trén mot duong
MOP + MPO = OBM +ONB =90°

tron. Do d6 A, P, M, O, N cling nam trén mot duong tron = PAO = AON = APN =90° = PN //AB (2)
Tur (1) va (2) tacd OBNP la hinh binh hanh.
d) Taco PNOA Ia hinh chir nhat nén KP =KO

Xét duong tron (K, KA) c6 MN//PO=OPI =10P=IP=10

Tuong ty tacd JP=JO, vivay |, J, K nam trén duong trung truc doan MO . Vay |, J, K thing hang.

Céu 363.(Thiay Nguyén Chi Thanh) Cho tam giac ABC nhon (AB > AC) ngi tiép duong tron
(O;R), ké hai dudng cao AD, BE cét nhau tai H .

a) Chung minh CE.CA=CD.CB. CB va CH vub6ng goc véi AB tai F .
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b) Goi M 1a trung diém caa BC . Chuing minh tr giac EFMD ni tiép.
¢) Qua D vé& duodng thang song song véi EF cat AB tai R, cit AC kéo dai tai Q. Goi P 1a giao diém cua
hai duong thang EF va BC . Ching minh dudng tron ngoai tiép tam giac PQR di qua M .

d) Gia st dién tich tam giac ABC bang 1 (dvdt), BAC =30°. Tinh dién tich t gidc BCEF .

Huwéng ddn
A
F,
18] E
L
K H
ol C
B M D P
Q

a) cosC = CE = cb = CE.CA=CD.CB.
BC AC

AABC ¢6 H latryc tdm = CH la duong cao thirba = CH L AB.
b) ABDE noi tiép = ADE = BAE

AMFC cantai M = MFC = MCF = BAD.

Lai c6: EFH = HAE

Suy ra: BAE = HAE + BAD = EFH + MFC = MFE .

Vay CDE = MFE = ti giac EFMD ndi tiép.

RD BD
c) ADQC ~ADBR (9.9) = —=——
) ADQ ©9) =5 DO

Taco: PD.PM = PE.PF =PC.PB = PM (MP —MD) = (PM —MC)(PM +MB)

— DR.DQ = DB.DC (1)

= PM? -~ PM.MD = PM? -~ MB? = MB” - MD’ = MD.PD 2)
Tir (1) va (2) suy ra DR.DQ = DM.DP = tir gidc RMQP néi tiép, nghia 1a dudng tron ngoai tiép tam giac
PQR diqua M .

2
d) AAEF -~ AABC (g.9) = See _ (E] _ cos® A=cos?30°= =
S agc AB 4
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1 1
= Sper =7 Sppc =, (dvd)

1 3
= SBCEF :1—Z :Z (dth)

Céu 364.(Thay Nguyén Chi Thanh) Tur diém M nam ngoai duong tron tam (O), ké hai tiép tuyén
MA, MB véi duong tron (O), A va B la cac tiép diém. Goi E 1a trung diém cua doan thing MB; C
1a giao diém caua AE va (O) (C khac A), H lagiao diém AB va MO.

1) Chtng minh 4 diém M, A, O, B cung thusc mot dudng tron.

2) Chuang minh: EB> = EC.EA.

3) Chiing minh t giac HCEB Ia t& gic noi tiép.

4) Goi D lagiao diém cia MC va (O) (D khac C). Chung minh AABD La tam giac can.

Huwoéng ddn
1) Chi#ng minh 4 dgiém M, A, O, B cung thugc mét dwong tron.
Xét tir gidc MAOB c6:

MAO + MBO = 90° +90° =180° va hai ggc MAO; MBO dbi nhau
Suy ra tr giac MAOB nai tiép trong mot duong tron.
2) Ching minh: EB* = EC.EA.
Xét AEBC va AEAB c0:
AEB la goc chung
EBC = EAB ( trong 1 dudng tron géc noi tiép cung chin 1 cung)
EB_EA
EC EB
3) Chizng minh tiz giac HCEB 1a ti# gi4c nai tiép .
+ Chang minh: MO L AB.

= AEBC ~ AEAB (g.g)= — EB* = EAEC
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+Vi AMHBvudng tai H va E latrung diém caia MB nén HE =EM = EB=%MB:>AEHB can tai E

= EHB =EBH .
+ Hon nta AEBC ~ AEAB (cm trén) = ECB =EBH . Do d6 = ECB =EHB.
+ Trén cling mot nira mat phang bo chira BE ¢ ECB = EHB, do d6 ta gisc ECHB noi tiép.

4) Ching minh AABD La tam giac can.

Theo cau b ta c6 EB* = EAEC = EM? = EAEC :ﬁ:E_C.
EA EM

+ Chung minh: AEMA ~ AECM (c.g.c)

— CME = MAE (1)

+Tacd: MAE = ADM (2)

Tu (1), (2) suy ra CME =ADM = AD//MB.

+ Ta co:
ADB =ECB ma EBA=ECB (do AEBC ~ AEAB) nén ADB = EBA (3)
VI AD//MBnén DAB=EBA (4)

Tu (3),(4) suy ra DAB = ADB.
Vay AABD La tam giac can.

Cau 365.(Thiy Nguyén Chi Thanh) Tirmot diém M ndm bén ngoai duong tron (O) ké hai tiép
tuyén MB,MD téi (O) (véi B, D la cac tiép diém). Qua M ké duong thang khong di qua O, cit duong
tron tai hai diém phan biét A va C (véi C nam giira A va M ). Goi E latrung diém AC .

1) Chttng minh rang: Nam diém O, E,B,M, D cing nam trén mot duong tron.

2) Chtng minh rang: BC.AD = AB.DC.

3) Chtng minh rang: Hai tam giac AEB va BCD dong dang.

4) Mot duodng thang qua D va song song véi MB , cat BA, BC lan luot tai 1 va J.

Chuang minh rang: DI =DJ .

Hwéng dédn
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1) Chang minh rang: Nam diém O,E,B,M, D cling nam trén mot dudng tron.

Taco E latrung diém AC nén OE L AC (lién hé¢ giita duong kinh va day cung)

MB, MD Ia hai tiép tuyén cua (O) nén MB LOB va MD L OD.

Ta cb céc tam giac BOM vudng tai B, tam gidc OEM vubng tai E , tam giac ODM vuéng tai D, do d6 nam
diém O,E,B,M, D cung nam trén mot duong tron dudng kinh OM

2) Chtng minh rang: BC.AD = AB.DC.

Ta chirng minh duoc tam giac MAB ddng dang véi tam giac MBC (g — ), suy ra % = Q—E’ .

Ta chtrng minh duoc tam giac MAD dong dang véi tam giac MDC (g —g), suy ra % = %
Ma MB = MD do tinh chét hai tiép tuyén cét nhau.

n E:E < AB.DC = AD.BC .
BC DC

3) Chung minh rang: Hai tam giac AEB va BCD dong dang.

Né

Tac6 BEM =BDM =DBM ( géc noi tiép chan cung DM va BM )

Ma BAD =DBM (g6c tao bai tia tiép tuyén va day cung va goc noi tiép cling chin cung BD)
Nén BAD =BEM

Suy ra AEB=BCD (bu géc BEM va BAD)

Xét tam gidc AEB va tam giac BCD, cd

EAB = BDC (gdc noi tiép chan cung BC)

AEB = BCD (cmt)

Suy ra tam gi4c AEB dong dang tam giac BCD.

4) Mot duong thang qua D va song song véi MB , cat BA,BC lan lugt tai | va J.
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Chung minh rang: DI =DJ .

Tacé BAC = JBM (gdc tao bai tiép tuyén va day cung va goc nai tiép ciing chan cung BC)
Ma JBM =BJI (so le trong va BM//JI)

Tir d6 ta chimg minh dugc AABC dong dang véi AJBI (g — Q)

Suy ra /j_lc _AB_ , _ACJB_, AE.JB

1
JB AB AB @

Tacé BDJ + DBM =180° (trong cung phia va BM//DJ)
Ma BEM =BDM (gbc ndi tiép chin cung BM)

Nén BDJ +BEM =180°.

Mac khac AEB+ BEM =180°.

Do d¢6 BDJ = AEB. Tir d6 ta chimg minh dugc AAEB dong dang tam giac AJDB .
Suyra A= A8 py o AEB )

DJ JB AB
Tu (1) va (2) suy ra JI =2DJ .

Vay D la trung diém JI hay DI =DJ .

Céu 366.(Thay Nguyén Chi Thanh) Cho duong tron (O; R)dudng kinh AB, diém F c6 dinh ndm
trén tia doi cua tia AB va C la diém thay di trén duong tron sao cho AC <CB. Néi FC cit (O) tai
diém thtr hai D. Cac duong thang AD va BC cét nhau tai |, cac duong thaing AC va BD cét nhau tai
E. Puong tron duong kinh Bl cat AB tai H. Chang minh rang:

a) Ta giac ICED noi tiép trong mot duong tron

b) Badiém H, I, E thang hang

¢) FC.FD+ AE.AC + BD.BE khong phu thudc vao vi tri diém C

d) Khi OF = 30A Tinh ti s 21
OF

Hwéng dédn
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a) Tir giac ICED ngi tiép trong mét duong tron

Ta co:

IDE =90° (g6c noi tiép chan cung nira dudng tron)

ICE =90° (gdc nai tiép chan cung nira duong tron)

nén IDE + ICE =180°suy ra ICED ni tiép trong mot duong tron(dau hiéu nhan biét)
b) Ba diém H, |, E thang hang

*Xét tam giac BEA c6 duong cao BC va AD cit nhau tai | nén | 1a truc tam hay EI L. AB
*Ta c6: BHI =90° (g6c noi tiép chan cung nira duong tron) suy ralH L AB

Vay ba diém H, |, E thiang hang

¢) FC.FD + AE.AC + BD.BE khong phu thugc vao vi tri diém C

* AFCA OO AFDA(g.g) suy ra FC.FD = FAFB

* AACB O AAHE (g.g) suy ra AC.AE = AH.AB
* ABDA OO ABHE (g.g) Suy ra BD.BE = BH.BA

Tir d6 suy ra: FC.FD + AE.AC +BD.BE = FAFB + AB* khong phu thudc vao vi tri caa diém C.

d) Khi OF =30A Tinh ti s6 21
OF

Vi H, D thugc duong tron duong kinh BI nén DHB = DIB

Ké duong kinh DG thi ADBG la hinh chir nhat nén BD = AG

do d6: DIB=CDG nén DHB =CDG hay DHO =FDO

Vay ADHO AFDO (g.g) nén O—H=@:E:>OH :EOA
OD OF 2 2

MaOF =30AnénOH :%OF
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Céu 367.(Thay Nguyén Chi Thanh) Cho hinh vuéng ABCD, diém E thuoc canh BC. Qua B ké
duong thang vudng goc véi dudng thing DE tai H , cat duong thang DC & K |

a) Chang minh rang BHCD Ia t& giac noi tiép

b) Tinh sé do CHK

¢) Chang minh h¢ thirc KC.KD = KH.KB

d) Khi E di chuyén trén canh BC thi H di chuyén trén dudng nao?

Huwoéng dén

B

a) Xét tir giac BHCD c6 BHD = BCD(=90°)
ma H va C 1a hai dinh lién tiép cing nhin canh BD
= BHCD la t& giac ndi tiép (dau hiéu nhan biét t giac noi tiép)
b) Vi BHCD la tir gi4c noi tiép nén CHK = BDC = 45°
c) Xét AKHC va AKDB co
BKD chung
KHC = KDB (= 45°)

Do d6 AKHC -~ AKDB (g.g) = % = E—CB: (cac canh tuong tng ti 1€)

= KC.KD = KH.KB

d) Goi O 1a trung diém cua BD

Vi BH 1L DE nén BHD =90°

Khi diém E di chuyén trén BC thi BHD =90° c6 dinh
ABHD vudng tai H c6 HO 1a duong trung tuyén

:>HO:%BD

= H nim trén dudng tron tam O, duong kinh BD.
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Khi EBthi H=B, E=C thi H=C

Vay khi diém E di chuyén trén BC thi H di chuyén trén % duong tron tam O, duong kinh BD.

Céu 368.(Thay Nguyén Chi Thanh) Cho tam giac ABC c6 ba gc nhon noi tiép duong tron (O;R).
Céac duong cao AD, BE,CF cit nhau tai H .

a) Chuang minh cac t giac CDHE va BCEF noi tiép duoc duodng tron.

b) Goi | la trung diém cia BC. Lay diém K d6i xang véi H qua | . Chang minh AK 1a duong kinh cua
duong tron (O).

¢) Chang minh ring néu tam gi4c ABC c¢6 tan B.tanC =3 thi OH //BC.

d) Cactia BE va CF citduong tron (O)lan lugttai M va N . Lay diém S trén cung nho BC,SM cit

AC & J,SN cat AB & L. Chimg minh ba diém H,J,L thiang hang.

Huwong dédn
b) Do K 1a diém ddi xtmg cia H qua | va | 1a trung diém cua BC .
= BHCK Ia hinh binh hanh.
=CK//BH;CH//BK

Laico AC L BH;AB L CH = ABK = ACK =90°
Vay ABKC la tir giac noi tiép duong tron duong kinh AK,

Ma AABC néi tiép duong tron (O).

= AK, la duong kinh cua dudng tron (O).

AD BD AD
i DINE
BD HD HD
Goi G 1a giao diém caa Al va HO = G latrong tdm cua tam giac AAHK .

A _3 pods A2 Al L 1G//DI = OH//BC.
AG HD ~ AG

¢) tanB.tanC=3 < tanB.tanBHD =3 < 3

d) D& dang thay H, N ddi xtng qua AB = LHN = LNH =SAC .
Twong tw: JHM = JMH = SAB

Vay LHN + NHM + JMH = SAC + NHM + SAB = BAC + NHM =180°
= L, H,J thiang hang.
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Bai 3609. Cho (O) duong kinh AB=6cm. Trén OB 1dy M sao cho BM =1cm. Qua M vé day CD
cua (O) vubng goc voi AB .

1. Chirng minh tam giac ABC vudng va tinh BC.

2. Puong thang qua O vudng goéc AC cit tiép tuyén tai A cia (O) & E . Chung minh EC 1a tiép tuyén cua

O).

3. Goi F lagiao AC va BD, ké FH vudng AB, goi K lagiao CB va FH . Ching minh AFBK can.

Huwéng din

a) Vi AB la duong kinh nén ACB =90° (géc nt chan nira dt)

Xét tam giac vudng ACB c¢d CM la duong cao nén BC* =BM.AB =6 = BC = J6cem

b) OE vubng goc voi AC tai | nén | latrung diém AC, suy ra OE latrung truc canh AC nén

OCE = OAE =90°= EC latiép tuyén cua (O).

¢) Vi CD vudng goc véi AB nén M la trung diém CD, suy ra tam giac CBD cantai B (c6 BM latrung
truc) nén CDB =DCB ma DCB =CKF;CDB = DFK (hai géc sole trong) nén K =F suy ra tam giac
BKF cantai B.

Bai 370. Cho (O;R) duong kinh AB . Ké tiép tuyén Ax , P eAx saocho AP >R tir P ké tiép tuyén
PM v6i(O)tai M . Dudng thing vudng goc véi AB tai O cdt BM tai N . AN cit OP tai K,PM cit

ONtai J,PN cit OM tai | .CM:

a) T giac APMO noi tiép va BM //OP b) Tt giac OBNP la hinh binh hanh
¢)Pl1 =0l ; PJ=0J d) Ba diém 1, J, K thang hang.
Huéng din
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A B
"/
a) PAO =PMO =90° Nén APMO noi tiép.

MBA +BAM =90°
{ Nén POA=MBA Suyra MB//OP

POA +BAM =90°
b) ANOB = APAO (cgv—gnk) nén PO=NB ma PO//NP nén OBNP la hinh binh hanh.
c) Theo cau b suy ra AONB Ila hinh chir nhét.

Ma APO=0PM Suyra OPN=POM

POM +OPM =90°
APO + OPN =90°

Nén APOlcantai I ,suyra PO=0OI.

Suy ra PON =0OPJ

APO =PON
APO =0PJ

Nén APOJcantai J,suyra PJ=0J.

d) J la tryc thm tam giac OPI nén 1J vubng goc OP tai trung diém OP (1).
Vi AONP Ia hinh chit nhat nén K 1a trung diém OP (2)

Tu (1)(2) suyra |, J, K thang hang.
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Céu 371.(Thay Nguyén Chi Thanh) Cho duong tron tim (O) va mot diém A nam ngoai dudng tron.
Céc tiép tuyén véi duong tron ké tir A tiép xuc v6i duong tron tai B,C. Goi M 1a diém tuy y trén
duong tron khac B va C.Tur M ké MH 1 BC,MK L.CA/MI L AB. CM:

a) Tt gidc ABOC,MIBH,MKCHnditiép  b) A MIH ~ AMHK ¢) MI.MK = MH?

Huwéng din

b) IBM = IHM (cung chin cung MH)

IBM = BCM (cung chin cung MB)

BCM = HKM (cung chan cung MH) nén IHM =HKM (1)
Taco: MIH=MBH (cung chin cung MH)

MBH = MCK (cung chin cung MC)

MCK = MHK  (cung chin cung MK) nén MIH=MHK (2).
Tu (1)(2) suy ra dpcm .

c) Tam giac MIH dong dang MHK nén MH? = MI.MK

Céu 372.(Thiay Nguyén Chi Thanh) Tu mot diém A nam ngoai (O) ké tiép tuyén AM, AN véi (O),
(M,N € (0))

a) Tir O ké duong thang L OM cat AN tai S. Ching minh: SO =SA

b) Trén cung nho MN 1dy diém P khac M va N . Tiép tuyén tai P cat AM tai B, AN tai C.Gia sir

A cb dinh, P 1a diém chuyén dong trén cung nho MN . Chirng minh chu vi A ABC khdng d6i ? Tinh

gia tri khong doi ay?

¢) V& cét tuyén AEF khong di qua diém O ,H Ia trung diém EF . Chimg minh céc diém A, M,H,O,N

cung thudc mot duong tron

d) Ching minh AE.AF = AM?

e) Goi K la giao diém cia MH véi (O) .Ching minh NK //AF .

Huwong din
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a) MAO = NAO = SOA
b) CV = AB+BP+PC+AC =(AB+BM)+(NC+AC)= 2AM

¢) M, H, N cang nhin OA dudi 1 géc vuéngnén A, M, H, N, O clng nim trén duong tron dudng
kinh AO.

d) G6c AFM = AME :%sdAM = AAME ~ AAFM (g.g) = AE.AF = AM’®
e) G6c MKN = MOA(= %deN] ma MOA=MHA (t gidc MOHA néi tiép)

nén MKN = MHA = FHK . Tur d6 suy ra EF//KN.

Céu 373.(Thay Nguyén Chi Thanh) Cho (O;R) duong kinh AB vaday AC khdng di qua tam,
Goi H latrung diém AC.

1. Tinh s6 do géc ACB va chitng minh OH//BC.

2. Tiép tuyén tai C cua (O) cat OH tai M . Chimg minh AM I tiép tuyén (O).

3. V& CK vudng géc AB tai K, goi | latrung diém CK , dit CAB=a.
Chuing minh IK =R.sina.cosa .
4. Chimg minh M , |, B thing hang.

Huwéng din
M M
C C
D
H | H N
A ] A .
O K B 0 K B
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1. Vi AB la dudng kinh nén ACB =90° (gdc nt chin nira dudng tron).
OH vudng goc AC (vi H latrung diém AC) nén OH//BC (hoic dung tinh chat duong trung binh)

2. Vi OM latrung tryc AC nén AM = MC. Suy ra AMAO = AMCO (c.c.c) nén MAO =MCO =90°
suy ra AM 12 tiép tuyén (O).

3. Taco: sina.cosazB—C A_C:AB.CK:C_K nén R.sina.cosa=CK:2=1IK.

AB 'AB ABAB 2R
4. T B ke tiép tuyén voi (O) cit CM tai D.

Goi MB giao AD tai N .Vi AM//BDnén: AN _AM _ MC suy ra ﬂ:% nén CN//AM hay

'ND DB CD ND

CN vudng géc AB nén N nim trén CK .

Taco: N _KB_ND_NC __NK_NC _ \k-cN hay N latrung diém CK = N tring |
MA AB AD AM ~MA AM

Vay M, |, B thang hang.

Céu 374.(Thay Nguyén Chi Thanh) Cho (O;R) va mot diém A nam ngoai duong tron . Tir mot
diém M chuyén dong trén duong thang d vudng goc voi OAtai A, vé& céc tiép tuyén MP, MP’véi
duong tron . Dy PP’ cit OM tai N, cit OAtai B . Ching minh :

a) T giac MPOP?, MNBAngi tiép b) OAOB = OM .ON khong do6i

¢) Khi diém M di chuyén trén d thi tim dudng tron ndi tiép A MPP’ di chuyén trén dudng nao ?

d) Cho PMP'=60° va R =8cmtinh dién tich t&r giac MPOP’ va hinh quat POP’

Huwong din

a) + Taco MPO =MP'O =90° = MPO + MP'0O =180° ma day 4 hai goc dbi cua tir gidic MPOP’ nén tir
giac MPOP" 1a tir giac ndi tiép.

Tac6 OP =OP’ nén Onim trén dudng trung truc PP’, MP = MP’ nén M nam trén dudng trung truc
PP, suy ra OM la trung truc PP’ nén PP’vudng géc OM

+ Xét tir giac MNBA ¢6 MNB + MAB =180° ma déy 1 hai goc dbi cua tir giac MNBA nén tir giac
MNBA 1a tir giac ndi tiép.

b)+Xét tam giac vudng ONB va tam giac vubng OAM cé goc AOM chung
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AONB -~ AOAM (g.9) = %:%: OAOB=0OM.ON (1)
ON OB

+Xét tam giac vuéng OMP ta co
OP?=0M.ON = R? (hé thirc luong trong tam giac vudng) (2)
Tu (1) va (2)= OAOB=0M.ON =R®

c) Goi | lagiao OM vai (O). Taco: OM la phan giac caa PMP'.
IP'M :%SJP'I;IP'P:%SJIP malP=IP' nén IP'M =IP'P

Suy ra | 1a tAm dudng tron ndi tiép tam gidc MP’P.
Vay tam dudng tron noi tiép tam giac MP’P chay trén (O)

d) MP'=- Ozo =84/3cM = Sypye: = OP".P'M =64+/3cm?
an

7=

7R?.120°
POP' — W ~67cm?

Céu 375.(Thay Nguyén Chi Thanh) Cho (O;R) vadiém A cb dinh ndm ngoai (O). V& duong
thang d L OAtai A.Trén d liy diém M . Qua M ké hai tiép tuyén ME,MF . EF cit OM tai H ,
cit OA tai B . Chimng minh :

a) TG giac ABHM ndi tiép b) OAOB = OH.OM = R?

¢) Tam cta duong tron ndi tiép A MEF thudc mot dudng tron ¢b dinh

d) Tim vi tri cia M dé dién tich ABHO 16n nhét

Huwéng din

a) Tac6: EM =EF nén M nam trén trung tryc EF

OE =OF nén Onam trén trung tryc EF

Suy ra OM la trung tryc EF nén MO vubng goc EF tai H .

Xét tir giac ABHM ¢6 : BMH +BAH =180° ma day 1a hai goc dbi nhau nén tir giac ABHM noi tiép
dudng tron

b) Vi ABHM noi tiép nén OMA=0BH ( cing phu goc HBA )
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Suy ra AOBH -~ AOMA(g.g)= OAOB=0H.OM (1)

Xét tam giac vudng OEM c6 EH la duong cao nén OH.OM =0OE*=R? (2)
Tir (1)(2) suy ra OAOB =0H.OM =R?

¢) Goi giao OM va (O) la I .

Tac6: EMO = FMO ( tc hai tt cit nhau) (3)

IEM =%SdEI; IEF:%sle ;macung El =cung FI nén IEM = IEF (4)

Tir (3)(4) suy ra | 1a tam dudng tron ndi tiép tam giac MEF.
Véy tdm duong tron ndi tiép tam gidc MEF ludn nam trén (O) cb dinh.

2

d) theob ta c6: OAOB =R* ma OAkhong doi nén OB = CF;—A khong di.

Trong tam giac vudéng OHB co:

1 1 (OH +HB)2_(OH+HB)Z<2(OH2+HBZ)_OBZ

S..=-OHHB<Z=. <
o8 9 2 2 8 8 4

Déu bang xay ra khi OH = HB, suy ra tam giac OHB vudng can tai H nén MOA = 45°

Vay M trén d sao cho MOA =45°

Ciu 376.(Thay Nguyén Chi Thanh) Cho (O;R). Piém A cb dinh nam ngoai duong tron ké
duong thang (d) vudng géc OA. Tir diém B bat ki trén d (B khong tring A) ké cac tiép tuyén
BD,BCvéi (0)(D, Clatiép diém) Day CDcét OB tai N, cat OAtai P.

1) Chitng minh tir giac OCBD, BNPA néi tiép duong tron

2) Chitng minh OAOP =OB.ON = R’

3) Cho goc CBO =30°; R=6cm. Tinh dién tich BCOD va dién tich hinh quat gidi han boi cung nho

DC vaday DC.

4) Goi E 1a giao duong thing AOva (O) (Onam giita A, E). Khi B di chuyén trén duong thing d .

Chtng minh trong tdm G cua tam giac ACE thudc mot duong tron ¢ dinh

Huwong din
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1) Xét tir giac OCBD c6: BDO = BCO =90° (tc tiép tuyén) nén BDO +BCO =180° ma day la hai goc
dbi nhau nén tir giac OCBD néi tiép.

Tac6: OC =0D nén O nam trén dudng trung truc DC (1)

DB = BC (tc hai tiép tuyén cat nhau) nén B nam trén duong trung tryc DC (2)

Tt (1)(2) suy ra OB la trung truc DC nén BO vudng géc DC .

Xét tir giac BNPA c6: BNP +BAP =180° ma day la hai goc dbi nhau nén tir giac BNPA noi tiép.

2) Xet tam giac OPN va OBAcé: Géc O chung,

ONP = OAB = 90° = AOPN - AOBA(g.9) = % = O—E — OAOP =ON.OB (3)

Trong tam giac vuong BOD cd DN la duong cao, ap dung hé thirc lugng trong tam giac vudng ta co:
ON.OB =OD? = R?(4)

Tt (3)(4) suy ra OAOP =0B.ON =R’

3) Trong tam giac vudng OBC taco: BC = oc = R = R+/3 =6+/3cm
tanCBO tan30°

Secop = 2Sa0c = 2.%.OC.CB = 2.%.6.6\/5 =36+/3cm?

Ta c6: CBO =30° = CBD = 60° = COD =120° = Dién tich hinh quat gi&i han boi ddy OD, OC va

120.3,14.6° 942
= cm
360 25

cung nho DC la: Sy =

Vi DON =60°=ON = g =3cm= DN = 3\/§cm = S,0pc = 25,008y =ON.ND = 9\/§cm2
= Dién tich hinh gidi han boi cung nho DC va day CD la:
S =Sopec ~Sonc = % —9\/§cm2

4) Goi E la giao duong thang AO va (O) (O nam gitta A, E). Khi B di chuyén trén duong thang d .
Chung minh trong tdm G ctia tam giac ACE thudc mot dudng tron ¢b dinh

Ava O cddinh nén E cd dinh, goi H latrung diém AB suyra H c6 dinh.

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122




Goi | 1a diém ndm trén doan OH sao cho HI = % HO = 1| ¢ dinh

=1G// OC va GzéOng.

t tam giac HOC co: i:H_G
HC

1
HO 3

Ma | c6 dinh nén G chay trén (I;gj.

Céu 377.(Thay Nguyén Chi Thanh) Cho diém M nim bén ngoai dudng tron (O;R). Tir diém
M ké hai tip tuyén MA,MB véi dudng tron d6 (A,B 13 hai tiép diém). Qua diém A ké duong
thang song song véi MB cat (O;R) tai C.N&i MC cit dudng tron (O;R) tai D. Tia AD cat MB
tai E.

a) Chig minh rang MAOB 1a ttr giac ni tiép.

b) Chung minh EM = EB.

¢) Xac dinh vi trf ctia diém M dé BD L MA.

Huéng din

A

[
<

2

B

a) Ta c6: MAO =MBO =90° (gt) suy ra MAO -+ MBO =180°
ma day 1a hai goc ddi nhau cta tir giic MAOB nén tir giac MAOB noi tiép.
b) Xét tam giac EMD va EAM c6: Géc E chung, EMD = EAM (cling bang géc DCA)

nén AEMDMAEAm(g.g):%:E: EM? =ED.EA (1)
EA EM

Xet tam giac EBD va EAB c0: Goc E chung, géc EBD = EAB (: %sdBDj

nén AEBD - AEAB(g.9) :@ _ED = EB* =ED.EA (2)
EA EB

Tir (1)(2) suy ra EB=EM . Vay E 1a trung diém BM .

c¢) Khi BG vudng goc MA thi:

MAB + DBA =90° < MAD + DAB + DBA = 90° < DMB + DBM + DBA=90° nén MD vubng géc AB
ma AM =MB nén MC trung véi MO.
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Khi d6 AOBD la hinh thoi nén OI =§.
Trong tam gidc vuéng AOM cd Al la duong cao nén:
OA? =0I.OM = R? =§.MO:>OM =2R

Vay quy tich diém M nam trén (O;2R).

Céu 378.(Thay Nguyén Chi Thanh) Cho duong tron tdm O, ban kinh R. Tir diém A bén
ngoai duong tron, ke 2 tiép tuyén AB, AC voi dudng tron (B, C 1a cac tiép diém). Tir diém B, ké
duong thang song song véi AC, cit duong tron tai D (D khac B).Nbi AD cat duong tron (O) tai
diém th hai 1a K. Néi BK cit AC tai | .

1. Chimg minh tr giac ABOC ndi tiép duong tron.
2. Chirng minh rang IC* = IK . IB

3. Cho BAC =60°. Chirg minh ba diém A, O, D thang hang.

Huwéng din

1) Vi AB va AC latiép tuyén cia (O) nén ABO = ACO =90°
Xét tir giac ABOC c6: ABO+ ACO =180° ma day la hai goc d6i nhau nén tir giac ABOC ndi tiép.

2) Taco: IAD =KDB (sole trong) ma KDB = KBA(: %sdBKj nén IAK = KBA

Xét tam gidc IAK va IBA c6: Géc | chung, IAK = KBA nén AIAK - AIBA(g.9)

:E :5: IA> = IB.IK (dpcm)

B IA
3) Vi ABOC noi tiép ma A =60°= BOC =120° = AOC = 60° = BCA = 60°
= DBC =60° (sole trong) nén DOC =120° (g6c & thm — goc ndi tiép).

Suyra AOC+COD=180° nén A, O, D thang hang.

Céu 379.(Thay Nguyén Chi Thanh) Cho duong tron tim O ban kinh R . Diém A ndm ngoai
duong tron sao cho OA=3R . Tlr diém Aké hai tiép tuyén AP va AQ véi duong tron (O)(P,Q Ia hai
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tiép diém). Tr diém P ké dudng thang song song v6i AQ, cit dudng tron (O) tai M (M khac P).
Goi N 1a giao diém thr hai ciia dudng thang AM va dudng tron (O). Tia PN cét duong thang AQ
tai K.

a) Chung minh t&r giac APOQ 1a ttr gidc ndi tiép;  b) Chimg minh KA = KN.KP
¢) Goi G la giao diém cia hai dudng thang AOva PK . Tinh d6 dai doan thing AG theo R.

Huwéng din

Tl
®

Q
a) Vi AP va AQ Ila hai tiép tuyén cua (O) nén APO = AQO =90°
= APO + AQO =180° ma day la hai goc dbi cua tir gilc APOQ nén APOQ noi tiép dudng tron.
b) Tacd: NAK = NMP (sole trong) ma NMP = NPA(z%sdPNJ

nén NPA=NAK

Xét tam gidc KAN va tam gidc KPA cé: Goc K chung; KAN = KPA

KA _KP

nén AKAN - AKPA(g.9) >N = KA? = KN.KP

¢) Tuong tu cac em chirng minh AKNQ - AKQP(g.g):> KQ? = KN.KP

Suy ra KQ = KA nén K latrung diém QA.

Vi OP =0Q nén O nam trén trung truc PQ. Vi AP =AQ nén A nam trén trung truc PQ, suy ra OA
la trung truc PQ nén G la trong tdm cua tam giac APQ.

Xét tam giac vudng APO c6 PH la duong cao nén

OP? = OH.OA=> OH =§:AH :3R_§:§

8R 16R

39

Suy ra AG:EAH =

wiN
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Céu 380.(Thay Nguyén Chi Thanh) Cho (O;R) vaday CD cé dinh. Goi H latrung diém CD.
Goi S 1a mot diém trén tia dbi cua tia DC qua S ké hai tiép tuyén SA, SB t6i (O) . Puong thang
AB cit SO, OH tai E va F,cho R=10cm ; SD=4cm; OH =6cm. CM :

a) Tt giac SEHF noi tiép b) Tich OE .0OS khéng phu thudc vao vi tri diém S

c¢) Tinh CD va SA

d) Khi S di chuyén trén tia d6i caa DC thi AB ludn di qua mot diém cb dinh

Huwéng din
0 0 ‘lé
c H S C H S

a) Vi H 1a trung diém DC nén SHF =90° . OS 1a trung truc AB nén SEF =90°

Xét tir giac SEHF ¢6 : SEF = SHF =90° ma hai goc niy cung nhin canh SF nén SEHF la tir giac ndi
tiép.

b) OE.OS = AO? = R?.

c) Taco :0OD =R =10cm ; Pytago trong ADCH tinh dugc DH =8cm, suy ra DC =2DH =16cm.
Taco :SH =SD+DH =12cm ; Pytago cho ASOH tinh dugc SO =180 cm®.

Pytago cho tam giac SAO tinh dugc SA= 4/5cm

d) Vi DC ¢6 dinh nén H ¢ dinh hay OH khong d6i.

2

AOEF - AOHS (g.g) = OH.OF =OE.OS =R* = OF = S—H khong d6i nén F ¢6 dinh. Vay AB luén di

qua diém F c¢6 dinh.
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Céu 381.(Thay Nguyén Chi Thanh) Cho dudng tron (O) va mot diém A ndm ngoai duong tron.
Tir Aké hai tiép tuyén AB, AC va cat tuyén AMN voi dudng tron (B,C, M, N thudc duong tron va
AM < AN). Goi E 14 trung diém cta ddy MN, | 13 giao diém thtr hai ciia dudng thing CE véi
duong tron.

a.C/m : Bén diém A O,E,C cung thudc mot duong tron.

b. C/m: AOC = BIC c.C/m: Bl //MN

d. Xac dinh vi tri cat tuyén AMN dé dién tich tam giac AIN 16n nhét.

Huwong din

a) Vi E 1a trung diém MN nén OEA =90° Taco: OEA =OCA =90° ma hai goc nay ciing nhin canh

OAnén tir giac ACEO ndi tiép. Vay A, O, E,C cung thudc mot dudng tron.
. : ik ; s A 1 s 1 ,
b) Vi Ala giao cua hai tiép tuyen AC va AB nén AOB = AOC = EsdBC ,ma BIC = EsdBC (goc nt)

nén AOC =BIC (dpcm)

¢) Theobtacd AOC = AEC ( goc nt chan cung AC)suyra AEC =BIC ma hai goc nay & vi tri dong
vinén NM //BI .

d) Vi BI//NM nén S, =S,a =%h.AB (v6i h 1a khoang cach tir N dén AB)

Suy ra S nmax < My = Ny = 2R <> NB 1a duong kinh.

Vay cat tuyén AMN thoa man NB 1a duong kinh thi dién tich AAIN 16n nhét.

Cau 382.(Thay Nguyén Chi Thanh) Cho A nim ngoai (O), tir A ké hai tiép tuyén AB, AC
v6i (0) (B,C latiép diém). M latrung diém AB, MC cit (O) tai N .

a) Chimg minh ABOC ndi tiép.

b) Chitng minh MB? = MN.MC

¢) Tia AN cit (O) tai D. Chting minh MAN = ADC

Huwéng din
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a) Taco: ABO = ACO =90° (tc tiép tuyén).

Xét tir gidc ABOC c6: ABO+ ACO =180° ma hai goc ndy & vi tri d6i nhau nén ti gidc ABOC noi tiép.

b) Xét tam giac MBN va tam giac MCB c6: Géc M chung, géc MBN = MCB(=%sd‘BNJ

nén AMBN -AMCB(g.9) :@ _MN = MB? =MC.MN (dpcm)
MC MB
¢) Theo b ta c6: MB? = MC.MN = MA? = MC.MN :% _MN
MC MA
XétAMAN va AMCAc6 M chung; MA _MN
MC MA

= AMAN - AMCA(C.g.C) = MAN = MCA ( 2 gbc tuong ng)

ma MCA = ADC (z %Sd‘NCj nén ADC = MAN

Céu 383.(Thiay Nguyén Chi Thanh) Cho diém A nim ngoai duong tron (O). Tir A k¢ hai tiép
tuyén AB, AC va cat tuyén ADE toi dudng tron( B,C 1a hai tiép diém, D nam giita A va E ). Goi
H 1a giao diém cua AO va BC.

a) CMR: ABOC la tir gi4c noi tiép

b) CMR: AH.AO = AD. AE

¢) Tiép tuyén tai D cua duong tron (O) cit AB, AC theo thu tu tai | va K. Quadiém O ké duong
thang vudng goc vi OA cat tia AB tai P vacattia AC tai Q. CMR: IP + KQ>PQ

d) Giasir A va (O) cb dinh. Chimg minh chu vi ciia tam giac AIK khong phu thudc vao vi tri diém D .

Néu chu vi tam gidc AIK 1a 20cm thi d6 dai AB 1a bao nhiéu.

Huwong din
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a) Taco: ABO = ACO =90°( tinh chat tiép tuyén)

Xét tir giac ABOC c6: ABO+ACO =180° ma day 1a hai goc ddi nhau nén tir giac ABOC noi tiép.

b) Tam giac ABO vuong tai B c6 duong cao BH nén ap dung hé thirc luong trong tam giac vuong ta
c6: OAAH = AB? (1)

Xét tam gidc ABD va AEB c06: Goc A chung, géc ABD = AEB(:%SJBD]

AB AD

nén AABD - AAEB(g.g) :E T = AD.AE = AB’ (2)
Tu (1)(2) suy ra AO.AH = AD.AE (dpcm)

c) Taco:

IP+ KQ>2.,/IP.KQ

Tam giac APQ cantai A (vi AO la trung truc PQ) nén OP =0Q .
Pé chimg minh IP+ KQ > PQ ta chimg minh 1P.KQ = OP?
Tacé: ABPO =ACQO(ch.gn)= BOP =COQ
Ap dung tinh chat hai tiép tuyén cit nhau ta co:
BOI = DOI;BOK =COK = BOP + BOI + DOK = 10D + KOQ =90°
hay POl + DOK =90° ma OKD + DOK =90°= OKD = POl = POI =0OKC
Xét APOIVAAQKO c¢6: P =Q;POl =QKO=> APOI - AQKO(g.9)

_PO_Pl L \pko=0P? ma IP+ KQ > 2./IP.KQ = 20P = PQ.

QK 0Q
d) Céac em chi ra chu vi bang: Al + 1D+ DK + KA = (Al +1B)+(CK + KA) = AB+ AC = 2AB.
Vi (0) va A cb dinh nén AB c¢6 dinh, suy ra chu vi tam giac AIK khong phu thudc vao D .

Chu vi bang 20cm cac em lap luan tinh duoc AB =10cm

Céu 384.(Thiay Nguyén Chi Thanh) Cho (O;R) va duong thang d khong di qua tam cit (O) tai
hai diém A va B.Trén d lay M sao cho A nim giita M va B. T M ké hai tiép tuyén MC .
MD véi (O) (C, D lacac tiép diém).
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a) Chimg minh MCOD ndi tiép.

b) I latrung diém AB, Ol cit MD tai K. Chimg minh KD.KM = KO.KI

¢) Puong thing di qua O song song CD cit MC, MD tai E va F . Xéac dinh vitri M trén d sao cho
dién tich tam gidc MEF dat GTNN .

Huwdng din

a) Ta c6: MOC = MDC =90° (vi MC va MD la tiép tuyén (O).

Xét tir giac MCOD ¢6: MCO+MDO =180° ma hai goc nay & vi tri d6i nhau nén tir giac MCOD noi
tiép.

b) Vi O latrung diém AB nén Ol vudng géc AB (tinh chat duong kinh — day cung)

Xét tam gidc KDO va KIM c6: Géc K chung, KDO = KIM =90°

nén AKDO - AKIM (g.g):>Q _ K KDKM =KOKI (dpcm)
KO KM

c) Taco: OM latrung truc cia CD ma EF//CD nén OM la trung truc EF .

= Sy = 2Sy0r = OD.MF = R(MD +DF ) > R.2/MD.DF =R.2/0D? = 2R’
Dau bang xay ra khi MD=DF = R ma MAMB = MD? =R’
Vay M nam trén d sao cho MAMB =R? thi dién tich tam giac MEF nho nhat.

Cau 385.(Thiy Nguyén Chi Thanh) Cho diém M nam ngoai duong tron tam O . V& tiép tuyén
MA, MB véi duong tron (A, B 14 céc tiép diém), v& céat tuyén MCD khdng di qua tam O (C nam
gitta M va D). OM cit AB va O lan lugttai H va | . Ching minh.

a) Chung minh ttr giac MAOB ni tiép.

b) MC.MD = MAZ.

c) OH.OM +MC.MD = MQ?.

d) Chang minh DCHO noi tiép.

e) ClI latia phan giac goc MCH .

Huwong din
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a) Ta cd: MAO =MBO =90° (t/c tiép tuyén) = MAO+MBO =180° ma day la hai goc dbi cua tir giac
MAOB nén tt giac MAOB i tiép.

b) Taco: MAC = MDA(:%SJACJ

Xét AMAC va AMDA c6: MAC = MDA ; géc M chung nén AMAC -~ AMDA(g.9)

- MA_MC _ \icMD=wma?
MD MA

c) OA=0B nén O nam trén duong trung truc AB, MA=MB nén M nam trén duong trung truc AB,
suy ra MO latrung truc AB nén OH vubdng géc AH .

Tam giac MAO vubng tai A c6 AH la duong cao nén OH.OM = OA?

= OH.OM + MC.MD = 0A? + MA* =OM? (dpcm)

d, Tr MH.OM = MA?, MC.MD = MA? suy ra MH.OM = MC.MD:w=M—C *)
MD MO
X ., MH MC A
Trong AMHC va AMDO c6 VD - MO va DMO chung nén AMHC -~ AMDO(c.g.c)

= MHC = MDO = Tir giac DCHO ni tiép.
e) Theo d ta co:

MC MO MO
- = =

CH OD OA

1)

Talai c6 MAI =IAH (gbc nt ciing chan hai cung bang nhau)
= Al laphan giac cia goc MAH .

Theo t/c duong phan giac cua tam giac, ta co: % = % (2)

AMHA va AMAO c6 géc OMA chung va MHA = MAO =90° nén AMHA -~ AMAO (g.9)

MO MA Mi
——=Sm-T (9
OA MH IH
. MC Ml A
Tu (1), (2), (3) suyra CH R suy ra Cl latia phan giac ciia gé6c MCH (dpcm)
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Céu 386.(Thay Nguyén Chi Thanh) Cho (O;R) . M tuy y nam ngoai dudng tron, ké hai tiép
tuyén MB,MC véi dudng tron, ké duong kinh AB cua dudng tron.

a) Chirng minh AC //OM

b) Ké duong thang qua O vudng géc AB cit MC va AC tai K va E . Chimg minh AMOB = AEAO

¢) Chirng minh d6 dai ME khéng dbi

d) Khi M chuyén dong trén (O;2R) thi K chuyén dong trén dudng nao?

Huwong din

a) Cung vubng goc voi BC.

b) Xét hai tam giac vudng AMOB va AEAO c6 OA=0B; EAO = MOB (dong vi)

Suy ra AMOB = AEAO (cgv—gnk)

¢) Theo b suy ra OE = BM suy ra BMEO 14 hinh chit nhat nén ME = OB =R khéng dbi.

d) Taco: OM//CE (cmt) nén OMEC la hinh thang, ma OE =BM; CM =BM nén OE =CM
Suy ra OMEC 1a hinh thang can, suy ra K nam trén trung truc OM .

Vi OM =2R; OB =R nén MB =OE =R+/3

Goi | latrung diém OM , Tam gi4c OIK ddng dang OEM nén:

OK _Ol _ 5 _R2R_ 2RR+/3
OM OE R\/3 3

O.MJ
3

Vay K nam trén duong tron { ;

Ciu 387.(Thay Nguyén Chi Thanh) Cho (O) vadiém A nam ngoai (O). K¢ hai tiép tuyén AM
va AN . Puong thang d diqua A cat (O) tai B va C (AB<AC, d khong qua tam).

a) AMON ndi tiép.

b) Chirng minh AN? = AB.AC . Tinh BC cho AB =4cm, AN =6cm.

¢) Goi | latrung diém BC, NI cit (O) tai diém thir hai T . Chimg minh MT //AC.

d) Hai tiép tuyén cua (O) tai B va C cit nhau tai K. Chang minh K thudc dudng thang c¢d dinh.

Huwéng din
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a) C6 hai goc dbi bang 90°.
b) Tam gidc ABN dong dang ANC (g.g). Thay s6 vao tinh AC rdi suy ra BC.
c) AOIN noi tiép nén AIN = AON ma AON =MTN nén AIN = MTN

oC OK

d) AKCO ~ACIO (g.g) ®— =— =0C?*=0l.0K.
IO OC
010k =oNz= 2L _ON _ \Nko - AINO= NKO = INO
ON OK
ol OM
0|.0K=OCZ:>0|.0|<=0|\/|2:>m :W:AMKOMAIMO: MKO = IMO

ma IMO=INO nén MKO =NKO
suyra K, M, N thang hang = K ludn nam trén duong thang MN khi d thay doi.

Cau 388.(Thiy Nguyén Chi Thanh) Cho (O) vadiém A nam ngoai duong tron. Keé tiép tuyén
AB, AC vacét tuyén ADE voéi (O) (D nam giita A va E). Phan giac goc DBE cat ED tai | .
Chutng minh:

BD _CD
8) =
BE CE

b) Chung minh Al = AB=AC.
c¢) Chirng minh CI la phén gi4c géc DCE .

Huwong din
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a) Tacé: AEB=ABD :lsdBD]:AAEBmAABD(g.g):—BD=—AB )
2 BE AE
CD AC
Tuong tu: = AAEC - AACD(g.g)=>—=—— (2
s (9.9) CE AE @)
, BD CD
Tu (1) va (2) két h 601t AB=AC neth —=—
(1) va (2) két hop véi SE - CE

b) Goi IB cit (O) tai K. Vi BK 1aphan giac géc EBD nén cung EK =cung KD.
Taco: BIA=EIK :%(sdEK+sdBD):%(deD+ BD):%deB:IBA nén tam giac ABI cantai A,

suy ra Al = AB ma AB=AC (tc tiép tuyén) nén AC = AB=Al .

c) Vi E=E (tinh chat phan giac) nén :>C—D=E = IC laphan giac goc ACE .
BE IE CE IE
Ciu 389.(Thay Nguyén Chi Thanh) Cho (O) vadiém M nam ngoai (O), ké 2 tiép tuyén MA,

MB va cat tuyén(MN < MP), goi K latrung diém NP.
1) Ching minh M, A, K, O, B cung thuéc duong tron.
2) KM la phan giac AKB.
3) Goi Q la giao diém thir 2 cia BK véi (O), chimg minh QA//NP.
4) Goi H lagiao diém AB va MO, Chitng minh MA? = MH.MO = MN.MP .
5) Chtng minh 4 diém N, H, O, P clng thudc dudng tron.
6) E lagiao AB va KO, chimg minh AB*> =4HE.HF (F lagiao AB va NP)
7) Chtng minh KEMH i tiép tir d6 suy ra OK.OE khong doi.
8) Goi | lagiao MO véi (O). chimg minh | 13 tim dudng tron noi tiép AMAB |
9) Tim vi tri NMP dé tam giac MQP c6 dién tich 16n nhét.
10) Chang minh KF va KE lan luot 12 phan gi4c trong va phan giac ngoai cua goc AKB . Tir d6 suy ra
AE.BF = AF.BE .
11) Chimg minh khi cat tuyén MNP thay d6i thi trong tim G cua tam giac NAP ludn chay trén mot

duong tron c¢b dinh.
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12) Qua N ké duong thiang song song MB cit AB va PB tai X va Y. Chung minh X Iatrung diém
NY .
13) Gia st MO =2R. Tinh dién tich hinh quat giéi han bai ban kinh OA, OB va cung nho BA .

14) Phan giac géc NAP cit NP tai J. Chiing minh:

L AN_BN +MA=MB = MJ + BJ la phan giac goc NBP.
AP BP
15) Tir A ké dudng thang song song MO cat (O) tai L. LM cét (O) tai Z, AZ cat OM tai U .
Chang minh:
2
a) MU? =UZUA va UM =HU b) Chirng minh: H82 Lz
HZ® ZM
Huwéng din
E
A QJla

1) OK vudng NP (tc duong kinh —day cung) suy ra ggc MAO = MBO = MKO =90°.
Noi tiép duong tron dudong kinh OM .
2) AKM = AOM (vi AKOM ndi tiép) ; MKB = MOB ( MKOB noi tiép)

ma KOA=KOB (hai tiép tuyén cat nhau) nén KAM = MKB
Cach khac: Vi te giac AKBM néi tiép ma AM = MB (tc 2tt cit nhau) nén cung AM =cung MB

Suy ra KAM = MKB (géc nt chan hai cung bang nhau).

3) géc AQK = %sdAB: MOB =MKB nén AQK =QKP.

4) Trong tam giac vudng MAO c6 AH a duong cao suy ra MA?> = MH.MO .

Trong tam gidc MAN va MPA c6 géc M chung, goc MAN = MPA (=%sdAN) nén tam gidc MAN

ddng dang MPA suy ra MA? = MN.MP.
5) Theo cau d suy ra MH.MO = MN.MP . Xét tam giac MHP va MNO c0:
MH.MO = MN.MP vagéc M chung = AMHP -~ AMNO(c.g.c)

= MPH =MON = T giac NPOH noitiép nén 4 diém N, H, O, P cung thuoc duong tron.
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2 2
AB ma MH.HO =HE.HF nén HE.HF:AB

6) Taco: MH.HO = AH? =

7) Tacod: EKM = EHM =90° = OE.OK = OH.OM =R?
8) Xem céc cau khac.
9) Tim vi tri NMP dé tam gidc MQP ¢6 dién tich 16n nhat.

Vi QA/IPM nén S, =Sy :%h.AM (h 1a khoang cach tir P dén AM)

Suy ra Syopmex < Ny = AP la duong kinh ctia (O) . Vay MNP théa man AP la duong kinh cta (O)
thi dién tich tam giac MQP 16n nhéat.

10) Ching minh KF va KE 1an luot 14 phan giac trong va phan gidc ngoai ciia goc AKB . Tir d6 suy ra
AE.BF = AF.BE

Chirng minh trén ta c6: KF & phén giac trong géc AKB la KE vudng géc KF nén KE la phéan giac
ngoai goc AKB.

FA EA
=>—=—
FB EB
11) Chimg minh khi cat tuyén MNP thay d6i thi trong tim G cua tam giac NAP ludn chay trén mot

= FAEB = FB.EA ( tinh chit phan giac trong — phan giac ngoai)

duong tron c¢d dinh.

Taco: O, M, A, B cbdinh. Goi J latrung diém OM suyra J cb dinh.

Goi T ladiém trén AJ sao cho AT =§AJ = T cb dinh.
G la trong tdm tam gidc APN nén GAz%AK =GT //KJ va GT zéKJ
Tam giac MOK vuéng nén KJ =%OM khéng ddi suy ra GT =%OM

Vay G nam trén dudng tron tam (T;%OM)

12)
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Néi KX , Tacé: 5 diém A, K, O, B, M clng thuoc mot dudng tron nén goc KAB = KMB (g6c nt
cuing chin cung KB)

ma KMB = KNX (dong vi) nén KAX =KNX suy ra tir giac AKXN ndi tiép nén

XKN = XAN ma XAN =BPN (gdc nt chin cung NB) nén BPN = XKN

suy ra KX//PY ma K latrung diém PY nén X latrung diém YN .
13) Gia st MO =2R. Tinh dién tich hinh quat gidi han boi ban kinh OA, OB va cung nho BA .

2
AOB =120°;8 = ZR. 27T
3 3
14)
+ Chira AN=M'A‘;B’\|=I\/”'D’ ma MA =MB nénﬂzﬂ
AP PM BP PM AP BP

+ MA=MB (tc 2 tiép tuyén cat nhau). Goi Z lagiao AJ voi (O).
Tacd: NJA= %(sdPZ +sdAN ) = %(stN +sdAN ) :%stA:JAM (cacemchiy AJ la phan giac nén

cung PZ =cung ZN) suy ratam giac AMJ cantai M nén AM =MJ.
Vay AM =BM =JM .

+ Theo tinh chat phan giéc ta co: L =£ =E nén BJ la phan giac goc NBP
JN AN BN
Céu 390.(Thay Nguyén Chi Thanh) Cho (O;R). Tirdiém M nim ngoai dudng tron ké hai tiép

tuyén MA, MB véi duong tron. Qua A ké dudng thang song song MO cit (O) tai E. ME cit (O)
tai F. AF cit MO tai N,H 1a giao diém MO va AB.

a) Chirng minh MAOB ndi tiép.

b) NM?=NF.NA va NM =NH .

2
HB* EF _,

¢) Chung minh —_— =
) Ching minh e =

Huwong din

a) MAO = MBO =90° = MAO + MBO =180° . Ma hai goc d6i nhau nén tir giac MAOB ndi tiép
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b) Chi ra AMNF -~ AANM (g.g) suy ra MN? =NF.NA

Chira ANFH -~ AAFH (g.g) suy ra NH? =NF.NA

Vay MN? =NH? suy ra MN = NH

C6 MA=MB (tinh chét 2 tiép tuyén cit nhau) va OA=0OB =R
= MO la duong trung truc cia AB

= AH L MO va HA=HB

AMAF va AMEA c6: AME chung, MAF = AEF
MA MF

= AMAF -~ AMEA (g.9) = = MA? = MF.ME
ME MA
Ap dung hé thirc luong vao A vudng MAO, c6: MA? = MH .MO
Do d6: MEMF = MH.MO = ME _MO
MH MF

— AMFH -~ AMOE (c.g.c) = MHF = MEO

Vi BAE la gdc vudng ni tiép (O) nén E, O, B thing hang

= FEB = FAB(:%SdEBj

= MHF = FAB = ANH + NHF = ANH + FAB =90°
Nén HF vubng géc NA.

Ap dung hé thirc lugng cho tam giac vudng NHA, c6: NH? = NF . NA
=NM?=NH?=NM =NH.

HB® EF _
HF? MF
Ap dung hé thirc lugng cho tam giac vuéng NHA, c6: HA? = FA.NA va HF? = FA.FN. Ma HA=HB

c¢) Chung minh:

_ HB® _HA® FANA _NA
HF? HF? FAFN NF
= HB2=AF.AN (vi HA=HB)

Vi AE // MN nén %:% (hé qua cua dinh Ii Ta-1ét)

:HBZ EF _NA FA_NF _
HF2 MF NF NF NF
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Céu 391.(Thay Nguyén Chi Thanh) Cho (O;R) diém A cé dinh ndm ngoai dudng tron (O). Tir
A ké hai tiép tuyén AM, AN va cét tuyén ABC dén (O) ( M va O ndm cung phia véi cat tuyén
ABC).Goi H 1a trung diém BC.

a) Chirmg minh AM? = AB.AC b) Ching minh t&r giac AMON va ANHO 1a cac tir gidc noi tiép.
c) Qua H ké duong thang song song MC cat MN tai K. Ching minh BK // AM .

Huwong din

a) Goc ACM = AMB(: %sdBM) = AAMB -~ AACM = AM? = AB.AC

b) Cac em tu cm
¢) BHK =BCM =BNM nén tir giac BNHK noi tiép suy ra HNK = HBK
Mit khéc 5 diém A, N, H, O, M clng thudc mot dudng tron (cau a) nén HNK = HAM (géc nt

cuing chan cung HM) suy ra HBK =HAM suy ra KB//AM.

Céu 392.(Thay Nguyén Chi Thanh) Cho tam giac ABC cantai A, A<90°., mét cung tron
BC nam trong tam gi4c ABC va tiép xdc vi AB, AC tai B va C. Trén cung BC ldy mot diém M
roi ha duong vudng géc M1, MH, MK xudng cc canh twong tmg BC ,CA, BA. Goi P la giao diém
ciia MB, IK va Q la giao diém ciia MC, IH .

a) Chirmg minh rang céc ttr giac BIMK ,CIMH ndi tiép duoc

b) Ching minh tia d6i cua tia MI 12 phan giac cia goc HMK

¢) Chimg minh t giac MPIQ néi tiép duoc. Suy ra PQ//BC

d) Goi (0,) la dudng tron di qua M,P,K.(O,) 1a duong tron di qua M,Q,H; N 1a giao diém thr hai

ciia (O,) va (0,) va D la trung diém cia BC. Chimg minh M,N, D thing hang.

Huong din
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a) Xét ta gilc CHMI ¢6: CHM =CIM =90°(gt) ma day Ia hai goc dbi nhau nén t giac AHMI ngi
tiép.

Chung minh tuong tu: BIMK ndi tiép.

b) Goi tia toi tia MI 1a My, vi t giac CHMI va BIMK ndi tiép nén ICH = HMy; IBK = KMy ma
ICH = IBK (Cung chian cung BC) nén HMy = KMy . Vay My la phan giac goc HMK

y A

c) géc PMQ:%sd cung 16n BC,

ma PIQ=PIM +MIQ = MBK + MCH =%5dBM+%deC=%sd‘ cung nhé BC nén

PIQ+PMQ =180°. Suy ra tir gidc PIQM ndi tiép.

Taco: QPM =QIM =MCH =MBC nén QP//BC.
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d) Goi E lagiao diém MN véi PQ
ta c6 goc MPQ = MBC = MKP (vi MKBI noi tiép)
— EP latiép tuyén (O1)

— AEMP ~ AEPN (g. g)

EM EP
> =
EP EN
nén E latrung diém PQ

= EP? = EM.EN . Chimg minh twong ty EQ’ = EM.EN

goi D' la giao diém MN véi BC :>E= ME = D'B=D'C = D'trung D =dpcm
D'B MD'
Ciu 393.(Thay Nguyén Chi Thanh) Cho duong tron (O;r) vaday cung AB (AB<2r). Trén

tia AB lay diém C sao cho AC > AB. Tir C ké hai tiép tuyén véi duong tron tai P,K . Goi | a
trung diém AB .

a) Chimg minh t giac CPIK ndi tiép dugc trong duong tron.

b) Ching minh 2 tam giac ACP va PCB 1a dong dang. Tir d6 suy ra: CP*> = CB.CA.

c) Goi H la tryc tdm cta tam giac CPK . Hay tinh PH theo r.

d) Giasa PA// CK, ching minh ring tia ddi cua tia BK 12 tia phan giac cia goc CBP

Huwong din
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a) Vi PC va KC 14 tiép tuyén ciia (O) nén CPO =CKO =90°

ma day 1a hai goc ddi nhau nén tt giac CPOK ndi tiép (1)

Vi | latrung diém AB nén Ol vudng géc AB ( tc dudng kinh day cung)
suy ra OIC =0OPC =90° = t giac OIPC ndi tiép (2)

Tu (1)(2) suyra s diém C,P,1,0,K cung nam trén mot duong tron nén C, P, 1, K ndi tiép duong tron.

b) Xét AACP va APCB cd: goc C chung; CAP=CPB(=%sdPBJ nén AACP - APCB(g.9)

CP_AC

—=— =__"=PC?*=AC.BC
CB PC

c) Vi OP =0K; CP=CK nén OC la trung tryc PK , suy ra OC vubng géc PK.
Tacé: KH//OP (cungvubng géc CP); PH//OK (cungvuéng CK) ma HO vuéng géc PK nén tir
giac PHKO Ila hinh thoi, suy ra PH =PO =r.
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d) Néu AP//KC thi = APK =PKC = PK =AK, ma TBC = ABK =%SJAK

PBT = PAK :%sd‘PK = PBT =TBC nén BT laphan giac PBC

Céu 394.(Thay Nguyén Chi Thanh) Cho dudng tron (O;R ), mot diy CD c6 trung diém 1a H .
Trén tia di cta tia DC 14y mot diém S vaqua S keé cac tiép tuyén SA, SB véi duong tron. Puong
thang AB cit cac duong thang SO;OH 1lan luot tai E va F.

a/ Chirng minh tt giac SEHF noi tiép.

b/Chtng minh OE.OS = R®

¢/OH.OF =0OE.0S .

d/ Khi S di dong trén tia ddi ciia tia DC hay chimg minh dudng thang AB ludn di qua mot diém cb

dinh.

Huwéng din

a) Vi H latrung diém CD nén OH vudng goc CD, suy ra OHS = SHF =90° (1)

Vi OA=0B =R; SA=SB (tc 2 tt cit nhau(nén OS la dudng trung truc AB, suy ra SOF =90° (2).
Tir (1)(2) suy ra t gidc SEHF noi tiép.

b) OE.OS = OA’ =R®

c) G6c OFE =0OSH (cung phy EOF ); OHS =OEF =90° nén AOEF - AOHS(g.9)

LOP TOAN THAY THANH — NGO 58 NGUYEN KHANH TOAN — 0975.705.122




Suy ra OF = 8—5 = OF.OH =0E.OS

0S
d) Vi CD c6 dinh nén H c¢b dinh, suy ra OH khong ddi.

. OEOS R? R 2o A L ae . A 2 A g
Ma OF :W:ﬁ khong do6i nén F co dinh. Vay AB ludn di qua diém co dinh F .

Céu 395.(Thay Nguyén Chi Thanh) Tirdiém M nim ngoai duong tron (O, R), vé tiép tuyén
MA, (A latiép diém) Goi E trung diém AM , ké El vudng géc OM tai | , AH vudng géc OM
tai H.Qua M v& cét tuyén MBC c6 MB < MC vatia MC nam giira tia MA va MO . V& tiép tuyén
IK toi (O) véi K latiép diém. Chimg minh:

a) Chung minh: MA? = MB.MC; MA? = MH.MO

b) Chirng minh AMBH ddng dang AMOC. Tir 6 suy ra BCOH noi tiép.

¢) Chung minh géc AHB = AHC va Tam gidc MHK vubng tai K

d) Gia sir: BC=3BM, D latrung diém MC . Chirmg minh: MC tiép xuc v&i dudng tron ngoai tiép tam

giac ODH

Huéng din

a) MCA = MAB = AMAB -~ AMCA = MA* = MB.MC
Tam giac OAM vuédng tai A ¢6 AH 1a dudng cao nén MA? = MH.MO
b) Tir A suy ra MB.MC = MH.MO, két hop géc C chung suy ra AMHB -~ AMCO(c.g.c)
Suy ra MCO = MHB = tir gia&c BCOH ndi tiép.
¢) Tt giac BCOH noi tiép nén CHO = CBO = BCO = MHB
ma AHO = AHM =90° = AHB = AHC
Tam giadc IKO vuong tai K nén:
OK?+1K*=0I? :(IH +OH )2 =IH?+0H?+2IH.OH
—IH?+OH2+MH.OH = IH? +OH?+ AH? = IH? + OA’
Suyra IK =1IH =1IM nén tam gidc MKH vuong tai K

d) Tacé6 MA> = MB.MC = MB.4MB nén MA=2MB.
Do MC =4MB va D latrung diém MC nén MD =2MB
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Suyra MA=MD.Tac6 MA?=MH.MO nén MD?=MH.MO suy ratam gidc MHD dong dang tam
giac MDO nén géc MDH =MOD ma MOH =%sdDH nén MDH :%sdDH

Vay MD la tiép tuyén ctia dudng tron ngoai tiép tam gidc ODH .

Céu 396.(Thay Nguyén Chi Thanh) Cho duong tron (O) va mot diém A ndm ngoai dudng tron.
Tir A ké hai tiép tuyén AB, AC va cat tuyén AMN véi duong tron( B,C,M,N thudc dudng tron;
AM < AN). Goi | 1a giao diém tht hai ctia duong thing CE véi dudng tron (E 12 trung diém cua
MN).

a) Chtrng minh 4 diém A O,E,C cung nam trén mot duong tron.

b) Chung minh :goc AOC =BIC;

c¢) Chung minh: Bl //MN

d) Xéc dinh vi tri cat tuyén AMN dé dién tich tam giac AIN 16n nhat.

Huwéng din

a) Vi E la trung diém MN nén OE vudng goc AE, AC la tiép tuyén (O) nén géc ACO =90°

Xét tir giac AEOC c6 OEA=0OCA=90° ma déy 1a hai goc dbi nhau nén tir gidac AEOC ndi tiép duong

tron.

b) Goc AOC = AOB :%SJBC; BIC = %sdBC = AOC = BIC

¢) tir giac AEOC ndi tiép nén IEN = AEC = AOC ma AOC =BIC = BIC = IEN ma hai gbc niy & vi
tri sole trong nén Bl //NM .
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d) Goi K 1a chan duong cao ké tir N xudng AB. Vi BI//AN nén S, =S,a\ :%AB.NK

Suy ra dién tich AIN 16n nhat khi NK 16n nhét, suy ra N,O, B thiang hang va NK =2R.

Ciu 397.(Thay Nguyén Chi Thanh) Cho duong tron (O;R) , duong thang d khong qua O cit
duong tron tai hai diém phéan biét A, B. Tir mot diém C trén d(C nam ngoai duong tron), ké hai tiép
tuyén CM, CN téi duong tron(M , N thuéc O). Goi H la trung diém ciia AB, duong thang OH
cittia CN tai K.

1) C/m 4 diém C,0,H,N thudc mot dudng tron

2) C/m: KN.KC =KH.KO

3) Poan thang CO cat (O) tai | , ching minh | cach déu CM ,CN, MN .

4) Mot dudng thang di qua O va song song véi MN cit cac tia CM ,CN 1an luot tai E va F .X4c dinh

vi tri ciia diém C trén d sao cho dién tich tam giac CEF nho nhat.

Huwéng din

1) Vi H latrung diém AB nén OH vudng goc AB, ONC =90° (vi CN latt)
Xét tir giac OHON c6: OHC +ONC =180° ma day 1a hai goc d6i nhau nén tir giac OHCN noi tiép.
Vay C,H,O,N cung thuoc duong tron.

2) Chira AKNO - AKHC(g.g):% =E—g = KN.KC = KH.KO (dpcm)
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3) Xét tam giac ANM c6 CO la phan gidc géc MCN ( tinh chét 2tt cit nhau)

vacung Ml =cung IN ma CMI :%del;IMN:%sdIN nén CMI =IMN

Suy ra | 1a tim duong tron noi tiép tam giac ANM .
Vay | cach déu CM,CN va NM .
4) Tam giac CMN can ma EF //NM nén tam giac CEF céantai C

Suy ra Sggr = 2Scor = ON.CF = R(FN +NC) > 2R~/CN.NF = 2Ry/R? = 2R?

Déu béng xay rakhi NF=NC =R , suy ra OC =R«2 . Vay C nim trén (o; RJE)

Cau 398.(Thiy Nguyén Chi Thanh) Cho duong tron (O, R) vadiém A nam ngoai dudng tron,
ké cac tiép tuyén AB, AC véi duong tron (B, C la cac tiép diém)

1. Chtng minh ABOC Ia t&r giac noi tiép.

2. Goi E lagiao diém cua BC va OA. Ching minh BE vuéng goc véi OA va OE.OA = R?

3. Trén cung nho BC cua dudng tron (O, R) ldy diém K bat ky (K khéc B ,C). Tiép tuyén tai K cua
duong tron (O ,R) cit AB, AC theo thir ty tai P, Q. Ching minh tam gac APQ ¢6 chu vi khong d6i
khi K chuyén dong trén cung nho BC .

4. Puong thang qua O vudng goc véi OA cit cac duong thang AB, AC theo thir tu tai M, N . Ching
minh ring PM +QN > MN

Huwéng din
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1. Xét tir giac ABOC c6: ABO=ACO=90° (AB, AC la tt) nén ABO+ACO =180° suy ra tir gidc
ABOC ndi tiép.

2. Tam gidc ABC c6 AC = AB (tc 2 tt cat nhau) ma OA 1a phan gic géc A nén OA vudng goc BC.
Trong tam giac vudng ACO c6 AE la dudng cao nén OC* = OE.OA hay OE.OA=R’.

CQ=0K

(tinh chét hai tt cit nhau)
KP = PB

3. Ta co: {

Chu vi tam giac APQ = AQ+QK + KP+PA= AQ+CQ+PB+ AP = AC + AB = 2AB khdng d6i .
4. Tam giac ANM can tai A( ¢6 phan giac la duong cao) nén ANM = AMN
A+2AMO=180° ; A+BOC =180° hay A+2QOP =180° suyra AMN =POQ

MN?

AMOP ~ ANQO (g.g) nén MP.QN =OM.ON =OM?2 = nén MN?2 =4MP.QN <(MP +QN )’

nén NM <MP+QN.

Céu 399.(Thay Nguyén Chi Thanh) Cho (O) vadiém A niam ngoai (O). K¢ hai tiép tuyén
AM , AN véi (O) (M, N la cac tiép diém). Mot duong thang (d) diqua A cat (O) tai hai diém B
va C (AB< AC, d khong di qua tam O)

1. Chttng minh AMON noi tiép.

2. Chitng minh AN? = AB.AC . Tinh BC biét AB=4cm; AN =6cm.

3. Goi | latrung diém BC, duong thang NI cat (O) tai diém thi hai T . Ching minh MT //AC .

4. Hai tiép tuyén cua (O) tai B va C cit nhau tai K. Chang minh K thudc mot duong thang ¢ dinh

khi d thay d6i va thoa man diéu kién dé bai.

Huéng diin
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1. Tacé: AMO=ANO=90° (AM va AN latt) suyra AMO+ ANO =180° ma déy la hai géc dbi cua
tr giac AMON nén ti gidc AMON ndi tiép.

2. Taco: BNA= NCA(:%sdBN) nén AANB -~ AACN (g.g) nén AN? = AB.AC

Thay AB=4cm; AN =6cm vao AN? = AB.AC suyra AC =9cm, suy ra BC =9—4=5cm.

3. Taco: MTN =%sd‘MN=AON (D). Vi | latrung diém BC nén Ol vudng goc BC,

OIA=0ONA=90° nén tir giac AOIN ndi tiép, suy ra AON = AIN (2)

Tir (1)(2) suy ra MTN = AIN ma hai goc nay & vi tri ddng vi nén MT//AC.

4. Xéttam giac AKO c6 Al vubng goc KO, ké OQ vubng goc AK, OQ giao Al tai H suyra H la
tryc tam tam giac AOK . Ma duong KHN vudng OA, KMN vuéng goc OA nén K ,N,H,M thang

hang. Suy ra K nam trén duong thang c6 dinh MN .

Céu 400.(Thay Nguyén Chi Thanh) Cho dudng tron (O) va mot diém A nam ngoai duong
tron. Ké tiép tuyén AB véi dudng tron (O) (B 12 tiép diém) va dudng kinh BC . Trén doan thang
CO lay diém | (I khac C, O). Puong thang Al cat (O) tai hai diém D va E (D nam gitta A va
E). Goi H latrung diém ctia doan thing DE

1) Chtng minh bén diém A, O, B, H clng nam trén mot duong tron.

2) Chung minh E:@
AE BE
3) Puong thang d di qua diém E song song véi AO. d cit BC tai diém K. Chang minh HK || DC

4) Tia CD cat AO taidiém P, tia EO cit BP tai diém F , Chirng minh t gidc BECF 14 hinh chit nhat.

Huwong din
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E

1. Taco: OBA=90° (vi AB lattcua (O)).
OHA=90° (vi H latrung diém day CD) suy ra OBA+OHA=180° ma day la hai goc dbi cia tir giac
ABOH nén tir gisc ABOH noi tiép.

Achung

1 j suy ra AABD - AAEB (g.9)

2. Xet tam giac ABE va ADB co:
ABD = AEB(zESdBD

.. AB BD
nen —=—
AE BE

3. Ttir gilc ABOH noi tiép nén OAH =OBH (g6c nt chan cung OH)

ma OAH = HEK (sole trong) nén HEK =OBH suy ra tir giac BHKE noi tiép.

Vi BHKE ndi tiép nén KHE = KBE (gdc nt chan cung EK) ma KBE = EDC (g6c nt chan cung EC)
nén EHK =EDC ma hai goc nay & vi tri dong vi nén HK//DC.

4. Ké tiép tuyén AQ véi (O) (Q khéc B). Tam gidc ABP = AQP(c.g.c) nén ABP = AQP (1)

Ta co: T giac ABOQ ndi tiép nén OAQ =0BQ ma OBQ =CDQ (gbc nt chan cung CD)

nén OAQ =CDQ suy rat gidc QDPA noi tiép, nén AQP = ADP =CDE =CBE (2)

T (1)(2) suy ra CBE=PBA ma OBP+ ABP =90° nén EBC+CBP=90° suyra F thuoc (O) nén
BC va FE la duong kinh cua (O) . Suy ra tr giac BECF 1a hinh chir nhat.
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